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Eisagwg 

H an�ptuxh kai exèlixh twn jetik¸n episthm¸n tic teleutaÐec dekaetÐec, all� akìmh peris-
sìtero h sumbol  twn hlektronik¸n upologist¸n ston tomèa thc èreunac, katat�ssoun ta
Efarmosmèna Majhmatik� se kurÐarqh jèsh sth lÐsta twn sÔgqronwn episthm¸n tou 21ou

ai¸na. Epiplèon, ta Efarmosmèna Majhmatik� apoteloÔn to sundetikì krÐko an�mesa se
�llec sÔgqronec epist mec, ìpwc thn Plhroforik , th Rompotik , tic ThlepikoinwnÐec, th
sÔgqronh Fusik  all� kai pollèc �llec.

'Enac shmantikìc kl�doc twn Efarmosmènwn Majhmatik¸n o opoÐoc tic teleutaÐec deka-
etÐec gn¸rise ragdaÐa an�ptuxh kai suneqÐzei na anaptÔssetai me akìmh grhgorìtero rujmì,
eÐnai h JewrÐa BeltistopoÐhshc. Ta probl mata beltistopoÐhshc anèkajen apoteloÔsan an-
tikeÐmeno melèthc twn Majhmatik¸n, lìgw ìmwc thc diaforetik c fÔshc twn problhm�twn
pou proèkuptan teleutaÐa,  tan anagkaÐa h an�ptuxh miac eniaÐac jewrÐac, all� akìmh peris-
sìtero h prosarmog  thc jewrÐac sthn pr�xh.

Mia endiafèrousa efarmog  thc JewrÐac BeltistopoÐhshc ston tomèa thc Plhroforik c
kai sugkekrimèna sthn epexergasÐa kai met�dosh s matoc, eÐnai h anapar�stash enìc s ma-
toc to opoÐo metafèrei plhroforÐa ( qo, eikìna   bÐnteo) apì ènan araiì metasqhmatismì
dianÔsmatoc. Poll� mèsa, ìpwc gia par�deigma to JPEG kai to JPEG-2000 qrhsimopoioÔn
tètoiouc kwdikopoihmènouc metasqhmatismoÔc. To di�nusma to opoÐo anaparist� th gramm 
twn pixel metasqhmatÐzetai, dhlad  anaparÐstatai se èna nèo sÔsthma suntetagmènwn kai
oi nèec suntetagmènec epexerg�zontai ¸ste na par�goun èna kwdikopoihmèno apotèlesma
(bitstream). To JPEG qrhsimopoieÐ diakritì metasqhmatismì sunhmitìnou (DCT) (paral-
lag  tou metasqhmatismoÔ Fourier), en¸ to JPEG-2000 diakritì kumatoeid  metasqhmatismì
(DWT). Oi parap�nw metasqhmatismoÐ mporoÔn na ermhneujoÔn wc strof  tou orjokanon-
ikoÔ sust matoc suntetagmènwn se mia nèa b�sh. To kèrdoc mèsa apì aut  th diadikasÐa
eÐnai h araiìthta twn nèwn dianusm�twn pou prokÔptoun.

O metasqhmatismìc (DCT) tou arqikoÔ dianÔsmatoc èqei thn idiìthta na anajètei stic
pr¸tec suntetagmènec sqetik� meg�lec timèc kai polÔ mikrèc stic upìloipec. Epomènwc jew-
r¸ntac tic teleutaÐec suntetagmènec mhdèn kai proseggÐzontac tic arqikèc, mporoÔme na apo-
jhkeÔsoume plhroforÐec se merik� mìno bits. O metasqhmatismìc sth sunèqeia antistrèfe-
tai kai dÐnei thn anapar�stash tou arqikoÔ dianÔsmatoc dedomènwn. O metasqhmatismìc
(DWT) tou arqikoÔ dianÔsmatoc èqei mia el�qista diaforetik  idiìthta. DÐnei dianÔsmata me
lÐgec suntetagmènec pou èqoun sqetik� uyhlèc timèc (oi opoÐec den brÐskontai anagkastik�
sthn arq  tou dianÔsmatoc) kai akoloujeÐ thn Ðdia diadikasÐa gia thn apokwdikopoÐhsh.
Gia arketoÔc tÔpouc perieqomènou eikìnac, to JPEG-2000 eÐnai pio apotelesmatikì apì to
JPEG akrib¸c epeid  èqei th dunatìthta na dÐnei pio araièc anaparast�seic.

En suntomÐa, h araiìthta apoteleÐ to kleidÐ gia ìlec tic teqnikèc pou qrhsimopoioÔntai
gia th sumpÐesh eikìnac mèsw kwdikopoÐhshc. Up�rqoun ìmwc kai �lla probl mata, ta
opoÐa proôpojètoun araiìthta, ìpwc h apom�krunsh jorÔbou apì èna di�nusma dedomènwn
sthn epexergasÐa eikìnac kai s matoc genikìtera. Gia sugkekrimèna mèsa (p.q. mousik�
s mata me isqurì armonikì perieqìmeno) oi hmitonoeideÐc anaparast�seic eÐnai kalÔterec gia
th sumpÐesh kai thn apom�krunsh jorÔbou, en¸ gia �lla mèsa (p.q. eikìnec me èntonec
akmèc) oi kumatoeideÐc sunart seic apoteloÔn kalÔterh epilog  apì tic hmitonoeideÐc.
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Sthn pr�xh poll� mèsa qrhsimopoioÔn par�llhla kai tic dÔo teqnikèc anapar�stashc
dedomènwn, dhlad  h anapar�stash gÐnetai sundu�zontac kai tic dÔo b�seic. H hmitonoeid c
b�sh dhmiourgeÐ èna pÐnaka di�stashc n×n kai h kumatoeid c b�sh ènan �llo pÐnaka n×n,
opìte h ènws  touc èna pÐnaka di�stashc n×2n. H majhmatik  diatÔpwsh tou probl matoc
eÐnai pwc mporoÔme na lÔsoume èna grammikì sÔsthma thc morf c Ax = b me n exis¸seic
kai m agn¸stouc, dhlad  èna aìristo grammikì sÔsthma, brÐskontac ìmwc lÔsh   lÔseic oi
opoÐec eÐnai araièc. Dhlad  prospaj¸ntac h lÔsh mac na perièqei arket� mhdenik� stoiqeÐa.

OrÐsame loipìn ti anazhtoÔme, all� profan¸c h arai  lÔsh tou grammikoÔ sust matoc
den mporeÐ na prokÔyei qwrÐc thn prosj kh k�poiac epiplèon apaÐthshc. Gia to lìgo autì
ja anagkastoÔme na qrhsimopoi soume k�poia epiplèon sun�rthsh beltistopoÐhshc.

H paroÔsa ergasÐa apoteleÐtai apì dÔo mèrh. Arqik� orÐzoume to mètro ekeÐno me to
opoÐo epidi¸koume na k�noume beltistopoÐhsh. DeÐqnoume ìti to mètro autì eÐnai metrik  kai
m�lista prokÔptei apì th diakrit . Lìgw thc idiaiterìthtac tou mètrou autoÔ, to prìblhma
den mporeÐ na eÐnai epilÔsimo gia opoiasd pote dom c pÐnaka. Opìte sth sunèqeia orÐzoume
tic proôpojèseic, k�tw upì tic opoÐec ja mporoÔse ènac pÐnakac na an kei sto sÔnolo
ekeÐnwn gia touc opoÐouc to prìblhma eÐnai epilÔsimo. Katìpin orÐzoume to prìblhma lÐgo
diaforetik�, qrhsimopoi¸ntac mia kurt  prosèggish tou arqikoÔ mètrou kai exet�zoume pìte
oi dÔo morfèc tou Ðdiou probl matoc eÐnai isodÔnamec.

Sto deÔtero mèroc antimetwpÐzoume to prìblhma sthn pr�xh. Genik� to prìblhma eÐ-
nai epilÔsimo me mia poikilÐa mejìdwn, ed¸ exet�zoume tic pio basikèc. Diatup¸noume to
prìblhma stic treic diaforetikèc tou morfèc kai analÔoume touc algìrijmouc touc opoÐouc
qrhsimopoioÔme gia na to lÔsoume se k�je perÐptwsh. Tèloc, elègqoume ta kat� pìso ta
jewrhtik� apotelèsmata ephre�zoun th diadikasÐa epÐlushc tou probl matoc sthn pr�xh kai
elègqoume thn poiìthta twn algorijmik¸n diadikasi¸n, sugkrÐnontac th mia me thn �llh.
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Kef�laio 1

Metrikèc kai nìrmec gia ton
prosdiorismì arai c lÔshc

1.1 Apost�seic sthn kajhmerin  zw 

Sthn kajhmerin  mac zw  qrhsimopoioÔme uposuneÐdhta di�forec apost�seic qwrÐc na dÐ-
noume meg�lh prosoq  ston akrib  orismì touc. 'Otan mac dojeÐ èna tuqaÐo sÔnolo {
shmeÐwn } h pr¸th mac skèyh eÐnai na metr soume tic apost�seic metaxÔ touc. O trìpoc me
ton opoÐo metr�me ìmwc se k�je perÐptwsh eÐnai diaforetikìc kai exart�tai apì thn klÐmaka
pou jèloume na qrhsimopoi soume kai th dom  tou q¸rou.

Gia par�deigma, h apìstash thc Aj nac apì th Nèa Uìrkh metriètai me th gewdesiak 
gramm , dhlad  th { gramm  } p�nw sthn epif�neia thc ghc h opoÐa en¸nei dÔo shmeÐa thc
kai èqei to el�qisto dunatìn m koc (Sq. 1.1).

Sq ma 1.1: Gewdesiak  apìstash Aj nac - Nèa Uìrkhc (wc shmeÐwn): 7920 km

Se perÐptwsh pou jèloume na pragmatopoi soume èna taxÐdi odik¸c, h apìstash aut 
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kajorÐzetai apì th diadrom  pou ja akolouj soume kai den sumpÐptei aparaÐthta me thn
el�qisth apìstash metaxÔ twn dÔo pìlewn (Sq. 1.2).

Up�rqoun akìmh { apost�seic } oi opoÐec apoklÐnoun shmantik� apì thn je¸rhsh thc
apìstashc wc th suntomìterh diadrom . H apìstash pou prèpei na dianÔsei k�poioc ¸ste
na metakinhjeÐ sthn perioq  tou Manhattan, gia par�deigma apì thn Times Square proc th
diastaÔrwsh tou 57ou drìmou me thn 9h lewfìro, sqetÐzetai me th dom  tou q¸rou (Sq. 1.3).

Sq ma 1.2: Odik  apìstash Aj nac - JessalonÐkhc (wc shmeÐwn): 502 km

Sq ma 1.3: Apìstash sthn perioq  Manhattan thc Nèac Uìrkhc

'Otan jèloume na metr soume apost�seic metaxÔ sumpag¸n sunìlwn, p.q. thn apìstash
metaxÔ dÔo nhsi¸n, qreiazìmaste { mètro } to opoÐo metr�ei apìstash metaxÔ olìklhrwn
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twn sunìlwn kai ìqi mìno dÔo shmeÐwn. Kat�llhlo mètro eÐnai h Hausdorff apìstash metaxÔ
twn sunìlwn K kai A h opoÐa orÐzetai wc

h(K,A) = max{max
κ∈K

min
α∈A
|κ− α|,max

α∈A
min
κ∈K
|κ− α|.}

H apìstash aut  ekfr�zei th diadrom  pou prèpei na akolouj sei kat' el�qiston ènac
k�toikoc thc 'Androu (Kefalloni�c) gia na ft�sei sthn Kefalloni� ('Andro) (Sq. 1.4).

Sq ma 1.4: Apìstash nhsi¸n Kefalloni�c - 'Androu

Ta parap�nw eÐnai merik� paradeÐgmata peript¸sewn ìpou h ènnoia thc metrik c (apìs-
tashc) qrei�sthke na majhmatikopoihjeÐ ¸ste na ikanopoieÐ tic an�gkec pou prokÔptoun
se probl mata diaforetik c fÔshc. Gia to lìgo autì orÐzoume ek twn protèrwn se k�je
perÐptwsh ton trìpo me ton opoÐo metr�me apost�seic.

1.2 MetrikoÐ q¸roi

Orismìc 1.1 'EstwX tuqaÐo mh kenì sÔnolo. Metrik 1 (  apìstash) stonX onom�ze-
tai mia apeikìnish ρ : X ×X −→ R pou ikanopoieÐ tic idiìthtec:

1. ρ(x, y) ≥ 0, ∀x, y ∈ X kai ρ(x, y) = 0⇔ x = y

2. ρ(x, y) = ρ(y, x), ∀x, y ∈ X, (Summetrik  idiìthta)

3. ρ(x, y) ≤ ρ(x, z) + ρ(z, y), ∀x, y, z ∈ X, (Trigwnik  anisìthta)

Ta stoiqeÐa tou sunìlou onom�zontai shmeÐa, o arijmìc ρ(x, y) apìstash metaxÔ twn
shmeÐwn x, y ∈ X kai to zeÔgoc (X, ρ) metrikìc q¸roc.

1
Θα συμβολίζουμε με d, ρ ή σ.
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'Otan èna sÔnolo efodi�zetai me k�poia metrik  autìmata apolamb�nei kai th dom 
topologikoÔ q¸rou 2,ìpou kurÐarqhc shmasÐac ènnoia eÐnai aut  thc anoikt c   kleist c
sfaÐrac kèntrou x0 ∈ X kai aktÐnac r > 0.

Orismìc 1.2 'Estw (X, d) metrikìc q¸roc kai x0 ∈ X. Onom�zetai anoikt  sfaÐra
kèntrou x0 kai aktÐnac r, to sÔnolo Sd(x0, r) = {x ∈ X : d(x, x0) < r}.

Orismìc 1.3 'Estw (X, d) metrikìc q¸roc kai x0 ∈ X. Onom�zetai kleist  sfaÐra

kèntrou x0 kai aktÐnac r, to sÔnolo S̃d(x0, r) = {x ∈ X : d(x, x0) ≤ r}.

Orismìc 1.4 To A ⊆ X kaleÐtai anoiktì sÔnolo, an gia k�je α ∈ A up�rqei r > 0
tètoio ¸ste Sd(α, r) ⊆ A.

Orismìc 1.5 To sÔnolo B ⊆ X kaleÐtai kleistì sÔnolo, an to sumpl rwm� tou
X \B eÐnai anoiktì.

Orismìc 1.6 To G ⊆ X eÐnai fragmèno an G ⊆ Sd(x0, r) gia k�poio x0 ∈ X kai r > 0.

ParadeÐgmata metrik¸n q¸rwn:

• Ston Rn qrhsimopoioÔme kurÐwc tic metrikèc d1, d2 metaxÔ twn shmeÐwn tou
x = (x1, x2, ..., xn), y = (y1, y2, ..., yn) :

H metrik  d1 (metrik  Manhattan) sto sÔnolo Rn orÐzetai wc

d1(x,y) =
n∑

i=1

|xi − yi|.

Idiaitèrwc ston R2 eÐnai d1(x,y) = |x1−y1|+ |x2−y2| kai h antÐstoiqh kleist  sfaÐra
h opoÐa orÐzetai eÐnai S̃d1(0, r) = {x ∈ R2 : d1(x,0) ≤ r},

(
Sq. 1.5 - i)

)
.

H metrik  d2 (EukleÐdeia metrik ) sto sÔnolo Rn orÐzetai wc

d2(x,y) =
( n∑

i=1

(xi − yi)2
) 1

2
.

Idiaitèrwc ston R2 eÐnai d2(x,y) =
(
(x1− y1)2 + (x2− y2)2

) 1
2 kai h antÐstoiqh kleist 

sfaÐra h opoÐa orÐzetai eÐnai S̃d2(0, r) = {x ∈ R2 : d2(x,0) ≤ r},
(
Sq. 1.5 - ii)

)
.

2
΄Ενας τοπολογικός χώρος δεν είναι αναγκαστικά μετρικός.
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• Se opoiod pote mh kenì sÔnolo X orÐzetai h metrik  σ0 (diakrit  metrik ) metaxÔ
twn shmeÐwn x, y ∈ X wc

σ0(x, y) =

{
1, an x 6= y,

0, an x = y.
(1.1)

Ed¸ h kleist  sfaÐra eÐnai S̃σ0(x0, r) =

{
{x0}, 0 < r < 1

X, r ≥ 1
,
(
Sq. 1.5 - iii)

)
.

(β)

x0
( )

0 < r < 1 r ≥ 1

a b

x0

i) ii)

( )
a b

iii)
(α)

1

1

-1

-1

1

1

-1

-1

Sq ma 1.5: i) H S̃d1(0, 1) = {x ∈ R2 : d1(x,0) ≤ 1}.ii) H sfaÐra S̃d2(0, 1) = {x ∈ R2 :
d2(x,0) ≤ 1} thc eukleÐdeiac metrik c ston R2. iii)(α) Gia x0 ∈ X = (a, b) ⊆ R kai 0 < r < 1, h
S̃σ0(x0, r) = {x0}. iii)(β)Gia x0 ∈ X = (a, b) ⊆ R kai r ≥ 1 h kleist  sfaÐra eÐnai olìklhro to
sÔnolo X, dhlad  S̃σ0(x0, r) = (a, b).

1.2.1 Kartesianì Ginìmeno Metrik¸n q¸rwn

An to sÔnolo X eÐnai tuqaÐo kai den diajètei dom  (p.q. dianusmatikoÔ q¸rou), h mình
profan c metrik  me thn opoÐa mporeÐ na efodiasteÐ eÐnai h diakrit  metrik  (1.1).

E�n èqoume touc metrikoÔc q¸rouc (Xi, ρi), i = 1, 2..., n, mporoÔme na orÐsoume tic p-
metrikèc (p ≥ 1)3 sto kartesianì ginìmeno X = X1 × X2 × ... × Xn gia x = (x1, ..., xn),
y = (y1, ..., yn) ∈ X wc ex c:

d(ρ1,ρ2,...,ρn; p)
(
x,y

)
=





( n∑
i=1

(
ρi(xi, yi)

)p) 1
p
, gia 1 ≤ p < +∞

max{ρi(xi, yi), i = 1, 2, ..., n}, gia p = +∞
(1.2)

3
Για 0 < p < 1 δεν έχουμε μετρική, καθώς δεν ισχύει η τριγωνική ανισότητα.
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Oi metrikèc autèc eÐnai sumbatèc me tic up�rqousec stouc X1, X2, ..., Xn me thn ex c
ènnoia: E�n jewr soume tuqaÐo stajerì shmeÐo (y1, ..., yn) ∈ X tautÐzontac to xi ∈ Xi me
to (y1, ..., xi, ..., yn) ∈ X ja èqoume ìti

d(ρ1,ρ2,...,ρn; p)
(
(y1, ..., xi, ..., yn),

(
y1, ..., x

′
i, ..., yn)

)
= ρi(xi, x

′
i), gia p ≥ 1,

ìpou i o deÐkthc pou antistoiqeÐ sto metrikì q¸ro (Xi, ρi). Sthn perÐptwsh ìpou èqoume
X1 = X2 = ... = Xn = Y , dhlad  X = Y n kai ρ1 = ρ2 = ... = ρn = ρ, sumbolÐzoume

d(ρ1,ρ2,...,ρn; p) = d(ρ; p).

1.2.2 Efodiasmìc tou Rn (n ≥ 1) me di�forec metrikèc

Sthn ergasÐa aut , to sÔnoloX tou metrikoÔ q¸rou eÐnai dianusmatikìc q¸roc   uposÔnolì
tou kai pio sugkekrimèna o Ðdioc o Rn   uposÔnola tou. H axiwmatik  jemelÐwsh tou
sunìlou R twn pragmatik¸n arijm¸n wc olik� diatetagmènou s¸matoc mac epitrèpei ektìc
tou orismoÔ thc diakrit c metrik c, na orÐsoume th metrik  σ|·|(x, y) = |x − y|, x, y ∈ R,
ìpou | · | h apìluth tim  enìc pragmatikoÔ arijmoÔ kai genikìtera th σs(x, y) = |x− y|s, gia
0 < s ≤ 1 (σ1 = σ|·|). Ed¸ eÐnai shmantikì na parathr soume ìti

lim
s→0+

σs(x, y) = σ0(x, y). (1.3)

Sthn perÐptwsh pou to sÔnolo X ⊆ R × R × ... × R = Rn èqoume tic antÐstoiqec
p-metrikèc pou prokÔptoun apì touc (R, σ|·|), (R, σs) gia 0 < s < 1 kai (R, σ0) gia shmeÐa
x = (x1, ..., xn), y = (y1, ..., yn) ∈ Rn.

