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EUQARISTIES

Me thn olokl rwsh thc paroÔsac diatrib c aisj�nomai thn an�gkh na ekfr�sw

tic jermìterec euqaristÐec mou kai thn ektÐmhs  mou ston epiblèponta kajhght  mou,

Anaplhrwt  Kajhght  k. Ant¸nh Oikonìmou gia thn polÔtimh kajod ghsh pou mou

prosèfere kaj� ìlh th di�rkeia thc ekpìnhshc thc diatrib c. IdiaÐtera, ton euqarist¸

gia thn amèristh katanìhsh, enj�rrunsh kai sumpar�stash pou mou èdeixe se prosw-

pikì epÐpedo, eidik� tic dÔskolec stigmèc pou up rxan mèsa sta teleutaÐa qrìnia twn

spoud¸n mou.

Ja  jela na euqarist sw, epÐshc, ta mèlh thc eptameloÔc exetastik c epitrop c

pou me tÐmhsan me th summetoq  touc. Epiplèon, euqarist¸ to Tm ma Majhmatik¸n

kai idiaÐtera ton Tomèa Statistik c kai Epiqeirhsiak c 'Ereunac gia ìla ta efìdia pou

mou prosèferan se ìlh th di�rkeia twn spoud¸n mou.

Euqarist¸, epÐshc, to 'Idruma Kratik¸n Upotrofi¸n gia thn oikonomik  enÐsqush

pou mou prosèfere kat� th di�rkeia thc ekpìnhshc thc paroÔsac datrib c.

Den ja mporoÔsa na mhn anaferj¸ sth st rixh kai th sumpar�stash thc oikogè-

nei�c mou, kaj� ìlh th di�rkeia ìqi mìno thc ekpìnhshc thc didaktorik c mou diatrib c,

all� kai ìla ta prohgoÔmena qrìnia. Touc euqarist¸ gia ì,ti èqoun k�nei gia mèna

ìla aut� ta qrìnia. H st rix  touc  tan kajoristik  gia na akolouj sw to drìmo

pou  jela.

Lène ìti ta pio apl� pr�gmata eÐnai kai ta pio shmantik�. Gi� autì ja  jela na

euqarist sw idiaÐtera ta anÐyia mou, NektarÐa-Iw�nna KontoÔ kai BasÐlh Kontì, pou

apotelèsan ta shmantikìtera prìswpa thc zw c mou ìla aut� ta qrìnia. Akìmh kai

stic pio dÔskolec stigmèc, akìmh kai stic pio dÔskolec epilogèc. 'Htan p�nta dÐpla

mou kai èdinan th lÔsh, qwrÐc na to xèroun. Me to pio aj¸o kai aujìrmhto qamìgelo,

me mia lèxh, me mia agkali�. Ta euqarist¸ kai touc eÔqomai mia lampr  poreÐa sth

zw  touc.

Ja  jela akìmh na euqarist sw th Ntìra kai to Gi¸rgo, gia thn kajoristik  touc

st rixh kai tic sumboulèc pou mou èdwsan ìla aut� ta qrìnia. Ton K¸sta kai thn

Aristèa, kaj¸c epÐshc kai th M�qh, tìso gia thn yuqologik  upost rix  touc, ìso

kai gia thn ousiastik  bo jeia pou mou prosèferan. De ja mporoÔsa na paraleÐyw
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th QristÐna, ton HlÐa, to SpÔro, to Qr sto kai to DionÔsh. 'Oloi oi parap�nw

apotèlesan ta euq�rist� mou dialeÐmmata mèsa sthn kajhmerinìthta. Touc euqarist¸

ek b�jouc kardÐac giatÐ  tan p�nta ekeÐ, me �kousan, me kat�laban, me enj�rrunan.

Ma, p�nw ap� ìla, touc euqarist¸ giatÐ pÐsteuan s� emèna kai mou to èdeiqnan.

KleÐnontac, ja  jela na afier¸sw to parak�tw poÐhma tou Rudyard Kipling se

ìlouc ìsouc èqoun brejeÐ   ja brejoÔn sth jèsh mou. Den periorÐzw aut  mou th

fr�sh sto plaÐsio miac didaktorik c diatrib c. To afier¸nw se k�je �njrwpo pou,

gia k�poia perÐodo thc zw c tou, dokim�zontai oi dun�meic tou kai oi antoqèc tou se

ìla ta epÐpeda. Euqarist¸ idiaÐtera, gia mia akìmh for�, ton epiblèpont� mou, k.

Ant¸nh Oikonìmou, pou mou to èdwse na to diab�sw sthn pr¸th dÔskolh stigm  pou

eÐqa na antimetwpÐsw, lÐgo prin to xekÐnhma thc didaktorik c mou diatrib c.
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IF

by Rudyard Kipling (1865-1936)

If you can keep your head when all about you

Are losing theirs and blaming it on you,

If you can trust yourself when all men doubt you,

But make allowance for their doubting too;

If you can wait and not be tired by waiting,

Or being lied about, don’t deal in lies,

Or being hated, don’t give way to hating,

And yet don’t look too good, nor talk too wise:

− · −
If you can dream – and not make dreams your master;

If you can think – and not make thoughts your aim;

If you can meet with Triumph and Disaster

And treat those two impostors just the same;

If you can bear to hear the truth you’ve spoken

Twisted by knaves to make a trap for fools,

Or watch the things you gave your life to, broken,

And stoop and build ’em up with worn-out tools:

− · −
If you can make one heap of all your winnings

And risk it on one turn of pitch-and-toss,

And lose, and start again at your beginnings

And never breathe a word about your loss;

If you can force your heart and nerve and sinew

To serve your turn long after they are gone,

And so hold on when there is nothing in you

Except the Will which says to them: ‘Hold on!’

− · −
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If you can talk with crowds and keep your virtue,

Or walk with Kings – nor lose the common touch,

If neither foes nor loving friends can hurt you,

If all men count with you, but none too much;

If you can fill the unforgiving minute

With sixty seconds’ worth of distance run,

Yours is the Earth and everything that’s in it,

And – which is more – you’ll be a Man, my son!

− · −
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Kef�laio 1

Eisagwg 

1.1 Ereunhtik  perioq  kai kÐnhtro

O skopìc thc paroÔsac diatrib c eÐnai h melèth thc strathgik c sumperifor�c twn

pelat¸n orismènwn susthm�twn anamon c me omadikèc anaqwr seic. H melèth aut 

empÐptei sthn upoperioq  thc JewrÐac Our¸n Anamon c pou anafèretai suqn� wc oi-

konomik    paigniojewrhtik  an�lush twn susthm�twn anamon c. Mil¸ntac se genik�

plaÐsia, sth bibliografÐa parousi�zontai treic tÔpoi problhm�twn pou anafèrontai se

èna sÔsthma anamon c  , me �lla lìgia, treic diaforetikèc optikèc gwnÐec upì tic

opoÐec mporoÔme na melet soume èna sÔsthma anamon c. Ston pr¸to tÔpo analÔe-

tai h sumperifor� enìc sust matoc anamon c ìtan den tÐjentai zht mata apof�sewn

tou diaqeirist   /kai twn pelat¸n, qrhsimopoi¸ntac ergaleÐa apì th basik  JewrÐa

Stoqastik¸n Diadikasi¸n. Ta parap�nw eÐnai ta legìmena probl mata apotÐmhshc

apìdoshc (performance evaluation problems). Sta probl mata statik c beltistopoÐ-

hshc (static control problems), apì thn �llh meri�, to zhtoÔmeno eÐnai o prosdiorismìc

twn bèltistwn apof�sewn tou kataskeuast  tou sust matoc, o opoÐoc kajorÐzei ton

trìpo sqediasmoÔ tou sust matoc, qrhsimopoi¸ntac ergaleÐa apì th JewrÐa twn Sto-

qastik¸n Diadikasi¸n kai apì thn klasik  JewrÐa BeltistopoÐhshc (Mh-GrammikoÔ

ProgrammatismoÔ). Tèloc, sta probl mata dunamik c beltistopoÐhshc (dynamic con-

trol problems) up�rqei o diaqeirist c tou sust matoc, o opoÐoc èqei th dunatìthta

na parathreÐ to sÔsthma se leitourgÐa kai na to elègqei parembaÐnontac me k�poion

11



12 KEF�ALAIO 1. EISAGWG�H

trìpo (p.q. me apodoq /apìrriyh afÐxewn, me prosarmog  tou rujmoÔ exuphrèthshc

  tou arijmoÔ twn uphret¸n klp). To zhtoÔmeno se autoÔ tou eÐdouc ta probl mata

eÐnai o prosdiorismìc twn bèltistwn strathgik¸n diaqeÐrishc tou sust matoc, an�lo-

ga me thn kat�stas  tou. Ta probl mata aut� lÔnontai qrhsimopoi¸ntac teqnikèc

Stoqastik¸n Diadikasi¸n kai DunamikoÔ ProgrammatismoÔ. Wstìso, up�rqei ta te-

leutaÐa qrìnia kai mia tètarth optik  melèthc twn susthm�twn anamon c kai se aut n

empÐptei kai h je¸rhsh thc paroÔsac diatrib c. H optik  aut  b�zei ton pel�th se

pr¸to pl�no kai, jètont�c ton se rìlo apofasÐzonta, melet�ei to pwc sumperifèretai

o pel�thc autìc, upojètontac ìti sumperifèretai strathgik� (dhlad  prospaj¸ntac

na beltistopoi sei thn wfèlei� tou, gnwrÐzontac ìti to Ðdio k�noun kai oi upìloipoi

pel�tec). AutoÔ tou tÔpou oi melètec empÐptoun sto plaÐsio thc oikonomik c je¸rh-

shc enìc sust matoc anamon c kai gia thn an�lus  touc qreiazìmaste èna sunduasmì

ergaleÐwn apì th JewrÐa twn Our¸n Anamon c kai th JewrÐa PaignÐwn.

H jewrÐa Our¸n Anamon c jewreÐtai kl�doc thc Epiqeirhsiak c 'Ereunac, diìti

ta apotelèsmat� thc qrhsimopoioÔntai suqn� sth l yh epiqeirhmatik¸n apof�sewn

sqetik� me tic apaitoÔmenec enèrgeiec gia th bèltisth paroq  uphresi¸n. Sthn pr�xh

mporoÔn na parousiastoÔn poikÐlec efarmogèc se meg�lo eÔroc peript¸sewn, ìpwc

sto empìrio, stic epiqeir seic, sth biomhqanÐa, stic thlepikoinwnÐec, ston tomèa thc

ugeÐac kai alloÔ. H pr¸th ergasÐa pou sqetÐzetai me th JewrÐa Our¸n Anamon c

dhmosieÔthke apì to Danì mhqanikì Agner Krarup Erlang (Erlang (1909) ), o opoÐoc

ergazìtan gia ton organismì thlepikoinwni¸n thc Kopegq�ghc. Merikèc dekaetÐec

argìtera, o Kendall (1953) eis gage ton A/B/c sumbolismì pou qrhsimopoioÔme stic

ourèc s mera, an kai shmei¸noume ìti fr�seic ìpwc {our� anamon c}   {aplì sÔsthma

our�c} anafèrontai kai se paliìterec dhmosieÔseic. To biblÐo {Ourèc, Apojèmata kai

Sunt rhsh} (“Queues, Inventories and Maintenance”) tou Morse (1958) eÐnai apì

ta pr¸ta biblÐa sthn perioq . H ènnoia thc upanaq¸rhshc (reneging) eis qjh apì

ton Palm (1938), all� melet jhke ektenèstera kai p re thn onomasÐa thc apì ton

Haight (1958). O Haight (1958)  tan autìc pou epÐshc eis gage tic ènnoiec thc a-

poq¸rhshc (balking) kai twn par�llhlwn our¸n. Oi White kai Christie (1958)  tan

oi pr¸toi pou melèthsan sust mata me bl�bec tou uphrèth. 'Alloi metagenèsteroi

ereunhtèc, ìpwc oi Miller (1960), Gaver (1962) kai Avi-Itzhak kai Naor (1964) asqo-

l jhkan me sust mata me diakopèc (vacations) tou uphrèth kaj¸c kai me sust mata
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me proteraiìthtec. O Cohen (1957) faÐnetai na eÐnai o pr¸toc pou melèthse ourèc

me epanaprosp�jeiec (retrials). H apìdeixh tou idiaÐtera shmantikoÔ jewr matoc tou

Little (pou sundèei to mèso m koc our�c, to mèso rujmì afÐxewn kai to mèso qrìno

anamon c enìc pel�th) dhmosieÔthke apì ton Little (1961). O Takacs (1962) ègraye

èna apì ta pr¸ta sÔsthmatik� biblÐa pou aforoÔn th JewrÐa Our¸n Anamon c kai

ef�rmose sunduastikèc mejìdouc me meg�lh epituqÐa. H qr sh our¸n gia thn apotÐmh-

sh thc apìdoshc hlektronik¸n upologist¸n xekÐnhse gÔrw sto 1970. O Cox (1955)

eis gage th mèjodo {epiprìsjetwn metablht¸n} (“Supplementary variables techni-

que”) gia thn an�lush mh-Markobian¸n our¸n. O Brill (1975) anèptuxe th mèjodo

{katamètrhshc diasqÐsewn st�jmhc} (“level crossing method”) gia ton upologismì

di�forwn katanom¸n pijanìthtac sth JewrÐa Our¸n. O Grassmann suneisèfere se

probl mata arijmhtik c an�lushc sto plaÐsio twn our¸n anamon c (blèpe p.q. Gras-

smann (1977) ). Oi Cooper kai Murray (1969) kai Cooper (1970) melèthsan ekten¸c

sust mata exuphrèthshc me metakinoÔmeno uphrèth (polling models). Pio sugkekri-

mèna, eis gagan k�poia montèla me diakopèc kai diatÔpwsan mia eidik  perÐptwsh enìc

shmantikoÔ jewr matoc di�spashc. To teleutaÐo belti¸jhke argìtera kai genikeÔ-

jhke apì touc Fuhrmann kai Cooper (1985). O Skinner (1967)  tan o pr¸toc pou

je¸rhse to M/G/1 montèlo me diakopèc. Tèloc, o Wolff (1982) apèdeixe austhr�

thn polÔ shmantik  idiìthta PASTA (“Poisson Arrivals See Time Averages”), h opoÐa

eÐqe  dh shmantikèc efarmogèc kai  tan diaisjhtik� apodekt  apì touc ereunhtèc (p.q.

bl. Cooper (1981) ).

H JewrÐa PaignÐwn eÐnai epÐshc mia exairetik� shmantik , energ  episthmonik  pe-

rioq , me pollèc efarmogèc stic oikonomikèc, koinwnikèc kai jetikèc epist mec. Pr¸i-

ma stoiqeÐa paigniojewrhtik¸n ide¸n brÐskoume ston Cournot (1838). Oi melètec twn

Zermelo (1913), Borel (1921) kai von Neumann (1928)  tan jemeli¸douc shmasÐac

se autìn ton tomèa. O Borel  tan apì touc pr¸touc pou majhmatikopoÐhsan thn èn-

noia thc strathgik c, sta plaÐsia enìc summetrikoÔ paiqnidioÔ dÔo paikt¸n mhdenikoÔ

ajroÐsmatoc. Eis gage thn ènnoia pou s mera kaloÔme kajar  strathgik  kai anaz -

thse lÔsh tou paiqnidioÔ mèsa sthn kl�sh twn mikt¸n strathgik¸n. O von Neumann

(1928) apèdeixe thn Ôparxh lÔshc k�je peperasmènou paiqnidioÔ dÔo paikt¸n mhdeni-

koÔ ajroÐsmatoc se miktèc strathgikèc. Epiplèon, èdwse mia majhmatikopoÐhsh thc

genik c perÐptwshc enìc peperasmènou paiqnidioÔ n paikt¸n mhdenikoÔ ajroÐsmatoc.
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To pr¸to biblÐo sth JewrÐa PaignÐwn gr�fthke apì touc von Neumann kai Mor-

genstern (1944). O tÐtloc tou  tan {JewrÐa PaignÐwn kai Oikonomik  Sumperifor�}

(“Theory of Games and Economic Behaviour”) kai estiazìtan kurÐwc se paÐgnia mh-

denikoÔ ajroÐsmatoc. Oi von Neumann kai Morgenstern xekÐnhsan me mia leptomer 

montelopoÐhsh oikonomik¸n problhm�twn kai anèdeixan to exairetik� meg�lo eÔroc

efarmog¸n thc JewrÐac PaignÐwn sthn oikonomÐa. MetaxÔ twn basik¸n ide¸n pou

emfanÐzontai sto biblÐo autì, axÐzei na anaferjoÔme idiaÐtera sth montelopoÐhsh thc

ènnoiac thc strathgik c enìc paiqnidioÔ, sth jewrÐa peperasmènwn paiqnidi¸n dÔo

paikt¸n mhdenikoÔ ajroÐsmatoc, kaj¸c kai sta peperasmèna paiqnÐdia n paikt¸n mh-

denikoÔ ajroÐsmatoc me metaferìmenh wfèleia. Wstìso, parèmenan poll� anoiqt�

probl mata. Ta antagwnistik� paiqnÐdia (dhlad  ta paiqnÐdia qwrÐc dunatìthta su-

nergasÐac) apoteloÔn mìno èna mèroc twn problhm�twn strathgik¸n apof�sewn pou

melet�ei h JewrÐa PaignÐwn, kaj¸c up�rqoun peript¸seic stic opoÐec oi paÐktec mporeÐ

na èqoun thn epilog  thc sunergasÐac kai epomènwc tÐjetai to prìblhma thc dianom c

thc sunolik c amoib c.

LÐga qrìnia argìtera, oi melètec twn Nash (se paiqnÐdia qwrÐc sunergasÐa) kai

Shapley (se paiqnÐdia me sunergasÐa) suneisèferan shmantik� apotelèsmata sthn pe-

rioq , eis�gontac tic ènnoiec tou shmeÐou isorropÐac Nash kai thc tim c Shapley, oi

opoÐec eÐnai basikèc sth JewrÐa PaignÐwn. O Selten (1975) eis gage thn ènnoia tou

tèleiou wc proc ta upopaiqnÐdia shmeÐou strathgik c isorropÐac Nash (Nash subgame

perfect equilibrium). O Harsanyi (1967) faÐnetai na eÐnai o pr¸toc pou erg�sthke se

paiqnÐdia ellipoÔc plhrofìrhshc. Argìtera, o Hurwicz (1972) eis gage thn ènnoia

thc sumbatìthtac twn kin trwn. Oi melètec twn Gibbard (1973), Myerson (1979),

Dasgupta (1979), Maskin (1979), Rosenthal (1981) kai Holmstrom (1979) se paiqnÐ-

dia me di�fora epÐpeda plhrofìrhshc bo jhsan sthn an�ptuxh thc JewrÐac PaignÐwn

kai od ghsan sth legìmenh {Arq  thc Apok�luyhc} (“Revelation Principle”), pou

eis qjh apì ton Myerson (1981).

Gia perissìtera apì pen nta qrìnia oi melètec sth jewrÐa our¸n epikentr¸jhkan

sta probl mata apotÐmhshc apìdoshc, me lÐgec exairèseic. Wstìso, tic teleutaÐec

dekaetÐec, up�rqei mia anaduìmenh t�sh na melethjoÔn sust mata our¸n anamon c

apì oikonomik  �poyh. Pio sugkekrimèna, met� th melèth twn mètrwn apìdoshc tou

sust matoc, to sÔsthma efodi�zetai me mia orismènh dom  amoib c - kìstouc pou an-
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tikatoptrÐzei thn epijumÐa twn pelat¸n gia exuphrèthsh kai, apì thn �llh pleur�,

posotikopoieÐ thn aprojumÐa touc na perimènoun. Oi pel�tec èqoun th dunatìthta na

lamb�noun apof�seic gia tic enèrgeièc touc sto sÔsthma (gia par�deigma, mporoÔn

na apofasÐsoun e�n ja eisèljoun se autì   ja apoqwr soun, an ja perimènoun  

ja egkataleÐyoun, an ja prospaj soun xan�   ìqi klp). Oi pel�tec epidi¸koun na

megistopoi soun to ìfelìc touc, lamb�nontac upìyh ìti oi upìloipoi pel�tec èqoun

ton Ðdio stìqo. 'Etsi, h apìfash k�je pel�th ephre�zei tic apof�seic twn �llwn

pelat¸n kai, wc ek toÔtou, h kat�stash mporeÐ na jewrhjeÐ wc èna paiqnÐdi metaxÔ

twn pelat¸n. Se autì to eÐdoc twn melet¸n, to pr¸to prìblhma eÐnai h eÔresh twn

shmeÐwn strathgik c isorropÐac Nash gia touc pel�tec ( , upì mÐa ènnoia, o upologi-

smìc twn atomik� bèltistwn strathgik¸n). Se èna deÔtero epÐpedo, o diaqeirist c èqei

na epilÔsei to prìblhma thc koinwnik c beltistopoÐhshc kai thc megistopoÐhshc tou

dikoÔ tou kèrdouc (dhlad  thc megistopoÐhshc tou kajaroÔ koinwnikoÔ ofèlouc an�

qronik  mon�da kai tou kajaroÔ ofèlouc tou idÐou an� qronik  mon�da antÐstoiqa),

lamb�nontac upìyh th strathgik  sumperifor� twn pelat¸n. Sthn perÐptwsh aut ,

h sumperifor� twn pelat¸n analÔetai qrhsimopoi¸ntac èna paigniojewrhtikì plaÐsio

kai ta probl mata diaqeÐrishc lÔnontai efarmìzontac klasikèc teqnikèc beltistopoÐh-

shc. Epiplèon, se poll� montèla oi pel�tec kat� thn �fix  touc endèqetai na l�boun

plhroforÐec sqetik� me to sÔsthma (gia par�deigma, ton arijmì twn uparqìntwn pe-

lat¸n, thn kat�stash tou uphrèth, klp). Kat� sunèpeia, h apìfash twn pelat¸n

ephre�zetai apì to epÐpedo thc plhrofìrhshc pou lamb�noun. To Ðdio sumbaÐnei kai

me thn apìfash tou diaqeirist . To kèrdoc tou all�zei sÔmfwna me th sumperifor�

twn pelat¸n. An�loga me thn perÐptwsh, mporeÐ na apofasÐsei an eÐnai kalÔtera gi�

autìn na apokalÔyei orismènec plhroforÐec   ìqi. Pio sugkekrimèna, ènac pel�thc

apofasÐzei na eisèljei sto sÔsthma, e�n h anamenìmenh amoib  tou eÐnai megalÔterh

apì to anamenìmeno kìstoc anamon c, lamb�nontac upìyh thn plhrofìrhs  tou gia

thn kat�stash tou sust matoc kai th strathgik  sumperifor� pou epideiknÔoun oi

�lloi pel�tec. Me �lla lìgia o pel�thc eisèrqetai an h anamenìmenh wfèleia tou

eÐnai mh arnhtik , dedomènhc thc plhrofìrhshc pou èlabe.

H melèth twn susthm�twn our¸n anamon c apì paigniojewrhtik  prooptik  xe-

kÐnhse apì ton Naor (1969) pou melèthse to M/M/1 montèlo me mia grammik  dom 

amoib c - kìstouc. O Naor (1969) upèjese ìti ènac afiknoÔmenoc pel�thc parathreÐ
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ton arijmì twn pelat¸n kai sth sunèqeia paÐrnei thn apìfas  tou eÐte na eisèljei sto

sÔsthma, eÐte na apoqwr sei (parathr simh perÐptwsh). O Naor (1969) prosdiìrise

tic strathgikèc isorropÐac, kaj¸c kai tic koinwnik� bèltistec strathgikèc gia to prì-

blhma autì. H melèth tou sumplhr¸jhke apì touc Edelson kai Hildebrand (1975),

pou je¸rhsan to Ðdio sÔsthma anamon c, all� upì thn upìjesh ìti oi pel�tec lam-

b�noun tic apof�seic touc qwrÐc na èqoun sth di�jes  touc opoiad pote plhroforÐa

gia thn kat�stash tou sust matoc.

O Leeman (1964) eÐde treic stìqouc pou mporoÔn na epiteuqjoÔn me thn timolì-

ghsh enìc sust matoc our¸n anamon c. O pr¸toc eÐnai to ìti mporeÐ na beltiwjeÐ h

qrhsimopoÐhsh twn uparqìntwn pìrwn exuphrèthshc me th qr sh enallaktik¸n pro-

teraiot twn, k�ti pou den mporeÐ na epiteuqjeÐ p�nta me thn peijarqÐa First-Come-

First-Served (FCFS). DeÔteron, mporoÔn na apokentrwjoÔn oi apof�seic kai, tèloc,

mporoÔn na kajodhghjoÔn makroprìjesmec ependutikèc apof�seic. O Leeman pa-

rèbleye ènan tètarto kai exÐsou shmantikì lìgo, pou anadeÐqjhke argìtera apì thn

prwtopìra ergasÐa tou Naor (1969), o opoÐoc eÐnai h dunatìthta rÔjmishc thc z thshc,

pou dÐqwc th diadikasÐa thc timolìghshc odhgeÐ se uperbolik  qr sh tou sust matoc.

Apì tìte, up�rqei ènac auxanìmenoc arijmìc ergasi¸n pou epikentr¸nontai sthn

oikonomik  an�lush thc strathgik c sumperifor�c twn pelat¸n wc proc to dÐlhmma

eisìdou-apoq¸rhshc se tropopoi seic/epekt�seic thc M/M/1 our�c. ArketoÐ sug-

grafeÐc èqoun ereun sei aut� ta probl mata se sust mata our¸n pou enswmat¸noun

poikÐla qarakthristik� ìpwc proteraiìthtec, upanaqwr seic, metab�seic apì our� se

our�, epanaprosp�jeiec k.a., ìpwc gia par�deigma oi Burnetas kai Economou (2007)

(M/M/1 our� me qrìnouc ekkÐnhshc), Economou kai Kanta (2008a, b, 2011) (M/M/1

our� me diamerismatopoihmèno q¸ro anamon c, M/M/1 our� me anaxiìpisto uphrèth,

M/M/1 our� me stajerì rujmì epanaprosp�jeiac), Guo kai Zipkin (2007) (M/M/1

our� me di�fora epÐpeda plhrofìrhshc kai mh-grammik  dom  amoib c - kìstouc), Has-

sin kai Haviv (1997) (M/M/1 our� me proteraiìthtec), Hassin (2007) (M/M/1 our�

me di�fora epÐpeda plhrofìrhshc kai abebaiìthta stic paramètrouc tou sust matoc),

Sun, Guo kai Tian (2010) (M/M/1 our� me diakopèc kai qrìnouc epanekkÐnhshc)

kai Zhang kai Wang (2010) (M/M/1 our� me anaxiìpisto uphrèth kai kajustèrhsh

episkeu¸n). H oikonomik  an�lush thc strathgik c sumperifor�c twn pelat¸n wc

proc to dÐlhmma eisìdou-apoq¸rhshc gia ta montèla me genikoÔc qrìnouc episkeu c
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eÐnai polÔ pio dÔskolh. Pr�gmati, h mejodologÐa kai ta apotelèsmata eÐnai shmantik�

pio polÔploka (bl. p.q. Kerner (2011) ). Montèla me polloÔc uphrètec, diakopèc

k.a. mporoÔn na odhg soun se probl mata pou eÐnai arket� dÔskolo na epilujoÔn se

kleist  morfh apì majhmatik  �poyh kai, kat� sunèpeia, kajÐstatai polÔ dÔskolo na

prosdioristoÔn oi strathgikèc isorropÐac kaj¸c kai oi koinwnik� bèltistec strathgi-

kèc. Epomènwc, se orismènec peript¸seic mìno ta arijmhtik� apotelèsmata mporoÔn na

aposafhnÐsoun th strathgik  sumperifor� twn pelat¸n. Oi monografÐec twn Hassin

kai Haviv (2003) kai Stidham (2009) sunoyÐzoun tic kÔriec proseggÐseic kai poll� a-

potelèsmata sthn eurÔterh perioq  thc oikonomik c an�lushc twn susthm�twn our¸n

anamon c.

1.2 Paigniojewrhtikì plaÐsio

'Opwc èqoume pei, h dunatìthta twn pelat¸n na paÐrnoun apof�seic gia to an ja

eisèljoun se èna sÔsthma exuphrèthshc   ja apoqwr soun apì autì, odhgeÐ thn an�-

lus  tou sth melèth enìc paiqnidioÔ metaxÔ twn pelat¸n   se orismènec peript¸seic

metaxÔ twn pelat¸n kai tou diaqeirist  tou sust matoc. Se aut  thn enìthta ja pa-

rousi�soume tic basikèc paigniojewrhtikèc ènnoiec pou apaitoÔntai gia thn peraitèrw

an�lus  mac.

'Ena paiqnÐdi qwrÐc sunergasÐa orÐzetai wc ex c. 'Estw N = {1, 2, · · · , n} èna pe-

perasmèno sÔnolo paikt¸n kai èstw to Ai to sÔnolo strathgik¸n pou eÐnai diajèsimo

gia ton paÐkth i ∈ N . Mia kajar  strathgik  gia ton paÐkth i eÐnai mia enèrgeia apì

to Ai. Mia mikt  strathgik  antistoiqeÐ se mia sun�rthsh pijanìthtac pou orÐzei ènan

tuqaiopoihmèno kanìna gia na epilegeÐ mia enèrgeia apì to Ai. OrÐzoume me Si na eÐnai

to sÔnolo twn (mikt¸n) strathgik¸n gia ton paÐkth i.

Mia strathgik  kat�stash s = (s1, s2, . . . , sn) antistoiqÐzei mia strathgik  si ∈ Si
se k�je paÐkth i ∈ N . K�je paÐkthc sundèetai me mia sun�rthsh plhrwm c Fi(s).

Aut  h sun�rthsh kajorÐzei thn plhrwm  tou paÐkth i dedomènou ìti h strathgik 

kat�stash s uiojeteÐtai apì touc paÐktec. OrÐzoume me s−i th strathgik  kat�stash

gia to sÔnolo twn paikt¸n N \ {i}. Upojètoume oti h sun�rthsh Fi(s) = Fi(si, s−i)

eÐnai grammik  wc proc si. Autì shmaÐnei ìti an h si eÐnai mia mÐxh twn strathgik¸n

s1i kai s2i me pijanìthtec α kai 1 − α antÐstoiqa, tìte Fi(si, s−i) = αFi(s
1
i , s−i) +
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(1− α)Fi(s
2
i , s−i) gia k�je s−i.

Sta paigniojewrhtik� montèla our¸n anamon c katat�ssoume tic ourèc sÔmfwna

me to e�n to m koc touc mporeÐ na parathrhjeÐ prin ènac pel�thc p�rei mia apìfash  

ìqi. Anaferìmaste se autèc tic peript¸seic wc parathr simec kai mh parathr simec

antÐstoiqa. K�je pel�thc anamènei mia plhrwm  pou exart�tai apì thn kat�stash tou

sust matoc, apì th dik  tou apìfash kai apì tic strathgikèc pou epilègontai apì

touc upìloipouc pel�tec - paÐktec. Epiplèon, kat� ton upologismì thc mèshc wfè-

leiac enìc tuqaÐa epilegmènou pel�th pou akoloujeÐ th strathgik  stagged, dedomènou

ìti oi upìloipoi pel�tec akoloujoÔn th strathgik  sothers, upojètoume ìti to sÔsth-

ma èqei ft�sei se kat�stash statistik c isorropÐac (me b�sh tic qrhsimopoioÔmenec

strathgikèc sothers). To zhtoÔmeno eÐnai h melèth thc strathgik c sumperifor�c twn

pelat¸n, ìtan apofasÐzoun an ja eisèljoun sto sÔsthma   ja apoqwr soun kat� thn

�fix  touc. Upojètoume ìti up�rqei mia amoib  R mon�dwn gia k�je olokl rwsh exu-

phrèthshc. Apì thn �llh pleur�, up�rqei epÐshc èna kìstoc anamon c C mon�dwn an�

qronik  mon�da pou ènac tuqaÐa epilegmènoc pel�thc paramènei sto sÔsthma (eÐte sthn

our�   sthn exuphrèthsh). H amoib  exuphrèthshc, ìpwc èqoume  dh anafèrei poso-

tikopoieÐ thn epijumÐa tou tuqaÐa epilegmènou pel�th gia exuphrèthsh, en¸ to kìstoc

anamon c posotikopoieÐ thn aprojumÐa tou na perimènei. Upojètoume ìti oi pel�tec

eÐnai oudèteroi wc proc ton kÐnduno (dhlad  o stìqoc touc eÐnai na megistopoi soun

thn anamenìmenh tim  thc wfèlei�c touc qwrÐc na lamb�noun upìyh th diakÔmans 

thc). Sto parap�nw plaÐsio mporoÔme na skeftoÔme thn kat�stash wc èna summe-

trikì paiqnÐdi metaxÔ twn pelat¸n, dedomènou ìti ìloi oi pel�tec jewroÔntai ìmoioi

kai, epomènwc, èqoun to Ðdio sÔnolo strathgik¸n kai thn Ðdia sun�rthsh wfèleiac.

SumbolÐzoume to sÔnolo twn koin¸n strathgik¸n (sÔnolo diajèsimwn energei¸n) me

S kai th sun�rthsh wfèleiac me F . Pio analutik�, èstw F (stagged, sothers) h plhrwm 

enìc pel�th pou akoloujeÐ th strathgik  stagged, ìtan ìloi oi upìloipoi akoloujoÔn

th strathgik  sothers. DÐnoume touc akìloujouc orismoÔc.

Orismìc 1.1. (Bèltisth Ap�nthsh) Mia strathgik  s̃ kaleÐtai bèltisth ap�nthsh

se mia strathgik  sothers an kai mìno an F (s̃, sothers) ≥ F (stagged, sothers) gia k�je

stagged ε S.

Orismìc 1.2. (ShmeÐo isorropÐac Nash) Mia strathgik  kat�stash (s∗, s∗) kaleÐ-
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tai (summetrikì) shmeÐo strathgik c isorropÐac Nash, an kai mìno an F (s∗, s∗) ≥
F (s, s∗) gia k�je s ε S. Kataqrhstik�, ja lème ìti h s∗ eÐnai strathgik  isorropÐac

Nash.

Orismìc 1.3. (KuriarqÐa) Mia strathgik  s1 lègetai ìti kuriarqeÐ asjen¸c epÐ thc

strathgik c s2 an F (s1, s) ≥ F (s2, s) gia k�je s ∈ S kai, epiplèon, gia toul�qiston

èna s h anisìthta eÐnai austhr . Mia strathgik  s∗ lègetai ìti asjen¸c kuriarqoÔsa,

an kuriarqeÐ asjen¸c epÐ ìlwn twn strathgik¸n tou S.

H diaisjhtik  ermhneÐa enìc shmeÐou strathgik c isorropÐac Nash eÐnai ìti apote-

leÐ eustajèc shmeÐo tou paiqnidioÔ, me thn ènnoia ìti e�n ìloi oi pel�tec sumfwn soun

na to akolouj soun, tìte kaneÐc den mporeÐ na epwfelhjeÐ all�zont�c to monomer¸c.

Me �lla lìgia, se sunj kec statistik c isorropÐac, kaneÐc den èqei kÐnhtro na apo-

klÐnei apì to shmeÐo strathgik c isorropÐac. Shmei¸noume ìti o parap�nw orismìc de

shmaÐnei ìti p�nta ja up�rqei mia strathgik  isorropÐac, oÔte ìti eÐnai monadik , sthn

perÐptwsh pou up�rqei. Epiplèon, parathroÔme ìti h ènnoia thc (asjen¸c) kuriarqoÔ-

sac strathgik c eÐnai isqurìterh apì thn ènnoia thc strathgik c isorropÐac Nash.

Pr�gmati, k�je kuriarqoÔsa strathgik  eÐnai kai strathgik  isorropÐac Nash, all�

den isqÔei to antÐstrofo. EpÐshc, en¸ oi strathgikèc isorropÐac Nash up�rqoun stic

perissìterec peript¸seic, sp�nia up�rqei mia kuriarqoÔsa strathgik . KuriarqoÔsec

strathgikèc emfanÐzontai, sun jwc, se parathr sima montèla.

Orismìc 1.4. (Exeliktik� Eustaj c Strathgik  - EES) Mia strathgik  se lège-

tai exeliktik� eustaj c strathgik  (EES), an isqÔoun tautìqrona oi dÔo parak�tw

sunj kec

• EÐnai bèltisth ap�nthsh ston eautì thc, dhlad  F (se, se) ≥ F (s, se) gia k�je

s ε S.

• An F (se, se) = F (s∗, se) gia k�poia strathgik  s∗, tìte F (se, s∗) > F (s∗, s∗).

Diaisjhtik�, mia EES, se eÐnai katarq n mia strathgik  isorropÐac Nash, ètsi ¸ste

ènac pel�thc na mhn èqei kÐnhtro na apoklÐnei apì aut . Wstìso, an to pr�xei kai

metakinhjeÐ se mia �llh strathgik  s∗, pou eÐnai epÐshc bèltisth ap�nthsh sthn se, kai



20 KEF�ALAIO 1. EISAGWG�H

oi upìloipoi pel�tec ton akolouj soun, tìte eÐnai kalÔtero gia autìn na uiojet sei

kai p�li thn se. Shmei¸noume ìti mia strathgik  isorropÐac den eÐnai p�nta EES,

en¸ to antÐjeto sumbaÐnei p�nta. Epiplèon, up�rqoun peript¸seic ìpou up�rqoun

pollaplèc strathgikèc isorropÐac, all� kamÐa apì autèc den eÐnai EES. H ènnoia thc

EES eÐnai isqurìterh apì thn apl  isorropÐa. Profan¸c, e�n h se eÐnai mia strathgik 

isorropÐac kai eÐnai h monadik  bèltisth ap�nthsh ston eautì thc, tìte eÐnai aparaÐthta

kai EES.

Orismìc 1.5. (ATP/STP). Ac upojèsoume ìti to sÔnolo twn strathgik¸n S eÐnai

grammik� diatetagmèno, p. q. S = [0, 1]   S = {0, 1, 2, . . . }, kai ìti gia k�je y ∈ S
up�rqei mia monadik  bèltisth ap�nthsh

x(y) = arg max
x

F (x, y), (1.1)

ìpou h x(y) eÐnai mia kat� tm mata suneq c kai monìtonh sun�rthsh. Stic peript¸seic

ìpou h x(y) eÐnai monìtona fjÐnousa sun�rthsh tou y lème ìti h strathgik  sumperfo-

r� twn pelat¸n eÐnai tou tÔpou {AntÐjeta-me-To-Pl joc} (ATP) en¸ stic peript¸seic

ekeÐnec ìpou h x(y) eÐnai monìtona aÔxousa eÐnai tou tÔpou {SÔmfwna-me-To-Pl joc}

(STP).

Shmei¸noume ìti mia strathgik  y eÐnai strathgik  isorropÐac Nash an x(y) = y,

me �lla lìgia, ìtan eÐnai èna stajerì shmeÐo thc sun�rthshc x. EÐnai endiafèron na

kajoristeÐ e�n èna montèlo eÐnai tÔpou ATP   STP, dedomènou ìti sthn perÐptwsh

sumperifor�c ATP up�rqei to polÔ mÐa strathgik  isorropÐac en¸ sthn perÐptwsh

sumperifor�c STP eÐnai dunat  h Ôparxh poll¸n strathgik¸n isorropÐac. Epiplèon,

h sumperifor� tÔpou ATP sun jwc sundèetai me autì pou onom�zoume arnhtikèc

epidr�seic (negative externalities) pou prokaloÔntai apì touc pel�tec, dhlad  me

to gegonìc ìti h apìfash eisìdou tou pel�th ephre�zei arnhtik� thn anamenìmenh

wfèleia twn �llwn pelat¸n, en¸ h sumperifor� STP eÐnai sundedemènh me jetikèc

epidr�seic (positive externalities).

Mia apì tic pio sunhjismènec kathgorÐec strathgik¸n pou emfanÐzontai se montèla

our¸n, sto parap�nw plaÐsio an�lushc, eÐnai h kl�sh twn strathgik¸n katwflÐou.

Gia na gÐnoume pio sugkekrimènoi, ac upojèsoume ìti, kat� thn �fix  tou, o pel�thc
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èqei na epilèxei metaxÔ dÔo energei¸n, A1 kai A2 , afoÔ parathr sei mia akèraia mh-

arnhtik  metablht , h opoÐa qarakthrÐzei thn kat�stash tou sust matoc. P.q. h

kat�stash mporeÐ na eÐnai to m koc thc our�c kai oi enèrgeiec na eÐnai h eÐsodoc sto

sÔsthma   h apoq¸rhsh apì autì. Tìte, èqoume touc parak�tw orismoÔc.

Orismìc 1.6. (Kajar  strathgik  katwflÐou). Mia kajar  strathgik  katwflÐou

me kat¸fli n upagoreÔei mia apì tic enèrgeiec, èstw thn A1, gia k�je kat�stash sto

{0, 1, . . . , n− 1} kai thn �llh enèrgeia se k�je �llh perÐptwsh.

Orismìc 1.7. (Mikt  strathgik  katwflÐou). Mia mikt  strathgik  katwflÐou me

kat¸fli x = n + p, n = 0, 1, 2, . . . kai p ∈ [0, 1], upagoreÔei mia apì ta enèrgeiec,

èstw thn A1, gia kajemi� apì tic katast�seic {0, 1, . . . , n−1}, epilègei tuqaÐa metaxÔ
twn energei¸n A1 kai A2 gia thn kat�stash n, prosdÐdontac pijanìthta p sthn A1

kai pijanìthta 1−p sthn A2 en¸ upagoreÔei thn enèrgeia A2 gia k�je kat�stash sto

{n+ 1, n+ 2, . . . }.
Profan¸c gia p = 0 h mikt  strathgik  katwflÐou x an�getai sthn kajar  stra-

thgik  katwflÐou n.

1.3 H oikonomik  an�lush thc M/M/1 our�c

'Opwc èqoume  dh anafèrei, to kentrikì prìblhma me to opoÐo ja asqolhjoÔme sthn

paroÔsa diatrib  eÐnai h oikonomik  an�lush thc sumperifor�c eisìdou-apoq¸rhshc

twn pelat¸n se merik� basik� sust mata our¸n. H pr¸th di�stash tou probl matoc

eÐnai h atomik  beltistopoÐhsh. Pio sugkekrimèna, to ìfeloc enìc pel�th apoteleÐ-

tai apì to kèrdoc pou sqetÐzetai me thn exuphrèthsh (h amoib  tou R) apì to opoÐo

afairoÔntai �mesec plhrwmèc (diìdia, antÐtimo eisìdou, ktl.) kai �mesa kìsth pou

sqetÐzontai me thn anamon  tou mèqri na oloklhr¸sei thn exuphrèths  tou (C mo-

n�dec an� mon�da qrìnou pou paramènei sto sÔsthma). Sto prìblhma thc atomik c

beltistopoÐhshc, o skopìc twn pelat¸n eÐnai na megistopoi soun to anamenìmeno pro-

swpikì ìfelìc touc. Mia deÔterh kateÔjunsh proc thn opoÐa mporoÔme na analÔsoume

mia our� anamon c eÐnai h koinwnik  beltistopoÐhsh. Upì aut  thn optik , ennooÔme

ìti h beltistopoÐhsh tou sust matoc parapèmpei sth megistopoÐhsh tou koinwnikoÔ

ofèlouc, to opoÐo orÐzetai wc to anamenìmeno kajarì kèrdoc ìlwn twn mel¸n thc
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koinwnÐac, sumperilambanomènwn tìso twn pelat¸n ìso kai tou diaqeirist , an� qro-

nik  mon�da. Me aut  thn prosèggish, mia amoib  pou metafèretai metaxÔ twn mel¸n

thc koinwnÐac den èqei kamÐa epÐdrash sto koinwnikì ìfeloc kai, kat� sunèpeia, kamÐa

epÐdrash sth beltistopoÐhsh tou sust matoc. 'Etsi, o stìqoc thc koinwnÐac eÐnai na

megistopoi sei to sÔnolo twn kerd¸n apì tic exuphret seic meÐon ta kìsth anamon c

kai leitourgÐac tou sust matoc. Tèloc, ja asqolhjoÔme kai me to prìblhma thc megi-

stopoÐhshc tou kèrdouc tou diaqeirist . Sthn perÐptwsh aut , o diaqeirist c gnwrÐzei

ìti oi pel�tec sumperifèrontai me tètoio trìpo ¸ste na megistopoioÔn to atomikì touc

ìfeloc. 'Etsi, epib�llontac èna kat�llhlo antÐtimo eisìdou, mporeÐ na anagk�sei touc

pel�tec na uiojet soun ekeÐnh th sumperifor� pou megistopoieÐ to dikì tou kèrdoc.

Se ì,ti akoloujeÐ ja prospaj soume na aposafhnÐsoume tic parap�nw idèec mè-

sw dÔo basik¸n paradeigm�twn. Pr¸ta, anaferìmaste se mia pl rwc parathr simh

M/M/1 our� efodiasmènh me mia grammik  dom  amoib c - kìstouc. Autì eÐnai to

klasikì montèlo tou Naor (1969). Ja parousi�soume ta probl mata atomik c kai

koinwnik c beltistopoÐhshc.

Upojètoume ìti oi pel�tec fj�noun sto sÔsthma sÔmfwna me mia diadikasÐa Pois-

son me rujmì λ. Oi qrìnoi exuphrèthshc eÐnai anex�rthtec tuqaÐec metablhtèc pou

akoloujoÔn thn ekjetik  katanom  me par�metro µ. 'Estw ρ = λ
µ o rujmìc su-

nwstismoÔ tou sust matoc. Oi pel�tec lamb�noun mia amoib  R mon�dwn gia thn

olokl rwsh thc exuphrèths c touc, en¸ to kìstoc gia k�je qronik  mon�da pou pa-

ramènoun sto sÔsthma (eÐte sthn anamon  eÐte sthn exuphrèthsh) eÐnai C. Up�rqei

mìno ènac uphrèthc, en¸ h peijarqÐa thc our�c eÐnai FCFS. Kat� th stigm  thc �fix c

touc epitrèpetai stouc pel�tec na parathr soun to pl joc twn  dh parìntwn pela-

t¸n sto sÔsthma ( , isodÔnama, plhroforoÔntai gia ton akrib  arijmì pelat¸n sto

sÔsthma) kai katìpin apofasÐzoun an ja eisèljoun sto sÔsthma   ìqi. Upojètou-

me, epÐshc, ìti R ≥ C
µ , diaforetik� ìloi, akìma kai ekeÐnoi pou brÐskoun to sÔsthma

kenì, ja apoqwroÔsan kai to sÔsthma ja parèmene suneq¸c kenì. To sÔnolo twn

dunat¸n apof�sewn k�je pel�th pou brÐskei to sÔsthma sthn kat�stash n eÐnai to

{0, 1} ìpou to 0 sumbolÐzei thn apìfash apoq¸rhshc kai to 1 thc eisìdou gia th de-

domènh kat�stash. 'Etsi, h strathgik  enìc pel�th antistoiqeÐ se èna apeirodi�stato

di�nusma, apoteloÔmeno apì mhdenik� kai mon�dec. ParadeÐgmatoc q�rh, h strathgik 

(1, 0, 1, 0, 0, 0, . . . ) shmaÐnei ìti an o pel�thc brei to sÔsthma kenì   me dÔo pel�tec h
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apìfash tou eÐnai na eisèljei, en¸ se opoiad pote �llh perÐptwsh apoqwreÐ.

H lÔsh tou probl matoc atomik c beltistopoÐhshc se autì to montèlo eÐnai �mesh.

