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2 JEMELIA THS KBANTOMHQANIKHS
O R.P. Feynmann eÐqe pei pwc ìpoioc isqurÐzetai oti katalabaÐnei
thn kbantomhqanik  lèei yèmata. H al jeia eÐnai oti mporoÔme
polÔ kal� na upologÐsoume pl�th met�bashc, pijan� apotelèsma-
ta peiram�twn, na gnwrÐzoume polÔ kal� ti k�noume, oi upologis-
moÐ mac na eÐnai swstoÐ kai na sumfwnoÔn me to peÐrama. Akolou-
j¸ntac sugkekrimènouc kanìnec kai kal� orismèna logik� b mata
katal goume se fusik� swstèc problèyeic. Sunep¸c ti ennoÔse
o Feynmann? EnnooÔse oti ta jemèlia thc kbantomhqanik c eÐ-
nai tìso antÐjeta sth diaÐsjhs  mac, pou den mporoÔme na thn
katal�boume. MporeÐ na eÐnai èna kleistì logikì sÔsthma pou
bg�zei fusik� swst� sumper�smata, all� eÐnai tìso antÐjeth me
thn kajhmerin  mac empeirÐa pou apl� den mporoÔme na katano -
soume thn ousÐa thc.

2.1 Ta axi¸mata thc Kbantomhqanik c
Den qrei�zetai kaneÐc na katafÔgei se perÐplokouc upologismoÔc gia na katal�bei
autì to par�doxo. EÐnai emfanèc sta jemèlia thc kbantomhqanik c, sta ax-
i¸mat� thc, kai klhrodoteÐtai se ìla ta l mmata kai sumper�smat� thc. Se
aut  thn par�grafo ja parajèsoume ta axi¸mata thc kbantomhqanik c pou ja
orÐsoun to ennoiologikì plaÐsio sto opoÐo ja kinhjoÔme sthn upìloiph ergasÐ-
a kai ja asqolhjoÔme kurÐwc me thn ènnoia tou enagkalismoÔ (entanglement)
pou eÐnai mÐa apì tic pio ��perÐrges��' idiìthtec twn kbantik¸n susthm�twn, eÐ-
nai o fusikìc lìgoc thc an¸terhc isqÔoc twn kbantik¸n upologist¸n ènanti
twn klassik¸n.

H kbantomhqanik  eÐnai jemeliwmènh se tèssera basik� axi¸mata.

1. K�je fusikì sÔsthma pergigr�fetai apì ènan migadikì dianusmatikì
q¸ro me pr�xh to eswterikì ginìmeno, dhlad  èna q¸ro Hilbert. Autì o
q¸roc lègetai katastatikìc kai to fusikì sÔsthma perigr�fetai pl rwc
apì to katastatikì tou di�nusma |Ψ >, èna monadiaÐo migadikì di�nusma
se autì to q¸ro.

2. H kat�stash enìc kleistoÔ kbantikoÔ sust matoc exlÐsetai sto qrìno
mèsw enìc monadiakoÔ (Unitary) metasqhmatismoÔ U .

|Ψ′(t′) >= U(t′, t)|Ψ(t) > (1)

3. H mètrhsh enìc kbantikoÔ sust matoc perigr�fetai apì mia sullog 
telest¸n mètrhshc pou droun ston katastatikì q¸ro tou sust matoc.
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H sullog  twn telest¸n Mm fèrei to deÐkth m gia ta pijan� apotelès-
mata thc mètrhshc. H pijanìthta to apotèlesma thc mètrhshc na eÐnai
m dÐnetai apì:

p(m) =< Ψ|M †
mMm|Ψ > (2)

kai h kat�stash tou sust matoc met� th mètrhsh eÐnai

|Ψ′ >= Mm
|Ψ >√

< Ψ|M †
mMm|Ψ >

(3)

Gia na ajroÐzontai oi pijanèc ekb�seic thc mètrhshc sth mon�da ja
prèpei na eÐnai pl rhc h sullog  twn telest¸n:

∑
m

M †
mMm = I (4)

4. E�n èna fusikì sÔsthma apoteleÐtai apo epi mèrouc anex�rthta sust -
mata to k�je èna me q¸ro Hilbert |Ψi >, o sunolikìc katastatikìc
q¸roc eÐnai to tanustikì ginìmeno twn epimèrouc:

|Ψoλ >= |Ψ1 > ⊗|Ψ2 > ⊗ · · · ⊗|Ψn > (5)

Gia na gÐnoun katanoht� ta axi¸mata ja ta efarmìsoume sto pio aplì k-
bantikì sÔsthma, to qubit. Wc tètoio orÐzetai opoid pote kbantikì sÔsthma
tou opoÐou o q¸roc Hilbert eÐnai didi�statoc, dhlad  opoiod pote sÔsthma
èqei dÔo katast�seic. Wc fusikì par�deigma mporeÐ na skèftetai kaneÐc tic
katast�seic spin enìc hlektronÐou, tic dunatèc dieleÔseic tou apì dÔo opèc s-
to peÐrama twn dÔo op¸n, tic katast�seic pìlwshc enìc pragmatioÔ fwtonÐou,
èna �tomo me dÔo energeiakèc katast�seic1 kai �lla. To qubit apoteleÐ kai
to jemèlio lÐjo twn kbantik¸n upologist¸n. EÐnai to antÐstoiqo tou bit twn
klassik¸n upologist¸n.

Ac upojèsoume loipìn oti oi dÔo katast�seic tou qubit sumbolÐzontai wc
|0 >, |1 > kai h dianusmatik  touc anapar�stash sth b�sh enìc telest  eÐnai

|0 > =

(
1
0

)
(6)

|1 > =

(
0
1

)
(7)

1 ΄Η πιο πρακτικά ένα άτομο του οποίου μόνο δύο ενεργειακές καταστάσεις συμμετέχουν
για δεδομένες ενέργειες ενός πειράματος.
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Sunep¸c, en gènei h kat�stash tou sust matìc mac eÐnai

|Ψ >= a|1 > +b|0 > (8)

me a, b ∈ C kai
a2 + b2 = 1 (9)

gia na eÐnai monadiaÐo to di�nusma. Se aut  thn exÐswsh, pou tìso abÐas-
ta gr�yame wc profan  sunèpeia tou dianusmatikoÔ q¸rou pou perigr�fei
to sÔsthm� mac, gÐnetai to pio jemeli¸dec �lma pou diaqwrÐzei thn klassikh
fusik  apì thn kbantik . H exÐswsh (8) mac lèei oti èna kbantikì sÔsthma
mporeÐ na brejeÐ se upèrjesh dÔo katast�sewn2. Gia par�deigma, èna hlek-
trìnio èqei peperasmèno pl�toc pijanìthtac na per�sei kai apo tic dÔo opèc
sto peÐrama tou Young. Autì ofeÐletai sto oti gia na broÔme thn pijanìthta
na gÐnei mia diadikasÐa pou apoteleÐtai apo N b mata, prèpei na pollaplasi�-
soume to pl�toc pijanìthtac na p�me apo to b ma i sto i + 1 kai sto tèloc
thc diadikasÐac na p�roume to tetr�gwno tou pl�touc pijanìthtac pou ja mac
d¸sei thn pijanìthta na èqoume èna sugkekrim�no apotèlesma. H diadikasÐa
aut  eÐnai jemeliwd¸c antÐjeth me aut  pou upodeiknÔei h klassik  fusik  ka-
j¸c sthn klassik  fusik  ja pollaplasi�zame pijanìthtec ex arq c kai ìqi
pl�th pijanot twn, sta opoÐa up�rqoun kai oi mh diag¸nioi staurwtoÐ ìroi, oi
opoÐoi perièqoun epiplèon plhroforÐa gia thn exèlixh tou sust matoc. Aut 
h idiìthta èrqetai se eujeÐa antÐjesh me thn diaÐsjhsh pou èqoume gia thn Ôlh
gÔrw mac h opoÐa mporeÐ na brÐsketai mìno se mÐa kat�stash (en prokeimèn-
w jèsh) k�je stigm . Aut  eÐnai h arq  thc epallhlÐac pou isqÔei gia ta
kbantik� sust mata.

AxÐzei se autì to shmeÐo na k�noume mia shmantik  parat rhsh. 'Enac
klassikìc upologist c mporeÐ na katal�bei to klassikì bit 1   0, dhlad  an
pern�ei reÔma   ìqi apì mÐa pÔlh tou kukl¸matoc. 'Enac kbantikìc upolo-
gist c mporeÐ na katal�bei qubits ta opoÐa ektìc apì tic katast�seic b�shc3
pou antistoiqoÔn sto 0,1 twn klassik¸n bit mporoÔn na brejoÔn kai sthn
epallhlÐa aut¸n, me �peirouc sunduasmoÔc twn suntelest¸n a, b. Autì ou-
siastik� shmaÐnei oti se èna qubit mporeÐ na apojhkeuteÐ �peirh plhroforÐa,
toul�qiston apì �poyh arq c. Amèswc amèswc anadeiknÔetai h ousiastik 
diafor� pou k�nei touc kbantikoÔc upologistèc tìso isquroÔc se sÔgkrish
me touc klassikoÔc. Se autì to z thma ja epistrèyoume argìtera.

To deÔtero axÐwma eÐnai arket� genikìlogo kai ousiastik� ekfr�zei thn
apaÐths  mac gia diat rhsh thc pijanìthtac. 'An mÐa kat�stash |Ψ > exel-

2Φυσικά, εάν ο χώρος Hilbert είναι Ν διαστάσεων, η κατάσταση του συστήματός μας θα
είναι υπέρθεση των Ν διανυσμάτων βάσης.

3Η λεγόμενη υπολογιστική βάση.
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Sq ma 1: H pijanìthta to swm�tio na brejeÐ sth jèsh D dÐnetai apì to pl�toc
pijanìthtac na p�ei apì th jèsh S sthn mÐa op  epÐ to pl�toc pijanìthtac na
p�ei met� sth jèsh D sun to pl�toc pijanìthtac na p�ei apì th jèsh S sthn
�llh op  epÐ to pl�toc pijanìthtac na p�ei apì ekeÐ sthn jèsh D kai ìlo sto
tetr�gwno.

lÐsetai sto qrìno mèsw enìc genikoÔ telest  U me |Ψ′ >= U |Ψ > h apaÐthsh
na diathreÐtai h pijanìthta ekfr�zetai wc

< Ψ′|Ψ′ > = < Ψ|Ψ > (10)
< Ψ|U †U |Ψ > = < Ψ|Ψ > (11)

U †U = I (12)

pou den eÐnai �llh apì th sunj kh monadiakìthtac enìc telest .
Apì mia �llh optik  gwnÐa, to deÔtero axÐwma mac lèei oti ènac parathrht -

c se mia qronik  stigm  t1 eÐnai isodÔnamoc me ènan parathrht  th qronik 
stigm  t2. Den up�rqei dhlad  pronomiakìc parathrht c sto qrìno. Autì
isodunameÐ me analoi¸thta twn kbantik¸n susthm�twn se qronikèc metajè-
seic pou me th seir� tou mèsw tou jewr matoc thc Noether upodeiknÔei th
diat rhsh thc enèrgeiac. Se autì ofeÐletai kai h saf c katagraf  tou ìrou
"kleistoÔ� kbantikoÔ sust matoc, gia na dhl¸sei thn apìluth diat rhsh thc
enèrgeiac sta kleist� sust mata.

Sta praktik� probl mata ìmwc kat� thn kataskeu  enìc kbantikoÔ upol-
ogist  den mporeÐ par� na eÐnai h allhlepÐdrash tou kbantikoÔ sust matoc
me to perib�llon tou, tìso se ìrouc allhlepÐdras c tou me to klassik¸n
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diast�sewn "koutÐ� sto opoÐo to diathroÔme, ìso kai sthn Ðdia th diadikasÐa
thc mètrhshc, ìtan jèloume na p�roume plhroforÐa apì autì. To pr¸to eÐnai
èna apì ta megal tera probl mata pou antimetwpÐzoun osoi peiramatÐzontai
me thn kbantik  plhroforÐa kai lègetai decoherence. O lìgoc gia ton opoÐo
eÐnai tìso meg�lo prìblhma eÐnai pwc sthn perÐptwsh mh kleistoÔ sust matoc
h exèlixh paÔei na eÐnai monadiak  kai to sÔsthma q�nei ta kbantik� qarak-
thristik� tou. TeÐnei na gÐnei klassikì, pr�gma pou fusik� empodÐzei thn
pl rh ekmet�leush thc kbantik c isqÔoc gia meg�lo qronikì di�sthma. To
deÔtero �ptetai tou trÐtou axi¸matoc kai ja suzhthjeÐ parak�tw.

Prin proqwr soume, axÐzei na anaferjeÐ oti sthn perÐptwsh pou to kban-
tikì sÔtshma eÐnai klassikì (m  sqetikistikì) h exèlixh dÐnetai sugkekrimèna
apì thn exÐswsh tou Schrödinger :

i~
d|Ψ >

dt
= H|Ψ > (13)

me H thn qamiltonian  tou sust matoc kai ~ th stajer� tou Planck. Se
perÐptwsh pou h taqÔthta tou kbantikoÔ sust matoc eÐnai sqetikistik  h
exÐswsh exèlixhc eÐnai h exÐswsh tou Dirac:

(iγµ ∂

∂µ
−m)Ψ >= 0 , µ = 0, 1, 2, 3 (14)

ìpou γµ eÐnai oi tèsseric pÐnakec tou Dirac kai ikanopoioÔn thn �lgebra an-
timet�jeshc {γµ, γν} = 2ηµν . ηµν = diag(−1, 1, 1, 1) eÐnai h metrik  tou
Minkowski, tou jeseografikoÔ q¸rou thc eidik c sqetikìthtac.

Up�rqoun pollèc shmantikèc diaforèc stic dÔo diaforikèc exis¸seic, akì-
ma kai h ermhneÐa twn kummatosunart sewn den eÐnai akrib¸c h Ðdia. Autì pou
eÐnai to shmantikìtero ìmwc, kai eÐnai kai o lìgoc pou o Dirac eis gage th
deÔterh exÐswsh, eÐnai pwc h pr¸th eÐnai deÔterhc t�xhc wc proc to qrìno se
antÐjesh me thn teleutaÐa pou eÐnai pr¸thc t�xhc. Autì to gegonìc odhgeÐ se
polÔ shmatnikèc diaforèc, orismènec apì tic opoÐec ja mac apasqol soun proc
to tèloc thc ergasÐac, ìpou kai ja anaptuqjeÐ perissìtero to perieqìmeno
twn dÔo exis¸sewn.

Erqìmenoi sto trÐto axÐwma, mporoÔme eÔkola na doÔme oti mia mètrhsh
sthn upologistik  b�sh ja mporeÐ na gÐnei apì dÔo telestèc mètrhshc

M0 = |0 >< 0| (15)
M1 = |1 >< 1| (16)

gia touc opoÐouc eÔkola apodeiknÔetai oti plhroÔn th sunj kh plhrìthtac
kai eÐnai probolikoÐ telestèc (M2

0 = M0, M2
1 = M1). H pijanìthta to apotè-
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lesma thc mètrhshc na eÐnai |0 >   |1 > eÐnai

p(0) =< Ψ|M †
0M0|Ψ > = < Ψ|M0|Ψ >= |a|2 (17)

p(1) =< Ψ|M †
1M1|Ψ > = < Ψ|M1|Ψ >= |b|2 (18)

kai h kat�stash amèswc met� th mètrhsh eÐnai antÐstoiqa

M0|Ψ >

|a| =
a

|a| |0 > (19)

M1|Ψ >

|b| =
b

|b| |0 > (20)

To apotèlesma se aut  thn perÐptwsh eÐnai ousiastik� tetrimmèno. O
lìgoc eÐnai oti oi katast�seic pou metroÔsame  tan orjog¸niec metaxÔ touc.
E�n k�ti tètoio den isqÔei den up�rqei kbantik  mètrhsh ikan  na diaqwrÐsei
tic dÔo katast�seic. Gia na to deÐxoume autì ac jewr soume dÔo katast�seic
pou eÐnai metaxÔ touc m  k�jetec. |Ψ1 >, |Ψ2 > me th deÔterh na èqei m 
mhdenik  probol  sthn pr¸th

|Ψ2 > = a|Ψ1 > +b|Φ >, µε (21)
< Ψ1|Φ > = 0 (22)

E�n upojèsoume oti mia mètrhsh ikan  na diaqwrÐsei tic dÔo katast�seic
eÐnai dunat , sÔmfwna me to trÐto axÐwma ja perigr�fetai apì mia sullog 
telest¸n Mi. E�n to sÔsthma eÐnai ek twn protèrwn proetoimasmèno sth
mÐa   thn �llh kat�stash ja prèpei h pijanìthta na parathrhjeÐ se aut n
na eÐnai mon�da. Gia na posotikopoihjeÐ aut  h parat rhsh qr simo eÐnai na
orÐsoume thn par�metro f(i) = 1 e�n to apotèlesma thc mètrhshc eÐnai i kai
0 diaforetik�. Me autì to skeptikì orÐzoume touc telestèc

Ej =
∑

i:f(i)=j

M †
j Mj (23)

kai ja prèpei na isqÔei

< Ψ1|E1|Ψ1 > = 1 (24)
< Ψ2|E2|Ψ2 > = 1 (25)

Dedomènhc thc sqèsh plhrìthtac pou isqÔei gia touc Ei apì tic dÔo teleutaÐec
sqèseic èpetai oti

< Ψ1|E2|Ψ1 > = 0 =⇒ (26)√
E2|Ψ1 > = 0 (27)
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Apì thn 21 èpetai oti
√

E2|Ψ1 > = b
√

E2|Ψ1 >=⇒ (28)
< Ψ2|E2|Ψ2 > = |b|2 < Φ|E2|Φ > ≤ |b|2 ≤ 1 (29)

ìpou h teleutaÐa anisìthta isqÔei lìgw tou ìti h kat�stash |Φ > eÐnai or-
jokanonik  sthn |Ψ1 > kai oi telestèc E2 eÐnai mèroc thc sullog c twn
telest¸n mètrhshc:

< Φ|E2|Φ > ≤
∑

i

< Φ|Ei|Φ >=< Φ|Φ >= 1 (30)

Autì pou ousiastik� sumper�inoume apì thn parap�nw apìdeixh eÐnai oti epei-
d  h kat�stash |Ψ2 > èqei mh mhdenik  sunist¸sa sth dieÔjunsh thc kat�s-
tashc |Ψ1 > up�rqoun metr seic pou dÐnoun to apotèlesma  te to metroÔmeno
sÔsthma eÐqe proetoimastèi sthn kat�stash |Ψ2 >  te sthn kat�stash |Ψ1 >.
Epiplèon, eÐnai adÔnaton na xeqwrÐsei kaneÐc autèc tic metr seic, sunep¸c den
mporeÐ kaneÐc na diaqwrÐsei me asf�leia tic dÔo katast�seic.

Up�rqei èna pio exeidikeumèno eÐdoc mètrhshc, oi POVM metr seic, oi
opoÐec eÐnai mia eidik  perÐptwsh twn proanaferjèntwn metr sewn pou eÐnai
ètsi kataskeuasmènec ¸ste ta apotèlèsmata twn metr sewn na eÐnai qwrismè-
na se treic katrhgorÐec. Se mÐa pou antistoiqeÐ me apìluth bebaiìthta sthn
kat�stash tou sust matoc na eÐnai h |Ψ1 >, se mÐa pou antistoiqeÐ me apì-
luth bebaiìthta sthn kat�stash tou sust matoc na eÐnai |Ψ2 > kai se mÐa
pou eÐnai apolÔtwc adÔnato na apofasÐsei kaneÐc. Me autì ton trìpo mporeÐ
kaneÐc se k�poiec peript¸seic na anagnwrÐsei thn kat�stash tou sust matoc,
se k�poiec ìmwc ìqi. AutoÔ tou eÐdouc metr seic de ja mac apasqol soun kai
de ja epektajoÔme peretaÐrw.

'Ena �llo eÐdoc exeidikeumènhc mètrhshc eÐnai oi probolikèc metr seic.
Autèc eÐnai pio genikèc apì tic POVM kai to epiplèon qarakthristikì touc
wc proc ton orismì eÐnai oti eÐnai orjog¸niec probolèc. Dhlad  eÐnai ermh-
tianoÐ telestèc Mm kai ikanopoioÔn th sqèsh MmM ′

m = δm,m′Mm. Autìc o
epiplèon periorismìc kajist� tic probolikèc metr seic polÔ pio eÔqrhstec kai
me autèc ja asqolhjoÔme kat� kÔrio lìgo.

Tèloc, to tètarto axÐwma, mac dhl¸nei oti e�n h kat�stash enìc sust -
matoc mporeÐ na grafeÐ wc

|Ψ >= |α > |β > (31)

shmaÐnei pwc autì to sÔsthma apoteleÐtai apì dÔo anex�rthta uposust mata,
sthn perÐptws  mac apì dÔo qubits . H pio shmantik  perÐptwsh ìmwc eÐnai



2 JEMELIA THS KBANTOMHQANIKHS 11

h �rnhsh aut c thc prìtashc. H perÐptwsh dhlad  pou mia kbantik  kat�s-
tash den mporeÐ na grafeÐ wc ginìmeno dÔo epi mèrouc katast�sewn, ìpwc h
kat�stash

|Ψ >=
|α0 > |β0 > +|α1 > |β1 >√

2
(32)

To tètarto axÐwma upodhl¸nei pwc aut  h kat�stash den mporeÐ na "sp�sei�
se dÔo epimèrouc sust mata kai apoteleÐ mÐa kai mìno mÐa ontìthta. Mia
tètoia kat�stash onom�zetai enagkalismènh (entangled) kai to fainìmeno e-
nagkalismìc. PaÐzei shmantikìtato rìlo se pollèc ekf�nseic twn kbantik¸n
upologist¸n ìpwc h kbantik  thlemetafor�. EÐnai ènac apì touc basikìter-
ouc pìrouc thc kbantik c plhroforÐac, den up�rqei an�logìc tou stouc klas-
sikoÔc upologistèc, kai par� ìla aut� den eÐnai akìma pl rwc katanohtìc.
Stic paragr�fouc pou akoloujoÔn ja anaferjoÔme pio ektetamèna sthn èn-
noia tou entanglement.

2.2 To par�doxo EPR

Pollèc forèc lègetai oti h kbantomhqanik  eÐnai mia mh nteterministik  jewrÐa
me thn ènnoia oti den up�rqei h antistoiqÐa aÐtiou aitiatoÔ. Autì den isqÔei. H
kummatosun�rthsh pou perigr�fei èna fusikì sÔsthma exelÐsetai qronik� me
apìluta kajorismèno trìpo sÔmfwna me thn axÐswsh tou Schrödinger . Autì
pou eÐnai arket� antÐjeto me thn empeirÐa mac eÐnai h ermhnÐa thc. To mìno pou
mporeÐ na mac pei h kbantomhqanik  gia opoiod pote fusikì sÔsthma eÐnai pwc
mporeÐ na mac problèyei me apìluth akrÐbeia thn exèlixh thc kummatosun�rth-
s c tou, all� gia to poiì ja eÐnai to apotèlesma miac mètrhs c mac mporeÐ
na mac d¸sei mìno thn puknìthta pijanìthtac twn dunat¸n apotelesm�twn,
< Ψ|Ψ >. Den mporeÐ na problèyei ek prooimÐou to akribèc thc apotèlesma.

Logikì eÐnai kaneÐc na jewreÐ aut  thn perigraf  tou kìsmou mac atel , m 
pl rh. Me autì to skeptikì, to 1935 oi Einstein, Podoslky, Rosen dhmosÐeu-
san mia ergasÐa me skopì na mei¸soun thn axÐa thc kbantomhqanik c wc
pl rouc jewrÐac pou perigr�fei th fÔsh. Gia na to petÔqoun autì anèptux-
an mia epiqeirhmatologÐa pou odhgoÔse se èna logikì par�doxo, to legìmeno
EPR paradox apì ta onìmata twn suggrafèwn, to opoÐo ja parousi�soume
ed¸ se mia aplousteumènh morf  apì ton Bohm.

Ac upojèsoume oti èqoume èna piìnio π0 pou diasp�tai se èna hlektrìnio
kai èna pozitrìnio.

πo −→ e− + e+ (33)

Apì th diat rhsh thc stroform c, problèpetai oti to èna swm�tio ja
prèpei na èqei antÐjeto spin apì to �llo. Dhlad  an to hlektrìnio èqei spin
+~/2 (dhlad  par�llhlo wc proc th dieÔjunsh k�poiou magnhtikoÔ pedÐou)
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to pozitrìnio ja prèpei na èqei spin −~/2 ¸ste h sunolik  stroform  na
ajroÐzetai se mhdèn, pou eÐnai kai to arqikì spin tou pionÐou. Autì shmaÐnei
pwc h kat�stash sou zeÔgouc perigr�fetai apì thn singlet anapar�stash tou
spin

|Ψ >=
1√
2
(↑−↓+ − ↓−↑+) (34)

ìpou ↑, ↓ upodhl¸nei thn kat�stash me jetikì kai arnhtikì spin antÐstoiqa
kai o deÐkthc fortÐou prosdiorÐzei to swmatÐdio.

Ac fantastoÔme t¸ra to ex c peÐrama: 'Ena piìnio diasp�tai se hremÐa
sto ergast rio kai aniqneÔoume ta dÔo proðìnta se k�poia apìstash apì
to shmeÐo thc di�spashc. Aut  ja mporoÔse na eÐnai apì dèka mètra mèsa
se èna ergast rio, wc merikèc qili�dec èth fwtìc se k�poio �llo galaxÐa.
Mac endiafèrei na metr soume to spin twn swmatidÐwn. Apì diat rhsh thc
stroform c e�n to hlektrìnio èqei spin p�nw, qili�dec qiliìmetra makri� ja
broÔme to pozitrìnio na èqei spin k�tw kai antÐstrofa. H ermhneÐa apì thn
pleur� twn eponomazìmenwn realist¸n, ìpwc o Einstein, eÐnai pwc autì eÐnai
apìluta logikì afoÔ ta dÔo swm�tia eÐqan apìluta prokajorismènh tim  tou
spin prin apì th mètrhs  mac, apl  h kumatosun�rthsh de arkoÔse gia na mac
d¸sei aut  thn plhroforÐa.

