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EUQARISTIES

Se autì to shmeÐo ja  jela na euqarist sw jerm� ton epiblèponta kajhght  k. Dhm trh

Qeli¸th, gia th mègisth suneisfor� tou sthn ekpìnhsh thc diplwmatik c mou ergasÐac.

EpÐshc, ja  jela na euqarist sw thn k. Le¸nh Euaggel�tou-D�lla kai ton k. NÐko

Papad�to, gia th summetoq  touc sthn trimel  epitrop  all� kai gia to rìlo pou èpaixan

se ìlh thn akadhmaðk  mou diadrom .



Kef�laio 1

Kataskeu  kai idiìthtec thc

kÐnhshc Brown

Se autì to kef�laio ja epikentrwjoÔme sth monodi�stath kÐnhsh Brown (linear Brownian

motion). Ja xekin soume me thn kataskeu  thc kÐnhshc Brown pou prot�jhke apì ton

Paul Lévy kai ja suzht soume dÔo jemeli¸deic idiìthtec twn monopati¸n thc, th sunèqeia

kai th mh diaforisimìthta.

1.1 H kataskeu  thc kÐnhshc Brown

1.1.1 Orismìc thc kÐnhshc Brown

H kÐnhsh Brown sundèetai sten� me thn kanonik  katanom . Mia tuqaÐa metablht  Q eÐnai

kanonik� katanemhmènh me mèsh tim  µ kai diaspor� σ2 e�n

P(X > x) =
1√

2πσ2

∫ ∞
x

e−
(u−µ)2

2σ2 du, gia k�je x ∈ R.

Mia stoqastik  diadikasÐa {B(t) : t ≥ 0} onom�zetai (monodi�stath) kÐnhsh Brown me

shmeÐo ekkÐnhshc to x ∈ R e�n isqÔoun ta epìmena

• B(0) = x

• h diadikasÐa èqei anex�rthtec prosaux seic, dhlad  gia k�je 0 ≤ t1 ≤ t2 ≤ . . . ≤ tn

oi tuqaÐec metablhtèc B(tn) − B(tn−1), B(tn−1) − B(tn−2), . . . , B(t2) − B(t1) eÐnai

anex�rthtec

• gia k�je t ≥ 0 kai h > 0, oi metabolèc B(t+ h)−B(t) eÐnai kanonik� katanemhmènec

me mèsh tim  0 kai diaspor� h
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• sqedìn bèbaia, h sun�rthsh t 7→ B(t) eÐnai suneq c.

'Otan x = 0, h diadikasÐa {B(t) : t ≥ 0} onom�zetai tupik  kÐnhsh Brown. OrÐsame

thn kÐnhsh Brown wc mia stoqastik  diadikasÐa {B(t) : t ≥ 0} h opoÐa eÐnai mia oikogèneia

(uperarijm simh to pl joc) tuqaÐwn metablht¸n ω 7→ B(t, ω) orismènec se èna q¸ro

pijanìthtac (Ω,A,P). Tautìqrona mia stoqastik  diadikasÐa mporeÐ na ermhneujeÐ kai

wc mia tuqaÐa sun�rthsh t 7→ B(t, ω). Oi idiìthtec twn monopati¸n miac stoqastik c

diadikasÐac eÐnai akrib¸c oi idiìthtec aut¸n twn tuqaÐwn sunart sewn.

Graf mata pènte monopati¸n thc kÐnhshc Brown

Me ton ìro katanomèc peperasmènhc di�stashc miac stoqastik c diadikasÐac {B(t) : t ≥ 0}
ennooÔme touc nìmouc ìlwn twn tuqaÐwn dianusm�twn

(
B(t1), B(t2), . . . , B(tn)

)
, pepe-

rasmènhc di�stashc, gia k�je 0 ≤ t1 ≤ t2 ≤ · · · ≤ tn. Gia na perigr�youme autèc

tic apì koinoÔ katanomèc, arkeÐ na gnwrÐzoume thn katanom  thc tuqaÐac metablht c

B(0) kai tou dianÔsmatoc
(
B(t1) − B(t0), B(t2) − B(t1), . . . , B(tn) − B(tn−1)

)
gia k�je

0 ≤ t1 ≤ t2 ≤ · · · ≤ tn.
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1.1.2 Kataskeu  thc kÐnhshc Brown tou Paul Lévy

'Ena apì ta plèon ousi¸dh zht mata eÐnai e�n oi sunj kec pou èqoume jewr sei gia tic

katanomèc peperasmènhc di�stashc ston orismì thc kÐnhshc Brown epitrèpoun sth diadika-

sÐa na èqei suneq  monop�tia. To parak�tw je¸rhma exasfalÐzei thn Ôparxh miac tètoiac

diadikasÐac.

Je¸rhma 1 (Wiener 1923). H tupik  kÐnhsh Brown up�rqei.

Ja kataskeu�soume thn kÐnhsh Brown wc to omoiìmorfo ìrio suneq¸n sunart sewn

¸ste na exasfalÐsoume th sunèqeia thc oriak c sun�rthshc, dhlad  th sunèqeia twn mo-

nopati¸n thc. ArkeÐ autì na gÐnei gia thn tupik  kÐnhsh Brown {B(t) : t ≥ 0} kaj¸c h

X(t) = x + B(t) eÐnai mia kÐnhsh Brown me shmeÐo ekkÐnhshc to x. H apìdeixh axiopoieÐ

idiìthtec twn kanonik¸n tuqaÐwn dianusm�twn ta opoÐa eÐnai ta poludi�stato an�logo thc

kanonik c katanom c.

Orismìc 1. 'Ena tuqaÐo di�nusma X t = (X1, X2, . . . , Xn) onom�zetai kanonikì tuqaÐo

di�nusma e�n up�rqei ènac n × m pÐnakac A kai èna n-di�stato di�nusma b ètsi ¸ste

X = AY + b ìpou Y èna m-di�stato di�nusma me suntetagmènec anex�rthtec tupikèc

kanonikèc tuqaÐec metablhtèc.

Apìdeixh. Ja kataskeu�soume arqik� thn kÐnhsh Brown sto di�sthma [0, 1] wc èna stoiqeÐo

tou q¸rou C[0, 1] twn suneq¸n sunart sewn tou [0,1]. H idèa eÐnai na kataskeu�soume

thn kat�llhlh apì koinoÔ katanom  thc kÐnhshc Brown sta peperasmèna sÔnola

Dn =

{
k

2n
: 0 ≤ k ≤ 2n

}
twn duadik¸n shmeÐwn. Katìpin en¸noume grammik� tic timèc sto Dn kai apodeiknÔoume

ìti to omoiìmorfo ìrio aut¸n twn sunart sewn up�rqei kai eÐnai akrib¸c h kÐnhsh Brown.

JewroÔme D =
⋃∞
n=oDn kai èna sÔnolo {Zt : t ∈ D} apì anex�rthtec, tupikèc kai kano-

nik� katanemhmènec tuqaÐec metablhtèc orismènec sto q¸ro pijanìthtac (Ω,A,P). 'Estw

B(0) := 0 kai B(1) := Z1. Gia k�je n ∈ N orÐzoume tic tuqaÐec metablhtèc B(d), d ∈ Dn
tètoiec ¸ste

1. gia k�je r < s < t sto Dn h tuqaÐa metablht  B(t)−B(s) eÐnai kanonik� katanemh-

mènh me mèsh tim  0 kai diaspor� t− s kai anex�rthth thc B(s)−B(r),

2. ta dianÔsmata (B(d) : d ∈ Dn) kai (Zt : t ∈ D \ Dn) eÐnai anex�rthta.

Gia to D0 = {0, 1}, autì èqei  dh gÐnei. Epagwgik� upojètoume ìti to èqoume k�nei gia

n− 1.

OrÐzoume t¸ra B(d) gia ta Dn \ Dn−1, wc

B(d) =
B(d− 2−n) +B(d+ 2−n)

2
+

Zd
2(n+1)/2

.
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O pr¸toc prosjetaÐoc eÐnai h grammik  parembol  twn tim¸n thc B stic geitonikèc jèseic

tou d sto Dn−1. Opìte B(d) eÐnai anex�rthth tou
(
Zt : t ∈ D \Dn

)
kai epomènwc h deÔte-

rh idiìthta ikanopoieÐtai. Epiplèon, kaj¸c h tuqaÐa metablht 
B(d+ 2−n)−B(d− 2−n)

2

exart�tai mìno apì to (Zt : t ∈ Dn−1) eÐnai anex�rthth thc
Zd

2(n+1)/2
. Apì thn epagwgi-

k  upìjesh kai oi duo ìroi eÐnai kanonik� katanemhmènoi me mèsh tim  mhdèn kai diaspor�

2−(n+1). 'Ara to �jroisma

B(d)−B(d− 2−n) kai h diafor� B(d+ 2−n)−B(d) eÐnai anex�rthtec kai kanonik� kata-

nemhmènec me mèsh tim  mhdèn kai diaspor� 2−n. Pr�gmati oi metabolèc B(d)−B(d− 2−n)

gia ta d ∈ Dn \ {0} eÐnai anex�rthtec. Gia na to deÐxoume autì arkeÐ na deÐxoume ìti eÐnai

kat� zeÔgh anex�rthtec kaj¸c to di�nusma aut¸n twn metabol¸n eÐnai kanonikì. EÐdame

sthn prohgoÔmenh par�grafo ìti ta zeÔgh B(d) − B(d − 2−n), B(d + 2−n) − B(d) me

d ∈ Dn \ Dn−1 eÐnai anex�rthta. H �llh perÐptwsh eÐnai na jewr soume tic metabolèc sta

diast mata gia ta opoÐa paremb�lletai k�poio d ∈ Dn−1. Epilègoume d ∈ Dj me aut  thn

idiìthta kai gia thn el�qisth tim  j ¸ste ta dÔo diast mata na perièqontai sta [d− 2−j, d]

kai [d, d+2−j] antÐstoiqa. Epagwgik�, oi metabolèc se aut� ta dÔo diast mata m kouc 2−j

eÐnai anex�rthtec, kai ekeÐnec sta diast mata m kouc 2−n kataskeu�zontai apì tic anex�r-

thtec metabolèc B(d)−B(d− 2−j) ,B(d+ 2−j)−B(d) qrhsimopoi¸ntac èna xèno sÔnolo

metablht¸n (Zt : t ∈ Dn). Opìte eÐnai anex�rthtec, kai autì oloklhr¸nei to epagwgikì

b ma.

'Eqontac kataskeu�sei tic timèc thc diadikasÐac se ìla ta duadik� shmeÐa, tic en¸noume

grammik� metaxÔ touc. OrÐzoume

F0(t) =


Z1 gia t = 1

0 gia t = 0

grammik  endi�mesa

kai gia k�je n ≥ 1

Fn(t) =


2−(n+1)/2Zt gia t ∈ Dn \ Dn−1

0 gia t ∈ Dn−1

grammik  an�mesa se diadoqik� shmeÐa tou Dn

Autèc oi sunart seic eÐnai suneqeÐc sto [0, 1], kai gia k�je n kai d ∈ Dn,

B(d) =
n∑
i=0

Fi(d) =
∞∑
i=0

Fi(d) (1.1)



1.1. H KATASKEU�H THS K�INHSHS BROWN 7

Ta trÐa pr¸ta b mata thc kataskeu c thc kÐnhshc Brown

H teleutaÐa sqèsh mporeÐ na apodeiqjeÐ me epagwg . IsqÔei gia n = 0. Upojètoume

ìti isqÔei gia n− 1. 'Estw d ∈ Dn \Dn−1. Efìson gia 0 ≤ i ≤ n− 1 h sun�rthsh Fi eÐnai

grammik  sto [d− 2−n, d+ 2−n] èqoume

n−1∑
i=0

Fi(d) =
n−1∑
i=1

Fi(d− 2−n) + Fi(d+ 2−n)

2
=
B(d− 2−n) +B(d+ 2−n)

2
.

Epeid  Fn(d) = 2−(n+1)/2Zd autì dÐnei thn (1).

Apì to L mma 2 kai apì ton orismì thc Zd, gia c > 1 kai meg�lo n,

P(| Zd |≥ c
√
n) ≤ exp(

−c2n

2
).

'Ara h seir�

∞∑
n=0

P(up�rqei d ∈ Dn me | Zd |≥ c
√
n) ≤

∞∑
n=0

∑
d∈Dn

P(| Zd |≥ c
√
n) ≤

∞∑
n=0

(2n + 1) exp

(
−c2n

2

)
sugklÐnei toul�qiston gia ekeÐna ta c >

√
2 log 2. Epilègoume èna tètoio c. Apì to l mma

Borel-Cantelli, up�rqei tuqaÐo (all� sqedìn bèbaia peperasmèno) N tètoio ¸ste gia k�je

n ≥ N kai d ∈ Dn èqoume | Zd |< c
√
n. 'Ara gia k�je n ≥ N ,

‖ Fn ‖∞< c
√
n2−n/2. (1.2)

Apì autì to �nw fr�gma sunep�getai ìti sqedìn bèbaia h seir�

B(t) =
∞∑
n=0

Fn(t)

eÐnai omoiìmorfa sugklÐnousa sto [0, 1]. SumbolÐzoume to ìrio autì me {B(t) : t ∈ [0, 1]}.
Apomènei na elègxoume ìti oi prosaux seic aut c thc diadikasÐac èqoun tic kat�llhlec
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katanomèc peperasmènhc di�stashc. K�ti tètoio prokÔptei apì tic idiìthtec thc B sto

puknì sÔnolo D ⊂ [0, 1] kai th sunèqeia twn monopati¸n. Pr�gmati, ac upojèsoume ìti

0 < t1 < t2 < · · · < tn eÐnai sto [0, 1]. MporoÔme t¸ra na broÔme t1,k ≤ t2,k ≤ · · · ≤ tn,k

sto D me limk↑∞ ti,k = ti kai sumperaÐnoume apì th sunèqeia thc B ìti gia 1 ≤ i ≤ n− 1

B(ti+1)−B(ti) = lim
k↑∞

B(ti+1,k)−B(ti,k).

Kaj¸c

lim
k↑∞

E[B(ti+1,k)−B(ti,k)] = 0

kai

lim
k↑∞

Cov[B(ti+1,k)−B(ti,k), B(tj+1,k)−B(tj,k)] = lim
k↑∞

1{i=j}(ti+1,k− ti,k) = 1{i=j}(ti+1− ti),

prokÔptei ìti oi prosaux seic B(ti+1) − B(ti) eÐnai anex�rthtec kanonikèc tuqaÐec meta-

blhtèc me mèsh tim  mhdèn kai diaspor� ti+1 − ti ìpwc apaiteÐtai.
Me autì ton trìpo kataskeu�same mia suneq  diadikasÐa B : [0, 1]→ R me tic Ðdiec kata-

nomèc peperasmènhc di�stashc ìpwc thc kÐnhshc Brown. JewroÔme akoloujÐa B0, B1, . . .

anex�rthtwn tuqaÐwn metablht¸n sto C[0, 1] me thn katanom  aut c thc diadikasÐac, kai

orÐzoume {B(t) : t ≥ 0} en¸nontac ta mèrh   pio sugkekrimèna

B(t) = Bbtc(t− btc) +

btc−1∑
i=0

Bi(1)

gia k�je t ≥ 0.

H teleutaÐa sqèsh orÐzei mia suneq  tuqaÐa sun�rthsh B : [0,∞) → R pou eÔkola diapi-

st¸noume ìti eÐnai kÐnhsh Brown.

ShmeÐwsh 1. Mia stoqastik  diadikasÐa {Y (t) : t ≥ 0} lègetai diadikasÐa Gauss an gia

k�je t1 < t2 < · · · < tn to di�nusma
(
(Y (t1), . . . , Y (tn)

)
eÐnai kanonikì tuqaÐo di�nusma. H

kÐnhsh Brown me shmeÐo ekkÐnhshc x ∈ R eÐnai mia diadikasÐa Gauss.

1.1.3 Idiìthtec analloÐwtou thc kÐnhshc Brown

Poll� apì ta sÔnola pou aporrèoun apì ta monop�tia thc kÐnhshc Brown eÐnai upì mia

ènnoia tuqaÐa fractal. Mia diaisjhtik  prosèggish twn fractal eÐnai pwc prìkeitai gia

sÔnola me endiafèrousa gewmetrik  dom  se ìlec tic klÐmakec. Rìlo kleidÐ se aut  th

sumperifor� paÐzei h idiìthta thc autoomoiìthtac thc kÐnhshc Brown (scaling invariance

property), thn opoÐa diatup¸noume sta parak�tw.
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L mma 1 (Allag  klÐmakac). Ac upojèsoume ìti {B(t) : t ≥ 0} eÐnai mia tupik  kÐnhsh

Brown kai a > 0. Tìte h diadikasÐa {X(t) : t ≥ 0} me X(t) = 1
a
B(a2t) eÐnai epÐshc tupik 

kÐnhsh Brown.