Pr�gmati, ènac tuqaÐa epilegmènoc pel�thc o opoÐoc brÐskei n pel�tec mprost� tou

kai apofasÐzei na eisèljei sto sÔsthma èqei anamenìmeno kèrdoc (wfèleia) R− C(n+1)
µ

mon�dec. Kat� sunèpeia, apofasÐzei na eisèljei an aut  h posìthta eÐnai mh arnhtik ,

dhlad  an n + 1 ≤ Rµ
C , diaforetik� apoqwreÐ. Sunep¸c, h apìfas  tou eÐnai na

eisèljei sto sÔsthma efìson to pl joc twn pelat¸n pou brÐskei kat� thn �fix  tou

eÐnai n ≤ bRµC c − 1. 'Estw t¸ra ne = bRµC c. Tìte, h bèltisth strathgik  eÐnai

h (1,1,. . . ,1,0,0,0,0) thc opoÐac to arqikì tm ma apoteleÐtai apì ne mon�dec kai h

opoÐa apì ekeÐ kai pèra èqei mhdenik�. Aut  h strathgik  antistoiqeÐ sthn kajar 

strathgik  katwflÐou me kat¸fli ne kai eÐnai mia strathgik  isorropÐac. Sto plaÐsio

aut c thc strathgik c, me �lla lìgia, ènac afiknoÔmenoc pel�thc eisèrqetai ìso

parathreÐ to polÔ ne − 1 pel�tec. 'Otan ìloi akoloujoÔn aut  thn strathgik  to

sÔsthma sumperifèretai wc mia M/M/1/ne our�.

To prìblhma thc koinwnik c beltistopoÐhshc eÐnai pio perÐploko. Ac upojèsoume

ìti ìloi oi pel�tec akoloujoÔn thn Ðdia strathgik  katwflÐou n. H strathgik  touc,

dhlad , eÐnai thc morf c (1, 1, . . . , 1, 0, 0, ...) me n mon�dec sthn arq  kai mhdenik� sth

sunèqeia. Autì shmaÐnei ìti apofasÐzoun na eisèljoun sto sÔsthma ìso to pl joc

twn pelat¸n pou parathroÔn kat� thn �fix  touc eÐnai mikrìtero   Ðso me n− 1. Me

aut n thn ènnoia, to sÔsthma sumperifèretai wc miaM/M/1/n our� kai èstw (qk, k ∈
{0, 1, . . . , n}) h st�simh katanom  thc. Qrhsimopoi¸ntac aut  thn katanom , èqoume

ìti o anamenìmenoc arijmìc pelat¸n sto sÔsthma eÐnai E[Qn] = ρ
1−ρ −

(n+1)ρn+1

1−ρn+1

kai h pijanìthta ènac afiknoÔmenoc pel�thc na eisèljei sto sÔsthma eÐnai 1 − qn =
1−ρn

1−ρn+1 . 'Etsi, to anamenìmeno kajarì koinwnikì ìfeloc an� qronik  mon�da isoÔtai

me Ssoc(n) = λR (1− qn)− CE[Qn], to opoÐo paÐrnei th morf 

Ssoc(n) = λR
1− ρn

1− ρn+1
− C

�
ρ

1− ρ
− (n+ 1) ρn+1

1− ρn+1

�
. (1.2)

To epìmeno b ma eÐnai na broÔme to shmeÐo n∗ sto opoÐo megistopoieÐtai h parap�nw

sun�rthsh. O Naor (1969) prìteine mia diadikasÐa gia ton upologismì tou n∗ h opoÐa

basÐzetai sto gegonìc ìti h sun�rthsh Ssoc(n) eÐnai monokìrufh. Epiplèon, èdeixe ìti

n∗ ≤ ne, to opoÐo shmaÐnei ìti h atomik  beltistopoÐhsh odhgeÐ se pio sunwstismèna
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sust mata ap� ì,ti eÐnai koinwnik� epijumhtì. Autì prokaleÐtai exaitÐac twn arnhtik¸n

epidr�sewn pou oi pel�tec ep�goun stic metèpeita afÐxeic, k�ti to opoÐo agnooÔn kat�

th stigm  l yhc thc apìfas c touc (na eisèljoun   ìqi sto sÔsthma). Aut  h sqèsh

metaxÔ twn katwflÐwn pou megistopoioÔn to atomikì kai to koinwnikì kèrdoc faÐnetai

na isqÔei se arketèc peript¸seic, all� ìqi p�nta. 'Oson afor� thn tim  tou koinwnik�

bèltistou katwflÐou n∗, den mporoÔme na katal xoume se tÔpo kleist c morf c gia

ton upologismì thc, all� mporoÔme na th qarakthrÐsoume. Pio sugkekrimèna, isqÔei

n∗ = bν∗c − 1, ìpou ν∗ eÐnai h monadik  lÔsh thc exÐswshc Rµ
C = ν(1−ρ)−ρ(1−ρν)

(1−ρ)2 wc

proc to ν. Gia na parakin sei touc pel�tec na uiojet soun to koinwnik� bèltisto

kat¸fli n∗ antÐ tou ne, o Naor (1969) prìteine thn epibol  kat�llhlou antitÐmou

eisìdou (diodÐou). Shmei¸noume ìti, ìpwc faÐnetai akìma kai sthn apl  perÐptwsh

thc M/M/1 our�c, up�rqoun shmantikèc duskolÐec sthn eÔresh akrib¸n tÔpwn gia

th megistopoÐhsh thc sun�rthshc tou koinwnikoÔ ofèlouc.

Tèloc, analÔoume to prìblhma thc megistopoÐhshc tou kèrdouc tou diaqeirist .

O diaqeirist c anakoin¸nei stouc pel�tec to antÐtimo p kai autoÐ basÐzoun thn apì-

fas  touc gia to an ja eisèljoun sto sÔsthma   ìqi sto Ôyoc tou antitÐmou. Sthn

perÐptwsh aut  h amoib  touc eÐnai meiwmènh se R − p. 'Etsi, efìson uiojetoÔn thn

atomik� bèltisth strathgik  touc, dedomènou tou p, to sÔsthma sumperifèretai wc

mia M/M/1/n our� ìpou n = b (R−p)µC c. O uphrèthc epilègei to epijumhtì kat¸fli

n kai jètei thn uyhlìterh tim  h opoÐa ep�gei autì to kat¸fli, dhlad 

p(n) = R− Cn

µ
. (1.3)

Pr�gmati, k�je antÐtimo eisìdou to opoÐo epib�llei o diaqeirist c ep�gei mia sug-

kekrimènh strathgik  katwflÐou gia touc pel�tec. An o diaqeirist c jèsei polÔ uyhlì

antÐtimo, tìte el�qistoi pel�tec ja eisèljoun. Apì thn �llh pleur�, an to antÐtimo

eÐnai polÔ qamhlì tìte ja eisèljoun sto sÔsthma polloÐ pel�tec, all� ja eispr�ttei

polÔ lÐga apì ton kajèna kai to kèrdoc tou de ja megistopoihjeÐ. Sunep¸c, prè-

pei na jèsei èna endi�meso, kat�llhlo, antÐtimo eisìdou, pou na k�nei touc pel�tec

na sumperifèrontai kat� trìpon ¸ste na megistopoieÐtai to kèrdoc tou. 'Otan to p

orÐzetai ìpwc dÐnetai sth sqèsh (1.3) kai to kat¸fli n uiojeteÐtai apì touc pel�-

tec, tìte to kèrdoc tou diaqeirist  an� mon�da qrìnou eÐnai Sprof (n) = λ∗p(n), ìpou
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λ∗ = λ (1− qn) = λ 1−ρn
1−ρn+1 . 'Etsi, to kèrdoc tou diaqeirist  dÐnetai apì th sqèsh

Sprof (n) = λ
1− ρn

1− ρn+1

�
R− Cn

µ

�
. (1.4)

Basismènoi sth monadikìthta tou megÐstou thc parap�nw sun�rthshc, sun�goume ìti

to antÐtimo eisìdou pou megistopoieÐ to kèrdoc tou diaqeirist  eÐnai R − nmC
µ , ìpou

nm = bνmc kai νm eÐnai h monadik  lÔsh thc exÐswshc Rµ
C = ν +

(1−ρν−1)(1−ρν+1)
ρn−1(1−ρ)2 wc

proc to ν. O Naor (1969) epÐshc èdeixe ìti nm ≤ n∗ ≤ ne.
Katal goume, loipìn, sto ìti k�tw apì mia strathgik  megistopoÐhshc tou kèr-

douc tou diaqeirist , ligìteroi pel�tec eisèrqontai sto sÔsthma ap� ì,ti eÐnai koinwni-

k� epijumhtì. Efìson nm ≤ n∗, sumperaÐnoume ìti to antÐtimo eisìdou pou epib�lletai
gia th megistopoÐhsh tou kèrdouc eÐnai megalÔtero ap� ì,ti autì gia to opoÐo megi-

stopoieÐtai to koinwnikì ìfeloc. O Knudsen (1972) genÐkeuse autì to apotèlesma

se ourèc me perissìterouc uphrètec kai mh-grammik  sun�rthsh kìstouc anamon c.

O Schroeter (1982) je¸rhse mia genÐkeush tou montèlou tou Naor upojètontac ìti

to kìstoc gia k�je mon�da qrìnou pou o pel�thc paramènei sto sÔsthma, C, èqei

omoiìmorfh katanom . O Larsen (1998) melèthse èna montèlo sto opoÐo oi pel�tec

diafèroun wc proc thn apotÐmhsh thc exuphrèths c touc, dhlad  upèjese ìti h amoi-

b , R, pou k�je pel�thc lamb�nei oloklhr¸nontac thn exuphrèths  tou eÐnai tuqaÐa

metablht .

SuneqÐzoume me th deÔterh perÐptwsh plhrofìrhshc. Autì eÐnai to montèlo pou

èqei melethjeÐ apì touc Edelson kai Hildebrand (1975). H stoqastik  dunamik  kai h

dom  amoib c - kìstouc tou sust matoc eÐnai Ðdiec me tou montèlou tou Naor (1969).

H monadik  diafor� eÐnai sto epÐpedo thc plhrofìrhshc to opoÐo lamb�noun oi pe-

l�tec kat� thn �fix  touc. Ed¸ upojètoume ìti oi pel�tec den plhroforoÔntai thn

kat�stash tou sust matoc, dhlad  den èqoun sth di�jes  touc kamÐa plhroforÐa,

plhn twn paramètrwn tou sust matoc. H apìfash pou prèpei na l�boun eÐnai eÐte

na eisèljoun sto sÔsthma (1) eÐte na apoqwr soun �mesa (0). 'Etsi to sÔnolo twn

kajar¸n strathgik¸n k�je pel�th eÐnai to S = {0, 1}. Upojètoume ìti ìloi oi pel�-
tec akoloujoÔn thn Ðdia mikt  strathgik , q, dhlad  eisèrqontai me pijanìthta q kai

apoqwroÔn me pijanìthta 1− q. Upì aut  thn strathgik  to sÔsthma sumperifèretai

wc mia M/M/1 our�, ìpou h diadikasÐa afÐxewn eÐnai Poisson me rujmì λq. Tìte,
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o qrìnoc paramon c enìc pel�th sto sÔsthma akoloujeÐ thn ekjetik  katanom  me

rujmì µ − λq. JewroÔme ènan pel�th o opoÐoc fj�nei sto sÔsthma. An apofasÐsei

na eisèljei sto sÔsthma, to anamenìmeno kèrdoc tou eÐnai U(q) = R − C
µ−λq . Tìte

diakrÐnoume treic peript¸seic:

- An R ≤ C
µ , tìte akìma ki an kaneÐc �lloc pel�thc den apofasÐsei na eisèljei,

to kajarì kèrdoc tou tuqaÐa epilegmènou pel�th eÐnai mh-jetikì (U(q) ≤ 0, gia

k�je q ∈ [0, 1]). 'Etsi, h bèltisth ap�nths  tou eÐnai na apoqwr sei. Sunep¸c,

h apoq¸rhsh eÐnai kuriarqoÔsa strathgik .

- An C
µ < R < C

µ−λ , tìte up�rqei mia tim  tou q ∈ (0, 1) tètoia ¸ste U(q) =

0. Aut  h tim  eÐnai h qe = µ
λ

�
1− C

Rµ

�
. Gi� aut n th tim  tou q, o tuqaÐa

epilegmènoc pel�thc eÐnai adi�foroc metaxÔ tou na eisèljei sto sÔsthma   ìqi,

afoÔ to kèrdoc tou eÐnai mhdenikì. 'Etsi, opoiad pote strathgik  q ∈ [0, 1]

eÐnai bèltisth ap�nthsh sthn qe. To monadikì shmeÐo strathgik c isorropÐac,

dhlad  h monadik  strathgik  pou eÐnai bèltisth ap�nthsh ston eautì thc, eÐnai

h qe. 'Etsi to qe eÐnai to monadikì shmeÐo isorropÐac all� den eÐnai kuriarqoÔsa

strathgik .

- An R ≥ C
µ−λ , tìte akìma ki an ìloi oi pel�tec eisèljoun sto sÔsthma, to

kajarì kèrdoc tou tuqaÐa epilegmènou pel�th eÐnai mh-arnhtikì (U(q) ≥ 0, gia

k�je q ∈ [0, 1]). 'Etsi, h bèltisth ap�nths  tou eÐnai na eisèljei. Sunep¸c h

eÐsodoc eÐnai kuriarqoÔsa strathgik .

Ta parap�nw apeikonÐzontai sto sq ma 1.1. Shmei¸noume ìti h U(q) eÐnai fjÐnousa

sun�rthsh wc proc q. Upojètoume ìti ìloi oi upìloipoi pel�tec akoloujoÔn thn Ðdia

strathgik  q. Tìte, an q < qe, h bèltisth ap�nthsh tou tuqaÐa epilegmènou pel�th

eÐnai na eisèljei sto sÔsthma (q = 1), an q > qe h bèltisth ap�nths  tou eÐnai na

apoqwr sei (q = 0) kai, tèloc, an q = qe tìte opoiad pote strathgik  metaxÔ 0 kai

1 eÐnai bèltisth ap�nthsh. 'Etsi h bèltisth ap�nthsh tou tuqaÐa epilegmènou pel�th

eÐnai mia fjÐnousa sun�rthsh thc strathgik c twn upoloÐpwn. Sunep¸c, katal goume

sto ìti h strathgik  sumperifor� twn pelat¸n eÐnai tÔpou ATP.

SuneqÐzoume me to prìblhma thc koinwnik c beltistopoÐhshc sth mh parathr simh

perÐptwsh. Upojètoume kai p�li ìti ìloi oi pel�tec akoloujoÔn thn Ðdia mikt  stra-
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Sq ma 1.1: H bèltisth ap�nthsh ènanti thc strathgik c q

thgik  q kai to sÔsthma leitourgeÐ wc miaM/M/1 our� me rujmì �fixhc λq. To mèso

pl joc pelat¸n sto sÔsthma dÐnetai apì th sqèsh E[Q] = λq
µ−λq . Tìte, to kajarì

koinwnikì ìfeloc an� mon�da qrìnou eÐnai

Ssoc(q) = λqR− CE[Q] = λqR− C λq

µ− λq
. (1.5)

Jèloume na prosdiorÐsoume thn tim  q∗ ∈ [0, 1] pou megistopoieÐ thn parap�nw sun�r-

thsh. Oi Edelson kai Hildebrand (1975) èdeixan ìti up�rqoun treic peript¸seic:

- An R ≤ C
µ , tìte q

∗ = 0. (Aut  h perÐptwsh sun jwc paraleÐpetai, afoÔ to

sÔsthma k�tw apì mia tètoia strathgik  paramènei suneq¸c kenì).

- An C
µ < R < C

µ

�
1− λ

µ

�2
, tìte q∗ = µ

λ

�
1−

q
C
Rµ

�
.
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- An R ≥ C
µ

�
1− λ

µ

�2
, tìte q∗ = 1.

ParathroÔme ìti, ìmoia me thn parathr simh perÐptwsh, isqÔei q∗ ≤ qe. H atomik 

beltistopoÐhsh odhgeÐ se uperbolik  qr sh tou sust matoc, perissìterh ap� ì,ti eÐnai

koinwnik� epijumhtì. O lìgoc kai p�li eÐnai oi arnhtikèc epidr�seic pou oi pel�tec

ep�goun se mellontikèc afÐxeic.

Tèloc, sqetik� me to prìblhma thc megistopoÐhshc tou kèrdouc tou diaqeirist ,

jewroÔme ìti autìc epib�llei èna antÐtimo eisìdou p, to opoÐo anakoin¸netai stouc

pel�tec. Lamb�nontac upìyh touc to antÐtimo autì, oi pel�tec prosarmìzoun thn

strathgik  isorropÐac touc, gnwrÐzontac ìti h kajar  amoib  touc apì thn exuph-

rèthsh ja eÐnai t¸ra R − p. 'Etsi, h strathgik  isorropÐac pou uiojetoÔn se aut 

thn perÐptwsh eÐnai q = µ
λ

�
1− C

(R−p)µ

�
, an h posìthta aut  an kei sto (0, 1). To

antÐtimo to opoÐo ep�gei aut  thn strathgik  isorropÐac eÐnai p = R − C
µ−λq . 'Etsi,

to kèrdoc tou diaqeirist  an� mon�da qrìnou eÐnai

Sprof (q) = λq

�
R− C

µ− λq

�
. (1.6)

SugkrÐnontac tic sqèseic (1.5) kai (1.6), parathroÔme ìti Sprof (q) = Ssoc(q), dhla-

d  oi sunart seic anamenìmenou kèrdouc tou diaqeirist  kai anamenìmenhc sunolik c

wfèleiac thc koinwnÐac tautÐzontai. Pr�gmati, autì sumbaÐnei diìti ìloi oi pel�tec

antimetwpÐzoun thn Ðdia kat�stash afoÔ den mporoÔn na diaforopoihjoÔn mèsw thc

plhroforÐac kai ètsi o diaqeirist c mporeÐ na epib�llei antÐtimo eisìdou pou den touc

af nei jetikì pleìnasma.

Oi Edelson kai Hildebrand (1975) epÐshc suz thsan mia epèktash tou montèlou

touc sto opoÐo o uphrèthc epib�llei dÔo diaforetik� tèlh. Gia èna dedomèno tèloc

parat rhshc o pel�thc mporeÐ na epilèxei na parathr sei to m koc thc our�c kai

katìpin na dialèxei an ja apoqwr sei   ja plhr¸sei èna tèloc eisìdou gia na mpei

sthn our�. Gia èna dedomèno tèloc eisìdou, to tèloc parat rhshc pou megistopoieÐ

to kèrdoc tou diaqeirist  sumpÐptei me thn anamenìmenh wfèleia tou pel�th apì thn

parat rhsh thc our�c. 'Etsi kai p�li, ìlo to pleìnasma tou pel�th phgaÐnei sto

diaqeirist  kai autìc epilègei koinwnik� bèltista tèlh parat rhshc kai eisìdou. O

Littlechild (1974) epèkteine to montèlo twn Edelson kai Hildebrand upojètontac ìti

oi pel�tec èqoun diaforetik  apotÐmhsh thc exuphrèthshc kai oi Balachandran kai
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Schaefer (1979, 1980) upèjesan ìqi mìno diaforetikèc apotim seic exuphrèthshc all�

kai diaforetik� kìsth anamon c.

1.4 Skopìc kai dom  thc diatrib c

'Opwc èqei  dh anaferjeÐ, o skopìc thc paroÔsac diatrib c eÐnai h oikonomik  a-

n�lush sugkekrimènwn susthm�twn anamon c, melet¸ntac th strathgik  sumperifor�

twn pelat¸n apènanti sto dÐlhmma eisìdou-apoq¸rhshc kaj¸c kai to sqetikì prìblh-

ma koinwnik c beltistopoÐhshc. Pio sugkekrimèna, epikentrwj kame se sust mata

anamon c pou parousi�zoun omadikèc anaqwr seic pelat¸n.

Sto pr¸to komm�ti thc diatrib c melat�me sust mata anamon c pou upìkeintai

se katastrofèc kai, epomènwc, h ènnoia twn omadik¸n anaqwr sewn se aut n thn

perÐptwsh an�getai sth mazik  anaq¸rhsh pelat¸n exaitÐac twn katastrof¸n. Sh-

mei¸noume ìti h ènnoia twn katastrof¸n, parìti emfanÐzetai se polu�rijmec efarmogèc

thc JewrÐac Our¸n, den eÐqe melethjeÐ èwc t¸ra se probl mata oikonomik c an�lushc

susthm�twn anamon c. DiakrÐnoume dÔo montèla susthm�twn anamon c pou upìkeintai

se katastrofèc kai parajètoume thn an�lus  touc sta kef�laia 2 kai 3. Oi lìgoi gi�

aut  th qwrist  parousÐash eÐnai, afenìc, to gegonìc ìti qr zoun diaforetik c pro-

sèggishc kai, afetèrou, to gegonìc ìti telik� h strathgik  sumperifor� twn pelat¸n

eÐnai shmantik� diaforetik .

Pio analutik�, sto kef�laio 2 jewroÔme to basikì montèlo thc M/M/1 our�c,

sthn opoÐa sumbaÐnoun katastrofèc sÔmfwna me mia diadikasÐa Poisson. Upojètoume

ìti mìlic sumbeÐ mia katastrof  ìloi oi pel�tec anagk�zontai na apoqwr soun apì

to sÔsthma pr¸ima kai dÐqwc na èqoun exuphrethjeÐ (sumperilambanomènou akìmh kai

tou pel�th pou brÐsketai se diadikasÐa thc exuphrèthshc). Aut n akrib¸c th qro-

nik  stigm  xekin� ènac qrìnoc episkeu c. Epiplèon, upojètoume ìti mèsa se autìn

to qrìno episkeu c den epitrèpetai h �fixh nèwn pelat¸n. Upojètoume, epÐshc, ìti

o pel�thc mporeÐ   ìqi na plhroforeÐtai thn kat�stash tou sust matoc th stigm 

thc �fix c tou. MÐa epiplèon kainotomÐa tou montèlou eÐnai ìti genikeÔetai h sun -

jhc grammik  dom  amoib c - kìstouc, jewr¸ntac dÔo diaforetikoÔc tÔpouc amoib¸n:

mÐa sun jh amoib  gia thn olokl rwsh thc exuphrèthshc tou pel�th kai mÐa deÔterh

wc apozhmÐwsh pou mei¸nei th dusarèskeia tou pel�th sthn perÐptwsh pou anagka-
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steÐ na egkataleÐyei to sÔsthma exaitÐac miac katastrof c. Melet�me ta probl mata

thc atomik c kai koinwnik c beltistopoÐhshc, kaj¸c kai thc beltistopoÐhshc tou kèr-

douc tou diaqeirist , k�tw kai apì ta dÔo epÐpeda plhrofìrhshc kai parajètoume tic

atomik� kai koinwnik� bèltistec strathgikèc, kaj¸c epÐshc kai di�fora arijmhtik�

apotelèsmata prokeimènou na d¸soume diaisjhtikèc ermhneÐec twn apotelesm�twn.

AkoloÔjwc, sto kef�laio 3, melet�me mia enallaktik  ekdoq  tou parap�nw mo-

ntèlou, anair¸ntac thn upìjesh ìti oi nèec afÐxeic den epitrèpontai kat� th di�rkeia

tou qrìnou episkeu c. DiathroÔme thn tropopoihmènh dom  amoib c - kìstouc pou

perigr�yame parap�nw kai melet�me xan� th sumperifor� twn pelat¸n (atomik  kai

koinwnik  beltistopoÐhsh) k�tw apì ta dÔo epÐpeda plhrofìrhshc: thn pl rwc pa-

rathr simh perÐtwsh (ìpou oi pel�tec parathroÔn kat� thn �fix  touc kai ton arij-

mì twn parìntwn pelat¸n sto sÔsthma kai thn kat�stash tou sust matoc) kai thn

pl rwc mh-parathr simh perÐptwsh (ìpou den parathroÔn tÐpota apì ta dÔo). H a-

n�lush autoÔ tou montèlou eÐnai shmantik� diaforetik  apì aut n tou kefalaÐou 2,

ìqi mìno ìson afor� thn upologistik  prosèggish, all� kurÐwc sto gegonìc ìti oi

pel�tec parousi�zoun di�forec allagèc sth sumperifor� touc. Epiplèon, dÐnoume i-

diaÐterh èmfash sto qarakthrismì thc sumperifor�c twn pelat¸n wc STP   ATP kai

sthn epÐdrash pou èqoun oi katastrofèc p�nw se autì. ParatÐjentai, tèloc, di�fo-

ra arijmhtik� apotelèsmata ta opoÐa diafwtÐzoun tic idiaiterìthtec thc strathgik c

sumperifor�c twn pelat¸n se èna tètoio plaÐsio.

Sto kef�laio 4 asqoloÔmaste me èna sÔsthma anamon c sto opoÐo oi pel�tec exu-

phretoÔntai se om�dec sugkekrimènou megèjouc. 'Etsi, h ènnoia twn omadik¸n anaqw-

r sewn se aut n thn perÐptwsh parapèmpei sthn exuphrèthsh kai sunakìlouja sthn

anaq¸rhsh twn pelat¸n kat� om�dec. Kai p�li to zhtoÔmeno eÐnai o prosdiorismìc thc

strathgik c sumperifor�c twn pelat¸n wc proc to dÐlhmma eisìdou-apoq¸rhshc. Se

autì to montèlo jewroÔme ìti oi pel�tec mporoÔn   ìqi na plhroforhjoÔn, kat� thn

�fix  touc, ton arijmì twn sumplhrwmènwn proc exuphrèthsh om�dwn pou up�rqoun

sto sÔsthma kai to mègejoc thc asumpl rwthc om�dac. Me �lla lìgia, parousi�zoume

dÔo epÐpeda plhrofìrhshc kai prosdiorÐzoume tic strathgikèc isorropÐac twn pelat¸n

qwrist� gia k�je perÐptwsh, parèqontac kat�llhla algorijmik� sq mata, ìpou autì

eÐnai aparaÐthto. Melet�me epÐshc to prìblhma koinwnik c beltistopoÐhshc kai sta

dÔo epÐpeda plhrofìrhshc kai dÐnoume di�forec diaisjhtikèc ermhneÐec pou aforoÔn
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th strathgik  sumperifor� twn pelat¸n.
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Kef�laio 2

H M/M/1//cat our� me

empodizìmenec afÐxeic

2.1 Eisagwg 

Oi ourèc anamon c me apomakrÔnseic pelat¸n prin exuphrethjoÔn sunant¸ntai

suqn� sthn pr�xh kai èqoun di�forec efarmogèc. Mia tètoia perÐptwsh emfanÐzetai

sta sust mata anamon c me upanaqwr seic, ìpou oi pel�tec eÐnai anupìmonoi kai mìlic

l xoun oi qrìnoi upomon c touc egkataleÐpoun to sÔsthma. Mia �llh perÐptwsh

emfanÐzetai sta sust mata pou upìkeintai se katastrofèc/bl�bec. Pr�gmati, tètoia

gegonìta kajistoÔn sun jwc ton uphrèth anenergì kai epiplèon anagk�zoun touc

pel�tec na egkataleÐyoun to sÔsthma. H krÐsimh diafor� metaxÔ aut¸n twn dÔo tÔpwn

apom�krunshc pelat¸n se èna sÔsthma anamon c eÐnai ìti oi pel�tec apofasÐzoun e�n

ja egkataleÐyoun to sÔsthma   ìqi sÔmfwna me thn epijumÐa touc sthn perÐptwsh twn

upanaqwr sewn, en¸ anagk�zontai na egkataleÐyoun to sÔsthma sthn perÐptwsh twn

katastrof¸n.

H strathgik  sumperifor� twn pelat¸n sta sust mata our¸n anamon c me egka-

taleÐyeic èqei melethjeÐ el�qista sth bibliografÐa. Oi Hassin kai Haviv (1995) pros-

diìrisan tic strathgikèc isorropÐac twn pelat¸n sqetik� me thn apoq¸rhsh (balking)

kai thn upanaq¸rhsh (reneging) sto basikì montèlo thc M/M/1 our�c, ìpou h amoi-

b  enìc pel�th kajÐstatai mhdenik  e�n o qrìnoc anamon c tou uperbeÐ èna orismèno

33
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kat¸fli. Oi Mandelbaum kai Shimkin (2000) exètasan èna arket� genikì montè-

lo gia tic egkataleÐyeic apì mia our�, lìgw uperbolik c anamon c, upojètontac ìti

oi pel�tec pou brÐskontai se anamon  energoÔn strathgik�, all� qwrÐc na mporoÔn

na parathr soun to m koc thc our�c. To pio shmantikì eÐnai ìti epitrèpoun stouc

pel�tec na eÐnai eterogeneÐc stic protim seic touc kai thn epakìloujh sumperifor�

touc. 'Alloi suggrafeÐc èqoun epÐshc exet�sei th strathgik  sumperifor� twn pe-

la¸n se sust mata anamon c me egkataleÐyeic lìgw upanaqwr sewn. Oi Hassin kai

Haviv (2003), sto kef�laio 5, sunoyÐzoun ta kÔria apotelèsmata gia tètoia montèla.

EntoÔtoic, ex� ìswn gnwrÐzoume, den up rxan èwc t¸ra melètec thc strathgik c sum-

perifor�c twn pelat¸n se sust mata anamon c me egkataleÐyeic/ apomakrÔnseic twn

pelat¸n lìgw katastrofik¸n gegonìtwn. O stìqoc tou kefalaÐou, epomènwc, eÐnai

na melethjeÐ h strathgik  sumperifor� twn pelat¸n sta plaÐsia enìc aploÔ montèlou

miac our�c anamon c pou upìkeitai se katastrofèc.

Montèla me di�forec morfèc katastrof¸n emfanÐzontai se poikÐlec katast�seic

sthn pr�xh. ParadeÐgmatoc q�rin, se grammèc paragwg c, h aprosdìkhth sobar 

bl�bh miac mhqan c mporeÐ na anagk�sei tic mon�dec proc epexergasÐa na egkataleÐ-

youn to sÔsthma (eidikìtera e�n up�rqoun projesmÐec par�doshc pou den mporoÔn na

thrhjoÔn). Ston tomèa twn uphresi¸n, mia xafnik  asjèneia/aprìblepth apoq¸rh-

sh enìc exeidikeumènou upall lou   mia bl�bh enìc sugkekrimènou exoplismoÔ mporeÐ

na upoqre¸soun touc pel�tec pou brÐskontai sthn anamon  na egkataleÐyoun to sÔ-

sthma. Autì isqÔei akìma kai ston tomèa twn uphresi¸n ugeÐac, ìpou h bl�bh enìc

exeidikeumènou exoplismoÔ (p.q. enìc axonikoÔ   magnhtikoÔ tomogr�fou) mporeÐ na

anagk�sei touc asjeneÐc na y�xoun ènan enallaktikì forèa paroq c uphresi¸n. Ston

tomèa twn metafor¸n, h akÔrwsh enìc sugkekrimènou dromologÐou traÐnou   miac pt -

shc lìgw eidik¸n kairik¸n sunjhk¸n   mia teqnik  bl�bh mporeÐ na anagk�sei touc

epib�tec na y�xoun èna enallaktikì metaforikì mèso gia na ft�soun ston proorismì

touc. Epiplèon, to Ðdio fainìmeno emfanÐzetai kai stic thlepikoinwnÐec, ìpou oi qamè-

nec kl seic lìgw blab¸n twn diktÔwn antistoiqoÔn se {katastrofèc} pou prokaloÔn

epÐshc th dusarèskeia twn pelat¸n. Stic perissìterec apì tic parap�nw katast�seic,

up�rqei k�poia apozhmÐwsh gia touc pel�tec upì morf  ekpt¸sewn, dwre�n deltÐwn

  eisithrÐwn klp. Kat� autìn ton trìpo h dusarèskeia twn pelat¸n metri�zetai. 'E-

tsi, h oikonomik  an�lush twn susthm�twn exuphrèthshc/anamon c me katastrofèc
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kai me apozhmi¸seic gia touc pel�tec pou anagk�zontai na egkataleÐyoun to sÔsthma

faÐnetai na èqei tìso jewrhtikì ìso kai praktikì endiafèron.

Se autì to kef�laio, melet�me mia tètoia periptwsh sto plaÐsio thc apl c Mar-

kobian c our�c anamon c me katastrofèc. Pio sugkekrimèna, melet�me th strathgik 

sumperifor� twn pelat¸n wc proc to dÐlhmma eisìdou-apoq¸rhshc se mia our� ana-

mon c tÔpou M/M/1 me olikèc katastrofèc - apomakrÔnseic pelat¸n pou sumbaÐnoun

sÔmfwna me mia diadikasÐa Poisson. Mia katastrof  kajist� ton uphrèth anenergì

(lìgw eÐte miac bl�bhc eÐte prolhptikoÔ elègqou/sunt rhshc) kai akrib¸c ekeÐnh th

qronik  stigm  arqÐzei ki ènac qrìnoc episkeu c. Sto kef�laio autì, upojètoume

ìti kat� th di�rkeia tou qrìnou episkeu c to sÔsthma de dèqetai nèec afÐxeic pela-

t¸n. 'Otan o qrìnoc episkeu c oloklhrwjeÐ, to sÔsthma sumperifèretai xan� wc mia

M/M/1 our� mèqri thn epìmenh katastrof  k.o.k.. Efodi�zoume to sÔsthma me mia

grammik  dom  amoib c - kìstouc ìpwc aut  twn Naor (1969) kai Edelson kai Hil-

debrand (1975). EntoÔtoic, k�noume mia tropopoÐhsh, jewr¸ntac dÔo diaforetikoÔc

tÔpouc amoib¸n: o pr¸toc eÐnai h sun jhc amoib  pou lamb�noun oi pel�tec pou ana-

qwroÔn apì to sÔsthma met� apì thn olokl rwsh thc exuphrèthshc, en¸ o deÔteroc

eÐnai mia apozhmÐwsh pou lamb�noun ekeÐnoi pou anagk�zontai na egkataleÐyoun to

sÔsthma lìgw miac katastrof c. Sthn pragmatikìthta o rìloc aut c thc apozh-

mÐwshc eÐnai na metriasteÐ h dusarèskeia twn pelat¸n. Melet�me dÔo peript¸seic

ìson afor� to diajèsimo epÐpedo plhrofìrhshc twn pelat¸n prin l�boun tic apof�-

seic touc. Pio sugkekrimèna, th stigm  thc �fix c tou, ènac pel�thc mporeÐ   ìqi na

plhroforhjeÐ thn kat�stash tou sust matoc (parathr simh kai mh parathr simh pe-

rÐptwsh antÐstoiqa). Se k�je perÐptwsh, qarakthrÐzoume tic strathgikèc isorropÐac

Nash twn pelat¸n kai asqoloÔmaste me to prìblhma thc koinwnik c beltistopoÐhshc

kai thc megistopoÐhshc tou kèrdouc tou diaqeirist . Melet�me epÐshc thn epÐdrash

tou epipèdou plhrofìrhshc sth strathgik  sumperifor� twn pelat¸n, mèsw poll¸n

arijmhtik¸n apotelesm�twn.

To kef�laio eÐnai domhmèno wc ex c. Sthn par�grafo 2.2 perigr�fetai h duna-

mik  tou montèlou, h dom  amoib c - kìstouc kai to plaÐsio l yhc twn apof�sewn.

Sthn par�grafo 2.3 prosdiorÐzoume tic strathgikèc isorropÐac katwflÐou gia thn pa-

rathr simh perÐptwsh, sthn opoÐa oi pel�tec enhmer¸nontai gia thn kat�stash tou

sust matoc prin l�boun tic apof�seic touc. Sthn par�grafo 2.4 melet�me th mh



36 KEF�ALAIO 2. H M/M/1//CAT OUR�A ME EMPODIZ�OMENES AF�IXEIS

parathr simh perÐptwsh, kai tic miktèc strathgikèc isorropÐac Nash gia to dÐlhmma

eisìdou-apoq¸rhshc. AkoloÔjwc, sthn par�grafo 2.5, melet�me to prìblhma koinw-

nik c beltistopoÐhshc k�tw apì ta dÔo epÐpeda plhrofìrhshc. Sthn par�grafo 2.6

jewroÔme to prìblhma megistopoÐhshc tou kèrdouc tou diaqeirist , kai sthn parath-

r simh kai sth mh parathr simh perÐptwsh. Tèloc, sthn par�grafo 2.7 parousi�zoume

apotelèsmata apì di�fora arijmhtik� peir�mata pou katadeiknÔoun thn epÐdrash tou

epipèdou plhrofìrhshc sth sumperifor� twn pelat¸n kai sta di�fora mètra apìdoshc

tou sust matoc.

2.2 Perigraf  tou montèlou

JewroÔme mia our� anamon c me ènan uphrèth kai �peiro q¸ro anamon c, ìpou oi

pel�tec fj�noun sÔmfwna me mia diadikasÐa Poisson me rujmì λ. Oi qrìnoi exuphrè-

thshc twn diadoqik¸n pelat¸n eÐnai anex�rthtec kai isìnomec tuqaÐec metablhtèc pou

akoloujoÔn thn ekjetik  katanom  me rujmì µ. O uphrèthc exuphreteÐ touc pel�tec

ènan-ènan. To sÔsthma upìkeitai se katastrofèc/bl�bec sÔmfwna me mia diadikasÐa

Poisson me rujmì ξ. 'Otan sumbaÐnei mia katastrof  ìloi oi pel�tec anagk�zontai na

egkataleÐyoun to sÔsthma prìwra, qwrÐc na exuphrethjoÔn. EkeÐnh th qronik  stig-

m  o uphrèthc kajÐstatai anenergìc kai xekin� mia diadikasÐa episkeu c. H di�rkeia

enìc qrìnou episkeu c eÐnai ekjetik� katanemhmènh me rujmì η. Kat� th di�rkeia enìc

qrìnou episkeu c, den epitrèpontai afÐxeic. Tèloc, upojètoume ìti oi endi�mesoi qrì-

noi afÐxewn, oi qrìnoi exuphrèthshc, oi endi�mesoi qrìnoi katastrof¸n kai oi qrìnoi

episkeu c eÐnai anex�rthtec tuqaÐec metablhtèc.

Parist�noume thn kat�stash tou sust matoc th qronik  stigm  t me to zeÔgoc

(Q (t) , I (t)), ìpou h Q (t) katagr�fei ton arijmì twn pelat¸n sto sÔsthma kai h I (t)

deÐqnei thn kat�stash tou uphrèth kai, kat� epèktash, tou sust matoc. Me 1 peri-

gr�foume èna sÔsthma se leitourgÐa kai me 0 èna sÔsthma upì episkeu . Shmei¸noume

ìti ìpote h I (t) eÐnai mhdèn, h Q (t) prèpei na eÐnai kai aut  anagkastik� mhdèn. EÐnai

eÔkolo na doÔme ìti h stoqastik  diadikasÐa {(Q (t) , I (t)) : t ≥ 0} eÐnai mia Marko-

bian  alusÐda suneqoÔc qrìnou me q¸ro katast�sewn S = {(n, 1) , n ≥ 0} ∪ {(0, 0)}
kai di�gramma rujm¸n met�bashc pou parousi�zetai sto sq ma 2.1.

Endiaferìmaste gia th sumperifor� twn pelat¸n, ìtan èqoun thn epilog  na a-
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Sq ma 2.1: Di�gramma rujm¸n met�bashc thc {(Q(t), I(t))}.

pofasÐsoun kat� th stigm  thc �fix c touc e�n ja eisèljoun sto sÔsthma   ja apo-

qwr soun �mesa apì autì. Diamorf¸noume autì to plaÐsio apìfashc, upojètontac

ìti k�je pel�thc lamb�nei eÐte mia amoib  Rs mon�dwn gia thn olokl rwsh thc e-

xuphrèths c tou eÐte mia apozhmÐwsh Rf mon�dwn se perÐptwsh pou anagkasteÐ na

egkataleÐyei to sÔsthma lìgw katastrof c. Epiplèon, ènac pel�thc qre¸netai èna

kìstoc C qrhmatik¸n mon�dwn an� qronik  mon�da pou paramènei sto sÔsthma (eÐte

sthn our� anamon c eÐte sto q¸ro exuphrèthshc). Upojètoume, akìma, ìti oi pel�tec

eÐnai oudèteroi wc proc ton kÐnduno ki epijumoÔn na megistopoi soun thn anamenìmenh

kajar  wfèlei� touc. Tèloc, oi apof�seic touc upotÐjentai amet�klhtec, dhlad  den

epitrèpontai epanaprosp�jeiec eisìdou apoqwrhs�ntwn pelat¸n, oÔte upanaqwr seic

eiseljìntwn pelat¸n.

Stic epìmenec paragr�fouc prosdiorÐzoume tic strathgikèc isorropÐac twn pela-

t¸n gia to dÐlhmma eisìdou-apoq¸rhshc. DiakrÐnoume dÔo peript¸seic ìson afor�

to epÐpedo plhrofìrhshc pou eÐnai diajèsimo stouc pel�tec tic stigmèc �fix c touc,

protoÔ na l�boun tic apof�seic touc: thn parathr simh perÐptwsh (ìpou oi pel�tec

parathroÔn thn Q (t)) kai th mh parathr simh perÐptwsh.

2.3 H parathr simh perÐptwsh

Se aut  thn par�grafo melet�me to montèlo sthn perÐptwsh pou oi pel�tec pou

brÐskoun ton uphrèth energì parathroÔn ton arijmì pelat¸n sto sÔsthma prin apo-

fasÐsoun e�n ja eisèljoun   ìqi. ApodeiknÔoume ìti up�rqei mia atomik� bèltisth

strathgik  tÔpou katwflÐou, upì thn ènnoia ìti aut  h strathgik  megistopoieÐ to

anamenìmeno kajarì ìfeloc enìc pel�th, anex�rthta apì tic epilogèc twn upoloÐpwn

pelat¸n. UpologÐzoume arqik� to anamenìmeno kajarì ìfeloc enìc pel�th pou para-
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threÐ n pel�tec mprost� tou kai apofasÐzei na eisèljei sto sÔsthma. Sugkekrimèna,

èqoume to akìloujo apotèlesma.

Prìtash 2.1. JewroÔme to parathr simo montèlo thc M/M/1 our�c me kata-

strofèc kai empodizìmenec afÐxeic. To anamenìmeno kajarì ìfeloc enìc pel�th pou

parathreÐ n pel�tec kat� thn �fix  tou kai apofasÐzei na eisèljei dÐnetai apì th sqèsh

Sobs(n) = Rs

�
µ

µ+ ξ

�n+1

+

�
Rf −

C

ξ

��
1−

�
µ

µ+ ξ

�n+1
�
, n ≥ 0. (2.1)

Apìdeixh. JewroÔme ènan tuqaÐa epilegmèno pel�th pou brÐskei to sÔsthma kat�

thn �fix  tou sthn kat�stash (n, 1) kai apofasÐzei na eisèljei. O pel�thc autìc

mporeÐ na anaqwr sei eÐte lìgw thc olokl rwshc thc exuphrèths c tou, eÐte lìgw miac

katastrof c pou ja ton anagk�sei na to egkataleÐyei prìwra. Gia thn olokl rwsh

thc exuphrèths c tou, prèpei na perimènei to �jroisma n + 1 anex�rthtwn ekjetik�

katanemhmènwn qrìnwn me par�metro µ (shmei¸noume ìti lìgw thc amn monhc idiìthtac

thc ekjetik c katanom c, mporoÔme na upojèsoume ìti h katanom  tou upoleipìmenou

qrìnou exuphrèthshc tou pel�th pou exuphreteÐtai eÐnai Ðdia me thn katanom  twn

qrìnwn exuphrèthshc twn upoloÐpwn pelat¸n). Gia thn epìmenh katastrof , prèpei

na perimènei ènan ekjetik� katanemhmèno qrìno me par�metro ξ. Epomènwc, o qrìnoc

paramon c enìc tètoiou pel�th sto sÔsthma dÐnetai wc Zn = min(Yn, X), ìpou h Yn

akoloujei mÐa katanom  G�mma me paramètrouc (n + 1, µ) kai h X eÐnai mia ekjetik�

katanemhmènh tuqaÐa metablht  me rujmì ξ, anex�rthth thc Yn. Epiplèon, o tuqaÐa

epilegmènoc pel�thc ja exuphrethjeÐ me pijanìthta Pr[Yn < X], en¸ ja anagkasteÐ

na egkataleÐyei to sÔsthma lìgw miac katastrof c me th sumplhrwmatik  pijanìthta

Pr[Yn ≥ X]. Epomènwc to anamenìmeno kajarì ìfelìc tou ja eÐnai

Sobs(n) = Rs Pr [Yn < X] +Rf Pr [Yn ≥ X]− CE [Zn] . (2.2)

Shmei¸noume t¸ra ìti

Pr [Yn < X] =
Z ∞
0

Pr [X > Yn|Yn = y] dPr [Yn ≤ y]

=
Z ∞
0

e−ξy
µn+1

n!
yne−µydy

=

�
µ

µ+ ξ

�n+1

(2.3)



2.3. H PARATHR�HSIMH PER�IPTWSH 39

kai

E [Zn] =
Z ∞
0

Pr [Zn > z] dz

=
Z ∞
0

Pr [X > z] · Pr [Yn > z] dz

=
Z ∞
0

e−ξz
Z ∞
z

µn+1

n!
une−µudu dz

=
Z ∞
0

µn+1

n!
une−µu

�Z u

0
e−ξzdz

�
du

=
1

ξ

�
1−

�
µ

µ+ ξ

�n+1
�
. (2.4)

Sundu�zontac tic sqèseic (2.3) kai (2.4) kai antikajist¸ntac autèc sth sqèsh (2.2)

prokÔptei h sqèsh (2.1). �

JewroÔme t¸ra ènan pel�th pou parathreÐ kat� thn �fix  tou thn kat�stash

tou sust matoc. Dedomènou ìti oi afÐxeic den epitrèpontai sth di�rkeia tou qrìnou

episkeu c, e�n o tuqaÐa epilegmènoc pel�thc parathr sei to sÔsthma sthn kat�stash

(0, 0), den mporeÐ na eisèljei kai ètsi den tÐjetai jèma apìfashc. 'Etsi, jewroÔme

mìno thn perÐptwsh ìpou ènac pel�thc parathreÐ to sÔsthma se mia kat�stash (n, 1).

'Enac tètoioc pel�thc protim� austhr� na eisèljei e�n to anamenìmeno kajarì ìfelìc

tou eÐnai jetikì, eÐnai adi�foroc metaxÔ tou na eisèljei kai na apoqwr sei e�n eÐnai

mhdèn kai protim� austhr� na apoqwr sei e�n eÐnai arnhtikì. Sth sunèqeia, gia thn

aploÔsteush thc parousÐashc, upojètoume ìti oi pel�tec, ìtan eÐnai adi�foroi metaxÔ

eisìdou kai apoq¸rhshc, apofasÐzoun na eisèljoun sto sÔsthma. Sqetik� èqoume to

akìloujo je¸rhma.

Je¸rhma 2.1. Sto parathr simo montèlo thc M/M/1 our�c me katastrofèc kai

empodizìmenec afÐxeic, up�rqei mia monadik  kajar  strathgik  isorropÐac gia ton

tuqaÐa epilegmèno pel�th. DiakrÐnoume tic ex c treic peript¸seic:

PerÐptwsh I: Rf <
C
ξ −

µRs
ξ .

Tìte h monadik  kajar  strathgik  isorropÐac eÐnai na apoqwreÐ p�nta.

