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Ston Odussèa kai ton Jan�sh





Me thn olokl rwsh thc didaktorik c diatrib c ja  jela na euqarist sw idiaÐtera

ton epiblèpont� mou, anaplhrwt  kajhght  k. A. Oikonìmou gia thn kajod ghs  tou.

Me th mejodikìthta kai th metadotikìtht� tou kaj¸c kai me thn enj�rrunsh kai thn

upost rixh pou aplìqera mou pareÐqe, èkane thn ekpìnhsh thc didaktorik c diatrib c

mia polÔtimh kai euq�risth empeirÐa.

Ja  jela akìmh na euqarist sw ton anaplhrwt  kajhght  k. K. Mhlolid�kh kai

ton kajhght  k. A. Mpournèta pou summeteÐqan sthn trimel  sumbouleutik  epitrop 

gia th st rix  touc kai tic gn¸seic pou mou metèdwsan se ìlh th di�rkeia twn meta-

ptuqiak¸n spoud¸n mou. Epiplèon, euqarist¸ touc kajhghtèc k. E. MageÐrou kai k.

Q. PapagewrgÐou, kaj¸c kai touc anaplhrwtèc kajhghtèc k. E. KuriakÐdh kai k. D.

FakÐno pou mou èkanan thn tim  na summetèqoun sthn eptamel  exetastik  epitrop 

thc didaktorik c diatrib c mou. Euqarist¸, epÐshc, to 'Idruma Kratik¸n Upotrofi¸n

gia thn oikonomik  enÐsqush pou mou prosèfere kaj' ìlh th di�rkeia thc ekpìnhshc

thc paroÔsac diatrib c.

Tèloc, ja  jela na euqarist sw ton sunodoipìro mou sth zw  kai tic spoudèc,

Odussèa. Ton euqarist¸ gia thn ag�ph kai thn st rix  tou ìla aut� ta qrìnia. Eu-

qarist¸, akìmh, tic oikogèneièc mac gia th st rixh, th bo jeia kai thn katanìhs  touc

kat� th di�rkeia twn spoud¸n mac kai ton giì mac, Jan�sh, pou k�nei pio eutuqismènh

thn k�je mac mèra.
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Kef�laio 1

Eisagwg 

1.1 Ourèc anamon c

'Ena shmantikì mèroc thc Epiqeirhsiak c 'Ereunac eÐnai afierwmèno sth melèth twn

our¸n anamon c (susthm�twn exuphrèthshc). Wc our� anamon c orÐzetai k�je sÔsth-

ma pou parèqei exuphrèthsh se pel�tec pou fj�noun se autì. Sunep¸c, wc ourèc

anamon c mporoÔn na perigrafoÔn kai na melethjoÔn sust mata ìpwc ènac stajmìc

tou metrì, mia tr�peza, mia apoj kh, èna thlefwnikì kèntro kai ètsi h jewrÐa our¸n

brÐskei efarmogèc stic metaforèc, sth biomhqanÐa, stic thlepikoinwnÐec kai alloÔ.

K�je tètoio sÔsthma diajètei ènan   perissìterouc uphrètec kai ènan q¸ro anamon c

me �peirh   periorismènh qwrhtikìthta, ìpou perimènoun oi pel�tec pou de mporoÔn na

exuphrethjoÔn �mesa. Sth genik  perÐptwsh, se mia our� anamon c up�rqei tuqaiìth-

ta tìso stouc qrìnouc twn afÐxewn twn diadoqik¸n pelat¸n ìso kai stouc qrìnouc

exuphrèthshc k�je pel�th. Lìgw aut c thc tuqaiìthtac, k�je sÔsthma exuphrèthshc

gia na perigrafeÐ kai na melethjeÐ prèpei na parastajeÐ me k�poia kat�llhla orismènh

stoqastik  diadikasÐa.

Ta kÔria qarakthristik� k�je our�c anamon c eÐnai h diadikasÐa afÐxewn, o mhqani-

smìc exuphrèthshc kai h peijarqÐa our�c.

H diadikasÐa afÐxewn

Aut  perigr�fei ton trìpo me ton opoÐo katafj�noun oi diadoqikoÐ pel�tec sto sÔsth-

ma kai orÐzetai apì thn katanom  twn qronik¸n stigm¸n twn antÐstoiqwn afÐxewn  

9



10 KEF�ALAIO 1. EISAGWG�H

isodÔnama apì th stoqastik  ex�rthsh twn endi�meswn qrìnwn afÐxewn. Oi kuriìterec

peript¸seic eÐnai: h Poisson diadikasÐa afÐxewn, h stajer  diadikasÐa afÐxewn kai h

ananewtik  diadikasÐa afÐxewn.

O mhqanismìc exuphrèthshc

Autìc orÐzetai apì ton arijmì twn uphret¸n pou leitourgoÔn par�llhla kai apì

thn katanom  twn qrìnwn exuphrèthshc. Upojètoume ìti oi diadoqikoÐ qrìnoi exu-

phrèthshc twn pelat¸n eÐnai anex�rthtec kai isìnomec tuqaÐec metablhtèc me k�poia

genik  katanom  kai peperasmènh mèsh tim . Oi kuriìterec eidikèc peript¸seic prokÔ-

ptoun ìtan oi qrìnoi exuphrèthshc akoloujoÔn ekjetik  katanom , Erlang katanom ,

uperekjetik  katanom  kaj¸c kai ìtan èqoume stajeroÔc qrìnouc exuphrèthshc.

H peijarqÐa our�c

Aut  anafèretai ston trìpo me ton opoÐo epilègontai oi pel�tec pou brÐskontai ston

q¸ro anamon c gia na exuphrethjoÔn. H sun jhc peijarqÐa our�c eÐnai h FCFS
(First-Come-First-Served), ìpou k�je pel�thc exuphreteÐtai sÔmfwna me th seir�

pou fj�nei sto sÔsthma. 'Allec shmantikèc peijarqÐec our�c eÐnai h LCFS (Last-
Come-First-Served), ìpou k�je for� pou o uphrèthc eÐnai eleÔjeroc, epilègei gia

exuphrèthsh ton pel�th pou afÐqjhke pio prìsfata kai h SIRO (Service-In-Random-
Order), ìpou h epilog  gia exuphrèthsh gÐnetai entel¸c tuqaÐa. Up�rqoun akìmh

peijarqÐec our�c pou lamb�noun upìyh touc sugkekrimènouc qrìnouc exuphrèthshc

twn pelat¸n pou perimènoun kai peijarqÐec pou jètoun proteraiìthtec gia sugkekrimè-

nouc tÔpouc pelat¸n. Oi teleutaÐec diakrÐnontai se diakìptousec (thn paroÔsa exu-

phrèthsh) kai mh-diakìptousec. Oi diakìptousec diakrÐnontai se sunthrhtikèc me thn

ènnoia ìti den epifèroun ap¸leia tou qrìnou exuphrèthshc kai se mh-sunthrhtikèc.

To pr¸to �rjro p�nw stic ourèc anamon c  tan tou DanoÔ mhqanikoÔ Erlang
(1909). O Kendall (1953) eis gage pr¸toc ton sumbolismì A/B/c, ton opoÐo qrhsi-

mopoioÔme mèqri kai s mera gia thn perigraf  miac our�c. H ènnoia thc upanaq¸rhshc

(reneging) eis qjh apì ton Palm (1938) kai anakalÔfjhke ek nèou kai p re to ìnom�

thc apì ton Haight (1958). O Ðdioc eis gage tic ènnoiec thc apoq¸rhshc (balking) kai
twn par�llhlwn our¸n (parallel queues). O Cohen (1957) faÐnetai na eÐnai o pr¸toc

pou melèthse ourèc me epanaprosp�jeiec (retrial queues). 0 Little (1961) dhmosieÔse

thn apìdeixh tou om¸numou Jewr matìc tou, en¸ o Wolff (1982) onìmase, dièdwse

ki èdwse mia austhr  apìdeixh gia thn idiìthta PASTA, parìlo pou aut   tan  dh
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gnwst  (blèpe Cooper, 1981).
Oi Yechiali kai Naor (1971) kai o Neuts (1971) asqol jhkan pr¸toi me sust mata

exuphrèthshc se tuqaÐo perib�llon, dhlad  me sust mata sta opoÐa oi rujmoÐ

afÐxewn kai exuphret sewn den eÐnai stajeroÐ all� exart¸ntai apì thn kat�stash

k�poiac exwterik c diadikasÐac. Akìmh kai sta pio apl� sust mata exuphrèthshc se

tuqaÐo perib�llon eÐnai polÔ dÔskolo na dwjeÐ h st�simh katanom  se kleist  ana-

lutik  morf . Sun jwc stic ergasÐec, gÐnetai qr sh pijanogennhtri¸n kai pinakoana-

lutik¸n mejìdwn gia na prosdiorisjeÐ h st�simh katanom . Oi kuriìterec pinakoana-

lutikèc mèjodoi parousi�zontai sta suggr�mmata twn Neuts (1999) kai Latouche kai

Ramaswami (1999).
Se k�poia sust mata, oi diadikasÐec afÐxewn kai exuphret sewn eÐnai polÔ taqÔterec

apì tic upìloipec diadikasÐec (p.q. energopoÐhseic, apenergopoi seic uphret¸n, al-

lagèc taqÔthtac exuphrèthshc k.l.p.). 'Etsi, se aut� mporeÐ na jewrhjeÐ ìti èqoume

suneq  ro  eisìdou kai exìdou kai montelopoioÔntai san sust mata exuphrèthshc

reustoÔ. Tètoia sust mata melet jhkan apì touc Kosten (1974a,b), Kosten kai

Vrieze (1975), Anick, Mitra kai Sondhi (1982), Asmussen (1995), Karandikar kai

Kulkarni (1995), Kurkarni kai Rolski (1994) kai �llouc.
Arqik�, h melèth twn susthm�twn exuphrèthshc epikentrwnìtan ston prosdiori-

smì k�poiwn mètrwn apìdoshc, ìpwc to mèso m koc our�c, o mèsoc qrìnoc paramon c

sto sÔsthma k.a. Se autèc tic melètec h sumperifor� tou pel�th  tan pajhtik  me

thn ènnoia ìti aut  den ephreazìtan apì thn poiìthta thc exuphrèthshc. Argìte-

ra, ègine antilhptì ìti ja  tan pio realistikì na upotejeÐ ìti h sumperifor� enìc

pel�th exart�tai apì th sumperifor� tou uphrèth kai twn upìloipwn pelat¸n. 'Etsi,

h telik  kat�stash tou sust matoc eÐnai h kat�stash isorropÐac sto paiqnÐdi pou

prokÔptei metaxÔ twn parap�nw. O pr¸toc pou melèthse th strathgik  sumperi-

for� twn pelat¸n se mia our� anamon c  tan o Naor (1969), o opoÐoc je¸rhse thn

M/M/1 our� upojètwntac ìti oi pel�tec apofasÐzoun an ja eisèljoun sto sÔsthma

  ja apoqwr soun, gnwrÐzontac ton arijmì twn pelat¸n sto sÔsthma kat� thn �fix 

touc. O Naor gia na montelopoi sei thn epijumÐa twn pelat¸n gia exuphrèthsh kai

thn aprojumÐa touc na perimènoun sthn our� gia meg�lo qronikì di�sthma, eis gage

mia grammik  dom  amoib c - kìstouc sto sÔsthma. 'Etsi, k�je pel�thc upologÐzei

to anamenìmeno kajarì kèrdoc tou wc th diafor� tou anamenìmenou kìstouc lìgw
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paramon c sto sÔsthma apì thn amoib  tou lìgw exuphrèthshc kai apofasÐzei an ja

eisèljei se autì   ja apoqwr sei dÐqwc na exuphrethjeÐ.

Me thn eisagwg  miac dom c amoib c - kìstouc sto sÔsthma (timolog¸ntac thn

our�) kai thc dunatìthtac twn pelat¸n na lamb�noun apof�seic, prokÔptei èna sÔsth-

ma sto opoÐo h sumperifor� enìc pel�th exart�tai apì th sumperifor� twn upìloipwn

pelat¸n kai tic paramètrouc tou sust matoc, oi opoÐec mporeÐ na jewrhjeÐ ìti rujmÐ-

zontai apì ton kentrikì diaqeirist  tou sust matoc. Gia thn arqik  an�lush, mporeÐ

na jewrhjeÐ ìti oi pel�tec lamb�noun tic apof�seic touc me skopì th megistopoÐhsh

tou atomikoÔ touc kèrdouc   tou koinwnikoÔ kèrdouc. Sthn pr¸th perÐptwsh, h sumpe-

rifor� twn pelat¸n prosdiorÐzetai wc to shmeÐo isorropÐac sto paiqnÐdi metaxÔ twn

pelat¸n, en¸ sth deÔterh perÐptwsh prokÔptei apì thn epÐlush enìc probl matoc

beltistopoÐhshc. Se deÔtero epÐpedo, mporoÔme na jewr soume ìti o diaqeirist c

tou sust matoc, gnwrÐzontac th sumperifor� twn pelat¸n, lamb�nei apof�seic gia

tic paramètrouc tou sust matoc me skopì th megistopoÐhsh tou koinwnikoÔ   ato-

mikoÔ tou kèrdouc. Se k�je perÐptwsh h sumperifor� prosdiorÐzetai wc h lÔsh enìc

probl matoc beltistopoÐhshc.

Met� ton Naor, oi Edelson kai Hildebrand (1975) sunèqisan th melèth thc sumpe-

rifor�c twn pelat¸n sth M/M/1 our�. Se aut  thn ergasÐa melet�tai h mh parathr -

simh perÐptwsh, dhlad  jewreÐtai ìti oi pel�tec lamb�noun tic apof�seic touc qwrÐc

na gnwrÐzoun ton arijmì twn parìntwn pelat¸n sto sÔsthma kat� thn �fix  touc.

SugkrÐnontac autèc tic dÔo arqikèc ergasÐec, parathroÔme ìti h sumperifor� twn

pelat¸n ephre�zetai apì to epÐpedo plhrofìrhshc pou touc parèqetai. To Ðdio sum-

baÐnei kai me th sumperifor� tou diaqeirist .

Ta qrìnia pou akoloÔjhsan, polloÐ ereunhtèc asqol jhkan me thn oikonomik 

an�lush thc sumperifor�c twn pelat¸n se epekt�seic/tropopoi seic thc M/M/1

our�c, ìpwc oi Hassin kai Haviv (1997), Burnetas kai Economou (2007), Hassin
(2007), Economou kai Kanta (2008a,2008b), Sun et al. (2010) k.a. Th strathgik 

sumperifor� twn pelat¸n se sust mata me genikoÔc qrìnouc exuphrèthshc melèth-

san oi Altman kai Hassin (2002), Economou, Gomez-Corral kai Kanta (2011) kai o

Kerner (2011). Sta biblÐa twn Hassin kai Haviv (2003) kai Stidham (2009) suno-

yÐzontai oi basikèc mejodologikèc proseggÐseic kai shmantik� apotelèsmata apì aut 

thn perioq .
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1.2 Paigniojewrhtikì plaÐsio

Skopìc thc diatrib c eÐnai h oikonomik  an�lush thc sumperifor�c twn pelat¸n ìtan,

ft�nontac sthn our�, èqoun th dunatìthta na epilèxoun an ja eisèljoun se aut n

  ja apoqwr soun. JewroÔme ìti oi pel�tec lamb�noun tic apof�seic touc prospa-

j¸ntac na megistopoi soun to atomikì   koinwnikì ìfeloc, basizìmenoi se mia dom 

amoib c - kìstouc pou èqei eisaqjeÐ. Sugkekrimèna, jewroÔme ìti k�je pel�thc lam-

b�nei R qrhmatikèc mon�dec ìtan oloklhr¸netai h exuphrèths  tou kai èqei kìstoc

K qrhmatikèc mon�dec an� qronik  mon�da paramon c sto sÔsthma. 'Etsi, to kèrdoc

tou posotikopoieÐ thn epijumÐa tou na exuphrethjeÐ, en¸ to kìstoc thn aprojumÐa na

perimènei sthn our� gia meg�lo qronikì di�sthma.

Sthn perÐptwsh pou o pel�thc lamb�nei thn apìfas  tou me gn¸mona th megisto-

poÐhsh tou atomikoÔ tou ìfelouc, leitourgeÐ wc ex c: upologÐzei to anamenìmeno

kajarì kèrdoc tou an mpei sthn our� kai sthn perÐptwsh pou autì eÐnai mh arnhtikì

mpaÐnei, alli¸c apoqwreÐ. 'Omwc, to anamenìmeno kèrdoc enìc sugkekrimènou pel�th

exart�tai apì tic apof�seic twn upìloipwn pelat¸n. Gia par�deigma, se mia our� me

peijarqÐa FCFS, h apìfash twn upìloipwn pelat¸n na mpoun aux�nei ton mèso qrìno

anamon c tou sugkekrimènou pel�th, sunep¸c mei¸nei to anamenìmeno kèrdoc tou.

EpÐshc, se ènan stajmì enìc mèsou mazik c metafor�c, ìpou to metaforikì mèso èqei

periorismènh qwrhtikìthta, h apìfash twn upìloipwn pelat¸n na eisèljoun, mei¸nei

thn pijanìthta na exuphrethjeÐ o sugkekrimènoc pel�thc kaj¸c eÐnai pio pijanì h

qwrhtikìthta tou mèsou na mhn eÐnai arket  ¸ste na ton exuphret sei. Telik�, k�je

pel�thc lamb�nontac upìyh tic apof�seic twn �llwn pelat¸n, apofasÐzei me stìqo

th megistopoÐhsh tou atomikoÔ tou ofèlouc. Sunep¸c, h kat�stash aut  mporeÐ na

montelopoihjeÐ wc èna summetrikì paiqnÐdi metaxÔ twn pelat¸n. Se aut  thn par�-

grafo ja parousi�soume merikèc ènnoiec thc JewrÐac PaignÐwn pou eÐnai aparaÐthtec

gia thn peraitèrw an�lush. Ja parousi�soume to klasikì plaÐsio gia paiqnÐdia me

peperasmèno arijmì paikt¸n qwrÐc sunergasÐa.

Orismìc 1.2.1. (Kajar  Strathgik , Mikt  Strathgik , Strathgik  Kat�stash

(Pure Strategy, Mixed Strategy, Strategy profile)). 'Estw N = {1, 2, ..., n} èna

sÔnolo paikt¸n kai Ai to sÔnolo twn energei¸n gia ton paÐkth i ∈ N . Kajar 

strathgik  tou paÐkth i onom�zoume k�je enèrgeia apì to Ai. Mikt  strathgik  tou
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paÐkth i onom�zoume k�je katanom  pijanìthtac p�nw ston q¸ro twn strathgik¸n

tou Ai. To sÔnolo twn mikt¸n strathgik¸n tou paÐkth i to sumbolÐzoume me Si.

Strathgik  kat�stash onom�zoume èna di�nusma s = (s1, s2, ..., sn) to opoÐo kajorÐzei
mia strathgik  si ∈ Si gia k�je paÐkth. To sÔnolo twn strathgik¸n katast�sewn

sumbolÐzetai me S.

Orismìc 1.2.2. (PaiqnÐdi QwrÐc SunergasÐa (Non Cooperative Game)). 'Ena

paiqnÐdi qwrÐc sunergasÐa apoteleÐtai apì ta ex c: (i)'Ena peperasmèno sÔnolo N =
{1, 2, ..., n} pou antiproswpeÔei touc paÐktec. (ii) Gia k�je paÐkth i ∈ N , èna sÔnolo

Ai pou antiproswpeÔei tic strathgikèc tou. (iii) Gia k�je paÐkth i ∈ N , mia prag-

matik  sun�rthsh Fi(s), me pedÐo orismoÔ to sÔnolo twn strathgik¸n katast�sewn,

pou antiproswpeÔei thn plhrwm  tou paÐkth i gia k�je strathgik  kat�stash s. H

sun�rthsh Fi onom�zetai sun�rthsh plhrwm c tou paÐkth i.

Parat rhsh 1.2.1. Upojètoume ìti h sun�rthsh plhrwm c Fi(s) eÐnai grammik 
wc proc si, i ∈ N . Dhlad , an s−i eÐnai mia strathgik  kat�stash gia to sÔnolo twn

paikt¸n N r {i} kai h si eÐnai mia mÐxh twn strathgik¸n s1
i kai s

2
i me pijanìthtec α

kai 1− α antÐstoiqa, tìte

Fi(si, s−i) = αFi(s1
i , s−i) + (1− α)Fi(s2

i , s−i).

Orismìc 1.2.3. (Asjen c KuriarqÐa (Weak Dominance)). Mia strathgik  s1
i ja

lème ìti kuriarqeÐ asjen¸c epÐ miac strathgik c s2
i , an isqÔei

Fi(s1
i , s−i) ≥ Fi(s2

i , s−i), ∀s−i ∈
Y

j∈Nr{i}
Sj

kai h anisìthta isqÔei austhr� gia toul�qiston mÐa strathgik  s−i ∈
Q
j∈Nr{i} Sj .

Mia strathgik  si ja lème ìti eÐnai asjen¸c kuriarqoÔsa an kuriarqeÐ asjen¸c epÐ

ìlwn twn �llwn strathgik¸n sto Si.

Orismìc 1.2.4. (Bèltisth Ap�nthsh (Best Response)). Ja lème ìti h strathgik 

s∗i tou paÐkth i apoteleÐ bèltisth ap�nthsh sth strathgik  kat�stash s an h plhrwm 

tou paÐkth i megistopoieÐtai ìtan autìc epilèxei th strathgik  s∗i kai oi upìloipoi

leitourg soun sÔmfwna me th strathgik  s. Dhlad , an

s∗i ∈ arg max
si∈Si

Fi(si, s−i).
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Orismìc 1.2.5. (ShmeÐo Strathgik c IsorropÐac   ShmeÐo Nash (Nash equilibri-
um)). Mia strathgik  kat�stash se ∈ S onom�zetai shmeÐo strathgik c isorropÐac

(SSI)   shmeÐo Nash an h strathgik  sei pou akoloujeÐ o paÐkthc i, gia k�je i ∈ N ,

eÐnai bèltisth ap�nthsh sthn se. Dhlad ,

se SSI ⇔ Fi(sei , s
e
−i) ≥ Fi(si, se−i), ∀si ∈ Si, ∀i ∈ N.

Sta sust mata ta opoÐa ja exet�soume sthn paroÔsa diatrib  ja upojèsoume ìti

èqoume �peirouc pel�tec ìmoiouc metaxÔ touc. Sunep¸c, ta probl mata ja antimetw-

pistoÔn wc summetrik� paiqnÐdia metaxÔ twn paikt¸n-pelat¸n. Ja sumbolÐsoume me

S to koinì sÔnolo twn strathgik¸n touc kai me F th sun�rthsh plhrwm c, dhlad 

F (s1, s2) eÐnai h plhrwm  enìc pel�th ìtan autìc epilègei th strathgik  s1 ∈ S

en¸ ìloi oi upìloipoi th strathgik  s2 ∈ S. Sthn perÐptwsh aut  ja anazht soume

summetrik� SSI. O orismìc twn summetrik¸n SSI eÐnai o akìloujoc:

Orismìc 1.2.6. (Summetrikì ShmeÐo Strathgik c IsorropÐac   Summetrikì ShmeÐo

Nash (Symmetric Nash Equilibrium)). Mia strathgik  se ∈ S onom�zetai summetrikì

shmeÐo strathgik c isorropÐac   summetrikì shmeÐo Nash an apoteleÐ bèltisth ap�nth-

sh ston eautì thc, dhlad 

F (se, se) ≥ F (s, se), ∀s ∈ S.

Sth sunèqeia thc diatrib c ìtan lème shmeÐo strathgik c isorropÐac   strathgik 

isorropÐac ja ennooÔme summetrikì shmeÐo strathgik c isorropÐac. EpÐshc, ìtan lème

kuriarqoÔsa strathgik  ja ennooÔme asjen¸c kuriarqoÔsa strathgik . Prèpei akìmh

na tonisteÐ ìti den up�rqei p�nta SSI kai ìtan up�rqei mporeÐ na mhn eÐnai monadikì.

'Ena summetrikì SSI eÐnai mia strathgik  pou apoteleÐ bèltisth ap�nthsh ston

eautì thc. MporeÐ ìmwc na mhn eÐnai h monadik  bèltisth ap�nthsh. Ac upojèsoume

ìti h se eÐnai SSI kai ìti up�rqei �llh mia bèltisth ap�nthsh sthn se, h s∗ 6= se, h
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opoÐa eÐnai austhr� kalÔterh ap�nthsh ston eautì thc apì thn se. Tìte oi pel�tec

xekin¸ntac apì thn se, mporoÔn na pareklÐnoun sthn s∗ kai na parameÐnoun gia p�nta

se aut . An ìmwc den up�rqei tètoia strathgik  s∗, oi pel�tec ja parameÐnoun gia

p�nta sthn se. Mia tètoia strathgik  se lègetai exeliktik� eustaj c strathgik .

Austhrìtera dÐnoume ton parak�tw orismì.

Orismìc 1.2.7. (Exeliktik� Eustaj c Strathgik  - EES (Evolutionary Stable
Strategy - ESS)). Mia strathgik  kat�stash se ∈ S onom�zetai exeliktik� eustaj c

strathgik  (EES) an eÐnai summetrikì shmeÐo strathgik c isorropÐac kai gia k�je

s∗ ∈ S me F (se, se) = F (s∗, se), isqÔei F (se, s∗) > F (s∗, s∗).

'Enac qarakthrismìc pou mporeÐ na prokÔyei gia th sumperifor� twn pelat¸n se

mia our� anamon c eÐnai an aut  eÐnai ��sÔmfwna me to pl joc ��   ��antÐjeta me to

pl joc ��. DÐnoume ton akìloujo orismì.

Orismìc 1.2.8. (SÔmfwna me To Pl joc - STP, AntÐjeta me To Pl joc - ATP

(Follow The Crowd - FTC, Avoid The Crowd - ATC)). Upojètoume ìti to sÔnolo twn
strathgik¸n katast�sewn S eÐnai grammik� diatetagmèno kai gia k�je y ∈ S up�rqei

bèltisth ap�nthsh

x(y) = arg max
x∈S

F (x, y),

ìpou x(y) eÐnai mia suneq c kai monìtonh sun�rthsh. An h x(y) eÐnai aÔxousa, to

montèlo eÐnai tÔpou SÔmfwna-me-To-Pl joc (STP), en¸ ìtan eÐnai fjÐnousa eÐnai

tÔpou AntÐjeta-me-To-Pl joc (ATP).

'Ena SSI y ikanopoieÐ th sqèsh x(y) = y, dhlad  eÐnai stajerì shmeÐo thc sun�rth-

shc x. 'Etsi, eÐnai polÔ shmantikì na qarakthristeÐ èna montèlo wc ATP   STP

kaj¸c sthn pr¸th perÐptwsh èqoume to polÔ èna SSI, en¸ sth deÔterh perÐptwsh

eÐnai dunatìn na emfanisjoÔn poll� SSI.

Suqn� sta sust mata ta opoÐa melet�me, oi pel�tec prin l�boun thn apìfas  touc,

paÐrnoun k�poia plhroforÐa gia thn kat�stash tou sust matoc. Sthn perÐptwsh pou h

plhroforÐa antistoiqeÐ se k�poio mègejoc pou paÐrnei mh arnhtikèc timèc, p.q. to m koc

thc our�c, èqei nìhma na anazhtoÔme tic strathgikèc isorropÐac mèsa stic kl�seic

twn strathgik¸n katwflÐou kai antÐstrofwn strathgik¸n katwflÐou. DÐnoume touc

parak�tw orismoÔc.
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Orismìc 1.2.9. (Kajar  Strathgik  KatwflÐou (Pure Threshold Strategy)).
Mia kajar  strathgik  katwflÐou me kat¸fli x, upagoreÔei na eisèljei o pel�thc sto

sÔsthma an h parat rhs  tou eÐnai mikrìterh tou x kai na apoqwr sei an h parat rhs 

tou eÐnai megalÔterh   Ðsh tou x.

Orismìc 1.2.10. (Mikt  Strathgik  KatwflÐou (Mixed Threshold Strategy)).
Mia mikt  strathgik  katwflÐou me kat¸fli x kai pijanìthta eisìdou p, upagoreÔei na

eisèljei o pel�thc sto sÔsthma an h parat rhs  tou eÐnai mikrìterh tou x, na eisèljei

me pijanìthta p an h parathrhs  tou eÐnai x kai na apoqwr sei an h parat rhs  tou

eÐnai megalÔterh tou x.

Orismìc 1.2.11. (AntÐstrofh Kajar  Strathgik  KatwflÐou (Reversed Pure
Threshold Strategy)). Mia antÐstrofh kajar  strathgik  katwflÐou me kat¸fli

x, upagoreÔei na mhn eisèljei o pel�thc sto sÔsthma an h parat rhs  tou eÐnai

mikrìterh tou x kai na eisèljei an h parat rhs  tou eÐnai megalÔterh   Ðsh tou x.

Orismìc 1.2.12. (AntÐstrofh Mikt  Strathgik  KatwflÐou (Reversed Mixed
Threshold Strategy)). Mia antÐstrofh mikt  strathgik  katwflÐou me kat¸fli x

kai pijanìthta eisìdou p, upagoreÔei na apoqwr sei o pel�thc apì to sÔsthma an h

parat rhs  tou eÐnai mikrìterh tou x, na eisèljei me pijanìthta p an h parathrhs 

tou eÐnai x kai na eisèljei an h parat rhs  tou eÐnai megalÔterh tou x.

1.3 Dom  thc diatrib c

Sthn paroÔsa diatrib  analÔoume th sumperifor� twn pelat¸n se trÐa diaforetik�

sust mata exuphrèthshc. Se k�je sÔsthma eis�goume mia dom  amoib c - kìstouc

kai exet�zoume th strathgik  sumperifor� twn pelat¸n wc proc to dÐlhmma eisìdou

- apoq¸rhshc, dedomènhc k�poiac pareqìmenhc plhrofìrhshc. Ta trÐa aut� sust -

mata èqoun teleÐwc diaforetik  dom , sunep¸c gia na melethjoÔn qrhsimopoi same

diaforetikèc teqnikèc.

Sto deÔtero kef�laio melet�me èna sÔsthma me olikèc exuphret seic, to opoÐo

leitourgeÐ se enallassìmeno perib�llon. O pel�thc kat� thn �fix  tou kai prin l�bei

thn apìfas  tou, paÐrnei   den paÐrnei k�poia plhroforÐa gia to m koc thc our�c kai/ 
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thn kat�stash tou perib�llontoc. ProkÔptoun ètsi tèssera epÐpeda plhrofìrhshc.

Sthn perÐptwsh pou o pel�thc den paÐrnei kamÐa plhroforÐa anaferìmaste se èna

pl rwc mh parathr simo sÔsthma, en¸ sthn perÐptwsh pou tou anakoin¸netai to m koc

our�c kai h kat�stash tou perib�llontoc èqoume èna pl rwc parathr simo sÔsthma.

Ta upìloipa dÔo epÐpeda plhrofìrhshc ta k�loume epÐpeda merik c plhrofìrhshc.

Sugkekrimèna, an o pel�thc parathreÐ mìno to m koc our�c kat� thn �fix  tou, to

sÔsthma lègetai merik¸c parathr simo, en¸ an parathreÐ mìno thn kat�stash tou

perib�llontoc kaleÐtai merik¸c mh parathr simo. Gia k�je èna apì aut� ta epÐpeda

plhrofìrhshc, prosdiorÐzoume ìlec tic strathgikèc isorropÐac mèsa stic kl�seic twn

strathgik¸n katwflÐou kai antÐstrofwn strathgik¸n katwflÐou.

Sto trÐto kef�laio jewroÔme èna sÔsthma me olikèc exuphret seic to opoÐo eÐ-

nai mh-Markobianì kai montelopoieÐ ènan stajmì enìc mèsou mazik c metafor�c. Su-

gkekrimèna, jewroÔme ìti o uphrèthc, o opoÐoc eÐnai to mèso mazik c metafor�c, fj�nei

ston stajmì sÔmfwna me mia ananewtik  diadikasÐa me genikoÔc qrìnouc ananèw-

shc. H qwrhtikìthta tou mèsou tic stigmèc �fix c tou ston stajmì dÐnetai apì

mia akoloujÐa anex�rthtwn kai isìnomwn tuqaÐwn metablht¸n. 'Otan èna mèso me

qwrhtikìthta k fj�nei ston stajmì, exuphreteÐ to polÔ k pel�tec kai oi pel�tec

pou den exuphret jhkan egkataleÐpoun to sÔsthma. Se autì to sÔsthma melet�me

th sumperifor� twn pelat¸n k�tw apì dÔo epÐpeda plhrofìrhshc. To pr¸to eÐnai

to parathr simo sÔsthma ìpou oi afiknoÔmenoi pel�tec parathroÔn to m koc our�c

prin p�roun thn apìfas  touc. To deÔtero eÐnai to mh parathr simo sÔsthma ìpou oi

pel�tec apofasÐzoun qwrÐc na p�roun kamÐa plhroforÐa. K�tw apì aut� ta dÔo epÐpe-

da plhrofìrhshc, prosdiorÐzoume tic strathgikèc isorropÐac twn pelat¸n. Epiplèon,

sth Markobian  perÐptwsh, lÔnoume kai to prìblhma koinwnik c beltistopoÐhshc.

Tèloc, k�nontac k�poiec epiplèon upojèseic gia touc endi�mesouc qrìnouc ananèw-

shc apodeiknÔoume th monadikìthta thc strathgik c isorropÐac kai qarakthrÐzoume

th sumperifor� twn pelat¸n wc STP   ATP.

Sto tètarto kef�laio melet�me èna sÔsthma exuphrèthshc reustoÔ to opoÐo lei-

tourgeÐ se enallassìmeno perib�llon. To perib�llon autì ephre�zei ton rujmì e-

xuphrèthshc. Sugkekrimèna, upojètoume ìti to sÔsthma enall�ssetai metaxÔ periì-

dwn gr gorhc kai arg c exuphrèthshc. JewroÔme ìti oi pel�tec - mon�dec kat� thn

�fix  touc kai prin p�roun thn apìfas  touc parathroÔn thn posìthta tou reustoÔ



1.3. DOM�H THS DIATRIB�HS 19

en¸ mporeÐ na parathroÔn   na mhn parathroÔn thn kat�stash tou perib�llontoc.

Melet�me dhlad  thn pl rwc kai th merik¸c parathr simh perÐptwsh tou sust matoc.

Kai stic dÔo peript¸seic apodeiknÔoume thn Ôparxh strathgik¸n isorropÐac mèsa se

kat�llhlec kl�seic strathgik¸n kai dÐnoume th sun�rthsh anamenìmenou koinwnikoÔ

kèrdouc an� qronik  mon�da.
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Kef�laio 2

SÔsthma olik¸n

exuphret sewn se

enallassìmeno perib�llon

2.1 Eisagwg 

Ta sust mata exuphrèthshc me omadikèc exuphret seic qrhsimopoioÔntai suqn� gia na

anaparast soun tic episkèyeic enìc mèsou metafor�c se ènan sugkekrimèno stajmì.

Autì epitrèpei th mètrhsh tou sunwstismoÔ ston stajmì kai mporeÐ na qrhsimopoih-

jeÐ gia na lhfjoÔn mètra ¸ste na elegqjeÐ o sunwstismìc autìc, (p.q. rujmÐzontac

th suqnìthta twn episkèyewn tou mèsou metafor�c) me skopì h poiìthta thc exu-

phrèthshc na diathrhjeÐ se apodekt� epÐpeda. H qwrhtikìthta tou mèsou sun jwc

jewreÐtai aperiìristh. Autì eÐnai dikaiologhmèno, kaj¸c stic perissìterec efarmogèc

h qwrhtikìthta tou mèsou epilègetai arket� meg�lh, ¸ste na gÐnei exairetik� mikr  h

pijanìthta k�poioi pel�tec na mh mporèsoun na exuphrethjoÔn. Epiplèon, oi pel�tec

pou de mporoÔn na exuphrethjoÔn se mia epÐskeyh tou mèsou den eÐnai sun jwc prìju-

moi na perimènoun gia thn epìmenh epÐskey  tou kai egkataleÐpoun to sÔsthma. 'Etsi,

eÐnai realistikì na upojèsoume ìti ìloi oi parìntec pel�tec apomakrÔnontai tic stig-

mèc pou to mèso episkèptetai ton stajmì. Tètoia sust mata kaloÔntai stoqastik�

21
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sust mata (�meswn) olik¸n exuphret sewn (stochastic clearing systems).
Ta stoqastik� sust mata olik¸n exuphret sewn èqoun melethjeÐ ekten¸c sth

bibliografÐa (blèpe p.q. Stidham (1974), Serfozo kai Stidham (1978), Artalejo kai

Gomez-Corral (1998) kai Yang, Kim kai Chae (2002) ). EpÐshc, èqoun melethjeÐ

sto plaÐsio twn stoqastik¸n susthm�twn pou upìkeintai se (olikèc) katastrofèc,

ìpou upotÐjetai ìti ìtan èna katastrofikì gegonìc sumbaÐnei, apomakrÔnontai ìloi

oi pel�tec/mon�dec apì to sÔsthma/plhjusmì (blèpe p.q. Kyriakidis (1994), Eco-
nomou kai Fakinos (2003, 2008), Stirzaker (2006, 2007) kai Gani kai Swift (2007)).
Sthn pleionìthta aut¸n twn ergasi¸n to endiafèron twn ereunht¸n esti�zetai sth

metabatik  kai/  th st�simh katanom  thc diadikasÐac pou melet�tai. 'Omwc, up�r-

qoun kai ergasÐec pou aforoÔn to bèltisto èlegqo aut¸n twn susthm�twn. Stic

ergasÐec autèc, o skopìc eÐnai na prosdiorisjoÔn bèltistec politikèc gia ton kentrikì

diaqeirist . Sugkekrimèna, prosdiorÐzontai h bèltisth suqnìthta apom�krunshc twn

pelat¸n apì to sÔsthma (blèpe p.q. Stidham (1977), Kim kai Seila (1993), Economou
(2003), Kyriakidis kai Dimitrakos (2005)). 'Omwc, apì ìso gnwrÐzoume, den up�rqoun

oikonomikèc melètec pou na aforoÔn th sumperifor� twn pelat¸n ìtan autoÐ èqoun

th dunatìthta na paÐrnoun apof�seic me skopì na megistopoi soun to anamenìmeno

kèrdoc touc.

Sto kef�laio autì ja melet soume th strathgik  sumperifor� twn pelat¸n se è-

na sÔsthma olik¸n exuphret sewn se enallassìmeno perib�llon. H sumperifor� twn

pelat¸n se stoqastik� sust mata olik¸n exuphret sewn, ta opoÐa montelopoioÔn

stajmoÔc k�poiwn mèswn metafor�c, eÐnai shmantik  kai prèpei na lamb�netai upìyh

an k�poioc jèlei na èqei mia axiìpisth anapar�stash gia to ti sumbaÐnei se aut� ta

sust mata. 'Omwc, tètoia sust mata sun jwc exelÐssontai se tuqaÐo perib�llon.

'Etsi, se autì to kef�laio ja exet�soume èna sÔsthma olik¸n exuphret sewn to opoÐo

leitourgeÐ se enallassìmeno tuqaÐo perib�llon. Ja prosdiorÐsoume tic strathgikèc

isorropÐac twn pelat¸n k�tw apì di�fora epÐpeda plhroforÐac, kaj¸c ènac afiknoÔ-

menoc pel�thc mporeÐ na parathreÐ   na mhn parathreÐ ton arijmì twn pelat¸n sto

sÔsthma kai/  thn kat�stash tou perib�llontac, prin p�rei thn apìfas  tou gia to

an ja eisèljei   ja apoqwr sei.

H sunèqeia tou kefalaÐou organ¸netai wc ex c: Sthn enìthta 2.2, perigr�foume

to montèlo wc stoqastikì sÔsthma, th dom  amoib c - kìstouc kai to plaÐsio gia
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tic apof�seic, dhlad  tic di�forec peript¸seic wc proc thn pareqìmenh plhrofìrhsh.

Sthn enìthta 2.3, melet�me tic peript¸seic ìpou oi strathgikèc twn upìloipwn pelat¸n

den ephre�zoun to anamenìmeno kajarì kèrdoc enìc sugkekrimènou pel�th. Autèc

eÐnai oi mh parathr simec peript¸seic , ìpou o pel�thc den parathreÐ ton arijmì

twn pelat¸n sto sÔsthma prin p�rei thn apìfas  tou kai h pl rwc parathr simh

perÐptwsh, ìpou parathreÐ ton arijmì twn pelat¸n sto sÔsthma kai thn kat�stash

tou perib�llontoc. Se ìlec autèc tic peript¸seic, deÐqnoume ìti to anamenìmeno ka-

jarì kèrdoc enìc pel�th exart�tai mìno apì th strathgik  tou kai ìqi apì tic

strathgikèc pou akoloujoÔn ìloi oi upìloipoi pel�tec, gegonìc pou sunep�getai thn

Ôparxh kuriarqous¸n strathgik¸n. Autì eÐnai èna eidikì qarakthristikì tou sust -

matoc pou sqetÐzetai me ton mhqanismì twn olik¸n exuphret sewn. Stic enìthtec 2.4

kai 2.5 melet�me th merik¸c parathr simh perÐptwsh, ìpou oi pel�tec kat� thn �fix 

touc plhroforoÔntai gia ton arijmì twn parìntwn pelat¸n sto sÔsthma, all� ìqi

gia thn kat�stash tou perib�llontoc. Se aut n thn perÐptwsh, h parousÐa pelat¸n

pou perimènoun sto sÔsthma den ep�gei k�poio kìstoc gia ènan sugkekrimèno pel�th,

all� tou dÐnei èna s ma gia ton rujmì exuphrèthshc. An�loga me tic paramètrouc tou

sust matoc, ènac meg�loc arijmìc parìntwn pelat¸n mporeÐ na aux�nei   na mei¸nei

th desmeumènh pijanìthta na eÐnai o rujmìc exuphrèthshc o pio argìc. Sqetik� me

thn akoloujoÔmenh mejodologÐa, pr¸ta upologÐzoume th st�simh katanom  tou sust -

matoc, ìtan oi pel�tec akoloujoÔn mia strathgik  katwflÐou   antÐstrofh strathgik 

katwflÐou. 'Epeita upologÐzoume to anamenìmeno kajarì kèrdoc enìc afiknoÔmenou

pel�th o opoÐoc apofasÐzei na eisèljei, dedomènou ìti parathreÐ n pel�tec kai oi u-

pìloipoi pel�tec akoloujoÔn mia strathgik  katwflÐou   mia antÐstrofh strathgik 

katwflÐou. Sthn enìthta 2.5, oloklhr¸noume th melèth mac kai qarakthrÐzoume

ìlec tic strathgikèc isorropÐac mèsa stic kl�seic twn strathgik¸n katwflÐou kai

antÐstrofwn strathgik¸n katwflÐou. H basik  suneisfor� aut c thc melèthc eÐ-

nai ènac algìrijmoc pou upologÐzei apotelesmatik� ìlec tic strathgikèc isorropÐac.

Sthn enìthta 2.6, dÐnetai mia anaskìphsh twn apotelesm�twn kai suzht�me tic èn-

noiec SÔmfwna-me-To-Pl joc kai AntÐjeta-me-To-Pl joc gi' autì to montèlo, kaj¸c

epÐshc kai to prìblhma thc koinwnik c beltistopoÐhshc.
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2.2 To montèlo

JewroÔme ènan stajmì enìc mèsou metafor�c me �peirh qwrhtikìthta. Upojètoume

ìti to sÔsthma leitourgeÐ se enallassìmeno perib�llon. To perib�llon dÐnetai apì

mia Markobian  alusÐda suneqoÔc qrìnou {E(t)}, me q¸ro katast�sewn SE = {1, 2}
kai rujmoÔc met�bashc qee′ , gia e 6= e′. 'Otan to perib�llon eÐnai sthn kat�stash e, oi

pel�tec fj�noun sto sÔsthma sÔmfwna me mia diadikasÐa Poisson me rujmì λe, en¸ to

metaforikì mèso episkèptetai ton stajmì sÔmfwna me mia diadikasÐa Poisson me rujmì

µe. Oi duo diadikasÐec Poisson eÐnai anex�rthtec metaxÔ touc. 'Otan to mèso metafor�c

fj�nei ston stajmì, ìloi oi parìntec pel�tec exuphretoÔntai �mesa kai feÔgoun apì

ton stajmì. 'Etsi, èqoume èna sÔsthma (�meswn) olik¸n exuphret sewn.

