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EuqaristÐec

Katarq�c ja epijumoÔsa na euqarist sw ton epiblèponta Dr. S�mh Trèbeza gia
thn dunatìthta pou mou prosèfere na summet�sqw stic akadhmaðkèc tou drasthriìth-
tec, gia to qrìno pou afièrwse ¸ste na entaqj¸ se autèc all� kai gia thn ousiastik 
kajod ghsh pou mou prosèfere genikìtera.

Ja  jela epÐshc na euqarist sw idiaÐtera ton anaplhrwt  kajhght  Ant¸nio Oi-
konìmou kaj¸c up rxe kajoristikìc par�gontac sthn epilog  mou na summet�sqw
sto sugkekrimèno metaptuqiakì prìgramma kai kat� th di�rkeia tou opoÐou eÐqa thn
amèristh bo jeia tou kai th suneqìmenh enÐsqush tou majhmatikoÔ mou endiafèrontoc.

Sto metaptuqiakì prìgramma autì, jewr¸ ìti apokìmisa ìsa qreiazìmoun gia na
epidi¸xw touc stìqouc mou. P�nta oi pìrtec twn kajhght¸n  tan anoiqtèc kai gia to
lìgo autì touc euqarist¸ ìlouc. KurÐwc ìmwc ton kajhght  Apìstolo Mpournèta
kai thn epÐkourh kajhg tria LoukÐa MeligkotsÐdou pou me tÐmhsan me th summeto-
q  touc sthn exetastik  epitrop  all� kai genikìtera gia thn kajod ghsh kai thn
upost rixh pou mou prosèferan aplìqera. Akìmh, ja  jela na euqarist sw thn
epÐkourh kajhg tria tou panepisthmÐou Patr¸n, Sìnia Malef�kh, gia thn polÔtimh
sunergasÐa pou eÐqame.

Tèloc, euqarist¸ thn Paraskeu  gia thn upost rixh thc ìpwc epÐshc thn oiko-
gèneia kai touc fÐlouc mou pou  tan p�nta sto pleurì mou.
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Kef�laio 1

Eisagwg 

H paroÔsa diplwmatik  ergasÐa afor� dÔo majhmatik� zht mata, diaforetik c uf c,
pou prokÔptoun sta plaÐsia thc melèthc montèlwn an�ptuxhc fut¸n. Gia ta montèla
aut� èqei dojeÐ ta teleutaÐa qrìnia idiaÐterh prosoq , afenìc lìgw thc an�ptuxhc
twn upologistik¸n ergaleÐwn kai afetèrou gia to meg�lo eÔroc twn efarmog¸n touc
se pollèc episthmonikèc perioqèc, ìpwc sth biologÐa, sth gewrgÐa kai genikìtera
stic periballontologikèc epist mec.

H majhmatik  montelopoÐhsh twn mhqanism¸n an�ptuxhc kai leitourgÐac twn fu-
t¸n, apoteleÐ èna polÔ endiafèron z thma apì mìno tou, kaj¸c eÐnai èna prìblhma
montelopoÐhshc thc exèlixhc enìc zwntanoÔ organismoÔ. An kai ta fut� genikìtera,
mporoÔn na jewrhjoÔn apì touc pio aploÔc zwntanoÔc organismoÔc, h diadikasÐa a-
n�ptux c touc den paÔei na dièpetai apì polÔplokouc mhqanismoÔc. Kat� sunèpeia, h
majhmatik  kai statistik  montelopoÐhs  touc, eÐnai èna polÔ apaithtikì prìblhma.
Wstìso, oi teqnikèc kai h mejodologÐa pou anaptÔssontai sta plaÐsia thc montelo-
poÐhshc aut c, mporoÔn na rÐxoun fwc se probl mata montelopoÐhshc thc exèlixhc
se pio sÔnjetouc organismoÔc. 'Ena apì ta pio elpidofìra montèla an�ptuxhc fut¸n
eÐnai to montèlo GreenLab. Sta plaÐsia aut c thc ergasÐac ja asqolhjoÔme me èna
sugkekrimèno tÔpo tou montèlou autoÔ all� kai me mÐa aplopoihmènh èkdosh tou, to
montèlo LNAS.

H paroÔsa ergasÐa diakrÐnetai se dÔo mèrh: To pr¸to mèroc afor� th statistik 
mèjodo thc Gkaousian c tuqaiopoÐhshc (Gaussian Randomization) h opoÐa prot�jh-
ke sto [Chen, Trevezas and Cournéde, (2015) ] [12] kai kataskeu�sthke me aform 
thn ektÐmhsh twn paramètrwn tou montèlou LNAS. Wstìso, h mèjodoc aut  èqei
genikìtero eÔroc efarmog¸n kai èntono jewrhtikì endiafèron. 'Ena jewrhtikì z th-
ma pou prokÔptei, afor� mÐa eidik  èkdosh tou algorÐjmou EM, pou kataskeu�zetai
sta plaÐsia thc mejìdou aut c, kai pio sugkekrimèna, afor� th sÔgklis  tou. To
epijumhtì shmeÐo sÔgklishc brÐsketai sto sÔnoro tou parametrikoÔ q¸rou, dhmiour-
g¸ntac ètsi mÐa idi�zousa perÐptwsh h opoÐa apaiteÐ antimet¸pish me nèec sunj kec
sÔgklishc kaj¸c ta apotelèsmata pou up�rqoun sth bibliografÐa den kalÔptoun
to sugkekrimèno plaÐsio. Sthn paroÔsa ergasÐa esti�zoume sto sugkekrimèno au-
tì prìblhma kai diatup¸noume orismènec sunj kec oi opoÐec orÐzoun mÐa ereunhtik 
kateÔjunsh me ap¸tero skopì na sumplhrwjoÔn pl rwc ta jewrhtik� aut� zht mata.

Gia to deÔtero mèroc thc paroÔsac diplwmatik c ergasÐac èqei sqediasteÐ h pr¸th
amig¸c Mpeôzian  prosèggish ektÐmhshc twn paramètrwn tou montèlou GreenLab.
Pio sugkekrimèna, ja parousiastoÔn analutik� ìla ta st�dia tou sqediasmoÔ thc
algorijmik c aut c mejìdou h opoÐa fèrei to ìnoma MCMC-Bayes. EpÐshc, ja suzh-
thjoÔn di�fora qarakthristik� thc, ìpwc h jewrhtik  thc sÔgklish kai h apodoti-
kìthta thc. Sqetik� me to teleutaÐo z thma, antiparab�llontai ta apotelèsmata thc
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mejìdou aut c, me ekeÐna pou prokÔptoun apì �llec algorijmikèc teqnikèc, oi opoÐec
basÐzontai sth mèjodo mègisthc pijanof�neiac.

Sthn paroÔsa diplwmatik  perilamb�nontai kai ta basik� stoiqeÐa thc jewrÐac
pou sunodeÔoun ta parap�nw zht mata. H parap�nw an�gkh den prokÔptei mon�qa
gia lìgouc plhrìthtac, all� apoteleÐ ousiastikì stìqo gia thn paroÔsa ergasÐa. H
sqetik  jewrÐa an kai exairetik� komy , eÐnai arket� proqwrhmènh ¸ste na did�ske-
tai se proptuqiakì epÐpedo   kai orismènec forèc, se metaptuqiakì epÐpedo. Pio
sugkekrimèna, to pr¸to mèroc thc diplwmatik c afor� th sÔgklish tou algorÐjmou
EM, o opoÐoc èqei spoudaÐo rìlo se probl mata ektimhtik c tìso klasik c ìso kai
mpeôzian c prosèggishc. H jewrÐa thc sÔgklishc tou EM jemeli¸jhke me tic ereunh-
tikèc ergasÐec twn (Dempster Laird and Rubin (1977), Baum et al.(1970), Sundberg
(1975)) kai Wu (1983), me ta apotelèsmata tou teleutaÐou na èqoun kentrik  jèsh
s mera. Epiplèon, up�rqoun kai pio prìsfata apotelèsmata apì ton Vaida (2005),
ta opoÐa sthrÐzontai sth jewrÐa pou anèptuxe o Zangwill (1969). Oi eisagwgikèc
ènnoiec gia ton algìrijmo EM kaj¸c kai h pio prìsfath jewrÐa gia th sÔgklis  tou,
ja parousiastoÔn sthn paroÔsa diplwmatik  ergasÐa.

To deÔtero mèroc thc diplwmatik c èqei wc kormì tic markobianèc stoqastikèc
diadikasÐec me timèc se genikì q¸ro kai kurÐwc thn asumptwtik  jewrÐa pou tic su-
nodeÔei. Me th bo jeia ergaleÐwn pou ja oristoÔn sta plaÐsia thc jewrÐac ja pe-
r�soume sta krummèna markobian� montèla (KMM) kai stic teqnikèc MCMC pou ja
qreiastoÔn. H basik  jewrÐa pijanot twn, markobian¸n diadikasi¸n peperasmènou
q¸rou katast�sewn kaj¸c kai h jewrÐa pou afor� th desmeumènh pijanìthta jew-
reÐtai gnwst  kai mporeÐ na brejeÐ sta [1], [17], [19].

H paroÔsa diplwmatik  ergasÐa organ¸netai wc ex c:

Sto deÔtero kef�laio parousi�zontai ta dÔo montèla an�ptuxhc fut¸n gÔrw apì ta
opoÐa plaisi¸netai h paroÔsa ergasÐa.

Ta kef�laia 3-5 aforoÔn th jewrÐa sthn opoÐa basizìmaste sthn ergasÐa aut . Sug-
kekrimèna, ta kef�laia 3-4 perièqoun th jewrÐa pou apaiteÐtai gia to deÔtero mèroc
thc diplwmatik c, ìpwc oi markobianèc alusÐdec genikoÔ q¸rou, h asumptwtik  je-
wrÐa, ta krummèna markobian� montèla kai oi teqnikèc MCMC. To kef�laio 5 afor�
th jewrÐa pou sqetÐzetai me to pr¸to mèroc kai sugkekrimèna me th sÔgklish thc èk-
doshc tou algorÐjmou EM pou kataskeu�zetai sta plaÐsia thc mejìdou Gkaousian c
tuqaiopoÐhshc. Analutikìtera se autì to kef�laio gÐnetai h eisagwg  tou algorÐj-
mou EM kai parousi�zontai h jewrÐa sÔgklishc me ta basikìtera apotelèsmata mèqri
s mera.

Sto èkto kef�laio gÐnetai h parousÐash kai h melèth thc statistik c mejìdou ektÐmh-
shc, Gkaousian  tuqaiopoÐhsh. EpÐshc gÐnetai kai h efarmog  thc sto montèlo LNAS.

Me to èbdomo kef�laio oloklhr¸netai h ergasÐa. Sto kef�laio autì parousi�zetai
analutik� o algìrijmoc Mpeôzian c prosèggishc pou sqedi�sthke gia to prìblhma
thc ektÐmhshc sto montèlo GreenLab kaj¸c kai ta apotelèsmata tou. GÐnetai epÐshc
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suz thsh kai gia �llec algorijmikèc teqnikèc pou èqoun kataskeuasteÐ gia to mon-
tèlo autì en¸ antiparab�llontai ta apotelèsmat� touc me ekeÐna tou MCMC-Bayes.
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Kef�laio 2

DÔo montèla an�ptuxhc fut¸n

2.1 Eisagwg 

Sto [Cournéde et al. (2011)] [13], gÐnetai mÐa pr¸th prosp�jeia ektÐmhshc twn para-
mètrwn h opoÐa basÐzetai sthn upìjesh pwc oi diadikasÐec paragwg c thc biom�zac
eÐnai nteterministikèc kai ta sf�lmata stic metr seic eÐnai asusqètista. MÐa upìjesh
pou eÐnai arket� perioristik . Sto [Trevezas and Cournéde (2013)] [41], oi suggra-
feÐc proteÐnoun èna genikì plaÐsio gia statistik  an�lush, klasik c prosèggishc, to
opoÐo mporeÐ na efarmosteÐ se pollèc diaforetikèc kl�seic fut¸n me nteterministikì
mhqanismì organogèneshc (sta fut�, eÐnai h diadikasÐa kat� thn opoÐa dhmiourgoÔn-
tai nèa ìrgana). To plaÐsio autì pou proteÐnoun mporeÐ na jewrhjeÐ kai wc b�sh
gia statistik  an�lush me stoqastikì mhqanismì organogèneshc. Basik  idèa a-
potèlese h je¸rhsh pwc h exèlixh tou sust matoc mporeÐ na perigrafeÐ apì èna
mh-omogenèc krummèno markobianì montèlo. Wstìso, to sugkekrimèno montèlo eÐnai
sÔnjeto me apotèlesma oi klasikèc mèjodoi ektÐmhshc na mhn efarmìzontai �mesa.
'Etsi, di�forec algorijmikèc teqnikèc eÐnai dunatìn na epinohjoÔn prokeimènou na
gÐnei efikt  h ektÐmhsh twn paramètrwn. Genikìtera, ta montèla an�ptuxhc fut¸n
qarakthrÐzontai apì meg�lo pl joc paramètrwn, mh-grammik  dunamik  kai me polÔ
qamhlì pl joc dedomènwn kaj¸c oi diadikasÐec apìkthshc peiramatik¸n dedomènwn
eÐnai arket� dapanhrèc. Ta parap�nw sunjètoun k�poiouc apì touc lìgouc gia touc
opoÐouc h ektÐmhsh twn paramètrwn eÐnai èna apaithtikì prìblhma kai prokeimènou na
gÐnei efikt , qrhsimopoioÔntai ekten¸c meg�lo pl joc epanalhptik¸n diadikasi¸n,
stoqastik¸n all� kai nteterministik¸n.

2.2 To montèlo GreenLab

To montèlo GreenLab eÐnai èna majhmatikì montèlo pou prosomoi¸nei tic allhlepi-
dr�seic metaxÔ thc dom c kai twn leitourgi¸n twn fut¸n sundu�zontac kanìnec gia
thn paragwg  kai dianom  thc biom�zac (m�za zwntan¸n organism¸n) me th diadikasÐa
thc an�ptuxhc twn org�nwn tou. Prot�jhke apì touc de Reffye kai Hu (2003) [15]
kai sqedi�sthke wc èna mh grammikì, (diakritì) dunamikì stoqastikì montèlo sto
[Cournéde et al (2006)] [14], to opoÐo parèqei mÐa dunamik  anapar�stash thc exèlixhc
tou futoÔ. H diakritopoÐhsh antistoiqeÐ se mÐa diamèrish thc an�ptuxhc, se kÔklouc
(Growth Cycles, GC’s) twn opoÐwn h di�rkeia kajorÐzetai me b�sh touc jermikoÔc
qrìnouc pou qrei�zetai ¸ste na dhmiourghjeÐ èna kainoÔrio ìrgano [Barthelemy and
Caraglio (2007)] [6].

To montèlo Greenlab mporeÐ na entaqjeÐ sto genikìtero plaÐsio twn dunamik¸n
montèlwn paragwg c kai dianom c, ìpou tìso h paragwg  ìso kai h z thsh exart¸n-
tai k�je for� apì thn kat�stash tou sust matoc (kÔkloc GC). H basik  diadikasÐa
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eÐnai h (qn) h opoÐa antiproswpeÔei th biom�za pou èqei paraqjeÐ ston kÔklo n kai eÐnai
diajèsimh proc dianom  sta di�fora ìrgana tou futoÔ. K�je ìrgano èqei diaforetik 
z thsh h opoÐa exart�tai apì to st�dio an�ptuxhc sto opoÐo brÐsketai. To sÔno-
lo diaforetik¸n tÔpwn org�nwn twn fut¸n (èlasma (blade), mÐsqoc (petiole), rÐza
(root), kìmboc (node), mesogon�tio di�sthma (internode), klp) sumbolÐzetai me O
kai exart�tai apì to sugkekrimèno upì melèth futì. K�je kÔkloc (GC) kajorÐzetai
pl rwc apì touc akìloujouc mhqanismoÔc-diadikasÐec: Organogènesh kai leitourgÐa.
O pr¸toc (organogènesh) afor� th dhmiourgÐa nèwn org�nwn gia to futì kai sthn
paroÔsa ergasÐa upojètoume pwc autìc o mhqanismìc eÐnai gnwstìc kai ntetermini-
stikìc. 'Etsi, to endiafèron sugkentr¸netai sth leitourgÐa pou antiproswpeÔetai
mèsw enìc anadromikoÔ mhqanismoÔ dianom c kai paragwg c thc biom�zac. Epomènwc
gia ìsa akoloujoÔn jewroÔme kl�seic fut¸n me gnwstì mhqanismì organogèneshc.
Gia touc skopoÔc aut c thc diplwmatik c, to montèlo GreenLab exeidikeÔetai sto
futì zaqarìteutlo to opoÐo èqei melethjeÐ arket� lìgw thc shmasÐac tou gia thn
paragwg  thc z�qarhc. EpÐshc, gia to sugkekrimèno autì eÐdoc, up�rqoun diajèsima
pragmatik� dedomèna ta opoÐa ja axiopoihjoÔn stic epìmenec enìthtec gia statistik 
an�lush. Suqn�, h sullog  tou futoÔ autoÔ gÐnetai ìtan akìma brÐsketai se arqikì
st�dio an�ptuxhc. Epomènwc, h dom  tou eÐnai sqetik� apl  kaj¸c sta st�dia aut�,
ta mìna diajèsima ìrgana eÐnai ta fÔlla (ta opoÐa aposuntÐjentai sta el�smata kai
ston mÐsqo) kai h rÐza. ProkÔptei loipìn ìti O = {b, p, r}. Oi upìloipec upojèseic
pou k�noume gia to futì autì parousi�zontai sth sunèqeia.

2.2.1 Dianom  thc Biom�zac

H diadikasÐa dianom c thc biom�zac èqei wc ex c: Xekin�me apì mÐa arqik  tim  q0 (ar-
qik  biom�za spìrou) kai ston n-ostì kÔklo , ja eÐnai diajèsimh posìthta biom�zac
qn (an� mon�da epif�neiac: g.m−2), gia dianom  sta ìrgana tou futoÔ pou brÐskontai
se diadikasÐa an�ptuxhc. Prokeimènou na kajorÐsoume ton trìpo me ton opoÐo gÐnetai
h dianom , k�noume tic akìloujec upojèseic:

To to ekfr�zei to qrìno (se kÔklouc an�ptuxhc) pou apaiteÐtai mèqri to sugke-
krimèno ìrgano o ∈ {b, p, r} na ft�sei to mègisto dunatì mègejoc apì th stigm  thc
dhmiourgÐac tou. Oi qrìnoi autoÐ anafèrontai wc qrìnoi an�ptuxhc twn org�nwn sthn
kl�sh O. Akìmh, me pal (o deÐkthc al apì to allocation) sumbolÐzoume to (eukle-
Ðdeio) di�nusma pou perièqei ìlec tic paramètrouc pou upeisèrqontai sto mhqanismì
dianom c thc biom�zac kai gr�foume pal = (poal)o∈O . To poal, ekfr�zei to di�nusma twn
paramètrwn pou ephre�zoun th dianom  thc biom�zac sta ìrgana tÔpou o ∈ O .

Upìjesh 2.1

(i) Ston kÔklo GC(n), h biom�za qn pou èqei paraqjeÐ, eÐnai diajèsimh gia dianom 
proc ìla ta ìrgana (aut� pou proôp�rqoun kaj¸c kai ekeÐna pou dhmiourg jh-
kan kat� th di�rkeia tou prohgoÔmenou kÔklou) kai dianèmetai an�loga me tic
sunart seic aporrìfhshc (sink functions) pou exart¸ntai apì thn kl�sh o:

so(i; p
o
al) = po c

(
i+ 0.5

to

)ao−1(
1− i+ 0.5

to

)bo−1

, i ∈ {0, 1, ..., to − 1} ,

(2.2.1)
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ìpou, poal = (po, ao, bo) ∈ R∗+ × [0,+∞)2 kai to (po)o∈O eÐnai èna di�nusma pou
antiproswpeÔei to bajmì aporrìfhshc k�je kl�shc. To c = c(ao, bo) eÐnai h

stajer� kanonikopoÐhshc, dhlad  c−1 =
∑
o∈O

to−1∑
i=0

(
i+0.5
to

)ao−1 (
1− i+0.5

to

)bo−1

. H

posìthta aut  mèsa sto �jroisma, antistoiqeÐ sth sun�rthshc m�zac pijanìth-
tac thc diakrit c Beta(ao, bo).

(ii) Gia ìla ta o ∈ O \ {r}, upojètoume pwc to = T . (Dhlad  gia to sugke-
krimèno futì upojètoume pwc tb = tp = T ). MporoÔme na qalar¸soume thn
teleutaÐa upìjesh, kaj¸c qrhsimopoieÐtai gia eukolÐa sto sumbolismì. EpÐshc,
proc apofug  problhm�twn anagnwrisimìthtac (identifiability) (peript¸seic me
qamhlì pl joc diajèsimwn dedomènwn), orismènec apì tic proanaferjeÐsec pa-
ramètrouc mporoÔn na jewrhjoÔn stajerèc, mei¸nontac ètsi th di�stash tou
parametrikoÔ q¸rou.

Orismìc 2.1 H olik  z thsh biom�zac sto kÔklo GC(n), sumbolÐzetai me dn,
kai ekfr�zei to �jroisma twn tim¸n aporrìfhshc (sink values) gia ìla ta mèrh tou
futoÔ sto kÔklo GC(n). 'Estw {(N o

n)o∈O\{r}}n∈N0 , akoloujÐa (dianusm�twn) pou
antiproswpeÔei to pl joc twn org�nwn pou sqhmatÐsthkan kat� th di�rkeia tou k�je
kÔklou (upojètoume ìti eÐnai ìla gnwst�). Apì thn upìjesh 5.1 (2.2.1), blèpoume
ìti èna organikì mèroc brÐsketai sto i-ostì st�dio an�ptuxhc ann èqei sqhmatisteÐ
sto kÔklo GC(n− i). Apì to gegonìc autì kai th monadikìthta thc rÐzac èqoume:

dn(pal) =
∑

o∈O\{r}

n∧(T−1)∑
i=0

N o
n−iso(i; p

o
al) + sr(n; pral). (2.2.2)

Tèloc, shmei¸netai pwc sthn perÐptwsh tou zaqarìteutlou eÐnai N o
n = 1 gia k�je

n ≥ 0 kai gia k�je o ∈ O \ {r}.

2.2.2 Paragwg  thc Biom�zac

Ektìc apì thn arqik  tim  tou spìrou q0, oi upìloipec biom�zec (qn)n≥1 par�gontai
mèsw thc fwtosÔnjeshc sthn opoÐa to monadikì mèroc tou futoÔ pou summetèqei eÐnai
ta el�smata (pr�sino mèroc twn fÔllwn, blade). 'Etsi, se ènan kÔklo GC(n), h para-
gìmenh biom�za ja exart�tai �mesa apì thn olik  epif�neia twn elasm�twn pou eÐnai
fwtosunjetik� energ  ston kÔklo n. Pio sugkekrimèna èqoume ton akìloujo orismì:

Orismìc 2.2 (i) H fwtosunjetik� energ  epif�neia ston kÔklo GC(n+1), sumbo-
lÐzetai me sactn , kai ekfr�zei thn olik  epif�neia twn elasm�twn pou èqoun sqhmatisteÐ
mèqri kai ton kÔklo GC(n) kai ja eÐnai fwtosunjetik� energ� ston GC(n+ 1). (ii)
O lìgoc (posostì) suneisfor�c thc biom�zac (ql) sthn sactn ja sumbolÐzetai me πactl,n

to opoÐo ekfr�zei to posostì thc paragìmenhc biom�zac ston GC(l) kÔklo pou eÐnai
fwtosunjetik� ston GC(n) .

EpÐshc, upojètoume ta akìlouja:

Upìjesh 2.2
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(i) H arqik  biom�za tou spìrou q0, jewreÐtai gnwst .

(ii) Ta el�smata èqoun koin  perÐodo sthn opoÐa eÐnai fwtosunjetik� energ�, Ðsh
me T (ja mporoÔse na eÐnai diaforetik  apì T).

(iii) Ta el�smata èqoun koin  m�za an� mon�da epif�neiac (epifaneiak  m�za   eidikì
b�roc tou el�smatoc) thn opoÐa sumbolÐzoume me eb.

Apì thn parap�nw upìjesh (ii) kaj¸c kai apì touc orismoÔc 1 kai 2(i), èqoume pwc
to èlasma sto st�dio an�ptuxhc j, ston kÔklo GC(l) suneisfèrei sthn sactn , ann
l + T − j ≥ n+ 1. 'Etsi, se sunduasmì me ton orismì 2(ii), paÐrnoume thn akìloujh
èkfrash:

πactl,n =
1

dl(pal)

l∧(l+T−n−1)∑
j=0

N b
l−jsb(j; p

b
al), (n− T + 1)+ ≤ l ≤ n. (2.2.3)

Apì ta (ii)-(iii) sthn upìjesh 2 kai apì ton orismì 2, mporoÔme na èqoume mÐa èk-
frash gia to sactn diair¸ntac th fwtosunjetik� energ  m�za twn elasm�twn me thn
epifaneiak  m�za:

sactn (q(n−T+1)+:n; pal) = e−1
b

n∑
l=(n−T+1)+

πactl,n ql (2.2.4)

T¸ra èqoume ìla ìsa qreiazìmaste gia na orÐsoume th sqèsh pou ja mac d¸sei thn
(qn)n≥1.

Upìjesh 2.3
Upojètontac pwc den up�rqoun sf�lmata apì th montelopoÐhsh, h akoloujÐa twn
biomaz¸n (qn)n≥1 kajorÐzetai apì to akìloujo anadromikì sq ma, gnwstì wc empei-
rikìc nìmoc twn Beer- Lambert [Guo et al. 2006] [21]:

qn+1 = Fn(q(n−T+1)+:n, un; p) = un µ s
pr
(
1− exp

{
− kB

sactn (q(n−T+1)+:n; pal)

spr
})
,

(2.2.5)
ìpou p = (µ, spr, kB, pal) di�nusma tou opoÐou h di�stash, ja exart�tai apì tic trèqou-
sec ereunhtikèc an�gkec, kaj¸c orismènec apì tic paramètrouc pou perilamb�nei
mporoÔn na jewrhjoÔn stajerèc. To spr eÐnai h qarakthristik  epif�neia pou an-
tiproswpeÔei th didi�stath probol  sto èdafoc, dhlad  tou q¸rou pou telik� ja
katalamb�nei to futì. To kB eÐnai o suntelest c sto nìmo exaf�nishc tou Beer-
Lambert(B-L extinction law). To di�nusma (un)n≥1 eÐnai stajerèc pou exart¸ntai
apì to perib�llon kai kajorÐzontai metagenèstera( èpeita apì thn apìkthsh twn de-
domènwn apì metewrologik� dedomèna). Tèloc, to µ sundèetai me thn apodotikìthta
thc qr shc aktinobolÐac.

2.3 EktÐmhsh twn katast�sewn kai twn paramètrwn.

Sto Cournéde et al. (2011) ègine mÐa pr¸th prosp�jeia ektÐmhshc twn paramètrwn
h opoÐa basÐzetai sthn arket� perioristik  upìjesh pwc h diadikasÐa paragwg c thc
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biom�zac eÐnai nteterministik  ìpwc epÐshc kai ìti ta sf�lmata twn metr sewn gia ta
diaforetikoÔ tÔpou ìrgana, eÐnai asusqètista. Sthn ergasÐa aut  ja parousiasteÐ
èna eniaÐo plaÐsio gia statistik  an�lush se di�fora eÐdh fut¸n lamb�nontac upìyh
tic diadikasÐec kai ta sf�lmata twn metr sewn.

Prokeimènou na montelopoihjeÐ h exèlixh, oi suggrafeÐc sto Trevezas and Cournéde
(2013), proteÐnoun mÐa pio euèlikth èkdosh tou montèlou Greenlab me thn opoÐa eÐnai
dunat  h anapar�stash wc èna mh-omogenèc Krummèno Markobianì montèlo (HMM)
(Kef�laio 3) sto opoÐo h krummènh akoloujÐa katast�sewn antiproswpeÔei tic dia-
jèsimec (�gnwstec) biom�zec pou par�gontai kai gÐnontai diajèsimec proc dianom  se
diadoqikoÔc kÔklouc an�ptuxhc. Sugkekrimèna:

Ta dedomèna apoteloÔntai apì to di�nusma twn parathr sewn YN to opoÐo ka-
tagr�fei tic m�zec ìlwn twn diajèsimwn org�nwn ston kÔklo an�ptuxhc GC(N)
ìpou epilègoume na stamat soume thn exèlixh kìbontac to futì. Ta upodianÔsmata
(Yn)o∈O, perièqoun tic m�zec twn org�nwn pou sqhmatÐsthkan ston kÔklo GC(n) kai
emfanÐsthkan pr¸th for� ston kÔklo GC(n+ 1).

'Estw Gn = (Gn,o)o∈O h sun�rthsh pou ekfr�zei tic jewrhtikèc telikèc m�zec
ìlwn twn org�nwn pou xekÐnhsan thn an�ptuxh touc ston kÔklo GC(n) Se k�je
kÔklo an�ptuxhc apì to n kai Ôstera, to posostì thc biom�zac pou diatÐjetai se èna
tètoio ìrgano eÐnai: qj+n

dj+n(pal)
so(j; p

o
al). Tìte, ajroÐzontac tic biom�zec pou suneisèfe-

ran sthn an�ptuxh touc all� kai apì thn upìjesh 5.1, paÐrnoume ìti:

Gn(qn:(n+T−1); pal) =

( T−1∑
j=0

qj+n
dj+n(pal)

so(j; p
o
al)

)
o∈O\{r}

(2.3.1)

Gr(q0:N ; pal) =
N∑
j=0

qj
dj(pal)

sr(j; p
r
al) (2.3.2)

H stoqastik  fÔsh tou montèlou kajorÐzetai apì tic akìloujec upojèseic:

Upìjesh 2.4
'Estw (Wn)n∈N kai (Vn)n∈N, dÔo anex�rthtec akoloujÐec apì anex�rthtec kai isìno-
mec, tuqaÐec metablhtèc kai dianÔsmata antÐstoiqa, kai anex�rthtec apì to Q0, me
Wn ∼ N (0, σ2) kai Vn ∼ Nd(0,Σ). 'Opou d h plhjikìthta tou O\{r} kai Nd h
d-di�stath kanonik  katanom .

Upojètontac pwc N o
n = 1 gia k�je o ∈ O\{r} (montèlo gia zaqarìteutla) , tìte

jewroÔme ìti:

(i) èna montèlo me pollaplasiastik� sf�lmata kajorÐzei tic krummènec metablhtèc:

Qn+1 = Fn(Q(n−T+1)+:n; p)(1 +Wn), (2.3.3)

(ii) èna montèlo me ajroistik� sf�lmata kajorÐzei ta parathroÔmena dedomèna:

Yn = Gn(Qn:(n+T−1); pal) + Vn, (2.3.4)
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ìpou Fn, Gn, oi sunart seic stic (2.2.5) kai (2.3.1)

Parathr seic.

(i) Upojètoume ìti ta sf�lmata sth diadikasÐa katast�sewn (Qn) epidroÔn polla-
plasiastik� kai ìqi ajroistik� kaj¸c sta plaÐsia twn efarmog¸n, oi biom�zec
all�zoun t�xh megèjouc, kai

(ii) oi katast�seic Qn kai oi parathr seic Yn, antiproswpeÔoun m�zec kai epomènwc
paÐrnoun jetikèc timèc. Oi exis¸seic katast�sewn kai parathr sewn (2.3.3)
kai (2.3.4) antÐstoiqa, parabi�zoun aut  th sunj kh. 'Omwc h diaspor� σ2 pou
emfanÐzetai sth Wn kaj¸c kai o pÐnakac sundiakum�nsewn Σ sto di�nusma Vn
mporoÔn na perioristoÔn me tètoio trìpo ¸ste h pijanìthta na p�roun arnhtikèc
timèc na eÐnai arket� mikr .

H parap�nw sunarthsiak  èkfrash eÐnai thc morf c enìc montèlou q¸rou kata-
st�sewn (state-space), sto opoÐo, h akoloujÐa katast�sewn eÐnai h Q = (Qn)n≥0

kai h akoloujÐa parathr sewn dÐnetai sthn upìjesh 5.4. AkoloujeÐ h anapar�sta-
sh tou parap�nw, wc krummèno markobianì montèlo (KMM)(Hidden Markov Model
(HMM)):

Prìtash 2.1 K�tw apì tic upojèseic (2.1-2.4), h didi�stath stoqastik  diadikasÐa
(Q,Y) orismènh ston (Ω,F ,Pθ), ìpou θ = (p, σ2,Σ), mporeÐ na anaparastajeÐ wc
KMM, wc ex c:

(i) H krummènh diadikasÐa Q, me timèc ston R∗+, exelÐssetai wc mÐa qronik� mh-
omogen c T -ost c t�xhc markobian  alusÐda me arqik  katanom 
Pθ(Q0 ∈ ·) = δq0(·) (mètro Dirac), q0 ∈ R∗+, kai oi katanomèc met�bashc kajo-
rÐzontai apì thn:

Pθ(Qn+1 ∈ · |Q(n−T+1)+:n)
D
≈ N (Fn(Q(n−T+1)+:n; p), σ2F 2

n(Q(n−T+1)+:n; p)).
(2.3.5)

(ii) H parathroÔmenh diadikasÐa Y(Yn)n≥0, me timèc ston (R+)d, dojeÐshc thc Q,
sqhmatÐzei mÐa akoloujÐa desmeumèna anex�rthtwn tuqaÐwn dianusm�twn ìpou
k�je Yn dojeÐshc thc Q exart�tai mìno apì to di�nusma Qn:(n+T−1) me desmeu-
mènh katanom :

Pθ(Yn ∈ · |Qn:(n+T−1))
D
≈ Nd(Gn(Qn:(n+T−1); pal),Σ), n ≥ 0. (2.3.6)

'Opwc proanafèrjhke sthn parat rhsh (ii), oi parap�nw posìthtec eÐnai jetikèc
kai ètsi h kanonikìthta eÐnai ègkurh mìno kat� prosèggish. EpÐshc, parathroÔme

ìti an Q̃
def
= (Qn:n+T−1)n≥0, tìte h didi�stath stoqastik  diadikasÐa (Q̃,Y) eÐnai mÐa

mh omogen c 1hc t�xhc krummènh Markobian  alusÐda. To gegonìc autì wstìso den
èqei k�poio praktikì ìfeloc kai ètsi den ja qrhsimopoihjeÐ aut  h anapar�stash
sth sunèqeia.
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EÐnai fanerì ìti ta ìrgana pou xekÐnhsan thn an�ptuxh touc stouc T − 1 teleu-
taÐouc kÔklouc an�ptuxhc, den ja èqoun prol�bei na oloklhr¸soun thn an�ptuxhc
touc. An aut� ta ìrgana prostejoÔn sto parathroÔmeno deÐgma tìte:

Gn(qn:(n+T−1)∧N ; pal) =

( T−1∧N−n∑
j=0

qj+n
dj+n(pal)

so(j; p
o
al)

)
o∈O\{r}

. (2.3.7)

kai ètsi h exÐswsh sth (2.3.6) ja antikatastajeÐ apì thn:

Pθ(Yn ∈ · |Qn:(n+T−1)∧N)
D
≈ Nd(Gn(Qn:(n+T−1)∧N ; pal),Σ), n ≥ 0. (2.3.8)

Gia to montèlo autì èqoun protajeÐ mèqri stigm c sth bibliografÐa pollèc mèjo-
doi gia ton upologismì thc ektim triac mègisthc pijanof�neiac (E.M.P.). Wstìso, ja
parousiasteÐ mÐa nèa mèjodoc Mpeôzian c prosèggishc, sthn opoÐa, gia thn prosomo-
Ðwsh apì twn ek twn ustèrwn katanom¸n pou prokÔptoun, qrhsimopoioÔntai teqnikèc
MCMC. H kataskeu  thc kaj¸c kai h parousÐash twn sqetik¸n apotelesm�twn,
gÐnetai sto kef�laio 7. Proqwr�me sthn perigraf  tou montèlou LNAS.
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2.4 To montèlo LNAS

To montèlo LNAS (Log Normal Allocation and Senescence) apoteleÐ mÐa aplopoi-
hmènh èkdosh tou montèlou GreenLab pou suzht jhke sthn prohgoÔmenh enìthta.
To montèlo autì dÔnatai na prosarmìzetai kalÔtera se peript¸seic ìpou mìlic èna
tm ma twn dedomènwn eÐnai diajèsima, en¸ h aplopoÐhsh afor� tìso sto pl joc twn
diajèsimwn org�nwn (sugkekrimèna ed¸ jewroÔme 2 tÔpouc org�nwn, ta fÔlla kai
th rÐza) ìso kai sth di�stash tou parametrikoÔ q¸rou. 'Opwc kai sthn perÐptwsh
tou GreenLab, stìqoc eÐnai h perigraf  thc an�ptuxhc tou zaqarìteutlou wc proc
thn exèlixh thc biom�zac tou an� kÔklo an�ptuxhc (GC), ìpou ed¸, antÐjeta me thn
perÐptwsh tou montèlou GreenLab, o kÔkloc diarkeÐ 1 hmerologiak  hmèra, qwrÐc
na upeisèrqetai h ènnoia tou jermikoÔ qrìnou. P�rauta, kajorÐzontac ta organik�
tm mata, kai me kat�llhlec tropopoi seic, to montèlo autì mporeÐ na prosarmosteÐ
kai se �lla eÐdh fut¸n. Oi basikoÐ mhqanismoÐ pou perigr�foun thn an�ptuxh eÐnai h
diadikasÐa paragwg c thc biom�zac, h dianom  thc sta organik� tm mata (fÔlla kai
rÐza) kai h diadikasÐa thc g ranshc.

2.4.1 Paragwg  Biom�zac

'Opwc kai sta prohgoÔmena, jewroÔme to di�nusma (qn)n≥1 ìpou qn, h paragìme-
nh biom�za sto n-ostì kÔklo an�ptuxhc (GC(n)). Tropopoi¸ntac to sumbolismì
pou eÐqame sto montèlo GreenLab, èstw qfn h olik  m�za twn fÔllwn, qgn, h olik 
m�za twn fwtosunjetik� energ¸n fÔllwn kai qsn, h olik  m�za twn mh fwtosunje-
tik� energ¸n fÔllwn (fÔlla pou eÐte èqoun pèsei apì to futì, eÐte paramènoun se
autì all� den summetèqoun sth diadikasÐa thc fwtosÔnjeshc) sto n-ostì kÔklo
(profan¸c: qgn = qfn − qsn). Tèloc, to qrn ja eÐnai h olik  m�za thc rÐzac sto n-ostì
kÔklo. Me Qn, Q

f
n, Q

g
n, Q

s
n, Q

r
n sumbolÐzoume tic antÐstoiqec stoqastikèc diadikasÐec.

SÔmfwna me ton nìmo Beer-Lambert (sqèsh 2.2.5, kai qwrÐc thn parousÐa sfalm�twn,
h paragìmenh biom�za dÐnetai apì th sqèsh:

qn = Fn(qn;µλ) = µ(1− exp{−λqgn}), n ≥ 1, (2.4.1)

ìpou λ = kB/s
spr, kai sto µ èqoun enswmatwjeÐ oi stajerèc un, sspr.

Sto montèlo autì upojètoume epÐshc ìti oi paragìmenec biom�zec dièpontai apì tic
ex c exis¸seic kat�stashc:

Qn+1 = Fn(Qg
n;µ, λ)eξ

q
n , n ≥ 1, (2.4.2)

ìpou ξqn ∼ N (0, σ2
q ).

2.4.2 Dianom  thc Biom�zac

H diajèsimh biom�za, Qn, sto n-ostì kÔklo, ja dianemhjeÐ sta fÔlla kai sth rÐza, se
antÐjesh me to montèlo GreenLab pou h dianom  upologÐzetai se organikì epÐpedo,
sto LNAS o upologismìc autìc aplopoieÐtai:

Qf
n+1 = Qf

n + γnQn (2.4.3)

Qr
n+1 = Qr

n + (1− γn)Qn, (2.4.4)
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me arqik  sunj kh: Qf
0 = Qr

0 = 0

H sun�rthsh γ orÐzetai wc:

γn(τn; γ0, γf , µγ, σ
2
γ) =

(
γ0 + (γf − γ0)H(τn)

)
(1 + ηγn), (2.4.5)

ìpou τn > 0 o jermikìc qrìnoc kai H(x;µ, σ2) h s.k. thc logarijmokanonik c
(log-normal) katanom c, me par�metro jèshc µ kai par�metro klÐmakac σ2 kai ηγn ∼
N(0, σ2

γ), ta sf�lmata tou montèlou. H sugkekrimènh sun�rthsh eÐnai kat�llhlh gia
thn perigraf  genik¸n biologik¸n diadikasi¸n kai gia to lìgo autì èqei epileqjeÐ.
EpÐshc, eÐnai γ0, γf ∈ (0, 1) kaj¸c oi posìthtec autèc antiproswpeÔoun to arqikì
kai telikì posostì, antÐstoiqa, thc biom�zac pou dianèmetai sto tm ma twn fÔllwn.

'Estw Γn to posostì thc biom�zac pou dianèmetai sto tm ma twn fÔllwn thn hmèra
n to opoÐo sundèetai me jermikì qrìno τn. Oi suggrafeÐc sto (Chen, Trevezas,
Courn’ede (2015} upojètoun pwc to Γn eÐnai montèlo logit-normal me mèso ton logit
metasqhmatismì tou γn(τn; γ0, γf , µγ, σ

2
γ) kai diaspor� σ

2
γγ. Dhlad :

log

(
Γn

1− Γn

)
= log

(
γn(τn;µγ, σ

2
γ)

1− γn(τn;µγ, σ2
γ)

)
+ ξγn, (2.4.6)

ìpou ξγn ∼ N (0, σ2
γγ).

Me thn upìjesh aut , h anadromik  sqèsh (2.4.3) gia ton upologismì thc olik  m�zac
twn fÔllwn kaj¸c kai thc olik  m�zac thc rÐzac, aplopoieÐtai sthn:

Qf
n+1 = Qf

n + ΓnQn (2.4.7)

Qr
n+1 = Qr

n + (1− Γn)Qn, (2.4.8)

me thn Ðdia arqik  sunj kh: Qf
0 = Qr

0 = 0

2.4.3 DiadikasÐa G ranshc

Tèloc, h diadikasÐa thc g ranshc montelopoieÐtai qrhsimopoi¸ntac thn Qs
n pou ìpwc

proanafèrjhke, antiproswpeÔei to mèroc thc olik c m�zac twn fÔllwn pou den eÐnai
plèon fwtosunjetik� energì sto n-ostì kÔklo. Upojètoume ìti:

Qs
n = H(τn;µs, σ

2
s)Q

f
n (2.4.9)

Apì thn parap�nw kai thn Qg
n = Qf

n −Qs
n paÐrnoume ìti:

Qg
n = Hc(τn;µs, σ

2
s)Q

f
n (2.4.10)

ìpou Hc(x) = 1−H(x) h sun�rthsh epibÐwshc.
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2.4.4 Anapar�stash wc montèlo q¸rou katast�sewn

Gia thn ektÐmhsh twn paramètrwn tou montèlou, sto LNAS, oi suggrafeÐc sto (Chen,
Trevezas, Cournéde, (2015)) [12] proteÐnoun mÐa nèa mèjodo me to ìnoma Gkaousian 
TuqaiopoÐhsh (Gaussian Randomization), kat� thn opoÐa, to prìblhma thc ektÐmhshc
metafèretai se èna plaÐsio sto opoÐo mporeÐ na efarmosteÐ o algìrijmoc EM. H ana-
lutik  perigraf  thc mejìdou gÐnetai sto kef�laio 6. Oi suggrafeÐc, prokeimènou na
efarmìsoun th mèjodo, jewroÔn mÐa anapar�stash tou montèlou wc montèlo q¸rou
katast�sewn (m.q.k.)(state-space model), h opoÐa perigr�fetai sth sunèqeia.

Ta dunhtik� diajèsima dedomèna apoteloÔntai apì metr seic twn biomaz¸n: (Qg
n, Q

r
n)Nn=1,

upì thn parousÐa sfalm�twn (ìpou N o qronikìc orÐzontac). 'Estw Zn = (Zn,1, Zn,2)
to di�nusma pou antistoiqeÐ stic metr seic autèc me thn parousÐa sfalm�twn. Sug-
kekrimèna, upojètoume εgn ∼ N (0, σ2

g), ε
r
n ∼ N (0, σ2

r), n ≥ 1, dÔo amoibaÐa ane-
x�rthtec, anex�rthtec t.m. pou antiproswpeÔoun ta sf�lmata twn metr sewn, kai
Zn ∼ N (0,Σ), me pÐnaka sundiakÔmanshc Σ = diag{σ2

g , σ
2
r}. Sto montèlo autì,

prokeimènou na l�boume upìyh mac ton periorismì ìti oi m�zec eÐnai jetikèc èqou-
me qrhsimopoi sei logarijmokanonikèc katanomèc sfalm�twn. Sugkekrimèna, gia
n = 1, 2, ..., N upojètoume:

Yn = (logZn,j)j =

(
logQg

n + εgn
logQr

n + εrn

)
=

(
log
(
Hc(τn;µs, σ

2
s)Q

f
n

)
+ εgn

logQr
n + εrn

)
. (2.4.11)

Gia thn anapar�stash wc m.q.k, oi suggrafeÐc shmei¸noun pwc mÐa pijan  epilog 
thc diadikasÐac katast�sewn eÐnai h Xn = (Qf

n, Q
r
n). Tìte:

Xn+1 = Φn(Xn, ξn;µ), (2.4.12)

Yn = Rn(Xn, εn;µ), (2.4.13)

ìpou, Xn = (Xn,1, Xn,2) = (Qf
n, Q

r
n) kai ta dianÔsmata ξn, εn), n ≥ 1 antiprosw-

peÔoun ta sf�lmata sto montèlo. To di�nusma µ perilamb�nei ìlec tic paramètrouc
tou montèlou (µa, λ, µγ, σ2

γ, γ0, γf ) mazÐ me orismènec apì tic diasporèc twn sfalm�twn
(sigma2

γ, σ
2
q , σ

2
g , σ

2
r). Oi sunart seic Φn(·) kai Rn(·) dÐnontai sto l mma pou akolou-

jeÐ:

L mma 2.1 To montèlo pou diamorf¸netai apì tic exis¸seic (2.4.1 -2.4.11) mporeÐ
na anaparastajeÐ wc èna montèlo q¸rou-katast�sewn, me exÐswsh katast�sewn pou
dÐnetai apì to sÔsthma pou akoloujeÐ:

Xn+1,1 = Φn,1(Xn, ξn;µ) = Xn,1 +
Fn(Hc(τn;µs, σ

2
s)Xn,1;µa, λ)eξn,1

1 + (γ−1(τn;µγ, σ2
γ)− 1)e−ξn,2

(2.4.14)

Xn+1,2 = Φn,2(Xn, ξn;µ) = Xn,2 +
Fn(Hc(τn;µs, σ

2
s)Xn,1;µa, λ)eξn,1

1 + (γ−1(τn;µγ, σ2
γ)− 1)−1eξn,2

(2.4.15)

ìpou h (ξn)n≥1 akoloujÐa anex�rthtwn didi�statwn kentropoihmènwn kanonik¸n
kai anex�rthth tou X0, me diag¸nio pÐnaka sundiakum�nsewn pou perièqei tic diaspo-
rèc σ2

1 kai σ2
2 pou antistoiqoÔn stic Xn,1 kai Xn,2. H exÐswsh twn parathr sewn

eÐnai:

Yn = Rn(Xn, εn;µ) =

(
logHc(τn;µs, σ

2
s) + logXn,1

logXn,2

)
+

(
εn,1
εn,2

)
, (2.4.16)

17



To montèlo LNAS

ìpou h (εn)n≥1 eÐnai akoloujÐa anex�rthtwn kai isìnomwn didi�statwn kentro-
poihmènwn kanonik¸n me diag¸nio pÐnaka sundiakum�nsewn me diasporèc σ2

i gia ta
εn,i, i = 1, 2 kai anex�rthth thc (ξn)n≥1.

Apìdeixh

Lìgw thc epilog c tou dianÔsmatoc katast�sewn, eÐnai Xn,1 = Qf
n kai Xn,2 = Qr

n.
Apì tic Qf

n+1 = Qf
n + ΓnQn kai Qr

n+1 = Qr
n + (1− Γn)Qn, gia na èqoume tic (2.4.14)

kai , (2.4.15) arkeÐ na deÐxoume ìti:

ΓnQn =
Fn(Hc(τn;µs, σ

2
s)Xn,1;µa, λ)eξn,1

1 + (γ−1(τn;µγ, σ2
γ)− 1)e−ξn,2

(2.4.17)

kai

(1− Γn)Qn =
Fn(Hc(τn;µs, σ

2
s)Xn,1;µa, λ)eξn,1

1 + (γ−1(τn;µγ, σ2
γ)− 1)−1eξn,2

(2.4.18)

EpÐshc, apì tic (2.4.1) kai (2.4.10) blèpoume ìti o arijmht c, pou eÐnai koinìc gia ta
parap�nw kl�smata, eÐnai Ðsoc me Qn. Apì thn (2.4.6) èqoume:

log

(
Γn

1− Γn

)
= log

(
γn(τn)

1− γn(τn)

)
+ ξn,2 ⇔ Γn =

γn(τn)e−ξn,2

1 + γn(τn)(e−ξn,2 − 1)
⇔

Γn =
1

1 + (γ−1
n (τn)− 1)e−ξn,2

,

kai

1− Γn =
1

1 + (γ−1
n (τn)− 1)−1eξn,2

.

Pollaplasi�zontac tic teleutaÐec me Qn, prokÔptoun oi zhtoÔmenec sqèseic: (2.4.17)
kai (2.4.18). �
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Kef�laio 3

StoiqeÐa jewrÐac markobian¸n alusÐdwn se

genikoÔc q¸rouc

3.1 Eisagwg 

Oi markobianèc stoqastikèc diadikasÐec èqoun kentrikì rìlo se efarmogèc tìso thc
jewrÐac pijanot twn, ìso kai sth statistik  kaj¸c apoteloÔn èna idanikì ergaleÐo
gia th montelopoÐhsh poll¸n susthm�twn eÐte se suneq  eÐte se diakritì qrìno. Oi
diadikasÐec autèc, ìtan eÐnai diakritèc, anafèrontai wc markobianèc alusÐdec (m.a.).
Sto kef�laio autì parousi�zontai k�poia basik� stoiqeÐa thc jewrÐac twn m.a. me
timèc se genikì q¸ro (metr simo topologikì q¸ro   metrikì q¸ro). O kÔrioc lìgoc
eÐnai pwc ta oi teqnikèc MCMC pou ja parousiastoÔn (kai qrhsimopoioÔntai), ba-
sÐzontai sta apotelèsmata (asumptwtik� kai mh) thc jewrÐac gia genikoÔc q¸rouc.
EpÐshc, h statistik  an�lush gia ta montèla an�ptuxhc fut¸n pou parousi�sthkan
sthrÐzetai sthn jewrÐa twn krummènwn markobianwn montèlwn (KMM), ta opoÐa e-
Ðnai sthn ousÐa mÐa markobian  diadikasÐa. Gia thn perÐptwsh tou arijm simou q¸rou
ja gÐnoun orismènec basikèc anaforèc ¸ste na eÐnai saf c h sÔndesh all� h genik 
jewrÐa jewreÐtai gnwst .

To kef�laio organ¸netai wc ex c: Arqik� ja gÐnei h eisagwg  enìc exaireti-
k� qr simou ergaleÐou pou lègetai pur nac kai me thn efarmog  tou stic m.a. ja
mporèsoume na pragmatopoi soume mÐa omal  met�bash thc jewrÐac twn m.a., apì a-
rijm simouc, se genikoÔc q¸rouc katast�sewn (pedÐo tim¸n thc s.d.). Sth sunèqeia
ja parousiastoÔn k�poiec basikèc ènnoiec kai idiìthtec gia tic m.a., en¸ gÐnetai kai
mÐa sÔntomh anafor� sto jewrhtikì z thma thc Ôparxhc kai thc kataskeu c. Prw-
tarqikèc ènnoiec twn s.d. up�rqoun sto par�rthma. Sth sunèqeia parousi�zontai ta
basikìtera asumptwtik� apotelèsmata pou aforoÔn m.a. me arijm simo kai genikì
q¸ro. Me b�sh ta apotelèsmata aut� mporoÔme na kalÔyoume thn asumptwtik  sum-
perifor� twn algorÐjmwn MCMC pou parousi�zontai sto epìmeno kef�laio. Tèloc,
gÐnetai mÐa sÔntomh parousÐash thc jewrÐac twn krummènwn markobian¸n montèlwn,
me orismènec efarmogèc, kai perigr�fetai h sÔndesh all� kai o rìloc touc sth sta-
tistik .
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3.1.1 O Pur nac miac Stoqastik c DiadikasÐac kai oi
basikìterec idiìthtec tou

O pur nac, o opoÐoc suqn� anafèretai kai wc metabatikìc pur nac   pur nac meta-
b�sewn (transition kernel), eÐnai èna basikì ergaleÐo pou ja mac epitrèyei na diaqeiri-
stoÔme stoqastikèc diadikasÐec pou paÐrnoun timèc se uperarijm simouc q¸rouc. Wc
majhmatik  ènnoia, o pur nac sundèetai me thn (metrojewrhtik ) ènnoia thc desmeu-
mènhc pijanìthtac kai thc desmeumènhc katanom c pijanìthtac. Gia tic ènnoiec autèc
pou eÐnai zwtik c shmasÐac gia thn kataskeu  kai thn an�lush sqedìn ìlwn twn s.d.,
mÐa polÔ ploÔsia perigraf  kai suz thsh gÐnetai sta: [19] (kef�laia 24-33), [9] kai [1].

To pleonèkthma me th qr sh tou pur na eÐnai ìti mporoÔme na diatup¸soume po-
lÔplokec ekfr�seic kai ènnoiec pou aforoÔn tic stoqastikèc diadikasÐec me ènan polÔ
aplì trìpo. EpÐshc, mac parèqei èna eniaÐo plaÐsio gia th melèth twn stoqastik¸n
diadikasi¸n me arijm simo   uperarijm simo q¸ro katast�sewn, diakritoÔ, eÐte sune-
qoÔc qrìnou. IdiaÐtera gia tic markobianèc alusÐdec, o sumbolismìc eÐnai exairetik�
eÔqrhstoc.

