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EUQARISTIES

Me thn eukairÐa thc olokl rwshc thc ergasÐac aut c kai mazÐ kai thc
foÐths c mou sto MPLA, jèlw na euqarist sw eilikrin� ton epiblèponta
thc ergasÐac kÔrio Kolètso gia thn upost rixh kai th suneq  parìtrunsh,
kaj¸c kai touc Gi¸rgo Staurinì kai NÐko R ga pou parakoloÔjhsan apì
kont� thn ekpìnhsh thc ergasÐac. EpÐshc euqarist¸ ìlouc touc kajhghtèc
tou MPLA, pou me meg�lh ag�ph gia to antikeÐmenì touc kai sebasmì ston
foitht , did�skoun ta jaumast� epiteÔgmata thc Majhmatik c Logik c kai
thc Jewrhtik c Plhroforik c.
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PerÐlhyh

Oi atèrmonec strathgikèc eÐnai èna ergaleÐo pou bo jhse sthn
apìdeixh kai katanìhsh k�poiwn idiot twn thc b-anagwg c (kai ìqi
mìno). Mia shmantik  efarmog  autoÔ tou ergaleÐou afor� thn
apìdeixh tou jewr matoc tou Sorensen, en¸ mia �llh sqetÐzetai
me ton qarakthrismì twn atèrmonwn redexes enìc l-ìrou, dhlad 
poia redexes prèpei na susteÐloume prokeimènou na diaiwnÐsoume
mia b-anagwg . 'Enac enallaktikìc trìpoc exagwg c aut¸n twn
apotelesm�twn eÐnai h mèjodoc thc tupopoÐhshc, pou melet�me sto
teleutaÐo kef�laio aut c thc ergasÐac.



.



Abstract

Perpetual strategies are a tool which has contributed to the
comprehension of some properties of b-reduction. An important
application of this tool concerns the proof of Sorensen’s the-
orem whereas another one is about the characterisation of the
perpetual redexes of a l-term, i.e. the redexes we have to con-
tract in order to perpetuate a b-reduction from this term. An
alternative way of proving these results is the method of assign-
ing types to terms, which we study in the last chapter of this
theses.
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Kef�laio 1

TAXINOMHSH
STRATHGIKWN

Orismìc 1.0.1. Mia akoloujÐa M0 → M1 → · · · lègetai monop�ti ana-
gwg c apì ton ìro M0. An to monop�ti eÐnai peperasmèno kai katal gei ston
ìro Mn, lème ìti èqei m koc n kai gr�foume M0 →n

∗ Mn. An eÐnai �peiro, èqei
m koc ∞.

Parak�tw dÐnoume orismoÔc se k�poia sÔnola l-ìrwn me krit rio ti mono-
p�tia b-anagwg¸n mporoÔn na xekin soun apì autoÔc.

Orismìc 1.0.2. :

• ∞β = {M : ∃{Mi}i∈N (M = M0 → M1 → M2 · · · )}. Prìkeitai gia touc
l- ìrouc apì touc opoÐouc mporeÐ na xekin sei èna �peiro monop�ti.

• nβ = {M : ∀i ≤ n∃Mi (M = M0 → M1 → M2 · · · Mn)}. EÐnai oi ìroi
apì touc opoÐouc mporoÔme na broÔme èna monop�ti m kouc n.

• NFβ = {M : @N s.t. M → N} dhl. to sÔnolo twn kanonik¸n morf¸n

• SNβ = ΛK \∞β, dhlad  oi l-ìroi pou opoiad pote b-anagwg  xekin sei
apì autoÔc eÐnai peperasmènh, dhlad  met� apì peperasmèno arijmì bh-
m�twn odhgeÐ se kanonik  morf . Touc ìrouc autoÔc touc onom�zoume
isqur� kanonikopoi simouc.

• WNβ = {M : ∃N ∈ NFβ s.t. M →∗ N} dhlad  oi ìroi gia touc opoÐouc
mporoÔme na broÔme mia peperasmènh anagwg  pou na odhgeÐ se kanonik 
morf . Touc ìrouc autoÔc touc onom�zoume kanonikopoi simouc.

Apì touc parap�nw orismoÔc eÐnai profanèc ìti SNβ ⊆ WNβ.
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GnwrÐzoume ìti h b-anagwg  èqei thn idiìthta thc peperasmènhc diakl�-
dwshc (FB) kai thn idiìthta Church − Rosser (CR). H pr¸th shmaÐnei ìti
k�je ìroc mporeÐ na sustaleÐ mìno se peperasmèno pl joc ìrwn (pou eÐnai
Ðso   kai mikrìtero apì to pl joc twn redex pou perièqei). Apì thn �llh h
idiìthta CR shmaÐnei ìti an M →∗ M1 kai M →∗ M2, tìte up�rqei ìroc N
t.w. M1 →∗ N kai M2 →∗ N.

L mma 1.0.1. M ∈ ∞β ⇐⇒ ∀n ∈ N : M ∈ nβ

Apìdeixh. Gia na apodeÐxoume ìti ènac tuqaÐoc ìroc tou ∞β an kei sto
mβ, paÐrnoume èna �peiro monop�ti tou kai to periorÐzoume stic pr¸tec m
sustolèc tou.

To antÐstrofo ofeÐletai sthn idiìthta thc peperasmènhc diakl�dwshc kai
sto l mma tou König.

OrÐzoume ta m kh thc suntomìterhc kai thc makrÔterhc peperasmènhc an-
gwg c apì ènan ìro M wc ex c:

Orismìc 1.0.3. i) s(M) = min{n : ∃N ∈ NFβ s.t. M →n
∗ N}

ii) l(M) = max{n : ∃N ∈ NFβ s.t. M →n
∗ N}

ParathroÔme ìti to s(M) apeirÐzetai ìtan o ìroc M den eÐnai kanoniko-
poi simoc. EpÐshc to l(M) apeirÐzetai ìtan o M den eÐnai kanonikopoi simoc
all� kai ìtan den up�rqei �nw fr�gma sta m kh twn peperasmènwn anagwg¸n
apì ton M. 'Etsi èqoume to epìmeno:

L mma 1.0.2. i) M ∈ WNβ ⇐⇒ s(M) < ∞
ii) M ∈ ∞β ⇐⇒ l(M) = ∞

Apìdeixh.
i) An o M eÐnai kanonikopoi simoc tìte M →n

∗ N ∈ NF gia k�poio n ∈ N,
epomènwc s(M) ≤ n < ∞.
Antistrìfwc, an s(M) < ∞, èstw s(M) = n, tìte M →n

∗ N ∈ NF, �ra M
kanonikopoi simoc.
ii) Upojètoume ìti M ∈ ∞β. An o M den eÐnai kanonikopoi simoc, tìte
l(M) = ∞ apì thn prohgoÔmenh parat rhsh. An ìmwc o M eÐnai kanoni-
kopoi simoc, tìte up�rqei N∈ NF t.w. M →∗ N. Epeid  M ∈ ∞β, gia k�je
n up�rqei ìroc K t.w. M →n

∗ K. Apì thn idiìthta CR kai afoÔ N kanonik 
morf , K →∗ N ¸ste M →m

∗ N, m ≥ n. Epomènwc gia k�je n up�rqei
m ≥ n t.w. M →m

∗ N. 'Ara l(M) = ∞.
Antistrìfwc, upojètoume ìti l(M) = ∞. SÔmfwna me thn parat rhsh prin to
l mma, eÐte o M den ja eÐnai kanonikopoi simoc, epomènwc pr�gmati M ∈ ∞β,
eÐte to sÔnolo {n : ∃N ∈ NFβ s.t. M →n

∗ N} den èqei �nw fr�gma, epomè-
nwc gia k�je n up�rqei N ∈ NF t.w. M →n

∗ N. Tìte M ∈ ∞β lìgw tou
l mmatoc 1.0.1.
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Parat rhsh. Mia isodÔnamh diatÔpwsh thc prìtashc M ∈ ∞β ⇐⇒
l(M) = ∞ eÐnai to M ∈ SNβ ⇐⇒ l(M) < ∞.

Sth sunèqeia orÐzoume kai taxinomoÔme tic strathgikèc b-anagwg c.

Orismìc 1.0.4. Strathgik  b-anagwg c eÐnai mia apeikìnish F : S → ΛK

(ìpou S ⊆ ΛK) t.w. M → F (M) an M 6∈ NF, alli¸c F (M) = M.

Orismìc 1.0.5. 'Estw F strathgik  b-anagwg c.
OrÐzoume LF (M) = min{n : F n(M) ∈ NF}.
EpÐshc lème ìti to F− monop�ti tou ìrou M eÐnai to monop�ti M → F (M) →
F 2(M) → · · · kai èqei m koc LF (M).

Orismìc 1.0.6. DÐnetai mia strathgik  F .

1. H F lègetai maximal, an LF (M) = l(M). Autì shmaÐnei ìti h F kaju-
stereÐ ìso gÐnetai thn emf�nish kanonik c morf c.

2. H F lègetai minimal an LF (M) = s(M), dhlad  an odhgeÐ se kanonik 
morf  ìso pio sÔntoma gÐnetai.

3. H F lègetai perpetual an gia k�je M ∈ ∞β isqÔei LF (M) = ∞,
dhlad  an gia k�je ìro me atèrmona monop�tia, to M → F (M) →
F 2(M) → · · · eÐnai èna apì aut�. Epomènwc an h F mporeÐ na kajuste-
r sei ep��peiro thn emf�nish kanonik c morf c, ja to k�nei. Apì autì
katalabaÐnoume ìti an h F eÐnai maximal, tìte eÐnai kai perpetual.

4. H F lègetai normalizing an gia k�je M ∈ WNβ isqÔei LF (M) < ∞,
dhlad  an gia k�je ìro M pou èqei kanonik  morf , to F− monop�ti
tou M odhgeÐ se peperasmèno arijmì bhm�twn sthn kanonik  aut  mor-
f . Apì autì katalabaÐnoume ìti an h F eÐnai minimal, tìte eÐnai kai
normalizing.

Parat rhsh. O ìroc M1 = (λx.y)(λz.z)y èqei ta ex c monop�tia anagw-
g c:
(λx.y)(λz.z)y → y ìpou susteÐlame pr¸ta to aristerì redex kai
(λx.y)(λz.z)y → (λx.y)y → y, ìpou susteÐlame pr¸ta to dexÐ.
Epomènwc s(M1) = 1 kai l(M1) = 2. 'Ara an F1 eÐnai mia minimal strathgik ,
F1(M1) = y, en¸ an F2 eÐnai mia maximal strathgik , F2(M1) = (λx.y)y.
SumperaÐnoume loipìn ìti mia maximal strathgik  den mporeÐ na eÐnai kai
minimal. MporoÔme na proqwr soume akìma perissìtero.
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'Estw o ìroc M2 = (λx.y)(Ω)y. Mia strathgik  ja prèpei na susteÐlei
eÐte to aristerì redex eÐte to redex tou Ω. Dhlad  eÐte F (M2) = y eÐte
F (M2) = M2. 'Ara to F− monop�ti tou M2 eÐnai eÐte to M2 → y → y → · · ·
eÐte to M2 → M2 → · · · 'Ara an F eÐnai mia normalizing strathgik  ja prèpei
F (M2) = y, en¸ an eÐnai mia perpetual strathgik  ja prèpei F (M2) = M2.
SumperaÐnoume loipìn ìti mia perpetual strathgik  den mporeÐ na eÐnai kai
normalizing.

Epomènwc gia tic strathgikèc èqoume thn eikìna tou sq matoc 1.1.

Sq ma 1.1: Taxinìmhsh strathgik¸n

Me ta ergaleÐa pou èqoume parousi�sei mèqri stigm c den eÐnai eÔkolo
na apodeÐxoume ìti mia strathgik  an kei sth mia kathgorÐa   sthn �llh,
giatÐ ja prèpei na epalhjeÔsoume tic sunj kec tou orismoÔ gia ìlouc touc
l-ìrouc. MporoÔme ìmwc na broÔme antiparadeÐgmata gia na deÐxoume ìti mia
strathgik  den an kei se k�poia kathgorÐa.
P.q. h strathgik  Fnormal pou se k�je l-ìro sustèllei to aristerìtero redex
den eÐnai perpetual, ìpwc faÐnetai kai apì ta prohgoÔmena paradeÐgmata. Sthn
pragmatikìthta eÐnai normalizing, qwrÐc na eÐnai minimal ìpwc faÐnetai apì
ton ìro M3 = (λx.xx)(λx.x)y dhlad  M3 = (ω)(I)y :

M3 →Fnormal
(Iy)(I)y →Fnormal

(y)(I)y →Fnormal
yy,

�ra LFnormal
(M3) = 3, en¸ s(M3) = 2.

Gia na qrhsimopoi soume touc parap�nw orismoÔc prèpei na exet�soume
thn epÐdrash pou èqei mia strathgik  F se olìklhro to F− monop�ti tou
tuqaÐou l-ìrou. Oi isodÔnamoi orismoÐ pou akoloujoÔn epikentr¸nontai se
èna mìno b ma anagwg c.

L mma 1.0.3. Mia strathgik  F eÐnai minimal ann gia k�je ìro M 6∈ NF :
s(M) = s(F (M)) + 1
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Apìdeixh. ” ⇒ ” An h F eÐnai minimal tìte

s(M) = LF (M)

= min{n : F n(M) ∈ NF}
= min{n : F n+1(M) ∈ NF}+ 1

= min{n : F n(F (M)) ∈ NF}+ 1

= LF (F (M))

= s(F (M)) + 1

” ⇐ ” Upojètoume ìti gia k�je ìro M 6∈ NF : s(M) = s(F (M))+1. An
s(M) = ∞, tìte o M den kanonikopoieÐtai, �ra LF (M) = ∞. Mènei loipìn na
exet�soume thn perÐptwsh s(M) < ∞. Ja deÐxoume me epagwg  ston fusikì
s(M) ìti s(M) = LF (M).
- An s(M) = 0, tìte o M eÐnai kanonik  morf , �ra LF (M) = 0.
- Alli¸c M 6∈ NF. Tìte:

s(M) = s(F (M)) + 1

=EY LF (F (M)) + 1

= LF (M)

L mma 1.0.4. Mia strathgik  F eÐnai maximal ann gia k�je ìro M 6∈ NF :
l(M) = l(F (M)) + 1.

Apìdeixh. ” ⇒ ” An h F eÐnai maximal tìte

l(M) = LF (M)

= min{n : F n(M) ∈ NF}
= min{n : F n+1(M) ∈ NF}+ 1

= min{n : F n(F (M)) ∈ NF}+ 1

= LF (F (M))

= l(F (M)) + 1

” ⇐ ” Upojètoume ìti gia k�je ìro M 6∈ NF : l(M) = l(F (M)) + 1.
An LF (M) = ∞, tìte o M èqei èna �peiro monop�ti, dhlad  M ∈ ∞β �ra
apì l mma 1.0.1ii l(M) = ∞. Mènei loipìn na exet�soume thn perÐptwsh
LF (M) < ∞. Ja deÐxoume me epagwg  ston fusikì LF (M) ìti LF (M) =
l(M).
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- An LF (M) = 0, tìte o M eÐnai kanonik  morf , �ra l(M) = 0.
- Alli¸c M 6∈ NF. Tìte:

LF (M) = LF (F (M)) + 1

=EY l(F (M)) + 1

= l(M)

L mma 1.0.5. H strathgik  F eÐnai perpetual ann ∀M ∈ ∞β : F (M) ∈ ∞β.

Apìdeixh. ” ⇒ ” An h F eÐnai perpetual kai M∈ ∞β, tìte apì perpetuality
thc F, èqoume ìti LF (M) = ∞.
Dhlad  to M → F (M) → F 2(M) → · · · eÐnai �peiro.
Tìte ìmwc kai to F (M) → F 2(M) → · · · eÐnai �peiro.
'Ara up�rqei èna �peiro monop�ti apì ton F (M), to F− monop�ti tou F (M).
Epomènwc F (M) ∈ ∞β.

” ⇐ ” Upojètoume ìti gia k�je M isqÔei h sunepagwg 
M ∈ ∞β ⇒ F (M) ∈ ∞β. (∗)
'Estw t¸ra k�poioc M∈ ∞β. Tìte F (M) ∈ ∞β.
Tìte ìmwc p�li apì thn (*) paÐrnoume ìti F 2(M) ∈ ∞β k.o.k.
'Ara gia k�je n ∈ N èqoume F n(M) ∈ ∞β,
kat� meÐzona lìgw F n(M) 6∈ NF.
'Ara LF (M) = ∞. Epeid  o M  tan tuqaÐoc, h F eÐnai perpetual.

L mma 1.0.6. Mia strathgik  F eÐnai maximal ann gia k�je ìro M kai
k�je n ≥ 1 : M ∈ nβ ⇒ F (M) ∈ (n− 1)β.

Apìdeixh. ” ⇒ ” 'Estw F maximal strathgik  kai M∈ nβ.
Tìte up�rqei K t.w. M →n

∗ K.
Ja deÐxoume pr¸ta ìti n ≤ l(M).

An l(M) = ∞ eÐnai profanèc.
An ìmwc eÐnai peperasmèno, tìte up�rqei kanonik  morf  N t.w.
M →l(M)

∗ N.
Apì CR, K →m

∗ N.
'Ara M →n

∗ K →m
∗ N.

⇒ M →n+m
∗ N

Kai epeid  l(M) = max{n : ∃U ∈ NF s.t. M →n
∗ U}

paÐrnoume ìti m + n ≤ l(M)
⇒ n ≤ l(M).
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Apì maximality thc F èqoume l(M) = LF (M).
'Ara n ≤ LF (M).
⇒ M → F (M) → F 2(M) → · · · → F n(M)
⇒ F (M) ∈ (n− 1)β

” ⇐ ” Upojètoume ìti gia k�je M isqÔei h sunepagwg 
M ∈ nβ ⇒ F (M) ∈ (n− 1)β. (∗∗)
An LF (M) = ∞, tìte apì l mma 1.0.2 l(M) = ∞ ki ètsi LF (M) = l(M).
An LF (M) peperasmèno, tìte ja deÐxoume epagwgik� ìti LF (M) = l(M).

Isqurizìmaste ìti: l(F (M)) + 1 = l(M), gia M 6∈ NF.
'Estw l(M) = k, ìpou k ∈ N \ {0}.
Tìte M ∈ kβ

⇒Y π F (M) ∈ (k − 1)β

⇒ l(F (M)) ≥ k − 1
⇒ l(F (M)) + 1 ≥ k

kai afoÔ profan¸c l(F (M))+1 ≤ k èqoume l(F (M))+1 = l(M)
Tèloc èstw l(M) = ∞
Tìte gia k�je k ∈ N èqoume M ∈ kβ

⇒Y π gia k�je k ∈ N F (M) ∈ (k − 1)β

⇒ gia k�je k ∈ N l(F (M)) ≥ k − 1
⇒ l(F (M) = ∞

T¸ra pou deÐxame ton isqurismì xekin�me thn epagwg .
An LF (M) = 0 tìte M ∈ NF, �ra kai l(M) = 0.
Sto epagwgikì b ma me LF (M) > 0 èqoume M 6∈ NF. Epomènwc:

LF (M) = LF (F (M)) + 1

=EY l(F (M)) + 1

=Iσχ l(M)

Epomènwc se k�je perÐptwsh gia ton tuqaÐo M, LF (M) = l(M).
Dhlad  F maximal.

Orismìc 1.0.7. Mia merik  perpetual strathgik  eÐnai mia apeikìnish F :
∞β →∞β tètoia ¸ste gia k�je M ∈ ∞β isqÔei M → F (M).

AkoloÔjwc taxinomoÔme ta redex.
Se antistoiqÐa me ton orismì twn Bergstra - Klop gia thn megistikìthta twn
strathgik¸n kai ton orismì tou Regnier gia thn perpetuality twn strathgi-
k¸n, èqoume touc ex c orismoÔc gia thn megistikìthta kai thn perpetuality
twn redex.
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Orismìc 1.0.8. 'Estw èna redex ∆ me contractum ∆′.
a) To D lègetai R−perpetual ann ∀C context isqÔei

C[∆] ∈ ∞R ⇒ C[∆′] ∈ ∞R

b) To D lègetai R−maximal ann ∀n ∈ N ∀C context isqÔei

C[∆] ∈ nR ⇒ C[∆′] ∈ (n− 1)R

EpÐshc se antistoiqÐa me ta l mmata 1.0.3 kai 1.0.4 mporoÔme na p�roume
touc ex c orismoÔc gia ta redex.

Orismìc 1.0.9. 'Estw èna redex ∆ me contractum ∆′.
a) To D lègetai R−minimal ann ∀C context isqÔei

sR(C[∆]) = sR(C[∆′]) + 1

b) To D lègetai R−maximal ann ∀C context isqÔei

lR(C[∆]) = lR(C[∆′]) + 1

Par�deigma 1.0.1. To redex Ω (= (λx.xx)λx.xx) eÐnai b-perpetual.
Pr�gmati, to contractum tou Ω eÐnai o eautìc tou, kai gia k�je C èqoume
C[Ω] ∈ ∞β lìgw tou monopatioÔ

C[Ω] → C[Ω] → · · ·

To Ðdio monop�ti pistopoieÐ ìti gia k�je n ∈ N èqoume C[Ω] ∈ (n− 1)β. 'Ara
to Ω eÐnai kai b-maximal.

