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EUQARISTIES

H paroÔsa diplwmatik  ergasÐa ekpon jhke sta plaÐsia apìkthshc tou meta-

ptuqiakoÔ mou tÐtlou eidÐkeushc kai to perieqìmeno thc basÐzetai sth melèth twn

q¸rwn Banach, q¸roi pou sunant¸ntai tìso sth Sunarthsiak  kai Pragmatik 

An�lush ìso kai genikìtera, sth JewrÐa Telest¸n. IdiaÐtera shmantik   tan

h sumbol  tou Epiblèpontoc k. Sofokl  Merkour�kh, Kajhght  sto Tm ma

Majhmatik¸n thc Sqol c Jetik¸n Episthm¸n tou EjnikoÔ kai KapodistriakoÔ

PanepisthmÐou Ajhn¸n. H kajod ghs  tou sunèbale kajoristik� sthn artiìterh

parousÐash kai epituq  olokl rwsh thc ergasÐac aut c kai gi� autìn to lìgo

ton euqarist¸ jerm�.

Ekfr�zw tic euqaristÐec mou kai proc touc Kajhghtèc tou tm matoc Majh-

matik¸n th sqol c Jetik¸n Episthm¸n, k. Ge¸rgio Koumoull  kai k. Ajan�sio

Tsarpali�, gia th summetoq  touc sthn trimel  sumbouleutik  epitrop .

EutÔqioc Glakous�khc.
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Prìlogoc

To antikeÐmeno aut c thc ergasÐac eÐnai h Ôparxh diaqwrismènwn akolouji¸n kai

spreading models me kat�llhlec idiìthtec se apeirodi�statouc q¸rouc Banach.

Mia akoloujÐa (xn) se ènan q¸ro Banach X lègetai δ-diaqwrismènh (δ > 0)

an ‖xn − xm‖ ≥ δ gia k�je n,m ∈ N me n 6= m. EÐnai eÔkolo na apodeÐxoume

(sunèpeia tou gnwstoÔ L mmatoc Riesz) oti an X eÐnai apeirodi�statoc q¸roc

Banach, tìte up�rqei mia akoloujÐa (xn) ⊆ X, h opoÐa eÐnai kanonikopoihmènh

(‖xn‖ = 1, n ∈ N) kai 1-diaqwrismènh.
Sta dÔo pr¸ta kef�laia thc ergasÐac exet�zoume kat� pìso autì to apotè-

lesma eÐnai dunatìn na isquropoihjeÐ. Sto trÐto kef�laio exet�zoume èna apotè-

lesma tou Rosenthal, to opoÐo èqei na k�nei me thn Ôparxh unconditional spread-

ing models. Ta apodeiktik� ergaleÐa gia thn apìdeixh twn parap�nw apote-

lesm�twn proèrqontai apì th JewrÐa Ramsey. Me perissìterh akrÐbeia prìkeitai

gia to klasikì Je¸rhma Ramsey, kaj¸c kai thn epèktash tou se kat�llhlec

diamerÐseic tou sunìlou [N]ω (: to sÔnolo twn apeÐrwn uposunìlwn tou N) pou
eÐnai to Je¸rhma Galvin-Prikry.

'Etsi sto pr¸to kef�laio thc ergasÐac apodeiknÔoume to Je¸rhma tou Kottman

(Je¸rhma 1.1.5): K�je apeirodi�statoc q¸roc Banach perièqei mia kanonikopoih-

mènh akoloujÐa (xn) ¸ste ‖xn − xm‖ > 1 gia k�je n,m ∈ N me n 6= m. Gia to

je¸rhma autì parajètoume treic apodeÐxeic, h plèon endiafèrousa twn opoÐwn

eÐnai h arqik  apìdeixh tou Kottman h opoÐa qrhsimopoieÐ to Je¸rhma Ram-

sey kaj¸c kai thn Ôparxh enìc sust matoc Auerbach ston X. To er¸thma pou

prokÔptei fusiologik� met� to Je¸rhma tou Kottman (apodeÐqjhke sta mèsa

thc dekaetÐac tou 70) eÐnai an k�je apeirodi�statoc q¸roc perièqei mia 1 + ε-

diaqwrismènh kai kanonikopoihmènh akoloujÐa. To er¸thma autì apodeÐqjhke

(stic arqèc thc dekaetÐac tou 80) apì touc Elton kai Odell (Je¸rhma 2.2.2)

1



me ousiastik  qr sh tou Jewr matoc Galvin-Prikry kai th bo jeia thc jewrÐac

twn Schauder b�sewn. Mia aisjht� aploÔsterh apìdeixh tou Jewr matoc Elton-

Odell sthn eidik  perÐptwsh pou o q¸roc X den eÐnai autopaj c, dìjhke (eÐkosi

qrìnia argìtera) apì touc Kryczka kai Prus me qr sh thc jewrÐac twn spread-

ing models. To apotèlesma autì (Je¸rhma 1.2.8) apodeiknÔetai sth deÔterh

par�grafo tou kefalaÐou 1.

Prin suzht soume to kÔrio apotèlesma tou kefalaÐou 3 kai gia na gÐnei

kalÔtera katanohtì to perieqìmeno tou ja poÔme lÐga lìgia gia thn ènnoia tou

spreading model, h opoÐa èqei kentrik  jèsh sth sÔgqronh jewrÐa twn q¸rwn

Banach. Mia akoloujÐa se èna q¸ro Banach X lègetai oti eÐnai spreading an

gia k�je akoloujÐa jetik¸n akeraÐwn k1 < . . . < kn kai k�je akoloujÐa prag-

matik¸n a1, . . . , an isqÔei oti: ‖
∑n

j=1 ajxj‖ = ‖
∑n

j=1 ajxkj‖. Me thn bo jeia

tou klasikoÔ Jewr matoc Ramsey, oi Brunel kai Sucheston [2] apèdeixan to

akìloujo apotèlesma (Je¸rhma 0.2.21). 'Estw X ènac q¸roc Banach kai (xn)

mia fragmènh akoloujÐa ston X h opoÐa den èqei norm sugklÐnousa upakolou-

jÐa. Tìte up�rqoun mia upakoloujÐa (yn) thc (xn), ènac q¸roc Banach Y kai

mia akoloujÐa (en) ston Y h opoÐa eÐnai spreading kai par�gei ton Y ¸ste gia

k�je k ∈ N kai a1, . . . , ak ∈ R na isqÔei

k∑
i=1

aiei = lim
n1<...<nk
n1→∞

‖
k∑
i=1

aiyni
‖

O q¸roc Y onom�zetai èna spreading model tou q¸rou X. Peraitèrw den eÐnai

dÔskolo na apodeiqjeÐ oti mporoÔme na epitÔqoume èna spreading model Y gia ton

q¸ro X ¸ste h akoloujÐa (en) na eÐnai unconditional b�sh tou Y me suppression

stajer� ks = 1 (Prbl [1] sel. 279 kaj¸c kai Je¸rhma 3.2.2). To kÔrio apotè-

lesma tou kefalaÐou 3, to opoÐo ìpwc proanafèrame ofeÐletai ston Rosenthal,

eÐnai oti mporoÔme na epitÔqoume èna spreading model Y gia ton q¸ro X ¸ste

h akoloujÐa (en) na eÐnai 1-unconditional b�sh tou Y , dhlad  me unconditional

stajer� ku = 1 (Je¸rhma 3.2.25). Epiplèon san sunèpeia tou Jewr matoc tou

Rosenthal paÐrnoume oti k�je apeirodi�statoc q¸roc Banach perièqei peperas-

mènec sqedìn 1-unconditional basikèc akoloujÐec osod pote meg�lou m kouc

(Je¸rhma 3.2.26). H apìdeixh tou Rosenthal qrhsimopoieÐ trÐa basik� ergaleÐ-

a: to klasikì {antipodikì Je¸rhma twn Borsuk kai Ulam thc topologÐac, thn

ènnoia tou {tÔpou} twn Kririne kai Maurey kaj¸c kai mia kat�llhlh gia touc
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skopoÔc mac morf  tou Jewr matoc Ramsey (Je¸rhma 3.2.3).
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Kef�laio 0

Prokatarktik�

Sto kef�laio autì ja parousi�soume merikèc basikèc ènnoiec apì th Sundu-

astik  kai th Sunarthsiak  An�lush. Gia ta apotelèsmata pou ja anaferjoÔn

parapèmpoume sta [1], [3] [4], [7] kai [11].

0.1 Sunduastik 

AnoÐgoume thn par�grafo aut  me merikoÔc qr simouc sumbolismoÔc. Gia A ⊆ N
me |A| sumbolÐzoume ton plhj�rijmo tou sunìlou A. EpÐshc jètoume |N| = ω.

'Etsi an A eÐnai èna peperasmèno uposÔnolo tou N me n stoiqeÐa èqoume oti

|A| = n, en¸ an to A eÐnai �peiro uposÔnolo tou N, tìte |A| = ω. 'Estw

M èna �peiro uposÔnolo tou N. Gia r ∈ N me [M ]r sumbolÐzoume to sÔnolo

twn uposunìlwn tou M pou èqoun plhj�rijmo r. Me [M ]<ω ja sumbolÐzoume

to sÔnolo twn peperasmènwn uposunìlwn tou M , en¸ me [M ]ω to sÔnolo twn

apeÐrwn uposunìlwn tou M .

An A kai B eÐnai uposÔnola tou N, tìte lème oti to A eÐnai arqikì tm ma

tou B kai gr�foume A v B, an eÐte A = B   up�rqei n ∈ B ¸ste A =

{m ∈ B : m < n}.
'Estw t¸ra A ∈ [N]<ω kai M ∈ [N]ω me (A,M)ω sumbolÐzoume to sÔnolo

ìlwn twn apeÐrwn uposunìlwn tou A
⋃
M gia ta opoÐa isqÔei oti to A eÐnai

arqikì touc tm ma, dhlad  (A,M)ω = {L ∈ [N]ω : A v L kai L \ A ⊆M}.
Se oti akolouj sei ìtan lème oti to sÔnoloM eÐnai èna diag¸nio sÔnolo

miac fjÐnousac akoloujÐac (Mi) apeÐrwn uposunìlwn tou N ja ennooÔme
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oti to sÔnolo M eÐnai thc morf c M = {mi : i ∈ N}, ìpou mi ∈ Mi kai mi <

mi+1 gia k�je i ∈ N.

Je¸rhma 0.1.1. (Je¸rhma Ramsey) 'Estw r, k ≥ 1 kai mia sun�rthsh f :

[N]r → {1, . . . , k}, tìte up�rqei M ∈ [N]ω ¸ste h f periorismènh sto [M ]r na

eÐnai stajer .

Sto kef�laio 4 ja d¸soume mia apìdeixh tou prohgoÔmenou Jewr matoc.

Orismìc 0.1.2. 'Estw Y èna uposÔnolo tou [N]ω.

(i) To Y lègetai Ramsey an up�rqei M ∈ [N]ω ¸ste eÐte [M ]ω ⊆ Y   [M ]ω ⊆
Y c = [N]ω \ Y .

(ii) To Y lègetai pl rwc Ramsey (completely Ramsey) an gia k�je A ∈
[N]<ω kai M ∈ [N]ω up�rqei L ∈ [M ]ω ¸ste eÐte (A,L)ω ⊆ Y   (A,L)ω ⊆
Y c.

Parat rhsh 0.1.1. An Y eÐnai èna pl rwc Ramsey uposÔnolo tou [N]ω, tìte to

Y eÐnai Ramsey uposÔnolo tou [N]ω. Pr�gmati, afoÔ to Y eÐnai pl rwc Ramsey

gia A = ∅ kai M = N èpetai oti up�rqei L ∈ [N]ω ¸ste eÐte [L]ω = (∅, L)ω ⊆ Y

  [L]ω ⊆ Y c.

EÐnai gnwstì oti to dunamosÔnolo P(N) tou N mporeÐ na tautisteÐ me to

sÔnolo Cantor ∆ = {0, 1}N mèsw thc apeikìnishc

P(N) 3 A→ χA ∈ ∆,

ìpou

χA(n) =


1, n ∈ A

(qarakthristik  sun�rthsh tou A)

0, n /∈ A.

Epeid  to sÔnolo Cantor ∆ me thn topologÐa thc sÔgklishc kat� shmeÐo (karte-

sian  topologÐa1) eÐnai sumpag c metrikìc q¸roc, to P(N) mporeÐ kai autì na

jewrhjeÐ wc sumpag c metrikìc q¸roc mèsw thc parap�nw taÔtishc. Shmei¸noume

1∆ =
∏∞

n=1 Tn, όπου Tn = {0, 1}, το Tn έχει τη διακριτή τοπολογία και το ∆ την καρτεσιανή

τοπολογία.
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oti tìte to [N]ω eÐnai èna Gδ uposÔnolo tou P(N) kai �ra pl rwc metrikopoi -

simoc diaqwrÐsimoc topologikìc q¸roc. EÐnai eÔkolo na doÔme oti an M ∈ [N]ω,

tìte h oikogèneia uposunìlwn tou [N]ω, BM = {(A,N)ω : A ∈ [M ]<ω} eÐnai mia
b�sh perioq¸n tou M ston [N]ω apì basik� anoikt�.

ApodeiknÔetai to akìloujo shmantikì apotèlesma twn Galvin kai Prikry, to

opoÐo genikeÔei to klasikì je¸rhma tou Ramsey kai to opoÐo diatup¸noume ed¸

se asjenèsterh morf .

Je¸rhma 0.1.3. (Galvin-Prikry) An Y eÐnai èna Borel uposÔnolo tou [N]ω,

tìte to Y eÐnai pl rwc Ramsey. IdiaÐtera, to Y eÐnai Ramsey.

0.2 StoiqeÐa Sunarthsiak c An�lushc

Sthn ergasÐa aut  ìtan anaferìmaste se èna q¸ro me nìrma X ja ennooÔme oti

o X eÐnai ènac apeirodi�statoc dianusmatikìc q¸roc orismènoc epÐ tou s¸matoc

twn pragmatik¸n arijm¸n. Gia èna q¸ro me nìrma X ja sumbolÐzoume ta sÔnola

{x ∈ X : ‖x‖ ≤ 1} kai {x ∈ X : ‖x‖ = 1} me BX kai SX , antÐstoiqa. An t¸ra

(xn) eÐnai mia peperasmènh   �peirh akoloujÐa se ènan q¸ro me nìrma X, tìte o

kleistìc grammikìc upìqwroc tou X pou par�gei h (xn) sumbolÐzetai me [xn]kn=1,

an h akoloujÐa (xn) eÐnai peperasmènh m kouc k kai me [xn], an h akoloujÐa (xn)

eÐnai �peirh. EpÐshc, ìtan lème oti ènac q¸roc Banach X perièqei ènan q¸ro

Banach Y ja ennooÔme oti o X perièqei mia isomorfik  eikìna tou Y .

Mia akoloujÐa (xn) se ènan q¸ro me nìrmaX ja lègetai kanonikopoihmènh

an ‖xn‖ = 1 gia k�je n ∈ N kai hmikanonikopoihmènh an up�rqoun M,m >

0 ¸ste m ≤ ‖xn‖ ≤M gia k�je n ∈ N.
Tèloc, suqn  anafor� ja gÐnetai stouc klasikoÔc q¸rouc Banach c0 kai

lp, 1 ≤ p < ∞, kaj¸c kai ston q¸ro c00. O c0 orÐzetai na eÐnai o dianu-

smatikìc q¸roc {(xn) ⊆ R : limn xn = 0} efodiasmènoc me th nìrma ‖·‖∞, ìpou
‖(xn)‖∞ = maxn |xn|, en¸ gia 1 ≤ p <∞ o q¸roc lp eÐnai o dianusmatikìc q¸roc

{(xn) ⊆ R :
∑∞

n=1 |xn|
p <∞} efodiasmènoc me th nìrma ‖·‖p, ìpou ‖(xn)‖p =

(
∑∞

n=1 |xn|
p)

1
p . Tèloc o q¸roc c00 orÐzetai na eÐnai o dianusmatikìc q¸roc

twn telik� mhdenik¸n akolouji¸n pragmatik¸n arijm¸n. H sun jhc   kano-

nik  b�sh twn parap�nw q¸rwn orÐzetai na eÐnai h akoloujÐa (en), ìpou en =
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(0, . . . , 0, 1︸︷︷︸
n

, 0, . . .) gia k�je n ≥ 1.

Ta apotelèsmata sta opoÐa ja anaferjoÔme sthn par�grafo aut , me ex-

aÐresh to Je¸rhma 0.2.11 mporoÔn na brejoÔn se opoiod pote apì ta [4], [7], [8]

kai [11].

Orismìc 0.2.1. 'Estw X ènac q¸roc me nìrma. Mia akoloujÐa (ei) ston X

lègetai Schauder b�sh   apl� b�sh tou X an gia k�je x ∈ X up�rqei mia

monadik  akoloujÐa pragmatik¸n arijm¸n (ai) pou lègontai suntetagmènec tou

x, ¸ste

x =
∞∑
i=1

aiei, dhlad  (x = lim
n

n∑
i=1

aiei).

An (ei) eÐnai mia b�sh enìc q¸rou me nìrma X, tìte orÐzontai oi kanonikèc

probolèc wc proc th b�sh ei, Pn : X → X gia n ∈ N me

Pn(
∞∑
i=1

aiei) =
n∑
i=1

aiei.

Prìtash 0.2.2. 'Estw (ei) mia b�sh tou q¸rou ne nìrma X. Oi kanonikèc

probolèc thc (ei) ikanopoioÔn ta ex c:

(i) dim(Pn(X)) = n

(ii) PnPm = PmPn = Pmin{m,n}

(iii) Pn(x)
‖·‖−→ x gia k�je x ∈ X.

Antistrìfwc, an Pn eÐnai mia akoloujÐa fragmènwn grammik¸n probol¸n se ènan

q¸ro me nìrmaX pou ikanopoioÔn tic (i)−(iii), tìte oi Pn eÐnai kanonikèc probolèc

wc proc k�poia b�sh (ei) tou X.

Prìtash 0.2.3. 'Estw (ei) mia b�sh enìc q¸rou me nìrma X. An h akoloujÐa

twn kanonik¸n probol¸n (Pn) thc (ei) eÐnai omoiìmorfa fragmènh (supn ‖Pn‖ <
∞), tìte h (ei) eÐnai epÐshc b�sh thc pl rwshc tou X.

Prìtash 0.2.4. 'Estw (ei) mia b�sh enìc q¸rou Banach X. Oi kanonikèc

probolèc Pn thc (ei) eÐnai omoiìmorfa fragmènec.

Orismìc 0.2.5. 'Estw (ei) mia b�sh enìc q¸rou Banach X. H posìthta

bc {ei} = supn ‖Pn‖ onom�zetai stajer� thc b�shc (ei).
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Jewr¸ntac ta dianÔsmata en, eÔkola blèpoume oti ‖Pn‖ ≥ 1, eidikìtera

bc {ei} ≥ 1.

Orismìc 0.2.6. Mia b�sh enìc q¸rou Banach X, ei lègetai monìtonh an

supn ‖Pn‖ ≤ 1.

'Estw (ei) mia b�sh enìc q¸rou Banach X. Gia j ∈ N orÐzoume thn e∗j : X →
R me e∗j(

∑∞
i=1 aiei) = aj. EÐnai �meso oti h e∗j eÐnai grammik  ston X. Akìmh

èqoume oti∥∥e∗j(x)ej
∥∥ = ‖Pj(x)− Pj−1(x)‖ ≤ ‖Pj(x)‖+ ‖Pj−1(x)‖ ≤ 2 sup

n
‖Pn‖ ‖x‖ .

'Etsi ∣∣e∗j(x)
∣∣ ≤ 2 supn ‖Pn‖

‖ej‖
‖x‖

gia k�je x ∈ X.

Epomènwc, e∗j ∈ X∗ kai
∥∥e∗j∥∥ ≤ 2 supn ‖Pn‖ ·

∥∥e∗j∥∥−1 gia k�je j. Ta sunarth-

soeid  e∗j lègontai diorjog¸nia sunarthsoeid  wc proc th b�sh (ei) kai

isqÔei oti x =
∑∞

i=1 e
∗
i (x)ei gia k�je x ∈ X.

EÐnai eÔkolo na doÔme oti ta (e∗i ) eÐnai ta monadik� sunarthsoeid  tou X∗

¸ste e∗i (ej) = δij gia i, j ∈ N.

Orismìc 0.2.7. Mia akoloujÐa (ei) se ènan q¸ro Banach X lègetai basik 

akoloujÐa an h (ei) eÐnai b�sh tou [ei].

Prìtash 0.2.8. 'Estw (ei) mia akoloujÐa mh mhdenik¸n dianusm�twn enìc

q¸rou Banach X. H (ei) eÐnai basik  akoloujÐa ston X an kai mìno an up�rqei

K > 0 ¸ste gia k�je n ≤ m kai a1, . . . , am ∈ R na isqÔei

‖
n∑
i=1

aiei‖ ≤ K‖
m∑
i=1

aiei‖.

Sthn parap�nw perÐptwsh eÐnai fanerì oti supn ‖Pn‖ ≤ K.

Orismìc 0.2.9. 'Estw (ei) mia basik  akoloujÐa se ènan q¸ro Banach X kai

(xi) mia basik  akoloujÐa se ènan q¸ro Banach Y . Lème oti oi akoloujÐec (ei)

kai (xi) eÐnai isodÔnamec kai gr�foume (ei) ∼ (xi) an gia k�je akoloujÐa prag-

matik¸n arijm¸n (ai),
∑
aiei sugklÐnei ston X an kai mìno an

∑
aixi sugklÐnei

ston Y .
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Prìtash 0.2.10. 'Estw (ei) mia basik  akoloujÐa se ènan q¸ro Banach X

kai (xi) mia basik  akoloujÐa se ènan q¸ro Banach Y . Ta ex c eÐnai isodÔnama:

(i) H (xi) eÐnai basik  akoloujÐa isodÔnamh thc (ei).

(ii) Up�rqei ènac isomorfismìc tou [ei] epÐ tou [xi] ¸ste T (ei) = xi gia k�je i.

(iii) Up�rqoun c1, c2 > 0 ¸ste gia k�je a1, . . . , an na isqÔei oti

1

c1
‖

n∑
i=1

aixi‖ ≤ ‖
n∑
i=1

aiei‖ ≤ c2‖
n∑
i=1

aixi‖.

'Enac �mesoc upologismìc dÐnei oti an K = bc{ei}, tìte bc{xi} ≤ Kc1c2.

Gia thn Ôparxh basik¸n akolouji¸n se q¸rouc Banach èqoume ta akìlouja

dÔo Jewrhm�ta.

Je¸rhma 0.2.11. (Day [3]) 'Estw X ènac q¸roc me nìrma. Tìte up�rqoun

mia akoloujÐa (xn) sth SX kai mia akoloujÐa (x∗n) sth SX∗ ¸ste x∗i (xj) = δij. An

m�lista o X eÐnai ènac q¸roc Banach kai (cn) mia akoloujÐa jetik¸n arijm¸n,

tìte h akoloujÐa (xn) eÐnai epiplèon basik  akoloujÐa ston X kai isqÔei oti

‖Pn‖ ≤ 1 + cn gia k�je n ∈ N.

'Ena sÔsthma {(xn, x∗n) : ‖xn‖ = ‖x∗n‖ = 1, gia k�je n ∈ N kai x∗i (xj) = δij

gia k�je i, j ∈ N} se ènan q¸ro me nìrma X onom�zetai Auerbach sÔsthma

tou X.

Je¸rhma 0.2.12. 'Estw X ènac q¸roc Banach. An mia akoloujÐa (xn) ston

X ikanopoieÐ tic:

(i) xn
w−→ 0 kai

(ii) ‖xn‖9 0,

tìte gia k�je ε > 0 up�rqei mia upakoloujÐa (xnk
) thc (xn) ¸ste h (xnk

) na eÐnai

basik  kai bc{xnk
} ≤ 1 + ε.

Orismìc 0.2.13. 'Estw (xn) mia akoloujÐa se ènan q¸ro Banach X. Gia èna

x ∈ X me x =
∑∞

n=1 anxn, me suppx sumbolÐzoume to sÔnolo {n ∈ N : an 6= 0}.
Mia akoloujÐa mh mhdenik¸n dianusm�twn stonX, (uj) thc morf c uj =

∑qj
n=pj

anxn,

ìpou an ∈ R gia k�je n kai pj < qj < pj+1 gia k�je j lègetai block akoloujÐa

thc (xn).
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Prìtash 0.2.14. 'Estw (ei) mia basik  akoloujÐa se ènan q¸ro Banach X.

An (uj) eÐnai mia block akoloujÐa thc (ei), tìte h (uj) eÐnai basik  ston X kai

bc{uj} ≤ bc{ei}.

ParadeÐgmata q¸rwn Banach me b�sh eÐnai o c0 kai oi lp, 1 ≤ p <∞. M�lista

ta monadiaÐa dianÔsmata en = (0, . . . , 1, 0, . . .), n ≥ 1 sunistoÔn mia kanonikopoih-

mènh kai monìtonh b�sh se kajènan apì touc q¸rouc c0 kai lp, 1 ≤ p < ∞. H

akoloujÐa (en) anafèretai kai wc sun jhc b�sh tou q¸rou X, ìpou X = c0

  X = lp, 1 ≤ p <∞.

Prìtash 0.2.15. 'Estw X na eÐnai o c0   k�poioc lp gia p ∈ [1,∞). An (uj)

eÐnai mia kanonikopoihmènh block akoloujÐa thc sun jouc b�shc tou X, tìte oi

akoloujÐec (ui) kai (ei) eÐnai isodÔnamec kai o q¸roc Banach [ui] eÐnai isometrikìc

me ton X.

Orismìc 0.2.16. 'Estw
∑
xi mia seir� se ènan q¸ro Banach X. H seir�

∑
xi

lègetai unconditionally sugklÐnousa stonX an ikanopoieÐ opoiad pote apì

tic parak�tw isodÔnamec sunj kec.

(i) Up�rqei x ∈ X ¸ste gia k�je met�jesh twn fusik¸n arijm¸n π : N → N
isqÔei oti

∑∞
i=1 xπ(i) = x.

(ii) H seir�
∑
xni

sugklÐnei gia k�je gn sia aÔxousa akoloujÐa fusik¸n ari-

jm¸n (ni).

(iii) H seir�
∑
εixi sugklÐnei gia k�je epilog  pros mwn εi = ±1.

(Se ìlouc touc isqurismoÔc anaferìmaste fusik� sth sÔgklish thc seir�c

wc proc th nìrma tou X.)

Orismìc 0.2.17. Mia b�sh (ei) enìc q¸rou Banach X lème oti eÐnai uncon-

ditional b�sh tou X an gia k�je x ∈ X h antÐstoiqh seir� x =
∑∞

i=1 aiei

sugklÐnei unconditionally. Mia akoloujÐa (ei) se ènan q¸ro Banach X lègetai

unconditional basik  akoloujÐa an eÐnai unconditional b�sh tou [ei].

Prìtash 0.2.18. 'Estw (ei) mia akoloujÐa mh mhdenik¸n dianusm�twn se ènan

q¸ro Banach X. Ta ex c eÐnai isodÔnama:

(i) H (ei) eÐnai unconditional basik .

10



(ii) Up�rqei K > 0 ¸ste gia k�je m ∈ N, a1, . . . , am ∈ R kai εi = ±1 na isqÔei

‖
m∑
i=1

εiaiei‖ ≤ K‖
m∑
i=1

aiei‖.

(iii) Up�rqei L > 0 ¸ste gia k�je m ∈ N, a1, . . . , am ∈ R kai F uposÔnolo tou

{1, . . . ,m} na isqÔei

‖
∑
i∈F

aiei‖ ≤ L‖
m∑
i=1

aiei‖.

H mikrìterh stajer� pou ikanopoieÐ thn (ii) sthn parap�nw prìtash lègetai

unconditional stajer� thc b�shc (ei) kai sumbolÐzetai me ubc{ei}. H antÐs-

toiqh mikrìterh stajer� pou ikanopoieÐ thn (iii) lègetai suppression stajer�

thc b�shc (ei) kai sumbolÐzetai me sbc{ei}. EpÐshc, isqÔoun oi parak�tw sqèseic:

(i) bc{ei} ≤ sbc{ei} ≤ ubc{ei} kai

(ii) ubc{ei} ≤ 2sbc{ei}.

Prìtash 0.2.19. 'Estw (ei) mia unconditional basik  akoloujÐa se ènan q¸ro

Banach X. 'Estw akìmh (ai) mia akoloujÐa pragmatik¸n arijm¸n kai m,M > 0

¸ste m ≤ |ai| ≤M gia k�je i. Tìte èqoume oti (ei) ∼ (aiei).

H sun jhc b�sh (en) twn q¸rwn c0 kai lp, 1 ≤ p < ∞ eÐnai, ìpwc eÔkola

elègqetai unconditional. 'Ena par�deigma conditional (dhlad  ìqi unconditional)

b�shc eÐnai h ajroistik  (summing) b�sh tou q¸rou c0, h opoÐa orÐzetai wc

xn = e1 + . . .+ en, n ≥ 1.

Prin kleÐsoume uo kef�laio autì ja anaferjoÔme sthn ènnoia tou spreading

model gia èna q¸ro Banach, h opoÐa ofeÐletai stouc Brunel kai Sucheston [2].

Orismìc 0.2.20. 'Estw M ∈ [N]ω kai mia sun�rthsh f : [N]r → R. 'Otan

gr�foume

lim
A∈[M ]r

f(A) = a   lim
n1<...nr∈M

f(n1, . . . , nr) = a

ja ennooÔme oti gia k�je ε > 0 up�rqei N ∈ N ètsi ¸ste an A ∈ [M ]r (ant.

n1 < . . . < nr ∈ M) kai A ⊆ [N,∞) (ant. N ≤ n1), tìte |f(A)− a| < ε (ant.

|f(n1, . . . , nr)− a| < ε).
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Je¸rhma 0.2.21. 'Estw X ènac q¸roc Banach kai (xn) mia hmikanonikopoih-

mènh akoloujÐa ston X ¸ste h (xn) na mhn èqei ‖·‖-sugklÐnousec upakoloujÐec.
Tìte

(i) Up�rqei mia upakoloujÐa (yn) thc (xn) ¸ste to ìrio

lim
n1<...<nk

‖
k∑
i=1

aiyni
‖

na up�rqei gia k�je k ∈ N kai a1, . . . , ak ∈ R.

(ii) Gia k�je ε > 0 kai k ∈ N up�rqei N ∈ N ¸ste

(1− ε) lim
n1<...<nk

‖
k∑
i=1

aiyni
‖ ≤ ‖

k∑
i=1

aiymi
‖ ≤ (1 + ε) lim

n1<...<nk

‖
k∑
i=1

aiyni
‖,

gia k�je a1, . . . , ak ∈ R kai N ≤ m1 < . . . < mk.