Gia thn perigraf  tou sust matoc th stigm  t jewroÔme to zeÔgoc (N(t), E(t)),
ìpou h tuqaÐa metablht  N(t) dÐnei ton arijmì twn pelat¸n ston stajmì kai h E(t)
dÐnei thn kat�stash tou perib�llontoc. Tìte, h stoqastik  diadikasÐa

{(N(t), E(t)) : t ≥ 0} eÐnai mia Markobian  alusÐda suneqoÔc qrìnou me q¸ro

katast�sewn SN,E = {(n, e) : n ≥ 0, e = 1, 2} kai me mh mhdenikoÔc rujmoÔc

met�bashc ìpwc faÐnontai parak�tw:

q(n,e)(n+1,e) = λe, n ≥ 0, e = 1, 2, (2.1)

q(n,e)(0,e) = µe, n ≥ 1, e = 1, 2, (2.2)

q(n,1)(n,2) = q12, n ≥ 0, (2.3)

q(n,2)(n,1) = q21, n ≥ 0. (2.4)

OrÐzoume ρe = λe
µe
, e = 1, 2. H posìthta ρe mporeÐ na jewrhjeÐ wc mètro sunwstismoÔ

tou sust matoc ìtan to perib�llon eÐnai sthn kat�stash e, diìti ekfr�zei ton mèso

arijmì twn pelat¸n pou fj�noun sto sÔsthma metaxÔ dÔo diadoqik¸n episkèyewn tou

mèsou metafor�c (dedomènou ìti to perib�llon paramènei sthn kat�stash e).

Exet�zoume autì to sÔsthma me skopì na prosdiorÐsoume th sumperifor� twn

pelat¸n, ìtan autoÐ èqoun th dunatìthta na apofasÐsoun an ja eisèljoun sto sta-

jmì   ja apoqwr soun qwrÐc na exuphrethjoÔn. Upojètoume ìti k�je pel�thc lam-

b�nei amoib  R qrhmatik¸n mon�dwn gia thn exuphrèths  tou kai èqei kìstoc K

qrhmatik¸n mon�dwn an� qronik  mon�da paramon c sto sÔsthma. Upojètoume epÐshc

ìti oi pel�tec eÐnai oudèteroi wc proc ton kÐnduno kai epijumoÔn na megistopoi soun to
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anamenìmeno kèrdoc touc. Tèloc, upojètoume ìti oi apof�seic touc eÐnai amet�klh-

tec, upì thn ènnoia ìti upanaqwr seic eiserqomènwn pelat¸n kai epanaprosp�jeiec

apoqwroÔntwn pelat¸n den epitrèpontai.

Stic epìmenec enìthtec ja prosdiorÐsoume tic strathgikèc isorropÐac twn pelat¸n.

JewroÔme tèsseric diaforetikèc peript¸seic wc proc thn plhroforÐa pou lamb�noun

oi pel�tec kat� thn �fix  touc ston stajmì, prin p�roun thn apìfas  touc:

• Pl rwc mh parathr simh perÐptwsh: Oi pel�tec den parathroÔn thn N(t), oÔte
thn E(t).

• Merik¸c mh parathr simh perÐptwsh: Oi pel�tec den parathroÔn thn N(t), en¸
parathroÔn thn E(t).

• Pl rwc parathr simh perÐptwsh: Oi pel�tec parathroÔn thn N(t) kai thn E(t).

• Merik¸c parathr simh perÐptwsh: Oi pel�tec parathroÔn thn N(t), all� den

parathroÔn thn E(t).

Apì mejodologik c �poyhc, oi treic pr¸tec peript¸seic eÐnai parìmoiec kai odhgoÔn

se kuriarqoÔsec strathgikèc. 'Etsi, tic melet�me ìlec sthn enìthta 2.3. H merik¸c

parathr simh perÐptwsh, h opoÐa eÐnai h pio endiafèrousa kai apaithtik  apì pleur�c

mejodologÐac antimetwpÐzetai stic enìthtec 2.4 kai 2.5.

2.3 Oi mh parathr simec kai h pl rwc parathr -

simh perÐptwsh: KuriarqoÔsec strathgikèc

'Estw Se o qrìnoc mèqri thn epìmenh epÐskeyh tou mèsou metafor�c, dedomènou ìti

to perib�llon brÐsketai sthn kat�stash e. H tuqaÐa metablht  Se eÐnai anex�rthth

apì ton arijmì twn pelat¸n sto sÔsthma, exaitÐac tou mhqanismoÔ twn olik¸n e-

xuphret sewn twn pelat¸n stic stigmèc �fixhc tou mèsou ston stajmì kai thc amn -

monhc idiìthtac thc ekjetik c katanom c. Efarmìzontac an�lush pr¸tou b matoc,

desmeÔontac wc proc thn epìmenh met�bash thc Markobian c alusÐdac {(N(t), E(t))},
h opoÐa eÐnai eÐte epÐskeyh tou mèsou metafor�c eÐte allag  tou perib�llontoc,

katal goume stic epìmenec exis¸seic
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E[S1] =
1

µ1 + q12
+

µ1

µ1 + q12
· 0 +

q12

µ1 + q12
· E[S2], (2.5)

E[S2] =
1

µ2 + q21
+

µ2

µ2 + q21
· 0 +

q21

µ2 + q21
· E[S1]. (2.6)

To sÔsthma twn exis¸sewn (2.5)-(2.6) dÐnei

E[S1] =
µ2 + q21 + q12

µ1µ2 + µ1q21 + µ2q12
, (2.7)

E[S2] =
µ1 + q21 + q12

µ1µ2 + µ1q21 + µ2q12
. (2.8)

2.3.1 H pl rwc mh parathr simh perÐptwsh

MporoÔme t¸ra na prosdiorÐsoume tic strathgikèc isorropÐac twn pelat¸n sthn

pl rwc mh parathr simh perÐptwsh. Mia strathgik  sthn pl rwc mh parathr simh

perÐptwsh prosdiorÐzetai apì mia pijanìthta eisìdou q. H perÐptwsh q = 0 anti-

stoiqeÐ sthn kajar  strathgik  ��na apoqwr seic �� en¸ h perÐptwsh q = 1 antistoiqeÐ

sthn kajar  strathgik  ��na eisèljeic ��. Opoiad pote tim  q ∈ (0, 1) antistoiqeÐ se

mia mikt  strathgik  ��na eisèljeic me pijanìthta q   na apoqwr seic me pijanìthta

1− q��. 'Eqoume to akìloujo Je¸rhma 2.3.1.

Je¸rhma 2.3.1. Sthn pl rwc mh parathr simh perÐptwsh tou sust matoc oli-

k¸n exuphret sewn se enallassìmeno perib�llon, up�rqei p�nta mia kuriarqoÔsa

strathgik . Oi kuriarqoÔsec strathgikèc exart¸ntai apì th sqèsh tou lìgou R
K me

thn tim 

Vfu =
λ1q21µ2 + λ2q12µ1

(λ1q21 + λ2q12)(µ1µ2 + µ1q21 + µ2q12)
+

q21 + q12

µ1µ2 + µ1q21 + µ2q12
. (2.9)

'Eqoume treic peript¸seic pou faÐnontai sunoptik� ston parak�tw pÐnaka 2.1.

Apìdeixh. Upojètoume ìti ìloi oi pel�tec akoloujoÔn mia sugkekrimènh strathgik 

kai jewroÔme ènan pel�th kat� th stigm  afix c tou. H pijanìthta na breÐ o pel�thc

autìc to perib�llon sthn kat�stash e eÐnai

pE−arrival(e) =
λepE(e)

λ1pE(1) + λ2pE(2)
, (2.10)



2.3. ΟΙ ΜΗ ΠΑΡΑΤΗΡ�ΗΣΙΜΕΣ ΚΑΙ Η ΠΛ�ΗΡΩΣ ΠΑΡΑΤΗΡ�ΗΣΙΜΗ ΠΕΡ�ΙΠΤΩΣΗ 27

Tim  tou R
K

R
K < Vfu

R
K = Vfu

R
K > Vfu

KuriarqoÔsec strathgikèc 0 q ∈ [0, 1] 1

PÐnakac 2.1: KuriarqoÔsec strathgikèc sthn pl rwc mh parathr simh perÐptwsh

ìpou (pE(e), e = 1, 2) eÐnai h st�simh katanom  tou perib�llontoc h opoÐa dÐnetai apì

tic sqèseic

pE(1) =
q21

q21 + q12
, (2.11)

pE(2) =
q12

q21 + q12
. (2.12)

'Etsi, to anamenìmeno ìfeloc tou sugkekrimènou pel�th, an apofasÐsei na eisèljei,

dÐnetai apì th sqèsh

Sfu =
2X
e=1

pE−arrival(e)(R−KE[Se]), (2.13)

ìpou oi E[Se] dÐnontai apì tic sqèseic (2.7)-(2.8). Antikajist¸ntac tic (2.11)-(2.12)
sth (2.10) kai èpeita th (2.10) sth (2.13) paÐrnoume

Sfu = R−K λ1q21E[S1] + λ2q12E[S2]

λ1q21 + λ2q12

= R−K
�

λ1q21µ2 + λ2q12µ1

(λ1q21 + λ2q12)(µ1µ2 + µ1q21 + µ2q12)
+

q21 + q12
µ1µ2 + µ1q21 + µ2q12

�
. (2.14)

O pel�thc protim� na eisèljei an Sfu > 0, na apoqwr sei an Sfu < 0 kai eÐnai

adi�foroc wc proc to na eisèljei   na apoqwr sei an Sfu = 0. LÔnontac tic sunj kec
wc proc R

K , katal goume stic treic peript¸seic tou pÐnaka 2.1. �
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2.3.2 H merik¸c mh parathr simh perÐptwsh

T¸ra mporoÔme na prosdiorÐsoume tic strathgikèc isorropÐac sth merik¸c mh parathr -

simh perÐptwsh. Mia genik  strathgik  sth merik¸c mh parathr simh perÐptwsh dÐne-

tai apì èna diatetagmèno zeÔgoc pijanot twn eisìdou (q1, q2), ìpou qe eÐnai h pijanìth-
ta eisìdou enìc pel�th pou kat� thn �fix  tou brÐskei to perib�llon sthn kat�stash

e, e = 1, 2. 'Eqoume to parak�tw Je¸rhma 2.3.2.

Je¸rhma 2.3.2. Sth merik¸c mh parathr simh perÐptwsh tou sust matoc oli-

k¸n exuphret sewn se enallassìmeno perib�llon, up�rqei p�nta mia kuriarqoÔsa

strathgik . Oi kuriarqoÔsec strathgikèc exart¸ntai apì th sqèsh tou lìgou R
K me

tic timèc

V min
au =

min(µ1, µ2) + q21 + q12

µ1µ2 + µ1q21 + µ2q12
, V max

au =
max(µ1, µ2) + q21 + q12

µ1µ2 + µ1q21 + µ2q12
. (2.15)

An µ1 6= µ2, tìte V
min
au < V max

au kai èqoume tic pènte peript¸seic pou faÐnontai

sunoptik� ston PÐnaka 2.2.
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Tim  tou R
K

R
K < V min

au
R
K = V min

au V min
au < R

K < V max
au

R
K = V max

au
R
K > V max

au

KuriarqoÔsec

strathgikèc, (0, 0) (0, q2), (0, 1) (q1, 1), (1, 1)
ìtan µ1 < µ2 q2 ∈ [0, 1] q1 ∈ [0, 1]

KuriarqoÔsec

strathgikèc, (0, 0) (q1, 0), (1, 0) (1, q2), (1, 1)
ìtan µ1 > µ2 q1 ∈ [0, 1] q2 ∈ [0, 1]

PÐnakac 2.2: KuriarqoÔsec strathgikèc sth merik¸c mh parathr simh perÐptwsh, ìtan

µ1 6= µ2

An µ1 = µ2, tìte V
min
au = V max

au . 'Estw Vau h koin  tim  twn V min
au kai V max

au .

'Eqoume treic peript¸seic pou faÐnontai sunoptik� ston PÐnaka 2.3.

Apìdeixh. JewroÔme ènan pel�th o opoÐoc parathreÐ thn kat�stash tou perib�l-

lontoc th stigm  thc �fix c tou. An apofasÐsei na eisèljei sto sÔsthma dedomènou

ìti h kat�stash tou perib�llontoc eÐnai e, tìte to anamenìmeno ìfelìc tou ja eÐnai

Sau(e) = R−KE[Se], (2.16)

ìpou oi posìthtec E[Se] dÐnontai apì tic sqèseic (2.7)-(2.8). O pel�thc protim� na

eisèljei an Sau(e) > 0, to opoÐo isodÔnama gr�fetai RK > E[Se]. OmoÐwc, protim� na

apoqwr sei an R
K < E[Se] kai eÐnai adi�foroc wc proc to an ja eisèljei   ja apo-

qwr sei an R
K = E[Se]. PaÐrnontac tic di�forec peript¸seic pou prokÔptoun wc proc

th di�taxh twn R
K , E[S1] kai E[S2], katal goume stic strathgikèc pou faÐnontai sto

Je¸rhma 2.3.2. MporoÔme na parathr soume ìti oi strathgikèc pou upagoreÔontai

sto Je¸rhma 2.3.2 eÐnai kuriarqoÔsec, efìson den exart¸ntai apì tic strathgikèc pou
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Tim  tou R
K

R
K < Vau

R
K = Vau

R
K > Vau

KuriarqoÔsec strathgikèc, (0, 0) (q1, q2), (1, 1)
ìtan µ1 = µ2 q1, q2 ∈ [0, 1]

PÐnakac 2.3: KuriarqoÔsec strathgikèc sth merik¸c mh parathr simh perÐptwsh, ìtan

µ1 = µ2

epilègoun oi �lloi pel�tec, dhlad  eÐnai bèltistec apant seic se k�je strathgik  twn

�llwn pelat¸n. �

2.3.3 H pl rwc parathr simh perÐptwsh

'Oson afor� th pl rwc parathr simh perÐptwsh, ìpou oi afiknoÔmenoi pel�tec parath-

roÔn ton arijmì twn pelat¸n sto sÔsthma kai thn kat�stash tou perib�llontoc, h

kat�stash eÐnai ìmoia me th merik¸c mh parathr simh perÐptwsh. Autì sumbaÐnei

epeid  o mèsoc qrìnoc paramon c sto sÔsthma enìc pel�th, dedomènou ìti brÐskei n

pel�tec se autì kai to perib�llon eÐnai sthn kat�stash e den exart�tai apì to n.

Sunep¸c, an h kat�stash tou perib�llontoc kat� thn �fixh tou pel�th eÐnai h e, tìte

h plhroforÐa gia ton arijmì twn pelat¸n eÐnai peritt  kai de qrhsimopoieÐtai apì touc

pel�tec. 'Etsi, katal goume stic kuriarqoÔsec strathgikèc pou dÐnontai sto Je¸rhma

2.3.2.

2.4 H merik¸c parathr simh perÐptwsh:

Prokatarktik� apotelèsmata

Se aut n thn enìthta melet�me th merik¸c parathr simh perÐptwsh. Se aut n thn

perÐptwsh, oi pel�tec kat� thn �fix  touc kai prin apofasÐsoun an ja eisèljoun
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  ja apoqwr soun, parathroÔn ton arijmì twn pelat¸n sto sÔsthma all� ìqi thn

kat�stash tou perib�llontoc. 'Etsi, mia genik  strathgik  se aut n thn perÐptwsh

prosdiorÐzetai apì èna di�nusma pijanot twn eisìdou (θ0, θ1, θ2, . . .), ìpou θi eÐnai h
pijanìthta eisìdou enìc pel�th pou blèpei i pel�tec sto sÔsthma kat� thn �fix  tou

(exairoumènou tou eautoÔ tou).

Upojètoume ìti ènac pel�thc brÐskei n pel�tec sto sÔsthma kat� thn �fix  tou.

Parìlo pou o mèsoc qrìnoc paramon c tou sto sÔsthma den exart�tai apì to n, h

plhroforÐa gia to n ephre�zei tic pijanìthtec na brei to perib�llon sthn kat�stash

1   2. Diaisjhtik� perimènoume ìti up�rqoun 2 peript¸seic: EÐte h kat�stash

perib�llontoc ��arg c exuphrèthshc �� e me µe = min(µ1, µ2) tautÐzetai me thn kat�-

stash perib�llontoc ��uyhloÔ sunwstismoÔ�� e′ me ρe′ = max(ρ1, ρ2)   tautÐzetai

me thn kat�stash perib�llontoc ��qamhloÔ sunwstismoÔ�� e′′ me ρe′′ = min(ρ1, ρ2).
Sthn pr¸th perÐptwsh, ìso megalÔteroc eÐnai o arijmìc twn pelat¸n n pou brÐskei

sto sÔsthma ènac pel�thc, tìso pijanìtero eÐnai to perib�llon na brÐsketai sthn

kat�stash ��arg c exuphrèthshc ��. Epomènwc, o pel�thc gÐnetai ligìtero prìjumoc

na eisèljei sto sÔsthma kaj¸c to n aux�netai. Opìte, perimènoume ìti o pel�thc

ja protim sei na eisèljei sto sÔsthma, an o arijmìc n twn parìntwn pelat¸n eÐnai

k�tw apì èna kat¸fli, dhlad  ja akolouj sei mia strathgik  katwflÐou. Antijètwc,

sth deÔterh perÐptwsh h kat�stash eÐnai antestrammènh. 'Etsi, ìso megalÔteroc

eÐnai o arijmìc n twn parìntwn pelat¸n sto sÔsthma pou brÐskei ènac sugkekrimènoc

pel�thc, tìso pio pijanì eÐnai to perib�llon na brÐsketai sthn kat�stash ��gr gorhc

exuphrèthshc ��. Epomènwc, perimènoume o sugkekrimènoc pel�thc na protim sei na

eisèljei, an o arijmìc twn pelat¸n n xepern� èna sugkekrimèno kat¸fli, dhlad 

na akolouj sei mia antÐstrofh strathgik  katwflÐou. Gia touc parap�nw lìgouc,

ja periorÐsoume thn èreun� mac se strathgikèc isorropÐac mèsa stic kl�seic twn

strathgik¸n katwflÐou kai antÐstrofwn strathgik¸n katwflÐou. 'Opwc ja doÔme

autèc oi kl�seic eÐnai arket� ploÔsiec ¸ste na diasfalÐsoun thn Ôparxh strathgik¸n

isorropÐac gia opoiesd pote timèc twn paramètrwn tou montèlou.

Orismìc 2.4.1. Mia strathgik  (θ0, θ1, θ2, . . .), ìpou θi eÐnai h pijanìthta eisìdou

enìc pel�th pou blèpei i pel�tec kat� thn �fix  tou (exairoumènou tou eautoÔ tou)
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onom�zetai mikt  strathgik  katwflÐou, an up�rqoun n0 ∈ {0, 1, . . .} kai θ ∈ [0, 1]
tètoia ¸ste θi = 1, gia i < n0, θn0 = θ kai θi = 0, gia i > n0. Ja anaferìmaste se

mia tètoia strathgik  wc (n0, θ)-mikt  strathgik  katwflÐou (sumbolik� strathgik 

dn0, θe) kai aut  upagoreÔei na eisèljeic an breic ligìterouc apo n0 pel�tec, na eisèl-

jeic me pijanìthta θ an breic akrib¸c n0 pel�tec kai na apoqwr seic an breic peris-

sìterouc apì n0 pel�tec.

Sthn (n0, 0)-mikt  strathgik  katwflÐou, h opoÐa upagoreÔei na eisèljeic an breic

ligìterouc apì n0 pel�tec kai na apoqwr seic alli¸c, ja anaferìmaste wc n0-kajar 

strathgik  katwflÐou (sumbolik� strathgik  dn0e).
Mia strathgik  (θ0, θ1, θ2, . . .) onom�zetai antÐstrofh mikt  strathgik  katwflÐou,

an up�rqoun n0 ∈ {0, 1, . . .} kai θ ∈ [0, 1] tètoia ¸ste θi = 0, gia i < n0, θn0 = θ kai

θi = 1, gia i > n0. Ja anaferìmaste se mia tètoia strathgik  wc (n0, θ)-antÐstrofh
mikt  strathgik  katwflÐou (sumbolik� strathgik  bn0, θc) kai aut  upagoreÔei na

apoqwr seic an breic ligìterouc apo n0 pel�tec, na eisèljeic me pijanìthta θ an breic

akrib¸c n0 pel�tec kai na eisèljeic an breic perissìterouc apì n0 pel�tec.

Sthn (n0, 1)-antÐstrofh mikt  strathgik  katwflÐou, h opoÐa upagoreÔei na eisèl-

jeic an breic toul�qiston n0 pel�tec kai na apoqwr seic alli¸c, ja anaferìmaste wc

n0-antÐstrofh kajar  strathgik  katwflÐou (sumbolik� strathgik  bn0c).
H strathgik  h opoÐa upagoreÔei na eisèljeic se k�je perÐptwsh mporeÐ na jewrhjeÐ

strathgik  katwflÐou kai antÐstrofh strathgik  katwflÐou (sumbolik� strathgik 

d∞e   b0c). To Ðdio isqÔei kai gia th strathgik  h opoÐa upagoreÔei na apoqwr seic

se k�je perÐptwsh (sumbolik� strathgik  d0e   b∞c).

2.4.1 St�simec katanomèc

Se aut n thn par�grafo, ja prosdiorÐsoume th st�simh katanom  tou sust matoc,

ìtan oi pel�tec akoloujoÔn k�poia strathgik  apì autèc pou perigr�fontai ston

Orismì 2.4.1. Ja xekin soume prosdiorÐzontac th st�simh katanom  sto arqikì sÔsth-

ma ìpou ìloi oi pel�tec apofasÐzoun na eisèljoun. To apotèlesma diatup¸netai sthn

Prìtash 2.4.1.

Prìtash 2.4.1. JewroÔme to sÔsthma olik¸n exuphret sewn se enallassìmeno

perib�llon, ìpou ìloi oi pel�tec eisèrqontai. H st�simh katanom  (p(n, e)) dÐnetai apì
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tic sqèseic

p(n, 1) = A1

� 1
1− z1

�n
+B1

� 1
1− z2

�n
, n ≥ 0, (2.17)

p(n, 2) = A2

� 1
1− z1

�n
+B2

� 1
1− z2

�n
, n ≥ 0, (2.18)

ìpou

A1 =
(µ1λ2z1 + µ1µ2 + µ2q12 + µ1q21)pE(1)√

∆(1− z1)
, (2.19)

B1 = −(µ1λ2z2 + µ1µ2 + µ2q12 + µ1q21)pE(1)√
∆(1− z2)

, (2.20)

A2 =
(µ2λ1z1 + µ1µ2 + µ2q12 + µ1q21)pE(2)√

∆(1− z1)
, (2.21)

B2 = −(µ2λ1z2 + µ1µ2 + µ2q12 + µ1q21)pE(2)√
∆(1− z2)

, (2.22)

∆ = [λ2(µ1 + q12)− λ1(µ2 + q21)]2 + 4λ1λ2q12q21, (2.23)

z1,2 =
−λ1(µ2 + q21)− λ2(µ1 + q12)±

√
∆

2λ1λ2
(2.24)

kai pE(1), pE(2) eÐnai oi st�simec pijanìthtec thc {E(t)} pou dÐnontai apì tic sqèseic

(2.11)-(2.12).

Apìdeixh. Gia ton prosdiorismì thc st�simhc katanom c, parathroÔme ìti to sÔsth-

ma perigr�fetai apì mia Markobian  alusÐda suneqoÔc qrìnou me q¸ro katast�sewn

SN,E = {(n, e) : n ≥ 0, e = 1, 2} kai mh mhdenikoÔc rujmoÔc met�bashc pou

dÐnontai apì tic sqèseic (2.1)-(2.4). H st�simh katanom  (p(n, e) : (n, e) ∈ SN,E)
eÐnai h monadik  jetik  kanonikopoihmènh lÔsh tou akìloujou sust matoc exis¸sewn

isorropÐac:

(λ1 + µ1 + q12)p(0, 1) = q21p(0, 2) +
∞X
n=0

µ1p(n, 1), (2.25)

(λ1 + µ1 + q12)p(n, 1) = q21p(n, 2) + λ1p(n− 1, 1), n ≥ 1, (2.26)

(λ2 + µ2 + q21)p(0, 2) = q12p(0, 1) +
∞X
n=0

µ2p(n, 2), (2.27)

(λ2 + µ2 + q21)p(n, 2) = q12p(n, 1) + λ2p(n− 1, 2), n ≥ 1, (2.28)
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ìpou stic (2.25) kai (2.27) èqoume sumperil�bei tic yeudometab�seic apì thn kat�-

stash (0, e) sth (0, e), e = 1, 2, me rujmì µe, pou antistoiqoÔn stic episkèyeic tou

mèsou se �deio stajmì. ParathroÔme akìmh ìti h Markobian  alusÐda eÐnai p�nta

jetik� epanalhptik  kaj¸c o mhqanismìc olik¸n exuphret sewn diasfalÐzei ìti xe-

kin¸ntac apì thn kat�stash (0, 1), h diadikasÐa ja epistrèyei se aut  me pijanìthta

1 kai o antÐstoiqoc mèsoc qrìnoc ja eÐnai peperasmènoc.

MporoÔme na prosdiorÐsoume tic st�simec pijanìthtec, qrhsimopoi¸ntac pijanogen-

n triec. 'Etsi, orÐzoume tic merikèc pijanogenn triec thc st�simhc katanom c wc

Ge(z) =
∞X
n=0

p(n, e)zn, |z| ≤ 1, e = 1, 2. (2.29)

kai parathroÔme ìti G1(1) = pE(1) kai G2(1) = pE(2), ìpou oi pE(1) kai pE(2) dÐ-

nontai apì tic sqèseic (2.11)-(2.12). Pollaplasi�zontac tic exis¸seic (2.26) me zn,

n ≥ 1, kai prosjètont�c tec sthn (2.25), paÐrnoume met� apì aplèc pr�xeic mia exÐsw-

sh grammik  wc proc G1(z) kai G2(z). OmoÐwc, oi exis¸seic (2.27) kai (2.28), n ≥ 1,
dÐnoun �llh mia exÐswsh grammik  wc proc G1(z) kai G2(z). LÔnontac to sÔsthma

aut¸n twn exis¸sewn brÐskoume tic G1(z) kai G2(z). Oi G1(z) kai G2(z) eÐnai rhtèc
sunart seic tou z me gnwstoÔc suntelestèc, ekfrazomènouc wc proc tic paramètrouc

tou montèlou. K�nontac an�lush se apl� kl�smata kai èpeita gr�fontac ta apl�

kl�smata wc dunamoseirèc tou z, paÐrnoume tic exis¸seic (2.17) kai (2.18). Pr�gmati,

me apl  antikat�stash, mporoÔme na elègxoume ìti oi p(n, 1) kai p(n, 2) pou dÐnontai

apì tic (2.17) kai (2.18) ikanopoioÔn thn (2.26). AjroÐzontac, mporoÔme akìmh na

elègxoume ìti oi p(n, 1) kai p(n, 2) pou dÐnontai apì tic (2.17) kai (2.18) ikanopoioÔn

thn (2.25). OmoÐwc, mporoÔme na elègxoume ìti ikanopoioÔn tic (2.28) kai (2.27). �

T¸ra ja upologÐsoume th st�simh katanom  tou sust matoc ìtan oi pel�tec

akoloujoÔn mia mikt  strathgik  katwflÐou. 'Eqoume thn akìloujh Prìtash 2.4.2.

Prìtash 2.4.2. JewroÔme th merik¸c parathr simh perÐptwsh tou sust matoc

olik¸n exuphret sewn se enallassìmeno perib�llon, ìpou oi pel�tec mpaÐnoun sto

sÔsthma sÔmfwna me th mikt  strathgik  katwflÐou dn0, θe. H st�simh katanom 
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(pao(n, e; dn0, θe)) autoÔ tou sust matoc dÐnetai apì tic sqèseic

pao(n, e; dn0, θe) = p(n, e), 0 ≤ n ≤ n0 − 1, e = 1, 2, (2.30)

pao(n0, e; dn0, θe) =
∞X

n=n0

(1− θ)n−n0p(n, e), e = 1, 2, (2.31)

pao(n0 + 1, e; dn0, θe) =
∞X

n=n0+1

[1− (1− θ)n−n0 ]p(n, e), e = 1, 2, (2.32)

pao(n, e; dn0, θe) = 0, n ≥ n0 + 2, e = 1, 2, (2.33)

ìpou oi p(n, e) dÐnontai apì tic (2.17)-(2.18).

Apìdeixh. Upojètoume ìti oi pel�tec akoloujoÔn th mikt  strathgik  katwflÐou

dn0, θe. Tìte h exèlixh tou sust matoc mporeÐ na perigrafeÐ apì mia

Markobian  alusÐda suneqoÔc qrìnou h opoÐa aporrof�tai me pijanìthta 1

sthn kleist  kai jetik� epanalhptik  kl�sh katast�sewn

SN,Eao (dn0, θe) = {(n, e) : 0 ≤ n ≤ n0 + 1, e = 1, 2}. Q�rin suntomÐac, sthn upìloiph

apìdeixh ja paraleÐyoume ton sumbolismì pou afor� th strathgik  dn0, θe. 'Etsi, ja
anaferìmaste stic st�simec pijanìthtec pao(n, e; dn0, θe) wc pao(n, e).

Efìson h Markobian  alusÐda telik� aporrof�tai sto SN,Eao (dn0, θe),
paÐrnoume amèswc th sqèsh (2.33). To di�nusma twn st�simwn pijanot twn

(pao(n, e) : (n, e) ∈ SN,Eao (dn0, θe)) prokÔptei wc h monadik  jetik  kanonikopoihmènh

lÔsh tou sust matoc twn exis¸sewn isorropÐac

(λ1 + µ1 + q12)pao(0, 1) = q21pao(0, 2) +
n0+1X
n=0

µ1pao(n, 1), (2.34)

(λ1 + µ1 + q12)pao(n, 1) = q21pao(n, 2) + λ1pao(n− 1, 1), 1 ≤ n ≤ n0 − 1, (2.35)

(λ1θ + µ1 + q12)pao(n0, 1) = q21pao(n0, 2) + λ1pao(n0 − 1, 1), (2.36)

(µ1 + q12)pao(n0 + 1, 1) = q21pao(n0 + 1, 2) + λ1θpao(n0, 1), (2.37)

(λ2 + µ2 + q21)pao(0, 2) = q12pao(0, 1) +
n0+1X
n=0

µ2pao(n, 2), (2.38)

(λ2 + µ2 + q21)pao(n, 2) = q12pao(n, 1) + λ2pao(n− 1, 2), 1 ≤ n ≤ n0 − 1, (2.39)

(λ2θ + µ2 + q21)pao(n0, 2) = q12pao(n0, 1) + λ2pao(n0 − 1, 2), (2.40)

(µ2 + q21)pao(n0 + 1, 2) = q12pao(n0 + 1, 1) + λ2θpao(n0, 2), (2.41)
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ìpou stic exis¸seic (2.34) kai (2.38) èqoume sumperil�bei tic yeudometab�seic apì thn

kat�stash (0, e) sth (0, e), e = 1, 2, me rujmì µe, pou antistoiqoÔn stic episkèyeic

tou mèsou se �deio stajmì.

Gia na katal xoume stic sqèseic (2.30)-(2.33) gia tic st�simec pijanìthtec, mpo-

roÔme xan� na qrhsimopoi soume pijanogenn triec, ìpwc perigr�yame sÔntoma sthn

apìdeixh thc Prìtashc 2.4.1. 'Omwc, eÐnai eÔkolo na elegjeÐ me apl  antikat�stash

ìti oi st�simec pijanìthtec pou dÐnontai apì tic sqèseic (2.30)-(2.33), ikanopoioÔn

tic exis¸seic (2.34)-(2.41) (qrhsimopoi¸ntac aplèc ajroÐseic prokÔptoun oi (2.34) kai

(2.38)). �

T¸ra mporoÔme eÔkola na sun�goume ta PorÐsmata 2.4.1 kai 2.4.2.

Pìrisma 2.4.1. JewroÔme th merik¸c parathr simh perÐptwsh tou sust matoc

olik¸n exuphret sewn se enallassìmeno perib�llon, ìpou oi pel�tec mpaÐnoun sto

sÔsthma sÔmfwna me thn kajar  strathgik  katwflÐou dn0e. Tìte, h st�simh

katanom  (pao(n, e; dn0e)) tou sust matoc dÐnetai apì tic sqèseic

pao(n, e; dn0e) = p(n, e), 0 ≤ n ≤ n0 − 1, e = 1, 2, (2.42)

pao(n0, e; dn0e) =
∞X

n=n0

p(n, e), e = 1, 2, (2.43)

pao(n, e; dn0e) = 0, n ≥ n0 + 1, e = 1, 2, (2.44)

ìpou oi p(n, e) dÐnontai apì tic sqèseic (2.17)-(2.18).

Pìrisma 2.4.2. JewroÔme th merik¸c parathr simh perÐptwsh tou sust matoc o-

lik¸n exuphret sewn se enallassìmeno perib�llon, ìpou oi pel�tec apoqwroÔn p�nta.

Tìte, h st�simh katanom  (pao(n, e; d0e)) tou sust matoc dÐnetai apì tic sqèseic

pao(0, e; d0e) = pE(e), e = 1, 2, (2.45)

pao(n, e; d0e) = 0, n ≥ 1, e = 1, 2, (2.46)

ìpou oi pE(e), e = 1, 2 dÐnontai apì tic sqèseic (2.11)-(2.12).

T¸ra, ja upologÐsoume th st�simh katanom  tou sust matoc ìtan oi pel�tec

akoloujoÔn mia antÐstrofh mikt  strathgik  katwflÐou bn0, θc.
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Parat rhsh 2.4.1. Upì th strathgik  bn0, θc me n0 ≥ 1, oi pel�tec apoqwroÔn

ìtan brÐskoun to sÔsthma �deio. 'Etsi, h st�simh katanom  tou sust matoc eÐnai aut 

pou dÐnetai sto Pìrisma 2.4.2.

Mènei na doÔme ti sumbaÐnei ìtan oi pel�tec akoloujoÔn th strathgik  b0, θc.

Prìtash 2.4.3. JewroÔme th merik¸c parathr simh perÐptwsh tou sust matoc

olik¸n exuphret sewn se enallassìmeno perib�llon, ìpou oi pel�tec mpaÐnoun

sto sÔsthma sÔmfwna me th strathgik  b0, θc. Gia θ = 0, h st�simh katanom 

(pao(n, e; b0, 0c)) tou sust matoc dÐnetai apì tic sqèseic

pao(0, e; b0, 0c) = pE(e), e = 1, 2, (2.47)

pao(n, e; b0, 0c) = 0, n ≥ 1, e = 1, 2, (2.48)

ìpou oi pE(e), e = 1, 2 dÐnontai apì tic sqèseic (2.11)-(2.12).

Gia θ ∈ (0, 1), h st�simh katanom  (pao(n, e; b0, θc)) tou sust matoc dÐnetai apì

tic sqèseic

pao(0, e; b0, θc) =
∞X
n=0

(1− θ)np(n, e), e = 1, 2, (2.49)

pao(n, e; b0, θc) = θ
∞X
i=n

(1− θ)i−np(i, e), n ≥ 1, e = 1, 2, (2.50)

ìpou oi p(n, e) dÐnontai apì tic sqèseic (2.17)-(2.18).

Gia θ = 1, h st�simh katanom  (pao(n, e; b0, 1c)) tou sust matoc dÐnetai apì tic

sqèseic

pao(n, e; b0, 1c) = p(n, e), n ≥ 0, e = 1, 2, (2.51)

ìpou oi p(n, e) dÐnontai apì tic sqèseic (2.17)-(2.18).

H apìdeixh tou Jewr matoc 2.4.3 gia θ = 0 eÐnai �mesh, kaj¸c se aut n thn

perÐptwsh oi pel�tec apoqwroÔn ìpote fj�noun se �deio sÔsthma. 'Etsi, k�tw apì

aut n thn strathgik  h antÐstoiqh Markobian  alusÐda suneqoÔc qrìnou aporrof�tai

me pijanìthta 1 sto uposÔnolo {(0, 1), (0, 2)} tou q¸rou katast�sewn kai h st�simh

katanom  eÐnai aut  pou dÐnetai apì tic sqèseic (2.45) kai (2.46) tou PorÐsmatoc 2.4.2.

Sthn perÐptwsh pou θ = 1, oi pel�tec p�nta mpaÐnoun sto sÔsthma, opìte efarmìzoume
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thn Prìtash 2.4.1. 'Etsi, h mình endiafèrousa perÐptwsh eÐnai gia θ ∈ (0, 1). Tìte,

h apìdeixh thc Prìtashc 2.4.3 gÐnetai qrhsimopoi¸ntac ta Ðdia epiqeir mata me tic

apodeÐxeic twn Prot�sewn 2.4.1 kai 2.4.2. Gia autì ton lìgo, gia q�rin suntomÐac,

paraleÐpetai.

2.4.2 Sunart seic anamenìmenou kajaroÔ kèrdouc

Basizìmenoi sta apotelèsmata thc paragr�fou 2.4.1, mporoÔme na upologÐsoume to

anamenìmeno kajarì kèrdoc enìc pel�th o opoÐoc parathreÐ n pel�tec kat� thn �fix 

tou kai eisèrqetai sto sÔsthma. Fusik�, to anamenìmeno kajarì kèrdoc tou exart�tai

apì th strathgik  pou akoloujoÔn oi upìloipoi pel�tec. 'Etsi, an�loga an oi pel�tec

akoloujoÔn mia strathgik  katwflÐou   mia antÐstrofh strathgik  katwflÐou, è-

qoume tic di�forec peript¸seic gia to anamenìmeno kajarì kèrdoc, pou dÐnontai stic

Prot�seic 2.4.4�2.4.6 kai to Pìrisma 2.4.3.

Prìtash 2.4.4. JewroÔme th merik¸c parathr simh perÐptwsh tou sust matoc

olik¸n exuphret sewn se enallassìmeno perib�llon, ìpou ìloi oi pel�tec eisèrqontai

sto sÔsthma. Tìte, to anamenìmeno kajarì kèrdoc Sao(n; d∞e) ≡ Sao(n; b0c) enìc

pel�th o opoÐoc parathreÐ n pel�tec sto sÔsthma kai apofasÐzei na mpei, dÐnetai wc

Sao(n; d∞e) ≡ Sao(n; b0c) = R−K
A
�

1
1−z1

�n
+B

�
1

1−z2

�n
D
�

1
1−z1

�n
+ E

�
1

1−z2

�n , n ≥ 0, (2.52)

ìpou

A = λ1A1E[S1] + λ2A2E[S2], (2.53)

B = λ1B1E[S1] + λ2B2E[S2], (2.54)

D = λ1A1 + λ2A2, (2.55)

E = λ1B1 + λ2B2 (2.56)

kai oi E[S1], E[S2], A1, B1, A2, B2, z1, z2 dÐnontai apì tic sqèseic (2.7)-(2.8),

(2.19)-(2.22) kai (2.24).

Apìdeixh. O anamenìmenoc qrìnoc paramon c sto sÔsthma enìc pel�th o opoÐoc

brÐskei n pel�tec kai apofasÐzei na mpei, dÐnetai wc

p−ao(1|n; d∞e)E[S1] + p−ao(2|n; d∞e)E[S2], (2.57)
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ìpou p−ao(e|n; d∞e), e = 1, 2, eÐnai h pijanìthta o afiknoÔmenoc pel�thc na brei to

perib�llon sthn kat�stash e, dedomènou ìti parathreÐ n pel�tec sto sÔsthma kai ìti

ìloi oi upìloipoi pel�tec akoloujoÔn th strathgik  d∞e. Oi desmeumènec pijanìthtec
p−ao(e|n; d∞e) dÐnontai wc

p−ao(e|n; d∞e) =
λep(n, e)

λ1p(n, 1) + λ2p(n, 2)
, e = 1, 2, (2.58)

ìpou oi p(n, e) dÐnontai apì tic sqèseic (2.17)-(2.18). 'Etsi, to anamenìmeno kajarì

kèrdoc enìc pel�th pou apofasÐzei na mpei, eÐnai

Sao(n; d∞e) ≡ Sao(n; b0c) = R−K[p−ao(1|n; d∞e)E[S1] + p−ao(2|n; d∞e)E[S2]].
(2.59)

Antikajist¸ntac tic sqèseic (2.17)-(2.18) sth (2.58) kai akoloÔjwc sth (2.59) prokÔ-

ptei h (2.52). �

Prìtash 2.4.5. JewroÔme th merik¸c parathr simh perÐptwsh tou sust matoc
olik¸n exuphret sewn se enallassìmeno perib�llon, ìpou oi pel�tec mpaÐnoun sto
sÔsthma sÔmfwna me th mikt  strathgik  katwflÐou dn0, θe. Tìte, to anamenìmeno
kajarì kèrdoc Sao(n; dn0, θe) enìc pel�th o opoÐoc parathreÐ n pel�tec sto sÔsthma
kai apofasÐzei na mpeÐ, dÐnetai wc

Sao(n; dn0, θe) = R−K
A
�

1
1−z1

�n
+B

�
1

1−z2

�n
D
�

1
1−z1

�n
+ E

�
1

1−z2

�n , 0 ≤ n ≤ n0 − 1, (2.60)

Sao(n0; dn0, θe) = R−K

P∞
i=n0

(1− θ)i−n0

h
A
�

1
1−z1

�i
+B

�
1

1−z2

�ii
P∞

i=n0
(1− θ)i−n0

h
D
�

1
1−z1

�i
+ E

�
1

1−z2

�ii , (2.61)

Sao(n0 + 1; dn0, θe) = R−K

P∞
i=n0+1

[1− (1− θ)i−n0 ]
h
A
�

1
1−z1

�i
+B

�
1

1−z2

�ii
P∞

i=n0+1
[1− (1− θ)i−n0 ]

h
D
�

1
1−z1

�i
+ E

�
1

1−z2

�ii , (2.62)
ìpou oi A, B, D, E, z1, z2 dÐnontai apì tic sqèseic (2.53)-(2.56) kai (2.24).

Apìdeixh. Upojètoume ìti oi pel�tec mpaÐnoun sto sÔsthma sÔmfwna me th mikt 

strathgik  katwflÐou dn0, θe. Tìte, o anamenìmenoc qrìnoc paramon c sto sÔsthma

enìc pel�th o opoÐoc brÐskei n pel�tec kai apofasÐzei na mpei, dÐnetai wc

p−ao(1|n; dn0, θe)E[S1] + p−ao(2|n; dn0, θe)E[S2], (2.63)
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ìpou p−ao(e|n; dn0, θe), e = 1, 2, eÐnai h pijanìthta o afiknoÔmenoc pel�thc na brei

to perib�llon sthn kat�stash e, dedomènou ìti parathreÐ n pel�tec sto sÔsthma

kai ìti ìloi oi upìloipoi pel�tec akoloujoÔn th strathgik  dn0, θe. Oi desmeumènec
pijanìthtec p−ao(e|n; dn0, θe) dÐnontai wc

p−ao(e|n; dn0, θe) =
λepao(n, e; dn0, θe)

λ1pao(n, 1; dn0, θe) + λ2pao(n, 2; dn0, θe)
, e = 1, 2, (2.64)

ìpou oi pao(n, e; dn0, θe) dÐnontai apì tic sqèseic (2.30)-(2.32). 'Etsi, to anamenìmeno

kajarì kèrdoc enìc pel�th pou apofasÐzei na mpei, eÐnai

Sao(n; dn0, θe) = R−K[p−ao(1|n; dn0, θe)E[S1] + p−ao(2|n; dn0, θe)E[S2]]. (2.65)

Qrhsimopoi¸ntac tic sqèseic (2.30)-(2.32) pou dÐnoun tic pao(n, e; dn0, θe) paÐrnoume

tic (2.60)-(2.62). �

Sthn perÐptwsh pou oi pel�tec akoloujoÔn thn kajar  strathgik  katwflÐou

dn0e, paÐrnoume to Pìrisma 2.4.3.