Sun jeic metrikèc ston Rn:

• JewroÔme to q¸ro R me th metrik  σ|·| = |x−y|. Tìte o Rn efodi�zetai me th metrik 
d(σ|·|; p) pou sÔmfwna me th sqèsh (1.2) eÐnai:

d(σ|·|; p)
(
x,y

)
=





( n∑
i=1

|xi − yi|p
) 1
p
, gia 1 ≤ p < +∞

max{|xi − yi|, i = 1, ..., n}, gia p = +∞
(1.4)

Idiaitèrwc gia p = 2 èqoume thn eukleÐdeia metrik  ston Rn (Sq. 1.6).

• JewroÔme to q¸ro R me th metrik  σs = |x−y|s gia 0 < s ≤ 1. Tìte o Rn efodi�zetai
me th metrik  d(σs; p) pou sÔmfwna me th sqèsh (1.2) eÐnai:

d(σs; p)
(
x,y

)
=





( n∑
i=1

(
σs(xi, yi)

)p) 1
p
, gia 1 ≤ p < +∞

max{σs(xi, yi), i = 1, ..., n}, gia p = +∞
(1.5)

Idiaitèrwc gia p = 1 èqoume

d(σs; 1)

(
x, y

)
=

n∑

i=1

|xi − yi|s, 0 < s ≤ 1. (1.6)
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i) p = 1

ii) p = 2

iii) p = 3

iv) p = 10

v) p = +∞

Sq ma 1.6: H S̃d(σ|·|; p)
(0, 1) = {x ∈ R2 : d(σ|·|; p)(x,0) ≤ 1} gia di�forec timèc tou

p. ParathroÔme ìti kaj¸c to p aux�netai, h sfaÐra tou q¸rou mac teÐnei na gÐnei h sfaÐra
S̃d(σ|·|; +∞)

(0, 1), en¸ gia p = 1 èqoume th sfaÐra S̃d(σ|·|; 1)
(0, 1).

Diakrit  Metrik :

• JewroÔme to q¸ro R me th metrik  σ0(x, y) =

{
1, an x 6= y

0, an x = y
, opìte o Rn efodi�zetai

me th metrik  d(σ0; p) pou sÔmfwna me th sqèsh (1.2) eÐnai:

d(σ0; p)
(
x,y

)
=





( n∑
i=1

(
σ0(xi, yi)

)p) 1
p
, gia 1 ≤ p < +∞

max{σ0(xi, yi), i = 1, ..., n}, gia p = +∞
(1.7)

Idiaitèrwc gia p = 1 èqoume

d(σ0; 1)(x, y) = #{i : xi 6= yi}. (1.8)

Sundu�zontac thn parap�nw sqèsh (1.8), me tic (1.3), (1.6) prokÔptei ìti,

lim
s→0+

d(σs; 1)(x,y) = lim
s→0+

( n∑

i=1

|xi − yi|s
)

= d(σ0; 1)(x,y) = #{i : xi 6= yi} (1.9)

H sqèsh aut  mac deÐqnei th sumperifor� twn antÐstoiqwn sfair¸n. Sto
(
Sq. 1.7 - i)

)

blèpoume ìti ston R2 gia r ∈ (0, 1) (ed¸ r = 0.5) kaj¸c s → 0+ oi sfaÐrec S̃(σs; 1)(0, r)

fjÐnoun, dhlad  gia 0 < s′ < s ≤ 1 èqoume S̃(σs′ ; 1)(0, r) ⊂ S̃(σs; 1)(0, r) kai telik� phgaÐ-

noun proc th sfaÐra S̃(σ0; 1)(0, r) =
⋂

0<s≤1
S̃(σs; 1)(0, r). Sto

(
Sq. 1.7 - ii)

)
gia r ∈ [1, 2)
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(ed¸ r = 1.5), den up�rqei k�poia sqèsh uposunìlou metaxÔ twn sfair¸n S̃(σs′ ; 1)(0, r)

kai S̃(σs; 1)(0, r) gia s′ < s, all� h S̃(σs; 1)(0, r) teÐnei na sumpèsei me touc �xonec kaj¸c
to s → 0+. Sto

(
Sq. 1.7 - iii)

)
gia r ∈ [2,+∞) (ed¸ r = 3), oi sfaÐrec aux�noun gia

0 < s′ < s ≤ 1 kai èqoume S̃(σs′ ; 1)(0, r) ⊃ S̃(σs; 1)(0, r), ìpou telik� gia s→ 0+ katalamb�-

noun olìklhro to sÔnolo kaj¸c S̃(σ0; 1)(0, r) =
⋃

0<s≤1
S̃(σs; 1)(0, r).
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{(0, 0)}

R2

s = 1

s = 0.5

0.5

0.5

-0.5

-0.5

s = 1
1.5

1.5

-1.5

-1.5

s = 1
3

3

-3

-3

s = 0.5

s = 0.2 s = 0.2

0.25

0.25

-0.25

-0.25

0.031

0.031

-0.031

-0.031

2.25

2.25

-2.25

-2.25

7.59

7.59

-7.59

-7.59

9

9

-9

-9

243

243

-243

-243

i) S̃s(0, r), r = 0.5 iii) S̃s(0, r), r = 3ii) S̃s(0, r), r = 1.5

y = 0

x = 0

s = 0

s = 0.2

s = 0.5

s = 0
s = 0

Sq ma 1.7: H S̃σ0(0, r) = {x ∈ R2 : σ0(x,0) ≤ r} : i) Gia 0 < r < 1, S̃σ0(0, r) = {(0, 0)}. ii)

Gia 1 ≤ r < 2, S̃σ0(0, r) = {x = 0   y = 0}. iii) Gia r ≥ 2, S̃σ0(0, r) = R2.
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1.3 Q¸roi me nìrmec

E�n to sÔnoloX eÐnai dianusmatikìc (grammikìc) q¸roc, efodi�zetai me pr�xeic pou ikanopoioÔn
sugkekrimènec idiìthtec.

Orismìc 1.7 Dianusmatikìc q¸roc (  grammikìc q¸roc) onom�zetai mia tri�da (X,+, ·),
ìpou X eÐnai èna sÔnolo, + : X × X −→ X mia eswterik  pr�xh (prìsjesh) kai
· : F 4 ×X −→ X mia exwterik  pr�xh (bajmwtì ginìmeno) pou ikanopoioÔn tic akìloujec
idiìthtec:

1. x+ y = y + x, ∀x, y ∈ X,

2. (x+ y) + z = x+ (y + z), ∀x, y, z ∈ X,

3. Up�rqei èna stoiqeÐo 0 ∈ X ¸ste x+ 0 = 0 + x = x, ∀x ∈ X,

4. Gia k�je x ∈ X up�rqei −x ∈ X ¸ste x+ (−x) = (−x) + x = 0,

5. λ(x+ y) = λx+ λy, ∀x, y ∈ X kai λ ∈ F,

6. (λ+ µ)x = λx+ µx, ∀x ∈ X kai λ, µ ∈ F,

7. λ(µx) = (λµ)x, ∀x ∈ X kai λ, µ ∈ F,

8. 1 · x = x, ∀x ∈ X.

Ta stoiqeÐa enìc dianusmatikoÔ q¸rou onom�zontai dianÔsmata.

Orismìc 1.8 'EstwX ènac dianusmatikìc q¸roc epÐ enìc s¸matoc arijm¸n F . To sÔnolo
A ⊆ X lègetai kurtì, an gia k�je x kai y sto X kai k�je t ∈ [0, 1], to stoiqeÐo tx+(1−t)y
an kei epÐshc sto sÔnolo A.

Orismìc 1.9 Mia pragmatik  sun�rthsh f : A → R orismènh se èna kurtì uposÔnolo
enìc dianusmatikoÔ q¸rou X onom�zetai kurt , an gia k�je x, y ∈ A kai t ∈ [0, 1],

f
(
tx+ (1− t)y

)
≤ tf(x) + (1− t)f(y).

Orismìc 1.10 Mia pragmatik  sun�rthsh f : A → R orismènh se èna kurtì uposÔnolo
enìc dianusmatikoÔ q¸rou X onom�zetai koÐlh, an gia k�je x, y ∈ A kai t ∈ [0, 1],

f
(
tx+ (1− t)y

)
≥ tf(x) + (1− t)f(y).

Sto dianusmatikì q¸ro R èqoume thn apìluth tim  me tic ex c idiìthtec:

4F = C ή R.
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1. |x| ≥ 0, x ∈ R kai |x| = 0⇔ x = 0

2. |λx| = |λ||x|, x ∈ R, λ ∈ R, (jetik� omogen c)

3. |x+ y| ≤ |x|+ |y|, x, y ∈ R, (trigwnik  anisìthta)

Epomènwc h sun�rthsh f(x) = |x| eÐnai jetik� omogen c, kurt  sun�rthsh me f(x) > 0 gia
x 6= 0. H genÐkeush thc apìluthc tim c se megalÔterhc di�stashc grammikoÔc q¸rouc dÐnei
th nìrma.

Orismìc 1.11 'Estw (X,+, ·) ènac pragmatikìc dianusmatikìc q¸roc. Mia apeikìnish
‖ · ‖ : X −→ R onom�zetai nìrma an ikanopoieÐ tic akìloujec idiìthtec:

1. ‖x‖ ≥ 0, ∀x ∈ X kai ‖x‖ = 0⇔ x = 0,

2. ‖λx‖ = |λ|‖x‖, ∀x ∈ X kai l∈ R, (jetik� omogen c)

3. ‖x+ y‖ ≤ ‖x‖+ ‖y‖, ∀x, y ∈ X, (trigwnik  anisìthta)

To zeÔgoc (X, ‖ · ‖) onom�zetai q¸roc me nìrma.
Wc genÐkeush thc apìluthc tim c, h sun�rthsh f(x) = ‖x‖ eÐnai jetik� omogen c kai kurt ,
me f(x) > 0 gia x 6= 0. Profan¸c an orÐsoume ‖x − y‖ = f(x, y) gia x, y ∈ X tìte h f
apoteleÐ metrik  ston X me f(x, 0) = ‖x‖. Akìmh, an g eÐnai mia metrik  se dianusmatikì
q¸ro X me tic epiplèon idiìthtec g(x + z, y + z) = g(x, y), x, y ∈ X (analloÐwth stic
metatopÐseic) kai g(λx, 0) = |λ|g(x, 0) me x ∈ X, λ ∈ R (jetik� omogen c), tìte h g(x, 0) =
‖x‖ apoteleÐ nìrma kai sthn perÐptwsh aut  f ≡ g. Ja doÔme ìmwc ìti k�poiec apì tic
metrikèc pou orÐsame den proèrqontai apì nìrmec.

'Opwc kai sthn perÐptwsh twn metrik¸n q¸rwn X = X1 × X2 × ... × Xn, orÐzontai oi
p-nìrmec gia touc q¸rouc me nìrma (Xi, ‖ · ‖).

ParadeÐgmata q¸rwn me nìrma gia X = Rn:

• Oi p-nìrmec gia 1 < p < +∞:

‖x‖p =
( n∑

i=1

|xi|p
) 1
p
.

• H eukleÐdeia nìrma orÐzetai:

‖x‖2 =
( n∑

i=1

x2i

) 1
2
.
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• H nìrma ajroÐsmatoc (  1-nìrma) ‖ ‖1 kai h nìrma ‖ ‖∞ antÐstoiqa:

‖x‖1 =
n∑

i=1

|xi|,

‖x‖∞ = max{|xi| : i = 1, 2, ..., n}.

Ed¸ axÐzei na shmeiwjeÐ ìti genik� prèpei 1 ≤ p ≤ +∞, ¸ste h ‖ · ‖p na apoteleÐ nìrma
ston Rn, k�ti pou eÔkola mporoÔme na diapist¸soume me qr sh thc anisìthtac Minkowski.

Lìgw thc an�gkhc na orÐsoume sunart seic beltistopoÐhshc, ja epidi¸xoume th qr sh
kurt c sun�rthshc h opoÐa mac exasfalÐzei kai th monadikìthta thc lÔshc, efìson h teleu-
taÐa up�rqei. Epomènwc ja jewr soume th sun�rthsh

fp(x) =
( n∑

i=1

|xi|p
) 1
p
, p > 0, x ∈ Rn (1.10)

h opoÐa eÐnai jetik� omogen c gia opoiod pote p > 0, all� kurt  mìno gia p ≥ 1. Gia
0 < p < 1 eÐnai kat� tm mata koÐlh, opìte den isqÔei h trigwnik  anisìthta (Sq. 1.8).

H metrik  σs(x, y) = |x − y|s, x, y ∈ R eÐnai analloÐwth stic metatopÐseic, all� den
eÐnai jetik� omogen c gia s 6= 1. Opìte oi metrikèc ston Rn

d(σs; p)(x,0) =





( n∑
i=1

|xi|ps
) 1
p
, gia 1 ≤ p < +∞

max{|xi|s, i = 1, 2, ..., n}, gia p = +∞

gia 0 < s < 1 pou proèkuyan apì th σs den apoteloÔn nìrmec
(
(Sq. 1.9) gia p = 1

)
.

Ta parap�nw ermhneÔontai gewmetrik� wc ex c. Gia p ≥ 1 oi antÐstoiqec sfaÐrec eÐnai
kurt� sÔnola, en¸ gia 0 < p < 1 q�noun thn idiìthta thc kurtìthtac. E�n (Xi, ‖ · ‖)
eÐnai q¸roc me nìrma tìte oi sfaÐrec S̃‖·‖(x, r) eÐnai p�ntote kurt� sÔnola. Pr�gmati an

y, z ∈ S̃‖·‖(x, r) tìte ‖y−x‖, ‖z−x‖ ≤ r, �ra gia λ ∈ (0, 1) isqÔei ìti ‖λy+(1−λz)−x‖ =

‖λ(y − x) + (1− λ)(z − x)‖ ≤ λr + (1− λ)r ≤ r, dhlad  to λy + (1− λ)z ∈ S̃‖·‖(x, r), �ra
to sÔnolo S̃‖·‖(x, r) eÐnai kurtì.

ShmeÐwsh: H idiìthta thc kurtìthtac eÐnai polÔ isqur . Sugkekrimèna e�n o (X, ‖ ·‖)
eÐnai q¸roc me nìrma kai jewr soume K ⊆ X kurtì kai summetrikì (K = −K) anoiktì
¸ste na up�rqoun R, r > 0 kai isqÔei S‖·‖(0, r) ⊆ K ⊆ S‖·‖(0, R). Tìte to K apoteleÐ th
monadiaÐa sfaÐra miac �llhc nìrmac, dhlad  thc

‖x‖K = inf{λ > 0 : x ∈ λK},

(sun�rthsh st�jmhc   sunarthsoeidèc Minkowski) pou eÐnai topologik� isodÔnamh me thn
up�rqousa.
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Sq ma 1.8: H sun�rthsh f(x, y) =
(
|x|p + |y|p

) 1
p ston R2 gia p > 0 : i) - ii) Gia p ≥ 1 èqoume

kurtèc sunart seic. iii) - iv) Gia 0 < p < 1 parathroÔme ìti oi sunart seic den eÐnai kurtèc. i) - iv)
Oi sunart seic eÐnai jetik� omogeneÐc gia k�je p > 0.
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Sq ma 1.9: H sun�rthsh g(x, y) = |x|s + |y|s ston R2 gia s > 0 : i) - iii) Gia s ≥ 1 èqoume
kurtèc sunart seic. iv) - v) Gia 0 < s < 1 parathroÔme ìti oi sunart seic den eÐnai kurtèc. ii) - v)
Gia s 6= 1 oi sunart seic den eÐnai jetik� omogeneÐc.
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Kef�laio 2

Sunj kec gia araièc lÔseic

2.1 Mètra gia araièc lÔseic grammik¸n susthm�twn

'Estw ènac pÐnakac A di�stashc n×m me n < m, t�xhc n kai to grammikì mh-omogenèc
sÔsthma Ax = b. To sÔsthma autì èqei �peirec lÔseic (aìristo). An ìmwc jel soume
na perioristoÔme se mia lÔsh tou sust matoc h opoÐa na eÐnai kal¸c orismènh, ja prèpei
na epib�loume epiplèon sunj kec sto prìblhm� mac. Ac jewr soume f(x) mia sun�rthsh
h opoÐa ja ektim sei thn katallhlìthta twn lÔsewn x, me b�sh p�nta k�poio krit rio.
OrÐzoume to prìblhma beltistopoÐhshc Pf ,

(Pf ) : min
x
f(x), ìpou x ikanopoieÐ to Ax = b. (2.1)

Epilègontac mia kurt  sun�rthsh f exasfalÐzoume th monadikìthta thc lÔshc. 'Enac klas-
sikìc trìpoc epÐlushc tou sust matoc eÐnai jewr¸ntac wc sun�rthsh f to tetr�gwno thc
eukleÐdeiac nìrmac, dhlad  f(·) = ‖ · ‖22. To prìblhma (P2) pou orÐsame èqei monadik  lÔsh
x̂, th lÔsh el�qisthc nìrmac, h opoÐa dÐnetai analutik� apì ton tÔpo

x̂ = AT (AAT )−1b,

ìtan o pÐnakac AAT antistrèfetai. H nìrma pou epilèxame, dhlad  to tetr�gwno thc l2-
nìrmac, apoteleÐ èna mètro { enèrgeiac }. To endiafèron mac ìmwc esti�zetai se mètra gia
araièc lÔseic, epomènwc qreiazìmaste èna diaforetikì mètro.

'Ena di�nusma ja jewreÐtai araiì efìson up�rqei toul�qiston èna mhdenikì stic sun-
tetagmènec tou kai araiìtero ekeÐno me ta perissìtera mhdenik�. Sunep¸c èna di�nusma me
ligìtera apì m mh mhdenik� stoiqeÐa stic suntetagmènec tou pou ikanopoieÐ to sÔsthma
(2.1), apoteleÐ mia arai  lÔsh tou sust matoc. 'Ena aplì all� ousiastikì mètro to
opoÐo ektim� kat� pìso h lÔsh mac x ∈ Rm eÐnai arai , ja mporoÔse na apoteleÐ, ekeÐno to
opoÐo dÐnei ton arijmì twn mh mhdenik¸n stoiqeÐwn tou dianÔsmatoc x. JewroÔme loipìn th
metrik 

d(σ0; 1)(x,0) = d0(x,0) = #{i : xi 6= 0},
thn opoÐa ja kaloÔme d0 gia lìgouc aplìthtac. Epomènwc an d0(x,0) < m, to di�nusma x
ja jewreÐtai araiì.
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Ac jewr soume to prìblhma (P0) to opoÐo prokÔptei apì to genikì (Pf ) jewr¸ntac th
sun�rthsh f0(x) ≡ d0(x,0),

(P0) : min
x
f0(x), ìpou x ikanopoieÐ Ax = b. (2.2)

To prìblhma beltistopoÐhshc (2.2) faÐnetai antÐstoiqo tou probl matoc elaqistopoÐhshc
thc l2 nìrmac (P2), parìla aut� parousi�zei shmantikèc diaforèc se sqèsh me to teleutaÐo.
H lÔsh tou (P2), eÐnai monadik  kai eÔkola upologÐsimh qrhsimopoi¸ntac tetragwnikì pro-
grammatismì. To (P0) ìmwc parousi�zei duskolÐec, lìgw ìti h sun�rthsh elaqistopoÐhshc
den eÐnai kurt , k�ti to opoÐo den mac exasfalÐzei th monadikìthta thc lÔshc, an upojèsoume
ìti up�rqei. AnakalÔptoume ìti prokÔptoun shmantik� erwt mata sqetik� me to prìblhma
(P0). Up�rqei p�nta lÔsh tou probl matoc, dhlad  gia opoiond pote pÐnaka A kai di�nusma
b? An up�rqei lÔsh eÐnai monadik ? Tèloc, mporoÔme na ektim soume ìti mia upoy fia lÔsh
eÐnai h bèltisth lÔsh tou (P0)? 'Opwc ja doÔme parak�tw, to prìblhma èqei lÔsh gia perip-
t¸seic eidik¸n pin�kwn A kai dianusm�twn b, ìmwc se genikèc peript¸seic ta probl mata
pou arqik� faÐnetai na anadÔontai eÐnai arket�, ¸ste na katal�boume ìti to prìblhma den
eÐnai p�ntote epilÔsimo.