Par�deigma 1.0.2. Ston ΛK logismì den up�rqei b-minimal redex. 'Estw
ìti to ∆ eÐnai b-minimal.
Ac p�roume to context (λx.y)[ ].
ParathroÔme ìti s((λx.y)∆) = 1 kai s((λx.y)∆′) = 1.
'Ara den isqÔei to s(C[∆]) = s(C[∆′]) + 1

Apì thn antistoiqÐa thc taxinìmhshc twn redex me thn taxinìmhsh twn
strathgik¸n sumperaÐnoume eÔkola ìti mia strathgik  pou sustèllei p�nta
perpetual(maximal,minimal) redex eÐnai perpetual(maximal,minimal). To
antÐstrofo den isqÔei me thn ènnoia ìti mia perpetual strathgik  mporeÐ na
sustèllei kai redex pou den eÐnai perpetual, k�ti pou ja faneÐ ìtan orÐsoume
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sugkekrimènec strathgikèc. O lìgoc eÐnai ìti h strathgik  lamb�nei upìyin
(dèqetai wc ìrisma) olìklhro ton l-ìro kai ìqi mìno to redex. Dhlad  mporeÐ
na isqÔei

∞β 3 M →∆ F (M) ∈ ∞β

qwrÐc na isqÔei ìti

∞β 3 C[∆] → C[∆′] ∈ ∞β ∀C context.

Prìtash 1.0.1. 'Estw dimel c sqèsh R pou ikanopoieÐ thn FB. An to ∆
eÐnai R-maximal, tìte eÐnai kai R-perpetual.

Apìdeixh. 'Estw D' to contractum tou D kai upojètoume ìti C[∆] ∈ ∞R.
Tìte C[∆] ∈ nR gia k�je n ∈ N �ra kai C[∆] ∈ (n + 1)R gia k�je n ∈ N.
Tìte apì megistikìthta tou D èqoume C[∆′] ∈ nR gia k�je n ∈ N kai apì
FBR C[∆′] ∈ ∞R.
Sqhmatik� h apìdeixh faÐnetai sto sq ma 1.2:

Sq ma 1.2: Apìdeixh prìtashc 1.0.1

Parat rhsh. Up�rqoun β-perpetual redex pou den eÐnai β-maximal.
P.q. ìpwc ja diapist¸soume sto proteleutaÐo kef�laio, to (λx.x)y.
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Kef�laio 2

JEMELIWDES LHMMA
GIA TIS ATERMONES
STRATHGIKES

L mma 2.0.7. (Fundamental Lemma of Perpetuality - FLP)
Upojètoume ìti M1 ∈ SNβ an x 6∈ FV (M0). Tìte gia k�je n ≥ 1

M0[M1/x]M2 . . . Mn ∈ SNβ ⇒ (λx.M0)M1 . . . Mn ∈ SNβ (2.1)

Apìdeixh. 'Estw M0[M1/x]M2 . . . Mn ∈ SNβ. Tìte oi ìroi M0,M2,M3 . . .Mn ∈
SNβ. EpÐshc M1 ∈ SNβ. An x 6∈ FV (M0) autì prokÔptei apì thn upìjesh.
An p�li x ∈ FV (M0), tìte o M1 eÐnai upoìroc tou M0[M1/x]M2 . . .Mn ∈
SNβ, �ra p�li M1 ∈ SNβ.
Ac upojèsoume proc �topo ìti (λx.M0)M1 . . .Mn ∈ ∞β. Tìte k�je atèrmonh
anagwg  apì autìn prèpei na èqei thn morf :

(λx.M0)M1 . . .Mn →∗ (λx.M ′
0)M

′
1 . . . M ′

n

→ M ′
0[M

′
1/x]M ′

2 . . .M ′
n

→ . . .

Tìte ìmwc up�rqei mia �peirh anagwg 

M0[M1/x]M2 . . . Mn →∗ M ′
0[M

′
1/x]M ′

2 . . . M ′
n

→ . . .

pou antikroÔei sthn isqur  kanonikopoihsimìthta tou M0[M1/x]M2 . . . Mn.
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Pìrisma 2.0.1. Upojètoume ìti M1 ∈ SNβ. Tìte gia k�je n ≥ 1

M0[M1/x]M2 . . . Mn ∈ SNβ ⇒ (λx.M0)M1 . . . Mn ∈ SNβ

Parat rhsh. H antijetoanastrof  thc sunepagwg c 2.1 dÐnei

(λx.M0)M1 . . .Mn ∈ ∞β ⇒ M0[M1/x]M2 . . . Mn ∈ ∞β (2.2)

Epomènwc to FLP kai to pìrism� tou mac dÐnoun proüpojèseic upì tic opoÐec
h epilog  tou redex kefal c apoteleÐ perpetual strathgik . H idèa aut 
efarmìzetai sthn strathgik  F1 twn Bergstra - Klop kai sthn F2 tou Sorensen,
pou ja orÐsoume argìtera kai eÐnai kai oi dÔo perpetual.

*** Qarakthrismìc tou SNβ apì v.Raamsdonk kai Severi . ***

OrÐsame to sÔnolo twn isqur� kanonikopoi simwn ìrwn gia thn R-anagwg 
wc to sÔnolo LK \ ∞R. H prìtash pou akoloujeÐ kai ofeÐletai stouc van
Raamsdonk kai Severi dÐnei ènan isodÔnamo epagwgikì orismì tou sunìlou
SNβ.

Orismìc 2.0.10. OrÐzoume wc X to mikrìtero sÔnolo l-ìrwn pou eÐnai
kleistì wc proc touc parak�tw kanìnec sqhmatismoÔ l-ìrwn.

1. M1, . . . , Mn ∈ X ⇒ (x)M1 . . .Mn ∈ X

2. M ∈ X ⇒ λx.M ∈ X

3. M1 ∈ X kai M0[M1/x]M2 . . . Mn ∈ X ⇒ (λx.M0)M1 . . .Mn ∈ X

Prìtash 2.0.2. SNβ = X

Apìdeixh. Pr¸ta ja deÐxoume ìti M ∈ SNβ ⇒ M ∈ X. ParathroÔme an
ènac l-ìroc den eÐnai metablht  tìte eÐnai eÐte l-afaÐresh (perÐptwsh 2) eÐte
efarmog  me ton 1o ìro metablht  dhl. kanonik  morf  kefal c (perÐptwsh
1) eÐte efarmog  me ton pr¸to ìro l-afaÐresh (perÐptwsh 3).

Epomènwc me epagwg  sto lexikografik� diatetagmèno zeÔgoc < lβ(M), ||M || >
èqoume:

• PerÐptwsh 0. M = x metablht . Tìte ex orismoÔ M ∈ X.
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• PerÐptwsh 1. M = (x)P1 . . .Pn ∈ SNβ. Tìte gia k�je i, Pi ∈ SNβ.
Ex�llou gia k�je i, lβ(Pi) ≤ lβ(M). All� akìma kai an gia k�poio i
èqoume isìthta, isqÔei ìti ||Pi|| < ||M ||. 'Ara apì Ep.Up. P1, P2, . . . , Pn ∈
X, ara apì kanìna 1, M ∈ X.

• PerÐptwsh 2. M = λx.P. Tìte lβ(P ) = lβ(M), all� ||P || < ||M ||.
'Ara apì Ep.Up. afoÔ P ∈ SNβ èqoume ìti P ∈ X, �ra apì kanìna 2
M ∈ X.

• PerÐptwsh 3. M = (λx.P0)P1 . . .Pn ∈ SNβ. Tìte P1 ∈ SNβ kai o
M ′ = P0[P1/x]P2 . . . Pn ∈ SNβ. IsqÔei lβ(P1) < lβ(M), �ra apì Ep.Up.
P1 ∈ X.
Ex�llou lβ(M ′) ≤ lβ(M) − 1, �ra lβ(M ′) < lβ(M) ki ètsi apì Ep.Up
P0[P1/x]P2 . . . Pn ∈ X.
'Ara lìgw tou kanìna 3 M ∈ X.

Antistrìfwc gia na deÐxoume ìti M ∈ X ⇒ M ∈ SNβ, ja qrisimopoi -
soume epagwg  ston kanìna sqhmatismoÔ tou M ∈ X.

• PerÐptwsh 0. M = x metablht . Tìte M ∈ SNβ.

• PerÐptwsh 1. M = (x)P1 . . .Pn, ìpou Pi ∈ X. Apì Ep.Up. Pi ∈ SNβ,
�ra M ∈ SNβ.

• PerÐptwsh 2. M = λx.P, ìpou P ∈ X. Apì Ep.Up. P ∈ SNβ, �ra
M ∈ SNβ.

• PerÐptwsh 3. M = (λx.P0)P1 . . .Pn ìpou P1 ∈ X kai P0[P1/x]P2 . . . Pn ∈
X. Tìte apì E.Up. èqoume P1 ∈ SNβ kai P0[P1/x]P2 . . . Pn ∈ SNβ. Kai
apì FLP èqoume ìti M ∈ SNβ.

Parat rhsh. Plèon, gia na deÐxoume ìti mia idiìthta P ikanopoieÐtai apì
k�je isqur� kanonikopoi simo ìro, arkeÐ na qrhsimopoioÔme epagwg  stou
kanìnec sqhmatismoÔ tou sunìlou X twn van Raamsdonk kai Severi . Dhlad 
ja deÐqnoume ìti P (x), gia k�je metablht  x kai sth sunèqeia ìti:

1. P (M1), . . . , P (Mn) ⇒ P ((x)M1 . . .Mn)

2. P (M) ⇒ P (λx.M)

3. P (M1) kai P (M0[M1/x]M2 . . . Mn) ⇒ P ((λx.M0)M1 . . .Mn)

kai autì epÐshc apoteleÐ mia spoudaÐa efarmog  tou FLP.
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*** Qarakthrismìc tou SNβ apì ton Xi . ***

OrÐzoume thn strathgik  Fl pou antistoiqeÐ sthn aristerìterh ana-
gwg , dhlad  sustèllei p�nta to aristerìtero kai pio exwterikì redex enìc
mh kanonikoÔ ìrou, dhlad  sustèllei to aristerìtero l pou antistoiqeÐ se
redex.

Orismìc 2.0.11. OrÐzoume th strathgik  Fl : ΛK → ΛK wc ex c. Gia
M ∈ NFβ sÔmfwna me ton orismì twn strathgik¸n Fl(M) = M. Alli¸c:

1. Fl(xPQR) = xPFl(Q)R an P ∈ NFβ, Q 6∈ NFβ

2. Fl(λx.P ) = λx.Fl(P )

3. Fl((λx.P )QR) = P [Q/x]R

An M 6∈ NFβ kai Fl(M) = N gr�foume M →l N. EpÐshc, an LFl(M) =
∞, gr�foume M ∈ ∞l. EÐnai fanerì ìti ∞l ⊆ ∞β.

H Fl den eÐnai perpetual strathgik . P.q.

(λx.y)Ω →l y ∈ NF

Antijètwc eÐnai normalizing strathgik .

O Xi qrhsimopoi se thn Fl gia na d¸sei akìma ènan qarakthrismì twn
isqur� kanonikopoi simwn ìrwn.

Orismìc 2.0.12. OrÐzoume wc = th mikrìterh sqèsh pou eÐnai kleist  wc
proc touc kanìnec

λx.M = M M1M2 = M1 M1M2 = M2

H = den eÐnai autopaj c (kai den qrei�zetai na eÐnai metabatik )

T¸ra orÐzoume th sqèsh ¤ == ∪ →l . Dhlad  an M ¤N èqoume tic ex c
peript¸seic.

• M →l N

• M = λx.N gia k�poia metablht  x

• M = (N)U gia k�poion ìro U

• M = (U)N gia k�poion ìro U
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Parat rhsh. MporoÔme na orÐsoume touc l-ìrouc san rÐzec dèndrwn pou
ta fÔlla touc eÐnai metablhtèc kai k�je kìmboc eÐte ja eÐnai thc morf c λx.M
kai ja èqei wc paidi ènan kìmbo M, opìte ja èqei etikèta λx, eÐte ja eÐnai
thc morf c (M)N kai ja èqei paidi� touc kìmbouc M kai N, opìte ja èqei
etikèta (). Apì thn sÔmbash gia tic desmeumènec metablhtèc, den epitrèpetai
ènac kìmboc na èqei Ðdia etikèta λx me k�poion apìgonì tou, ètsi ¸ste sto
s¸ma miac l-afaÐreshc na mhn up�rqei ki �llh l-afaÐresh me Ðdia desmeumènh
metablht .

'Otan èqoume orÐsei me ton trìpo autìn touc l-ìrouc, ètsi ¸ste k�je l-
ìroc pou den eÐnai metablht  na èqei 1   2 paidi�, eÐnai eÔkolo na doÔme pwc
h sqèsh = eÐnai sqèsh patèra - paidioÔ.

Epeid  k�je dèntro l-ìrou èqei peperasmèno b�joc, den up�rqei �peirh
= − alusÐda, �ra h metabatik  kleistìthta thc = eÐnai kal  di�taxh sto ΛK .
An ìmwc epeketeÐnoume th sqèsh = se ¤ ¸ste na perilamb�nei kai thn →l,
tìte eÐnai dunatì na up�rxei �peirh ¤−alusÐda.

O qarakthrismìc pou dÐnei o Xi èqei wc sunèpeia (ìpwc ja apodeÐxoume
met� thn parousÐas  tou) to ìti oi isqur� kanonikopoi simoi ìroi eÐnai akrib¸c
autoÐ apì touc opoÐouc den eÐnai dunatìn na xekin sei mia tètoia �peirh alusÐda.

Orismìc 2.0.13. OrÐzoume H(M0) = max{n : M0 ¤ M1 ¤ · · ·¤ Mn}
Prìtash 2.0.3. (Xi) SNβ = {M ∈ ΛK : H(M) < ∞}

Apìdeixh. ” ⇒ ” 'Estw M ∈ SNβ.
Me epagwg  sta lexikografik� diatetagmèna zeÔgh < lβ(M), ||M || > (afoÔ
sÔmfwna me to l mma 1.0.2ii, lβ(M) < ∞) ja deÐxoume ìti H(M) < ∞.

1. An M = x tìte H(M) = 0.

2. An M = PQ. Tìte P,Q ∈ SNβ. 'Omwc lβ(P ), lβ(Q) ≤ lβ(M) kai
||P ||, ||Q|| < ||M ||. 'Ara apì epagwgik  upìjesh H(P ),H(Q) < ∞.
Epiplèon, an M →l M ′, tìte p�li M ′ ∈ SNβ kai apì Ep.Up. (afoÔ
lβ(M1) < lβ(M)) èqoume H(M ′) < ∞.
Epomènwc H(M) = max{H(P ),H(Q),H(M ′)}+ 1 < ∞.

3. An M = λx.P. Tìte P ∈ SNβ. 'Omwc lβ(P ) ≤ lβ(M) kai ||P || < ||M ||.
'Ara apì epagwgik  upìjesh H(P ), < ∞.
Epiplèon, an M →l M ′, tìte ìpwc prin H(M ′) < ∞.
Epomènwc H(M) = max{H(P ),H(M ′)}+ 1 < ∞.
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” ⇐ ” 'Estw H(M) < ∞.
Me epagwg  sto H(M) ja deÐxoume ìti M ∈ SNβ.
Gia H(M) = 0, tìte o M eÐnai k�poia metablht  kai tìte profan¸c M ∈

SNβ.

1. M = xP1P2 . . . Pn. TìteH(P1), . . .H(Pn) < ∞ kai m�listaH(P1), . . .H(Pn) <
(H)(M), �ra apì Ep.Up. P1, . . . , Pn ∈ SNβ.
'Ara M ∈ SNβ.

2. M = λx.P. Tìte H(P ) < ∞ kai m�lista H(P ) < H(M), �ra apì
Ep.Up. P ∈ SNβ.
'Ara M ∈ SNβ.

3. M = (λx.P0)P1 . . . Pn.
Tìte H(P0[P1/x]P2 . . . Pn) < ∞ kai H(P1) < ∞.
Apì Ep.Up. P0[P1/x]P2 . . . Pn ∈ SNβ kai P1 <∈ SNβ.
'Ara apì FLP M ∈ SNβ.

Prin ton orismì kai thn prìtash isqurist kame ìti oi isqur� kanonikopoi -
simoi ìroi eÐnai akrib¸c autoÐ apì touc opoÐouc den eÐnai dunatìn na xekin sei
mia �peirh ¤−alusÐda. Gia na apodeÐxoume ton isqurismì autìn, den mènei
par� na apodeÐxoume ìti

{M ∈ ΛK : H(M) < ∞} = {M ∈ ΛK : @(Mi)i∈N s.t.M ¤ M1 ¤ . . .}

dhlad  ìti

max{n : M ¤ M1 . . . ¤ Mn} < ∞ ⇔ @(Mi)i∈N s.t.M ¤ M1 ¤ . . .

dhlad 

max{n : M ¤ M1 . . . ¤ Mn} = ∞ ⇔ ∃(Mi)i∈N s.t.M ¤ M1 ¤ . . .

To teleutaÐo ìmwc prokÔptei apì to l mma tou König, to opoÐo mporoÔme na
to epikalestoÔme lìgw thc FB ¤.

∗ ∗ ∗
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Kef�laio 3

ATERMONES
STRATHGIKES

'Enac ìroc M tou ∞β èqei mia apì tic akìloujec morfèc.

• λx.P, ìpou P ∈ ∞β Sthn perÐptwsh aut  opoiad pote anagwg , prèpei
na gÐnei sto s¸ma thc afaÐreshc, �ra gia k�je strathgik 

F (λx.P ) = λx.F (P ). (3.1)

• xPQR, ìpou P1, P2, ..Pn ∈ SNβ, Q ∈ ∞β. Sthn perÐptwsh aut , mia
atèrmonh strathgik  F mporeÐ na susteÐlei k�poion apì touc P1, ..., Pn,
all� epeid  autoÐ eÐnai isqur� kanonikopoi simoi, apì k�poio b ma kai
met� ja prèpei h F na sustèllei ton Q (  k�poion apì touc R1, ..., Rk

efìson eÐnai sto∞β). 'Ara mia eÔkolh epilog  gia k�je atèrmonh stra-
thgik  F eÐnai h ex c:

F (xPQR) = xPF (Q)R (3.2)

• (λx.P )QR, dhlad  an o M den eÐnai l-afaÐresh kai den èqei kanonik 
morf  kefal c, tìte prèpei na xekin� me èna redex kefal c. An jèlou-
me na xekin soume mia anagwg  apì ènan tètoio ìro, mporoÔme eÐte na
susteÐloume autì to redex kefal c eÐte na susteÐloume k�poion upoìro
pou an kei sto ∞β. Parak�tw ja parousi�soume tic lÔseic pou prìtei-
nan sto prìblhma autì oi Bergstra kai Klop kai o Sorensen antÐstoiqa.
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H atèrmonh strathgik  twn Bergstra kai Klop (1982)
Sto �rjro ”Strong normalization and perpetual reductions in the lambda -
calculus” tou 1982 oi Bergstra kai Klop orÐzoun thn strathgik  F1. Stic l-
afairèseic kai stic kanonikèc morfèc kefal c, h F1 dra ìpwc proanafèrame.
Stic morfèc (λx.P )QR h F1 sustèllei ton upoìro Q an an kei sto ∞β,
alli¸c sustèllei to redex kefal c. Tupik� o orismìc thc F1 wc sun�rthshc
apì to ∞β sto ΛK eÐnai:

1. F1(xPQR) = xPF1(Q)R, P ∈ SNβ, Q 6∈ SNβ

2. F1(λx.P ) = λx.F1(P )

3. F1((λx.P )QR) = P [Q/x]R, an Q ∈ SNβ

4. F1((λx.P )QR) = (λx.P )F1(Q)R, an Q 6∈ SNβ

O orismìc thc F1 eÐnai anadromikìc, gi’autì kai h apìdeixh ìti eÐnai atèr-
monh strathgik  (dhlad  ìti M ∈ ∞β ⇒ F1(M) ∈ ∞β) gÐnetai me epagwg 
sthn poluplokìthta tou ìrou M.

Stic peript¸seic 1,2 kai 4 tou orismoÔ autì eÐnai tetrimmèno. P.q. sthn
perÐptwsh 1, an M = xPQR me Q 6∈ SNβ, tìte Q ∈ ∞β kai apì epagwgik 
upìjesh èqoume ìti F1(Q) ∈ ∞β, �ra kai xPF1(Q)R ∈ ∞β.

H mình mh tetrimmènh perÐptwsh eÐnai h 3, ìpou to zhtoÔmeno mac to exa-
sfalÐzei to FLP.

Ja doÔme parak�tw p¸c dra h F1 se merikoÔc ìrouc sto ∞β. Oi arijmoÐ
p�nw apì tic isìthtec deÐqnoun poion kanìna qrhsimopoioÔme k�je for� apì
ton orismì thc F1.

1. M = Ω = (λx.xx)λx.xx
F1(Ω) = F1( (λx.xx)λx.xx ) =3 (λx.xx)λx.xx = Ω

'Ara h F1 dÐnei thn anagwg  Ω → Ω → Ω → · · ·

2. M = (λx.y)Ω
F1( (λx.y)Ω ) =4 (λx.y)F1(Ω) = (λx.y)Ω

'Ara h F1 dÐnei thn anagwg  (λx.y)Ω → (λx.y)Ω → (λx.y)Ω → · · ·

3. M = (λx.λy.x)zΩ
F1( (λx.λy.x)zΩ ) =3 (λy.z)Ω
kai ìpwc eÐdame prohgoumènwc F1( (λy.z)Ω ) = (λy.z)Ω

'Ara h F1 dÐnei thn anagwg  (λx.λy.x)zΩ → (λy.z)Ω → (λy.z)Ω → · · ·
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4. OrÐzw N = (λx.xxy)λx.xxy.
Tìte N → Ny → Nyy → · · ·
dhlad  N ∈ ∞β.
OrÐzw M = (λx.N)N
F1( (λx.N)N ) = (λx.N)(N)y
F1( (λx.N)(N)y ) = (λx.N)((N)y)y k.o.k.
'Ara h F1 dÐnei thn anagwg 
(λx.N)N → (λx.N)(N)y → (λx.N)((N)y)y → · · ·

Orismìc 3.0.14. 'Ena �peiro monop�ti anagwg c lègetai constricting an
èqei thn morf 

C1[M1] → C1[C2[M2]] → C1[C2[C3[M3]]] · · ·
ìpou Mi Ðnai o el�qistoc ∞β uperìroc tou redex pou sunest�lh sto b ma
C1[· · ·Ci · · ·] → C1[· · ·Ci[Ci+1[]Mi+1]] · · ·

Ousiastik�, gia na fti�xoume èna constricting, monop�ti apì ton M ∈ ∞β,
akoloujoÔme ta ex c b mata.