Orismìc 3.1 (pur nac). 'Estw (X,X ) kai (Y,Y ) dÔo metr simoi q¸roi. H su-
n�rthsh Q : X × Y → [0,∞] pou ikanopoieÐ tic:

(i) gia k�je x ∈ X, to Q(x, ·) eÐnai jetikì mètro ston (Y,Y ), kai

(ii) gia opoiod pote A ∈ Y , h sun�rthsh Q(·, A), x 7→ Q(x,A) eÐnai Borel-
metr simh,

lègetai mh kanonikopoihmènoc pur nac (m.k.p.) apì ton (X,X ) ston (Y,Y ).

Epiplèon, an:

(a) Q(x, Y ) = 1 gia k�je x ∈ X, tìte o Q lègetai (kanonikopoihmènoc) pur nac.
Sthn perÐptwsh aut , to Q(x, ·) eÐnai mètro pijanìthtac ston (Y,Y ) gia k�je x ∈ X

(b) (X,X ) = (Y,Y ) kai Q(x,X) = 1 gia k�je x ∈ X, tìte o Q lègetai markobianìc
pur nac ston (X,X ).

'Enac (m.k.p.) Q : X × Y → [0,∞] èqei puknìthta, wc proc k�poio mètro ν ston
(Y,Y ), an up�rqei mÐa mh-arnhtik  sun�rthsh q : X × Y → [0,∞], metr simh wc
proc th s-�lgebra ginìmeno X ⊗ Y , tètoia ¸ste:

Q(x,A) =

∫
A

q(x, y)ν(dy). (3.1.1)

Sun jwc h puknìthta aut  sumbolÐzetai me q(x, y) = q(y|x) (qrhsimopoi¸ntac to
sumbolismì desmeumènwn sunart sewn puknìthtac-pijanìthtac)

Eidik� sthn perÐptwsh ìpou ta X, Y eÐnai arijm sima sÔnola, sunhjÐzetai na gr�fou-
me Q(x, y) gia tic pijanìthtec met�bashc, antÐ gia Q(x, {y}) kai na lème ton Q pÐnaka
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(pijanot twn) met�bashc.

Sumbolismìc: To olokl rwma mÐac sun�rthshc f : Y → R wc proc to mètro Q(x, ·)
ja sumbolÐzetai me

∫
f(y)Q(x, dy)   me Qf . O teleutaÐoc eÐnai idiaÐtera eÔqrhstoc.

Sugkekrimèna:

An f ∈ E+, orÐzoume:

Qf(x)
def
=

∫
X

f(y)Q(x, dy), x ∈ X, (3.1.2)

en¸ an ν ∈M+,

νQ(A)
def
=

∫
X

Q(x,A)ν(dx), A ∈ Y , (3.1.3)

Tìte oi apeikonÐseic f → Qf kai ν → νQ eÐnai telestèc me Qf : E+ → (X,X ) kai
νQ :M+ → (Y,Y ) antÐstoiqa, tètoioi ¸ste: Q(f + g) = Qf +Qg, Q(af) = aQf
gia f, g ∈ E+, a ≥ 0 kai omoÐwc gia ton νQ. Me E+ sumbolÐzetai to sÔnolo ìlwn
twn metr simwn sunart sewn f : Y → R+ kai meM+ to sÔnolo ìlwn twn jetik¸n
mètrwn tou (X,X ).

Epomènwc, mporoÔme na doÔme ton Q wc telest  pou epidr� stic sunart seic apì
dexi� kai sta mètra apì arister�.

EpalhjeÔetai �mesa pwc to νQ eÐnai jetikì mètro ston (Y,Y ) ìpwc epÐshc kai ìti
h Qf eÐnai metr simh sun�rthsh apì ton X sto [0,∞]. Gia to deÔtero, an f = 1A,
gia A ∈ Y , tìte h Qf(x) = Q(x,A) eÐnai metr simh gia k�je x ∈ X. Autì epekte-
Ðnetai gia aplèc metr simec kai sth sunèqeia, me to Je¸rhma monìtonhc sÔgklishc,
h metrhsimìthta thc Qf epekteÐnetai gia jetikèc metr simec f . EpÐshc, gia ν = δx,
oi δxQ(A) kai Q1A ekfr�zoun thn Ðdia posìthta. 'Otan ta X, Y eÐnai peperasmèna
sÔnola, to Qf antistoiqeÐ ston pollaplasiasmì tou pÐnaka Q me to di�nusma st lh,
f , kai to νQ antistoiqeÐ ston pollaplasiasmì tou dianÔsmatoc gramm , ν, me ton
pÐnaka Q.

Orismìc 3.2 An Q,R dÔo m.k.p apì ton (X ,X ) ston (Y ,Y ) kai apì ton (Y ,Y )
ston (Z ,Z ) antÐstoiqa, tìte orÐzetai o pur nac ginìmeno, QR wc:

QR(x,A)
def
=

∫
Q(x, dy)R(y, A), x ∈ X , A ∈ Z . (3.1.4)

ProkÔptei �mesa ìti h sun�rthsh QR eÐnai m.k.p. apì ton (X ,X ) ston (Z ,Z ) kai
an oi dÔo eÐnai kanonikopoihmènoi, tìte kai o QR eÐnai epÐshc, dhlad  QR(x,Z) = 1
gia k�je x ∈ X .

EpÐshc, o pur nac pou leitourgeÐ wc monadiaÐo stoiqeÐo ston parap�nw pollaplasia-
smì, eÐnai o:

I(x,A) =

{
1, an x ∈ A
0, diaforetik�

(3.1.5)

'Opou h apeikìnish x 7→ I(x,A) antistoiqeÐ sth deÐktria tou sunìlou A, en¸ h
apeikìnish A 7→ I(x,A) antistoiqeÐ sto mètro δx(A). Epomènwc, eÐnai IQ = Q = QI.
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3.1.2 Pur nac kai TuqaÐec Metablhtèc

H pio shmantik  efarmog  twn pur nwn eÐnai sthn perigraf  twn metab�sewn miac
markobian c alusÐdac. Prin ft�soume ìmwc ekeÐ, ja doÔme pwc gÐnetai genik� h sÔn-
desh tou pur na me tic tuqaÐec metablhtèc.

'Estw (Ω,F ,P) q¸roc pijanìthtac kai X mÐa t.m. (dhlad  metr simh sun�rthsh me
timèc ston (R,B(R), λ) kai orismènh ston parap�nw q¸ro). 'Estw epÐshc G ⊂ F , mÐa
s-�lgebra. 'Ena basikì apotèlesma eÐnai ìti up�rqei p�nta pur nac Q : Ω×B(R)→
[0, 1] pou eÐnai kanonik  èkdosh desmeumènhc pijanìthtac thc X dojèntoc thc G
(Fristedt and Gray (1996)). Dhlad  na isqÔei:

(1) P(X ∈ B|G ) = E[1{X∈B}|G ](ω) = Q(ω,B)(ω) P− s.p. gia k�je B ∈ B(R),

(2) To Q(ω,B) na eÐnai mètro pijanìthtac sto B gia k�je ω ∈ Ω.

To antÐstrofo epÐshc isqÔei. Dhlad , k�je pur nac eÐnai mÐa kanonik  èkdosh
desmeumènhc pijanìthtac gia k�poia t.m.

Pio apl�, o pur nac perigr�fei th desmeumènh katanom  thc t.m. Y |X = x. Dhlad ,

Q(x,A) = P(Y ∈ A|X = x), (3.1.6)

Wstìso, to dexÐ mèloc den eÐnai kal� orismèno ìtan P(X = x) = 0 kai epomènwc h
parap�nw eÐnai ousiastik� suntomografÐa gia thn:

Q(·, A) = P(A|σ(X)), P− s.p., (3.1.7)

sthn opoÐa to dexÐ mèloc eÐnai o (metrojewrhtikìc) orismìc thc desmeumènhc pija-
nìthtac. H ènnoia aut  apoteleÐ èna exairetik� sÔnjeto kai proqwrhmèno z thma thc
jewrÐac pijanot twn to opoÐo ìmwc èqei ousiastik  shmasÐa kai eÐnai aparaÐthto gia
th kataskeu  kai thn an�lush twn s.d. Sthn eisagwg  èqei protajeÐ bibliografÐa
gia ta sugkekrimèna zht mata.

Pio genik�, an (Xn)n≥0 mÐa qronik� omogen c stoqastik  diadikasÐa diakritoÔ
qrìnou me timèc ston X , tìte mporoÔme na orÐsoume ton pur na Q : (X×X ) 7→ [0, 1],
gia th stoqastik  diadikasÐa, ¸ste na èqoume mÐa èkfrash gia tic desmeumènec kata-
nomèc twn Xn|Xn−1 = x gia n ≥ 1. Dhlad , Q(x,A) = P(Xn ∈ A|Xn−1 = x). An
epiplèon èqoume mÐa stoqastik  diadikasÐa (Yn)n≥0 me timèc ston Y . Tìte o pur nac
R : X × Y 7→ [0, 1] antistoiqeÐ stic desmeumènec katanomèc twn Yn|Xn−1 = x.

Epomènwc, h sqèsh (3.1.2) eÐnai mÐa isodÔnamh èkfrash gia thn:

E[f(Xn)|Xn−1 = x] =

∫
X

f(y)P (x, dy), (3.1.8)

ìtan Q = P kai ìpou to mètro pijanìthtac P (x,A), antistoiqeÐ sthn katanom  thc
Xn|Xn−1 = x upojètontac ìti aut  eÐnai Ðdia gia k�je n all� kai ìti h mèsh tim 
up�rqei. M�lista, an aut  h katanom  eÐnai apìluta suneq c me puknìthta g(y|x),
tìte P (x,A) =

∫
A
g(y|x)dy kai èqoume kai ètsi th sqèsh (3.1.1) (an doÔme to teleu-

taÐo wc olokl rwma Lebesgue me ν wc mètro anafor�c).
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EpÐshc, an ν h katanom  thc Xn−1 tìte, h katanom  thc Xn dÐnetai apì thn:

P(Xn ∈ A) =

∫
X

Q(x,A)ν(dx), (3.1.9)

sthn opoÐa anagnwrÐzoume apì th sqèsh (3.1.3) pwc to dexÐ mèloc eÐnai to νQ(A).

Akìmh, me ton pur na mporoÔme na èqoume ekfr�seic gia tic desmeumènec katano-
mèc twn Xn+k |Xn = x se qronik� omogeneÐc s.d.. Ja qreiastoÔme ton orismì (3.1.4)
ìpwc epÐshc kai ton parak�tw:

Orismìc 3.3 'Estw Q ènac m.k.p. markobianìc pur nac ston X,X . Tìte orÐzetai
to anadromikì sq ma:

Q(0)(x, ·) = I(x, ·) gia x ∈ X kai Q(k) = QQ(k−1) gia k ≥ 1. (3.1.10)

Me ton parap�nw orismì blèpoume pwc:

P(Xn+2 ∈ A|Xn = x) =

∫
Q(x, dy)Q(y, A). (3.1.11)

To deÔtero mèloc thc parap�nw eÐnai to Q(2) kai epomènwc, suneqÐzontac thn para-
p�nw diadikasÐa èqoume anadromik� ìti:

P(Xn+k ∈ A|Xn = x) = Q(k)(x,A). (3.1.12)

MporoÔme na parathr soume epÐshc pwc gia opoiousd pote jetikoÔc akeraÐouc n,m
isqÔei:

Q(n)Q(m) = Q(n+m), (3.1.13)

dhlad :

Q(n+m)(x,A) =

∫
Q(n)(x, dy)Q(m)(y, A). (3.1.14)

Oi exis¸seic autèc eÐnai oi gnwstèc exis¸seic Chapman-Kolmogorov.

Par�deigma (DiadikasÐa Galton-Watson). H diadikasÐa Galton-Watson eÐnai mÐa
apì tic pio gnwstèc kladwtèc anelÐxeic (Branching processes) kai qrhsimopoieÐtai
eurèwc wc majhmatikì montèlo gia th melèth tou megèjouc enìc plhjusmoÔ. Sug-
kekrimèna, eÐnai h stoqastik  diadikasÐa pou perigr�fetai sth sunèqeia. 'Estw ξrn,
n ≥ 0, r ≥ 1 anex�rthtec kai isìnomec, jetikèc akèraiec t.m. pou antiproswpeÔoun
touc apogìnouc pou ja af sei to r-ostì �tomo thc geni�c n enìc plhjusmoÔ (an autì
up�rqei), sthn amèswc epìmenh geni�. Oi apìgonoi ìlwn twn atìmwn thc n-ost c ge-
ni�c (pou ja up�rqoun sth n+ 1), apoteloÔn ton energì plhjusmì thc (n+ 1)-ost c

geni�c. 'Estw Zn+1 = ξ
(1)
n +...+ξ

(Zn)
n . H diadikasÐa {Zn, n ≥ 0} onom�zetai diadikasÐa

Galton-Watson (GWP) kai antiproswpeÔei to pl joc energ¸n atìmwn sth n-ost 
geni�. Aut  h stoqastik  diadikasÐa èqei pur na Q pou orÐzetai gia k�je n ≥ 1 wc:

Q(x,A) =

{
δ0(A) an x = 0

P(ξ
(1)
n + ...+ ξ

(x)
n ∈ A) diaforetik�

(3.1.15)
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Upojètoume ìti oi a.i.t.m ξ(r)
n èqoun k�poia diakrit  katanom , èstw µ (afoÔ anti-

proswpeÔoun pl joc atìmwn). Dhlad  µ(j) = P(ξ
(r)
n = j) gia k�je n ≥ 0 kai k�je

r ≥ 1. Upojètoume pwc to pl joc paidi¸n tou r-ostoÔ atìmou sth geni� n (pou ja
up�rqoun sthn epìmenh), den exart�tai apì to pìsa �toma up�rqoun se aut . An
kai autì den eÐnai realistikì, mporoÔme na skeftìmaste ènan plhjusmì monogonik¸n
organism¸n. Pq ta fut�, all� kai genikìtera monokÔttarouc organismoÔc. Autì di-
kaiologeÐ thn anexarthsÐa. Gia thn isonomÐa mporoÔme na skeftìmaste ìti k�je �tomo
eÐnai èna pistì antÐgrafo tou genn tora. Upojètoume qwrÐc bl�bh thc genikìthtac
(ìpwc ja doÔme sth sunèqeia) ìti up�rqei ènac genn torac. Autì to dhl¸noume me

thn arqik  katanom  thc diadikasÐac. Sugkekrimèna, gia n = 0 eÐnai Z0 = ξ
(r)
n kai

upojètoume arqik  katanom  thn δ1.

H pio shmantik  efarmog  twn pur nwn (met�bashc) eÐnai sthn perigraf  thc du-
namik c metab�sewn miac markobian c alusÐdac gia tic opoÐec gÐnetai suz thsh sthn
epìmenh par�grafo. Orismèna eisagwgik� stoiqeÐa sth jewrÐa stoqastik¸n diadika-
si¸n up�rqoun sto par�rthma A1.
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3.1.3 OrismoÐ-Basikèc ènnoiec m.a.

Orismìc 3.4 (Omogen c Markobian  AlusÐda). 'Estw (Ω,F , (Fn)n≥0,P) q¸roc
pijanìthtac me fÐltro kaiQ ènac markobianìc pur nac ston (X ,X ). MÐa stoqastik 
diadikasÐa (Xn)n≥0 me timèc ston (X ,X ) lègetai (omogen c) markobian  alusÐda
(k�tw apì to P), wc proc th di jhsh (Fn)n≥0 kai me pur na ton Q, an:

(i) eÐnai prosarmosmènh sthn (Fn)n≥0,

(ii) P(Xn+1 ∈ A|Fn) = Q(Xn, A) gia k�je n ≥ 0 kai A ∈X .

H katanom  thc X0, èstw µ, (P(X0 ∈ A) = µ(A)) lègetai arqik  katanom  thc
alusÐdac kai to sÔnolo X lègetai q¸roc katast�sewn thc alusÐdac kai eÐnai ènac
aujaÐretoc metr simoc q¸roc(ìqi aparaÐthta to Rd). Oi pijanìthtec sto (ii) pou
kajorÐzontai apì ton pur na, onom�zontai pijanìthtec met�bashc.

Diaisjhtik�, h posìthta Q(x,A) antiproswpeÔei thn pijanìthta h alusÐda ìntac
sthn kat�stash x th qronik  stigm  n, na k�nei mÐa met�bash sto sÔnolo A thn
epìmenh qronik  stigm , en¸ o ìroc omogen c shmaÐnei pwc aut  h pijanìthta aut 
eÐnai anex�rthth tou qrìnou. Dhlad :

P(Xn+1 ∈ A|Fn) = P(Xn ∈ A|Fn−1) gia k�je n ≥ 1, (3.1.16)

to opoÐo dhl¸netai èmmesa mèso thc (ii), kaj¸c se diaforetik  perÐptwsh ja gr�fame:

P(Xn+1 ∈ A|Fn) = Qn(Xn, A), (3.1.17)

¸ste na dhl¸soume pwc o pur nac pijan¸c exart�tai apì to n.

H idiìthta (ii) lègetai markobian  idiìthta kai ekfr�zei ìti an (gia k�poio n ≥ 1) eÐnai
gnwst  h tim  thc Xn, (dhlad  Xn = x) th qronik  stigm  n, h gn¸sh aut  kajorÐzei
(pl rwc) thn katanom  thcXn+1 (dhlad  thn amèswc epìmenh qronik  stigm  (n+1)).
Epomènwc, h epiprìsjeth plhroforÐa pou parèqei h (Fk)k≤n−1 gia tic timèc pou eÐqe
h {Xn, n ≥ 0} sto pareljìn (prin th qronik  stigm  n) den mac eÐnai qr simh. Autì
ekfr�zetai kai mèsw thc:

P(Xn+1 ∈ A|Fn) = P(Xn+1 ∈ A|σ(Xn)) (3.1.18)

H idiìthta aut  lègetai epÐshc kai idiìthta èlleiyhc mn mhc. Qalar¸nontac thn idi-
ìthta aut  sthn apaÐthsh (ii) tou orismoÔ thc m.a., ja lème ìti:

Orismìc 3.5 (Markobian  alusÐda t�xhc m) MÐa m.a. eÐnai t�xhc m gia m ≥ 1 an:

P(Xn+1 ∈ A|Fn) = Q(Xn−m+1:n, A). (3.1.19)

Parat rhsh Me �lla lìgia, h mellontik  kat�stash exart�tai apì parel-
jìn mèsw twn prohgoÔmenwn m katast�sewn. An h X eÐnai m.a. t�xhc m tìte h
Yn = (Xn−m+1, Xn−1, ..., Xn) eÐnai m.a. t�xhc 1, dhlad , m.a. me ton orismì pou dìjh-
ke. Epomènwc, arkeÐ na anaptÔxoume th jewrÐa m.a. t�xhc 1.
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Sto ex c, ìtan ja qrhsimopoioÔme to sÔmbolo X gia na anaferjoÔme se mÐa m.a.,
ja ennoeÐtai pwc X = (Ω,F , (Fn)n≥0, (Xn)n≥0,P).

An h X ikanopoieÐ thn (i), tìte gia k�je n ≥ 0 isqÔei Fn ⊂ F 0
n . Opìte mÐa m.a.

wc proc th di jhsh Fn eÐnai kai m.a. wc proc th fusik  di jhsh. Sthn teleutaÐa
perÐptwsh, h {Xn, n ≥ 0} kaleÐtai apl� m.a. kai genikìtera den ja gÐnetai anafor�
sto mètro P an autì den krÐnetai anagkaÐo.

Epiplèon, an den gÐnetai anafor� sto q¸ro katast�sewn   ston pur na ja ennoeÐtai
o q¸roc (X ,X ) kai o markobianìc pur nac Q ston X .

ParadeÐgmata

1. O monadiaÐoc pur nac I(x,A) ìpwc orÐsthke sthn (3.1.5) èqei th markobian 
idiìthta diìti afoÔ isqÔei δxI = δx, ja èqoume ìti an Xn ∼ δx, tìte Xn+1 ∼ δx.
Epomènwc h alusÐda den all�zei kat�stash potè. 'Etsi, o monadiaÐoc pur nac
eÐnai pur nac met�bashc gia thn pio adi�forh alusÐda pou eÐnai dunatìn na
kataskeuasteÐ.

2. (TuqaÐa dunamik� sust mata). 'Estw (ξn)n≥1 akoloujÐa apì anex�rth-
tec kai isìnomec t.m. me timèc sto R kai katanom  ν. OrÐzoume anadromik� tic
t.m. :

X0 = a, Xn+1 = f(Xn, ξn+1), n ≥ 0,

ìpou f : E × R 7→ E, mÐa metr simh sun�rthsh kai a ∈ E. Tìte h (Xn)n≥0

eÐnai mÐa omogen c m.a. ston (E, E) me pur na:

Q(x,A) =

∫
1{f(x,s)∈A}ν(ds), x ∈ E,A ∈ E

Pr�gmati, epeid  h ξn+1 eÐnai anex�rthth twn X0, ..., Xn, eÐnai:

P(Xn+1 ∈ A|Fn) = E[1{Xn+1∈A}|Fn]

= E[1{f(Xn,ξn+1)∈A}|Fn]

= h(Xn),

ìpou h(x) = E[1{f(x,ξn+1)∈A}] = Q(x,A). 'Ara, P(Xn+1 ∈ A|Fn) = Q(Xn, A).

3. (DiadikasÐa Galton-Watson). H diadikasÐa Galton-Watson eÐnai m.a.
Pr�gmati, an F 0

n h fusik  di jhsh, tìte eÐnai fanerì pwc h tim  thc Zn e-
xart�tai mon�qa apì thn tim  thc Zn−1 kai �ra

P(Zn+1 = j|Fn) = P(Zn+1 = j|Zn). (3.1.20)

O pÐnakac pijanot twn met�bashc (kaj¸c ed¸ èqoume arijm simo q¸ro kata-
st�sewn) eÐnai o Q ìpwc autìc èqei oristeÐ sthn (3.1.15).

3. (AutopalÐndromo montèlo) (AR(1)) JewroÔme to montèlo pou orÐzetai
apì th sqèsh:

Xn = aXn−1 + εn, (3.1.21)
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ìpou εn anex�rthtec kai isìnomec t.m. me puknìthta f . H parap�nw sqèsh
orÐzei mÐa m.a. tètoia ¸ste:

q(x, y) = f(y − ax), (3.1.22)

ìpou q h puknìthta tou pur na. Sugkekrimèna, an εn ∼ N (0, σ2), tìte èqoume
pwc

q(x, y) =
1√

2πσ2
exp{− 1

2σ2
(y − ax)2}. (3.1.23)

EpÐshc èqoume ìti:

Xn+2 = a(aXn + εn+1) + εn+2 = a2Xn + aεn+1 + εn+2 (3.1.24)

kai ètsi:

Xn+k = akXn +
k∑
i=1

ak−iεn+i. (3.1.25)

Opìte, ìtan εn ∼ N (0, σ2) eÐnai:

qk(x, y) =
1√

2πσ2
k

exp{− 1

2σ2
k

(y − akx)2}, (3.1.26)

ìpou

σ2
k = σ2

k∑
i=1

(a2)(k−i) = σ2 1− a2k

1− a2
.

'Ena sen�rio sto opoÐo o pur nac den èqei puknìthta eÐnai na eÐqame ìti me pijanìthta
r(Xn−1) na eÐnai : Xn = aXn−1 + εn, diaforetik�, me pijanìthta 1− r(Xn−1) na eÐnai
Xn = Xn−1. Sthn perÐptwsh aut , h diadikasÐa exakoloujeÐ na eÐnai m.a., wstìso,
puknìthta wc proc mètro Lebesgue den up�rqei. MporoÔme na gr�youme:

Q(x, dy) = r(x)f(y − ax)dy + (1− r(x))δx(dy), (3.1.27)

kai tìte Q(x,A) =
∫
A
Q(x, dy).

An o X eÐnai arijm simoc kai Fn = F 0
n = σ(X0, X1, ..., Xn) (h fusik  di jhsh),

tìte o prohgoÔmenoc orismìc paÐrnei mÐa pio apl  morf . Sugkekrimèna, afoÔ o X
eÐnai arijm simoc, h σ-�lgebra F 0

n par�getai apì th diamèrish tou Ω pou sqhmatÐzetai
apì ta gegonìta {X0 = i0, X1 = i1, ..., Xn = in}, i0:n ∈X (n+1), kai ètsi h (ii) mporeÐ
na antikatastajeÐ apì thn:

P(Xn+1 = in+1|X0:n = i0:n) = Q(in, in+1), (3.1.28)

gia k�je n ≥ 0 kai k�je i0:n+1 ∈X (n+2) tètoio ¸ste P(X0:n = i0:n) > 0.

Wc proc th Ôparxh kai thn kataskeu  twn m.a., parajètoume ta shmantikìtera
apotelèsmata qwrÐc apìdeixh ta opoÐa dÐnoun ap�nthsh se 2 basik� erwt mata: (1)
Poia eÐnai h peperasmènhc di�stashc katanom  mÐac m.a.; (2) 'Estw ìti èqoume ènan
pur na Q kai mÐa arqik  katanom  µ. Up�rqei m.a. pou èqei wc pur na ton Q kai
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arqik  katanom  to µ;

Sqetik� me to (1): Prokeimènou na qarakthrÐsoume ìlec tic m.a. diakritoÔ qrìnou,
arkeÐ na gnwrÐzoume ìlec tic peperasmènhc-di�stashc katanomèc thc diadikasÐac (dh-
lad  thn apì koinoÔ katanom  thc diadikasÐac gia opoiad pote peperasmènh sullog 
deikt¸n). To giatÐ autì arkeÐ den eÐnai profanèc kai mÐa suz thsh sqetik� me autì
gÐnetai sto par�rthma. H ap�nthsh sto (1) eÐnai pwc oi m.a èqoun katanom  pepe-
rasmènhc di�stashc h opoÐa kajorÐzetai pl rwc apì thn arqik  katanom  kai ton
pur na. Sqetik� me to (1) èqoume to parak�tw Je¸rhma tou opoÐou h apìdeixh eÐnai
sto par�rthma.

Je¸rhma 3.1 (i) 'Estw X mÐa M.A. me arqik  katanom  µ kai pur na Q. Tìte gia
k�je B ∈X n+1, thc morf c B = B0 × ...×Bn isqÔei:

P(Xj ∈ Bj, 0 ≤ j ≤ n) =

∫
B0

µ(dx0)

∫
B1

Q(x0, dx1)...

∫
Bn

Q(xn−1, dxn), (3.1.29)

(ii) AntÐstrofa, an mÐa s.d. X = (Ω,F , (Xn)n≥0,P) me timèc ston (X ,X ), ikano-
poieÐ thn 3.1.3 gia èna mètro pijanìthtac µ kai èna pur na Q, tìte h X eÐnai M.A me
arqik  katanom  to µ kai pur na to Q (wc proc th fusik  di jhsh (F 0

n)n≥0)

Orismènec �mesec sunèpeiec tou jewr matoc 3.1.3 gia mÐa m.a X me arqik  kata-
nom  µ, pur na Q kai timèc ston (X ,X ) eÐnai oi parak�tw:

1. Gia k�je n ≥ 0 kai k�je metr simh f : X n+1 7→ R, X ⊗(n+1), suneq  kai
fragmènh (f ∈ Cb(X (k+1))) isqÔei:

E[f(X0, ...Xn)] =

∫
f(x0, ...xn)µ(dx0)Q(x0, dx1)...Q(xn−1, dxn). (3.1.30)

2. An sth 3.1.30 epilèxoume gia k = n, f(x0, ...xn) = 1{x0∈B0}...1{xn∈Bn}, Bi ⊂ X,
tìte paÐrnoume:

P(Xj ∈ Bj, 0 ≤ j ≤ n) =

∫
B0×...×Bn

µ(dx0)Q(x0, dx1)...Q(xn−1, dxn). (3.1.31)

pou eÐnai h sqèsh 3.1.3.

3. Qrhsimopoi¸ntac to sumbolismì gia ton pur na ja eÐnai:

E[f(Xn+1)|Fn] = (Qf)(Xn)

OrÐzontac gia n ≥ 0 to anadromikì sq ma: Q0f = f kai Qnf = QQn−1f , tìte èpetai
pwc:

E[f(Xk+n)|Fk] = E[E[f(Xk+n)|Fk+n−1]|Fk] = E[Qf(Xk+n−1)]|Fk]

= E[E[Qf(Xk+n−1)|Fk+n−2)|Fk] = E[Q2f(Xk+n−2)|Fk]

= ... = E[Qnf(Xk)|Fk] = Qnf(Xk).
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4. Sthn perÐptwsh ìpou o X eÐnai arijm simoc, tìte oi 3.1.30, 3.1.31 gÐnontai:

E[f(X0, ...Xk)] =
∑

x0,...xn∈X

f(x0, ...xk)µ(x0)Q(x0, x1)...Q(xk−1, xk).

kai
P(Xj ∈ Bj, 0 ≤ j ≤ n) =

∑
x0∈B0,...,xn∈Bn

µ(x0)Q(x0, x1)...Q(xn−1, xn).

6. Epiplèon, an sth 3.1.31 epilèxoume Bi = xi gia k�poiouc deÐktec kai Aj = X
gia touc upìloipouc, gia l1, ..., lk ∈ N ja eÐnai:

P(X0 = x0, Xl1 = x1, ..., Xl1+...+lk = xk) = µ(x0)Ql1(x0, x1)...Qlk(xk−1, xk).

Opìte gia k�je (x0:n) ∈ X (n+1) tètoia ¸ste P(X0:n = x0:n) > 0 eÐnai:

P(Xn+1:n+k = xn+1:n+k|X0:n = x0:n) = Q(xn, xn+1)...Q(xn+k−1, xn+k)

kai
P(Xn+k = y|X0:n = x0:n) = Qk(xn, y)

H peperasmènhc di�stashc katanom  thc m.a. èstw (Rn)n≥0 (dhlad  Rn = P(Xj ∈
Bj, 0 ≤ j ≤ n)) ikanopoieÐ thn idiìthta sunèpeiac: Rn(B) = Rn+1(A × X ) (ìpou X
o q¸roc katast�sewn). Tìte, up�rqei monadikì mètro pijanìthtac, R∞, gia thn
akoloujÐa X0, X1, ... tètoio ¸ste to R∞ sumfwneÐ me tic peperasmènhc di�stashc
katanomèc. Dhlad , an B k�poio metr simo sÔnolo ston X n, kai

B = {(x1, x2, ...) ∈ X∞ : (x1, ..., xn) ∈ B}, (3.1.32)

tìte Rn(B) = R∞(B).
Autì èpetai apì to Je¸rhma 3 tou kefalaÐou 22 sto Fristedt and Gray (1997).

Upoqrewtik  anafor� sto mètro autì gÐnetai mìno se oriak� jewr mata ìpwc ston i-
squrì nìmo twn meg�lwn arijm¸n (NMA) sÔmfwna me ton opoÐo, h akoloujÐa (Xn)n≥0

èqei thn idiìthta : n−1
∑n

k=1Xk → µ me pijanìthta 1. H pijanìthta ed¸ anafère-
tai sto R∞ kaj¸c afor� pijanìthtec se q¸ro �peirhc di�stashc. Tic perissìterec
forèc wstìso, douleÔoume me tic katanomèc peperasmènhc di�stashc. To Kentrikì
Oriakì Je¸rhma gia par�deigma afor� mìno tic katanomèc peperasmènhc di�stashc.

H ap�nthsh sto (2) dÐnetai me to epìmeno Je¸rhma sto opoÐo eis�getai kai ènac
sumbolismìc pou ja uiojet soume sthn paroÔsa ergasÐa.

Je¸rhma 3.2 'Estw (X ,X ) metr simoc q¸roc kai µ mètro pijanìthtac se autìn,
kai Q pur nac ston (X,X ). Up�rqei monadikì mètro pijanìthtac ston (XN,X ⊗N),
to opoÐo sumbolÐzetai me Pµ, tètoio ¸ste h diadikasÐa {Xn : n ≥ 0} eÐnai M.A (wc
proc th fusik  di jhsh) me arqik  katanom  to µ kai pur na to Q

Sumbolismìc: Gia x ∈ X me Px sumbolÐzoume to Pδx , ìpou δx to mètro Dirac sto
x : δx(A) = 1{x∈A}. Apì thn 3.1.3, gia A = {X0 ∈ B0, X1 ∈ B1, ..., Xn ∈ Bn} eÐnai:

Pµ(A) =

∫
µ(dx)Px(A) (3.1.33)

29



Eisagwg 

H parap�nw sqèsh isqÔei gia opoiod pote A ∈ F .

Pl rhc apìdeixh up�rqei sta:

Par�deigma 'Estw Zn mÐa diadikasÐa Galton-Watson me arqik  katanom  Z0 ∼ δi.

Tìte, Pi(Zn = j) = P(Zn = j|Z0 = i) = P(ξ
(1)
n−1 + ... + ξ

(i)
n−1) = µ∗i(j), ìpou m h

katanom  twn a.i.t.m. ξ
(r)
n , dhlad  µ(j) = P(ξ

(r)
n = j), kai me µ∗i(j) sumbolÐzoume

thn i-ost  sunèlixh tou µ me ton eautì tou, upologismènh sto shmeÐo j. Epeid 
P1(Zn = j) = µ(j), blèpoume ìti Q(i, j) = Q(1, j)∗i gia k�je j ≥ 0. Autì meta-
fr�zetai sto ìti mÐa diadikasÐa GW me i apogìnouc eÐnai to �jroisma i anex�rthtwn
diadikasi¸n GW me ènan apìgono. To teleutaÐo gegonìc eÐnai qr simo diìti, gia th
genikìterh melèth thc diadikasÐac GW mac epitrèpei na upojètoume, qwrÐc bl�bh thc
genikìthtac, ìti Z0 = 1.

Perissìtera stoiqeÐa sqetik� me th jewrhtik  jemelÐwsh twn m.a. genikoÔ q¸rou
up�rqoun sta [30] kai [17]. Ja kleÐsoume thn enìthta aut  me ton parak�tw orismì.

Orismìc 3.6 (Mh-Omogen c Markobian  AlusÐda). 'Estw (Ω,F , (Fn)n≥0,P)
q¸roc pijanìthtac me fÐltro kai {Qn}n≥0 oikogèneia Markobian¸n pur nwn ston
(X,X ). MÐa stoqastik  diadikasÐa {Xn, n ≥ 0} me timèc ston (X,X ) lègetai (mh-
omogen c) Markobian  alusÐda k�tw apì to P, wc proc th di jhsh (Fn)n≥0 kai me
pur nec touc {Qn}, an:

(i) eÐnai proosarmosmènh sthn(Fn)n≥0,

kai gia k�je n ≥ 0 kai A ∈X isqÔei:

(ii)P(Xn+1 ∈ A|Fn) = Qn(Xn, A) (3.1.34)

An µ h katanom  thcX0 (arqik  katanom ) tìte h katanom  thcXn eÐnai: µQ0:n−1,
ìpou Qi:j = QiQi+1...Qj gia i ≤ j.
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3.2 Asumptwtik  JewrÐa M.A.

3.2.1 St�simo mètro

'Opwc èqei tonisteÐ, h basikìterh di�krish gia tic m.a. diakritoÔ qrìnou, ìson a-
for� to plaÐsio thc jewrÐac, gÐnetai me b�sh to q¸ro katast�sewn, se arijm simo
kai genikì. Prin xekin soume thn parousÐash thc asumptwtik c jewrÐac gia geniko-
Ôc q¸rouc, anafèroume ta basikìtera asumptwtik� apotelèsmata se arijm simouc
q¸rouc ¸ste na eÐnai efikt  se k�poio bajmì mÐa sÔndesh me ta antÐstoiqa apote-
lèsmata se genikoÔc q¸rouc.

H jewrÐa twn markobian¸n alusÐdwn diakritoÔ qrìnou kai q¸rou katast�sewn
epikentr¸netai sthn asumptwtik  sumperifor� thc (Qn(x, y))n≥0. Ta basikìtera
apotelèsmata aforoÔn thn Ôparxh tou orÐou:

lim
n→∞

1

n

n∑
k=1

Qk(x, y), up�rqei p�nta (gia k�je x, y ∈ X ), (3.2.1)

kai k�tw apì mÐa sqetik� asjen  sunj kh pou onom�zetai aperiodikìthta:

To lim
n→∞

Qn(x, y) up�rqei (3.2.2)

Akìmh, se orismènec bolikèc peript¸seic, ìtan h (Xn)n≥0 eÐnai adiaq¸risth kai
jetik� epanalhptik  ta pr¸to apì ta parap�nw ìria eÐnai sun�rthsh pijanìthtac
(gia stajerì x) kai m�lista anex�rthth thc arqik c kat�stashc x. Sugkekrimèna,
se aut  thn perÐptwsh: limn→∞

1
n

∑n
k=1 Q

k(x, y) = πy gia k�je x ∈ X , ìpou pro-
kÔptei ìti to di�nusma (πy)y∈X eÐnai to monadikì (st�simo) di�nusma pijanot twn
(
∑
πy = 1) kai to opoÐo prokÔptei wc h (monadik ) lÔsh tou grammikoÔ sust matoc:

πy =
∑

x∈X πxQ(x, y). EpÐshc eÐnai πy > 0 gia k�je y ∈ X . Sthn perÐptwsh pou
èqoume kai thn aperiodikìthta, ta ìria (3.2.1) kai (3.2.2) tautÐzontai.

AxÐzei na tonisjeÐ ìti ènac apì touc basikìteroc lìgoc pou esti�zetai tìso me-
g�lo endiafèron gia tic m.a. eÐnai pwc oi parap�nw upojèseic eÐnai eÔkola epalhje-
Ôsimec kai genikìtera ikanopoioÔntai se polÔ meg�lo eÔroc efarmog¸n.

'Opwc faÐnetai apì ta parap�nw, sthn perÐptwsh twn M.A. me arijm simo q¸ro
katast�sewn, to st�simo mètro èqei to spoudaiìtero rìlo kai m�lista, o trìpoc
upologismoÔ tou eÐnai dÔskoloc mìno ìtan to parap�nw sÔsthma eÐnai dÔskolo, al-
l� akìma kai tìte up�rqoun sth majhmatik  bibliografÐa pollèc arijmhtikèc kai
algorijmikèc teqnikèc gia thn epÐlush tou. 'Otan h M.A. paÐrnei timèc se geniko-
Ôc (uperarijm simouc en gènei) q¸rouc, h kat�stash eÐnai arket� diaforetik . To
st�simo mètro exakoloujeÐ na èqei kentrikì rìlo, wstìso, aux�nei shmantik� h du-
skolÐa epal jeushc twn sunjhk¸n pou apaitoÔntai gia thn Ôparxh tou. Akìma kai
stic peript¸seic pou eÐnai epalhjeÔsimec, o upologismìc tou st�simou mètrou, ektìc
tetrimmènwn peript¸sewn, eÐnai dÔskoloc.

Arqik� ja anafèroume poia diadikasÐa kaleÐtai st�simh kai sth sunèqeia ja pe-
r�soume ston orismì kai tic idiìthtec tou st�simou mètrou gia m.a. se genikì q¸ro.
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Prin ft�soume sta oriak� apotelèsmata, ja gÐnei h perigraf  tw basik¸n qara-
kthristik¸n miac m.a. se genikì q¸ro. Ousiastik� ja doÔme pwc metafèrontai oi
(gnwstèc) ènnoiec thc aperiodikìthtac, epanalhptikìthtac k.a. sthn perÐptwsh me-
tr simou q¸rou katast�sewn.

Orismìc 3.7 (St�simh Stoqastik  diadikasÐa). MÐa stoqastik  diadikasÐa X =(
Ω,F , (Fn)n≥0, (Xn)n≥0,P

)
lègetai st�simh (upì to P) an oi peperasmènhc di�stashc

katanomèc thc eÐnai analloÐwtec wc proc th metafor�. Dhlad , an gia k�je k, n ≥ 1
kai ìla ta n1, ...nk, h katanom  tou tuqaÐou dianÔsmatoc (Xn1+n, ..., Xnk+n) den e-
xart�tai apì to n, dhlad  ta tuqaÐa dianÔsmata (Xn1+n, ..., Xnk+n) kai (Xn1 , ..., Xnk)
eÐnai isìnoma.

DÔo tuqaÐec metablhtèc mporoÔn na eÐnai anex�rthtec me mìno ènan trìpo. W-
stìso, polloÐ eÐnai oi trìpoi pou mporeÐ autèc na eÐnai exarthmènec. H stasimìthta
eÐnai mÐa idiìthta pou mac epitrèpei na qeiristoÔme th dom  thc ex�rthshc. To shmanti-
kìtero eÐnai pwc poll� apì ta spoudaÐa apotelèsmata pou èqoume gia anex�rthtec t.m.
(Nìmoi Meg�lwn arijm¸n, Kentrik� Oriak� Jewr mata, klp) isqÔoun gia st�simec
stoqastikèc diadikasÐec. Pio sugkekrimèna, to an�logo tou isquroÔ nìmou meg�lwn
arijm¸n, eÐnai to ergodikì Je¸rhma tou Birkhoff, sÔmfwna me to opoÐo an h (Xn)
eÐnai st�simh stoqastik  diadikasÐa, kai h X1 èqei mèsh tim  (�ra kai ìlec, lìgw thc
stasimìthtac), tìte Xn

a.s.→ Y , ìpou h Y eÐnai mÐa t.m. tètoia ¸ste E(X1) = E(Y ).

Eidik� sthn perÐptwsh twn qronik� omogen¸n m.a., o qarakthrismìc thc st�simhc
stoqastik c diadikasÐac aplousteÔetai shmantik� epeid  opoiad pote poludi�stath
katanom  ekfr�zetai mèsw thc arqik c katanom c kai tou pur na. Sugkekrimèna:

Orismìc 3.8 (st�simh m.a.). MÐa m.a. lègetai st�simh, ann h arqik  thc katanom 
µ kai o pur nac Q ikanopoioÔn thn (exÐswsh olik c isorropÐac):

µQ = µ

Gia ìsa akoloujoÔn ja jewroÔme thn m.a. X me timèc ston metr simo q¸ro
(X ,X , ν). DÐnoume arqik� ton orismì tou genikìterou st�simou mètrou (ìqi apara-
Ðthta katanom ).

Orismìc 3.9 (st�simo mètro). Opoiod pote mètro π ikanopoieÐ thn:

πQ = π (3.2.3)

lègetai st�simo mètro (  st�simh katanom  ìtan to π eÐnai mètro pijanìthtac) gia th
m.a. pou èqei pur na ton Q.

Parathr seic

1. H teleutaÐa exÐswsh eÐnai diatupwmènh gia thn perÐptwsh pou èqoume genikì
q¸ro katast�sewn thc m.a.. DiakrÐnontac stic dÔo basikèc peript¸seic, h πQ =
π gr�fetai wc: ∑

x∈X

π(x)Q(x, y) = π(y), (3.2.4)

32



Asumptwtik  JewrÐa M.A.

ìtan o X eÐnai diakritìc (ta (Q(x, y))x,y∈X antiproswpeÔoun ton pÐnaka pija-
not twn met�bashc 1hc t�xhc ìtan èqoume m.a.), kai∫

X

π(dx)Q(x, dy) = π(dy), gia opoiod pote y ∈ X , (3.2.5)

gia genikì q¸ro X . 'Otan X ⊂ Rd kai up�rqei puknìthta (p�li sumbolÐzetai
me π) tìte h teleutaÐa exÐswsh gr�fetai:∫

X

Q(x,A)π(x)dx = π(A).

H sun�rthsh π lègetai kai st�simh puknìthta (stationary or invariant density)
  sun�rthsh isorropÐac.

2. EpÐshc, h exÐswsh 3.2.3 lègetai kai exÐswsh olik c isorropoÐac (Balance equa-
tion) kai lèei ìti: Pπ(X1 ∈ A) = π(A). Opìte, gia mÐa m.a., qrhsimopoi¸ntac
th markobian  idiìthta, èpetai: Pπ(Xn ∈ A) = π(A) gia k�je n ≥ 1.

Pr�gmati,

Pπ(Xn ∈ A) =

∫
π(ds0)

∫
Q(s0, ds1)...

∫
Q(sn−2, dsn−1)Q(sn−1, A)

=

∫ ∫
..
(∫

Q(s0, ds1)π(ds0)
)
Q(s1, ds2)...Q(sn−2, dsn−1)Q(sn−1, A)

=

∫ ∫
...
(∫

Q(s1, ds2)π(ds1)
)
...Q(sn−2, dsn−1)Q(sn−1, A)

= ... =

∫
π(dsn−1)Q(sn−1, A) = π(A).

Stic parap�nw isìthtec efarmìzoume diadoqik� thn (3.2.5).

3. Oi exis¸seic An to π den eÐnai mètro pijanìthtac all� k�poio peperasmèno
mètro, tìte diair¸ntac me π(X) paÐrnoume mÐa st�simh katanom .

3 Me apl� lìgia, gia thn perÐptwsh arijm simou q.k., h katanom  (µ)x∈X lègetai
st�simh gia thn m.a. Xn an isqÔei oti: an h X0 èqei katanom  π tìte kai h Xn

èqei katanom  π, gia k�je n ≥ 1.

EpÐshc, mÐa endiafèrousa qarakthristik  idiìthta eÐnai ìti mporeÐ mÐa adiaq¸ri-
sth m.a. na gÐnei st�simh, upologÐzontac th st�simh katanom  kai sth sunèqeia,
jewr¸ntac to wc arqik  katanom . 'Opwc faÐnetai apì thn parap�nw, sthn pe-
rÐptwsh arijm simou q.k., h parap�nw exÐswsh an�getai se èna mh omogenèc
grammikì sÔsthma (eidik c morf c: Ax = x, ìpou A = Qt, x = πt) me peris-
sìterec exis¸seic apì agn¸stouc(kaj¸c apaitoÔme katanom : dhlad  to x na
ajroÐzei sth mon�da). Arketèc forèc, o upologismìc autìc eÐnai polÔ aplìc
(epÐlush enìc aploÔ grammikoÔ sust matoc pou mporeÐ na gÐnei kai me to qèri).
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3.2.2 Basik� qarakthristik�-ènnoiec M.A.

Prin p�me se zht mata Ôparxhc st�simhc katanom c kai genikìtera zht mata sÔgkli-
shc ja qreiastoÔme tic ènnoiec thc epanalhptikìthtac, thc epikoinwnÐac, thc diaqw-
risimìthtac, kai thc aperiodikìthtac miac m.a.   pio swst�, ta an�loga twn ennoi¸n
aut¸n sthn perÐptwsh genikoÔ q¸rou, kaj¸c oi ènnoiec autèc èqoun orisjeÐ gia a-
rijm simo q¸ro. Se aut  thn enìthta parousi�zontai oi ènnoiec autèc ìpwc epÐshc
kai h ènnoia thc antistreyimìthtac. Prokeimènou na gÐnei autì, ja qreiastoÔme ta
parak�tw basik� ergaleÐa:

Gia èna sÔnolo A ∈ X , orÐzetai o qrìnoc pr¸thc eisìdou σA kai o qrìnoc
epanìdou τA wc:

σA = inf{n ≥ 0 : Xn ∈ A} (3.2.6)

τA = inf{n ≥ 1 : Xn ∈ A}, (3.2.7)

me th sÔmbash inf ∅ = +∞. Jètontac τ 0
A = 0 kai gia k ≥ 1 orÐzetai o k-ostìc qrìnoc

epanìdou:
τ kA = inf{n > τ k−1

A : Xn ∈ A}

Profan¸c, τ 1
A = τA.

Tèloc, orÐzetai o qrìnoc paramon c (  sunolikì pl joc metab�sewn) sto A:

ηA =
∞∑
k=1

1Xn∈A.

Se ìsa akoloujoÔn, all� kai genikìtera sthn an�ptuxh thc jewrÐac, oi posìth-
tec Px(τA <∞), Ex[ηA] èqoun shmantik  jèsh kai antiproswpeÔoun to mèso pl joc
metab�sewn sto A kai thn pijanìthta epistrof c sto A se peperasmèno pl joc
bhm�twn. Oi parap�nw orismoÐ kalÔptoun kai thn perÐptwsh arijm simwn q¸rwn e-
pilègontac wc A k�poio monosÔnolo {y}.

Sthn perÐptwsh aut , lème epÐshc, ìti dÔo katast�seic, x, y ∈ X ,ìqi apara-
Ðthta diaforetikèc, epikoinwnoÔn, an up�rqoun n1, n2 ≥ 0 ¸ste Qn1(x, y) > 0 kai
Qn2(y, x) > 0   isodÔnama, an Px(τy <∞) > 0. (ìpou Q0(x, ·) = δx, gia k�je x ∈ X .
Tìte, gr�foume x ↔ y. H sqèsh epikoinwnÐac apodeiknÔetai pwc eÐnai mÐa sqèsh
isodunamÐac.

Tèloc, orÐzetai to sÔnolo (  kl�sh) epikoinwnÐac C ⊂ X wc to sÔnolo me thn
idiìthta:

(i) x ∈ C, y ∈ C =⇒ x↔ y

(ii) x ∈ C, x↔ y =⇒ y ∈ C

Dhlad  to C eÐnai to mègisto sÔnolo (apì idiìthta (ii)) katast�sewn pou epikoinw-
noÔn (dhlad  den mporeÐ na up�rxei gn sio uposÔnolo miac kl�shc epikoinwnÐac pou
na eÐnai kl�sh epikoinwnÐac). MporoÔme na parathr soume pwc epitrèpontai oi meta-
b�seic apì k�poia kat�stash i sto C se k�poia kat�stash j èxw apì to C, dhlad 
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mporoÔme na èqoume i ∈ C, j /∈ C, i → j. Wstìso, sthn perÐptwsh aut , j 9 i.
EpÐshc, eÐnai dunatìn na èqoume i /∈ C, j ∈ C, i→ j, all� p�li ja eÐnai anagkastik�
j 9 i. An ster soume thn pr¸th apì tic 2 autèc dunatìthtec, tìte èqoume ton
akìloujo orismì: To C lègetai kleistì (gia ton pur na Q), ìtan h èxodoc apì autì
eÐnai adÔnath, dhlad  an x ∈ C, y /∈ C =⇒ Qn(x, y) = 0 gia k�je n   isodÔnama, an
Q(x,Cc) = 0 gia k�je x ∈ C.

'Etsi, mÐa m.a. an brejeÐ se èna kleistì C, pagideÔetai se autì. MporeÐ epÐshc na
deiqjeÐ ìti o (arijm simoc) q¸roc katast�sewn, diamerÐzetai monadik� wc ex c:

X = ∪i∈ICi ∪ T,

ìpou to I eÐnai èna arijm simo (sun jwc peperasmèno) sÔnolo deikt¸n, ta Ci eÐnai
kleist� sÔnola epikoinwnÐac kai to T eÐnai h ènwsh ìlwn twn �llwn (mh kleist¸n)
sunìlwn epikoinwnÐac). Ta sÔnola epikoinwnÐac èqoun polÔ shmantikì rìlo sthn
an�ptuxh thc jewrÐac kai to basikì qarakthristikì eÐnai pwc ta mèlh enìc kleistoÔ
sunìlou moir�zontai tic Ðdiec idiìthtec ìpwc ja tonisteÐ sth sunèqeia.

Gia alusÐdec se genikoÔc q¸rouc, to an�logo (wc k�poio bajmì) twn sunìlwn
epikoinwnÐac eÐnai ta prosb�sima (  prosit�) sÔnola. 'Ena sÔnolo A ∈ X lègetai
prositì apì to x (prositì gia ton pur na Q , an Px(τA <∞) > 0 (gia k�je x ∈ X ).
Poll� apotelèsmata sqetik� me th dom  miac M.A. se genikoÔc q¸rouc (all� kai
gia arijm simouc q¸rouc), mporoÔn na anadeiqjoÔn qrhsimopoi¸ntac sÔnola epikoi-
nwnÐac. (pq sta:...).

H klasik  ènnoia thc mh-diaqwrisimìthtac (irredicibility) eÐnai pwc mÐa alusÐda
èqei jetik  pijanìthta na episkefteÐ, telik�, opoiad pote kat�stash, apì opoia-
d pote kat�stash. An o q¸roc katast�sewn X, eÐnai uperarijm simoc, tìte autì
eÐnai adÔnaton. Ant' autoÔ loipìn, apaitoÔme mÐa asjenèsterh sunj kh, aut  thc
φ-diaqwrisimìthtac (φ-irreducible):

Orismìc 3.10 (Adiaq¸risth m.a.) 'Estw mÐa m.a. me timèc ston X . H alusÐda
lègetai φ-adiaq¸risth, an up�rqei k�poio σ-peperasmèno mètro φ ston X , tètoio
¸ste gia opoiod pote A ∈X me φ(A) > 0, kai gia k�je x ∈ X, up�rqei ènac jetikìc
akèraioc n = n(x,A), ¸ste Qn(x,A) > 0   isodÔnama, Px(τA <∞) > 0. 'Ena tètoio
mètro lègetai adiaq¸risto (  an�gwgo) mètro gia ton Q.

'Enac isodÔnamoc orismìc sthn perÐptwsh m.a. me arijm simo q.k. pou sundèetai
me thn ènnoia tou kleistoÔ sunìlou pou orÐsthke sta prohgoÔmena eÐnai kai o ex c:
MÐa m.a. eÐnai adiaq¸risth ann ìlec oi katast�seic epikoinwnoÔn (ann kanèna gn sio
uposÔnolo tou q.k. den eÐnai kleistì). Tupik�, autì mporeÐ na exakribwjeÐ elègqon-
tac an gia k�je x, y ∈ X isqÔei Px(τy <∞) > 0.

ParadeÐgmata

1. An mÐa m.a. eÐnai δx∗-adiaq¸risth, tìte to x∗ eÐnai prositì apì opoiad pote
kat�stash. Tìte, an mÐa alusÐda èqei mÐa kat�stash pou eÐnai prosit  apì
k�je �llh, ja eÐnai φ-adiaq¸risth. Wstìso, an o X eÐnai uperarijm simoc, tìte
Q(x, y) = 0 gia k�je x, y kai epomènwc to parap�nw mètro den mac kalÔptei.
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2. (GWP) EÐnai eÔkolo na diapist¸soume pwc h diadikasÐa Galton-Watson den
eÐnai adiaq¸risth. Sugkekrimèna, an gia k�poio n prokÔyei ìti Zn = 0, tìte
ja eÐnai Zm = 0 gia k�je m ≥ n. Autì eÐnai �meso diìti h Zn antiprosw-
peÔei ton energì(en zw ) plhjusmì sth n-ost  geni�. An den up�rqei kanèna
�tomo se aut , den ja up�rqei kai stic epìmenec. Opìte h kat�stash 0 eÐnai
kleistì sÔnolo kai m�lista kai eÐnai kai to monadikì (lègetai kai kat�stash
aporrìfhshc). 'Etsi, ìlec oi upìloipec katast�seic eÐnai metabatikèc.