'Omwc autì èrqetai se eujeÐa antÐjesh me to pr¸to axÐwma thc kban-
tomhqanik c sÔmfwna me to opoÐo to k�je swm�tio prin apì th mètrhsh brÐske-
tai se epallhlÐa twn dÔo katast�sewn spin. SÔmfwna ìmwc me aut n thn
eikìna, to hlektrìnio gia par�deigma den eÐqe prokajorismènh tim  tou spÐn
amèswc prin th mètrhsh, all� apèkthse apìluta kajorismènh tim  kat� th
mètrhsh, èstw jetik . E�n ìmwc akrib¸c thn Ðdia stigm  k�poioc metr sei
thn tim  tou spin tou pozitronÐou, se ènan �llo aniqneut  polÔ makri� ja
prèpei na thn brei arnhtik  kai m�lista na gÐnei arnhtik  akrib¸c th stigm 
thc mètrhshc, lìgw tou oti h tim  tou spin tou hlektronÐou brèjhke merik�
qiliìmetra makri� jetik . Autì ousiastik� upodhl¸nei kat� touc Einstein,
Podoslky, Rosen oti plhroforÐa metad¸jhke akariaÐa4 apì to hlektrìnio sto
pozitrìnio, pr�gma pou fusik� den sun�dei me to peperasmèno thc taqÔthtac
tou fwtìc kai me thn allhlouqÐa aÐtiou - aitiatoÔ.

Oi basikèc idiìthtec miac pl rouc fusik c jewrÐac pou ja perigr�fei th
fusik  pragmatikìthta eÐnai kat� touc Einstein, Podoslky, Rosen to na eÐnai
topik  kai realistik . Topik  me thn ènnoia thc ex�rthshc twn fusik¸n mege-
j¸n mìno apì topikèc metablhtèc kai thn apagìreush met�dwshc shm�twn

4Η μετάδοση θα πρέπει να είναι ακαριαία, ούτε καν πεπερασμένη αλλά πιο γρήγορη από
την ταχύτητα του φωτός, γιατί η στροφορμή μετατίθεται με το χρόνο. Ως συνέπεια, δεν
υπάρχει κάποια αρχή αβεβαιότητας αντίστοιχη του ∆E∆t ≥ ~/2 για να μπορούμε να πούμε
οτι για μικρό χρονικό διάστημα παραβιάζεται η διατήρηση της στροφορμής.
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me taqÔthta megalÔterh tou fwtìc. Realistik  me thn ènnoia thc 1-1 antis-
toÐqishc miac fusik c posìthtac se mia idiìthta enìc fusikoÔ sust matoc, thn
opoÐa mporoÔme na metr soume qwrÐc na diatar�xoume to sÔsthma. Sunep¸c,
lèei to epiqeÐrhma, e�n jèlei kaneÐc na èqei mia perigraf  thc fÔshc pou eÐnai
topik  kai realistik , ja prèpei na anagnwrÐsei pwc h kbantomhqanik  eÐnai mh
pl rhc jewrÐa gia thn perigraf  thc pragmatikìthtac. Den eÐnai l�joc, apl�
agnoeÐ mèroc thc pragmatikìthtac. Gia thn akrÐbeia, ja prèpei aut  h ermhneÐ-
a thc kummatosun�rthshc na mhn eÐnai swst  me thn ènnoia oti h kat�stash
tou fusikoÔ mac sust matoc eÐnai kajorismènh prin apì th mètrhsh, apl� h
kbantomhqanik  den xèrei na mac d¸sei thn ap�nthsh. Ja prèpei na up�r-
qoun k�poiec epiplèon, krufèc gia em�c, topikèc metablhtèc pou ja dÐnoun
thn pl rh eikìna gia to fusikì sÔsthma kai ja kajist� ta apotelèsmata twn
metr sewn apìluta problèyima, sta prìtupa twn peiram�twn thc klassik c
fusik c. 'Etsi ja prokÔyei mia pio pl rhc jewrÐa pou ja perigr�fei akrib¸c
th fÔsh. Tètoiou eÐdouc, mellontik� anakalÔyhmec, jewrÐec lègontai jewrÐec
krummènwn metablht¸n.

2.3 H anisìthta tou Bell

Gia poll� qrìnia polloÐ fusikoÐ jewroÔsan wc sqedìn autonìhtec tic idèec
tou Einstein kai apl� den mporoÔsan na tic tairi�xoun sto plaÐsio thc k-
bantomhqanik c. H al jeia eÐnai oti aut  h optik  faÐnetai polÔ ��logik ��
se sqèsh me tic perÐergec idiìthtec pou axÐwne h kbantomhqanik . 'Omwc, to
1964 o J. S. Bell dhmosÐeuse mia ergasÐa sthn opoÐa sunèkrine tic dÔo jew-
rÐec. Gia thn akrÐbeia je¸rhse mia topik� realistik  jewrÐa kai katèlhxe
pwc ta sumper�smata orismènwn metr sewn ja prèpei na ikanopoioÔn mia sug-
kekrimènh anisìthta, th legìmenh anisìthta tou Bell an h arqik  je¸rhsh
eÐnai alhj c. Oi problèyeic thc kbantomhqanik c den ikanopoioÔn aut  thn
anisìthta. 'Ektote èqoun gÐnei poll� peir�mata ta opoÐa sumfwnoÔn me tic
problèyeic thc kbantomhqanik c kai den ikanopoioÔn thn anisìthta tou J. S.
Bell. Sunep¸c, ìso antidiaisjhtikì kai na eÐnai, h ènnoia tou topikoÔ realis-
moÔ èprepe na egkataleifjeÐ.

O trìpoc skèyhc tou Bell  tan ousiastik� na prospaj sei na genikeÔ-
sei to par�doxo EPR. AntÐ oi dÔo aniqneutèc pou metr�ne to spin twn dÔo
swmatidÐwn na eÐnai prosanatolismènoi sthn Ðdia kateÔjunsh, prosp�jhse na
dei ti gÐnetai ìtan autoÐ èqoun tuqaÐec dieujÔnseic, èstw−→a ,

−→
b . Autì dikaiolo-

geÐtai wc skèyh giatÐ ja mporoÔse na isquristeÐ kaneÐc pwc gia na eÐnai euju-
grammismènoi oi dÔo makrinoÐ aniqneutèc ja prèpei oi qeiristèc touc na èqoun
ek prooimÐou sunenohjeÐ gia autì, sunep¸c na èqoun antall�xei plhroforÐ-
a. Sta plaÐsia apofug c opoiasd pote prokat�lhyhc sta apotelèsmata twn
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Sq ma 2: Pijan� apotelèsmata metr sewn tou spin tou zeÔgouc hlektronÐou
pozitronÐou sthn perÐptwsh pou oi antÐstoiqoi aniqneutèc den eÐnai eujugram-
mismènoi. Gia lìgouc suntìmeushc den gr�fetai o ìroc ~/2.

metr sewn, e�n up�rqei tètoia upìnoia, logikì eÐnai na afairèsei kaneÐc aut 
th dèsmeush apì to peÐrama. Epiplèon, e�n kaneÐc jèlei na exantl sei èstw
kai thn paramikr  upoyÐa epikoinwnÐac twn dÔo metrhtik¸n suskeu¸n, mporeÐ
na epitrèyei stouc dÔo aniqneutèc na all�xoun kateÔjunsh me tuqaÐo trìpo
lÐgo prin th mètrhsh. Autì diasfalÐzei thn apaÐthsh thc topikìthtac.

E�n gÐnei autì ìloi oi dunatoÐ sunduasmoÐ eÐnai dunatoÐ gia touc dÔo
aniqneutèc. O pÐnakac apotelesm�twn ja eÐqe th morf  tou pÐnaka sto sq ma
2

Wc mètro susqètishc twn apotelesm�twn, mporeÐ na p�rei plèon kaneÐc
th mèsh tim  tou ginomènou twn spin, P (−→a ,

−→
b ). Oi dÔo peript¸seic pl rouc

susqètishc eÐnai autèc pou empÐptoun sthn arqik  diatÔpwsh tou par�doxou
EPR, ìtan oi aniqneutèc eÐnai topojethmènoi par�llhla kai antipar�llhla
antÐstoiqa:

P (−→a ,−→a ) = −1 (35)

P (−→a ,−−→a ) = +1 (36)

Gia opoiod pote �llo tuqaÐo prosanatolismì h kbantomhqanik  dÐnei wc
apotèlesma

P (−→a ,
−→
b ) = −−→a · −→b (37)

pou ousiatik� den eÐnai �lloc apì ton legìmeno nìmo tou Malu gia thn kum-
matik .

'Omwc ti ja proèblepe mia jewrÐa krummènwn metablht¸n san tou Einstein?
Ja eÐqe diafor� apì tic problèyeic thc kbantomhqanik c? Ac onom�soume
λ th mÐa,   to sÔnolo twn krummènwn metablht¸n pou eik�zei o Einstein
oti ja èprepe na sumperilhfjoÔn sthn kummatosun�rthsh. Autì shmaÐnei
pwc to apotèlesma thc mètrhshc sto peÐram� mac ja problèpetai pl rwc apì
mÐa sun�rthsh A pou ja exart�tai apì th metablht /metablhtèc λ pou ja
emperièqoun plhroforÐa gia thn akrib  kat�stash tou spin. Fusik� ja prèpei
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na exart�tai kai apì ton prosanatolismì tou aniqneut  pou metr�ei to spin
tou swmatidÐou, all� ìqi apì ton �llo makrinì aniqneut  pou aniqneÔei to
antiswm�tio. Sunep¸c to apotèlesma thc mètrhshc gia to hlektrìnio ja
problèpetai apì th sun�rthsh A(−→a , λ) kai omoÐwc gia to pozitrìnio apì thn
B(
−→
b , λ). Autèc ja eÐnai dÐtimec sunart seic

A(−→a , λ) = ±1 (38)

B(
−→
b , λ) = ±1 (39)

kai ìtan oi aniqneutèc ja eÐnai par�llhloi ta apotelèsmata ja eÐnai apìluta
susqetismèna

A(−→a , λ) = −B(−→a , λ) (40)
Xekin¸ntac loipìn ton upologismì tou mèsou ìrou twn ginomènwn èqoume

P (−→a ,
−→
b ) =

∫
ρ(λ)A(−→a , λ)B(

−→
b , λ)dλ (41)

ìpou ρ(λ) eÐnai h puknìthta pijanìthtac twn krummènwn metablht¸n. Qrhsi-
mopoi¸ntac thn (40) èqoume

P (−→a ,
−→
b ) = −

∫
ρ(λ)A(−→a , λ)A(

−→
b , λ)dλ (42)

E�n t¸ra −→c eÐnai èna �llo monadiaÐo di�nusma ja isqÔei

P (−→a ,
−→
b )−P (−→a ,−→c ) =

∫
ρ(λ)[A(−→a , λ)A(

−→
b , λ)−A(−→a , λ)A(−→c , λ)]dλ (43)

'Omwc apì thn (39) èqoume oti [A(
−→
b , λ)]2 = 1 kai to parap�nw apotèlemsa

gÐnetai

P (−→a ,
−→
b )− P (−→a ,−→c ) =

∫
ρ(λ)[1− A(

−→
b , λ)A(−→c , λ)]A(−→a , λ)A(

−→
b , λ)dλ

(44)
EpÐshc apì thn (39) èqoume oti

−1 ≤ A(−→a , λ)A(
−→
b , λ) ≤ +1 (45)

ρ(λ)[1− A(
−→
b , λ)A(−→c , λ)] ≥ 0 (46)

kai h (44) gÐnetai

|P (−→a ,
−→
b )− P (−→a ,−→c )| ≤

∫
ρ(λ)[1− A(

−→
b , λ)A(−→c , λ)]dλ (47)
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Sq ma 3: Prosanatolismìc twn tri¸n aniqneut¸n spin

  pio apl�
|P (−→a ,

−→
b )− P (−→a ,−→c )| ≤ 1 + P (

−→
b ,−→c ) (48)

Aut  eÐnai h anisìthta tou Bell. IsqÔei gia k�je jewrÐa krummènwn metabl-
ht¸n kai upìkeitai mìno stouc tetrimènouc periorismoÔc twn exis¸sewn (39),
(40).

Gia na elègxoume th sumbatìthta autoÔ tou apotelèsmatoc me tic prob-
lèyeic thc kbantomhqanik c, arkeÐ na p�roume mia sugkekrimènh di�taxh twn
aniqneut¸n −→a ,

−→
b ,−→c . 'Estw oti epilègoume touc dÔo pr¸touc na eÐnai k�je-

toi metaxÔ touc kai ton trÐto se gwnÐa 450 an�mes� touc (bl. sq ma 3). Se
aut  th sugkekrimènh di�taxh h kbantomhqanik  sÔmfwna me thn (37) dÐnei
prìbleyh

P (−→a ,
−→
b ) = 0, (49)

P (−→a ,−→c ) = P (
−→
b ,−→c ) = −0, 707 (50)

h opoÐa eÐnai profan¸c m  sumbat  me thn anisìthta tou Bell:

0, 707 � 1− 0, 707 = 0, 293 (51)

Autì upodeiknÔei apl� oti oi dÔo jewrÐec èinai mh sumbatèc. Ja eÐnai
swst    h mÐa   h �llh, all� de mac lèei poi�. Autì mporeÐ na to apofasÐsei
mìno to peÐrama. Apì tìte pou eip¸jhke h anisìthta mèqri s mera èqoun
gÐnei poll� peir�mata gia na aposafhnisteÐ poio endeqìmeno isqÔei kai ìla
dikai¸noun thn kbantomhqanik , ìqi tic jewrÐec krummènwn metablht¸n.

'Omwc autì de shmaÐnei pwc apant jhke to par�doxo EPR. Pwc eÐnai
dunatìn

a) na mhn èqei proapofasÐsei to pozitrìnio poio ja eÐnai to spin tou kai
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sun�rthsh èqei katarreÔsei
met� th mètrhsh.

b) sugqrìnwc na ��sunennoeÐtai�� akariaÐa me to hlektrìnio poia tim  ja
prèpei na èqei to spin tou ¸ste mazÐ na diathroÔn th stroform ?

H kbantomhqanik  axi¸nei na isqÔei to (a), sunep¸c h apaÐthsh tou Ein-
stein gia realismì katarrÐptetai kai ja prèpei na diorj¸soume to (b). Prokeimè-
nou na mhn sumperil�boume sth jewrÐa mac afÔsikec akariaÐec allhlepidr�seic
eÐmaste upoqrewmènoi na qalar¸soume thn ènnoia thc topikìthtac pou axÐwne
o Einstein kai na jewr soume pwc to zeÔgoc hlektronÐou pozitronÐou eÐnai MI-
A ektatamènh ontìthta. Upì autì to prÐsma, to par�doxo EPR lÔnetai. Me
thn Ðdia ènnoia pou mporoÔme na deqtoÔme pwc mÐa kumatosun�rthsh katarrèei
se mÐa tim  kat� th mètrhsh, ja prèpei na deqtoÔme pwc h mètrhsh thc eniaÐac
kumatosun�rthshc tou EPR zeÔgouc, ìpwc èqei epikrat sei na apokaleÐtai,
katarrèei me tètoio trìpo ¸ste na dÐnei tautìqrona stic dÔo ���kres�� thc
antÐjetec timèc spin (bl. sq mata 4,5,6). Autì eÐnai pou onom�same pro-
hgoumènwc enaggalismìc (entanglement). Fusik� mporoÔn na up�rxoun kai
EPR zeug�ria ìpou to rìlo tou spin paÐrnoun �llec kbantikèc posìthtec.

Apì thn parap�nw ermhneÐa mporeÐ na mhn èqei aposafhnisteÐ to e�n metadÐde-
tai plhroforÐa pio gr gora apì thn taqÔthta tou fwtìc   ìqi. Den eÐnai
par�logo to p¸c mporoÔn na sunennooÔntai akariaÐa dÔo swm�tia, en dun�mei,
stic dÔo �krec touc galaxÐa? H ap�nthsh eÐnai pwc ìqi kai o lìgoc eÐnai oti
den metafèretai plhroforÐa. Gia na gÐnei safèc autì ja anafèroume èna k-
lassikì antÐstoiqo par�deigma. Ac upojèsoume oti èqoume mia dèsmh lèizer.
Gurn¸ntac gia mikr  gwnÐa to lèizer, h fwtein  kulÐda pou ja prob�lletai se
k�poio pètasma polÔ makri� ja èqei taqÔthta an�logh thc aktÐnac tou kÔklou
pou diagr�fei, kai sunep¸c polÔ eÔkola mporeÐ na xeper�sei thn taqÔthta tou
fwtìc. Autì parabaÐnei thn arq  thc sqetikìthtac? 'Oqi. Ki autì giatÐ to
antikeÐmeno sthn epif�neia tou pet�smatoc den eÐnai fusikì antikeÐmeno all�
nohtì. Den metafèrei k�poia enèrgeia. 'H se mia isodÔnamh gl¸ssa, h kulÐ-
da den mporeÐ na metafèrei plhroforÐa. Den mporeÐ kaneÐc sto èna �kro tou
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Sq ma 6: Sqhmatik  anapar�stash thc kumatosun�rthshc enìc zeÔgouc EPR
prin kai met� th mètrhsh. 'Opou kai na gÐnei h mètrhsh, èna pijanì apotèlesma
eÐnai autì. To shmantikì eÐnai oti h mètrhsh epidr� se ìlh thn èktash thc
kummatosun�rthshc, akrib¸c ìpwc kai sthn prohgoÔmenh perÐptwsh. (Ta
dÔo mèrh emfanÐzontai ekatèrwjen tou orizìntiou �xona se mia prosp�jeia
anapar�stashc thc spin p�nw-spin k�tw di�taxhc. To di�gramma èqei kajar�
sumbolikì qarakt ra kai den antapokrÐnetai sthn pragmatikìthta.)

pet�smatoc na thc k�nei k�ti gia na metafèrei plhroforÐa se k�poion �llo
sthn �llh �krh tou.

To antÐstoiqo sumbaÐnei kai sta EPR zeÔgh. Den mporeÐ kaneÐc na k�nei
k�ti sto èna mèroc tou zeÔgouc gia na metafèrei plhroforÐa se k�poion �llo
pou èqei to �llo mèroc. O k�je parathrht c xeqwrist� paÐrnei mia seir� apì
entel¸c tuqaÐec boolean metablhtèc pou den tou dÐnoun kamÐa plhroforÐa.
Mìno e�n oi dÔo parathrhtèc sunanthjoÔn kai sugkrÐnoun ta apotelèsmat�
touc ja doÔn oti eÐnai apìluta susqetismèna èna proc èna. Autì ìmwc den
all�zei to gegonìc oti o k�toqoc, tou hlektronÐou gia par�deigma, den mporeÐ
na k�nei apolÔtwc tÐpota gia na frontÐsei h mètrhsh tou pozitronÐou na eÐnai
gia par�deigma +~/2. Den mporeÐ na elègxei to ti ja metr sei o �lloc. To
mìno pou mporeÐ na k�nei eÐnai na steÐlei mèsw enìc klassikoÔ kanalioÔ (me
th genik  ènnoia thc peperasmènhc taqÔthtac di�doshc thc plhroforÐac) èna
m numa ston k�toqo tou pozitronÐou pou ja tou metafèrei k�poia plhroforÐa
kai se sunduasmì me to apotèlesma thc mètrhshc tou spin na bg�lei k�poio
logikì sumpèrasma. Autì gÐnetai kai lègetai kbantik  thlemetafor�. O ìroc
thlemetafor� eÐnai atuq c, kaj¸c mesolabeÐ klassikì kan�li epikoinwnÐac kai
den tÐjetai jèma taqut twn megalÔterwn aut c tou fwtìc. QrhsimopoieÐtai
ìmwc giatÐ, ìpwc ja doÔme, me autìn ton trìpo mporeÐ na metadojeÐ meg�loc
ìgkoc plhroforÐac, megalÔteroc apì autìn pou ja epètrepe èna klassikì
kan�li.

Telei¸nontac, axÐzei na anafèroume pwc up�rqoun arketoÐ fusikoÐ pou
jewroÔn oti to epiqeÐrhma tou Bell den kalÔptei ìlec tic dunatèc peript¸-
seic jewri¸n kruf¸n metablht¸n kai parìmoia epiqeir mata ja prèpei na bre-
joÔn kai gia �llec kl�seic tètoiwn jewri¸n, ìpwc gia par�deigma jewrÐec



2 JEMELIA THS KBANTOMHQANIKHS 19

m  topik¸n krummènwn metablht¸n. Autèc ja qal�rwnan thn apaÐthsh thc
topikìthtac, all� en dun�mei ja mporoÔsan na uposthrÐzoun thn apaÐthsh
tou realismoÔ. Dhlad , ja mporoÔse èna fusikì sÔsthma na èqei apìluta
kajorismènec ìlec tic metr simec posìthtèc tou prin apì th mètrhsh, all�
autèc na exart¸ntai apì m  topikèc metablhtèc5. Tètoiou eÐdouc amfibolÐec
de ja mac apasqol soun sthn paroÔsa ergasÐa kai ja jewr soume oti me tic
anisìthtec tou Bell ìlec oi dunatèc kl�seic jewri¸n krummènwn metablht¸n
eÐnai m  sumbibastèc me to peÐrama.

5Τελευταία έχουν γίνει πειράματα που καταρίπτουν και αυτές τις θεωρίες [1]
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3 KBANTIKA KUKLWMATA
Gia na mporèsoume na katal�boume to p¸c leitourgoÔn oi kban-
tikoÐ upologistèc kai oi kbantikoÐ tuqaÐoi perÐpatoi pio sugkekrimè-
na, ja prèpei na apokt soume èna oplost�sio ennoi¸n kai ergalÐ-
wn pou ja mac bohj soun se aut  thn kateÔjunsh. Ja xekin -
soume me mia pio endeleq  diereÔnhsh tou basikoÔ mac fusikoÔ
sust matoc, tou qubit . Ja suneqÐsoume me thn parousÐash twn
ergaleÐwn pou qrhsimopoioÔme gia na to diaqeiristoÔme, tic k-
bantikèc pÔlec, pou droun se èna   se poll� qubit kai to pwc
autec diat�ssontai se kbantik� kukl¸mata. Ja suneqÐsoume me
thn parousÐash merik¸n qr simwn jewrhm�twn kai ja telei¸soume
me thn perigraf  orismènwn apl¸n kbantik¸n algorÐjmwn gia na
exoikeiwjoÔme me autoÔc.

3.1 To qubit

'Opwc proanafèrjhke, wc qubit orÐzetai èna kbantikì sÔsthma dÔo katast�sewn.
H fusik  ulopoÐhs  tou mporeÐ na poikÐlei apì thn pìlwsh enìc fwtonÐou
wc to spin enìc hlektronÐou, all� h majhmatik  kai upologistik  diaqeÐris 
tou den paÔei na eÐnai ennoiaÐa kai anex�rthth apì to fusikì sÔthma pou an-
tiproswpeÔei. SunhjÐzoume na onom�zoume |0 > kai |1 > tic dÔo idiokatast�-
seic tou sust matoc wc proc k�poio ermhtianì telest , sun jwc thn enèrgeia.
Oi idiokatast�seic autèc apoteloÔn mia orjokanonik  b�sh gia to q¸ro Hilbert
tou kbantikoÔ mac sust matoc. Sth b�sh aut , h opoÐa apokaleÐtai kai upol-
ogistik  b�sh6 h kat�stash enìc qubit , sÔmfwna me thn arq  thc epallhlÐac,
anaparÐstatai wc

|Ψ >= a|0 > +b|1 > (52)
me a, b migadikoÔc arijmoÔc kai |a|2+|b|2 = 1 apì th sunj kh kanonikopoÐhshc.

'Enac eurèwc diadedomènoc trìpoc anapar�stashc enìc qubit eÐnai h sfaÐra
tou Bloch (bl. sq ma 7). Aut  h anapar�stash eÐnai dunat  giatÐ h genik 
sqèsh 52 mporeÐ na xanagrafeÐ wc7

|Ψ >= eiγ(cos
θ

2
|0 > +eiφsin

θ

2
|1 >) (53)

gia na ikanopoieÐ autom�twc kai th sunj kh kanonikopoÐhshc. Epeid  ta metr -
sima megèjh eÐnai pijanìthtec, oi opoÐec eÐnai ginìmena tou tÔpou < Ψ∗|Ψ >,

6Γιατί είναι εύκολο να αρχικοποιηθεί το σύστημα σε αυτήν, όπως και το να γίνουν μετρή-
σεις σε αυτή τη βάση.

7Είναι εύκολο να δει κανείς οτι τα a, b αποτελούν στοιχεία της ομάδας SU(2) και ο πιο
γεινκός τρόπος αναπαράστασής τους είναι ο αναφερόμενος.
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Sq ma 7: H sfaÐra tou Bloch: Sqhmatik  anapar�stash enìc qubit .

h arqik  f�sh den eÐnai parathr simo mègejoc8 kai mporeÐ na paralhfjeÐ

|Ψ >= cos
θ

2
|0 > +eiφsin

θ

2
|1 > (54)

Apì aut  th sqèsh gÐnetai saf c h anapar�stash tou qubit se mia sfaÐra
Bloch. Oi di�forec timèc twn gwni¸n θ, φ anaparistoÔn tic �peirec dunatèc
katast�seic pou mporeÐ na brÐsketai to qubit en¸ kat� th diadikasÐa thc
mètrhshc sthn upologistik  b�sh, h kat�stash prob�lletai stic gwnÐec θ = 0
  θ = π.