1. Sto pr¸to b ma anagwg c brÐskoume poio redex sustèlletai kai to
onom�zoume r1.

2. BrÐskoume ton el�qisto uperìro tou r1, pou na an kei sto ∞β kai
ton onom�zoume M1. O M1 mporeÐ na eÐnai apì to Ðdio to r1 mèqri kai
olìklhroc o M.

3. O ìroc M èqei thn morf  C1[M1], ìpou C1 èna context.Autì to context
ja prèpei na parameÐnei amet�blhto se ìlh thn di�rkeia thc anagwg c
(dhlad  gia p�nta!) 'Otan loipìn epilèxoume to epìmeno redex pou ja
susteÐloume, ja prèpei na eÐnai tètoio pou na mhn ephre�sei to C1. 'Ara
ja prèpei eÐte na brÐsketai entìc tou M1 eÐte na eÐnai to Ðdio to Ω tou
opoÐou h sustol  ètsi ki alli¸c den epifèrei kamÐa allag  ston ìro.

4. To redex autì to onom�zoume r2 kai epanalamb�noume thn diadikasÐa.

Me autìn ton trìpo, to stajerì mèroc suneq¸c megal¸nei ìso proqwroÔn
ta b mata thc anagwg c.

Par�deigma 3.0.3. Ta parak�tw monop�tia eÐnai constricting.
(λx.N)N → N → Ny → Nyy → · · ·
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(λx.N)N → (λx.N)(N)y → (λx.N)((N)y)y → · · ·

(λx.N)N → (λx.Ny)N → (λx.Nyy)N → · · ·

Prìtash 3.0.4. H F1 den eÐnai constricting.

Apìdeixh. ArkeÐ na fèroume èna antipar�deigma.
Mia anagwg  sÔmfwnh me thn F1 eÐnai h ex c:

((λx.λy.(Ω)x)I)(I)Ω → (λy.(Ω)I)(I)Ω → (λy.(Ω)I)(I)Ω

Sthn anagwg  aut  èqoume
r1 = M1 = (λx.λy.(Ω)x)I
r2 = M2 = Ω (to dexiìtero Ω)
r3 = M3 = Ω (to dexiìtero Ω)
'Ara C1 = [ ](I)Ω en¸ apì ton deÔtero ìro thc anagwg c ja èprepe na eÐnai
C1[C2] = (λy.(Ω)I)(I)[ ].
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H atèrmonh strathgik  F2 tou Sorensen

H diafor� thc F2 apì thn F1 eÐnai ìti ston ìro thc morf c M = (λx.P )QR
h F2 exet�zei pr¸ta an o upoìroc P eÐnai atèrmwn kai an pr�gmati eÐnai su-
stèllei autìn.

Tupik� o orismìc thc F2 wc sun�rthshc apì to ∞β sto ΛK eÐnai:

1. F2(xPQR) = xPF2(Q)R, P ∈ SNβ, Q 6∈ SNβ

2. F2(λx.P ) = λx.F2(P )

3. F2((λx.P )QR) = P [Q/x]R, an P ∈ SNβ, Q ∈ SNβ

4. F2((λx.P )QR) = (λx.F2(P ))QR, an P 6∈ SNβ

5. F2((λx.P )QR) = (λx.P )F2(Q)R, an P ∈ SNβ, Q 6∈ SNβ

'Opwc kai gia thn F1 ètsi kai gia thn F2 apodeiknÔetai èukola me epagwg 
ìti M ∈ ∞β ⇒ F2(M) ∈ ∞β. Kai ed¸ h mình mh tetrimmènh perÐptwsh eÐnai
h 3 h opoÐa prokÔptei �mesa apì to FLP.

Sta paradeÐgmata 1,2 kai 3 pou aforoÔsan thn F1, h F2 leitourgeÐ akrib¸c
me ton Ðdio trìpo. 'Omwc ston ìro tou paradeÐgmatoc 4, en¸ h F1 dÐnei

(λx.N)N → (λx.N)(N)y → (λx.N)((N)y)y → · · ·

h F2 dÐnei

(λx.N)N → (λx.(N)y)N → (λx.((N)y)y)N → · · ·

San teleutaÐo par�deigma melet�me ton ìro ((λx.λy.(Ω)x)I)(I)Ω.
H F1 eÐdame ìti dÐnei thn anagwg 

((λx.λy.(Ω)x)I)(I)Ω → (λy.(Ω)I)(I)Ω → (λy.(Ω)I)(I)Ω

me thn opoÐa apodeÐxame ìti h F1 den eÐnai constricting.
AntÐjeta h F2 dÐnei thn anagwg 

((λx.λy.(Ω)x)I)(I)Ω → ((λx.λy.(Ω)x)I)(I)Ω → ((λx.λy.(Ω)x)I)(I)Ω · · ·

Ed¸ sustèlletai sunèqeia to aristerì Ω, ètsi C1 = ((λx.λy.([ ])x)I)(I)Ω,
en¸ C2 = C3 = · · · = [ ].
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Prìtash 3.0.5. H F2 eÐnai constricting strathgik .

Apìdeixh. Me epagwg  stouc fusikoÔc, ja deÐxoume ìti gia k�je fusikì
n, an u ∈ ∞β, tìte ta pr¸ta n− 1 b mata thc F2 anagwg c tou u, ja èqoun
th morf 

u = C1[M1] →r1 C1[C2[M2]] →r2 · · · →rn−1 C1[C2[· · ·Cn[Mn] · · ·]]

ìpou Mi o el�qistoc atèrmwn uperìroc tou ri.

Gia n = 1 isqÔei.
T¸ra an isqÔei gia ton n− 1, ja deÐxoume ìti isqÔei gia n, dhlad 
an u = C1[M1] →r1 C1[C2[M2]] →r2 · · · →rn−1 C1[C2[·Cn[Mn]·]] →rn F n

2 (u),
tìte F n

2 (u) = C1[C2[· · ·Cn[Cn+1[Mn+1] · · ·]]]

Ed¸ ja akolouj soume epagwg  sthn poluplokìthta tou ìrou u.
Parak�tw gia aplopoÐhsh tou sumbolismoÔ ja gr�foume F antÐ gia F2.

H epagwgik  b�sh eÐnai tetrimmènh, giatÐ oi metablhtèc den an koun sto ∞β.

Sto epagwgikì b ma orÐzoume C∗[ ] = C1[C2[· · ·Cn[ ] · · ·]] kai prèpei
na deÐxoume ìti F (C∗[Mn]) = C∗[Cn+1[Mn+1], gia k�poio context Cn+1.

Gia ton atèrmona ìro F n−1(u) = C∗[Mn] me b�sh ton orismì thc F2 èqoume
tic parak�tw 5 peript¸seic.

1. C∗[Mn] = xPQR, P ∈ SNβ, Q 6∈ SNβ

Tìte rn ⊆ Mn ⊆ Q, dhlad  Q = D1[Mn], gia k�poio context D1.
Apì epagwgik  upìjesh gia ton atèrmona Q èqoume
F (Q) = D1[Mn] = D1[D2[Mn+1]], gia k�poio context D2.

Epomènwc F n(u) = F (C∗[Mn]) = F (xPQR)
= xPF (Q)R
= xPF (D1[Mn])R
= xPD1[D2[Mn+1]R]
= C∗[D2[Mn+1]]
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2. C∗[Mn] = λx.P, P ∈ ∞β

ApodeiknÔetai to zhtoÔmeno ìpwc kai sthn perÐptwsh 1.
(Ed¸ h epagwgik  upìjesh ja efarmosteÐ ston upoìro P.)

3. C∗[Mn] = (λx.P )QR1 . . . Rm, P ∈ SNβ, Q ∈ SNβ

Tìte F (C∗[Mn]) = P [Q/x]R, dld. rn = (λx.P )Q kai
Mn = (λx.P )Q   Mn = (λx.P )QR1 . . . Rk, k ≤ m,
ìpou Rk o pr¸toc atèrmwn Ri.

Ex�llou tìte C∗[] = []Rk+1 . . . Rn

DiakrÐnoume 2 upopeript¸seic.

(aþ) (λx.P)Q ∈ ∞β

Tìte Mn = (λx.P )Q kai C∗[] = []R1 . . . Rn

Tìte apì FLP afoÔ Q ∈ SNβ èqoume P [Q/x] ∈ ∞β

'Ara to P [Q/x] mporeÐ na èqei mia apì tic akìloujec morfèc.

• P [Q/x] = λz.P ′, P ′ ∈ ∞β

Tìte F (F (C∗[Mn])) = F ((λz.P ′)R)
= (λz.F (P ′))R

'Omwc P ′ ∈ ∞β, �ra rn+1 ⊆ Mn+1 ⊆ P ′

⇒ P ′ = D[Mn+1]

Telik� èqoume F (C∗[Mn]) = (λz.P ′)R
= (λz.D[Mn+1])R
= C∗[λz.D[Mn+1]]
= C∗[Cn+1[Mn+1]]

• P [Q/x] = (λz.P1)P2 . . . Pm, P1, P2 ∈ SNβ.
Tìte F (F (C∗[Mn])) = F ((λzP1)P2 . . . PmR)

= P1[P2/z]P3 . . . PmR
'Ara rn+1 = (λz.P1)P2 kai Mn+1 ⊆ (λz.P1)P2 . . . Pm.

⇒ (λz.P1)P2 . . . Pm = D[Mn+1]

Telik� èqoume F (C∗Mn) = (λzP1)P2 . . . PmR
= C∗[(λzP1)P2 . . . Pm]
= C∗[(λzP1)P2 . . . D[Mn+1]]
= C∗[Cn+1[Mn+1]]
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• P [Q/x] = (λz.P1)P2 . . . Pm, P1 6∈ SNβ.
Tìte F (F (C∗[Mn])) = F ((λzP1)P2 . . . PmR)

= (λzF (P1))P2 . . . PmR
'Ara rn+1 ⊆ P1 kai Mn+1 ⊆ P1, afoÔ P1 ∈ ∞β.

⇒ P1 = D[Mn+1]

Telik� èqoume F (C∗Mn) = (λz.P1)P2 . . . PmR
= C∗[(λz.P1)P2 . . . Pm]
= C∗[(λz.D[Mn+1])P2 . . . Pm]
= C∗[Cn+1[Mn+1]]

• P [Q/x] = (λz.P1)P2 . . . Pm, P1 ∈ SNβ, P2 6∈ SNβ.
Tìte F (F (C∗[Mn])) = F ((λz.P1)P2 . . . PmR)

= (λz.P1)F (P2)P3 . . . PmR

'Ara rn+1 ⊆ P2 kai Mn+1 ⊆ P2, afoÔ P2 ∈ ∞β.
⇒ P2 = D[Mn+1]

Telik� èqoume F (C∗Mn) = (λz.P1)P2 . . . PmR
= C∗[(λz.P1)P2P3 . . . Pm]
= C∗[(λz.P1)D[Mn+1]P3 . . . Pm]
= C∗[Cn+1[Mn+1]]

• P [Q/x] = (z)P1P2 . . . Pm, me ton Px na eÐnai o 1oc atèrmwn
Tìte F (F (C∗[Mn])) = F ( (z)P1P2 . . . PmR )

= (z)P1P2 . . . F (Px)Px+1 . . . PmR

'Ara rn+1 ⊆ Px kai Mn+1 ⊆ Px, afoÔ Px ∈ ∞β.
⇒ Px = D[Mn+1]

Telik� èqoume F (C∗Mn) = (z)P1P2 . . . PmR
= C∗[(z)P1P2P3 . . . Pm]
= C∗[(z)P1P2 . . . Px−1D[Mn+1]Px+1 . . . Pm]
= C∗[Cn+1[Mn+1]]
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(bþ) (λx.P)Q 6∈ ∞β

Tìte rn = (λx.P )Q
kai epeid  (λx.P )Q 6∈ ∞β, èqoume P [Q/x] 6∈ ∞β

'Ara to P [Q/x] mporeÐ na èqei mia apì tic akìloujec morfèc.
(Parak�tw me Rx sumbolÐzetai o pr¸toc atèrmwn Ri.)

• P [Q/x] = λz.P ′.
An R1 ∈ SNβ, tìte rn+1 = (λz.P ′)R1.

An Mn = (λx.P )QR1 . . . Rx,
tìte Mn+1 = (λz.P ′)R1 . . . Rx.
An Mn = (λx.P )QR1 . . . Ry, 1 ≤ y < x,
tìte Mn+1 = (λz.P ′)R1 . . . Ry.

Se k�je perÐptwsh F ( C∗[Mn] ) = C∗[Mn+1].
'Ara mporoÔme na jewr soume Cn+1[ ] = [ ].

An R1 6∈ SNβ, tìte rn+1 ⊆ Mn+1 ⊆ R1.
Epiplèon ja èqoume Mn = (λx.P )QR1, �ra C∗[ ] = [ ]R2 . . . Rn.
Tìte F (C∗[Mn]) = (λz.P ′)R1R2 . . . Rn

= C∗[(λz.P ′)R1]
= C∗[(λz.P ′)D[Mn+1]]
= C∗[Cn+1[Mn+1]]

• P [Q/x] = (λz.P ′)Q′, me P ′, Q′ ∈ SNβ, afoÔ P [Q/x] ∈ SNβ.
Tìte F (C∗[Mn]) = (λz.P ′)Q′R1 . . . Rx . . . Rn

kai rn+1 = (λz.P ′)Q′.
An Mn = (λx.P )QR1 . . . Rx,
tìte Mn+1 = (λz.P ′)Q′R1 . . . Rx.
An Mn = (λx.P )QR1 . . . Ry, 1 ≤ y < x,
tìte Mn+1 = (λz.P ′)Q′R1 . . . Ry.

Se k�je perÐptwsh F ( C∗[Mn] ) = C∗[Mn+1].
'Ara mporoÔme na jewr soume Cn+1[ ] = [ ].

• P [Q/x] = (z)P ′
1 . . . P ′

k. me P ′
1, P

′
2, . . . P

′
k ∈ SNβ.

Tìte Mn = (λx.P )QR1 . . . Rx kai C∗[ ] = [ ]Rx+1 . . . Rn.
Epiplèon F (C∗[Mn]) = (z)P ′

1 . . . P ′
kR1R2 . . . Rn.

Tìte ìmwc rn+1 ⊆ Mn+1 ⊆ Rx, èstw Rx = D[Mn+1].
Opìte F (C∗[Mn]) = (z)P ′

1 . . . P ′
kR1R2 . . . Rn

= C∗[(z)P ′
1 . . . P ′kR1 . . . Rx]

= C∗[(z)P ′
1 . . . P ′kR1 . . . D[Mn+1]]

= C∗[Cn+1[Mn+1]]
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4. C∗[Mn] = (λx.P )QR, P 6∈ SNβ

5. C∗[Mn] = (λx.P )QR, P ∈ SNβ, Q 6∈ SNβ

Oi dÔo teleutaÐec peript¸seic eÐnai p�li ìmoiec me thn perÐptwsh 1.

H atèrmonh strathgik  F3 tou Sorensen (1996)

Orismìc 3.0.15. Mia strathgik  lègetai zoom in, an sustèllei p�nta to
aristerìtero redex enìc elaqistikoÔ atèrmonoc upoìrou.

ParadeÐgmata

• Ston ìro M = ((λx.x)z.)(λy.yy)λy.yy o el�qistoc atèrmwn upoìroc
eÐnai o Ω (o �lloc atèrmwn upoìroc eÐnai o Ðdioc o M). 'Ara mia zoom in
strathgik  F prèpei na susteÐlei to redex tou Ω dhlad  F (M) = M.
AntÐjeta h F2 lìgw tou kanìna 3 dÐnei F2(M) = (z)Ω. 'Ara h F2 den
eÐnai zoom in.

• H strathgik  thc aristerìterhc anagwg c Fl den eÐnai zoom in, afoÔ
ston parap�nw ìro M ja droÔse ìpwc kai h F2.

• H strathgik  F1 den eÐnai zoom in, afoÔ ston parap�nw ìro M ja
droÔse ìpwc kai h F2.

• H parak�tw strathgik  tou Sorensen eÐnai zoom in.

1. F3(xPQR) = xPF3(Q)R, P ∈ SNβ, Q 6∈ SNβ

2. F3(λx.P ) = λx.F3(P )

3. F3((λx.P )QR) = P [Q/x]R, an P, Q,R ∈ SNβ

4. F3((λx.P )QR) = (λx.F3(P ))QR, an P 6∈ SNβ

5. F3((λx.P )RS) = (λx.P )RF3(Q)S, an P,R ∈ SNβ, Q 6∈ SNβ
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H atèrmonh strathgik  F∞ tou Barendregt (1976   84)

Oi atèrmonec strathgikèc pou parousi�same (F1, F2, F3) eÐnai orismènec
mìno sto sÔnolo ∞β. Gia ton lìgo autì lègontai merikèc (partial). Oi sug-
kekrimènec ìmwc strathgikèc den apoteloÔn anadromikèc sunart seic, dhlad 
den eÐnai upologÐsimec. O lìgoc eÐnai ìti gia na apodìsoun mia tim  se k�poion
ìro mporeÐ na qreiasteÐ na apofanjoÔn an k�poioc sugkekrimènoc upoìroc eÐ-
nai isqur� kanonikopoi simoc   ìqi, pr�gma pou den eÐnai upologÐsimo.

Antijètwc, h parak�tw strathgik  F∞ eÐnai upologÐsimh sun�rthsh, afoÔ
to kathgìrhma M ∈ NFβ upologÐsimo (kai m�lista se poluwnumikì qrìno wc
proc to m koc tou M).

Orismìc 3.0.16.

1. F∞(xPQR) = xPF∞(Q)R, P ∈ NFβ, Q 6∈ NFβ

2. F∞(λx.P ) = λx.F∞(P )

3. F∞((λx.P )QR) = P [Q/x]R, an x ∈ FV (P )   Q ∈ NFβ

4. F∞((λx.P )QR) = (λx.P )F∞(Q)R, an x 6∈ FV (P ) kai Q 6∈ NFβ

H F∞, antÐjeta apì tic F1, F2, F3, orÐzetai se ìlo to ΛK kai apodeiknÔetai
ìti eÐnai ìqi mìno atèrmonh all� kai maximal.

H leitourgÐa twn 2 pr¸twn kanìnwn thc F∞ eÐnai profan c.
Sthn perÐptwsh 4, ìpou M = (λx.P )QR, an x 6∈ FV (P ) kai Q 6∈ NFβ, den

mac sumfèrei na susteÐloume to aristerìtero redex, giatÐ ètsi exafanÐzetai
o upoìroc Q kai q�noume ta redex tou. Dhlad  q�noume lβ(Q) b mata apì
thn anagwg  tou M. AntÐjeta, mac sumfèrei na sustèlloume ton Q èwc ìtou
katal xei se kanonik  morf  (e�n katal xei potè). Opìte ft�noume sthn
perÐptwsh 3.

Sthn perÐptwsh 3, an to Q eÐnai kanonik  morf  den q�noume tÐpota su-
stèllontac to aristerìtero redex , en¸ an x ∈ FV (P ), tìte h sustol 
tou aristerìterou redex ja aux sei thn poluplokìthta tou M, pr�gma pou
diaisjhtik� diathreÐ thn megistikìthta tou monopatioÔ.
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Kef�laio 4

TO JEWRHMA TOU
SORENSEN

To je¸rhma tou Sorensen dÐnei mia anagkaÐa sunj kh gia na eÐnai ènac ìroc
atèrmwn. Sugkekrimèna, k�je atèrmwn ìroc prèpei na perièqei ton ìro Ω =
(λx.xx)λx.xx wc substring . Pr¸ta ja orÐsoume tupik� thn ènnoia tou sub-
string, ja orÐsoume to sÔnolo ΛΩ twn ìrwn pou den perièqoun ton Ω kai tèloc
ja apodeÐxoume ìti to ΛΩ eÐnai uposÔnolo tou SNβ.

Orismìc 4.0.17. OrÐzoume thn dimel  sqèsh M £N (M substring N) wc
thn mikrìterh sqèsh pou eÐnai kleist  k�tw apì touc ex c kanìnec.

• x £ x

• P £ Q ⇒ P £ λx.Q, ìpou x 6∈ FV (P )

• P £ Q ⇒ P £ QZ

• P £ Q ⇒ P £ ZQ

• P £ Q ⇒ λx.P £ λx.Q

• P1 £ Q1, P2 £ Q2 ⇒ P1P2 £ Q1Q2

Orismìc 4.0.18. To sÔnolo Λω orÐzetai wc ex c.

• x ∈ Λω

• P ∈ Λω kai ||P ||x ≤ 1 ⇒ λx.P ∈ Λω

• P, Q ∈ Λω ⇒ (P )Q ∈ Λω
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Orismìc 4.0.19. Gia k�je ìro M ∈ ΛK orÐzoume to ||M ||ω wc ex c.

