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Kef�laio 1

Eisagwg 

1.1 Eisagwg 

Ta stoqastik� paiqnÐdia eis gage to 1953 o Shapley. H perioq  aut 
èktote èqei epektajeÐ drastik�, èqei anaptuqjeÐ shmantik  jewrÐa kai è-
qoun prìsfata ekdojeÐ arket� biblÐa pou th sunoyÐzoun (p.q. J. Filar kai
K. Vrieze (1997), A. Maitra kai W. Sudderth (1996), A. Neyman kai S. Sorin
(2003)), sundèont�c thn me th JewrÐa Pijanot twn, tic Elegqìmenec Dia-
dikasÐec Markov k.l.p. Se aut  thn ergasÐa ja asqolhjoÔme me orismènec
perioqèc apì ta stoqastik� paiqnÐdia 2-paiqt¸n mhdenikoÔ ajroÐsmatoc.
H ergasÐa apoteleÐtai apì tèssera kef�laia.

Sto pr¸to kef�laio perigr�foume to montèlo enìc stoqastikoÔ paiqni-
dioÔ 2-paiqt¸n mhdenikoÔ ajroÐsmatoc kai touc di�forouc tÔpouc strathgi-
k¸n twn paiqt¸n. Sth sunèqeia parousi�zoume to montèlo miac Elegqìme-
nhc DiadikasÐac Markov. 'Epeita, perigr�foume dÔo diaforetikoÔc trìpouc
upologismoÔ thc olik c plhrwm c enìc stoqastikoÔ paiqnidioÔ. Sugkekrimè-
na ja anaferjoÔme sthn ”apoplhjwrismènh” olik  plhrwm  kai sth ”mèsh
oriak ” plhrwm  twn paiqt¸n enìc stoqastikoÔ paiqnidioÔ. Tèloc, ja doÔ-
me pwc mporeÐ ènac paÐqthc na exasfalÐsei to mègisto dunatì kèrdoc gia
ton eautì tou ìtan o �lloc paÐqthc stajeropoi sei mÐa strathgik  tou,
dhlad  me �lla lìgia ìtan o deÔteroc paÐqthc èqei dhl¸sei apì thn arq 
tou paiqnidioÔ th strathgik  pou ja akolouj sei se ìlh th di�rkeia tou
paiqnidioÔ.

Sto deÔtero kef�laio anafèroume en peril yei qr sima sumper�smata
apì th Markobian  jewrÐa kai pio sugkekrimèna k�poia apotelèsmata gia
tic Markobianèc alusÐdec, gia tic idiìthtec twn katast�sewn tou stoqasti-
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koÔ paiqnidioÔ, gia ton pÐnaka pijanot twn metab�sewn twn katast�sewn
enìc sust matoc (stoqastikì paiqnÐdi), gia to Sèzaro-ìrio tou pÐnaka pi-
janot twn metab�sewn twn katast�sewn kai tèloc gia th st�simh kata-
nom .

Sto trÐto kef�laio meletoÔme ta apoplhjwrismèna stoqastik� paiqnÐ-
dia. H jewrÐa twn apoplhjwrismènwn stoqastik¸n paiqnidi¸n eis qjhke
to 1953 apì ton Shapley o opoÐoc melèthse stoqastik� paiqnÐdia me jeti-
k  pijanìthta stamat matoc. Ta apoplhjwrismèna stoqastik� paiqnÐdia
mporoÔn na jewrhjoÔn wc eidik  perÐptwsh twn stoqastik¸n paiqnidi¸n me
jetik  pijanìthta stamat matoc. O Shapley apèdeixe ìti èna tètoio stoqa-
stikì paiqnÐdi èqei tim  kai ìti kai oi dÔo paÐqtec èqoun bèltistec (st�simec)
strathgikèc. EmeÐc, ja deÐxoume thn up�rxh tim c kai bèltistwn (st�simwn)
strathgik¸n gia ta apoplhjwrismèna stoqastik� paiqnÐdia. Sth sunèqeia
ja d¸soume paradeÐgmata apoplhjwrismènwn stoqastik¸n paiqnidi¸n kai
tèloc ja anaferjoÔme en suntomÐa sthn oriak  apoplhjwrismènh exÐswsh,
h opoÐa apoteleÐ qr simo ergaleÐo gia th melèth thc asumptwtik c sumpe-
rifor�c twn lÔsewn twn apoplhjwrismènwn stoqastik¸n paiqnidi¸n ìtan
o ”suntelest c apoplhjwrismoÔ” eÐnai polÔ kont� sto 1.

Sto tètarto kef�laio thc ergasÐac ja melet soume stoqastik� paiqnÐ-
dia 2-paiqt¸n mhdenikoÔ ajroÐsmatoc me krit rio plhrwm c thn oriak  mèsh
plhrwm . Th jewrÐa aut¸n twn paiqnidi¸n eis gage to 1957 o Gillette. Gia
èna meg�lo qronikì di�sthma  tan anoiqtì er¸thma e�n aut� ta paiqnÐ-
dia diajètoun tim . To er¸thma apant jhke anex�rthta apì touc Mertens
kai Neyman (1980) kai Monash (1979). Sth sugkekrimènh ergasÐa ja a-
sqolhjoÔme me ta adiaq¸rista stoqastik� paiqnÐdia 2-paiqt¸n mhdenikoÔ
ajroÐsmatoc, dhlad  stoqastik� paiqnÐdia pou mporoÔn apì opoiad pote
kat�stash na brejoÔn se opoiad pote �llh kat�stash me jetik  pijanìth-
ta opìte oi paÐqtec periorÐzontai se st�simec strathgikèc. Ja apodeÐxoume
thn Ôparxh tim c kai bèltistwn (st�simwn) strathgik¸n aut¸n twn paiqni-
di¸n, ja k�noume mia sÔndesh me thn oriak  apoplhjwrismènh exÐswsh kai
tèloc ja d¸soume ènan algìrijmo gia ton upologismì thc tim c kai twn
bèltistwn (st�simwn) strathgik¸n twn dÔo paiqt¸n.
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1.2 Basikèc 'Ennoiec

'Ena stoqastikì paiqnÐdi dÔo paiqt¸n mhdenikoÔ-ajroÐsmatoc eÐnai mia
kajorismènh pent�da 〈S, {A1(s), s ∈ S}, {A2(s), s ∈ S}, r, p〉, ìpou S,A1(s)
kai A2(s) eÐnai peperasmèna mh ken� sÔnola, r eÐnai mÐa sun�rthsh p�nw
sto sÔnolo H := {(s, a1, a2), s ∈ S, a1 ∈ A1(s), a2 ∈ A2(s)} kai p eÐnai mÐa
apeikìnish p : H → P(S) ìpou P(S) eÐnai h oikogèneia twn katanom¸n
pijanìthtac p�nw sto q¸ro S.

Ta parap�nw sÔnola èqoun tic ex c onomasÐec (pou epÐshc ermhneÔoun
th leitourgÐa touc).

� To S = {1, . . . , N} onom�zetai q¸roc katast�sewn.

� To A1(s) = {1, 2, . . . ,m1(s)} onom�zetai q¸roc apof�sewn tou paÐqth
I ìtan to paiqnÐdi brÐsketai sthn kat�stash s.

� To A2(s) = {1, 2, . . . ,m2(s)} onom�zetai q¸roc apof�sewn tou paÐqth
II ìtan to paiqnÐdi brÐsketai sthn kat�stash s.

� H sun�rthsh r : H → R onom�zetai sun�rthsh plhrwm c. An sthn
kat�stash s o paÐqthc I apofasÐsei a1 ∈ A1(s) kai o paÐqthc II
apofasÐsei a2 ∈ A2(s), tìte o paÐqthc II plhr¸nei ston I to posì
r(s, a1, a2). An r(s, a1, a2) < 0 tìte o paÐqthc II lamb�nei −r(s, a1, a2)
apì ton paÐqth I.

� H sun�rthsh p : H → P(S) onom�zetai apeikìnish metab�sewn  
nìmoc kÐnhshc tou sust matoc. To P(S) mporeÐ na tautisteÐ me to
sÔnolo {

x | x ∈ RN , xs ≥ 0 για καθε s ∈ S και
N∑
s=1

xs = 1

}

Epiplèon, gia k�je (s, a1, a2) ∈ H, prosdiorÐzoume to p(s, a1, a2) me
to di�nusma (p(1 | s, a1, a2), p(2 | s, a1, a2), . . . , p(N | s, a1, a2)). H po-
sìthta p(s′ | s, a1, a2) antiproswpeÔei thn pijanìthta to sÔsthma na
metaphd� sthn kat�stash s′ an sthn kat�stash s o paÐqthc I apo-
fasÐsei a1 ∈ A1(s) kai o paÐqthc II apofasÐsei a2 ∈ A2(s). IsqÔei ìti
p(s′ | s, a1, a2) ≥ 0 gia k�je s′ ∈ S kai

∑N
s′=1 p(s

′ | s, a1, a2) = 1. Sthn
paroÔsa ergasÐa thn pijanìthta p(s′ | s, a1, a2) ja th sumbolÐzoume
pss′(a

1, a2).
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'Ena stoqastikì paiqnÐdi exet�zetai se diakritèc qronikèc stigmèc. Se
autèc tic qronikèc stigmèc kai oi dÔo paÐqtec paÐrnoun apof�seic kai ètsi
ephre�zoun thn exèlixh tou paiqnidioÔ. Oi qronikèc stigmèc kaloÔntai stig-
mèc apof�sewn   st�dia. EmeÐc ja jewr soume ìti to paiqnÐdi paÐzetai se
�peiro orÐzonta kai ètsi to sÔnolo twn stigm¸n apof�sewn tautÐzetai me
to sÔnolo N = {0, 1, 2, . . . }.

To paiqnÐdi paÐzetai wc ex c. Upojètoume ìti h arqik  kat�stash s0

tou paiqnidioÔ th stigm  apìfashc 0 eÐnai gnwst  kai stouc dÔo paÐqtec.
Oi paÐqtec paÐrnoun tautìqrona kai anex�rthta o ènac apì ton �llon mÐa
apìfash a1

0 ∈ A1(s0) kai a2
0 ∈ A2(s0) antÐstoiqa. T¸ra dÔo pr�gmata

sumbaÐnoun kai ta dÔo exart¸ntai apì thn paroÔsa kat�stash s0 kai tic
tautìqrona epilegmènec apof�seic a1

0 kai a2
0.

(i) Katagr�fetai to posì r(s0, a
1
0, a

2
0) logistik� wc ”plhrwm ” tou I apì

ton II, to opoÐo kaleÐtai trèqousa plhrwm .

(ii) To paiqnÐdi metaphd� sthn epìmenh kat�stash s1 sÔmfwna me to
apotèlesma enìc tuqaÐou peir�matoc. H pijanìthta h epìmenh kat�-
stash na einai h s′ eÐnai ps0s′(a

1
0, a

2
0).

AkoloÔjwc, prin thn stigm  apìfashc 1 kai oi dÔo paÐqtec plhroforoÔn-
tai tic prohgoÔmenec apof�seic tou �llou paÐqth kaj¸c kai thn kat�stash
s1. Sthn stigm  apìfashc 1, h diadikasÐa epanalamb�netai parìmoia.

Upojètoume ìti to paiqnÐdi eÐnai tèleiac an�mnhshc, dhlad  se k�je stig-
m  apìfashc k�je paÐqthc jum�tai ìlec tic proepilegeÐsec apof�seic kai
twn dÔo paiqt¸n kai ìlec tic prohgoÔmenec katast�seic pou èqoun sumbeÐ
(me dÔo lìgia thn istorÐa tou paiqnidioÔ).

Shmei¸noume ìti gia èna mhdenikoÔ-ajroÐsmatoc stoqastikì paiqnÐdi dÔo
paiqt¸n k�je kat�stash tautÐzetai me èna pinakopaiqnÐdi, me thn ènnoia ì-
ti h posìthta r(s, a1, a2) (pijan¸c arnhtik ) sumbolÐzei to posì pou prèpei
na plhr¸sei o paÐqthc II ston paÐqth I an to paiqnÐdi brÐsketai sthn ka-
t�stash s kai oi paÐqtec epilèxoun a1, a2 antÐstoiqa. Bèbaia, sto montèlo
èqoume metaphd seic apì pinakopaiqnÐdi se pinakopaiqnÐdi sÔmfwna me to
mètro pijanìthtac ps·(a

1, a2). 'Etsi, prokeimènou na p�rei mÐa apìfash se
mia sugkekrimènh kat�stash ènac paÐqthc den lamb�nei up' ìyhn tou mìno
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thn trèqousa plhrwm  all� kai tic dunatìthtec pou èqei apì tic plhrwmèc
mellontik¸n katast�sewn.

'Ena stoqastikì paiqnÐdi dÔo paiqt¸n (ìqi mhdenikoÔ-ajroÐsmatoc) orÐze-
tai me ton Ðdio trìpo mou orÐsthke prohgoumènwc to mhdenikoÔ-ajroÐsmatoc
stoqastikì paiqnÐdi me th diafor� ìti oi plhrwmèc twn dÔo paiqt¸n eÐnai
diaforetikèc sunart seic kai den ajroÐzoun sto mhdèn. O k�je paÐqthc e-
pijumeÐ na megistopoi sei th dikÐa tou sun�rthsh plhrwm c rk : H → R
me k = 1, 2, qwrÐc na endiafèretai gia thn plhrwm  pou ja p�rei o �lloc
paÐqthc. Sunep¸c, an sthn kat�stash s o paÐqthc I apofasÐsei a1 ∈ A1(s)
kai o paÐqthc II apofasÐsei a2 ∈ A2(s) , tìte o paÐqthc I plhr¸netai to
posì r1(s, a1, a2) kai o paÐqthc II plhr¸netai to posì r2(s, a1, a2).

Strathgikèc gia touc paÐqtec eÐnai kanìnec (pl rh sqèdia dr�shc) pou
orÐzoun ton trìpo l yhc apìfashc se k�je dunat  perÐptwsh. H epilog 
se mia sugkekrimènh stigm  apìfashc mporeÐ na exart�tai apì thn istorÐa
tou paiqnidioÔ mèqri ekeÐnh th stigm . Epiplèon, h epilog  miac apìfashc
mporeÐ na sumbaÐnei me tuqaiopoihmèno trìpo, dhlad  na orÐzetai apì èna
di�nusma pijanìthtac p�nw sto q¸ro apof�sewn twn paiqt¸n kai ètsi h e-
pìmenh apìfash na eÐnai to apotèlesma enìc tuqaÐou peir�matoc sÔmfwna
me to sugkekrimèno di�nusma pijanìthtac.

Orismìc 1.2.1. To sÔnolo ìlwn twn dunat¸n istori¸n mèqri th stigm 
apìfashc t apoteleÐtai apì ìlec tic akoloujÐec

ht = (s0, a
1
0, a

2
0, s1, a

1
1, a

2
1, . . . , st−1, a

1
t−1, a

2
t−1)

pou mporoÔn na sumboÔn mèqri th stigm  t, t ≥ 1. Ed¸, sk sumbolÐzei thn
kat�stash kai a1

k, a
2
k tic apof�seic twn dÔo paiqt¸n antÐstoiqa, th stigm 

k, k = 0, 1, . . . , t− 1.

Epiprosjètwc, ja sumbolÐzoume me H t to sÔnolo ìlwn twn dunat¸n i-
stori¸n mèqri th qronik  stigm  apìfashc t.

Sth sunèqeia perigr�foume diaforetikoÔc tÔpouc strathgik¸n pou mpo-
reÐ na qrhsimopoi sei k�poioc paÐqthc kai met� ja d¸soume ton akrib 
orismì touc.

MÐa kajar  strathgik  σ1 tou paÐqth I orÐzei gia k�je stigm  apìfa-
shc t, gia k�je kat�stash st kai k�je istorÐa ht mÐa apìfash p�nw sto
q¸ro apof�sewn A1(st) tou paÐqth I sthn kat�stash st. O q¸roc twn
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kajar¸n strathgik¸n mporeÐ na efodiasteÐ me kat�llhlh topologÐa kai
mporoÔn na oristoÔn mètra pijanìthtac p�nw sto q¸ro autì. Ta mètra
aut� onom�zontai meiktèc strathgikèc.

MÐa sumperiforik  strathgik  π1 tou paÐqth I orÐzei gia k�je stigm 
apìfashc t, gia k�je kat�stash st kai gia k�je istorÐa ht mÐa katanom 
pijanìthtac π1

t (ht, st) p�nw sto q¸ro apof�sewn A1(st) tou paÐqth I sthn
kat�stash st. Tìte π

1
t (a

1 | ht, st) eÐnai h pijanìthta me thn opoÐa o paÐqthc
I dialègei thn apìfash a1 ∈ A1(st) sth stigm  t dedomènou thc kat�stashc
st kai thc istorÐac ht.

Eidik , aploÔsterh morf  sumperiforik c strathgik c gia ton paÐqth I
apoteleÐ h hmi-markobian  strathgik , h opoÐa exart�tai apì thn istorÐa
mìno mèsw thc arqik c kat�stashc s0 kai thc qronik c stigm c t kai ètsi
ja eÐnai thc morf c π1

t (s0, st).

MÐa markobian  strathgik  gia ton paÐqth I eÐnai mÐa hmi-markobian 
strathgik  pou den exart�tai apì thn arqik  kat�stash s0 kai ètsi ja
eÐnai thc morf c π1

t (st).

MÐa st�simh strathgik  gia ton paÐqth I eÐnai mÐa markobian  strath-
gik  pou den exart�tai apì th stigm  apìfashc t, dhlad  eÐnai thc morf c
π1(st). Th st�simh strathgik  gia ton paÐqth I ja th sumbolÐzoume me f.
Tìte, f = (f(1), f(2), . . . , f(N)), ìpou f(s) eÐnai to mètro pijanìthtac p�nw
sto q¸ro apof�sewn A1(s) gia k�je s ∈ S. 'Etsi, f(s) ∈ P(A1(s)). An o
paÐqthc I apofasÐsei na paÐxei th st�simh strathgik  f, tìte k�je stigm 
pou to paiqnÐdi brÐsketai sthn kat�stash s, o paÐqthc I ja paÐrnei thn
kajar  apìfash sÔmfwna me thn f(s).

MÐa st�simh strathgik  ja lègetai nteterministik  an f(s) eÐnai kajar 
apìfash gia k�je s ∈ S, dhlad  dÐnei b�roc pijanìthtac 1 se mia sugke-
krimènh apìfash a1

s ∈ A1(s) kai 0 stic upìloipec.

Oi strathgikèc gia ton paÐqth II orÐzontai an�loga. Gia ton paÐqth II, h
sumperiforik  strathgik  ja sumbolÐzetai me π2 kai h st�simh strathgik 
me g.

Parak�tw dÐnoume austhr� touc orismoÔc twn proanaferjèntwn strath-
gik¸n.
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Orismìc 1.2.2. MÐa sumperiforik  strathgik  π1 gia ton paÐqth I eÐ-

nai mÐa akoloujÐa π1
0, π

1
1, π

1
2, . . . ìpou π1

0 ∈×N

s=1
P(A1(s)) kai π1

t : Ht →
×N

s=1
P(A1(s)) gia t ≥ 1.

MÐa hmi-markobian  strathgik  µ gia ton paiqth I eÐnai mÐa akoloujÐa

µ0, µ1, µ2, . . . ìpou µ0 ∈×N

s=1
P(A1(s)) kai µt : S →×N

s=1
P(A1(s)) gia

t ≥ 1.
MÐa markobian  strathgik  µ gia ton paiqth I eÐnai mÐa akoloujÐa µ0, µ1, µ2, . . .

ìpou µt ∈×N

s=1
P(A1(s)) gia t ≥ 0.

MÐa st�simh strathgik  f gia ton paiqth I eÐnai èna stoiqeÐo tou×N

s=1
P(A1(s)).

MÐa nteterministik  st�simh strathgik  f gia ton paiqth I eÐnai èna stoi-

qeÐo tou×N

s=1
A1(s).

Oi strathgikèc gia ton paÐqth II orÐzontai an�loga.

Prèpei na shmeiwjeÐ ìti to sÔnolo twn sumperiforik¸n strathgik¸n den
eÐnai to pio genikì sÔnolo strathgik¸n pou up�rqei. E�n anaparast soume
èna stoqastikì paiqnÐdi se ektetamènh morf 1, tìte autì mporeÐ na par�gei
èna dèntro �peirou m kouc ìtan to paiqnÐdi paÐzetai se �peiro orÐzonta. Se
autì to dèntro mporoÔn na oristoÔn kajarèc kai meiktèc strathgikèc2. Aut 
h diadikasÐa ja odhgoÔse se mÐa kl�sh strathgik¸n sthn opoÐa to sÔnolo
twn sumperiforik¸n strathgik¸n ja  tan kat�llhlo uposÔnolo. Parìl'
aut�, apì to je¸rhma tou R. Aumann (1964) prokÔptei ìti k�tw apì k�poiec
kanonistikèc sunj kec se paiqnÐdia tèleiac plhrofìrhshc �peirou m kouc
mporoÔme na perioristoÔme se sumperiforikèc strathgikèc. Sta stoqastik�
paiqnÐdia pou exet�zoume, oi upojèseic tou jewr matoc Aumann isqÔoun kai
epomènwc sto ex c ja periorizìmaste se sumperiforikèc strathgikèc.

DÔo strathgikèc enìc paÐqth kaloÔntai isodÔnamec, an gia ìlec tic a-
pof�seic tou �llou paÐqth kai gia k�je arqik  kat�stash, kai oi dÔo
strathgikèc apodÐdoun, se k�je stigm  apìfashc, thn Ðdia anamenìmenh
plhrwm  ston paÐqth.