PerÐptwsh II: C
ξ −

µRs
ξ ≤ Rf <

C
ξ .
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Tìte h monadik  kajar  strathgik  isorropÐac eÐnai h kajar  strathgik  katw-

flÐou pou upodeiknÔei ston tuqaÐa epilegmèno pel�th {fj�nontac se qrìno t kai

brÐskontac to sÔsthma na leitourgeÐ, parat rhse to m koc our�c Q (t), eÐselje

e�n Q (t) ≤ ne kai apoq¸rhse diaforetik�}, ìpou to ne dÐnetai apì th sqèsh

ne =

�
lnK

lnS
− 1

�
, (2.5)

me

K =

C
ξ −Rf

Rs −Rf + C
ξ

, S =
µ

µ+ ξ
, (2.6)

ìpou to bxc dhl¸nei to (k�tw) akèraio mèroc tou x, dhl. to mègisto akèraio

arijmì pou eÐnai mikrìteroc   Ðsoc tou x.

PerÐptwsh III: Rf ≥ C
ξ .

Tìte h monadik  kajar  strathgik  isorropÐac eÐnai na eisèrqetai p�nta.

Apìdeixh. JewroÔme ènan tuqaÐa epilegmèno pel�th pou parathreÐ to sÔsthma

kat� thn �fix  tou. E�n brei to sÔsthma sthn kat�stash (n, 1) kai apofasÐsei na

eisèljei, tìte to anamenìmeno kajarì ìfelìc tou dÐnetai apì th sqèsh (2.1). O

pel�thc ja protim sei na eisèljei e�n Sobs (n) ≥ 0, to opoÐo gr�fetai isodÔnama wc�
Rs −Rf +

C

ξ

�
·
�

µ

µ+ ξ

�n+1

≥ C

ξ
−Rf . (2.7)

Efìson Rs −Rf + C
ξ >

C
ξ −Rf , diakrÐnoume tic akìloujec peript¸seic:

PerÐptwsh A: Cξ −Rf > 0⇔ Rf <
C
ξ .

MporoÔme na lÔsoume th sqèsh (2.7) wc proc n kai na sumper�noume ìti o tuqaÐa

epilegmènoc pel�thc eÐnai prìjumoc na eisèljei efìson parathr sei to polÔ ne pel�tec

sto sÔsthma, me to ne na dÐnetai apì th sqèsh (2.5). EntoÔtoic, eÔkola diapist¸noume

ìti to ne pou dÐnetai apì th (2.5) gÐnetai arnhtikì ìtan Rf <
C
ξ −

µRs
ξ . Epomènwc,

sthn perÐptwsh aut , eÐnai bèltisto gia ton tuqaÐa epilegmèno pel�th na apoqwr sei

kai ètsi katal goume sthn PerÐptwsh I. Apì thn �llh, ìtan C
ξ −

µRs
ξ ≤ Rf <

C
ξ ,

to kat¸fli ne pou dÐnetai apì th sqèsh (2.5) eÐnai mh arnhtikì kai ètsi katal goume

sthn perÐptwsh II.
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PerÐptwsh B: Rs −Rf + C
ξ > 0 ≥ C

ξ −Rf ⇔
C
ξ ≤ Rf <

C
ξ +Rs.

Se aut n thn perÐptwsh h anisìthta (2.7) eÐnai p�nta alhj c. Epomènwc o tuqaÐa

epilegmènoc pel�thc eÐnai p�nta prìjumoc na eisèljei.

PerÐptwsh C: 0 ≥ Rs −Rf + C
ξ >

C
ξ −Rf ⇔ Rf ≥ C

ξ +Rs.

H epÐlush thc anisìthtac (2.7) wc proc n deÐqnei ìti o tuqaÐa epilegmènoc pel�thc

eÐnai prìjumoc na eisèljei efìson parathr sei toul�qiston ne pel�tec sto sÔsthma

me to ne na dÐnetai apì th sqèsh (2.5). Wstìso, to ne mporeÐ eÔkola na deiqjeÐ

ìti gÐnetai arnhtikì se aut  thn perÐptwsh kai, ètsi, eÐnai p�nta protimhtèo gia ton

tuqaÐa epilegmèno pel�th na eisèljei. Epomènwc, oi peript¸seic B kai G odhgoÔn sthn

perÐptwsh III tou jewr matoc. �

Parat rhsh 2.1. H epiqeirhmatologÐa tou jewr matoc 2.1 apokalÔptei ìti h bèlti-

sth apìfash enìc afiknoÔmenou pel�th (pou brÐskei n pel�tec sto sÔsthma), sqetik�

me thn eÐsodì tou   ìqi sto sÔsthma eÐnai anex�rthth apì tic strathgikèc twn �llwn

pelat¸n. Pr�gmati, to anamenìmeno kajarì ìfeloc enìc pel�th den ephre�zetai apì tic

strathgikèc twn mellontik¸n pelat¸n, lìgw thc peijarqÐac FCFS. Epiplèon, dedomè-

nou ìti o pel�thc parathreÐ kat� thn �fix  tou ton arijmì twn pelat¸n pou brÐskontai

sto sÔsthma, to anamenìmeno kajarì ìfelìc tou den ephre�zetai oÔte apì th gn¸sh

twn strathgik¸n twn prohgoÔmenwn pelat¸n. Apì aut  thn �poyh, h strathgik 

pou orÐzetai se k�je perÐptwsh tou jewr matoc 2.1 eÐnai atomik� bèltisth, anex�rthta

apì tic apof�seic twn upoloÐpwn pelat¸n. Me ìrouc thc paigniojewrhtik c orologÐac

pou sunoyÐsame sthn eisagwg , mia tètoia strathgik  eÐnai kuriarqoÔsa, dedomènou

ìti eÐnai h bèltisth ap�nthsh en�ntia se opoiad pote strathgik  twn upoloÐpwn.

Parat rhsh 2.2. Oi atomik� bèltistec (kuriarqoÔsec) strathgikèc pou perigr�-

fontai parap�nw mporoÔn na parastajoÔn epoptik� mèsw tou sq matoc 2.2, ìpou me

{b} (balk) shmei¸noume thn apoq¸rhsh enìc pel�th, me {j} (join) thn eÐsodo kai me

{t} (threshold) mia strathgik  katwflÐou.

'Enac enallaktikìc trìpoc parousÐashc aut¸n twn apotelesm�twn eÐnai to didi�-

stato sq ma 2.3 twn (Rs, Rf ) tim¸n pou deÐqnei tic antÐstoiqec atomik� bèltistec

strathgikèc. Gi� autì ton skopì èqoume qrhsimopoi sei tic eujeÐec Rf = C
ξ kai

Rf = C
ξ −

µRs
ξ (wc proc tic metablhtèc Rf kai Rs).
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C
ξ −

µRs
ξ

C
ξ

-s s
Rf(b) (t) (j)

Sq ma 2.2: Strathgikèc isorropÐac wc proc Rf -Parathr simh perÐptwsh

Sq ma 2.3: Strathgikèc isorropÐac wc proc Rs kai Rf - Parathr simh perÐptwsh

Apì ta sq mata 2.2 kai 2.3, mporoÔme na sun�goume di�forec ermhneÐec. Arqik�,

e�n oi timèc twn paramètrwn tou sust matoc eÐnai tètoiec ¸ste to zeÔgoc (Rs, Rf ) na

brÐsketai k�tw apì thn eujeÐa Rf = C
ξ −

µRs
ξ , tìte èqoume ìti µ

µ+ξRs + ξ
µ+ξRf <

C
µ+ξ .

To teleutaÐo shmaÐnei ìti h mèsh amoib  enìc pel�th pou brÐskei to sÔsthma kenì

kai eisèrqetai eÐnai mikrìterh apì to mèso kìstoc pou ja prèpei na plhr¸sei mèqri

thn epìmenh anaq¸rhsh kai, apì aut  thn �poyh, o pel�thc den èqei pr�gmati kanèna

kÐnhtro gia na eisèljei sto sÔsthma kai, sunep¸c, apoqwreÐ. 'Otan, ìmwc, to zeÔgoc

(Rs, Rf ) brÐsketai metaxÔ twn dÔo eujei¸n, oi pel�tec èqoun kÐnhtro na eisèljoun.

Wstìso, h axÐa thc apozhmÐwshc, Rf , den eÐnai akìma arket� uyhl  (ènanti tou mèsou

kìstouc anamon c touc se perÐptwsh pou anagkastoÔn na apoqwr soun apì to sÔsthma

lìgw miac katastrof c). Epomènwc, oi pel�tec akoloujoÔn mia strathgik  tÔpou

katwflÐou, pou touc upodeiknÔei na eisèrqontai sto sÔsthma ìso parathroÔn mèqri

èna sugkekrimèno arijmì pelat¸n mprost� touc. Tèloc, e�n oi timèc twn paramètrwn
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tou sust matoc eÐnai tètoiec ¸ste to zeÔgoc (Rs, Rf ) na eÐnai p�nw apì thn eujeÐa

Rf = C
ξ , oi pel�tec protimoÔn p�nta na eisèrqontai.

Parat rhsh 2.3. Sthn oriak  perÐptwsh ìpou ξ → 0, mporoÔme eÔkola na elèg-

xoume, qrhsimopoi¸ntac ton kanìna L’ Hospital, ìti to kat¸fli ne teÐnei sto kat¸fli

pou èqei dojeÐ apì to Naor (1969) gia th M/M/1 our� (qwrÐc katastrofèc).

2.4 H mh parathr simh perÐptwsh

Strèfoume t¸ra to endiafèron mac sth mh parathr simh perÐptwsh. Se aut n thn

perÐptwsh, oi pel�tec gnwrÐzoun tic timèc twn paramètrwn leitourgÐac tou sust matoc

λ, µ, ξ kai η kai twn oikonomik¸n paramètrwn Rs, Rf kai C, all� parathroÔn mìno

thn kat�stash tou uphrèth kat� thn �fix  touc kai ìqi ton arijmì twn pelat¸n

sto sÔsthma. T¸ra, h apìfash enìc pel�th prèpei na l�bei upìyh tic strathgikèc

twn �llwn pelat¸n (dhl. den up�rqoun kuriarqoÔsec strathgikèc me thn ènnoia thc

parat rhshc 2.1).

Sto parìn montèlo, up�rqoun mìno dÔo kajarèc strathgikèc gia ton pel�th, h

eÐsodoc kai h apoq¸rhsh, en¸ mia mikt  strathgik  qarakthrÐzetai apì thn pijanìthta

eisìdou q enìc afiknoÔmenou pel�th pou brÐskei ton uphrèth energì. O stìqoc mac se

aut  thn par�grafo eÐnai na prosdiorÐsoume tic miktèc strathgikèc isorropÐac Nash

gia to dÐlhmma eisìdou-apoq¸rhshc.

'Estw ìti oi pel�tec akoloujoÔn mia mikt  strathgik  me pijanìthta eisìdou q.

Tìte, to sÔsthma sumperifèretai ìpwc to arqikì, all� me rujmì afÐxewn λq antÐ

tou λ. To di�gramma twn metab�sewn faÐnetai sto sq ma 2.4. 'Eqoume thn akìloujh

prìtash 2.2.

Prìtash 2.2. JewroÔme to mh parathr simo montèlo thc M/M/1 our�c me ka-

tastrofèc kai empodizìmenec afÐxeic, sto opoÐo oi pel�tec pou brÐskoun ton uphrèth

energì eisèrqontai me pijanìthta q. Oi st�simec pijanìthtec pun(k, i) tou sust matoc

dÐnontai apì tic sqèseic

pun(0, 0) =
ξ

ξ + η
, (2.8)

pun(k, 1) =
η (1− x2(q))x2(q)k

ξ + η
, k ≥ 0, (2.9)
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(0, 1)
λq //
oo
µ

(1, 1)
λq //
oo
µ

ξ{{

(2, 1)

ξ
uu

λq //
oo
µ
· · ·

λq //
(n, 1)

ξ
rr

λq //

µ
oo oo

µ
· · ·

(0, 0)

η

OO

��
ξ

Sq ma 2.4: Di�gramma rujm¸n met�bashc thc {(Q(t), I(t))} dedomènhc miac mikt c

strathgik c eisìdou q.

ìpou to x2(q) dÐnetai apì thn

x2(q) =
(λq + µ+ ξ)−

È
(λq + µ+ ξ)2 − 4λqµ

2µ
. (2.10)

Epiplèon, to anamenìmeno kajarì ìfeloc enìc pel�th pou eisèrqetai me pijanìthta q
′

dedomènou ìti to sÔsthma eÐnai energì, ìtan oi upìloipoi akoloujoÔn mia strathgik 

q dÐnetai apì th sqèsh

Sun(q′, q) = q′
��
Rs −Rf +

C

ξ

�
µ (1− x2(q))
µ+ ξ − µx2(q)

+Rf −
C

ξ

�
. (2.11)

Apìdeixh. Oi exis¸seic isorropÐac gia th st�simh katanom  thc Markobian c a-

lusÐdac {(Q(t), I(t))} dÐnontai apì tic sqèseic

ηpun(0, 0) = ξ
∞X
k=0

pun(k, 1), (2.12)

(λq + ξ) pun(0, 1) = µpun(1, 1) + ηpun(0, 0), (2.13)

(λq + µ+ ξ) pun(k, 1) = λqpun(k − 1, 1) + µpun(k + 1, 1), k ≥ 1. (2.14)

H exÐswsh (2.12) mazÐ me thn exÐswsh kanonikopoÐhshc pun(0, 0) +
P∞
k=0 pun(k, 1) =

1 odhgoÔn amèswc sth sqèsh (2.8). H exÐswsh (2.14) mporeÐ na jewrhjeÐ wc mia

omogen c grammik  exÐswsh diafor¸n deutèrac t�xhc me stajeroÔc suntelestèc kai

qarakthristik  exÐswsh

(λq + µ+ ξ)x = λq + µx2 (2.15)

oi opoÐa èqei dÔo rÐzec, x1(q) kai x2(q), pou dÐnontai apì th sqèsh

x1,2(q) =
(λq + µ+ ξ)±

È
(λq + µ+ ξ)2 − 4λqµ

2µ
. (2.16)
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Apì thn klasik  jewrÐa twn omogen¸n grammik¸n exis¸sewn diafor¸n (p.q. blèpe

Elaydi (1999), par�grafo 2.3) katal goume sto sumpèrasma ìti

pun(k, 1) = c1(q)x1(q)
k + c2(q)x2(q)

k, k ≥ 0,

ìpou oi c1(q) kai c2(q) eÐnai stajerèc pou prèpei na prosdioristoÔn. MporoÔme eÔkola

na epibebai¸soume ìti x1(q) > 1, kai, wc ek toÔtou, to c1(q) ja eÐnai upoqrewtik� Ðso

me to mhdèn, efìson oi pun(k, 1), k ≥ 0, eÐnai pijanìthtec kai, sunep¸c, fragmènec.

H stajer� c2(q) mporeÐ na upologisteÐ qrhsimopoi¸ntac thn exÐswsh kanonikopoÐhshc

kai ètsi odhgoÔmaste sth sqèsh (2.9).

To anamenìmeno kajarì ìfeloc enìc pel�th pou apofasÐzei na eisèljei ìtan oi

upìloipoi akoloujoÔn th strathgik  q mporeÐ na upologisteÐ desmeÔontac sthn ka-

t�stash pou parathreÐ kat� thn �fix  tou. H pijanìthta na up�rqoun k pel�tec sto

sÔsthma kat� thn �fixh enìc pel�th, dedomènou ìti brÐskei ton uphrèth se leitourgÐa

(opìte kai mporeÐ na apofasÐsei gia to an ja eisèljei   ìqi) isoÔtai me

parr(·,1)un (k, 1) =
pun(k, 1)P∞
i=0 pun(i, 1)

= (1− x2(q))x2(q)k, k ≥ 0. (2.17)

'Enac tètoioc pel�thc lamb�nei kat� mèso ìro Sobs (k) qrhmatikèc mon�dec, pou dÐnontai

apì th sqèsh (2.1). Epomènwc, to anamenìmeno kajarì ìfeloc enìc pel�th pou

apofasÐzei na eisèljei, dedomènou ìti èqei brei kat� thn �fix  tou ton uphrèth energì

kai oi upìloipoi akoloujoÔn th strathgik  q, dÐnetai apì th sqèsh

Sun(1, q) =
∞X
k=0

parr(·,1)un (k, 1)Sobs(k)

=
∞X
k=0

(1− x2(q))x2(q)k
¨
Rs

�
µ

µ+ ξ

�k+1

+ (Rf −
C

ξ
)

�
1−

�
µ

µ+ ξ

�k+1
�«

=

�
Rs −Rf +

C

ξ

�
µ (1− x2(q))
µ+ ξ − µx2(q)

+Rf −
C

ξ
. (2.18)

Apì th grammikìthta thc Sun(q′, q) èqoume ìti Sun(q′, q) = (1−q′)Sun(0, q)+q′Sun(1, q)

kai, epomènwc, sun�goume �mesa th sqèsh (2.11). �

MporoÔme t¸ra na proqwr soume ston prosdiorismì twn strathgik¸n isorropÐac

Nash sth mh parathr simh perÐptwsh. 'Eqoume to akìloujo apotèlesma.
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Je¸rhma 2.2. Sto mh parathr simo montèlo thc M/M/1 our�c me katastrofèc

kai empodizìmenec afÐxeic up�rqei mia monadik  mikt  strathgik  isorropÐac Nash, me

pijanìthta eisìdou qe pou dÐnetai apì th sqèsh

qe =

8>><>>:
0, an Rf ≤ C

ξ −
µRs
ξ

(C−ξRf+ξRs)(µRs+ξRf−C)
λ(C−ξRf )Rs , an C

ξ −
µRs
ξ < Rf <

C
ξ −

µRs(1−x2)
ξ

1, an Rf ≥ C
ξ −

µRs(1−x2)
ξ ,

(2.19)

ìpou x2 = x2(1) (qrhsimopoi¸ntac th sqèsh (2.10) gia q = 1).

Apìdeixh. Upojètoume ìti oi pel�tec pou brÐskoun ton uphrèth energì eisèrqontai

me pijanìthta q kai jewroÔme ènan tuqaÐa epilegmèno afiknoÔmeno pel�th. Tìte,

autìc protim� na eisèljei e�n Sun(1, q) > 0, eÐnai adi�foroc metaxÔ tou na eisèljei kai

tou na apoqwr sei an Sun(1, q) = 0 kai protim� austhr� na apoqwr sei an Sun(1, q) <

0. JewroÔme thn exÐswsh Sun(1, q) = 0, me to Sun(1, q) na dÐnetai apì th sqèsh (2.18)

kai lÔnoume ¸c proc x2(q). Tìte, aut  èqei monadik  lÔsh, h opoÐa dÐnetai apì th

sqèsh

x2e =
µRs + ξRf − C

µRs
(2.20)

kai to antÐstoiqo monadikì qe brÐsketai apì thn (2.15) gia x = x2e kai thn epÐlush

aut c thc grammik c wc proc q exÐswshc. 'Etsi, prokÔptei

qe =
x2e[µ(1− x2e) + ξ]

λ(1− x2e)
=

(C − ξRf + ξRs)(µRs + ξRf − C)

λ(C − ξRf )Rs
. (2.21)

Shmei¸noume, t¸ra, ìti h sun�rthsh x2(q) eÐnai gnhsÐwc auxousa gia q ∈ [0, 1] afoÔ

d

dq
x2(q) =

λ

2µ

�
1− λq + ξ − µÈ

(λq + ξ − µ)2 + 4ξµ

�
> 0, q ∈ [0, 1].

'Etsi, h pijanìthta qe, pou dìjhke sth sqèsh (2.21), an kei sto di�sthma (0, 1) an kai

mìno an h x2(qe) an kei sto di�sthma (0, x2)  , isodÔnama, qrhsimopoi¸ntac thn (2.20),

an kai mìno an Rf ∈
�
C
ξ −

µRs
ξ , Cξ −

µRs(1−x2)
ξ

�
kai, ètsi, sun�goume to deÔtero kl�do

thc (2.19).
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Epiplèon, katal goume sto sumpèrasma ìti h sun�rthsh Sun(1, q) diathreÐ prìsh-

mo ìtan Rf ≤ C
ξ −

µRs
ξ   Rf ≥ C

ξ −
µRs(1−x2)

ξ . Lamb�nontac upìyh th sqèsh (2.18),

èqoume ìti

Sun(1, 1) = Rs
µ (1− x2)
µ+ ξ − µx2

+

�
Rf −

C

ξ

�
ξ

µ+ ξ − µx2
. (2.22)

Exet�zontac t¸ra thn pr¸th perÐptwsh, ìpou Rf ≤ C
ξ −

µRs
ξ , sumperaÐnoume ìti

Sun(1, 1) ≤ − µRsx2
µ+ ξ − µx2

< 0 (2.23)

kai, epomènwc, h Sun(1, q) diathreÐ arnhtikì prìshmo sto proanaferjèn di�sthma. Me

�lla lìgia, h bèltisth ap�nthsh enìc pel�th eÐnai 0 se aut n thn perÐptwsh. Kat�

sunèpeia, h apoq¸rhsh eÐnai h monadik  strathgik  isorropÐac Nash (sthn pragma-

tikìthta eÐnai kuriarqoÔsa strathgik ) kai, ètsi, sun�goume ton pr¸to kl�do thc

(2.19). OmoÐwc, h (2.18) dÐnei

Sun(1, 0) = Rs
µ

µ+ ξ
+

�
Rf −

C

ξ

�
ξ

µ+ ξ
. (2.24)

Exet�zontac t¸ra th deÔterh apì tic parap�nw peript¸seic, ìpou Rf ≥ C
ξ −

µRs(1−x2)
ξ ,

katal goume sto sumpèrasma ìti

Sun(1, 0) ≥ µRsx2
µ+ ξ

> 0 (2.25)

kai, kat� sunèpeia, h sun�rthsh Sun(1, q) diathreÐ jetikì prìshmo gia Rf > C
ξ −

µRs(1−x2)
ξ . Me �lla lìgia, h bèltisth ap�nthsh enìc pel�th eÐnai 1 se aut n thn

perÐptwsh, dhlad  h eÐsodoc eÐnai mia kuriarqoÔsa strathgik  kai pio sugkekrimèna

eÐnai h monadik  strathgik  isorropÐac Nash. �

Parat rhsh 2.4. Oi strathgikèc isorropÐac Nash mporoÔn eÔkola na parastajoÔn

sto sq ma 2.5 gia tic di�forec timèc tou zeÔgouc (Rs, Rf ). 'Eqoume qrhsimopoi sei

tic eujeÐec Rf = C
ξ −

µRs
ξ kai Rf = C

ξ −
µRs(1−x2)

ξ .

ParathroÔme ìti sqetik� me to je¸rhma 2.2, mporoÔme na d¸soume p�li ermhneÐec

gia ta shmeÐa pou all�zei h morf  thc strathgik c isorropÐac twn pelat¸n. Oi

ermhneÐec eÐnai antÐstoiqec me autèc thc parat rhshc 2.2. Epiplèon, sthn oriak 
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Sq ma 2.5: Strathgikèc isorropÐac wc proc Rs kai Rf - Parathr simh perÐptwsh

perÐptwsh ìpou ξ → 0, mporoÔme eÔkola na elègxoume ìti h pijanìthta isorropÐac

qe teÐnei sthn pijanìthta isorropÐac pou prokÔptei apì touc Edelson kai Hildebrand

(1975) gia th M/M/1 our�.

2.5 To prìblhma koinwnik c beltistopoÐhshc

Ja melet soume t¸ra to prìblhma megistopoÐhshc tou anamenìmenou kajaroÔ

sunolikoÔ ofèlouc ìlwn twn pelat¸n an� qronik  mon�da (anamenìmenou kajaroÔ

koinwnikoÔ ofèlouc an� qronik  mon�da). Autì anafèretai kai wc prìblhma thc koi-

nwnik c beltistopoÐhshc. JewroÔme qwrist� thn parathr simh kai th mh parathr simh

perÐptwsh. Endiaferìmaste na prosdiorÐsoume tic bèltistec timèc twn sunart sewn

twn anamenìmenwn kajar¸n koinwnik¸n wfelei¸n (an� qronik  mon�da), Ssocobs(n) kai

Ssocun (q), kai twn antÐstoiqwn tim¸n, nsoc kai qsoc antÐstoiqa. Pr¸ta melet�me thn

parathr simh perÐptwsh kai èqoume thn akìloujh prìtash.

Prìtash 2.3. JewroÔme to parathr simo montèlo thcM/M/1 our�c me katastro-

fèc kai empodizìmenec afÐxeic. To anamenìmeno kajarì koinwnikì ìfeloc an� qronik 

mon�da, dedomènou ìti oi pel�tec akoloujoÔn mia strathgik  katwflÐou me kat¸fli
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n (dhlad  oi afiknoÔmenoi pel�tec pou parathroÔn to polÔ n pel�tec se èna energì

sÔsthma eisèrqontai, en¸ oi upìloipoi apoqwroÔn qwrÐc na exuphrethjoÔn) dÐnetai apì

th sqèsh

Ssocobs(n) =
λ(Rs −Rf )

(µ+ ξ)n+1

(
µd1(n)

�
(µ+ ξ)n+1 − (µx1)

n+1
�

µ+ ξ − µx1

+
µd2(n)

�
(µ+ ξ)n+1 − (µx2)

n+1
�

µ+ ξ − µx2

)

+λRf

�
η

ξ + η
− d1(n)xn+1

1 − d2(n)xn+1
2

�
−Cµ

2

ξ2
d1(n)x1(1− x2)2[1− (n+ 2)xn+1

1 + (n+ 1)xn+2
1 ]

−Cµ
2

ξ2
d2(n)x2(1− x1)2[1− (n+ 2)xn+1

2 + (n+ 1)xn+2
2 ],

n ≥ 0, (2.26)

ìpou x1 = x1(1) kai x2 = x2(1) (qrhsimopoi¸ntac thn (2.16) gia q = 1) kai oi stajerèc

d1(n), d2(n) dÐnontai apì tic sqèseic

d1(n) =
1

(λ+ ξ − µx2)[(µ+ ξ)x1 − λ]xn1 − (λ+ ξ − µx1)[(µ+ ξ)x2 − λ]xn2

·−ηξ[(µ+ ξ)x2 − λ]xn2
ξ + η

, (2.27)

d2(n) =
1

(λ+ ξ − µx2)[(µ+ ξ)x1 − λ]xn1 − (λ+ ξ − µx1)[(µ+ ξ)x2 − λ]xn2

·ηξ[(µ+ ξ)x1 − λ]xn1
ξ + η

. (2.28)

Apìdeixh. H st�simh katanom  tou montèlou k�tw apì mia strathgik  katwflÐou

me kat¸fli n mporeÐ na brejeÐ akolouj¸ntac th diadikasÐa apìdeixhc thc prìtashc 2.2

(dhlad  qrhsimopoi¸ntac th jewrÐa twn grammik¸n exis¸sewn diafor¸n me stajeroÔc

suntelestèc). Pr�gmati, oi exis¸seic isorropÐac tou montèlou upì th strathgik 

katwflÐou n eÐnai
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ηpobs(0, 0) = ξ
n+1X
k=0

pobs(k, 1),

(λ+ µ+ ξ) pobs(k, 1) = λpobs(k − 1, 1) + µpobs(k + 1, 1), 1 ≤ k ≤ n,

(λ+ ξ) pobs(0, 1) = µpobs(1, 1) + ηpobs(0, 0),

(µ+ ξ) pobs(n+ 1, 1) = λpobs(n, 1).

Apì tic dÔo pr¸tec exis¸seic, prokÔptei �mesa ìti

pobs(0, 0) =
ξ

ξ + η
, (2.29)

pobs(k, 1) = d1(n)xk1 + d2(n)xk2, 0 ≤ k ≤ n+ 1. (2.30)

Oi stajerèc d1(n) kai d2(n) mporoÔn na upologistoÔn met� apì merikèc pr�xeic mèsw

twn dÔo teleutaÐwn exis¸sewn kai thc exÐswshc kanonikopoÐhshc kai ètsi sun�gontai

oi sqèseic (2.27) kai (2.28). T¸ra, to anamenìmeno kajarì koinwnikì ìfeloc an�

qronik  mon�da brÐsketai apì th sqèsh

Ssocobs(n) = λP serobsRs + λP catobsRf − CEobs[Q], (2.31)

ìpou ta P serobs kai P catobs eÐnai ta posost� twn pelat¸n pou telik� anaqwroÔn apì to

sÔsthma lìgw exuphret sewn kai katastrof¸n antÐstoiqa kai Eobs [Q] eÐnai o mè-

soc arijmìc pelat¸n sto sÔsthma. Qrhsimopoi¸ntac tic (2.29), (2.30), (2.3) kai thn

idiìthta PASTA, mporoÔme na upologÐsoume ta P serobs , P
cat
obs kai Eobs[Q] wc ex c:

P serobs =
nX
k=0

pobs(k, 1)

�
µ

µ+ ξ

�k+1

=
nX
k=0

(d1(n)xk1 + d2(n)xk2)

�
µ

µ+ ξ

�k+1

, (2.32)

P catobs =
nX
k=0

pobs(k, 1)

�
1−

�
µ

µ+ ξ

�k+1
�

=
nX
k=0

(d1(n)xk1 + d2(n)xk2)

�
1−

�
µ

µ+ ξ

�k+1
�
, (2.33)

Eobs[Q] =
n+1X
k=0

kpobs(k, 1) =
n+1X
k=0

k(d1(n)xk1 + d2(n)xk2). (2.34)
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UpologÐzontac ta gewmetrik� ajroÐsmata stic (2.32) - (2.34) kai antikajist¸ntac sth

sqèsh (2.31) prokÔptei telik� h sqèsh (2.26). �

Dustuq¸c, h perÐplokh morf  thc (2.26) den epitrèpei ton prosdiorismì tou megÐ-

stou thc se kleist  analutik  morf . EntoÔtoic, mporeÐ na prosdioristeÐ arijmhtik�

arket� eÔkola. 'Etsi, katafeÔgoume se arijmhtik� peir�mata gia na sun�goume merik�

poiotik� sumper�smata gia th sumperifor� tou montèlou. Ta sumper�smata pou pro-

kÔptoun apì ta arijmhtik� peir�mata parousi�zontai analutik� sth par�grafo 2.7.

Wstìso, axÐzei na anafèroume ìti oi atomik� bèltistec (kuriarqoÔsec) strathgikèc

pou parousi�sthkan sthn par�grafo 2.3 den exart¸ntai apì thn tim  tou rujmoÔ

episkeu c η, kaj¸c oi pel�tec lamb�noun tic apof�seic mìno ìtan fj�noun kai para-

throÔn èna energì sÔsthma. AntÐjeta, oi koinwnik� bèltistec strathgikèc exart¸ntai

apì to η, ìpwc faÐnetai kai apì th morf  twn (2.26), (2.27) kai (2.28).

Epistrèfoume, t¸ra, sth mh parathr simh perÐptwsh. Ed¸, upojètoume ìti o

diaqeirist c tou sust matoc mporeÐ na epib�lei èna antÐtimo eisìdou, èstw p, tropo-

poi¸ntac tic amoibèc twn pelat¸n. Me autìn ton trìpo, mporeÐ na anagk�sei touc

pel�tec na uiojet soun mia orismènh pijanìthta eisìdou wc strathgik . To endiafè-

ron mac esti�zetai ston upologismì thc bèltisthc pijanìthtac eisìdou, qsoc, h opoÐa

megistopoieÐ to kajarì koinwnikì ìfeloc an� qronik  mon�da. Gia na proqwr soume,

qreiazìmaste thn akìloujh prìtash.

Prìtash 2.4. JewroÔme to mh parathr simo montèlo thc M/M/1 our�c me ka-

tastrofèc kai empodizìmenec afÐxeic. To anamenìmeno kajarì koinwnikì ìfeloc an�

qronik  mon�da, dedomènou ìti oi pel�tec akoloujoÔn mia mikt  strathgik  me pi-

janìthta eisìdou q (dhl. oi afiknoÔmenoi pel�tec pou brÐskoun èna energì sÔsthma

eisèrqontai me pijanìthta q, en¸ oi upìloipoi apoqwroÔn qwrÐc na èqoun exuphrethjeÐ)

dÐnetai apì th sqèsh

Ssocun (q) =
ηx2(q)[µRs(1− x2(q)) + ξRf − C]

(ξ + η)(1− x2(q))
, (2.35)

me to x2(q) na dÐnetai apì thn (2.10).

Apìdeixh. To anamenìmeno kajarì koinwnikì ìfeloc an� qronik  mon�da dÐnetai
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apì th sqèsh

Ssocun (q) = λP serun Rs + λP catun Rf − CEun[Q], (2.36)

ìpou ta P serun kai P catun eÐnai ta posost� twn pelat¸n pou eisèrqontai sto sÔsthma, all�

apoqwroÔn apì autì lìgw olokl rwshc exuphrèthshc kai katastrof c antÐstoiqa kai

Eun [Q] eÐnai o mèsoc arijmìc twn pelat¸n sto sÔsthma. Qrhsimopoi¸ntac tic (2.8),

(2.9) kai (2.3), mporoÔme na ekfr�soume ta P serun , P catun kai Eun[Q] wc

P serun =
∞X
k=0

pun(k, 1)q

�
µ

µ+ ξ

�k+1

=
∞X
k=0

η (1− x2(q))x2(q)k

ξ + η
q

�
µ

µ+ ξ

�k+1

,(2.37)

P catun =
∞X
k=0

pun(k, 1)q

�
1−

�
µ

µ+ ξ

�k+1
�

=
∞X
k=0

η (1− x2(q))x2(q)k

ξ + η
q

�
1−

�
µ

µ+ ξ

�k+1
�
, (2.38)

Eun[Q] =
∞X
k=0

kpun(k, 1) =
∞X
k=0

k
η (1− x2(q))x2(q)k

ξ + η
. (2.39)

UpologÐzontac p�li ta gewmetrik� ajroÐsmata pou èqoun prokuyei stic (2.37) - (2.39)

kai antikajist¸ntac sthn (2.36), lamb�nontac upìyh th sqèsh (2.21), prokÔptei te-

lik� h (2.35). �

AntÐjeta apì thn parathr simh perÐptwsh, ed¸ eÐnai dunatì na prosdiorÐsoume

th bèltisth pijanìthta eisìdou qsoc se kleist  morf  kai mporoÔme epÐshc na th

sugkrÐnoume me thn antÐstoiqh pijanìthta qe. Ta apotelèsmata sunoyÐzontai sto

akìloujo je¸rhma.

Je¸rhma 2.3. Sto mh parathr simo montèlo thc M/M/1 our�c me katastrofèc

kai empodizìmenec afÐxeic up�rqei mia monadik  koinwnik� bèltisth strathgik , me

pijanìthta eisìdou qsoc, pou dÐnetai apì th sqèsh

qsoc =

8>><>>:
0, an Rf ≤ C

ξ −
µRs
ξ√

D(µRs−
√
D)(ξRs+

√
D)

λDRs
, an C

ξ −
µRs
ξ < Rf <

C
ξ −

µRs(1−x2)2
ξ

1, an Rf ≥ C
ξ −

µRs(1−x2)2
ξ ,

(2.40)
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ìpou

D = µRs (C − ξRf ) (2.41)

kai x2 = x2(1) (qrhsimopoi¸ntac thn (2.10) gia q = 1). Epiprìsjeta, h koinwni-

k� bèltisth pijanìthta eisìdou eÐnai p�nta mikrìterh apì thn antÐstoiqh pijanìthta

eisìdou thc strathgik c isorropÐac, dhlad 

qsoc ≤ qe. (2.42)

Apìdeixh. ParathroÔme ìti h sun�rthsh Ssocun (q) pou dÐnetai apì th sqèsh (2.35)

mporeÐ na grafeÐ wc h sÔnjesh thc f(x) kai thc x2(q) (dhladh Ssocun (q) = f(x2(q))),

me

f(x) =
ηx[µRs(1− x) + ξRf − C]

(ξ + η)(1− x)
(2.43)

kai to x2(q) ìpwc dÐnetai sth (2.10). Shmei¸noume epÐshc ìti h sun�rthsh x2 (q) eÐnai

gnhsÐwc aÔxousa wc proc to q ∈ [0, 1] kai paÐrnei timèc sto [0, x2].

Gia na proqwr soume, lÔnoume thn exÐswsh

Ssoc
′

un (q) = f ′(x2(q))x
′
2(q) = 0, (2.44)

gia q ∈ [0, 1]. 'Omwc, isqÔei ìti x′2(q) 6= 0 gia q ∈ [0, 1] kai, epomènwc, h (2.44)

isodunameÐ me f ′(x2(q)) = 0. 'Etsi, arkeÐ na lÔsoume thn exÐswsh f ′(x) = 0, h opoÐa

met� apì stoiqei¸deic algebrikoÔc metasqhmatismoÔc mporeÐ na grafeÐ sth morf 

µRsx
2 − 2µRsx+ (µRs + ξRf − C) = 0. (2.45)

H diakrÐnousa tou triwnÔmou sth sqèsh (2.45) eÐnai mh jetik  an kai mìno an Rf ≥ C
ξ .

Se aut  thn perÐptwsh, katal goume sto sumpèrasma ìti h f(x) eÐnai aÔxousa kai,

sunep¸c, eÐnai aÔxousa kai h Ssocun (q). En suntomÐa èqoume:

• PerÐptwsh I: Rf ≥ C
ξ . H koinwnik� bèltisth pijanìthta eisìdou eÐnai qsoc = 1.

Sthn perÐptwsh, t¸ra, pou Rf <
C
ξ , h exÐswsh f ′(x) = 0 ( , isodÔnama, h (2.45))

èqei dÔo diakekrimènec rÐzec x−2 kai x+2 , oi opoÐec dÐnontai apì th sqèsh

x−2 = 1−
√
D

µRs
, x+2 = 1 +

√
D

µRs
, (2.46)
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me th D ìpwc faÐnetai sthn (2.41). Epomènwc, to tri¸numo thc (2.45) einai jetikì gia

x < x−2   x > x+2 kai arnhtikì gia x−2 < x < x+2 . Lìgw thc èna proc èna antistoiqÐac

metaxÔ tou x2 (q) kai tou q kai tou gegonìtoc ìti x2 (q) ∈ [0, x2] gia q ∈ [0, 1], èqoume

na exet�soume di�forec peript¸seic an�loga me th di�taxh twn x−2 , x
+
2 kai 0, x2.

Wstìso, èqoume ìti x2 < 1 < x+2 kai epomènwc up�rqoun mìno 3 upopeript¸seic.

• PerÐptwsh II-a: Rf <
C
ξ kai x−2 ≤ 0. Tìte, èqoume kat' an�gkhn ìti x−2 ≤ 0 <

x2 < x+2 . Epomènwc, h f(x) eÐnai fjÐnousa sto [0, x2] kai, sunep¸c, h Ssocun (q)

eÐnai epÐshc fjÐnousa sto [0, 1]. 'Etsi, h koinwnik� bèltisth pijanìthta eisìdou

eÐnai qsoc = 0.

• PerÐptwsh II-b: Rf <
C
ξ kai 0 < x−2 < x2. Ed¸ èqoume ìti h f ′(x) eÐnai jetik 

sto di�sthma (0, x−2 ) kai arnhtik  sto (x−2 , x2) kai epomènwc katal goume sto

sumpèrasma ìti to mègisto thc Ssocun (q) epitugq�netai gia ekeÐno to q gia to

opoÐo isqÔei x2(q) = x−2 . H koinwnik� bèltisth pijanìthta eisìdou brÐsketai

antikajist¸ntac to x−2 ìpou x sthn (2.15) kai lÔnontac wc proc q. Me autìn

ton trìpo, sumperaÐnoume ìti

qsoc =
x−2 [µ(1− x−2 ) + ξ]

λ(1− x−2 )
(2.47)

kai qrhsimopoi¸ntac, epiplèon, th sqèsh (2.46) katal goume sto ìti

qsoc =

√
D
�
µRs −

√
D
� �
ξRs +

√
D
�

λDRs
. (2.48)

• PerÐptwsh II-c: Rf <
C
ξ kai x−2 ≥ x2. Se aut n thn perÐptwsh èqoume ìti h

f(x) eÐnai aÔxousa sto [0, x2] kai, sunep¸c, h Ssocun (q) eÐnai aÔxousa sto [0, 1].

H koinwnik� bèltisth pijanìthta eisìdou eÐnai qsoc = 1.

Qrhsimopoi¸ntac th sqèsh (2.46) kai lamb�nontac upìyh th sunj kh Rf <
C
ξ gia tic

peript¸seic IIa-c, mporoÔme eÔkola na doÔme ìti oi sunj kec x−2 ≤ 0, 0 < x−2 < x2

kai x−2 ≥ x2 mporoÔn antÐstoiqa na grafoÔn wc Rf ≤ C
ξ −

µRs
ξ , C

ξ −
µRs
ξ < Rf <

C
ξ −

µRs(1−x2)2
ξ kai Rf ≥ C

ξ −
µRs(1−x2)2

ξ . Sundu�zontac tic peript¸seic I-II sun�goume

�mesa thn (2.40).
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'Oson afor� th di�taxh twn qsoc kai qe, oi sqèseic (2.19) kai (2.40) deÐqnoun ìti

qe = qsoc = 0 gia Rf ≤ C
ξ −

µRs
ξ , en¸ qe = qsoc = 1 gia Rf ≥ C

ξ −
µRs(1−x2)2

ξ .

Epiplèon, isqÔei qe = 1 kai qsoc ∈ (0, 1) ìtan C
ξ −

µRs(1−x2)
ξ ≤ Rf <

C
ξ −

µRs(1−x2)2
ξ .

Kat� sunèpeia, apomènei na elègxoume thn isqÔ thc anisìthtac qsoc ≤ qe, mìno gia thn

perÐptwsh pou Rf ∈ (Cξ −
µRs
ξ , Cξ −

µRs(1−x2)
ξ ), dhlad  sto di�sthma ìpou kai ta dÔo qe

kai qsoc eÐnai gn sia metaxÔ 0 kai 1. Qrhsimopoi¸ntac tic (2.21) kai (2.48), mporoÔme

eÔkola na doÔme ìti h anisìthta qsoc ≤ qe isodunameÐ me thn µ2ξR3
s +D

√
D ≥ 0 pou

profan¸c alhjeÔei. Kat� sunèpeia, h anisìthta isqÔei kai se aut n thn perÐptwsh. �

Shmei¸noume ìti oi strathgikèc isorropÐac Nash pou parousi�sthkan sth pa-

r�grafo 2.4 den exart¸ntai apì thn tim  tou rujmoÔ episkeu c η. Autì sumbaÐnei

epeid  oi pel�tec lamb�noun apof�seic mìno ìtan fj�noun se èna energì sÔsthma.

Epiprìsjeta, oÔte oi koinwnik� bèltistec strathgikèc exart¸ntai apì to η sth mh-

parathr simh perÐptwsh, k�ti pou den isqÔei sthn parathr simh perÐptwsh.

2.6 To prìblhma megistopoÐhshc tou kèrdouc tou

diaqeirist 

SuneqÐzontac, jewroÔme to prìblhma megistopoÐhshc tou kèrdouc tou diaqeirist .

Se aut  thn perÐptwsh, upojètoume ìti o diaqeirist c tou sust matoc epib�llei èna

antÐtimo eisìdou, èstw p, stouc pel�tec, prospaj¸ntac m� autìn ton trìpo na megi-

stopoi sei to kajarì ìfelìc tou an� qronik  mon�da. Epib�llontac autì to antÐtimo,

h amoib  k�je pel�th ja eÐnai meiwmènh kat� p mon�dec kai, sunep¸c, h bèltisth ap�n-

ths  touc all�zei. O stìqoc mac eÐnai na qarakthrÐsoume tic bèltistec strathgikèc

gia to dÐlhmma eisìdou-apoq¸rhshc k�tw apì ta duo epÐpeda plhrofìrhshc pou è-

qoume jewr sei. AntimetwpÐzoume qwrist� thn parathr simh kai th mh parathr simh

perÐptwsh.

Exet�zontac, arqik�, thn parathr simh perÐptwsh, jewroÔme dÔo upopeript¸seic.

Sthn pr¸th upoperÐptwsh, upojètoume ìti k�je pel�thc pou eisèrqetai sto sÔsthma

prèpei na katab�lei to antÐtimo eisìdou, asqètwc me to an ja katorj¸sei telik�

na exuphrethjeÐ   ìqi. Se aut  thn perÐptwsh, to anamenìmeno kajarì kèrdoc tou
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diaqeirist  an� qronik  mon�da dÐnetai apì th sqèsh

Sprofobs (n) = λ
nX
n=0

pobs(n, 1)p(n) = λ

�
η

ξ + η
− d1(n)xn+1

1 − d2(n)xn+1
2

�
p(n),

ìpou ta x1 kai x2 kai oi stajerèc d1(n) kai d2(n) eÐnai ìpwc dìjhkan sthn prìtash

2.3 (blèpe sqèseic (2.16) gia q = 1, (2.27) kai (2.28) ) kai to p(n) antiproswpeÔei to

antÐtimo eisìdou pou o diaqeirist c epilègei prokeimènou na anagkastoÔn oi pel�tec

na uiojet soun th strathgik  katwflÐou me kat¸fli n. Oi posìthtec autèc mporoÔn

na upologistoÔn e�n antikatast soume ta Rs kai Rf me tic meiwmènec amoibèc Rs − p
kai Rf − p antÐstoiqa thc (2.5). Epomènwc, èqoume ìti to p (n) qarakthrÐzetai mèsw

thc rÐzac thc exÐswshc

ln

 C
ξ −Rf + p

Rs − p+ C
ξ −Rf + p

!
= ln

�
µ

µ+ ξ

�n
,

apì thn opoÐa telik� prokÔptei

p(n) =

�
Rs −Rf +

C

ξ

��
µ

µ+ ξ

�n
+

�
Rf −

C

ξ

�
. (2.49)

Lamb�nontac, t¸ra, upìyh thn prìtash 2.3, katal goume sto sumpèrasma ìti to a-

namenìmeno kajarì kèrdoc an� qronik  mon�da tou diaqeirist  mporeÐ na ekfrasteÐ

mèsw thc sun�rthshc

Sprofobs (n) =
λη

ξ + η

�
Rs −Rf +

C

ξ

��
µ

µ+ ξ

�n
+

λη

ξ + η

�
Rf −

C

ξ

�
−λ

�
Rs −Rf +

C

ξ

��
d1(n)x1

�
µx1
µ+ ξ

�n
+ d2(n)x2

�
µx2
µ+ ξ

�n�
−
�
Rf −

C

ξ

��
d1(n)xn+1

1 + d2(n)xn+1
2

�
.