Apìdeixh. H sunèqeia twn monopati¸n, h anexarthsÐa, kai h stasimìthta twn prosaux -

sewn paramènoun amet�blhtec k�tw apì allagèc thc klÐmakac. Tèloc parathroÔme ìti

X(t) − X(s) = 1
a
(B(a2t) − B(a2s)) eÐnai kanonik� katanemhmènh me mèsh tim  mhdèn kai

diaspor� (1/a2)(a2t− a2s) = t− s.

ShmeÐwsh 2. Mia sunèpeia tou analloÐwtou thc allag c klÐmakac. JewroÔme a < 0 < b

kai orÐzoume T (a, b) = inf {t ≥ 0 : B(t) = a   B(t) = b} thn pr¸th qronik  stigm  exìdou

thc monodi�stathc kÐnhshc Brown apì to di�sthma [a, b]. Tìte gia X(t) = 1
a
B(a2t) èqoume

ET (a, b) = E {inf {t ≥ 0 : B(t) = a   B(t) = b}} kai all�zoume to t me to a2t. Tìte èqoume

E
{

inf
{
a2t ≥ 0 : B(a2t) = a  B(a2t) = b

}}
= a2E

{
inf

{
t ≥ 0 :

1

a
B(a2t) = 1  

1

a
B(a2t) =

b

a

}}
= a2E

{
inf

{
t ≥ 0 : X(t) = 1  X(t) =

b

a

}}
= a2ET

(
1,
b

a

)
.

'Ara ET (−b, b) eÐnai stajerì pollapl�sio tou b2. EpÐshc

P {{B(t) : t ≥ 0} na exèljei tou diast matoc [a, b] apì to a} =

P
{
{X(t) : t ≥ 0} na exèljei tou diast matoc [1, b

a
]apì to 1

}
eÐnai sun�rthsh tou lìgou b/a.

H idiìthta allag c klÐmakac ja qrhsimopoihjeÐ ektetamèna sta epìmena kef�laia.

Je¸rhma 2 (Anastrof  qrìnou). Ac upojèsoume ìti {B(t) : t ≥ 0} eÐnai mia tupik 

kÐnhsh Brown. Tìte h diadikasÐa {X(t) : t ≥ 0} me

X(t) =

0 gia t = 0,

tB(1/t) gia t > 0,

eÐnai epÐshc mia tupik  kÐnhsh Brown.

Apìdeixh. Oi katanomèc peperasmènhc di�stashc thc kÐnhshc Brown
(
B(t1), B(t2), . . . , B(tn)

)
,

eÐnai kanonik� tuqaÐa dianÔsmata, kai kat� sunèpeia èqoun E
(
B(ti)

)
= 0 kai Cov

(
B(ti), B(tj)

)
=

ti gia 0 ≤ ti ≤ tj. Profan¸c h {X(t) : t ≥ 0} eÐnai mia diadikasÐa Gauss, kai ta dianÔsmata(
X(t1), X(t2), . . . , X(tn)

)
èqoun anamenìmenh tim  mhdèn. Oi sundiakum�nseic gia t > 0

kai h ≥ 0 dÐnontai apì Cov
(
X(t + h), X(t)

)
= (t + h)tCov

(
B(1/(t + h)), B(1/t)

)
=

t(t + h)
1

t+ h
= t. Opìte oi katanomèc peperasmènhc di�stashc (X(t1), X(t2), . . . , X(tn))
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gia 0 ≤ t1 ≤ t2 ≤, . . . ,≤ tn, eÐnai oi Ðdiec me ekeÐnec thc kÐnhshc Brown. Ta monop�tia

t 7→ X(t) eÐnai xek�jara suneq  gia t > 0. Gia t = 0 epiqeirhmatologoÔme wc ex c: Arqik�,

kaj¸c to sÔnolo Q twn rht¸n eÐnai arijm simo, h katanom  thc {X(t) : t ≥ 0, t ∈ Q} eÐnai
h Ðdia me ekeÐnh thc kÐnhshc Brown, �ra

lim
t→0
t∈Q

X(t) = 0 sqedìn bèbaia.

Epiplèon Q ∩ (0,+∞) eÐnai puknì sto (0,+∞) kai {X(t) : t ≥ 0} eÐnai sqedìn bèbaia

suneq c sto (0,+∞) ¸ste

0 = lim
t→0
t∈Q

X(t) = lim
t→0

X(t) sqedìn bèbaia.

'Ara h {X(t) : t ≥ 0} èqei sqedìn bèbaia suneq  monop�tia, kai eÐnai kÐnhsh Brown.

ShmeÐwsh 3. H anastrof  qrìnou eÐnai èna qr simo ergaleÐo pou susqetÐzei idiìthtec

thc kÐnhshc Brown se mia geitoni� tou t = 0 me ekeÐnec sto �peiro. 'Amesh efarmog  eÐnai

to parak�tw.

Pìrisma 1. Sqedìn bèbaia limt→∞
B(t)

t
= 0.

Apìdeixh. OrÐzoume thn {X(t) : t ≥ 0} ìpwc kai sto je¸rhma (2). Qrhsimopoi¸ntac autì

to je¸rhma blèpoume pwc limt→∞
B(t)

t
= limt→∞X(1/t) = X(0) = 0 sqedìn bèbaia.

1.2 Idiìthtec sunèqeiac thc kÐnhshc Brown

O orismìc thc kÐnhshc Brown apaiteÐ ta monop�tia thc (deigmatikèc sunart seic), na eÐnai

suneqeÐc sqedìn bèbaia. Autì sunep�getai ìti sto di�sthma [0, 1] (  opoiod pote �llo

sumpagèc di�sthma) ta monop�tia eÐnai omoiìmorfa suneq , dhlad  up�rqei mia (tuqaÐa)

sun�rthsh ϕ me limh↓0 ϕ(h) = 0, pou onom�zetai mètro suneqeÐac thc sun�rthshc B :

[0, 1]→ R, tètoia ¸ste

lim sup
h↓0

sup
0≤t≤1−h

| B(t+ h)−B(t) |
ϕ(h)

≤ 1. (1.3)

To er¸thma eÐnai an up�rqei tètoio fr�gma gia k�poia nteterministik  sun�rthsh f,

dhlad  an up�rqei mh tuqaÐo mètro suneqeÐac gia thn kÐnhsh Brown. To parak�tw apant�ei

sto er¸thma.
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Je¸rhma 3. Up�rqei stajer� C > 0 tètoia ¸ste, sqedìn bèbaia, gia k�je arkoÔntwc

mikrì h > 0 kai gia k�je 0 ≤ t ≤ 1− h,

| B(t+ h)−B(t) |≤ C
√
h log(1/h). (1.4)

Apìdeixh. To apotèlesma autì prokÔptei apì thn kataskeu  thc kÐnhshc Brown. EÐqame

anaparast sei thn kÐnhsh Brown wc

B(t) =
∞∑
n=0

Fn(t)

ìpou k�je Fn eÐnai kat� tm mata grammik  sun�rthsh. H par�gwgoc thc Fn up�rqei sqedìn

pantoÔ, kai apì orismì kai th (2), gia k�je c >
√

2 log 2 up�rqei (tuqaÐo) N ∈ N tètoio

¸ste, gia k�je n > N ,

‖F ′n‖∞ ≤
2‖Fn‖∞

2−n
≤ 2c
√
n2n/2.

T¸ra gia k�je t, t+ h ∈ [0, 1], efarmìzontac to je¸rhma mèshc tim c,

| B(t+ h)−B(t) |≤
∞∑
n=0

| Fn(t+ h)− Fn(t) |≤
l∑

n=0

h‖F ′n‖∞ +
∞∑

n=l+1

2‖Fn‖∞

Qrhsimopoi¸ntac p�li thn (2) paÐrnoume ìti gia k�je l > N autì eÐnai fragmèno apì

h
N∑
n=0

‖F ′n‖∞ + 2ch
l∑

n=N

√
n2n/2 + 2c

∞∑
n=l+1

√
n2−n/2.

T¸ra upojètoume ìti to h (p�li tuqaÐo kai) arket� mikrì ¸ste o pr¸toc prosjetaÐoc na

eÐnai mikrìteroc tou
√
h log(1/h) kai ìti to l pou orÐzetai wc 2−l < h < 2−l+1 uperbaÐ-

nei to N . Gia aut  thn epilog  tou l o deÔteroc kai o trÐtoc prosjetaÐoc eÐnai epÐshc

fragmènoi apì stajerì pollapl�sio tou
√
h log(1/h). Lamb�noume loipìn thn (3) me th

nteterministik  sun�rthsh ϕ(h) = C
√
h log(1/h).

Autì to �nw fr�gma eÐnai arket� kont� sto bèltisto apotèlesma. To akìloujo k�tw

fr�gma epibebai¸nei ìti autì pou leÐpei eÐnai h akrib c tim  thc stajer�c.

Je¸rhma 4. Gia k�je stajer� c <
√

2, sqedìn bèbaia, gia k�je ε > 0 up�rqei 0 < h < ε

kai t ∈ [0, 1− h] me | B(t+ h)−B(t) | ≥ c
√
h log(1/h).

Apìdeixh. 'Estw c <
√

2, kai gia touc akèraiouc k, n ≥ 0 orÐzoume ta endeqìmena

Ak,n =
{
B((k + 1)e−n)−B(ke−n) > c

√
ne−n/2

}
.

Tìte gia k ≥ 0,

P(Ak,n) = P(B(e−n) > c
√
ne−n/2) = P(B(1) > c

√
n) ≥ c

√
n

c2n+ 1

1√
2π
e−c

2n/2, ìpou h
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teleutaÐa anisìthta lamb�netai apì to L mma 1, pou anafèretai sta epìmena. Apì tic

upojèseic mac gia to c èqoume ìti enP(Ak,n)→∞ kaj¸c n ↑ ∞. Epeid  epiplèon

1− x ≤ e−x gia k�je x,

P
(ben−1c⋂

k=0

Ack,n

)
= (1− P(A0,n))e

n ≤ exp(−enP(A0,n))→ 0.

Jètontac h = e−n mporoÔme na doÔme ìti gia k�je ε > 0

P
{
| B(t+ h)−B(t) |≤ c

√
h log(1/h) ∀h ∈ (0, ε), t ∈ [0, 1− h]

}
≤ P

(⋂ben−1c
k=0 Ack,n

)
gia

k�je n ≥ 0. Gia n→∞, paÐrnoume ìti to pr¸to mèloc thc teleutaÐac anisìthtac isoÔtai

me mhdèn.

MporeÐ kaneÐc na kajorÐsei th stajer� c me akrÐbeia. ApodeiknÔetai ìti gia c =
√

2

èqoume bèltisto apotèlesma pou ofeÐletai ston Paul Lévy.

Je¸rhma 5. Sqedìn bèbaia,

lim sup
h↓0

sup
0≤t≤1−h

| B(t+ h)−B(t) |√
2h log(1/h)

= 1.

Orismìc 2. Mia sun�rthsh f : [0,+∞) → R lègetai topik� α-Hölder suneq c sto

x ≥ 0 an up�rqoun ε > 0 kai c > 0 tètoia ¸ste

| f(x)− f(y) |≤ c | x− y |α,

gia k�je y ≥ 0 me | x− y |< ε.

To α lègetai ekjèthc - Hölder kai to c > 0 stajer� - Hölder. H a-Hölder

sunèqeia gÐnetai isqurìterh ìso to α aux�nei. Oi e¸c t¸ra endeÐxeic pou èqoume gia

thn kÐnhsh Brown mac odhgoÔn sto sumpèrasma ìti h met�bash apì monop�tia pou eÐnai

a-Hölder suneq  se ekeÐna pou apotugq�noun, sumbaÐnei ìtan α = 1/2.

Pìrisma 2. An α < 1/2 tìte, sqedìn bèbaia, h kÐnhsh Brown eÐnai pantoÔ topik� α-

Hölder suneq c.

Sthn apìdeixh twn Jewrhm�twn 1 kai 4 qrhsimopoi same to akìloujo apotèlesma.
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L mma 2. Upojètoume ìti h X eÐnai mia tupik  kanonik  tuqaÐa metablht . Tìte gia

k�je x > 0,
x

x2 + 1

1√
2π

e−x
2/2 ≤ P{X > x} ≤ 1

x

1√
2π

e−x
2/2.

Apìdeixh. H deÔterh anisìthta lamb�netai apì ton upologismì

P{X > x} ≤ 1√
2π

∫ ∞
x

u

x
e−u

2/2du =
1

x

1√
2π

e−x
2/2.

Gia thn pr¸th, orÐzoume

f(x) = xe−x
2/2 − (x2 + 1)

∫ ∞
x

e−u
2/2du.

ParathroÔme ìti f(0) < 0 kai limx→∞ f(x) = 0. Epiplèon,

f ′(x) = (1− x2 + x2 + 1) e−x
2/2 − 2x

∫ ∞
x

e−u
2/2du = −2x

(∫ ∞
x

e−u
2/2du − e−x

2/2

x

)
,

to opoÐo eÐnai jetikì gia x > 0, apì ton pr¸to upologismì. Opìte f(x) ≤ 0, kai èqoume

to l mma.

1.3 Mh diaforisimìthta thc kÐnhshc Brown

Sthn prohgoÔmenh par�grafo eÐdame ìti ta monop�tia thc kÐnhshc Brown èqoun ori-

smènh kanonikìthta, dhlad  eÐnai suneq . Ta Ðdia monop�tia ìmwc apotugq�noun sto na

eÐnai diaforÐsima se k�poia qronik  stigm . H idiìthta pou klhrodoteÐ aut  thn anwmalÐa

sta monop�tia thc kÐnhshc eÐnai h anexarthsÐa twn prosaux sewn.

Je¸rhma 6. Sqedìn bèbaia, gia k�je 0 < a < b <∞ h kÐnhsh Brown den eÐnai monìtonh

sto di�sthma [a, b].

Apìdeixh. StajeropoioÔme èna mh tetrimmèno di�sthma [a, b], dhlad  èna di�sthma me jetikì

m koc. An autì eÐnai di�sthma monotonÐac dhlad  B(s) ≤ B(t) gia k�je a ≤ s ≤ t ≤ b tìte

epilègoume arijmoÔc a ≤ a1 ≤ a2 ≤ · · · ≤ an+1 = b kai diairoÔme to [a, b] se n upodiast -

mata [ai, ai+1]. K�je prosaÔxhsh prèpei na èqei to Ðdio prìshmo. Kaj¸c oi prosaux seic

eÐnai anex�rthtec, autì èqei pijanìthta 2 ·2−n kai lamb�nontac n→∞ apodeiknÔoume ìti h

pijanìthta to [a, b] eÐnai di�sthma monotonÐac eÐnai mhdèn. Jewr¸ntac mia arijm simh ènwsh

èqoume ìti, sqedìn bèbaia, den up�rqei mh tetrimmèno di�sthma monotonÐac me rht� �kra,

ìmwc k�je mh tetrimmèno di�sthma perièqei èna mh tetrimmèno di�sthma me rht� �kra.
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Gia na suzht soume th (mh) diaforisimìthta thc kÐnhshc Brown qrhsimopoioÔme thn

idiìthta thc anastrof c tou qrìnou h opoÐa mac epitrèpei na susqetÐsoume th diaforisi-

mìthta sto t = 0 me th diaforisimìthta se opoiod pote t. Aut  h idiìthta sumplhr¸nei

to nìmo twn meg�lwn arijm¸n: En¸ to Pìrisma 1 mac diabebai¸nei ìti h kÐnhsh Brown

anaptÔssetai bradÔtera apì grammik� h epìmenh prìtash apodeiknÔei ìti h kat� lim sup

aÔxhsh tou B(t) eÐnai taqÔterh apì ekeÐnh tou
√
t.

Prìtash 1. Sqedìn bèbaia,

lim sup
n→∞

B(n)√
n

= +∞, kai lim inf
n→∞

B(n)√
n

= −∞.

Gia thn apìdeixh thc prìtashc, qreiazìmaste to 0-1 Nìmo twn Hewitt-Savage gia antall�-

xima endeqìmena, ton opoÐo kai anafèroume.

Orismìc 3. JewroÔme mia akoloujÐa tuqaÐwn metablht¸n X1, X2, . . .se èna q¸ro pija-

nìthtac (Ω,F ,P) kai èna sÔnolo A akolouji¸n tètoio ¸ste {(X1, X2, . . .) ∈ A} ∈ F .
To endeqìmeno {(X1, X2, . . .) ∈ A} lègetai antall�ximo an

{(X1, X2, . . .) ∈ A} ⊂ {(Xσ1 , Xσ2 , . . .) ∈ A}

gia k�je peperasmènh met�jesh σ : N → N. Shmei¸netai ìti h σ : N → N kaleÐtai

peperasmènh met�jesh an eÐnai 1-1 kai epÐ kai an σn = n gia k�je n ≥ n0 gia k�poio n0.

L mma 3 (0-1 Nìmoc twn Hewitt-Savage). An E eÐnai èna antall�ximo endeqìmeno miac

anex�rththc kai isìnomhc akoloujÐac tuqaÐwn metablht¸n, tìte P(E) = 0   P(E) =

1.

Apìdeixh Prìtashc 1. Apì to l mma Fatou èqoume ìti

P
{
B(n) > c

√
n apeÐrwc suqn�

}
= lim sup

n→∞
P
{
B(n) > c

√
n
}
.