Pìrisma 2.4.3. JewroÔme th merik¸c parathr simh perÐptwsh tou sust matoc

olik¸n exuphret sewn se enallassìmeno perib�llon, ìpou oi pel�tec mpaÐnoun sto

sÔsthma sÔmfwna me th kajar  strathgik  katwflÐou dn0e. Tìte, to anamenìmeno

kajarì kèrdoc Sao(n; dn0e) enìc pel�th o opoÐoc parathreÐ n pel�tec sto sÔsthma kai

apofasÐzei na mpei, dÐnetai wc

Sao(n; dn0e) = R−K
A
�

1
1−z1

�n
+B

�
1

1−z2

�n
D
�

1
1−z1

�n
+ E

�
1

1−z2

�n , 0 ≤ n ≤ n0 − 1, (2.66)

Sao(n0; dn0e) = R−K
P∞
i=n0

h
A
�

1
1−z1

�i
+B

�
1

1−z2

�ii
P∞
i=n0

h
D
�

1
1−z1

�i
+ E

�
1

1−z2

�ii , (2.67)

ìpou oi A, B, D, E, z1, z2 dÐnontai apì tic sqèseic (2.53)-(2.56) kai (2.24).

Parat rhsh 2.4.2. Efarmìzontac to Pìrisma 2.4.3 gia n0 = 0 paÐrnoume to

anamenìmeno kajarì kèrdoc Sao(0; d0e) ≡ Sao(0; b∞c) enìc pel�th o opoÐoc apofasÐzei

na mpei ìtan oi upìloipoi pel�tec akoloujoÔn th strathgik  ��p�nta na apoqwreÐc ��.
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'Otan oi pel�tec akoloujoÔn mia antÐstrofh mikt  strathgik  katwflÐou b0, θc, me
θ ∈ (0, 1), mporoÔme na qrhsimopoi soume ta Ðdia epiqeir mata me tic Prot�seic 2.4.4

kai 2.4.5, kai th st�simh katanom  pou dÐnetai apì tic (2.49)-(2.50). Tìte, paÐrnoume

thn akìloujh Prìtash 2.4.6.

Prìtash 2.4.6. JewroÔme th merik¸c parathr simh perÐptwsh tou sust matoc

olik¸n exuphret sewn se enallassìmeno perib�llon, ìpou oi pel�tec mpaÐnoun sto

sÔsthma sÔmfwna me thn antÐstrofh mikt  strathgik  katwflÐou b0, θc gia k�poio

θ ∈ (0, 1). Tìte, to anamenìmeno kajarì kèrdoc Sao(n; b0, θc) enìc pel�th o opoÐoc

parathreÐ n pel�tec sto sÔsthma kai apofasÐzei na mpei, dÐnetai wc

Sao(n; b0, θc) = R−K

P∞
i=n(1− θ)i−n

h
A
�

1
1−z1

�i
+B

�
1

1−z2

�ii
P∞
i=n(1− θ)i−n

h
D
�

1
1−z1

�i
+ E

�
1

1−z2

�ii , n ≥ 0, (2.68)

ìpou oi A, B, D, E, z1, z2 dÐnontai apì tic sqèseic (2.53)-(2.56) kai (2.24).

Gia na ekfr�soume tic sqèseic gia to anamenìmeno kajarì kèrdoc pou dÐnontai stic

Prot�seic 2.4.4�2.4.6 kai to Pìrisma 2.4.3 me eniaÐo trìpo orÐzoume tic sunart seic

F (n, θ) =
∞X
i=n

(1− θ)i−n
�
(RD −KA)

�
1

1− z1

�i
+ (RE −KB)

�
1

1− z2

�i�
,(2.69)

G(n, θ) =
∞X
i=n

(1− θ)i−n
�
D

�
1

1− z1

�i
+ E

�
1

1− z2

�i�
, n ≥ 0, θ ∈ [0, 1], (2.70)

HU (n) =
F (n, 1)
G(n, 1)

, HL(n) =
F (n, 0)
G(n, 0)

, n ≥ 0. (2.71)
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Tìte èqoume

Sao(n; d∞e) ≡ Sao(n; b0c) =
F (n, 1)
G(n, 1)

= HU (n), n ≥ 0, (2.72)

Sao(n; dn0, θe) =
F (n, 1)
G(n, 1)

= HU (n), 0 ≤ n ≤ n0 − 1, (2.73)

Sao(n0; dn0, θe) =
F (n0, θ)
G(n0, θ)

, (2.74)

Sao(n0 + 1; dn0, θe) =
F (n0, 0)− F (n0, θ)
G(n0, 0)−G(n0, θ)

, (2.75)

Sao(n; dn0e) =
F (n, 1)
G(n, 1)

= HU (n), 0 ≤ n ≤ n0 − 1, (2.76)

Sao(n0; dn0e) =
F (n0, 0)
G(n0, 0)

= HL(n0), (2.77)

Sao(0; d0e) ≡ Sao(0; b∞c) =
F (0, 0)
G(0, 0)

= HL(0), (2.78)

Sao(n; b0, θc) =
F (n, θ)
G(n, θ)

, n ≥ 0. (2.79)

2.5 H merik¸c parathr simh perÐptwsh:

Strathgikèc isorropÐac

'Opwc èqoume  dh exhg sei sthn arq  thc enìthtac 2.4, faÐnetai logikì oi pel�tec

na akoloujoÔn strathgikèc katwflÐou ìtan h kat�stash perib�llontoc ��gr gorhc

exuphrèthshc �� tautÐzetai me thn kat�stash perib�llontoc ��qamhloÔ sunwstismoÔ��,

dhlad  ìtan (µ1 − µ2)(ρ1 − ρ2) < 0. Antijètwc, oi pel�tec akoloujoÔn antÐstrofec

strathgikèc katwflÐou ìtan h kat�stash perib�llontoc ��gr gorhc exuphrèthshc ��

tautÐzetai me thn kat�stash perib�llontoc ��uyhloÔ sunwstismoÔ��, dhlad  ìtan h a-

ntÐstrofh anisìthta isqÔei. H diaisjhtik  aut  parat rhsh sqetÐzetai me th monotonÐa

thc HU (n) h opoÐa paÐzei kurÐarqo rìlo sthn parak�tw an�lush. Pio sugkekrimèna,

èqoume thn akìloujh Prìtash 2.5.1.
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Prìtash 2.5.1. 'Eqoume tic parak�tw isodunamÐec:

HU (n) γνησίως φθίνουσα⇔ AE −BD > 0⇔ (µ1 − µ2)(ρ1 − ρ2) < 0. (2.80)

HU (n) σταθερή⇔ AE −BD = 0⇔ µ1 = µ2 ή ρ1 = ρ2. (2.81)

HU (n) γνησίως αύξουσα⇔ AE −BD < 0⇔ (µ1 − µ2)(ρ1 − ρ2) > 0. (2.82)

H apìdeixh thc prìtashc paraleÐpetai, kaj¸c h pr¸th perÐptwsh prokÔptei eÔkola

met� apì aplèc pr�xeic. 'Etsi, xekin¸ntac apì th sqèsh HU (n + 1) − HU (n) < 0
odhgoÔmaste sth AE − BD > 0 kai th (µ1 − µ2)(ρ1 − ρ2) < 0, mèsa apì diadoqikèc

isodunamÐec. Oi �llec dÔo peript¸seic antimetwpÐzontai omoÐwc. Epiplèon, h monotonÐa

thc sun�rthshc F (n,θ)
G(n,θ) wc proc θ exart�tai apì to prìshmo thc posìthtac

(µ1 − µ2)(ρ1 − ρ2). Sugkèkrimèna, èqoume thn akìloujh Prìtash 2.5.2.

Prìtash 2.5.2. 'Eqoume tic parak�tw isodunamÐec:

F (n, θ)
G(n, θ)

είναι γνησίως αύξουσα ως προς θ ⇔ AE −BD > 0⇔ (µ1 − µ2)(ρ1 − ρ2) < 0.

(2.83)

F (n, θ)
G(n, θ)

είναι σταθερή ως προς θ ⇔ AE −BD = 0⇔ µ1 = µ2 ή ρ1 = ρ2.

(2.84)

F (n, θ)
G(n, θ)

είναι γνησίως φθίνουσα ως προς θ ⇔ AE −BD < 0⇔ (µ1 − µ2)(ρ1 − ρ2) > 0.

(2.85)

H apìdeixh aut c thc prìtashc paraleÐpetai, kaj¸c to apotèlesma prokÔptei eÔko-

la met� apì k�poiec algebrikèc pr�xeic. T¸ra, dÐnoume k�poiec idiìthtec twn F (n, θ),
G(n, θ) kai HU (n), HL(n) tic opoÐec ja qrhsimopoi soume sth sunèqeia. H apìdeix 

touc prokÔptei �mesa apì ton orismì touc.
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L mma 2.5.1. Oi sunart seic F (n, θ), G(n, θ) ikanopoioÔn tic akìloujec idiìthtec:

F (n, θ) =
∞X
i=n

(1− θ)i−nF (i, 1) = F (n, 1) + (1− θ)F (n+ 1, θ), n ≥ 0, θ ∈ [0, 1],

(2.86)

G(n, θ) =
∞X
i=n

(1− θ)i−nG(i, 1) = G(n, 1) + (1− θ)G(n+ 1, θ), n ≥ 0, θ ∈ [0, 1],

(2.87)

G(n, θ) > 0, n ≥ 0, θ ∈ [0, 1], (2.88)

G(n, θ) eÐnai gnhsÐwc fjÐnousa wc proc θ gia k�je n ≥ 0. (2.89)

ParathroÔme ìti oi idiìthtec (2.88) kai (2.89) gia thn G(n, θ) diasfalÐzoun ìti ìloi
oi paronomastèc stic (2.72)-(2.79) eÐnai jetikoÐ.

H diaisjhtik  an�lush sthn arq  thc enìthtac 2.4 se sunduasmì me tic Prot�seic

2.5.1 kai 2.5.2 mac odhgoÔn sto sumpèrasma ìti prèpei na suneqÐsoume thn an�lus 

mac jewr¸ntac xeqwrist� treic peript¸seic, an�loga me to prìshmo (arnhtikì, jetikì

  mhdèn) thc (µ1 − µ2)(ρ1 − ρ2).

2.5.1 PerÐptwsh A: (µ1 − µ2)(ρ1 − ρ2) < 0

Sthn perÐptwsh A, ja apodeÐxoume ìti up�rqei p�nta strathgik  isorropÐac tÔpou

katwflÐou. Epiplèon, ja parousi�soume ènan algìrijmo gia na brÐskoume ìlec tic

strathgikèc isorropÐac tÔpou katwflÐou. Arqik�, ja orÐsoume k�poiec posìthtec

pou ja qreiastoÔme sth sunèqeia.

Orismìc 2.5.1. Upojètoume ìti

(µ1 − µ2)(ρ1 − ρ2) < 0. (2.90)

OrÐzoume

nU = inf{n ≥ 0 : F (n, 1) < 0}, (2.91)

nL = inf{n ≥ 0 : F (n, 0) ≤ 0}, (2.92)

n−U = inf{n ≥ 0 : F (n, 1) ≤ 0}, (2.93)

n+
L = inf{n ≥ 0 : F (n, 0) < 0}. (2.94)
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'Etsi, oi posìthtec nU , nL, n
−
U kai n+

L èqoun orismènec idiìthtec pou sunoyÐzontai

sto parak�tw L mma 2.5.2.

L mma 2.5.2. Upojètoume ìti isqÔei h (2.90). Tìte, up�rqoun treic peript¸seic:

PerÐptwsh I: HU (0) < 0.
Tìte

nU = nL = n−U = n+
L = 0, (2.95)

F (n, θ) < 0, n ≥ 0, θ ∈ [0, 1], (2.96)

F (n, 0)− F (n, θ) < 0, n ≥ 0, θ ∈ (0, 1]. (2.97)

PerÐptwsh II: HU (0) ≥ 0 kai limn→∞H
U (n) < 0.

Tìte

1 ≤ nU <∞, (2.98)

F (n, 1) > 0, 0 ≤ n ≤ nU − 2, (2.99)

F (nU − 1, 1) ≥ 0, (2.100)

F (n, 1) < 0, n ≥ nU . (2.101)

kai

0 ≤ nL ≤ nU , (2.102)

F (n, 0) > 0, 0 ≤ n ≤ nL − 1, (2.103)

F (nL, 0) ≤ 0, (2.104)

F (n, 0) < 0, n ≥ nL + 1. (2.105)

Epiplèon,

n+
L =

(
nL, an F (nL, 0) < 0
nL + 1, an F (nL, 0) = 0,

(2.106)

n−U =

(
nU , an F (nU − 1, 1) > 0
nU − 1, an F (nU − 1, 1) = 0.

(2.107)
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Gia k�je n0 ∈ {n+
L , . . . , n

−
U − 1}, up�rqei mia monadik  lÔsh θ(n0) ∈ (0, 1) thc

exÐswshc F (n0, θ) = 0 wc proc θ, dhlad 

F (n0, θ(n0)) = 0, n+
L ≤ n ≤ n

−
U − 1. (2.108)

PerÐptwsh III: limn→∞H
U (n) ≥ 0.

Tìte

nU = nL = n−U = n+
L =∞, (2.109)

F (n, θ) > 0, n ≥ 0, θ ∈ [0, 1], (2.110)

F (n, 0)− F (n, θ) > 0, n ≥ 0, θ ∈ (0, 1]. (2.111)

Apìdeixh. Sthn PerÐptwsh I, h sunj kh HU (0) < 0 se sunduasmì me th monotonÐa

thc HU (n) (lìgw thc (2.80)) dÐnei ìti HU (n) < 0, n ≥ 0. Tìte, èqoume ìti

F (n, 1) < 0, n ≥ 0 kai ètsi F (n, θ) =
P∞
i=n(1 − θ)i−nF (i, 1) < 0, n ≥ 0, θ ∈ [0, 1]

kai F (n, 0)− F (n, θ) =
P∞
i=n[1− (1− θ)i−n]F (i, 1) < 0, n ≥ 0, θ ∈ (0, 1].

Sthn perÐptwsh II, oi sunj kec HU (0) ≥ 0 kai limn→∞H
U (n) < 0, se sunduasmì

me th sunj kh (2.80) gia th monotonÐa thc HU (n) dÐnoun tic (2.98)-(2.101).

Apì th sqèsh (2.101) sumperaÐnoume ìti F (nU , 0) =
P∞
i=nU

F (i, 1) < 0 kai ètsi

prokÔptei h (2.102). ParathroÔme akìmh ìti apì ton orismì thc nL paÐrnoume amèswc

tic (2.103)-(2.104). Epiplèon, èqoume ìti F (n, 0) =
P∞
i=n F (i, 1) < 0, gia n ≥ nU .

Gia n me nL + 1 ≤ n ≤ nU − 1 èqoume epÐshc ìti F (n, 0) < 0. Pr�gmati, upojètontac
ìti up�rqei n me nL + 1 ≤ n ≤ nU − 1 tètoio ¸ste F (n, 0) ≥ 0, ja eÐqame ìti

F (n−1, 0) = F (n−1, 1)+F (n, 0) > 0 kai epagwgik� ja proèkupte ìti F (nL, 0) > 0,
to opoÐo eÐnai �topo lìgw thc (2.104). 'Etsi, F (n, 0) < 0, gia ìla ta n ≥ nL + 1 kai

prokÔptei h (2.105).

Oi sqèseic (2.106) kai (2.107) prokÔptoun �mesa apì tic (2.99)-(2.101) kai (2.103)-

(2.105) antÐstoiqa. JewroÔme, t¸ra, èna n0 ∈ {n+
L , . . . , n

−
U − 1}. Tìte, èqoume ìti

F (n0,1)
G(n0,1) > 0 (efìson n0 ≤ n−U − 1 - blèpe (2.99)) kai F (n0,0)

G(n0,0) < 0 (efìson n0 ≥ n+
L

- blèpe (2.105)-(2.106)). Apì th sunj kh (2.83), èqoume ìti h F (n0,θ)
G(n0,θ)

eÐnai gnh-

sÐwc aÔxousa kai suneq c wc proc θ, ìpìte efarmìzontac to je¸rhma tou Bolzano
prokÔptei ìti up�rqei mia monadik  lÔsh θ(n0) ∈ (0, 1) thc exÐswshc F (n0,θ)

G(n0,θ)
= 0.

'Etsi, paÐrnoume thn (2.108).
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Sthn PerÐptwsh III, h sunj kh limn→∞H
U (n) ≥ 0 se sunduasmì me th sunj kh

(2.80) gia th monotonÐa thc HU (n) dÐnei ìti HU (n) > 0, n ≥ 0, apì ìpou prokÔptei ìti
F (n, 1) > 0, n ≥ 0 kai F (n, θ) =

P∞
i=n(1− θ)i−nF (i, 1) > 0, gia n ≥ 0 kai θ ∈ [0, 1].

Epiplèon, F (n, 0) − F (n, θ) =
P∞
i=n[1 − (1 − θ)i−n]F (i, 1) > 0, n ≥ 0, θ ∈ (0, 1].

'Etsi, paÐrnoume tic (2.109)-(2.111). �

Qrhsimopoi¸ntac to L mma 2.5.2 ja apodeÐxoume thn Ôparxh strathgik¸n isor-

ropÐac tÔpou katwflÐou, ìtan isqÔei h (2.90). Parousi�zoume ta apotelèsmata sto

epìmeno Je¸rhma 2.5.1.

Je¸rhma 2.5.1. Sth merik¸c parathr simh perÐptwsh tou sust matoc olik¸n

exuphret sewn se enallassìmeno perib�llon, ìpou isqÔei h sunj kh (2.90), up�rqei

p�nta strathgik  isorropÐac tÔpou katwflÐou. Sugkekrimèna, gia tic treic peript¸seic

tou L mmatoc 2.5.2 èqoume:

PerÐptwsh I: HU (0) < 0.
Tìte, up�rqei monadik  strathgik  isorropÐac tÔpou katwflÐou, h strathgik 

d0e (��p�nta na apoqwreÐc ��).

PerÐptwsh II: HU (0) ≥ 0 kai limn→∞H
U (n) < 0.

Tìte, up�rqei p�nta mia strathgik  isorropÐac mèsa sthn kl�sh twn kajar¸n

strathgik¸n katwflÐou. Epiplèon, oi strathgikèc isorropÐac mèsa sthn kl�sh

twn kajar¸n strathgik¸n katwflÐou eÐnai ìlec oi strathgikèc dn0e me

n0 = nL, nL + 1, . . . , nU . Akìmh, oi strathgikèc isorropÐac mèsa sthn kl�sh

twn mikt¸n strathgik¸n katwflÐou eÐnai oi strathgikèc dn0, θ(n0)e, ìpou

n0 ∈ {n+
L , . . . , n

−
U − 1} kai θ(n0) eÐnai h monadik  lÔsh thc F (n0, θ) = 0 wc

proc θ sto (0, 1).

PerÐptwsh III: limn→∞H
U (n) ≥ 0.

Tìte, up�rqei monadik  strathgik  isorropÐac tÔpou katwflÐou, h strathgik 

d∞e (��p�nta na mpaÐneic ��).

Apìdeixh. PerÐptwsh I: JewroÔme ènan sugkekrimèno pel�th th stigm  thc �fix c

tou kai upojètoume ìti ìloi oi �lloi pel�tec akoloujoÔn th strathgik  dn0e, gia
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k�poio n0 ≥ 0. H anisìthta (2.96) kai oi sqèseic (2.76) kai (2.77) dÐnoun ìti to

anamenìmeno kajarì kèrdoc tou pel�th, ìtan brÐskei n pel�tec sto sÔsthma kai apo-

fasÐzei na mpei eÐnai, Sao(n; dn0e) < 0, gia 0 ≤ n ≤ n0. 'Etsi, p�nta protim� na apo-

qwreÐ kai h bèltisth ap�nths  tou apènanti sth strathgik  dn0e eÐnai h strathgik 

d0e.
T¸ra upojètoume ìti ìloi oi pel�tec akoloujoÔn th strathgik  dn0, θ0e, gia k�poio

n0 ≥ 0 kai θ0 ∈ (0, 1). Tìte, an o pel�thc brei n pel�tec kat� thn �fix  tou kai

apofasÐsei na mpei, to anamenìmeno kajarì kèrdoc tou ja eÐnai Sao(n; dn0, θ0e) < 0
gia 0 ≤ n ≤ n0 + 1, apì tic (2.96)-(2.97) kai tic (2.73)-(2.75). 'Etsi, o pel�thc

eÐnai p�nta aprìjumoc na mpei kai h bèltisth ap�nths  tou apènanti sth strathgik 

dn0, θ0e eÐnai h strathgik  d0e.
An ìloi oi pel�tec akolouj soun th strathgik  d∞e, oi (2.96) kai (2.72) dÐnoun

ìti Sao(n; d∞e) < 0 gia n ≥ 0. P�li, lìgw tou arnhtikoÔ anamenìmenou kajaroÔ kèr-

douc, eÐnai protimìtero gia ton pel�th na apoqwr sei. Opìte, h bèltisth ap�nths 

tou apènanti sth strathgik  d∞e eÐnai h strathgik  d0e. 'Etsi, sumperaÐnoume ìti h
mình strathgik  pou eÐnai bèltisth ap�nthsh ston eautì thc mèsa sthn kl�sh twn

(kajar¸n kai mikt¸n) strathgik¸n katwflÐou eÐnai h d0e.

PerÐptwsh II: JewroÔme ènan afiknoÔmeno pel�th kai upojètoume ìti ìloi oi upì-

loipoi pel�tec akoloujoÔn th strathgik  dn0e, gia k�poio n0 ≤ nL−1. An o pel�thc

brei n0 pel�tec sto sÔsthma kai apofasÐsei na mpei, to anamenìmeno kajarì kèrdoc

tou ja eÐnai Sao(n0; dn0e) > 0, apì tic (2.103) kai (2.77). Autì shmaÐnei ìti ìtan dei

n0 pel�tec, ja eÐnai prìjumoc na mpei. 'Etsi, h strathgik  dn0e de mporeÐ na eÐnai

bèltisth ap�nthsh ston eautì thc. Opìte, mia tètoia strathgik  den eÐnai strathgik 

isorropÐac.

JewroÔme, t¸ra, ènan afiknoÔmeno pel�th kai upojètoume ìti ìloi oi �lloi pel�tec

akoloujoÔn th strathgik  dn0e, gia k�poio n0 ≥ nU + 1. Qrhsimopoi¸ntac tic (2.76)
kai (2.101), èqoume ìti Sao(n; dn0e) < 0, gia nU ≤ n ≤ n0−1. Autì shmaÐnei ìti ìtan

o pel�thc brÐskei n pel�tec sto sÔsthma, me nU ≤ n ≤ n0 − 1, den eÐnai prìjumoc

na mpei. 'Etsi, h strathgik  dn0e de mporeÐ na eÐnai strathgik  isorropÐac. Sunep¸c,

h ereun� mac gia strathgikèc isorropÐac mèsa sthn kl�sh twn kajar¸n strathgik¸n

katwflÐou ja perioristeÐ stic strathgikèc dn0e me nL ≤ n0 ≤ nU .
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JewroÔme ènan afiknoÔmeno pel�th kai upojètoume ìti ìloi oi upìloipoi pel�tec

akoloujoÔn th strathgik  dn0e, gia k�poio n0 me nL ≤ n0 ≤ nU . Apì tic (2.76),

(2.77), (2.99), (2.100), (2.104) kai (2.105), èqoume ìti to anamenìmeno kajarì kèrdoc

enìc pel�th pou brÐskei n pel�tec kat� thn �fix  tou kai apofasÐzei na mpei eÐnai

Sao(n; dn0e) ≥ 0, gia 0 ≤ n ≤ n0 − 1 kai Sao(n0; dn0e) ≤ 0. �Etsi, h strathgik  dn0e
eÐnai bèltisth ap�nthsh ston eautì thc. Epomènwc, ìlec autèc oi strathgikèc eÐnai

strathgikèc isorropÐac.

Gia na oloklhr¸soume thn èreun� mac gia strathgikèc isorropÐac sthn kl�sh twn

kajar¸n strathgik¸n katwflÐou, prèpei na exet�soume th strathgik  d∞e. Aut 

de mporeÐ na eÐnai strathgik  isorropÐac, kaj¸c oi (2.72) kai (2.101) dÐnoun ìti

Sao(n; d∞e) < 0, gia n ≥ nU , to opoÐo shmaÐnei ìti den eÐnai bèltisto gia ton pel�th

na mpei sto sÔsthma ìtan blèpei n pel�tec, gia k�poio n ≥ nU . 'Etsi, sumperaÐnoume
ìti oi strathgikèc isorropÐac mèsa sthn kl�sh twn kajar¸n strathgik¸n katwflÐou

eÐnai oi strathgikèc dn0e me nL ≤ n0 ≤ nU .
T¸ra, ja anazht soume strathgikèc isorropÐac mèsa sthn kl�sh twn gnhsÐwc

mikt¸n strathgik¸n katwflÐou, dhlad  an�mesa stic strathgikèc dn0, θ0e me

θ0 ∈ (0, 1). Mia mikt  strathgik  katwflÐou dn0, θ0e eÐnai strathgik  isorropÐac an

kai mìno an isqÔoun oi sqèseic F (n, 1) ≥ 0, gia 0 ≤ n ≤ n0 − 1, F (n0, θ0) = 0 kai

F (n0, 0) − F (n0, θ0) ≤ 0 (blèpe (2.73)-(2.75)). 'Etsi, h strathgik  dn0, θ0e mporeÐ
na eÐnai strathgik  isorropÐac an kai mìno an h strathgik  dn0e eÐnai strathgik 
isorropÐac (blèpe (2.73)-(2.75) se sunduasmì me (2.76)-(2.77)). Sunep¸c, prèpei na

periorÐsoume thn èreun� mac gia strathgikèc isorropÐac stic strathgikèc dn0, θ0e me
n0 = nL, nL + 1, . . . , nU .

An F (nL, 0) = 0, tìte den up�rqei θ ∈ (0, 1) tètoio ¸ste F (nL, θ) = 0, kaj¸c h
F (n,θ)
G(n,θ) eÐnai gnhsÐwc fjÐnousa. 'Etsi, h strathgik  dnL, θe de mporeÐ na eÐnai stra-

thgik  isorropÐac gia kanèna θ ∈ (0, 1). OmoÐwc, an F (nU − 1, 1) = 0, tìte h stra-

thgik  dnU − 1, θe de mporeÐ na eÐnai strathgik  isorropÐac gia kanèna θ ∈ (0, 1).
Epiplèon, h strathgik  dnU , θe de mporeÐ na eÐnai strathgik  isorropÐac gia kanèna

θ ∈ (0, 1), kaj¸c F (nU , θ) < 0, θ ∈ (0, 1). 'Etsi, mia strathgik  dn0, θ0e me θ ∈ (0, 1)
mporeÐ na eÐnai strathgik  isorropÐac mìno an n+

L ≤ n0 ≤ n−U − 1.
T¸ra, gia k�je n0 ∈ {n+

L , . . . , n
−
U − 1}, h mình strathgik  dn0, θ0e pou mporeÐ

na eÐnai strathgik  isorropÐac eÐnai aut  gia thn opoÐa isqÔei θ0 = θ(n0), kaj¸c
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F (n0, θ(n0)) = 0. Pr�gmati, an ìloi oi pel�tec akolouj soun th strathgik 

dn0, θ(n0)e, to anamenìmeno kajarì kèrdoc enìc pel�th, pou brÐskei n �llouc pel�tec

sto sÔsthma kai apofasÐzei na mpei, eÐnai Sao(n; dn0, θ(n0)e) > 0, gia 0 ≤ n ≤ n0− 1,
Sao(n0; dn0, θ(n0)e) = 0 kai Sao(n0 + 1; dn0, θ(n0)e) < 0, apì tic (2.99), (2.105) kai

(2.108). 'Etsi, h strathgik  dn0, θ(n0)e eÐnai strathgik  isorropÐac.

PerÐptwsh III: Efarmìzontac ta Ðdia epiqeir mata ìpwc sthn perÐptwsh I, brÐ-

skoume ìti ìtan ìloi oi pel�tec akoloujoÔn mia kajar  strathgik  katwflÐou dn0e
  mia mikt  strathgik  katwflÐou dn0, θ0e to anamenìmeno kajarì kèrdoc eÐnai p�nta

jetikì. 'Etsi, h bèltisth ap�nthsh enìc pel�th eÐnai na mpaÐnei p�nta sto sÔsthma.

Epomènwc, h mình strathgik  pou eÐnai bèltisth ap�nthsh ston eautì thc mèsa sthn

kl�sh twn strathgik¸n katwflÐou eÐnai h strathgik  d∞e. �

ParathroÔme ìti parìlo pou up�rqoun p�nta strathgikèc isorropÐac pou an -

koun sthn kl�sh twn kajar¸n strathgik¸n katwflÐou, eÐnai pijanì na mhn up�rqoun

strathgikèc isorropÐac pou an koun sthn kl�sh twn gnhsÐwc mikt¸n strathgik¸n

katwflÐou. Autì sumbaÐnei an n−U − 1 < n+
L .

2.5.2 PerÐptwsh B: (µ1 − µ2)(ρ1 − ρ2) > 0

Sthn perÐptwsh B, y�qnoume gia strathgikèc isorropÐac mèsa sthn kl�sh twn antÐ-

strofwn strathgik¸n katwflÐou. Ja exairèsoume tic strathgikèc bn0c kai bn0, θ0c me
n0 ≥ 1. Pr�gmati, ìlec autèc oi strathgikèc upagoreÔoun na apoqwreÐ o pel�thc, ìtan
blèpei to sÔsthma �deio kat� thn �fix  tou. 'Etsi, k�tw apì mia tètoia strathgik , to

sÔsthma paramènei suneq¸c �deio, met� apì thn olokl rwsh thc pr¸thc exuphrèthshc.

Sunep¸c, sth st�simh kat�stash, autèc oi strathgikèc eÐnai isodÔnamec me th stra-

thgik  ��p�nta na apoqwreÐc �� (strathgik  b∞c). Opìte, y�qnoume gia strathgikèc

isorropÐac mèsa sto sÔnolo Sr−t = {b0c, b∞c} ∪ {b0, θ0c : θ0 ∈ (0, 1)}. Arqik�

orÐzoume orismènec posìthtec pou ja qrhsimopoi soume sth sunèqeia.

Orismìc 2.5.2. Upojètoume ìti

(µ1 − µ2)(ρ1 − ρ2) > 0. (2.112)
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OrÐzoume

mU = inf{n ≥ 0 : F (n, 1) > 0}, (2.113)

mL = inf{n ≥ 0 : F (n, 0) ≥ 0}, (2.114)

m−U = inf{n ≥ 0 : F (n, 1) ≥ 0}, (2.115)

m+
L = inf{n ≥ 0 : F (n, 0) > 0}. (2.116)

Tìte, oi posìthtec mU , mL, m
−
U kai m+

L èqoun orismènec idiìthtec pou sunoyÐ-

zontai sto parak�tw L mma 2.5.3.

L mma 2.5.3. Upojètoume ìti isqÔei h (2.112). Tìte, up�rqoun treic peript¸seic:

PerÐptwsh I: HU (0) > 0.

Tìte

mU = mL = m−U = m+
L = 0, (2.117)

F (n, θ) > 0, n ≥ 0, θ ∈ [0, 1]. (2.118)

PerÐptwsh II: HU (0) ≤ 0 kai limn→∞H
U (n) > 0.

Tìte

1 ≤ mU <∞, (2.119)

F (n, 1) < 0, 0 ≤ n ≤ mU − 2, (2.120)

F (mU − 1, 1) ≤ 0, (2.121)

F (n, 1) > 0, n ≥ mU . (2.122)

kai

0 ≤ mL ≤ mU , (2.123)

F (n, 0) < 0, 0 ≤ n ≤ mL − 1, (2.124)

F (mL, 0) ≥ 0, (2.125)

F (n, 0) > 0, n ≥ mL + 1. (2.126)
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Epiplèon,

m+
L =

(
mL, an F (mL, 0) > 0
mL + 1, an F (mL, 0) = 0,

(2.127)

m−U =

(
mU , an F (mU − 1, 1) < 0
mU − 1, an F (mU − 1, 1) = 0.

(2.128)

An m+
L = 0 kai m−U ≥ 1, tìte up�rqei èna monadikì θ(0) ∈ (0, 1) tètoio ¸ste

F (0, θ(0)) = 0, (2.129)

F (n, θ(0)) > 0, n ≥ 1. (2.130)

PerÐptwsh III: limn→∞H
U (n) ≤ 0.

Tìte

mU = mL = m−U = m+
L =∞, (2.131)

F (n, θ) < 0, n ≥ 0, θ ∈ [0, 1]. (2.132)

ParaleÐpoume thn apìdeixh tou L mmatoc 2.5.3 kaj¸c eÐnai entel¸c an�logh me

thn apìdeixh tou L mmatoc 2.5.2. T¸ra, eÐmaste se jèsh na apodeÐxoume ìti up�rqei

p�nta monadik  strathgik  isorropÐac mèsa sthn kl�sh twn antÐstrofwn strathgik¸n

katwflÐou, ìtan isqÔei h (2.112). Parousi�zoume ta apotelèsmata sto Je¸rhma 2.5.2.

Oi strathgikèc isorropÐac pou brÐskoume eÐnai monadikèc mèsa sto uposÔnolo

Sr−t = {b0c, b∞c}∪ {b0, θ0c : θ0 ∈ (0, 1)} twn antÐstrofwn strathgik¸n katwflÐou.

Je¸rhma 2.5.2. Sth merik¸c parathr simh perÐptwsh tou sust matoc olik¸n

exuphret sewn se enallassìmeno perib�llon, ìpou isqÔei h sunj kh (2.112), up�rqei

p�nta strathgik  isorropÐac tÔpou antÐstrofou katwflÐou. Sugkekrimèna, gia tic

treic peript¸seic tou L mmatoc 2.5.3 èqoume:

PerÐptwsh I: HU (0) > 0.
Tìte, up�rqei monadik  strathgik  isorropÐac tÔpou antÐstrofou katwflÐou, h

strathgik  b0c (��p�nta na mpaÐneic ��).
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PerÐptwsh II: HU (0) ≤ 0 kai limn→∞H
U (n) > 0.

An m−U = 0, tìte h strathgik  b0c (��p�nta na mpaÐneic ��) eÐnai h monadik 

strathgik  isorropÐac tÔpou antÐstrofou katwflÐou. An m+
L ≥ 1, tìte h stra-

thgik  b∞c (��p�nta na apoqwreÐc ��) eÐnai h monadik  strathgik  isorropÐac

tÔpou antÐstrofou katwflÐou. Alli¸c, h strathgik  b0, θ(0)c eÐnai h monadik 

strathgik  isorropÐac tÔpou antÐstrofou katwflÐou.

PerÐptwsh III: limn→∞H
U (n) ≤ 0.

Tìte, up�rqei monadik  strathgik  isorropÐac tÔpou antÐstrofou katwflÐou, h

strathgik  b∞c (��p�nta na apoqwreÐc ��).

Apìdeixh. PerÐptwsh I: JewroÔme ènan sugkekrimèno pel�th kat� th stigm  �fix c

tou kai upojètoume ìti ìloi oi �lloi pel�tec akoloujoÔn th strathgik  b0c. H

anisìthta (2.118) kai h sqèsh (2.72) dÐnoun ìti to anamenìmeno kajarì kèrdoc tou,

ìtan brÐskei n pel�tec kai apofasÐzei na mpei eÐnai Sao(n; b0c) > 0, gia n ≥ 0. 'Etsi,
p�nta protim� na mpaÐnei. Opìte, h bèltisth ap�nths  tou apènanti sth strathgik 

b0c eÐnai h Ðdia h strathgik  b0c.
OmoÐwc, jewroÔme ènan afiknoÔmeno pel�th kai upojètoume ìti ìloi oi �lloi

pel�tec akoloujoÔn th strathgik  b0, θ0c, gia k�poio θ0 ∈ (0, 1). Tìte, to ana-

menìmeno kajarì kèrdoc tou pel�th, pou brÐskei n pel�tec sto sÔsthma kat� thn

�fix  tou kai apofasÐzei na mpei, eÐnai Sao(n; b0, θ0c) > 0, gia n ≥ 0 lìgw twn (2.118)

kai (2.79). 'Etsi, o pel�thc eÐnai p�nta prìjumoc na mpei kai h strathgik  b0c eÐnai
bèltisth ap�nthsh sth strathgik  b0, θ0c.

An ìloi oi pel�tec akolouj soun th strathgik  b∞c, oi (2.118) kai (2.78) dÐnoun
ìti Sao(0; b∞c) > 0, sunep¸c o pel�thc protim� na mpei. 'Etsi, èqoume p�li ìti h stra-
thgik  b0c eÐnai bèltisth ap�nthsh sth strathgik  b∞c. Opìte h mình antÐstrofh

strathgik  katwflÐou pou eÐnai bèltisth ap�nthsh ston eautì thc eÐnai h strathgik 

b0c.
PerÐptwsh II: Upojètoume ìti m−U = 0. Tìte F (0, 1) = 0 kai mU = 1. JewroÔme

t¸ra ènan pel�th th stigm  thc �fix c tou kai upojètoume ìti ìloi oi �lloi pel�tec

akoloujoÔn th strathgik  b0c. H anisìthta (2.122) kai h sqèsh (2.72) dÐnoun ìti to

anamenìmeno kajarì kèrdoc tou, ìtan brÐskei n pel�tec sto sÔsthma kai apofasÐzei na

mpei eÐnai Sao(n; b0c) ≥ 0, gia n ≥ 0. 'Etsi, h strathgik  b0c eÐnai bèltisth ap�nthsh
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ston eautì thc.

Upojètoume, t¸ra, ìti m+
L ≥ 1, to opoÐo shmaÐnei ìti F (0, 0) ≤ 0. An jewr soume

ènan afiknoÔmeno pel�th kai upojèsoume ìti ìloi oi �lloi pel�tec akoloujoÔn th

strathgik  b∞c, tìte o pel�thc, an brei 0 pel�tec sto sÔsthma kai apofasÐsei na

mpei, ja èqei anamenìmeno kajarì kèrdoc Sao(0; b∞c) ≤ 0, lìgw thc (2.78). 'Etsi,

h strathgik  b∞c eÐnai bèltisth ap�nthsh ston eautì thc, dhlad  eÐnai strathgik 

isorropÐac. Alli¸c, ja èqoume m+
L = 0. JewroÔme p�li ènan pel�th kai upojètoume

ìti ìloi oi �lloi pel�tec akoloujoÔn th strathgik  b0, θ(0)c. Tìte, an o pel�thc brei

n pel�tec kat� thn �fix  tou kai apofasÐsei na mpei, to anamenìmeno kajarì kèrdoc

tou ja eÐnai eÐte Sao(0; b0, θ(0)c) = 0, an n = 0,   Sao(n; b0, θ(0)c) > 0, an n ≥ 1,
lìgw twn (2.129)-(2.130) kai (2.79). 'Etsi, h strathgik  b0, θ(0)c eÐnai strathgik 
isorropÐac.

PerÐptwsh III: Akolouj¸ntac ta Ðdia epiqeir mata me thn perÐptwsh I, t¸ra sumpe-

raÐnoume ìti to anamenìmeno kajarì kèrdoc eÐnai arnhtikì. 'Etsi, h bèltisth ap�nthsh

apènanti se k�je antÐstrofh strathgik  katwflÐou eÐnai h strathgik  b∞c. Sunep¸c,
h mình antÐstrofh strathgik  katwflÐou pou eÐnai strathgik  isorropÐac eÐnai h b∞c.
�

2.5.3 PerÐptwsh G: (µ1 − µ2)(ρ1 − ρ2) = 0

Sthn perÐptwsh G èqoume µ1 = µ2   λ1
µ1

= λ2
µ2
. 'Etsi, h di�krish twn katast�sewn

tou perib�llontoc se ��gr gorhc exuphrèthshc �� kai ��arg c exuphrèthshc �� den èqei

nìhma   h di�kris  touc se ��uyhloÔ sunwstismoÔ �� kai ��qamhloÔ sunwstismoÔ�� den

èqei nìhma. Sunep¸c, h plhroforÐa gia ton arijmì twn pelat¸n sto sÔsthma, den

ephre�zei thn apìfash tou afiknoÔmenou pel�th. MporoÔme na k�noume mia an�lush

parìmoia me autèc twn �llwn duo peript¸sewn kai èqoume to akìloujo Je¸rhma 2.5.3.

Je¸rhma 2.5.3. Sth merik¸c parathr simh perÐptwsh tou sust matoc olik¸n

exuphret sewn se enallassìmeno perib�llon, ìpou

µ1 = µ2   ρ1 = ρ2, (2.133)
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up�rqei p�nta strathgik  isorropÐac mèsa stic kl�seic twn strathgik¸n katwflÐou

kai antÐstrofwn strathgik¸n katwflÐou. Sugkekrimèna, èqoume tic treic parak�tw

peript¸seic:

PerÐptwsh I: HU (0) < 0.
Tìte, h monadik  strathgik  isorropÐac mèsa stic kl�seic twn strathgik¸n

katwflÐou kai antÐstrofwn strathgik¸n katwflÐou, eÐnai h strathgik 

d0e ≡ b∞c (��p�nta na apoqwreÐc ��).

PerÐptwsh II: HU (0) = 0.
Tìte, k�je strathgik  mèsa stic kl�seic twn strathgik¸n katwflÐou kai antÐ-

strofwn strathgik¸n katwflÐou eÐnai strathgik  isorropÐac.

PerÐptwsh III: HU (n) > 0.
Tìte, h monadik  strathgik  isorropÐac mèsa stic kl�seic twn strathgik¸n

katwflÐou kai antÐstrofwn strathgik¸n katwflÐou, eÐnai h strathgik 

d∞e ≡ b0c (��p�nta na mpaÐneic ��).

2.6 Anaskìphsh kai sumper�smata

Se autì to kef�laio jewr same to prìblhma thc an�lushc thc strathgik c sumperi-

for�c twn pelat¸n, se èna sÔsthma olik¸n exuphret sewn se enallassìmeno perib�l-

lon, ìpou oi pel�tec apofasÐzoun kat� thn �fix  touc, an ja eisèljoun sto sÔsthma  

ja apoqwr soun. DiakrÐname tèsseric peript¸seic an�loga me to epÐpedo plhrofìrh-

shc pou dÐnetai ston afiknoÔmeno pel�th kai prosdiorÐsame tic strathgikèc isorropÐac

se k�je perÐptwsh. EÐnai shmantikì na parathr soume ìti se k�je perÐptwsh pros-

diorÐsame ìlec tic strathgikèc isorropÐac mèsa sthn kat�llhlh kl�sh strathgik¸n.

