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Abstract

The current dissertation contributes in designing efficient parallel archi-
tectures for image, video and graphics applications. The main objective is
to organize parallel memories for supporting the most common algorithmic
requirements encountered in the certain scientific field. Moreover, as a case
study, the dissertation focuses on the implementation of motion estimation
algorithms for video compression.

An elaborate study of bibliography related to both of the above objec-
tives precedes the design of a programmable architecture executing a vari-
ety of block-matching algorithms with real-time performance. The design
involves a parallel memory for the local storage of pixels, parallel arithmetic
units for the examination of candidate blocks, and an application-specific
instruction-set processor to meet the computational requirements of each
algorithm. Overall, the architecture bases on pipelining techniques and data
level parallelism to speed-up the block matching procedure. It introduces a
novel instruction set and a speculative execution technique, which leads in
almost 100% utilization of the data-path by allowing the algorithm to oper-
ate concurrently with the examination of candidate blocks. The cost and the
performance of the reconfigurable motion estimation module are evaluated
on FPGA platforms. Comparison to similar works of the literature highlights
the advantages and verifies the efficiency of the proposed design.

Furthermore, the dissertation considers the problem of storing and re-
trieving pixels in parallel for a wider range of graphics applications. It intro-
duces a technique tackling this problem and leading to an efficient memory
organization, which facilitates parallel processing by allowing any algorithm
to access numerous pixels in a single cycle. The solution involves a non-linear
skew function to map each image pixel in one out of B memory banks.
The proposed mapping supports the most common graphics requirements by
achieving parallel access to rows, columns, rectangles, and sparse sets of pixels
originating at any location on the image. Overall, the organization utilizes
less memory banks compared to the corresponding solutions of the litera-
ture, which use B>E when E pixels are requested in parallel. In contrast to
the common bibliographic approach using prime –or other peculiar– numbers
for B, the proposed solution organizes the memory with only B=E banks
allowing B to be any power of 2. Moreover, based on the properties of its



mapping function, the solution exploits successive request correlations during
image/video processing to handle possible memory conflicts by spending only
one cycle every B memory accesses. The resulting organization improves the
resource utilization, reduces the hardware cost and leads to efficient parallel
memory designs. The dissertation presents theorems and proofs regarding
the properties of the proposed mapping function and the conflict handling
technique. Subsequently, it analyzes the performance of the novel memory
in example applications to show the merit of the proposed organization and
to compare with hitherto published solutions at the implementation level. In
this direction, the analysis also includes the integration of the novel memory
to the developed motion estimation architecture; the results show improved
performance/cost for the entire estimator and quantify the benefits of the
proposed memory in terms of hardware resources.

The dissertation was submitted to NKUA written in Greek. For further
information regarding the content of this dissertation, the reader can re-
fer to papers published in English (see Appendix at final page). Specifically,
most of the theoretical results regarding the proposed memory organization are
reported in {1}, while a practical application can be found in {2}. Publica-
tions {5}{4}{3}{2} describe successively the development and improvement
of the proposed motion estimation architecture.

keywords: parallel architectures, parallel memory organization, image/video
processing, motion estimation
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PerÐlhyh

H paroÔsa didaktorik  diatrib  suneisfèrei ereunhtik� sthn an�ptuxh
par�llhlwn arqitektonik¸n gia algorÐjmouc epexergasÐac eikìnwn kai grafi-
k¸n. KÔrioc stìqoc thc eÐnai h org�nwsh par�llhlwn mnhm¸n gia apodotik 
upost rixh twn apait sewn pou emfanÐzoun oi algìrijmoi tou sugkekrimènou
episthmonikoÔ pedÐou. Epiprosjètwc, wc praktik  efarmog , h diatrib  esti�-
zei sthn ulopoÐhsh algorÐjmwn ektÐmhshc kÐnhshc se eikonoroèc.

H ergasÐa xekin�ei me mia ektetamènh melèth thc sqetik c bibliografÐac.
'Epeita, perigr�fei th sqedÐash kai an�ptuxh se ulismikì miac programma-
tizìmenhc mon�dac ektÐmhshc kÐnhshc me dunatìthta ektèleshc poll¸n di-
aforetik¸n algorÐjmwn tairi�smatoc perioq¸n se pragmatikì qrìno. H mon�da
apartÐzetai apì par�llhlh mn mh gia topik  apoj keush eikonostoiqeÐwn, apì
arijmhtik� kukl¸mata gia s�rwsh kai sÔgkrish perioq¸n, kaj¸c ki apì ènan
efarmogoeÐdio epexergast  gia thn ektèlesh twn algorijmik¸n bhm�twn. H
proteinìmenh arqitektonik  basÐzetai se teqnikèc swl nwshc kai parallh-
lismì se epÐpedo dedomènwn gia thn epit�qunsh twn upologism¸n. Eis�gei
èna prwtoporiakì sÔnolo entol¸n, sqediasmèno eidik� gia th sugkekrimènh
kathgorÐa algorÐjmwn. EpÐshc, eis�gei mia exeidikeumènh teqnik  gia ektèlesh
entol¸n par�llhla me thn diadikasÐa exètashc twn perioq¸n, h opoÐa èqei wc
apotèlesma thn ex�leiyh twn ken¸n kÔklwn sth swl nwsh thc diìdou de-
domènwn kai thn aÔxhsh thc ekmet�lleushc tou ulikoÔ. H epanadiarjr¸simh
arqitektonik  pou prokÔptei telik� anaptÔssetai se programmatizìmenouc
pÐnakec logik¸n pul¸n (FPGA), ìpou axiologeÐtai to kìstoc kai h leitourgÐa
thc. H sÔgkrish twn apotelesm�twn me antÐstoiqa thc bibliografÐac katadei-
knÔei thn apodotikìthta kai ta pleonekt mata thc arqitektonik c.

GenikeÔontac se èna eurÔtero pedÐo efarmog¸n, h diatrib  suneqÐzei pro-
teÐnontac mia lÔsh sto prìblhma thc org�nwshc par�llhlwn mnhm¸n gia
apoj keush eikìnwn. H lÔsh epitrèpei thn tautìqronh an�kthsh pollapl¸n
eikonostoiqeÐwn apì th mn mh uposthrÐzontac me autìn ton trìpo thn par�l-
lhlh epexergasÐa twn dedomènwn apì ton ek�stote algìrijmo. Ta eikono-
stoiqeÐa topojetoÔntai se pollaplèc tr�pezec mn mhc mèsw miac proteinìmenhc
sun�rthshc antistoÐqishc, h opoÐa dhmiourgeÐ dunatìthta tautìqronhc prì-
sbashc se sÔnola eikonostoiqeÐwn pou emfanÐzontai ep�nw sthn eikìna wc
grammèc, st lec, orjog¸nia,   arai� orjog¸nia. Ta en lìgw sq mata mporoÔn
na anakthjoÔn apì opoiad pote jèsh thc eikìnac me apotèlesma thn ikanopoÐ-
hsh twn sun jwn apait sewn stic efarmogèc grafik¸n. H kainotomÐa thc
proteinìmenhc lÔshc ègkeitai sthn meÐwsh tou arijmoÔ twn trapez¸n pou
qrhsimopoioÔn oi progenèsterec ergasÐec thc bibliografÐac prokeimènou na
petÔqoun tic Ðdiec   parìmoiec dunatìthtec prìsbashc. Sugkekrimèna, apo-
feÔgei thn èwc s mera qr sh pr¸twn   �llwn dÔskolwn arijm¸n B me B>E,



ìpou B to pl joc twn trapez¸n ki E to pl joc twn eikonostoiqeÐwn sta
opoÐa apaiteÐtai tautìqronh prìsbash enìc kÔklou. AntÐ aut¸n, organ¸nei
thn par�llhlh mn mh me ton idanikì arijmì trapez¸n B=E epitrèpontac sto
B na p�rei tim  Ðsh me opoiad pote dÔnamh tou 2. EpÐ plèon, ekmetal-
leÔetai tic idiìthtec thc nèac sun�rthshc antistoÐqishc kai tic susqetÐseic
pou emfanÐzoun oi diadoqikèc ait seic mn mhc kat� thn epexergasÐa eikìnwn
prokeimènou na diorj¸sei tuqìn sugkroÔseic pou parousi�zontai sth mn mh
xodeÔontac mìno ènan kÔklo an� B ait seic. Sunep¸c, h proteinìmenh lÔsh
odhgeÐ sth meÐwsh thc upoekmet�lleushc tou ulikoÔ, sth meÐwsh tou kìstouc
kataskeu c twn kuklwm�twn leitourgÐac kai sth sqedÐash beltiwmènwn kai
apodotikìterwn par�llhlwn mnhm¸n. H diatrib  parajètei jewr mata ki
apodeÐxeic twn idiot twn thc antistoÐqishc kai thc teqnik c diìrjwshc twn
anapìfeuktwn sugkroÔsewn. AkoloÔjwc, analÔei th qr sh thc nèac org�nw-
shc mn mhc se eurèwc diadedomènec efarmogèc prokeimènou na axiolog sei tic
epidìseic thc kai na th sugkrÐnei me tic progenèsterec lÔseic se praktikì
epÐpedo. MetaxÔ aut¸n, analÔei th beltÐwsh pou epifèrei h enswm�twsh thc
nèac mn mhc sthn proteinìmenh mon�da ektÐmhshc kÐnhshc kai posotikopoieÐ ta
ofèlh thc se pìrouc ulikoÔ.
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Kef�laio 1

Eisagwg 

H epexergasÐa eikìnwn/eikonoro¸n, h sumpÐes  touc, h mhqanik  ìrash kai,
genikìtera, èna pl joc apì yhfiakèc efarmogèc pou empÐptoun sto eurÔtero
pedÐo twn grafik¸n upologist  apoteloÔn plèon anapìspasto komm�ti thc
hlektronik c pragmatikìthtac uposthrÐzontac basikèc leitourgÐec thc sÔg-
qronhc koinwnÐac. H aÔxhsh thc diajèsimhc upologistik c isqÔoc pou epifèrei
h prìodoc thc teqnologÐac sundu�zetai me nèouc, prwtoporiakoÔc, algorÐj-
mouc gia apotelesmatikìterh epexergasÐa twn en lìgw shm�twn ki epèktash
thc qr shc touc se perissìterouc tomeÐc thc epist mhc kai thc kajhmerin c
zw c. Proc thn kateÔjunsh aut , shmantikì rìlo paÐzei h parallhlopoÐhsh
twn upologism¸n kai h an�ptuxh kat�llhlwn arqitektonik¸n gia thn epit�-
qunsh twn diadikasi¸n me epidìseic pragmatikoÔ qrìnou.

Oi perissìteroi algìrijmoi gia epexergasÐa eikìnwn kai grafik¸n emfanÐ-
zoun uyhlèc upologistikèc apait seic exaitÐac twn polu�rijmwn pr�xewn pou
ekteloÔn epanalhptik� se diaforetik�, all� allhloepikaluptìmena, sÔnola
eikonostoiqeÐwn. Par� taÔta, èna shmantikì mèroc twn upologism¸n touc em-
fanÐzei qamhl� epÐpeda allhloex�rthshc epitrèpontac ton parallhlismì touc
se epÐpedo diergasi¸n kai se epÐpedo dedomènwn. Sunep¸c, se peript¸seic
ìpou h efarmog  epib�llei mikr� qronik� perij¸ria leitourgÐac, mporoÔme na
touc epitaqÔnoume me par�llhla epexergastik� kukl¸mata kai trofodìthsh
pollapl¸n dedomènwn apì par�llhlec mn mec. Qarakthristik� paradeÐgmata
tètoiwn algorÐjmwn, eureÐac qr shc kai idiaÐterou endiafèrontoc, sunant�me
sta Yhfiak� FÐltra eikìnwn kai sthn EktÐmhsh KÐnhshc eikonoro¸n.
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Kef�laio 1: Eisagwg  4

1.1 EktÐmhsh KÐnhshc

Me ton ìro �EktÐmhsh KÐnhshc� (EK) anaferìmaste se èna sÔnolo diafore-
tik¸n teqnik¸n pou aniqneÔoun th qronik  susqètish twn eikonostoiqeÐwn
miac eikonoro c. Genikìtera [1], deqìmaste ìti oi eikonoroèc perilamb�noun
perioqèc eikonostoiqeÐwn pou metakinoÔntai apì karè se karè dÐnontac ston
jeat  thn aÐsjhsh thc kÐnhshc twn apeikonizìmenwn antikeimènwn  /kai thc
k�merac. H diadikasÐa EK epexerg�zetai thn ek�stote eikonoro  me skopì
na anakalÔyei kai na katagr�yei ìlec tic fainìmenec metakin seic twn eikono-
stoiqeÐwn thc, par�gontac telik� ènan pÐnaka apì anÔsmata kÐnhshc pou mporeÐ
na faneÐ qr simoc se mia plhj¸ra efarmog¸n.

Oi teqnikèc EK pou èqoun protajeÐ sth bibliografÐa poikÐloun wc proc
thn an�lush/puknìthta me thn opoÐa katagr�foun thn kÐnhsh (an� perioqèc
eikonostoiqeÐwn aujairètou sq matoc, an� mikr� mplok eikonostoiqeÐwn,  
an� monadikì eikonostoiqeÐo �“optical flow”), wc proc to pedÐo sto opoÐo
basÐzoun touc upologismoÔc touc (q¸rou/qrìnou,   suqnot twn), kaj¸c kai
wc proc tic arqèc leitourgÐac twn epÐ mèrouc mejìdwn pou qrhsimopoioÔn.
Wc sunèpeia, oi teqnikèc EK diaforopoioÔntai shmantik� wc proc tic upolo-
gistikèc touc apait seic kai wc proc thn akrÐbeia twn apotelesm�twn touc. Oi
basikìterec apì tic kathgorÐec stic opoÐec mporoÔme na tic katat�xoume eÐnai
oi ex c [2]: teqnikèc bajmÐdac (gradient), anadromikèc an� eikonostoiqeÐo (pel-
recursive), pedÐou suqnot twn (frequency-domain), kai tairi�smata perioq¸n
(block-matching). H epilog  thc kat�llhlhc teqnik c EK exart�tai �mesa
apì thn upokeÐmenh efarmog /prìblhma sthn opoÐa aut  ja qrhsimopoihjeÐ.

H paroÔsa ergasÐa epikentr¸netai stic teqnikèc tairi�smatoc perioq¸n
oi opoÐec, metaxÔ �llwn, qrhsimopoioÔntai eurèwc sth sumpÐesh eikonoro¸n.
Sthn sun jh morf , h diadikasÐa tairi�smatoc perioq¸n lamb�nei wc eÐsodo
mia orjog¸nia perioq  eikonostoiqeÐwn (p.q. 16 × 16) apì to tuqaÐo karè
K kai thn tairi�zei me mia perioq  antistoÐqwn diast�sewn pou brÐsketai se
k�poio prohgoÔmeno   epìmeno karè K±l, l ∈ {1, 2, 3, . . .}. To taÐriasma twn
perioq¸n basÐzetai sthn optik  touc omoiìthta, h opoÐa ekfr�zetai mèsw thc
elaqistopoÐhshc   megistopoÐhshc k�poiou antikeimenikoÔ krithrÐou. Ta pro-
tajènta krit ria poikÐloun, me ta perissìtera na edr�zontai sthn apeujeÐac
afaÐresh twn duo perioq¸n �eikonostoiqeÐo proc eikonostoiqeÐo. Ta epikra-
tèstera krit ria elaqistopoÐhshc eÐnai ta: a) 'Ajroisma ApolÔtwn Diafor¸n
(AAD), ìpou afairoÔme tic timèc fwteinìthtac twn antiparatijèmenwn eikonos-
toiqeÐwn kai susswreÔoume ta mètra twn diafor¸n touc se èna telikì noÔmero,
b) 'Ajroisma Tetrag¸nwn twn Diafor¸n (ATD), ìpou antÐ gia apìlutec
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timèc uy¸noume tic diaforèc sto tetr�gwno prin tic ajroÐsoume, g) Mèso
Tetragwnikì Sf�lma (MTS), ìpou ta tetr�gwna twn diafor¸n ajroÐzontai
kai telik¸c diairoÔntai me to embadìn thc perioq c. K�je èna apì aut� ta
krit ria sunistoÔn èna bajmwtì mègejoc, to opoÐo antiproswpeÔei to bajmì
ston opoÐo duo perioqèc omoi�zoun (gÐnetai mhdèn ìtan autèc tautÐzontai).
Shmei¸netai ìti, poiotik�, to AAD jewreÐtai elafr¸c upodeèstero twn �llwn,
all� emfanÐzei shmantik� mikrìterh poluplokìthta.

H diadikasÐa pou akoloujeÐtai prokeimènou na epiteuqjeÐ to swstì taÐria-
sma perilamb�nei th sÔgkrish thc trèqousac perioq c (tou upì anaz thsh
mplok eikonostoiqeÐwn) me ènan arijmì apì diaforetikèc upoy fiec perioqèc
(mplok se prohgoÔmena/epìmena karè). K�je sÔgkrish dÐnei wc apotèlesma
thn tim  enìc krithrÐou omoiìthtac thc upoy fiac me thn trèqousa perioq ,
¸ste sto tèloc thc diadikasÐac na prokrijeÐ h upoy fia me thn kalÔterh
tim  (p.q., AAD). Oi jèseic twn upoyhfÐwn kai h seir� me thn opoÐa autèc ja
exetastoÔn kajorÐzetai apì ton �algìrijmo anaz thshc�. H bibliografÐa peri-
lamb�nei plhj¸ra tètoiwn algorÐjmwn, kajènac me diaforetikèc upologistikèc
apait seic kai poiìthta tairiasm�twn [3] [4] [5] [6] [7] [8] [9] [10]. O pio �mesoc
eÐnai autìc thc �Pl rouc Anaz thshc�, o opoÐoc orÐzei èktash anaz thshc
(polÔ megalÔterh apì tic diast�seic tou trèqontoc mplok) sto prohgoÔmeno
karè ki exet�zei ìlouc touc upoyhfÐouc pou perièqontai mèsa se aut n. Apì
pleur�c poiìthtac tairiasm�twn eÐnai o kalÔteroc, all� emfanÐzei uyhlèc upo-
logistikèc apait seic. Gia th suntìmeush thc diadikasÐac èqoun protajeÐ
�gr goroi� algìrijmoi, oi opoÐoi eÐnai upobèltistoi euretikoÐ ki exet�zoun mìno
èna mikrì arijmì apì upoyhfÐouc. Sthn Eikìna 1.1 faÐnetai èna par�deigma
ektèleshc tou qarakthristikoÔ algorÐjmou Three-Step-Search, o opoÐoc upo-
deigmatolhpteÐ thn meg�lh perioq  anaz thshc (q¸roc upoyhfÐwn anusm�twn
kÐnhshc) se trÐa diadoqik� b mata: arqik� topojeteÐ èna araiì tetr�gwno
motÐbo yaxÐmatoc sto kèntro thc perioq c anaz thshc ki exet�zei ta 8 shmeÐa
tou (8 upoy fia mplok), en¸ se k�je epìmeno b ma epanatopojeteÐ to motÐbo
sto shmeÐo pou prohgoumènwc br ke to kalÔtero taÐriasma ki exet�zei 8 nèouc
upoyhfÐouc (se k�je b ma mei¸nei to pl�toc tou motÐbou sto  misu). Aut 
h euretik  teqnik  eÐnai mia apì tic pollèc pou èqoun protajeÐ kat� kairoÔc,
oi opoÐec diaforopoioÔntai wc proc to motÐbo yaxÐmatoc, touc endi�mesouc
elègqouc,   akìma kai thn epexergasÐa epiprìsjetwn plhrofori¸n sqetik� me
thn kÐnhsh miac eurÔterhc perioq c gÔrw apì thn trèqousa.

H EktÐmhsh KÐnhshc krÐnetai exairetik c shmasÐac se efarmogèc sumpÐeshc
ki epexergasÐac eikonoro¸n, kaj¸c kai se efarmogèc mhqanik c ìrashc. Sth
sumpÐesh eikonoro¸n qrhsimopoieÐtai gia thn afaÐresh thc perÐsseiac plhro-
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Eikìna 1.1: Par�deigma euretikoÔ algorÐjmou tairi�smatoc perioq¸n.
ApeikonÐzetai o q¸roc anusm�twn kÐnhshc thc perioq c anaz thshc kai 25
upoy fioi (exètash se 3 anadromik� b mata, tetr�gwno motÐbo yaxÐmatoc).

fori¸n apì ta diadoqik� karè. Sthn epexergasÐa eikonoro¸n, genikìtera,
qrhsimopoieÐtai gia iqnhl�thsh antikeimènwn (object tracking), uperdeigma-
tolhyeÐa eikìnwn sto q¸ro kai sto qrìno (super-resolution & frame-rate
up-conversion), periorismì jorÔbou (noise suppression), apaloif  jìlwshc
(deblurring) [1]. Perigr�foume sunoptik� merikèc apì tic praktikèc efar-
mogèc pou k�noun qr sh thc EK kai eidikìtera tou tairi�smatoc perioq¸n.

Efarmog : SumpÐesh Eikonoro¸n

Ta sÔgqrona prìtupa sumpÐeshc, p.q., H.264/AVC kai MPEG-4 [3] [11], ìpwc
ta palaiìtera (H.263, MPEG-2) all� kai aut� pou proetoim�zontai gia to
mèllon (H.265), basÐzontai se meg�lo bajmì stic teqnikèc EK gia thn epÐteuxh
uyhl¸n lìgwn sumpÐeshc twn eikonoro¸n. Mia apì tic kentrikèc idèec pÐsw
apì th sumpÐesh tètoiou eÐdouc shm�twn eÐnai h apaloif  thc perÐsseiac plhro-
forÐac pou emfanÐzetai an�mesa sta diadoqik� karè exaitÐac thc qronik c
touc susqètishc. Pio sugkekrimèna, o kwdikopoiht c qrhsimopoieÐ pollaplèc
perioqèc apì prohgoÔmena karè gia na sunjèsei mia �eikìna-prìbleyh� pou
omoi�zei me to trèqon karè. Sth sunèqeia, kwdikopoieÐ thn �el�qisth� plhro-
forÐa pou perigr�fei ton trìpo sÔnjeshc thc eikìnac-prìbleyhc (p.q., ta
anÔsmata kÐnhshc) mazÐ me mia �eikìna-diafor�� pou perièqei th diaforopoÐhsh
thc eikìnac-prìbleyhc apì thn pragmatik  eikìna. Ap' thn �llh, o apo-
kwdikopoiht c qrhsimopoieÐ ta duo staljènta dedomèna (trìpoc prìbleyhc
kai eikìna-diafor�) gia na anakt sei thn arqik  �trèqousa� eikìna. Sthn
parap�nw diadikasÐa, ìtan ta diadoqik� karè tou bÐnteo emfanÐzoun ikan 
susqètish metaxÔ touc ki ìtan efarmìzoume k�poia apotelesmatik  teqnik 
EK, tìte sunjètoume polÔ poiotikèc problèyeic, �ra eikìnec-diaforèc me
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polÔ mikr  plhroforÐa pou odhgoÔn se apodotik  kwdikopoÐhsh kai mikrì
difuìrreuma (bitstream) an�mesa ston kwdikopoiht  kai ton apokwdikopoiht .
H koinìthta èqei katal xei sth qr sh teqnik¸n tairi�smatoc perioq¸n gia
tic efarmogèc sumpÐeshc eikonoro¸n, kaj¸c oi teqnikèc autèc prosfèroun
ikanopoihtik  akrÐbeia ektÐmhshc se sunduasmì me meiwmèno ìgko shmato-
dosÐac (p.q., anÔsmata kÐnhshc) kai praktikì qrìno epexergasÐac. H sun jhc
diadikasÐa perilamb�nei thn a priori tmhmatopoÐhsh tou trèqontoc karè se
plakÐdia 16 × 16 eikonostoiqeÐwn (Macroblocks) kai to taÐriasma kajenìc
me k�poia omoi�zousa perioq  apì geitonikì karè [3]. Me ton trìpo autì
xodeÔoume mìno èna �nusma kÐnhshc ana 256 eikonostoiqeÐa gia th sÔnjesh
miac eikìnac-diafor�c, h entropÐa thc opoÐac pollèc forèc teÐnei sto mhdèn.
Gia akìma kalÔterec problèyeic, ta prìtupa epitrèpoun peraitèrw katakerma-
tismì tou k�je plakidÐou an�loga me thn kinhtikìthta thc perioq c pou autì
apeikonÐzei (èwc 4 × 4). 'Omwc, h apìfash aut  epafÐetai ston kwdikopoiht 
kat� thn epexergasÐa kai proôpojètei k�poion algìrijmo beltistopoÐhshc
difuorujmoÔ-paramìrfwshc (rate-distortion optimization), kaj¸c o kataker-
matismìc enèqei kÐnduno shmantik c aÔxhshc twn difÔwn shmatodosÐac (eis�gei
perissìtera anÔsmata kÐnhshc an� plakÐdio).

Se orismènec efarmogèc met�doshc kai probol c trisdi�statwn eikonoro¸n
sunant�me thn teqnik  �apeikìnishc b�jouc eikìnac� (depth image based ren-
dering, DIBR), ìpou ektìc apì ton klassikì didi�stato monoskopikì q¸ro
twn qrwm�twn èqoume kai to q�rth b�jouc (depth-map) twn eikonostoiqeÐwn.
O q�rthc autìc bohj� sthn probol  twn antikeimènwn apì diaforetikèc,
eikonikèc, gwnÐec jèashc. H ektÐmhsh kÐnhshc me tairi�smata perioq¸n mporeÐ
na qrhsimopoihjeÐ me epituqÐa se tètoiec efarmogèc (p.q., gia apodotikìterh
sumpÐesh) [12], an epekteÐnoume thn anaz thsh sthn trÐth di�stash: arqik�
y�qnoume to kalÔtero taÐriasma ston sun jh disdi�stato q¸ro ki èpeita,
belti¸noume to taÐriasma me anaz thsh sthn trÐth di�stash �b�joc� dokim�-
zontac diaforetikèc auxomei¸seic stic timèc fwteinìthtac twn exetazìmenwn
eikonostoiqeÐwn (jewroÔme ìti h �jìlwsh� miac perioq c eÐnai an�logh tou
optikoÔ thc b�jouc). H diadikasÐa aut  odhgeÐ se polÔ kalÔterec eikìnec-
prìbleyh, afoÔ lamb�nei upìyh thn kÐnhsh twn antikeimènwn kai stic treic
diast�seic tou pragmatikoÔ kìsmou.

Efarmog : UperdeigmatolhyÐa sto Qrìno

Mia epikourik  mèjodoc sumpÐeshc twn eikonoro¸n pou basÐzetai akìma peris-
sìtero sth qronik  susqètish twn diadoqik¸n eikìnwn eÐnai h �mesh apìrriyh



Kef�laio 1: Eisagwg  8

k�poiwn karè apì ton kwdikopoiht  kai h anasÔstas  touc ston apokwdiko-
poiht  qrhsimopoi¸ntac ta geitonik� touc. Anafèroume [13] treic aploÔc
trìpouc anasÔstashc: a) apeujeÐac antigraf  tou prohgoÔmenou karè sto
elleÐpon, b) mèsoc ìroc an�mesa sto prohgoÔmeno kai to epìmeno karè, kai
g) ektÐmhsh kÐnhshc tou epìmenou karè apì to prohgoÔmeno kai anasÔstash
tou endi�mesou karè jewr¸ntac ìti oi kin seic eÐnai omalèc (�ra oi endi�mesec
metatopÐseic emfanÐzontai sto mèson thc upologismènhc troqi�c). Pio sug-
kekrimèna, sto (g) h fwteinìthta k�je eikonostoiqeÐou upologÐzetai wc h
mèsh tim  tou antÐstoiqou eikonostoiqeÐou apì ìpou xekÐnhse h upologismènh
troqi� (prohgoÔmeno karè) ki ekeÐnou ìpou teleÐwse (epìmeno karè). 'Opoiec
asunèqeiec exomalÔnontai me eidikoÔc elègqouc kai yhfiak� fÐltra. An�mesa
stic treic parap�nw mejìdouc, saf¸c kalÔterh poiìthta parèqei h trÐth, h
opoÐa m�lista mporeÐ na k�nei ki apeujeÐac qr sh twn anusm�twn kÐnhshc
twn plakidÐwn pou upolìgise o kwdikopoiht c (perièqontai sto difuìrreuma).
BebaÐwc, parìmoiec idèec uposthrizìmenec apì perÐplokouc algorÐjmouc tai-
ri�smatoc perioq¸n mporoÔn na efarmostoÔn opoud pote apaiteÐtai aÔxhsh
tou rujmoÔ probol c twn karè (frame-rate up-conversion) [14].

Sth �dunamik  apeikìnish magnhtik c tomografÐac� (dynamic MRI), h apì-
kthsh diadoqik¸n eikìnwn (data acquisition) gÐnetai me qronik  kajustèrhsh
pou ofeÐletai se fusikoÔc kai fusiologikoÔc periorismoÔc (p.q., diègersh
neÔrwn). Wc apotèlesma, eÐnai dÔskolo na epiteuqjeÐ o kat�llhloc rujmìc
probol c gia th swst  apeikìnish twn antikeimènwn. Bèbaia, o meg�loc
bajmìc qwroqronik c susqètishc pou emfanÐzoun ta s mata autoÔ tou eÐdouc
epitrèpei th fainomenik  aÔxhsh thc taqÔthtac apìkthshc dedomènwn me qr sh
kat�llhlwn teqnik¸n ìpwc, p.q., thn ektÐmhsh kÐnhshc me tairi�smata pe-
rioq¸n [15]. Ed¸, h EK sundu�zetai me enallaktikèc teqnikèc paragwg c
problèyewn qamhlìterhc poiìthtac kai odhgeÐ sth qronik  parembol  nèwn
eikìnwn, an�mesa se autèc pou katagr�foun oi aisjht rec, h opoÐa aux�nei
to rujmì kai thn poiìthta thc telik c eikonoro c MRI.

Efarmog : UperdeigmatolhyÐa sto Q¸ro

H uper-an�lush (super-resolution) eikìnac stoqeÔei sthn paragwg  eikìnwn
kai bÐnteo uyhl c an�lushc lamb�nontac wc eÐsodo katagegrammènec eikìnec
(thc Ðdiac pragmatik c skhn c) pou fèroun qamhl  an�lush. H uper-an�lush
belti¸nei thn apeikìnish twn optik¸n leptomerei¸n kai to pedÐo efarmog c
thc poikÐlei apì doruforikèc fwtograf seic kai sumpÐesh dedomènwn èwc ia-
trikèc diagn¸seic. H sqetik  èreuna èqei odhg sei se pl joc diaforetik¸n
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teqnik¸n uper-an�lushc, metaxÔ twn opoÐwn sunant�me kai diadikasÐec pou
k�noun qr sh mejìdwn ektÐmhshc kÐnhshc prokeimènou na par�xoun plhro-
forÐa apì th qwroqronik  susqètish twn diadoqik¸n eikìnwn [16]. Oi mèjodoi
ektÐmhshc kÐnhshc pou ulopoioÔntai perilamb�noun parametrik  montelopoÐhsh
(parametric modeling), upologismì optik c ro c (optical flow), kaj¸c kai
tairi�smata perioq¸n (block matching).

Efarmog : Iqnhl�thsh Antikeimènwn

Mia klassik  qr sh thc ektÐmhshc kÐnhshc prokÔptei sthn �iqnhl�thsh an-
tikeimènwn� (object tracking) se genikìterec efarmogèc mhqanik c ìrashc,
ìpwc p.q., allhlepÐdrash anjr¸pou-mhqan c, eikonik  pragmatikìthta, èlegqo
kukloforÐac, asf�leia/epit rhsh q¸rou, k.a. O trìpoc me ton opoÐo ulo-
poieÐtai h EK se ìlec autèc tic peript¸seic poikÐlei. 'Ena par�deigma sto
opoÐo th sunant�me me th morf  tairiasm�twn mplok eÐnai sthn epit�qunsh
perioqopag¸n (region-based) algorÐjmwn iqnhl�thshc ìpou, metaxÔ �llwn,
sumb�llei sthn apofug  qronobìrwn teqnik¸n qwrik c tmhmatopoÐhshc [17].
Ed¸, h metafor� ki oi metabolèc sto perÐgramma tou antikeimènou aniqneÔontai
mèsa apì tairi�smata mplok kai omadopoi seic anusm�twn kÐnhshc. Gia me-
galÔterh akrÐbeia, ta mplok anaz thshc fèroun metablhtèc diast�seic ìtan
brÐskontai sta ìria tou antikeimènou (apì 16 × 16 èwc 4 × 4), en¸ h ar-
qikopoÐhsh tou perigr�mmatoc mporeÐ na gÐnei eÐte me anjr¸pinh parèmbash,
eÐte autìmata (mèsw poluzwnik c polÔtimhc tmhmatopoÐhshc, pou leitourgeÐ
apodotik� ìtan èqoume statikèc k�merec). Pio analutik�, h diadikasÐa peri-
lamb�nei thn arqikopoÐhsh tou antikeimènou, th diadoqik  ektèlesh tou al-
gorÐjmou tairi�smatoc perioq¸n gia mplok entìc ki ektìc tou antikeimènou,
èlegqo kinhtikìthtac thc eikìnac (apì ta mètra twn anusm�twn kÐnhshc) gia
thn auxomeÐwsh tou b matoc thc EK, kaj¸c ki exètash kai omadopoÐhsh
anusm�twn pou brÐskontai kont� sta ìria tou antikeimènou ¸ste na epanaru-
jmisteÐ to perÐgramm� tou (antimet¸pish fainomènou epik�luyhc perioq¸n kat�
th metakÐnhsh antikeimènwn, occlusion/disocclusion). Shmei¸netai ìti, ena
apì ta pleonekt mata thc qr shc tairi�smatoc perioq¸n se efarmogèc opti-
k c iqnhl�thshc eÐnai h dunatìthta parallhlopoÐhshc thc anaz thshc twn
diaforetik¸n mplok, dunatìthta pou epitrèpei thn kat�llhlh epit�qunsh gia
epexergasÐa se pragmatikì qrìno.
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Efarmog : Paragwg  Meta-plhroforÐac

To prìtupo MPEG-7 [18] kajorÐzei ton trìpo anapar�stashc/katagraf c
meta-plhrofori¸n sqetik� me to qarakthrismì tou pragmatikoÔ perieqomènou
enìc arqeÐou polumèswn (p.q., onìmata prwtagwnist¸n, allag  skhn¸n, kai
pl joc �llwn stoiqeÐwn gia th dom , th shmasiologÐa, klp). QrhsimopoieÐtai
anex�rthta apì to prìtupo sumpÐeshc tou arqeÐou kai skopìc tou eÐnai h
dieukìlunsh thc anak�luyhc plhrofori¸n se meg�lec polumesikèc sullogèc
(p.q, bl. mhqanèc anaz thshc se yhfiakèc biblioj kec). K�nei dunat  th
gr gorh s�rwsh bÐnteo, thn an�kthsh kai diaqeÐrhsh perieqomènou, thn asf�-
leia, k.a. 'Etsi, to pedÐo efarmog c tou epekteÐnetai se uphresÐec hlektroni-
koÔ katalìgou, se ekpompèc mèswn mazik c enhmèrwshc (epitrèpei anagn¸rish
kai filtr�risma gia epilog  kanali¸n), se sÔntaxh polumèswn, se hlektronikì
empìrio, kaj¸c kai se uphresÐec ekpaideutikèc, touristikèc, k.a. Praktik�, to
MPEG-7 orÐzei diaforetikoÔc �perigrafhtèc� (descriptors) thc plhroforÐac.
To trÐto mèroc tou protÔpou (part3–visual) asqoleÐtai me thn optik  plhro-
forÐa tou arqeÐou kai perilamb�nei perigrafhtèc gia to qr¸ma, thn uf , ta
sq mata, thn anagn¸rish antikeimènwn, kai fusik�, gia thn kÐnhsh: metafor�
k�merac, sunolik  kinhtikìthta, troqièc kinoumènwn perioq¸n, k.a.

Mia shmantik  plhroforÐa sthn perigraf  thc kÐnhshc afor� sth �qronik 
tmhmatopoÐhsh� thc eikonoro c (temporal segmentation), sthn opoÐa brÐskoun
efarmog  kai ta tairi�smata perioq¸n pou melet�me sthn paroÔsa ergasÐa.
H qronik  tmhmatopoÐhsh qwrÐzei èna bÐnteo sta basik� qronik� sustatik�
tou �tic diadoqikèc skhnèc� epitrèpontac gr gorh prospèlash (browsing),
omadopoÐsh/qarakthrismì sÔmfwna me tic metaxÔ touc omoiìthtec, k.a. Gia
thn autìmath oriojèthsh skhn¸n (shot boundaries detection) èqoun protajeÐ
pollèc teqnikèc, oi opoÐec basÐzontai �llote sthn epexergasÐa istogramm�twn
qr¸matoc, �llote sto rujmì allag c twn akm¸n, �llote stic bajmiaÐec enal-
lagèc (fade in/out), ki �llote sthn epexergasÐa twn anusm�twn kÐnhshc pou
prokÔptoun apì ta tairi�smata perioq¸n [19]. H teleutaÐa teqnik  sunÐstatai,
arqik�, sthn ektÐmhsh twn anusm�twn kÐnhshc mèsa se k�je karè, ki èpeita,
ston upologismì miac sun�rthshc pou lamb�nei upìyh ta mètra twn anusm�twn
ki orismènec statistikèc ropèc aut¸n (p.q., diakÔmansh) prokeimènou na qara-
kthrÐsei thn genikìterh �èntash thc kÐnhshc� tou karè. Parakolouj¸ntac thn
exèlixh thc èntashc apì karè se karè (p.q., diadoqikèc diaforèc èntashc) eÐnai
dunatìn na ex�goume sumper�smata sqetik� me tic allagèc twn skhn¸n.
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1.2 Par�llhlh mn mh

H epit�qunsh thc yhfiak c epexergasÐac eikonorro¸n se ìlec tic parap�nw
efarmogèc, ki ìqi mìno, kajÐstatai exairetik c shmasÐac, eidik� ìtan apaitoÔ-
ntai epidìseic pragmatikoÔ qrìnou. Gia thn epit�qunsh twn diadikasi¸n qrhsi-
mopoieÐtai èna pl joc apì diaforetikèc teqnikèc, eidik c   genik c qr shc.
ExaitÐac thc fÔshc tou en lìgw s matoc kai twn algorÐjmwn pou qrhsi-
mopoioÔntai sto pedÐo, mia arket� diadedomènh teqnik  epit�qunshc eÐnai o
parallhlismìc se epÐpedo dedomènwn (data parallelism). H teqnik  aut 
sunÐstatai sthn tautìqronh epexergasÐa poll¸n diaforetik¸n dedomènwn thc
eikìnac, dhlad  sthn pro¸jhsh poll¸n diaforetik¸n eikonostoiqeÐwn se pol-
laplèc epexergastikèc mon�dec tou sust matoc.

O parallhlismìc se autì to epÐpedo proôpojètei th dunatìthta an�gnwshc
ki eggraf c pollapl¸n dedomènwn apì kai proc th mn mh tou sust matoc
se k�je kÔklo rologioÔ. Sun jwc, prèpei na eÐnai dunat  h suneq c, �mesh,
prìsbash se diaforetik� sÔnola dedomènwn thc eikìnac. Se antÐjeth perÐptw-
sh, h sullog  twn stoiqeÐwn pou sunjètoun thn eÐsodo twn upologistik¸n
mon�dwn thc arqitektonik c apaiteÐ epiprìsjetouc kÔklouc rologioÔ kai ka-
justereÐ sunolik� thn epexergasÐa tou s matoc. Dhlad , mia mn mh anepark¸n
dunatot twn sunist� shmeÐo sumfìrhshc (bottleneck) thc arqitektonik c ki,
epÐ thc ousÐac, akur¸nei th qr sh opoiond pote teqnik¸n epit�qunshc.

Org�nwsh Mn mhc gia Upost rixh Par�llhlwn Upologism¸n

H bèltisth org�nwsh thc mn mhc tou sust matoc exart�tai �mesa apì ton
trìpo leitourgÐac tou algorÐjmou epexergasÐac thc eikìnac. Sugkekrimèna,
exart�tai apì ton rujmì me ton opoÐo autìc ja zht sei ta eikonostoiqeÐa
(ìgkoc proc qrìno), kaj¸c ki apì th qwrik  jèsh   th susqètish pou em-
fanÐzoun oi diadoqikèc kl seic tou algorÐjmou. Genik�, o rujmìc kajorÐzei
to pl�toc diepaf c thc mn mhc, en¸ h susqètish kajorÐzei to pl joc twn
trapez¸n thc. Gia par�deigma, an prìkeitai na epexergastoÔme tic timèc
fwteinìthtac 4 eikonostoiqeÐwn an� kÔklo rologioÔ tìte h mn mh mac ja
prèpei na sqediasteÐ me diepaf  32 difÔwn (= 4 × 8 bits). Epiplèon, an
sto aplì autì par�deigma k�je dunhtik� klhjeÐsa tetr�da eikonostoiqeÐwn
eÐnai prokajorismènh ki entel¸c xènh me tic upìloipec, tìte mporoÔme na
thn antistoiqÐsoume se mia xeqwrist  dieÔjunsh thc mn mhc kai na qrhsi-
mopoi soume mia mìno tr�peza gia thn apoj keush olìklhrhc thc eikìnac.
Bèbaia, sth genik  perÐptwsh h leitourgÐa enìc algorÐjmou den eÐnai tìso
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apl . H seir� me thn opoÐa autìc ja zht sei ta xeqwrist� sÔnola eikono-
stoiqeÐwn (p.q. tic tetr�dec) mporeÐ na mhn eÐnai gnwst , oi jèseic twn
zhtoÔmenwn eikonostoiqeÐwn p�nw sthn eikìna mporeÐ na mhn eÐnai proka-
jorismènec, ki epiprìsjeta, ta zhtoÔmena sÔnola na mhn eÐnai xèna metaxÔ touc.
Wc ek toÔtou, oi sqediastèc kaloÔntai na epilÔsoun èna prìblhma elaqisto-
poÐhshc (twn apaitoÔmenwn kÔklwn prìsbashc, tou arijmoÔ twn trapez¸n, kai
tou ìgkou thc mn mhc) lamb�nontac upìyh touc sugkekrimènec prodiagrafèc.

'Enac apì touc basikoÔc stìqouc thc epÐlushc tètoiwn problhm�twn eÐnai h
an�ptuxh genikeumènwn �ki ìqi exeidikeumènwn� lÔsewn. Dhlad , stoqeÔoume
sthn an�ptuxh miac teqnik c pou na odhgeÐ sth bèltisth org�nwsh mn mhc
gia èna pl joc efarmog¸n ki ìqi gia thn upost rixh enìc sugkekrimènou
algorÐjmou   enìc mìno sust matoc. Proc aut  thn kateÔjunsh, h ereu-
nhtik  diadikasÐa sumperilamb�nei th melèth twn prodiagraf¸n poll¸n di-
aforetik¸n algorÐjmwn me skopì thn anagn¸rish twn koin¸n touc shmeÐwn.
Katìpin, sqedi�zetai mia parametropoihmènh lÔsh h opoÐa exuphreteÐ tic koinèc
prodiagrafèc ki epomènwc eÐnai kat�llhlh gia èna pl joc peript¸sewn. Oi
par�metroi thc lÔshc qrhsimopoioÔntai gia thn prosarmog  sta eidik� qara-
kthristik� tou ek�stote probl matoc, p.q., sth rujmapìdosh thc mn mhc  
ston trìpo omadopoÐhshc twn dedomènwn pou aut  perièqei.

Apait seic mn mhc se efarmogèc grafik¸n

Stic efarmogèc grafik¸n to megalÔtero mèroc twn upologism¸n sqetÐzetai me
thn epexergasÐa thc eikìnac   tou karè pou eÐnai apojhkeumèno se k�poio mèso,
proswrin�   mìnima. Oi sun jeic diergasÐec pou ekteloÔntai eÐnai dunatìn
na perilamb�noun thn paragwg  eikonostoiqeÐwn (p.q., sqedÐash eikìnac),
thn tropopoÐhsh eikonostoiqeÐwn (p.q., filtr�risma eikìnac),   th s�rwsh
eikonostoiqeÐwn (p.q., anagn¸rish eikìnac/protÔpwn). Sthn pr¸th perÐptwsh
h ulopoÐhsh apaiteÐ upost rixh gia eggraf  pollapl¸n dedomènwn se mn mh,
sthn trÐth gia an�gnwsh pollapl¸n dedomènwn apì mn mh, en¸ sth deÔterh
perÐptwsh apaiteÐtai an�gnwsh ki eggraf  mazÐ.

H fÔsh tou s matoc kai twn ekteloÔmenwn diergasi¸n epib�lei pollèc
forèc to qwrikì katakermatismì thc eikìnac, dhlad  thn epexergasÐa thc kat�
sunektikèc �qwrik�� perioqèc. Dhlad , k�je merik  eÐsodoc tou par�llhlou
algorÐjmou apoteleÐtai apì eikonostoiqeÐa pou geitni�zoun metaxÔ touc (bl.
Eikìna 1.2). Sthn pr�xh, h an�kthsh twn eikonostoiqeÐwn gÐnetai me b�sh
k�poio sq ma prìsbashc pou kajorÐzei perioq  p�nw sthn eikìna (access pat-
tern): tetr�gwno (p.q., 4 × 4 pixels), gramm    st lh (p.q., 4 × 1), trÐgwno,
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Eikìna 1.2: PerÐptwsh orjog¸niwn perioq¸n eikonostoiqeÐwn, k�je mia ek
twn opoÐwn sunist� merik  eÐsodo tou algìrijmou epexergasÐac.

ktl. Kat� th leitourgÐa tou algorÐjmou ekteloÔntai diadoqikèc kl seic
tètoiwn sqhm�twn apì thn eikìna èwc ìtou anakthjeÐ olìklhrh h eÐsodìc
tou. Shmei¸noume ed¸ ìti autìc o trìpoc prìsbashc sthn eikìna eÐnai o
plèon diadedomènoc kai qrhsimopoieÐtai akìma ki ìtan h qwrik  sunoq  twn
merik¸n eisìdwn den apoteleÐ austhr  proôpìjesh.

Parìti h an�kthsh geitonik¸n eikonostoiqeÐwn apoteleÐ koinì gn¸risma
twn perissìterwn efarmog¸n grafik¸n, to akribèc sq ma an�kthshc exart�tai
apì tic ek�stote prodiagrafèc tou algorÐjmou   thc arqitektonik c. 'Etsi,
gia par�deigma, èna yhfiakì fÐltro eikìnac ja qrhsimopoioÔse diadoqik�
tetr�gwnec perioqèc eikonostoiqeÐwn, en¸ ènac metasqhmatismìc sto pedÐo
twn suqnot twn ja qrhsimopoioÔse diadoqik� grammèc kai st lec. M�lista,
den eÐnai lÐgoi oi algìrijmoi ekeÐnoi pou sundu�zoun poll� diaforetik� sq mata
prokeimènou na aux soun thn apìdos  touc, p.q, ìpwc sumbaÐnei sthn anaz th-
sh klasmatik¸n kin sewn me qr sh teqnik¸n tairi�smatoc perioq¸n. Sunep¸c,
h sqedÐash miac genik c lÔshc gia th mn mh se efarmogèc grafik¸n ja prèpei
na basÐzetai se mia arket� eureÐa upìjesh sqetik� me ta apaitoÔmena sq mata
prìsbashc. Me �lla lìgia, h mn mh ja prèpei na uposthrÐzei prìsbash
toul�qiston kat� tetr�gwna, grammèc kai st lec eikonostoiqeÐwn, ki ìqi na
periorÐzetai se èna mìno eÐdoc sq matoc.

Ektìc apì thn poikilÐa twn sqhm�twn prìsbashc, eÐnai shmantikì na ka-
jorÐsoume kai tic dunatèc jèseic touc p�nw sthn eikìna. EÐnai logikì na
upojèsoume ìti k�je sq ma apì mìno tou prèpei na èqei th dunatìthta na
kalÔyei olìklhrh thn eikìna (¸ste opoiosd pote algìrijmoc na èqei �mesh
prìsbash se opoiod pote eikonostoiqeÐo thc eikìnac). Mia tètoia upìjesh
ìmwc ikanopoieÐtai me duo diaforetikoÔc trìpouc: a) to sq ma na epitrèpei
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Eikìna 1.3: Dunatìthta prìsbashc sthn eikìna kat� tetr�gwna: aperiìristh
(arister�) kai periorismènh (dexi�).

aperiìristh prìsbash, dhlad , h jèsh apo ìpou autì ja zhthjeÐ ep�nw sthn
eikìna na mhn upìkeitai se periorismoÔc, b) to sq ma na epitrèpei prìsbash
se perioqèc me sugkekrimènh jèsh ep�nw sthn eikìna, dhlad , na periorÐzetai
se èna prokajorismèno plègma. H Eikìna 1.3 antiparab�lei touc duo trìpouc
prìsbashc qrhsimopoi¸ntac tetr�gwna. Sthn pr¸th perÐptwsh, ta sÔnola
eikonostoiqeÐwn pou mporoÔme na anakt soume emfanÐzoun isqur  epik�luyh,
en¸ sth deÔterh perÐptwsh eÐnai entel¸c xèna metaxÔ touc. 'Ena par�deigma
efarmog c pou epwfeleÐtai apì thn aperiìristh prìsbash eÐnai h EktÐmhsh
KÐnhshc, afoÔ h anaz thsh mporeÐ na kinhjeÐ arg� proc opoiad pote kateÔjun-
sh. Par�deigma efarmog c pou arkeÐtai sthn periorismènh prìsbash eÐnai h
s�rwsh eikìnac kat� st lec, afoÔ ta sÔnola pou ja anakthjoÔn (mikrèc
kol¸nec) den qrei�zetai na èqoun kami� epik�luyh metaxÔ touc. Xek�jara, h
periorismènh prìsbash eÐnai upoperÐptwsh thc aperiìristhc, afoÔ mia mn mh
pou parèqei dunatìthta gia th deÔterh, ousiastik�, parèqei kai gia thn pr¸th.
Fusik�, mia genik  lÔsh ofeÐlei na exuphreteÐ th genik  perÐptwsh.

To teleutaÐo qarakthristikì twn sqhm�twn prìsbashc pou prèpei na lh-
fjeÐ upìyh kat� th sqedÐash thc mn mhc eÐnai to embadìn touc. To embadìn
tou sq matoc kajorÐzei ton arijmì twn eikonostoiqeÐwn sta opoÐa apoktoÔme
prìsbash se k�je kÔklo rologioÔ. O arijmìc autìc sqetÐzetai �mesa me
tic teqnikèc prodiagrafèc thc ek�stote arqitektonik c (p.q., rujmapìdosh)
kai parousi�zei meg�lec diaforopoi seic apo efarmog  se efarmog . Gia to
lìgo autì, enswmat¸netai wc par�metroc sth mèjodo sqedÐashc epitrèpontac
stouc kataskeuastèc na prosarmìsoun th mn mh stic apait seic touc.
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1.3 Stìqoc kai org�nwsh thc diatrib c

Kaj¸c h teqnologÐa exelÐssetai parousi�zei auxanìmenh prìodo sthn epexer-
gasÐa eikìnwn/eikonoro¸n/grafik¸n brÐskontac ìlo kai perissìterec efar-
mogèc se tomeÐc thc kajhmerinìthtac pou poikÐloun apì thn yuqagwgÐa èwc
thn iatrik . H qr sh thc teqnologÐac se tètoiou eÐdouc efarmogèc exart�tai
�mesa apì th dunatìthta epit�qunshc thc yhfiak c epexergasÐac me epidìseic
pragmatikoÔ qrìnou. H en lìgw epit�qunsh prokÔptei apì parallhlismì
twn upologism¸n me kat�llhlh arqitektonik  sqedÐash, h apodotikìthta thc
opoÐac sthrÐzetai se k�poio upokeÐmeno sÔsthma mn mhc pou parèqei dunatì-
thta an�gnwshc ki eggraf c dedomènwn se par�llhlh morf .