Prèpei na katasteÐ safèc oti h diafor� tou qubit kai tou bit eÐnai jemeli¸dhc.
'Ena bit mporeÐ na p�rei mìno tic timèc 0 kai 1. 'Ena qubit mporeÐ na p�rei
timèc apì èna suneqèc f�sma tim¸n gia ta a, b arkeÐ na ikanopoioÔn th sqèsh
kanonikopoÐhshc. MporeÐ kaneÐc na antiparab�lei se aut  thn prìtash pwc
ìtan k�nei kaneÐc mia mètrhsh tou qubit sthn upologistik  b�sh, sÔmfwna
me ton orismì thc probolik c mètrhshc, ja p�rei mìno thn kat�stash |0 >
me pijanìthta a2   thn kat�stash |1 > me pijanìthta b2 lìgw tou oti h
kumatosun�rthsh ja katareÔsei se mÐa apì tic dÔo idiokatast�seic. Den up-
�rqei trìpoc me mÐa kai monadik  mètrhsh na broÔme ta a, b. EÐnai tètoia
h fÔsh thc kbantomhqanik c. O mìnoc trìpoc na m�jei kaneÐc ta a, b eÐ-

8Αυτό ισχύει στην πλειονότητα των περιπτώσεων. Υπάρχουν όμως κβαντικά φαινόμενα
όπου αυτή η φάση έχει φυσικές συνέπειες, όπως το φαινόμενο Bohm-Aharonov [2].
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nai na etoim�sei mia sullog  apì panomoiìtupa qubit kai na k�nei mètrhsh
sto kajèna. Ta a, b ja prokÔyoun apì th statistik  twn apotelesm�twn.
'Omwc oÔte autì eÐnai dunatì. ApagoreÔetai apì to legìmeno je¸rhma m 
antigrayimìthtac (no cloning theorem), pou ja doÔme parak�tw, sÔmfwna me
to opoÐo mia kbantik  kat�stash eÐnai adÔnaton na antigrafeÐ. Sunep¸c den
eÐnai dunatìn na dhmiourg soume mia sullog  panomoiìtupwn �gnwstwn kban-
tik¸n katast�sewn. H lèxh ��gnwstwn� mp ke sthn prohgoÔmenh prìtash
gia na aposafinÐsei to ìti den mporoÔme na antigr�youme mia �gnwsth kban-
tik  kat�stash, k�ti pou kajhmerin� k�noume stouc klassikoÔc upologistèc
ìtan antigr�foume arqeÐa, all� fusik� mporoÔme na kataskeu�soume, eÔkola
  dÔskola, mia opoiad pote kat�stash |Psi > me gnwst� ta a, b ìsec forèc
jèloume. Fusik� se aut  thn perÐptwsh den èqei nìhma na efarmìsoume thn
prohgoÔmenh logik  afoÔ  dh gnwrÐzoume ta a, b.

Wc apotèlesma thc anwtèrw epiqeirhmatologÐac, apodeiknÔetai9 oti h plhro-
forÐa pou krÔbei mia kbantik  kat�stash, èna qubit en prokeimènw, eÐnai men
�peirh all� èna polÔ mikrì kai peperasmèno mèroc thc eÐnai prositì apì
em�c, giatÐ p�nta ja prèpei na allhlepidr�soume me to sÔsthma k�nontac
mia mètrhsh gia na ex�goume plhroforÐa. Epi plèon, met� th mètrhsh to
sÔsthma èqei katareÔsei se mÐa sugkekrimènh kat�stash thn opoÐa gnwrÐzoume
apolÔtwc kai sunep¸c paÔei na eÐnai kbantikì par� gÐnetai klassikì. Me th
mètrhsh katastrèfoume plhroforÐa, eÐnai mia mh antistrept  diadiakasÐa.

Sunep¸c ti kainoÔrio èqoun na mac d¸soun oi kbantikoÐ upologistèc afoÔ
autì pou sto tèloc paÐrnoume wc apotèlesma miac diadikasÐac touc eÐnai klas-
sik  plhroforÐa? To oti h epiplèon plhroforÐa pou up�rqei prin th mètrhsh
den einai prosb�simh apì em�c de shmaÐnei oti h fÔsh den th lamb�nei up-
' ìyhn thc kat� th di�rkeia exèlixhc enìc fusikoÔ sust matoc (allÐwc giatÐ
ja qreiazìmastan thn kbantik  jewrÐa?). Se autì to shmeÐo paÐzetai ìlo
to paiqnÐdi thc isqÔoc twn kbantik¸n upologist¸n all� kai thc kataskeu -
c twn kbantik¸n algorÐjmwn. O skopìc eÐnai na eÐnai ètsi ftiagmènoi wste
na ekmetalleÔontai tic epiplèon idiìthtec twn kbantik¸n susthm�twn kai na
exelÐsontai me touc nìmouc thc kbantik c fusik c pou epexerg�zontai �peirh
plhroforÐa. Aut  thn idiìthta ekmetaleÔontai oi perissìteroi kbantikoÐ al-
gìrijmoi kai kaleÐtai kbantik  par�llhlh epexergasÐa. Se aut n ja anafer-
joÔme xan� argìtera. 'Omwc sto tèloc k�je kbantikoÔ progr�mmatoc ja
prèpei h kat�stash na eÐnai tètoia ¸ste me mia kat�llhlh mètrhsh na p�roume
me meg�lh pijanìthta to apotèlesma pou jèloume.

9Μένει να αποδείξουμε την ισχύ του θεωρήματος μή αντιγραψιμότητας
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3.2 Kbantikèc pÔlec - Kbantik� kukl¸mata.
'Opwc ènac klassikìc upologist c èqei logikèc pÔlec gia th diaqeÐrish thc
klassik c plhroforÐac, ètsi kai ènac kbantikìc upologist c èqei kbantikèc
pÔlec gia th diaqeÐrsh thc kbantik c plhroforÐac. Fusik� o lìgoc kai stic
dÔo peript¸seic eÐnai oti jèloume na mporoÔme na kajorÐzoume emeÐc thn exèlixh
tou sust matìc mac kat� boÔlhsh.

Up�rqoun ìmwc shmantikèc diaforèc. Autèc ofeÐlontai sth diaforetik 
fÔsh thc kbantik c plhroforÐac kai sugkekrimèna sto basikì axÐwma thc k-
bantomhqanik c sÔmfwna me to opoÐo h qronik  exèlixh enìc kbantikoÔ sust -
matoc eÐnai mia antistrept  diadikasÐa. Gia na isqÔei autì eÐqame deÐxei oti ja
prèpei ìloi oi telestèc qronik c exèlixhc na eÐnai monadiakoÐ:

|Ψ >′= U(t, t′)|Ψ > (55)

me
U∗(t, t′)U(t, t′) = 1 (56)

Dedomènou oti oi pÔlec se èna kÔklwma, kbantikì   klassikì, to mìno pou
k�noun eÐnai na exellÐsoun mia kat�stash sto qrìno èpetai oti oi kbantikèc
pÔlec èqoun ton isqurì periorismì oti ja prèpei na eÐnai monadiakoÐ telestèc.
'Ena par�deigma miac pÔlhc pou dra se èna qubit eÐnai h pÔlhQ pou antistoiqeÐ
sth NOT twn klassik¸n upologist¸n kai dra wc ex c:

X =

(
0 1
1 0

)
(57)

X[a|0 > +b|1 >] =

(
0 1
1 0

)
[a

(
1
0

)
+ b

(
0
1

)
] (58)

(
0 1
1 0

)(
a
b

)
=

(
b
a

)
(59)

X

(
a
b

)
=

(
b
a

)
(60)

(61)

Aut  eÐnai h dr�sh thc pÔlhc Q se mia kat�stash enìc qubit pou brÐsketai
se epallhlÐa twn dÔo dianusm�twn b�shc. To oti h kat�stash, all� kai h
dr�sh twn pul¸n eÐnai grammik  kai mìno eÐnai periorismìc pou epib�lletai
apì thn kbantik  fusik .

Epomènwc, toul�qiston gia èna qubit , opoiosd pote 2× 2 monadiakìc pÐ-
nakac mporeÐ na apotelèsei kbantik  pÔlh. 'Omwc gnwrÐzoume apì th grammik 
�lgebra oti oi treic pÐnakec tou Pauli mazÐ me ton monadiaÐo pÐnaka apoteloÔn
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b�sh twn 2 × 2 monadiak¸n pin�kwn. Sunep¸c opoiosd pote 2 × 2 monadi-
akìc pÐnakac mporeÐ na grafeÐ wc grammikìc sunduasmìc twn tess�rwn aut¸n
pin�kwn:

X =

(
0 1
1 0

)
(62)

Y =

(
0 −i
i 0

)
(63)

Z =

(
1 0
0 −1

)
(64)

I =

(
1 0
0 1

)
(65)

Epeid  ìmwc h dr�sh miac pÔlhc se qrìno epìmeno apì th dr�sh miac
�llhc metafr�zetai sthn anapar�stash twn pin�kwn se pollaplasiasmì twn
antÐstoiqwn telest¸n

Utotal|Ψ >= U(tn)U(tn−1) · · · U(t2)U(t1)|Ψ > (66)

ja prèpei na analÔsoume th genik  dr�sh enìc 2 × 2 monadiakoÔ pÐnaka se
ginìmeno pin�kwn.

Autì gÐnetai eÔkola an gnwrÐzoume oti oi pÐnakec tou Pauli eÐnai oi gen-
n torec twn strof¸n thc SU(2), pou eÐnai h om�da summetrÐac enìc qubit ,
gÔrw apì touc antÐstoiqouc �xonec:

Rx(θ) = e−iθX/2 = cos
θ

2
I − isin

θ

2
X =

(
cos θ

2
−isin θ

2

−isin θ
2

cos θ
2

)
(67)

Ry(θ) = e−iθY/2 = cos
θ

2
I − isin

θ

2
Y =

(
cos θ

2
−sin θ

2

sin θ
2

cos θ
2

)
(68)

Rz(θ) = e−iθZ/2 = cos
θ

2
I − isin

θ

2
Z =

(
e−iθ/2 0

0 eiθ/2

)
(69)

(70)

Erqìmenoi twra sth genik  morf  enìc monadiakoÔ pÐnaka, autìc mporeÐ
na exart�tai mìno apì tèsseric pragmatikèc paramètrouc α, β, γ, δ kai na eÐnai
mìno thc morf c

U =

(
ei(α−β/2−δ/2)cosγ

2
−ei(α−β/2+δ/2)sinγ

2

ei(α−β/2−δ/2)sinγ
2

ei(α−β/2+δ/2)cosγ
2

)
(71)

dedomènou oti oi st lec kai grammèc tou ja prèpei na eÐnai orjokanonikèc
metaxÔ touc. SÔmfwna kai me tic sqèseic 67 h parap�nw sqèsh mporeÐ na
grafeÐ wc

U = eiαRz(β)Ry(γ)Rz(δ) (72)
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Sq ma 8: H pÔlh AND enìc klassikoÔ upologist 

Sunep¸c opoiad pote pÔlh pou dra se èna qubit mporeÐ na analujeÐ se ginìmeno
twn parap�nw pin�kwn10.

Proqwr¸ntac se pÔlec pou droun se parap�nw apì èna qubit h anapar�s-
tash aut¸n se pÐnakec ja eÐnai, kat� analogÐa me thn perÐptwsh tou enìc
qubit , 2n−1 × 2n−1 monadiakoÐ pÐnakec. Prin proqwr soume kai se aut  thn
perÐptwsh se omadopoÐhsh aut¸n twn pin�kwn, skìpimo eÐnai na anaferjoÔme
se treic basikèc idiìthtec twn kbantik¸n kuklwm�twn, pou ja dieukolÔnoun
thn peraitèrw an�lush.

Pr¸ton, h apaÐthsh grammikìthtac thc kbantomhqanik c epib�llei na è-
qoume mìno akuklik� kukl¸mata. Den epitrèpei an�drash se èna prìtero
mèroc tou kukl¸matoc apì èna epìmeno, k�ti pou en gènei epitrèpetai se è-
na klassikì kÔklwma, an kai akìma kai se autèc tic peript¸seic up�rqoun
probl mata ast�jeiac.

DeÔteron, o periorismìc thc monadiakìthtac twn telest¸n odhgeÐ se shman-
tikèc diaforèc me touc klassikoÔc upologistèc. Stouc teleutaÐouc, mia sun jh-
c leitourgÐa eÐnai h geÐwsh fortÐwn. Gia par�deigma to legìmeno fanin   h
pÔlh AND (bl. sq ma 8) èqei wc eÐsodo dÔo bit kai wc èxodo èna. Aut 
eÐnai profan¸c mia m  antistrept  diadikasÐa kai den mporeÐ na ulopoihjeÐ apì
kbantik� kukl¸mata (H diadikasÐa thc mètrhshc eÐnai mia mh antistrept  di-
adikasÐa sta kbantik� kukl¸mata, all� sun jwc11 emfanÐzetai sto tèloc twn
kuklwm�twn.)

TrÐton, h antÐstrofh diadikasÐa tou fanin, to fanout pou èqei wc apotè-
10Η πιο γενική έκφραση ενός μοναδιακού πίνακα U είναι U = eiαRn(β)Rm(γ)Rn(δ),

όπου n,m μοναδιαία διανύσματα γύρω από τα οποία γίνεται η γενική στροφή. Στην ειδική
περίπτωση όπου n = z, m = y προκύπτει η 72

11Υπάρχουν παραδείγματα κβαντικών αλγορύθμων που χρησιμοποιούν ενδιάμεσες μετρή-
σεις του συστήματος ως ένα άλλο τρόπο πρακτικής εφαρμογής της αδιαβατικής εξέλιξης ενός
συστήματος: Με αλλεπάλληλες μετρήσεις διατηρείται το σύστημα στην χρονομεταβαλλόμενη
θεμελιώδη κατάσταση [3].
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lesma thn antigraf  miac kat�stashc, den eÐnai dunat  stouc kbantikoÔc up-
ologistèc lìgw tou polÔ perioristikoÔ jewr matoc thc mh antigrayimìthtac
miac kbanik c kat�stashc, thn opoÐa ja apodeÐxoume se lÐgo.

Erqìmaste t¸ra sthn omadopoÐhsh twn monadiak¸n n×n pin�kwn. 'Opwc
proeÐpame kat� analogÐa me thn perÐptwsh enìc 2× 2 monadiakoÔ pÐnaka pou
dra se èna qubit , ènac 2n−1×2n−1 monadiakìc pÐnakac ja dra se mia kat�stash
n qubit . Epeid  to n mporeÐ na p�rei, kai jèloume na mporeÐ na paÐrnei, ìso to
dunatìn megalÔterec timèc, gÐnetai katanohtì oti mia omadopoÐhsh sÔmfwna
me ta stoiqeÐa b�shc den eÐnai leitourgik  se aut  thn perÐptwsh. Ja èqoume
diaforetikoÔc pÐnakec b�shc gia k�je n kai m�lista me auxanìmeno pl joc.
H org�nwsh tètoiwn pin�kwn-pul¸n ja  tan polÔ dÔskolh e�n den up rqe
to polÔ shmantikì l mma: K�je n × n monadiakìc pÐnakac mporeÐ na sp�sei
se ginìmeno n × n monadiak¸n pin�kwn 2 stajm¸n12, n − 1 to pl joc. Wc
apotèlesma, k�je diadikasÐa epexergasÐac - dr�shc pul¸n se n qubit mporeÐ
na sp�sei se n − 1 b mata dr�shc se k�je qubit qwrist�. To ìti ìla ta
�lla diag¸nia stoiqeÐa eÐnai mon�da antistoiqeÐ se energopoihmèno control
twn upoloÐpwn.

'Eqontac deÐxei oti opoiad pote monadiak  dr�sh mporeÐ na apodomhjeÐ se
dr�sh dÔo stajm¸n, apodeiknÔetai oti opoiod pote kbantikì kÔklwma mporeÐ
na dhmiourghjeÐ apì sunduasmoÔc thc pÔlhc C − NOT , pou dra se zeÔgh
qubit , kai twn pul¸n pou droun se èna qubit .

Telei¸nontac, orÐzoume touc basikoÔc kanìnec anapar�stashc enìc kban-
tikoÔ kukl¸matoc. O qrìnoc kul� apì ta arister� proc ta dexi�. Ta qubit
,   oi grammèc metafor�c touc, sumbolÐzontai me grammèc, en¸ mia gramm 
me èna ""/"� sumbolÐzei mia dèsmh apì qubit . DÔo par�llhlec grammèc ja
sumbolÐzoun klassik  plhroforÐa kai sun jwc ja emfanÐzontai sta kukl¸-
mata wc apotelèsmata metr sewn, oi opoÐec ja apeikonÐzontai me to sÔmbo-
lo thc mètrhshc (sq ma 9). Oi logikèc pÔlec anaparist¸ntai se èna koutÐ
pou diakìptei th gramm  metafor�c, mèsa sto opoÐo emfanÐzetai to gr�mma
thc pÔlhc. Sto sq ma 10 apeikonÐzontai merikèc apì tic pio suqn� qrhsi-
mopoioÔmenec kbantikèc pÔlec enìc qubit . Sto sq ma 11 anaparÐstatai h pio
suqn� qrhsimopoioÔmenh pÔlh pou dra se dÔo qubit h C-NOT kai h genÐkeus 
thc, h Control-U pou ìpwc h C-NOT e�n to Control qubit eÐnai |1 > ekteleÐ
th dr�sh U (NOT ) sto target qubit.

IdiaÐterh qrhsimìthta èqei h pÔlh Hadamard giatÐ me aut n mporoÔme na
fèroume èna qubit se epallhlÐa katast�sewn. E�n sunduasteÐ kai me mÐ-
a C-NOT pÔlh (bl. sq ma 13)mporeÐ na mac dhmiourg sei se epÐpedo zeÔ-

12Δρώντας αυτός ο πίανακας σε ένα διάνυσμα στήλη με n στοιχεία, δρά σε μόνο δύο από
αυτά. ΄Ολα τα στοιχεία του πίνακα είναι μηδενικά εκτός από τα διαγώνεια που είναι μονάδα
και άλλα τέσσερα που είναι εν γένει μη μηδενικά. Πρόκειται για μια γενικευμένη Block Form
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Sq ma 9: H anapar�stash thc diadikasÐac mètrhshc se èna kbantikì kÔklwma.

Sq ma 10: Merikèc apì tic pio sunhjismènec kbantikèc pÔlec enìc qubit .

C −NOT




1 0 0 0
0 1 0 0
0 0 0 1
0 0 1 0




Sq ma 11: H pÔlh C-NOT
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Control − U

Sq ma 12: H pÔlh Control-U

Sq ma 13: Kbantikì kÔklwma gia th dhmiourgÐa Bell katast�sewn. H pÔlh
Hadamard exasfalÐzei thn epallhlÐa en¸ h C-NOT paÐzei to rìlo allh-
lepÐdrashc twn dÔo qubit .

gouc katast�seic me to mègisto dunatì enagkalismì13 (maximally entangled).
Autèc oi katast�seic kaloÔntai katast�seic Bell kai eÐnai genikeÔseic aut c
pou eÐqan prwtoqrhsimopoi sei oi Einstein, Podolsky, Rosen sth dhmosÐeush
me to om¸numo par�doxo.

Wc par�deigma enìc aploÔ kbantikoÔ kukl¸matoc paratÐjetai to kÔklwma
pou qrhsimopoieÐtai gia thn kbantik  thlemetafor� (sq ma 14), to opoÐo ja
qrhsimopoihjeÐ kai parak�tw.

3.2.1 Je¸rhma m  antigrayimìthtac miac kbantik c kat�s-
tashc.

Mèqri stigm c èqoume epanhllhmèna qrhsimopoi sei thn isqÔ tou jewr matoc
m  antigrayimìthtac miac kbantik c kat�stashc (no-cloning theorem) [4],[5].
Se aut  thn par�grafo ja thn apodeÐxoume.

Ac upojèsoume oti èqoume mia �gnwsth kat�stash |Ψ > apojhkeumènh se
èna   perissìtera qubit thn opoÐa jèloume na antigr�youme se èna �gnwsto
  �gnwsta target qubit |S >. E�n upojèsoume oti autèc oi dÔo katast�seic
eÐnai oi eÐsodoi tou kbantikoÔ mac antigrafèa h arqik  tou kat�stash eÐnai h

13΄Εχουν το μέγιστο δυνατό εναγκαλισμό επειδή αφενός είναι απόλυτα συσχετισμένα τα
αποτελέσματα των μετρήσεων στα δύο qubit και αφετέρου είναι ισοβαρείς (ισοπίθανες).
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Sq ma 14: KÔklwma kbantik c thlemetafor�c.

|Ψ > ⊗|S > h opoÐa jèloume me ènan monadiakì metasqhmatismì U na gÐnei

|Ψ > ⊗|S >→ U(|Ψ > ⊗|S >) = |Ψ > ⊗|Ψ > (73)

Fusik� ja jèloume autìc o antigrafèac na douleÔei gia k�je dunat  kat�s-
tash, èstw tic |Ψ >, |Φ >

U(|Ψ > ⊗|S >) = |Ψ > ⊗|Ψ > U(|Φ > ⊗|S >) = |Φ > ⊗|Φ > (74)

kai to eswterikì touc ginìmeno mac dÐnei

< Ψ|Φ >= (< Ψ|Φ >)2 (75)

pou èqei lÔseic < Ψ|Φ >= 0   < Ψ|Φ >= 1. Sunep¸c èqoume   |Ψ >=
|Φ >   |Ψ >⊥ |Φ >. Dhlad  ènac kbantikìc antigrafèac ja mporoÔse na
klwnopoi sei mìno k�jetec metaxÔ touc katast�seic, sunep¸c eÐnai adÔnaton
na kataskeu�soume ènan genikì kbantikì antigrafèa.

Autì ja mporoÔse na to perimènei kaneÐc kai apo èna sqìlio pou eÐqame
k�nei gia tic idìthtec twn qubit . Oti perièqoun �peirh plhroforÐa, all�
mìno èna peperasmèno mèroc thc eÐnai prosb�simo se em�c. Autì to gegonìc,
an kai den èqei thn isqÔ jewr matoc den paÔei na eÐnai mia al jeia pou den
èqei brei mèqri s mera antipar�deigma. E�n deqjoÔme oti isqÔei, ja èprepe na
perimènoume oti den eÐnai dunatìn na klwnopoi soume kbantikèc katast�seic.
Kai autì giatÐ sthn antÐjeth perÐptwsh ja mporoÔsame na dhmiourg soume
ìsa antÐgrafa miac �gnwsthc kat�stashc jèlame kai me mètrhsh se k�je èna
apì ta antÐgrafa na brÐskame me ìsh statistik  akrÐbeia epijumoÔsame thn
kat�stash tou qubit .

H parap�nw sullogistik  èqei efarmog  mìno se peript¸seic pou h kat�s-
tash |Ψ > eÐnai kajar  kbantik  kat�stash kai ìqi enagkalismènh. Ja  -
tan dunatìn to je¸rhma m  antigrayimìthtac na mhn èqei isqÔ se aut  thn
perÐptwsh14. 'Omwc mporeÐ na apodeiqjeÐ pwc k�ti tètoio den isqÔei [6], [7].

14Αν και θα ήταν παράλογο να ισχύει κάτι τέτοιο καθώς όσο πιο εναγκαλισμένη είναι μια
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3.2.2 Kbantik  Par�llhlh EpexergasÐa

H kbantik  par�llhlh epexergasÐa (quantum parallelism) eÐnai ousiastik� h
idiìthta thc kbantik c fusik c na epexerg�zetai �peirh plhroforÐa kat� thn
exèlixh miac fusik c kat�stashc, thn opoÐa jèloume na ekmetalleutoÔme.

'Ena polÔ aplousteumèno par�deigma eÐnai to ex c. Ac jewr soume oti
jèloume na upologÐsoume pìso k�nei 3 + 7. 'Enac klassikìc upologist c gia
na to upologÐsei ja k�nei thn pr�xh 3 + 7. 'Enac kbantikìc upologist c ja
k�nei ìlec tic dunatèc pr�xeic metaxÔ dÔo arijm¸n par�llhla, kai af netai
ston programmatist  na mporèsei na metr sei ètsi to apotèlesma ¸ste apì
ìla ta dunat� na p�rei to zhtoÔmeno. H diadikasÐa aut  onom�zetai kbantik 
par�llhlh epexergasÐa (Quantum Parallelism) kai ja aneferjoÔme se aut n
parak�tw.

'Enac �lloc trìpoc na katal�boume to fusikì lìgo pou mac epitrèpei
na èqoume kbantik  par�llhlh epexergasÐa eÐnai ta oloklhr¸mata diadrom¸n
tou Feynman. SÔmfwna me autì ton trìpo kb�ntwshc, èna swm�tio kat� th
di�rkeia metakÐnhs c tou apì èna shmeÐo tou jeseografikoÔ q¸rou q(t1) se
èna �llo q(t2), akoloujeÐ ìlec tic dunatèc troqièc me �kra ta en lìgw shmeÐa
(bl. sq ma 15). Gia na brei kaneÐc to pl�toc met�bashc apì to èna shmeÐo
sto �llo ofeÐlei na ajroÐsei (oloklhr¸sei) se ìlec tic dunatèc troqièc qi(t),
h k�je mÐa apì tic opoÐec ja suneisfèrei sto �jroisma me èna sugkekrimèno
b�roc pou orÐzetai apì thn klassik  dr�sh pou antistoiqeÐ sthn en lìgw
troqi�.

Upì autì to prÐsma, mporeÐ kaneÐc na dei mia pr�xh tou kbantikoÔ upol-
ogist  wc th met�bash apì mia arqik  kat�stash se mia telik . Kat� th
di�rkeia thc exèlixhc ìmwc pern�ei apì ìlec tic dunatèc katast�seic pou m-
poreÐ na brejeÐ. Sth gl¸ssa tou prohgoÔmenou paradeÐgmatoc, xekin�ei kaneÐc
apì thn arqik  kat�stash me ta dÔo yhfÐa (|0 >, |0 >) èstw. Kaj¸c exellÐse-
tai kbantik� aut  h kat�stash, akoloujeÐ ìlec tic dunatèc troqièc, dhlad 
k�nei ìla ta dunat� -�peira- ajroÐsmata arijm¸n. Af netai ston parathrht 
na metr sei kat�llhla gia na p�rei to apotèlesma pou jèlei, en prokeimènw
to 3 + 7.

Gia na gÐnei pio apt  h ènnoia thc kbantik c par�llhlhc epexergasÐac
ja parousi�soume èna aplì par�deigma, to pr¸to stoiqei¸dec kbantikì mac
kÔklwma. Ac upojèsoume oti èqoume mia dÔtimh sun�rthsh f(x) : {0, 1} →
{0, 1}. Jèloume na upologÐsoume mìno me mÐa pr�xh tic timèc f(0) kai f(1),
tautìqrona. Ac upojèsoume oti èqoume èna kbantikì kÔklwma me dÔo qubit
arqikopoihmèno sthn kat�stash |x, y >, me to |x > na eÐnai to data register
kai to |y > na eÐnai to target register. Ac upojèsoume epÐshc oti èqoume mia
pÔlh Uf pou ekteleÐ thn pr�xh |x, y >→ |x + y ⊕ f(x) >, ìpou h pr�xh ⊕
κατάσταση τόσο περισσότερο απομακρύνεται από το κλασσικό πρότυπο.
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Sq ma 15: K�poiec apì tic �peirec dunatèc troqièc pou mporeÐ na akolouj sei
èna kbantikì swm�tio, se antidiastol  me thn monadik  klassik  troqi� (H
diakekomènh eujeÐa.)