3. (Montèlo(AR(1)) 'Otan Xn+1 = θXn + εn+1 kai ta (εn)n≥0 eÐnai anex�rthtec
kentropoihmènec kanonikèc t.m., h alusÐda eÐnai adiaq¸risth wc proc to mètro
Lebesgue. Sugkekrimèna, gia opoiod pote A tètoio ¸ste λ(A) > 0 kai gia k�je
x ∈ R isqÔei Q(x,A) > 0 (afoÔ Q(x, ·) h katanom  thc N (θx, σ2)).

Wstìso, an εn ∼ U(−1, 1) kai |θ| > 1, tìte h alusÐda den eÐnai adiaq¸risth:

Gia par�deigma, ìtan θ > 1, ja eÐnai Xn+1 −Xn = θXn −Xn + εn+1 ≥ Xn(θ −
1) − 1 ≥ 0 ìtan Xn ≥ 1/(θ − 1), kai tìte alusÐda eÐnai aÔxousa. Opìte den
mporeÐ na epistrèyei se prohgoÔmenec katast�seic.

SuneqÐzoume me thn ènnoia thc epanalhptikìthtac gia mÐa alusÐda se arijm simo
q.k.:

Orismìc 3.11 (Epanalhptikìthta) MÐa kat�stash y lègetai epanalhptik  an Py(τy <
∞) = 1   an Ex[ηx] = ∞( =⇒ Px(ηx = ∞) = 1, diaforetik� lègetai metabatik .
MÐa m.a. lègetai epanalhptik , an k�je kat�stash eÐnai epanalhptik .

An h kat�stash y eÐnai epanalhptik , tìte Py(τ ky < ∞) = 1 gia k�je k, kai
�ra Py(Xn = y i.o.) = 1. Akìmh, mÐa epanalhptik  kat�stash y, lègetai jetik�
epanalhptik  an: Ex[τx <∞] <∞. Diaforetik� lègetai mhdenik .

SÔmfwna loipìn me ton parap�nw orismì, mÐa kat�stash lègetai epanalhptik ,
an anaqwr¸ntac apì aut , (me pijanìthta 1) h alusÐda ja epistrèyei se aut . Qrh-
simopoi¸ntac thn parak�tw diapÐstwsh, eÐnai �meso pwc tìte ja epistrèyei sthn
kat�stash aut  �peirec forèc dikaiolog¸ntac ètsi to Py(Xn = y i.o.) = 1

H qronik  omogèneia se sunduasmì me thn isqur  markobian  idiìthta (par�rth-
ma) mac odhgoÔn sthn ex c shmantik  diapÐstwsh:

Parat rhsh Me k�je epÐskeyh sthn kat�stash y, h m.a. mporeÐ na jewrhjeÐ
ìti anane¸netai (dhlad  ìti xekin� apì thn arq ). Apì to gegonìc autì gÐnetai an-
tilhptì oi m.a. sundèontai me tic ananewtikèc diadikasÐec (cite).

H epanalhptikìthta sundèetai fusik� kai me th dom  tou q.k. Gia par�deigma,
an o q.k. eÐnai peperasmènoc kai adiaq¸ristoc tìte ìlec oi katast�seic eÐnai epa-
nalhptikèc. M�lista, apodeiknÔetai pwc se aut  thn perÐptwsh eÐnai ìlec jetik�
epanalhptikèc. An af soume thn upìjesh pwc h m.a. eÐnai adiaq¸risth, tìte eÐnai
diaisjhtik� �meso pwc eÐnai adÔnato na eÐnai ìlec oi katast�seic metabatikèc.

Oi apodeÐxeic gia touc parap�nw isqurismoÔc basÐzontai sthn ènnoia thc epikoi-
nwnÐac. Sugkekrimèna, afoÔ h epikoinwnÐa, wc dimel c sqèsh, eÐnai kai sqèsh iso-
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dunamÐac, èpetai pwc an 2 katast�seic epikoinwnoÔn tìte eÐnai tou Ðdiou tÔpou (pq
kai oi 2 epanalhptikèc klp.). Opìte, ta kleist� sÔnola (: ìlec oi katast�seic pou
an koun se aut� epikoinwnoÔn) ja èqoun p�nta mÐa epanalhptik  kat�stash kai mÐa
m.a. an perioristeÐ se k�poio kleistì sÔnolo, mporeÐ na jewrhjeÐ adiaq¸risth(afoÔ
ja parameÐnei se autì.

EpÐshc, eÐnai �meso pwc an C èna kleistì sÔnolo katast�sewn, kai k�poia kat�stash
sto C eÐnai prosit  apì mÐa �llh kat�stash y, kat�stash pou den brÐsketai sto C,
tìte h y eÐnai metabatik .

Me ta parap�nw, to epìmeno apotèlesma faÐnetai entel¸c fusiologikì:

Prìtash 3.1. MÐa adiaq¸risth m.a. eÐnai eÐte epanalhptik  eÐte metabatik .

Fusik� to teleutaÐo proôpojètei pwc o q.k. eÐnai �peiroc. EpÐshc, h sunj kh thc
jetik c epanalhptikìthtac sundèetai �mesa me thn Ôparxh st�simhc katanom c ìpwc
faÐnetai sto parak�tw Je¸rhma:

Je¸rhma 3.3 'Estw mÐa adiaq¸risth m.a. me arijm simo q¸ro katast�sewn, tìte
eÐnai jetik� epanalhptik  ann to sÔsthma :∑

x∈X

πxQ(x, y) = πy∑
x∈X

πx = 1.

èqei monadik  lÔsh. Se katafatik  perÐptwsh, h lÔsh aut  eÐnai mh arnhtik  kai eÐnai
h st�simh katanom .

Ti gÐnetai ìmwc sthn perÐptwsh genikoÔ q¸rou katast�sewn;

Fusik� oi ènnoiec autèc den mporoÔn na per�soun �mesa gia thn perÐptwsh geni-
koÔ q¸rou afoÔ h pijanìthta h alusÐda na episkefteÐ mÐa sugkekrimènh kat�stash
eÐnai p�nta 0. Wstìso, oi ènnoiec autèc pern�ne sta sÔnola. Sugkekrimèna èqoume
ton parak�tw orismì:

Orismìc 3.12 'Ena sÔnolo lègetai epanalhptikì an Ex[ηA] =∞ gia k�je x ∈ A.
To sÔnolo A lègetai omoiìmorfa metabatikì an up�rqei stajer�M ¸ste Ex[ηA] < M
gia k�je x ∈ A. To A lègetai metabatikì an up�rqei k�luyh tou X apì omoiìmorfa
metabatik� sÔnola.

H alusÐda lègetai epanalhptik  an eÐnai φ-adiaq¸risth kai gia k�je A ∈ X me
φ(A) > 0, isqÔei Ex[ηA] =∞ gia k�je x ∈ A. Tèloc, mÐa φ-adiaq¸risth m.a. lègetai
jetik  an èqei k�poio st�simo mètro, diaforetik� lègetai mhdenik .

MÐa pio isqur  ènnoia epanalhptikìthtac eÐnai h Harris-epanalhptikìthta. H ei-
sagwg  thc ènnoiac aut c ègine apì ton Harris (1956).
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Orismìc 3.13 (Harris-epanalhptikìthta). 'Ena sÔnolo A ∈ X lègetai Harris-
epanalhptikì an Px(τA <∞) = 1 gia k�je x ∈ X. MÐa φ-adiaq¸risth M.A. lègetai
Harris (epanalhptik ) an k�je prositì sÔnolo eÐnai Harris-epanalhptikì.

Par�deigma (Montèlo(AR(1)) EÐnai Q(xn, ·) ≡ N (θxn, σ
2) kai mÐa kanonik  ka-

tanom  N (µ, τ 2) eÐnai st�simh gia to AR(1) mìno sthn perÐptwsh pou:

µ = θµ kai τ 2 = τ 2θ2 + σ2.

Dhlad , ìtan µ = 0 kai τ 2 = σ2/(1 − θ2). H teleutaÐa, eÐnai lÔsh thc pio p�nw
deuterob�jmiac exÐswshc ìtan |θ| < 1. Sthn perÐptwsh aut , h alusÐda AR(1) èqei
st�simh katanom  thn N (0, σ2/(1− θ2)).
Mènei na perigr�youme kai thn ènnoia thc aperiodikìthtac miac alusÐdac. Sugke-

krimèna, o pio aplì orismìc gia thn aperiodikìthta miac m.a. se arijm simo q¸ro
katast�sewn eÐnai pwc mÐa kat�stash x eÐnai aperiodik , an Qn(x, x) > 0 gia oso-
d pote meg�lo n,   isodÔnama, h perÐodoc miac kat�stashc eÐnai Ðsh me th mon�da.
H perÐodoc thc kat�stashc x orÐzetai wc mègistoc koinìc diairèthc tou sunìlou:
{n > 0 : Qn(x, x) > 0. Profan¸c o parap�nw orismìc den mporeÐ na per�sei sth
morf  aut , se genikoÔc q¸rouc katast�sewn. To an�logo eÐnai to ex c:

Orismìc 3.14 (Aperiodikìthta). MÐa φ-adiaq¸risth M.A. lègetai aperiodik , an
up�rqei diamèrish: X = A0 ∪ ... ∪ An−1 ∪ An se n + 1 ≥ 3 xèna sÔnola A0, ..., An
tètoia ¸ste φ(An) > 0 kai:

x ∈ A0 =⇒ Q(x,A1) = 1, x ∈ A1 =⇒ Q(x,A2) = 1, ...,

x ∈ An−2 =⇒ Q(x,An−1) = 1, x ∈ An−1 =⇒ Q(x,A0) = 1

Diaforetik�, h alusÐda lègetai aperiodik .
KleÐnoume thn enìthta aut  me mÐa akìma basik  ènnoia twn M.A., aut  thc anti-

streyimìthtac:
Orismìc 3.15 MÐa M.A. me timèc ston X, lègetai antistrèyimh wc proc th s.
katanom c π ston X an:

π(dx)Q(x, dy) = π(dy)Q(y, dx), gia k�jex, y ∈ X (3.2.8)

MÐa polÔ basik  idiìthta twn antistrèyimwn alusÐdwn eÐnai:∫
x∈X

π(dx)Q(x, dy) =

∫
x∈X

π(dy)Q(y, dx) = π(dy)

∫
x∈X

Q(y, dx) = π(dy).

Orismìc 3.16. MÐa m.a. me pur na Q kai timèc ston X ikanopoieÐ tic exis¸seic
leptomeroÔc isorropÐac (Detailed Balance equations) an up�rqei k�poia sun�rthsh
f tètoia ¸ste, gia k�je x, y ∈ X

f(x)Q(x, y) = f(y)Q(y, x). (3.2.9)

Je¸rhma 3.4 'Estw mÐa m.a. me pur na Q kai timèc ston X pou ikanopoieÐ tic
exis¸seic leptomeroÔc isorropÐac me thn puknìthta f . Tìte:

38



Asumptwtik  JewrÐa M.A.

(i) H puknìthta f eÐnai st�simh puknìthta. (ii) H alusÐda eÐnai antistrèyimh.

Apìdeixh

Gia to (i): an A ∈X tìte∫
X

Q(y,B)f(y)dy =

∫
X

∫
B

Q(y, x)f(y)dydx

=

∫
X

∫
B

Q(x, y)f(x)dxdy =

∫
B

f(x)dx,

afoÔ
∫
X
P (x, dy) = 1.

To (ii) eÐnai �meso, kaj¸c an h f eÐnai puknìthta, oi exis¸seic isorropÐac kai h
antistreyimìthta ekfr�zoun thn Ðdia akrib¸c idiìthta. �

Par�deigma Ac upojèsoume èna dÐktuo sto opoÐo h akm  Q(x, y) ekfr�zei thn
posostì proðìntwn pou metafèrontai apì thn koruf  (pq k�poia pìlh) x sth y.
An sumbolÐsoume me f(x) to sunolikì diajèsimo proðìn thc x, tìte to f(x)Q(x, y)
ekfr�zei to sunolikì posostì proðìntwn pou ex�gei h x sthn y. Tìte h exÐswsh:

f(x)Q(x, y) = f(y)Q(y, x), gia k�je x, (3.2.10)

lèei ìlec oi exagwgèc eÐnai Ðsec me tic eisagwgèc. Dhlad  ìti up�rqei tèleia isorro-
pÐa sthn agor�. EpÐshc, autì shmaÐnei pwc an oloklhrwjeÐ ènac kÔkloc eisagwg¸n-
exagwg¸n ja up�rqei akrib¸c to Ðdio sunolikì diajèsimo proðìn se k�je pìlh. Autì
shmaÐnei pwc h f an th doÔme wc katanom , eÐnai st�simh.

3.2.3 Oriak� Jewr mata

K�poia basik� erwt mata pou ja mporoÔse na jèsei k�poioc sqetik� me thn oriak 
sumperifor� miac m.a. eÐnai ta akìlouja:

(1) H apeikìnish: n→ Xn sugklÐnei kaj¸c n→∞;

(2) H katanom  tou Xn sugklÐnei se k�poia �llh katanom  k�poia, ac poÔme X∞
kaj¸c n→∞

To kleidÐ gia tic apant seic eÐnai oi ènnoiec pou perigr�yame sthn prohgoÔmenh e-
nìthta en¸ to basikì ergaleÐo eÐnai o nìmoc twn meg�lwn arijm¸n.

Par�deigma (DiadikasÐa GW) JewroÔme thn (Zn)n≥0 ìpwc orÐsthke sta prohgo-
Ômena, me arqik  katanom : P(Z0 = 1). ProkÔptei ìti:

An P(ξ
(r)
n = 0) = p0 = 0 kai p1 < 1, tìte Zn → ∞ me pijanìthta 1. EpÐshc, an

p0 > 0, tìte P1(limZn = +∞) + P1(limZn = 0) = 1.

Xekin�me me èna klasikì apotèlesma gia adiaq¸ristec m.a. (Feller 1970) me arij-
m simo q¸ro katast�sewn:
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Je¸rhma 3.5 'Estw mÐa adiaq¸risth kai epanalhptik  m.a. se arijm simo q¸ro
X . Tìte up�rqei monadikì (mèqri mÐa pollaplasiastik  stajer�) st�simo mètro
π. Epiplèon, 0 < π(x) < ∞ gia k�je x ∈ X . Akìmh, to mètro eÐnai ajroÐsimo
(
∑
π(x) <∞) an h m.a. eÐnai jetik� epanalhptik , dhlad  up�rqei x tètoio ¸ste:

Ex[τx] <∞

Sthn perÐptwsh aut , h st�simh katanom , ìtan up�rqei dÐnetai apì thn:

πx = (Ex[τx])
−1, x ∈ X.

Apì thn parap�nw, h Ex[τx] mporeÐ na ermhneujeÐ wc to makroprìjesmo posostì tou
qrìnou pou h alusÐda xodeÔei sthn kat�stash x.

'Otan epiplèon h kat�stash x eÐnai aperiodik , tìte:

lim
n→∞

Qn(x, x) = (Ex[τx])
−1

en¸ an h x èqei perÐodo dx, tìte:

lim
n→∞

Qn(x, x) = dx(Ex[τx])
−1

Gia adiaq¸ristec, jetik� epanalhptikèc kai aperiodikèc m.a. arijm simou q¸rou
katast�sewn, to limn→∞Q

n(x, y) = πx mporeÐ na ermhneujeÐ wc:

(i) H oriak  pijanìthta h alusÐda na brejeÐ sthn kat�stash x.

(ii) To makroprìjesmo posostì tou qrìnou pou h alusÐda xodeÔei sthn kat�stash
x.

Gia periodikèc m.a., h deÔterh ermhneÐa exakoloujeÐ na isqÔei en¸ h pr¸th ìqi.
Wstìso, h π eÐnai st�simh katanom  asqètwc thc periìdou. Dhlad , an h X0 èqei
katanom  thn π tìte kai h Xn èqei katanom  thn π gia k�je n.

Gia th genik  perÐptwsh, ja qreiastoÔme ton orismì tou atom.

Wc (atom), kaloÔme èna sÔnolo to opoÐo sumbolÐzetai me a gia to opoÐo up�rqei
mètro pijanìthtac ston (X ,X ), èstw ν, tètoio ¸ste Q(a,A) = ν(A) gia k�je x ∈ a
kai gia k�je A ∈X .

Ta sÔnola aut�, sumperifèrontai ìpwc kai oi katast�seic gia m.a. se arijm simo
q¸ro. An kai to a eÐnai atom gia ton Q tìte gia opoiod pote n ≥ 1 eÐnai atom kai
gia ton Qn. Autì èqei idiaÐterh shmasÐa: an mÐa alusÐda xekin sei apì kat�stash
mèsa se k�poio a, tìte h katanom  ìlhc thc alusÐdac den exart�tai apì to arqikì
shmeÐo. O sumbolismìc, epomènwc, Ea, sthn perÐptwsh aut , èqei nìhma, kaj¸c o
pur nac eÐnai Ðdioc gia opoiod pote x ∈ a.

To an�logo loipìn tou prohgoÔmenou apotelèsmatoc eÐnai:
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Je¸rhma 3.6 'Estw mÐa φ-adiaq¸risth m.a. gia thn opoÐa up�rqei atom, èstw a.
H m.a. lègetai jetik  ann (Ea[τa])

−1 <∞. Tìte h st�simh katanom  ikanopoieÐ thn:

π(a) = (Ea[τa])
−1 (3.2.11)

Oloklhr¸nontac thn perÐptwsh arijm simou q¸rou, to basikì Je¸rhma sÔgklishc
eÐnai to akìloujo:

Je¸rhma 3.7 SÔgklishc thc M.A. 'Estw M.A. se arijm simo q¸ro katast�sewn.

1. An eÐnai adiaq¸risth kai jetik� epanalhptik  me perÐodo d > 0, tìte gia
opoiad pote x, y ∈ X :

(i). lim
n→∞

1

n

n∑
k=1

Qk(x, y) = πy,

ìpou π h st�simh katanom  (h opoÐa up�rqei, eÐnai mh mhdenik  kai monadik ). To
parap�nw ìrio se morf  pin�kwn eÐnai:

lim
n→∞

1

n
(I +Q+ ...Qn) = Π,

(ii). lim
n→∞

Qnd+k(x, y) = dπysx,y(k), k = 0, 1, ..., d− 1,

ìpou sx,y = Px(τy(modd) = k).

Eidikìtera, an eÐnai aperiodik  (d = 1) tìte:

lim
n→∞

Qn(x, y) = πy

2. An eÐnai adiaq¸risth kai metabatik , tìte ta parap�nw dÔo ìria up�rqoun kai
eÐnai Ðsa me 0 (me pijanìthta 1) gia opoiad pote x, y ∈ X . EpÐshc isqÔei pwc gia
opoiod pote, A, peperasmèno uposÔnolo tou X :

∞∑
n=0

Px(Xn ∈ A) <∞

kai ètsi, (apì Borel-Cantelli), Px(Xn ∈ A i.o.) = 0.

3. An eÐnai adiaq¸risth kai mhdenik� epanalhptik , tìte ta parap�nw dÔo ìria
up�rqoun kai eÐnai Ðsa me 0 (me pijanìthta 1) gia opoiad pote x, y ∈ X .. Wstìso,
sthn perÐptwsh aut , gia opoiod pote, A, peperasmèno uposÔnolo tou X :

∞∑
n=0

Px(Xn ∈ A) =∞

Sthn perÐptwsh genikoÔ q¸rou katast�sewn, to pr¸to basikì apotèlesma eÐnai to
Kentrikì Je¸rhma SÔgklishc m.a.:
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Je¸rhma 3.8 (Kentrikì Je¸rhma SÔgklishc markobian c alusÐdac). Gia mÐa φ-
adiaq¸risth kai aperiodik  alusÐda, ìpou π h st�simh katanom  thc, up�rqei k�poio
C ⊂ X, tètoio ¸ste Π(C) = 1 kai gia k�je x ∈ C kai A ⊂ X,

Px(Xn ∈ A)→ Π(A) kaj¸c n→∞. (3.2.12)

An epiplèon eÐnai Harris-epanalhptik , tìte mporoÔme na p�roume C = X. kai �ra an
µ h arqik  katanom , tìte:

Pµ(Xn ∈ A)→ Π(A) kaj¸c n→∞. (3.2.13)

H parap�nw sÔgklish, ìpwc èqei apodeiqjeÐ se pio prìsfatec ergasÐec Athreya et
al. (2012) [4] eÐnai kai wc proc thn Total variation distance ||.||TV ).

Diaisjhtik�, to parap�nw Je¸rhma (ìpwc kai to an�logo gia arijm simo q.k.) lèei
pwc se mÐa m.a., (xekin¸ntac apì opoud pote), h epirro  thc arqik c jèshc 'q�netai'
kaj¸c n → ∞ kai ètsi h oriak  katanom  thc alusÐdac ja eÐnai kat� prosèggish
st�simh.

Parìlo pou den parèqei k�poia plhroforÐa gia thn taqÔthta sÔgklishc sth st�si-
mh katanom , oi sunj kec eÐnai oi el�qistec dunatèc. Sugkekrimèna oi sunj kec :
Harris-epanalhptik  kai aperiodikìthta, eÐnai kai anagkaÐec ¸ste h sÔgklish thc a-
lusÐdac na isqÔei gia opoiad pote arqik  kat�stash x ∈ X. (Nummelin (1986) [24]).

EpÐshc, apì ton qarakthrismìc thc sÔgklishc kat� katanom , apì to parap�nw
Je¸rhma, mporoÔme na sun�goume thn:

|Eµ[f(Xn)− Eπ[f(X)]| → 0 kaj¸c n→∞.

gia opoiad pote fragmènh f .

H morf  aut  tou jewr matoc eÐnai idiaÐtera qr simh ìtan h st�simh katanom 
eÐnai gnwst , ìpwc stic peript¸seic twn mejìdwn MCMC pou ja parousiastoÔn sth
sunèqeia kai parèqei sunj kec eÔkola epalhjeÔsimec kai k�tw apì tic opoÐec ènac
MCMC algìrijmoc sugklÐnei sth st�simh katanom .

Eidik� stouc algorÐjmouc autoÔc, polÔ qr simo oriakì apotèlesma eÐnai h sÔg-
klish tou legìmenou ergodikoÔ mèsou:

Je¸rhma 3.9 (SÔgklish ErgodikoÔ mèsou gia m.a.). 'Estw mÐa π-adiaq¸risth
M.A. me st�simh katanom  to π. 'Estw epÐshc: f : X → R mÐa sun�rthsh gia thn
opoÐa up�rqei h mèsh tim  θ =

∫
f(x)π(x)dx. Gia opoiod pote m ≥ 0, orÐzetai o

ergodikìc mèsoc wc:

θ̂N =
1

N + 1

m+N∑
i=m

f(Xi).

Tìte, up�rqei èna sÔnolo A ⊂ X me π(A) = 1 gia k�je x ∈ A kai:

Px( lim
n→∞

θ̂N = θ) = 1
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Epiplèon, an eÐnai kai Harris-epanalhptik , tìte mporoÔme na p�roume A = X

H ektim tria θ̂N eÐnai lìgw thc diaqwrisimìthtac, sunep c gia k�je arqik  ka-
t�stash sto A en¸ h sunj kh thc Harris-epanalhptikìthtac, exasfalÐzei th sunèpeia
gia opoiad pote kat�stash. Tèloc, gia to parap�nw apotèlesma parathroÔme pwc
den apaiteÐtai h aperiodikìthta thc alusÐdac.

'Ena eÔlogo er¸thma eÐnai an h stajer� m paÐzei k�poio rìlo sto ìrio. Sthn
pr�xh, to m epilègetai wc h Burn-in / Warm up perÐodoc. EÐnai o qrìnoc pou je-
wroÔme pwc qrei�zetai mèqri h alusÐda na ft�sei se isorropÐa. Epomènwc to m ja
prèpei na eÐnai arket� meg�lo ¸ste h katanom  tou Xm na eÐnai kont� sto π.
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3.3 Krummèna Markobian� montèla (KMM)

3.3.1 Eisagwg 

An kai jemeliwt c thc markobian c jewrÐac up rxe o Andrei Markov stic arqèc tou
20-oÔ ai¸na, h jewrÐa twn krummènwn markobian¸n montèlwn (KMM) melet jhke
kurÐwc apì ton Leonard Baum (sta tèlh thc dekaetÐac tou 60), o opoÐoc anèptuxe
shmantikì mèroc thc jewrÐac mazÐ me touc Eagon, Petrie, Soules kai Weiss (Baum
and Petrie 1966, Baum and Eagon 1967, Baum, el al. 1970, Baum 1972). To ìnoma
wstìso apodÐdetai ston L.P. Neuwirth.

'Ena KMM eÐnai sthn ousÐa mÐa markobian  diadikasÐa qwrismènh se 2 mèrh. 'Ena
parathr simo kai èna mh parathr simo   krummèno pou exhgeÐ kai thn onomasÐa. EÐnai
loipìn mÐa diadikasÐa (Xn, Yn)n≥0 (pou eÐnai markobian ) gia thn opoÐa upojètoume
pwc mporoÔme na parathr soume thn (Yn)n≥0, sthn opoÐa anaferìmaste wc diadika-
sÐa parathr sewn, all� oqi th (Xn)n≥0, h opoÐa kaleÐtai diadikasÐa katast�sewn kai
eÐnai wstìso èmmesa parathr simh mèsw thc (Yn)n≥0.

H jewrÐa twn KMM eÐnai exairetik� ploÔsia wc proc ta ergaleÐa pou parèqei gia
thn epÐlush realistik¸n senarÐwn all� tautìqrona apoteleÐ èna arket� sÔnjeto ma-
jhmatikì antikeÐmeno kurÐwc lìgw thc jewrÐac pou apaiteÐ. Ston episthmonikì kl�do
genikìtera, ta KMM xeqwrÐzoun gia to polÔ meg�lo eÔroc pragmatik¸n problh-
m�twn pou mporoÔn na kalÔyoun mèsa se diaforetikèc metaxÔ touc perioqèc. Tètoiec
efarmogèc mporeÐ na sunant sei kaneÐc :

(1) Sthn epexergasÐa shm�twn (Signal Processing), kurÐwc stic ThlepikoinwnÐec
kai sthn autìmath anagn¸rish omilÐac.

Gia par�deigma, h Xn ja mporoÔse na antiproswpeÔei k�poio s ma pou prìkei-
tai na metadojeÐ mèsw k�poiou sust matoc thlepikoinwnÐac. To sÔsthma autì
endeqomènwc na alloi¸sei to s ma kai ètsi o apodèkthc na l�bei mÐa alloiwmènh
èkdosh (Yn) tou arqikoÔ s matoc. To prìblhma loipìn ja eÐnai na anakata-
skeu�sei to s ma autì prokeimènou na moi�zei perissìtero sto arqikì.

(2) Sta Qrhmatooikonomik�.

Gia par�deigma, èna montèlo pou mac epitrèpei na qeiristoÔme qrhmatooikono-
mik� dedomèna (dhlad  mÐa akoloujÐa oikonomik¸n tim¸n pq metoq¸n se èna
dedomèno qronikì orÐzonta) pou diakrÐnetai gia thn apl  dom  tou, eÐnai to
montèlo Black-Scholes gia qronoseirèc:

Sn = exp{µ− σ2

2
+ σξn}Sn−1,

ìpou ξn ∼ N (0, 1) a.i.t.m. kai to σ ∈ R ekfr�zei pìso polÔ   pìso gr go-
ra all�zei h tim  miac epèndushc,   genikìtera pwc metab�lletai h agor�. To
µ ∈ R eÐnai o rujmìc epistrof c (dhlad  to kèrdoc miac epèndushc se ènan de-
domèno qronikì orÐzonta). To teleutaÐo faÐnetai kai apì thn E[Sn/Sn−1] = eµ.
'Ena montèlo ìpwc kai to parap�nw mporeÐ na eÐnai apodotikì ìso oi timèc twn
metoq¸n diathroÔn ènan markobianì qarakt ra, dhlad  gia mikrèc qronikèc peri-
ìdouc. Autì bèbaia mporeÐ na to perimènei kaneÐc afoÔ oi par�metroi ekfr�zoun
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posìthtec pou den mporoÔn na eÐnai stajerèc gia meg�la qronik� diast mata.
MporoÔme wstìso na epitrèyoume stic paramètrouc autèc na metab�llontai. H
idèa eÐnai na eis�goume mÐa Markobian  diadikasÐa Xn (anex�rthth twn ξn) kai
na jèsoume:

Sn = exp{µ(Xn)− σ(Xn)2

2
+ σ(Xn)ξn}Sn−1,

ìpou t¸ra ta µ, σ eÐnai kat�llhlec sunart seic. An epilèxoume wc parathr si-
mh diadikasÐa thn Yn = log(Sn/Sn−1), tìte h akoloujÐa (Xn, Yn)n≥0 apoteleÐ èna
KMM. RujmÐzontac kat�llhla th dunamik  thc Xk, mporoÔme na apokt soume
èna montèlo, polÔ pio realistikì apì to Black-Scholes. MÐa epilog  gia th
dunamik  thc (Xn), eÐnai na èqei jèsoume:

Xn = α(Xn−1) + β(Xn−1)ηn,

ìpou oi ηn a.i.t.m. (antiproswpeÔontac ta sf�lmata tou montèlou). Eidik� to
parap�nw, eÐnai èna arket� koinì sen�rio sth bibliografÐa. Tupik�, mìno oi
timèc twn metoq¸n eÐnai parathr simec stouc ependutèc. Akìma kai an o oiko-
nomikìc par�gontac (Xn) èqei k�poia pragmatik  shmasÐa (antÐ na eÐnai apl�
èna bolikì majhmatikì ergaleÐo), tètoioi oikonomikoÐ par�gontec tupik� den
eÐnai gnwstoÐ stouc ependutèc. Epomènwc, opoiad pote statistik  sumpera-
smatologÐa, apof�seic, ektim seic ktl, ja prèpei na basÐzontai sthn akoloujÐa
parathr sewn (Yn).

(3) (3) Stic bioepist mec (Bioinformatics ).

'Ena par�deigma eÐnai h montelopoÐhsh thc an�ptuxhc twn fut¸n kai twn dèn-
drwn. Sugkekrimèna, ta montèla GreenLab kai LNAS, pou parousi�sthkan sto
kef�laio 2, apoteloÔn èna basikì par�deigma kataskeu c KMM.

'Allec perioqèc me polÔ shmantikèc efarmogèc twn KMM eÐnai: (4) Anagn¸rish
morf¸n (Pattern recognition) (pq trìpoc graf c) kai (5) Biofusik  k.a. Tèloc, ta
KMM efarmìzontai kai se probl mata DunamikoÔ programmatismoÔ (Markobianèc
DiadikasÐec Apof�sewn).

'Etsi loipìn, ta KMM prosfèroun èna plaÐsio melèthc pragmatik¸n problhm�twn
me polÔ uyhlì epÐpedo realismoÔ. O stìqoc loipìn thc jewrÐac twn KMM eÐnai na
parèqei ta aparaÐthta ergaleÐa ¸ste na eÐnai efikt  mÐa tìso realistik  montelopo-
Ðhsh.

3.3.2 Orismìc-Basikèc ènnoiec

Stic pio aplèc peript¸seic, ìpwc gia par�deigma me arijm simo q¸ro katast�sewn
gia tic 2 diadikasÐec, èna KMM mporeÐ na oristeÐ qrhsimopoi¸ntac thn ènnoia thc
desmeumènhc anexarthsÐac (par�rthma). Sugkekrimèna:

Lème pwc h akoloujÐa (Xn, Yn)n≥0 eÐnai KMM, an:

1. H (Xn)n≥0 eÐnai mÐa mh parathr simh M.A. me arijm simo q¸ro katast�sewn,
arqik  katanom  µ kai pur na Q.
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2. H (Yn)n≥0 dojeÐshc thc X = (Xn)n≥0 sqhmatÐzei mÐa akoloujÐa desmeumèna
anex�rthtwn t.m. Dhlad  an m jetikìc akèraioc kai {k1 < ... < km} èna
opoiod pote diatetagmèno sÔnolo deikt¸n, oi t.m. Yk1 , ...Ykm eÐnai desmeumèna
anex�rthtec dojeÐshc thc X.

3. Gia opoiod pote n ≥ 0, h Yn dojeÐshc thc X exart�tai mìno apì th Xn.

H ènnoia thc desmeumènhc anexarthsÐac eÐnai duskolìtero na orisjeÐ se genikoÔc
q¸rouc. Gia to lìgo autì, ta KMM orÐzontai wc didi�statec Markobianèc alusÐdec,
merik¸c parathr simec, twn opoÐwn oi metab�seic perigr�fontai apì ènan pur na se
q¸ro ginìmeno pou èqei eidik  dom . Sugkekrimèna o pur nac ja prèpei na eÐnai
tètoioc ¸ste h apì koinoÔ diadikasÐa, (Xn, Yn), kaj¸c kai h (krummènh) diadikasÐa
katast�sewn, (Xn), na eÐnai markobianèc. Apì ton orismì autì, apodeiknÔontai kai
oi parap�nw idiìthtec thc desmeumènhc anexarthsÐac twn KMM gia arijm simo q¸ro
(pìrisma ).

Orismìc 3.17 (KMM). 'Estw (X ,X ) kai (Y ,Y ) dÔo metr simoi q¸roi kai èstw
Q : X ×X → [0, 1] kai G : X × Y → [0, 1], markobianoÐ pur nec. JewroÔme to
markobianì pur na pou orÐzetai ston q¸ro ginìmeno: (X × Y ,X ⊗ Y ) wc ex c:

T [(x, y), C] =

∫∫
C

Q(x, dx′)G(x′, dy′), (x, y) ∈ X × Y , C ∈X ⊗ Y . (3.3.1)

H markobian  alusÐda (Xn, Yn)n≥0 me markobianì pur na ton T kai arqik  katanom 
ν⊗G, ìpou ν èna mètro pijanìthtac ston (X ,X ), onom�zetai Krummèno Markobianì
Montèlo.

O pur nac T perigr�fei pwc gÐnontai oi metab�seic apì thn (Xn, Yn) sthn (Xn+1, Yn+1).
Dhlad , P((Xn+1, Yn+1) ∈ C|Fn) = T ((Xn, Yn), C), gia n ≥ 0. Apì ton parap�nw
orismì, èpetai:

Eν [f(Z0, ..., Zn)] =

∫
f(z0, ..., zn)ν ⊗G(dz0)T (z0, dz1)...T (zn−1, dzn) (3.3.2)

=

∫
f(x0, y0, ..., xn, yn)ν(dx0)G(x0, dy0)Q(x0, dx1)G(x1, dy1)...Q(xn−1, dxn)G(xn, dyn).

(3.3.3)

O ìroc krummèno, anafèretai mìno sto gegonìc ìti h diadikasÐa (Xn) eÐnai mh
parathr simh. MporoÔme epomènwc na blèpoume th (Xn) wc mÐa eikonik  endi�mesh
diadikasÐa, pou qrhsimopoieÐtai genikìtera sto na oristeÐ h katanom  thc (Yn). Fu-
sik�, h teleutaÐa den eÐnai m.a.

Me Pν kai Eν ja sumbolÐzetai to mètro pijanìthtac kai h mèsh tim  pou antistoi-
qoÔn sth diadikasÐa (Xn, Yn)n≥0 pou orÐzetai ston kanonikì q¸ro ((X ×Y)N, (X ⊗
Y )⊗N) parìlo pou to mètro pijanìthtac ν orÐzetai ston X mìno. Autì dikaiologeÐtai
�mesa apì ton orismì kaj¸c opoiad pote kai an eÐnai h arqik  kat�stash (X0, Y0),
h katanom  thc (Xn, Yn)n≥0 exart�tai mìno apì thn perij¸ria katanom  thc X0.
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H Prìtash pou akoloujeÐ prosfèrei ènan enallaktikì, pio diaisjhtikì trìpo na
skeftìmaste èna KMM.

Prìtash 3.2. 'Estw (Xn, Yn)n≥0 mÐa disdi�stath s.d. orismènh ston ((X × Y)
me pur na ton T pou dÐnetai sthn (3.3.1). Tìte, gia opoiod pote akèraio m kai
opoiod pote diatetagmèno sÔnolo deikt¸n {k1 < ... < km} kai ìlec tic metr simec
kai fragmènec sunart seic f1, ..., fm isqÔei:

Eν
[ m∏
i=1

fi(Yki)
∣∣Xk1 , ..., Xkm

]
=

m∏
i=1

Eν
[
fi(Yki)

∣∣Xki

]
. (3.3.4)

H apìdeixh eÐnai sto par�rthma.
Apì thn parap�nw Prìtash, èpetai �mesa h idiìthta 2. sthn eisagwg . Dhlad 

h (Yn)n≥0 dojèntoc thc X = (Xn)n≥0 sqhmatÐzei mÐa akoloujÐa desmeumènwn anex�r-
thtwn t.m.

H idiìthta 3 isqÔei epÐshc sÔmfwna me to parak�tw:

L mma 3.1 Gia opoiousd pote akeraÐouc l,m kai opoiod pote diatetagmèno sÔnolo
deikt¸n {k1 < ... < km} tètoio ¸ste l /∈ {k1 < ... < km}, oi t.m. Yl kai (Xk1 , ..., Xkm)
eÐnai desmeumèna anex�rthtec dojèntoc thc Xl.

Apìdeixh

Gia opoiasd pote fragmènec kai metr simec f, h isqÔei:

Eν [f(Yl)h(Xk1 , ..., Xkm)|Xk] = Eν [Eν [f(Yl)|Xk1 , ..., Xkm , Xl]h(Xk1 , ..., Xkm)|Xk]

= Eν [f(Yl)|Xl]Eν [h(Xk1 , ..., Xkm)|Xl]

Gia thn pr¸th isìthta qrhsimopoi jhke h idiìthta : E[X|G ] = E[E[X|F ]|G ] =
E[E[X|G ]|F ] gia dÔo s-�lgebrec me G ⊂ F ìpwc epÐshc kai h E[f(T )Q|G ] =
f(T )E[X|G ] gia T anex�rthth thc G kai f metr simh, jetik    oloklhr¸simh. �

Shmei¸netai epÐshc pwc oi parap�nw idiìthtec qarakthrÐzoun ta KMM. EpÐshc,
èpetai pwc h peperasmènhc di�stashc katanom  thc Y|X = x eÐnai gia A = (A0 ×
...× An):

Pν(Y0, ..., Yn ∈ A|X0, ..., Xn) = G(X0, A0)...G(Xn, An)

Tèloc, ta KMM mporoÔn na qarakthristoÔn kai apì thn akìloujh Prìtash pou
èpetai apì ta parap�nw:

Prìtash 3.3 (Qarakthrismìc KMM). 'Estw (Xn, Yn)n≥0 mÐa disdi�stath orismènh
ston ((X × Y). H diadikasÐa aut  eÐnai KMM an up�rqoun pur nec Q : X ×X →
[0, 1] kai G : X × Y → [0, 1] tètoio ¸ste:

Eν [f(Xn+1, Yn+1)|X0, Y0, ..., Xn, Yn) =

∫
f(x, y)Q(Xn, dx)G(x, dy), (3.3.5)

ìpou to ν eÐnai mètro pijanìthtac ston X kai eÐnai tètoio ¸ste

Eν [f(X0, Y0)] =

∫
f(x, y)ν(dx)G(x, dy), (3.3.6)
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gia opoiad pote fragmènh kai metr simh sun�rthsh f .

ParadeÐgmata.

1. 'Estw (αn)n≥1 kai (βn)n≥0 akoloujÐec apì anex�rthtec kai isìnomec t.m me
katanomèc α kai β antÐstoiqa. OrÐzoume: X0 = z, Y0 = R(X0, β0) kai gia
n ≥ 1:

Xn = Φ(Xn−1, αn),

Yn = R(Xn, βn)

ìpou Φ : (X) × R 7→ X kai R : (X) × R 7→ Y kai z ∈ X . Tìte h stoqastik 
diadikasÐa (Xn, Yn)n≥0 eÐnai KMM me pur nec Q,G pou dÐnontai apì tic:

Q(x,A) =

∫
1{Φ(x,s)∈A}α(ds),

kai

G(x,B) =

∫
1{R(x,s)∈B}β(ds),

kai arqik  katanom  δx.

Pr�gmati, lìgw thc anexarthsÐac thc βn+1 apì tic X0:k+1 kai Y0:n, eÐnai:

Eδx(Qn+1, Yn+1)|X0, Y0, ..., Xn, Yn] = Eδx [f(Xn+1, = Eδx [Eδx [f(Xn+1, R(Xn+1, βn+1))]|X0, Y0, ..., Xn, Yn] = Eδx [

∫
f(Xn+1, y)G(Xn+1, dy)|X0, Y0, ..., Xn, Yn]

=

∫
g(x, y)G(x, dy)Q(Xk, dx)

2. 'Estw to montèlo:
Yn = R(Xn) + ξn

ìpou h R eÐnai mÐa metr simh sun�rthsh kai ta ξn ∼ N (0, 1) kai h Xn eÐnai mÐa
M.A. me pur na Q kai arqik  katanom  ν. Tìte h (Xn, Yn)n≥0 eÐnai èna KMM
me:

G(x,B) =

∫
B

1√
2π
e
−(s−h(x))2

2 ds

3.3.3 Basikèc idiìthtec

JewroÔme th M.A. (Xn, Yn)n≥0 me timèc ston q¸ro ginìmeno (X timesY ,X ⊗ Y )
kai pur na T pou ikanopoieÐ ton orismì (3.3.1). 'Estw epÐshc oi pur nec Q kai G
pou antistoiqoÔn stic stoqastikèc diadikasÐec (Xn)n≥0 kai (Yn|X = x)n≥0. Sthn
upoenìthta aut  ja suzhthjoÔn orismènec basikèc ènnoiec gia thn parap�nw M.A.
(pou lègetai KMM), ìpwc:

1 φ-adiaqwrhsimìthta.

2 Periodikìthta.

3 Epanalhptikìthta kai Ôparxh st�simou mètrou.
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Ja ekfr�soume tic idiìthtec autèc mèsw tou T . Oi apodeÐxeic twn prot�sewn
up�rqoun sto (..).

H φ adiaqwrhsimìthta thc koin c alusÐdac T klhronomeÐtai apì thn adiaqwrhsi-
mìthta thc krummènhc alusÐdac (Xn)n≥0. Sugkekrimèna:

Prìtash 3.4. An o Q eÐnai φ-adiaq¸ristoc kai èqei perÐodo d, tìte o T eÐnai
φ-adiaq¸ristoc me thn Ðdia perÐodo.

Epomènwc, an h alusÐda (Xn)n≥0 eÐnai aperiodik , tìte ja eÐnai kai h (Xn, Yn)n≥0.
Sqetik� me thn epanalhptikìthta kai thn Ôparxh st�simou mètrou èqoume to epìmeno
apotèlesma:

Prìtash 3.5. Upojètoume pwc o Q eÐnai φ-adiaq¸ristoc. Tìte isqÔoun ta a-
kìlouja:

1 H (Xn, Yn)n≥0 eÐnai metabatik  (epanalhptik ) ann h (Xn)ngeq0 eÐnai metabatik 
(epanalhptik ).

2 H (Xn, Yn)n≥0 eÐnai jetik  ann h (Xn)n≥0 eÐnai jetik . Sugkekrimèna, an h
(Xn)ngeq0 èqei st�simo mètro π, tìte h (Xn, Yn)n≥0 èqei st�simo mètro π ⊗G.

3.3.4 Basik� Probl mata sta KMM

To kÔrio prìblhma thc montelopoÐhshc qrhsimopoi¸ntac KMM eÐnai to ex c: 'E-
qontac kajorÐsei pl rwc to montèlo kai dojèntoc twn dedomènwn pou èqoume, èstw
Y0, ..., YN , ti mporeÐ na eipwjeÐ gia tic antÐstoiqec krummènec katast�seic X0, ..., XN ;
Eidikìtera, me ta KMM sun jwc sundèontai ta akìlouja 3 basik� probl mata e-
ktimhtik c smoothing, prediction, filtering. Ta probl mata aut� èqoun melethjeÐ se
meg�lo bajmì ta teleutaÐa qrìnia kai mÐa polÔ analutik  suz thsh gia tic teqnikèc
epÐlushc touc, gÐnetai metaxÔ �llwn, sta:...
Anaforik�, ta probl mata aut� èqoun wc ex c:

Sto pr¸to prìblhma èqoume peperasmènou pl jouc parathr seic Y0, ..., YN kai
zht�me na ektim soume thn akoloujÐa X1, .., XN pou antistoiqeÐ se aut�. Sthn pe-
rÐptwsh aut  loipìn ja jèlame na upologÐsoume tic desmeumènec mèsec timèc:

E(f(Xn)|Y0, ..., YN), 0 ≤ n ≤ N,

ìpou f mÐa opoiad pote sun�rthsh.

Sto deÔtero prìblhma, p�li gnwrÐzontac tic parathr seic Y0, ..., YN ja jèlame na
ektim soume th mellontik  exèlixh thc alusÐdac (Xn), dhlad  na upologÐsoume tic :

E(f(Xn)|Y0, ..., YN), n ≥ N,

Tèloc, to pio suqnì sen�rio, pou apoteleÐ kai to trÐto prìblhma, eÐnai na jèloume
na ektim soume thn paroÔsa kat�stash Xn dojèntoc ìlwn parathr sewn mèqri thn
trèqousa qronik  stigm . Dhlad  zht�me na upologÐsoume tic:

E(f(Xn)|Y0, ..., Yn), n ≥ 0,

49



SÔndesh me th Statistik 

3.4 SÔndesh me th Statistik 

Sta probl mata sumperasmatologÐac (dec par�rthma) jwroÔme parametrikèc oiko-
gèneiec gia thn akoloujÐa krummènwn katast�sewn ((Xn)) (  metab�sewn), èstw P1

φ,
gia thn akoloujÐa parathr sewn ((Yn), èstw P2

φ (ìqi aparaÐthta diaforetik  apì thn
P1, kai gia to arqikì mètro νφ. H par�metroc paÐrnei timèc se k�poio sÔnolo Φ
(sun jwc EukleÐdeio). O stìqoc eÐnai na epilèxoume èna φ∗ ∈ Φ ¸ste k�tw apì to
P2
φ, h ((Yn) na anapar�gei tic statistikèc idiìthtec k�poio dosmènou sunìlou dedo-

mènwn: y0, ..., yN . Suqn� to prìblhma antimetwpÐzetai mèsw thc ektim triac mègisthc
pijanof�neiac all� eÐnai exairetik� sp�nio aut  mporeÐ na èqei analutik  lÔsh. O
algìrijmoc EM pou parousi�zetai sto kef�laio 5 apoteleÐ mÐa apì tic pio kat�l-
lhlec algorijmikèc teqnikèc me tic opoÐec mporoÔme na antimetwpÐsoume to prìblh-
ma. Genikìtera ta probl mata statistik c sumperasmatologÐac pou emplèkoun KMM
lègontai probl mata me mh pl rh dedomèna (Incomplete Data Problems) kai gÐnetai
suz thsh sto par�rthma gia aut� ta probl mata.

Gia par�deigma, ìtan h krummènh diadikasÐa èqei peperasmèno q.k., o metabatikìc
pur nac (Q) eÐnai pÐnakac kai h arqik  katanom  eÐnai di�nusma. Sthn perÐptwsh aut 
eÐnai efiktì na ektim soume ton Q ex' olokl rou kaj¸c kai thn arqik  katanom  me
ton algìrijmo EM. Arqik� ja prèpei na doÔme th morf  thc sun�rthshc pijano-
f�neiac twn parathroÔmenwn dedomènwn. Sugkekrimèna:

'Estw a = (a1, ..., as) oi arqikèc pijanìthtec thc m.a. kai p = (pij)i,j∈X oi pi-
janìthtec met�bashc. (dhlad  Q(i, j) = pij. 'Estw epÐshc φ = (θ1, ..., θs), ìpou to
θi qarakthrÐzei thn katanom  Yn|Xn = i. Ja gr�youme mÐa èkfrash gia sun�rthsh
pijanof�neiac, èstw L(φ) = L(a, p, θ). DiakrÐnoume tic peript¸seic:

(i) Oi (Yk|Xk = i)k≥0 eÐnai apìluta suneq c sthn Ðdia parametrik  oikogèneia gia
i = 1, 2, .., s. (Dhlad  o pur nac G èqei puknìthta g(i, ·;φ). Tìte:

Ly(φ) ≡Ly0:n(φ) =

=
∑
x0:n

Pν(X0:n = x0:n) g(y0:n|x0:n; θ)

=
∑
x0:n

ν(x0)
n∏
k=0

Q(xk, xk+1)
n∏
k=0

g(xk, yk; θ)

=
∑
x0:n

ax0

n∏
k=0

pxk,xk+1

n∏
k=0

g(xk, yk; θ) (3.4.1)

(ii) Oi (Yk|Xk = i)k≥0 eÐnai diakritèc sthn Ðdia parametrik  oikogèneia gia i =
1, 2, .., s. (Dhlad  o pur nac G eÐnai pÐnakac, me stoiqeÐa ac poÔme rij Tìte apì
thn prohgoÔmenh:

Ly(φ) =
∑
x0:n

ax0

n∏
k=0

pxk,xk+1

n∏
k=0

rxk,yk (3.4.2)

Apì tic parap�nw blèpoume pwc exaitÐac tou ajroÐsmatoc den eÐnai dunatìn na èqoume
analutik  èkfrash gia th sun�rthsh pijanof�neiac.

50



SÔndesh me th Statistik 

Ja epistrèyoume sto parap�nw prìblhma sto kef�laio 5, afoÔ èqei oristeÐ o al-
gìrijmoc EM.

EpÐshc, h pio genik  perÐptwsh eÐnai na èqoume genikì q.k gia thn (Xn, Yn). Tìte
h pijanof�neia èqei thn akìloujh morf :

Ly(φ) =

∫
...

∫
ν(x0)g(x0, y0;φ)Q(x0, dx1)g(x1, y1;φ) ... Q(xn−1, dxn)g(xn, yn;φ).

(3.4.3)

H ektÐmhsh tou φ ed¸ den eÐnai èna aplì prìblhma. Stic perissìterec peript¸seic
antimetwpÐzetai me algorijmikèc teqnikèc all� kai p�li to plaÐsio orismoÔ tou mon-
tèlou kai oi upojèseic paÐzoun shmantikì rìlo gia to pìso efiktì mporeÐ na eÐnai
to prìblhma ektÐmhshc. Wstìso, èna plaÐsio to opoÐo èqoun melethjeÐ susthmatik�
probl mata ektÐmhshc genik¸n q¸rwn katast�sewn gia ta KMM eÐnai to akìloujo:

'Ena Krummèno Markobianì montèlo (HMM) eÐnai èna dunamikì sÔsthma pou qa-
rakthrÐzetai apì tic exis¸seic:

Xn+1 = Φn+1(Xn,Wn+1, θ), n ≥ 0

Yn = Rn(Xn, Vn, θ), n ≥ 0,

ìpou, oi sunart seic Φ, R eÐnai Borel metr simec kai oi (Wn)n≥0, (Vn)n≥0 eÐnai akolou-
jÐec anex�rthtwn kai isìnomwn t.m. pou antiproswpeÔoun sf�lmata tou montèlou.
Oi stoqastikèc diadikasÐec (Xn)n≥0, (Yn)n≥0 antiproswpeÔoun tic katast�seic kai ta
parathroÔmena dedomèna antÐstoiqa. Tèloc to θ eÐnai to di�nusma me tic paramètrouc
tou montèlou to opoÐo paÐrnei timèc se k�poio q¸ro Θ ⊂ Rdθ . Stìqoc eÐnai h tau-
tìqronh ektÐmhsh thc Xn, θn apì to di�nusma parathr sewn Y0:N gia k�poio stajerì
N .

AxÐzei na shmeiwjeÐ ìti autì eÐnai kai to plaÐsio se genikèc grammèc pou akolou-
j jhke gia thn kataskeu  twn montèlwn GreenLab kai LNAS pou perigr�fthkan sto
kef�laio 2.

MÐa polÔ analutik  suz thsh gia ta probl mata ektimhtik c kaj¸c kai h antime-
t¸pish gÐnetai apì touc Cappe-Mouline-Ryden sto [11]. EpÐshc, axÐzei na shmeiwjeÐ
ìti sta prohgoÔmena probl mata ektimhtik c, èqoume jewr sei pwc to KMM eÐnai
 dh gnwstì. Wstìso, stic perissìterec efarmogèc, den eÐnai kajìlou profanèc pwc
ja sqediastoÔn oi pur nec met�bashc kai parathr sewn, pou antistoiqoÔn stic dia-
dikasÐec (Xn) kai (Yn).

KleÐnoume thn enìthta aut  anafèrontac orismènec epekt�seic kai genikeÔseic twn
KMM:

1. KMM {Xn, Yn}n≥0 ìpou o (Q,X ) eÐnai uperarijm simoc q¸roc katast�sewn.

2. KMM suneqoÔc qrìnou: {Xt, Yt}t≥0

3. Poludi�stata KMM.
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4. Krummèna Hmimarkobian� montèla.

5. KMM tÔpou Mk −Ml

Sqetik� me to 5.: H {Xn, Yn}n≥0 eÐnai tÔpou Mk −Ml an h (Xn)n≥0 eÐnai mÐa k-t�xhc
Markobian  alusÐda, dhlad :

P(Xn+1 ∈ A|FX
n ) = Q(Xn−k+1:n, A)

kai h (Yn)n≥0|(Xn)n≥0 eÐnai mÐa desmeumènh Markobian  alusÐda l-t�xhc, dhlad :

P(Yn ∈ A|FX
n ,F

Y
n−1) = T [(Xn, Yn−1:n−l), A]

Eidik� ta KMM tÔpou M1 − M0, (M0: desmeumèna anex�rthta) lègontai montèla
anexart twn MÐxewn (IMM: Independent Mixture Models).
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Kef�laio 4

Mèjodoi Markov Chain Monte Carlo (MCMC)

4.1 Eisagwg  stic Mejìdouc MCMC

To prìblhma pou antimetwpÐzetai me touc algìrijmouc MCMC eÐnai to akìloujo: 'E-
stw Π∗ mÐa katanom  se k�poio q¸ro (X ,X , ν), me puknìthta   s.pijanìthtac an�lo-
gh thc (π(x))x∈X , dhlad  mh-kanonikopoihmènh, h opoÐa toul�qiston ikanopoieÐ thn
0 <

∫
π(x)ν(dx) <∞. Tupik� to X eÐnai anoiktì sÔnolo ston Rd (kai X = B(Rd))

kai oi puknìthtec antistoiqoÔn se parag¸gouc Radon-Nikodym wc proc to mètro
Lebesgue (se �llec (realistikèc exÐsou) peript¸seic, to plaÐsio mporeÐ na eÐnai se
arijm simo q¸ro). Upojètoume ìti h π(x) eÐnai mÐa gnwst  sun�rthsh.