To (P0) apoteleÐ èna klassikì prìblhma sunduastik c, an jèloume na prosdiorÐsoume
thn pio arai  lÔsh. Ja prèpei na exantl soume ìla ta pijan� uposÔnola dhmiourg¸ntac
uposust mata thc morf c ASxS = b, ìpou AS sumbolÐzei ton pÐnaka s sthl¸n tou pÐnaka
A kai na exet�soume an to ASxS = b eÐnai epilÔsimo. H poluplokìthta thc mejìdou eÐnai
2m kai to prìblhma beltistopoÐhshc (P0) eÐnai NP-hard1. Epomènwc h an�gkh diaforetik c
prosèggishc tou probl matoc eÐnai epitaktik .

'Estw t¸ra h sun�rthsh f1(x) ≡ ‖x‖1, ìpou ‖x‖1 h l1 nìrma tou x, dhlad  to prìblhma

(P1) : min
x
f1(x), ìpou x ikanopoieÐ Ax = b, (2.3)

to opoÐo eÐnai endi�meso twn problhm�twn (P0) kai (P2). H f1 eÐnai h plhsièsterh kurt 
sun�rthsh sthn f0, �ra to prìblhma (P0) proseggÐzetai apì to (P1). M�lista apodeiknÔetai
pwc gia pÐnakec me sugkekrimènec idiìthtec, ìtan to (P0) èqei arai  lÔsh, aut  eÐnai monadik 
kai sumpÐptei me th lÔsh tou probl matoc (P1) h opoÐa mporeÐ na prokÔyei me mejìdouc
grammikoÔ programmatismoÔ. Genikìtera ìmwc, h lÔsh tou probl matoc (2.3) den mporeÐ na
prokÔyei gia opoiond pote pÐnaka A, all� ja prèpei na plhreÐ k�poiec proôpojèseic.

H sun�rthsh f0, dhlad  h metrik  d0, parìti mac parèqei èna aplì deÐkth ¸ste na
ektim soume kat� pìso mia lÔsh eÐnai arai , sthn pr�xh ustereÐ se sqèsh me �lla. EÐnai
exairetik� sp�nio èna di�nusma me suntetagmènec pragmatikoÔc arijmoÔc, na proseggisteÐ
apì èna �llo to opoÐo èqei se arketèc suntetagmènec apìluta mhdenik�.

Gia to lìgo autì orÐzontai asjenèstera mètra, ìpwc oi wp nìrmec oi opoÐec metroÔn
thn antallag  tou arijmoÔ twn mh mhdenik¸n suntetagmènwn me to sf�lma thc 2-nìrmac.
Jewr¸ntac wc N(ε,x) ton arijmì twn suntetagmènwn tou x pou eÐnai megalÔterec tou ε,
to mètro autì orÐzetai

‖x‖wp = sup
ε>0

N(ε,x) · εp.

1
Ανήκει στην περιοχή προβλημάτων τα οποία δεν επιλύονται σε πολυωνυμικό χρόνο.
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Ed¸ h perioq  pou mac endiafèrei eÐnai 0 < p ≤ 1, diìti mac dÐnei èna isqurì mètro gia
araièc lÔseic. H asjen c nìrma wp apoteleÐ èna dhmofilèc mètro araiìthtac to opoÐo
qrhsimopoieÐtai stic anaparast�seic eikìnwn kartoÔn.

'Ena isodÔnamo mètro eÐnai oi sunart seic fp (1.10), oi opoÐec eÐnai nìrmec gia 1 ≤ p ≤
+∞. To gegonìc ìti qrei�zetai na metr soume araiìthta, kajist� thn perioq  0 < p ≤ 1 pio
endiafèrousa, me kìstoc ìmwc na q�soume ètsi thn kurtìthta twn sunart sewn fp

(
Sq. 1.8

- iii), iv)
)
.

2.2 Epilègontac pÐnaka

'Opwc  dh anaferj kame to prìblhma (P0) den eÐnai epilÔsimo gia genikoÔc pÐnakec. OrÐ-
zoume loipìn ed¸ tic proôpojèseic k�tw upì tic opoÐec mporeÐ ènac pÐnakac na odhg sei
sthn epÐlush tou probl matìc mac.

2.2.1 Sunj kh Periorismènhc IsometrÐac (RIP)

Orismìc 2.1 Gia k�je akèraio s = 1, 2, ..., orÐzetai h stajer� isometrÐac 0 < δs < 1 enìc
pÐnaka A wc o mikrìteroc arijmìc tètoioc ¸ste

(1− δs)‖x‖22 ≤ ‖Ax‖22 ≤ (1 + δs)‖x‖22 (2.4)

na isqÔei gia k�je s-araiì di�nusma x. 'Ena di�nusma jewreÐtai s-araiì ìtan èqei to polÔ s
mh mhdenikèc suntetagmènec.

O parap�nw orismìc dìjhke apì ton Candès. 'Enac pÐnakac ikanopoieÐ thn parap�nw
idiìthta ìtan to δs den eÐnai kont� sth mon�da. 'Otan isqÔei h sunj kh (2.4) h EukleÐdeia
nìrma tou dianÔsmatoc x sqedìn diathreÐtai, ìtan to prob�lloume stic grammèc tou pÐnaka
A. An o pÐnakac A  tan orjog¸nioc, ja eÐqame δs = 0, k�ti pou den mporeÐ ìmwc na sumbeÐ,
diìti o pÐnakac mac èqei perissìterec st lec apì grammèc. An ènac pÐnakac èqei mikr 
stajer� isometrÐac, shmaÐnei pwc k�je uposÔnolo s   ligìterwn sthl¸n tou, sqhmatÐzoun
èna sqedìn orjokanonikì sÔsthma, epomènwc me ton pÐnaka autì mporoÔme na lÔsoume to
prìblhma (2.2) gia ikanopoihtikì eÔroc problhm�twn, me meg�lh pijanìthta.

Sthn pr�xh, h epal jeush thc sunj khc (2.4) gia genik c dom c pÐnakec eÐnai arket�
dÔskolh diadikasÐa. Parìla aut� èqei parathrhjeÐ ìti pÐnakec me mikr  isometrik  sta-
jer� apoteloÔn oi pÐnakec tuqaÐac eisìdou, pou mporoÔn na prokÔyoun apì tic gnwstèc
katanomèc, oi opoÐoi m�lista exuphretoÔn kai arketèc efarmogèc. Gia par�deigma, pÐnakec
me stoiqeÐa eisìdou apì tic katanomèc Gauss, Bernoulli kai Poisson, ìpwc epÐshc kai apì thn
omoiìmorfh katanom , dÐnoun mikrì δs me meg�lh pijanìthta, arkeÐ o arijmìc twn gramm¸n n
na eÐnai thc t�xhc tou s ln(m/s). EpÐshc o pÐnakac me stoiqeÐa ginìmena tuqaÐa epilegmènwn
sthl¸n apì ton diakritì pÐnaka Fourier èqei mikrì δs me meg�lh pijanìthta arkeÐ o arijmìc
twn gramm¸n n na eÐnai thc t�xhc tou s ln(m)4.

Mia diaforetik  prosèggish gia thn ermhneÐa thc sunj khc (2.4) eÐnai ìti diathreÐ tic
EukleÐdeiec apost�seic metaxÔ s-arai¸n dianusm�twn. E�n jewr soume dÔo s-arai� dianÔs-
mata x1, x2, h diafor� touc x1 − x2, ja eÐnai sth genik  perÐptwsh èna to polÔ 2s-araiì
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di�nusma. Opìte ja èqoume

(1− δ2s)‖x1 − x2‖22 ≤ ‖A(x1 − x2)‖22 ≤ (1 + δ2s)‖x1 − x2‖22.

E�n to δ2s eÐnai mikrì autì shmaÐnei ìti h EukleÐdeia nìrma diathreÐtai me thn probol  thc
lÔshc sth mikrìterh di�stash n. Tèloc, h sunj kh RIP sqetÐzetai epÐshc me ton deÐkth
kat�stashc tou pÐnaka Gram. An jewr soume Al ton upopÐnaka pou prokÔptei apì ton A
an jewr soume mìno l st lec tou, h sunj kh RIP (2.4) eÐnai isodÔnamh me thn apaÐthsh
o antÐstoiqoc upopÐnakac Gram AT

l A, me l ≤ s na perièqei tic idiotimèc tou sto di�sthma
[1− δs, 1 + δs].

E�n sumbolÐsoume wc xs to di�nusma pou prokÔptei apì to x e�n krat soume tic s
megalÔterec timèc tou mhdenÐzontac ìlec tic upìloipec kai x∗ th bèltisth lÔsh tou probl -
matoc (2.3), èqoume:

Je¸rhma 2.1 Upojètoume ìti δ2s <
√

2 − 1. Tìte h lÔsh x∗ tou probl matoc (2.3)
ikanopoieÐ

‖x∗ − x‖1 ≤ C0‖x− xs‖1 (2.5)

kai

‖x∗ − x‖2 ≤ C0s
−1/2‖x− xs‖1 (2.6)

gia k�poia stajer� C0. Sugkekrimèna e�n to x eÐnai s-araiì to upologÐzei akrib¸c.

Sthn perÐptwsh pou h lÔsh x den eÐnai arai , h lÔsh mac proseggÐzei ikanopoihtik� to xk.
To parap�nw je¸rhma epibebai¸nei ìti ta probl mata (2.2) kai (2.3) eÐnai isodÔnama me thn
akìloujh ènnoia:

− an δ2s < 1, to prìblhma (2.2) èqei monadik  s-arai  lÔsh.

− an δ2s <
√

2− 1, h lÔsh tou (2.3) eÐnai aut  tou probl matoc (2.2).

An antijètwc eÐqame δ2s = 1, tìte 2s st lec tou pÐnaka A ja  tan grammik� exarthmènec,
sunep¸c ja eÐqame èna di�nusma xh, 2s-araiì, me Axh = 0. Me antikat�stash to xh me
x− x′, ìpou x,x′ s-arai�, prokÔptei ìti Ax = Ax′. Sunep¸c den gÐnetai na kataskeu�soume
ìla ta s-arai� dianÔsmata me opoiad pote mèjodo.

2.3 H pio arai  lÔsh tou sust matoc Ax = b

Epistrèfoume sto prìblhm� mac, dhlad  thn upì sunj kh lÔsh tou aorÐstou sust matoc,
Ax = b. JewroÔme ìti o A eÐnai di�stashc n×m me n < m kai èqei rank(A) = n, dhlad 
o pÐnakac eÐnai mègisthc t�xhc n.
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2.3.1 Monadikìthta thc lÔshc mèsw tou sp�rk

Orismìc 2.2 To sp�rk enìc pÐnaka A orÐzetai wc o mikrìteroc arijmìc sthl¸n tou A
oi opoÐec eÐnai grammik� exarthmènec kai sumbolÐzetai me spark(A).

H t�xh enìc pÐnaka A orÐzetai wc o megalÔteroc arijmìc twn sthl¸n tou oi opoÐec eÐnai
grammik� anex�rthtec kai mac exasfalÐzei ìti opoiesd pote rank(A) + 1 st lec tou pÐnaka
ja eÐnai grammik� exarthmènec. AntÐjeta, to sp�rk enìc pÐnaka orÐzetai wc o mikrìteroc
arijmìc sthl¸n oi opoÐec eÐnai grammik� exarthmènec kai mac exasfalÐzei ìti opoiesd pote
spark(A)− 1 st lec tou pÐnaka A ja eÐnai grammik� anex�rthtec.

Profan¸c, b�sei orismoÔ, up�rqei k�poioc susqetismìc metaxÔ twn dÔo. Epeid  gia ton
upologismì tou sp�rk enìc pÐnaka ja prèpei kaneÐc na elègxei ìla ta pijan� uposÔnola
sthl¸n tou, mporeÐ na prokÔyei gia ton pÐnaka A, 1 ≤ spark(A) ≤ n + 1. Dhlad  mporeÐ
ènac pÐnakac na eÐnai t�xhc n, all� na èqei spark(A) = 2.

L mma 2.1 Ta dianÔsmata x ∈ N(A), ìpou N(A) o pur nac tou pÐnaka A, ikanopoioÔn
th sqèsh

d0(x,0) ≥ spark(A) (2.7)

Apìdeixh. Lìgw orismoÔ tou sp�rk, opoiesd pote l < spark(A) st lec tou pÐnaka A ja
eÐnai grammik� anex�rthtec. 'Estw ìti to di�nusma x ∈ N(A) èqei ligìterec mh mhdenikèc
suntetagmènec apì to sp�rk tou A, dhlad 

d0(x,0) = #{i : xi 6= 0} = l < spark(A).

Efìson x ∈ N(A) èqoume ìti Ax = 0, dhlad 

x1a1 + x2a2 + ...+ xlal = 0, (2.8)

ìpou xi oi mh mhdenikèc suntetagmènec tou dianÔsmatoc x kai ai ta antÐstoiqa dianÔsmata
sthl¸n tou pÐnaka A gia i = 1, ..., l. Epeid  ta dianÔsmata thc exÐswshc (2.8) eÐnai grammik�
anex�rthta, oi suntelestèc xi, i = 1, ..., l ja eÐnai mhdèn, �ra katal xame se antÐfash.

�

Je¸rhma 2.2 An èna sÔsthma grammik¸n exis¸sewn Ax = b èqei lÔsh x h opoÐa ikanopoieÐ
d0(x,0) < spark(A)/2, tìte h lÔsh aut  eÐnai upoqrewtik� h pio arai .

Apìdeixh. 'Estw y mia diaforetik  lÔsh pou ikanopoieÐ to grammikì sÔsthma, dhlad 
Ay = b. Epeid  A(x− y) = 0 to di�nusma x− y ∈ N(A), opìte lìgw tou L mmatoc 2.1,
qrhsimopoi¸ntac ìti d0(x− y,0) = d0(x,y) kai thn trigwnik  anisìthta pou ikanopoieÐ h
diakrit  metrik  d0 èqoume

spark(A) ≤ d0(x,y) ≤ d0(x,0) + d0(y,0). (2.9)

Apì thn parap�nw sqèsh kai ìti d0(x,0) < spark(A)/2, prokÔptei ìti d0(y,0) > spark(A)/2.

�
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2.3.2 Monadikìthta thc lÔshc mèsw thc amoibaÐac susqètishc

Orismìc 2.3 H amoibaÐa susqètish enìc pÐnaka A orÐzetai wc h megalÔterh apìluth tim 
tou eswterikoÔ ginomènou metaxÔ diaforetik¸n kanonikopoihmènwn sthl¸n tou pÐnaka A.
SumbolÐzontac thn k-sth st lh tou A me ak, h amoibaÐa susqètish eÐnai h posìthta

µ(A) = max
1≤k,j≤m, k 6=j

|aTk aj|
‖ak‖2 · ‖aj‖2

. (2.10)

H amoibaÐa susqètish eÐnai èna mègejoc to opoÐo qarakthrÐzei thn ex�rthsh twn sthl¸n
enìc pÐnaka A, dÐnontac èna mètro gia th mikrìterh gwnÐa pou sqhmatÐzoun ta dianÔsmata
metaxÔ touc. EÐnai �llwste gnwstì ìti gia dianÔsmata ai, aj ∈ Rm isqÔei

cosθ =
〈ai, aj〉

‖ai‖2 · ‖aj‖2
=

aTj · ai
‖aj‖2 · ‖ai‖2

,

ìpou me 〈·, ·〉 sumbolÐzoume to eswterikì ginìmeno dÔo dianusm�twn. Gia to monadiaÐo pÐnaka,
tou opoÐou oi st lec eÐnai an� dÔo orjog¸niec, h amoibaÐa susqètish tou pÐnaka eÐnai mhdèn,
epeid  h gwnÐa twn dianusm�twn eÐnai orj . Sthn perÐptwsh aut  ja lème ìti oi st lec
tou pÐnaka eÐnai grammik� asusqètistec. PÐnakec oi opoÐoi èqoun st lec (dianÔsmata)
grammik� exarthmènec èqoun µ(A) = 1, efìson h gwnÐa touc eÐnai mhdèn. Gia genikoÔc
pÐnakec me perissìterec st lec apì grammèc (n < m), 0 ≤ µ(A) ≤ 1 kai epidi¸koume
th mikrìterh dunat  tim  ¸ste na plhsi�soume th sumperifor� twn orjog¸niwn pin�kwn,
dhlad  èna pÐnaka o opoÐoc ja èqei st lec sqedìn asusqètistec.

H amoibaÐa susqètish den ephre�zei p�nta thn epituqÐa epÐlushc tou probl matìc mac.
Up�rqoun peript¸seic pin�kwn gia touc opoÐouc to prìblhma eÐnai epilÔsimo me meg�lh
pijanìthta par� tic meg�lec timèc amoibaÐac susqètishc, en¸ gia diaforetik c dom c pÐnakec
to prìblhma eÐnai sqedìn mh epilÔsimo efìson oi timèc amoibaÐac susqètishc eÐnai uyhlèc.
Gia par�deigma, sthn perÐptwsh pou o pÐnakac A gr�fetai wc ènwsh orjomonadiaÐwn pin�kwn
Φ, Ψ, dhlad  A = [Φ Ψ] me A di�stashc n×m, h amoibaÐa susqètish ikanopoieÐ 1/

√
n ≤

µ(A) ≤ 1. Th mikrìterh tim  1/
√
n paÐrnoume se eidikèc peript¸seic zeugari¸n orjog¸niwn

b�sewn, ìpwc eÐnai o monadiaÐoc pÐnakac In kai o Fourier   o monadiaÐoc pÐnakac In me ton
pÐnaka Hadamard. 'Otan h epilog  twn orjog¸niwn pin�kwn di�stashc n×m eÐnai tuqaÐa,
oi st lec eÐnai asusqètistec kai h amoibaÐa susqètish tou pÐnaka A eÐnai an�logh thc
posìthtac

√
log(nm)/n gia n → ∞. 'Eqei epÐshc apodeiqjeÐ ìti gia thn perÐptwsh pÐnaka

A di�stashc n×m kai t�xhc n, h amoibaÐa susqètish ikanopoieÐ th sqèsh

µ(A) ≥
√

m− n
n(m− 1)

.