Sq ma 16: KÔklwma kbantik c par�llhlhc epexergasÐac gia ton tautìqrono
upologismì twn f(0),f(1)

sumbolÐzei �jroisma mod2. Ac peistoÔme oti mporeÐ na up�rxei15 kai ac th
deqtoÔme sthn paroÔsa f�sh wc black box. To kÔklwma ja èqei th morf 
tou sq matoc 16

To shmantikì stoiqeÐo eÐnai h dr�sh thc pÔlhc Hadamard sto data register

15Αποδεικνύεται οτι οποιαδήποτε λειτουργία μπορεί να εκτελέσει ένα κλασσικό κύκλωμα
μπορεί να εκτελέσει και ένα κβαντικό κύκλωμα με τουλάχιστον ίση ή μικρότερη απόδοση.
Συνεπώς, αν η εν λόγω συνάρτηση μπορεί να υπολογιστεί σε ένα κλασσικό υπολογιστή θα
μπορεί να υπολογιστεί και σε έναν κβαντικό.
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h opoÐa èqei th dr�sh

H|0 > =
|0 > +|1 >√

2
(76)

H|1 > =
|0 > −|1 >√

2
(77)

Fèrnei to data register se mia upèrjesh katast�sewn. H dr�sh thc Uf tìte
dÐnei |0, f(0) > +|1, f(1) >√

2
(78)

Blèpoume oti ekmetalleuìmenoi thn upèrjesh katast�sewn pou epitrèpei h k-
bantomhqanik  mporoÔme na upologÐsoume tautìqrona thn tim  twn f(0), f(1).

Fusik� autì to apotèlesma mporeÐ na genikeuteÐ se perissìtera qubit me
apotèlesma na mporoÔme na upologÐsoume tautìqrona opoiod pote f(x) miac
sun�rthshc orismènhc se n qubit . Gia na gÐnei autì arkeÐ na dhmiourg soume
sto data register mia isobar  upèrjesh 2n katast�sewn dr¸ntac me pÔlec
Hadamard sta n qubit . H pr�xh aut  sumbolÐzetai me H⊗n kai ja th sunan-
t soume suqn� kaj¸c oi perissìteroi kabantikoÐ algìrujmoi arqikopoioÔntai
se upèrjesh katast�sewn akrib¸c gia na mporèsei na gÐnei ekmet�lleush thc
kbantik c isqÔoc.

E�n ta n qubit eÐnai arqikopoihmèna sthn |0 > to apotèlesma thc dr�shc
twn Hadamard eÐnai

H⊗n|0 >⊗n=
1√
2n

∑
x

|x > (79)

'Opwc kai sthn prohgoÔmenh perÐptwsh kai ekmetalleuìmenoi thn parap�n-
w sqèsh mporoÔme na upologÐsoume to zhtoÔmeno èqontac wc data register
x, n qubit se upèrjesh kai èna target qubit sto opoÐo ja apojhkeuteÐ to
apotèlesma f(x). H dr�sh thc Uf ja eÐnai

H⊗n|0 >⊗n |0 > =
1√
2n

∑
x

|x > |0 > (80)

Uf (
1√
2n

∑
x

|x > |0 >) =
1√
2n

∑
x

|x > |f(x) > (81)

'Opwc anamèname, me ènan mìno upologismì thc f(x) dhmiourg same mia kat�s-
tash me upèrjesh ìlwn twn dunat¸n apotelesm�twn thc.

To prìblhma ìmwc paramènei. MporoÔme na p�roume me mia mètrhsh, den
èqoume kai �llh, ìlh aut  thn plhroforÐa; GiatÐ mporoÔme nai men na metr -
soume to |i > qubit gia na p�roume thn tim  f(i) all� ja èqoume mìno èna
apotèlesma kai mìno autì lìgw thc kat�rreushc thc kumatosun�rthshc. Me
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Sq ma 17: Kbantikì kÔklwma gia thn ulopoÐhsh tou algorÐjmou tou Deutsch

autì ton trìpo den kerdÐzoume kai tÐpota se sqèsh me thn klassik  perÐptwsh.
Ja jèlame met� ton parap�nw algìrijmo na èqoume èna trìpo na aposp�soume
ìso to dunatìn perissìterh plhroforÐa apì to sÔsthma. 'Enac tètoic trìpoc
parousi�zetai sthn epìmenh par�grafo.

3.3 'Ena par�deigma: O algìrijmoc tou Deutsch.
O pr¸toc kbantikìc algìrijmoc dhmiourg jhke apì ton Deutsch to 1989 [10]
kai  tan se aut  th dhmosÐeush pou gia pr¸th for� katadeiknuìtan oti ènac
kbantikìc upologist c mporeÐ na ektelèsei mia ergasÐa pio gr gora apì ènan
klassikì. Se aut  thn par�grafo de ja anaferjoÔme ston Ðdio akrib¸c al-
gìrijmo all� se mia aplopoihmènh ekdoq  tou h opoÐa ìmwc katadeiknÔei me
pio eukrin  trìpo ta aÐtia pou mac dÐnoun thn kbantik  epit�qunsh.

E�n kaneÐc k�nei mia mikr  allag  sto kÔklwma thc kbantik c parallhlÐac
kai to tropopoi sei ètsi ¸ste na dhmiourg sei kai sumbol  (interference) sta
telik� qubit , mporeÐ na exag�gei perissìterh plhroforÐa apì to kÔklwma,
se sqèsh me thn prohgoÔmenh,   thn klassik  perÐptwsh. Gia na epiteuqjeÐ
autì dhmiourgoÔme to kÔklwma tou sq matoc 17 ìpou h Uf èqei akrib¸c thn
Ðdia leitourgÐa me thn prohgoÔmenh perÐptwsh. Blèpoume oti kai to deÔtero
qubit se aut  thn perÐptwsh dièrqetai apì mia pÔlh Hadamard gia na brejeÐ
se epallhlÐa katast�sewn gia na sqhmatÐsoun thn kat�stash |Ψ1 >

|Ψ0 > = |01 > (82)

|Ψ1 > =
|0 > +|1 >√

2

|0 > −|1 >√
2

(83)

Katìpin toÔtou, h |Ψ1 > dièrqetai apì thn Uf kai paÐrnoume thn |Ψ2 >.
Gia na doÔme poio ja eÐnai to apotèlesma arkeÐ na melet soume thn epÐdrash
thc Uf sthn |x > |0>−|1>√

2

Uf (|x >
|0 > −|1 >√

2
) = (−1)f(x)|x >

|0 > −|1 >√
2

(84)
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Gia na doÔme pwc proèkuye autì to apotèlesma arkeÐ na p�roume tic dÔo
peript¸seic ìpou |x >= |0 >   |x >= |1 >

Uf (|x >
|0 > −|1 >√

2
) → |x >

|f(x) > −|1⊕ f(x) >√
2

(85)

f(x) = 0 → |x >
|0 > −|1 >√

2
(86)

f(x) = 1 → |x >
|1 > −|0 >√

2
= −|x >

|0 > −|1 >√
2

(87)

to opoÐo sunoyÐzetai sth sqèsh 84. SuneqÐzontac me aut  th logik  to apotè-
lesma thc dr�shc thc Uf sthn kat�stash |Ψ1 > ja exart�tai apì to �n to f(0)
eÐnai Ðso   di�foro tou f(1) gia na kajoristeÐ o sunduasmìc twn pros mwn.
Sunep¸c èqoume oti

|Ψ2 > = ±|0 > +|1 >√
2

|0 > −|1 >√
2

Για f(0) = f(1) (88)

|Ψ2 > = ±|0 > −|1 >√
2

|0 > −|1 >√
2

Για f(0) 6= f(1) (89)

Tèloc, epeid  H2 = 1, h deÔterh pÔlh Hadamard sto p¸to qubit an-
tistrèfei th dr�sh thc pr¸thc kai anaireÐ thn epallhlÐa me apotèlesma na
gurÐsoume to pr¸to qubit se kajarèc katast�seic

|Ψ3 > = ±|0 >
|0 > −|1 >√

2
Για f(0) = f(1) (90)

|Ψ3 > = ±|1 >
|0 > −|1 >√

2
Για f(0) 6= f(1) (91)

'Omwc f(0)⊕ f(1) = 0 �n f(0) = f(1) en¸ f(0)⊕ f(1) = 1 gia f(0) 6= f(1).
Sunep¸c to prohgoÔmeno apotèlesma, h telik  kat�stash tou kukl¸matoc,
mporeÐ na grafeÐ wc

|Ψ3 >= ±|f(0)⊕ f(1) >
|0 > −|1 >√

2
(92)

Wc apotèlesma, �n k�noume mia mètrhsh sto pr¸to qubit ja p�roume to �-
jroisma f(0)⊕ f(1).

Blèpoume oti qrhsimopoi¸ntac thn kbantik  parallhlÐa kai th sumbol 
mporèsame na upologÐsoume to �jroisma thc sun�rthshc me mìno èna up-
ologismì thc f(x), k�ti pou gia na gÐnei se ènan klassikì upologist  ja
qreiazìntousan toul�qiston dÔo pr�xeic. To pio shmantikì ìmwc eÐnai oti
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Sq ma 18: To kÔklwma ulopoÐhshsh thc kbantik c thlemetafor�c. Ta dÔo
�nw qubit ta èqei h Alice kai to k�tw qubit o Bob.

upologÐsame mia olik  (global) tim  thc sun�rthshc, ìpwc eÐnai to �jrois-
ma, se èna mìno b ma k�ti to opoÐo eÐnai kajar� apotèlesma thc sumbol c
twn kumatosunart sewn twn qubit kai den èqei klassikì an�logo. Aut  thn
idiìthta ja qrhsimopoi soume kai stouc kbantikoÔc tuqaÐouc perip�touc.

3.4 'Ena par�deigma: Kbantik  Thlemetafor�.
Sto sq ma 18 faÐnetai to kÔklwma pou ulopoieÐ ènan apì touc pio aploÔc
kbantikoÔc algìrujmouc, autìn thc kbantik c thlemetafor�c.

H skiagr�fhsh tou probl matoc èqei wc ex c. 'Enac parathrht c A jèlei
na steÐlei se ènan �llo parathrht  B, èstw Alice kai Bob antÐstoiqa ìpwc
sunhjÐzetai na anafèrontai sth bibliografÐa, mia kbantik  kat�stash |Ψ >.
H pr¸th kai pio logik  epilog  eÐnai na tou steÐlei to Ðdio to qubit sto opoÐo
eÐnai apojhkeumènh h |Ψ >. Se aut  thn perÐptwsh h Alice stèlnei kbantik 
plhroforÐa ston Bob . E�n ìmwc ta dÔo mèrh moir�zontai ek prooimÐou mÐa
kat�stash Bell , mporoÔn na th qrhsimopoi soun gia na metaferjeÐ ìlh h
plhroforÐa thc kat�stashc |Ψ > apì thn Alice ston Bob mìno me th di�dosh
plhroforÐac dÔo klassik¸n bit kai ìqi enìc qubit ìpwc sthn prohgoÔmenh
perÐptwsh, metadÐdontac dhlad  polÔ ligìterh plhroforÐa.

Xekin¸ntac th melèth tou kukl¸matoc apì arister� proc ta dexi� èqoume
wc arqik  kat�stash thn

|Ψ > |0 > |0 > (93)

Ta dÔo k�tw qubit pern�ne apì thn Hadamard kai th C-NOT kai ìpwc è-
qoume  dh perigr�yei dhmiourgoÔn thn |β00 > kat�stash Bell . Aut  ja
paÐxei kai to rìlo thc ek prooimÐou moirazìmenhc kat�stashc Bell metaxÔ twn
dÔo. Ja mporoÔsan met� apì aut  thn pr�xh na apomakrunjoÔn, na krat -
sei o k�je ènac to dikì tou qubit apì to zeÔgoc kai to upìloipo kÔklwma na
pragmatopoihjeÐ qrìnia met�. Parempiptìntwc, den up�rqei kanènac idiaÐteroc
lìgoc gia thn epilog  tou |β00 >. Opoiad pote �llh kat�stash Bell ja m-
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poroÔse na qrhsimopoihjeÐ, me mikrèc tropopoi seic sta teleutaÐa st�dia tou
kukl¸matoc.

Met� th dhmiourgÐa tou enagkalismènou zeÔgouc h Alice kai o Bob di-
aqwrÐzontai kai h Alice krat�ei ta dÔo �nw qubit en¸ o Bob mìno to k�tw, to
èna mèroc thc kat�stashc Bell 16. H kat�stash pou èqei dhmiourghjeÐ eÐnai h

|Ψ0 > = |Ψ > |β00 >= (a|0 > +b|1 >)
1√
2
(|00 > +|11 >) (94)

=
1√
2
[a|o > (|00 > +|11 >) + b|1 > (|00 > +|11 >)] (95)

Prokeimènou h Alice na mporèsei na steÐlei plhroforÐa ston Bob gia thn
|Ψ > ja prèpei na allhlepidr�sei thn �gnwsth kat�stash me to dikì thc
mèroc tou enagkalismènou zeÔgouc. Gia autì to lìgo qrhsimopoieÐ thn pÔlh
C-NOT kai paÐrnei

|Ψ1 >=
1√
2
[a|0 > (|00 > +|11 >) + b|1 > (|10 > +|01 >)] (96)

ìpou h k�jeth di�taxh twn qubit sto kÔklwma apì p�nw proc ta k�tw apeikonÐze-
tai wc orizìntia di�taxh apì arister� proc ta dexi� stic exis¸seic.

En suneqeÐa h Alice gia na dhmiourg sei epallhlÐa sto pr¸to thc qubit
to pern�ei apì mia pÔlh Hadamard kai paÐrnei

|Ψ2 >=
1

2
[a(|0 > +|1 >)(|00 > +|11 >) + b(|0 > −|1 >)(|10 > +|01 >)]

(97)
Aut  h kat�stash me apl  anadi�taxh twn ìrwn mporeÐ na xanagrafeÐ wc

|Ψ2 >=
1

2
[|00 > (a|0 > +b|1 >) + |01 > (b|1 > +b|0 >) (98)

+|10 > (a|0 > −b|1 >) + |11 > (a|1 > −b|0 >)]

AxÐzei na parathr sei kaneÐc pwc ousiastik� h epallhlÐa pou dhmiourg jhke
sto pr¸to qubit thc Alice metafèrjhke sto qubit tou Bob mèsw thc kat�s-
tashc Bell . E�n den eÐqame dhmiourg sei epallhlÐa sto qubit thc Alice met�
thn anadi�taxh twn ìrwn oi katast�seic tou qubit tou Bob ja  tan kajarèc
katast�seic (|O >   |1 >). Fusik�, �n den eÐqe prohghjeÐ h sÔzeuxh tou
zeÔgouc me thn �gnwsth kat�stash de ja mporoÔse na metadojeÐ kamÐa plhro-
forÐa ston Bob gia aut n. Sunep¸c oi dÔo autèc pÔlec eÐnai aparaÐthtec sto

16Δεν πρέπει να ξεχνάμε οτι τέτοιες καταστάσεις απαρτίζονται από διακριτά φυσικά αν-
τικείμενα όπως το EPR ζεύγος ηλεκτρονίου ποζιτρονίου που παράγεται από τη διάσπαση
ενός π0.
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kÔklwma kai paÐzoun to rìlo thc dhmiourgÐac allhlepÐdrashc kai sumbol c
antÐstoiqa.

Se autì to shmeÐo to ousiastikì mèroc tou kukl¸matoc èqei telei¸sei.
E�n h Alice ektelèsei metr seic sthn upologistik  b�sh sta dÔo qubit pou
èqei sthn katoq  thc kai steÐlei ta apotelèsmata ston Bob , ìpwc faÐnetai
apì thn 98, tou dhl¸nei se poi� kat�stash brÐsketai to qubit tou

00 → a|0 > +b|1 > (99)
01 → a|1 > +b|0 > (100)
10 → a|0 > −b|1 > (101)
11 → a|1 > −b|0 > (102)

De mènei ston Bob par� na dr�sei me tic aparaÐthtec pÔlec sto qubit tou,
an�loga me thn klassik  plhroforÐa pou ja tou steÐlei h Alice , gia na to
fèrei sthn arqik  kat�stash |Ψ >= a|0 > +b|1 >.

E�n to apotèlesma thc mètrhshc eÐnai 00 de qrei�zetai na k�nei tÐpota, h
kat�stash eÐnai h zhtoÔmenh. E�n to apotèlesma eÐnai 01 ja prèpei na dr�sei
me thn pÔlh X gia na antistrèyei thn kat�stash. E�n to apotèlesma eÐnai
10 ja prèpei na dr�sei me thn pÔlh Z gia na all�xei to prìshmo thc |1 >
kai tèloc, e�n h klassik  plhrofrorÐa pou ja tou steÐlei h Alice eÐnai 11
qrei�zetai th sÔnjesh twn dÔo gia na all�xei to prìshmo thc |1 > pr¸ta kai
na antistrèyei ek tw ustèrwn,  toi ton sunduasmì XZ. Autìc o sunduas-
mìc apotelesm�twn kai efarmozìmenwn pul¸n kwdikopoieÐtai sto kÔklwma wc
XM2 kai ZM1 antÐstoiqa, ìpou o ekjèthc dhl¸nei ìpwc kai stouc arijmoÔc
pìsec forèc ja efarmosteÐ h pÔlh, fusik� me th sÔmbash oti X0 = Z0 = I.

Prèpei na aposafhnisteÐ oti se kamÐa f�sh tou kukl¸matoc den up rx-
e antÐgrafo thc |Ψ > oÔte antl jhke èstw kai h paramikr  gn¸sh gia thn
kat�stash |Ψ >. 'Osh �gnoia eÐqe h Alice gia thn kat�stash arqik� èqei kai
o Bob telik�. Autì pou k�nei to kÔklwma eÐnai na metafèrei mia �gnwsth
kat�stash apì th mÐa �krh tou kukl¸matoc sthn �llh me th qr sh dÔo k-
lasik¸n kanali¸n kai thn proôpìjesh oti h Alice kai o Bob moir�zontan èna
zeÔgoc anagkalismènwn qubit . Fusik� autì ja mporoÔse na gÐnei polÔ pio
eÔkola kai apl� e�n h Alice èstelne to qubit ston Bob . Se peript¸seic ìmwc
pou k�ti tètoio den mporeÐ na gÐnei praktik�   se peript¸seic pou ta dÔo mèrh
moir�zontai mÐa kat�stash Bell gia �llo lìgo, to kÔklwma ja mporoÔse na
èqei praktik  efarmog .

Tèloc, eÐnai safèc oti h kat�stash de metafèretai me taqÔthta pio gr gorh
apì thn taqÔthta tou fwtìc, ìpwc Ðswc upodhl¸nei o tÐtloc, k�ti pou ka-
jÐstatai profanèc akìma kai apì thn Ôparxh twn klassik¸n kanali¸n pou ja
prèpei na èqoun h Alice kai o Bob . O ìroc thlemetafor� qrhsimopoieÐtai apl�
kai mìno gia na dhl¸sei oti mìno me th qr sh dÔo klasik¸n bit eÐnai dunatìn,
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qrhsimopoi¸ntac thn kbantik  idiìthta tou enagkalismoÔ, na metaferjeÐ ìlh
h (�peirh) plhroforÐa enìc qubit . Autì fusik� den eÐnai apìluta akribèc
giatÐ proôpojètei ta dÔo mèrh na èqoun moirasteÐ mÐa kat�stash Bell . E�n
h dhmiourgÐa thc kai h apostol  tou enìc mèrouc ston Bob lhfjeÐ upìyh h
al jeia eÐnai oti metafèretai polÔ perissìterh plroforÐa apì to anagkaÐo se
autì to kÔklwma. Ja  tan polÔ pio aplì h Alice na steÐlei thn |Ψ > ston
Bob .
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4 KBANTIKOI ALGORIJMOI ANAZHTHSH-
S DEDOMENWN
MÐa apì tic pio shmantikèc efarmogèc twn kbantik¸n upologist¸n
eÐnai oi kbantikoÐ algìrijmoi anaz thshc dedomènwn. An kai m-
poreÐ na apodeiqjeÐ oti h kbantik  epit�qunsh pou epitugq�ne-
tai eÐnai rizik 17 kai ìqi ekjetik , ìpwc sumbaÐnei me tic �llec
dhmofileÐc touc efarmogèc, oi kbantikoÐ algìrijmoi anaz thshc
dedomènwn èqoun idiaÐtero endiafèron gia dÔo lìgouc. Afenìc mi-
a plhj¸ra upologistik¸n problhm�twn mporeÐ na metatrapeÐ se
prìblhma anaz thshc mèsa sta stoiqeÐa miac b�shc kai afetèrou
eÐnai idanikoÐ gia prosomoÐwsh fusik¸n susthm�twn afoÔ o trìpoc
leitourgÐac touc eÐnai isodÔnamoc me thn eÔresh miac kat�stashc
elaqÐsthc enèrgeiac. Se aut  thn par�grafo ja parousiasteÐ o
algìrijmoc tou Grover [11], o prìtupoc algìrijmoc ston opoÐo
basÐzontai oi perissìteroi tou eÐdouc. En suneqeÐa ja apodeiqjeÐ
h isdunamÐa tou me thn exèlixh fusik¸n susthm�twn kai oti eÐnai
bèltistoc.

4.1 O algìrijmoc tou GROVER

Ac upojèsoume oti jèloume na y�xoume th lÔsh se èna prìblhma anaz thshc
miac mh domhmènhc b�shc dedomènwn. Mia tètoia b�sh ja mporoÔse na eÐnai
mia lÐsta N tuqaÐa katanemhmènwn onom�twn apì thn opoÐa anazhtoÔme èna
ìnoma. MporoÔme na fantastoÔme th diadikasÐa anÐqneushc thc lÔshc wc
ex c. O algìrijmoc paÐrnei èna èna ta onìmata thc lÐstac, ta b�zei se èna
koutÐ-pÔlh pou gnwrÐzei th lÔsh kai to rwt�ei an to sugkekrimèno ìnoma eÐnai
lÔsh. An eÐnai stamat�ei ton algìrijmo, an ìqi suneqÐzei sto epìmeno ìnoma.
Autì to maÔro koutÐ pou gnwrÐzei th lÔsh ja kaleÐtai m�nthc (oracle), eÐnai
mÐa pÔlh,   sunhjèstera sÔnolo pul¸n, kai de qrei�zetai na gnwrÐzoume tic
eswterikèc tou leitourgÐec par� mìno oti èqei thn idiìthta na anagnwrÐzei
tic lÔseic sto ek�stote prìblhma anaz thshc. 'Enac tètoioc mhqanismìc ja
mporoÔse na eÐnai to m�ti mac pou anagnwrÐzei   ìqi to ìnoma pou zhteÐtai,
  k�poioc ligìtero perÐplokoc mhqanismìc pou sÐgoura ja exart�tai apì to
ek�stote prìblhma. 'Omwc h idiaiterìthta tou k�je probl matoc mporeÐ na
perioristeÐ apl� stic eswterikèc leitourgÐec tou m�nth. MporoÔme loipìn
na enswmat¸soume tic leptomèreiec tou k�je probl matoc ston m�nth kai na
melet soume opoiod pote prìblhma anaz thshc sunart sei autoÔ. Shmantikì

17Αν ψάχνουμε ένα από N αντικείμενα χρειαζόμαστε
√

N βήματα για να επιτύχουμε.
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eÐnai na prosèxoume oti o m�nthc den èqei thn idiìthta na brÐskei lÔseic tou
probl matoc, apl� na tic anagnwrÐzei e�n tic dei.

'Enac klasikìc algìrijmoc ja qrei�zetai na y�xei èna èna ta onìmata mèqri
na breÐ to swstì, sunep¸c qrei�zontai perÐpou N/2 kl seic tou m�nth sth
diadikasÐa tou algìrijmou. Se ènan kbantikì upologist  ìmwc, mporoÔme na
dhmiourg soume mia epallhlÐa ìlwn twn onom�twn pou up�rqoun sth b�sh kai
qrhsimopoi¸ntac th m  topik  dr�sh thc kbantomhqanik c o m�nthc mporeÐ na
y�qnei ìla to onìmata tautìqrona. Gia na gÐnei autì arkeÐ na kwdikopoi soume
ta onìmata,   en gènei ta stoiqeÐa thc opoiasd pote b�shc se qubit .

Prin arqÐsoume th leptomer  perigraf  tou algorÐjmou ja aposafhnÐsoume
th leitourgÐa thc pÔlhc m�nth. Gia eukolÐa mporoÔme na jewr soume oti to
pl joc N twn stoiqeÐwn isoÔtai me N = 2n gia na mporèsoun na kwdikopoi-
hjoÔn se n qubit 18 . H pÔlh-m�nthc gia na leitourg sei profan¸c ja qrei�ze-
tai wc eÐsodo ìla ta stoiqeÐa pou ja y�xei (ta n qubit ) kai èna q¸ro apì
qubit ston opoÐo ja apojhkeÔei to apotèlesma thc ergasÐac thc, èstw èna
qubit |q >.

To apotèlesma thc diadikasÐac thc pÔlhs-m�nthc mporeÐ na apodwjeÐ apì
mÐa sun�rthsh f(x) pou dra sthn kat�stash eisìdou x ∈ [0, N − 1] wc ex c

f(x) = 0 , x 6= xs (103)
f(x) = 1 , x = xs, (104)

ìpou xs eÐnai opoiad pote lÔsh tou probl matoc. Gia na apojhkeuteÐ autì to
apotèlesma sto qubit |q > tou m�nth h leitourgÐa sthn upologistik  b�sh
ja prèpei na gr�fetai

Ô(|x > |q >) −→ |x > |q ⊕ f(x) >, (105)

ìpou Ô eÐnai o monadiakìc telest c tou m�nth (oracle). Dhlad  ìso to qubit
tou m�nth paramènei sthn arqik  tou kat�stash, èqoun eisaqjeÐ mìno katast�-
seic - mh lÔseic tou probl matoc. E�n eisaqjeÐ lÔsh, h kat�stash tou m�nth
all�zei.