Stìqoc thc paroÔsac diatrib c eÐnai h sqedÐash par�llhlwn mnhm¸n pou na
ikanopoioÔn tic apait seic thc pleioyhfÐac twn efarmog¸n grafik¸n prosfè-
rontac mia genik  lÔsh, oikonomikìterh ki apodotikìterh aut¸n pou èqoun
protajeÐ sth bibliografÐa. Epiprìsjeta se aut  thn kateÔjunsh, wc pra-
ktikì par�deigma efarmog c me qr simec proekt�seic, h ergasÐa melet� thn
an�ptuxh algorÐjmwn ektÐmhshc kÐnhshc se ulismikì kai proteÐnei mia pro-
grammatizìmenh arqitektonik  gia thn ektèles  touc se pragmatikì qrìno.

H parousÐash thc diatrib c organ¸netai se ept� kef�laia. Pèran tou
parìntoc eisagwgikoÔ, to Kef�laio 2 prosdiorÐzei epakrib¸c ta duo probl -
mata pou kaleÐtai na epilÔsei h ergasÐa: arqitektonik  sqedÐash mon�dac
ektÐmhshc kÐnhshc kai org�nwsh par�llhlhc mn mhc gia efarmogèc grafik¸n.
Epiplèon, katagr�fei tic lÔseic pou èqoun protajeÐ sth bibliografÐa sqetik�
me ta duo jèmata kai katal gei se k�poia genik� sumper�smata. ToKef�laio 3
perigr�fei th sqedÐash kai thn ulopoÐhsh thc proteinìmenhc mon�dac ektÐmhshc
kÐnhshc. Ta Kef�laia 4 kai 5 analÔoun thn proteinìmenh org�nwsh mn mhc ki
apodeiknÔoun tic idiìthtèc thc: to 4 upì tic klassikèc upojèseic pou perièqei
h bibliografÐa, en¸ to 5 lamb�nontac upìyh kai mia nèa parat rhsh sqetik�
me th sumperifor� twn algorÐjmwn epexergasÐac grafik¸n. AkoloÔjwc, to
Kef�laio 6 perigr�fei orismènec melètec peript¸sewn stic opoÐec brÐskei
efarmog  h proteinìmenh org�nwsh mn mhc kai posotikopoieÐ tic epidìseic thc
ston pragmatikì kìsmo. MetaxÔ twn paradeigm�twn tou kefalaÐou 6 sumpe-
rilamb�netai kai h mon�da EK tou kefalaÐou 3, h opoÐa enswmat¸nei plèon
th nèa mn mh kai upìkeitai se epana-ulopoÐhsh prokeimènou na katagrafoÔn
ta ofèlh pou apokomÐzoume apì thn proteinìmenh org�nwsh mn mhc. Tèloc,
to Kef�laio 7 sunoyÐzei th diatrib  ki anafèrei orismènec kateujÔnseic gia
mellontik  èreuna.



Kef�laio 2

Prosdiorismìc Problhm�twn
kai Sqetik  BibliografÐa

H paroÔsa diatrib  esti�zei se duo �ìqi entel¸c anex�rthta� probl mata
pou ent�ssontai sto eurÔtero ereunhtikì pedÐo thc epexergasÐac eikìnwn kai
eikonoro¸n: a) sthn ulopoÐhsh algorÐjmwn ektÐmhshc kÐnhshc, kai b) sthn
org�nwsh par�llhlwn mnhm¸n gia efarmogèc grafik¸n. Oi enìthtec pou
akoloujoÔn parousi�zoun tic epÐ mèrouc leptomèreiec twn problhm�twn pou
antimetwpÐzei h diatrib  kai perigr�foun tic koin� apodektèc apait seic pou
prèpei na ikanopoioÔn oi lÔseic touc. Epiplèon, parajètoun th sqetik  bi-
bliografÐa me tic èwc s mera protajeÐsec lÔseic/arqitektonikèc, kaj¸c kai
ta sumper�smata pou prokÔptoun apì th sfairik  melèth touc.

2.1 EktÐmhsh KÐnhshc me tairi�smata pe-

rioq¸n

Sth genik  perÐptwsh, h ektÐmhsh kÐnhshc mèsw tairiasm�twn afor� se pe-
rioqèc eikonostoiqeÐwn me aujaÐreto sq ma kai metablhtèc diast�seic. Ed¸,
epikentrwnìmaste sthn plèon diadedomènh ki apl  ekdoq  twn algorÐjmwn
ektÐmhshc kÐnhshc, ìpou h anazhtoÔmenh perioq  eÐnai èna tetr�gwno 16×16
eikonostoiqeÐwn (Macroblock). Dhlad , lamb�noume wc eÐsodo to trèqon
plakÐdio megèjouc 16×16 kai mia perioq  anaz thshc N×M eikonostoiqeÐwn
me N ,M>16 (endeqomènwc apì pollapl� karè anafor�c), p�nw sthn opoÐa
prospajoÔme na anakalÔyoume to bèltisto taÐriasma tou plakidÐou. H anaz -
thsh perilamb�nei diadoqikèc sugkrÐseic tou plakidÐou me di�fora upoy fia

16
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mplok apì thn perioq  N×M kai to apotèlesm� thc eÐnai èna �di�nusma
kÐnhshc� pou deÐqnei th jèsh sthn opoÐa entopÐzetai telik� to plakÐdio.

Upì thn apl  aut  morf , h ektÐmhsh kÐnhshc sunant�tai se pl joc efar-
mog¸n me pio diadedomènh th sumpÐesh eikonoro¸n kat� ta plèon sÔgqrona
prìtupa (p.q., H.264/AVC [11]). Oi algìrijmoi kai ta krit ria omoiìthtac
pou qrhsimopoioÔntai kat� thn anaz thsh tou tairi�smatoc poikÐloun an�loga
me tic ek�stote prodiagrafèc kìstouc kai poiìthtac apotelèsmatoc. Wc ek
toÔtou, èqoun protajeÐ polu�rijmoi sqetikoÐ algìrijmoi �euretikoÐ   ìqi� pou
k�noun qr sh diaforetik¸n teqnik¸n ki emfanÐzoun idiìtupa qarakthristik�
leitourgÐac [3] [4] [5] [6] [7] [8] [9] [10] [20]. Oi apait seic touc se upologistik 
isqÔ   epiprìsjeth plhrofìrhsh (eÐsodo/mn mh) kumaÐnontai apì polÔ mikrèc
èwc polÔ meg�lec, an�loga me to eÐdoc thc anaz thshc pou ekteloÔn.

H parap�nw ekdoq  tou probl matoc ektÐmhshc kÐnhshc apoteleÐ to par�-
deigma sto opoÐo basÐzetai h paroÔsa ergasÐa prokeimènou na melet sei to
pr¸to thc, praktikì, jèma:

an�ptuxh apodotik¸n arqitektonik¸n gia thn ektèlesh algorÐjmwn
tairi�smatoc perioq¸n, me kat�llhlo parallhlismì ki epit�qunsh
pou epitrèpei epexergasÐa pragmatikoÔ qrìnou.

Stìqoc thc arqitektonik c lÔshc eÐnai h beltistopoÐhsh wc proc touc kata-
naliskìmenouc pìrouc ulikoÔ, to rujmì diekperaiwtikìthtac, kai thn poiìthta
twn apotelesm�twn. DieukrinÐzoume ed¸ ìti to prìblhma pou exet�zoume
eÐnai h an�ptuxh se ulismikì, ìqi h sqedÐash nèwn algorÐjmwn anaz thshc.
Parak�tw sunoyÐzoume tic plèon qarakthristikèc proseggÐseic epÐ tou jèma-
toc kai sugkrÐnoume tic antÐstoiqec kataskeuèc wc proc to kìstoc ulopoÐhshc
kai thn taqÔtht� touc.

2.1.1 Arqitektonikèc gia epexergasÐa pragmatikoÔ
qrìnou

H bibliografÐa perièqei mia plhj¸ra apì arqitektonikèc prot�seic kai ulo-
poi seic algorÐjmwn tairi�smatoc perioq¸n se ulismikì. Prwtarqikìc stìqoc
twn proteinìmenwn lÔsewn eÐnai h dunatìthta epexergasÐac thc eikonoro c se
pragmatikì qrìno, dunatìthta pou epitrèpei thn enswm�twsh thc kataskeu c
se teqnologikèc efarmogèc teleutaÐac lèxhc (state-of-the-art).

Oi prot�seic kalÔptoun èna eurÔ f�sma apait sewn antall�ssontac poiì-
thta apotelesm�twn me kìstoc ulopoÐhshc (cost-quality tradeoff). Pio sug-
kekrimèna, se efarmogèc pou h akrÐbeia tou tairi�smatoc paÐzei kajoristikì
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rìlo gia thn orj  leitourgÐa tou sust matoc, oi mhqanikoÐ ulopoioÔn ton
algìrijmo �Pl rouc Anaz thshc� xodeÔontac polloÔc pìrouc ulikoÔ gia thn
upost rixh twn auxhmènwn upologistik¸n tou apait sewn. Se efarmogèc me
anektikìthta se elafr¸c upobèltista tairi�smata, oi mhqanikoÐ ulopoioÔn
k�poion euretikì algìrijmo prokeimènou na exoikonom soun shmantikì ulikì
kìstoc. H epilog  tou euretikoÔ gÐnetai kat� th sqedÐash kai lamb�nei
upìyh thc ìlec tic epÐ mèrouc apait seic thc efarmog c, kaj¸c kai ton isol-
ogismì kìstouc-poiìthtac pou emfanÐzoun ìlec oi dhmosieumènec teqnikèc
anaz thshc. Ektìc apì thn an�ptuxh se ulismikì enìc sugkekrimènou al-
gorÐjmou, euretikoÔ   ìqi, h bibliografÐa emfanÐzei ki arqitektonikèc lÔseic
pou metabib�zoun thn epilog  tou algorÐjmou anaz thshc sto qr sth. H epi-
log  diatÐjetai met� thn kataskeu , eÐte mèsa apì ènan mikrì arijmì proegka-
testhmènwn algorÐjmwn, eÐte mèsw miac programmatizìmenhc mon�dac me duna-
tìthta fìrtwshc ki ektèleshc twn sqetik¸n entol¸n. Se ìlec tic anwtèrw
peript¸seic, h prwtotupopoÐhsh ki h axiolìghsh twn proteinìmenwn arqite-
ktonik¸n perilamb�nei ulopoi seic me �olokl rwsh meg�lhc klÐmakac� (VLSI)
 /kai ulopoi seic se �programmatizìmenouc pÐnakec pul¸n� (FPGA).

Arqitektonikèc gia pl rh anaz thsh

H sqedÐash arqitektonik¸n gia thn ektèlesh thc �Pl rouc Anaz thshc� se
pragmatikì qrìno odhgeÐ, anagkastik�, se meg�lo bajmì parallhlismoÔ me
pollapl� kukl¸mata pou katanal¸noun shmantikì arijmì pìrwn ki enèrgeia
[21] [22] [23] [24] [25] [26] [27]. To kìstoc aux�nei akìma perissìtero ìtan h
efarmog  apaiteÐ epexergasÐa mplok metablht¸n diast�sewn (kat�tmhsh tou
trèqontoc plakidÐou ki exètash èwc kai 41 diaforetik¸n upoyhfÐwn)   upolo-
gismì perÐplokwn krithrÐwn sÔgkrishc (p.q., Lagrangian R/D cost criterion).
Sthn pr�xh, h ergasÐa [22] basÐzetai se ènan pÐnaka apì 16×16 epexergastikèc
mon�dec pou leitourgoÔn par�llhla p�nw sthn perioq  anaz thshc ki ex�goun
4 × 4 diaforetikèc timèc AAD1. Oi timèc AAD sundu�zontai ètsi, ¸ste na
paraqjoÔn oi metrikèc omoiìthtac twn diafìrwn katatm sewn tou upoyhfÐou
plakidÐou (mplok metablht¸n diast�sewn me anÔsmata ±32). H ulopoÐhsh
thc [22] se VLSI (TSMC 0.18um standard cell library) apaiteÐ 154K logikèc
pÔlec kai èqei rujmì diekperaiwtikìthtac 15 karè to deuterìlepto gia bÐnteo
an�lushc 4CIF (704 × 576). Parìmoia, sthn ergasÐa [23] qrhsimopoioÔntai
16 epexergastikèc mon�dec gia th dhmiourgÐa swlhnwt c arqitektonik c pou

1΄Αθροισμα Απολύτων Διαφορών μεταξύ του τρέχοντος πλακιδίου και του υποψηφίου.
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katal gei se èna sugkrit  AAD. Oi timèc AAD ìlwn twn diaforetik¸n upo-
plakidÐwn upologÐzontai tautìqrona exet�zontac anÔsmata m kouc èwc kai
±3.75 (apì 5 karè anafor�c). H ulopoÐhsh se FPGA (Xilinx Virtex2) apaiteÐ
14.5K slices2 (  225K isdÔnamec logikèc pÔlec) ki odhgeÐ se epexergasÐa
pragmatikoÔ qrìnou gia bÐnteo an�lushc CIF (352 × 288). H ergasÐa [25]
katafèrnei epexergasÐa pragmatikoÔ qrìnou akìma kai gia bÐnteo polÔ uyhl c
an�lushc (1920 × 1088 @ 91 fps) me 8   16 epexergastikèc mon�dec pou
moir�zontai eikonostoiqeÐa kat� th swlhnwt  epexergasÐa 16 upoplakidÐwn.
Bèbaia, to kìstoc se pìrouc FPGA (Xilinx Virtex5) anèrqetai, antÐstoiqa, se
77K   se 154K LUTs (perÐpou 20K   40K slices). H ergasÐa [26] qrhsimopoieÐ
èna sustolikì pÐnaka 256 epexergastik¸n mon�dwn, oi opoÐec �olisjaÐnoun�
ep�nw sthn perioq  anaz thshc gia ton upologismì twn AAD twn 41 dunat¸n
katatm sewn tou plakidÐou. Epiprosjètwc, upologÐzei kai th Lagkrantzian 
sun�rthsh kìstouc gia na epitÔqei beltistopoÐhsh rujmoÔ/paramìrfwshc
(rate/distortion otpimization) [28] k�nontac qr sh tou pollaplasiast  La-
grange λSAD prokeimènou na epilèxei ton trìpo kat�tmhshc-tairi�smatoc. To
kìstoc thc [26] se pìrouc FPGA (Xilinx Virtex4) anèrqetai se 8K slices
(perÐpou 182K isodÔnamec pÔlec) gia epexergasÐa bÐnteo 4CIF sta 38 fps.

Arqitektonikèc gia sugkekrimènouc euretikoÔc algorÐjmouc

Apì ìlouc touc euretikoÔc algorÐjmouc, pijanìn, pio kont� sthn idèa thc
pl rouc anaz thshc na brÐskontai oi ierarqikoÐ. Ed¸, exoikonomoÔme pr�xeic
diìti h pl rhc anaz thsh ekteleÐtai se upodeigmatolhpthmènec perioqèc thc
eikìnac (mikrìteroi upoy fioi). H teqnik  eÐnai arket� diadedomènh kai èqei
odhg sei se diaforetikèc ulopoi seic [29] [30]. Wc par�deigma anafèroume
thn [29] pou parousi�zei kai ulopoieÐ ènan ierarqikì algìrijmo anaz thshc
tri¸n epipèdwn. H eikìna upodeigmatolhpteÐtai me digrammik� fÐltra duo
forèc (epanalhptik�): sto qamhlìtero epÐpedo ekteleÐtai mia topik  pl rhc
anaz thsh pou odhgeÐ se duo upoy fia anÔsmata, sto mesaÐo epÐpedo exet�-
zontai oi geitonikèc perioqèc twn duo prohgoÔmenwn anusm�twn, en¸ sthn
kanonik  di�stash exet�zontai pl rwc oi geÐtonec tou anÔsmatoc pou prokrÐ-
jhke apì to mesaÐo epÐpedo. Telik�, to eÔroc twn anusm�twn eÐnai ±16.
H arqitektonik  perilamb�nei mn mh pollapl¸n trapez¸n kai basÐzetai se
disdi�statec sustoiqÐec afaÐreshc/suss¸reushc eikonostoiqeÐwn me swlh-
nwt  dom , k�je mia ek twn opoÐwn ekteleÐ mia pl rh anaz thsh ±2 gÔrw

2προγραμματίσιμο δομικό κελί του Xilinx FPGA. Περιέχει LUTs, πολυπλέκτες, flip-flops.
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apì to upì anaz thsh 4 × 4 upoplakÐdio (me krit rio omoiìthtac to AAD).
Oi sustoiqÐec trofodotoÔntai apì fÐltra upodeigmatolhyÐac, all� kai apì
fÐltra parembol c gia anaz thsh tairi�smatoc se jèseic ±1/2. H ulopoÐhsh
thc [29] se VLSI (UMC 0.18um CMOS) apaiteÐ 59K logikèc pÔlec kai 1393
bytes mn mhc gia epexergasÐa pragmatikoÔ qrìnou se bÐnteo an�lushc CIF
(352 × 288).

Peraitèrw, h bibliografÐa parousi�zei ki arqitektonikèc gia ligìtero poi-
otikoÔc euretikoÔc algorÐjmouc [31] [32] [33]. Gia par�deigma, sthn ergasÐa
[31] proteÐnetai kai ulopoieÐtai o algìrijmoc Two-Step-Search, o opoÐoc exe-
t�zei 25 omoiìmorfa di�spartec �stajerèc� jèseic thc perioq c anaz thshc ki
èpeita exet�zei th geitoni� thc epikratèsterhc (ìmoia me 3SS). H arqitektonik 
perièqei topikèc mn mec gia to trèqon plakÐdio kai gia thn perioq  anaz thshc
(eÔroc ±12), kaj¸c kai duo epexergastik� stoiqeÐa gia seiriakì upologismì
twn AAD twn upoyhfÐwn. H ulopoÐhsh se FPGA (Altera Cyclone) apaiteÐ
1,062 LE3 ki epitugq�nei epexergasÐa bÐnteo me an�lush 352×240 sta 30 karè
to deuterìlepto. Sthn ergasÐa [32] proteÐnetai kai ulopoieÐtai mia beltiwmènh
èkdosh tou algorÐjmou One-Step-Search, h Fast One-Step-Search (FOSS).
QrhsimopoieÐ duo topikèc mn mec gia thn apoj keush tou prohgoÔmenou karè
kai tou trèqontoc plakidÐou, mia mon�da gia tautìqronh afaÐresh pollapl¸n
ekonostoiqeÐwn, ki èna stoiqeÐo elègqou pou ekteleÐ seiriak� ta b mata tou
FOSS. H ulopoÐhsh se FPGA (Altera FLEX 10K100A EPLD) apaiteÐ 80K
logikèc pÔlec ki epexerg�zetai bÐnteo an�lushc 1024 × 768 sta 25 fps.

Programmatizìmenec arqitektonikèc

'Enac euretikìc algìrijmoc mporeÐ na apodeiqjeÐ ligìtero   perissìtero apote-
lesmatikìc se sqèsh me touc upìloipouc, an�loga me ta qarakthristik� thc
upì epexergasÐa eikonoro c (an�lush, kinhtikìthta, klp). Epomènwc, se
pollèc efarmogèc, h epilog  tou kat�llhlou algorÐjmou anaz thshc eÐnai
epijumhtì na basÐzetai sthn empeirÐa twn qrhst¸n, parèqontac akìma kai
dunatìthta dunamik¸n allag¸n. Gia to skopì auto h bibliografÐa parousi�zei
ènan arijmì apì programmatizìmenec arqitektonikèc [34] [35] [36] [37] [38] [39]
[40] [41] [42] [43] [44]. Stic ergasÐec [34] [35] perigr�fontai duo xeqwristèc
proseggÐseic sto zhtoÔmeno thc upost rixhc diaforetik¸n algorÐjmwn. H
pr¸th lÔsh qrhsimopoieÐ mia mikr  mn mh gia thn apoj keush motÐbwn yaxÐ-
matoc, dhlad , apoj keush sqetik¸n jèsewn p�nw sthn eikìna me b�sh tic

3“logic element”, δομικό στοιχείο της Altera, αντίστοιχο του Xilinx “slice”.
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Eikìna 2.1: Programmatizìmenh arqitektonik  [35] me apokwdikopoiht  ento-
l¸n, arqeÐo kataqwrht¸n, mon�da AAD (SADU), mon�da arijmhtik¸n pr�-
xewn (ALU), kai topikèc mn mec me kukl¸mata dieujunsiodìthshc (AGU).

opoÐec ja kineÐtai o algìrijmoc se k�je tou b ma. H mn mh trofodoteÐ
an� diast mata th mon�da elègqou prokeimènou na prokÔyoun oi jèseic twn
upoyhfÐwn mplok pou protÐjetai na exet�sei o ek�stote algìrijmoc. H
prosèggish aut  epitrèpei thn ektèlesh apl¸n algorÐjmwn me taktik� motÐba
yaxÐmatoc (p.q., tetr�gwno, diam�nti, ex�gwno, klp) ta opoÐa epanalamb�nontai
me stajerì trìpo kajìlh th di�rkeia thc anaz thshc. H deÔterh lÔsh eis�gei
èna eidikì sÔnolo entol¸n pou epitrèpei thn kwdikopoÐhsh pio exeligmènwn kai
perÐplokwn algorÐjmwn. Oi entolèc ulopoioÔn polÔ basikèc leitourgÐec, p.q.
ìpwc gÐnetai se ènan epexergast  RISC (mov, add, jmp, k.a.), sun mia ex-
eidikeumènh sÔnjeth leitourgÐa: h entol  SAD16 ekteleÐ thn afaÐresh miac
om�dac 16 eikonostoiqeÐwn tou trèqontoc plakidÐou apì mia antÐstoiqh om�da
thc perioq c anaz thshc prokeimènou na prokÔyei èna merikì AAD (to opoÐo
proorÐzetai gia metèpeita suss¸reush kai sÔgkrish). H prosèggish aut 
odhgeÐ se mia arqitektonik  me qarakthristik� epexergast  genik c qr shc
(Eikìna 2.1), dhlad  me arqeÐo kataqwrht¸n kai arijmhtik /logik  mon�da,
sun mia mon�da me epark  parallhlismì gia thn upost rixh thc entol c SAD16.
Shmei¸netai ìti oi lÔseic [34] [35] k�noun qr sh topik c mn mhc gia thn
apoj keush thc perioq c anaz thshc kai tou trèqontoc plakidÐou. H ulopoÐ-
hsh twn lÔsewn se FPGA (Xilinx Virtex2-Pro) apaiteÐ 2,213 kai 2,046 slices
(lÔsh mn mhc kai lÔsh entol¸n, antÐstoiqa, afoÔ h pr¸th diajètei mon�da upo-
logismoÔ AAD me megalÔtero parallhlismì). O rujmìc diekperaiwtikìtht�c
touc epitrèpei epexergasÐa pragmatikoÔ qrìnou gia eikonoroèc megèjouc CIF
(352 × 288 sta 31 fps, gia th lÔsh me tic entolèc pou uposthrÐzoun pio
perÐplokouc/gr gorouc algorÐjmouc).
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Stic ergasÐec [41] [42] parousi�zetai mia programmatizìmenh arqitektonik 
pou, epiprosjètwc, eÐnai ki epanadiarjr¸simh. QrhsimopoieÐ ènan metablhtì
arijmì apì mon�dec exètashc eikonostoiqeÐwn   upoeikonostoiqeÐwn (mon�dec
IPEU   FPEU, antÐstoiqa). K�je IPEU eÐnai kataskeuasmènh me pollapl�
epÐpeda swl nwshc ki anakt� dedomèna apì th mn mh (plakÐdio kai perioq 
anaz thshc) ¸ste na epexerg�zetai par�llhla duo okt�dec eikonostoiqeÐwn
(me krit rio to AAD). Parìmoia dom  emfanÐzei kai h FPEU, me th diafor�
ìti h leitourgÐa thc proôpojètei ton termatismì miac xeqwrist c upomon�dac
yhfiak c parembol c. H upomon�da aut  apaiteÐ èna sebastì arijmì apì
kÔklouc rologioÔ prokeimènou na par�xei ta nèa upoeikonostoiqeÐa, di�sthma
sto opoÐo to upìloipo sÔsthma paramènei anenergì (den uposthrÐzei parem-
bol  kat� th met�bash, on-the-fly). ProteÐnetai exeidikeumèno sÔnolo en-
tol¸n gia programmatismì se uyhlì epÐpedo me epirroèc apì th gl¸ssa
“C”. H ulopoÐhsh se FPGA (Xilinx Virtex4) apaiteÐ sqedìn 2K slices an�
mon�da IPEU kai 7K slices an� mon�da FPEU. O rujmìc diekperaiwtikìthtac
rujmÐzetai kat� thn topojèthsh sto ulismikì (me antÐstoiqh aÔxhsh kìstouc)
dialègontac thn kat�llhlh di�rjrwsh thc arqitektonik c: p.q., gia epexer-
gasÐa pragmatikoÔ qrìnou polÔ uyhl c an�lushc (1080p@30fps) me poiotik�
apotelèsmata (algìrijmoc UMH) apaitoÔntai 4 mon�dec IPEU.

Akìma pio èntona qarakthristik� epexergast¸n genik c qr shc emfanÐzoun
ergasÐec ìpwc oi [36] [37] [43]. H lÔsh [36] ulopoieÐ se FPGA mia arqitek-
tonik  upost rixhc entol¸n meg�lou m kouc (VLIW processor) me stìqo ton
parallhlismì se epÐpedo entol¸n. H arqitektonik  perilamb�nei mn mh pol-
lapl¸n trapez¸n �me qamhl  ìmwc ekmet�lleush� kai apaiteÐ perÐpou 9K
slices tou FPGA. Sthn ergasÐa [37] o èlegqoc thc leitourgÐac tou algorÐjmou
anaz thshc basÐzetai ex' olokl rou se ènan autìnomo epexergast  RISC pou,
anagkastik�, katanal¸nei polloÔc kÔklouc met�klhshc-apokwdikopoÐhshc
entol¸n (fetch-decode cycles). H ergasÐa [43] qrhsimopoieÐ ènan epexergast 
Media/DSP gia thn ektèlesh twn algorÐjmwn ektÐmhshc kÐnhshc, h ulopoÐhsh
tou opoÐou se VLSI (0.09um process) apaiteÐ 8 mm2. Proc �llh kateÔjunsh,
h bibliografÐa perilamb�nei lÔseic ìpou h arqitektonik  enswmat¸nei sug-
kekrimènouc algorÐjmouc pou mporoÔn na epileqjoÔn kat� th leitourgÐa mèsw
shm�twn elègqou. Gia par�deigma, sthn [44] uiojetoÔntai duo algìrijmoi
(3SS, Gradient Decent) kai proteÐnetai èna antikeimenikì krit rio gia thn epi-
log  touc (me qr sh dunamikoÔ katwflÐou). H arqitektonik  perilamb�nei
kat�llhlh mon�da elègqou (hardwired control) kai pÐnaka 9 epexergastik¸n
mon�dwn gia par�llhlh epexergasÐa twn upoyhfÐwn mplok. H ulopoÐhs  thc
se VLSI (0.35um CMOS) apaiteÐ 0.95 mm2.
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2.2 ParallhlopoÐhsh mn mhc gia efarmogèc

grafik¸n

To deÔtero jèma me to opoÐo asqoleÐtai h paroÔsa diatrib  afor� sthn
org�nwsh mn mhc me pollaplèc tr�pezec ètsi, ¸ste na kajÐstatai dunat 
h par�llhlh kai poikilìtroph an�gnwsh pollapl¸n dedomènwn. Lamb�nontac
upìyh tic genikèc parathr seic tou eisagwgikoÔ kefalaÐou gia ton trìpo
pou qrhsimopoieÐtai h mn mh stic efarmogèc grafik¸n proqwr�me se mia le-
ptomerèsterh perigraf  tou probl matoc pou èqoume na epilÔsoume.

AnazhtoÔme mèjodo org�nwshc mn mhc gia apoj keush eikìnwn,
h opoÐa ja epitrèpei prìsbash se sÔnola eikonostoiqeÐwn mèsw
toul�qiston tri¸n diaforetik¸n sqhm�twn: grammèc, st lec, kai
orjog¸nia prokajorismènwn diast�sewn. H prìsbash ja prèpei
na eÐnai aperiìristh wc proc th jèsh �gia opoiod pote sq ma. Oi
diast�seic twn sqhm�twn ja apoteloÔn par�metro thc sqedÐashc.

Peraitèrw, h org�nwsh ja prèpei na èqei wc apotèlesma mia mn mh
pou ja qrhsimopoieÐ ìso to dunatìn ligìtero apojhkeutikì q¸ro
(bits), pou ja exuphreteÐ tic ait seic se ìso to dunatìn ligìterouc
kÔklouc rologioÔ, kai pou ja apartÐzetai apì ìso to dunatìn
ligìterec tr�pezec (memory banks).

Me �lla lìgia, stoqeÔoume sthn exuphrèthsh twn genikìterwn anagk¸n
twn efarmog¸n grafik¸n, elaqistopoi¸ntac tautìqrona ta shmantikìtera
kìsth thc ek�stote ulopoÐhshc (qrìnoc leitourgÐac kai ulikì). EÐnai safèc
ìti h elaqistopoÐhsh twn kÔklwn prìsbashc mei¸nei, dunhtik�, to qrìno lei-
tourgÐac tou algìrijmou. EpÐshc, h elaqistopoÐhsh tou ìgkou mn mhc mei¸nei
to kìstoc kataskeu c thc. Autì pou mènei na dieukrinisteÐ ed¸ eÐnai ìti shma-
ntik  meÐwsh kìstouc kataskeu c epitugq�netai kai mèsw thc elaqistopoÐhshc
tou arijmoÔ twn trapez¸n thc mn mhc. Autì sumbaÐnei, kurÐwc, exaitÐac thc
meÐwshc twn mon�dwn pou apaitoÔntai gia thn upost rixh thc leitourgÐac miac
tr�pezac mn mhc: poluplèktec, apoplèktec, mon�dec dieujunsiodìthshc ki
elègqou, kan�lia dromolìghshc dedomènwn, kaj¸c ki epÐbaro kìstoc (over-
head) topojèthshc.

H qr sh pollapl¸n trapez¸n paÐzei exairetik� shmantikì rìlo sto
prìblhma pou melet�me. Gia to lìgou to alhjèc, katadeiknÔoume to �topo
miac prosp�jeiac epÐlushc me qr sh miac monadik c tr�pezac dedomènwn. Mia
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tètoia prosp�jeia ja odhgoÔse ta upìloipa duo zhtoÔmena (ìgko kai kÔklouc)
se megistopoÐhsh, antÐ gia elaqistopoÐhsh. Anafèroume endeiktik� tic duo
epìmenec �akraÐec� enallaktikèc. Sthn pr¸th, ja èprepe na apojhkeÔsoume
k�je pijanì sÔnolo-aÐthsh tou algìrijmou se xeqwrist  jèsh mn mhc ètsi,
¸ste na eÐnai dunat  h an�kths  tou se ènan kÔklo rologioÔ. Lìgw ìmwc
thc isqur c epik�luyhc twn en lìgw sunìlwn (ìpwc aut  perigr�fhke sto
kef�laio 1) ja qreiazìmastan pollapl�sio ìgko mn mhc se sqèsh me ton
el�qisto, afoÔ h mn mh ja èprepe na apojhkeÔsei k�je eikonostoiqeÐo pol-
laplèc forèc. Sthn deÔterh enallaktik , k�je eikonostoiqeÐo ja apojhkeu-
ìtan mia for�, pijan¸c sth dik  tou monadik  dieÔjunsh mn mhc. 'Omwc ètsi,
h pl rhc an�kthsh enìc sunìlou-aÐthsh tou algìrijmou ja apaitoÔse pol-
laploÔc kÔklouc rologioÔ, dhlad  polloÔc perissìterouc apì ton el�qisto
(= 1). Fusik�, mporoÔme na k�noume sunduasmoÔc an�mesa stic duo autèc
enallaktikèc mei¸nontac tic akraÐec timèc kÔklwn kai ìgkou. EÔkola ìmwc
diapist¸nei kaneÐc ìti oi sunduasmoÐ autoÐ potè den odhgoÔn tic duo zhtoÔmenec
metablhtèc sthn tautìqronh elaqistopoÐhs  touc. Sunep¸c, eÐnai logikì na
perioristoÔme se qr sh pollapl¸n trapez¸n kai na mil�me plèon gia org�nwsh
par�llhlhc mn mhc.

Apì ta prohgoÔmena paradeÐgmata gÐnetai fanerì ìti h lÔsh pou anazht�me
stoqeÔei sthn apofug  eisagwg c perÐsseiac plhroforÐac sth mn mh, dhlad 
stoqeÔei sthn apoj keush k�je eikonostoiqeÐou se mia monadik  jèsh. O
el�qistoc ìgkoc mn mhc isoÔtai me to mègejoc thc apojhkeumènhc eikìnac kai,
pr�gmati, h pleioyhfÐa twn lÔsewn pou èqoun protajeÐ sth bibliografÐa den
qrhsimopoioÔn perissìtero. EpÐshc, gÐnetai fanerì ìti h lÔsh stoqeÔei sthn
dunatìthta an�kthshc opoioud pote sunìlou-aÐthshc ston el�qisto qrìno,
pou eÐnai ènac monadikìc kÔkloc rologioÔ. O monadikìc kÔkloc apoteleÐ
epÐshc koinì qarakthristikì twn perissìterwn lÔsewn thc bibliografÐac, me
exaÐresh bèbaia tic organ¸seic pou basÐzontai se krufèc mn mec (cache based
memories). O el�qistoc arijmìc trapez¸n den eÐnai exÐsou eÔkolo na pros-
dioristeÐ, ìpwc ègine me touc el�qistouc kÔklouc prìsbashc kai ton el�qisto
ìgko mn mhc. Arqik�, o pio aploðkìc stìqoc eÐnai na krat soume ton arijmì
twn trapez¸n Ðso me ton arijmì twn eikonostoiqeÐwn sta opoÐa jèloume na
petÔqoume prìsbash enìc kÔklou (Ðso me to embadìn twn sqhm�twn). 'Omwc,
to el�qisto pl joc trapez¸n sqetÐzetai �mesa me thn elaqistopoÐhsh twn duo
enapomeÐnantwn zhtoumènwn tou probl matoc (kÔkloi kai ìgkoc), kaj¸c kai
me ta epijumht� qarakthristik� twn sqhm�twn prìsbashc. H �rrhkth sqèsh
metaxÔ ìlwn aut¸n twn metablht¸n gÐnetai katanoht  mèsa apì thn melèth
diaforetik¸n organ¸sewn mn mhc, ìpwc perigr�fetai sthn epìmenh enìthta.
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Eikìna 2.2: AntistoÐqish eikonostoiqeÐwn se tr�pezec mn mhc me b�sh tic
jèseic touc sthn eikìna: perigraf  me sun�rthsh (arist.) kai pÐnaka (dexi�).

'Eqontac skiagraf sei thn kateÔjunsh proc thn opoÐa ja kinhjeÐ h pro-
teinìmenh lÔsh se ì,ti afor� sth qr sh pìrwn, mporoÔme plèon na tonÐsoume
thn kentrik  duskolÐa tou probl matoc pou èqoume na antimetwpÐsoume. H
duskolÐa ègkeitai sthn kat�llhlh antistoÐqish twn dedomènwn thc eikìnac stic
dieujÔnseic kai stic tr�pezec thc par�llhlhc mn mhc. H antistoÐqish ja prèpei
na sèbetai tic apait seic tou probl matoc ¸ste na apofeÔgontai oi legìmenec
�sugkroÔseic� (conflicts) kat� thn prìsbash sth mn mh4. Sun jwc, mia lÔsh
perigr�fetai apì mia sun�rthsh pou dèqetai wc eÐsodo th jèsh enìc eikono-
stoiqeÐou p�nw sthn eikìna kai dÐnei wc èxodo to diakritikì miac tr�pezac thc
mn mhc kai mia dieÔjunsh mèsa se aut n.

Sthn Eikìna 2.2 apeikonÐzetai endeiktik� mia antistoÐqish twn eikonostoi-
qeÐwn miac perioq c diast�sewn 12×8 se mia par�llhlh mn mh okt¸ trapez¸n.
H antistoÐqish se tr�pezec perigr�fetai ed¸ me duo trìpouc: a) th sun�rthsh,
b) ènan pÐnaka (q�rth) se k�je jèsh tou opoÐou anagr�fetai to diakritikì thc
tr�pezac sthn opoÐa apojhkeÔetai to eikonostoiqeÐo pou èqei thn antÐstoiqh
jèsh sthn eikìna. Sto sugkekrimèno par�deigma parathroÔme ìti eÐnai dunat 
h an�kthsh opoiasd pote kolìnac kai opoiasd pote 2 × 4 orjog¸niac pe-
rioq c se ènan kÔklo rologioÔ, afoÔ gia k�je pijanì sÔnolo-aÐthsh ta eikono-
stoiqeÐa pou autì perièqei brÐskontai apojhkeumèna se xeqwristèc tr�pezec.
AntÐjeta, h an�kthsh opoiasd pote gramm c eÐnai adÔnato na epiteuqjeÐ se
ènan kÔklo, afoÔ pantoÔ emfanÐzontai sugkroÔseic.

4σύγκρουση λέμε ότι έχουμε όταν δυο εικονοστοιχεία που περιέχονται στο ίδιο σύνολο-
αίτημα του αλγορίθμου (π.χ., στην ίδια τετράγωνη περιοχή) δεν μπορούν να ανακτηθούν
ταυτόχρονα σε έναν κύκλο. Αυτό μπορεί να συμβεί όταν τα εικονοστοιχεία βρίσκονται απο-
θηκευμένα στην ίδια τράπεζα μνήμης, αλλά σε διαφορετικές διευθύνσεις. Η σύγκρουση έχει
ως αποτέλεσμα την καθυστέρηση της εξυπηρέτησης, ή την απώλεια δεδομένων.
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2.3 Progenèsterec lÔseic par�llhlwn

mnhm¸n

Sthn paroÔsa enìthta k�noume mia episkìphsh twn lÔsewn pou èqoun pro-
tajeÐ kat� kairoÔc gia thn org�nwsh par�llhlhc mn mhc. Epikentrwnìmaste
stic lÔseic pou exuphretoÔn touc Ðdiouc   paremfereÐc skopoÔc me autoÔc pou
jèsame sthn prohgoÔmenh enìthta. Stìqoc thc episkìphshc eÐnai h anaz thsh
twn kat�llhlwn sqediastik¸n kateujÔnsewn kai twn teqnik¸n ekeÐnwn pou
ja mac odhg soun sthn an�ptuxh miac apodekt c lÔshc gia to prìblhma pou
èqoume jèsei. Epiprìsjeta, h sugkèntrwsh kai h melèth poll¸n diafore-
tik¸n lÔsewn ja apokalÔyei th sqèsh metaxÔ twn tri¸n metablht¸n pou
prospajoÔme na elaqistopoi soume (ìgkoc mn mhc, pl joc trapez¸n, kai
kÔkloi prìsbashc), kaj¸c kai ton trìpo me ton opoÐo autèc ephre�zoun thn
uposthrizìmenh poikilÐa kai tic jèseic twn sqhm�twn prìsbashc thc mn mhc.

2.3.1 Episkìphsh bibliografÐac

H parousÐash twn dhmosieumènwn lÔsewn basÐzetai, arqik�, sto eÐdoc thc
sun�rthshc (antistoÐqishc) pou autèc qrhsimopoioÔn. 'Epeita, dÐnetai b�roc
stic dhmiourgoÔmenec dunatìthtec prìsbashc, oi opoÐec apoteloÔn kai to ousi-
astikìtero shmeÐo diaforopoÐhshc twn lÔsewn. Shmei¸noume ed¸ ìti se k�je
mÐa apì tic parak�tw organ¸seic mn mhc jewroÔme èna eikonostoiqeÐo an�
dieÔjunsh mn mhc kai mhdenik  perÐsseia plhroforÐac (k�je eikonostoiqeÐo
apojhkeÔetai se mia monadik  jèsh sth mn mh).

AntistoÐqish me grammik  lìxwsh

Oi pr¸tec dhmosieÔseic sqetik� me thn sqedÐash par�llhlwn mnhm¸n qrono-
logoÔntai sta tèlh thc dekaetÐac tou '60, arqèc '70, ki eÐqan wc aform  th
sqedÐash tou par�llhlou upologist  ILLIAC IV5. Oi Budnick kai Kuck [45]
melèthsan pr¸toi mia teqnik  antistoÐqishc dedomènwn se tr�pezec mn mhc,
thn opoÐa onìmasan lìxwsh (skew). H onomasÐa prokÔptei apì ton trìpo
me ton opoÐo apojhkeÔetai �lox�� k�je gramm  eikonostoiqeÐwn se sqèsh me
thn prohgoÔmenh gramm  kai gÐnetai katanoht  mèsa apì to epìmeno aplì
par�deigma.

5αναπτύχθηκε στο πανεπιστήμιο του Illinois, USA. Αποτελούνταν από 256 υπολογιστικές
μονάδες οι οποίες επεξεργάζονταν παράλληλα μεγάλα σύνολα δεδομένων (vector processing).
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Eikìna 2.3: Duo paradeÐgmata antistoÐqishc me grammik  lìxwsh kata 1:
qr sh aperiìristou arijmoÔ trapez¸n (arister�) kai periorismènou (dexi�).

'Estw σx,y to stoiqeÐo pou brÐsketai sth jèsh x, y tou pÐnaka (  thc
eikìnac). Epilègoume na apojhkeÔsoume diadoqik� ta stoiqeÐa thc pr¸thc
gramm c tou pÐnaka stic tr�pezec mn mhc antistoiqÐzontac th st lh tou k�je
stoiqeÐou me to diakritikì thc k�je tr�pezac, dhlad  epilègoume na apo-
jhkeÔsoume to stoiqeÐo σx,0 sth x-ost  tr�peza. H deÔterh gramm  tou pÐnaka
apojhkeÔetai me ton Ðdio trìpo, ìmwc t¸ra xekin�me thn antistoÐqish apì th
deÔterh tr�peza ki ìqi apì thn pr¸th. Dhlad , h deÔterh gramm  emfanÐzetai
apojhkeumènh lox� se sqèsh me thn pr¸th gramm  (sa na olisjaÐnei) kat�
èna stoiqeÐo. Me ton Ðdio trìpo apojhkeÔoume kai tic upìloipec grammèc tou
pÐnaka akolouj¸ntac omoiìmorfh lìxwsh kat� 1: h trÐth gramm  xekin�ei
apì thn trÐth tr�peza, h tètarth apì thn tètarth, k.o.k. Sthn Eikìna 2.3
parousi�zetai o parap�nw trìpoc antistoÐqishc. Sthn perÐptwsh pou den
epib�loume periorismì ston arijmì twn trapez¸n pou èqoume sth di�jes  mac
odhgoÔmaste se megèjh antÐstoiqa me tic diast�seic tou pÐnaka. Sun jwc
periorÐzoume tic tr�pezec ki anagkazìmaste na suneqÐsoume th antistoÐqish
apì to 0 k�je for� pou exantleÐtai o diajèsimoc arijmìc. H diadikasÐa aut 
odhgeÐ sto epanalambanìmeno motÐbo pou faÐnetai sth deÔterh perÐptwsh thc
Eikìnac 2.3 (dexi�), ìpou èqoume sth di�jes  mac mìno 4 tr�pezec.

EÐnai shmantikì na parathr soume ed¸ ìti h sugkekrimènh teqnik  den
kajorÐzei apì mình thc ton arijmì twn trapez¸n, all� ton qrhsimopoieÐ wc
par�metro af nontac ton sqediast  na prosarmìsei th lÔsh sthn ek�stote
efarmog . EpÐshc, h teqnik  den kajorÐzei to posì lìxwshc oÔte to an aut 
ja efarmosteÐ kat� grammèc   kat� st lec. Gia par�deigma, sthn Eikìna 2.2
èqoume mia omoiìmorfh lìxwsh kat� 4, h opoÐa efarmìsthke stic st lec.

Me pio sÔgqronouc ìrouc, ja perigr�fame thn teqnik  aut  mèsw thc
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sun�rthshc antistoÐqishc, h opoÐa eÐnai thc morf c

bank(x, y) = (x + s · y) mod B (2.1)

ìpou B eÐnai o arijmìc twn trapez¸n (Banks) pou èqoume sth di�jes  mac
kai s eÐnai to posì lìxwshc (skew, to pìso olisjaÐnei h mia gramm  se sqèsh
me thn �llh kat� thn apoj keus  touc sth mn mh). Sto aristerì par�deigma
thc Eikìnac 2.3 èqoume s = 1, B = 15, en¸ sto dexÐ èqoume s = 1, B = 4.
Shmei¸noume ed¸ ìti h sun�rthsh 2.1 prokÔptei apì thn pio genik  morf 
bank(x, y) = (a · x + b · y + c) mod B gia a = 1, b = s, c = 0. Me b�sh th
morf  aut  mporoÔn na perigrafoÔn ki �lloi trìpoi antistoÐqishc, pou ìmwc
fèroun parìmoiec idiìthtec me autoÔc pou  dh perigr�fontai apì thn 2.1.
'Ena tètoio par�deigma faÐnetai sthn Eikìna 2.2, ìpou èqoume a = 4, b = 1,
c = 0, kai to opoÐo ja mporoÔse epÐshc na perigrafeÐ mèsw thc 2.1 jètontac
s = 4 kai antall�ssontac to x me to y. Se k�je perÐptwsh, tonÐzoume th
grammikìthta twn parap�nw sunart sewn, dhlad  th grammik  lìxwsh pou
emfanÐzetai kat� thn apoj keush.

Mia shmantik  idiìthta thc grammik c lìxwshc eÐnai h �isotropikìthta�
[46]. SÔmfwna me aut n, an duo stoiqeÐa tou pÐnaka apojhkeutoÔn sthn Ðdia
tr�peza mn mhc, bk, tìte kai ta antÐstoiqa geitonik� touc (p.q., aut� pou
brÐskontai sta arister� touc) ja apojhkeutoÔn sthn Ðdia tr�peza mn mhc, bl.
'Opwc ja doÔme se epìmenh enìthta, h idiìthta aut  kajÐstatai exairetik�
shmantik  kat� thn ulopoÐhsh thc org�nwshc thc mn mhc. H t�xh pou pro-
sfèrei h isotropikìthta epitrèpei th qr sh sqediastik� apl¸n mon�dwn dro-
molìghshc twn dedomènwn, ìpwc touc kuklikoÔc olisjhtèc (barrel shifters).

Pèra apì thn isotropikìthta, pio ousi¸deic eÐnai oi idiìthtec ekeÐnec pou
kajorÐzoun ta uposthrizìmena sq mata prìsbashc. Katarq�c, eÐnai eÔkolo
na dei kaneÐc ìti gia mhdenik  lìxwsh, s = 0, mporoÔme na anakt soume
opoiad pote gramm    diag¸nio m kouc B, apì ìpou ki an aut  xekin�. Autì
giatÐ, ex' orismoÔ, èqoume dialèxei ta B − 1 stoiqeÐa pou brÐskontai dexi� tou
tuqaÐou σx,y na brÐskontai apojhkeumèna se xeqwristèc tr�pezec. Parìmoia,
me lìxwsh kat� èna, s = 1, mporoÔme na anakt soume opoiad pote gramm 
  st lh m kouc B, apì ìpou ki an aut  xekin� (p.q., Eikìna 2.3). M�lista,
h idiìthta aut  isqÔei genikìtera ìtan to s kai to B eÐnai arijmoÐ pr¸toi
metaxÔ touc6. AntÐjeta, ìtan to s kai to B èqoun mègisto koinì diairèth to

6τετριμμένο για τις γραμμές. Για τις στήλες αρκεί να σκεφτούμε σε ποια ολίσθηση
(γραμμής) επανερχόμαστε για πρώτη φορά στο 0. ΄Εστω στην j-οστή, όπου έχουμε j ·s= i·B,
j, i ακέραιοι. Αφού όμως gcd(s,B)=1, οι s και B διαφέρουν ως προς όλους τους παράγοντές
τους και, άρα, ο μόνος τρόπος να εξισωθούν τα δυο μέλη είναι όταν j =B (και i=s).
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q 6= 1, tìte antÐ gia st lec mporoÔme na anakt soume orjog¸niec perioqèc
diast�sewn q× B

q
apì opoud pote p�nw ston pÐnaka (p.q., Eikìna 2.2)7. 'Etsi,

gia prìsbash se B stoiqeÐa eÐte kat� tetr�gwna, eÐte kat� grammèc, arkeÐ na
jèsoume s =

√
B.

SunoyÐzontac ta parap�nw, sth grammik  lìxwsh mporoÔme na all�xoume
thn tim  tou s ¸ste na apokt soume prìsbash se B stoiqeÐa thc eikìnac
kat� {grammèc,diag¸niouc}, {grammèc,st lec},   {grammèc,orjog¸nia}. H
prìsbash se opoiod pote apì ta proanaferjènta sq mata kajÐstatai aperiìri-
sth wc proc th jèsh touc p�nw sthn eikìna. ParathroÔme ìti gia na up-
osthrÐxoume autèc tic dunatìthtec qreiazìmaste mìno B tr�pezec. 'Omwc,
paramènei anoiqtì èna apì ta arqik� zhtoÔmena, h dunatìthta prìsbashc mèsw
tri¸n diaforetik¸n sqhm�twn sthn Ðdia mn mh: {grammèc,st lec,orjog¸nia}.

Dustuq¸c, h dunatìthta qr shc kai twn tri¸n sqhm�twn me aperiìristh
prìsbash apodeiknÔetai adÔnath na epiteuqjeÐ me qr sh B trapez¸n mìno [47].
Sunep¸c, anagkazìmaste na qrhsimopoi soume arijmì trapez¸n megalÔtero
apì to embadìn twn sqhm�twn, dhlad  B > E, ìpou E eÐnai o arijmìc
twn stoiqeÐwn sta opoÐa jèloume na èqoume �mesh prìsbash se ènan kÔklo.
TonÐzoume ìti to apotèlesma autì isqÔei gia opoiod pote trìpo antistoÐqishc
(me mhdenik  perÐsseia ki èna stoiqeÐo an� dieÔjunsh) ki ìqi mìno gia th
lìxwsh.

Fusik�, h pr¸th epilog  eÐnai na qrhsimopoi soume mia mìno epiplèon
tr�peza, dhlad  B = E + 1 = m · n + 1, ìpou m kai n eÐnai oi diast�seic
tou orjogwnÐou pou jèloume na qrhsimopoi soume wc sq ma prìsbashc. Me
b�sh tic idiìthtec pou parousi�same parap�nw, arkeÐ na epilèxoume ed¸ gram-
mik  lìxwsh s = m prokeimènou na apokt soume tic epijumhtèc dunatìthtec
prìsbashc: grammèc m kouc B èqoume ex' orismoÔ, st lec èqoume giatÐ to s
kai to B (to m kai to m · n + 1) eÐnai arijmoÐ pr¸toi metaxÔ touc, kai or-
jog¸nia èqoume giatÐ k�je gramm  m stoiqeÐwn mèsa sto orjog¸nio diafèrei
apì thn epìmen  thc, exaitÐac thc sqetik c olÐsjhshc kat� m pou èqei up-
osteÐ olìklhrh h gramm  thc eikìnac (bèbaia, to teleutaÐo apaiteÐ mia tupik 
apìdeixh me pio diakrit� epiqeir mata [47]). Arister� sthn Eikìna 2.4 faÐnetai
èna par�deigma me E = 9 kai B = 10 ìpou èqoume efarmìsei lìxwsh s = 3 kai
mporoÔme na anakt soume grammèc kai st lec m kouc 9, kaj¸c kai tetr�gwna
3 × 3, apì opoud pote p�nw sto epÐpedo.

7ακολουθώντας το σκεπτικό της προηγούμενης υποσημείωσης παρατηρούμε ότι μπορούμε
να ανακτήσουμε στήλες με μέγιστο μήκος B/q. Συγκεκριμένα, οι κοινοί παράγοντες (το q)
απαλείφονται από τα δυο μέλη της εξίσωσης και, άρα, ισότητα έχουμε μόνο όταν j = B/q.
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Eikìna 2.4: Dunatìthtec prìsbashc me qr sh grammik c lìxwshc kai
perÐsseiac trapez¸n (B > E). Arister�: E=9, B=10. Dexi�: E=9, B=11.