1
ο αναγνώστης μπορεί να ανατρέξει στους Von Neuman και Morgenstern (1944)

2
ο αναγνώστης μπορεί να ανατρέξει στους Kuhn (1953) και Aumann (1964)
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1.3 DiadikasÐec Apof�sewnMarkov (MDP )

Sthn exètash twn stoqastik¸n paiqnidi¸n, pou eÐnai to antikeÐmeno thc
paroÔsac ergasÐac, ja qreiastoÔme orismèna stoiqeÐa apì tic diadikasÐec
apof�sewn Markov, tic opoÐec eis�goume se aut  thn par�grafo.

Orismìc 1.3.1. MÐa peperasmènh Markobian  diadikasÐa l yhc apof�-
sewn eÐnai mÐa kajorismènh tetr�da 〈S, {A(s), s ∈ S}, r, p〉, ìpou to sÔnolo
S eÐnai peperasmèno kai onom�zetai q¸roc katast�sewn, to sÔnolo A(s)
eÐnai epÐshc peperasmèno kai kaleÐtai q¸roc apof�sewn ìtan to sÔsthma
brÐsketai sthn kat�stash s, r eÐnai mia sun�rthsh trèqousac plhrwm c
kai p h apeikìnish metab�sewn. MÐa Markobian  DiadikasÐa Apof�sewn
(Markov Decision Process) ja kaleÐtai gia suntomÐa, MDP .

H ermhneÐa twn parap�nw paramètrwn eÐnai Ðdia me aut  pou dìjhke gia
to stoqastikì paiqnÐdi dÔo paiqt¸n mhdenikoÔ-ajroÐsmatoc me mình diafor�
ìti t¸ra èqoume ènan elegkt  thc diadikasÐac (antÐ dÔo paÐqtec). Se diakri-
tèc qronikèc stigmèc (stigmèc apìfashc   st�dia) h exèlixh thc diadikasÐac
ephre�zetai apì mÐa epileqjeÐsa apìfash, h opoÐa an kei sto sÔnolo apo-
f�sewn pou exart�tai apì thn paroÔsa kat�stash. Aut  h apìfash èqei
wc apotèlesma mÐa �mesh plhrwm  kai kajorÐzei thn epìmenh kat�stash
sÔmfwna me èna tuqaÐo peÐrama. Autì to tuqaÐo peÐrama exart�tai mìno
apì thn paroÔsa kat�stash kai apì thn epakìloujh apìfash pou p re o
elegkt c thc diadikasÐac. 'Opwc kai sta stoqastik� paiqnÐdia, to sÔnolo
twn stigm¸n apof�sewn tautÐzetai me to sÔnolo N = {0, 1, 2, . . . }.

Epomènwc, mÐa Markobian  diadikasÐa apof�sewn (MDP ) mporeÐ na je-
wrhjeÐ wc stoqastikì paiqnÐdi me èna mìno paÐqth.

Oi strathgikèc gia th MDP orÐzontai me an�logo trìpo ìpwc sta sto-
qastik� paiqnÐdia all� ja anafèrontai wc politikèc, ìpwc èqei epikrat sei
sth bibliografÐa. 'Omwc, ja krat soume ton ìro ”strathgikèc” ìtan ana-
ferìmaste sta stoqastik� paiqnÐdia. Oi diaforetikoÐ tÔpoi politik¸n pou
ja mac qreiastoÔn ed¸ eÐnai sumperiforikèc (π), hmimarkobianèc   marko-
bianèc (µ), st�simec (f) kai nteterministikèc st�simec (σ).

'Opwc ja doÔme kai gia ta stoqastik� paiqnÐdia sto epìmeno ed�fio, h
olik  plhrwm  eÐnai sun�rthsh thc ro c twn treqous¸n plhrwm¸n. 'Etsi, oi
MDP mporoÔn na exetastoÔn upì to prÐsma diafìrwn krithrÐwn beltistìth-
tac an�loga me ton trìpo upologismoÔ thc ro c twn �meswn anamenìmenwn
plhrwm¸n. Se mÐa MDP , to prìblhma pou antimetwpÐzei o elegkt c thc
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diadikasÐac eÐnai h megistopoÐhsh thc sun�rthshc olik c plhrwm c p�nw
sto sÔnolo twn strathgik¸n. Ac doÔme loipìn dÔo basikèc sunart seic
olik c plhrwm c.

Pr¸ta shmei¸noume ìti ston orismì pou akoloujeÐ, h posìthta υt(s0, π)
isoÔtai me thn anamenìmenh trèqousa plhrwm  kat� th stigm  apìfashc
t ìtan h arqik  kat�stash tou sust matoc eÐnai h s0 kai o elegkt c ako-
loujeÐ thn politik  π.

Orismìc 1.3.2. MÐa apoplhjwrismènh MDP me suntelest  apoplhjwri-
smoÔ β, ìpou β ∈ (0, 1), eÐnai mÐa markobian  diadikasÐa l yhc apof�sewn
gia thn opoÐa h olik  plhrwm  gia k�je arqik  kat�stash s0 upologÐzetai
apì ton tÔpo

υβ(s0, π) :=
∞∑
t=0

βtυt(s0, π).

Orismìc 1.3.3. MÐa MDP me plhrwm  apotimhmènh mèsw tou oriakoÔ
mèsou ìrou (gia suntomÐa mèshc plhrwm c) eÐnai mÐa markobian  diadikasÐa
apof�sewn gia thn opoÐa h sunolik  plhrwm  gia k�je arqik  kat�stash
s0 upologÐzetai apì ton tÔpo:

υα(s0, π) := lim inf
T→∞

1

T + 1

T∑
t=0

υt(s0, π).

Orismìc 1.3.4. 'Estw G(s, π) h sun�rthsh upologismoÔ thc plhrwm c gia
thMDP gia èna apì ta dÔo parap�nw krit ria upologismoÔ thc plhrwm c.
Gia ε ≥ 0, mÐa politik  πε ja lègetai e-bèltisth, e�n gia k�je s ∈ S:

G(s, πε) ≥ sup
π
G(s, π)− ε

Gia ε = 0, h politik  kaleÐtai bèltisth.

Anafèroume t¸ra k�poia apotelèsmata pou prokÔptoun apì ticMDP .
Sta akìlouja jewr mata ta r(s, f(s)) kai pss′(f(s)) gia mÐa st�simh poli-
tik  f , orÐzontai wc ex c

r(s, f(s)) :=
∑
a∈A(s)

r(s, a)f(s, a)

pss′(f(s)) :=
∑
a∈A(s)

pss′(a)f(s, a)

ìpou f(s, a) eÐnai h pijanìthta o paÐqthc na p�rei thn apìfash a ∈ A(s)
ìtan to sÔsthma brÐsketai sthn kat�stash s.
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Je¸rhma 1.3.1. Gia mÐa apoplhjwrismènh MDP �peirou orÐzonta, to
di�nusma vβ ∈ RN , orismèno wc vβ(s) := supπ vβ(s, π) gia k�je kat�stash
s ∈ S, eÐnai h monadik  lÔsh twn akìloujwn exis¸sewn

x(s) = max
a∈A(s)

{
r(s, a) + β

N∑
s′=1

pss′(a)x(s′)

}
, s ∈ S.

MÐa st�simh politik  f∗ = (f ∗(1), f ∗(2), . . . , f ∗(N)) eÐnai bèltisth an kai
mìno an gia k�je s ∈ S:

vβ(s) = r(s, f ∗(s)) + β
N∑
s′=1

pss′(f
∗(s))vβ(s′).

EpÐshc up�rqei mÐa bèltisth nteterministik  st�simh politik .

MÐa apìdeixh autoÔ tou jewr matoc mporeÐ na brejeÐ ston Blackwell
(1965) kai ston Derman (1970).

Je¸rhma 1.3.2. Gia mÐa MDP mèshc plhrwm c �peirou orÐzonta, an u-
p�rqei sun�rthsh w(s), s ∈ S kai mÐa stajer� υ tètoia ¸ste

υ + w(s) = max
a

[
r(s, a) +

N∑
s′=1

pss′(a)w(s′)

]
(1)

tìte up�rqei mÐa st�simh politik  f ∗ tètoia ¸ste

υ = vα(s, f ∗) = max
f

vα(s, f)

gia k�je s ∈ S kai h f ∗ eÐnai mÐa opoiad pote politik  pou gia k�je s ∈ S
epilègei mÐa apìfash a ∈ A(s) h opoÐa megistopoieÐ th dexi� posìthta thc
(1).

MÐa apìdeixh autoÔ tou jewr matoc mporeÐ na brejeÐ ston Ross (1982),
kef�laio 5.

Je¸rhma 1.3.3. An up�rqei k <∞ kai s0 ∈ S ètsi ¸ste

| vβ(s)− vβ(s0) |< k

gia k�je β < 1 kai gia k�je kat�stash s ∈ S, tìte
(i) up�rqei mÐa sun�rthsh w(s) kai mÐa stajer� υ pou na ikanopoioÔn

th sqèsh (1) tou jewr matoc 1.3.2

(ii) gia mia akoloujÐa βn → 1, èqoume ìti w(s) = limn→∞ [vβn(s)− vβn(s0)]

(iii) limβ→1(1− β)vβ(s0) = υ

MÐa apìdeixh autoÔ tou jewr matoc mporeÐ na brejeÐ ston Ross (1982),
kef�laio 5.
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Epeid  sthn paroÔsa ergasÐa ja asqolhjoÔme me adiaq¸rista stoqa-
stik� paiqnÐdia me peperasmèno q¸ro katast�sewn, to epìmeno pìrisma
mac eÐnai qr simo.

Pìrisma 1.3.1. E�n o q¸roc katast�sewn tou sust matoc eÐnai pepe-
rasmènoc kai k�je st�simh politik  ep�gei mÐa adiaq¸risth Markobian 
alusÐda, tìte h posìthta vβ(s)−vβ(s0) eÐnai omoiìmorfa fragmènh gia mia
stajeropoihmènh kat�stash s0 ∈ S kai gia k�je kat�sthsh s ∈ S kai ètsi
oi sunj kec tou jewr matoc 1.3.3 ikanopoioÔntai.

MÐa apìdeixh autoÔ tou porÐsmatoc mporeÐ na brejeÐ ston Ross (1982),
kef�laio 5.

Pìrisma 1.3.2. 'EstwMDP me peperasmèno q¸ro katast�sewn ìpou k�-
je st�simh politik  ep�gei mÐa adiaq¸risth Markobian  alusÐda. E�n
up�rqei stajer� c kai sun�rthsh w(s) ètsi ¸ste

min
a

[
r(s, a) +

N∑
s′=1

pss′(a)w(s′)

]
≥ c+ w(s)

gia k�je s ∈ S, tìte h tim  υ := minf υα(s, f) ikanopoieÐ thn υ ≥ c.

Apìdeixh

K�tw apì tic upojèseic (bl. Derman (1970)) h tim  υ eÐnai lÔsh tou
probl matoc grammikoÔ programmatismoÔ

maxu

κ. α. r(s, a) +
N∑
s′=1

pss′(a)h(s′) ≥ u+ h(s) ∀s ∈ S, ∀a ∈ A(s)

wc proc tic metablhtèc (u, h(1), h(2), . . . , h(N)).

�

11



1.4 Krit ria upologismoÔ thc plhrwm c e-

nìc stoqastikoÔ paiqnidioÔ

Gia èna stoqastikì paiqnÐdi 2-paiqt¸n, èna zeug�ri strathgik¸n (π1, π2)
gia mÐa stajeropoihmènh arqik  kat�stash s0 kai k�je stigm  apìfashc
t ep�gei èna mètro pijanìthtac Ps0π1π2(t) ston peperasmèno kartesianì
q¸ro H t. Apì to je¸rhma epèktashc tou Kolmogorov (1933) h akoloujÐa
Ps0π1π2(0),Ps0π1π2(1), . . . mporeÐ na epektajeÐ se èna monadikì mètro pija-
nìthtac Ps0π1π2 p�nw sto mh-peperasmèno q¸ro twn �peirwn istori¸n H∞.

Dedomènou ìti oi paÐqtec I kai II paÐzoun tic strathgikèc π1 kai π2 an-
tÐstoiqa, orÐzoume tic akìloujec tuqaÐec metablhtèc

St,π1π2 ≡ St antiproswpeÔei thn kat�stash th stigm  apìfashc t.
A1
t,π1π2 ≡ A1

t antiproswpeÔei thn apìfash tou paÐqth I th stigm  apìfa-
shc t.
A2
t,π1π2 ≡ A2

t antiproswpeÔei thn apìfash tou paÐqth II th stigm  apìfa-
shc t.

Olof�nera, oi perij¸riec katanomèc twn St, A
1
t , A

2
t gia k�je t ∈ N, ka-

jorÐzontai apì to Ps0π1π2 . Gia mÐa arqik  kat�stash s0 h anamenìmenh
plhrwm  sth stigm  apìfashc t dÐnetai apì ton tÔpo

vt(s0, π
1, π2) := Es0

{
r(St, A

1
t , A

2
t )
}

=∑
(s,a1,a2)∈H

r(s, a1, a2)Ps0π1π2(St = s, A1
t = a1, A2

t = a2).

O trìpoc me ton opoÐo upologÐzetai h ro  twn plhrwm¸n mèsw thc oli-
k c plhrwm c prosdiorÐzei èna sugkekrimèno paiqnÐdi. Oi dÔo gnwstìteroi
trìpoi upologismoÔ thc olik c plhrwm c parousi�zontai sth sunèqeia.

Orismìc 1.4.1. 'Ena apoplhjwrismèno stoqastikì paiqnÐdi mhdenikoÔ a-
jroÐsmatoc 2-paiqt¸n me suntelest  apoplhjwrismoÔ β ∈ (0, 1) eÐnai èna
paiqnÐdi sto opoÐo h ro  twn plhrwm¸n upologÐzetai wc ex c

vβ(s0, π
1, π2) :=

∞∑
t=0

βtvt(s0, π
1, π2).
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Dhlad , sÔmfwna me ton parap�nw orismì, to vβ(s0, π
1, π2) isoÔtai me

th sunolik  apoplhjwrismènh anamenìmenh plhrwm  tou paiqnidioÔ ìtan o
suntelest c apoplhjwrismoÔ eÐnai β, β ∈ (0, 1), h arqik  kat�stash eÐnai h
s0 ∈ S kai oi paÐqtec paÐzoun tic strathgikèc π1 kai π2 antÐstoiqa. Efìson
èqoume upojèsei ìti o q¸roc katast�sewn kai o q¸roc apof�sewn eÐnai
peperasmèna sÔnola, h tim  vβ(s0, π

1, π2) up�rqei gia ìla ta zeug�ria
strathgik¸n (π1, π2), afoÔ h seir� fr�ssetai apolÔtwc.

Orismìc 1.4.2. 'Ena mèshc plhrwm c stoqastikì paiqnÐdi mhdenikoÔ ajroÐ-
smatoc 2-paiqt¸n eÐnai èna paiqnÐdi sto opoÐo h ro  twn plhrwm¸n upolo-
gÐzetai wc ex c

vα(s0, π
1, π2) := lim inf

T→∞

1

T + 1

T∑
t=0

vt(s0, π
1, π2).

Dhlad , sÔmfwna me ton parap�nw orismì, to vα(s0, π
1, π2) isoÔtai

me to mikrìtero oriakì shmeÐo thc akoloujÐac twn mèswn anamenìmenwn
plhrwm¸n ìtan h arqik  kat�stash eÐnai h s0 ∈ S kai oi paÐqtec paÐzoun tic
strathgikèc π1 kai π2 antÐstoiqa. Profan¸c, h tim  vα(s0, π

1, π2) up�rqei
gia ìla ta zeug�ria strathgik¸n (π1, π2). H tim  aut  suqn� kaleÐtai sth
bibliografÐa oriak  mèsh plhrwm .

Opoiad pote an eÐnai h sun�rthsh upologismoÔ twn plhrwm¸n, o paÐqthc
I jèlei na megistopoi sei aut  th sun�rthsh en¸ o paÐqthc II jèlei na thn
elaqistopoi sei.

Orismìc 1.4.3. 'Estw G mÐa sun�rthsh upologismoÔ twn plhrwm¸n gia
èna stoqastikì paiqnÐdi 2-paiqt¸n mhdenikoÔ-ajroÐsmatoc. To paiqnÐdi ja
lème ìti èqei tim  k�tw apì aut n th sun�rthsh plhrwm c an gia k�je
arqik  kat�stash s0 ∈ S isqÔei:

sup
π1

inf
π2
G(s0, π

1, π2) = inf
π2

sup
π1

G(s0, π
1, π2).

'Estw G∗ ∈ RN h tim  enìc paiqnidioÔ (pou diajètei tim ). Tìte, mÐa stra-
thgik  π1

ε tou paÐqth I kaleÐtai e-bèltisth, ε ≥ 0, an gia k�je arqik 
kat�stash s0 ∈ S:

inf
π2
G(s0, π

1
ε , π

2) ≥ G∗(s0)− ε.

Gia ε = 0 h strathgik  kaleÐtai bèltisth.
An�loga orÐzontai kai oi e-bèltistec strathgikèc tou paÐqth II.
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Je¸rhma 1.4.1. 'Estw G h sun�rthsh upologismoÔ twn plhrwm¸n gia
èna stoqastikì paiqnÐdi 2-paiqt¸n mhdenikoÔ-ajroÐsmatoc. E�n up�rqei
di�nusma v ∈ RN kai strathgikèc π̃1 kai π̃2 tètoiec ¸ste G(s0, π

1, π̃2) ≤
v(s0) ≤ G(s0, π̃

1, π2) gia k�je strathgikèc π1 kai π2 twn dÔo paiqt¸n kai
gia k�je arqik  kat�stash s0 ∈ S, tìte to v isoÔtai me thn tim  tou
paiqnidioÔ kai oi strathgikèc π̃1 kai π̃2 eÐnai bèltistec gia touc paÐqtec I
kai II antÐstoiqa.

Je¸rhma 1.4.2. 'Estw G h sun�rthsh upologismoÔ twn plhrwm¸n gia
èna stoqastikì paiqnÐdi 2-paiqt¸n mhdenikoÔ-ajroÐsmatoc. E�n, gia k�je
ε > 0, up�rqoun strathgikèc π1

ε kai π2
ε tètoiec ¸ste gia k�je strathgikèc

π1 kai π2 twn dÔo paiqt¸n kai gia k�je arqik  kat�stash s0 ∈ S na isqÔei:

G(s0, π
1, π2

ε)− ε ≤ G(s0, π
1
ε , π

2
ε) ≤ G(s0, π

1
ε , π

2) + ε,

tìte h tim  tou paiqnidioÔ up�rqei kai dedomènou ìti h arqik  kat�stash
tou paiqnidioÔ eÐnai h s0 ∈ S h tim  isoÔtai me limε→0G(s0, π

1
ε , π

2
ε).

Oi apodeÐxeic aut¸n twn jewrhm�twn eÐnai �mesec (Mhlolid�khc (2009),
kef�laio 4).
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1.5 PaÐzontac enantÐon miac stajeropoih-

mènhc strathgik c

Se aut  thn par�grafo exet�zoume pwc mporeÐ o paÐqthc I na epwfelhjeÐ
gia na megistopoi sei thn plhrwm  tou ìtan gnwrÐzei th strathgik  pou
skopeÔei na paÐxei o paÐqthc II.

'Otan se èna peperasmèno mhdenikoÔ-ajroÐsmatoc 2-paiqt¸n stoqastikì
paiqnÐdi o paÐqthc II paÐzei mÐa sumperiforik  strathgik , tìte o Monash
(1979, je¸rhma 1, selÐda 6) apèdeixe ìti o paÐqthc I mporeÐ na perioristeÐ se
mh-tuqaiopoihmènec strathgikèc. Parak�tw exet�zoume ti sumbaÐnei ìtan
o paÐqthc II stajeropoieÐ mÐa hmi-markobian    mÐa st�simh strathgik .

Je¸rhma 1.5.1. Gia èna 2 paiqt¸n mhdenikoÔ-ajroÐsmatoc stoqastikì
paiqnÐdi, èstw ν mÐa hmi-markobian  strathgik  gia ton paÐqth II. Tì-
te gia k�je sumperiforik  strathgik  π1 tou paÐqth I, up�rqei mÐa hmi-
markobian  strathgik  µ gia ton paÐqth I tètoia ¸ste:

vt(s0, π
1, ν) = vt(s0, µ, ν)

gia k�je arqik  kat�stash s0 ∈ S kai stigm  spìfashc t = 0, 1, . . . .