Apì th sun�rthsh aut , mporoÔme na kataskeu�soume èna mètro pijanìthtac Π∗

ston X jètontac:

C =

{∑
x∈A π(x), sth diakrit  perÐptwsh∫
π(x)ν(dx), sth suneq  perÐptwsh

Tìte, to Π∗ eÐnai h katanom  me puknìthta (wc proc to ν) (  s. pijanìthtac)

thn: π∗
def
= π(x)/C. Gia tic dÔo basikèc peript¸seic (arijm simoc q¸roc me ν = µa

(arijmhtikì), X ⊂ Rd me ν = λd:

Π∗(A) =

∫
A

π∗(x)dx =

∫
A
π(x)dx∫

X
π(x)dx

(4.1.1)

To er¸thma pou tÐjetai eÐnai p¸c ja ektim soume oloklhr¸mata sunart sewn
f : X → R wc proc to mètro Π∗, dhlad :

Π∗(f) = Eπ∗ [f(X)] =

∫
f(x)π∗(x)dx =

∫
f(x)π(x)dx∫
π(x)dx

(4.1.2)

Eidik� ìtan o Q èqei meg�lh di�stash, kai h π èqei sqetik� polÔplokh èkfrash,
tìte h analutik  (  h arijmhtik ) epÐlush twn oloklhrwm�twn eÐnai anèfikth.

O trìpoc pou antimetwpÐzetai to prìblhma me klasikì Monte Carlo eÐnai na pro-
somoiwjoÔn a.i.t.m. ξ1, ..ξN ∼ Π∗ kai sth sunèqeia na gÐnei ektÐmhsh tou Π∗ apì thn
empeirik  katanom  Π̂∗ :

Π̂∗N(A) =
1

N + 1

N∑
i=0

1{ξi∈A}. (4.1.3)

gia opoiod pote metr simo A ∈ X . ApodeiknÔetai pwc h empeirik  katanom ,
k�tw apì asjeneÐc sunj kec, sugklÐnei sto Π∗ kai tìte to Π∗N ja eÐnai kont� sto Π∗
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gia meg�lo N . Epomènwc, h zhtoÔmenh ektim tria tou Π∗ ja eÐnai:

Π̂∗(f) =
1

N + 1

N∑
i=0

f(ξi). (4.1.4)

H parap�nw ektim tria apodeiknÔetai pwc eÐnai amerìlhpth me tupik  apìklish thc
t�xhc tou O(1/

√
N). Epiplèon, an π∗(f 2) <∞, tìte me to Kentrikì Oriakì Je¸rhma

paÐrnoume ìti to sf�lma:Π̂∗(f) − Π∗(f) èqei thn kanonik  wc oriak  katanom  pou
eÐnai exÐsou qr simo. To prìblhma wstìso eÐnai pwc an h π∗ eÐnai arket� perÐplokh,
up�rqei meg�lh duskolÐa ston na prosomoiwjoÔn eujèwc oi t.m. me apì thn Π∗.

Tèloc, an kai sto prohgoÔmeno kef�laio parousi�sthkan oi sunj kec me tic opo-
Ðec èqoume eggÔhsh pwc gia mÐa M.A. (me gnwstì) pur na Q, up�rqei (èna �gnwsto
arqik�) st�simo mètro Π∗ (me puknìthta   s.p. π∗) kai isqÔei: Qn(x, y) → π∗(y),
me tic teqnikèc twn MCMC k�noume to antÐstrofo: To st�simo mètro eÐnai gnwstì
(ìqi aparaÐthta kanonikopoihmèno) all� o pur nac eÐnai �gnwstoc. Gia na p�roume
deÐgmata apì thn π∗, me tic mejìdouc autèc kataskeu�zetai ènac pur nac P gia ton
opoÐo P n(x, y)→ π∗(y).

H antimet¸pish loipìn tou probl matoc me MCMC teqnikèc èqeic wc ex c: kata-
skeu�zetai mÐa Markobian  alusÐda ston X (eÔkola upologÐsimh ston upologist ),
h opoÐa èqei st�simh katanom  to π∗.

O Tierney (1994)  tan apì touc pr¸touc pou diatÔpwse sunj kec me tic opoÐec
mporoÔn na analujoÔn oi mèjodoi MCMC kai oi idiìthtec. EpÐshc, sto Meyn, Tw-
eedie, Hibey (1993), diatup¸nontai sunj kec gia th sÔgklish tou ergodikoÔ mèsou
kai gia kentrik� oriak� jewr mata.

Sth sunèqeia ja doÔme sugkekrimènouc algìrijmouc pou basÐzontai stic teqnikèc
autèc kai ja suzhthjeÐ to jèma thc sÔgklishc touc.

4.1.1 O algìrijmoc Metropolis-Hastings (MH)

Genik� h prosomoÐwsh miac Markobian c alusÐdac den èqei duskolÐec kaj¸c h de-
smeumènh katanom  thc Xn+1|Xn = x eÐnai gnwst  apì tic pijanìthtec met�bashc
thc alusÐdac pou ekfr�zontai mèsw tou antÐstoiqou pur na (Q(x, ·)). O basikìc
stìqoc eÐnai na kataskeuastoÔn kat�llhlec pijanìthtec met�bashc oi opoÐec ja e-
xasfalÐzoun ìti h (Xn)n≥0 ja èqei wc st�simh katanom  thn π (katanom -stìqoc
(target-distribution).

An kai up�rqoun arketoÐ trìpoi kataskeu c twn pijanot twn aut¸n, h Prìtash pou
dìjhke apì ton Metropolis (Metropolis et al. 1953) kai sth sunèqeia epekt�jhke apì
ton Hastings (Hastings 1970) eÐnai exairetik� apl :

Upojètoume arqik� ìti diajètoume ènan pur na Q (katanom -prìtash (proposal-
distribution) ) pou antistoiqeÐ se mÐa opoiad pote �llh m.a., thc opoÐac oi metab�seic
èqoun epÐshc puknìthta (endeqomènwc mh kanonikopoihmènh). Dhlad : Q(x, dy) ∝
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q(x, y)dy.

O algìrijmoc Metropolis-Hastings (MH) orÐzetai wc ex c:

Algìrijmoc MH.

Arqik� (sto b ma n = 0) dialègoume mÐa tim  x0.
Tìte, sto b ma n gia n ≥ 1, dojèntoc thc tim c thc Xn = xn, prosomoi¸noume mÐa
(upoy fia met�bash) tim  y apì ton Q(xn, ·).

Sth sunèqeia, 'deqìmaste' thn tim  thc y kai jètoume Xn+1 = y me pijanìthta:

a(xn, y)
def
= min{1, r(xn, y)}, ìpou r(xn, y)

def
=

π(y)q(y, xn)

π(xn)q(xn, y)
. (4.1.5)

Diaforetik� h tim  y �porrÐptetai' (me pijanìthta 1− a(xn, y)) kai jètoume Xn+1 =
xn.

AntikajistoÔme to n me n+ 1 kai suneqÐzoume.

Me thn parap�nw diadikasÐa, kataskeu�zetai mÐa stoqastik  diadikasÐa (X(n))n≥0, h
opoÐa, klhronomeÐ th markobian  idiìthta apì to markobianì pur na Q kai �ra eÐnai
mÐa m.a. Pr�gmati, an sumbolÐsoume me P ton pur na thc alusÐda pou par�getai apì
ton algìrijmo MH, gia opoiod pote metr simo sÔnolo A, èpetai:

PµQ(X(n+1) ∈ A|Fn) = P (X(n), A),

ìpou,

P (x,A) =

∫
A

a(x, y)q(x, y)dy + 1{x∈A}

∫
[1− a(x, y)]r(x, y)dy (4.1.6)

kai h puknìthta:

p(x, y) =

{
a(x, y)q(x, y), y 6= x

a(x, y)q(x, y) +
∫

[1− a(x, y)]r(x, y)dy, y = x
(4.1.7)

EpÐshc, me µQ sumbolÐzetai h arqik  katanom  thc alusÐdac pou antistoiqeÐ sto Mar-
kobianì pur na Q. M�lista, h m.a. pou par�getai apì ton algìrijmo MH eÐnai kai
k�ti perissìtero:

Prìtash 4.1. O algìrijmoc Metropolis-Hastings par�gei mÐa m.a. (X(n))n≥0 pou
eÐnai antistrèyimh wc proc to π∗.

Apìdeixh

ArkeÐ na deiqjeÐ ìti:
π∗(dx)P (x, dy) = π∗(dy)P (y, dx).
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Gia x = y h parap�nw èpetai �mesa. Gia x 6= y:

π(dx)P (x, dy) =(C−1pi∗(x)dx)(q(x, y)a(x, y)dy)

=C−1pi∗(x)q(x, y)min{1, π(y)q(y, xn)

π(xn)q(xn, y)
}dxdy

=C−1min{π(x)q(x, y), π(y)q(y, x)}dxdy

H teleutaÐa èkfrash eÐnai summetrik  wc proc ta x kai y. (C =
∫
π(x)dx), sthn

arq  thc enìthtac). �

O parap�nw eÐnai kai o lìgoc gia aut  thn asun jisth sqèsh gia tic pijanìthtec
a(x, y).

Parathr seic.

1. Me ta parap�nw uponoeÐtai pwc an o pur nac Q den eÐnai Markobianìc (pq sto
b ma n − 1, o Q exart�tai apì ìlh thn prohgoÔmenh istorÐa X(0), ..., X(n−1)),
tìte h alusÐda den ja eÐnai Markobian . Aut� eÐnai sun jwc sen�ria Adapti-
ve MH kai se aut�, mporeÐ h epilog  tou pur na Q na eÐnai tètoia ¸ste na
up�rqei ex�rthsh, all� sto ìrio na qalar¸nei. 'Etsi mporeÐ na gÐnei lìgoc gia
asumptwtik� zht mata.

2. Profan¸c, h pijanìthta a(xn, y) orÐzetai mon�qa an π(xn) > 0. Wstìso, an
h arqik  tim  x0 epileqjeÐ ¸ste π(x0) > 0, tìte π(xn) > 0 gia k�je n ≥ 1
diìti oi timèc y = yn gia tic opoÐec π(yn) = 0 odhgoÔn se a(xn, yn) = 0 kai
ètsi aporrÐptontai apì thn algìrijmo. Ja jewroÔme th sÔmbash: o lìgoc
a(xn, y) = 0 ìtan oi π(xn), π(yn) eÐnai tautìqrona 0(proc apofug  orismènwn
jewrhtik¸n duskoli¸n).

3. H pijanìthta apodoq c a eÐnai mÐa posìthta sunufasmènh me thn apodotikìthta
tou algorÐjmou Roberts, Rosenthal (2001) kai mÐa enallaktik  ermhneÐa thc
pijanìthtac aut c mac dÐnei to ergodikì Je¸rhma kat� to opoÐo to a isoÔtai me
to makroprìjesmo posostì proteinìmenwn metab�sewn pou èginan apodektèc
apì thn alusÐda:

a =

∫
a(x, y)π∗(x)q(x, y)dxdy

4. 'Ena deÐgma pou par�getai apì ton parap�nw algìrijmo diafèrei apì èna tuqaÐo
deÐgma kaj¸c gia par�deigma, eÐnai dunatìn na perilamb�nei epanalambanìmenec
pragmatopoi seic thc Ðdiac tim c, kaj¸c h apìrriyh tou y odhgeÐ se epan�lhyh
thc Xn sto b ma n. (pr�gma pou eÐnai adÔnato na sumbeÐ se plaÐsio me a.i.t.m.
apì suneq  katanom ).

5. Akìma, èna basikì qarakthristikì tou algorÐjmou MHìpwc faÐnetai kai apì

th sqèsh 4.1.5, eÐnai pwc qrei�zetai na upologÐsoume mìno lìgouc: π(y)
π(x)

kai

epomènwc mporoÔme na agno soume entel¸c th stajer� kanonikopoÐhshc (C =∫
π(x)dx)) to opoÐo eÐnai meg�lo pleonèkthma.
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O stìqoc eÐnai na eÐnai na exasfalÐsoume ìti:

PN(x, y)→ π∗(x, y) kaj¸c N →∞. (4.1.8)

'Etsi, apì èna meg�lom, ja mporoÔme na jewr soume pwc oi parathr seic x(m), x(m+1), ...
eÐnai tuqaÐo deÐgma apì thn π∗.

Sthn enìthta 4.3 dÐnontai sunj kec ¸ste h alusÐda ((X(n))n≥0) pou par�getai apì
ton algìrijmo, na ikanopoieÐ thn (4.1.8). Wstìso, mÐa aparaÐthth proupìjesh eÐnai h
ex c:

An E eÐnai to st rigma thc π∗, tìte an gia par�deigma up�rqei k�poio A ⊂ E gia
to opoÐo: ∫

A

π∗(dx) > 0 kai

∫
A

q(y|x)dy = 0 gia k�je x ∈ E ,

tìte o parap�nw algìrijmoc den èqei wc oriak  katanom  thn π∗ kaj¸c an x0 /∈ A h
alusÐda (X(n)) den ja episkefteÐ potè to A. Oi Robert, Casella sto [35] shmei¸noun
pwc h el�qisth anagkaÐa sunj kh eÐnai:

suppπ ⊂ ∪x∈suppπsuppq(x, ·). (4.1.9)

Oloklhr¸nontac thn eisagwg , mènei na doÔme pwc mporeÐ na gÐnei h prosomoÐw-
sh se ènan upologist  ìpwc epÐshc kai na exet�soume thn epilog  thc sun�rthshc-
prìtashc.

'Opwc anafèrjhke, h prosomoÐwsh tim¸n apì tic desmeumènec katanomèc Q(x, ·) eÐnai
mÐa sqetik� apl  diadikasÐa. Autì diìti an diajètoume tic pijanìthtec met�bashc  
th s. puknìthtac (kai h teleutaÐa eÐnai apl ), to mìno pou qrei�zetai epiplèon eÐnai
mÐa diadikasÐa apodoq c-apìrriyhc (pou eÐnai exÐsou apl ).

Sunep¸c, to na trèxoume ton algìrijmo Metropolis-Hastings eÐnai mÐa sqetik� apl 
diadikasÐa.

Up�rqoun polloÐ trìpo epilog c thc sun�rthshc-prìtashc. H basikìterh prou-
pìjesh eÐnai na èqei st rigma pou na perilamb�nei to st rigma (sunj kh (4.1.9))thc
sun�rthshc-prìtashc. Wstìso, mporoÔme na diakrÐnoume tic parak�tw kathgorÐec:

1. Summetrikìc Metropolis-Hastings. Ed¸, q(x, y) = q(y, x), kai �ra h pijanìthta

apodoq c aplopoieÐtai se: a(x, y) = min{1, π(y)
π(x)
}.

2. Metropolis-Hastings TuqaÐou Perip�tou. Ed¸, q(x, y) = q(y−x). Gia par�deig-
ma: Q(x, ·) = Nd(x,Σ), opìte xn+1 ∼ Nd(xn,Σ).

3. Anex�rthtec prosomoi¸seic. Ed¸ h q(x, y) = q(y), dhlad  o Q(x, ·) eÐnai a-
nex�rthtoc tou x. An kai h epilog  miac tètoiac sun�rthshc-prìtashc èqei
pollèc eukolÐec, mporeÐ na efarmosteÐ mìno se sugkekrimènec peript¸seic, ka-
j¸c ja prèpei h katanom -prìtash na apoteleÐ mÐa sqetik� kal  prosèggish
thc sun�rthshc-stìqou.
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Parat rhsh Sqetik� me ton MH tuqaÐou perip�tou prokÔptei to ex c z thma: Ac
upojèsoume gia aplìthta pwc d = 1, kai h q(x, y) eÐnai h puknìthta thc N (x, σ2).
Dhlad , ìtan Xn = x ja eÐnai Yn+1 ∼ N (x, σ2). Ja prèpei sth sunèqeia na kajo-
rÐsoume thn katanom  (dialègontac kat�llhla to σ2). To prìblhma ègkeitai sthn
epilog  thc diaspor�c σ2. Arqik� ja prèpei na èqoume k�poio krit rio apodoti-
kìthtac. Gia par�deigma ja  tan epijumhtì o algìrijmoc na sugklÐnei taqÔtata sth
st�simh katanom  (katanom -stìqo) π∗.

EÐnai diaisjhtik� �meso pwc gia polÔ mikrì σ2 o algìrijmoc ja proteÐnei polÔ mikr�
�lmata ta opoÐa ja eÐnai sqedìn ìla apodekt� (kaj¸c h pijanìthta apodoq c a ja
eÐnai kat� prosèggish kont� sto 1 lìgw thc sunèqeiac twn π kai q). Opìte, h sÔg-
klish ja eÐnai polÔ arg  kaj¸c ja apaiteÐtai polÔc qrìnoc mèqri o algìrijmoc na
exereun sei to q¸ro. Apì thn �llh pleur�, an to σ2 epileqjeÐ polÔ meg�lo, tìte o
algìrijmoc ja pragmatopoieÐ polÔ suqn� meg�la �lmata se perioqèc ìpou to π ja
eÐnai polÔ mikrì. Epomènwc ja parousi�sei meg�lo posostì apìrriyhc kai ja ètsi h
alusÐda ja parameÐnei stajer  gia meg�la qronik� diast mata. EÔlogo eÐnai loipìn
to er¸thma an up�rqei k�poia ac poÔme bèltisth epilog  gia to σ2, tìso se autì to
sugkekrimèno par�deigma, ìso kai genikìtera.

H beltistìthta-apodotikìthta eÐnai èna dhmofilèc z thma stic mèrec gia to opoÐo
gÐnetai lìgoc sta [38], [3]. H ènnoia apodotikìthtac gia thn perioq  aut  sqetÐzetai
me taqÔthta sÔgklishc kai ekfr�zetai mèsw twn diafìrwn posot twn-paramètrwn tou
algorÐjmou MH. Sugkekrimèna, oi Roberts, Rosenthal (2001) sto [37] katal goun
pwc h bèltisth pijanìthta apodoq c ja prèpei na eÐnai kont� sto 0.44 ìtan d = 1. O
kanìnac autìc basÐzetai sthn asumptwtik  sumperifor� enìc krithrÐou apodotikìth-
tac pou je¸rhsan oi suggrafeÐc. EpÐshc, gia poludi�stata montèla oi suggrafeÐc
proteÐnoun na rujmÐzetai h pijanìthta apodoq c kont� sto 1/4 (sugkekrimèna sto
0.234).
Tèloc, h epilog  anex�rththc sun�rthshc-prìtashc

To par�deigma pou akoloujeÐ, eÐnai kat�llhlo ¸ste na parousiastoÔn ta di�fora
probl mata pou ja prèpei na antimetwpistoÔn se mÐa kataskeu  tou algorÐjmou MH.

Par�deigma.
Ac upojèsoume pwc èqoume to parak�tw olokl rwma:

C =

∫
(1 + log(1 + sin2(2x)) + sin(4x))e−x

2

dx (4.1.10)

To prìblhma mporeÐ na eÐnai eÐte na jèloume na upologÐsoume to parap�nw, eÐte na
jèloume na prosomoi¸soume deÐgma apì thn puknìthta:

π∗(x) =
(1 + log(1 + sin2(2x)) + sin(4x))e−x

2

C
=
π(x)

C
(4.1.11)

Fusik�, to C ekfr�zetai kai ¸c:

Eµ[
1√
π

(1 + log(1 + sin2(2X)) + sin(4X))] = Eµ[h(X)],
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ìpou µ ∼ N (0, 1/2). Apì thn teleutaÐa, mporeÐ polÔ eÔkola kaneÐc na prosomoi¸sei
deÐgma, kai èpeita, qrhsimopoi¸ntac to nìmo meg�lwn arijm¸n, na p�rei:

1/N
N∑
i=1

h(Xi)→ C.

Wstìso, gia ta parap�nw probl mata ja qrhsimopoi soume ton algìrijmo MH. To
st rigma thc sun�rthshc π eÐnai ìlh h eujeÐa kai epomènwc epilègontac algìrijmo tu-
qaÐou perip�tou p�nw sthn eujeÐa, ja èqoume kalÔyei thn el�qisth apaÐthsh (4.1.9).
Gia to sugkekrimèno par�deigma èqei epileqjeÐ o:

Q(x, y) ∼ U(x− δ, x+ δ)

MÐa �llh epilog  ja  tan o: Q2(x, y) ∼ N (x, σ2). EpÐshc, mporoÔme na para-
thr soume apì ton tÔpo thc π, pwc sugkentr¸netai kont� sto mhdèn en¸ q�netai
sqetik� gr gora. Sugkekrimèna, h m�za gia ta x ≥ 3 kai x ≤ −3 eÐnai sqedìn 0.
EÐnai eÔlogo loipìn na epilèxoume mÐa oikogèneia katanom¸n kai ìqi apl� mÐa kata-
nom , kaj¸c sthn pr¸th mporoÔme na rujmÐzoume ta �lmata pou ja k�nei k�je for�.
(pq rujmÐzontac to δ sth Q   to σ antÐstoiqa sth Q2). Ja d¸soume èmfash me to
par�deigma autì, se 4 paramètrouc: Sthn pijanìthta apodoq c, sto pl joc epana-
l yewn, sto Burn in, kai sthn epilog  tou arqikoÔ shmeÐou. Ja exet�soume ta ex c
2 qarakthristik�:

1 Pìso kal  prosarmog  èqei to istìgramma thc alusÐdac sthn pragmatik  pu-
knìthta π, kai

2 Th sÔgklish tou ergodikoÔ mèsou: 1
N+1

∑m+N
i=m Xi →

∫
xdπ∗(x)., ìpou to m

eÐnai h perÐodoc burn in.

Ja doÔme pwc ìlec oi parap�nw par�metroi ephre�zoun aut� ta apotelèsmata.

Pr¸ta apì ìla, h puknìthta π∗(x) pou jèloume na prosomoi¸soume parousi�zetai
sto gr�fhma (??). Me ton algìrijmo MH ja paraqjeÐ mÐa akoloujÐa X(0), ..., X(N)

ìpou sto b ma n, ( 0 ≥ n ≥ N) prosomoi¸noume èna y apì thn Q(x(n), y) ∼ U(x(n)−
δ, x(n) + δ) wc h upoy fia nèa kat�stash x(n+1) h opoÐa ja gÐnei dekt  me pijanìthta:

α(x, y) = min{1, π(y)

π(x)
},

(kaj¸c h Q eÐnai summetrik  : Q(x, y) = Q(y, x)) diaforetik� ja aporrifjeÐ, kai h
alusÐda paramènei sthn Ðdia kat�stash (dhl x(n+1) = x(n)).
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Sq ma 4.1: To gr�fhma thc puknìthtac π∗

Arqik� jewroÔme èna logikì shmeÐo ekkÐnhshc (ekeÐ pou sugkentr¸netai peris-
sìterh m�za), ìpwc gia par�deigma to x(0) = 0. Sto gr�fhma (4.2) èqoume 3 diafo-
retikèc pragmatopoi seic tou algorÐjmou. Sugkekrimèna, metab�lloume to pl joc
epanal yewn kai krat�me en¸ prosarmìzoume to δ kont� sto 1.8, gia to opoÐo èqoume
pijanìthta apodoq c 0.44 kai epilègoume wc perÐodo burn in 10 %. EpÐshc sto sq ma
autì blèpoume kai th sÔgklish tou ergodikoÔ mèsou gia tic 3 autèc peript¸seic.

Sq ma 4.2: Prosarmog  thc puknìthtac pou ep�gei to st�simo mètro thc alusÐdac
MH sthn puknìthta π∗ gia diaforetik� pl jh epanal yewn: N=1000, N=10000,
N=10000 pou antistoiqoÔn sta parap�nw graf mata kai sta k�tw graf mata èqoume
th sÔgklish tou ergodikoÔ mèsou

'Ena kakì shmeÐo ekkÐnhshc (pq x(0) = 3), se sunduasmì me mÐa kak  epilog 
gia to δ mporeÐ na odhg sei se merolhptik� sf�lmata akìma kai gia polÔ meg�la
deÐgmata (N = 10000). 'Opwc epishm�njhke, me èna polÔ mikrì δ, oi proteinìmenec
metab�seic ja brÐskontai polÔ kont� metaxÔ touc kai epomènwc ja èqoume polÔ meg�lh
pijanìthta apodoq c. To apotèlesma ja eÐnai, h alusÐda na qrei�zetai polÔ qrìno
gia na exereun sei ìlo to q¸ro (pou sthn prokeimènh eÐnai ousiastik� to (−3, 3)).
Apì thn �llh, gia meg�lo δ, ja èqoume polÔ meg�la �lmata kai ètsi, polÔ mikr 
pijanìthta apodoq c. To apotèlesma ja eÐnai na mènei h alusÐda gia polÔ qrìno
sthn Ðdia kat�stash. Oi dÔo autèc problhmatikèc peript¸seic parousi�zontai sto
sq ma (4.3), sto 1o kai 3o gr�fhma antÐstoiqa. Sto 2o gr�fhma tou sq matoc (4.3),
èqei epileqjeÐ δ = 2. Gia thn epilog  aut  èqoume pijanìthta apodoq c α = 0.44,
en¸ gia tic �llec 2 peript¸seic eÐnai α = 0.94 kai α = 0.042 antÐstoiqa.
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Sq ma 4.3: Prosarmog  thc puknìthtac pou ep�gei to st�simo mètro thc alusÐdac
MH sthn puknìthta π∗ ìpou N = 10000 en¸ δ = 0.1,δ = 2 kai δ = 20 antÐstoiqa.

Tèloc, sto sq ma 4.4 blèpoume pwc h perÐodoc burn in (m), ephre�zei se meg�lo
bajmì th sÔgklish akìma kai èqoume èna sqetik� meg�lo pl joc epanal yewn gia to
sugkekrimèno prìblhma. Autì sumbaÐnei diìti an to shmeÐo ekkÐnhshc den eÐnai idani-
kì, kai den epitrèyoume meg�la �lmata, tìte oi pr¸tec epanal yeic, den ja d¸soun
swst� apotelèsmata kai ètsi, an tic sumperil�boume ja parousiasteÐ merolhyÐa. H
kat�stash belti¸netai ìtan to X(m) brÐsketai kont� sth π∗.

Sq ma 4.4: Prosarmog  thc puknìthtac pou ep�gei to st�simo mètro thc alusÐdac
MH sthn puknìthta π∗ ìpou N = 10000 en¸ δ = 0.1, δ = 2 kai δ = 20 antÐstoiqa.
To arqikì shmeÐo eÐnai to x(0) = 3.

Opìte, oloklhr¸nontac to par�deigma autì, jewroÔme apodektì to deÐgma x(m), ..., x(N)

pou prosomoi¸jhke apì thn parap�nw alusÐda me N = 10000, δ = 1.8 kai m = 1000,
wc antiproswpeutikì deÐgma apì thn π∗ kai upologÐsame pwc Eπ∗ [h(X)] = 1.061.
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4.1.2 O deigmatol pthc Gibbs

H onomasÐa ofeÐletai ston J.W. Gibbs, an kai h perigraf  tou algorÐjmou ègine
argìtera apì touc aderfoÔc Stuard, Donald Geman (1984), (1990). Sth genik 
tou morf , o algìrijmoc autìc eÐnai mÐa eidik  perÐptwsh tou MH kai efarmìzetai
se q¸rouc meg�lhc di�stashc ìtan h apì koinoÔ katanom  eÐnai �gnwsth   ìtan eÐnai
anèfikth h prosomoÐwsh thc, all� oi desmeumènec katanomèc eÐnai gnwstèc kai eÔkola
prosomoi¸simec.

Upojètoume ìti o q¸roc E = E1×E2×...×Ek) = èqei di�stash d, ìpou Ei ⊂ Rdi

me d1 + ...+dp = d. 'Estw X ∈ E èna tuqaÐo di�nusma me puknìthta π. To prìblhma
eÐnai na prosomoi¸soume thn puknìthta π.

MporoÔme na gr�youme X = (X1, ..., Xk), ìpou to t.d. Xi eÐnai h probol  tou
X ston Ei, all� ja anaferìmaste se autì wc h i sunist¸sa. (ja apofeÔgoume ta
èntona gr�mmata gia tic sunist¸sec, parìlo pou eÐnai dianÔsmata).

'Estw X(−i) = (X1, ..Xi−1, Xi+1, ..., Xk) (dhlad  qwrÐc thn i sunist¸sa), kai krat�me
ìmoio sumbolismì kai gia ta E(−i). Akìmh, me π(x)(−i,s) sumbolÐzetai h apì koinoÔ pu-
knìthta me stajerèc ìlec tic sunist¸sec ektìc apì thn i-ost . Opìte x = (xi, x

(−i))
kai upojètoume (gia aplìthta) pwc gia k�je x ∈ E eÐnai π(x) > 0 H upìjesh aut 
eÐnai ousiastik  ìpwc ja doÔme sth sunèqeia).

H perij¸ria puknìthta tou X(−i) eÐnai:

π(−i)(x
(−i)) =

∫
Ei

π(x)(−i,s)ds, x(−i) ∈ E(−i)

kai h desmeumènh puknìthta tou Xi|X(−1) = x(−i) eÐnai:

πi(xi|x(−i)) = π(x)/π(−i)(x(−i)), xi ∈ Ei

'Estw:
S

(−i)
x,A = {y ∈ X : yj = xj gia j 6= i, yi ∈ A}.

Tìte

Pi(xi, S
(−i)
x,A ) =

∫
A

πi(xi|x(−i))ds =

∫
A
π(x)(−i,s)ds∫
π(x)(−i,s)ds

ìpou π(x)(−i,s) = π(x1, ..., xi−1, s, xi+1, ..., xd)

Parathr seic

1. H Pi lègetai pl rhc desmeumènh katanom  full conditional gia th sunist¸sa i
kai èna basikì qarakthristikì tou Gibbs eÐnai pwc oi parap�nw pl rhc desmeu-
mènec puknìthtec (πi(·|x(−i))) eÐnai oi mìnec puknìthtec pou qrei�zontai gia thn
prosomoÐwsh. Opìte, akìma kai se q¸rouc meg�lhc di�stashc, h prosomoÐw-
sh mporeÐ na afor� q¸rouc qamhl c di�stashc (pq ta di eÐnai mikr�) to opoÐo
suqn� eÐnai pleonèkthma.
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2. ApodeiknÔetai (apì ton orismì thc desmeumènhc puknìthtac) ìti h alusÐda me
pur na to Pi eÐnai antistrèyimh wc proc to π. Epomènwc, to Pi èqei thn π wc
st�simh katanom .

3. Akìmh, mporoÔme na doÔme to Pi wc eidik  perÐptwsh tou MH me pijanìthta
a(x, y) = 1. Sugkekrimèna, mìlic h i proc ananèwsh sunist¸sa stajeropoihjeÐ,
thn kÐnhsh pou pragmatopoieÐ o Gibbs sampler mporoÔme na th doÔme wc mÐa
kÐnhsh tou algorÐjmou MH sto Ei, ìpou h katanom -stìqoc kai h katanom -
prìtash eÐnai h πi(·|x(−i)) kai ètsi a(x, y) = 1.

O Gibbs sampler par�gei mÐa akoloujÐa X(n) = (X
(n)
1 , ..., X

(n)
d ) ∈ E, n ≥ 0 ìpou

sto b ma m mìno mÐa sunist¸sa anane¸netai, èstw h i = im, ìpou sÔmfwna me

ton parap�nw kanìna h epìmenh kat�stash gia th sunist¸sa i, dhlad  h X
(n+1)
i ,

par�getai apì thn π(−i, s)(·) ìtan Q(n)
i = x.

Gia thn akoloujÐa (i(n)n≥0 up�rqoun 2 trìpoi ¸ste aut  na kajoristeÐ. O susthma-
tikìc (  kuklikìc) kai o tuqaÐoc. Ston kuklikì epilègoume tic sunist¸sec kuklik�:
1,2,..d, 1,2,..d,... en¸ sto tuqaÐo, k�je sunist¸sa gia to b ma n epilègetai tuqaÐa
(suqn� omoiìmorfa apì tic d sunist¸sec). En antijèsei me to susthmatikì trìpo,
sthn perÐptwsh thc tuqaÐac epilog c, h akoloujÐa (X(n))n≥0 eÐnai M.A. Wstìso, me
ton trìpo autì, q�netai endeqomènwc shmantikìc qrìnoc sthn prosomoÐwsh (eidik�
ìtan to d eÐnai meg�lo kai ìtan up�rqei shmantik  diafor� sth metablhtìthta twn
sunistws¸n). Gia to z thma autì gÐnetai suz thsh sto LIU, J. S., WONG, W. H.
and KONG, A. (1995).

An upojèsoume pwc eÐnai dunat  h prosomoÐwsh apì ìlec tic pl rh-desmeumènec
katanomèc, tìte oi algìrijmoi Gibbs pou antistoiqoÔn se autèc tic prosomoi¸seic
dÐnontai apì thn akìloujh perigraf  gia th met�bash apì thn kat�stash X(n) sth
X(n+1):

(Kuklikìc) Algìrijmoc Gibbs Sampler.

Sto b ma n tou algorÐjmou Gibbs, gia i = 1, ..., d, dojèntoc tou (x
(n)
1 , ..., x

(n)
d )

1. ProsomoÐwsh thc:

X
(n+1)
1 ∼ π1(·|x(−1))

2. ProsomoÐwsh thc:

X
(n+1)
2 ∼ π2(·|x(−2))

...

d. ProsomoÐwsh thc:

X
(n+1)
d ∼ πd(·|x(−d))

(TuqaÐoc) Algìrijmoc Gibbs Sampler. Sto b ma n tou algorÐjmou Gibbs,

gia i = 1, ..., d, dojèntoc tou (x
(n)
1 , ..., x

(n)
d )

1. ProsomoÐwsh miac:
I ∼ U({1, ..., d})
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2. ProsomoÐwsh thc:

X
(n+1)
I ∼ πI(·|x(−I))
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4.1.3 O ubridikìc deigmatol pthc Gibbs

H perÐptwsh aut  apoteleÐ epèktash tou Gibbs sampler. Ston teleutaÐo, mÐa suni-
st¸sa se k�je b ma anane¸netai kai h katanom -stìqoc se k�je b ma eÐnai h pl rhc
desmeumènh katanom  thc sunist¸sac pou prìkeitai na ananewjeÐ. Epomènwc, se k�je
b ma qrei�zetai na prosomoiwjoÔn oi pl reic-desmeumènec katanomèc Πi. Wstìso, an
k�poia apì autèc èqei duskolÐec sthn prosomoÐwsh, tìte mÐa teqnik  proc thn epÐlu-
sh tou probl matoc autoÔ eÐnai na efarmosteÐ algìrijmoc MH gia thn prosomoÐwsh
thc. Dhlad , antÐ thc apeujeÐac prosomoÐwsh thc:

X
(n+1)
i ∼ πi(xi|x(n+1)

1 , ..., x
(n+1)
i−1 , x

(n)
i+1, , ..., x

(n)
d ),

efarmìzoume èna b ma apì ton MH kai ìpote eÐnai dunatìn, o algìrijmoc autìc na

eÐnai tuqaÐou perip�tou me kèntro to x(n)
i .

Epomènwc, h diafor� eÐnai pwc h ananèwsh apì xi se yi gÐnetai me mÐa genik 
katanom -prìtash: q(xi,x(−i))(xi, ·) antÐ thc πi(·|x

(−i)) (ìpou q(a,x(−i))(a, ·) = qi((x1, ..., xi−1, a, xi+1, , ..., xd), ·)
  me to sumbolismì thc desmeumènhc puknìthtac antÐ thc puknìthtac pur na, q(a,x(−i))(a, ·) =
qi(·|(x1, ..., xi−1, a, xi+1, , ..., xd)) ). O lìgoc mèsa sthn pijanìthta apodoq c gÐnetai:

r(i)
x (xi, yi) =

πi(yi|x(−i))q(yi,x(−i))(yi, xi)

πi(xi|x(−i))q(xi,x(−i))(xi, yi)
(4.1.12)

H pl rhc perigraf  tou algorÐjmou eÐnai h ex c:

Algìrijmoc Hybrid MH. Sto b ma n tou algorÐjmou Gibbs, gia i = 1, ..., d,

dojèntoc tou (x
(n+1)
1 , ..., x

(n+1)
i−1 , x

(n)
i+1, , ..., x

(n)
d )

1. ProsomoÐwsh thc:

yi ∼ qi(x
(n+1)
1 , ..., x

(n)
i , x

(n)
i+1, , ..., x

(n)
d , yi)

2. 'Opou:

x
(n+1)
i =

{
yi me pijanìthta r

(i)
x (xi, yi)

x
(n)
i me pijanìthta 1− r(i)

x (xi, yi)
(4.1.13)

Sthn perÐptwsh tuqaÐou perip�tou: q(xi,x(−i))(xi, yi) = fi(yi−xi) èqoume shmantik 
aplopoÐhsh gia ton lìgo pou emfanÐzetai mèsa sthn pijanìthta apodoq c. Sugke-
krimèna:

r(i)
x (xi, yi) =

πi(yi|x(−i))

πi(xi|x(−i))
(4.1.14)

ìtan fi(yi − xi) > 0.

O Gibbs Sampler mporeÐ na jewrhjeÐ eidik  perÐptwsh tou parap�nw ìtan q(xi,x(−i))(xi, yi) =

π(xi,x(−i))(xi, yi) ìpou prokÔptei: a(x, y) = 1. (ìpou a(x, y) = min{1, r(i)
x (xi, yi)}.)

'Opwc kai sthn perÐptwsh tou Gibbs Sampler, to π eÐnai st�simh katanom . Autì
mporoÔme na to doÔme kai wc ex c:
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JewroÔme mÐa ananèwsh gia thn i-ost  sunist¸sa gia stajerì x(−i). Me parìmoia
epiqeir mata ìpwc aut� sthn perÐptwsh (.), h ananèwsh thc i-ost  sunist¸sa ikano-
poieÐ tic exis¸seic leptomeroÔc isorropÐac kai �ra h pl rhc desmeumènh puknìthta
πi(·|x(−i)) eÐnai st�simh. 'Ara kai h π eÐnai st�simh.

Idiìthtec ìpwc h diaqwrisimìthta kai h aperiodikìthta ja prèpei na apodeiqjoÔn
mèsa apì th dom  tou parap�nw algìrijmou pou èqei kataskeuasteÐ gia to sugke-
krimèno prìblhma pou èqoume k�je for�.

Tèloc, gia touc algìrijmouc MH den isqÔei o kanìnac gia th bèltisth pijanìthta
apodoq c pou anafèrjhke sta prohgoÔmena.
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4.2 Asumptwtik  sumperifor�

Sthn enìthta aut  ja parousiastoÔn ikanèc sunj kec gia touc algorÐjmouc MH kai
Gibbs.

Gia ton algìrijmo MH
Xekin�me me thn pio basik  apaÐthsh: h katanom -stìqoc na ja prèpei na eÐnai st�simh
katanom  gia thn alusÐda pou par�getai apì ton algìrijmo MH.

Autì ìmwc èpetai �mesa apì thn Prìtash 4.1. all� kai apì to Je¸rhma 3.4. Opìte:

Je¸rhma 4.1. Gia opoiad pote katanom  (-prìtash) q (me st rigma pou perilam-
b�nei to st rigma thc π∗ ), to π∗ eÐnai st�simo mètro gia thn alusÐda (X(n)) pou
par�getai apì ton algìrijmo MH.

Prokeimènou na efarmìsoume to Kentrikì Je¸rhma SÔgklishc M.A. (J.3.8), gia ìlo
to q¸ro X , ja prèpei h alusÐda na eÐnai φ-adiaq¸risth, Harris-epanalhptik , kai ape-
riodik . Up�rqoun arketèc ikanèc sunj kec prokeimènou o algìrijmoc MH na eÐnai
φ-adiaq¸ristoc. (Roberts and Tweedie (1996), Mengersen and Tweedie (1996).).
Wstìso, h m.a. tou algorÐjmou MH, eÐnai sqedìn p�nta π∗-adiaq¸risth kaj¸c, gia
sqedìn opoiad pote katanom -prìtashc q to π∗ eÐnai st�simh katanom . Ja doÔme
pwc arkeÐ: an gia k�je y ∈ X me π∗(y) > 0 èpetai ìti q(x, y) > 0 gia opoiod pote
x ∈ X.

Gia par�deigma, h diaqwrisimìthta thc alusÐdac aut c, exasfalÐzetai an h puknìthta
q eÐnai jetik , dhlad  an:

q(x, y) > 0 gia k�je x, y ∈ E , (4.2.1)

afoÔ an ikanopoieÐtai h parap�nw, èpetai pwc k�je uposÔnolo tou sthrÐgmatoc E , me
jetikì mètro Lebesgue, eÐnai prositì se èna b ma. Epeid  t¸ra h puknìthta π∗ eÐnai
st�simh, h alusÐda eÐnai jetik  ex-orismoÔ. Epomènwc eÐnai kai epanalhptik .

Me to parap�nw exasfalÐzetai h diaqwrisimìthta thc alusÐdac pou par�getai apì
ton MH gia sqedìn opoiad pote katanom -prìtash q kai ìpwc doÔme sth sunèqeia,
gia thn Harris-epanalhptikìthta, h diaqwrisimìthta arkeÐ. Epomènwc, zht�me mìno
sunj kec gia thn aperiodikìthta.

MÐa ikan  sunj kh gia thn aperiodikìthta thc alusÐdac tou algorÐjmou MH, (X(n)),
eÐnai na epitrèpontai apì ton algìrijmo gegonìta ìpwc {Xn+1 = Xn}, dhlad , h
pijanìthta tètoiwn endeqomènwn na eÐnai mh mhdenik  kai �ra:

P[π∗(Xn)q(Xn, Y ) ≤ π∗(Y )q(Y,Xn)] < 1. (4.2.2)

Gia thn Harris-epanalhptikìthta èqoume to akìloujo:

L mma 4.1 An h alusÐda (X(n)) pou par�getai apì ton algìrijmo MH eÐnai π∗-
adiaq¸risth, tìte eÐnai kai Harris- epanalhptik .
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Epomènwc, sunoyÐzontac ta parap�nw, èqoume  dh deÐxei to epìmeno Je¸rhma
sÔgklishc:

Je¸rhma 4.2 Je¸rhma SÔgklishc tou algorÐjmouMH. An h alusÐda (Xn) pou
par�getai apì ton MH eÐnai π∗-adiaq¸risth, tìte:

(i) An f ∈ L1(π∗), tìte:

lim
N→∞

1

N

N∑
i=1

f(Xn) =

∫
f(x)π∗(x)dx s.p.− π∗

(ii) An epiplèon eÐnai kai aperiodik , tìte:

Pµ(X(n) ∈ A)→ Π∗(A) kaj¸c n→∞.

gia opoiad pote arqik  katanom  µ kai A ∈ X .

EpÐshc, apì thn prohgoÔmenh suz thsh katal xame kai sto:

Pìrisma. An h alusÐda pou par�getai apì ton MH me sun�rthsh-prìtash th
q ikanopoieÐ tic sunj kec (??), (4.2.2) tìte isqÔei to sumpèrasma tou parap�nw jew-
r matoc.

Gia ton algìrijmo Gibbs sampler

EÐdame pwc o Gibbs sampler par�gei mÐa akoloujÐa X(n) = (X
(n)
1 , ..., X

(n)
d ) ∈

E, n ≥ 0 ìpou sto b ma m mìno mÐa sunist¸sa anane¸netai kai up�rqoun 2 trìpo
gia na gÐnei autì. Stic epìmenec grammèc perigr�fetai pwc k�tw apì polÔ asjeneÐc
sunj kec to Kentrikì Je¸rhma SÔgklishc M.A. efarmìzetai kai gia tic 2 autèc
peript¸seic.

Gia thn perÐptwsh tou kuklikoÔ Gibbs Sampler, epeid :

X
(n+1)
i |(X(0)

1 , X
(0)
2 , ..., X

(n+1)
i−1 ) ∼ πi(·|X(n+1)

1 , ..., X
(n+1)
i−1 , X

(n)
i+1, ..., X

(n)
d )

(me tic profaneÐc metatropèc an i = 1, èqoume pwc oiX(n+1)
i kai (X(0)

1 , X
(0)
2 , ..., X

(n+1)
i−1 )

eÐnai anex�rthtec dojèntoc thc (X
(n)
i+1, ..., X

(n)
d , X

(n+1)
1 , ..., X

(n+1)
i−1 ). Epomènwc h:

(X
(0)
1 , X

(0)
2 , ..., X

(0)
d , X

(1)
1 , X

(1)
2 , ..., X

(1)
d , ...)

eÐnai mÐa (d− 1)-t�xhc M.A. (pou mporeÐ na eÐnai mh-omogen c). 'Epetai loipìn apì th
jewrÐa sth enìthta 3.1, pwc h (X(0),X(1)), ...) eÐnai mÐa omogen c M.A.

Kai stic parap�nw dÔo peript¸seic, èqoume to akìloujo apotèlesma:

Je¸rhma. H Π∗ eÐnai st�simh katanom  gia thn (X(n))n≥0

H alusÐda pou par�getai apì ton kuklikì algìrijmo den eÐnai antistrèyimh (en
antijèsei me thn alusÐda apì ton tuqaÐo). Wstìso, k�je ananèwsh eÐnai kat� k�poion
trìpo antistrèyimh, kaj¸c gia opoiod pote (x1, ..., xd) kai yi, jètontac y = (x1, ..., xi−1, yi, xi+1, ..., xd)
paÐrnoume tic exis¸seic leptomeroÔc isorropÐac:

π(x)πi(yi|x(−i)) = π(x)
π(y)

π(−i)(x(−i) = π(y)πi(xi|x(−i))
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Apì to parap�nw, epibebai¸netai pwc h alusÐda aut  èqei to π wc st�simh katanom .

H sunj kh
π(x) > 0 gia k�je x ∈ E (4.2.3)

pou diatup¸jhke sthn arq , eÐnai ikan  sunj kh ¸ste o kuklikìc algìrijmoc Gibbs
na eÐnai Harris-epanalhptikìc kai aperiodikìc. Epomènwc, to Kentrikì Je¸rhma sÔg-
klishc efarmìzetai.
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Kef�laio 5

StoiqeÐa JewrÐac AlgorÐjmwn

5.1 Eisagwg 

Sto kef�laio autì diatup¸nontai arqik� ta basikìtera ergaleÐa sta opoÐa sthrÐzetai
h jewrÐa sÔgklishc tou algorÐjmou EM ìpwc jemeli¸jhke apì ton Wu (1983). To
plaÐsio autì ja qrhsimopoihjeÐ kai sto kef�laio 7. Sthn enìthta 5.2 parousi�zetai
o algìrijmoc EM kai gÐnetai mÐa analutik  suz thsh twn qarakthristik¸n tou. Sth
sunèqeia, h enìthta 5.3 afor� th sÔgklish tou EM. Se aut n, ja parousiasteÐ to
plaÐsio melèthc pou anèptuxe o Wu (1983) to opoÐo apoteleÐ mèqri s mera to basikì
plaÐsio gia th melèth thc sÔgklishc tou algorÐjmou EM.
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5.2 Basikèc ènnoiec kai Kentrikì Je¸rhma SÔgklishc

'Ena basikì majhmatikì antikeÐmeno pou parousi�zetai sthn enìthta aut  eÐnai h èn-
noia tou algorÐjmou (  epanalhptik  diadikasÐa). Prìkeitai gia mÐa diadikasÐa, kat�
thn opoÐa, apì èna shmeÐo x(k), par�getai to epìmeno shmeÐo x(k+1). 'Etsi, xekin¸ntac
me èna arqikì shmeÐo x(0), mporeÐ na upologisteÐ mÐa akoloujÐa {x(k)}k≥0. Genik�,
ja qrhsimopoioÔmai to sumbolismì {x(k)}k≥0 gia na ekfr�soume ìti prìkeitai gia mÐa
epanalhptik  diadikasÐa se antÐjesh me th sun jh sumbolismì gia tic akoloujÐec
pragmatik¸n arijm¸n. Ja asqolhjoÔme me algìrijmouc oi opoÐoi `sugklÐnoun' se
k�poio `bèltisto' shmeÐo.

To bèltisto shmeÐo mporeÐ na eÐnai gia par�deigma k�poio st�simo shmeÐo   k�poio
el�qisto (olikì   topikì) thc antikeimenik c sun�rthshc (h sun�rthsh endiafèron-
toc). SÔgklish me thn ènnoia, ìti o algìrijmoc eÐte upologÐzei to shmeÐo autì, eÐte
to proseggÐzei me thn ènnoia tou orÐou. Sthn perÐptwsh aut , to ìrio ja sumbo-
lÐzetai me x∞. Eidikìtera, se polÔ lÐga sen�ria (kurÐwc se peript¸seic grammikoÔ  
tetragwnikoÔ (quadratic) programmatismoÔ) up�rqei h dunatìthta upologismoÔ tou
bèltistou shmeÐou me akrÐbeia.

Se ìsa akoloujoÔn, ja diasafhnisteÐ ti jewreÐtai sÔgklish enìc algorÐjmou kai
ja parousi�soume ènan trìpo me ton opoÐo ja mporèsoume na thn exasfalÐsoume.
Arqik� ja orÐsoume thn ènnoia tou algorÐjmou.

Orismìc 4.1 (Algìrijmoc). 'Estw X èna sÔnolo kai x(0) ∈ X èna shmeÐo. 'E-
nac (epanalhptikìc) algìrijmoc, M, me arqikì shmeÐo to x(0), eÐnai mÐa (shmeÐo-se-
sÔnoloo) apeikìnishM : X → X h opoÐa par�gei thn akoloujÐa {x(k)}k≥1 sÔmfwna
me:

x(k+1) ∈M(x(k)), k = 0, 1, ... (5.2.1)

Parathr seic

1. MÐa shmeÐo-se-sÔnolo apeikìnish (point-to-set map (p-t-s map)) φ apì ton Q
ston Y eÐnai mÐa apeikìnish pou stèlnei to shmeÐo x ∈ X sto φ(x) ⊂ Y . Opìte
φ : X → 2Y . Wstìso, gÐnetai suqn� kat�qrhsh tou sumbolismoÔ gr�fontac
φ : X → Y ìtan eÐnai safèc ìti h φ eÐnai shmeÐo-se-sÔnolo apeikìnish.

2. Me autìn ton orismì eÐnai xek�jaro pwc h paragìmenh akoloujÐa {x(k)}k≥0 den
eÐnai dunatì na problefjeÐ apl� gnwrÐzontac to arqikì shmeÐo.

3. 'Enac algìrijmoc sugklÐnei an h akoloujÐa {x(k)}k≥0 pou par�getai apì k�poio
shmeÐo x0, èqei shmeÐo suss¸reushc.

Oi p-t-s apeikonÐseic apoteloÔn genÐkeush twn pragmatik¸n sunart sewn. E-
peid  h ènnoia thc sunèqeiac eÐnai aparaÐthth gia thn jewrÐa, ja qreiasteÐ na thn
epekteÐnoume stic p-t-s. H antÐstoiqh ènnoia thc sunèqeiac stic p-t-s anafèretai wc
kleistìthta (clossedness).

Prokeimènou na gÐnei saf c h analogÐa metaxÔ kleistìthtac kai sunèqeiac, o o-
rismìc thc sunèqeiac miac pragmatik c sun�rthshc f : R → R, sto shmeÐo x∞ (an
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xn → x∞ tìte f(xn)→ f(x∞)) ekfr�zetai kai wc ex c:

an xn → x∞ kai yn = f(xn)

tìte yn → y∞ kai y∞ = f(x∞)

Orismìc 4.2 (Kleistìthta p-t-s apeikìnishc). MÐa p-t-s apeikìnishM : X → X
lègetai kleist  sto x∞

an xk → x∞ kai yk ∈M(xk) kai yk → y∞

tìte y∞ ∈M(x∞).

HM lègetai kleist  sto X an eÐnai kleist  se k�je shmeÐo x ∈ X

AntÐ gia to bèltisto shmeÐo, ja qrhsimopoioÔme mÐa eurÔterh ènnoia, aut  tou shmeÐou
lÔshc:

Orismìc 4.3 (ShmeÐo kai sÔnolo lÔshc). Wc shmeÐo lÔshc kaleÐtai èna opoiod po-
te shmeÐo k�poiou sunìlou, èstw Γ, to opoÐo lègetai sÔnolo lÔshc.

O algìrijmoc, antÐ na pragmatopoieÐ anaz thsh gia k�poio bèltisto shmeÐo, anazht�
k�poio shmeÐo lÔshc. Gia par�deigma, to Γ mporeÐ na eÐnai to sÔnolo ìlwn twn ela-
qÐstwn miac kurt c antikeimenik c sun�rthshc,   enallaktik� (an mac endiafèroun oi
anagkaÐec sunj kec), to sÔnolo ìlwn twn lÔsewn thc exÐswshc ∇f(x) = 0, to opoÐo
eÐnai to sÔnolo ìlwn twn krÐsimwn shmeÐwn. To pwc ja prosdiorÐsoume to sÔnolo
Γ, exart�tai epomènwc, apì to Ðdio to prìblhma kai to sugkekrimèno algìrijmo. Gia
par�deigma, wc stìqoc ja mporoÔse na eÐnai na ft�sei h antikeimenik  sun�rthsh
mÐa epijumht  posìthta a. Opìte, Γ = {x : f(x) ≥ a, x ∈ F}, ìpou F h efikt 
perioq  tou probl matoc (dhlad  to sÔnolo twn shmeÐwn pou ikanopoioÔn ìlouc tou
periorismoÔc tou probl matoc). 'Alla sÔnola lÔsewn ja mporoÔsan na eÐnai oi rÐzec
k�poiou sust matoc exis¸sewn, sagmatik� shmeÐa, shmeÐa eust�jeiac exis¸sewn dia-
for¸n k.a. Ja upojètoume ìti to sÔnolo lÔsewn ja dÐnetai. Tìte o stìqoc tou
algorÐjmou ja eÐnai na prosdiorÐsei (me thn ènnoia tou orÐou) èna shmeÐo sto sÔnolo
autì.