Apì thn allag  klÐmakac h posìthta sto lim sup isoÔtai me P {B(1) > c} to opoÐo

eÐnai jetikì. Jètoume Xn = B(n)−B(n− 1), kai parathroÔme pwc

{
B(n) > c

√
n apeÐrwc suqn�

}
=

{
n∑
j=1

Xj > c
√
n apeÐrwc suqn�

}
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eÐnai antall�ximo endeqìmeno. Apì to 0-1 Nìmo twn Hewitt-Savage, èqoume ìti me pija-

nìthta 1, B(n) > c
√
n apeÐrwc suqn�. Jewr¸ntac thn tom  p�nw se ìlouc touc jetikoÔc

akèraiouc c èqoume to pr¸to apì ta zhtoÔmena thc prìtashc 1. Me ìmoio trìpo prokÔptei

kai to deÔtero.

Orismìc 4. OrÐzoume thn �nw kai k�tw dexi� par�gwgo miac sun�rthshc f wc

D∗f(t) = lim sup
h↓0

f(t+ h)− f(t)

h
, kai

D∗f(t) = lim inf
h↓0

f(t+ h)− f(t)

h

antÐstoiqa.

T¸ra ja deÐxoume ìti gia k�je stajerì t, sqedìn bèbaia, h kÐnhsh Brown den eÐnai diafo-

rÐsimh se autì to t.

Je¸rhma 7. 'Estw t ≥ 0. Tìte, sqedìn bèbaia, h kÐnhsh Brown den eÐnai diaforÐsimh

sto t. Epiplèon D∗B(t) = +∞ kai D∗B(t) = −∞.

Apìdeixh. 'Estw mia tupik  kÐnhsh Brown. Kataskeu�zoume mèsw thc idiìthtac anastro-

f c tou qrìnou thn kÐnhsh Brown X. Tìte

D∗X(0) ≥ lim sup
n→∞

X( 1
n
)−X(0)

1
n

≥ lim sup
n→∞

√
nX( 1

n
) ≥ lim sup

n→∞

B(n)√
n
,

ìpou to teleutaÐo eÐnai �peiro apì thn Prìtash 1. Me ìmoio trìpo D∗X(0) = −∞ opìte

h X den eÐnai diaforÐsimh sto mhdèn. Ac jewr soume t¸ra t > 0 aujaÐreto kai mia kÐnhsh

Brown {B(t) : t ≥ 0}. Tìte h X(s) = B(t+ s)−B(t) orÐzei mia tupik  kÐnhsh Brown kai

h diaforisimìthta thc X sto mhdèn eÐnai isodÔnamh me th diaforisimìthta thc B sto t.

En¸ h prohgoÔmenh apìdeixh deÐqnei ìti k�je t eÐnai sqedìn bèbaia shmeÐo mh diaforisi-

mìthtac gia thn kÐnhsh Brown, autì de sunep�getai ìti sqedìn bèbaia k�je t eÐnai shmeÐo

mh diaforisimìthtac gia thn kÐnhsh Brown. H seir� twn ennoi¸n gia k�je t kai sqedìn

bèbaia se apotelèsmata ìpwc to prohgoÔmeno je¸rhma eÐnai meg�lhc shmasÐac. Ed¸ to

parap�nw je¸rhma isqÔei gia ìla ta monop�tia thc kÐnhshc Brown ektìc apì èna sÔnolo

me pijanìthta mhdèn, to opoÐo mporeÐ na exart�tai apì to t, kai h ènwsh ìlwn aut¸n twn

sunìlwn pijanìthtac mhdèn den eÐnai aparaÐthta sÔnolo pijanìthtac mhdèn. Gia na exh-

g soume ta prohgoÔmena, jewroÔme to ex c par�deigma: To epiqeÐrhma sthn apìdeixh tou

Jewr matoc 7 apodeiknÔei ìti h kÐnhsh Brown X qtup�ei to mhdèn gia aujaÐreta mikrèc

timèc tou s > 0. OrÐzoume to sÔnolo Z(t) = {s > 0 : X(s) = X(t)}. K�je t eÐnai sqedìn
bèbaia shmeÐo suss¸reushc apì dexi� gia th Z(t). Den isqÔei ìmwc ìti sqedìn bèbaia
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k�je shmeÐo t ∈ [0, 1] eÐnai shmeÐo suss¸reushc apì dexi� gia th Z(t). Gia par�deigma to

teleutaÐo mhdenikì thc diadikasÐac {X(t) : t ≥ 0} prin th stigm  1 den eÐnai, apì orismì,

potè shmeÐo suss¸reushc apì dexi� gia to Z(t). Autì to par�deigma mac lèei ìti mporeÐ na

up�rqoun tuqaÐoi xeqwristoÐ qrìnoi stouc opoÐouc h kÐnhsh Brown epideiknÔei mh tupik 

sumperifor�. AutoÐ oi qrìnoi eÐnai tìso sp�nioi pou k�je stajer  (mh tuqaÐa) qronik 

stigm  eÐnai sqedìn bèbaia ìqi tètoiou eÐdouc.

ShmeÐwsh 4. H sumperifor� thc kÐnhshc Brown se sugkekrimènec qronikèc stigmèc

t > 0 antanakl� th sumperifor� se tupikèc qronikèc stigmèc upì thn parak�tw ènnoia :

'Estw X èna metr simo endeqìmeno (ena sÔnolo monopati¸n) tètoio ¸ste {B(t) : t ≥ 0} ∈ X

sqedìn bèbaia. Apì th stasimìthta twn metabol¸n sunep�getai ìti P{{B(t+ s)− B(s) :

s ≥ 0} ∈ X} = 1 gia k�je stajerì t ≥ 0. Epiplèon to sÔnolo twn xeqwrist¸n qrìnwn

{t : {B(t+ s)−B(t) : s ≥ 0} 6∈ X} èqei mètro-Lebesgue mhdèn. Pr�gmati

E
∫ ∞

0

1{t : {B(t+ s)−B(s) : s ≥ 0} 6∈ X}dt =

∫ ∞
0

P{{B(s) : s ≥ 0} 6∈ X}dt = 0.

Sundu�zontac aut  thn parat rhsh me to Je¸rhma 7 paÐrnoume ìti, sqedìn bèbaia, to

monop�ti thc kÐnhshc Brown den eÐnai diaforÐsimo se sqedìn ìlec tic qronikèc stigmèc t.

Je¸rhma 8 (Wiener 1933). Sqedìn bèbaia, h kÐnhsh Brown eÐnai poujen� diaforÐsimh.

Epiplèon, sqedìn bèbaia, gia k�je t,

eÐte D∗B(t) = +∞ eÐte D∗B(t) = −∞   kai ta dÔo.

Apìdeixh. Upojètoume pwc up�rqei t0 ∈ [0, 1] tètoio ¸ste −∞ < D∗B(t) < D∗B(t) <

+∞. Tìte

lim sup
h↓0

| B(t0 + h)−B(t0) |
h

<∞,

kai dedomènou ìti h kÐnhsh Brown eÐnai fragmènh sto di�sthma [0, 2] èqoume pwc gia pepe-

rasmènh stajer� M up�rqei t0 me

sup
h∈(0,1]

| B(t0 + h)−B(t0) |
h

≤M.

ArkeÐ na deÐxoume ìti to endeqìmeno autì èqei pijanìthta mhdèn gia k�je M . Stajero-

poioÔme k�poio M . An to t0 perièqetai sto duadikì di�sthma [(k − 1)/2n, k/2n] gia n > 2,

tìte gia k�je 1 ≤ j ≤ 2n − k h trigwnik  anisìthta dÐnei

| B((k+j)/2n)−B((k+j−1)/2n |≤| B((k+j)/2n)−B(t0) | + | B(t0)−B((k+j−1)/2n |

≤M(2j + 1)/2n.
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OrÐzoume ta endeqìmena

Ωn,k := {| B((k + j)/2n)−B((k + j − 1)/2n |≤M(2j + 1)/2n gia j = 1, 2, 3}.

Apì thn anexarthsÐa twn metabol¸n kai thn allag  klÐmakac, gia 1 ≤ k ≤ 2n − 3,

P(Ωn,k) ≤
3∏
j=1

P{| B((k+j)/2n)−B((k+j−1)/2n) |≤M(2j + 1)/2n} ≤ P{| B(1) |≤ 7M/
√

2n}3.

H teleutaÐa posìthta eÐnai to polÔ (7M/2−n/2)3 epeid  h puknìthta thc kanonik c eÐnai

fragmènh apì to 1/2. 'Ara

P
(2n−3⋃

k=1

Ωn,k

)
≤ 2n(7M/2−n/2)3 = (7M)32−n/2.

To �jroisma thc teleutaÐac posìthtac eÐnai peperasmèno. Apì to l mma Borel−Cantelli ,

P
(
up�rqei t0 ∈ [0, 1] me sup

h∈[0,1]

| B(t0 + h)−B(t0) |
h

≤M

)
≤ P

( 2n−3⋃
k=1

Ωn,k gia �peira n

)
= 0.

ShmeÐwsh 5. H apìdeixh tou Jewr matoc 8 mporeÐ na isquropoihjeÐ me apotèlesma na

isqÔei pwc, gia k�je α > 1
2
, ta monop�tia thc kÐnhshc Brown eÐnai, sqedìn bèbaia, poujen�

topik� α-Hölder suneq .

Parathr seic kai sqìlia

H pr¸th majhmatik  melèth thc kÐnhshc Brown ofeÐletai ston Bachelier, kai sqetÐ-

zetai me th montelopoÐhsh auxomei¸sewn tim¸n qreogr�fwn. H parat rhsh tou fusikoÔ

fainomènou apodÐdetai sto Skwtsèzo botanolìgo Robert Brown, kai h ex ghs  tou ston

Albert Einstein. H ex ghsh aut  jewreÐtai stajmìc sth diatÔpwsh thc atomik c jewrÐac.

Thn pr¸th austhr  majhmatik  kataskeu  thc kÐnhshc Brown pètuqe o Wiener, kai proc

tim  tou, h diadikasÐa, orismènec forèc, anafèretai kai wc diadikasÐa Wiener.

Up�rqei poikilÐa kataskeu¸n thc kÐnhshc Brown sth bibliografÐa. H prosèggish pou

akolouj same eÐnai ekeÐnh tou Paul Lévy, enìc ek twn prwtergat¸n thc sugkekrimènhc

kÐnhshc. H kataskeu  tou Lévy èqei to pleonèkthma ìti oi idiìthtec suneqeÐac thc kÐnhshc

Brown lamb�nontai apì thn kataskeu .
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1.4 H kÐnhsh Brown wc mia isqur  Markobian 

diadikasÐa

Se autì to kef�laio ja suzht soume thn isqur  idiìthta Markov thc kÐnhshc Brown.

Epiplèon ja suzht soume sunoptik� kai genik� gia Markobianèc diadikasÐec, kai ja apo-

deÐxoume ìti orismènec apì autèc pou pou par�gontai apì thn kÐnhsh Brown eÐnai epÐshc

Markobianèc diadikasÐec. Katìpin, ekmetalleuìmaste autì to gegonìc gia na petÔqoume

perissìtero ekleptusmènec idiìthtec twn monopati¸n thc.

H idiìthta Markov kai o 0-1 nìmoc tou Blumenthal

Se autì to shmeÐo eis�goume thn poludi�stath kÐnhsh Brown, h opoÐa orÐzetai eÔkola

arkeÐ na apait soume anexarthsÐa gia k�je suntetagmènh, kai bebaÐwc ta qarakthristik�

thc tupik c kÐnhshc gia k�je mia apì autèc.

Orismìc 5. E�n B1, B2, . . . , Bd eÐnai anex�rthtec tupikèc kin seic Brown me shmeÐa

ekkÐnhshc x1, x2, . . . , xd, antÐstoiqa, tìte h stoqastik  diadikasÐa {B(t) : t ≥ 0} pou

orÐzetai wc

B(t) = (B1(t), . . . , Bd(t))
T

gia k�je t ∈ [0,∞) onom�zetai d-di�stath kÐnhsh Brown me shmeÐo ekkÐnhshc to (x1, . . . , xd)
T .

H d-di�stath kÐnhsh Brown pou xekin�ei apì to 0 onom�zetai epÐshc tupik  kÐnhsh Brown.

H monodi�stath kÐnhsh Brown anafèretai kai wc grammik  (linear) kai h didi�stath wc

epÐpedh (planar).

Epis mansh. Ja sumbolÐzoume me Px to mètro pijanìthtac pou kajist� th d-

di�stath diadikasÐa {B(t) : t ≥ 0} kÐnhsh Brown me shmeÐo ekkÐnhshc to x ∈ Rd, kai me Ex
thn antÐstoiqh anamenìmenh tim .

Ac upojèsoume t¸ra ìti {X(t) : t ≥ 0} eÐnai mia stoqastik  diadikasÐa. Diaisjhtik�,

h idiìthta Markov lèei ìti an gnwrÐzoume th diadikasÐa {X(t) : t ≥ 0} sto di�sthma

[0, s], tìte gia thn kalÔterh prìbleyh thc diadikasÐac arkeÐ na gnwrÐzoume th jèsh thc

th qronik  stigm  s, dhlad  to X(s). Epiplèon mia diadikasÐa onom�zetai diadikasÐa

Markov e�n gia k�je stajerì s xekin�ei apì thn arq . Pio sugkekrimèna autì shmaÐnei

ìti, upojètontac pwc mporeÐ na xekin sei apì k�je shmeÐo X(0) = x ∈ Rd, h metatopismènh

diadikasÐa {X(s+t) : t ≥ 0} èqei thn Ðdia katanom  me ekeÐnh pou xekin�ei apì toX(s) ∈ Rd.
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H kÐnhsh Brown xekin�ei ek nèou se k�je stajer  (mh tuqaÐa) qronik  stigm 

Oi stoqastikèc diadikasÐec {X(t) : t ≥ 0} kai {Y (t) : t ≥ 0} lègontai anex�rth-

tec, an gia k�je qronikèc stigmèc t1, t2, . . . , tn ≥ 0 kai s1, s2, . . . , sm ≥ 0 ta dianÔsmata

(X(t1), . . . , X(tn)) kai (Y (t1), . . . , Y (tm)) eÐnai anex�rthta.

Je¸rhma 9. Upojètoume ìti h {B(t) : t ≥ 0} eÐnai mia kÐnhsh Brown me shmeÐo ekkÐ-

nhshc to x ∈ Rd. 'Estw s > 0, tìte h diadikasÐa {B(t + s) − B(s) : t ≥ 0} eÐnai epÐshc
kÐnhsh Brown me shmeÐo ekkÐnhshc to 0 kai anex�rthth thc {B(t) : 0 ≤ t ≤ s}.

Apìdeixh. EÐnai eÔkolo na doÔme ìti h diadikasÐa {B(t + s) − B(s) : t ≥ 0} ikanopoieÐ

ton orismì thc d-di�stathc kÐnhshc Brown. H anexarthsÐa èpetai apì thn anexarthsÐa twn

metabol¸n(prosaux sewn) thc kÐnhshc Brown.

Ja belti¸soume k�pwc autì to apotèlesma afoÔ pr¸ta parousi�soume orismènh qr -

simh orologÐa.

Orismìc 6. (a) FÐltro   di jhsh se èna q¸ro pijanìthtac (Ω,F ,P) eÐnai mia oikogè-

neia
(
F(t) : t ≥ 0

)
apì σ-�lgebrec tètoia ¸ste F(s) ⊂ F(t) ⊂ F gia k�je s < t.

(b) 'Enac q¸roc pijanìthtac me di jhsh onom�zetai filtrarismènoc q¸roc pijanìthtac.

(g) Mia stoqastik  diadikasÐa {X(t) : t ≥ 0} orismènh se èna filtrarismèno q¸ro

pijanìthtac me di jhsh thn
(
F(t) : t ≥ 0

)
lègetai prosarmosmènh e�n h X(t) eÐnai

F(t)-metr simh gia k�je t ≥ 0.
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H σ-�lgebra F(t) mporeÐ na jewrhjeÐ wc h plhroforÐa h opoÐa eÐnai diajèsimh mèqri th

qronik  stigm  t.

Mia di jhsh mporeÐ na jewrhjeÐ kai wc mia auxanìmenh dom  plhroforÐac kaj¸c pern�ei o

qrìnoc.

Ac upojèsoume t¸ra ìti èqoume mia kÐnhsh Brown {B(t) : t ≥ 0} orismènh se èna q¸ro

pijanìthtac. MporoÔme na orÐsoume th di jhsh (F0(t) : t ≥ 0) me

F0(t) = σ(B(s) : 0 ≤ s ≤ t)

gia k�je t ≥ 0. Dhlad  F0(t) eÐnai h σ-�lgebra pou par�getai apì tic tuqaÐec metablhtèc

B(s), gia 0 ≤ s ≤ t. H kÐnhsh Brown eÐnai prosarmosmènh se aut  th di jhsh.