Apìdeixh

'Estw ìti h arqik  kat�stash tou paiqnidioÔ eÐnai s0 ∈ S kai èstw µ mÐa
sumperiforik  strathgik  tou paÐqth I. Q�rhn suntomografÐac antÐ gia
Ps0,π1,ν , A

1
t,π1ν , A

2
t,π1ν , St,π1ν ja gr�foume Ps0 , A1

t , A
2
t , St antÐstoiqa. Gia k�je

stigm  apìfashc t = 0, 1, . . . kai gia k�je (s, a1, a2) ∈ H èqoume:

Ps0(St = s, A1
t = a1, A2

t = a2) =

= Ps0(A1
t = a1 | St = s, A2

t = a2)Ps0(St = s, A2
t = a2) (2)

AfoÔ h ν eÐnai hmi-markobian  strathgik  tou paÐqth II, oi tuqaiec meta-
blhtèc A1

t , A
2
t dedomènou twn s0 kai s eÐnai anex�rthtec. Tìte èqoume

Ps0(A1
t = a1 | St = s, A2

t = a2) = Ps0(A1
t = a1 | St = s)

Epomènwc h sqèsh (1) gÐnetai:

Ps0(St = s, A1
t = a1, A2

t = a2) =

= Ps0(A1
t = a1 | St = s)Ps0(St = s, A2

t = a2) (3)
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T¸ra, orÐzoume mÐa hmi-markobian  strathgik  gia ton paÐqth I wc ex c.An
h arqik  kat�stash tou paiqnidioÔ eÐnai h s0 kai h kat�stash th stigm 
apìfashc t eÐnai h s, tìte o paÐqthc I paÐrnei thn apofash a1 me pijanìthta
Ps0(A1

t = a1 | St = s), dhlad  µ = (µ0, µ1, . . . ) ìpou µt = Ps0(A1
t = a1 | St =

s). Gia suntomÐa ja gr�foume P∗s0 antÐ gia P∗s0µν . Me epagwg  ja deÐxoume
ìti:

Ps0(St = s, A1
t = a1, A2

t = a2) = P∗s0(St = s, A1
t = a1, A2

t = a2) (4)

Pr�gmati, h (3) isqÔei gia t = 0. 'Estw ìti isqÔei gia k�poio t, tìte:

Ps0(St+1 = s′) =

=
∑
s,a1,a2

Ps0(St = s, A1
t = a1, A2

t = a2)pss′(a
1, a2) =

=
∑
s,a1,a2

P∗s0(St = s, A1
t = a1, A2

t = a2)pss′(a
1, a2) =

= P∗s0(St+1 = s′) (5)

Epeid  h strathgik  ν tou paÐqth II eÐnai hmi-markobian  apì th sqèsh (5)
prokÔptei ìti:

Ps0(St+1 = s′, A2
t+1 = a2) = P∗s0(St+1 = s′, A2

t+1 = a2) (6)

Apì ton orismì thc hmi-markobian c strathgik c µ tou paÐqth I, th sqèsh
(3) gia t+ 1 kai th sqèsh (6) èqoume:

Ps0(St+1 = s, A1
t+1 = a1, A2

t+1 = a2) =

P∗s0(A
1
t+1 = a1 | St+1 = s)P∗s0(St+1 = s, A2

t+1 = a2) =

= P∗s0(St+1 = s, A1
t+1 = a1, A2

t+1 = a2)

Sunep¸c apodeÐxame thn (4) kai �ra èqoume:

vt(s0, π
1, ν) =

=
∑
s,a1,a2

r(s, a1, a2)Ps0π1ν(St = s, A1
t = a1, A2

t = a2) =

=
∑
s,a1,a2

r(s, a1, a2)P∗s0µν(St = s, A1
t = a1, A2

t = a2)

= vt(s0, µ, ν)
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Je¸rhma 1.5.2. JewroÔme èna stoqastikì paiqnÐdi 2-paiqt¸n mhdenikoÔ-
ajroÐsmatoc me krit rio plhrwm c eÐte thc apoplhjwrismènhc eÐte thc mèshc
plhrwm c. Upojètoume ìti sto paiqnÐdi pou oi paÐqtec periorÐzontai sto
na paÐzoun hmi-markobianèc strathgikèc, h tim  up�rqei. Tìte kai gia
to mh periorismèno paiqnÐdi h tim  up�rqei kai isoÔtai me thn tim  sto
periorismèno paiqnÐdi. Epiprosjètwc, mÐa e-bèltisth strathgik ,ε ≥ 0 gia
èna paÐqth sto periorismèno paiqnÐdi eÐnai kai e-bèltisth strathgik  sto
arqikì paiqnÐdi.

Apìdeixh

'Estw G h sun�rthsh plhrwm c me krit rio upologismoÔ thc plhrwm c
eÐte thc apoplhjwrismènhc eÐte thc mèshc plhrwm c gia to arqikì paiqnÐ-
di. 'Estw G∗ h tim  tou periorismènou paiqnidioÔ. 'Estw νε mÐa e-bèltisth
hmi-markobian  strathgik  tou paÐqth II sto periorismèno paiqnÐdi. MÐa
tètoia strathgik  up�rqei apì th stigm  pou up�rqei h tim  tou paiqnidioÔ.
Apì to je¸rhma 1.5.1 gia k�je sumperiforik  strathgik  π1 tou paÐqth I,
up�rqei mÐa hmi-markobian  strathgik  µ tètoia ¸ste gia k�je s ∈ S

G(s, π1, νε) = G(s, µ, νε).

EpÐshc, gia k�je s ∈ S èqoume

G(s, µ, νε) ≤ G∗(s) + ε

opìte
G(s, π1, νε) ≤ G∗(s) + ε (7)

gia k�je π1 kai s ∈ S. Parìmoia èqoume

G∗(s)− ε ≤ G(s, µε, π
2) (8)

gia k�je π2 kai s ∈ S, ìpou µε eÐnai mÐa e-bèltisth hmi-markobian  stra-
thgik  tou paÐqth I sto periorismèno paiqnÐdi. AfoÔ ε > 0 eÐnai aujaÐre-
to, efarmìzontac to je¸rhma 1.4.2 se sunduasmì me tic sqèseic (7) kai
(8) prokÔptei ìti h tim  tou arqikoÔ paiqnidioÔ up�rqei kai isoÔtai me
limε→0G(s, µε, νε) = G∗(s), s ∈ S.
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EpÐshc, apì tic sqèseic (7) kai (8) prokÔptei ìti oi strathgikèc µε kai νε
eÐnai e-bèltistec sto arqikì paiqnÐdi.

�

T¸ra erqìmaste na analÔsoume ti sumbaÐnei ìtan ènac paÐqthc staje-
ropoieÐ mÐa st�simh strathgik  tou. 'Estw ìti o paÐqthc II stajeropoieÐ
th st�simh strathgik  tou g. Tìte orÐzoume to akìloujo markobianì prì-
blhma apof�sewn MDP (g) wc ex c:

MDP (g) = 〈S̃, {Ã1(s), s ∈ S}, r̃, p̃〉

ìpou

S̃ := S
Ã1(s) := A1(s), s ∈ S
r̃(s, a1) :=

∑
a2∈A2(s) r(s, a

1, a2)g(s, a2), a1 ∈ Ã1(s), s ∈ S̃
p̃ss′(a

1) :=
∑

a2∈A2(s) pss′(a
1, a2)g(s, a2), a1 ∈ Ã1(s), s ∈ S̃

Je¸rhma 1.5.3. 'Estw ìti se èna stoqastikì paiqnÐdi 2-paiqt¸n mhdenikoÔ-
ajroÐsmatoc o paÐqthc II stajeropoieÐ mÐa st�simh strathgik  tou g. Tìte
eÐte gia to krit rio thc apoplhjwrismènhc plhrwm c eÐte gia autì thc mè-
shc plhrwm c o paÐqthc I mporeÐ na apant sei bèltista epilègontac mÐa
bèltisth st�simh strathgik  sto MDP (g).

Apìdeixh

GnwrÐzoume ìti eÐte gia to krit rio apoplhjwrismènhc plhrwm c (Ross,
je¸rhma 2.2, selÐda 32) eÐte thc mèshc plhrwm c (Ross, je¸rhma 2.1, selÐda
93) ìti gia èna MDP mÐa bèltisth strathgik  mporei na brejeÐ sth kl�sh
twn st�simwn strathgik¸n.

ParathroÔme ìti up�rqei èna proc èna antistoiqÐa gia ton paÐqth I me-
taxÔ tou sunìlou twn st�simwn strathgik¸n stoMDP (g) kai tou sunìlou
twn st�simwn strathgik¸n sto arqikì paiqnÐdi. 'Estw G̃(f) h plhrwm  tou
I ìtan autìc akoloujeÐ thn politik  f sto MDP (g) gia opoiod pote apì
ta parap�nw dÔo krit ria plhrwm c. DieukrinÐzoume ìti to G̃(f) eÐnai èna
N−di�stato di�nusma. An mÐa politik  f∗ eÐnai bèltisth sto MDP (g) tìte
ja isqÔei:

sup
f

(G̃(f)) = G̃(f∗) (9)

Ja apodeÐxoume ìti G(f, g) = G̃(f) gia k�je st�simh politik  f. Dhlad  ja
apodeÐxoume ìti opoiad pote st�simh politik  f epilèxei o paÐqthc I sto
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MDP (g) ja p�rei thn Ðdia plhrwm  me aut  pou ja èpairne an èpaize thn
f sto arqikì paiqnÐdi dedomènou ìti o paÐqthc II paÐzei sto arqikì paiqnÐdi
th st�simh strathgik  g.

Autì prokÔptei apì to gegonìc ìti h st�simh strathgik  g den exart�tai
apì thn istorÐa tou paiqnidioÔ ektìc apì thn paroÔsa kat�stash. Me
epagwg  ja deÐxoume ìti:

Ps0fg(St = s) = P̃s0f(S̃t = s)

Pr�gmati, isqÔei gia t = 0 kai èstw ìti isqÔei gia k�poio t. Tìte:

Ps0fg(St+1 = s′) =∑
s∈S

Ps0fg(St = s)Ps0fg(St+1 = s′ | St = s) =

∑
s∈S

P̃s0f(S̃t = s)Ps0fg(St+1 = s′ | St = s) =

∑
s∈S

P̃s0f(S̃t = s)
∑
a1,a2

pss′(a
1, a2)Ps0fg(A1

t = a1 | St = s)g(s, a2) =

∑
s∈S

P̃s0f(S̃t = s)
∑
a1

(∑
a2

pss′(a
1, a2)g(s, a2)

)
P̃s0f(Ã1

t = a1 | S̃t = s) =

∑
s∈S

P̃s0f(S̃t = s)
∑
a1

p̃ss′(a
1)P̃s0f(Ã1

t = a1 | S̃t = s) =

P̃s0f(S̃t+1 = s′)

Sunep¸c èqoume:∑
s,a1,a2

r(s, a1, a2)Ps0fg(St = s, A1
t = a1, A2

t = a2) =

∑
s,a1

∑
a2

r(s, a1, a2)g(s, a2)Ps0fg(St = s)Ps0fg(A1
t = a1 | St = s) =

∑
s,a1

r̃(s, a1)P̃s0f(S̃t = s)P̃s0f(Ã1
t = a1 | S̃t = s)

H parap�nw sqèsh deÐqnei ìti ìtan o paÐqthc II qrhsimopoieÐ th st�simh
strathgik  g, tìte h anamenìmenh trèqousa plhrwm  tou paÐqth I eÐnai
Ðdia sto stoqastikì paiqnÐdi kai stoMDP (g). Epomènwc, lìgw tou trìpou
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orismoÔ touc, eÐte qrhsimopoioÔme ton apoplhjwrismèno trìpo upologismoÔ
thc olik c amoib c eÐte qrhsimopoioÔme thn oriak  mèsh plhrwm , oi olikèc
plhrwmèc sto stoqastikì paiqnÐdi kai stoMDP (g) ja sumpÐptoun, dhlad 

G(f, g) = G̃(f)

Epomènwc katal goume ètsi sto

sup
f
G(f, g) = sup

f
G̃(f)

kai apì th sqèsh (9) prokÔptei ìti

G(f∗, g) = G̃(f∗)

�

Pìrisma 1.5.1. E�n gia èna stoqastikì paiqnÐdi 2-paiqt¸n mhdenikoÔ-
ajroÐsmatoc to krit rio upologismoÔ twn plhrwm¸n eÐnai eÐte thc apoplh-
jwrismènhc eÐte thc mèshc plhrwm c, tìte h bèltisth ap�nthsh enìc paÐqth
apènanti se mia stajeropoihmènh st�simh strathgik  tou �llou paÐqth
eÐnai nteterministik  st�simh strathgik .

H apìdeixh prokÔptei apì to prohgoÔmeno je¸rhma se sunduasmì me ta
jewr mata 1.3.1 kai 1.3.2.

Me to prohgoÔmeno je¸rhma deÐxame ìti ìtan ènac paÐqthc periorÐzetai
se st�simec strathgikèc, tìte kai o �lloc paÐqthc mporei na perioristeÐ
se st�simec strathgikèc apant¸ntac bèltista sth st�simh strathgik  tou
pr¸tou paÐqth. Epiplèon èqoume

Je¸rhma 1.5.4. An èna stoqastikì paiqnÐdi 2-paiqt¸n mhdenikoÔ ajroÐ-
smatoc me sun�rthsh plhrwm c G, eÐte thc apoplhjwrismènhc eÐte thc mè-
shc plhrwm c, èqei SSI ìtan oi paÐqtec periorÐzontai se st�simec strath-
gikèc, tìte autì eÐnai SSI kai sto arqikì paiqnÐdi kai oi bèltistec st�simec
strathgikèc sto periorismèno paiqnÐdi eÐnai kai bèltistec strathgikèc sto
arqikì paiqnÐdi.

Apìdeixh

'Estw (f∗, g∗) èna SSI sto periorismèno paiqnÐdi. Tìte

G(f, g∗) ≤ G(f∗, g∗) ≤ G(f∗, g) (10)

gia k�je st�simec strathgikèc f kai g twn dÔo paiqt¸n.
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'Otan o paÐqthc II periorÐzetai se st�simh strathgik , tìte apì to je¸-
rhma 1.5.3 o paÐqthc I apant�ei bèltista me st�simh strathgik . Jètontac
g = g∗ èqoume

G(f, g∗) = max
π1

G(π1, g∗) ≥ G(π1, g∗)

gia k�je sumperiforik  strathgik  π1. Epomènwc, se sunduasmì me th
sqèsh (10) prokÔptei

G(π1, g∗) ≤ G(f∗, g∗)

gia k�je sumperiforik  strathgik  π1. AntÐstoiqa prokÔptei

G(f∗, g∗) ≤ G(f∗, π2)

gia k�je sumperiforik  strathgik  π2. 'Ara to (f∗, g∗) eÐnai SSI sto arqikì
paiqnÐdi kai epiplèon oi strathgikèc f∗ kai g∗ eÐnai bèltistec sto arqikì
paiqnÐdi.

�
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Kef�laio 2

Markobian  JewrÐa

2.1 Markobianèc alusÐdec

H idèa twn markobian¸n alusÐdwn basÐzetai sto ìti an h perigraf  thc
kat�stashc enìc sust matoc se mia sugkekrimènh qronik  stigm  eÐnai ar-
ket� ploÔsia, tìte h kat�stash tou sust matoc sthn epìmenh stigm  pa-
rat rhshc eÐnai (kat� mia stoqastik  ènnoia) kajorismènh apì aut  thn
perigraf  thc kat�stashc. Pio majhmatik�, èstw N to sÔnolo twn fu-
sik¸n arijm¸n, arqÐzontac apì to 0, to opoÐo ja anaparist� tic stigmèc
parat rhshc kai èstw S = {1, 2, . . . , N} o q¸roc katast�sewn tou sust -
matoc. JewroÔme ìti gia opoiad pote t ∈ N , to sÔsthma brÐsketai se
k�poia kat�stash s ∈ S. JewroÔme ìti oi metaphd seic apì kat�stash
se kat�stash gÐnontai tuqaÐa kai èstw St, t = 0, 1, . . . h metablht  pou
anaparist� thn kat�stash tou sust matoc th stigm  parat rhshc t.

Orismìc 2.1.1. Lème ìti h {St, t = 0, 1, 2, . . . } eÐnai mia markobian  alu-
sÐda an

P{St+1 = st+1|St = st, St−1 = st−1, . . . , S0 = s0} = P{St = st|St−1 = st−1}

gia opoiad pote t ≥ 1 kai opoiad pote st+1, st, st−1, . . . , s0 ∈ S . E�n e-
piplèon, P{St+1 = s′|St = s} den exart�tai apì to t , tìte h markobian 
alusÐda onom�zetai omogen c.

Gia suntomÐa ja sumbolÐzoume P{St+1 = s′|St = s} = pss′ . Autèc oi
pijanìthtec onom�zontai pijanìthtec metab�sewn.

Se aut n thn ergasÐa ja jewroÔme mìno sust mata me peperasmèno q¸-
ro katast�sewn S. Olof�nera, mÐa markobian  alusÐda se èna tètoio
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sÔsthma kajorÐzetai apì touc arijmoÔc pss′ , (s
′|s) ∈ S × S , kai autoÐ oi

arijmoÐ mporoÔn na topojethjoÔn se èna N×N pÐnaka, ston opoÐo h gram-
m  s ja apoteleÐtai apì touc arijmoÔc ps1, ps2, . . . , psN . 'Etsi, sth gramm  s
brÐskoume tic pijanìthtec me tic opoÐec to sÔsthma metaphd� se k�je kat�-
stash ìtan h twrin  kat�stash eÐnai h s. 'Estw P o sugkekrimènoc pÐnakac
pijanot twn metab�sewn. Tìte o P èqei ìla ta stoiqeÐa tou mh arnhtik�
kai k�je gramm  ajroÐzei sth mon�da, dhlad  eÐnai ènac stoqastikìc pÐ-
nakac. H idiìthta k�je gramm  na ajroÐzei sth mon�da eÐnai sunèpeia tou
gegonìtoc ìti se k�je stigm  parat rhshc to sÔsthma eÐnai se mÐa apì tic
katast�seic tou S.

Prìtash 2.1.1. Gia k�je (s, s′) ∈ S × S , to stoiqeÐo (s, s′) tou pÐnaka P t

perièqei thn t-b matoc pijanìthta p
(t)
ss′ , dhlad  thn pijanìthta to sÔsth-

ma na brejeÐ sthn kat�stash s′ met� apì t b mata xekin¸ntac apì thn
kat�stash s.

Apìdeixh

Epagwg  sto t. Gia t = 1 isqÔei. 'Estw ìti isqÔei gia t = n− 1. Tìte, gia
t = n èqoume

p
(n)
ss′ =

∑
k∈S

pskp
(n−1)
ks′

apì ìpou sumpairènoume ìti P (n) = P n.

�

Orismìc 2.1.2. MÐa kat�stash s′ eÐnai prospel�simh (prosit ) apì mÐa
kat�stash s ìtan gia k�poio t ≥ 1, ptss′ > 0 . EpÐshc, lème ìti oi katast�-
seic s kai s′ epikoinwnoÔn ìtan h s eÐnai prospel�simh apì thn s′ kai h s′

eÐnai prospel�simh apì thn s.

Orismìc 2.1.3. 'Ena sÔnolo katast�sewn K ⊂ S onom�zetai kleistì, an
opoiad pote kat�stash s′ ∈ S \ K eÐnai aprospèlasth apì opoiad pote
kat�stash s ∈ K .

Orismìc 2.1.4. 'Ena kleistì sÔnolo onom�zetai adiaq¸risto an ìlec oi
katast�seic tou epikoinwnoÔn.

Orismìc 2.1.5. An èna kleistì sÔnolo apoteleÐtai mìno apì mÐa kat�sta-
sh tìte aut  onom�zetai kat�stash aporrìfhshc.

Orismìc 2.1.6. MÐa kat�stash onom�zetai èmmonh an h pijanìthta na
epistrèyoume se k�poio b ma se aut n eÐnai 1. Diaforetik� an h pijanìthta
eÐnai austhr� mikrìterh tou 1 onom�zetai metabatik .
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Orismìc 2.1.7. Gia mÐa èmmonh kat�stash an o mèsoc qrìnoc epanìdou
sthn kat�stash eÐnai peperasmènoc tìte onom�zetai èmmonh jetik . Dia-
foretik� onom�zetai èmmonh mhdenik .

Orismìc 2.1.8. PerÐodoc miac kat�stashc s eÐnai o mègistoc koinìc diairè-
thc twn bhm�twn t tètoia ¸ste ptss > 0, t = 1, 2, . . . . An h perÐodoc eÐnai 1
tìte h kat�stash onom�zetai aperiodik .

Orismìc 2.1.9. MÐa kat�stash pou eÐnai èmmonh, jetik  kai aperiodik 
kaleÐtai ergodik .

AfoÔ o q¸roc katast�sewn S eÐnai kleistì sÔnolo tìte ex' orismoÔ h
markobian  alusÐda èqei toul�qiston èna adiaq¸risto sÔnolo katast�-
sewn. 'Estw S1, S2, . . . , SL ìla ta adiaq¸rista sÔnola katast�sewn miac
markobian c alusÐdac. Tìte o pÐnakac P mporeÐ na grafteÐ sth morf 

P1 0 . . . 0 0
0 P2 . . . 0 0
...

...
. . .

... 0
0 0 . . . PL 0

PL+11 PL+12 . . . PL+1L PL+1


Oi P1, P2, . . . , PL eÐnai tetragwnikoÐ pÐnakec pou antistoiqoÔn stic kata-
st�seic twn sunìlwn S1, S2, . . . , SL. EpÐshc, PL+1 eÐnai ènac tetragwnikìc
pÐnakac pou antistoiqeÐ stic upìloipec katast�seic tou SL+1. Ta stoiqeÐa
twn pin�kwn PL+1l eÐnai pijanìthtec metaphd sewn enìc b matoc sta adia-
q¸rista sÔnola Sl, l = 1, 2, . . . , L antÐstoiqa. Oi katast�seic pou an koun
sta adiaq¸rista sÔnola eÐnai èmmonec enw oi upìloipec katast�seic eÐnai
metabatikèc. Epiplèon,

P t =


P t

1 0 . . . 0 0
0 P t

2 . . . 0 0
...

...
. . .

... 0
0 0 . . . P t

L 0

P
(t)
L+11 P

(t)
L+12 . . . P

(t)
L+1L P t

L+1


ìpou P

(t)
L+1l =

∑t
k=1 P

t−k
L+1PL+1lP

k−1
l , l = 1, 2, . . . , L.