Wc gnwstìn, pollèc forèc kat� th sqedÐash twn yhfiak¸n kuklwm�twn
epilègoume na qrhsimopoi soume arijmoÔc Ðsouc me dun�meic tou 2. H sunet 
aut  epilog  gia tic diast�seic twn sqhm�twn kai to embadìn E mporeÐ na
odhg sei ton arijmì twn trapez¸n B = E + 1 = 2k + 1 se k�poion pr¸to ar-
ijmì (3, 5, 17, 257, . . .). M�lista, h bibliografÐa perièqei lÔseic pou proteÐnoun
kateujeÐan th qr sh enìc pr¸tou arijmoÔ trapez¸n gia thn org�nwsh thc
mn mhc [48]. O arijmìc autìc tuqaÐnei merikèc forèc na eÐnai kat� lÐgo me-
galÔteroc tou epijumhtoÔ embadoÔ (p.q., E = 4, B = 5), ki �llote kat� polÔ
(p.q., E = 512, B = 521). AxÐzei loipìn na tonÐsoume ed¸ ìti h org�nwsh
me qr sh pr¸twn arijm¸n prosfèrei epiplèon dunatìthtec prìsbashc, afoÔ
epitrèpei qr sh perissìterwn sqhm�twn, ìpwc diag¸niec grammèc (duo ka-
teujÔnsewn). Dexi� sthn Eikìna 2.4 faÐnetai èna par�deigma ìpou qrhsi-
mopoioÔme duo tr�pezec parap�nw apì to E prokeimènou na ft�soume ton
pr¸to arijmì 11. GÐnetai safèc mèsw thc antiparabol c me to diplanì par�-
deigma (B = 10) pwc oi idiìthtec thc grammik c lìxwshc exart¸ntai �mesa
apì ton diajèsimh �perÐsseia� se arijmì trapez¸n.

H qr sh pr¸twn arijm¸n mporeÐ na faÐnetai elkustik  lÔsh lìgw twn
parap�nw idiot twn, ìmwc sthn pragmatikìthta krÔbei pollèc duskolÐec kat�
thn ulopoÐhsh. Oi duskolÐec metafr�zontai se qr sh poll¸n upologistik¸n
pìrwn, kurÐwc giatÐ oi mon�dec elègqou kai dieujunsiodìthshc prèpei na ek-
teloÔn pr�xeic akèraiac diaÐreshc (modulo, div) me pr¸touc arijmoÔc. Gia thn
apofug  akrib¸c aut¸n twn diairèsewn èqoun protajeÐ organ¸seic mn mhc
pou qrhsimopoioÔn akìma kai to dipl�sio arijmì apì tr�pezec (pou profan¸c
den eÐnai pr¸toc), dhlad  B=2·E [49]. Fusik�, h meg�lh perÐsseia trapez¸n
upokrÔptei to dikì thc meg�lo epÐbaro kìstoc ulopoÐhshc kai dhmiourgeÐ
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fainìmena upo-ekmet�lleushc (underutilization) twn pìrwn mn mhc apì thn
upìloiph arqitektonik .

AntistoÐqish me mh-grammik  lìxwsh

H apl , grammik , morf  twn sunart sewn antistoÐqishc apoteleÐ mìno èna
mikrì uposÔnolo twn lÔsewn pou èqoume sth di�jes  mac gia thn org�nwsh
thc mn mhc. Pollèc apì tic lÔseic thc bibliografÐac ekfr�zontai mèsa apì mh-
grammikèc sunart seic. Sthn par�grafo aut  anafèroume merikèc antiprosw-
peutikèc, pou ìmwc diathroÔn akìma sqetik� emfan  ta qarakthristik� thc
lìxwshc (skew). Me �lla lìgia, exet�zoume sunart seic pou h morf  touc
de diafèrei dramatik� apì aut  thc 2.1.

Xekin�me istorik�, me mia lÔsh pou qrhsimopoieÐ ton el�qisto arijmì trape-
z¸n, dhlad  B = E = m · n [47], ìpou m kai n eÐnai h orizìntia kai h
katakìrufh di�stash tou epijumhtoÔ orjogwnÐou prìsbashc. H antistoÐqish
gÐnetai mèsw thc sun�rthshc

bank(x, y) =
(
x + m · y +

⌊y

n

⌋
mod m

)
mod B (2.2)

Autì pou sumbaÐnei me thn efarmog  thc 2.2 eÐnai, ousiastik�, kai p�li mia
olÐsjhsh twn gramm¸n kat� m, mìno pou aut  th for� h olÐsjhsh aux�nei
epiplèon kat� èna stoiqeÐo k�je for� pou apojhkeÔoume n suneqìmenec gram-
mèc. Dhlad , ektìc apì olÐsjhsh gramm¸n èqoume kai olÐsjhsh lwrÐdwn
p�qouc n gramm¸n (prosjetikìc par�gontac b y

n
c). ParathroÔme epÐshc ìti

h olÐsjhsh lwrÐdwn periorÐzetai se m forèc (pr�xh modm ston prosjetikì
par�gonta). 'Ena par�deigma faÐnetai arister� sthn Eikìna 2.5, ìpou èqoume
m = 3, n = 2. ParathroÔme ìti entìc k�je lwrÐdac p�qouc n èqoume mia gram-
mik  olÐsjhsh kat� m, ìpou m eÐnai diairèthc tou B. Sunep¸c, sÔmfwna me tic
idiìthtec pou parousi�same sthn prohgoÔmenh par�grafo, entìc k�je lwrÐdac
èqoume aperiìristh prìsbash se grammèc kai orjog¸nia m×n. Epiprìsjeta,
h sqetik  olÐsjhsh twn lwrÐdwn epitrèpei aperiìristh prìsbash se st lec
m kouc B. SunoyÐzoume loipìn ìti mèsw thc 2.2 èqoume apokt sei aperiìristh
prìsbash se grammèc kai st lec, kaj¸c kai periorismènh prìsbash se or-
jog¸nia, qrhsimopoi¸ntac ton idanikì arijmì trapez¸n, B = E. Saf¸c,
aut  eÐnai mia beltÐwsh se sqèsh me thn apl  grammik  lìxwsh. Apì thn
�llh pleur�, h elafr¸c pio perÐplokh morf  thc 2.2 apì thn 2.1 odhgeÐ se
mikr  aÔxhsh tou kìstouc ulopoÐhshc twn mon�dwn elègqou tou kukl¸matoc.

Me mia pio epoptik  mati� ja mporoÔsame na poÔme ìti h prohgoÔmenh
teqnik  qwrÐzei thn eikìna se xeqwrist� komm�tia (lwrÐdec p�qouc n gramm¸n)
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Eikìna 2.5: Mh-grammik  lìxwsh me el�qisto arijmì trapez¸n. Arister�,
sÔmfwna me th sun�rthsh 2.2 (m=3, n=2). Dexi�, sÔmfwna me th 2.3 (B=8).

kai efarmìzei se k�je èna apì aut� mia diaforetik  lìxwsh, all� thc Ðdiac
genikìterhc morf c. H idèa aut  genikeÔetai, dhlad  h eikìna mporeÐ na
qwristeÐ aujaÐreta kai se k�je komm�ti thc na qrhsimopoihjeÐ entel¸c xe-
qwrist  antistoÐqish. Ed¸ anafèroume mia sqetik� apl  efarmog  thc idèac
aut c, h opoÐa proorÐzetai perissìtero gia epexergasÐa tetr�gwnwn pin�kwn
ki ìqi gia eikìnec. SÔmfwna me th legìmenh �polulìxwsh� (multiskewing) [50]
qwrÐzoume ton B × B pÐnaka sto p�nw misì kai sto k�tw misì mèroc tou.
Sto p�nw komm�ti efarmìzoume mia apl  grammik  lìxwsh, en¸ sto k�tw
efarmìzoume mia an�podh grammik  lìxwsh, dhlad , antistoiqoÔme stic tr�pe-
zec ta stoiqeÐa k�je gramm c qrhsimopoi¸ntac fjÐnousa seir�, ki ìqi aÔxousa.
Sugkekrimèna, èqoume thn ex c sun�rthsh antistoÐqishc

bank(x, y) =

{
(x − 2·y − 1) mod B, an y < B/2

(2·y − x − B/2) mod B, an y ≥ B/2
(2.3)

Dexi� sthn Eikìna 2.5 faÐnetai èna par�deigma gia mègejoc pÐnaka 8 × 8.
ParathroÔme ìti ektìc thc aperiìristhc prìsbashc se grammèc kai st lec
m kouc B, èqoume prìsbash se orjog¸nia 2 × B/2 pou brÐskontai entìc miac
lwrÐdac (thc p�nw   thc k�tw). 'Omwc, to pleonèkthma thc 2.3 se sqèsh me
thn 2.2 eÐnai h dunatìthta periorismènhc prìsbashc se kÔriec diagwnÐouc (duo
kateujÔnsewn), kaj¸c epÐshc kai se mia poikilÐa apì par�xena sq mata pou
perièqoun B·k stoiqeÐa kai pou mporoÔn na sulleqjoÔn se akrib¸c k kÔklouc
(bèltistoc qrìnoc) [50]. To meionèkthma thc 2.3 eÐnai h elafr¸c megalÔterh
poluplokìthta twn kuklwmatik¸n mon�dwn pou thn ulopoioÔn.

AntistoiqÐseic san aut  pou faÐnetai dexi� sthn Eikìna 2.5, sthn pr�xh,
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epanalamb�nontai kat� thn orizìntia kai katakìrufh dieÔjunsh prokeimènou
na apojhkeuteÐ mia eikìna me megalÔterec diast�seic sth mn mh. 'Eqoume
dhlad  èna �basikì pedÐo� diast�sewn p × q kai to qrhsimopoioÔme an� p
grammèc kai q st lec gia na k�noume antistoÐqish ìlwn twn eikonostoiqeÐwn.
To basikì pedÐo mporeÐ na eÐnai polÔ aplì, ìpwc gia par�deigma mia grammik 
lìxwsh kat� p: bank(x, y) = x mod p + y mod q, me aperiìristh prìsbash
mìno se orjog¸nia p×q [51]. Enallaktik�, to basikì pedÐo mporeÐ na eÐnai pio
perÐploko, ìpwc autì thc sun�rthshc 2.3. Se k�je perÐptwsh, h antistoÐqish
pou prokÔptei me autìn ton trìpo gia olìklhrh thn eikìna eÐnai mia periodik 
sun�rthsh. MporoÔme na genikeÔsoume thn idèa aut  lÐgo perissìtero kai na
qrhsimopoi soume polu-periodikèc sunart seic [46]. Ed¸, to basikì pedÐo den
epanalamb�netai apar�llaqto, all� èqontac uposteÐ mia met�jesh stoiqeÐwn
(permutation), p.q., πk

1(Z) = (Z + k ·5) mod B, ìpou k = bx
p
c eÐnai o ar-

ijmìc thc orizìntiac epan�lhyhc sthn opoÐa briskìmaste. Bèbaia, metajèseic
mporeÐ na èqoume kai kat� tic epanal yeic mac sth katakìrufh dieÔjunsh wc
πl

2 me l = by
q
c (genik�, oi π1 kai π2 eÐnai diaforetikèc). Oi duo metajèseic

sundu�zontai ki ètsi prokÔptei h genik  morf  twn �poluperiodik¸n� anti-
stoiqÐsewn: bank(x, y) = πk

1π
l
2S(x′, y′), ìpou S(x′, y′) me x′=x mod p kai

y′=y mod q eÐnai h antistoÐqish pou èqoume entìc tou basikoÔ pedÐou. Pa-
radeÐgmata �poluperiodik¸n� antistoiqÐsewn èqoun emfanisteÐ sth bibliogra-
fÐa gia qr sh se efarmogèc grafik¸n, all� eÐnai stoqeumènec se sugkekrimè-
nec an�gkec [52].

H mh-grammik  lìxwsh eÐnai dunatìn na efarmosteÐ kai me qr sh perÐsseiac
trapez¸n. 'Ena qarakthristikì par�deigma eÐnai h lÔsh pou proteÐnetai sthn
ergasÐa [49] prokeimènou na apofeuqjeÐ h qr sh tou pr¸tou arijmoÔ trapez¸n
thc ergasÐac [48]. Ed¸, epilègetai dipl�sioc arijmìc B = 2·E = 2·m·n kai
antistoÐqish bank(x, y) =

(
b y

2m
c · (n + 1) + (y mod (2m)) · n + x

)
mod B,

ìpou m kai n h orizìntia kai h katakìrufh di�stash tou orjogwnÐou prì-
sbashc. H lÔsh aut  petuqaÐnei tic Ðdiec dunatìthtec prìsbashc me ekeÐnec thc
ergasÐac [48], all� apaiteÐ pollèc tr�pezec kai den katafèrnei na periorÐsei
tic arijmhtikèc pr�xeic mìno se arijmoÔc thc morf c 2k, k ∈ N.

Sunart seic pou qrhsimopoioÔn apokleistik  di�zeuxh

Mia eidik  kathgorÐa mh-grammik¸n, anisotropik¸n, sunart sewn antistoÐqi-
shc eÐnai ekeÐnec pou basÐzontai se upologismoÔc apokleistik c di�zeuxhc
(XOR). Ed¸, oi sunist¸sec x kai y tou dianÔsmatoc jèshc tou eikonostoiqeÐou
anaparÐstantai se duadik  morf  kai eisèrqontai sthn eÐsodo apl¸n logik¸n
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sunart sewn, h apotÐmhsh twn opoÐwn kajorÐzei ta difÔa tou diakritikoÔ thc
tr�pezac pou antistoiqeÐtai to (x, y).

Oi perissìterec sunart seic antistoÐqishc me XOR sth sqedÐash par�l-
lhlwn mnhm¸n dÐnontai mèsw pin�kwn kai akoloujoÔn th genik  morf  [46]

BANK(x, y) = C ·Xu ⊕ D·Yv (2.4)

ìpou oi pÐnakec Xu = 〈x mod u〉2 kai Yv = 〈y mod v〉2 èqoun diast�seic u× 1
kai v × 1 kai perièqoun ta u kai v pr¸ta difÔa twn metablht¸n x kai y,
antÐstoiqa. Oi stajeroÐ duadikoÐ pÐnakec C kai D èqoun diast�seic k × u
kai k × v, antÐstoiqa, ìpou k eÐnai o arijmìc twn difÔwn tou diakritikoÔ thc
tr�pezac, dhlad  h di�stash tou duadikoÔ pÐnaka-st lh BANK(x, y). To
sÔmbolo ⊕ sthn 2.4 upodhl¸nei pr�xh XOR, en¸ o duadikìc pollaplasiasmìc
pin�kwn ulopoieÐtai me pr�xeic AND kai XOR (dhlad , sto GF(2)).

H morf  thc 2.4 upodhl¸nei ìti, pr¸ton, qrhsimopoioÔme èna uposÔnolo
twn difÔwn twn x kai y gia na k�noume thn antistoÐqish. Gia par�deigma,
an èqoume sth di�jes  mac 8 tr�pezec tìte qrhsimopoioÔme ta trÐa pr¸ta
difÔa (u = v = k = 3). DeÔteron, parathroÔme ìti autì pou pragmatik�
diaforopoieÐ tic XOR organ¸seic mn mhc metaxÔ touc eÐnai oi timèc twn sta-
jer¸n pin�kwn C kai D. All�zontac touc C kai D apoktoÔme dunatìthtec
prìsbashc kat� grammèc, st lec, tetr�gwna, k.a. H pio apl  lÔsh antika-
jist� touc C kai D me ton monadiaÐo pÐnaka I dhmiourg¸ntac thn antistoÐqish
bank(x, y) = x ⊕ y. Gia thn istorÐa, h antistoÐqish aut  eÐnai mia apì tic
pr¸tec pou efarmìsthkan ki epètrepe ston par�llhlo upologist  STARAN8

aperiìristh prìsbash sth mn mh kat� grammèc kai st lec. Wc par�deigma
anafèroume mia paremfer  org�nwsh pou qrhsimopoieÐ ton monadiaÐo I kai
ton anti-an�strofì tou [46]. Gia thn perÐptwsh 8 trapez¸n paÐrnoume thn
akìloujh sun�rthsh kai thn org�nwsh pou faÐnetai arister� sthn Eikìna 2.6
(me deÐkth 0 sumbolÐzoume ta difÔa mikrìterhc axÐac)

BANK(x, y) =

 1 0 0
0 1 0
0 0 1

 x2

x1

x0

⊕
 0 0 1

0 1 0
1 0 0

  y2

y1

y0

 =

 x2

x1

x0

⊕
 y0

y1

y2


H parap�nw di�taxh epitrèpei aperiìristh prìsbash kat� grammèc kai st lec,
kaj¸c kai periorismènh prìsbash kat� orjog¸nia diaforetik¸n prosana-
tolism¸n. Sth bibliografÐa perièqetai pl joc parìmoiwn lÔsewn me pio qara-
kthristik  aut  tou Frailong [53], h opoÐa petuqaÐnei prìsbash kat� grammèc,

8αποτελούνταν από n×256, n≤32, επεξεργαστικές μονάδες ενός διφύου (με αρχιτεκτονική
SIMD) και χρησιμοποιούσε συσχετιστική μνήμη (CAM). Goodyear Aerospace Corp., 1972.
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Eikìna 2.6: XOR-antistoÐqish (arist.), Tèleio Latinikì Tetr�gwno (dexi�).

st lec, tetr�gwna, orjog¸nia, akìma kai kat� arai� tetr�gwna (th legìmenh
�skakièra�) ìtan o arijmìc twn trapez¸n eÐnai �rtia dÔnamh tou 2. Sunoptik�,
h teqnik  tou sunÐstatai sthn arqik  antistoÐqish twn dedomènwn ¸ste na
apofeÔgontai oi sugkroÔseic gia k�poia basik� sq mata prìsbashc, ki èpeita
sthn tropopoÐhsh thc sun�rthshc prokeimènou na sumperil�bei deutereÔonta
sq mata.

AxÐzei na shmeiwjeÐ ìti pollèc apì tic dhmosieumènec XOR lÔseic qrhsi-
mopoioÔn sunart seic me mikr  poluplokìthta, kai eidik� se peript¸seic ìpwc
aut  thc Eikìnac 2.6 mporoÔn na ulopoihjoÔn akìma kai me kukl¸mata sta-
jeroÔ b�jouc. Sta meionekt mat� touc sugkatalègetai h anisotropikìthta
kai h duskolÐa kataskeu c/epilog c thc sun�rthshc pou odhgeÐ sth zhtoÔmenh
poikilÐa sqhm�twn. H kataskeu  aut  eÐnai arket� diaisjhtik  kai pollèc
forèc epitugq�netai mìno mèsa apì k�poia diadikasÐa dokim c kai l�jouc. Gia
to lìgo autì èqoun protajeÐ sugkekrimènec mejodologÐec, oi opoÐec èqoun wc
stìqo thn aplopoÐhsh thc kataskeu c miac XOR antistoÐqishc. 'Ena qarak-
thristikì par�deigma aut c thc prosp�jeiac eÐnai h allag  tou trìpou ana-
par�stashc thc Ðdiac thc XOR antistoÐqishc: apì thn klassik  anapar�stash
mèsw pÐnaka pern�me sto �q¸ro-mhdèn� (null space) kai sto �q¸ro-st lh�
(column space) [54]. O pr¸toc bohj� se mia pio diaisjhtik  antistoÐqish
se sq mata qwrÐc sugkroÔseic, en¸ o deÔteroc bohj� �epiprosjètwc� sthn
kataskeu  sunart sewn eidik¸n prodiagraf¸n, p.q., sth qr sh pul¸n XOR
me lÐgec eisìdouc (fan-in).



Kef�laio 2: Probl mata kai BibliografÐa 36

Latinik� Tetr�gwna

'Ena �Latinikì Tetr�gwno� (LT) t�xhc k orÐzetai wc ènac ter�gwnoc pÐnakac
k× k pou perièqei stoiqeÐa apì to sÔnolo {0, 1, . . . , k− 1} ètsi, ¸ste kanèna
stoiqeÐo den emfanÐzetai duo forèc se opoiad pote gramm    opoiad pote
st lh tou pÐnaka. Apì ton orismì gÐnetai amèswc saf c h omoiìthta tou
LT me touc pÐnakec/q�rtec pou parousi�sthkan stic parap�nw Eikìnec gia
thn antistoÐqish twn dedomènwn sth mn mh. EÐnai loipìn logikì ta sundu-
astik� aut� antikeÐmena na èqoun qrhsimopoihjeÐ sthn pr�xh gia th sqedÐash
par�llhlwn mnhm¸n kai wc tètoia anafèrontai sthn paroÔsa par�grafo.

Ta LT  tan gnwst�  dh apì to mesaÐwna, en¸ to ìnom� touc eÐnai meta-
genèstero kai ofeÐletai ston Leonhard Euler, o opoÐoc gia th melèth touc
topojetoÔse latinikoÔc qarakt rec se disdi�stato plègma. Pèran twn mnhm¸n,
bèbaia, ta LT brÐskoun efarmog  se poll� diaforetik� pedÐa, ìpwc, p.q.,
stouc k¸dikec diìrjwshc sfalm�twn, sth statistik , akìma kai sta yuqag-
wgik� majhmatik� [55]. An�loga me to skopì thc qr shc touc diakrÐnoume
di�forec kathgorÐec LT, oi opoÐec fèroun �epiplèon� tic dikèc touc idiìthtec.
Gia par�deigma, èqoume ta �Diag¸nia LT�, sta opoÐa epib�lletai o epiprìsjetoc
periorismìc ìti oi duo kÔriec diag¸nioi eÐnai eleÔjerec sugkroÔsewn (ìpwc oi
grammèc kai oi st lec). 'Eqoume epÐshc ta LT pou qrhsimopoioÔntai sto
pasÐgnwsto paiqnÐdi SUDOKU, ìpou epib�lletai h apofug  sugkroÔsewn
se opoiod pote apì ta kÔria upo-tetr�gwna tou LT. Akìma perissìtero en-
diafèron parousi�zei h tom  twn duo proanaferjèntwn kathgori¸n, h opoÐa
perièqei ta legìmena �Tèleia Latinik� Tetr�gwna� (TLT) pou epitrèpoun
prìsbash kat� grammèc, st lec, kÔriec diag¸niouc kai kÔria upo-tetr�gwna.

H melèth thc Ôparxhc kai thc kataskeu  LT me sugkekrimènec idiìthtec
èqei odhg sei se dhmosÐeush pl jouc ergasi¸n [55]. Ed¸ stekìmaste stouc
Kim kai Prasanna pou onìmasan ta TLT kai melèthsan thn kataskeu  touc
me skopì th qr sh se efarmogèc epexergasÐac pin�kwn (ìqi grafik¸n) [56].
Sthn ergasÐa touc deÐqnoun ìti monadik  sunj kh Ôparxhc enìc TLT t�xhc
n2 eÐnai h Ôparxh duo LT t�xhc n, èstw A kai B, tètoia ¸ste to A na eÐnai or-
jog¸nio9 me to an�strofo kai me to anti-an�strofo tou B. EpÐshc, parèqoun
mia mèjodo gia thn kataskeu  enìc TLT apì ta A kai B. H mèjodoc aut 
odhgeÐ se epiplèon dunatìthtec prìsbashc (ektìc apì autèc pou prokÔptoun
apì ton orismì twn TLT). Sugkekrimèna, apoktoÔme �mesh prìsbash se:

9δυο Λατινικά Τετράγωνα A και B τάξης k είναι ορθογώνια μεταξύ τους όταν ο πίνακας
Γk×k με στοιχεία γi,j = 〈ai,j , bi,j〉 περιέχει k2 διαφορετικά στοιχεία (κάθε διατεταγμένο
ζεύγος 〈ai,j , bi,j〉 είναι μοναδικό). Ο πίνακας Γk×k ονομάζεται ‘Ελληνο-Λατινικό Τετράγωνο’.
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a) tetr�gwna n × n ta opoÐa brÐskontai se jèseic (x, y) p�nw ston pÐnaka
me x mod n = 0,   y mod n = 0, (dhlad  to tetr�gwno prèpei na brÐsketai
olìklhro entìc miac basik c lwrÐdac p�qouc n) kai b) �arai� tetr�gwna� qwrÐc
periorismì jèshc (autì to sq ma prìsbashc apoteleÐtai apì eikonostoiqeÐa
topojethmèna se tetr�gwno plègma me apìstash n metaxÔ touc). Dexi� sthn
Eikìna 2.6 faÐnetai èna TLT t�xhc 9 (= 32) me ta 9 kÔria upo-tetr�gwn� tou
ki èna araiì tetr�gwno (sumbolÐzetai me rìmbouc).

'Ena shmantikì pleonèkthma thc qr shc TLT gia thn org�nwsh thc par�l-
lhlhc mn mhc eÐnai h mikr  poluplokìthta twn upologism¸n dieujunsiodìthshc.
Sugkekrimèna, ìtan o arijmìc twn trapez¸n eÐnai �rtia dÔnamh tou 2, h dieu-
junsiodìthsh mporeÐ na ulopoihjeÐ me kukl¸mata stajeroÔ b�jouc [56]. Sta
meionekt mata sugkatalègetai h anisotropikìthta thc antistoÐqishc kai o pe-
riorismìc pou èqoume gia ton arijmì twn trapez¸n: prèpei na eÐnai thc morf c
n2, ìpou n perittìc,   dÔnamh tou 2,   thc morf c 2lm2 me l≥2 kai m perittì.

AntistoÐqish me plègma Fibonacci

Se mia prosp�jeia prosdiorismoÔ tou elaqÐstou arijmoÔ trapez¸n mn mhc gia
efarmogèc grafik¸n, oi Chor, Leiserson, Rivest, kai Shearer, dhmosÐeusan to
1986 mia jewrhtik  ergasÐa me axioshmeÐwta apotelèsmata [57]. H upìjesh
pou k�noun eÐnai ìti o algìrijmoc mporeÐ na apait sei aperiìristh prìsbash
enìc kÔklou kat� grammèc, st lec,   orjog¸nia me aujaÐretec diast�seic p×q,
gia p,q>1 (qr sh diaforetik¸n orjog¸niwn sqhm�twn sthn Ðdia mn mh). O
stìqoc pou jètoun afor� ston prosdiorismì enìc orÐou Emax tètoio, pou na
diasfalÐzei thn �neu sugkroÔsewn prìsbash se opoiod pote orjog¸nio me em-
badì E < Emax. H ergasÐa touc parousi�zei mia org�nwsh pou megistopoieÐ
to Emax ìtan dojeÐ o arijmìc twn trapez¸n B. Epiprìsjeta, upologÐzei ìti
me thn proteinìmenh org�nwsh, gia opoiond pote arijmì B, to embadì twn
prosb�simwn orjogwnÐwn den gÐnetai potè mikrìtero tou B/

√
5 (bèbaia, kat�

perÐptwsh, to Emax mporeÐ na eÐnai polÔ megalÔtero, plhsi�zontac akìma
kai to Ðdio to B). Tèloc, apodeiknÔei me asumptwtik  an�lush ìti h pro-
teinìmenh lÔsh eÐnai bèltisth, afoÔ kami� org�nwsh den mporeÐ na odhg sei
�asumptwtik�� se kat¸tato prosb�simo embadì megalÔtero apì B/

√
5.

Perigr�foume ed¸ sunoptik� thn en lìgw teqnik . 'Estw (α, β) kai (−β, α)
k�jeta dianÔsmata pou qrhsimopoioÔntai wc b�sh disdi�statou plègmatoc.
JewroÔme ìti oi α kai β eÐnai akèraioi, pr¸toi metaxÔ touc. TopojetoÔme
noht� to plègma autì ep�nw sthn eikìna kai prosdiorÐzoume ta eikonostoiqeÐa
pou sumpÐptoun me touc kìmbouc tou. Ta sugkekrimèna eikonostoiqeÐa apojh-
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keÔontai sthn Ðdia tr�peza mn mhc, èstw b0. 'Epeita, metakinoÔme to plègma
kat� mia jèsh kai apojhkeÔoume ta nèa eikonostoiqeÐa se diaforetik  tr�peza,
èstw b1. Epanalamb�noume th diadikasÐa mèqri na apojhkeuteÐ ìlh h eikìna.
Oi periorismoÐ pou èqoume epib�lei sta α kai β diasfalÐzoun ìti h diadikasÐa
aut  den odhgeÐ se ken�   diplèc eggrafèc (tèleia k�luyh thc epif�neiac).
'Ara o arijmìc twn trapez¸n pou ja qreiastoÔme eÐnai Ðsoc me to embadìn
tou basikoÔ parajÔrou tou plègmatoc, B = α2 + β2. Apì ìlo to dunatì
eÔroc tim¸n twn α kai β periorizìmaste se epilog  opoiond pote duo diado-
qik¸n arijm¸n thc akoloujÐac Fibonacci10, dhlad  α = Fr, β = Fr+1, kai �ra
B = F2r+1. O periorismìc autìc odhgeÐ telik� sth bèltisth lÔsh, kaj¸c kai
sto ìnoma thc teqnik c wc �antistoÐqish me plègma Fibonacci�.

H parap�nw perigraf  qrhsimeÔei perissìtero sthn apìdeixh twn idiot twn
thc org�nwshc kai ligìtero sthn ulopoÐhs  thc. Gia to deÔtero qrhsi-
mopoioÔme th sun�rthsh antistoÐqishc

bank(x, y) = (x − c·y) mod B (2.5)

ìpou c ènac stajerìc akèraioc. Fusik�, o c den epilègetai aujaÐreta, all�
èqoume c = β ·k + α · l, ìpou k kai l akèraioi gia touc opoÐouc isqÔei ìti
α·k − β ·l = 1 (p�nta up�rqei tètoio zeug�ri giatÐ oi α kai β eÐnai pr¸toi
metaxÔ touc). ParathroÔme ìti h teqnik  aut  eÐnai, ousiastik�, mia gram-
mik  lìxwsh me qr sh meg�lhc perÐsseiac trapez¸n (perÐpou E ·

√
5). 'Etsi,

pèran thc dunatìthtac prìsbashc se meg�lh poikilÐa orjog¸niwn sqhm�twn,
epitugq�nei kai prosb�simo m koc gramm¸n/sthl¸n Ðso me B.

Ta parap�nw apotelèsmata dÐnoun ap�nthsh se èna polÔ endiafèron jew-
rhtikì er¸thma, dhlad , deÐqnoun poiec eÐnai oi dunatìthtec kai to kìstoc thc
bèltisthc org�nwshc mn mhc gia mia polÔ genikeumènh efarmog  grafik¸n.
Sthn pr�xh, ìmwc, h proteinìmenh lÔsh epib�lei periorismoÔc pou endèqetai
na apotrèyoun touc mhqanikoÔc apì th qr sh thc. EÐnai endeiktikì to pìso
lÐgec epilogèc èqoun gia to pl joc twn trapez¸n, B = α2 +β2, me α kai β di-
adoqikoÔc arijmoÔc Fibonacci. Se efarmogèc pou epitrèpetai na xodèyoun èwc
triy fio arijmì trapez¸n, èqoun na epilèxoun gia to B mìno k�ti apì ta ex c:
{5, 13, 34, 89, 233, 610}. Gia k�je tètoio B ja petÔqoun to antÐstoiqo Emax:
{5, 11, 23, 53, 125, 307}. 'Ara, afenìc, oi mhqanikoÐ eÐnai pijanì na anagkastoÔn
na qrhsimopoi soun polÔ meg�lh perÐsseia trapez¸n sugkritik� me to prag-
matikì E pou ja mporeÐ na epexergasteÐ h upìloiph arqitektonik  touc. Afetè-
rou, ja prèpei na ulopoi soun pr�xeic modulo me k�poio �dÔskolo� arijmì.

10αναδρομική ακολουθία: F0 = 0, F1 = 1, Fr = Fr−1 + Fr−2 για r ≥ 2.
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O periorismìc Fibonacci kai oi praktikèc epipt¸seic tou mporoÔn na apo-
feuqjoÔn ìtan arjoÔn k�poiec apì tic apait seic tou probl matoc. Gia
par�deigma, an mac endiafèrei aperiìristh prìsbash mìno kat� grammèc, st -
lec, kai tetr�gwna, fti�qnoume plègma me dianÔsmata b�shc (1, s) kai (−s, 1),
ìpou s opoiosd pote arijmìc (ìqi kat' an�gkh Fibonacci). H aplopoihmènh
aut  org�nwsh qrhsimopoieÐ B = s2 + 1 tr�pezec ki epitrèpei an�kthsh
gramm¸n/sthl¸n m kouc s2 +1 kai tetrag¸nwn epif�neiac s2. 'Etsi, kai me th
sugkekrimènh mèjodo epibebai¸netai to gegonìc ìti apaiteÐtai mia epiprìsjeth
tr�peza gia aperiìristh qr sh thc poikilÐac {gramm ,st lh,orjog¸nio}. EpÐ-
shc, parathroÔme ìti h aplopoihmènh lÔsh eÐnai mia grammik  lìxwsh kat�
−(s2 + s + 1),   alli¸c, kat� B − s. Tèloc, shmei¸noume to pleonèkthma
thc isotropikìthtac thc org�nwshc pou prokÔptei apì th qr sh ìlwn twn
parap�nw dipl� periodik¸n antistoiqÐsewn me qr sh plegm�twn.

YeudotuqaÐa antistoÐqish kai metaballìmenh antistoÐqish

Mia pio genik  prosèggish sto prìblhma thc org�nwshc mn mhc eÐnai h qr sh
yeudotuqaÐwn sunart sewn gia thn antistoÐqish twn dedomènwn stic tr�pezec
( /kai stic dieujÔnseic entìc touc). Ed¸ o sqediasmìc den lamb�nei upìyh tou
tìso sugkekrimènec efarmogèc, p.q., grafik�   pÐnakec, ìso mia pio afhrhmènh
apaÐthsh gia prìsbash sth mn mh kat� �taktik�� sq mata, ìpwc p.q., kat�
�diaskelismoÔc� (stride)11. Oi yeudotuqaÐec antistoiqÐseic brÐskoun efarmog 
perissìtero se arqitektonikèc polu-epexergast¸n genik c qr shc.

Parìmoia me tic proanaferjeÐsec sunart seic antistoÐqishc, oi yeudo-
tuqaÐec eÐnai sunart seic katakermatismoÔ (hash functions) pou èqoun wc
stìqo thn omoiìmorfh diaspor� twn dedomènwn sth mn mh prokeimènou na
apofeuqjoÔn oi sugkroÔseic kat� thn par�llhlh an�kths  touc. EpÐshc,
prèpei na eÐnai eÔkola upologÐsimec ¸ste na mhn aux�netai to kìstoc thc efar-
mog c (eÐte se ulikì, eÐte se qrìno). Sunep¸c, ìpwc eÐdame stic prohgoÔmenec
paragr�fouc, ètsi ki ed¸, oi sqediastèc katafeÔgoun suqn� se qr sh apo-
kleistik¸n diazeÔxewn  /kai upoloÐpwn gia thn eisagwg  yeudotuqaiìthtac
[58]. H epituqÐa thc diaspor�c twn dedomènwn elègqetai sthn pr�xh me pro-
somoi¸seic kai metr seic tou qrìnou ektèleshc diaforetik¸n algorÐjmwn ( 
tou mèsou arijmoÔ entol¸n an� kÔklo �IPC) [58] [59]. Shmei¸noume ed¸
ìti stouc polu-epexergastèc h sÔgkroush sth mn mh metafr�zetai se ka-
justerhmènh an�kthsh dedomènwn. 'Etsi, o sqediasmìc stoqeÔei ìqi akrib¸c

11δηλαδή πρόσβαση σε μια ακολουθία k στοιχείων που είναι αποθηκευμένα στις διευθύνσεις
α, α + δ, α + 2δ, . . . , α + (k − 1)δ, όπου α μια αρχική διεύθυνση και δ ο διασκελισμός.
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sth diasf�lish prìsbashc me mhdenikèc sugkroÔseic gia ìla ta sq mata, all�
sthn statistik  el�ttwsh twn sugkroÔsewn sth mn mh gia th meÐwsh tou
qrìnou anamon c (eidik� stic ierarqÐec mn mhc me kruf� epÐpeda �caches� [59]).

H prosfug  sth tuqaiìthta eÐnai Ðswc endeiktik  thc duskolÐac kataskeu c
miac antistoÐqishc pou ja ikanopoieÐ pollèc diaforetikèc apait seic, all�
tautìqrona ja èqei kai mikrì kìstoc ulopoÐhshc. Proc mia enallaktik 
kateÔjunsh, mporoÔme na parak�myoume entel¸c to prìblhma qrhsimopoi¸ntac
pollèc diaforetikèc, aplèc, antistoiqÐseic sthn Ðdia mn mh. Dhlad , kata-
skeu�zoume epanadiarjr¸sima kukl¸mata,   epanaprogrammatizìmenec mon�-
dec, pou all�zoun thn sun�rthsh antistoÐqishc an�loga me tic apait seic
tou algorÐjmou [60]. Sthn perÐptwsh twn efarmog¸n grafik¸n, bèbaia, k�ti
tètoio proôpojètei argèc metabolèc twn apait sewn tou algìrijmou (p.q.,
meg�lo qronikì di�sthma sto opoÐo ergazìmaste me tetr�gwna, akoloujoÔme-
no apì meg�lo di�sthma qr shc gramm¸n, k.o.k.). Oi gr gorec metabolèc
ja odhgoÔsan se meg�lh spat�lh qrìnou, lìgw thc an�gkhc gia epanorg�-
nwsh thc mn mhc (pijan¸c, epaneggraf c twn stoiqeÐwn). An mporoÔme na
k�noume aut  thn upìjesh kat� th sqedÐash ki an h teqnologÐa pou èqoume
sth di�jes  mac epitrèpei epanaprogrammatismì, tìte h sugkekrimènh mèjodoc
epitrèpei prìsbash me exairetik� meg�lh poikilÐa sqhm�twn kai me elegqìmeno
kìstoc kataskeu c (afoÔ enswmat¸noume aplèc sunart seic, kat� boÔlhsh).
Fusik�, h mèjodoc eis�gei epÐbaro kìstoc lìgw thc qr shc epiplèon mon�dwn
elègqou, thc epanadi�rjrwshc, kai tou qrìnou epanorg�nwshc.

2.3.2 Parathr seic kai sumper�smata

H bibliografik  episkìphsh pou prohg jhke katadeiknÔei to endiafèron thc
episthmonik c koinìthtac gia thn org�nwsh par�llhlwn mnhm¸n. EpÐ tèsseric
dekaetÐec proteÐnontai diaforetikèc lÔseic gia èna prìblhma pou parall�ssetai
an�loga me thn efarmog . Oi �fainomenik�� mikrèc diaforopoi seic stic
apait seic twn efarmog¸n odhgoÔn telik� se pl joc exeidikeumènwn teqnik¸n
sqedÐashc, af nontac èwc kai s mera anoikt� jèmata genÐkeushc  /kai pra-
ktik¸n beltistopoi sewn.

Koit�zontac epoptik� tic organ¸seic pou prokÔptoun kai ta epÐ mèrouc
jewrhtik� apotelèsmata mporoÔme na k�noume genikèc, qr simec, parathr seic.
Arqik�, eÐnai safèc ìti ìso megalÔterh perÐsseia trapez¸n qrhsimopoioÔme,
tìso megalÔterh poikilÐa sqhm�twn prìsbashc dhmiourgoÔme. 'Omwc, h ka-
teÔjunsh aut  mac apomakrÔnei apì èna basikì zhtoÔmeno, autì thc apodotik c
sqedÐashc. Gia par�deigma, ìtan epilègoume dipl�sio arijmì trapez¸n se
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sqèsh ton arijmì twn eikonostoiqeÐwn pou mporoÔn na eis�goun oi epexer-
gastikèc mon�dec, odhgoÔme èna shmantikì komm�ti thc arqitektonik c (tic
tr�pezec kai ìlec tic mon�dec upost rix c touc) se upo-ekmet�lleush kat�
50%. H rujmapìdosh thc mn mhc axiopoieÐtai mìno kat� 50% kai, genikìtera,
parousi�zetai mia arqitektonik  me meg�lo fainìmeno epÐbaro kìstoc se ulikì,
se katan�lwsh enèrgeiac, k.a.

H kalÔterh epilog  apì �poyh ekmet�lleushc tou ulikoÔ eÐnai na qrhsi-
mopoi soume B = E, dhlad , mn mh pou na prowjeÐ akrib¸c tìsa dedomèna
ìsa mporoÔn na epexergastoÔn oi upìloipec mon�dec thc arqitektonik c. 'Omwc,
eÐnai apodedeigmèno ìti sthn perÐptwsh aut  den mporoÔme na petÔqoume ape-
riìristh prìsbash kat� {grammèc,st lec,orjog¸nia}12, k�ti pou apoteleÐ
basik  apaÐthsh twn efarmog¸n grafik¸n. 'Etsi, prèpei na strafoÔme se
k�poion pr¸to arijmì trapez¸n, B = pr¸toc > E,   èstw sthn el�qisth
perÐsseia kat� èna, B = E +1, h opoÐa epÐshc mporeÐ na odhg sei se pr¸to  
�llo �dÔskolo� arijmì (afoÔ sun jwc qrhsimopoioÔme E pou eÐnai dÔnamh
tou 2). H qr sh pr¸twn arijm¸n eÐnai Ðswc h pio gnwst  praktik  an�
tic dekaetÐec kai lÔnei poll� apì ta probl mata prìsbashc. 'Omwc, eis�gei
duskolÐec sthn ulopoÐhsh twn mon�dwn pou ekteloÔn tic arijmhtikèc pr�xeic,
kaj¸c kai sta kukl¸mata pou dromologoÔn ta dedomèna apì kai proc th
mn mh13 [46] [47] [50]. Fusik�, oi duskolÐec autèc metafr�zontai se aÔxhsh
tou kìstoc tou ulikoÔ.

SunupologÐzontac tic parap�nw parathr seic, Ðswc èlege kaneÐc ìti eÐnai
anapìfeukto sth paroÔsa ergasÐa na parousi�soume lÔsh me meg�lh upo-
ekmet�lleush kai akrib� kukl¸mata. Sto shmeÐo autì jètoume gia pr¸th
for� èna er¸thma me to opoÐo ja asqolhjoÔme, metaxÔ �llwn, sta epìmena
kef�laia: poio eÐnai to kalÔtero pou mporoÔme na petÔqoume an perioristoÔme
austhr� sthn perÐptwsh B = E ; SÐgoura, ja anagkastoÔme na xodèyoume
k�poio qrìno gia th diìrjwsh twn sugkroÔsewn pou �apodedeigmèna� ja
dhmiourghjoÔn. 'Omwc, an organ¸soume kat�llhla tic tr�pezec Ðswc to
qronikì autì kìstoc na elaqistopoieÐtai tìso ¸ste na kajÐstatai pio anektì
apì ta parap�nw epÐbara kìsth.

12σημειώνουμε πως η λογική της απόδειξης που δίνεται στην εργασία [47] μπορεί να χρησι-
μοποιηθεί και για διαφορετικά σύνολα σχημάτων, π.χ., για τον αποκλεισμό της απεριόριστης
πρόσβασης κατά {γραμμές,στήλες,αραιά-ορθογώνια}, όπου το αραιό-ορθογώνιο αντιστοιχεί
στη λεγόμενη ‘σκακιέρα’ (chessboard, ή αραιό-2 σύμφωνα με την ορολογία του κεφαλαίου 4)

13τα δεδομένα θεωρούμε ότι μπαίνουν και βγαίνουν σε μια προκαθορισμένη σειρά από τη
μνήμη, ανεξάρτητα από τις όποιες αναδιατάξεις υφίστανται μέσα σε αυτήν προκειμένου να αν-
τιστοιχηθούν στις τράπεζές τους. Η σειρά αυτή διατηρείται μέσω κυκλωμάτων δρομολόγησης.
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Sqetik� me th qr sh enìc akìma pio mikroÔ arijmoÔ trapez¸n, B < E,
parathroÔme sth bibliografÐa ìti eÐnai mia dunatìthta pou apofeÔgetai na pro-
tajeÐ wc lÔsh sto genikì prìblhma pou melet�me. Autì sumbaÐnei giatÐ odhgeÐ
se organ¸seic me shmantik� meionekt mata. Sugkekrimèna, ìtan sunduasteÐ
me ton periorismì prìsbashc enìc kÔklou, mac anagk�zei na katafÔgoume
se perÐsseia plhroforÐac   se upo-ekmet�lleush thc mn mhc. Parajètoume
ed¸ sunoptik� èna epiqeÐrhma pou tekmhri¸nei thn parat rhsh aut . 'Estw
D = E − B to �èlleimma� trapez¸n. Prokeimènou na mporèsei h mn mh na exu-
phret sei ton apaitoÔmeno rujmì eikonostoiqeÐwn an� kÔklo (= E), toul�-
qiston D apì tic tr�pezec prèpei na èqoun pl�toc toul�qiston dipl�sio apì
tic upìloipec. 'Estw zeug�ri eikonostoiqeÐwn {a1, a2} apojhkeumèno sthn
tuqaÐa dieÔjunsh Ax k�poiac apì tic tr�pezec meg�lou pl�touc. Akìma kai
sthn kalÔterh dunat  org�nwsh, den eÐnai dÔskolo (q�rh sth dunatìthta
aperiìristhc prìsbashc,   sthn allag  sq matoc) na entopÐsoume pijanì
sÔnolo-aÐthsh sto opoÐo na perièqetai to a1 ki ìqi to a2. Autì shmaÐnei
pwc, kat� th sqedÐash, anagkazìmaste na epilèxoume an�mesa stic duo enal-
laktikèc: i) to a1 na anakt�tai apì thn Ax,   ii) to a1 na anakt�tai apì mia
diaforetik  Ay. Sthn pr¸th enallaktik  ja emfanisteÐ upo-ekmet�lleush thc
sugkekrimènhc tr�pezac (to a2 odhgeÐtai sto kenì) kai �ra genikìterh upo-
ekmet�lleush thc mn mhc. H upo-ekmet�lleush aut  megal¸nei me to pl�toc
thc tr�pezac (megalÔtero mèroc mporeÐ na odhghjeÐ sto kenì), kaj¸c kai
me tic dunatìthtec prìsbashc, oi opoÐec aux�noun ta pijan� sÔnola-ait seic
kai �ra touc trìpouc �adranopoÐhshc� mèrouc tou pl�touc lèxhc se ènan sun-
duasmì apì tr�pezec. H dunhtik  aut  adranopoÐhsh odhgeÐ se aÔxhsh tou
pl�touc twn upoloÐpwn trapez¸n prokeimènou na mporèsei na exuphrethjeÐ o
rujmìc prìsbashc sth mn mh se opoiad pote perÐptwsh ait sewn. TonÐzoume
epÐshc ìti h merik  qr sh tou pl�touc twn lèxewn eis�gei shmantikì epÐbaro
kìstoc ulopoÐhshc, afoÔ basÐzetai se epiprìsjetec mon�dec dromolìghshc de-
domènwn ìpwc, p.q., poluplèktec. Sth deÔterh enallaktik , xek�jara, èqoume
diploeggraf  tou a1 sth mn mh ki epomènwc perÐsseia plhroforÐac an�logh
tou ìgkou thc mn mhc (afoÔ to a1 epilèqjhke tuqaÐa kai �ra antiproswpeÔei
otid pote eÐnai apojhkeumèno stic D tr�pezec).

Pèra apì ton arijmì twn trapez¸n, mia deÔterh seir� parathr sewn pou
axÐzei na shmeiwjeÐ afor� sth sun�rthsh antistoÐqishc. H sun�rthsh aut 
apoteleÐ to pio shmantikì gn¸risma thc ek�stote lÔshc, afoÔ prosdÐdei tic
epijumhtèc idiìthtec sthn org�nwsh. Sth bibliografÐa oi sunart seic qwrÐ-
zontai se kl�seic pou sqetÐzontai metaxÔ touc me sugkekrimèno trìpo [46].
Parousi�same analutik� th kl�sh twn grammik¸n lÔsewn, h opoÐa eÐnai upo-
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kl�sh twn isotropik¸n. Mia kl�sh xènh me thn isotropik  eÐnai h kl�sh
twn duadik¸n sunart sewn, thn opoÐa perigr�yame mèsw twn pr�xewn XOR.
H isotropik  kai h duadik  eÐnai upo-kl�seic twn periodik¸n sunart sewn,
oi opoÐec me th seir� touc eÐnai upo-kl�sh twn poluperiodik¸n sunart sewn
pou anafèrame sunoptik�. H kl�sh twn genik¸n antistoiqÐsewn perièqei ìlec
tic proanaferjeÐsec, sun èna idiaÐtero komm�ti pou jewreÐtai qamhloÔ en-
diafèrontoc gia tic praktikèc efarmogèc, afoÔ sun jwc emfanÐzei duskolÐec
kat� thn ulopoÐhsh. H anaz thsh/kataskeu  thc kat�llhlhc sun�rthshc
eÐnai mia diadikasÐa pou pollèc forèc basÐzetai sth diaÐsjhsh kai ton peirama-
tismì (me bo jeia upologist ,   qwrÐc). Shmei¸noume qarakthristik� ìti h
anaz thsh mh-grammik¸n lÔsewn, p.q., sth kl�sh twn duadik¸n sunart sewn,
eÐnai apì mìno tou èna NP-complete prìblhma gia B > 2 [46]. Apì thn �llh,
bèbaia, h anaz thsh grammik c lÔshc eÐnai pio eÔkolh, afoÔ o arijmìc touc
(ki epomènwc oi dokimèc) periorÐzetai stic O(B).

SugkrÐnontac tic dhmosieumènec lÔseic diapist¸noume ìti mporoÔme na
petÔqoume kalÔterec dunatìthtec prìsbashc eis�gontac megalÔterh polu-
plokìthta sthn antistoÐqish. EÐnai qarakthristik� ta pleonekt mata thc mh-
grammik c lìxwshc ènanti thc grammik c, kaj¸c kai to pwc aut� aux�nontai
ìtan uiojetoÔme pio perÐplokouc kanìnec gia ton prosdiorismì thc bank(x, y).
'Omwc, h poluplokìthta thc antistoÐqishc metafr�zetai se meg�lo kìstoc
ulopoÐhshc (ulikoÔ  /kai qrìnou, an�loga me thn arqitektonik ). Sunep¸c, h
mh-grammikìthta den apoteleÐ mia oristik  ap�nthsh sto genikìtero prìblhma
pou melet�me, all� èna sÔnolo lÔsewn me diab�jmish kìstouc sto opoÐo prèpei
na strèfetai kaneÐc me feid¸, lamb�nontac prosektik� upìyh tic apait seic
thc ek�stote efarmog c.