Epiplèon, sth merik¸c parathr simh perÐptwsh, h opoÐa eÐnai h pio endiafèrousa,

ta Jewr mata 2.5.1, 2.5.2 kai 2.5.3 deÐqnoun ìti oi strathgikèc isorropÐac mèsa

stic kl�seic twn strathgik¸n katwflÐou kai antÐstrofwn strathgik¸n katwflÐou

qarakthrÐzontai pl rwc apì ta prìshma twn posot twn (µ1 − µ2) (ρ1 − ρ2), HU (n),
limn→∞H

U (n) kai HL(n). 'Etsi, mporoÔme eÔkola na sundu�soume aut� ta Jewr -

mata kai na fti�xoume ènan algìrijmo pou na prosdiorÐzei tic strathgikèc isorropÐac.
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Parousi�zoume ton algìrijmo se morf  yeudok¸dika sthn eikìna 1. H eikìna 2 deÐqnei

sqhmatik� tic di�forec peript¸seic I,II,III ìtan (µ1 − µ2) (ρ1 − ρ2) < 0.
Prèpei epÐshc na parathr soume ìti ta apotelèsmata sth merik¸c parathr simh

perÐptwsh eÐnai poiotik¸c diaforetik� gia tic dÔo peript¸seic A kai B, ìpou h posìth-

ta (µ1 − µ2)(ρ1 − ρ2) eÐnai arnhtik  kai jetik  antÐstoiqa. Pr�gmati, sthn perÐptwsh

A, up�rqei èna di�sthma apì kat¸flia pou sunistoÔn strathgikèc isorropÐac. Anti-

jètwc, sthn perÐptwsh B, up�rqei mia monadik  antÐstrofh strathgik  katwflÐou

pou eÐnai strathgik  isorropÐac. Autèc oi parathr seic antistoiqoÔn stic sumperi-

forèc SÔmfwna-me-to-Pl joc (STP) kai AntÐjeta-me-to-Pl joc (ATP). Pr�gmati,

sthn perÐptwsh A, ìpou (µ1−µ2)(ρ1−ρ2) < 0 èqoume ìti h kat�stash perib�llontoc

��gr gorhc exuphrèthshc �� sumpÐptei me thn kat�stash perib�llontoc ��qamhloÔ sunw-

stismoÔ��. Tìte, an jèloume na sugkrÐnoume dÔo strathgikèc katwflÐou me kat¸flia

n kai n+1, mporoÔme na skeftoÔme wc ex c: An oi pel�tec akoloujoÔn mia strathgik 
katwflÐou me kat¸fli n kai ènac afiknoÔmenoc pel�thc parathr sei n pel�tec sto

sÔsthma, tìte sumperaÐnei ìti toul�qiston n pel�tec èfjasan met� thn teleutaÐa exu-

phrèthsh. An oi pel�tec akoloujoÔn th strathgik  katwflÐou me kat¸fli n+1 kai o

afiknoÔmenoc pel�thc parathr sei n pel�tec, tìte sumperaÐnei ìti akrib¸c n pel�tec

èfjasan met� thn teleutaÐa exuphrèthsh. 'Etsi, sth deÔterh perÐptwsh, o afiknoÔ-

menoc pel�thc èqei thn aÐsjhsh ìti sto sÔsthma up�rqei ligìteroc sunwstismìc kai

gia autìn ton lìgo to perib�llon eÐnai pijanìtero na eÐnai sthn kat�stash ��gr -

gorhc exuphrèthshc ��. SumperaÐnoume loipìn, ìti o afiknoÔmenoc pel�thc eÐnai pio

prìjumoc na eisèljei sto sÔsthma. 'Etsi, ìso oi pel�tec uiojetoÔn strathgikèc me

megalÔtera kat¸flia, ènac afiknoÔmenoc pel�thc touc akoloujeÐ uiojet¸ntac kai

autìc strathgikèc me megalÔtera kat¸flia kai ètsi èqoume thn perÐptwsh STP.

Sthn perÐptwsh B, ìpou (µ1 − µ2)(ρ1 − ρ2) > 0, èqoume ìti h kat�stash perib�l-

lontoc ��arg c exuphrèthshc �� tautÐzetai me thn kat�stash perib�llontoc ��qamhloÔ

sunwstismoÔ��. O sun jhc orismìc thc sumperifor�c ATP de mporeÐ na efarmosjeÐ

ed¸, diìti èqoume antÐstrofec strathgikèc katwflÐou antÐ gia strathgikèc katwflÐou.

Epiplèon, upì mia antÐstrofh strathgik  katwflÐou bn, θc me n ≥ 1, to sÔsthma

paramènei suneq¸c �deio met� thn pr¸th epÐskeyh tou mèsou metafor�c kai ètsi è-

qoume exairèsei autèc tic strathgikèc sthn èreun� mac gia strathgikèc isorropÐac.

'Etsi, sthn perÐptwsh B, ja periorÐsoume th suz ths  mac gia to fainìmeno ATP sthn
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kl�sh twn strathgik¸n {b0, θc : θ ∈ [0, 1]}, ìpwc èqoume  dh k�nei sthn par�grafo

2.5.2. Upojètoume ìti oi pel�tec akoloujoÔn mia antÐstrofh strathgik  katwflÐou

bn, θc kai èpeita metakinoÔntai se mia �llh antÐstrofh strathgik  katwflÐou bn, θ′c
me θ′ > θ. JewroÔme t¸ra ènan afiknoÔmeno pel�th o opoÐoc brÐskei 0 pel�tec sto

sÔsthma. GnwrÐzontac tic strathgikèc twn �llwn pelat¸n, o afiknoÔmenoc pel�thc

èqei thn aÐsjhsh ìti to perib�llon brÐsketai se kat�stash qamhlìterou sunwstismoÔ

sth deÔterh perÐptwsh, ìpou oi pel�tec mpaÐnoun sto sÔsthma me pijanìthta θ′. Pr�-

gmati, se aut n thn perÐptwsh, oi pel�tec eÐnai pio prìjumoi na mpoun sto sÔsthma

apì ìti sthn pr¸th perÐptwsh (efìson θ′ > θ) kai ètsi h plhroforÐa gia �deio sÔsth-

ma shmaÐnei ìti to perib�llon eÐnai pio pijanì na brÐsketai se kat�stash qamhlìterou

sunwstismoÔ. 'Etsi, o pel�thc gÐnetai ligìtero prìjumoc na eisèljei, kaj¸c h kat�-

stash perib�llontoc ��qamhloÔ sunwstismoÔ�� tautÐzetai me thn kat�stash perib�l-

lontoc ��arg c exuphrèthshc ��. 'Etsi, ìtan oi �lloi pel�tec aux�noun thn pijanìthta

eisìdou touc, o sugkekrimènoc pel�thc teÐnei na mei¸sei thn pijanìthta eisìdou tou,

dhlad  èqoume sumperifor� ATP.

Se autì to kef�laio epikentrwj kame sthn eÔresh strathgik¸n isorropÐac. Apì

thn �llh meri�, mporoÔme na jewr soume thn perÐptwsh ìpou ènac kentrikìc dia-

qeirist c qrhsimopoieÐ strathgikèc oi opoÐec megistopoioÔn to koinwnikì kèrdoc, stic

di�forec peript¸seic pou prokÔptoun gia to epÐpedo plhrofìrhshc. EÐnai eÔkolo na

doÔme ìti sthn pl rwc mh parathr simh, sthn pl rwc parathr simh kai sth merik¸c

mh parathr simh perÐptwsh oi strathgikèc pou megistopoioÔn to koinwnikì ìfeloc eÐ-

nai oi strathgikèc isorropÐac. Aut  h taÔtish metaxÔ twn strathgik¸n isorropÐac kai

twn koinwnik� bèltistwn strathgik¸n mporeÐ na exhghjeÐ mèsw twn olik¸n exuphret -

sewn. Efìson ìloi oi parìntec pel�tec exuphretoÔntai tic stigmèc pou oloklhr¸ne-

tai h exuphrèthsh, k�je pel�thc pou apofasÐzei na eisèljei den prokaleÐ jetikèc

oÔte arnhtikèc epidr�seic (exwterikìthtec, externalities) se �llouc pel�tec. Sth

merik¸c parathr simh perÐptwsh oi strathgikèc isorropÐac kai oi koinwnik� bèltistec

strathgikèc tautÐzontai ektìc apì thn perÐptwsh pou hHU (n) eÐnai gnhsÐwc fjÐnousa,
HU (0) ≥ 0 kai limn→∞H

U (n) < 0. Se aut n thn perÐptwsh h monadik  koinwnik�

bèltisth strathgik  eÐnai h dnUe, h opoÐa eÐnai epÐshc kai strathgik  isorropÐac.



58KEF�ALAIO 2. ΟΛΙΚ�ΕΣ ΕΞΥΠΗΡΕΤ�ΗΣΕΙΣ ΣΕ ΕΝΑΛΛΑΣΣ�ΟΜΕΝΟΠΕΡΙΒ�ΑΛΛΟΝ

ALGORIJMOS

if (µ1 − µ2)(ρ1 − ρ2) < 0 then

if HU (0) < 0 then “Equilibrium threshold strategies: d0e.”

elseif limn→∞H
U (n) ≥ 0 then “Equilibrium threshold strategies: d∞e.”

else

% Compute nU : nU = inf{n ≥ 0 : F (n, 1) < 0}

nU = 0

while F (nU , 1) ≥ 0 do

nU = nU + 1

endwhile

% Compute nL : nL = inf{n ≥ 0 : F (n, 0) ≤ 0}

nL = nU

while F (nL − 1, 0) ≤ 0 do

nL = nL − 1

endwhile

% Compute n−U : n−U = inf{n ≥ 0 : F (n, 1) ≤ 0}

if F (nU − 1, 1) > 0 then

n−U = nU

else

n−U = nU − 1

endif

% Compute n+
L : n+

L = inf{n ≥ 0 : F (n, 0) < 0}

if F (nL, 0) < 0 then

n+
L = nL

else

n+
L = nL + 1

endif

“Equilibrium threshold strategies: dn0e, n0 = nL, nL + 1, ..., nU .”

if n+
L ≤ n

−
U − 1 then

for n0 = n+
L : n−U − 1

Compute θ(n0) : F (n0, θ(n0)) = 0

endfor
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“Equilibrium mixed threshold strategies: dn0, θ(n0)e, n0 ∈ {n+
L , ..., n

−
U − 1}.”

endif

endif

elseif (µ1 − µ2)(ρ1 − ρ2) > 0 then

if HU (0) > 0 then “Equilibrium reverse-threshold strategies: b0c.”

elseif limn→∞H
U (n) ≤ 0 then “Equilibrium reverse-threshold strategies: b∞c.”

else

if F (0, 1) = 0 then “Equilibrium reverse-threshold strategies: b0c.”

elseif F (0, 0) ≤ 0 then “Equilibrium reverse-threshold strategies: b∞c.”

else

Compute θ(0) : F (0, θ(0)) = 0

“Equilibrium reverse-threshold strategies: b0, θ(0)c.”

endif

endif

else

if HU (0) > 0 then “Equilibrium threshold strategies: d0e.”

elseif HU (0) < 0 then “Equilibrium threshold strategies: d∞e.”

else “Equilibrium threshold strategies:dne, n ≥ 0.”

endif

endif

Eikìna 1: Upologismìc strathgik¸n isorropÐac tÔpou katwflÐou kai antÐstrofou

katwflÐou
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PerÐptwsh I

Monadik  strathgik  isorropÐac:
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PerÐptwsh II

Pollaplèc strathgikèc isorropÐac:
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PerÐptwsh III

Monadik  strathgik  isorropÐac:

(d∞e)

Eikìna 2: PerÐptwsh A - (µ1 − µ2)(ρ1 − ρ2) < 0 - Strathgikèc isorropÐac tÔpou

katwflÐou



Kef�laio 3

Mèso metafor�c me genikoÔc

qrìnouc epÐskeyhc

3.1 Eisagwg 

Skopìc autoÔ tou kefalaÐou eÐnai na melet soume th strathgik  sumperifor� twn

pelat¸n pou fj�noun se ènan stajmì enìc mèsou metafor�c kai antimetwpÐzoun to

dÐlhmma na perimènoun to epìmeno mèso metafor�c   na apoqwr soun. 'Enac afiknoÔ-

menoc pel�thc pou brÐskei ènan mikrì arijmì pelat¸n sto sÔsthma teÐnei na pistèyei

ìti o qrìnoc anamon c gia to epìmeno mèso metafor�c ja eÐnai meg�loc. Pr�gmati, h

parousÐa lÐgwn pelat¸n dÐnei èna s ma ìti h prohgoÔmenh epÐskeyh tou mèsou sunè-

bh prìsfata kai ètsi, k�tw apì k�poiec fusiologikèc sunj kec, o qrìnoc mèqri thn

epìmenh epÐskeyh ja eÐnai meg�loc. Apì thn �llh meri�, h parousÐa lÐgwn pelat¸n

shmaÐnei ìti eÐnai polÔ pijanì to epìmeno mèso metafor�c na èqei arketì q¸ro gia na

ton exuphret sei (upojètontac ìti to mèso metafor�c dèqetai touc pel�tec me FCFS
peijarqÐa mèqri na exantlhjeÐ h qwrhtikìtht� tou). Antijètwc, ènac afiknoÔmenoc

pel�thc pou brÐskei arketoÔc pel�tec sto sÔsthma perimènei ìti o qrìnoc mèqri thn

epìmenh �fixh tou mèsou ja eÐnai sqetik� mikrìc, all� èqei meg�lo kÐnduno na mhn

exuphrethjeÐ apì autì. 'Etsi, den eÐnai xek�jaro poi� apìfash eÐnai protimìtero na

p�rei ènac afiknoÔmenoc pel�thc, na perimènei   na apoqwr sei, dedomènou tou arijmoÔ

twn pelat¸n pou brÐskei sto sÔsthma. Kaj¸c oi pel�tec epijumoÔn na megistopoi -

61
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soun to atomikì touc ìfeloc, lamb�nontac upìyh ìti oi upìloipoi pel�tec èqoun ton

Ðdio skopì, aut  h kat�stash mporeÐ na jewrhjeÐ wc èna paiqnÐdi metaxÔ twn pelat¸n.

Se autì to kef�laio, melet�me th strathgik  sumperifor� twn pelat¸n se èna

sÔsthma olik¸n exuphret sewn pou parist�nei ènan stajmì enìc mèsou metafor�c.

To montèlo autì eÐnai arket� diaforetikì apì aut� pou up�rqoun sth mèqri s mera

bibliografÐa wc proc dÔo qarakthristik�. Pr¸ton, upojètoume ìti to mèso metafor�c

èqei metaballìmenh qwrhtikìthta stic diadoqikèc episkèyeic tou, h opoÐa montelopoieÐ-

tai mèsw miac akoloujÐac anex�rthtwn kai isìnomwn tuqaÐwn metablht¸n. Autì eÐnai

pio realistikì, kaj¸c h qwrhtikìthta tou mèsou kat� thn �fix  tou ston

sugkekrimèno stajmì eÐnai o eleÔjeroc q¸roc tou, o opoÐoc exart�tai apì tic episkèyeic

tou stouc �llouc stajmoÔc tou dromologÐou tou. DeÔteron, upojètoume ìti oi

episkèyeic tou mèsou ston stajmì sumbaÐnoun sÔmfwna me mia ananewtik  diadikasÐa,

gegonìc pou epitrèpei na anaparast soume pio efarmìsima montèla. Prèpei na toni-

steÐ ed¸ ìti oi perissìterec melètec strathgik c sumperifor�c pelat¸n se sust -

mata exuphrèthshc uiojètoun k�poio Markobianì plaÐsio. AntÐjeta, apotelèsmata

gia th strathgik  sumperifor� twn pelat¸n se sust mata me genikoÔc qrìnouc

exuphrèthshc eÐnai polÔ sp�nia (blèpe p.q. Altman kai Hassin (2002), Economou,
Gomez-Corral kai Kanta (2011) kai Kerner (2011) ). Apì teqnik c �poyhc, h �rsh

thc Markobian c upìjeshc sthn paroÔsa melèth k�nei thn an�lush mh-tetrimmènh kai

pio endiafèrousa. Epiplèon, oi ermhneÐec eÐnai polÔ pio dieisdutikèc se sqèsh me th

Markobian  perÐptwsh. Pr�gmati, apodeiknÔetai ìti, SÔmfwna-me-To-Pl joc (STP),

AntÐjeta-me-To-Pl joc (ATP)   miktoÔ tÔpou strathgikèc sumperiforèc pelat¸n

mporoÔn na parathrhjoÔn, an�loga me to eÐdoc twn endi�meswn qrìnwn episkèyewn tou

mèsou kai twn katanom¸n thc qwrhtikìthtac. Antijètwc, sth Markobian  perÐptwsh,

h an�lush tou parathr simou montèlou eÐnai tetrimmènh: H sun�rthsh anamenìmenou

kajaroÔ kèrdouc enìc sugkekrimènou pel�th den exart�tai apì th strathgik  twn

�llwn pelat¸n kai up�rqoun kuriarqoÔsec strathgikèc.
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H basik  suneisfor� tou kefalaÐou autoÔ sunoyÐzetai sta parak�tw:

• H an�lush thc strathgik c sumperifor�c twn pelat¸n se parathr sima sust -

mata exuphrèthshc me genikoÔc qrìnouc exuphrèthshc eÐnai sqetik� nèo egqeÐrh-

ma. Pr�gmati, oi mìnec ergasÐec pou gnwrÐzoume ìti pragmateÔontai autì to

prìblhma eÐnai twn Altman kai Hassin (2002) kai Kerner (2011). 'Oson afor�

ta sust mata olik¸n exuphret sewn, ap' ì,ti gnwrÐzoume, aut  h ergasÐa eÐ-

nai h pr¸th pou upojètei genikoÔc endi�mesouc qrìnouc episkèyewn tou mèsou.

H basik  duskolÐa se autoÔ tou eÐdouc ta probl mata ègkeitai ston upologi-

smì twn desmeumènwn katanom¸n tou upoleipìmenou qrìnou exuphrèthshc kat�

th stigm  �fixhc enìc sugkekrimènou pel�th, dedomènhc thc kat�stashc tou

sust matoc kai thc strathgik c pou akoloujeÐtai apì touc upìloipouc pel�tec.

O Kerner (2008) èdwse mia analutik  prosèggish gia ton upologismì aut¸n

twn katanom¸n h opoÐa basÐzetai ston upologismì thc apì koinoÔ st�simhc

sun�rthshc pijanìthtac - puknìthtac pijanìthtac tou m kouc our�c kai tou u-

poleipìmenou qrìnou exuphrèthshc qrhsimopoi¸ntac thn teqnik  twn prìsjetwn

metablht¸n (supplementary variables technique).

Se autì to kef�laio, parousi�zoume mia nèa enallaktik  prosèggish mèsw thc

opoÐac prokÔptoun anadromikèc sqèseic gia tic tuqaÐec metablhtèc pou dÐnoun

touc qrìnouc anamon c twn pelat¸n pou brÐskoun n kai n − 1 pel�tec sto

sÔsthma. Aut  h prosèggish eÐnai pijanojewrhtik  kai basÐzetai se epiqeir -

mata pou sugkrÐnoun touc qrìnouc anamon c enìc pel�th pou brÐskei n pel�tec

sto sÔsthma kai enìc pel�th pou brÐskei n − 1 pel�tec, gia mia sugkekrimènh

pragmatopoÐhsh thc upokeÐmenhc stoqastik c diadikasÐac. Aut  h nèa prosèg-

gish faÐnetai na èqei trÐa pleonekt mata: Pr¸ton, eÐnai �mesh kai sÔntomh,

kaj¸c den apaiteÐ ton upologismì thc apì koinoÔ st�simhc sun�rthshc pi-

janìthtac -puknìthtac pijanìthtac tou m kouc our�c kai tou upoleipìmenou

qrìnou exuphrèthshc. DeÔteron, den upojètei thn Ôparxh puknìthtac pijanìth-

tac gia touc qrìnouc exuphrèthshc, kai epomènwc mporeÐ na efarmosteÐ se dia-

kritèc/miktèc katanomèc qrìnwn exuphrèthshc. TrÐton, mac dÐnei th dunatìthta

na qrhsimopoi soume idiìthtec kleistìthtac k�poiwn stoqastik¸n diat�-

xewn gia na apodeÐxoume austhr� th monotonÐa twn bèltistwn apant sewn kai th
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monadikìthta twn strathgik¸n isorropÐac gia k�poiec kl�seic katanom¸n twn

qrìnwn exuphrèthshc.

• 'Oson afor� th montelopoÐhsh, jewroÔme èna arket� genikì montèlo tou staj-

moÔ enìc mèsou metafor�c me mh-MarkobianoÔc endi�mesouc qrìnouc episkèyewn

kai tuqaÐa qwrhtikìthta kai deÐqnoume p¸c mporoÔme na melet soume th stra-

thgik  sumperifor� twn pelat¸n se autì to montèlo. Autì to montèlo anti-

stoiqeÐ se èna sÔsthma olik¸n exuphret sewn me genikoÔc qrìnouc exuphrèth-

shc, sto opoÐo ìloi oi pel�tec exuphretoÔntai tautìqrona. Mèqri t¸ra, h

an�lush thc strathgik c sumperifor�c twn pelat¸n se parathr sima sust ma-

ta exuphrèthshc me genikoÔc qrìnouc exuphrèthshc èqei diexaqjeÐ sto plaÐsio

miac M/G/1 our�c to opoÐo eÐnai ousiwd¸c diaforetikì, kaj¸c oi pel�tec se

aut n exuphretoÔntai diadoqik� (ènac ènac).

• 'Oson afor� th teqnik , upologÐzoume thn katanom  tou arijmoÔ twn parìntwn

pelat¸n se st�simh kat�stash k�tw apì opoiad pote strathgik  twn pelat¸n

me mia sÔntomh kai �mesh mèjodo, qrhsimopoi¸ntac ton nìmo tou Little kai thn

idiìthta PASTA.

• Sth Markobian  perÐptwsh, prosdiorÐzoume tic strathgikèc isorropÐac kai tic

koinwnik� bèltistec strathgikèc. Epiplèon, apodeiknÔetai ìti oi strathgikèc

isorropÐac kai oi koinwnik� bèltistec strathgikèc sumpÐptoun sthn parathr -

simh perÐptwsh. Sth bibliografÐa, h taÔtish twn strathgik¸n isorropÐac kai

twn koinwnik� bèltistwn strathgik¸n sunant�tai se peript¸seic ìpou oi pel�tec

den prokaloÔn arnhtikèc oÔte jetikèc epidr�seic se �llouc pel�tec. Ed¸, dÐ-

noume èna sp�nio par�deigma, ìpou oi pel�tec prokaloÔn arnhtikèc epidr�seic

se �llouc pel�tec, �lla oi strathgikèc isorropÐac kai oi koinwnik� bèltistec

strathgikèc sumpÐptoun. Autì sumbaÐnei diìti oi sunolikèc arnhtikèc epidr�seic

stouc �llouc pel�tec eÐnai p�nta mikrìterec apì to jetikì ìfeloc enìc pel�th

pou apofasÐzei na eisèljei.

• Qrhsimopoi¸ntac tic anadromikèc sqèseic gia tic tuqaÐec metablhtèc pou dÐ-

noun touc qrìnouc anamon c twn pelat¸n pou brÐskoun n kai n− 1 pel�tec sto

sÔsthma kai tic idiìthtec kleistìthtac twn kl�sewn katanom¸n fjÐnousac mèshc
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upoleipìmenhc zw c (decreasing mean residual life (DMRL) ) kai aÔxousac mè-
shc upoleipìmenhc zw c (increasing mean residual life (IMRL) ), apodeiknÔoume
basikèc idiìthtec kai th monadikìthta twn strathgik¸n isorropÐac, k�tw apì fu-

siologikèc upojèseic gia thn katanom  twn qrìnwn exuphrèthshc (endi�meswn

qrìnwn episkèyewn). Autì epÐshc mac epitrèpei na qarakthrÐsoume th sumperi-

for� twn pelat¸n wc STP   ATP.

To upìloipo kef�laio eÐnai organwmèno wc ex c: Sthn enìthta 3.2, perigr�foume

to montèlo, th dom  amoib c - kìstouc kai ta plaÐsia plhrofìrhshc kai

apof�sewn.

Sthn enìthta 3.3, k�noume touc basikoÔc upologismoÔc pou qrei�zontai gia th melèth

thc strathgik c sumperifor�c twn pelat¸n sthn parathr simh perÐptwsh, qrhsi-

mopoi¸ntac pijanojewrhtik� epiqeir mata. 'Epeita, k�noume touc Ðdiouc upologismoÔc

qrhsimopoi¸ntac analutik� epiqeir mata, kaj¸c oi dÔo proseggÐseic eÐnai teleÐwc

diaforetikèc. AkoloÔjwc, sthn enìthta 3.4, qrhsimopoioÔme ta apotelèsmata thc

an�lushc aut c gia na prosdiorÐsoume tic strathgikèc isorropÐac sthn parathr simh

perÐptwsh. H an�lush thc mh parathr simhc perÐptwshc diex�getai sthn enìthta 3.5.

K�poiec eidikèc peript¸seic, ìpou h an�lush mporeÐ na proqwr sei parap�nw, dÐnontai

stic enìthtec 3.6 kai 3.7. Tèloc, kleÐnoume me tic enìthtec 3.8 kai 3.9, ìpou parousi�-

zoume ta apotelèsmata k�poiwn arijmhtik¸n peiram�twn, sqoli�zoume ta jewrhtik�

apotelè-smata kai anadeikÔoume k�poia anoikt� jèmata.

3.2 To montèlo

JewroÔme ènan stajmì enìc mèsou metafor�c me �peirh qwrhtikìthta, ìpou oi pel�tec

(epib�tec) fj�noun sÔmfwna me mia diadikasÐa Poisson {P (t)} me rujmì λ. 'Estw

I1, I2, . . . oi diadoqikoÐ endi�mesoi qrìnoi afÐxewn twn pelat¸n. 'Ena mèso metafor�c

episkèptetai ton stajmì sÔmfwna me mia ananewtik  diadikasÐa {M(t)}. Oi qrìnoi

X1, X2, . . . metaxÔ twn diadoqik¸n episkèyewn tou mèsou metafor�c akoloujoÔn mia

apolÔtwc suneq  katanom  me peperasmènec ropèc, sun�rthsh katanom c F (x), sun�-
rthsh puknìthtac pijanìthtac f(x) kai metasqhmatismì Laplace-Stieltjes (LST)
F̃ (s) =

R∞
0 e−sxdF (x). Epiplèon, upojètoume ìti oi diadoqikèc qwrhtikìthtec
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C1, C2, . . . tou mèsou metafor�c tic stigmèc pou episkèptetai ton stajmì eÐnai dia-

kritèc, anex�rthtec kai isìnomec tuqaÐec metablhtèc me peperasmènec ropèc, sun�rthsh

pijanìthtac (gk : k = 1, 2, . . .) kai pijanogenn tria sun�rthsh (PGF) G(z). 'Otan

èna mèso metafor�c me qwrhtikìthta k episkèptetai ton stajmì, exuphreteÐ to polÔ

k pel�tec akariaÐa kai oi pel�tec pou de mporoÔn na exuphrethjoÔn, egkataleÐpoun

to sÔsthma. Me �lla lìgia, to mèso metafor�c exuphreteÐ ìlouc touc parìntec

pel�tec, an to pl joc touc den xepern� th qwrhtikìtht� tou. Alli¸c, exuphreteÐ

tìsouc pel�tec ìsh h qwrhtikìtht� tou. Se k�je perÐptwsh o stajmìc adei�zei met�

apì k�je epÐskeyh tou mèsou metafor�c. Tèloc, upojètoume ìti oi endi�mesoi qrìnoi

afÐxewn twn pelat¸n, oi endi�mesoi qrìnoi episkèyewn kai oi diadoqikèc qwrhtikìthtec

tou mèsou metafor�c eÐnai anex�rthtec metaxÔ touc tuqaÐec metablhtèc.

H kat�stash tou stajmoÔ th stigm  t mporeÐ na perigrafeÐ apì èna zeÔgoc tuqaÐwn

metablht¸n (N(t), R(t)), ìpou h N(t) dÐnei ton arijmì twn pelat¸n sto sÔsthma kai h

R(t) dÐnei ton upoleipìmeno qrìno exuphrèthshc (dhlad  ton qrìno mèqri thn epìmenh

epÐskeyh tou mèsou metafor�c). H stoqastik  diadikasÐa {(N(t), R(t)) : t ≥ 0} eÐnai
mia Markobian  diadikasÐa suneqoÔc qrìnou me q¸ro katast�sewn S = {(n, r) : n ∈
N, r ∈ [0,+∞)}.

Endiaferìmaste gia th sumperifor� twn pelat¸n, ìtan autoÐ èqoun th dunatìth-

ta na apofasÐsoun an ja eisèljoun ston stajmì   ja apoqwr soun qwrÐc na exu-

phrethjoÔn. Upojètoume ìti k�je pel�thc lamb�nei amoib  R qrhmatik¸n mon�dwn an

exuphrethjeÐ (dhlad  an eisèljei sto sÔsthma kai to epìmeno mèso ton exuphret sei)

kai èqei kìstoc K qrhmatik¸n mon�dwn an� qronik  mon�da paramon c sto sÔsthma.

Upojètoume epÐshc ìti oi pel�tec eÐnai oudèteroi wc proc ton kÐnduno kai epijumoÔn

na megistopoi soun to anamenìmeno kèrdoc touc. Tèloc, upojètoume ìti oi apof�-

seic touc eÐnai amet�klhtec, upì thn ènnoia ìti upanaqwr seic eiserqomènwn pelat¸n

kai epanaprosp�jeiec apoqwroÔntwn pelat¸n den epitrèpontai. Efìson upojètoume

ìti ìloi oi pel�tec eÐnai ìmoioi, aut  h kat�stash mporeÐ na jewrhjeÐ wc summetrikì

paiqnÐdi metaxÔ twn paikt¸n.

Stic epìmenec enìthtec ja prosdiorÐsoume tic strathgikèc isorropÐac twn pelat¸n.

Upojètoume ìti oi pel�tec den èqoun plhrofìrhsh gia thn R(t), all� mporeÐ na è-

qoun plhrofìrhsh gia thn N(t). 'Etsi, prokÔptoun dÔo peript¸seic wc proc thn

plhrofìrhsh pou lamb�noun oi pel�tec kat� thn �fix  touc, prin p�roun tic apof�-
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seic touc:

• Parathr simh perÐptwsh: Oi pel�tec parathroÔn thn N(t),

• Mh parathr simh perÐptwsh: Oi pel�tec den parathroÔn thn N(t).

Sthn parathr simh perÐptwsh, ènac afiknoÔmenoc pel�thc basÐzei thn apìfas  tou

ston arijmì twn parìntwn pelat¸n N(t), o opoÐoc leitourgeÐ san èna s ma gia ton

qrìno pou pèrase apì thn teleutaÐa exuphrèthsh (ìpwc stic ergasÐec twn Whitt
(1986), Altman kai Hassin (2002), Haviv kai Kerner (2007) kai Kerner (2011)).
Melet�me thn parathr simh perÐptwsh stic enìthtec 3.3 kai 3.4, en¸ h enìthta 3.5

eÐnai afierwmènh sth mh parathr simh perÐptwsh.

3.3 H parathr simh perÐptwsh: Prokatarktik�

apotelèsmata

Se aut n thn enìthta jewroÔme thn parathr simh perÐptwsh tou sust matìc mac. Se

aut n thn perÐptwsh, oi pel�tec kat� thn �fix  touc kai prin l�boun thn apìfash an

ja eisèljoun   ja apoqwr soun, parathroÔn ton arijmì twn parìntwn pelat¸n sto

sÔsthma. 'Etsi, mia strathgik  eisìdou dÐnetai apì èna di�nusma pijanot twn eisìdou

q = (q0, q1, q2, . . .), ìpou qi eÐnai h pijanìthta eisìdou enìc pel�th pou brÐskei i

pel�tec sto sÔsthma kat� thn �fix  tou (exairoumènou tou eautoÔ tou). Epiplèon,

sumbolÐzoume me qn to di�nusma (q0, q1, q2, . . . , qn), pou perilamb�nei tic n+ 1 pr¸tec

sunist¸sec tou q. 'Etsi, to di�nusma qn perigr�fei th strathgik  sumperifor� tou

pel�th ìtan autìc blèpei mèqri kai n parìntec pel�tec.

To pr¸to b ma sth melèth twn strathgik¸n isorropÐac twn pelat¸n eÐnai h eÔresh

thc bèltisthc ap�nthshc enìc sugkekrimènou pel�th se mia dedomènh strathgik  twn

�llwn pelat¸n. 'Omwc, gia ton prosdiorismì thc bèltisthc ap�nthshc enìc pel�th se

mia strathgik  q pou akoloujeÐtai apì touc �llouc pel�tec, eÐnai pr¸ta aparaÐthto

na upologisteÐ o desmeumènoc mèsoc qrìnoc anamon c tou, dedomènou ìti brÐskei n

parìntec pel�tec sto sÔsthma, gia ìlec tic dunatèc timèc tou n. Fusik� ènac tètoioc

desmeumènoc mèsoc qrìnoc anamon c exart�tai apì ton arijmì twn pelat¸n n kai

th strathgik  q. Akìmh, h melèth thc sun�rthshc koinwnikoÔ kèrdouc an� qronik 
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mon�da, upì mia strathgik  q twn pelat¸n, apaiteÐ ton upologismì thc st�simhc

katanom c tou arijmoÔ twn pelat¸n sto sÔsthma se tuqaÐec stigmèc, dedomènou ìti

oi pel�tec akoloujoÔn th strathgik  q.

Se aut n thn enìthta, upologÐzoume touc desmeumènouc mèsouc qrìnouc anamon c

enìc pel�th kai th st�simh katanom  tou arijmoÔ twn pelat¸n sto sÔsthma, qrhsi-

mopoi¸ntac arqik� mia pijanojewrhtik  prosèggish. Ta apotelèsmata mporoÔn na

prokÔyoun enallaktik� qrhsimopoi¸ntac thn analutik  prosèggish pou eis gage o

Kerner (2008), o opoÐoc prosdiìrise th desmeumènh katanom  tou upoleipìmenou

qrìnou exuphrèthshc se mia Mn/G/1 our�. Kaj¸c h teleutaÐa prosèggish eÐnai

entel¸c diaforetik  kai parousi�zei xeqwristì endiafèron, parousi�zoume èpeita pwc

prokÔptoun ta Ðdia apotelèsmata qrhsimopoi¸ntac kai aut n th mèjodo.

'Estw Rq(t) o upoleipìmenoc qrìnoc exuphrèthshc th stigm  t, ìtan oi pel�tec

akoloujoÔn th strathgik  q, kai Rq h antÐstoiqh tuqaÐa metablht  se st�simh kat�-

stash. Epiplèon, èstw Rn,q o desmeumènoc upoleipìmenoc qrìnoc exuphrèthshc se

st�simh kat�stash (se tuqaÐec stigmèc), dedomènou ìti up�rqoun n pel�tec sto

sÔsthma, ìtan oi pel�tec akoloujoÔn th strathgik  q. Akìmh, jewroÔme ton desmeu-

mèno upoleipìmeno qrìno exuphrèthshc se stigmèc afÐxewn pelat¸n pou brÐskoun n

pel�tec sto sÔsthma kai se stigmèc afÐxewn pelat¸n pou brÐskoun n pel�tec sto

sÔsthma kai apofasÐzoun na eisèljoun. SumbolÐzoume autèc tic tuqaÐec metablhtèc

se st�simh kat�stash me Ran,q kai Rjn,q antÐstoiqa. OmoÐwc, èstw Nq(t) o arijmìc twn
pelat¸n sto sÔsthma th stigm  t, dedomènou ìti oi pel�tec akoloujoÔn mia strathgik 

q kai Nq, Na
q kai N j

q oi antÐstoiqec tuqaÐec metablhtèc se tuqaÐec stigmèc, se stigmèc

afÐxewn pelat¸n kai se stigmèc afÐxewn pelat¸n pou apofasÐzoun na eisèljoun, se

st�simh kat�stash.

Upojètoume, t¸ra, ìti oi pel�tec akoloujoÔn mia strathgik  q = (q0, q1, q2, . . .)
kai sumbolÐzoume me n̄(q) ton pr¸to deÐkth gia ton opoÐo to qn gÐnetai 0, dhlad 

n̄(q) = inf{n ≥ 0 : qi > 0 gia i < n kai qn = 0}. (3.1)

Tìte, h Rjn̄(q),q den orÐzetai, kaj¸c, ìpote Nq = n̄(q), den up�rqoun afÐxeic pelat¸n

pou na eisèrqontai sto sÔsthma. Antijètwc, oi Rn̄(q),q kai Ran̄(q),q orÐzontai, kaj¸c

eÐnai pijanì na parathrhjoÔn n̄(q) pel�tec se mia tuqaÐa stigm    se mia stigm  �fixhc
pel�th, upì th strathgik  q. ParathroÔme akìmh ìti gia n > n̄(q), oi Rjn,q, Ran,q kai
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Rn,q den orÐzontai, kaj¸c to sÔsthma de mporeÐ potè na èqei perissìterouc apì n̄(q)
pel�tec. T¸ra, mporoÔme eÔkola na doÔme ìti oi Rjn,q, Ran,q kai Rn,q eÐnai isìnomec,

ìtan autèc orÐzontai, dhlad 

Rn,q
d= Ran,q, 0 ≤ n ≤ n̄(q), (3.2)

Rn,q
d= Rjn,q, 0 ≤ n < n̄(q). (3.3)

Pr�gmati, an sumbolÐsoume me {P (t), t ≥ 0} th diadikasÐa Poisson, me rujmì λ,

twn afÐxewn twn pelat¸n sto sÔsthma, èqoume ìti oi {P (t+ u)− P (t), u ≥ 0} kai
{(Nq(u), Rq(u)), 0 ≤ u ≤ t} eÐnai anex�rthtec. 'Etsi, h upìjesh èlleiyhc pro-

bleyimìthtac (lack of anticipation assumption) ikanopoieÐtai kai h idiìthta PASTA
efarmìzetai (blèpe p.q. Tijms (1994) enìthta 1.7), opìte paÐrnoume thn (3.2). Gia

thn (3.3), èstw {Pn(t), t ≥ 0} oi anex�rthtec diadikasÐec Poisson me antÐstoiqouc

rujmoÔc λqn, n = 0, 1, . . . , n̄(q)−1. MporoÔme na skeftìmaste tic {Pn(t), t ≥ 0} san
tic diadikasÐec pou dÐnoun tic afÐxeic twn pelat¸n pou eisèrqontai ston stajmì, ìtan

Nq(t) = n. 'Eqoume ìti oi {Pn(t+u)−Pn(t), u ≥ 0} kai {(Nq(u), Rq(u)), 0 ≤ u ≤ t}
eÐnai anex�rthtec gia n = 0, 1, . . . , n̄(q)−1. P�li, h upìjesh èlleiyhc probleyimìthtac
ikanopoieÐtai kai paÐrnoume thn (3.3), efarmìzontac th desmeumènh idiìthta PASTA
twn van Doorn kai Regterschot (1988) (ta Ðdia epiqeir mata qrhsimopoioÔntai kai sthn
apìdeixh tou Jewr matoc 2.2.2 sthn ergasÐa tou Kerner (2008) ).

Efìson, oi Rn,q, Ran,q kai Rjn,q eÐnai isìnomec, ìtan autèc orÐzontai, mporoÔme na

prosdiorÐsoume thn koin  touc katanom  melet¸ntac mìno mÐa apì autèc. Ja anaferì-

maste se aut n thn katanom  wc desmeumènh (st�simh) katanom  tou upoleipìmenou

qrìnou exuphrèthshc, dedomènou ìti up�rqoun n pel�tec sto sÔsthma.

Prìtash 3.3.1. JewroÔme thn parathr simh perÐptwsh tou sust matoc pou pari-

st�nei ton stajmì enìc mèsou metafor�c, ìpou oi pel�tec eisèrqontai sto sÔsthma

sÔmfwna me mia strathgik  q = (q0, q1, q2, . . .). Tìte, h Rn,q ekfr�zetai anadromik�

wc proc thn Rn−1,q (gia n = 0 h Rn,q ekfr�zetai wc proc thn tuqaÐa metablht X pou

dÐnei ton qrìno exuphrèthshc, kaj¸c h Rn−1,q den orÐzetai). 'Eqoume tic akìloujec

peript¸seic.

PerÐptwsh 1: 0 = n = n̄(q). 'Estw R(X) tuqaÐa metablht  pou akoloujeÐ th

st�simh katanom  tou upoleipìmenou qrìnou ananèwshc miac ananewtik c dia-
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dikasÐac me endi�mesouc qrìnouc pou akoloujoÔn thn Ðdia katanom  me thn tuqaÐa

metablht X, touc endi�mesouc qrìnouc episkèyewn tou mèsou metafor�c. Tìte,

h katanom  tou desmeumènou upoleipìmenou qrìnou exuphrèthshc Rn,q = R0,q

sumpÐptei me thn katanom  thc R(X). Dhlad , èqoume

Rn,q = R0,q
d= R(X), 0 = n = n̄(q). (3.4)

PerÐptwsh 2: 0 = n < n̄(q). 'Estw X kai Tλq0 anex�rthtec tuqaÐec metablhtèc,

ìpou h X akoloujeÐ thn katanom  twn endi�meswn qrìnwn episkèyewn tou mesou

metafor�c kai h Tλq0 akoloujeÐ thn ekjetik  katanom  me par�metro λq0. Tìte,

h katanom  tou desmeumènou upoleipìmenou qrìnou exuphrèthshc Rn,q = R0,q

sumpÐptei me th desmeumènh katanom  thc diafor�c X − Tλq0 , dedomènou ìti

X ≥ Tλq0 . Dhlad , èqoume

Rn,q = R0,q
d= (X − Tλq0 |X ≥ Tλq0), 0 = n < n̄(q). (3.5)

PerÐptwsh 3: 1 ≤ n = n̄(q). 'Estw R(Rn−1,q) h tuqaÐa metablht  pou akoloujeÐ

th st�simh katanom  tou upoleipìmenou qrìnou ananèwshc miac ananewtik c dia-

dikasÐac me endi�mesouc qrìnouc ananèwshc pou akoloujoÔn thn katanom  thc

tuqaÐac metablht c Rn−1,q. Tìte, h katanom  tou desmeumènou upoleipìmenou

qrìnou exuphrèthshc Rn,q sumpÐptei me thn katanom  thc R(Rn−1,q). Dhlad ,

èqoume

Rn,q
d= R(Rn−1,q), 1 ≤ n = n̄(q). (3.6)

PerÐptwsh 4: 1 ≤ n < n̄(q). 'Estw Rn−1,q kai Tλqn anex�rthtec tuqaÐec meta-

blhtèc, ìpou h Rn−1,q akoloujeÐ thn katanom  tou desmeumènou upoleipìmenou

qrìnou exuphrèthshc, dedomènou ìti up�rqoun n− 1 pel�tec sto sÔsthma kai h

Tλqn akoloujeÐ thn ekjetik  katanom  me par�metro λqn. Tìte, h katanom 

tou desmeumènou upoleipìmenou qrìnou exuphrèthshc Rn,q sumpÐptei me th

desmeumènh katanom  thc diafor�c Rn−1,q−Tλqn , dedomènou ìti Rn−1,q ≥ Tλqn .
Dhlad , èqoume

Rn,q
d= (Rn−1,q − Tλqn |Rn−1,q ≥ Tλqn), 1 ≤ n < n̄(q). (3.7)
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Apìdeixh. PerÐptwsh 1: Upojètoume ìti oi pel�tec akoloujoÔn th strathgik 

q = (q0, q1, q2, . . .) me n̄(q) = 0. Tìte kanènac pel�thc den eisèrqetai sto sÔsthma.

JewroÔme t¸ra ènan sugkekrimèno pel�th o opoÐoc fj�nei sto sÔsthma. Autìc o

pel�thc ja dei upoqrewtik� n = 0 pel�tec se autì kai, lìgw thc idiìthtac PASTA,

o upoleipìmenoc qrìnoc exuphrèths c tou tautÐzetai me ton upoleipìmeno qrìno ananè-

wshc thc ananewtik c diadikasÐac pou dÐnei tic episkèyeic tou metaforikoÔ mèsou ston

stajmì. 'Etsi, paÐrnoume thn (3.4).

PerÐptwsh 2: Upojètoume ìti oi pel�tec akoloujoÔn th strathgik 

q = (q0, q1, q2, . . .) me n̄(q) ≥ 1. JewroÔme to sÔsthma amèswc met� apì mia epÐskeyh

tou metaforikoÔ mèsou. Tìte, o stajmìc eÐnai �deioc kai o qrìnoc mèqri thn �fi-

xh tou pr¸tou pel�th pou ja apofasÐsei na eisèljei eÐnai ekjetik� katanemhmènoc

me par�metro λq0. SumbolÐzoume autìn ton qrìno me Tλq0 . Tìte, o upoleipìmenoc

qrìnoc exuphrèthshc autoÔ tou pel�th ja eÐnai o endi�mesoc qrìnoc episkèyewn X

tou metaforikoÔ mèsou meÐon Tλq0 , dedomènou ìti o endi�mesoc qrìnoc episkèyewn X

uperbaÐnei ton Tλq0 (ètsi ¸ste na up�rqei tètoioc pel�thc). 'Etsi, paÐrnoume thn (3.5).