Autì ìmwc mac dhmiourgeÐ èna prìblhma. Sth deÔterh lÔsh pou ja breÐ
o m�nthc to |q > ja epistrèyei sthn arqik  tou kat�stash. Sunep¸c gia na
anagnwrÐzoume tic lÔseic ja èprepe na katagr�foume kat� th di�rkeia tou
algorÐjmou tic allagèc tou |q >. Gia na to apofÔgoume autì mporoÔme na to
arqikopoi soume se upèrjesh katast�sewn, apl� pern¸ntac to |q >= |1 >
mèsa apì mia pÔlh Hadamard . H dr�sh tou m�nth ja eÐnai

Ô[|x > (
|0 > −|1 >√

2
)] −→ (−1)f(x)|x > (

|0 > −|1 >√
2

) (106)

18Εάν N 6= 2n επιλέγουμε n0 : N ≤ 2n0 και απλά αυξάνουμε λίγο το χώρο της βάσης
προσθέτοντας καταστάσεις μη λύσεις.
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Sq ma 19: To kbantikì kÔklwma ulopoÐhshc tou algorÐjmou tou Grover

kai epeid  h kat�stash tou m�nth mènei analloÐwth kaj�olh th di�rkeia tou
algorÐjmou, mporeÐ sto ex c na paraleÐpetai

Ô|x >−→ (−1)f(x)|x > (107)

'Eqontac aposafhnÐsei th leitourgÐa tou m�nth ja parajèsoume touc dÔo
telestèc pou droun sthn kat�stash se k�je b ma tou algorÐjmou, to legìmeno
b ma Grover kai sta epìmena kef�laia ja ta ermhneÔsoume.

Se k�je b ma arqik� dra o m�nthc kai met� akoloujeÐ o telest c H⊗n(2|0 ><
0| − I)H⊗n kai h sunolik  dr�sh tou telest  Grover eÐnai

G = H⊗n(2|0 >< 0| − I)H⊗n Ô (108)

E�n arqikopoÐsoume tic katast�seic mac sthn isobar  upèrjesh

|Ψ >=
1√
N

N−1∑
x=0

|x > , (109)

epaneilhmmènh efarmog  tou sunolikoÔ telest  G mac odhgeÐ sth zhtoÔmenh
lÔsh tou probl matoc anaz thshc, ìpwc ja apodeÐxoume sthn epìmenh par�-
grafo. To kÔklwma anaparÐstatai sto sq ma 19 kai sugklÐnei sth lÔsh se
qrìno O(

√
N
M

), ìpou M to pl joc twn lÔsewn.

4.2 Gewmetrik  anapar�stash.
Gia na katal�boume lÐgo kalÔtera ti akrib¸c k�nei o m�nthc, eÐnai qr simo na
qwrÐsoume to q¸ro twn katast�se¸n mac se autèc pou den eÐnai lÔseic, |a >,
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kai se autèc pou eÐnai lÔseic, |b >. Wc proc tic arqikèc kast�seic gr�fontai

|a > =
1√

N −M

′′∑
x

|x > (110)

|a > =
1√
M

′∑
x

|x > (111)

ìpou
∑“

x dhl¸nei �jroish stic mh lÔseic kai
∑‘

x �jroish stic lÔseic.
Se aut  th b�sh h arqik  mac kat�stash (109) gr�fetai

|Ψ >=

√
N −M

N
|a > +

√
M

N
|b > (112)

kai oi dÔo dr�seic tou algorÐjmou tou Grover apoktoÔn saf  gewmetrik 
shmasÐa (bl. sq ma 20). 'Eqoume  dh pei oti h dr�sh tou m�nth eÐnai

Ô|x >−→ (−1)f(x)|x > (113)

pou shmaÐnei oti af nei ton upìqwro twn mh lÔsewn analloÐwto kai h dr�sh
tou sto q¸ro twn lÔsewn eÐnai

Ô|xs >−→ −|xs > (114)

 toi h dr�sh tou sthn |Ψ > eÐnai

Ô|Ψ >= Ô(a|a > +b|b >) = a|a > −b|b > (115)

Sunep¸c h dr�sh tou m�nth prokaleÐ mia an�klash thc |Ψ > wc proc tic mh
lÔseic |a > (bl. sq ma 20).

SuneqÐzontac sth dr�sh tou H⊗n(2|0 >< 0| − I)H⊗n blèpoume oti isqÔei

H⊗n(2|0 >< 0| − I)H⊗n = 2H⊗n|0 >< 0|H⊗n −H⊗nIH⊗n (116)
= 2|Ψ >< Ψ| − I (117)

Dr¸ntac me autìn ton telest  se mia genik  kat�stash |φ >=
∑

k ak|k >,
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ìpou ta |k > eÐnai mia pl rhc b�sh tou q¸rou Hilbert , èqoume

(2|Ψ >< Ψ| − I)
∑

k

ak|k > =
1√
N

2|Ψ >
∑

x,k

ak < x|k > −
∑

k

ak|k >(118)

=
1√
N

2|Ψ >
∑

x,k

akδx,k −
∑

k

ak|k > (119)

=
1√
N

2|Ψ >
∑

k

ak −
∑

k

ak|k > (120)

=
1

N
2
∑

k

ak

∑
x

|x > −
∑

k

ak|k > (121)

= 2
∑

x

(
∑

k

ak

N
)|x > −

∑

k

ak|k > (122)

(123)

Antikajist¸ntac th mèsh tim  twn ak < a >=
∑

k
ak

N
èqoume

(2|Ψ >< Ψ| − I)
∑

k

ak|k > = 2 < a >
∑

x

|x > −
∑

k

ak|k > (124)

= 2 < a >
∑

x,k

|k >< k|x > −
∑

k

ak|k >(125)

= 2 < a >
∑

k

|k > −
∑

k

ak|k > (126)

=
∑

k

(2 < a > −ak)|k > (127)

Gia na gÐnei saf c h gewmetrik  ermhneÐa thc parap�nw dr�shc melet�me
ta eswterik� ginìmena thc |φ > me thn |Ψ > prÐn kai met� th dr�sh tou
H⊗n(2|0 >< 0| − I)H⊗n

< Ψ|φ > =
1√
N

∑

x,k

< x|ak|k > (128)

=
1√
N

∑

k

ak|k > (129)

< Ψ|φ′ > =
1√
N

∑

x,k

< x|2 < a > −ak|k > (130)

=
1√
N

∑

k

(2 < a > −ak)|k > (131)

= 2
∑

k

< a > − < Ψ|φ > (132)
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'Omwc �n kaneÐc ajroÐsei th mèsh tim  pijanot twn ja prèpei na p�rei mon�da,
sunep¸c

∑
k < a >= 1 kai

< Ψ|φ′ >= 2− < Ψ|φ > (133)

Anadiat�sontac paÐrnoume

< Ψ|φ + φ′

2
>= 1 (134)

pou profan¸c shmaÐnei oti

|Ψ >= |φ + φ′

2
> (135)

ErmhneÔontac t¸ra aut  th sqèsh, to |φ+φ′
2

>, dhlad  to |ψ > eÐnai èna
di�nusma pou diqotomeÐ19 ta |φ >, |φ′ >. EpÐshc apì thn 108 faÐnetai oti de
diathreÐ thn omotimÐa, �ra den eÐnai strof . Autì de mporeÐ par� na shmaÐnei
pwc h dr�sh tou H⊗n(2|0 >< 0|−I)H⊗n eÐnai na anakl� mia genik  kat�stash
|φ > wc proc thn |Ψ > sto epÐpedo pou orÐzoun ta |a >, |b > (bl. sq ma 20).

Sunolik� loipìn h dr�sh tou G = (H⊗n(2|0 >< 0| − I)H⊗n) O eÐnai
pr¸ton na anakl� thn arqik  kat�stash |Ψ > wc proc tic mh lÔseic |a > kai en
suneqeÐa na anakl� ek nèou thn 0̂|Ψ > wc proc thn |Ψ > gia na katal xei sthn
G|Ψ > (bl. sq ma 20). 'Omwc dÔo anakl�seic isodunamoÔn me mÐa strof 20.
Autì èqei wc apotèlesma me k�je dr�sh tou G h arqik  kat�stash |Ψ > na
strÐbei ìlo kai perissìtero proc ton upìqwro twn lÔsewn. Akolouj¸ntac
to sq ma 20 èqoume

|Ψ > = cos
θ

2
|a > +sin

θ

2
|b > (136)

G|Ψ > = cos
3θ

2
|a > +sin

3θ

2
|b > (137)

. (138)

. (139)

Gk|Ψ > = cos(
2k + 1

2
θ)|a > +sin(

2k + 1

2
θ)|b > (140)

me thn arqik  gwnÐa na orÐzetai apì to pl joc twn lÔsewn

cos
θ

2
=< a|Ψ >=

√
N −M

N
(141)

19Τα διχοτομεί δεδομένου οτι τα |φ >, |φ′ > είναι μοναδιαία, συνεπώς και ισομήκη.
20Ως γινόμενο δύο ανακλάσεων (αρνητική μοτιμία) έχει ομοτιμία θετική. Επίσης διατηρεί

το μέτρο των διανυσμάτων και τα διατηρεί στο ίδιο επίπεδο με τα διανύσματα βάσης. Δεν
μπορεί παρά να είναι στροφή σε αυτό το επίπεδο
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Sq ma 20: Gewmetrik  anapar�stash enìc b matoc tou algìrijmou tou
Grover . Arqik� h pÔlh-m�nthc (oracle) anakl� thn |Ψ > wc proc tic m 
lÔseic |a > kai en suneqeÐa anakl� thn O|Ψ > wc proc thn |Ψ >. ('O-
la ta apeikonizìmena dianÔsmata eÐnai monadiaÐa, all� ta dianÔsmata b�shc
parousi�zontai megalÔtera gia lìgouc kalÔterhc epÐbleyhc.)
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Erqìmenoi sto qrìno sÔgklishc, prèpei na broÔme se pìsa b mata (me
pìsec dr�seic tou G) h |Ψ > ja brÐsketai ìso to dunatìn perissìtero kont�
sthn |b > ¸ste me mia mètrhsh tou sust matoc ekeÐnh th qronik  stigm  na
mac d¸sei ìlec tic lÔseic21 tou probl matoc me meg�lh pijanìthta. Gia na
gÐnei autì ja prèpei h arqik  kat�stash |Ψ > na dianÔsei gwnÐa π/2 − θ/2,
pou sÔmfwna me thn 136, π/2−θ/2 = arccos

√
M/N . Dedomènou oti se k�je

efarmog  thc G h |Ψ > strÐbei kat� gwnÐa θ, to pl joc twn for¸n R pou
ja prèpei na efarmìsoume to b ma tou Grover gia na termatisteÐ epituq¸c
o algìrijmoc me gwniak  apìklish apì ton upìqwro twn lÔsewn θ/2 ≤ π/4
eÐnai

R = P (
arccos

√
M/N

θ
), (142)

ìpou P (x) dhl¸nei stroggulopoÐhsh tou x ston kontinìtero akèraio.
Gia na broÔme èna an¸tero ìrio sto pl joc R twn kl sewn tou b matoc

Grover blèpoume oti R ≤ π/2θ. Upojètwntac oti to pl joc twn lÔsewn eÐnai
ligìtero apì to misì tou pl jouc thc sunolik c b�shc22 (M ≤ N/2) èqoume

θ

2
≥ sin

θ

2
= (143)

pou mac dÐnei to �nw ìrio tou qrìnou sÔgklishc tou algìrijmou tou Grover :

R ≤ π

4

√
N

M
(144)

Autì to ìrio mac dÐnei thn rizik  epit�qunsh tou kbantikoÔ algìrijmou (O(
√

N)
b mata) se sqèsh me ton antÐstoiqo klasikì pou apaiteÐ O(N/2) b mata.

'Oson afor� thn pijanìthta sÔgklishc, dedomènou oti sto tèloc tou al-
gorÐjmou to G

√
N |Ψ > brÐsketai entìc miac gwnÐac θ/2 ≤ π/2 apì to |b >,

h mètrhsh thc G
√

N |Ψ > sthn upologistik  b�sh ja mac d¸sei ton upìqwro
twn lÔsewn |b > me pijanìthta toul�qiston 1/2. Aut  h pijanìthta mporeÐ
na auxhjeÐ prosjètwntac sth b�sh katast�seic mh lÔseic ¸ste na isqÔei
M << N . Se aut  thn perÐptwsh èqoume oti θ ' 2

√
M/N me apotèlesma

h gwniak  apìklish apì th lÔsh na eÐnai θ/2 ≤
√

M/N pou antistoiqeÐ se
pijanìthta l�jouc mikrìterh apì M/N .

21Αξίζει να σημειωθεί οτι ο αλγόριθμος του Grover δίνει ως λύση όλο το πλήθος των
λύσεων του ζητούμενου προβλήματος. Δεν βρίσκει μια λύση, συνεχίζει τη ρουτίνα για να
βρει την επόμενη κοκ.

22Εάν αυτή η υπόθεση δεν ισχύει από την πρώτη κι όλας εφαρμογή του G η |Ψ > θα
ξεπεράσει κατά πολύ το |b > και ο αλγόριθμος θα έχει προβλήματα σύγκλισης. Αυτό μπορεί
να διορθωθεί εύκολα με την προσθήκη άλλων N στοιχείων , μη λύσεων, στον αρχικό χώρο
Hilbert με αποτέλεσμα να ισχύει πάντοτε η ζητούμενη συνθήκη. Ο αλγόριθμος γίνεται μόλις√

2 φορές πιο αργός.
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4.3 Kbantik  exèlixh kai o algìrijmoc tou Grover

MporeÐ sthn prohgoÔmenh par�grafo na parousi�sthke kai na analÔjhke o
algìrijmoc tou Grover all� ìqi kai o trìpoc skèyhc pou od ghse se autìn.
EÐnai arket� endiafèron oti o Grover pou ton epinìhse, par� to gegonìc
oti proèrqetai kajar� apì ton q¸ro twn upologist¸n, skèfthke me fusik�
epiqeir mata gia na katal xei se autìn [12]. Gia thn akrÐbeia, autì pou ousi-
astik� èkane  tan na dhmiourg sei èna trìpo kbantik c proswmoÐwshc gia th
qronik  exèlixh miac kbantik c kat�stashc me thn exÐswsh tou Schrödinger .
Kwdikopoi¸ntac sth qamiltonian  th lÔsh enìc probl matoc anaz thshc ¸c
kat�stash elaqÐsthc enèrgeiac, apl� af nwntac to sÔsthma na exeliqjeÐ upì
aut  thn kat�llhla epilegmènh qamiltonian , ja mac d¸sei wc telik  kat�s-
tash tou sust matoc th zhtoÔmenh lÔsh. Upì autì to prÐsma anadeiknÔetai
kai h fusik  shmasÐa tou sugkekrimènou algìrijmou.

Xekin�me gr�fontac thn exÐswsh tou Schrödinger

i
d|Ψ >

dt
= H|Ψ > (145)

i
d

dt
Ψ(x, t) = (− d2

dx2
+ V (x))Ψ(x, t) (146)

d

dt
Ψ(x, t) = i(

d2

dx2
− iV (x))Ψ(x, t) (147)

ìpou jewr same oti to dunamikì den exart�tai ekpefrasmèna apì to qrìno
kai ~ = m = 1. ParathroÔme oti h qronik  exèlixh thc kumatosun�rthshc
exart�tai apì ènan dunamikì ìro kai ton kinhtikì ìro pou moi�zei me exÐswsh
di�qushc, ektìc apì th migadik  stajer�.

An kai stic parap�nw exis¸seic h kumatosun�rthsh eÐnai suneq c sun�rthsh
tou q¸rou kai tou qrìnou, �ra kai o antÐstoiqoc q¸roc Hilbert , gia na m-
porèsoume na dhmiourg soume èna upologistikì algìrijmo ja prèpei na di-
akritopoi soume23 touc telestèc

∂

∂t
Ψ(x, t) =

Ψ(x, t + dt)−Ψ(x, t)

dt
(148)

∂2

∂t2
Ψ(x, t) =

Ψ(x + dx, t) + Ψ(x− dx, t)− 2Ψ(x, t)

(dx)2
(149)

23Αυτή η διακριτοποίηση ήθεισται να γίνεται στα υπολογιστικά προβλήματα όμως οι
προκύπτοντες διακριτοί τελεστές δεν σέβονται τους κανόνες μετάθεσης της διακριτής κβαν-
τομηχανικής. Αυτό το πρόβλημα θα μας αποσχολήσει παρακάτω αλλά θα το αγνοήσουμε προς
το παρόν. Επίσης αξίζει να παρατηρηθεί οτι διακριτοποιούνται και ο χώρος και ο χρόνος. Θα
δούμε στο κεφάλαιο των κβαντικών τυχαίων περιπάτων οτι υπάρχουν και αλγόριθμοι συνεχούς
χρόνου.
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Eis�gontac th stajer� ε = dt
(dx)2

h exÐswsh tou Schrödinger gÐnetai

Ψ(x, t+dt) = (1−iV (x)dt−2iε)Ψ(x, t)+iε[Ψ(x+dx, t)+Ψ(x−dx, t)] (150)

pou se morf  pin�kwn gr�fetai



Ψ(x1, t + dt)
Ψ(x2, t + dt)
Ψ(x3, t + dt)

..
Ψ(xN , t + dt)




=




A1 iε 0 .. iε
iε A2 iε .. 0
0 iε A3 .. 0
.. .. .. .. ..
iε 0 0 iε AN







Ψ(x1, t)
Ψ(x2, t)
Ψ(x3, t)

..
Ψ(xN , t)




(151)

ìpou
Aj = 1− i(N − 1)ε− iV (xj)dt (152)

  gia N >> 1
Aj = 1− iNε− iV (xj)dt (153)

MporeÐ kaneÐc na deÐxei oti autìc o pÐnakac met�bashc eÐnai kat� prosèg-
gish monadiakìc, upologÐzontac oti to mètro twn k�jetwn sthl¸n tou eÐnai
1 + O((dt)2) + O(ε2) en¸ to eswterikì ginìmeno dÔo sthl¸n eÐnai thc t�xhc
0 + O((dt)2) + O(ε2). Diathr¸ntac thn t�xh apìklishc apì th monadiakìthta
sthn Ðdia t�xh wc proc dt kai ε mporoÔme na gr�youme thn 151 wc

|Ψ(x, t + dt) >= DR|Ψ(x, t) > (154)

ìpou to |Ψ(x, t+dt) > upodhl¸nei to di�nusma st lh sto aristerì mèroc thc
151 kai to |Ψ(x, t) > antÐstoiqa, en¸

D =




1− i2ε iε 0 .. iε
iε 1− i2ε iε .. 0
0 iε 1− i2ε .. 0
.. .. .. .. ..
iε 0 0 iε 1− i2ε




(155)

R =




e−iV (x1)dt 0 0 .. 0
0 e−iV (x2)dt 0 .. 0
0 0 e−iV (x3)dt .. 0
.. .. .. .. ..
0 0 0 0 e−iV (xN )dt




(156)

Apì touc dÔo parap�nw pÐnakec autìc tou dunamikoÔ, o R, eÐnai emfan¸c
monadiakìc en¸ o kinhtikìc ìroc, o D, apoklÐnei apì th monadiakìthta kat�
O(ε2).
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Sq ma 21: H dr�sh tou dunamikoÔ R eÐnai na prosjètei mia f�sh sth lÔsh
kai h dr�sh tou kinhmatikoÔ ìrou D na diaqèei to pl�toc pijanìthtac proc
aut n kai mìno. Dedomènou oti oi upìloipec katast�seic èqoun Ðdio pl�toc
dèn up�rqei di�qush metaxÔ touc.

Epanalamb�nontac ton apeirostì metasqhmatismì τ/dt forèc, se peperas-
mèno qrìno τ paÐrnoume

|Ψ(x, τ) >= (DR)(DR) · · · (DR)|Ψ(x, 0) > (157)

'Eqontac brei poia eÐnai h dr�sh thc exÐswshc Schrödinger se diakritì
q¸ro mporoÔme na rujmÐsoume th qamiltonian  kat�llhla gia to prìblhma
thc anaz thshc dedomènwn. H idèa eÐnai apl . Ja apeikonÐsoume to k�je
stoiqeÐo i twn dedomènwn mac stic katast�seic Ψ(xi), i = 1, 2...N . Gia na ek-
metaleutoÔme tic dunatìthtec thc kbantik c parallhlÐac ja kataskeu�soume
thn isobar 24 upèrjesh aut¸n wc arqik  kat�stash tou sust matoc. En
suneqeÐa ja epilèxoume to dunamikì ¸ste h kat�stash pou antistoiqeÐ sth
lÔsh mac (èstw mÐa) na eÐnai kat�stash el�qisthc enèrgeiac. Me autì ton
trìpo epitugq�noume h telik  kat�stash tou sust matoc na èqei (sqedìn)
mhdenikì pl�toc pijanìthtac na brÐsketai se opoiad pote kat�stash ektìc
apì thn kat�stash lÔsh pou ja èqei pl�toc pijanìthtac (sqedìn) èna. Wc
apotèlesma, me mia mètrhsh ja p�roume me polÔ meg�lh pijanìthta th zhtoÔ-
menh lÔsh.

Oi epilogèc thc arqikopoÐhshc se isobar  kat�stash kai thc apìdwshc
el�qisthc enèrgeiac sth lÔsh apodÐdontai ston algìrijmo me thn epilog  twn

24Δεδομένου οτι η βάση δεδομένων στην οποία ψάχνουμε είναι μη δομημένη δεν υπάρχει
κανένας λόγος κάποια κατάσταση να έχει μεγαλύτερο βάρος από κάποια άλλη. Αν η βάση
είχε κάποια δομή (π.χ. αλφαβητική σειρά ονομάτων) η υπέρθεση δε θα ήταν ισοβαρής ως
απεικόνιση προτιμητέων καταστάσεων.
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D, R wc ex c

D =




1− iNε iε iε .. iε
iε 1− iNε iε .. iε
iε iε 1− iNε .. iε
.. .. .. .. ..
iε iε iε iε 1− iNε




(158)

R =




1 0 0 .. 0
0 eiγ 0 .. 0
0 0 1 .. 0
.. .. .. .. ..
0 0 0 0 1




(159)

Antikajist¸ntac ta mhdenik� ston pÐnaka di�qushc me iε o kinhtikìc ìroc dra
se ìla ta stoiqeÐa thc b�shc ìpwc anamènoume apì thn kbantik  parallhlÐa25,
en¸ ston pÐnaka tou dunamikoÔ R ìlec oi katast�seic paramènoun anephrèast-
ec ektìc apì thn kat�stash lÔsh, èstw th deÔterh se aut  thn perÐptwsh,
h opoÐa upìkeitai mia strof  f�shc26 kat� eiγ pou gia γ ≥ 0 antistoiqeÐ se
arnhtikì dunamikì.

Ac exet�soume t¸ra th dr�sh aut¸n twn pin�kwn se mia arqik  kat�s-
tash isobaroÔc upèrjeshc. O pÐnakac di�qushc èqei wc apotèlesma dunamik c
isorropÐac mhdenik  dr�sh stic katast�seic m  lÔseic kaj¸c eÐnai ìlec sto
Ðdio dunamikì-Ðdia f�sh, gia ton Ðdio pou lìgo den up�rqei ro  jermìthtac
metaxÔ dÔo shmeÐwn me thn Ðdia jermokrasÐa. O pÐnakac R ìmwc, epÐshc af -
nei tic upìloipec katast�seic anèpafec ek kataskeu c, all� strÐbei th f�sh
thc kat�stashc lÔshc. Autì èqei wc apotèlesma na dhmiourghjeÐ "diafor�
dunamikoÔ� an�mesa se aut n kai ìlec tic upìloipec kai lìgw tou D na diaqu-
jeÐ pl�toc pijanìthtac apì ìlec tic upìloipec katast�seic |x > proc thn
kat�stash lÔsh |xs >. EÐnai shmantikì na prosèxoume th diafor� se sqèsh
me thn klasik  exÐswsh di�qushc kat� thn opoÐa se k�je stigmiìtupo oi kon-
tinèc katast�seic sthn |xs > ja eÐqan polÔ megalÔterh di�qush proc aut n
se sqèsh me tic pio apomakrismènec. 'Omwc lìgw thc kbantik c upèrjesh-
c, mia èkfrash thc mh topikìthtac thc kbantomhqanik c, ìlec oi upìloipec
katast�seic suneisfèroun sthn |xs > kat� to Ðdio posostì.

Prin proqwr soume se leptomèreia ton algìrijmo skìpimo eÐnai na doÔme
poiotik� to ti gÐnetai kai to qrìno pou qrei�zetai gia na lÔsei to prìblh-
ma. Arqik� ìlec oi katast�seic brÐskontai se upèrjesh kai èqoun to Ðdio
pl�toc pijanìthtac 1. Kaj¸c o algìrijmoc proqwr� èstw oi katast�seic

25Για να εξισορροπηθεί το πλεόνασμα στις στήλες και να μην υπάρχει μεγάλη απόκλιση
από τη μοναδιακότητα οι διαγώνιοι όροι έγιναν 1− iNε

26Εξ΄ ου και ο συμβολισμός R από Rotation.
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|x > èqoun pl�toc k
√

N kai h |xs > K
√

N me to K na aux�nei kai to k na
mei¸netai. UpologÐzontac th ro  pl�touc pijanìthtac lìgw di�qushc sthn
|xs > parathroÔme oti eÐnai (bl. sq ma 21)

|xs >:
iK√
N

+
ik√
N

Nε +
K√
N

Nε (160)

en¸ gia tic upìloipec katast�seic

|x >:
k√
N
− K√

N
ε− iK√

N
Nε (161)

Eidik� sta pr¸ta b mata to k ' 1 kai h (160) dÐnei ro  pl�touc pijanìthtac
sthn |xs > thc t�xhc tou Nε/

√
N kai strof  thc f�shc kat� Nε, en¸ h f�sh

kai to pl�toc pijanìthtac twn upìloipwn katast�sewn paramènoun sqedìn
amet�blhtec.