To prohgoÔmeno sumpèrasma isqÔei ìqi mìno gia tic mh-grammikèc lÔseic
lìxwshc, all� akìma kai gia ekeÐnec pou qrhsimopoioÔn XOR sunart seic kai
Latinik� Tetr�gwna. O lìgoc den eÐnai h poluplokìthta thc antistoÐqishc,
afoÔ oi sugkekrimènec lÔseic odhgoÔn sun jwc se polÔ apl� kukl¸mata. To
meionèkthma entopÐzetai se èna genikìtero fainìmeno pou qarakthrÐzei ìlec tic
mh-grammikèc organ¸seic: thn anisotropikìthta. 'Opwc èqoume  dh anafèrei,
h anisotropikìthta ephre�zei arnhtik� to kìstoc ulopoÐhshc thc mn mhc stic
efarmogèc grafik¸n [46]. Mia sunoptik  ex ghsh eÐnai h akìloujh. Ta
eikonostoiqeÐa eÐnai diatetagmèna p�nw sthn eikìna kai, wc ek toÔtou, prèpei
na prowjoÔntai stic epexergastikèc mon�dec akolouj¸ntac k�poia seir� (k�-
poia prokajorismènh fìrma, ìpwc p.q., arister� proc dexi� sto yhfidìplegma
�raster scan). H seir� aut  den diathreÐtai sth mn mh exaitÐac thc diaspo-
r�c pou ufÐstantai ta dedomèna kat� thn antistoÐqis  touc stic tr�pezec.
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Sthn pr�xh, autì shmaÐnei ìti k�je sustoiqÐa dedomènwn pou emfanÐzetai sthn
eÐsodo   sthn èxodo twn trapez¸n prèpei na anadiataqteÐ. Ed¸ mac endiafèrei
o sunolikìc arijmìc ìlwn twn dunat¸n anadiat�xewn, o opoÐoc prosdiorÐzetai
apì treic par�gontec: thn poikilÐa twn sqhm�twn prìsbashc, tic dunatèc
jèseic touc p�nw sthn eikìna, kai th morf  thc diaspor�c pou ufÐstantai ta
dedomèna stic tr�pezec. Oi duo pr¸toi par�gontec exart¸ntai apì tic prodi-
agrafèc thc efarmog c kai eÐnai diaisjhtik� eÔkolo na doÔme pwc ephre�zoun
touc dunatoÔc sunduasmoÔc koit�zontac opoiond pote pÐnaka/q�rth antistoÐ-
qhshc: perissìtera sq mata kai m�lista perissìterec jèseic (p.q., aperiìristh
prìsbash) shmaÐnoun perissìterec anadiat�xeic. O trÐtoc par�gontac mporeÐ
na diathr sei ton arijmì twn diat�xewn se qamhl� epÐpeda,   antÐjeta, na
ton odhg sei se ekjetik  aÔxhsh. Pio sugkekrimèna, ìtan èqoume isotropik 
org�nwsh diapist¸noume pwc èqoume mia kuklik  diadoq  twn trapez¸n p�nw
sthn eikìna, eÐte diab�zoume kat� grammèc, eÐte kat� st lec, eÐte kat� or-
jog¸nia (k�je sq ma me th dik  tou fìrma). Me �lla lìgia, arkoÔmaste se
kuklikèc metajèseic twn eisìdwn kai twn exìdwn twn trapez¸n prokeimènou
na petÔqoume thn epijumht  seir� twn eikonostoiqeÐwn. AntÐjeta, ìso pio
anisotropik  eÐnai h org�nwsh, tìso perissìterec allagèc blèpoume sth seir�
me thn opoÐa emfanÐzontai oi diadoqikèc tr�pezec p�nw ston pÐnaka/q�rth
thc antistoÐqishc. Oi asunèqeiec autèc aux�nontai akìma perissìtero ìtan
epitrèyoume sto sq ma mac na �kinhjeÐ� se ìlec tic jèseic thc eikìnac (p.q.
efarmogèc grafik¸n). K�je asunèqeia pollaplasi�zei ton arijmì twn dunat¸n
diat�xewn twn dedomènwn, o opoÐoc kajorÐzei telik� to kìstoc tou kukl¸matoc
dromolìghshc mprost� kai pÐsw apì tic tr�pezec. Autì sumbaÐnei giatÐ ta
sugkekrimèna kukl¸mata prèpei na eÐnai se jèsh na ektelèsoun opoiad pote
met�jesh apaiteÐtai gia thn topojèthsh twn dedomènwn sth swst  fìrma.
SunoyÐzontac, eÐnai logikì na apofeÔgoume thn ektetamènh qr sh thc mh-
grammikìthtac (akìma ki ìtan aut  ulopoieÐtai me aplèc antistoiqÐseic) lìgw
thc anisotropikìthtac pou aut  eis�gei, h opoÐa odhgeÐ èmmesa sthn aÔxhsh
tou kìstouc twn mon�dwn upost rixhc thc mn mhc.

KleÐnontac thn enìthta, parousi�zoume epoptik� ston PÐnaka 2.1 tic dhmo-
sieumènec lÔseic pou anafèrjhkan kai ta kÔria qarakthristik� touc. Dia-
qwrÐzoume tic lÔseic an�loga me to an prosfèroun aperiìristh prìsbash se
ìlh thn èktash thc eikìnac, gia ìla ta sq mata. Ousiastik�, h idiìthta
aut  diaqwrÐzei tic lÔseic se katallhlìterec gia efarmogèc grafik¸n kai se
katallhlìterec gia, p.q., epexergasÐa pin�kwn. Epiplèon, tic diaqwrÐzoume
an�loga me to an eÐnai grammikèc, dhlad  an eÐnai isotropikèc. ParathroÔme
pwc oi grammikèc kai oi mh-grammikèc lÔseic anaptÔqjhkan par�llhla mèsa
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PÐnakac 2.1: KathgoriopoÐhsh twn dhmosieumènwn lÔsewn
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E: εμβαδόν (εικονοστοιχεία ανά σχήμα), r: γραμμές, c: στήλες, d: διαγώνιοι,
d′: ανεστραμμένες διαγώνιοι, b: ορθογώνια, b′: ανεστραμμένα ορθογώνια,

b∗: ορθογώνια μεταβλητού μεγέθους, s: αραιά ορθογώνια

stic dekaetÐec kai pwc h prìsbash kat� {grammèc,st lec,orjog¸nia} eÐnai
koinìc tìpoc ìlwn twn ergasi¸n. Ektìc apì aut  th basik  poikilÐa sqhm�twn
(me thn opoÐa asqoleÐtai �ìqi tuqaÐa� kai h paroÔsa ergasÐa) merikèc lÔseic
epitrèpoun epiprìsjeth prìsbash kat� arai� orjog¸nia, èna sq ma pou qrh-
simeÔei sthn upodeigmatolhyÐa thc eikìnac kai pou ja to exet�soume en-
deleq¸c sta kef�laia 4 kai 5. O PÐnakac 2.1 tonÐzei thn aÔxhsh ston arijmì
twn trapez¸n pou sunodeÔei thn apaÐthsh gia aperiìristh prìsbash, kaj¸c
kai to pwc aut  h aÔxhsh proseggÐzetai poikilotrìpwc, stoiqeÐo endeiktikì
thc duskolÐac na beltistopoihjoÔn tautìqrona ìlec oi par�metroi tou pro-
bl matoc pou antimetwpÐzoume: apoj keush pl jouc diaforetik¸n sunìlwn
dedomènwn pou den eÐnai xèna metaxÔ touc, qrhsimopoi¸ntac lÐgec tr�pezec kai
apl� kukl¸mata, qwrÐc na eis�goume perÐsseia plhroforÐac.



Kef�laio 3

Programmatizìmenh Mon�da
EktÐmhshc KÐnhshc

Me stìqo thn apodèsmeush enìc ulismikoÔ sumpiest  eikonoro¸n apì tic
epidìseic enìc monadikoÔ �upobèltistou� algorÐjmou tairi�smatoc perioq¸n,
to parìn kef�laio perigr�fei th sqedÐash kai thn an�ptuxh miac program-
matizìmenhc mon�dac ektÐmhshc kÐnhshc (EK). H proteinìmenh arqitektonik 
epitrèpei th ektèlesh poll¸n diaforetik¸n algorÐjmwn, h epilog  twn opoÐwn
mporeÐ na gÐnei an�loga me tic upologistikèc apait seic thc ek�stote efar-
mog c  /kai ta qarakthristik� thc upì epexergasÐa eikonoro c. Epiprosjètwc,
me stìqo thn epit�qunsh twn diadikasi¸n, qrhsimopoioÔme parallhlismì se
epÐpedo dedomènwn gia thn epexergasÐa twn eikonostoiqeÐwn kai proteÐnoume
mia teqnik  upojetik c ektèleshc entol¸n (speculative execution), sqedi-
asmènh eidik� gia algorÐjmouc tairi�smatoc perioq¸n.

Upì to genikìtero prÐsma thc arqitektonik c upologist¸n, skopìc tou
kefalaÐou eÐnai h dhmiourgÐa enìc efarmogoeÐdiou epexergast  (application
specific processor) me epidìseic pragmatikoÔ qrìnou. Gia to skopì autì
sqedi�zoume èna exeidikeumèno sÔnolo sÔnjetwn entol¸n, to opoÐo uposthrÐzei
touc plèon diadedomènouc algorÐjmouc tairi�smatoc perioq¸n xodeÔontac mìno
ènan mikrì arijmì kÔklwn met�klhshc-apokwdikopoÐhshc (fetch-decode) me
ektelèsima arqeÐa polÔ periorismènou megèjouc. To proteinìmeno sÔnolo
apartÐzetai apì ènan pur na entol¸n pou qrhsimopoioÔntai se ìlouc touc al-
gorÐjmouc tairi�smatoc perioq¸n, kaj¸c kai apì èna sÔnolo proairetik¸n,
sÔnjetwn, entol¸n gia thn ulopoÐhsh exezhthmènwn teqnik¸n. O pur nac
twn koin¸n entol¸n arkeÐ gia thn ektèlesh apl¸n algorÐjmwn ìpwc, p.q.,
touc Three Step Search, One Step Search, Diamond Search, 2D Logarith-
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mic Search, Hexagonal Search, k.a. [3] [4] [5] [6]. Oi sÔnjetec entolèc up-
osthrÐzoun prohgmènouc algorÐjmouc ìpwc, p.q., touc MVFAST , FAME ,
PMVFAST , k.a. [7] [8] [9] [10].

Gia thn t rhsh twn periorism¸n pou jètoun oi efarmogèc pragmatikoÔ
qrìnou basizìmaste, prwtÐstwc, sthn epit�qunsh twn pr�xewn pou apaitoÔntai
gia thn exètash miac upoy fiac perioq c eikonostoiqeÐwn. H leitourgÐa aut 
lamb�nei q¸ra pollèc forèc kat� thn ektèlesh twn algorÐjmwn ki anti-
stoiqeÐ sto megalÔtero mèroc tou sunolikoÔ upologismoÔ touc. AkoloujoÔme
strathgik  diaqwrismoÔ thc ek�stote upoy fiac perioq c se om�dec pol-
lapl¸n eikonostoiqei¸n, k�je mia ek twn opoÐwn exet�zetai se ènan monadikì
kÔklo rologioÔ. H diadikasÐa thc exètashc oloklhr¸netai se diadoqik� b mata
axiopoi¸ntac thn upokeÐmenh swlhnwt  arqitektonik  [61] pou sundèei thn
topik  mn mh eikonostoiqeÐwn me to domostoiqeÐo thc epexergasÐac touc. O
en lìgw parallhlismìc an�getai sth sqedÐash mn mhc pollapl¸n trapez¸n
me ikanì rujmì diekperaiwtikìthtac, kaj¸c kai sth swl nwsh tou epexer-
gastikoÔ domostoiqeÐou me pollapl� arijmhtik� kukl¸mata.

Pèra apì ton parallhlismì se epÐpedo dedomènwn ki apì thn el�ttwsh twn
kÔklwn met�klhshc-apokwdikopoÐhshc, h proteinìmenh arqitektonik  eis�gei
kai mia trÐth teqnik  gia thn epit�qunsh thc diadikasÐac tairi�smatoc perioq¸n:
mia stoqeumènh upojetik  ektèlesh entol¸n. Skopìc thc sugkekrimènhc
teqnik c eÐnai h megistopoÐhsh thc ekmet�lleushc (100% utilization) thc sw-
l nwshc apaleÐfontac ta ken� metaxÔ twn diadoqik¸n diadikasi¸n exètashc
upoyhfÐwn perioq¸n. Sqedi�zoume thn arqitektonik  ètsi, ¸ste na eÐnai
dunatìc o parallhlismìc thc diadikasÐac exètashc twn perioq¸n me th di-
adikasÐa met�klhshc-apokwdikopoÐhshc twn entol¸n. O parallhlismìc autìc
epitrèpei sthn upojetik  ektèlesh na upologÐzei th jèsh tou epìmenou upo-
yhfÐou mplok prin akìma oloklhrwjeÐ h exètash tou trèqontoc, kajist¸ntac
�mesh thn ekkÐnhsh thc akìloujhc diadikasÐac exètashc.

Sthn enìthta 3.1 perigr�fetai analutikìtera h arqitektonik  sqedÐash,
en¸ sthn enìthta 3.2 paratÐjentai ta apotelèsmata thc prwtotupopoÐhshc
thc mon�dac EK se suskeuèc programmatizìmenhc logik c FPGA.

3.1 Proteinìmenh arqitektonik 

H sqedÐash thc mon�dac EK, tìso se uyhlì ìso kai se qamhlì epÐpedo,
basÐzetai sthn ektetamènh melèth twn algorÐjmwn tairi�smatoc perioq¸n kai
ston prosdiorismì twn koin¸n touc gnwrism�twn/apait sewn. Se qamhlì
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Eikìna 3.1: Genikì sqèdio thc proteinìmenhc mon�dac ektÐmhshc kÐnhshc.

epÐpedo, ta koin� qarakthristik� kajorÐzoun to sÔnolo entol¸n kai ton trìpo
ulopoÐhs c touc (instruction set architecture). Se uyhlì epÐpedo, h melèth
katadeiknÔei tic kentrikèc leitourgÐec twn algorÐjmwn, sÔmfwna me tic opoÐec
sqedi�zoume tic kentrikèc ontìthtec thc arqitektonik c (mia ontìthta an� lei-
tourgÐa). Pio sugkekrimèna, anagnwrÐzoume treic basikèc algorijmikèc lei-
tourgÐec: (a) mazik  an�kthsh eikonostoiqeÐwn apì th mn mh, (b) upologismì
enìc mètrou omoiìthtac gia k�je upoy fia perioq  eikonostoiqeÐwn, kai (g)
èlegqo twn upologismènwn mètrwn kai jèsewn gia ton prosdiorismì nèwn
upoyhfÐwn perioq¸n. AntistoiqoÔme tic treic anwtèrw leitourgÐec se trÐa
xeqwrist� domostoiqeÐa thc mon�doc EK: sthn topik  mn mh, ston sugkrit 
perioq¸n, kai sto stoiqeÐo kentrikoÔ elègqou (Eikìna 3.1). H mon�da EK
epexerg�zetai thn eikìna se epÐpedo plakidÐwn (akolouj¸ntac thn p�gia ta-
ktik  twn sumpiest¸n eikonoro c) lamb�nontac wc eÐsodo eikonostoiqeÐa kai
prowj¸ntac sthn èxodo to di�nusma kÐnhshc tou ek�stote plakidÐou mazÐ me
to mètro omoiìthtac tou tairi�smatìc tou.

H topik  mn mh leitourgeÐ wc ènac proswrinìc apojhkeutikìc q¸roc �me-
shc prospèlashc gia thn trèqousa perioq  anaz thshc kai to trèqon plakÐdio
(data cache). Skopìc thc eÐnai h apofìrtish tou xèniou kwdikopoiht  eikonor-
ro¸n apì tic pollaplèc epanalambanìmenec ait seic thc mon�dac EK gia
tautìshma sÔnola eikonostoiqeÐwn, ètsi ìpwc aut� prokÔptoun apì tic di-
adoqikèc exet�seic twn upoyhfÐwn mplok. Epiprosjètwc, qrhsimopoieÐtai wc
èna mèso omadopoÐhshc twn dedomènwn, to opoÐo epitrèpei thn par�llhlh
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an�gnws  touc me sunèpeia na odhgeÐ se uyhlì rujmì trofodìthshc twn
epexergastik¸n kuklwm�twn. Parèqei dunatìthta an�gnwshc 16 eikonostoi-
qeÐwn an� kÔklo rologioÔ, tìso apì thn perioq  anaz thshc ìso ki apì to
trèqon plakÐdio (sunolik� 32 dedomèna). EpÐshc, pèra apì thn apoj keush
eikonostoiqeÐwn akeraÐwn jèsewn (integer pixels), to domostoiqeÐo enswmat¸-
nei kai fÐltra yhfiak c parembol c gia thn paragwg  upoeikonostoiqeÐwn me
jèseic 1/2 ki 1/4 (subpixels). H paragwg  gÐnetai kat� th met�dosh (on-the-fly)
parèqontac dunatìthta an�gnwshc 4 upoeikonostoiqeÐwn an� kÔklo rologioÔ.
Ta perieqìmena thc topik c mn mhc aforoÔn mìno stic timèc fwteinìthtac twn
eikonostoiqeÐwn (h ektÐmhsh kÐnhshc den exet�zei qr¸mata) ki h ananèws  touc
lamb�nei q¸ra me thn ekkÐnhsh thc epexergasÐac k�je nèou plakidÐou mèsw
diepaf¸n sumbat¸n me to xènio kwdikopoiht .

O sugkrit c perioq¸n ulopoieÐ thn exètash enìc upoyhfÐou mplok lei-
tourg¸ntac me k�poia sqetik  autonomÐa: xekin�ei lamb�nontac thn upoy fia
jèsh apì th mon�da kentrikoÔ elègqou kai suneqÐzei ektel¸ntac diadoqikèc
kl seic sthn topik  mn mh gia thn an�kthsh tou trèqontoc plakidÐou kai
tou upoyhfÐou mplok. Kaj¸c anakt� stadiak� ta aparaÐthta eikonostoiqeÐa
upologÐzei to ��jroisma twn apolÔtwn diafor¸n� touc (AAD), to opoÐo kai
prowjeÐ telik¸c sthn kentrik  mon�da elègqou wc mètro omoiìthtac thc
upoy fiac perioq c. Epiprosjètwc, kat� th suss¸reush thc metrik c AAD,
to domostoiqeÐo qrhsimopoieÐ ta merik� ajroÐsmata gia na problèyei to telikì
apotèlesma thc sÔgkrishc kai na belti¸sei thn poreÐa thc upojetik c ektè-
leshc entol¸n pou pragmatopoieÐtai sth kentrik  mon�da elègqou tautìqrona
me thn exètash tou trèqontoc upoyhfÐou.

O kentrikìc èlegqoc eÐnai upeÔjunoc gia to sugqronismì twn epÐ mèrouc
leitourgi¸n (apoj keush eikonostoiqeÐwn, sullog  plhrofori¸n, pro¸jhsh
apotelesm�twn) kai, kurÐwc, gia thn ektèlesh tou algorÐjmou tairi�smatoc
perioq¸n. UlopoieÐ to shmantikìtero komm�ti thc mikroarqitektonik c tou
proteinìmenou efarmogoeÐdiou epexergast  perièqontac mn mh entol¸n, apo-
kwdikopoiht  entol¸n, kataqwrhtèc, arijmhtik�/logik� stoiqeÐa, kai exei-
dikeumèna kukl¸mata gia ektèlesh sÔnjetwn entol¸n. Kat� th leitourgÐa tou
odhgeÐ to sugkrit  perioq¸n upologÐzontac tic jèseic twn upoyhfÐwn mplok
(ekmetalleuìmenoc kai thn upojetik  ektèlesh entol¸n) kai apofasÐzei to
telikì di�nusma kÐnhshc.
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Eikìna 3.2: AntistoÐqish thc perioq c anaz thshc stic tr�pezec thc mn mhc.

3.1.1 Topik  mn mh eikonostoiqeÐwn

Gia thn apoj keush thc perioq c anaz thshc qrhsimopoioÔme par�llhlh mn mh
8 trapez¸n, èkasth pl�touc 32 difÔwn kai b�jouc 72 dieujÔnsewn. K�je
dieÔjunsh thc tr�pezac perièqei 4 timèc fwteinìthtac (tim  enìc byte) kai
olìklhrh h mn mh perièqei 2304 timèc, kaj¸c orÐzoume perioq  anaz thshc
48 × 48 eikonostoiqeÐwn sto prohgoÔmeno apì to upì epexergasÐa karè. H
perioq  perilamb�nei 9 plakÐdia, dhlad  to sunentopismèno tou trèqontoc
(collocated) sun ta 8 geitni�zont� tou, epitrèpontac ektÐmhsh kÐnhshc me
dianusm�ta m kouc ±16 stic duo dieujÔnseic tou epipèdou. H an�gnwsh
eikonostoiqeÐwn apì thn par�llhlh mn mh gÐnetai me sq ma prìsbashc to
tetr�gwno 4 × 4 (16 timèc fwteinìthtac an� kÔklo rologioÔ).

H aÐthsh enìc tetrag¸nou eikonostoiqeÐwn pragmatopoieÐtai qrhsimopoi-
¸ntac th jèsh (x, y) tou mplok ep�nw sthn perioq  anaz thshc (jèsh tou
p�nw-arister� stoiqeÐou tou mplok). Pio sugkekrimèna, to domostoiqeÐo
sÔgkrishc perioq¸n apostèlei èna zeÔgoc akeraÐwn (x, y), to opoÐo metafr�-
zetai eswterik� se 16 dieujÔnseic mn mhc ki arijmoÔc trapez¸n prokeimènou na
entopistoÔn ta zhtoÔmena eikonostoiqeÐa mèsa sth mn mh. 'Ena dedomèno pou
brÐsketai sth jèsh (xδ, yδ) thc perioq c anaz thshc apojhkeÔetai mèsa sthn
tr�peza me diakritikì arijmì B(xδ, yδ) = (byδ

4
c×4+xδ) mod 8, sth dieÔjunsh

A(xδ, yδ) = byδ

4
c × 6 + bxδ

8
c + 26, kai sthn upolèxh Λ(xδ, yδ) = yδ mod 4.

Shmei¸noume ìti oi akèraioi x kai y lamb�noun timèc sto di�sthma [−16, 31]
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Eikìna 3.3: Arqitektonik  thc mn mhc pou perièqei thn perioq  anaz thshc.

upojètwntac ìti to (0, 0) sumbolÐzei th jèsh tou ep�nw-arister� stoiqeÐou
tou sunentopismènou mplok, to opoÐo topojetoÔme sto kèntro thc perioq c
anaz thshc (�ra ki o prosjetikìc par�gontac 26 thc A(x, y)). H parap�nw
org�nwsh qwrÐzei thn perioq  se orizìntiec lwrÐdec p�qouc 4 me k�je lwrÐda
na upìkeitai se grammik  lìxwsh kat� 4 tr�pezec (Eikìna 3.2), akolouj¸ntac
eujeÐa dieujunsiodìthsh apì arister� proc ta dexi� ki apì p�nw proc ta k�tw.
To p�qoc kai h lìxwsh twn lwrÐdwn diasfalÐzoun thn �neu sugkroÔsewn
aperiìristh prìsbash enìc kÔklou sto 4 × 4 tetr�gwno.

H sqedÐash thc mn mhc epitrèpei diaforetik  (x, y) aÐthsh an� kÔklo pros-
fèrontac dunatìthta suneqoÔc ro c 16 dedomènwn mèsa apì thn perioq  ana-
z thshc. Gia to skopì autì qrhsimopoioÔme swlhnwt  arqitektonik  b�jouc
5 stadÐwn, thn opoÐa parajètoume sthn Eikìna 3.3. Pio analutik�, me thn
eÐsodo thc aÐthshc (x, y) sth swl nwsh, ekteleÐtai mia met�frash kat�B(x, y)
kai 16 metafr�seic kat� A(xδ, yδ). To B(x, y) kajorÐzei th strof  tou
kulidrikoÔ metatopist  pou brÐsketai mprost� apì to metafrast , ¸ste na
stoiqhjoÔn swst� oi 16 dieujÔnseic A(xδ, yδ) kai na dromologhjoÔn stic
antÐstoiqec tr�pezec. To gegonìc ìti gia thn en lìgw dromolìghsh arkeÐ
mìno ènac kulindrikìc metatopist c kai mia met�frash B(x, y) ofeÐletai sthn
isotropikìthta pou prokÔptei apì thn upokeÐmenh grammik  lìxwsh (en. 2.3.2).
Sto trÐto st�dio thc swl nwshc èqoume tic 8 tr�pezec. Sto tètarto st�dio
èqoume ènan kulindrikì metatopist  gia th stoÐqish twn eikonostoiqeÐwn pou
bgaÐnoun metatijèmena apì tic tr�pezec (odhgoÔntai ston sugkrit  perioq¸n
se seir� raser scan), o opoÐoc elègqetai epÐshc apì to B(x, y). Sto teleutaÐo
st�dio topojetoÔme ènan poluplèkth gia thn epilog  16 tim¸n (apì tic 32 pou
prowjoÔn oi 8 tr�pezec), o opoÐoc elègqetai apì thn tim  Λ(x, y).
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Gia thn apoj keush tou trèqontoc plakidÐou qrhsimopoioÔme mia tr�peza
mn mhc b�jouc 16 dieujÔnsewn kai pl�touc 16×8 difÔwn. Efìson oi ait seic
gia dedomèna tou plakidÐou aforoÔn mìno se sugkekrimèna sÔnola eikono-
stoiqeÐwn, xèna metaxÔ touc, eÐnai dunatìn na omadopoi soume ta dedomèna se
xeqwristèc 16-adec (dhlad , sta 16 basik� 4×4 upo-plakÐdia) kai na tic apo-
jhkeÔousme stic dieujÔnseic miac mìno tr�pezac1. 'Etsi, se k�je kÔklo, to do-
mostoiqeÐo sÔgkrishc perioq¸n anakt�, mazÐ me to 4×4 mplok apì thn perioq 
anaz thshc, ki èna 4×4 mplok apì to trèqon plakÐdio. Shmei¸noume ìti me thn
ekkÐnhsh thc epexergasÐac enìc nèou plakidÐou anane¸nontai mìno ta stoiqeÐa
thc mn mhc pou leÐpoun: me dedomènh th sun jh seir� epexergasÐac twn
plakidÐwn ston xènio kwdikopoiht  (raster scan), ta stoiqeÐa pou leÐpoun eÐnai
to trèqon plakÐdio, kaj¸c kai ta MB2, MB5, MB8 (Eikìna 3.2), afoÔ h pe-
rioq  anaz thshc metakineÐtai k�je for� mìno kat� mia st lh plakidÐwn dexi�.
Se k�je epanekkÐnhsh, ta nèa {MB2,MB5,MB8} apojhkeÔontai stic jèseic
twn palai¸n {MB0,MB3,MB6} kai oi exwterikèc ait seic (x, y) diorj¸nontai
eswterik� se (x+16) mod 48,   (x−16) mod 48,   (x) mod 48, an�loga me
to pou brÐsketai h st lh pou perièqei to sunentopismèno plakÐdio.

H arqitektonik  tou domostoiqeÐou topik c mn mhc enswmat¸nei kai yh-
fiak� fÐltra, ¸ste na epitugq�netai h parembol  twn eikonostoiqeÐwn kat�
th met�dos  touc kai na kajÐstatai h diadikasÐa sqedìn �di�fanh� sto do-
mostoiqeÐo sÔgkrishc perioq¸n. Pio sugkekrimèna, me ait seic thc morf c
(x.z, y)   (x, y.z), ìpou z ∈ {1

4
, 2

4
, 3

4
}, prowjoÔntai 4 upoeikonostoiqeÐa me

akrÐbeia metatìpishc 1/4 kat� thn orizìntia   thn katakìrufh dieÔjunsh.
Gia to skopì autì h swl nwsh thc Eikìnac 3.3 enisqÔetai me èna 6o st�dio,
apì to opoÐo pern�ei to 4 × 4 mplok ìtan z 6= 0 (mèsw poluplèkth). To 6o

st�dio perièqei tèssera dikubik� fÐltra me suntelestèc [−1, 5, 5,−1], ta opoÐa
ulopoioÔntai pl rwc par�llhla me tèssera dèntra olisjht¸n kai ajroist¸n2.
K�je dikubikì fÐltro lamb�nei wc eÐsodo mia st lh   mia gramm  tou 4 × 4
mplok twn akèraiwn eikonostoiqeÐwn, an�loga me to an h zhtoÔmenh metatìpish
eÐnai katakìrufh   orizìntia, antÐstoiqa. Ta dikubik� fÐltra qrhsimopoioÔntai
gia paragwg  upoeikonostoiqeÐwn 1/2. Gia thn paragwg  upoeikonostoiqeÐwn

1η μνήμη του τρέχοντος πλακιδίου διαφέρει από αυτή της περιοχή αναζήτησης στην
απαίτηση της δεύτερης για απεριόριστη πρόσβαση (περιέχει επικαλυπτόμενα σύνολα-αιτήσεις).

2το φίλτρο [−1, 5, 5,−1] αποτελεί άμεση απλοποίηση του φίλτρου [1,−5, 20, 20,−5, 1]
που προτείνει το πρότυπο H.264/AVC: θεωρούμε ότι το πρώτο εικονοστοιχείο είναι ίδιο με
το δεύτερο, και το πέμπτο ίδιο με το έκτο. Η χρήση του απλοποιημένου φίλτρου μειώνει τους
απομαστευτές (taps) από 6 σε 4, δηλαδή μειώνει την πολυπλοκότητα της κατασκευής του
καθώς και τους απαιτούμενους κύκλους για τη συλλογή των εικονοστοιχείων-εισόδων του.



Kef�laio 3: Mon�da EktÐmhshc KÐnhshc 53

Συσσωρευτής

A
B
S

A
B
S

A
B
S

+-

A
B
S

+- +- +-

A
B
S

A
B
S

A
B
S

+-

A
B
S

+- +- +-

CMP

Συγκριτής 

Κλασμάτων ΑΑΔ

τελική τιμή ΑΑΔ

προβλεπόμενη 

σύγκριση ΑΑΔ 

Αφαίρεση Εικονοστοιχείων (16 8-bit αφαιρέτες)
Τοπική Μνήμη

Έλεγχος

β
έ
λ
τ
ι
σ
τ
ο
_
Α
Α
Δ

 4

 3

 2

 1

++++

++

+

+

+

+

Eikìna 3.4: Arqitektonik  tou sugkrit  perioq¸n.

1/4 topojetoÔme èna fÐltro digrammik c parembol c met� apì k�je dikubikì
fÐltro, to opoÐo lamb�nei wc eÐsodo to 1/2 kai to antÐstoiqo akèraio eikono-
stoiqeÐo (me poluplèktec). H paragwg  enìc upoeikonostoiqeÐou apaiteÐ,
ex' orismoÔ, an�kthsh tess�rwn akeraÐwn stoiqeÐwn kai sunep¸c, ìtan h
swl nwsh brÐsketai se leitourgÐa parembol c h diekperaiwtikìtht� thc mei¸-
netai kat� 1/4, dhlad  o sugkrit c perioq¸n mporeÐ na anakt� 4 upoeikono-
stoiqeÐa an� kÔklo rologioÔ.

3.1.2 Sugkrit c perioq¸n

O kentrikìc èlegqoc thc mon�doc EK aiteÐtai thn exètash miac upoy fiac
perioq c 16 × 16 eikonostoiqeÐwn me thn apostol  thc jèshc thc, (x, y),
sto sugkrit  perioq¸n. O sugkrit c enswmat¸nei mia mhqan  peperasmènwn
katast�sewn, h opoÐa sqhmatÐzei diadoqik� 16 ait seic proc thn topik  mn mh
sar¸nontac thn upoy fia perioq  kai to trèqon plakÐdio. Oi ait seic ex-
uphretoÔntai apì th swlhnwt  arqitektonik  thc mn mhc me apotèlesma, 5
kÔklouc met� thn ekkÐnhsh thc diadikasÐac, na ft�noun diadoqik� sto sug-
krit  duo xeqwristèc 16-adec eikonostoiqeÐwn an� kÔklo. Oi duo 16-adec
afairoÔntai eswterik�, stoiqeÐo proc stoiqeÐo, dhmiourg¸ntac 16 diaforèc
(Eikìna 3.4). Oi diaforèc omadopoioÔntai se 8 zeug�ria. To pr¸to mèloc
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tou zeugarioÔ pern� apì èna kÔklwma upologismoÔ apìluthc tim c (ABS:
antistrofèac, ajroist c kai 2-proc-1 poluplèkthc 9 difÔwn). To deÔtero
mèloc prostÐjetai   afaireÐtai apì thn apìluth tim  tou pr¸tou, an�loga me
to pros mì tou. Apì th diadikasÐa aut  prokÔptei to �jroisma apolÔtwn
diafor¸n duo 2-adwn eikonostoiqeÐwn, qrhsimopoi¸ntac mìno èna kÔklwma
ABS. To AAD twn 16 2-adwn thc eisìdou tou domostoiqeÐou sqhmatÐzetai
sthn apìlhxh enìc dèntrou ajroist¸n pou sugkentr¸nei ta 8 epÐ mèrouc
apotelèsmata (Eikìna 3.4). H apìlhxh tou dèntrou odhgeÐtai se ènan sus-
swreut  prokeimènou na upologisteÐ stadiak� to olikì AAD thc upoy fiac
perioq c. H suss¸reush diarkeÐ 16 kÔklouc,   ligìtero, kaj¸c efarmìzoume
teqnik  prìwrou termatismoÔ: se k�je kÔklo sugkrÐnoume to merik¸c sus-
swreumèno AAD thc upoy fiac perioq c me thn tim  AAD tou epikratèsterou
tairi�smatoc pou èqei prohgoumènwc aneurejeÐ gia to trèqon plakÐdio (h tim 
aut  krateÐtai ston kentrikì èlegqo ki apostèlletai mazÐ me th jèsh thc
upoy fiac perioq c). An to merikì AAD xeper�sei to bèltisto AAD tìte h
exètash stamat� (kajÐstatai m�taih).

'Oso diarkeÐ o parap�nw upologismìc tou AAD, o kentrikìc èlegqoc
anamènei to telikì apotèlesma gia na suneqÐsei me ton algìrijmo tairi�smatoc.
H melèth twn algorÐjmwn mac èdeixe ìti h sunèqish thc poreÐa touc exart�tai,
ìqi tìso apì thn akrib  tim  tou zhtoÔmenou AAD, ìso apì th sÔgkris  tou
me to bèltisto AAD pou èqoun anakalÔyei (paÐrnoun apof�seic sugkrÐnontac
ta AAD twn diafìrwn upoyhfÐwn metaxÔ touc). Prokeimènou na apofeuqjeÐ h
aergÐa tou kentrikoÔ elègqou kat� th suss¸reush tou AAD, to domostoiqeÐo
mac k�nei prìbleyh tou apotelèsmatoc thc eperqìmenhc sÔgkrishc (0   1) kai
eidopoieÐ, ¸ste o algìrijmoc na suneqÐsei me mia upojetik  ektèlesh twn
epìmenwn entol¸n. H prìbleyh gÐnetai se k�je kÔklo thc suss¸reushc
qrhsimopoi¸ntac to merikì AAD kai to antÐstoiqo mèroc tou bèltistou AAD
(dhlad , 1

16
, 2

16
, 3

16
, kok), ìpwc faÐnetai sthn Eikìna 3.4. An prokÔyei k�poia

prìbleyh pou diafèrei apo tic prohgoÔmenec, tìte to domostoiqeÐo enhmer¸nei
ton kentrikì èlegqo ¸ste na akur¸sei tic upojetik¸c ektelesmènec entolèc.
Shmei¸netai ìti mia apotuqhmènh prìbleyh den kajustereÐ thn exètash thc
upoy fiac perioq c ki ìti to monadikì thc kìstoc afor� sthn epit�qunsh pou
ja prosèfere h upojetik  ektèlesh.

Telei¸nontac, anafèroume ìti ta parap�nw isqÔoun ki ìtan o kentrikìc
èlegqoc zht sei exètash perioq c me orizìntia   katakìrufh klasmatik 
metatìpish. Monadik  diafor� eÐnai ìti h eswterik  mhqan  katast�sewn
stèlnei sth mn mh 64 ait seic thc morf c (x.z, y)   (x, y.z), ìpou z ∈ {1

4
, 2

4
, 3

4
},

ki ìti ta 3/4 tou eswterikoÔ dèntrou ajroist¸n adranopoioÔntai.
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3.1.3 'Elegqoc mon�dac kai sÔnolo entol¸n

To domostoiqeÐo kentrikoÔ elègqou ekteleÐ treic leitourgÐec (Eikìna 3.1).
Pr¸ton, sullègei plhroforÐec sqetik� me ta anÔsmata kÐnhshc kai ta AAD
twn geitonik¸n tou trèqontoc plakidÐwn gia tic an�gkec twn prohgmènwn al-
gorÐjmwn tairi�smatoc perioq¸n (an prìkeitai na ektelesteÐ k�poioc tètoioc).
DeÔteron, ulopoieÐ ton algìrijmo tairi�smatoc. TrÐton, ekteleÐ tic qeirayÐec
ènarxhc/termatismoÔ me ton xènio kwdikopoiht  ki apostèllei seiriak� s mata
ekkÐnhshc stic ex c diergasÐec thc EK: sullog  plhrofori¸n (mhqan  kata-
st�sewn), ananèwsh dedomènwn thc topik c mn mhc (mhqan  katast�sewn), ki
ektèlesh entol¸n algorÐjmou. H diergasÐa sullog c plhrofori¸n sunÐstatai
se mia apl  seir� ait sewn sth mn mh tou xèniou kwdikopoiht  mèsw ei-
dik¸n diepaf¸n, kaj¸c kai sthn apoj keush twn anakthjèntwn arijm¸n se
eswterikoÔc kataqwrhtèc gia th metèpeita dunatìthta �meshc kai mazik c
epexergasÐac touc. H ananèwsh twn eikonostoiqeÐwn sunteleÐtai sthn topik 
mn mh ìpwc èqoume  dh perigr�yei. H shmantikìterh apì tic leitourgÐec tou
domostoiqeÐou eÐnai h apokwdikopoÐhsh ki ektèlesh tou algorÐjmou.

H arqitektonik  tou proteinìmenou efarmogoeÐdiou epexergast  akoloujeÐ
th logik  me thn opoÐa anaptÔssetai h pleioyhfÐa twn euretik¸n algorÐjmwn
tairi�smatoc perioq¸n. Pio sugkekrimèna, parathroÔme ìti autoÐ oi algìrijmoi
anaptÔssontai anadromik�: se k�je b ma brÐskoun èna ikanopoihtikì taÐriasma
ètsi, ¸ste sto epìmeno b ma na prospaj soun na to belti¸soun exet�zontac
k�poiec kontinèc se autì jèseic. Mia tètoia exètash an�getai ston upo-
logismì thc metrik c omoiìthtac thc upoy fiac jèshc (ed¸ to AAD), en¸
oi apof�seic basÐzontai stic sugkrÐseic twn upologismènwn metrik¸n tìso
metaxÔ touc, ìso kai me th bèltisth metrik  pou anakalÔfjhke sto pro-
hgoÔmeno b ma. Oi algìrijmoi diaforopoioÔntai, kurÐwc, wc proc tic sqetikèc
jèseic twn kontin¸n upoyhfÐwn (to motÐbo yaxÐmatoc), kaj¸c kai wc proc touc
elègqouc/apof�seic pou èpontai twn sugkrÐsewn twn metrik¸n.

H Eikìna 3.5 sunoyÐzei thn arqitektonik  tou epexergast  deÐqnontac
th mn mh entol¸n, ton apokwdikopoiht , kai touc basikoÔc kataqwrhtèc, oi
opoÐoi antikatoptrÐzoun thn proanaferjeÐsa logik . Oi en lìgw kataqwrhtèc
perièqoun deÐktec (x, y) ep�nw sthn perioq  anaz thshc gia thn proswrin 
apomnhmìneush shmantik¸n perioq¸n: o current position deÐqnei sto bèltisto
taÐriasma pou èqei anakalufjeÐ èwc to trèqon b ma thc anadrom c (dhlad ,
sto apotèlesma tou prohgoÔmenou b matoc), o best move deÐqnei sto bèltisto
taÐriasma pou èqei anakalÔfjeÐ èwc ton trèqonta kÔklo tou trèqontoc anadro-
mikoÔ b matoc (sqetik  jèsh entìc tou motÐbou yaxÐmatoc), en¸ o RxRy



Kef�laio 3: Mon�da EktÐmhshc KÐnhshc 56

current_position

best_move

Rx,Ry  

+

+

CMP
κ
ύ
κ
λ
ω

μ
α

 1

take 
branch

"1"

σημαίες

τελεσταίοι

offset

PC

Αποκωδι- 
κοποιητής

Εκτέλση
Εντολών

Μνήμη 
Εντολών

προηγμένες λειτουργίες

κ
ύ
κ
λ
ω

μ
α

 2

κ
ύ
κ
λ
ω

μ
α

 3

κ
ύ
κ
λ
ω

μ
α

 4

c
h
e
c
k

 

(x,y)

αίτηση

+

Eikìna 3.5: Arqitektonik  tou efarmogoeÐdiou epexergast .

perièqei th sqetik  jèsh thc upoy fiac perioq c pou prìkeitai na exetasteÐ
�mesa: h jèsh (Rx, Ry) prostÐjetai sth jèsh current position, ¸ste na sqh-
matisteÐ èna apìluto di�nusma pou ja odhghjeÐ wc aÐthsh sto domostoiqeÐo
sÔgkrishc perioq¸n. Ta dedomèna tou RxRy anane¸nontai me telestèouc
apì th mn mh entol¸n, h opoÐa emmèswc perièqei to motÐbo yaxÐmatoc. Ta de-
domèna tou best move antikajÐstantai me aut� tou RxRy ìtan apì thn exètash
thc upoy fiac perioq c (Rx, Ry) prokÔyei mikrìtero AAD apì to èwc tìte
bèltisto (tìte, h nèa tim  AAD antikajist� thn palai� ston kataqwrht 
best sad). Sto tèloc tou algorijmikoÔ b matoc (thc exètashc tou motÐbou), ta
perieqìmena tou best move prostÐjentai se aut� tou current position ¸ste na
sqhmatisteÐ h apìluth jèsh tou anakalufjèntoc tairi�smatoc, na ananewjeÐ
o current position, kai na proqwr soume sto epìmeno anadromikì b ma.

H Eikìna 3.5 deÐqnei epiplèon mia seir� apì anex�rthta kukl¸mata, k�je
èna apì ta opoÐa mporeÐ na paraleifjeÐ kat� thn topojèthsh thc mon�dac EK
sto ulismikì (gia lìgouc oikonomÐac). K�je tètoio kÔklwma ekteleÐ mia sug-
kekrimènh sÔnjeth entol  gia logariasmì k�poiou prohgmènou algorÐjmou,
h opoÐa sqetÐzetai me touc epiprìsjetouc elègqouc tou kai leitourgeÐ epi-
kourik� sthn logik  pou perigr�yame sthn prohgoÔmenh par�grafo. H eÐsodìc
touc afor�, sun jwc, se plhroforÐec pou sqetÐzontai me ta geitonik� plakÐ-
dia (anÔsmata ki AAD), en¸ h èxodìc touc ephre�zei ta perieqìmena tou
katametrht  entol¸n. Genikìtera, kat� th sun jh praktik  twn algorÐjmwn,
o katametrht c entol¸n ephre�zetai sto tèloc k�je algorijmikoÔ b matoc
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15 14 13 12 11 10 9 8 7 6 5 4 3 2 1 0
INIT Sx Sy

SAD Rx Ry

CMP Cx Cy

CMPSP extop �
JUMPC extop offset
MBACT L1 L2

FIXTHR �
PREDMV �
TSTOP f threshold

SUBPIXEL q �
UPDATE �

END �

PÐnakac 3.1: SÔnolo entol¸n tou efarmogoeÐdiou epexergast 

met� apì sÔgkrish thc plèon tairiast c jèshc pou brèjhke p�nw sto motÐbo
yaxÐmatoc (tim  best move, pou antigr�fetai ston kataqwrht  check gia èleg-
qo), me k�poion telestèo pou orÐzei o programmatist c (analìgwc, prostÐjetai
ston katametrht  k�poioc telestèoc-metatìpish). H dunatìthta aut  epitrèpei
allagèc sthn seir� ektèleshc tou progr�mmatoc, dhlad , epitrèpei ton èlegqo
thc poreÐac tou algorÐjmou mèsa sthn perioq  anaz thshc3.

H mn mh entol¸n perièqei èna   perissìtera progr�mmata, sqetik� mikr� se
mègejoc (50-150 entolèc), ta opoÐa perigr�foun touc algorÐjmouc tairi�sma-
toc. O xènioc kwdikopoiht c mporeÐ na epilèxei diaforetikì prìgramma gia
k�je trèqon plakÐdio arqikopoi¸ntac ton katametrht  entol¸n. 'Ena prìgram-
ma apartÐzetai apì efarmogoeÐdiec entolèc pou sqedi�same met� apì th melèth
twn koin¸n qarakthristik¸n kai twn apait sewn enìc pl jouc euretik¸n al-
gorÐjmwn. To proteinìmeno sÔnolo entol¸n paratÐjetai ston PÐnaka 3.1. Oi
entolèc èqoun pl�toc 16 difÔwn, me ta pr¸ta 4 na apartÐzoun ton kwdikì
thc entol c (opcode) kai ta epìmena 12 na perièqoun touc telestèouc thc
(operands). Oi plèon aparaÐthtec apì tic 12 entolèc eÐnai oi: SAD (exètash
upoyhfÐou), CMP kai JUMPC (èlegqoc poreÐac algorÐjmou), kai UPDATE
(orismìc tèlouc enìc algorijmikoÔ b matoc � ananèwsh kataqwrht¸n). Me

3επιπροσθέτως, επιτρέπει την αποφυγή επανεξέτασης υποψηφίων (σπατάλη χρόνου)
προσαρμόζοντας το αναδρομικό βήμα στις θέσεις που ακολουθούν τη φορά κίνησης του
μοτίβου. Εναλλακτικά, τοποθετούμε εσωτερική μνήμη για τις εξετασθείσες θέσεις (bitmap).
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tic 4 autèc entolèc mporoÔme na elègxoume ton kormì thc arqitektonik c thc
Eikìnac 3.5 kai na ulopoi soume opoiond pote aplì algìrijmo anaz thshc,
gnwstì   nèo. Epiprosjètwc, proteÐnontai entolèc gia pio exeidikeumènec lei-
tourgÐec kai prohgmènouc algìrijmouc. ExhgoÔme analutikìtera:

•. INIT : arqikopoieÐ thn anaz thsh sth jèsh current position= (Sx, Sy).
•. SAD : orÐzei th sqetik  jèsh miac upoy fiac perioq c, (Rx, Ry), kai ei-
dopoieÐ to sugkrit  perioq¸n gia thn exètas  thc (upologÐzei to AAD thc).
Epiprosjètwc, uposthrÐzei periorismèno arijmì telestèwn-kwdikolèxewn pou
shmatodotoÔn thn eswterik  antikat�stash twn tim¸n Rx kai Ry me k�poio
apì ta dianÔsmata kÐnhshc twn geitonik¸n plakidÐwn (arister�, p�nw, arister�-
p�nw, dexi�-p�nw, kai mèsoc ìroc) kai thn topojèths  tou ston RxRy.
•. CMP : SugkrÐnei to di�nusma tou kataqwrht  check me to di�nusma (Cx, Cy)
kai se perÐptwsh isìthtac dÐnei tim  se mia eswterik  shmaÐa elègqou (flag),
h opoÐa kajorÐzei th sumperifor� thc entol c JUMPC pou akoloujeÐ.
•. CMPSP : ekteleÐ eidikoÔc, sÔnjetouc, elègqouc pou qrhsimeÔoun se pro-
hgmènouc algorÐjmouc4. O telestèoc extop sugkekrimenopoieÐ to eÐdoc tou
elègqou, kaj¸c kai th shmaÐa elègqou pou ja p�rei tim  apì autìn.
•. JUMPC : an�loga me to apotèlesma tou elègqou pou prohg jhke (apì
CMP   CMPSP) prostÐjetai o telestèoc offset ston katametrht  entol¸n,
¸ste na oloklhrwjeÐ èna sunjhkotagèc �lma (conditional jump). O telestèoc
extop kajorÐzei th shmaÐa elègqou pou exet�zetai gia thn ektèlesh tou �lmatoc
(0: asunjhkotagèc �lma, 1: shmaÐa thc CMP, 2-3: shmaÐec thc CMPSP).
•. MBACT : sÔnjeth entol  tou prohgmènou algorÐjmou MVFAST, upo-
logÐzei thn kinhtikìthta tou plakidÐou. Oi telestèoi L1 kai L2 orÐzoun timèc
(eidik� kat¸flia) gia ton upologismì, en¸ to apotèlesma gr�fetai ston kata-
qwrht  check prokeimènou na elegqjeÐ apì ton programmatist  (mèsw CMP).
•. FIXTHR: ekteleÐ mia seir� apì b mata arqikopoÐhshc gia ton prohgmèno
algìrijmo PMVFAST kai apojhkeÔei ta apotelèsmata se apokleistikoÔc
kataqwrhtèc gia qr sh sth sunèqeia tou progr�mmatoc (p.q., mèsw CMPSP).
•. PRDMV : sÔnjeth entol , upologÐzei to mèso ìro twn geitonik¸n dianusm�-
twn kÐnhshc gia ton prosdiorismì nèac upoy fiac perioq c (p.q., PMVFAST).
•. TSTOP : termatismìc tou algorÐjmou an to AAD tou bèltistou tairi�sma-
toc pou èqei epiteuqjeÐ èwc tìte eÐnai mikrìtero tou telestèou threshold. To
f orÐzei to apotèlesma thc FIXTHR wc kat¸fli gia ton elègqo termatismoÔ.
•. SUBPIXEL: me diadikasÐa parembol c exet�zontai 4 jèseic gÔrw apì th
current position se apìstash 1/2 (orizìntiac kai katakìrufhc metatìpishc).

4π.χ., έλεγχος αν τα γειτονικά πλακίδια εμφανίζουν ίσα διανύσματα κίνησης (PMVFAST).
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'Otan q = 1 ekteleÐtai ki èna epiprìsjeto anadromikì b ma gia na exetastoÔn
duo jèseic se apìstash 1/4 dÐpla apì to apotèlesma tou pr¸tou b matoc.
•. UPDATE : entol  pou shmatodoteÐ to tèloc enìc algorijmikoÔ b matoc. H
tim  tou best move susswreÔetai se aut  tou current position kai, tautìqrona,
prowjeÐtai ston check gia tuqìn èlegqo apì th CMP (gia kajorismì poreÐac).
•. END : termatismìc leitourgÐac algorÐjmou kai pro¸jhsh twn dedomènwn
twn kataqwrht¸n current position kai best sad ston xènio kwdikopoiht  wc
di�nusma kÐnhshc kai metrik  omoiìthtac, antÐstoiqa, gia to trèqon plakÐdio.

H di�rkeia ektèleshc twn parap�nw entol¸n5 eÐnai 1 kÔkloc rologioÔ
(sun ènan gia an�kthsh apì th mn mh), ektìc apì thn entol  SAD , h opoÐa
ekkineÐ to sugkrit  perioq¸n kai eÐnai dunatìn na diarkèsei èwc 22 kÔklouc
(lìgw tou qrìnou s�rwshc thc upoy fiac perioq c, kaj¸c kai tou b�jouc thc
swl nwshc an�mesa sthn topik  mn mh kai sto susswreut  AAD). Prokeimè-
nou na apofÔgoume mia tìso meg�lh kajustèrhsh sthn apokwdikopoÐhsh
tou progr�mmatoc, proteÐnoume th qr sh miac eidik c teqnik c gia upojetik 
ektèlesh entol¸n. Piì sugkekrimèna, apì ta pr¸ta kiìlac eikonostoiqeÐa
pou lamb�nei, o sugkrit c perioq¸n k�nei prìbleyh gia to an h trèqousa
upoy fia perioq  ja apodeiqteÐ kalÔterh apì to bèltisto taÐriasma pou èqei
èwc t¸ra anakalufjeÐ (sel. 54). Akolouj¸ntac aut  thn prìbleyh, o ke-
ntrikìc èlegqoc anane¸nei amèswc ta dedomèna tou kataqwrht  best move kai
proqwr� sthn ektèlesh twn epìmenwn entol¸n par�llhla me th suss¸reush
pou sunteleÐtai sto sugkrit  perioq¸n. H teqnik  aut  basÐzetai sth genik 
parat rhsh ìti eÐnai perissìterec oi kin seic twn algorÐjmwn pou exart¸ntai
apì ta perieqìmena tou best move kai polÔ ligìterec ekeÐnec pou exart¸ntai
apì th tim  best sad (pou anane¸netai mìno sto tèloc thc exètashc). H upo-
jetik  ektèlesh suneqÐzetai mèqri thn apokwdikopoÐhsh miac nèac entol c
SAD6, h opoÐa ofeÐlei na anamènei ton termatismì tou kateilhmmènou sugkrit 
perioq¸n. To kèrdoc thc teqnik c eÐnai h proetoimasÐa tou epìmenou upo-
yhfÐou ètsi, ¸ste ta pr¸ta eikonostoiqeÐa tou na eisèljoun sto sugkrit  pe-
rioq¸n amèswc met� ta teleutaÐa tou prohgoÔmenou upoyhfÐou, odhg¸ntac thn
ekmet�lleush thc swlhnwt c epexergasÐac dedomènwn (datapath) sqedìn sto
100%. An k�poia apì tic problèyeic tou sugkrit  perioq¸n apodeiqjeÐ lan-

5η εντολή SUBPIXEL δε συγκρίνεται με τις υπόλοιπες, καθώς αποτελεί στην πραγμα-
τικότητα ολόκληρη υπορουτίνα: ενεργοποιεί μια αποκλειστική μηχανή καταστάσεων και βάζει
τη μονάδα ΕΚ σε λειτουργία υποεικονοστοιχείων. Καλείται –μια μοναδική φορά– μετά το
τέλος του αλγορίθμου ακέραιας αναζήτησης και καταναλώνει έως 64 × 4 + 64 × 2 κύκλους.