(iii) H ‖| · |‖ : c00 → R pou orÐzetai wc ex c:

‖|
k∑
i=1

aiei|‖ = lim
n1<...<nk

‖
k∑
i=1

aiyni
‖,

gia k�je k ∈ N kai a1, . . . , ak ∈ R, eÐnai mia kal� orismènh nìrma ston c00.

Epiplèon, isqÔei oti

‖|
k∑
i=1

aiei|‖ = ‖|
k∑
i=1

aieni
|‖ (0.1)

gia k�je k ∈ N, n1 < . . . < nk sto N kai a1, . . . , ak ∈ R.

Je¸rhma 0.2.22. 'Estw X ènac q¸roc Banach kai (xn) mia hmikanonikopoih-

mènh basik  akoloujÐa ston X. Tìte isqÔoun ta (i)-(iii) tou Jewr matoc 0.2.21

kai m�lista h akoloujÐa (ei) eÐnai b�sh thc pl rwshc tou (c00, ‖|·|‖), me bc{ei} ≤
bc{xn}.

Orismìc 0.2.23. 'Estw X ènac q¸roc Banach kai (xn) mia hmikanonikopoih-

mènh akoloujÐa ston X pou den èqei ‖·‖-sugklÐnousec upakoloujÐec. O q¸roc

c00 efodiasmènoc me mia nìrma ‖| · |‖, ìpwc aut  orÐsthke sto Je¸rhma 0.2.21(iii)
lègetai èna spreading model tou X paragìmeno apì th (xn).
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Kef�laio 1

Diaqwrismènec AkoloujÐec

Prin xekin soume to kef�laio autì upenjumÐzoume oti ìloi oi q¸roi me nìrma

(Banach) pou jewroÔme, ektìc an anafèretai diaforetik�, eÐnai apeirodi�statoi.

1.1 Diaqwrismènec AkoloujÐec

Orismìc 1.1.1. 'Estw X ènac q¸roc me nìrma kai δ > 0. Mia akoloujÐa (xn)

ston X lègetai δ-diaqwrismènh an ‖xn − xm‖ ≥ δ gia k�je n 6= m.

L mma 1.1.2. 'Estw ènac X q¸roc me nìrma. An M, θ, δ > 0 kai x 6= y ∈ X
¸ste

(1) ‖x− y‖ > θ,

(2) M − δ ≤ ‖x‖, ‖y‖ ≤M + δ kai

(3) θ − (M+δ
M−δ − 1)(M + δ) ≥ 0.

tìte ∥∥∥∥ x

‖x‖
− y

‖y‖

∥∥∥∥ > θ

M + δ
− 2δ

M − δ
.

Apìdeixh. Katarq�c mporoÔme na upojèsoume oti ‖y‖ ≤ ‖x‖ kai èstw a ≥ 1
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¸ste ‖x‖ = a ‖y‖. 'Eqoume oti∥∥∥∥ x

‖x‖
− y

‖y‖

∥∥∥∥ =

∥∥∥∥ x

a ‖y‖
− y

‖y‖

∥∥∥∥
=

1

‖y‖

∥∥∥x
a
− y
∥∥∥

=
1

‖y‖

∥∥∥x
a
± x− y

∥∥∥
≥ 1

‖y‖

(
‖x− y‖ −

∥∥∥x
a
− x
∥∥∥)

=
1

‖y‖

(
‖x− y‖ − ‖x‖

∣∣∣∣1a − 1

∣∣∣∣)
=

1

‖y‖

(
‖x− y‖ − ‖x‖

∣∣∣∣1− aa
∣∣∣∣) .

Epeid  a ≥ 1 ∥∥∥∥ x

‖x‖
− y

‖y‖

∥∥∥∥ ≥ 1

‖y‖
(‖x− y‖ − (a− 1) ‖x‖)

apì tic (1), (2) kai (3) èpetai oti∥∥∥∥ x

‖x‖
− y

‖y‖

∥∥∥∥ >
1

M + δ

(
θ −

(
M + δ

M − δ
− 1

)
(M + δ)

)
=

1

M + δ

(
θ −

(
M + δ

M − δ
− M − δ
M − δ

)
(M + δ)

)
=

θ

M + δ
− 2δ

M − δ
.

Prìtash 1.1.3. 'Estw X ènac q¸roc me nìrma kai (xn) mia θ-diaqwrismènh

akoloujÐa ston X me ‖xn‖ ≤ 1 gia k�je n. Tìte gia k�je ε > 0 o X perièqei

mia kanonikopoihmènh (θ − ε)-diaqwrismènh akoloujÐa.

Apìdeixh. 'Eqoume oti h akoloujÐa (‖xn‖)n∈N eÐnai fragmènh kai ètsi mporoÔme

na broÔme èna 0 ≤M ≤ 1 kai mia upakoloujÐa (xnk
) thc (xn) ¸ste ‖xnk

‖ →M .

MporoÔme na upojèsoume oti ‖xn‖ → M . Blèpoume t¸ra oti to M den mporeÐ

na eÐnai mhdèn, diaforetik� ja eÐqame oti xn
‖·‖−→ 0, en¸ h (xn) eÐnai diaqwrismènh,

�topo. Dedomènou oti 0 < M ≤ 1, gia ε > 0 me θ−ε > 0 mporoÔme na epilèxoume

δ > 0 ¸ste θ − (M+δ
M−δ − 1)(M + δ) ≥ 0 kai θ

M+δ
− 2δ

M−δ > θ − ε. Epeid  t¸ra
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‖xn‖ →M up�rqei N ∈ N ¸ste M − δ ≤ ‖xn‖ ≤M + δ gia k�je n ≥ N . Apì

to prohgoÔmeno L mma eÐnai t¸ra �meso oti gia m 6= n ≥ N∥∥∥∥ xn
‖xn‖

− xm
‖xm‖

∥∥∥∥ > θ − ε.

Je¸rhma 1.1.4. (Riesz) 'Estw X ènac q¸roc me nìrma.

(i) An Y eÐnai ènac peperasmènhc di�stashc upìqwroc tou X, tìte up�rqei

x ∈ SX ¸ste d(x, Y ) ≥ 1.

(ii) O X perièqei mia kanonikopoihmènh 1-diaqwrismènh akoloujÐa.

Apìdeixh. (i) 'Estw Y ènac peperasmènhc di�stashc upìqwroc tou X. Tìte o

Y eÐnai kleistìc upìqwroc tou X kai up�rqei x0 ∈ X ¸ste d(x0, Y ) > 0. 'Estw

t¸ra d = d(x0, Y ) kai mia akoloujÐa (yn) ston Y ¸ste ‖x0 − yn‖ → d.

EÐnai �meso oti h akoloujÐa (yn) eÐnai fragmènh kai afoÔ o Y eÐnai pepera-

smènhc di�stashc èpetai oti ja up�rqei mia suklÐnousa upakoloujÐa (ynk
) thc

(yn). 'Estw oti ynk
→ y0, tìte

‖x0 − y0‖ = lim
k
‖x0 − ynk

‖ = lim
n
‖x0 − yn‖ = d.

Jètoume x = x0−y0
‖x0−y0‖ . Gia y ∈ Y èqoume oti

‖x− y‖ =

∥∥∥∥ x0 − y0
‖x0 − y0‖

− y
∥∥∥∥ =

1

‖x0 − y0‖
‖x0 − y0 − y ‖x0 − y0‖‖

=
1

‖x0 − y0‖
‖x0 − (y0 + y ‖x0 − y0‖)‖ .

AfoÔ y0 + y ‖x0 − y0‖ ∈ Y gia k�je y ∈ Y èpetai oti ‖x− y‖ ≥ d
d

= 1 gia k�je

y ∈ Y kai �ra d(x, Y ) ≥ 1.

(ii) H kataskeu  thc zhtoÔmenhc akoloujÐac ja gÐnei epagwgik�. Epilègoume

èna x1 ∈ SX kai jètoume X1 = [x1]. Apì to (i) èpetai oti up�rqei x2 ∈ SX

¸ste d(x2, X1) ≥ 1 kai �ra ‖x2 − x1‖ ≥ d(x2, X1) ≥ 1. Upojètoume t¸ra oti

gia n ≥ 1 èqoume epilèxei x1, . . . , xn ∈ SX ¸ste ‖xi − xj‖ ≥ 1 gia 1 ≤ i, j ≤ n

kai jètoume Xn = [xi]
n
i=1. P�li apì to (i) èpetai oti up�rqei xn+1 ∈ SX ¸ste

d(xn+1, Xn) ≥ 1 kai �ra ‖xn+1 − xi‖ ≥ 1 gia 1 ≤ i ≤ n.
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Parak�tw ja d¸soume treic diaforetikèc apodeÐxeic thc ex c isquropoÐhshc

tou Jewr matoc tou Riesz:

K�je q¸roc me nìrma perièqei mia kanonikopoihmènh akoloujÐa (xn) ¸ste

‖xn − xm‖ > 1 gia k�je n 6= m ∈ N.
To proanaferjèn apotèlesma ofeÐletai ston C. A. Kottman [9]. Oi duo

pr¸tec apodeÐxeic tou apotelèsmatoc autoÔ pou ja d¸soume eÐnai metagenèsterec

thc apìdeixhc tou Kottman, h opoÐa eÐnai h trÐth kat� seir�.

Je¸rhma 1.1.5. (Kottman) K�je q¸roc me nìrma perièqei mia kanonikopoih-

mènh akoloujÐa (xn) ¸ste ‖xn − xm‖ > 1 gia k�je n 6= m ∈ N.

H pr¸th apìdeixh tou Jewr matoc tou Kottman:

Apìdeixh. H kataskeu  thc zhtoÔmenhc akoloujÐac ja gÐnei epagwgik�.

'Estw x1 ∈ SX kai X2 ènac dÔo diast�sewn upìqwroc tou X me x1 ∈ X2.

Apì to Je¸rhma Hahn-Banach èpetai oti up�rqoun f ∈ SX∗2 kai g ∈ X∗2 ¸ste

f(x1) = 0 kai g(x1) = 1. Dedomènou oti to sÔnolo K = {x ∈ SX2 : f(x) = 1}
eÐnai sumpagèc kai mh kenì mporoÔme na epilèxoume x2 ∈ K ¸ste g(x2) =

min {g(x) : x ∈ K}. T¸ra ta x1 kai x2 eÐnai grammik� anex�rthta, afoÔ f(x1) =

0 kai f(x2) = 1. EpÐshc parathroÔme oti ‖x2 − x1‖ ≥ 1. Pr�gmati,

‖x2 − x1‖ = ‖f‖ ‖x2 − x1‖ ≥ |f(x2 − x1)| = |f(x2)| = 1.

An upojèsoume oti ‖x2 − x1‖ = 1, tìte afoÔ f(x2 − x1) = f(x2) = 1 èpetai oti

x2 − x1 ∈ K kai �ra

g(x2) ≤ g(x2 − x1) = g(x2)− 1 < g(x2),

�topo.

'Estw t¸ra n ≥ 2 kai ac upojèsoume oti èqoume epilèxei x1, . . . , xn−1 ∈ SX
grammik� anex�rthta dianÔsmata ¸ste ‖xi − xj‖ > 1 gia 1 ≤ i 6= j ≤ n − 1.

JewroÔme ènan n diast�sewn upìqwro Xn tou X ¸ste xi ∈ X gia k�je 1 ≤
i ≤ n1. Apì to Je¸rhma Hahn-Banach èpetai p�li oti up�rqoun f ∈ SX∗n kai

g ∈ X∗n ¸ste f(xi) = 0 kai g(xi) = 1 ìtan 1 ≤ i ≤ n − 1. JewroÔme t¸ra

to sumpagèc sÔnolo K = {x ∈ SXn : f(x) = 1} kai epilègoume xn+1 ∈ K ¸ste

g(xn+1) = min {g(x) : x ∈ K}. 'Opwc sthn perÐptwsh n = 2 deÐqnoume oti ta

dianÔsmata x1, . . . , xn, xn+1 eÐnai grammik� anex�rthta kai oti ‖xn+1 − xi‖ > 1,

ìtan 1 ≤ i ≤ n− 1 kai èqoume telei¸sei.
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H prohgoÔmenh apìdeixh perigr�fetai sthn �skhsh 1.54 tou [8].

L mma 1.1.6. 'Estw X ènac q¸roc me nìrma, k ≥ 1 kai x∗1, . . . , x
∗
k grammik�

anex�rthta stoiqeÐa tou X∗. Tìte up�rqei y ∈ X ¸ste x∗i (y) < 0 gia 1 ≤ i ≤ k.

Apìdeixh. ProqwroÔme me epagwg  sto pl joc k twn sunarthsoeid¸n. Gia

k = 1 profan¸c to sumpèrasma isqÔei afoÔ x∗1 6= 0. 'Estw k ≥ 2, upojètoume oti

to sumpèrasma isqÔei gia k�je k to pl joc grammik� anex�rthta sunarthsoei-

d . 'Estw x∗1, . . . , x
∗
k+1 grammik� anex�rthta sunarthsoeid . Apì thn epagwgik 

upìjesh up�rqei z ∈ X ¸ste x∗i (z) < 0 gia 1 ≤ i ≤ k. Apì gnwstì apotèlesma

thc Grammik c 'Algebrac isqÔei oti

k⋂
i=1

kerx∗i * kerx∗k+1.

'Etsi up�rqei u ∈ X me x∗i (u) = 0 gia 1 ≤ i ≤ k kai x∗k+1(u) < 0.

PerÐptwsh I. x∗k+1(z) ≤ 0:

Jètoume y = z + u kai eÐnai �meso oti x∗i (y) < 0 gia 1 ≤ i ≤ k + 1.

PerÐptwsh II. x∗k+1(z) > 0:

Epilègoume λ > 0 ¸ste

λ
∣∣x∗k+1(z)

∣∣ < ∣∣x∗k+1(u)
∣∣ . (1.1)

Epeid  u ∈
⋂k
i=1 kerx∗i kai λ > 0 èqoume oti x∗i (λz + u) = λx∗i (z) < 0 gia

1 ≤ i ≤ k. EpÐshc, apì thn (1.1) paÐrnoume oti

x∗k+1(λz + u) = λx∗k+1(z) + x∗k+1(u) < 0.

H deÔterh apìdeixh tou Jewr matoc tou Kottman ([4]):

Apìdeixh. 'Estw X ènac q¸roc me nìrma. H kataskeu  thc zhtoÔmenhc akolou-

jÐac ja gÐnei epagwgik�. Epilègoume x1 ∈ SX kai x∗1 ∈ SX∗ me x∗1(x1) = ‖x1‖ = 1.

'Estw k ≥ 1 kai ac upojèsoume oti èqoun epilegeÐ x1, . . . , xk ∈ SX kai grammik�

anex�rthta x∗1, . . . , x
∗
k ∈ SX∗ ¸ste na isqÔoun oi:

(1) ‖xi − xj‖ > 1, gia 1 ≤ i 6= j ≤ k kai
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(2) x∗i (xi) = ‖xi‖ = 1.

Apì to L mma 1.1.6 mporoÔme na epilèxoume y ∈ X me x∗i (y) < 0 gia 1 ≤ i ≤ k.

Akìmh èqoume oti

k⋂
i=1

kerx∗i 6= 0 (o X eÐnai apeirodi�statoc).

'Etsi mporoÔme na epilèxoume x ∈
(⋂k

i=1 kerx∗i

)
\ {0} kai K > 0 ¸ste ‖y‖ <

‖y +Kx‖. Tìte gia k�je mh tetrimmèno grammikì sunduasmì
∑k

i=1 aix
∗
i paÐrnoume

oti ∣∣∣∣∣
k∑
i=1

aix
∗
i (y +Kx)

∣∣∣∣∣ =

∣∣∣∣∣
k∑
i=1

aix
∗
i (y)

∣∣∣∣∣
≤ ‖

k∑
i=1

aix
∗
i ‖ ‖y‖

< ‖
k∑
i=1

aix
∗
i ‖ ‖y +Kx‖ . (1.2)

Jètoume t¸ra xk+1 = y+Kx
‖y+Kx‖ kai epilègoume

x∗k+1 ∈ SX∗ me x∗k+1(xk+1) = ‖xk+1‖ = 1. (1.3)

Ac upojèsoume oti x∗k+1 ∈ [x∗i ]
k
i=1 kai �ra to x∗k+1 eÐnai ènac mh tetrimmènoc

grammikìc sunduasmìc twn x∗1, . . . , x
∗
k, x

∗
k+1 =

∑k
i=1 aix

∗
i .

Apì tic (1.2) kai (1.3) paÐrnoume oti

‖y +Kx‖ =
∣∣x∗k+1(y +Kx)

∣∣ =

∣∣∣∣∣
k∑
i=1

aix
∗
i (y +Kx)

∣∣∣∣∣
< ‖

k∑
i=1

aix
∗
i ‖ ‖y +Kx‖

=
∥∥x∗k+1

∥∥ ‖y +Kx‖

= ‖y +Kx‖

�topo.

Mènei na deÐxoume oti ‖xk+1 − xi‖ > 1 gia 1 ≤ i ≤ k.
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'Eqoume

‖xk+1 − xi‖ = ‖x∗i ‖ ‖xk+1 − xi‖

≥ |x∗i (xk+1)− x∗i (xi)|

=

∣∣∣∣x∗i ( y +Kx

‖y +Kx‖
)− x∗i (xi)

∣∣∣∣
=

∣∣∣∣x∗i ( y

‖y +Kx‖
)− x∗i (xi)

∣∣∣∣ .
Apì thn epilog  tou y èqoume oti x∗i (y) < 0, 1 ≤ i ≤ k. 'Ara

‖xk+1 − xi‖ ≥ ‖xi‖+
|x∗i (y)|
‖y +Kx‖

> 1.

Parak�tw ja parousi�soume thn arqik  apìdeixh tou Jewr matoc tou Kottman,

h opoÐa eÐnai sunduastikoÔ tÔpou kai brÐsketai pio kont� sto pneÔma thc apìdei-

xhc tou Jewr matoc Elton-Odell.

Orismìc 1.1.7. Jètoume U na eÐnai to sÔnolo {x = (xn) ∈ c00 : xn ∈ {−1, 0, 1}
gia k�je n}. 'Estw A èna mh kenì uposÔnolo tou U , x ∈ A kai n0 = max suppx.

(i) An up�rqoun y kai z sto A me yn = xn = zn gia k�je n ≤ n0 kai gia

k�poio k > n0, yk = 1, zk = −1 gr�foume x <z y kai lème oti (to z

bebai¸nei sth suntetagmènh k oti) to y epekteÐnei to x. EpÐshc

ja qrhsimopoi soume kai ton parak�tw sumbolismì x < y kai ja ennooÔme

oti up�rqei z ∈ A pou bebai¸nei oti to y epekteÐnei to x.

(ii) Mia alusÐda sto A eÐnai èna arijm simo sÔnolo peperasmèno   �peiro

{x1, . . . , xn, . . .} ¸ste xi < xi+1 gia k�je i ≥ 1.

(iii) 'Ena x ∈ A ja lègetai maximal an den up�rqei y ∈ A me x < y.

Parat rhsh 1.1.1. 'Estw A èna mh kenì uposÔnolo tou U .

(i) EÐnai �meso oti an x, y ∈ A me x < y, tìte suppx < suppy.

(ii) 'Estw x1, x2, x3 ∈ A me x1 <y1 x2 kai x2 <y2 x3, tìte x1 <y2 x3. Pr�gmati,

èstw ni = max suppxi, i = 1, 2. 'Eqoume t¸ra oti x1 <y1 x2, ètsi x1(n) =
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x2(n) = y1(n) gia n ≤ n1 kai up�rqei k1 > n1 ¸ste x2(k1) = 1 kai

y1(k1) = −1. Bèbaia k1 ≤ n2 kai ìpwc prin x2(n) = x3(n) = y2(n) gia

n ≤ n2 kai up�rqei k2 > n2 me x3(k2) = 1, y2(k2) = −1. Tèloc, apì ta

parap�nw èpetai oti n1 < k2, x1(n) = x2(n) = x3(n) = y2(n), gia n ≤ n1

kai x3(k2) = 1, y3(k2) = −1. 'Ara

x1 <
y2 x3.

(iii) 'Estw p�li x1, x2, x3 ∈ A me x1 <y1 x2 kai x2 <y2 x3, tìte y1 − y2 /∈ A.

M�lista y1− y2 /∈ U . 'Opwc sthn parat rhsh (ii) mporoÔme na broÔme èna

k ∈ N me x2(k) = 1 kai y1(k) = −1. Miac kai k ≤ max suppx2 èqoume oti

y2(k) = 1. 'Ara ‖y1 − y2‖∞ ≥ 2 kai eÐnai eÔkolo na doÔme oti an x ∈ U ,
tìte eÐte x 6= 0 kai ‖x‖∞ = 1   x = 0.

L mma 1.1.8. Den up�rqei uposÔnolo A tou U pou na ikanopoieÐ ta ex c:

(1) ei ∈ A gia k�je i ∈ N, ìpou ei = (0, . . . , 1︸︷︷︸
i

, 0, . . . , 0, . . .) gia k�je i ∈ N.

(2) To A eÐnai summetrikì, dhlad  an x ∈ A, tìte −x ∈ A.

(3) Gia k�je �peiro uposÔnolo B tou A up�rqoun x 6= y ∈ B me x− y ∈ A.

Apìdeixh. Upojètoume oti up�rqei mh kenì uposÔnolo A tou U pou ikanopoieÐ

tic (1)-(3). 'Estw t¸ra {x1, . . . , xi, . . .} mia alusÐda sto A kai èstw akìmh oti

xi <
yi xi+1 gia i ≥ 1. An upojèsoume oti to sÔnolo {xi : i ≥ 1} eÐnai �peiro,

to Ðdio isqÔei kai gia to sÔnolo {yi : i ≥ 1}. T¸ra to sÔnolo {yi : i ≥ 1} eÐnai
�peiro uposÔnolo tou A kai �ra apì thn (3) up�rqoun i 6= j ¸ste xi − xj ∈ A.
H Parat rhsh 1.1.1(iii) mac plhroforeÐ oti k�ti tètoio den mporeÐ na sumbaÐnei.

'Etsi k�je alusÐda sto A eÐnai peperasmènh kai idiaÐtera isqÔei oti gia k�je

x ∈ A eÐte x eÐnai maximal   up�rqei y ∈ A me y maximal ¸ste x < y.

T¸ra ja kataskeu�soume epagwgik� mia akoloujÐa apì maximal stoiqeÐa

tou A. Arqik� jewroÔme to stoiqeÐo e1 ∈ A. Jètoume w1 = e1, an to e1 eÐnai

maximal sto A, diaforetik� epilègoume èna maximal stoiqeÐo tou A, w1, ¸ste

e1 < w1.

'Estw k ≥ 1 kai ac upojèsoume oti èqoun epilegeÐ w1, . . . , wk maximal s-

toiqeÐa tou A. PaÐrnoume p > max suppwk kai jewroÔme to ep ∈ A. Tèloc,
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jètoume wk+1 = ep, an to ep eÐnai maximal sto A, diaforetik� epilègoume wk+1

maximal sto A me ep < wk+1. H mèjodoc epilog c twn wk mac dÐnei oti

max suppwk < min suppwk+1, gia k�je k (1.4)

kai idiaÐtera ta (wi)i≥1 eÐnai diaforetik� an� dÔo.

JewroÔme t¸ra th sun�rthsh f : [N]2 → {1, 2} me

f({i, j}) =

{
1, wi − wj ∈ A
2, wi − wj /∈ A.

Epeid  to A eÐnai summetrikì, èpetai oti h f eÐnai kal� orismènh. Apì to Je¸rhma

Ramsey 0.1.1 paÐrnoume oti up�rqei M ∈ [N]ω ¸ste h f |M na eÐnai stajer .

Miac kai apì thn (1.4) to sÔnolo {wi : i ∈M} eÐnai �peiro uposÔnolo tou A

apì thn (3) èqoume oti up�rqoun i 6= j me wi − wj ∈ A. 'Ara wi − wj ∈ A gia

k�je i 6= j ∈M .

QwrÐc bl�bh thc genikìthtac, upojètoume oti M = N kai �ra

wi − wj ∈ A gia k�je i 6= j. (1.5)

Apì tic (1.4) kai (1.5) paÐrnoume oti h akoloujÐa (wi −wi+1)i≥1 eÐnai akoloujÐa

diaforetik¸n an� dÔo ìrwn tou A. Sth sunèqeia apì tic (2) kai (3) paÐrnoume oti

up�rqoun i < j me (wi−wi+1)−(wj−wj+1) ∈ A, dhlad  wi−wi+1−wj+wj+1 ∈ A.
H (1.5) dÐnei oti wi−wj+1 ∈ A kai telik� apì thn (1.4) èqoume oti to wi−wj+1

bebai¸nei oti to wi −wi+1 −wj +wj+1 epekteÐnei to wi, �topo, afoÔ to wi eÐnai

maximal stoiqeÐo tou A.

H trÐth apìdeixh tou Jewr matoc tou Kottman:

Apìdeixh. JewroÔme oti o q¸roc c00 eÐnai efodiasmènoc me thn ‖·‖∞.
'Estw X ènac q¸roc me nìrma, apì to Je¸rhma (Day) 0.2.11 mporoÔme na

jewr soume akoloujÐec (xi) ston X kai (x∗i ) ston X∗ me ‖xi‖ = ‖x∗i ‖ = 1 gia

k�je i kai x∗j(xi) = δij gia k�je i kai j. JewroÔme t¸ra ton upìqwro tou X,

Y = span {xi : i ∈ N} kai thn apeikìnish T : Y → c00, T (
∑n

i=1 aixi) =
∑n

i=1 aiei.
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H grammikìthta thc apeikìnishc T eÐnai �mesh. EpÐshc èqoume oti gia x ∈ Y

‖T (x)‖∞ = ‖
n∑
i=1

x∗i (x)ei‖∞

= max
1≤i≤n

|x∗i (x)|

≤ max
1≤i≤n

‖x∗i ‖ ‖x‖ = ‖x‖ .

'Ara o T : Y → c00 eÐnai fragmènoc grammikìc telest c me

‖T‖ ≤ 1. (1.6)

EÔkola deÐqnoume oti epiplèon o T eÐnai 1-1 kai epÐ.

JewroÔme to sÔnolo

E =

{
x ∈ X : x =

n∑
i=1

aixi, ‖x‖ = 1 kai ai ∈ {−1, 0, 1} gia k�je i

}

Apì ton orismì tou E èpetai oti xi ∈ E gia k�je i. EpÐshc eÐnai �meso oti to

E eÐnai summetrikì sÔnolo. Apì to 1-1 kai th grammikìthta tou T èpetai oti to

T (E) eÐnai �peiro kai summetrikì uposÔnolo tou U . Akìmh an x =
∑n

i=1 aixi,

y =
∑n

i=1 βixi eÐnai stoiqeÐa tou E me ‖x− y‖ ≤ 1, apì thn (1.6) paÐrnoume oti

max
1≤i≤n

|ai − βi| ≤ ‖T (x)− T (y)‖∞ ≤ ‖x− y‖ ≤ 1.

Epeid  ai, βi ∈ {−1, 0, 1} gia k�je i èpetai oti eÐte x = y   x− y ∈ E.
Upojètoume t¸ra oti gia k�je B �peiro uposÔnolo tou E up�rqoun x 6= y ∈

B ¸ste ‖x− y‖ ≤ 1. 'Opwc parathr same prohgoumènwc afoÔ x 6= y, èpetai oti

x − y ∈ E kai �ra T (x) − T (y) = T (x − y) ∈ T (E). 'Etsi èqoume oti gia k�je

�peiro uposÔnolo C tou T (E) up�rqoun c1 6= c2 ∈ C me c1 − c2 ∈ T (E). Epeid 

t¸ra T (E) eÐnai summetrikì uposÔnolo tou U me ei ∈ T (E) gia k�je i èqoume

oti to prohgoÔmeno sumpèrasma antif�skei me to L mma 1.1.8.

Parat rhsh 1.1.2. (i) To Je¸rhma 1.1.4(ii) sun�getai kai apì to Je¸rhma tou

Day 0.2.11. Pr�gmati, an X eÐnai ènac q¸roc me nìrma, tìte apì to

Je¸rhma tou Day oX perièqei èna �peiro Auerbach sÔsthma {(xn, x∗n) : n ∈ N}
kai ìpwc deÐxame sthn prohgoÔmenh apìdeixh èpetai oti ‖xn − xm‖ ≥ 1 gia

k�je n 6= m ∈ N.
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(ii) 'Estw X ènac q¸roc me nìrma kai ac jewr soume to sÔnolo E thc prohgoÔ-

menhc apìdeixhc. EÐnai safèc oti to sÔnolo E eÐnai arijm simo kai èstw

E = (yn). EpÐshc, èqoume deÐxei oti an x 6= y ∈ E, tìte ‖x− y‖ ≥ 1.

Peraitèrw parathroÔme oti mia apl  efarmog  tou Jewr matoc tou Ram-

sey èpetai oti up�rqei M ∈ [N]ω ¸ste eÐte

‖yn − ym‖ = 1, gia k�je n 6= m ∈M   (1.7)

‖yn − ym‖ > 1, gia k�je n 6= m ∈M (1.8)

To je¸rhma tou Kottman 1.1.5 mac lèei oti h perÐptwsh (1.8) isqÔei p�n-

ta. 'Ena uposÔnolo enìc q¸rou me nìrma pou ikanopoieÐ thn (1.7) onom�zetai

isopleurikì (equilateral) sÔnolo. Den isqÔei oti k�je q¸roc me nìrma

perièqei èna �peiro isopleurikì sÔnolo, m�lista up�rqei isodÔnamh nìrma ston l1

h opoÐa de dèqetai �peiro isopleurikì sÔnolo [14]. Apì thn �llh meri�, an ènac

q¸roc Banach X perièqei ton c0, tìte sÔmfwna me èna prìsfato apotèlesma, o

X perièqei �peiro isopleurikì sÔnolo [12].

1.2 (1 + ε) - Diaqwrismènec AkoloujÐec

Sthn par�grafo aut  ja parousi�soume eidikèc peript¸seic q¸rwn me nìrma

pou perièqoun kanonikopoihmènec (1 + ε)-diaqwrismènec akoloujÐec. H genik 

perÐptwsh oti k�je q¸roc me nìrma perièqei mia kanonikopoihmènh (1+ε)-diaqwri-

smènh akoloujÐa ofeÐletai stouc J. Elton kai E. Odell kai ja parousiasteÐ sto

epìmeno kef�laio.

Prìtash 1.2.1. 'Estw X q¸roc me nìrma ¸ste h pl rwsh autoÔ X̃ na

perièqei mia kanonikopoihmènh (1 + ε)-diaqwrismènh akoloujÐa. Tìte gia k�je

0 < δ < ε o X perièqei mia kanonikopoihmènh (1 + δ)-diaqwrismènh akoloujÐa.

Apìdeixh. Ja deÐxoume arqik� oti h SX eÐnai puknì uposÔnolo thc SX̃ . Pr�gmati,

èstw x ∈ X̃ me ‖x‖ = 1 kai (yn) mia akoloujÐa ston X ¸ste yn
‖·‖−→ x. IdiaÐtera,

èpetai oti ‖yn‖ → 1 kai �ra yn
‖yn‖

‖·‖−→ x. Epeid  t¸ra h ( yn
‖yn‖) eÐnai akoloujÐa

stoiqeÐwn thc SX èqoume telei¸sei.