Dedomènou oti h ro  pl�touc pijanìthtac se k�je b ma, ìpwc faÐnetai
kai apì ton pÐnaka D, eÐnai iε, ja mporoÔse na skefteÐ kaneÐc oti an to ε
gÐnei arket� meg�lo, thc t�xhc thc mon�dac, ja mporoÔse o algìrijmoc na
sugklÐnei sth lÔsh se èna mìno b ma. Dustuq¸c autì den eÐnai dunatìn giatÐ
ìpwc èqei eipwjeÐ, o pÐnakac D eÐnai mìno kat� prosèggish monadiakìc se
t�xh O(Nε2). Sunep¸c, gia na eÐnai kal  h prosèggish ja prèpei na isqÔei
toul�qiston oti ε = O(1/N), pr�gma pou sunep�getai oti h ro  pl�touc
pijanìthtac sthn |xs > eÐnai thc t�xhc tou 1/

√
N kai h strof  thc f�shc thc

t�xhc thc mon�dac. E�n rujmÐsoume ton pÐnaka R ¸ste na anaireÐ akrib¸c aut 
th strof  ja mporoÔsame me epanalambanìmenec efarmogèc tou ginomènou DR
na metafèroume ìlo to pl�toc pijanìthtac sthn |xs >. AfoÔ se k�je b mata
h ro  ja eÐnai thc t�xhc tou 1/

√
N , èpetai oti qrei�zontai

√
N b mata gia thn

olokl rwsh tou algorÐjmou, to gnwstì apotèlesma apì ton algìrijmo tou
Grover .

Proqwr¸ntac stic leptomèreiec tou algorÐjmou, ja prèpei na rujmÐsoume
akrib¸c to γ tou pÐnaka tou dunamikoÔ kai na katast soume ton D akrib¸c
monadiakì gia na mporèsei na prosomoiwjeÐ se èna kbantikì kÔklwma. To
pr¸to prokÔptei eÔkola apì thn an�lush thc prohgoÔmenhc paragr�fou. Gia
na k�nei mia pl rh peristrof  thc f�shc ja prèpei γ = π. To deÔtero eÐnai
lÐgo pio teqnikì z thma27 kai apodeiknÔetai oti o monadikìc pÐnakac di�qushc
(me thn ènnoia oti eÐnai analloÐwtoc se metajèseic) pou eÐnai monadiakìc eÐnai

27Λεπτομέρειες μπορούν να βρεθούν στο [12]
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thc morf c

D =




a b b ... b
b a b ... b
b b a ... b

...
b b b ... a




(162)

me ta a, b na eÐnai pragmatik� kai na upìkeintai stouc periorismoÔc 1 − 2
d
kai

b = ± 1
a
.

E�n epilèxoume ta b = 2
N

a = −1+ 2
N

oi dÔo pÐnakec mporoÔn na graftoÔn
wc

D =




−1 + 2
N

2
N

2
N

.. 2
N

2
N

−1 + 2
N

2
N

.. 2
N

2
N

2
N

−1 + 2
N

.. 2
N

.. .. .. .. ..
2
N

2
N

2
N

2
N

−1 + 2
N




(163)

R =




1 0 0 .. 0
0 −1 0 .. 0
0 0 1 .. 0
.. .. .. .. ..
0 0 0 0 1




(164)

kai oi 160, 161 gÐnontai

|xs >: N
2

N
(

k√
N

+
K√
N

) (165)

|x >:
k√
N
− 2√

N

k√
N
− 2K

n
√

N
(166)

antÐstoiqa. Akolouj¸ntac thn Ðdia sullogistik  me prin katal goume kai p�li
oti apaitoÔntai

√
N b mata gia na sugkentrwjèi ìlo to pl�toc pijanìthtac

sthn kat�stash |xs >.
Shmantikì eÐnai na dei kaneÐc oti ta parap�nw proèkuyan qwrÐc na up�rqei

h apaÐthsh gn¸shc thc zhtoÔmenhc kat�stashc, apl� dunatìthta allag c thc
f�shc thc kai m�lista gia na gÐnei o algìrijmoc apodotikìteroc h allag 
f�shc aut  ja prèpei na eÐnai kat� π, autì pou k�nei kai h pÔlh m�nthc tou
algìrijmou tou Grover .

Gia na oloklhrwjeÐ h apìdeixh oti h parap�nw diadikasÐa tautÐzetai me
ton algìrijmo tou Grover ja prèpei na deÐxoume oti oi pÐnakec exèlixhc eÐnai
oi Ðdioi me autoÔc pou qrhsimopoioÔntai sto b ma Grover thc prohgoÔmenhc
paragr�fou. Autì eÐnai eÔkolo kai èqei  dh apodeiqjeÐ gia ton pÐnaka R
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pou ìpwc eÐpame tautÐzetai me th leitourgÐa tou m�nth. Sunep¸c R = Ô.
Erqìmenoi ston pÐnaka D parathroÔme oti mporeÐ na grafeÐ wc

D = H⊗N




1 0 0 .. 0
0 −1 0 .. 0
0 0 −1 .. 0
.. .. .. .. ..
0 0 0 .. −1




H⊗N (167)

pou mporeÐ na grafeÐ ¸c

D = H⊗N(2|0 >< 0| − I)H⊗N (168)

kai fusik� tautÐzetai akrib¸c me to deÔtero mèroc tou b matoc tou Grover .
Sunolik� loipìn isqÔei DR = G.

Aut   tan h logik  pou akoloÔjhse o Grover kat� th dhmiourgÐa tou al-
gorÐjmou tou. MporeÐ ìmwc na dei kaneÐc oti genikìtera opoiad pote qamil-
tonian  kai na qrhsimopoi sei, arkeÐ aut  na èqei wc kat�stash qamhlìterhc
enèrgeiac thn |xs > kai arqik  kat�stash thn isobar  upèrjesh |Ψ >, ìpwc
oi

H = |xs >< xs|+ |Ψ >< Ψ| (169)
H = |xs >< Ψ|+ |Ψ >< xs| (170)

ja katal xei ston algìrijmo tou Grover . Aut  h parat rhsh faÐnetai na
apodÐdei èna eÐdoc pagkosmiìthtac ston algìrijmo tou Grover kai proðde�zei
gia thn par�grafo pou akoloujeÐ.

Tèloc, polÔ qr simo sumpèrasma thc parap�nw an�lushc, pou ja qreias-
toÔme sto epìmeno kef�laio, eÐnai oti mporoÔme na kataskeu�soume kban-
tik� kukl¸mata kai algìrijmouc gnwrÐzontac thn qamiltonian  enìc kbantikoÔ
sust matoc. Autì eÐnai polÔ jetikì afoÔ men h kataskeu  enìc kbantikoÔ
kukl¸matoc upìkeitai se polÔ lÐgouc periorismoÔc, h de kataskeu  ìmwc miac
qamiltonian c upìkeitai se austhroÔc fusikoÔc periorismoÔc summetrÐac kai
èqoume polÔ ligìterh eleujerÐa.

4.4 O algìrijmoc tou Grover eÐnai bèltistoc
Sto tèloc thc an�lushc tou algorÐjmou tou Grover ja apodeÐxoume mia polÔ
shmantik  idÐotht� tou. EÐnai bèltistoc [13], [14]. Dhlad  den up�rqei �l-
loc kbantikìc algìrijmoc pou mporeÐ na lÔsei prìblhma anaz thshc dedomèn-
wn pio gr gora apì ton algìrijmo tou Grover . Sunep¸c gnwrÐzoume oti
den mporoÔme na epitÔqoume peraitèrw kbantik  epit�qunsh. Ja paratejeÐ h
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apìdeixh gia thn perÐptwsh monadik c lÔshc |x > sto prìblhma anaz thshc
gia lìgouc eukolÐac. H genÐkeush gia perissìterec lÔseic eÐnai �mesh.

Ac upojèsoume oti èqoume mia pÔlh m�nth me th dr�sh Ox = I−2|x >< x|
me to gnwstì apotèlesma thc antistrof c thc f�shc thc lÔshc. Ac upo-
jèsoume epiplèon oti èqoume dÔo trìpouc exèlixhc miac arqik c kat�stashc
|Ψ >. MÐa me k to pl joc monadiakoÔc metasqhmatismoÔc Ui kai mÐa ìpou prÐn
apì k�je dr�sh tou Ui prohgeÐtai mÐa dr�sh thc Ox ìpwc faÐnetai parak�tw

|Ψx
k > = UkOxUk−1Ox...U1Ox|Ψ > (171)

|Ψk > = UkUk−1...U1|Ψ > (172)

E�n orÐsoume thn posìthta

Dk =
∑

x

||Ψx
k −Ψk||2, (173)

ìpou gia eukolÐa qrhsimopoi same |Ψ >= Ψ, aut  ekfr�zei th diafor� pou
ja èqei h exèlixh tou sust matoc k�tw apì èna genikì metasqhmatismì se
sqèsh me thn exèlix  tou me th bo jeia thc pÔlhc m�nth. E�n eÐnai polÔ mikr 
shmaÐnei oti h exèlixh me th bo jeia tou m�nth de diaqwrÐzei kai polÔ thn telik 
kat�stash apì opoiad pote �llh dunat  exèlixh, sunep¸c eÐnai polÔ apÐjano
aut  na èqei sugklÐnei sth lÔsh |x >. E�n apodeÐxoume pr¸ton oti o rujmìc
aÔxhshc tou Dk eÐnai �nw fragmènoc apì Dk ≤ 4k2 kai deÔteron oti gia na
èqoume ikanopoihtik  pijanìthta na broÔme th lÔsh ja prèpei Dk = O(N)
prokeimènou na mporeÐ na diaqwrÐsei N antikeÐmena, ja èqoume apodeÐxei oti
gia na broÔme me meg�lh pijanìthta thn |x > qreiazìmaste to polÔ

√
N

b mata.
H pr¸th prìtash apodeiknÔetai me th mèjodo thc epagwg c. Gia k = 0

isqÔei h isìthta thc prìtashc. Upojètoume oti isqÔei gia to b ma k

Dk ≤ 4k2 (174)

en¸ gia to b ma k + 1 èqoume

Dk+1 =
∑

x

||OxΨ
x
k −Ψk||2 (175)

=
∑

||Ox(Ψ
x
k −Ψk) + (Ox − I)Ψk||2 (176)

Blèpontac to dexÐ mèloc wc to tetr�gwno tou ajroÐsmatoc dÔo dianusm�twn
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kai qrhsimopoi¸ntac thn tautìthta ||a+b||2 ≤ ||a||2 +2||a||||b||+ ||b||2 èqoume

Dk+1 ≤
∑

x

(||Ψx
k −Ψk||2 + 4||Ψx

k −Ψk|| | < x||Ψk > |+ 4| < Ψk|x > |2)

≤ Dk + 4(
∑

x

(||Ψx
k −Ψk||2)1/2(

∑

x′
| < Ψk|x′ > |2)1/2 + 4 (177)

≤ Dk + 4
√

Dk + 4 (178)

ìpou stic duo teleutaÐec anisìthtec qrhsimopoi jhke h anisìthta Cauchy-
Schwarz kai h sqèsh plhrìthtac

∑
x | < x|Ψk > |2 = 1. Apì thn (174)

èqoume
Dk+1 ≤ 4k2 + 8k + 4 = 4(k + 1)2 (179)

kai h anisìthta apedeÐqjh.
Proqwr¸ntac sth deÔterh prìtash ja qreiastoÔme mia el�qisth pijanìth-

ta eÔreshc thc |x > me thn opoÐa jewroÔme oti algìrijmoc eÐnai epituq c. H
el�qisth dunat  epilog  eÐnai 1/2 pou gia thn probol  thc telik c kat�stashc
sthn lÔsh |x > shmaÐnei

| < x|Ψx
k > |2 ≥ 1/2 (180)

Sta plaÐsia pou mac endifèrei mìno h pijanìthta eÔreshc thc kat�stashc
kai ìqi to pl�toc pijanìthtac den mac apasqoloÔn tuqìn olikèc f�seic twn
katast�sewn kai mporoÔme na jewr soume oti | < x|Ψx

k > | =< x|Ψx
k >.

Katìpin toÔtou kai mèsw thc (180) èqoume

||Ψx
k − x||2 = 2− 2| < x|Ψx

k > | ≤ 2−
√

2 (181)

E�n orÐsoume dÔo mètra epituqÐac tou algìrijmou, èna gia k�je ènan apì
touc dÔo trìpouc exèlixhc twn (171), wc

Ek =
∑

x

||Ψx
k − x||2 (182)

Fk =
∑

x

||x−Ψk||2 (183)

mporoÔme na xanagr�youme to Dk me th morf 

Dk =
∑

x

||(Ψx
k − x)(x−Ψk)||2 (184)

≥
∑

x

||Ψx
k − x||2 − 2

∑
x

||Ψx
k − x|| ||x−Ψk||+

∑
x

||x−Ψk||2(185)

= Ek + Fk − 2
∑

x

||Ψx
k − x|| ||x−Ψk|| (186)

≥ Ek + Fk − 2
√

EkFk = (
√

Fk −
√

Ek)
2 (187)
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ìpou sto teleutaÐo b ma qrhsimopoi jhke h anisìthta Cauchy-Schwarz

∑
x

||Ψx
k − x|| ||x−Ψk|| ≤

√
EkFk (188)

Gia to Ek èqoume mia sqèsh anisìthtac. Qreiazìmaste mÐa kai gia to Fk.
Gia opoiad pote kanonikopoihmènh kat�stash se èna q¸ro Hilbert me |x > mia
orjokanonik  b�sh se autìn èqoume apì thn anisìthta Cauchy-Schwarz

∑
x

||Ψ− x||2 =
∑

x

(||Ψ||2 + ||x||2 − 2||Ψ|| ||x|| (189)

≥
∑

x

||Ψ||2 +
∑

||x||2 − 2
∑

| < Ψ|x > |2 (190)

= 1N + 1N − 2 (191)
≥ 2N − 2

√
N (192)

ìpou to teleutaÐo b ma eis qjh dedomènou oti N ≥ 1 gia dieukìlunsh sta
epìmena.

GnwrÐzontac loipìn oti

Fk ≥ 2N − 2
√

N (193)
Ek ≤ (2−

√
2)N (194)

èpetai apì thn (184)pwc

Dk ≥ cN , µε c ≤ [
√

2−
√

2−
√

2 ]2 (195)

'Eqontac kai wc dedomèno to apotèlesma Dk ≤ 4k2 apì thn epagwgik  mèjodo
thc pr¸thc apìdeixhc prokÔptei to zhtoÔmeno apotèlesma

k ≥
√

cN

4
(196)

AxÐzei na anaferjeÐ oti sto [15] parousi�zetai mia pio leptomer c apìdeix-
h, pou parolaut� akoloujeÐ perÐpou ta Ðdia b mata, h opoÐa apodeiknÔei oti to
k�tw ìrio isqÔei kai gia algìrijmouc me mègisth pijanìthta eÔreshc thc lÔsh-
c. H melèth exet�zei kai algìrijmouc pou qrhsimopoioÔn metr seic kat� th
leitourgÐa touc, ìpwc kai to endeqìmeno par�llhlhc epexergasÐac me qr sh
poll¸n pul¸n-Oracle qwrÐc na all�zei to ìrio.
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5 KBANTIKOI TUQAIOI PERIPATOI.
Me ton algìrijmo tou Grover eÐdame oti mporoÔme na broÔme èna
antikeÐmeno se mia b�sh dedomènwn pio gr gora apì ìti me ènan
klassikì algìrijmo. Aut  h epit�qunsh kat�

√
N epitugq�ne-

tai se mia entopismènh b�sh dedomènwn. E�n fantastoÔme ìmwc
mia b�sh thc opoÐac ta stoiqeÐa èqoun mia di�taxh sto q¸ro, gia
par�deigma apoteloÔn èna gr�fo, mìno kai mìno h metakÐnhsh apì
to èna shmeÐo thc b�shc sto �llo apaiteÐ k�poio qrìno. Autìc ja
prèpei na sunupologisteÐ sthn taqÔthta eÔreshc tou zhtoÔmenou
antikeimènou. Qreiazìmaste ènan èxupno trìpo ¸ste na mporoÔme
na sar¸soume th b�sh polÔ gr gora.
H mèjodoc twn tuqaÐwn perip�twn (Random Walks) eÐnai polÔ
gnwst  stouc klassikoÔc upologistèc gia thn taqÔthta s�rwshc
enìc gr�fou. Ed¸ ja genikeÔsoume th basik  idèa twn tuqaÐwn
perip�twn gia thn efarmog  touc se qubits kai ja doÔme oti qrhsi-
mopoi¸ntac kai p�li thn idiìthta tou enagkalismoÔ mporoÔme na
epitÔqoume polÔ pio gr gorh s�rwsh enìc gr�fou me th qr sh
twn legìmenwn kbantik¸n tuqaÐwn perip�twn (Quantum Random
Walks).
Se autì to kef�laio ja parousi�soume sunoptik� tou klasikoÔc
tuqaÐouc perÐpatouc kai sth sunèqeia to kbantikì touc an�logo.

5.1 KlasikoÐ tuqaÐoi perÐpatoi.
H pio klasik  efarmog  twn tuqaÐwn perip�twn brÐsketai se èna d−di�stato
�peiro kanonikì gr�fo, èna d−di�stato �peiro plègma, ston eukleÐdeio q¸ro.
K�je plegmatikì shmeÐo,   kìmboc, èqei q pr¸touc geÐtonec. MporoÔme na
fantastoÔme se autì to plègma oti se mia qronik  stigm  t0 up�rqei ènac
peripatht c se èan kìmbo tou x0. Met� apì èna peperasmèno kai el�qisto
qronikì di�sthma ∆t phd�ei apì to dedomèno plegmatikì shmeÐo se èna diplanì
tou x1 me pijanìthta 1/q gia to kajèna28. MporoÔme na fantastoÔme oti
prin apì k�je b ma k�poioc pet�ei èna nìmisma ka an�loga me to apotèlesma
o peripatht c ja kinhjeÐ proc th mÐa kateÔjunsh   thn �lllh. Met� apì
èna akìma ∆t phd�ei se èna �llo diplanì k.o.k. K�je met�bash jewreÐtai
statistik� anex�rthth apì opoiad pote �llh29. Me autì to skeptikì, an sthn

28Εν γένει η πιθανότητα θα μπορούσε να είναι διαφορετική για κάθε σημείο αλλά εδώ
εξετάζουμε την απλούστερη περίπτωση

29Η στατιστική ανεξαρτησία είναι απαραίτητη προϋπόθεση για να είναι ο τυχαίος περίπατος
διαδικασία Markov
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arqik  jèsh af soume polloÔc peripathtèc, met� apì sugkekrimèno qrìno ja
èqei kalufjeÐ meg�lo posostì tou gr�fou.

En gènei oi idiìthtec tou perÐpatou exart¸ntai isqur� apì tic idiìthtec tou
plègmatoc. 'Omwc, se aut  th sugkritik  parousÐash klasik¸n kai kbantik¸n
tuqaÐwn perip�twn, ja antiparab�lloume tic basikìterec asumptwtikèc touc
idiìthtec pou eÐnai anex�rthtec apì thn epilog  tou plègmatoc. Gia autì
h melèth mac thc apl c morf c tou �peirou orjokaninikoÔ plègmatoc mac
kalÔptei.

Gia eukolÐa qeirismoÔ tou plègmatoc orÐzoume thn orjokanik  b�sh e1, ..., ed

ston <d wste k�je kìmboc na mporeÐ na ekfrasteÐ wc −→x = xµeµ me xµ =
0, 1, 2, 3, .... Gia autì to plègma èqoume q = 2d. H pio basik  posìthta pou
fusik� jèlei na upologÐsei kaneÐc eÐnai h pijanìthta (desmeumènh pijanìthta)
o peripatht c na brejeÐ sto shmeÐo x1 th stigm  t1 dedomènou oti th stigm  t0
briskìtane sth jèsh x0 P (x1, t0; x0, t0). H pr¸th profan c tou idiìthta eÐnai
oti an den per�sei qronikì di�sthma ∆t den mporeÐ na gÐnei kamÐa met�bash.

P (x1, t0; x0, t0) = δx1,x0 (197)

H pijanìthta aut  mporeÐ na oristeÐ mìno gia t1 ≥ t0. Sth sugkekrimènh
perÐptwsh tou apeÐrou plègmatoc o q¸roc kai o qrìnoc eÐnai omogeneÐc kai h
pijanìthta exart�tai mìno apì tic diaforèc sto q¸ro kai to qrìno

P (x1, t0; x0, t0) = P (x1 − x0; t1 − t0) (198)

en¸ gia k�je qronik  stigm  t1 ja prèpei na isqÔei h sunj kh kanonikopoÐhshc.
∑
x1

P (x1, t1; x0, t0) = 1 (199)

Pèra apì tic polÔ qr simec idiìthtec pou proanafèrame ja jèlame na
èqoume kai mia analutik  èkfrash thc desmeumènhc pijanìthtac sunart sei
twn arqik¸n kai telik¸n qwroqronik¸n suntetagmènwn. To pr¸to b ma proc
aut  thn kateÔjunsh eÐnai h èkfrash thc pijanìthtac gia diadoqikèc stigmèc
t, t + ∆t

P (−→x , t + ∆t;−→x 0, t0) =
1

2d

∑

[x′,x]

P (
−→
x′ , t;−→x 0, t0) (200)

ìpou [x′, x] sumbolÐzei touc kìmbouc x′ pou eÐnai geÐtonec tou x kai qrhsi-
mopoi jhke h idiìthta oti o peripatht c mporeÐ na brejeÐ sth jèsh x th stigm 
t+∆t an kai mìno an th stigm  t briskìtane se mÐa apì tic jèseic x′ pou eÐnai
geÐtonec tou x.

Gia d = 1 aut  h sqèsh tautÐzetai me ton tÔpo tou Pascal gia thn kataskeu 
twn suntelest¸n thc diwnumik c katanom c. Me tic sqèseic (197, 199, 200)
h desmeumènh pijanìthta eÐnai pl rwc orismènh.
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Qrhsimopoi¸ntac th diakritopoihmènh ekdoq  tou laplasianoÔ telest 

∆f(−→x ) =
1

2d

d∑
µ=1

[f(x + eµ) + f(x− eµ)− 2f(x)] (201)

h (200) mporeÐ na grafteÐ wc

P (x, t + 1; x0, t0)− P (x, t; x0, t0) = ∆P (x, t; x0, t0) (202)

pou eÐnai ousiastik� h exÐswsh di�qushc, (θt −∆)P = 0, se morf  peperas-
mènwn diafor¸n.

Dedomènou oti mac endiafèroun oi asumptwtikèc idiìthtec tou perip�tou
af noume ton periorismì thc diakritìthtac tou q¸rou kai pern�me sth suneq 
tou ekdoq . Me autì to dedomènou mporoÔme na anazht soume lÔsh thc (202)
qrhsimopoi¸ntac to metasqhmatismì Fourier

P (x, t; x0, t0) =

∫ π

−π

dd−→k
(2π)d

ei
−→
k −→x P̃ (

−→
k , t) (203)

Apì thn arqik  sunj kh

P (x, t = t0; x0, t0) = δx,x0 (204)

ja prèpei na isqÔei
P̃ (
−→
k , t0) = e−i

−→
k −→x 0 (205)

apì ìpou prokÔptei oti

P̃ (
−→
k , t + 1) =

1

d

d∑
µ=1

cos
−→
k µP̃ (

−→
k , t). (206)

'Epetai pwc h lÔsh thc (202) eÐnai

P (x1, t1; x0, t0) =

∫ π

−π

dd−→k
(2π)d

ei
−→
k (−→x1−−→x0)(

1

d

d∑
µ=1

cos
−→
k µ)t1−t0 (207)

Gia na mporèsoume na melet soume tic asumptwtikèc lÔseic se meg�louc
qrìnouc kai apost�seic all�zoume thn plegmatik  kai qronik  stajer� apì
mon�da se α kai τ . Autì epitugq�netai me tic antikatast�seic t → t/τ ,
x → x/α,

−→
k → α

−→
k . 'Etsi h (208) gÐnetai

P (x1 − x0, t1 − t0) = αd

∫ π/α

−π/α

dd−→k
(2π)d

ei
−→
k (−→x1−−→x0)(

1

d

d∑
µ=1

cos
−→
k µ)(t1−t0)/τ (208)
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En suneqeÐa jewrìntac mia perioq  ∆x gÔrw apì to x, arket� megalÔterh
tou stoiqei¸douc ìgkou αd, all� sugqrìnwc arket� mikr  ¸ste na jewreÐtai
to P stajerì se aut n, mporoÔme na orÐsoume thn puknìthta pijanìthtac p
wc

p(x1 − x0, t1 − t0)∆x =
∑

x′1∈∆x

P (x′1 − x0, t1 − t0) (209)

' ∆x

ad
P (x1 − x0, t1 − t0) (210)

kai sunep�getai oti

p(x1 − x0, t1 − t0) = lim
α,τ→0

∫ π/α

−π/α

dd−→k
(2π)d

ei
−→
k (−→x1−−→x0)(

1

d

d∑
µ=1

cos
−→
k µ)(t1−t0)/τ (211)

'Omwc, ìpwc faÐnetai kai apì to an�ptugma tou sunhmitìnou

1

d

d∑
µ=1

cos
−→
k µ)(t1−t0)/τ = (1− α2

d

−→
k 2

2
+ ...) → e−(t1−t0)/

−→
k 2 (212)

to parap�nw olokl rwma sugklÐnei mìno e�n o lìgoc τ/α2 eÐnai stajerìc kai
sugkekrimèna

τ =
α2

2d
(213)

'Wc apotèlesma h puknìthta pijanìthtac gÐnetai

p(x1 − x0, t1 − t0) =

∫ π/α

−π/α

dd−→k
(2π)d

e−(t1−t0)/
−→
k 2+i(−→x1−−→x0)

−→
k (214)

=
1

[4π(t1 − t0)]2
e
− (x1−x0)2

4(t1−t0) (215)

pou eÐnai to gnwstì Kernel thc exÐswshc di�qushc se suneq  q¸ro.
To shmantikì ìmwc gia em�c apotèlesma eÐnai h sunj kh sÔgklhshc (216)

τ =
α2

2d
(216)

pou sthn asumptwtik  perÐptwsh dhl¸nei mia sugkekrimènh sqèsh thc apìstash-
c pou dianÔei o peripatht c se k�poio qrìno, gia thn akrÐbeia h apìstash apì
èna arqikì shmeÐo x0 wc èna telikì x1 eÐnai an�logo thc tetragwnik c rÐzac
tou paremballìmenou qrìnou

|x1 − x0| ∼ (t1 − t0)
1
2 (217)
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Blèpoume loipìn oti h taqÔthta k�luyhc tou gr�fou eÐnai sqetik� arg 
afoÔ gia par�deigma gia na ft�sei o peripatht c 10 plegmatik� shmeÐa makri�
ja prèpei na èqoun per�sei 100 mon�dec qrìnou.