5.2.1 Je¸rhma Olik c SÔgklishc

To epìmeno kentrikì apotèlesma diatup¸jhke apì ton Zangwill (1969) kai ja to
epikalestoÔme sth sunèqeia gia th sÔgklish tou algìrijmou EM. H

Je¸rhma Olik c SÔgklishc (Global Convergence Theorem) 'EstwM : X →
X mÐa p-t-s apeikìnish h opoÐa, xekin¸ntac apì to arqikì shmeÐo x(0) ∈ X, par�gei
thn akoloujÐa {x(k)}k≥0 sÔmfwna me thn x(k+1) ∈ M(x(k)). 'Estw epÐshc pwc to
sÔnolo lÔsewn eÐnai to Γ. Upojètoume:
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(1) 'Ola ta oriak� shmeÐa thc x(k) brÐskontai sto sumpagèc sÔnolo S ⊂ X

(2) Up�rqei mÐa suneq c sun�rthsh g : X → R tètoia ¸ste:

(i) An x /∈ Γ, tìte g(y) < g(x) ∀y ∈M (x)

(ii) An x ∈ Γ, tìte g(y) ≤ g(x) ∀y ∈M (x)

(3) H apeikìnish M eÐnai kleist  sto X\Γ

Tìte, ìla ta oriak� shmeÐa opoiasd pote upakoloujÐac {x(k)}k≥0 eÐnai sto Γ. Akìma,
limx→∞ g(x) = g(x∗) gia ìla ta oriak� shmeÐa x∗.

Apìdeixh

'Estw x∗ oriakì shmeÐo thc (x(k))k≥0. Apì ton orismì tou oriakoÔ shmeÐou kai th
sunèqeia thc g èqoume ìti upakoloujÐa (xkn)n≥0 g(xkn)→ g(x∗). Arqik� ja deÐxoume
ìti g(x(k))→ g(x∗).

Apì ta (i), (ii), h akoloujÐa {g(x(k))}k≥0 eÐnai aÔxousa. Opìte, g(x∗)− g(x(k)) ≥ 0
gia k�je k.

'Estw ε > 0). Epeid  g(x(kn))→ g(x∗), up�rqei n0 tètoio ¸ste, gia n ≥ n0 na isqÔei:

g(x∗)− g(x(kn)) < ε, gia k�je n ≥ n0.

Opìte, gia k�je k ≥ n0

g(x∗)− g(x(k)) = g(x∗)− g(x(kn)) + g(x(kn))− g(x(k)) < ε

.
Ja deÐxoume t¸ra ìti to shmeÐo x∗ ∈ Γ. 'Estw ìti den eÐnai sto Γ. Jewro-

Ôme thn akoloujÐa (x(kn+1))n≥1, h opoÐa èqei thn idiìthta: gia k�je n, x(kn+1) ∈
pazocalM(x(kn)). H nèa aut  akoloujÐa brÐsketai sto sumpagèc S kai �ra èqei sug-
klÐnousa upakoloujÐa, èstw x(kn+1)l → x, kaj¸c l →∞. Epeid  hM eÐnai kleist 
sto X\Γ kai x∗ /∈ Γ (apì thn upìjesh) ja eÐnai:

x ∈M(x∗)

'Omwc g(x(k)) → g(x∗) kai g(x(k)) → g(x), opìte, g(x∗) = g(x) to opoÐo èrqetai
se antÐjesh me to (2) (i). �

Parathr seic

1. H sunj kh (1) tou jewr matoc exasfalÐzei pwc ìlec oi upakoloujÐec èqoun
ìrio sto X, ìpwc epÐshc kai ìti autì to ìrio eÐnai peperasmèno. Akìmh, h
efikt  perioq  den eÐnai aparaÐthta sumpagèc sÔnolo. Mìno ta shmeÐa pou
sqhmatÐzontai apì ton algìrijmo ja prèpei na brÐskontai se sumpagèc sÔnolo.
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2. H sunj kh 2 apaiteÐ pwc h antikeimenik  sun�rthsh g ja belti¸netai se k�je
epan�lhyh, mèqri o algìrijmoc na ft�sei se shmeÐo lÔshc.

3. H sunj kh 3 èqei polÔ basikì rìlo kaj¸c ètsi apofeÔgontai shmeÐa asunèqeiac
ta opoÐa mporeÐ na odhg soun se probl mata sth sÔgklish. Autì qrei�zetai na
sumbaÐnei mìno gia ta shmeÐa lÔshc kaj¸c gia ta upìloipa kuriarqeÐ h sunj kh
2(ii).
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5.3 Algìrijmoc EM

5.3.1 Eisagwg 

O algìrijmoc EM jemeli¸jhke gia pr¸th for� apì touc Demster, Laird and Ru-
bin (1977) (DLR) wc mÐa epanalhptik  diadikasÐa gia ton upologismì thc ektim triac
mègisthc pijanof�neiac (E.M.P.). 'Opwc kai oi Ðdioi èqoun tonÐsei, o EM èqei protajeÐ
pollèc forèc sto pareljìn apì di�forouc suggrafeÐc. Wstìso, ekeÐnoi kat�feran na
genikeÔsoun th mèjodo kai xekÐnhsan mÐa jewrÐa sÔgklishc se èna polÔ eurÔ f�sma
efarmog¸n, prosfèrontac ètsi sth statistik  koinìthta èna polÔ qr simo ergaleÐo
tìso gia probl mata me mh pl rh (logokrimèna   krummèna (cencored   mh parath-
r sima unobserved) dedomèna ìso kai gia probl mata ìpou h analutik  èkfrash thc
E.M.P. eÐnai adÔnato na brejeÐ   parousi�zei upologistikèc duskolÐec. EpÐshc, h
sÔndesh me thn ekjetik  oikogèneia dÐnei poll� qr sima apotelèsmata. MÐa leptome-
rèstath an�lush pètuqe o Rolf Sundberg (1974)

O C.F. Jeff Wu (1983) sunèqise thn an�lush thc jewrÐac sÔgklishc parousi�zon-
tac genikìtera apotelèsmata kai diorj¸nontac orismèna probl mata sto �rjro twn
DLR. MetaxÔ �llwn, èdeixe ìti ta oriak� shmeÐa tou algorÐjmou EM eÐnai st�sima
shmeÐa thc sun�rthshc pijanof�neiac (L) kai pwc ìtan h pijanof�neia eÐnai mono-
kìrufh, opoiad pote akoloujÐa EM eÐnai sugklÐnousa.
O Boyles (1983) kinoÔmenoc p�nw stic Ðdiec grammèc diatÔpwse parìmoia apotelèsma-
ta me kìstoc ìmwc isqurìterec sunj kec. Akìmh, o Dan Nettleton (1991) diatÔpwse
apotelèsmata gia th sÔgklish se probl mata se parametrikoÔc q¸rouc me periori-
smoÔc.

Arqik� ja anafèroume to plaÐsio sto opoÐo sthrÐzetai h jewrÐa kai ja orÐsoume ton
algìrijmo EM (enìthta 5.3). Sth sunèqeia ja per�soume sta jewr mata sÔgklishc
(enìthta 5.4). Ja doÔme epÐshc kai pwc aplopoieÐtai o EM gia tic ekjetikèc oiko-
gèneiec (enìthta 5.5) kai ja anafèroume orismènec teqnikèc MCMC pou mporoÔme na
efarmìsoume se eidikèc peript¸seic (enìthta 5.5).

5.3.2 Genikì plaÐsio-OrismoÐ

Sto genikì plaÐsio me mh pl rh dedomèna upojètoume thn Ôparxh twn tuqaÐwn dia-
nusm�twn X, Y me timèc stouc (X ,Y) ta opoÐa antiproswpeÔoun ta dedomèna x, y
antÐstoiqa. To di�nusma y upojètoume ìti apoteleÐtai apì ta dedomèna pou mporoÔme
na parathr soume en¸ to x antiproswpeÔei ta pl rh dedomèna. MÐa perigraf  gia
to plaÐsio me pl rh dedomèna(incomplete data) gÐnetai sto par�rthma.

Austhrìtera, to y = (y1, ...yp) apoteleÐ mÐa pragmatopoÐhsh enìc tuqaÐou de-
Ðgmatoc (p-di�statou tuqaÐou dianÔsmatoc me a.i.t.m wc sunist¸sec) apì k�poion
(�peiro) plhjusmì me puknìthta g(y) ¸ste P(Y ∈ B) =

∫
B
g(y)dµ(y) gia opoio-

d pote metr simo sÔnolo B ìpou µ k�poio σ-peperasmèno mètro pou kuriarqeÐ to
PY , (PY � µ). Upojètoume ìti h pragmatik  puknìthta, g, eÐnai mèloc parametrik c
oikogèneiac puknot twn P = {g(y;φ) : φ ∈ Φ}, Φ ⊂ Rdφ. Dhlad  up�rqei k�poio
φ∗ ∈ Φ tètoio ¸ste g(y;φ∗) = g(y) gia ìla ta y. H apì koinoÔ s.p.p. tou Y ja eÐnai
h g(y;φ) =

∏p
i=1 g(yi;φ)
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To prìblhma eÐnai h megistopoÐhsh thc sun�rthshc pijanof�neiac L(φ)
def
= g(y;φ).

Dhlad  h eÔresh shmeÐou φ∗ tètoio ¸ste

φ∗ = argmax
φ∈Φ

L(φ) = {φ∗ ∈ Φ : L(φ∗) = max
φ∈Φ

L(φ)}. (5.3.1)

Sun jwc, gia ta pl rh dedomèna èqoume th morf : x = (z, y), ìpou to di�nusma
z apoteleÐtai apì `krummèna' (mh parathr sima) dedomèna, k�poiac di�stashc N , en¸
h apì koinoÔ s.p.p.: f(x;φ) = f(z, y;φ) ≡ Lc(φ) (wc proc to mètro ginìmeno µz×µy
ston (Z × Y ,Z ⊗ Y ) anafèretai wc h pl rhc sun�rthsh pijanof�neiac h opoÐa
upojètoume ìti eÐnai sqetik� eÔkolo na megistopoihjeÐ wc proc to φ. Se pollèc peri-
pt¸seic, ta krummèna dedomèna èqoun eisaqjeÐ teqnht� ¸ste na epitrèpoun th qr sh
tou algorÐjmou EM. EpÐshc, o EM mporeÐ na qrhsimopoihjeÐ kai se peript¸seic ìpou
h g(y;φ) parousi�zei duskolÐec sth megistopoÐhsh (wc proc to φ) kai up�rqei èna
enallaktikì montèlo: f(y, z;φ) pou megistopoieÐtai eukolìtera kai eÐnai tètoio ¸ste
g(y;φ) ∝ f(y, z;φ).

To plaÐsio twn parathroÔmenwn/pl rwn dedomènwn mporeÐ epÐshc na genikeuteÐ:
Ta parathroÔmena dedomèna y den eÐnai aparaÐthto na apoteloÔn mèroc sta pl rh
dedomèna (ìpwc sthn prohgoÔmenh par�grafo) all� ènac mh-antistrèyimoc metasqh-
matismìc twn pl rh dedomènwn, dhlad  y = h(x), ìpou x ta pl rh dedomèna. Sthn
perÐptwsh aut :

g(y;φ) =

∫
h−1(y)

f(x;φ)dµ(x),

ìpou h−1(y) = {x : h(y) = x}.

Epomènwc to arqikì prìblhma (5.3.1) an�getai sto prìblhma megistopoÐhshc tou
oloklhr¸matoc:

C(φ) =

∫
h−1(x)

f(x;φ)dµ(x). (5.3.2)

Diaisjhtik�, mporoÔme na skeftìmaste thn f(·;φ) wc mÐa mh-kanonikopoihmènh
puknìthta wc proc to µ. 'Etsi, h C apoteleÐ th stajer� kanonikopoÐhshc thc f h
opoÐa upojètoume ìti eÐnai sqetik� apl  sun�rthsh wc proc to φ (dhlad  den eÐnai
aparaÐthta h sun�rthsh pijanof�neiac thc Y , par� mìno an h f eÐnai h puknìthta
thc X). 'Etsi mporoÔme na antistoiqÐsoume se k�je sun�rthsh f(·;φ) thn puknìthta
ky(·;φ) (wc proc to kurÐarqo mètro µ) pou orÐzetai apì thn:

ky(x;φ)
def
=

f(x;φ)

C(φ)
. (5.3.3)

'Otan h f eÐnai h puknìthta thc X, h ky(·;φ) eÐnai h desmeumènh puknìthta thc
X|Y = y.

O algìrijmoc EM antimetwpÐzei to (dÔskolo) prìblhma megistopoÐhshc sthn 5.3.1
epilÔontac diadoqik� (aploÔstera) probl mata megistopoÐhshc. Sugkekrimèna, sto
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b ma M, èqoume to prìblhma megistopoÐhshc thc f(x;φ) sto Φ. Epeid  to x eÐnai
mh-parathr simo, antikajistoÔme thn f(x;φ) me th desmeumènh mèsh tim  dojèntoc
twn y kai thn trèqousa tim  tou φ (φ(k)) (b ma-E). Pio sugkekrimèna, èstw φ(0)
mÐa arqik  tim  gia to φ. Tìte sthn pr¸th epan�lhyh, sto b ma-E apaiteÐtai na
upologisteÐ h posìthta:

Eφ(0) [logLc(φ)|Y = y]. (5.3.4)

gia ìla ta φ ∈ Φ, h opoÐa eÐnai nteterministik  sun�rthsh. Sto b ma M apaiteÐtai
h megistopoÐhsh thc parap�nw sun�rthshc (5.3.4) gia ìla ta φ ∈ Φ. Dhlad  ja
epilèxoume to φ(1) ¸ste:

Eφ(0) [logLc(φ
(1))|Y = y] ≥ Eφ(0) [logLc(φ)|Y = y],

gia ìla ta φ ∈ Φ. Sth sunèqeia ta b mata E,M epanalamb�nontai antikajist¸ntac
to φ(0) me thn trèqousa tim  tou φ, dhlad  to φ(1).

H sun�rthsh pou emfanÐzetai sth 5.3.4 kaleÐtai endi�mesh posìthta tou algorÐj-
mou EM kai sumbolÐzetai me:

Q(φ;φ′)
def
= Eφ′ [logLc(φ)|Y = y] =

∫
log f(x;φ)ky(x;φ)µ(dx). (5.3.5)

Sth aploÔsterh perÐptwsh ìpou x = (z, y), (f(x;φ) = f(z, y;φ), ky(x;φ) =
k(z|y;φ)) ja eÐnai:

Q(φ;φ′) = Eφ′ [log f(Z, Y ;φ)|Y = y] =

∫
log f(z, y;φ)k(z|y;φ′)µ(dz). (5.3.6)

Me ton parap�nw sumbolismì , sth (k + 1)-ost  epan�lhyh, ta b mata E kai M o-
rÐzontai wc ex c:

B ma-E. Upologismìc thc Q(φ;φk), ìpou

Q(φ;φk) = Eφ(k) [logLc(φ)|Y = y]. (5.3.7)

B ma-M. Epilog  enìc φ(k+1) apì ta φ ∈ Φ pou megistopoieÐ th Q(φ;φ(k)):

Q(φ(k+1);φ(k)) ≥ Q(φ;φ(k)) (5.3.8)

gia ìla ta φ ∈ Φ.
Ta b mata E kai M epanalamb�nontai èwc ìtou h diafor�: L(φk+1)−L(φk) gÐnei mikr 
( mikrìterh apì k�poio ε).

H 5.3.8 ekfr�zetai lègontac ìti to φ(k+1) an kei stoM(φ(k)), ìpou:

M(φ(k)) = argmax
φ∈Φ

Q(φ, φ(k))

'Ena φ′ ∈M(φ) eÐnai tètoio ¸ste Q(φ′, φ) ≥ Q(θ, φ) ∀θ ∈ Φ

Se ìsa akoloujoÔn ja qrhsimopoi soume thn teleutaÐa èkfrash kaj¸c mac sun-
dèei me th jewrÐa pou anaptÔqjhke sthn enìthta 5.1. 'Etsi èqoume ton ex c orismì:
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Orismìc 4.2 (AkoloujÐa EM). 'EstwM : Φ→ Φ, mÐa apeikìnish tètoia ¸ste:

M(φ) = argmax
φ′∈Φ

Q(φ′, φ)

Gia opoiad pote arqik  tim  φ(0), mÐa akoloujÐa EM: {φ(k)}k≥0, eÐnai mÐa akoloujÐa
pou par�getai apì thn:

φ(k+1) ∈M(φ(k))

Opìte, mÐa akoloujÐa EM, {φ(k)}k≥0 eÐnai tètoia ¸ste:

Q(φ(k+1), φ(k)) ≥ Q(φ, φ(k)), gia opoiod pote φ ∈ Φ kai k ≥ 0. (5.3.9)

Orismìc 4.3 (algìrijmoc EM) O algìrijmoc EM apoteleÐtai apì ta 2 akìlouja
b mata:

B ma-E. Upologismìc thc Q(φ, φk)

B ma-M. Epilog  φk+1 na eÐnai opoiod pote φ ∈ Φ megistopoieÐ thn Q(φ, φk)

Stamat�me ìtan: ||φk+1 − φk|| ≤ ε

Stic peript¸seic ìpou o analutikìc upologismìc tou b matoc M parousi�zei du-
skolÐec, qrhsimopoieÐtai o Genikeumènoc EM (GEM) pou orÐzetai wc h akìloujh
epanalhptik  diadikasÐa:

Orismìc 4.4 (algìrijmoc GEM) 'EstwM : Φ→ Φ, mÐa apeikìnish tètoia ¸ste:

Q(φ′;φ) ≥ Q(φ;φ) gia k�je φ′ ∈M(φ)

Gia opoiad pote arqik  tim  φ0 mÐa akoloujÐa EM: {φ(k)}k≥0 eÐnai mÐa akoloujÐa pou
par�getai apì thn:

φ(k+1) ∈M(φ(k))

Dhlad , epilègoume to φ(k+1) ∈ M(φ(k) na aux�nei thn Q(φ;φ(k)) gia thn tim  tou
φ = φ(k+1) antÐ na megistopoioÔme gia ìla ta φ ∈ Φ.

EÐnai fanerì pwc o EM apoteleÐ eidik  perÐptwsh tou GEM.

Parathr seic gia th sun�rthsh:

Q(φ;φ′) =

∫
log f(x;φ)k(x;φ′)µ(dx).

An sumbolÐsoume me h(x;φ, φ′) to ginìmeno mèsa sto parap�nw olokl rwma, tìte
to olokl rwma up�rqei an toul�qiston mÐa apì tic

∫
h+,

∫
h− eÐnai < ∞ kai eÐnai

pragmatikìc arijmìc ann kai ta 2 aut� oloklhr¸mata eÐnai peperasmèna. Prokei-
mènou loipìn h sun�rthsh Q na orÐzetai kal� gia opoiesd pote timèc twn φ, φ′ ja
qreiastoÔme tic parak�tw sunj kec omalìthtac:

Upìjesh 5.1
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(i) O parametrikìc q¸roc Φ eÐnai anoiktì uposÔnolo tou Rdφ .

(ii) Gia opoiod pote φ ∈ Φ, h sun�rthsh L eÐnai mh arnhtik  kai �nw fragmènh.

(iii) Gia opoiad pote φ, φ′ ∈ Φ isqÔei
∫
|∇φ log k(x;φ)|k(x;φ′)λ(dx) <∞

Prìtash 5.1 K�tw apì thn upìjesh 1, gia opoiad pote φ, φ′ ∈ Φ isqÔei:

Q(φ;φ′) = logL(φ)−H(φ;φ′), (5.3.10)

ìpou

H(φ;φ′)
def
=

∫
− log ky(x;φ)ky(x;φ′)µ(dx). (5.3.11)

Apìdeixh

Epeid  h ky(x;φ) eÐnai h puknìthta thc X|Y = y, kai L h pijanof�neia thc Y ,
èpetai pwc:

logL(φ) = log g(y;φ) = log f(x;φ)− log ky(x;φ).

'Estw φ′ ∈ Φ. Oloklhr¸nontac ta 2 mèlh thc parap�nw wc proc to mètro ky(x;φ′)µ(dx)
ja p�roume:∫

logL(φ)ky(x;φ′)µ(dx) =

∫
log f(φ)ky(x;φ′)µ(dx)−

∫
log ky(x;φ)ky(x;φ′)µ(dx)

H sun�rthsh sto pr¸to olokl rwma eÐnai anex�rthth tou x en¸ ta �lla oloklhr¸ma-
ta antistoiqoÔn stic posìthtec pou èqoun oristeÐ. Epomènwc, logL(φ) = Q(φ;φ′) +
H(φ;φ′) kai to zhtoÔmeno èpetai �mesa. �

To nìhma thc parap�nw sqèshc eÐnai ìti h Q(φ, φ′) diafèrei apì thn antikeimenik 
sun�rthsh logL(φ) miac posìthtac (H(φ;φ′)) h opoÐa èqei gnwstèc idiìthtec. Pr�g-
mati, h H(θ′; θ′) eÐnai h entropÐa thc puknìthtac p(·; θ′). Akìmh, h prosaÔxhsh thc
H(φ;φ′):

H(φ;φ′)−H(φ′;φ′) = −
∫

log
ky(x;φ)

ky(x;φ′)
ky(x;φ′)µ(dx), (5.3.12)

eÐnai h apìklish Kullback-Leibler (  sqetik  entropÐa) metaxÔ twn puknot twn ky(x;φ), ky(x;φ′)
ìpou ky(·;φ)dµ� ky(·;φ′)dµ.

Eidik� to teleutaÐo èpetai apì thn upìjesh 1(iii) kaj¸c genikìtera h upìjesh
aut  exasfalÐzei pwc ìla ta mètra sthn oikogèneia {ky(·;φ)dµ : φ ∈ Φ} kuriarqo-
Ôn to èna to �llo. (Me ky(·;φ)dµ sumbolÐzetai h katanom c thc X|Y = y kai ìqi
h puknìthta kaj¸c h teleutaÐa eÐnai sun�rthsh). Genik�, èna mètro ky(·φ)dµ eÐnai
mhdenikì mìno se sÔnola mètrou (pijanìthtac) 0 apì ìla ta upìloipa mètra thc oiko-
gèneiac. Opìte oi sunart seic H(φ;φ′) kai Q(φ;φ′) orÐzontai kal� gia opoiod pote
zeÔgoc paramètrwn.
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Sun jwc o sumbolismìc thc apìklishc Kullback-Leibler gia 2 mètra pijanìthtac
ν, µ me ν � µ eÐnai:

D(µ||ν) = −Eµ[log
dν

dµ
].

Me mÐa pr¸th mati� den eÐnai �mesa fanerì pwc o parap�nw orismìc den antimetwpÐzei
to klasikì prìblhma ∞−∞. 'Estw p, q, oi puknìthtec twn µ, ν antÐstoiqa. Apì to
Je¸rhma Taylor, gia x > −1: (1+x) log(1+x) = x+R(x) me R(x) = 1x2

1+x∗
gia k�poio

x∗ metaxÔ tou 0 kai tou x. 'Otan p > 0 kai q > 0 paÐrnoume p log(p/q) ≥ p− q. H Ðdia
anisìthta isqÔei kai gia shmeÐa ìpou p > 0 kai q = 0 (ìpou se aut  thn perÐptwsh
to pr¸to mèloc ermhneÔetai wc ∞). 'Epetai pwc −Eµ[(log dν

dµ
)−] <∞.

An to ν den eÐnai apìluta suneqèc wc proc to µ tìte D(µ||ν) =∞.

L mma 5.1 IsqÔei D(µ||ν) ≥ 0 me isìthta ann ν = µ s.p. (wc proc to µ).

Apìdeixh

Apì thn anisìthta tou Jensen:

Eµ[log
dν

dµ
] ≤ logEµ[

dν

dµ
] = log 1 = 0.

� Opìte, apì to L mma 5.1:

Pìrisma 5.1 Gia th sun�rthsh H pou orÐsthke sthn Prìtash 5.1 isqÔei ìti:

H(φ;φ′)−H(φ′;φ′) > 0 gia k�je φ′ 6= φ, (5.3.13)

me isìthta ann φ′ = φ. �
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5.3.3 Basikèc Idiìthtec tou algorÐjmou EM

H basikìterh idiìthta tou algorÐjmou EM eÐnai pwc h akoloujÐa twn tim¸n thc pi-
janof�neiac: {L(φ(k))}k≥0 eÐnai monìtonh. Sugkekrimèna:

Prìtash 5.2 (MonotonÐa algorÐjmou EM). K�tw apì thn Upìjesh 5.1, gia opoia-
d pote akoloujÐa {φ(k)}k≥0 pou par�getai apì ton GEM , isqÔei:

L(φ(k+1)) ≥ L(φ(k)) gia k�je k ≥ 0. (5.3.14)

kai h anisìthta eÐnai gn sia ektìc an ta p(·;φ(k)), p(·;φ(k+1)) tautÐzontai (s.p. wc
proc to mètro anafor�c).

Apìdeixh

'Estw φ(k) ∈ Φ h trèqousa tim  kai φ(k+1) h ananèwsh thc, sÔmfwna me ton
algìrijmo EM, dhlad 

Q(φ(k+1);φ(k)) ≥ Q(φ;φ(k)) gia k�je φ ∈ Φ

Apì thn Prìtash (5.1) eÐnai gia k�je φ′ ∈ Φ:

Q(φ;φ′) = logL(φ)−H(φ;φ′).

Opìte, gia φ′ = φ(k):

logL(φ(k+1))− logL(φ(k)) = Q(φ(k+1);φ(k))−Q(φ(k);φ(k))

+Hφ(k+1);φ(k))−H(φ(k);φ(k))

H diafor�: Q(φ(k+1);φ(k))−Q(φ(k);φ(k)) epomènwc eÐnai mh arnhtik , en¸ to gegonìc
pwc H(φ(k+1);φ(k))−H(φ(k);φ(k)) ≥ 0 èpetai apì to pìrisma (5.1) sthn prohgoÔmenh
enìthta. �

Apì thn parap�nw, eÐnai safèc pwc gia mporoÔme na mil�me gia th sÔgklish thc
{L(φ(k))}k≥0 se k�poio shmeÐo, ja prèpei h sun�rthsh pijanof�neiac na eÐnai �nw
fragmènh.

Apì thn idiìthta thc monotonÐac èqoume kai to ex c:

Pìrisma 5.2 K�tw apì thn Upìjesh 5.1, gia opoiad pote φ, φ′ ∈ Φ isqÔei:

logL(φ)− logL(φ′) ≥ Q(φ;φ′)−Q(φ′;φ′) (5.3.15)

Gia ton GEM h parap�nw idiìthta exakoloujeÐ na isqÔei. Sugkekrimèna, gia k�je
φ ∈ Φ:

logL(M(φ)) ≥ logL(φ). (5.3.16)

Upìjesh 5.2
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(i) H sun�rthsh L : Φ→ R eÐnai suneq¸c diaforÐsimh sto Φ.

(ii) Gia opoiod pote φ′ ∈ Φ, h sun�rthsh H(·;φ′), me φ 7→ H(φ;φ′) eÐnai suneq¸c
diaforÐsimh sto Φ.

(iii) H par�gwgoc thc H(·;φ′),, gia opoiod pote φ′ ∈ Φ, mporeÐ na per�sei mèsa sto
olokl rwma.

Prìtash 5.3 K�tw apì thn Upìjesh 5.2, gia k�je φ′ ∈ Φ, sun�rthsh φ 7→ Q(φ;φ′)
eÐnai suneq¸c diaforÐsimh sto Φ kai:

∇φ logL(φ)|φ=φ′ = ∇φQ(φ;φ′)|φ=φ′ (5.3.17)

Apìdeixh

Gia opoiod pote φ′ ∈ Φ, h Q(·;φ′) = logL(·)−H(·;φ′) eÐnai suneq¸c diaforÐsimh
sto Φ wc diafor� suneq¸n diaforÐsimwn sunart sewn k�tw apì thn upìjesh 5.2.

H posìthta H(φ;φ′) parousi�zei el�qisto sto shmeÐo φ = φ′, ìpwc diapist¸jhke
sta prohgoÔmena (L mma 5.1). Epomènwc ∇φH(φ;φ′)|φ=φ′ = 0 kai ètsi èpetai �mesa
to zhtoÔmeno. �
Apì thn parap�nw èpetai pwc an to φ∗ eÐnai st�simo shmeÐo thc L, tìte

∇φQ(φ;φ∗)φ=φ∗ = 0. (5.3.18)

dhlad  eÐnai kai st�simo shmeÐo thc Q(·;φ′). 'Etsi, eÐnai dunatìn o EM na sugklÐnei
se k�poio sagmatikì shmeÐo. ( 'Ena par�deigma me sÔgklish se sagmatikì shmeÐo
mporeÐ na brejeÐ sto [] sel 85)

KleÐnoume thn enìthta aut  me orismènec parathr seic sqetik� me ton algìrijmo EM.

To upologistikì kìstoc se k�je b ma tou algorÐjmou eÐnai se genikèc grammèc
mikrì kai ètsi exisorropeÐtai to meg�lo pl joc epanal yewn pou apaiteÐtai se sqèsh
me �llec mejìdouc.

Apì thn �llh, se peript¸seic ìpou den èqoume monadikì mègisto, den èqoume
k�poia eggÔhsh ìti o EM ja sugklÐnei. EpÐshc, sthn perÐptwsh aut , h ektÐmhsh
pou ja p�roume exart�tai apì thn arqik  tim . Genik� ìmwc den up�rqei k�poioc al-
gìrijmoc pou na eggu�tai sÔgklish se olikì   topikì mègisto k�tw apì tic sunj kec
autèc. Up�rqoun wstìso teqnikèc ìpwc to simulated annealing gia thn epÐlush
tètoiwn zhthm�twn me to kìstoc ìmwc thc dÔskolhc efarmog c.

Sto meg�lo pl joc efarmog¸n tou EM se probl mata eÔreshc thc pijanof�neiac
mporoÔn na xeqwrÐsoun 2 eidikèc ermhneÐec:

1. Pollèc forèc, o algìrijmoc EM prokÔptei fusiologik� mèsa apì to prìblh-
ma thc megistopoÐhshc me qr sh parag¸gwn. PolloÐ suggrafeÐc èqoun ft�sei ston
algìrijmo EM kaj¸c prospajoÔsan na petÔqoun mÐa komy  morf  gia tic exis¸seic
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pijanof�neiac prokeimènou na ft�soun sthn epÐlush touc.

2. Poll� probl mata gia ta opoÐa h analutik  èkfrash thc E.M.P eÐnai dÔskolh
  adÔnath mporoÔn na metaferjoÔn se plaÐsio me mh pl rh dedomèna. Se tètoia
probl mata, eÐnai dunatìn na kataskeuasteÐ mÐa kat�llhlh èkdosh tou EM gia thn
eÔresh thc E.M.P.
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5.4 SÔgklish tou algorÐjmou EM

5.4.1 Eisagwg 

Sthn enìthta aut  diatup¸nontai ta basik� jewr mata sÔgklishc ta opoÐa basÐzon-
tai sto Olikì Je¸rhma sÔgklishc(J.5.1) pou suzht jhke sthn enìthta 5.2. Stic
epìmenec grammèc, anafèrontai orismènec basikèc ènnoiec ¸ste na katasteÐ safèc ti
ennooÔme sÔgklish tou algorÐjmou EM.

To shmeÐo φ eÐnai oriakì shmeÐo gia thn akoloujÐa (φ(k))k≥0 an up�rqei upako-
loujÐa (φ(kn))n≥0 h opoÐa sugklÐnei sto φ. 'Ena shmeÐo φ∗ ∈ Φ lègetai oriakì shmeÐo
tou EM an up�rqei mÐa akoloujÐa EM   GEM, èstw (φ(k))k≥0, gia thn opoÐa, to φ∗

eÐnai oriakì shmeÐo. Sthn perÐptwsh pou h (φ(k))k≥0 sugklÐnei sto φ∗, to φ∗ lègetai
shmeÐo sÔgklishc tou algorÐjmou EM   GEM.

Genik�, o algìrijmoc EM lème ìti sugklÐnei an k�poia akoloujÐa EM sugklÐnei.
Epomènwc, gia ènan EM pou sugklÐnei, den eÐnai aparaÐthto ìlec oi akoloujÐec na
sugklÐnoun sto Ðdio ìrio gia ìlec tic arqikèc timèc. Autì pou apaiteÐtai eÐnai gia
opoiad pote arqik  tim , h akoloujÐa EM pou par�getai, na sugklÐnei (endeqomènwc
se diaforetikì ìrio).

'Estw (φ(k))k≥0 mÐa akoloujÐa GEM pou par�getai apì thn φ(k+1) ∈ M (φ(k)).
To prìblhma pou ja asqolhjoÔme sthn par�grafì aut  eÐnai na exet�soume (1) th
sÔgklish thc akoloujÐac (L(φ(k)))k≥0 kai sth sunèqeia, (2) th sÔgklish thc akolou-
jÐac (φ(k))k≥0. To pio isqurì apotèlesma pou ja mporoÔsame na eÐqame ja  tan h
sÔgklish sthn ektim tria mègisthc pijanof�neiac (φ∗):

Gia opoiad pote arqik  tim  φ0 ∈ Φ na isqÔei:

L(φ(k))→ L(φ∗)

kaj¸c k →∞ me

φ∗ = argmax
φ∈Φ

L(φ) = {φ∗ ∈ Φ : L(φ∗) = max
φ∈Φ

L(φ)}.

Sqetik� me to z thma (1), ta basik� apotelèsmata sunoyÐzontai stic paragr�fouc
pou akoloujoÔn.

To apotèlesma me Ðswc tic pio eÔkola epalhjeÔsimec sunj kec eÐnai h sÔgkli-
sh se st�simo shmeÐo. Apì thn prohgoÔmenh enìthta, eÐdame pwc an h akoloujÐa
(L(φ(k)))k≥0 eÐnai �nw fragmènh, me thn idiìthta thc monotonÐac exasfalÐzetai pwc
sugklÐnei se k�poia tim  L∗ (L(φ(k)) ↑ L∗). Upì orismènec proôpojèseic, to L∗

eÐnai st�simh tim . Dhlad  up�rqei k�poio st�simo shmeÐo thc L: φ∗ me L(φ∗) = L∗.
'Ena shmeÐo dhlad  sto opoÐo mhdenÐzetai h pr¸th par�gwgoc thc L kai mporeÐ na
eÐnai topikì mègisto, topikì el�qisto   sagmatikì shmeÐo.

Genikìtera, an h L èqei poll� st�sima shmeÐa, tìte o EM mporeÐ na sugklÐnei se
k�poio apì aut�. H epilog  tou arqikoÔ shmeÐou mporeÐ na kajorÐsei se poio apì au-
t� ja èqoume th sÔgklish. Sto [27] selÐdec 85-90, up�rqei par�deigma me sÔgklish
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se topikì el�qisto. Genikìtera paradeÐgmata p�nw sto z thma autì up�rqoun sta:
Hasselblad (1969), Wolfe (1970), Haberman (1974), Laird (1978), Rubin and Tha-
yer (1982). Teqnikèc ìpwc na trèxoume ton algìrijmo pollèc forèc me diaforetik�
arqik� shmeÐa,   me teqnikèc ìpwc to simulated annealing (pq Finch et al. (1989))
mporoÔn na d¸soun k�poia eggÔhsh ìti to olikì mègisto èqei brejeÐ. O Wu (1983)
diatÔpwse kai èna �llo Je¸rhma (Je¸rhma J.3) sto opoÐo exasfalÐzetai h sÔgkli-
sh se topikì mègisto, wstìso, h sunj kh pou apaiteÐ to Je¸rhma eÐnai dÔskolo na
epalhjeujeÐ.
Upì orismènec sunj kec (Pìrisma 5.3), sthn perÐptwsh pou h L èqei monadikì mègi-
sto (thn E.M.P.), o EM sugklÐnei se autì anex�rthta thc arqik c tim c.

Sqetik� me to z thma (2), o Wu epishm�nei pwc eÐnai ligìtera ousiastikì apì
th sÔgklish thc (L(φ(k)))k≥0 se k�poia st�simh tim  kai sugkekrimèna se mègisto.
Akìmh, ìpwc ja doÔme sth sunèqeia, gia na èqoume th sÔgklish aut , oi sunj kec
eÐnai pio apaithtikèc.

Arqik�, ja upojèsoume orismènec sunj kec kanonikìthtac(pou perièqoun tic sun-
j kec tou Wu (1983)), oi opoÐec ja upojètoume ìti isqÔoun se ìsa akoloujoÔn sthn
enìthta aut .

Upìjesh 5.3 (Sunj kec kanonikìthtac)

R1. O parametrikìc q¸roc Φ eÐnai anoiktì uposÔnolo tou Rdφ .

R2. To sÔnolo Φφ0

def
= {φ ∈ Φ : L(φ) ≥ L(φ0)} eÐnai sumpagèc gia k�je φ0 me

L(φ0) > −∞.

R3. H sun�rthsh L eÐnai suneq¸c diaforÐsimh sto Φ.

R4. Gia opoiod pote φ′ ∈ Φ, h sun�rthsh H(·;φ′), me φ 7→ H(φ;φ′) eÐnai suneq¸c
diaforÐsimh sto Φ.

R5. H par�gwgoc thc H(·;φ′),, gia opoiod pote φ′ ∈ Φ, mporeÐ na per�sei mèsa
sto olokl rwma.

Apì tic R1-R3) èpetai pwc (R6.) k�je akoloujÐa EM   GEM eÐnai tètoia ¸ste:
φ(k) ∈ Φ gia k�je k ≥ 1 kai h akoloujÐa (L(φ(k)))k≥0 eÐnai �nw fragmènh gia opoia-
d pote epilog  arqik c tim c φ0. Sta epìmena jewroÔme akoloujÐec GEM, kaj¸c
apoteloÔn genikìterh perÐptwsh apì akoloujÐec EM.

5.4.2 SÔgklish thc akoloujÐac L(φ(k))

To basikì ergaleÐo pou qrhsimopoieÐ o Wu (1983) eÐnai to Olikì Je¸rhma SÔgklishc
(J.2). Prokeimènou na efarmosteÐ sthn perÐptwsh tou EM, ja k�noume tic akìlou-
jec upojèseic:

'EstwM h apeikìnish gia ton GEM kai a(x) h sun�rthsh logarijmopijanof�neiac
thn opoÐa ja sumbolÐsoume me L kai ìqi me l. Jètoume to sÔnolo lÔsewn Γ na eÐnai
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èna apì ta parak�tw:

M = sÔnolo topik¸n megÐstwn tou Ω,

 
S = sÔnolo st�simwn shmeÐwn tou Ω.

Tìte h sunj kh (1) èpetai �mesa apì thn Prìtash 5.2 kai thn upìjesh (R6) kai
h sunj kh apì (2)(ii) apì thn Prìtash 5.2.
Opìte, to epìmeno Je¸rhma eÐnai eidik  perÐptwsh tou J.5.1

Je¸rhma 5.1 'Estw φ(k) mÐa akoloujÐa GEM pou par�getai apì thn φ(k+1) ∈
M(φ(k)), kai upojètoume ìti:
(i) HM eÐnai kleist  p-t-c apeikìnish sto Φ\S (antÐstoiqa: Φ\M ),
(ii) An φ(k) /∈ S (antÐstoiqa: M ), tìte L(φ(k+1)) > L(φ(k)).

Tìte ìla ta oriak� shmeÐa thc (φ(k))k≥ eÐnai st�sima shmeÐa (antÐstoiqa: topik�
mègista) thc L, kai h (L(φ(k))k≥0 sugklÐnei sto L∗ = L(φ∗) gia k�poio φ∗ ∈ S
(antÐstoiqa M )

Sthn perÐptwsh ìpou Γ = S , h sunj kh (ii) ikanopoieÐtai. Sugkekrimèna:

An gia k�poio k ≥ 0, φ(k) /∈ S , tìte∇φ logL(φ)|φ=φ(k) 6= 0. Apì thn Prìtash 5.2,
èpetai pwc ∇φQ(φ;φ(k))|φ=φ(k) 6= 0 kai �ra den megistopoieÐtai sto shmeÐo φ = φ(k).
Apì ton orismì tou b matoc M kai to Pìrisma 5.2 eÐnai: L(φ(k+1)) > L(φ(k)).

Gia thn (i), mÐa ikan  sunj kh sÔmfwna me ton Wu (1983) eÐnai h (C1.) sunèqeia
thc Q wc proc kai ta dÔo orÐsmata, h opoÐa eÐnai arket� asjen c kai ikanopoieÐtai se
meg�lo eÔroc efarmog¸n.

MÐa akìmh ikan  sunj kh (Vaida (2005)) eÐnai:
(C2.) Gia opoiod pote φ∗ ∈ S , h Q(·;φ∗) èqei monadikì olikì mègisto.

'Etsi èqoume to epìmeno basikì Je¸rhma sÔgklishc gia th sÔgklish se st�simo
shmeÐo.

Je¸rhma 5.2 'Estw φ(k) mÐa akoloujÐa GEM pou par�getai apì thn φ(k+1) ∈
M(φ(k)) kai. An isqÔei k�poia apì tic C1, C2, tìte

(i) ìla ta oriak� shmeÐa opoiasd pote akoloujÐac (φ(k))k≥0 GEM eÐnai st�sima
shmeÐa (∈ S )) kai

(ii) H akoloujÐa (L(φ(k)))k≥0 sugklÐnei sto L∗ = L(φ∗) gia k�poio (st�simo sh-
meÐo) φ∗ ∈ S .

Opìte, mÐa akoloujÐa GEM eÐte sugklÐnei, eÐte èqei sÔnolo oriak¸n shmeÐwn me
tic timèc thc sun�rthshc pijanof�neiac se aut� na tautÐzontai. Profan¸c, an

To Je¸rhma 5.1, sÔmfwna me ton Wu (1983) apoteleÐ to genikìtero apotèlesma,
en¸ to Je¸rhma 5.2 dÐnei th sÔgklish se st�simh tim  me mình sunj kh pou qrei�zetai

86



SÔgklish tou algorÐjmou EM

èlegqo th (C1.)   thn (C2.) h opoÐec sthn pr�xh ikanopoioÔntai stic perissìterec
efarmogèc. Sugkekrimèna, mÐa kl�sh puknot twn pou tic ikanopoioÔn eÐnai h ekjetik 
oikogèneia gia thn opoÐa gÐnetai anafor� sth sunèqeia.

Sthn perÐptwsh ìpou Γ = M h sunj kh (ii) tou jewr matoc 1 den ikanopoieÐte
me k�poio epiqeÐrhma ìpwc sthn prohgoÔmenh perÐptwsh. Gia par�deigma gia èna φ(k)

pou den an kei sto M all� an kei sto S , ja isqÔei: ∇φQ(φ;φ(k))|φ=φ(k) = 0 kai to
φ(k) ja mporoÔse na megistopoieÐ thn Q(·;φ(k)) sto Φ. Tìte o EM ja stamat sei sto
φ(k) to opoÐo eÐnai st�simo shmeÐo all� ìqi topikì mègisto kai h L(φ(k+1)) > L(φ(k))
den isqÔei gia to φ(k).

Gia na èqoume th sÔgklish se topikì mègisto, o Wu (1983) proteÐnei th sunj kh:

C3. sup
φ′∈Φ

Q(φ′, φ) ≥ Q(φ, φ) ∀φ ∈ S \M

H parap�nw sunj kh den eÐnai eÔkola epalhjeÔsimh sthn pr�xh, wstìso, me au-
t n exasfalÐzetai to epìmeno apotèlesma:

Je¸rhma 5.3 'Estw φ(k) mÐa akoloujÐa GEM pou par�getai apì thn φ(k+1) ∈
M(φ(k)). An isqÔei k�poia apì tic (C1, C2) kai h C3, tìte

(i) ìla ta oriak� shmeÐa opoiasd pote akoloujÐac (φ(k))k≥0 GEM eÐnai topik�
mègista (∈M )) kai

(ii) H akoloujÐa (L(φ(k)))k≥0 sugklÐnei sto L∗ = L(φ∗) gia k�poio (topikì mègi-
sto) φ∗ ∈M .

Apìdeixh

ArkeÐ na deÐxoume pwc L(φ(k+1)) ≥ L(φ(k)) gia opoiod pote φ(k) sto sumpl rwma
tou M ). EÐnai:

L(φ(k+1)) = Q(φ(k+1);φ(k) +H(φ(k+1);φ(k)) = sup
φ′∈Φ

Q(φ′, φ(k)) +H(φ(k+1);φ(k))

> Q(φ(k);φ(k) +H(φ(k);φ(k)) = L(φ(k))

�
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5.4.3 SÔgklish thc φ(k)

Me th sÔgklish thc (L(φ(k))k≥0 se k�poio L∗ = L(φ∗), den exasfalÐzetai h sÔgklish
thc (φ(k))k≥0 se k�poio φ∗. H antÐstrofh kateÔjunsh isqÔei (me th sunj kh R3.).
Genikìtera, k�tw apì thn upìjesh ìti h akoloujÐa EM   GEM sugklÐnei, mporoÔme
na èqoume orismèna basik� apotelèsmata. K�poia apì aut�, ja qrhsimopoihjoÔn sta
jewr mata pou akoloujoÔn en¸ k�poia �lla èqoun xeqwrist  shmasÐa apì mìna touc.
Me ta apotelèsmata aut� xekin�me thn upoenìthta aut .

Arqik�, sthn perÐptwsh aut , to φ∗ eÐnai kai st�simo shmeÐo thc L, ìpwc faÐnetai
sthn epìmenh Prìtash.

Prìtash 5.4 K�tw apì tic upojèseic 1 kai 2, kai thn epiprìsjeth upìjesh ìti h
∇Q eÐnai suneq c wc proc kai ta 2 orÐsmata, an (φ(k))k≥0 mÐa akoloujÐa EM (all�
ìqi GEM) kai φ(k) → φ∗, tìte,

∇φ logL(φ)|φ=φ∗ = 0.

Apìdeixh

Gia opoiod pote φ′ ∈ Φ, h Q(·;φ′) = logL(·)−H(·;φ′) eÐnai suneq¸c diaforÐsimh
sto Φ wc diafor� suneq¸n diaforÐsimwn sunart sewn k�tw apì thn upìjesh 5.2.

Epeid  φ(k+1) ∈M(φ), dhlad  megistopoieÐ thnQ gia k�je k, èpetai ìti∇φQ(φ;φ(k))|φ=φ(k+1) =

0 gia k�je k. Apì th sunèqeia thc∇Q èpetai pwc∇φQ(φ;φ(k))φ=φ(k+1) → ∇φQ(φ∗;φ∗)
kaj¸c k → ∞ kai �ra ∇φQ(φ, φ∗)|φ=φ∗ = 0. H ∇φH(φ;φ) eÐnai suneq c, kai �ra
∇φH(φ;φ(k))φ=φ(k+1) → ∇φH(φ∗;φ∗) kaj¸c k →∞. Tèloc, gia opoiod pote φ ∈ Φ,
epeid  h par�gwgoc mporeÐ na per�sei mèsa sto olokl rwma, ja eÐnai:

∇φH(φ;φ) =

∫
∇φ log k(x;φ)k(x;φ)µ(dx)

=

∫ ∂
∂φ
k(x;φ)

k(x;φ)
k(x;φ)µ(dx)

=
∂

∂φ

∫
k(x;φ)µ(dx) = 0.

to zhtoÔmeno èpetai �mesa. �

Gia na èqoume to Ðdio apotèlesma gia mÐa akoloujÐa GEM ja prèpei na upojèsoume
epiplèon pwc:

∇φQ(φ;φ(k))|φ=φ(k+1) = 0.

H parap�nw sunj kh ikanopoieÐtai gia opoiad pote akoloujÐa EM (dedomènou twn
upojèsewn 1 kai 2).

Akìmh, an h akoloujÐa EM   GEM, (φ(k))k≥0, sugklÐnei se k�poio φ∗ kai h M
eÐnai suneq c, tìte:

φ∗ =M(φ∗).
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Dhlad  to φ∗ eÐnai stajerì shmeÐo thc apeikìnishcM (Gia thn apìdeixh efarmìzou-
me thn arq  thc metafor�c).

Se sunduasmì loipìn me thn prohgoÔmenh Prìtash èqoume pwc:

Pìrisma 5.3 K�tw apì tic upojèseic 1 kai 2
(i) An φ∗ stajerì shmeÐo thcM, tìte to φ∗ eÐnai shmeÐo sÔgklishc tou EM kai

st�simo shmeÐo thc L.

(ii) Upojètontac epiplèon pwc h Q(φ; ·) eÐnai suneq c, an (φ(k))k≥0 mÐa akoloujÐa
GEM kai φ(k) → φ∗, tìte to φ∗ eÐnai stajerì shmeÐo thcM kai st�simo shmeÐo thc
L.

An bèbaia to φ∗ eÐnai st�simo shmeÐo thc L, tìte den shmaÐnei pwc eÐnai kai sta-
jerì shmeÐo thcM.

An loipìn up�rqei monadik  E.M.P., èstw φ̂, tìte aut  ja eÐnai stajerì shmeÐo
thcM:

φ̂ =M(φ̂) (5.4.1)

Apìdeixh

Epeid  gia thn E.M.P. isqÔei: L(φ̂) > L(φ), gia opoiod pote φ ∈ Φ, φ 6= φ̂, gia

φ =M(φ̂), ja eÐnai
L(φ̂) ≥ L(M(φ̂)).

Apì thn �llh, epeid  φ̂ ∈M(φ̂)), apì th monotonÐa tou algorÐjmou, ja eÐnai:

L(M(φ̂)) ≥ L(φ̂).

kai èqoume to zhtoÔmeno. �

Wstìso, den up�rqei k�poia eggÔhsh ìti h φ̂ ja eÐnai kai monadikì stajerì shmeÐo.
Akìmh, apì thn 5.3.9, h E.M.P. megistopoieÐ thn Q kaj¸c gia k�je φ ∈ Φ isqÔei:

Q(φ̂, φ̂) ≥ Q(φ, φ̂)

Diaforetik�, ja up rqe k�poio φ0 tètoio ¸ste:

Q(φ̂, φ̂) ≥ Q(φ0, φ̂)

kai ètsi ja  tan: L(φ̂) < L(φ0) to opoÐo den gÐnetai.
Sta prohgoÔmena eÐqame wc dedomèno pwc eÐte h akoloujÐa EM eÐte h GEM

sugklÐnei. Se ìsa akoloujoÔn ja exetastoÔn sunj kec me tic opoÐec h sÔgklish
aut  mporeÐ na exasfalisjeÐ. Sto epìmeno Je¸rhma tou Wu (1983), parousi�zontai
ikanèc sunj kec gia th sÔgklish aut . Arqik� orÐzoume to sÔnolo:

L(a) = {φ ∈ Φ : L(φ) = a}

Je¸rhma 5.4 'Estw φ(k) mÐa akoloujÐa GEM pou par�getai apì thn φ(k+1) ∈
M(φ(k)). Upojètoume ìti:
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(i) H ∇Q eÐnai suneq c wc proc kai ta 2 orÐsmata, kai
(ii) ∇φQ(φ;φ(k))|φ=φ(k+1) = 0
(iii) EÐte

L(L∗) = {φ∗}
eÐte

To L(L∗) eÐnai peperasmèno kai ||φ(k+1) − φ(k)|| → 0 kaj¸c k →∞

Tìte,

(φ(k)) → φ∗ kaj¸c k → ∞ gia k�poio st�simo shmeÐo φ∗, me L(φ∗) = L∗, ìpou
L∗, to ìrio thc (L(φ(k)))k≥0

Apìdeixh
Apì thn upìjesh 5.3 èpetai pwc L(φ(k)) → L∗. Sthn perÐptwsh pou L(L∗) = {φ∗},
sumperaÐnoume ìti (φ(k)) → φ∗. Sthn perÐptwsh ìpou to L(L∗) eÐnai peperasmèno
(all� ìqi monosÔnolo), eÐnai safèc pwc h sunj kh ||φ(k+1) − φ(k)|| → 0 eÐnai ikan 
gia th sÔgklish thc (φ(k))k≥0 sto φ∗. Opìte, se k�je perÐptwsh: (φ(k))→ φ∗. Apì
thn Prìtash 5.4, to φ∗ eÐnai st�simo shmeÐo thc L. �

To pleonèkthma tou parap�nw jewr matoc eÐnai pwc den apaiteÐ tic sunj kec (i)
kai (ii) tou jewr matoc 1 kai mÐa eidik  perÐptwsh eÐnai h ex c:

Pìrisma 5.3 An h L èqei monadik  koruf  ston Φ kai to φ∗ eÐnai to monadikì
st�simo shmeÐo kai h ∇Q eÐnai suneq c wc proc kai ta 2 orÐsmata, tìte, gia opoia-
d pote akoloujÐa EM, (φ(k))k≥0, isqÔei (φ(k)) → φ∗, ìpou to φ∗ eÐnai to monadikì
mègisto thc L.

Eidik� to parap�nw pìrisma parèqei eÔkola epalhjeÔsimec sunj kec pou ikano-
poioÔntai se èna polÔ meg�lo eÔroc efarmog¸n. Gia to Je¸rhma 5.5, sthn perÐptwsh
tou EM, h sunj kh sto (ii) ikanopoieÐtai autìmata ìpwc deÐqjhke sthn Prìtash (5.2).

Gia th sÔgklish thc akoloujÐac GEM se st�simo shmeÐo   shmeÐo topikoÔ me-
gÐstou, ikanèc sunj kec dÐnoun kai ta epìmena 2 jewr mata tou Wu (1983) ta opoÐa
ìmwc upojètoun tic sunj kec (i) kai (ii) tou jewr matoc 1.
(Oi apodeÐxeic touc eÐnai �mesec an akoloujhjoÔn tic grammèc thc apìdeixhc tou je-
wr matoc 5.4.) 'Estw:
S (a) = {φ ∈ S : L(φ) = a} kai M (a) = {φ ∈M : L(φ) = a}

Je¸rhma 5.5 'Estw (φ(k))k≥0 akoloujÐa GEM pou ikanopoieÐ tic (i) kai (ii) tou
jewr matoc 1. An S (L∗) = {φ∗} (antÐstoiqa M (L∗) = {φ∗}), ìpou L∗ to oriakì
shmeÐo thc L(φn) sto Je¸rhma 1, tìte φn → φ∗

H sunj kh S (L∗) = {φ∗} mporeÐ na qalar¸sei upojètontac ||φ(k+1)−φ(k)|| → 0,
mÐa sunj kh anagkaÐa gia to epijumhtì apotèlesma: (φ(k))→ φ∗

Je¸rhma 5.6 'Estw (φ(k))k≥0 akoloujÐa GEM pou ikanopoieÐ tic (i) kai (ii) tou
jewr matoc 1. An ||φ(k+1) − φ(k)|| → 0, tìte ìla ta oriak� shmeÐa thc akolou-
jÐac (φ(k))k≥0, brÐskontai se èna sunektikì kai sumpagèc uposÔnolo tou S (L∗)
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(antÐstoiqa: M (L∗), ìpou to L∗ eÐnai to ìrio thc (L(φ(k)))k≥0 tou jewr matoc 1.
Sugkekrimèna, an to S (L∗) (antÐstoiqa: M (L∗) eÐnai peperasmèno, tìte (φ(k))→ φ∗

me φ∗ ∈ S (L∗) (antÐstoiqa: M (L∗).