'Estw t¸ra ε > 0 kai (xn) mia kanonikopoihmènh (1+ε)-diaqwrismènh akolou-

jÐa ston X̃. 'Estw akìmh 0 < δ < ε kai θ = ε−δ > 0. Gia k�je n ∈ N epilègoume
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yn ∈ SX me ‖yn − xn‖ < θ
2
. Tìte gia n 6= m

‖yn − ym‖ = ‖yn ± xn ± xm − ym‖

≥ ‖xn − xm‖ − ‖yn − xn‖ − ‖ym − xm‖

> 1 + ε− 2
θ

2
= 1 + δ.

H prohgoÔmenh prìtash mac plhroforeÐ oti gia na deÐxoume oti ènac q¸roc

me nìrma X perièqei mia kanonikopoihmènh (1 + ε)-diaqwrismènh akoloujÐa arkeÐ

na deÐxoume oti h pl rwsh tou X, X̃ perièqei mia tètoia akoloujÐa. Sto ex c

loipìn ja asqolhjoÔme me thn Ôparxh kanonikopoihmènwn (1 + ε)-diaqwrismènwn

akolouji¸n se q¸rouc Banach. EÐnai eÔkolo na doÔme oti stouc lp, 1 ≤ p <∞ h

akoloujÐa (en) eÐnai kanonikopoihmènh kai 2
1
p -diaqwrismènh. EpÐshc h akoloujÐa

(xn) ston c0 me x1 = e1 kai xn = en −
∑n−1

k=1 ek, n ≥ 2, eÐnai kanonikopoihmènh

2-diaqwrismènh. Parak�tw ja deÐxoume oti an o X eÐnai ènac q¸roc Banach pou

perièqei k�poion apì touc q¸rouc c0   lp, 1 ≤ p < ∞, tìte o X perièqei mia

kanonikopoihmènh (1 + ε)-diaqwrismènh akoloujÐa.

L mma 1.2.2. 'Estw (X, ‖·‖) o q¸roc c0   lp, 1 ≤ p < ∞ me th sun jh tou

nìrma. 'Estw akìmh ‖| · |‖ mia isodÔnamh nìrma ston X. Tìte gia k�je ε > 0

up�rqei mia (xk) block basik  akoloujÐa thc (ei) me |‖xk|‖ < 1 gia k�je k ¸ste

o q¸roc [xk] na eÐnai isìmorfoc me ton (X, ‖·‖) kai gia k�je (ak) ∈ X

‖|
∞∑
k=1

akxk|‖ ≥
1

1 + ε
‖(ak)‖ .

Apìdeixh. 'Estw m,M > 0 ¸ste m ‖x‖ ≤ |‖x|‖ ≤ M ‖x‖ gia k�je x ∈ X.

Gia n ∈ N jètoume λn = inf {|‖x|‖ : ‖x‖ = 1 kai Pn(x) = 0}. EÐnai �meso oti

m ≤ λn ≤ M gia k�je n. EpÐshc parathroÔme oti h akoloujÐa (λn) eÐnai aÔx-

ousa. Pr�gmati, èstw n < m kai x ∈ X me ‖x‖ = 1 kai Pm(x) = 0. AfoÔ

Pm(x) = 0 èpetai oti kai Pn(x) = 0. 'Etsi {|‖x|‖ : ‖x‖ = 1 kai Pm(x) = 0} ⊆
{|‖x|‖ : ‖x‖ = 1 kai Pn(x) = 0} apì ìpou èpetai to sumpèrasma. Apì ta pro-

hgoÔmena èpetai oti up�rqei m ≤ λ ≤M ¸ste λn ↗ λ.

'Estw δ > 0 me (1 + δ)2 < 1 + ε kai n0 ∈ N me λn0 >
λ

1+δ
(1). Ja kataskeu�-

soume epagwgik� mia (yk) block basik  akoloujÐa thc (ei) ¸ste
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(2) Pn0(yk) = 0

(3) ‖yk‖ = 1

(4) |‖yk|‖ < λ(1 + δ)

gia k�je k.

'Estw p ≥ n0. Apì ton orismì tou λp kai to gegonìc oti λn ↗ λ up�rqei

z ∈ X me ‖z‖ = 1, Pp(z) = 0 kai |‖z|‖ < λ(1 + δ). Epeid  oi nìrmec ‖·‖ kai
|‖ · |‖ eÐnai isodÔnamec, Pn(z) → z kai wc proc tic duo nìrmec. Akìmh èqoume

oti ‖z‖ = 1 kai �ra ‖Pn(z)‖ → 1. 'Etsi paÐrnoume oti Pn(z)
‖Pn(z)‖ → z kai wc proc

tic duo nìrmec. Miac kai |‖z|‖ < λ(1 + δ) mporoÔme na epilèxoume q > p ¸ste∣∣∣∥∥∥ Pq(z)

‖Pq(z)‖

∥∥∥∣∣∣ < λ(1 + δ).

Jètoume t¸ra y = Pq(z)

‖Pq(z)‖ , tìte ‖y‖ = 1 kai |‖y|‖ < λ(1 + δ). Epiplèon

èqoume oti Pp(z) = 0 kai p ≥ n0, �ra Pn0(y) = 0 kai suppy ⊆ [p + 1, q]. Thn

parap�nw diadikasÐa mporoÔme na thn efarmìsoume gia k�je p ≥ n0 kai ètsi

paÐrnoume th zhtoÔmenh akoloujÐa.

Apì thn isodunamÐa twn norm¸n ‖·‖ kai |‖ · |‖ èpetai oti ([yk], |‖ · |‖) '
([yk], ‖·‖). Apì thn (3) kai thn Prìtash 0.2.15 o ([yk], ‖·‖) eÐnai isometrikìc me

ton (X, ‖·‖). 'Ara oi ([yk], |‖ · |‖) kai (X, ‖·‖) eÐnai isìmorfoi. Apì thn (2) gia

k�je (ak) ∈ X èqoume oti

Pn0(
∞∑
k=1

akyk) = 0.

Apì ton orismì twn λn paÐrnoume oti∣∣∣∣∥∥∥∥ ∑∞
k=1 akyk

‖
∑∞

k=1 akyk‖

∥∥∥∥∣∣∣∣ ≥ λn0 >
λ

1 + δ
gia k�je (ak) ∈ X.

'Etsi

|‖
∞∑
k=1

akyk|‖ >
λ

1 + δ
‖
∞∑
k=1

akyk‖

=
λ

1 + δ
‖(ak)‖ gia k�je (ak) ∈ X. (1.9)

Gia k ∈ N jètoume xk = yk
λ(1+δ)

.

Apì thn isodunamÐa twn akolouji¸n ((yk), |‖ · |‖) kai ((ei), ‖·‖), thn uncon-

ditionality thc b�shc (ei) kai thn Prìtash 0.2.19 èqoume oti oi akoloujÐec
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((xk), |‖ · |‖), ([yk], |‖ · |‖), ([yk], ‖·‖) kai ((ei), ‖·‖) eÐnai isodÔnamec. IdiaÐtera

isqÔei oti ([xk], |‖ · |‖) ' (X, ‖·‖). Apì thn (4) eÐnai �meso oti |‖xk|‖ < 1 gia

k�je k. Tèloc, gia (ak) ∈ X apì thn (1.9) èqoume

|‖
∞∑
k=1

akxk|‖ = |‖
∞∑
k=1

ak
yk

λ(1 + δ)
|‖

=
1

λ(1 + δ)
|‖
∞∑
k=1

akyk|‖

>
1

λ(1 + δ)

λ

(1 + δ)
‖(ak)‖

=
1

(1 + δ)2
‖(ak)‖ ≥

1

1 + ε
‖(ak)‖ .

Orismìc 1.2.3. 'Estw X kai Y dÔo isìmorfoi q¸roi Banach. OrÐzoume th

Banach-Mazur apìstash twn X kai Y

d(X, Y ) = inf
{∥∥T−1∥∥ ‖T‖ : T : X → Y isomorfismìc kai epÐ

}
.

EÐnai eÔkolo na doÔme oti

(i) d(X, Y ) = d(Y,X)

(ii) d(X, Y ) ≥ 1

(iii) anX, Y kai Z amoibaÐa isìmorfoi q¸roi Banach, tìte d(X, Y ) ≤ d(X,Z)d(Z, Y ).

Me th bo jeia tou L mmatoc 1.2.2 mporoÔme t¸ra na apodeÐxoume to ex c

polu gnwstì Je¸rhma tou James.

Je¸rhma 1.2.4. (James) 'Estw X ènac q¸roc Banach pou perièqei ton l1.

Tìte gia k�je ε > 0 up�rqei ènac kleistìc upìqwroc Y tou X me d(Y, l1) < 1+ε.

Apìdeixh. 'Estw T : l1 → X ènac isomorfismìc tou l1 mèsa ston X. OrÐzoume

th |‖ · |‖ : l1 → R, |‖x|‖ = ‖T (x)‖ gia x ∈ l1, ìpou ‖·‖ h nìrma tou q¸rou X.

T¸ra eÐnai eÔkolo na doÔme oti h |‖ · |‖ eÐnai mia nìrma ston l1 isodÔnamh thc

‖·‖1 kai oti o (l1, |‖ · |‖) eÐnai isometrikìc me ton (T (l1), ‖·‖) pou eÐnai kleistìc
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upìqwroc tou X. Gia ε > 0 epilègoume mia (xk) block basik  akoloujÐa thc (ei),

ìpwc sto L mma 1.2.2. Apì to L mma 1.2.2 paÐrnoume oti

|‖
∞∑
k=1

akxk|‖ >
1

1 + ε

∞∑
k=1

|ak| , (1.10)

gia k�je (ak) ∈ l1. Epiplèon, p�li apì to L mma 1.2.2 |‖xk|‖ < 1 gia k�je k.

'Etsi

|‖
∞∑
k=1

akxk|‖ ≤
∞∑
k=1

|ak| , (1.11)

gia k�je (ak) ∈ l1. Apì tic (1.10) kai (1.11) èpetai oti

d(([xk], |‖ · |‖), l1) < 1 + ε.

Tèloc, epeid  oi q¸roi ([xk], |‖ · |‖) kai ([T (xk)], ‖·‖) eÐnai isometrikoÐ èpetai to

zhtoÔmeno.

Je¸rhma 1.2.5. (James) 'Estw X ènac q¸roc Banach pou perièqei ton c0.

Tìte gia k�je ε > 0 up�rqei ènac kleistìc upìqwroc Y tou X me d(Y, c0) < 1+ε.

Apìdeixh. H apìdeixh tou parap�nw jewr matoc eÐnai parìmoia me thn perÐptwsh

tou l1 kai gia autì to lìgo ja parousi�soume mìno ta basik� thc shmeÐa. ArkeÐ

na deÐxoume to sumpèrasma sthn perÐptwsh tou X = c0 kai oi nìrmec ‖·‖ kai

‖·‖∞ eÐnai isodÔnamec. OrÐzoume

λn = inf {‖x‖∞ : ‖x‖ = 1 kai Pn(x) = 0}

gia n ∈ N. Gia k�poio λ > 0 paÐrnoume oti up�rqei mia (yk) block basik 

akoloujÐa thc (ei) ¸ste ‖yk‖ = 1, ‖yk‖∞ < λ(1 + ε), gia k�je k kai

‖
∞∑
k=1

akyk‖ ≤ (1 + ε)2 max
k
|ak| , (1.12)

gia k�je (ak) ∈ c0. T¸ra èstw |ak0| = maxk |ak|, tìte

‖
∞∑
k=1

akyk‖ = ‖
∞∑
k=1

akyk ± 2ak0yk0‖

≥ ‖2ak0yk0‖ − ‖
∞∑
k=1

akyk − 2ak0yk0‖.
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Apì thn (1.12) t¸ra

‖
∞∑
k=1

akyk‖ ≥ 2 |ak0| − (1 + ε)2 max
k
|ak|

= (1− 2ε− ε2) max
k
|ak| . (1.13)

Apì tic (1.12) kai (1.13) èpetai to sumpèrasma.

Ta dÔo prohgoÔmena Jewr mata tou James mac lène oti an ènac q¸roc Ba-

nach X perièqei mia isomorfik  eikìna tou l1   tou c0, tìte antÐstoiqa perièqei

mia sqedìn isometrik  eikìna tou l1   tou c0.

Je¸rhma 1.2.6. (Kottman [9]) 'Estw X q¸roc Banach. An o X perièqei

ton c0   k�poion lp, gia 1 ≤ p < ∞, tìte o X perièqei mia kanonikopoihmènh

(1 + ε)-diaqwrismènh akoloujÐa.

Apìdeixh. Katarq�c na parathr soume oti arkeÐ na deiqjeÐ to sumpèrasma gia

X = c0   lp, 1 ≤ p <∞ kai ‖·‖ mia isodÔnamh nìrma thc sun jouc ston X. Gia

X = lp kai ε > 0 apì to L mma 1.2.2 mporoÔme na epilèxoume mia akoloujÐa (xk)

ston X ¸ste

‖xk‖ < 1, gia k�je k

kai

‖
∞∑
k=1

akxk‖ >
1

1 + ε
(
∞∑
k=1

|ak|p)
1
p .

'Etsi gia n 6= k

‖xn − xk‖ >
2

1
p

1 + ε
.

AfoÔ ‖xk‖ < 1 gia k�je k apì Prìtash 1.1.3 èpetai oti gia k�je δ > 0 mporoÔme

na epilèxoume mia ( 2
1
p

1+ε
−δ)-diaqwrismènh akoloujÐa ston (X, ‖·‖). 'Estw X = c0.

Gia ε > 0 apì to Je¸rhma 1.2.5 èpetai oti up�rqei kleistìc upìqwroc Y tou X

¸ste d((Y, ‖·‖), c0) < 1
1−ε . 'Estw t¸ra T ènac isomorfismìc tou c0 epÐ tou Y

¸ste

(1− ε) ‖x‖∞ ≤ ‖T (x)‖ ≤ ‖x‖∞ gia x ∈ c0. (1.14)

JewroÔme thn akoloujÐa (xn) ston c0 me x1 = e1 kai xn = en −
∑n−1

k=1 ek gia

n ≥ 2. EpÐshc jewroÔme thn akoloujÐa (yn) ston Y me yn = T (xn) gia n ∈ N.
Tìte apì thn (1.14) paÐrnoume oti

‖yn‖ ≤ 1 gia k�je n kai
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‖yn − ym‖ ≥ 2(1− ε) gia k�je n 6= m.

T¸ra h Prìtash 1.1.3 dÐnei oti gia k�je δ > 0 o X perièqei mia kanonikopoihmènh

(2(1−ε)−δ)-diaqwrismènh akoloujÐa. Gia ε, δ → 0 paÐrnoume to sumpèrasma.

Prin kleÐsoume autì to kef�laio ja apodeÐxoume oti k�je mh autopaj c q¸roc

Banach perièqei mia kanonikopoihmènh (1 + ε)-diaqwrismènh akoloujÐa. Sthn

apìdeixh aut  ja mac qreiastoÔn h ènnoia tou spreading model gia èna q¸ro Ba-

nach pou anafèrjhke sthn par�grafo 0.2 kai to parak�tw Je¸rhma tou James1

Je¸rhma 1.2.7. (James) 'Estw X q¸roc Banach. Tìte o X eÐnai mh autopa-

j c an kai mìno an gia k�je θ me 0 < θ < 1 up�rqoun akoloujÐec (xn) sth SX

kai (x∗n) sth SX∗ ¸ste

x∗k(xi) =

{
θ, k ≤ i

0, k > i

Je¸rhma 1.2.8. (Kryczka-Prus) 'Estw X ènac mh autopaj c q¸roc Banach.

Tìte o X perièqei mia kanonikopoihmènh (1 + ε)-diaqwrismènh akoloujÐa.

Apìdeixh. AfoÔ o X eÐnai mh autopaj c apì to Je¸rhma tou James gia 0 < ε <

1 up�rqoun (xn) sth SX kai (x∗n) sth SX∗ ¸ste

x∗k(xi) =

{
1− ε, k ≤ i

0, k > i
(1.15)

Na parathr soume ed¸ oti h akoloujÐa (xn) den èqei ‖·‖-sugklÐnousec upakolou-
jÐec. Pr�gmati, èstw n < m, tìte

‖xn − xm‖ = ‖x∗m‖ ‖xn − xm‖ ≥ |x∗m(xn)− x∗m(xm)|

kai �ra apì thn (1.15)

‖xn − xm‖ ≥ 1− ε.

Dedomènou oti ‖xn‖ = 1 gia k�je n apì to Je¸rhma 0.2.21 mporoÔme na p�roume

èna spreading model paragìmeno apì th (xn). Dhlad  paÐrnoume mia upakoloujÐa

(zn) thc (xn) kai mia nìrma |‖ · |‖ ston c00 ¸ste

|‖
l∑

k=1

akek|‖ = lim
n1<...<nl

‖
l∑

k=1

akznk
‖.

1
Σημειώνουμε οτι το αποτέλεσμα είναι μεταγενέστερο (αποδείχθηκε περίπου το 2000) από το

Θεώρημα Elton-Odell (που αποδείχθηκε περίπου το 1980).
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M�lista gia l = 8 mporoÔme na epilèxoume N ∈ N ¸ste

(1− ε)|‖
l∑

k=1

akek|‖ ≤ ‖
l∑

k=1

akznk
‖ ≤ (1 + ε)|‖

l∑
k=1

akek|‖

gia k�je a1, . . . , al ∈ R kai N ≤ n1 < . . . < nl sto N.
Jètoume t¸ra yn = zN+n gia n ∈ N. Tìte gia l = 8

(1− ε)|‖
l∑

k=1

akek|‖ ≤ ‖
l∑

k=1

akynk
‖ ≤ (1 + ε)|‖

l∑
k=1

akek|‖ (1.16)

gia k�je a1, . . . , al ∈ R kai n1 < . . . < nl sto N.
Gia i = 1 jètoume ε11 = 1 kai ε12 = −1, en¸ gia i = 2, 3, 4 jètoume

εij =

{
(−1)i, 1 ≤ j < i   j = 2i

(−1)i+1, i ≤ j < 2i
(1.17)

Gia 1 ≤ i ≤ 4 jètoume epÐshc λi = |‖
∑2i

j=1 ε
i
jεi|‖. 'Eqoume oti εij ∈ {−1, 1}

gia k�je i kai j, �ra apì to Je¸rhma 0.2.21 paÐrnoume oti λi > 0 gia k�je

i = 1, . . . , 4. EpÐshc, apì thn (1.16) èqoume oti

(1− ε)λi ≤ ‖
2i∑
j=1

εijynj
‖ ≤ (1 + ε)λi, (1.18)

gia n1 < . . . < n2i sto N kai i = 1, 2, 3, 4. Gia i = 1, . . . , 4 orÐzoume ta ajroÐsmata

tÔpou i thc (yn) na eÐnai:

• AjroÐsmata tÔpou 1

c
2∑
j=1

ε1jynj
= c(yn1 − yn2)

• AjroÐsmata tÔpou 2

c

4∑
j=1

ε2jynj
= c(yn1 − yn2 − yn3 + yn4)

• AjroÐsmata tÔpou 3

c
6∑
j=1

ε3jynj
= c(−yn1 − yn2 + yn3 + yn4 + yn5 − yn6)
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• AjroÐsmata tÔpou 4

c
8∑
j=1

ε4jynj
= c(yn1 + yn2 + yn3 − yn4 − yn5 − yn6 − yn7 + yn8)

gia n1 < . . . < n8 sto N kai c ∈ R.
OrÐzoume t¸ra tic akoloujÐec tou X wc ex c:

Gia n ∈ N

y0n = yn

y1n =
1

(1 + ε)λ1
(y2n−1 − y2n)

y2n =
1

(1 + ε)λ2
(y1 − y3n−1 − y3n + y3n+1)

y3n =
1

(1 + ε)λ3
(−y1 − y2 + y4n−1 + y4n + y4n+1 − y4n+2)

y4n =
1

(1 + ε)λ4
(y1 + y2 + y3 − y5n−1 − y5n − y5n+1 − y5n+2 + y5n+3)

ParathroÔme oti h akoloujÐa (yin) eÐnai �jroisma tÔpou i thc (yn) gia i = 1, 2, 3, 4

kai �ra apì thn (1.18) èpetai ‖yin‖ ≤ 1 gia k�je n kai i = 1, 2, 3, 4. Bèbaia

‖y0n‖ = 1 gia k�je n. 'Ara∥∥yin∥∥ ≤ 1 gia k�je n kai i = 0, 1, 2, 3, 4. (1.19)

ParathroÔme oti an n < m, tìte

(I) to yn − ym eÐnai �jroisma tÔpou 1 thc (yn). 'Etsi apì thn (1.18)

inf
n6=m

∥∥y0n − y0m∥∥ ≥ (1− ε)λ1.

(II) 2m − 1 > 2n kai �ra y1n − y1m eÐnai �jroisma tÔpou 2 thc (yn). P�li apì

thn (1.18) èpetai

inf
n6=m

∥∥y1n − y1m∥∥ ≥ (1− ε)λ2
(1 + ε)λ1

.

(III) 3m− 1 > 3n+ 1 kai

y2n − y2m =
1

(1 + ε)λ2
(y1 − y3n−1 − y3n + y3n+1 − (y1 − y3m−1 − y3m + y3m+1))

=
1

(1 + ε)λ2
(−y3n−1 − y3n + y3n+1 + y3m−1 + y3m − y3m+1))
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me 3n− 1 < 3n < 3n+ 1 < 3m− 1 < 3m < 3m+ 1. 'Ara y2n− y2m �jroisma

tÔpou 3 thc (yn). 'Etsi h (1.18) dÐnei

inf
n 6=m

∥∥y2n − y2m∥∥ ≥ (1− ε)λ3
(1 + ε)λ2

(IV) 'Omoia 4m− 1 > 4n+ 2 to y3n − y3m eÐnai �jroisma tÔpou 4 thc (yn) kai

inf
n 6=m

∥∥y3n − y3m∥∥ ≥ (1− ε)λ4
(1 + ε)λ3

(V) 5m− 1 > 5n+ 3 kai

y4n − y4m =
1

(1 + ε)λ4
(−y5n−1 − y5n − y5n+1 − y5n+2 + y5n+3 + y5m−1

+ y5m + y5m+1 + y5m+2 − y5m+3)

'Etsi∥∥y4n − y4m∥∥ =
∥∥x∗5n+3

∥∥∥∥y4n − y4m∥∥
≥

∣∣x∗5n+3(y
4
n − y4m)

∣∣
≥ 1

(1 + ε)λ4
|(1− ε) + 4(1− ε)− (1− ε)| apì thn (1.15)

=
4(1− ε)
(1 + ε)λ4

'Ara

inf
n 6=m

∥∥y4n − y4m∥∥ ≥ 4(1− ε)
(1 + ε)λ4

.

Jètoume t¸ra

β(BX) = sup

{
inf
n 6=m
‖xn − xm‖ : (xn) ⊆ BX

}
.

Apì thn (1.18) paÐrnoume oti

β(BX) ≥ max

{
inf
n 6=m

∥∥yin − yim∥∥ : i = 0, 1, 2, 3, 4

}
≥ max

{
(1− ε)λ1,

(1− ε)λ2
(1 + ε)λ1

,
(1− ε)λ3
(1 + ε)λ2

,
(1− ε)λ4
(1 + ε)λ3

,
4(1− ε)
(1 + ε)λ4

}
Pollaplasi�zontac touc ìrouc mèsa stic agkÔlec paÐrnoume oti

β(BX)5 ≥ 4(1− ε)5

(1 + ε)4
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'Ara

β(BX) ≥
5
√

4(1− ε)
(1 + ε)

4
5

Epeid  to ε  tan tuqìn èqoume oti β(BX) ≥ 5
√

4 > 1.

Eidikìtera t¸ra èpetai oti gia k�je δ > 0 up�rqei (xn) sth BX ¸ste h (xn)

eÐnai ( 5
√

4−δ)-diaqwrismènh. Apì thn Prìtash 1.1.3 paÐrnoume t¸ra oti gia k�je
δ > 0 o X perièqei mia kanonikopoihmènh ( 5

√
4− δ)-diaqwrismènh akoloujÐa.

Telei¸nontac to kef�laio autì ac parathr soume oti an 1 < c < 5
√

4 kai X

mh autopaj c q¸roc Banach h prohgoÔmenh apìdeixh mac exasfalÐzei oti up�rqei

(xn) sth SX c-diaqwrismènh. Apì thn teleutaÐa parat rhsh pou k�name èpetai

oti an X mh autopaj c q¸roc Banach ¸ste k�je kleistìc kai apeirodi�statoc

upìqwroc tou na eÐnai mh autopaj c, tìte oX eÐnai èna par�deigma q¸rou Banach

pou apant� katafatik� sto ex c er¸thma:

'Estw X q¸roc Banach. Up�rqei ε > 0 ¸ste k�je apeirodi�statoc kleistìc

upìqwroc tou X na perièqei mia kanonikopoihmènh (1 + ε)-diaqwrismènh akolou-

jÐa?

H Ôparxh apeirodi�statwn q¸rwn Banach, pèran twn klasik¸n c0   l1, pou

èqoun thn idiìthta k�je apeirodi�statoc kleistìc upìqwroc touc na eÐnai mh

autopaj c apèqei polÔ apì to na eÐnai profan c.
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Kef�laio 2

To Je¸rhma Elton-Odell

2.1 Q¸roi Banach pou perièqoun ton c0

Orismìc 2.1.1. Mia seir�
∑

n xn se ènan q¸ro Banach X lègetai asjen¸c

unconditionally sugklÐnousa an gia k�je x∗ ∈ X∗,
∞∑
n=1

|x∗(xn)| <∞.

Gia na dhl¸soume to gegonìc oti mia seir� eÐnai asjen¸c unconditionally sugk-

lÐnousa ja qrhsimopoioÔme th suntomografÐa WUC.

'Estw t¸ra
∑

n xn mia WUC seir� se ènan q¸ro Banach X. EÐnai �meso apì

ton Orismì 2.1.1 oti gia thn antÐstoiqh akoloujÐa èqoume oti xn
w−→ 0. EpÐshc

h seir�
∑

n xn den eÐnai upoqrewtikì na eÐnai ‖·‖   w-sugklÐnousa. Pr�gmati ac
jewr soume thn akoloujÐa (en) ston c0. GnwrÐzoume oti c∗0 = l1. 'Estw loipìn

f = (fn) ∈ l1, tìte
∞∑
n=1

|f(en)| =
∞∑
n=1

|fn| = ‖f‖1 <∞

kai ètsi h
∑

n en eÐnai WUC ston c0. Ja deÐxoume t¸ra oti h
∑

n en den eÐnai

w-sugklÐnousa kai �ra oÔte ‖·‖-sugklÐnousa. 'Estw loipìn x = (xn) ∈ c0 me
n∑
k=1

ek
w−→ x,

tìte e∗j(
∑n

k=1 ek)→ e∗j(x) gia k�je j. 'Ara xj = 1 gia k�je j. 'Omwc x = (xn) ∈
c0, dhlad  xn → 0, n→∞ �topo.
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Prìtash 2.1.2. 'Estw
∑

n xn mia seir� se ènan q¸ro Banach X. Ta ex c

eÐnai isodÔnama:

(i) H seir�
∑

n xn eÐnai WUC.

(ii) Up�rqei C1 > 0 ¸ste ‖
∑∞

n=1 ξnxn‖ ≤ C1 maxn |ξn| gia k�je (ξn) ∈ c00.

(iii) Up�rqei C2 > 0 ¸ste ‖
∑

n∈F xn‖ ≤ C2 gia k�je F ∈ [N]<ω.

(iv) Up�rqei C3 > 0 ¸ste ‖
∑

n∈F εnxn‖ ≤ C3 gia k�je F ∈ [N]<ω kai (εn) ∈
{−1, 1}F .

Apìdeixh. JewroÔme to q¸ro c00 me th nìrma ‖·‖∞ kai jètoume

S =

{
∞∑
n=1

ξnxn : (ξn) ∈ Sc00

}
.

Miac kai |supp(ξn)| < ∞ gia k�je (ξn) ∈ c00,
∑∞

n=1 ξnxn eÐnai stoiqeÐo tou X

gia k�je (ξn) ∈ c00. Gia x∗ ∈ X∗ kai (ξn) ∈ Sc00 èqoume oti∣∣∣∣∣
∞∑
n=1

ξnxn(x∗)

∣∣∣∣∣ =

∣∣∣∣∣x∗(
∞∑
n=1

ξnxn)

∣∣∣∣∣ (2.1)

≤
∞∑
n=1

|ξn| |x∗(xn)| (2.2)

≤ max
n
|ξn|

∞∑
n=1

|x∗(xn)| (2.3)

≤
∞∑
n=1

|x∗(xn)| <∞. (2.4)

'Ara gia k�je x∗ ∈ X∗ up�rqei Mx∗ > 0 ¸ste |
∑∞

n=1 ξnxn(x∗)| ≤ Mx∗ gia k�je

(ξn) ∈ Sc00 .
T¸ra apì thn Arq  Omoiìmorfou Fr�gmatoc èpetai oti up�rqei C1 > 0 ¸ste

‖
∞∑
n=1

ξnxn‖ ≤ C1 gia k�je (ξn) ∈ Sc00 . (2.5)

'Estw t¸ra (ξn) ∈ c00. An (ξn) = 0, tìte bèbaia

‖
∞∑
n=1

ξnxn‖ = 0 = C1 max
n
|ξn| .
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'Estw loipìn (ξn) 6= 0 kai λ = maxn |ξn|, tìte λ > 0 kai apì thn (2.5) èpetai oti

‖
∞∑
n=1

ξn
λ
xn‖ ≤ C1.

'Ara

‖
∞∑
n=1

ξnxn‖ ≤ C1λ = C1 max
n
|ξn| .

(ii)⇒(iii) 'Ameso.

(iii)⇒(iv) 'Estw F ∈ [N]<ω kai (εn) ∈ {−1, 1}F , tìte

‖
∑
n∈F

εnxn‖ = ‖
∑
n∈F
εn=1

εnxn +
∑
n∈F
εn=−1

εnxn‖

≤ ‖
∑
n∈F
εn=1

εnxn‖+ ‖
∑
n∈F
εn=−1

εnxn‖

= ‖
∑
n∈F
εn=1

xn‖+ ‖
∑
n∈F
εn=−1

xn‖

≤ 2C2.

(iv)⇒(i) 'Estw x∗ ∈ X∗, gia n ∈ N jètoume

εn =

{
1, x∗(xn) ≥ 0

−1, x∗(xn) < 0

Tìte gia k ∈ N

k∑
n=1

|x∗(xn)| =
k∑

n=1

εnx
∗(xn)

= x∗(
k∑

n=1

εnxn)

≤

∣∣∣∣∣x∗(
k∑

n=1

εnxn)

∣∣∣∣∣
≤ ‖x∗‖ ‖

k∑
n=1

εnxn‖

≤ C3 ‖x∗‖
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Pìrisma 2.1.3. 'Estw X ènac q¸roc Banach.