PerÐptwsh 3: Upojètoume ìti oi pel�tec akoloujoÔn th strathgik 

q = (q0, q1, q2, . . .) me n̄(q) ≥ 1. Tìte, afÐxeic pelat¸n pou brÐskoun sto sÔsth-

ma n = n̄(q) pel�tec kai ètsi de mpaÐnoun (efìson qn = 0 apì ton orismì thc

posìthtac n̄(q)) sumbaÐnoun mìno kat� th di�rkeia twn upoleipìmenwn qrìnwn exu-

phrèthshc twn pelat¸n pou brÐskoun n− 1 pel�tec sto sÔsthma kai apofasÐzoun na

eisèljoun. ��En¸nontac �� ìla ta qronik� diast mata pou antistoiqoÔn se upoleipìme-

nouc qrìnouc exuphrèthshc pelat¸n pou brÐskoun n−1 pel�tec sto sÔsthma kai apo-

fasÐzoun na eisèljoun, kataskeu�zoume thn ananewtik  diadikasÐa {M̂(t)}. Epiplèon,
parathroÔme ìti afÐxeic pelat¸n pou brÐskoun sto sÔsthma n pel�tec sumbaÐnoun mìno

kat� th di�rkeia twn qronik¸n diasthm�twn thc {M̂(t)} kai apoteloÔn mia diadikasÐa

Poisson. Etsi, lìgw thc idiìthtac PASTA, o upoleipìmenoc qrìnoc ananèwshc enìc

pel�th pou brÐskei n pel�tec kat� thn �fix  tou sumpÐptei me ton upoleipìmeno qrìno

ananèwshc se mia tuqaÐa stigm  thc ananewtik c diadikasÐac {M̂(t)}. 'Omwc, h dia-

dikasÐa {M̂(t)} èqei endi�mesouc qrìnouc ananèwshc pou akoloujoÔn thn katanom 

thc Rn−1,q. 'Etsi, katal goume sthn (3.6).

PerÐptwsh 4: Upojètoume ìti oi pel�tec akoloujoÔn th strathgik 

q = (q0, q1, q2, . . .) me n̄(q) ≥ 2 kai jewroÔme ènan sugkekrimèno pel�th o opoÐoc
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brÐskei n pel�tec sto sÔsthma kat� thn �fix  tou, me 1 ≤ n < n̄(q) kai apofasÐzei

na mpei sto sÔsthma. Tìte, o upoleipìmenoc qrìnoc exuphrèths c tou Rn,q eÐnai

Ðsoc me ton upoleipìmeno qrìno exuphrèthshc tou pel�th pou mp ke sto sÔsthma

akrib¸c prin apì autìn meÐon ton qrìno metaxÔ twn dÔo afÐxewn, dedomènou ìti to

mèso metafor�c den episkèfjhke ton stajmì kat� th di�rkeia tou endi�mesou qrìnou

afÐxewn. ParathroÔme ìti o pel�thc pou mp ke sto sÔsthma akrib¸c prin apì ton

pel�th pou jewr same arqik� br ke n − 1 pel�tec kat� thn �fix  tou kai ìti o

endi�mesoc qrìnoc metaxÔ twn dÔo afÐxewn eÐnai mia ekjetik� katanemhmènh tuqaÐa

metablht  Tλqn me par�metro λqn, anex�rthth thc Rn−1,q. 'Etsi, paÐrnoume thn (3.7).

�

Gia na sun�goume apì to anadromikì sq ma (3.4)-(3.7) gia tic tuqaÐec metablhtèc

Rn,q èna sq ma gia touc antÐstoiqouc metasqhmatismoÔc Laplace-Stieltjes ja qrhsi-

mopoi soume to akìloujo L mma 3.3.1.

L mma 3.3.1. 'Estw T1, T2 kai Y anex�rthtec tuqaÐec metablhtèc, ìpou oi T1 kai

T2 eÐnai ekjetik� katanemhmènec me paramètrouc λ1 kai λ2, antÐstoiqa, kai Y eÐnai mh

arnhtik  tuqaÐa metablht  me LST F̃Y (s). Tìte, èqoume tic akìloujec sqèseic.

Pr[Y ≤ T1] = F̃Y (λ1), (3.8)

Pr[Y ≤ T1 + T2] =
λ2

λ2 − λ1
F̃Y (λ1) +

λ1

λ1 − λ2
F̃Y (λ2), λ1 6= λ2, (3.9)

Pr[Y ≤ T1 + T2] = F̃Y (λ1)− λ1F̃
′
Y (λ1), λ1 = λ2. (3.10)

Apìdeixh. 'Estw FY (y) h sun�rthsh katanom c thc Y . Jewr¸ntac to aristerì

mèloc thc (3.8) kai desmeÔontac wc proc Y , paÐrnoume

Pr[Y ≤ T1] =
Z ∞

0
Pr[T1 ≥ y]dFY (y) =

Z ∞
0

e−λ1ydFY (y) = F̃Y (λ1).

Oi sqèseic (3.9) kai (3.10) apodeiknÔontai omoÐwc, qrhsimopoi¸ntac tic sqèseic

Pr[T1 + T2 ≥ y] =
λ2

λ2 − λ1
e−λ1y +

λ1

λ1 − λ2
e−λ2y, y ≥ 0, λ1 6= λ2,

Pr[T1 + T2 ≥ y] = e−λ1y + λ1ye
−λ1y, y ≥ 0, λ1 = λ2,

antÐstoiqa. �
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Sthn epìmenh Prìtash 3.3.2 dÐnoume èna anadromikì sq ma gia touc metasqhma-

tismoÔc Laplace-Stieltjes twn desmeumènwn upoleipìmenwn qrìnwn exuphrèthshc.

Prìtash 3.3.2. JewroÔme thn parathr simh perÐptwsh tou sust matoc pou pari-

st�nei ton stajmì enìc mèsou metafor�c, ìpou oi pel�tec eisèrqontai sto sÔsthma

sÔmfwna me mia strathgik  q = (q0, q1, q2, . . .). Tìte, oi metasqhmatismoÐ Laplace-
Stieltjes F̃n,q(s) = E[e−sRn,q ] twn desmeumènwn upoleipìmenwn qrìnwn exuphrèthshc
dÐnontai apì to anadromikì sq ma

F̃n,q(s) =
−(1− F̃n−1,q(s))

sF̃ ′n−1,q(0)
, 1 ≤ n = n̄(q), (3.11)

F̃n,q(s) =
λqn(F̃n−1,q(λqn)− F̃n−1,q(s))
(s− λqn)(1− F̃n−1,q(λqn))

, 1 ≤ n < n̄(q), s 6= λqn, (3.12)

F̃n,q(λqn) =
−λqnF̃ ′n−1,q(λqn)

1− F̃n−1,q(λqn)
, 1 ≤ n < n̄(q), (3.13)

me arqikèc sunj kec

F̃0,q(s) =
−(1− F̃ (s))
sF̃ ′(0)

, n̄(q) = 0, (3.14)

F̃0,q(s) =
λq0(F̃ (λq0)− F̃ (s))

(s− λq0)(1− F̃ (λq0))
, n̄(q) > 0, s 6= λq0, (3.15)

F̃0,q(λq0) =
−λq0F̃

′(λq0)
1− F̃ (λq0)

, n̄(q) > 0. (3.16)

Apìdeixh. EÐnai gnwstì ìti an o metasqhmatismìc Laplace-Stieltjes thc katanom c
twn endi�meswn qrìnwn ananèwshc miac ananewtik c diadikasÐac eÐnai F̃Y (s), tìte o

metasqhmatismìc Laplace-Stieltjes thc st�simhc katanom c tou upoleipìmenou qrìnou
ananèwshc F̃R(Y )(s) dÐnetai apì thn

F̃R(Y )(s) =
−(1− F̃Y (s))

sF̃ ′Y (0)
. (3.17)

'Etsi, oi (3.4) kai (3.6) dÐnoun �mesa tic (3.14) kai (3.11). T¸ra, èstw Ts mia ekjetik�

katanemhmènh tuqaÐa metablht  me par�metro s. Tìte, qrhsimopoi¸ntac tic (3.8) kai
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(3.7) èqoume

F̃n,q(s) = Pr[Ts ≥ Rn,q]

= Pr[Ts ≥ Rn−1,q − Tλqn |Rn−1,q ≥ Tλqn ]

=
Pr[Rn−1,q ≤ Tλqn + Ts]− Pr[Rn−1,q < Tλqn ]

Pr[Rn−1,q ≥ Tλqn ]
. (3.18)

An s 6= λqn, tìte mporoÔme na qrhsimopoi soume tic (3.8) kai (3.9) sthn (3.18) kai na

p�roume thn

F̃n,q(s) =
λqn
λqn−s F̃n−1,q(s) + s

s−λqn F̃n−1,q(λqn)− F̃n−1,q(λqn)

1− F̃n−1,q(λqn)
,

h opoÐa katal gei, met� apì k�poiec aplopoi seic, sthn (3.12). Apì thn �llh meri�,

an s = λqn, mporoÔme na qrhsimopoi soume tic (3.8) kai (3.10) sthn (3.18) kai na

p�roume thn

F̃n,q(s) =
F̃n−1,q(λqn)− λqnF̃ ′n−1,q(λqn)− F̃n−1,q(λqn)

1− F̃n−1,q(λqn)
,

h opoÐa dÐnei thn (3.13). Oi exis¸seic (3.15) kai (3.16) apodeiknÔontai ìmoia xekin¸-

ntac apì thn (3.5) kai qrhsimopoi¸ntac tic (3.8)-(3.10). �

Parat rhsh 3.3.1. Apì tic (3.14)-(3.16), èqoume ìti o F̃0,q(s) exart�tai apì to

q mìno mèsw tou q0. 'Etsi, mporoÔme na gr�foume F̃0,q(s) = F̃0,q0(s). EpÐshc, gia

n ≥ 1, oi sqèseic (3.11)-(3.13) deÐqnoun ìti o F̃n,q(s) eÐnai sun�rthsh tou F̃n−1,q(s)
kai thc qn. Epagwgik�, prokÔptei ìti o F̃n,q(s) exart�tai apì to q mìno mèsw tou qn

kai mporoÔme na gr�foume F̃n,q(s) = F̃n,qn(s). Akìmh, mporoÔme na gr�foume Rn,qn
antÐ gia Rn,q.

ParathroÔme epÐshc ìti h (3.11) mporeÐ na jewrhjeÐ wc oriak  perÐptwsh thc

(3.12). Pr�gmati, paÐrnontac to ìrio sto dexÐ mèloc thc (3.12) kaj¸c qn → 0+

katal goume sthn (3.11). OmoÐwc, paÐrnontac to ìrio sto dexÐ mèloc thc (3.15) kaj¸c

q0 → 0+ katal goume sthn (3.14).

T¸ra, paragwgÐzontac tic (3.11)-(3.12) kai (3.14)-(3.15) wc proc s kai jètontac

s = 0, paÐrnoume anadromikèc sqèseic gia touc anamenìmenouc desmeumènouc upo-

leipìmenouc qrìnouc exuphrèthshc. DÐnoume to apotèlesma sto Pìrisma 3.3.1.
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Pìrisma 3.3.1. JewroÔme thn parathr simh perÐptwsh tou sust matoc pou pari-

st�nei ton stajmì enìc mèsou metafor�c, ìpou oi pel�tec eisèrqontai sto sÔsthma

sÔmfwna me mia strathgik  q = (q0, q1, q2, . . .). Gia touc anamenìmenouc desmeumè-

nouc upoleipìmenouc qrìnouc exuphrèthshc, E[Rn,qn ], èqoume to akìloujo anadromikì
sq ma

E[Rn,qn ] =
E[R2

n−1,qn−1
]

2E[Rn−1,qn−1
]
, qi 6= 0, 0 ≤ i ≤ n− 1, qn = 0, n ≥ 1, (3.19)

E[Rn,qn ] =
E[Rn−1,qn−1

]

1− F̃n−1,qn−1
(λqn)

− 1
λqn

, qi 6= 0, 0 ≤ i ≤ n, n ≥ 1, (3.20)

me arqikèc sunj kec

E[R0,q0 ] =
E[X2]
2E[X]

, q0 = 0, (3.21)

E[R0,q0 ] =
E[X]

1− F̃ (λq0)
− 1
λq0

, q0 6= 0. (3.22)

T¸ra ja prosdiorÐsoume th st�simh katanom  tou arijmoÔ twn pelat¸n sto sÔsth-

ma, ìtan oi pel�tec akoloujoÔn th strathgik  q = (q0, q1, q2, . . .). Xekin�me me thn

Prìtash 3.3.3, ìpou dÐnoume k�poiouc anadromikoÔc tÔpouc gia tic st�simec pijanìth-

tec.

Prìtash 3.3.3. JewroÔme thn parathr simh perÐptwsh tou sust matoc pou pari-

st�nei ton stajmì enìc mèsou metafor�c, ìpou oi pel�tec eisèrqontai sto sÔsthma

sÔmfwna me mia strathgik  q = (q0, q1, q2, . . .). Tìte, oi st�simec pijanìthtec πn,q =
Pr[Nq = n], n ≥ 0, tou arijmoÔ twn pelat¸n sto sÔsthma, dÐnontai apì to anadromikì

sq ma

πn,q = λqn−1E[Rn−1,qn−1
]πn−1,q, qi 6= 0, 0 ≤ i ≤ n− 1, qn = 0, n ≥ 1,

(3.23)

πn,q =
qn−1(1− F̃n−1,qn−1

(λqn))
qn

πn−1,q, qi 6= 0, 0 ≤ i ≤ n, n ≥ 1, (3.24)
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me arqikèc sunj kec

π0,q = 1, q0 = 0, (3.25)

π0,q =
1− F̃ (λq0)
λq0E[X]

, q0 6= 0. (3.26)

Apìdeixh. Ja apodeÐxoume tic (3.23)-(3.26) efarmìzontac ton nìmo tou Little sthn
n-ost  jèsh anamon c tou sust matìc mac. SumbolÐzoume me N

(n)
q ton st�simo arijmì

twn pelat¸n sthn n-ost  jèsh anamon c, me λ
(n)
q ton rujmì �fixhc twn pelat¸n sthn

n-ost  jèsh anamon c kai me S
(n)
q ton qrìno anamon c enìc pel�th sthn n-ost  jèsh

anamon c. 'Eqoume ìti

E[N (n)
q ] =

∞X
j=n

πj,q, (3.27)

λ(n)
q = λqn−1πn−1,q, (3.28)

E[S(n)
q ] = E[Rn−1,qn−1

]. (3.29)

Pr�gmati, h n-ost  jèsh anamon c eÐnai kateilhmmènh an kai mìno an up�rqoun toul�qi-

ston n pel�tec sto sÔsthma kai ètsi paÐrnoume thn (3.27). Epiplèon, afÐxeic sthn

n-ost  jèsh anamon c sumbaÐnoun mìno ìtan up�rqoun n−1 pel�tec sto sÔsthma kai

tìte o rujmìc �fixhc eÐnai λqn−1. 'Etsi, to posostì tou qrìnou pou fj�noun pel�tec

sthn n-ost  jèsh anamon c eÐnai πn−1,q kai o rujmìc �fixhc λ
(n)
q dÐnetai apì th sqèsh

(3.28). EpÐshc, ènac pel�thc pou mpaÐnei sthn n-ost  jèsh anamon c èqei dei kat�

thn �fix  tou n − 1 pel�tec sto sÔsthma. Sunep¸c, o qrìnoc paramon c tou sthn

n-ost  jèsh eÐnai o desmeumènoc upoleipìmenoc qrìnoc exuphrèthshc, dedomènou ìti

up�rqoun n − 1 pel�tec sto sÔsthma kai ètsi paÐrnoume thn (3.29). Efarmìzontac

ton nìmo tou Little paÐrnoume

∞X
j=n

πj,q = λqn−1πn−1,qE[Rn−1,qn−1
]. (3.30)

Jewr¸ntac thn (3.30) gia n = 1 kai lÔnontac wc proc π0,q paÐrnoume

π0,q =
1

1 + λq0E[R0,q0 ]
. (3.31)
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Gia q0 = 0 paÐrnoume amèswc thn (3.25). Gia q0 6= 0 antikajistoÔme E[R0,q0 ] apì thn

(3.22) kai paÐrnoume thn (3.26). T¸ra, gia n ≥ 1, afairoÔme thn (3.30) gia n+ 1, apì
thn (3.30) gia n kai èqoume

πn,q = λqn−1πn−1,qE[Rn−1,qn−1
]− λqnπn,qE[Rn,qn ]. (3.32)

LÔnontac wc proc πn,q, paÐrnoume

πn,q =
λqn−1E[Rn−1,qn−1

]
1 + λqnE[Rn,qn ]

πn−1,q, n ≥ 1. (3.33)

Gia qn = 0 katal goume sthn (3.23). Gia qn 6= 0, antikajist¸ntac thn (3.20) sthn

(3.33) prokÔptei h (3.24). �

Qrhsimopoi¸ntac tic anadromikèc sqèseic thc Prìtashc 3.3.3, paÐrnoume touc tÔpouc

pou dÐnoun th st�simh katanom  tou arijmoÔ twn pelat¸n sto sÔsthma. Sugkekrimèna,

èqoume thn akìloujh Prìtash 3.3.4.

Prìtash 3.3.4. JewroÔme thn parathr simh perÐptwsh tou sust matoc pou pari-

st�nei ton stajmì enìc mèsou metafor�c, ìpou oi pel�tec eisèrqontai sto sÔsthma

sÔmfwna me mia strathgik  q = (q0, q1, q2, . . .). Tìte, oi st�simec pijanìthtec πn,q

dÐnontai apì tic sqèseic

π0,q = 1, q0 = 0, (3.34)

πn,q =
(1− F̃ (λq0))E[Rn−1,qn−1

]
E[X]

n−1Y
i=1

(1− F̃i−1,qi−1
(λqi)), qi 6= 0, 0 ≤ i ≤ n− 1,

qn = 0, (3.35)

πn,q =
1− F̃ (λq0)
λqnE[X]

nY
i=1

(1− F̃i−1,qi−1
(λqi)), qi 6= 0, 0 ≤ i ≤ n, (3.36)

πn,q = 0, an qi = 0 gia k�poio i ≤ n− 1. (3.37)

Parat rhsh 3.3.2. Lìgw twn (3.35)-(3.37) eÐnai profanèc ìti h πn,q exert�tai apì

to q mìno mèsw thc qn. 'Etsi, mporoÔme na gr�foume πn,qn antÐ gia πn,q.

T¸ra, ja apodeÐxoume xan� tic Prot�seic 3.3.2 kai 3.3.3 qrhsimopoi¸ntac thn ana-

lutik  prosèggish pou eis gage o Kerner (2008). H basik  idèa eÐnai h legìmenh
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teqnik  twn prìsjetwn metablht¸n (supplementary variables technique), dhlad  h

melèth thc apì koinoÔ katanom c thc Markobian c diadikasÐac {(N(t), R(t)), t ≥ 0}.
Prèpei na parathr soume ìti h deÔterh tuqaÐa metablht  eÐnai suneq c, ètsi jewroÔme

th sun�rthsh puknìthtac pijanìthtac

pt(n, r; q) = lim
dr→0+

Pr[Nq(t) = n,Rq(t) ∈ (r, r + dr]]
dr

, n ≥ 0, r ≥ 0,

ìpou pt(n, r; q) eÐnai h puknìthta pijanìthtac na èqoume n pel�tec sto sÔsthma kai

upoleipìmeno qrìno exuphrèthshc r th stigm  t, ìtan oi pel�tec akoloujoÔn mia

strathgik  q. JewroÔme akìmh tic posìthtec

p(n, r; q) = lim
t→0

pt(n, r; q), n ≥ 0, r ≥ 0,

P̃n,q(s) =
Z ∞

0
e−srp(n, r; q)dr, n ≥ 0,

pou dÐnoun th st�simh sun�rthsh puknìthtac pijanìthtac kai ton metasqhmatismì

Laplace-Stieltjes thc pt(n, r; q). Tìte, oi metasqhmatismoi Laplace-Stieltjes F̃n,q(s)
kai oi st�simec pijanìthtec πn,q pou orÐzontai stic Prot�seic 3.3.2 kai 3.3.3 dÐnontai

apì tic sqèseic

πn,q =
Z ∞

0
p(n, r; q)dr = P̃n,q(0), n ≥ 0, (3.38)

F̃n,q(s) =
P̃n,q(s)
πn,q

, n ≥ 0. (3.39)

'Etsi, èqoume to epìmeno L mma 3.3.2.

L mma 3.3.2. JewroÔme thn parathr simh perÐptwsh tou sust matoc pou pari-

st�nei ton stajmì enìc mèsou metafor�c, ìpou oi pel�tec eisèrqontai sto sÔsthma

sÔmfwna me mia strathgik  q = (q0, q1, q2, . . .). Tìte, h st�simh sun�rthsh puknìth-

tac pijanìthtac (p(n, r; q), n ≥ 0, r ≥ 0) ikanopoieÐ to akìloujo sÔsthma diaforik¸n
exis¸sewn wc proc r.

p′(0, r; q) = λq0p(0, r; q)− 1
E[X]

f(r), r ≥ 0, (3.40)

p′(n, r; q) = λqnp(n, r; q)− λqn−1p(n− 1, r; q), r ≥ 0, n ≥ 1. (3.41)
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Apìdeixh. Exet�zontac thn exèlixh thc Markobian c alusÐdac suneqoÔc qrìnou

{(Nq(t), Rq(t)), t ≥ 0} se èna di�sthma [t, t+ dt], mporoÔme eÔkola na doÔme ìti

pt+dt(0, r; q) = pt(0, r + dt; q)(1− λq0dt) +
∞X
n=0

pt(n, 0; q)f(r)dt+ o(dt),

(3.42)

pt+dt(n, r; q) = pt(n− 1, r + dt; q)λqn−1dt+ pt(n, r + dt; q)(1− λqndt) + o(dt),

n ≥ 1, (3.43)

gia dt→ 0+.

PaÐrnontac to ìrio kaj¸c t→∞ oi (3.42) kai (3.43) dÐnoun

p(0, r; q) = p(0, r + dt; q)(1− λq0dt) +
∞X
n=0

p(n, 0; q)f(r)dt+ o(dt), (3.44)

p(n, r; q) = p(n− 1, r + dt; q)λqn−1dt+ p(n, r + dt; q)(1− λqndt) + o(dt), n ≥ 1,

(3.45)

gia dt→ 0+.

Anadiat�ssontac touc ìrouc thc (3.44) kai diair¸ntac me dt paÐrnoume

p(0, r + dt; q)− p(0, r; q)
dt

= λq0p(0, r + dt; q)−
∞X
n=0

p(n, 0; q)f(r) +
o(dt)
dt

.

(3.46)

PaÐrnontac to ìrio kaj¸c dt→ 0+, h (3.46) dÐnei

p′(0, r; q) = λq0p(0, r; q)− f(r)
∞X
n=0

p(n, 0; q), r ≥ 0. (3.47)

ParathroÔme, t¸ra, ìti

∞X
n=0

p(n, r; q) = fR(r) =
1− F (r)
E[X]

, r ≥ 0, (3.48)

h puknìthta pijanìthtac thc st�simhc katanom c tou upoleipìmenou qrìnou exuphrè-

thshc sto r. Sugkekrimèna,
P∞
n=0 p(n, 0; q) = 1/E[X], opìte h (3.47) dÐnei thn (3.40).
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OmoÐwc, anadiat�ssontac touc ìrouc thc (3.45), diair¸ntac me dt kai paÐrnontac to

ìrio kaj¸c dt→ 0+ katal goume sthn (3.41). �

T¸ra, mporoÔme na d¸soume thn analutik  apìdeixh gia thn Prìtash 3.3.3, qrhsi-

mopoi¸ntac to L mma 3.3.2.

Prìtash 3.3.3 - Analutik  apìdeixh. Oloklhr¸nontac ta dÔo mèlh thc

(3.41) paÐrnoume th sqèshZ ∞
0

p′(n, r; q)dr =
Z ∞

0
λqnp(n, r; q)dr −

Z ∞
0

λqn−1p(n− 1, r; q)dr, n ≥ 1,

(3.49)

h opoÐa dÐnei thn

−p(n, 0; q) = λqnπn,q − λqn−1πn−1,q, n ≥ 1. (3.50)

AjroÐzontac thn (3.50), gia n ≥ 1, kai qrhsimopoi¸ntac thn (3.48), katal goume sthn

p(0, 0; q) =
1

E[X]
− λq0π0,q. (3.51)

T¸ra, pollaplasi�zontac kai ta dÔo mèlh thc (3.41) me e−λqnr kai anadiat�ssontac

touc ìrouc paÐrnoume

(e−λqnrp(n, r; q))′ = −λqn−1e
−λqnrp(n− 1, r; q), n ≥ 1, r ≥ 0. (3.52)

Oloklhr¸nontac thn (3.52), paÐrnoume thn sqèshZ ∞
0

(e−λqnrp(n, r; q))′dr = −λqn−1

Z ∞
0

e−λqnrp(n− 1, r; q)dr, n ≥ 1,

h opoÐa gr�fetai isodÔnama wc

−p(n, 0; q)) = −λqn−1P̃n−1,q(λqn), n ≥ 1. (3.53)

Antikajist¸ntac thn (3.50) sthn (3.53) èqoume

λqnπn,q − λqn−1πn−1,q = −λqn−1P̃n−1,q(λqn), n ≥ 1



3.3. Η ΠΑΡΑΤΗΡ�ΗΣΙΜΗ ΠΕΡ�ΙΠΤΩΣΗ: ΠΡΟΚΑΤΑΡΚΤΙΚ�Α ΑΠΟΤΕΛ�ΕΣΜΑΤΑ 81

h opoÐa dÐnei

λqnπn,q = λqn−1πn−1,q(1− F̃n−1,q(λqn)), n ≥ 1. (3.54)

EpilÔontac thn (3.54) wc proc πn,q katal goume sthn (3.24), gia qn 6= 0. PaÐrnontac
to ìrio sthn (3.24), kaj¸c qn → 0, katal goume sthn (3.23).

Gia na apodeÐxoume tic arqikèc sunj kec (3.26) kai (3.25) tou anadromikoÔ sq -

matoc, qrhsimopoioÔme parìmoia epiqeir mata. Sugkekrimèna, xekin�me pollaplasi�-

zontac thn (3.40) me e−λq0r kai anadiat�ssontac touc ìrouc ¸ste na katal xoume

sthn

(e−λq0rp(0, r; q))′ = − 1
E[X]

e−λq0rf(r), r ≥ 0. (3.55)

Oloklhr¸nontac thn (3.55) paÐrnoume

−p(0, 0; q) =
Z ∞

0
(e−λq0rp(0, r; q))′dr = − 1

E[X]

Z ∞
0

e−λq0rf(r)dr

= − 1
E[X]

F̃ (λq0). (3.56)

Qrhsimopoi¸ntac tic (3.51) kai (3.56), sumperaÐnoume ìti

λq0π0,q −
1

E[X]
= − 1

E[X]
F̃ (λq0). (3.57)

EpilÔontac thn (3.57) wc proc π0,q katal goume sthn (3.26), gia q0 6= 0. PaÐrnontac
to ìrio thc (3.26), kaj¸c q0 → 0, katal goume sthn (3.25). �

T¸ra, mporoÔme na d¸soume thn enallaktik  apìdeixh gia thn Prìtash 3.3.2

Prìtash 3.3.2 - Analutik  apìdeixh. Pollaplasi�zontac kai ta dÔo mèlh

thc (3.41) me e−sr kai oloklhr¸nontac wc proc r paÐrnoumeZ ∞
0

e−srp′(n, r; q)dr = λqn

Z ∞
0

e−srp(n, r; q)dr − λqn−1

Z ∞
0

e−srp(n− 1, r; q)dr,

n ≥ 1,

 

−p(n, 0; q) + sP̃n,q(s) = λqnP̃n,q(s)− λqn−1P̃n−1,q(s), n ≥ 1. (3.58)
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Antikajist¸ntac tic (3.50), (3.39) sthn (3.58) èqoume

λqnπn,q − λqn−1πn−1,q + sπn,qF̃n,q(s) = λqnπn,qF̃n,q(s)− λqn−1πn−1,qF̃n−1,q(s),

n ≥ 1,

 

(s− λqn)πn,qF̃n,q(s) = −λqnπn,q + λqn−1πn−1,q(1− F̃n−1,q(s)),

n ≥ 1. (3.59)

Gia qn 6= 0, h (3.59), qrhsimopoi¸ntac thn (3.54), dÐnei thn

(s− λqn)F̃n,q(s) = λqn
F̃n−1,q(λqn)− F̃n−1,q(s)

1− F̃n−1,q(λqn)
, n ≥ 1. (3.60)

An λqn 6= s, mporoÔme eÔkola na doÔme ìti apì thn (3.60) prokÔptei h (3.12). PaÐrno-

ntac to ìrio thc (3.12), kaj¸c s → λqn, prokÔptei h (3.13). Apì thn �llh meri�, an

qn = 0, h sqèsh (3.59), qrhsimopoi¸ntac thn (3.23), dÐnei thn

sF̃n,q(s) =
1− F̃n−1,q(s)
E[Rn−1,q]

, n ≥ 1,

h opoÐa sunep�getai thn (3.11).

Qrhsimopoi¸ntac ta Ðdia epiqeir mata katal goume stic arqikèc sunj kec (3.14)-

(3.16). Pr�gmati, pollaplasi�zontac kai ta dÔo mèlh thc (3.40) me e−sr kai oloklhr¸no-

ntac wc proc r paÐrnoume

−p(0, 0; q) + sP̃0,q(s) = λq0P̃0,q(s)− 1
E[X]

F̃ (s). (3.61)

Antikajist¸ntac thn (3.51) sthn (3.61), èqoume

− 1
E[X]

+ λq0π0,q + sP̃0,q(s) = λq0P̃0,q(s)− 1
E[X]

F̃ (s). (3.62)

Apì tic (3.57) kai (3.62), prokÔptei

(s− λq0)π0,qF̃0,q(s) =
F̃ (λq0)− F̃ (s)

E[X]
. (3.63)
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An q0 6= 0, h sqèsh (3.63), qrhsimopoi¸ntac thn (3.57), dÐnei thn

(s− λq0)F̃0,q(s) = λq0
F̃ (λq0)− F̃ (s)

1− F̃ (λq0)
. (3.64)

An λq0 6= s, apì thn (3.64) paÐrnoume thn (3.15). Alli¸c, paÐrnontac to ìrio thc

(3.15) kaj¸c s → λq0, katal goume sthn (3.16). T¸ra, an q0 = 0, h sqèsh (3.63),

qrhsimopoi¸ntac thn (3.25), dÐnei thn

sF̃0,q(s) =
1− F̃ (s)
E[X]

, (3.65)

apì thn opoÐa katal goume sthn (3.14). �

3.4 H parathr simh perÐptwsh: Strathgikèc isor-

ropÐac

Se aut n thn enìthta ja prosdiorÐsoume tic strathgikèc isorropÐac gia thn parathr -

simh perÐptwsh. 'Eqoume  dh anafèrei ìti mia strathgik  lègetai strathgik  isor-

ropÐac an eÐnai bèltisth ap�nthsh ston eautì thc. 'Etsi, prokeimènou na broÔme tic

bèltistec apant seic enìc pel�th se mia strathgik  twn �llwn pel�t¸n prèpei na

upologÐsoume to anamenìmeno kajarì kèrdoc tou, dedomènou ìti oi �lloi pel�tec

akoloujoÔn mia strathgik  q = (q0, q1, q2, . . .). 'Etsi, xekin�me th melèth mac me ton

prosdiorismì twn sunart sewn anamenìmenou kajaroÔ kèrdouc.

Prìtash 3.4.1. JewroÔme thn parathr simh perÐptwsh tou sust matoc pou pari-

st�nei ton stajmì enìc mèsou metafor�c, ìpou oi pel�tec eisèrqontai sto sÔsthma

sÔmfwna me mia strathgik  q = (q0, q1, q2, . . .). Tìte, to anamenìmeno kajarì kèr-

doc Sobsn (q) enìc afiknoÔmenou pel�th, o opoÐoc brÐskei n pel�tec sto sÔsthma kai
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apofasÐzei na mpei, dÐnetai apì tic sqèseic

Sobs0 (q) = R−KE[X2]
2E[X]

, q0 = 0, (3.66)

Sobs0 (q) = R−K
�

E[X]
1− F̃ (λq0)

− 1
λq0

�
, q0 6= 0, (3.67)

Sobsn (q) = R
∞X

k=n+1

gk −K
E[R2

n−1,qn−1
]

2E[Rn−1,qn−1
]
, qi 6= 0, 0 ≤ i ≤ n− 1, qn = 0, n ≥ 1,

(3.68)

Sobsn (q) = R
∞X

k=n+1

gk −K
"

E[Rn−1,qn−1
]

1− F̃n−1,qn−1
(λqn)

− 1
λqn

#
, qi 6= 0, 0 ≤ i ≤ n, n ≥ 1.

(3.69)

Apìdeixh. Upojètoume ìti oi pel�tec akoloujoÔn mia strathgik  q = (q0, q1, q2, . . .)
kai jewroÔme ènan sugkekrimèno pel�th o opoÐoc brÐskei n pel�tec sto sÔsthma kat�

thn �fix  tou kai apofasÐzei na mpei. Tìte, to anamenìmeno kajarì kèrdoc tou ja

isoÔtai me th diafor� thc anamenìmenhc amoib c tou apì thn exuphrèthsh kai tou

anamenìmenou kìstouc tou apì thn anamon . 'Etsi, èqoume

Sobsn (q) = RP obsn −KE[Rn,qn ], (3.70)

ìpou P obsn eÐnai h pijanìthta o sugkekrimènoc pel�thc na exuphrethjeÐ, dedomènou ìti

up�rqoun n pel�tec mprost� apì autìn. 'Eqoume profan¸c ìti

P obsn =
∞X

k=n+1

gk, (3.71)

kaj¸c ènac pel�thc pou katalamb�nei thn n + 1-ost  jèsh anamon c tou stajmoÔ

ja exuphrethjeÐ apì to epìmeno mèso metafor�c, mìno an h qwrhtikìthta tou eÐnai

toul�qiston n+ 1. Antikajist¸ntac thn (3.71) kai tic sqèseic gia ton E[Rn,qn ] apì
to Pìrisma 3.3.1 sthn (3.70) paÐrnoume amèswc tic sqèseic (3.66)-(3.69). �

Parat rhsh 3.4.1. EÐnai fanerì ìti to Sobsn (q) exart�tai apì to q mìno mèsw tou

qn. 'Etsi, mporoÔme na gr�foume Sobsn (q) = Sobsn (qn).
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Parat rhsh 3.4.2. Qrhsimopoi¸ntac ton kanìna tou Hospital, mporoÔme na apodeÐ-
xoume ìti limqn→0 S

obs
n (q0, q1, q2, . . . , qn−1, qn) = Sobsn (q0, q1, q2, . . . , qn−1, 0) kai ìti

limq0→0 S
obs
0 (q0) = Sobs0 (0). Opìte, mporoÔme na doÔme eÔkola ìti oi sunart seic

Sobsn (q) eÐnai suneqeÐc.

T¸ra eÐmaste ètoimoi na prosdiorÐsoume tic strathgikèc isorropÐac

qe = (qe0, q
e
1, q

e
2, . . .) twn pelat¸n. Sugkekrimèna, ja doÔme ìti oi pijanìthtec isor-

ropÐac eisìdou qen mporoÔn na upologistoÔn anadromik�, qrhsimopoi¸ntac mia idèa tou

Kerner (2011). Sto Je¸rhma 3.4.1 prosdiorÐzoume ìlec tic pijanìthtec isorropÐac

eisìdou qe0. AkoloÔjwc, sto Je¸rhma 3.4.2, upojètontac ìti èqoume upologÐsei to

di�nusma pijanot twn eisìdou isorropÐac qen−1, gia k�poio n ≥ 1, prosdiorÐzoume
ìlec tic pijanìthtec isorropÐac eisìdou qen.

Je¸rhma 3.4.1. JewroÔme thn parathr simh perÐptwsh tou sust matoc pou pari-

st�nei ton stajmì enìc mèsou metafor�c. Tìte, up�rqei toul�qiston mÐa pijanìthta

isorropÐac qe0 gia thn eÐsodo ìtan to sÔsthma eÐnai kenì. Sugkekrimèna, èqoume tic

akìloujec peript¸seic:

PerÐptwsh I: R
K ≤

E[X2]
2E[X] .

Tìte, h 0 eÐnai mia pijanìthta isorropÐac eisìdou qe0.

PerÐptwsh II: E[X2]
2E[X] <

R
K < E[X]

1−F̃ (λ)
− 1

λ .

Tìte, h exÐswsh E[X]

1−F̃ (λx)
− 1

λx = R
K èqei lÔsh sto (0, 1). K�je tètoia lÔsh eÐnai

pijanìthta isorropÐac eisìdou qe0.

PerÐptwsh III: R
K ≥

E[X]

1−F̃ (λ)
− 1

λ .

Tìte, h 1 eÐnai mia pijanìthta isorropÐac eisìdou qe0.

Apìdeixh. PerÐptwsh I: Upojètoume ìti ìloi oi pel�tec apoqwroÔn kai jewroÔme

ènan sugkekrimèno pel�th th stigm  thc �fix c tou. Tìte, to anamenìmeno kajarì

kèrdoc tou, an apofasÐsei na mpei, eÐnai Sobs0 (0) = R−K E[X2]
2E[X] ≤ 0. 'Etsi, mia bèltisth

ap�nthsh eÐnai na apoqwr sei. Opìte, h 0 eÐnai mia pijanìthta isorropÐac eisìdou qe0.

PerÐptwsh II: Se aut n thn perÐptwsh, èqoume ìti Sobs0 (0) > 0 kai Sobs0 (1) < 0.
Efìson h Sobs0 (q0) eÐnai suneq c wc proc q0, qrhsimopoi¸ntac to Je¸rhma Bolzano
èqoume ìti up�rqei èna x, tètoio ¸ste 0 < x < 1 kai Sobs0 (x) = 0. An oi pel�tec
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eisèrqontai sto sÔsthma me pijanìthta x, ìtan eÐnai �deio, tìte to anamenìmeno ka-

jarì kèrdoc enìc pel�th, pou brÐskei to sÔsthma �deio th stigm  thc �fix c tou

kai apofasÐzei na mpei, eÐnai Sobs0 (x) = 0. 'Etsi, eÐnai adi�foroc wc proc to na mpei

  na apoqwr sei. Dhlad , h x eÐnai mia bèltisth ap�nthsh. Genikìtera, k�je lÔsh

x ∈ (0, 1) thc exÐswshc Sobs0 (x) = 0 (h opoÐa gr�fetai isodÔnama wc E[X]

1−F̃ (λx)
− 1
λx = R

K )

eÐnai mia pijanìthta isorropÐac eisìdou qe0.

PerÐptwsh III: T¸ra, jewroÔme ènan sugkekrimèno pel�th, o opoÐoc brÐskei to

sÔsthma �deio kat� thn �fix  tou, kai upojètoume ìti ìloi oi �lloi pel�tec eisèrqo-

ntai sto sÔsthma ìtan to brÐskoun �deio. Tìte, to anamenìmeno kajarì kèrdoc tou

pel�th, an apofasÐsei na eisèljei, eÐnai Sobs0 (1) = R−K
h
E[X]

1−F̃ (λ)
− 1

λ

i
≥ 0. Se aut n

thn perÐptwsh, h bèltisth ap�nths  tou eÐnai na eisèljei sto sÔsthma. 'Etsi, h 1 eÐnai

mia pijanìthta isorropÐac eisìdou qe0. �

Je¸rhma 3.4.2. JewroÔme thn parathr simh perÐptwsh tou sust matoc pou pari-

st�nei ton stajmì enìc mèsou metafor�c. Tìte, upojètontac ìti eÐnai gnwstì èna

di�nusma pijanot twn isorropÐac eisìdou qen−1 , up�rqei toul�qiston mÐa pijanìthta

isorropÐac qen gia thn eÐsodo ìtan sto sÔsthma up�rqoun n pel�tec. Sugkekrimèna,

èqoume tic akìloujec peript¸seic:

PerÐptwsh I:
R
P∞

k=n+1
gk

K ≤
E[R2

n−1,qe
n−1

]

2E[Rn−1,qe
n−1

] .

Tìte, h 0 eÐnai mia pijanìthta isorropÐac eisìdou qen.

PerÐptwsh II:
E[R2

n−1,qe
n−1

]

2E[Rn−1,qe
n−1

] <
R
P∞

k=n+1
gk

K <
E[Rn−1,qe

n−1
]

1−F̃n−1,qe
n−1

(λ)
− 1

λ .

Tìte, h exÐswsh
E[Rn−1,qe

n−1
]

1−F̃n−1,qe
n−1

(λx)
− 1

λx =
R
P∞

k=n+1
gk

K èqei lÔsh sto (0, 1). K�je

tètoia lÔsh eÐnai pijanìthta isorropÐac eisìdou qen.

PerÐptwsh III:
R
P∞

k=n+1
gk

K ≥
E[Rn−1,qe

n−1
]

1−F̃n−1,qe
n−1

(λ)
− 1

λ .

Tìte, h 1 eÐnai mia pijanìthta isorropÐac eisìdou qen.

Apìdeixh. PerÐptwsh I: Upojètoume ìti ìloi oi pel�tec akoloujoÔn mia strathgik 

qe me arqikì mèroc (qen−1, 0) = (qe0, q
e
1, q

e
2, . . . , q

e
n−1, 0) kai jewroÔme ènan sugkekrimèno
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pel�th, pou brÐskei n pel�tec kat� thn �fix  tou. Tìte, to anamenìmeno kajarì kèr-

doc tou, an apofasÐsei na mpei, eÐnai

Sobsn (qe0, q
e
1, q

e
2, . . . , q

e
n−1, 0) = R

∞X
k=n+1

gk −K
E[R2

n−1,qen−1
]

2E[Rn−1,qen−1
]
≤ 0.

'Etsi, mia bèltisth ap�nthsh eÐnai na apoqwr sei. Opìte, h 0 eÐnai mia pijanìthta

isorropÐac eisìdou qen.

PerÐptwsh II: T¸ra, èqoume ìti Sobsn (qe0, q
e
1, q

e
2, . . . , q

e
n−1, 0) > 0 kai

Sobsn (qe0, q
e
1, q

e
2, . . . , q

e
n−1, 1) < 0. Efìson h Sobsn (qe0, q

e
1, q

e
2, . . . , q

e
n−1, qn) eÐnai suneq c

wc proc qn, efarmìzoume to Je¸rhma Bolzano kai prokÔptei ìti up�rqei èna x ∈ (0, 1),
tètoio ¸ste Sobsn (qe0, q

e
1, q

e
2, . . . , q

e
n−1, x) = 0. An oi pel�tec eisèrqontai sto sÔsthma

sÔmfwna me th strathgik  qe me arqikì mèroc (qen−1, x), tìte to anamenìmeno kajarì

kèrdoc enìc sugkekrimènou pel�th, o opoÐoc brÐskei n pel�tec kat� thn �fix  tou

kai apofasÐzei na mpei, eÐnai Sobsn (qe0, q
e
1, q

e
2, . . . , q

e
n−1, x) = 0. 'Etsi, o pel�thc eÐnai

adi�foroc wc proc to na eisèljei   na apoqwr sei. Opìte, h x eÐnai mia bèltisth

ap�nthsh, dhlad  eÐnai mia pijanìthta isorropÐac eisìdou qen.

PerÐptwsh III: JewroÔme ènan sugkekrimèno pel�th th stigm  thc �fix c tou, o

opoÐoc brÐskei n pel�tec, kai upojètoume ìti oi �lloi pel�tec eisèrqontai sto sÔsthma

sÔmfwna me th strathgik  qe me arqikì mèroc (qen−1, 1). Tìte, to anamenìmeno kèrdoc
tou pel�th, an apofasÐsei na eisèljei, eÐnai

Sobsn (qe0, q
e
1, q

e
2, . . . , q

e
n−1, 1) = R

∞X
k=n+1

gk −K

2
4 E[Rn−1,qen−1

]

1− F̃n−1,qen−1
(λ)
− 1
λ

3
5 ≥ 0.

Se aut n thn perÐptwsh, mia bèltisth ap�nthsh tou pel�th eÐnai na eisèljei. 'Etsi, h

1 eÐnai mia pijanìthta isorropÐac eisìdou qen. �

T¸ra, ja jewr soume to prìblhma koinwnik c beltistopoÐhshc.