Epeid  ta M (L) kai S (L) eÐnai uposÔnola tou L(L), oi sunj kec pou aforoÔn
ta sÔnola aut� sta jewr mata 5.5, 5.6 eÐnai asjenèsterec apì tic antÐstoiqec sun-
j kec sto Je¸rhma 5.4. M�lista, thn perÐptwsh pou to sÔnolo st�simwn shmeÐwn
thc L, S , apoteleÐtai apì memonwmèna shmeÐa, melèthse o Vaida (2005).

Sugkekrimèna, upì thn upìjesh pwc to S apoteleÐtai apì memonwmèna shmeÐa,
gia opoiod pote pragmatikì arijmì L∗, up�rqoun to polÔ peperasmèna st�sima sh-
meÐa φ∗ tètoia ¸ste L(φ∗) = L∗. Autì eÐnai mporoÔme na to doÔme upojètontac pwc
to S (L∗) eÐnai �peiro kai katal gontac se �topo:

'Estw L(φ∗) = L∗ gia k�poio st�simo shmeÐo φ∗. Tìte to S (L∗) eÐnai fragmèno
kaj¸c eÐnai uposÔnolo tou Φφ0 . Apì thn upìjesh pwc eÐnai kai �peiro, up�rqei
akoloujÐa shmeÐwn tou S (L∗), èstw (φ∗n) me φ∗n → φ0 ∈ Φφ0 . Epeid  h sun�rthsh
∇φL(φ) eÐnai suneq c, èpetai pwc ∇φL(φ∗n) → ∇φL(φ0). Epeid  ∇φL(φ∗n) = 0 gia
k�je n, ja eÐnai ∇φL(φ0) = 0 kai �ra φ0 ∈ S . Apì to teleutaÐo, èpetai pwc to φ0

eÐnai shmeÐo suss¸reushc, gegonìc pou antikroÔei thn upìjesh.
'Ena sÔnolo apì timèc φ∗1, φ

∗
2, ..., φ

∗
m lègetai kÔkloc m kouc m ≥ 2 gia thn apei-

kìnishM anM(φ∗i ) = φ∗i+1 gia i = 1, ...,m− 1 kaiM(φ∗m) = φ∗1.
Upì thn upìjesh pwc to S apoteleÐtai mìno apì memonwmèna shmeÐa, o Vaida

(2005) diatÔpwse ta akìlouja 2 apotelèsmata:

Je¸rhma 5.7 'Estw (φ(k))k≥0 akoloujÐa EM. Upojètoume pwc apeikìnishM eÐnai
suneq c sta st�sima shmeÐa tou S . Tìte eÐte h (φ(k))k≥0 sugklÐnei se k�poio st�simo
shmeÐo φ∗ me M(φ∗) = φ∗, eÐte up�rqei èna peperasmèno sÔnolo C = {φ∗1, ..., φ∗m},
tètoio ¸ste:

(i) Ta φ∗1, ..., φ
∗
m eÐnai st�sima shmeÐa me L(φ∗i ) = L∗ gia k�poio L∗ kai gia k�je

i = 1, ...,m (dhlad  me thn Ðdia tim  pijanof�neiac).

(ii) Ta φ∗1, ..., φ
∗
m eÐnai kÔkloc m kouc m gia thM.

(iii) Oi par�llhlec upakoloujÐec {φmt+i : t ≥ 1} eÐnai tètoiec ¸ste φmt+i → phi∗i
kaj¸c t→∞ gia i = 1, ...,m.

EÐnai safèc apì to parap�nw pwc ta oriak� shmeÐa tou EM sumpÐptoun me ta stajer�
shmeÐa kai touc kÔklouc thc apeikìnishcM.

O Vaida (2005) shmei¸nei pwc spanÐwc sunant�me sthn pr�xh aut  thn kuklik 
sumperifor� pou emfanÐzetai sto sumpèrasma tou jewr matoc, wstìso sthn ergasÐa
tou parajètei èna par�deigma. To parap�nw Je¸rhma paÐzei ousiastikì rìlo gia thn
apìkthsh tou parak�tw kentrikoÔ apotelèsmatoc:

Je¸rhma 5.8 Upojètoume pwc gia k�je st�simo shmeÐo φ ∈ S , up�rqei olikì
mègisto gia thn Q(·;φ). Tìte, gia opoiad pote arqik  tim  φ(0), h akoloujÐa EM,
(φ(k))k≥0, pou par�getai apì aut , sugklÐnei se k�poio st�simo shmeÐo φ∗. Epiplèon,
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M(φ∗) = φ∗ kai an φ(k) 6= φ∗ gia k�je k, tìte gia thn akoloujÐa tim¸n pijanof�neiac
isqÔei L(φ(k))→ L(φ∗).

To Je¸rhma 5.8 prosfèrei mÐa genik , epalhjeÔsimh sunj kh gia th sÔgklish h
opoÐa sqedìn p�nta ikanopoieÐtai sthn pr�xh kai ikanopoieÐtai, gia par�deigma, elèg-
qontac to prìshmo thc parag¸gou thc sun�rthshc pou prìkeitai na megistopoihjeÐ
sto B ma-M. EpÐshc, h sunj kh aut  eÐnai kai ikan  ¸ste hM na eÐnai suneq c sta
st�sima shmeÐa tou S , dhlad  gia th sunj kh tou jewr matoc 5.7.

92



H eidik  perÐptwsh thc ekjetik c oikogèneiac

5.5 H eidik  perÐptwsh thc ekjetik c oikogèneiac

Sthn enìthta aut  perigr�fetai h sÔndesh thc ekjetik c oikogèneiac me ton algìrij-
mo EM.

Me to sumbolismì autoÔ tou kefalaÐou, to di�nusma X antiproswpeÔei ta pl rh
dedomèna, kai èqoume upojèsei ìti èqei puknìthta f(·;φ) (wc proc to mètro anafor�c
µ), ìpou φ ∈ Φ ⊂ Rdφ . Upojètoume epiplèon pwc h puknìthta aut  eÐnai mèloc
ekjetik c oikogèneiac. Sthn perÐptwsh aut , h sun�rthsh pijanof�neiac twn pl rh
dedomènwn, Lc, eÐnai:

Lc(φ) = C(φ)−1eφ·t(x),

ìpou C(φ) =
∫
eφ·t(x)µ(dx), h stajer� kanonikopoÐhshc kai to · sumbolÐzei to eswte-

rikì ginìmeno. H sun�rthsh t : X 7→ Rdφ eÐnai epark c statistik  sun�rthsh, Ðdiac
di�stashc me to φ.

H èkfrash aut , emplèkei ligìterec sunart seic apì th sunhjismènh morf , kai
kajist� ètsi artiìterh thn anapar�stash twn apotelesm�twn. Gia ìsa akoloujoÔn
k�noume tic akìloujec upojèseic:

Upìjesh 5.4

(i) H X paÐrnei timèc ston X pou eÐnai uposÔnolo EukleÐdeiou q¸rou.

(ii) Upojètoume pwc to olokl rwma sth C(φ) eÐnai peperasmèno (diaforetik� h
f den ja  tan puknìthta) kai to eswterikì tou sunìlou N = {φ : C(φ) <∞} eÐnai
o fusikìc parametrikìc q¸roc.

(iii) Upojètoume epÐshc pwc o parametrikìc q¸roc Φ eÐnai anoiktì sÔnolo (h
ekjetik  oikogèneia se aut  thn perÐptwsh lègetai kanonik  (regular}, kaj¸c ta
perissìtera apotelèsmata den isqÔoun sto sÔnoro (kurÐwc aut� pou emplèkoun tic
parag¸gouc).

Arqik� ja anafèroume ta basik� apotelèsmata gia thn Lc (Sundberg (1974)).
Apì to Je¸rhma allag c mètrou h sun�rthsh C(φ) ekfr�zetai wc:

C(φ) =

∫
eφ·tν(dt),

ìpou me ν sumbolÐzetai to mètro pou ep�gei to µ mèsw tou metasqhmatismoÔ x 7→ t(x)
kai dÐnetai apì thn:

ν(A) = µ(t−1(A)) =

∫
t−1(A)

µ(dx), A ∈ B(Rdφ).

Apì thn parap�nw morf , parathroÔme pwc h C(φ) eÐnai o metasqhmatismìc Laplace
gia to mètro ν.
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To basikì apotèlesma eÐnai pwc h sun�rthsh C(ζ), eÐnai analutik  sto (anoiqtì)
Φ, ìpou ζ migadikìc me Reζ = φ. Opìte eÐnai apeÐrwc diaforÐsimh kai h par�gwgoc
upologÐzetai mèsa apì to olokl rwma. Epomènwc:

∇(m)
φ C(φ) =

∫
∇(m)
φ (eφ·t)ν(dt) =

∫
tmeφ·tν(dt) = C(φ)Eφ[tm], (5.5.1)

epeid  C(φ) > 0 kai anex�rthth thc t (s.p.). Opìte,

Eφ[tm] =
∇(m)
φ C(φ)

C(φ)

Gia m = 1 eÐnai:
Eφ[t] = ∇φ logC(φ)

Akìmh, paragwgÐzontac thn logC(φ), m forèc, paÐrnoume ta cumulants k(m). Epeid 
ta cumulants gia m = 2, 3 tautÐzontai me tic antÐstoiqec kentrikèc ropèc (µr =
Eφ[(X − µ)r])gia r = 2, 3, h deÔterh kai trÐth par�gwgoc thc logC(φ) ja eÐnai Ðsec
me th diaspor� kai th 3h kentrik  rop  thc t antÐstoiqa. Eidikìtera gia th diaspor�
(  pÐnakac sundiakum�nsewn)

∇2
φ logC(φ) = V arφ[t].

Epomènwc, h exÐswsh pijanof�neiac an�getai sthn:

1

n

n∑
i=1

t(xi) = Eφ[t], (5.5.2)

afoÔ ∇φ logLc(φ) = ∇φ log(C(φ)−1eφ·t) = t−∇φ logC(φ) = t− Eφ[t].

EpÐshc,

V arφ[t] = ∇2
φ logC(φ) = ∇2

φ(− log(C(φ)−1)

= −∇2
φ(logLc(φ)− log eφ·t) = ∇2

φ(φ · t)−∇2
φ logLc(φ)

= −∇2
φ logLc(φ)

EÐnai loipìn: −∇2
φ log f(x;φ) = ∇2

φ logC(φ) kai epeid  to deÔtero mèloc eÐnai sta-
jer�, paÐrnontac mèsec timèc, katal goume sthn:

I(φ) = −E[∇2
φ log f(x;φ)] = V arφ[t]

Apì thn teleutaÐa, o V arφ[t] eÐnai o pÐnakac plhroforÐac tou Fisher kai eÐnai je-
tik� orismènoc. Apì to gegonìc autì, sumperaÐnoume pwc h logC(φ) eÐnai kurt  kai
up�rqei 1-1 antistoiqÐa metaxÔ tou φ kai tou Eφ[t]. 'Epetai pwc up�rqei to polÔ mÐa

rÐza, φ̂, thc exÐswshc (5.5.2) sto Φ, kai ìtan aut  up�rqei, megistopoieÐ thn Lc sto
Φ kai epomènwc eÐnai h E.M.P.

EpÐshc, ta mèlh thc ekjetik c oikogèneiac moir�zontai kai polÔ isqurèc asumptw-
tikèc idiìthtec. Perissìtera loipìn up�rqoun sta:
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Gia thn puknìthta twn parathroÔmenwn dedomènwn ky(x;φ) ta basikìtera apo-
telèsmata eÐnai pwc kai aut  apoteleÐ mèloc ekjetik c oikogèneiac me Ðdio fusikì
parametrikì q¸ro kai Ðdia epark  statistik  sun�rthsh all� orismènh se diaforeti-
koÔc q¸rouc. (X kai h−1(y) = {x ∈ X : h(x) = y} gia tic f kai ky antÐstoiqa).

'Estw ν h perij¸ria katanom  tou Y kai gia k�je y ∈ Y , sumbolÐzoume me ky =
k(x|y;φ) th desmeumènh katanom  tou X dojèntoc Y = y. Tìte gia opoiod pote
φ ∈ Φ, kai opoiod pote Borel, A ∈ Y eÐnai:

P(h(x) ∈ A;φ) =

∫
h−1(A)

1

C(φ)
eφ·t(θ)dx (5.5.3)

=

∫
h−1(A)

1

C(φ)

(∫
eφ·t(x)dky(x)

)
dν(y). (5.5.4)

Jètontac Cy(φ) =
∫
eφ·t(x)dky(x), apì thn parap�nw, gia k�je φ ∈ Φ, h puknìthta

thc Y (wc proc to ν) eÐnai:

g(y;φ) =
Cy(φ)

C(φ)

kai h desmeumènh puknìthta tou X|Y = y (wc proc to ky) eÐnai:

k(x|y;φ) =
f(x;φ)

g(y;φ)
=

1

Cy(φ)
eφ·t(x).

H Cy(φ), gia k�je φ, wc sun�rthsh tou y eÐnai sqedìn pantoÔ peperasmènh, kaj¸c
eÐnai an�logh thc sun�rthshc puknìthtac, en¸, gia stajerì y wc sun�rthsh tou φ
èqei tic Ðdiec idiìthtec me thn C(φ). Sugkekrimèna, gia opoiod pote y, h Cy(ζ) eÐnai
analutik  sto {φ ∈ Φ}, ìpou ζ migadikìc arijmìc me φ = Reζ. Epomènwc up�rqoun oi
par�gwgoi ìlwn twn t�xewn kai mporoÔn na per�soun mèsa sto olokl rwma. Opìte:

∇φ
(m)Cy(φ) = Cy(φ)Eφ[tm|y] (5.5.5)

∇φ logCy(φ) = Eφ[t|y] (5.5.6)

∇φ
2 logCy(φ) = V arφ[t|y] (5.5.7)

Epiplèon, h exÐswsh thc pijanof�neiac (L̃) gia to deÐgma (y1, ...yn) eÐnai:

1

n

n∑
i=1

Eφ[t|yi] = Eφ[t] (5.5.8)

Prìtash 5.5 Sundu�zontac tic (5.5.1,5.5.2) mporoÔme na p�roume pwc:

logL(φ) = log p(y;φ) = log(
Cy(φ)

C(φ)
) = logCy(φ)− logC(φ)

kai epomènwc,
∇φ logL(φ) = Eφ[t|y]− Eφ[t] (5.5.9)

O algìrijmoc EM gia thn perÐptwsh pou ta pl rh dedomèna èqoun puknìthta
mèloc thc ekjetik c oikogèneiac, èqei mÐa pio komy  morf . Sugkekrimèna, gia φ, φ′ ∈
Φ, h sun�rthsh Q(φ;φ′) eÐnai:

Q(φ;φ′) = Eφ′ [log f(x;φ)|y] = − logC(φ) + φ · Eφ′ [t|y].
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Gia th megistopoÐhsh thc Q, paÐrnontac thn par�gwgo wc proc to φ kai parathr¸ntac
thn (5.5.2), katal goume sthn exÐswsh:

Eφ[t] = Eφ′ [t|y].

Opìte èqoume to ex c apotèlesma:
Pìrisma 5.4 (Algìrijmoc EM gia ekjetik  oikogèneia). 'Estw (φ(k)) h trèqou-

sa tim  gia to φ èpeita apì k epanal yeic tou algorÐjmou EM. Tìte gia ton epìmeno
kÔklo ta b mata eÐnai:

B ma-E. EktÐmhsh thc statistik c sun�rthshc t(x) upologÐzontac thn:

t(k) = Eφ(k) [t(x)|y]

B ma-M. To (φ(k+1)) kajorÐzetai apì thn exÐswsh:

Eφ[t(x)]

Merikèc parathr seic: Oi exis¸seic sto B ma-M den èqoun p�nta lÔsh sto (a-
noiktì) Φ. Se autèc tic peript¸seic, h lÔsh brÐsketai sto sÔnoro tou parametrikoÔ
q¸rou. Apì thn �llh, an up�rqei lÔsh, tìte aut  eÐnai monadik  exaitÐac thc kur-
tìthtac thc pijanof�neiac pou suzht jhke sta prohgoÔmena.
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5.6 H perÐptwsh tou Monte Carlo EM

MÐa duskolÐa sth efarmog  tou EM eÐnai pwc k�je b ma-E apaiteÐ ton upologismì
thc sun�rthshc Q(φ;φ′). Oi Wei and Tanner (1990a,b) prìteinan mÐa lÔsh gia na
xeperasteÐ h duskolÐa aut , uiojet¸ntac teqnikèc Monte Carlo. Sugkekrimèna, to
prìblhma mporeÐ na xeperasteÐ prosomoi¸nontac Z1, ..ZN apì thn desmeumènh kata-
nom  k(x|y;φ) thc X|Y = y kai sth sunèqeia megistopoi¸ntac thn kat� prosèggish
sun�rthsh pijanof�neiac gia ta pl rh dedomèna (Lc):

Q̂N(φ;φ′) =
1

N

N∑
i=1

logLc(φ)

Sto ìrio, h parap�nw posìthta sugklÐnei sth Q(φ;φ′) kai epomènwc h oriak  morf 
tou MC EM eÐnai o kanonikìc EM. 'Otan X = (Z, Y ), tìte:

Q̂N(φ;φ′) =
1

N

N∑
i=1

log f(z(k), y;φ)

Apì thn �llh, h megistopoÐhsh tou parap�nw ajroÐsmatoc mporeÐ na èqei exÐsou
duskolÐec. Wstìso, sthn perÐptwsh thc ekjetik  oikogèneiac mporoÔme na èqoume
analutikèc lÔseic.

Se genikèc grammèc, (an autì den eÐnai profanèc) h melèth thc oriak c sumperi-
for�c to MC-EM eÐnai polÔ pio dÔskolh apì aut  gia ton kanonikì EM kai den eÐnai
lÐgoi ekeÐnoi pou asqol jhkan me ta zht mata aut�. Ta basikìtera apotelèsmata
diatup¸nontai sta:

Gia na èqoume mÐa eikìna gia to z thma autì, anafèroume merik� apì aut� ta a-
potelèsmata en suntomÐa. Oi Chan and Ledolter (1995) èdeixan pwc gia opoiad pote
arqik  tim , h akoloujÐa pou par�getai apì ton MC-EM, ja eÐnai osod pote kont�
sto mègisto thc parathroÔmenhc pijanof�neiac, L, me meg�lh pijanìthta. Oi upo-
jèseic wstìso eÐnai k�pwc diaforetikèc. H basik  apaÐthsh eÐnai pwc h sÔgklish
tou parap�nw ston kanonikì EM (kaj¸c N →∞ ja prèpei na eÐnai omoiìmorfh sta
sumpag  uposÔnola tou Θ. MÐa upìjesh arket� desmeutik  kai dÔskola epalhje-
Ôsimh, wstìso sto oi Chan and Ledolter (1995), oi suggrafeÐc diatÔpwsan ikanèc
sunj kec pou na thn egguoÔntai. Sthn pr�xh ìmwc, to Je¸rhma autì mac lèei pwc
h akoloujÐa, me meg�lh pijanìthta, k�poia stigm  ja eÐnai kont� sthn E.M.P. Autì
ìmwc akìma kai an epileqteÐ èna polÔ meg�lo N , den up�rqei trìpoc na gnwrÐzoume
pìte sunèbh, oÔte an èqei sumbeÐ. 'Ena pio isqurì apotèlesma ja  tan na diatupw-
joÔn sunj kec k�tw apì tic opoÐec o algìrijmoc plhsi�zei thn E.M.P. kai epiplèon,
paramènei kont� se aut .
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Kef�laio 6

H mèjodoc thc Gkaousian c tuqaiopoÐhshc

6.1 Eisagwg 

Sto kef�laio autì parousi�zetai h statistik  mèjodoc thc Gkaousian c tuqaiopo-
Ðhshc (Gaussian Randomization) h opoÐa prot�jhke sto [12]. Prìkeitai gia mÐa nèa
mèjodo ektÐmhshc paramètrwn gia sÔnjeta montèla, h opoÐa parèqei th dunatìthta
eÔreshc thc E.M.P. ìtan h analutik  thc èkfrash eÐte eÐnai adÔnath eÐte parousi�zei
shmantikèc duskolÐec.

H basik  idèa pÐsw apì th mèjodo aut  eÐnai na metaferjeÐ to prìblhma thc megi-
stopoÐhshc se plaÐsio sto opoÐo na mporeÐ na epilujeÐ me thn efarmog  tou algorÐj-
mou EM. Sugkekrimèna, autì epitugq�netai tuqaiopoi¸ntac kat�llhla to di�nusma
twn paramètrwn (  èna mèroc tou). H tuqaiopoÐhsh gÐnetai me tètoio trìpo, ¸ste to
nèo prìblhma pou ja prokÔyei, ja mporeÐ na antimetwpisteÐ sto plaÐsio twn problh-
m�twn me mh pl rh dedomèna (incomplete data problems) -èna plaÐsio sto opoÐo eÐnai
gnwstì apì th sqetik  jewrÐa (kef�laio 5) ìti prosarmìzetai o algìrijmoc EM. Ta
dÔo aut� probl mata, deÐqnetai pwc eÐnai isodÔnama wc proc tic lÔseic touc kai wc ek
toÔtou arkeÐ na mporeÐ brejeÐ lÔsh gia to deÔtero, kataskeu�zontac mÐa kat�llhlh
èkdosh tou algorÐjmou EM.

Sthn paroÔsa ergasÐa ja asqolhjoÔme me tic jewrhtikèc idiìthtec thc Gkaou-
sian c tuqaiopoÐhshc kai o stìqoc eÐnai na anaptÔxoume èna plaÐsio gia th jewrÐa
sÔgklishc tou EM pou afor� th mèjodo aut . H duskolÐa pou antimetwpÐzoume eÐnai
ìti to epijumhtì shmeÐo sÔgklishc tou algorÐjmou EM brÐsketai sto sÔnoro tou
parametrikoÔ q¸rou. H genik  jewrÐa sÔgklishc pou parousi�sthke sthn enìthta
5.4 apotugq�nei na egguhjeÐ th sÔglish gia thn perÐptwsh aut . Gia to lìgo autì,
me efalt rio tic idèec tou Daniel Nettleton diatup¸nontai sunj kec me tic opoÐec
mporoÔme na èqoume eggÔhsh gia th zhtoÔmenh sÔgklish.

H mèjodoc thc Gkaousian c tuqaiopoÐhsh kataskeu�sthke arqik� gia thn ektÐmh-
sh se montèla an�ptuxhc fut¸n, all� ìpwc tonÐzoun oi suggrafeÐc sto [12], to
plaÐsio thc efarmog c thc eÐnai arket� eurÔtero.

6.2 Orismìc kai Basikèc Idiìthtec

PlaÐsio. 'Estw m = {(Ω,F ,Pµ), µ ∈ M}, èna statistikì montèlo ìpou to M
(parametrikìc q¸roc) eÐnai uposÔnolo tou Rdµ . 'Estw akìmh, to tuqaÐo di�nusma Y
(pou antiproswpeÔei ta dedomèna) orismèno sto parap�nw q¸ro me timèc ston q.m.
{(Y ,Y , ν)}, ìpou to ν eÐnai to mètro anafor�c.
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Orismìc kai Basikèc Idiìthtec

Upojètoume ìti gia k�je µ ∈ M to di�nusma Y èqei puknìthta (wc proc to ν)
p(y;µ) gia mÐa parat rhsh Y = y kai èstw L(µ) h sun�rthsh pijanof�neiac.

Se ìsa akoloujoÔn upojètoume ìti:

Upìjesh 6.1

(i) H sun�rthsh pijanof�neiac L(µ) eÐnai suneq c sto M .

(ii) To montèlo èqei monadik  E.M.P., èstw µ̂. Dhlad :

0 ≤ L(µ) ≤ L(µ̂) gia k�je µ ∈M,

kai h teleutaÐa anisìthta eÐnai gn sia gia µ 6= µ̂.

O ìroc tuqaiopoÐhsh afor� tic paramètrouc pou eÐnai epijumhtì na ektimhjoÔn. Upì
to prÐsma autì, mporoÔme na jewr soume ìti µ = (µ1, µ2) kai esti�zoume sthn ektÐmh-
sh tou µ1. H perÐptwsh aut  ja anafèretai wc merik  tuqaiopoÐhsh ìtan dµ > dµ1 .
Parousi�zetai sth sunèqeia o orismìc thc mejìdou Gkaousian c tuqaiopoÐhshc gia to
µ1 upojètontac epiplèon ìti M1 = Rdµ1 . Fusik�, h teleutaÐa upìjesh mporeÐ na qa-
lar¸sei an up�rqei kat�llhlh anaparamètrhsh, èstw µ1 7→ g(µ1) me g(M1) = Rdµ1 .
EpÐshc, se ìsa akoloujoÔn, upojètoume ìti to M2 eÐnai anoiktì sÔnolo.

Orismìc 6.1 (Gkaousian  TuqaiopoÐhsh). 'Estw m èna statistikì montèlo pou
ikanopoieÐ thn upìjesh 6.1 kai µ = (µ1, µ2), me µ1 ∈ Rdµ1 . To statistikì montèlo
m̃(µ1) kaleÐtai Gkaousian  tuqaiopoÐhsh tou m wc proc to µ1 an:

To m̃(µ1) eÐnai èna montèlo mh pl rwn dedomènwn (incomplete data model) pou apo-
teleÐtai apì:

(i) èna mh parathr simo tuqaÐo di�nusma Θ, ìpou

Θ ∼ Ndµ1
(µ1,Σ), (6.2.1)

me Σ = diag{σ2
i }1≤i≤dµ1 , ìpou σ

2
i > 0 kai

(ii) èna parathr simo di�nusma Y , ìpou h desmeumènh katanom  tou Y |Θ = θ exar-
t�tai mìno apì thn par�metro µ2 kai ikanopoieÐ thn:

p(y|θ;µ2) = L(θ, µ2). (6.2.2)

Apì ton parap�nw orismì parathroÔme ìti to m̃(µ1) perilamb�nei tic paramètrouc
tou arqikoÔ montèlou pou eÐnai epijumhtì na ektimhjoÔn kaj¸c kai to di�nusma pa-
ramètrwn (σ2

i )1≤i≤dµ1 ∈ (R>0)dµ1 . Epomènwc, h parametropoÐhsh pou antistoiqeÐ sto
montèlo m̃(µ1) ja eÐnai:

φ = (µ1, µ2, σ
2) ∈ Φ = M × (R>0)dµ1 ⊂ Rdφ . (6.2.3)

kai M = M1 ×M2
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Orismìc kai Basikèc Idiìthtec

H perÐptwsh ìpou dµ = dµ1 ja anafèretai wc olik  tuqaiopoÐhsh. H apaÐthsh (ii)
tou parap�nw orismoÔ tropopoieÐtai wc ex c: H desmeumènh katanom  tou Y |Θ = θ
den exart�tai mìno apì thn par�metro µ kai ikanopoieÐ thn:

p(y|θ) = L(θ). (6.2.4)

Oi lìgoi pou gÐnetai aut  h di�krish ja gÐnei katastoÔn safeÐc sth sunèqeia.

Parat rhsh.
H mèjodoc thc Gkaousian c tuqaiopoÐhshc den ja prèpei na sugqèetai me th Mpe-
ôzian  prosèggish. Oi par�metroi twn diaspor¸n pou emplèkontai se aut n, eÐnai
�gnwstec stajerèc, se antÐjesh me thn epilog  (kanonik¸n) ek twn protèrwn ka-
tanom¸n (me gnwstèc diasporèc) gia tic paramètrouc tou montèlou, pou gÐnetai sto
plaÐsio thc Mpeôzian c prosèggishc.

H sun�rthsh pijanof�neiac tou epektetamènou montèlou m̃(µ1) gia φ ∈ Φ eÐnai:

L̃(φ) =

∫
p(θ, y;φ)dθ

=

∫
p(θ;µ1, σ

2)p(y|θ;µ2)dν(θ)

= Eµ1,σ2 [p(y|Θ;µ2)], (6.2.5)

ìpou Θ = (Θi)
dµ1
i=1 me Θi ∼ N (µ1i, σ

2
i ) kai p(θ;µ1, σ

2) h apì koinoÔ s.p.p. twn Θi, gia
1 ≤ i ≤ dµ1 .

Sthn epìmenh Prìtash parousi�zontai k�poiec basikèc idiìthtec pou moir�zontai oi
sunart seic pijanof�neiac twn dÔo montèlwn.

Prìtash 6.1
(i) H L̃ eÐnai fragmènh sto Φ.
(ii) H L̃ eÐnai suneq c sto Φ.
(iii) 'Otan h p(θ, y;φ) èqei suneq  kai fragmènh par�gwgo (wc proc φ), tìte h L̃ eÐnai
diaforÐsimh sto Φ.

Apìdeixh

Gia to (i). Apì ton orismì (1-(ii)), thn upìjesh (1-(ii)) kai thn (6.2.5) èqoume ìti
gia opoiod pote φ ∈ Φ:

L̃(φ) = Eµ1,σ2 [p(y|Θ;µ2)] = Eµ1,σ2 [L(Θ;µ2)] ≤ L(µ∗)

Gia to (ii). 'Estw φn = (µ1,n, µ2,n, σ
2
n) ∈ Φ h opoÐa sugklÐnei sto φ0 = (µ1,0, µ2,0, σ

2
0) ∈

Φ. To Φ eÐnai anoiktì sÔnolo, wc kartesianì ginìmeno anoikt¸n sunìlwn. Ja de-
Ðxoume pwc L̃(φn)→ L̃(φ0).
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H puknìthta p(θ;µ1, σ2) eÐnai suneq c wc proc ta µ1 kai σ2. 'Epetai pwc p(θ;µ1,n, σ
2
n)→

p(θ;µ1,0, σ
2
0). To Φ eÐnai anoiktì (wc kartesianì ginìmeno anoikt¸n), opìte apì to

L mma tou Scheffe, eÐnai Θµ1,n,σ2
n

D→ Θµ1,0,σ2
0
∼ Ndµ1

(µ1,0, σ
2
0). 'Ara:

(Θµ1,n,σ2
n
, µ2,n)

D→ (Θµ1,0,σ2
0
, µ2,0)

Epeid  h L eÐnai suneq c kai fragmènh, apì ton qarakthrismì thc asjenoÔc sÔgkli-
shc, èpetai pwc:

L̃(φn) = E[L(Θµ1,n,σ2
n
, µ2,n)]→ E[L(Θµ1,0,σ2

0
, µ2,0)] = L̃(φ0).

kaj¸c n→∞

Gia to (iii) 'Estw y ∈ R kai fy : R×Φ→ R me fy(θ, φ) = p(θ, y;φ). Upojètoume pwc
| ∂
∂φ
p(θ, y;φ)| ≤ g(θ, y) me

∫
|g(θ, y)|dθ < ∞. Tìte, apì to je¸rhma kuriarqhmènhc

sÔgklishc:

∇φL̃(φ) = ∇φ

∫
fy(θ, φ)dν(θ) =

∫
∇(µ1,σ2)p(θ;µ1, σ

2)∇µ2p(y|θ;µ2)dν(θ),

kaj¸c

lim
h→0

p(θ, y;φi + h, φ(−i))− p(θ, y;φ)

h
=

∂

∂φi
p(θ, y; tφ),

gia k�poio t ∈ (0, 1) kai gia k�je i (apì to Je¸rhma mèshc tim c) . �

Pl rh dedomèna apì thn ekjetik  oikogèneia.

PolÔ shmantik  eÐnai h perÐptwsh pou ta pl rh dedomèna, X = (Y,Θ), brÐskontai
sthn ekjetik  oikogèneia. Autì mporeÐ na sumbeÐ an gia par�deigma h Y èqei pu-
knìthta pou an kei sthn ekjetik  oikogèneia   an èqoume olik  tuqaiopoÐhsh. Sthn
pr¸th perÐptwsh, o isqurismìc eÐnai alhj c kaj¸c to ginìmeno puknot twn ekjetik c
oikogèneiac eÐnai exÐsou mèloc thc, en¸ sth deÔterh èqoume oti: gia φ = (µ, σ2) ∈
M × Rdµ

>0 = Φ, eÐnai:

p(x;φ) = p(y, θ;φ) = p(y|θ)p(θ, φ) = c p(θ, φ),

kaj¸c to p(y|θ) den èqei par�metro.

Sthn perÐptwsh aut  epomènwc, h puknìthta gia ta pl rh dedomèna èqei th morf :

p(y, θ;φ) = h(y, θ) exp{s(φ) · t(y, θ)− α(φ)},

ìpou me · sumbolÐzetai to eswterikì ginìmeno ston Rn. H kanonik  morf  ja eÐnai:

p(y, θ;φ) = h(y, θ) exp{η · t(y, θ)− b(η)},

ìpou:

eb(η) =

∫
h(y, θ) exp{η · t(y, θ)λ(dθ, dy).
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Sugkekrimèna, h b(η) eÐnai o log�rijmoc tou metasqhmatismoÔ Laplace tou mètrou
ν(dθ, dy) = h(y, θ)λ(dθ, dy), ìpou to λ eÐnai to mètro Lebesgue di�stashc Ðshc me
th di�stash twn pl rh dedomènwn. SÔmfwna me th sqetik  jewrÐa sthn enìthta
5.5, h b(η) eÐnai analutik  kai oi par�gwgoi pern�ne mèsa sto olokl rwma. Apì to
teleutaÐo gegonìc paÐrnoume kai ìti:

∇b(η) = Eη[t(y, θ)].

Wstìso, k�tw apì tic upojèseic tou montèlou, an φ = (φ1, φ2), ìpou φ1 = (µ1, σ
2)

kai φ2 = µ2, tìte ja eÐnai:

p(y, θ;φ) = exp{η1 · t1(θ)− b1(η1)} exp{η2 · t2(y, θ)− b2(η2)},

ìpou:

η1 = s1(φ1) = (Σ−1µ1,Σ
−1)T .

t1(θ) = (
∑dµ1

i=1 θi,−1
2

∑dµ1
i=1 θiθ

T
i )T .

b1(η1) =
dµ1
2

log 2π +
dµ1
2

log |Σ|+ dµ1
2
µT1 Σ−1µ1.

SÔmfwna me touc suggrafeÐc, prokeimènou na dikaiologhjeÐ h Ôparxh thc E.M.P. gia
to montèlo m̃(µ1), ja qreiasteÐ na epektajeÐ h L̃ ¸ste na paÐrnei timèc pou na pe-
rièqoun mhdenikèc diasporèc (dhlad , ja epitrapeÐ stic sunist¸sec tou σ2 (k�poiec,
  ìlec) na mporoÔn na p�roun thn tim  0) kai ja dojoÔn swstèc ermhneÐec twn su-
noriak¸n aut¸n tim¸n. An h j-ost  (gia par�deigma) sunist¸sa tou dianÔsmatoc Θ
èqei par�metro diaspor�c Ðsh me 0, tìte h t.m. Θj eÐnai ekfulismènh. Sugkrimèna,
dÐnei ìlh thc th m�za sto shmeÐo µ1,j (antistoiqeÐ sth j-ost  sunist¸sa tou µ1).
IsodÔnama, ja mporoÔsame na jewr soume ìti sthn tuqaiopoÐhsh den perilamb�netai
to µ1,j, kai �ra sÔmfwna me to (i) tou orismoÔ, den èqoume tuqaiopoÐhsh gia to µ1

all� gia to µ1\{µ1,j}. 'Etsi, mporeÐ na dhmiourghjeÐ kai èna eniaÐo plaÐsio sto opoÐo
to m, me µ = (µ1, µ2), na apoteleÐ upomontèlo tou m̃(µ1). OrÐzetai loipìn o q¸roc
pou sumperilamb�nei mhdenikèc diasporèc:

Φ̃ = M × (R≥0)dµ1 (6.2.6)

Gia th sunèqeia, ja qreiastoÔme ton akìloujo sumbolismì, me ton opoÐo ja mpo-
rèsoume na epekteÐnoume thn L̃ sto Φ̃

'Estw ta sÔnola I ⊂ {1, ..., dµ1} kai J = {1, ..., dµ1}\I Me µ1,I , σ
2
I sumbolÐzontai

ta upodianÔsmata twn µ, σ2 me sunist¸sec pou antistoiqoÔn stouc deÐktec apì to I.

'Estw epÐshc ta sÔnola I ′ = {i ∈ {1, ..., dµ1} : σ2
i > 0} kai J ′ = {1, ..., dµ1}\I ′.

Me µ1,I′ sumbolÐzetai to upodi�nusma tou µ1 tou opoÐou oi deÐktec antistoiqoÔn stouc
deÐktec twn mh-mhdenik¸n diaspor¸n. Epomènwc, sto µ∅ antikatoptrÐzetai to gegonìc
ìti den èqoume kajìlou tuqaiopoÐhsh. Me to sumbolismì autì, ja eÐnai m̃(µ∅) = m.
Opìte to m̃(µ1) perilamb�nei to m wc eidik  perÐptwsh (ìtan µ1 = µ∅).
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Proc thn kateÔjunsh aut , ja qreiasteÐ epÐshc to epìmeno L mma.

L mma 6.1. 'Estw x ∈ Rdx kai ta sÔnola I kai J ìpwc parap�nw. JewroÔme thn
oikogèneia twn dianusm�twn: {Xσ2 : Xσ2 ∼ Ndx(x,Σ), ìpou Σ = diag{σ2

i }1≤i≤dµ1
antistrèyimoc pÐnakac sundiakÔmanshc. Tìte:

Xσ2
D→ Xσ2

I
∼ Ndx(x,ΣI), kaj¸c ||σ2

J || → 0,

ìpou ΣI ènac mh antistrèyimoc pÐnakac sundiakÔmanshc pou prokÔptei apì ton Σ
topojet¸ntac σ2

J = 0J . Sthn eidik  perÐptwsh pou I = ∅ tìte:

Xσ2
D→ x, kaj¸c ||σ2

J || → 0.

Apìdeixh

An φσ2 , φσ2
I
kai φ0 oi qarakthristikèc sunart seic twnXσ2 , Xσ2

I
kai tou stajeroÔ

dianÔsmatoc x antÐstoiqa, tìte arkeÐ na deÐxoume pwc kaj¸c σ2
J → 0J isqÔei φσ2 →

φσ2
I
kat� shmeÐo. 'Estw t = (t1, ..., tdx)

T ∈ Rdx . Tìte:

φσ2(t) = eit
T x− 1

2
tTΣt → eit

T x− 1
2
tTΣI t = φσ2

I
(t),

kaj¸c ||σ2
J || → 0.

'Otan I = ∅, tìte o ΣI eÐnai o mhdenikìc pÐnakac kai �ra apì thn parap�nw, èpetai
pwc φσ2(t)→ eit

T x = φ0(t) �

Ja epekteÐnoume th sun�rthsh pijanof�neiac,L̃, tou epektamènou montèlou apì to
Φ sto Φ̃. Proc toÔto, an (gia par�deigma) J ′µ1 6= ∅, dhlad  σ

2
j = 0, gia k�poio j Tìte:

L̃(φ) = L̃(µ1, µ2, σ
2) = L̃(µ1,I′ , µ1,J ′ , µ2, σ

2
I′ , σ

2
J ′) = L̃(µ1,I′ , µ

′
2, σ

2
I′ , 0J ′),

ìpou µ′2 = (µ1,J ′ , µ2) kai h tuqaiopoÐhsh gÐnetai sto µ1,I′

EpÐshc, h {m̃(µI)}Iµ1 ja eÐnai h kl�sh twn 2dµ1 −1 Gkaousian¸n tuqaiopoi sewn tou
m wc proc ta upodianÔsmata tou µ1 mazÐ me to arqikì montèlo m pou antistoiqe-
Ð sthn epilog  Iµ1 = ∅. H epìmenh Prìtash sundèei ta montèla thc parap�nw kl�shc.

Prìtash 6.2 'Estw I ⊂ {1, ..., dµ1} kai J = {1, ..., dµ1}\I. Tìte,

L̃(φ) = L̃(µ, σ2
I , σ

2
J)→ L̃(µ, σ2

I ), kaj¸c ||σ2
J || → 0, (6.2.7)

ìpou h L̃(µ, σ2
I ) eÐnai h sun�rthsh pijanof�neiac pou antistoiqeÐ sto montèlo m̃(µI).

Sugkekrimèna, an I = ∅, tìte,

L̃(φ) = L̃(µ, σ2)→ L(µ), kaj¸c ||σ2|| → 0, (6.2.8)

ìpou h L eÐnai h sun�rthsh pijanof�neiac tou arqikoÔ montèlou m.

Apìdeixh
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EÐnai L̃(φ) = E[L(Θµ1,σ2 , µ2)]. Apì to parap�nw l mma èqoume exasfalÐsei pwc:

Θσ2
D→ Θσ2

I
∼ Ndµ1

(µ1,ΣI), kaj¸c ||σ2
J || → 0,

Gia opoiod pote µ2 ∈ M2, h sun�rthsh g me g(µ1) = L(µ) eÐnai suneq c sto
M1. Pr�gmati, epilègontac mÐa (µn1 ) ∈ M1 me µn1 → µ1 kaj¸c n → ∞, tìte
µn ≡ (µn1 , µ2) → (µ1, µ2) = µ kai �ra g(µn1 ) = L(µn) → L(µ) = g(µ1) kaj¸c h
L eÐnai suneq c sto M . H g eÐnai epÐshc fragmènh sto M1.

Apì to parap�nw, kai ton qarakthrismì thc asjen c sÔgklishc ja eÐnai:

E[L(Θµ1,σ2 , µ2)] = E[g(Θµ1,σ2)]→ E[g(Θµ1,I ,σ
2
I
)]

= E[L(Θµ1,I ,σ
2
I
, µ2)],

ìpou me Θµ1,I ,σ
2
I
sumbolÐzetai to upodi�nusma tou Θµ1,σ2 me deÐktec apì to I, dhlad 

gia deÐktec me σ2
i > 0, Epomènwc o teleutaÐoc ìroc sumpÐptei me an�logh anapar�sta-

sh thc L̃ gia to montèlo m̃(µI). 'Otan I = ∅, tìte sumpÐptei me thn L(µ). �

Epeid  h L̃ eÐnai suneq c sto Φ (Prìtash 6.1), an jèsoume:

L̃(µ, σ2
I , 0J) = L̃(µ, σ2

I ), (6.2.9)

L̃(µ, 0dµ1 ) = L(µ), (6.2.10)

tìte èpetai �mesa apì thn Prìtash 6.2 pwc h epèktash thc L̃ sto Φ̃ = M × (R≥0)dµ1

pou ikanopoieÐ tic (6.2.9,6.2.10), eÐnai suneq c.

Wstìso, h L̃ den eÐnai diaforÐsimh sto Φ̃. Pr�gmati, an σ2
j = 0, tìte den up�rqei h

puknìthta p(φ;µ1, σ
2).

Prìtash 6.3 H L̃ : Φ̃→ R eÐnai �nw fragmènh apì to L(µ̂).

Apìdeixh

'Estw I = {i ∈ {1, ..., dµ1} : σ2
i > 0} kai J = {1, ..., dµ1}\I. Ja deÐxoume pwc

L̃(µ, σ2) ≤ L(µ̂).
An I = ∅ den èqoume tÐpota na deÐxoume kaj¸c tìte m̃(µ∅) = m kai apì thn (6.2.10)
eÐnai L̃(µ, 0dµ1 ) = L(µ). H perÐptwsh I = {1, ..., dµ1} (dhlad  ìlec oi diasporèc eÐnai
gn sia jetikèc) èqei lujeÐ sth Prìtash 6.1. Upojètoume loipìn ìti I $ {1, ..., dµ1}.
Apì thn (6.2.9) eÐnai L̃(µ, σ2

I , 0J) = L̃(µ, σ2
I ) kai h teleutaÐa antistoiqeÐ sto montèlo

m̃(µI) gia to opoÐo ΘI ∼ NdµI
(µI ,ΣI).

Opìte,

L̃(µ, σ2
I ) =

∫
p(y|θ;µ1,J , µ2)p(θ;µ1,I , σ

2
I )dθ

=Eµ1,I ,σ2
I
[L(ΘI , (µ2)′)] ≤ Eµ1,I ,σ2

I
[L( ˆµ1,I , (µ̂2)′)]

=L(µ̂) (Pµ1,I ,σ2
I
− s.p.),

104



Orismìc kai Basikèc Idiìthtec

ìpou (µ2)′ = (µ1,J , µ2). H anisìthta dikaiologeÐtai diìti ΘI ∈MI kai apì thn upìje-
sh 1 , gia opoiod pote θI ∈MI isqÔei L(θI , µ1,J , µ2) ≤ L( ˆµ1,I , ˆµ1,J , µ̂2) ≡ L(µ̂). �

Je¸rhma 6.1 'Estw {m̃(µI)}I mÐa kl�sh montèlwn Gkaousian c tuqaiopoÐhshc me
arqikì montèlo to m, ìpou I ⊂ {1, ..., dµ1} (ìpou gia I = ∅, m̃(µ)∅ = m). K�tw apì
thn upìjesh 1, an µ̂. h (monadik ) E.M.P. gia to montèlo m, tìte aut  kajorÐzei th

monadik  E.M.P. φ̂. gia to montèlo m̃(µ1). Sugkekrimèna èqoume ìti:

φ̂ = (µ̂, 0dµ1 ), (6.2.11)

L̃(φ̂) = L(µ̂). (6.2.12)

AntÐstrofa, an h L eÐnai suneq c stoM (upìjesh 1-(i)) kai up�rqei monadik  E.M.P.

φ̂ gia to montèlo m̃(µ)1, tìte aut  kajorÐzei th monadik  E.M.P. µ̂ gia to montèlo
m kai ikanopoieÐ tic parap�nw exis¸seic 6.2.11, 6.2.12.

Apìdeixh

Gia to eujÔ: Upojètoume ìti up�rqei monadik  E.M.P., µ̂ stoM . Apì thn (6.2.10)
eÐnai L̃(µ̂, 0dµ1 ) = L(µ̂). 'Ara, h E.M.P. sto Φ̃ up�rqei, kai an aut  eÐnai monadik 
ja prèpei na ikanopoieÐ tic (6.2.11, 6.2.12). Epeid  (µ̂, 0dµ1 ) ∈ M × {0}dµ1 , apì thn
upìjesh 1 kai thn (6.2.10), eÐnai monadik  sto sÔnolo autì. Ac upojèsoume pwc

up�rqei k�poio φ = (µ, σ2) ∈ M × (Rdµ1
+ \{0}dµ1 ) tètoio ¸ste L̃(φ) = L(µ̂). Ja

deÐxoume pwc autì den mporeÐ na gÐnei. JewroÔme ta sÔnola I = {i ∈ {1, ..., dµ1} :
σ2
i > 0} kai J = {1, ..., dµ1}\I ìpou to pr¸to eÐnai mh kenì afoÔ (µ, σ2) ∈ M ×

(Rdµ1
+ \{0}dµ1 ). Epeid  L̃(µ, σ2) = Eµ1,I ,σ2

I
[L(ΘI , µ

′
2)], kai lìgw thc L̃(φ) = L(µ̂) , ja

eÐnai:
L(µ̂) = Eµ1,I ,σ2

I
[L(ΘI , (µ2)′)]

ìpou µ′2 = (µ1,J , µ2). Apì thn Prìtash 6.3 h L̃ eÐnai �nw fragmènh sto Φ̃ apì to
L(µ̂) kai �ra h t.m. L(ΘI , (µ2)′), ja eÐnai �nw fragmènh apì thn Ðdia tim . Dhlad  h
L(µ̂)−L(ΘI , (µ2)′) ja eÐnai mh arnhtik . Wstìso, apì thn parap�nw prokÔptei pwc:

Eµ1,I ,σ2
I
[L(µ̂)− L(ΘI , (µ2)′)] = 0

kai paÐrnoume epomènwc lìgw thc mh arnhtikìthtac ìti L(µ̂) = L(ΘI , (µ2)′) s.p. wc
proc to Pµ1,I ,σ2

I
. Dhlad :

1 = Pµ1,I ,σ2
I
(L(µ̂) = L(ΘI , (µ2)′)) = 1{(µ2)′=(µ̂2)′}Pµ1,I ,σ2

I
(ΘI = µ̂1,I) = 0

H deÔterh isìthta sthn parap�nw èpetai apì thn upìjesh 1 kai h teleutaÐa apì to
gegonìc pwc h ΘI eÐnai apìluta suneq c. Katal goume loipìn pwc gia opoiod pote

φ ∈M × (Rdµ1
+ \{0}dµ1 ) isqÔei ìti L̃(φ) < L(µ̂). Opìte h E.M.P. φ̂ eÐnai monadik .

Gia to antÐstrofo, upojètoume pwc up�rqei monadik  E.M.P., φ̂ sto Φ̃. Sthn

perÐptwsh aut , gia k�je φ ∈ Φ̃ isqÔei ìti L̃(φ) ≤ L̃(φ̂). 'Ara ja isqÔei kai L̃(φ) ≤
L̃(φ̂) gia k�je φ ∈M × {0}dµ1 afoÔ autì apoteleÐ uposÔnolo tou Φ̃. Epomènwc, ja
eÐnai:

L̃(µ, 0dµ1 ) ≤ L̃(φ̂)
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gia k�je µ ∈ M . An φ̂ ∈ M × {0}dµ1 , tìte oi exis¸seic (6.2.11 kai 6.2.12) ika-

nopoioÔntai gia k�poio µ∗ ∈ M . Dhlad  gia autì to µ∗ ja eÐnai: φ̂ = (µ∗, 0dµ1 )

kai L̃(φ̂) = L(µ∗). Epeid  to �nw fr�gma thc L sto M pi�netai sto µ̂ h E.M.P.
up�rqei. EÐnai epÐshc monadik  diìti an up rqan 2 diaforetikèc E.M.P., µ(1), µ(2) sto
M , tìte ta (µ(1), 0dµ1 ) kai (µ(2), 0dµ1 ) ja  tan E.M.P. sto Φ̃ to opoÐo parabi�zei

thn upìjesh monadikìthtac tou φ̂. Ja deÐxoume t¸ra pwc to φ̂ ∈ M × {0}dµ1 eÐnai

anagkaÐa sunj kh. Ac upojèsoume pwc φ̂ ∈ M × (Rdµ1
+ \{0}dµ1 ) kai jewroÔme ta

sÔnola I = {i ∈ {1, ..., dµ1} : (σ2
i )
∗ > 0} kai J = {1, ..., dµ1}\I. Ja eÐnai:

L̃(φ̂) = E(µ1,I)∗,(σ2
I )∗ [L(ΘI , (µ

′
2)∗)]

Den ja mporoÔse na eÐnai L(µ1,I), (µ
′
2)∗) < L̃(φ̂) gia ìla ta µ1,I) ∈ RdµI kaj¸c autì

èrqetai se antÐjesh me thn parap�nw isìthta. Epomènwc up�rqei k�poio (µI)
∗∗ tètoio

¸ste L((µI)
∗∗, (µ′2)∗) = L̃(φ̂),   isodÔnama, k�poio φ∗ = ((µI)

∗∗, (µ′2)∗, 0dµ1 ) 6= φ̂ to
opoÐo ja eÐnai E.M.P. To teleutaÐo èrqetai se antÐjesh me thn upìjesh monadikìth-

tac. Epomènwc katal goume pwc φ̂ ∈M × {0}dµ1 . �.

Parathr seic.

1. K�tw apì thn upìjesh 1, h (monadik ) E.M.P. gia to montèlo m̃(µ)1 apoteleÐ
stoiqeÐo sto sÔnoro tou parametrikoÔ q¸rou Φ̃ = M × (R≥0)dµ1 .

2. To parap�nw Je¸rhma epitrèpei th metafor� tou probl matoc megistopoÐhshc
pou antistoiqeÐ sto arqikì montèlo m, se èna isodÔnamo prìblhma megistopoÐhshc
pou antistoiqeÐ sto montèlo m̃(µ1). IsodÔnamo me thn ènnoia pwc an to èna èqei
(monadik ) lÔsh, tìte èqei kai to �llo kai oi lÔseic tautÐzontai.

3. To prìblhma megistopoÐhshc pou antistoiqeÐ sto m̃(µ1), mporeÐ na epilujeÐ
me kataskeu  kat�llhlhc èkdoshc tou EM kaj¸c to m̃(µ1) eÐnai montèlo mh pl rwn
dedomènwn.

4. H upìjesh monadikìthtac thc E.M.P. sto arqikì montèlo eÐnai polÔ isqur 
kai genik� dÔskola epalhjeÔsimh. Wstìso, an h upìjesh qalarwjeÐ, tìte, epanalam-
b�nontac ta b mata thc apìdeixhc, mporoÔme na sumper�noume ìti to arqikì montèlo
èqei peperasmèno pl joc E.M.P. ann to epektamèno montèlo èqei peperasmèno pl joc
E.M.P. kai isqÔei h (6.2.11).

6.3 Efarmog  tou algorÐjmou EM

Prìtash 6.4 'Estw φ′ = (µ1, µ2, σ
2)′ ∈ M × (R>0)dµ1 h trèqousa ananèwsh

twn paramètrwn gia to montèlo m̃(µ1). Tìte, oi exis¸seic gia thn ananèwsh twn
paramètrwn (µ1, σ

2) eÐnai:

µ̂1 = Eφ′ [Θ|Y = y] (6.3.1)

σ̂2 = (σ̂2
i )1≤i≤dµ1 =

(
V arφ′ [Θi|Y = y]

)
1≤i≤dµ1

. (6.3.2)
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kai to µ2 mporeÐ na ananewjeÐ anex�rthta, megistopoi¸ntac thn:

Q2(µ2;φ′) = Eφ′ [log p(y|Θ;µ2)|Y = y]. (6.3.3)

Apìdeixh

Q(φ;φ′) = Eφ′ [log p(Θ, y;µ1, µ2, σ
2)|Y = y]

= Eφ′ [log p(Θ, µ1, σ
2)|Y = y] + Eφ′ [log p(y|Θ;µ2)|Y = y]

= Q1(µ1, σ
2;φ′) +Q2(µ2;φ′).