Tèloc, mia �llh shmantik  diafor� metaxÔ twn klassik¸n kai twn kban-
tik¸n tuqaÐwn perip�twn eÐnai h diaspor� thc katanom c touc. Sthn klassik 
perÐptwsh eÔkola antilamb�netai kaneÐc oti h katanom  eÐnai gkaousian  (ei-
dik� sthn perÐptwsh thc isopÐjanhc met�bashc stouc pr¸touc geÐtonec). En
antijèsh, ja doÔme oti sthn kbantik  perÐptwsh h katanom  eÐnai entel¸c
diaforetik .

5.2 KbantikoÐ tuqaÐoi perÐpatoi.
Proqwr¸ntac sto kbantikì an�logo twn tuqaÐwn perip�twn ja doÔme oti
qrhsimopoiìntac kbantikèc idiìthtec ìpwc o enagkalismìc kai h upèrjesh
katast�sewn mporoÔme na epitÔqoume polÔ megalÔterec taqÔthtec s�rwshc
tou gr�fou. Gia thn akrÐbeia mporoÔme na èqoume grammik  sqèsh apìstash-
c kai qrìnou epitugq�nwntac thn epit�qunsh se t�xh rÐzac ìpwc kai ston
algìrijmo tou Grover .

Gia na gÐnei eÔkola antilhpt  h diafor� apì thn klassik  perÐptwsh ar-
qik� ja apofÔgoume thn parousÐash miac genik c kai afhrhmènhc perÐptwshc
enìc kbantikoÔ tuqaÐou perip�tou kai ja epikentrwjoÔme sth melèth enìc sug-
kekrimènou aploÔ paradeÐgmatoc. Ja jewr soume èna swm�tio pou mporeÐ na
kineÐtai sto jeseografikì q¸ro se mÐa eujeÐa. Ton rìlo tou nomÐsmatoc thc
klassik c perÐptwshc mporeÐ na ton paÐxei ènac epiplèon didi�statoc q¸roc
Hilbert pou mporeÐ eÔkola na ulopoihjeÐ fusik� apì to spin tou swmatidÐou.

Arqik� to swm�tiì mac eÐnai entopismèno sth jèsh x0
30 kai h kat�stas 

tou gr�fetai wc |ΨXo >. E�n P eÐnai o telest c thc orm c, apoteleÐ genn -
tora tou monadiakoÔ metasqhmatismoÔ

Ul = e−iP l/~ (218)

pou prokaleÐ met�jesh tou kumatopakètou proc ta dexi� kat� l kai h nèa
kat�stash gr�fetai

Ul|ΨXo >= |ΨXo−l > (219)

en¸ o migadikìc suzug c prokaleÐ metatìpish proc thn antÐjeth kateÔjunsh

U †
l |ΨXo >= |ΨXo+l > (220)

Dedomènou oti h kat�stas  mac eÐnai efodiasmènh kai me spin mporeÐ na
up�rxei allhlepÐdrash tètoia ¸ste h qronik  thc exèlixh na dÐnetai apì ton

30Γράφοντας εντοπισμένο εννοούμε μια γκαουσιανή κατανομή με το κέντρο της στο x0.
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monadiakì telest 
Ul = e−i2Sz/~⊗Pl/~ (221)

ìpou o pr¸toc ermhtianìc telest c dra sto q¸ro tou spin kai eÐnai h z
sunist¸sa thc stroform c me dr�sh kat� ta gnwst�

Sz|+ > =
~
2
|+ > (222)

Sz|− > = −~
2
|− > (223)

(224)

stic |+ > kai |− > idiokatast�seic thc antÐstoiqa, en¸ o telest c P dra ìpwc
kai prin sto bajmì eleujerÐac tou q¸rou. 'Enac tètoioc telest c ja mporoÔse
na pragmatopoihjeÐ fusik� me thn allhlepÐdrash tou spin tou swmatidÐou me
èna exwterikì magnhtikì pedÐo. EÐnai safèc oti ènac tètoioc metasqhmatismìc
prokaleÐ thn kat� perÐptwsh met�jesh tou kumatopakètou proc ta dexi�  
arister� an�loga me thn arqik  tim  tou spin kat� pl rh analogÐa me thn
perÐptwsh tou klasikoÔ perÐpatou me to spin na èqei p�rei th jèsh tou nomÐs-
matoc.

Pio sugkekrimèna, e�n h arqik  kat�stash èqei proetoimasteÐ se mÐa apì
tic kajarèc katast�seic b�shc tou spin h qronik  exèlixh ja eÐnai antÐstoiqa

U |+ > |ΨXo > = |+ > |ΨXo−l > (225)
U |− > |ΨXo > = |− > |ΨXo+l > (226)

'Opwc p�nta e�n exet�zoume idiokatast�seic tÐpota to idiaÐtero de sum-
baÐnei. Ta apotelèsmata gÐnontai endiafèronta ìtan exet�soume th qronik 
exèlixh miac genik c upèrjeshc katast�sewn sto q¸ro tou spin

|Ψin > = (a+|+ > +a−|− >)|ΨXo > (227)
U |Ψin > = (a+|+ > |ΨXo−l > +a−|− >)|ΨXo+l > (228)

Blèpoume oti h telik  kat�stash brÐsketai se upèrjesh kai wc proc ta spin
kai wc proc th jèsh. Me mÐa mètrhsh tou Sz ja apofanjoÔme gia thn tim 
tou spin kai antÐstoiqa gia to e�n to kumatopakèto kin jhke proc ta dexi�  
ta arister�.

E�n se k�je b ma (efarmog  tou telest  qronik c exèlixhc) metr�me to
spin eÐnai eÔkolo na doÔme oti anapar�getai pl rwc h sumperifor� tou k-
lasikoÔ tuqaÐou perÐpatou kai to spin paÐzei akrib¸c to rìlo tou nomÐs-
matoc thc klasik c perÐptwshc. Met� th mètrhsh to sÔsthma ja brÐsketai
  sthn kat�stash |+ > |ΨXo−l >   sthn |− > |ΨXo+l > me pijanìthta
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p+ = |a+|2 kai p− = |a−|2 antÐstoiqa. OmoÐwc me thn klasik  perÐptwsh
h metatìpish tou peripatht  eÐnai kat� mèso ìro < x >= l(p+ − p−) kai
efarmìzontac thn Ðdia diakasÐa T forèc (p�nta me endÐamesh mètrhsh se k�-
je b ma) h mèsh apìstash pou ja dianÔetai eÐnai < x >= T l(p+ − p−) en¸
h diaspor� σ2 = 4T lp+p−. H teleutaÐa sqèsh prokÔptei apì ton orismì
thc diaspor�c σ2 =< x2 > − < x >2 me touc antÐstoiqouc ìrouc na eÐnai
< x >2= T l(p+ − p−)2 kai < x >2= T l(p+ + p−)2. Blèpoume èkdhla thn
klasik  sumperifor�.

Autì eÐnai anamenìmeno kaj¸c e�n metr�me se k�je b ma katastrèfoume
ton enagkalismì twn katast�sewn pou dhmiourgeÐtai. Ac doume ti gÐnetai an
den metr soume to spin sthn upologistik  b�sh all� se mÐa �llh estramènh wc
proc aut n kai ja doÔme oti mporoÔme na èqoume peript¸seic apotelesm�twn
ìpou to kumatopakèto èqei peperasmèno pl�toc pijanìthtac se èna b ma na
metatopisteÐ polÔ pio makri� apì thn apìstash l.

IsodÔnama, ja mporoÔsame na strèyoume to spin kai ìqi th b�sh mètrhs c
tou. Mia tuqaÐa (ìqi h genikìterh) strof  ston q¸ro twn spin gr�fetai

R(θ) =

(
cosθ −sinθ
sinθ cosθ

)
(229)

en¸ ston Ðdio q¸ro o Sz eÐnai

Sz =
1

2

(
1 0
0 −1

)
=

1

2
(|+ >< +| − |− >< −|) (230)

Mac endiafèrei na broÔme thn kat�stash pou ja p�roume e�n k�noume
mia mètrhsh sto q¸ro twn spin afoÔ èqei exeliqjeÐ qronik� kat� th di�rkeia
miac mon�dac qrìnou kai èqei strafeÐ prin th mètrhsh. Y�qnoume dhlad  thn
kat�stash MzR(θ)U |Ψin > (bl. sq ma 22) O telest c thc qronik c exèlixhc
apì th sqèsh (230) mporeÐ na grafeÐ wc

U = e−2iSz⊗Pl (231)
= e−2i(|+><+|−|−><−|)Pl (232)

ìpou jewr same ~ = 1 kai paraleÐyame to sÔmbolo tou tanustikoÔ ginomènou
gia eukolÐa. Dedomènou oti èqoume analÔsei ton Sz stic idiokatast�seic tou,
pou eÐnai k�jetec metaxÔ touc, anamènei kaneÐc oti h dr�sh tou U ja mporeÐ
na sp�sei se ginìmeno anex�rthtwn dr�sewn stouc dÔo upìqwrouc. Pr�gmati
eÔkola apodeiknÔetai oti oi telestèc |+ >< +| kai |− >< −| metatÐjentai
[|+ >< +|, |− >< −|] = 0, ìpwc epÐshc kai to oti eÐnai probolikoÐ telestèc
|+ >< +|k = |+ >< +| kai |− >< −|k = |− >< −|. AnaptÔsontac to
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Sq ma 22: Sto pr¸to kÔklwma apeikonÐzetai h qronik  exèlixh gia èna b ma
tou kbantikoÔ tuqaÐou perÐpatou ìpou to kumatopakèto metatopÐzetai kat�
mÐa apìstash l proc dexi�   arister�. Sto deÔtero kÔklwma prin th mètrhsh
strèfoume thn kat�stash tou spin kai akoloÔjwc metr�me. Autì epitrèpei
pl�th pijanìthtac ìpou h telik  apom�krunsh met� apì èna b ma mporeÐ na
èqei polÔ megalÔterec timèc apì l.

ekjetikì sthn (231), qrhsimopoi¸ntac tic idiìthtec twn |+ >< +|, |− >< −|
kai xanasqhmatÐzontac to ekjetikì eÔkola apodeiknÔetai oti

U = |+ >< +|e−iP l |− >< −|eiP l (233)

'Eqontac plèon ìlouc touc telestèc sthn epijumht  morf  mporoÔme na
arqÐsoume na upologÐzoume th zhtoÔmenh kat�stash MzR(θ)U |Ψin >. H ar-
qik  kat�stash ìpwc èqoume xanagr�yei eÐnai

|Ψin >= (a+|+ > +a−|− >)|ΨXo > (234)

h opoÐa met� apì èna b ma ston kbantikì tuqaÐo perÐpato gÐnetai

U |Ψin > = (a+|+ > e−iP l + a−|− > eiP l)|ΨXo > (235)
(236)

=

(
a+e−iP l

a−eiP l

)
|ΨXo > (237)

SuneqÐzontac ston upologismì thc strof c aut c thc kat�stashc èqoume

R(θ)U |Ψin >=

(
a+cosθe−iP l − a−sinθeiP l

a+sinθe−iP l + a−cosθeiP l

)
|ΨXo > (238)

Se autì to shmeÐo mporoÔme na k�noume mia prosèggish. E�n h arqik  ku-
matosun�rths  mac eÐnai entopismènsh stic ormèc (dhlad  h diaspor� ∆x tou
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arqikoÔ kumatopakètou eÐnai polÔ megalÔterh apì to m koc l enìc b matoc)
mporoÔme na proseggÐsoume to ekjetikì se pr¸th t�xh wc

e±iP l|ΨXo >≈ (I ± iP l)|ΨXo > (239)

kai h (240) gr�fetai

R(θ)U |Ψin > ≈
(

a+cosθ(I − iP l)− a−sinθ(I + iP l)
a+sinθ(I − iP l) + a−cosθ(I + iP l)

)
|ΨXo > (240)

≈
(

I(a+cosθ − a−sinθ)− iP l(a+cosθ + a−sinθ)
I(a+sinθ + a−cosθ)− iP l(a+sinθ − a−cosθ)

)
|ΨXo >

≈ {(a+cosθ − a−sinθ)[I − iP l
a+cosθ + a−sinθ

a+cosθ − a−sinθ
]|+ > (241)

+(a+sinθ + a−cosθ)[I − iP l
a+sinθ − a−cosθ

a+sinθ + a−cosθ
]|− >}|ΨXo >

E�n h arqik  diaspor� ∆x eÐnai arket� megalÔterh apì tic apomakrÔnseic
lδ+, lδ− mporoÔme na antistrèyoume thn arqik  prosèggish tou ekjetikoÔ kai
na gr�youme

(I − iP lδ±)|ΨXo >≈ e−iP lδ±|ΨXo >= |ΨXo−lδ± > (242)

me

lδ+ = l
a+cosθ + a−sinθ

a+cosθ − a−sinθ
(243)

lδ− = l
a+sinθ − a−cosθ

a+sinθ + a−cosθ
(244)

Sunep¸c, k�nontac mia mètrhsh sto q¸ro twn spin ja p�roume mÐa apì tic
katast�seic

MzR(θ)U |Ψin >= { |+ > ⊗|ΨXo−lδ+ >
|− > ⊗|ΨXo−lδ− >

(245)

me pijanìthtec

p+ = |a+cosθ − a−sinθ|2 (246)
p− = |a+sinθ + a−cosθ|2 (247)

kai antÐstoiqec apomakrÔnseic

lδ+ = l
a+cosθ + a−sinθ

a+cosθ − a−sinθ
(248)

lδ− = l
a+sinθ − a−cosθ

a+sinθ + a−cosθ
(249)
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Blèpoume oti oi apomakrÔnseic exart¸ntai apì thn epilog  thc gwnÐac
θ. Gia θ = 0   θ = π/2 profan¸c paÐrnoume tic anamenìmenec metatopÐseic
kat� ±l. 'Omwc ìso perissìtero h gwnÐa teÐnei proc tanθ = |a+/a−| (tic 45
moÐrec gia |a+| = |a−|) pou antistoiqeÐ se maximally entangled katast�seic h
apom�krunsh mporeÐ na p�rei polÔ meg�lec timèc. Gia par�deigma e�n tanθ =
|a+/a−|(1 + ε) me l/∆x << |ε| << 1 h pijanìthta na metr soume thn |+ >
kat�stash tou spin eÐnai men mikr  p+ ≈ |a+a−|2ε2 all� h apom�krunsh lδ+

gÐnetai lδ+ ≈ −2l/ε pou eÐnai polÔ megalÔterh apì l. AntistoÐqwc eÐnai
polÔ pijanìtero na metr soume thn |− > kat�stash tou spin me pijanìthta
p≈1−|a+a−|2ε2 kai apom�krunsh thc t�xhc tou l, lδ+ ≈ l(|a+|2−|a−|2)+O(lε).
Fusik� h mèsh metatìpish kai h diaspor� mènoun Ðdiec me thn prohgoÔmenh
perÐptwsh, qwrÐc strof  tou spin.

To shmantikì eÐnai na parathr soume oti up�rqoun peript¸seic ìpou, se
èna mìno b ma, up�rqei pl�toc pijanìthtac opou oi metatopÐseic mporoÔn na
gÐnoun polÔ megalÔterec apì thn apìstash l se shmantik  antÐjesh me thn
klasik  perÐptwsh. EpÐshc, axioshmeÐwto eÐnai oti autèc oi meg�lec metatopÐ-
seic èqoun mikrì all� peperasmèno pl�toc pijanìthtac ìtan h gwnÐa strof c
eÐnai perÐpou 45 moÐrec kai ìqi akrib¸c31. Aut� ta gegonìta loipìn up�rqoun
sta ìria miac diam�qhc metaxÔ tou mègistou enagkalismoÔ twn katast�sewn
spin kai thc pijanìthtac Ôparxhc meg�lwn metatopÐsewn.

Apì thn parap�nw melèth blèpoume oti se k�je b ma enìc kbantikoÔ
tuqaÐou perÐpatou up�rqei peperasmèno pl�toc pijanìthtac to kumatopakè-
to mac na metatopÐzetai polÔ perissìtero apì mia plegmatik  stajer�, se
antÐjesh me to klasikì an�logo. Katìpin toÔtou eÐnai eÔkolo na katal�bei
kaneÐc oti en gènei ènac kbantikìc tuqaÐoc perÐpatoc den eÐnai tÐpote �llo apì
mia suneq  diadoq  twn prohgoÔmenwn bhm�twn me th mètrhsh fusik� na par-
aleÐpetai sta endi�mesa b mata gia na diathreÐtai o enagkalismìc. Tèloc, ja
prèpei o q¸roc ston opoÐo kineÐtai to swm�tio na gÐnei ekpefrasmèna diakritìc
kai peperasmènoc gia na mporeÐ na prosomoiwjeÐ se ènan kbantikì upologist .

Up�rqoun en gènei duo tÔpoi kbantik¸n tuqaÐwn perip�twn. Oi legìmenoi
diakritoÔ kai suneqoÔc qrìnou oi opoÐoi diafèroun tìso metaxÔ touc ìso kai
me to par�deigma thc prohgoÔmenhc paragr�fou.

5.2.1 KbantikoÐ tuqaÐoi perÐpatoi diakritoÔ qrìnou.

H logik  twn kbantik¸n tuqaÐwn perip�twn diakritoÔ qrìnou eÐnai �meso
akìloujo thc prohgoÔmenhc melèthc. Sthn prohgoÔmenh par�grafo eÐqame
ousiastik� melet sei èna b ma tou algorÐjmou kai o q¸roc mac  tan suneq c

31Σε αυτή την περίπτωση εύκολα βλέπει κανείς οτι οι μετατοπίσεις είναι περίπου ίσες με l
και η πιθανότητα μεγάλων μετατοπίσεων γίνεται μηδέν.
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kai �peiroc. Gia na epitÔqoume th met�bash sto zhtoÔmeno tÔpo algorÐj-
mou prèpei af' enìc na epanal�boume aut� ta b mata qwrÐc endi�mesh mètrhsh
gia na mhn katastrèfetai o enagkalismìc. Afetèrou, na diakritopoi soume
ton q¸ro mac kai na ton katast soume peperasmèno, ki autì gia na mporeÐ
argìtera na prosomoiwjeÐ se èna kbantikì upologist .

Xekin�me apì to deÔtero. JewroÔme èna plègma se mÐa gramm 32 me pleg-
matik  stajer� = 1. Sto k�je plegmatikì shmeÐo antistoiqeÐ kai èna di�nusma
b�shc tou q¸rou Hilbert |i >: i ∈ Z. H k�je kat�stash |i > antistoiqeÐ sto
entopismèno kummatopakèto |Ψ > thc prohgoÔmenhc paragr�fou an kai de ja
mac apasqol sei h ermhneÐa thc wc entopismèno swmatÐdio par� mìno argìter-
a gia thn peiramatik  pragmatopoÐhsh tou algorÐjmou. Gia autì to lìgo ac
apokalèsoume autì to q¸ro Hilbert jeseografikì (Hp).

Aux�noume th di�stash tou q¸rou Hilbert empoutÐzont�c ton me ena didi�s-
tato q¸ro nomÐsmatoc Hc = |+ >, |− > pou paÐrnei to rìlo tou spin thc
prohgoÔmenhc paragr�fou. Sunep¸c o sunolikìc q¸roc Hilbert eÐnai to
tanustikì ginìmeno twn dÔo H = Hc + Hp. To ekjetikì thc prohgoÔmenhc
paragr�fou pou periègrafe thn upo sunj kh met�jesh dexi�   arister� ,m-
poreÐ na grafeÐ wc

S = |+ >< +| ⊗
∑

i

|i + 1 >< i|+ |− >< −| ⊗
∑

i

|i− 1 >< i| (250)

pou ekteleÐ to metasqhmatismì

S|+ > ⊗|i > = |+ > ⊗|i + 1 > (251)
S|− > ⊗|i > = |− > ⊗|i− 1 > (252)

'Eqontac orÐsei to basikì mac b ma sto nèo diakritì q¸ro Hilbert mènei
na broÔme ton antÐstoiqo thc strof c sto q¸ro tou spin telest  (C) pou
prohgeÐtai thc dr�shc S gia na epiteuqjeÐ h upèrjesh ston Hc kai o sunolikìc
monadiaÐoc metasqhmatismìc se k�je b ma na eÐnai U = S(C ⊗ I).

Apait¸ntac to ""nìmism�"� mac na eÐnai amerìlhpto ¸ste h met�jesh ekatèr-
wjen thc arqik c jèshc na eÐnai isopÐjanh h pio logik  epilog  eÐnai h C = H,
ìpou H o telest c Hadamar,

H =
1√
2

(
1 1
1 −1

)
(253)

32Θα περιοριστούμε στη μία διάσταση για ευκολία. Εξ΄ άλλου μας εν διαφέρουν τα α-
συμπτωτικά αποτελέσματα τα οποία εύκολα γενικεύονται για γενικούς γράφους.
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'Ontwc, se èna b ma tou algìrijmou èqoume p.q.

H|+ > ⊗|0 > =
1

sqrt2
(|+ > +|− >)⊗ |0 > (254)

SH|+ > ⊗|0 > =
1

sqrt2
(|+ > ⊗|1 > +|− > ⊗| − 1 >)) (255)

pou me mètrhsh sth b�sh tou nomÐsmatoc |+ >, |− > paÐrnoume met�jesh kat�
èna b ma dexi�   arister� thc arqik c jèshc me thn Ðdia pijanìthta. Fusik�
met� apì mia tètoia mètrhsh q�netai h kbantik  upèrjesh kai eÔkola mporeÐ
na dei kaneÐc oti an met� apì k�je b ma ektelleÐtai mètrhsh paÐrnoume ènan
klassikì tuqaÐo perÐpato me asumptwtik  (gia meg�lo arijmì T epanal yewn
tou b matoc) morf  mia gkaousian  gÔrw apì to mhdèn (apì ton orismì thc
gkaousian c katanom c) kai diaspor� σ2 = T .

Ac doÔme ti ja gÐnei an diathr soume thn kbantik  upèrjesh metaxÔ twn
bhm�twn. Se T b mata o algìrijmoc orÐzetai wc o monadiakìc metasqhma-
tismìc UT me

U = S(C ⊗ I) (256)

H diafor� me thn klassik  perÐptwsh gÐnetai emfan c apì ta pr¸ta b mata
tou algìrijmou. Ac exelÐxoume gia par�deigma thn |Φin > −|− > |0 >, ìpou
parallèiyame to exwterikì ginìmeno q�rhn suntomÐac, ìpwc ja k�noume kai
sth sunèqeia.

|Φin > → 1√
2
(|+ > |1 > −|− > | − 1 >) (257)

→ 1

2
[|+ > |2 > −(|+ > −|− >)|0 > +|− > | − 2 >] (258)

→ 1

2
√

2
[|+ > |3 > +(|− > +|+ > −|+ >)|1 > +(|+ > −2|− >)| − 1 > −|− > | − 3 >]

=
1

2
√

2
[|+ > |3 > +|− > |1 > +|+ > | − 1 > −2|− > | − 1 > −|− > | − 3 >]

'Hdh sto trÐto b ma eÐnai emfaneÐc oi enisqutikèc kai katastreptikèc sumbolèc
se k�poia shmeÐa. SuneqÐzontac gia 100 b mata paÐrnoume gia to pl�toc pi-
janìthtac sunart sei thc jèshc to gr�fhma tou sq matoc 23.

Autì pou parathroÔme prwtÐstwc eÐnai h meg�lh diafor� se sqèsh me thn
gkaousian  katanom  thc klassik c perÐptwshc. En antijèsh eÐnai èkdhlh mia
t�sh gia dÔo korufèc pou apomakrÔnontai apì thn arqik  jèsh. Deutereuìn-
twc, axÐzei na parathrhjeÐ oti se k�je perittì b ma to pl�toc pijanìthtac
sta �rtia plegmatik� shmeÐa eÐnai mhdèn kai se k�je �rtio b ma to antÐjeto.
Tèloc, parathreÐtai mia anisotropÐa sth sumperifor� tou algorÐjmou stic dÔo
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Sq ma 23: To pl�toc pijanìthtac sunart sh thc apìstashc met� apì 100 b -
mata gia ènan anisìtropo kbantikì perÐpato peperasmènou qrìnou. AnaparÐs-
tantai mìno ta shmeÐa �rtiac plegmatik c stajer�c kaj¸c ta peritt� èqoun
pl�toc pijanìthtac mhdèn. Gia perittì pl joc bhm�twn isqÔei to an�podo.
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katuejÔnseic. Autì eÐnai anamenìmeno kaj¸c o telest c Hadamar diathreÐ
p�nta jetik  f�sh sthn |+ > kat�stash en¸ arnhtik  sthn |− >. Sunep¸c oi
metatopÐseic proc arister� pou sunodeÔontai apì jetikì spin ja èqoun pollèc
jetikèc sumbolèc en¸ oi metatopÐseic proc ta arister� pollèc katastreptikèc
afoÔ sunodeÔontai apì arnhtikì spin.