Sumbatik�, orÐzoume P 0
l wc to monadiaÐo pÐnaka. Shmei¸noume ìti gia

opoiad pote kat�stash s ∈ SL+1 toul�qiston mÐa apì tic katast�seic
s′ ∈ Sl gia k�poio l ∈ {1, 2, . . . , L} mporeÐ na gÐnei prosit . Se antÐjeth
perÐptwsh, to SL+1 ja apoteloÔse kleistì sÔnolo katast�sewn.
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2.2 St�simh Katanom 

'Otan meletoÔme markobianèc alusÐdec, endiaferìmaste kurÐwc gia to mè-
so makroprìjesmo arijmì episkèyewn miac kat�stashc. O anamenìmenoc
arijmìc episkèyewn thc kat�stashc s′ kat� th di�rkeia T bhm�twn ìtan to
sÔsthma xekin� apì thn kat�stash s isoÔtai me

∑T
t=0 p

t
ss′ ìpou p

0
ss′ = 1 an

s′ = s kai 0 diaforetik� kai tìte to anamenìmeno posostì tou qrìnou pou
to sÔsthma apasqoleÐtai sthn kat�stash s′ isoÔtai me 1

T+1

∑T
t=0 p

t
ss′ . 'Estw

qss′ shmeÐo suss¸reushc thc akoloujÐac 1
T+1

∑T
t=0 p

t
ss′ , pou up�rqei lìgw a-

koloujiak c sump�giac (ta shmeÐa thc akoloujÐac an koun sto [0, 1]) kai
qs = (qs1, . . . , qsN) . ParathroÔme ìti

qTs P = qTs

diìti

lim
T→∞

1

T + 1

T∑
t=0

P t = lim
T→∞

1

T + 1

T∑
t=1

P t =

(
lim
T→∞

1

T + 1

T−1∑
t=0

P t

)
P

ìpote up�rqei to ìrio.

ParathroÔme epÐshc ìti to qs eÐnai èna di�nusma pijanìthtac kaj¸c

∑
s′∈S

(
1

T + 1

T∑
t=0

ptss′

)
= 1

gia ìla ta T = 0, 1, 2, . . . kai ìla ta s ∈ S.

'Otan s ∈ Sl , ìpou Sl eÐnai èna adiaq¸risto sÔnolo, tìte h exÐswsh
qTs P = qTs mporeÐ na grafteÐ kai wc

qTs (l)Pl = qTs (l)

ìpou qTs (l) eÐnai o periorismìc tou qTs stic sunist¸sec pou antistoiqoÔn sto
sÔnolo Sl (olof�nera, qss′ = 0 gia s′ /∈ Sl.)

Prìtash 2.2.1. H exÐswsh qTs (l)Pl = qTs (l) èqei monadik  lÔsh gia èna
adiaq¸risto sÔnolo Sl gia ìla ta s ∈ Sl, k�tw apì ton periorismì ìti qTs (l)
eÐnai di�nusma pijanìthtac.

H apìdeixh thc prìtashc dÐnetai parak�tw sto l mma 2.2.1 .
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Mia shmantik  sunèpeia eÐnai ìti to qTs (l) eÐnai to Ðdio gia k�je s ∈ Sl .
'Etsi, ja gr�foume q(l) gia to monadikì di�nusma pijanìthtac pou epilÔei
thn exÐswsh qPl = q . To di�nusma q(l) onom�zetai st�simh katanom  tou
Pl.

Prìtash 2.2.2.

1. limT→∞ P
T
L+1 = 0

2.
∑∞

t=0 P
t
L+1 = (I − PL+1)−1

Apìdeixh

1. Epeid  o pÐnakac PL+1 perièqei metabatikèc katast�seic, èqoume ìti gia
k�je gramm  s tou PL+1 up�rqei akèraioc T (s) tètoioc ¸ste to �jroisma thc

s gramm c tou pÐnaka P
T (s)
L+1 na eÐnai austhr� mikrìtero tou 1. Epomènwc,

up�rqei k�poioc arijmìc α ∈ (0, 1) kai ènac akèraioc T tètoioi ¸ste o pÐna-
kac P T

L+1 na èqei �jroisma gramm¸n to polÔ α gia ìlec tic grammèc. Tìte o

pÐnakac
(
P T
L+1

)2
èqei �jroisma gramm¸n to polÔ α2 k.o.k. opìte o pÐnakac(

P T
L+1

)n
èqei �jroisma gramm¸n to polÔ αn kai kaj¸c n → ∞, αn → 0

opìte
(
P T
L+1

)n
= 0 kai �ra limT→∞ P

T
L+1 = 0.

2. ProkÔptei apì tic isìthtec

(I − PL+1)

(
T∑
t=0

P t
L+1

)
=

(
T∑
t=0

P t
L+1

)
(I − PL+1) = I − P T+1

L+1

pou isqÔoun gia opoiod pote T . PaÐrnontac ìria gia T →∞ prokÔptei to
apotèlesma.

�

Prìtash 2.2.3. To Sèzaro-ìrio, limT→∞
1

T+1

∑T
t=0 P

t up�rqei kai orÐzei
èna pÐnaka Q thc morf c:

Q =


Q1 0 . . . 0 0
0 Q2 . . . 0 0
...

...
. . .

... 0
0 0 . . . QL 0

QL+11 QL+12 . . . QL+1L 0
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ìpou Ql, l = 1, 2, . . . , L èqei Ðdiec grammèc, pou h k�je mÐa isoÔtai me q(l).
H q(l) eÐnai fusik� h st�simh katanom  pou antistoiqeÐ ston Ql. EpÐshc
isqÔei

QL+1l = (I − PL+1)−1 PL+1lQl, l = 1, 2, . . . , L.

O pÐnakac Q onom�zetai Sèzaro-ìrio tou pÐnaka P .

Autì to apotèlesma (eidikìtera to deÔtero mèroc thc prìtashc) den ja
mac apasqoleÐsei se aut  thn ergasÐa, kaj¸c asqoloÔmaste me adiaq¸-
rista sÔnola katast�sewn dhlad  sÔnola pou eÐnai stoqastik� kleist�
kai ìlec oi katast�seic epikoinwnoÔn. Gia thn apìdeixh thc prìtashc o
anagn¸sthc ac anatrèxei stouc Filar kai Vrieze (1997), Par�rthma M.

Prìtash 2.2.4. IsqÔei h akìloujh tautìthta:

QP = PQ = QQ = Q

Apìdeixh

Pr�gmati,

Q = lim
T→∞

1

T + 1

T∑
t=0

P t = lim
T→∞

1

T

T∑
t=1

P t =

= P

(
lim
T→∞

1

T

T−1∑
t=0

P t

)
=

(
lim
T→∞

1

T

T−1∑
t=0

P t

)
P

kai

Q lim
T→∞

1

T + 1

T∑
t=0

P t = lim
T→∞

1

T + 1
Q

T∑
t=0

P t = lim
T→∞

(T + 1)Q

T + 1
= Q

�

'Estw èna stoqastikì paiqnÐdi me q¸ro katast�sewn S = {1, 2, . . . , N}.
UpenjumÐzoume ìti èna sÔnolo katast�sewn miac alusÐdac Markov lègetai
adiaq¸risto an eÐnai stoqastik� kleistì kai ìlec oi katast�seic tou epi-
koinwnoÔn. 'Estw f kai g, st�simec strathgikèc twn dÔo paiqt¸n antÐstoiqa,
kai èstw ìti o pÐnakac pijanot twn metab�sewn P (f, g) (dhlad  o N × N
pÐnakac pijanot twn metab�sewn tou paiqnidioÔ apì opoiad pote kat�-
stash s se opoiad pote kat�stash s′ ìpou s, s′ ∈ S ìtan oi dÔo paÐqtec
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qrhsimopoioÔn tic st�simec strathgikèc touc f kai g) ep�gei mia adiaq¸ri-
sth markobian  alusÐda (dhlad  o q¸roc katast�sewn eÐnai adiaq¸risto
sÔnolo). Kaj¸c o q¸roc katast�sewn eÐnai peperasmèno sÔnolo èpetai ìti
ìlec oi katast�seic eÐnai èmmonec jetikèc.

L mma 2.2.1. An oi st�simec strathgikèc f kai g eÐnai tètoiec ¸ste o pÐ-
nakac pijanot twn metab�sewn P (f, g) na ep�gei mia adiaq¸risth marko-
bian  alusÐda, tìte h exÐswsh

qT = qTP (f, g)

diajètei lÔsh q. Epiplèon, e�n apait soume to q na eÐnai di�nusma pija-
nìthtac, tìte h lÔsh eÐnai monadik .

Apìdeixh

H apìdeixh apoteleÐtai apì dÔo mèrh. Sto pr¸to mèroc ja deÐxoume thn
Ôparxh miac lÔshc kai sto deÔtero ja deÐxoume th monadikìthta thc lÔshc.

Mèroc Pr¸to

'Estw PNN−1 kai PN−1 oi perikommènoi pÐnakec apì ton P (f, g) ìpou è-
qoume diagr�yei thn teleutaÐa st lh ston pr¸to kai thn teleutaÐa st lh
kai teleutaÐa gramm  ston deÔtero. 'Estw pTN−1 h teleutaÐa gramm  tou
pÐnaka P (f, g) qwrÐc to teleutaÐo stoiqeÐo. 'Estw qN−1 to di�nusma q qwrÐc
to teleutaÐo stoiqeÐo tou, q(N), dhlad  qT = (qTN−1, q(N)). Tìte, mporoÔme
na gr�youme tic pr¸tec N − 1 exis¸seic thc sqèshc qT = qTP (f, g) wc ex c

qTN−1 =
(
qTN−1, q(N)

)
PNN−1 = qTN−1PN−1 + q(N)pTN−1

H sqèsh aut  fusik� eÐnai isodÔnamh me thn

qTN−1(IN−1 − PN−1) = q(N)pTN−1 (1)

Isqurizìmaste ìti o pÐnakac IN−1 − PN−1 eÐnai antistrèyimoc kai ìti

(IN−1 − PN−1)−1 =
∞∑
t=0

P t
N−1 (2)

Pr�gmati, ìtan jewroÔme to sÔnolo twn katast�sewn {1, 2, . . . , N − 1}
san èna xeqwristì uposÔsthma elegqìmeno apì ton upostoqastikì pÐnaka
(dhlad  pÐnaka me grammèc pou ajroÐzoun to polÔ sto 1 kai mh arnhtik�
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stoiqeÐa) PN−1, tìte to uposÔsthma eÐnai metabatikì. Aut  h parat rhsh
eÐnai �mesh sunèpeia tou gegonìtoc ìti, �sqeta apì thn arqik  kat�sta-
sh tou uposust matoc {1, 2, . . . , N − 1}, me pijanìthta 1 autì to sÔsthma
ja egkatalhfjeÐ k�tw apì ton pÐnaka metab�sewn PN−1 afoÔ sto arqi-
kì sÔsthma h kat�stash N eÐnai prosit  me pijanìthta 1. Epomènwc,
up�rqei K > 0 me PK

N−11N−1 ≤ δ1N−1 gia k�poio δ ∈ (0, 1) . All� tì-
te limK→∞ P

K
N−1 = 0. H sqèsh (2) tìte prokÔptei an�loga me to (2) thc

prìtashc 2.2.2 .

Sth sunèqeia, jètoume q(N) = q̃ ∈ (0, 1) aujaÐreto. Me th bo jeia thc
(2) mporoÔme na lÔsoume thn (1):

qTN−1 (q̃) = q̃pTN−1 (IN−1 − PN−1)−1 . (3)

ParathroÔme ìti qN−1 (q̃) ≥ 0N−1, afoÔ ìlec oi posìthtec sto dexÐ mè-
roc thc teleutaÐac sqèshc eÐnai mh-arnhtikèc. Parìlo pou to di�nusma(
qN−1 (q̃) , q̃

)
ikanopoieÐ thn (1), genik� den eÐnai di�nusma pijanìthtac.

Parìlauta, eÔkola apodeiknÔetai ìti to kanonikopoihmèno di�nusma

q∗ :=
1

L

(
qN−1 (q̃) , q̃

)
ìpou

0 < L := q̃ +
N−1∑
s=1

(
qN−1 (q̃)

)
s

ikanopoieÐ ki autì thn (1). Apomènei na deÐxoume ìti to q∗ ikanopoieÐ kai
thn teleutaÐa exÐswsh thc sqèshc qT = qTP (f, g). AfoÔ o pÐnakac P (f, g)
eÐnai stoqastikìc, h teleutaÐa tou gramm  mporeÐ na grafeÐ wc ex c

(IN − (PNN−1,0N))1N ,

ìpou (PNN−1,0N) isoÔtai me ton P ektìc apì thn teleutaÐa st lh pou èqei
antikatastajeÐ apì èna mhdenikì di�nusma. Tìte

q∗
T

(IN − (PNN−1,0N))1N =
[(

q∗
T

N−1, q
∗(N)

)
−
(
q∗

T

PNN−1, 0
)]

1N

=
(
0T , q∗(N)

)
1N

= q∗(N)

'Etsi, oloklhr¸jhke h apìdeixh tou pr¸tou mèrouc.
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Mèroc DeÔtero

Pr¸ta, parathroÔme ìti gia opoiad pote lÔsh thc qT = qTP (f, g) , ìpou
q eÐnai èna di�nusma pijanìthtac, isqÔei ìti q(s) > 0 gia k�je s ∈ S.
Pr�gmati, èstw S̄ := {s ∈ S : q(s) = 0} kai upojètoume ìti S̄ 6= ∅. Epeid  to
S eÐnai adiaq¸risto, ja up�rqei s̄ ∈ S̄ kai s ∈ S\S̄ tètoia ¸ste pss̄(f, g) > 0.
All� tìte

N∑
s=1

q(s)pss̄(f, g) > 0 = q(s̄)

to opoÐo deÐqnei ìti to q den mporeÐ na eÐnai lÔsh thc exÐswshc qT =
qTP (f, g). 'Atopo, �ra q(s) > 0 gia k�je s ∈ S .

T¸ra, upojètoume ìti dÔo dianÔsmta q̄ kai q̃ diaforetik� metaxÔ touc, i-
kanopoioÔn thn sqèsh qT = qTP (f, g). Apì thn an�lush tou pr¸tou mèrouc,
prokÔptei ìti mìlic h teleutaÐa sunist¸sa miac lÔshc q stajeropoihjeÐ, tì-
te oi upìloipec N − 1 sunist¸sec kajorÐzontai apì thn (3). 'Etsi, èqoume:

q̄TN−1 = q̄ (N)pTN−1 (I − PN−1)−1

kai
q̃TN−1 = q̃ (N)pTN−1 (I − PN−1)−1

Apì th mh arnhtikìthta tou pTN−1 (I − PN−1)−1 èpetai ìti an q̄(N) ≥ q̃(N)
tìte q̄TN−1 ≥ q̃TN−1 kai antÐstrofa. 'Etsi eÐte q̄ ≥ q̃ eÐte q̄ ≤ q̃ kai afoÔ
kai gia ta dÔo to �jroisma twn sunistws¸n isoÔtai me 1, sumperaÐnoume
ìti q̄ = q̃.

�

H monadik  lÔsh q thc exÐswshc qT = qTP (f, g) kaleÐtai st�simh kata-
nom  tou pÐnaka P (f, g). MporeÐ na ermhneuteÐ wc ex c: Upojètoume ìti h
arqik  kat�stash tou sust matoc den eÐnai gnwst  me pijanìthta 1, all�
ìti q(s), s ∈ S eÐnai h pijanìthta h kat�stash s na eÐnai h arqik  kat�sta-
sh. Tìte, gia k�je s′ ∈ S, h pijanìthta ìti sthn epìmenh stigm  apìfashc,
h kat�stash ja eÐnai s′ isoÔtai me:

N∑
s=1

pss′(f, g)q(s) = q(s′)

kai ètsi me epagwg  prokÔptei ìti gia k�je stigm  apìfashc oi pijanìth-
tec emf�nishc thc k�je kat�stashc dÐnontai apì to di�nusma q. Epiplèon,
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parathroÔme ìti apì ton orismì tou, to q(s) mporeÐ na ermhneuteÐ wc h a-
namenìmenh suqnìthta episkèyewn sthn kat�stash s ∈ S kat� th di�rkeia
enìc paiqnidioÔ.
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Kef�laio 3

Apoplhjwrismèna stoqastik�
paiqnÐdia (β−Discounted
stochastic games)

3.1 JewrÐa

'Estw Γβ apoplhjwrismèno stoqastikì paiqnÐdi 2-paiqt¸n. 'Estw S =
{1, 2, . . . , N} o q¸roc katast�sewn, A1(s), A2(s) ta sÔnola apof�sewn
twn dÔo paiqt¸n antÐstoiqa kai r1(s, a1, a2), r2(s, a1, a2) oi antÐstoiqec trè-
qousec plhrwmèc touc se k�poia stigm  apìfashc pou to paiqnÐdi brÐske-
tai sthn kat�stash s ∈ S kai oi paÐqtec paÐrnoun tic apof�seic a1 ∈
A1(s), a2 ∈ A2(s). 'Estw pss′(a

1, a2) = P(St+1 = s′ | St = s, A1
t = a1, A2

t =
a2) oi pijanìthtec metab�sewn apì thn kat�stash s sthn kat�stash s′

se mia qronik  stigm  apìfashc t, t = 0, 1, 2, . . . dedomènou ìti o paÐqthc
I epèlexe thn apìfash a1 ∈ A1(s) kai o paÐqthc II epèlexe a2 ∈ A2(s),
ìpou s, s′ ∈ S. BebaÐwc, St eÐnai h kat�stash tou paiqnidioÔ sth stigm 
apìfashc t, A1

t , A
2
t eÐnai oi apof�seic pou paÐrnoun oi paÐqtec I kai II

antÐstoiqa sth stigm  t.

'Estw to sÔnolo ìlwn twn st�simwn strathgik¸n tou paÐqth I

F := {f = (f(1), f(2), . . . , f(N)) | f(s, a1) ≥ 0

και
∑m1(s)

a1=1 f(s, a1) = 1, a1 ∈ A1(s), s ∈ S}

kai antÐstoiqa tou paÐqth II

G := {g = (g(1), g(2), . . . , g(N)) | g(s, a2) ≥ 0
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και
∑m2(s)

a2=1 g(s, a2) = 1, a2 ∈ A2(s), s ∈ S}

'Estw f = (f(1), f(2), . . . , f(N)) kai g = (g(1), g(2), . . . , g(N)) èna zeug�-
ri st�simwn strathgik¸n gia touc paÐqtec I kai II antÐstoiqa. Sthn
paroÔsa ergasÐa k�noume thn sÔmbash ìti f eÐnai èna di�nusma-gramm 
en¸ g èna di�nusma-st lh. 'Etsi, an orÐsoume m1 :=

∑N
s=1 m

1(s) kai

m2 :=
∑N

s=1m
2(s) tìte f eÐnai ènam1-di�stato di�nusma-gramm  kai g eÐnai

èna m2-di�stato di�nusma-st lh, ìpou f(s) eÐnai m1(s)-di�stato di�nusma
pijanìthtac kai g(s) m2(s)-di�stato antÐstoiqa, ìpou m1(s) = |A1(s)| kai
m2(s) = |A2(s)| oi antÐstoiqoi plhj�rijmoi. EpÐshc upenjumÐzoume ìti

� f(s, a1) eÐnai h pijanìthta o paÐqthc I na p�rei thn apìfash a1 ∈
A1(s) ìtan to sÔsthma brÐsketai sthn kat�stash s ∈ S.

� g(s, a2) eÐnai h pijanìthta o paÐqthc II na p�rei thn apìfash a2 ∈
A2(s) ìtan to sÔsthma brÐsketai sthn kat�stash s ∈ S.

Epiplèon, anafèroume ìti afoÔ h sunist¸sa f(s) eÐnai m1(s)-di�stato
di�nusma pijanìthtac ja isqÔei ìti f(s) ∈ Pm1(s) dhlad  ja an kei sto Sim-
plex pijanot twn pou eÐnai sumpagèc kai kurtì sÔnolo. Epomènwc, to sÔno-

lo F, pou eÐnai to kartesianì gÐnomeno twn Simplex pijanot twn×N

s=1
Pm1(s),

eÐnai sumpagèc kai kurtì sÔnolo. Dhlad , to sÔnolo F twn st�simwn stra-
thgik¸n tou paÐqth I eÐnai sumpagèc kai kurtì. OmoÐwc to sÔnolo G twn
st�simwn strathgik¸n tou paÐqth II eÐnai sumpagèc kai kurtì.

Epiprosjètwc, gia opoiod pote s ∈ S to Simplex pijanot twn Pm1(s) eÐnai
fragmèno afoÔ perièqetai sth monadiaÐa sfaÐra tou Rm1(s). Sunep¸c kai
to sÔnolo F ja eÐnai fragmèno. OmoÐwc to sÔnolo G ja eÐnai fragmèno.

Oi epìmenec posìthtec pou ja orÐsoume ja eÐnai qr simec gia thn ergasÐa.
Gia s, s′ ∈ S, a1 ∈ A1(s), a2 ∈ A2(s) èqoume

(i) pss′(f, a2) :=
∑m1(s)

a1=1 pss′(a
1, a2)f(s, a1)

(ii) pss′(a
1, g) :=

∑m2(s)

a2=1 pss′(a
1, a2)g(s, a2)

(iii) pss′(f, g) :=
∑m1(s)

a1=1

∑m2(s)

a2=1 pss′(a
1, a2)f(s, a1)g(s, a2)

(iv) r(s, f, a2) :=
∑m1(s)

a1=1 r(s, a
1, a2)f(s, a1)
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(v) r(s, a2, g) :=
∑m2(s)

a2=1 r(s, a
1, a2)g(s, a2)

(vi) r(s, f, g) :=
∑m1(s)

a1=1

∑m2(s)

a2=1 r(s, a
1, a2)f(s, a1)g(s, a2)

(vii) to N−di�stato di�nusma-st lh twn trèqouswn plhrwm¸n ja eÐnai to
r(f, g) := (r(1, f, g), r(2, f, g), . . . , r(N, f, g))T

Epiplèon, h anamenìmenh plhrwm  tou paÐqth k, k = 1, 2 th stigm  a-
pìfashc t ìtan h arqik  kat�stash tou paiqnidioÔ eÐnai s0 kai oi paÐqtec
paÐzoun tic st�simec strathgikèc f kai g, eÐnai Es0fg(Rk

t ) ìpou Rk
t eÐnai h

plhrwm  tou paÐqth k th stigm  t. Sunep¸c, h sunolik  apoplhjwrismènh
anamenìmenh plhrwm  gia ton paÐqth k gia èna zeug�ri st�simwn strath-
gik¸n (f, g) ∈ F× G dÐnetai apì th sqèsh:

vkβ(s0, f, g) =
∞∑
t=0

βtEs0fg(Rk
t )

ìpou β ∈ (0, 1) o suntelest c apoplhjwrismoÔ.