• ||x||ω = 0

• ||λx.P ||ω = ||P ||ω, an ||P ||x ≤ 1

• ||λx.P ||ω = 1 + ||P ||ω, an ||P ||x > 1

• ||PQ||ω = ||P ||ω + ||Q||ω
Ousiastik�, to mètro || · ||ω metr� pìsec forèc emfanÐzetai to substring ω

se ènan ìro. (EÐnai endiafèron to ìti mporeÐ èna substring ω na periplèketai
me èna �llo p.q. ston ìro λx.λy.xyyx).
Ja apodeÐxoume ìti ||M ||ω = 0 ⇔ M ∈ Λω ⇔ ω 5M.

Prìtash 4.0.6. Ta epìmena eÐnai isodÔnama.
1. ||M ||ω = 0
2. M ∈ Λω

3. ω 5M

Apìdeixh. 1 → 2 Pr¸ta deÐqnoume ìti ||M ||ω = 0 ⇒ M ∈ Λω me epagwg 
ston M.

• Gia M = x profanèc.

• M = λx.P ìpou ||P ||ω = 0 kai ||P ||x ≤ 1.
Tìte apì E.U. P ∈ Λω kai afoÔ ||P ||x ≤ 1, èqoume λx.P ∈ Λω.

• M = PQ me ||P ||ω = ||Q||ω = 0.
Apì E.U. P ∈ Λω kai Q ∈ Λω, �ra PQ ∈ Λω.

2 → 3 T¸ra ja deÐxoume ìti M ∈ Λω ⇒ ω 5 M me epagwg  ston orismì
tou Λω.

• Gia M = x profanèc.

• M = λx.P ìpou P ∈ Λω kai ||P ||x ≤ 1.
Apì E.U. ω 5 P kai afoÔ ||P ||x ≤ 1, èqoume ω 5M.
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• M = PQ me P,Q ∈ Λω.
Apì E.U. ω 5 P kai ω 5 Q, �ra ω 5 PQ.

3 → 1 Tèloc ja deÐxoume ìti ω 5 M ⇒ ||M ||ω = 0 deÐqnontac to antije-
toantÐstrofo, dhlad  ìti ||M ||ω > 0 ⇒ ω £ M me epagwg  ston M.

• M 6= x.

• M = PQ ìpou eÐte ||P ||ω > 0 eÐte ||P ||ω > 0.
Apì E.U. eÐte ω £ P eÐte ω £ Q, �ra se k�je perÐptwsh ω £ M.

• M = λx.P. Ed¸ up�rqoun 2 peript¸seic.

– ||P ||ω > 0, opìte to zhtoÔmeno prokÔptei apì thn E.U.
– ||P ||ω = 0, all� ||P ||x > 1.

Tìte xx £ P, �ra λx.xx £ λx.P, dhlad  ω £ M.

Prìtash 4.0.7. M ∈ Λω kai M → N ⇒ ||M ||x ≥ ||N ||x.
Apìdeixh. Me epagwg  ston M.

• Gia M = x tetrimmèno.

• M = λy.P kai N = λy.P ′, ìpou P → P ′.
Tìte ||M ||x = ||P ||x ≥E.Y. ||P ′||x = ||N ||x.

• M = PQ kai èstw N = P ′Q me P → P ′.
Tìte ||M ||x = ||P ||x + ||Q||x ≥E.Y. ||P ′||x + ||Q||x = ||N ||x.
OmoÐwc gia N = PQ′.

• M = (λy.P )Q kai N = P [Q/y].
Epeid  M ∈ Λω èqoume ||P ||y ≤ 1, �ra ||M ||x = ||P ||x + ||Q||x ≥ ||N ||x.

H parap�nw prìtash èqei wc porÐsmata duo idiìthtec tou Λω.

Pìrisma 4.0.2. An M ∈ Λω kai M → N tìte N ∈ Λω.

Pr�gmati, an M = C[λy.D[(λx.P )Q]] kai N = C[λy.D[P [Q/x]]]
tìte ||(λx.P )Q||y ≥ ||P [Q/x]||y
�ra ω 5 λy.D[(λx.P )Q] ⇒ ω 5 λy.D[P [Q/x]].

Pìrisma 4.0.3. An M ∈ Λω kai M → N tìte ||M || > ||N ||.
Pr�gmati an (λx.P )Q ∈ Λω, tìte èqoume 2 peript¸seic.
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• ||P ||x = 1. Tìte to redex èqei thn morf  (λx.C[x])Q opìte to con-
tractum eÐnai to C[Q] pou èqei mikrìterh poluplokìthta.

• ||P ||x = 0. Tìte to contractum eÐnai to P pou p�li èqei mikrìterh
poluplokìthta.

Apì aut� ta porÐsmata sumperaÐnoume ìti oi ìroi tou Λω eÐnai isqur� kano-
nikopoi simoi, afoÔ mia atèrmonh anagwg  M → M1 → M2 → · · · apì ton
M ∈ Λω ja èdine thn �peirh fjÐnousa akoloujÐa fusik¸n ||M || > ||M1|| >
||M2|| > · · · pou eÐnai adÔnato.
'Ara Λω ⊆ SNβ.

T¸ra ja asqolhjoÔme me to sÔnolo twn ìrwn pou den perièqoun to sub-
string (λx.xx)λx.xx, dhlad  to substring Ω. Gia na apodeiknÔoume me epagw-
g  tic idiìthtec autoÔ tou sunìlou qreiazìmaste ènan anadromikì orismì, ton
opoÐo kai ja apodeÐxoume isodÔnamo.

Orismìc 4.0.20. OrÐzoume to sÔnolo ΛΩ wc ex c.

• x ∈ ΛΩ

• M ∈ ΛΩ ⇒ λx.M ∈ ΛΩ

• M ∈ ΛΩ, N ∈ Λω ⇒ MN ∈ ΛΩ

• M ∈ Λω, N ∈ ΛΩ ⇒ MN ∈ ΛΩ

Prìtash 4.0.8. M ∈ ΛΩ ⇔ Ω 5 M

Apìdeixh. 'Estw M ∈ ΛΩ.

• M = x, profanèc.

• M = λx.P, ìpou P ∈ ΛΩ.
Apì E.U. Ω 5 P, �ra ωω 5 P, �ra Ω 5 λx.P.

• M = PQ me P ∈ ΛΩ kai Q ∈ Λω.
An eÐqame Ω £ PQ, tìte ja eÐqame:

– eÐte Ω £ P, pou antibaÐnei sthn E.U.
– eÐte Ω £ Q, pou sunep�getai ω £ Q,

�ra apì prohgoÔmenh apìdexh Q 6∈ Λω �topo
– eÐte ω £ P kai ω £ Q, ek twn opoÐwn to deÔtero eÐnai p�li �topo.

Sthn antÐstrofh kateÔjunsh, èstw M 6∈ ΛΩ. 'Eqoume 4 peript¸seic.
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• M = λx.P me P 6∈ ΛΩ.
Apì E.U. Ω £ P, �ra Ω £ M.

• M = PQ, me P 6∈ ΛΩ.
Apì E.U. Ω £ P, �ra Ω £ PQ.

• M = PQ me Q 6∈ ΛΩ.
OmoÐwc.

• M = PQ me P,Q 6∈ Λω.
Tìte apì prohgoÔmenh prìtash, ω £ P kai ω £ Q.
'Ara ωω £ PQ
⇒ Ω £ M.

Prìtash 4.0.9. Λω ⊂ ΛΩ

Apìdeixh. M ∈ Λω ⇒ ω 5M ⇒ Ω 5M ⇒ M ∈ ΛΩ
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L mma 4.0.8. An M ∈ ΛΩ kai M → N tìte N ∈ ΛΩ.

Apìdeixh. H apìdeixh ja gÐnei se 4 b mata.

B ma 1.

M ∈ Λω N ∈ Λω

M[N/x] ∈ Λω

Me epagwg  ston M.

• M = x, tìte M [N/x] = N, profanèc.

• M = y, tìte M [N/x] = M, profanèc.

• M = λy.P, ìpou P ∈ Λω kai ||P ||y ≤ 1.
Tìte M [N/x] = λy.P [N/x],
ìpou apì E.U. P [N/x] ∈ Λω kai ||P [N/x]||y ≤ 1,
afoÔ mporoÔme na jewr soume ìti h desmeumènh metablht  y tou ìrou
M den emfanÐzetai eleÔjerh ston N.
'Ara M [N/x] ∈ Λω.

• M = PQ, ìpou P ∈ Λω, Q ∈ Λω.
Apì E.U. P [n/x] ∈ Λω, Q[N/x] ∈ Λω

⇒ (P [N/x])Q[N/x] ∈ Λω

⇒ ((P )Q)[N/x] ∈ Λω

⇒ M [N/x] ∈ Λω
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B ma 2.

M ∈ Λω ||M||x ≤ 1 N ∈ ΛΩ

M[N/x] ∈ ΛΩ

Me epagwg  ston M.

• M = x, tìte M [N/x] = N ∈ ΛΩ.

• M = y, tìte M [N/x] = M ∈ Λω ⊆ ΛΩ.

• M = λy.P, me ||P ||y ≤ 1 kai y ∈ Λω.
EpÐshc ||P ||x ≤ ||M ||x ≤ 1.
'Ara isqÔei h E.U.

⇒ P [N/x] ∈ ΛΩ

⇒ λy.P [N/x] ∈ ΛΩ

⇒ M [N/x] ∈ ΛΩ

• M = PQ me P,Q ∈ Λω.
Apì E.U. P [N/x] ∈ ΛΩ, Q[N/x] ∈ ΛΩ.
'Omwc ||M ||x ≤ 1.
Epomènwc toul�qiston èna apì ta P,Q den emfanÐzei thn x. 'Estw
||P ||x = 0.
Tìte P [N/x] = P ∈ Λω.
Apì P [N/x] ∈ ΛωQ[N/x] ∈ ΛΩ èqoume M ∈ ΛΩ.
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B ma 3.

M ∈ ΛΩ N ∈ Λω

M[N/x] ∈ ΛΩ

Me epagwg  ston orismì tou M ∈ ΛΩ.

• Gia M = x   M = y profanèc.

• M = λy.P me P ∈ ΛOmega.

Apì E.U. P [N/x] ∈ ΛΩ

⇒ λy.P [N/x] ∈ ΛΩ

⇒ M [N/x] ∈ ΛΩ

• M = PQ me P ∈ ΛΩ, Q ∈ Λω. IsqÔoun

1. P [N/x] ∈ ΛΩ apì E.U.
2. Q[N/x] ∈ Λω apì B ma 1.

'Ara M [N/x] ∈ ΛΩ

• M = PQ me P ∈ Λω, Q ∈ ΛΩ.
OmoÐwc.

B ma 4.

C[(λx.M)N] ∈ ΛΩ C[(λx.M)N] → C[M[N/x]]
C[M[N/x]] ∈ ΛΩ

1h perÐptwsh N ∈ ΛΩ kai λx.M ∈ Λω (�ra M ∈ Λω kai ||M ||x ≤ 1)
Tìte apì B ma 2 M [N/x] ∈ ΛΩ

2h perÐptwsh N ∈ Λω kai λx.M ∈ ΛΩ (�ra M ∈ ΛΩ.
Tìte apì B ma 3 M [N/x] ∈ ΛΩ.

Se k�je perÐptwsh, loipìn, an èna redex den perièqei to substring Ω, tìte
oÔte to contractum tou to perièqei.

ApodeÐxame loipìn ìti to ΛΩ diathreÐ thn b-anagwg .
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Gia na deÐxoume ìti Λω ⊆ SNβ qrhsimopoi same ìti se mia �peirh anagwg 
Λω 3 M → M1 → M2 → · · · ja eÐqame mia �peirh fjÐnousa akoloujÐa
fusik¸n ||M || > ||M1|| > ||M2|| > · · · pou eÐnai �topo.

Gia M ∈ ΛΩ den isqÔei to Ðdio. Sugkekrimèna den isqÔei gia M ∈ ΛΩ \Λω.
P.q. h anagwg  (λx.xx)(y)(y)y → ((y)(y)y)(y)(y)y aux�nei thn poluplokì-
thta tou ìrou.

Gia na katal xoume se �topo sthn perÐptwsh tou ΛΩ ja broÔme èna �llo
mètro pou na fjÐnei gnhsÐwc se mia b-anagwg  pou xekin� apì ìro tou ΛΩ.

Autì to mètro den mporeÐ na eÐnai oÔte to < ||·||ω, ||·|| >, kaj¸c up�rqoun
ìroi tou ΛΩ tètoioi ¸ste M → N kai ||M ||ω < ||N ||ω. P.q.

λy.λz.(ω)(y)z → λy.λz.(yz)(y)z (4.1)
Blèpoume dhlad , ìti ènac ìroc toÔ ΛΩ, akìma kai an perièqei mÐa monadik 
duplicating l-afaÐresh, ìtan aut  h l-afaÐresh brÐsketai sto s¸ma miac �llhc
l-afaÐreshc, eÐnai dunatìn na katast sei thn teleutaÐa epÐshc duplicating.

Sthn pragmatikìthta, aut  h nèa duplicating afaÐresh den prìkeitai na dh-
miourg sei �peiro monop�ti ston ìro M. O lìgoc eÐnai ìti aut  h l-afaÐresh
den ja epilegeÐ potè apì thn F2 (  apì opoiad pote �llh contricting strath-
gik ) afoÔ èqei epilegeÐ  dh mia l-afaÐresh pou brÐsketai sto s¸ma thc.

Mac endiafèroun, loipìn, mìno oi l-afairèseic pou brÐskontai ston upoìro
ìpou ja dra sto mèllon h F2. Autìn ton upoìro tou M ja ton orÐsoume
wc V (M) kai ja apodeÐxoume ìti mèsa se autìn, o arijmìc twn substring ω
pr�gmati fjÐnei.

Orismìc 4.0.21. OrÐzoume V : ∞β → ΛK

• V (xPQR) = V (Q), ìpou P ∈ SNβ, Q 6∈ SNβ

• V (λx.P ) = V (P )

• V ((λx.P )QR) = P [Q/x]R, an P ∈ SNβ, Q ∈ SNβ

• V ((λx.P )QR) = V (P ), an P 6∈ SNβ

• V ((λx.P )QR) = V (Q), an P ∈ SNβ, Q 6∈ SNβ

Me epagwg  ston M blèpoume eÔkola ìti V (M) ⊆ M.
P.q. V (xPQR) = V (Q) ⊆E.Y. Q ⊆ xPQR

L mma 4.0.9. Gia k�je M ∈ ∞β, V (M) = (λy.K)LN, gia k�poia K, L,N
tètoia ¸ste V (F2(M)) ⊆ K[L/y]N.
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Apìdeixh. Me epagwg  ston M.

• M = xPQR, ìpou P ∈ SNβ, Q 6∈ SNβ.
Apì E.U. gia ton Q èqoume V (M) = V (Q) = (λy.K)LN kai epiplèon
V (F2(Q)) ⊆ K[L/y]N.
Apì perptetuality thc F2, F2(M) ∈ ∞β,
�ra V (F2(M)) = V (xPF2(Q)R) = V (F2(Q)) ⊆ K[L/y]N.

• M = λx.P me P 6∈ SNβ.
V (M) = V (P ) =E.U. (λy.K)LN
ìpou V (F2(M)) = V (λx.F2(P )) = V (F2(P )) ⊆E.U. K[L/y]N

• M = (λx.P )QR me P,Q ∈ SNβ.
Tìte ex orismoÔ V (M) = (λx.P )QR
kai V (F2(M)) = V (P [Q/x]R) ⊆ P [Q/x]R

• M = (λx.P )QR me P 6∈ SNβ

V (M) = V (P ) =E.U.= (λy.K)LN
me V (F2(M)) = V (λx.F2(P ))QR) = V (F2(P )) ⊆E.U. K[L/y]N

• M = (λx.P )QR me P ∈ SNβ, Q 6∈ SNβ

V (M) = V (Q) =E.U.= (λy.K)LN
me V (F2(M)) = V (λx.P )F2(Q)R) = V (F2(Q)) ⊆E.U. K[L/y]N

L mma 4.0.10. ||P [Q/x]||ω = ||P ||ω + ||P ||x||Q||ω
Apìdeixh. Me epagwg  ston M.

• P = x. Tìte P [Q/x] = Q, �ra ||P [Q/x]||ω = ||Q||ω.
Epiplèon ||P ||ω = 0 kai ||P ||x = 1. 'Ara h isìthta isqÔei.

• P = y. Tìte P [Q/x] = P, �ra ||P [Q/x]||ω = ||P ||ω.
Epiplèon ||P ||x = 0 �ra h isìthta isqÔei.

• P = λy.R
An ||R||y ≤ 1 tìte ||P [Q/x]||ω = ||R[Q/x]||ω

=E.Y. ||R||ω + ||R||x||Q||ω
= ||P ||ω + ||P ||x||Q||ω

An ||R||y > 1 tìte ||P [Q/x]||ω = ||R[Q/x]||ω + 1
=E.Y. ||R||ω + ||R||x||Q||ω + 1
=E.Y. (||R||ω + 1) + ||R||x||Q||ω

= ||P ||ω + ||P ||x||Q||ω
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• P = MN
||P [Q/x]||ω = ||M [Q/x]||ω + ||N [Q/x]||ω

=E.Y. ||M ||ω + ||M ||x||Q||ω + ||N ||ω + ||N ||x||Q||ω
= (||M ||ω + ||N ||ω) + (||M ||x + ||N ||x)||Q||ω
= ||MN ||ω + ||MN ||x||Q||ω
= ||P ||ω + ||P ||x||Q||ω
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Prìtash 4.0.10. M ∈ ΛΩ ⇒ M ∈ SNβ

Apìdeixh. ArkeÐ na deÐxoume ìti an ΛΩ 3 Mi → Mi+1, tìte
< ||V (Mi)||ω, ||V (Mi)|| > > < ||V (Mi+1)||ω, ||V (Mi+1)|| >,
giatÐ ètsi, dedomènhc miac �peirhc anagwg c apì ènan ìro tou ΛΩ, ja èqoume
dhmiourg sei mia �peirh fjÐnousa akoloujÐa sto N2.

'Eqoume apodeÐxei ìti V (Mi) = (λy.K)LN kai V (Mi+1)) ⊆ K[L/y]N.
EpÐshc, (λy.K)LN ⊆ Mi, �ra (λy.K)LN ∈ ΛΩ.

1h perÐptwsh
||K||y > 1. Tìte λy.K ∈ ΛΩ \ Λω, �ra L ∈ Λω kai

||V (Mi+1)||ω ≤ ||K[L/y]N||ω
= ||K||ω + ||K||y · ||L||ω + ||N1||ω + · · ·+ ||Nn||ω
= ||K||ω + ||N1||ω + · · ·+ ||Nn||ω
< ||λy.K||ω + ||N1||ω + · · ·+ ||Nn||ω
= ||(λy.K)LN||ω
= |V (Mi)||ω

To < ofeÐletai sto ìti ||K||y > 1, �ra ||K||ω = ||λy.K||ω − 1

2h perÐptwsh
||K||y ≤ 1.

Tìte

||V (Mi+1)||ω ≤ ||K[L/y]N||ω
= ||K||ω + ||K||y · ||L||ω + ||N1||ω + · · ·+ ||Nn||ω
≤ ||K||ω + ||L||ω + ||N1||ω + · · ·+ ||Nn||ω
= ||(λy.K)LN||ω
= |V (Mi)||ω

Sthn perÐptwsh aut , eÐnai pijan  h isìthta ||V (Mi+1)||ω = ||V (Mi)||ω,
all� akìma kai tìte ja eÐnai

||V (Mi+1)|| ≤ ||K[L/y]N||
= ||K||+ ||K||y · (||L|| − 1) + ||N1||+ · · ·+ ||Nn||+ n

< ||K||+ ||L||+ 2 + ||N1||+ · · ·+ ||Nn||
= ||(λy.K)LN|
= |V (Mi)||
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Kef�laio 5

EFARMOGH TOU FLP
STON l-LOGISMO ME
TUPOUS

EÐnai gnwstì ìti oi ìroi oi opoÐoi mporoÔn na tupopoihjoÔn sto aplì sÔsthma
tupopoÐhshc tou l-logismoÔ eÐnai isqur� kanonikopoi simoi. Oi Van Raams-
donk kai Severi to apèdeixan qrhsimopoi¸ntac ton qarakthrismì pou eis ga-
gan gia to SNβ ìpwc ton parousi�same se prohgoÔmeno kef�laio. OmoÐwc
kai o Xi qrhsimopoÐhse ton dikì tou qarakthrismì gia to SNβ. H apìdei-
xh pou parousi�zoume ed¸ qrhsimopoieÐ to jemeli¸dec l mma twn atèrmonwn
anagwg¸n.

Pr¸ta dÐnoume k�poiouc orismoÔc.
Orismìc 5.0.22. JewroÔme èna sÔnolo T0 apì stajerèc pou tic onom�-
zoume metablhtèc tÔpwn (  basikèc metablhtèc). To sÔnolo T twn apl¸n
tÔpwn eÐnai to mikrìtero sÔnolo pou perièqei tic metablhtèc tÔpwn kai gia
k�je A, B ∈ T isqÔei A → B ∈ T.
EpÐshc, gia ènan tÔpo A orÐzoume ||A|| na eÐnai o arijmìc twn ′′ →′′ ston A.