H isìthta sthn parap�nw sqèsh isqÔei sthn perÐptwsh thc oikogèneiac pin�kwn h opoÐa
onom�zetai Grassmanian frames kai h opoÐa dÐnei spark(A) = n+ 1, th megalÔterh dunat 
tim .
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L mma 2.2 Gia tuqaÐo pÐnaka A di�stashc n×m, isqÔei h akìloujh sqèsh:

spark(A) ≥ 1 +
1

µ(A)
. (2.11)

Apìdeixh. Arqik� metatrèpoume ton pÐnaka A se Ã, kanonikopoi¸ntac tic st lec tou wc
proc thn eukleÐdeia nìrma. Me thn enèrgeia aut  diathreÐtai to sp�rk all� kai h amoibaÐa

susqètish tou pÐnaka A. UpologÐzontac ton pÐnaka Gram G = ÃT Ã, di�stashc m ×m
parathroÔme ìti ikanopoieÐ tic akìloujec idiìthtec:

{Gk,k = 1 : 1 ≤ k ≤ m} kai {|Gk,j| ≤ µ(A) : 1 ≤ k, j ≤ m, k 6= j}. (2.12)

JewroÔme sth sunèqeia ènan tuqaÐo upopÐnak� tou, èstw Gp di�stashc p× p, epilègontac
dhlad  èna uposÔnolo p sthl¸n tou pÐnaka Ã kai upologÐzontac ton Gram upopÐnaka. An
o upopÐnakac autìc èqei austhr� kurÐarqh diag¸nio, dhlad  isqÔei ìti

p∑

j=1
j 6=i

|Gi,j| < |Gi,i|, gia k�je 1 ≤ i ≤ p, (2.13)

o Gp eÐnai antistrèyimoc, sunep¸c oi p st lec tou pÐnaka Ã eÐnai grammik� anex�rthtec. To
parap�nw mporoÔme polÔ eÔkola na diapist¸soume me qr sh thc anisìthtac tou Gerschgorin

|Gss − λ| ≤
p∑

j=1
j 6=s

|Gsj|

ìpou λ mia idiotim  tou pÐnaka. Jètontac λ = 0 odhgoÔmaste se �topo, dhlad  to mhdèn den
eÐnai idiotim  tou pÐnaka, �ra o pÐnakac eÐnai antistrèyimoc. Lìgw thc (2.12) èqoume

p∑

j=1
j 6=i

|Gi,j| ≤ (p− 1)µ(A),

opìte me thn apaÐthsh (p−1)µ(A) < 1⇔ p < 1+1/µ(A) gia k�je upopÐnaka p×p, ja èqoume
th grammik  anexarthsÐa twn sthl¸n tou. 'Ara ja isqÔei spark(A) ≥ p + 1. Ja deÐxoume
tèloc ìti p ≥ 1/µ(A). Efìson p eÐnai o megalÔteroc jetikìc akèraioc arijmìc sthl¸n oi
opoÐec eÐnai grammik� anex�rthtec shmaÐnei ìti ja up�rqei ènac toul�qiston upopÐnakac tou
A di�stashc (p + 1) × (p + 1) me st lec grammik� exarthmènec. Dhlad  ja up�rqei mia
toul�qiston gramm  i tou upopÐnaka gia thn opoÐa den ja isqÔei h (2.13), dhlad  o pÐnakac

den ja èqei austhr� kurÐarqh diag¸nio, �ra ja èqoume
p+1∑
j=1
j 6=i

|Gi,j| ≥ 1, i ∈ 1, ..., p + 1. An

upojèsoume ìti p < 1/µ(A) prokÔptei ìti
p+1∑
j=1
j 6=i

|Gi,j| ≤ pµ(A) < 1, �topo, �ra p ≥ 1/µ(A).

Epomènwc odhgoÔmaste sto sumpèrasma ìti spark(A) ≥ p+ 1 ≥ 1 + 1/µ(A).

�
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Je¸rhma 2.3 An to sÔsthma grammik¸n exis¸sewn Ax = b èqei lÔsh x h opoÐa ikanopoieÐ
th sqèsh d0(x,0) < 1

2
(1 + 1/µ(A)), tìte h lÔsh aut  eÐnai h pio arai .

Apìdeixh. Lìgw tou L mmatoc 2.2, an d0(x,0) < 1
2
(1 + 1/µ(A)) ≤ 1

2
spark(A) kai me

qr sh tou Jewr matoc 2.2 sumperaÐnoume ìti h lÔsh aut  eÐnai h pio arai .

�

To Je¸rhma 2.2 to opoÐo qrhsimopoieÐ to sp�rk eÐnai pio isqurì apì to Je¸rhma 2.3
to opoÐo qrhsimopoieÐ thn amoibaÐa susqètish kai sunep¸c mìno èna fr�gma tou sp�rk. H
amoibaÐa susqètish paÐrnei timèc megalÔterec tou 1/

√
n kai sunep¸c to fr�gma sto Je¸rhma

2.3 den mporeÐ na gÐnei megalÔtero tou
√
n/2. Sto Je¸rhma 2.2 ìmwc, to sp�rk tou pÐnaka

mporeÐ na eÐnai O(n), sunep¸c na d¸sei fr�gma O(n/2).

2.4 Sun�rthsh metabol c z¸nhc

OrÐzoume tic metablhtèc δ = n/m kai ρ = k/n, ìpou n ×m h di�stash tou pÐnaka A kai
k = d0(x, 0), to pl joc twn mh mhdenik¸n stoiqeÐwn tou dianÔsmatoc x. Lìgw ìti n < m
kai k < m, δ, ρ ∈ (0, 1). 'Estw to sÔnolo AGE(n,m) to opoÐo apoteleÐtai apì ìlouc touc
pÐnakec di�stashc n×m me stoiqeÐa apì thn katanom  Gauss N(0, 1/n) kai L(k) to sÔnolo
pou apoteleÐtai apì ta dianÔsmata x ∈ Rm me k to polÔ mh mhdenik� stoiqeÐa.

Je¸rhma 2.4 'Estw to zeug�ri (δ, ρ) stajerì. Sto prìblhma megèjouc n, èstw mn =
bn/δc kai kn = bnρc. JewroÔme th stigm  ekeÐnh to prìblhma b = Ax tuqaÐa, me A pÐnaka
di�stashc n ×mn apì to sÔnolo AGE kai èna di�nusma x apì to sÔnolo L(kn). Up�rqei
sun�rthsh ρW (δ) > 0 me thn ex c idiìthta: Gia to prìblhma thc dedomènhc stigm c ìtan to
n aux�netai, h pijanìthta ¸ste ta probl mata (P1) kai (P0) na èqoun thn Ðdia lÔsh teÐnei
sto 0 ìtan ρ > ρW (δ) kai teÐnei sto 1 ìtan ρ < ρW (δ).

Gia meg�lec timèc tou n up�rqoun dÔo z¸nec sto epÐpedo twn (δ, ρ), oi opoÐec diaqwrÐ-
zontai apì th sun�rthsh ρW (δ). Mia z¸nh epituqÐac sthn an�kthsh thc lÔshc kai mia z¸nh
apotuqÐac. Eidik� gia mikrì δ > 0, h kampÔlh ρW (δ) apokt� thn endiafèrousa morf :

Je¸rhma 2.5

ρW (δ) =
1

2ln(1/δ)
(1 + o(1)), δ → 0.

Sugkekrimèna gia tuqaÐouc pÐnakec Gauss me m� n èqoume thn tim 

c =
n

2ln(m/n)
. (2.14)

An k > c eÐmaste sth z¸nh apotuqÐac, en¸ an k < c briskìmaste sth z¸nh epituqÐac. Di-
aforetik�, an o arijmìc twn gramm¸n enìc pÐnaka apì thn katanom  Gauss xepern� thn tim 
2kln(m/n), gia èna k-araiì di�nusma, mporoÔme na to anakt soume me meg�lh pijanìthta
me elaqistopoÐhsh thc l1 nìrmac.
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Kef�laio 3

Algìrijmoi

3.1 To prìblhma beltistopoÐhshc me periorismoÔc

3.1.1 Algìrijmoi anaz thshc B�shc (BP)

Mia pr¸th prosèggish gia to prìblhma (P0) (2.2) eÐnai na omalopoi soume thn asuneq 
metrik  d0, antikajist¸ntac thn me mia suneq    omal  prosèggish. Mia tètoia sun�rthsh
ja mporoÔse na eÐnai k�poia apì tic lp nìrmec gia p ∈ (0, 1]   k�poia omal  sun�rthsh,
ìpwc oi

∑
j log(1 +αx2j) kai

∑
j x

2
j/(α+x2j). 'Agnwstec ìmwc paramènoun oi sunj kec k�tw

apì tic opoÐec èna topikì el�qisto ja apoteleÐ kai olikì el�qisto tou probl matoc (P0).
Diaforetik�, ìpwc eÐdame, mporoÔme na antikatast soume th d0 metrik  me thn l1 nìrma, h
opoÐa apoteleÐ thn kalÔterh kurt  thc prosèggish.

Antikajist¸ntac thn d0 metrik  me k�poia lp nìrma kai sunep¸c lÔnontac to prìblhma
(Pp) gia 0 < p ≤ 1 qrei�zetai prosoq  wc proc thn kanonikopoÐhsh twn sthl¸n tou pÐnaka
A. En¸ h d0 metrik  den ephre�zetai apì thn èktash twn mh mhdenik¸n stoiqeÐwn tou
dianÔsmatoc x, oi lp nìrmec eÐnai problhmatikèc. 'Otan h èktash twn mh mhdenik¸n jèsewn
eÐnai meg�lh, èqoun thn t�sh na odhgoÔn th lÔsh sto { gèmisma } jèsewn tou dianÔsmatoc
oi opoÐec pollaplasi�zontai me meg�lec nìrmec sthl¸n tou pÐnaka A. Gia to lìgo autì
ja prèpei oi st lec tou pÐnaka na kanonikopoihjoÔn kat�llhla. To parap�nw prìblhma
gr�fetai

(Pw1) : min
x
‖Wx‖1 wc proc Ax = b, (3.1)

ìpou o W eÐnai ènac diag¸nioc jetik� orismènoc pÐnakac b�rouc. Mia kat�llhlh epilog 
gia to (i, i) stoiqeÐo thc diagwnÐou apoteleÐ to w(i) = ‖ai‖2. Upojètontac ìti o A den èqei
mhdenikèc st lec oi nìrmec eÐnai gnhsÐwc jetikèc kai to prìblhma (P1) kal¸c orismèno
efìson o W eÐnai antistrèyimoc. Enallaktik� to parap�nw prìblhma mporeÐ na oristeÐ

(P1) : min
y
‖y‖1 wc proc Ãy = b, (3.2)

jètontac Wx = y, ìpou Ã eÐnai o pÐnakac o opoÐoc prokÔptei me kankonikopoÐhsh twn

sthl¸n tou A, dhlad  Ã = AW−1. An to y eÐnai lÔsh tou (P1) tìte to x = W−1y apoteleÐ
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lÔsh tou (Pw1) kai antÐstrofa an x eÐnai lÔsh tou (Pw1) tìte to y = Wx eÐnai lÔsh tou
(P1). H perÐptwsh tou probl matoc (P1), ìpou oi st lec tou A èqoun kanonikopoihjeÐ kai
sunep¸c W = I, onom�zetai anaz thsh b�shc (BP). To (P1) metatrèpetai se prìblhma
grammikoÔ programmatismoÔ kai lÔnetai me algìrijmouc ìpwc o Simplex   me mejìdouc-
eswterikoÔ-shmeÐou, me upologistikì kìstoc to diplasiasmì thc di�stashc thc lÔshc.

OrÐzoume y+ = max(y, 0) kai y− = max(−y, 0), opìte y = y+ − y−. Jewr¸ntac wc 1̃
to di�nusma me stoiqeÐa th mon�da, to prìblhma (P1) metatrèpetai sto prìblhma grammikoÔ
programmatismoÔ:

min
y

1̃Ty+ + 1̃Ty−, wc proc Ãy+ − Ãy− = b, me y+,y− ≥ 0. (3.3)

Algìrijmoc 1

Par�metroi Eisìdou: PÐnakac A, di�nusma b.
Upolìgise touc pÐnakec:

• W = diag(‖ai‖2), i = 1, 2...,m.

• Ã = AW−1.

• LÔse to prìblhma grammikoÔ programmatismoÔ:

min
y

cTy, wc proc Hy = b, y ≥ 0, ìpou

c =

[
1̃

1̃

]
, H =

[
Ã −Ã

]
.

• Endi�mesh èxodoc: y =

[
y+

y−

]
, z = y+ − y−.

'Exodoc: x = W−1z, h lÔsh tou (Pw1).

PÐnakac 3.1: (BP) - Algìrijmoc anaz thshc b�shc gia thn prosèggish thc lÔshc tou prob-
l matoc (Pw1).

3.1.2 { 'Aplhstoi } algìrijmoi (GA)

Epistrèfoume sto arqikì prìblhma (P0) (2.2). 'Estw ìti o pÐnakac A èqei spark(A) > 2
kai to prìblhma beltistopoÐhshc P0 èqei tim  val(P0) = 1, �ra to di�nusma b eÐnai bajmwtì
ginìmeno miac st lhc tou pÐnaka A. MporoÔme na entopÐsoume th st lh aut , k�nontac
m elègqouc gia k�je st lh tou A. Ta b mata thc diadikasÐac aut c apaitoÔn O(mn)flops,
poluplokìthta apodekt . Ac jewr soume t¸ra ìti o pÐnakac A èqei spark(A) > 2k0, opìte
to prìblhma eÐnai gnwstì ìti èqei tim  val(P0) = k0. Tìte to b eÐnai grammikìc sunduasmìc
to polÔ k0 sthl¸n tou A. GenikeÔontac thn prohgoÔmenh diadikasÐa ja prospajoÔsame na
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arijm soume ìla ta
(
m
k0

)
= O(mk0) uposÔnola k0 sthl¸n tou pÐnaka A kai na test�roume

k�je èna xeqwrist�, k�ti ìmwc to opoÐo eÐnai apagoreutikì, diìti to prìblhma ja èqei
poluplokìthta O(mk0nk20) flops, h opoÐa eÐnai apagoreutik .

Mia { �plhsth } strathgik  gia thn epÐlush tou probl matoc (P0) den elègqei ìla ta
uposÔnola sthl¸n, all� enhmer¸nei mia seir� apì topik� bèltistouc ìrouc. Xekin¸ntac
apì x0 = 0, kataskeu�zei epanalhptik� mia prosèggish k ìrwn xk, diathr¸ntac èna sÔnolo
energ¸n sthl¸n to opoÐo arqik� eÐnai kenì kai epekteÐnei to sÔnolo kat� mia st lh se
k�je epan�lhyh. H st lh pou epilègei se k�je b ma mèsa apì to sÔnolo twn energ¸n
sthl¸n eÐnai ekeÐnh h opoÐa eÐnai kat� to mègisto susqetismènh me to upìloipo rk−1, dhlad 
sqhmatÐzei th mikrìterh gwnÐa me autì. Met� thn prosj kh thc nèac st lhc, enhmer¸netai
to upìloipo kai an h l2 nìrma tou brejeÐ k�tw apì mia prokajorismènh tim  h diadikasÐa
termatÐzetai. H parap�nw diadikasÐa, sta plaÐsia thc epexergasÐac s matoc onom�zetai
Orthogonal Matching Pursuit (OMP), all� eÐnai epÐshc gnwst  kai me diaforetik� onìmata
se �lla pedÐa.

Algìrijmoc 2

Par�metroi Eisìdou: PÐnakac A, di�nusma b, tim  sf�lmatoc ε0.
Arqikèc timèc: Arqik� gia k = 0 jèse

• Arqik  lÔsh: x0 = 0.

• Arqikì upìloipo: r0 = b−Ax0 = b.

• Forèac thc arqik c lÔshc: S0 = supp{x0} = ∅.

Epan�lhyh: Upolìgise to b ma k kai aÔxhse kat� 1:

• S�rwse: Upolìgise ta sf�lmata ε(j) = minzj ‖ajzj − rk−1‖22 gia
k�je j jewr¸ntac wc bèltisth lÔsh to z∗j = aTj r

k−1/‖aj‖22.

• Enhmèrwse to forèa: Brec thn tim  j0 pou elaqistopoieÐ to ε(j) :
∀ j�∈Sk−1, ε(j0) ≤ ε(j) kai enhmèrwse to forèa Sk−1 = Sk−1 ∪ {j0}.

• Enhmèrwse th proswrin  lÔsh: Upolìgise to xk, pou e-
laqistopoieÐ to ‖Ax−b‖22 (Mèjodoc ElaqÐstwn Tetrag¸nwn) wc proc
to forèa supp{x} = Sk.

• Enhmèrwse to upìloipo: Upolìgise rk = b−Axk.

• Termatismìc diadikasÐac: An ‖rk‖2 < ε0 stam�ta, diaforetik�
epanèlabe th diadikasÐa.

'Exodoc: To di�nusma xk met� apì k epanal yeic.

PÐnakac 3.2: (OMP) - ènac { �plhstoc } algìrijmoc gia thn prosèggish thc lÔshc tou
probl matoc (P0).
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An h prosèggish thc lÔshc èqei k0 mh mhdenik� stoiqeÐa h poluplokìthta thc mejìdou
eÐnai O(k0mn) flops, shmantik� mikrìterh apì thn arqik  mac ektÐmhsh twn O(mk0nk20)
flops. Parìla aut�, up�rqoun peript¸seic ìpou o algìrijmoc mporeÐ na apotÔqei. Genik�,
me th strathgik  aut  prosèggishc an� b ma, to sf�lma prosèggishc mporeÐ na meiwjeÐ
osod pote epijumoÔme. Gia to lìgo autì o algìrijmoc (OGA) an kei sthn oikogèneia
ekeÐnwn oi opoÐoi onom�sthkan { �plhstoi }, Greedy Algorithms (GA). Tèloc up�rqoun
kai arketèc parallagèc tou algìrijmou, ìpwc o Matching Pursuit (MP), Pure GA (PGA),
Relaxed GA (RGA) kai Weak GA (WGA).

Je¸rhma 3.1 Gia to sÔsthma grammik¸n exis¸sewn Ax = b (A di�stashc n×m t�xhc
n, me n < m), an h lÔsh x up�rqei kai ikanopoieÐ th sqèsh

d0(x,0) <
1

2

(
1 + 1/µ(A)

)
,

o algìrijmoc (OGA) me arqik  tim  paramètrou ε0 = 0 thn upologÐzei akrib¸c.

Apìdeixh. Ac upojèsoume, qwrÐc bl�bh thc genikìthtac, ìti h araiìterh lÔsh tou sust -
matoc eÐnai tètoia ¸ste ìlec oi k0 mh mhdenikèc eÐsodoi brÐskontai sthn arq  tou dianÔsmatoc
kat� fjÐnousa seir� twn tim¸n |xj|‖aj‖2. 'Etsi,

b = Ax = x1a1 + x2a2 + ...+ xk0ak0 =

k0∑

t=1

xtat. (3.4)

Sto pr¸to b ma (k = 0) tou algìrijmou, rk = r0 = b kai to sÔnolo twn sfalm�twn tou
b matoc thc s�rwshc dÐnontai apì th sqèsh:

ε(j) = min
zj
‖ajzj − b‖22 =

∥∥∥aj
aTj b

‖aj‖22
− b

∥∥∥
2

2
= ‖b‖22 −

( aTj b

‖aj‖2

)2
≥ 0   isodÔnama,

∣∣∣
aTj b

‖aj‖2‖b‖2

∣∣∣ = |cosθ| ≤ 1, ìpou θ h gwnÐa twn aj,b.

H posìthta ε(j) elaqistopoieÐtai ìtan to cosθ → 1, k�ti to opoÐo sumbaÐnei ìtan h gwnÐa
pou sqhmatÐzoun ta aj, b eÐnai h mikrìterh dunat . Autì praktik� shmaÐnei ìti gia thn
epilog  tou deÐkth elaqistopoÐhshc j0, o algìrijmoc ja epilèxei st lh tou pÐnaka A h
opoÐa suneisfèrei ston sqhmatismì tou b (wc grammikìc sunduasmìc twn aj, 1 ≤ j ≤ k0
(3.4) ), dhlad  mèsa apì to forèa tou araioÔ dianÔsmatoc x kai ìqi apì st lh ektìc forèa.
SumbolÐzontac me θ1 th gwnÐa twn aj,b gia 1 ≤ j ≤ k0 kai θ2 th gwnÐa twn ai,b gia i > k0
prèpei θ1 < θ2 ⇔ |cosθ1| > |cosθ2| gia k�je 1 ≤ j ≤ k0, k0 < i ≤ m, dhlad 

∣∣∣
aTj b

‖aj‖2

∣∣∣ >
∣∣∣ aTi b

‖ai‖2

∣∣∣, gia k�je 1 ≤ j ≤ k0, k0 < i ≤ m.