Proc to parìn ja periorÐsoume touc paÐqtec na epilègoun apokleistik�
st�simec strathgikèc, dhlad  periorÐzoume to stoqastikì paiqnÐdi p�nw
sto sÔnolo F × G. 'Eqoume deÐxei (je¸rhma 1.5.4) ìti gia touc dÔo sugke-
krimènouc trìpouc upologismoÔ thc olik c plhrwm c pou exet�zoume (apo-
plhjwrismènh kai oriakoÔ mèsou ìrou), e�n to periorismèno paiqnÐdi èqei
tim , tìte kai to arqikì paiqnÐdi (autì ìpou oi paÐqtec den periorÐzontai
apokleistik� se st�simec strathgikèc) èqei tim  kai timèc kai bèltistec
strathgikèc sumpÐptoun sta dÔo paiqnÐdia.

'Omwc, en¸ to apoplhjwrismèno periorismèno paiqnÐdi, ìpwc ja doÔme,
èqei p�nta tim , to periorismèno paiqnÐdi oriak c anamenìmenhc plhrwm c
den èqei p�nta tim .

Upojètoume ìti oi paÐqtec apofasÐzoun tic strathgikèc touc entel¸c a-
nex�rthta kai mustik� kai ìti to endiafèron touc ègkeitai sto na megisto-
poi sei o kajènac th dik  tou sunolik  plhrwm . An epiplèon, oi paÐqtec
diajètoun akrib  gn¸sh gia thn parousÐa tou �llou sto paiqnÐdi kai gia
tic sunart seic plhrwm¸n touc, tìte h lÔsh tou paiqnidioÔ pou èqei epikra-
t sei sth bibliografÐa eÐnai gnwst  wc ShmeÐo Strathgik c IsorropÐac  
ShmeÐo Nash. Gia suntomÐa ìtan anaferìmaste se autì, ja to gr�foume
wc SSI.
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Orismìc 3.1.1. Lème ìti èna zeug�ri strathgik¸n
(
f0, g0

)
∈ F × G eÐnai

SSI tou periorismènou paiqnidioÔ Γβ ìtan

v1
β(f, g0) ≤ v1

β(f0, g0) για κάθε f ∈ F

kai
v2
β(f0, g) ≤ v2

β(f0, g0) για κάθε g ∈ G

To shmantikìtero qarakthristikì tou parap�nw orismoÔ eÐnai ìti mono-
mereÐc apoklÐseic apì to SSI (f0, g0), eÐte tou paÐqth I eÐte tou II, den èqoun
kÐnhtro na emfanistoÔn. Apì th stigm  pou den epitrèpetai h sunnenìhsh
metaxÔ twn paiqt¸n, den up�rqei nìhma gia kanènan apì touc dÔo paÐqtec
na apoklÐnei apì to (f0, g0). To meionèkthma tou parap�nou (aploðkoÔ)
epiqeir matoc phg�zei apì to gegonìc ìti, genik�, mporoÔn na up�rqoun
poll� SSI me diaforetikèc plhrwmèc gia touc paÐqtec. To prìblhma paÔei
na ufÐstatai sta mhdenikoÔ-ajroÐsmatoc stoqastik� paiqnÐdia.

'Ena apoplhjwrismèno stoqastikì paiqnÐdi ja kaleÐtai mhdenikoÔ ajroÐ-
smatoc an

r1(s, a1, a2) + r2(s, a1, a2) = 0

gia k�je s ∈ S, a1 ∈ A1(s), a2 ∈ A2(s). 'Etsi prokÔptei ìti

r(s, a1, a2) := r1(s, a1, a2) = −r2(s, a1, a2)

gia k�je s ∈ S, a1 ∈ A1(s), a2 ∈ A2(s). Apì ton parap�nw orismì sumpe-
raÐnoume ìti:

vβ(f, g) := v1
β(f, g) = −v2

β(f, g)

gia k�je (f, g) ∈ F× G.

Epiplèon, an
(
f0, g0

)
∈ F × G eÐnai SSI, tìte ta dÔo sÔnola anisot twn

ston orismì tou SSI paÐrnoun th morf 

vβ(f, g0) ≤ vβ(f0, g0) ≤ vβ(f0, g) (1)

gia k�je f ∈ F kai g ∈ G. Se aut n thn perÐptwsh, oi strathgikèc f0, g0

kaloÔntai bèltistec st�simec strathgikèc gia touc paÐqtec I kai II antÐ-
stoiqa.
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Apì thn (1) prokÔptei �mesa ìti an (f∗, g∗) ∈ F×G eÐnai èna �llo zeug�ri
bèltistwn strathgik¸n, tìte:

vβ(f∗, g∗) = vβ(f0, g0).

Sunep¸c, ta dianÔsmata twn apoplhjwrismènwn tim¸n tou paiqnidioÔ gia
ìla ta zeug�ria bèltistwn strathgik¸n sumpÐptoun. 'Ena tètoio di�nusma
efex c ja kaleÐtai di�nusma tim  tou (mhdenikoÔ-ajroÐsmatoc) paiqnidioÔ
Γβ kai ja sumbolÐzetai wc

vβ = (υβ(1), υβ(2), . . . , υβ(N))T .

Apì ton orismì thc sunolik c apoplhjwrismènhc anamenìmenhc plhrw-
m c, eÔkola prokÔptei ìti gia st�simec strathgikèc f kai g to di�nusma
vβ(f, g) twn plhrwm¸n ikanopoieÐ thn anadromik  sqèsh

vβ(f, g) = r(f, g) + βP (f, g)vβ(f, g)

apì thn opoÐa prokÔptei ìti

[I − βP (f, g)] vβ(f, g) = r(f, g)

O pÐnakac [I − βP (f, g)] eÐnai antistrèyimoc. Pr�gmati, èqoume

(I − βP )

(
T∑
t=0

βtP t

)
= (I − βP )(I + βP + β2P 2 + · · ·+ βTP T ) =

I + βP + β2P 2 + · · ·+ βTP T − βP − β2P 2 − · · · − βT+1P T+1 =

I − βT+1P T+1

Epiplèon(
T∑
t=0

βtP t

)
(I − βP ) = (I + βP + β2P 2 + · · ·+ βTP T )(I − βP ) =

I + βP + β2P 2 + · · ·+ βTP T − βP − β2P 2 − · · · − βT+1P T+1 =

I − βT+1P T+1

Sunep¸c

(I − βP )

(
T∑
t=0

βtP t

)
=

(
T∑
t=0

βtP t

)
(I − βP ) = I − βT+1P T+1
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kai paÐrnontac ìria gia T →∞ prokÔptei

(I − βP )

(
∞∑
t=0

βtP t

)
=

(
∞∑
t=0

βtP t

)
(I − βP ) = I − lim

T→∞
βT+1P T+1 = I

diìti o pÐnakac P T+1 gia T → ∞ èqei peperasmèna stoiqeÐa (afoÔ eÐnai
stoqastikìc pÐnakac) kai β ∈ (0, 1). 'Ara o pÐnakac (I − βP ) eÐnai anti-
strèyimoc kai isqÔei

(I − βP )−1 =
∞∑
t=0

βtP t

Epomènwc, ja isqÔei ìti

vβ(f, g) = [I − βP (f, g)]−1 r(f, g) (2)

Tèloc, sta apoplhjwrismèna paiqnÐdia gia ton upologismì thc tim c gia
mÐa arqik  kat�stash s0 dedomènou ìti oi paÐqtec paÐzoun st�simec strath-
gikèc f kai g, antÐstoiqa, eis�goume èna par�gota kanonikopoÐhshc (1−β)
wc ex c:

υβ(s0, f, g) = (1− β)
∞∑
t=0

βtEs0fg
[
r(St, A

1
t , A

2
t )
]

(3)

Eis�gontac ton parap�nw par�gonta kanonikopoÐhshc, h apoplhjwrismè-
nh sunolik  plhrwm  tou stoqastikoÔ paiqnidioÔ eÐnai kurtìc sunduasmìc
twn posot twn Es0fg [r(St, A

1
t , A

2
t )] , t = 0, 1, . . . kai ètsi èqoume:

| υβ(s0, f, g) |≤ max
s,a1,a2

| r(s, a1, a2) | .

Sthn ousÐa o lìgoc pou pollaplasi�zoume me thn posìthta 1 − β afor�
thn anagwg  thc ro c twn plhrwm¸n se paroÔsec timèc, ¸ste na èqei nìhma
h sÔgkrish diaforetik¸n anamenìmenwn ro¸n pou ja prokÔptoun apì diafo-
retikèc strathgikèc. Gia par�deigma, an p�roume thn akoloujÐa plhrwm¸n
1, 1, 1, . . . sto paiqnÐdi Γβ, tìte h paroÔsa axÐa ja eÐnai 1+β+β2+· · · = 1

1−β .
Pollaplasi�zontac me thn posìthta 1−β prokÔptei ìti h tim  tou paiqni-
dioÔ eÐnai 1 pou eÐnai akrib¸c h plhrwm  se k�je stigm  apìfashc.

EpÐshc, sumplhr¸noume ìti b�sei thc sqèshc (3), h sqèsh (2) gÐnetai

vβ(f, g) = (1− β) [I − βP (f, g)]−1 r(f, g) (4)
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L mma 3.1.1. An to apoplhjwrismèno stoqastikì paiqnÐdi diajètei tim 
vβ = (υβ(1), υβ(2), . . . , υβ(N))T kai an kai oi dÔo paÐqtec diajètoun bèlti-
stec st�simec strathgikèc, tìte to di�nusma vβ ikanopoieÐ to sÔnolo twn
exis¸sewn:

υβ(s) = val

[
(1− β)r(s, a1, a2) + β

∑
s′∈S

pss′(a
1, a2)υβ(s′)

]
ìpou h posìthta mèsa sthn agkÔlh eÐnai ènac m1(s) ×m2(s) pÐnakac (me
grammèc a1 = 1, 2, . . . ,m1(s) kai st lec a2 = 1, 2, . . . ,m2(s)).

Apìdeixh

'Estw ìti vβ = (υβ(1), υβ(2), . . . , υβ(N))T eÐnai to di�nusma tim  tou pai-
qnidioÔ Γβ kai èstw ìti kai oi dÔo paÐqtec diajètoun bèltistec st�simec
strathgikèc. 'Estw f∗ mÐa bèltisth st�simh strathgik  tou paÐqth I. U-
pojètoume ìti o paÐqthc I paÐzei f∗ , o paÐqthc II paÐzei aujaÐreta mÐa
strathgik  g sth qronik  stigm  apìfashc 0 kai ìti met� thn arqik  ka-
t�stash s ∈ S to sÔsthma metaphd� se mia kat�stash s′ sth stigm 
apìfashc t = 1. Tìte, o paÐqthc II, o opoÐoc apì thn upìjesh diajè-
tei bèltisth st�simh strathgik , mporeÐ na empodÐsei thn apoplhjwrismènh
plhrwm  sthn kat�stash s′ sth stigm  apìfashc 1 na xeper�sei thn υβ(s′).
AfoÔ h pijanìthta na ft�soume sthn kat�stash s′ isoÔtai me pss′(f

∗, g),
èqoume ìti h sunolik  anamenìmenh plhrwm  mporei na eÐnai to polÔ:

(1− β)r(s, f∗, g) + β
∑
s′∈S

pss′(f
∗, g)υβ(s′)

to opoÐo mporei na eÐnai toul�qiston tìso meg�lo ìso to υβ(s) diìti h
strathgik  f∗ eÐnai bèltisth. 'Etsi èqoume

min
g

{
(1− β)r(s, f∗, g) + β

∑
s′∈S

pss′(f
∗, g)υβ(s′)

}
≥ υβ(s)

kai an�loga mporoÔme na sumper�noume ìti

max
f

{
(1− β)r(s, f, g∗) + β

∑
s′∈S

pss′(f, g
∗)υβ(s′)

}
≤ υβ(s)

gia mia bèltisth st�simh strathgik  g∗ tou paÐqth II. Sundu�zontac tic
dÔo parap�nw anisìthtec prokÔptei gia k�je s ∈ S:

υβ(s) = val

[
(1− β)r(s, a1, a2) + β

∑
s′∈S

pss′(a
1, a2)υβ(s′)

]
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ìpou h posìthta mèsa sthn agkÔlh eÐnai o pÐnakac me grammèc a1 =
1, 2, . . . ,m1(s) kai st lec a2 = 1, 2, . . . ,m2(s).

�

PrwtoÔ anafèroume to je¸rhma gia thn Ôparxh tim c kai bèltistwn stra-
thgik¸n gia ta apoplhjwrismèna paiqnÐdia, ja d¸soume dÔo qr sima gia
thn apìdeixh tou jewr matoc l mmata.

L mma 3.1.2. An v ∈ RN kai f kai g eÐnai st�simec strathgikèc tètoiec
¸ste

v ≤ (1− β)r(f, g) + βP (f, g)v,

tìte v ≤ vβ(f, g). An sthn pr¸th sqèsh h anisìthta isqÔei antÐstrofa, tìte
h anisìthta isqÔei antÐstrofa kai sth deÔterh sqèsh.

Apìdeixh

Epanalamb�nontac thn parap�nw anisìthta k forèc èqoume:

v ≤ (1− β)r(f, g) + β(1− β)P (f, g)r(f, g) + β2(1− β)P 2(f, g)r(f, g)+

+β3(1− β)P 3(f, g)r(f, g) + · · ·+ βk−1(1− β)P k−1(f, g)r(f, g)+

+βkP k(f, g)v =

= (1− β)
[
I + βP + · · ·+ βk−1P k−1(f, g)

]
r(f, g) + βkP k(f, g)v

kai paÐrnontac ìrio gia k →∞ èpetai

v ≤ (1− β) (I − βP (f, g))−1 r(f, g).

'Omwc apì th sqèsh (4) gnwrÐzoume ìti (1 − β) (I − βP (f, g))−1 r(f, g) =
vβ(f, g) kai ètsi èpetai to zhtoÔmeno

v ≤ vβ(f, g)

�

L mma 3.1.3. An A kai B eÐnai pÐnakec Ðdiac di�stashc, tìte:

| val[A]− val[B] |≤ maxi,j | aij − bij |

Apìdeixh
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Gia k�je i, j isqÔei:

aij − bij ≤ max
i,j
|aij − bij|

⇒ aij ≤ bij + max
i,j
|aij − bij|

opìte prokÔptei ìti:

val[A] ≤ val[B] + max
i,j
|aij − bij|

dhlad 
val[A]− val[B] ≤ max

i,j
|aij − bij|

Antimetajètontac t¸ra touc pÐnakec A kai B sthn parap�nw sqèsh sum-
peraÐnoume ìti

| val[A]− val[B] |≤ maxi,j | aij − bij | .

�

Je¸rhma 3.1.1.

1. Ta apoplhjwrismèna stoqastik� paiqnÐdia mhdenikoÔ-ajroÐsmatoc 2-
paiqt¸n diajètoun (di�nusma) tim  vβ.

2. To di�nusma tim  eÐnai h monadik  lÔsh sto parak�tw sÔnolo apì N
exis¸seic (sthn k�je kat�stash s antistoiqeÐ mÐa exÐswsh):

x(s) = val

[
(1− β)r(s, a1, a2) + β

∑
s′∈S

pss′(a
1, a2)x(s′)

]
(5)

ìpou h posìthta mèsa sthn agkÔlh eÐnai o m1(s)×m2(s) pÐnakac me
grammèc a1 = 1, 2, . . . ,m1(s) kai st lec a2 = 1, 2, . . . ,m2(s).

3. Bèltistec st�simec strathgikèc mporoÔn na kataskeuastoÔn apì bèl-
tistec apof�seic sta pinakopaiqnÐdia (5). Dhlad , oi f kai g eÐnai
bèltistec st�simec strathgikèc sto stoqastikì paiqnÐdi ìtan gia k�-
je s ∈ S oi sunist¸sec touc f(s) kai g(s) eÐnai bèltistec strathgikèc
sto pinakopaiqnÐdi[

r(s, a1, a2) + β
∑
s′∈S

pss′(a
1, a2)υβ(s′)

]
.

Apìdeixh
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H apìdeixh ja dojeÐ se trÐa mèrh:

Mèroc I

Pr¸ta ja apodeÐxoume ìti h exÐswsh (5) èqei monadik  lÔsh sto RN .
JewroÔme thn apeikìnish U : RN → RN orismènh wc ex c:

(Uv)(s) := val

[
(1− β)r(s, a1, a2) + β

∑
s′∈S

pss′(a
1, a2)υ(s′)

]

gia k�je s ∈ S kai gia k�je v ∈ RN . ParathroÔme ìti se sumpag  morf 
oi exis¸seic (5) gr�fontai Ux = x kai epomènwc gia na deÐxoume ìti oi
(5) èqoun lÔsh arkeÐ na deÐxoume ìti o telest c U èqei stajerì shmeÐo.
Ja deÐxoume ìti h apeikìnish U eÐnai telest c sustol c wc proc th nìrma
||v|| = maxs|υ(s)|. Pr�gmati,

||Uv− Uw|| ≤

maxs{maxa1,a2 | (1− β)r(s, a1, a2) + β
∑

s′∈S pss′(a
1, a2)υ(s′)−

(1− β)r(s, a1, a2)− β
∑

s′∈S pss′(a
1, a2)w(s′) |} =

max
s,a1,a2

| β
∑
s′∈S

pss′(a
1, a2) (υ(s′)− w(s′)) |≤

max
s,a1,a2

β
∑
s′∈S

pss′(a
1, a2) | υ(s′)− w(s′) |≤

max
s,a1,a2

β
∑
s′∈S

pss′(a
1, a2) || v−w ||=

β || v−w || .

Epomènwc, h apeikìnish U eÐnai telest c sustol c kai apì to je¸rhma su-
stol c Banach prokÔptei ìti h U èqei monadikì stajerì shmeÐo.

Mèroc II

'Estw v∗ h monadik  lÔsh twn exis¸sewn (5). Ja deÐxoume ìti up�rqoun
st�simec strathgikèc f∗ kai g∗ tètoiec ¸ste gia k�je f kai g

vβ(f, g∗) ≤ v∗ ≤ vβ(f∗, g)
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'Estw f∗ tètoia ¸ste f∗(s) na eÐnai bèltisth strathgik  tou paÐqth I sto
pinakopaiqnÐdi [

(1− β)r(s, a1, a2) + β
∑
s′∈S

pss′(a
1, a2)υ∗(s′)

]
to opoÐo èqei tim  υ∗(s). 'Etsi, gia ìla ta a2 = 1, 2, . . . ,m2(s) èqoume

(1− β)r(s, f∗, a2) + β
∑
s′∈S

pss′(f
∗, a2)υ∗(s′) ≥ υ∗(s).

All� tìte, gia k�je g

(1− β)r(s, f∗, g) + β
∑
s′∈S

pss′(f
∗, g)υ∗(s′) ≥ υ∗(s),

  se morf  pin�kwn

(1− β)r(f∗, g) + βP (f∗, g)v∗ ≥ v∗,

to opoÐo apì to l mma 3.1.2 dÐnei ìti:

vβ(f∗, g) ≥ v∗.

AntÐstoiqa, prokÔptei ìti vβ(f, g∗) ≤ v∗ ìtan h g∗ orÐzetai an�loga me thn
f∗. 'Ara to paiqnÐdi, periorismèno se st�simec strathgikèc, èqei tim  v∗.

Mèroc III

AfoÔ to paiqnÐdi periorismèno se st�simec strathgikèc èqei tim  v∗, tìte
apì to je¸rhma 1.5.4 kai to arqikì paiqnÐdi ja èqei tim  v∗ kai oi bèltistec
strathgikèc f∗ kai g∗ ja eÐnai kai bèltistec strathgikèc sto arqikì paiqnÐdi.

�

H apeikìnish U qrhsimopoieÐtai ston algìrijmo diadoqik¸n proseggÐsewn
(Successive Approximation Algorithm) ìpwc faÐnetai parak�tw.

OrÐzoume epagwgik�, Un = U(Un−1v) ìpou U1 ≡ U. AfoÔ vβ = Uvβ
sumperaÐnoume ìti vβ = Unvβ. 'Ara gia k�je v ∈ RN èqoume

||Unv− vβ|| = ||Unv− Unvβ|| ≤ β||Un−1v− Un−1vβ||

Epomènwc,
||Unv− vβ|| ≤ βn||v− vβ||

opìte to Unv sugklÐnei gewmetrik� sto vβ.
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Epiplèon, mporoÔme na efarmìsoume ton ex c algìrijmo anadrom c p�nw
stic politikèc (Policy Iteration) sta apoplhjwrismèna stoqastik� paiqnÐdia.