Parat rhsh 3.4.3. Sthn parathr simh perÐptwsh tou sust matoc pou parist�nei

ton stajmì enìc mèsou metafor�c, ìpou oi pel�tec eisèrqontai sto sÔsthma sÔmfwna

me mia strathgik  q = (q0, q1, q2, . . .), to anamenìmeno koinwnikì kèrdoc an� qronik 
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mon�da dÐnetai apì th sqèsh

Sobssoc(q) = λ
∞X
n=0

πn,qqnS
obs
n (q) (3.72)

= Rλ
∞X
n=0

πn,qqn

∞X
k=n+1

gk −KE[Nq]. (3.73)

H poluplokìthta twn ìrwn πn,q kai E[Nq] =
P∞
n=0 nπn,q den epitrèpei ton prosdio-

rismì thc strathgik c q pou megistopoieÐ to Ssocobs(q) se kleist  analutik  morf .

'Omwc, sthn enìthta 3.6, prosdiorÐzoume thn koinwnik� bèltisth strathgik  sthn

perÐptwsh pou oi qrìnoi metaxÔ twn diadoqik¸n episkèyewn tou mèsou metafor�c

akoloujoÔn thn ekjetik  katanom .

3.5 H mh parathr simh perÐptwsh

Se aut n thn enìthta melet�me th mh parathr simh perÐptwsh tou sust matìc mac.

Arqik�, upologÐzoume to anamenìmeno kajarì kèrdoc enìc pel�th, an apofasÐsei na

mpei, kai èpeita prosdiorÐzoume tic strathgikèc isorropÐac. Mia strathgik  se aut n

thn perÐptwsh prosdiorÐzetai apì mia pijanìthta eisìdou q. Sthn Prìtash 3.5.1 dÐ-

noume to anamenìmeno kajarì kèrdoc enìc pel�th pou apofasÐzei na mpei sto sÔsthma.

Prìtash 3.5.1. JewroÔme th mh parathr simh perÐptwsh tou sust matoc pou

parist�nei ton stajmì enìc mèsou metafor�c, ìpou oi pel�tec eisèrqontai sto sÔsthma

sÔmfwna me mia strathgik  q. Tìte, to anamenìmeno kajarì kèrdoc Sun(q) enìc

afiknoÔmenou pel�th, o opoÐoc apofasÐzei na mpei, dÐnetai apì tic sqèseic

Sun(q) = R
E[C1{C ≤ Iq}+ Iq1{C > Iq}]

λqE[X]
−KE[X2]

2E[X]
(3.74)

= R

2
4 ∞X
k=1

gk

k−1X
j=0

Z ∞
0

e−λqt
(λqt)j

j!
1− F (t)
E[X]

dt

3
5−KE[X2]

2E[X]
, (3.75)

ìpou oi C, X kai Iq eÐnai anex�rthtec tuqaÐec metablhtèc, h C eÐnai mia diakrit  tuqaÐa

metablht  me sun�rthsh pijanìthtac (gk : k = 1, 2, . . .) (th sun�rthsh pijanìthtac

thc qwrhtikìthtac tou mèsou metafor�c), h X eÐnai mia suneq c tuqaÐa metablht 
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me sun�rthsh puknìthtac pijanìthtac f(x) (th sun�rthsh puknìthtac pijanìthtac

tou qrìnou exuphrèthshc) kai h Iq eÐnai mia diakrit  tuqaÐa metablht  me sun�rthsh

pijanìthtac

Pr[Iq = i] =
Z ∞

0
e−λqx

(λqx)i

i!
dF (x), i ≥ 0. (3.76)

H sun�rthsh Sun(q) eÐnai fjÐnousa wc proc q kai epomènwc oi pel�tec uiojetoÔn

sumperifor� ATP.

Apìdeixh. Upojètoume ìti ìloi oi pel�tec akoloujoÔn th strathgik  q kai jew-

roÔme ènan afiknoÔmeno pel�th pou apofasÐzei na mpei. Tìte, to anamenìmeno kajarì

kèrdoc tou dÐnetai apì th sqèsh

Sun(q) = RP un(q)−KE[Run], (3.77)

ìpou P un(q) eÐnai h pijanìthta o sugkekrimènoc pel�thc na exuphrethjeÐ, dedomènou

ìti oi �lloi pel�tec akoloujoÔn th strathgik  q kai Run eÐnai o qrìnoc paramon c

tou pel�th sto sÔsthma, o opoÐoc sumpÐptei me ton upoleipìmeno qrìno exuphrèthshc

th stigm  thc �fix c tou. Qrhsimopoi¸ntac thn idiìthta PASTA, prokÔptei ìti autìc

eÐnai Ðsoc me ton upoleipìmeno qrìno exuphrèthshc mia tuqaÐa stigm . 'Etsi,

E[Run] =
E[X2]
2E[X]

, (3.78)

ìpou o X parist�nei ton qrìno exuphrèthshc. T¸ra, lìgw thc anagennhtik c fÔshc

thc diadikasÐac, to stoiqei¸dec ananewtikì je¸rhma mporeÐ na efarmosteÐ kai ètsi h

pijanìthta P un(q) isoÔtai me ton lìgo tou anamenìmenou arijmoÔ twn pelat¸n pou

exuphretoÔntai se ènan kÔklo exuphrèthshc proc ton anamenìmeno arijmì pelat¸n

pou fj�noun se ènan kÔklo exuphrèthshc.

O arijmìc pelat¸n pou exuphreteÐtai se ènan kÔklo exuphrèthshc isoÔtai me thn

qwrhtikìthta tou mèsou metafor�c, an o arijmìc twn pelat¸n pou eis ljan ston

stajmì xepern� th qwrhtikìthta tou mèsou C. Alli¸c, isoÔtai me ton arijmì twn

pelat¸n pou eis ljan ston stajmì. SumbolÐzontac me Iq ton arijmì twn pelat¸n

pou apofasÐzoun na eisèljoun se ènan kÔklo exuphrèthshc, èqoume ìti h sun�rthsh

pijanìthtac thc Iq dÐnetai apì thn (3.76), kaj¸c h desmeumènh katanom  thc Iq de-

domènou ìti o qrìnoc exuphrèthshc eÐnai x eÐnai Poisson me rujmì λqx. T¸ra, eÐnai
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safèc ìti o anamenìmenoc arijmìc twn pelat¸n pou exuphretoÔntai se ènan kÔklo

exuphrèthshc isoÔtai me E[C1{C ≤ Iq} + Iq1{C > Iq}]. EpÐshc, o anamenìmenoc

arijmìc twn afiknoÔmenwn pelat¸n pou apofasÐzoun na mpoÔn sto sÔsthma se ènan

kÔklo exuphrèthshc eÐnai E[Iq] = λqE[X]. 'Etsi,

P un(q) =
E[C1{C ≤ Iq}+ I1{C > Iq}]

λqE[X]
. (3.79)

Antikajist¸ntac thn (3.78) kai thn (3.79) sthn (3.77), paÐrnoume thn (3.74). Qrhsi-

mopoi¸ntac thn (3.79) kai desmeÔontac diadoqik� wc proc X, Iq kai C paÐrnoume

P un(q) =
R∞

0

P∞
i=1 e

−λqu (λqu)i

i!

P∞
k=1 gk min(k, i)dF (u)

λqE[X]
. (3.80)

Met� apì pr�xeic, h (3.80) dÐnei thn

P un(q) =
∞X
k=1

gk

k−1X
j=0

Z ∞
0

e−λqt
(λqt)j

j!
1− F (t)
E[X]

dt. (3.81)

Antikajist¸ntac thn (3.78) kai thn (3.81) sthn (3.77) katal goume sthn (3.75).

T¸ra mporoÔme na doÔme ìti

d
�Pk−1

j=0 e
−λqt (λqt)j

j!

�
dq

= −λte−λqt (λqt)
k−1

(k − 1)!
< 0.

Opìte, paragwgÐzontac thn (3.75) wc proc q, èqoume

dSun(q)
dq

= R
∞X
k=1

gk

Z ∞
0

�
−λte−λqt (λqt)

k−1

(k − 1)!

�
1− F (t)
E[X]

dt < 0.

'Etsi, h Sun(q) eÐnai fjÐnousa wc proc q. �

Parat rhsh 3.5.1. H sqèsh (3.81) mporeÐ na apodeiqjeÐ enallaktik� parathr¸-

ntac ìti P un(q) = Pr[N j
q < C], ìpou h N j

q akoloujeÐ th st�simh katanom  tou arijmoÔ

twn pelat¸n sto sÔsthma se stigmèc afÐxewn pelat¸n pou mpaÐnoun sto sÔsthma, de-

domènou ìti oi �lloi pel�tec akoloujoÔn th strathgik  q, kai h C akoloujeÐ thn

katanom  (gk) thc qwrhtikìthtac tou mèsou. Pr�gmati, ènac afiknoÔmenoc pel�thc
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exuphreteÐtai, an kai mìno an h qwrhtikìthta tou epìmenou mèsou metafor�c xepern�

ton arijmì twn pelat¸n pou brÐskei kat� thn �fix  tou. Qrhsimopoi¸ntac thn idiìthta

PASTA, èqoume ìti o qrìnoc pou pèrase apì thn teleutaÐa episkèyh tou metaforikoÔ

mèsou mèqri thn �fixh enìc pel�th pou mpaÐnei sto sÔsthma akoloujeÐ th st�simh

katanom  thc hlikÐac thc ananewtik c diadikasÐac me endi�mesouc qrìnouc katanemh-

mènouc sÔmfwna me thn F (t). 'Etsi, h sun�rthsh puknìthtac pijanìtht�c tou eÐnai

(1−F (t))/E[X], t ≥ 0. T¸ra, desmeÔontac, èqoume ìti h sun�rthsh pijanìthtac thc

N j
q dÐnetai apì thn

Pr[N j
q = i] =

Z ∞
0

e−λqx
(λqx)i

i!
1− F (x)
E[X]

dx, i ≥ 0 (3.82)

kai katal goume eÔkola sthn (3.81).

T¸ra, mporoÔme na prosdiorÐsoume tic strathgikèc isorropÐac sth mh parathr simh

perÐptwsh. 'Eqoume to akìloujo Je¸rhma 3.5.1.

Je¸rhma 3.5.1. JewroÔme th mh parathr simh perÐptwsh tou sust matoc pou

parist�nei ton stajmì enìc mèsou metafor�c. Tìte, up�rqei monadik  strathgik 

isorropÐac. Sugkekrimèna, èqoume tic akìloujec peript¸seic:

PerÐptwsh I: R
K ≤

E[X2]
2E[X] .

Tìte, up�rqei monadik  strathgik  isorropÐac h opoÐa upagoreÔei na apoqwreÐc.

Epiplèon, eÐnai kuriarqoÔsa strathgik .

PerÐptwsh II: E[X2]
2E[X] <

R
K <

E[X2]
2E[X]P∞

k=1
gk
Pk−1

j=0

R∞
0

e−λt
(λt)j

j!
1−F (t)
E[X]

dt
.

Tìte, up�rqei monadik  strathgik  isorropÐac h opoÐa upagoreÔei na mpaÐneic me

pijanìthta qe, ìpou h qe eÐnai h monadik  rÐza thc Sun(q) sto (0, 1).

PerÐptwsh III: R
K ≥

E[X2]
2E[X]P∞

k=1
gk
Pk−1

j=0

R∞
0

e−λt
(λt)j

j!
1−F (t)
E[X]

dt
.

Tìte, up�rqei monadik  strathgik  isorropÐac h opoÐa upagoreÔei na mpaÐneic.

Epiplèon, eÐnai kuriarqoÔsa strathgik .

Apìdeixh. PerÐptwsh I: JewroÔme ènan sugkekrimèno pel�th kat� thn �fix  tou

kai upojètoume ìti ìloi oi �lloi pel�tec akoloujoÔn th strathgik  q. An q = 0,
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to anamenìmeno kajarì kèrdoc tou sugkekrimènou pel�th, an apofasÐsei na eisèljei

eÐnai Sun(0) = R −K E[X2]
2E[X] ≤ 0. Epiplèon, lìgw thc monotonÐac thc Sun(q), èqoume

ìti Sun(q) < 0, q ∈ (0, 1]. 'Etsi, h bèltisth ap�nthsh tou pel�th, se opoiad pote

strathgik  twn �llwn pelat¸n, eÐnai na apoqwr sei. Opìte, h monadik  kuriarqoÔsa

strathgik  eÐnai na apoqwreÐc.

PerÐptwsh II: Se aut n thn perÐptwsh, èqoume ìti Sun(0) > 0, en¸ Sun(1) < 0.
'Etsi, apì to Je¸rhma Bolzano kai th monotonÐa thc Sun(q), èqoume ìti h Sun(q)
èqei monadik  rÐza qe ∈ (0, 1). T¸ra, an oi pel�tec akoloujoÔn th strathgik  q, me

q ∈ [0, qe), to anamenìmeno kajarì kèrdoc enìc sugkekrimènou pel�th eÐnai jetikì,

ètsi h bèltisth ap�nths  tou eÐnai na eisèljei sto sÔsthma. Opìte, kamÐa strathgik 

q ∈ [0, qe) de mporeÐ na eÐnai strathgik  isorropÐac. OmoÐwc gia k�je q ∈ (qe, 1], h
mình bèltisth ap�nthsh eÐnai na apoqwreÐc kai ètsi mia tètoia strathgik  q de mporeÐ

na eÐnai strathgik  isorropÐac. Tèloc, an oi pel�tec akoloujoÔn th strathgik  qe,

to anamenìmeno kajarì kèrdoc tou sugkekrimènou pel�th eÐnai Sun(qe) = 0, opìte
eÐnai adi�foroc wc proc to na apoqwr sei   na eisèljei. Eidikìtera, h strathgik  qe

eÐnai bèltisth ap�nthsh ston eautì thc. Opìte, sumperaÐnoume ìti h qe apoteleÐ th

monadik  strathgik  isorropÐac.

PerÐptwsh III: Upojètoume ìti oi pel�tec akoloujoÔn th strathgik  pou upa-

goreÔei na mpaÐneic, q = 1. Tìte, to anamenìmeno kajarì kèrdoc enìc sugkekrimènou

pel�th, an apofasÐsei na eisèljei, eÐnai

Sun(1) = R

�
∞X
k=1

gk

k−1X
j=0

Z ∞
0

e−λt
(λt)j

j!
1− F (t)
E[X]

dt

�
−KE[X2]

2E[X]
≥ 0.

Epiplèon, h monotonÐa thc Sun(q) dÐnei ìti Sun(q) > 0, q ∈ [0, 1). 'Etsi, an q ∈ [0, 1),
h bèltisth ap�nthsh enìc sugkekrimènou pel�th eÐnai na eisèljei. Opìte, h bèltisth

ap�nthsh tou pel�th, apènanti se opoiad pote strathgik  twn �llwn, eÐnai na eisèl-

jei. Epomènwc, h strathgik  pou upagoreÔei na mpaÐneic eÐnai h monadik  kuriarqoÔsa

strathgik . �

Gia to prìblhma thc koinwnik c beltistopoÐhshc èqoume thn akìloujh Parat rhsh

3.5.2.
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Parat rhsh 3.5.2. Sth mh parathr simh perÐptwsh tou sust matoc pou parist�-

nei ton stajmì enìc mèsou metafor�c, ìpou oi pel�tec eisèrqontai sto sÔsthma sÔmfw-

na me mia strathgik  q, to anamenìmeno koinwnikì kèrdoc an� qronik  mon�da dÐnetai

apì th sqèsh

Sunsoc(q) = λqSun(q) = λq(RP un(q)−KE[Run]), (3.83)

ìpou oi P un(q) kai E[Run] dÐnontai apì thn (3.81) kai thn (3.78) antÐstoiqa. H polu-

plokìthta thc P un(q) wc sun�rthshc tou q den epitrèpei ton analutikì upologismì

thc strathgik c q pou megistopoieÐ to Sunsoc(q). 'Omwc, sthn enìthta 3.6 prosdiorÐ-

zoume thn koinwnik� bèltisth strathgik  sthn perÐptwsh pou oi qrìnoi metaxÔ twn

diadoqik¸n episkèyewn tou mèsou metafor�c akoloujoÔn thn ekjetik  katanom .

3.6 H ekjetik  perÐptwsh

Se aut n thn enìthta, melet�me leptomer¸c thn eidik  perÐptwsh pou h katanom  F (x)
eÐnai ekjetik , dhlad  oi episkèyeic tou mèsou ston stajmì sumbaÐnoun sÔmfwna me

mia diadikasÐa Poisson. Sugkekrimèna, upojètoume ìti F (x) = 1 − e−µx, gia x > 0.
Se aut  thn eidik  perÐptwsh mporoÔme na prosdiorÐsoume tic strathgikèc isorropÐac

kai tic koinwnik� bèltistec strathgikèc kai stic dÔo peript¸seic pou prokÔptoun wc

proc thn plhrofìrhsh (thn parathr simh kai th mh parathr simh).

Arqik�, melet�me thn parathr simh perÐptwsh. Lìgw thc amn monhc idiìthtac thc

ekjetik c katanom c, mporoÔme eÔkola na doÔme ìti oi desmeumènoi upoleipìmenoi

qrìnoi exuphrèthshc Rn,q eÐnai ìloi ekjetik� katanemhmènoi. 'Etsi, F̃n,q(s) = F̃ (s) =
µ
µ+s kai E[Rn,q] = E[X] = 1

µ . Qrhsimopoi¸ntac tic (3.70) kai (3.71), mporoÔme na

doÔme eÔkola ìti h sun�rthsh anamenìmenou kajaroÔ kèrdouc Sobsn (q) paÐrnei th morf 

Sobsn (q) = R
∞X

k=n+1

gk −K
1
µ
. (3.84)

'Etsi, parathtoÔme ìti h Sobsn (q) eÐnai fjÐnousa wc proc n kai den exart�tai apì to q.

SumperaÐnoume ìti up�rqei p�nta mia kuriarqoÔsa strathgik . Sugkekrimèna, èqoume

to akìloujo Je¸rhma 3.6.1.
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Je¸rhma 3.6.1. JewroÔme thn ekjetik  parathr simh perÐptwsh tou sust matoc

pou parist�nei ton stajmì enìc mèsou metafor�c. Tìte, up�rqei kuriarqoÔsa stra-

thgik  pou upagoreÔei na mpeic an deic ligìterouc apì ne pel�tec sto sÔsthma kat�

thn �fix  sou, ìpou h ne dÐnetai apì th sqèsh

ne = min{n ∈ N0 : R
∞X

k=n+1

gk −K
1
µ
< 0}. (3.85)

T¸ra, proqwr�me sth melèth tou probl matoc koinwnik c beltistopoÐhshc. P�li,

lìgw thc amn monhc idiìthtac thc ekjetik c katanom c, antikajist¸ntac thn F̃n,q(s) =
µ
µ+s kai thn E[Rn,q] = 1

µ sthn Prìtash 3.3.4 paÐrnoume

πn,q = (1− ρn)
n−1Y
i=0

ρi, n ≥ 0, (3.86)

ìpou

ρi =
λqi

µ+ λqi
, i ≥ 0. (3.87)

Tìte, mporoÔme eÔkola na doÔme ìti o mèsoc arijmìc pelat¸n sto sÔsthma dÐnetai

apì th sqèsh

E[Nq] =
∞X
n=0

ρ0ρ1 · · · ρn, (3.88)

Antikajist¸ntac thn (3.86) kai thn (3.88) sthn (3.73) prokÔptei h

Sobssoc(q) = µ
∞X
n=0

ρ0ρ1 · · · ρn

2
4R ∞X

k=n+1

gk −K
1
µ

3
5 . (3.89)

Skopìc mac eÐnai na broÔme mia koinwnik� bèltisth strathgik  q h opoÐa megistopoieÐ

to dexÐ mèloc thc (3.89). 'Etsi, gia n ≥ 0, parathroÔme ìti h ρn eÐnai aÔxousa wc

proc qn kai den exart�tai apì tic qi, i 6= n. ParathroÔme akìmh ìti h posìthta

R
P∞
k=n+1 gk − K 1

µ eÐnai fjÐnousa wc proc n, opìte R
P∞
k=n+1 gk − K 1

µ ≥ 0 gia

n < ne − 1, en¸ R
P∞
k=n+1 gk − K 1

µ < 0 gia n ≥ ne. T¸ra, eÐnai safèc ìti h

koinwnik� bèltisth strathgik  q prèpei na dÐnei ton megalÔtero dunatì suntelest 

ρ0ρ1 · · · ρn se k�je n < ne − 1 kai ρ0ρ1 · · · ρn = 0 gia n ≥ ne. Autì epitugq�netai

ìtan qi = 1, gia n < ne−1, kai qi = 0, gia n ≥ ne. 'Etsi, èqoume to epìmeno Je¸rhma

3.6.2.
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Je¸rhma 3.6.2. JewroÔme thn ekjetik  parathr simh perÐptwsh tou sust matoc

pou parist�nei ton stajmì enìc mèsou metafor�c. Tìte, up�rqei mia koinwnik� bèltisth

strathgik  pou upagoreÔei na mpeic an deic ligìterouc apì nsoc pel�tec sto sÔsthma

kat� thn �fix  sou, ìpou h nsoc dÐnetai apì th sqèsh (3.85).

EÐnai endiafèron na tonisteÐ ìti to Je¸rhma 3.6.2 deÐqnei ìti h strathgik  isor-

ropÐac kai h koinwnik� bèltisth strathgik  tautÐzontai ìtan èqoume ekjetikoÔc qrìnouc

exuphrèthshc.

T¸ra, jewroÔme th mh parathr simh perÐptwsh. Met� apì k�poiec algebrikèc

pr�xeic, mporoÔme na doÔme ìti h (3.75) an�getai sth sqèsh

Sun(q) = R

"
1−

∞X
k=1

gk

�
λq

λq + µ

�k#
−K 1

µ
= R[1−G(

λq

λq + µ
)]− K

µ
.

(3.90)

T¸ra, qrhsimopoi¸ntac to Je¸rhma 3.5.1 kai th sqèsh (3.90), katal goume sto

epìmeno Je¸rhma 3.6.3.

Je¸rhma 3.6.3. JewroÔme thn ekjetik  mh parathr simh perÐptwsh tou sust -

matoc pou parist�nei ton stajmì enìc mèsou metafor�c. Tìte, up�rqei monadik  stra-

thgik  isorropÐac. Sugkekrimèna, èqoume tic akìloujec peript¸seic:

PerÐptwsh I: R
K ≤

1
µ .

Tìte, up�rqei monadik  strathgik  isorropÐac h opoÐa upagoreÔei na apoqwreÐc.

Epiplèon, eÐnai kuriarqoÔsa strathgik .

PerÐptwsh II: 1
µ <

R
K < 1

µ[1−G
�

λ
λ+µ

�
]
.

Tìte, up�rqei monadik  strathgik  isorropÐac h opoÐa upagoreÔei na mpaÐneic me

pijanìthta qe, ìpou h qe dÐnetai apì th sqèsh

qe =
µG−1(1− K

Rµ)

λ[1−G−1(1− K
Rµ)]

. (3.91)

PerÐptwsh III: R
K ≥

1

µ[1−G
�

λ
λ+µ

�
]
.

Tìte, up�rqei monadik  strathgik  isorropÐac h opoÐa upagoreÔei na mpaÐneic.

Epiplèon, eÐnai kuriarqoÔsa strathgik .
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T¸ra, jewroÔme to prìblhma koinwnik c beltistopoÐhshc gia th mh parathr simh

perÐptwsh. Qrhsimopoi¸ntac thn (3.83) kai thn (3.90), to anamenìmeno koinwnikì

kèrdoc an� qronik  mon�da, ìtan oi pel�tec akoloujoÔn th strathgik  q, dÐnetai apì

th sqèsh

Sunsoc(q) = λq

"
R

 
1−

∞X
k=1

gk

�
λq

λq + µ

�k!
−K 1

µ

#
= λq

�
R[1−G(

λq

λq + µ
)]− K

µ

�
.

(3.92)

T¸ra mporoÔme na prosdiorÐsoume thn koinwnik� bèltisth strathgik  gia thn ekjetik 

mh parathr simh perÐptwsh. 'Eqoume to akìloujo Je¸rhma 3.6.4.

Je¸rhma 3.6.4. JewroÔme thn ekjetik  mh parathr simh perÐptwsh tou sust -

matoc pou parist�nei ton stajmì enìc mèsou metafor�c. Tìte, up�rqei monadik  koi-

nwnik� bèltisth strathgik . Sugkekrimèna, èqoume tic akìloujec peript¸seic:

PerÐptwsh I: R
K ≤

1
µ .

Tìte, up�rqei monadik  koinwnik� bèltisth strathgik  h opoÐa upagoreÔei na

apoqwreÐc.

PerÐptwsh II: 1
µ <

R
K < 1

µ[1−G( λ
λ+µ

)− λµ

(λ+µ)2
G′( λ

λ+µ
)]

Tìte, up�rqei monadik  koinwnik� bèltisth strathgik  h opoÐa upagoreÔei na

mpaÐneic me pijanìthta qsoc, ìpou h qsoc eÐnai h monadik  rÐza thc exÐswshc

G(
λq

λq + µ
) +

λqµ

(λq + µ)2
G′(

λq

λq + µ
) = 1− K

µR
(3.93)

sto (0, 1).

PerÐptwsh III: R
K ≥

1

µ[1−G( λ
λ+µ

)− λµ

(λ+µ)2
G′( λ

λ+µ
)]
.

Tìte, up�rqei monadik  koinwnik� bèltisth strathgik  h opoÐa upagoreÔei na

mpaÐneic.

Apìdeixh. H pr¸th kai h deÔterh par�gwgoc thc Sunsoc(q) wc proc q eÐnai

dSunsoc(q)
dq

= λ

�
R− K

µ

�
− λR

∞X
k=1

gk

�
1 +

kµ

λq + µ

��
λq

λq + µ

�k
= λ

�
R− K

µ

�
− λR

�
G(

λq

λq + µ
) +

λqµ

(λq + µ)2
G′(

λq

λq + µ
)
�

(3.94)
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kai

d2Sunsoc(q)
dq2

= λR
∞X
k=1

gk
kµλ

(λq + µ)2

�
λq

λq + µ

�k−1 [−(k + 1)µ]
λq + µ

. (3.95)

EÐnai profanèc apì thn (3.95) ìti d
2Sunsoc(q)
dq2

< 0, gia q ∈ [0, 1], dhlad  h dSunsoc(q)
dq eÐnai

gnhsÐwc fjÐnousa wc proc q. Epiplèon,�
dSunsoc(q)
dq

�
q=0

= λ

�
R− K

µ

�
(3.96)

kai �
dSunsoc(q)
dq

�
q=1

= λ

�
R− K

µ

�
− λR

�
G(

λ

λ+ µ
) +

λµ

(λ+ µ)2
G′(

λ

λ+ µ
)
�
. (3.97)

T¸ra, qrhsimopoioÔme autèc tic posìthtec se sunduasmì me th monotonÐa thc dSunsoc(q)
dq

gia na prosdiorÐsoume tic koinwnik� bèltistec strathgikèc stic treic peript¸seic tou

jewr matoc.

PerÐptwsh I: Se aut n thn perÐptwsh èqoume,
h
dSunsoc(q)

dq

i
q=0
≤ 0. 'Etsi, h monotonÐa

thc dSunsoc(q)
dq dÐnei ìti dSunsoc(q)

dq < 0, gia q ∈ (0, 1]. Tìte, h Sunsoc(q) eÐnai gnhsÐwc

fjÐnousa gia q ∈ [0, 1]. 'Etsi, h monadik  koinwnik� bèltisth strathgik  eÐnai na

apoqwreÐc.

PerÐptwsh II: T¸ra, h anisìthta
h
dSunsoc(q)

dq

i
q=1

< 0 <
h
dSunsoc(q)

dq

i
q=0

isqÔei kai apì

thn monotonÐa thc dSunsoc(q)
dq prokÔptei ìti up�rqei monadik  qsoc ∈ (0, 1), tètoia ¸-

ste
h
dSunsoc(q)

dq

i
q=qsoc

= 0. Se aut n thn perÐptwsh, h monadik  koinwnik� bèltisth

strathgik  eÐnai h qsoc h opoÐa eÐnai h monadik  lÔsh thc exÐswshc (3.93) sto (0, 1).
PerÐptwsh III: Se aut n thn perÐptwsh mporoÔme na deÐxoume eÔkola ìtih

dSunsoc(q)
dq

i
q=1
≥ 0. Tìte, h monotonÐa thc dSunsoc(q)

dq dÐnei ìti dSunsoc(q)
dq > 0 gia k�je

q ∈ [0, 1). 'Etsi, h Sunsoc(q) eÐnai gnhsÐwc aÔxousa gia k�je q ∈ [0, 1] kai h monadik 

koinwnik� bèltisth strathgik  upagoreÔei na eisèljeic. �

T¸ra, ja proqwr soume sth sÔgkrish thc strathgik c isorropÐac me thn koi-

nwnik� bèltisth strathgik  sthn ekjetik  mh parathr simh perÐptwsh. Jewr¸ntac tic

di�forec peript¸seic twn Jewrhm�twn 3.6.3 kai 3.6.4, èqoume tic akìloujec tèsseric

peript¸seic:
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PerÐptwsh I: R
K ≤

1
µ .

PerÐptwsh II: 1
µ <

R
K < 1

µ[1−G( λ
λ+µ

)]
.

PerÐptwsh III: 1
µ[1−G( λ

λ+µ
)]
≤ R

K < 1

µ[1−G( λ
λ+µ

)− λµ

(λ+µ)2
G′( λ

λ+µ
)]
.

PerÐptwsh IV: R
K ≥

1

µ[1−G( λ
λ+µ

)− λµ

(λ+µ)2
G′( λ

λ+µ
)]
.

Sthn PerÐptwsh I, èqoume ìti qe = qsoc = 0. Sthn PerÐptwsh II, èqoume ìti h qe eÐnai

h monadik  rÐza thc Sun(q) sto (0, 1) kai h qsoc eÐnai h monadik  rÐza thc dSunsoc(q)
dq sto

(0, 1). All�, apì thn (3.94), èqoume ìti

�
dSunsoc(q)
dq

�
q=qe

= −λR
∞X
k=1

gk
kµ

λqe + µ

�
λqe

λqe + µ

�k
< 0.

Efìson, h dSunsoc(q)
dq eÐnai fjÐnousa wc proc q kai

h
dSunsoc(q)

dq

i
q=qe

< 0, en¸h
dSunsoc(q)

dq

i
q=qsoc

= 0, èqoume ìti qe > qsoc. Sthn PerÐptwsh III, èqoume ìti qe = 1, en¸

qsoc ∈ (0, 1). Sthn PerÐptwsh IV, èqoume ìti qe = qsoc = 1. 'Etsi, sumperaÐnoume ìti

qsoc ≤ qe,

dhlad  ìtan oi pel�tec paÐrnoun thn apìfas  touc me gn¸mona thn atomik  beltistopoÐ-

hsh, eÐnai pio prìjumoi na mpoun sto sÔsthma apì to koinwnik� bèltisto. Autì èrqe-

tai se antÐjesh me thn parathr simh perÐptwsh, ìpou oi strathgikèc isorropÐac kai

oi koinwnik� bèltistec strathgikèc tautÐzontai.

T¸ra, ja d¸soume mia diaisjhtik  aitiolìghsh twn parap�nw apotelesm�twn. Sth

mh parathr simh perÐptwsh, oi strathgikèc twn pelat¸n den ephre�zoun ton mèso

qrìno paramon c enìc sugkekrimènou pel�th, all� ephre�zoun thn pijanìtht� tou

na exuphrethjeÐ. Sugkekrimèna, kaj¸c to q aux�netai, h pijanìthta enìc pel�th

na exuphrethjeÐ mei¸netai. 'Etsi, se aut n thn perÐptwsh oi pel�tec pou apofasÐ-

zoun na eisèljoun prokaloÔn arnhtikèc epidr�seic stouc mellontikoÔc pel�tec. Autì

dikaiologeÐ thn anisìthta qe ≥ qsoc. Oi pel�tec agnooÔn tic arnhtikèc epidr�seic pou

prokaleÐ h apìfas  touc na mpoun stouc �llouc pel�tec kai teÐnoun na qrhsimopoioÔn

uperbolik� to sÔsthma. Antijètwc, sthn parathr simh perÐptwsh, h apìfash enìc
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sugkekrimènou pel�th na eisèljei ephre�zei arnhtik� touc mellontikoÔc pel�tec, al-

l� autèc oi arnhtikèc epidr�seic faÐnetai eÔkola ìti eÐnai mikrìterec apì to jetikì

ìfeloc gia ton sugkekrimèno pel�th, gia k�je n < ne. Pr�gmati, upojètoume ìti h

koinwnik� bèltisth strathgik  upagoreÔei ston sugkekrimèno pel�th na apoqwr sei

gia k�poio n < ne. Tìte to m koc our�c de ja xeper�sei potè to n. All� autì de

mporeÐ na eÐnai bèltisto, diìti an o pel�thc pou brÐskei to sÔsthma sthn kat�stash

n mpei, tìte èqei jetikì anamenìmeno kajarì kèrdoc kai ètsi to koinwnikì ìfeloc

aux�netai. Ed¸, prèpei na shmei¸soume th diafor� metaxÔ autoÔ tou montèlou kai tou

montèlou tou Naor (1969). EkeÐ, oi arnhtikèc epidr�seic mporeÐ na xeper�soun thn

ofèleia tou sugkekrimènou pel�th. Sto montèlo tou Naor h apìfash enìc pel�th

na apoqwr sei sunep�getai oi mellontikoÐ pel�tec na broun thn our� me mikrìtero

m koc kai na èqoun megalÔtero ìfeloc, en¸ ed¸ an ènac sugkekrimènoc pel�thc apo-

qwr sei, oi mellontikoÐ pel�tec (tou Ðdiou kÔklou exuphrèthshc) de ja wfelhjoÔn

apì mia mikrìterh our�. 'Etsi, oi strathgikèc isorropÐac kai oi koinwnik� bèltistec

strathgikèc tautÐzontai.

3.7 Sunj kec pou ep�goun sumperiforèc ATP  

STP

Ta Jewr mata 3.4.1 kai 3.4.2 exasfalÐzoun thn Ôparxh all� ìqi th monadikìthta twn

strathgik¸n isorropÐac twn pelat¸n. Pr�gmati, an�loga me thn katanom  F (x) kai th
sun�rthsh pijanìthtac (gk : k = 1, 2, . . .), mporoÔn na up�rqoun p�nw apì mia stra-

thgikèc isorropÐac. Parak�tw, dÐnoume k�poiec ikanèc sunj kec gia th monadikìthta

twn strathgik¸n isorropÐac. Autèc oi sunj kec ikanopoioÔntai, ìtan h katanom 

F (x) an kei sthn kl�sh twn katanom¸n DMRL (Decreasing Mean Residual Life) pou
emfanÐzontai suqn� sth bibliografÐa, idiaÐtera sto plaÐsio thc jewrÐac axiopistÐac.

Parìmoia apotelèsmata isqÔoun gia tic katanomèc pou an koun sthn ��duðk �� kl�sh

twn IMRL (Increasing Mean Residual Life). 'Omwc, oi teleutaÐec katanomèc den

emfanÐzontai suqn� se pragmatikèc katast�seic. 'Etsi, parousi�zoume sunoptik� mìno

ta antÐstoiqa apotelèsmata sto tèloc thc enìthtac.
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Orismìc 3.7.1. (Katanomèc DMRL-IMRL). Mia mh arnhtik  tuqaÐa metablht 

X lème ìti èqei katanom  DMRL (Decreasing Mean Residual Life) (antÐstoiqa IMRL
(Increasing Mean Residual Life)), an h sun�rthsh E[X − x|X ≥ x] eÐnai fjÐnousa
(antÐstoiqa aÔxousa) wc proc x, gia x ≥ 0. 'Otan h monotonÐa eÐnai gn sia, lème ìti h

X èqei katanom  gnhsÐwc DMRL (antÐstoiqa IMRL).

Oi kl�seic twn katanom¸n DMRL kai IMRL èqoun melethjeÐ ekten¸c sth bibli-

ografÐa, kaj¸c apodÐdoun-montelopoioÔn fusikèc ènnoiec g ranshc (blèpe p.q. Shaked
kai Shanthikumar (2007) ). Sto plaÐsio tou jewroÔmenou mèsou metafor�c, faÐne-

tai pio realistikì na upojèsoume ìti h F (x) akoloujeÐ katanom  DMRL. Pr�gmati,
se aut n thn perÐptwsh, ìso perissìteroc qrìnoc èqei per�sei apì thn teleutaÐa

epÐskeyh tou mèsou, tìso mikrìteroc eÐnai o anamenìmenoc qrìnoc mèqri thn epìmenh

epÐskeyh. AntÐjeta oi katanomèc IMRL montelopoioÔn mia kat�stash asÔmbath me th

diaÐsjhs  mac, sthn opoÐa ìso perissìteroc qrìnoc èqei per�sei apì thn prohgoÔmenh

epÐskeyh tou mèsou, tìso megalÔteroc eÐnai o anamenìmenoc qrìnoc mèqri thn epìmenh

epÐskeyh.

Arqik�, apodeiknÔoume ìti an h X eÐnai DMRL, tìte h sun�rthsh anamenìme-

nou kajaroÔ kèrdouc Sobsn (qn) eÐnai fjÐnousa wc proc qn, to opoÐo sunep�getai th

monadikìthta thc strathgik c isorropÐac. Gia na apodeÐxoume th monotonÐa, ja qreia-

stoÔme ta akìlouja L mmata 3.7.1 kai 3.7.2.

L mma 3.7.1. 'Estw X mh-arnhtik  tuqaÐa metablht  me katanom  DMRL kai Tλ

ekjetik� katanemhmènh tuqaÐa metablht  me rujmì λ, anex�rthth tou X. Tìte, h

desmeumènh katanom  thc X−Tλ, dedomènou ìtiX ≥ Tλ èqei epÐshc katanom  DMRL.

Apìdeixh. Arqik� parathroÔme ìti

E[X − x|x ≥ x] =
R∞
x F̄X(t)dt
F̄X(x)

, (3.98)

ìpou h F̄X(x) = 1 − FX(x) sumbolÐzei thn katanom  epibÐwshc thc X. Tìte, eÐnai

eÔkolo na doÔme ìti h idiìthta DMRL thc X eÐnai isodÔnamh me th sunj khR∞
y F̄Y (t)dt
F̄Y (y)

≥
R∞
y F̄X(t)dt
F̄X(y)

, gia y ≥ 0, Y = X + ω, ω ≥ 0, (3.99)
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  me th sunj khR∞
y F̄Y (t)dtR∞
y F̄X(t)dt

aÔxousa wc proc y, gia y ≥ 0, Y = X + ω, ω ≥ 0.(3.100)

Qrhsimopoi¸ntac tic (3.99) kai (3.100), paÐrnoume akìmh ìti h idiìthta DMRL thc X

sunep�getai ìti

F̄Y (s)
F̄X(s)

≤
R∞
t F̄Y (u)duR∞
t F̄X(u)du

, gia s ≤ t, Y = X + ω, ω ≥ 0. (3.101)

T¸ra ja apodeÐxoume ìti h desmeumènh katanom  thcX−Tλ, dedomènou ìtiX ≥ Tλ,
eÐnai DMRL. Lìgw thc (3.100), arkeÐ na deÐxoume ìti hR∞

y F̄Y−Tλ(t)dtR∞
y F̄X−Tλ(t)dt

eÐnai aÔxousa wc proc y, gia y ≥ 0, Y = X + ω, ω ≥ 0,(3.102)

  isodÔnama ìtiZ ∞
s

F̄X−Tλ(y)dy
Z ∞
t

F̄Y−Tλ(y)dy −
Z ∞
t

F̄X−Tλ(y)dy
Z ∞
s

F̄Y−Tλ(y)dy ≥ 0,

s ≤ t, Y = X + ω, ω ≥ 0, (3.103)

ìpou h F̄Z(x) sumbolÐzei th sun�rthsh epibÐwshc thc antÐstoiqhc tuqaÐac metablht c

Z. T¸ra, to apotèlesma mporeÐ na prokÔyei deÐqnontac ìti h (3.101) dÐnei thn (3.103).

Pr�gmati, parathroÔme ìtiZ ∞
s

F̄X−Tλ(y)dy =
Z ∞
s

F̄X(y)
�
1− e−λ(y−s)� dy

kai mia parìmoia tautìthta isqÔei gia k�je Y = X + ω, ω ≥ 0, opìte, met� apì

pr�xeic, to aristerì mèloc thc (3.103) paÐrnei th morf Z ∞
s

F̄X−Tλ(y)dy
Z ∞
t

F̄Y−Tλ(y)dy −
Z ∞
t

F̄X−Tλ(y)dy
Z ∞
s

F̄Y−Tλ(y)dy =

−
Z t

s

Z ∞
t

�Z ∞
u

F̄X(z)dzF̄Y (y)− F̄X(y)
Z ∞
u

F̄Y (z)dz
�
λe−λ(u−t)

�
1− e−λ(y−s)

�
dudy

−
Z ∞
t

Z ∞
y

�Z ∞
u

F̄X(z)dzF̄Y (y)− F̄X(y)
Z ∞
u

F̄Y (z)dz
�
λe−λ(u−t)

�
1− e−λ(t−s)

�
dudy,

to opoÐo eÐnai mh-arnhtikì, lìgw thc (3.101). �
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L mma 3.7.2. 'Estw X mh-arnhtik  tuqaÐa metablht  me katanom  DMRL kai Tλ

ekjetik� katanemhmènh tuqaÐa metablht  me rujmì λ, anex�rthth thc X. Tìte, h

E[X − Tλ|X ≥ Tλ] eÐnai aÔxousa sun�rthsh tou λ.

Apìdeixh. Efìson h X èqei katanom  DMRL, èqoume ìtiR∞
t F̄X(u)du
F̄X(t)

≥
R∞
s F̄X(u)du
F̄X(s)

, 0 ≤ t ≤ s. (3.104)

EÐnai akìmh eÔkolo na doÔme ìti

E[X − Tλ|X ≥ Tλ] =
Z ∞

0

R∞
0 F̄X(u+ t)λe−λtdtR∞

0 F̄X(t)λe−λtdt
du. (3.105)

ParagwgÐzontac thn (3.105) wc proc λ kai k�nontac pr�xeic paÐrnoume

d

dλ
E[X − Tλ|X ≥ Tλ] =R∞

0

R∞
t [
R∞
t F̄X(u)duF̄X(s)− F̄X(t)

R∞
s F̄X(u)du]e−λ(s+t)λ2(s− t)dsdt�R∞

0 F̄X(t)λe−λtdt
�2 ,

h opoÐa eÐnai mh-arnhtik , lìgw thc (3.104). �

Sthn akìloujh Prìtash 3.7.1, deÐqnoume ìti h idiìthta DMRL thc katanom c F (x)
twn qrìnwn metaxÔ twn diadoqik¸n episkèyewn tou mèsou metafor�c sunep�getai th

monotonÐa thc E[Rn,qn ] wc proc qn.

Prìtash 3.7.1. JewroÔme thn parathr simh perÐptwsh tou sust matoc pou pari-

st�nei ton stajmì enìc mèsou metafor�c. An h katanom  F (x) twn qrìnwn metaxÔ twn
diadoqik¸n episkèyewn tou mèsou metafor�c eÐnai DMRL, tìte h Rn,qn èqei katanom 

DMRL. Epiplèon, h E[Rn,qn ] eÐnai aÔxousa wc proc qn, gia n = 0, 1, . . ..

Apìdeixh. Ja apodeÐxoume, me epagwg  sto n, ìti h Rn,qn èqei katanom  DMRL
kai ìti h E[Rn,qn ] eÐnai aÔxousa wc proc qn.

Gia n = 0, apì thn (3.5) èqoume ìti R0,q
d= (X − Tλq0 |X ≥ Tλq0), ìpou h Tλq0

eÐnai ekjetik� katanemhmènh tuqaÐa metablht  me par�metro λq0. Efìson h X èqei

katanom  DMRL, mporoÔme na efarmìsoume to L mma 3.7.1 gia na p�roume ìti h R0,q
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èqei epÐshc katanom  DMRL. To L mma 3.7.2 deÐqnei ìti h E[R0,q0
] eÐnai aÔxousa wc

proc q0.