Sth deÔterh upoperÐptwsh upojètoume ìti to antÐtimo eisìdou katab�lletai mìno

apì ekeÐnouc touc pel�tec pou katorj¸noun telik� na exuphrethjoÔn, en¸ epistrèfe-

tai se ekeÐnouc pou anagk�zontai na apoqwr soun apì to sÔsthma lìgw miac kata-

strof c. Epomènwc, to anamenìmeno kèrdoc tou diaqeirist  an� qronik  mon�da eÐnai
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Ðso me

Sprofobs (n) = λ

 
nX
n=0

pobs(n, 1)

�
µ

µ+ ξ

�n!
p(n) = λ

 
nX
n=0

d1(n)xn1 + d2(n)xn2

!
p(n),

(2.50)

ìpou ta x1 kai x2 kai oi stajerèc d1(n) kai d2(n) dÐnontai sthn prìtash 2.3 (blèpe

sqèseic (2.16) gia q = 1, (2.27) kai (2.28) ) kai to p(n) antiproswpeÔei to antÐ-

timo eisìdou pou epilègei o diaqeirist c prokeimènou na anagkastoÔn oi pel�tec na

uiojet soun th strathgik  katwflÐou me kat¸fli n. Akolouj¸ntac thn Ðdia diadika-

sÐa, èqoume ìti, se aut  thn perÐptwsh, to p (n) qarakthrÐzetai mèsw thc rÐzac thc

exÐswshc

ln

 C
ξ −Rf

Rs − p+ C
ξ −Rf

!
= ln

�
µ

µ+ ξ

�n
,

apì thn opoÐa telik� prokÔptei

p(n) =

�
Rs −Rf +

C

ξ

�
+

�
Rf −

C

ξ

��
µ+ ξ

µ

�n
. (2.51)

Sundu�zontac tic sqèseic (2.50) kai (2.51), sun�goume to anamenìmeno kèrdoc tou

diaqeirist  an� qronik  mon�da kai se aut  thn upoperÐptwsh.

Dustuq¸c, oi idiaÐtera polÔplokec morfèc twn Sprofobs (n) den mporoÔn na epilujoÔn

analutik� se kamÐa apì tic dÔo parap�nw upopeript¸seic (shmei¸noume ìti h metablh-

t  n emfanÐzetai epÐshc stic stajerèc d1 (n) kai d2 (n)) kai, epomènwc, to bèltisto

kat¸fli kèrdouc, nprof den mporeÐ na brejeÐ se kleist  morf .

Proqwr�me t¸ra sth mh parathr simh perÐptwsh. Upojètoume p�li ìti o diaqei-

rist c tou sust matoc epib�llei èna antÐtimo eisìdou, èstw p, prokeimènou na megi-

stopoi sei to kajarì ìfelìc tou an� qronik  mon�da, mei¸nontac kat� p mon�dec thn

amoib  k�je pel�th. Sunep¸c, h pr�xh aut  ephre�zei tic apof�seic twn pelat¸n,

all�zontac thn pijanìthta eisìdou touc. O stìqoc mac eÐnai na broÔme th bèlti-

sth pijanìthta eisìdou pou megistopoieÐ to anamenìmeno kèrdoc tou diaqeirist  an�

qronik  mon�da. DiakrÐnoume p�li dÔo upopeript¸seic.

Sthn pr¸th upoperÐptwsh, upojètoume ìti k�je pel�thc pou eisèrqetai sto sÔ-

sthma prèpei na katab�lei to antÐtimo eisìdou. To anamenìmeno kèrdoc an� qronik 
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mon�da tou diaqeirist  ìtan oi pel�tec akoloujoÔn mia strathgik  q prokeimènou na

apant soun bèltista sto antÐtimo pou èqei epib�lei o diaqeirist c dÐnetai apì th sqèsh

Sprofun (q) = λqp(q).

Gia ton upologismì tou p (q) jewroÔme ènan tuqaÐa epilegmèno pel�th. 'Enac

tètoioc pel�thc ja akoloujeÐ th strathgik  isorropÐac pou dÐnetai apì thn (2.19),

all� me tic timèc twn Rs kai Rf na eÐnai meiwmènec kat� p mon�dec. LÔnontac gia to

p (q) èqoume ìti autì qarakthrÐzetai mèsw twn riz¸n thc exÐswshc a(q)p2+b(q)p+c(q),

ìpou

a(q) = λqξ,

b(q) = (λq + µ+ ξ) (C − ξRf + ξRs) ,

c(q) = (C − ξRf + ξRs) (ξRf + µRs − C)− λqRs (C − ξRf ) .

Dustuq¸c, kai p�li h an�lush den mporeÐ na proqwr sei sthn eÔresh kleist c mor-

f c gia th bèltisth pijanìthta eisìdou, afoÔ h diakrÐnousa thc parap�nw exÐswshc

deÔterou bajmoÔ den krat� èna sugkekrimèno prìshmo kai, wc ek toÔtou, h monotonÐa

thc Sprofun (q) den eÐnai saf c. Kat� sunèpeia, den èqoume apotelèsmata se kleist 

morf .

Tèloc, sth deÔterh upoperÐptwsh, ìpou upojètoume ìti mìno oi pel�tec pou ka-

torj¸noun telik� na exuphrethjoÔn katab�lloun to antÐtimo, akoloujoÔme akrib¸c

thn Ðdia diadikasÐa, mei¸nontac, wstìso, mìno thn amoib  Rs se Rs − p. Autì odhgeÐ

se mia �llh exÐswsh deÔterou bajmoÔ, ìpou oi suntelestèc t¸ra eÐnai

a = µξ,

b(q) = (λq − µ+ ξ) (C − ξRf)− 2µξRs,

c(q) = (C − ξRf + ξRs) (ξRf + µRs − C) .

Dustuq¸c, oÔte se aut n thn perÐptwsh to prìblhma mporeÐ na epilujeÐ se kleist 

morf , lìgw twn polÔplokwn morf¸n thc diakrÐnousac tou poluwnÔmou kai thc sun�r-

thshc kèrdouc. H sunagwg  sumperasm�twn mèsw arijmhtik¸n peiram�twn, wstìso,

mporeÐ na proqwr sei kai sta dÔo epÐpeda plhrofìrhshc.
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2.7 Arijmhtik� peir�mata-Sumper�smata

Sthn par�grafo aut  efarmìzoume ta jewrhtik� apotelèsmata tou kefalaÐou se

sugkekrimèna arijmhtik� sen�ria kai parousi�zoume di�fora sumper�smata pou deÐ-

qnoun th sumperifor� twn pelat¸n se sust mata tètoiou tupou.

Sto sq ma 2.6, jewroÔme èna montèlo me paramètrouc leitourgÐac (λ, µ, ξ, η) =

(7, 4, 0.4, 2) kai paramètrouc amoib c - kìstouc (Rs, C) = (7, 3) kai parousi�zoume th

grafik  par�stash twn atomik� bèltistwn kai koinwnik� bèltistwn katwflÐwn gia thn

parathr simh perÐptwsh wc sunart seic thc apozhmÐwshc Rf . ParathroÔme ìti to ne

gÐnetai �peiro gia meg�lec timèc tou Rf , en¸ to nsoc stajeropoieÐtai se mia orismènh

tim . Epiplèon, parathroÔme ìti nsoc ≤ ne gia ìlec tic timèc tou Rf . Autèc oi

parathr seic faÐnetai ìti isqÔoun genik�, ìpwc èqei elegqjeÐ apì ènan meg�lo arijmì

parìmoiwn arijmhtik¸n peiram�twn gia �llec timèc twn paramètrwn.

H anisìthta nsoc ≤ ne pou upodeiknÔoun ta arijmhtik� peir�mata, se sunduasmì

me thn anisìthta qsoc ≤ qe h opoÐa èqei apodeiqjeÐ analutik� deÐqnoun ìti èqoume th

sunhjismènh kat�stash pou emfanÐzetai kai stic prwtoporiakèc ergasÐec twn Naor

(1969) kai Edelson kai Hildebrand (1975): h idiotel c atomik  beltistopoÐhsh odh-

geÐ se makrÔterec ourèc anamon c ap� to koinwnik� epijumhtì (dhl. se kat�stash

strathgik c isorropÐac oi pel�tec k�noun uperbolik  qr sh tou sust matoc). Autì

ofeÐletai sto ìti ènac pel�thc pou apofasÐzei na eisèljei sto sÔsthma ep�gei ar-

nhtikèc epidr�seic (externalities) gia tic mellontikèc afÐxeic, tic opoÐec ìmwc agnoeÐ,

sumperiferìmenoc idiotel¸c.

'Ena �llo endiafèron jèma eÐnai h sÔgkrish metaxÔ thc parathr simhc kai thc

mh parathr simhc perÐptwshc enìc dedomènou montèlou, dhlad  h epÐdrash thc plh-

roforÐac sth sumperifor� twn pelat¸n. H axÐa thc plhroforÐac èqei melethjeÐ se

di�forec ergasÐec, metaxÔ twn opoÐwn eÐnai autèc tou Hassin (1986, 2007) kai twn

Guo kai Zipkin (2007). Sta plaÐsia tou parìntoc montèlou, èqoume jewr sei di�fora

arijmhtik� sen�ria kai èqoume sugkrÐnei thn anamenìmenh kajar  koinwnik  wfèleia

an� qronik  mon�da gia thn parathr simh kai th mh parathr simh perÐptwsh ìtan oi

pel�tec qrhsimopoioÔn thn atomik�   thn koinwnik� bèltisth strathgik  touc. Pio

sugkekrimèna, endiaferìmaste gia th sÔgkrish twn Ssocobs(ne), S
soc
obs(nsoc), S

soc
un (qe) kai

Ssocun (qsoc). Oi anisìthtec Ssocobs(ne) ≤ Ssocobs(nsoc) kai Ssocun (qe) ≤ Ssocun (qsoc) profan¸c
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alhjeÔoun, all� oi upìloipec sqèseic den eÐnai safeÐc. ParadeÐgmatoc q�rin, ja  -

tan endiafèron na gnwrÐzoume th sqèsh metaxÔ twn Ssocun (qsoc) kai Ssocobs(ne), h opoÐa

antistoiqeÐ sth fusik  er¸thsh {ti eÐnai protimhtèo gia thn koinwnÐa: na èqei anenh-

mèrwtouc altrouðstèc   enhmerwmènouc idioteleÐc apofasÐzontec ?}. H an�lush enìc

meg�lou arijmoÔ arijmhtik¸n senarÐwn deÐqnei ìti h plèon shn jhc di�taxh eÐnai h

Ssocun (qe) ≤ Ssocun (qsoc) ≤ Ssocobs(ne) ≤ Ssocobs(nsoc). Apì aut  thn �poyh, faÐnetai ìti

sthn pleionìthta twn peript¸sewn eÐnai kalÔtero gia thn koinwnÐa oi pel�tec na eÐnai

enhmerwmènoi kai na droun idiotel¸c (dhlad  sÔmfwna me tic strathgikèc isorropÐac

touc) apì to na eÐnai anenhmèrwtoi kai altrouðstèc. Mia tètoia qarakthristik  perÐ-

ptwsh parousi�zetai sto sq ma 2.7 gia (λ, µ, ξ, η) = (7, 2, 0.7, 1) kai (Rs, C) = (7, 3),

kaj¸c to Rf kineÐtai sto di�sthma [0, 6]. Wstìso, up�rqoun merikèc idi�zousec pe-

ript¸seic ìpou gia qamhlèc timèc thc Rf èqoume ìti Ssocun (qsoc) ≤ Ssocobs(ne), en¸ gia

uyhlèc timèc thc Rf sun�goume thn antÐstrofh anisìthta. Gia tic endi�mesec timèc

thc Rf h kat�stash eÐnai mikt . Autèc oi peript¸seic emfanÐzontai qarakthristik�

gia qamhlèc timèc tou ξ. 'Ena tètoio arijmhtikì sen�rio parousi�zetai sto sq ma 2.8

gia (λ, µ, ξ, η) = (7, 4, 0.3, 2) kai (Rs, C) = (4, 3), kaj¸c to Rf kineÐtai sto di�sthma

[0, 10]. Shmei¸noume akìma ìti ìlec oi grafikèc parast�seic twn Ssocobs(ne), S
soc
obs(nsoc),

Ssocun (qe) kai Ssocun (qsoc) wc proc Rf tautÐzontai gia Rf ≥ C
ξ . Pr�gmati, gia tic timèc tou

Rf pou uperbaÐnoun to mèso kìstoc anamon c mèqri thn epìmenh katastrof , dhlad 

thn posìthta C
ξ , eÐnai tautìqrona atomik� kai koinwnik� bèltisto to na eisèljoun sto

sÔsthma, k�tw apì opoiod pote eÐdoc plhrofìrhshc.
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Sq ma 2.6: Atomik� kai koinwnik� bèltista kat¸flia eisìdou wc proc Rf gia thn

parathr simh perÐptwsh me (λ, µ, ξ, η) = (7, 4, 0.4, 2) kai (Rs, C) = (7, 3).
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Sq ma 2.7: Koinwnikì ìfeloc an� qronik  mon�da wc proc Rf gia èna montèlo me

paramètrouc (λ, µ, ξ, η) = (7, 2, 0.7, 1) kai (Rs, C) = (7, 3).
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Sq ma 2.8: Koinwnikì ìfeloc an� qronik  mon�da wc proc Rf gia èna montèlo me

paramètrouc (λ, µ, ξ, η) = (7, 4, 0.3, 2) kai (Rs, C) = (4, 3).
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Kef�laio 3

H M/M/1//cat our� me

epitrepìmenec afÐxeic

3.1 Eisagwg 

Sto kef�laio autì, mènoume sto plaÐsio twn susthm�twn anamon c pou upìkeintai

se katastrofèc, all� melet�me thn pio realistik  perÐptwsh, ìpou kat� tic periì-

douc episkeu c tou uphrèth stamat�ne oi exuphret seic, all� suneqÐzontai kanonik�

oi afÐxeic. Endiaferìmaste kai p�li, ìpwc kai sto prohgoÔmeno kef�laio, gia ton

upologismì atomik� kai koinwnik� bèltistwn strathgik¸n. Epiplèon, exet�zoume to

basikì z thma tou kat� pìson h bèltisth ap�nthsh enìc pel�th eÐnai aÔxousa   fjÐ-

nousa sun�rthsh thc strathgik c pou uiojeteÐtai apì touc upìloipouc pel�tec. Me

�lla lìgia, an oi pel�tec gÐnontai pio prìjumoi na uiojet soun mia orismènh sum-

perifor�, p¸c ephre�zetai ènac tuqaÐa epilegmènoc pel�thc? EÐnai pio sumfèron gi�

autìn na touc akolouj sei, dhlad  na uiojet sei thn Ðdia apìfash,   ìqi? Me touc

ìrouc pou qrhsimopoi jhkan sthn eisagwg , to er¸thma pou tÐjetai eÐnai e�n oi pe-

l�tec uiojetoÔn mia sumperifor� tÔpou SÔmfwna-me-To-Pl joc (STP)   mia tÔpou

AntÐjeta-me-To-Pl joc (ATP). Sta perissìtera sust mata anamon c, h epikratoÔ-

sa sumperifor� eÐnai h ATP. Pr�gmati, diaisjhtik� faÐnetai eÔlogo ìti an oi pel�tec

gÐnoun pio prìjumoi na eisèljoun sto dedomèno sÔsthma, tìte o sunwstismìc ja auxh-

jeÐ kai epomènwc ènac tuqaÐa epilegmènoc pel�thc ja uposteÐ pijanìtera makroqrìniec

65
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kajuster seic kai ja susswreÔsei meg�la kìsth anamon c. Epomènwc, o tuqaÐa e-

pilegmènoc pel�thc gÐnetai ligìtero prìjumoc na eisèljei sto sÔsthma. Wstìso,

up�rqoun peript¸seic susthm�twn anamon c ìpou prokÔptei mia sumperifor� STP.

To pr¸to tètoio par�deigma sta plaÐsia enìc sust matoc anamon c faÐnetai na eÐnai

to montèlo agor�c proteraiot twn (blèpe to biblÐo Hassin kai Haviv, sel.75 gia thn

parathr simh perÐptwsh kai sel.83 gia th mh parathr simh perÐptwsh kaj¸c kai tic

ergasÐec twn Adiri kai Yechiali (1974) kai twn Hassin kai Haviv (1997) ). H ATP

sumperifor� sqetÐzetai sun jwc me tic arnhtikèc epidr�seic pou prokaloÔntai apì

touc pel�tec, dhlad  me katast�seic stic opoÐec h apìfash eisìdou enìc pel�th eph-

re�zei arnhtik� to anamenìmeno kajarì kèrdoc twn upoloÐpwn pelat¸n, en¸ h STP

sumperifor� sqetÐzetai me jetikèc epidr�seic. EntoÔtoic, den isqÔei autì p�nta kai

gi� autì apaiteÐtai prosoq . ParadeÐgmatoc q�rin, to proanaferjèn montèlo agor�c

proteraiot twn epideiknÔei sumperifor� STP, parìti den emfanÐzontai se autì jetikèc

epidr�seic.

Sto parìn kef�laio, jewroÔme to montèlo tou kefalaÐou 2, aÐrontac, ìmwc, thn

upìjesh ìti den epitrèpontai afÐxeic stic periìdouc pou apousi�zei o uphrèthc. Je-

wroÔme, dhlad , th M/M/1 our� me katastrofèc, ìpou oi pel�tec èqoun p�nta thn

epilog  na eisèljoun sto sÔsthma (akìmh kai sthn perÐptwsh pou brÐskoun ton uph-

rèth anenergì). H dom  autoÔ tou sust matoc eÐnai pio polÔplokh afoÔ to montèlo

eÐnai didi�stato kai epideiknÔei shmantik� diaforetik  sumperifor� se sÔgkrish me

to prohgoÔmeno montèlo. Pio sugkekrimèna, h melèth m�c apokalÔptei ta akìlouja

gegonìta:

• Sto parìn montèlo, mporoÔn na prokÔyoun kai oi dÔo tÔpoi strathgik c sumperi-

for�c, ATP   STP, an�loga me th diafor� thc apozhmÐwshc lìgw katastrof c,

Rf , kai thc amoib c exuphrèthshc, Rs. Pio sugkekrimèna, gia qamhlèc timèc tou

Rf − Rs, to montèlo parousi�zei mia sumperifor� ATP, en¸ gia uyhlèc timèc

epideiknÔei mia sumperifor� STP. Aut  eÐnai mia oudi¸dhc diafor� se sqèsh

me ta apotelèsmata pou èqoume dei gia to montèlo tou kefalaÐou 2, afoÔ se

ekeÐno oi pel�tec parousi�zoun mìno sumperifor� tÔpou ATP. 'Omwc, se ekeÐno

to montèlo, lìgw thc apagìreushc twn afÐxewn kat� th di�rkeia twn periìdwn

episkeu c, to sÔsthma eÐnai ligìtero sunwstismèno kai èqei apodeiqjeÐ ìti gia
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uyhlèc timèc tou Rf −Rs, oi pel�tec protimoÔn na eisèrqontai anex�rthta apì

th strathgik  twn upoloÐpwn. Kat� sunèpeia, sto prohgoÔmeno montèlo, gi� au-

t n thn perioq  twn paramètrwn, h strathgik  eisìdou me pijanìthta 1 eÐnai mia

asjen¸c kuriarqoÔsa strathgik  kai den up�rqei kamÐa ekd lwsh sumperifor�c

STP.

• Sto parìn montèlo, sthn parathr simh perÐptwsh, oi strathgikèc isorropÐac

mporoÔn na eÐnai tÔpou katwflÐou   antÐstrofou katwflÐou (blèpe par�grafo

3.3 gia touc akribeÐc orismoÔc). Autì èrqetai p�li se antÐjesh me to prohgoÔ-

meno montèlo ìpou oi strathgikèc isorropÐac eÐnai mìno tÔpou katwflÐou.

• Sto parìn montèlo, sth mh parathr simh perÐptwsh, mporeÐ na up�rxoun pollèc

strathgikèc isorropÐac gia merikèc timèc twn paramètrwn, en¸ sto prohgoÔmeno

montèlo up�rqei p�nta monadik  strathgik  isorropÐac. Epiplèon, ja apodeÐ-

xoume ìti o arijmìc twn strathgik¸n isorropÐac poikÐlei apì mÐa mèqri treic,

an�loga me tic timèc twn paramètrwn tou montèlou. 'Etsi, apodeiknÔetai ènac

pl rhc qarakthrismìc twn strathgik¸n isorropÐac kai tou arijmoÔ touc.

• O tÔpoc kai o arijmìc twn strathgik¸n isorropÐac kai sthn parathr simh kai

sth mh parathr simh perÐptwsh exart�tai apì tic sqetikèc timèc twn Rf kai

Rs. EÐnai dunatì na diamerÐsoume to epÐpedo twn (Rf , Rs) stic perioqèc pou

antistoiqoÔn stouc di�forouc pijanoÔc tÔpouc kai arijmoÔc twn strathgik¸n

isorropÐac.

H paroÔsa melèth, apì mÐa �poyh, rÐqnei perissìtero b�roc sthn an�deixh thc sum-

perifor�c STP pou emfanÐzetai se autì to sÔsthma upì proôpojèseic. 'Opwc èqoume

parathr sei parap�nw, to fainìmeno STP parathr jhke arqik� sta plaÐsia thc oiko-

nomik c an�lushc sto montèlo agor�c proteraiot twn (blèpe to biblÐo twn Hassin kai

Haviv, sel.75, 83 kai tic ergasÐec twn Adiri kai Yechiali (1974) kai Hassin kai Haviv

(1997) ). 'Oson afor� to dÐlhmma eisìdou-apoq¸rhshc twn pelat¸n, h sumperifor�

STP emfanÐzetai suqn� se peript¸seic (mh-Markobian¸n) susthm�twn anamon c me

genikoÔc qrìnouc exuphrèthshc. Pr�gmati, sta mh-Markobian� montèla, to fainìmeno

STP sundèetai me orismènec oikogèneiec katanomwn gia touc qrìnouc exuphrèthshc,

ìpwc h oikogèneia twn katanom¸n me fjÐnousa bajmÐda apotuqÐac (Decreasing Failure
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Rate-DFR)   me aÔxousa mèsh upoleipìmenh zw  (Increasing Mean Residual Lifetime-

IMRL) (blèpe antÐstoiqa Haviv kai Kerner (2007) kai Kerner (2011) ). Apì thn �llh

pleur�, strathgikèc sumperiforèc pelat¸n tÔpou STP emfanÐzontaii sp�nia sth bi-

bliografÐa twn paigniojewrhtik¸n melet¸n Markobian¸n susthm�twn anamon c. Mia

tètoia perÐptwsh pou èqei melethjeÐ eÐnai h perÐptwsh twn merik¸c parathr simwn di-

di�statwn susthm�twn (blèpe p.q. Burnetas kai Economou (2007) kai Economou kai

Kanta (2008b) ), ìtan mìno o arijmìc twn pelat¸n sto sÔsthma eÐnai parathr simoc

apì touc afiknoÔmenouc pel�tec. Mia �llh perÐptwsh eÐnai ta sust mata anamon c

me diakopèc (blèpe p.q. Guo kai Hassin (2011) ), ìpou o uphrèthc apaiteÐ orismènouc

pel�tec gia na arqÐsei thn exuphrèths  tou met� apì mia diakop . Pr�gmati, eÐnai diai-

sjhtik� safèc ìti se tètoiec peript¸seic, oi apof�seic eisìdou orismènwn pelat¸n

prokaloÔn jetikèc epidr�seic gia k�poiouc pel�tec. 'Ena parìmoio montèlo emfanÐ-

zetai sto par�deigma me tic uphresÐec metafor�c sto biblÐo twn Hassin kai Haviv,

par�grafoc 1.5, ìpou èna mèso anaqwreÐ mìno ìtan èqoun katalhfjeÐ ìlec oi jèseic

tou. Apì aut  thn �poyh, mia sumbol  thc paroÔsac diatrib c eÐnai na apokalufjeÐ

mia �llh aitÐa pou ep�gei strathgikèc sumperiforèc tÔpou STP: h Ôparxh pollapl¸n

amoib¸n gia thn eÐsodo se èna sÔsthma. Pr�gmati, h sunÔparxh thc sunhjismènhc

amoib c exuphrèthshc, gia ekeÐnouc touc pel�tec pou lamb�noun thn exuphrèthsh, kai

miac apozhmÐwshc, gia ekeÐnouc touc pel�tec pou anagk�zontai na egkataleÐyoun to

sÔsthma lìgw katastrof c, eÐnai pou prokaleÐ to fainìmeno STP gia k�poiec timèc

twn paramètrwn tou sust matoc. Tèloc, shmei¸noume ìti to montèlo tou parìntoc

kefalaÐou jumÐzei epÐshc sust mata sta opoÐa o diaqeirist c epembaÐnei kai anagk�zei

touc pel�tec na apoqwr soun, prosfèront�c touc k�poia morf  apozhmÐwshc, ìtan h

sumfìrhsh uperbeÐ èna sugkekrimèno epÐpedo. Autì sumbaÐnei, paradeÐgmatoc q�rin,

ston tomèa twn uphresi¸n, ìtan parèqontai stouc pel�tec deltÐa proteraiìthtac gia

mia �llh hmèra, ìtan anamènetai ìti den mporoÔn na exuphrethjoÔn kat� th di�rkeia

thc Ðdiac mèrac lìgw èktaktou sumb�ntoc.

To kef�laio domeÐtai wc ex c. Sthn par�grafo 3.2 perigr�foume th dunamik  tou

montèlou, th dom  amoib c - kìstouc kai to plaÐsio apof�sewn. Stic paragr�fouc

3.3 kai 3.4 jewroÔme antÐstoiqa thn parathr simh perÐptwsh kai th mh parathr simh

perÐptwsh, kai prosdiorÐzoume tic strathgikèc isorropÐac. Sthn par�grafo 3.5 me-

let�me to prìblhma koinwnik c beltistopoÐhshc, kai sthn parathr simh kai sth mh
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parathr simh perÐptwsh. Tèloc, sthn par�grafo 3.6 parousi�zoume di�fora arijmh-

tik� sen�ria pou deÐqnoun thn epÐdrash tou epipèdou plhrofìrhshc sth strathgik 

sumperifor� twn pelat¸n.

3.2 Perigraf  tou montèlou

JewroÔme èna sÔsthma anamon c me ènan uphrèth kai �peiro q¸ro anamon c, ìpou

oi pel�tec fj�noun sÔmfwna me mia diadikasÐa Poisson me rujmì λ. Oi qrìnoi exuphrè-

thshc twn diadoqik¸n pelat¸n eÐnai anex�rthtec kai isìnomec tuqaÐec metablhtèc pou

akoloujoÔn thn ekjetik  katanom  me rujmì µ. Oi pel�tec exuphretoÔntai memonw-

mèna sÔmfwna me thn peijarqÐa our�c First-Come-First-Served (FCFS). To sÔsthma

upìkeitai se katastrofèc pou sumbaÐnoun sÔmfwna me mia diadikasÐa Poisson me rujmì

ξ. 'Otan sumbaÐnei mia katastrof , ìloi oi pel�tec anagk�zontai na egkataleÐyoun to

sÔsthma prìwra (qwrÐc na èqoun exuphrethjeÐ), o uphrèthc kajÐstatai anenergìc kai

mia diadikasÐa episkeu c xekin�ei. H di�rkeia enìc qrìnou episkeu c eÐnai ekjetik  me

rujmì η. Kat� th di�rkeia enìc qrìnou episkeu c, nèoi pel�tec suneqÐzoun na fj�-

noun sto sÔsthma. Epiplèon, upojètoume ìti ìloi oi endi�mesoi qrìnoi afÐxewn, oi

qrìnoi exuphrèthshc, oi endi�mesoi qrìnoi katastrof c kai oi qrìnoi episkeu c eÐnai

anex�rthtoi.

'Estw ìti oi Q (t) kai I (t) dhl¸noun antÐstoiqa ton arijmì pelat¸n sto sÔsthma

kai thn kat�stash tou uphrèth th qronik  stigm  t, me to 1 na antistoiqeÐ se ener-

gì uphrèth kai to 0 se uphrèth upì episkeu . Tìte, h kat�stash tou sust matoc

th qronik  stigm  t parist�netai me to zeÔgoc (Q (t) , I (t)). H stoqastik  diadi-

kasÐa {(Q(t), I(t)) : t ≥ 0} eÐnai mia Markobian  alusÐda suneqoÔc qrìnou me q¸ro

katast�sewn S = {(n, i) : n ≥ 0, i = 0, 1}. To di�gramma rujm¸n met�bas c thc pa-

rousi�zetai sto Sq ma 3.1.

Endiaferìmaste gia th melèth thc strathgik c sumperifor�c twn pelat¸n, ìtan

èqoun thn epilog  na apofasÐsoun an ja eisèljoun sto sÔsthma   ja apoqwr soun

apì autì. Diamorf¸noume to plaÐsio aut c thc apìfashc me thn eisagwg  miac do-

m c amoib c - kìstouc, upojètontac ìti k�je eiserqìmenoc pel�thc lamb�nei eÐte mia

amoib  Rs mon�dwn me thn olokl rwsh thc exuphrèths c tou, eÐte mia apozhmÐwsh Rf

mon�dwn se perÐptwsh pou anagkasteÐ na egkataleÐyei to sÔsthma lìgw miac bl�bhc
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Sq ma 3.1: Di�gramma rujm¸n met�bashc thc {(Q(t), I(t))}.

(katastrof c). H apozhmÐwsh Rf prosfèretai stouc pel�tec pou den exuphretoÔntai

gia na metri�sei th dusarèskei� touc. Epiplèon, ènac pel�thc upìkeitai se kìsth

anamon c pou susswreÔontai me rujmì C mon�dwn an� qronik  mon�da pou paramènei

sto sÔsthma (eÐte sthn our� anamon c eÐte sthn exuphrèthsh). EpÐshc upojètoume ìti

oi pel�tec eÐnai oudèteroi wc proc ton kÐnduno, dhlad  jèloun na megistopoi soun to

kajarì ìfelìc touc, qwrÐc na lamb�noun upìyh th diaspor� tou. Tèloc, oi apof�seic

twn pelat¸n upotÐjentai amet�klhtec, me thn ènnoia ìti den epitrèpontai upanaqwr -

seic twn eiseljìntwn pelat¸n, oÔte epanaprosp�jeiec eisìdou twn apoqwrhs�ntwn

pelat¸n.

Stic epìmenec paragr�fouc, prosdiorÐzoume tic strathgikèc isorropÐac twn pela-

t¸n gia to dÐlhmma eisìdou-apoq¸rhshc. DiakrÐnoume dÔo peript¸seic, an�loga me

thn plhrofìrhsh pou parèqetai stouc pel�tec stic stigmèc �fix c touc, protoÔ na

lhfjoÔn oi apof�seic touc: thn parathr simh perÐptwsh (ìpou oi pel�tec parathroÔn

kai tic dÔo sunist¸sec, Q (t) kai I (t)) kai th mh parathr simh perÐptwsh (ìpou oi

pel�tec den parathroÔn kamÐa apì tic dÔo).

3.3 H parathr simh perÐptwsh

Se aut  thn par�grafo, melet�me to montèlo k�tw apì thn upìjesh ìti oi afiknoÔ-

menoi pel�tec parathroÔn thn kat�stash tou sust matoc kai, katìpin, apofasÐzoun

an ja eisèljoun se autì   ja apoqwr soun. Ja deÐxoume ìti up�rqei p�nta mia stra-

thgik  isorropÐac, h opoÐa eÐnai epÐshc kuriarqoÔsa, upì thn ènnoia ìti megistopoieÐ to

anamenìmeno kajarì ìfeloc enìc pel�th, anex�rthta me to ti k�noun oi upìloipoi (me
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�lla lìgia, aut  h strathgik  eÐnai bèltisth ap�nthsh en�ntia se ìlec tic strathgikèc

pou mporoÔn na akolouj soun oi upìloipoi pel�tec). H strathgik  qarakthrÐzetai

apì èna zeug�ri katwflÐwn, èna gia k�je kat�stash tou uphrèth.

ArqÐzoume thn an�lush me ton upologismì tou anamenìmenou kajaroÔ ofèlouc e-

nìc pel�th pou parathreÐ to sÔsthma sthn kat�stash (n, i) kai apofasÐzei na eisèljei.

Ta apotelèsmata parousi�zontai sthn prìtash 3.1.

Prìtash 3.1. JewroÔme to parathr simo montèlo thcM/M/1 our�c me katastro-

fèc kai epitrepìmenec afÐxeic. To anamenìmeno kajarì ìfeloc enìc pel�th pou brÐskei

to sÔsthma sthn kat�stash (n, 0) kai apofasÐzei na eisèljei dÐnetai apì th sqèsh

S(obs)(n, 0) = Rs

�
µ

µ+ ξ

�n+1

+

�
Rf −
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ξ

��
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�
µ

µ+ ξ

�n+1
�
− C

η
, n ≥ 0. (3.1)

To anamenìmeno kajarì ìfeloc enìc pel�th pou brÐskei to sÔsthma sthn kat�stash

(n, 1) kai apofasÐzei na eisèljei dÐnetai apì th sqèsh

S(obs)(n, 1) = Rs

�
µ

µ+ ξ

�n+1

+

�
Rf −

C

ξ

��
1−

�
µ

µ+ ξ

�n+1
�
, n ≥ 0. (3.2)

Apìdeixh. JewroÔme ènan tuqaÐa epilegmèno pel�th pou brÐskei to sÔsthma sthn

kat�stash (n, 0). 'Enac tètoioc pel�thc, se sÔgkrish me ènan pel�th pou brÐskei to

sÔsthma sthn kat�stash (n, 1), epibarÔnetai me èna prìsjeto kìstoc anamon c gia

thn olokl rwsh tou qrìnou episkeu c, me mèsh tim  C
η . 'Etsi,

S(obs)(n, 0) = S(obs)(n, 1)− C

η
. (3.3)

Gia na prosdiorÐsoume t¸ra to S(obs)(n, 1), jewroÔme ènan tuqaÐa epilegmèno pe-

l�th pou brÐskei to sÔsthma sthn kat�stash (n, 1) kat� thn �fix  tou kai apofasÐzei

na eisèljei. 'Opwc kai sto kef�laio 2, èqoume ìti autìc o pel�thc mporeÐ na apoqwr -

sei apì to sÔsthma eÐte lìgw thc olokl rwshc thc exuphrèths c tou, eÐte lìgw miac

katastrof c. Lìgw twn upojèsewn thc anexarthsÐac kai thc amn monhc idiìthtac thc

ekjetik c katanom c, parathroÔme ìti gia thn olokl rwsh thc exuphrèths c tou, o

pel�thc prèpei na perimènei Yn qronikèc mon�dec, ìpou Yn eÐnai to �jroisma n+ 1 ane-

x�rthtwn ekjetik¸n tuqaÐwn metablht¸n me rujmì µ . Kat� sunèpeia, h Yn akoloujeÐ
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thn katanom  G�mma me paramètrouc (n+ 1, µ). Apì thn �llh, o upoleipìmenoc qrì-

noc X mèqri thn epìmenh katastrof  eÐnai anex�rthtoc apì thn Yn kai akoloujeÐ thn

ekjetik  katanom  me rujmì ξ. 'Etsi, o qrìnoc paramon c tou pel�th sto sÔsthma

dÐnetai apì thn Zn = min(Yn, X). O tuqaÐa epilegmènoc pel�thc ja exuphrethjeÐ me

pijanìthta Pr[Yn < X], en¸ ja apoqwr sei apì to sÔsthma lìgw katastrof c me

th sumplhrwmatik  pijanìthta Pr[Yn ≥ X]. Wc ek toÔtou, to anamenìmeno kajarì

ìfelìc tou ja eÐnai

S(obs)(n, 1) = Rs Pr [Yn < X] +Rf Pr [Yn ≥ X]− CE [Zn] . (3.4)

Oi pijanìthtec kai h mèsh tim  sth sqèsh (3.4) mporoÔn na upologistoÔn eÔkola,

qrhsimopoi¸ntac tic sqèseic

Pr [Yn < X] =
Z ∞
0

e−ξy
µn+1

n!
yne−µydy =

�
µ

µ+ ξ

�n+1

kai

E [Zn] =
Z ∞
0

e−ξz
Z ∞
z

µn+1

n!
une−µudu dz =

1

ξ

�
1−

�
µ

µ+ ξ

�n+1
�
.

'Etsi, sun�goume �mesa tic sqèseic (3.1) kai (3.2). �

JewroÔme t¸ra ènan tuqaÐa epilegmèno pel�th, o opoÐoc parathreÐ thn kat�stash

tou sust matoc kat� thn �fix  tou. Melet�me qwrist� dÔo peript¸seic, sÔmfwna me

to an brÐskei ton uphrèth anenergì   ìqi, kai katal goume sta jewr mata 3.1 kai 3.2

antÐstoiqa.

Je¸rhma 3.1. JewroÔme to parathr simo montèlo thc M/M/1 our�c me kata-

strofèc kai epitrepìmenec afÐxeic. Tìte, up�rqei mia monadik  strathgik  isorropÐac.

E�n ènac afiknoÔmenoc pel�thc brei to sÔsthma upì episkeu , èqoume tic akìloujec

peript¸seic sÔmfwna me thn tim  tou Rs.

PerÐptwsh I: Rs <
C
η .

Se aut n thn perÐptwsh, up�rqoun treic upopeript¸seic, ìson afor� thn tim 

thc apozhmÐwshc, Rf .
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UpoperÐptwsh a: Rf ≤ C
η + C

ξ .

Tìte h monadik  strathgik  isorropÐac orÐzei ston pel�th na apoqwr sei.

UpoperÐptwsh b: C
η + C

ξ < Rf <
C
ξ −

µRs
ξ + C(µ+ξ)

ηξ .

Tìte h monadik  strathgik  isorropÐac upodeiknÔei ston pel�th ton {an-

tÐstrofo kanìna katwflÐou} pou orÐzei ìti {fj�nontac se qrìno t kai brÐ-

skontac to sÔsthma upì episkeu , parat rhse to Q (t), eÐselje an Q (t) ≥
dne(0)e kai apoq¸rhse se k�je �llh perÐptwsh}, ìpou to ne(0) dÐnetai apì

th sqèsh

ne(0) =
lnK(0)

lnS
− 1, (3.5)

me

K(0) =

C
η + C

ξ −Rf
Rs −Rf + C

ξ

, S =
µ

µ+ ξ
(3.6)

kai dxe na dhl¸nei to mikrìtero akèraio pou eÐnai megalÔteroc   Ðsoc tou

x.

UpoperÐptwsh c: Rf ≥ C
ξ −

µRs
ξ + C(µ+ξ)

ηξ .

Tìte h monadik  strathgik  isorropÐac orÐzei ston pel�th na eisèljei.

PerÐptwsh II: Rs >
C
η .

Se aut n thn perÐptwsh, diakrÐnoume treic upopeript¸seic, an�loga me thn tim 

thc apozhmÐwshc, Rf .

UpoperÐptwsh a: Rf ≤ C
ξ −

µRs
ξ + C(µ+ξ)

ηξ .

Tìte h monadik  strathgik  isorropÐac orÐzei ston pel�th na apoqwr sei.

UpoperÐptwsh b: C
ξ −

µRs
ξ + C(µ+ξ)

ηξ < Rf <
C
η + C

ξ .

Tìte h monadik  strathgik  isorropÐac upodeiknÔei ston pel�th ton kanìna

{katwflÐou} pou orÐzei {fj�nontac se qrìno t kai brÐskontac to sÔsthma

upì episkeu , parat rhse to Q (t): eÐselje an Q (t) ≤ bne(0)c kai apo-
q¸rhse diaforetik�}, ìpou ta ne(0), K(0) kai S dÐnontai apì tic sqèseic

(3.5)-(3.6) kai to bxc dhl¸nei to megalÔtero akèraio pou eÐnai mikrìteroc

  Ðsoc tou x.
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UpoperÐptwsh c: Rf ≥ C
η + C

ξ .

Tìte h monadik  strathgik  isorropÐac orÐzei ston pel�th na eisèljei.

PerÐptwsh III: Rs = C
η .

Se aut n thn perÐptwsh, diakrÐnoume treic upopeript¸seic, an�loga me thn tim 

thc apozhmÐwshc Rf .

UpoperÐptwsh a: Rf <
C
ξ + C

η .

Tìte h monadik  strathgik  isorropÐac orÐzei ston pel�th na apoqwr sei.

UpoperÐptwsh b: Rf = C
ξ + C

η .

Se aut n thn perÐptwsh k�je strathgik  eÐnai strathgik  isorropÐac.

UpoperÐptwsh c: Rf >
C
ξ + C

η .

Tìte h monadik  strathgik  isorropÐac orÐzei ston pel�th na eisèljei.

Apìdeixh. JewroÔme ènan tuqaÐa epilegmèno pel�th pou parathreÐ to sÔsthma

kat� thn �fix  tou. E�n brei to sÔsthma sthn kat�stash (n, 0) kai apofasÐsei na

eisèljei, tìte to anamenìmeno kajarì ìfelìc tou dÐnetai apì th sqèsh (3.1). O

pel�thc protim� na eisèljei an S(obs)(n, 0) ≥ 0, pou mporeÐ na grafeÐ eÔkola wc�
Rs +

C

ξ
−Rf

��
µ

µ+ ξ

�n+1

≥ C

η
+
C

ξ
−Rf . (3.7)

JewroÔme, epÐshc thn exÐswsh�
Rs +

C

ξ
−Rf

�
µ

µ+ ξ
=
C

η
+
C

ξ
−Rf . (3.8)

H diafor� Rs − C
η kajorÐzei th di�taxh tou suntelest  Rs + C

ξ − Rf tou aristeroÔ

mèlouc thc (3.7), tou suntelest  C
η + C

ξ − Rf tou dexioÔ thc mèlouc kai thc rÐzac
C
ξ −

µRs
ξ + C(µ+ξ)

ηξ thc exÐswshc (3.8) wc proc Rf .

Sthn perÐptwsh I, èqoume ìti

Rs +
C

ξ
<
C

η
+
C

ξ
<
C

ξ
− µRs

ξ
+
C (µ+ ξ)

ηξ
. (3.9)

DiakrÐnoume treic upopeript¸seic sqetik� me thn tim  tou Rf :
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(I-a) Rf ≤ C
η + C

ξ .

(I-b) C
η + C

ξ < Rf <
C
ξ −

µRs
ξ + C(µ+ξ)

ηξ .

(I-c) C
ξ −

µRs
ξ + C(µ+ξ)

ηξ ≤ Rf .

Sthn upoperÐptwsh (I-a),o ìroc sto dexÐ mèloc thc (3.7) eÐnai jetikìc. Epiplèon, an

Rf < Rs+ C
ξ , o suntelest c Rs+ C

ξ −Rf tou aristeroÔ mèlouc èqei jetikì prìshmo,

opìte lÔnoume thn anÐswsh S(obs)(n, 0) ≥ 0 wc proc n kai sun�goume ìti o pel�thc

protim� na eisèljei an kai mìno an n ≤ bne(0)c me ta ne(0), K(0) kai S na dÐnontai apì

tic sqèseic (3.5)-(3.6). Wstìso, parathroÔme ìti ne(0) < 0 se aut n thn upoperÐptwsh

kai, epomènwc, eÐnai bèltisto gia ton tuqaÐa epilegmèno pel�th na apoqwr sei. Apì thn

�llh, an Rs + C
ξ < Rf ≤ C

η + C
ξ , o suntelest c sto aristerì mèloc thc (3.7) eÐnai mh

jetikìc, en¸ to dexÐ mèloc thc (3.7) eÐnai mh-arnhtikì. Shmei¸noume epÐshc ìti autoÐ oi

dÔo ìroi den mporoÔn na eÐnai tautìqrona mhdèn. Epomènwc, èqoume ìti S(obs)(0, 0) < 0

kai eÐnai bèltisto gia ton tuqaÐa epilegmèno pel�th na apoqwr sei. Sumperasmatik�,

oi prohgoÔmenec peript¸seic mporoÔn na enopoihjoÔn sthn upoperÐptwsh (I-a) tou

jewr matoc. Sthn upoperÐptwsh (I-b), tìso o suntelest c tou aristeroÔ mèlouc

thc (3.7) ìso kai o ìroc sto dexiì mèloc thc eÐnai arnhtikoÐ. 'Etsi, lÔnoume thn

anÐswsh S(obs)(n, 0) ≥ 0 wc proc n kai sun�goume ìti o pel�thc protim� na eisèljei

an kai mìno an n ≥ dne(0)e me ta ne(0), K(0) kai S na dÐnontai apì tic (3.5)-(3.6)

antÐstoiqa. Epiplèon, èqoume ìti ne(0) > 0, efìson Rf <
C
ξ −

µRs
ξ + C(µ+ξ)

ηξ . 'Etsi,

sun�goume thn upoperÐptwsh (I-b) tou jewr matoc. Tèloc, sthn upoperÐptwsh (I-c),

tìso o suntelest c sto aristerì mèloc thc (3.7) ìso kai o ìroc sto dexÐ mèloc eÐnai

arnhtikoÐ, opìte èqoume thn Ðdia kat�stash me thn upoperÐptwsh (I-b). Wstìso, ed¸

isqÔei ìti ne(0) ≤ 0, kaj¸c Rf ≥ C
ξ −

µRs
ξ + C(µ+ξ)

ηξ . 'Etsi, eÐnai protimìtero gia ton

pel�th na eisèljei kai sun�goume thn upoperÐptwsh (I-c) tou jewr matoc.

Sthn perÐptwsh II, èqoume ìti

C

ξ
− µRs

ξ
+
C (µ+ ξ)

ηξ
<
C

η
+
C

ξ
< Rs +

C

ξ
. (3.10)

P�li, diakrÐnoume treic upopeript¸seic sqetik� me thn tim  tou Rf :

(II-a) Rf ≤ C
ξ −

µRs
ξ + C(µ+ξ)

ηξ .
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(II-b) C
ξ −

µRs
ξ + C(µ+ξ)

ηξ < Rf <
C
η + C

ξ .

(II-c) C
η + C

ξ ≤ Rf .

Sthn upoperÐptwsh (II-a), kai oi dÔo ìroi thc (3.7) eÐnai jetikoÐ. Epomènwc, lÔ-

noume thn anÐswsh S(obs)(n, 0) ≥ 0 wc proc n kai sun�goume ìti o pel�thc protim�

na eisèljei an kai mìno an n ≤ bne(0)c me ta ne (0), K (0) kai S na dÐnontai a-

pì tic (3.5)-(3.6). Wstìso, se aut n thn upoperÐptwsh isqÔei ìti ne(0) < 0, afoÔ

Rf ≤ C
ξ −

µRs
ξ +C(µ+ξ)

ηξ . Wc ek toÔtou, sthn upoperÐptwsh (II-a), eÐnai bèltisto gia ton

tuqaÐa epilegmèno pel�th na apoqwr sei. Sthn upoperÐptwsh (II-b), èqoume thn Ðdia

kat�stash me thn (II-a), me th diafor� ìti ne(0) > 0. Sthn upoperÐptwsh (II-c), to de-

xÐ mèloc thc (3.7) eÐnai mh jetikì. 'Oson afor� to prìshmo tou suntelest  Rs+
C
ξ −Rf

sto aristerì mèloc, diakrÐnoume dÔo peript¸seic. An C
η + C

ξ ≤ Rf ≤ Rs + C
ξ , tìte

o suntelest c eÐnai mh arnhtikìc. Epiplèon, oi dÔo ìroi den mporoÔn na eÐnai tau-

tìqrona mhdèn. Epomènwc, se aut n thn perÐptwsh, èqoume ìti S(obs)(n, 0) > 0 kai,

�ra, eÐnai bèltisto gia ton tuqaÐa epilegmèno pel�th na eisèljei. Apì thn �llh, an

Rf > Rs + C
ξ , tìte kai oi dÔo ìroi thc (3.7) eÐnai arnhtikoÐ, opìte kai lÔnoume thn

anÐswsh S(obs)(n, 0) ≥ 0 wc proc n kai sun�goume ìti o pel�thc protim� na eisèljei

an kai mìno an n ≥ dne(0)e, me ta ne (0), K (0) kai S na dÐnontai apì tic (3.5)-(3.6).

EntoÔtoic, èqoume ìti ne(0) < 0 se aut n thn perÐptwsh, afoÔ Rf >
C
ξ −

µRs
ξ +C(µ+ξ)

ηξ .