'Estw vn h paroÔsa ektÐmhsh thc tim c tou paiqnidioÔ. Kataskeu�zoume
strathgikèc fn kai gn tètoiec ¸ste gia k�je s ∈ S oi apof�seic fn(s) kai
gn(s) na eÐnai bèltistec sto pinakopaiqnÐdi[

(1− β)r(s, a1, a2) + β
∑
s′∈S

pss′(a
1, a2)υn(s′)

]

kai paÐrnoume vn+1 = vβ(fn, gn).

Dustuq¸c o sugkekrimènoc algìrijmoc den suglÐnei p�nta ( Filar kai
Vrieze (1996), Par�deigma 4.3.3). Parol' aut� se pollèc peript¸seic o
algìrijmoc mporeÐ na efarmosteÐ.

Epigrammatik� anafèroume ìti o grammikìc programmatismìc genik� den
mporeÐ na lÔsei ta apoplhjwrismèna stoqastik� paiqnÐdia 2-paiqt¸n mh-
denikoÔ ajroÐsmatoc. Autì mporoÔme na to doÔme kataskeu�zontac èna
apoplhjwrismèno paiqnÐdi 2-paiqt¸n mhdenikoÔ-ajroÐsmatoc me rhtoÔc a-
rijmoÔc wc suntetagmènec twn pin�kwn-katast�sewn, tou opoÐou h tim  na
mporeÐ na upologisteÐ me kleistì trìpo kai na eÐnai �rrhtoc arijmìc (Par�-
deigma 3.3 parak�tw). Dhlad , ta apoplhjwrismèna stoqastik� paiqnÐdia
den èqoun thn Ordered Field Property (OFP). An ìmwc epidèqontan epÐlush
mèsw grammikoÔ programmatismoÔ ja eÐqan thn OFP, ìpwc sumbaÐnei p.q.
me thn tim  enìc pinakopaiqnidioÔ.

P�ntwc se treic toul�qiston eidikèc peript¸seic ( Filar kai Vrieze (1997),
Kef�laio 3.2) h lÔsh (tim ) mporeÐ na brejeÐ mèsw grammikoÔ programma-
tismoÔ. Autèc eÐnai oi peript¸seic

1. pou oi pijanìthtec metab�sewn exart¸ntai mìno apì tic apof�seic
tou enìc mìno paÐqth (Single-Controller Discounted Stochastic Games),

2. pou (a) h trèqousa plhrwm  r(s, a1, a2) qwrÐzetai sto �jroisma dÔo
sunart sewn ìpou h mÐa exart�tai apokleistik� apì thn kat�stash
s kai h �llh exart�tai apokleistik� apì to zeÔgoc twn apof�sewn
(a1, a2) kai (b) oi metaphd seic eÐnai thc morf c p·s′(a

1, a2), dhlad 
eÐnai anex�rthtec apì thn ek�stote kat�stash s (Separable Reward
State Independent Trasition Discounted Stochastic Games, SER-SIT),

43



3. to sÔnolo twn katast�sewn S diamerÐzetai sta sÔnola S1 kai S2 ta
opoÐa èqoun thn idiìthta gia s ∈ S1 na isqÔei pss′(a

1, a2) = pss′(a
1)

kai gia s ∈ S2 na isqÔei pss′(a
1, a2) = pss′(a

2) (Switching Controller
Discounted Stochastic Games).
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3.2 ParadeÐgmata apoplhjwrismènwn sto-

qastik¸n paiqnidi¸n

Par�deigma 3.1.

'Estw èna stoqastikì paiqnÐdi 2-paiqt¸n mhdenikoÔ-ajroÐsmatoc me q¸-
ro katast�sewn S = {1, 2}, q¸ro apof�sewnA1(1) = A2(1) = {1, 2} , A1(2) =
A2(2) = {1}, suntelest  apoplhjwrismoÔ β = 3

4
kai pÐnaka plhrwm¸n kai

pijanot twn met�bashc

ìpou oi pijanìthtec met�bashc (1
3
, 2

3
) sthn kat�stash 1 dhl¸noun ìti

me pijanìthta 1
3
ja parameÐnei sthn kat�stash 1 kai me pijanìthta 2

3
ja

metabeÐ sthn kat�stash 2 ìtan o paÐqthc I dialègei thn apìfash 1 ∈ A1(1)
kai o paÐqthc II dialègei thn apìfash 2 ∈ A2(1). H trèqousa plhrwm 
(apì ton paÐqth II ston paÐqth I) eÐnai r(1, 1, 2) = 6. Epiplèon, h kat�-
stash 2 eÐnai aporrofhtik  me plhrwm  0, dhlad  ìtan to paiqnÐdi brejeÐ
sthn kat�stash 2 ja parameÐnei gia p�nta ekeÐ kai oi dÔo paÐqtec ja èqoun
plhrwm  0.

LÔnoume tic exis¸seic

υβ(1) = val

[
(1− β)3 + βυβ(1) (1− β)6 + β 1

3
υβ(1) + β 2

3
υβ(2)

(1− β)2 + βυβ(1) (1− β)1 + βυβ(1)

]
kai

υβ(2) = (1− β)0 + βυβ(2).

Apì th deÔterh prokÔptei �mesa ìti

υβ(2) = 0
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opìte h pr¸th exÐswsh gia β = 3
4
gÐnetai

υ 3
4
(1) = val

[
3
4

+ 3
4
υ 3

4
(1) 6

4
+ 1

4
υ 3

4
(1)

2
4

+ 3
4
υ 3

4
(1) 1

4
+ 3

4
υ 3

4
(1)

]
ParathroÔme ìti profan¸c υ 3

4
(1) > 0. DiakrÐnoume treic peript¸seic

1. An 6
4

+ 1
4
υ 3

4
(1) ≥ 3

4
+ 3

4
υ 3

4
(1)⇔ υ 3

4
(1) ≤ 3

2
tìte to p�nw arister� stoiqeÐo

eÐnai sagmatikì shmeÐo kai epomènwc υ 3
4
(1) = 3

4
+ 3

4
υ 3

4
(1) ⇒ υ 3

4
(1) = 3.

'Atopo, diìti antif�skei me thn υ 3
4
(1) ≤ 3

2
.

2. An 1
4

+ 3
4
υ 3

4
(1) ≥ 6

4
+ 1

4
υ 3

4
(1) ⇔ υ 3

4
(1) ≥ 5

2
tìte to k�tw dexi� stoiqeÐo

eÐnai sagmatikì shmeÐo kai epomènwc υ 3
4
(1) = 1

4
+ 3

4
υ 3

4
(1)⇒ υ 3

4
(1) = 1.

All� 1 < 5
2
kai epomènwc oÔte aut  h perÐptwsh mporeÐ na isqÔsei.

3. An 3
4

+ 3
4
υ 3

4
(1) > 6

4
+ 1

4
υ 3

4
(1) > 1

4
+ 3

4
υ 3

4
(1)⇔ 3

2
< υ 3

4
(1) < 5

2
tìte to p�nw

dexi� stoiqeÐo eÐnai sagmatikì shmeÐo kai epomènwc υ 3
4
(1) = 6

4
+ 1

4
υ 3

4
(1) ⇒

υ 3
4
(1) = 2. H lÔsh gÐnetai dekt  afoÔ an kei sto (3

2
, 5

2
).

Oi bèltistec st�simec strathgikèc gia touc dÔo paÐqtec ja eÐnai

f∗3
4

= ((1), (1))

kai
g∗3

4
= ((2), (1))

�

Par�deigma 3.2.

'Estw èna stoqastikì paiqnÐdi 2-paiqt¸n mhdenikoÔ ajroÐsmatoc me q¸ro
katast�sewn S = {1, 2}, q¸ro apof�sewn A1(1) = A2(1) = {1, 2} , A1(2) =
A2(2) = {1} kai pÐnaka plhrwm¸n kai pijanot twn met�bashc
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LÔnoume tic exis¸seic

υβ(1) = val

[
3(1− β) + β 1

2
υβ(1) + β 1

2
υβ(2) 1− β + β 1

2
υβ(1) + β 1

2
υβ(2)

1− β + β 1
2
υβ(1) + β 1

2
υβ(2) 2(1− β) + β 1

2
υβ(1) + β 1

2
υβ(2)

]
kai

υβ(2) = 2(1− β) + β
1

2
υβ(1) + β

1

2
υβ(2)

H pr¸th gÐnetai

υβ(1) = β
1

2
υβ(1) + β

1

2
υβ(2) + (1− β)val

[
3 1
1 2

]
H tim  tou pÐnaka sto tèloc upologÐzetai me exiswtikèc strathgikèc (pro-
kÔptoun oi (1

3
, 2

3
) kai gia touc dÔo paÐqtec) kai prokÔptei Ðsh me 5

3
opìte

telik� prokÔptoun oi exis¸seic

υβ(1) = β
1

2
υβ(1) + β

1

2
υβ(2) + (1− β)

5

3

υβ(2) = 2(1− β) + β
1

2
υβ(1) + β

1

2
υβ(2)

kai telik� prokÔptei ìti

υβ(1) =
10 + β

6

υβ(2) =
12− β

6

Oi bèltistec st�simec strathgikèc gia touc dÔo paÐqtec ja eÐnai

f∗β =

(
(
1

3
,
2

3
), (1)

)
= g∗β

�

Par�deigma 3.3.

'Estw èna stoqastikì paiqnÐdi mhdenikoÔ-ajroÐsmatoc me S = {1, 2} , A1(1) =
A2(1) = {1, 2} , A1(2) = A2(2) = {1} kai pÐnaka plhrwm¸n kai pijanot twn
met�bashc
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LÔnoume tic exis¸seic

υβ(1) = val

[
(1− β)1 + β 1

3
υβ(1) + β 2

3
υβ(2) (1− β)2 + β1υβ(2)

(1− β)4 + β1υβ(2) (1− β)3 + β 1
2
υβ(1) + β 1

2
υβ(2)

]
kai

υβ(2) = (1− β)2 + β1υβ(2).

Apì th deÔterh prokÔptei �mesa ìti

υβ(2) = 2

opìte h pr¸th exÐswsh gÐnetai

υβ(1) = val

[
1 + 1

3
β + β

3
υβ(1) 2

4− 2β 3− 2β + β
2
υβ(1)

]
EÐnai profanèc ìti υβ(1) > υβ(2) afoÔ o paÐqthc I èqei mia strathgik 

pou tou exasfalÐzei p�nw apì 2 (kai 2 = υβ(2)). H strathgik  aut  eÐnai
na paÐzei p�nta th deÔterh gramm  ìso eÐnai ston pÐnaka thc katastashc
1. Tìte h plhrwm  tou, ì,ti kai na gÐnei, ja eÐnai megalÔterh tou 2. 'Ara,
3 − 2β + β

2
υβ(1) ≥ 2. An 4 − 2β ≥ 3 − 2β + β

2
υβ(1) ⇔ βυβ(1) ≤ 2, tìte to

k�tw dexi� stoiqeÐo eÐnai sagmatikì shmeÐo kai epomènwc υβ(1) = 3− 2β +
β
2
υβ(1) ⇒ υβ(1) = 3−2β

1−β
2

. Elègqoume an h lÔsh pou br kame ikanopoieÐ thn

upìjesh pou k�name

βυβ(1) ≤ 2⇔ β
3− 2β

1− β
2

≤ 2⇔ (β − 1)2 ≥ 0

pou eÐnai alhjèc, en¸ epÐshc alhjèc eÐnai ìti 3 − 2β + β
2

3−2β

1−β
2

≥ 2. H mo-

nadikìthta thc lÔshc exasfalÐzei ìti den eÐnai dunatì na p�roume �llh
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anisìthta me sumbat  (�llh) lÔsh sthn pr¸th exÐswsh. 'Ara telik� èqoume
ìti

υβ(1) =
6− 4β

2− β
kai

υβ(2) = 2

Oi bèltistec st�simec strathgikèc gia touc dÔo paÐqtec ja eÐnai

f∗β = ((2), (1))

kai
g∗β = ((2), (1))

�

Par�deigma 3.4.

'Estw èna stoqastikì paiqnÐdi mhdenikoÔ-ajroÐsmatoc me S = {1, 2} , A1(1) =
A2(1) = {1, 2} , A1(2) = A2(2) = {1} kai pÐnaka plhrwm¸n kai pijanot twn
met�bashc

Gr�foume tic exis¸seic

υβ(1) = val

[
1− β + βυβ(1) βυβ(1)

βυβ(1) 1− β + βυβ(2)

]
kai

υβ(2) = 1− β + βυβ(2).

Apì th deÔterh prokÔptei �mesa ìti

υβ(2) = 1
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opìte h pr¸th exÐswsh gÐnetai

υβ(1) =

[
1− β + βυβ(1) βυβ(1)

βυβ(1) 1

]
An βυβ(1) ≥ 1, tìte to p�nw dexi� stoiqeÐo eÐnai sagmatikì shmeÐo kai e-
pomènwc υβ(1) = βυβ(1) ⇒ υβ(1) = 0 pr�gma �topo. 'Ara βυβ(1) < 1 kai
epomènwc den up�rqei sagmatikì shmeÐo. LÔnontac me exiswtikèc strath-
gikèc, dhlad  b�zontac b�roc pijanìthtac x sthn pr¸th strathgik  tou
paÐqth I kai 1− x sth deÔterh kai exis¸nontac tic plhrwmèc tou paÐqth I
gia tic dÔo st lec tou paÐqth II, paÐrnoume

υβ(1) =
1− x

1− xβ

kai
υβ(1) = x

opìte prokÔptei:

x = υβ(1) =
1±
√

1− β
β

Elègqoume an ikanopoioÔn ton periorismì βυβ(1) < 1

β 1+
√

1−β
β

< 1⇒
√

1− β < 0 pou den eÐnai alhjèc kai

β 1−
√

1−β
β

< 1⇒
√

1− β > 0 pou eÐnai alhjèc. 'Ara telik� èqoume ìti

υβ(1) =
1−
√

1− β
β

kai
υβ(2) = 1

Oi bèltistec st�simec strathgikèc gia touc dÔo paÐqtec ja eÐnai

f∗β =

((
1−
√

1− β
β

, 1− 1−
√

1− β
β

)
, (1)

)
kai

g∗β =

((
1−
√

1− β
β

, 1− 1−
√

1− β
β

)
, (1)

)
�

To epìmeno par�deigma eÐnai di�shmo kai gnwstì sth bibliografÐa wc the
Big Match.
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Par�deigma 3.5.

'Estw èna stoqastikì paiqnÐdi mhdenikoÔ-ajroÐsmatoc 2-paiqt¸n me S =
{1, 2, 3} , A1(1) = A2(1) = {1, 2} , A1(2) = A2(2) = {1} , A1(3) = A2(3) =
{1} kai pÐnaka plhrwm¸n kai pijanot twn met�bashc

Gr�foume tic exis¸seic

υβ(1) =

[
1− β + βυβ(1) βυβ(1)

βυβ(2) 1− β + βυβ(3)

]
υβ(2) = βυβ(2)

υβ(3) = 1− β + βυβ(3).

'Amesa prokÔptei ìti
υβ(2) = 0

υβ(3) = 1

opìte h pr¸th exÐswsh gÐnetai

υβ(1) =

[
1− β + βυβ(1) βυβ(1)

0 1

]
An βυβ(1) ≥ 1, tìte to p�nw dexi� stoiqeÐo eÐnai sagmatikì shmeÐo kai
epomènwc υβ(1) = βυβ(1) ⇒ υβ(1) = 0. 'Atopo. 'Ara βυβ(1) < 1 kai epo-
mènwc den up�rqei sagmatikì shmeÐo. LÔnontac me exiswtikèc strathgikèc
katal goume stic sqèseic

υβ(1) =
1− x

1− xβ

51



kai

υβ(1) =
x− xβ
1− xβ

opìte prokÔptei

υβ(1) =
1

2
kai

x =
1

2− β
Epomènwc h tim  tou paiqnidioÔ eÐnai:

vβ = (
1

2
, 0, 1)

me bèltistec st�simec strathgikèc

f∗β =

(
(

1

2− β
,
1− β
2− β

), (1), (1)

)
.

kai

g∗β =

(
(
1

2
,
1

2
), (1), (1)

)
.

�

BebaÐwc h epÐlush twn apoplhjwrismènwn stoqastik¸n paiqnidi¸n den
eÐnai p�nta eÔkolh ìpwc diapist¸netai sto akìloujo par�deigma.

Par�deigma 3.6.

'Estw èna stoqastikì paiqnÐdi mhdenikoÔ-ajroÐsmatoc 2-paiqt¸n me S =
{1, 2} , A1(1) = A2(1) = {1, 2} , A1(2) = A2(2) = {1, 2} kai pÐnaka plhrw-
m¸n kai pijanot twn met�bashc
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Gr�foume tic exis¸seic

υβ(1) = val

[
βυβ(1) (1− β)2 + β 1

5
υβ(1) + β14

5
υβ(2)

1− β + βυβ(2) 1− β + βυβ(1)

]
kai

υβ(2) = val

[
β 1

2
υβ(1) + β 1

2
υβ(2) (1− β)3 + βυβ(2)

(1− β)2 + βυβ(2) β 1
3
υβ(1) + β 2

3
υβ(2)

]
ParathroÔme ìti kai oi dÔo pÐnakec eÐnai entel¸c mplegmènoi kai epomènwc
eÐnai pio dÔskolh h lÔsh twn exis¸sewn. EpÐshc, eÐnai polÔ pijanì na
prokÔyoun parap�nw apì mÐa lÔseic opìte ja prèpei na elègxoume poia
apì autèc ikanopoieÐ th monadik  lÔsh twn arqik¸n exis¸sewn.

�
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3.3 Oriak  apoplhjwrismènh exÐswsh (Limit
Discount Equation)

Se aut  thn par�grafo ja anaferjoÔme polÔ epigrammatik� sthn o-
riak  apoplhjwrismènh exÐswsh. Gia to skopì autì eis�goume to s¸ma
twn seir¸n Puiseux pou apodeiknÔetai polÔ qr simo sth melèth thc asum-
ptwtik c sumperifor�c twn lÔsewn twn β-apoplhjwrismènwn stoqastik¸n
paiqnidi¸n ìtan to β teÐnei sto 1.

GiaM jetikì akèraio, orÐzoume FM to sÔnolo ìlwn twn
∑∞

k=K ckx
k
M ìpou

K eÐnai akèraioc, ck ∈ R eÐnai tètoia ¸ste h seir�
∑∞

k=K ckx
k
M na sugklÐnei

gia k�je arket� mikrì jetikì pragmatikì arijmì x.

'Etsi, ta stoiqeÐa pou an koun sto FM eÐnai dunamoseirèc wc proc x
1
M .

H prìsjesh kai o pollaplasiasmìc sto sÔnolo FM orÐzontai me to sun jh
trìpo gia dunamoseirèc, dhlad 

∞∑
k=K1

ckx
k
M +

∞∑
k=K2

dkx
k
M :=

∞∑
k=min(K1,K2)

(ck + dk)x
k
M

kai (
∞∑

k=K1

ckx
k
M

)(
∞∑

k=K2

dkx
k
M

)
:=

∞∑
k=K1+K2

(∑
i+j=k

cidj

)
x
k
M

(Parat rhsh: sthn prìsjesh, an K1 > K2, orÐzoume ck = 0 gia k =
K2, . . . , K1 − 1).

Epiplèon, orÐzoume
∑∞

k=K ckx
k
M > 0 an kai mìno an ck∗ > 0, ìpou k∗

eÐnai o mikrìteroc akèraioc k tètoioc ¸ste ck 6= 0. Me stoiqei¸dh an�lush
prokÔptei ìti to FM eÐnai èna diatetagmèno s¸ma. 'Estw F :=

⋃∞
M=1 FM .

Tìte to F eÐnai kai autì èna diatetagmèno s¸ma kai kaleÐtai s¸ma twn
pragmatik¸n seir¸n Puiseux.

Orismìc 3.3.1. To sÔnolo twn N exis¸sewn (mÐa gia k�je kat�stash
s ∈ S) me �gnwsto th metablht  v = (v(1), v(2), . . . , v(N)) ∈ FN

v(s) = val

[
xr(s, a1, a2) + (1− x)

N∑
s′=1

pss′(a
1, a2)v(s′)

]
ìpou h agkÔlh parist�nei ton m1(s) × m2(s) pÐnaka me grammèc a1 =
1, . . . ,m1(s) kai st lec a2 = 1, . . . ,m2(s), kai ìpou x ∈ (0, 1), kaleÐtai
oriak  apoplhjwrismènh exÐswsh ( limit discount equation ).
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Je¸rhma 3.3.1. H oriak  apoplhjwrismènh exÐswsh èqei monadik  lÔsh
p�nw sto kartesianì ginìmeno FN thc morf c

v∗ =
∞∑
k=0

ckx
k
M ∈ FN µε ck ∈ RN .

H apìdeixh tou jewr matoc eÐnai arket� polÔplokh kai den ja paratejeÐ
se aut n thn ergasÐa. H pr¸th apìdeixh dìjhke apì touc T. Bewley kai E.
Kohlberg (1976a, 1976b).

Je¸rhma 3.3.2. 'Estw èna stoqastikì paiqnÐdi sto opoÐo kai oi dÔo paÐqtec
diajètoun bèltistec st�simec strathgikèc sÔmfwna me to krit rio oriak c
mèshc plhrwm c. Tìte h lÔsh thc oriak c apoplhjwrismènhc exÐswshc èqei
thn idiìthta:

c1 = c2 = · · · = cM−1 = 0.

H apìdeixh tou sugkekrimènou jewr matoc epÐshc paraleÐpetai. O ana-
gn¸sthc mporeÐ na anatrèxei stouc Filar kai Vrieze (1997), Kef�laio 4.3.4.