To sÔsthma tupopoÐhshc me to opoÐo ja asqolhjoÔme orÐzetai wc ex c.
Gia na tupopoi soume ènan ìro, mporoÔme na antistoiqÐsoume k�je metablh-
t  tou se ènan monadikì tÔpo kai na suneqÐsoume akolouj¸ntac touc kanìnec:

x : A M : B (→ i) M : A → B N : A (→ e)
λx.M : A → B MN : B

Orismìc 5.0.23. To sÔnolo twn metablht¸n stic opoÐec apodÐdoume ton
tÔpo A onom�zetai VA.
EpÐshc to sÔnolo twn ìrwn stouc opoÐouc apodÐdoume ton tÔpo A onom�zetai
ΛA kai anadromik� mporoÔme na to orÐsoume wc ex c.
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• x ∈ VA ⇒ x ∈ ΛA

• x ∈ VA & M ∈ ΛB ⇒ λx.M ∈ ΛA→B

• M ∈ ΛB→A & N ∈ ΛB ⇒ MN ∈ ΛA

Tèloc, to sÔnolo twn apl¸c tupopoi simwn ìrwn orÐzetai wc

Λ→ =
⋃
A∈T

ΛA (5.1)

L mma 5.0.11. (L mma antikat�stashc)
An P ∈ ΛB kai x ∈ ΛA kai N ∈ ΛA, tìte P [N/x] ∈ ΛB.

Apìdeixh. Me epagwg  stouc kanìnec tupopoÐhshc tou P.

L mma 5.0.12. (Idiìthta monadikìthtac tou tÔpou)
An P ∈ ΛA kai P ∈ ΛB, tìte A = B.

Apìdeixh. Me epagwg  stouc kanìnec tupopoÐhshc tou P, ìpou h epa-
gwgik  b�sh (gia P ∈ V ar) ofeÐletai sth monadikìthta tou tÔpou gia tic
metablhtèc.

L mma 5.0.13. (Antistrof c.)
An M ∈ ΛA, tìte isqÔei èna apì ta parak�tw.

• M = x

• M = λx.P, ìpou x ∈ ΛB, P ∈ ΛC kai A = B → C

• M = PQ, ìpou P ∈ ΛB→A & Q ∈ ΛB, gia k�poion B ∈ T

Me ton sumbolismì pou èqoume eisag�gei jèloume na deÐxoume ìti Λ→ ⊆
SNβ. An prospaj soume na deÐxoume me epagwg  sthn tupopoÐhsh tou M ìti
M ∈ Λ→ ⇒ M ∈ SNβ, èqoume prìblhma sthn perÐptwsh M = PQ, giatÐ
apì E.U. P ∈ SNβ kai Q ∈ SNβ, all� autì den sunep�getai ìti PQ ∈ SNβ.
Sthn pragmatikìthta, mia ikan  sunj kh gia na isqÔsei h sunepagwg  eÐnai o
P na tupopoieÐtai me ton tÔpo B → A, ìpou o Q na tupopoieÐtai me ton tÔpo
B. Autì akrib¸c ja apodeÐxoume sto kef�laio autì, dhlad  ìti

P, Q ∈ SNβ, P ∈ ΛB→A Q ∈ ΛB (5.2)

(P )Q ∈ SNβ (5.3)
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Orismìc 5.0.24. Gia A ∈ T orÐzoume SNA = SNβ ∩ ΛA.
Epiplèon SN→ =

⋃
A∈T SNA.

Orismìc 5.0.25. Gia X, Y ⊆ ΛK orÐzoume

X → Y = {M ∈ ΛK | ∀N ∈ X : MN ∈ Y } (5.4)

ParadeÐgmata.
ΛΩ → ΛΩ = Λω

Λω → ΛΩ = ΛΩ

ΛΩ → Λω = ∅
Λω → Λω = Λω

L mma 5.0.14. ΛA→B = ΛA → ΛB

Apìdeixh. 'Estw M ∈ ΛA→B. Gia k�je N ∈ ΛA, èqoume MN ∈ ΛB. Opìte
apì ton parap�nw orismì, M ∈ ΛA → ΛB.
Antistrìfwc, èstw M ∈ ΛA → ΛB. Gia tuqaÐo N ∈ ΛA, èqoume MN ∈
ΛB, opìte apì l mma antistrof c, M ∈ ΛC→B, ètsi ¸ste N ∈ ΛC . 'Omwc
epilèxame N ∈ ΛA, opìte apì monadikìthta tÔpou ja eÐnai C = A.
'Ara M ∈ ΛA→B.

L mma 5.0.15. SNA→B ⊇ SNA → SNB

Apìdeixh. 'Estw M ∈ SNA → SNB. Gia tuqaÐo N ∈ SNA èqoume MN ∈
SNB. Eidikìtera, MN ∈ SNβ, �ra M ∈ SNβ. (1)
Apì thn �llh, MN ∈ ΛB opìte apì l mma antistrof c, M ∈ ΛC→B, ètsi
¸ste N ∈ ΛC . 'Omwc epilèxame N ∈ ΛA, opìte apì monadikìthta tÔpou ja
eÐnai C = A.
'Ara M ∈ ΛA→B (2)
Apì (1) kai (2) M ∈ SNA→B.

To antÐstrofo tou l mmatoc autoÔ eÐnai to ousiastikì mèroc thc apìdeixhc
tou jewr matoc. 'Opwc anafèrame pio prin, stìqoc mac eÐnai na deÐxoume ìti
h 5.2 sunep�getai 5.3, dhlad  na deÐxoume ìti

(M ∈ SNA→B ∧ N ∈ SNA) ⇒ MN ∈ SNB. (5.5)

An loipìn deÐxoume ìti sthn parap�nw upìjesh mporoÔme na antikatast sou-
me to << M ∈ SNA→B >> me << M ∈ SNA → SNB >>, tìte to zhtoÔmeno
ja prokÔptei �mesa apì ton orismì tou X → Y.

H apìdeixh tou antistrìfou ja gÐnei gia tic di�forec morfèc pou mporeÐ
na p�rei o isqur� kanonikopoi simoc M. Gia thn perÐptwsh thc l-afaÐreshc
qreiazìmaste akìma èna l mma.
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L mma 5.0.16. An P ∈ SNB, x ∈ ΛA1→···Am kai N ∈ SNA1 → · · ·SNAm ,
ìpou Am metablht  tÔpou, tìte P [N/x] ∈ SNβ.

Apìdeixh. Gia ènan ìro L sumbolÐzoume me L∗ ton ìro L[N/x].
Ja akolouj soume dipl  epagwg  sto < lβ(P ), ||P || > .

• An P = yP1P2 . . . Pn   P = xP1P2 . . . Pn.
Tìte y (antÐstoiqa x) ∈ ΛB1→...Bn→B kai Pi ∈ ΛBi

⇒ Pi ∈ SNBi

⇒EY P ∗
1 , . . . , P ∗

n ∈ SNβ

– An P = yP1P2 . . . Pn, tìte P ∗ = yP ∗
1 P ∗

2 . . . P ∗
n ∈ SNβ

– An P = xP1P2 . . . Pn, tìte B1 = A1, . . . , Bn = An

kai B = An+1 → Am.
'Omwc èqoume deÐxei ìti SNAn+1 → · · · → SNAm ⊆ SNB

⇒ SNA1 → · · · → SNAm ⊆ SNA1 → · · · → SNAn → SNB

⇒ N ∈ SNA1 → · · · → SNAn → SNB.
Apì to l mma antikat�stashc P ∗

i ∈ ΛBi

⇒ P ∗
i ∈ ΛAi

kai epeid  apì E.U. eÐnai isqur� kanonikopoi simoi
P ∗

i ∈ SNBi

⇒ NP ∗
1 P ∗

2 · · ·P ∗
n ∈ SNB,

⇒ P ∗ ∈ SNB.

• An P = λy.P0 me P0 ∈ SNβ.
Tìte B = B1 → B0, ìpou P0 ∈ ΛB0 , �ra P0 ∈ SNB0 .
⇒EY P ∗

0 ∈ SNβ

⇒ λy.P ∗
0 ∈ SNβ

⇒ P ∗ ∈ SNβ

• P = (λy.P0)P1 . . . Pn.
Tìte P0[P1/y]P2 . . . Pn ∈ SNβ kai P1 ∈ SNβ.
Ex�llou, apì l mma antistrof c P1 ∈ ΛB1 , · · · , Pn ∈ ΛBn , y ∈ ΛB1 kai
P0 ∈ ΛB2→...→Bn→B.
⇒EY (P0[P1/y]P2 · · ·Pn)∗ ∈ SNβ kai P ∗

1 ∈ SNβ

⇒ P ∗
0 [P ∗

1 /y]P ∗
2 · · ·P ∗

n ∈ SNβ kai P ∗
1 ∈ SNβ

⇒FLP (λy.P ∗
0 )P ∗

1 P ∗
2 . . . P ∗

n ∈ SNβ

⇒ ((λy.P0)P1P2 . . . Pn)∗ ∈ SNβ

T¸ra eÐmaste ètoimoi na apodeÐxoume to:

L mma 5.0.17. SNA→B ⊆ SNA → SNB
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Apìdeixh. 'Estw M ∈ SNA→B. Gia tuqaÐo N ∈ SNA, ja deÐxoume ìti
MN ∈ SNβ. (To ìti MN ∈ ΛB eÐnai profanèc).
H apìdeixh ja gÐnei me epagwg  sto < ||A||, lβ(M) > .

1. M = yP0P1 · · ·Pn. Tìte Pi ∈ SNβ kai epeid  N ∈ SNβ

yP0 · · ·PnN ∈ SNβ

⇒ MN ∈ SNβ

2. M = λx.P. Aut  eÐnai kai h endiafèrousa perÐptwsh, giatÐ ìtan efar-
mìsoume autìn ton ìro se ènan N, ja prokÔyei èna nèo redex.
'Eqoume, loipìn, P ∈ SNβ.
Epeid  A = A1 → A2 → · · · → Am, gia k�poia metablht  tÔpou Am,
apì thn epagwgik  upìjesh èqoume

N ∈ SNA ⇒ N ∈ SNA1 → SNA2 → · · · → SNAm (5.6)

'Ara apì to l mma 5.0.16 èqoume P [N/x] ∈ SNβ

⇒FLP (λx.P )N ∈ SNβ

⇒ MN ∈ SNβ

3. M = (λy.P0)P1 · · ·Pn. Tìte P0[P1/y]P2 · · ·Pn ∈ SNβ kai P1 ∈ SNβ.
Apì l mma antikat�stashc P0[P1/y]P2 · · ·Pn ∈ ΛA→B.
Opìte mporoÔme na efarmìsoume thn epagwgik  upìjesh kai na p�rou-
me P0[P1/y]P2 · · ·PnN ∈ SNβ

⇒FLP MN = (λy.P0)P1 · · ·PnN ∈ SNβ

Je¸rhma 5.0.1. An M ∈ ΛA, tìte M ∈ SNβ.

Apìdeixh. 1. M = x. Tìte M ∈ SNβ.

2. M = λx.P. Tìte apì l mma antistrof c A = A0 → A1 kai P ∈ ΛA1 .
Apì E.U. P ∈ SNβ, �ra λx.P ∈ SNβ.

3. M = PQ. Tìte apì l mma antistrof c P ∈ ΛB→A kai Q ∈ ΛB.
Apì E.U. P ∈ SNB→A kai Q ∈ SNB.
Tìte apì l mma 5.0.17 P ∈ SNB → SNA

⇒ PQ ∈ SNA ⊆ SNβ.
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Kef�laio 6

DEVELOPMENTS

An se ènan ìro mark�roume k�poia redexes upogrammÐzontac ta lambda touc
kai sustèlloume mìno upogrammismèna l�mbda, tìte lème ìti èqoume mÐa de-
velopment. Oi developments, an kai den mporoÔn na anaparast soun meg�lo
arijmì sunart sewn, eÐnai qr simec sthn apìdeixh idiot twn tou l-logismoÔ.
Ki autì giatÐ, ìpwc ja deÐxoume sto kef�laio autì, oi developments p�nta
termatÐzoun kai m�lista se mÐa monadik  kanonik  morf . Mia efarmog  tou
jewr matoc autoÔ, ja doÔme sto epìmeno kef�laio thc ergasÐac.

Orismìc 6.0.26. OrÐzoume to sÔnolo ΛK twn upogrammismènwn l-ìrwn wc
ex c

• x ∈ ΛK

• P ∈ ΛK ⇒ λx.P ∈ ΛK

• P, Q ∈ ΛK ⇒ PQ ∈ ΛK

• P, Q ∈ ΛK ⇒ (λx.P )Q ∈ ΛK

Apì ton orismì blèpoume ìti den orÐzetai ìroc λx.P. EpÐshc to λx.P den
eÐnai upoìroc tou (λx.P )Q. Oi monadikoÐ upoìroi tou M = (λx.P )Q eÐnai oi
upoìroi tou P, oi upoìroi tou Q kai o Ðdioc o M.

'Ena redex thc morf c (λx.P )Q lègetai upogrammismèno.

Orismìc 6.0.27. Sto ΛK orÐzoume tic anagwgèc

• (λx.P )Q β P [Q/x]

• (λx.P )Q β P [Q/x]

• β∗ = β ∪ β
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Epiplèon ja qrhsimopoioÔme ton sumbolismì M = (λ∗x.P )Q an M =
(λx.P )Q   M = (λx.P )Q.

Gia na orÐsoume thn ènnoia thc development, prèpei na apodeÐxoume ìti to
ΛK eÐnai kleistì wc proc thn β∗ anagwg .

L mma 6.0.18. M ∈ ΛK & M →β∗ N ⇒ N ∈ ΛK

Apìdeixh. Me epagwg  sthn M →β∗ N.
Oi peript¸seic

• M = PQ →β∗ P ′Q = N

• M = PQ →β∗ PQ′ = N

• M = λx.P →β∗ λx.P = N

prokÔptoun eÔkola apì thn epagwgik  upìjesh. Sthn krÐsimh perÐptwsh ìpou

• M = (λ∗x.P )Q →β∗ P [Q/x] = N
qreiazìmaste to:

Upol mma 6.0.1. An M, N ∈ ΛK , tìte M [N/x] ∈ ΛK

Apìdeixh. Me epagwg  ston M.

Orismìc 6.0.28. Mia development apì ton M eÐnai èna monop�ti β ana-
gwg c apì ton M. Mia development lègetai pl rhc, an katal gei se mia
kanonik  morf  gia thn β anagwg .

Se antistoiqÐa me to FLP gia thn β anagwg , èqoume to parak�tw jeme-
li¸dec l mma gia thn β anagwg .

L mma 6.0.19. Upojètoume ìti M1 ∈ SNβ an x 6∈ FV (M0).
Tìte gia k�je n ≥ 1

M0[M1/x]M2 . . . Mn ∈ SNβ ⇒ (λx.M0)M1 . . . Mn ∈ SNβ (6.1)

Apìdeixh. Panomoiìtuph me thn apìdeixh tou FLP gia thn b-anagwg .

Pìrisma 6.0.4. Upojètoume ìti M1 ∈ SNβ. Tìte gia k�je n ≥ 1

M0[M1/x]M2 . . . Mn ∈ SNβ ⇒ (λx.M0)M1 . . . Mn ∈ SNβ

AntÐstoiqa me touc qarakthrismoÔc gia to SNβ, oi van Raamsdonk - Severi
apì thn mia kai o Xi apì thn �llh èdwsan touc parak�tw qarakthrismoÔc gia
to SNβ
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• To SNβ eÐnai to mikrìtero sÔnolo X l-ìrwn pou eÐnai kleistì wc proc
touc parak�tw kanìnec sqhmatismoÔ l-ìrwn.

1. x ∈ X

2. M ∈ X ⇒ λx.M ∈ X

3. M,N ∈ X ⇒ (M)N ∈ X

4. M1 ∈ X kai M0[M1/x]M2 . . .Mn ∈ X ⇒ (λx.M0)M1 . . . Mn ∈ X

• To SNβ eÐnai to sÔnolo {M ∈ ΛK | H(M) < ∞}, ìpou to mètro H(·)
orÐzetai antÐstoiqa me to H(·).

Parat rhsh. O kanìnac (3) tou pr¸tou qarakthrismoÔ èqei kajoristik 
shmasÐa gia thn isqur  kanonikopoihsimìthta tou ΛK wc proc thn β. Gia to
SNβ den isqÔei o antÐstoiqoc kanìnac.

P.q. λx.xx kai λy.yy ∈ SNβ all� (λx.xx)λy.yy 6∈ SNβ.
Diaisjhtik�, o lìgoc eÐnai ìti den up�rqei ìroc pou na eÐnai λ− afaÐresh,

ki ètsi h efarmog  (M)N den mporeÐ na dhmiourg sei nèo upogrammismèno
redex, par� mìno aut� pou up rqan ston M   ston N.

Qreiazìmaste èna l mma prin deÐxoume thn isqur  kanonikopoihsimìthta
tou ΛK wc proc thn β.

L mma 6.0.20. M, N ∈ SNβ ⇒ M [N/x] ∈ SNβ

Apìdeixh. Me dipl  epagwg  sto < lβ(M), ||M || > .
SumbolÐzoume L∗ = L[N/x].

1. M = x

2. M = y

3. M = λx.P

4. M = PQ

5. M = (λy.P )Q

Oi peript¸seic 1 kai 2 eÐnai profaneÐc.
Oi peript¸seic 3 kai 4 prokÔptoun �mesa apì thn epagwgik  upìjesh.
Gia thn 5, èqoume P [Q/y] ∈ SNβ kai Q ∈ SNβ.
Apì E.U. (P [Q/y])∗ = P ∗[Q∗/y] ∈ SNβ kai Q∗ ∈ SNβ

Apì FLP (λy.P ∗)Q∗ ∈ SNβ

⇒ ((λy.P )Q)∗ ∈ SNβ
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Je¸rhma 6.0.2. (Termatismìc twn developments) M ∈ ΛK ⇒ M ∈ SNβ

Apìdeixh. Me epagwg  ston M.

• M = x. Tìte M ∈ SNβ

• M = λx.P. Apì E.U., P ∈ SNβ, �ra M ∈ SNβ.

• M = PQ. Apì E.U. P, Q ∈ SNβ, �ra PQ ∈ SNβ.

• M = (λx.P )Q
Apì E.U. P, Q ∈ SNβ

⇒ P [Q/x] ∈ SNβ

⇒∗ FLP (λx.P )Q ∈ SNβ

Parat rhsh. Se èna monop�ti β∗− anagwg c mporeÐ na up�rqoun �peirec β
sustolèc efìson bèbaia enall�ssontai me k�poiec β− sustolèc. P.q. èstw
èna β− redex ∆ me contractum ∆′ kai èstw o ìroc T = (λx.xx∆)λx.xx∆.
Tìte èqoume to monop�ti

T →β T∆ →β T∆′ →β T∆∆′ →β T∆′∆′ →β T∆∆′∆′ · · · (6.2)
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Kef�laio 7

ATERMONA KAI
MEGISTIKA REDEXES

Sto kef�laio autì ja d¸soume qarakthrismoÔc gia ta atèrmona redexes enìc
ìrou. Epeid  sustèllontac èna atèrmon redex, diathreÐc thn dunatìthta ka-
taskeu c atèrmonoc monopatioÔ, tètoia apotelèsmata èqoun kajierwjeÐ wc
Conservation theorems. Sta jewr mata pou ja exet�soume sto kef�laio au-
tì, qrhsimopoioÔme kai thn β− anagwg , gi�autì pr¸ta ja deÐxoume k�poia
l mmata pou aforoÔn to ΛK kai thn β.

Orismìc 7.0.29. OrÐzoume ton telest  | · | : ΛK → ΛK :

• |x| = x

• |λx.P | = λx.|P |
• |PQ| = |P ||Q|
• |(λx.P )Q| = (λx.|P |)|Q|

Sthn ousÐa autì pou k�nei o telest c | · | eÐnai na sb nei apì ènan ìro
ìlec tic upogrammÐseic.

L mma 7.0.21. (Probol c) M →β∗ N ⇒ |M | →β |N |
Apìdeixh. Me epagwg  sto M →β∗ N.
Sthn perÐptwsh M = (λ∗x.P )Q →β∗ P [Q/x] = N, èqoume |M | = |(λ∗x.P )Q| =
(λx.|P |)|Q| →β |P |(|Q|/x).
Mènei na deÐxoume ìti autìc o ìroc eÐnai o |N |.
Qreiazìmaste loipìn to :

Upol mma 7.0.2. |M |(|N |/x) = |M(N/x)|
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Apìdeixh. Me epagwg  ston M.

L mma 7.0.22. (Lifting)
An |M | →β K, tìte K = |N |, gia k�poio N ∈ ΛK me M →β∗ N.

Apìdeixh. Me epagwg  sthn |M | →β K.
Sthn krÐsimh perÐptwsh |M | = (λx.P )Q →β P [Q/x] = K.
Tìte M = (λ∗x.P ′)Q′, ìpou |P ′| = P kai |Q′| = Q
kai o ìroc N = P ′[Q′/x] eÐnai tètoioc ¸ste M →β∗ N kai |N | = K.

Pìrisma 7.0.5. Gia k�je M ∈ ΛK :
i) M ∈ SNβ∗ ⇔ |M | ∈ SNβ

ii) M ∈ NFβ∗ ⇔ |M | ∈ NFβ

'Enac �lloc telest c pou apeikonÐzei to ΛK sto ΛK eÐnai o ex c.

Orismìc 7.0.30. φ : ΛK → ΛK

• φ(x) = x

• φ(λx.Q) = λx.φ(Q)

• φ((λx.P )Q) = φ(P )[φ(Q)/x]

• φ(PQ) = φ(P )φ(Q)

O telest c φ upologÐzei mia pl rh development kai epistrèfei mia β−
kanonik  morf  tou apqikoÔ ìrou. (ApodeÐxame sto prohgoÔmeno kef�laio
thn isqur  kanonikopoÐhsh thc β− anagwg c. ApodeiknÔetai epÐshc ìti h β−
kanonik  morf  enìc ìrou eÐnai monadik .)