Epomènwc, eÐnai p�li bèltisto gia ton tuqaÐa epilegmèno pel�th na eisèljei kai odh-

goÔmaste sthn perÐptwsh (II-c) tou jewr matoc.

Sthn perÐptwsh III, èqoume ìti

C

ξ
− µRs

ξ
+
C (µ+ ξ)

ηξ
=
C

η
+
C

ξ
= Rs +

C

ξ
. (3.11)

Se aut n thn perÐptwsh, an Rf <
C
ξ + C

η , h anisìthta (3.7) den eÐnai alhj c. Wc

ek toÔtou eÐnai bèltisto gia ton tuqaÐa epilegmèno pel�th na apoqwr sei. AntÐjeta,

an Rf >
C
ξ + C

η , h anisìthta (3.7) alhjeÔei p�nta kai eÐnai bèltisto gia ton tuqaÐa

epilegmèno pel�th na eisèljei. Tèloc, sthn perÐptwsh ìpou Rf = C
ξ + C

η , o tuqaÐa

epilegmènoc pel�thc eÐnai adi�foroc metaxÔ thc eisìdou kai thc apoq¸rhshc. �

Parat rhsh 3.1. H Ôparxh tou antÐstrofou kanìna katwflÐou pou anafèretai sto

je¸rhma 3.1, upoperÐptwsh (I-b), gia th bèltisth apìfash enìc pel�th pou brÐskei to
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sÔsthma upì episkeu  mporeÐ na ermhneujeÐ wc ex c: JewroÔme ènan tuqaÐa epilegmè-

no pel�th pou brÐskei to sÔsthma anenergì kat� thn �fix  tou. An eisèljei, ja prèpei

na perimènei pr¸ta na oloklhrwjeÐ o qrìnoc episkeu c, kai wc ek toÔtou na qrewjeÐ

toul�qiston mèso kìstoc C
η mon�dwn. Epomènwc, e�n h tim  thc amoib c exuphrè-

thshc, Rs, eÐnai mikrìterh apì to C
η , o pel�thc den epijumeÐ sthn pragmatikìthta na

exuphrethjeÐ. EntoÔtoic, mporeÐ na elpÐzei sto na sumbeÐ mia katastrof , prokeimènou

na p�rei thn apozhmÐwsh bl�bhc, an eÐnai ikanopoihtik� meg�lh. Tìte, eÐnai logikì na

protim� na èqei ènan epark  arijmì pelat¸n mprost� tou. AutoÐ oi pel�tec upì k�poia

ènnoia ton {prostateÔoun} apì thn exuphrèthsh, afoÔ ìso perissìteroi eÐnai, tìso

megalÔterh eÐnai h pijanìthta na apoqwr sei apì to sÔsthma lìgw miac katastrof c

kai na l�bei, kat� sunèpeia, thn epijumht  apozhmÐwsh bl�bhc. EntoÔtoic, aut  h

kat�stash eÐnai anagkastik� parodik . Pr�gmati, an oi pel�tec uiojet soun mia tètoia

strathgik , tìte o arijmìc twn pelat¸n mporeÐ na eÐnai megalÔteroc apì to kat¸fli

mìno sthn arqik  perÐodo thc leitourgÐac tou sust matoc, prin apì thn pr¸th kata-

strof . EÐnai eÔkolo na doÔme ìti h Markobian  alusÐda pou perigr�fei thn exèlixh

tou sust matoc aporrof�tai sthn kat�stash (0, 0) met� thn pr¸th katastrof .

Je¸rhma 3.2. JewroÔme to parathr simo montèlo thcM/M/1 our�c me katastro-

fèc kai epitrepìmenec afÐxeic. Se autì, up�rqei mia monadik  strathgik  isorropÐac.

An ènac afiknoÔmenoc pel�thc brei ton uphrèth energì, èqoume tic akìloujec peri-

pt¸seic sÔmfwna me thn tim  tou Rf .

PerÐptwsh I: Rf ≤ C
ξ −

µRs
ξ .

Tìte h monadik  strathgik  isorropÐac orÐzei ston pel�th na apoqwr sei.

PerÐptwsh II: C
ξ −

µRs
ξ < Rf <

C
ξ .

Tìte h monadik  strathgik  isorropÐac upodeiknÔei ton kanìna {katwflÐou} pou

orÐzei ston pel�th {fj�nontac se qrìno t kai brÐskontac ton uphrèth energì,

parat rhse to Q (t): eÐselje an Q (t) ≤ bne(1)c kai apoq¸rhse diaforetik�},

ìpou to ne(1) dÐnetai apì th sqèsh

ne(1) =
lnK(1)

lnS
− 1, (3.12)
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me

K(1) =

C
ξ −Rf

Rs −Rf + C
ξ

, S =
µ

µ+ ξ
. (3.13)

PerÐptwsh III: Rf ≥ C
ξ .

Tìte h monadik  strathgik  isorropÐac orÐzei ston pel�th na eisèljei.

Apìdeixh. JewroÔme ènan tuqaÐa epilegmèno pel�th pou parathreÐ to sÔsthma

kat� thn �fix  tou. An brei to sÔsthma sthn kat�stash (n, 1) kai apofasÐsei na

eisèljei, tìte to anamenìmeno kajarì ìfelìc tou dÐnetai apì thn (3.2). O pel�thc ja

protim sei na eisèljei an S(obs)(n, 1) ≥ 0, to opoÐo gr�fetai eÔkola wc

�
Rs +

C

ξ
−Rf

��
µ

µ+ ξ

�n+1

≥ C

ξ
−Rf . (3.14)

H an�lush t¸ra suneqÐzei kat� ton Ðdio trìpo me thn apìdeixh tou jewr matoc 3.1.

'Eqoume ìti isqÔei Rs + C
ξ −Rf >

C
ξ −Rf , opìte h an�lush akoloujeÐ ta b mata thc

perÐptwshc II tou jewr matoc 3.1. Pr�gmati, ta apotelèsmata mporoÔn na sunaqjoÔn

jewr¸ntac thn perÐptwsh II tou jewr matoc 3.1 kai paÐrnontac η →∞. Shmei¸nou-

me ìti ta apotelèsmata sumpÐptoun me ton kanìna thc strathgik c katwflÐou pou

uiojeteÐtai apì touc pel�tec tou montèlou pou perigr�fetai sthn par�grafo 2.3. �

Parat rhsh 3.2. Sundu�zontac ta jewr mata 3.1 kai 3.2, sun�goume ton tÔpo thc

strathgik c isorropÐac (s0, s1), gia opoiod pote zeÔgoc (Rs, Rf ). H pr¸th sunist¸sa

s0 anafèretai ston kanìna gia ènan pel�th pou brÐskei ton uphrèth upì episkeu ,

en¸ h s1 anafèretai ston kanìna gia ènan pel�th pou brÐskei ton uphrèth energì.

SumbolÐzoume thn apoq¸rhsh me {b} (balk), thn eÐsodo me {j} (join), mia strathgik 

katwflÐou me {t} (threshold) kai mia antÐstrofh strathgik  katwflÐou me {r} (reverse

threshold). Sta sq mata 3.2, 3.3 kai 3.4 mporoÔme na doÔme th sumperifor� tou

zeÔgouc twn strathgik¸n katwflÐwn kaj¸c to Rf metab�lletai. 'Eqoume parousi�sei

kai tic treic peript¸seic, antÐstoiqa, twn jewrhm�twn 3.1 kai 3.2.

'Enac enallaktikìc trìpoc parousÐashc twn prohgoÔmenwn apotelesm�twn parou-

si�zetai sto sq ma 3.5. Pio sugkekrimèna, dÐnetai èna gr�fhma sto epÐpedo twn
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(Rs, Rf ) gia tic di�forec peript¸seic twn strathgik¸n pou anafèrontai sto zeug�-

ri twn kanìnwn, ìtan o uphrèthc brÐsketai energìc   ìqi. Gi� autìn ton skopì è-

qoume qrhsimopoi sei tic eujeÐec Rf = C
ξ , Rf = C

ξ −
µRs
ξ , Rf = C

η + C
ξ kai

Rf = C
ηξ (η + ξ + µ)− µRs

ξ .

C
ξ −

µRs
ξ

C
ξ

C
η + C

ξ
C
ξ −

µRs
ξ + C(µ+ξ)

ηξ

-s s s s
Rf(b, b) (b, t) (b, j) (r, j) (j, j)

Sq ma 3.2: TÔpoi strathgik¸n isorropÐac wc proc Rf , PerÐptwsh I: Rs ≤ C
η

C
ξ −

µRs
ξ

C
ξ

C
ξ −

µRs
ξ + C(µ+ξ)

ηξ
C
η + C

ξ

-s s s s
Rf(b, b) (b, t) (b, j) (t, j) (j, j)

Sq ma 3.3: TÔpoi strathgik¸n isorropÐac wc proc Rf , PerÐptwsh II: C
η < Rs <

C(µ+ξ)
ηµ

C
ξ −

µRs
ξ

C
ξ −

µRs
ξ + C(µ+ξ)

ηξ
C
ξ

C
η + C

ξ

-s s s s
Rf(b, b) (b, t) (t, t) (t, j) (j, j)

Sq ma 3.4: TÔpoi strathgik¸n isorropÐac wc proc Rf , PerÐptwsh III: Rs ≥ C(µ+ξ)
ηµ

Parat rhsh 3.3. Oi apodeixeic twn jewrhm�twn 3.1 kai 3.2 apokalÔptoun ìti h

bèltisth strathgik  enìc tuqaÐa epilegmènou pel�th pou fj�nei kai brÐskei n pel�tec

sto sÔsthma eÐnai anex�rthth apì tic strathgikèc pou uiojetoÔntai apì touc upìloipouc

pel�tec. Pr�gmati, to anamenìmeno kajarì ìfeloc tou tuqaÐa epilegmènou pel�th den

ephre�zetai apì tic strathgikèc twn mellontik¸n pelat¸n, lìgw thc peijarqÐac FCFS.
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Sq ma 3.5: Strathgikèc isorropÐac wc proc Rs kai Rf - H parathr simh perÐptwsh

Apì thn �llh, dedomènou ìti o tuqaÐa epilegmènoc pel�thc parathreÐ ton arijmì twn

pelat¸n sto sÔsthma kat� thn �fix  tou, to anamenìmeno kajarì ìfelìc tou den

ephre�zetai apì th gn¸sh twn strathgik¸n twn prohgoÔmenwn pelat¸n. Apì aut 

thn �poyh, h strathgik  pou orÐzetai stic di�forec peript¸seic twn jewrhm�twn 3.1

kai 3.2 eÐnai atomik� bèltisth, anex�rthta apì tic epilogèc twn upoloÐpwn pelat¸n.

Kat� thn paigniojewrhtik  orologÐa pou eÐdame sthn eisagwg , mia tètoia strathgik 

eÐnai kuriarqoÔsa upì thn ènnoia ìti eÐnai bèltisth ap�nthsh enantÐon opoiasd pote

strathgik c twn upoloÐpwn.

3.4 H mh parathr simh perÐptwsh

Strèfoume t¸ra to endiafèron mac sth mh parathr simh perÐptwsh. Se aut n thn

perÐptwsh, oi pel�tec gnwrÐzoun tic timèc twn paramètrwn leitourgÐac tou sust matoc

λ, µ, ξ kai η kai twn oikonomik¸n paramètrwn Rs, Rf kai C, all� den parathroÔn kat�

thn �fix  touc thn kat�stash tou sust matoc (oÔte thn kat�stash tou uphrèth, oÔte

ton arijmì twn pelat¸n sto sÔsthma). Tìte, to anamenìmeno kajarì ìfeloc enìc tu-

qaÐa epilegmènou pel�th ephre�zetai apì tic strathgikèc twn upoloÐpwn pelat¸n kai

epomènwc den up�rqei k�poia kuriarqoÔsa strathgik  (antipar�bale me thn parat rh-

sh 3.3). Dedomènou ìti ìloi oi pel�tec upotÐjentai ìmoioi, mporoÔme na jewr soume

thn perÐptwsh aut  wc summetrikì paiqnÐdi metaxÔ touc (blèpe p.q. sto biblÐo Hassin
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kai Haviv sel.2-3).

Sto parìn montèlo, up�rqoun mìno dÔo kajarèc strathgikèc gia to dÐlhmma eisìdou-

apoq¸rhshc twn pelat¸n, h eÐsodoc kai h apoq¸rhsh kai, epomènwc, mia mikt  stra-

thgik  qarakthrÐzetai apì thn pijanìthta eisìdou q enìc afiknoÔmenou pel�th. O

stìqoc mac eÐnai na prosdiorÐsoume tic strathgikèc isorropÐac. Gi� autìn ton lìgo,

ja melet soume arqik� th st�simh sumperifor� tou sust matoc ìtan ìloi oi pel�tec

akoloujoÔn mia mikt  strathgik  me pijanìthta eisìdou q. Se aut n thn perÐptwsh

to sÔsthma sumperifèretai ìpwc to arqikì, all� me rujmì afÐxewn λq antÐ gia λ .

Prìtash 3.2. JewroÔme to mh parathr simo montèlo thc M/M/1 our� me ka-

tastrofèc kai epitrepìmenec afÐxeic, ìpou oi afiknoÔmenoi pel�tec eisèrqontai sto

sÔsthma me pijanìthta q. Oi st�simec pijanìthtec tou sust matoc, p(un)(n, i; q),

dÐnontai apì tic sqèseic

p(un)(n, 0; q) =
ηξ

(ξ + η) (λq + η)

�
λq

λq + η

�n
, n ≥ 0, (3.15)

p(un)(n, 1; q) = c1(q) (x2(q))
n + c2(q)

�
λq

λq + η

�n
, n ≥ 0, (3.16)

ìpou ta x2(q), c1(q) kai c2(q) ekfr�zontai mèsw twn tÔpwn

x2(q) =
(λq + µ+ ξ)−

È
(λq + µ+ ξ)2 − 4λqµ

2µ
, (3.17)

c1(q) =
η2 (1− x2(q)) [µ− (λq + η)]

(ξ + η) [(λq + η) (ξ − η) + ηµ]
, (3.18)

c2(q) =
η2ξ

(ξ + η) [(λq + η) (ξ − η) + ηµ]
. (3.19)

Oi pijanìthtec energoÔ kai anenergoÔ uphrèth dÐnontai antÐstoiqa apì tic sqèseic

p(un)(·, 0; q) =
∞X
n=0

p(un)(n, 0; q) =
ξ

ξ + η
, (3.20)

p(un)(·, 1; q) =
∞X
n=0

p(un)(n, 1; q) =
η

ξ + η
. (3.21)

Tèloc, oi pijanogenn triec

Π
(un)
0 (z; q) =

∞X
n=0

p(un)(n, 0; q)zn, Π
(un)
1 (z; q) =

∞X
n=0

p(un)(n, 1; q)zn
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dÐnontai apì tic sqèseic

Π
(un)
0 (z; q) =

ηξ

(ξ + η) (λq + η − λqz)
(3.22)

Π
(un)
1 (z; q) =

η2µ [1− x2(q)] [z − ρ(q)]

λq (ξ + η) [λq − µx2(q) + η] [z − ρ2(q)]
�
λq+η
λq − z

� , (3.23)

ìpou

ρ(q) =
λq + η

µx2(q)
, (3.24)

ρ2(q) =
1

x2(q)
. (3.25)

Apìdeixh. Se aut n thn apìdeixh, ja paraleÐyoume proswrin� to ekjèth {un} apì

to sumbolismì, ìpwc epÐshc kai thn ex�rthsh apì to q twn st�simwn pijanot twn

kai twn pijanogennhtri¸n sunart sewn gia lìgouc suntomÐac, dhlad  ja dhl¸noume

ta p(un)(n, i; q) me p(n, i) kai ta Π
(un)
i (z; q) me Πi(z). Oi exis¸seic isorropÐac gia th

st�simh katanom  thc Markobian c alusÐdac {(Q(t), I(t))} dÐnontai wc ex c:

(λq + η) p(0, 0) = ξ
∞X
i=0

p(n, 1) = ξp(·, 1), (3.26)

(λq + ξ) p(0, 1) = µp(1, 1) + ηp(0, 0), (3.27)

(λq + η) p(n, 0) = λqp(n− 1, 0), n ≥ 1, (3.28)

(λq + µ+ ξ) p(n, 1) = λqp(n− 1, 1) + µp(n+ 1, 1) + ηp(n, 0), n ≥ 1.(3.29)

Pollaplasi�zontac thn (3.28) me zn kai ajroÐzontac gia ìla ta n, sumperilamb�nontac

epiplèon kai thn (3.26), prokÔptei ìti

Π0(z) =
ξp(·, 1)

λq + η − λqz
. (3.30)

Jètontac z = 1 sthn (3.30) kai lamb�nontac upìyh ìti Π0(1) = p(·, 0), katal goume

sto ìti

p(·, 0) =
ξp(·, 1)

η

kai, efìson p(·, 0) + p(·, 1) = 1, sun�goume apeujeÐac tic (3.20) kai (3.21). Antikaji-

st¸ntac thn (3.21) sthn (3.30) prokÔptei eÔkola h (3.22). Antistrèfontac t¸ra thn

pijanogenn tria thc (3.30)   lÔnontac anadromik� thn (3.28) prokÔptei h (3.15).
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Pollaplasi�zontac thn (3.29) me zn kai ajroÐzontac gia ìla ta n, sumperilamba-

nomènhc kai thc (3.27) prokÔptei h�
λqz2 − (λq + µ+ ξ) z + µ

�
Π1(z) = µ (1− z) p(0, 1)− ηzΠ0(z). (3.31)

O suntelest c thc Π1(z) sthn (3.31) eÐnai to tri¸numo λqz2 − (λq + µ+ ξ) z + µ

wc proc z. Oi rÐzec tou eÐnai oi ρ1(q) = µx2(q)
λq kai ρ2(q) = 1

x2(q)
, me to x2(q) na

dÐnetai apì thn (3.17). Epiplèon, mporoÔme eÔkola na elègxoume ìti ρ1(q) ∈ (0, 1),

en¸ ρ2(q) ∈ (1,∞). MporoÔme na jèsoume z = ρ1(q) sthn (3.31), efìson h Π1(z)

sugklÐnei ston kleistì monadiaÐo dÐsko wc pijanogenn tria kai ρ1(q) ∈ (0, 1). 'Epeita,

lÔnontac wc proc p(0, 1), sun�goume ìti

p(0, 1) =
η2ξx2(q)

(ξ + η) [λq − µx2(q)] [λq − µx2(q) + η]
. (3.32)

Shmei¸noume ìti to x2(q) ikanopoieÐ th sqèsh

µx2(q)
2 − (λq + µ+ ξ)x2(q) + λq = 0, (3.33)

pou enallaktik� gr�fetai wc

λq − µx2(q) =
ξx2(q)

1− x2(q)
. (3.34)

Sundu�zontac tic sqèseic (3.32) kai (3.34) èqoume

p(0, 1) =
η2[1− x2(q)]

(ξ + η)[λq + η − µx2(q)]
. (3.35)

MporoÔme t¸ra na antikatast soume tic sqèseic (3.35) kai (3.22) sthn (3.31) kai na

lÔsoume wc proc Π1(z). Met� apì merikoÔc upologismoÔc katal goume sthn èkfrash

Π1(z) =
η2µ [1− x2(q)] (1− z) (λq + η − λqz)− η2ξz [λq + η − µx2(q)]

λq (ξ + η) [λq + η − µx2(q)]
�
λq+η
λq − z

�
[λqz2 − (λq + µ+ ξ) z + µ]

.

(3.36)

'Opwc mporoÔme na doÔme, o paranomast c sthn (3.36) eÐnai èna polu¸numo trÐ-

tou bajmoÔ wc proc z, me pragmatikèc rÐzec ρ1(q) ∈ (0, 1), ρ2(q) ∈ (1,∞) kai
λq+η
λq ∈ (1,∞). Efìson h Π1(z) sugklÐnei ston kleistì monadiaÐo dÐsko, èqou-

me anagkastik� ìti h ρ1(q) ja eÐnai rÐza tou arijmht  sthn (3.36). Epomènwc, o
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arijmht c (pou eÐnai polu¸numo deÔterou bajmoÔ wc proc z) mporeÐ na grafeÐ wc

η2λµq [1− x2(q)] [z − ρ(q)] [z − ρ1(q)] kai h (3.36) plèon an�getai sthn (3.23), ìpou h
ρ(q) eÐnai h rÐza tou arijmht  thc (3.36), h opoÐa eÐnai diaforetik  apì thn ρ1(q). Jè-

tontac z = 1 sthn (3.23) kai qrhsimopoi¸ntac to gegonìc ìti Π1(1) = p(·, 1) = η
ξ+η ,

kaj¸c kai thn (3.34) prokÔptei �mesa h sqèsh (3.24).

Qrhsimopoi¸ntac thn an�lush se apl� kl�smata sthn (3.23) kai anaptÔssontac

se dun�meic tou z sun�goume

Π1(z) =
η2µ [1− x2(q)]

λq (ξ + η) [λq − µx2(q) + η]

�
A1(q)

z − ρ2(q)
+

A2(q)
λq+η
λq − z

�

=
η2µ [1− x2(q)]

λq (ξ + η) [λq − µx2(q) + η]

"
−A1(q)

ρ2(q)

∞X
n=0

�
z

ρ2(q)

�n
,

+
λqA2(q)

λq + η

∞X
n=0

�
λqz

λq + η

�n#
(3.37)

ìpou

A1(q) =
ρ2(q)− ρ(q)
λq+η
λq − ρ2(q)

=
λq(µ− λq − η)

µ[(λq + η)x2(q)− λq]
, (3.38)

A2(q) =

λq+η
λq − ρ(q)

λq+η
λq − ρ2(q)

=
(λq + η)[µx2(q)− λq]
µ[(λq + η)x2(q)− λq]

, (3.39)

Exis¸nontac touc suntelestèc tou zn sto aristerì kai sto dexÐ mèloc thc (3.37),

sun�goume ìti ta p(n, 1) eÐnai thc morf c (3.16), me

c1(q) = −A1(q)

ρ2(s)
· η2µ [1− x2(q)]
λq (ξ + η) [λq − µx2(q) + η]

, (3.40)

c2(q) =
λqA2(q)

λq + η
· η2µ [1− x2(q)]
λq (ξ + η) [λq − µx2(q) + η]

. (3.41)

Qrhsimopoi¸ntac tic (3.38)-(3.39) stic (3.40)-(3.41) antÐstoiqa, kai k�nontac tic

aparaÐthtec aplopoi seic, qrhsimopoi¸ntac tautìqrona kai th sqèsh

[λq − µx2(q) + η] [(λq + η)x2(q)− λq] = −x2(q) [(λq + η) (ξ − η) + ηµ]
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(h opoÐa mporeÐ eÔkola na epalhjeuteÐ qrhsimopoi¸ntac thn (3.33)), sun�goume telik�

tic (3.18)-(3.19). �

Epistrèfoume t¸ra sto arqikì prìblhma. Arqik�, upologÐzoume to kajarì ìfeloc

enìc pel�th, o opoÐoc apofasÐzei na eisèljei, ìtan oi upìloipoi pel�tec eisèrqontai

me pijanìthta q.

Prìtash 3.3. JewroÔme to mh parathr simo montèlo thc M/M/1 our�c me ka-

tastrofèc kai epitrepìmenec afÐxeic. To anamenìmeno kajarì ìfeloc enìc pel�th pou

apofasÐzei na eisèljei, ìtan oi upìloipoi pel�tec eisèrqontai me pijanìthta q, dÐnetai

apì th sqèsh

S(un)(q) =

�
Rs −Rf +

C

ξ

�
ηµ[λq − µx2(q) + ηx2(q)]

(ξ + η)λq[λq − µx2(q) + η]
+Rf−

C

ξ
− Cξ

η (ξ + η)
. (3.42)

Apìdeixh. JewroÔme ènan tuqaÐa epilegmèno pel�th pou apofasÐzei na eisèljei

ìtan ìloi oi upìloipoi pel�tec eisèrqontai me pijanìthta q. E�n ènac tètoioc pel�thc

brei to sÔsthma sthn kat�stash (n, 0), tìte to kajarì ìfelìc tou dÐnetai apì th

sqèsh (3.1). AntÐstoiqa, e�n brei to sÔsthma sthn kat�stash (n, 1), to kajarì

ìfelìc tou dÐnetai apì thn (3.2). Sunep¸c, to anamenìmeno kajarì ìfeloc enìc

pel�th pou apofasÐzei na eisèljei ìtan oi upìloipoi akoloujoÔn th strathgik  q

mporeÐ na upologisteÐ desmeÔontac sthn kat�stash pou parathreÐ kat� thn �fix  tou.

Lamb�nontac upìyh thn idiìthta PASTA, èqoume ìti h pijanìthta ènac pel�thc na

brei to sÔsthma sthn kat�stash (n, i) kat� thn �fix  tou sumpÐptei me thn antÐstoiqh
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st�simh pijanìthta p(un)(n, i; q). 'Etsi,

S(un)(q) =
∞X
n=0

¨
Rs

�
µ

µ+ ξ

�n+1

+

�
Rf −

C

ξ

��
1−

�
µ

µ+ ξ

�n+1
�
− C

η

«
p
(un)
(n,0;q)

+
∞X
n=0

¨
Rs

�
µ

µ+ ξ

�n+1

+

�
Rf −

C

ξ

��
1−

�
µ

µ+ ξ

�n+1
�«

p
(un)
(n,1;q)

=

�
Rs −Rf +

C

ξ

�( ∞X
n=0

p(un)(n, 0; q)

�
µ

µ+ ξ

�n+1

+
∞X
n=0

p(un)(n, 1; q)

�
µ

µ+ ξ

�n+1
)

+

�
Rf −

C

η
− C

ξ

� ∞X
n=0

p(un)(n, 0; q) +

�
Rf −

C

ξ

� ∞X
n=0

p(un)(n, 1; q)

=

�
Rs −Rf +

C

ξ

�
µ

µ+ ξ

�
Π

(un)
0

�
µ

µ+ ξ
; q

�
+ Π

(un)
1

�
µ

µ+ ξ
; q

��
+Rf −

C

ξ
− Cξ

η (ξ + η)
. (3.43)

Jètontac z = µ
µ+ξ sthn (3.31) prokÔptei

Π
(un)
1

�
µ

µ+ ξ
; q

�
=
η (µ+ ξ)

λqξ
Π

(un)
0

�
µ

µ+ ξ
; q

�
− µ+ ξ

λq
p(un)(0, 1; q). (3.44)

Sundu�zontac t¸ra th sqèsh (3.43) kai th sqèsh (3.44), kai antikajist¸ntac akoloÔ-

jwc ta Π
(un)
0

�
µ
µ+ξ ; q

�
kai p(un)(0, 1; q) apì tic (3.22) kai (3.35) antÐstoiqa, sun�goume

telik� thn (3.42). �

MporoÔme t¸ra na proqwr soume ston prosdiorsmì twn strathgik¸n isorropÐac

gia to dÐlhmma eisìdou-apaq¸rhshc enìc pel�th sth mh parathr simh perÐptwsh.

L mma 3.1. OrÐzoume ta

φ(q) =
η (x2(q)− 1)

λq − µx2(q) + η
, q ∈ [0, 1], (3.45)

g(q) =
λq − µx2(q) + ηx2(q)

λq[λq − µx2(q) + η]
=

1 + φ(q)

λq
, q ∈ (0, 1], (3.46)

g(0) = lim
q→0+

g(q) =
ξ + η

η(µ+ ξ)
, (3.47)
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ìpou to x2(q) orÐzetai apì thn (3.17). Tìte h φ(q) eÐnai gnhsÐwc aÔxousa kai koÐlh kai

h g(q) eÐnai gnhsÐwc fjÐnousa gia q ∈ (0, 1).

Apìdeixh. MporoÔme eÔkola na elègxoume, qrhsimopoi¸ntac thn (3.34), ìti λq −
µx2(q) > 0. Epiplèon, èqoume ìti 0 < x2(q) < 1, lìgw thc (3.17), kai, epomènwc,

sumperaÐnoume ìti φ(q) < 0, gia q ∈ (0, 1). Shmei¸noume epÐshc ìti, qrhsimopoi¸ntac

th sqèsh (3.34), h φ(q) mporeÐ na p�rei th morf 

φ(q) =
−η [x2(q)− 1]2

(ξ − η)x2(q) + η
. (3.48)

'Etsi, èqoume ìti φ(q) = f(x2(q))), ìpou

f(x) =
−η (x− 1)2

(ξ − η)x+ η
(3.49)

kai to x2(q) dÐnetai apì (3.17). Epomènwc,

φ′(q) = f ′ (x2(q))x
′
2(q), (3.50)

φ′′(q) = f ′′ (x2(q))
�
x′2(q)

�2
+ f ′ (x2(q))x

′′
2(q). (3.51)

ParagwgÐzontac tic sqèseic (3.17) kai (3.49) duo forèc prokÔptei eÔkola ìti x′2(q) >

0, x′′2(q) < 0, gia q ∈ (0, 1) kai ìti f ′(x) > 0, f ′′(x) < 0, gia x ∈ (0, 1). 'Etsi, oi

sqèseic (3.50) kai (3.51) sunep�gontai ìti φ′(q) > 0 kai φ′′(q) < 0, dhlad  ìti h φ(q)

eÐnai pr�gmati gnhsÐwc aÔxousa kai koÐlh sun�rthsh.

ParagwgÐzontac thn (3.46) prokÔptei ìti g′(q) = (qφ′(q)−φ(q)−1)/(λq2). 'Estw

w(q) = qφ′(q)−φ(q)− 1 o arijmht c thc g′(q). Tìte, èqoume ìti w′(q) = qφ′′(q) < 0.

'Etsi, sumperaÐnoume ìti w(q) < w(0) = 0 kai, sunep¸c, g′(q) < 0. Epomènwc, apo-

deÐxame ìti h g(q) eÐnai gnhsÐwc fjÐnousa gia q ∈ (0, 1). �

MporoÔme t¸ra na d¸soume ton akìloujo qarakthrismì twn strathgik¸n isor-

ropÐac.
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Prìtash 3.4. JewroÔme to mh parathr simo montèlo thc M/M/1 our�c me kata-

strofèc kai epitrepìmenec afÐxeic. OrÐzoume

θ =
(ξ + η)

�
C
ξ + Cξ

η(ξ+η) −Rf
�

ηµ
�
Rs −Rf + C

ξ

� , (3.52)

be =
C

ξ
− µRs

ξ
+
C (µ+ ξ)

η (ξ + η)
, (3.53)

je =
C

ξ
− ηµg(1)Rs
ξ + η − ηµg(1)

+
Cξ

η[ξ + η − ηµg(1)]
. (3.54)

'Eqoume tic akìloujec peript¸seic sÔmfwna me thn tim  thc diafor�c Rf − Rs
twn amoib¸n twn pelat¸n.

PerÐptwsh A: Rf −Rs < C
ξ .

UpoperÐptwsh a: H kajar  strathgik  pou orÐzei ston pel�th na apoqwr -

sei eÐnai strathgik  isorropÐac an kai mìno an Rf ≤ be.

UpoperÐptwsh b: H kajar  strathgik  pou orÐzei ston pel�th na eisèljei

eÐnai strathgik  isorropÐac an kai mìno an Rf ≥ je.

UpoperÐptwsh c: Mia mikt  strathgik  isorropÐac me pijanìthta eisìdou q

up�rqei an kai mìno an be < Rf < je. Upì aut n th sunj kh, up�rqei mia

monadik  mikt  strathgik  isorropÐac me pijanìthta eisìdou qe, me to qe

na eÐnai h monadik  lÔsh thc exÐswsh g(q) = θ sto (0, 1).

PerÐptwsh B: Rf −Rs > C
ξ .

UpoperÐptwsh a: H kajar  strathgik  pou orÐzei ston pel�th na apoqwr -

sei eÐnai strathgik  isorropÐac an kai mìno an Rf ≤ be.

UpoperÐptwsh b: H kajar  strathgik  pou orÐzei ston pel�th na eisèljei

eÐnai strathgik  isorropÐac an kai mìno an Rf ≥ je.

UpoperÐptwsh c: Mia mikt  strathgik  isorropÐac me pijanìthta eisìdou q

up�rqei an kai mìno an je < Rf < be. Upì aut n th sunj kh, up�rqei mia

monadik  mikt  strathgik  isorropÐac me pijanìthta eisìdou qe, me to qe

na eÐnai h monadik  lÔsh thc exÐswsh g(q) = θ sto (0, 1).
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PerÐptwsh C: Rf −Rs = C
ξ .

UpoperÐptwsh a: H kajar  strathgik  pou orÐzei ston pel�th na apoqwr -

sei eÐnai strathgik  isorropÐac an kai mìno an Rs ≤ Cξ
η(ξ+η)  , isodÔnama,

an Rf ≤ Cξ
η(ξ+η) + C

ξ .

UpoperÐptwsh b: H kajar  strathgik  pou orÐzei ston pel�th na eisèljei

eÐnai strathgik  isorropÐac an kai mìno an Rs ≥ Cξ
η(ξ+η)  , isodÔnama, an

Rf ≥ Cξ
η(ξ+η) + C

ξ .

UpoperÐptwsh c: Mia mikt  strathgik  isorropÐac me pijanìthta eisìdou q

up�rqei an kai mìno an Rs = Cξ
η(ξ+η)  , isodÔnama, an Rf = Cξ

η(ξ+η) + C
ξ . Upì

aut  th sunj kh, k�je mikt  strathgik  me pijanìthta eisìdou q apoteleÐ

strathgik  isorropÐac.

Apìdeixh. JewroÔme ènan tuqaÐa epilegmèno pel�th kat� thn �fix  tou kai upojè-

toume ìti ìloi oi upìloipoi pel�tec akoloujoÔn mia strathgik  me pijanìthta eisìdou

sto sÔsthma q ∈ [0, 1]. Tìte, o tuqaÐa epilegmènoc pel�thc protim� na eisèljei an kai

mìno an S(un)(q) > 0, protim� na apoqwr sei an kai mìno an S(un)(q) < 0, kai eÐnai

adi�foroc gia to an ja eisèljei sto sÔsthma   ja apoqwr sei apì autì an kai mìno

an S(un)(q) = 0. Kat� sunèpeia, h kajar  strathgik  pou orÐzei ston pel�th na apo-

qwr sei apoteleÐ mia strathgik  isorropÐac an kai mìno an S(un)(0) ≤ 0. OmoÐwc, h

kajar  strathgik  pou orÐzei ston pel�th na eisèljei eÐnai mia strathgik  isorropÐac

an kai mìno an S(un)(1) ≥ 0 kai, tèloc, h mikt  strathgik  me pijanìthta eisìdou q

eÐnai mia strathgik  isorropÐac an kai mìno an S(un)(q) = 0.

Upojètoume, arqik�, ìti Rf 6= Rs + C
ξ . Tìte, mporoÔme na orÐsoume to θ mèsw

thc (3.52) kai h S(un)(q) mporeÐ na grafeÐ sth morf 

S(un)(q) =

�
Rs −Rf +

C

ξ

�
ηµ

ξ + η
(g(q)− θ) , (3.55)

me thn g(q) na dÐnetai apì th sqèsh (3.46).

Sthn perÐptwsh A, o suntelest c Rs − Rf + C
ξ thc (3.55) eÐnai jetikìc, opìte

katal goume sto sumpèrasma ìti h kajar  strathgik  pou orÐzei ston pel�th na

apoqwr sei eÐnai mia strathgik  isorropÐac an kai mìno an g(0) ≤ θ. LÔnontac wc

proc Rf , sun�goume thn isodÔnamh sunj kh Rf ≤ be, me to be na dÐnetai apì th
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sqèsh (3.53) kai sun�goume thn upoperÐptwsh (A-a). OmoÐwc, h kajar  strathgik 

pou orÐzei ston pel�th na eisèljei eÐnai mia strathgik  isorropÐac an kai mìno an

g(1) ≥ θ. LÔnontac wc proc Rf , sun�goume thn isodÔnamh sunj kh Rf ≥ je, me

to je na dÐnetai apì th sqèsh (3.54) kai, ètsi, sun�goume kai thn upoperÐptwsh (A-

b). Tèloc, h mikt  strathgik  me pijanìthta eisìdou q ∈ (0, 1) eÐnai mia strathgik 

isorropÐac an kai mìno an g (q) = θ. Lìgw thc monotonÐac thc g (q), pou apodeÐqjhke

sto l mma 3.1, èqoume ìti h exÐswsh g (q) = 0 èqei mia lÔsh sto (0, 1) an kai mìno

an g(1) < θ < g(0). LÔnontac wc proc Rf , h sunj kh aut  gr�fetai isodÔnama

wc be < Rf < je. Epiplèon, h monotonÐa thc g (q) sto (0, 1) sunep�getai epÐshc th

monadikìthta thc lÔshc thc exÐswshc g (q) = 0 sto (0, 1) kai sun�goume, ètsi, kai thn

upoperÐptwsh (A-c).

Sthn perÐptwsh B, h an�lush gÐnetai me ton Ðdio trìpo me thn perÐptwsh A. H

mình diafor� eÐnai ìti o suntelest c Rs −Rf + C
ξ sthn (3.55) eÐnai arnhtikìc ki ètsi

prèpei na antistrèyoume th for� se di�forec anisìthtec.

Tèloc, sthn perÐptwsh C, ìpou Rf = Rs+ C
ξ , èqoume ìti h (3.42) dinei S

(un)(q) =

Rs − Cξ
η(ξ+η) kai sun�goume eÔkola tic peript¸seic (C-a), (C-b) kai (C-c). �

Parat rhsh 3.4. H apìdeixh thc prìtashc 3.4 apokalÔptei ìti h sun�rthsh S(un)(q)

eÐnai fjÐnousa wc proc q sthn perÐptwsh A, aÔxousa wc proc q sthn perÐptwsh B kai

stajer  sthn perÐptwsh C. Epomènwc, sthn perÐptwsh A oi pel�tec uiojetoÔn mia

sumperifor� ATP, en¸ sthn perÐptwsh B uiojetoÔn mia sumperifor� STP. H upìje-

sh C eÐnai mia oriak  perÐptwsh, sthn opoÐa h strathgik  twn pelat¸n den ephre�zei

to kajarì ìfeloc enìc tuqaÐa epilegmènou pel�th.

MporoÔme, t¸ra, na prosdiorÐsoume ìlec tic strathgikèc isorropÐac twn pelat¸n

sÔmfwna me tic di�forec peript¸seic twn paramètrwn amoib¸n tou montèlou.

Je¸rhma 3.3. JewroÔme to mh parathr simo montèlo thcM/M/1 our�c me kata-

strofèc kai epitrepìmenec afÐxeic. Sqetik� me tic strathgikèc isorropÐac twn pelat¸n,

èqoume tic akìloujec peript¸seic, an�loga me thn tim  tou Rs.

PerÐptwsh I: Rs <
Cξ

η(ξ+η) .



3.4. H MH PARATHR�HSIMH PER�IPTWSH 91

UpoperÐptwsh a: Rf ≤ je.
Tìte up�rqei monadik  strathgik  isorropÐac: h kajar  strathgik  pou

orÐzei ston pel�th na apoqwr sei.

UpoperÐptwsh b: je < Rf < be.

Tìte, up�rqoun treic strathgikèc isorropÐac: h kajar  strathgik  pou

orÐzei ston pel�th na apoqwr sei, h kajar  strathgik  pou orÐzei ston

pel�th na eisèljei kai mia monadik  mikt  strathgik  isorropÐac me pi-

janìthta eisìdou qe ∈ (0, 1). H pijanìthta qe eÐnai h monadik  rÐza thc

exÐswshc g(q) = θ sto (0, 1).

UpoperÐptwsh c: Rf ≥ be.
Tìte up�rqei monadik  strathgik  isorropÐac: h kajar  strathgik  pou

orÐzei ston pel�th na eisèljei.

PerÐptwsh II: Rs >
Cξ

η(ξ+η) .

UpoperÐptwsh a: Rf ≤ be.
Tìte up�rqei monadik  strathgik  isorropÐac: h kajar  strathgik  pou

orÐzei ston pel�th na apoqwr sei.

UpoperÐptwsh b: be < Rf < je.

Tìte, up�rqei mia monadik  strathgik  isorropÐac. EÐnai h mikt  strath-

gik  me pijanìthta eisìdou qe ∈ (0, 1), ìpou to qe eÐnai h monadik  rÐza thc

exÐswshc g(q) = θ sto (0, 1).

UpoperÐptwsh c: Rf ≥ je.
Tìte up�rqei monadik  strathgik  isorropÐac: h kajar  strathgik  pou

orÐzei ston pel�th na eisèljei.

PerÐptwsh III: Rs = Cξ
η(ξ+η) .

UpoperÐptwsh a: Rf < be = je.

Tìte up�rqei monadik  strathgik  isorropÐac: h kajar  strathgik  pou

orÐzei ston pel�th na apoqwr sei.
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UpoperÐptwsh b: Rf = be = je.

Se aut n thn perÐptwsh k�je strathgik  me pijanìthta eisìdou q ∈ [0, 1]

apoteleÐ strathgik  isorropÐac.

UpoperÐptwsh c: Rf > be = je.

Tìte up�rqei monadik  strathgik  isorropÐac: h kajar  strathgik  pou

orÐzei ston pel�th na eisèljei.

Apìdeixh. Mia prosektik  mati� sthn prìtash 3.4, deÐqnei ìti o arijmìc kai h fÔsh

twn strathgik¸n isorropÐac twn pelat¸n exart¸ntai apì thn tim  tou Rf se sÔgkrish

me tic posìthtec be, je kai Rs + C
ξ . Wstìso, h di�taxh aut¸n twn posot twn kajorÐ-

zetai apì th di�taxh twn Rs kai
Cξ

η(ξ+η) kai ètsi prèpei na diakrÐnoume tic peript¸seic

I-III tou jewr matoc.

Sthn perÐptwsh I, èqoume ìti Rs+ C
ξ < je < be. Kat� sunèpeia, diakrÐnoume pènte

upopeript¸seic, an�loga me thn tim  tou Rf .

(I-i) Rf < Rs + C
ξ .

(I-ii) Rf = Rs + C
ξ .

(I-iii) Rs + C
ξ < Rf ≤ je.

(I-iv) je < Rf < be.

(I-v) Rf ≥ be.

Oi upopeript¸seic (I-i), (I-ii) kai (I-iii) antistoiqoÔn stic upopeript¸seic (A-a),

(C-a) kai (B-a) thc prìtashc 3.4 antÐstoiqa. Epomènwc, se autèc tic treic peript¸-

seic, h kajar  strathgik  pou orÐzei ston pel�th na apoqwr sei eÐnai h monadik 

strathgik  isorropÐac kai sun�goume thn upoperÐptwsh (I-a) tou jewr matoc. H

upoperÐptwsh (I-iv) antistoiqeÐ stic upopeript¸seic (B-a), (B-b) kai (B-c) thc prìta-

shc 3.4, odhg¸ntac se dÔo kajarèc kai mia mikt  strathgik  isorropÐac, lamb�nontac

ètsi thn upoperÐptwsh (I-b) tou jewr matoc. Tèloc, h upoperÐptwsh (I-v) antistoi-

qeÐ sthn upoperÐptwsh (B-b) thc prìtashc 3.4 opìte kai sumperaÐnoume ìti h kajar 

strathgik  pou orÐzei ston pel�th na eisèljei eÐnai h monadik  strathgik  isorropÐac.
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Autì mac dÐnei thn upoperÐptwsh (I-c) tou jewr matoc kai oloklhr¸noume ètsi thn

perÐptwsh I.

Sthn perÐptwsh II, èqoume ìti be < je < Rs + C
ξ . Kat� sunèpeia, diakrÐnoume p�li

pènte upopeript¸seic, an�loga me thn tim  tou Rf .

(II-i) Rf ≤ be.

(II-ii) be < Rf < je.

(II-iii) je ≤ Rf < Rs + C
ξ .

(II-iv) Rf = Rs + C
ξ .

(II-v) Rf > Rs + C
ξ .

'Omoia me thn perÐptwsh I, èqoume ìti h upoperÐptwsh (II-i) antistoiqeÐ sthn upoperÐ-

ptwsh (A-a) thc prìtashc 3.4. Epomènwc, h kajar  strathgik  pou orÐzei ston pel�th

na apoqwr sei eÐnai h monadik  strathgik  isorropÐac kai sun�goume thn upoperÐptw-

sh (II-a) tou jewr matoc. H upoperÐptwsh (II-ii) antistoiqeÐ sthn upoperÐptwsh (A-c)

thc prìtashc 3.4 kai èqoume mia monadik  gn sia mikt  strathgik  isorropÐac. Autì

dÐnei thn upoperÐptwsh (II-b) tou jewr matoc. Tèloc, oi upopeript¸seic (II-iii), (II-

iv) kai (II-v) antistoiqoÔn stic upopeript¸seic (A-b), (C-b) kai (B-b) thc prìtashc

3.4 antÐstoiqa kai upodeiknÔoun thn kajar  strathgik  pou orÐzei ston pel�th na

eisèljei wc th monadik  strathgik  isorropÐac. Autèc oi upopeript¸seic enopoioÔntai

sthn upoperÐptwsh (II-c) tou jewr matoc.

Tèloc, sthn perÐptwsh III, èqoume ìti Rs + C
ξ = je = be = C

ξ + Cξ
η(ξ+η) . 'Etsi,

diakrÐnoume tic akìloujec treic upopeript¸seic, an�loga p�li me thn tim  tou Rf .

(III-i) Rf <
C
ξ + Cξ

η(ξ+η) .

(III-ii) Rf = C
ξ + Cξ

η(ξ+η) .

(III-iii) Rf >
C
ξ + Cξ

η(ξ+η) .

Oi peript¸seic (III-i), (III-ii) kai (III-iii) antistoiqoÔn stic upopeript¸seic (A-

a), (C-c) kai (B-b) thc prìtashc 3.4 dÐnontac akoloÔjwc tic upopeript¸seic (III-a),

(III-b) kai (III-c) tou jewr matoc. �
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Parat rhsh 3.5. 'Opwc apodeÐqjhke sto prohgoÔmeno je¸rhma, se mia kat�sta-

sh statistik c isorropÐac, up�rqoun treic peript¸seic, an�loga me to prìshmo thc

diafor�c Rs − Cξ
η(ξ+η) . Shmei¸noume ìti h posìthta Cξ

η(ξ+η) eÐnai to monadiaÐo kìstoc

anamon c, C, pou pollaplasi�zetai me to mèso qrìno episkeu c kai me thn pijanìthta

ènac afiknoÔmenoc pel�thc na brei to sÔsthma upì episkeu . Me �lla lìgia, poso-

tikopoieÐ to mèso posì {ap¸leiac} enìc pel�th, lìgw anamon c gia thn olokl rwsh

thc episkeu c.