Apì to Je¸rhma 10, h diadikasÐa {B(t+ s)−B(s) : t ≥ 0} eÐnai anex�rthth thc F0(s). Se

pr¸th f�sh, belti¸noume elafr¸c autì to apotèlesma qrhsimopoi¸ntac mia lÐgo megalÔ-

terh (prosauxhmènh) σ-�lgebra F+(s) pou orÐzetai wc

F+(s) =
⋂
t>s

F0(t).

EÐnai fanerì ìti h oikogèneia (F+(t) : t ≥ 0) suneqÐzei na eÐnai di jhsh kai

F+(s) ⊃ F0(s). Diaisjhtik� ìmwc h F+(s) eÐnai lÐgo megalÔterh apì thn F0(s), epitrè-

pontac mia prìsjeth apeirost  mati� sto mèllon.

Je¸rhma 10. Gia k�je s ≥ 0, h diadikasÐa {B(t + s) − B(s) : t ≥ 0} eÐnai anex�rthth
thc σ-�lgebrac F+(s).

Apìdeixh. Apì idiìthta suneqeÐac èqoume ìti B(t+ s)−B(s) = limn→∞B(sn + t)−B(sn)

gia mia austhr� fjÐnousa akoloujÐa {sn : n ∈ N} pou sugklÐnei sto s. Apì to Je¸rhma

9, gia k�je t1, . . . , tm ≥ 0, to di�nusma (B(t1 + s) − B(s), . . . , B(tm + s) − B(s)) =

limj→∞(B(t1 + sj)−B(sj), . . . , (B(tm + sj)−B(sj)) eÐnai anex�rthto thc F+(s) kai kat�

sunèpeia kai h diadikasÐa {B(t+ s)−B(s) : t ≥ 0}.

ShmeÐwsh 6. 'Enac enallaktikìc trìpoc gia na diatup¸soume to parap�nw eÐnai na poÔme

ìti desmeÔontac wc proc F+(s), tìte h diadikasÐa {B(t+s) : t ≥ 0} eÐnai mia kÐnhsh Brown

me shmeÐo ekkÐnhshc to B(s).

T¸ra ja doÔme th σ-�lgebra F+(0) h opoÐa perilamb�nei ìla ta endeqìmena thc kÐnhshc

Brown se èna apeirostì di�sthma dexi� tou shmeÐou ekkÐnhshc.

Je¸rhma 11 (Nìmoc 0-1 tou Blumenthal). Upojètoume ìti x ∈ Rd kai A ∈ F+(0). Tìte

Px(A) ∈ {0, 1}.
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Apìdeixh. Apì to Je¸rhma 10 gia s = 0 blèpoume ìti opoiod pote A ∈ σ(B(t) : t ≥ 0)

eÐnai anex�rthto thc F+(0). Mia idiaÐterh efarmog  autoÔ eÐnai ìtan A ∈ F+(0), opìte to

A eÐnai anex�rthto apì ton eautì tou, kai wc ek toÔtou èqei pijanìthta emf�nishc mhdèn

  èna.

Mia pr¸th efarmog  tou parap�nw jewr matoc eÐnai to gegonìc ìti h tupik  mono-

di�stath kÐnhsh Brown lamb�nei jetikèc kai arnhtikèc timèc (�ra kai mhdenik�) se k�je

osod pote mikrì di�sthma dexi� tou 0.

Je¸rhma 12. Upojètoume ìti {B(t) : t ≥ 0} eÐnai mia monodi�stath kÐnhsh Brown.

OrÐzoume τ = inf{t > 0 : B(t) > 0} kai σ = inf{t > 0 : B(t) = 0}. Tìte

P0(τ = 0) = P0(σ = 0) = 1.

Apìdeixh. To endeqìmeno

{τ = 0} =
∞⋂
n=1

{up�rqei 0 < ε < 1/n tètoio ¸ste B(ε) > 0}

an kei sthn F+(0). ArkeÐ loipìn na deÐxoume ìti autì to endeqìmeno èqei jetik  pija-

nìthta. Autì prokÔptei apì to ìti P0{τ ≤ t} ≥ P0{B(t) > 0} = 1/2 gia t > 0. 'Ara

P0{τ = 0} ≥ 1/2, kai apodeÐxame thn pr¸th isìthta. To Ðdio epiqeÐrhma leitourgeÐ all�-

zontac to B(t) > 0 me to B(t) < 0 kai apì aut� ta dÔo prokÔptei ìti P0(σ = 0) = 1 apì

to je¸rhma endi�meswn tim¸n gia suneqeÐc sunart seic.

Mia akìmh efarmog  eÐnai ènac 0-1 nìmoc gia thn telik  σ - �lgebra thc kÐnhshc

Brown. OrÐzoume G(t) = σ(B(s) : s ≥ t). Tìte jewroÔme thn T = ∩t≥0G(t) h opoÐa eÐnai

h σ- �lgebra pou apoteleÐtai apì ta telik� endeqìmena.

Je¸rhma 13 (Nìmoc 0 − 1 gia endeqìmena thc telik c σ-�lgebrac). 'Estw x ∈ Rd kai

A ∈ T èna telikì endeqìmeno. Tìte Px(A) ∈ {0, 1}.

Apìdeixh. ArkeÐ na exet�soume thn perÐptwsh pou x = 0. Apì thn idiìthta anastrof c

qrìnou thc kÐnhshc Brown, h telik  σ-�lgebra apeikonÐzetai sthn F+(0), h opoÐa perièqei

mìno endeqìmena pou èqoun pijanìthta mhdèn   èna apì to nìmo 0−1 tou Blumenthal.

Se autì to shmeÐo ja ekmetalleutoÔme thn idiìthta Markov gia na melet soume ta

topik� kai olik� mègista thc monodi�stathc kÐnhshc Brown.

Je¸rhma 14. Gia th monodi�stath kÐnhsh Brown {B(t) : 0 ≤ t ≤ 1}, sqedìn bèbaia,

(a) K�je topikì mègisto eÐnai austhr� topikì.
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(b) To sÔnolo twn qrìnwn pou epitugq�netai to topikì mègisto eÐnai arijm simo kai

puknì.

(g) To olikì mègisto epitugq�netai se monadik  qronik  stigm .

Apìdeixh. Arqik� ja deÐxoume ìti, dedomènwn dÔo mh epikaluptìmenwn kleist¸n qronik¸n

diasthm�twn, ta mègista thc kÐnhshc Brown se k�je èna apì aut� eÐnai diaforetik�, sqedìn

bèbaia.

Oi tuqaÐec metablhtèc m1 −B(b1) kai m2 −B(b2) eÐnai anex�rthtec thc prosaÔxhshc

B(a2)−B(b1).

'Estw [a1, b1] kai [a2, b2] dÔo stajer� diast mata me b1 ≤ a2. Mem1 kaim2 sumbolÐzoume ta

mègista thc kÐnhshc Brown se aut� ta dÔo diast mata. ParathroÔme ìti, apì thn idiìthta

Markov se sunduasmì me to Je¸rhma 12, sqedìn bèbaia B(a2) < m2. Kat� sunèpeia to

mègisto lamb�netai se èna apì ta diast mata [a2− 1
n
, b2] gia k�poio n ∈ N, kai lìgw autoÔ

mporoÔme na upojèsoume sthn apìdeixh ìti b1 < a2.

Efarmìzontac thn idiìthta Markov th qronik  stigm  b1, blèpoume ìti h tuqaÐa metablht 

B(a2) − B(b1) eÐnai anex�rthth thc m1 − B(b1). Apì thn idiìthta Markov th qronik 

stigm  a2, blèpoume ìti m2−B(a2) eÐnai anex�rthth kai apì tic dÔo prohgoÔmenec tuqaÐec

metablhtèc. To endeqìmeno m1 = m2 mporeÐ tìte na grafteÐ wc

B(a2)−B(b1) = m1 −B(b1)− (m2 −B(a2))

DesmeÔontac stic timèc twn tuqaÐwn metablht¸n m1−B(b1) kai m2−B(b2), to aristerì

mèloc eÐnai mia suneq c tuqaÐa metablht  kai to dexiì mia stajer�, opìte èqei pijanìthta

mhdèn.

(a) Apì ton isqurismì pou mìlic apodeÐxame, sqedìn bèbaia, ìla ta mh epikaluptìmena

zeÔgh mh ekfulismènwn sumpag¸n diasthm�twn me rht� �kra èqoun diaforetik� mè-

gista. An h kÐnhsh Brown den èqei austhr� topikì mègisto, tìte ja up�rqoun dÔo

tètoia diast mata ìpou h kÐnhsh Brown ja èqei to Ðdio mègisto.

(b) Sunèpeia thc prohgoÔmenhc parat rhshc eÐnai ìti, sqedìn bèbaia, to mègisto se k�je

mh ekfulismèno sumpagèc di�sthma me rht� �kra den epitugq�netai sta �kra aut�.
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Opìte k�je tètoio di�sthma perièqei topikì mègisto, kai to sÔnolo twn qrìnwn twn

topik¸n megÐstwn eÐnai puknì. Kaj¸c k�je topikì mègisto eÐnai austhr� topikì, autì

to sÔnolo eÐnai to polÔ arijm simo.

(g) Sqedìn bèbaia, gia k�je rhtì q ∈ [0, 1] ta mègista sto [0, q] kai sto [q, 1] eÐnai

diaforetik�. ParathroÔme epÐshc ìti an to olikì mègisto epitugq�netai se dÔo dia-

foretikèc qronikèc stigmèc t1 < t2 tìte ja up�rqei rhtìc tètoioc ¸ste t1 < q < t2,

kai to mègisto sto [0, q] kai sto [q, 1] sumpÐptoun.

1.5 H isqur  idiìthta Markov kai h arq  thc

an�klashc

H idiìthta Markov thc kÐnhshc Brown mac plhroforeÐ ìti, gia k�je stajer  qronik 

stigm , mporoÔme na jewr soume pwc xekin�ei apì thn arq . Mia spoudaÐa idiìthta thc

kÐnhshc Brown eÐnai to gegonìc ìti to parap�nw isqÔei kai gia mia sugkekrimènh kl�sh

tuqaÐwn qrìnwn. Oi tuqaÐoi autoÐ qrìnoi onom�zontai qrìnoi termatismoÔ (stopping times).

H basik  idèa eÐnai ìti o tuqaÐoc qrìnoc T eÐnai qrìnoc termatismoÔ e�n h tim  tou mporeÐ

na kajoristeÐ apì th gn¸sh tou monopatioÔ mèqri to parìn qwrÐc na apaiteÐtai plhroforÐa

apì to mèllon. Stic perissìterec peript¸seic, ènac qrìnoc termatismoÔ eÐnai h pr¸th for�

pou ja sumbeÐ èna gegonìc.

Orismìc 7. Mia tuqaÐa metablht  T me timèc sto [0,∞], orismènh se èna q¸ro pijanì-

thtac me di jhsh (F(t) : t ≥ 0) lègetai qrìnoc termatismoÔ wc proc aut  th di jhsh e�n

{T ≤ t} ∈ F(t) gia k�je t ≥ 0.

ShmeÐwsh 7. 'Eqoume:

(a) K�je aitiokratikìc qrìnoc t ≥ 0 eÐnai qrìnoc st�shc wc proc th di jhsh (F(t) : t ≥
0).

(b) E�n (Tn : n = 1, 2, . . . ) eÐnai mia aÔxousa akoloujÐa qrìnwn st�shc wc proc th

di jhsh (F(t) : t ≥ 0) kai Tn ↑ T , tìte o T eÐnai epÐshc qrìnoc termatismoÔ wc proc

th di jhsh (F(t) : t ≥ 0). Autì faÐnetai apì thn parak�tw sqèsh

{T ≤ t} =
∞⋂
n=1

{Tn ≤ t} ∈ F(t).

H idiìthta pou diakrÐnei thn (F+(t) : t ≥ 0) apì thn (F0(t) : t ≥ 0) eÐnai h dexi�

sunèqeia, dhlad  ⋂
ε>0

F+(t+ ε) = F+(t)
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k�ti pou eÐnai fanerì apì th sqèsh

⋂
ε>0

F+(t+ ε) =
∞⋂
n=1

∞⋂
k=1

F(t+ 1/n+ 1/k) = F+(t).

Prìtash 2. Upojètoume ìti gia thn tuqaÐa metablht  T me timèc sto [0,∞] isqÔei

{T < t} ∈ F(t), gia k�je t ≥ 0 kai ìti (F(t) : t ≥ 0) eÐnai dexi� suneq c, tìte T eÐnai

qrìnoc st�shc wc proc thn (F(t) : t ≥ 0).

Apìdeixh. Upojètoume ìti h T ikanopoieÐ tic sunj kec tou jewr matoc. Tìte

{T ≤ t} =
∞⋂
k=1

{T < t+ 1/k} ∈
∞⋂
n=1

F(t+ 1/n) = F(t),

qrhsimopoi¸ntac th dexi� sunèqeia thc (F(t) : t ≥ 0) sto teleutaÐo b ma.

OrÐzoume t¸ra, gia k�je qrìno st�shc T , th σ−�lgebra

F+(t) = {A ∈ A : A ∩ {T ≤ t} ∈ F+(t) gia k�je t ≥ 0}.

Autì shmaÐnei ìti to mèroc tou endeqomènou A pou tèmnei thn {T ≤ t} eÐnai metr simo wc

proc thn plhroforÐa pou eÐnai diajèsimh mèqri th qronik  stigm  t. H parap�nw sullog 

apoteleÐtai apì endeqìmena pou sunèbhsan prin th qronik  stigm  T . Piì sugkekrimèna

eÐnai eÔkolo na diapist¸soume pwc to monop�ti {B(t) : t ≤ T} eÐnai F+(T )−metr simh.
'Opwc kai sthn apìdeixh tou prohgoÔmenou jewr matoc mporoÔme na poÔme ìti gia dexi�

suneqeÐc dihj seic ìpwc h (F+(t) : t ≥ 0) to endeqìmeno {T < t} mporeÐ na antikatast sei
to {T ≤ t} qwrÐc na ephre�zetai o orismìc.

T¸ra eÐmaste se jèsh na diatup¸soume thn isqur  idiìthta Markov gia thn kÐnhsh

Brown.

Je¸rhma 15 (Isqur  idiìthta Markov). Gia k�je sqedìn bèbaia peperasmèno qrìno

termatismoÔ T , h diadikasÐa

{B(T + t)−B(T ) : t ≥ 0}

eÐnai mia tupik  kÐnhsh Brown anex�rthth thc F+(T ).

Apìdeixh. H apìdeixh eÐnai arket� teqnik  kai paraleÐpetai.

1.5.1 H arq  thc an�klashc

H isqur  idiìthta Markov èqei pollèc efarmogèc. Mia shmantik  efarmog  thc emfanÐzetai

sthn apìdeixh thc arq c thc an�klashc. H arq  thc an�klashc dhl¸nei ìti mia kÐnhsh

Brown anakl¸menh se èna qrìno termatismoÔ T suneqÐzei na eÐnai kÐnhsh Brown.
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Je¸rhma 16 (H arq  thc an�klashc). E�n T eÐnai qrìnoc termatismoÔ kai {B(t) : t ≥ 0}
eÐnai tupik  kÐnhsh Brown, tìte h diadikasÐa {B∗(t) : t ≥ 0} pou onom�zetai kÐnhsh Brown

anakl¸menh sto qrìno T kai orÐzetai wc

B∗(t) = B(t)1{t≤T} + (2B(T )−B(t))1{t>T}

eÐnai epÐshc tupik  kÐnhsh Brown.

Apìdeixh. 'Estw B(t) mia tupik  kÐnhsh Brown. JewroÔme tic bohjhtikèc stoqastikèc

diadikasÐec

Y (t) = B(t), 0 ≤ t ≤ T

kai thn

Z(t) = B(t+ T )−B(T ).

Efìson o tuqaÐoc qrìnoc T eÐnai qrìnoc termatismoÔ, apì to Je¸rhma 15, h diadikasÐa

Z(t) ja eÐnai mia kÐnhsh Brown anex�rthth thc F+(T ), kai kat� sunèpeia anex�rthth thc

stoqastik c diadikasÐac Y (t). 'Ara, apì tic idiìthtec thc kÐnhshc Brown, kai h −Z(t) eÐnai

mia kÐnhsh Brown anex�rthth thc Y (t). Epomènwc oi diadikasÐec (Y, Z) kai (Y,−Z) ja

èqoun thn Ðdia katanom . JewroÔme thn apeikìnish

φ : (Y, Z)→ (Y 1{t≤T} + (Y (t) + Z(t− T ))1{t>T}),

apì th metrhsimìthta thc apeikìnishc φ kai tou ìti oi diadikasÐec (Y, Z) kai (Y,−Z) èqoun

thn Ðdia katanom , katal goume sto sumpèrasma ìti kai oi diadikasÐec φ(Y, Z) kai φ(Y,−Z)

ja èqoun thn Ðdia katanom . 'Omwc

φ(Y, Z) = B(t)1{t≤T} + (B(T ) +B(t+ T − T )−B(T ))1{t>T}

= B(t)1{t≤T} +B(t)1{t>T}

= B(t)

kai

φ(Y,−Z) = B(t)1{t≤T} + (B(T )− (B(t+ T − T )−B(T )))1{t>T}

= B(t)1{t≤T} + (2B(T )−B(t))1{t>T}

= B∗(t)

Kat� sunèpeia, oi B(t) kai B∗(t) èqoun thn Ðdia katanom , kai �ra h B∗(t) eÐnai mia kÐnhsh

Brown.