L mma 7.0.23. Gia k�je M,N ∈ ΛK :

1. φ(M [N/x]) = φ(M)[φ(N)/x]

2. An M →β N, tìte φ(M) = φ(N).

3. An M →β N, tìte φ(M) ³β φ(N).

Apìdeixh. H apìdeixh thc pr¸thc idiìthtac gÐnetai me epagwg  ston M.
P.q. gia M = (λy.P )Q èqoume:

φ(M [N/x]) = φ((λy.P [N/x])Q[N/x])
= φ(P [N/x])[φ(Q[N/x])/y]
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=EY φ(P )[φ(N)/x][φ(Q)[φ(N)/x]/y]
= φ(P )[φ(Q)/y][φ(N)/x]
= φ(M)[φ(N)/x]

H deÔterh idiìthta apodeiknÔetai me epagwg  sto M →β N. Sthn krÐsimh
perÐptwsh èqoume M = (λx.P )Q →β P [Q/x] = N.
Tìte φ(M) = φ((λx.P )Q) = φ(P )[φ(Q)/x] pou apì thn pr¸th idiìthta tau-
tÐzetai me ton φ(P [Q/x]), dhlad  me ton φ(N).

H trÐth idiìthta apodeiknÔetai me epagwg  sto M →β N.

• M = xP1 . . . Pk . . . Pn →β xP1 . . . P ′
k . . . Pn = N

• M = λx.P →β λx.P ′ = N

• M = (λx.P )Q →β P [Q/x] = N

• M = (λx.P )Q →β (λx.P )Q′ = N

Sthn trÐth perÐptwsh qrhsimopoioÔme thn idiìthta φ(P [Q/x]) = φ(P )[φ(Q)/x].
H pio endiafèrousa eÐnai h teleutaÐa perÐptwsh, kaj¸c aut  exhgeÐ to
³β antÐ tou →β . Sugkekrimèna:
φ(M) = φ((λx.P )Q)

= φ(P )[φ(Q)/x]
³β φ(P )[φ(Q′)/x]
= φ(N)

Blèpoume, dhlad , ìti o arijmìc twn bhm�twn b-anagwg c apì ton φ(M)
ston φ(N) exart�tai apì ton arijmì twn emfanÐsewn tou x ston φ(P ).
P.q. gia M = (λx.y)(I)y kai N = (λx.y)y
èqoume M →β N all� φ(M) = φ(N) = y.

Parat rhsh. EÐmaste plèon ètoimoi na anazht soume ikanèc sunj kec upo
tic opoÐec h sustol  tou redex r enìc ìrou M diathreÐ thn dunatìthta �peirhc
anagwg c, efìson up rqe tètoia dunatìthta. Gia ton skopì autìn, qrei�zetai
na mark�roume to upì exètash redex, (metatrèpontac ètsi ton ìro M se ìro
L tou ΛK) kai na melet soume èna �peiro monop�ti β∗− anagwg c apì ton L.
EÐnai de profanèc kai eÔkola apodeÐximo ìti gia ton ìro N pou prokÔptei apì
ton M me sustol  tou r isqÔei φ(L) = N.
Dhlad  an M = C[(λx.P )Q], L = C[(λx.P )Q] kai N = C[P [Q/x]], tìte
isqÔei φ(L) = N.
Epiplèon, apì isqur  kanonikopoÐhsh twn developments èqoume ìti gia k�je
�peiro monop�ti L → L1 → L2 → . . . β∗− anagwg c apì ton L kai gia k�je
i, up�rqei j > i tètoio ¸ste Lj →β Lj+1.
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An loipìn broÔme èna tètoio monop�ti L → L1 → L2 → . . . β∗− anagwg c
apì ton L tètoio pou Li →β Li+1 ⇒ φ(Li) ³+

β φ(Li+1), tìte ja èqoume
kataskeu�sei èna �peiro monop�ti b-anagwg c apì ton N. 'Ara ja èqoume
deÐxei ìti N ∈ ∞β.

Prìtash 7.0.11. 'Estw M ∈ ΛK kai M →β N.
Tìte M ∈ ∞β ⇒ N ∈ ∞β,
an up�rqei sÔnolo S ⊆ ΛK kai atèrmonh β∗−strathgik  F ∗ tètoia ¸ste

1. M = C[(λx.P )Q], N = C[P [Q/x]] kai L = C[(λx.P )Q] ∈ S, gia k�poia
C,P,Q

2. U ∈ S ⇒ F ∗(U) ∈ S

3. gia k�je U ∈ S : U →β U ′ ⇒ φ(U) ³+
β φ(U ′)

Apìdeixh. M ∈ ∞β ⇒ L ∈ ∞β∗ .
Epeid  F ∗ atèrmonh, epeid  to S eÐnai kleistì wc proc thn F ∗ kai epeid 
L ∈ S, èqoume to �peiro monop�ti L → L1 → L2 → . . .
β∗− anagwg c.
Apì thn upìjesh kai ta prohgoÔmena l mmata èqoume ìti

• Li →β Li+1 ⇒ Ni = φ(Li) ³+
β φ(Li+1) = Ni+1

• Li →β Li+1 ⇒ Ni = φ(Li) ≡ φ(Li+1) = Ni+1

'Ara sÔmfwna me thn parat rhsh pou prohg jhke tou l mmatoc gia k�je
i up�rqei j > i tètoio ¸ste Ni →β Nj. 'Ara N ∈ ∞β.

−−−−−−−−−−−−−−−−−−−−−−−−−−−−

Basismènoi sthn prìtash (7.0.11) ja apodeÐxoume k�poiec ikanèc sunj -
kec gia thn sunepagwg  C[(λx.P )Q] ∈ ∞β ⇒ C[P [Q/x]] ∈ ∞β. Gia ton
skopì autìn, arkeÐ na epilègoume k�je for� kat�llhla S kai F ∗ kai na apo-
deiknÔoume ìti ikanopoioÔn tic upojèseic thc (7.0.11).
−−−−−−−−−−−−−−−−−−−−−−−−−−−−
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To je¸rhma diat rhshc ston λI logismì.

To je¸rhma diat rhshc ston λI logismì apodeÐqthke arqik� apì touc
Church kai Rosser. H apìdeixh pou parousi�zoume ed¸ basÐzetai se mia te-
qnik  pou eis gage o Barendregt kai qrhsimopoieÐ thn prìtash 7.0.11. ArkeÐ
na qrhsimopoi soume opoiad pote β∗− strathgik  sth jèsh thc F ∗ kai na p�-
roume wc S olìklhro to ΛI . Ja deÐxoume loipìn ta epìmena l mmata ta opoÐa
exasfalÐzoun ìti opoiad pote β∗− strathgik  F ∗ ikanopoieÐ tic upojèseic
thc prìtashc 7.0.11 gia S = ΛI .

L mma 7.0.24. Gia k�je M ∈ ΛI : M →β∗ N ⇒ N ∈ ΛI .

Apìdeixh. Me epagwg  sthn anagwg  M →β∗ N.

• M = PQ → P ′Q = N
Tìte P, Q ∈ ΛI ,
⇒EY P ′ ∈ ΛI , �ra P ′Q ∈ ΛI .

• M = PQ → PQ′ = N OmoÐwc

• M = λx.P → λx.P ′ = N
Tìte P ∈ ΛI kai x ∈ FV (P )
Apì E.U. P ′ ∈ ΛI .
An epiplèon x ∈ FV (P ′), ja èqoume λx.P ′ ∈ ΛI .
Me epagwg  ston P ja deÐxoume ìti pr�gmati:

Upol mma 7.0.3. x ∈ FV (P ) ⇒ x ∈ FV (P ′)

Apìdeixh. An:

– P = R1R2 → R′
1R2 = P ′, tìte

FV (P ) = FV (R1) ∪ FV (R2) ⊆EY FV (R′
1) ∪ FV (R2) = FV (P ′)

– P = R1R2 → R1R
′
2 = P ′, omoÐwc

– P = λx.R → λx.R′, tìte
FV (P ) = FV (R) \ {x} ⊆EY FV (R′) \ {x} = FV (P ′)

– P = (λ∗x.Q)R → Q[R/x] = P ′, tìte
FV (P ) = FV (R) ∪ (FV (Q) \ {x}) = FV (P ′), afoÔ x ∈ FV (P ).

– P = (λ∗x.Q)R → λ∗x.Q)R′ = P ′, tìte
FV (P ) = (FV (Q) \ {x}) ∪ FV (R)

⊆EY (FV (Q) \ {x}) ∪ FV (R′)
= FV (P ′)
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– P = (λ∗x.Q)R → λ∗x.Q′)R = P ′, tìte
FV (P ) = (FV (Q) \ {x}) ∪ FV (R)

⊆EY (FV (Q′) \ {x}) ∪ FV (R)
= FV (P ′)

• M = (λ∗x.P )Q → P [Q/x] = N
Tìte P, Q ∈ ΛI kai x ∈ FV (P ).
Ja deÐxoume me epagwg  ston P ìti P [Q/x] ∈ ΛI .

– P = x   P = y profanèc.
– P = λy.R, tìte y ∈ FV (R) kai apì E.U. R[Q/x] ∈ ΛI

kai afoÔ y ∈ FV (R[Q/x]) èqoume
λy.R[Q/x] ∈ ΛI

– P = (λ∗y.R1)R2, tìte y ∈ FV (R1) kai apì E.U. Ri[Q/x] ∈ ΛI

⇒ (λ∗y.R1[Q/x])R2[Q/x] ∈ ΛI

Ed¸ oloklhr¸netai to pr¸to l mma, me to opoÐo deÐxame ìti to sÔnolo ΛI

eÐnai kleistì gia thn β∗− anagwg .

L mma 7.0.25. Gia k�je M ∈ ΛI : M →β N ⇒ φ(M) ³+
β φ(N)

Apìdeixh. Me epagwg  sthn anagwg  M →β N.

• M = PQ →β P ′Q = N
Tìte P ∈ ΛI kai apì E.U. φ(P ) ³+

β φ(P ′)
'Ara φ(P )φ(Q) ³+

β φ(P ′)φ(Q),

dhlad  φ(M) ³+
β φ(N)

• M = PQ →β PQ′ = N. OmoÐwc.

• M = λx.P →β λx.P ′ = N.
Tìte P ∈ ΛI kai apì E.U. φ(P ) ³+

β φ(P ′)
'Ara λx.φ(P ) ³+

β λx.φ(P ′),
dhlad  φ(M) ³+

β φ(N)

• M = (λx.P )Q →β P [Q/x] = N.
Tìte φ(M) = φ((λx.P )Q)

= (λx.φ(P ))φ(Q)
→β φ(P )[φ(Q)/x]
= φ(P [Q/x]), apì idiìthtec tou telest  φ.

• M = (λx.P )Q →β (λx.P ′)Q = N
Ed¸ èqoume φ(M) = φ(P )[φ(Q)/x] ³+

β φ(P ′)[φ(Q)/x] = φ(N),

afoÔ apì E.U. φ(P ) ³+
β φ(P ′)
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• M = (λx.P )Q →β (λx.P )Q′ = N
Ed¸ èqoume φ(M) = φ(P )[φ(Q)/x] kai φ(N) = φ(P )[φ(Q′)/x].
EÐnai profanèc ìti φ(M) ³β φ(N).
Gia na exasfalÐsoume ìmwc ìti φ(M) ³+

β φ(N) prèpei na deÐxoume ìti
x ∈ FV (φ(P )).
'Ara qreiazìmaste to:

Upol mma 7.0.4. FV (P ) ⊆ FV (φ(P ))

Apìdeixh. Me epagwg  ston P.

– P = λx.Q
Tìte FV (P ) = FV (Q) \ {x} ⊆ FV (φ(Q)) \ {x} = FV (λx.φ(Q))

= FV (φ(P ))

– P = (λx.Q)R
Tìte FV (P ) = (FV (Q) \ {x}) ∪ FV (R)

⊆ (FV (φ(Q)) \ {x}) ∪ FV (φ(R))
= FV (φ(Q)[φ(R)/x])
= FV (φ(P ))

– P = QR
Tìte FV (P ) = FV (Q) ∪ FV (R) ⊆ FV (φ(Q)) ∪ FV (φ(R))

= FV ((φ(Q))φ(R))
= FV (φ(P ))

Apì ta parap�nw l mmata kai thn prìtash 7.0.11 prokÔptei to:

Je¸rhma 7.0.3. An M ∈ ΛI kai M →β N
tìte M ∈ ∞β ⇒ N ∈ ∞β.

Apì to je¸rhma diat rhshc ston λI logismì, sumperaÐnoume ìti ston
logismì autìn ìla ta redexes kai oi strathgikèc eÐnai atèrmonec.

Pìrisma 7.0.6. Gia k�je M ∈ ΛI :

• M ∈ WNβ ⇒ M ∈ SNβ

• M ∈ WNβ kai N ⊆ M ⇒ N ∈ WNβ

Apìdeixh. Gia to pr¸to, afoÔ M asjen¸c kanonikopoi simoc èstw N ka-
nonik  morf  tou M. 'Estw proc �topo ìti M ∈ ∞β. Tìte apì je¸rhma
diat rhshc N ∈ ∞β. 'Atopo. 'Ara M ∈ SNβ.

Gia to deÔtero, lìgw tou pr¸tou èqoume ìti M ∈ SNβ, �ra kai gia ton N
wc upoìro tou M isqÔei N ∈ SNβ. 'Ara N ∈ WNβ.
−−−−−−−−−−−−−−−−−−−−−−−−−−−−
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To je¸rhma diat rhshc ston λK logismì.

To je¸rhma diat rhshc ston λK logismì apodeÐqthke apì ton Baren-
dregt. SÔmfwna me autì, an susteÐloume èna I redex diathroÔme thn dunatì-
thta �peirhc anagwg c. Ja to apodeÐxoume me thn Ðdia mèjodo me thn opoÐa
apodeÐxame to antÐstoiqo je¸rhma gia ton λI logismì. Ja qrhsimopoi soume
thn atèrmonh strathgik  F ∗

1 kai to sÔnolo S = ΛI .

Orismìc 7.0.31. 'Estw to redex (λx.P )Q. An X ∈ FV (P ) ja lème ìti
èqoume èna I redex. Alli¸c ja lème ìti èqoume èna K redex.
Sth deÔterh perÐptwsh ja sumbolÐzoume

• KPQ = (λx.P )Q

• KPQ = (λx.P )Q

Orismìc 7.0.32. ΛI = {M ∈ ΛK : (λx.P )Q ⊆ M ⇒ x ∈ FV (P )},
dhlad  to ΛI apoteleÐtai apì touc upogrammismènouc ìrouc stouc opoÐouc
ìla ta upogrammismèna redexes eÐnai I− redexes.

Orismìc 7.0.33. OrÐzoume thn strathgik  F ∗
1 : ∞β∗ → ΛK me:

1. F ∗
1 (xPQR) = xPF ∗

1 (Q)R, P ∈ SNβ∗ , Q 6∈ SNβ∗

2. F ∗
1 (λx.P ) = λx.F ∗

1 (P )

3. F ∗
1 ((λx.P )QR) = P [Q/x]R, an Q ∈ SNβ∗

4. F ∗
1 ((λx.P )QR) = (λx.P )F ∗

1 (Q)R, an Q 6∈ SNβ∗

ParathroÔme ìti h strathgik  aut  prokÔptei apì thn strathgik  F1 twn
Bergstra kai Klop. Sugkekrimèna gia k�je M ∈ ∞β∗ èqoume

|F ∗
1 (M)| = F ∗

1 (|M |)
'Ara eÔkola prokÔptei to parak�tw l mma pou diasfalÐzei ìti h F ∗

1 eÐnai atèr-
monh strathgik .

L mma 7.0.26. M ∈ ∞β∗ ⇒ F ∗
1 (M) ∈ ∞β∗

Apìdeixh. M ∈ ∞β∗ ⇒ |M | ∈ ∞β

⇒ F1(|M |) ∈ ∞β

⇒ |F ∗
1 (M)| ∈ ∞β

⇒ F ∗
1 (M) ∈ ∞β∗

apì idiìthtec tou telest  | · | kai thn parap�nw parat rhsh.
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T¸ra ja apodeÐxoume ìti h F ∗
1 kai ti ΛI ikanopoioÔn tic upojèseic thc

prìtashc 7.0.11.

L mma 7.0.27. Gia k�je M ∈ ΛI ∩∞β∗ : F ∗
1 (M) ∈ ΛI

Apìdeixh. Me epagwg  ston upogrammismèno ìro M.

• M = xPQR P ∈ SNβ∗ , Q 6∈ SNβ∗

Tìte Pi, Q,Ri ∈ ΛI .
Apì E.U. F ∗

1 (Q) ∈ ΛI , �ra xPF ∗
1 (Q)R ∈ ΛI

⇒ F ∗
1 (xPQR) ∈ ΛI

• M = λx.P OmoÐwc.

• M = PQ OmoÐwc.

• M = (λx.P )QR me Q 6∈ SNβ∗ .
Tìte P, Q,R ∈ ΛI kai x ∈ FV (P ).
Apì E.U. F ∗

1 (Q) ∈ ΛI , �ra (λx.P )F ∗
1 (Q) ∈ ΛI

⇒ F ∗
1 ((λx.P )Q) ∈ ΛI

• M = (λx.P )Q me Q ∈ SNβ∗ .
Tìte P, Q,R ∈ ΛI .
Gia na deÐxoume ìti P [Q/x]R ∈ ΛI , qreiazìmaste mìno to:

Upol mma 7.0.5. P,Q ∈ ΛI ⇒ P [Q/x] ∈ ΛI

Apìdeixh. Me epagwg  ston P.

– P = x   y

– P = λx.R Apì E.U.
– P = R1R2 Apì E.U.
– P = (λy.R1)R2

Apì E.U. Ri[Q/x] ∈ ΛI .
Epiplèon y ∈ FV (R1) ⇒ y ∈ FV (R1[Q/x])

⇒ (λy.R1[Q/x])R2[Q/x] ∈ ΛI

⇒ P [Q/x] ∈ ΛI

L mma 7.0.28. Gia k�je M ∈ ΛI :
M →β F ∗

1 (M) ⇒ φ(M) ³+
β φ(F ∗

1 (M)).

Apìdeixh. Me epagwg  ston M.
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• M = xPQR, P ∈ SNβ∗ , Q 6∈ SNβ∗

Tìte apì E.U. φ(Q) ³+
β φ(F ∗

1 (Q))

Tìte φ(xPQR) ³+
β φ(xPF ∗

1 (Q)R) = φ(F ∗
1 (M))

• M = λx.P OmoÐwc.

• M = (λx.P )QR me Q ∈ SNβ∗

Tìte φ(M) = φ((λx.P )QR) = (λx.φ(P ))φ(Q)φ(R)
→β φ(P )[φ(Q)/x]φ(R)
= φ(P [Q/x])φ(R)
= φ(F ∗

1 (M))

• M = (λx.P )QR me Q 6∈ SNβ∗

Apì epagwgik  upìjesh ston Q.

• M = (λx.P )QR me Q 6∈ SNβ∗

Tìte φ(M) = φ((λx.P )QR)
= φ(P )[φ(Q)/x]φ(R)
³+

β φ(P )[φ(F ∗
1 (Q))/x]φ(R)

= φ(P [F ∗
1 (Q)/x])φ(R)

= φ(P [F ∗
1 (Q)/x]R)

= φ((λx.P )F ∗
1 (Q)R)

= φ(F ∗
1 (M))

To ³+
β sthn teleutaÐa perÐptwsh prokÔptei apì thn E.U., se sunduasmì

me to x ∈ FV (φ(P )) pou ofeÐletai sto:

Upol mma 7.0.6. Gia k�je P ∈ ΛI : FV (P ) ⊆ FV (F ∗
1 (P ))

Apìdeixh. Akrib¸c ìpwc to antÐstoiqo upol mma gia to ΛI .

Je¸rhma 7.0.4. An M →β N me sustol  enìc I-redex, tìte isqÔei:

M ∈ ∞β ⇒ N ∈ ∞β (7.1)

Apìdeixh. Apì ta parap�nw l mmata kai thn prìtash 7.0.11.

Pìrisma 7.0.7. K�je I-redex eÐnai atèrmon.

−−−−−−−−−−−−−−−−−−−−−−−−−−−−
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Atèrmona K-redexes.

Sthn par�grafo aut  ja qarakthrÐsoume ta atèrmona K-redexes. Gia
ton qarakthrismì autìn, pou apèdeixan oi Bergstra kai Klop, qreiazìmaste
k�poiouc orismoÔc.

Orismìc 7.0.34. ΛK = {M ∈ ΛK : (λx.P )Q ⊆ M ⇒ x 6∈ FV (P )},
dhlad  to ΛK apoteleÐtai apì touc upogrammismènouc ìrouc stouc opoÐouc
ìla ta upogrammismèna redexes eÐnai K− redexes.

Orismìc 7.0.35. Mia antikat�stash σ ja lègetai isqur� kanonikopoi simh
gia thn b-anagwg  (SNβ antikat�stash), an gia k�je metablht  x isqÔei
xσ ∈ SNβ.
EpÐshc gia duo ìrouc P, Q ∈ ΛK , orÐzoume th dimel  sqèsh
P ≥β

∞ Q ⇔def gia k�je σ SNβ antikat�stash

Pσ ∈ ∞β ⇐ Qσ ∈ ∞β (7.2)

AntÐstoiqa orÐzetai h SNβ∗ antikat�stash kai h sqèsh P ≥β∗
∞ Q

L mma 7.0.29. Gia k�je P,Q ∈ ΛK : P ≥β
∞ Q ⇔ P ≥β∗

∞ Q

Apìdeixh. 'Estw P ≥β∗
∞ Q kai èstw SNβ antikat�stash σ me Qσ ∈ ∞β

Tìte Qσ ∈ ∞β∗

⇒ Pσ ∈ ∞β∗

⇒ Pσ ∈ ∞β lìgw thc isqur c kanonikopoÐhshc twn developments.
'Ara P ≥β

∞ Q.