Parat rhsh 3.6. H prìtash 3.4 dÐnei tic ikanèc kai anagkaÐec sunj kec ¸ste oi

strathgikèc pou orÐzoun ston pel�th na apoqwr sei, na eisèljei, kaj¸c kai h mikt 

strathgik  me pijanìthta eisìdou q na eÐnai strathgikèc isorropÐac. Epiplèon, deÐqnei

ìti e�n up�rqei mia mikt  strathgik  isorropÐac, tìte aut  eÐnai h monadik  mikt 

strathgik  isorropÐac. Autì, fusik�, den apokleÐei thn perÐptwsh h kajar  stra-

thgik  pou orÐzei ston pel�th na eisèljei,   h kajar  strathgik  pou orÐzei ston

pel�th na apoqwr sei,   kai oi duo, na eÐnai strathgikèc isorropÐac epÐshc. Apì thn

�llh, to je¸rhma 3.3 dÐnei ton arijmì kai ton tÔpo twn strathgik¸n isorropÐac stic

di�forec peript¸seic pou antistoiqoÔn sth diamèrish tou (Rs, Rf ) epipèdou se di�fo-

rec perioqèc. Oi strathgikèc isorropÐac stic di�forec peript¸seic tou jewr matoc 3.3

parousi�zontai grafik� sta sq mata 3.6, 3.7 kai 3.8,  , enallaktik�, sto sq ma 3.9,

ìpou èqoume qrhsimopoi sei tic eujeÐec Rf = be (Rs) kai Rf = je (Rs).

je be

-s s
Rf0 0, qe, 1 1

Sq ma 3.6: Strathgikèc isorropÐac wc proc Rf , PerÐptwsh I: Rs <
Cξ

η(ξ+η)

Parat rhsh 3.7. 'Enanti miac strathgik c isorropÐac se, mporeÐ na up�rqei mia

bèltisth ap�nthsh s′e 6= se tètoia ¸ste h s′e na eÐnai austhr¸c kalÔterh ap�nthsh

ston eautì thc apì thn se. Se aut n thn perÐptwsh, dedomènou ìti oi pel�tec arqÐzoun

me th strathgik  se, mporoÔn ìloi na uiojet soun th strathgik  s′e kai met� de ja

epistrèyoun potè sthn se. Apì aut  thn �poyh, h se eÐnai astaj c   parodik . An den
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be je

-s s
Rf0 qe 1

Sq ma 3.7: Strathgikèc isorropÐac wc proc Rf , PerÐptwsh II: Rs >
Cξ

η(ξ+η)

be = je

-s
Rf

[0, 1]

0 1

Sq ma 3.8: Strathgikèc isorropÐac wc proc Rf , PerÐptwsh III: Rs = Cξ
η(ξ+η)

Sq ma 3.9: Strathgikèc isorropÐac wc proc Rs kai Rf - H mh parathr simh perÐptwsh
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up�rqei kamÐa tètoia s′e tìte to se lègetai, ìpwc èqoume  dh anafèrei sthn eisagwg , ìti

eÐnai mia exeliktik� eustaj c strathgik  (EES) (evolutionarily stable strategy (ESS)

). Eidikìtera, mia strathgik  isorropÐac h opoÐa eÐnai monadik  bèltisth ap�nthsh

ston eautì thc eÐnai EES. Oi EES strathgikèc apokleÐoun tic astajeÐc strathgikèc

isorropÐac kai jewroÔntai mia qr simh eklèptunsh thc ènnoiac thc isorropÐac. Sto

parìn montèlo, èqoume ìti h kajar  strathgik  pou orÐzei ston pel�th na apoqwr sei

eÐnai h monadik  bèltisth ap�nthsh ston eautì thc, kat� sunèpeia eÐnai EES, ìtan

S(un)(0) < 0. OmoÐwc, h kajar  strathgik  pou orÐzei ston pel�th na eisèljei eÐnai h

monadik  bèltisth ap�nthsh ston eautì thc kai, sunep¸c, eÐnai EES, ìtan S(un)(1) >

0. Gia mia strathgik  isorropÐac qe tètoia ¸ste S
(un)(qe) = 0, èqoume ìti opoiad pote

strathgik  q′e eÐnai bèltisth ap�nthsh. H exeliktik  eust�jeia thc strathgik c qe

exart�tai, tìte, apì th monotonÐa thc S(un)(q). An h S(un)(q) eÐnai aÔxousa, tìte

h qe den eÐnai EES, kaj¸c mia parèkklish apì thn qe gia merikoÔc pel�tec, k�nei

ènan tuqaÐa epilegmèno pel�th na touc akolouj sei sthn Ðdia kateÔjunsh. AntÐjeta,

mporoÔme eÔkola na elègxoume ìti h qe eÐnai mia EES, an h S
(un)(q) eÐnai fjÐnousa. Mia

prosektik  mati� sthn apìdeixh tou jewr matoc 3.3, pou lamb�nei upìyh th monotonÐa

thc S(un)(q) stic di�forec peript¸seic, deÐqnei ìti stic upopeript¸seic (I-a), (II-a)

kai (III-a), h kajar  strathgik  isorropÐac pou orÐzei ston pel�th na apoqwr sei

eÐnai EES. OmoÐwc, stic upopeript¸seic (I-c), (II-c) kai (III-c), h kajar  strathgik 

isorropÐac pou orÐzei ston pel�th na eisèljei eÐnai EES. 'Omwc, h mikt  strathgik 

isorropÐac qe sthn perÐptwsh (I-b) den eÐnai EES, en¸ h kajar  strathgik  pou orÐzei

ston pel�th na apoqwr sei kai aut  pou orÐzei ston pel�th na eisèljei eÐnai EES. Apì

thn �llh, h mikt  strathgik  isorropÐac qe sthn perÐptwsh pou (II-b) eÐnai EES.

Tèloc, opoiad pote strathgik  q sthn perÐptwsh (III-b) den eÐnai ESS.

Parat rhsh 3.8. Mia gn sia mikt  strathgik  isorropÐac qe, ìpote up�rqei stic

upopeript¸seic (I-b) kai (II-b) tou jewr matoc 3.3, qarakthrÐzetai wc h monadik  rÐza

thc exÐswshc g(q) = θ sto (0, 1). An kai aut  h exÐswsh eÐnai polÔplokh, lìgw thc

parousÐac kai tou q kai tou x2(q) sth g(q), pou dÐnetai apì th sqèsh (3.46), eÐnai

dunatì na dojeÐ mia akrib c {kleist } lÔsh gia ton prosdiorismì tou qe.

Pr�gmati, me b�sh th sqèsh (3.46), h exÐswsh g(q) = θ mporeÐ na grafeÐ wc
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φ(q) = θλq − 1. Wstìso, lÔnontac thn (3.33) wc proc q prokÔptei

q =
x2(q) [µ+ ξ − µx2(q)]

λ [1− x2(q)]
, (3.56)

ìpou φ(q) = f(x2(q)) me thn f(x) na dÐnetai apì th sqèsh (3.49). Wc ek toÔtou, h

exÐswsh φ(q) = θλq − 1 mporeÐ na grafeÐ wc

f(x2(q)) =
θλx2(q) [µ+ ξ − µx2(q)]

λ [1− x2(q)]
− 1. (3.57)

K�nontac merikoÔc upologismoÔc, èqoume ìti h exÐswsh (3.57) paÐrnei th morf 

−η (1− x2(q))3 +
�
θµx2(q)

2 − [(µ+ ξ) θ + 1]x2(q) + 1
�

[(ξ − η)x2(q) + η] = 0,

(3.58)

pou eÐnai mia poluwnumik  exÐswsh trÐtou bajmoÔ wc proc x2(q). Tìte, mporoÔme

eÔkola na doÔme ìti o stajerìc ìroc thc eÐnai 0, ki ètsi mporoÔme na thn an�goume

sth deuterob�jmia exÐswsh

ax2(q)
2 + bx2(q) + c = 0, (3.59)

ìpou

a = η + θµ (ξ − η) ,

b = ηθµ− ξ − 2η − (ξ − η) (µ+ ξ) θ,

c = ξ + η − η (µ+ ξ) θ.

Epomènwc, mporoÔme na l�boume th lÔsh thc g(q) = θ se kleist  morf , epilÔontac

pr¸ta thn (3.59) wc proc x2(q) kai sth sunèqeia upologÐzontac to q mèsw thc (3.56).

3.5 To prìblhma koinwnik c beltistopoÐhshc

Melet�me t¸ra to prìblhma thc megistopoÐhshc tou anamenìmenou kajaroÔ su-

nolikoÔ ofèlouc twn pelat¸n an� qronik  mon�da (prìblhma koinwnik c beltisto-

poÐhshc). JewroÔme qwrist� thn parathr simh kai th mh parathr simh perÐptwsh.

Endiaferìmaste na prosdiorÐsoume tic bèltistec timèc twn sunart sewn tou aname-

nìmenou kajaroÔ koinwnikoÔ ofèlouc (an� qronik  mon�da) Ssocobs(n) kai Ssocun (q), kai
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twn antÐstoiqwn orism�twn, nsoc kai qsoc antÐstoiqa. Melet�me pr¸ta thn parath-

r simh perÐptwsh kai èqoume thn akìloujh prìtash 3.5. Shmei¸noume ìti, se aut n

thn perÐptwsh, upojètoume ìti Rs ≥ C
η prokeimènou na apofeuqjoÔn oi katast�seic

parodikoÔ qarakt ra.

Prìtash 3.5. JewroÔme to parathr simo montèlo thc M/M/1 our�c me kata-

strofèc kai epitrepìmenec afÐxeic, ìpou isqÔei h anisìthta Rs ≥ C
η . To anamenìmeno

kajarì koinwnikì kèrdoc an� qronik  mon�da, dedomènou ìti oi pel�tec akoloujoÔn mia

strathgik  katwflÐou tou tÔpou (n(0), n(1)) (dhlad  oi afiknoÔmenoi pel�tec eisèr-

qontai efìson parathroÔn to polÔ n(0) pel�tec se èna sÔsthma upì episkeu  kai to

polÔ n(1) pel�tec se èna energì sÔsthma) dÐnetai apì th sqèsh

Ssocobs(n(0), n(1)) = λ (Rs −Rf )

·
�

(c5 + pobs(0, 0)) · µ (λ+ η)

λξ + ηµ+ ηξ
·
�
1− (x3x4)

n(0)+1
�

+x5
�
c1 + (c3 − c1)xn(0)+1

6 − c3xn(1)+1
6

�
+x7

�
c2 + (c4 − c2)xn(0)+1

8 − c4xn(1)+1
4

�o
+λRf ·

n
1− x9xn(0)+1

3 − c3xn(1)+1
1 − c4xn(1)+1

2

o
−C ·

(
(c5 + pobs(0, 0)) · x3 ·

1− (n(0) + 1)x
n(0)
3 + n(0)x

n(0)+1
3

(1− x3)2

+ (n(0) + 1)x9x
n(0)+1
3 + c1x10 + c2x11

+ (c1 − c3) · x10 ·
h
n(0)x

n(0)+1
1 − (n(0) + 1)x

n(0)
1

i
+ (c2 − c4) · x11 ·

h
n(0)x

n(0)+1
2 − (n(0) + 1)x

n(0)
2

i
+c3 · x10 ·

h
(n(1) + 1)x

n(1)+2
1 − (n(1) + 2)x

n(1)+1
1

i
+c4 · x11 ·

h
(n(1) + 1)x

n(1)+2
2 − (n(1) + 2)x

n(1)+1
2

io
,

n(0) ≥ 0, n(1) ≥ 0. (3.60)

ìpou x1 = x1(1) kai x2 = x2(1) (qrhsimopoi¸ntac thn (2.16) gia q = 1) kai ta x3-x11,

c5 kai pobs(0, 0) na dÐnontai apì tic sqèseic:

x3 =
λ

λ+ η
, x4 =

µ

µ+ ξ
, (3.61)
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x5 =
µ

µ+ ξ − µx1
, x6 =

µx1
µ+ ξ

, (3.62)

x7 =
µ

µ+ ξ − µx2
, x8 =

µx2
µ+ ξ

, (3.63)

x9 =
ξ

ξ + η
, (3.64)

x10 =
x1

(1− x1)2
, x11 =

x2

(1− x2)2
, (3.65)

pobs(0, 0) =
ηξ

(λ+ η) (ξ + η)
, (3.66)

c5 =
η (λ+ η)

(λ+ η) (ξ − η) + ηµ
pobs(0, 0) =

η2ξ

(ξ + η) [(λ+ η) (ξ − η) + ηµ]
. (3.67)

Oi stajerèc c1, c2, c3 kai c4 upologÐzontai epilÔontac to akìloujo grammikì sÔsthma

exis¸sewn (3.68)-(3.71):

(λ+ ξ − µx1) · c1 + (λ+ ξ − µx2) · c2 + 0 · c3 + 0 · c4 =
η2ξ (µ− λ− η)

(ξ + η) [(λ+ η) (ξ − η) + ηµ]
,

(3.68)

0 · c1 + 0 · c2 + [(µ+ ξ)x1 − λ]x
n(1)
1 · c3 + [(µ+ ξ)x2 − λ]x

n(1)
2 · c4 = 0, (3.69)

−xn(0)+1
1 · c1 − xn(0)+1

2 · c2 + x
n(0)+1
1 · c3 + x

n(0)+1
2 · c4

=
η2ξ (µ− λ− η)

(ξ + η) [(λ+ η) (ξ − η) + ηµ]

�
λ

λ+ η

�n(0)+1

, (3.70)

−xn(0)+2
1 · c1 − xn(0)+2

2 · c2 + x
n(0)+2
1 · c3 + x

n(0)+2
2 · c4

=
η2ξ (µ− λ− η)

(ξ + η) [(λ+ η) (ξ − η) + ηµ]

�
λ

λ+ η

�n(0)+2

. (3.71)

Apìdeixh. H st�simh katanom  tou montèlou k�tw apì mia strathgik  katwflÐ-

ou me kat¸flia (n(0), n(1)) mporeÐ na brejeÐ p�li qrhsimopoi¸ntac th jewrÐa twn

grammik¸n exis¸sewn diafor¸n me stajeroÔc suntelestèc. Pr�gmati, oi exis¸seic
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isorropÐac tou montèlou k�tw apì thn strathgik  katwflÐou (n(0), n(1)) eÐnai:

(λ+ η) pobs(0, 0) = ξ

n(1)+1X
n=0

pobs(n, 1), (3.72)

(λ+ η) pobs(n, 0) = λpobs(n− 1, 0), 1 ≤ n ≤ n(0), (3.73)

ηpobs(n(0) + 1, 0) = λpobs(n(0), 0), (3.74)

(λ+ ξ) pobs(0, 1) = µpobs(1, 1) + ηpobs(0, 0), (3.75)

(λ+ µ+ ξ) pobs(n, 1) = λpobs(n− 1, 1) + µpobs(n+ 1, 1) + ηpobs(n, 0),

1 ≤ n ≤ n(0) + 1, (3.76)

(λ+ µ+ ξ) pobs(n, 1) = λpobs(n− 1, 1) + µpobs(n+ 1, 1),

n(0) + 2 ≤ n ≤ n(1), (3.77)

(µ+ ξ) pobs(n(1) + 1, 1) = λpobs(n(1), 1). (3.78)

Apì thn exÐswsh (3.73), sumperaÐnoume �mesa ìti

pobs(n, 0) =

�
λ

λ+ η

�n
pobs(0, 0), 0 ≤ n ≤ n(0). (3.79)

Sundu�zontac tic (3.74) kai (3.79) èqoume

pobs(n(0) + 1, 0) =
λ+ η

η

�
λ

λ+ η

�n(0)+1

pobs(0, 0). (3.80)

Apì th sqèsh (3.72) sun�goume �mesa ìti

n(1)+1X
n=0

pobs(n, 1) =
λ+ η

ξ
pobs(0, 0).

Antikajist¸ntac thn teleutaÐa, mazÐ me tic (3.79) kai (3.80), sthn exÐswsh kanoniko-

poÐhshc, mporoÔme na upologÐsoume, met� apì k�poiec aplèc algebrikèc pr�xeic, to

pobs(0, 0). Pr�gmati, telik� prokÔptei h (3.66).

Tèloc, sundu�zontac tic (3.66), (3.79) kai (3.80) katal goume stic

pobs(n, 0) =
ηξ

(λ+ η) (ξ + η)

�
λ

λ+ η

�n
, 0 ≤ n ≤ n(0), (3.81)

pobs(n(0) + 1, 0) =
ξ

ξ + η

�
λ

λ+ η

�n(0)+1

.
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EpÐshc, apì thn (3.76), kai lamb�nontac upìyh th morf  thc (3.81), sumperaÐnoume

pobs(n, 1) = c1x
n
1 + c2x

n
2 + c5

�
λ

λ+ η

�n
, 0 ≤ n ≤ n(0) + 2, (3.82)

ìpou ta x1 kai x2 eÐnai ìpwc diatup¸jhkan sthn prìtash. Apomènei, loipìn na pros-

dioristoÔn oi stajerèc c1, c2 kai c5. OmoÐwc, qrhsimopoi¸ntac thn (3.77), sun�goume

ìti

pobs(n, 1) = c3x
n
1 + c4x

n
2 , n(0) + 1 ≤ n ≤ n(1) + 1, (3.83)

ìpou oi stajerèc c3 kai c4 prèpei epÐshc na prosdioristoÔn. Antikajist¸ntac, thn

posìthta c5
�

λ
λ+η

�n
wc mia eidik  lÔsh sthn (3.76), mporoÔme na upologÐsoume th

stajer� c5, k�nontac touc aparaÐthtouc upologismoÔc. Pr�gmati, katal goume sthn

(3.67). Antikajist¸ntac thn (3.67) sthn (3.82) kai lamb�nontac upìyh kai th sqèsh

(3.83), èqoume telik� ìti

pobs(n, 1) = c1x
n
1 + c2x

n
2 +

η2ξ

(ξ + η) [(λ+ η) (ξ − η) + ηµ]

�
λ

λ+ η

�n
,

0 ≤ n ≤ n(0) + 2, (3.84)

pobs(n, 1) = c3x
n
1 + c4x

n
2 , n(0) + 1 ≤ n ≤ n(1) + 1.

'Etsi, to mìno pr�gma pou apomènei eÐnai o prosdiorismìc twn stajer¸n c1, c2, c3 kai

c4, oi opoÐec kai prokÔptoun me thn epÐlush enìc grammikoÔ sust matoc 4 exis¸sewn.

H pr¸th exÐswsh prokÔptei apì tic (3.75) kai (3.84). H deÔterh exÐswsh prokÔptei

apì tic (3.78), kai (3.84). Oi �llec dÔo exis¸seic gia ton prosdiorismì twn stajer¸n

prokÔptoun apì tic (3.84) gia n = ne(0) + 1 kai n = ne(0) + 2. K�nontac k�poiec

aplopoi seic, katal goume stic exis¸seic (3.68)-(3.71).

Epistrèfoume t¸ra sto prìblhma upologismoÔ tou anamenìmenou kajaroÔ koinw-

nikoÔ ofèlouc an� qronik  mon�da pou dÐnetai apì th sqèsh

Ssocobs(n) = λP serobsRs + λP catobsRf − CEobs[Q], (3.85)

ìpou ta P serobs kai P catobs eÐnai ta posost� twn pelat¸n pou apoqwroÔn telik� apì to

sÔsthma lìgw exuphret sewn kai katastrof¸n antÐstoiqa kai to Eobs[Q] eÐnai o mèsoc
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arijmìc twn pelat¸n sto sÔsthma. 'Eqoume

P serobs =

n(0)X
k=0

pobs(k, 0)

�
µ

µ+ ξ

�k+1

+

n(1)X
k=0

pobs(k, 1)

�
µ

µ+ ξ

�k+1

, (3.86)

P catobs =

n(0)X
k=0

pobs(k, 0)

�
1−

�
µ

µ+ ξ

�k+1
�

+

n(1)X
k=0

pobs(k, 1)

�
1−

�
µ

µ+ ξ

�k+1
�
, (3.87)

Eobs[Q] =

n(0)+1X
k=0

kpobs(k, 0) +

n(1)+1X
k=0

kpobs(k, 1). (3.88)

UpologÐzontac ta gewmetrik� ajroÐsmata stic (3.86) - (3.88) kai antikajist¸ntac

sthn (3.85), prokÔptei, met� apì merikèc pr�xeic, h (3.60). �

Dustuq¸c, h idiaÐtera polÔplokh morf  thc (3.60) den epitrèpei ton prosdiorismì

tou megÐstou thc se kleist  analutik  morf , all� mporeÐ na axiopoihjeÐ gia ton

arijmhtikì upologismì tou.

Epistrèfoume t¸ra sth mh parathr simh perÐptwsh. Ed¸, upojètoume p�li ìti

o diaqeirist c tou sust matoc mporeÐ na epib�lei èna antÐtimo eisìdou, èstw p, tro-

popoi¸ntac thn amoib  twn pelat¸n apì thn olokl rwsh thc exuphrèths c touc se

Rs − p mon�dec. Me autì ton trìpo, mporeÐ na anagk�sei touc strathgikoÔc pel�tec

na uiojet soun mia sugkekrimènh pijanìthta eisìdou pou beltistopoieÐ to koinwnikì

ìfeloc   to kèrdoc to an� qronik  mon�da. To endiafèron mac esti�zetai ston u-

pologismì thc bèltisthc pijanìthtac eisìdou, qsoc, h opoÐa megistopoieÐ to kajarì

koinwnikì ìfeloc an� qronik  mon�da. Gia na proqwr soume, arqik� parajètoume

tic akìloujec prot�seic, gia ton upologismì tou kajaroÔ koinwnikoÔ ofèlouc an�

qronik  mon�da kai thc parag¸gou tou.

Prìtash 3.6. JewroÔme to mh parathr simo montèlo thc M/M/1 our�c me ka-

tastrofèc kai epitrepìmenec afÐxeic. To anamenìmeno kajarì koinwnikì ìfeloc an�

qronik  mon�da, dedomènou ìti ìloi oi pel�tec akoloujoÔn mia mikt  strathgik  me
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pijanìthta eisìdou q (dhl. oi afiknoÔmenoi pel�tec eisèrqontai me pijanìthta q) dÐnetai

apì th sqèsh

Ssocun (q) =

8<:λq ·
�
Rs −Rf + C

ξ

�
· ηµξ+η (g(q)− θ) , an Rs −Rf + C

ξ 6= 0

λq ·
�
Rs − Cξ

ξ(ξ+η)

�
, an Rs −Rf + C

ξ = 0,
(3.89)

ìpou h g(q) kai to θ ekfr�zontai mèsw twn sqèsewn (3.46) kai (3.52).

Apìdeixh. To anamenìmeno kajarì koinwnikì ìfeloc an� qronik  mon�da mporeÐ

na ekfrasteÐ mèsw thc sqèshc

Ssocun (n) = λP serun Rs + λP catun Rf − CEun[Q], (3.90)

ìpou ta P serun kai P catun eÐnai ta posost� twn pelat¸n pou apoqwroÔn telik� apì to

sÔsthma lìgw exuphrèthshc kai katastrof¸n antÐstoiqa kai to Eun[Q] eÐnai o mè-

soc arijmìc twn pelat¸n sto sÔsthma. An�loga me touc upologismoÔc pou k�name

sthn parathr simh perÐptwsh gia th sun�rthsh tou koinwnikoÔ ofèlouc, mporoÔme na

upologÐsoume ta P serun , P catun kai to Eun[Q] wc ex c:

P serun =
∞X
k=0

pun(k, 0)

�
µ

µ+ ξ

�k+1

+
∞X
k=0

pun(k, 1)

�
µ

µ+ ξ

�k+1

, (3.91)

P catun =
∞X
k=0

pun(k, 0)

�
1−

�
µ

µ+ ξ

�k+1
�

+
∞X
k=0

pun(k, 1)

�
1−

�
µ

µ+ ξ

�k+1
�
, (3.92)

Eun[Q] =
∞X
k=0

kpun(k, 0) +
∞X
k=0

kpun(k, 1). (3.93)

Antikajist¸ntac tic (3.91), (3.92) kai (3.93) sthn (3.90), sÔmfwna kai me to sumbo-

lismì pou qrhsimopoi jhke sthn prìtash (3.2), èqoume ìti

Ssocun (q) = λq (Rs −Rf )
µ

µ+ ξ

�
Π0

�
µ

µ+ ξ

�
+ Π1

�
µ

µ+ ξ

��

+λqRf − C
¦

Π
′
0(1) + Π

′
1(1)

©
. (3.94)
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Apì th sqèsh (3.44) ekfr�zoume to Π1

�
µ
µ+ξ

�
sunart sei tou Π0

�
µ
µ+ξ

�
. Epiplèon,

jètontac z = µ
µ+ξ ston tÔpo thc Π0(z), ìpwc dÐnetai sthn (3.22), kai sundu�zontac

en suneqeÐa thn èkfrash pou prokÔptei me th sqèsh (3.44), katal goume sth sqèsh

Π0

�
µ

µ+ ξ

�
+ Π1

�
µ

µ+ ξ

�
=
η (µ+ ξ)

ξ + η
· 1

λq
·
�
1− η (1− x2(q))

λq − µx2(q) + η

�
. (3.95)

EpÐshc, paragwgÐzontac thn (3.31) kai jètontac z = 1, prokÔptei

Π
′
0(1) + Π

′
1(1) =

ξ + η

ξ
Π
′
0(1) +

η

ξ
Π0(1) +

µ

ξ
p(0, 1) +

λq − µ− ξ
ξ

Π1(1). (3.96)

Shmei¸noume ìti to p(0, 1) mporeÐ na prokÔyei �mesa apì th sqèsh (3.35) thc para-

gr�fou 3.4. Epiplèon, to Π0(1) mporeÐ na upologisteÐ jètontac z = 1 sthn (3.22).

K�nontac touc aparaÐthtouc upologismoÔc, sun�goume ìti Π0(1) = ξ
ξ+η . Apì thn

teleutaÐa, mporoÔme �mesa na katal xoume sthn Π1(1) = η
ξ+η . Tèloc, paragwgÐzon-

tac thn (3.22) kai jètontac z = 1, met� apì merikoÔc �mesouc upologismoÔc èqoume

ìti Π
′
0(1) = λqξ

η(ξ+η) . Epomènwc, antikajist¸ntac ìla ta parap�nw sthn sqèsh (3.96),

prokÔptei telik� ìti

Π
′
0(1) + Π

′
1(1) =

λq

η
+
η (λq − µ)

ξ (ξ + η)
+

η2µ (1− x2(q))
ξ (λq − µx2(q) + η) (ξ + η)

. (3.97)

AkoloÔjwc, antikajistoÔme tic (3.95) kai (3.97) sthn (3.94). Met� apì merikoÔc

upologismoÔc, èqoume

Ssocun (q) =
ηµ

ξ + η
·
�
Rs −Rf +

C

ξ

�
·λq − µx2(q) + ηx2(q)

λq − µx2(q) + η
+λq·

�
Rf −

C

ξ
− Cξ

ξ (ξ + η)

�
.

Lamb�nontac t¸ra upìyh th morf  thc g(q), ìpwc aut  orÐsthke sth sqèsh (3.46),

sun�goume telik� touc dÔo kl�douc thc sqèshc (3.89). �

Prìtash 3.7. H par�gwgoc thc sun�rthshc tou anamenìmenou kajaroÔ koinwnikoÔ

ofèlouc an� qronik  mon�da ìtan isqÔei h sunj kh Rs − Rf + C
ξ 6= 0 dÐnetai apì th

sqèsh

(Ssocun (q))
′

=

�
Rs −Rf +

C

ξ

�
· ηµ

ξ + η
·
�
φ
′
(q)− λθ

�
, (3.98)

ìpou h φ(q) orÐzetai apì thn (3.45).
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Apìdeixh. ParagwgÐzontac th sqèsh (3.89) prokÔptei �mesa ìti

(Ssocun (q))
′

= λ

�
Rs −Rf +

C

ξ

�
· ηµ

ξ + η
·
�
g(q) + qg

′
(q)− θ

�
,

ìpou h g(q) èqei oristeÐ sth sqèsh (3.46). Wstìso, an l�boume upìyh th sqèsh twn

φ(q) kai g(q), ìpwc aut  faÐnetai mèsa apì tic sqèseic (3.45) kai (3.46), mporoÔme

�mesa na sun�goume ìti

g(q) + qg
′
(q) =

φ
′
(q)

λ
.

O sunduasmìc twn dÔo teleutaÐwn exis¸sewn oloklhr¸nei thn apìdeixh. �

Sth sunèqeia proqwr�me ston upologismì thc pijanìthtac qsoc pou megistopoieÐ

to anamenìmeno kajarì koinwnikì ìfeloc an� qronik  mon�da. Arqik�, shmei¸noume

ìti opoiad pote rÐza thc exÐswshc (Ssocun )
′
(q) = 0 mporeÐ na qarakthristeÐ isodÔnama

wc rÐza thc exÐswshc φ
′
(q) = 0. Se autì to shmeÐo, upenjumÐzoume ìti h φ(q) eÐnai

gnhsÐwc aÔxousa kai koÐlh sun�rthsh tou q. Epomènwc, h φ
′
(q) eÐnai mia gnhsÐwc

fjÐnousa sun�rthsh kai, kat� sunèpeia, h exÐswsh (Sunsoc(q))
′

= 0 èqei to polÔ mÐa

rÐza. Epiplèon, èqoume ìti

• an (Ssocun )
′
(q) > 0 gia k�je q sto [0, 1], tìte qsoc = 1.

• an (Ssocun )
′
(q) < 0 gia k�je q sto [0, 1], tìte qsoc = 0.

• an (Ssocun )
′
(q) = 0 gia k�je q sto [0, 1], tìte opoiod pote q sto [0, 1] eÐnai

bèltisto, qsoc = q.

• an h (Ssocun )
′
(q) de diathreÐ prìshmo mèsa sto [0, 1], tìte to mègisto thc Sunsoc(q)

ja epitugq�netai eÐte sth monadik  rÐza thc exÐswshc (Sunsoc)
′
(q) = 0, eÐte se èna

apì ta dÔo �kra , q = 0   q = 1.

Epomènwc, èqoume to akìloujo apotèlesma.

Prìtash 3.8. JewroÔme to mh parathr simo montèlo thc M/M/1 our�c me ka-

tastrofèc kai epitrepìmenec afÐxeic kai ènan tuqaÐa epilegmèno afiknoÔmeno pel�th.

'Estw θ kai be ìpwc orÐzontai stic (3.52) kai (3.53) antÐstoiqa. OrÐzoume epÐshc

jsoc =
C

ξ
−

ηµ
�
g(1) + g

′
(1)
�
Rs

ξ + η − ηµ (g(1) + g′(1))
+

Cξ

η[ξ + η − ηµ (g(1) + g′(1))]
. (3.99)
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DiakrÐnoume tic akìloujec peript¸seic an�loga me thn tim  thc diafor�c Rf − Rs
twn dÔo amoib¸n.

PerÐptwsh A: Rf −Rs < C
ξ .

UpoperÐptwsh a: H kajar  strathgik  pou orÐzei ston pel�th na apoqwr -

sei eÐnai h monadik  koinwnik� bèltisth strathgik  an kai mìno an Rf ≤ be.

UpoperÐptwsh b: H kajar  strathgik  pou orÐzei ston pel�th na eisèljei

eÐnai h monadik  koinwnik� bèltisth strathgik  an kai mìno an Rf ≥ jsoc.

UpoperÐptwsh c: Mia gn sia mikt  koinwnik� bèltisth strathgik  up�rqei

an kai mìno an be < Rf < jsoc. K�tw apì aut  th sunj kh, h strathgik 

aut  upodeiknÔei ston pel�th na eisèljei me pijanìththta qsoc, ìpou to qsoc

eÐnai h monadik  lÔsh thc exÐswshc φ
′
(q) = λθ sto (0, 1).

PerÐptwsh B: Rf −Rs > C
ξ .

UpoperÐptwsh a: H kajar  strathgik  pou orÐzei ston pel�th na apoqw-

r sei eÐnai h monadik  koinwnik� bèltisth strathgik , an kai mìno an

Rf ≤ jsoc (upoperÐptwsh i)   an oi sunj kec jsoc < Rf < be kai Rf ≤ je

isqÔoun tautìqrona (upoperÐptwsh ii).

UpoperÐptwsh b: H kajar  strathgik  pou orÐzei ston pel�th na eisèljei

eÐnai h monadik  koinwnik� bèltisth strathgik , an kai mìno an Rf ≥ be

(upoperÐptwsh i)  , isodÔnama, an kai mìno an oi sunj kec jsoc < Rf < be

kai Rf ≥ je isqÔoun tautìqrona (upoperÐptwsh ii).

PerÐptwsh C: Rf −Rs = C
ξ .

UpoperÐptwsh a: H kajar  strathgik  pou orÐzei ston pel�th na apoqw-

r sei eÐnai h monadik  koinwnik� bèltisth strathgik , an kai mìno an

Rs ≤ Cξ
η(ξ+η)  , isodÔnama, an kai mìno an Rf ≤ Cξ

η(ξ+η) + C
ξ .

UpoperÐptwsh b: H kajar  strathgik  pou orÐzei ston pel�th na eisèljei

eÐnai h monadik  koinwnik� bèltisth strathgik , an kai mìno anRs ≥ Cξ
η(ξ+η)

 , isodÔnama, an kai mìno an Rf ≥ Cξ
η(ξ+η) + C

ξ .
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UpoperÐptwsh c: Mia gn sia mikt  strathgik  isorropÐac up�rqei an kai

mìno an Rs = Cξ
η(ξ+η)  , isodÔnama, an kai mìno an Rf = Cξ

η(ξ+η) + C
ξ . Upì

aut  th sunj kh, k�je mikt  strathgik  me pijanìthta eisìdou q ∈ [0, 1]

eÐnai koinwnik� bèltisth.

Apìdeixh.

Arqik� upojètoume ìti Rf 6= Rs+ C
ξ . Tìte, h S

soc
un (q) mporeÐ na grafeÐ sthn morf 

tou pr¸tou kl�dou thc (3.89), me th g(q) na dÐnetai apì th sqèsh (3.46). DiakrÐnoume,

t¸ra, dÔo peript¸seic, an�loga me to prìshmo thc posìthtac Rs −Rf + C
ξ .

Sthn perÐptwsh A, o suntelest c Rs − Rf + C
ξ sth sqèsh (3.98) eÐnai jetikìc,

ki ètsi katal goume sto sumpèrasma ìti, an φ
′
(0) ≤ λθ, tìte φ

′
(q) ≤ λθ gia k�je

q sto (0, 1), kai, epomènwc, ja isqÔei (Ssocun (q))
′
≤ 0 gia k�je q sto (0, 1). Epomè-

nwc, h kajar  strathgik  pou orÐzei ston pel�th na apoqwr sei eÐnai h koinwnik�

bèltisth strathgik  se aut n thn perÐptwsh. LÔnontac wc proc Rf , sun�goume thn

isodÔnamh sunj kh Rf ≤ be, me to be na dÐnetai apì thn (3.53) kai sun�goume thn

upoperÐptwsh (A-a). OmoÐwc, an φ
′
(1) ≥ λθ, tìte φ

′
(q) ≥ λθ gia k�je q sto (0, 1),

kai, epomènwc, ja isqÔei (Ssocun (q))
′
≥ 0 gia k�je q sto (0, 1). Se aut n thn pe-

rÐptwsh, h kajar  strathgik  pou orÐzei ston pel�th na eisèljei eÐnai h koinwnik�

bèltisth strathgik . LÔnontac p�li wc proc Rf , sun�goume thn isodÔnamh sunj -

kh Rf ≥ jsoc, me to jsoc na dÐnetai apì th (3.99) kai sun�goume thn upoperÐptwsh

(A-b). Tèloc, an φ
′
(1) < λθ < φ

′
(0), sumperaÐnoume �mesa ìti (Ssocun (q))

′
> 0 gia

q < qsoc kai (Ssocun (q))
′
< 0 gia q > qsoc, ìpou to qsoc eÐnai h monadik  rÐza thc exÐ-

swshc (Ssocun (q))
′

= 0  , isodÔnama, thc exÐswshc φ
′
(q) = λθ. Epomènwc, h monadik 

koinwnik� bèltisth strathgik  eÐnai h mikt  strathgik  me pijanìthta eisìdou qsoc.

LÔnontac wc proc Rf , h parap�nw sunj kh gr�fetai isodÔnama be < Rf < jsoc kai

sun�goume, ètsi, kai thn upoperÐptwsh (A-c).

Sthn perÐptwsh B, h an�lush gÐnetai ìmoia me thn perÐptwsh A. H mình diafor�

eÐnai ìti o suntelest c Rs − Rf + C
ξ ston pr¸to kl�do thc (3.89) eÐnai arnhtikìc ki

ètsi prèpei na antistrèyoume th for� se di�forec anisìthtec gia tic peript¸seic (B-a-

i) kai (B-b-i). Wstìso, shmei¸noume ìti, an jsoc < Rf < be, k�nontac tic kat�llhlec

antistrofèc, èqoume ìti (Ssocun (q))
′
< 0 gia q < qsoc kai (Ssocun (q))

′
> 0 gia q > qsoc,

ìpou to qsoc eÐnai p�li h monadik  rÐza thc exÐswshc φ
′
(q) = λθ. Epomènwc, h monadik 
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koinwnik� bèltisth strathgik  epitugq�netai eÐte gia q = 0 eÐte gia q = 1. EntoÔtoic,

mporeÐ eÔkola na elegqjeÐ ìti Ssocun (1) = λ
�
Rs −Rf + C

ξ

�
· ηµξ+η (g(1)− θ). 'Etsi, an

g(1) < θ sumperaÐnoume ìti Ssocun (1) > Ssocun (0) = 0, kai, ètsi, h koinwnik� bèltisth

strathgik  eÐnai h kajar  strathgik  pou orÐzei ston pel�th na eisèljei se aut n

thn perÐptwsh. Apì thn g(1) < θ sun�goume thn isodÔnamh sunj kh Rf > je kai

èqoume ètsi oloklhr¸sei thn perÐptwsh (B-b-ii). SÔmfwna me thn Ðdia diadikasÐa,

katal goume kai sthn upoperÐptwsh (B-a-ii).

Tèloc, sthn perÐptwsh C, ìpou Rf = Rs + C
ξ , èqoume ìti h (3.89) an�getai sth

S(un)(q) = Rs − Cξ
η(ξ+η) , ìpwc faÐnetai sto deÔtero kl�do thc kai, epomènwc, eÔkola

sun�goume tic upopeript¸seic (C-a), (C-b) kai (C-c). �

MporoÔme, loipìn, t¸ra na prosdiorÐsoume ìlec tic koinwnik� bèltistec strath-

gikèc sÔmfwna me tic di�forec peript¸seic twn paramètrwn leitourgÐac kai thc dom c

amoib c - kìstouc tou montèlou.

Je¸rhma 3.4. JewroÔme to mh parathr simo montèlo thc M/M/1 our�c me ka-

tastrofèc kai epitrepìmenec afÐxeic kai ènan tuqaÐa epilegmèno afiknoÔmeno pel�th.

Sqetik� me to prìblhma thc koinwnik c beltistopoÐhshc, èqoume tic akìloujec peri-

pt¸seic, an�loga me thn tim  thc amoib c Rs.

PerÐptwsh I: Rs <
Cξ

η(ξ+η) .

UpoperÐptwsh a: Rf < je.

Tìte, h monadik  koinwnik� bèltisth strathgik  eÐnai h kajar  strathgik 

pou orÐzei ston pel�th na apoqwr sei.

UpoperÐptwsh b: Rf = je.

Tìte, up�rqoun dÔo koinwnik� bèltistec strathgikèc: h kajar  strathgik 

pou orÐzei ston pel�th na apoqwr sei kai h kajar  strathgik  pou orÐzei

ston pel�th na eisèljei.

UpoperÐptwsh c: Rf > je.

Tìte, h monadik  koinwnik� bèltisth strathgik  eÐnai h kajar  strathgik 

pou orÐzei ston pel�th na eisèljei.
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PerÐptwsh II: Rs >
Cξ

η(ξ+η) .

UpoperÐptwsh a: Rf ≤ be.
Tìte, h monadik  koinwnik� bèltisth strathgik  eÐnai h kajar  strathgik 

pou orÐzei ston pel�th na apoqwr sei.

UpoperÐptwsh b: be < Rf < jsoc.

Tìte, up�rqei monadik  koinwnik� bèltisth strathgik  kai eÐnai h mikt 

strathgik  pou orÐzei pijanìthta eisìdou qsoc ∈ (0, 1), ìpou to qsoc eÐnai h

monadik  rÐza thc exÐswshc φ
′
(q) = λθ sto (0, 1), wc proc q.

UpoperÐptwsh c: Rf ≥ je.
Tìte, h monadik  koinwnik� bèltisth strathgik  eÐnai h kajar  strathgik 

pou orÐzei ston pel�th na eisèljei.

PerÐptwsh III: Rs = Cξ
η(ξ+η) .

UpoperÐptwsh a: Rf < be = je = jsoc.

Tìte, h monadik  koinwnik� bèltisth strathgik  eÐnai h kajar  strathgik 

pou orÐzei ston pel�th na apoqwr sei.

UpoperÐptwsh b: Rf = be = je = jsoc.

Tìte k�je strathgik  me pijanìthta eisìdou q ∈ [0, 1] eÐnai koinwnik�

bèltisth.

UpoperÐptwsh c: Rf > be = je = jsoc.

Tìte, h monadik  koinwnik� bèltisth strathgik  eÐnai h kajar  strathgik 

pou orÐzei ston pel�th na eisèljei.

Apìdeixh. Mia prosektik  mati� stic di�forec peript¸seic thc prìtashc 3.8, apo-

kalÔptei ìti o arijmìc kai h fÔsh twn strathgik¸n isorropÐac twn pelat¸n exart¸ntai

apì thn tim  tou Rf se sÔgkrish me tic posìthtec be, je, jsoc kai Rs + C
ξ . Wstìso, h

di�taxh aut¸n twn posot twn kajorÐzetai apì th di�taxh twn Rs kai
Cξ

η(ξ+η) kai, ètsi,

sun�goume tic peript¸seic I-III tou jewr matoc.

Sthn perÐptwsh I, èqoume ìti Rs + C
ξ < jsoc < je < be. 'Etsi, diakrÐnoume ept�

upopeript¸seic, sÔmfwna me thn tim  tou Rf .
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(I-i) Rf < Rs + C
ξ .

(I-ii) Rf = Rs + C
ξ .

(I-iii) Rs + C
ξ < Rf < jsoc.

(I-iv) jsoc ≤ Rf < je.

(I-v) Rf = je.

(I-vi) je < Rf ≤ be.

(I-vii) Rf > be.

Oi upopeript¸seic (I-i), (I-ii), (I-iii) kai (I-iv) antistoiqoÔn stic upopeript¸seic

(A-a), (C-a), (B-a-i) kai (B-a-ii) thc prìtashc 3.8 antÐstoiqa. Epomènwc, se autèc tic

treic peript¸seic, h kajar  strathgik  pou orÐzei ston pel�th na apoqwr sei eÐnai h

monadik  koinwnik� bèltisth strathgik  kai ètsi sun�goume thn upoperÐptwsh (I-a)

tou jewr matoc. H upoperÐptwsh (I-v) antistoiqeÐ stic upopeript¸seic (B-a-ii) kai

(B-b-ii) thc prìtashc 3.8, katadeiknÔontac tic dÔo kajarèc strathgikèc wc koinwnik�

bèltistec, kai epomènwc odhgoÔmaste sthn perÐptwsh (I-b) tou jewr matoc. Tèloc,

oi upopeript¸seic (I-vi) kai (I-vii) antistoiqoÔn stic upopeript¸seic (B-b-ii) kai (B-

b-i) thc prìtashc 3.8, opìte kai sumperaÐnoume ìti h kajar  strathgik  pou orÐzei

ston pel�th na eisèljei eÐnai h monadik  koinwnik� bèltisth strathgik . Aut  dÐnei

thn upoperÐptwsh (I-c) tou jewr matoc, opìte kai sun�goume thn perÐptwsh I.

Sthn perÐptwsh II, èqoume ìti be < je < jsoc < Rs+
C
ξ . Kat� sunèpeia, diakrÐnoume

èxi upopeript¸seic, an�loga me thn tim  tou Rf .

(II-i) Rf ≤ be.

(II-ii) be < Rf < je.

(II-iii) je ≤ Rf < jsoc.

(II-iv) jsoc ≤ Rf < Rs + C
ξ .

(II-v) Rf = Rs + C
ξ .
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(II-vi) Rf > Rs + C
ξ .

OmoÐwc me thn perÐptwsh I, èqoume ìti h upoperÐptwsh (II-i) antistoiqeÐ sthn upo-

perÐptwsh (A-a) thc prìtashc 3.8. Epomènwc, h kajar  strathgik  pou orÐzei ston

pel�th na apoqwr sei eÐnai h monadik  koinwnik� bèltisth strathgik  kai odhgoÔ-

maste sthn perÐptwsh (II-a) tou jewr matoc. Oi upopeript¸seic (II-ii) kai (II-iii)

antistoiqoÔn sthn perÐptwsh (A-c) thc prìtashc 3.8 opìte kai èqoume mia monadik 

mikt  strathgik  pou eÐnai koinwnik� bèltisth. Autì odhgeÐ sthn perÐptwsh (II-b) tou

jewr matoc. Tèloc, oi upopeript¸seic (II-iv), (II-v) kai (II-vi) antistoiqoÔn stic u-

popeript¸seic (A-b), (C-b) kai (B-b-ii) thc prìtashc 3.8 antÐstoiqa kai upodeiknÔoun

thn kajar  strathgik  pou orÐzei ston pel�th na eisèljei wc th monadik  koinwnik�

bèltisth strathgik . Autèc oi peript¸seic omadopoioÔntai sthn perÐptwsh (II-c) tou

jewr matoc.

Tèloc, sthn perÐptwsh III, èqoume ìti Rs + C
ξ = je = jsoc = be = C

ξ + Cξ
η(ξ+η) .

Kat� sunèpeia, èqoume tic akìloujec treic upopeript¸seic, sqetik� me thn tim  tou

Rf .

(III-i) Rf <
C
ξ + Cξ

η(ξ+η) .

(III-ii) Rf = C
ξ + Cξ

η(ξ+η) .

(III-iii) Rf >
C
ξ + Cξ

η(ξ+η) .

Oi peript¸seic (III-i), (III-ii) kai (III-iii) antistoiqoÔn stic peript¸seic (A-a), (C-

c) kai (B-b-i) thc prìtashc 3.8 kai odhgoÔn stic upopeript¸seic (III-a), (III-b) kai

(III-c) tou jewr matoc. �

Parat rhsh 3.9. Oi koinwnik� bèltistec strathgikèc stic di�forec peript¸seic

tou jewr matoc 3.4 parist�nontai grafik� sta sq mata 3.10, 3.11 kai 3.12.

Parat rhsh 3.10. Mia gn sia mikt  koinwnik� bèltisth strathgik , qsoc, ìtan

up�rqei, sthn perÐptwsh (II-b) tou jewr matoc 3.4, qarakthrÐzetai wc monadik  rÐza

thc exÐswshc φ
′
(q) = λθ sto (0, 1). Parìti aut  h exÐswsh eÐnai idiaÐtera polÔplokh,

eÐnai dunatì na brejeÐ mia aploÔsterh èkfrash gia to qsoc.
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je

-s
Rf

{0, 1}
0 1

Sq ma 3.10: Koinwnik� bèltistec strathgikèc wc proc Rf , PerÐptwsh I: Rs <
Cξ

η(ξ+η)

be jsoc

-s s
Rf0 qsoc 1

Sq ma 3.11: Koinwnik� bèltistec strathgikèc wc proc Rf , PerÐptwsh II: Rs >
Cξ

η(ξ+η)

be = je = jsoc

-s
Rf

[0, 1]

0 1

Sq ma 3.12: Koinwnik� bèltistec strathgikèc wc proc Rf , PerÐptwsh III: Rs = Cξ
η(ξ+η)
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Pr�gmati, me b�sh thn parat rhsh 3.8, h exÐswsh φ(q) = θλq− 1 mporeÐ na p�rei

th morf 

−η (1− x2(q))3 +
�
θµx2(q)

2 − [(µ+ ξ) θ + 1]x2(q) + 1
�

[(ξ − η)x2(q) + η] = 0,

 , isodÔnama, th morf 

ax2(q)
3 + bx2(q)

2 + cx2(q) = 0,

ìpou

a = η + θµ (ξ − η) ,

b = ηθµ− ξ − 2η − (ξ − η) (µ+ ξ) θ,

c = ξ + η − η (µ+ ξ) θ.