O teleutaÐoc ìroc sto dexÐ mèloc thc parap�nw exÐswshc exart�tai mìno apì to µ2

kai sumpÐptei me thn exÐswsh (6.3.3) en¸ o pr¸toc ìroc den exart�tai apì to µ2.
Epomènwc isqÔei o teleutaÐoc isqurismìc sthn Prìtash. Epeid  oi sunist¸sec tou
dianÔsmatoc Θ eÐnai anex�rthtec kanonikèc, ja eÐnai:

Q1(µ1, σ
2;φ′)

max∼ −1

2

dµ1∑
i=1

log σ2
i −

1

2

dµ1∑
i=1

Eφ′ [(Θi − µ1,i)
2|Y = y]

σ2
i

.

kai epomènwc o pr¸toc isqurismìc èpetai �mesa. �

Parat rhsh. Sthn perÐptwsh thc olik c tuqaiopoÐhshc eÐnai fanerì pwc to
b ma M eÐnai analutikì. Wstìso, to b ma-E ja eÐnai sqedìn p�nta mh analutikì
kai gia ton upologismì tou, endeqomènwc na qrei�zetai na efarmostoÔn algorijmikèc
teqnikèc. Tèloc, mÐa akìma shmantik  parat rhsh eÐnai pwc h Q1 ìpwc faÐnetai apì
thn parap�nw èkfrash, eÐnai suneq c sun�rthsh wc proc ta 2 orÐsmata. H idiìthta
aut  eÐnai basik  gia th jewrÐa sÔgklishc pou akoloujeÐ.

6.3.1 Efarmog  sto montèlo LNAS

Sthn par�grafo aut  ja efarmìsoume th mèjodo thc Gkaousian c tuqaiopoÐhshc sto
montèlo LNAS pou perigr�fthke sto kef�laio 2. 'Etsi ja èqoume th dunatìthta na
parathr soume tic sqetikèc duskolÐec wc proc thn efarmog  kaj¸c kai ta probl ma-
ta sÔgklishc pou prokÔptoun.

Arqik� ja jewr soume pwc oi par�metroi gia ta sf�lmata {σ2
γγ, σ

2
q , σ

2
g , σ

2
r} eÐnai

gnwstèc stajerèc. Epomènwc esti�zoume sto prìblhma thc ektÐmhshc tou dianÔsma-
toc pou perièqei tic paramètrouc pou sundèontai me th dom  tou futoÔ:

µ = (µα, λ, µγ, σ
2
γ, γ0, γf ). (6.3.4)

Prokeimènou na efarmìsoume th mèjodo Gkaousian c tuqaiopoÐhshc ja qreiasteÐ na
k�noume anaparamètrhsh ¸ste na diasfalÐsoume pwc oi par�metroi ja mporoÔn na
èqoun pragmatikèc timèc. Jètoume:

η =
(

log µα, λ, µγ, log σ2
γ, log(γ−1

0 − 1), log(γ−1
f − 1)

)
, (6.3.5)

diìti µα, σ2
γ > 0 kai γ0, γf ∈ (0, 1). Me thn anaparamètrhsh aut  mporoÔme na

efarmìsoume th mèjodo Gkaousian c tuqaiopoÐhshc sto di�nusma η. Sugkekrimèna,
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èstw m̃(η) h Gkaousian  tuqaiopoÐhsh tou m wc proc to η, ìpou me m sumbolÐzoume
to montèlo LNAS. Tìte, sÔmfwna me ton orismì 6.1 èqoume ìti to m̃(η) eÐnai èna
montèlo krummènwn dedomènwn to opoÐo apoteleÐtai apì:

(i) 'Ena krummèno Gkaousianì di�nusma Θ ìpou:

Θ ∼ N6(η,Σ), (6.3.6)

ìpou Σ = diag{σ2
i }1≤i≤6, me σ2

i > 0

(ii) 'Ena parathroÔmeno di�nusma Y , ìpou dojèntoc Θ = θ, eÐnai montèlo q¸rou
katast�sewn pou ikanopoieÐ tic exis¸seic sthn (2.4.12) ìtan h par�metroc µ
antikatastajeÐ apì to θ.

Opìte h par�metroc gia to epektamèno montèlo eÐnai: φ = (η, σ2) ∈ R6 × (R∗+)6. Xe-
kin¸ntac me mÐa arqik  tim , èstw φ(0), o algìrijmoc EM pou dÐnetai apì thn Prìtash
6.3 par�gei mÐa akoloujÐa φ(n) h opoÐa eÐnai epijumhtì na suglÐnei se k�poio st�simo
shmeÐo thc arqik c sun�rthshc pijanof�neiac. Oi desmeumènec ropèc pou emplèkontai
stic exis¸seic autèc, den èqoun analutik  èkfrash gia mh-grammik� montèla tètoiou
tÔpou. To prìblhma antimetwpÐzetai sto [12] me thn efarmog  stoqastik c èkdoshc
tou algorÐjmou EM.

6.4 Zht mata sÔgklishc

Sto kef�laio 5 parousi�sthkan sunj kec k�tw apì tic opoÐec o Wu (1983) èdeixe
th sÔgklish tìso miac akoloujÐac EM, ìso kai thc antÐstoiqhc akoloujÐac tim¸n
pijanof�neiac (L(φ(k)))k≥0. Ta jewr mata aut� den mporoÔn na efarmostoÔn sthn
perÐptwsh tou EM pou kataskeu�sthke gia to montèlo m̃(µ1). Autì diìti to epiju-
mhtì shmeÐo sÔgklishc thc akoloujÐac EM brÐsketai sto sÔnoro tou parametrikoÔ
q¸rou Φ = M × (R>0)dµ1 kai epomènwc parabi�zetai h sunj kh R1. sthn upìjesh

5.3. Epiplèon, h L̃ den eÐnai diaforÐsimh se autì. Opìte to φ̂ = (µ̂, 0dµ1 ) den eÐnai

st�simo shmeÐo thc L̃ kai to Je¸rhma 5.2 den efarmìzetai.

Sth paroÔsa ergasÐa ja asqolhjoÔme me th perÐptwsh thc olik c tuqaiopoÐhshc
(dµ1 = dµ). Sthn perÐptwsh aut n èqoume apì thn upìjesh 6.1 ìti up�rqei monadik 
E.M.P. gia to montèlo m, èstw µ∗. To Je¸rhma 6.1 mac lèei ìti h E.M.P gia to

montèlo m̃(µ) ja eÐnai h φ∗ = (µ∗, 0dµ) ∈ Φ = Rdµ × Rdµ
>0.

'Estw epÐshcM : Φ 7→ Φ apeikìnish tètoia ¸ste gia k�je φ ∈ Φ isqÔei:

M(φ) = argmax
ψ∈Φ

Q(ψ, φ)

Epomènwc, o algìrijmoc EM par�gei mÐa akoloujÐa (φ(k))k≥0 = (µ(k), (σ2)(k))k≥0.
Sth perÐptwsh aut  eÐnai (φ(k)) = ((µ, σ2)(k)) ∈ Φ = M × (R>0)dµ , ìpou M =
M1 ×M2 me M1 = Rdµ kai M2 anoiktì uposÔnolo tou Rdµ2 .
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Sth perÐptwsh thc merik c tuqaiopoÐhshc eÐnai (φ(k)) = ((µ1, µ2, σ
2)(k)) kai ìpwc de-

Ðqjhke sthn Prìtash 6.4, h akoloujÐa mporeÐ na ananewjeÐ apì 2 diadikasÐec. Sug-

kekrimèna, h ((µ1, σ
2)(k)) par�getai apì thn Q1, en¸ h akoloujÐa µ(k)

2 par�getai apì
thn Q2 kai eÐnai anex�rthth thc pr¸thc. Epomènwc, sthn perÐptwsh aut  prokÔptei
èna genikìtero prìblhma sÔgklishc kaj¸c autèc oi dÔo akoloujÐec anane¸nontai
diadoqik�.

Ja anazht soume loipìn sunj kec gia thn perÐptwsh thc olik c tuqaiopoÐhshc, me
ti opoÐec mporoÔme na exasfalÐsoume ìti:

1. L̃(φ(k))→ L̃(φ̂) = L̃(µ̂, 0dµ) = L(µ̂), kai

2. φ(k) → φ̂ = (µ̂, 0dµ), kaj¸c k →∞.

Se ìsa akoloujoÔn ja isqÔei h parak�tw upìjesh:

Upìjesh 6.3 (Sunj kec kanonikìthtac) .

A1. To sÔnolo Φφ0 = {φ ∈ Φ : L̃(φ) ≥ L̃(φ0)} eÐnai sumpagèc gia opoiad pote
epilog  tou φ0 tètoia ¸ste L̃(φ0) > −∞.

A2. H sun�rthsh H(·;φ) eÐnai diaforÐsimh gia k�je φ ∈ Φ.

Apì thn Prìtash 6.1, h L̃ eÐnai suneq c kai diaforÐsimh sto Φ.

Ja efarmìsoume to Je¸rhma Olik c SÔgklishc gia to parak�tw sÔnolo lÔsewn:

S = {φ̄ ∈ Φ̃ :
dL̃

dλ
(φ̄+ λ(φ− φ̄)|λ=0 ≤ 0, φ ∈ Φ},

ìpou to parap�nw ìrio paÐrnetai apì dexi�.

Sugkekrimèna to Je¸rhma Olik c SÔgklishc efarmìzetai gia thn L̃ me sÔnolo lÔse-
wn to S dÐnontac to epìmeno apotèlesma wc eidik  perÐptwsh:

Je¸rhma 6.2 'Estw (φ(k))k≥0 mÐa akoloujÐa EM pou par�getai apì thn φ(k+1) =
M(φ(k)). An:

1. 'Ola ta oriak� shmeÐa thc φ(k) brÐskontai se sumpagèc uposÔnolo tou Φ.

2. Gia thn L̃ isqÔei:

(i) An φ(k) /∈ S, tìte L̃(φ(k)) > L̃(φ(k+1)) ∀φ(k+1) ∈M(φ(k)).

(ii) An φ(k) ∈ S, tìte L̃(φ(k)) ≥ L̃(φ(k+1)) ∀φ(k+1) ∈M(φ(k)).

3. H apeikìnishM eÐnai kleist  sto Φ\S
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Tìte, ìla ta oriak� shmeÐa opoiasd pote upakoloujÐac (φ(k))k≥0 eÐnai sto S. Akìma,
limx→∞ L̃(φ(k)) = L̃(φ∗) gia ìla ta oriak� shmeÐa φ∗ ∈ S.

Upojètoume pwc h φ(k) brÐsketai sto sÔnolo Φφ0 = {φ ∈ Φ : L̃(φ) ≥ L̃(φ0)} pou
eÐnai sumpagèc apì thn upìjesh 6.3. EpÐshc, apì thn idiìthta thc monotonÐac tou
algorÐjmou EM, h sunj kh 2 (ii) ikanopoieÐtai. Akìma, mia ikan  sunj kh gia thn
kleistìthta ìpwc èqoume deÐ sto kef�laio 5, eÐnai h sunèqeia thc Q wc proc ta dÔo
orÐsmata pou sth perÐptwsh thc olik c tuqaiopoÐhshc ikanopoieÐtai. Tèloc, lìgo thc
kurtìthtac tou Φ, h sunj kh 2 (i) ikanopoieÐtai epÐshc. Sugkekrimèna:

Prìtash 6.5 'Estw (φ(k))k≥0 = (φ(k))k≥0 mÐa akoloujÐa pou par�getai apì thn
φ(k+1) =M(φ(k)). Tìte:

L̃(φ(k+1)) > L̃(φ(k)) gia k�je φ(k) ∈ Φ\S.

Apìdeixh

'Estw φ(k) /∈ S. H H(·;φ(k)) eÐnai diaforÐsimh sto φ(k) apì thn upìjesh (6.3) kai
epeid  aut  elaqistopoieÐtai sto φ(k), èpetai ìti gia k�je φ ∈ Φ:

dH

dλ
(φ(k) + λ(φ− φ(k));φ(k))|λ=0 = 0

Epomènwc, gia φ ∈ Φ isqÔei:

dQ

dλ
(φ(k) + λ(φ− φ(k));φ(k))|λ=0 =

dL̃

dλ
(φ(k) + λ(φ− φ(k));φ(k))|λ=0 > 0

To sÔnolo Φ eÐnai kurtì kai epomènwc up�rqei k�poio ν ∈ (0, 1) kai k�poio kurtì
sÔnolo K ⊂ Φ, kai k�poio φ ∈ Φ ¸ste:

Q(φ(k) + ν(φ− φ(k));φ(k)) > Q(φ(k);φ(k))

Apì ton orismì tou φ(k+1) kai thn kurtìthta tou K èpetai pwc

Q(φ(k+1);φ(k)) ≥ Q(φ(k) + ν(φ− φ(k));φ(k)).

Telik�, Q(φ(k+1);φ(k)) > Q(φ(k);φ(k)) kai L̃(φ(k+1)) > L̃(φ(k)) �

Apì ta parap�nw èqoume to akìloujo apotèlesma:

Pìrisma 6.1 'Estw (φ(k))k≥0 mÐa akoloujÐa pou par�getai apì thn φ(k+1) =
M(φ(k)). Tìte k�je oriakì shmeÐo thc (φ(k))k≥0 brÐsketai sto S kai h L̃(φ(k))k≥0

sugklÐnei sto L̃∗, ìpou L̃∗ = L̃(φ∗) gia k�poio φ∗ ∈ S.

Ja exet�soume orismènec idiìthtec gia to sÔnolo lÔsewn pou èqei epileqjeÐ. Sugke-
krimèna, me thn Prìtash 6.6 en¸ me to L mma 6.2 exasfalÐzoume pwc to epijumhtì
shmeÐo sÔgklishc brÐsketai sto S.

Prìtash 6.6 To ìrio dL̃
dλ

(φ̄ + λ(φ − φ̄)|λ=0, up�rqei gia k�je φ̄ ∈ Φ̃ kai gia k�je
φ ∈ Φ.
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Apìdeixh

'Estw φ = (µ, σ2) ∈ Φ. DiakrÐnoume tic peript¸seic:

'Estw φ̄ = (µ̄, σ̄2) tètoio ¸ste σ̄2
i > 0 gia k�je i ∈ {1, ..., dµ}. Apì thn Prìtash

(6.1) h L̃ eÐnai diaforÐsimh sto Φ kai �ra eÐnai diaforÐsimh se k�je shmeÐo φ̄+λ(φ− φ̄)
gia opoiod pote λ ∈ [0, 1]. Eidikìtera, sthn perÐptwsh aut  eÐnai:

dL̃

dλ
(φ̄+ λ(φ− φ̄)|λ=0 = ∇φL̃(φ)|φ=φ̄ · (φ− φ̄) ∈ R

'Estw t¸ra ìti to φ̄ = (µ̄, σ̄2) èqei k�poiec diasporèc Ðsec me mhdèn. JewroÔme to
sÔnolo:

I = {i ∈ {1, ..., dµ} : σ̄2
i > 0} kai me J , sumbolÐzetai to sumpl rwm� touc wc proc to

{1, ..., dµ}.

Tìte gia λ ∈ (0, 1]:

φ̄+λ(φ−φ̄) = (µ̄, σ̄2
I , 0J)+λ

(
µ−µ̄, σ2

I−σ̄2
I , σ

2
J

)
=
(
µ̄+λ(µ−µ̄), σ̄2

I+λ(σ2
I−σ̄2

I ), λσ
2
J

)
∈ Φ

lim
λ→0+

L̃(φ̄+ λ(φ− φ̄))− L̃(φ̄)

λ
= lim

λ→0+

L̃
(
µ̄+ λ(µ− µ̄), σ̄2

I + λ(σ2
I − σ̄2

I ), λσ
2
J

)
− L̃(µ̄, σ̄2

I , 0J)

λ

L mma 6.2 IsqÔoun ta parak�tw:

(i) H E.M.P. φ̂ = (µ̂, 0) ∈ S.

(ii) An φ̄ ∈ Φ den eÐnai st�simo shmeÐo thc L̃, tìte up�rqoun φ1, φ2 ∈ Φ ¸ste:

dL̃

dλ
(φ̄+ λ(φ1 − φ̄))|λ=0 < 0 kai

dL̃

dλ
(φ̄+ λ(φ2 − φ̄))|λ=0 > 0

Apìdeixh

Gia to (i). 'Estw φ = (µ, σ2) ∈ Φ̃ kai λ ∈ (0, 1). Apì thn Prìtash 6.3, h L̃ eÐnai

�nw fragmènh apì to L̃(φ̂) Tìte:

L̃(φ̂+ λ(φ− φ̂))− L̃(φ̂) ≤ 0

Epomènwc:

0 ≥ lim
λ→0+

L̃(φ̂+ λ(φ− φ̂)− L̃(φ̂)

λ
=
dL̃

dλ
(φ̂+ λ(φ− φ̂))|λ=0

Gia to (ii) ArkeÐ na deÐxoume ìti ∇L̃(φ̄)t(φ1 − φ̄)∇L̃(φ̄)t(φ2 − φ̄) < 0, ìpou ∇L̃(φ̄)t

o an�strofoc tou ∇φL̃(φ)|φ=φ̄
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'Estw δ > 0 kai epilègoume φ1 = −δ∇L̃(φ̄)+ φ̄ kai φ2 = δ∇L̃(φ̄)+ φ̄. Tìte èpetai
pwc:

∇L̃(φ̄)t(φ1 − φ̄) = −δ||∇L̃(φ̄)||2 < 0 kai ∇L̃(φ̄)t(φ2 − φ̄) = δ||∇L̃(φ̄)||2 > 0

afoÔ ∇L̃(φ̄) 6= 0. �

To sÔnolo S perièqei ,sÔmfwna me to L mma, ìla ta st�sima shmeÐa thc L̃ mazÐ me
k�poia shmeÐa pou h klÐsh (gradient) thc L̃ den eÐnai aparaÐthta 0. Ta shmeÐa aut�
eÐnai sunoriak� shmeÐa (k�poio σ2

i = 0) gia ta opoÐa h pijanof�neia aux�netai mìno
se shmeÐa èxw apì to Φ.

Prokeimènou o EM na sugklÐnei se shmeÐa topikoÔ megÐstou, ja qreiastoÔn austh-
rìterec sunj kec, ìpwc kai sth genik  perÐptwsh (Je¸rhma 5.3). An M eÐnai to
sÔnolo topik¸n megÐstwn thc L̃ sto Φ, tìte h sunj kh C3, gia φ ∈ S\M eÐnai mia
ikan  sunj kh:

Je¸rhma 6.3 'Estw (φ(k))k≥0 mÐa akoloujÐa pou par�getai apì thn φ(k+1) =
M(φ(k)) kai èstw M to sÔnolo topik¸n megÐstwn thc L̃ sto Φ. Upojètoume ìti
isqÔei h C3:

sup
φ′∈Φ

Q(φ′, φ) ≥ Q(φ, φ) ∀φ ∈ S\M .

Tìte k�je oriakì shmeÐo thc (φ(k))k≥0 eÐnai topikì mègisto thc L̃ kai h L̃(φ(k))k≥0

sugklÐnei sto L̃∗, ìpou L̃∗ = L̃((φ)∗) gia k�poio topikì mègisto (φ)∗ ∈ S.

Apìdeixh

ArkeÐ na deÐxoume ìti gia φ(k) ∈ Φ\M isqÔei L̃(φ(k+1)) > L̃(φ(k+1)). Apì thn Prìtash
6.5 èqoume pwc L̃(φ(k+1)) > L̃(φ(k)) gia k�je φ(k) ∈ Φ\S. Apì thn Prìtash 5.1, to
pìrisma 5.1 kai thn C3, gia φ(k) ∈ S\M ja eÐnai:

L̃(φ(k+1)) = Q(φ(k+1);φ(k))−H(φ(k+1);φ(k)) = sup
φ′∈Φ

Q(φ′;φ(k))−H(φ(k+1);φ(k))

> Q(φ(k);φ(k))−H(φ(k);φ(k)) = L̃(φ(k)).

�

MporoÔme na èqoume kai entel¸c an�loga apotelèsmata me ekeÐna tou Wu gia th
sÔgklish thc akoloujÐac (φ(k))k≥0, me el�qistec tropopoi seic stic apodeÐxeic. Sug-
kekrimèna, an jèsoume S(a) = {φ ∈ S : L̃(φ) = a} gia a ∈ R, tìte ta parak�tw eÐnai
an�loga twn jewrhm�twn 5.4 kai 5.5:

Je¸rhma 6.4 'Estw φ(k) mÐa akoloujÐa pou par�getai apì thn φ(k+1) ∈M(φ(k))
pou ikanopoieÐ tic sunj kec tou Jewr matoc 6.2. Upojètoume ìti

S(L̃∗) = {φ∗},

ìpou L̃∗ to ìrio thc (L̃(φ(k)))k≥0 sto Je¸rhma 6.2. Tìte φ(k) → φ∗ kaj¸c k →∞.
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Jètoume R(ψ;φ) = sup{ d
dλ
Q
(
(ψ + λ(φ′ − ψ);φ

)
|λ=0 : φ′ ∈ Φ} gia k�je ψ, φ ∈ Φ.

EpÐshc jètoume L (a) = {φ ∈ Φ : L̃(φ) = a}.

Je¸rhma 6.5 'Estw φ(k) mÐa akoloujÐa pou par�getai apì thn φ(k+1) ∈M(φ(k))
gia thn opoÐa isqÔei ìti R(φ(k+1);φ(k)) ≤ 0. Upojètoume epÐshc ìti h R eÐnai suneq c
wc proc kai ta dÔo orÐsmata. Tìte h (φ(k))k≥0 sugklÐnei se èna shmeÐo φ∗ ∈ S me
L̃(φ∗) = L̃∗, to ìrio thc (L̃(φ(k)))k≥0 sto Je¸rhma 6.2. M�lista, an to S(L̃∗) eÐnai
diakritì, tìte φ(k) → φ∗ kaj¸c k →∞.

Apìdeixh

Apì tic apodeÐxeic twn jewrhm�twn 5.4 kai 5.5 èqoume pwc φ(k) → φ∗ ∈ L (L̃∗). Ja
deÐxoume ìti φ∗ ∈ S. Epeid  h R eÐnai suneq c kai R(φ(k+1);φ(k)) ≤ 0 ìpwc epÐshc
kai R(φ∗;φ∗) ≤ 0, ja eÐnai d

dλ
H(φ′ + λ(φ− φ′);φ′)|λ=0 = 0 gia k�je φ ∈ Φ. Opìte:

sup
φ∈Φ

d

dλ
L̃(φ′ + λ(φ− φ′))|λ=0 = R(φ∗;φ∗) ≤ 0,

kai to sumpèrasma èpetai. �

Tèloc, èqoume to akìloujo apotèlesma:

Pìrisma 6.2 Upojètoume pwc to φ̂ eÐnai monadikì mègisto thc L̃ sto Φ kai eÐnai
epiplèon kai monadikì stoiqeÐo tou S. An h R eÐnai suneq c wc proc kai ta 2 orÐsmata,

tìte, gia opoiad pote akoloujÐa EM, (φ(k))k≥0, isqÔei φ(k) → φ̂.
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Kef�laio 7

Algorijmikèc teqnikèc gia to montèlo

GreenLab

7.1 Eisagwg 

O kÔrioc stìqoc tou kefalaÐou autoÔ eÐnai h parousÐash enìc algorÐjmou Mpeôzian c
logik c pou sqedi�sthke sth MatLab sta plaÐsia thc paroÔsac ergasÐac kai afo-
r� th sugkekrimènh èkdosh tou montèlou GreenLab pou perigr�fthke sto kef�laio
2. EpÐshc, ja anaferjoÔn kai �llec algorijmikèc teqnikèc (enìthta 7.3) pou èqoun
sqediasteÐ se prìsfatec ergasÐec (cite kai aforoÔn to montèlo autì, kai ja gÐnei
sunolik  parousÐash twn apotelesm�twn gia thn ektÐmhsh twn paramètrwn. EpÐshc
ja gÐnei kai mÐa sÔntomh perigraf  thc prosarmog c thc mejìdou Gaussian Rando-
mization pou perigr�fthke sto kef�laio 6 sto montèlo LNAS.

Sthn enìthta 7.2 perigr�fetai analutik� o algìrijmoc MCMC Bayes gia to montèlo
GreenLab kai gÐnetai mÐa perigraf  twn qarakthristik¸n tou. Ta apotelèsmata gia
thn ektÐmhsh twn paramètrwn, tìso tou MCMC Bayes parousi�zontai sthn enìthta
7.4. H ergasÐa oloklhr¸netai me thn enìthta 7.5 sthn opoÐa efarmìzetai sto montèlo
LNAS h mèjodoc Gaussian Randomization gia thn ektÐmhsh twn paramètrwn tou.

7.2 Algìrijmoc MCMC-Bayes

Sthn enìthta aut  parousi�zetai ènac algìrijmoc Mpeôzian c prosèggishc gia thn
ektÐmhsh k�poiwn apì tic paramètrouc tou montèlou GreenLab sthn perÐptwsh tou
futoÔ zaqarìteutloÔ. 'Opwc anafèrjhke sthn eisagwg  tou kefalaÐou 2, oi tÔpoi twn
org�nwn pou sumperilamb�nontai sto sÔnolo O eÐnai h rÐza, ta el�smata kai o mÐsqoc.
Dhlad  O = {b, p, r}. O algìrijmoc pou sqedi�sthke sta plaÐsia aut c thc ergasÐac
afor� orismènec apì tic paramètrouc tou parap�nw montèlou. Sugkekrimèna:

1. Apì to tic paramètrouc pou upeisèrqontai sto mhqanismìc dianom c thc bio-
m�zac mèsw twn sunart sewn aporrìfhshc, poal = (ao, bo, po) gia o ∈ O ja
ektimhjoÔn oi par�metroi ab, ap, pp. Oi upìloipec par�metroi tou dianÔsmatoc
autoÔ jewroÔntai gnwstèc kai oi timèc touc parousi�zontai sto sugkentrwtikì
pÐnaka paramètrwn (pÐnakac 7.2).

2. Par�metroc proc ektÐmhsh jewreÐtai kai h anjektikìthta tou fÔllou sth qr sh
thc aktinobolÐac (µ), pou emfanÐzetai sthn anadromik  sun�rthsh Fn, sth
sqèsh (2.2.5), pou dÐnei tic jewrhtikèc biom�zec (qn)Nn=0. Oi upìloipec po-
sìthtec (spr, kb) pou emfanÐzontai sth sqèsh aut  jewroÔntai gnwstèc.

3. Tèloc, to di�nusma twn paramètrwn ja perilamb�nei kai tic tupikèc apoklÐseic
twn sfalm�twn sthn parathroÔmenh diadikasÐa YN pou ekfr�zei ta dedomèna
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(m�zec diajèsimwn org�nwn ston kÔklo an�ptuxhc GC(N)), kaj¸c kai th su-
sqètish touc. Oi upìloipec par�metroi ja jewroÔntai gnwstèc posìthtec. To
di�nusma twn pragmatik¸n dedomènwn dÐnetai ston pÐnaka 7.1 sthn enìthta 7.4.

Apì thn upìjesh 1 (ii) tou kefalaÐou 2, o qrìnoc pou apaiteÐtai mèqri ta el�smata
kai o mÐsqoc na ft�soun sto mègisto st�dio thc an�ptuxhc touc (apì th stigm  th
dhmiourgÐac touc) eÐnai Ðsoc me th fwtosunjetik� energ  perÐodo h opoÐa upojètoume
pwc eÐnai Ðsh me 10 (kÔklouc an�ptuxhc). Dhlad  tb = tp = T = 10. Gia th rÐza
upojètoume ìti tr = 60. EpÐshc, eÐnai N o

n = 1 gia k�je n ≥ 0 kai o ∈ {b, p} gia
to zaqarìteutlo. Dhlad  se k�je kÔklo an�ptuxhc dhmiourgeÐtai akrib¸c èna nèo
ìrgano k�je tÔpou ektìc thc rÐzac.

SÔmfwna loipìn me ta parap�nw to parametrikì di�nusma eÐnai to:

θ = (µ, ab, ap, pp, σb, σp, ρ). (7.2.1)

H Prìtash 2.1 sto kef�laio 2 kajorÐzei to plaÐsio sto opoÐo mporoÔme na k�noume
statistik  an�lush. SÔmfwna loipìn me aut , oi dÔo basikèc stoqastikèc diadika-
sÐec Q kai Y, pou epÐshc orÐsthkan sto kef�laio 2, èqoun kanonikèc katanomèc me
thn pr¸th na eÐnai krummènh. Analutikìtera, qrhsimopoi¸ntac thn anapar�stash wc
KMM:

H krummènh diadikasÐa Q, me timèc ston R∗+, exelÐssetai wc mÐa qronik� mh-omogen c
T -ost c t�xhc Markobian  alusÐda h opoÐa xekin� apì to q0 (arqik  biom�za spìrou)
kai oi pijanìthtec met�bashc kajorÐzontai apì thn:

Pθ(Qn+1 ∈ · |Q(n−T+1)+:n)
D
≈ N (Fn(Q(n−T+1)+:n; p1), σ2

QF
2
n(Q(n−T+1)+:n; p1)),

(7.2.2)
ìpou p1 = (µ, ab, ap, pp). EpÐshc, h parathroÔmenh diadikasÐa Y, me timèc ston (R+)d,
dojeÐshc thc Q, sqhmatÐzei mÐa akoloujÐa desmeumèna anex�rthtwn tuqaÐwn dianu-
sm�twn ìpou k�je Yn dojeÐshc thc Q exart�tai mìno apì to di�nusma Qn:(n+T−1) me
desmeumènh katanom :

Pθ(Yn ∈ · |Qn:(n+T−1))
D
≈ N2(Gn(Qn:(n+T−1); p2),Σ), n ≥ 0, (7.2.3)

ìpou p2 = (ab, ap, pp) kai o pÐnakac sundiakÔmanshc, lamb�nontac upìyh thn epilog 
tou θ, eÐnai :

Σ =

[
σ2
b ρ σb σp

ρ σb σp σ2
p

]
(7.2.4)

Oi sunart seic Fn, Gn, èqoun oristeÐ stic (2.2.5) kai (2.3.1) kai ìpwc èqei anaferjeÐ,
h kanonikìthta isqÔei proseggistik� (me mikrèc diasporèc) kaj¸c oi t.m. eÐnai jetikèc.

IsodÔnama, mporoÔme na qrhsimopoi soume kai thn èkfrash wc montèlo q¸rou kata-
st�sewn:

Qn+1 = Fn(Q(n−T+1)+:n; p1)(1 +Wn), (7.2.5)

Yn = Gn(Qn:(n+T−1); p2) + Vn, (7.2.6)

ìpou Wn ∼ N (0, σ2
Q) kai Vn ∼ Nd(0,Σ).
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7.2.1 H ek twn ustèrwn katanom 

Upojètoume ìti h ek twn protèrwn katanom  tou θ èqei puknìthta, kai th sumbo-
lÐzoume me:

π(0)(θ) = π(0)(µ−1, ab, ap, pp,Σ) (7.2.7)

Me (q0:N , y0:N) sumbolÐzoume to di�nusma pou antiproswpeÔei tic pragmatopoi seic

apì th diadikasÐa (QN ,YN) = (Q0:N , Y0:N). Epiplèon, upojètoume gnwst  arqik 
katanom , dhlad  P(Q0 = q0) = 1. Gia na upologÐsoume thn ek twn ustèrwn katano-
m  (π(θ|q0:N , y0:N)) ja qreiasteÐ pr¸ta na k�noume orismènouc upologismoÔc:

Ja sumbolÐsoume me pθ(q1:N) thn apì koinoÔ puknìthta thc QN kai me pθ(y0:N |q0:N)
thn apì koinoÔ puknìthta thc YN dojeÐshc thc QN . Apì thn Prìtash 2.1:

pθ(q1:N) = pθ(q1) pθ(q2|q(1−T )+:1) ...pθ(qN−1|q(N−T−1)+:(N−2)) pθ(qN |q(N−T )+:(N−1))

=
N−1∏
i=0

fi(·; θ),

ìpou fi(·; θ) h puknìthta thc N+

(
Fi(q(i−T+1)+:i ; θ), σ

2
qF

2
i (q(i−T+1)+:i ; θ)

)
.

Opìte katal goume sthn parak�tw èkfrash gia thn puknìthta thc krummènhc diadi-
kasÐac:

pθ(q1:N) =
N−1∏
i=0

(
2πσ2

Q F
2
i (q(i−T+1)+:i ; θ)

)− 1
2 exp

{
−
(
qi − Fi(q(i−T+1)+:i ; θ)

)2

2σ2
Q F

2
i (q(i−T+1)+:i ; θ)

}
c−1
i 1{qi+1>0},

(7.2.8)

ìpou ci = 1− Φ(
−Fi(q(i−T+1)+:i ; θ)

σQ Fi(q(i−T+1)+:i ; θ)
) = 1− Φ(− 1

σQ
), kai Φ h sun�rthsh katanom c

thc tupik c kanonik c. H posìthta aut  eÐnai epomènwc stajerìc arijmìc lìgw thc
upìjeshc pwc to σQ eÐnai gnwstì.

Me an�logo trìpo mporoÔme na deÐxoume ìti:

pθ(y0:N |q0:N) =

N−T+1∏
i=0

(2π|Σ|)−
1
2 exp

{
− 1

2

(
yi −Gi(qi:(i+T−1) ; θ)

)t
Σ−1

(
yi −Gi(qi:(i+T−1) ; θ)

)}
(c′i)

−1
1{yi>0},

(7.2.9)

ìpou to endeqìmeno {Yi > 0} eÐnai to {Y1i > 0, Y2i > 0} kai c′i = P(Yi > 0).

EpÐshc, sthn (7.2.8) ta q0:N exart¸ntai apì to θ mìno mèsw tou p1 en¸ sthn (7.2.9),
mìno mèsw tou p2. Tèloc, h parap�nw sqèsh, ìpwc anafèrjhke sthn Prìtash 2.1
isqÔei mìno kat� prosèggish kai epomènwc to c′i mporeÐ na paralhfjeÐ.
Epomènwc, èqoume to akìloujo apotèlesma:
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Prìtash 7.1 H ek twn ustèrwn katanom  tou montèlou pou orÐzetai apì tic upo-
jèseic 1-4 kai apì thn Prìtash 2.1, èqei thn akìloujh morf :

π(θ|q0:N , y0:N) ∝
N−1∏
i=0

(
σQ Fi(q(i−T+1)+:i ; θ)

)−1
exp

{
−
(
qi − Fi(q(i−T+1)+:i ; θ)

)2

2σ2
Q F

2
i (q(i−T+1)+:i ; θ)

}
1{qi+1>0}

N−T+1∏
i=0

|Σ|−
1
2 exp

{
− 1

2

(
yi −Gi(qi:(i+T−1) ; θ)

)t
Σ−1

(
yi −Gi(qi:(i+T−1) ; θ)

)}
(c′i)

−1
1{yi>0}

π(0)(µ−1, ab, ap, pp,Σ). (7.2.10)

Apìdeixh

EÐnai:

π(θ|q0:N , y0:N) =
L(q0:N , y0:N |θ)π(0)(θ)∫
L(q0:N , y0:N |s) π(0)(s) ds

∝ L(q0:N , y0:N |θ)π(0)(θ)

∝ L(q0:N |θ)L(y0:N |q0:N , θ)π
(0)(θ).

Sthn teleutaÐa èkfrash, oi sunart seic pijanof�neiac antistoiqoÔn stic puknìth-
tec pθ(y0:N |q0:N) kai pθ′(q1:N) kaj¸c gia dedomèno θ ekfr�zoun thn Ðdia posìthta.
K�nontac tic antikatast�seic apì tic (7.2.8) kai (7.2.9), to zhtoÔmeno èpetai �mesa.
�

EÐnai fanerì pwc h ek twn ustèrwn katanom  èqei mÐa polÔplokh èkfrash kai epo-
mènwc den eÐnai eÔkolh (endeqomènwc anèfikth) h apeujeÐac sumperasmatologÐa. Gia
to lìgo autì ja qrhsimopoihjoÔn teqnikèc MCMC, prokeimènou na mporèsoume na
prosomoi¸soume deÐgma apì aut n.

7.2.2 Sqediasmìc tou MCMC-Bayes

O stìqoc tou algorÐjmou MCMC-Bayes pou ja perigrafteÐ se aut  thn par�grafo
eÐnai h prosomoÐwsh deÐgmatoc apì thn ek twn ustèrwn katanom  (Prìtash 7.1). Gia
autì to skopì ja qrhsimopoihjeÐ o Ubridikìc deigmatol pthc Gibbs (Hybrid Gibbs
sampler) ìpou ìpwc ègine lìgoc sto kef�laio 4, eÐnai h epèktash tou Gibbs sampler,
sthn opoÐa, gia k�poia(-ec) apì tic pl rhc desmeumènec katanomèc apì tic opoÐec
gÐnetai prosomoÐwsh, qrhsimopoieÐtai o algìrijmoc Metropolis-Hastings. O Ubridi-
kìc Gibbs ja par�gei mÐa akoloujÐa (X(n))n≥0 h opoÐa eÐnai epijumhtì na sugklÐnei
kat� katanom  sthn ek twn ustèrwn katanom  π(θ|q0:N , y0:N).

Arqik� ja perigr�youme pwc pragmatopoieÐtai mÐa met�bash apì thn

X(n) def=
(
(QN ,YN)|Θ = θ

)(n)
sthn X(n+1).

MporoÔme gia eukolÐa, na jewroÔme ta ex c 2 st�dia:

1. Sto pr¸to st�dio gÐnetai prosomoÐwsh tou
(
(Q

(n)
N |yN ,Θ = θ′

)
apì th sun�r-

thsh L(q0:N |y0:N , θ
′), jewr¸ntac tic suntetagmènec tou dianÔsmatoc (Y0:N ,Θ)
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gnwstèc, ìpou θ′ h trèqousa tim  tou parametrikoÔ dianÔsmatoc. Me �lla
lìgia, sto pr¸to st�dio k�noume prosomoÐwsh twn krummènwn katast�sewn.

2. Sto deÔtero st�dio, jewr¸ntac tic krummènec katast�seic gnwstèc, k�noume
prosomoÐwsh tou dianÔsmatoc Θ(n) gia to opoÐo mporoÔme na jewr soume pere-
taÐrw upost�dia sta opoÐa pragmatopoieÐtai prosomoÐwsh apì k�je sunist¸sa.

Sth sunèqeia, ja suzhthjoÔn oi teqnikèc leptomèreiec ìpwc gia par�deigma o
trìpoc met�bashc (kuklikìc   tuqaÐoc), oi sugkekrimènec katanomèc pou ja epi-
lèxoume wc katanomèc Prìtash gia ta b mata pou efarmìzetai o algìrijmoc MH
k.a. EpÐshc ja suzhthjoÔn jèmata sÔgklishc thc katanom c kai tou ergodikoÔ mèsou.

7.2.3 Perigraf  twn metab�sewn

1o St�dio.
Sto st�dio autì ja perigr�youme pwc ja gÐnei h prosomoÐwsh apì thn L(q0:N , y0:N |θ′),
ìpou θ′ h trèqousa tim  tou parametrikoÔ dianÔsmatoc (dhlad  to θ′ ja eÐnai gnwstì
kai stajerì sto st�dio autì). EÐnai epijumhtì, h prosomoÐwsh aut  na gÐnei me ton
pio apodotikì trìpo.

Gia na qrhsimopoi soume ton Gibbs sampler ja prèpei arqik� na prosdioristoÔn
oi pl reic desmeumènec katanomèc. Qrhsimopoi¸ntac to sumbolismì tou kefalaÐou 4,
ja eÐnai: πi(·|q(−i), y0:N , θ

′) h pl rhc desmeumènh katanom  tou Qi dojèntoc ìlwn twn
upoloÐpwn, gia i = 1, ..., N (kaj¸c to q0 eÐnai stajer�) kai ìpou x(−i) to di�nusma x
qwrÐc thn i-sunist¸sa. Tìte:

πi(s | q(−i), y0:N , θ
′) =

L(q0:(i−1), s, q(i+1):N , y0:N | θ′)∫
L(q0:(i−1), s, q(i+1):N , y0:N | θ′) ds

∝ L(q0:(i−1), s, q(i+1):N , y0:N | θ′)
∝ L(q0:N | θ′)L(y0:N | q0:(i−1), s, q(i+1):N , θ

′) (7.2.11)

Sthn teleutaÐa èkfrash, an krat soume mìno touc ìrouc pou exart¸ntai apì to s
ja katal xoume sthn:

Prìtash 7.2 H pl rhc desmeumènh puknìthta sto b ma i = 1, ..., N tou Gibbs
sampler eÐnai:

πi(s | q(−i), y0:N , θ
′) ∝

(i+T )∧N∏
k=i+1

(
1− exp

{
− kB

sactk (s)

spr
})

× exp

{
− 1

2σ2
Q

(( s

Fi−1(q(i−T )+:(i−1))
− 1
)2

+

(i+T )∧N∑
k=i+1

( qk
Fk−1(s)

− 1
)2
)}

× exp

{
− 1

2

(N−T+1)∧i∑
k=(i−T+1)+

(
yk −Gk(s)

)t
Σ−1

(
yk −Gk(s)

)}
,

(7.2.12)
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ìpou oi sunart seic F, sact èqoun oristeÐ stic (2.2.4) kai (2.2.5) kai ed¸ ekfr�zontai
wc sunart seic mon�qa tou s. EpÐshc, h Fi−1(q(i−T )+:(i−1)) den exart�tai apì to s.

EÐnai fanerì pwc den eÐnai eÔkolo na prosomoi¸soume apeujeÐac apì thn (7.2.12).
Gia to lìgo autì, mporoÔme na qrhsimopoi soume ton MH gia ton opoÐo ègine lìgoc
sthn enìthta 4.1.

'Estw πi, i = 1 , ..., N , oi mh kanonikopoihmènec puknìthtec sthn Prìtash 7.2, kai
fi(zi | q1:i−1, qi+1:N), i−1, ... N oi puknìthtec pou antistoiqoÔn sthn katanom  Prìta-
shc. Tìte o ubridikìc deigmatol pthc Gibbs perigr�fetai wc ex c:

Sto b ma n, dojèntoc tou q(n−1)
1:N :

Gia k = 1 mèqri N

1. ProsomoÐwsh thc: zk ∼ fk(· | q(n)
1:k−1, q

(n−1)
k+1:N)

2. Jètoume q(n)
k = zk me pijanìthta α(q

(n−1)
k , zk),

diaforetik� jètoume q(n)
k = q

(n−1)
k

H pijanìthta apodoq c gia to b ma n eÐnai:

α(q
(n−1)
i , zi) = min

{
1,

πi(zi | q(n)
1:i−1, q

(n−1)
i+1:N , r)

πi(q
(n−1)
i | q(n)

1:i−1, q
(n−1)
i+1:N , r)

×
fi(q

(n−1)
i | q(n)

1:i−1, zi, q
(n−1)
i+1:N)

fi(zi | q(n)
1:i−1, q

(n−1)
i , q

(n−1)
i+1:N)

}
,

(7.2.13)
ìpou r = (y0:N , θ

′).

Gia thn katanom -prìtash, up�rqoun pollèc epilogèc sunart sewn me tic opoÐec na
ikanopoioÔntai oi sunj kec (4.2.1) kai (4.2.2) pou diasfalÐzoun th sÔgklish sth
katanom -stìqo. Wstìso, h sÔgklish eÐnai pio gr gorh ìtan h katanom -prìtash
eÐnai kat� prosèggish kont� sthn katanom -stìqo. 'Etsi, wc katanom -prìtash gia
tic krummènec katast�seic ((Qn)Nn=1) èqei epileqjeÐ h:

Pθ(Qn+1 ∈ · |Q(n−T+1)+:n)
D
≈ N (Fn(Q(n−T+1)+:n; p′1), σ2

QF
2
n(Q(n−T+1)+:n; p′1)),

(7.2.14)
dojèntoc thc trèqousac tim c gia tic paramètrouc p′1 ⊂ θ′.

H parap�nw katanom  eÐnai eÔkolo na prosomoiwjeÐ kai den èqei meg�lo upologistikì
kìstoc, gegonìc pou prostÐjetai sta upèr gia th sugkekrimènh epilog  oikogèneiac.

2o St�dio.
Gia na proqwr soume sthn prosomoÐwsh apì thn ek twn ustèrwn katanom  gia dedo-
mèno di�nusma krummènwn katast�sewn, ja prèpei pr¸ta na prosdioristeÐ h ek twn
protèrwn katanom  (π(0)(θ)).
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Upìjesh 7.1 Upojètoume tic akìloujec katanomèc gia to θ = (µ−1, ab, ap, pp,Σ):

µ−1 ∼ N (mµ−1 , σ2
µ−1)1{µ−1>0}

ab ∼ N (mab , σ
2
ab

)1{ab>1},

ap ∼ N (map , σ
2
ap)1{ab>1},

pp ∼ N (mpp , σ
2
pp)1{pp>0},

Σ ∼ IW2(Ψ, v) (7.2.15)

Upojètoume ìti èqei gÐnei h prosomoÐwsh twn krummènwn katast�sewn sto 1o
st�dio kai autèc ja tic sumbolÐzoume me q′1:N (ja eÐnai q′i > 0 gia k�je i). SuneqÐzontac
ton deigmatol pth Gibbs sto st�dio autì, ja sumbolÐsoume me πj(· | θ(−j), q0, q

′
1:N , y0:N)

tic analutikèc ekfr�seic gia tic pl reic desmeumènec puknìthtec (diathr¸ntac to sum-
bolismì tou kefalaÐou 4), ìpou me θ(−j) sumbolÐzetai to di�nusma twn paramètrwn
qwrÐc thn i-sunist¸sa. Wstìso, ìpote eÐnai bolikì, ja sumbolÐzoume tic sunart seic
autèc kai me p(j | ...). 'Estw r = (q0, q

′
1:N , y0:N). Ja eÐnai:

πj(s | θ(−j), r) =
L((r | s, θ(−j))π(0)(s, θ(−j))∫
L((r | s, θ(−j))π(0)(s, θ(−j))ds

=
L((r | s, θ(−j))π(0)(s)∫
L((r | s, θ(−j))π(0)(s)ds

∝ L((r | s, θ(−j))π(0)(s)

= L(q0, q
′
1:N | s, θ(−j))L(y0:N | q0, q

′
1:N , s, θ

(−j)) π(0)(s) (7.2.16)

'Opwc proanafèrjhke, mporoÔme na qwrÐsoume to st�dio autì se peraitèrw upo-
st�dia (mèrh (i)- (v)), ta opoÐa ja perigr�youme sth sunèqeia.

2o St�dio, mèroc (i): Gia to µ−1:

Sto mèroc autì ja k�noume prosomoÐwsh (gia j = µ−1) apì thn πj(· | θ(−j), q0, q
′
1:N , y0:N)

Apì thn (7.2.16) eÐnai:

πj(· | θ(−j), q0, q
′
1:N , y0:N) ∝ L(q0, q

′
1:N |µ−1, θ(−j))L(y0:N | q0, q1:N , µ

−1, θ(−j)) π(0)(µ−1)

∝ L(q0, q
′
1:N |µ−1, θ(−j)) π(0)(µ−1).

Diìti h deÔterh sun�rthsh sto dexÐ mèloc den exart�tai apì to µ−1, par� mìno apì
to p2 = (ab, ap, pp) to opoÐo sumperilamb�netai sto θ(−j). EpÐshc, èqoume ìti:

L(q0, q
′
1:N |µ, θ(−j))

=
N−1∏
i=0

(
2πσ2

Q

(
µKi(q(i−T+1)+:i ; θ

(−j))
)2)− 1

2 exp

{
−
(
qi − µKi(q(i−T+1)+:i ; θ

(−j))
)2

2σ2
Q

(
µKi(q(i−T+1)+:i ; θ(−j))

)2

}

∝ µ−N exp

{
− 1

2σ2
Q

N−1∑
i=0

(
q′i

µKi(q′(i−T+1)+:i ; θ
(−j))

− 1

)2}
,

ìpou µKi(q(i−T+1)+:i ; θ
(−j)) = Fi(q(i−T+1)+:i ; µ

−1, θ(−j)).
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Epomènwc, k�nontac antikat�stash thc ek twn protèrwn katanom c π(0)(µ−1) ja
èqoume deÐxei ìti:

Prìtash 7.3 H pl rhc desmeumènh katanom  gia to µ−1 dÐnetai apì thn parak�tw:

p(µ−1|...) ∝ µ−N exp

{
− µ−1

2σ2
Q

N−1∑
i=0

(
q′i

Ki(q′(i−T+1)+:i ; θ
(−j))

− 1

)2}
× exp

{
− 1

2σ2
µ−1

(
µ−1 −mµ−1

)2
}
. (7.2.17)

Parat rhsh
Ed¸, ìpwc kai sta epìmena b mata ((ii)-(iv)), h ek twn protèrwn katanom  eÐnai
perikommènh (truncated). P�rauta:

fµ−1 |µ−1>0(·) =
fµ−1(·)

P(mµ−1 ,σ2
µ−1 )(µ−1 > 0)

=
fµ−1(·)

Φ(
mµ−1

σµ−1
)

∝ fµ−1(·) ∝ exp

{
− 1

2σ2
µ−1

(
µ−1 −mµ−1

)2
}

Den eÐnai eÔkolo na k�noume apeujeÐac prosomoÐwsh apì thn (7.2.17) kai ètsi e-
pilègoume na qrhsimopoi soume ton algìrijmo MH tuqaÐou perip�tou apì oikogèneia
metatopismènwn kanonik¸n katanom¸n. 'Etsi:

Sto b ma n, dojèntoc tou (1/µ)(n−1)

1. ProsomoÐwsh thc: z ∼ N+((1/µ)(n−1), σ2
MH(µ−1))

2. Jètoume (1/µ)(n) = z me pijanìthta α((1/µ)(n−1), z),
diaforetik� jètoume (1/µ)(n) = (1/µ)(n−1)

H pijanìthta apodoq c gia to b ma n eÐnai:

α(
1

µ

(n−1)

, z) = min

{
1,

p(z | ...)
p( 1

µ

(n−1) | ...)
×
g( 1

µ

(n−1) | z) Φ−1( z
σ
MH( 1

µ
(n−1)

)

)

g(z | 1
µ

(n−1)
) Φ−1(

1
µ

(n−1)

σ
MH( 1

µ
(n−1)

)

)

}

= min

{
1,

p(z | ...)
p( 1

µ

(n−1) | ...)
×

Φ−1( z
σ
MH( 1

µ
(n−1)

)

)

Φ−1(
1
µ

(n−1)

σ
MH( 1

µ
(n−1)

)

)

}
, (7.2.18)

ìpou g(· |x) h puknìthta thc N (x, σ2
MH(µ−1)) kai epomènwc h deÔterh isìthta di-

kaiologeÐtai lìgw thc summetrÐac thc g. Oi nèoi ìroi pou emfanÐzontai sthn parap�nw
aforoÔn th metatìpish.
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2o St�dio, mèrh (ii)-(iv): Gia tic ab, ap, pp

Oi par�metroi ab, ap, pp emfanÐzontai stic sunart seic aporrìfhshc (??) kai oi te-
leutaÐec apoteloÔn basikì mèroc tìso gia thn paragwg  thc biom�zac (sun�rthsh
Fi(q(i−T+1)+:i ; θ) ìso kai gia th sun�rthsh pou ekfr�zei tic jewrhtikèc telikèc m�zec
(Gn sthn (2.3.1)).

Sugkekrimèna, oi ab, ap ephre�zoun kat� an�logo trìpo th dianom  biom�zac kai ètsi
h prosomoÐwsh apì tic antÐstoiqec pl reic desmeumènec katanomèc:

p(ab|...) ∝ L(q0, q
′
1:N | ab, θ(−j))L(y0:N | q0, q

′
1:N , ab, θ

(−j)) π(0)(ab)), (7.2.19)

kai

p(ap|...) ∝ L(q0, q
′
1:N | ap, θ(−j))L(y0:N | q0, q

′
1:N , ap, θ

(−j)) π(0)(ap)), (7.2.20)

gÐnetai kat� ìmoio trìpo.

Gia th pp, h pl rhc desmeumènh katanom  eÐnai:

p(pp|...) ∝ L(q0, q
′
1:N | pp, θ(−j))L(y0:N | q0, q

′
1:N , pp, θ

(−j)) π(0)(pp)). (7.2.21)

Gia thn prosomoÐwsh apì tic parap�nw efarmìzoume ton algìrijmo MH tuqaÐou pe-
rip�tou apì oikogèneiec metatopismènwn kanonik¸n katanom¸n.

Gia γ ∈ {ab, ap, pp} o algìrijmoc MH eÐnai:

Sto b ma n, dojèntoc tou γ(n−1)

1. ProsomoÐwsh thc: z ∼ N (γ(n−1), σ2
MH(γ))1{γ>rγ}

2. Jètoume γ(n) = z me pijanìthta α(γ(n−1), z),
diaforetik� jètoume γ(n) = γ(n−1)

'Opou to rγ eÐnai 0 ìtan γ = pp kai 1 diaforetik�.

Gia tic pijanìthtec apodoq c, epeid  h katanom -prìtash eÐnai apì oikogèneia peri-
kommènwn kanonik¸n, ja up�rqei, ìpwc eÐqame kai sthn perÐptwsh tou µ−1, o ìroc pou
antistoiqeÐ sth metatìpish, sunart sei thc s.k. thc tupopoihmènhc. Sugkekrimèna,
gia γ ∈ {ab, ap, pp} ja eÐnai:

α(x, z) = min

{
1,
p(z | ...)
p(x | ...)

×
Φ−1( y−rγ

σMH(pp)
)

Φ−1( x−rγ
σMH(pp)

)

}
(7.2.22)
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2o St�dio, mèroc (v): ProsomoÐwsh tou pÐnaka Σ

Sto mèroc autì, prosomoi¸noume tic paramètrouc twn sfalm�twn sth diadikasÐa twn
parathr sewn YN , dhlad  tic tupikèc apoklÐseic σb, σp gia tic metr seic twn ela-
sm�twn kai tou mÐsqou kaj¸c kai th susqètish touc: ρ. Sthn perÐptwsh aut , h
prosomoÐwsh mporeÐ na gÐnei apeujeÐac. Pr�gmati:

Oi mìnec par�metroi pou metab�llontai sto mèroc autì eÐnai oi σb, σp, ρ. Opìte an
q′1:N kai (θ(−j))′ = ((µ−1)′, a′p, a

′
b, p
′
p) oi trèqousec timèc twn paramètrwn gia autì to

mèroc, h ek twn ustèrwn katanom  gÐnetai:

π(Σ, (θ(−j))′ | q0, q
′
1:N , y0:N) ∝ L(q0, q

′
1:N | p′1)L(y0:N | q0, q

′
1:N , a

′
p, a
′
b, p
′
p,Σ)π(0)(Σ)

∝ L(y0:N | q0, q
′
1:N , a

′
p, a
′
b, p
′
p,Σ)π(0)(Σ). (7.2.23)

H sun�rthsh pijanof�neiac sthn teleutaÐa èkfrash antistoiqeÐ sthn puknìthta
thc YN dojeÐshc thc Q pou apì thn Prìtash 2.1 eÐnai puknìthta poludi�stathc
kanonik c me mèso to di�nusma G kai pÐnaka sundiakÔmanshc ton Σ. AfoÔ wc ek twn
protèrwn katanom  èqei thn antÐstrofh Wishart katanom , h ek twn ustèrwn kata-
nom  ja èqei epÐshc thn antÐstrofh Wishart. Autì eÐnai to apotèlesma thc epìmenhc
Prìtashc gia to opoÐo h apìdeixh paraleÐpetai.