T¸ra ja efarmìsoume thn arq  thc an�klashc sthn perÐptwsh thc tupik c kÐnhshc

Brown. JewroÔme th diadikasÐa M(t) = max0≤s≤tB(s). H katanom  thc sugkekrimènhc

tuqaÐac metablht c den eÐnai a priori xek�jarh, mporoÔme ìmwc na thn prosdiorÐsoume me

th bo jeia thc arq c thc an�klashc.
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Je¸rhma 17. E�n α > 0, tìte P0 {M(t) > α} = 2P0 {B(t) > α} = P0 {|B(t)| > α}.

Apìdeixh. 'Estw T = inf{t ≥ 0 : B(t) = α}, kai {B∗(t) : t ≥ 0} h anakl¸menh ston qrìno

st�shc T kÐnhsh Brown. Tìte

{M(t) > α} = {B(t) > α} ∪ {M(t) > α, B(t) ≤ α}.

H parap�nw eÐnai ènwsh xènwn endeqomènwn ìpou to deÔtero sÔnolo sumpÐptei me to ende-

qìmeno {B∗(t) : t ≥ α}. To apotèlesma èpetai apì thn arq  thc an�klashc.

ShmeÐwsh 8. To L mma 2, se sunduasmì me to Je¸rhma 16, dÐnei qr sima apotelèsmata.

Gia par�deigma, gia k�je α > 0, èqoume to �nw fr�gma

P0{M(t) > α} ≤
√

2t

α
√
π

exp

{
−α

2

2t

}
.

1.5.2 To embadìn thc didi�stathc (epÐpedhc) kÐnhshc Brown

Oi suneqeÐc kampÔlec sto epÐpedo mporeÐ na èqoun akraÐa sumperifor�. Oi kampÔlec gemÐ-

zousec ton q¸ro, thn pr¸th ek twn opoÐwn kataskeÔase o Peano, mporoÔn na apeikonÐsoun

to di�sthma [0, 1] me suneq  trìpo se sÔnola me jetik  epif�neia. Ja deÐxoume t¸ra ìti

h eikìna thc epÐpedhc kÐnhshc Brown katalamb�nei mhdenik  epif�neia. H idiìthta Markov

kai h arq  thc an�klashc paÐzoun shmantikì rìlo sthn apìdeixh.

Upojètoume ìti h {B(t) : t ≥ 0} eÐnai mia epÐpedh kÐnhsh Brown. SumbolÐzoume to mètro

Lebesgue ston Rd me Ld, kai qrhsimopoioÔme to sÔmbolo f ∗ g gia na sumbolÐsoume th

sunèlixh twn sunart sewn f kai g, h opoÐa orÐzetai wc

f ∗ g (x) :=

∫
f(y)g(x− y)dy,

ìpote to teleutaÐo olokl rwma up�rqei. Gia èna sÔnolo A ⊂ Rd, kai gia x ∈ Rd gr�foume

A+ x := {α + x : α ∈ A}.

Je¸rhma 18. E�n A1,A2 ⊂ R2 eÐnai sÔnola Borel me jetikì embadì, tìte

L2

({
x ∈ R2 : L2 (A1 ∩ (A2 + x)) > 0

})
> 0.

Apìdeixh. MporoÔme na upojèsoume ìti ta A1,A2 eÐnai fragmèna. Apì to je¸rhma Fubini,∫
R2

1A1 ∗ 1−A2(x) dx =

∫
R2

∫
R2

1A1(w)1A2(w − x) dw dx

=

∫
R2

1A1(w)

(∫
R2

1A2(w − x) dx

)
dw

= L2(A1)L2(A2) > 0.
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Sunep¸c 1A1 ∗ 1−A2(x) > 0 gia èna sÔnolo me jetikì embadì. 'Omwc,

1A1 ∗ 1−A2(x) =

∫
1A1(y)1−A2(x− y) dy =

∫
1A1(y)1A2+x(y) dy

= L2

(
A1 ∩ (A2 + x)

)
,

pou apodeiknÔei to l mma.

T¸ra eÐmaste se jèsh na apodeÐxoume to je¸rhma tou Lévy gia to embadì thc epÐpedhc

kÐnhshc Brown.

Je¸rhma 19 (Lévy 1940). Sqedìn bèbaia, L2(B[0, 1]) = 0.

Apìdeixh. 'Estw X = L2(B[0, 1]) to embadì thc kÐnhshc Brown sto [0, 1]. Arqik� ja deÐ-

xoume ìti E[X] < ∞. ParathroÔme ìti X > α mìno e�n h kÐnhsh Brown egkataleÐpei to

tetr�gwno pou èqei kèntro to shmeÐo ekkÐnhshc kai pleur�
√
α. Apì to L mma 1 kai to

Je¸rhma 17 èqoume

P{X > α} ≤ 2P
{

max
t∈[0,1]

|W (t)| >
√
α/2

}
= 4P{W (1) >

√
α/2} ≤ 4e−α/8,

gia α > 1, ìpou {W (t) : t ≥ 0} eÐnai mia tupik  kÐnhsh Brown. 'Ara

E[X] =

∫ ∞
0

P{X > α} dα ≤ 4

∫ ∞
1

e−α/8 dα + 1 <∞.

ParathroÔme ìti h B(3t) kai h
√

3B(t) èqoun thn Ðdia katanom , �ra

EL2(B[0, 3]) = 3EL2(B[0, 1]) = 3E[X].

IsqÔei ìti L2(B[0, 3]) ≤
∑2

j=0 L2(B[j, j + 1]) me thn isìthta na isqÔei an kai mìno an gia

0 ≤ i < j ≤ 2 èqoume L2(B[i, i+ 1]∩B[j, j+ 1]) = 0. Apì thn �llh, gia j = 0, 1, 2 èqoume

EL2(B[j, j + 1]) = E[X] kai

3E[X] = EL2(B[0, 3]) ≤
2∑
j=0

EL2(B[j, j + 1]) = 3E[X],

ap' ìpou prokÔptei ìti h tom  dÔo opoiond pote ek twn B[j, j + 1] èqei mètro mhdèn. Sug-

kekrimèna L2(B[0, 1] ∩B[2, 3]) = 0, sqedìn bèbaia.

T¸ra ja qrhsimopoi soume thn idiìthta Markov kai ja orÐsoume tic kin seic Brown,

{B1(t) : t ∈ [0, 1]} me B1(t) = B(t) kai {B2(t) : t ∈ [0, 1]} me B2(t) = B(t+2)−B(2)+B(1).

H tuqaÐa metablht  Y := B(2) − B(1) eÐnai anex�rthth kai twn dÔo parap�nw kin sewn
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Brown. Gia x ∈ R2, onom�zoume R(x) to embadì tou sunìlou B1[0, 1] ∩ (x + B2[0, 1]) kai

shmei¸noume ìti h {R(x) : x ∈ R2} eÐnai anex�rthth thc Y . Tìte

0 = E[L2(B[0, 1] ∩B[2, 3])] = E[R(Y )] = (2π)−1

∫
R2

e−|x
2|/2E[R(x)] dx,

kai oloklhr¸same wc proc thn kanonik  katanom  thc B(2) − B(1). 'Ara gia L2 sqedìn

ìla ta x, èqoume ìti R(x) = 0 sqedìn bèbaia, kai apì je¸rhma Fubini,

L2

({
x ∈ R2 : R(x) > 0

})
= 0, sqedìn bèbaia.

Apì to L mma 2.20 èqoume ìti, sqedìn bèbaia, L2(B[0, 1]) = 0   L2(B[2, 3]) = 0. H

parat rhsh ìti oi L2(B[0, 1]) kai L2(B[2, 3]) eÐnai anex�rthtec kai isìnomec oloklhr¸nei

thn apìdeixh ìti L2(B[0, 1]) = 0 sqedìn bèbaia.

ShmeÐwsh 9. Pìso meg�lo eÐnai to monop�ti thc epÐpedhc kÐnhshc Brown; Mìlic eÐdame

ìti sqedìn bèbaia èqei mètro Lebesgue Ðso me mhdèn, all� mia pio diafwtistik  ap�nthsh

apaiteÐ thn idèa thc di�stashc Hausdorff, thn opoÐa ja anaptÔxoume sto epìmeno kef�laio.

1.5.3 To sÔnolo twn mhdenik¸n thc kÐnhshc Brown

Mia akìmh efarmog  thc isqur c idiìthtac Markov brÐsketai sth melèth tou sunìlou

{t ≥ 0 : B(t) = 0} twn mhdenik¸n thc monodi�stathc kÐnhshc Brown. Ja deÐxoume ìti to

sÔnolo autì eÐnai kleistì qwrÐc memonwmèna shmeÐa (tèleio sÔnolo). Autì eÐnai k�pwc

aprosdìkhto apì th stigm  pou, sqedìn bèbaia, h kÐnhsh Brown èqei memonwmèna shmeÐa

mhdenismoÔ apì arister�, ìpwc gia par�deigma to pr¸to mhdenikì met� to 1/2,   apì dexi�,

ìpwc to teleutaÐo mhdenikì prin to 1/2.

Je¸rhma 20. Ac jewr soume th monodi�stath kÐnhsh Brown {B(t) : t ≥ 0} kai

Zeros = {t ≥ 0 : B(t) = 0}

to sÔnolo mhdenismoÔ aut c. Tìte, sqedìn bèbaia, to Zeros eÐnai èna kleistì sÔnolo qwrÐc

memonwmèna shmeÐa.

Apìdeixh. Me pijanìthta èna, to Zeros eÐnai kleistì efìson h kÐnhsh Brown eÐnai suneq c

sqedìn bèbaia. Gia na deÐxoume ìti kanèna shmeÐo tou Zeros den eÐnai memonwmèno, jewroÔme

thn kataskeu : Gia k�je rhtì q ∈ [0,∞), shmei¸noume to pr¸to mhdenikì met� to q dhlad 

τq = inf{t ≥ q : B(t) = 0}.

Lìgw thc Prìtashc 1, to τq eÐnai sqedìn bèbaia peperasmènoc qrìnoc termatismoÔ. De-

domènou ìti to sÔnolo Zeros eÐnai kleistì, to inf ja eÐnai sqedìn bèbaia minimum. Apì
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thn isqur  idiìthta Markov sto τq, èqoume ìti gia k�je q, sqedìn bèbaia to τq den eÐnai

memonwmèno mhdenikì apì dexi�. Lìgw thc arijmhsimìthtac twn rht¸n sumperaÐnoume ìti,

sqedìn bèbaia, gia ìlouc touc rhtoÔc q, to mhdenikì τq den eÐnai memonwmèno apì dexi�.

Apomènei na deÐxoume ìti ta upìloipa shmeÐa tou Zeros den eÐnai memonwmèna apì ari-

ster�. O isqurismìc ed¸ eÐnai ìti k�je 0 < t ∈ Zeros me t 6= τq gia k�je rhtì q den

eÐnai memonwmèno shmeÐo apì arister�. JewroÔme mia akoloujÐa qn ↑ t, qn ∈ Q. OrÐzoume
tn = τqn . 'EÐnai qn ≤ tn < t, epomènwc tn ↑ t. 'Ara to t den eÐnai memonwmèno shmeÐo apì

arister�.

Sto epìmeno Je¸rhma diatup¸noume èna apotèlesma pou ja qreiastoÔme argìtera. H

apìdeix  tou eÐnai arket� teqnik , kai gia aut n parapèmpoume ton anagn¸sth sto [1],

Je¸rhma 2.34.

Je¸rhma 21 (Lévy 1948). 'Estw {M(t) : t ≥ 0} h diadikasÐa megÐstou thc monodi�sta-

thc kÐnhshc Brown {B(t) : t ≥ 0}, dhlad  h diadikasÐa pou orÐzetai wc

M(t) = max
0≤s≤t

B(s).

Tìte h diadikasÐa {Y (t) : t ≥ 0} pou orÐzetai wc Y (t) = M(t)−B(t) eÐnai mia anakl¸menh

kÐnhsh Brown.

Arister� h diadikasÐa {B(t) : t ≥ 0} kai h sqetizìmenh me aut  diadikasÐa megÐstou

{M(t) : t ≥ 0}(diakekommènh kampÔlh). Dexi� h diadikasÐa {M(t)−B(t) : t ≥ 0}



Kef�laio 2

Di�stash Hausdorff

H di�stash eÐnai to ergaleÐo ekeÐno pou metr�ei to mègejoc twn majhmatik¸n antikeimènwn

me ènan ìqi kai tìso leptomer  trìpo. Gia par�deigma mporoÔme na anafèroume ìti èna eu-

jÔgrammo tm ma thc klasik c gewmetrÐac (antikeÐmeno di�stashc èna) eÐnai mikrìtero apì

thn epif�neia enìc kuklikoÔ dÐskou (antikeÐmeno di�stashc dÔo), qwrÐc ìmwc na up�rqei

di�krish an�mesa se eujÔgramma tm mata diaforetikoÔ m kouc. Sta parak�tw ja diapi-

st¸soume ìti, par� autì to meionèkthma, h di�stash eÐnai se jèsh na diakrÐnei to mègejoc

poll¸n antikeimènwn thc jewrÐac pijanot twn. Se autì to kef�laio, ja eis�goume mia

genÐkeush thc idèac thc di�stashc, th di�stash Hausdorff. Katìpin, ja perigr�youme ori-

smènec genikèc teqnikèc upologismoÔ thc di�stashc Hausdorff aujaÐretwn uposunìlwn tou

Rd, kai ja efarmìsoume tic teqnikèc autèc gia ton upologismì thc di�stastashc tou graf -

matoc, tou sunìlou Zeros thc grammik c kÐnhshc Brown kai thc eikìnac thc poludi�stathc

kÐnhshc Brown.

2.1 H di�stash Minkowski

Se autì to kef�laio ja jewroÔme ton Rd, kaj¸c kai k�je uposÔnolì tou, wc metrikì q¸ro

me metrik  thn eukleÐdeia, ρ(x, y) =
√∑d

i=1(xi − yi)2 me x, y ∈ Rd.

Gia A ⊂ Rd orÐzoume thn di�metro tou wc |A| := sup{ρ(x, y) : x, y ∈ A}. O orismìc thc

di�stashc Minkowski enìc fragmènou sunìlou E ⊂ Rd basÐzetai sthn idèa thc k�luyhc

tou E. Mia k�luyh tou E eÐnai mia peperasmènh   arijm simh sullog  sunìlwn

E1, E2, E3, . . . me E ⊂
∞⋃
i=1

Ei.

OrÐzoume, gia ε > 0,

M(E, ε) := min

{
k ≥ 1 :

up�rqei peperasmènh k�luyh E1, . . . , Ek tou E

me |Ei| ≤ ε gia i = 1, . . . , k

}
.

30
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Diaisjhtik�, ìtan to E èqei di�stash s, tìte o arijmìc M(E, ε) eÐnai thc t�xhc tou ε−s.

Autì mporeÐ na epibebaiwjeÐ se aplèc peript¸seic ìpwc to eujÔgrammo tm ma, ta tetr�gwna

sto epÐpedo klp. Ed¸ brÐsketai to kÐnhtro gia ton orismì thc di�stashc Minkowski.

Orismìc 8. Gia èna fragmèno E ⊂ Rd, orÐzoume thn kat¸terh di�stash Minkowski wc

dimME := lim inf
ε↓0

logM(E, ε)

log (1/ε)
,

kai thn an¸terh di�stash Minkowski wc

dimME := lim sup
ε↓0

logM(E, ε)

log (1/ε)
.

P�ntote isqÔei ìti dimME ≤ dimME. Sthn perÐptwsh pou èqoume isìthta, gr�foume

dimM(ε) := dimME = dimME.

ShmeÐwsh 10. H di�stash Minkowski èqei èna dus�resto periorismì: ParathroÔme ìti

ta sÔnola S = {x} èqoun di�stash Minkowski Ðsh me mhdèn, ìmwc ja deÐxoume sto parak�tw

par�deigma ìti to sÔnolo

E :=

{
1

n
: n ∈ N

}
∪ {0}

èqei jetik  di�stash, kai wc ek toÔtou h di�stash Minkowski de diajètei thn idiìthta

arijm simhc eust�jeiac

dim
∞⋃
k=1

Ek = sup {dimEk : k ≥ 1} .

H mèjodoc pou ja akolouj soume gia thn apofug  autoÔ tou probl matoc sthrÐzetai sthn

idèa tou na l�boume upìyh to mègejoc twn sunìlwn thc k�luyhc. K�ti tètoio ja emperièqei

perissìterh plhroforÐa gia ta upì exètash sÔnola, kai odhgeÐ ston orismì thc di�stashc

Hausdorff.