Pìrisma 3.3.1. 'Estw c0 = υ1N , ìpou υ ∈ R, dhlad  o pr¸toc ìroc thc
lÔshc thc oriak c apoplhjwrismènhc exÐswshc eÐnai o Ðdioc, υ, gia k�je
kat�stash kai èstw ìti kai oi dÔo paÐqtec diajètoun bèltistec st�simec
strathgikèc sÔmfwna me to krit rio thc oriak c mèshc plhrwm c. Tìte
isqÔei h akìloujh sqèsh pou sundèei ta c0 = υ1N kai cM

υ + cM(s) = val

[
r(s, a1, a2) +

N∑
s′=1

pss′(a
1, a2)cM(s′)

]

gia k�je s ∈ S.

To pìrisma prokÔptei apì to prohgoÔmeno je¸rhma, apì thn upìjesh
ìti c0 eÐnai stajer� kai apì ton pollaplasiasmì thc oriak c apoplhjw-
rismènhc exÐswshc me to x−1.

Profan¸c, apì to parap�nw pìrisma prokÔptei ìti h oriak  mèsh tim 
isoÔtai me υ1N .
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Kef�laio 4

Adiaq¸rista Stoqastik�
PaiqnÐdia Anamenìmenhc Mèshc
Plhrwm c (Average Reward
Irreducible Stochastic Games)

4.1 JewrÐa

UpenjumÐzoume h oriak  mèsh sunolik  plhrwm  gia èna zeug�ri (sumpe-
riforik¸n) strathgik¸n (π1, π2) twn dÔo paiqt¸n kai mÐa arqik  kat�stash
s ∈ S gia èna stoqastikì paiqnÐdi 2-paiqt¸n mhdenikoÔ-ajroÐsmatoc orÐze-
tai wc

vα(s, π1, π2) = lim inf
T→∞

1

T + 1

∞∑
t=0

Esπ1π2 [r(St, A
1
t , A

2
t )]

Kat� ta gnwst�, to exetazìmeno paiqnÐdi ja èqei tim  an

sup
π1

inf
π2
υα(s, π1, π2) = inf

π2
sup
π1

υα(s, π1, π2).

An up�rqei h tim , èstw vα = (vα(1), . . . , vα(N)), to epìmeno er¸thma eÐnai
an up�rqoun bèltistec strathgikèc gia touc dÔo paÐqtec   èstw e-bèltistec
strathgikèc.

Oi strathgikèc π̃1, π̃2 eÐnai bèltistec ìtan gia k�je strathgik  π1 tou
paÐqth I kai gia k�je strathgik  π2 tou paÐqth II isqÔei

υα(s, π1, π̃2) ≤ υα(s) ≤ υα(s, π̃1, π2).
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AntÐstoiqa, oi strathgikèc π1
ε , π

2
ε eÐnai e-bèltistec ìtan

υα(s, π1, π2
ε)− ε ≤ υα(s) ≤ υα(s, π1

ε , π
2) + ε

gia opoiesd pote strathgikèc π1, π2.

Sth genik  perÐptwsh, oi paÐqtec den diajètoun bèltistec strathgikèc gia
to oriakì mèso krit rio plhrwm c. 'Enac kalìc trìpoc prosèggishc, eÐnai
na exet�soume mÐa akoloujÐa β−apoplhjwrismènwn paiqnidi¸n me β → 1
kai na melet soume tic oriakèc idiìthtec aut c thc akoloujÐac.

Sthn paroÔsa ergasÐa emeÐc ja asqolhjoÔme mìno me ta adiaq¸rista
stoqastik� paiqnÐdia. Epiprosjètwc, ta jewr mata 1.5.3 kai 1.5.4 mac
dÐnoun th dunatìthta na exet�soume ta sugkekrimèna paiqnÐdia ìtan oi
paÐqtec periorÐzontai se st�simec strathgikèc.

UpenjumÐzoume ìti èna stoqastikì paiqnÐdi eÐnai adiaq¸risto ìtan gia
k�je zeug�ri st�simwn strathgik¸n (f, g) twn dÔo paiqt¸n, o antÐstoiqoc
pÐnakac pijanot twn met�bashc P (f, g) sqhmatÐzei mia markobian  alusÐda
h opoÐa èqei èna mìno adiaq¸risto sÔnolo katast�sewn pou perièqei ìlo
to q¸ro katast�sewn.

Je¸rhma 4.1.1. An èna zeug�ri st�simwn strathgik¸n (f, g) twn dÔo pai-
qt¸n eÐnai tètoio ¸ste o antÐstoiqoc pÐnakac pijanot twn met�bashc P (f, g)
na ep�gei mia adiaq¸risth markobian  alusÐda, tìte

1. H s−osth sunist¸sa thc st�simhc katanom c tou pÐnaka P (f, g) ,
q(s, f, g) = limT→∞

1
T+1

∑T
t=0 Ps0fg[St = s] up�rqei gia opoiad pote

kat�stash s ∈ S kai eÐnai anex�rthth apì thn arqik  kat�stash s0.

2. q(s, f, g) > 0, gia k�je s ∈ S.

3. An Q(f, g) := limT→∞
1

T+1

∑T
t=0 P

t(f, g) to Sèzaro ìrio tou P (f, g), tìte

k�je gramm  tou pÐnaka Q(f, g) isoÔtai me qT kai epiplèon

Q(f, g) = Q(f, g)P (f, g)

4. υα(s0, f, g) =
∑N

s=1 q(s, f, g)r(s, f, g) gia k�je s0 ∈ S.

5. Gia k�je zeug�ri (υ,w) me υ ∈ R kai w ∈ RN pou ikanopoieÐ thn
exÐswsh

w + υ1N = r(f, g) + P (f, g)w, (1)

isqÔei ìti υα(s0, f, g) = υ gia k�je s ∈ S.
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6. O pÐnakac (I − P +Q) eÐnai antistrèyimoc kai to zeug�ri (υ,w) me

υ1N = vα(f, g)

kai
w = (I − P (f, g) +Q(f, g))−1 (r(f, g)− υ1N)

ikanopoieÐ th sqèsh (1).

Apìdeixh

1. H Ôparxh tou orÐou èpetai apì to l mma 2.2.1. Gia opoiad pote arqik 
kat�stash h st�simh katanom  ikanopoieÐ th sqèsh qT = qTP (f, g), h o-
poÐa èqei monadik  lÔsh. 'Etsi h st�simh katanom  eÐnai anex�rthth apì
thn arqik  kat�stash.

2. 'Eqei apodeiqteÐ  dh sto l mma 2.2.1.

3. 'Ena gnwstì apotèlesma sth jewrÐa markobian¸n alusÐdwn eÐnai ìti

Ps0fg[St = s] = (P t(f, g))s0s

ìpou (P t(f, g))s0s eÐnai to (s0, s)−stoiqeÐo tou pÐnaka metab�sewn se t b -
mata kai o isqurismìc èpetai apì to 1 tou jewr matoc. H sqèsh Q(f, g) =
Q(f, g)P (f, g) èqei apodeiqteÐ sthn prìtash 2.2.4.

4. Dedomènou ìti q(s, f, g) = limT→∞
1

T+1

∑T
t=0 Ps0fg[St = s] gia k�je s ∈ S

kai afoÔ to S eÐnai peperasmèno, ja isqÔei

lim
T→∞

[
1

T + 1

T∑
t=0

Ps0fg[St = 1]r(1, f, g) + · · ·+
T∑
t=0

Ps0fg[St = N ]r(N, f, g)

]
=

q(1, f, g)r(1, f, g) + · · ·+ q(N, f, g)r(N, f, g) =∑
s∈S

q(s, f, g)r(s, f, g)

All�

vα(s0, f, g) := lim inf
T→∞

1

T + 1

T∑
t=0

∑
s∈S

Ps0fg[St = s]r(s, f, g)

'Ara

vα(s0, f, g) =
∑
s∈S

q(s, f, g)r(s, f, g).
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5. Pollaplasi�zontac th sqèsh (1) me ton pÐnaka Q(f, g) apì ta arister�
kai qrhsimopoi¸ntac ta 3 kai 4 tou jewr matoc, èqoume

Q(f, g)w + υQ(f, g)1N = Q(f, g)r(f, g) +Q(f, g)P (f, g)w

⇒ Q(f, g)w + υQ(f, g)1N = vα(f, g) +Q(f, g)w

⇒ υQ(f, g)1N = vα(f, g)

⇒ υ1N = vα(f, g)

kai sunep¸c υα(s, f, g) = υ gia k�je s ∈ S.

6. Se autì to komm�ti thc apìdeixhc, gia aploÔsteush den shmei¸nou-
me thn ex�rthsh twn pin�kwn P (f, g) kai Q(f, g) apì tic strathgikèc f kai
g twn dÔo paiqt¸n. Pr¸ta ja deÐxoume ìti o pÐnakac (I − P + Q) eÐnai
antistrèyimoc. Pr�gmati, èstw ìti den eÐnai antistrèyimoc. Tìte up�rqei
l ∈ RN , l 6= 0 tètoio ¸ste

(I − P +Q) l = 0

⇒ Q(I − P +Q) l = Q l = 0.

All� tìte

(I − P ) l = 0 η l = P l

'Estw S̃ to sÔnolo twn katast�sewn stic opoÐec paÐrnetai h mègisth sunte-
tagmènh tou dianÔsmatoc l, dhlad  S̃ := {s ∈ S : λ(s) = maxs′ λ(s′)}. Ja
deÐxoume ìti S̃ = S. 'Estw ìti S̃ 6= S. Epeid  to S eÐnai adiaq¸risto, ja
up�rqoun s ∈ S̃ kai s′ ∈ S \ S̃ tètoia ¸ste pss′(f, g) > 0. All� tìte, afoÔ
l = Pl

λ(s) =
N∑
s′=1

pss′(f, g)λ(s′) < max
s′

λ(s′) = λ(s)

pou eÐnai antÐfash. 'Etsi S̃ = S, dhlad  to l èqei ìlec tic suntetagmènec
Ðsec kai epomènwc l = λ̃1N gia k�poio λ̃ ∈ R. Qrhsimopoi¸ntac ìti Q l =
0 paÐrnoume ìti

Qλ̃1N = 0⇒ λ̃
∑
s∈S

q(s) = 0⇒ λ̃1N = 0⇒ λ̃ = 0

kai �ra l = 0 to opoÐo odhgeÐ se �topo. 'Ara, o pÐnakac (I −P +Q) eÐnai
antistrèyimoc.
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Apomènei na deÐxoume ìti to (υ,w) ikanopoieÐ th sqèsh (1). 'Estw υ1N = vα
(to di�nusma vα èqei ìlec tic suntetagmènec Ðsec afoÔ vα(s0) = Qr anex�r-
thto tou s0) kai w = (I − P +Q)−1 (r− υ1N). Dierwtìmaste an

(I − P +Q)−1(r− υ1N) + υ1N = r + P (I − P +Q)−1(r− υ1N)⇔

r−υ1N+(I−P+Q)υ1N = (I−P+Q)r+(I−P+Q)P (I−P+Q)−1(r−υ1N)

All� Pυ1N = υ1N (o P eÐnai stoqastikìc pÐnakac kai �ra P1N = 1N)
kai Q1N = 1N (o Q eÐnai stoqastikìc pÐnakac kai �ra Q1N = 1N). 'Ara h
sqèsh pou dierwtìmaste an isqÔei gÐnetai

r = r− P r +Qr + (I − P +Q)P (I − P +Q)−1(r− υ1N)

T¸ra parathroÔme ìti (I − P +Q)P = P (I − P +Q). Pr�gmati

(I−P +Q)P = P (I−P +Q)⇔ P −P 2 +QP = P −P 2 +PQ⇔ QP = PQ

pou eÐnai alhjèc apì thn prìtash 2.2.4. 'Ara, h sqèsh pou dierwtìmaste
an isqÔei gÐnetai

0 = −P r +Qr + P r− Pυ1N
All� Pυ1N = υ1N kai �ra h sqèsh eÐnai isodÔnamh me vα = Qr pou eÐnai
alhjèc.

�

Ta adiaq¸rista stoqastik� paiqnÐdia eÐnai eÔkola epilÔsima epeid  h
oriak  mèsh plhrwm  eÐnai suneq c wc proc tic strathgikèc f kai g twn dÔo
paiqt¸n.

L mma 4.1.1. H oriak  mèsh plhrwm  vα(f, g) eÐnai suneq c sun�rthsh
p�nw sto q¸ro twn st�simwn strathgik¸n f kai g twn dÔo paiqt¸n.

Apìdeixh

'Estw (fn, gn) → (f, g). Tìte, P (fn, gn) → P (f, g). 'Estw q shmeÐo sus-
s¸reushc thc akoloujÐac qn, n = 1, 2, . . . . AfoÔ qnP (fn, gn) = qn èqoume
ìti qP (f, g) = q. Epomènwc, q isoÔtai me th monadik  st�simh katanom 
tou pÐnaka P (f, g), apodeiknÔontac ìti h akoloujÐa qn sugklÐnei sto q. An
up rqe kai deÔtero shmeÐo suss¸reushc q′ thc qn, tìte me ton Ðdio trìpo
q′P = q′. All� up�rqei mìno èna di�nusma pijanìthtac, èstw u, pou na
ikanopoieÐ thn uP = u. 'Ara u = q = q′, dhlad  h akoloujÐa èqei monadi-
kì shmeÐo suss¸reushc. To sumpèrasma èpetai apì to 4 tou jewr matoc
4.1.1.

�
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Sth sunèqeia akoloujeÐ to basikì je¸rhma gia ta adiaq¸rista stoqa-
stik� paiqnÐdia.

Je¸rhma 4.1.2.

1. To di�nusma thc tim c up�rqei gia to oriakì mèso krit rio plhrwm c
kai h tim  eÐnai h Ðdia gia k�je arqik  kat�stash.

2. Kai oi dÔo paÐqtec diajètoun bèltistec st�simec strathgikèc.

3. H lÔsh thc oriak c apoplhjwrismènhc exÐswshc mporeÐ na grafteÐ wc
ex c:

v∗(x) = υα1N +
∞∑

k=M

ckx
k
M ,

ìpou υα1N isoÔtai me thn tim  tou oriakoÔ mèsou paiqnidioÔ.

Apìdeixh

1. JewroÔme tic antapokrÐseic bèltisthc ap�nthshc twn dÔo paiqt¸n dhla-
d , èstw MDP (f) to markobianì prìblhma apof�sewn pou antimetwpÐzei
o paÐqthc II, ìtan o paÐqthc I qrhsimopoieÐ th st�simh strathgik  f kai
èstw antÐstoiqa to MDP (g) gia ton paÐqth I. H antapìkrish bèltisthc
ap�nthshc tou paÐqth II, ìtan to paiqnÐdi perioristeÐ se st�simec stra-
thgikèc, sÔmfwna me to mèso krit rio plhrwm c, apoteleÐtai apì ìlec tic
bèltistec st�simec strathgikèc tou paÐqth II stoMDP (f) (je¸rhma 1.5.3)
kai to sumbolÐzoume me G(f). Ta akìlouja eÐnai basik� apotelèsmata stic
markobianèc diadikasÐec apof�sewn:

(i) G(f) eÐnai sumpagèc kai kurtì sÔnolo.

(ii) G(f) eÐnai to Ðdio gia k�je arqik  kat�stash.

'Oso afor� to (i) pr¸ta ja deÐxoume ìti to sÔnolo G(f) eÐnai kleistì.
Pr�gmati, èstw mia akoloujÐa gn ∈ G(f) kai èstw ìti gn → g0. Ja deÐxoume
ìti g0 ∈ G(f). AfoÔ gn ∈ G(f) èqoume

vα(f, gn) = max
u∈G

vα(f,u) ≤ vα(f,u)

gia opoiad pote st�simh strathgik  u ∈ G tou paÐqth II. GnwrÐzoume apì
to l mma 4.1.1 ìti h sun�rthsh vα : F × G → R eÐnai suneq c. Epomènwc,
paÐrnontac ìria gia n→∞ èqoume

vα(f, g0) = lim
n→∞

vα(f, gn) = lim
n→∞

max
u∈G

vα(f,u) = max
u∈G

vα(f,u)

'Ara g0 ∈ G(f) kai �ra G(f) kleistì sÔnolo.
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EpÐshc to sÔnolo G(f) eÐnai fragmèno wc uposÔnolo tou fragmènou su-
nìlou G. 'Ara to sÔnolo G(f) eÐnai sumpagèc wc kleistì kai fragmèno.

Sth sunèqeia ja deÐxoume ìti to sÔnolo G(f) eÐnai kurtì. 'Estw g1 ∈ G(f)
dhlad  vα(f, g1) = maxu∈G vα(f,u) kai èstw g2 ∈ G(f) opìte vα(f, g2) =
maxu∈G vα(f,u). Ja deÐxoume ìti gia k�je λ ∈ [0, 1] isqÔei ìti λg1 + (1 −
λ)g2 ∈ G(f) dhlad  ìti

vα(f, λg1 + (1− λ)g2) = max
u∈G

vα(f,u)

'Estw λ ∈ [0, 1]. IsqÔei ìti

vα(f, g) = lim inf
T→∞

1

T + 1

T∑
t=0

Es0fgRt(s, a
1, a2)

Epeid  to stoqastikì paiqnÐdi eÐnai adiaq¸risto ja isqÔei

vα(f, g) = lim
T→∞

1

T + 1

T∑
t=0

Es0fgRt(s, a
1, a2)

Apì th grammikìthta tou telest  th mèshc tim c èqoume

Es0f(λg1+(1−λ)g2)Rt(s, a
1, a2) = λEs0fg1Rt(s, a

1, a2) + (1− λ)Es0fg2Rt(s, a
1, a2)

kai apì th grammikìthta tou telest  tou orÐou prokÔptei

lim
T→∞

1

T + 1

T∑
t=0

Es0f(λg1+(1−λ)g2)Rt(s, a
1, a2) =

= λ lim
T→∞

1

T + 1

T∑
t=0

Es0fg1Rt(s, a
1, a2)+(1−λ) lim

T→∞

1

T + 1

T∑
t=0

Es0fg2Rt(s, a
1, a2)

dhlad 

vα(f, λg1 + (1− λ)g2) = λvα(f, g1) + (1− λ)vα(f, g2) =

λmax
u∈G

vα(f,u) + (1− λ) max
u∈G

vα(f,u) =

= max
u∈G

vα(f,u)

'Ara to sÔnolo G(f) eÐnai kurtì.
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To (ii) eÐnai �meso afoÔ to stoqastikì paiqnÐdi eÐnai adiaq¸risto kai oi
paÐqtec qrhsimopoioÔn st�simec strathgikèc.

Ta Ðdia apotelèsmata isqÔoun antÐstoiqa kai gia to F(g) to opoÐo o-
rÐzetai wc h antapìkrish bèltisthc ap�nthshc tou paÐqth I, ìtan to pai-
qnÐdi perioristeÐ se st�simec strathgikèc, sÔmfwna me to mèso krit rio
plhrwm c, dhlad  ìlec oi bèltistec st�simec strathgikèc tou paÐqth I sto
MDP (g) (je¸rhma 1.5.3).

Sth sunèqeia ja deÐxoume ìti h apeikìnish U(f, g) := (F(g),G(f)) eÐnai
�nw hmisuneq c sto q¸ro twn st�simwn strathgik¸n. Pr¸ta ja deÐxoume
ìti h antapìkrish F(g) apì to G sto F eÐnai �nw hmisuneq c.

Katarq n parathroÔme ìti gia k�je st�simh strathgik  g ∈ G tou paÐ-
qth II h sunèqeia thc vα(·, g) p�nw sto sumpagèc F exasfalÐzei ìti to
F(g) eÐnai mh kenì sÔnolo. 'Estw loipìn akoloujÐa (fn, gn) → (f0, g0) me
fn ∈ F(gn), n ∈ N. ArkeÐ na deÐxoume ìti f0 ∈ F(g0).

'Estw mia st�simh strathgik  f∗ ∈ F tou paÐqth I tètoia ¸ste

vα(f∗, g0) = max
u∈F

vα(u, g0)

Apì ton orismì twn (fn, gn) prokÔptei

vα(f∗, gn) ≤ vα(fn, gn)

kai apì th sunèqeia thc vα p�nw sto F× G èqoume

max
u∈F

vα(u, g0) ≤ vα(f0, g0)

�ra
vα(f0, g0) = max

u∈F
vα(u, g0)

dhlad  f0 ∈ F(g0). Sunep¸c h antapìkrish F(g) eÐnai �nw hmisuneq c.

Parìmoia apodeiknÔetai ìti an mia akoloujÐa (fn, gn)→ (f0, g0) me gn ∈
G(fn) tìte g0 ∈ G(f0) �ra h G(f) �nw hmisuneq c.

'Estw (fn, gn) → (f0, g0) me fn ∈ F(gn) kai gn ∈ G(fn). Apì ta prohgoÔ-
mena f0 ∈ F(g0) kai g0 ∈ G(f0). 'Ara to gr�fhma thc antapìkrishc U(f, g)
eÐnai kleistì kai epomènwc aut  eÐnai �nw hmisuneq c.
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AfoÔ oi q¸roi twn st�simwn strathgik¸n eÐnai sumpag  kai kurt� sÔno-
la, ìpwc èqoume deÐxei nwrÐtera, efarmìzoume to je¸rhma stajeroÔ shmeÐou
tou Kakutani gia na sumper�noume thn Ôparxh enìc zeugarioÔ strathgik¸n
(f∗, g∗) me f∗ ∈ F(g∗) kai g∗ ∈ G(f∗). Sunep¸c, èqoume

vα(f, g∗) ≤ vα(f∗, g∗) ≤ vα(f∗, g). (4)

gia opoiesd pote st�simec strathgikèc f kai g twn dÔo paiqt¸n antÐstoi-
qa. 'Etsi apodeiknÔetai h Ôparxh tou dianÔsmatoc tim c tou paiqnidioÔ
ìtan oi paÐqtec periorÐzontai se st�simec strathgikèc kai h tim  isoÔtai me
vα(f∗, g∗). EpikaloÔmenoi to je¸rhma 1.5.4 sumperaÐnoume ìti h parap�nw
tim  eÐnai kai h tim  tou arqikoÔ paiqnidioÔ (dhlad  ìtan oi paÐqtec den
periorÐzontai se st�simec strathgikèc).