Prìtash 7.4 'Estw Ψ jetik� orismènoc pÐnakac di�stashc p × p kai v > p − 1.
'Estw epÐshc Σ ènac epÐshc jetik� orismènoc pÐnakac di�stashc p × p. An h ek
twn protèrwn katanom  tou Σ, èstw π(0)(Σ) èqei thn IWp(Ψ, v) katanom , kai an
XN ∼ Np(0, Σ), tìte gia thn ek twn ustèrwn katanom  isqÔei:

Σ |XN ∼ IWp(Ψ + A, v +N), (7.2.24)

ìpou A = XNX
t
N .

Me �mesh efarmog  thc parap�nw gia thn pl rh desmeumènh katanom  tou Σ,
paÐrnoume ìti:

Prìtash 7.5 Upì tic upojèseic 1-4 tou kefalaÐou 2 kai thc Prìtashc 2.1 kaj¸c
kai twn upojèsewn 7.1, h pl rhc desmeumènh katanom  gia ton pÐnaka sundiakum�n-
sewn sth diadikasÐa parathr sewn èqei thn katanom  antÐstrofh Wishart:

p(Σ | ...) ∼ IW2(Ψ + A, v +N − T + 1), (7.2.25)

ìpou A = Y ∗Y ∗t kai y∗i = yi −Gi(q
′
i:(i+T−1), a

′
p, a
′
b, p
′
p).

Perigr�yame epomènwc ton trìpo me ton opoÐo gÐnontai oi metab�seic sthn alusÐda
(X(n))n≥0 pou par�getai apì ton Ubridikì Gibbs.

7.2.4 An�lush thc alusÐdac

Sthn upoenìthta aut  ja suzhthjoÔn orismènec teqnikèc leptomèreiec pou aforoÔn
thn apodotikìthta tou algorÐjmou. Apì ta prohgoÔmena eÐdame ton trìpo me ton
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opoÐo mporoÔme na prosomoi¸soume deÐgma apì tic pl reic desmeumènec katanomèc.
Wstìso, den kajorÐsthke h seir� me thn opoÐa epilègontai autèc (dhlad  h seir� me
thn opoÐa anane¸nontai oi sunist¸sec thc alusÐdac (X(n))n≥0. Sqetik� me autì èqei
epileqjeÐ o susthmatikìc (kuklikìc trìpoc). 'Opwc èqoume dei sto kef�laio 4, me
ton trìpo autì h alusÐda pou par�getai, den eÐnai antistrèyimh.

Oi diasporèc stouc MH twn (i)-(iv): σ2
MH(µ−1), σ

2
MH(ab)

, σ2
MH(ap),kai σ

2
MH(pp) èqoun

epileqjeÐ ¸ste oi pijanìthtec apodoq c pou antistoiqoÔn sta mèrh aut�, na eÐnai kat�
prosèggish bèltistec, dhlad  kont� sto 0.44 (kef�laio 4). 'Enac trìpoc pou autì
mporeÐ na gÐnei eÐnai na rujmÐzoume kat�llhla th diaspor� an� takt� qronik� diast ma-
ta (me b�sh to trèqwn posostì apodoq c). Sugkekrimèna, gia γ ∈ {µ−1, ab, ap, pp},
h diaspor� (σ2

MH(j))
(n), afoÔ arqikopoihjeÐ (n = 0), sth sunèqeia, ìtan

n = 0 ( mod k), rujmÐzetai wc ex c:

(σ2
MH(j))

(n+1) = (σ2
MH(j))

(n)(1 + (αn − 0.44)), (7.2.26)

ìpou k k�poioc jetikìc akèraioc an�logoc tou pl jouc epanal yewn kai αn to po-
sostì apodoq c mèqri thn n-ost  epan�lhyh.

To mpern in (mburn in) (pl joc epanal yewn sto opoÐo jewroÔme pwc èqei epiteuqjeÐ
h sÔgklish, dhlad : X(n) ∼ p(j | ...)gia n > mburn in) jewroÔme pwc eÐnai 10%.

Dunatèc epekt�seic tou algorÐjmou
Sta plaÐsia thc paroÔsac ergasÐac èqoume upojèsei ìti oi par�metroi gia ektÐmh-

sh eÐnai autèc pou sumperilamb�nontai sto di�nusma θ. 'Enac mellontikìc stìqoc eÐnai
na epektajeÐ o algìrijmoc ¸ste na perilamb�nei perissìterec paramètrouc. Gia pa-
r�deigma, sta �mesa sqèdia eÐnai na sumperilhfjeÐ sto θ h par�metroc twn sfalm�twn
(σQ) twn jewrhtik¸n biomaz¸n (Qn). Autì m�lista mporeÐ na gÐnei qwrÐc idiaÐtero
upologistikì kìstoc upojètontac mÐa fusik  epilog  ek twn protèrwn katanom c,
ìpwc gia par�deigma h antÐstrofh G�mma (Inverse Gamma). EpÐshc sta �mesa pl�na
eÐnai kai h efarmog  tou algorÐjmou gia montèla me pollaplasiastik� sf�lmata klp.

7.3 'Allec algorijmikèc teqnikèc gia to montèlo
GreenLab

Sthn enìthta aut  ja anaferjoÔn orismènoi trìpoi me touc opoÐouc eÐnai efikt  h
ektÐmhsh tìso twn krummènwn katast�sewn ìso kai twn paramètrwn gia to sugke-
krimèno futì sto opoÐo efarmìsthke o algìrijmoc MCMC-Bayes. To pr¸to z thma
pou ja suzhthjeÐ eÐnai h ektÐmhsh thc desmeumènhc katanom c thc krummènhc ako-
loujÐac katast�sewn Q0:N dojèntoc thc akoloujÐac twn parathr sewn Y0:N me th
mèjodo thc mègisthc pijanof�neiac. Sugkekrimèna, h ektÐmhsh tou pφ(q0:N |y0:N) e-
Ðnai efikt  se peript¸seic KMM me peperasmèno q¸ro katast�sewn (Baum et al.
1970)   gia KMM pou mporoÔn na anaparastajoÔn wc grammik� kanonik� montèla
katast�sewn (Cappé, Moulines, and Rydén (2005) kef�laio 5). Wstìso, to sug-
kekrimèno montèlo GreenLab pou perigr�fthke sthn ergasÐa aut  èqei suneq  q¸ro
katast�sewn kai h krummènh akoloujÐa katast�sewn eÐnai mh-grammik . Gia to lìgo
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autì, algìrijmoi tÔpou EM eÐnai mÐa fusik  epilog  kaj¸c, ìpwc suzht jhke sto
kef�laio 5, h prosarmog  tou EM se probl mata me mh pl rh dedomèna eÐnai polÔ ka-
l . Sto Trevezas & Cournéde (2013), proteÐnetai h prosarmog  tou algorÐjmou EM
kai pio sugkekrimèna, miac stoqastik c èkdoshc tou (ECM), ìpou gia thn pragma-
topoÐhsh tou (Monte Carlo) E-B matoc, qrhsimopoioÔn akoloujiakì deigmatol pth
spoudaiìthtac me epanadeigmatolhyÐa (Sequential Importance Sampling with Resam-
pling (SISR)). Gia perissìterec leptomèreiec gia twn teqnik¸n aut¸n parapèmpoume
sto Cappé, Moulines, and Rydén (2005). Pio analutik�, gia to montèlo autì èqei
pragmatopoihjeÐ sÔgkrish algorijmik¸n teqnik¸n thc parap�nw kateÔjunshc h o-
poÐa parousi�zetai analutik� sto Trevezas, Malefaki, Cournéde (2014). M�lista,
sth dhmosÐeush aut , qrhsimopoioÔntai kai MCMC teqnikèc gia thn ektÐmhsh thn
diadikasÐac twn krummènwn katast�sewn me th logik  tou stadÐou 1 pou jewr jhke
ed¸.

Sthn paroÔsa ergasÐa antiparab�llontai ta apotelèsmata apì ton MCMC-Bayes me
ekeÐna apì tic treic ekdìseic touSISR all� kai me ton MCMC-ECM.
Sugkekrimèna, oi ekdìseic tou (SISR) aforoÔn:

(i) Ton SISR pou parousi�sthke sto [41], ìpou h epanadeigmatolhyÐa eÐnai poluw-
numik  (Gordon et al.,1993).

(ii) Thn tropopoÐhsh tou teleutaÐou, ston opoÐo to b ma thc epanadeigmatolhyÐac
gÐnetai me sunduasmì twn kataloÐpwn kai strwmatopoihmènhc epanadeigmatolh-
yÐac (stratified resampling).

(iii) Ton SIS me merikì èlegqo apìrriyhc (pq, Liu et al., 1998, 2001)
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7.4 Arijmhtik� Apotelèsmata

7.4.1 O MCMC-Bayes se pragmatik� dedomèna

Prokeimènou na elegqjeÐ h apodotikìthta tou algorÐjmou MCMC- Bayes ja qrh-
simopoihjoÔn pragmatik� dedomèna pou aforoÔn tic metr seic twn biomaz¸n apì 42
el�smata kai mÐsqouc gia ta opoÐa upojètoume ìti èqoun perÐodo an�ptuxhc Ðsh me 10
kÔklouc an�ptuxhc (T = 10). Me thn upìjesh aut , ìlec oi metr seic antistoiqoÔn
se fÔlla pou eÐqan oloklhr¸sei thn an�ptuxh touc ìtan kìphke to futì. Ta sug-
kekrimèna dedomèna parousi�sthkan sto [41] sto opoÐo prot�jhke h efarmog  tou
KMM pou jewr same sthn paroÔsa ergasÐa, wc h bèltisth epilog  metaxÔ �llwn
montèlwn, aut� parousi�zontai ston PÐnaka 7.1.

el�sm. 0,021 0,069 0,084 0,138 0,246 0,414 0,604 0,85 0,892 0,99 1,398 1,627 1,568 1,774
misq 0,01 0,014 0,023 0,045 0,079 0,29 0,475 0,529 0,537 0,649 0,857 0,988 1,059 1,216
el�sm. 1,728 1,625 1,349 1,297 1,212 1,184 1,097 1,028 0,943 0,856 0,744 0,615 0,555 0,476
misq 1,317 1,263 1,154 1,204 1,134 1,106 1,056 0,964 0,904 0,889 0,797 0,687 0,655 0,532
el�sm. 0,422 0,361 0,326 0,277 0,238 0,191 0,179 0,15 0,124 0,117 0,079 0,089 0,106 0,095
misq 0,52 0,471 0,392 0,365 0,296 0,241 0,242 0,186 0,167 0,126 0,091 0,094 0,094 0,083

PÐnakac 7.1: Pragmatik� dedomèna apì to futì zaqarìteutlo pou antistoiqoÔn se
metr seic thc biom�zac apì 42 el�smata (blades) kai mÐsqouc(petioles)

Ta apotelèsmata pou ja parousiastoÔn aforoÔn 2 set epilog¸n gia tic ek twn
protèrwn katanomèc. Sugkekrimèna:

Bayes 1:

µ−1 ∼ U(50, 300), ab ∼ U(1.5, 4), ap ∼ U(1.5, 4)

pp ∼ U(0.6, 0.9), Σ ∼ IW2(0.01I2, 4). (7.4.1)

Bayes 2:

µ−1 ∼ N+(100, 152)1{µ−1>0}, ab ∼ N (3, 0.52)1{ab>1}, ap ∼ N (3, 0.52)1{ap>1},

pp ∼ N (0.85, 0.032)1{pp>0}, Σ ∼ IW(0.01I2, 4) (7.4.2)

Oi upìloipec par�metroi, parousi�zontai ston pÐnaka (7.2) kai antistoiqoÔn sto
montèlo gia to opoÐo èqei deiqjeÐ pwc eÐnai to katallhlìtero gia to sugkekrimèno
futì an�mesa sta montèla pou jewr jhkan sto Trevezas & Cournéde (2013). To
pl joc epanal yewn gia tic parap�nw epilogèc eÐnai 200.000 me perÐodo mpern in
20.000 (10%). EpÐshc, kai gia tic 2 autèc epilogèc, oi arqikopoihmènec diasporèc gia
touc algorÐjmouc MH (i)-(iv) tou 2ou stadÐou eÐnai:

σ2
MH(µ−1) = 3, σ2

MH(ab)
= .06

σ2
MH(ap) = .08, σ2

MH(pp) = .035
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Par�metroi
µ−1 ekt ρ ekt ar 3.1 eb .0083 bb 2
ab ekt σp ekt pb 1 kB .7 bp 2
ap ekt σb ekt pr 329.48 spr 500 br 2
pp ekt σQ .1 tr 60 T 10

PÐnakac 7.2: Timèc twn paramètrwn gia to futì zaqarìteutlo. (me ekt sumbolÐzontai
oi par�metroi pou ektimoÔntai sto montèlo

Arqik�, ston pÐnaka (7.3) parousi�zontai orismèna perigrafik� statistik� stoi-
qeÐa (mèsoc, tupik  apìklish, di�mesoc, mègisth kai el�qisth parat rhsh kai 95%
di�sthma axiopistÐac credible interval (CI)) gia èna deÐgma apì touc Bayes 1 kai Bayes
2.

Bayes 1
Par�metroc Mèsoc T. apìklish Di�mesoc min, max Di�sthma AxiopistÐac
µ−1 97.02 4.88 97.14 (80.844, 115.78) ( 87.266, 106.280)
ab 2.922 .273 2.89 (2.212, 3.881) (2.458, 3.518)
ap 1.921 .239 1.89 (1.500, 3.013) (1.546, 2.474)
pp .8146 .015 .08147 (.745, .883) (.785, .844)
σb .074 .012 .083 (.039, .155) (.054, .101)
σp .062 .009 .060 (.034, .141) (.047, .082)
ρ .081 .018 .084 (-.686, .753) (-.287, .437)

Bayes 2
Par�metroc Mèsoc T. apìklish Di�mesoc min, max Di�sthma AxiopistÐac
µ−1 94.506 3.999 94.362 (79.7, 111.6) (86.877, 102.711)
ab 3.096 .231 3.094 (2.33, 3.97) (2.639, 3.566)
ap 2.095 .222 2.081 (1.42, 3.17) (1.695, 2.570)
pp 0.823 .014 .0822 (.76, .89) (.795, .851)
σb .0747 .012 .074 (.039, .16) (.054, .103)
σp .0635 .010 .062 (.036, .13) (.047, .085)
ρ .0230 .019 .030 (-.67, .77) (-.339, .402)

PÐnakac 7.3: Perigrafik� statistik� gia èna deÐgma apì touc Bayes 1 kai Bayes 2
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Sta sq mata (7.1) kai (7.2), èqei upologisteÐ to istìgramma gia tic paramètrouc
tou montèlou Bayes 1. Ta graf mata antistoiqoÔn epomènwc stic perij¸riec sunar-
t seic thc ek twn ustèrwn katanom c. EpÐshc, sta upograf mata parousi�zetai h
sÔgklish tou ergodikoÔ mèsou pou antistoiqeÐ sthn k�je par�metro.

Sq ma 7.1: Ergodikìc mèsoc kai istìgramma gia tic leitourgikèc paramètrouc tou
montèlou Bayes 1
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Sq ma 7.2: Ergodikìc mèsoc kai istìgramma gia tic paramètrouc tou pÐnaka sundia-
kÔmanshc Bayes 1
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Ta antÐstoiqa istogr�mmata gia thn perÐptwsh tou Bayes 2 parousi�zontai sta
sq mata (7.3) kai (7.4) pou akoloujoÔn:

Sq ma 7.3: Ergodikìc mèsoc kai istìgramma gia tic leitourgikèc paramètrouc tou
montèlou Bayes 2
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Sq ma 7.4: Ergodikìc mèsoc kai istìgramma gia tic paramètrouc tou pÐnaka sundia-
kÔmanshc Bayes 2

Stouc pÐnakec (7.4) kai (7.5) parousi�zontai oi mèsec timèc kai oi tupikèc apo-
klÐseic apì 50 anex�rthta deÐgmata apì touc MCMC-Bayes 1-2 all� kai apì tic �llec
algorijmikèc teqnikèc pou ìpwc anafèrjhke, èqoun efarmosteÐ gia to sugkekrimèno
montèlo. Me ton trìpo autì ja èqoume k�poia èndeixh gia to tupikì sf�lma twn
ektimhtri¸n.

Par�metroc
Mèsoc
SISmR SISrsR SISprc MCMC-ECM Bayes1 Bayes2

µ−1 98.2 98.1 98.2 97.9 96.9 94.2
ab 2.83 2.83 2.82 2.83 2.93 3.11
ap 1.8 1.82 1.81 1.83 1.93 2.1
pp .815 .8147 .8147 .8147 .8147 .8224
σp .075 .076 .076 .076 .075 .074
σp .058 .058 .058 .058 .062 .063
ρ .13 .12 .12 .12 .08 .02

PÐnakac 7.4: Mèsec timèc gia tic ektim seic èqoun upologisteÐ apì 50 anex�rthtec
epanal yeic kai gia touc èxi algorÐjmouc.
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Par�metroc
Tupik  apìklish
SISmR SISrsR SISprc MCMC-ECM Bayes1 Bayes2

µ−1 .545 .42 .50 .23 .23 .21
ab .029 .023 .027 .013 .014 .014
ap .021 .017 .019 .009 .011 .013
pp .0001 .0001 .0001 .00002 .0001 .0001
σb .0002 .0002 .0002 .0001 .0001 .0001
σp .0001 .0001 .0001 .00005 .00008 .0001
ρ .0030 .0028 .0026 .0012 .003 .004

PÐnakac 7.5: Tupikèc apoklÐseic gia tic ektim seic èqoun upologisteÐ apì 50 anex�r-
thtec epanal yeic kai gia touc èxi algorÐjmouc.
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7.4.2 O MCMC-Bayes se prosomoiwmèna dedomèna

Prokeimènou na elegqjeÐ h apodotikìthta tou algorÐjmou MCMC-Bayes pragma-
topoi jhkan ìmoia test me aut� twn opoÐwn ta apotelèsmata parousi�sthkan sthn
prohgoÔmenh enìthta, qrhsimopoi¸ntac prosomoiwmèna dedomèna. Sugkekrimèna, se
k�je epan�lhyh tou algorÐjmou, prosomoi¸nontai 42 dedomèna, me b�sh tic timèc
tou parak�tw parametrikoÔ dianÔsmatoc, kai ta opoÐa antikajistoÔn ta pragmatik�
dedomèna.

θsimul = (µ−1, ab, ap, pp, σb, σp, ρ) = (100, 3, 3, 0.81654, 0.05, 0.05, 0.8). (7.4.3)

Pragmatopoi jhkan 300 anex�rthtec epanal yeic me k�je ènan apì touc Bayes
1 kai Bayes 2 ìpwc autoÐ parousi�zontai stic (7.4.1) kai (7.4.2) kai stouc pÐnakec
(7.6) kai (7.7) èqei upologisteÐ h merolhyÐa (BIAS) kai to mèso tetragwnikì sf�lma
(MSE).

µ−1 ab

Bayes 1 Bayes 2 Bayes 1 Bayes 2
BIAS .832 .329 -.048 -.022
MSE 14,106 5.178 .0381 .009

ap pp

Bayes 1 Bayes 2 Bayes 1 Bayes 2
BIAS .0718 -.071 -.001 .002
MSE .0704 .009 1,90E-05 1,88E-05

PÐnakac 7.6: MerolhyÐa kai m.t.s twn leitourgik¸n paramètrwn tou montèlou basi-
smènec se 300 prosomoiwmèna deÐgmata dedomènwn.

σb σb ρ

Bayes 1 Bayes 2 Bayes 1 Bayes 2 Bayes 1 Bayes 2
BIAS .006 .05 .004 .047 .-101 -.05
MSE .001 .001 .001 .001 .06 .007

PÐnakac 7.7: MerolhyÐa kai MTS twn paramètrwn pou antistoiqoÔn ston pÐnaka
sundiakÔmanshc tou montèlou basismènec se 300 prosomoiwmèna deÐgmata dedomènwn.
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Tèloc, ston pÐnaka (7.8) èqoun upologisteÐ orismèna perigrafik� statistik� stoi-
qeÐa gia touc Bayes 1 kai Bayes 2.

Bayes 1
Par�metroc Mèsoc T. apìklish Di�mesoc min, max Di�sthma AxiopistÐac
µ−1 100,689 2.907 98.39 (85.844, 113.11) ( 91.627, 110.561)
ab 3,023 .140 3.127 (2.712, 3.692) (2.778, 3.231)
ap 2,959 .159 3.089 (2.610, 3.713) (2.798, 3.491)
pp .819 .004 .0819 (.798, .843) (.808, .824)
σb .050 .006 .051 (.031, .081) (.039, .059)
σp .059 .007 .058 (.039, .971) (.048, .065)
ρ .721 .069 .774 (.382, .943) (.607, .876)

Bayes 2
Par�metroc Mèsoc T. apìklish Di�mesoc min, max Di�sthma AxiopistÐac
µ−1 102.710 4.193 102.670 (87.346, 118.491) (94.606, 110.965)
ab 2.930 .212 2.934 (2.132, 3.617) ( 2.513, 3.331)
ap 2.888 .218 2.887 (2.096, 3.731) (2.473, 3.313)
pp .8166 .0052 .8165 (.794, .841) (.806, .821)
σb .047 .005 .047 (.029, .084) (.038, .060)
σp .055 .006 .054 (.034, .100) (.044, .069)
ρ .708 .0795 .717 (.241, .938) (.528, 0.839)

PÐnakac 7.8: Perigrafik� statistik� gia èna deÐgma apì touc Bayes 1 kai Bayes 2

7.4.3 Sumper�smata kai mellontikoÐ stìqoi

O algìrijmoc MCMC-Bayes pou kataskeu�sthke (enìthtec 7.1-7.2) kai tou opoÐou
ta apotelèsmata parousi�sthkan (enìthta 7.4) apoteleÐ thn pr¸th amig¸c Mpeôzian 
prosèggish gia thn ektÐmhsh twn paramètrwn thc sugkekrimènhc kl�shc montèlwn
an�ptuxhc fut¸n. H kl�sh aut  qarakthrÐzetai apì nteterministik  diadikasÐa orga-
nogèneshc kai stoqastik  diadikasÐa paragwg c kai dianom c thc biom�zac. Ta pr¸ta
apotelèsmata eÐnai arket� elpidofìra, kaj¸c, se mÐa pr¸th antiparabol  me �llec
algorijmikèc teqnikèc pou èqoun apodeiqjeÐ shmantik� apodotikèc gia to sugkekri-
mèno montèlo [41], [42], den diapist¸jhke ìti k�poia ektim tria mporeÐ na xeqwrÐsei
wc bèltisth. H Mpeôzian  prosèggish sthn opoÐa sthrÐqjhke o sugkekrimènoc al-
gìrijmoc, mac prosfèrei idiaÐterh euelixÐa sth diaqeÐrish polÔplokwn dom¸n, ìpwc
autèc pou dièpoun thn an�ptuxh twn fut¸n, to opoÐo eÐnai anamfÐbola èna shmantikì
pleonèkthma. Akìmh, h mejodologik  pleur� sthn opoÐa sthrÐzetai èqei shmantik�
pleonekt mata, kaj¸c mporeÐ me sqetik  eukolÐa na tropopoihjeÐ ¸ste na sumperi-
l�bei genikìtera montèla. Gia par�deigma, montèla an�ptuxhc fut¸n me stoqastik 
diadikasÐa organogèneshc (p.q. dèntra), dhlad  montèla sta opoÐa o sunolikìc arij-
mìc twn org�nwn k�je kl�shc se k�je kÔklo an�ptuxhc, eÐnai tuqaÐoc.
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Kef�laio 8

Par�rthma

8.0.1 A.1 Pijanojewrhtik�

1. Stoqastikèc DiadikasÐec
Sthn paroÔsa diplwmatik  asqolhj kame me akoloujÐec Markov kai genikìtera

eÐdame pwc sundèontai me tic st�simec akoloujÐec. Aut� eÐnai 2 eÐdh stoqastik¸n dia-
dikasi¸n. 'Alla eÐdh eÐnai gia par�deigma oi ananewtikèc akoloujÐec, oi antall�ximec
akoloujÐec, ta Martingales k.a. Autì pou èqei idiaÐtero majhmatikì endiafèron eÐnai
to pwc autèc oi s.d. sundèontai metaxÔ touc. Gia par�deigma, k�je akoloujÐa apì
a.i.t.m eÐnai Markov, antall�ximh kai st�simh, en¸ an epiplèon oi monadikèc timèc pou
paÐrnoun eÐnai 0 kai 1, tìte eÐnai kai ananewtikèc akoloujÐec. Oi tuqaÐoi perÐpatoi
eÐnai p�nta Markov kai ìtan ta b mata èqoun mèso 0, eÐnai kai Martingales.

To spoudaiìtero wstìso den eÐnai oi majhmatikèc idiìthtec all� ta pragmatik�
probl mata pou mporoÔn na montelopoihjoÔn kai sth sunèqeia na melethjoÔn me th
bo jeia twn stoqastik¸n diadikasi¸n. Ti akrib¸c shmaÐnei ìmwc autì; Se genikèc
grammèc, oi stoqastikèc diadikasÐec eÐnai ènac kl�doc thc jewrÐac pijanot twn sto
opoÐo melet¸ntai pijanojewrhtik� montèla pou exelÐssontai sto qrìno. Autì mpo-
roÔme na to doÔme kalÔtera kai wc ton kl�do twn majhmatik¸n pou xekin� me ta
axi¸mata twn pijanot twn kai perièqei ploÔsia kai endiafèronta majhmatik� apote-
lèsmata pou èpontai apì aut� ta axi¸mata. Gia na efarmìsoume ta apotelèsmata
aut� se pragmatik� sen�ria, apaiteÐtai arqik� h kataskeu  enìc pijanojewrhtikoÔ
montèlou gia to sugkekrimèno prìblhma. Sth sunèqeia, mèsw tou montèlou diatu-
p¸nontai me akrÐbeia ta majhmatik� apotelèsmata kai sth sunèqeia metafr�zontai
ston `pragmatikì kìsmo'. To montèlo èqei kataskeuasteÐ ¸ste na proseggÐzei to
pragmatikì prìblhma. 'Etsi, ta akrib  apotelèsmata pou paÐrnoume apì autì, ja
proseggÐzoun ta pragmatik�. O tzìgoc, ta asfalistik� zht mata, oi oikonomikèc
problèyeic, ta probl mata paragwg c kai z thshc, ta sust mata exuphrèthshc, ta
dÐktua epikoinwnÐac, kai �lla poll�, apoteloÔn pragmatik� sen�ria ta opoÐa mporoÔn
melethjoÔn me thn efarmog  twn stoqastik¸n diadikasi¸n. Sth paroÔsa ergasÐa
eÐdame ènan trìpo me ton opoÐo mporeÐ na montelopoihjeÐ h exèlixh enìc zwntanoÔ
organismoÔ (fut�) me th qr sh stoqastik¸n diadikasi¸n en¸ h melèth den basÐsthke
mìno se pijanojewrhtik� apotelèsmata all� kai se ergaleÐa thc statistik c, to-
nÐzontac gia �llh mÐa for� to pìso sten� sundedemènoi eÐnai metaxÔ touc oi dÔo autoÐ
kl�doi.

Sto mèroc autì ja anafèroume sunoptik�, orismèna basik� stoiqeÐa jewrÐac twn
legìmenwn stoqastik¸n diadikasi¸n (s.d.).

Orismìc (Stoqastik  diadikasÐa). 'Estw (Ω,F ,P) q¸roc pijanìthtac kai (X ,X )
metr simoc q¸roc. MÐa stoqastik  diadikasÐa (s.d.) eÐnai mÐa oikogèneia tuqaÐwn
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metablht¸n {Xt : t ∈ T} orismènh ston parap�nw q¸ro pijanìthtac me timèc se
k�poion genikì q¸ro (X ,X ).

1. Sthn ousÐa, mÐa s.d. eÐnai mÐa sun�rthsh: X : T × Ω → X , ìpou gia dosmèna
ω, t, to Q(ω, t) anafèretai wc h kat�stash sthn opoÐa brÐsketai h s.d.

2. Gia k�je t, h sun�rthsh Xt = X(·, t) : Ω→ X eÐnai tuqaÐa metablht  orismènh
ston (Ω,F ,P) en¸, gia k�je ω, h sun�rthsh X(ω, ·) : T → X perigr�fei mÐa
sugkekrimènh exèlixh thc s.d. mèsa sto qrìno kai onom�zetai pragmatopoÐhsh
thc diadikasÐac kai mporeÐ se orismènec peript¸seic na parastajeÐ grafik�.

3. O q¸roc X anafèretai wc q¸roc katast�sewn (q.k.) en¸ me ton ìro: genikìc
q¸roc katast�sewn, anaferìmaste se uperarijm simo metrikì q¸ro   metr si-
mo q¸ro (pio genikèc peript¸seic). Sthn perÐptwsh arijm simou q.k. h X eÐnai
autìmata metr simh wc proc thn P(X ).

4. MÐa di jhsh (Filtration) ston (Ω,F ) eÐnai mÐa aÔxousa akoloujÐa (Ft)t∈T apì
Ôpo-σ-�lgebrec thc F .

5. 'Enac q¸roc me fÐltro sumbolÐzetai me (Ω,F , (Ft)t∈T ) en¸ o (Ω,F , (Ft)t∈T ,P)
lègetai q¸roc pijanìthtac me fÐltro.

6. DiakrÐnontac to qrìno se suneq    diakritì, èqoume tic stoqastikèc diadikasÐec
suneqoÔc kai diakritoÔ qrìnou.

Se ìsa akoloujoÔn upojètoume pwc T = N0. 'Etsi, mÐa stoqastik  diadikasÐa eÐnai
praktik� mÐa akoloujÐa t.m. (Xn)n≥0 orismènh ston Ðdio q¸ro pijanìthtac.

SumbolÐzoume me F 0 th fusik  di jhsh, dhlad  F 0 = σ(X0X1...Xn) = σ({Xk} :
0 ≤ k ≤ n) = σ(∪nk=0σ(Xk)), h σ �lgebra pou k�nei ìlec tic Xk mèqri th stigm  n,
metr simec.

MÐa sun�rthsh Φ ston Ω eÐnai F 0-metr simh, ann Φ = φ(X0X1...Xn) gia mÐa X ⊗(n+1)-
metr simh sun�rthsh φ. Sugkekrimèna, èna endeqìmeno brÐsketai sthn F 0 an gnw-
rÐzoume ìti èqei pragmatopoihjeÐ   ìqi, mìlic oi timèc twn (X0, X1, ..., Xn) gÐnoun
gnwstèc. Wstìso, se arketèc peript¸seic, èqoume kai perissìterec plhroforÐec
mèqri th qronik  stigm  n ektìc twn tim¸n twn (X0, X1, ..., Xn), ìpwc pq oi timèc
�llwn diadikasi¸n.

MÐa prosarmosmènh s.d. ston (X ,X ) sumbolÐzetai meX = (Ω,F , (Fn)n≥0, (Xn)n≥0,P)
kai gia k�je n, h Xn eÐnai t.m. me timèc ston (X ,X ) kai (Fn)-metr simh. (eidik�
h teleutaÐa idiìthta ekfr�zetai lègontac ìti h (Xn)n≥0 eÐnai prosarmosmènh sth di-
 jhsh (Fn)n≥0).

Peperasmènhc-di�stashc katanomèc.

Katarq�c, oi katanomèc autèc eÐnai mètra ston (Ω,F ). Epeid  genik� mÐa sto-
qastik  diadikasÐa eÐnai èna apeirodi�stato antikeÐmeno, qreiazìmaste èna mètro to
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opoÐo na parèqei ousiastikèc plhroforÐec gia thn diadikasÐa. Oi peperasmènhc di-
�stashc katanomèc eÐnai èna mètro pou k�nei akrib¸c autì. Fusik�, up�rqei shman-
tik  diafor� ìtan autèc orÐzontai gia s.d. suneqoÔc qrìnou. Gia s.d. diakritoÔ
qrìnou wstìso, apodeiknÔetai pwc mac parèqoun ìlh thn aparaÐthth plhroforÐa gia
th diadikasÐa. Autì eÐnai to apotèlesma apì to Je¸rhma epèktashc tou Kolmogoro-
v. Me �lla lìgia, to Je¸rhma autì (k�tw apì orismènec sunj kec `sunèpeiac' ) mac
epitrèpei na orÐsoume mÐa diadikasÐa (Xn)n≥0 (pou eÐnai apeirodi�stato antikeÐmeno)
qrhsimopoi¸ntac mìno `peperasmèna' antikeÐmena ìpwc oi katanomèc autèc. Epomènwc,
h eÔresh thc katanom c peperasmènhc di�stashc gia mÐa s.d., apoteleÐ èna kentrikì
z thma.

'Estw X mÐa diadikasÐa me timèc ston (X,X ). SumbolÐzoume me µn thn katanom  tou
tuqaÐou dianÔsmatoc (X0, X1, ..., Xn) pou paÐrnei timèc ston (X⊗(n+1),X ⊗(n+1)). Ta
mètra pijanìthtac (µn)n≥0 lègontai peperasmènhc di�stashc katanomèc thc diadika-
sÐac X.

Sthn perÐptwsh diakritoÔ qrìnou, oi katanomèc autèc ikanopoioÔn apeujeÐac thn pa-
rak�tw polÔ basik  idiìthta:

µn−1(Ao × A1 × ...× An−1) = µn(Ao × A1 × ...× X ). (8.0.1)

Autì eÐnai �meso diìti:

µn(Ao × A1 × ...× An) = P(X0 ∈ A0, ..., Xn ∈ An)

Gia to z thma pou anafèrjhke, tou orismoÔ miac s.d. apì tic katanomèc autèc, ja
qreiastoÔme ton kanonikì q¸ro miac s.d. 'Etsi ja d¸soume mÐa katafatik  ap�nthsh
sto er¸thma an up�rqei s.d. diakritoÔ qrìnou.

Orismìc (Kanonikìc q¸roc)

Ω = X N, ω = (ω)n≥0, Xn(ω) = ωn, (8.0.2)

F n = σ(Xk, k ≤ n),F = σ(Xk, k ≥ 0), (8.0.3)

Gia th kataskeu  loipìn miac s.d., orÐzoume arqik� èna mètro pijanìthtac Pn ston

(Ω,Fn), jètontac, gia A ∈X ⊗(n+1)),

Pn(A×X...×X × ...) = µn(A)

kai sth sunèqeia orÐzoume mÐa sunolosun�rthsh ston ∪n≥0Fn:

P(A) = Pn(A) an A ∈ Fn.

ArkeÐ na epekteÐnoume th P sto F = σ(∪∞n=0Fn). Thn ap�nthsh dÐnei telik� to pa-
rak�tw Je¸rhma:

Je¸rhma (Kolmogorov) 'Estw (µn)n≥0 oikogèneia mètrwn pijanìthtac ìpou k�je
µn eÐnai mètro pijanìthtac ston q¸ro ginìmeno (X⊗(n+1),X ⊗(n+1)) kai ikanopoieÐ
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thn 8.0.1. Tìte ston kanonikì q¸ro pou orÐzetai sthn ?? up�rqei monadikì mètro
pijanìthtac P tètoio ¸ste h stoqastik  diadikasÐa (Ω,F , (Fn)n≥0, (Xn)n≥0,P) èqei
thn (µn)n≥0 wc katanom  peperasmènhc di�stashc.

Epiplèon, to mètro autì eÐnai kai monadikì. Autì èpetai apì to Je¸rhma p-l kaj¸c
h kl�sh ∪n≥0Fn eÐnai kleist  stic peperasmènec tomèc.

Diaisjhtik�, h idèa pÐsw apì ton kanonikì q¸ro kai ton orismì tou Pµ, eÐnai h e-
x c: 'Ena trìpoc na kataskeuastoÔn diaforetikèc stoqastikèc diadikasÐec eÐnai na
xekin soume apì ton (Ω,F ) kai na orÐsoume se autìn di�forec sunart seic, X, Y, Z
k.t.l., me timèc proc ton (X ,X ) gia par�deigma, ston opoÐo ja orÐzontai kai ta an-
tÐstoiqa epagìmena mètra touc. 'Ena enallaktikìc trìpoc eÐnai na xekin soume apì
ton (Ω,F ) kai na orÐsoume akrib¸c mÐa sun�rthsh X : Ω 7→ X , thn tautotik ,
(X(ω) = ω). MporoÔme sth sunèqeia na thc d¸soume pollèc diaforetikèc idiìthtec
orÐzontac diaforetik� mètra ston (Ω,F ), pq ta P1,Px,Pµ.

8.0.2 A.2 PlaÐsio statistik c

1.Basikèc ènnoiec statistik c.

Sta probl mata statistik c genik�, asqoloÔmaste kurÐwc me th sullog  twn
dedomènwn, all� kai me thn an�lush kai thn ermhneÐa touc. Me to pr¸to asqoleÐtai
o kl�doc deigmatolhyÐa kai perigrafik  statistik  kai den ja mpoÔme se perissìterh
an�lush. Ja jewroÔme p�nta pwc èqoume dedomèno deÐgma kai asqoloÔmaste me ti
plhroforÐec mporoÔme na apokomÐsoume apì autì. H ap�nthsh den exart�tai mìno
apì ta dedomèna (dhlad  apì to ti èqei parathrhjeÐ), all� kai apì th sunolik  gn¸sh
pou èqoume gia thn kat�stash. To teleutaÐo diatup¸netai me tic upojèseic tic opoÐec
k�noume gia th sugkekrimènh kat�stash. Up�rqoun dÔo kÔriec proseggÐseic: H
klasik  kai h Mpeôzian :

1. Sqetik� me thn pr¸th, jewroÔme tupik� mÐa parametrik  oikogèneia mètrwn,
(Pφ) ìpou h par�metroc φ paÐrnei timèc se k�poioc q¸ro (sun jwc EukleÐdeio )
Φ. O plhjusmìc tou opoÐou ta qarakthristik� melet�me upojètoume pwc anti-
proswpeÔetai apì to montèlo P To zhtoÔmeno eÐnai h eÔresh enìc kat�llhlou
φ∗ tètoio ¸ste Pφ∗ = P, dhlad  o plhjusmìc èqei pl rwc kajoristeÐ. Autì
gÐnetai parathr¸ntac mÐa akoloujÐa dedomènwn y1, ..., yn h opoÐa upojètoume
ìti apoteleÐ pragmatopoÐhsh tou t. dianÔsmatoc Y1, ..., Yn. K�je sunist¸sa
tou dianÔsmatoc autoÔ, apoteleÐ mÐa anex�rthth t.m. pou èqei katanom  P.
Epomènwc, ìtan to φ∗ kajoristeÐ, ja eÐmaste se jèsh na anapar�goume thn
akoloujÐa y1, ..., yn. O stìqoc loipìn thc an�lushc eÐnai eÐte na anazht soume
trìpouc eÔreshc thc tim c tou φ∗ (shmeiak  ektÐmhsh), eÐte na anazht soume
k�poio sÔnolo gia to opoÐo na mporoÔme na isquristoÔme pwc perièqei   den pe-
rièqei to φ∗ (diast mata axiopistÐac, èlegqoi upojèsewn). Suqn�, to prìblhma
eÔreshc thc tim c tou φ∗, proseggÐzetai sun jwc me thn mèjodo megistopoÐhshc
thc sun�rthshc pijanof�neiac.

2. Sqetik� me th Mpeôzian  prosèggish, èqoume thn epiplèon upìjesh ìti to Ðdio
to φ eÐnai mÐa �gnwsth (tuqaÐa) posìthta, h opoÐa antimetwpÐzetai wc t.m. (mh
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parathr simh) me gnwst  katanom . Aut  h ek twn protèrwn katanom (pou
kajorÐzetai sÔmfwna me to prìblhma) tropopoieÐtai upì to f¸c twn dedomènwn
kai kajorÐzei thn ek twn ustèrwn katanom  (th desmeumènh katanom  tou phi
dojèntoc twn dedomènwn), h opoÐa ekfr�zei to ti mporeÐ na eipwjeÐ gia to φ upì
to prÐsma twn upojèsewn pou èginan gia ta dedomèna.

2. OrologÐa:

1. Me ton ìro plhjusmì ennooÔme ton q¸ro pijanìthtac (Ω,F ,P). Wstìso, e-
peid  mac endiafèroun ta qarakthristik� tou plhjusmoÔ kai aut� perigr�fontai
apì to P, me ton ìro plhjusmì kaloÔme suqn� to mètro P.

2. 'Ena tuqaÐo deÐgma megèjouc n eÐnai èna tuqaÐo di�nusma (di�stashc n), orismèno
sto parap�nw q¸ro me timèc ston Rn,B(Rn), λ)). To set dedomènwn (  apl�, ta
dedomèna) apoteloÔn mÐa pragmatopoÐhsh tou parap�nw dianÔsmatoc. Suqn�,
gia lìgouc aplìthtac, kai to tuqaÐo di�nusma kai ta dedomèna kaloÔntai deÐgma
apì to P en¸ to mègejoc jewreÐtai pwc eÐnai n.

3. Lème pwc èna plhjusmìc eÐnai gnwstìc ann to P(A) èqei gnwst  tim  gia o-
poiod pote sÔnolo A ∈ F .

4. Wc statistikì montèlo kaleÐtai èna sÔnolo upojèsewn gia ton plhjusmì P

5. 'Ena sÔnolo mètrwn pijanìthtac Pθ ston (Ω,F ) me deÐktec θ ∈ Θ (par�metroi),
lègetai parametrik  oikogèneia ann Θ ⊂ Rd gia k�poio (stajerì) jetikì akèraio
d kai to Pθ eÐnai gnwstì mètro pijanìthtac ìtan to θ eÐnai gnwstì. To sÔnolo
Θ lègetai parametrikìc q¸roc kai d eÐnai h di�stash tou.

6. O plhjusmìc P an kei se mÐa parametrik  oikogèneia P = {Pθ, θ ∈ Θ}.

7. H parametrik  oikogèneia P = {Pθ, θ ∈ Θ} eÐnai tautopoi simh ann gia opoia-
d pote θi, θj ∈ Θ me θi 6= θj èqoume ìti Pθi 6= Pθj . (Stic perissìterec peri-
pt¸seic, mÐa tautopoi simh parametrik  oikogèneia mporeÐ na apokthjeÐ mèsw
anaparamètrhshc.

8. MÐa oikogèneia plhjusm¸n P kuriarqeÐtai apì to (σ-peperasmèno) mètro ν an
P� ν gia opoiod pote P ∈ P . H P mporeÐ na tautopoihjeÐ apì thn oikogèneia
puknot twn {dP

dν
: P ∈ P   thn {dPθ

dν
: θ ∈ Θ.

3. Mh pl rh dedomèna (Incomplete Data)

'Estw pwc h (monodi�stath)t.m. X antiproswpeÔei ta dedomèna kai èqei puknìth-
ta f(x;φ). Upojètoume pwc epijumoÔme na ektim soume thn par�metro φ. An to
di�nusma x mporeÐ na parathrhjeÐ mèsw tou deÐgmatoc, tìte mÐa ektÐmhsh gia to φ
mporeÐ na gÐnei me th mèjodo pijanof�neiac. An ìmwc to x den mporeÐ na parathrh-
jeÐ pl rwc, all� antÐ autoÔ mporoÔn na parathrhjoÔn ta y = h(x, δ) kai to δ. To
y = h(x, δ) eÐnai mÐa mh-pl rhc èkdosh tou x pou ikanopoieÐ thn h(x, δ = 1) = x kai
h δ eÐnai mÐa deÐktria me timèc 0 kai 1. H ektÐmhshc tou φ apì tic parathr seic twn
(y, δ) apoteleÐ to kentrikì prìblhma thc an�lushc me mh pl rh dedomèna.
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Prokeimènou na antimetwpisteÐ to prìblhma, h perij¸ria puknìthta thc (y, δ) ja
prèpei na ekfr�zetai wc sun�rthsh thc arqik c puknìthtac f(x;φ). EktÐmhsh me th
mèjodo pijanof�neiac eÐnai efikt  k�tw apì orismènec sunj kec tautopoihsimìthtac
kai epÐshc mporoÔn na anaptuqjoÔn statistikèc jewrÐec gia thn eÔresh thc ekti-
m triac mègisthc pijanof�neiac apì to parathroÔmeno deÐgma. Sthn perÐptwsh pou
to X eÐnai di�nusma, oi upologismoÐ duskoleÔoun shmantik�.

H sun�rthsh pijanof�neiac upì thn Ôparxh krummènwn dedomènwn.

H perij¸ria puknìthta twn parathroÔmenwn dedomènwn lègetai kai parathroÔmenh
pijanof�neia. 'Estw Y = (Y1, .., Yd) èna tuqaÐo di�nusma pou antiproswpeÔei ta
dedomèna, to opoÐo èqei puknìthta f(y;φ) kai zht�me na k�noume ektÐmhsh tou φ.
Upojètoume t¸ra pwc gia th i−ost  sunist¸sa, parathroÔme mìno èna mèroc tou
Yi = (Yi1, ..., Yid). 'Estw δij h deÐktria:

δij =

{
1, an to Yij parathreÐtai

0, diaforetik�

Gia na ektim soume to φ, ja qreiastoÔme k�poio mhqanismì: Pr(δ|y). Suqn� upo-
jètoume pwc Pr(δ|y) = P(δ|y;ψ), ìpou ψ h par�metroc tou montèlou ap�nthshc kai
δ = (δ1, ..., δd).

'Estw (yi,obs, yi,miss), to parathroÔmeno kai to qamèno mèroc twn yi, antÐstoiqa.
Gia k�je i parathroÔme to (yi,obs, δi) antÐ gia to yi. Apì ta parap�nw, h perij¸ria
puknìthta tou (yi,obs, δi) eÐnai:

g(yi,obs, δi;φ, ψ) =

∫
f(yi, φ)P(δi|yi;ψ)dµ(yi,miss).

Upojètontac anexarthsÐa kai isonomÐa, h apì koinoÔ thc parap�nw perij¸riac gr�fe-
tai:

g(yobs, δ;φ, ψ) =
n∏
i=1

g(yi,obs, δi;φ, ψ),

ìpou, yobs = (y1,obs, ..., yn,obs). H teleutaÐa lègetai parathroÔmenh pijanof�neia.

'Estw
R(yobs, δ) = {y : yobs(y,δi) = yi,obs, i = 1, ..., n},

to sÔnolo ìlwn twn dunat¸n tim¸n pou mporeÐ na p�rei to y èqontac koin  thn tim 
thc yobs, dojèntoc δ. H sun�rthsh yobs(y,δi) epistrèfei thn tim  tou yij ìtan δij = 1.

Orismìc. (ParathroÔmenh pijanof�neia). 'Estw f(y;φ) h apì koinoÔ puknìthta
twn pl rh dedomènwn y = (y1, ..., yn) kai èstw P(δ|y;ψ) h desmeumènh pijanìthta tou
δ = (δ1, ..., δn) dojèntoc tou y. H parathroÔmenh pijanof�neia thc φ, ψ) basismènh
sta parathroÔmena dedomèna yobs, δ) dÐnetai apì thn:

Lobs(φ, ψ) =

∫
R(yobs,δ)

f(y;φ)P(δ|y;ψ)dµ(y). (8.0.4)
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K�tw apì thn upìjesh anexarthsÐac kai isonomÐac h parap�nw gr�fetai:

Lobs(φ, ψ) =
n∏
i=1

[ ∫
f(y;φ)P(δi|yi;ψ)dµ(yi,miss)

]
. (8.0.5)

jewr¸ntac pwc an yi = yi,obs kai to yi,miss eÐnai kenì, there is nothing to integrate
out. 'Otan èqoume monodi�stato deÐgma, h parap�nw gÐnetai:

Lobs(φ, ψ) =
∏
{i:δi=1}

[f(yi;φ)p(yi;ψ)]×
∏
{i:δi=0}

[ ∫
f(y;φ)[1− p(y;ψ)]dµ(y)

]
. (8.0.6)

ìpou p(y;ψ) = P(δ = 1|y;ψ). Tèloc, h par�metroc ψ mporeÐ na jewrhjeÐ nuisance me
thn ènnoia ìti den endiaferìmaste �mesa gia thn ektÐmhsh thc, wstìso qreiazìmaste
thn ektÐmhsh thc gia thn ektÐmhsh tou φ.
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8.0.3 A.3 Epilegmènec apodeÐxeic jewrhm�twn kai prot�sewn

Je¸rhma 3.1 (i) 'Estw X mÐa M.A. me arqik  katanom  µ kai pur na Q. Tìte gia
k�je B ∈X n+1, thc morf c B = B0 × ...×Bn isqÔei:

P(Xj ∈ Bj, 0 ≤ j ≤ n) =

∫
B0

µ(dx0)

∫
B1

Q(x0, dx1)...

∫
Bn

Q(xn−1, dxn), (8.0.7)

(ii) AntÐstrofa, an mÐa s.d. X = (Ω,F , (Xn)n≥0,P) me timèc ston (X ,X ), ikano-
poieÐ thn 3.1.3 gia èna mètro pijanìthtac µ kai èna pur na Q, tìte h X eÐnai M.A me
arqik  katanom  to µ kai pur na to Q (wc proc th fusik  di jhsh (F 0

n)n≥0)

Apìdeixh

To (i) eÐnai �meso. Ja deÐxoume to (ii).
'Estw n ≥ 0 kai A ∈X . Ja deÐxoume ìti gia k�je C ∈ Fn isqÔei:∫

C

1{Xn+1∈A}dP =

∫
C

Q(Xn, A)dP (8.0.8)

Tìte èpetai pwc E[1{Xn+1∈A}|Fn] = Q(Xn|A) s.p. kai epomènwc h X eÐnai m.a.

'Estw B = B0 × ... × Bn kai C = {X0 ∈ B0, ..., Xn ∈ Bn}. Tìte qrhsimopoi¸ntac
tic idiìthtec tou oloklhr¸matoc kai thn upìjesh ja eÐnai:

∫
C

1{Xn+1∈A}dP = P(X0 ∈ B0, ..., Xn ∈ Bn, Xn+1 ∈ A)

=

∫
B0

µ(dx0)

∫
B1

Q(x0, dx1)...

∫
Bn

Q(xn−1, dxn)Q(xn, A).

H teleutaÐa èkfrash eÐnai Ðsh me: ∫
C

Q(Xn, A)P.

Pr�gmati, o isqurismìc autìc isqÔei an antikatastajeÐ h sun�rthsh Q(xn, A) apì mÐa
fragmènh kai metr simh f(xn). An h f eÐnai deÐktria tìte profan¸c h isìthta isqÔei.
Apì th grammikìthta to oloklhr¸matoc, h isìthta isqÔei kai gia aplèc metr simec.
Tèloc, apì to Je¸rhma fragmènhc sÔgklishc, o isqurismìc epalhjeÔetai. Opìte gia
thn epilog  tou C èqoume pwc:∫

C

1{Xn+1∈A}dP =

∫
C

Q(Xn, A)dP.

T¸ra, eÔkola deÐqnetai pwc h oikogèneia twn sunìlwn gia ta opoÐa isqÔei h parap�nw
isìthta eÐnai èna λ-sÔsthma. Apì thn �llh, h oikogèneia twn sunìlwn gia ta opoÐa
apodeÐqjhke eÐnai èna π-sÔsthma. Opìte apì to Je¸rhma π − λ to parap�nw isqÔei
gia ìla ta C ∈ Fn. �
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Je¸rhma 3.6 'Estw mÐa φ-adiaq¸risth M.A. gia thn opoÐa up�rqei atom, èstw
a. H M.A. lègetai jetik  ann (Ea[τa])

−1 <∞. Tìte h st�simh katanom  pou ep�gei
ikanopoieÐ thn:

π(a) = (Ea[τa])
−1 (8.0.9)

Apìdeixh

L mma: An mÐa M.A. eÐnai jetik , tìte eÐnai epanalhptik .
An Ea[τa] < ∞ tìte Pa(τa < ∞) = 1, kai �ra h alusÐda eÐnai epanalhptik  apì

to L mma. 'Estw to mètro:

π(A) =
∑
n≥1

Pa(Xn ∈ A, τa ≥ n)

Epeid  π(a) = Pa(τa <∞) = 1, kai:∫
Q(x,A)π(dx) = π(a)Q(a,A) +

∫ c

a

∑
n≥1

Q(xn, A)Pa(τa ≥ n, dxn)

= Q(a,A) +
∑
n≥2

Pa(Xn ∈ A, τa ≥ n) = π(A)

to π eÐnai st�simo. EpÐshc, eÐnai kai peperasmèno kaj¸c

π(X) =
∑
n≥1

Pa(τa ≥ n) =
∑
k≥1

kPa(τa = k)

= Ea[τa] <∞

Kanonikopoi¸ntac xan� to π se π/π(X) paÐrnoume π(a) = (Ea[τa])
−1.

Prìtash 3.2 'Estw (Xn, Yn)n≥0 mÐa disdi�stath orismènh ston ((X ×Y) me pur na
ton T pou dÐnetai sthn (3.3.1). Tìte, gia opoiod pote akèraio m kai opoiod pote
diatetagmèno sÔnolo deikt¸n {k1 < ... < km} kai ìlec tic metr simec kai fragmènec
sunart seic f1, ..., fm isqÔei:

Eν
[ m∏
i=1

fi(Yki)
∣∣Xk1 , ..., Xkm

]
=

m∏
i=1

Eν
[
fi(Yki)

∣∣Xki

]
. (8.0.10)

Gia opoiad pote metr simh kai fragmènh sun�rthsh h eÐnai:

Eν
[ m∏
i=1

fi(Yki)h(Xk1 , ..., Xkm)
]

=

∫
...

∫
ν(dx0)G(x0, dy0)

[ km∏
i=1

Q(xi−1, dxi)G(xi, dyi)
]

×
[ m∏
i=1

fi(yki)
]
h(xk1 , ..., Xkm) =

∫
...

∫
ν(dx0)

km∏
i=1

Q(xi−1, dxi)h(xk1 , ..., Xkm)∫
...

∫ [ ∏
i/∈{k1,...,km}

G(xi, dyi)
][ ∏

i∈{k1,...,km}

∫
fi(yi)G(xi, dyi)

]
Epeid  gia k�je i eÐnai

∫
G(xi, dyi) = 1 paÐrnoume ìti:

Eν
[ m∏
i=1

fi(Yki)h(Xk1 , ..., Xkm)
]

= Eν
[
h(xk1 , ..., xkm)

∏
i∈{k1,...,km}

∫
fi(yi)G(Xi, dyi)

]
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