Epomènwc ja èqoume ∣∣∣ aT1 b

‖a1‖2

∣∣∣ >
∣∣∣ aTi b

‖ai‖2

∣∣∣, i > k0. (3.5)
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An antikatast soume thn (3.4) sthn parap�nw sqèsh antÐ gia b, ja èqoume

∣∣∣
k0∑

t=1

xt
aT1 at
‖a1‖2

∣∣∣ >
∣∣∣
k0∑

t=1

xt
aTi at
‖ai‖2

∣∣∣, i > k0. (3.6)

Gia to aristerì mèloc thc (3.6) èqoume

∣∣∣
k0∑

t=1

xt
aT1 at
‖a1‖2

∣∣∣ ≥ |x1|‖a1‖2 −
k0∑

t=2

|xt| ·
|aT1 at|
‖a1‖2

≥ |x1|‖a1‖2 −
k0∑

t=2

|xt| · ‖at‖2 · µ(A) (3.7)

≥ |x1|‖a1‖2
(

1− µ(A)(k0 − 1)
)
,

ìpou k�name qr sh tou orismoÔ thc amoibaÐac susqètishc kai th fjÐnousa seir� twn ìrwn
|xj|‖aj‖2. Gia to dexÐ mèloc thc (3.6) èqoume

∣∣∣
k0∑

t=1

xt
aTi at
‖ai‖2

∣∣∣ ≤
k0∑

t=1

|xt| ·
|aTi at|
‖ai‖2

≤
k0∑

t=1

|xt| · ‖at‖2 · µ(A) (3.8)

≤ |x1| · ‖a1‖2 · µ(A)k0.

Axiopoi¸ntac ta dÔo parap�nw fr�gmata èqoume

∣∣∣
k0∑

t=1

xt
aT1 at
‖a1‖2

∣∣∣ ≥ |x1|‖a1‖2
(

1− µ(A)(k0 − 1)
)

(3.9)

> |x1| · ‖a1‖2 · µ(A)k0 ≥
∣∣∣
k0∑

t=1

xt
aTi at
‖ai‖2

∣∣∣,

epomènwc arkeÐ

1 + µ(A) > 2µ(A)k0 ⇔ k0 <
1

2

(
1 + 1/µ(A)

)
, (3.10)

to opoÐo isqÔei apì upìjesh, efìson d(x,0) = k0. H teleutaÐa sunj kh eggu�tai thn
epituqÐa tou pr¸tou b matoc tou algìrijmou. Sto epìmeno b ma, enhmer¸nei th lÔsh x kai
to upìloipo r1. To upìloipo autì eÐnai

r1 = b− akz
∗
k =

k0∑

t=1

x̃tat, (3.11)
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ìpou 1 ≤ k ≤ k0 kai z∗k tètoio ¸ste to r1 na eÐnai orjog¸nio me to ak sÔmfwna me th mèjodo
elaqÐstwn tetrag¸nwn. Epanalamb�nontac th diadikasÐa mporoÔme na upojèsoume qwrÐc
bl�bh thc genikìthtac ìti oi eÐsodoi tou x̃ èqoun anadiataqjeÐ kat� fjÐnousa seir� twn tim¸n
|x̃j| · ‖aj‖2 me apl  enallag  twn sthl¸n tou pÐnaka A. Katal goume sto sumpèrasma ìti h
sqèsh (3.10) exasfalÐzei kai p�li thn eÔresh enìc deÐkth mèsa apì ton pragmatikì forèa thc
lÔshc. H diadikasÐa aut  epanalamb�netai k0 forèc, epomènwc o algìrijmoc dialègei p�nta
timèc apì to swstì sÔnolo deikt¸n, en¸ den mporeÐ na dialèxei ton Ðdio deÐkth prohgoÔmenou
b matoc. Met� apì k0 epanal yeic to upìloipo mhdenÐzetai kai termatÐzei exasfalÐzontac
ètsi th sÔgklish sth swst  lÔsh x.

�

Sth sunèqeia, epistrèfoume ston algìrijmo (BP), o opoÐoc qrhsimopoieÐtai gia thn
epÐlush tou probl matoc (P1).

Je¸rhma 3.2 Gia to sÔsthma grammik¸n exis¸sewn Ax = b (A di�stashc n×m, n <
m t�xhc n), e�n up�rqei lÔsh h opoÐa ikanopoieÐ th sqèsh

d0(x,0) <
1

2

(
1 + 1/µ(A)

)
,

tìte h lÔsh aut  apoteleÐ sugqrìnwc th monadik  lÔsh tou (P1) kai tou (P0).

Apìdeixh. OrÐzoume to sÔnolo twn lÔsewn:

C = {y | y 6= x, ‖Wy‖1 ≤ ‖Wx‖1, d0(y,0) > d0(x,0), kai A(y − x) = 0}, (3.12)

ìpou W ènac pÐnakac b�rouc diag¸nioc kai jetik� orismènoc, sunep¸c antistrèyimoc. To
parap�nw sÔnolo perièqei ìlec tic lÔseic, oi opoÐec eÐnai diaforetikèc tou x, èqoun megalÔtero
forèa (arijmì mh mhdenik¸n suntetagmènwn), ikanopoioÔn to grammikì sÔsthma exis¸sewn
Ay = b kai eÐnai exÐsou kalèc wc proc thn l1 nìrma me b�roc W. An upojèsoume ìti to
sÔnolo autì eÐnai mh kenì, o algìrijmoc (BP) ja termatÐsei se k�poia lÔsh diaforetik 
apì to x.

Lìgw tou Jewr matoc (2.2) kai ìti d0(x,0) < 1
2

(
1 + 1/µ(A)

)
, h lÔsh x eÐnai up-

oqrewtik� pio arai  apì th lÔsh y. OrÐzontac to e = y − x, mporoÔme na gr�youme to
sÔnolo C isodÔnama wc ex c:

Cs = {e | e 6= 0, ‖W(e + x)‖1 − ‖Wx‖1 ≤ 0, Ae = 0}. (3.13)

H idèa thc apìdeixhc aut c eÐnai na epekteÐnoume to parap�nw sÔnolo, all� parìla aut� ja
deÐxoume ìti paramènei kenì. Autì epomènwc apodeiknÔei ìti o algìrijmoc (BP) sugklÐnei
sth swst  lÔsh x.

Xekin¸ntac me thn apaÐthsh ‖W(e + x)‖1 − ‖Wx‖1 ≤ 0, jewroÔme qwrÐc bl�bh thc
genikìthtac, ìti oi k0 mh mhdenikèc suntetagmènec brÐskontai sthn arq  tou dianÔsmatoc.
Autì mporeÐ na gÐnei ektel¸ntac mia apl  met�jesh twn sthl¸n tou pÐnaka A. Sunep¸c, h
anÐswsh gr�fetai

‖W(e + x)‖1 − ‖Wx‖1 =

k0∑

j=1

w(j) · (|ej + xj| − |xj|) +
m∑

j=k0+1

w(j) · |ej| ≤ 0. (3.14)
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Qrhsimopoi¸ntac thn anisìthta |ej + xj| − |xj| ≥ −|ej| kai ìti w(i) > 0, i = 1, ...,m h
(3.14) gr�fetai

−
k0∑

j=1

w(j)·|ej|+
m∑

j=k0+1

w(j)·|ej| ≤
k0∑

j=1

w(j)·(|ej+xj|−|xj|)+
m∑

j=k0+1

w(j)·|ej| ≤ 0. (3.15)

H parap�nw, me prosjafaÐresh tou ìrou
∑k0

j=1w(j) · |ej| ton opoÐo sumbolÐzoume me 1̃Tk0 ·
|We| kai ennooÔme to �jroisma twn pr¸twn k0 suntetagmènwn tou dianÔsmatoc |We|, eÐnai
isodÔnamh me

‖We‖1 − 2 · 1̃Tk0 · |We| ≤ 0, (3.16)

ìpou 1̃ to di�nusma di�stashc m × 1 me suntetagmènec th mon�da. Lìgw thc (3.15) epek-
teÐname to sÔnolo Cs, opìte

Cs ⊆ {e | e 6= 0, ‖We‖1 − 2 · 1̃Tk0 · |We| ≤ 0, Ae = 0} = C1
s . (3.17)

Sth sunèqeia h apaÐthsh Ae = 0 ja antikatastajeÐ me mia asjenèsterh, ìpou kai ja
epekteÐnei to sÔnolì mac perissìtero. Pollaplasi�zontac me AT èqoume ATAe = 0, h
opoÐa ìmwc den epekteÐnei to sÔnolo C1

s . Gia to lìgo autì jewroÔme

W−1ATAW−1We = 0. (3.18)

O pollaplasiasmìc apì arister� me ton antÐstrofo tou W den ephre�zei th sqèsh, en¸
o pÐnakac W−1ATAW−1 eÐnai epijumhtìc, diìti k�je stoiqeÐo tou teleutaÐou apoteleÐ to
kanonikopoihmèno eswterikì ginìmeno twn sthl¸n tou pÐnaka A to opoÐo qrhsimopoieÐtai gia
ton orismì thc amoibaÐac susqètishc µ(A). EpÐshc, h kÔria diag¸nioc tou perièqei mon�dec.
Epomènwc, h (3.18) xanagr�fetai wc ex c:

−We = (W−1ATAW−1 − I)We. (3.19)

PaÐrnoume sth sunèqeia thn apìluth tim  twn stoiqeÐwn twn dianusm�twn sthn parap�nw
sqèsh, opìte èqoume:

|We| = |(W−1ATAW−1We− I)We| ≤ |W−1ATAW−1 − I| · |We| ≤ µ(A)(1− I)|We|.
(3.20)

O pÐnakac 1 eÐnai di�stashc m ×m, t�xhc 1 kai èqei wc k�je stoiqeÐo eisìdou th mon�da.
H sqèsh (3.20) eÐnai isodÔnamh me

|We| ≤ µ(A)

1 + µ(A)
1 · |We|

Epomènwc, to sÔnolo gr�fetai

C1
s ⊆

{
e | e 6= 0, ‖We‖1−2 · 1̃Tk0 · |We| ≤ 0, kai |We| ≤ µ(A)

1 + µ(A)
1 · |We|

}
= C2

s . (3.21)
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An jèsoume f = We, h (3.21) gr�fetai

Cf =
{
f | f 6= 0, ‖f‖1 − 2 · 1̃Tk0 · |f | ≤ 0, kai |f | ≤ µ(A)

1 + µ(A)
1 · |f |

}
. (3.22)

To sÔnolo Cf eÐnai mh fragmèno, kajìti an f ∈ Cf , tìte αf ∈ Cf gia k�je α 6= 0. Gia
na melet soume th sumperifor� tou sunìlou, mporoÔme na periorÐsoume thn anaz thsh se
monadiaÐo di�nusma, dhlad  na jewr soume ‖f‖1 = 1. Epomènwc, to nèo sÔnolo Cf1 gr�fetai

Cf1 =
{
f | ‖f‖1 = 1, 1− 2 · 1̃Tk0 · |f | ≤ 0, kai |f | ≤ µ(A)

1 + µ(A)
1̃
}
. (3.23)

Sthn teleutaÐa anÐswsh qrhsimopoi same ìti 1 · |f | = 1̃ · 1̃T |f | = 1̃ · ‖f‖1 = 1̃.
Gia na ikanopoieÐ to di�nusma f thn apaÐthsh 1 − 2 · 1̃Tk0 · |f | ≤ 0, ja prèpei na esti�-

soume stic pr¸tec k0 suntetagmènec tou dianÔsmatoc. H apaÐthsh ‖f‖1 = 1 kai |fj| ≤
µ(A)/

(
1 + µ(A)

)
< 1 tou sunìlou Cf1 (3.23), epib�llei tic k0 suntetagmènec na eÐnai

akrib¸c |fj| = µ(A)/
(
1 + µ(A)

)
, dhlad  th megalÔterh dunat  tim . Opìte epistrèfontac

sthn prohgoÔmenh sunj kh èqoume

1− 2 · 1̃Tk0 · |f | = 1− 2k0
µ(A)

1 + µ(A)
≤ 0   k0 ≥

1

2

(
1 + 1/µ(A)

)
. (3.24)

Autì ìmwc shmaÐnei pwc e�n to k0 <
(
1 + 1/µ(A)

)
/2, to sÔnolo Cf1 ja eÐnai upoqrewtik�

kenì, �ra o algìrijmoc (BP) odhgeÐ sthn epijumht  lÔsh.

�

3.2 To prìblhma beltistopoÐhshc qwrÐc perioris-

moÔc

O akrib c periorismìc Ax = b pollèc forèc antikajÐstatai apì ènan asjenèstero, o opoÐoc
metriètai me thn tetragwnik  sun�rthsh kìstouc Q(x) = ‖b−Ax‖22. H qal�rwsh aut  mac
epitrèpei na orÐsoume mia proseggistik  lÔsh se perÐptwsh pou h akrib c den up�rqei, na
qrhsimopoi soume idèec apì th jewrÐa beltistopoÐhshc kai na sugkrÐnoume thn poiìthta miac
upoy fiac lÔshc.

OrÐzoume loipìn to prìblhma (P0) me sf�lma δ > 0 wc

(P δ
0 ) : min

x
d0(x,0) wc proc ‖b−Ax‖2 ≤ δ. (3.25)

Efìson to (P0) den eÐnai dunatìn na lujeÐ sth genik  perÐptwsh, to Ðdio isqÔei kai gia to
(P δ

0 ). 'Opwc kai sthn arqik  diatÔpwsh tou probl matoc, an antikatast soume th sun�rthsh
f0 ≡ d0, me thn l1 nìrma, to prìblhma gr�fetai

(P δ
1 ) : min

x
‖Wx‖1 wc proc ‖b−Ax‖2 ≤ δ, (3.26)
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gnwstì wc (BPDN), ìpou W eÐnai ènac diag¸nioc jetik� orismènoc pÐnakac b�rouc. To
teleutaÐo lÔnetai wc prìblhma grammikoÔ programmatismoÔ me tetragwnikoÔc kai grammikoÔc
periorismoÔc anisot twn, all� kai me �llec teqnikèc oi opoÐec èqoun anaptuqjeÐ mèsa apì
th jewrÐa beltistopoÐhshc.

Mia isodÔnamh morf  tou probl matoc eÐnai h Lagrangian h opoÐa orÐzetai gia èna
kat�llhlo pollaplasiast  Lagrange λ > 0. Sthn perÐptwsh aut  h lÔsh tou (3.26) eÐ-
nai akrib¸c Ðdia me th lÔsh tou probl matoc qwrÐc periorismoÔc

(Qλ
1) : min

x
λ‖Wx‖1 +

1

2
‖b−Ax‖22, (3.27)

ìpou λ, eÐnai sun�rthsh twn A,b, δ.
To parap�nw prìblhma eÐnai gnwstì kai wc l1-kanonikopoÐhsh elaqÐstwn tetrag¸nwn

(L1LS). ProkÔptei epÐshc apì to prìblhma tou Tikhonov (L2LS), dhlad 

(T) : min
x
λ‖x‖2 + ‖Ax− b‖2,

me antikat�stash thc l2 nìrmac tou dianÔsmatoc x me thn l1 nìrma. H analutik  lÔsh tou
probl matoc (T) eÐnai

xl2 = (ATA + λI)−1ATb.

Ta dÔo probl mata faÐnetai na eÐnai Ðdia, ìmwc parousi�zoun omoiìthtec exÐsou kai
diaforèc. Kat� pr¸ton, to prìblhma tou Tikhonov dÐnei lÔsh h opoÐa eÐnai grammik 
sun�rthsh twn parathr sewn b, k�ti to opoÐo den sumbaÐnei gia to (Qλ

1). H deÔterh di-
afor� eÐnai ta dÔo probl mata parousi�zoun diaforetik  sumperifor� stic oriakèc timèc
tou λ. Sto prìblhma tou Tikhonov, kaj¸c to λ → 0, h lÔsh xl2 sugklÐnei sth lÔsh
Moore-Penrose A†b. To oriakì shmeÐo èqei thn el�qisth l2 nìrma sta shmeÐa pou ikanopoioÔn
AT (Ax− b) = 0, ¸ste A†b = arg min ‖x‖2 wc proc AT (Ax− b) = 0. Sto prìblhma (Qλ

1)
h el�qisth l1 nìrma parousi�zetai sta shmeÐa pou ikanopoioÔn AT (Ax− b) = 0, all�
fusik� den apoteleÐ th lÔsh Moore-Penrose. Tèloc, kaj¸c to λ → ∞ h lÔsh xl2 tou
probl matoc Tikhonov teÐnei na mhdenisteÐ, en¸ sto (Qλ

1) h lÔsh sugklÐnei sth mhdenik  gia

λ ≥ λmax = ‖2ATb‖∞, (3.28)

dhlad  gia k�poia peperasmènh tim  kai p�nw.
AxioshmeÐwto eÐnai ìti up�rqei meg�lo pl joc mejìdwn, mèsw twn opoÐwn mporeÐ na lujeÐ

to prìblhma (Qλ
1) (3.27), ed¸ parousi�zoume tic ex c:

3.2.1 Mèjodoc eswterikoÔ shmeÐou tou NeÔtwna me apokop 
ìrwn (TNIPM)

Jewr¸ntac to metasqhmatismì thc (3.2) to prìblhma (Qλ
1) ekfr�zetai wc

min
x
L(x, λ), ìpou L(x, λ) = λ‖x‖1 + ‖Ax− b‖2. (3.29)
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Lìgw ìti h sun�rthsh kìstouc sto prìblhma l1-kanonikopoÐhshc elaqÐstwn tetrag¸n-
wn (3.29) eÐnai kurt  all� ìqi diaforÐsimh, basizìmenoi ston upodiaforikì logismì qrhsi-
mopoioÔme tic bèltistec sunj kec pr¸thc t�xhc:

(
2AT (Ax− b)

)
i
∈





{+λi}, xi > 0,

{−λi}, xi < 0, i = 1, ...,m.

[−λi,+λi], xi = 0,

Sth sunèqeia mporoÔme na k�noume qr sh tou tÔpou (3.28) gia to λmax. H sunj kh ¸ste to 0
na apoteleÐ bèltisth lÔsh, gÐnetai (2ATb)i ∈ [−λ, λ] gia i = 1, ...,m, dhlad  ‖2ATb‖∞ ≤ λ.

JewroÔme t¸ra, to duðkì Lagrange tou probl matoc (3.29), orÐzontac th nèa metablht 
z ∈ Rn kai ton periorismì z = Ax− b

minimize zTz + λi‖x‖1
wc proc z = Ax− b. (3.30)

OrÐzontac tic metablhtèc tou duðkoÔ vi ∈ R, i = 1, ..., n me touc periorismoÔc zi = (Ax− b)i
h sun�rthsh Lagrange orÐzetai

L(x, z,v) = zTz + λ‖x‖1 + vT (Ax− b− z).

H duðk  sun�rthsh tou parap�nw probl matoc eÐnai

inf
x,z
L(x, z,v) =

{
−(1/4)vTv − vTb, |(ATv)i| ≤ λi, i = 1, ..., n

−∞, alli¸c.

Jètontac th sun�rthsh

G(v) = −1

4
vTv − vTb,

to duðkì tou Lagrange tou (3.30) eÐnai

maximize G(v)

wc proc |(ATv)i| ≤ λi, i = 1, ..., n. (3.31)

To duðkì prìblhma (3.31) eÐnai èna kurtì prìblhma beltistopoÐhshc me metablht  to v ∈ Rn.
Lème ìti to v ∈ Rn eÐnai efiktì duðkì e�n ikanopoieÐ touc periorismoÔc tou (3.31), dhlad 
|(ATv)i| ≤ λi, i = 1, ..., n.