(i) An (xn) eÐnai mia hmikanonikopoihmènh basik  akoloujÐa tou X ¸ste h antÐs-

toiqh seir� na eÐnai WUC, tìte o c0 perièqetai ston X. IdiaÐtera, èqoume

oti h (xn) eÐnai isodÔnamh thc sun jouc b�shc tou c0.

(ii) An (xn) eÐnai mia hmikanonikopoihmènh akoloujÐa tou X ¸ste h antÐstoiqh

seir� na eÐnai WUC, tìte o c0 perièqetai ston X. IdiaÐtera up�rqei mia

upakoloujÐa xnk
thc (xn) pou eÐnai isodÔnamh me th sun jh b�sh tou c0.

Apìdeixh. (i) 'Estw ε ≤ ‖xn‖ ≤ M gia k�je n kai K = bc{xn}. 'Estw m ∈ N
kai a1, . . . , am ∈ R. Dedomènou oti h seir�

∑
n xn eÐnai WUC apì to (iii) thc

prohgoÔmenhc prìtashc paÐrnoume oti

‖
m∑
n=1

anxn‖ ≤ C max
1≤n≤m

|an| . (2.6)

EpÐshc èqoume oti gia 1 ≤ i ≤ m

‖aixi‖ = ‖(Pi − Pi−1)(
m∑
n=1

anxn)‖

≤ ‖Pi − Pi−1‖ ‖
m∑
n=1

anxn‖

≤ 2K‖
m∑
n=1

anxn‖

'Ara

|ai| ≤
2K

‖xi‖
‖

m∑
n=1

anxn‖ ≤
2K

ε
‖

m∑
n=1

anxn‖.

'Etsi

max
1≤n≤m

|an| ≤
2K

ε
‖

m∑
n=1

anxn‖.

Dhlad 

ε

2K
max

1≤n≤m
|an| ≤ ‖

m∑
n=1

anxn‖ (2.7)

Apì tic (2.6) kai (2.7) kai thn Prìtash 0.2.10 èpetai to sumpèrasma.

(ii) 'Eqoume t¸ra oti h akoloujÐa (xn) eÐnai hmikanonikopoihmènh kai h
∑

n xn

eÐnai WUC. Tìte xn
w−→ 0 kai apì to Je¸rhma 0.2.12 up�rqei mia upakoloujÐa
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(xnk
) thc (xn) ¸ste h (xnk

) na eÐnai basik . P�li epeid  h
∑

n xn eÐnai WUC

èqoume
∞∑

nk=1

|x∗(xnk
)| =

∞∑
n=1

|x∗(xn)| <∞ gia k�je x∗ ∈ X∗

T¸ra to sumpèrasma èpetai apì to (i).

Pìrisma 2.1.4. 'Estw X ènac q¸roc Banach. An o X perièqei mia akoloujÐa

(xn) thc opoÐac h antÐstoiqh seir�
∑

n xn eÐnai WUC kai apoklÐnei wc proc th

nìrma tou X, tìte o X perièqei ton c0.

Apìdeixh. 'Estw loipìn
∑

n xn mia WUC seir� ston X ¸ste h
∑

n xn apoklÐnei

wc proc th nìrma tou X. Tìte up�rqoun ε > 0 kai gn sia aÔxousec akoloujÐec

fusik¸n arijm¸n (pj) kai (qj) me pj < qj < pj+1 gia k�je j ¸ste ‖
∑qj

n=pj
xn‖ ≥ ε

gia k�je j. Jètoume t¸ra yj =
∑qj

n=pj
xn gia j ∈ N.

Apì thn epilog  twn akolouji¸n (pj) kai (qj) gia x∗ ∈ X∗ èqoume oti

∞∑
j=1

|x∗(yj)| =
∞∑
j=1

|x∗(
qj∑

n=pj

xn)|

≤
∞∑
j=1

qj∑
n=pj

|x∗(xn)|

≤
∞∑
n=1

|x∗(xn)| <∞.

'Ara h akoloujÐa (yj) eÐnai hmikanonikopoihmènh kai h antÐstoiqh seir� eÐnai WUC.

To sumpèrasma t¸ra eÐnai �meso apì to (ii) tou PorÐsmatoc 2.1.3.

Orismìc 2.1.5. 'Estw (en) mia basik  akoloujÐa se ènan q¸ro Banach X. Gia

n ≤ m jètoume Tnm = Pm−Pn. H basik  akoloujÐa (en) lègetai bimonotone

an ‖Tnm‖ = 1 gia k�je n ≤ m.

Prìtash 2.1.6. 'Estw (X, ‖·‖) ènac q¸roc Banach kai (en) mia b�sh tou X.

Tìte up�rqei mia nìrma |‖ · |‖ ston X isodÔnamh thc ‖·‖ ¸ste h akoloujÐa (en)

na eÐnai bimonotone.

Apìdeixh. Ja d¸soume mìno ta basik� shmeÐa thc apìdeixhc. H nìrma |‖ · |‖
orÐzetai wc ex c:

|‖x|‖ = sup
n≤m
‖Tnm(x)‖ , x ∈ X
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kai isqÔei oti

‖x‖ ≤ |‖x|‖ gia k�je x ∈ X. (2.8)

Gia n ≤ m kai x ∈ X

|‖Tnm(x)|‖ = sup
i≤j
‖Tij(Tnm(x))‖

≤ sup
i≤j
‖Tij(x)‖ = |‖x|‖ (2.9)

'Etsi |‖Pn|‖ < 1 gia k�je n kai �ra h (en) eÐnai b�sh thc pl rwshc tou (X, |‖·|‖),
X̃.

'Estw t¸ra x ∈ X, x =
∑∞

n=1 anen. Tìte èqoume oti h seir�
∑

n anen eÐnai

|‖ · |‖-Cauchy, �ra apì thn (2.8) h
∑

n anen eÐnai ‖·‖-Cauchy. 'Estw x′ ∈ X me∑n
k=1 akek

‖·‖−→ x′, dhlad  x′ =
∑∞

n=1 anen. Epeid  (en) eÐnai b�sh tou X èpetai

oti

Pn(x′) =
n∑
k=1

akek = Pn(x).

'Ara x = x′. 'Etsi X = X̃ kai apì to Je¸rhma Anoikt c Apeikìnishc kai thn

(2.8) èpetai (X, ‖·‖) ' (X, |‖ · |‖). H (2.9) t¸ra dÐnei to telikì sumpèrasma.

Parak�tw ìtan anaferìmaste se anoikt�, kleist�   Borel uposÔnola tou

[N]ω ja ennooÔme oti eÐnai anoikt�, kleist�   Borel wc proc thn topologÐa thc

kat� shmeÐo sÔgklishc.

L mma 2.1.7. 'Estw X ènac q¸roc Banach kai (xn) mia akoloujÐa ston X.

Tìte gia K > 0 to sÔnolo Bk = {M = (mi) ∈ [N]ω : supn ‖
∑n

i=1 xmi
‖ ≤ K}

eÐnai kleistì sto [N]ω.

Apìdeixh. 'Estw K > 0 arkeÐ bèbaia na deÐxoume oti [N]ω \ Bk eÐnai �noiktì

sÔnolo. 'Estw M = (mi) ∈ [N]ω \ Bk, tìte up�rqei n0 ∈ N ¸ste

‖
n0∑
i=1

xmi
‖ > K.

Jètoume A = {m1, . . . ,mn0} kai jewroÔme to sÔnolo (A,N)ω gia to opoÐo isqÔei

oti eÐnai anoiktì kai oti perièqei to stoiqeÐo M . Tèloc, gia L = (li) ∈ (A,N)ω

èqoume

sup
n
‖

n∑
i=1

xli‖ ≥ ‖
n0∑
i=1

xli‖ = ‖
n0∑
i=1

xmi
‖ > K

kai �ra (A,N)ω ⊆ [N]ω \ Bk.
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L mma 2.1.8. 'Estw X q¸roc Banach kai (xn) mia basik  akoloujÐa ston X.

An up�rqei M ∈ [N]ω ¸ste [M ]ω ⊆
⋃∞
k=1 Bk, tìte up�rqoun M ′ ∈ [M ]ω kai

k0 ∈ N ¸ste [M ′]ω ⊆ Bk0 . 'Opou ta sÔnola Bk, k ∈ N eÐnai ìpwc sto L mma

2.1.7.

Apìdeixh. Arqik� upojètoume oti h (xn) eÐnai bimonotone basik  akoloujÐa. Gia

k ∈ N jètoume B′k = Bk
⋂

[M ]ω. Tìte to sÔnolo B′k eÐnai sqetik� kleistì sto

[M ]ω gia k ∈ N kai [M ]ω =
⋃∞
k=1 B′k.

'Estw L = (li) ∈ [N]ω \ [M ]ω, tìte up�rqei i0 ∈ N ¸ste li0 /∈ M . Jètoume

A = {l1, . . . , li0} kai jewroÔme to sÔnolo (A,N)ω gia to opoÐo isqÔei oti eÐnai

anoiktì kai oti L ∈ (A,N)ω. Apì thn epilog  tou sunìlou A eÐnai �meso oti

(A,N)ω ⊆ [N]ω \ [M ]ω. Epeid  to L  tan tuqìn stoiqeÐo tou [N]ω \ [M ]ω èpetai

oti to [N]ω \ [M ]ω eÐnai anoiktì kai �ra to [M ]ω kleistì.

Epeid  o [N]ω eÐnai pl rwc metrikopoi simoc topologikìc q¸roc èpetai oti kai

o [M ]ω eÐnai pl rwc metrikopoi simoc topologikìc q¸roc. 'Etsi apì to Je¸rhma

Baire up�rqei k0 ∈ N ¸ste
◦
B′k0 6= ∅. 'Ara up�rqei A ∈ [N]<ω ¸ste

∅ 6= (A,N)ω
⋂

[M ]ω ⊆
◦

B′k0 . (2.10)

AfoÔ (A,N)ω
⋂

[M ]ω 6= ∅ èpetai oti A ⊆M kai h (2.10) gÐnetai

(A,M)ω ⊆
◦

B′k0 . (2.11)

'Estw a = maxA kai ac jèsoume M ′ = {m ∈M : m > a}. Gia L = (li) ∈ [M ′]ω

kai n ∈ N apì th bimonotonicity thc (xn) èqoume

‖
n∑
i=1

xli‖ ≤ ‖
∑
m∈A

xm +
n∑
i=1

xli‖ ≤ k0,

afoÔ maxA < minL. 'Ara [M ′]ω ⊆
◦
B′k0 .

'Estw (xn) tuqoÔsa basik  akoloujÐa ston X. Tìte apì thn Prìtash 2.1.6

up�rqei mia isodÔnamh nìrma |‖ · |‖ ston [xn] ¸ste h (xn) na eÐnai bimonotone

basik . 'Estw t¸ra C > 0 ¸ste

1

C
|‖x|‖ ≤ ‖x‖ ≤ |‖x|‖, gia k�je x ∈ [xn].

Apì thn anisìthta 1
C
|‖x|‖ ≤ ‖x‖, x ∈ X paÐrnoume oti [M ]ω ⊆

⋃∞
k=1 Bk kai

gia th nìrma |‖ · |‖. Apì to pr¸to mèroc thc apìdeixhc èpetai oti up�rqoun
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M ′ ∈ [M ]ω kai k0 ∈ N ¸ste [M ]ω ⊆ Bk0 wc proc th nìrma |‖ · |‖. Tèloc, h

anisìthta ‖x‖ ≤ |‖x|‖, x ∈ [xn] dÐnei to sumpèrasma.

Je¸rhma 2.1.9. (Johnson) 'Estw X q¸roc Banach kai (xn) mia hmikano-

nikopoihmènh akoloujÐa ston X ¸ste k�je upakoloujÐa thc na èqei mia peraitèrw

upakoloujÐa (yn) gia thn opoÐa isqÔei oti

sup
n
‖

n∑
i=1

yi‖ <∞.

Tìte o X perièqei ton c0. IdiaÐtera h (xn) èqei mia upakoloujÐa isodÔnamh me th

sun jh b�sh tou c0.

Apìdeixh. Ja deÐxoume arqik� oti xn
w−→ 0. Ac upojèsoume oti autìde sum-

baÐnei, tìte ja up�rqoun x∗ ∈ SX∗ kai ε > 0 ¸ste |x∗(xn)| ≥ ε gia �peira n.

Epilègontac an eÐnai anagkaÐo to −x∗ mporoÔme na upojèsoume oti x∗(xn) ≥ ε

gia �peira n kai èstw N = {n ∈ N : x∗(xn) ≥ ε}. Tìte gia L = (li) ∈ [N]ω

èqoume

‖
n∑
i=1

xli‖ = ‖x∗‖ ‖
n∑
i=1

xli‖

≥ |
n∑
i=1

x∗(xli)|

=
n∑
i=1

x∗(xli) ≥ nε→∞, n→∞,

to opoÐo eÐnai �topo apì thn upìjesh mac. Epiplèon h akoloujÐa (xn) eÐnai

hmikanonikopoihmènh kai �ra apì to Je¸rhma 0.2.11 mporoÔme na upojèsoume oti

h (xn) eÐnai basik  akoloujÐa ston X.

JewroÔme t¸ra ta uposÔnola tou [N]ω, Bk gia k ∈ N, ìpwc aut� orÐsthkan

sto L mma 2.1.7. Apì to proanaferjèn L mma èpetai oti Bk eÐnai kleistì gia

k�je k ∈ N. 'Etsi to sÔnolo
⋃∞
k=1 Bk eÐnai Fσ-sÔnolo tou [N]ω kai �ra apì

to Je¸rhma 0.1.3 to sÔnolo
⋃∞
k=1 Bk eÐnai pl rwc Ramsey. Epomènwc, up�rqei

M ∈ [N]ω ¸ste eÐte [M ]ω ⊆
⋃∞
k=1 Bk   [M ]ω ⊆ (

⋃∞
k=1 Bk)c =

⋂∞
k=1 Bck. 'Estw

loipìn oti [M ]ω ⊆
⋂∞
k=1 Bck, tìte gia k�je L = (li) ∈ [M ]ω supn ‖

∑n
i=1 xli‖ =∞,

�topo. 'Ara [M ]ω ⊆
⋃∞
k=1 Bk. T¸ra to L mma 2.1.8 mac dÐnei oti up�rqoun

M ′ ∈ [M ]ω kai k0 ∈ N ¸ste [M ′]ω ⊆ Bk0 . 'Estw t¸ra M ′ = (mi) kai yi = xmi
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gia i ∈ N. Tìte h akoloujÐa (yi) eÐnai hmikanonikopoihmènh kai basik  ston X.

Epiplèon, èqoume oti gia k�je L = (Li) ∈ [N]ω supn ‖
∑n

i=1 yli‖ ≤ k0. IdiaÐtera

èqoume oti gia k�je F ∈ [N]<ω, ‖
∑

i∈F yi‖ ≤ k0 dhlad  h seir�
∑

i yi eÐnai WUC.

Apì ta prohgoÔmena kai to (i) tou PorÐsmatoc 2.1.3 èpetai oti h akoloujÐa (yi)

eÐnai isodÔnamh me th sun jh b�sh tou c0.

An�loga twn Lhmm�twn 4.1.7 kai 4.1.8. eÐnai ta parak�tw.

L mma 2.1.10. 'Estw X ènac q¸roc Banach kai (xn) mia akoloujÐa ston X.

Tìte giaK > 0 to sÔnoloAk = {M = (mi) ∈ [N]ω : supn ‖
∑n

i=1(−1)ixmi
‖ ≤ K}

eÐnai kleistì sto [N]ω.

Apìdeixh. 'Omoia me to L mma 2.1.7.

L mma 2.1.11. 'Estw X q¸roc Banach kai (xn) mia basik  akoloujÐa ston

X. An up�rqei M ∈ [N]ω ¸ste [M ]ω ⊆
⋃∞
k=1Ak, tìte up�rqoun M

′ ∈ [M ]ω kai

k0 ∈ N ¸ste

[M ]ω ⊆ Ak0 .

Apìdeixh. H apìdeixh eÐnai an�logh me aut n tou L mmatoc 2.1.8 me mia mikr 

diaforopoÐhsh sto ex c shmeÐo. 'Estw loipìn A ∈ [M ]<ω kai k0 ∈ N ¸ste

(A,M)ω ⊆ Ak0 . Jètoume p�li M
′ = {m ∈M : m > maxA}. Dedomènou oti to

sÔnolo A eÐnai thc morf c {m1, . . . ,mN} apì th bimonotonicity thc (xn) èqoume

oti gia L = (li) ∈ [M ′]ω kai n ∈ N, an N �rtioc

‖
n∑
i=1

(−1)ixki‖ ≤ ‖
N∑
i=1

(−1)ixmi
+

n∑
i=1

(−1)ixli‖ ≤ k0,

en¸ an N perittìc

‖
n∑
i=1

(−1)ixli‖ = ‖
n∑
i=1

(−1)i+1xli‖ ≤ ‖
N∑
i=1

(−1)ixmi
+

n∑
i=1

(−1)i+1xli‖

≤ k0.

Je¸rhma 2.1.12. (Johnson) 'Estw X q¸roc Banach kai (xn) mia hmikano-

nikopoihmènh basik  akoloujÐa ston X. An k�je upakoloujÐa thc (xn) èqei mia

peraitèrw upakoloujÐa (yn) ¸ste

sup
n
‖

n∑
i=1

(−1)iyi‖ <∞,
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tìte o X perièqei ton c0.

Apìdeixh. Apì to L mma 2.1.10 èpetai oti ta sÔnola Ak gia k ∈ N eÐnai kleist�

sto [N]ω. Kat� sunèpeia to sÔnolo
⋃∞
k=1Ak eÐnai Fσ sÔnolo tou [N]ω kai �ra apì

to Je¸rhma 0.1.3 pl rwc Ramsey. 'Etsi up�rqei M ∈ [N]ω ¸ste eÐte [M ]ω ⊆⋃∞
k=1Ak   [M ]ω ⊆ (

⋃∞
k=1Ak)

c ⊆
⋂∞
k=1A

c
k. 'Estw loipìn oti [M ]ω ⊆

⋂∞
k=1A

c
k,

tìte gia L = (li) ∈ [M ]ω, supn ‖
∑n

i=1(−1)ixli‖ = ∞, �topo. 'Ara [M ]ω ⊆⋃∞
k=1Ak. Apì to L mma 2.1.11 paÐrnoume oti up�rqoun M ′ ∈ [M ]ω kai k0 ∈ N

me [M ′]ω ⊆ Ak0 . 'Estw M ′ = (mn) kai yn = xm2n − xm2n−1 gia n ≥ 1. Tìte gia

n ≥ 1
‖x2n−1‖
bc{xn}

≤
∥∥xm2n − xm2n−1

∥∥ ≤ ‖xm2n‖+
∥∥xm2n−1

∥∥ .
Apì thn prohgoÔmenh sqèsh kai to gegonìc oti h (xn) eÐnai hmikanonikopoihmènh

èpetai oti h (yn) eÐnai hmikanonikopoihmènh. Akìmh h akoloujÐa (yn) wc block

akoloujÐa thc (xn) eÐnai basik  akoloujÐa ston X. Gia L = (li) ∈ [N]ω èqoume

oti

‖
n∑
i=1

yli‖ = ‖
n∑
i=1

(xm2li
− xm2li−1

)‖ ≤ k0.

T¸ra to sumpèrasma èpetai �mesa apì to Je¸rhma 2.1.9   mporoÔme na parathr -

soume oti h seir�
∑

n yn eÐnai WUC kai na p�roume to sumpèrasma apì to Pìrisma

2.1.3.

2.2 To Je¸rhma Elton-Odell

Se aut n thn par�grafo ja apodeÐxoume to Je¸rhma Elton-Odell, dhlad  oti k�-

je q¸roc Banach perièqei mia kanonikopoihmènh (1 + ε)-diaqwrismènh akoloujÐa.

Pr¸ta ja eisag�goume dÔo sumbolismoÔc pou ja mac dieukolÔnoun sth sunèqeia.

'Estw X ènac q¸roc Banach kai (xn) mia akoloujÐa ston X.

An (bi)
k
i=1 eÐnai mia peperasmènh block akoloujÐa thc (xn) ja gr�foume n <

b1 < . . . < bk an n < min suppb1 kai max suppbi < min suppbi+1 gia 1 ≤ i ≤
k − 1. EpÐshc, an x eÐnai èna block stoiqeÐo thc (xn) me x =

∑l
i=1 aixni

, ìpou

n1 < . . . < nl kai ai 6= 0 gia 1 ≤ i ≤ l gia k ≤ l me (x)−k ja sumbolÐzoume to

stoiqeÐo
∑l−k

i=1 aixni
.

L mma 2.2.1. 'Estw δj = 20−j gia j ≥ 0. Tìte
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(i) δj + δj+1 < 2δj

(ii) (1 + δj+1)(1 + 3δj+1) < 1 + δj

(iii) 1−δj+1

1+δj+1
> 1− δj.

Apìdeixh. (i) EÐnai �meso, afoÔ h akoloujÐa (δj)j≥0 eÐnai gn sia fjÐnousa.

(ii)

(1 + δj+1)(1 + 3δj+1) = 1 + 3δj+1 + δj+1 + 3δ2j+1

Epeid  δj ≤ 1, gia k�je j ≥ 0

(1 + δj+1)(1 + 3δj+1) ≤ 1 + 7δj+1

< 1 + 20δj+1

= 1 + δj.

(iii)

1− δj+1

1 + δj+1

> 1− δj ⇔ 1− δj+1 > 1− δj + δj+1 + δj+1δj

⇔ δj > 2δj+1 + δj+1δj

P�li epeid  δj ≤ 1 gia k�je j ≥ 0 arkeÐ na isqÔei oti

δj > 2δj+1 + δj+1,

dhlad  arkeÐ

20δj+1 > 3δj+1,

pou isqÔei.

To Je¸rhma 1.2.6 mac plhroforeÐ oti k�je q¸roc Banach X pou perièqei

ton c0 ikanopoieÐ to sumpèrasma tou Jewr matoc Elton-Odell. 'Etsi gia na

apodeÐxoume to Je¸rhma Elton-Odell arkeÐ na perioristoÔme se q¸rouc Banach

pou den perièqoun ton c0. Apì to Je¸rhma (Day) 0.2.11 èpetai oti se k�je

q¸ro Banach X mporoÔme na broÔme mia kanonikopoihmènh basik  akoloujÐa

pou ikanopoieÐ thn

‖
n∑
i=1

aixi‖ ≤ (1 + 20−n)‖
m∑
i=1

aixi‖ (2.12)
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gia k�je n ≤ m kai a1, . . . , am ∈ R.
An t¸ra o q¸roc Banach X den perièqei ton c0, apì to Je¸rhma (Johnson)

2.1.12 ja up�rqei mia upakoloujÐa (xnk
) thc (xn) ¸ste gia k�je L = (li) ∈ [N]ω

sup
m
‖

m∑
i=1

(−1)ixnli
‖ =∞. (2.13)

Bèbaia h akoloujÐa (xnk
) eÐnai kanonikopoihmènh kai basik  ston X. Akìmh an

xm = xnk
, tìte èqoume oti m ≥ k kai gia k ≤ l

‖
k∑
i=1

aixni
‖ ≤ (1 + 20−m)‖

l∑
i=1

aixni
‖

≤ (1 + 20−k)‖
l∑

i=1

aixni
‖ (2.14)

gia k�je a1, . . . , al ∈ R. EpÐshc, eÐnai profanèc oti arkeÐ na apodeÐxoume to

Je¸rhma Elton-Odell gia ton q¸ro Banach [xnk
].

SunoyÐzontac ta parap�nw sumperaÐnoume oti to Je¸rhma Elton-Odell arkeÐ

na deiqjeÐ sthn perÐptwsh pou o X eÐnai ènac q¸roc Banach me mia kanonikopoih-

mènh b�sh (xn) h opoÐa ikanopoieÐ ta ex c

‖
n∑
i=1

aixi‖ ≤ (1− 20−n)‖
m∑
i=1

aixi‖

gia k�je n ≤ m kai a1, . . . , al ∈ R kai

sup
n
‖

n∑
i=1

(−1)ixmi
‖ =∞

gia k�je M = (mi) ∈ [N]ω.

Je¸rhma 2.2.2. (Elton-Odell [4], [6]) K�je q¸roc Banach X perièqei mia

kanonikopoihmènh (1 + ε)-diaqwrismènh akoloujÐa.

Apìdeixh. SuneqÐzoume apì ekeÐ pou eÐqame meÐnei prin th diatÔpwsh tou Jewr -

matoc. 'Estw loipìn ènac q¸roc Banach X me mia kanonikopoihmènh b�sh (xn)

pou ikanopoieÐ tic

‖
n∑
i=1

aixi‖ ≤ (1 + 20−n)‖
m∑
i=1

aixi‖ (2.15)
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gia k�je n ≤ m kai a1, . . . , am ∈ R kai

sup
n
‖

n∑
i=1

(−1)ixmi
‖ =∞ (2.16)

gia k�je M = (mi) ∈ [N]ω.

JewroÔme t¸ra thn akoloujÐa jetik¸n pragmatik¸n arijm¸n (xn − xn+1 +

xn+2)n≥1 gia thn opoÐa isqÔei oti

1

1 + 20−n
=
‖xn‖

1 + 20−n
≤ ‖xn − xn+1 + xn+2‖ ≤ 3.

'Etsi an α eÐnai èna shmeÐo suss¸reushc thc akoloujÐac (‖xn − xn+1 + xn+2‖−1)n≥1
èqoume oti 1

3
≤ α ≤ 1. Epilègoume èna tètoio α.

Gia δ > 0 èna b ∈ X lègetai δ-block an

(i) ‖b‖ = 1

(ii) to stoiqeÐo b eÐnai thc morf c

b = β
l∑

i=1

(−1)i+1xmi
, (2.17)

ìpou m1 < . . . < ml kai l ènac perittìc arijmìc me l ≥ 3 kai

(iii)
∣∣∣αβ − 1

∣∣∣ < δ.

EÐnai �meso oti an b ∈ X eÐnai èna δ-block, tìte β = ‖
∑l

i=1(−1)i+1xmi
‖−1.

H epilog  tou α mac exasfalÐzei oti gia k�je δ > 0 kai n ∈ N up�rqei

èna δ-block b ¸ste n < b. Pr�gmati, epilègontac èna n ∈ N afoÔ to α eÐnai

shmeÐo suss¸reushc thc (‖xn − xn+1 + xn+2‖−1)n≥1 ja up�rqei m > n ¸ste∣∣∣ α
‖xm−xm+1+xm+2‖−1 − 1

∣∣∣ < δ. Jètoume t¸ra β = ‖xm − xm+1 + xm+2‖−1 kai

b = β(xm − xm+1 + xm+2) = β(
∑3

i=1(−1)i+1x(m−1)+i). EÐnai �meso oti to b eÐnai

δ-block me n < b.

ParathroÔme t¸ra oti isqÔei akrib¸c èna apì ta ex c:

(*) Gia k�je δ > 0 kai n ∈ N up�rqoun δ-blocks b1, . . . , bk me n < b1 < . . . < bk

¸ste gia k�je δ-block b me bk < b na up�rqei i ∈ {1, . . . , k} ¸ste ‖b− bi‖ ≤
1 + δ.
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(**) Up�rqoun δ > 0 kai n ∈ N ¸ste gia k�je epilog  δ-blocks b1, . . . , bk me

n < b1 < . . . < bk up�rqei èna δ-block b me bk < b ¸ste ‖b− bi‖ > 1 + δ

gia k�je 1 ≤ i ≤ k.

Ja deÐxoume oti an isqÔei h (**), tìte èqoume to sumpèrasma. Pr�gmati, èstw

δ > 0 kai n ∈ N, ìpwc sth (**). 'Opwc anafèrame nwrÐtera mporoÔme na broÔme

èna δ-block b1 me n < b1. AkoloÔjwc apì thn (**) epilègoume èna δ-block b2

me b1 < b2 kai ‖b2 − b1‖ > 1 + δ. 'Estw t¸ra k ≥ 1 kai ac upojèsoume oti

èqoume epilèxei δ-blocks b1, . . . , bk me n < b1 < . . . < bk kai ‖bi − bj‖ > 1 + δ

gia k�je 1 ≤ i ≤ k. P�li apì thn (**) mporoÔme na epilèxoume èna δ-block bk+1

me bk < bk+1 kai ‖bk+1 − bi‖ > i + δ gia k�je 1 ≤ i ≤ k. 'Etsi mporoÔme na

broÔme mia �peira akoloujÐa apì δ-blocks (bk) me n < b1 < . . . < bk < . . . ¸ste

‖bi − bj‖ > 1 + δ gia i+ j kai èqoume telei¸sei.

Mènei na deiqjeÐ oti h (*) den mporeÐ na isqÔei. Ac upojèsoume loipìn oti

h (*) isqÔei kai ac jèsoume δj = 20−j gia j ≥ 0. Tìte gia k�je j mporoÔme na

epilèxoume δj-blocks bj1, . . . , b
j
kj

¸ste

(i)

b11 < . . . < b1k1 < . . . < bj1 < . . . < bjkj < . . . (2.18)

kai

(ii) an b eÐnai èna δj-block me bjkj < b, tìte up�rqei 1 ≤ i ≤ kj me
∥∥bji − b∥∥ <

1 + δj.

Gia j ≥ 0 kai 1 ≤ i ≤ kj jètoume d
j
i = α

βj
i

bji , dhlad  an b
j
i = βji

∑lj,i
k=1(−1)k+1xmj,i

k
,

tìte dji = α
∑lj,i

k=1(−1)k+1xj,imk
.

Gia j = 2 epilègoume èna 1 ≤ i2 ≤ k2. Tìte to b2i2 eÐnai èna δ2-block kai

�ra δ1-block me b1k1 < b2i2 . Apì thn (2.18) èpetai oti up�rqei 1 ≤ i1 ≤ k1 ¸ste∥∥b1i1 − b2i2∥∥ < 1 + δ1.

'Eqoume∥∥(d1i1 − d
2
i2

)− (b1i1 − b
2
i2

)
∥∥ ≤ ∥∥d1i1 − b1i1∥∥+

∥∥d2i2 − b2i2∥∥
≤

∥∥∥∥ αβ1
i1

b1i1 − b
1
i1

∥∥∥∥+

∥∥∥∥ αβ2
i2

b2i2 − b
2
i2

∥∥∥∥
=

∣∣∣∣ αβ1
i1

− 1

∣∣∣∣+

∣∣∣∣ αβ2
i2

− 1

∣∣∣∣
< δ1 + δ2 < 2δ1.
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EpÐshc èqoume∥∥d1i1 − d2i2∥∥− ∥∥b1i1 − b2i2∥∥ ≤ ∣∣∥∥d1i1 − d2i2∥∥− ∥∥b1i1 − b2i2∥∥∣∣
≤

∥∥(d1i1 − d
2
i2

)− (b1i1 − b
2
i2

)
∥∥

< 2δ1.