6ή κάποιας εντολής που εξερτάται από την ακριβή τιμή του βέλτιστου ΑΑΔ, π.χ. TSTOP
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jasmènh (sto tèloc   kat� th di�rkeia thc suss¸reushc), tìte ekteleÐtai mia
epanafor� (rollback) tou epexergast  sthn kat�stash pou brèjhke amèswc
met� th teleutaÐa ekkÐnhsh tou sugkrit  perioq¸n (teleutaÐa SAD). Gia to
skopì autì apojhkeÔoume proswrin� se kataqwrhtèc tic timèc twn RxRy,
current position, best move kai program counter. Shmei¸netai ìti h en lìgw
diaqeÐrish (exception handling) den ephre�zei th leitourgÐa tou sugkrit  (den
ton epanekkineÐ) kai den kajustereÐ thn pragmatik  ektèlesh entol¸n.

3.2 An�ptuxh se ulismikì

H proteinìmenh mon�da EK anaptÔqjhke se ulismikì me stìqo thn axiolìghsh
tou kìstouc kai twn epidìsewn leitourgÐac thc, kaj¸c kai th sÔgkris  thc me
�llec lÔseic thc bibliografÐac. Gia thn prwtotupopoÐhs  thc qrhsimopoi same
diat�xeic programmatizìmenwn oloklhrwmènwn kuklwm�twn (FPGA), kai sug-
kekrimèna, th suskeu  Xilinx Virtex-II Pro 40 [62].

To kìstoc thc topojèthshc thc mon�dac sthn en lìgw suskeu  FPGA
anèrqetai se 2, 127 slices (dhlad  sto 11% tou tsip),   46K isodÔnamec pÔlec,
kai se 11 mplok mn mhc (BRAM). H mègisth suqnìthta leitourgÐac thc eÐnai ta
50 MHz. Pio analutik�, o PÐnakac 3.2 moir�zei to kìstoc sta 3 domostoiqeÐa7.

DomostoiqeÐo Slices Mn mh (bits)

topik  mn mh 1,123 20,480
sugkrit c 312 �
èlegqoc 692 2,336

sÔnolo 2,127 22,816

PÐnakac 3.2: Kìstoc ulopoÐhshc an�
domostoiqeÐo (se pìrouc tou FPGA).

Diamìrfwsh Slices

pl rhc EK 2,127 �

aploÐ algìrij. 1,724 -19 %
aa +{MVFAST} 1,896 -11 %
aa +{PMVFAST} 2,057 -4 %
EK − SUBPIXEL 1,837 -14 %

PÐnakac 3.3: Kìstoc upost rixhc
merik¸n algorijmik¸n leitourgi¸n

H proteinìmenh arqitektonik  epitrèpei sugkekrimènec epanadiarjr¸seic
thc mon�doc kat� thn topojèths  thc, ¸ste na eÐnai dunat  mia akribèsterh
prosarmog  stic apait seic thc ek�stote efarmog c. H epanadi�rjrwsh afor�
se prìsjesh/afaÐresh algorijmik¸n dunatot twn apì th mon�da,   alli¸c, se

7τα συγκεκριμένα αποτελέσματα προκύπτουν για περιοχή αναζήτησης 48×48 και συμπερι-
λαμβάνουν μνήμη ROM με τον αλγόριθμο PMVFAST (προσμετράται στον κεντρικό έλεγχο).
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prìsjesh/afaÐresh entol¸n (bl. eidik� kukl¸mata, Eikìna 3.5, kai fÐltra yh-
fiak c parembol c). Fusik�, oi paremb�seic autèc metafr�zontai se antÐstoiqh
aÔxhsh/meÐwsh tou kìstouc ulopoÐhshc. Ston PÐnaka 3.3 paratÐjetai to
kìstoc ulopoÐhshc k�poiwn endeiktik¸n diamorf¸sewn thc mon�doc EK kai to
antÐstoiqo posostì pìrwn pou autèc exoikonomoÔn: o periorismìc se aploÔc
algorÐjmouc anaz thshc mei¸nei to kìstoc kat� 19%, en¸ o periorismìc se
akèraia anaz thsh to mei¸nei kat� 14%. EpÐshc, ìpwc anamèname, h upo-
st rixh twn prohgmènwn algorÐjmwn prosjètei shmantikì kìstoc8.

3.2.1 LeitourgÐa

Gia ton èlegqo thc leitourgÐac thc, enswmat¸noume th mon�da EK se ulis-
mikì sumpiest  eikonoro¸n pou akoloujeÐ to prìtupo H.264/AVC9. Wc melèth
perÐptwshc, programmatÐzoume ki ekteloÔme anex�rthta treic qarakthristikoÔc
algorÐjmouc (touc Diamond, MVFAST, kai PMVFAST) gia thn epexergasÐa
tess�rwn gnwst¸n dokimastik¸n bÐnteo an�lushc 352× 288 eikonostoiqeÐwn
(CIF: foreman, highway, coastguard, mobile).

Ta apotelèsmata twn metr sewn faÐnontai sthn Eikìna 3.6. Arister�,
apeikonÐzontai oi kampÔlec poiìthtac-difuorujmoÔ, PSNR-bitrate, thc sum-
piesmènhc ro c, oi opoÐec prokÔptoun apì th metabol  tou par�gonta kb�ntishc
kat� tic epanalambanìmenec ektelèseic tou peir�matoc. Katagr�foume mia
kampÔlh gia k�je algìrijmo kai tic omadopoioÔme se duo parast�seic (p�nw
kai k�tw p�nel) pou aforoÔn se duo diaforetik� bÐnteo. H sunolik  lei-
tourgÐa tou sust matoc (kwdikopoÐhsh/apokwdikopoÐhsh) krÐnetai epituq c
kai, ìpwc anamenìtan apì ta apotelèsmata thc bibliografÐac, plèon poiotikìc
algìrijmoc apodeiknÔetai o PMVFAST. M�lista, h diafor� tou apì touc
upìloipouc megal¸nei sthn eikonoro  �mobile�, ìpou sunant�me saf¸c me-
galÔterh (kai duskolìtera aniqneÔsimh) kinhtikìthta twn plakidÐwn.

Dexi� sthn Eikìna 3.6 apeikonÐzetai èna mètro gia thn prosèggish thc
poiìthtac tou tairi�smatoc pou epitugq�nei k�je algìrijmoc se sun�rthsh
me to qrìno pou autìc èqei sth di�jes  tou. Sugkekrimèna, orÐzoume qronikì

8σε ορισμένες περιπτώσεις, π.χ., MVFAST και PMVFAST, τα επί μέρους σύνολα των
προηγμένων εντολών που απαιτούνται δεν είναι ξένα μεταξύ τους (το κόστος μοιράζεται).

9ο συμπιεστής χρησιμοποιεί κωδικοποίηση εντροπίας CAVLC, χωρική πρόβελψη Intra με
μπλοκ 16× 16 εικονοστοιχείων, μετασχηματισμό και κβαντιστή 52 στάθμεων. Η πρωτότυπη
πλακέτα αποτελείται από δυο FPGAs (XCV2P40 και XC2S150), SDRAM 16MB, SRAM
512KB, κάμερα, και διεπαφές για επικοινωνία με PC. Λειτουργεί στα 50 MHz και προσφέρει
επεξεργασία πραγματικού χρόνου στα 30 fps με ανάλυση 1024 × 768 εικονοστοιχεία [63].
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Eikìna 3.6: Qr sh mon�doc sto H.264/AVC. Arister�, kampÔlh poiìthtac-
difuorujmoÔ (3 algìrijmoi). Dexi�, beltÐwsh tairi�smatoc me p�rodo qrìnou.

par�juro gia th leitourgÐa tou algorÐjmou10 met� to pèrac tou opoÐou, ane-
x�rthta apì to an h anaz thsh èqei termatÐsei, h mon�da EK dhl¸nei wc
apotèlesma to bèltisto taÐriasma pou èqei anakalufjeÐ wc ekeÐnh th stigm 
(dhlad , to current position+best move). Fusik�, ìso kalÔtero eÐnai to
taÐriasma, tìso megalÔterh sumpÐesh ja epitÔqei to upìloipo sÔsthma, �ra
tìso mikrìtero difuorujmì ja parathroÔme sthn èxodì tou. Krat¸ntac
stajerì to par�gonta kb�ntishc, metab�loume to m koc tou parajÔrou ki
epanalamb�noume th diadikasÐa sumpÐeshc qrhsimopoi¸ntac touc treic algorÐ-
jmouc se duo diaforetik� bÐnteo (p�nw kai k�tw p�nel, Eikìna 3.6, dexi�). Ta
apotelèsmata deÐqnoun ìti me th p�rodo tou qrìnou oi algìrijmoi belti¸noun
shmantik� ta tairi�smata twn plakidÐwn kai fj�noun se èna shmeÐo �koresmoÔ�,
ìpou h peraitèrw leitourgÐa touc den prosfèrei k�ti ousiastikì sto sÔsthma
(h pleioyhfÐa twn anazht sewn èqei termatÐsei). Se autì to shmeÐo fj�nei
pr¸toc o PMVFAST (anamenìmeno), o opoÐoc ex�llou odhgeÐ kai sto mikrìtero

10για τεχνικούς λόγους που σχετίζονται με τη λειτουργία ολόκληρου του κωδικοποιητή, τα
χρονικά παράθυρα που χρησιμοποιούνται για την Εικόνα 3.6 συμπεριλαμβάνουν έναν –σχεδόν
σταθερό– αριθμό από κύκλους ρολογιού που σχετίζονται με την αντιστάθμιση κίνησης (μετά
την εκτίμηση), τη προώθηση του μπλοκ-πρόβλεψη, το συντονισμό των μηχανών Inter/Intra.
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difuorujmì sthn èxodo tou sumpiest  (�ra par�gei kalÔtera tairi�smata,
sumpèrasma sunepèc me ta apotelèsmata tou prohgoÔmenou peir�matoc). Pa-
rathroÔme ìti sthn arq  tou qrìnou leitourgÐac oi prohgmènoi algìrijmoi
odhgoÔn se qeirìtera apotelèsmata apì touc aploÔc, exaitÐac thc sullog c
plhrofori¸n kai twn bhm�twn arqikopoÐhshc pou ekteloÔn, diadikasÐec pou
kajusteroÔn tic ousiastikèc sugkrÐseic perioq¸n kai ta pragmatik� tairi�-
smata (èpeita, bèbaia, sugklÐnoun polÔ gr gora sto telikì apotèlesma).

3.2.2 Axiolìghsh

Prokeimènou na axiolog soume th proteinìmenh mon�da EK sugkrÐnoume ta
apotelèsmata thc ulopoÐhs c thc me ta antÐstoiqa �llwn arqitektonik¸n thc
bibliografÐac, programmatizìmenwn   mh.

H programmatizìmenh mon�da pou parousi�zetai sthn ergasÐa [34] katana-
l¸nei parìmoio arijmì apì pìrouc tou FPGA (2, 052 slices), ìmwc, prosfèrei
polÔ qamhlìtero bajmì diekperaiwtikìthtac: h mon�da mac uposthrÐzei epe-
xergasÐa bÐnteo an�lushc 1, 024 × 768 sta 30 fps, en¸ h [34] uposthrÐzei
epexergasÐa pragmatikoÔ qrìnou mìno gia bÐnteo qamhl c an�lushc (CIF).
Epiprosjètwc, den diajètei yhfiak  parembol  kai h perioq  anaz ths c thc
eÐnai mono 32 × 32 eikonostoiqeÐa. Oi basikoÐ lìgoi gia touc opoÐouc h pro-
teinìmenh mon�da EK emfanÐzei tìso megalÔterh diekperaiwtikìthta eÐnai h
mèjodoc parallhlopoÐhshc pou efarmìsame sto sugkrit  perioq¸n, h pro-
teinìmenh teqnik  thc upojetik c ektèleshc twn entol¸n, kaj¸c kai h apodo-
tikìthta tou efarmogoeÐdiou sunìlou entol¸n pou sqedi�same.

Sqetik� me to sÔnolo entol¸n, parathroÔme ìti sthn ergasÐa [34] ulopoi-
oÔntai pio euèliktec entolèc, oi opoÐec parèqoun th dunatìthta programma-
tismoÔ genikìterwn algorÐjmwn (Ðswc kai pèran tou tairi�smatoc perioq¸n).
To kìstoc thc uiojèthshc mikr¸n, sqedìn aneidÐkeutwn entol¸n, eÐnai h aÔxhsh
twn kÔklwn met�klhshc-apokwdikopoÐhshc (fetch-decode) akìma kai gia lei-
tourgÐec pou kajÐstantai tetrimmènec sta plaÐsia tou tairi�smatoc perioq¸n.
Prokeimènou na posotikopoi soume thn en lìgw diafor� an�mesa sto euèlikto
sÔnolo mikr¸n entol¸n kai sto efarmogoeÐdio sÔnolo twn pio sÔnjetwn en-
tol¸n mac, parajètoume ta apotelèsmata tou PÐnaka 3.4. SugkrÐnoume 3
diaforetikoÔc algorÐjmouc anaz thshc (Four Step, Diamond, kai MVFAST)
programmatismènouc se 3 diaforetikèc arqitektonikèc (epexergast  genik c
qr shc 32-bit GPP x86, arqitektonik  [34], kai proteinìmenh) wc proc to
mègejoc tou progr�mmatoc kai wc proc ton arijmì twn kÔklwn pou diarkeÐ
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Arqitekton. Four Step Diamond MVFAST
set entol¸n Mègejoc KÔkloi Mègejoc KÔkloi Mègejoc KÔkloi

GPP 1,793 87,219 1,670 73,332 2,493 45,870
Dias et al. [34] 365 5,248 460 4,352 744 2,944
Proteinìmenh 88 722 84 660 135 511

PÐnakac 3.4: Mègejoc progr�mmatoc kai kÔkloi ektèleshc (an� plakÐdio) gia
diaforetikoÔc algorÐjmouc anaz thshc kai gia diaforetikèc arqitektonikèc.

h ektèles  tou11. 'Opwc gÐnetai fanerì, oi kÔkloi thc proteinìmenhc ar-
qitektonik c eÐnai polÔ ligìteroi apì touc upìloipouc (kai gia touc treic
algorÐjmouc). Fusik�, autì metafr�zetai se polÔ ligìtero qrìno ektèleshc
(akìma ki an l�boume upìyh thn uyhlìterh suqnìthta leitourgÐac tou GPP).

EpÐshc lìgw tou apodotikìterou sunìlou entol¸n, h proteinìmenh ar-
qitektonik  emfanÐzei grhgorìtera apotelèsmata apì th [37], h opoÐa k�nei
qr sh epexergast  RISC kai domostoiqeÐwn megalÔterou kìstouc apì aut�
pou perigr�yame sth paroÔsa ergasÐa. Sth lÔsh me epexergast  VLIW
[36] katagr�fetai polÔ megalÔterh katan�lwsh pìrwn (9,000 FPGA slices) me
parìmoio lìgo diekperaiwtikìthtac/kìstouc, all� exet�zontai polÔ ligìterec
upoy fiec jèseic (tairi�smata qamhlìterhc poiìthtac) me topik  mn mh pou
emfanÐzei polÔ megalÔterh upoekmet�lleush. H VLSI lÔsh me epexergast 
DSP [43] apaiteÐ 8mm2 me diadikasÐa 0.09mm (mia endeiktik  ulopoÐhsh thc
proteinìmenhc mon�dac EK se VLSI apaiteÐ perÐpou 1mm2 sta 0.18mm).

Akìma kai se sÔgkrish me mh programmatizìmenec lÔseic, h proteinìmenh
eÐnai dunatìn na emfanÐsei sqetik  oikonomÐa pìrwn: p.q., se sÔgkrish me
thn ulopoÐhsh tou euretikoÔ algorÐjmou FOSS [32]. Fusik�, h oikonomÐa
aut  gÐnetai p�ra polÔ emfan c ìtan sugkrÐnoume me ulopoi seic tou al-
gorÐjmou pl rouc anaz thshc, p.q. [22] [24], pou bèbaia prosfèroun apo-
telèsmata polÔ kalÔterhc poiìthtac (anamenìmeno tradeoff). Oi sugkrÐseic
mporoÔn na proqwr soun kai se epÐpedo domostoiqeÐwn, ìpou p.q., o pro-
teinìmenoc sugkrit c perioq¸n, lìgw twn meiwmènwn kuklwm�twn ABS kai
thc swl nwshc me apokleistikoÔc pìrouc tou FPGA (ajroist¸n/afairet¸n),
emfanÐzei kalÔterec epidìseic apì exeidikeumènec kataskeuèc me ajroistèc
fÔlaxhc kratoumènou [64].

11οι κύκλοι του GPP μετρήθηκαν με εργαλεία κατατομής (profiling tools), ενώ οι κύκλοι
στην προτεινόμενη αρχιτεκτονική προσεγγίζονται μέσω της χρήσης παραθύρου λειτουργίας
για ολόκληρη τη μηχανή Inter μέσα στο συμπιεστή [63] (βλ. προηγούμενη υποενότητα).



Kef�laio 4

Org�nwsh Par�llhlhc
Mn mhc

Me stìqo thn upost rixh efarmog¸n grafik¸n, h paroÔsa didaktorik  dia-
trib  proteÐnei mia org�nwsh thc mn mhc me b�sh ton idanikì arijmì trapez¸n,
B = E, gia opoiond pote akèraio E (to E sumbolÐzei to pl joc twn eikono-
stoiqeÐwn pou mporoÔme na anakt soume se ènan kÔklo). H lÔsh epitrèpei
thn apofug  �dÔskolwn� arijm¸n �idÐwc twn pr¸twn� kat� thn ulopoÐhsh.
Peraitèrw, parak�mptei th qr sh perÐsseiac trapez¸n suneisfèrontac ètsi
sth sqedÐash apodotik¸n arqitektonik¸n.

Se antÐjesh me tic upìloipec lÔseic thc bibliografÐac, ed¸ k�noume mia
epiprìsjeth parat rhsh gia th leitourgÐa twn algorÐjmwn epexergasÐac gra-
fik¸n, thn opoÐa qrhsimopoioÔme èpeita wc upìjesh gia thn org�nwsh thc
mn mhc. 'Opwc perigr�fhke sthn enìthta 1.2, oi algìrijmoi zhtoÔn sÔnola
eikonostoiqeÐwn apì opoiad pote jèsh sthn eikìna (aperiìristh prìsbash
kat� grammèc, st lec, orjog¸nia). Se aut  thn apaÐthsh-periorismì arkeÐtai
èwc s mera h bibliografÐa. Oi organ¸seic pou prokÔptoun apì aut  th
monadik  upìjesh èqoun th dunatìthta exuphrèthshc opoiasd pote akoloujÐac
ait sewn, akìma ki an oi jèseic touc ep�nw sthn eikìna emfanÐzoun entel¸c
tuqaÐa seir�. 'Omwc oi algìrijmoi �sthn suntriptik  touc pleioyhfÐa� den
k�noun entel¸c tuqaÐec ait seic, afoÔ akoloujoÔn k�poio �sqèdio� me b�sh
to opoÐo epexerg�zontai thn eikìna. Me �lla lìgia, oi jèseic twn diado-
qik¸n ait sewn emfanÐzoun k�poiou eÐdouc susqètish, h opoÐa kajist� sqedìn
aqreÐasth thn parap�nw genikeumènh ikanìthta.

Oi algìrijmoi epexerg�zontai thn eikìna kat� sunektikèc qwrik� perioqèc.
PolÔ sp�nia, an ìqi potè, metaphdoÔn apì jèsh se jèsh k�nontac diado-
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qikèc, apomakrusmènec, asusqètistec ait seic gia eikonostoiqeÐa. 'Allwste,
autìc eÐnai kai o lìgoc gia ton opoÐo ègine h arqik  upìjesh ìti qreiazìmaste
prìsbash kat� �sumpag � sq mata. Sthn ergasÐa mac epekteÐnoume aut n
thn eurèwc apodekt  upìjesh kai deqìmaste to gegonìc ìti h sugkekrimènh
sumperifor� twn algorÐjmwn parathreÐtai kai se megalÔterh klÐmaka apì aut 
tou enìc sq matoc. Dhlad , ta diadoqik� sÔnola-ait seic emfanÐzoun mia
topik  sugkèntrwsh p�nw sthn eikìna, èstw ki an o tìpoc autìc metakineÐtai
kat� th di�rkeia thc epexergasÐac. Merik� antiproswpeutik� paradeÐgmata
thc sugkekrimènhc sumperifor�c mporeÐ na sunant sei kaneÐc se disdi�statouc
metasqhmatismoÔc (p.q., Fourier), se yhfiak� fÐltra eikìnac, k.a. Akìma kai
ìtan h exèlixh tou algorÐjmou den eÐnai apolÔtwc problèyimh, eÐnai exairetik�
pijanì na emfanisteÐ k�poia susqètish stic diadoqikèc ait seic tou. Wc par�-
deigma anafèroume touc Gr gorouc Algìrijmouc Tairi�smatoc Perioq¸n (ek-
tÐmhshc kÐnhshc), oi opoÐoi all�zoun poreÐa p�nw sthn eikìna paÐrnontac
apof�seic pou exart¸ntai apì ta dedomèna twn prìsfatwn ait se¸n touc:
kat� thn aprìblepth poreÐa tou o algìrijmoc sqhmatÐzei mikrèc om�dec diado-
qik¸n ait sewn, k�je mia ek twn opoÐwn kalÔptei �anagkastik�� mia meg�lh
tetr�gwnh perioq  thc eikìnac, h opoÐa proorÐzetai gia sÔgkrish me to ek�-
stote plakÐdio (Macroblock) pou orÐzei h efarmog .

Me b�sh thn upìjesh twn susqetismènwn ait sewn, kataskeu�zoume pa-
r�llhlh mn mh pou epitrèpei thn diìrjwsh poll¸n sugkroÔsewn se sÔntomo
qronikì di�sthma. UpenjumÐzoume ìti oi sugkroÔseic eÐnai anapìfeuktec,
afoÔ stoqeÔoume se aperiìristh prìsbash kat� {grammèc,st lec,orjog¸nia}
qrhsimopoi¸ntac mìno B = E tr�pezec. 'Omwc, h kat�llhlh antistoÐqish
twn dedomènwn elatt¸nei thn pijanìthta sugkroÔsewn, kaj¸c kai ton qrìno
diìrjws c touc. 'Etsi, to qronikì epÐbaro kìstoc thc proteinìmenhc lÔshc
kajÐstatai protimìtero apì to ulikì epÐbaro kìstoc twn lÔsewn pou qrhsi-
mopoioÔn pr¸to   �llo megalÔtero arijmì trapez¸n. EpÐshc, apodeiknÔetai
ìti h nèa lÔsh odhgeÐ se pio apodotikèc arqitektonikèc (me mikrìterh upo-
ekmet�lleush) apì tic èwc s mera dhmosieumènec.

Sto shmeÐo autì prèpei na tonÐsoume ìti h nèa upìjesh pou eis�goume
leitourgeÐ epikourik� sthn palai�. Dhlad , h proteinìmenh org�nwsh mporeÐ
na efarmosteÐ kai qwrÐc tic susqetÐseic, prosfèrontac monadikèc dunatìthtec
prìsbashc apì mình thc. Wc ek toÔtou, qwrÐzoume thn parousÐas  thc se duo
kef�laia. Sto par¸n kef�laio exet�zoume th lÔsh sa na eprìkeito gia mia
akìma prìtash sth sten  bibliografik  prosèggish tou kefalaÐou 2, en¸ sto
epìmeno kef�laio perigr�foume tic prwtoporiakèc idiìthtec thc antistoÐqis c
mac kai to pwc autèc sundu�zontai me thn nèa upìjesh.
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4.1 Proteinìmenh lÔsh

H proteinìmenh org�nwsh thc par�llhlhc mn mhc, ìpwc kai oi progenèsterèc
thc, pragmat¸netai mèsa apì mia sun�rthsh antistoÐqishc eikonostoiqeÐwn
se tr�pezec. Prin apì thn par�jesh thc sun�rthshc kai tic apodeÐxeic twn
idiot twn thc, exhgoÔme thn orologÐa pou qrhsimopoieÐtai gia to skopì autì
sto upìloipo thc ergasÐac.

4.1.1 OrologÐa/shmeiografÐa

Efex c, h jèsh enìc eikonostoiqeÐou p�nw sthn eikìna ja dÐnetai me èna
di�nusma (x, y), ìpou x akèraioc pou shmei¸nei th st lh kai y akèraioc
pou shmei¸nei th gramm  tou stoiqeÐou (orizìntia kai k�jeth apìstash p�nw
sto epÐpedo). QwrÐc bl�bh thc genikìthtac, deqìmaste ìti to p�nw-arister�
stoiqeÐo thc eikìnac eÐnai to (0, 0) kai ìti ta x kai y aux�nontai kat� mon�dec
kaj¸c kinoÔmaste dexi� kai k�tw sthn eikìna, antÐstoiqa. 'Ena sÔnolo eikono-
stoiqeÐwn,   alli¸c èna sÔnolo-aÐthsh, ja kajorÐzetai apì to sq ma pou
qrhsimopoieÐtai gia thn prìsbash kai apì th jèsh tou ep�nw sthn eikìna.
Sumbibastik�, h jèsh aut  ja dÐnetai me èna di�nusma (x, y) pou prosdiorÐzei
to p�nw-arister� eikonostoiqeÐo tou ek�stote sq matoc.

JewroÔme ìti ìla ta sq mata prìsbashc èqoun thn Ðdia epif�neia (peri-
èqoun ton Ðdio arijmì stoiqeÐwn), o opoÐoc paragontopoieÐtai wc E = m ·n,
ìpou m kai n h orizìntia kai h k�jeth di�stash twn orjogwnÐwn sqhm�twn.
Genikìtera, ta basik� sq mata pou mac endiafèroun eÐnai ta legìmena sumpag ,
dhlad  h poikilÐa {gramm ,st lh,orjog¸nio}, kai ta legìmena arai� orjog¸nia.
'Ena araiì orjog¸nio apoteleÐtai apì èna plègma eikonostoiqeÐwn, ta opoÐa
apèqoun metaxÔ touc stajer , akèraih, apìstash s ep�nw sthn pragmatik 
eikìna (pio sugkekrimèna, to plègma èqei dianÔsmata b�shc ta (0, s) kai (s, 0)).
To plègma eÐnai peperasmèno ki apoteleÐtai apì m stoiqeÐa sthn orizìntia
dieÔjunsh kai n sthn katakìrufh; sunolik�, to araiì orjog¸nio èqei m ·n
stoiqeÐa. K�je araiì orjog¸nio sumbolÐzetai wc araiì-s, ìpou s h par�metrìc
tou. Emfan¸c, èna araiì-1 eÐnai èna sumpagèc orjog¸nio. H orologÐa mporeÐ
na genikeuteÐ gia na sumperil�bei ligìtero summetrik� arai� sq mata, ìpwc
to araiì-s1-s2, sto opoÐo èqoume apìstash metaxÔ twn eikonostoiqeÐwn kat�
s1 sthn orizìntia dieÔjunsh kai kat� s2 sthn katakìrufh. Sthn Eikìna 4.1
faÐnontai ta basik� sq mata prìsbashc gia E = m·n.

Stic majhmatikèc ekfr�seic pou akoloujoÔn to phlÐko thc akèraiac diaÐre-
shc tou arijmoÔ p me ton q ja gr�fetai wc bp

q
c, en¸ to upìloipo ja gr�fetai
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Eikìna 4.1: Basik� sq mata prìsbashc. Arister�: gramm , st lh, or-
jog¸nio (sumpag  sq mata). Dexi�: araiì-s.

wc (p) mod (q),   aploÔstera wc p mod q. 'Otan to upìloipo eÐnai mhdèn,
dhlad  ìtan o q diaireÐ ton p akrib¸c, ja gr�foume q|p. Tèloc, me Nt ja
sumbolÐzoume to sÔnolo twn t arqik¸n fusik¸n arijm¸n {0, 1, 2, . . . , t − 1}.

4.1.2 H sun�rthsh antistoÐqishc Φ(x, y)

'Opwc tonÐsame parap�nw, h proteinìmenh lÔsh qrhsimopoieÐ pl joc trapez¸n
Ðso me to pl joc twn eikonostoiqeÐwn sta opoÐa epijumoÔme na èqoume �mesh
prìsbash, dhlad  B = E = mn. H antistoÐqish pou efarmìzoume prokÔptei
apì th sÔnjesh duo grammik¸n lox¸sewn. Eidikìtera, h eikìna qwrÐzetai
se katakìrufec lwrÐdec p�qouc m sthl¸n. Mèsa se k�je lwrÐda oi st lec
upìkeintai se grammik  lìxwsh kat� n. Epiprìsjeta, oi lwrÐdec p�qouc m
upìkeintai se grammik  lìxwsh metaxÔ touc kat� to el�qisto, dhlad  kat�
1. To apotèlesma thc sÔnjeshc aut c eÐnai mia mh-grammik  antistoÐqish, thn
opoÐa onom�zoume Φ(x, y) kai gr�foume analutik� wc

Φ(x, y) =
(
x · n + y +

⌊ x

m

⌋)
mod (mn) (4.1)

Sth sun�rthsh aut , o ìroc xn prosdÐdei th lìxwsh twn sthl¸n kat� n, en¸
o prosjetikìc ìroc b x

m
c eujÔnetai gia th lìxwsh twn lwrÐdwn kat� 1, kaj¸c

kai gia tic exairetik� endiafèrousec idiìthtec thc Φ(x, y) pou ja melet soume
parak�tw. Sthn Eikìna 4.2 faÐnetai èna par�deigma thc proteinìmenhc anti-
stoÐqishc me 16 tr�pezec kai m = n = 4.

H epilog  na apofÔgoume th qr sh sunart sewnXOR (  �llwn parìmoiwn
antistoiqÐsewn) kai na ergastoÔme me grammikèc lox¸seic ofeÐletai sthn iso-
tropikìthta kai ta pleonekt mat� thc, ìpwc aut� exhg jhkan sthn enìthta
2.3.2. Tupik�, bèbaia, h Φ(x, y) eÐnai mia mh-grammik  lìxwsh. 'Omwc, h
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Eikìna 4.2: H proteinìmenh antistoÐqish Φ(x, y) gia B = 16 kai m = n = 4.
ApeikonÐzontai trÐa diaforetik� sÔnola-ait seic wc paradeÐgmata prìsbashc.

prosektik� kataskeuasmènh morf  thc odhgeÐ se isotropik  org�nwsh entìc
twn lwrÐdwn kai se eÔkola upologÐsimec asunèqeiec sta ìri� touc. 'Etsi, h
dromolìghsh twn dedomènwn mporeÐ se arketèc praktikèc efarmogèc na epi-
teuqjeÐ mìno me kuklikèc metajèseic, en¸ sth genik  perÐptwsh apaiteÐtai mia
apl  tropopoÐhsh tou kuklikoÔ olisjht .

Prin proqwr soume sthn melèth thc Φ(x, y) ofeÐloume na shmei¸soume
ìti h sugkekrimènh antistoÐqish èqei anaferjeÐ �metaxÔ poll¸n �llwn� stic
pr¸tec ergasÐec thc sqetik c bibliografÐac [45], [47]. 'Omwc, ekeÐ den ereun -
jhkan endeleq¸c oi polÔ qr simec idiìthtec thc Φ(x, y) kai den proèkuye potè
mia org�nwsh me tic dunatìthtec pou prosfèrei h paroÔsa (Ðswc, lìgw tou
elafr¸c diaforetikoÔ prosanatolismoÔ twn sugkekrimènwn ergasi¸n).

4.2 Dunatìthtec �meshc prìsbashc

H paroÔsa enìthta melet� tic dunatìthtec prìsbashc pou prosfèrei h Φ(x, y)
ìtan parablèyoume tic pijanèc susqetÐseic twn diadoqik¸n ait sewn. Dhlad ,
basÐzetai stic klassikèc upojèseic gia na melet sei thn aperiìristh prìsbash
enìc kÔklou kat� {gramm ,st lh,orjog¸nio,araiì-s}.
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Dedomènwn twn apotelesm�twn thc enìthtac 2.3.1 kai tou gegonìtoc ìti
h proteinìmenh lÔsh qrhsimopoieÐ ton idanikì arijmì trapez¸n B = E,  dh
prin apì thn an�lush pou akoloujeÐ, mporoÔme na problèyoume ìti ja em-
fanistoÔn sugkroÔseic kat� thn prìsbash sth mn mh mac. 'Omwc, ja deÐxoume
ed¸ ìti h Φ elaqistopoieÐ ton arijmì twn sugkroÔsewn entìc tou sunìlou-
aÐthshc se mìlic mia. M�lista, h sÔgkroush aut  den emfanÐzetai se ìlec tic
peript¸seic: up�rqoun sq mata pou prosfèroun entel¸c aperiìristh prìsba-
sh (p.q., st lh, araiì-m), en¸ gia opoiod pote apì ta enapomeÐnanta sq mata
up�rqei toul�qiston èna aplì plègma ait sewn to opoÐo kalÔptei olìklhrh
thn eikìna epitrèpontac pl rh prìsbash �neu sugkroÔsewn (genikìtera, ta
enapomeÐnanta sq mata emfanÐzoun pijanìthta sÔgkroushc to polÔ m−1

m
).

4.2.1 Kataskeu  kai melèth exÐswshc trapez¸n

Stic epìmenec paragr�fouc parajètoume tic dunatìthtec prìsbashc thc Φ
xeqwrist� gia k�je sq ma prìsbashc upì th morf  jewrhm�twn kai porism�-
twn. Oi apodeÐxeic twn jewrhm�twn qrhsimopoioÔn to akìloujo L mma 4.2.1,
to opoÐo apant� èmmesa se mia polÔ basik  er¸thsh: pìte duo tuqaÐa eikono-
stoiqeÐa (x1, y1) kai (x2, y2) DEN antistoiqÐzontai apì th Φ sthn Ðdia tr�peza
mn mhc; To l mma arkeÐtai sth melèth peript¸sewn ìpou ta (x1, y1) kai (x2, y2)
emfanÐzoun periorismènh apìstash metaxÔ touc (afoÔ mac endiafèroun sq mata
me periorismèno embadìn). EpÐshc, genikeÔei thn perigraf  thc apìstashc
twn duo eikonostoiqeÐwn qrhsimopoi¸ntac eidikèc paramètrouc (afoÔ mac en-
diafèrei mia poikilÐa sqhm�twn). Gia na apant soume sthn parap�nw er¸thsh
exet�zoume to pìte h Φ dÐnei thn Ðdia èxodo gia duo diaforetikèc eisìdouc.
Dhlad , exis¸noume tic antistoiqÐseic Φ(x1, y1) kai Φ(x2, y2) ki exet�zoume
thn exÐswsh isotimÐac Φ(x1, y1) − Φ(x2, y2) ≡ 0 (mod mn). Epiprosjètwc,
ekfr�zoume to deÔtero eikonostoiqeÐo me suntetagmènec sqetikèc wc proc to
pr¸to: qrhsimopoioÔme tic sunetatgmènec (i·s, j ·s) ìpou jewroÔme metablht�
ta i kai j 1. H par�metroc s upeisèrqetai exaitÐac twn arai¸n orjogwnÐwn
(s = 1 gia th melèth sumpag¸n sqhm�twn).

L mma 4.2.1. Gia opoiousd pote stajeroÔc akeraÐouc x, n > 0, m > 0, kai

1με άλλα λόγια, επιλέγουμε ένα τυχαίο εικονοστοιχείο (x, y) το οποίο θεωρούμε στα-
θερό επάνω στην εικόνα κι εκφράζουμε τα κοντινά σε αυτό εικονοστοιχεία με συντεταγμένες
σχετικές ως προς (x, y). Στη συνέχεια εξετάζουμε ποια από τα κοντινά εικονοστοιχεία είναι
αποθηκευμένα στην ίδια τράπεζα μνήμης με το (x, y).
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opoiond pote akèraio s me s|m, h akìloujh exÐswsh isotimÐac 4.2

i · s · n + j · s +

⌊
x + i · s

m

⌋
−

⌊ x

m

⌋
≡ 0 (mod mn) (4.2)

èqei to polÔ duo lÔseic wc proc (i, j) ìtan 0 ≤ i < m kai |j| < n, tic ex c:

(i, j) = (0, 0)
και (i, j) = (m − 1, n − 1)

Apìdeixh. QrhsimopoioÔme aplèc idiìthtec kai basik� apotelèsmata apì th
jewrÐa arijm¸n [65] [66]. Xekin�me paÐrnontac diadoqik�:⌊

x + i · s
m

⌋
−

⌊ x

m

⌋
=

⌊
i · s
m

⌋
+

⌊
x mod (m) + (i · s) mod (m)

m

⌋
=

⌊
i · s
m

⌋
+εxi

me to kl�sma εxi na apotim�tai �xek�jara� se 0   1. Peraitèrw, afoÔ s|m
(dhlad , m = s · m′) paÐrnoume:(

i·s·n + j ·s +
⌊

i·s
m

⌋
+ εxi

)
mod (mn) =(

i·s·n + j ·s +
⌊

i·s
m

⌋
+ εxi −

⌊
i·s
m

⌋
·m·n

)
mod (mn) =(

i·s·n + j ·s +
⌊

i
m′

⌋
+ εxi −

⌊
i

m′

⌋
· m′ ·s·n

)
mod (mn) =(

s·n·(i −
⌊

i
m′

⌋
· m′) + j ·s +

⌊
i

m′

⌋
+ εxi

)
mod (mn) =(

n·s · (i) mod (m′) + j ·s +
⌊

i
m′

⌋
+ εxi

)
mod (mn)

Epomènwc, h isotimÐa 4.2 mporeÐ na grafeÐ wc

Ψ(i, j) + εxi ≡ 0 (mod mn) (4.3)

ìpou Ψ(i, j) = (i) mod (m′) · ns + j · s + b i
m′ c .

PerÐptwsh pr¸th: 0 ≤ i < m kai 0 ≤ j < n

Sthn perÐptwsh aut , h anaz thsh lÔsewn (i, j) periorÐzetai sto Nm × Nn.
Pr¸ta ja apodeÐxoume ìti h sun�rthsh Ψ(i, j): Nm ×Nn → Nmn eÐnai am-

firriptik  (1-1 ki epÐ, bijective). Gia na deÐxoume ìti eÐnai erriptik  (1-1, injec-
tive), parathroÔme ìti h Ψ(i, j) ekfr�zei èna peperasmèno sÔsthma arÐjmhshc
mikt c b�shc (finite mixed-radix numeral system) thc apl c morf c [67]:

(α2 · β1β0 + α1 · β0 + α0) , 0 ≤ α0 ≤ β0 − 1

, 0 ≤ α1 ≤ β1 − 1
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me β1 = n, β0 = s, α2 = i mod (m′), α1 = j, α0 = b i
m′ c. K�je arijmìc

anaparÐstatai me monadikì trìpo se èna tètoio sÔsthma arÐjmhshc wc α2α1α0.
Epiplèon, k�je (i, j) antistoiqeÐ se mia monadik  tri�da α2α1α0 (k�je j antis-
toiqeÐ se èna monadikì α1 kai k�je i antistoiqeÐ se èna monadikì zeÔgoc α2α0).
Sundu�zontac tic duo autèc al jeiec sumperaÐnoume ìti k�je (i, j) odhgeÐ se
mia xeqwrist  tim  thn Ψ. Sqetik� me ton epirriptikìthta (surjection) thc Ψ,
eÐnai eÔkolo na dei kaneÐc ìti 0 ≤ Ψ(i, j) ≤ mn − 1. Dhlad , h Ψ antistoiqeÐ
n · m stoiqeÐa se èna sÔnolo n · m stoiqeÐwn. AfoÔ k�je antistoÐqish eÐnai
monadik  (deÐxame ìti eÐnai 1-1) h Ψ kalÔptei ìlo to pedÐo tim¸n Nmn.

AfoÔ isqÔei ìti εxi ≤ 1, èqoume ìti Ψ(i, j) + εxi ≯ mn sto Nm × Nn.
Epomènwc, h exÐswsh 4.3 mporeÐ na èqei lÔsh mìno ìtan Ψ(i, j) + εxi = 0,
  ìtan Ψ(i, j) + εxi = mn. AfoÔ h Ψ(i, j) eÐnai amfÐrriyh, up�rqei mìno èna
shmeÐo (i, j) gia to opoÐo Ψ(i, j) = 0. EÔkola parathroÔme ìti to shmeÐo autì
eÐnai to (0, 0) kai ìti apoteleÐ p�nta lÔsh thc exÐswshc 4.3. Peraitèrw, an
kai mìnon an εxi = 1 ìtan h Ψ paÐrnei th mègisth tim  thc, tìte up�rqei kai
deÔterh lÔsh gia thn 4.3. H lÔsh aut  prèpei na eÐnai èna shmeÐo (i, j) gia to
opoÐo ja èqoume Ψ(i, j) = mn − 1. AfoÔ h Ψ(i, j) eÐnai amfÐrriyh, up�rqei
mìno èna tètoio �upoy fio� shmeÐo, to (m − 1, n − 1).

PerÐptwsh deÔterh: 0 ≤ i < m kai −n < j < 0
Sthn perÐptwsh aut  h exÐswsh 4.3 den èqei lÔseic. EÐnai eÔkolo na doÔme
ìti −mn < Ψ(i, j) + εxi < mn. EpÐshc, deÐqnoume me apagwg  se �topo ìti
Ψ(i, j) + εxi 6= 0. Upojètoume ìti up�rqei shmeÐo (ir, jr) to opoÐo apotim� thn
par�stash se mhdèn, ki �ra

ns · (ir mod m′) +
⌊

irs
m

⌋
+

⌊
x mod m+(irs) mod m

m

⌋
= |jr|s ⇒

s < ns · (ir mod m′) +
⌊

x mod m+irs
m

⌋
< ns

to opoÐo eÐnai �mesh sunèpeia tou periorismoÔ pou èqoume epib�lei sto j se
aut  th deÔterh perÐptwsh pou melet�me. ParathroÔme ìti h tim  ir mod m′

prèpei na eÐnai mhdèn, alli¸c h parap�nw èkfrash den mporeÐ na apotimhjeÐ se
akèraio mikrìtero tou ns. Dhlad , to ir prèpei na eÐnai pollapl�sio tou m′,
sugkekrimèna ir = i′r · m′. Me antikat�stash autoÔ tou ir sthn parap�nw
èkfrash sumperaÐnoume ìti Ôparxh tou upotijèmenou (ir, jr) sunep�getai thn
al jeia thc anisìthtac s < i′r < ns. 'Atopo: h anisìthta aut  den mporeÐ na
eÐnai alhj c giatÐ apì thn upìjesh tou l mmatoc èqoume ìti ir < m kai �ra
i′r < s.

Esti�zoume th melèth thc exÐswshc tou L mmatoc 4.2.1 sthn perÐptwsh
pou to stajerì eikonostoiqeÐo (x, y) brÐsketai se sugkekrimènh jèsh p�nw
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sthn eikìna (kont� sthn arister  �krh opoiasd pote k�jethc lwrÐdac thc di-
airemènhc apì to Φ eikìnac). O sugkekrimènoc periorismìc jèshc elaqistopoieÐ
ton arijmì twn lÔsewn thc en lìgw exÐswshc se mìno mia. To akìloujo
L mma 4.2.2 leitourgeÐ sumplhrwmatik� sto 4.2.1 kai odhgeÐ sta porÐsmata
twn jewrhm�twn thc paroÔsac upoenìthtac.

L mma 4.2.2. Gia opoiousd pote stajeroÔc akeraÐouc n > 0, m > 0,
s me s|m, kai x me x mod m < s, h exÐswsh isotimÐac 4.2 èqei akrib¸c mia
lÔsh ìtan 0 ≤ i < m kai |j| < n, thn (i, j) = (0, 0).

Apìdeixh. H apìdeixh eÐnai Ðdia me aut  tou L mmatoc 4.2.1. H monadik  di-
afor� entopÐzetai sto gegonìc ìti gia i = m−1 kai x mod (m) < s paÐrnoume

εxi =

⌊
x mod (m) + (i · s) mod (m)

m

⌋
=

⌊
x mod (m) − s + m

m

⌋
= 0

diìti x mod (m)−s+m < m. AfoÔ to εxi gÐnetai mhdèn ìtan h Ψ(i, j) apokt�
th mègisth tÐmh thc, mn−1, den up�rqei shmeÐo (i, j) tètoio pou na odhgeÐ sto
Ψ(i, j)+εxi = mn. 'Ara, h monadik  lÔsh thc 4.2 eÐnai to shmeÐo (i, j) gia to
opoÐo paÐrnoume Ψ(i, j) + εxi = 0, dhlad  to (i, j) = (0, 0).

4.2.2 Melèth prìsbashc an� basikì sq ma

Parak�tw kajorÐzontai ta basik� ekeÐna sq mata pou epitrèpoun aperiìristh
prìsbash ep�nw sthn eikìna: to araiì-m kai h st lh. EpÐshc, apodeiknÔetai
ìti to orjog¸nio, to araiì-s me s 6= m, kai h gramm , emfanÐzoun to polÔ mia
sÔgkroush an� aÐthsh. M�lista, h sÔgkroush aut  emfanÐzetai p�nta se èna
sugkekrimèno eikonostoiqeÐo tou sunìlou-aÐthsh: sto k�tw-dexi� (dhlad ,
sto teleutaÐo). H sugkekrimènh idiaiterìthta kajist� akìma eukolìterh
thn anagn¸rish kai apokat�stash tou elleÐpontoc eikonostoiqeÐou ìtan em-
fanisteÐ sÔgkroush se k�poio sÔnolo-aÐthsh. Peraitèrw, paratÐjentai porÐ-
smata gia ton prosdiorismì sugkekrimènwn jèsewn ep�nw sthn eikìna, oi
opoÐec epitrèpoun prìsbash �neu sugkroÔsewn akìma kai gia to orjog¸nio,
to araiì-s, kai th gramm .

To pr¸to apì ta jewr mata exet�zei thn prìsbash kat� orjog¸nia qwrÐc
na jètei periorismoÔc sth jèsh tou sunìlou-aÐthsh ep�nw sthn eikìna.

Je¸rhma 4.2.3 (Orjog¸nio). H qr sh thc antistoÐqishc Φ epitrèpei prì-
sbash se opoiad pote m × n orjog¸nia perioq  thc eikìnac emfanÐzontac to
polÔ mia sÔgkroush. An emfanisteÐ sÔgkroush, tìte aut  ja eÐnai sto k�tw-
dexi� eikonostoiqeÐo tou sunìlou-aÐthsh.
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Apìdeixh. Upojètoume èna m × n orjog¸nio Axy thc eikìnac me proèleush
to tuqaÐo (x, y) p�nw sthn eikìna. Epilègoume tuqaÐo eikonostoiqeÐo (xp, yp)
mèsa sto Axy ki exet�zoume an ta loip� eikonostoiqeÐa tou Axy apojhkeÔontai
sthn Ðdia tr�peza me to (xp, yp). Sugkekrimèna, duo stoiqeÐa (xq, yq) kai
(xp, yp) apojhkeÔontai sthn Ðdia tr�peza ìtan

Φ(xp, yp) = Φ(xq, yq) (4.4)

Gr�foume k�je (xq, yq) tou Axy me sqetikèc suntetagmènec (i, j) wc proc
to (xp, yp) kai to antikajistoÔme sthn 4.4. H diadikasÐa aut  odhgeÐ sthn
exÐswsh 4.2 tou L mmatoc 4.2.1 me s = 1. Dhlad , oi lÔseic thc 4.2 �ektìc
thc (i, j) = (0, 0)� orÐzoun ta eikonostoiqeÐa tou Axy pou apojhkeÔontai sthn
Ðdia tr�peza me to (xp, yp). SÔmfwna me to L mma 4.2.1, an èna (xq, yq) eÐnai
lÔsh thc 4.4, tìte to (xq, yq) entopÐzetai se apìstash (i, j) = (m − 1, n − 1)
apì to (xp, yp). Dedomènwn twn diast�sewn tou Axy, to monadikì (xp, yp) gia
to opoÐo h lÔsh (xq, yq) entopÐzetai entìc tou Axy eÐnai to (xp, yp) = (x, y) me
(xq, yq) = (x + m − 1, y + n − 1). Shmei¸noume ed¸ ìti, tupik�, exet�zoume
me autìn ton trìpo ìla ta stoiqeÐa (xp, yp) entìc tou Axy kai k�je for�
ekfr�zoume sthn 4.4 mìno ta stoiqeÐa (xq, yq) pou brÐskontai dexi�, i ≥ 0,
tou ek�stote (xp, yp). Autì arkeÐ gia na èqoume elègxei sto tèloc ìla ta
dunat� zeÔgh eikonostoiqeÐwn tou orjogwnÐou. SunoyÐzontac, h org�nwsh
me qr sh tou Φ diasfalÐzei ìti k�je eikonostoiqeÐo tou Axy, me exaÐresh
to teleutaÐo (sthn k�tw dexi� gwnÐa tou Axy), apojhkeÔetai se xeqwrist 
tr�peza mn mhc.

EpekteÐnontac ta parap�nw, diapist¸noume ìti to orjog¸nio prosfèrei
prìsbash enìc kÔklou �neu sugkroÔsewn ìtan anakthjeÐ apì sugkekrimènec
perioqèc thc eikìnac. Oi perioqèc autèc entopÐzontai apokleistik� entìc twn
k�jetwn lwrÐdwn p�qouc m thc diairemènhc apì to Φ eikìnac. Dhlad , ìtan
to orjog¸nio den katalamb�nei eikonostoiqeÐa apì duo diaforetikèc lwrÐdec,
tìte den emfanÐzei sugkroÔseic (bl. par�deigma sq matoc 4.2). Tupik�, gia
opoiod pote apì aut� ta orjog¸nia èqoume ìti x mod m = 0 ki epomènwc
mporoÔme na qrhsimopoi soume to L mma 4.2.2 antÐ tou L mmatoc 4.2.1 kat�
th diadikasÐa exètashc thc exÐswshc 4.4. 'Etsi, den ja entopÐsoume kanèna
zeÔgoc eikonostoiqeÐwn sthn Ðdia tr�peza (den up�rqei deÔterh lÔsh gia thn
4.2) kai ja katal xoume ìti

Pìrisma 4.2.4. H qr sh thc antistoÐqishc Φ epitrèpei prìsbash �neu
sugkroÔsewn se opoiad pote m × n orjog¸nia perioq  thc eikìnac pou èqei
proèleush (x, y) me x mod m = 0.
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SuneqÐzoume me thn exètash miac genÐkeushc tou orjogwnÐou: to araiì-s.
'Opwc kai me to araiì-1, èqoume ìti

Je¸rhma 4.2.5 (Araiì-s). 'Otan s|m, h qr sh thc antistoÐqishc Φ epitrèpei
prìsbash se opoiod pote araiì-s orjog¸nio thc eikìnac emfanÐzontac to polÔ
mia sÔgkroush. An emfanisteÐ sÔgkroush, tìte aut  ja eÐnai sto k�tw-dexi�
eikonostoiqeÐo tou sunìlou-aÐthsh.

Apìdeixh. AkoloujoÔme thn epiqeirhmatologÐa pou anaptÔxame sthn apìdeixh
tou jewr matoc 4.2.3. Ed¸, ta stoiqeÐa enìc araioÔ-s sq matoc mporoÔn na
katagrafoÔn me sqetikèc suntetagmènec (i′, j′) metaxÔ touc, ìpou i′ = i · s
kai j′ = j · s, me i ∈ Nm kai j ∈ Nn. 'Etsi, elègqontac ta eikonostoiqeÐa tou
araioÔ-s mèsw thc exÐswshc Φ(xp, yp) = Φ(xp + i′, yp + j′) paÐrnoume akrib¸c
thn morf  thc exÐswshc 4.2. AfoÔ s|m, mporoÔme na k�noume qr sh tou
L mmatoc 4.2.1 (kai twn upìloipwn epiqeirhm�twn tou J. 4.2.3) gia na oloklh-
r¸soume thn paroÔsa apìdeixh.