'Etsi, paragwgÐzontac thn teleutaÐa, èqoume ìti h exÐswsh φ
′
(q) = λθ an�getai sthn

3ax2(q)
2 + 2bx2(q) + c = 0, (3.100)

kai, apì aut  thn �poyh, mporoÔme �mesa na l�boume th lÔsh thc g(q) = θ lÔnontac

pr¸ta thn (3.100) wc proc x2(q) kai upologÐzontac sth sunèqeia to q mèsw thc (3.56).

Parat rhsh 3.11. Sto sq ma 3.13, èqoume sundu�sei ta graf mata 3.10, 3.11 kai

3.12 prokeimènou na sugkrÐnoume tic strathgikèc isorropÐac me tic koinwnik� bèltistec

strathgikèc. 'Eqoume qrhsimopoi sei tic eujeÐec Rf = be(Rs), Rf = je(Rs) kai

Rf = jsoc(Rs). H pr¸th sunist¸sa se k�je perioq  anafèretai sthn atomik� bèltisth

strathgik  enìc pel�th, en¸ h deÔterh sthn koinwnik� bèltisth.

'Opwc parathroÔme, h sÔgkrish twn qe kai qsoc eÐnai saf c se ìlec tic peript¸seic,

me exaÐresh thn perÐptwsh ìpou oi sunj kec Rs >
Cξ

η(ξ+η) kai be < Rf < je isqÔoun

tautìqrona. UpenjumÐzoume ìti sthn perÐptwsh aut  h qe eÐnai h monadik  rÐza thc

exÐswshc h (q) = 0, en¸ h qsoc eÐnai h monadik  rÐza thc exÐswshc h
′
(q) = 0, ìpou

me h(q) èqoume sumbolÐsei th sun�rthsh φ(q) − λqθ − 1. Gia na proqwr soume,

upì autèc tic dÔo sunj kec, mporoÔme na elègxoume, met� apì orismènec algebrikèc

pr�xeic, ìti h h(q) eÐnai aÔxousa gia q < qsoc, en¸ eÐnai fjÐnousa gia q > qsoc. Epiplèon,

eÐnai koÐlh sun�rthsh. Tèloc, isqÔei h(0) > h(1). Lamb�nontac upìyh ta parap�nw,
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Sq ma 3.13: Strathgikèc isorropÐac kai koinwnik� bèltistec strathgikèc wc proc Rs

kai Rf - H mh parathr simh perÐptwsh

katal goume sto sumpèrasma ìti h anisìthta qsoc < qe isqÔei se aut n thn perÐptwsh,

to opoÐo eÐnai anamenìmeno, dedomènou ìti ed¸ o tuqaÐa epilegmènoc pel�thc uiojeteÐ

strathgik  sumperifor� tÔpou ATP. EpÐshc shmei¸noume ìti, gia ton Ðdio lìgo, h

Ðdia anisìthta isqÔei sthn perÐptwsh pou oi sunj kec Rs >
Cξ

η(ξ+η) kai je < Rf < jsoc

isqÔoun tautìqrona. Apì thn �llh, sthn perÐptwsh pou oi sunj kec Rs <
Cξ

η(ξ+η)

kai je < Rf < be isqÔoun tautìqrona èqoume thn antÐstrofh anisìthta, dedomènou

ìti aut  h perÐptwsh antistoiqeÐ se mia strathgik  sumperifor� STP. Tèloc, stic

upìloipec peript¸seic, mporoÔme amèswc na doÔme ìti h strathgik  isorropÐac kai h

koinwnik� bèltisth strathgik  sumpÐptoun.

3.6 Arijmhtik� peir�mata-Sumper�smata

Se aut n thn par�grafo, sun�goume orismèna poiotik� sumper�smata kai parou-

si�zoume arijmhtik� peir�mata, basismèna sta apotelèsmata thc prohgeij sac an�-

lus c. Parèqoume epÐshc diaisjhtikèc ermhneÐec gia ta di�fora arijmhtik� eur mata

ìson afor� th strathgik  sumperifor� twn pelat¸n. Arqik� epikentrwnìmaste sth

sumperifor� twn bèltistwn katwflÐwn thc parathr simhc perÐptwshc kaj¸c metab�l-
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lontai oi di�foroi par�metroi tou montèlou. 'Opwc èqoume dei sthn par�grafo 3.3,

h anisìthta ne(0) ≤ ne(1) eÐnai p�nta alhj c, epibebai¸nontac th diaÐsjhs  mac ìti

ènac pel�thc pou brÐskei to sÔsthma upì episkeu  eÐnai ligìtero anektikìc (se ì,ti

afor� twn arijmì twn pelat¸n pou brÐskei th stigm  thc �fix c tou) se sqèsh me

ènan pel�th pou brÐskei to sÔsthma se leitourgÐa. Epiplèon, èqoume ìti kai ta dÔo

kat¸flia ne(0), ne(1) eÐnai anex�rthta apì to rujmì �fixhc λ. Shmei¸noume, epÐshc,

ìti to kat¸fli ne(1) eÐnai anex�rthto apì to rujmì episkeu c η, se antÐjesh me to

kat¸fli ne(0) pou faÐnetai na emfanÐzei aÔxousa kai koÐlh sumperifor� wc proc thn

par�metro η, sugklÐnontac sto kat¸fli ne(1) kaj¸c η →∞. H aÔxousa sumperifor�

tou katwflÐou ne(0) wc proc η eÐnai anamenìmenh, efìson ìso aux�netai h tim  thc

paramètrou η, tìso ligìtero ja qreiasteÐ na perimènei ènac pel�thc pou brÐskei ton

uphrèth anenergì. Wstìso, h epÐdrash pou èqei h aÔxhsh tou η gÐnetai oloèna kai

ligìtero shmantik  ìso to η èqei  dh mia uyhl  tim  kai, epomènwc, eÐnai epÐshc ana-

menìmenh h koÐlh sumperifor� tou katwflÐou ne(0) wc proc η. Oi exis¸seic (3.5) kai

(3.6) posotikopoioÔn akrib¸c aut  thn aÔxousa kai koÐlh sumperifor�, deÐqnontac ìti

eÐnai logarijmik c morf c. EÐnai, epiplèon, eÔkolo na doÔme ìti kai ta dÔo kat¸flia

eÐnai aÔxousec sunart seic tou rujmoÔ exuphrèthshc µ kai thc apozhmÐwshc Rf , en¸

eÐnaia fjÐnousec sunart seic tou monadiaÐou kìstouc anamon c C.

'Oson afor� th sumperifor� twn katwflÐwn wc proc Rs parathroÔme mia logarij-

mik  aÔxhsh kaj¸c autì megal¸nei. Autì apoteleÐ mia shmantik  diafor� se sqèsh

me to montèlo tou Naor (1969), ìpou den up�rqoun oi katastrofèc, sto opoÐo ta

kat¸flia emfanÐzoun grammik  aÔxhsh wc proc Rs. Aut  h diaforopoÐhsh sth sum-

perifor� metaxÔ twn dÔo montèlwn mporeÐ na dikaiologhjeÐ wc ex c: Sto montèlo tou

Naor oi pel�tec sÐgoura ja l�boun telik� thn amoib  thc exuphrèthshc Rs, an fusik�

epilèxoun na eisèljoun sto sÔsthma, se antÐjesh me touc pel�tec sto parìn montèlo,

oi opoÐoi ja l�boun pijanìtata thn apozhmÐwsh Rf , an epilèxoun na eisèljoun sto

sÔsthma ìtan autì eÐnai sunwstismèno. 'Etsi, se antÐjesh me to montèlo tou Naor, h

aÔxhsh thc tim c thc paramètrou Rs gÐnetai oloèna kai ligìtero shmantik . Pr�gmati,

gia meg�lec timèc thc amoib c exuphrèthshc, Rs, ènac tuqaÐa epilegmènoc pel�thc  dh

anèqetai na brei ènan meg�lo arijmì pelat¸n mprost� tou kat� th stigm  �fix c tou.

Wstìso, an o arijmìc twn pelat¸n pou ja brei mprost� tou gÐnei uperbolik� meg�loc,

tìte eÐnai pijanìtero na mh l�bei thn amoib  Rs, all� thn amoib  apozhmÐwshc ant�
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aut c, Rf . Me aut  th logik , loipìn, akìmh ki an h tim  thc paramètrou Rs auxhjeÐ

shmantik� perissìtero, ta bèltista kat¸flia de ja parousi�soun mia an�logh aÔxhsh.

Autì to epiqeÐrhma apokalÔptei ìti h Ôparxh twn katastrofik¸n gegonìtwn metri�zei

th shmasÐa thc amoib c Rs, sthn perÐptwsh pou to sÔsthma eÐnai sunwstismèno.

Tèloc, ac jewr soume th sumperifor� twn bèltistwn katwflÐwn wc proc to rujmì

me ton opoÐo sumbaÐnoun oi katastrofèc, ξ. Aut  eÐnai arket� pio perÐplokh, opìte den

eÐnai kai to Ðdio eÔkolo na ermhneujeÐ diaisjhtik�. Se genikèc grammèc, ìso aux�netai

h tim  thc paramètrou ξ, tìso suqnìtera sumbaÐnoun katastrofèc kai, epomènwc,

h aÔxhsh tou ξ eunoeÐ touc pel�tec sto na p�roun thn apìfash na eisèljoun sto

sÔsthma gia uyhlèc timèc thc paramètrou Rf . Epiplèon, mei¸nei to kìstoc anamon c.

Wstìso, prokeimènou na oloklhr¸soume th suz thsh perÐ thc epÐdrashc thc tim c

tou ξ sth sumperifor� twn pelat¸n, prèpei na exet�soume qwrist� tie peript¸seic

tou na brejeÐ to sÔsthma energì   mh. Pio analutik�, e�n ènac tuqaÐa epilegmènoc

pel�thc brei to sÔsthma upì episkeu , ja prèpei sÐgoura na uposteÐ èna mèso kìstoc
C
η mon�dwn. Gia ènan tètoio pel�th, up�rqoun dÔo peript¸seic: eÐte h Ôparxh twn

katastrof¸n ep�gei mia jetik  epÐdrash, gia uyhlèc timèc thc posìthtac Rf − C
η , eÐte

mia arnhtik , gia qamhlèc timèc thc Rf − C
η . Sthn pr¸th perÐptwsh, o pel�thc eÐnai

prìjumoc na eisèljei sto sÔsthma me thn elpÐda ìti ja anagkasteÐ na to egkataleÐyei

lìgw miac katastrof c. Kat� sunèpeia, ìso megalÔteroc eÐnai o rujmìc katastrof c,

ξ, tìso pio anektikìc gÐnetai o pel�thc, me apotèlesma ta kat¸flia na parousi�zoun

auxousa sumperifor�. Apì thn �llh, gia qamhlèc timèc tou Rf − C
η , to kat¸fli

epideiknÔei fjÐnousa sumperifor�. Pr�gmati, se aut n thn perÐptwsh, oi pel�tec

epijumoÔn na exuphrethjoÔn, kai, epomènwc, ìso megalÔteroc o rujmìc katastrof c

ξ, tìso ligìtero anektikoÐ gÐnontai kat� th sumfìrhsh tou sust matoc. Sto sq ma

3.14 blèpoume èna par�deigma aÔxousac sumperifor�c tou ne(0) wc proc ξ, en¸ sto

sq ma 3.15 blèpoume èna par�deigma fjÐnousac sumperifor�c.

JewroÔme, t¸ra, ènan tuqaÐa epilegmèno pel�th pou brÐskei to sÔsthma se lei-

tourgÐa. Tìte, mÐa aÔxhsh tou ξ ep�gei th meÐwsh tou mèsou kìstouc anamon c tou

pel�th, th meÐwsh thc pijanìthtac na exuphrethjeÐ o pel�thc kai thn aÔxhsh thc

pijanìthtac na anagkasteÐ telik� o pel�thc na egkataleÐyei to sÔsthma lìgw kata-

strof c. 'Etsi, se aut n thn perÐptwsh, sunup�rqoun dÔo antikrouìmenec epidr�seic,

odhg¸ntac se mia sumperifor� bèltistou katwflÐou pou eÐnai fjÐnousa gia mikrèc ti-
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mèc thc paramètrou ξ kai aÔxousa gia meg�lec. Pio sugkekrimèna, ìtan to ξ eÐnai

mikrì, oi katastrofèc emfanÐzontai polÔ sp�nia. Epomènwc ènac tuqaÐa epilegmènoc

pel�thc den prosdok� na l�bei thn apozhmÐwsh katastrof c, Rf , akìma ki an eÐnai

meg�lh. Se ekeÐnh thn perÐptwsh, eÐnai sqedìn bèbaioc ìti ja exuphrethjeÐ kai anèqe-

tai mìno èna mikrì arijmì pelat¸n mprost� tou. EntoÔtoic, gia tic endi�mesec timèc

tou ξ, h pijanìthta na anagkasteÐ na apoqwr sei apì to sÔsthma lìgw katastrof c

gÐnetai shmantik . Epomènwc, oi pel�tec suneqÐzoun na eÐnai prìjumoi na eisèljoun

sto sÔsthma, prosdok¸ntac thn amoib  exuphrèthshc, all� uiojetoÔn mia strathgik 

katwflÐou me fjÐnousa t�sh. Se autì to di�sthma tim¸n tou ξ, den eÐnai saf c poia

eÐnai h epÐdrash pou uperisqÔei. Tèloc, gia meg�lec timèc tou ξ, h tim  tou Rf eÐnai o

krÐsimoc par�gontac, epeid  oi pel�tec eÐnai projumìteroi na eisèljoun me thn elpÐda

ìti ja l�boun thn apozhmÐwsh katastrof c, Rf . Epomènwc, se ekeÐno to di�sthma, to

bèltisto kat¸fli aux�netai wc proc ξ. Mia mati� sta sq mata 3.14 kai 3.15 deÐqnei th

sumperifor� tou bèltistou katwflÐou ne(1) wc proc ξ. Ta sq mata aut� diafwtÐzoun

th diaforetik  sumperifor� thc epÐdrashc thc aÔxhshc tou rujmoÔ katastrof c, ξ,

stouc pel�tec pou brÐskoun ton uphrèth energì   upì episkeu . Shmei¸noume ìti,

ìtan Rf − C
η > 0, kai ta dÔo bèltista kat¸flia aux�nontai gia uyhlèc timèc tou ξ.

Wstìso, ìtan Rf − C
η < 0, to ne(0) mei¸netai en¸ to ne(1) aux�netai gia uyhlèc timèc

tou ξ.

Strèfoume t¸ra to endiafèron mac sth sumperifor� twn strathgik¸n isorropÐac

(pijanot twn eisìdou) sth mh parathr simh perÐptwsh kaj¸c merikèc par�metroi tou

montèlou metab�llontai. AnakaloÔme ìti, sÔmfwna me thn an�lush sthn par�grafo

3.4, parathroÔme sumperifor� ATP gia Rs − Rf + C
ξ > 0 kai sumperifor� STP an

Rs−Rf + C
ξ < 0. Epomènwc, oi par�metroi λ, η kai µ den ephre�zoun th sumperifor�

ATP   STP twn pelat¸n. Sunep¸c, eÐnai aplì na sun�goume thn epÐdrash thc

metabol c aut¸n twn paramètrwn stic pijanìthtec eisìdou isorropÐac. Pr�gmati,

mia aÔxhsh tou λ sunep�getai th aÔxhsh tou mèsou qrìnou anamon c enìc tuqaÐa

epilegmènou pel�th, ki ètsi odhgeÐ se qamhlìterec pijanìthtec eisìdou. Apì thn

�llh, mia aÔxhsh tou η mei¸nei to mèso qrìno anamon c enìc tuqaÐa epilegmènou

pel�th kai, epomènwc, ep�gei uyhlìterec pijanìthtec eisìdou isorropÐac. OmoÐwc,

eÐnai eÔkolo na doÔme ìti h pijanìthta eisìdou isorropÐac eÐnai aÔxousa sun�rthsh

tou µ.
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'Oson afor� t¸ra thn par�metro ξ, faÐnetai dÔskolo na exhg soume thn epÐdrash

pou èqei h aÔxhs  thc stic pijanìthtec eisìdou, qrhsimopoi¸ntac k�poion poiotikì

- diaisjhtikì sullogismì. Apì aut n thn �poyh, ta apotelèsmata thc paragr�fou

3.4 faÐnontai idiaÐtera qr sima. Pr�gmati, mia aÔxhsh tou ξ èqei mia sÐgoura jetik 

epÐdrash, th meÐwsh tou mèsou kìstouc anamon c gia touc pel�tec. Ep�gei, epÐshc,

meÐwsh thc desmeumènhc pijanìthtac na exuphrethjeÐ ènac tuqaÐa epilegmènoc pel�-

thc, dedomènou ìti parathreÐ n pel�tec kai apofasÐzei na eisèljei, gia opoiod pote

n (kai mia aÔxhsh thc sumplhrwmatik c desmeumènhc pijanìthtac na anagkasteÐ na

egkataleÐyei to sÔsthma lìgw katastrof c). H fÔsh aut c thc epÐptwshc (jetik c

  arnhtik c) exart�tai apì tic sqetikèc timèc twn Rs, Rf kai µ. An h amoib  exuphrè-

thshc eÐnai pio epijumht , tìte h epÐptwsh eÐnai arnhtik , en¸ eÐnai jetik  an o tuqaÐa

epilegmènoc pel�thc protim� thn apozhmÐwsh. Mia trÐth epÐdrash eÐnai ìti h aÔxhsh

tou ξ sunep�getai ìti ènac tuqaÐa epilegmènoc pel�thc anamènei na brei kat� thn �fixh

tou ligìterouc pel�tec mprost� tou. Aut  h epÐdrash den up�rqei sthn parathr simh

perÐptwsh, ìpou ènac pel�thc parathreÐ ton arijmì twn pelat¸n pou perimènoun kai,

sunep¸c, ton lamb�nei upìyh tou prokeimènou na apofasÐsei an ja eisèljei   ìqi. H

fÔsh aut c thc epÐdrashc exart�tai epÐshc apì to an ènac pel�thc protim� thn amoi-

b  exuphrèthshc   thn apozhmÐwsh bl�bhc. Pr�gmati, h parousÐa poll¸n pelat¸n

{ton prostateÔei} apì thn exuphrèthsh kai ètsi kajÐstatai pijanìtero na l�bei thn

apozhmÐwsh bl�bhc.

Lamb�nontac upìyh tic treic parap�nw epidr�seic, den eÐnai par�xeno ìti parath-

roÔntai polÔ diaforetikèc peript¸seic gia th sumperifor� thc pijanìthtac eisìdou

isorropÐac wc proc to ξ. Merik� endiafèronta paradeÐgmata parousi�zontai sta sq -

mata 3.16 kai 3.17, ìpou to qe sqedi�zetai wc proc to ξ. Shmei¸noume ìti, sto sq ma

3.16 èqoume p�nta mia monadik  pijanìthta eisìdou isorropÐac, h opoÐa arqik� aux�ne-

tai wc proc ξ kai katìpin mei¸netai. Autì antistoiqeÐ se sumperifor� ATP. Wstìso,

sto sq ma 3.17, gia qamhlèc timèc tou ξ, èqoume mia monadik  pijanìthta eisìdou

isorropÐac, h opoÐa arqik� eÐnai fjÐnousa wc proc ξ. Autì antistoiqeÐ p�li se sum-

perifor� ATP. 'Epeita, ìmwc, ìtan to ξ gÐnetai uyhlìtero, èqoume treic pijanìthtec

eisìdou isorropÐac, 0, 1 kai mia pijanìthta eisìdou pou brÐsketai austhr� metaxÔ tou

0 kai tou 1 (kai antistoiqeÐ se mia gn sia mikt  strathgik ). Genik� mporoÔme na

poÔme ìti gia qamhlèc timèc tou ξ h strathgik  sumperifor� twn pelat¸n einai an�-
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logh me aut  sto montèlo tou Naor, all� gia endi�mesec timèc tou ξ h strathgik 

sumperifor� den mporeÐ na prokÔyei me diaisjhtikì sullogismì, lìgw thc sunÔparxhc

aut¸n twn antikrouìmenwn epidr�sewn. Tìte, o arijmhtikìc upologismìc thc pija-

nìthtac eisìdou pou qrhsimopoieÐ ta analutik� apotelèsmata eÐnai anagkaÐoc gia thn

katanìhsh thc strathgik c sumperifor�c twn pelat¸n. Tèloc, gia uyhlèc timèc tou

ξ, h strathgik  sumperifor� twn pelat¸n kajorÐzetai apì thn tim  thc posìthtac

Rf − C
η . Pr�gmati, se aut n thn perÐptwsh, ènac pel�thc ja brei to sÔsthma sqedìn

sÐgoura upì episkeu  kai ìtan oloklhrwjeÐ o qrìnoc episkeu c ja apoqwr sei apì

to sÔsthma sqedìn amèswc, qwrÐc na exuphrethjeÐ, lìgw miac katastrof c. Tìte to
C
η eÐnai sqedìn Ðso me to anamenìmeno kìstoc tou kai h amoib  tou sqedìn sÐgoura

ja dojeÐ apì to Rf . Epomènwc, an Rf − C
η > 0, h pijanìthta isorropÐac qe eÐnai 1,

diaforetik� eÐnai 0.

Parìmoia sumper�smata mporoÔn na sunaqjoÔn, an melet soume thn pijanìthta

eisìdou wc proc thn amoib  exuphrèthshc Rs, thn apozhmÐwsh bl�bhc Rf   to ana-

menìmeno kìstoc an� qronik  mon�da C. Ed¸ up�rqoun, p�li, jetikèc kai arnhtikèc

epidr�seic, ìso oi antÐstoiqec par�metroi aux�nontai kai h kajar  epÐdrash sth stra-

thgik  sumperifor� twn pelat¸n den mporeÐ na sunaqjeÐ me akrÐbeia se diaisjhtik 

b�sh. Sta sq mata 3.18 kai 3.19 parousi�zoume th grafik  par�stash twn pijano-

t twn eisìdou wc proc ta Rs kai C gia dÔo arijmhtik� peir�mata. 'Opwc mporoÔme

na doÔme, oi grafikèc parast�seic deÐqnoun ìti an�loga me to eÔroc twn paramètrwn

mporoÔn na emfanistoÔn diaforetikoÔ eÐdouc katast�seic. ParadeÐgmatoc q�rin, h

eÔlogh pepoÐjhsh ìti {h pijanìthta eisìdou isorropÐac aux�netai ìso aux�netai h

amoib  exuphrèthshc} ed¸ katarrÐptetai.

Up�rqoun di�forec kateujÔnseic stic opoÐec h paroÔsa an�lush mporeÐ na suneqi-

steÐ kai na epektajeÐ. H melèth thc axÐac thc plhrofìrhshc kai thc tim c thc anarqÐac

sta plaÐsia twn susthm�twn anamon c me katastrofèc kai apozhmi¸seic bl�bhc faÐ-

netai endiafèrousa. H melèth thc strathgik c sumperifor�c twn pelat¸n k�tw apì

merik  plhrofìrhsh gia thn kat�stash tou sust matoc eÐnai mia epiplèon kateÔjunsh,

h opoÐa mporeÐ na epekteÐnei ta apotelèsmata thc paroÔsac diatrib c.
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Sq ma 3.14: Bèltista kat¸flia eisìdou wc proc ξ gia thn parathr simh perÐptwsh

me (µ, η) = (4, 2) kai (Rs, Rf , C) = (7, 4, 4).

Sq ma 3.15: Bèltista kat¸flia eisìdou wc proc ξ gia thn parathr simh perÐptwsh

me (µ, η) = (4, 2) kai (Rs, Rf , C) = (17, 1.4, 4).
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Sq ma 3.16: Strathgikèc isorropÐac wc proc ξ gia th mh parathr simh perÐptwsh me

(λ, µ, η) = (7, 4, 1) kai (Rs, Rf , C) = (7, 4, 4.7).

Sq ma 3.17: Strathgikèc isorropÐac wc proc ξ gia th mh parathr simh perÐptwsh me

(λ, µ, η) = (7, 4, 0.4) kai (Rs, Rf , C) = (7, 12, 4.2).
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Sq ma 3.18: Strathgikèc isorropÐac wc proc RS gia th mh parathr simh perÐptwsh

me (λ, µ, ξ, η) = (7, 4, 2, 2) kai (Rf , C) = (4, 5).

Sq ma 3.19: Strathgikèc isorropÐac wc proc C gia th mh parathr simh perÐptwsh me

(λ, µ, ξ, η) = (7, 0.6, 4, 0.8) kai (Rs, Rf ) = (1, 4).



Kef�laio 4

H M/MK/1 our�

4.1 Eisagwg 

'Opwc èqoume  dh anafèrei, h melèth thc sumperifor�c strathgik¸n pelat¸n se

sust mata anamon c, ìtan autoÐ èrqontai antimètwpoi me di�fora dil mmata (p.q. na

eisèljoun   na apoqwr soun, na perimènoun   na upanaqwr soun, na agor�soun eish-

t rio proteraiìthtac   ìqi ktl.) èqei proselkÔsei to endiafèron poll¸n ereunht¸n,

kaj¸c suneisfèrei sthn pio akrib  parousÐash kai posotikopoÐhsh thc leitourgÐac

enìc sust matoc. Pr�gmati, upì aut n thn optik  gwnÐa, oi pel�tec jewroÔntai e-

nerghtikèc ontìthtec pou lamb�noun apof�seic, se antÐjesh me thn klasik  je¸rhsh

enìc sust matoc anamon c pou touc antimetwpÐzei wc pajhtikèc mon�dec pou peri-

mènoun na exuphrethjoÔn. 'Opwc èqoume  dh dei kai sta prohgoÔmena kef�laia thc

paroÔsac diatrib c, tètoiou eÐdouc katast�seic antimetwpÐzontai wc èna paÐgnio me-

taxÔ twn pelat¸n, pou droun me skopì th megistopoÐhsh thc anamenìmenhc atomik c

kajar c wfèlei�c touc.

H melèth thc strathgik c sumperifor�c twn pelat¸n sqetik� me to dÐlhmma eisìdou-

apoq¸rhshc eis qjh, ìpwc èqoume  dh anafèrei, apì to Naor me thn prwtoporiak 

melèth thc M/M/1 our�c, upojètontac èna parathr simo sÔsthma, kai sumplhr¸jh-

ke argìtera me tic melètec twn Edelson kai Hildebrand me th melèth tou antÐstoiqou

mh-parathr simou sust matoc. Apì tìte èqoun prokÔyei di�forec melètec se paral-

lagèc thc M/M/1 our�c (blèpe kef�laio 1). EÐnai axioshmeÐwto ìti oi perissìterec

123
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tètoiou eÐdouc melètec epikentr¸nontai se aplèc parallagèc thc M/M/1 our�c. W-

stìso, parìti h apotÐmhsh thc apìdoshc tètoiwn susthm�twn eÐnai sun jwc eÔkolh,

h paigniojewrhtik  touc an�lush eÐnai arket� polÔplokh. Pr�gmati, h paigniojew-

rhtik  an�lush apaiteÐ thn apotÐmhsh thc apìdoshc enìc tètoiou sust matoc k�tw

apì mia genik  strathgik  twn pelat¸n kai sun jwc odhgeÐ se Markobian� montèla

pou eÐnai dÔskolo na epilujoÔn, akìmh kai gia sust mata tÔpouM/M/1. Epiplèon, o

upologismìc twn strathgik¸n isorropÐac Nash sp�nia eÐnai efiktìc se kleist  morf .

kai sun jwc epitugq�netai mèsw kat�llhlwn algorijmik¸n sqhm�twn.

Prèpei epÐshc na tonisteÐ ìti ta proanaferjeÐsec ergasÐec aforoÔn sust mata a-

namon c me memonwmènec exuphret seic, par� to gegonìc ìti sust mata me omadikèc

exuphret seic emfanÐzontai polÔ suqn� sthn pr�xh. Gia par�deigma, ta lewforei�kia

sugkekrimènou proorismoÔ (shuttles) enìc aerodromÐou feÔgoun mìno ìtan eÐnai sum-

plhrwmèna. Epiplèon, se ekjèseic/mouseÐa, oi episkèptec exuphretoÔntai se om�dec

kai h xen�ghsh mporeÐ na xekin sei mìno ìtan sumphrwjeÐ ènac epark c arijm¸n epi-

skept¸n prokeimènou na sqhmatisteÐ mia om�da xen�ghshc. Wc ek toÔtou, h epèktash

thc paigniojewrhtik c prosèggishc se sust mata me omadikèc exuphret seic faÐnetai

na eÐnai arket� shmantik . Me exaÐresh lÐgec melètec pou meletoÔn th strathgik 

sumperifor� twn pelat¸n se sust mata me katastrofèc (blèpe kef�laia 2, 3), se

sust mata olik¸n apomakrÔnsewn (blèpe Economou kai Manou (2013) ) kai se èna

sÔsthma tÔpou diktÔou, ìpou oi pel�tec sugkrotoÔn om�dec (clubs) (blèpe Johari kai

Kumar, (2010) ), faÐnetai ìti h strathgik  sumperifor� pelat¸n se sust mata me

k�poiou eÐdouc omadik¸n apoqwr sewn den èqei melethjeÐ epark¸c. Pio sugkekrimè-

na, ex� ìswn gnwrÐzoume, den up�rqoun paigniojewrhtikèc melètec gia sust mata me

sun jeic omadikèc exuphret seic. O skopìc mac sto parìn kef�laio eÐnai na arqÐ-

soume mia tètoia melèth kai, m�lista, na epikentrwjoÔme sthn pio apl  perÐptwsh thc

M/M/1 our�c me memonwmènec afÐxeic kai omadikèc exuphret seic stajeroÔ megèjouc

K (gnwst c kai wc M/MK/1 our�c).

Ja prèpei na tonisteÐ, ed¸, ìti up�rqoun jemeli¸deic diaforèc metaxÔ susthm�twn

me memonwmènec exuphret seic tÔpou M/M/1 kai susthm�twn me omadikèc exuphret -

seic tÔpou M/MK/1, ìson afor� th strathgik  sumperifor� pelat¸n. Pr¸ta ap�

ìla, sto parathr simo montèlo, up�rqoun atomik� bèltistec (kuriarqoÔsec) strath-

gikèc gia touc pel�tec twn M/M/1 susthm�twn, se antÐjesh me thn perÐptwsh twn
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M/MK/1 susthm�twn, gia ta opoÐa den isqÔei k�ti tètoio. Pr�gmati, h anamenì-

menh wfèleia gia touc pel�tec enìc sust matoc tÔpou M/M/1, an apofasÐsoun na

eisèljoun, afoÔ parathr soun to m koc our�c, den exart�tai apì th strathgik  twn

upoloÐpwn pelat¸n. Antijètwc, gia ènan tuqaÐa epilegmèno pel�th enìc M/MK/1

sust matoc, h strathgik  sumperifor� twn mellontik� afiknoÔmenwn pelat¸n èqei

shmasÐa, kaj¸c h exuphrèths  tou mporeÐ na arqÐsei mìno afoÔ sumplhrwjeÐ h om�da

tou.

Koit¸ntac t¸ra th mh-parathr simh perÐptwsh, èqoume ìti oi pel�tec ep�goun

arnhtikèc epidr�seic sth M/M/1 our�, en¸ sthn perÐptwsh thc M/MK/1 our�c

èqoume mia pio perÐplokh kat�stash. Pr�gmati, sthn teleutaÐa, h aÔxhsh tou rujmoÔ

afÐxewn eunnoeÐ th sumpl rwsh thc epÐ tou parìntoc asumpl rwthc om�dac (jetik 

epÐdrash), all�, apì thn �llh meri�, aux�nei ton anamenìmeno arijmì sumplhrwmènwn

om�dwn pou perimènoun na exuphrethjoÔn (arnhtik  epÐdrash). Mia parìmoiou tÔpou

sumperifor� parousi�zetai sth mh-parathr simh perÐptwsh thc M/M/1 our�c upì

thn N -strathgik  energopoÐhshc, pou melet jhke prìsfata apì touc Guo kai Hassin

(2011).

Mia �llh pleur� thc oikonomik c an�lushc thc M/MK/1 our�c pou eÐnai aisjht�

diaforetik  apì aut  thc M/M/1 our�c eÐnai h Ôparxh dÔo epiplèon peript¸sewn,

ìson afor� to epÐpedo plhrofìrhshc twn afiknoÔmenwn pelat¸n. Pr�gmati, ektìc

apì ta parathr sima kai ta mh-parathr sima montèla, up�rqoun kai dÔo merik¸c pa-

rathr sima montèla, ta opoÐa antistoiqoÔn stic peript¸seic pou o tuqaÐa epilegmènoc

pel�thc parathreÐ mìno ton arijmì twn sumplhrwmènwn om�dwn pou perimènoun na

exuphrethjoÔn   ton arijmì twn pelat¸n pou up�rqoun sth diki� tou (asumpl rwth)

om�da. Ac shmeiwjeÐ ed¸ ìti, ìso perissìterec sumplhrwmènec om�dec perimènoun na

exuphrethjoÔn, tìso parateÐnetai o qrìnoc paramon c tou tuqaÐa epilegmènou pel�-

th, opìte se aut n thn perÐptwsh odhgoÔmaste se mia sumperifor� tÔpou ATP. Apì

thn �llh meri�, ìtan o pel�thc plhroforeÐtai to pl joc twn pelat¸n sth diki� tou

asumpl rwth om�da, eÐnai jetikìteroc ston na eisèljei, an kai oi �lloi pel�tec gÐnoun

jetikìteroi kai epomènwc èqoume mia sumperifor� tÔpou STP. EÐnai akrib¸c aut  h

mÐxh twn sumperifor¸n ATP kai STP pou odhgeÐ se mia idi�zousa sumperifor� twn

pelat¸n pou axÐzei na posotikopoihjei kai na diereunhjeÐ.

H basik  suneisfor� autoÔ tou kefalaÐou sunoyÐzetai sta ex c shmeÐa:
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1. Parèqontai akribeÐc ekfr�seic kai algorijmikèc diadikasÐec gia ton upologismì

twn strathgik¸n isorropÐac twn pelat¸n k�tw apì dÔo epÐpeda plhrofìrhshc

(parathr simh kai mh-parathr simh perÐptwsh). Pio sugkekrimèna, melet�me

thn Ôparxh, th monadikìthta kai th dom  twn strathgik¸n isorropÐac se k�je

epÐpedo plhrofìrhshc.

2. JewroÔme to prìblhma thc koinwnik c beltistopoÐhshc kai posotikopoioÔme thn

apìklish metaxÔ strathgik c sumperifor�c pelat¸n kai thc epijumht c koinw-

nik� bèltisthc sumperifor�c.

To kef�laio domeÐtai wc ex c. Sthn par�grafo 4.2 perigr�foume th dunamik  tou

montèlou, th dom  amoib c - kìstouc kai to plaÐsio apof�sewn. Sthn par�grafo

4.3, jewroÔme thn parathr simh perÐptwsh kai apodeiknÔoume ìti up�rqei mia monadi-

k  kajar  strathgik . Sun�goume th dom  aut c thc strathgik c kai parèqoume èna

anadromikì algorijmikì sq ma gia ton upologismì thc. AkoloÔjwc, sthn par�gra-

fo 4.4, jewroÔme th mh-parathr simh perÐptwsh kai prosdiorÐzoume tic strathgikèc

isorropÐac se sqedìn-kleist  morf , mèsw twn riz¸n miac poluwnumik c exÐswshc.

Epiplèon, stic paragr�fouc autèc asqoloÔmaste kai me ta antÐstoiqa probl mata

koinwnik c beltistopoÐhshc.

4.2 Perigraf  tou montèlou

JewroÔme th sun jh Markobian  our� me ènan uphrèth kai aperiìristo q¸ro

anamon c, ìpou oi pel�tec ft�noun sÔmfwna me mia diadikasÐa Poisson me par�metro

λ. Oi apait seic exuphrèthshc twn diadoqik¸n pelat¸n eÐnai anex�rthtec kai isìnomec

tuqaÐec metablhtèc pou akoloujoÔn thn ekjetik  katanom  me rujmì exuphrèthshc µ.

O uphrèthc exuphreteÐ touc pel�tec se om�dec stajeroÔ megèjouc K. Epiplèon, an

sto sÔsthma up�rqoun ligìteroi apì K pel�tec, o uphrèthc den parèqei exuphrèthsh,

all� perimènei mèqri th sumpl rwsh K pelat¸n pou ja sumplhr¸soun mia om�da,

ètoimh na mpei sth diadikasÐa thc exuphrèthshc. Epiprosjètwc, oi endi�mesoi qrìnoi

afÐxewn kai exuphret sewn jewroÔntai anex�rthtoi.

Mac endiafèrei h melèth thc strathgik c sumperifor�c twn pelat¸n, ìtan èqoun

thn epilog  na eisèljoun sto sÔsthma   na apoqwr soun. MontelopoioÔme to plaÐsio
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apof�sewn jewr¸ntac mia grammik  dom  amoib c - kìstouc, upojètontac pwc k�je

pel�thc lamb�nei mia amoib  Rs mon�dwn gia thn olokl rwsh thc exuphrèthshc, en¸

ufÐstatai kìstoc anamon c C mon�dwn gia k�je qronik  mon�da pou paramènei sto

sÔsthma (eÐte se anamon , eÐte exuphretoÔmenoc). Upojètoume epÐshc pwc prìkeitai

gia pel�tec oudèterouc proc ton kÐnduno, dhlad  gia pel�tec pou jèloun na megi-

stopoi soun th mèsh tim  tou kajaroÔ ofèlouc touc qwrÐc na lamb�noun upìyh th

diaspor� tou. Tèloc, oi apof�seic twn pelat¸n jewroÔntai amet�klhtec me thn ènnoia

ìti den epitrèpontai oÔte upanaqwr seic eiseljìntwn pelat¸n, oÔte epanaprosp�jeiec

apoqwrhs�ntwn pelat¸n.

'Otan oi pel�tec den eÐnai strathgikoÐ, to sÔsthma an�getai sth M/MK/1 our�,

pou apoteleÐ sÔnhjec par�deigma sta perissìtera biblÐa Our¸n Anamon c (blèpe gia

par�deigma Kleinrock (1975), par�grafoi 4.4 kai 4.6   enallaktik� Wolff (1989),

par�grafoi 5.10-5.12). Tìte, to sÔsthma parist�netai me mia Markobian  alusÐda

suneqoÔc qrìnou {Q(t) : t ≥ 0} pou katagr�fei ton arijmì twn parìntwn pelat¸n gia

k�je qronik  stigm  t. O q¸roc katast�se¸n thc eÐnai to sÔnolo twn mh-arnhtik¸n

akeraÐwn N0 kai to di�gramma rujm¸n met�bashc faÐnetai sto sq ma 4.1.
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λ **

kk

µ

(1)

λ **

kk
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λ **
· · ·
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Sq ma 4.1: Di�gramma rujm¸n met�bashc thc {Q(t)}.

Sto parìn kef�laio jewroÔme dÔo peript¸seic, analoga me to epÐpedo plhrofìrh-

shc pou lamb�noun oi pel�tec th stigm  �fix c touc. Sthn pl rwc mh-parathr simh

perÐptwsh, ìpou oi pel�tec de lamb�noun kammÐa plhroforÐa gia thn kat�stash tou

sust matoc, h perigraf  tou sust matoc mèsw thc {Q(t)} eparkeÐ gia th melèth thc

strathgik c sumperifor�c twn pelat¸n. Sthn pl rwc parathr simh perÐptwsh, w-

stìso, faÐnetai ìti mia enallaktik  Markobian  perigraf  tou parap�nw montèlou

eÐnai pio bolik , aut  pou parèqei �mesa wc plhroforÐa tìso ton arijmì M(t) twn

sumplhrwmènwn om�dwn megèjouc K thn tuqaÐa qronik  stigm  t, ìso kai to mègejoc

J(t) thc asumpl rwthc om�dac thn tuqaÐa qronik  stigm  t. Shmei¸noume ìti M(t) =
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bQ(t)/Kc (me to bxc na parist�nei to (k�tw) akèraio mèroc tou x) kai J(t) = Q(t)

mod K (dhlad  Q(t) = KM(t) + J(t) me 0 ≤ J(t) ≤ K − 1). Tìte, h kat�stash

tou sust matoc th qronik  stigm  t parist�netai me to zeÔgoc {(M(t), J(t)) : t ≥ 0}.
H stoqastik  diadikasÐa (M(t), J(t)) : t ≥ 0 eÐnai mia Markobian  alusÐda suneqoÔc

qrìnou me q¸ro katast�sewn SM,J = {(m, j) ,m ≥ 0, 0 ≤ j ≤ K − 1} kai to di�gram-
ma rujm¸n met�bashc faÐnetai sto sq ma 4.2.

(0, 0)
λ // (0, 1)

λ // (0, 2)
λ // · · · λ // (0,K − 1)

λ

rr
(1, 0)

µ

OO

λ // (1, 1)
λ //

µ

OO

(1, 2)
λ //

µ

OO

· · · λ // (1,K − 1)

µ

OO

λ

rr
(2, 0)

µ

OO

λ // (2, 1)
λ //

µ

OO

(2, 2)
λ //

µ

OO

· · · λ // (2,K − 1)

µ

OO

...
...

... · · ·
...

Sq ma 4.2: Di�gramma rujm¸n met�bashc thc alusÐdac {(M(t), J(t))}.

Se ì,ti akoloujeÐ, melet�me th strathgik  sumperifor� twn pelat¸n anaforik�

me to dÐlhmma eisìdou-apoq¸rhs c touc sto/apì to sÔsthma se dÔo peript¸seic,

analoga me to epÐpedo plhrofìrhshc pou touc diatÐjetai th stigm  �fix c touc kai

prwtoÔ l�boun tic apof�seic touc.

• Thn (pl rwc) parathr simh perÐptwsh: Oi pel�tec parathroÔn kai tic dÔo su-

nist¸sec M(t) kai J(t) kat� th stigm  thc �fix c touc. Tìte, mia mikt  stra-

thgik  dÐnetai apì ton pÐnaka (qm,j : m ≥ 0, 0 ≤ j ≤ K − 1), ìpou to qm,j

eÐnai h pijanìthta eisìdou enìc pel�th pou brÐskei to sÔsthma sthn kat�stash

(M(t), J(t)) = (m, j) th stigm  thc �fix c tou (exair¸ntac ton eautì tou).

• Th(n) (pl rwc) mh-parathr simh perÐptwsh: Oi pel�tec den parathroÔn oÔte thn

M(t) oÔte th J(t). Se aut n thn perÐptwsh mia mikt  strathgik  qarakthrÐzetai

apì thn pijanìthta eisìdou q.
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Se ì,ti akoloujeÐ upojètoume ìti K > 1. Pr�gmati, gia K = 1 to montèlo è-

qei melethjeÐ diexodik� sth bibliografÐa. H parat rhsimh perÐptwsh antistoiqeÐ sthn

ekdoq  pou melèthse o Naor (1969), en¸ h mh-parathr simh perÐptwsh se aut  twn

Edelson kai Hildebrand (1975). Xekin�me th melèth mac me thn parathr simh perÐptw-

sh kai proqwr�me, akoloÔjwc, sth mh-parathr simh perÐptwsh stic paragr�fouc 4.3

kai 4.4 antÐstoiqa.

4.3 H parathr simh perÐptwsh

'Otan oi pel�tec èqoun akrib  gn¸sh thc kat�stashc tou sust matoc kat� th

stigm  thc �fix c touc, dhlad  ìtan enhmer¸nontai tìso gia ton arijmì twn sumplh-

rwmènwn om�dwn m ìso kai gia ton arijmì j twn pelat¸n sthn asumpl rwth om�da,

tìte eÐnai diaisjhtik� kajarì ìti to montèlo ja èqei mia sumperifor� tÔpou ATP wc

proc to m, en¸ mia sumperifor� STP wc proc to j. Pr�gmati, ìso perissìterec

sumplhrwmènec om�dec parathr sei o tuqaÐa epilegmènoc pel�thc, tìso aux�nei kai o

qrìnoc paramon c tou, efìson h exuphrèths  tou ja xekin sei met� th sumpl rwsh

thc exuphrèthshc ìlwn twn sumplhrwmènwn om�dwn. Apì thn �llh meri�, ìso pio

polloÔc pel�tec parathr sei sthn asumpl rwth om�da, tìso mei¸netai o qrìnoc pa-

ramon c tou sto sÔsthma, kaj¸c ja apaiteÐtai mikrìteroc arijmìc epìmenwn afÐxewn

gia na sumplhrwjeÐ h om�da tou. Autèc oi diaisj seic deÐqnoun ìti oi strathgikèc

isorropÐac sthn parathr simh perÐptwsh ja eÐnai tÔpou katwflÐou wc proc m kai

antÐstrofou tÔpou katwflÐou wc proc j. To akìloujo je¸rhma 4.1 dÐnei th dom 

twn strathgik¸n isorropÐac sthn parathr simh perÐptwsh. Gia lìgouc aploÔsteushc

upojètoume ìti oi pel�tec, ìtan eÐnai adi�foroi metaxÔ tou na eisèljoun sto sÔsthma

kai tou na apoqwr soun, epilègoun na eisèljoun.

Je¸rhma 4.1. JewroÔme thn parathr simh perÐptwsh. Tìte, up�rqei monadik 

strathgik  isorropÐac (qem,j : m ≥ 0, 0 ≤ j ≤ K − 1) pou èqei thn ex c dom 

qem,j =

(
1 an m ≤ m∗j ,
0 an m > m∗j ,

(4.1)

ìpou

m∗0 ≤ m∗1 ≤ . . . ≤ m∗K−1. (4.2)
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Apìdeixh. JewroÔme ènan pel�th pou brÐskei to sÔsthma sthn kat�stash (m,K−
1). 'Enac tètoioc pel�thc, an apofasÐsei na eisèljei sto sÔsthma, h om�da tou sum-

plhr¸netai amèswc kai o qrìnoc paramon c tou isoÔtai me to �jroismam+1 ekjetik¸n

qrìnwn exuphrèthshc me par�metro µ. O pel�thc protim� na eisèljei sto sÔsthma an

kai mìno an R
C ≥

m+1
µ , dhlad  sumperaÐnoume ìti

qem,K−1 =

(
1 an m ≤ m∗K−1,
0 an m > m∗K−1,

(4.3)

ìpou m∗K−1 = bµRC − 1c. Ac shmeiwjeÐ ed¸ ìti h apìfash enìc pel�th pou brÐskei

K − 1 pel�tec sthn asumpl rwth om�da den ephre�zetai apì tic apof�seic twn u-

poloÐpwn pelat¸n. Upì mia ènnoia, sunep¸c, h apìfash pou perigr�fhke parap�nw

apoteleÐ {kuriarqoÔsa} apìfash, efìson eÐnai bèltisth ap�nthsh ènanti opoiad pote

�llhc strathgik c twn upoloÐpwn pelat¸n. Wc ek toÔtou, gia opoiad pote pijan 

strathgik  isorropÐac (qem,j : m ≥ 0, 0 ≤ j ≤ K − 1), èqoume anagkastik� ìti oi

pijanìthtec eisìdou qem,K−1, m ≥ 0 èqoun th morf  (4.4).