Par�deigma. Ja deÐxoume ìti, gia to sÔnolo E pou orÐsame parap�nw, isqÔei

dimM(E) = 1
2
> 0. Dedomènou ε ∈ (0, 1), brÐskoume ton akèraio n tètoio ¸ste 1/(n+1)2 ≤

ε < 1/n2. Tìte ta shmeÐa tou sunìlou {1/k : k > n} ∪ {0} mporoÔn na kalufjoÔn a-

pì n + 1 diast mata diamètrou ε, kai n epiplèon sfaÐrec arkoÔn gia thn k�luyh twn n

enapomeÐnantwn shmeÐwn. 'Ara

M(E, ε) ≤ 2n+ 1 ≤ 2n+1
n

(1/ε)1/2,
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dhlad  dimM(E) ≤ 1/2. Apì thn �llh, kaj¸c h apìstash gia geitonik� shmeÐa eÐnai

1

k
− 1

k + 1
=

1

k(k + 1)
≥ 1

(k + 1)2
,

p�nta ja qreiazìmaste toul�qiston n− 1 sÔnola diamètrou ε gia na kalÔyoume to E pou

shmaÐnei

M(E, ε) ≥ n− 1 ≥ n− 1

n+ 1
(1/ε)1/2

dhlad  dimM(E) ≥ 1/2.

2.2 H di�stash Hausdorff

H di�stash Hausdorff kai to mètro Hausdorff eis qjhkan apì ton Felix Hausdorff to 1919.

'Opwc kai h di�stash Minkowski, h di�stash Hausdorff basÐzetai sthn idèa thc k�luyhc

enìc metrikoÔ q¸rou E. Ston orismì thc di�stashc Minkowski apl� metr same to pl joc

twn sunìlwn thc k�luyhc. T¸ra epitrèpoume to pl joc twn sunìlwn thc k�luyhc na gÐnei

�peiro kai sunupologÐzoume to mègejoc twn sunìlwn aut¸n, me b�sh th di�metrì touc.

Epistrèfontac sto prohgoÔmeno par�deigma, mporoÔme na doÔme ìti to sÔnolo E :={
1
n

: n ∈ N
}
∪ {0} mporeÐ na kalufjeÐ pio apotelesmatik� an elatt¸soume to mègejoc

twn sfair¸n kaj¸c kinoÔmaste apì ta dexi� proc ta arister�. Sto sugkekrimèno par�-

deigma up�rqei meg�lh apìklish metaxÔ upologism¸n ìtan sthn k�luyh qrhsimopoioÔme

mikr� sÔnola apì ekeÐnouc stouc opoÐouc apl� metr�me to pl joc twn sunìlwn thc k�lu-

yhc.

K�ti pou ja qreiastoÔme sta epìmena eÐnai h α-tim  thc k�luyhc. Gia k�je α ≥ 0 kai

k�luyh E1, E2, . . ., onom�zoume α-tim  thc k�luyhc thn posìthta

∞∑
i=1

|Ei|α.

Orismìc 9. Gia k�je α ≥ 0 to α-Hausdorff perieqìmeno enìc E ⊂ Rd orÐzetai wc

Hα
∞(E) = inf

{
∞∑
i=1

|Ei|α : E1, E2, . . . mia k�luyh tou E

}

dhlad  h α-tim  thc pio apotelesmatik c k�luyhc. E�n 0 ≤ α ≤ β kai Hα
∞(E) = 0, tìte

Hβ
∞(E) = 0 epÐshc. MporoÔme t¸ra na orÐsoume

dimE = inf {α ≥ 0 : Hα
∞(E) = 0} = sup {α ≥ 0 : Hα

∞(E) > 0} ,

th di�stash Hausdorff tou sunìlou E.



2.2. H DI�ASTASH HAUSDORFF 33

ShmeÐwsh 11. H di�stash Hausdorff mporeÐ na gÐnei kai �peirh. EÐnai ìmwc eÔkolo

na diapist¸soume ìti uposÔnola tou Rd èqoun di�stash Hausdorff ìqi megalÔterh apì d.

Epiplèon, ja deÐxoume ìti se k�je fragmèno uposÔnolo tou Rd, h di�stash Hausdorff fr�s-

setai �nw apì thn kat¸terh di�stash Minkowski. H idèa tou α-Hausdorff perieqomènou

paÐzei shmantikì rìlo ston orismì thc di�stashc Hausdorff . En toÔtoic de qrhsimeÔei

sth di�krish twn megej¸n sunìlwn thc Ðdiac di�stashc.

O dÐskoc, h sfaÐra, kai to eujÔgrammo tm ma èqoun ìla 1-Hausdorff perieqìmeno Ðso me

èna.

Gia par�deigma, o kuklikìc dÐskoc kai h sfaÐra diamètrou 1 to k�je èna mporoÔn na

kalufjoÔn apì mia sfaÐra diamètrou 1, opìte to 1-Hausdorff perieqìmenì touc ja eÐnai

to polÔ 1. 'Ena eujÔgrammo tm ma den epitrèpei apotelesmatikìterh k�luyh, kai to 1-

Hausdorff perieqìmeno autoÔ eÐnai epÐshc 1. Gia to lìgo autì, ja qreiastoÔme thn pio

ekleptusmènh ènnoia tou mètrou Hausdorff . Ed¸ h idèa eÐnai na jewr soume kalÔyeic

apoteloÔmenec apì mikr� sÔnola.

Orismìc 10. 'Estw E ⊂ Rd. Gia k�je α ≥ 0 kai δ > 0, orÐzoume

Hα
δ (E) = inf

{
∞∑
i=1

|Ei|α : E1, E2, E3, . . . kalÔptoun to E kai |Ei| ≤ δ

}
,

dhlad  sthn k�luyh èqoume sÔnola diamètrou to polÔ δ. H Hα
δ (E) eÐnai fjÐnousa sun�r-

thsh tou δ, �ra to ìriì thc gia δ → 0 sumpÐptei me to sup gia δ > 0. Tìte

Hα(E) = sup
δ>0
Hα
δ (E) = lim

δ↓0
Hα
δ (E)

eÐnai to α-Hausdorff mètro tou sunìlou E.
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ShmeÐwsh 12. To α-Hausdorff mètro diajètei dÔo profaneÐc idiìthtec oi opoÐec mazÐ me

thn Hα(∅) = 0 to kajistoÔn exwterikì mètro. Autèc eÐnai h arijm simh upoprosjetikìth-

ta,

Hα
( ∞⋃
i=1

Ei
)
≤

∞∑
i=1

Hα(Ei) gia k�je akoloujÐa E1, E2, E3, . . . ⊂ Rd,

kai h monotonÐa

Hα(E) ≤ Hα(D), e�n E ⊂ D ⊂ Rd.

MporoÔme epÐshc na ekfr�soume th di�stash Hausdorff me th bo jeia tou mètrou Haus-

dorff.

Prìtash 3. Gia k�je E ⊂ Rd isqÔei

Hα(E) = 0⇔ Hα
∞(E) = 0,

kai kat� sunèpeia

dimE = inf{α : Hα(E) = 0} = inf{α : Hα(E) <∞}
= sup{α : Hα(E) > 0} = sup{α : Hα(E) =∞}.

Apìdeixh. Upojètoume arqik� ìti Hα
∞(E) = c > 0, k�ti pou dhl¸nei ìti Hα

δ (E) ≥ c gia

k�je δ > 0. 'Ara Hα(E) ≥ c > 0. AntÐstrofa, e�n Hα
∞(E) = 0, gia k�je δ > 0 up�rqei

k�luyh apì sÔnola E1, E2, E3, . . . me
∑∞

k=1 |Ek|α < δ. Aut� ta sÔnola èqoun di�metro

mikrìterh apì δ1/α opìte Hα
δ1/α

(E) < δ kai paÐrnontac δ ↓ 0 èqoume Hα(E) = 0, dhlad  ton

isqurismì. EÐnai epÐshc �meso to ìti dimE = inf{α : Hα(E) = 0} = sup{α : Hα(E) > 0}
Gia na epibebai¸soume tic enallaktikèc ekfr�seic arkeÐ na deÐxoume ìti e�n Hα(E) < ∞
tìte Hβ(E) = 0 gia k�je β > α. JewroÔme loipìn Hα(E) = C < ∞. Dedomènou

δ > 0, up�rqei k�luyh apì sÔnola E1, E2, E3, . . . diamètrou mikrìterh apì δ kai α-tim  ìqi

megalÔterh apì C + 1 gia thn opoÐa Hα
δ (E) ≤ C + 1. IsqÔei ìti Hβ

δ (E) ≤ δβ−αHα
δ (E) ≤

δβ−α(C + 1). Gia δ ↓ 0, èqoume Hβ(E) = 0.

ShmeÐwsh 13. Kaj¸c oi apeikonÐseic Lipschitz pollaplasi�zoun th di�metro twn sunìlwn

kat� to polÔ mia stajer�, h eikìna k�je sunìlou A ⊂ E k�tw apì mia apeikìnish Lipschitz

èqei to polÔ th di�stash Hausdorff tou A. Aut  h parat rhsh eÐnai idiaitèrwc qr simh

gia probolèc.
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Mia genÐkeush thc teleutaÐac parat rhshc prokÔptei ìtan parathroÔme thn epÐdrash

twn suneq¸n Hölder apeikonÐsewn p�nw sth di�stash Hausdorff.

Orismìc 11. JewroÔme 0 < α ≤ 1. Mia sun�rthsh f : (E1, d1) → (E2, d2) an�mesa se

dÔo metrikoÔc q¸rouc lègetai α-Hölder suneq c e�n up�rqei stajer� C > 0 tètoia ¸ste

d2(f(x), f(y)) ≤ Cd1(x, y)α gia k�je x, y ∈ E1.

H parap�nw stajer� orismènec forèc lègetai kai stajer� Hölder.

ShmeÐwsh 14. Oi suneqeÐc Hölder apeikonÐseic epitrèpoun k�poio èlegqo sto Hausdorff

mètro twn eikìnwn. Parajètoume sqetik� thn epìmenh prìtash.

Prìtash 4. 'Estw f : F → Rn, me F ⊂ Rd, α-Hölder suneq c me stajer� C. Tìte gia

k�je s ≥ 0, isqÔei

Hs/α(f(F )) ≤ Cs/αHs(F ),

kai �ra dim f(F ) ≤ (1/α) dimF .

Apìdeixh. 'Estw U1, U2, U3, . . . mia k�luyh tou sunìlou F me |Ui| ≤ δ tìte dedomènou

ìti |f(F ∩Ui)| ≤ C|F ∩Ui|α ≤ C|Ui|α èqoume ìti f(F ∩U1), f(F ∩U2), f(F ∩U3), . . . eÐnai

mia k�luyh tou sunìlou f(F ) me |f(F ∩Ui)| ≤ ε ìpou ε = Cδα. Tìte
∑

i |f(F ∩Ui)|s/α ≤
Cs/α

∑
i |Ui|s, kai kata sunèpeia Hs/α

ε (f(F )) ≤ Cs/αHs
δ(F ). Lamb�nontac δ → 0, opìte

kai ε → 0, paÐrnoume thn apodeiktèa. T¸ra jewroÔme s > dimF , �ra Hs/α(f(F )) ≤
Cs/αHs(F ) = 0 pou shmaÐnei dim f(F ) ≤ s/α gia k�je s > dimF , �ra kai gia to inf twn

s, dhlad  gia s = dimF .

2.3 'Anw fr�gmata gia th di�stash Hausdorff

Se aut  thn par�grafo ja d¸soume genik� �nw fr�gmata gia th di�stash tou graf matoc

kai thc eikìnac sunart sewn pou eÐnai Hölder suneqeÐc.

Orismìc 12. Gia mia sun�rthsh f : A → Rd, me A ⊂ [0,∞) orÐzoume wc gr�fhma to

sÔnolo

Graphf (A) := {
(
t, f(t)

)
: t ∈ A} ⊂ Rd+1,

kai wc eikìna to

Rangef (A) := f(A) = {f(t) : t ∈ A} ⊂ Rd
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Prìtash 5. 'Estw f : [0, 1]→ Rd α-Hölder suneq c sun�rthsh. Tìte

(a) dim(Graphf [0, 1]) ≤ 1 + (1− α)(d ∧ 1
α

),

(b) kai gia k�je A ⊂ [0, 1], èqoume dim
(
Rangef [0, 1]

)
≤ dimA

α
.

Apìdeixh. Efìson h f eÐnai α-Hölder suneq c, up�rqei stajer� C tètoia ¸ste, an s, t ∈
[0, 1] me |t− s| ≤ ε, tìte |f(t)− f(s)| ≤ Cεα. KalÔptoume to [0, 1] me ìqi perissìtera apì

d1/εe diast mata m kouc ε. H eikìna kajenìc apì aut� ta diast mata perièqetai se mia

sfaÐra diamètrou 2Cεα. T¸ra mporoÔme

• eÐte na kalÔyoume k�je mia apì tic sfaÐrec autèc me ìqi perissìterec apì èna stajerì

pollapl�sio tou εdα−d sfaÐrec diamètrou ε,

•   na ekmetalleutoÔme to ìti upodiast mata m kouc (ε/C)1/α sto [0, 1] apeikonÐzontai

se sfaÐrec diamètrou ε, kai kalÔptoume thn eikìna se k�je mia apì autèc tic sfaÐrec

me èna stajerì pollapl�sio tou ε1−1/α sfair¸n aktÐnac ε.

KaÐ stic dÔo peript¸seic, h k�luyh tou graf matoc apoteleÐtai apì to ginìmeno twn

diasthm�twn epÐ to pl joc twn sfair¸n thc k�luyhc pou qrhsimopoioÔntai k�je for� kai

èqoun di�metro ε. H pr¸th kataskeu  apaiteÐ stajerì pollapl�sio tou εdα−d−1, en¸ sth

deÔterh stajerì pollapl�sio tou ε1−1/α, kai ìla me di�metro t�xhc ε. Autì dÐnei to �nw

fr�gma gia to (a), en¸ to (b) prokÔptei apì thn Prìtash 2.

ShmeÐwsh 15. Apì thn idiìthta thc arijm simhc eust�jeiac thc di�stashc Hausdorff,

ta apotelèsmata thc prohgoÔmenhc prìtashc isqÔoun akìmh kai ìtan h f : [0,∞) → Rd

eÐnai mìno topik� α-Hölder suneq c.

Se autì to shmeÐo ja exet�soume tic idiìthtec thc di�stashc thc kÐnhshc Brown, kai

ja sugkentr¸soume ìla ta mèqri stigm c apotelèsmata pou èqoume suzht sei. 'Eqoume

apodeÐxei sto pr¸to kef�laio ìti h monodi�stath kÐnhsh Brown eÐnai pantoÔ topik� α-

Hölder suneq c gia k�je α < 1/2, sqedìn bèbaia. Autì epekteÐnetai kai sth d-di�stath

kÐnhsh Brown, kai k�ti tètoio mac epitrèpei na upologÐsoume �nw fr�gma gia to gr�fhma

kai gia thn eikìna thc. Gia eukolÐa, ìtan anaferìmaste sthn kÐnhsh Brown, de ja gr�foume

to deÐkth stic posìthtec Graphf (A) kai Rangef (A).
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Pìrisma 3. Gia k�je sÔnolo A ⊂ [0,∞), to gr�fhma miac d-di�stathc kÐnhshc Brown

ikanopoieÐ, sqedìn bèbaia,

dim
(
Graph(A)

)
≤

3/2 e�n d = 1

2 e�n d ≥ 2

kai h eikìna thc, sqedìn bèbaia,

dimRange(A) ≤ (2 dimA) ∧ d

.

ShmeÐwsh 16. Ta antÐstoiqa k�tw fr�gmata thc di�stashc Hausdorff gia to Graph(A)

kai to Range(A) ja suzhthjoÔn argìtera ìtan kai ja èqoume ta plèon kat�llhla ergaleÐa

sth di�jes  mac.

To teleutaÐo pìrisma den k�nei k�poio sqìlio gia to 2-Hausdorff mètro thc eikìnac, kai

autì epeid  mia tètoia d lwsh apaiteÐ perissìterh plhroforÐa ap' ìti mporeÐ na prosfèrei

h stajer� α. P�ntwc eÐnai eÔkolo na apodeiqteÐ ìti, gia d ≥ 2,

H2
(
B([0, 1])

)
<∞

sqedìn bèbaia. Pr�gmati, gia n ∈ N, kalÔptoume to B([0, 1]) me tic kleistèc sfaÐrec

B
(
B( k

n
), max

k
n
≤t≤ k+1

n

|B(t)−B( k
n
)|
)
, k ∈ {0, . . . , n− 1}.