'Ara ∥∥d1i1 − d2i2∥∥ < 2δ1 +
∥∥b1i1 − b2i2∥∥

< 1 + 3δ1.

'Eqoume t¸ra oti supp(d1i1 − d
2
i2

) ≥ 6 kai ètsi apì thn (2.15)∥∥(d1i1 − d
2
i2

)−1
∥∥ ≤ (1 + δ1)

∥∥d1i1 − d2i2∥∥ < (1 + δ1)(1 + 3δ1) < 1 + δ0.

Epeid  b1i1 < b2i2 èpetai oti d1i1 < d2i2 . EpÐshc èqoume oti suppd2i2 ≥ 3. P�li apì

thn (2.15) paÐrnoume oti∥∥d1i1∥∥ ≤ (1 + δ1)
∥∥(d1i1 − d

2
i2

)−1
∥∥ < (1 + δ1)(1 + δ0).

Gia j = 4 ac epilèxoume èna 1 ≤ i4 ≤ k4. Tìte to b4i4 eÐnai δ4-block kai �ra

δ3-block me b3k3 < b4i4 . P�li apì thn (2.18) paÐrnoume oti up�rqei èna 1 ≤ i3 ≤
k3 ¸ste

∥∥b4i4 − b3i3∥∥ < 1 + δ3. 'Omoia me thn perÐptwsh j = 2 paÐrnoume oti∥∥(d3i3 − d
4
i4

)−1
∥∥ < 1 + δ2. Epeid  d3i3 < d4i4 kai

∣∣suppd4i4
∣∣ ≥ 3

∥∥(d3i3 − d
4
i4

)−1
∥∥ ≥ ∥∥d3i3∥∥

1 + δ3
apì thn (2.15)

=

∥∥∥ α
β3
i3

b3i3

∥∥∥
1 + δ3

=

∣∣∣ αβ3
i3

∣∣∣
1 + δ3

>
1− δ3
1 + δ3

, afoÔ to b3i3 eÐnai δ3 − block

> 1− δ2.

ParathroÔme oti to
∣∣supp(d3i3 − d

4
i4

)−1
∣∣ eÐnai perittìc arijmìc megalÔteroc tou
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3. EpÐshc

(d3i3 − d
4
i4

)−1 = α

l3,i3∑
k=1

(−1)k+1x
m

3,i3
k
− α

l4,i4−1∑
k=1

(−1)k+1x
m

4,i4
k

= α

l3,i3∑
k=1

(−1)k+1x
m

3,i3
k
−

l4,i4−1∑
k=1

(−1)k+1x
m

4,i4
k


Epeid  o l3,i3 eÐnai perittìc èpetai oti to (d3i3 − d4i4)−1 eÐnai thc morf c (2.17).

Jètoume z1 = (d3i3 − d
4
i4

)−1, tìte 1− δ2 < ‖z1‖ < 1 + δ2.

Blèpoume t¸ra oti to stoiqeÐo z1
‖z1‖ eÐnai thc morf c (2.17) me β = α

‖z1‖ . Akìmh∣∣∣∣∣ αα‖z1‖ − 1

∣∣∣∣∣ = |‖z1‖ − 1| < δ2.

AfoÔ t¸ra min suppz1 = min suppd1i1 , to
z1
‖z1‖ eÐnai èna δ2-block me b2k2 <

z1
‖z1‖ .

P�li mporoÔme na epilèxoume èna 1 ≤ i2 ≤ k2 me
∣∣∣b2i2 − z1

‖z1‖

∣∣∣ < 1 + δ2.

T¸ra∥∥∥∥∥∥
(

4∑
j=2

(−1)jdjij

)
−1

− (b2i2 −
z1
‖z1‖

)

∥∥∥∥∥∥ =

∥∥∥∥(d2i2 − b
2
i2

)− ((d3i3 − d
4
i4

)−1 −
z1
‖z1‖

)

∥∥∥∥
≤

∥∥d2i2 − b2i2∥∥+

∥∥∥∥z1 − z1
‖z1‖

∥∥∥∥
=

∣∣∣∣ αβ2
i2

− 1

∣∣∣∣+ ‖z1‖
∣∣∣∣1− 1

‖z1‖

∣∣∣∣
< δ2 + ‖z1‖

∣∣∣∣‖z1‖ − 1

‖z1‖

∣∣∣∣
= δ2 + |‖z1‖ − 1|

< 2δ2.

'Etsi ∥∥∥∥∥∥
(

4∑
j=2

(−1)jdjij

)
−1

∥∥∥∥∥∥ < 2δ2 +

∥∥∥∥b2i2 − z1
‖z1‖

∥∥∥∥
< 1 + 3δ2
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Apì thn (2.15) t¸ra∥∥∥∥∥∥
(

4∑
j=2

(−1)jdjij

)
−2

∥∥∥∥∥∥ ≤ (1 + δ2)

∥∥∥∥∥∥
(

4∑
j=1

(−1)jdjij

)
−1

∥∥∥∥∥∥
< (1 + δ2)(1 + 3δ2)

< 1 + δ1.

'Eqoume t¸ra oti d2i2 < d3i3 < d4i4 kai oti
∣∣supp(d3i3 − d

4
i4

)−2
∣∣ ≥ 4. P�li apì thn

(2.15) ∣∣∣∣∣(
4∑
j=2

(−1)jdjij)−2

∣∣∣∣∣ ≥
∥∥d2i2∥∥
1 + δ2

=

∣∣∣ αβ2
i2

∣∣∣
1 + δ2

>
1− δ2
1 + δ2

, afoÔ to b2i2 eÐnai δ2 − block

> 1− δ1.

Jètontac z2 =
(∑4

j=2(−1)jdjij

)
−2

mporoÔme na apodeÐxoume ìpwc k�name sthn

perÐptwsh tou z1 oti to z2
‖z2‖ eÐnai èna δ1-block me b1k1 <

z2
‖z2‖ . Epilègoume t¸ra

èna 1 ≤ i1 ≤ k1 me
∥∥∥b1i1 − z2

‖z2‖

∥∥∥ < 1 + δ1. 'Eqoume oti

‖(
4∑
j=1

(−1)j+1djij)−2 − (b1i1 −
z2
‖z2‖

)‖ ≤

∥∥∥∥∥(d1i1 − b
1
i1

)− ((
4∑
j=2

(−1)jdjij)−2 −
z2
‖z2‖

)

∥∥∥∥∥
≤

∥∥d1i1 − b1i1∥∥+

∥∥∥∥z2 − z2
‖z2‖

∥∥∥∥
=

∣∣∣∣ αβ1
i1

− 1

∣∣∣∣+ |‖z2‖ − 1|

< 2δ1.

'Etsi

‖(
4∑
j=1

(−1)j+1djij)−2‖ < 2δ1 +

∥∥∥∥b1i1 − z2
‖z2‖

∥∥∥∥
< 1 + 3δ1

'Eqoume t¸ra oti d1i1 < . . . < d4i4 kai

∣∣∣∣supp
(∑4

j=2(−1)j+1djij

)
−2

∣∣∣∣ ≥ 7. Apì thn
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(2.15) t¸ra paÐrnoume oti∥∥∥∥∥∥
(

4∑
j=1

(−1)j+1djij

)
−3

∥∥∥∥∥∥ ≤ (1 + δ1)

∥∥∥∥∥∥
(

4∑
j=1

(−1)j+1djij

)
−2

∥∥∥∥∥∥
< (1 + δ1)(1 + 3δ1)

< 1 + δ0

kai epÐshc oti

∥∥d1i1 − d2i2∥∥ ≤ (1 + δ1)

∥∥∥∥∥(
4∑
j=1

(−1)j+1djij)−3

∥∥∥∥∥ < (1 + δ1)(1 + δ0)

Epagwgik� t¸ra gia k�je m �rtio mporoÔme na epilèxoume i1, . . . , im/2 me 1 ≤
ij ≤ kj gia 1 ≤ j ≤ m

2
¸ste

‖
m/2∑
j=1

(−1)j+1djij‖ < (1 + δ1)(1 + δ0). (2.19)

Gia k�je m �rtio stajeropoioÔme im,1, . . . , im,m/2 ¸ste na ikanopoieÐtai h (2.19).

Ac jèsoume t¸ra A = {m ∈ N : m �rtioc}, tìte up�rqei A1 ∈ [A]ω kai 1 ≤
i1 ≤ k1 ¸ste im,1 = i1 gia k�je m ∈ A1. Epagwgik� mporoÔme na epilèxoume mia

fjÐnousa akoloujÐa apeÐrwn uposunìlwn tou N, (Aj) kai mia akoloujÐa fusik¸n

arijm¸n (ij) ¸ste an m ∈ An, tìte im,j = ij gia 1 ≤ j ≤ n. Apì ta parap�nw

èpetai oti an m ∈ An, tìte m ≥ 2n.

'Estw t¸ra n ∈ N kai m ∈ An, tìte

‖
n∑
j=1

(−1)j+1djij‖ ≤ (1 + δ0)‖
m/2∑
j=1

(−1)j+1djim,j‖

< (1 + δ0)
2(1 + δ1)

Dhlad 

sup
n
‖

n∑
j=1

(−1)j+1djij‖ <∞

Dedomènou oti d1i1 < . . . < djij kai oti
∣∣∣suppdjij

∣∣∣ eÐnai perittìc arijmìc gia k�je j

eÐnai eÔkolo na doÔme oti to parap�nw �jroisma eÐnai thc morf c

α‖
n∑
i=1

(−1)i+1xmi
‖.
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'Ara up�rqei M = (mi) ∈ [N]ω ¸ste

sup
n
‖

n∑
i=1

(−1)ixmi
‖ <∞

�topo apì th (2.16).
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Kef�laio 3

Unconditional Spreading Models

To er¸thma an k�je q¸roc Banach perièqei mia unconditional basik  akoloujÐa

 tan anoiqtì gia poll� qrìnia kai telik� apant jhke arnhtik� apì touc Gowers

kai Maurey (Prbl. ta biblÐa [1], [7] kai [8] kai th bibliografÐa pou paratÐje-

tai ekeÐ). Sto kef�laio autì ja apodeÐxoume oti k�je q¸roc Banach èqei èna

spreading model me unconditional b�sh kai me th bo jeia autoÔ oti k�je q¸roc

Banach perièqei osod pote meg�lou (peperasmènou) m kouc (1+ε)-unconditional

basikèc akoloujÐec.

3.1 Spreading models

Sthn par�grafo aut  ja d¸soume tic apodeÐxeic twn Jewrhm�twn 0.2.21 kai

0.2.22. Shmei¸noume oti h mèjodoc twn apodeÐxewn twn Lhmm�twn 3.1.2 kai 3.1.3

ja qreiasteÐ kai parak�tw.

To akìloujo apotèlesma eÐnai ousiastik� mia isodÔnamh diatÔpwsh tou k-

lasikoÔ jewr matoc tou Ramsey (Je¸rhma 0.1.1).

Je¸rhma 3.1.1. 'Estw r ∈ N kai f : [N]r → R mia fragmènh sun�rthsh, tìte

up�rqei M ∈ [N]ω ¸ste na up�rqei to ìrio

lim
A∈[M ]r

f(A).

Apìdeixh. Ja qrhsimopoi soume epagwg  sto r. H perÐptwsh r = 1 eÐnai �mesh

apì to Je¸rhma Bolzano-Weierstrass.
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Upojètoume oti to sumpèrasma isqÔei gia r ≥ 1. 'Estw t¸ra mia fragmènh

sun�rthsh f : [N]r+1 → R kai (Ai)i≥1 mia arÐjmhsh tou [N]r+1. Gia i ∈ N
orÐzoume th sun�rthsh fi : N→ R me

fi(n) =

{
f(Ai

⋃
{n}), n /∈ Ai

0, n ∈ Ai

EÐnai �meso oti gia k�je i h sun�rthsh fi eÐnai fragmènh. Apì thn perÐptwsh

r = 1 èqoume oti up�rqei L1 ∈ [N]ω ¸ste na up�rqei to ìrio limn∈L1 f1(n).

PeriorÐzontac thn f2 sto L1, p�li apì thn perÐptwsh r = 1 èpetai oti up�rqei

L2 ∈ [L1] ¸ste na up�rqei to ìrio limn∈L2 f2(n). Epagwgik� t¸ra mporoÔme na

epilèxoume mia fjÐnousa akoloujÐa apeÐrwn uposunìlwn tou N, (Li) ¸ste gia

k�je i na up�rqei to ìrio limn∈Li
fi(n) kai èstw limn∈Li

fi(n) = ai gia k�je

i. T¸ra mporoÔme na epilèxoume mia gn sia aÔxousa akoloujÐa fusik¸n ari-

jm¸n (ni) me ni ∈ Li gia k�je i kai jètoume L = {ni : i ∈ N}. Isqurizìmaste

oti limn∈L fi(n) = ai gia k�je i. Pr�gmati, èstw èna i ∈ N kai ε > 0, apì

ta prohgoÔmena èpetai oti up�rqei N ∈ N ¸ste an n ∈ Li kai n ≥ N , tìte

|fi(n)− ai| < ε. Miac kai h akoloujÐa (Li) eÐnai fjÐnousa, apì thn epilog  thc

(ni) èqoume oti an n ∈ L me n ≥ max {N, ni} tìte |fi(n)− ai| < ε.

Jètoume t¸ra g : [N]r → R me

g(Ai) = lim
n∈L

fi(n).

Apì to epagwgikì b ma èpetai oti up�rqei L′ ∈ [L]ω ¸ste na up�rqei to limA∈[L′]r g(A)

kai èstw limA∈[L′]r g(A) = a. ParathroÔme oti an A ∈ [L′]r kai ε > 0, tìte ja

up�rqei N(A, ε) ∈ N me N(A, ε) > maxA ¸ste an n ≥ N(A, ε) tìte

|f(A ∪ {n})| < ε.

Sth sunèqeia epilègoume m1, . . . ,mr ∈ L′ me m1 < . . . < mr.

Upojètoume oti èqoume epilèxei m1 < . . . < mn sto L′ me n ≥ r. T¸ra

mporoÔme na epilèxoume mn+1 > maxA∈[{m1,...,mn}]r N(A, 1
n+1

) kai jètoume M =

{mj : j ∈ N}, bèbaia M ∈ [L′]r.

'Estw ε > 0, tìte mporoÔme na epilèxoume n > r ¸ste apì th mÐa an A ∈ [M ]r

me A ⊆ [mn,∞), tìte |g(A)− a| < ε
2
kai apì thn �llh 1

n
< ε

2
. 'Estw t¸ra

B ∈ [M ]r+1 me B ⊆ [mn,∞) kai mk = maxB. Jètontac A = B \ {mk} apì ta
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prohgoÔmena èqoume oti |g(A)− a| < ε
2
. Akìmh èqoume oti

|f(B)− g(A)| = |f(A ∪ {mk})− g(A)| < 1

k
<

1

n
<
ε

2
.

'Etsi |f(B)− a| < ε gia k�je B ∈ [M ]r me B ⊆ [mn,∞).

Parat rhsh 3.1.1. 'Amesh sunèpeia tou prohgoÔmenou Jewr matoc eÐnai to Je¸rhma

Ramsey (Je¸rhma 0.1.1). Gia thn akrÐbeia to Je¸rhma 3.1.1 kai to Je¸rhma

Ramsey eÐnai isodÔnama, eÐnai gnwstì oti to Je¸rhma Ramsey gia r = 2 kai bè-

baia h plhrìthta twn pragmatik¸n arijm¸n, èpetai to Je¸rhma Bolzano-Weierstrass,

pou dÐnei thn perÐptwsh r = 1 sto Je¸rhma 3.1.1.

L mma 3.1.2. 'Estw X ènac q¸roc Banach, (xn) mia hmikanonikopoihmènh

akoloujÐa ston X kai r ≥ 1. Tìte up�rqei M ∈ [N]w ¸ste gia k�je a1, . . . , ar ∈
R na up�rqei to ìrio

lim
n1<...<nr∈M

‖
r∑
i=1

aixni
‖.

Apìdeixh. 'Estw c, c > 0 ¸ste c ≤ ‖xn‖ ≤ C gia k�je n ∈ N. JewroÔme to q¸ro
Banach lr∞ = (Rr, ‖·‖∞). Ac parathr soume oti gia k�je (a1, . . . , ar) ∈ Blr∞ kai

n1 < . . . < nr ∈ N isqÔei oti

‖
r∑
i=1

aixni
‖ ≤ rC (3.1)

'Estw t¸ra
(
(aj1, . . . , a

j
r)
)
j∈N mia ‖·‖∞-pukn  akoloujÐa sth Blr∞ . Gia j ∈ N

jewroÔme th sun�rthsh fj : [N]r → R me

fj(n1 < . . . < nr) = ‖
r∑
i=1

ajixni
‖.

Apì thn (3.1) t¸ra paÐrnoume oti oi sunart seic fj, j ∈ N eÐnai omoiìmorfa

fragmènec. Gia j = 1 to Je¸rhma 3.1.1 mac plhroforeÐ oti up�rqei M1 ∈ [N]ω

¸ste na up�rqei to ìrio

lim
n1<...<nr∈M1

‖
r∑
i=1

a1ixni
‖.

'Omoia t¸ra mporoÔme na broÔme èna M2 ∈ [M1]
ω ¸ste na up�rqei to ìrio

lim
n1<...<nr∈M2

‖
r∑
i=1

a2ixni
‖.
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'Etsi epagwgik� mporoÔme na jewr soume mia fjÐnousa akoloujÐa (Mj) apeÐrwn

uposunìlwn tou N ¸ste to ìrio

lim
n1<...<nr∈Mj

‖
r∑
i=1

ajixni
‖.

na up�rqei gia k�je j.

Sth sunèqeia jewr¸ntac èna diag¸nio sÔnolo M thc (Mj) eÐnai eÔkolo na

deÐxoume oti to ìrio

lim
n1<...<nr∈M

‖
r∑
i=1

ajixni
‖.

up�rqei gia k�je j, kai èstw limn1<...<nr∈M ‖
∑r

i=1 a
j
ixni
‖ = βj gia j ∈ N.

Ja deÐxoume oti to limn1<...<nr∈M ‖
∑r

i=1 aixni
‖ up�rqei gia k�je (a1, . . . , ar) ∈

Blr∞ .
'Estw loipìn (a1, . . . , ar) ∈ Blr∞ . Epilègoume mia upakoloujÐa thc

(
(aj1, . . . , a

j
r)
)
j∈N,(

(ajk1 , . . . , a
jk
r )
)
k∈N ¸ste (ajk1 , . . . , a

jk
r )

‖·‖∞−→ (a1, . . . , ar). Apì thn (3.1) h antÐs-

toiqh akoloujÐa (βjk) eÐnai fragmènh kai �ra èqei mia sugklÐnousa upakoloujÐa.

QwrÐc bl�bh thc genikìthtac mporoÔme na upojèsoume oti h (βjk) sugklÐnei se

k�poio β ∈ R. T¸ra gia ε > 0 epilègoume k ∈ N ¸ste na ikanopoioÔntai oi

|βjk − β| <
ε

3
kai (3.2)

max
1≤i≤r

∣∣ai − ajki ∣∣ < ε

3rC
. (3.3)

EpÐshc, epilègoume N ∈ N ¸ste an n1, . . . , nr ∈ M me N ≤ n1 < . . . < nr na

isqÔei oti ∣∣∣∣∣‖
r∑
i=1

ajki xni
‖ − βjk

∣∣∣∣∣ < ε

3
. (3.4)

Gia N ≤ n1 < . . . < nr sto N èqoume ot∣∣∣∣∣‖
r∑
i=1

aixni
‖ − β

∣∣∣∣∣ =

∣∣∣∣∣‖
r∑
i=1

aixni
‖ ± ‖

r∑
i=1

ajki xni
‖ ± βjk − β

∣∣∣∣∣
≤

∣∣∣∣∣‖
r∑
i=1

aixni
‖ − ‖

r∑
i=1

ajki xni
‖

∣∣∣∣∣+

∣∣∣∣∣‖
r∑
i=1

ajki xni
‖ − βjk

∣∣∣∣∣+ |βjk − β| .
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Apì tic (3.2) kai (3.4) paÐrnoume oti∣∣∣∣∣‖
r∑
i=1

aixni
‖ − β

∣∣∣∣∣ <

∣∣∣∣∣‖
r∑
i=1

aixni
‖ − ‖

r∑
i=1

ajki xni
‖

∣∣∣∣∣+
2ε

3

≤ ‖
r∑
i=1

(ai − ajki )xni
‖+

2ε

3

≤
r∑
i=1

∣∣ai − ajki ∣∣ ‖xni
‖+

2ε

3
.

H (3.3) t¸ra mac dÐnei oti∣∣∣∣∣‖
r∑
i=1

aixni
‖ − β

∣∣∣∣∣ < ε

3
+

2ε

3
= ε.

Mènei na deÐxoume oti to ìrio

lim
n1<...<nr∈M

‖
r∑
i=1

aixni
‖

up�rqei gia k�je (a1, . . . , ar) ∈ Rr \ Blr∞ . 'Estw loipìn (a1, . . . , ar) ∈ Rr \
Blr∞ , tìte λ = max1≤i≤r |ai| > 0 kai (a1

λ
, . . . , ar

λ
) ∈ Blr∞ . 'Estw t¸ra β =

limn1<...<nr ‖
∑r

i=1
ai
λ
xni
‖ èqoume oti

λβ = λ lim
n1<...<nr∈M

‖
r∑
i=1

ai
λ
xni
‖ = lim

n1<...<nr∈M
λ‖

r∑
i=1

ai
λ
xni
‖

= lim
n1<...<nr∈M

‖
r∑
i=1

aixni
‖.

L mma 3.1.3. 'Estw X q¸roc Banach, (xn) mia hmikanonikopoihmènh akolou-

jÐa ston X kai r ≥ 1. 'Estw akìmh èna M ∈ [N]ω ¸ste to ìrio

lim
n1<...<nr∈M

‖
r∑
i=1

aixni
‖

na up�rqei gia k�je a1, . . . , ar ∈ R. Tìte gia k�je ε > 0 up�rqei N ∈ N ¸ste

na isqÔei

(1− ε) lim
n1<...<nr∈M

‖
r∑
i=1

aixni
‖ ≤ ‖

r∑
i=1

aixmi
‖ ≤ (1 + ε) lim

n1<...<nr∈M
‖

r∑
i=1

aixni
‖

gia k�je a1, . . . , ar ∈ R kai N ≤ m1 < . . . < mr sto M .

57



Apìdeixh. Ac upojèsoume oti isqÔei to ex c:

Gia k�je ε > 0 up�rqei N ∈ N ¸ste

(1− ε) lim
n1<...<nr∈M

‖
r∑
i=1

aixni
‖ ≤ ‖

r∑
i=1

aixmi
‖ ≤ (1 + ε) lim

n1<...<nr∈M
‖

r∑
i=1

aixni
‖

(3.5)

gia k�je (a1, . . . , ar) ∈ Blr∞ kai N ≤ m1 < . . . < mr sto M .

Tìte an (a1, . . . , ar) ∈ Rr \Blr∞ kai λ = max1≤i≤r |ai| èqoume oti

λ(1−ε) lim
n1<...<nr∈M

‖
r∑
i=1

ai
λ
xni
‖ ≤ λ‖

r∑
i=1

ai
λ
xmi
‖ ≤ λ(1+ε) lim

n1<...<nr∈M
‖

r∑
i=1

ai
λ
xni
‖

gia N ≤ m1 < . . . < mr sto M . 'Ara

(1− ε) lim
n1<...<nr∈M

‖
r∑
i=1

aixni
‖ ≤ ‖

r∑
i=1

aixmi
‖ ≤ (1 + ε) lim

n1<...<nr∈M
‖

r∑
i=1

aixni
‖

gia N ≤ m1 < . . . < mr sto M . Epomènwc, arkeÐ na deiqjeÐ h (3.5). Proc toÔto

parathroÔme oti arkeÐ na deiqjeÐ oti gia k�je δ > 0 up�rqei N ∈ N ¸ste∣∣∣∣∣‖
r∑
i=1

aixmi
‖ − lim

n1<...<nr∈M
‖

r∑
i=1

aixni
‖

∣∣∣∣∣ < δ (3.6)

gia k�je (a1, . . . , ar) ∈ Blr∞ kai m1, . . . ,mr ∈M me N ≤ m1 < . . . < mr.

'Estw c, C > 0 me c ≤ ‖xn‖ ≤ C gia k�je n. 'Estw akìmh δ > 0. Epilè-

goume
(
(aj1, . . . , a

j
r)
)k
j=1

sthn Blr∞ ¸ste an (a1, . . . , ar) ∈ Blr∞ , tìte up�rqei

j ∈ {1, . . . , k} me

max
1≤i≤r

∣∣ai − aji ∣∣ < δ

9rC
. (3.7)

Gia 1 ≤ j ≤ k up�rqoun Nj ¸ste∣∣∣∣∣‖
r∑
i=1

ajixmi
‖ − lim

n1<...<nr∈M
‖

r∑
i=1

ajixni
‖

∣∣∣∣∣ < δ

3
(3.8)

gia Nj ≤ m1 < . . . < mr sto M .

JètontacN = max1≤j≤kNj paÐrnoume oti h (3.8) isqÔei gia k�je j ∈ {1, . . . , k}
kaiN ≤ m1 < . . . < mr stoM . Jètoume t¸ra βj = limn1<...<nr∈M ‖

∑r
i=1 a

j
ixni
‖,

gia 1 ≤ j ≤ k.

'Estw (a1, . . . , ar) ∈ Blr∞ kai β = limn1<...<nr∈M ‖
∑r

i=1 aixni
‖. Apì thn (3.7)

mporoÔme na epilèxoume j ∈ {1, . . . , k} ¸ste

max
1≤i≤r

∣∣ai − aji ∣∣ < δ

9rC
. (3.9)
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Ac epilèxoume epÐshc èna K ∈ N ¸ste∣∣∣∣∣‖
r∑
i=1

aixmi
‖ − β

∣∣∣∣∣ ,
∣∣∣∣∣‖

r∑
i=1

ajixmi
‖ − βj

∣∣∣∣∣ < δ

9
(3.10)

gia K ≤ m1 < . . . < mr sto M .

'Eqoume oti gia K ≤ m1 < . . . < mr ∈M

|β − βj| =

∣∣∣∣∣β ± ‖
r∑
i=1

aixmi
‖ ± ‖

r∑
i=1

ajixmi
‖ − βj

∣∣∣∣∣
≤

∣∣∣∣∣‖
r∑
i=1

aixmi
‖ − ‖

r∑
i=1

ajixmi
‖

∣∣∣∣∣+

∣∣∣∣∣β − ‖
r∑
i=1

aixmi
‖

∣∣∣∣∣+

∣∣∣∣∣‖
r∑
i=1

ajixmi
‖ − βj

∣∣∣∣∣ .
Apì thn (3.10) paÐrnoume oti

|β − βj| <

∣∣∣∣∣‖
r∑
i=1

aixmi
‖ − ‖

r∑
i=1

ajixmi
‖

∣∣∣∣∣+
2δ

9

≤ ‖
r∑
i=1

(ai − aji )xmi
‖+

2δ

9

kai apì thn (3.9) katal goume

|β − βj| ≤
δ

9
+

2δ

9
=
δ

3
. (3.11)

Tèloc, èqoume oti gia N ≤ m1 < . . . < mr sto M∣∣∣∣∣‖
r∑
i=1

aixmi
‖ − β

∣∣∣∣∣ =

∣∣∣∣∣‖
r∑
i=1

aixmi
‖ ± ‖

r∑
i=1

ajixmi
‖ ± βj − β

∣∣∣∣∣ .
'Opwc prohgoumènwc paÐrnoume oti∣∣∣∣∣‖

r∑
i=1

aixmi
‖ − β

∣∣∣∣∣ ≤ ‖
r∑
i=1

(ai − aji )xmi
‖+

∣∣∣∣∣‖
r∑
i=1

ajixmi
‖ − βj

∣∣∣∣∣+ |βj − β|

<
3δ

3
= δ,

apì tic (3.8), (3.9) kai (3.11).

Je¸rhma 3.1.4. 'Estw X ènac q¸roc Banach kai (xn) mia hmikanonikopoih-

mènh akoloujÐa ston X. 'Estw akìmh (εk) mia akoloujÐa jetik¸n pragmatik¸n

arijm¸n me εk ↘ 0. Tìte up�rqei M ∈ [N]ω ¸ste afenìc to ìrio

lim
n1<...<nr∈M

‖
r∑
i=1

aixni
‖
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na up�rqei gia k�je r ≥ 1 kai a1, . . . , ar ∈ R kai afetèrou gia k�je k ∈ N na

up�rqei Nk ∈ N ¸ste

(1− εk) lim
n1<...<nk∈M

‖
k∑
i=1

aixni
‖ ≤ ‖

k∑
i=1

aixmi
‖ ≤ (1 + εk) lim

n1<...<nk∈M
‖

k∑
i=1

aixni
‖

gia k�je a1, . . . , ak ∈ R kai Nk ≤ m1 < . . . < mk sto M .

Apìdeixh. Me epanalhptik  qr sh twn Lhmm�twn 2.3.1 kai 2.3.2 paÐrnoume mia

(Mk) fjÐnousa akoloujÐa apeÐrwn uposunìlwn tou N ¸ste

(1) to ìrio limn1<...<nk∈Mk
‖
∑k

i=1 aixni
‖ na up�rqei gia k�je a1, . . . , ak ∈ R kai

(2) gia k�je k up�rqei Nk ∈ N ¸ste

(1−εk) lim
n1<...<nk∈Mk

‖
k∑
i=1

aixni
‖ ≤ ‖

k∑
i=1

aixmi
‖ ≤ (1+εk) lim

n1<...<nk∈Mk

‖
k∑
i=1

aixni
‖

gia Nk ≤ m1 < . . . < mk sto Mk.

Jewr¸ntac èna diag¸nio sÔnolo M thc (Mk), apì tic (1) kai (2) èpetai oti to

M ikanopoieÐ to sumpèrasma.

T¸ra eÐmaste se jèsh na d¸soume tic apodeÐxeic twn Jewrhm�twn 0.2.21 kai

0.2.22, ta opoÐa gia thn eukolÐa tou anagn¸sth epanadiatup¸noume ed¸.

Je¸rhma 3.1.5. 'Estw X ènac q¸roc Banach kai (xn) mia hmikanonikopoih-

mènh akoloujÐa ston X ¸ste h (xn) na mhn èqei ‖·‖-sugklÐnousec upakoloujÐec.
Tìte

(i) Up�rqei mia upakoloujÐa (yn) thc (xn) ¸ste to ìrio

lim
n1<...<nk

‖
k∑
i=1

aiyni
‖

na up�rqei gia k�je k ∈ N kai a1, . . . , ak ∈ R.