T¸ra, ac upojèsoume ìti h Rk,qk èqei katanom  DMRL kai ìti h

E[Rk,qk ] eÐnai aÔxousa wc proc qk. Apì th sqèsh (3.7) èqoume ìti

Rk+1,qk+1

d= (Rk,qk − Tλqk+1
|Rk,qk ≥ Tλqk+1

), ìpou h Tλqk+1
eÐnai ekjetik� katanemh-

mènh me par�metro λqk+1. Ta L mmata 3.7.1 kai 3.7.2 dÐnoun antÐstoiqa ìti h Rk+1,qk+1

èqei katanom  DMRL kai ìti h E[Rk+1,qk+1
] eÐnai aÔxousa wc proc qk+1. �

Qrhsimopoi¸ntac tic (3.70) kai (3.71), h Prìtash 3.7.1 dÐnei to akìloujo Pìrisma

3.7.1.

Pìrisma 3.7.1. JewroÔme thn parathr simh perÐptwsh tou sust matoc pou pari-

st�nei ton stajmì enìc mèsou metafor�c. An h katanom  F (x) twn qrìnwn metaxÔ twn
diadoqik¸n episkèyewn tou mèsou metafor�c eÐnai gnhsÐwc DMRL, tìte h sun�rthsh

anamenìmenou kajaroÔ kèrdouc Sobsn (qn) eÐnai gnhsÐwc fjÐnousa wc proc qn kai sunep¸c
up�rqei monadik  strathgik  isorropÐac.

MporoÔme na proqwr soume thn an�lus  mac parap�nw kai na deÐxoume ìti, k�tw

apì orismènec sunj kec, h monadik  strathgik  isorropÐac pou up�rqei ìtan h F (x)
èqei katanom  gnhsÐwc DMRL , an kei sthn kl�sh twn antÐstrofwn strathgik¸n

katwflÐou.

Orismìc 3.7.2. (AntÐstrofh Strathgik  KatwflÐou). JewroÔme thn parathr -

simh perÐptwsh tou sust matoc pou parist�nei ton stajmì enìc mèsou metafor�c.

Mia strathgik  qn = (q0, q1, q2, . . .) lègetai antÐstrofh strathgik  katwflÐou, an

up�rqei n tètoio ¸ste qi = 0, gia i < n, qn ∈ [0, 1] kai qi = 1, gia i > n.

'Otan h F (x) èqei katanom  DMRL, èqoume to parak�tw Je¸rhma 3.7.1.

Je¸rhma 3.7.1. JewroÔme thn parathr simh perÐptwsh tou sust matoc pou pari-

st�nei ton stajmì enìc mèsou metafor�c. An h katanom  F (x) twn qrìnwn metaxÔ

twn diadoqik¸n episkèyewn tou mèsou metafor�c eÐnai gnhsÐwc DMRL kai to mè-

so metafor�c èqei aperiìristh qwrhtikìthta, tìte h monadik  strathgik  isorropÐac

an kei sthn kl�sh twn antÐstrofwn strathgik¸n katwflÐou.
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Apìdeixh. Efìson h F (x) eÐnai mia katanom  gnhsÐwc DMRL, h Prìtash 3.7.1

dÐnei ìti h Rn,qn eÐnai epÐshc gnhsÐwc DMRL, gia n = 0, 1, . . .. Qrhsimopoi¸ntac to

L mma 3.7.2, èqoume ìti

E[Rn,qn − Tλqn+1 |Rn,qn ≥ Tλqn+1 ] < E[Rn,qn − Tλ′ |Rn,qn ≥ Tλ′ ], λ
′ > λqn+1,

ìpou oi Tλqn+1 kai Tλ′ eÐnai ekjetik� katanemhmènec tuqaÐec metablhtèc me rujmoÔc

λqn+1 kai λ′ antÐstoiqa. PaÐrnontac λ′ → ∞ kai qrhsimopoi¸ntac thn (3.7) èqoume

E[Rn+1,qn+1
] < E[Rn,qn ], gia qn+1 = (qn, qn+1). Tìte, lìgw thc �peirhc qwrhtikìth-

tac tou mèsou metafor�c, isqÔei ìti

Sobsn (qn) = R−KE[Rn,qn ] < R−KE[Rn+1,qn+1
] = Sobsn+1(qn+1). (3.106)

JewroÔme, t¸ra, th strathgik  isorropÐac qe = (qe0, q
e
1, . . .). Gia na apodeÐxoume

ìti eÐnai antÐstrofh strathgik  katwflÐou, arkeÐ na deÐxoume ìti an qen ∈ (0, 1] gia
k�poio n, tìte qen+1 = 1. Pr�gmati, an qen ∈ (0, 1] èqoume ìti Sobsn (qen) ≥ 0. Tìte h

(3.106) dÐnei ìti Sobsn+1(qn+1) > 0, gia k�je qn+1 = (qen, qn+1), qn+1 ∈ [0, 1] kai katal -
goume sth sqèsh qen+1 = 1. 'Etsi, h qe eÐnai mia antÐstrofh strathgik  katwflÐou. �

H diaisjhtik  ermhneÐa tou Jewr matoc 3.7.1 eÐnai h ex c: Sthn perÐptwsh pou

h F (x) eÐnai mia katanom  DMRL, ìso megal¸nei o arijmìc twn parìntwn pelat¸n

pou parathreÐ ènac afiknoÔmenoc pel�thc, èqoume duo antÐjeta apotelèsmata. Apì

th mia meri� gÐnetai ligìtero pijanì o pel�thc na exuphrethjeÐ apì to epìmeno mèso

metafor�c. Apì thn �llh, dÐnetai èna s ma ìti èqei per�sei k�poioc qrìnoc apì thn

teleutaÐa epÐskeyh tou mèsou, opìte, lìgw thc idiìthtac DMRL thc F (x), o pel�thc

perimènei mikrìtero upoleipìmeno qrìno exuphrèthshc. 'Etsi, to kajarì apotèlesma

ston sugkekrimèno pel�th eÐnai amfÐbolo. 'Omwc, me thn epiplèon upìjesh ìti to mèso

èqei aperiìristh qwrhtikìthta, o pel�thc protim� na dei kat� thn �fix  tou megalÔtero

arijmì pelat¸n, kaj¸c autì shmaÐnei gia autìn ligìtero kìstoc anamon c. Opìte,

ìso megalÔteroc eÐnai o arijmìc twn pelat¸n kat� thn �fixh enìc pel�th, tìso pio

prìjumoc eÐnai autìc na eisèljei sto sÔsthma kai ètsi h strathgik  isorropÐac an kei

sthn kl�sh twn antÐstrofwn strathgik¸n katwflÐou.

'Oson afor� thn ATP/STP sumperifor� twn pelat¸n, èqoume dei sthn Prìtash

3.7.1 ìti ìtan h F (x) eÐnai DMRL tìte h E[Rn,qn ] eÐnai aÔxousa wc proc qn. 'E-
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tsi, an q1
n < q2

n, prokÔptei ìti S
obs
n (qn−1, q

1
n) ≥ Sobsn (qn−1, q

2
n), to opoÐo shmaÐnei

ìti h bèltisth ap�nthsh enìc sugkekrimènou pel�th pou brÐskei n pel�tec kat� thn

�fix  tou, dedomènou ìti oi �lloi pel�tec akoloujoÔn th strathgik  (qn−1, q
1
n) eÐ-

nai megalÔterh   Ðsh apì th bèltisth ap�nths  tou, dedomènou ìti oi �lloi pel�tec

akoloujoÔn thn (qn−1, q
2
n). Upì mia ènnoia, èqoume ATP sumperifor� gia k�je

parathroÔmenh kat�stash n.

'Otan h katanom  twn endi�meswn qrìnwn episkèyewn tou mèsou F (x) eÐnai IMRL,
mporoÔn na exaqjoÔn parìmoia sumper�smata. Sugkekrimèna, isqÔoun an�loga sumpe-

r�smata me aut� twn Lhmm�twn 3.7.1 kai 3.7.2. 'Etsi, h Rn,qn eÐnai IMRL kai h

E[Rn,qn ] eÐnai fjÐnousa wc proc qn, gia n = 0, 1, . . .. Epiplèon, an h F (x) eÐnai gnhsÐ-
wc IMRL, tìte h sun�rthsh anamenìmenou kajaroÔ kèrdouc Sobsn (qn) eÐnai gnhsÐwc

aÔxousa wc proc qn kai ètsi up�rqei to polÔ mia gn sia pijanìthta isorropÐac eisìdou

gia k�je n (dhlad  pou an kei sto (0, 1)). Tèloc, mporoÔme na sumper�noume ìti se

aut n thn perÐptwsh oi strathgikèc isorropÐac an koun sth kl�sh twn strathgik¸n

katwflÐou. Me lÐga lìgia, mporoÔme na poÔme ìti ìtan h F (x) eÐnai katanom  IMRL,
isqÔoun parìmoia apotelèsmata me thn DMRL perÐptwsh, oi anisìthtec eÐnai ante-

strammènec kai èqoume èna eÐdoc STP sumperifor�c twn pelat¸n. ParathroÔme,

ìmwc, ìti up�rqei mia diafor�: Se antÐjesh me to Je¸rhma 3.7.1, ed¸ den up�rqei

an�gkh na upojèsoume ìti to mèso èqei �peirh qwrhtikìthta.

3.8 Arijmhtik� peir�mata

Se aut n thn enìthta, parousi�zoume ta apotelèsmata k�poiwn arijmhtik¸n peiram�twn

pou deÐqnoun p¸c efarmìzontai ta jewrhtik� apotelèsmata kai fwtÐzoun k�poiec ptu-

qèc tou probl matoc pou eÐnai shmantikèc gia ton diaqeirist  tou sust matoc. QwrÐ-

zoume thn parousÐash twn apotelesm�twn se treic paragr�fouc. Sthn pr¸th par�-

grafo asqoloÔmaste me ton arijmì kai th morf  twn strathgik¸n isorropÐac kai stic

�llec dÔo me ton trìpo pou ephre�zoun h katanom  twn endi�meswn qrìnwn episkèyewn

kai h qwrhtikìthta th strathgik  sumperifor� twn pelat¸n.
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3.8.1 Morf  kai arijmìc strathgik¸n isorropÐac

'Otan oi ikanèc sunj kec gia thn Ôparxh antÐstrofwn strathgik¸n katwflÐou den

ikanopoioÔntai, oi strathgikèc isorropÐac mporeÐ na emfanÐzoun meg�lh poikilomorfÐa.

Gia par�deigma, autì sumbaÐnei ìtan h katanom  twn endi�meswn qrìnwn episkèyewn

tou metaforikoÔ mèsou F (x) den eÐnai monokìrufh. Parak�tw, parousi�zoume k�poia
paradeÐgmata aut c thc perÐptwshc, ìpou o endi�mesoc qrìnoc episkèyewn X paÐrnei

mia ek dÔo dunat¸n tim¸n. Se autèc tic peript¸seic, h plhroforÐa gia ton arijmì

twn pelat¸n dÐnei èna isqurì s ma ston afiknoÔmeno pel�th gia to an h di�rkeia tou

endi�mesou qrìnou episkèyewn eÐnai Ðsh me th mikrìterh   th megalÔterh dunat  tim 

thc X.

Sto pr¸to peÐrama, blèpoume ìti mia strathgik  isorropÐac mporeÐ na èqei gn -

siec pijanìthtec (austhr� metaxÔ tou 0 kai 1) se pollèc katast�seic. JewroÔme

èna arijmhtikì sen�rio me rujmì �fixhc λ = 0.1, diakrit  sun�rthsh katanom c F (x)
gia touc qrìnouc metaxÔ twn diadoqik¸n episkèyewn tou mèsou me pijanèc timèc 1

kai 50 kai antÐstoiqec pijanìthtec 0.9 kai 0.1, R = 35, K = 1 kai diakrit  omoiì-

morfh katanom  sto {1, 2, . . . , 5} gia tic diadoqikèc qwrhtikìthtec tou mèsou (dhlad 

gj = 0.2, j = 1, 2, . . . , 5). Tìte, efarmìzontac ton algìrijmo twn Jewrhm�twn

3.4.1 kai 3.4.2, blèpoume ìti mia strathgik  isorropÐac se aut  thn perÐptwsh eÐnai h

(1, 0.6260, 0.5967, 0.0566, 0, 0, . . .).
Sto deÔtero peÐrama, blèpoume ìti den eÐnai aparaÐthto oi pijanìthtec thc stra-

thgik c isorropÐac na sqhmatÐzoun fjÐnousa akoloujÐa. Gia par�deigma, se èna ari-

jmhtikì sen�rio me λ = 0.1, diakrit  sun�rthsh katanom c F (x) me pijanèc timèc

1 kai 52 kai antÐstoiqec pijanìthtec 0.995 kai 0.005, R = 24, K = 1 kai aperiì-

risth qwrhtikìthta tou mèsou kat� tic episkèyeic tou, paÐrnoume mia strathgik  isor-

ropÐac (1, 1, 0.6865, 1, 0.9824, 1, 1, . . .). Mia tètoia kat�stash mporeÐ na ermhneuteÐ

diaisjhtik� wc ex c: 'Otan ènac pel�thc parathreÐ ��lÐgouc �� pel�tec sto sÔsth-

ma, èqei mia isqur  èndeixh ìti o endi�mesoc qrìnoc episkèyewn èqei arqÐsei sqetik�

prìsfata. Tìte, eÐnai pio pijanì, na èqei p�rei th mikrìterh tim  1 (thc opoÐac h ek

twn protèrwn pijanìthta eÐnai 0.995) kai ètsi o pel�thc eÐnai prìjumoc na eisèljei.

Apì thn �llh, ìtan ènac pel�thc parathreÐ ��polloÔc �� pel�tec sto sÔsthma, teÐnei

na pistèyei ìti o endi�mesoc qrìnoc èqei p�rei th megalÔterh tim  52 kai eÐnai eÔ-
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logo, epÐshc, na upojèsei ìti o anamenìmenoc upoleipìmenoc qrìnoc mèqri thn �fixh

tou epìmenou metaforikoÔ mèsou eÐnai mikrìc. Opìte, eÐnai p�li prìjumoc na eisèl-

jei. 'Omwc, gia endi�mesec timèc tou arijmoÔ twn parìntwn pelat¸n sto sÔsthma, h

kat�stash eÐnai sugkequmènh gia ton afiknoÔmeno pel�th: Apì th mia meri�, èqei èna

adÔnamo s ma ìti o endi�mesoc qrìnoc episkèyewn èqei p�rei th megalÔterh tim , kai,

apì thn �llh meri�, up�rqei mia shmantik  pijanìthta o upoleipìmenoc qrìnoc mèqri

thn epÐskeyh tou epìmenou mèsou na eÐnai meg�loc. Autìc eÐnai o lìgoc pou k�poiec

endi�mesec pijanìthtec eÐnai mikrìterec tou 1.

Sto trÐto peÐrama, blèpoume ìti eÐnai dunatì na up�rqoun pollèc strathgikèc isor-

ropÐac. Pr�gmati, jewr¸ntac, èna arijmhtikì sen�rio me λ = 0.2, diakrit  sun�rthsh

katanom c F (x) me pijanèc timèc 5 kai 30 kai antÐstoiqec pijanìthtec 0.9 kai 0.1,

R = 7, K = 1 kai aperiìristh qwrhtikìthta tou mèsou kat� tic episkèyeic tou,

paÐrnoume treic strathgikèc isorropÐac: (0, 0, . . .), (0.3076, 0, 0, . . .) kai (1, 0, 0, . . .).
Pr�gmati, an kanènac pel�thc den eisèrqetai sto sÔsthma, tìte h parousÐa 0 pelat¸n

de dÐnei plhroforÐa se ènan afiknoÔmeno pel�th gia ton endi�meso qrìno episkèyewn

X. An eisèljei ja p�rei kat� mèso ìro R − KE[R(X)] < 0 qrhmatikèc mon�dec,

opìte protim� na apoqwr sei. Autì dÐnei th strathgik  isorropÐac (0, 0, . . .). Apì

thn �llh meri�, an ìloi oi pel�tec eisèrqontai ìtan to sÔsthma eÐnai �deio, tìte h

parousÐa 0 pelat¸n dÐnei èna isqurì s ma ston afiknoÔmeno pel�th ìti to mèso è-

qei episkefjeÐ ton stajmì prìsfata. 'Etsi, kaj¸c h ek twn protèrwn pijanìthta o

endi�mesoc qrìnoc episkèyewn na èqei p�rei th mikrìterh tim  5 eÐnai 0.9, teÐnei na

pistèyei ìti aut  eÐnai h pragmatik  tim  kai eÐnai prìjumoc na mpei. Autì dÐnei th

strathgik  isorropÐac (1, 0, 0, . . .). 'Omwc, an mìno èna posostì twn pelat¸n mpaÐnei

ìtan to sÔsthma eÐnai �deio, tìte èqoume mia mikt  kat�stash pou dÐnei th strathgik 

isorropÐac (0.3076, 0, 0, . . .).

3.8.2 H epÐdrash thc mèshc tim c kai thc diaspor�c twn

endi�meswn qrìnwn episkèyewn sth sumperifor� twn

pelat¸n kai ston rujmì apìdoshc tou sust matoc

Se aut n th deÔterh seir� peiram�twn, ereunoÔme thn epÐdrash thc mèshc tim c kai

thc diaspor�c twn endi�meswn qrìnwn episkèyewn sth sumperifor� twn pelat¸n.
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'Oson afor� thn epÐdrash thc mèshc tim c, h ap�nthsh eÐnai diaisjhtik� saf c: 'Oso

mikrìterh eÐnai h mèsh tim  twn endi�meswn qrìnwn episkèyewn, tìso pio prìjumoi

eÐnai oi pel�tec na eisèljoun. Pr�gmati, autì to gegonìc èqei epalhjeuteÐ apì èna

meg�lo arijmì arijmhtik¸n peiram�twn kai faÐnetai ìti isqÔei p�nta, anex�rthta apì

th morf  thc upokeÐmenhc katanom c.

Sqetik� me thn epÐdrash thc diaspor�c, èqoume p�li mia xek�jarh kat�stash:

H meÐwsh thc diaspor�c twn endi�meswn qrìnwn episkèyewn tou mèsou k�nei touc

pel�tec pio prìjumouc na eisèljoun sto sÔsthma. Gia na fwtÐsoume autì to shmeÐo,

parousi�zoume èna arijmhtikì sen�rio ston PÐnaka 3.1, gia èna montèlo me λ = 2,
Erlang sun�rthsh katanom c F (x) me n f�seic kai rujmì 0.5n, R = 1.6, K = 1 kai

aperiìristh qwrhtikìthta tou mèsou kat� tic episkèyeic tou ston stajmì. PaÐrnoume

di�forec timèc gia to n apì 1 mèqri 6, ètsi ¸ste h mèsh tim  twn endi�meswn qrìnwn

episkèyewn na diathreÐtai stajer  sto 2, all� h diaspor�, h opoÐa isoÔtai me 4/n, na
mei¸netai apì to 4 wc to 4

6 . H meÐwsh thc diaspor�c faÐnetai na èqei polÔ shmantik 

epÐdrash sth sumperifor� twn pelat¸n. Pr�gmati, sthn perÐptwsh thc ekjetik c

katanom c (n = 1), kanènac pel�thc den eisèrqetai sto sÔsthma, en¸ gia Erlang
katanom  me 6 f�seic kai Ðdia mèsh tim , ìloi oi pel�tec eisèrqontai. Oi parathr seic

tou PÐnaka 3.1 epibebai¸noun thn shmantik  epÐdrash thc diaspor�c se sust mata

exuphrèthshc me strathgikoÔc pel�tec. EÐnai gnwstì ìti h diaspor� èqei mia dusmen 

epÐdrash sta mètra apìdoshc twn perissìterwn susthm�twn exuphrèthshc qwrÐc

strathgikoÔc pel�tec. Ta arijmhtik� mac apotelèsmata deÐqnoun ìti aut  h arnhtik 

epÐdrash epiteÐnetai ìtan èqoume apof�seic strathgik¸n pelat¸n. Apì th skopi� tou

sqediast  tou sust matoc, autì shmaÐnei ìti ènac stìqoc prèpei na eÐnai h meÐwsh thc

diaspor�c twn endi�meswn qrìnwn episkèyewn.

3.8.3 H epÐdrash thc mèshc tim c kai thc diaspor�c thc

qwrhtikìthtac tou metaforikoÔ mèsou sth sumperifor�

twn pelat¸n kai ston rujmì apìdoshc tou sust matoc

Sthn trÐth seir� arijmhtik¸n peiram�twn, melet�me thn epÐdrash thc qwrhtikìthtac

tou mèsou metafor�c sth sumperifor� twn pelat¸n. EÐnai diaisjhtik� profanèc kai

epalhjeÔetai arijmhtik� ìti ìso pio meg�lh eÐnai h mèsh tim  thc qwrhtikìthtac, tìso
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PÐnakac 3.1: H epÐdrash thc diaspor�c thc katanom c twn endi�meswn qrìnwn

episkèyewn stic strathgikèc isorropÐac kai ston rujmì apìdoshc.

Katanom  Diaspor� Strathgik  isorropÐac Rujmìc apìdoshc

Erlang(1,0.5) 4.0000 (0, 0, 0, . . .) 0.0000

Erlang(2,1.0) 2.0000 (0.2500, 1, 1, 1, . . .) 1.1666

Erlang(3,1.5) 1.3333 (0.6726, 1, 1, 1, . . .) 1.7923

Erlang(4,2.0) 1.0000 (0.8562, 1, 1, 1, . . .) 1.9231

Erlang(5,2.5) 0.8000 (0.9517, 1, 1, 1, . . .) 1.9761

Erlang(6,3.0) 0.6667 (1, 1, 1, . . .) 2.0000

pio prìjumoi eÐnai oi pel�tec na eisèljoun. 'Etsi, epikentrwnìmaste sthn epÐdrash thc

diaspor�c thc qwrhtikìthtac, pou faÐnetai ligìtero xek�jarh. Ston PÐnaka 3.2, dÐ-

noume ta arijmhtik� apotelèsmata gia èna montèlo me λ = 2, uperekjetik  sun�rthsh

katanom c F (x) h opoÐa eÐnai mÐxh dÔo ekjetik¸n katanom¸n me rujmoÔc 1 kai 2 kai an-
tÐstoiqec pijanìthtec 0.2 kai 0.8, R = 2 kai K = 1. JewroÔme di�forec sunart seic
pijanìthtac (gk : k = 1, 2, . . .) gia th qwrhtikìthta tou mèsou, ìlec me thn Ðdia mèsh

tim  ḡ = 3 kai paÐrnoume tic antÐstoiqec strathgikèc isorropÐac kai touc rujmoÔc apì-

doshc. H meÐwsh thc diaspor�c faÐnetai na èqei p�li jetikì antÐktupo sto sÔsthma,

dhlad  na aux�nei ton rujmì twn pelat¸n pou exuphretoÔntai. ParathroÔme, ìmwc,

ìti an melet soume mìno tic strathgikèc isorropÐac Ðswc na katal xoume se para-

planhtik� sumper�smata. Gia par�deigma, mia mati� stic grammèc 1-5 tou PÐnaka 3.2

deÐqnei ìti kaj¸c h diaspor� aux�netai, oi pel�tec eÐnai pio prìjumoi na eisèljoun

ìtan blèpoun perissìterouc pel�tec sto sÔsthma. 'Omwc, o rujmìc twn exuphrethjè-

ntwn pelat¸n mei¸netai. Autì sumbaÐnei diìti h meÐwsh thc diaspor�c ep�gei st�simec

katanomèc gia ton arijmì twn pelat¸n sto sÔsthma pou dÐnoun perissìterh m�za

pijanìthtac stic katast�seic me mikrìtero arijmì pelat¸n.

Gia na d¸soume mia diaisjhtik  ermhneÐa, jewroÔme ènan afiknoÔmeno pel�th o

opoÐoc blèpei lÐgouc pel�tec sto sÔsthma. AÔxhsh thc diaspor�c thc qwrhtikìth-

tac shmaÐnei ìti up�rqei pijanìthta na exuphrethjeÐ, gegonìc pou tou dÐnei kÐnhtro

na eisèljei. 'Omwc, tautìqrona h pijanìthta na eÐnai h qwrhtikìthta mikr  epÐshc

aux�netai. Autì prokaleÐ mia anepijÔmhth kat�stash me perissìterouc pel�tec na

mpaÐnoun sto sÔsthma kai megalÔtero posostì aut¸n na mhn exuphreteÐtai telik�.
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PÐnakac 3.2: H epÐdrash thc diaspor�c thc qwrhtikìthtac tou metaforikoÔ mèsou stic

strathgikèc isorropÐac kai ston rujmì apìdoshc.

Sun�rthsh pijanìthtac Diaspor� Strathgikèc isorropÐac Rujmìc apìdoshc

(0, 0, 1, 0, 0, 0, . . .) 0.0 (1, 1, 1, 0, 0, 0, . . .) 1.3704

(0, 0.1, 0.8, 0.1, 0, 0, 0, . . .) 0.2 (1, 1, 1, 0, 0, 0, . . .) 1.3488

(0.2, 0.2, 0.2, 0.2, 0.2, 0, 0, 0, . . .) 2.0 (1, 1, 1, 1, 0, 0, 0, . . .) 1.1360

(0.3, 0.1, 0.2, 0.1, 0.3, 0, 0, 0, . . .) 2.6 (1, 1, 1, 1, 0, 0, 0, . . .) 1.0620

(0.5, 0, 0, 0, 0.5, 0, 0, 0, . . .) 4.0 (1, 1, 1, 1, 1, 0, 0, 0, . . .) 0.8925

(0.8, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0.2, 0, 0, 0, . . .) 16.0 (1, 0, 0, 0, . . .) 0.1778

Kai ed¸, faÐnetai na up�rqei an�gkh gia paroq  exuphrèthshc me mikrèc apoklÐseic

sthn poiìthta, pou na prosarmìzetai stic an�gkec thc z thshc, ìtan oi pel�tec eÐnai

strathgikoÐ.

3.9 Anaskìphsh - Anoikt� probl mata

Se autì to kef�laio, jewr same to prìblhma thc melèthc thc strathgik c sumperi-

for�c pelat¸n se èna stajmì enìc mèsou metafor�c, ìpou to mèso episkèptetai ton

stajmì sÔmfwna me mia ananewtik  diadikasÐa. Melet same dÔo peript¸seic wc proc

thn pareqìmenh plhrofìrhsh stouc afiknoÔmenouc pel�tec kai prosdiorÐsame tic

antÐstoiqec strathgikèc isorropÐac. H melèth thc strathgik c sumperifor�c twn

pelat¸n se parathr sima sust mata exuphrèthshc eÐnai mia sqetik� prìsfath prosp�-

jeia. Pr�gmati, h ergasÐa tou Kerner (2011) pou prosdiorÐzei tic strathgikèc isor-

ropÐac se mia parathr simh M/G/1 our� faÐnetai na eÐnai h pr¸th proc aut n thn

kateÔjunsh. 'Etsi, o arqikìc stìqoc mac  tan na deÐxoume ìti mia tètoia melèth eÐnai

efikt  sto plaÐsio enìc stajmoÔ enìc mèsou metafor�c pou episkèptetai ton stajmì

sÔmfwna me mia ananewtik  diadikasÐa.

'Ena basikì b ma gia th melèth thc strathgik c sumperifor�c twn pelat¸n se èna

mh-Markobianì parathr simo sÔsthma exuphrèthshc eÐnai o upologismìc twn ana-

menìmenwn desmeumènwn upoleipìmenwn qrìnwn exuphrèthshc se stigmèc �fixhc, de-

domènou tou arijmoÔ twn pelat¸n pou up�rqoun sto sÔsthma. 'Etsi, ènac deÔteroc

stìqoc thc ergasÐac  tan na d¸soume mia nèa pijanojewrhtik  prosèggish gia autìn
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ton upologismì. Aut  h prosèggish mporeÐ na efarmosteÐ kai se �llec peript¸seic

kai sumplhr¸nei kai xekajarÐzei diaisjhtik� thn analutik  prosèggish tou Kerner
(2008).

O trÐtoc skopìc thc ergasÐac mac  tan na melet soume jèmata Ôparxhc/monadikì-

thtac twn strathgik¸n isorropÐac. Sth mh parathr simh perÐptwsh, h kat�stash

 tan saf c kai h Ôparxh kai h monadikìthta thc strathgik c isorropÐac apodeÐqjhke

eÔkola. Apì thn �llh meri�, sthn parathr simh perÐptwsh, up�rqei p�nta strathgik 

isorropÐac, all� mporeÐ na up�rqoun kai perissìterec apì mÐa. 'Omwc, k�tw apì

fusikèc upojèseic gia thn katanom  twn endi�meswn qrìnwn episkèyewn tou mèsou

metafor�c deÐxame ìti èpetai kai h monadikìthta thc strathgik c isorropÐac. Epiplèon,

autèc oi sunj kec ep�goun strathgikèc isorropÐac tÔpou antÐstrofou katwflÐou kai

sqetÐzontai me sumperifor� ATP.

Ja  tan endiafèron na melethjoÔn kai �lla epÐpeda plhrofìrhshc. Gia par�deigma,

upojètontac ìti ènac fwteinìc pÐnakac ston stajmì plhroforeÐ touc pel�tec gia ton

qrìno thc epìmenhc epÐskeyhc tou mèsou, prokÔptoun dÔo akìmh epÐpeda plhrofìrh-

shc. H analutik  kai arijmhtik  sÔgkrish twn strathgik¸n isorropÐac kai twn koi-

nwnik� bèltistwn strathgik¸n k�tw apì di�fora epÐpeda plhrofìrhshc dÐnei kalÔterh

katanìhsh thc axÐac thc plhroforÐac kai tou legìmenou ��tim matoc thc anarqÐac ��

(price of anarchy) se aut n thn kl�sh twn susthm�twn.

Tèloc, ja  tan epÐshc endiafèron na prosdiorÐsoume tic strathgikèc isorropÐac kai

tic koinwnik� bèltistec strathgikèc sto Ðdio plaÐsio, upojètontac ìti oi pel�tec pou

apofasÐzoun na mpoun sto sÔsthma mporeÐ na parameÐnoun se autì met� thn epÐskeyh

tou mèsou metafor�c (an den exuphrethjoÔn apì autì). K�tw apì aut  thn upìjesh,

to montèlo den eÐnai plèon sÔsthma olik¸n exuphret sewn kai o upologism¸n twn

zhtoÔmenwn strathgik¸n faÐnetai na eÐnai arket� pio polÔplokoc.
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Kef�laio 4

SÔsthma exuphrèthshc

reustoÔ me enallassìmenh

diadikasÐa exuphrèthshc

4.1 Eisagwg 

Se k�poia sust mata exuphrèthshc, p.q. se grammèc paragwg c, oi diadikasÐec pou

sqetÐzontai me touc pel�tec (afÐxeic kai exuphret seic) gÐnontai me polÔ pio gr go-

rouc rujmoÔc apì tic diadikasÐec pou sqetÐzontai me ton uphrèth/mhqan  (diakopèc,

epijewr seic, episkeuèc k.a.). Tètoia sust mata parist�nontai qrhsimopoi¸ntac sust -

mata exuphrèthshc reustoÔ (fluid queues, fluid flow models). 'Ena sÔsthma exu-

phrèthshc reustoÔ eÐnai èna sÔsthma eisìdou-exìdou, ìpou oi pel�tec montelopoioÔ-

ntai san èna suneqèc reustì pou eisèrqetai kai exèrqetai apì ton q¸ro apoj keushc

(buffer) me rujmoÔc pou exart¸ntai apì k�poia stoqastik  diadikasÐa pou sqetÐzetai

me thn kat�stash thc mhqan c (se leitourgÐa, kleist , upì episkeu , sunt rhsh k.a.).

Ta sust mata exuphrèthshc reustoÔ èqoun qrhsimopoihjeÐ ekten¸c san prosèggish

twn klassik¸n susthm�twn exuphrèthshc me diakritèc mon�dec, se efarmogèc ìpwc

dÐktua dedomènwn meg�lhc taqÔthtac, dÐktua metafor¸n k.a.. Pr�gmati, to koinì

qarakthristikì aut¸n twn efarmog¸n eÐnai ìti oi pel�tec - mon�dec fj�noun kai e-

113
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xuphretoÔntai polÔ gr gora se sqèsh me tic metabolèc pou sumbaÐnoun sthn kat�-

stash tou uphrèth.

Up�rqei ektetamènh bibliografÐa pou afier¸netai sth melèth twn susthm�twn e-

xuphrèthshc reustoÔ. K�poiec arqikèc upologistikèc proseggÐseic kai apotelèsmata

up�rqoun stic ergasÐec twn Kosten (1974a,b) kai Kosten kai Vrieze (1975). Oi An-
ick, Mitra kai Sondhi (1982) eis gagan èna montèlo-orìshmo, to opoÐo eÐnai gnwstì

wc montèlo AMS. Autì eÐnai èna sÔsthma exuphrèthshc reustoÔ pou parist�nei ènan

q¸ro apoj keushc pou lamb�nei dedomèna apì k�poiec anex�rthtec phgèc, kajemÐa

apì tic opoÐec enall�ssetai se katast�seic leitourgÐac kai argÐac sÔmfwna me mia

Markobian  alusÐda suneqoÔc qrìnou. H upìjesh ìti to exwterikì perib�llon eÐ-

nai mia Markobian  alusÐda suneqouc qrìnou tropopoi jhke se k�poiec ergasÐec

pou akoloÔjhsan. Gia par�deigma o Asmussen (1995) kai oi Karandikar kai Kulka-
rni (1995) melèthsan sust mata exuphrèthshc reustoÔ ìpou to perib�llon eÐnai mia

Markobian  alusÐda suneqoÔc qrìnou pou upìkeitai se leukì jìrubo, en¸ oi Kulka-
rni kai Rolski (1994) je¸rhsan mia perÐptwsh ìpou to perib�llon montelopoieÐtai

apì mia diadikasÐa Ornstein-Uhlenbeck. Eisagwgèc sthn perioq  kai bibliografikèc

anaskop seic èqoun dwjeÐ apì touc Kulkarni (1997) kai Schwartz (1996).

Ta sust mata exuphrèthshc reustoÔ eÐnai kat� k�poio trìpo to hmi-nteterministikì

antÐstoiqo twn susthm�twn exuphrèthshc me diakopèc kai twn susthm�twn exuphrèth-

shc se tuqaÐo perib�llon. Pr�gmati, mporoÔme na doÔme tic enallagèc metaxÔ twn

katast�sewn leitourgÐac kai argÐac twn anexart twn phg¸n pou èqoume sta sust -

mata exuphrèthshc reust¸n san diakopèc/apotuqÐec tou uphrèth, tou jurwroÔ   tou

diaqeirist  tou sust matoc. Ta sust mata exuphrèthshc me diakopèc èqoun melethjeÐ

ektetamèna (blèpe p.q. tic monografÐec twn Takagi (1991) kai Tian kai Zhang
(2006) ).

H melèth thc strathgik c sumperifor�c twn pelat¸n se sust mata exuphrèthshc

me diakopèc eÐnai mia sqetik� nèa prosp�jeia. To pr¸to sÔsthma exuphrèthshc me dia-

kopèc pou melet jhke apì thn prooptik  thc strathgik c sumperifor�c twn pelat¸n

faÐnetai na eÐnai h M/M/1 our� me qrìnouc ekkÐnhshc pou melet jhke apì touc Bur-
netas kai Economou (2007). 'Epeita, oi Economou kai Kanta (2008) kai oi Jagan-
nathan, Menache, Modiano kai Zussman (2011) melèthsan th strathgik  sumperi-

for� pelat¸n stic parathr simec kai tic mh parathr simec peript¸seic thc M/M/1
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our�c me anaxiìpisto uphrèth. Pio prìsfata, oi Guo kai Hassin (2011, 2012) melèth-

san th strathgik  sumperifor� twn pelat¸n se mia M/M/1 our� me diakopèc kai

N -politik  energopoÐhshc tou uphrèth. H melèth thc strathgik c sumperifor�c twn

pelat¸n se sust mata exuphrèthshc me diakopèc èqei epektajeÐ se montèla me epi-

plèon qarakthristik� ìpwc qrìnoi termatismoÔ, genikoÐ qrìnoi exuphrèthshc   dia-

kop¸n k.t.l., blèpe p.q. Sun, Guo kai Tian (2010), Economou, Gómez-Corral kai
Kanta (2011), Liu, Ma kai Li (2012) kai Zhang, Wang kai Liu (2013).

Parìlo pou ta sust mata exuphrèthshc reustoÔ antimetwpÐzoun parìmoiec katast�-

seic me ta sust mata exuphrèthshc me diakopèc se èna hmi-nteterministikì plaÐsio, h

bibliografÐa mèqri t¸ra èqei afierwjeÐ mìno se jèmata upologismoÔ mètrwn apìdoshc

(blèpe p.q. tic ergasÐec pou anafèrjhkan parap�nw) kai se probl mata elègqou

enìc kentrikoÔ diaqeirist  (blèpe p.q. Rajagopal, Kulkarni kai Stidham (1995) gia

to prìblhma bèltisthc ro c). O skopìc tou kefalaÐou autoÔ eÐnai na epekteÐnei tic

melètec gia th strathgik  sumperifor� twn pelat¸n sthn perioq  twn susthm�twn ex-

uphrèthshc reustoÔ. Gia na apofÔgoume teqnikèc leptomèreiec pou Ðswc suskotÐsoun

thn parousÐash twn basik¸n ide¸n, jewroÔme to aploÔstero dunatì sÔsthma ex-

uphrèthshc reustoÔ, ìpou to sÔsthma enall�ssetai metaxÔ ekjetik� katanemhmènwn

gr gorwn kai arg¸n periìdwn exuphrèthshc. Endiaferìmaste gia thn paigniojew-

rhtik  an�lush autoÔ tou sust matoc, ¸ste na prosdiorÐsoume tic strathgikèc isor-

ropÐac twn pelat¸n.

H basik  suneisfor� autoÔ tou kefalaÐou sunoyÐzetai sta parak�tw:

• ProsdiorÐzoume tic strathgikèc isorropÐac twn pelat¸n k�tw apì duo epÐpeda

plhrofìrhshc. Sugkekrimèna, melet�me thn Ôparxh, th monadikìthta kai th

morf  twn strathgik¸n isorropÐac se k�je perÐptwsh.

• UpologÐzoume to anamenìmeno koinwnikì kèrdoc an� qronik  mon�da k�tw apì

sugkekrimènec strathgikèc twn pelat¸n se k�je perÐptwsh.

To upìloipo kef�laio eÐnai organwmèno wc ex c: Sthn enìthta 4.2 perigr�foume

to montèlo, th dom  amoib c - kìstouc kai to plaÐsio gia tic apof�seic. Sthn enìthta

4.3 jewroÔme thn pl rwc parathr simh perÐptwsh kai prosdiorÐzoume tic strathgikèc

isorropÐac. Tèloc, sthn enìthta 4.4 jewroÔme th merik¸c parathr simh perÐptwsh



116 KEF�ALAIO 4. S�USTHMA EXUPHR�ETHSHS REUSTO�U

kai deÐqnoume ìti up�rqei monadik  mikt  strathgik  isorropÐac.

4.2 To montèlo

JewroÔme èna sÔsthma exuphrèthshc reustoÔ pou parist�nei mia mhqan  paragwg c,

h opoÐa enall�ssetai metaxÔ gr gorwn kai arg¸n periìdwn leitourgÐac, pou eÐnai

anex�rthtec kai ekjetik� katanemhmènec me rujmoÔc q1 kai q0 antÐstoiqa. H kat�stash

thc mhqan c parist�netai apì mia Markobian  alusÐda suneqoÔc qrìnou {Z(t)} me dÔo
katast�seic, ìpou h kat�stash 1 antistoiqeÐ sth gr gorh leitourgÐa en¸ h 0 sthn

arg . O rujmìc eisìdou tou reustoÔ pou parist�nei tic afÐxeic twn nèwn pelat¸n

eÐnai λ. O rujmìc exìdou eÐnai µ1, ìtan h mhqan  eÐnai sthn kat�stash gr gorhc

exuphrèthshc, kai µ0 alli¸c. Upojètoume ìti 0 < µ0 < µ1. H qwrhtikìthta tou

q¸rou apoj keushc eÐnai �peirh. H dunamik  thc diadikasÐac {X(t)} pou parist�nei

thn posìthta tou reustoÔ perigr�fetai apì th sqèsh

dX(t)
dt

=

(
λ− µi, an X(t) > 0 kai Z(t) = i,

(λ− µi)+, an X(t) = 0 kai Z(t) = i,
(4.1)

ìpou (x)+ = max(x, 0).
EÔkola blèpoume ìti h didi�stath diadikasÐa {(X(t), Z(t)} eÐnai Markobian . Para-

k�tw, ja qrhsimopoioÔme gia lìgouc eukolÐac ton sumbolismì i′ = 1−i, i = 0, 1. 'Etsi,
an h i anafèretai sthn paroÔsa kat�stash thc mhqan c, h i′ eÐnai h �llh kat�stash.

JewroÔme ìti oi pel�tec eÐnai strathgikoÐ kai apofasÐzoun an ja eisèljoun sto

sÔsthma   ja apoqwr soun th stigm  thc �fix c touc me skopì na megistopoi -

soun to anamenìmeno ìfelìc touc. K�je pel�thc lamb�nei amoib  R mon�dwn gia

thn olokl rwsh thc exuphrèths c tou. Apì thn �llh, èqei kìstoc C qrhmatik¸n

mon�dwn an� qronik  mon�da paramon c sto sÔsthma. Oi apof�seic twn pelat¸n

jewroÔntai amet�klhtec. Sugkekrimèna, den epitrèpontai upanaqwr seic eiserqomè-

nwn pelat¸n, oÔte epanaprosp�jeiec apoqwroÔntwn pelat¸n. Efìson upojètoume

ìti ìloi oi pel�tec eÐnai ìmoioi kai kajènac prospajeÐ na megistopoi sei tou atomikì

tou kèrdoc, lamb�nontac upìyh ìti oi upìloipoi pel�tec k�noun to Ðdio, aut  h
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kat�stash mporeÐ na jewrhjeÐ wc summetrikì paiqnÐdi metaxÔ twn paikt¸n. Endiafe-

rìmaste na prosdiorÐsoume summetrikèc strathgikèc isorropÐac autoÔ tou paiqnidioÔ.

H strathgik  sumperifor� twn pelat¸n ephre�zetai apì to epÐpedo thc plhrofìrh-

shc pou lamb�noun kat� thn �fix  touc, prin p�roun tic apof�seic touc. JewroÔme

tic akìloujec 2 peript¸seic:

• Pl rwc parathr simh perÐptwsh: Oi pel�tec parathroÔn tic (X(t), Z(t)).

• Merik¸c parathr simh perÐptwsh: Oi pel�tec parathroÔn mìno thn X(t).

4.3 H pl rwc parathr simh perÐptwsh

Upojètoume ìti ènac pel�thc ft�nei sth mhqan  paragwg c kai parathreÐ thn kat�-

stash (x, i). Tìte, prokeimènou na upologÐsei to anamenìmeno kajarì kèrdoc tou an

eisèljei, prèpei na prosdiorÐsei ton desmeumèno anamenìmeno qrìno paramon c tou sto

sÔsthma, Si(x). ParathroÔme ìti autìc o desmeumènoc anamenìmenoc qrìnoc para-

mon c den exart�tai apì tic strathgikèc twn �llwn pelat¸n, dedomènhc thc (x, i).
Pr�gmati, oi mellontik� afiknoÔmenoi pel�tec den ephre�zoun ton Si(x) lìgw thc

FCFS peijarqÐac kai oi progenèstera afiqjèntec pel�tec epÐshc den ton ephre�zoun,

efìson upanaqwr seic den epitrèpontai. MporoÔme eÔkola na p�roume kleistoÔc

tÔpouc gia touc Si(x). Pr�gmati, èqoume to akìloujo L mma 4.3.1.

L mma 4.3.1. JewroÔme th pl rwc parathr simh perÐptwsh tou sust matoc exu-

phrèthshc reustoÔ me enallassìmenh diadikasÐa exuphrèthshc. Tìte, o desmeumènoc

anamenìmenoc qrìnoc paramon c enìc pel�th sto sÔsthma, dedomènou ìti h kat�stash

thc exuphrèthshc eÐnai i kai h posìthta reustoÔ mprost� tou eÐnai x dÐnetai apì th

sqèsh

Si(x) =
q0 + q1

q0µ1 + q1µ0
x+

qiµi′(µi′ − µi)
(q0µ1 + q1µ0)2

�
1− e−

�
q0
µ0

+
q1
µ1

�
x
�
, x ≥ 0, i = 0, 1.