Parìmoia me to aplì orjog¸nio, ìtan to araiì-s brÐsketai se sugkekrimènec
jèseic thc eikìnac, tìte den emfanÐzei kajìlou sugkroÔseic. Sugkekrimèna,
autì sumbaÐnei ìtan to araiì-s brÐsketai se apìstash mikrìterh apì s apì
to aristerì �kro miac opoiasd pote katakìrufhc lwrÐdac p�qouc m thc di-
airemènhc eikìnac. Se autèc tic jèseic isqÔei ìti x mod m < s ki epomènwc
mporoÔme na qrhsimopoi soume to L mma 4.2.2 gia na deÐxoume ìti

Pìrisma 4.2.6. 'Otan s|m kai x mod m < s, h qr sh thc antistoÐqishc
Φ epitrèpei prìsbash �neu sugkroÔsewn se opoiod pote araiì-s orjog¸nio me
jèsh (x, y) p�nw sth eikìna.

ParathroÔme ed¸ ìti, se sqèsh me to aplì orjog¸nio, to araiì-s diajètei
shmantik� perissìterec jèseic p�nw sthn eikìna gia prìsbash �neu sug-
kroÔsewn: diajètei perissìterec kat� s. Bèbaia, kai gia ta duo sq mata,
oi pronomiakèc autèc jèseic eÐnai arketèc gia na kataskeu�soume �pollapl��
plègmata ait sewn gia thn k�luyh olìklhrhc thc eikìnac. P�rauta, ìso
megalÔtero to s, tìso megalÔterec �pijanìthtec� èqoume na apofÔgoume tic
sugkroÔseic kat� th prìsbash sth mn mh. M�lista, sthn oriak  perÐptwsh
ìpou s = m to araiì-m den emfanÐzei potè sugkroÔseic, afoÔ to Pìrisma
4.2.6 isqÔei anexart twc tou x. 'Etsi,

Pìrisma 4.2.7. H qr sh thc antistoÐqishc Φ epitrèpei aperiìristh prì-
sbash �neu sugkroÔsewn se opoiod pote araiì-m orjog¸nio thc eikìnac.
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Ektìc apì to araiì-m, èna deÔtero sq ma pou prosfèrei aperiìristh
prìsbash ep�nw sth eikìna eÐnai h st lh. AfoÔ èqoume efarmìsei se k�je
kolìna thc arqik c eikìnac mia apl  grammik  antistoÐqish twn diadoqik¸n
eikonostoiqeÐwn se tr�pezec, mporoÔme eÔkola na deÐxoume ìti

Je¸rhma 4.2.8 (St lh). H qr sh thc antistoÐqishc Φ epitrèpei ape-
riìristh prìsbash �neu sugkroÔsewn se opoiad pote st lh m · n eikono-
stoiqeÐwn.

Apìdeixh. Elègqoume thn isìthta Φ(xp, yp) = Φ(xq, yq) gia ìla ta zeÔgh eiko-
nostoiqeÐwn (xp, yp) kai (xq, yq) entìc thc tuqaÐac st lhc Axy (ìpwc k�name
kai stic apodeÐxeic twn prohgoÔmenwn jewrhm�twn). Qrhsimopoi¸ntac sqeti-
kèc suntetagmènec gia ta (xq, yq) prokÔptei h exÐswsh Φ(xp, yp) = Φ(xp, yp+j),
ìpou (xp, yp) tuqaÐo stoiqeÐo thc st lhc kai j ∈ Nmn − {0}. An gia opoiod -
pote (xp, yp) h exÐswsh aut  èqei lÔsh wc proc j, tìte èqoume sÔgkroush sth
mn mh. Me apl  efarmog  tou tÔpou thc Φ sth exÐswsh katal goume p�nta
sthn isotimÐa j ≡ 0 (mod mn), h opoÐa emfan¸c den èqei kammi� lÔsh ìtan
0 < j < mn.

To teleutaÐo basikì sq ma prìsbashc pou apomènei na exet�soume eÐnai h
gramm . Praktik�, h antistoÐqish twn eikonostoiqeÐwn thc gramm c eÐnai Ðdia
me aut n tou orjogwnÐou: exaitÐac thc lìxwshc pou efarmìsame kat� lwrÐdec
p�qouc m thc eikìnac, oi n diadoqikèc m-�dec pou sunant�me mèsa se mia
tuqaÐa gramm  (x, y) eÐnai Ðdiec me tic n diadoqikèc grammèc tou orjogwnÐou
(x, y). 'Etsi, oi dunatìthtec prìsbashc thc Φ eÐnai Ðdiec gia to orjog¸nio kai
gia th gramm 

Je¸rhma 4.2.9 (Gramm ). H qr sh thc antistoÐqishc Φ epitrèpei prì-
sbash se opoiad pote gramm  m ·n eikonostoiqeÐwn emfanÐzontac to polÔ mia
sÔgkroush. An emfanisteÐ sÔgkroush, tìte aut  ja eÐnai sto plèon dexiì
stoiqeÐo tou sunìlou-aÐthsh.

Apìdeixh. Ergazìmaste ìpwc kai sthn apìdeixh tou Jewr matoc 4.2.8, me
th diafor� ìti ed¸ elègqoume thn exÐswsh Φ(xp, yp) = Φ(xp + i′, yp) me
i′ ∈ Nmn. Efarmìzontac to Φ prokÔptei h isotimÐa

i′ · n +

⌊
xp + i′

m

⌋
−

⌊xp

m

⌋
≡ 0 (mod mn)

AntikajistoÔme th monadik  metablht  i′ me duo anex�rthtec metablhtèc, tic
j ∈ Nn kai i ∈ Nm, wc i′ = j · m + i (eÐnai eÔkolo na deÐxoume ìti aut  h
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apeikìnish eÐnai amfirriptik , ki �ra h katagraf  twn eikonostoiqeÐwn mèsw
twn i kai j eÐnai isodÔnamh me thn katagraf  touc mèsw thc i′). Apì thn
antikat�stash prokÔptei h isodÔnamh exÐswsh

i · n + j +

⌊
xp + i

m

⌋
−

⌊xp

m

⌋
≡ 0 (mod mn)

h opoÐa eÐnai h aut  pou melet same sto L mma 4.2.1 gia s = 1. Dhlad ,
mèsw thc antikat�stashc metablht¸n epistrèyame sthn apìdeixh tou Jewr -
matoc 4.2.3. Epanalamb�noume ed¸ to sumpèrasma ìti to monadikì zeÔgoc
eikonostoiqeÐwn pou endèqetai na èqoun koinì Φ eÐnai to pr¸to stoiqeÐo (ekeÐno
pou sumpÐptei me thn jèsh (x, y) tou sunìlou-aÐthsh) kai to stoiqeÐo pou
fèrei sqetikèc suntetagmènec wc proc autì tic (i, j) = (m − 1, n − 1). Ed¸,
to sugkekrimèno (i, j) antistoiqeÐ sto i′ = mn−1, to opoÐo eÐnai to teleutaÐo
eikonostoiqeÐo thc gramm c (to plèon dexiì).

Fusik�, sthn parap�nw apìdeixh, antÐ tou L mmatoc 4.2.1, mporoÔme na
qrhsimopoi soume to L mma 4.2.2 ìtan h gramm  xekin� sto aristerì �kro
miac katakìrufhc lwrÐdac kai na deÐxoume ìti

Pìrisma 4.2.10. H qr sh thc antistoÐqishc Φ epitrèpei prìsbash �neu
sugkroÔsewn se opoiad pote gramm  m·n eikonostoiqeÐwn pou èqei proèleush
(x, y) me x mod m = 0.

4.2.3 Prìsbash me bohjhtik� sq mata

H apodeiktik  mèjodoc pou perigr�yame parap�nw brÐskei efarmog  kai kat�
thn edraÐwsh dunatot twn prìsbashc sth mn mh mèsw pio perÐplokwn   asu-
n jistwn sqhm�twn, pèran twn basik¸n. H paroÔsa ergasÐa arkeÐtai sthn
exètash enìc idiaÐterou tètoiou bohjhtikoÔ sq matoc pou paÐzei shmantikì
rìlo sth diìrjwsh endeqìmenwn sugkroÔsewn (ìpwc aut  ja parousiasteÐ
sto epìmeno kef�laio). To sq ma autì to onom�zoume polu-ter�gwno exaitÐac
thc qarakthristik c morf c pou paÐrnei sth genik  perÐptwsh.

To polu-tetr�gwno

'Ena polutetr�gwno-r apoteleÐtai apì pollaplèc tetr�gwnec perioqèc r × r
eikonostoiqeÐwn h k�je mÐa, ìpwc autèc apeikonÐzontai sthn Eikìna 4.3. O
akèraioc r diaireÐ ta m kai n ¸ste to polutetr�gwno-r na apoteleÐtai apì



Kef�laio 4: Org�nwsh Par�llhlhc Mn mhc 78

Eikìna 4.3: Bohjhtikì sq ma prìsbashc: Polu-tetr�gwno

n
r
× m

r
epÐ mèrouc tetr�gwna kai sunolik� na perièqei n × m eikonostoiqeÐa.

Ta tetr�gwna eÐnai diaskorpismèna p�nw sthn eikìna se takt� diast mata
metaxÔ touc ètsi, ¸ste na sqhmatÐzoun èna kanonikì peperasmèno plègma
me anÔsmata b�shc α̂x = (r ·m, 0) kai α̂y = (0, r ·n). TonÐzoume ed¸ to
diaforetikì prosanatolismì tou polutetrag¸nou, to opoÐo apoteleÐtai apì
n × m eikonostoiqeÐa, ki ìqi m × n ìpwc ta basik� orjog¸nia (arai�   mh).

Parìmoia me to araiì-s, to polutetr�gwno-r prosfèrei prìsbash �neu
sugkroÔsewn se pollèc perioqèc thc eikìnac. Sugkekrimèna, ìtan h proèleus 
tou brÐsketai arket� makru� apì to dexÐ �kro miac opoiasd pote katakìrufhc
lwrÐdac p�qouc m thc diairemènhc eikìnac, èqoume ìti

Je¸rhma 4.2.11 (Polutetr�gwno). H qr sh thc antistoÐqishc Φ epitrè-
pei prìsbash �neu sugkroÔsewn se opoiod pote polutetr�gwno-r proèleushc
(x, y) me x mod m ≤ m − r.

Apìdeixh. Ta eikonostoiqeÐa tou tuqaÐou polutetrag¸nou-r me proèleush
(x, y) mporoÔn na katagrafoÔn me sqetikèc suntetagmènec (x + i′, y + j′),
ìpou i′ = b i

r
cr · m + (i) mod (r) kai j′ = b j

r
cr · n + (j) mod (r), me i ∈ Nn
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kai j ∈ Nm. Gia na deÐxoume ìti ta eikonostoiqeÐa aut� apojhkeÔontai se
xeqwristèc tr�pezec ìtan x mod m ≤ m − r, deÐqnoume ìti h apeikìnish
Φ′(i, j) = Φ(x+i′, y+j′): Nn × Nm → Nnm eÐnai amfirriptik  (antimetwpÐzoume
ta x kai y wc stajerèc kat� thn apeikìnish). Antikajist¸ntac ta i′ kai j′

me ta i′ = i · m − (i) mod (r) · (m − 1) kai j′ = j · n − (j) mod (r) · (n − 1)
sthn èkfrash tou Φ, paÐrnoume (me qr sh apl¸n idiot twn kai basik¸n apote-
lesm�twn thc jewrÐac arijm¸n [65], [66]):

Φ(x + i′, y + j′) =(
Ξ(i, j) + y + xn +

⌊
x+i mod (r)

m

⌋)
mod (mn) =(

Ξ(i, j) +
⌊

x mod (m)+i mod (r)
m

⌋
+ const

)
mod (mn)

ìpou
Ξ(i, j) =

(
i mod (r) +

⌊
j
r

⌋
r
)
· n +

(
j mod (r) +

⌊
i
r

⌋
r
)

AfoÔ upojèsame ìti x mod (m) ≤ m − r, èqoume bx mod (m)+i mod (r)
m

c = 0.
'Ara, gia na oloklhr¸soume thn apìdeixh arkeÐ na deÐxoume ìti h apeikìnish
Ξ(i, j): Nn × Nm → Nnm eÐnai amfirriptik . QrhsimopoioÔme èna parìmoio
epiqeÐrhma me ekeÐno pou eÐdame sthn apìdeixh tou L mmatoc 4.2.1: parath-
roÔme ìti h Ξ(i, j) dÐnei èna peperasmèno sÔsthma arÐjmhshc thc apl c morf c

(α1 · β0 + α0) , 0 ≤ α0 ≤ β0 − 1

me α1 =
(
i mod (r) + b j

r
cr

)
kai α0 =

(
j mod (r) + b i

r
cr

)
. Peraitèrw,

parathroÔme ìti k�je èna apì ta α1 kai α0 eÐnai, epÐshc, èna peperasmèno
sÔsthma arÐjmhshc thc anwtèrw morf c. Epomènwc, mporoÔme eÔkola na
deÐxoume ìti k�je zeÔgoc (i, j) odhgeÐ se monadik  anapar�stash α1α0, dhlad 
se monadikì Ξ(i, j). EpÐshc, blèpoume ìti 0 ≤ Ξ(i, j) ≤ mn−1. 'Ara h Ξ(i, j)
eÐnai 1-1 ki epÐ, ìpwc eÐnai h Φ′(i, j) gia x mod (m) ≤ m − r. Sunep¸c, h Φ
den antistoiqeÐ potè duo stoiqeÐa tou polutetrag¸nou pou melet�me sthn Ðdia
tr�peza.

ParathroÔme ìti, ìso mikrìterh eÐnai h par�metroc r tìso megalÔterh eÐnai
h perioq  thc eikìnac sthn opoÐa to polutetr�gwno-r epitrèpei prìsbash �neu
sugkroÔsewn. Dhlad , ìso mikrìtero to r, tìso mikrìterh h �pijanìthta�
na emfanisteÐ sÔgkroush kat� thn prìsbash sth mn mh mèsw tou polute-
trag¸nou. M�lista, h pijanìthta sugkroÔsewn mhdenÐzetai ìtan r = 1 kai h
Φ prosfèrei akìma èna sq ma me aperiìristh prìsbash (ektìc thc st lhc kai
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tou araioÔ-m): to polutetr�gwno-1,   alli¸c, to araiì-m-n pou upodeigma-
tolhpteÐ mia perioq  m ·n×m ·n thc eikìnac (diaforetikoÔ prosanatolismoÔ
apì to basikì araiì-m). Sthn perÐptwsh r = 1 isqÔei p�nta h sunj kh
x mod m ≤ m − 1 tou jewr matoc 4.2.11, epomènwc

Pìrisma 4.2.12. H qr sh thc antistoÐqishc Φ epitrèpei aperiìristh prì-
sbash �neu sugkroÔsewn se opoiod pote polutetr�gwno-1 thc eikìnac.

4.3 Dieujunsiodìthsh entìc twn trapez¸n

Ektìc apì thn antistoÐqish se tr�pezec mèsw thc Φ(x, y), tupik�, h apoj -
keush twn eikonostoiqeÐwn sth mn mh perilamb�nei kai thn antistoÐqish touc
se dieujÔnseic eswterik� twn trapez¸n mèsw k�poiac ∆(x, y) : N×N → N.
H en lìgw antistoÐqish ∆, an kai �mesa exart¸menh apì th Φ, den eÐnai
monadik . MporoÔme na sqedi�soume pollèc diaforetikèc sunart seic gia
eswterik  dieujunsiodìthsh (pio eÔkola ap' ìti sqedi�same th Φ) kai na
epilèxoume thn kat�llhlh sun�rthsh an�loga me tic apait seic thc ek�stote
efarmog c. Gia mia sunolik  prìtash sto prìblhma thc par�llhlhc mn mhc,
sumplhr¸noume to parìn kef�laio me thn par�jesh k�poiwn endeiktik¸n an-
tistoiqÐsewn ∆(x, y).

Kat� th sqedÐash thc ∆(x, y) stoqeÔoume sthn pl rwsh triwn basik¸n
krithrÐwn, ta opoÐa sumb�loun sth beltistopoÐhsh thc arqitektonik c. Ta
krit ria aut� anafèrontai sthn erriptikìthta, sthn epirriptikìthta, kai sthn
poluplokìthta twn antistoiqÐse¸n mac. 'Opwc anafèrame sthn enìthta 2.3.2,
mia apodotik  org�nwsh basÐzetai sthn apoj keush enìc mìno eikonsotoiqeÐou
an� dieÔjunsh mn mhc entìc twn trapez¸n (gia thn apofug  upoekmet�lleushc
thc mn mhc). Sunep¸c, mac endiafèrei o sunduasmìc twn antistoiqÐsewn Φ(x, y)
kai ∆(x, y) na eÐnai �1-1�, dhlad  na odhgeÐ to polÔ èna eikonostoiqeÐo se
k�je jèsh mn mhc (= tr�peza kai dieÔjunsh). EpÐshc, mac endiafèrei na eÐnai
�epÐ�, ¸ste na ekmetalleuìmaste ìlouc touc ulikoÔc pìrouc pou èqoume qrhsi-
mopoi sei gia thn kataskeu  thc mn mhc (apofug  dhmiourgÐac ken¸n jèsewn).
Tèloc, parìmoia me th Φ, mac endiafèrei h ∆ na emfanÐzei mikr  poluplokìthta
¸ste na eÐnai ulopoi simh me oikonomik� kukl¸mata. Oi treic autoÐ stìqoi de
eÐnai p�nta sumbatoÐ.

Me prwtarqikì stìqo thn pl rwsh tou erriptikoÔ krithrÐou (1-1), epilè-
goume mia apl  strathgik  sqedÐashc gia th ∆(x, y), h opoÐa apoteleÐtai apì
ta ex c duo b mata:
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a) kat�tmhsh ìlhc thc W × H eikìnac se k xèna metaxÔ touc sÔnola
eikonostoiqeÐwn, Ui, 0≤i<k, ètsi ¸ste se k�je sÔnolo Ui na em-
fanÐzetai xeqwristì Φ(x, y) an� stoiqeÐo ~p=(x, y) tou sunìlou.
Dhlad , ∀i 6= j, ∀~p 6= ~q : (Ui ∩ Uj = ∅) ∧ (~p, ~q ∈ Ui → Φ(~p) 6= Φ(~q))

b) arÐjmhsh k�je sunìlou Ui me ènan monadikì arijmì ∆i ∈ N, o opoÐoc
qrhsimopoieÐtai èpeita wc dieÔjunsh gia ìla ta eikonostoiqeÐa tou Ui

Oi periorismoÐ pou jètoume sta parap�nw b mata mac diasfalÐzoun ìti k�je
eikonostoiqeÐo ja antistoiqhjeÐ se èna �mìno� zeÔgoc tim¸n 〈Φ(x, y), ∆(x, y)〉,
kaj¸c kai ìti k�je zeÔgoc 〈Φ(x, y), ∆(x, y)〉 qarakthrÐzei to polÔ èna
eikonostoiqeÐo. Dhlad , odhgoÔn sthn kataskeu  miac sun�rthshc �1-1� gia
thn telik  dieujunsiodìthsh twn eikonostoiqeÐwn sth mn mh, th sun�rthsh
〈Φ∆〉: W × H → NB × Nmax{∆i}+1. O pr¸toc isqurismìc prokÔptei apì to
ìti h eikìna qwrÐzetai olìklhrh se sÔnola, ìti k�je eikonostoiqeÐo (xp, yp)
topojeteÐtai se akrib¸c èna apì ta sÔnola, èstw Up, ìti kanèna �llo stoiqeÐo
tou Up den apojhkeÔetai sthn Ðdia tr�peza me to (xp, yp), kai ìti sto Up

apodÐdetai èna monadikì ∆p. O deÔteroc isqurismìc prokÔptei apì th monadi-
kìthta twn ∆i kai apì th monadikìthta twn Φ(x, y) mèsa sto sÔnolo Ui.
Shmei¸noume ìti apì ta b mata (a) kai (b) den sunep�getai tÐpota sqetik� me
thn epirriptikìthta   thn poluplokìthta thc sun�rthshc 〈Φ∆〉.

'Amesh sunèpeia thc proanaferjeÐsac strathgik c, sÔmfwna me thn arq 
tou perister¸na, eÐnai ìti k�je sÔnolo Ui èqei plhjikì arijmì to polÔ B, ìpou
B o arijmìc twn trapez¸n. To mègejoc twn sunìlwn kajorÐzei to pl joc touc
ep�nw sthn eikìna, afoÔ h eikìna eÐnai h ènwsh ìlwn twn Ui. 'Ara, to mègejoc
twn Ui kajorÐzei kai to pl joc twn dieujÔnsewn ∆i, dhlad  to aparaÐthto
b�joc twn trapez¸n (kataskeuastik  par�metroc). 'Etsi, se meg�lo bajmì, h
elaqistopoÐhsh tou ulikoÔ kìstouc thc mn mhc basÐzetai sthn megistopoÐhsh
tou megèjouc k�je Ui. Ed¸ stoqeÔoume, ìtan mac epitrèpoun oi diast�seic,
se kat�tmhsh eikìnac me ∀Ui : |Ui| = B.

Mia pr¸th apotÐmhsh twn parap�nw genik¸n sumperasm�twn mac odhgeÐ
sthn omadopoÐhsh geitonik¸n eikonostoiqeÐwn sÔmfwna me k�poio sq ma prì-
sbashc thc Φ pou den emfanÐzei sugkroÔseic (opìte perièqei B stoiqeÐa me
monadikì Φ(x, y) to k�je èna). Wc par�deigma mporoÔme na qrhsimopoi soume
to m × n orjog¸nio se par�jesh (tiling),   pio sugkekrimèna, stic jèseic
(x, y) me x mod m = 0 kai y mod n = 0. Sthn perÐptwsh pou h orizìntia kai
h k�jeth di�stash tou basikoÔ orjogwnÐou diairoÔn, antÐstoiqa, thn orizìntia
kai thn k�jeth di�stash thc eikìnac, m|W , n|H, tìte dhmiourgoÔme akrib¸c
k = WH/mn sÔnola Ui petuqaÐnontac to stìqo ∀Ui : |Ui| = B. H arÐjmhsh
twn sunìlwn mporeÐ na gÐnei, p.q, apì arister� proc ta dexi� kai apì p�nw
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Eikìna 4.4: AntistoÐqish mèsw Φ (m=n=2) kai paradeÐgmata eswterik c dieu-
junsiodìthshc (omadopoÐhsh geitonik¸n eikonostoiqeÐwn kai arÐjmhsh).

proc ta k�tw (raster scan) xekin¸ntac apì to ∆0 = 0 kai suneqÐzontac kat�
èna mèqri ton akèraio k − 1. H arÐjmhsh aut  elaqistopoieÐ ton arijmì twn
aparaÐthtwn dieujÔnsewn (b�joc trapez¸n) se k. O sugkekrimènoc trìpoc
antistoÐqishc upologÐzetai mèsw thc

∆(x, y) =
⌊ x

m

⌋
+

⌊y

n

⌋
· const (4.5)

ìpou h const = dW/me apoteleÐ stajer� thc sqedÐashc. 'Ena par�deigma
me diast�seic eikìnac pou eÐnai pollapl�siec aut¸n tou orjogwnÐou faÐnetai
arister� sthn Eikìna 4.4. Emfan¸c, sthn perÐptwsh pou oi diast�seic den
diairoÔntai akrib¸c, tìte h parap�nw antistoÐqish prokaleÐ kenèc jèseic se
orismènec apì tic tr�pezec thc mn mhc.

H morf  me thn opoÐa dÐnetai h antistoÐqish 4.5 faner¸nei thn upologistik 
apaÐthsh �sth genik  perÐptwsh� gia mia prìsjesh, ènan pollaplasiasmì,
kai duo diairèseic. Me krit rio thn peraitèrw meÐwsh thc poluplokìthtac
thc ∆(x, y) eÐnai dunatìn na all�xoume entel¸c ton trìpo me ton opoÐo arij-
moÔme ta sÔnola Ui. Pio sugkekrimèna, antÐ gia thn prìsjesh kai ton pol-
laplasiasmì, mporoÔme na qrhsimopoi soume mia apl  sumpar�jesh (conca-
tenation) arijm¸n2 se k�poio sÔsthma arÐjmhshc (ed¸, to duadikì) kai na
kataskeu�soume thn antistoÐqish

∆(x, y) =
⌊ x

m

⌋
&

⌊y

n

⌋
(4.6)

h opoÐa apaiteÐ mìno duo diairèseic. Fusik�, ìtan ergazìmaste sto duadikì
sÔsthma kai oi arijmoÐ m kai n eÐnai dun�meic tou 2, tìte oi diairèseic an�gontai
apl� sthn epilog  duadik¸n yhfÐwn, opìte h poluplokìthta upologismoÔ thc

2&: συνένωση αριθμητικών ψηφίων, π.χ., για τους τριψήφιους α,β: α&β = α2α1α0β2β1β0
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sun�rthshc 4.6 gÐnetai mhdamin  (paromoÐwc, h 4.5 mporeÐ, kat� perÐptwsh, na
ulopoihjeÐ me mìno mia prìsjesh). To meionèkthma thc 4.6 eÐnai ta meg�la
ken� pou endèqetai na dhmiourghjoÔn sth mn mh ìtan H

n
6= 2r, r∈N. An�loga

me tic diast�seic, eÐnai dunatìn na periorÐsoume to prìblhma twn ken¸n paral-
l�ssontac elafr¸c thn 4.6. Gia par�deigma, mporoÔme na qrhsimopoi soume
thn met�jesh ∆(x, y) = b y

n
c&b x

m
c ìtan W

m
= 2r, r∈N,   akìma kai na ba-

sistoÔme se diaforetikì sq ma omadopoÐhshc prokeimènou na petÔqoume pio
apodotik  k�luyh thc eikìnac: antikajist¸ntac, p.q., to orjog¸nio me th
st lh prokÔptei h ∆(x, y) = x&b y

B
c, èna par�deigma thc opoÐac faÐnetai

dexi� sthn Eikìna 4.4 (to opoÐo ulopoieÐtai qwrÐc pr�xeic, se antÐjesh me to
par�deigma dexi�, ìpou apaiteÐtai mia prìsjesh). Oi sugkrÐseic metaxÔ twn
antistoiqÐsewn 4.5, 4.6, kai twn diafìrwn parallag¸n touc, faner¸noun ta
pleonekt mata/meionekt mata thc k�je ulopoÐhshc kai prosdiorÐzoun sthn
pr�xh thn kat�llhlh epilog  gia thn ek�stote efarmog .



Kef�laio 5

Ekmet�lleush thc Susqètishc
twn Ait sewn Mn mhc

Oi dunatìthtec prìsbashc thc Φ pou apodeÐxame sto prohgoÔmeno kef�laio
aforoÔn sto genikì prìblhma pou melet�tai èwc s mera sth bibliografÐa, sto
opoÐo de gÐnetai kami� upìjesh gia th seir� me thn opoÐa pragmatopoioÔntai
oi ait seic sth mn mh. 'Opwc ìmwc proanafèrjhke, ki ìpwc ja gÐnei akìma
pio fanerì mèsa apì praktik� paradeÐgmata sto kef�laio pou akoloujeÐ, oi
sunhjismènoi algìrijmoi den ekteloÔn entel¸c tuqaÐec ait seic sth mn mh.
AntÐjeta, oi diadoqikèc ait seic sqetÐzontai metaxÔ touc. M�lista, se pollèc
peript¸seic, h seir� twn ait sewn (jèseic kai sq mata) ep�nw sthn eikìna
eÐnai apìluta taktik /kanonik  kai problèyimh. Sto parìn kef�laio deqìmaste
mia polÔ genik  upìjesh gia th susqètish twn ait sewn kai deÐqnoume ìti h
proteinìmenh org�nwsh Φ mporeÐ na thn ekmetalleuteÐ me epituqÐa prokeimènou
na diorj¸sei exairetik� gr gora tic anapìfeuktec sugkroÔseic pou exet�same
prohgoumènwc.

5.1 Perigraf  susqetÐsewn ki exeidÐkeush

tou probl matoc

H upìjes  mac xekin� apì thn genik  paradoq  ìti oi algìrijmoi aitoÔntai
eikonostoiqeÐa kat� sunektikèc qwrik� perioqèc. EpekteÐnoume th paradoq 
aut  pèra apì to autìnomo sÔnolo-aÐthsh tou algorÐjmou (bl. enìthta 1.2),
se akoloujÐec pollapl¸n, diadoqik¸n, sunìlwn-ait sewn. H proteinìmenh
epèktash afor� se èna polÔ genikì motÐbo qwrik c sunoq c kai sthrÐzetai

84
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sthn ex c parat rhsh gia tic efarmogèc grafik¸n: oi algìrijmoi pou qrhsi-
mopoioÔntai, sun jwc, epexerg�zontai thn eikìna kalÔptontac diadoqikèc me-
g�lec tetr�gwnec perioqèc K×K eikonostoiqeÐwn, K∈N. Dhlad , aitoÔntai
diadoqik�, sunektik�, mikr� sÔnola eikonostoiqeÐwn ta opoÐa sunjètoun telik�
èna megalÔtero tetr�gwno K × K eikonostoiqeÐwn. 'Epeita, h diadikasÐa
suneqÐzetai me k�poia diaforetik  K ×K perioq , k.o.k. ParadeÐgmata aut c
thc sumperifor�c mporeÐ kaneÐc na sunant sei se pollèc eswterikèc leitourgÐec
thc sumpÐeshc eikonoro¸n, afoÔ h epexergasÐa basÐzetai sthn kat�tmhsh
thc eikìnac se tetr�gwna plakÐdia. Se �llec peript¸seic, akìma ki ìtan
o algìrijmoc den akoloujeÐ austhr� to parap�nw tetr�gwno motÐbo, eÐnai
dunatìn na metab�loume th seir� twn ait se¸n tou ¸ste na emfanÐzoun thn
en lìgw susqètish, qwrÐc na ephreasteÐ to telikì apotèlesma thc diadikasÐac.
Tètoia paradeÐgmata sunant�me sta yhfiak� fÐltra, ìpou h sunèlixh tou
mikroÔ pur na tou fÐltrou me tic antÐstoiqec perioqèc eikonostoiqeÐwn mporeÐ
na ektelesteÐ akolouj¸ntac pollèc diaforetikèc diadromèc ep�nw sthn eikìna.

Tupik�, h nèa upìjesh eÐnai eidÐkeush thc klassik c. 'Omwc, suneqÐzei na
qarakthrÐzei thn pleioyhfÐa twn efarmog¸n grafik¸n pou qrhsimopoioÔntai
ston pragmatikì kìsmo. Proc thn kateÔjunsh aut , genikeÔoume thn upìjesh
twn susqetismènwn ait sewn jewr¸ntac ìti autèc mporoÔn na apoteloÔntai
apì opoiod pote basikì sq ma prìsbashc enìc kÔklou kai ìti h K × K
tetr�gwnh perioq  pou kalÔptoun mporeÐ na èqei opoiad pote proèleush ep�nw
sthn eikìna. H pr¸th genÐkeush stoqeÔei sth diat rhsh thc poikilÐac twn
sqhm�twn pou prèpei na diajètei mia kal  org�nwsh mn mhc, en¸ h deÔterh
antikatoptrÐzei thn aperiìristh prìsbash pou apaitoÔn arketèc efarmogèc.
EpÐshc, tonÐzoume ìti den uiojetoÔme k�poion periorismì sqetik� me th dia-
drom  pou akoloujoÔn oi ait seic kat� th stadiak  k�luyh thc tetr�gwnhc
perioq c (upojètoume tuqaÐa akoloujÐa jèsewn entìc tetr�gwnhc perioq c).

To prìblhma pou melet�me metatrèpetai plèon sthn org�nwsh miac mn mhc
pou na prosfèrei prìsbash se tuqaÐa K ×K tetr�gwnh perioq  thc eikìnac
mèsw twn basik¸n sqhm�twn {gramm ,st lh,orjog¸nio,araiì-s}. Dieukri-
nÐzoume ed¸ ìti h apaÐthsh gia prìsbash �neu sugkroÔsewn sthn tuqaÐa
perioq  K × K sunep�getai aperiìristh prìsbash �neu sugkroÔsewn kat�
{gramm ,st lh,orjog¸nio} ki epomènwc proôpojètei arijmì trapez¸n mega-
lÔtero apì to embadìn twn sqhm�twn1. H paroÔsa ergasÐa epikentr¸netai

1υπό τη συνθήκη αυτή, το νέο πρόβλημα που ορίσαμε είναι απλώς μια ειδική περίπτωση
του προβλήματος πρόσβασης άνευ συγκρούσεων που έχει ήδη μελετηθεί στη βιβλιογραφία,
κι επομένως, δεν εμφανίζει κάποιο νέο ενδιαφέρον.
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sthn perÐptwsh pou qrhsimopoioÔme ton idanikì arijmì trapez¸n, B = E, gia
na apokt soume prìsbash sthn perioq  K × K se ìso to dunatìn ligìtero
qrìno: sugkekrimèna, ektel¸ntac to polÔ mia epiprìsjeth aÐthsh se sqèsh
me autèc pou ja qreiazìmastan an diajètame prìsbash �neu sugkroÔsewn2.
Parak�tw, ja deÐxoume ìti h proteinìmenh org�nwsh me qr sh thc Φ dÐnei mia
polÔ apodotik  lÔsh sto prìblhma autì ìtan K = B = m·n.

KaloÔme mia mn×mn tetr�gwnh perioq  thc eikìnac wc �Makrotetr�gwno�
proèleushc (x, y), ìpou (x, y) h jèsh tou ep�nw-arister� eikonostoiqeÐou thc
perioq c (Ðdioc sumbolismìc me autìn pou qrhsimopoioÔme gia thn proèleush
enìc sunìlou-aÐthshc). Efìson melet�me aperiìristh prìsbash Makrote-
trag¸nwn, ta x kai y mporoÔn na eÐnai opoioid pote akèraioi arijmoÐ. KaloÔme
wc �s�rwsh� mia akoloujÐa ait sewn pou stìqo èqoun na kalÔyoun stadiak�
thn epif�neia enìc olìklhrou (x, y) Makrotetrag¸nou. Gia th s�rwsh enìc
Makrotetrag¸nou mporoÔme na qrhsimopoi soume opoiod pote basikì sq ma
prìsbashc. An kat� th di�rkeia thc s�rwshc kalèsoume k�poio sÔnolo-
aÐthsh to opoÐo emfanÐsei sÔgkroush, ja anaferìmaste se aut  wc �topik 
sÔgkroush� tou Makrotetrag¸nou (x, y). Se k�je topik  sÔgkroush an-
tistoiqeÐ èna eikonostoiqeÐo to opoÐo den katafèrame na anakt soume (to
teleutaÐo, k�tw-dexi�, stoiqeÐo tou sunìlou-aÐthsh), kaj¸c kai mia tr�peza
mn mhc pou parèmeine anenerg  kat� th di�rkeia tou sugkekrimènou kÔklou
rologioÔ (apì ta B dedomèna, anaktoÔme mìno B − 1). KaloÔme to eikono-
stoiqeÐo pou q�netai wc �elleÐpon� kai thn tr�peza pou den qrhsimopoieÐtai wc
�adran �. To elleÐpon eikonostoiqeÐo kai h adran c tr�peza qarakthrÐzoun
èna sugkekrimèno sÔnolo-aÐthsh pou prokaleÐ topik  sÔgkroush kai pros-
diorÐzontai pl rwc apì to sq ma kai th jèsh pou autì fèrei ep�nw sthn
eikìna. Oi parap�nw ènnoiec gÐnontai eukolìtera antilhptèc mèsa apì to
akìloujo par�deigma.

'Estw org�nwsh mn mhc me 8 tr�pezec ki èstw tuqaÐo Makrotetr�gwno
8× 8 eikonostoiqeÐwn ep�nw sthn apojhkeumènh eikìna. JewroÔme efarmog 
sthn opoÐa o algìrijmoc prèpei na sar¸sei pollèc forèc to Makrotetr�gwno,
qrhsimopoi¸ntac k�je for� èna diaforetikì sq ma prìsbashc (apì aut� pou
prosfèrei h org�nwsh mn mhc). Sthn kalÔterh perÐptwsh, o algìrijmoc
ja qreiasteÐ 8 kÔklouc rologioÔ gia mia pl rh s�rwsh, afoÔ up�rqoun 64
eikonostoiqeÐa ki o mègistoc rujmìc metafor�c pou mporeÐ na epiteuqjeÐ eÐnai

2η συγκεκριμένη διατύπωση καθιστά το νέο πρόβλημα μια γενίκευση του προβλήματος
που μελετήσαμε στην προηγουμένη ενότητα, στο οποίο αναζητήσαμε πρόσβαση ενός κύκλου
κατά {γραμμή,στήλη,ορθογώνιο} με το πολύ μια σύγκρουση ανά σύνολο-αίτηση.
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Eikìna 5.1: S�rwsh Makrotetrag¸nou me sumpag  sq mata prìsbashc.
Arister�: grammèc. Dexi�: orjog¸nia. Shmei¸nontai oi topikèc sugkroÔseic.

Eikìna 5.2: S�rwsh Makrotetrag¸nou me araiì orjog¸nio (araiì-2).
Katagr�fetai k�je aÐthsh xeqwrist�. Shmei¸nontai oi topikèc sugkroÔseic.
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8 eikonostoiqeÐa an� kÔklo. Autì ja sumbeÐ ìtan dialèxoume èna sq ma pou
prosfèrei prìsbash qwrÐc sugkroÔseic (eÐte lìgw twn jèsewn twn ait sewn,
eÐte giatÐ to sq ma parèqei aperiìristh prìsbash). Sthn genik  perÐptwsh
ìmwc, afoÔ èqoume B = E, kat� th s�rwsh ja emfanisteÐ ènac arijmìc
apì topikèc sugkroÔseic. To er¸thma pou tÐjetai eÐnai, pìsec eÐnai oi suno-
likèc sugkroÔseic kai pìso gr gora mporoÔn na diorjwjoÔn, dhlad , pìsouc
kÔklouc qreiazìmaste gia na anakt soume ta elleÐponta eikonostoiqeÐa. Sthn
Eikìna 5.1 apeikonÐzetai h proteinìmenh org�nwsh mn mhc me qr sh thc Φ
gia m = 4, n = 2. EpÐshc shmei¸netai to Makrotetr�gwno (2, 1) kai
duo paradeÐgmata s�rwshc: mèsw gramm¸n (arister�), kai mèsw orjogwnÐwn
4 × 2 (dexi�). Ex' aitÐac thc jèshc tou Makrotetrag¸nou, ta sumpag  aut�
sq mata odhgoÔn se topikèc sugkroÔseic kat� th s�rwsh. Xèroume, lìgw
twn idiot twn thc Φ pou èqoume apodeÐxei, ìti ja emfanistoÔn to polÔ 8
sugkroÔseic kat� th s�rwsh. Autì ìmwc pou faÐnetai t¸ra sto par�deigma
eÐnai ìti ta elleÐponta eikonostoiqeÐa twn duo sar¸sewn (shmadeÔontai me
èntonec grammèc) eÐnai apojhkeumèna se 8 diaforetikèc tr�pezec. Epomènwc,
eÐnai dunatìn na anakthjoÔn ìla mazÐ se ènan �mìlic� epiprìsjeto kÔklo.
TonÐzoume pwc, h idiìthta aut  de qarakthrÐzei tic upìloipec lÔseic thc bi-
bliografÐac, me B = E, pou perigr�yame sthn enìthta 2.3.1. Akìma kai gia
perÐplokec antistoiqÐseic, ìpwc tic tèsseric pou apeikonÐzontai stic Eikìnec
2.5 kai 2.6, parathroÔme ìti qreiazìmaste toul�qiston duo epiprìsjetouc
kÔklouc gia na diorj¸soume tic sugkroÔseic pou emfanÐzontai kat� th s�rwsh
tou Makrotetrag¸nou (1, 1) mèsw, p.q., orjogwnÐwn sqhm�twn (sugkekrimèna,
qrhsimopoioÔme orjog¸nio 3 × 2,   2 × 3,   4 × 2,   3 × 3, antÐstoiqa, gia
k�je mia apì tic tèsseric sunart seic-paradeÐgmata twn Eikìnwn 2.5 kai 2.6).
Sthn Eikìna 5.2 apeikonÐzetai h s�rwsh tou Ðdiou Makrotetrag¸nou mèsw tou
araioÔ-2. 'Opwc faÐnetai kai gia thn perÐptwsh tou araioÔ, ta 8 elleÐponta
eikonostoiqeÐa mporoÔn na anakthjoÔn ìla mazÐ se mìlic ènan epiprìsjeto
kÔklo. Fusik�, to Ðdio Makrotetr�gwno apaiteÐ mhdèn epiprìsjetouc kÔklouc
an to sar¸soume kat� st lec   kat� polutetr�gwno-1. EpÐshc, an to Makro-
tetr�gwno eÐqe proèleush, p.q., to (0, 0) thc eikìnac, tìte ja mporoÔsame na
to sar¸soume me opoiod pote sq ma qwrÐc epiprìsjetouc kÔklouc. Gia na
oloklhr¸soume to par�deigma twn Eikìnwn 5.1 kai 5.2, shmei¸noume ìti oi
adraneÐc tr�pezec kat� th s�rwsh me grammèc eÐnai (apì p�nw proc ta k�tw)
oi {1,2,3,4,5,6,7,0}. Oi Ðdiec eÐnai kai kat� th s�rwsh me orjog¸nia (apì aris-
ter� proc dexi� kai apì p�nw proc ta k�tw). Gia th s�rwsh me araiì-2 eÐnai oi
{1,3,2,4,5,7,6,0}. ParathroÔme ìti, kai gia tic treic peript¸seic, k�je adran c
tr�peza thc s�rwshc eÐnai monadik . H sugkekrimènh idiìthta eÐnai exairetik�
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qr simh, ìpwc ja deÐxoume, ìtan h diìrjwsh twn sugkroÔsewn basÐzetai sthn
epanakatanom  twn elleipìntwn eikonostoiqeÐwn mèsa sth mn mh.

Sto par�deigma pou prohg jhke skiagraf jhke o stìqoc thc proteinì-
menhc lÔshc, kaj¸c kai h sqetik  uperoq  thc sugkritik� me tic progenèsterec
lÔseic thc bibliografÐac: diìrjwsh twn anapìfeuktwn sugkroÔsewn se mn mec
me B = E se ìso to dunatìn ligìtero qrìno. Sthn enìthta pou akoloujeÐ
embajÔnoume sto stìqo autì apodeiknÔontac ìti

h proteinìmenh lÔsh Φ me B=E=mn tr�pezec prosfèrei ape-
riìristh prìsbash se perioq  mn × mn eikonostoiqeÐwn
mèsw opoioud pote basikoÔ sq matoc prìsbashc qrhsi-
mopoi¸ntac to polÔ mn+1 kÔklouc rologioÔ.

Shmei¸noume ìti oi dunatìthtec autèc den apaitoÔn th qr sh endi�meswn,
proswrin¸n, kataqwrht¸n (buffer). H parap�nw diatÔpwsh faÐnetai na meta-
fèrei me akrÐbeia to epÐbaro kìstoc tou probl matoc apì to q¸ro sto qrìno3

an thn antiparab�loume me to sumpèrasma pou bg�zei k�poioc melet¸ntac tic
bèltistec lÔseic thc bibliografÐac (enìthta 2.3.1):

opoiad pote perioq  mn × mn eikonostoiqeÐwn eÐnai dunatìn
na sarwjeÐ me opoiod pote basikì sq ma prìsbashc se
mn kÔklouc qrhsimopoi¸ntac mn+1 tr�pezec.

Me �lla lìgia, h proteinìmenh lÔsh epilègei na xodèyei ènan parap�nw kÔklo
antÐ gia mia parap�nw tr�peza mn mhc prokeimènou na exuphret sei tic efar-
mogèc grafik¸n. M�lista, ja deÐxoume ìti h sugkekrimènh epilog  odhgeÐ se
pio apodotik  lÔsh (me krit rio thn ekmet�lleush tou ulikoÔ) sugkritik� me
tic progenèsterec, akrib¸c giatÐ o epiprìsjetoc kÔkloc qrhsimopoieÐtai upì
proôpojèseic ki ìqi p�nta, ìpwc h epiprìsjeth tr�peza pou enswmat¸netai
upoqrewtik�/mìnima sto ulikì tou sust matoc.

5.2 Dunatìthtec s�rwshc Makrote-

trag¸nwn

Gia na proqwr soume sthn apìdeixh twn nèwn dunatot twn pou prosfèrei h
Φ prèpei pr¸ta na prosdiorÐsoume to elleÐpon eikonostoiqeÐo kai thn adran 
tr�peza miac aÐthshc pou prokaleÐ topik  sÔgkroush. Apì to prohgoÔmeno

3από το κόστος του υλικού στους κύκλους του ρολογιού
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kef�laio xèroume ìti to elleÐpon, an up�rqei, eÐnai to teleutaÐo stoiqeÐo tou
sunìlou (k�tw-dexi�), to opoÐo apojhkeÔetai sthn Ðdia tr�peza me to pr¸to
stoiqeÐo, dhlad  sthn tr�peza Φ(x, y), ìpou (x, y) h jèsh thc aÐthshc. Gia
ton prosdiorismì thc adranoÔc tr�pezac qreiazìmaste mia parìmoia sun�rthsh
tou (x, y), kaj¸c kai thc arai c paramètrou s (b�zoume s = 1 gia ta sumpag 
sq mata), thn opoÐa dÐnoume sto akìloujo L mma

L mma 5.2.1. Gia opoiod pote basikì sq ma prìsbashc, an èna sÔnolo-
aÐthsh me proèleush (x, y) ep�nw sthn eikìna odhg sei se topik  sÔgkroush,
tìte h adran c tou tr�peza dÐnetai apì ton tÔpo

AT (x, y, s) = Φ
(⌊ x

m

⌋
m + (x) mod (s), y

)
(5.1)

Apìdeixh. Efìson melet�me tic peript¸seic ait sewn pou odhgoÔn se topik 

sÔgkroush, upojètoume ìti bx mod (m)
s

c ≥ 1 kai ìti to sq ma prìsbashc den
eÐnai st lh   araiì-m (bl. jewr mata/porÐsmata thc enìthtac 4.2). EpÐshc,
upojètoume ìti s = 1 gia ta sumpag  sq mata kai s|m gia ta arai�.

Gia na apodeÐxoume to l mma arkeÐ na deÐxoume ìti AT (x, y, s) 6= Φ(xq, yq)
gia k�je eikonostoiqeÐo (xq, yq) tou sq matoc pou exet�zoume. Sugkekrimèna,
arkeÐ na ekfr�soume k�je (xq, yq) me sqetikèc suntetagmènec (i, j) wc proc
thn arq  (x, y) kai na deÐxoume ìti h exÐswsh Φ(x + i, y + j) =AT (x, y, s) den
èqei lÔsh (i, j) pou na �deÐqnei� entìc tou sugkekrimènou sq matoc.

Tupik�, h exÐswsh prèpei na lujeÐ gia k�je basikì sq ma xeqwrist�.
'Omwc, se ìlec tic peript¸seic h diadikasÐa aut  katal gei sthn epÐlush miac
genik c exÐswshc isotimÐac, thn ex c (sthn perÐptwsh pou melet�me grammèc,
arkeÐ na efarmìsoume thn allag  metablht¸n pou qrhsimopoi same sthn
apìdeixh tou Jewr matoc 4.2.3):

n ·
⌊

x mod (m)

s

⌋
· s + εxi + Ψ(i, j) ≡ 0 (mod mn) (5.2)

ìpou i ∈ Nm, j ∈ Nn, εxi to kl�sma pou eÐdame sthn apìdeixh tou l mmatoc
4.2.1, kai Ψ(i, j) h amfirriptik  apeikìnish Nm × Nn → Nmn pou orÐsame
epÐshc ekeÐ.

Gia na oloklhr¸soume thn paroÔsa apìdeixh, arkeÐ na deÐxoume ìti h 5.2
den èqei lÔsh (i, j) entìc tou Nm × Nn. Pr¸ta ap' ìla, parathroÔme ìti
o akèraioc pou anaparÐstatai sto aristerì mèloc thc exÐswshc den mporeÐ
na eÐnai megalÔteroc,   Ðsoc, apì 2mn epeid  Ψ(i, j) < mn, εxi ≤ 1 kai

bx mod (m)
s

c · s ≤ m − 1. EpÐshc, den mporeÐ na eÐnai mhdèn diìti, ex' upojèsewc,
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bx mod (m)
s

c ≥ 1. Epomènwc, h exÐswsh 5.2 mporeÐ na èqei lÔsh mìno ìtan to
aristerì thc mèloc gÐnei Ðso me mn, dhlad , ìtan Ψ(i, j) + εxi = K, ìpou

K = n · (m−bx mod (m)
s

cs). DeÐqnoume ìti p�nta Ψ(i, j) + εxi 6= K, giatÐ ìtan
Ψ(io, jo) = K èqoume εxio = 1, kai ìtan Ψ(iu, ju) = K − 1 èqoume εxiu = 0
(to εxi mporeÐ na eÐnai mìno 0   1). AfoÔ h Ψ(i, j) eÐnai amfirriptik , èqoume
akrib¸c èna zeÔgoc (io, jo) ki èna (iu, ju), ta ex c:

(io, jo) =
(
m′ −

⌊
x mod (m)

s

⌋
, 0

)
(iu, ju) =

(
m −

⌊
x mod (m)

s

⌋
− 1, n − 1

)
Pr�gmati, sthn pr¸th perÐptwsh paÐrnoume εxio = bm+(x mod m) mod (s)

m
c = 1,

kai sthn deÔterh paÐrnoume εxiu = bm+(x mod m) mod (s)−s
m

c = 0.

'Eqontac prosdiorÐsei epakrib¸c to elleÐpon kai thn adran  tr�peza gia
k�je aÐthsh thc Φ, mporoÔme na perigr�youme sullogèc elleipìntwn   ad-
ran¸n trapez¸n �pou prokÔptoun apì mia sugkekrimènh akoloujÐa ait sewn�
kai na apodeÐxoume th monadikìthta k�je stoiqeÐou thc sullog c. Aut  eÐnai
h kentrik  idèa sthn apìdeixh tou epìmenou jewr matoc. Bèbaia, apaiteÐtai
akrÐbeia kai sthn diatÔpwsh-perigraf  twn dunat¸n akolouji¸n pou prèpei na
melet soume4. Arqik� melet�me aplèc sar¸seic, ìpou oi ait seic kalÔptoun
akrib¸c èna Makrotetr�gwno, qwrÐc diplèc ait seic   paraleÐyeic eikono-
stoiqeÐwn. Genikìtera,

Orismìc. 'Estw Kπ tuqaÐa perioq  k·m·n eikonostoiqeÐwn, k ∈ N, me tuqaÐo
sq ma ep�nw sthn eikìna. KaloÔme wc tupik  th s�rwsh thc Kπ ìtan

- To sq ma prìsbashc eÐnai basikì kai den all�zei kat� th s�rwsh
- K�je eikonostoiqeÐo thc perioq c Kπ zhteÐtai akrib¸c mia for�
- De zhteÐtai kanèna eikonostoiqeÐo ektìc thc perioq c Kπ

ParathroÔme ìti mia tupik  s�rwsh apoteleÐtai apì akrib¸c k ait seic,
anexart twc twn topik¸n sugkroÔsewn (�ra twn elleipìntwn eikonostoiqeÐwn)

4τυπικά, στο συγκεκριμένο θεώρημα, εξετάζουμε μόνο ένα μέρος από όλες τις δυνατές
ακολουθίες αιτήσεων που μπορούν να πραγματοποιηθούν στην εικόνα: αυτές που έχουν
πρακτικό ενδιαφέρον στις συνηθισμένες εφαρμογές γραφικών. Ο αριθμός όλων των δυνατών
ακολουθιών, ανεξαρτήτως συσχετίσεων, είναι εξαιρετικά μεγάλος και αποτρεπτικός για
μελέτες σαν αυτή της παρούσας εργασίας. Π.χ., για ασυσχέτιστες mn αιτήσεις σε εικόνα με

πλάτος W και ύψος H έχουμε O
((

4·W ·H
m·n

)
· (mn)!