Antistrìfwc, èstw P ≥β
∞ Q kai èstw SNβ∗ antikat�stash me Qσ ∈ ∞β∗

Tìte Q|σ| ∈ ∞β apì l mma probol c
⇒ P |σ| ∈ ∞β

⇒ Pσ ∈ ∞β∗

'Ara P ≥β∗
∞ Q.

To je¸rhma pou ja apodeÐxoume exasfalÐzei ìti an P ≥β
∞ Q, tìte to redex

KPQ eÐnai atèrmon. Mia diaisjhtik  ex ghsh eÐnai h ex c.
'Estw ènac atèrmwn ìroc M pou perièqei to K− redex KPQ.

Kaj¸c o M eÐnai atèrmwn, èqei èna �peiro F2− monop�ti.
To KPQ endèqetai na brÐsketai sto s¸ma miac l-afaÐreshc kai èstw tìte
z1, z2, . . . oi metablhtèc pou h F2 epilègei na antikatast sei protoÔ susteÐlei
k�poio redex mèsa sto KPQ (  to Ðdio to KPQ). Dhlad  èqoume
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M = C[(λ−→z .D[KPQ])
−→
R ] →n

β C1[(λ−→z .D1[KPQ])
−→
R
′
]

³+
β C2[D2[KP [

−→
R/−→z ]Q[

−→
R/−→z ]]]

1. An sth sunèqeia h F2 susteÐlei to KPQ eÐnai profanèc ìti autì ja
mporoÔse na eÐqe gÐnei apì thn arq  qwrÐc na qajeÐ h perpetuality tou
ìrou.

2. An susteÐlei k�poio redex mèsa sto P [
−→
R/−→z ], autì ja gÐnei mìno an o

P [
−→
R/−→z ] eÐnai atèrmwn kai tìte ìlec oi sustolèc ja gÐnontai ep� �peiro

ston upoìro autìn. Tìte to monop�ti ja eÐnai

M = C[(λ−→z .D[KPQ])
−→
R ] →n

β C1[(λ−→z .D1[KPQ])
−→
R
′
]

³+
β C2[D2[KP [

−→
R/−→z ]Q[

−→
R/−→z ]]]

→ C2[D2[KP [
−→
R/−→z ]∗Q[

−→
R/−→z ]]]

→ C2[D2[KP [
−→
R/−→z ]∗∗Q[

−→
R/−→z ]]]

→ . . .

all� tìte to K− redex mac eÐnai atèrmon, giatÐ

C[(λ−→z .D[KPQ])
−→
R ] → C[(λ−→z .D[P ])

−→
R ]

→n C1[(λ−→z .D1[P ])
−→
R ]

³+
β C2[D2[P [

−→
R/−→z ]∗∗]]

→ . . .

3. H mình perÐptwsh pou kinduneÔei na qajeÐ h perpetuality tou ìrou me
sustol  tou KPQ eÐnai an h F2 epilèxei na susteÐlei to Q[

−→
R/−→z ]. Autì

ìmwc, ex orismoÔ thc F2 ja sumbeÐ mìno an o upoìroc Q[
−→
R/−→z ] eÐnai

atèrmwn kai o P [
−→
R/−→z ] den eÐnai.

Gia na apokleÐsoume, loipìn, aut n thn <<kak >> perÐptwsh arkeÐ na apai-
t soume thn sunepagwg  P [

−→
R/−→z ] ∈ ∞β ⇐ Q[

−→
R/−→z ] ∈ ∞β.

Kai gia na qalar¸soume kai aut n thn apaÐthsh, arkeÐ na apait soume na
isqÔei h sunepagwg  aut  gia isqur� kanonikopoi sima R1R2 . . . . (GiatÐ
an to −→R èqei �peirh anagwg , tìte profan¸c èqei �peirh anagwg  kai
o C[(λ−→z .D[P ])

−→
R ] ! )

Epomènwc arkeÐ P ≥∞β Q.
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T¸ra ja apodeÐxoume tupik� to je¸rhma. Gia ton skopì autìn eÐnai apa-
raÐthtoi merikoÐ akìma orismoÐ.

Orismìc 7.0.36. 'Estw X èna sÔnolo metablht¸n.

1. Mia SNβ∗ antikat�stash σ lègetai X − neutral, an xσ = x, gia k�je
x ∈ X.

2. O ìroc M lègetai X − good, an gia k�je KAB ⊆ M kai k�je X −
neutral antikat�stash σ, isqÔei Aσ ∈ ∞β∗ ⇐ Bσ ∈ ∞β∗.

3. To sÔnolo X sèbetai ton ìro J an FV (J) ⊆ X kai X ∩BV (J) = ∅.
Parat rhsh. 1. (Sqetik� me to X − neutral) Mia antikat�stash eÐnai

X − neutral, an den ephre�zei kami� metablht  pou an kei sto sÔnolo
X. P.q. h antikat�stash [R1/x][R2/y] eÐnai {z} − neutral. Aut  thn
ènnoia ja thn qreiastoÔme, giatÐ ìtan ja k�noume diereÔnhsh tou F2−
monopatioÔ tou ìrou M, ja gnwrÐzoume k�poiec metablhtèc pou den ja
antikatastajoÔn potè, eÐte giatÐ eÐnai eleÔjerec ston upoìro ston opoÐo
dra h F2, eÐte giatÐ desmeÔontai apì èna redex pou den prìkeitai potè na
susteÐlei h F2. 'Ara oi antikatast�seic pou ja exet�soume mporoÔn na
eÐnai neutral wc proc tic metablhtèc autèc.

2. (Sqetik� me to X − good) 'Opwc eÐdame kai sta jewr mata diat rhshc
pou apodeÐxame èwc t¸ra, h ousÐa thc mejìdou eÐnai na broÔme èna �peiro
monop�ti β∗− anagwg c L0, L1, L2 . . . ìpou L0 = C[(λx.P )Q] me thn
idiìthta
Li →β Li+1 ⇒ φ(Li) ³+

β φ(Li+1).

An jel soume na deÐxoume me epagwg  ìti gia k�je i kai k�je U atèr-
mona upoìro tou Li pou perièqei to KAB isqÔei φ(U) ³+

β φ(F ∗
2 (U)), h

mình perÐptwsh pou ja mac dhmiourg sei prìblhma eÐnai h

U = KAB, A ∈ SNβ∗, B 6∈ SNβ∗, (7.3)

giatÐ tìte φ(U) = φ(F ∗
2 (U)). Prèpei na exasfalÐsoume ìti aut  h perÐ-

ptwsh den ufÐstatai. Oi upojèseic tou jewr matoc exasfalÐzoun rht¸c
ìti aut  h perÐptwsh den up�rqei gia ton L0, dhlad  ìtan A = P kai
B = Q, giatÐ autì ja prosèkroue sto P ≥∞β Q. P¸c ìmwc ja to
epekteÐnoume autì kai stouc upìloipouc Li;

Oi Bergstra kai Klop sthn apìdeix  touc qrhsimopoioÔn thn ènnoia tou
apogìnou, pou diaisjhtik� eÐnai eÔkola katanoht , all� o orismìc kai
h apìdeixh twn idiot twn thc eÐnai perÐplokh. Sto prìblhm� mac, oi
upoìroi A, B eÐnai apìgonoi antÐstoiqa twn upoìrwn P kai Q tou L0

63



kai oi idiìthtec tou apogìnou exasfalÐzoun ìti h perÐptwsh 7.3 den
up�rqei.
Oi Sorensen klp, apofeÔgoun thn ènnoia tou apogìnou. AntÐ aut c, brÐ-
skoun èna (perÐploka orizìmeno) sÔnolo S pou na apokleÐei sta mèlh
tou thn perÐptwsh 7.3 kai apodeiknÔoun ìti ìloi oi Li paramènoun mèsa
sto sÔnolo autì. Ed¸ eÐnai aparaÐthth h ènnoia tou X − good. Jèlou-
me oi ìroi pou ja perilamb�nontai sto S na eÐnai �good,� dhlad  gia ta
KAB pou ja perièqoun na isqÔei Aσ ∈ ∞β∗ ⇐ Bσ ∈ ∞β∗. Bèbaia,
ìpwc anafèrame kai parap�nw, autì den eÐnai aparaÐthto na isqÔei gia
ìlec tic antikatast�seic σ. MporoÔme na apall�xoume apì ton èlegqo
autèc pou den ja antikatastajoÔn potè apì thn F ∗

2 kai pou ja tic sul-
lèxoume se èna sÔnolo X. An loipìn h zhtoÔmenh sunepagwg  isqÔei
ston tuqaÐo ìro L gia ìlec tic antikatast�seic pou den apall�ssontai
apì ton èlegqo, tìte o L eÐnai X − good kai ja mporeÐ na perilhfjeÐ
sto sÔnolo S (efìson bèbaia eÐnai atèrmwn kai plhroÐ kai k�poiec pro-
ôpojèseic sqetik� me tic metablhtèc tou).

3. (Sqetik� me to respects) Oi ìroi L0, L1, . . . prokÔptoun apì ton M me
upogr�mmish kai β∗− anagwgèc. Epomènwc eÐnai profanèc ìti FV (Li) ⊆
FV (M) kai FV (M) ∩BV (Li) = ∅, �ra

FV (M) respects Li (7.4)

Orismìc 7.0.37. EpekteÐnoume thn F2 se F ∗
2 : ∞β∗ → ΛK

• F ∗
2 (xPQR) = xPF ∗

2 (Q)R, P ∈ SNβ∗, Q 6∈ SNβ∗

• F ∗
2 (λx.P ) = λx.F ∗

2 (P )

• F ∗
2 ((λx.P )QR) = P [Q/x]R, an P ∈ SNβ∗ , Q ∈ SNβ∗

• F ∗
2 ((λx.P )QR) = (λx.F ∗

2 (P ))QR, an P 6∈ SNβ∗

• F ∗
2 ((λx.P )QR) = (λx.P )F ∗

2 (Q)R, an P ∈ SNβ∗, Q 6∈ SNβ∗

L mma 7.0.30. H F ∗
2 eÐnai atèrmonh.

Apìdeixh. ProkÔptei ìpwc akrib¸c kai gia thn F ∗
1 .

Sth sunèqeia prèpei na doÔme poiec desmeumènec metablhtèc tou M den ja
antikatast sei potè h F ∗

2 .

Orismìc 7.0.38. Gia M ∈ ∞β∗ orÐzoume to sÔnolo metablht¸n V (M)
epagwgik�.
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• V (xPQR) = V (Q), ìpou P ∈ SNβ∗, Q 6∈ SNβ∗

• V (λx.P ) = {x} ∪ V (P )

• V ((λx.P )QR) = ∅, an P ∈ SNβ∗, Q ∈ SNβ∗

• V ((λx.P )QR) = {x} ∪ V (P ), an P 6∈ SNβ∗

• V ((λx.P )QR) = V (Q), an P ∈ SNβ∗, Q 6∈ SNβ∗

Par�deigma 7.0.4. 'Estw o ìroc M = λy.((K(y))(yyy)Ω).
'Eqoume y <∞

β yyy, p.q. lìgw thc antikat�stashc σ = [ω/y]. Wstìso h
sustol  tou K−redex diathreÐ thn perpetuality, afoÔ y ∈ V (M).

OmoÐwc ston ìro M = ((K(y))(yyy)Ω). Ed¸ h y den ja antikatastajeÐ
potè afoÔ eÐnai eleÔjerh ston M, �ra den mac enoqleÐ to ìti y <∞

β yyy.

L mma 7.0.31. Gia k�je M ∈ ∞β∗ : V (M) ⊆ V (F ∗
2 (M)).

Apìdeixh. Me epagwg  ston M.

Parat rhsh. Genik� den isqÔei V (M) = V (F ∗
2 (M)).

P.q. gia M = ((λx.y)z)(λv.Ω) kai F ∗
2 (M) = (y)(λv.Ω)

èqoume V (M) = ∅, en¸ V (F ∗
2 (M)) = {v}.

Plèon èqoume saf  eikìna gia to sÔnolo pou ja paÐxei to rìlo tou S thc
prìtashc 7.0.11. Ja eÐnai to

S = {J ∈ ΛK∩∞β∗| J is FV (M)∪V (J)−good & FV (M) respects J}. (7.5)

Pèpei ìmwc na apodeÐxoume ìti ikanopoieÐ tic idiìthtec ii kai iii thc prì-
tashc 7.0.11.

L mma 7.0.32. 'Estw M ∈ ∞β∗ ∩ΛK , tètoioc ¸ste na eÐnai X ∪ V (M)−
good kai to sÔnolo X na sèbetai ton M. Tìte o ìroc F ∗

2 (M) eÐnai X ∪
V (F ∗

2 (M))− good kai to X sèbetai ton F ∗
2 (M).

Apìdeixh. Apì ton egkleismì FV (M) ⊇ FV (M ′) gia M → M ′ kai apì
sÔmbash gia tic desmeumènec metablhtèc, eÐnai safèc ìti to X sèbetai ton
F ∗

2 (M).

Gia na deÐxoume ìti o F ∗
2 (M) eÐnai X ∪ V (F ∗

2 (M))− good ìtan o M eÐnai
X∪V (M)−good, akoloujoÔme epagwg  ston M. JewroÔme KAB ⊆ F ∗

2 (M)
kai σ mia SNβ∗ antikat�stash pou eÐnai X ∪ V (F ∗

2 (M))− neutral. Prèpei na
deÐxoume ìti Aσ ∈ ∞β∗ ⇐ Bσ ∈ ∞β∗ .
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1. M = xPQR, me P ∈ SNβ∗ , Q 6∈ SNβ∗ . Tìte F ∗
2 (M) = xPF ∗

2 (Q)R.
Ed¸ prèpei na diakrÐnoume 2 peript¸seic an�loga me to pou brÐsketai to
redex KAB.

(aþ) KAB ⊆ Pi   KAB ⊆ Ri. Epeid  V (M) ⊆ V (F ∗
2 (M)) h anti-

kat�stash σ eÐnai X ∪ V (M) − neutral. Kai epeid  o M eÐnai
X∪V (M)−good, èqoume th zhtoÔmenh sunepagwg  Aσ ∈ ∞β∗ ⇐
Bσ ∈ ∞β∗ .

(bþ) KAB ⊆ F ∗
2 (Q).

'Eqoume V (M) = V (Q) kai o Q wc upoìroc tou M eÐnai X ∪
V (M)− good
⇒ o Q eÐnai X ∪ V (Q)− good
⇒EY o F ∗

2 (Q) eÐnai X ∪ V (F ∗
2 (Q))− good

⇒ o F ∗
2 (Q) eÐnai X ∪ V (F ∗

2 (M))− good
afoÔ V (F ∗

2 (M)) = V (F ∗
2 (Q)).

'Ara p�li èqoume Aσ ∈ ∞β∗ ⇐ Bσ ∈ ∞β∗ .

2. M = λx.P. Tìte F ∗
2 (M) = λx.F ∗

2 (P ).
EpÐshc èqoume tic isìthtec V (M) = {x} ∪ V (P ) kai
V (F ∗

2 (M)) = {x} ∪ V (F ∗
2 (P )).

Wc upoìroc tou M, o P eÐnai X ∪ V (M)− good
⇒ P = X ∪ {x} ∪ V (P )− good
Efarmìzontac thn E.U. gia ton P me X ′ = X ∪ {x} èqoume
F ∗

2 (P ) = X ∪ {x} ∪ V (F ∗
2 (P ))− good

⇒ F ∗
2 (P ) = X∪V (F ∗

2 (M))−good kai epeid  h σ eÐnai X∪V (F ∗
2 (M))−

neutral, èqoume to zhtoÔmeno.

3. M = (λ∗x.P )QR.

(aþ) An P ∈ ∞β∗, tìte F ∗
2 (M) = (λ∗x.F ∗

2 (P ))QR.
An to KAB eÐnai upoìroc tou Q   tou Ri, �ra up rqe kai ston M
autoÔsio, to sumpèrasma prokÔptei ìpwc kai sthn perÐptwsh 1.1.
An eÐnai upoìroc tou F ∗

2 (P ), tìte to sumpèrasma prokÔptei ìpwc
kai sthn perÐptwsh 2.
Tèloc, an eÐnai o Ðdioc o F ∗

2 (M), tìte to sumpèrasma prokÔptei
tetrimmèna apì thn perpetuality tou P.

(bþ) An P ∈ SNβ∗ , Q 6∈ SNβ∗ .
Ed¸ h mình endiafèrousa upoperÐptwsh eÐnai ìtan to KAB eÐnai
o Ðdioc o F ∗

2 (M), pr�gma pou t¸ra eÐnai adÔnaton, afoÔ o M eÐnai
X ∪ V (M)− good, �ra den mpor¸ na èqw Al 6∈ ∞β∗ kai Bl 6∈ ∞β∗
(ìpou l h tautotik  antikat�stash.)
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(gþ) An P,Q ∈ SNβ∗ , tìte F ∗
2 (M) = P [Q/x]R.

P�li, an KAB upoìroc tou Ri   tou P   tou Q, tìte ergazìmaste
ìpwc sthn perÐptwsh 1.1.
Alli¸c KAB = KI[Q/x]J [Q/x], ìpou KAB ⊆ P. Epeid  h σ
eÐnai FV (Q)−neutral, èqoume ìti KAσBσ = KIσ′Jσ′, ìpou σ′ =
σ + {Q/x}
Epiplèon, apì V (M) ⊆ V (F ∗

2 (M) èqoume ìti h σ eÐnai X∪V (M)−
neutral.
'Omwc x 6∈ V (M) kai x ∈ BV (M), �ra x 6∈ X.
'Ara kai h σ′ eÐnai X ∪ V (M)− neutral.
Kai epeid  o M eÐnai X∪V (M)−neutral, èqoume thn sunepagwg 

Iσ′ ∈ ∞β∗ ⇐ Jσ′ ∈ ∞β∗
'Ara Aσ ∈ ∞β∗ ⇐ Bσ ∈ ∞β∗

L mma 7.0.33. 'Estw M ∈ ∞β∗ ∩ΛK , tètoioc ¸ste na eÐnai X ∪ V (M)−
good kai to sÔnolo X na sèbetai ton M. Tìte isqÔei h sunepagwg :

M →β F ∗
2 (M) ⇒ φ(M) ³+

β φ(F ∗
2 (M)) (7.6)

Apìdeixh. Me epagwg  ston M.

Je¸rhma 7.0.5. (Diat rhsh twn K−redexes)
'Estw M = C[KPQ] kai N = C[P ] ìpou P ≥∞β Q. Tìte
M ∈ ∞β ⇒ N ∈ ∞β.

Apìdeixh. Apì prìtash 7.0.11 me:
F = F ∗

2 kai
S = {J ∈ ΛK ∩∞β∗| J is FV (M) ∪ V (J)− good & FV (M) respects J}.

Pìrisma 7.0.8. An P ≥∞β Q tìte to redex KPQ eÐnai atèrmon.

Pìrisma 7.0.9. An P ∈ ∞β   Q ∈ SNβ & FV (Q) = ∅, tìte to redex
KPQ eÐnai atèrmon.

Apìdeixh. EÐnai profanèc ìti kai stic 2 peript¸seic isqÔei h sunj kh P ≥∞β
Q. 'Ara KPQ atèrmon.

Pìrisma 7.0.10. To redex (λx.P )Q eÐnai atèrmon an gia k�je σ SNβ−
antikat�stash isqÔei h sunepagwg 
Pσ[Qσ/x] ∈ ∞β ⇐ Qσ ∈ ∞β
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Apìdeixh. An to redex autì eÐnai I− redex, tìte apì apì je¸rhma diat -
rhshc twn I−redexes eÐnai atèrmon. An eÐnai K-redex, tìte h sunj kh eÐnai
isodÔnamh me thn sunepagwg  Pσ ∈ ∞β ⇐ Qσ ∈ ∞β. 'Ara p�li to redex
eÐnai atèrmon.

T¸ra ja apodeÐxoume to antÐstrofo tou jewr matoc 7.0.5, dhlad  ja
apodeÐxoume ìti ta redexes pou perigr�fontai sto 7.0.5 eÐnai ta monadik� per-
petual.

Prìtash 7.0.12. 'Estw ìti KPQ perpetual redex, dhlad  gia k�je C,
C[KPQ] ∈ ∞β ⇒ C[P ] ∈ ∞β.
Tìte P ≥β

∞ Q.

Apìdeixh. 'Estw mia SN antikat�stash [R/x] tètoia ¸ste Q[R/x] ∈ ∞β.
Jètoume C = (λx.[ ])R
EÔkola epalhjeÔoume ìti o ìroc C[KPQ] eÐnai atèrmwn, �ra apì upìjesh kai
o C[P ] eÐnai atèrmwn,
dhlad  (λx.P )R ∈ ∞β.
Epeid  R ∈ SNβ, to F1−monop�ti tou C[P ] ja per�sei apì ton ìro P [R/x]
kai apì perpetuality thc F1, ja èqoume ìti P [R/x] ∈ ∞β.

'Opwc proanafèrame, èna maximal redex eÐnai kai perpetual. T¸ra ja
d¸soume ènan qarakthrismì gia ta maximal redexes.

Prìtash 7.0.13. 'Estw redex ∆ me contractum ∆′.
Tìte ∆ maximal ⇔ ∆′ ∈ ∞β.

Apìdeixh. • Gia to antÐstrofo, èstw C[∆] ∈ (n)β. 'Eqoume ∆′ ∈ ∞β,
�ra kai ∆′ ∈ (n− 1)β.