'Ena efiktì duðkì shmeÐo v dÐnei èna mikrìtero fr�gma sth bèltisth tim  p∗ tou ar-
qikoÔ probl matoc (3.29), dhlad  G(v) ≤ p∗, to opoÐo lègetai asjenèc duðkì. Epiplèon
oi bèltistec timèc tou arqikoÔ kai tou duðkoÔ probl matoc eÐnai Ðsec efìson to arqikì
prìblhma (3.29) ikanopoieÐ thn sunj kh tou Slater h opoÐa onom�zetai isqur  duðkìthta.
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Mia shmantik  idiìthta gia to prìblhma l1-kanonikopoÐhshc elaqÐstwn tetrag¸nwn eÐ-
nai ìti apì èna opoiod pote x mporoÔme na p�roume èna eÔkola upologÐsimo fr�gma gia
upobèltista x, kataskeu�zontac èna efiktì duðkì shmeÐo

v = 2s(Ax− b)

s = min{λ/|2
(
(ATAx)i − bi

)
|, i = 1, ..., n}. (3.32)

To shmeÐo v eÐnai efiktì duðkì, epomènwc isqÔei G(v) ≤ p∗. H diafor� metaxÔ thc
upobèltisthc tim c thc sun�rthshc kìstouc gia to arqikì x kai tou k�tw fr�gmatoc G(v)
lègetai diafor� duðkìthtac, to opoÐo sumbolÐzoume me η, dhlad 

η = ‖Ax− b‖2 + λ‖x‖1 −G(v). (3.33)

H diafor� duðkìthtac eÐnai p�nta mh arnhtik  wc proc thn asjen  duðkìthta kai to x den
eÐnai par� η-upobèltisth lÔsh. Se mia bèltisth lÔsh h diafor� duðkìthtac eÐnai mhdèn,
dhlad  isqÔei h isqur  duðkìthta.

To prìblhma l1-kanonikopoÐhshc elaqÐstwn tetrag¸nwn mporeÐ na metasqhmatisteÐ se
èna kurtì tetragwnikì prìblhma me grammikoÔc periorismoÔc

minimize ‖Ax− b‖2 + λ
m∑

i=1

ui

wc proc − ui ≤ xi ≤ ui, i = 1, ...,m, (3.34)

me x,u ∈ Rm. Parak�tw ja perigr�youme mia mèjodo eswterikoÔ shmeÐou gia thn epÐlush
tou isodÔnamou tetragwnikoÔ probl matoc.

Arqik� orÐzoume th logarijmik  sun�rthsh fr�gmatoc Φ : Rm × Rm → R gia touc
anisotikoÔc periorismoÔc −ui ≤ xi ≤ ui thc (3.34)

Φ(x,u) = −
m∑

i=1

log(ui + xi)−
m∑

i=1

log(ui − xi)

pou orÐzetai sto sÔnolo domΦ = {(x,u) ∈ Rm × Rm : |xi| < ui, ı = 1, ...,m}. H kentrik 
kateÔjunsh proc anaz thsh lÔshc apoteleÐtai apì to monadikì shmeÐo

(
x∗(t),u∗(t)

)
pou

elaqistopoieÐ thn kurt  sun�rthsh

φt(x,u) = t‖Ax− b‖22 + t
m∑

i=1

λui + Φ(x,u)

kaj¸c h par�metroc t metab�lletai apì 0 èwc +∞. Se k�je shmeÐo
(
x∗(t),u∗(t)

)
antistoiqÐ-

zoume to v∗(t) = 2
(
Ax∗(t)−b

)
, to opoÐo eÐnai efiktì duðkì. Sugkekrimèna to

(
x∗(t),u∗(t)

)
,

den eÐnai par� 2m/t-upobèltisto, opìte h kentrik  kateÔjunsh grammik c anaz thshc odhgeÐ
sth bèltisth lÔsh.
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H mèjodoc tou NeÔtwna eÐnai ekeÐnh thn opoÐa ja qrhsimopoi soume gia thn elaqistopoÐhsh
thc φt. H kentrik  kateÔjunsh gia thn anaz thsh thc lÔshc upologÐzetai wc h akrib c lÔsh
tou sust matoc tou NeÔtwna

H

[
∆x
∆y

]
= −g (3.35)

ìpou H = ∇2φt(x,u) ∈ R2m×2m eÐnai o pÐnakac Hessian kai g = ∇φt(x,u) ∈ R2m h
par�gwgoc kat� thn kateÔjunsh tou (x,u).

Gia meg�la probl mata, h akrib c lÔsh tou sust matoc (3.35) den eÐnai praktik� efikt .
Gia to lìgo autì ja anazht soume mia kateÔjunsh h opoÐa na dÐnei gr gorh sÔgklish proc
th lÔsh, qwrÐc meg�lo upologistikì kìstoc. Sthn parak�tw mèjodo h kateÔjunsh aut 
upologÐzetai qrhsimopoi¸ntac th mèjodo suzug¸n klÐsewn (PCG), gia thn prosèggish thc
lÔshc tou sust matoc tou NeÔtwna. Epeid  gia thn epÐlush tou sust matoc qrhsimopoieÐtai
epanalhptik  mèjodoc, h diadikasÐa onom�zetai mèjodoc tou NeÔtwna me apokop  ìrwn.

Sthn arqik  mèjodo fr�gmatoc, h par�metroc t stajeropoieÐtai mèqri to φt na elaqistopoi-
hjeÐ, dhlad  to ‖∇φt‖2 na gÐnei sqetik� mikrì. Gia gr gorh sÔgklish, mporoÔme na enhmer¸-
noume thn par�metro t se k�je epan�lhyh basizìmenoi sthn tim  thc diafor�c duðkìthtac,
h opoÐa upologÐzetai apì to efiktì duðkì shmeÐo. H diadikasÐa sunoyÐzetai ston parak�tw
algìrijmo.
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Algìrijmoc 3

Par�metroi Eisìdou: PÐnakac A, di�nusma b, tim  sf�lmatoc ε0.
Arqikèc timèc: Arqik� gia k = 0 jèse

• t = 1/λ.

• x = 0 ∈ Rm.

• u = 1 ∈ Rm.

Epan�lhyh: Upolìgise to b ma k kai aÔxhse kat� 1:

• Upolìgise thn kateÔjunsh thc lÔshc (∆x,∆u) wc prosèggish thc
lÔshc tou sust matoc (3.35).

• Upolìgise to mègejoc tou b matoc s ektel¸ntac grammik  anaz thsh
me upanaq¸rhsh.

• Enhmèrwse to shmeÐo me (x,u) = (x,u) + s(∆x,∆u).

• KataskeÔase èna efiktì duðkì v apì (3.32).

• Upolìgise th diafor� duðkìthtac η apì (3.33).

• Termatismìc e�n η/G(v) ≤ ε0.

• Enhmèrwse to t.

PÐnakac 3.3: Mèjodoc tou NeÔtwna gia th lÔsh tou probl matoc l1-kanonikopoÐhshc elaqÐst-
wn tetrag¸nwn (L1LS).

Epeid  h sqetik  upobèltisth tim  fr�ssetai apì to lìgo η/G(v) wc proc thn asjen 
duðkìthta, qrhsimopoioÔme to teleutaÐo phlÐko gia ton termatismì thc diadikasÐac. Dhlad 
isqÔei ìti,

f(x)− p∗
p∗

≤ η

G(v)
,

ìpou p∗ h bèltisth tim  tou probl matoc l1-kanonikopoÐhshc elaqÐstwn tetrag¸nwn (3.29)
kai f(x) h arqik  tim  thc sun�rthshc kìstouc sto prohgoÔmeno shmeÐo x. Epomènwc o
algìrijmoc epilÔei to prìblhma me sqetikì sf�lma ε0.

Dosmènhc kateÔjunshc (∆x,∆u), to nèo shmeÐo eÐnai to (x,u) + s(∆x,∆u), ìpou to
b ma s ∈ R+ prèpei na upologisteÐ. Sth grammik  anaz thsh me upanaq¸rhsh, to b ma
jewreÐtai s = βk, ìpou k ≥ 0 o mikrìteroc akèraioc o opoÐoc ikanopoieÐ

φt(x + βk∆x,u + βk∆u) ≤ φt(x,u) + αβk∇φt(x,u)T [∆x ∆u],

ìpou α ∈ (0, 1/2) kai β ∈ (0, 1) eÐnai algorijmikèc metablhtèc. (Tupikèc timèc eÐnai α = 0.01
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kai β = 0.5.) Gia thn enhmèrwsh tou t qrhsimopoioÔme

t =

{
max{µmin{2m/η, t}, t}, s ≥ smin

t, s < smin

ìpou oi par�metroi µ > 1 kai smin ∈ (0, 1] epilègontai kat�llhla. Oi timèc autèc diafèroun
genik�, ìmwc me thn tupik  epilog  µ = 2 kai smin = 0.5, eÐnai apotelesmatikèc gia èna
meg�lo eÔroc problhm�twn. O parap�nw tÔpoc qrhsimopoieÐ to b ma m kouc s wc mètro
gia thn prosèggish thc kateÔjunshc lÔshc. Sugkekrimèna 2m/t, eÐnai h tim  tou t gia thn
opoÐa to antÐstoiqo kentrikì shmeÐo èqei thn Ðdia diafor� duðkìthtac me to shmeÐo. Aut  h
enhmèrwsh eÐnai arket� axiìpisth kai leitourgeÐ swst� ìtan sundu�zetai me ton algìrijmo
suzug¸n klÐsewn (PCG) ton opoÐo ja prosarmìsoume sto prìblhma.

MporoÔme na upologÐsoume ton pÐnaka Hessian all� kai to di�nusma thc parag¸gou
kat� kateÔjunsh wc ex c:

H = t∇2‖Ax− b‖22 +∇2Φ(x,u) =

[
2tATA + D1 D2

D2 D1

]
,

ìpou

D1 = diag
(2(u21 + x21)

(u21 − x21)2
, ...,

2(u2m + x2m)

(u2m − x2m)2

)
∈ Rm

D2 = diag
( −4u1x1

(u21 − x21)2
, ...,

−4umxm

(u2m − x2m)2

)
∈ Rm.

O sumbolismìc diag(A1, ...,Ap) qrhsimopoieÐtai gia to diag¸nio pÐnaka me diag¸nia mplìk
touc A1, ...,Ap. O pÐnakac Hessian eÐnai summetrikìc kai jetik� orismènoc. H par�gwgoc
kat� kateÔjunsh gr�fetai

g =

[
g1

g2

]
∈ R2m,

ìpou

g1 = ∇xφt(x,u) = 2tAT (Ax− b) +




2x1/(u
2
1 − x21)
...

2xm/(u
2
m − x2m)


 ∈ Rm,

g2 = ∇uφt(x,u) = tλ · 1−




2u1/(u
2
1 − x21)
...

2um/(u
2
m − x2m)


 ∈ Rm.

UpologÐzoume thn zhtoÔmenh kateÔjunsh kat� prosèggish, efarmìzontac ton algìrijmo
suzug¸n klÐsewn (PCG) sto sÔsthma tou NeÔtwna (3.35). O algìrijmoc autìc, qrhsi-
mopoieÐ ènan prorujmist  P ∈ R2m×2m, o opoÐoc eÐnai summetrikìc kai jetik� orismènoc. O
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prorujmist c proseggÐzei ton Hessian tou t‖Ax− b‖22 me tic diag¸niec eisìdouc tou, en¸
diathreÐ ton Hessian thc sun�rthshc logarijmikoÔ fr�gmatoc Φ(x,u)

P =

[
2tdiag(ATA) 0

0 0

]
+

[
D1 D2

D2 D1

]
. (3.36)

Ed¸, me diag(S) sumbolÐzoume ton diag¸nio pÐnaka o opoÐoc prokÔptei apì ton S me
stoiqeÐa ektìc diagwnÐou mhdèn.

To kìstoc upologismoÔ twn diag¸niwn stoiqeÐwn tou ATA aposbènetai, kaj¸c gia
dedomèno pÐnaka kai diaforetikèc parathr seic upologÐzetai mìno mia for�, arqik� prin tic
epanal yeic. 'Otan to upologistikì kìstoc paramènei meg�lo mporoÔme na proseggÐsoume
to diag¸nio pÐnaka diag(ATA) me kat�llhla kanonikopoihmèno orjomonadiaÐo pÐnaka, ¸ste
na prokÔyei o prorujmist c

P =

[
2tτI 0

0 0

]
+

[
D1 D2

D2 D1

]
(3.37)

ìpou τ mia jetik  stajer�. O parap�nw prorujmist c sumperifèretai ikanopoihtik�, eidik�
ìtan ta diag¸nia stoiqeÐa tou ATA parousi�zoun sqetik� mikrèc metabolèc.

O algìrijmoc suzug¸n klÐsewn qrei�zetai mia kal  arqik  kateÔjunsh anaz thshc
lÔshc kai èna kanìna termatismoÔ o opoÐoc na eÐnai apotelesmatikìc. Arqikì shmeÐo mporeÐ
na jewrhjeÐ to 0, h arnhtik  par�gwgoc kat� kateÔjunsh kai h kateÔjunsh pou brèjhke
sto prohgoÔmeno b ma, ìmwc h teleutaÐa sthn pr�xh den eÐnai apodotik . O kanìnac ter-
matismoÔ eÐnai aplìc. H diadikasÐa termatÐzetai ìtan o sunolikìc arijmìc twn epanal yewn
thc (PCG) uperbeÐ èna dosmèno ìrio NPCG   ìtan upologÐsoume èna shmeÐo me sqetikì
sf�lma mikrìtero tou εPCG. JewroÔme to metablhtì sqetikì sf�lma pou dÐnetai apì ton
tÔpo

εPCG = min{0.1, ξη/‖g‖2},
ìpou η h diafor� duðkìthtac sthn ek�stote epan�lhyh kai ξ mia algorijmik  stajer�. H
tim  ξ = 0.01 eÐnai mia apotelesmatik  tim  gia èna meg�lo eÔroc problhm�twn. O parap�nw
tÔpoc mac epitrèpei na lÔsoume to sÔsthma tou NeÔtwna me mikrìterh akrÐbeia stic arqikèc
epanal yeic kai me megalÔterh akrÐbeia kaj¸c h diafor� duðkìthtac mei¸netai.

K�je epan�lhyh tou algìrijmou suzug¸n klÐsewn perilamb�nei k�poia eswterik� ginì-
mena, èna ginìmeno pÐnaka epÐ di�nusma Hp me p = (p1,p2) ∈ R2m kai to b ma epÐlushc me
ton P upologÐzontac P−1r, r = (r1, r2) ∈ R2m. To b ma epÐlushc upologÐzetai

P−1r =

[
(D1D3 −D2

2)
−1(D1r1 −D2r2)

(D1D3 −D2
2)
−1(−D2r1 + D3r2)

]

ìpou D3 = 2tdiag(ATA) + D1 gia ton prorujmist  (3.36) kai D3 = 2tτI + D1 gia ton
prorujmist  (3.37). To upologistikì kìstoc eÐnai O(m) flops.

To megalÔtero upologistikì kìstoc gia to b ma tou algìrijmou suzug¸n klÐsewn èqei
to ginìmeno pÐnaka epÐ di�nusma Hp, p = (p1,p2) ∈ R2m. To ginìmeno upologÐzetai

Hp =

[
2tATw + D1p2

D2p1 + D1p2

]
,
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ìpou w = Ap1. H poluplokìtht� tou exart�tai apì ta dedomèna kai kajorÐzei to kìstoc
gia to b ma thc (PCG). Gia arai� probl mata exart�tai apì to pl joc twn mh mhdenik¸n
stoiqeÐwn tou pÐnaka A, gia par�deigma an o A èqei l mh mhdenik� stoiqeÐa h poluplokìthta
eÐnai O(l) flops. Genik� ìmwc, gia pukn� probl mata to kìstoc autì eÐnai O(mn) flops.

Epeid  h apaitoÔmenh mn mh gia thn epÐlush me th mèjodo tou NeÔtwna me apokop 
ìrwn eÐnai mètria, h mèjodoc endeÐknutai gia thn epÐlush problhm�twn arket� meg�lhc
di�stashc. O sunolikìc qrìnoc epÐlushc kajorÐzetai apì th diadikasÐa tou algìrijmou
suzug¸n klÐsewn, dhlad  to qrìno pou apaiteÐtai gia k�je b ma kai to sunolikì arijmì
twn epanal yewn. O arijmìc twn epanal yewn exart�tai apì thn tim  thc paramètrou λ,
all� kai apì thn tim  tou sf�lmatoc ε0. Sugkekrimèna gia mikrì λ h mèjodoc tou NeÔtwna
eswterikoÔ shmeÐou me apokop  ìrwn apaiteÐ megalÔtero arijmì bhm�twn thc (PCG).

3.2.2 Algìrijmoc elaqÐstwn tetrag¸nwn me epanalhptikì
b�roc (IRLS)

Mia diaforetik  prosèggish gia thn epÐlush tou probl matoc (3.27) eÐnai o algìrijmoc
(IRLS). 'Estw x ∈ Rm. An orÐsoume X = diag(|x|), mporoÔme na upologÐsoume thn l1 nìrma
tou dianÔsmatoc wc ‖x‖1 ≡ xTX−1x. Dhlad  mporoÔme na ekfr�soume thn l1 nìrma, wc l2
nìrma b�rouc X−1, ìpou o teleutaÐoc pÐnakac enhmer¸netai se k�je epan�lhyh. Dosmènhc
prosèggishc thc lÔshc xk−1 o pÐnakac b�rouc orÐzetai wc Xk−1 = diag(|xk−1|) kai to
prìblhma (3.27) gr�fetai isodÔnama

(Ik) : min
x

λxTWX−1k−1x +
1

2
‖b−Ax‖22, (3.38)

to opoÐo apoteleÐ èna tetragwnikì prìblhma beltistopoÐhshc. Sthn k-sth epan�lhyh o
algìrijmoc upologÐzei thn proseggistik  lÔsh xk, kataskeu�zei to diag¸nio pÐnaka Xk

kai sth sunèqeia xekin� mia nèa epan�lhyh. Epeid  se arketèc jèseic twn stoiqeÐwn tou
dianÔsmatoc x prokÔptoun mhdenik�, gia thn antistrof  tou pÐnaka X eÐnai aparaÐthto na
prosjèsoume k�poio ε > 0 ¸ste na parameÐnei sqedìn mh idi�zwn.
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Algìrijmoc 4

Par�metroi Eisìdou: PÐnakac A, di�nusma b, tim  sf�lmatoc ε0.

• Upolìgise W = diag(‖ai‖2), i = 1, 2, ... .

Arqikèc timèc: Arqik� gia k = 0 jèse

• Arqik  prosèggish lÔshc: x0 = 1.

• Arqikìc pÐnakac b�rouc: X0 = Im.

Epan�lhyh: Upolìgise to b ma k kai aÔxhse kat� 1:

• Kanonikopoihmèno prìblhma elaqÐstwn tetrag¸nwn:
LÔse to grammikì sÔsthma

(
2λWX−1k−1 + ATA

)
x = ATb

me lÔsh xk.

• Enhmèrwse to b�roc: Enhmèrwse ton pÐnaka b�rouc X sÔmfwna
me to xk:

Xk(j, j) = |xk(j)|+ ε.

• Termatismìc diadikasÐac: An ‖xk − xk−1‖2 < ε0 stam�ta, di-
aforetik� epanèlabe th diadikasÐa.

'Exodoc: To di�nusma x = xk met� apì k epanal yeic.

PÐnakac 3.4: (IRLS) - ènac algìrijmoc gia thn prosèggish thc lÔshc tou probl matoc (Qλ1).

O parap�nw algìrijmoc eÐnai apodotikìc gia probl mata mikroÔ kai mesaÐou megèjouc,
all� den eÐnai apodotikìc se probl mata meg�lou megèjouc (n,m ≥ O(105)).

3.2.3 Algìrijmoi surrÐknwshc

Arqik� ja perigr�youme th diadikasÐa gia tetragwnikì pÐnaka kai sth sunèqeia ja thn
prosarmìsoume sto prìblhm� mac.