(ii) Gia k�je ε > 0 kai k ∈ N up�rqei N ∈ N ¸ste

(1− ε) lim
n1<...<nk

‖
k∑
i=1

aiyni
‖ ≤ ‖

k∑
i=1

aiymi
‖ ≤ (1 + ε) lim

n1<...<nk

‖
k∑
i=1

aiyni
‖,

gia k�je a1, . . . , ak ∈ R kai N ≤ m1 < . . . < mk sto N.
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(iii) H ‖| · |‖ : c00 → R pou orÐzetai wc ex c:

‖|
k∑
i=1

aiei|‖ = lim
n1<...<nk

‖
k∑
i=1

aiyni
‖,

gia k�je k ∈ N kai a1, . . . , ak ∈ R, eÐnai mia kal� orismènh nìrma ston c00.

Epiplèon, isqÔei oti

‖|
k∑
i=1

aiei|‖ = ‖|
k∑
i=1

aieni
|‖ (3.12)

gia k�je k ∈ N kai a1, . . . , ak ∈ R kai n1 < . . . < nk sto N. (H idiìthta

aut  anafèretai kai wc idiìthta �spreading� thc akoloujÐac (ei)i).

Apìdeixh. Ta (i) kai (ii) èpontai apì to prohgoÔmeno je¸rhma. Gia thn apìdeixh

tou (iii) pr¸ta parathroÔme oti apì ton orismì thc ‖| · |‖ h (3.12) eÐnai �mesh.

EpÐshc, eÐnai eÔkolo na deiqjeÐ oti h ‖| · |‖ ikanopoieÐ thn apìluth omogèneia

kai thn trigwnik  anisìthta. Mènei na deÐxoume oti an ‖|
∑k

i=1 aiei|‖ = 0, tìte

ai = 0, ìtan 1 ≤ i ≤ k.

'Estw loipìn oti ‖|
∑k

i=1 aiei|‖ = 0 kai oti ak 6= 0. Apì thn (3.12) paÐrnoume

oti

‖|
k∑
i=1

aiei|‖ = ‖|
k−1∑
i=1

aiei + akek+1|‖.

'Etsi

|ak| ‖|ek − ek+1|‖ = ‖|
k∑
i=1

aiei −

(
k−1∑
i=1

aiei + akek+1

)
|‖

≤ ‖|
k∑
i=1

aiei|‖+ ‖|
k−1∑
i=1

aiei + akek+1|‖

= 0.

Epomènwc, ‖|ek − ek+1|‖ = 0, pou me th seir� tou dÐnei ‖|e1 − e2|‖ = 0 kai

�ra limn<m ‖yn − ym‖ = 0, dhlad  h akoloujÐa (yn) eÐnai Cauchy kai sunep¸c

sugklÐnei, �topo.

Je¸rhma 3.1.6. 'Estw X ènac q¸roc Banach kai (xn) mia hmikanonikopoih-

mènh basik  akoloujÐa ston X. Tìte isqÔoun ta (i)-(iii) tou Jewr matoc 0.2.21

kai m�lista h akoloujÐa (ei) eÐnai b�sh thc pl rwshc tou (c00, ‖|·|‖), me bc{ei} ≤
bc{xn}.

61



Apìdeixh. Gia to gegonìc oti isqÔoun ta (i)-(iii) tou Jewr matoc 0.2.21, arkeÐ

na deiqjeÐ oti h (xn) den èqei ‖·‖-sugklÐnousec upakoloujÐec. 'Estw loipìn

mia upakoloujÐa (xnk
) thc (xn) kai x ∈ X ¸ste xnk

‖·‖−→ x. Bèbaia èqoume

oti x ∈ [xn]. Epeid  h (xn) eÐnai basik  akoloujÐa ston X èpetai oti up�rqei

monadik  (an) akoloujÐa sto R ¸ste

x =
∞∑
n=1

anxn.

EpÐshc, èqoume oti xnk

w−→ x kai �ra

x∗m(x) = lim
k→∞

x∗m(xnk
) = 0, gia k�je m ∈ N,

en¸ x∗m(x) = am gia k�je m ∈ N. 'Ara x = 0, to opoÐo eÐna �topo, afoÔ h (xn)

eÐnai hmikanonikopoihmènh.

Gia to deÔtero skèloc thc apìdeixhc apì thn Prìtash 2.2.3 arkeÐ na deÐxoume

oti gia thn akoloujÐa grammik¸n probol¸n tou c00, (Pn) me

Pn(
m∑
i=1

aiei) =
n∑
i=1

aiei

isqÔei oti ‖Pn‖ ≤ bc{xn} gia k�je n ∈ N. 'Estw loipìn (yj) mia upakoloujÐa

thc (xnk
) ¸ste na isqÔei oti

‖|
n∑
i=1

aiei‖| = lim
j1<...<jk

‖
k∑
i=1

aiyji‖,

gia k�je k ∈ N kai a1, . . . , ak ∈ R.
EÐnai �meso t¸ra oti h (yj) eÐnai basik  akoloujÐa ston X me bc{yj} ≤

bc{xn}. Tèloc, gia n ≤ m kai a1, . . . , ak ∈ R èqoume oti

‖|
n∑
i=1

aiei‖| = lim
j1<...<jn

‖
n∑
i=1

aiyji‖

≤ lim
j1<...<jm

bc{yj}‖
m∑
i=1

aiyji‖

= bc{yj}‖|
m∑
i=1

aiei|‖

≤ bc{xn}‖|
m∑
i=1

aiei|‖.
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3.2 1-Unconditional Spreading Models

Sthn par�grafo aut  ja orÐsoume thn ènnoia twn 1-unconditional spreading

models kai ja apodeÐxoume oti k�je q¸roc Banach èqei èna 1-unconditional

spreading model. Me exaÐresh to Je¸rhma 3.2.2, to opoÐo up�rqei sto [1], sthn

par�grafo aut  ja akolouj soume ton H. Rosenthal sto �rjro tou [13].

Orismìc 3.2.1. 'Estw X ènac q¸roc Banach kai Y èna spreading model tou

X. O q¸roc Banach Y lègetai unconditional spreading model tou X an

h antÐstoiqh akoloujÐa (ei) eÐnai unconditional b�sh tou Y . 'Ena unconditional

spreading model tou X lème oti eÐnai 1-unconditional spreading model tou

X an ubc{ei} = 1.

Je¸rhma 3.2.2. 'Estw X ènac q¸roc Banach kai (xn) mia hmikanonikopoih-

mènh akoloujÐa stonX. An xn
w−→ 0, tìte opoiod pote spreading model paragìmeno

apì th (xn) eÐnai unconditional spreading model tou X kai sbc{ei} = 1.

Apìdeixh. Ac parathr soume oti h akoloujÐa (xn) den èqei ‖·‖-sugklÐnousec
upakoloujÐec. Pr�gmati, èstw mia ‖·‖-sugklÐnousa upakoloujÐa (xnk

) thc (xn).

AfoÔ xn
w−→ 0 èpetai oti xnk

w−→ 0 kai �ra xnk

‖·‖−→ 0, �topo, afoÔ h akoloujÐa

(xn) eÐnai hmikanonikopoihmènh.

Apì to Je¸rhma 3.1.5 up�rqoun mia upakoloujÐa (yn) thc (xn) kai mia nìrma

|‖ · |‖ ston c00 ¸ste

|‖
N∑
i=1

aiei|‖ = lim
n1<...<nN

‖
N∑
i=1

aiyni
‖ (3.13)

gia k�je N ∈ N kai a1, . . . , aN ∈ R.
Epiplèon, gia k�je N ∈ N kai ε > 0 up�rqei K ∈ N ¸ste

(1− ε)|‖
N∑
i=1

aiei|‖ ≤ ‖
N∑
i=1

aiyni
‖ ≤ (1 + ε)|‖

N∑
i=1

aiei|‖ (3.14)

gia k�je K ≤ n1 < . . . < nN kai a1, . . . , aN ∈ R.
ParathroÔme t¸ra oti arkeÐ na deiqjeÐ oti gia k�je N ∈ N, a1, . . . , aN ∈ R

kai 1 ≤ i0 ≤ N

|‖
N∑
i=1
i 6=i0

aiei|‖ ≤ |‖
N∑
i=1

aiei|‖.
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'Estw t¸ra N ∈ N kai 1 ≤ i0 ≤ N apì thn (3.14) gia ε > 0 epilègoume K ∈ N
¸ste ∣∣∣∣∣|‖

N∑
i=1

aiei|‖ − |‖
N∑
i=1

aiyni
|‖

∣∣∣∣∣ < ε

kai ∣∣∣∣∣∣∣|‖
N∑
i=1
i 6=i0

aiei|‖ − |‖
N∑
i=1
i 6=i0

aiyni
|‖

∣∣∣∣∣∣∣ < ε (3.15)

gia k�je K ≤ n1 < . . . < nN kai a1, . . . , aN ∈ R me max1≤i≤N |ai| ≤ 1.

'Estw loipìn a1, . . . , aN ∈ R me max1≤i≤N |ai| ≤ 1 kai ai0 6= 0 kai K 6= n1 <

. . . < nN .

'Eqoume oti yn
w−→ 0. Apì to Je¸rhma (Mazur) èpetai oti up�rqoun k1 < . . . <

kl ∈ N me nN < k1 kai (λj)
l
j=1 ⊆ [0, 1] me

∑l
j=1 λj = 1 ¸ste

‖
l∑

j=1

λjykj‖ <
ε

|ai0|
.

Jètoume z =
∑l

j=1 λjykj . Epilègoume t¸ra mi0+1 < . . . < mN sto N me kl <

mi0+1. Apì thn (3.15) paÐrnoume oti

|‖
N∑
i=1

aiei|‖ ≥ ‖
i0−1∑
i=1

aiyni
+ ai0ykj +

N∑
i=i0+1

aiymi
‖ − ε

gia 1 ≤ j ≤ l.

Epeid  λj ≥ 0

l∑
j=1

λj|‖
N∑
i=1

aiei|‖ ≥
l∑

j=1

λj‖
i0−1∑
i=1

aiyni
+ ai0ykj +

N∑
i=i0+1

aiymi
‖ −

l∑
j=1

λjε

≥ ‖
l∑

j=1

(

i0−1∑
i=1

aiyni
+ ai0ykj +

N∑
i=i0+1

aiymi
)‖ −

l∑
j=1

λjε.
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Akìmh isqÔei oti
∑l

j=1 λj = 1 kai ètsi

|‖
N∑
i=1

aiei|‖ ≥ ‖
i0−1∑
i=1

aiyni
+ ai0

l∑
j=1

λjykj +
N∑

i=i0+1

aiymi
‖ − ε

≥ ‖
i0−1∑
i=1

aiyni
+

N∑
i=i0+1

aiymi
‖ − |ai0| ‖

l∑
j=1

λjykj‖ − ε

= ‖
i0−1∑
i=1

aiyni
+

N∑
i=i0+1

aiymi
‖ − |ai0| ‖z‖ − ε

≥ ‖
i0−1∑
i=1

aiyni
+

N∑
i=i0+1

aiymi
‖ − 2ε

T¸ra p�li apì thn (3.15) paÐrnoume oti

|‖
N∑
i=1

aiei|‖ ≥ |‖
N∑
i=1
i 6=i0

aiei|‖ − 3ε.

'Ara

|‖
N∑
i=1

aiei|‖ ≥ |‖
N∑
i=1
i 6=i0

aiei|‖ (3.16)

gia k�je a1, . . . , aN ∈ R me max1≤i≤n |ai| ≤ 1. Tèloc, an a1, . . . , aN ∈ R me

max1≤i≤n |ai| = M > 1 apì thn (3.16) èpetai oti

|‖
N∑
i=1

ai
M
ei|‖ ≥ |‖

N∑
i=1
i 6=i0

ai
M
ei|‖

ètsi

M |‖
N∑
i=1

ai
M
ei|‖ ≥M |‖

N∑
i=1
i 6=i0

ai
M
ei|‖

dhlad 

|‖
N∑
i=1

aiei|‖ ≥ |‖
N∑
i=1
i 6=i0

aiei|‖.
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'Estw
{
an1 . . . ank

: (n1, . . . , nk) ∈ Nk
}
, ìpou k ∈ N mia (arijm simh) oikogèneia

pragmatik¸n arijm¸n. 'Otan gr�foume

lim
nk→∞

. . . lim
n1→∞

an1...nk
= a

gia k�poio a ∈ R ja ennooÔme oti:

(1) Ta ìria limn1→∞ an1n2...nk
= a1n2...nk

up�rqoun gia k�je n2, . . . , nk ∈ N.

(2) Ta ìria limn2→∞ a1n2n3...nk
= a12n3...nk

up�rqoun gia k�je n3, . . . , nk ∈ N.

(
...) . . .

(k) To ìrio limnk→∞ a12...k−1nk
= a1...k up�rqei kai epiplèon a = a12...k.

An jewr soume th sun�rthsh f(n1, . . . , nk) = an1...nk
, (n1, . . . , nk) ∈ Nk tìte to

parap�nw ìrio eÐnai to (diadoqikì) ìrio

lim
nk→∞

[. . . [ lim
n1→∞

f(n1, . . . , nk)]]

To akìloujo apotèlesma onom�zetai apì ton H. Rosenthal {Arq  tou Ramsey

gia analÔstec}.

Je¸rhma 3.2.3. 'Estw k ≥ 1, an1...nk
∈ R me (n1, . . . , nk) ∈ Nk kai a ∈ R.

Upojètoume oti

lim
nk→∞

. . . lim
n1→∞

an1...nk
= a,

tìte up�rqeiM ∈ [N]ω ¸ste gia k�je ε > 0 na up�rqeiN ∈ N ¸ste |an1...nk
− a| <

ε gia k�je n1, . . . , nk ∈M me N ≤ nk < . . . < n1.

Apìdeixh. H apìdeixh ja gÐnei me epagwg  sto k. Gia k = 1 to sumpèrasma eÐnai

�meso.

Gia k = 2. 'Estw loipìn oti limn2→∞ limn1→∞ an1n2 = a. Gia n2 ∈ N jètoume

bn2 = limn1→∞ an1n2 kai profan¸c èqoume oti limn2→∞ bn2 = a. 'Etsi mporoÔme

na epilèxoume èna n1
2 ∈ N ¸ste |bn2 − a| < 1

2
gia n2 ≥ n1

2. Sth sunèqeia

epilègoume n1
1 ∈ N me n1

1 > n1
2 ¸ste

∣∣∣an1n1
2
− bn1

2

∣∣∣ < 1
2
gia n1 ≥ n1

1. 'Estw t¸ra

i ≥ 1 kai ac upojèsoume oti èqoun epilegeÐ n1
2 < n1

1 < . . . < ni2 < ni1 ¸ste

|bn2 − a| <
1

2j
, gia n2 ≥ nj2 kai (3.17)
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∣∣∣an1n
j
2
− bnj

2

∣∣∣ < 1

2j
, gia n1 ≥ nj1, (3.18)

ìtan 1 ≤ j ≤ i.

P�li mporoÔme na epilèxoume èna ni+1
2 ∈ N me ni+1

2 > ni1 ¸ste

|bn2 − a| <
1

2(i+ 1)
, ìtan n2 ≥ ni+1

2 kai

ni+1
1 ∈ N me ni+1

1 > ni+1
2 ¸ste∣∣∣an1n
i+1
2
− bni+1

2

∣∣∣ < 1

2(i+ 1)
, ìtan n1 ≥ ni+1

1 .

Jètoume M = {ni2 : i ≥ 1}. 'Eqoume oti gia i < j∣∣∣anj
2n

i
2
− a
∣∣∣ ≤ ∣∣∣anj

2n
i
2
− bni

2

∣∣∣+
∣∣∣bni

2
− a
∣∣∣ .

Epeid  nj2 > ni1, èpetai oti
∣∣∣anj

2n
i
2
− bni

2

∣∣∣ < 1
2i
. 'Etsi

∣∣∣anj
2n

i
2
− a
∣∣∣ < 1

2i
+ 1

2i
= 1

i
.

Upojètoume t¸ra oti to sumpèrasma isqÔei gia k�poio k ≥ 2 kai ja deÐxoume

oti epÐshc isqÔei gia k+1. 'Estw loipìn oti limnk+1→∞ . . . limn1→∞ an1...nk+1
= a.

Gia nk+1 ∈ N jètoume bnk+1
= limnk→∞ . . . limn1→∞ an1...nknk+1

. P�li èqoume oti

limnk+1→∞ bnk+1
= a.

Gia nk+1 = 1 apì to epagwgikì b ma èqoume oti up�rqei L1 ∈ [N]ω ¸ste

b1 = limnk<...<n1∈L1 an1...nk1. Epeid 

b2 = lim
nk∈L1

. . . lim
n1∈L1

an1...nk2

p�li apì to epagwgikì b ma èqoume oti up�rqei L2 ∈ [L1]
ω ¸ste

b2 = lim
nk<...<n1∈L2

an1...nk2.

Epagwgik� èpetai oti up�rqei mia fjÐnousa akoloujÐa (Li) apeÐrwn uposunìlwn

tou N ¸ste

bi = lim
nk<...<n1∈Li

an1...nki.

Jewr¸ntac t¸ra èna diag¸nio L sÔnolo thc (Li) paÐrnoume oti

bi = lim
nk<...<n1∈L

an1...nki gia k�je i. (3.19)
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Miac kai L ∈ [N]ω mporoÔme na epilèxoume n1
k+1 sto L ¸ste

∣∣bnk+1
− a
∣∣ < 1

2
ìtan

nk+1 > n1
k+1. Apì thn (3.19) t¸ra èpetai oti up�rqei N1 ∈ N me N1 > n1

k+1 ¸ste

an n1, . . . , nk ∈ L me N1 < nk < . . . < n1 na isqÔei∣∣∣an1...n1
k+1
− bn1

k+1

∣∣∣ < 1

2
.

Upojètoume oti i ≥ 1 kai oti èqoun epilegeÐ (njk+1)
i
j=1 kai (Nj)

i
j=1 sto L me

n1
k+1 < N1 < . . . < nik+1 < Ni

¸ste na isqÔoun oi ∣∣bnk+1
− a
∣∣ < 1

2j
, ìtan nk+1 > njk+1 kai (3.20)

∣∣∣an1...n
j
k+1
− bnj

k+1

∣∣∣ < 1

2j
, ìtan n1, . . . , nk ∈M (3.21)

me Nj < nk < . . . < n1 gia 1 ≤ j ≤ i.

'Opwc nwrÐtera, mporoÔme na epilèxoume ni+1
k+1 kai Ni+1 sto L me Ni < ni+1

k+1 <

Ni+1 ¸ste ∣∣bnk+1
− a
∣∣ < 1

2(i+ 1)
, ìtan nk+1 > ni+1

k+1 kai∣∣∣an1...nkn
i+1
k+1
− bni+1

k+1

∣∣∣ < 1

2(i+ 1)
, ìtan n1, . . . , nk ∈ L

me Ni+1 < nk < . . . < n1.

Tèloc, jètoumeM =
{
nik+1 : i ≥ 1

}
, tìte bèbaiaM ∈ [L]ω kai gia j1 > . . . >

jk+1 èqoume oti∣∣∣∣anj1
k+1...n

jk+1
k+1

− a
∣∣∣∣ ≤ ∣∣∣∣anj1

k+1...n
jk+1
k+1

− b
n
jk+1
k+1

∣∣∣∣+

∣∣∣∣bnjk+1
k+1

− a
∣∣∣∣

Apì tic (3.20) kai (3.21) kai thn epilog  twn nik+1, i ∈ N paÐrnoume oti∣∣∣∣anj1
1 ...n

jk+1
k+1

− a
∣∣∣∣ < 1

jk+1

kai èqoume telei¸sei.

Ed¸ ja k�noume mia paÔsh gia na apodeÐxoume oti to Je¸rhma 3.2.3 èpetai to

Je¸rhma 3.1.1 kai epomènwc to Je¸rhma Ramsey. Ja qreiastoÔme to akìloujo

apotèlesma to opoÐo genikeÔei to klasikì je¸rhma twn Bolzano-Weierstrass.
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Prìtash 3.2.4. 'Estw k ≥ 1 kai mia fragmènh sun�rthsh f : Nk → R. Tìte
up�rqei M ∈ [N]ω ¸ste na up�rqei to diadoqikì ìrio

lim
nk∈M

. . . lim
n1∈M

f(n1, . . . , nk).

Apìdeixh. H apìdeixh ja gÐnei me epagwg  sto k.

Gia k = 1 to sumpèrasma èpetai apì to Je¸rhma Bolzano-Weierstrass.

'Estw t¸ra k = 2 kai f : N2 → R mia fragmènh sun�rthsh me |f(i, j)| ≤ c gia

k�je i, j ∈ N. Gia j ∈ N jewroÔme th sun�rthsh fj : N → R me fj(i) = f(i, j)

gia k�je i, j ∈ N. EÐnai fanerì oti |fj(i)| ≤ c gia k�je i, j ∈ N. Gia j = 1 apì to

Je¸rhma Bolzano-Weierstrass èpetai oti up�rqei M1 ∈ [N]ω ¸ste na up�rqei to

ìrio limi∈M1 f1(i). Jètoume t¸ra limi∈M1 f1(i) = a1 kai parathroÔme oti |a1| ≤ c.

Gia j = 2 èqoume oti |f2(i)| ≤ c, i ∈ M1. 'Opwc prin t¸ra èpetai oti up�rqei

M2 ∈ [M1]
ω ¸ste na up�rqei to ìrio limi∈M2 f2(i) kai jètontac limi∈M2 f2(i) = a2

paÐrnoume oti |a2| ≤ c.

Epagwgik� mporoÔme na epilèxoume mia fjÐnousa akoloujÐa (Mj) apeÐrwn

uposunìlwn tou N ¸ste

lim
i∈Mj

fj(i) = aj, |aj| ≤ c

gia k�je j ∈ N. Jewr¸ntac èna diag¸nio sÔnolo L thc (Mj) ja èqoume oti

lim
i∈L

fj(i) = aj

gia k�je j ∈ N. Epeid  |aj| ≤ c gia k�je j ∈ N, p�li apì to Je¸rhma Bolzano-

Weierstrass èpetai oti up�rqeiM ∈ [L]ω ¸ste na up�rqei to ìrio limj∈M aj. EÐnai

t¸ra safèc oti up�rqei to ìrio limj∈M limi∈M f(i, j).

Ac upojèsoume t¸ra oti to sumpèrasma isqÔei gia k − 1 kai ac jewr soume

mia fragmènh sun�rthsh f : Nk → R me |f(n1, . . . , nk)| ≤ c gia k�je nk ∈ N. Gia
nk ∈ N jewroÔme th fragmènh sun�rthsh fnk

: Nk−1 → R, fnk
(n1, . . . , nk−1) =

f(n1, . . . , nk). Tìte apì to epagwgikì b ma gia k�je nk ∈ N up�rqeiMnk
∈ [N]ω

¸ste na up�rqei to diadoqikì ìrio limnk−1∈Mnk
. . . limn1∈Mnk

fnk
(n1, . . . , nk−1).

M�lista apì to epagwgikì b ma mporoÔme na upojèsoume oti h akoloujÐa (Mnk
)

eÐnai fjÐnousa. Jètontac ank
= limnk−1∈Mnk

. . . limn1∈Mnk
fnk

(n1, . . . , nk−1) kai

jewr¸ntac èna diag¸nio sÔnolo L thc (Mnk
) èqoume oti

lim
nk−1∈L

. . . lim
n1∈L

fnk
(n1, . . . , nk−1) = ank

69



gia k�je nk ∈ N.
EÐnai �meso oti |ank

| ≤ c gia k�je nk ∈ N. T¸ra p�li apì to Je¸rhma

Bolzano-Weierstrass èpetai oti up�rqei M ∈ [L]ω ¸ste na up�rqei to ìrio

limnk∈M ank
. Tèloc, eÐnai fanerì oti up�rqei to ìrio limnk∈M . . . limn1∈M f(n1, . . . , nk).

Apìdeixh tou Jewr matoc 3.1.1.

'Estw t¸ra mia fragmènh sun�rthsh f : [N]k → R. JewroÔme th sun�rthsh

g : Nk → R me

g(n1, . . . , nk) =

{
f({n1, . . . , nk}), an n1, . . . , nk diaforetik� ana 2

0, alli¸c

EÐnai fanerì oti h g eÐnai fragmènh kai �ra apì thn prohgoÔmenh Prìtash up�rqei

L ∈ [N]ω ¸ste na up�rqei to diadoqikì ìrio limnk∈L . . . limn1∈L g(n1, . . . , nk).

Apì to Je¸rhma 3.2.3 paÐrnoume t¸ra oti up�rqei M ∈ [L]ω ¸ste

lim
nk<...<n1∈M

g(n1, . . . , nk) = lim
nk∈L

. . . lim
n1∈L

g(n1, . . . , nk),

dhlad 

lim
nk<...<n1∈M

f({n1, . . . , nk}) = lim
nk∈L

. . . lim
n1∈L

g(n1, . . . , nk),

kai apodeÐxame to Je¸rhma 3.1.1.

To kÔrio apotèlesma aut c thc paragr�fou (kai autoÔ tou kefalaÐou) eÐnai oti

k�je q¸roc Banach èqei èna 1-unconditional spreading model (Je¸rhma 3.2.25).

EÐnai fanerì oti arkeÐ na perioristoÔme gia thn apìdeixh se diaqwrÐsimouc q¸rouc

Banach. Sto ex c, ektìc an anafèretai diaforetik�, k�je q¸roc Banach ja eÐnai

diaqwrÐsimoc kai k�je upìqwroc autoÔ ja eÐnai apeirodi�statoc.

Basikì sustatikì thc apìdeixhc tou kÔriou apotelèsmatoc eÐnai ektìc tou

Jewr matoc Ramsey (sth morf  tou Jewr matoc 3.2.3) kai èna shmantikì apotè-

lesma thc topologÐac tou q¸rou Rn, to antipodikì je¸rhma twn Borsuk kai Ulam

[5]. EpÐshc h ènnoia tou {tÔpou} h opoÐa ofeÐletai stouc Kririne kai Maurey ja

paÐxei kÔrio rìlo sthn apìdeixh aut .

Orismìc 3.2.5. 'Estw k ≥ 1 kai mia nìrma ‖·‖ ston Rk+1. Jètoume Sk ={
x ∈ Rk+1 : ‖x‖ = 1

}
. Mia sun�rthsh φ : Sk → Rk lègetai antipodik  an

φ(−x) = −φ(x) gia k�je x ∈ Sk.
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Je¸rhma 3.2.6. (Borsuk-Ulam) 'Estw k ≥ 1, mia nìrma ‖·‖ ston Rk+1 kai

mia suneq c kai antipodik  sun�rthsh φ : Sk → R. Tìte up�rqei x ∈ Sk ¸ste

φ(x) = 0.

Parat rhsh 3.2.1. Ja prèpei na anaferjeÐ oti to klasikì je¸rhma (Borsuk-

Ulam) diatup¸netai gia th ‖·‖2 ston Rk+1. Ja apodeÐxoume oti to Je¸rhma

(Borsuk-Ulam) isqÔei akìmh kai an o (Rk+1, ‖·‖2) antikatastajeÐ apì opoiod -

pote q¸ro me nìrma (X, ‖·‖) me dimX = k + 1. 'Estw loipìn φ : SX → Rk

suneq c kai antipodik  sun�rthsh. TautÐzoume ìpwc mporoÔme ton X me ton

Rk+1, èqoume oti h SX eÐnai omoiomorfik  me thn Sk =
{
x ∈ Rk+1 : ‖x‖2 = 1

}
.

Pr�gmati h apeikìnish h : Sk → SX , h(x) = x
‖x‖ , x ∈ Sk eÐnai Lipschitz omoiomor-

fismìc thc Sk epÐ thc SX . M�lista isqÔei oti h(−x) = −h(x), x ∈ Sk. 'Estw

ψ = φ ◦ h : Sk → Rk. Tìte h ψ eÐnai suneq c kai

ψ(−x) = (φ ◦ h)(−x) = φ(h(−x)) = φ(−h(x)) = −φ(h(x)) = −ψ(x)

gia k�je x ∈ Sk. 'Ara h ψ : Sk → Rk eÐnai suneq c kai antipodik  sun�rthsh

kai apì to (klasikì) Je¸rhma (Borsuk-Ulam) up�rqei x ∈ Sk ¸ste ψ(x) = 0  

φ(h(x)) = 0. Jètontac y = h(x) ∈ S èqoume to sumpèrasma.

Orismìc 3.2.7. 'Estw X ènac q¸roc Banach kai Y ènac kleistìc upìqwroc

tou X.

(i) Mia sun�rthsh τ : X → R lègetai tÔpoc ston X paragìmenoc apì

ton Y an up�rqei mia akoloujÐa (yn) ston Y ¸ste τ(x) = limn ‖x+ yn‖
gia k�je x ∈ X. Lème oti h akoloujÐa (yn) dÐnei ton tÔpo τ .

(ii) 'Enac tÔpoc τ ston X lègetai tetrimmènoc an up�rqei x0 ∈ X me τ(x) =

‖x+ x0‖ gia k�je x ∈ X. Sthn perÐptwsh aut  sumbolÐzoume ton tÔpo τ

me τx0 .

(iii) SumbolÐzoume me T (X, Y ) to sÔnolo ìlwn twn tÔpwn touX pou par�gontai

apì ton Y kai me T (X) to sÔnolo ìlwn twn tÔpwn tou X.

Parat rhsh 3.2.2. 'Estw X ènac q¸roc Banach kai Y ènac kleistìc upìqwroc

tou X.

(i) T (Y,X) ⊆ T (X).
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(ii) 'Estw τ ènac tÔpoc ston X, tìte o τ eÐnai mh tetrimmènoc tÔpoc an kai mìno

an k�je akoloujÐa (xn) ston X pou dÐnei ton τ den èqei ‖·‖-sugklÐnousec
upakoloujÐec. Gia thn kateÔjunsh (⇒) ac p�roume mia akoloujÐa (xn)

ston X pou dÐnei ton τ kai ac upojèsoume oti h (xn) èqei mia sugklÐnousa

upakoloujÐa (xnk
) kai èstw xnk

‖·‖−→ x0. Tìte eÐnai �meso oti gia x ∈ X

τ(x) = lim
n
‖x+ xn‖ = lim

k
‖x+ xnk

‖ = ‖x+ x0‖ .

'Atopo.

Gia thn antÐstrofh kateÔjunsh ac p�roume mia (xn) pou dÐnei ton τ kai ac

upojèsoume oti o τ eÐnai tetrimmènoc tÔpoc me τ = τx0 . Tìte

0 = ‖−x0 + x0‖ = τx0(−x0) = lim
n
‖−x0 + xn‖

kai �ra xn
‖·‖−→ x0, �topo.

(iii) K�je tÔpoc τ ston X eÐnai sun�rthsh Lipschitz me stajer� Lipschitz 1.

Pr�gmati, èstw τ ∈ T (X) kai (xn) mia akoloujÐa ston X pou dÐnei ton τ .

'Eqoume oti gia n ∈ N kai x, y ∈ X

| ‖x+ xn‖ − ‖y + xn‖ | ≤ ‖x− y‖ .