Ac jewr soume t¸ra ènan afiknoÔmeno pel�th o opoÐoc brÐskei to sÔsthma se mia

kat�stash (m,K−2). Tìte, an qem,K−1 = 0, ja èqoume anagkastik� ìti qem,K−2 = 0.

Pr�gmati, qrhsimopoi¸ntac èna epiqeÐrhma {sÔzeuxhc} (coupling), blèpoume ìti o mè-

soc qrìnoc paramon c enìc pel�th pou brÐskei to sÔsthma sthn kat�stash (m,K−2)

eÐnai megalÔteroc apì to mèso qrìno paramon c enìc pel�th pou brÐskei to sÔsthma

sthn kat�stash (m,K−1). Pr�gmati, kai oi dÔo autoÐ pel�tec ja prèpei na perimènoun

thn exuphrèthsh twn m sumplhrwmènwn om�dwn prokeimènou na arqÐsoun na exuph-

retoÔntai. Wstìso, o pr¸toc pel�thc mporeÐ na uposteÐ mia epiplèon kajustèrhsh

se sqèsh me ton deÔtero, efìson h om�da tou mporeÐ na mhn èqei akìmh sumplhrwjeÐ

sto tèloc aut¸n twn m qrìnwn exuphrèthshc. Me aut  th logik , mporoÔme na sum-

per�noume ìti o mèsoc qrìnoc paramon c enìc pel�th pou brÐskei to sÔsthma sthn

kat�stash (m,K − 2) kai apofasÐzei na eisèljei, S(fo)(m,K − 2), eÐnai mia aÔxou-

sa sun�rthsh tou m pou teÐnei sto ∞ kaj¸c m → ∞. Sunep¸c, up�rqei monadikì

m∗K−2 tètoio ¸ste S(fo)(m∗K−2,K − 2) ≤ R
C < S(fo)(m∗K−2 + 1,K − 2) kai èqoume

ìti gia opoiad pote pijan  strathgik  isorropÐac (qem,j : m ≥ 0, 0 ≤ j ≤ K − 1), oi
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pijanìthtec eisìdou qem,K−2, m ≥ 0 paÐrnoun th morf 

qem,K−2 =

(
1 an m ≤ m∗K−2,
0 an m > m∗K−2,

(4.4)

Efìson qem,K−2 = 0, ìpote qem,K−1 = 0, ja èqoume anagkastik� ìti m∗K−2 ≤ m∗K−1.
MporoÔme na suneqÐsoume thn Ðdia epiqeirhmatologÐa gia touc afiknoÔmenouc pe-

l�tec pou brÐskoun j = K − 2 pel�tec sthn asumpl rwth om�da kai me autìn ton

trìpo sun�goume tic (4.1) kai (4.2) gia j = K − 1,K − 2, . . . , 0. Shmei¸noume ìti h

apìfash enìc pel�th pou brÐskei j pel�tec sthn asumpl rwth om�da exart�tai mìno

apì touc kanìnec eisìdou (strathgikèc) twn pelat¸n pou brÐskoun perissìterouc apì

j pel�tec, all� ìqi apì touc kanìnec eisìdou twn upoloÐpwn pelat¸n. Autì akrib¸c

eÐnai kai to gegonìc pou bohj� sthn anadromik  kataskeu  thc monadik c strathgik c

isorropÐac gia j = K − 1,K − 2, . . . , 0. �

Gia na proqwr soume ston upologismì thc monadik c strathgik c isorropÐac (qem,j :

m ≥ 0, 0 ≤ j ≤ K− 1) qrei�zetai na prosdiorÐsoume ta kat¸flia m∗j , 0 ≤ j ≤ K− 1.

Ja prèpei, loipìn, na upologÐsoume to desmeumèno mèso qrìno paramon c twn pela-

t¸n, dedomènhc thc kat�stashc tou sust matoc se stigmèc afÐxewn. 'Opwc èqoume dei

apì to je¸rhma 4.1, mia basik  idiìthta thc strathgik c isorropÐac (qem,j) eÐnai ìti h

sunj kh qem,j = 1 gia mia kat�stash (m, j) sunep�getai kai ìti qen,i = 1 gia k�je ka-

t�stash (n, i) me n ≤ m kai i ≥ j. Sunèpeia aut c thc idiìthtac eÐnai to gegonìc ìti,

an o tuqaÐa epilegmènoc pel�thc parathr sei to sÔsthma sthn kat�stash (m, j) kai

protim sei na eisèljei, tìte kai o mellontikèc afÐxeic ja protim soun epÐshc na eisèl-

joun, toul�qiston mèqri th sumpl rwsh thc om�dac tou tuqaÐa epilegmènou pel�th.

Aut  h idiìthta k�nei eukolìtero ton upologismì tou mèsou qrìnou paramon c tou.

Pio analutik�, èqoume to je¸rhma 4.2 to opoÐo parèqei ènan trìpo upologismoÔ tou

mèsou qrìnou paramon c tou tuqaÐa epilegmènou pel�th kai qarakthrÐzei ta kat¸flia

m∗j , 0 ≤ j ≤ K − 1.

Je¸rhma 4.2. JewroÔme to parathr simo montèlo thc M/MK/1 our�c kai èstw

S(fo)(m, j) o desmeumènoc mèsoc qrìnoc paramon c enìc tuqaÐa epilegmènou pel�th

pou parathreÐ to sÔsthma sthn kat�stash (m, j) kai apofasÐzei na eisèljei se autì,
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dedomènou ìti oi epìmenec afÐxeic epÐshc ja protim soun na eisèljoun, toul�qiston

mèqri th sumpl rwsh thc om�dac tou. Tìte,

S(fo)(m, j) =
m+ 1

µ

+
1

λ

�
µ

λ+ µ

�m K−j−1X
i=0

(K − j − i− 1)

�
m+ i− 1

i

��
λ

λ+ µ

�i
,

m ≥ 0, 0 ≤ j ≤ K − 1, (4.5)

(me tic paradoqèc ìti
�
m+i−1

i

�
= 0 gia m = 0 kai i ≥ 0,

�
m+0−1

0

�
= 0 gia m 6= 0, kai�

m+0−1
0

�
= 1 gia m = 0). Epiplèon, èqoume tic akìloujec idiìthtec gia th sun�rthsh

S(fo)(m, j):

(i) H S(fo)(m, j) eÐnai fjÐnousa sun�rthsh tou j gia stajerì m ≥ 0.

(ii) H S(fo)(m, j) eÐnai aÔxousa sun�rthsh tou m gia stajerì j me 0 ≤ j ≤ K − 1.

(iii) limm→∞ S
(fo)(m, j) =∞, 0 ≤ j ≤ K − 1.

Ta kat¸flia m∗j , 0 ≤ j ≤ K − 1, thc monadik c strathgik c isorropÐac (qem,j) ìpwc

dÐnontai apì thn (4.1) upologÐzontai anadromik� gia j = K − 1,K − 2, . . . , 0 wc ex c:

m∗K−1 = bµR
C
− 1c, (4.6)

m∗j = max

�
m : 0 ≤ m ≤ m∗j+1 kai S(fo)(m, j) ≤ R

C

�
,

j = K − 2,K − 3, . . . , 0. (4.7)

Apìdeixh. JewroÔme arqik� ènan pel�th pou parathreÐ to sÔsthma sthn kat�sta-

sh (0, j) kai apofasÐzei na eisèljei se autì. 'Enac tètoioc pel�thc ja qreiasteÐ na

perimènei gia akrib¸c K − j − 1 mellontikèc afÐxeic prokeimènou gia th sumpl rwsh

thc diki�c tou om�dac (me mèso qrìno anamon c K−j−1
λ ). 'Epeita, h om�da tou ja

xekin sei na exuphreteÐtai (mèsoc qrìnoc exuphrèthshc 1
µ) kai, epomènwc, o sunolikìc

qrìnoc paramon c tou sto sÔsthma eÐnai Ðsoc me

S(fo)(0, j) =
K − j − 1

λ
+

1

µ
, 0 ≤ j ≤ K − 1. (4.8)
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JewroÔme t¸ra ènan pel�th pou parathreÐ to sÔsthma sthn kat�stash (m,K−1)

kai eisèrqetai se autì. 'Enac tètoioc pel�thc eÐnai autìc pou ja sumplhr¸sei thn

om�da tou. 'Etsi, o mèsoc sunolikìc qrìnoc paramon c tou isoÔtai akrib¸c me to

qrìno exuphrèthshc m+ 1 anex�rthtwn qrìnwn exuphrèthshc, dhlad  me

S(fo)(m,K − 1) =
m+ 1

µ
, m ≥ 0. (4.9)

JewroÔme, tèloc, ènan pel�th pou parathreÐ to sÔsthma sthn kat�stash (m, j),

me m ≥ 1 kai 0 ≤ j ≤ K − 2, kai apofasÐzei na eisèljei se autì. O qrìnoc

exuphrèths c thc om�dac autoÔ tou pel�th ja xekin sei amèswc mìlic oloklhrwjoÔn

oi qrìnoi exuphrèthshc twn m parìntwn sumplhrwmènwn om�dwn kai h sumpl rwsh

thc dik c tou om�dac. Me �lla lìgia èqoume ìti

S(fo)(m, j) = E[max{Ym, ZK−j−1}] +
m+ 1

µ
, m ≥ 1, 0 ≤ j ≤ K − 2, (4.10)

ìpou oi Ym kai ZK−j−1 eÐnai anex�rthtec tuqaÐec metablhtèc me katanomèc Erlang-m

kai Erlang-(K − j − 1) me rujmoÔc µ kai λ antÐstoiqa, pou parist�noun to sunolikì

qrìno exuphrèthshc twn parìntwn sumplhrwmènwn om�dwn kai to qrìno sumpl rwshc

thc trèqousac asumpl rwthc om�dac antÐstoiqa. Me �lla lìgia, o mèsoc qrìnoc

paramon c enìc tètoiou pel�th isoÔtai me to mèso sunolikì qrìno exuphrèthshc m+1

om�dwn (m+1
µ qronikèc mon�dec) sun mia mèsh epiplèon kajustèrhsh gia na xekin sei

h exuphrèthsh thc dik c tou om�dac, sthn perÐptwsh pou den up�rqei epark c arijmìc

nèwn afÐxewn gia th sumpl rwsh thc om�dac mèqri th stigm  thc olokl rwshc thc

Ym. DesmeÔontac ston arijmì twn nèwn afÐxewn N(Ym), mèsa sto sunolikì qrìno

exuphrèthshc Ym, èqoume ìti h mèsh epiplèon kajustèrhsh isoÔtai me

E[max{0, ZK−j−1 − Ym}] =
∞X
i=0

Pr [N (Ym) = i]E [max{0, ZK−j−1 − Ym}|N (Ym) = i]

=
K−j−1X
i=0

Pr [N (Ym) = i]
K − j − i− 1

λ
. (4.11)

ParathroÔme t¸ra ìti N (Ym) eÐnai o arijmìc twn gegonìtwn Poisson me rujmì λ mèsa
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ston Erlang-m qrìno Ym me rujmì µ. DesmeÔontac sto qrìno Ym, sumperaÐnoume ìti

Pr [N (Ym) = i] =
Z ∞
0

e−λx
(λx)i

i!

µm

(m− 1)!
xm−1e−µxdx

=

�
m+ i− 1

i

��
λ

λ+ µ

�i � µ

λ+ µ

�m
, i ≥ 0. (4.12)

T¸ra, apì tic sqèseic (4.10)-(4.12) sun�goume thn (4.5) gia m ≥ 1 kai 0 ≤ j ≤ K−2.

OmoÐwc, oi (4.8) kai (4.9) odhgoÔn sthn (4.5) gia m = 0 kai j = K − 1 antÐstoiqa.

Mia prosektik  mati�, epÐshc, sthn (4.10) epibebai¸nei thn isqÔ twn idiot twn (i)-(iii)

tou jewr matoc gia th sun�rthsh S(fo)(m, j). Shmei¸noume ìti h sqèsh (4.10) alh-

jeÔei epÐshc gia m = 0 kai j = K − 1, me thn paradoq  ìti Ym = 0 gia m = 0 kai

ZK−j−1 = 0 kai j = K − 1. Tèloc, oi ekfr�seic (4.6) kai (4.7) eÐnai �mesa alhjeÐc

lìgw tou jewr matoc 4.1 kai thc sqèshc (4.5). �

Parat rhsh 4.1. 'Enac enallaktikìc trìpoc eÔreshc tou desmeumènou mèsou qrì-

nou paramon c enìc sugkekrimènou pel�th eÐnai o ex c. An jewr soume ènan pel�th

o opoÐoc parathreÐ to sÔsthma sthn kat�stash (m, j) kai apofasÐsei na eisèljei se

autì, dedomènou pwc k�je epìmenh �fixh ja apofasÐsei epÐshc na eisèljei, tìte o qrì-

noc anamon c tou mèqri thn ènarxh exuphrèthshc thc om�dac tou ja eÐnai to mègisto

dÔo tuqaÐwn metablht¸n: h pr¸th tuqaÐa metablht  Ym anafèretai sto qrìno mèqri

thn olokl rwsh thc exuphrèthshc ìlwn twn m parìntwn sumplhrwmènwn om�dwn

kai h deÔterh ZK−j−1 sto qrìno mèqri th sumpl rwsh thc dik c tou asumpl rwthc

om�dac pou tautÐzetai me to qrìno �fixhc epiplèon K − j − 1 pelat¸n. Shmei¸noume

pwc autèc oi dÔo tuqaÐec metablhtèc eÐnai anex�rthtec. 'Etsi, gia m = 1, 2, ... kai

j = 0, 1, 2, ...,K − 2, sumperaÐnoume ìti

Sind(m,j) = E [max {Ym, ZK−j−1}] +
1

µ

=
Z ∞
0

Z ∞
0

max(x, y)
µm

(m− 1)!
xm−1e−µx

λK−j−1

(K − j − 2)!
yK−2−je−λydydx+

1

µ

=
Z ∞
0

Z x

0
x

µm

(m− 1)!
xm−1e−µx

λK−j−1

(K − j − 2)!
yK−2−je−λydydx+

1

µ

+
Z ∞
0

Z ∞
x

y
µm

(m− 1)!
xm−1e−µx

λK−j−1

(K − j − 2)!
yK−2−je−λydydx+

1

µ
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pou me allag  thc seir�c thc olokl rwshc dÐnei

Sind(m,j) =
µm

(m− 1)!
· λK−j−1

(K − j − 2)!

Z ∞
0

xme−µx
Z x

0
yK−2−je−λydydx

+
µm

(m− 1)!
· λK−j−1

(K − j − 2)!

Z ∞
0

xm−1e−µx
Z ∞
x

yK−1−je−λydydx+
1

µ
.

Lamb�nontac upìyh ìti

Z ∞
x

yαe−λydy =
α!

λα+1

αX
i=0

e−λx
(λx)i

i!
,

katal goume sth sqèsh

Sind(m,j) =
µm

(m− 1)!
· λK−j−1

(K − j − 2)!

Z ∞
0

xme−µx
(K − j − 2)!

λK−j−1

�
1−

K−j−2X
i=0

e−λx
(λx)i

i!

�
dx

+
µm

(m− 1)!
· λK−j−1

(K − j − 2)!

Z ∞
0

xm−1e−µx
(K − j − 1)!

λK−j

K−j−1X
i=0

e−λx
(λx)i

i!
dx+

1

µ

=
µm

(m− 1)!

�
m!

µm+1
−
K−j−2X
i=0

λi

i!
· (m+ i)!

(λ+ µ)m+i+1

�

µm

(m− 1)!
· K − j − 1

λ
·
K−j−1X
i=0

λi

i!
· (m+ i− 1)!

(λ+ µ)m+i
+

1

µ

=
m+ 1

µ
−
K−j−2X
i=0

(m+ i)!

i!(m− 1)!
· µmλi

(λ+ µ)m+i+1

(K − j − 1) ·
K−j−1X
i=0

(m+ i− 1)!

i!(m− 1)!
· µmλi−1

(λ+ µ)m+i

=
m+ 1

µ
−
K−j−1X
i=0

(m+ i− 1)!

(i− 1)!(m− 1)!
· µmλi−1

(λ+ µ)m+i

(K − j − 1) ·
K−j−1X
i=0

(m+ i− 1)!

i!(m− 1)!
· µmλi−1

(λ+ µ)m+i

=
m+ 1

µ
+

1

λ

�
µ

λ+ µ

�m K−j−1X
i=0

(K − j − i)
�
m+ i− 1

i

��
λ

λ+ µ

�i
,
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opìte, pr�gmati, l�bame thn (4.5). Oi peript¸seic m = 0 kai j = K − 1 prokÔptoun

ìpwc sthn prohgoÔmenh apìdeixh.

Lìgw thc monotonÐac thc sun�rthshc S(fo)(m, j) wc proc m, ta kat¸flia m∗j , j =

K − 1,K − 2, . . . , 0, mporoÔn na prosdioristoÔn apotelesmatik� qrhsimopoi¸ntac mia

diadikasÐa diqotìmhshc. Pio analutik�, ac upojèsoume ìti to m∗j+1 èqei upologisteÐ

kai jèloume t¸ra na upologÐsoume to m∗j . Tìte, upologÐzoume ta S(fo)(0, j) kai

S(fo)(m∗j+1, j). An S(fo)(0, j) > R
C , tote jètoume m∗j = 0. An S(fo)(m∗j+1, j) ≤ R

C ,

tìte jètoume m∗j = m∗j+1. Eid�llwc, dhlad  an S(fo)(0, j) ≤ R
C < S(fo)(m∗j+1, j),

upologÐzoume to S(fo)(bm
∗
j+1

2 c, j) kai to sugkrÐnoume me to R
C . An�loga me to an eÐnai

  ìqi megalÔtero apì R
C , periorÐzoume thn anaz ths  mac gia to m∗j sta diast mata

{0, 1, . . . , bm
∗
j+1

2 − 1c}   {bm
∗
j+1

2 c, b
m∗j+1

2 c+ 1, . . . ,m∗j+1} antÐstoiqa.
Sthn parap�nw an�lush, upojèsame gia lìgouc aploÔsteushc, ìti oi pel�tec, ì-

tan eÐnai adi�foroi metaxÔ tou na eisèljoun sto sÔsthma kai tou na apoqwr soun,

apofasÐzoun na eisèljoun. An t¸ra apaleÐyoume aut n thn upìjesh, tìte oi pel�tec

mporoÔn na tuqaiopoioÔn tic apof�seic touc, ìtan eÐnai adi�foroi metaxÔ thc eisìdou

kai thc apoq¸rhshc. Se aut n thn perÐptwsh, mporeÐ epÐshc na up�rqoun kai miktèc

strathgikèc isorropÐac. Parolaut�, autèc ja èqoun sqedìn thn Ðdia dom  me tic ka-

jarèc strathgikèc isorropÐac, ìpwc autèc perigr�fthkan sta jewr mata 4.1 kai 4.2,

mìno pou ja tuqaiopoioÔn se merikèc katast�seic (m∗j , j). Wstìso, de ja epektajoÔme

peraitèrw se autì to jèma, kaj¸c h an�lush afor� mìno polÔ eidikèc - teqnhtèc - pe-

ript¸seic twn paramètrwn tou montèlou (gia par�deigma, h pijanìthta tuqaiopoÐhshc

gia m∗K−1 eÐnai dunat  mìno e�n h posìthta µR eÐnai akèraio pollapl�sio tou C).

Ac upojèsoume t¸ra, ìti o diaqeirist c epijumeÐ na megistopoi sei to anamenìme-

no kajarì koinwnikì ìfeloc an� mon�da qrìnou, epib�llontac èna kat�llhlo antÐ-

timo/diìdio eisìdou. Tìte, h amoib  exuphrèthshc, R,   to kìstoc anamon c, C, ja

metablhjeÐ se R′ kai C ′. Parìlaut�, h dom  thc strathgik c isorropÐac paramènei

Ðdia me aut n pou perigr�fthke sto je¸rhma 4.1, all� me k�poia pijan¸c diaforetik�

kat¸flia m∗0,m
∗
1, . . . ,m

∗
K−1. K�tw apì mia tètoia strathgik , h Markobian  alusÐda

{(M(t), J(t))} ja aporrofhjeÐ sto sÔnolo S
(fo)
M,J(m∗0) = {(m, j) : 0 ≤ m ≤ m∗0, 0 ≤

j ≤ K − 1} ∪ {(m∗0 + 1, 0)}. Epomènwc, mporoÔme na parametrikopoi soume th sun�r-

thsh tou anamenìmenou kajaroÔ koinwnikoÔ ofèlouc qrhsimopoi¸ntac to m∗0 kai na
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katal xoume sto ìti aut  dÐnetai apì th sqèsh

B(fo)(m∗0) = λR(1−π(m∗0+1, 0;m∗0))−C
X

(m,j)∈S(fo)
M,J (m

∗
0)

(mK+j)π(m, j;m∗0), (4.13)

ìpou oi (π(m, j;m∗0) : (m, j) ∈ S(fo)
M,J(m∗0)) eÐnai oi st�simec pijanìthtec thc Marko-

bian c alusÐdac {(M(t), J(t))} dedomènou ìti oi pel�tec eisèrqontai sto sÔsthma ìso

parathroÔn to polÔ m∗0 sumplhrwmènec om�dec kat� th stigm  thc �fix c touc. Aut 

h st�simh katanom , wstìso, den mporeÐ na prosdioristeÐ se kleist  morf . 'Etsi, h

megistopoÐhsh thc B(fo)(m∗0) mporeÐ na proqwr sei mìno arijmhtik�.

4.4 H mh parathr simh perÐptwsh

Xekin�me th melèth thc mh-parathr simhc perÐptwshc me thn prìtash 4.1 pou afor�

to mèso qrìno paramon c enìc tuqaÐa epilegmènou pel�th pou apofasÐzei na eisèljei

sto sÔsthma ìtan ìloi oi upìloipoi pel�tec akoloujoÔn mia dedomènh strathgik .

Prìtash 4.1. Sto mh-parathr simo montèlo thc M/MK/1 our�c, o mèsoc qrìnoc

paramon c enìc tuqaÐa epilegmènou pel�th pou apofasÐzei na eisèljei sto sÔsthma,

ìtan oi upìloipoi pel�tec akoloujoÔn mia strathgik  q, dÐnetai apì th sqèsh

S(fu)(q) =

8<: ∞ an q = 0   Kµ
λ ≤ q ≤ 1, λ ≥ Kµ,

1
µ(1−(β(q))K)

+ K−1
2λq an 0 < q ≤ 1, λ < Kµ   0 < q < Kµ

λ , λ ≥ Kµ,
(4.14)

ìpou β(q) eÐnai h monadik  lÔsh thc exÐswshc

µzK+1 − (λq + µ)z + λq = 0, (4.15)

sto (0, 1) (pou up�rqei ìtan isqÔei h sunj kh λq < Kµ).

Apìdeixh. 'Otan kaneÐc pel�thc den apofasÐzei na eisèljei sto sÔsthma (q = 0),

tìte o tuqaÐa epilegmènoc pel�thc ja brei to sÔsthma kenì. 'Etsi, efìson K > 1,

ja qreiasteÐ na perimènei ep� �peiron, kaj¸c h om�da tou de ja sumplhrwjeÐ potè.

An q > 0, tìte to sÔsthma sumperifèretai ìpwc h sun jhc M/MK/1 our� me rujmì

afÐxewn λq kai rujmì exuphrèthshc µ. Tìte, eÐnai gnwstì (blèpe gia par�deigma
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Kleinrock (1975), par�grafoi 4.4 kai 4.6) ìti h our� eÐnai eustaj c an kai mìno an

λq < Kµ. Wc ek toÔtou, gia λ ≥ Kµ kai Kµ
λ ≤ q ≤ 1, èqoume ìti to pl joc

twn pelat¸n sto sÔsthma apeirÐzetai oriak� me pijanìthta 1 kai, epomènwc, o qrìnoc

paramon c tou tuqaÐa epilegmènou pel�th eÐnai �peiroc. Oi dÔo parap�nw peript¸seic

antistoiqoÔn ston pr¸to kl�do thc (4.14).

Sthn perÐptwsh pou 0 < q ≤ 1, λ < Kµ   0 < q < Kµ
λ , λ ≥ Kµ, to sÔsthma

eÐnai eustajèc kai h pijanogenn tria sun�rthsh tou st�simou arijmoÔ pelat¸n sto

sÔsthma, Q(fu), paÐrnei th morf 

PQ(z; q) =
1− zK

K(1− z)
· 1− β(q)

1− β(q)z
, (4.16)

me th β(q) na eÐnai h monadik  lÔsh thc exÐswshc (4.15) sto (0,1) (blèpe gia par�-

deigma Kleinrock (1975), par�grafoc 4.4). Autì deÐqnei ìti h Q(fu) einai to �jroi-

sma miac diakrit c omoiìmorfhc tuqaÐac metablht c sto {0, 1, . . . ,K − 1} kai miac

gewmetrik� katanemhmènhc tuqaÐac metabht c me sun�rthsh puknìthtac pijanìthtac

(1− β(q))(β(q))n, n ≥ 0. Epomènwc, mporoÔme eÔkola na doÔme ìti

E[Q(fu)] =
K − 1

2
+

β(q)

1− β(q)
. (4.17)

Qrhsimopoi¸ntac to nìmo tou Little kai thn exÐswsh (4.15), sun�goume �mesa to

deÔtero kl�do thc (4.14). �

Parat rhsh 4.2. Mia isodÔnamh morf  thc (4.14) eÐnai h

S(fu)(q) =
K − 1

2λq
+

�
1

β(q)

�K
µ
��

1
β(q)

�K
− 1

� , 0 < q ≤ 1. (4.18)

Epiplèon, isqÔei ìti limq→0+ S
(fu)(q) = +∞.

L mma 4.1. H 1
β(q) eÐnai fjÐnousa kai koÐlh sun�rthsh tou q.

Apìdeixh. K�nontac merikoÔc upologismoÔc, mporoÔme isodÔnama na doÔme ìti h
1

β(q) eÐnai h monadik  rÐza thc exÐswshc

λqzK − µzK−1 − µzK−2 − ...− µz − µ = 0 (4.19)
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pou keÐtai ektìc monadiaÐou dÐskou. 'Etsi, sumperaÐnoume ìti

q ≡ q(z) =
µ

λ
· 1 + z + ...+ zK−1

zK

=
µ

λ
· 1− zK

(1− z) zK
=
µ

λ
g(z). (4.20)

Me aut  th logik , èqoume ìti to prìshmo thc q′(z) exart�tai apì to prìshmo tou

arijmht  thc g′(z), o opoÐoc isoÔtai me

−KzK−1 (1− z) zK −
�
1− zK

� �
KzK−1 − (K + 1) zK

�
= −z2K + (K + 1) zK −KzK−1

=
�
Kz + z −K − zK+1

�
zK−1

= Φ(z) · zK−1,

ìpou Φ(z) = Kz+z−K−zK+1. Wstìso, mporoÔme eÔkola na sumper�noume ìti h 1
β(q)

eÐnai p�nta ènac pragmatikìc arijmìc megalÔteroc tou 1. Pr�gmati, antikajist¸ntac

w = 1
z sthn (4.19), sumperaÐnoume ìti h w eÐnai h monadik  rÐza thc exÐswshc

λq − µw − µw2 − ...− µwK−1 − µwK = 0

pou brÐsketai entìc tou monadiaÐou dÐskou. Efìson λq < K, mporoÔme �mesa na

deÐxoume ìti h teleutaÐa èqei mia pragmatikh rÐza sto (0, 1), opìte kai h arqik  exÐswsh

(4.19) èqei pr�gmati mia pragmatik  rÐza sto (1,+∞). Wc ek toÔtou, o ìroc zK−1

diathreÐ jetikì prìshmo. Apì thn �llh meri�, h par�gwgoc thc Φ(z) isoÔtai me

Φ′(z) = (k + 1) ·
�
1− zK

�
,

kai diathreÐ arnhtikì prìshmo. 'Etsi, h Φ(z) eÐnai fjÐnousa sun�rthsh wc proc z kai,

afoÔ Φ(1) = 0, èqoume ìti Φ(z) < 0 gia k�je z > 1. En katakleÐdi, o arijmht c thc

g′(z) diathreÐ epÐshc arnhtikì prìshmo kai, epomènwc, h q(z) eÐnai fjÐnousa sun�rthsh

wc proc z. Lìgw, t¸ra, thc 1-1 antistoiqÐac metaxÔ q(z) kai 1
β(q) , sumperaÐnoume ìti h

1
β(q) eÐnai epÐshc mia fjÐnousa sun�rthsh wc proc q, opìte kai sun�goume th monotonÐa

pou anafèretai sto l mma.

Qrhsimopoi¸ntac, t¸ra, thn (4.20), sumperaÐnoume ìti

g(z) =
1

(1− z)zK
− 1

1− z
= a(z)− b(z). (4.21)
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ParagwgÐzontac dÔo forèc th sun�rthsh b(z), èqoume ìti

b′′(z) =
2

(1− z)3
. (4.22)

Apì thn �llh, paragwgÐzontac th sun�rthsh a(z), prokÔptei

a′(z) = −Kz
K−1 − (K + 1)zK

(1− z)2 z2K
=
z −K(1− z)
(1− z)2 zK+1

.

kai xanaparagwgÐzontac èqoume

a′′(z) =
d(z)

(1− z)4 z2K+2
,

ìpou h d(z) isoÔtai me

d(z) = (1− z)2 zK+1(K + 1)− [(K + 1)z −K] ·
�
−2(1− z)zK+1 + (1− z)2 (K + 1)zK

�
= (K + 1) (1− z)2 zK+1 − [(K + 1)z −K] · (1− z) zK [(K + 1)(1− z)− 2z]

= (1− z) zK
¦

(K + 1)z − (K + 1)z2 − [(K + 1)z −K] · [K + 1− (K + 3)z]
©

= (1− z) zK
¦
K(K + 1) +

�
−2K2 − 4K

�
z + (K + 1)(K + 2)z2

©
= (1− z) zK

¦
K(K + 1)− 2K (K + 2) z + (K + 1)(K + 2)z2

©
. (4.23)

Sundu�zontac, t¸ra, tic (4.21), (4.22) kai (4.23), prokÔptei telik� ìti

g′′(z) =
(1− z) zK

¦
K(K + 1)− 2K (K + 2) z + (K + 1)(K + 2)z2

©
(1− z)4 z2K+2

− 2

(1− z)3

=
K(K + 1)− 2K (K + 2) z + (K + 1)(K + 2)z2

(1− z)3 zK+2
− 2

(1− z)3

=
K(K + 1)− 2K (K + 2) z + (K + 1)(K + 2)z2 − 2zK+2

(1− z)3 zK+2

=
(K + 1)

�
K − (K + 2)z2

�
− 2z

�
K(K + 2) + zK+1

�
(1− z)3 zK+2

. (4.24)

Shmei¸noume t¸ra ìti, efìson z > 1, o paranomast c sthn (4.24) diathreÐ arnhtikì

prìshmo. Epiplèon, h sunj kh z > 1 odhgeÐ sto sumpèrasma ìti (K + 2)z2 > K,

pou k�nei ton pr¸to ìro ston arijmht  thc (4.24) na diathreÐ arnhtikì prìshmo. O
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deÔteroc ìroc ston arijmht  thc (4.24) diathreÐ jetikì prìshmo kai, wc ek toÔtou, h

g′′(z) diathreÐ jetikì prìshmo. 'Etsi, sumperaÐnoume ìti h g(z) eÐnai kurt  sun�rthsh

tou z. Lìgw p�li thc 1-1 antistoiqÐac metaxÔ q(z) kai 1
β(q) , pou anafèrjhke nwrÐtera

sthn (4.20), sumperaÐnoume, telik�, ìti pr�gmati h 1
β(q) eÐnai koÐlh sun�rthsh tou q.

�

Sthn akìloujh prìtash melet�me thn kurtìthta thc S(fu)(q).

Prìtash 4.2. H sun�rthsh S(fu)(q), ìpwc orÐsthke sth sqèsh (4.14), eÐnai au-

sthr� kurt  sto upodi�sthma tou [0, 1] sto opoÐo eÐnai peperasmènh.

Apìdeixh. ParagwgÐzontac ton enallaktikì tÔpo tou sunolikoÔ mèsou qrìnou

paramon c, ìpwc autìc dÐnetai sth sqèsh (4.18), sun�goume, met� apì merikoÔc upo-

logismoÔc th sqèsh

�
S(fu)(q)

�′
= −K − 1

2λq2
−
K
�

1
β(q)

�K−1 �
1

β(q)

�′
µ2
��

1
β(q)

�K
− 1

�2 . (4.25)

ParagwgÐzontac thn (4.25) paÐrnoume ìti

�
S(fu)(q)

�′′
=
K − 1

λq3
− j(q)

µ2
�

1
β(q) − 1

�4 (4.26)

ìpou h j(q) dÐnetai apì th sqèsh

j(q) = Kµ(K − 1)zK−20 (q)
�
z
′
0(q)

�2 �
zK0 (q)− 1

�2
+KµzK−10 (q)z

′′
0 (q)

�
zK0 (q)− 1

�2
−2K2µz2K−20 (q)

�
z
′
0(q)

�2 �
zK0 (q)− 1

�
= KµzK−20 (q)

�
z
′
0(q)

�2 �
zK0 (q)− 1

� ¦
(K − 1)

�
zK0 (q)− 1

�
− 2KzK0 (q)

©
+KµzK−10 (q)z

′′
0 (q)

�
zK0 (q)− 1

�2
= KµzK−20 (q)

�
z
′
0(q)

�2 �
zK0 (q)− 1

� ¦
(K − 1)zK0 (q)− (K − 1)− 2KzK0 (q)

©
+KµzK−10 (q)z

′′
0 (q)

�
zK0 (q)− 1

�2
, (4.27)

ìpou èqoume sumbolÐsei gia lìgouc suntomÐac me z0(q) thn posìthta
1

β(q) . MporoÔme
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na aplopoi soume peraitèrw kai èqoume telik�

j(q) = KµzK−20 (q)
�
z
′
0(q)

�2 �
zK0 (q)− 1

� ¦
−(K + 1)zK0 (q)− (K − 1)

©
+KµzK−10 (q)z

′′
0 (q)

�
zK0 (q)− 1

�2
= KµzK−20 (q)

�
zK0 (q)− 1

�
·
��
z
′
0(q)

�2
·
�
−(K + 1)zK0 (q)− (K − 1)

�
+

1

β(q)
z
′′
0 (q)

�
zK0 (q)− 1

��
.

(4.28)

Lamb�nontac upìyh to l mma 4.1, mporoÔme eÔkola na doÔme ìti j(q) < 0. Sundu�-

zontac, katìpin, tic (4.26) kai (4.28), eÐnai �meso ìti h
�
S(fu)(q)

�′′
diathreÐ jetikì

prìshmo, dhlad  h
�
S(fu)(q)

�
eÐnai kurt  sun�rthsh tou q. �

MporoÔme t¸ra na prosdiorÐsoume thc strathgikèc isorropÐac twn pelat¸n. Sh-

mei¸noume ìti h strathgik  0 pou upodeiknÔei ston pel�th na apoqwreÐ p�nta eÐnai

strathgik  isorropÐac, lìgw tou pr¸tou kl�dou thc (4.14). Pr�gmati, ìtan ìloi oi

pel�tec apoqwroÔn, ènac tuqaÐa epilegmènoc pel�thc protim� epÐshc na apoqwr sei,

giatÐ se diaforetik  perÐptwsh ja perimènei ep� �peiron gia th sumpl rwsh thc om�dac

tou. EpishmaÐnoume se autì to shmeÐo th diafor� me to montèlo ìpou oi exuphret seic

gÐnontai memonwmèna (K = 1), sto opoÐo h strathgik  apoq¸rhshc (0) den apoteleÐ

sth genik  perÐptwsh strathgik  isorropÐac. Sqetik�, èqoume to akìloujo je¸rh-

ma 4.3 pou prosdiorÐzei ton arijmì kai th fÔsh twn jetik¸n strathgik¸n isorropÐac

(dhlad  twn strathgik¸n isorropÐac me jetik  pijanìthta eisìdou).

Je¸rhma 4.3. JewroÔme to mh-parathr simo montèlo thc M/MK/1 our�c kai

èstw qmin to monadikì shmeÐo to opoÐo elaqistopoieÐ olik� to deÔtero kl�do thc S
(fu)(q)

sthn (4.14). 'Eqoume tic akìloujec peript¸seic:

PerÐptwsh I : R
C < S(fu)(qmin). Se aut  thn perÐptwsh, den up�rqei jetik 

strathgik  isorropÐac.

PerÐptwsh II : R
C = S(fu)(qmin).

IIa: qmin > 1. Se aut  thn perÐptwsh, den up�rqei jetik  strathgik  isorro-

pÐac.
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IIb: qmin = 1. Se aut  thn perÐptwsh, up�rqei mia monadik  jetik  strathgik 

isorropÐac qe : h strathgik  qe = 1.

IIc: qmin < 1. Se aut  thn perÐptwsh, up�rqei mia monadik  jetik  strathgik 

isorropÐac qe: h strathgik  qe = qmin.

PerÐptwsh III: R
C > S(fu)(qmin).

'Estw q1 < q2 oi rÐzec thc sun�rthshc S(fu)(q) = R
C (ed¸ up�rqoun dÔo rÐzec,

lìgw thc austhr c kurtìthtac thc sun�rthshc S(fu)(q)).

IIIa: q1 > 1. Se aut n thn perÐptwsh, den up�rqei jetik  strathgik  isorro-

pÐac.

IIIb: q1 = 1. Se aut n thn perÐptwsh, up�rqei mia monadik  jetik  strathgik 

isorropÐac: h strathgik  qe = 1.

IIIc: q1 < 1 < q2. Se aut n thn perÐptwsh, up�rqoun dÔo jetikèc strathgikèc

isorropÐac: oi strathgikèc qe = q1 kai qe = 1.

IIId: q2 = 1. Se aut n thn perÐptwsh, up�rqoun dÔo jetikèc strathgikèc

isorropÐac: oi strathgikèc qe = q1 kai qe = 1.

IIIe: q2 < 1. Se aut n thn perÐptwsh, up�rqoun dÔo jetikèc strathgikèc

isorropÐac: oi strathgikèc qe = q1 kai qe = q2.

Apìdeixh. H strathgik  q = 1 pou upodeiknÔei ston pel�th thn eÐsodì tou sto

sÔsthma eÐnai strathgik  isorropÐac an kai mìno an S(fu)(1) ≤ R
C . 'Etsi, sthn perÐ-

ptwsh I, h strathgik  q = 1 den eÐnai potè shmeÐo isorropÐac, en¸ sthn perÐptwsh II,

h strathgik  q = 1 apoteleÐ shmeÐo isorropÐac mìno sthn perÐptwsh ìpou qmin = 1

(upoperÐptwsh IIb). Sthn perÐptwsh III, h strathgik  q = 1 apoteleÐ shmeÐo isorro-

pÐac an kai mìno an keÐtai metaxÔ twn riz¸n thc S(fu)(q) = R
C (lìgw thc kurtìthtac

thc sun�rthshc S(fu)(q)), dhlad  ìtan q1 ≤ 1 ≤ q2 (upopeript¸seic IIIb, IIIc, IIId).

Mia mikt  strathgik  q ∈ (0, 1) apoteleÐ shmeÐo isorropÐac an kai mìno an S(fu)(q) =
R
C . Sthn perÐptwsh I, h exÐswsh den èqei rÐzec kai, epomènwc, den up�rqoun gn sia

miktèc strathgikèc isorropÐac. Sthn perÐptwsh II, h exÐswsh èqei monadik  lÔsh thn

q = qmin. Aut  ja eÐnai apodekt  wc gn sia miktì shmeÐo isorropÐac an qmin < 1
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(perÐptwsh IIc). Sthn perÐptwsh III, h exÐswsh èqei dÔo diakekrimènec rÐzec q1 kai

q2. Autèc eÐnai apodektèc wc gn siec miktèc strathgikèc isorropÐac ìtan q1 < 1 kai

q2 < 1 antÐstoiqa (peript¸seic IIIc, IIId, IIIe). �

Strèfoume t¸ra to endiafèron mac sth je¸rhsh tou diaqeirist  tou sust matoc.

Se aut n thn perÐptwsh, to prìblhma eÐnai h megistopoÐhsh tou anamenìmenou kaja-

roÔ koinwnikoÔ ìfelouc an� qronik  mon�da, B(fu)(q), wc proc th strathgik  q pou

ja èprepe na epiblhjeÐ stouc pel�tec (p.q. me th morf  k�poiou diodÐou/ antitÐmou

eisìdou). Me b�sh thn (4.14), sun�goume ìti

B(fu)(q) = λq(R− CS(fu)(q))

=

8>>>><>>>>:

−∞ an Kµ
λ ≤ q ≤ 1, λ ≥ Kµ,

0 an q = 0,

λqR− C
�

λq

µ(1−(β(q))K)
+ K−1

2

�
an 0 < q ≤ 1, λ < Kµ

  0 < q < Kµ
λ , λ ≥ Kµ.

(4.29)

Shmei¸noume ìti gia ton mh tetrimmèno trÐto kl�do thc B(fu)(q), mporoÔme eÔkola na

sumper�noume ìti h posìthta dB(fu)(q)
dq eÐnai arnhtik  kai den exart�tai apì to K. Wc

ek toÔtou, h B(fu)(q) eÐnai austhr� koÐlh gi� autì to eÔroc twn paramètrwn tou q kai

to el�qistì thc, qmax eÐnai monadikì. MporoÔme, loipìn, na katal xoume sto epìmeno

je¸rhma, 4.4, pou prosdiorÐzei tic koinwnik� bèltistec strathgikèc.

Je¸rhma 4.4. JewroÔme to mh-parathr simo montèlo thc M/MK/1 our�c. O

arijmìc kai h fÔsh twn koinwnik� bèltistwn strathgik¸n exart�tai apì tic timèc twn

qmin, pou eÐnai to monadikì shmeÐo pou elaqistopoieÐ olik� to deÔtero kl�do thc (4.14),

kai to qmax,pou eÐnai to monadikì shmeÐo pou elaqistopoieÐ olik� ton trÐto kl�do thc

(4.29).

PerÐptwsh I : R
C < S(fu)(qmin). Tìte, up�rqei mia monadik  koinwnik� bèltisth

strathgik  qsoc: h strathgik  me pijanìthta eisìdou qsoc = 0.

PerÐptwsh II : R
C = S(fu)(qmin).

IIa: qmin > 1. Tìte, up�rqei mia monadik  koinwnik� bèltisth strathgik  qsoc:

h strathgik  me pijanìthta eisìdou qsoc = 0.
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IIb: qmin ≤ 1. Tìte, up�rqoun dÔo koinwnik� bèltistec strathgikèc: h stra-

thgik  me pijanìthta eisìdou qsoc = 0 kai h strathgik  me pijanìthta

eisìdou qsoc = qmin.

PerÐptwsh III : R
C > S(fu)(qmin). Tìte up�rqei monadik  koinwnik� bèltisth

strathgk : h strathgik  me pijanìthta eisìdou qsoc = min(qmax, 1).

Apìdeixh. Stic peript¸seic I kai II, ìpou R
C ≤ S(fu)(qmin), èqoume ìti R −

CS(fu)(q) ≤ 0, gia q ∈ [0, 1], to opoÐo sunep�getai ìti B(fu)(q) ≤ 0, gia q ∈ [0, 1].

Efìson B(fu)(0) = 0, sumperaÐnoume ìti h mègisth tim  thc B(fu)(q) sto [0, 1] eÐnai 0

kai epitugq�netai kai stic dÔo pript¸seic sto qsoc = 0. Sthn perÐptwsh I, to mègisto

einai monadikì, en antijèsh me thn perÐptwsh II, sthn opoÐa to mègisto epitugq�netai

epÐshc kai gia qsoc = qmin, to opoÐo einai apodektì mìno sthn perÐptwsh pou qmin ≤ 1.

Sthn perÐptwsh III, ìpou R
C > S(fu)(qmin), èqoume ìti B(fu)(qmin) = λqmin(R −

CS(fu)(qmin) > 0, dhlad  to mègisto thc B(fu)(q) sto [0, 1] epitugq�netai se k�poio

shmeÐo pou antistoiqeÐ ston trÐto kl�do thc (4.29). Lìgw, ìmwc, tou gegonìtoc ìti

h sun�rthsh eÐnai austhr� koÐlh wc proc q, sumperaÐnoume ìti to mègisto qmax eÐnai

monadikì kai h B(fu)(q) eÐnai gnhsÐwc aÔxousa gia q ≤ qmax, en¸ eÐnai gnhsÐwc fjÐ-

nousa gia q ≥ qmax. 'Etsi, to mègisto thc B(fu)(q) epitugq�netai sto qsoc = qmax, an

qmax ≤ 1, eid�llwc epitugq�netai sto qsoc = 1. �

Ac anakalèsoume ìti h strathgik  qe = 0 apoteleÐ p�nta strathgik  isorropÐac.

Shmei¸noume, epiplèon, ìti B(fu)′(q) = λ(R−CS(fu)(q))−λqCS(fu)′(q). Sunep¸c, gia

thn perÐptwsh III tou jewr matoc 4.3, sun�goume ìti B(fu)′(q1) = −λq1CS(fu)′(q1) >

0, en¸ B(fu)′(q2) = −λq2CS(fu)′(q2) < 0. Katal goume, epomènwc, sto ìti q1 <

qmax < q2. Wc ek toÔtou, mia sÔgkrish twn peript¸sewn I-III gia ta jewr mata 4.3

kai 4.4 apokalÔptei ta akìlouja:

• 'Otan R
C ≤ S(fu)(qmin), oi koinwnik� bèltistec strathgikèc sumpÐptoun me tic

strathgikèc isorropÐac (kai mporeÐ na eÐnai eÐte mÐa eÐte dÔo).

• 'Otan R
C > S(fu)(qmin), h koinwnik� bèltisth strathgik  eÐnai monadik , en¸

mporeÐ na up�rqoun apì mÐa èwc treic strathgikèc isorropÐac.
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• 'Otan R
C > S(fu)(qmin), h strathgik  isorropÐac qe = 0 den eÐnai potè koinwnik�

bèltisth.

• 'Otan R
C > S(fu)(qmin), sumperaÐnoume ìti 0 < q1 < qmax < q2 kai mporeÐ na

prokÔyoun di�forec peript¸seic, lamb�nontac upìyh th jèsh tou arijmoÔ 1 se

sÔgkrish me ta q1, qmax, q2. Sunep¸c, se aut n thn perÐptwsh den eÐnai xek�jaro

to an eÐnai protimhtèo apì thn pleur� thc koinwnÐac to na enjarrunjoÔn   na

apojarrunjoÔn oi pel�tec gia na eisèljoun.

'Opwc èqoume anafèrei kai sthn eisagwg  tou kefalaÐou, aut  h idi�zousa strathgi-

k  sumperifor� twn pelat¸n ofeÐletai sth sunÔparxh dÔo antÐjetwn epidr�sewn, oi

opoÐec sundèontai me thn aÔxhsh tou rujmoÔ afÐxewn. 'Otan o rujmìc afÐxewn eÐnai

qamhlìc, h epÐdrash pou upertereÐ eÐnai h epit�qunsh thc sumpl rwshc thc asumpl -

rwthc om�dac kai, sunep¸c, h strathgik  sumperifor� twn pelat¸n eÐnai tÔpou STP.

AntÐjeta, ìtan o rujmìc afÐxewn eÐnai uyhlìc, h epÐdrash pou upertereÐ eÐnai h aÔxhsh

tou sunwstismoÔ twn sumplhrwmènwn om�dwn, pou odhgeÐ se mia sumperifor� tÔpou

ATP.
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