)
δυνατές ακολουθίες.
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pou ja emfanistoÔn. EpÐshc, ìtan h Kπ eÐnai èna Makrotetr�gwno (k = mn),
tìte mporoÔme na qrhsimopoi soume opoiod pote sumpagèc sq ma prìsbashc
gia thn tupik  tou s�rwsh, en¸ gia na qrhsimopoi soume èna araiì-s ja prèpei
na isqÔei ìti s|m kai s|n. ParadeÐgmata tupik¸n sar¸sewn Makrotetrag¸nou
faÐnontai stic Eikìnec 5.1 kai 5.2.

Je¸rhma 5.2.2. Gia opoiad pote tupik  s�rwsh enìc tuqaÐou Makrote-
trag¸nou thc eikìnac, an emfanistoÔn topikèc sugkroÔseic isqÔoun ta ex c:

(i) K�je elleÐpon eikonostoiqeÐo brÐsketai se xeqwrist  tr�peza.

(ii) K�je adran c tr�peza eÐnai monadik .

Apìdeixh. H s�rwsh kat� st lec kai kat� araiì-m den odhgeÐ potè se topikèc
sugkroÔseic, ìpoia ki an eÐnai h jèsh tou Makrotetrag¸nou p�nw sthn eikìna
(Je¸rhma 4.2.8, Pìrisma 4.2.7). Sunep¸c, ja exet�soume xeqwrist� tic pe-
ript¸seic tupik¸n sar¸sewn kat� grammèc, orjog¸nia, kai araiì-s me s 6= m.
Xekin�me me to pr¸to mèroc tou jewr matoc:

(i) ElleÐponta eikonostoiqeÐa
Grammèc: sÔmfwna me to Je¸rhma 4.2.9, an h tupik  s�rwsh kat� grammèc
dhmiourg sei èna sÔnolo apì elleÐponta eikonostoiqeÐa, tìte aut� ja sqh-
matÐsoun mia st lh Ôyouc mn sth dexi� pleur� tou Makrotetrag¸nou. SÔm-
fwna me to Je¸rhma 4.2.8, k�je eikonostoiqeÐo aut c thc st lhc brÐsketai
se xeqwrist  tr�peza, ìpoia ki an eÐnai h jèsh thc st lhc sthn eikìna.
Orjog¸nia: sÔmfwna me to Je¸rhma 4.2.3, an h tupik  s�rwsh kat� or-
jog¸nia dhmiourg sei èna sÔnolo apì elleÐponta eikonostoiqeÐa, tìte aut�
ja brÐskontai se apìstash (m,n) metaxÔ touc p�nw sthn eikìna. Pio sug-
kekrimèna, ja sqhmatÐsoun èna poluter�gwno-1. Sunep¸c, sÔmfwna me to
Pìrisma 4.2.12, k�je èna ja brÐsketai se xeqwrist  tr�peza.
Arai�-s: 'Otan h tupik  s�rwsh gÐnetai kat� arai�-s, o arijmìc twn elleipì-
ntwn stoiqeÐwn den periorÐzetai mìno se 0   se mn, all� metab�lletai an�loga
me th jèsh (x, y) tou Makrotetrag¸nou. P�ntwc, se k�je perÐptwsh, ta
eikonostoiqeÐa pou endèqetai na eÐnai elleÐponta, eÐnai ekeÐna pou brÐskontai
stic k�tw-dexi� gwnÐec twn mn sunìlwn-ait sewn (bl. Je¸rhma 4.2.5). Para-
throÔme ìti aut� ta mn eikonostoiqeÐa sunjètoun èna polutetr�gwno-s. An
to Je¸rhma 4.2.11 den èjete periorismì sth jèsh tou polutetrag¸nou, tìte
h apìdeixh ja teleÐwne ed¸. T¸ra, ìmwc, ofeÐloume na diakrÐnoume duo
peript¸seic.

Sthn pr¸th perÐptwsh èqoume ta polutetr�gwna pou èqoun jèsh (xsq, ysq)
me xsq mod m ≤ m − s. SÔmfwna me to Je¸rhma 4.2.11, ta stoiqeÐa enìc
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tètoiou polutetrag¸nou brÐskontai p�nta se xeqwristèc tr�pezec. Dhlad ,
epibebai¸netai to je¸rhma, qwrÐc kan na xèroume poia apì aut� eÐnai elleÐponta
kai poia ìqi. Sthn deÔterh perÐptwsh èqoume ta polutetr�gwna pou èqoun
jèsh (xsq, ysq) me xsq mod m > m − s. 'Ena tètoio polutetr�gwno xèroume
ìti perièqei stoiqeÐa pou moir�zontai thn Ðdia tr�peza. Den xèroume ìmwc
an ta sugkekrimèna stoiqeÐa eÐnai elleÐponta. 'Ara, prèpei na qwrÐsoume ta
stoiqeÐa tou polutetrag¸nou se elleÐponta kai mh, ¸ste na deÐxoume ìti h
�koinokthmosÔnh� trapez¸n den afor� sta elleÐponta eikonostoiqeÐa.

'Estw (xreq, yreq) h jèsh enìc apì ta arai�-s pou od ghse sto sqhmatismì
tou polutetrag¸nou pou melet�me. To k�tw-dexiì stoiqeÐo tou brÐsketai sth
jèsh (xpix, ypix) = (xreq + s · (m − 1), yreq + s · (n − 1)). Apì thn èkfrash
aut  kai apì to Pìrisma 4.2.6 sumperaÐnoume ìti to eikonostoiqeÐo (xpix, ypix)
eÐnai elleÐpon ìtan xpix mod m < m − s. QwrÐzoume, loipìn, ta stoiqeÐa tou
polutetrag¸nou se duo uposÔnola, ta Pm kai Ph. Sto Pm perièqontai ta
elleÐponta stoiqeÐa gia ta opoÐa èqoume ìti xpix mod m < m − s, en¸ sto
Ph perièqontai ta stoiqeÐa pou anakt¸ntai kat� th s�rwsh qwrÐc sÔgkroush.
Gia na oloklhr¸soume thn apìdeixh arkeÐ na deÐxoume ìti ta stoiqeÐa tou Pm

apojhkeÔontai se xeqwristèc tr�pezec.
ParathroÔme ìti, lìgw tou periorismoÔ xpix mod m < m − s, to Pm

apoteleÐtai apì ta mikr� tetr�gwna tou polutetrag¸nou-s pou melet�me, me
thn apousÐa sugkekrimènwn sthl¸n eikonostoiqeÐwn: k�je mikrì tetr�gwno
èqei apolèsei thn arister  pleur� tou me pl�toc (−xsq) mod (m), dhlad 
èqei apolèsei ta eikonostoiqeÐa gia ta opoÐa isqÔei xpix mod m ≥ m − s.
QwrÐc bl�bh, mporoÔme na melet soume ta stoiqeÐa tou Pm sa na apoteloÔn
mèroc enìc �llou polutetrag¸nou-s pou brÐsketai dexiìtera tou (xsq, ysq)
pou melet�me. Autì to upotijèmeno polutetr�gwno èqei jèsh (x′

sq, y′
sq) =

(bxsq

m
cm + m, ysq), ki �ra, to Je¸rhma 4.2.11 mac diasfalÐzei ìti kanèna

zeÔgoc twn stoiqeÐwn tou den apojhkeÔetai sthn Ðdia tr�peza.
(ii) AdraneÐc tr�pezec

SÔmfwna me to L mma 5.2.1, h adran c tr�peza enìc sunìlou-aÐthsh pou
odhgeÐ se sÔgkroush sth jèsh (xr, yr) eÐnai Ðdia me thn tr�peza pou perièqei
to eikonostoiqeÐo (xb, yb)=

(
bxr

m
cm + (xr) mod (s), yr

)
. Sth sunèqeia thc

apìdeixhc anaferìmaste sto (xb, yb) wc antiprìswpo thc adranoÔc tr�pezac
thc jèsh (xr, yr) kai to qrhsimopoioÔme gia na prosdiorÐsoume thn Ðdia thn
tr�peza (monos mantoc prosdiorismìc, afoÔ k�je dedomèno brÐsketai se mia
mìno tr�peza). Gia na deÐxoume th monadikìthta twn adran¸n trapez¸n se
mia tupik  s�rwsh, arkeÐ na deÐxoume ìti ta eikonostoiqeÐa-antiprìswpoÐ touc
brÐskontai se xeqwristèc tr�pezec.
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'Estw tuqaÐo Makrotetr�gwno me jèsh (x, y) p�nw sthn eikìna, to opoÐo
upìkeitai se tupik  s�rwsh kat�:
Grammèc: Ekfr�zoume tic jèseic twn mn sunìlwn-ait sewn me sqetikèc sun-
tetagmènec wc proc to (x, y). Sugkekrimèna, oi ait seic eÐnai oi (x, y + j),
me j ∈ Nmn. SÔmfwna me to L mma 5.2.1, oi adraneÐc tr�pezec twn ait sewn
aut¸n perièqoun antipros¸pouc me jèseic (b x

m
cm, y + j), me j ∈ Nmn. Ta

eikonostoiqeÐa aut� sqhmatÐzoun mia st lh me Ôyoc mn kai jèsh (b x
m
cm, y).

'Ara, sÔmfwna me to Je¸rhma 4.2.8, brÐskontai se xeqwristèc tr�pezec.
Orjog¸nia: Ekfr�zoume tic jèseic twn mn orjogwnÐwn wc (x+i·m, y+j ·n),
me i ∈ Nn kai j ∈ Nm. SÔmfwna me to L mma 5.2.1, oi adraneÐc tr�pezec twn
ait sewn aut¸n perièqoun antipros¸pouc me jèseic (b x

m
cm + i ·m, y + j ·n),

me i ∈ Nn kai j ∈ Nm. Dhlad , oi antiprìswpoi autoi sqhmatÐzoun èna
polutetr�gwno-1 me jèsh (b x

m
cm, y) p�nw sthn eikìna. 'Ara, sÔmfwna me to

Pìrisma 4.2.12, brÐskontai se xeqwristèc tr�pezec.
Arai��s: Ekfr�zoume tic jèseic twn mn arai¸n-s wc (x + i′, y + j′), ìpou

i′ = b i
s
csm + (i) mod (s) kai j′ = b j

s
csn + (j) mod (s), me i ∈ Nn kai j ∈ Nm.

'Opwc anafèrjhke kai sto pr¸to skèloc thc paroÔsac apìdeixhc, o arijmìc
twn topik¸n sugkroÔsewn (ki �ra twn adran¸n trapez¸n) exart�tai apì to
(x, y). Ed¸ mac endiafèroun, sÔmfwna me to Pìrisma 4.2.6, mìno oi ait seic
gia tic opoÐec isqÔei ìti

(
x + b i

s
csm + (i) mod (s)

)
mod m ≥ s. Dhlad ,

ekeÐnec gia tic opoÐec (x mod m + i mod s) mod m ≥ s. 'Ara exet�zoume ta
i gia ta opoÐa isqÔei ìti s ≤ x mod m + i mod s < m. Qrhsimopoi¸ntac
thn anisìthta aut  kaj¸c efarmìzoume thn antistoÐqish 5.1, sumperaÐnoume
ìti oi adraneÐc tr�pezec pou anazhtoÔme perièqoun antipros¸pouc me jèseic(⌊

x
m

⌋
m +

⌊
i
s

⌋
sm + (x + i) mod s, y +

⌊
j
s

⌋
sn + j mod s

)
, ìpou j ∈ Nm kai

i ∈ U ⊆ Nn. Shmei¸noume ìti: a) to i den kalÔptei upoqrewtik� ìlo to Nn

ex' aitÐac tou periorismoÔ pou epibl jhke, kai b) to sÔnolo antipros¸pwn
sto opoÐo katal xame prosdiorÐzetai apì èna tÔpo pou perigr�fei èna mèroc
enìc polutetrag¸nou-s me jèsh (b x

m
cm, y) p�nw sthn eikìna. To Je¸rhma

4.2.11 mac diasfalÐzei ìti k�je stoiqeÐo tou sugkekrimènou sunìlou brÐsketai
se xeqwrist  tr�peza mn mhc.

'Amesh sunèpeia tou Jewr matoc 5.2.2 eÐnai ìti opoiod pote Makrotetr�-
gwno mporeÐ na anakthjeÐ to polÔ se mn + 1 kÔklouc. Pio sugkekrimèna,
qreiazìmaste akrib¸c mn kÔklouc ìtan to Makrotetr�gwno brÐsketai sth
jèsh (x, y) me x mod m = 0, afoÔ ìpoio basikì sq ma ki an dialèxoume de ja
emfanistoÔn topikèc sugkroÔseic kat� thn tupik  tou s�rwsh. To Ðdio isqÔei,
anexart twc jèshc (x, y), ìtan dialèxoume wc sq ma prìsbashc th st lh  
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to araiì-m. Se ìlec tic upìloipec peript¸seic mporoÔme na diab�soume to
Makrotetr�gwno apì th mn mh se mn+1 kÔklouc wc ex c: ston pr¸to kÔklo
anaktoÔme ìla ta elleÐponta eikonostoiqeÐa pou prìkeitai na emfanistoÔn
kat� touc mn kÔklouc thc tupik c s�rwshc kai sth sunèqeia ekteloÔme
th s�rwsh diorj¸nontac mia proc mia tic elleÐyeic pou emfanÐzontai. To
je¸rhma 5.2.2 eggu�tai ìti ta elleÐponta stoiqeÐa (to polÔ mn se pl joc,
prosdiorÐzontai apì to sq ma s�rwshc kai th jèsh tou Makrotetrag¸nou)
eÐnai apojhkeumèna se diaforetikèc tr�pezec ki epomènwc ènac kÔkloc eÐnai
arketìc gia thn an�kths  touc. EpÐshc, to je¸rhma 5.2.2 eggu�tai ìti oi
adraneÐc tr�pezec pou prìkeitai na emfanistoÔn kat� thn tupik  s�rwsh eÐnai
monadikèc. To gegonìc autì mac epitrèpei thn apomnhmìneush twn elleipìntwn
eikonostoiqeÐwn tou pr¸tou kÔklou entìc twn trapez¸n, ki ìqi se proswrinoÔc
kataqwrhtèc (de qreiazìmaste “buffers”). Dhlad , ston pr¸to kÔklo mporoÔ-
me na diat�xoume tic eisìdouc/exìdouc twn trapez¸n ¸ste to elleÐpon eikono-
stoiqeÐo thc metèpeita aÐthshc (xa, ya) na anagnwsjeÐ apì thn tr�peza Φ(xa, ya)
sthn opoÐa brÐsketai monÐmwc apojhkeumèno kai na epaneggrafeÐ proswrin�
sthn teleutaÐa dieÔjunsh thc antÐstoiqhc adranoÔc tr�pezac AT (xa, ya). Wc
apotèlesma, ìtan pragmatopoihjeÐ h aÐthsh (xa, ya) mporoÔme na anakt soume
to elleÐpon mèsa apì thn ��llote� adran  tr�peza, ousiastik�, kajist¸ntac
thn prìsbash �neu sugkroÔsewn. To je¸rhma 5.2.2 mac diasfalÐzei ìti h
proanaferjeÐsa proswrin  epanakatonom  twn elleipìntwn eikonostoiqeÐwn
mporeÐ na pragmatopoihjeÐ �gia ìla mazÐ� ston pr¸to apì touc mn+1 kÔklouc
an�gnwshc tou Makrotetrag¸nou (lìgw thc monadikìthtac twn trapez¸n)5.
Oi idiìthtec kai h teqnik  diìrjwshc sugkroÔsewn pou exhg same parap�nw
gia thn an�gnwsh isqÔoun autoÔsiec kai kat� thn eggraf  tou Makrote-
trag¸nou: ekteloÔme mia tupik  s�rwsh ki èpeita, an up�rqoun topikèc sug-
kroÔseic, gr�foume se ènan monadikì kÔklo ta eikonostoiqeÐa pou paraleÐyame.

5η μαθηματική αυτή ιδιότητα είναι ανεξάρτητη της υποκείμενης τεχνολογίας. Μια πι-
θανή υλοποίηση μέσω τεχνολογίας που διαθέτουμε σήμερα είναι η ευθεία χρήση μνημών
διπλής θύρας με προτεραιότητα εγγραφής (“dual port”, “read after write” memory) [68], ως
εξής: με σωληνωτή αρχιτεκτονική, στον κύκλο c αναρτούμε τις διευθύνσεις των ελλειπόντων
εικονοστοιχείων, στον κύκλο c + 1 αναρτούμε τις διευθύνσεις των εικονοστοιχείων της
πρώτης αίτησης, αλλά ταυτόχρονα δρομολογούμε και τις εξόδους των μνημών (τα ελλείποντα
που ζητήσαμε προηγουμένως) στις κατάλληλες τράπεζες. Στον κύκλο c + 2 αναρτούμε τις
διευθύνσεις της δεύτερης αίτησης και προωθούμε τα στοιχεία της πρώτης, κ.ο.κ.
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5.3 GenÐkeush twn apotelesm�twn

Ta apotelèsmata tou Jewr matoc 5.2.2 genikeÔontai mèsw thc qal�rwshc twn
periorism¸n pou jètei h diatÔpws  tou. Xekin�me me th melèth miac genÐkeushc
pou sqetÐzetai me ton orismì thc tupik  s�rwshc, kai eidikìtera me thn pr¸th
apaÐthsh tou orismoÔ gia stajerìthta tou sq matoc prìsbashc. Ja apodeÐ-
xoume ìti oi duo prot�seic tou 5.2.2 paramènoun alhjeÐc akìma ki an to basikì
sq ma all�xei kat� th s�rwsh. Bèbaia, oi allagèc sto sq ma den mporeÐ
na eÐnai entel¸c aujaÐretec: oi eswterikèc allagèc prèpei na sèbontai tic
duo enapomeÐnasec apait seic tou orismoÔ gia prìsbash ìlwn twn eikono-
stoiqeÐwn tou Makrotetrag¸nou �kai mìnon aut¸n� akrib¸c mia for�.

H basik  idiìthta thc Φ pou mac epitrèpei na sar¸noume diaforetikèc
upoperioqèc tou Makrotetrag¸nou me diaforetik� sq mata prìsbashc eÐnai,
perÐpou, h anexarthsÐa tou sunìlou twn elleipìntwn thc upoperioq c (kai
tou sunìlou twn adran¸n) apì to sq ma pou qrhsimopoi same gia na th
sar¸soume. Akribèstera,

Prìtash 5.3.1. H tupik  s�rwsh miac tuqaÐac perioq c thc eikìnac odhgeÐ
p�nta sto Ðdio sÔnolo adran¸n trapez¸n kai sto Ðdio sÔnolo trapez¸n elleipì-
ntwn eikonostoiqeÐwn, ìpoio basikì sq ma prìsbashc ki an qrhsimopoihjeÐ.
Sthn eidik  perÐptwsh pou k�poio sq ma odhgeÐ se ligìterec topikèc sug-
kroÔseic ap' ìti ta upìloipa sq mata, odhgeÐ se sÔnola trapez¸n pou eÐnai
uposÔnola twn antistoÐqwn touc.

Apìdeixh. Exet�zoume tic mikrìterec dunatèc perioqèc gia tic opoÐec mporoÔme
na èqoume tupik  s�rwsh me duo diaforetik� sq mata prìsbashc (oi me-
galÔterec perioqèc apoteloÔn apl  ènwsh aut¸n, ki epomènwc diathroÔn tic
zhtoÔmenec idiìthtec). H teqnik  thc apìdeixhc eÐnai parìmoia me aut n pou
qrhsimopoi same kai stic apodeÐxeic pou prohg jhkan: a) ekfr�zoume tic
jèseic twn diadoqik¸n ait sewn me sqetikèc suntetagmènec wc proc th arq 
(x, y) thc perioq c pou exet�zoume, b) upologÐzoume stic jèseic autèc thn
antistoÐqish Φ (  thn AT ), kai g) sugkrÐnoume metaxÔ touc ta sÔnola pou
prokÔptoun gia k�je diaforetik  s�rwsh. Xekin�me me to pr¸to mèroc thc
prìtashc.

Tr�pezec elleipìntwn eikonostoiqeÐwn
SugkrÐnoume pr¸ta th s�rwsh kat� arai�-s me th s�rwsh kat� grammèc. H
mikrìterh perioq  s�rwshc eÐnai aut  pou prokÔptei kal¸ntac n diadoqik�
arai�-s proc ta dexi� (n grammèc m kouc mn me katakìrufh apìstash s),
dhlad  èna sÔnolo ait sewn (x + b i

s
csm + (i) mod s, y), ìpou i ∈ Nn. H
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Ðdia perioq  kalÔptetai me grammèc ìtan dhmiourg soume èna sÔnolo ait sewn
(x, y + j · s), ìpou j ∈ Nn. Shmei¸noume ìti ìtan èqoume s = 1 sugkrÐnoume
�ousiastik�� th s�rwsh kat� grammèc me th s�rwsh kat� orjog¸nia.

Efarmìzoume to Φ sta duo parap�nw sÔnola ait sewn lamb�nontac upìyh
ìti ìtan èqoume topik  sÔgkroush èqoume (x mod m + i mod s) mod m ≥ s,
�ra (x mod m+i mod s) < m. Apì thn pr¸th efarmog  paÐrnoume to sÔnolo
twn trapez¸n Bα pou apojhkeÔoun ta elleÐponta stoiqeÐa thc s�rwshc kat�
araiì-s, en¸ apì th deÔterh paÐrnoume to Bγ gia th s�rwsh kat� grammèc:

Bα =
{(

xn +
⌊

x
m

⌋
+ y+ (i mod s)n +

⌊
i
s

⌋
s

)
mod (mn) | i ∈ Nn

}
Bγ =

{(
xn +

⌊
x
m

⌋
+ y+ js

)
mod (mn) | j ∈ Nn

}
Gia na sugkrÐnoume ta Bα kai Bγ sugkrÐnoume touc ìrouc (i mod s)n+b i

s
cs kai

js. UpenjumÐzoume ìti s|n afoÔ melet�me tupik  s�rwsh, ki �ra mporoÔme na
sugkrÐnoume touc ìrouc (i mod s)n′ + b i

s
c kai j, ìpou n = n′s. ParathroÔme

ìti h morf  twn duo ìrwn parapèmpei se peperasmèna arijmhtik� sust mata,
ki �ra gia k�je i up�rqei j ¸ste oi duo ìroi na eÐnai Ðsoi. Sunep¸c, Bα ⊆ Bγ

(den eÐnai anagkastik� Ðsa, afoÔ to i endèqetai na mhn kalÔptei ìlo to Nn

lìgw tou periorismoÔ Ôparxhc topik c sÔgkroushc, dhlad , h s�rwsh kat�
arai�-s endèqetai na odhgeÐ se ligìterec sugkroÔseic ap′ ìti oi grammèc).

Apomènei na sugkrÐnoume th s�rwsh kat� arai�-s me th s�rwsh kat�
orjog¸nia. H mikrìterh epitrept  perioq  s�rwshc eÐnai h sumpag c pe-
rioq  ms × ns, pou prokÔptei apì to sÔnolo ait sewn arai¸n-s me jèseic
(x + i, y + j), ìpou i, j ∈ Ns. H Ðdia perioq  kalÔptetai apì ta orjog¸nia
(x+km, y+ ln), ìpou k, l ∈ Ns. Efarmìzoume to Φ sta duo sÔnola kai, ìpwc
prohgoumènwc, katal goume sta antÐstoiqa sÔnola trapez¸n elleipìntwn
eikonostoiqeÐwn twn duo sar¸sewn, Bα kai Bo, h diatÔpwsh twn opoÐwn
diafèrei mìno sto ex c shmeÐo: h Bα perilamb�nei ton ìro in + j, en¸ h
Bo ton ìro ln + k. ParathroÔme ìti gia k�je (i, j) up�rqei (k, l) tètoio pou
oi duo ìroi na apoktoÔn thn Ðdia tim , epomènwc ki ed¸ èqoume ìti Bα ⊆ Bo.

AdraneÐc tr�pezec
Ergazìmaste akrib¸c ìpwc sto pr¸to skèloc thc apìdeixhc, all� antÐ gia to
Φ qrhsimopoioÔme thn 5.1 pou dÐnei thn adran  tr�peza k�je aÐthshc, dhlad 
thn AT (xr, yr, sr) =

(
(xr mod sr)n + yr + bxr

m
c
)

mod (mn).
Pr¸ta sugkrÐnoume th s�rwsh kat� grammèc me th s�rwsh kat� arai�-s

(  kat� orjog¸nia ìtan s = 1). Qrhsimopoi¸ntac tic sqetikèc suntetagmènec
kai touc periorismoÔc pou anafèrjhkan sto pr¸to skèloc, upologÐzoume ta
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sÔnola adran¸n trapez¸n kat� arai�-s, Aα, kai kat� grammèc6, Aγ, wc

Aα =
{( ⌊

x
m

⌋
+ y+ ((x + i) mod s)n +

⌊
i
s

⌋
s

)
mod (mn) | i ∈ Nn

}
Aγ =

{( ⌊
x
m

⌋
+ y+ js

)
mod (mn) | j ∈ Nn

}
H sÔgkrish twn Aα kai Aγ an�getai telik� sth sÔgkrish twn diaforetik¸n
ìrwn ((x + i) mod s)n + b i

s
cs kai js. Me apaloif  tou koinoÔ ìrou s, ìpou

n = n′s, sugkrÐnoume touc ((x + i) mod s)n′ + b i
s
c kai j. Blèpoume ìti gia

opoiod pote i up�rqei j tètoio, ¸ste o deÔteroc ìroc na gÐnetai Ðsoc me ton
pr¸to (katal xame p�li se peperasmènouc aparijmhtèc). 'Ara Aα ⊆ Aγ (ìqi
Ðsa, afoÔ to araiì-s endèqetai na odhgeÐ se ligìterec sugkroÔseic).

Apomènei na sugkrÐnoume th s�rwsh kat� arai�-s me th s�rwsh kat� or-
jog¸nia. QrhsimopoioÔme thn tuqaÐa perioq  ms×ns kai ta sÔnola ait sewn
pou perigr�yame sto pr¸to skèloc thc apìdeixhc. AntÐ gia to Φ, efarmìzoume
to AT sta duo sÔnola ait sewn kai prokÔptoun duo nèa sÔnola, Aα kai Ao,
h perigraf  twn opoÐwn diafèrei mìno kat� touc ìrouc ((x + i) mod s)n + j
kai ln + k, me i,j,k,l ∈ Ns. ParathroÔme ìti gia k�je (i, j) up�rqei (k, l)
¸ste oi duo ìroi na gÐnontai Ðsoi, �ra èqoume Aα ⊆ Ao.

EpÐ thc ousÐac, h Prìtash 5.3.1 mac epitrèpei na all�xoume sq ma prì-
sbashc se sugkekrimèna shmeÐa thc s�rwshc, qwrÐc na up�rqei kÐndunoc na
emfanÐsoume k�poia tr�peza elleÐpontoc eikonostoiqeÐou (  adran ) pou na
tautÐzetai me k�poia antÐstoiqh pou emfanÐsame prohgoumènwc. Epomènwc,

Pìrisma 5.3.2. Oi prot�seic tou Jewr matoc 5.2.2 paramènoun alhjeÐc
akìma ki an to basikì sq ma prìsbashc all�xei kat� th sÔnjeth tupik 
s�rwsh enìc Makrotetrag¸nou.

Apìdeixh. Mia sÔnjeth tupik  s�rwsh Makrotetrag¸nou qarakthrÐzetai apì
thn allag  tou sq matoc prìsbashc ètsi, ¸ste na apoteleÐ thn ènwsh duo ( 
perissìterwn) tupik¸n sar¸sewn. Gia k�je tètoia merik  tupik  s�rwsh, to
Jewr ma 5.2.2 isqÔei. Apomènei na deÐxoume ìti ta sÔnola adran¸n trapez¸n
pou dhmiourgoÔn oi merikèc autèc sar¸seic eÐnai xèna metaxÔ touc (èqoun
mhdenik  tom  an� duo). EpÐshc, apomènei na deÐxoume ìti kai ta sÔnola
elleipìntwn eikonostoiqeÐwn eÐnai xèna metaxÔ touc.

'Estw duo perioqèc P1 kai P2 tou tuqaÐou Makrotetrag¸nou, oi opoÐec
sar¸nontai tupik� me ta sq mata F1 kai F2, antÐstoiqa. Shmei¸noume pwc,

6το s που χρησιμοποιούμε για την περιγραφή του συνόλου των γραμμών είναι διαφορετικό
από το sr =1 που χρησιμοποιούμε στον τύπο ΑΤ, το οποίο χαρακτηρίζει ένα συμπαγές σχήμα.
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akìma ki an all�zoume sq ma, melet�me �tupik � s�rwsh �sunolik�� gia to
Makrotetr�gwno. Me �lla lìgia, eÐnai dunatìn na sar¸soume tupik� thn P1

me to F2 kai thn P2 me to F1. Lìgw thc Prìtashc 5.3.1, oi adraneÐc tr�pezec
gia thn P1 eÐnai Ðdiec eÐte qrhsimopoioÔme to F1, eÐte to F2 (sth qeirìterh
perÐptwsh eÐnai uposÔnolo). 'Ara, apì to Je¸rhma 5.2.2 sumperaÐnoume ìti
oi adraneÐc tr�pezec thc P1 eÐnai entel¸c diaforetikèc apì autèc thc P2: oi
P1 kai P2 apoteloÔn komm�ti miac tupik c s�rwshc tou Makrotetrag¸nou me
qr sh enìc sq matoc, èstw tou F2, ki epomènwc den up�rqei adran c tr�peza
pou na emfanÐzetai tautìqrona sthn P1 kai sthn P2.

Akrib¸c to Ðdio epiqeÐrhma qrhsimopoioÔme gia na deÐxoume kai th mhdenik 
tom  twn sunìlwn elleipìntwn eikonostoiqeÐwn twn P1 kai P2.

Mia peraitèrw genÐkeush twn apotelesm�twn tou Jewr matoc 5.2.2 afo-
r� sth sumperil yh perissotèrwn sqhm�twn prìsbashc kat� th s�rwsh (mazÐ
me ta basik�). 'Ena par�deigma eÐnai h qr sh tou polutetrag¸nou-1, to
opoÐo dÔnatai na qrhsimopoihjeÐ opoted pote kat� thn tupik  s�rwsh Makro-
tetrag¸nou (sÔnjeth   mh), qwrÐc na dhmiourg sei topikèc sugkroÔseic (Pì-
risma 4.2.12).

Ektìc apì ta parap�nw apotelèsmata pou sqetÐzontai me th s�rwsh Ma-
krotetrag¸nwn, oi idiìthtec thc Φ mporoÔn na apodeiqtoÔn qr simec kai se
peript¸seic ìpou h susqètish twn ait sewn den akoloujeÐ to tetr�gwno
motÐbo pou èqoume upojèsei. Genikìtera, ìtan h monadikìthta twn trapez¸n
(elleipìntwn   adran¸n) diathreÐtai kat� th s�rwsh, mac epitrèpei th spat�lh
enìc mìno kÔklou an� mn+1 ait seic. Wc qarakthristikì par�deigma anafè-
roume thn tupik  s�rwsh miac orizìntiac lwrÐdac m2n×n eikonostoiqeÐwn me
qr sh gramm¸n mn ki orjogwnÐwn m × n. Ed¸, eÐnai tetrimmèno na deÐxoume
ìti ta elleÐponta eikonostoiqeÐa thc s�rwshc kat� orjog¸nia brÐskontai an�
dÔo se orizìntia apìstash m metaxÔ touc, opìte, o prosjetikìc par�gontac
b x

m
c thc Φ diasfalÐzei thn apoj keus  touc se diaforetikèc tr�pezec. EpÐshc,

sth s�rwsh kat� grammèc ta elleÐponta sqhmatÐzoun mikrèc st lec Ôyouc n
stoiqeÐwn, oi opoÐec brÐskontai se orizìntia apìstash mn metaxÔ touc; de-
domènhc thc apìstashc mn, o par�gontac b x

m
c thc Φ prosdÐdei mia grammik 

lìxwsh metaxÔ twn mikr¸n sthl¸n kat� n (ìso kai to Ôyoc touc), dhlad ,
diasfalÐzei ìti ta stoiqeÐa touc brÐskontai p�nta se diaforetikèc tr�pezec.
'Ara, gia thn orizìntia lwrÐda m2n×n katal goume se sumper�smata an�loga
me aut� pou eÐqame gia to Makrotetr�gwno. Sta Ðdia ja katal xoume ki an
h lwrÐda gÐnei katakìrufh me m × n2m eikonostoiqeÐa (tupik  s�rwsh kat�
st lec mn kai orjog¸nia m × n).
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Tèloc, anaferìmaste sthn perÐptwsh ìpou den isqÔei o deÔteroc ki o
trÐtoc periorismìc pou epib�lei h tupik  s�rwsh, sÔmfwna me touc opoÐouc
prèpei na sumperil�boume ìla ta eikonostoiqeÐa thc perioq c pou sar¸noume
�kai mìnon aut�� akrib¸c mia for�. O periorismìc autìc den eÐnai p�nta
aparaÐthth proôpìjesh gia thn monadikìthta twn trapez¸n (elleipìntwn ki
adran¸n) pou prosfèrei h Φ. Shmei¸noume ed¸ èna par�deigma apì to pedÐo
twn yhfiak¸n fÐltrwn eikìnac me qr sh disdi�statwn pur nwn: th s�rwsh
miac katakìrufhc lwrÐdac m× (mn + n− 1) eikonostoiqeÐwn me mn ait seic
tou orjogwnÐou m × n ètsi, ¸ste autì na sÔretai katakìrufa stic jèseic
(x, y), (x, y + 1), . . ., (x, y + mn − 1). Sto par�deigma autì ta dunhtik�
elleÐponta eikonostoiqeÐa sqhmatÐzoun mia sumpag  st lh me plhjikì arijmì
mn, thn opoÐa mporoÔme na anakt soume se èna monadikì kÔklo, anexart twc
(x, y).

5.4 Pleonekt mata thc proteinìmenhc

lÔshc

H org�nwsh par�llhlwn mnhm¸n mèsw thc antistoÐqishc Φ prosfèrei orismè-
na basik� pleonekt mata ènanti twn loip¸n lÔsewn thc bibliografÐac (bl.
enìthta 2.3.1). H Φ sqedi�sthke me stìqo thn upost rixh efarmog¸n grafi-
k¸n k�nontac qr sh tou idanikoÔ arijmoÔ trapez¸n, B = E, gia opoiod pote
embadìn sq matoc prìsbashc, B ∈ N. Wc ek toÔtou, h apousÐa perÐsseiac
trapez¸n se sunduasmì me th dunatìthta exeidÐkeushc tou B se arijmoÔc pou
ekfr�zontai wc dun�meic tou 2, mac odhgeÐ se lÔseic pou uperteroÔn aut¸n
pou basÐzontai se pr¸touc arijmoÔc trapez¸n [48] [45],   sto dipl�sio apì ton
epijumhtì arijmì [49],   èstw se k�poia epiprìsjeth tr�peza mn mhc [47] [57]7.
Stic akìloujec paragr�fouc entopÐzoume/sunoyÐzoume ta pleonekt mata thc
Φ sta ex c shmeÐa:

7Φυσικά, η Φ υπερτερεί και σε σχέση με τις λοιπές λύσεις που θέτουν B = E (όταν
πρόκειται για εφαρμογές γραφικών) [56] [46]. Αυτό συμβαίνει γιατί οι συγκεκριμένες λύσεις
δεν προσφέρουν απεριόριστη πρόσβαση (δεν έχουν προταθεί για εφαρμογές γραφικών).
Επομένως, στην πράξη, η διόρθωση των συγκρούσεων που προκύπτουν σε αυτές τις ορ-
γανώσεις μνήμης απαιτεί περισσότερο χρόνο από τον μοναδικό κύκλο της Φ.
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a) dunatìthta sqedÐashc apodotik¸n kuklwm�twn upost rixhc thc
leitourgÐac thc mn mhc (anagn¸rish trapez¸n, dieujunsiodìthsh
trapez¸n, kai dromolìghsh dedomènwn),

b) auxhmènh ekmet�lleush tou zwnikoÔ eÔrouc thc mn mhc8.

Ta kukl¸mata dieujunsiodìthshc ki epilog c trapez¸n mn mhc apoteloÔn
èna anapìspasto komm�ti thc arqitektonik c, kaj¸c ulopoioÔn thn met�frash
thc aÐthshc (x, y, sq ma) tou algorÐjmou stic pragmatikèc dieujÔnseic mn mhc
twn antÐstoiqwn eikonostoiqeÐwn. 'Opwc eÐnai logikì, oi pr�xeic pou apaitoÔ-
ntai kat� th met�frash eÐnai �rrhkta sundedemènec me ton arijmì B. Eidik�
se organ¸seic pou qrhsimopoieÐtai lìxwsh, oi pr�xeic perilamb�noun akèraia
diaÐresh me to B (modulo kai/  div). Se ìlec autèc tic peript¸seic gÐnetai
safèc to pleonèkthma pou prosfèrei ènac arijmìc dÔnamh tou 2 se sqèsh
me ènan, p.q., pr¸to: dunatìthta upologismoÔ me apl  pro¸jhsh difÔwn ( 
olÐsjhsh) ki ìqi me diairètec   �llec perÐplokec kataskeuèc [69].

H proteinìmenh lÔsh Φ(x, y) = (xn + y + b x
m
c) mod (mn) epitrèpei th

qr sh akrib¸c mn trapez¸n, idiìthta pou apodeiknÔetai exairetik� qr simh
sth �sun jh� perÐptwsh pou ta m kai n eÐnai dun�meic tou 2. H met�frash
thc aÐthshc tou algorÐjmou (x, y, sq ma) perilamb�nei ton upologismì thc
Φ(x, y) gia ton entopismì twn trapez¸n pou apojhkeÔoun ta zhtoÔmena eikono-
stoiqeÐa. Dedomènou ìti ta m kai n eÐnai stajer�, o upologismìc thc Φ
apaiteÐ mìno duo prosjèseic metaxÔ twn stoiqeÐwn thc aÐthshc: to y sun duo
sugkekrimèna mèrh tou x, afoÔ o pollaplasiasmìc me n, h diaÐresh me m, kai
to upìloipo kat� mn ulopoieÐtai me apl  pro¸jhsh difÔwn9. Emfan¸c, o
upologismìc autìc eÐnai shmantik� oikonomikìteroc apì autìn pou apaiteÐtai
ìtan èqoume B = mn + 1 = 2k + 1   B = prime.

H met�frash thc aÐthshc (x, y, sq ma) perilamb�nei epÐshc kai ton upo-
logismì thc ∆(x, y) gia ton prosdiorismì twn dieujÔnsewn mèsa se k�je
tr�peza, ètsi ìpwc exhg jhke sthn enìthta 4.3. H ∆(x, y), ìpwc kai h Φ,
exart�tai �mesa apì ton arijmì twn trapez¸n (apì ta m kai n) pou qrhsi-
mopoioÔme. Sunep¸c, to gegonìc ìti h proteinìmenh lÔsh epitrèpei th qr sh
dun�mewn tou 2 kajist� ton upologismì thc ∆ exairetik� aplì. Eidik� sthn
perÐptwsh pou tairi�zei stic diast�seic thc eikìnac h dieujunsiodìthsh thc
exÐswshc 4.6   k�poia parallag  thc, mporoÔme na upologÐsoume th ∆(x, y)

8increased memory bandwtidth utilization
9Για xn: προσκόλληση log2 n μηδενικών στο x. Για b x

mc: απόρριψη των log2 m διφύων
χαμηλής αξίας του x. Για (z) mod (mn): επιλογή των log2 mn διφύων χαμηλής αξίας του z.
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Eikìna 5.3: Grafik  apeikìnish tou epÐbarou kìstouc pou eis�getai ston
kulindrikì metatopist  apì tic lÔseic me epiprìsjetec tr�pezec ìtan E = 2k.

me apl  pro¸jhsh difÔwn, qwrÐc pr�xeic. Se �llec peript¸seic, an jèloume
na apofÔgoume ken� sth mn mh, mporoÔme na qrhsimopoi soume mia dieujun-
siodìthsh san aut  thc exÐswshc 4.5, h opoÐa apaiteÐ mìno prìsjesh ìtan ta
m kai n eÐnai dun�meic tou 2 (o pollaplasiasmìc me stajer� den apaiteÐ pol-
laplasiastik  mon�da, en¸ ìtan k�poia apì tic diast�seic thc eikìnac eÐnai
epÐshc dÔnamh tou 2, h pr�xh ulopoieÐtai me pro¸jhsh difÔwn).

H proteinìmenh org�nwsh prosfèrei pleonekt mata kai kat� thn an�ptuxh
twn eswterik¸n kuklwm�twn dromolìghshc twn dedomènwn. 'Opwc exhg jhke
sthn enìthta 2.3.2, oi efarmogèc grafik¸n apaitoÔn thn kat�llhlh stoÐqish
(met�jesh) twn dedomènwn sthn èxodo thc par�llhlhc mn mhc ètsi, ¸ste
aut� na akoloujoÔn k�poia prokajorismènh fìrma (p.q., raster scan order).
EpÐshc, h apoj keush twn dedomènwn apaiteÐ thn kat�llhlh met�jesh kat�
thn eÐsodì touc sth mn mh ètsi, ¸ste aut� na odhghjoÔn stic tr�pezec pou
touc antistoiqoÔn (ed¸, sÔmfwna me th Φ). Me �lla lìgia, mia oloklhrwmènh
arqitektonik  apaiteÐ thn Ôparxh mon�dwn dromolìghshc prin kai met� tic
B tr�pezec. Oi mon�dec autèc exart¸ntai �mesa apì th sun�rthsh anti-
stoÐqishc kai se orismènec peript¸seic emfanÐzoun shmantik  poluplokìthta
kai/  duskolÐa sqedÐashc (p.q., perÐptwsh sunart sewn XOR). Prokeimènou
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na apofÔgei to auxhmèno kìstoc kai/  qrìno an�ptuxhc twn dromologht¸n,
h proteinìmenh Φ basÐzetai sthn isotropikìthta pou prosfèrei h grammik 
lìxwsh (enìthta 2.3.2). 'Opwc deÐxame, h Φ qrhsimopoieÐ th grammik  lìxwsh
sto bajmì pou autìc thc epitrèpei na diathreÐ tic epijumhtèc idiìthtec: qwrÐzei
thn eikìna se lwrÐdec diathr¸ntac grammik  lìxwsh entìc touc, all� kai
metaxÔ touc (sÔnjesh). Me autìn ton trìpo prokÔptei mia sqedìn isotropik 
org�nwsh pou epitrèpei th qr sh eurèwc diadedomènwn mon�dwn met�jeshc
twn dedomènwn. Pio sugkekrimèna, oi perissìterec metajèseic pou apaitoÔntai
eÐnai apl� kuklikèc, opìte mporoÔn na ulopoihjoÔn me ènan tetrimmèno �kulin-
drikì metatopist � (barrel shifter) [70]. Oi upìloipec apaitoÔn k�poia tropo-
poÐhsh tou elègqou twn poluplekt¸n se orismèna epÐpeda tou kulindrikoÔ
metatopist , o opoÐoc suneqÐzei na apoteleÐ th b�sh tou kukl¸matoc dro-
molìghshc. Pèra apì th dunatìthta qr shc kulindrik¸n metatopist¸n, h Φ
epitrèpei kai thn apodotik  touc ulopoÐhsh. Sugkekrimèna, ìtan o arijmìc B
eÐnai dÔnamh tou 2, tìte me th Φ apofeÔgoume to epÐbaro kìstoc dromolìghshc
pou eis�goun oi lÔseic pou apaitoÔn epiprìsjetec tr�pezec. Autì sumbaÐnei,
kurÐwc, giatÐ h proteinìmenh org�nwsh den apaiteÐ èna olìklhro epiprìsjeto
epÐpedo ston kulindrikì metatopist  prokeimènou na dromolog sei thn èxodo
thc (2k+1)-ost c tr�pezac. Fusik�, h exoikonìmhsh tou kìstouc gÐnetai
akìma pio emfan c ìtan èqoume lÔsh me pollaplèc epiprìsjetec tr�pezec
(p.q., B = pr¸toc arijmìc). H Eikìna 5.3 prob�lei to kìstoc tou metatopist 
sunart sei tou pl jouc twn eisìdwn tou, O(B · dlog2 Be), kai tonÐzei thn
apìtomh aÔxhsh tou arijmoÔ twn poluplekt¸n ìtan upoqrewnìmaste sthn
dromolìghsh miac epiprìsjethc tr�pezac. H exoikonìmhsh (sqetik  diafor�)
pou prosfèrei h proteinìmenh lÔsh sugkritik� me autèc pou fèroun B > E
megal¸nei me to E, kaj¸c kai me to B − E.

Ektìc apì to proanaferjèn kìstoc sqedÐashc kai ulopoÐhshc, mia par�-
metroc pou epÐshc qarakthrÐzei thn apodotikìthta twn kuklwm�twn thc par�l-
lhlhc mn mhc eÐnai o bajmìc ekmet�lleus c touc apì tic epexergastikèc mon�-
dec thc efarmog c (bl. enìthta 2.3.2). Genikìtera, se epÐpedo efarmog c, h
beltistopoÐhsh miac swlhnwt c arqitektonik c basÐzetai sth megistopoÐhsh
thc ekmet�lleushc twn pìrwn kat� th di�rkeia thc leitourgÐac: idanik�,
stoqeÔoume se 100% ekmet�lleush tou apodidìmenou èrgou k�je mikroÔ  
meg�lou pìrou. 'Otan h genik  aut  strathgik  epimeristeÐ stic basikèc
mon�dec thc arqitektonik c, ìpwc sth mn mh, ènac trìpoc gia na posotiko-
poi soume kai na exet�soume to bajmì ekmet�lleushc thc mon�dac eÐnai na
upologÐsoume thn ekmet�lleush tou zwnikoÔ thc eÔrouc. Gia to skopì autì,
ed¸, ja upojèsoume aÐthsh E stoiqeÐwn an� kÔklo rologioÔ kai arijmì trape-
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z¸n Ðso me B. Dhlad , ìti oi epexergastikèc mon�dec mporoÔn na ekme-
talleutoÔn E stoiqeÐa an� kÔklo, en¸ h mn mh mporeÐ na diajèsei (èqei
zwnikì eÔroc) B stoiqeÐa an� kÔklo. Emfan¸c, ìtan B < E emfanÐzetai
upo-ekmet�lleush twn epexergastik¸n mon�dwn (anamènoun th sullog  twn
E stoiqeÐwn, h opoÐa apaiteÐ perissìterouc apì ènan kÔklouc). AntistoÐqwc,
ìtan B > E emfanÐzetai upo-ekmet�lleush thc mn mhc. H idanik  perÐptwsh
gia thn oikonomÐa thc arqitektonik c eÐnai h ousiastik  taÔtish tou zwnikoÔ
eÔrouc thc mn mhc me to zwnikì eÔroc twn epexergastik¸n mon�dwn, opìte
èqoume apìdosh ki ekmet�lleush èrgou kat� 100%. 'Omwc, stic efarmogèc
grafik¸n, dedomènhc thc apìdeixhc B > E, diapist¸noume ìti eÐnai adÔnato
na epitÔqoume ton idanikì lìgo (100%) sth genik  perÐptwsh. Oi kalÔterec
lÔseic thc bibliografÐac (enìthta 2.3.1) arkoÔntai se B = E + 1 ki odhgoÔn
se ekmet�lleush zwnikoÔ eÔrouc kat� B

B+1
. To er¸thma pou anakÔptei plèon

eÐnai an autìc o lìgoc eÐnai o bèltistoc pou mporoÔme na epitÔqoume stic
efarmogèc grafik¸n. Sth par�grafo pou akoloujeÐ upologÐzoume thn ek-
met�lleush zwnikoÔ eÔrouc me thn proteinìmenh org�nwsh10 kai deÐqnoume ìti
eÐnai megalÔterh apì to anwtèrw ìrio.

Sthn an�lus  mac upojètoume susqètish twn ait sewn kat� Makrote-
tr�gwna. Sthn perÐptwsh thc org�nwshc Φ, h upì exètash ekmet�lleush
exart�tai apì tic topikèc sugkroÔseic pou odhgoÔn ston kÔklo diìrjwshc
(enìthta 5.2), dhlad  se èna qronikì kenì sto fainìmeno eÔroc z¸nhc. Pio
sugkekrimèna, ìtan epilèxoume wc basikì sq ma prìsbashc th st lh   to
araiì-m den prokÔptoun potè sugkroÔseic, opìte h ekmet�lleush eÐnai p�nta
akrib¸c 100%. Gia ta upìloipa basik� sq mata prìsbashc h emf�nish tou
epiprìsjetou kÔklou exart�tai apì th jèsh (x, y) tou Makrotetrag¸nou.
Prokeimènou na ektim soume to bajmì ekmet�lleushc gia aut� ta sq mata
strefìmaste se mia statistik  an�lush, sthn opoÐa upojètoume ìti oi ait seic
tou algorÐjmou gia Makrotetr�gwna akoloujoÔn mia omoiìmorfh katanom 
ep�nw sthn eikìna (isopÐjanec jèseic). 'Opwc èqoume apodeÐxei sthn enìthta
5.2, ìtan to Makrotetr�gwno brÐsketai sth jèsh (x, y) me x mod m = 0
tìte den emfanÐzontai sugkroÔseic, anexart twc sq matoc prìsbashc. Ta
Makrotetr�gwna aut� èqoun pijanìthta emf�nishc 1

m
kai odhgoÔn se 100%

ekmet�lleush tou zwnikoÔ eÔrouc. Gia ta upìloipa Makrotetr�gwna qreiazì-
maste mn + 1 kÔklouc s�rwshc, opoiod pote basikì sq ma prìsbashc ki an

10με τη Φ, πρακτικά, οι επεξεργαστικές μονάδες δεν μπορούν να ανακτούν B στοιχεία σε
κάθε κύκλο ρολογιού, αφού ανά τακτά διαστήματα υπεισέρχονται κύκλοι διόρθωσης συγ-
κρούσεων. ΄Ετσι, παρότι B = E, πρακτικά δεν έχουμε 100% εκμετάλλευση ζωνικού εύρους.
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epilèxoume (ektìc st lhc kai araioÔ-m). Ta Makrotetr�gwna aut� èqoun
pijanìthta emf�nishc m−1

m
kai odhgoÔn se ekmet�lleush kat� mn

mn+1
. Sun-

upologÐzontac ta parap�nw katal goume ìti h mèsh ekmet�lleush tou zwnikoÔ
eÔrouc me thn proteinìmenh org�nwsh mn mhc eÐnai

E(Util) ≥ m2n + 1

m2n + m
=

B + 1
m

B + 1
(5.3)

H tim  aut  eÐnai megalÔterh apì th bèltisth pou mporoÔme na sumper�noume

apì th sqetik  bibliografÐa (dhlad , B
B+1

) kat� ènan par�gonta Ðso me B+1/m

B
.



Kef�laio 6

Efarmogèc thc Proteinìmenhc
Org�nwshc Mn mhc

Sto parìn kef�laio exet�zoume me pio praktikì trìpo tic epidìseic kai ta
ofèlh thc proteinìmenhc org�nwshc Φ. QrhsimopoioÔme paradeÐgmata ki efar-
mogèc apì ton pragmatikì kìsmo gia na deÐxoume ìti, se orismènec peript¸seic,
h Φ mporeÐ na leitourg sei ìpwc tic bèltistec qronik� lÔseic thc bibli-
ografÐac pou qrhsimopoioÔn epiprìsjetec tr�pezec kai �dÔskolouc� arijmoÔc.
Fusik�, h Φ apofeÔgei to epÐbaro kìstoc pou eis�goun oi en lìgw organ¸seic,
gegonìc pou thn kajist� protimìterh kai pio apodotik  lÔsh. Proc thn
kateÔjunsh aut , exeidikeÔoume th qr sh thcΦ sthn mon�da ektÐmhshc kÐnhshc
(EK) pou eis qjh sto kef�laio 3 kai deÐqnoume th beltÐwsh thc proteinìmenhc
arqitektonik c mèsa apì peiramatikèc metr seic. Peraitèrw, melet�me peri-
pt¸seic ìpou h Φ odhgeÐ se topikèc sugkroÔseic prokeimènou na ektim soume
tic kajuster seic pou eis�gontai sto ek�stote sÔsthma. DeÐqnoume ìti, se
autèc tic peript¸seic, to qronikì epÐbaro kìstoc thc lÔshc Φ eÐnai mikrìtero
apì to ulikì epÐbaro kìstoc twn lÔsewn epiprìsjetwn trapez¸n (se apìluta
noÔmera). Gia touc skopoÔc tou kefalaÐou epilègoume na exet�soume qara-
kthristik� paradeÐgmata apì duo polÔ meg�la ereunhtik� pedÐa pou, genikìtera,
ent�ssontai stic efarmogèc grafik¸n: th sumpÐesh eikonoro¸n kai ta yhfiak�
fÐltra eikìnac.