An upojèsoume ìti o A eÐnai tetragwnikìc kai monadiaÐoc pÐnakac, h lÔsh prokÔptei
qwrÐc epan�lhyh se kleist  morf  wc ex c. Arqik� pollaplasi�zoume to di�nusma b me
AT kai paÐrnoume thn arqik  lÔsh x̃ h opoÐa ja èqei k�poiec { meg�lec } timèc eisìdou oi
opoÐec ja xeqwrÐzoun apì tic upìloipec mikrèc timèc. Sth sunèqeia orÐzoume th bajmwt 
sun�rthsh η(x;λ) = sign(x) · (|x| − λ)+, x ∈ R ìpou (·)+ = max(·, 0) kai th dianusmatik 
sun�rthsh

x̂ = shrink(x̃;λ) (3.39)
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h opoÐa efarmìzei th sun�rthsh η se k�je stoiqeÐo tou dianÔsmatoc x̃, dhlad  x̂(j) =
η(x̃(j);λ). Efarmìzontac th dianusmatik  sun�rthsh sthn arqik  lÔsh x̃ jètoume mhdèn tic
timèc eisìdou k�tw apì thn par�metro λ kai surrikn¸noume tic upìloipec proc to mhdèn.
H exÐswsh (3.39) eÐnai gnwst  wc { diadikasÐa surrÐknwshc }, efìson èqei thn t�sh na
periorÐzei to eÔroc twn tim¸n kai na mhdenÐzei tic mikrìterec.

Sth genikìterh perÐptwsh ìpou o pÐnakac A den eÐnai tetragwnikìc mporoÔme na e-
farmìsoume thn parap�nw idèa epanalhptik�. O parak�tw epanalhptikìc algìrijmoc eÐnai
idiaÐtera qr simoc gia meg�lou megèjouc probl mata, ìpou o pÐnakac A den emfanÐzetai wc
ènac apokleistikìc pÐnakac, all� wc telest c o opoÐoc efarmìzetai stigmiaÐa.

Algìrijmoc 5

Par�metroi Eisìdou: PÐnakac A, di�nusma b, tim  sf�lmatoc ε0.

• Upolìgise W = diag(‖ai‖2), i = 1, 2, ... , kai kanonikopoÐhse ton A
jètontac Ã = AW−1.

Arqikèc timèc: Arqik� gia k = 0 jèse

• Arqik  prosèggish lÔshc: x0 = 0.

• Arqikìc pÐnakac b�rouc: r0 = b−Ax0 = b.

Epan�lhyh: Upolìgise to b ma k kai aÔxhse kat� 1:

• Proc ta pÐsw probol : Upolìgise e = AT rk−1 kai pollaplasÐase
me w(i) k�je stoiqeÐo tou.

• SurrÐknwsh: Upolìgise es = shrink(xk−1 + e) me par�metro λ.

• Grammik  anaz thsh paramètrou: Brec to µ ¸ste na e-
laqistopoieÐ thn posìthta J(xk−1 +µ(es−xk−1)), ìpou J h sun�rthsh
kìstouc tou Qλ1 .

• Enhmèrwsh thc lÔshc: Upolìgise xk = xk−1 + µ(es − xk−1).

• Enhmèrwsh upoloÐpou: Upolìgise rk = b−Axk.

• Termatismìc diadikasÐac: An ‖xk − xk−1‖2 < ε0 stam�ta, di-
aforetik� epanèlabe th diadikasÐa.

• Endi�mesh èxodoc: To di�nusma xk met� apì k epanal yeic.

'Exodoc: To di�nusma x = W−1xk.

PÐnakac 3.5: 'Enac epanalhptikìc algìrijmoc { surrÐknwshc } gia thn prosèggish thc lÔshc
tou probl matoc (Qλ1).
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3.2.4 Algìrijmoc In-Crowd

'Estw h kurt  sun�rthsh f : Rn → R me f(x) = λ‖x‖1 + 1
2
‖b−Ax‖2. EÐnai gnwstì ìti mia

kurt  sun�rthsh apokt� olikì el�qisto sto x an kai mìno an to 0 an kei sto upodiaforikì
thc sun�rthshc. To sÔnolo autì gia thn f eÐnai:

∂f(x) = λ∂‖x‖1 −ATb−Ax, (3.40)

ìpou jewroÔme

∂‖x‖1 =





vi = 1, xi > 0,

v ∈ Rm vi = −1, xi < 0, i = 1, ...,m.

vi ∈ [−1, 1], xi = 0,

An onom�soume I to forèa tou x kai jewr soume touc deÐktec k ∈ I, h apaÐthsh 0 ∈ ∂f(x)
odhgeÐ sth sqèsh

AT
k (b−Ax) = 〈Ak, r〉 = vkλ = sgn(xk)λ. (3.41)

Gia j ∈ Ic, xj = 0, èqoume |AT
j (b−Ax)| = |〈Aj, r〉| = |vj|λ, gia k�poio vj ∈ [−1, 1], to

opoÐo eÐnai isodÔnamo me

|〈Aj, r〉| ≤ λ (3.42)

O In-Crowd eÐnai ènac apotelesmatikìc kai idiaÐtera oikonomikìc algìrijmoc, o opoÐoc
eÐnai kat�llhloc gia meg�lhc di�stashc arai� probl mata, kaj¸c qrhsimopoieÐ èxupna mìno
ta apaitoÔmena dianÔsmata tou forèa I gia thn epÐlush tou probl matoc. UpologÐzontac th
qrhsimìthta k�je st lhc tou pÐnaka A, prosjètei k�je for� èna mìno mikrì arijmì sthl¸n
tou pÐnaka sto forèa I, epilègontac an�loga me th shmantikìthta, dhlad  apofeÔgei th
s�rwsh ìlwn twn m sthl¸n tou pÐnaka A se k�je epan�lhyh. O arijmìc twn sthl¸n L
pou prosjètei exart�tai apì to prìblhma, all� èqei parathrhjeÐ ìti mia tim  h opoÐa eÐnai
apotelesmatik  gia èna meg�lo eÔroc problhm�twn eÐnai to L ' 25.
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Algìrijmoc 6

Par�metroi Eisìdou: PÐnakac A, di�nusma b.

• Upolìgise W = diag(‖ai‖2), i = 1, 2, ... , kai kanonikopoÐhse ton A
jètontac Ã = AW−1.

Arqikèc timèc: Arqik� gia k = 0 jèse

• Arqik  prosèggish lÔshc: x0 = 0.

• Arqikìc pÐnakac b�rouc: r0 = b−Ax0 = b.

• Arqikìc forèac I = ∅.

Epan�lhyh: Upolìgise to b ma k kai aÔxhse kat� 1:

• { Shmantikìthta }: Upolìgise uj = |〈r, Aj〉|, ∀j /∈ I.

• Termatismìc diadikasÐac: An uj ≤ λ gia k�je j /∈ I, termatismìc.

• Prosj kh sto forèa: Brec kai prìsjese ta L stoiqeÐa me to
megalÔtero uj sto I, gia ta opoÐa uj > λ.

• EpÐlush sust matoc: LÔse to prìblhma (3.27) ston upìqwro pou
apoteleÐtai apì ta stoiqeÐa tou I.

• ExaÐresh: An xi = 0, exaÐrese touc deÐktec i apì to sÔnolo I.

• Diamìrfwsh: Jèse tic suntetagmènec tou x = 0 ektìc apì tic jèseic
pou brÐskontai sto I, oi opoÐec lamb�noun thn upologismènh tim .

• Enhmèrwsh upoloÐpou: Upolìgise rk = b−Axk kai epanèlabe.

'Exodoc: To di�nusma x = W−1xk met� apì k epanal yeic.

PÐnakac 3.6: Algìrijmoc In-Crowd gia thn prosèggish thc lÔshc tou probl matoc (Qλ1).
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Kef�laio 4

SÔgkrish algorÐjmwn

Lamb�nontac upìyin ìti k�je algìrijmoc ulopoieÐtai me stìqo na exuphreteÐ k�poio skopì,
dhlad  thn epÐlush sugkekrimènou probl matoc, fant�zei m�llon apÐjano ènac apì touc
parap�nw algìrijmouc na xepern� touc upìloipouc se ìlouc touc tomeÐc. Anamènetai
k�poioc algìrijmoc na xeqwrÐzei wc proc èna qarakthristikì, all� na ustereÐ wc proc èna
�llo. Se autì to kef�laio stìqoc mac eÐnai h exètash twn algorÐjmwn tou prohgoÔmenou
kefalaÐou, wc proc ta basik� qarakthristik� touc.

'Enac trìpoc elègqou thc apotelesmatikìthtac twn algorÐjmwn, all� kai twn jew-
rhtik¸n apotelesm�twn gia kat�llhlouc pÐnakec, eÐnai epilÔontac to prìblhma gnwrÐzontac
mia lÔsh tou grammikoÔ sust matoc. Kataskeu�zontac èna arqikì di�nusma, to opoÐo me
qr sh tou pÐnaka dÐnei to di�nusma twn parathr sewn, ja prospaj soume na to anakt -
soume, mìno mèsw tou pÐnaka kai twn parathr sewn. To tèqnasma autì exuphreteÐ èna diplì
skopì. Kat� pr¸ton, h gn¸sh tou arqikoÔ dianÔsmatoc mac epitrèpei na elègxoume an h lÔsh
thn opoÐa upologÐsame to proseggÐzei ikanopoihtik�, opìte kai h epÐlush tou probl matoc
 tan epituq c. Kat� deÔteron mac epitrèpei na sugkrÐnoume diaforetikèc proseggistikèc
lÔseic, ¸ste na ektim soume th bèltisth lÔsh.

4.1 EpÐlush tou probl matoc me diaforetikoÔc pÐ-

nakec

AntikeÐmeno melèthc mac se pr¸th f�sh, eÐnai h katallhlìthta twn pin�kwn gia thn epÐlush
tou probl matoc (2.2). Oi pÐnakec pou ja jewr soume parak�tw ja apotelèsoun antikeÐmeno
genikìterou peiramatismoÔ se olìklhrh thn enìthta. 'Opwc  dh anafèrame kat�llhloi eÐnai
tuqaÐoi pÐnakec, me stoiqeÐa eisìdou apì thn kanonik  katanom  Gauss, thn omoiìmorfh
katanom , thn katanom  Bernoulli, all� kai pio sugkekrimènhc dom c, ìpwc pÐnakac me
Hadamard upopÐnaka.

JewroÔme touc parak�tw pÐnakec di�stashc n×m:

• G : pÐnakac me stoiqeÐa apì thn tupopoihmènh kanonik  katanom  N(0, 1), dhlad  me
mèsh tim  mhdèn kai tupik  apìklish 1.
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• U : pÐnakac me stoiqeÐa apì thn omoiìmorfh katanom  sto anoiqtì di�sthma (0, 1).

• B1 : pÐnakac me stoiqeÐa apì thn katanom  Bernoulli me pijanìthta p = 1/n.

• B2 : pÐnakac me stoiqeÐa apì thn katanom  Bernoulli me pijanìthta p = 1/2.

Arqik�, kataskeu�zoume èna tuqaÐo di�nusma xk ∈ Rm me k < m mh mhdenik� stoiqeÐa
apì thn katanom  Gauss, en¸ ta upìloipa stoiqeÐa tou eÐnai mhdenik�, tuqaÐa katanemhmèna
stic jèseic suntetagmènwn tou dianÔsmatoc. Sth sunèqeia me gnwstì to xk kai ton pÐnaka
A, upologÐzoume to di�nusma twn parathr sewn b = Axk kai exet�zoume kat� pìso k�je
algìrijmoc mporeÐ na proseggÐsei th lÔsh xk, me gn¸sh mìno twn A,b. H akrÐbeia sthn
ektÐmhsh thc lÔshc jewreÐtai stajer  gia ìlouc touc elègqouc (10−3).

Parak�tw dÐnetai to posostì epituqÐac (wc sqetik  suqnìthta) an�kthshc thc lÔshc
sto sÔnolo twn 100 peiram�twn pou diex qjhsan gia k�je perÐptwsh pÐnaka-algìrijmou
xeqwrist�. Jewr same stajer  di�stash n× 2n gia k�je pÐnaka, me n = 100. H puknìthta
tou k�je dianÔsmatoc xk èqei epilegeÐ na eÐnai epÐshc stajer  kai Ðsh me kp = 15%, to opoÐo
shmaÐnei pwc èqei knz = 30 mh mhdenik� stoiqeÐa. Se k�je pÐnaka antistoiqeÐ sugkekrimènh
tim  amoibaÐac susqètishc µ(A) kai skopìc mac eÐnai na elègxoume an to mègejoc autì
ephre�zei th diadikasÐa an�kthshc tou arqikoÔ dianÔsmatoc xk.

AmoibaÐa Jewrhtikì Algìrijmoc
PÐnakac susqètish fr�gma (BP) (OMP) (IRLS) (InCrowd) (TNIPM)

G 0.38 1.82 99% 100% 98% 74% 98%
B1 0.70 1.21 99% 98% 100% 88% 97%
U 0.86 1.08 99% 98% 100% 40% 97%
B2 0.99 1.01 98% 99% 98% 0% 83%

PÐnakac 4.1: Pijanìthta an�kthshc tou arqikoÔ dianÔsmatoc xk, puknìthtac kp = 15%, gia
pÐnakec stajer c dom c kai di�stashc 100× 200 gia tic di�forec timèc tou µ.

Ston (Pin. 4.1) parathroÔme ìti h amoibaÐa susqètish twn pin�kwn den ephre�zei thn
pijanìthta an�kthshc thc lÔshc, gia touc algìrijmouc ektìc tou (InCrowd). O teleutaÐoc
den eÐnai o katallhlìteroc gia mesaÐou megèjouc probl mata, all� eÐnai apotelesmatikìc
ìtan h di�stash tou pÐnaka gÐnetai meg�lh. Oi upìloipoi algìrijmoi upologÐzoun thn arqik 
lÔsh me meg�lh pijanìthta, k�ti to opoÐo sumbaÐnei diìti ìloi oi pÐnakec ikanopoioÔn th
sunj kh periorismènhc isometrÐac.

Sth sunèqeia orÐzoume touc parak�tw pÐnakec di�stashc n× 2n, jewr¸ntac In to mona-
diaÐo pÐnaka me n = 100 kai G, U, B1, B2 touc pÐnakec pou orÐsame prohgoumènwc:

• A1 = [In G].

• A2 = [In U].

• A3 = [In B1].

• A4 = [In B2].
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• D = [In Fn], ìpou Fn o pÐnakac tou diakritoÔ metasqhmatismoÔ Fourier (DFT).

• H1 = [Il Hl], ìpou Hl o pÐnakac Hadamard di�stashc l × l, l = 128 1.

O pÐnakac Fn èqei migadik� stoiqeÐa gÔrw apì to monadiaÐo kÔklo kai to ginìmenì tou epÐ
èna èna di�nusma èqei wc apotèlesma to diakritì metasqhmatismì Fourier tou dianÔsmatoc.
QrhsimopoieÐtai idiaÐtera sthn epexergasÐa s matoc gia thn kwdikopoÐhsh dedomènwn. O
pÐnakac Hadamard pou qrhsimopoioÔme èqei stoiqeÐa eisìdou −1, 1 kai eÐnai tetragwnikìc
me qarakthristikì oi st lec tou na eÐnai orjog¸niec metaxÔ touc, dhlad  asusqètistec.
Gia to lìgo autì qrhsimopoioÔme ton monadiaÐo pÐnaka, ¸ste na kataskeu�soume nèo pÐnaka
sthn epijumht  di�stash, me basikì gn¸risma h amoibaÐa susqètis  tou na eÐnai idiaÐtera
qamhl .

Ston parak�tw (Pin. 4.2), ìpou all�xame th dom  twn pin�kwn kai qrhsimopoi same
pÐnakec diaforetikoÔ tÔpou, parathroÔme ìti h amoibaÐa susqètish paÐzei rìlo sthn pi-
janìthta eÔreshc thc lÔshc. Dhlad  parathroÔme ìti ìso ligìtero susqetismènec eÐnai oi
st lec enìc pÐnaka, tìso megalÔterh eÐnai h pijanìthta na proseggÐsoume ikanopoihtik� to
di�nusma xk, stajer c puknìthtac kp = 15%.

AmoibaÐa Jewrhtikì Algìrijmoc
PÐnakac susqètish fr�gma (BP) (OMP) (IRLS) (InCrowd) (TNIPM)

H1 0.09 6.06 100% 100% 100% 100% 100%
D 0.10 5.50 - 100% 100% - -
A1 0.38 1.82 91% 100% 96% 50% 73%
A3 0.70 1.21 55% 99% 49% 24% 15%
A2 0.86 1.08 4% 14% 2% 0% 0%
A4 0.99 1.01 0% 0% 1% 0% 0%

PÐnakac 4.2: Pijanìthta an�kthshc tou arqikoÔ dianÔsmatoc xk, puknìthtac kp = 15%, gia
pÐnakec diaforetik c dom c kai di�stashc 100 × 200 gia tic di�forec timèc tou µ. O pÐnakac H1
èqei di�stash 128× 256.

Tèloc, parathroÔme ìti to jewrhtikì fr�gma mèsw thc amoibaÐac susqètishc tou jew-
r matoc (2.3) den ephre�zei th diadikasÐa an�kthshc thc pio arai c lÔshc tou probl matoc,
kaj¸c eÐnai idiaÐtera qamhlì se sqèsh me ton arijmì twn knz = 30 mh mhdenik¸n stoiqeÐwn
tou dianÔsmatoc pou prospaj same na anakt soume kai stic dÔo kathgorÐec diaforetik c
dom c pin�kwn.

4.2 Pl joc mh mhdenik¸n stoiqeÐwn

Ektìc apì th dom  tou pÐnaka A, spoudaÐo rìlo paÐzei h puknìthta thc lÔshc thn opoÐa
prospajoÔme na anakt soume. Ja diapist¸soume ìti den mporoÔme na anakt soume dianÔs-
mata me meg�lo arijmì mh mhdenik¸n stoiqeÐwn gia pÐnaka opoiasd pote di�stashc. M�lista

1
Η διάσταση του πίνακα Hadamard πρέπει να είναι θετικός ακέραιος και το n, n/12 ή n/20 δύναμη με

βάση το 2.
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ja doÔme parak�tw ìti kaj¸c h di�stash sthl¸n apomakrÔnetai apì th di�stash gramm¸n
tou pÐnaka, tìso mikrìteroc gÐnetai o arijmìc k twn mh mhdenik¸n stoiqeÐwn enìc dianÔsma-
toc xk, to opoÐo mporoÔme na anakt soume. Sto parak�tw peÐrama elègxame thn pijanìthta
eÔreshc thc pragmatik c lÔshc se sqèsh me thn puknìthta tou dianÔsmatoc.

4.2.1 Puknìthta dianÔsmatoc gia pÐnakec stajer c di�s-
tashc n× 2n

PÐnakec Gauss G

Gia k�je tim  puknìthtac k jewr same 100 pÐnakec tÔpou G di�stashc 100×200 (n = 100)
me stajer  amoibaÐa susqètish µ(G) = 0.42. To sp�rk tou pÐnaka eÐnai 101 me pijanìthta 1,
to opoÐo shmaÐnei pwc k�je lÔsh me ligìtera apì 51 mh mhdenik� stoiqeÐa eÐnai upoqrewtik�
h pio arai , sunep¸c eÐnai h lÔsh tou (P0). Jewr¸ntac èna k-araiì kai tuqaÐo di�nusma xk me
stoiqeÐa apì thn katanom  Gauss, kataskeu�same tic parathr seic b = Gxk. Sth sunèqeia,
me gn¸sh mìno twn b,G prospaj same na anakt soume to di�nusma autì. Gia k�je tim 
puknìthtac upologÐsame thn pijanìthta an�kthshc thc lÔshc wc sqetik  suqnìthta gia
100 epanal yeic. H sÔgkrish thc proseggistik c lÔshc me thn pragmatik  (wc nìrma thc
diafor�c), apoteleÐ krit rio gia thn ektÐmhsh thc epituqÐac   apotuqÐac sthn epÐlush tou
grammikoÔ sust matoc me akrÐbeia 10−3 gia ìlouc touc elègqouc.

Sq ma 4.1: Pijanìthta an�kthshc thc lÔshc sunart sei tou arijmoÔ k twn mh mhdenik¸n
stoiqeÐwn tou dianÔsmatoc xk gia pÐnakec G100×200 me µ(G) = 0.42.