• Gia to eujèc, ja apodeixoume to antijetoantÐstrofo, dhlad 
∆′ ∈ SNβ ⇒ ∆ 6= maximal.

'Opwc deÐxame sto pr¸to kef�laio qrhsimopoi¸ntac thn FB, afoÔ ∆′ ∈
SNβ, èqoume lβ(∆′) < ∞.
Up�rqei, loipìn, fusikìc m tètoioc ¸ste ∆′ ∈ (m−1)β kai ∆′ 6∈ (m)β.
Tìte ∆ ∈ (m)β.
An p�roume C = (λx.λy.yxx)[ ], tìte an den xekin soume me sustol 
tou ∆ èqoume

C[∆] → λy.y∆∆ ³2m λy.y.QQ, (7.7)

�ra C[∆] ∈ (2m + 1)β.
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An ìmwc susteÐloume pr¸ta to ∆, tìte k�je anagwg  ja èqei th morf 

C[∆′] ³k C[Q′] → λy.yQ′Q′ ³2l λy.yQ′′Q′′, (7.8)

ìpou k + l ≤ m− 1 (afoÔ ∆′ 6∈ (m)β) kai l < m.
'Ara k + 1 + 2l < 2m kai ètsi C[∆′] 6∈ (2m)β.
ApodeÐqthke, loipìn, me autì to context, ìti to ∆ den eÐnai maximal.

Parat rhsh. Gia ta perpetual kai ta maximal redexes èqoume sugkentr¸-
sei tic ex c plhroforÐec.

• Up�rqoun redexes pou eÐnai perpetual all� ìqi maximal, p.q. to (λx.x)y.

• Up�rqei redex pou wc ìroc eÐnai atèrmwn all� to contractum tou den
eÐnai atèrmon, �ra to Ðdio wc redex den eÐnai perpetual. P.q. to (λx.y)Ω.

• 'Estw redex ∆ me contractum ∆′.
'Opwc èqoume apodeÐxei, an ∆ maximal, tìte eÐnai kai perpetual. Epi-
plèon, apì thn teleutaÐa prìtash ∆′ ∈ ∞β.
'Ara kai ∆ ∈ ∞β.
Telik�, ta maximal redexes brÐskontai sthn tom  tou ∞β me to sÔnolo
twn perpetual redexes.

• Ta maximal redexes katalamb�noun olìklhrh thn tom  tou ∞β me to
sÔnolo twn perpetual redexes.
GiatÐ èstw ∆ sthn tom  aut . ∆ ∈ ∞β, all� epeid  eÐnai perpetual, ja
e'qoume kai ∆′ ∈ ∞β.
'Ara apì thn teleutaÐa prìtash ∆ maximal.

'Ara èqoume thn eikìna pou faÐnetai sto sq ma.

−−−−−−−−−−−−−−−−−−−−−−−−−−−−
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To je¸rhma thc kanonikopoÐhshc.

Me thn Ðdia mèjodo mporoÔme na deÐxoume to je¸rhma thc kanonikopoÐhshc
(normalization theorem).

Je¸rhma 7.0.6. (KanonikopoÐhshc). Gia k�je kanonikopoi simo ìro M h
aristerìterh anagwg  tou termatÐzei.

ArkeÐ na deÐxoume to antijetoantÐstrofo, dhlad  to:

Je¸rhma 7.0.7. An M ∈ ∞l kai M →β N, tìte N ∈ ∞l.

Apìdeixh. • OrÐzoume thn strathgik  F ∗
l pou sustèllei p�nta to ari-

sterìtero redex enìc artèrmonoc ìrou. H anagwg →l orÐzetai an�loga
me thn →β .

• Me M = C[(λx.P )Q] kai N = C[P [Q/x]], jètoume L0 = C[(λx.P )Q].

• Epeid  |F ∗
l (U)| = Fl(|U |) kai M ∈ ∞l, èqoume L0 ∈ ∞l∗ .

Up�rqei loipìn mia �peirh anagwg  L0 →l∗ L1 →l∗ L2 →l∗ · · ·
• An�loga me tic prohgoÔmenec paragr�fouc èqoume:

– An Li →l Li+1, tìte φ(Li) = φ(Li+1).

– An Li →l Li+1, tìte φ(Li) ³ φ(Li+1)
(kai m�lista φ(Li) →l φ(Li+1))

Apì to je¸rhma termatismoÔ twn developments èqoume ìti gia �peira
i, Li →l Li+1, �ra up�rqei mia atèrmonh aristerìterh anagwg  apì ton
φ(L0), dhlad  apì ton N.

An�loga apodeiknÔetai kai to:

Je¸rhma 7.0.8. (KanonikopoÐhsh thc sqedìn aristerìterhc anagwg c) An
M ∈ WNβ kai M → M1 → M2 → · · · sqedìn aristerìterh anagwg , tìte h
anagwg  aut  termatÐzei.

mèsw tou

Je¸rhma 7.0.9. An o M èqei mia atèrmonh sqedìn aristerìterh anagwg 
kai M →β N, tìte kai o N èqei mia sqedìn aristerìterh anagwg .

Apìdeixh. Parìmoia. Ed¸ sthn anagwg  L0 → L1 → · · · èqoume ìti:

• An Li →β Li+1, tìte φ(Li) = φ(Li+1).
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• An Li →β Li+1, tìte eÐte φ(Li) = φ(Li+1) eÐte φ(Li) ³β φ(Li+1).

• An Li →l Li+1, tìte φ(Li) = φ(Li+1).

• An Li →l Li+1, tìte φ(Li) ³ φ(Li+1)
(kai m�lista φ(Li) →l φ(Li+1))

Gia k�je j, up�rqei i > j tètoioc ¸ste Li →l Li+1   Li →l Li+1 kai apì
je¸rhma termatismoÔ twn developments èqoume ìti gia �peira i, φ(Li) →l

φ(Li+1). 'Ara èqoume mia atèrmonh sqedìn aristerìterh anagwg  apì ton
φ(L0), dhlad  apì ton N.
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Kef�laio 8

APODEIXH JEWRHMATWN
DIATHRHSHS ME TH
MEJODO THS
TUPOPOIHSHS

Sta 1980 oi Barendegt, Coppo kai Dezani-Ciancaglini eis gagan ta sust ma-
ta tupopoÐhshc me tom  (BCD-systems).'Ena apì aut� eÐnai to sÔsthma D to
opoÐo apodeÐqthke ìti tupopoieÐ ìlouc touc isqur� kanonikopoi simouc ìrouc
kai mìno autoÔc. Dhlad :

Je¸rhma 8.0.10. M ∈ SNβ ⇔ Γ `D M, gia k�poio perib�llon Γ.

Up�rqoun arketèc diaforetikèc apodeÐxeic sth bibliografÐa, p.q. Krivine,
<<LC,types et modèles,1990>>

Ta shmantik� jewr mata pou parousi�same èwc t¸ra sthn ergasÐa aut  (j.
Sorensen, diat rhsh twn I-redexes, diat rhsh K-redexes, ) èqoun th morf :
<<An .................. kai M →R N kai M ∈ ∞R, tìte N ∈ ∞R. >>
Oi apodeÐxeic pou parousi�same qrhsimopoÐhsan atèrmonec strathgikèc.

Ta antistrofoantÐjeta aut¸n twn jewrhm�twn èqoun thn morf :
<<An .................. kai M →R N kai N ∈ SNR, tìte M ∈ SNR. >>

Epomènwc mporoÔn na apodeiqtoÔn me th mèjodo thc tupopoÐhshc, dhlad 
mèsw tou:
<<An .................. kai M →R N kai N tupopoieÐtai sto D, tìte M tupo-
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poieÐtai sto D >> .

Me th mèjodo aut  apodeiknÔontai sto [3] to je¸rhma diat rhshc twn
I-redexes kai to je¸rhma tou Sorensen.

Pr¸ta parousi�zoume sunoptik� to sÔsthma D kai k�poiec basikèc idiì-
thtèc tou.

Orismìc 8.0.39. To sÔsthma tupopoÐhshc D orÐzetai apì touc parak�tw
kanìnec tupopoÐhshc. (AntÐ gia to Γ `D M : σ ja gr�foume Γ ` M : σ. )

1. Gia x metablht , Γ, x : σ ` x : σ.

2. Γ, x : σ ` M : τ ⇒ Γ ` λx.M : σ → τ (→ −intro)

3. Γ ` M : σ → τ kai Γ ` N : σ ⇒ Γ ` MN : τ (→ −el)

4. Γ ` M : σ ∧ τ ⇒ Γ ` M : σ kai Γ ` M : τ (∧ − el)

5. Γ ` M : σ kai Γ ` M : τ ⇒ Γ ` M : σ ∧ τ (∧ − intro)

L mma 8.0.34. (exasjènishc) An Γ ` M : σ kai x 6∈ Γ, tìte Γ, x : τ ` M :
σ.

L mma 8.0.35. (enopoÐhshc twn contexts ) An Γ0 ` M : σ kai Γ1 `: N : τ,
tìte up�rqei Γ context tètoio ¸ste Γ ` M : σ kai Γ `: N : τ.

Apìdeixh. An mia metablht  x dhl¸netai mìno se èna apì ta Γ0, Γ1 kai o
tÔpoc pou thc apodÐdetai eÐnai o ρ, tìte sto Γ perilamb�noume thn d lwsh
x : ρ. An h x dhl¸netai sto Γ0 me tÔpo ρ kai sto Γ1 me tÔpo φ, tìte sto Γ
perilamb�noume thn d lwsh x : ρ ∧ φ.

Me epagwg  sthn tupopoÐhsh Γ0 ` M : σ mporoÔme na deÐxoume ìti Γ `
M : σ kai me epagwg  sthn tupopoÐhsh Γ1 ` N : τ mporoÔme na deÐxoume ìti
Γ ` N : τ.

To Γ pou prokÔptei me ton trìpo autìn ja to sumbolÐzoume me Γ0 ∧ Γ1.

Orismìc 8.0.40. 'Enac tÔpoc ja lègetai pr¸toc, an den eÐnai tom  tÔpwn,
�ra ìtan eÐnai eÐte metablht  tÔpou eÐte tÔpoc sunepagwg c.
An σ = σ1 ∧ · · · ∧ σn, tìte oi σi lègontai pr¸toi par�gontec tou tÔpou σ.
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L mma 8.0.36. (generation lemma-GL) 'Estw Γ ` M : σ, ìpou σ pr¸toc.
Tìte

1. An M = x, tìte sto Γ perilamb�netai h d lwsh x : σ′, ìpou σ eÐnai
pr¸toc par�gontac tou σ′.

2. An M = λx.N, tìte σ = τ → ρ kai Γ, x : τ ` N : ρ.

3. An M = NP, tìte gia k�poion tÔpo τ, Γ ` P : τ kai Γ ` N : τ → σ′,
ìpou σ eÐnai pr¸toc par�gontac tou σ′.

Apìdeixh. Sto dèntro thc tupopoÐhshc tou M epilègoume ton yhlìtero
kìmbo Γ ` M : σ′, ìpou σ pr¸toc par�gontac tou σ′. Autìc o kìmboc den
mporeÐ na èqei paraqjeÐ apì touc kanìnec 4 kai 5, �ra mènoun mìno oi kanìnec
1,2,3 kai h antistoÐqish eÐnai profan c.

Prìtash 8.0.14. 'Estw x1, . . . , xk metablhtèc pou den eÐnai dhlwmènec sto
Γ kai gia k�je i, xi ∈ FV (M).
An x1 : σ1, . . . , xk : σk ` M : τ kai Γ ` Ni : σi,
tìte Γ ` M [N1/x1, . . . , Nk : xk] : τ.

Apìdeixh. Me epagwg  sthn tupopoÐhsh Γ, x1 : σ1, · · · , xk : σk ` M : τ.
P.q. an o teleutaÐoc kanìnac pou qrhsimopoi jhke sthn tupopoÐhsh aut 
 tan o 3, tìte M = PQ kai gia k�poion tÔpo φ èqoume
Γ, x1 : σ1, · · · , xk : σk ` P : φ → τ kai Γ, x1 : σ1, · · · , xk : σk ` Q : φ.

Apì E.U. Γ ` P [N1/x1, . . . , Nk : xk] : φ → τ
kai Γ ` Q[N1/x1, . . . , Nk : xk] : φ,
�ra me efarmog  p�li tou kanìna 3 èqoume Γ ` (PQ)[N1/x1, . . . , Nk : xk] : τ,
dhlad  Γ ` M [N1/x1, . . . , Nk : xk] : τ.

Diat rhsh twn I-redexes

Prìtash 8.0.15. 'Estw ìti oi metablhtèc x1, . . . , xk den dhl¸nontai sto Γ
kai èstw Γ ` M [N1/x1, . . . , Nk : xk] : τ.

1. An oi N1, . . . , Nk tupopoi simoi sto Γ tìte up�rqoun tÔpoi σ1, . . . , σk

tètoioi ¸ste Γ ` Ni : σi kai Γ, x1 : σ1, . . . , xk : σk ` M : τ.

2. An xi ∈ FV (M), tìte Ni tupopoi simoc sto context Γ.
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Apìdeixh. Me dipl  epagwg  sto < ||M ||, ||τ || > .

An τ = τ ′∧τ ′′, tìte Γ ` M [N1/x1, . . . , Nk : xk] : τ ′ kai Γ ` M [N1/x1, . . . , Nk :
xk] : τ ′′.
Apì E.U. Γ ` Ni : σ′i kai Γ ` Ni : σ′′i kai
Γ, xi : σ′i ` M : τ ′ kai Γ, xi : σ′′i ` M : τ ′′.

Me σ = σ′ ∧ σ′′ èqoume
Γ ` Ni : σi kai Γ, xi : σi ` M : τ.
EpÐshc, apì E.U. gia ton τ ′, èqoume ìti an xi ∈ FV (M), tìte Ni tupopoi si-
moc sto Γ.
Mènei loipìn na apodeÐxoume thn prìtash gia thn perÐptwsh pou o τ eÐnai
pr¸toc tÔpoc.

• M = xi. Tìte M [N1/x1, . . . , Nk : xk] = Ni, �ra apì upìjesh Γ ` Ni : τ.
Tìte mporoÔme na epilèxoume σi = τ kai gia j 6= i, opoiod pote σj pou
apodÐdei to Γ sto Nj (apì upìjesh up�rqei ènac tètoioc σj).
Me aut� ta σ1, σ2, . . . , σk èqoume ta epijumht� Γ ` Ni : σi kai
Γ, x1 : σ1, . . . , xk : σk ` M : τ.
Epiplèon, an x ∈ FV (M), tìte x = xi, opìte h prìtash 2 isqÔei, afoÔ
Ni tupopoi simoc sto Γ.

• M = x 6= x1, x2, . . . , xk. Tìte M [N1/x1, . . . , Nk : xk] = M.
'Ara Γ ` M : τ.
P�li paÐrnontac gia σi opoiond pote tÔpo tou Ni sto Γ èqoume apì
exasjènish Γ, x1 : σ1, . . . , xk : σk ` M : τ.
H prìtash 2 isqÔei tetrimmèna, kaj¸c gia k�je i, xi 6∈ FV (M).

• M = λy.P.
Tìte Γ ` λy.P [N1/x1, . . . , Nk : xk] : τ, ìpou τ pr¸toc.
Apì G.L. τ = ρ → φ kai Γ, y : ρ ` P [N1/x1, . . . , Nk : xk] : φ.
Apì E.U. up�rqoun σi tètoia ¸ste Γ, y : ρ ` Ni : σi kai
Γ, y : ρ, x1 : σ1, . . . , xk : σk ` P : φ.

Epeid  y 6∈ FV (Ni) èqoume Γ ` Ni : σi kai Γ, x1 : σ1, . . . , xk : σk `
λy.P : ρ → φ, dhlad  Γ, xi : σi ` M : τ.

Epiplèon, an xi ∈ FV (M), tìte xi ∈ FV (P ) kai xi 6= y.

H E.U. sto Γ, y : ρ ` P [N1/x1, . . . , Nk : xk] dÐnei
Γ, y : ρ ` Ni : σi, gia k�poion tÔpo σi

kai epeid  y 6∈ FV (Ni) èqoume Γ ` Ni : σi.
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• M = PQ. Tìte
Γ ` Q[N1/x1, . . . , Nk : xk] : ρ kai Γ ` P [N1/x1, . . . , Nk : xk] : ρ → τ ′,
ìpou τ ′ pr¸toc par�gontac tou τ.

Apì E.U. up�rqoun σ′i, σ
′′
i tètoia ¸ste

Γ ` Ni : σ′i kai Γ, x1 : σ′1, . . . , xk : σ′k ` Q : ρ
Γ ` Ni : σ′′i kai Γ, x1 : σ′′1 , . . . , xk : σ′′k ` P : ρ → τ ′

Jètoume σi = σ′i ∧ σ′′i .
Tìte Γ ` Ni : σi kai Γ, x1 : σ1, . . . , xk : σk ` PQ : τ ′

kai me ton kanìna (∧ − intro) Γ, x1 : σ1, . . . , xk : σk ` PQ : τ.

Epiplèon, gia x ∈ FV (M) eÐte x ∈ FV (P ) eÐte x ∈ FV (Q).
Se k�je perÐptwsh apì E.U. Ni tupopoi simoc sto Γ.

Je¸rhma 8.0.11. An M →βI
N kai Γ ` N : σ, tìte Γ ` M : σ.

Apìdeixh. Me epagwg  sto < ||M ||, ||σ|| > .
(JewroÔme ìti σ pr¸toc tÔpoc. Alli¸c σ = σ1 ∧ σ2.
Tìte Γ ` N : σ1 kai Γ ` N : σ2.
Apì E.U. Γ ` M : σ1 kai Γ ` M : σ2

⇒ Γ ` M : σ1 ∧ σ2

⇒ Γ ` M : σ)

• M = λx.P → λx.P ′ = N.
Apì G.L. σ = ρ → τ kai Γ, x : ρ ` P ′ : τ.
Apì E.U. Γ, x : ρ ` P : τ
⇒ Γ ` λx.P : ρ → τ
⇒ Γ ` M : σ.

• M = PQ → P ′Q = N. P�li me qr sh tou G.L. kai thc E.U.

• M = PQ → PQ′ = N. OmoÐwc.

• M = (λx.W )Q → W [Q/x] = N.
'Eqoume loipìn Γ ` W [Q/x] : σ kai x ∈ FV (W ).
Ara apì prìtash 8.0.15 èqoume Γ ` Q : τ kai Γ, x : τ ` W : σ
⇒ Γ ` Q : τ kai Γ ` λx.W : τ → σ
⇒ Γ ` (λx.W )Q : σ
⇒ Γ ` M : σ.

Pìrisma 8.0.11. Ta I − redexes eÐnai perpetual.
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Je¸rhma tou Sorensen

Gia na deÐxoume to je¸rhma tou Sorensen me qr sh thc taÔtishc tou SNβ

me to sÔnolo twn D− tupopoi simwn ìrwn, arkeÐ na deÐxoume to:

Je¸rhma 8.0.12. M ∈ ΛΩ ⇒ M tupopoi simoc sto D.

Apìdeixh. Me epagwg  sto < ||M ||ω, ||M || > .

• M = x. Profanèc.

• M = λx.N.
Epeid  M ∈ ΛΩ, èqoume N ∈ ΛΩ, �ra apì E.U. Γ′ ` N : σ.

– An x dhl¸netai sto Γ′, tìte Γ, x : τ ` N : σ
⇒ Γ ` λx.N : τ → σ.

– An x den dhl¸netai sto Γ′, tìte me exasjènish Γ′, x : τ ` N : σ
⇒ Γ′ ` λx.N : τ → σ.

• M = (λx.P )QM1 . . . Mk.

Apì to l mma 4.0.10 ( ||P [Q/x]||ω = ||P ||ω + ||P ||x||Q||ω) prokÔptoun
eÔkola ta parak�tw l mmata.

L mma 8.0.37. An ||P ||x ≤ 1, tìte ||P [Q/x]||ω ≤ ||(λx.P )Q||ω
L mma 8.0.38. An ||P ||x > 1 kai ||Q||ω = 0,
tìte ||P [Q/x]||ω < ||(λx.P )Q||ω

'Etsi se k�je perÐptwsh isqÔei gia ton P [Q/x]M1 · · ·Mk h epagwgik 
upìjesh (gia thn pr¸th perÐptwsh prèpei epiplèon na parathr soume
ìti ||P [Q/x]|| < ||(λx.P )Q|| ).

Epomènwc apì E.U. Γ′ ` P [Q/x]M1 · · ·Mk : σ′.
Me k diadoqikèc efarmogèc tou G.L. èqoume
Γ′ ` P [Q/x] : σ1 → . . . → σk → σ kai Γ′ ` Mi : σi. (∗)
Apì thn �llh h E.U. isqÔei gia ton Q, �ra Γ′′ ` Q : ρ. (∗∗)
Me Γ = Γ′ ∧ Γ′′ èqoume apì (*) kai (**) ìti:
Γ ` P [Q/x] : σ1 → . . . → σk → σ kai Γ ` Mi : σi kai Q tupopoi simoc
sto Γ.

Autì lìgw thc prìtashc 8.0.15 dÐnei ìti up�rqei tÔpoc τ tètoioc ¸ste
Γ, x : τ ` P : σ1 → · · · → σk → σ kai Γ ` Q : τ
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⇒ Γ ` λx.P : τ → σ1 → · · · → σk → σ kai Γ ` Q : τ
⇒ Γ ` (λx.P )Q : σ1 → · · · → σk → σ
⇒ Γ ` (λx.P )QM1 · · ·Mn : σ.

Pìrisma 8.0.12. M ∈ ∞β ⇒ M 6∈ ΛΩ.
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