Apì thn omoiìmorfh sunèqeia thc kÐnhshc Brown sto monadiaÐo di�sthma, h mègisth di�me-

troc twn sunìlwn thc k�luyhc sugklÐnei sto 0, kaj¸c n→∞. Epiplèon èqoume

E
[(

max
k
n
≤t≤ k+1

n

|B(t)−B( k
n
)|
)2]

= E
[(

max
0≤t≤ 1

n

|B(t)|
)2]

=
1

n
E
[(

max
0≤t≤1

|B(t)|
)2]

apì qr sh thc idiìthtac allag c klÐmakac. H anamenìmenh tim  sto teleutaÐo mèloc eÐnai

peperasmènh (apì megistik  anisìthta Doob). 'Wc ek toÔtou, h mèsh tim  thc 2-tim c thc

pio p�nw k�luyhc eÐnai fragmènh apì

4E
[ n−1∑
k=0

(
max

k
n
≤t≤ k+1

n

|B(t)−B( k
n
)|
)2 ]

= 4E
[(

max
0≤t≤1

|B(t)|
)2 ]

,

h opoÐa lìgw tou l mmatoc Fatou dÐnei

E
[
lim inf
n→∞

4
n−1∑
k=0

(
max

k
n
≤t≤ k+1

n

|B(t)−B( k
n
)|
)2 ]

<∞,

dhlad  to lim inf eÐnai peperasmèno sqedìn bèbaia, k�ti pou apodeiknÔei ìtiH2
(
B([0, 1])

)
<

∞ sqedìn bèbaia.
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2.4 H arq  Katanom c thc M�zac

Apì ton orismì thc di�stashc Hausdorff, eÐnai genik� eÔkolo na upologÐsoume èna

�nw fr�gma gia th di�stash: Apl� brÐskoume mia k�luyh tou sunìlou kai katìpin èna

�nw fr�gma gia thn α-tim  tou. 'Otan ìmwc prèpei na broÔme k�tw fr�gma, tìte eÐmaste

upoqrewmènei na upologÐsoume α-timèc p�nw se ìlec tic kalÔyeic tou sunìlou. H arq 

thc katanom c thc m�zac eÐnai ènac trìpoc gia na parak�myoume autì to prìblhma, kai

basÐzetai sthn Ôparxh enìc mh mhdenikoÔ mètrou p�nw sto sÔnolo. H basik  idèa eÐnai to

mètro autì na katanèmei jetik  kai peperasmènh m�za sto sÔnolo tou opoÐou th di�stash

jèloume na upologÐsoume. Gia to lìgo autì, èna mètro µ p�nw sta Borel sÔnola enìc

metrikoÔ q¸rou ja to onom�zoume katanom  m�zac sto E e�n

0 < µ(E) <∞.

Je¸rhma 22 (Arq  katanom c thc m�zac). Upojètoume ìti E ⊂ Rd kai α ≥ 0. E�n

up�rqei mia katanom  m�zac µ sto E kai stajerèc C > 0 kai δ > 0 tètoiec ¸ste

µ(V ) ≤ C|V |α

gia ìla ta kleist� sto E sÔnola V diamètrou |V | ≤ δ, tìte

Hα(E) ≥ µ(E)

C
> 0,

opìte dimE ≥ α.

Apìdeixh. Upojètoume ìti U1, U2, . . . eÐnai mia k�luyh tou E apì aujaÐreta epilegmèna

sÔnola me |Ui| ≤ δ. Estw Vi = U i ∩ E, kai parathroÔme ìti |Vi| ≤ |Ui|. 'Eqoume loipìn,

0 < µ(E) ≤ µ

( ∞⋃
i=1

Vi

)
≤

∞∑
i=1

µ(Vi) ≤ C

∞∑
i=1

|Ui|α.

PaÐrnontac inf p�nw se ìlec tic kalÔyeic kai δ ↓ 0, èqoume to apotèlesma.

T¸ra ja efarmìsoume aut  thn teqnik  gia na broÔme th di�stash Hausdorff tou

sunìlou twn mhdenik¸n thc monodi�stathc kÐnhshc Brown. UpenjumÐzoume ìti to sÔnolo

autì eÐnai uperarijm simo qwrÐc memonwmèna shmeÐa. Ek pr¸thc ìyewc, den eÐnai profanèc

poiì mètro ja  tan kat�llhlo gia thn efarmog  thc arq c katanom c m�zac. Ed¸ akrib¸c

mporeÐ na efarmosteÐ to je¸rhma tou Lévy pou anafèretai sth diadikasÐa megÐstou miac

monodi�stathc kÐnhshc Brown. H diadikasÐa aut  orÐsthke sto Je¸rhma 21.

Orismìc 13. 'Estw mia monodi�stath kÐnhsh Brown {B(t) : t ≥ 0}, kai h sqetizìmenh

me aut  diadikasÐa megÐstou {M(t) : t ≥ 0}. Mia qronik  stigm  t ≥ 0 lègetai record

time gia thn kÐnhsh Brown e�n M(t) = B(t) kai to sÔnolo autì sumbolÐzetai me Rec.
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ParathroÔme ìti ta record times eÐnai ta mhdenik� thc diadikasÐac {Y (t) : t ≥ 0} pou
dÐnetai apì thn

Y (t) = M(t)−B(t).

H teleutaÐa aut  diadikasÐa, me b�sh to Je¸rhma 21, eÐnai mia anakl¸menh kÐnhsh Brown,

opìte to sÔnolo twn mhdenik¸n thc kai to sÔnolo twn mhdenik¸n thc {B(t) : t ≥ 0}
èqoun thn Ðdia katanom . 'Ena mètro p�nw sto Rec dÐnetai apì th sun�rthsh katanom c

thc {M(t) : t ≥ 0}, pou mac dÐnei k�tw fr�gma sthn di�stash Hausdorff tou sunìlou Rec

mèsw thc arq c katanom c thc m�zac.

L mma 4. Sqedìn bèbaia, dim(Rec∩[0, 1]) ≥ 1/2, kai kat� sunèpeia dim(Zeros∩[0, 1]) ≥
1/2.

Apìdeixh. Efìson t 7−→M(t) eÐnai mia mh fjÐnousa kai suneq c sun�rthsh, mporoÔme na

th jewr soume wc sun�rthsh katanom c tou mètrou µ me µ(a, b] = M(b) − M(a). To

mètro autì èqei st rigma sto (kleistì) sÔnolo Rec. GnwrÐzoume ìti, me pijanìthta èna, h

B eÐnai topik� Hölder suneq c gia k�je ekjèth α < 1/2. 'Ara up�rqei mia tuqaÐa stajer�

Cα, tètoia ¸ste, sqedìn bèbaia,

M(b)−M(a) ≤ max
0≤h≤b−a

B(a+ h)−B(a) ≤ Cα(b− a)α,

gia k�je a, b ∈ [0, 1]. Apì thn arq  thc katanom c m�zac èqoume, sqedìn bèbaia,

dim(Rec ∩ [0, 1]) ≥ α.

Gia α ↑ 1
2
èqoume thn apodeiktèa.

Gia to �nw fr�gma thc di�stashc Hausdorff tou sunìlou twn mhdenik¸n (Zeros) jew-

roÔme mia k�luyh apoteloÔmenh apì diast mata. OrÐzoume th sullog  Dk twn diasthm�twn
[j 2−k, (j+1) 2−k) gia j = 0, . . . , 2k−1, kai jètoume Z(I) = 1 e�n up�rqei t ∈ I me B(t) = 0

kai Z(I) = 0 diaforetik�. Gia na upologÐsoume th di�stash tou sunìlou twn mhdenik¸n,

qreiazìmaste mia ektÐmhsh thc pijanìthtac ìti èna dedomèno di�sthma perièqei mhdenikì

thc kÐnhshc Brown.

L mma 5. Up�rqei mia apìluth stajer� C, tètoia ¸ste, gia k�je a, ε > 0,

P{ up�rqei t ∈ (a, a+ ε) me B(t) = 0} ≤ C
√

ε
a+ε

.

Apìdeixh. JewroÔme to endeqìmeno A = { |B(a+ε)| ≤
√
ε}. Apì thn idiìthta thc allag c

klÐmakac thc kÐnhshc Brown, paÐrnoume to �nw fr�gma

P(A) = P
{
|B(1)| ≤

√
ε

a+ε

}
≤ 2
√

ε
a+ε

.
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To gegonìc ìti h kÐnhsh Brown èqei mhdenikì sto di�sthma (a, a+ε) kajist� to endeqìmeno

A arket� pijanì. Pr�gmati, efarmìzontac thn isqur  idiìthta Markov ston qrìno st�shc

T = inf{t ≥ a : B(t) = 0}, èqoume

P(A) ≥ P(A ∩ {0 ∈ B[a, a+ ε]})
≥ P[T ≤ a+ ε] min

a≤t≤a+ε
P[|B(a+ ε)| ≤

√
ε |B(t) = 0 ].

To min lamb�netai sto t = a, kai efarmìzontac thn idiìthta allag c klÐmakac thc kÐnhshc

Brown, èqoume P{|B(a+ ε)| ≤
√
ε |B(a) = 0} = P{|B(1)| ≤ 1} =: c > 0. 'Ara

P{T ≤ a+ ε} ≤ 2
c

√
ε

a+ε
.

DeÐxame loipìn ìti gia k�je ε > 0 kai gia arket� meg�lo akèraio k, èqoume

E[Z(I)] ≤ c12−k/2, gia k�jeI ∈ Dk me I ⊂ (ε, 1− ε),

gia k�poia stajer� c1 > 0. Opìte to k�lumma tou sunìlou {t ∈ (ε, 1− ε) : B(t) = 0} me
ta I ∈ Dk pou èqoun I ∩ (ε, 1− ε) 6= ∅ kai Z(I) = 1 èqei anamenìmenh 1

2
-tim 

E

[ ∑
I∈Dk

I∩(ε,1−ε)6=∅

Z(I)2−k/2

]
=

∑
I∈Dk

I∩(ε,1−ε)6=∅

E[Z(I)]2−k/2 ≤ c12k2−k/22−k/2 = c1.

Telik� apì to l mma Fatou èqoume,

E
[

lim inf
k→∞

∑
I∈D

I∩(ε,1−ε)6=∅

Z(I)2−k/2
]
≤ lim inf

k→∞
E
[ ∑

I∈D
I∩(ε,1−ε)6=∅

Z(I)2−k/2
]
≤ c1.

To teleutaÐo shmaÐnei ìti to lim inf eÐnai peperasmèno sqedìn bèbaia, dhlad  up�rqei mia

oikogèneia kalÔyewn me mègisth di�metro na sugklÐnei sto 0 kai fragmènh 1
2
tim . Sqedìn

bèbaia loipìn,

H
1
2{t ∈ (ε, 1− ε) : B(t) = 0} <∞,

kai pio sugkekrimèna dim(Zeros ∩ (ε, 1 − ε)) ≤ 1
2
. Kaj¸c to ε > 0 eÐnai aujaÐreta epi-

legmèno, petuqaÐnoume to Ðdio �nw fr�gma gia olìklhro to sÔnolo twn mhdenik¸n(Zeros).

Dedomènou kai tou k�tw fr�gmatoc, èqoume to parak�tw basikì apotèlesma.

Je¸rhma 23. 'Estw {B(t) : 0 ≤ t ≤ 1} mia monodi�stath kÐnhsh Brown. Tìte, me

pijanìthta èna, èqoume

dim(Zeros ∩ [0, 1]) = dim(Rec ∩ [0, 1]) = 1
2
.
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2.5 H mèjodoc thc enèrgeiac

H mèjodoc thc enèrgeiac (energy method) eÐnai mia teqnik  upologismoÔ k�tw fr�gma-

toc gia th di�stash Hausdorff me idiaÐtero endiafèron stic efarmogèc thc p�nw se tuqaÐa

fractals. Antikajist� th sunj kh Ôparxhc m�zac gia ìla ta kleist� sÔnola sthn arq  thc

katanom c m�zac me thn Ôparxh peperasmènhc enèrgeiac. Sta akìlouja jewroÔme E ⊂ Rd

kai ρ h eukleÐdeia metrik .

Orismìc 14. 'Estw µ mia katanom  m�zac se èna E ⊂ Rd kai α ≥ 0. Tìte wc α-dunamikì

enìc shmeÐou x ∈ E wc proc to µ orÐzoume

φα(x) :=

∫
1

ρ(x, y)α
dµ(y).

Sthn eidik  perÐptwsh pou E = R3 kai α = 1, èqoume to barutikì dunamikì thc m�zac µ.

H α-enèrgeia tou µ eÐnai

Iα(µ) =

∫
φα(x)dµ(x) =

∫ ∫
1

ρ(x, y)α
dµ(x)dµ(y).

Je¸rhma 24 (Mèjodoc thc enèrgeiac). 'Estw α ≥ 0 kai µ mia katanom  m�zac

sto E ⊂ Rd. Tìte gia k�je ε > 0, èqoume

Hα
ε (E) ≥ µ(E)2∫ ∫

ρ(x,y)<ε
1

ρ(x,y)α
dµ(x)dµ(y)

.

E�n Iα(µ) <∞, tìte Hα(E) =∞, kai kat� sunèpeia dimE ≥ α.

ShmeÐwsh 17. Gia na l�boume k�tw fr�gma gia th di�stash me aut  th mèjodo, arkeÐ

èna sugkekrimèno olokl rwma na apodeiqteÐ peperasmèno. Sugkekrimèna, gia na deÐxoume

gia èna tuqaÐo sÔnolo E ìti dimE ≥ α sqedìn bèbaia, arkeÐ na deÐxoume ìti EIα(µ) < ∞
gia k�poio (tuqaÐo) mètro sto E.

Apìdeixh. 'Estw {An : n = 1, 2, . . .} kat� zeÔgh xèna sÔnola diamètrou < ε pou kalÔptoun

to E. Tìte∫ ∫
ρ(x,y)<ε

dµ(x)dµ(y)

ρ(x, y)α
≥

∞∑
n=1

∫ ∫
An×An

dµ(x)dµ(y)

ρ(x, y)α
≥

∞∑
n=1

µ(An)2

|An|α
,

kai epiplèon

µ(E) ≤
∞∑
n=1

µ(An) =
∞∑
n=1

|An|
α
2
µ(An)

|An|
α
2

.

Gia δ > 0, epilègoume mia k�luyh ìpwc parap�nw, tètoia ¸ste epiprìsjeta,

∞∑
n=1

|An|α ≤ Hα
ε (E) + δ.
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Apì thn anisìthta Cauchy-Schwarz, èqoume

µ(E)2 ≤
∞∑
n=1

|An|α
∞∑
n=1

µ(An)2

|An|α
≤
(
Hα
ε (E) + δ

)∫ ∫
ρ(x,y)<ε

dµ(x)dµ(y)

ρ(x, y)α
.

An t¸ra af soume to δ ↓ 0 kai diairèsoume ta dÔo mèlh me to olokl rwma, èqoume thn

anisìthta tou jewr matoc.

T¸ra h Iα(µ) <∞ dÐnei ìti
(
µ× µ

)(
∆
)

= 0 ìpou ∆ = {(x, x) : x ∈ E} eÐnai h diag¸nioc

tou E × E. 'Ara qrhsimopoi¸ntac to Je¸rhma kuriarqhmènhc sÔgklishc, me kuriarqoÔsa

sun�rthsh thn 1
ρ(x,y)α

, brÐskoume ìti to ìrio tou oloklhr¸matoc kaj¸c ε ↓ 0 isoÔtai me

∞ · µ(∆) = 0, opìte to Hα
ε (E) apoklÐnei sto �peiro.

T¸ra ja efarmìsoume th mèjodo thc enèrgeiac gia na epilÔsoume probl mata pou èqoun

meÐnei anoikt� apì to prohgoÔmeno kef�laio ìpwc ta kat¸tera fr�gmata gia th di�stash

Hausdorff tou graf matoc kai thc troqi�c thc kÐnhshc Brown.

Je¸rhma 25 (Taylor 1953). 'Estw {B(t) : 0 ≤ t ≤ 1} mia d-di�stath kÐnhsh Brown.

(a) E�n d = 1, tìte dimGraph[0, 1] = 3/2 sqedìn bèbaia.

(b) E�n d ≥ 2, tìte dimRange[0, 1] = dimGraph[0, 1] = 2 sqedìn bèbaia.

Apìdeixh.

(b) 'Ena fusikì mètro sto Range[0,1] eÐnai to mètro kat�lhyhc µ, pou orÐzetai wc µ(A) =

L(B−1(A) ∩ [0, 1]), p�nw se ìla ta Borel sÔnola A ⊂ Rd,   isodÔnama∫
Rd
f(x)dµ(x) =

∫ 1

0

f(B(t))dt (2.1)

gia ìlec tic fragmènec metr simec sunart seic f . Jèloume na deÐxoume ìti gia 0 < α < 2,

E
∫ ∫

dµ(x)dµ(y)

|x− y|α
= E

∫ 1

0

∫ 1

0

dsdt

|B(t)−B(s)|α
<∞.

H pr¸th isìthta prokÔptei apì thn (5). Ja upologÐsoume arqik� thn parak�tw anamenì-

menh tim 

E|B(t)−B(s)|−α = E[(|t− s|1/2|B(1)|−α)] = |t− s|−α/2
∫
Rd

cd
|z|α

e−|z|
2/2dz.

To teleutaÐo olokl rwma upologÐzetai me polikèc suntetagmènec∫
Rd

cd
|z|α

e−|z|
2/2dz =

∫ ∞
0

∫
∂B(0,r)

1

|z|
e−
|z|2
2 dS(x)dr =

∫ ∞
0

∫
∂B(0,r)

1

r
e−

r2

2 dS(z)dr
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=

∫ ∞
0

1

r
e−

r2

2 crd−1dr = c

∫ ∞
0

rd−2e−
r2

2 <∞.