106



Kef�laio 6: Efarmogèc 107

6.1 EktÐmhsh kÐnhshc se pragmatikì qrìno

H pr¸th melèth perÐptwshc pou exet�zoume afor� sthn plèon apaithtik  lei-
tourgÐa enìc sumpiest  eikonoro¸n pragmatikoÔ qrìnou, dhlad  sth mhqan 
qronik c prìbleyhc kai stouc algorÐjmouc tairi�smatoc perioq¸n. 'Opwc
èqoume  dh anafèrei, eÐnai shmantikì h sugkekrimènh mhqan  na diajètei topik 
mn mh prokeimènou na epitaqÔnei tic diadikasÐec thc kai na mhn uperfort¸nei
ton xènio kwdikopoiht  me ait seic. H proteinìmenh org�nwsh Φ mporeÐ na
uposthrÐxei apodotik� aut  th leitourgÐa. M�lista, eÐnai dunatìn na qrhsi-
mopoi soume th Φ ètsi, ¸ste na apofÔgoume to epÐbaro ulikì kìstoc twn
epiprìsjetwn trapez¸n �llwn lÔsewn, qwrÐc na epibarÔnoume to sÔsthma me
qronikì kìstoc (qwrÐc topikèc sugkroÔseic).

'Estw efarmog  pou akoloujeÐ to prìtupo H.264/AVC ki ekmetalleÔetai
ta perissìtera apì ta up�rqonta ergaleÐa qronik c prìbleyhc: pollapl�
karè anafor�c, kat�tmhsh plakidÐwn, yhfiak  parembol . EpÐshc, èstw ìti
oi apait seic thc efarmog c kai tou sust matoc kajorÐzoun to bajmì paral-
lhlopoÐhshc thc epexergasÐac, perÐpou, sta 8 eikonostoiqeÐa an� kÔklo. Or-
gan¸noume topik  mn mh 8 trapez¸n qrhsimopoi¸ntac th Φ me m=4 kai n=2
(Eikìna 5.1). H sugkekrimènh org�nwsh epitrèpei aperiìristh prìsbash sta
sq mata: araiì-4, polutetr�gwno-1, st lec kai grammèc m kouc 7 (bl. enì-
thta 4.2). 'Etsi, mporoÔme na energopoi soume to araiì-4 gia na sar¸soume
opoiad pote upoy fia perioq  16×16 eikonostoiqeÐwn se 32 kÔklouc1. EpÐshc,
mporoÔme na energopoi soume to polutetr�gwno-1 gia th s�rwsh opoioud -
pote upoplakidÐou 8× 8 se 8 kÔklouc. Sunep¸c, h en lìgw org�nwsh mn mhc
dÔnatai na exuphret sei opoiad pote seir� ait sewn tou algorÐjmou akèraiac
anaz thshc qwrÐc na ton kajuster sei, anexart twc strathgik c yaxÐmatoc
ki anexart twc mejìdou/apof�sewn kat�tmhshc tou plakidÐou.

'Oson afor� ston algìrijmo klasmatik c anaz thshc, k�noume mia genik 
�logik � upìjesh sqetik� me th strathgik  pou akoloujeÐ h upokeÐmenh
mhqan  gia th yhfiak  parembol  miac perioq c 16×16   8×8 upoeikono-
stoiqeÐwn. 'Estw ìti h perioq  pou aiteÐtai o algìrijmoc par�getai gramm 
proc gramm  (  st lh proc st lh an h metatìpis  thc eÐnai katakìrufh). Me
ta fÐltra 6 eisìdwn tou H.264 [11], h paragwg  miac gramm c (st lhc) 16
upoeikonostoiqeÐwn apaiteÐ an�gnwsh 2+16+3=21 eikonostoiqeÐwn akèraiac
jèshc. MporoÔme na sullèxoume ta dedomèna aut� se 3 diadoqikoÔc kÔklouc

1εδώ, η χρήση αραιών σχημάτων για τη σάρωση κρίνεται προτιμότερη από τη χρήση
συμπαγών, καθώς επιτρέπουν αποδοτικότερη υποδειγματοληψία και υποβοηθούν τις τεχνικές
σύγκρισης. Επιβεβαιώνουμε τον ισχυρισμό με πραγματικές μετρήσεις στην υποενότητα 6.1.1



Kef�laio 6: Efarmogèc 108

me prosb�seic sq matoc gramm c (st lhc) m kouc 7, apì opoiad pote jèsh
ep�nw sthn perioq  anaz thshc. ParathroÔme ìmwc ìti, ton Ðdio arijmì
kÔklwn prìsbashc ja qreiazìmastan ki an eÐqame ulopoi sei th qronik� bèlti-
sth lÔsh thc bibliografÐac me mia epiprìsjeth tr�peza (B = 9, enìthta
2.3.1). Dhlad  h Φ, parìti apofeÔgei to ulikì kìstoc thc ènathc tr�pezac,
den eis�gei qronikì epÐbaro kìstoc sto sÔsthma. To Ðdio parathroÔme ki
ìtan h aÐthsh tou algorÐjmou afor� se upoy fia perioq  embadoÔ 8 × 8: h
paragwg  miac gramm c (st lhc) 8 upoeikonostoiqeÐwn apaiteÐ 2+8+3=13 de-
domèna, ta opoÐa mporoÔn na anakthjoÔn se 2 kÔklouc, eÐte me th Φ, eÐte me
th lÔsh epiprìsjethc tr�pezac.

SunoyÐzontac, sthn parap�nw melèth perÐptwshc eÐdame ìti h qr sh thc
proteinìmenhc Φ antÐ twn lÔsewn epiprìsjethc tr�pezac thc bibliografÐac
(enìthta 2.3.1) odhgeÐ se pio apodotikèc organ¸seic (me mikrìtero ulikì
kìstoc) qwrÐc na epibarÔnei to sÔsthma   ton algìrijmo me qronikèc ka-
juster seic (leitourgeÐ wc qronik� bèltisth).

6.1.1 Enswm�twsh sthn proteinìmenh mon�da EK

SugkekrimenopoioÔme to par�deigma thc paroÔsac enìthtac sthn ulismik 
mon�da EK pou proteÐnei to kef�laio 3. Diathr¸ntac th genik  arqitektonik 
thc en lìgw mon�dac EK, organ¸noume thn topik  mn mh sÔmfwna me th Φ
gia B = 8. AnaptÔssoume ek nèou th mon�da EK se diat�xeic programma-
tizìmenwn oloklhrwmènwn kuklwm�twn (FPGA) ki axiologoÔme to kìstoc kai
tic epidìseic thc. SugkrÐnoume ta apotelèsmata tìso me �llec ergasÐec thc
bibliografÐac, ìso kai me thn èkdosh tou kefalaÐou 3, ¸ste na ektim soume
to kèrdoc pou apokomÐzoume k�nontac qr sh thc org�nwshc Φ.

Sthn Eikìna 6.1 parousi�zetai h arqitektonik  thc mon�dac EK, ètsi ìpwc
aut  tropopoieÐtai gia tic an�gkec tou paradeÐgmatoc. To domostoiqeÐo ken-
trikoÔ elègqou paramènei Ðdio me autì pou parousi�same sthn enìthta 3.1:
perièqei mia mhqan  katast�sewn gia th seiriak  ekkÐnhsh twn eswterik¸n
diergasi¸n, mia mhqan  katast�sewn gia th sullog  plhrofori¸n, kai ton
efarmogoeÐdio epexergast  pou ulopoieÐ to proteinìmeno sÔnolo entol¸n gia
upost rixh algorÐjmwn tairi�smatoc perioq¸n. Monadik  allag  apoteleÐ h
prosj kh miac nèac entol c, thc SUBSAMPLE , h opoÐa kajorÐzei to bajmì
upodeigmatolhyÐac twn 16× 16 perioq¸n pou ja exetastoÔn sth sunèqeia tou
progr�mmatoc. Oi perioqèc mporoÔn na upodeigmatolhpthjoÔn kat� 1/1, 1/2,  
1/4 (256, 128,   64 eikonostoiqeÐa), ¸ste na prokÔyei antÐstoiqh meÐwsh sto
qrìno exètas c touc. H upodeigmatolhyÐa gÐnetai me b�sh ta arai� orjog¸nia
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Eikìna 6.1: Arqitektonik  thc exeligmènhc mon�dac EK.

pou prosfèrei h mn mh Φ ki akoloujeÐ th fìrma thc �skakièrac� (h plèon
apodotik  gia apl  apodek�tish thc eikìnac).

To domostoiqeÐo sÔgkrishc perioq¸n megèjouc 16×16 tropopoieÐtai ètsi,
¸ste na epexerg�zetai duo okt�dec eikonostoiqeÐwn an� kÔklo rologioÔ (mia
apì thn perioq  anaz thshc kai mia apì to trèqon plakÐdio). H allag  aut 
sunteleÐtai prokeimènou na brÐsketai o rujmìc diekperaiwtikìtht�c tou se
sumfwnÐa me to zwnikì eÔroc thc nèac topik c mn mhc (upodipl�sio ekeÐnou
thc enìthtac 3.1). Opìte, diathr¸ntac th mèjodo parallhlopoÐhshc tou
ajroÐsmatoc apolÔtwn diafor¸n (AAD), mei¸noume to mègejoc tou dèntrou
upologismoÔ sto misì: apì tic 16 eisìdouc ulopoioÔme mìno 8. H eswterik 
mhqan  katast�sewn pou lamb�nei thn perioq -aÐthsh (x, y) apì ton efar-
mogoeÐdio epexergast  etoim�zei plèon èwc kai 32 ait seic eikonostoiqeÐwn
proc thn topik  mn mh (antÐ gia 16) ìtan prìkeitai gia exètash akèraiac
metatìpishc. Shmei¸noume ìti ìtan exet�zetai klasmatik  metatìpish to
pl joc twn ait sewn den aux�netai se sqèsh me ekeÐno thc enìthtac 3.1
giatÐ h nèa org�nwsh mn mhc, parìti diajètei mikrìtera sq mata prìsbashc,
epitrèpei ton Ðdio rujmì parembol c eikonostoiqeÐwn (=4 an� kÔklo) q�rh
sth dunatìthta an�kthshc gramm¸n kai sthl¸n. Tèloc, gia lìgouc beltisto-
poÐhshc, elatt¸noume to mègejoc tou sugkrit  klasm�twn tou elaqÐstou
AAD gia thn teqnik  upojetik c ektèleshc entol¸n: plèon pragmatopoioÔntai
mìno duo problèyeic2 katanal¸nontac el�qistouc pìrouc ulikoÔ.

Oi shmantikìterec allagèc sthn arqitektonik  thc nèac mon�dac EK sun-
teloÔntai sthn topik  thc mn mh. TopojetoÔme kai p�li 8 tr�pezec, all� t¸ra

2στο 1/4 και στο 1/2 της συσσώρευσης ΑΑΔ. Τα δυο αυτά σημεία υπολογίστηκαν ως
βέλτιστα μετά από στατιστική εξέταση πολλών συνδυασμών. Για το σκοπό αυτό αναπτύξαμε
κατάλληλο λογισμικό μοντέλο ακρίβειας κύκλων για τη τη μονάδα ΕΚ (cycle accurate model).
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k�je mia èqei pl�toc 8 difÔwn ki ìqi 32 (èna eikonostoiqeÐo an� dieÔjunsh).
'Amesh sunèpeia thc meÐwshc tou pl�touc eÐnai ìti plèon de qreiazìmaste
touc poluplèktec tou pèmptou stadÐou thc swl nwshc (Eikìna 3.3) gia thn
apìrriyh aqreÐastwn dedomènwn. Sunep¸c, apaleÐfetai èna shmantikì posì
ulik¸n pìrwn ki ènac kÔkloc kajustèrhshc (st�dio swl nwshc). Pio sug-
kekrimèna, organ¸noume th mn mh thc 48 × 48 perioq c anaz thshc kat� Φ
me m=4 kai n=2 (Eikìna 5.1). UlopoioÔme kukl¸mata upost rixhc tri¸n
diaforetik¸n sqhm�twn me aperiìristh prìsbash: grammèc m kouc 7, st lec
m kouc 7, kai polutetr�gwno-1 (me 8 dedomèna). To polutetr�gwno qrhsimeÔei
sth merik   /kai sthn olik  s�rwsh upoyhfÐwn akèraiac metatìpishc ki ìpwc
ja deÐxoume parak�tw, eÐnai pio apodotikì apì ta sumpag  sq mata. Oi
grammèc kai oi st lec m kouc 7 (=1+4+2) qrhsimeÔoun sthn paragwg  4 upo-
eikonostoiqeÐwn me orizìntia   katakìrufh metatìpish, antÐstoiqa, kat� 1/4,
1/2,   3/4. Gia thn parembol  qrhsimopoioÔme ta 4 fÐltra thc enìt. 3.1, qwrÐc
na apaiteÐtai enallag  (transpose) twn stoiqeÐwn tou sq matoc prìsbashc
an�loga me thn kateÔjunsh thc metatìpishc (meÐwsh kìstouc). To kÔklwma
parembol c topojeteÐtai plèon sto pèmpto st�dio thc swl nwshc thc topik c
mn mhc (Eikìna 6.1). Sto pr¸to st�dio, to kÔklwma met�frashc thc aÐthshc
(x, y) tropopoieÐtai ¸ste na upologÐzei tic dieujÔnseic twn 8 eikonostoiqeÐwn
kai thn pr¸th touc tr�peza an�loga me to zhtoÔmeno sq ma prìsbashc; upo-
logÐzei th sun�rthsh Φ, kaj¸c kai th sun�rthsh 4.5 gia dieujunsiodìthsh
entìc twn trapez¸n. Oi kulindrikoÐ metatopistèc tou deutèrou kai tet�rtou
stadÐou qrhsimopoioÔn ton arijmì Φ pou upolìgise o metafrast c ki ekteloÔn
thn Ðdia leitourgÐa me aut  pou perigr�yame sthn enìthta 3.1 (me mikrìtero
kìstoc lìgw tou mikrìterou pl�touc exìdou twn nèwn trapez¸n). Ta de-
domèna thc topik c mn mhc anane¸nontai kat� st lec plakidÐwn (enìt. 3.1).
Tèloc, to trèqon plakÐdio apojhkeÔetai se xeqwrist  tr�peza 32 dieujÔnsewn,
me thn omadopoÐhsh twn eikonostoiqeÐwn tou na akoloujeÐ th fìrma tou
polutetrag¸nou-1 (gia an�gnwsh ìmoia me aut  thc perioq  anaz thshc).

UlopoioÔme th beltiwmènh mon�da EK sth suskeu  FPGA Xilinx Virtex-II
Pro 40 [62]. H suqnìthta leitourgÐac aux�netai sta 80 MHz (apì ta 50 MHz
thc enìthtac 3.2), kurÐwc, lìgw thc meÐwshc twn asÔgqronwn monopati¸n
entìc thc swl nwshc pou en¸nei tic tr�pezec me to susswreut  AAD (ligì-
teroi poluplèktec gia th dromolìghsh proc to sugkrit  perioq¸n kai mikrìtero
dèntro upologismoÔ AAD, kaj¸c kai kalÔterh exisorrìphsh twn endi�meswn
kataqwrht¸n). Oi katanaliskìmenoi pìroi ulismikoÔ gia olìklhrh th mon�da
EK eÐnai 1, 579 slices (34K isodÔnamec pÔlec) kai 9 bram. Analutikìtera,
èqoume 691 slices gia to domostoiqeÐo topik c mn mhc, 192 slices gia ton sug-
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PÐnakac 6.1: Apotelèsmata ektèleshc algorÐjmwn diafìrwn diamorf¸sewn.

algìrijmoc: Diamond algìrijmoc: PMVFAST 'Orio
akèraia anaz thsh + klasmatikèc jèseic akèraia anaz thsh + klasmatikèc jèseic @25fps,

An�lush Statistik� PUD=1 PUD=2 PUD=4 PUD=1 PUD=2 PUD=4 PUD=1 PUD=2 PUD=4 PUD=1 PUD=2 PUD=4 80MHz

352×288
PSNR 32.71 32.69 32.34 33.42 33.31 32.87 32.91 32.88 32.60 33.67 33.57 33.18

kÔkloi/MB 502 383 341 713 499 410 282 238 220 501 359 295 8080

720×576
PSNR 33.31 33.29 33.13 33.59 33.56 33.33 33.54 33.53 33.41 33.92 33.87 33.67

kÔkloi/MB 684 479 410 982 637 498 334 269 242 640 431 335 1975

1280×720
PSNR 33.44 33.42 33.28 33.68 33.64 33.44 34.44 34.40 34.24 34.77 34.70 34.47

kÔkloi/MB 786 535 446 1115 708 538 355 281 251 692 459 349 889

1920×1088
PSNR 32.60 32.57 32.45 32.82 32.77 32.58 34.53 34.46 34.32 34.82 34.74 34.52

kÔkloi/MB 890 587 481 1246 772 580 408 310 273 772 500 377 392

krit  perioq¸n, kai 696 slices gia ton kentrikì èlegqo. H epanadi�rjrwsh thc
mon�dac EK gia thn upost rixh mìno apl¸n algorÐjmwn tairi�smatoc odhgeÐ
se ulopoÐhsh me mìno 1, 176 slices (exoikonìmhsh kìstouc 25%). Ta parap�nw
apotelèsmata kajistoÔn emfan  th meÐwsh pìrwn pou sunep�getai h qr sh
thc Φ sthn kataskeu  thc topik c mn mhc: sugkrÐnontac me ta apotelèsmata
tou kefalaÐou 3 blèpoume meÐwsh 38%. 'Idia posostiaÐa meÐwsh èqoume kai
sto kìstoc tou sugkrit  perioq¸n (h meÐwsh periorÐzetai apì touc pìrouc twn
mhqan¸n katast�sewn pou elègqoun th leitourgÐa twn duo domostoiqeÐwn).
Sunolik� gia thn proteinìmenh mon�da EK petÔqame meÐwsh kìstouc 26% ki
aux same th diekperaiwtikìtht� thc èwc kai 33% (se plakÐdia/deuterìlepto,
gia algorijmik� apotelèsmata Ðdiac poiìthtac).

H sÔgkrish me tic loipèc lÔseic thc bibliografÐac epibebai¸nei tic dia-
pist¸seic thc enìthtac 3.2. Piì sugkekrimèna, blèpoume ìti h ergasÐa [35]
belti¸nei ta apotelèsmata thc progenèsterhc ergasÐac [34] (Ðdia ereunhtik 
om�da), all� parèqei arket� qamhlìtero rujmì diekperaiwtikìthtac apì autìn
pou petuqaÐnei h proteinìmenh lÔsh, parìti apaiteÐ 23% perissìterouc pìrouc
FPGA. Stic ergasÐec [41] [42] parousi�zetai ènac efarmogoeÐdioc epexer-
gast c me dunatìthta epanadi�rjrwshc, me par�llhlouc upologismoÔc, kai me
swlhnwt  dom . 'Omwc, h aplousteumènh org�nwsh thc mn mhc tou epitrèpei
an�gnwsh mìno kat� grammèc kai den epitrèpei ton upologismì twn upoeikono-
stoiqeÐwn kat� th metafor� (on-the-fly) oÔte thn upodeigmatolhyÐa thc exe-
tazìmenhc perioq c. Wc ek toÔtou, oi lÔseic [41] [42] emfanÐzoun megalÔtero
kìstoc apì autì thc proteinìmenhc ìtan prìkeitai gia efarmogèc pragmatikoÔ
qrìnou kai uyhl c an�lushc (HDTV) me apait seic klasmatik c anaz thshc.
Akìma kai sugkrinìmenh me mh programmatizìmenec lÔseic, h proteinìmenh
mporeÐ na apodeiqjeÐ oikonomikìterh: p.q., h VLSI lÔsh [29] qrhsimopoieÐ
sqedìn to dipl�sio arijmì apì logikèc pÔlec gia na epitÔqei ton Ðdio rujmì
diekperaiwtikìthtac me thn paroÔsa.
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Ston PÐnaka 6.1 katagr�fontai ta apotelèsmata apì mia seir� metr sewn
pou aforoÔn stic epidìseic qrìnou thc mon�dac EK. QrhsimopoioÔme ènan
antiproswpeutikì aplì algìrijmo (ton Diamond) ki ènan qarakthristikì pro-
hgmèno algìrijmo (ton PMVFAST), thn ektèlesh twn opoÐwn epanalamb�-
noume me treic diaforetikoÔc par�gontec upodeigmatolhyÐac (PUD=1|2|4 gia
upodeigmatolhyÐa 1

1
|1
2
|1
4
), me   qwrÐc thn ektèlesh thc SUBPIXEL. Qrhsi-

mopoioÔme poll� gnwst� bÐnteo diaforetik¸n analÔsewn (p.q., foreman, pedes-
trian, riverbed, k.a.) kai katagr�foume to mèso ìro twn kÔklwn pou diarkeÐ
h epexergasÐa enìc plakidÐou, kaj¸c kai th mèsh poiìthta tou apotelèsmatoc
(to PSNR thc eikìnac-prìbleyhc). Oi metr seic proèrqontai apì logismikì
montèlo akrÐbeiac kÔklou kai difÔou (cycle & bit accurate) thc ulismik c
mon�dac EK. Oi katagrafìmenoi kÔkloi sumperilamb�noun mìno to qrìno
ananèwshc thc topik c mn mhc (upojètoume diepaf  64-difÔwn me ton xènio
kwdikopoiht ) kai to qrìno ektèleshc tou algorÐjmou, sunep¸c, fèroun me-
galÔterh akrÐbeia apì th mèjodo tou eswterikoÔ parajÔrou pou efarmìsame
ston ulismikì sumpiest  gia tic metr seic thc enìthtac 3.2.

O PÐnakac 6.1 deÐqnei epiplèon to pl joc twn diajèsimwn kÔklwn an�
plakÐdio gia epexergasÐa pragmatikoÔ qrìnou (�ìrio�). 'Opwc gÐnetai fanerì
upì autì to prÐsma, sta bÐnteo polÔ uyhl c an�lushc h dunatìthta upodeigma-
tolhyÐac kajÐstatai krÐsimh. Pio sugkekrimèna, parathroÔme ìti h upodeigma-
tolhyÐa kat� 1

2
kostÐzei mìno 0.01-0.07 dB poiìthtac, en¸ exoikonomeÐ 16-34%

tou qrìnou. Oi diaforèc autèc gÐnontai akìma megalÔterec ìtan efarmìzoume
upodeigmatolhyÐa kat� 1

4
. H exètash orizontÐwn kai katakìrufwn klas-

matik¸n metatopÐsewn prosjètei 0.2-0.8 dB poiìthtac, all� aux�nei to qrìno
kat� 20-95%. EpÐshc, h upodeigmatolhyÐa sth perÐptwsh thc SUBPIXEL
kostÐzei lÐgo perissìtero se poiìthta ap' ìti sthn akèraia anaz thsh, epeid 
den mporoÔme na akolouj soume th apodotik  fìrma twn arai¸n orjogwnÐwn
(qrhsimopoioÔme skìrpiec grammèc/st lec tess�rwn upoeikonostoiqeÐwn).

Me mia paremfer  seir� metr sewn ex�goume sumper�smata sqetik� me
thn apodotikìthta twn epÐ mèrouc teqnik¸n pou qrhsimopoi same sthn ar-
qitektonik  mac sqedÐash. H proteinìmenh upojetik  ektèlesh entol¸n exoi-
konomeÐ èwc 20% tou qrìnou gia touc aploÔc algìrijmouc ki èwc 10% gia
touc prohgmènouc. To kèrdoc autì eÐnai ìmoio me ekeÐno thc diadedomènhc
teqnik c prìwrou termatismoÔ thc suss¸reushc AAD se bÐnteo qamhl c
an�lushc. M�lista, se uyhl  an�lush o prìwroc termatismìc kajÐstatai
ligìtero apotelesmatikìc (megalÔterh qwrik  omoiogèneia twn perioq¸n),
opìte to kèrdoc thc upojetik c ektèleshc gÐnetai duo forèc pio shmantikì
apì autì tou termatismoÔ. 'Otan oi duo teqnikèc sunduastoÔn prosfèroun
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kèrdoc èwc kai 34% (PÐnakac 6.1). H qr sh fÐltrwn yhfiak c parembol c me
4 apomasteutèc antÐ gia 6 (6-taps, prìtash H.264/AVC), se sunduasmì me th
dunatìthta an�kthshc gramm¸n kai sthl¸n apì thn org�nwsh Φ, exoikonomeÐ
32% tou qrìnou: par�gontai 4 upoeikonostoiqeÐa an� anakt¸menh 7-�da,
ìqi mìno 2. Ap' thn �llh, to kìstoc poiìthtac pou eis�goun sto sÔsthma
krÐnetai amelhtèo, sta −0.004 dB (afoÔ exet�zontai mìno 4+2 jèseic me
orizìntia   katakìrufh metatìpish). Tèloc, h qr sh arai¸n orjogwnÐwn gia
thn olik  s�rwsh twn upoyhfÐwn (PUD=1) katagr�fetai wc apodotikìterh
apì th qr sh sumpag¸n sqhm�twn, kaj¸c mei¸nei to qrìno ektèleshc tou
algorÐjmou èwc kai 6%: h k�luyh thc perioq c me stadiak  an�kthsh apo-
makrusmènwn eikonostoiqeÐwn upobohj�, kurÐwc, thn apotelesmatikìthta thc
upojetik c ektèleshc: oi problèyeic kat� th suss¸reush tou AAD gÐnontai
pio eÔstoqec, kaj¸c h merik  èktash thc upoy fiac perioq c pou lamb�noun
upìyh faÐnetai pio plati� kai pio omoiìmorfh.

6.2 SumpÐesh eikonoro¸n polÔ uyhl c

an�lushc

Se efarmogèc epexergasÐac eikonoro¸n polÔ uyhl c an�lushc kai plaisior-
rujmoÔ, p.q., 1920×1080 sta 60 plaÐsia to deuterìlepto, eÐnai logikì na
èqoume akìma megalÔterec apait seic mn mhc se sqèsh me autèc pou exet�same
sthn prohgoÔmenh enìthta. Eidik� ìtan jèsoume austhroÔc qronikoÔc perior-
ismoÔc, pollèc apì tic leitourgÐec tou sumpiest  eikonoro¸n ja prèpei na tro-
fodothjoÔn me, p.q., dipl�sio arijmì eikonostoiqeÐwn an� kÔklo prokeimènou
na antepexèljoun sto dipl�sio arijmì plaisÐwn an� deuterìlepto (apì fps=30
èqoume fps=60). Sthn melèth perÐptwshc pou akoloujeÐ epekteÐnoume to
par�deigma H.264/AVC thc prohgoÔmenhc enìthtac se efarmogèc polÔ uyhl c
an�lushc kai upojètoume apaÐthsh gia diplasiasmì tou zwnikoÔ èurouc thc
mn mhc, dhlad , upojètoume 16 eikonostoiqeÐa an� aÐthsh.

Organ¸noume thn par�llhlh mn mh thc upotijèmenhc mon�dac ektÐmhshc
kÐnhshc mèsw thc Φ qrhsimopoi¸ntac m = n = 4 kai B = E = 16 tr�pezec.
SÔmfwna me ta apotelèsmata thc enìthtac 4.2, h sugkekrimènh org�nwsh
epitrèpei aperiìristh prìsbash kat� st lec kai kat� araiì-4 (ed¸, to polu-
tetr�gwno-1 eÐnai Ðdio me to araiì-4). Epomènwc, h s�rwsh enìc tuqaÐou 8×8
upoplakidÐou den mporeÐ na epiteuqjeÐ mèsw k�poiou sq matoc aperiìristhc
prìsbashc. 'Etsi, sto sugkekrimèno par�deigma, h qr sh thc Φ prokaleÐ ka-
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justèrhsh sthn diadikasÐa anaz thshc tairi�smatoc perioq¸n. Prokeimènou
na metr soume me akrÐbeia to parap�nw epÐbaro kìstoc, prosdiorÐzoume epa-
krib¸c tic f�seic tou algorÐjmou anaz thshc, prosomoi¸noume th leitourgÐa
thc mon�dac ektÐmhshc kÐnhshc3, kai sugkrÐnoume ton sunolikì qrìno lei-
tourgÐac me ton qrìno pou ja qreiazìtan an eÐqame enswmat¸sei th qronik�
bèltisth lÔsh thc bibliografÐac twn B = 17 trapez¸n (enìthta 2.3.1).

O algìrijmoc anaz thshc qwrÐzetai se treic f�seic. Sthn pr¸th f�sh,
ekteleÐtai o euretikìc �Three Step Search� [3] gia thn aneÔresh tairi�smatoc
olìklhrou tou 16 × 16 plakidÐou. Sth deÔterh f�sh, to plakÐdio qwrÐzetai
se tèssera 8 × 8 upoplakÐdia kai, gia k�je èna apì aut� xeqwrist�, ekte-
leÐtai o euretikìc �Diamond Search� [3] xekin¸ntac apì to �nusma kÐnhshc
sto opoÐo katèlhxe h pr¸th f�sh. Sthn trÐth f�sh, exet�zontai oi 8 kla-
smatikèc metatopÐseic (±1/2) tou k�je upoplakidÐou gÔrw apì th jèsh sthn
opoÐa stam�thse h deÔterh f�sh.

Kat� thn pr¸th f�sh, h mon�da EK qrhsimopoieÐ to araiì-4 gia thn �neu
sugkroÔsewn s�rwsh opoioud pote upoyhfÐou plakidÐou zht�ei o algìrijmoc.
Sunep¸c, h qr sh thc Φ den kajustereÐ thn ektèlesh thc pr¸thc f�shc
(mhdenikì epÐbaro kìstoc). Kat� th deÔterh f�sh, h s�rwsh twn upoyhfÐwn
upoplakidÐwn gÐnetai me to araiì-2. To sq ma autì odhgeÐ se sugkroÔseic
ìtan to upoplakÐdio brÐsketai sth jèsh (x, y) me x mod m 6= 0, me apotèlesma
thn kajustèrhsh thc s�rwshc kat� èna kÔklo (mèjodoc diìrjwshc, en. 5.2).
Kat� thn trÐth f�sh qrhsimopoieÐ ta sq mata thc gramm c kai thc st lhc
gia thn trofodìthsh twn fÐltrwn yhfiak c parembol c. Sugkekrimèna, o
upologismìc thc parembol c miac olìklhrhc gramm c (st lhc) tou plakidÐou
(16 nèa eikonostoiqeÐa) apaiteÐ 21 eikonostoiqeÐa, ta opoÐa anakt¸ntai se duo
kÔklouc prìsbashc apì th mn mh Φ. Duo kÔkloi prìsbashc apaitoÔntai kai
ìtan enswmat¸soume th qronik� bèltisth mn mh me B = 17. Parìmoia, oi
duo organ¸seic odhgoÔn ston Ðdio arijmì prosb�sewn kat� ton upologismì
thc parembol  miac gramm c (st lhc) enìc upoplakidÐou (1 kÔkloc gia 8 nèa
stoiqeÐa). Sunep¸c, den eis�getai epÐbaro qronikì kìstoc apì th Φ sthn
ektèlesh thc trÐthc f�shc.

SunoyÐzontac ta parap�nw, to akribèc epÐbaro kìstoc exart�tai apì to
qrìno pou xodeÔei o algìrijmoc sth f�sh B', kaj¸c kai apì tic jèseic twn
upoyhfÐwn 8 × 8 mplok pou autìc exet�zei. Gia ton upologismì tou, pro-
somoi¸noume th leitourgÐa tou algorÐjmou qrhsimopoi¸ntac wc eÐsodo mia

3αναπτύξαμε λογισμικό μοντέλο της μονάδας με ακρίβεια κύκλου (cycle accurate model).
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PÐnakac 6.2: Ektèlesh algorÐjmou tairi�smatoc perioq¸n me thn proteinìmenh
org�nwsh mn mhc (m=n=4): prosdiorismìc tou epÐbarou qronikoÔ kìstouc.

F�sh B' (upoplakÐdia) SÔnolik  LeitourgÐa
Ait seic mn mhc EpÐbaro KÔkloi prìsbashc EpÐbaro

An�lush an� upoy fio kìstoc mn mhc an� karè kìstoc

720 × 576 3.53 16.2 % 1.1 × 106 3.83 %
1280 × 720 3.68 15.9 % 2.7 × 106 3.59 %

1920 × 1080 3.77 15.6 % 6.4 × 106 3.49 %

poikilÐa 12 diaforetik¸n eikonoro¸n me antiproswpeutik� megèjh plaisÐou4.
H prosomoÐwsh ekteleÐtai duo forèc, mia upojètontac mn mh Φ, kai mia upo-
jètontac org�nwsh 17 trapez¸n. Katagr�foume to qrìno pou xodeÔetai
gia prìsbash sth mn mh sthn pr¸th perÐptwsh, CΦ, to qrìno sth deÔterh
perÐptwsh, CO, kai upologÐzoume to epÐbaro qronikì kìstoc thc Φ wc CΦ−CO

CΦ
.

O PÐnakac 6.2 parajètei ta apotelèsmata gia k�je mègejoc plaisÐou xe-
qwrist�. DeÐqnei to sunolikì arijmì kÔklwn pou xodeÔontai sth mn mh,
kaj¸c kai to akribèc posostì aut¸n pou ofeÐlontai sth diìrjwsh twn sug-
kroÔsewn thc Φ (st lec 4 kai 5 tou PÐnaka 6.2). EpÐshc, deÐqnei statistik�
stoiqeÐa sqetik� me th deÔterh f�sh tou algorÐjmou, sthn opoÐa apokleistik�
parathreÐtai h kajustèrhsh thc Φ. Sth deÔterh st lh katagr�fetai o mèsoc
arijmìc arai¸n-2 ait sewn pou apaitoÔntai gia thn exètash enìc 8 × 8 upo-
yhfÐou mplok. O arijmìc autìc eÐnai mikrìteroc tou 4 exaitÐac tou prìwrou
termatismoÔ pou efarmìzetai kat� thn exètash5. To gegonìc autì aux�nei
elafr¸c to epÐbaro kìstoc thc Φ (xodeÔetai ènac kÔkloc diìrjwshc an�
ligìterouc kÔklouc pragmatik c s�rwshc), to opoÐo antistajmÐzetai merik¸c
apì th fÔsh tou algorÐjmou anaz thshc pou eÐnai polwmènoc sto mhdèn6. To
akribèc posostì twn kÔklwn diìrjwshc katagr�fetai sthn trÐth st lh. To
posostì mei¸netai me thn aÔxhsh thc an�lushc thc eikìnac, afoÔ aux�netai
h qwrik  susqètish twn geitonik¸n eikonostoiqeÐwn kai mei¸netai h apìdosh
tou prìwrou termatismoÔ. Se k�je perÐptwsh, h prosomoÐwsh deÐqnei ìti
to sunolikì epÐbaro qronikì kìstoc thc proteinìmenhc Φ eÐnai mikrìtero apì

4Βίντεο: Pedestrian, Rush Hour, Blue Sky, River Bed, από 100 πλαίσια το κάθε ένα.
Αναλύσεις: 720 × 576, 1280 × 720, 1920 × 1088 εικονοστοιχεία (για όλα τα βίντεο).

5τερματισμός εξέτασης αν η σταδιακή συσσώρευση της μετρικής υπερβεί τη βέλτιστη τιμή.
6zero biased. Εμφανίζει τάση εξέτασης των θέσεων με x mod 4 = 0, με αποτέλεσμα να

μειώνεται το ποσοστό των μπλοκ που εμφανίζουν συγκρούσεις, από το ισοπίθανο 3
4 στο 69%.
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to epÐbaro kìstoc se ulikì pou eis�gei h lÔsh thc epiprìsjethc tr�pezac,
dhlad  to 1/17 = 5.9%, kai kat� polÔ mikrìtero tou ulikoÔ epÐbarou twn
loip¸n lÔsewn epiprìsjetwn trapez¸n (pou ft�noun èwc 50%, en. 2.3.1).

6.3 Yhfiak� fÐltra eikìnac

'Ena apì ta shmantikìtera pedÐa èreunac ki an�ptuxhc sthn yhfiak  epexer-
gasÐa eikìnwn/eikonoro¸n èqei wc b�sh thc ta yhfiak� fÐltra. Mia eikìna
mporeÐ na filtraristeÐ eÐte sto qwrikì pedÐo (spatial domain), eÐte sto pedÐo
suqnot twn (frequency domain) [71]. H epilog  exart�tai apì to skopì ki
apì tic upologistikèc apait seic thc ek�stote efarmog c. Oi leitourgÐec pou
ekteloÔntai stic duo autèc peript¸seic emfanÐzoun k�poia koin� qarakthri-
stik�, ta opoÐa anafèroume ed¸ sunoptik�.

To filtr�risma sto qwrikì pedÐo apoteleÐtai apì th sunèlixh enìc disdi-
�statou pÐnaka K×K stoiqeÐwn, K = 2, 3, 4, . . ., (pur nac tou fÐltrou, filter
kernel) me thn W × H eikìna pou brÐsketai upì epexergasÐa. Praktik�, o
pur nac tou fÐltrou �olisjaÐnei� ep�nw sthn eikìna kalÔptontac diadoqik�
ìlec tic jèseic thc. Se k�je jèsh pollaplasi�zoume stoiqeÐo proc stoiqeÐo
ton K×K pÐnaka me to antÐstoiqo K×K komm�ti thc eikìnac kai ajroÐzoume
ta apotelèsmata gia na par�xoume èna nèo, filtrarismèno, eikonostoiqeÐo.
'Ara, se k�je jèsh thc parap�nw olÐsjhshc ja prokÔptei mia aÐthsh proc th
mn mh gia èna sÔnolo K × K stoiqeÐwn me aujaÐreth jèsh (x, y) ep�nw sthn
eikìna (apaÐthsh aperiìristhc prìsbashc).

To filtr�risma sto pedÐo twn suqnot twn perilamb�nei to disdi�stato
eujÔ metasqhmatismì thc eikìnac sto pedÐo twn suqnot twn (p.q. 2D-FFT),
ton pollaplasiasmì tou me thn suqnotik  apìkrish tou fÐltrou, kai tèloc,
ton antÐstrofo metasqhmatismì tou filtrarismènou apotelèsmatoc pÐsw sto
qwrikì pedÐo. Sun jwc, o disdi�statoc metasqhmatismìc miac W ×H eikìnac
ekteleÐtai efarmìzontacH+W diadoqikoÔc monodi�statouc metasqhmatismoÔc
se duo f�seic: sthn pr¸th, metasqhmatÐzoume mia proc mia tic H grammèc thc
eikìnac (anex�rthtoi metasqhmatismoÐ), en¸ sth deÔterh f�sh ekteloÔme W
monodi�statouc metasqhmatismoÔc sthl¸n ep�nw sto W ×H apotèlesma thc
pr¸thc f�shc. Dhlad , apaiteÐtai h s�rwsh thc eikìnac pr¸ta kat� grammèc
ki èpeita kat� st lec. Gia lìgouc taqÔthtac, h an�kthsh miac gramm c
m kouc W (  st lhc H) mporeÐ na pragmatopoihjeÐ me diadoqikèc ait seic sth
mn mh gia geitonikèc, mh epikaluptìmenec, grammèc B stoiqeÐwn (den apaiteÐtai
aperiìristh prìsbash sth mn mh kat� grammèc   kat� st lec).
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Sth melèth perÐptwshc pou akoloujeÐ upojètoume efarmog  pou qrhsi-
mopoieÐ teqnikèc filtrarÐsmatoc kai sta duo pedÐa �qwrikì kai qronikì. SÔm-
fwna me ta parap�nw, qreiazìmaste aperiìristh prìsbash kat� tetr�gwnec
perioqèc, kaj¸c kai periorismènh prìsbash kat� grammèc kai kat� st lec.
Sqedi�zoume par�llhlh mn mh mèsw thc Φ qrhsimopoi¸ntac m = n = K,
ìpou K h di�stash tou pur na tou upotijèmenou qwrikoÔ fÐltrou. H sug-
kekrimènh org�nwsh mac diasfalÐzei prìsbash se sumpageÐc perioqèc K ×K,
1×K2, kai K2 × 1 eikonostoiqeÐwn. Epomènwc, kat� ton metasqhmatismì thc
eikìnac mporoÔme na aitoÔmaste diadoqikèc grammèc (st lec) K2 stoiqeÐwn
prokeimènou na sullèxoume olìklhrec grammèc (st lec) thc eikìnac. Oi
ait seic-grammèc entopÐzontai stic jèseic (x, y) me x mod K2 = 0, ki epomènwc
den odhgoÔn se sugkroÔseic (enìthta 4.2). Oi ait seic-st lec entopÐzontai
stic jèseic (x, y) me y mod K2 = 0 kai den odhgoÔn se sugkroÔseic. Dhlad ,
kat� to filtr�risma sto pedÐo twn suqnot twn ja emfanÐzetai suneq¸c 100%
ekmet�lleush tou zwnikoÔ eÔrouc thc mn mhc. Kat� to filtr�risma sto
qwrikì pedÐo mporoÔme na aitoÔmaste to K ×K tetr�gwno sq ma prìsbashc
se suneqìmenec geitonikèc jèseic ep�nw sthn eikìna (apì p�nw proc ta k�tw
ki apì arister� proc ta dexi�, anti-raster scan). Se orismèna tm mata thc
katakìrufhc s�rwshc prokÔptoun elleÐponta eikonostoiqeÐa ta opoÐa, sul-
logik�, sqhmatÐzoun katakìrufec sumpageÐc st lec Ôyouc K2 (enìthta 5.3).
Oi sugkroÔseic autèc diorj¸nontai kat� om�dec, xodeÔontac 1 kÔklo an� K2

kÔklouc pragmatik c s�rwshc.
Gia thn akribèsterh ektÐmhsh tou epÐbarou qronikoÔ kìstouc pou eis�gei h

proteinìmenh lÔsh se efarmogèc fÐltrwn, prosomoi¸noume tic parap�nw lei-
tourgÐec qrhsimopoi¸ntac duo diaforetikèc organ¸seic mn mhc: mia kat� Φ
me B = K2, kai mia akolouj¸ntac th bèltisth qronik� lÔsh thc epiprìsjethc
tr�pezac, B = K2+1 (enìthta 2.3.1). Se k�je perÐptwsh, ekteloÔme diafore-
tikoÔc algorÐjmouc filtrarÐsmatoc kai metr�me touc kÔklouc pou katanal¸-
nontai gia prìsbash sth mn mh. UpologÐzoume to epÐbaro kìstoc thc pro-
teinìmenhc lÔshc wc CΦ−CO

CΦ
, ìpou CΦ oi kÔkloi prìsbashc ìtan qrhsimopoioÔme

th Φ kai CO oi kÔkloi thc bèltisthc qronik� lÔshc. H Eikìna 6.2 apeikonÐzei
ta apotelèsmata lamb�nontac upìyh diaforetikèc apait seic zwnikoÔ eÔrouc
gia thn efarmog , dhlad  K = {2,3,4,5,6,7}. Sugkekrimèna, h kampÔlh (ii)
deÐqnei to mèso epÐbaro kìstoc thc Φ, en¸ oi (iii) kai (iv) to epimerÐzoun sta
fÐltra tou qwrikoÔ kai tou suqnotikoÔ pedÐou, antÐstoiqa. Shmei¸netai ìti
to epÐbaro kìstoc tou suqnotikoÔ pedÐou den ofeÐletai se sugkroÔseic, all�
sthn ikanìthta thc lÔshc B = K2 + 1 na anakt� èna perissìtero eikono-
stoiqeÐo an� kÔklo ap' ìti h Φ pou fèrei B = K2. EpÐshc, shmei¸netai ìti
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Eikìna 6.2: EpÐbaro kìstoc thc lÔshc Φ (se qrìno) ki epÐbaro kìstoc twn
lÔsewn epiprìsjethc tr�pezac (se ulikì), gia diaforetik� megèjh fÐltrwn.

h an�lush thc eikìnac den metèbale ousiastik� ta parap�nw apotelèsmata
(qrhsimopoi jhkan eikìnec me an�lush apì 352×288 èwc 1920×1080). H
Eikìna 6.2 apeikonÐzei epÐshc, mèsw thc kampÔlhc (i), to epÐbaro kìstoc
se ulikì pou eis�gei h lÔsh thc epiprìsjethc tr�pezac (= 1/K2+1). 'Opwc
gÐnetai fanerì, se apìluth tim , to epÐbaro kìstoc thc proteinìmenhc lÔshc
eÐnai p�nta mikrìtero apì autì thc epiprìsjethc tr�pezac, kai kat� polÔ
mikrìtero apì autì pou eis�goun oi lÔseic pr¸tou,   dipl�siou, arijmoÔ
trapez¸n (enìthta 2.3.1). H sÔgkrish aut  eÐnai endeiktik  thc oikonomÐac
ulikoÔ pou epitugq�netai kat� thn an�ptuxh thc par�llhlhc mn mhc ìtan
qrhsimopoioÔme th Φ.
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EpÐlogoc Diatrib c kai
Mellontik  ErgasÐa

H paroÔsa diatrib  prìteine lÔseic se duo xeqwrist� �ìqi entel¸c anex�rthta�
probl mata. Pr¸ton, sqedÐase ki anèptuxe se ulismikì thn arqitektonik 
miac programmatizìmenhc mon�dac ektÐmhshc kÐnhshc gia ektèlesh algorÐjmwn
tairi�smatoc perioq¸n se pragmatikì qrìno. DeÔteron, stoqeÔontac se èna
eurÔtero pedÐo efarmog¸n grafik¸n, prìteine ki apèdeixe tic idiìthtec miac
beltiwmènhc lÔshc sto prìblhma thc org�nwshc par�llhlwn mnhm¸n me tau-
tìqronh elaqistopoÐhsh pollapl¸n krithrÐwn: ton arijmì twn trapez¸n, to
mègejìc touc, touc apaitoÔmenouc kÔklouc prìsbashc, kaj¸c kai thn polu-
plokìthta twn kuklwm�twn upost rixhc thc leitourgÐac touc.

H mon�da ektÐmhshc kÐnhshc basÐsthke se ènan efarmogoeÐdio epexergast 
me èna mikrì sÔnolo sÔnjetwn entol¸n gia thn upost rixh apl¸n algorÐjmwn
tairi�smatoc perioq¸n. H upost rixh prohgmènwn algorÐjmwn epiteÔqjhke me
epiprìsjetec entolèc, oi opoÐec ulopoioÔntai apì domostoiqeiwt� kukl¸mata
pou enswmat¸nontai sthn epanadiarjr¸simh arqitektonik  kat� thn topojè-
ths  thc sto ulikì. Q�rh sth swl nws  thc, ston parallhlismì thc se
epÐpedo dedomènwn, sthn teqnik  thc �exeidikeumènhc� upojetik c ektèleshc
entol¸n pou anaptÔxame, kaj¸c kai ston meiwmèno arijmì kÔklwn met�klhshc-
apokwdikopoÐhshc tou sunìlou entol¸n pou sqedi�same, h protajeÐsa ar-
qitektonik  odhgeÐ se ulopoi seic gia epexergasÐa pragmatikoÔ qrìnou me
mikrìtero kìstoc apì autì pou anafèroun oi antÐstoiqec lÔseic thc bibli-
ografÐac. H apodotikìthta kai to kìstoc thc en lìgw mon�dac emf�nisan
shmantik  beltÐwsh met� thn enswm�twsh thc par�llhlhc mn mhc pou prot�-
jhke sto deÔtero, kai megalÔtero, mèroc thc diatrib c.

119



120

H org�nwsh par�llhlhc mn mhc gia apoj keush eikìnwn basÐsthke ston
idanikì arijmì trapez¸n, B=E, me stìqo thn exuphrèthsh opoiasd pote
aÐthshc E=mn eikonostoiqeÐwn kat� {gramm ,st lh,orjog¸nio,araiì-s} se
ènan kÔklo rologioÔ, ìpoum,n,s, apoteloÔn akèraiec paramètrouc thc sqedÐa-
shc. H proteinìmenh lÔsh epèkteine tic dunatìthtec prìsbashc sth mn mh se
aperiìristec, wc proc th jèsh, gia opoiod pote apì ta parap�nw sq mata.
Proc th kateÔjunsh aut , kat�fere na apofÔgei thn èwc s mera pagiwmènh
taktik  thc qr shc perÐsseiac trapez¸n, B>E, eidik� ìtan aut  periel�mbane
pr¸touc,   �llouc, arijmoÔc pou odhgoÔsan se polÔploka kukl¸mata dieu-
junsiodìthshc kai dromolìghshc twn dedomènwn. H sugkekrimènh prìodoc
edr�zetai stic idiìthtec thc proteinìmenhc sun�rthshc antistoÐqishc kai se mia
parat rhsh sqetik� me tic susqetÐseic pou emfanÐzoun oi diadoqikèc ait seic
sth mn mh kat� thn ektèlesh sun jwn algorÐjmwn epexergasÐac grafik¸n.
Sunolik�, proèkuye mia teqnik  diìrjwshc twn anapìfeuktwn sugkroÔsewn
me èna mikrì qronikì epÐbaro kìstoc, to polÔ ènan kÔklo an� B ait seic,
to opoÐo se apìluta noÔmera eÐnai mikrìtero apì to ulikì epÐbaro kìstoc
twn progenèsterwn lÔsewn thc bibliografÐac. Sunep¸c, h nèa lÔsh exu-
phreteÐ tic an�gkec twn perissotèrwn efarmog¸n grafik¸n parousi�zontac
megalÔterh ekmet�lleush tou ulikoÔ thc mn mhc me oikonomikìtera kukl¸mata
upost rixhc twn leitourgi¸n thc kai me ton el�qisto apojhkeutikì q¸ro.

Ta kuriìtera jèmata gia mellontik  èreuna pou aporrèoun apì thn paroÔsa
ergasÐa aforoÔn se: a) prosdiorismì kai melèth tou elaqÐstou arijmoÔ sug-
kroÔsewn sth mn mh dedomènou tou periorismoÔ B=E, twn apait sewn twn
efarmog¸n grafik¸n, kaj¸c kai sugkekrimènwn statistik¸n upojèsewn gia
thn qwrik  katanom  twn ait sewn twn algorÐjmwn, b) prosdiorismì, melèth
ki apìdeixh twn idiot twn miac sun�rthshc antistoÐqishc se tr�pezec pou
na odhgeÐ ston el�qisto arijmì sugkroÔsewn, g) kataskeu  sun�rthshc gia
dieujunsiodìthsh entìc twn trapez¸n, h opoÐa ja emfanÐzei mikrìterh polu-
plokìthta kai kalÔterh k�luyh twn dieujÔnsewn sugkritik� me tic sunart seic
pou anafèrontai sthn enìthta 4.3, d) met�bash thc lÔshc Φ se diafore-
tik� probl mata   praktikèc efarmogèc, ìpwc p.q., sth dianom  suqnot twn
se dÐktua thlepikoinwni¸n me pollaplèc keraÐec,   genikìtera, sto qrwma-
tismì uper-gr�fwn upì sugkekrimènouc periorismoÔc, e) epèktash thc lei-
tourgikìthtac thc protajeÐsac mon�dac ektÐmhshc kÐnhshc, p.q., se autìmath
epilog  algorÐjmou an�loga me ta qarakthristik� thc ek�stote eikonoro c  
se kat�tmhsh tou plakidÐou kai ulopoÐhsh prohgmènwn krithrÐwn tairi�smatoc.
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