Arqik� parathroÔme ìti ìloi oi algìrijmoi eÐnai se jèsh na anakt soun thn pio arai 
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lÔsh, dhlad  to arqikì di�nusma xk gia araiìthta 1 ≤ d0(x,0) ≤ 26. Eidik� gia touc algìri-
jmouc (BP), (OMP) h an�kthsh thc lÔshc xepern� kat� polÔ thn ektÐmhsh twn Jewrhm�twn
(3.1) kai (3.2) me kalÔterh thn apìdosh tou algìrijmou (OMP), kaj¸c parathroÔme ìti
mporeÐ na anakt sei mèqri dianÔsmata me 30 mh mhdenik� stoiqeÐa.

PÐnakec A1

Sth sunèqeia, ektelèsame to Ðdio akrib¸c test me diaforetikì pÐnaka, tÔpou A1, Ðdiac
di�stashc (100× 200) kai me thn Ðdia amoibaÐa susqètish (Sq. 4.2).

Sq ma 4.2: Pijanìthta an�kthshc thc lÔshc sunart sei tou arijmoÔ k twn mh mhdenik¸n
stoiqeÐwn tou dianÔsmatoc xk gia pÐnakec A1100×200 me µ(A1) = 0.42.

Ed¸ parathroÔme ìti o algìrijmoc (OMP) mpìrese na anakt sei me pijanìthta 1 akìmh
pio pukn� dianÔsmata (me pl joc mh mhdenik¸n stoiqeÐwn èwc 44), en¸ h apìdosh twn
upìloipwn algorÐjmwn parèmeine sqedìn Ðdia.

PÐnakac D

Tèloc, elègxame th diadikasÐa an�kthshc tou arqikoÔ tuqaÐou dianÔsmatoc xk me pÐna-
ka tÔpou D100×200 (ènwsh monadiaÐou me Fourier). Parak�tw (Sq. 4.3), eÐnai profan c h
epituqÐa kai twn dÔo algorÐjmwn na anakt soun pio pukn� dianÔsmata kai apì tic dÔo pro-
hgoÔmenec peript¸seic, me ton (OMP) na ft�nei èwc ta 60 mh mhdenik� stoiqeÐa, dhlad 
posostì puknìthtac kp = 30%.
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Sq ma 4.3: Pijanìthta an�kthshc thc lÔshc sunart sei tou arijmoÔ k twn mh mhdenik¸n
stoiqeÐwn tou dianÔsmatoc xk gia pÐnaka Fourier D100×200 me µ(D) = 0.1.

4.2.2 Metabol  z¸nhc

Sto Je¸rhma 2.5 orÐsame th sun�rthsh metabol c z¸nhc ρW (δ) gia mikrì 0 < δ = n/m, h
opoÐa gia pÐnakec Gauss dÐnei th stajer� metabol c z¸nhc

c =
n

2ln(m/n)
=

n

2ln(1/δ)
.

Sto peÐrama pou akoloujeÐ qrhsimopoi same pÐnakec Gn×m me stoiqeÐa apì thn katanom 
Gauss. Metab�llontac to lìgo δ tou arijmoÔ twn gramm¸n proc ton arijmì twn sthl¸n
tou pÐnaka, metabl jhke kai h stajer� c. Se k�je di�stash, sugkrÐname th stajer� c me
thn antÐstoiqh puknìthta k tou dianÔsmatoc xk, gia thn opoÐa parathr same allag  apì
posostì bebaiìthtac se posostì abebaiìthtac an�kthshc thc lÔshc.

Ston pÐnaka (Pin. 4.3) parathroÔme ìti gia timèc k < c briskìmaste sth z¸nh epituqÐac,
en¸ gia araiìthta k > c èqoume thn allag  kai to pèrasma sth z¸nh apotuqÐac sthn
epÐlush tou probl matoc. Ston pÐnaka (Pin. 4.4), kaj¸c h tim  tou δ plhsi�zei th mon�da,
parathroÔme ìti q�nei thn axÐa thc h stajer� metabol c c, gegonìc anamenìmeno kajìti
isqÔei mìno gia mikrèc timèc tou δ > 0.

Parìla aut� èqei endiafèron na stajoÔme sto shmeÐo ìti gia pÐnaka n×m me m ' n to
posostì puknìthtac tou dianÔsmatoc to opoÐo mporoÔme na anakt soume pijanìthta 1 eÐnai
exairetik� meg�lo, se sqèsh me thn antÐjeth perÐptwsh ìpou m� n (Pin. 4.5).
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(a) Di�stash: 100× 800

δ = 0.125, c = 24
Puknìthta kp k (OMP)

1% 8 100%
3% 24 91%
5% 40 1%
7% 56 0%

(b) Di�stash: 100× 1000

δ = 0.1, c = 21.7
Puknìthta kp k (OMP)

1% 10 100%
2% 20 100%
3% 30 42%
4% 40 0%

(g) Di�stash: 100× 2000

δ = 0.05, c = 16.7
Puknìthta kp k (OMP)

0.5% 10 99%
1% 20 88%
2% 40 0%
3% 60 0%

(d) Di�stash: 100× 3000

δ = 0.033, c = 14.7
Puknìthta kp k (OMP)

0.5% 15 99%
1% 30 8%
2% 60 0%
3% 90 0%

PÐnakac 4.3: Pijanìthta an�kthshc thc lÔshc gia diaforetikèc timèc tou δ → 0.

(a) Di�stash: 100× 500

δ = 0.2, c = 31
Puknìthta kp k (OMP)

1% 20 100%
3% 60 100%
5% 100 96%
7% 140 49%
9% 180 2%

(b) Di�stash: 100× 200

δ = 0.5, c = 72
Puknìthta kp k (OMP)

15% 30 100%
17% 34 99%
19% 38 95%
21% 42 75%
23% 46 45%

(g) Di�stash: 100× 120

δ = 0.83, c = 274
Puknìthta kp k (OMP)

35% 42 100%
40% 48 98%
45% 54 75%
50% 60 44%
55% 66 21%

(d) Di�stash: 100× 105

δ = 0.95, c = 1025
Puknìthta kp k (OMP)

50% 53 100%
55% 58 97%
60% 63 87%
65% 68 69%
70% 74 54%

PÐnakac 4.4: Pijanìthta an�kthshc thc lÔshc gia diaforetikèc timèc tou δ → 1.
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Di�stash: 100× 101

δ = 0.99, c = 5025
Puknìthta kp k (OMP)

60% 61 100%
65% 66 98%
70% 71 91%
75% 76 84%
80% 81 62%

PÐnakac 4.5: Pijanìthta an�kthshc thc lÔshc pÐnaka me m ' n.

4.3 Sf�lmata sthn prosèggish thc lÔshc

Mia ektÐmhsh pou mporoÔme epÐshc na k�noume gia ton poiotikì èlegqo twn algorÐjmwn eÐnai
kai mèsw tou sf�lmatoc to opoÐo mporoÔme na upologÐsoume qrhsimopoi¸ntac to gnwstì
arqikì di�nusma xk.

To sf�lma metaxÔ tou arqikoÔ dianÔsmatoc xk kai thc prosèggis c mac, diafèrei gia
k�je prìblhma. Gia par�deigma, diaforopoieÐtai ìtan metab�lletai h di�stash tou pÐnaka,
all� kai ìtan all�zei o arijmìc twn mh mhdenik¸n stoiqeÐwn twn dianusm�twn ta opoÐa
jèloume na anakt soume. Ed¸ ja melet soume thn perÐptwsh sf�lmatoc gia th basik  mac
di�stash n× 2n me (n = 100).

Jewr same pÐnakec tÔpou G me amoibaÐa susqètish µ(G) = 0.42 kai kataskeu�same
tuqaÐa dianÔsmata xk me stoiqeÐa apì thn katanom  Gauss me posostì puknìthtac kp = 8%.
Gia touc algìrijmouc (BP) kai (OMP) kai thn perÐptwsh ìpou briskìmaste sth z¸nh
epituqÐac sthn epÐlush tou probl matoc to sf�lma r = ‖x − xk‖2 eÐnai O(10−12), polÔ
mikrìtero apì th je¸rhs  mac gia sf�lma 10−3. H perÐptwsh twn algorÐjmwn (IRLS),
(InCrowd) kai (TNIPM) eÐnai pio sÔnjeth kaj¸c to sf�lma exart�tai apì thn tim  thc
paramètrou kanonikopoÐhshc λ.

Parak�tw (Sq. 4.4) elègxame to sf�lma r = ‖x − xk‖2 pou dÐnei k�je algìrijmoc
apì touc (IRLS), (InCrowd) kai (TNIPM) se sqèsh me th metabol  thc paramètrou kanon-
ikopoÐhshc λ. H tim  thc paramètrou metabl jhke gia timèc apì 10−3 èwc 10−14 kai se
k�je perÐptwsh upologÐsame to sf�lma pou dÐnei h proseggistik  mac lÔsh se sqèsh me to
gnwstì di�nusma xk.

Arqik� parathroÔme ìti h nìrma r elaqistopoieÐtai gia diaforetikèc timèc thc paramètrou
gia k�je algìrijmo. Gia ton algìrijmo (IRLS) h tim  tou λ gia thn opoÐa elaqistopoieÐtai
eÐnai to λ1 = 10−12, gia ton (InCrowd) h tim  eÐnai λ2 = 10−11, en¸ gia ton (TNIPM) eÐnai
λ3 = 10−7. To meionèkthma gia tic polÔ mikrèc timèc tou λ (thc t�xhc tou 10−12) eÐnai ìti o
upologistikìc qrìnoc aux�netai shmantik� gia k�je algìrijmo. EpÐshc parathroÔme ìti gia
tic timèc apì 10−3 èwc 10−7 to sf�lma r eÐnai perÐpou to Ðdio kai gia tic treic epanalhptikèc
diadikasÐec kai ìqi megalÔtero apì thn oriak  tim  10−3, h opoÐa apoteleÐ krit rio gia thn
epituqÐa   apotuqÐa epÐlushc tou probl matoc.
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Sq ma 4.4: Sf�lmata twn algorÐjmwn (TNIPM), (OMP), (InCrwod) me pÐnakec tÔpou
G100×200, gia diaforetikèc timèc thc paramètrou kanonikopoÐhshc λ.

4.4 Qrìnoi epÐlushc

'Opwc  dh anafèrame den eÐnai ìloi oi algìrijmoi kat�llhloi gia k�je eÐdouc prìblhma.
'Ena shmantikì qarakthristikì tou probl matoc (2.2) ektìc apì th dom  tou pÐnaka eÐnai h
di�stas  tou.

Sto parak�tw peÐrama jewr same pÐnakec B1 di�stashc n × 2n, me stoiqeÐa apì thn
katanom  Bernoulli. Jewr same tuqaÐo di�nusma apì thn katanom  Gauss me puknìthta
kp = 10% kai metr same touc qrìnouc epÐlushc gia k�je algìrijmo xeqwrist�, gia tic
di�forec timèc tou n.

Gia touc algìrijmouc (BP), (IRLS) (Sq. 4.5) parathroÔme ìti kaj¸c aux�netai h di�s-
tash tou pÐnaka, aux�netai shmantik� kai o upologistikìc qrìnoc gia to prìblhm� mac.
M�lista o algìrijmoc (BP) eÐnai o pio argìc apì ìlouc, kaj¸c diplasi�zetai h di�s-
tash thc lÔshc (epÐlush me grammikì programmatismì). Antijètwc, gia touc algìrijmouc
(TNIPM), (OMP) kai (InCrowd) (Sq. 4.6) parathroÔme ìti gia thn Ðdia metabol  sthn
di�stash tou pÐnaka, oi qrìnoi epÐlushc eÐnai shmantik� mikrìteroi, opìte kai touc kajistoÔn
katallhlìterouc gia probl mata meg�lhc di�stashc. O algìrijmoc (InCrowd) xeqwrÐzei,
diìti eÐnai o taqÔteroc se probl mata meg�lhc di�stashc.

Se probl mata mikr c di�stashc (Pin. 4.6), ìloi oi algìrijmoi sumperifèrontai ikanopoi-
htik�, parìla aut� xeqwrÐzei o algìrijmoc (OMP) kaj¸c eÐnai taqÔteroc, epomènwc ja  tan
idanikìc se perÐptwsh ìpou ja qreiazìtan na lÔsoume meg�lo pl joc grammik¸n susthm�twn
me pÐnakec mikr c di�stashc.
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Sq ma 4.5: Qrìnoi epÐlushc gia touc algìrijmouc (BP), (IRLS) me pÐnakec tÔpou B1n×2n, gia
diaforetikèc timèc tou n.

Sq ma 4.6: Qrìnoi epÐlushc gia touc algìrijmouc (TNIPM), (OMP), (InCrwod) me pÐnakec
tÔpou B1n×2n, gia diaforetikèc timèc tou n.
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Di�stash Algìrijmoc
n× 2n (BP) (OMP) (IRLS) (InCrowd) (TNIPM)

10× 20 0.600 0.004 0.165 0.799 0.564
20× 40 0.076 0.003 0.196 0.071 0.536
30× 60 0.059 0.007 0.227 0.051 0.690
40× 80 0.103 0.012 0.613 0.069 0.966
50× 100 0.176 0.019 0.476 0.152 1.337
60× 120 0.240 0.030 0.442 0.207 1.493
70× 140 0.303 0.102 0.983 0.205 1.418
80× 160 0.512 0.081 1.217 0.259 1.619
90× 180 0.564 0.086 0.674 0.204 1.936
100× 200 0.737 0.095 0.988 0.211 2.203

PÐnakac 4.6: Qrìnoi epÐlushc (sec) gia pÐnakec tÔpou B1n×2n, gia mikroÔ megèjouc probl -
mata.

55



Par�rthma

Oi parap�nw algìrijmoi ulopoi jhkan se perib�llon Matlab. Ed¸ parajètontai oi k¸dikec
oi opoÐoi qrhsimopoi jhkan:

(Mutual Coherence function)

function mutcoh=mut(A)

[t,e]=size(A);

for i=1:e

w(i)=norm(A(:,i));

end

W=diag(abs(w));

A1=A*diag(1./w);

c=zeros(e);

for j=1:e

for k=1:e

if k>j

c(j,k)=abs(A1(:,j)’*A1(:,k));

end

end

end

mutcoh=max(max(c));

(BP)

% Normalize the columns of A and compute the vector b.

for i=1:m

w(i)=norm(A(:,i));

end

W=diag(w);

invW=diag(1./w);

A1=A*invW;

% Solve the LP minimization problem.

H=[A1,-A1];

f=ones(2*m,1);

lb=zeros(2*m,1);

options = optimset(’LargeScale’,’off’,’simplex’, ’on’, ’Display’, ’on’);

[x,fval,exitflag,output,lambda] = linprog(f,[],[],H,b,lb,[],[],options);

x1=x(1:m);

x2=x(m+1:2*m);

x=x1-x2;

x=invW*x;
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(OMP)

% Initialize

e0=1e-8;

x=zeros(m,1);

r=b-A*x;

p=ones(1,m);

v=find(p>0);

S=[];

for kapa=1:m;

for i=1:length(v);

j=v(i);

z=A(:,j)’*r/norm(A(:,j))^2;

f=A(:,j)*z-r;

e(j)=norm(f)^2;

l=find(e==min(e));

end

S(kapa)=l;

S=sort(S);

p(l)=0;

v=find(p>0);

x(S)=A(:,S)\b;

r=b-A*x;

if norm(r)<e0

break;

end

end

(InCrowd)

% Create the diagonal matrix W.

for i=1:m

w(i)=norm(A(:,i));

end

W=diag(w);

W1=diag(1./w);

A=A*W1;

% Solve the problem using InCrowd algorithm.

lamda=1e-7;

[x,iSAtep]=ICOpt(A,b,lamda,0,inf,1,1);

x=W1*x;
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(IRLS)

% Create the diagonal matrix W.

for i=1:m

w(i)=norm(A(:,i));

end

W=diag(w);

% Initialization

k1=0;

x=ones(m,1);

X=diag(abs(x)); X1=X;

Y=A’*b;

lamda=1e-7;

e0=1e-10;

ind=0;

for k1=1:1000

Z=2*lamda*W*X1+A’*A;

xold=x;

% Solve using PCG

% (Suitable for matrix with elements from the set of real numbers).

Z=sparse(Z);

L=ichol(Z);

x=pcg(Z,Y,[],[],L,L’);

% Uncomment (and comment PCG) if the matrix A has complex elements.

% x=Z\Y;

r=norm(x-xold);

if r<=e0

break;

end

X1=diag(1./(abs(x)+eps));

end
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(TNIPM)

% Create the diagonal matrix W and normalize the columns of A.

for i=1:m

w(i)=norm(A(:,i));

end

W=diag(w);

W1=diag(1./w);

A=A*W1;

% Solve the system of the regularized least squares L1-norm optimization problem.

lamda=1e-7;

x1=l1_ls(A,A’,n,m,b,lamda,1e-9);

x=W1*x1;

H sun�rthsh linprog eÐnai egkatesthmènh sun�rthsh sto Optimization Toolbox thc
Matlab, en¸ oi sunart seic ICOpt, l1_ls mporoÔn na anazhthjoÔn sto diadÐktuo.
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[2] Alfred M. Bruckstein, David L. Donoho, Micheal Elad, “From Sparse Solutions of
Equations to Sparse Modeling of signals and Images”, SIAM Review Vol.51, No. 1,
2009.

[3] David L. Donoho, Michael Elad, “Optimally Sparse Representation in General (non-
Orthogonal) Dictionaries via l1 minimization”, Proceedings, National Academy of Sci-
ences, Vol. 100, pp. 2197-2202, 2003.

[4] Ewout Van Den Berg and Micheal P. Friedlander, “Probing the Pareto frontier for basis
pursuit solutions”, SIAM J. SCI. COMPUT, Vol. 31 No. 2, pp. 890–912, 2008.

[5] Emmanuel J. Candès, Yonina C. Eldar, Deanna Needell, and Paige Ran-
dall,“Compressed Sensing with Coherent and Redundant Dictionaries”, Revised, Oc-
tober 2010.

[6] Emmanuel J. Candès,“The restricted isometry property and its implications for com-
pressed sensing”, ScienceDirect, March 2008.

[7] Rick Chartrand and Valentina Staneva, “Restricted isometry properties and nonconvex
compressive sensing”, AMS.

[8] Seung-Jean Kim, Member, IEEE, K. Koh, M. Lustig, Stephen Boyd, Fellow, IEEE,
and Dimitry Gorinevsky, Fellow, IEEE, “An Interior-Point Method for Large-Scale l1-
Regularized Least Squares”, IEEE Journal of selected topics in signal processing, Vol.
1, No. 4, December 2007.

[9] Patrick R. Gill, Albert Wang and AlyoshaMolnar, “The In-Crowd Algorithm for Fast
Basis Pursuit Denoising”, IEEE Transactions on Signal Processing, Vol. 59, No. 10,
October 2011.

[10] Le¸nh Euaggel�tou - D�lla, { StoiqeÐa Fractal gewmetrÐac }, Tm ma Majhmatik¸n,
Panepist mio Ajhn¸n, 2000.

[11] G. D. AkrÐbhc - B. A. Dougal c, { Eisagwg  sthn Arijmhtik  An�lush }, Panepisth-
miakèc Ekdìseic Kr thc, 2008.

60



[12] Negrepìnthc S. , Zaqari�dhc J. , KalamÐdac N. , Farm�kh B. , { Genik  TopologÐa
kai Sunarthsiak  An�lush }, Ekdìseic SummetrÐa, 1997.

[13] SpÔroc Argurìc, { Pragmatik -Sunarthsiak  An�lush }, EMP, 2003.

[14] Stephen Boyd, Lieven Vandenberghe, “Convex Optimization”, Cambridge University
Press, 2004.

[15] I. M Gel’fand, “Lectures on Linear Algebra”, Dover, 1989.

[16] Hoaying Fu, Micheal K. NG, Mila Nikolova and Jesse L. Barlow, “Efficient minimiza-
tion methods of mixed l2-l1 and l1-l1 norms for image restoration”, SIAM Journal on
Scientific Computing.

61