'Ara

|τ(x)− τ(y)| = lim
n
|‖x+ xn‖ − ‖y + xn‖| ≤ ‖x− y‖ .

(iv) An τ eÐnai ènac tÔpoc ston X den èpetai oti up�rqei monadik  akoloujÐa

(xn) ston X pou dÐnei ton τ . Autì eÐnai �meso, afoÔ an h (xn) dÐnei ton τ ,

tìte kai k�je upakoloujÐa xnk
thc (xn) dÐnei ton τ .

Prìtash 3.2.8. 'Estw X ènac q¸roc Banach, Y ènac kleistìc upìqwroc tou

X kai D = (di) arijm simo kai puknì uposÔnolo tou X.

(i) An (yn) eÐnai mia akoloujÐa ston Y pou dÐnei ènan tÔpo ston X, tìte h (yn)

eÐnai fragmènh.

(ii) 'Estw (yn) mia fragmènh akoloujÐa ston Y gia thn opoÐa isqÔei oti up�rqei

to ìrio limn ‖di + yn‖ gia k�je i ∈ N. Tìte h (yn) dÐnei ènan tÔpo ston X.
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(iii) 'Estw (yn) mia fragmènh akoloujÐa ston Y . Tìte up�rqei mia upakoloujÐa

(ynk
) thc (yn) pou dÐnei ènan tÔpo ston X.

Apìdeixh. (i) 'Ameso.

(ii) 'Estw loipìn K > 0 me ‖yn‖ ≤ K gia k�je n ∈ N kai ai = limn ‖di + yn‖
gia i ∈ N. 'Estw x ∈ X kai (dik) mia akoloujÐa sto D ¸ste dik

‖·‖−→ x. Epeid 

oi akoloujÐec (dik) kai (yn) eÐnai fragmènec èpetai oti kai h (aik) eÐnai fragmènh.

'Etsi mporoÔme na upojèsoume oti aik → a gia k�poio a ∈ R. 'Estw t¸ra ε > 0.

Epilègoume k ∈ N ¸ste |aik − a| < ε
3
kai ‖x− dik‖ < ε

3
. EpÐshc, epilègoume

N ∈ N ¸ste |‖dik + yn‖ − aik | < ε
3
gia n ≥ N . Tìte gia n ≥ N

|‖x+ yn‖ − a| = |‖x+ yn‖ ± ‖dik + yn‖ ± aik − a|

≤ |‖x+ yn‖ − ‖dik + yn‖|+ |‖dik + yn‖ − aik |+ |aik − a|

< ‖x− dik‖+ 2
ε

3

<
ε

3
+ 2

ε

3
= ε

(iii) 'Estw (yn) mia fragmènh akoloujÐa ston Y . Miac kai gia k�je i ∈ N h

akoloujÐa (‖di + yn‖)n eÐnai fragmènh mporoÔme gia k�je i ∈ N na epilèxoume

Mi ∈ [N]ω kai �ra ai ∈ R me limn∈Mi
‖di + yn‖ = ai. H akoloujÐa uposunìlwn

tou N, (Mi) mporeÐ na epilegeÐ na eÐnai fjÐnousa kai pern¸ntac se èna diag¸nio

sÔnolo M thc (Mi) ja èqoume

lim
n∈M
‖di + yn‖ = ai

gia k�je i ∈ N. To sumpèrasma t¸ra eÐnai �meso apì to (ii).

Orismìc 3.2.9. 'Estw X ènac q¸roc Banach.

(i) H nìrma enìc tÔpou τ ston X orÐzetai na eÐnai ‖τ‖ = τ(0).

(ii) 'Enac tÔpoc τ ston X lègetai kanonikopoihmènoc an ‖τ‖ = 1.

(iii) Gia ènan tÔpo τ ston X kai a ∈ R orÐzoume ton tÔpo ston X, a · τ me

(a · τ)(x) =

{
|a| τ(x

a
), a 6= 0

‖x‖ , a = 0

(iv) 'Enac tÔpoc τ ston X lègetai summetrikìc an τ(x) = τ(−x) gia k�je

x ∈ X.
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(v) Mia fragmènh akoloujÐa (xn) ston X lègetai summetrik  epÐ tou X an

lim
n
|‖x+ xn‖ − ‖x− xn‖| = 0

gia k�je x ∈ X.

EÐnai eÔkolo na doÔme oti an τ eÐnai ènac tÔpoc ston X pou dÐnetai apì mia

akoloujÐa (xn) kai a ∈ R, tìte o tÔpoc (a · τ) dÐnetai apì thn akoloujÐa (a ·xn).

Pr�gmati, h perÐptwsh a = 0 eÐnai �mesh. Gia a 6= 0 èqoume oti

(a · τ)(x) = |a| τ(
x

a
) = |a| lim

n

∥∥∥x
a

+ xn

∥∥∥
= |a| lim

n

1

|a|
‖x+ axn‖

= lim
n
‖x+ axn‖

Prìtash 3.2.10. 'Estw X ènac q¸roc Banach kai τ ènac tÔpoc ston X.

(i) O τ eÐnai summetrikìc an kai mìno an k�je akoloujÐa (xn) pou dÐnei ton τ

eÐnai summetrik  epÐ tou X.

(ii) O τ eÐnai tetrimmènoc kai summetrikìc an kai mìno an τ = τ0.

(iii) An o τ eÐnai summetrikìc kai ‖τ‖ > 0, tìte o τ eÐnai mh tetrimmènoc.

Apìdeixh. (i) 'Estw (xn) mia akoloujÐa pou dÐnei ton τ , tìte

τ(x) = τ(−x) ⇔ lim
n
‖x+ xn‖ = lim

n
‖−x+ xn‖

⇔ lim
n
|‖x+ xn‖ − ‖−x+ xn‖| = 0

⇔ lim
n
|‖x+ xn‖ − ‖x− xn‖| = 0

(ii) (⇒) 'Estw τ ènac tetrimmènoc kai summetrikìc tÔpoc ston X me τ = τx0 .

Tìte

0 = ‖−x0 + x0‖ = τx0(−x0) = τx0(x0) = ‖2x0‖

kai �ra x0 = 0.

(⇐) EÐnai �meso oti o τ0 eÐnai summetrikìc tÔpoc ston X.

(iii) 'Ameso apì to (ii).
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Je¸rhma 3.2.11. 'Estw X ènac q¸roc Banach kai Y ènac kleistìc upìqwroc

tou X. Tìte up�rqei mia kanonikopoihmènh kai summetrik  epÐ tou X akolou-

jÐa (yn) ston Y . IdiaÐtera up�rqei ènac mh tetrimmènoc, kanonikopoihmènoc kai

summetrikìc tÔpoc ston X, paragìmenoc apì ton Y .

Apìdeixh. 'Estw D = (di) èna arijm simo kai puknì uposÔnolo tou X. Ja

kataskeu�soume epagwgik� mia kanonikopoihmènh akoloujÐa (yn) ¸ste gia k�je

n ∈ N, ‖di + yn‖ = ‖di − yn‖ gia i ≤ n. Gia i = 1 epilègoume E ènan upìqwro

tou Y me dimE = 2 kai jètoume φ : SE → R me

φ(s) = ‖d1 + s‖ − ‖d1 − s‖ gia s ∈ SE.

EÐnai �meso oti h sun�rthsh φ eÐnai suneq c kai antipodik . Apì to Je¸rhma

(Borsuk-Ulam) 3.2.6 èpetai oti up�rqei y1 ∈ SE me φ(y1) = 0. 'Estw t¸ra k ≥ 1

kai ac upojèsoume oti èqoume epilèxei y1, . . . , yk stoiqeÐa nìrmac 1 tou Y ¸ste

gia 1 ≤ j ≤ k ‖di + yj‖ = ‖di − yj‖ gia 1 ≤ i ≤ j. Epilègoume t¸ra ènan

upìqwro E tou Y dimE = k + 2 kai jewroÔme th sun�rthsh φ : SE → Rk+1 me

φ(s)i = ‖di + s‖ − ‖di − s‖

gia s ∈ SE kai 1 ≤ i ≤ k + 1.

P�li eÐnai �meso oti h sun�rthsh φ eÐnai suneq c kai antipodik  kai ètsi p�li

apì to Je¸rhma 3.2.6 mporoÔme na epilèxoume yk+1 ∈ SE ¸ste φ(yk+1) = 0.

Gia mia upakoloujÐa (ynk
) thc (yn) eÐnai �meso na diapist¸soume oti isqÔei

‖di + ynk
‖ = ‖di − ynk

‖ , gia i ≤ nk.

Akìmh èqoume oti h (yn) eÐnai kanonikopoihmènh kai �ra apì to (iii) thc Prìtashc

3.2.8 èpetai oti up�rqei mia upakoloujÐa thc (yn) pou dÐnei ènan tÔpo stonX. Apì

ta parap�nw èpetai oti mporoÔme na upojèsoume oti h (yn) dÐnei ènan tÔpo τ ston

X. EÐnai fanerì oti o tÔpoc τ eÐnai kanonikopoihmènoc. T¸ra apì th Prìtash

3.2.10 arkeÐ na deiqjeÐ oti o tÔpoc τ eÐnai epÐshc summetrikìc. Pr�gmati, èqoume

oti gia i ∈ N
τ(di) = τ(−di).

'Etsi an x ∈ X kai (dik) mia akoloujÐa sto D me dik → x apì th sunèqeia tou τ

paÐrnoume oti

τ(x) = lim
k
τ(dik) = lim

k
τ(−dik) = τ(−x).
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Orismìc 3.2.12. 'Estw X ènac q¸roc Banach. 'Enac q¸roc Banach Z ja

lègetai peperasmènhc di�stashc epèktash tou X an up�rqei F ∈ [N]<ω

¸ste Z = X ⊕ [ei]i∈F kai ‖·‖Z /X = ‖·‖X , ìpou h (en) eÐnai h sun jhc b�sh

tou c00. Mia peperasmènhc di�stashc epèktash tou X ja lègetai k-di�stath

epèktash tou X an dimZ/X = k.

'Estw t¸ra X ènac q¸roc Banach kai τ ènac tÔpoc ston X. JewroÔme thn

perÐptwsh pou o τ eÐnai mh tetrimmènoc kai ac jewr soume ton dianusmatikì q¸ro

Xτ = X ⊕ [e1] kai jètoume eτ = e1. EpÐshc orÐzoume th |‖ · |‖ : Xτ → R me

|‖x+ λeτ |‖ = (λ · τ)(x).

Den eÐnai dÔskolo na dei kaneÐc oti h |‖ · |‖ eÐnai mia kal� orismènh nìrma ston

Xτ . EpÐshc gia λ = 0 èqoume oti |‖x|‖ = (0 ·τ)(x) = ‖x‖ kai �ra |‖ · |‖/X = ‖·‖.
Epeid  oiX kaiXτ/X eÐnai q¸roi Banach èpetai oti kai oXτ eÐnai q¸roc Banach.

Epomènwc, o Xτ eÐnai mia monodi�stath epèktash tou X.

'Estw t¸ra oti o τ eÐnai ènac tetrimmènoc tÔpoc ston X kai τ = τx0 . Mpo-

roÔme t¸ra na epilèxoume ènan kleistì upìqwro Y tou X ¸ste Y ⊕ [x0] = X

kai orÐzoume p�li th nìrma |‖ · |‖ ston X,

|‖ · |‖ : X → R, |‖y + λx0|‖ = (λ · τ)(y).

Jètoume Xτ = X kai parathroÔme oti gia x ∈ X me x = y + λx0

|‖x|‖ = (λ · τ)(y) = ‖y + λx0‖ = ‖x‖ .

Orismìc 3.2.13. 'Estw X ènac q¸roc Banach kai Y ènac kleistìc upìqwroc

tou X.

(i) Gia k = 1 jètoume 1T (Y,X) = T (Y,X).

Upojètoume t¸ra oti k ≥ 1 kai oti èqei oristeÐ to sÔnolo kT (Y,X) ¸-

ste gia k�je τ ∈ kT (Y,X) na up�rqei mia peperasmènhc di�stashc epèk-

tash tou X me dimXτ/X ≤ k. 'Ena γ lègetai k + 1-tÔpoc ston X

paragìmenoc apì ton Y an up�rqoun τ ∈ kT (Y,X) kai β ∈ T (Y,Xτ )

¸ste γ = (τ, β). Gia ènan (k + 1)-tÔpo ston X, γ = (τ, β) jewroÔme to

q¸ro Banach Xγ = (Xτ )β.
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(ii) 'Estw k ≥ 1, gia τ ∈ kT (Y,X) gr�foume τ = (τi)
k
i=1, ìtan τi ∈ T (Y,X(τ0,...,τi−1))

kai Xτ = Xτ1,...,τk , ìpou Xτ0 = X.

(iii) Lème oti ènac k-tÔpoc τ = (τi)
k
i=1 ston X eÐnai mh tetrimmènoc (ant.

summetrikìc) an o i-tÔpoc τi eÐnai mh tetrimmènoc (ant. summetrikìc)

gia k�je 1 ≤ i ≤ k.

'Estw t¸ra τ = (τ)ki=1 ènac k-tÔpoc ston X kai (xin), 1 ≤ i ≤ k akoloujÐec

ston X pou dÐnoun touc tÔpouc τ1, . . . , τk, antÐstoiqa. Tìte gia c1, . . . , ck ∈ R

‖x+
k∑
i=1

cieτi‖ = ‖x+
k−1∑
i=1

cieτi + ckeτk‖

= lim
nk

‖x+
k∑
i=1

cieτi + ckx
k
nk
‖.

Epeid  h (ckx
k
n) eÐnai akoloujÐa ston X paÐrnoume oti

‖x+
k∑
i=1

cieτi‖ = lim
nk

lim
nk−1

‖x+
k−2∑
i=1

cieτi + ck−1x
k−1
nk−1

+ ckx
k
nk
‖.

Epagwgik� t¸ra èpetai oti

‖x+
k∑
i=1

cieτi‖ = lim
nk

. . . lim
n1

‖x+
k∑
i=1

cix
i
ni
‖.

An m�lista o tÔpoc τ = (τi)
k
i=1 eÐnai summetrikìc èpetai oti gia c1, . . . , ck ∈ R

kai εi ∈ {−1, 1}k

‖x+
k∑
i=1

εicieτi‖ = lim
nk

. . . lim
n1

‖x+
k∑
i=1

εicix
i
ni
‖

= lim
nk

. . . lim
n1

‖x+
k∑
i=2

εicix
i
ni

+ c1x
1
n1
‖

apì th summetrikìthta tou tÔpou τ1.

'Etsi

‖x+
k∑
i=1

εicieτi‖ = lim
nk

. . . lim
n2

‖x+
k∑
i=2

εicix
i
ni

+ c1eτ1‖.

Epagwgik� p�li èpetai oti

‖x+
k∑
i=1

εicieτi‖ = ‖x+
k∑
i=1

cieτi‖.
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Prìtash 3.2.14. (Lemma 1.5 (Rosenthal)([13], sel. 23) ) 'Estw X ènac

q¸roc Banach, Y ènac kleistìc upìqwroc tou X kai k ≥ 1.

(i) 'Estw (y1n), . . . , (ykn) akoloujÐec ston Y ¸ste gia k�je x ∈ X kai c1, . . . , ck ∈
R na up�rqei to ìrio

I(x,c1,...,ck) = lim
nk

. . . lim
n1

‖x+
k∑
j=1

cjy
j
nj
‖.

Tìte up�rqei monadikìc k-tÔpoc τ = (τj)
k
j=1 ston X paragìmenoc apì ton

Y ¸ste

‖x+
k∑
j=1

cjeτj‖ = I(x,c1,...,ck)

gia k�je x ∈ X kai c1, . . . , ck ∈ R.

Akìmh o parap�nw tÔpoc τ eÐnai mh tetrimmènoc an kai mìno an oi akoloujÐec

(yjn), 1 ≤ j ≤ k den èqoun ‖·‖-sugklÐnousec upakoloujÐec.

(ii) An τ = (τj)
k
j=1 eÐnai ènac k-tÔpoc ston X paragìmenoc apì ton Y , tìte

up�rqoun (y1n), . . . , (ykn) akoloujÐec ston Y ¸ste

‖x+
k∑
j=1

cjeτj‖ = lim
nk<...<n1

‖x+
k∑
j=1

cjy
j
nj
‖

gia k�je x ∈ X kai c1, . . . , ck ∈ R.

Apìdeixh. (i) EÐnai �meso apì tic parathr seic kai touc orismoÔc pou èqoun

prohghjeÐ. Parìla aut� ja apodeÐxoume thn perÐptwsh k = 2. Jètoume c1 = 1

kai c2 = 0, tìte up�rqei to ìrio I(x,1,0) = limn1

∥∥x+ y1n1

∥∥ gia k�je x ∈ X. 'Ara

orÐzetai o tÔpoc ston X τ1 : X → R me τ1(x) = limn1

∥∥x+ y1n1

∥∥. Jewr¸ntac

ton q¸ro Banach Xτ1 èqoume oti

‖x+ c1eτ1‖ = lim
n1

∥∥x+ c1y
1
n1

∥∥
gia k�je x ∈ X kai c1 ∈ R. T¸ra gia x ∈ X, c1 ∈ R kai c2 = 1 up�rqei to ìrio

I(x,c1,1) = lim
n2

lim
n1

∥∥x+ c1y
1
n1

+ y2n2

∥∥
= lim

n2

∥∥x+ c1eτ1 + y2n2

∥∥
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'Ara orÐzetai o tÔpoc τ2 ston Xτ1 me

τ2(x+ c1eτ1) = lim
n2

∥∥x+ c1eτ1 + y2n2

∥∥ = I(x,c1,1).

EÐnai fanerì oti o τ = (τj)
2
j=1 eÐnai ènac 2-tÔpoc ston X.

(ii) 'Estw loipìn τ = (τj)
k
j=1 ènac k-tÔpoc stonX kai (xjn), 1 ≤ j ≤ k akoloujÐec

ston Y pou dÐnoun touc tÔpouc τ1, . . . , τk, antÐstoiqa. 'Estw akìmh D = (di) èna

arijm simo kai puknì uposÔnolo tou X.

Isqurismìc 1

'Estw x ∈ X kai c1, . . . , ck ∈ R, tìte up�rqei M ∈ [N]ω ¸ste

‖x+
n∑
j=1

cjeτj‖ = lim
nk<...<n1∈M

‖x+
k∑
j=1

cjx
j
nj
‖.

Apìdeixh.

'Eqoume oti

‖x+
k∑
j=1

cjeτj‖ = lim
nk

. . . lim
n1

‖x+
k∑
j=1

cjx
j
nj
‖.

T¸ra apì to Je¸rhma 3.2.3 èpetai to sumpèrasma.

Isqurismìc 2.

'Estw x ∈ X, tìte up�rqei M ∈ [N]ω ¸ste

‖c0x+
k∑
j=1

cjeτj‖ = lim
nk<...<n1∈M

‖x+
k∑
j=1

cjx
j
nj
‖

gia k�je c0, . . . , ck ∈ R.
Apìdeixh.

Dedomènou tou IsqurismoÔ 1 h apìdeixh eÐnai an�logh tou L mmatoc 3.1.2.

Isqurismìc 3.

Up�rqei M ∈ [N]ω ¸ste

‖c0di +
k∑
j=1

cjeτj‖ = lim
nk<...<n1∈M

‖c0di +
k∑
j=1

cjx
j
nj
‖
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gia k�je i ∈ N kai c0, . . . , ck ∈ R.
Apìdeixh.

Apì ton Isqurismì 2 mporoÔme na epilèxoume mia fjÐnousa akoloujÐa (Mi)

apeÐrwn uposunìlwn tou N ¸ste

‖c0di +
k∑
j=1

cjeτj‖ = lim
nk<...<n1∈Mi

‖c0di +
k∑
j=1

cjx
j
nj
‖

gia k�je i ∈ N kai c0, . . . , ck ∈ R. Pern¸ntac t¸ra se èna diag¸nio sÔnolo M

thc (Mi) èqoume to sumpèrasma.

Isqurismìc 4.

Up�rqei M ∈ [N]ω ¸ste

‖x+
k∑
j=1

cjeτj‖ = lim
nk<...<n1∈M

‖x+
k∑
j=1

cjx
j
nj
‖

gia k�je x ∈ X kai c1, . . . , ck ∈ R.
Apìdeixh.

Epilègoume M ìpwc ston Isqurismì 3. 'Estw t¸ra x ∈ X, ε > 0 kai di ∈ D
me ‖x− di‖ < ε

3
. Apì ton Isqurismì 3 epÐshc mporoÔme na epilèxoume N ∈ N

¸ste an N ≤ nk < . . . < n1 sto M , tìte∣∣∣∣∣‖di +
k∑
j=1

cjeτj‖ − ‖di +
k∑
j=1

cjx
j
nj
‖

∣∣∣∣∣ < ε

3
.
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'Etsi gia N ≤ nk < . . . < n1 sto M èqoume∣∣∣∣∣‖x+
k∑
j=1

cjeτj‖ − ‖x+
k∑
j=1

cjx
j
nj
‖

∣∣∣∣∣ =

∣∣∣∣∣‖x+
k∑
j=1

cjeτj‖ ± ‖di +
k∑
j=1

cjeτj‖ ±

± ‖di +
k∑
j=1

cjx
j
nj
‖ − ‖x+

k∑
j=1

cjx
j
nj
‖

∣∣∣∣∣
≤

∣∣∣∣∣‖x+
k∑
j=1

cjeτj‖ − ‖di +
k∑
j=1

cjeτj‖

∣∣∣∣∣+

+

∣∣∣∣∣‖di +
k∑
j=1

cjeτj‖ − ‖di +
k∑
j=1

cjx
j
nj
‖

∣∣∣∣∣+

+

∣∣∣∣∣‖di +
k∑
j=1

cjx
j
nj
‖ − ‖x+

k∑
j=1

cjx
j
nj
‖

∣∣∣∣∣
≤ 2 ‖x− di‖+

∣∣∣∣∣‖di +
k∑
j=1

cjeτj‖ − ‖di +
k∑
j=1

cjx
j
nj
‖

∣∣∣∣∣
< 2

ε

3
+
ε

3
= ε.

Tèloc epilègoume èna M ìpwc sto Isqurismì 4, jètoume (yjn) = (xjn)n∈M kai

èqoume telei¸sei.

Sto [13] o Rosenthal met� thn Prìtash 3.2.14 (Lemma 1.5, sel. 23) stic

selÐdec 24-25 apodeiknÔei to Je¸rhma 3.2.26 (Theorem 1.1 sel. 17), dhlad  thn

Ôparxh peperasmènhc (1+ε)-unconditional basik c akoloujÐac meg�lou m kouc.

EmeÐc protim same na p�roume to Je¸rhma 3.2.26 wc sunèpeia tou Jewr matoc

3.2.25 (Ôparxh 1-unconditional spreading model). Ja prèpei na tonÐsoume oti h

apìdeixh pou parousi�zoume ed¸ kai aut  tou [13] eÐnai ousiastik� Ðdiec, ìmwc

jewroÔme oti h epilog  mac bohj�ei perissìtero sthn oikonomÐa tou keimènou.

Pìrisma 3.2.15. 'Estw X ènac q¸roc Banach, Y ènac kleistìc upìqwroc tou

X kai τ = (τj)
k
j=1 ènac k-tÔpoc ston X paragìmenoc apì ton Y . Tìte gia k�je

x ∈ X kai ε > 0 up�rqoun y1, . . . , yk ∈ Y ¸ste

(1− ε)‖x+
k∑
j=1

cjeτj‖ ≤ ‖x+
k∑
j=1

cjyj‖ ≤ (1 + ε)‖x+
k∑
j=1

cjeτj‖.

Apìdeixh. Dedomènhc thc Prìtashc 3.2.14, h apìdeixh eÐnai an�logh aut c tou

L mmatoc 3.1.3.
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Amèswc parak�tw dÐnoume ènan enallaktikì orismì twn spreading model enìc

q¸rou Banach pou ja mac faneÐ qr simoc sth sunèqeia.

Orismìc 3.2.16. 'Estw X ènac q¸roc Banach kai Y ènac kleistìc upìqwroc

tou X. 'Enac q¸roc Banach Z lègetai spreading model tou X paragìmeno

apì ton Y an isqÔoun oi

(i) o X eÐnai upìqwroc tou Z me ‖·‖Z /X = ‖·‖X kai up�rqei mia akoloujÐ-

a (zj) ston Z ¸ste o Z na eÐnai h kleist  grammik  j kh tou sunìlou

X
⋃
{zj : j ∈ N}

kai

(ii) up�rqei mia akoloujÐa (yn) ston Y , h opoÐa den èqei ‖·‖-sugklÐnousec up-

akoloujÐec ¸ste

‖x+
k∑
j=1

cjzj‖ = lim
n1

. . . lim
nk

‖x+
k∑
j=1

cjynj
‖.

EÐnai logikì na anarwthjeÐ kaneÐc an o prohgoÔmenoc orismìc enìc spreading

model tautÐzetai me autìn thc paragr�fou 0.2. 'Estw loipìn k ≥ 1, èqoume

apodeÐxei nwrÐtera oti up�rqei Mk ∈ [N]ω ¸ste

‖x+
k∑
j=1

cjzj‖ = lim
n1<...<nk∈Mk

‖x+
k∑
j=1

cjynj
‖

gia k�je x ∈ X kai c1, . . . , ck ∈ R. T¸ra ìpwc èqoume xanak�nei nwrÐtera

mporoÔme na epilèxoume èna M ∈ [N]ω ¸ste

‖x+
k∑
j=1

cjzj‖ = lim
n1<...<nk∈M

‖x+
k∑
j=1

cjynj
‖

gia k�je x ∈ X, k ∈ N kai c1, . . . , ck ∈ R.
Akìmh gia x ∈ X kai k ∈ N stajer�, gia k�je ε > 0 up�rqei N ∈ N ¸ste

(1− ε)‖x+
k∑
j=1

cjzj‖ ≤ ‖x+
k∑
j=1

cjynj
‖ ≤ (1 + ε)‖x+

k∑
j=1

cjzj‖

gia k�je N ≤ n1 < . . . < nk sto M kai c1, . . . , ck ∈ R.
'Eqoume oti
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(i) zj /∈ X gia k�je j ∈ N

(ii) to sÔnolo {zj : j ∈ N} eÐnai grammik� anex�rthto uposÔnolo tou Z.

Gia to (i) ac upojèsoume oti zj ∈ X kai �ra up�rqei x ∈ X me ‖x− zj‖ = 0,

tìte ìmwc limn ‖x− yn‖ = 0, dhlad  yn
‖·‖−→ x, �topo.

Gia to (ii) ac upojèsoume oti up�rqoun k ≥ 1 kai c1, . . . , ck ∈ R me ck 6= 0

¸ste
∑k

j=1 cjzj = 0. EÔkola mporoÔme na doÔme oti

‖
n∑
j=1

cjzj‖ = ‖
n∑
j=1

cjzij‖

gia k�je n ∈ N, c1, . . . , cn ∈ R kai i1 < . . . < ij sto N.
'Etsi

0 = ‖
k∑
j=1

cjzj‖ = ‖
k−1∑
j=1

cjzj + ckzk+1‖.

'Ara

|ck| ‖zk+1 − zk‖ = ‖ck(zk+1 − zk)‖

= ‖(
k−1∑
j=1

cjzj + ckzk+1)− (
k∑
j=1

cjzj)‖

= 0

kai epeid  ck 6= 0

lim
nk<nk+1∈M

∥∥ynk+1
− ynk

∥∥ = 0

IsodÔnama

lim
n1<n2∈M

‖yn1 − yn2‖ = 0.

Epomènwc, h akoloujÐa (yn)n∈M eÐnai Cauchy, �topo. Jewr¸ntac t¸ra th |‖· |‖ :

c00 → R me

|‖
k∑
j=1

cjej|‖ = ‖
k∑
j=1

cjzk‖

apì ta prohgoÔmena èpetai oti o (c00, |‖ · |‖) eÐnai èna spreading model tou X,

ìpwc autì orÐsthke sthn par�grafo 0.2.

Orismìc 3.2.17. 'Estw X ènac q¸roc Banach kai Y ènac kleistìc upìqwroc

tou X.
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(i) 'Enac ∞-tÔpoc ston X eÐnai mia akoloujÐa (τj)
∞
j=1 ¸ste to τ

k = (τj)
k
j=1 na

eÐnai k-tÔpoc ston X gia k�je k ≥ 1.

(ii) 'Enac ∞-tÔpoc τ ston X lème oti par�getai apì ton Y an o tÔpoc τj

par�getai apì ton Y gia k�je j ≥ 1.

(iii) 'Enac ∞-tÔpoc τ = (τj) ston X lème oti eÐnai mh tetrimmènoc (ant.

summetrikìc) an o tÔpoc τj eÐnai mh tetrimmènoc (ant. summetrikìc) gia

k�je j.

(iv) Gia ènan ∞-tÔpo τ = (τj) jewroÔme touc q¸rouc Banach Xτk , k ≥ 1. Jè-

toume Xτ na eÐnai h pl rwsh tou q¸rou me nìrma
⋃∞
k=1Xτk .

EÐnai eÔkolo na doÔme oti an τ eÐnai ènac mh tetrimmènoc ∞-tÔpoc, tìte o

q¸roc Banach Xτ eÐnai pl rwsh tou (X ⊕ c00, |‖ · |‖), ìpou |‖ · |‖/X = ‖·‖X .

Orismìc 3.2.18. 'Estw τ ènac mh tetrimmènoc∞-tÔpoc se ènan q¸ro Banach

X. O τ lègetai indiscernible an

‖x+
k∑
j=1

cjeτj‖ = ‖x+
k∑
j=1

cjeτij ‖

gia k�je x ∈ X, k ∈ N, i1 < . . . < ik ∈ N kai c1, . . . , ck ∈ R.

An τ eÐnai ènac indiscernible∞-tÔpoc ston X, tìte o q¸roc Banach Xτ lègetai

antÐstrofo spreading model tou X.

Prìtash 3.2.19. 'Estw X ènac q¸roc Banach kai Y ènac kleistìc upìqwroc

tou X. 'Estw akìmh τ = (τj) ènac mh tetrimmènoc∞-tÔpoc ston X paragìmenoc

apì ton Y . Ta ex c eÐnai isodÔnama:

(i) O Xτ eÐnai èna antÐstrofo spreading model tou X.

(ii) Up�rqei mia akoloujÐa (yn) ston Y h opoÐa gia k�je j dÐnei ton tÔpo τj.

(iii) τj = τj+1/Xτ j−1 gia k�je j.
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Apìdeixh. (i)⇒(iii) 'Estw k ≥ 1 kai c1, . . . , ck−1 ∈ R. AfoÔ o Xτ eÐnai èna

antÐstrofo spreading model tou X èqoume oti

τk(x+
k−1∑
j=1

cjeτj) = ‖x+
k−2∑
j=1

cjeτj + eτk‖

'Ara

τk(x+
k−1∑
j=1

cjeτj) = τk+1(x+
k−1∑
j=1

cjeτj).