(4.2)

Apìdeixh. Gia na upologÐsoume ton Si(x), desmeÔoume wc proc th di�rkeia Ti tou

upoleipìmenou qrìnou paramon c thc mhqan c sthn kat�stash i, h opoÐa eÐnai ekjetik�
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katanemhmènh me rujmì qi, lìgw thc amn monhc idiìthtac thc ekjetik c katanom c.

Tìte, paÐrnoume

Si(x) =
x

µi
e
−qi xµi +

Z x
µi

0
(t+ Si′(x− µit))qie−qitdt.

All�zontac th metablht  olokl rwshc se u = x−µit kai k�nontac olokl rwsh kat�
par�gontec paÐrnoume

Si(x) =
1
qi
− 1
qi
e
− qi
µi
x +

qi
µi
e
− qi
µi
x
Z x

0
Si′(u)e

qi
µi
u
du.

Pollaplasi�zontac me µie
qi
µi
x
kai paragwgÐzontac wc proc x, katal goume sto gram-

mikì sÔsthma twn sun jwn diaforik¸n exis¸sewn (SDE)

dSi(x)
dx

= − qi
µi
Si(x) +

qi
µi
Si′(x) +

1
µi
, i = 0, 1,

me arqikèc sunj kec Si(0) = 0, i = 0, 1. Qrhsimopoiìntac thn klasik  jewrÐa twn

grammik¸n SDE pr¸thc t�xhc me stajeroÔc suntelestèc (blèpe p.q. Braun (1983)

Kef�laio 3), paÐrnoume th monadik  lÔsh pou faÐnetai sthn (4.2). �

T¸ra, mporoÔme na prosdiorÐsoume tic strathgikèc isorropÐac sthn pl rwc parath-

r simh perÐptwsh. 'Eqoume to parak�tw Je¸rhma 4.3.1.

Je¸rhma 4.3.1. JewroÔme thn pl rwc parathr simh perÐptwsh tou sust matoc

exuphrèthshc reustoÔ me enallassìmenh diadikasÐa exuphrèthshc. Tìte, oi strathgi-

kèc isorropÐac eÐnai tÔpou ��diploÔ katwflÐou��, dhlad  upagoreÔoun to ex c: ��Fj�no-

ntac th stigm  t, parat rhse th (X(t), Z(t)), mpec an X(t) < xe(Z(t)) kai apo-

q¸rhse an X(t) > xe(Z(t))��. Ta kat¸flia xe(i), i = 0, 1 eÐnai oi monadikèc rÐzec twn

exis¸sewn

q0 + q1

q0µ1 + q1µ0
x+

qiµi′(µi′ − µi)
(q0µ1 + q1µ0)2

�
1− e−

�
q0
µ0

+
q1
µ1

�
x
�

=
R

C
, i = 0, 1, (4.3)

wc proc x.

Apìdeixh. To anamenìmeno kajarì kèrdoc enìc pel�th pou kat� thn �fix  tou

brÐskei to sÔsthma sthn kat�stash (X(t), Z(t)) = (x, i) kai apofasÐzei na mpei eÐnai
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U (fo)(x, i) = R − CSi(x). ParathroÔme ìti autì to anamenìmeno kajarì kèrdoc den

exart�tai apì tic strathgikèc twn �llwn pelat¸n. O pel�thc protim� na eisèljei an

U (fo)(x, i) > 0, protim� na apoqwr sei an U (fo)(x, i) < 0 kai eÐnai adi�foroc wc proc

to na eisèljei   na apoqwr sei an U (fo)(x, i) = 0. Autèc oi sunj kec eÐnai antÐstoiqa
isodÔnamèc me tic Si(x) < R

C , Si(x) > R
C kai Si(x) = R

C . ParagwgÐzontac thn (4.2)

paÐrnoume

dSi(x)
dx

=
q0 + q1

q0µ1 + q1µ0
+
qiµi′(µi′ − µi)
(q0µ1 + q1µ0)2

�
q0

µ0
+
q1

µ1

�
e
−
�
q0
µ0

+
q1
µ1

�
x
,

x ≥ 0, i = 0, 1, (4.4)

d2Si(x)
dx2

= − qiµi
′(µi′ − µi)

(q0µ1 + q1µ0)2

�
q0

µ0
+
q1

µ1

�2

e
−
�
q0
µ0

+
q1
µ1

�
x
, x ≥ 0, i = 0, 1. (4.5)

'Etsi, dS0(x)
dx > 0, d

2S1(x)
dx2 > 0 kai dS1(0)

dx = 1
µ1
> 0 kai sumperaÐnoume ìti h Si(x) eÐnai

gnhsÐwc aÔxousa sto [0,∞) me eikìna to di�sthma [0,∞). Autì deÐqnei ìti up�rqei

monadik  rÐza xe(i) thc Si(x) = R
C wc proc x, h opoÐa eÐnai akrib¸c h exÐswsh (4.3).

Opìte, ènac pel�thc pou brÐskei to sÔsthma sthn kat�stash (x, i) protim� na mpei

gia x < xe(i), eÐnai adi�foroc wc proc to na mpei   na apoqwr sei an x = xe(i) kai

protim� na apoqwr sei gia x > xe(i). �

Sto Je¸rhma 4.3.1, de dhl¸netai ti k�noun oi pel�tec ìtan broun thn kat�stash

(X(t), Z(t)) me X(t) = xe(Z(t)). Profan¸c, mia strathgik  isorropÐac mporeÐ na

upagoreÔei otid pote se mia tètoia kat�stash.

ParathroÔme ìti xe(0) < xe(1), dhlad  ènac pel�thc pou akoloujeÐ th strathgik 
isorropÐac kai brÐskei to sÔsthma sthn kat�stash gr gorhc exuphrèthshc anèqetai

perissìterh posìthta reustoÔ mprost� tou apì ìti ìtan brÐskei to sÔsthma sthn

kat�stash arg c exuphrèthshc. Autì eÐnai xek�jaro diaisjhtik� kai mporeÐ na apodeiq-

jeÐ austhr� kaj¸c S1(x) < S0(x), x > 0. Pr�gmati

S1(x)− S0(x) =
µ0 − µ1

q0µ1 + q1µ0

�
1− e−

�
q0
µ0

+
q1
µ1

�
x
�
, x ≥ 0.

'Ena leptì shmeÐo eÐnai ìti mia strathgik  isorropÐac èqei shmasÐa ti upagoreÔei, na

mpeic   na apoqwr seic, sÔmfwna me to an X(t) < xe(Z(t))   ìqi, mìno gia katast�-

seic (X(t), Z(t)) pou eÐnai prosb�simec me jetik  pijanìthta, dedomènhc thc arqik c
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kat�stashc. Pr�gmati, mia strathgik  isorropÐac mporeÐ na upagoreÔei otid pote se

katast�seic pou den eÐnai prosb�simec. Gia par�deigma, upojètoume ìti to sÔsth-

ma eÐnai arqik� kenì kai jewroume mia strathgik  pou upagoreÔei na mpaÐneic, ìtan

Z(t) = 0, X(t) ≤ xe(0)   ìtan Z(t) = 1, X(t) 6= xe(1). Aut  eÐnai mia strathgik 

isorropÐac, diìti to ti k�nei gia katast�seic (X(t), Z(t)) = (x, 1) me x > xe(1) den

èqei shmasÐa, kaj¸c autèc oi katast�seic de ja parathrhjoÔn potè. 'Omwc, mporoÔme

na qrhsimopoi soume thn ènnoia thc strathgik c isorropÐac pou eÐnai tèleia wc proc

ta upopaiqnÐdia gia na ekleptÔnoume tic strathgikèc isorropÐac kai na exaleÐyoume

��pajologikèc �� peript¸seic (pou emfanÐzontai akìmh kai sthn an�lush thc M/M/1
our�c - blèpe p.q. Hassin kai Haviv (2003), Parat rhsh 2.2 sth sel. 24,   Hassin
kai Haviv (2002) ). Tìte, oi strathgikèc isorropÐac pou eÐnai tèleiec wc proc ta

upopaiqnÐdia upagoreÔoun na eisèljeic ìtan X(t) < xe(Z(t)), na apoqwr seic ìtan

X(t) > xe(Z(t)) kai otid pote gia X(t) = xe(Z(t)).
ParathroÔme, akìmh, ìti sthn pl rwc parathr simh perÐptwsh, oi strathgikèc

isorropÐac eÐnai kuriarqoÔsec strathgikèc. Pr�gmati, mia tètoia strathgik  eÐnai

bèltisth ap�nthsh enìc pèl�th se opoiad pote strathgik  twn �llwn pelat¸n. 'E-

tsi, sthn pl rwc parathr simh perÐptwsh èqoume mia polÔ isqur  ènnoia isorropÐac.

Autì de sumbaÐnei stic �llec peript¸seic plhrofìrhshc ìpwc ja doÔme stic upìloipec

enìthtec.

T¸ra, proqwr�me ston upologismì thc sun�rthshc anamenìmenou koinwnikoÔ kèr-

douc an� qronik  mon�da, ìtan oi pel�tec akoloujoÔn mia strathgik  diploÔ katwflÐou.

Arqik�, prèpei na upologÐsoume th st�simh katanom  thc posìthtac tou reustoÔ,

ìtan oi pel�tec akoloujoÔn mia tètoia katanom , dhlad  prèpei na upologÐsoume tic

sunart seic Fi(x) me

Fi(x) = lim
t→∞

Pr[X(t) ≤ x, Z(t) = i], x ≥ 0, i = 0, 1. (4.6)

UpologÐzoume tic sunart seic autèc sto epìmeno L mma 4.3.2.

L mma 4.3.2. JewroÔme thn pl rwc parathr simh perÐptwsh tou sust matoc

exuphrèthshc reustoÔ me enallassìmenh diadikasÐa exuphrèthshc, ìpou oi pel�tec

akoloujoÔn mia strathgik  diploÔ katwflÐou me di�nusma katwflÐwn (x∗(0), x∗(1)),
tètoio ¸ste x∗(0) ≤ x∗(1). Tìte, èqoume tic akìloujec peript¸seic an�loga me tic

sqetikèc jèseic twn 0, λ− µ1 kai λ− µ0 .
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PerÐptwsh I. 0 < λ− µ1 < λ− µ0.

H posìthta tou reustoÔ kumaÐnetai sto [x∗(0), x∗(1)]. Sugkekrimèna

F0(x) =

8><>:
0, an x < x∗(0)

q1
q0+q1

·
−q1µ0+q0(λ−µ1) exp

�
−
�

q1
λ−µ1

− q0
µ0

�
[x−x∗(0)]

	
−q1µ0+q0(λ−µ1) exp

�
−
�

q1
λ−µ1

− q0
µ0

�
[x∗(1)−x∗(0)]

	 , an x∗(0) ≤ x ≤ x∗(1)

q1
q0+q1

, an x ≥ x∗(1).

(4.7)

kai

F1(x) =

8><>:
0, an x ≤ x∗(0)

q0
q0+q1

·
−q1µ0

�
1−exp

�
−
�

q1
λ−µ1

− q0
µ0

�
[x−x∗(0)]

	�
−q1µ0+q0(λ−µ1) exp

�
−
�

q1
λ−µ1

− q0
µ0

�
[x∗(1)−x∗(0)]

	 , an x∗(0) ≤ x < x∗(1)

q0
q0+q1

, an x ≥ x∗(1).

(4.8)

PerÐptwsh II. λ− µ1 = 0 < λ− µ0.

H posìthta reustoÔ eÐnai stajer  kai Ðsh me x∗(0).

PerÐptwsh III. λ− µ1 < 0 < λ− µ0.

H posìthta reustoÔ kumaÐnetai sto [0, x∗(0)]. Sugkekrimèna

F0(x) =

8><>:
0, an x ≤ 0

q1
q0+q1

·
q0(λ−µ1)

�
1−exp

�
−
�

q1
λ−µ1

+
q0

λ−µ0

�
x
	�

q0(λ−µ1)+q1(λ−µ0) exp
�
−
�

q1
λ−µ1

+
q0

λ−µ0

�
x∗(0)

	 , an 0 ≤ x < x∗(0)

q1
q0+q1

, an x ≥ x∗(0).

(4.9)

kai

F1(x) =

8><>:
0, an x < 0

q0
q0+q1

·
q0(λ−µ1)+q1(λ−µ0) exp

�
−
�

q1
λ−µ1

+
q0

λ−µ0

�
x
	

q0(λ−µ1)+q1(λ−µ0) exp
�
−
�

q1
λ−µ1

+
q0

λ−µ0

�
x∗(0)

	 , an 0 ≤ x ≤ x∗(0)

q0
q0+q1

, an x ≥ x∗(0).

(4.10)

PerÐptwsh IV. λ− µ1 < λ− µ0 ≤ 0 .

H posìthta reustoÔ eÐnai stajer  kai Ðsh me 0.
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Apìdeixh. Arqik� parathroÔme ìti se ìlec tic peript¸seic, arg�   gr gora to

reustì eisèrqetai sth mhqan  ìtan h posìthta tou reustoÔ mèsa se aut  eÐnai mikrìte-

rh   Ðsh tou x∗(1), lìgw thc strathgik c diploÔ katwflÐou kai thc sqèshc x∗(0) ≤
x∗(1).

Oi peript¸seic II kai IV eÐnai �mesec. Pr�gmati, sthn perÐptwsh II, an h arqik 

posìthta reustoÔ eÐnai k�tw apì x∗(0), tìte kat� th di�rkeia twn qrìnwn paramon c

sthn kat�stash gr gorhc exuphrèthshc h posìthta reustoÔ paramènei stajer  (ka-

j¸c λ− µ1 = 0), en¸ kat� th di�rkeia twn qrìnwn paramon c sthn kat�stash arg c

exuphrèthshc aux�netai grammik� me rujmì λ−µ0, mèqri na gÐnei x∗(0). 'Epeita, mènei
sto Ðdio epÐpedo. An arqik� h posìthta reustoÔ eÐnai p�nw apì x∗(0), èqoume mia

parìmoia kat�stash kai h posìthta reustoÔ telik� gÐnetai x∗(0). H perÐptwsh IV
eÐnai akìmh pio xek�jarh, kaj¸c h posìthta tou reustoÔ den aux�netai ìtan h mhqan 

eÐnai sthn kat�stash gr gorhc exuphrèthshc kai fjÐnei ìtan eÐnai sthn kat�stash

arg c exuphrèthshc. 'Etsi, h posìthta reustoÔ gÐnetai telik� mhdèn.

Gia tic peript¸seic I kai III, ac jewr soume èna sÔsthma exuphrèthshc reustoÔ pou
enall�ssetai metaxÔ dÔo katast�sewn perib�llontoc − kai +, me ekjetikoÔc qrìnouc

paramon c se k�je kat�stash me rujmoÔc q− kai q+ antÐstoiqa, ìpou o rujmìc ro c

eÐnai η− < 0 gia thn kat�stash − kai η+ > 0 gia thn kat�stash +. An to reustì

eÐnai anagkasmèno na kumaÐnetai sto [0, T ] (dhlad  oi rujmoÐ ro c gÐnontai mhdèn ìtan

h posìthta tou reustoÔ ft�nei tic sunoriakèc katast�seic 0 kai T ) kai h F−(x)
(antÐstoiqa h F+(x)) sumbolÐzei thn oriak  pijanìthta h posìthta tou reustoÔ na

eÐnai mikrìterh   Ðsh tou x kai to perib�llon na eÐnai sthn kat�stash − (antÐstoiqa

+), tìte èqoume ìti oi F−(x) kai F+(x) eÐnai paragwgÐsimec sto (0, T ) kai ikanopoioÔn
to grammikì sÔsthma twn SDE

η−
dF−(x)
dx

= −q−F−(x) + q+F+(x), (4.11)

η+
dF+(x)
dx

= q−F−(x)− q+F+(x), (4.12)

me sunoriakèc sunj kec

F−(T ) =
q+

q− + q+
, F+(0) = 0 (4.13)

(blèpe p.q. Kulkarni (1997) ). Qrhsimopoi¸ntac th basik  jewrÐa gia grammik� sust -
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mata SDE pr¸thc t�xhc me stajeroÔc suntelestèc kai upologÐzontac tic stajerèc

apì tic sunoriakèc sunj kec (blèpe p.q. Braun (1983) Kef�laio 3), èqoume ìti autì

to sÔsthma èqei monadik  lÔsh pou dÐnetai apì tic sqèseic

F−(x) =

8>>><>>>:
0, an x < 0

q+
q−+q+

·
q+η−+q−η+ exp

¦
−
�
q−
η−

+
q+
η+

�
x
©

q+η−+q−η+ exp
¦
−
�
q−
η−

+
q+
η+

�
T
© , an 0 ≤ x ≤ T

q+
q−+q+

, an x ≥ T

(4.14)

kai

F+(x) =

8>>><>>>:
0, an x ≤ 0

q−
q−+q+

·
q+η−

�
1−exp

¦
−
�
q−
η−

+
q+
η+

�
x
©�

q+η−+q−η+ exp
¦
−
�
q−
η−

+
q+
η+

�
T
© , an 0 ≤ x < T

q−
q−+q+

, an x ≥ T.

(4.15)

Gia thn perÐptwsh I, blèpoume eÔkola ìti to reustì kumaÐnetai sto [x∗(0), x∗(1)] me
arnhtikì rujmì −µ0 ìtan h mhqan  brÐsketai sthn arg  leitourgÐa kai jetikì rujmì

λ − µ1 ìtan h mhqan  brÐsketai sth gr gorh leitourgÐa. Tìte, mporoÔme na qrhsi-

mopoi soume tic sqèseic (4.14)-(4.15), antikajist¸ntac x− x∗(0) sto x kai jètontac

q− = q0, q+ = q1, η− = −µ0 kai η+ = λ− µ1. Autì dÐnei tic (4.7)-(4.8).

OmoÐwc, sthn perÐptwsh III, mporoÔme eÔkola na doÔme ìti to reustì kumaÐnetai

sto [0, x ∗ (0)] kai qrhsimopoioÔme tic (4.14)-(4.15) me q− = q1, q+ = q0, η− = λ− µ1

kai η+ = λ− µ0 prokeimènou na p�roume tic (4.9)-(4.10). �

To L mma 4.3.2 deÐqnei ìti sthn perÐptwsh I, h katanom  F0(x) eÐnai mikt  me m�za
pijanìthtac p0(x∗(0)) sto x∗(0) pou dÐnetai apì thn

p0(x∗(0)) =
q1

q0 + q1
· −q1µ0 + q0(λ− µ1)

−q1µ0 + q0(λ− µ1) exp
¦
−
�

q1
λ−µ1

− q0
µ0

�
[x∗(1)− x∗(0)]

© (4.16)

kai puknìthta pijanìthtac f0(x) sto (x∗(0), x∗(1)) pou dÐnetai apì thn

f0(x) =
q1

q0 + q1
·
q0(λ− µ1)

�
q0
µ0
− q1

λ−µ1

�
exp

¦
−
�

q1
λ−µ1

− q0
µ0

�
[x− x∗(0)]

©
−q1µ0 + q0(λ− µ1) exp

¦
−
�

q1
λ−µ1

− q0
µ0

�
[x∗(1)− x∗(0)]

© ,
x∗(0) < x < x∗(1), (4.17)
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en¸ h F1(x) eÐnai mikt  me m�za pijanìthtac p1(x∗(1)) sto x∗(1) pou dÐnetai apì thn

p1(x∗(1)) =
q0

q0 + q1
·

[q0(λ− µ1)− q1µ0] exp
¦
−
�

q1
λ−µ1

− q0
µ0

�
[x∗(1)− x∗(0)]

©
−q1µ0 + q0(λ− µ1) exp

¦
−
�

q1
λ−µ1

− q0
µ0

�
[x∗(1)− x∗(0)]

© (4.18)

kai puknìthta pijanìthtac f1(x) sto (x∗(0), x∗(1)) pou dÐnetai apì thn

f1(x) =
q0

q0 + q1
·

q1µ0

�
q0
µ0
− q1

λ−µ1

�
exp

¦
−
�

q1
λ−µ1

− q0
µ0

�
[x− x∗(0)]

©
−q1µ0 + q0(λ− µ1) exp

¦
−
�

q1
λ−µ1

− q0
µ0

�
[x∗(1)− x∗(0)]

© ,
x∗(0) < x < x∗(1). (4.19)

OmoÐwc, sthn perÐptwsh III, oi F0(x) kai F1(x) eÐnai miktèc. H katanom  F0(x) èqei
m�za pijanìthtac p0(x∗(0)) sto x∗(0) pou dÐnetai apì thn

p0(x∗(0)) =
q1

q0 + q1
·
[q1(λ− µ0) + q0(λ− µ1)] exp

¦
−
�

q1
λ−µ1

+ q0
λ−µ0

�
x∗(0)

©
q0(λ− µ1) + q1(λ− µ0) exp

¦
−
�

q1
λ−µ1

+ q0
λ−µ0

�
x∗(0)

© (4.20)

kai puknìthta pijanìthtac f0(x) sto (0, x∗(0) pou dÐnetai apì thn

f0(x) =
q1

q0 + q1
·
q0(λ− µ1)

�
q1

λ−µ1
+ q0

λ−µ0

�
exp

¦
−
�

q1
λ−µ1

+ q0
λ−µ0

�
x
©

q0(λ− µ1) + q1(λ− µ0) exp
¦
−
�

q1
λ−µ1

+ q0
λ−µ0

�
x∗(0)

© ,
0 < x < x∗(0). (4.21)

'Oson afor� thn F1(x), mporoÔme na doÔme eÔkola ìti èqei m�za pijanìthtac p1(0)
sto 0 pou dÐnetai apì thn

p1(0) =
q0

q0 + q1
· q0(λ− µ1) + q1(λ− µ0)

q0(λ− µ1) + q1(λ− µ0) exp
¦
−
�

q1
λ−µ1

+ q0
λ−µ0

�
x∗(0)

© (4.22)

kai puknìthta pijanìthtac f1(x) sto (0, x∗(0) pou dÐnetai apì thn

f1(x) =
q0

q0 + q1
·
q1(λ− µ0)

�
− q1
λ−µ1

− q0
λ−µ0

�
exp

¦
−
�

q1
λ−µ1

+ q0
λ−µ0

�
x
©

q0(λ− µ1) + q1(λ− µ0) exp
¦
−
�

q1
λ−µ1

+ q0
λ−µ0

�
x∗(0)

© ,
0 < x < x∗(0). (4.23)

T¸ra, eÐmaste ètoimoi na upologÐsoume th sun�rthsh anamenìmenou koinwnikoÔ

kèrdouc an� qronik  mon�da, B(fo)(x∗(0), x∗(1)), ìtan oi pel�tec akoloujoÔn mia

strathgik  diploÔ katwflÐou me di�nusma katwflÐwn (x∗(0), x∗(1)). 'Eqoume to akì-

loujo Je¸rhma 4.3.2.
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Je¸rhma 4.3.2. JewroÔme thn pl rwc parathr simh perÐptwsh tou sust matoc

exuphrèthshc reustoÔ me enallassìmenh diadikasÐa exuphrèthshc, ìpou oi pel�tec

akoloujoÔn mia strathgik  diploÔ katwflÐou me di�nusma katwflÐwn (x∗(0), x∗(1)),
tètoio ¸ste x∗(0) ≤ x∗(1). Tìte, èqoume tic akìloujec peript¸seic an�loga me tic

sqetikèc jèseic twn 0, λ− µ1 kai λ− µ0 .

PerÐptwsh I. 0 < λ− µ1 < λ− µ0.

To anamenìmeno koinwnikì kèrdoc an� qronik  mon�da dÐnetai apì th sqèsh

B(fo)(x∗(0), x∗(1)) = λ

�
p0(x∗(0))

µ0

λ
+
Z x∗(1)

x∗(0)
f1(x)dx+ p1(x∗(1))

µ1

λ

�
R

−CE[X], (4.24)

ìpou

E[X] = x∗(0)p0(x∗(0)) +

Z x∗(1)

x∗(0)

x(f0(x) + f1(x))dx+ x∗(1)p1(x∗(1)) (4.25)

kai oi p0(x∗(0)), f0(x), p1(x∗(1)) kai f1(x) dÐnontai apì tic (4.16)-(4.19).

PerÐptwsh II. λ− µ1 = 0 < λ− µ0.

To anamenìmeno koinwnikì kèrdoc an� qronik  mon�da dÐnetai apì th sqèsh

B(fo)(x∗(0), x∗(1)) = λ

�
q1

q0 + q1
· µ0

λ
+

q0

q0 + q1

�
R− Cx∗(0). (4.26)

PerÐptwsh III. λ− µ1 < 0 < λ− µ0.

To anamenìmeno koinwnikì kèrdoc an� qronik  mon�da dÐnetai apì th sqèsh

B(fo)(x∗(0), x∗(1)) = λ

�Z x∗(0)

0
f0(x)dx+ p0(x∗(0))

µ0

λ
+

q0

q0 + q1

�
−CE[X], (4.27)

ìpou

E[X] = x∗(0)p0(x∗(0)) +
Z x∗(0)

0
x(f0(x) + f1(x))dx (4.28)

kai oi p0(x∗(0)), f0(x) kai f1(x) dÐnontai apì tic (4.20), (4.21) kai (4.23) antÐ-

stoiqa.
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PerÐptwsh IV. λ− µ1 < λ− µ0 ≤ 0 .

To anamenìmeno koinwnikì kèrdoc an� qronik  mon�da dÐnetai apì th sqèsh

B(fo)(x∗(0), x∗(1)) = λR. (4.29)

Apìdeixh. Se ìlec tic peript¸seic, to anamenìmeno koinwnikì kèrdoc an� qronik 

mon�da dÐnetai apì th sqèsh

B(fo)(x∗(0), x∗(1)) = λeffR− CE[X], (4.30)

ìpou λeff eÐnai o pragmatikìc rujmìc eisìdou tou reustoÔ, o opoÐoc anafèretai stic

afÐxeic twn pelat¸n pou mpaÐnoun sto sÔsthma kai E[X] eÐnai h anamenìmenh posìthta
reustoÔ se st�simh kat�stash. Sthn perÐptwsh I, h posìthta tou reustoÔ kumaÐnetai

sto di�sthma [x∗(0), x∗(1)]. Epiplèon, an h posìthta tou reustoÔ gÐnei x∗(0) en¸ to

perib�llon brÐsketai sthn kat�stash arg c leitourgÐac, paramènei sto x∗(0) mèqri

thn epìmenh allag  perib�llontoc. 'Etsi, èna posostì µ0

λ twn pelat¸n pou brÐ-

skoun to sÔsthma sthn arg  leitourgÐa kai posìthta reustoÔ x∗(0) eisèrqontai sto
sÔsthma, prokeimènou na diasfalisteÐ ìti o sunolikìc rujmìc metabol c tou reustoÔ

eÐnai 0. Apo thn �llh meri�, oi pel�tec pou brÐskoun to sÔsthma sthn arg  leitour-

gÐa, all� thn posìthta reustoÔ austhr� p�nw apì x∗(0) den eisèrqontai. OmoÐwc,

ìloi oi pel�tec pou brÐskoun to sÔsthma sth gr gorh leitourgÐa kai thn posìthta

tou reustoÔ austhr� katw apì x∗(1) eisèrqontai, en¸ mìno èna posostì µ1

λ twn

pelat¸n pou brÐskoun to sÔsthma sth gr gorh leitourgÐa kai posìthta reustoÔ x∗(1)
eisèrqontai sto sÔsthma. 'Etsi, o pragmatikìc rujmìc �fixhc sthn perÐptwsh I eÐnai

λeff = λ

�
p0(x∗(0))

µ0

λ
+
Z x∗(1)

x∗(0)
f1(x)dx+ p1(x∗(1))

µ1

λ

�
. (4.31)

H anamenìmenh posìthta reustoÔ se st�simh kat�stash, E[X], upologÐzetai apì thn

(4.25), kaj¸c h katanom  thc posìthtac tou reustoÔ èqei m�zec pijanìthtac p0(x∗(0))
kai p1(x∗(1)) sta x∗(0) kai x∗(1), pou dÐnontai apì tic (4.16) kai (4.18), kai sun�rthsh
puknìthtac pijanìthtac f0(x) + f1(x), ìpou oi f0(x) kai f1(x) dÐnontai apì tic (4.17)

kai (4.19). Antikajist¸ntac thn (4.31) kai thn (4.25) sthn (4.30) katal goume sthn

(4.24).
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Sthn perÐptwsh II, h posìthta reustoÔ eÐnai stajer  kai Ðsh me x∗(0), opìte

E[X] = x∗(0) kai ìloi oi pel�tec blèpoun aut  thn kat�stash kat� thn �fix  touc.

'Etsi, ìloi oi pel�tec pou brÐskoun th mhqan  sth gr gorh leitourgÐa mpaÐnoun, en¸

mìno èna posostì µ0

λ aut¸n pou brÐskoun th mhqan  sthn arg  leitourgÐa mpaÐnoun.

Sunep¸c, o pragmatikìc rujmìc afÐxewn eÐnai

λeff = λ

�
q1

q0 + q1
· µ0

λ
+

q0

q0 + q1

�
(4.32)

kai paÐrnoume thn (4.26).

H perÐptwsh III apodeiknÔetai omoÐwc me thn perÐptwsh I, opìte kai paraleÐpoume

tic leptomèreiec. Tèloc, sthn perÐptwsh IV, ìloi oi pel�tec eisèrqontai kai exuphre-

toÔntai kateujeÐan qwrÐc na perimènoun. 'Etsi, λeff = λ kai E[X] = 0 opìte paÐrnoume

thn (4.29). �

Oi sqèseic tou Jewr matoc 4.3.2 gia to anamenìmeno koinwnikì kèrdoc an� qronik 

mon�da mporoÔn na dojoÔn se anhgmènh morf , kaj¸c ta sqetik� oloklhr¸mata

upologÐzontai se kleist  morf  (pr�gmati, blèpoume ìti perièqoun mìno ekjetikèc

sunart seic). 'Omwc, oi sqèseic gÐnontai polÔplokec kai den mporoÔn na lujoÔn

prokeimènou na p�roume tic koinwnik� bèltistec strathgikèc se kleist  morf .

4.4 H merik¸c parathr simh perÐptwsh

Se aut n thn enìthta, prosdiorÐzoume tic strathgikèc isorropÐac twn pelat¸n, ìtan

parathroÔn mìno thn posìthta tou reustoÔ prin p�roun thn apìfas  touc. Periorizì-

maste sthn kl�sh twn strathgik¸n katwflÐou, ìpou oi pel�tec apofasÐzoun na mpoun

an broÔn thn posìthta tou reustoÔ k�tw apì k�poio kat¸fli x∗, en¸ apofasÐzoun na

apoqwr soun an h posìthta tou reustoÔ xeper�sei to x∗. Gia na broÔme th bèltisth

ap�nthsh enìc sugkekrimènou pel�th, dedomènou ìti oi �lloi pel�tec akoloujoÔn mia

strathgik  katwflÐou me kat¸fli x∗, prèpei na upologÐsoume th st�simh katanom  thc

posìthtac tou reustoÔ, dhlad  tic sunart seic katanom c Fi(x) pou orÐzontai sthn

(4.6). Autì mporeÐ na gÐnei qrhsimopoi¸ntac to L mma 4.3.2 gia x∗(0) = x∗(1) = x∗.

Sth sunèqeia, mporoÔme na broÔme ton desmeumèno anamenìmeno qrìno paramon c enìc



128 KEF�ALAIO 4. S�USTHMA EXUPHR�ETHSHS REUSTO�U

pel�th, dedomènou ìti h posìthta tou reustoÔ pou brÐskei kat� thn �fix  tou eÐnai

x kai oi �lloi akoloujoÔn mia strathgik  katwflÐou x∗. Autì gÐnetai sto epìmeno

L mma 4.4.1.

L mma 4.4.1. JewroÔme th merik¸c parathr simh perÐptwsh tou sust matoc exu-

phrèthshc reustoÔ me enallassìmenh diadikasÐa exuphrèthshc. Tìte, gia ton desmeu-

mèno anamenìmeno qrìno paramon c enìc pel�th sto sÔsthma, S(ao)(x;x∗), dedomènou
ìti h posìthta tou reustoÔ mprost� tou eÐnai x kai ìti ìloi oi �lloi pel�tec akolou-

joÔn mia strathgik  katwflÐou x∗, èqoume tic akìloujec peript¸seic an�loga me tic

sqetikèc jèseic twn 0, λ− µ1 kai λ− µ0.

PerÐptwsh I. 0 ≤ λ− µ1 < λ− µ0.

S(ao)(x∗;x∗) =
q0 + q1

q0µ1 + q1µ0
x∗ +

q0q1(µ1 − µ0)2

(q0 + q1)(q0µ1 + q1µ0)2

�
1− e−

�
q0
µ0

+
q1
µ1

�
x∗
�
.

(4.33)

PerÐptwsh II. λ− µ1 < 0 < λ− µ0.

S(ao)(x;x∗) =

8>>>><>>>>:

0 x = 0
q0+q1

q0µ1+q1µ0
x− q1µ0(λ−µ0)+q0µ1(λ−µ1)

(q0µ1+q1µ0)2

�
1− e−

�
q0
µ0

+
q1
µ1

�
x
�

0 < x < x∗

q0+q1
q0µ1+q1µ0

x∗ − q0µ1(µ0−µ1)
(q0µ1+q1µ0)2

�
1− e−

�
q0
µ0

+
q1
µ1

�
x∗
�

x = x∗

(4.34)

PerÐptwsh III. λ− µ1 < λ− µ0 ≤ 0.

S(ao)(0;x∗) = 0. (4.35)

Apìdeixh. DesmeÔontac wc proc thn kat�stash thc mhqan c th stigm  �fixhc enìc

sugkekrimènou pel�th, èqoume

S(ao)(x;x∗) = πZ|X(0|x;x∗)S0(x) + πZ|X(1|x;x∗)S1(x), x ≥ 0, (4.36)
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ìpou πZ|X(i|x;x∗) eÐnai h pijanìthta o sugkekrimènoc pel�thc na brei th mhqan  sthn

kat�stash i, dedomènou ìti parathreÐ posìthta reustoÔ x kai ìti oi �lloi pel�tec

akoloujoÔn th strathgik  katwflÐou x∗.

Sthn perÐptwsh I (pou antistoiqeÐ stic peript¸seic I kai II tou L mmatoc 4.3.2), h

posìthta reustoÔ eÐnai stajer  kai Ðsh me x∗. Sunep¸c, ìloi oi pel�tec parathroÔn

aut  thn posìthta reustoÔ kat� thn �fix  touc. Opìte, h parathrhs  touc de

dÐnei kanèna s ma gia thn kat�stash thc mhqan c. 'Etsi, sthn perÐptwsh I, èqoume

πZ|X(0|x;x∗) = q1
q0+q1

kai πZ|X(1|x;x∗) = q0
q0+q1

. Qrhsimopoi¸ntac thn (4.36) kai thn

(4.2) paÐrnoume eÔkola thn (4.33).

Sthn perÐptwsh II (pou antistoiqeÐ sthn perÐptwsh III tou L mmatoc 4.3.2), to

reustì kumaÐnetai sto [0, x∗]. Gia x∗ > 0, oi katanomèc F0(x) kai F1(x) dÐnontai apì

tic (4.9) kai (4.10), me x∗(0) = x∗. Efìson h F1(x) èqei m�za pijanìthtac sto 0, en¸

h F0(x) den èqei, sumperaÐnoume ìti πZ|X(0|0;x∗) = 0. OmoÐwc, efìson h F0(x) èqei

m�za pijanìthtac sto x∗, en¸ h F1(x) den èqei, sumperaÐnoume ìti πZ|X(0|x∗;x∗) = 1.
Tèloc, gia x ∈ (0, x∗), èqoume ìti πZ|X(0|x;x∗) = f0(x)

f0(x)+f1(x) , ìpou oi f0(x) kai f1(x)
dÐnontai apì tic (4.21) kai (4.23) antÐstoiqa, me x∗(0) = x∗. Autì dÐnei, met� apì

aplopoi seic, πZ|X(0|x;x∗) = µ1−λ
µ1−µ0

, 0 < x < x∗. 'Epomènwc, sunoptik�,

πZ|X(0|x;x∗) =

8><>:
0, x = 0
µ1−λ
µ1−µ0

, 0 < x < x∗

1, x = x∗

, πZ|X(1|x;x∗) =

8><>:
1, x = 0
λ−µ0
µ1−µ0

, 0 < x < x∗

0, x = x∗.

(4.37)

Qrhsimopoi¸ntac tic (4.37) kai (4.36), paÐrnoume eÔkola thn (4.34), ìtan x∗ > 0. Gia
x∗ = 0, ìloi oi pel�tec parathroÔn posìthta reustoÔ Ðsh me to 0 kat� thn �fix  touc,

opìte S(ao)(0;x∗) = 0 kai mporoÔme na doÔme ìti h (4.34) exakoloujeÐ na isqÔei. Ta

Ðdia epiqeÐrhmata dÐnoun thn (4.35), sthn perÐptwsh III. �

T¸ra, mporoÔme na prosdiorÐsoume ìlec tic strathgikèc isorropÐac tÔpou katwflÐou

sth merik¸c parathr simh perÐptwsh. 'Eqoume to akìloujo Je¸rhma 4.4.1

Je¸rhma 4.4.1. JewroÔme th merik¸c parathr simh perÐptwsh tou sust matoc

exuphrèthshc reustoÔ me enallassìmenh diadikasÐa exuphrèthshc. Tìte, gia thn Ô-

parxh strathgik¸n isorropÐac tÔpou katwflÐou pou upagoreÔoun ��Ft�nontac th stig-

m  t, parat rhse thn X(t), mpec an X(t) < xe kai apoq¸rhse an X(t) > xe�� èqoume

tic akìloujec peript¸seic an�loga me tic sqetikèc jèseic twn 0, λ− µ1 kai λ− µ0.
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PerÐptwsh I. 0 ≤ λ− µ1 < λ− µ0.

Up�rqei monadik  strathgik  isorropÐac sthn kl�sh twn strathgik¸n katwflÐou

me kat¸fli xe to opoÐo eÐnai h monadik  lÔsh thc exÐswshc

q0 + q1

q0µ1 + q1µ0
x+

q0q1(µ1 − µ0)2

(q0 + q1)(q0µ1 + q1µ0)2

�
1− e−

�
q0
µ0

+
q1
µ1

�
x
�

=
R

C
(4.38)

wc proc x.

PerÐptwsh II. λ− µ1 < 0 < λ− µ0.

Up�rqei èna suneqèc sÔnolo strathgik¸n isorropÐac sthn kl�sh twn strathgik¸n

katwflÐou. Ta antÐstoiqa kat¸flia xe eÐnai ta shmeÐa tou diast matoc [xeL, xeU ],
ìpou xeL eÐnai h monadik  lÔsh thc exÐswshc

q0 + q1

q0µ1 + q1µ0
x− q1µ0(λ− µ0) + q0µ1(λ− µ1)

(q0µ1 + q1µ0)2

�
1− e−

�
q0
µ0

+
q1
µ1

�
x
�

=
R

C
(4.39)

wc proc x, kai xeU eÐnai h monadik  lÔsh thc exÐswshc

q0 + q1

q0µ1 + q1µ0
x− q0µ1(µ0 − µ1)

(q0µ1 + q1µ0)2

�
1− e−

�
q0
µ0

+
q1
µ1

�
x
�

=
R

C
(4.40)

wc proc x.

PerÐptwsh III. λ− µ1 < λ− µ0 ≤ 0.

K�je strathgik  sthn kl�sh twn strathgik¸n katwflÐou me kat¸fli xe > 0
eÐnai strathgik  isorropÐac.

Apìdeixh. Upojètoume ìti oi pel�tec akoloujoÔn mia strathgik  katwflÐou x∗.

To anamenìmeno kajarì kèrdoc enìc sugkekrimènou pel�th pou parathreÐ kat� thn

�fix  tou posìthta reustoÔ X(t) = x kai apofasÐzei na mpei eÐnai U (ao)(x;x∗) =
R− S(ao)(x;x∗).

Sthn perÐptwsh I, efìson h posìthta tou reustoÔ eÐnai p�nta Ðsh me x∗, o pel�thc

ja dei upoqrewtik� aut  thn posìthta kai ètsi o desmeumènoc upoleipìmenoc qrìnoc

paramon c tou sto sÔsthma dÐnetai apì th sqèsh (4.33). H strathgik  katwflÐou

x∗ eÐnai bèltisth ap�nthsh ston eautì thc, ìtan U (ao)(x∗;x∗) = 0, dhlad  ìtan h x∗

eÐnai lÔsh thc (4.38). ParathroÔme ìti to aristerì mèloc thc (4.38) eÐnai monìtono
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wc proc x, kaj¸c eÐnai Ðso me q1
q0+q1

S0(x) + q0
q0+q1

S1(x) kai oi S0(x) kai S1(x) eÐnai

monìtonec, ìpwc èqoume deÐxei sthn apìdeixh tou Jewr matoc 4.3.1. Sunep¸c, h (4.38)

èqei monadik  lÔsh pou dÐnei thn strathgik  isorropÐac tÔpou katwflÐou se aut n thn

perÐptwsh.

Sthn perÐptwsh II, mia strathgik  katwflÐou x∗ eÐnai bèltisth ap�nthsh ston

eautì thc, an kai mìno an U (ao)(x;x∗) ≥ 0, gia 0 ≤ x < x∗, kai U (ao)(x∗;x∗) ≤ 0.
Autèc oi sunj kec eÐnai isodÔnamec me tic

q0 + q1

q0µ1 + q1µ0
x− q1µ0(λ− µ0) + q0µ1(λ− µ1)

(q0µ1 + q1µ0)2

�
1− e−

�
q0
µ0

+
q1
µ1

�
x
�
≤ R

C
,

0 ≤ x < x∗ (4.41)

q0 + q1

q0µ1 + q1µ0
x∗ −

q0µ1(µ0 − µ1)
(q0µ1 + q1µ0)2

�
1− e−

�
q0
µ0

+
q1
µ1

�
x∗
�
≥ R

C
. (4.42)

Lìgw thc monotonÐac twn arister¸n mel¸n twn (4.41) kai (4.42) (ta opoÐa eÐnai Ðsa me
µ1−λ
µ1−µ0

S0(x)+ λ−µ0

µ1−µ0
S1(x) kai q1

q0+q1
S0(x∗)+ q0

q0+q1
S1(x∗) antÐstoiqa), mporoÔme eÔkola

na katal xoume sto ìti oi sqèseic isqÔoun an kai mìno an to x∗ an kei sto [xeL, xeU ],
ìpou oi xeL, xeL eÐnai oi monadikèc lÔseic twn exis¸sewn (4.39) kai (4.40).

Sthn perÐptwsh III, k�je strathgik  katwflÐou xe > 0 eÐnai bèltisth ap�nthsh

ston eautì thc. Pr�gmati, opoiad pote apì autèc tic strathgikèc ki an akoloujoÔn

oi pel�tec, ènac sugkekrimènoc pel�thc jèlei na qrhsimopoi sei thn Ðdia strathgik ,

kaj¸c p�nta parathreÐ posìthta reustoÔ Ðsh me 0 kai eÐnai prìjumoc na eisèljei afoÔ

U (ao)(0;x∗) = R− S(ao)(0;x∗) = R > 0. �

MporoÔme akìmh na upologÐsoume th sun�rthsh tou anamenìmenou koinwnikoÔ kèr-

douc an� qronik  mon�da, B(ao)(x∗), ìtan oi pel�tec akoloujoÔn mia strathgik 

katwflÐou x∗, qrhsimopoi¸ntac to Je¸rhma 4.3.2 kai th sqèsh B(ao)(x∗) =
B(fo)(x∗, x∗). Parìlo pou oi tÔpoi eÐnai pio aploÐ apì thn pl rwc parathr simh

perÐptwsh, p�li eÐnai polÔ dÔskolo na lujoÔn gia na prosdioristeÐ h koinwnik� bèltisth

strathgik  se kleist  morf .
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