Telik�

EIα(µ) = c

∫ 1

0

∫ 1

0

dsdt

|t− s|α/2
≤ 2c

∫ 1

0

du

uα/2
<∞.

Kat� sunèpeia Iα(µ) <∞, opìte dim Range[0, 1] > α sqedìn bèbaia. To k�tw fr�gma

epitugq�netai af nontac α ↑ 2. 'Eqoume epÐshc k�tw fr�gma gia th di�stash tou gra-

f matoc: Kaj¸c to gr�fhma miac sun�rthshc mporeÐ na problhjeÐ sto monop�ti thc, h

di�stash tou graf matoc eÐnai toul�qiston h di�stash tou monopatioÔ apì th ShmeÐwsh

14. Epomènwc dim Graph[0, 1] ≥ 2.

(a) Ja efarmìsoume kai p�li th mèjodo thc enèrgeiac. GnwrÐzoume  dh pwc dim Graph[0, 1] ≤
3/2. 'Estw α < 3/2 kai èna mètro µ p�nw sto gr�fhma, pou orÐzetai me ton ex c trìpo

µ(A) = L1 ({0 ≤ t ≤ 1 : (t, B(t)) ∈ A}) gia A ⊂ [0, 1]× R Borel.

Me allag  metablht¸n h α-enèrgeia tou µ mporeÐ na grafeÐ wc∫ ∫
dµ(x)dµ(y)

|x− y|α
=

∫ 1

0

∫ 1

0

dsdt

(|t− s|2 + |B(t)−B(s)|2)α/2
.

Fr�ssontac thn oloklhrwtèa posìthta, paÐrnontac mèsh tim , kai efarmìzontac to je¸-

rhma Fubini, èqoume

EIα(µ) ≤ 2

∫ 1

0

E
(
(t2 +B(t)2)−α/2

)
dt.

'Estw ℘(z) =
√

2π
−1

exp(−z2/2) h puknìthta thc tupik c kanonik c. Basizìmenoi sthn

allag  klÐmakac, h parap�nw anamenìmenh tim  mporeÐ na grafeÐ

2

∫ +∞

0

(t2 + tz2)−α/2℘(z)dz.

QwrÐzoume to olokl rwma se dÔo mèrh sto
√
t, kai katìpin, to fr�ssoume apì∫ √t

0

(t2)−α/2dz +

∫ ∞
√
t

(tz2)−α/2℘(z)dz = t
1
2
−α + t−α/2

∫ ∞
√
t

z−α℘(z)dz.

QwrÐzoume epiplèon to teleutaÐo olokl rwma sto 1, kai èqoume∫ ∞
√
t

z−α℘(z)dz ≤ 1 +

∫ 1

√
t

z−αdz,

ìpou h posìthta sto dexÐ mèloc eÐnai thc t�xhc t(1−α)/2. Me b�sh autèc tic parathr seic

sumperaÐnoume ìti, gia α < 3/2, h anamenìmenh enèrgeia eÐnai peperasmènh. O isqurismìc

eÐnai �meso apotèlesma thc mejìdou thc enèrgeiac.
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2.6 To l mma tou Frostman kai h qwrhtikìthta

Se aut  thn par�grafo ja diatup¸soume to antÐstrofo thc arq c katanom c thc m�-

zac. 'Eqontac dhlad  èna k�tw fr�gma thc di�stashc Hausdorff, ja kataskeu�soume mia

katanom  m�zac gia èna sÔnolo. K�ti tètoio eÐnai qr simo ìtan, gia par�deigma, jèloume

na susqetÐsoume th di�stash Hausdorff enìc sunìlou kai thc eikìnac tou k�tw apì k�poio

metasqhmatismì.

Je¸rhma 26 (L mma tou Frostman). E�n A ⊂ Rd kleistì, tètoio ¸ste Hα(A) > 0, tìte

up�rqei èna Borel mètro pijanìthtac µ me st rigma sto A kai stajer� C > 0, tètoia ¸ste

µ(D) ≤ C|D|α gia ìla ta Borel sÔnola D ⊂ Rd.

Apìdeixh. Upojètoume ìti A ⊂ [0, 1]d. K�je sumpag c kÔboc tou Rdpleur�c m kouc s

mporeÐ na qwristeÐ se 2d mh epikaluptìmenouc sumpageÐc kÔbouc me pleur� m kouc s/2.

Kataskeu�zoume èna dèntro th rÐza tou opoÐou th susqetÐzoume me ton kÔbo [0, 1]d. K�je

kìmboc tou dèntrou diajètei 2d akmèc pou phg�zoun apì autìn, kajènac ek twn opoÐwn

odhgeÐ se 2d upokÔbouc pou èqoun m koc pleur�c to misì tou arqikoÔ. Katìpin diagr�-

foume tic akmèc pou katal goun se kìmbouc pou sqetÐzontai me upokÔbouc oi opoÐoi den

tèmnoun to A. Me ton trìpo autì kataskeu�zoume èna dèntro T = (V,E). Se autì to

dèntro, aktÐna onom�zoume k�je �peiro monop�ti pou den tèmnei ton eautì tou kai xekin�ei

apì th rÐza. To sÔnolo twn monopati¸n to sumbolÐzoume me ∂T . EpÐshc, sÔnolo tom c

lème k�je uposÔnolo akm¸n pou perièqei toul�qiston mia akm  apì k�je aktÐna tou T .

Profan¸c oi aktÐnec tou T antistoiqoÔn se akoloujÐec sumpag¸n kÔbwn oi di�metroi twn

opoÐwn sugklÐnoun sto mhdèn.

Ta pr¸ta dÔo st�dia thc kataskeu c tou dèntrou pou sqetÐzetai me to sÔnolo

A ⊂ [0, 1]2. Oi diakekommènec akmèc tou dèntrou èqoun diagrafeÐ.



2.6. TO L�HMMA TOU FROSTMAN KAI H QWRHTIK�OTHTA 45

Up�rqei mia apeikìnish Φ : ∂T → A , h opoÐa apeikonÐzei akoloujÐec kÔbwn me di�metro

pou sugklÐnei sto mhdèn, sthn tom  touc. Shmei¸noume ed¸ ìti an x ∈ A, tìte up�rqei

èna �peiro monop�ti pou phg�zei apì th rÐza, ìloi oi kìmboi tou opoÐou sqetÐzontai me

kÔbouc pou perièqoun to x, kai �ra tèmnoun to A. Epomènwc h Φ eÐnai epÐ. Gia k�je

akm  e sto epÐpedo n, orÐzoume th qwrhtikìtht� thc wc C(e) = (d
1
2 2−n)α. K�je sÔnolo

tom c tou dèntrou orÐzei mia k�luyh tou A, pou apoteleÐtai apì ekeÐnouc touc kÔbouc pou

proèrqontai apì touc arqikoÔc kìmbouc twn akm¸n tou sunìlou tom c. Gia na deÐxoume

ìti h sugkekrimènh sullog  kÔbwn apoteleÐ pr�gmati k�luyh tou A, jewroÔme mia aktÐna

ξ. Kaj¸c to Π eÐnai sÔnolo tom c, perièqei mia apì tic akmèc thc aktÐnac aut c, kai o

kÔboc pou sqetÐzetai me ton arqikì kìmbo aut c thc akm c perièqei to shmeÐo Φ(ξ). 'Ara

pr�gmati kalÔptoume olìklhro to sÔnolo Φ(∂T ) = A. Autì shmaÐnei ìti

inf

{∑
e∈Π

C(e) : Π sÔnolo tom c

}
≥ inf

{∑
j

|Aj|α : A ⊂
⋃
j

Aj

}
,

kai kaj¸c Hα
∞(A) > 0, to deÔtero mèloc thc anisìthtac eÐnai jetikì. Apì to je¸rhma

mègisthc ro c - el�qisthc tom c, up�rqei jetik  ro  θ : E → [0,∞) tètoia ¸ste θ(E) ≤
C(e) gia k�je akm  e ∈ E. T¸ra ja orÐsoume èna kat�llhlo mètro sto q¸ro twn �peirwn

monopati¸n. Dedomènhc miac akm c e ∈ E jewroÔme to sÔnolo twn aktÐnwn T (e) ⊂ ∂T

pou perièqoun thn akm  e. OrÐzoume

ν̃(T (e)) = θ(e).

MporoÔme na elègxoume ìti h sullog  C(∂T ) uposunìlwn T (u) ⊂ ∂T gia k�je u ∈ E

eÐnai mia hmi-�lgebra ston ∂T . Autì shmaÐnei ìti an A,B ∈ C(∂T ), tìte A ∩ B ∈ C(∂T ),

kai ìti to Ac ekfr�zetai wc peperasmènh xènh ènwsh sunìlwn thc C(∂T ). Epeid  h ro  se

k�je kìmbo diathreÐtai, to ν̃ eÐnai arijm sima prosjetikì. Qrhsimopoi¸ntac èna kat�llhlo

je¸rhma epèktashc mètrou mporoÔme na epekteÐnoume to ν̃ se èna mètro ν p�nw sth σ-

�lgebra pou par�getai apì thn C(∂T ). T¸ra orÐzoume èna Borel mètro µ = ν ◦Φ−1 sto A

to opoÐo ikanopoieÐ µ(C) = θ(e), ìpou C eÐnai o kÔboc pou sqetÐzetai me ton arqikì kìmbo

thc akm c e. Upojètoume t¸ra ìti to D eÐnai Borel uposÔnolo tou Rd, kai n o akèraioc

ekeÐnoc gia ton opoÐo 2−n < |D ∩ [0, 1]d| ≤ 2−(n−1). Tìte to D ∩ [0, 1]d mporeÐ na kalufjeÐ

apì 3d kÔbouc thc parap�nw kataskeu c, pleur�c m kouc 2−n   diamètrou d
1
2 2−n. Lìgw

autoÔ tou fr�gmatoc, èqoume

µ(D) ≤ d
α
2 3d2−nα ≤ d

α
2 3d|D|α,

opìte èqoume èna peperasmèno mètro µ pou ikanopoieÐ tic apait seic tou l mmatoc.

Kanonikopoi¸ntac to µ, èqoume mètro pijanìthtac.
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Orismìc 15. OrÐzoume thn α-qwrhtikìthta tou Riesz,   apl� thn α-qwrhtikìthta enìc

sunìlou E ⊂ Rd wc

Capα(E) := sup
{
Iα(µ)−1 : ìpou µ mia katanom  m�zac sto E ¸ste µ(E) = 1

}
.

Sthn eidik  perÐptwsh tou EukleÐdeiou q¸rou E = Rd me d ≥ 3 kai α = d − 2, h

α-qwrhtikìthta tou Riesz eÐnai gnwst  wc qwrhtikìthta Newton.

To Je¸rhma 7 dhl¸nei ìti èna sÔnolo me jetik  α-qwrhtikìthta èqei di�stash toul�-

qiston α. T¸ra ja deÐxoume ìti, k�tw apì aut  th diatÔpwsh, h sugkekrimènh mèjodoc

leitourgeÐ me akrÐbeia. H apìdeix  mac ja basisteÐ sto l mma tou Frostman, kai �ra sta

kleist� uposÔnola tou EukleÐdeiou q¸rou.

Je¸rhma 27. Gia k�je kleistì sÔnolo A ⊂ Rd,

dimA = sup{α : Capα(A) > 0}.

Apìdeixh. Gia ta α gia ta opoÐa Capα(A) > 0 èqoume ìti dimA ≥ α. 'Ara dimA ≥ sup{α :

Capα(A) > 0}. Autì pou apomènei eÐnai na deÐxoume thn antÐstrofh anisìthta, dhlad  ìti

dimA ≤ sup{α : Capα(A) > 0}, opìte arkeÐ na deÐxoume pwc an dimA > α, tìte up�rqei

Borel mètro pijanìthtac µ sto A tètoio ¸ste

Iα(µ) =

∫
Rd

∫
Rd

dµ(x)dµ(y)

|x− y|α
<∞.

Apì upìjesh, gia arket� mikrì β > α, èqoume Hβ(A) > 0. Apì to l mma tou Fro-

stman, up�rqei mh mhdenikì Borel mètro pijanìthtac µ sto A kai stajer� C ètsi ¸ste

µ(D) ≤ C|D|β gia ìla ta Borel sÔnola D. PeriorÐzontac to µ, an eÐnai aparaÐthto, se èna

mikrìtero sÔnolo, mporoÔme na petÔqoume to st rigma tou µ na èqei di�metro mikrìterh tou

1. StajeropoioÔme k�poio x ∈ A, kai gia k ≥ 1 jètoume Sk(x) = { y : 1
2k
< |x−y| ≤ 1

2k−1}.
Efìson to µ den èqei �toma (dhlad  shmeÐa z ∈ A me µ({z}) > 0) èqoume∫

Rd

dµ(y)

|x− y|α
=
∞∑
k=1

∫
Sk(x)

dµy

|x− y|α
≤

∞∑
k=1

µ(Sk(x))2kα,

ìpou h isìthta prokÔptei apì to je¸rhma monìtonhc sÔgklishc kai h anisìthta apì ton

orismì twn Sk. EpÐshc

∞∑
k=1

µ(Sk(x))2kα ≤ C

∞∑
k=1

|22−k|β2kα = C ′
∞∑
k=1

2k(α−β)

ìpou C ′ = 22βC. Epeid  β > α, èqoume



2.6. TO L�HMMA TOU FROSTMAN KAI H QWRHTIK�OTHTA 47

Iα(µ) ≤ C ′
∞∑
k=1

2k(α−β) <∞,

opìte èqoume to je¸rhma.

Sto Pìrisma 3 eÐdame ìti h eikìna enìc sunìlou A ⊂ [0,∞) k�tw apì thn kÐnhsh

Brown èqei to polÔ th dipl�sia di�stash Hausdorff apì ekeÐnh tou A. To apotèlesma tou

McKean pou akoloujeÐ apodeiknÔei ìti, gia d ≥ 2, aut  h anisìthta isqÔei wc isìthta.

Sthn perÐptwsh d = 1, h isìthta isqÔei gia ekeÐna ta A me dimA ≤ 1/2.

Je¸rhma 28 (McKean 1955). 'Estw A ⊂ [0,∞) kleistì kai {B(t) : t ≥ 0} mia

d−di�stath kÐnhsh Brown. Tìte, sqedìn bèbaia,

dimB(A) =
(
2 dimA

)
∧ d.

Apìdeixh. Apì to Pìrisma 3 èqoume dimRange(A) ≤
(
2 dimA

)
∧ d. Gia to k�tw fr�gma,

jewroÔme α < dimA∧ (d/2). Apì to Je¸rhma 10, up�rqei Borel mètro pijanìthtac µ sto

A tètoio ¸ste Iα(µ) <∞. SumbolÐzoume me µ̃ to mètro ston Rd pou orÐzetai wc

µ̃(D) = µ({t ≥ 0 : B(t) ∈ D})

gia ìla ta Borel sÔnola D ⊂ Rd. Tìte

E{I2α(µ̃)} = E
{∫ ∫

dµ̃(x)dµ̃

|x− y|2α

}
= E

{∫ ∞
0

∫ ∞
0

dµ(t)dµ(s)

|B(t)−B(s)|2α

}
,

me th deÔterh isìthta na prokÔptei me allag  metablht¸n. ParathroÔme ìti o paronoma-

st c sto deÔtero mèloc èqei thn katanom  thc |t− s|α|Z|2α, ìpou Z mia d-di�stath tupik 

kanonik  tuqaÐa metablht . Efìson 2α < d, èqoume

E[|Z|−2α] =
1

(2π)d/2

∫
Rd
|y|−2αe−|y|

2/2dy <∞.

Apì je¸rhma Fubini,

E[I2α(µ̃)] =

∫ ∞
0

∫ ∞
0

E[|Z|−2α]
dµ(t)dµ(s)

|t− s|α
≤ E[|Z|−2α]Iα(µ) <∞.

Gia to lìgo autì E[I2α(µ̃)] < ∞ , �ra I2α(µ̃) < ∞ sqedìn bèbaia. Epiplèon to µ̃

èqei st rigma to B(A) epeid  to µ èqei st rigma to A. Apì th mèjodo thc enèrgeiac,

èqoume ìti dimB(A) ≥ 2α sqedìn bèbaia. Af nontac to α ↑ dim(A) ∧ d/2, blèpoume ìti
dim

(
B(A)

)
≥
(
2 dim(A)

)
∧ d sqedìn bèbaia.



BibliografÐa

[1] Peter Mörters,Yuval Peres Brownian Motion

[2] Kenneth Falconer, Fractal Geometry, second edition 2003

[3] Nikìlaoc D. Papad�toc, JewrÐa Pijanot twn, Aj na 2006

[4] Le¸nh Euaggel�tou-D�lla, STOIQEIA FRACTAL GEWMETRIAS, 2000

[5] A. N. Giannakìpouloc Stoqastik  An�lush kai Efarmogèc sth Qrhmatooikonomik ,

Febrou�rioc 2003

48