AfoÔ vα(f∗, g∗) = υα1N gia k�poia υα ∈ R, apì ta 1 kai 4 tou jewr ma-
toc 4.1.1 prokÔptei ìti h tim  eÐnai anex�rthth apì thn arqik  kat�stash.

2. ProkÔptei �mesa apì thn isìthta (4) ìti oi st�simec strathgikèc f∗

kai g∗ eÐnai bèltistec kai apì to je¸rhma 1.5.4 prokÔptei ìti eÐnai kai bèl-
tistec sto arqikì paiqnÐdi.

3. Aut  h idiìthta prokÔptei apì to je¸rhma 3.3.2.

�

Je¸rhma 4.1.3. 'Estw fβ kai gβ β−apoplhjwrismènec bèltistec st�simec
strathgikèc gia èna adiaq¸risto stoqastikì paiqnÐdi. Tìte, gia ε > 0, oi
strathgikèc fβ kai gβ eÐnai ε−bèltistec sthn ekdoq  tou paiqnidioÔ ìpou h
olik  plhrwm  apotim�tai sÔmfwna me ton oriakì mèso ìro gia ìla ta β ar-
ket� kont� sto 1. EpÐshc, e�n f1 kai g1 eÐnai tètoiec ¸ste f1 = limβ→1 fβ kai
g1 = limβ→1 gβ gia mia akoloujÐa apì β pou teÐnei sto 1, tìte oi strathgikèc
f1 kai g1 eÐnai bèltistec wc proc to krit rio thc oriak c mèshc plhrwm c.

Apìdeixh

Apì to je¸rhma 4.1.2, h oriak  apoplhjwrismènh exÐswsh gÐnetai

υα + (1− β)cM(s) + ε(β, s) =

val

[
(1− β)r(s, a1, a2) + β

N∑
s′=1

pss′(a
1, a2)(υα + (1− β)cM(s′) + ε(β, s′))

]

ìpou limβ→1
ε(β,s)
1−β = 0.
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ParathroÔme ìti oi parap�nw exis¸seic eÐnai bebaÐwc oi exis¸seic bel-
tistìthtac tou Shapley. Epomènwc, an fβ eÐnai mia st�simh bèltisth stra-
thgik  tou paÐqth I gia to β−apoplhjwrismèno paiqnÐdi, ja isqÔei

υα1N+(1−β)cM+e(β) ≤ (1−β)r(fβ, g)+βP (fβ, g)(υα1N+(1−β)cM+e(β))

gia k�je st�simh strathgik  g tou paÐqth II, kai ìpou limβ→1
1

1−βe(β) = 0.
Apì ed¸ prokÔptei ìti

(1− β)υα1N + (1− β)cM + e(β) ≤

(1− β)r(fβ, g) + β(1− β)P (fβ, g)cM + βP (fβ, g)e(β)

kai epomènwc

υα1N + cM ≤ r(fβ, g) + βP (fβ, g)cM + ẽ(β)

ìpou ẽ(β) = (βP (fβ, g)− I) e(β)
1−β kai profan¸c limβ→1 ẽ(β) = 0. Pollapla-

si�zontac apì arister� me ton pÐnaka Q(fβ, g) parathroÔme ta ex c

(a) Qυα1N = υα1N ,

(b) QP = Q,

(c) Qẽ(β) = (qẽ(β), . . . ,qẽ(β))T kai |qẽ(β)| ≤ ||q|| · ||ẽ(β)|| ≤ ||ẽ(β)||.

Epomènwc katal goume ìti

υα1N +Q(fβ, g))cM ≤ Q(fβ, g)r(fβ, g) + βQ(fβ, g))cM + ||ẽ(β)||1N (7)

to opoÐo apodeiknÔei ìti h strathgik  fβ eÐnai ε−bèltisth gia β arket�
kont� sto 1 wc proc to mèso krit rio plhrwm c.

An�loga, apodeiknÔetai to summetrikì apotèlesma gia thn ε−beltistìthta
thc gβ sto paiqnÐdi me oriak  mèsh plhrwm .

O deÔteroc isqurismìc tou jewr matoc prokÔptei lìgw sunèqeiac (l mma
4.1.1) me qr sh thc anisìthtac (7)

vα(f1, g) = lim
β→1

vα(fβ, g) ≥ lim
β→1

(υα − ||ẽ(β)||)1N = υα1N .

�
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Sth sunèqeia dÐnoume ènan algìrijmo gia ton upologismì thc tim c kai
twn bèltistwn st�simwn strathgik¸n twn dÔo paiqt¸n enìc adiaq¸ristou
stoqatikoÔ paiqnidioÔ sÔmfwna me to krit rio thc oriak c mèshc plhrwm c.

Algìrijmoc

B ma 1
'Estw f0 aujaÐreth st�simh strathgik  tou paÐqth I.

B ma 2
'Estw t fusikìc arijmìc,
èstw ft orismèno epagwgik� ìpwc sto b ma 3,
èstw υt1N h tim  mèshc oriak c plhrwm c thc MDP (ft),
èstw wt ∈ RN tètoio ¸ste gia k�je s ∈ S na isqÔei

υt + wt(s) = min
a2

[
r(s, ft, a

2) +
N∑
s′=1

pss′(ft, a
2)wt(s

′)

]
(8)

B ma 3
Gia k�je s ∈ S, èstw ft+1(s) h bèltisth apìfash tou paÐqth I sto pinako-
paiqnÐdi [

r(s, a1, a2) +
N∑
s′=1

pss′(a
1, a2)wt(s

′)

]
(9)

Jètoume ft+1 = (ft+1(1), ft+1(2), . . . , ft+1(N)).

B ma 4
An

val

[
r(s, a1, a2) +

N∑
s′=1

pss′(a
1, a2)wt(s

′)

]
= υt + wt(s)

gia k�je s ∈ S tìte stamat�me, alli¸c jètoume t = t+ 1 kai epistrèfoume
sto B ma 2.

Je¸rhma 4.1.4. Ston parap�nw algìrijmo gia èna adiaq¸risto stoqa-
stikì paiqnÐdi.

1. υt+1 ≥ υt gia k�je t ∈ N kai h strathgik  ft eggu�tai mèsh plhrwm 
υt1N ston paÐqth I.

2. limt→∞ υt = υα.
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3. An υt+1 = υt, to opoÐo sumbaÐnei ìtan o algìrijmoc stamat�, tìte
υt = υα kai h ft, ìpwc kai h ft+1 eÐnai mÐa bèltisth st�simh strathgik 
mèshc plhrwm c gia ton paÐqth I. MÐa bèltisth st�simh strathgik 
gia ton paÐqth II mporeÐ na prokÔyei apì tic bèltistec strathgikèc
tou paÐqth II sta pinakopaiqnÐdia:[

r(s, a1, a2) +
N∑
s′=1

pss′(a
1, a2)wt(s

′)

]

gia s = 1, 2, . . . , N .

Apìdeixh

1. H υt eÐnai h el�qisth plhrwm  pou ja d¸sei o paÐqthc II ston paÐqth
I, an o II apant sei bèltista sthn ft. 'Ara o I qrhsimopoi¸ntac th st�si-
mh strathgik  tou ft sÐgoura ja exasfalÐsei plhrwm  υt (anex�rthta thc
arqik c kat�stashc s0).

'Estw ṽt(s) h tim  tou pinakopaiqnidioÔ (9). Lìgw thc (8) h strathgik  ft
exasfalÐzei ston I υt + wt(s) sto pinakopaiqnÐdi (9). 'Ara gia k�je s ∈ S

ṽt(s) ≥ υt + wt(s) (10)

An isqÔei ṽt(s) = υt + wt(s) gia k�je s ∈ S, afoÔ h strathgik  ft+1 eÐnai
bèltisth sto pinakopaiqnÐdi (9), ja isqÔei

min
a2

[
r(s, ft+1, a

2) +
N∑
s′=1

pss′(ft+1, a
2)wt(s

′)

]
= υt + wt(s) (11)

Apì to je¸rhma 1.3.2, h isqÔc thc (11) sunep�getai ìti h tim  thcMDP (ft+1)
eÐnai h υt, dhlad  υt+1 = υt, opìte katìpin kai υt+2 = υt k.o.k.

An up�rqei s∗ ∈ S tètoio ¸ste ṽt(s
∗) > υt + wt(s

∗), dhlad  an sthn
anisìthta (10) den isqÔei p�nta h isìthta, tìte h (11) isqÔei me anisìth-
ta kai epomènwc υt+1 ≥ υt (lìgw tou porÐsmatoc 1.3.2, ìpou jewroÔme th
MDP (ft+1) kai jètoume υ = υt+1 kai c = υt).

2. H aÔxousa akoloujÐa υt oriak� fr�ssetai �nw kai k�tw apì thn υα. Gia
thn apìdeixh o anagn¸sthc parapèmpetai stouc Hoffman kai Karp (1966).

3. Apì to 1 èqoume deÐxei ìti o algìrijmoc stamat� ìtan υt+1 = υt kai
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apì to 2 èpetai �mesa ìti υt = υα. Epiplèon, oi ft kai ft+1 eÐnai bèltistec
st�simec strathgikèc tou I sta pinakopaiqnÐdia (9) kai afoÔ o algìrij-
moc stamat� ja eÐnai bèltistec st�simec strathgikèc tou I sto stoqastikì
paiqnÐdi sÔmfwna me to krit rio thc mèshc plhrwm c. Tèloc, mÐa bèlti-
sth st�simh strathgik  tou II prokÔptei apì ta pinakopaiqnÐdia (9) sthn
teleutaÐa epan�lhyh tou algorÐjmou.

�
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4.2 ParadeÐgmata stoqastikoÔ paiqnidioÔ

mèshc oriak c plhrwm c

Par�deigma 4.1.

'Estw èna stoqastikì paiqnÐdi 2-paiqt¸n mhdenikoÔ-ajroÐsmatoc me dÔo
katast�seic, S = 1, 2, sto opoÐo kai oi dÔo paÐqtec èqoun mìno mÐa diajè-
simh apìfash kai stic dÔo katast�seic.

O pÐnakac pijanot twn met�bashc eÐnai

P =

(
p1 1− p1

p2 1− p2

)
'Otan p1 ∈ [0, 1) kai p2 ∈ (0, 1] tìte to stoqastikì paiqnÐdi eÐnai adiaq¸risto
kai epomènwc gr�foume tic exis¸seic:

qTP = qT

kai
qT1 = 1

dhlad  èqoume:

(
q(1) , q(2)

)(p1 − 1 1− p1 1
p2 −p2 1

)
=
(
0 0 1

)
⇒
(
q(1) , q(2)

)(p1 − 1 1
p2 1

)
=
(
0 1

)
O pÐnakac (

p1 − 1 1
p2 1

)
eÐnai antistrèyimoc. Pr�gmati, h orÐzous� tou eÐnai p1 − 1− p2 pou eÐnai 0
mìno ìtan p1 − 1 = p2 (adÔnato).
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Wc gnwstìn, (
p1 − 1 1
p2 1

)−1

=
1

p1 − p2 − 1

(
1 −1
−p2 p1 − 1

)
opìte (

q(1) , q(2)
)

=
(
0 1

)( 1 −1
−p2 p1 − 1

)
1

p1 − p2 − 1

⇒
(
q(1) , q(2)

)
=
(

−p2
p1−p2−1

p1−1
p1−p2−1

)
Epiplèon, ìtan o paÐqthc I paÐzei th st�simh strathgik  f = ((1), (1)) kai
o paÐqthc II th st�simh strathgik  g = ((1), (1)), tìte qrhsimopoi¸ntac
to 4 tou jewr matoc 4.1.1 upologÐzoume thn plhrwm  tou paÐqth I gia
opoiad pote arqik  kat�stash s0 = 1, 2 wc ex c:

υα(1, f, g) = υα(2, f, g) = q(1)r(1, f, g) + q(2)r(2, f, g)

⇒ υα(1, f, g) = υα(2, f, g) =
−p2

p1 − p2 − 1
1 +

p1 − 1

p1 − p2 − 1
3

�

Par�deigma 4.2.

'Estw èna adiaq¸risto stoqastikì paiqnÐdi 2-paiqt¸n mhdenikoÔ ajroÐ-
smatoc me q¸ro katast�sewn S = {1, 2}, q¸ro apof�sewnA1(1) = A1(2) =
{1, 2} , A2(1) = A2(2) = {1} kai pÐnaka plhrwm¸n kai pijanot twn met�ba-
shc

70



Efarmìzoume ton algìrijmo pou perigr�yame sto tèloc thc prohgoÔme-
nhc paragr�fou gia thn eÔresh thc tim c tou paiqnidioÔ kai twn bèltistwn
st�simwn strathgik¸n twn dÔo paiqt¸n.

B ma 1
AujaÐreta paÐrnoume f0 = ((1), (1)).

B ma 2
LÔnoume th MDP (f0) k�nontac qr sh tou jewr matoc 1.3.2, dhlad  brÐ-
skoume èna di�nusma w0 ∈ R2 tètoio ¸ste gia k�je s ∈ S na isqÔei

υ0 + w0(s) = min
a2

[
r(s, f0(s), a2) +

∑
s′=1,2

pss′(f0(s), a2)w0(s′)

]
dhlad 

υ0 + w0(1) = 1 +
2

3
w0(1) +

1

3
w0(2)

υ0 + w0(2) = 2 +
3

4
w0(1) +

1

4
w0(2)

Jètontac w0(1) = 0 paÐrnoume w0(2) = 12
13

kai υ0 = 17
13

B ma 3
AnazhtoÔme th bèltisth strathgik  f1 tou paÐqth I sta pinakopaiqnÐdia[

r(s, a1, a2) +
∑
s′=1,2

pss′(a
1, a2)w0(s′)

]
ìpou h posìthtec mèsa stic agkÔlec eÐnai oi m1(s) × m2(s) pÐnakec me
grammèc a1 = 1, 2, . . . ,m1(s) kai st lec a2 = 1, 2, . . . ,m2(s) gia s = 1, 2.
Antikajist¸ntac prokÔptei [

17
13
34
13

]
kai [

29
13
21
13

]
gia s = 1, 2 antÐstoiqa. 'Ara h zhtoÔmenh strathgik  tou I eÐnai h f1 =
((2), (1)).

B ma 4
Gia s = 1

val

[
17
13
34
13

]
=

34

13
> υ0 + w0(1) =

17

13
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Gia s = 2

val

[
29
13
21
13

]
=

29

13
= υ0 + w0(2) =

29

13

'Ara xanaphgaÐnoume sto b ma 2.

B ma 2
LÔnoume th MDP (f1) qrhsimopoi¸ntac to je¸rhma 1.3.2 opìte parìmoia
me prin (b ma 2) prokÔptoun

υ1 + w1(1) = 2 +
1

3
w1(1) +

2

3
w1(2)

υ1 + w1(2) = 2 +
3

4
w1(1) +

1

4
w1(2)

Jètontac w1(1) = 0 paÐrnoume w1(2) = 0 kai υ1 = 2.

B ma 3
Parìmoia me prin (b ma 3) èqoume [

1
2

]
kai [

2
1

]
gia s = 1, 2 antÐstoiqa. 'Ara èqoume f3 = ((2), (1)) = f2.

B ma 4
Gia s = 1

val

[
1
2

]
= 2 = υ1 + w1(1) = 2

Gia s = 2

val

[
2
1

]
= 2 = υ1 + w1(2) = 2

opìte stamat�me. Epomènwc υα = υ1 = 2 gia opoiad pote arqik  kat�-
stash kai oi bèltistec st�simec strathgikèc twn dÔo paiqt¸n eÐnai f∗ =
((2), (1)) kai g∗ = ((1), (1)).

�
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Tèloc, to par�deigma pou akoloujeÐ eÐnai to par�deigma 3.2 pou èqoume
 dh lÔsei brÐskontac thn apoplhjwrismènh tim  tou. Ed¸ ja upologÐsoume
thn tim  tou gia th mèsh oriak  plhrwm  me dÔo trìpouc.

Par�deigma 4.3.

'Estw to stoqastikì paiqnÐdi 2-paiqt¸n mhdenikoÔ ajroÐsmatoc pou o-
rÐsame sto par�deigma 3.2 dhlad  to paiqnÐdi me q¸ro katast�sewn S =
{1, 2}, q¸ro apof�sewn A1(1) = A2(1) = {1, 2} , A1(2) = A2(2) = {1} kai
pÐnaka plhrwm¸n kai pijanot twn met�bashc

To sugkekrimèno stoqastikì paiqnÐdi eÐnai adiaq¸risto afoÔ kai oi dÔo
katast�seic tou paiqnidioÔ epikoinwnoÔn gia opoiesd pote st�simec stra-
thgikèc twn dÔo paiqt¸n.

'Enac trìpoc upologismoÔ thc tim c tou paiqnidioÔ qrhsimopoi¸ntac to
krit rio thc mèshc olik c plhrwm c eÐnai

υα(1) = lim
β→1

υβ(1) = lim
β→1

12− β
6

=
11

6

υα(2) = lim
β→1

υβ(2) = lim
β→1

10 + β

6
=

11

6

ParathroÔme ìti υα(1) = υα(2) (ìpwc �llwste upogrammÐzei to 4 tou jew-
r matoc 4.1.1 ).

'Enac deÔteroc trìpoc gia na upologÐsoume thn tim  tou paiqnidioÔ qrh-
simopoi¸ntac to krit rio thc mèshc olik c plhrwm c eÐnai na efarmìsoume
ton algìrijmo pou perigr�yame sto tèloc thc prohgoÔmenhc paragr�fou.
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B ma 1
AujaÐreta paÐrnoume f0 = ((1), (1)).

B ma 2
LÔnoume thMDP (f0) qrhsimopoi¸ntac to je¸rhma 1.3.2, dhlad  ja broÔme
èna di�nusma w0 ∈ R2 tètoio ¸ste gia k�je s ∈ S na isqÔei

υ0 + w0(1) = min

{
3 +

1

2
w0(1) +

1

2
w0(2), 1 +

1

2
w0(1) +

1

2
w0(2)

}

υ0 + w0(2) = 2 +
1

2
w0(1) +

1

2
w0(2)

Jètontac w0(1) = 0 paÐrnoume w0(2) = 1 kai υ0 = 3
2

B ma 3
AnazhtoÔme th bèltisth strathgik  f1 tou paÐqth I sta pinakopaiqnÐdia

val

[
3 + 1

2
1 + 1

2

1 + 1
2

2 + 1
2

]
kai

val
[
2 + 1

2

]
Sto pr¸to lÔnontac me exiswtikèc strathgikèc brÐskoume tim  13

6
kai sto

deÔtero brÐskoume �mesa tim  5
2
. 'Ara h zhtoÔmenh strathgik  tou I eÐnai h

f1 = ((1
3
, 2

3
), (1)).

B ma 4
Gia s = 1

13

6
> υ0 + w0(1) =

3

2

Gia s = 2
5

2
= υ0 + w0(2) =

5

2

'Ara xanaphgaÐnoume sto b ma 2.

B ma 2
LÔnoume thMDP (f1) qrhsimopoi¸ntac to je¸rhma 1.3.2, dhlad  ja broÔme
èna di�nusma w1 ∈ R2 tètoio ¸ste gia k�je s ∈ S na isqÔei

υ1 + w1(1) = min{ 1

3
(3 +

1

2
w1(1) +

1

2
w1(2)) +

2

3
(1 +

1

2
w1(1) +

1

2
w1(2)),
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1
3

(
1 + 1

2
w1(1) + 1

2
w1(2)

)
+ 2

3

(
2 + 1

2
w1(1) + 1

2
w1(2)

)
}

υ1 + w1(2) = 2 +
1

2
w1(1) +

1

2
w1(2)

Jètontac w1(1) = 0 paÐrnoume w1(2) = 1
3
kai υ1 = 11

6
.

B ma 3
AnazhtoÔme th bèltisth strathgik  f1 tou paÐqth I sta pinakopaiqnÐdia

val

[
3 + 1

2
1
3

1 + 1
2

1
3

1 + 1
2

1
3

2 + 1
2

1
3

]
kai

val
[
2 + 1

2
1
3

]
Sto pr¸to lÔnontac me exiswtikèc strathgikèc brÐskoume tim  11

6
kai sto

deÔtero brÐskoume �mesa tim  13
6
. 'Ara h zhtoÔmenh strathgik  tou I eÐnai

h f2 = ((1
3
, 2

3
), (1)) = f1.

B ma 4
Gia s = 1

11

6
= υ1 + w1(1) =

11

6

Gia s = 2
13

6
= υ1 + w1(2) =

13

6

opìte stamat�me. Epomènwc υα = υ1 = 11
6
gia opoiad pote arqik  kat�-

stash kai oi bèltistec st�simec strathgikèc twn dÔo paiqt¸n eÐnai f∗ =
((1

3
, 2

3
), (1)) kai g∗ = ((1

3
, 2

3
), (1)). H bèltisth st�simh strathgik  g∗ prokÔ-

ptei me qr sh exiswtik¸n strathgik¸n sta pinakopaiqnÐdia thc teleutaÐac
epan�lhyhc tou b matoc 3 tou algorÐjmou.

�
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