(iii)⇒(ii)

Ac jewr soume akoloujÐec (yjn) ston Y ¸ste gia k�je j h akoloujÐa (yjn) na

dÐnei ton tÔpo τj. Apì to (iii) èqoume oti τk = τk+1/Xτk−1 gia k�je k. 'Etsi gia

k ≥ 1, x ∈ X kai c1, . . . , ck−1 ∈ R

‖x+
k−1∑
j=1

cjeτj + eτk‖ = ‖x+
k−1∑
j=1

cjeτj + eτm‖

= lim
n
‖x+

k−1∑
j=1

cjeτj + ymn ‖

gia k�je m ≥ k.

'Ara

‖x+
k−1∑
j=1

cjeτj + eτk‖ = lim
m

lim
n
‖x+

k−1∑
j=1

cjeτj + ymn ‖ (3.22)

gia k�je x ∈ X, k ≥ 1 kai c1, . . . , ck−1 ∈ R.

Isqurismìc 1

'Estw x ∈ X kai k ≥ 1. Tìte up�rqei Mk ∈ [N]ω ¸ste

‖x+
k−1∑
j=1

cjeτj + eτk‖ = lim
m<n∈Mk

‖x+
k−1∑
j=1

cjeτj + ymn ‖

gia k�je c1, . . . , ck−1 ∈ R.

Apìdeixh.

Dedomènwn thc sqèshc (3.22) kai tou Jewr matoc 3.2.3 h apìdeixh eÐnai

an�logh tou L mmatoc 3.1.2
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Isqurismìc 2

'Estw x ∈ X, tìte up�rqei M ∈ [N]ω ¸ste

‖x+
k−1∑
j=1

cjeτj + eτk‖ = lim
m<n∈M

‖x+
k−1∑
j=1

cjeτj + ymn ‖

gia k�je k ≥ 1 kai c1, . . . , ck−1 ∈ R.

Apìdeixh.

Apì ton Isqurismì 1 mporoÔme na epilèxoume mia fjÐnousa akoloujÐa (Mk)

apeÐrwn uposunìlwn tou N ¸ste

‖x+
k−1∑
j=1

cjeτj + eτk‖ = lim
m<n∈Mk

‖x+
k−1∑
j=1

cjeτj + ymn ‖

gia k�je k ≥ 1 kai c1, . . . , ck−1 ∈ R. An t¸ra M eÐnai èna diag¸nio sÔnolo thc

akoloujÐac (Mk) paÐrnoume to sumpèrasma.

'Estw t¸ra D = (di) èna arijm simo kai puknì uposÔnolo tou X.

Isqurismìc 3

Up�rqei M ∈ [N]ω ¸ste

‖di +
k−1∑
j=1

cjeτj + eτk‖ = lim
m<n∈M

‖di +
k−1∑
j=1

cjeτj + ymn ‖

gia k�je i ∈ N, k ≥ 1 kai c1, . . . , ck−1 ∈ R.

Apìdeixh.

'Epetai apì ton Isqurismì 2, ìpwc autìc èpetai apì ton Isqurismì 1.

Isqurismìc 4

Up�rqei M ∈ [N]ω ¸ste

‖x+
k−1∑
j=1

cjeτj + eτk‖ = lim
m<n∈M

‖x+
k−1∑
j=1

cjeτj + ymn ‖
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gia k�je x ∈ X, k ≥ 1 kai c1, . . . , ck ∈ R.

Apìdeixh.

Epilègoume M ∈ [N]ω ìpwc ston Isqurismì 3. 'Estw t¸ra x ∈ X, k ≥ 1,

c1, . . . , ck−1 ∈ R kai ε > 0. Apì thn puknìthta tou D ston X mporoÔme na

epilèxoume di ¸ste ‖x− di‖ < ε
3
. EpÐshc apì ton Isqurismì 3 up�rqei N ∈ N

¸ste ∣∣∣∣∣‖di +
k−1∑
j=1

cjeτj + eτk‖ − ‖di +
k−1∑
j=1

cjeτj + ymn ‖

∣∣∣∣∣ < ε

3

gia N ≤ m < n sto M .

T¸ra gia N ≤ m < n sto M∣∣∣∣∣‖x+
k−1∑
j=1

cjeτj + eτk‖ − ‖x+
k−1∑
j=1

cjeτj + ymn ‖

∣∣∣∣∣ =

∣∣∣∣∣‖x+
k−1∑
j=1

cjeτj + eτk‖±

±‖di +
k−1∑
j=1

cjeτj + eτk‖ ± ‖di +
k−1∑
j=1

cjeτj + ymn ‖ − ‖x+
k−1∑
j=1

cjeτj + ymn ‖

∣∣∣∣∣
≤ 2 ‖x− di‖+

∣∣∣∣∣‖di +
k−1∑
j=1

cjeτj + eτk‖ − ‖di +
k−1∑
j=1

cjeτj + ymn ‖

∣∣∣∣∣
< ε

Tèloc, epilègoume èna M ∈ [N]ω, ìpwc ston Isqurismì 4 kai èstw M = (mn).

Jètoume t¸ra yn = ymn
mn+1

gia k�je n. Apì ton Isqurismì 4 eÐnai fanerì oti h

(yn) ikanopoieÐ to sumpèrasma.

(ii)⇒(i)

'Estw loipìn mia akoloujÐa (yn) ston Y pou dÐnei ton tÔpo τj gia k�je j ∈ N.
Gia x ∈ X, k ≥ 1, i1 < . . . < ik ∈ N kai c1, . . . , ck ∈ R èqoume oti

‖x+
k∑
j=1

cjeτij ‖ = lim
nik

. . . lim
ni1

‖x+
k∑
j=1

cjynij
‖

= lim
nk

. . . lim
n1

‖x+
k∑
j=1

cjynj
‖

= ‖x+
k∑
j=1

cjeτj‖

87



'Estw t¸ra τ = (τj) ènac indiscernible tÔpoc ston X kai (xn) mia akoloujÐa

ston X me

‖x+
k∑
j=1

cjeτj‖ = lim
nk

. . . lim
n1

‖x+
k∑
j=1

cjxnj
‖

gia k�je x ∈ X, k ≥ 1 kai c1, . . . , ck ∈ R. OrÐzoume th nìrma |‖ · |‖ ston X ⊕ c00
me

‖x+
k∑
j=1

cjej‖ = ‖x+
k∑
j=1

ck−j+1eτj‖

EÐnai �meso oti |‖ · |‖/X = ‖·‖. Akìmh èqoume oti

|‖x+
k∑
j=1

cjej|‖ = ‖x+
k∑
j=1

ck−j+1eτj‖

= lim
nk

. . . lim
n1

‖x+ ckxn1 + . . .+ c1xnk
‖

= lim
nk

. . . lim
n1

‖x+ c1xnk
+ . . .+ ckxn1‖ .

'Ara k�je antÐstrofo spreading model tou X orÐzei èna spreading model tou X.

Ac upojèsoume epiplèon oti o τ = (τj) eÐnai summetrikìc. Tìte ìpwc èqoume

parathr sei nwrÐtera gia k�je x ∈ X, k ≥ 1, c1, . . . , ck ∈ R kai (εj) ∈ {−1, 1}k

‖x+
k∑
j=1

εjcjeτj‖ = ‖x+
k∑
j=1

cjeτj‖.

'Etsi

|‖x+
k∑
j=1

εjcjej|‖ = ‖x+
k∑
j=1

εk−j+1ck−j+1eτj‖

= ‖x+
k∑
j=1

ck−j+1eτj‖

= |‖x+
k∑
j=1

cjej|‖

Sun�getai t¸ra oti gia na deÐxoume oti ènac q¸roc BanachX èqei èna 1-unconditional

spreading model arkeÐ na apodeÐxoume thn Ôparxh enìc indiscernible kai sum-

metrikoÔ tÔpou ston X.

OrÐzoume ta sÔnola
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T 1(Y,X) = {τ ∈ T (Y,X) : ‖τ‖ = 1}

TS(Y,X) = {τ ∈ T (Y,X) : τ summetrikìc}

T 1
S(Y,X) = {τ ∈ TS(Y,X) : ‖τ‖ = 1}

Prìtash 3.2.20. 'Estw X ènac q¸roc Banach, Y ènac kleistìc upìqwroc

tou X kai D = (di) èna arijm simo kai puknì uposÔnolo tou X. Efodi�zoume

epÐshc to sÔnolo T (Y,X) kai ton q¸ro RN me thn topologÐa thc kat� shmeÐo

sÔgklishc1.

(i) H sun�rthsh φ : T (Y,X) → RN, (τ(x))x∈X → φ(τ) = (τ(di))i∈N eÐnai ènac

omoiomorfismìc twn topologik¸n q¸rwn T (Y,X) kai φ(T (Y,X)). IdiaÐtera

o topologikìc q¸roc T (Y,X) eÐnai metrikopoi simoc.

(ii) To sÔnolo T (Y,X) eÐnai kleistì uposÔnolo tou RN.

(iii) To sÔnolo T 1(Y,X) eÐnai sumpagèc.

(iv) To sÔnolo T 1
S(Y,X) eÐnai sumpagèc.

Apìdeixh. (i) EÐnai fanerì oti h sun�rthsh φ : T (Y,X) → φ(T (Y,X)) eÐnai

suneq c kai epÐ. EpÐshc epeid  to D eÐnai puknì uposÔnolo tou X èpetai oti h φ

eÐnai 1-1. Mènei na deÐxoume oti h φ−1 eÐnai suneq c. 'Estw loipìn mia akoloujÐa

(τn) sto T (Y,X) kai τ ∈ T (Y,X) ¸ste τn(di) → τ(di) gia k�je i. GnwrÐzoume

t¸ra oti oi tÔpoi eÐnai 1-Lipschitz suneqeÐc sunart seic ston X (Parat rhsh

3.2.2(iii) ), ètsi gia x ∈ X

|τ(x)− τn(x)| ≤ |τ(x)− τ(di)|+ |τ(di)− τn(di)|+ |τn(di)− τn(x)|

≤ 2 ‖x− di‖+ |τ(di)− τn(di)| (3.23)

T¸ra gia x ∈ X kai ε > 0 mporoÔme na broÔme i ∈ N kai n0 ∈ N ¸ste ‖x− di‖ <
ε
3
kai ‖τ(di)− τn(di)‖ < ε

3
gia n ≥ n0.

Gia n ≥ n0 h sqèsh (3.23) mac dÐnei |τ(x)− τn(x)| < ε.

(ii) Apì to (i) mporoÔme na jewroÔme oti o topologikìc q¸roc T (Y,X) eÐnai

topologikìc upìqwroc tou RN. 'Estw t¸ra mia akoloujÐa (τn) sto T (Y,X) kai

1
Το σύνολο T (Y,X) περιέχεται στον χώρο RX

, ο οποίος θεωρείται εφοδιασμένος με την

τοπολογία της κατά σημείο σύγκλισης (καρτεσιανή τοπολογία)
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f ∈ RN me τn → f . 'Estw akìmh oti oi akoloujÐec (ynk ) tou Y dÐnoun touc tÔpouc

τn. Tìte gia k�je i ∈ N

f(di) = lim
n
τn(di) = lim

n
lim
k
‖di + ynk‖ .

Kat� ta gnwst� t¸ra mporoÔme na epilèxoume mia fjÐnousa akoloujÐa (Mi)

apeÐrwn uposunìlwn tou N ¸ste

f(di) = lim
n<k∈Mi

‖di + ynk‖

gia k�je i. Pern¸ntac se èna diag¸nio uposÔnolo M thc (Mi) ja èqoume oti

f(di) = lim
n<k∈M

‖di + ynk‖

gia k�je i. 'Estw t¸ra oti M = (mj). Jètontac (yj) = (y
mj
mj+1) paÐrnoume oti

f(di) = lim
j
‖di + yj‖

Apì to (ii) thc Prìtashc 3.2.8 èpetai oti h (yj) dÐnei ènan tÔpo τ ston X. Epeid 

t¸ra τn(di)→ τ(di) gia k�je i èpetai oti τn → τ .

(iii) 'Estw τ ∈ T 1(Y,X) kai (yk) mia akoloujÐa ston Y pou dÐnei ton τ . Tìte

1 = τ(0) = limk ‖yk‖.
'Etsi gia k�je x ∈ X epeid  ‖x+ yk‖ ≤ ‖x‖ + ‖yk‖ gia k�je k èqoume oti

τ(x) ≤ ‖x‖+ 1 kai �ra τ ∈
∏

x∈X [0, ‖x‖+ 1]. Apì to Je¸rhma Tychonoff èpetai

oti to sÔnolo
∏

x∈X [0, ‖x‖ + 1] eÐnai sumpagèc kai ètsi arkeÐ na deÐxoume oti

to T 1(Y,X) eÐnai kleistì. 'Estw loipìn (τn) sto T 1(Y,X) kai τ ∈ T (Y,X) me

τn → τ . 'Estw akìmh (ynk ) akoloujÐec ston Y pou dÐnoun touc tÔpouc (τn). Apì

thn apìdeixh tou (ii) up�rqei M ∈ [N]ω ¸ste

τ(x) = lim
n<k∈M

‖x+ ynk‖

gia k�je x ∈ X. Miac kai ‖τn‖ = 1 gia k�je n èpetai oti limk ‖ynk‖ = 1 gia k�je

n. Jètoume n1 = minM kai epilègoume k1 ∈ N me k1 > n1 ¸ste |‖yn1
k ‖ − 1| < 1

gia k�je k ≥ k1. 'Estw t¸ra i ≥ 1 kai ac upojèsoume oti èqoume epilèxei

n1 < k1 < . . . < ni < ki ¸ste n1, . . . , ni ∈M kai∣∣∥∥ynj

k

∥∥− 1
∣∣ < 1

j
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gia k�je k ≥ kj kai 1 ≤ j ≤ i.

Epilègoume t¸ra ni+1 ∈ M me ni+1 > ki, tìte mporoÔme na broÔme ki+1 >

ni+1 ¸ste

|‖yni+1

k ‖ − 1| < 1

i+ 1

gia k�je k ≥ ki+1. Jewr¸ntac t¸ra thn akoloujÐa (yi) = (yni
ni+1

) èqoume oti

τ(x) = limi ‖x+ yi‖ kai oti limi ‖yi‖ = 1.

(iv) ArkeÐ na deÐxoume oti to T 1
S(Y,X) eÐnai kleistì uposÔnolo tou sumpagoÔc

sunìlou T 1(Y,X). 'Estw loipìn mia akoloujÐa (τn) sto T 1
S(Y,X) kai τ ∈

T (Y,X) me τn → τ . 'Estw akìmh akoloujÐec (ynk ) ston Y pou dÐnoun touc

tÔpouc (τn) kai apì thn apìdeixh tou (ii) up�rqei èna M ∈ [N]ω ¸ste

τ(x) = lim
n<k∈M

‖x+ ynk‖

gia k�je x ∈ X. Apì th summetrikìthta twn tÔpwn (τn) èqoume oti

lim
k
|‖x+ ynk‖ − ‖x− ynk‖| = 0 (3.24)

gia k�je x ∈ X kai n ∈ N. 'Etsi gia i = 1 kai n1 = minM mporoÔme na broÔme

k1 > n1 ¸ste |‖d1 + yn1
k ‖ − ‖d1 − y

n1
k ‖| < 1 gia k ≥ k1.

Ac upojèsoume t¸ra oti i ≥ 1 kai oti èqoume epilèxei n1 < k1 . . . < ni < ki

me n1, . . . , ni ∈M ¸ste ∣∣∥∥dm + y
nj

k

∥∥− ∥∥dm − ynj

k

∥∥∣∣ < 1

j

gia k�je 1 ≤ m ≤ j, k ≥ kj kai k�je 1 ≤ j ≤ i. Epilègoume t¸ra ni+1 ∈ M
me ni+1 > ki. Apì th sqèsh (3.24) mporoÔme na broÔme ki+1 ∈ N me ki+1 > ni+1

¸ste

|‖dm + y
ni+1

k ‖ − ‖dm − yni+1

k ‖| < 1

i+ 1

gia k�je 1 ≤ m ≤ i + 1 kai k ≥ ki+1. Jewr¸ntac thn akoloujÐa (yi) = (yni
ni+1

)

ston Y eÔkola blèpoume oti

τ(x) = lim
i
‖x+ yi‖

kai

lim
i

= |‖dj + yi‖ − ‖dj − yi‖| = 0

gia k�je j.

'Ara o τ eÐnai summetrikìc tÔpoc ston X kai èqoume telei¸sei.
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AxÐzei na parathr soume ed¸ thn analogÐa metaxÔ tou isqurismoÔ (iii) thc

Prìtashc 3.2.20 kai tou Jewr matoc Alaoglou.

Orismìc 3.2.21. 'Estw X q¸roc Banach kai Y ènac kleistìc upìqwroc tou

X. 'Enac tÔpoc τ ston X pou par�getai apì ton Y lègetai kajolik� sum-

metrikìc an o τ eÐnai summetrikìc kai gia k�je peperasmènhc di�stashc epèk-

tash Z tou X up�rqei β ∈ TS(Y, Z) ¸ste β/X = τ .

SumbolÐzoume me Tus(Y,X) to sÔnolo ìlwn twn kajolik� summetrik¸n tÔpwn

ston X pou par�gontai apì ton Y .

OrÐzoume epÐshc to sÔnolo T 1
us(Y,X) = {τ ∈ Tus(Y,X) : ‖τ‖ = 1}.

'Estw t¸ra X q¸roc Banach, Y ènac kleistìc upìqwroc tou X kai X1, X2

dÔo peperasmènhc di�stashc epekt�seic tou X me X1 = X ⊕ [eni
]ki=1, X2 =

X ⊕ [emi
]ki=1 ¸ste n1 < . . . < nk, m1 < . . . < mk kai h T : X1 → X2 me

T (x+
k∑
i=1

aieni
) = x+

k∑
i=1

aiemi

na eÐnai isometrÐa. EÐnai eÔkolo na doÔme oti an τ ∈ TS(Y,X1) kai dÐnetai apì

thn (yn), tìte o τ ′ : X2 → R me

τ ′(x+
k∑
i=1

aiemi
) = lim

n
‖x+

k∑
i=1

aiemi
+ yn‖

eÐnai stoiqeÐo tou TS(Y,X2).

L mma 3.2.22. 'Estw X q¸roc Banach kai X1, . . . , Xk peperasmènhc di�-

stashc epekt�seic tou X. Tìte up�rqoun mia peperasmènhc di�stashc epèktash

Z tou X kai grammikèc isometrÐec Ti : Xi → Z gia 1 ≤ i ≤ k ¸ste

IX = Ti/X

gia k�je 1 ≤ i ≤ k.

Apìdeixh. JewroÔme to q¸ro Banach V = (
⊕k

i=1Xi, ‖·‖1), ton kleistì upì-

qwro tou V , W =
{

(x1, . . . , xk) ∈ V : xi ∈ X, 1 ≤ i ≤ k kai
∑k

i=1 xi = 0
}
kai

to q¸ro phlÐko V/W . Gia 1 ≤ i ≤ k jewroÔme tic emfuteÔseic Ii : Xi → V kai

Si = π ◦ Ii, ìpou π h kanonik  probol  tou V epÐ tou V/W .
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DeÐqnoume t¸ra oti S1/X = Si gia 1 ≤ i ≤ k. 'Estw loipìn x ∈ X kai

1 ≤ i ≤ k, tìte

S1(x) = Si(x) ⇔ (x, 0, . . . , 0) +W = (0, . . . , x, . . . , 0) +W

⇔ (x, 0, . . . ,−x, . . . , 0) ∈ W

⇔ x ∈ X kai x− x = 0,

pou isqÔei.

Gia 1 ≤ i ≤ k èqoume oti ‖Ii‖ = 1. EpÐshc eÐnai gnwstì oti ‖π‖ = 1. 'Etsi

gia 1 ≤ i ≤ k, ‖Si‖ ≤ 1 dhlad  an y ∈ Xi, tìte ‖Si(y)‖ ≤ ‖y‖. Gia thn apìdeixh
thc antÐstrofhc anisìthtac epilègoume 1 ≤ i ≤ k kai y ∈ Xi. Tìte

‖Si(x)‖ = inf {‖(x1, . . . , xi + y, . . . , xk)‖1 : (x1, . . . , xk) ∈ W} .

T¸ra gia (x1, . . . , xk) ∈ W èqoume oti

‖(x1, . . . , xi + y, . . . , xk)‖1 = ‖xi + y‖+
k∑
j=1
j 6=i

‖xj‖

≥

∥∥∥∥∥y +
k∑
i=1

xi

∥∥∥∥∥ , afoÔ xi ∈ X, 1 ≤ i ≤ k

= ‖y‖

afoÔ
∑k

i=1 xi = 0, 1 ≤ i ≤ k. 'Etsi ‖Si(y)‖ ≥ ‖y‖.
Jètoume t¸ra X̃ = S1(X) kai X̃i = Si(Xi), 1 ≤ i ≤ k. EÐnai �meso oti

(X̃1 + . . .+ ˜Xi−1 + ˜Xi+1 + . . .+ X̃k)
⋂
X̃i = X̃ gia k�je 1 ≤ i ≤ k.

JewroÔme t¸ra ton upìqwro tou V/W , Q = X̃1 + . . .+ X̃k apì to prohgoÔ-

meno èpetai

dimQ/X̃ =
k∑
i=1

dim X̃i/X̃ <∞.

Epomènwc o Q eÐnai q¸roc Banach. Gia 1 ≤ i, j ≤ k jètontac ni = dim X̃i/X̃

kai

Nj =

j∑
i=1

ni

èqoume oti up�rqoun xi ∈ Xj, Nj−1 + 1 ≤ i ≤ Nj kai 1 ≤ j ≤ k ¸ste

X̃j = X̃ ⊕ [xi]
Nj

i=Nj−1+1
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kai

Q = X̃ ⊕ (⊕kj=1[xi]
Nj

i=Nj−1+1).

JewroÔme t¸ra th nìrma |‖ · |‖ : X ⊕ [ei]
Nk
i=1 me

|‖x+

Nk∑
i=1

aiei|‖ = ‖x+
k∑
j=1

Nj∑
i=Nj−1+1

aixi‖.

Jètoume Z = X ⊕ [ei]
Nk
i=1 kai parathroÔme oti h T : Q→ Z me

T (x+
k∑
j=1

Nj∑
i=Nj−1+1

aixi) = x+

Nk∑
i=1

aiei

eÐnai mia epÐ grammik  isometrÐa. Tèloc, eÐnai fanerì oti oi T = T ◦Si, 1 ≤ i ≤ k

ikanopoioÔn to sumpèrasma.

Prìtash 3.2.23. 'Estw X q¸roc Banach kai Y ènac kleistìc upìqwroc tou

X. Tìte T 1
us(X, Y ) 6= ∅.

Apìdeixh. 'Estw Z mia peperasmènhc di�stashc epèktash tou X. JewroÔme to

sÔnolo KZ = {β/X : β ∈ T 1
S(Y, Z)}. EÐnai fanerì oti arkeÐ na deÐxoume oti⋂

{KZ : Z peperasmènhc di�stashc epèktash tou X} 6= ∅.

ParathroÔme oti gia Z ìpwc parap�nw to KZ eÐnai sumpagèc uposÔnolo tou

T 1
S(Y,X). Pr�gmati, èstw (τn) mia akoloujÐa sto KZ kai (βn) mia akoloujÐa

sto T 1
S(Y, Z) ¸ste βn/X = τn gia k�je n. Apì th sump�geia tou sunìlou

T 1
S(Y, Z) èpetai oti up�rqoun upakoloujÐa (βnk

) thc (βn) kai β ∈ T 1
S(Y, Z)

me βnk
→ β kat� shmeÐo. Jètontac t¸ra τ = β/X eÐnai �meso oti τnk

→ τ

kat� shmeÐo. 'Etsi arkeÐ na deÐxoume oti h oikogèneia uposunìlwn tou T 1
S(Y,X),

{KZ : Z peperasmènhc di�stashc epèktash tou X} èqei thn idiìthta twn pepe-

rasmènwn tom¸n.

'Estw loipìn Z1, . . . , Zk peperasmènhc di�stashc epekt�seic tou X. Apì to

prohgoÔmeno L mma èpetai oti up�rqoun mia peperasmènhc di�stashc epèktash

Z tou X kai grammikèc isometrÐec Ti : Zi → Z ¸ste IX = Ti/X gia 1 ≤ i ≤ k.

Apì to Je¸rhma 3.2.11 mporoÔme na epilèxoume èna β ∈ T 1
S(Y, Z) kai èstw mia

akoloujÐa (yn) ston Y pou dÐnei ton β. Jètoume t¸ra τ = β/X kai βi : Zi → R
me

βi(x) = lim
n
‖x+ yn‖ .
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EÐnai �meso oti τ ∈ T 1
S(Y,X). EpÐshc epeid  Ti/X = IX gia 1 ≤ i ≤ k èqoume

βi(x) = lim
n
‖x+ yn‖ = lim

n
‖Ti(x) + yn‖ = β(Ti(x))

gia k�je x ∈ Zi. Apì th grammikìthta twn Ti èpetai oti βi ∈ T 1
S(Y, Zi), 1 ≤

i ≤ k. Tèloc eÔkola blèpoume oti βi/X = τ gia k�je 1 ≤ i ≤ k kai �ra

τ ∈
⋂k
i=1KZi

.

Prìtash 3.2.24. 'Estw X q¸roc Banach, Y ènac kleistìc upìqwroc tou X

kai V mia peperasmènhc di�stashc epèktash tou X. Tìte gia k�je τ ∈ T 1
us(Y,X)

up�rqei β ∈ T 1
us(Y, V ) ¸ste β/X = τ .

Apìdeixh. 'Estw τ ∈ T 1
us(Y,X). H apìdeixh eÐnai an�logh thc prohgoÔmenhc

prìtashc. EÔkola deÐqnoume oti gia mia peperasmènhc di�stashc epèktash Z tou

V to sÔnolo

KZ =
{
β/V : β ∈ T 1

S(Y, Z) kai β/X = τ
}

eÐnai sumpagèc uposÔnolo tou T 1
S(Y, V ). P�li arkeÐ na deÐxoume oti h oikogèneia

uposunìlwn tou T 1
S(Y, V ), {KZ : Z peperasmènhc di�stashc epèktash tou V } è-

qei thn idiìthta twn peperasmènwn tom¸n.

'Estw loipìn Z1, . . . , Zk peperasmènhc di�stashc epekt�seic tou V . Apì to

L mma 3.2.22 ja up�rqoun mia peperasmènhc di�stashc epèktash Z tou V kai

grammikèc isometrÐec Ti : Zi → Z me IV = Ti/V gia 1 ≤ i ≤ k. 'Opwc sthn

prohgoÔmenh prìtash arkeÐ na up�rqei ènac tÔpoc β ∈ T 1
S(Y, Z) me β/X =

τ . T¸ra o V san peperasmènhc di�stashc epèktashc tou X eÐnai thc morf c

X ⊕ [ei]
n
i=1 gia k�poio n ∈ N. An t¸ra dimZ/V = k apì th suz thsh pou

prohg jhke tou L mmatoc 3.2.22 mporoÔme na upojèsoume oti o Z eÐnai thc

morf c X ⊕ [ei]
n
i=1⊕ [ei]

n+k
i=n+1. 'Etsi o Z eÐnai peperasmènhc di�stashc epèktash

tou X kai epeid  τ ∈ T 1
us(Y,X) up�rqei β ∈ T 1

S(Y, Z) ¸ste β/X = τ .

EÐmaste plèon se jèsh na apodeÐxoume to kÔrio apotèlesma autoÔ tou ke-

falaÐou.

Je¸rhma 3.2.25. 'Estw X q¸roc Banach kai Y ènac kleistìc upìqwroc tou

X. Tìte o X èqei èna 1-unconditional spreading model paragìmeno apì ton Y .

Apìdeixh. 'Opwc èqoume parathr sei nwrÐtera arkeÐ na deÐxoume oti up�rqei ènac

indiscernible kai summetrikìc tÔpoc ston X paragìmenoc apì ton Y .
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Ja kataskeu�soume epagwgik� ènan tÔpo ston X me tic parap�nw idiìthtec.

Apì thn Prìtash 3.2.23 mporoÔme na epilèxoume èna τ1 ∈ T 1
us(Y,X). Epeid 

t¸ra o q¸roc Banach Xτ1 eÐnai peperasmènhc di�stashc epèktash tou X apì thn

Prìtash 3.2.24 up�rqei τ2 ∈ T 1
us(Y,Xτ1) ¸ste τ2/Xτ0 = τ1. 'Estw t¸ra k ≥ 1

kai ac upojèsoume oti èqoume epilèxei τ1, . . . , τk me τj ∈ T 1
us(Y,Xτ j−1) (Xτ j−1 =

X(τ1,...,τj−1)), 1 ≤ j ≤ k ¸ste τj+1/Xτ j−1 = τj, 1 ≤ j ≤ k. AfoÔ t¸ra o Xτk eÐnai

peperasmènhc di�stashc epèktash tou Xτk−1 kai τk ∈ T 1
us(Y,Xτk−1) p�li apì thn

Prìtash 3.2.24 èpetai oti up�rqei τk+1 ∈ T 1
us(Y,Xτk) ¸ste τk+1/Xτk−1 = τk.

T¸ra apì thn Prìtash 3.2.19 èpetai to sumpèrasma.

Je¸rhma 3.2.26. 'Estw X ènac q¸roc Banach kai ε > 0. Tìte k�je k-

leistìc upìqwroc Y tou X perièqei osod pote meg�lou (peperasmènou) m kouc

kanonikopoihmènec (1 + ε)-unconditional basikèc akoloujÐec.

Apìdeixh. Apì to prohgoÔmeno Je¸rhma mporoÔme na jewr soume èna 1-unconditional

spreading model tou X paragìmeno apì ton Y , ((ei), |‖ · |‖) kai èstw (yn) mia

kanonikopoihmènh akoloujÐa ston Y ¸ste gia k�je k ∈ N kai δ > 0 na up�rqei

N ∈ N tètoio ¸ste

(1− δ)|‖
k∑
i=1

aiei|‖ ≤ ‖
k∑
i=1

aiyni
‖ ≤ (1 + δ)|‖

k∑
i=1

aiei|‖ (3.25)

gia k�je a1, . . . , ak ∈ R kai N ≤ n1 < . . . < nk sto N. 'Estw oti dÐnetai ènac

jetikìc akèraioc k, epilègoume δ > 0 me 1+δ
1−δ < 1 + ε kai N ∈ N ¸ste na isqÔei h

(3.25). 'Estw akìmh N ≤ n1 < . . . < nk sto N kai εi = ±1 gia 1 ≤ i ≤ k. Apì

thn 1-unconditionality tou spreading model kai thn (3.25) èqoume oti

‖
k∑
i=1

εiaiyni
‖ ≤ (1 + δ)|‖

k∑
i=1

εiaiei|‖

≤ (1 + δ)|‖
k∑
i=1

aiei|‖

≤ 1 + δ

1− δ
‖

k∑
i=1

aiyni
‖ < (1 + ε)‖

k∑
i=1

aiyni
‖.
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