H anisotropÐa aut  eÔkola diorj¸netai an xeqwrÐsoume tic dÔo exelÐxeic,
proc dexi� kai arister� antÐstoiqa. O pio eÔkoloc trìpoc na gÐnei autì eÐnai
na oi metatopÐseic proc ta dexi� na èqoun pragmatik  f�sh kai oi metatopÐseic
proc arister� na èqoun fantasik . Autì mporeÐ na gÐnei me dÔo trìpouc.
'H me thn epilog  thc arqik c kat�stashc se upèrjesh katast�sewn spin
(|Φin >=

1

√
2(|+ > +i|− >)|0 >)   me thn allag  tou nomÐsmatoc

H → Y =
1√
2

(
1 i
i 1

)
(259)

Sthn pr¸th perÐptwsh o diaqwrismìc se pragmatikì kai fantastikì mèroc
pou taxideÔoun dexi� kai arister� antÐstoiqa gÐnetai ax' arq c me thn epilog 
thc arqik c kat�stashc kai diasfalÐzetai sta epìmena b mata apì to ìti o
telest c Hadamar den eis�gei fantastikèc f�seic. Sth deÔterh perÐptwsh o
diaqwrismìc exasfalÐzetai apì to Ðdio to nìmisma pou p�nta prosdÐdei fan-
tastik  f�sh stic |− > katast�seic kai pragmatik  stic |+ >. To pl�toc
pijanìthtac sunart sh thc jèshc gia thn pr¸th perÐptwsh anaparÐstatai sto
sq ma 24.

DÔo eÐnai oi shmantikèc parathr seic. Pr¸ton oti èqoume exelÐxei ton
algìrijmo gia 100 b mata kai èqoume peperasmèno pl�toc pijanìthtac o peri-
patht c na brÐsketai sqedìn 80 b mata makri� apì thn arqik  jèsh. Autì
sÐgoura de sun�dei me thn klasik  taqÔthta enìc perÐpatou pou ja  tane 10
b mata afoÔ èqoume deÐxei oti s ∝ O(

√
t). FaÐnetai m�lista na up�rqei mi-

a grammik  sqèsh thc dianuìmenhc apìstashc kai tou qrìnou s ∝ O(t) pou
shmaÐnei kbantik  epit�qunsh t�xhc rÐzac.

DeÔteron, profan¸c ìpwc kai sthn anisìtroph perÐptwsh h diafor� me
th gkaousian  katanom  eÐnai meg�lh. M�lista, faÐnetai oti sto di�sthma
(−

√
T/2),

√
t/2 h katanom  eÐnai sqedìn omoiìmorfh. Kai tic dÔo parathr -

seic ja apodeÐxoume analutik� sto asumptwtikì ìrio sto par�rthma B.
Proqwrìntac sth sÔndesh me ton algìrijmo tou Grover , ac melet soume

ti nìmisma ja qrei�zetai gia èna poludi�stato montèlo. H pr¸th skèyh eÐnai
na antikatast sei kaneÐc ton telest  Hadamar me th genÐkeus 33 tou, ton
telest  tou kbantikoÔ metasqhmatismoÔ Fourier pou gia èna ddi�stato plègma

33Ο 2x2 πίνακας του κβαντικού μετασχηματισμού Fourier ταυτίζεται με τον πίνακα
Hadamar .
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Sq ma 24: To pl�toc pijanìthtac sunart sh thc apìstashc met� apì 100
b mata gia ènan isìtropo kbantikì perÐpato peperasmènou qrìnou. AnaparÐs-
tantai mìno ta shmeÐa �rtiac plegmatik c stajer�c kaj¸c ta peritt� èqoun
pl�toc pijanìthtac mhdèn. Gia perittì pl joc bhm�twn isqÔei to an�podo.

gr�fetai

QFT =
1√
d




1 1 1 ... 1
1 ω ω2 ... ωd−1

1 ω2 ... ω2(d−1)

...
1 ωd−1 ω2(d−1) ... ω(d−1)(d−1)




(260)

me ω = e2π1/d th dost  rÐza thc mon�dac. EÔkola mporeÐ na dei kaneÐc oti autìc
o pÐnakac metasqhmatÐzei k�je kateÔjunsh se mia isobar  upèrjesh ìlwn twn
kateujÔnsewn, sunep¸c diathreÐ th basik  idiìthta tou amerìlhptou zarioÔ.

E�n ìmwc jèloume to z�ri mac na eÐnai isìtropo all� kai analloÐwto se
metajèseic p�nw sto plègma èqoume  dh brei poio eÐnai autì. Dedomènou oti
apaitoÔme na eÐnai kai monadiakì, h mình epilog  eÐnai to nìmisma pou eÐqame
brei wc monadikaì pÐnaka di�qushc sth sqèsh (162).

D =




a b b ... b
b a b ... b
b b a ... b

...
b b b ... a




(261)
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me ta a, b na eÐnai pragmatik� kai na upìkeintai stouc periorismoÔc 1 − 2
d
≤

|a| ≤ 1 kai b = ± 1
a
.

Apì autì to shmeÐo h sÔndesh me ton algìrijmo tou Grover eÐnai pro-
fan c. E�n o gr�foc pou melet�me eÐnai pl rhc (ìla ta shmeÐa tou plègmatoc
jewroÔntai geitonik�) ¸ste ousiastik� h b�sh mac na eÐnai entopismènh kai e�n
prosjèsoume autì pou eÐqame onom�sei pÐnaka strof c R ¸ste o algìrijmoc
na dialègei thn kat�stash lÔshc, èqoume akrib¸c ton algìrijmo tou Grover
apì tic sqèseic (162) - (165).

5.2.2 KbantikoÐ tuqaÐoi perÐpatoi suneqoÔc qrìnou.

Mia �llh odìc pou mporeÐ na akolouj sei kaneÐc gia thn an�ptuxh enìc kban-
tikoÔ algorÐjmou eÐnai to na akolouj sei to prìtupo thc diadikasÐac Markov
suneqoÔc qrìnou. Moi�zei arket� diaforetik  me thn prohgoÔmenh perÐptwsh
all� parousi�zei ta Ðdia kbantik� qarakthristik� kai kurÐwc thn Ðdia kbantik 
epit�qunsh.

Oi diadikasÐec,   alusÐdec, Markov orÐzontai mèsw enìc pÐnaka M o opoÐoc
metasqhmatÐzei thn katanom  pijanìthtac sto plègma sunart sh tou qrìnou
mèsw miac diaforik c exÐswshc, sunep¸c orÐzetai gia suneq  qrìno. Pio sug-
kekrimèna an jewr soume oti h pijanìthta o peripatht c brÐsketai sth jèsh
i se mia qronik  stigm  t eÐnai pi(t), h en lìgw diaforik  exÐswsh eÐnai

dpi(t)

dt
= −

∑
j

Hi,jpj(t) (262)

ìpou

Hi,j =




1− dγ γ 0 0 .. .. γ
γ 1− dγ γ 0 .. .. 0
0 γ 1− dγ γ 0 .. 0

...

...
0 0 γ 1− dγ γ
γ 0 ... γ 1− dγ




(263)

H diadikasÐa aut  anaparist� èna peripatht  me d pr¸touc geÐtonec an� pleg-
matikì shmeÐo kai pijanìthta γ an� mon�da qrìnou na metabeÐ se k�poio geÐ-
tona34.

34Για την ακρίβεια αναπαρίσταται ο πίνακας ενός κυκλικού πλέγματος για να είναι πεπερασ-
μένης διάστασης ο πίνακας. Αυτό δικαιολογεί και τα μη μηδενικά στοιχεία στις δυο γωνίες
εκατέρωθεν της διαγωνίου, αφού το τελευταίο πλεγματικό σημείο ταυτίζεται με το πρώτο
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LÔnwntac aut  th diaforik  exÐswsh èqoume

−→p (t) = e−Ht−→p (0) (264)

H basik  idèa gia th met�bash sto kbantikì an�logo eÐnai na antikatas-
tajeÐ o pÐnakac Markov me th Qamiltonian  tou sust matoc [16] pou ja genn�
ton monadiakì metasqhmatismì

U(t) = e−iHt (265)

E�n se aut  thn qamiltonian  kwdikopoi soume mia sugkekrimènh kat�stash
|j > thn opoÐa y�qnoume wc kat�stash elaqÐsthc enèrgeiac, h exèlixh tou
sust matoc ja mac d¸sei thn kat�stash |j >. Me aut  thn ènnoia ja èqoume
ektelèsei ton algìrijmo tou Grover se mÐa b�sh diatetagmènh sto q¸ro. Met�
apì pìso qrìno kai me ti akrÐbeia ja mac d¸sei th sugkekrimènh kat�stash
eÐnai to zhtoÔmeno gia na doÔme e�n ja èqoume kbantik  epit�qunsh.

De ja epektajoÔme peretaÐrw sth melèth thc genik c aut c perigraf c.
Sta epìmena kef�laia ja doÔme sugkekrimèna paradeÐgmata ìpou h exèlixh
gÐnetai me th qamiltonian  tou Schrödinger kai tou Dirac kai ja melet soume
tic idiìthtec twn algorÐjmwn.
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6 EXELIXH ME THN EXISWSH SCHRODINGER

'Opwc proanafèrjhke wc efarmog  enìc kbantikoÔ tuqaÐou perip�tou suneqoÔc
qrìnou ja doÔme ènan perÐpato pou exelÐsetai me th diaforik  exÐswsh tou
Schrödinger

i
dqj(t)

dt
=

∑

k

Hjkqk(t) (266)

ìpou qj(t) =< j|Ψ(t) > h probol  miac genik c kat�stashc |Ψ(t) > sto
di�nusma |j > tou q¸rou Hilbert . Dedomènou oti to swmatÐdiì mac ja eÐnai
eleÔjero, h qamiltonian  mac de ja eÐnai �llh apì th diakrit  morf  tou
telest  Laplace L gia èna ddi�stato plègma, ìpwc eÐdame kai se prohgoÔmeh
par�grafo.

L = −




−dj 1 0 .. 1
1 −dj 1 .. 0
0 1 −dj .. 0

...
1 0 ... 1 −dj




(267)

ìpou dj eÐnai to pl joc twn pr¸twn geitìnwn kai ed¸ jewroÔme oti èqoume
mÐa di�stash epomènwc dj = 2. Gia na ekfr�zetai h pijanìthta met�bashc
γ an� mon�da qrìnou se k�poio pr¸to geÐtona, ja prèpei na orÐsoume th
qamiltonian  wc H = −γL, me to arnhtikì prìshmo na exasfalÐzei oti eÐnai
jetik� orismènh. Ac shmeiwjeÐ oti h epilog  thc qamoltonian c se èna genikì
prìblhma de eÐnai monos manth ìpwc eÐqame dei kai sto sqetikì kef�laio gia
ton algìrijmo tou Grover .

'Omwc gia na exasfalÐsoume oti prìkeitai gia algìrijmo anaz thshc de-
domènwn, se mia fusik  ddi�stath b�sh aut  th for�, ja prèpei na shmadèy-
oume th lÔsh tou probl matoc |w >. Ac jumhjoÔme oti de qrei�zetai na
gnwrÐzoume th lÔsh apl� na èqoume èna black box pou ja èqei thn ikanìth-
ta na anagnwrÐzei th lÔsh. Autì se epÐpedo qamiltonian c je¸rhshc èqoume
 dh anafèrei pwc mporeÐ na gÐnei, apl� kajist¸ntac th lÔsh kat�stash qamh-
lìterhc enèrgeiac.

ApofeÔgoume loipìn th qr sh thc oracle

Uw|j >= (−1)δjw |j > (268)

pou apaiteÐ algìrijmo diakritoÔ qrìnou kai qrhsimopoioÔme sth jèsh thc thn
oracle Hamiltonian

Hw = −|w >< w| (269)

pou èqei mhdenik  enèrgeia gia k�je kat�stash plhn thc zhtoÔmenhc kai enèrgeia
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-1 gia thn |w >. H sunolik  qamiltonian  loipìn gÐnetai

H = −γL + Hw (270)
= −γL− |w >< w| (271)

SÔmfwna me ta ìsa èqoun anaferjeÐ gia thn genik  perÐptwsh tou pro-
hgoÔmenou kefalaÐou eÐmaste ètoimoi na xekin soume. EkkinoÔme ton algìri-
jmo me kat�stash eisìdou thn isobar  upèrjesh ìlwn twn katast�sewn gia
na èqoume thn epijumht  kbantik  par�llhlh epexergasÐa pou eÐqame anafèrei
sto 2o kef�laio

|s >=
1√
N

∑
j

|j > (272)

Af noume ton algìrijmo na exeliqjeÐ gia qrìno T kai metr�me sth b�sh |j >.
Jèloume h telik  kat�stash na eÐnai ìso to dunatìn pio kont� sth zhtoÔmenh
| < w|Ψ(T ) > |2 ' 1 gia ìso to dunatìn mikrìtero qrìno. Ja doÔme oti
up�rqei kat�llhlh epilog  thc paramètrou γ pou epitugq�nei thn kbantik 
epit�qunsh taxhc

√
N all� ìqi gia ìlec tic diast�seic d.

Gia na apodeÐxoume ta anwtèrw ja qreiastoÔme to f�sma idiotim¸n thc
qamiltonian c.

6.1 Upologismìc twn Idiotim¸n thc Qamiltonian c
Prin xekin soume, qrei�zetai na orÐsoume dÔo nèouc telestèc. Arqik�, an
jèloume na apofÔgoume fainìmena pou labaÐnoun q¸ra sta �kra tou plèg-
matoc gia na mporèsoume na èqoume pÐnakec peperasmènhc di�stashc, ja prèpei
na epib�lloume periodikèc sunoriakèc sunj kec,   pio perioristik� o q¸roc
mac na èqei topologÐa kÔklou. Autì shmaÐnei oti ìlec oi pr�xeic ja ektel-
loÔntai modN , ìpou N eÐnai to pl joc twn shmeÐwn se k�je dieÔjunsh.

Se autì to q¸ro oi katast�seic b�shc - plegmatik� shmeÐa ja eÐnai |0 >
, |1 >, |2 >, ..., |N − 1 > me |N >= |0 > kai anapar�stash

|0 >=




1
0
..
0


 , |1 >=




0
1
..
0


 , .. (273)

O telest c thc orm c (P ) ja anaparÐstatai apì ènan NxN pÐnaka pou ja
ekteleÐ ton metasqhmatismì |j >→ |j + 1 >. H pio apl  di�taxh pou mporeÐ
na fantasteÐ kaneÐc eÐnai ta shmeÐa diatetagmèna ston monadiaÐo kÔklo, isapè-
qonta, me gwniak  apìstash ω = 2πi

N
. Epomènwc o telest c thc orm c ja



6 EXELIXH ME THN EXISWSH SCHRODINGER 76

par�gei strof  kat� gwnÐa ω = 2πi
N

. H anapar�stas  tou eÐnai

P =




0 0 0 .. 1
1 0 0 0
0 1 0 0

.. 0
0 0 0 1 0




(274)

en¸ o antÐstrofìc tou pou par�gei thn antÐjeth strof 

P−1 =




0 1 0 .. 0
0 0 1 0
0 0 0 0

.. 1
1 0 0 0 0




(275)

E�n epilèxoume th logik  je¸rhsh, oti o telest c jèshc eÐnai o |x >, ja
katal xoume se l�joc sqèseic met�jeshc. AntÐ autoÔ ja ton orÐsoume wc
genikeumèno telest  jèshc (Q) mèsw tou metasqhmatismoÔ (diakritoÔ) Fourier

FPF−1 = Q (276)

me ton diakritì metasqhmatismì Fourier ìpwc orÐsthke nwrÐtera

F = QFT =
1√
d




1 1 1 ... 1
1 ω ω2 ... ωd−1

1 ω2 ... ω2(d−1)

...
1 ωd−1 ω2(d−1) ... ω(d−1)(d−1)




(277)

pou par�gei ton pÐnaka

Q =




1
ω

ω2

..
ωN−1




(278)

pou gr�fetai wc

Q = |0 > +ω|1 > +ω2|2 > +ωN−1|N > (279)

AutoÐ oi telestèc upakoÔoun sth diakritopoihmènh ekdoq  thc arq c tou
Heizenberg

QP = ωPQ (280)
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Profan¸c e�n dr�soume me ton telest  P N forèc se mia kat�stash |x >
ja k�noume mia pl rh peristrof  kai ja isqÔei

PN |x >= |x > ∀x (281)

pou shmaÐnei pwc oi idiotimèc tou eÐnai ω−k, k = 0, 1, 2, ..N . OmoÐwc, oi idiotimèc
tou antÐstrofou eÐnai ωk, k = 0, 1, 2, ..N .

Erqìmenoi t¸ra sthn eleÔjerh qamiltonian 

Hs = −γL (282)

to f�sma thc opoÐac zht�me, mporoÔme na thn ekfr�soume sunart sei tou
telest  P . Gia na gÐnei eÔkola antilhptì xanagr�foume touc L kai P sÔmfwna
me ton orismì (355) pou eÐqame d¸sei sto antÐstoiqo kef�laio

L = −




−dj 1 0 .. 1
1 −dj 1 .. 0
0 1 −dj .. 0

...
1 0 ... 1 −dj




(283)

kai
Pj|x >=

i

2
(|x + ej > −|x− ej >) (284)

all� gia mÐa di�stash.

< x′|L|x >=




2 −1 0 .. −1
−1 2 −1 .. 0
0 −1 2 .. 0

..
−1 0 0 .. 0




(285)

< x′|P |x >=




0 1 0 .. −1
−1 0 1 .. 0
0 −1 0 .. 0

..
1 0 0 .. 0




(286)

Oi parap�nw pÐnakec mporoÔn na grafoÔn sunart sei tou telest  thc orm c
wc

< x′|L|x >= 2I − [P−1 + P ] (287)

< x′|P |x >=
i

2
[P−1 − P ] (288)
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GnwrÐzontac tic idiotimèc thc P eÔkola mporoÔme na broÔme tic idiotimèc ε(k)
thc qamiltonian c

Hs = −γL = −γ(2I − [P−1 + P ]) (289)

pou eÐnai
ε(k) = −γ(2− [ω−k + ωk]) (290)

ìpou ω = 2πi/N

ε(k) = −γ(2− [ω−
2πi
N

k + ω
2πi
N

k]) (291)

ε(k) = −γ(2− 2cos
2πk

N
) (292)

H genÐkeush gia d diast�seic eÐnai �mesh.

6.2 Upologismìc qrìnou kai pl�touc sÔgklishc
An jewr soume mia kanonikopoihmènh idiokat�stash |Ψα > thc enèrgeiac è-
qoume

H|Ψα >= Eα|Ψα > (293)

tìte
H|Ψα >= (−γL− |w >< w|)|Ψα >= Eα|Ψα > (294)

ìpou anadiat�sontac tou ìrouc paÐrnoume

(−γL− Eα)|Ψα >= |w >< w||Ψα > (295)

OrÐzoume thn probol  thc idiokat�stashc sth lÔsh wc

Rα = | < w|Ψα > |2 (296)

Epipleìn, mporoÔme na dialèxoume th f�sh ètsi ¸ste

< w|Ψα >=
√

Rα (297)

Qreiazìmaste to pl�toc met�bashc apì thn arqik  kat�stash sthn kat�s-
tash lÔsh

< w|e−iHt|s >=
∑

α

< w|Ψα >< Ψα|s > e−iEαt (298)

JewroÔme èna aplì uperkubikì plègma, ddi�stato me N to pl joc kìm-
bouc. Wc apotèlesma h L ja eÐnai h diakritopoihmènh laplasian  tou ddi�statou
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plègmatoc, periodik  se k�je di�stash me perÐodo N1/d. Oi idiokatast�seic
thc laplasian c se èna tètoio q¸ro ja eÐnai fusik� ta epÐpeda kÔmata

|Φ(k) >=
1√
N

eikx|x > (299)

ìpou |x > ta dianÔsmata b�shc tou q¸rou Hilbert pou tuatÐzontai ìpwc eÐpame
me ta plegmatik� shmeÐa kai ta kumatanÔsmata paÐrnoun tic diakritèc timèc

kj =
2πmj

N1/d
(300)

Oi antÐstoiqec idiotimèc ìpwc deÐxame parap�nw eÐnai

E(k) = 2(d−
d∑

j=1

cos(kj)) (301)

AfoÔ h probol  aut¸n twn idiokatast�sewn eÐnai mh mhdenik  sthn kat�s-
tash lÔsh èqoume gia k�je k

[γE(k)− Eα] < Φ(k)|Ψα >6= 0 (302)

Sunep¸c mporoÔme na diairèsoume me to aristerì mèloc kai na gr�youme thn
exÐswsh (295) wc

|Ψα >=

√
Rα

−γL− Eα

|w > (303)

Apì tic (297) kai (303) paÐrnoume th sunj kh idiotim¸n

< w| 1

−γL− Eα

|w >= 1 (304)

ìpou qrhsimopoi¸ntac thn pl rh b�sh twn idiosunart sewn thc L apì thn
(299) èqoume

< w|
∑

k

|Φk >< Φk| 1

−γL− Eα

|
∑

k

|Φk >< Φk|w >= 1 (305)

H L blèpei tic idiotimèc thc kai èqoume

F (Eα) = 1 (306)

F (E) =
1

N

∑

k

1

γE(k)− E
(307)
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Sq ma 25: Anapar�stash thc sun�rthshc F (Eα) gia d = 2, N = 16 kai
γ = 1.

ìpou èqoume orÐsei th sun�rthsh

F (E) =< w| 1

H0 − E
|w >=< w| H0 + E

H2
0 − E2

|w > (308)

kai H0 = −γL eÐnai h eleÔjerh qamiltonian .
Gia na p�roume mia tupik  morf  thc F (Eα) k�noume th grafik  par�stash

gia d = 2, N = 16 kai γ = 1 ìpwc faÐnetai sto sq ma 25
H par�gwgoc eÐnai jetik� orismènh

F ′(E) =
1

N

∑

k

1

(γE(k)− E)2
(309)

epomènwc h sun�rthsh eÐnai gnhsÐwc aÔxousa. 'Eqei epÐshc pìlouc, Ðsouc se
pl joc me tic idiotimèc thc laplasian c35 en¸ gia E → ±∞ =⇒ F (E) → 0

Eis�gontac tic idiokatast�seic thc qamiltonian c |Ψα > sth sunj kh
kanonikopoÐhshc (306) paÐrnoume

< w|
∑

|Ψα >< Ψα| 1

(−γL− Eα)2
|
∑

|Ψα >< Ψα|w >= 1 (310)

35Λόγω συμμετρίας του πλέγματος οι ιδιοτιμές E = 2, 4, 6 έχουν πολλαπλότητα 4,6,4
αντίστοιχα.
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pou gr�fetai

Rα < w| 1

(−γL− Eα)2
|w >= 1 (311)

  alli¸c

Rα =
1

F ′(Eα)
(312)

Tèloc, qreiazìmaste thn epik�luyh twn idiokatast�sewn thc qamiltoni-
an c me thn arqik  kumatosun�rthsh.

< s|Ψα >= −
√

Rα

Eα

< s|Ψα > (313)

pou mac dÐnei

| < s|Ψα > |2 =
1

N

1

E2
αF ′(Eα)

(314)

Katal gontac, apì tic sqèseic (298), (303) kai (305) èqoume gia to zhtoÔmeno
pl�toc met�bashc

< w|e−iHt|s >=
1√
N

∑
α

e−iEαt

EαF ′(Eα)
(315)

to opoÐo epijumoÔme na eÐnai thc t�xhc O(1). Profan¸c gia qrìno t = 0 ja
prèpei na isqÔei ∑

α

1

EαF ′(Eα)
= −1 (316)

Gia meg�la N autì to �jroisma mporeÐ na proseggisteÐ apì to olokl rwma

1√
N

∑
α

e−iEαt

EαF ′(Eα)
→ 1

(2π)d

∫ π

−π

e−iEαtddk

EαF ′(Eα)
(317)

'Omwc ac doÔme pìte autì to olokl rwma sugklÐnei. Dedomènou oti

F ′(Eα) =
1

N

∑

k

1

(γε(k)− Eα)2
(318)

kai afoÔ ìpwc èqoume  dh pei

ε(k) = 2(d−
d∑

j=1

cos(kj)) (319)
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anaptÔsontac to sunhmÐtono cos(kj) = 1 + k2
j + .. eÔkola blèpoume oti to

olokl rwma se pr¸th t�xh eÐnai thc morf c

< w|e−iHt|s >' 1

(2π)d

∫ π

−π

e−iEαtddk

Eα(γk2 − Eα)2
(320)

Blèpoume oti to olokl rwma sugklÐnei mìno gia d ≥ 4 sunep¸c gia d ≤
4 sÐgoura de mporoÔme na petÔqoume < w|e−iHt|s >' 1 kai o algìrijmoc
apotugq�nei.

SuneqÐzontac mìno gia d > 4 kai prospaj¸ntac na upologÐsoume autì to
�jroisma gr�foume

F (E) = − 1

NE
+

1

N

∑

k 6=0

1

γε(k)− E
(321)

E�n isqÔei |E| ¿ γε(k)∀k 6= 0 gia meg�la N mporoÔme afènìc na p�roume
to olokl rwma kai afetèrou na krat soume mìno ton pr¸to ìro tou anap-
tÔgmatoc Taylor

F (E) ' − 1

NE
+

1

γ
U(0) +

1

γ2
V (0) (322)

ìpou èqoume orÐsei ta oloklhr¸mata

U(0) =
1

(2πd)

∫ π

−π

1

ε(k)
(323)

V (0) =
1

(2πd)

∫ π

−π

1

ε2(k)
(324)

'Wc apotèlesma h par�gwgoc thc F (E) eÐnai perÐpou

F ′(E) ' − 1

NE2
+

1

γ2
V (0) (325)

T¸ra, dedomènou oti zht�me idiokatast�seic me idiotim  mon�da apaitoÔme
F (Eα) = 1. Autì mporoÔme na to petÔqoume me kat�llhlh epilog  thc
paramètrou γ. H pio eÔkolh epilog  eÐnai γ = U(0) ¸ste h sunj kh pou
zht�me na gr�fetai

− 1

NE
+

1

γ2
V (0) = 0 (326)

LÔnwntac wc proc E paÐrnoume

E± ' ± U(0)√
V (0)N

(327)
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pou antistoiqoÔn stic enèrgeiec thc jemeli¸douc kai pr¸thc diegermènhc an-
tÐstoiqa. H diafor� energei¸n eÐnai

∆E± = 2
U(0)√
V (0)N

(328)

EpÐshc blèpoume oti h sunj kh gia na p�roume to an�ptugma Taylor isqÔei
gia k�je k 6= 0. Apì thn (325) paÐrnoume

F ′(E−) ' F ′(E+) ' 2V (0)

U(0)
(329)

T¸ra eÐmaste ètoimoi na exelÐxoume thn kat�stas  mac |s > sto qrìno.
Gia t = 0 apì thn (316) h suneisfor� twn katast�sewn enèrgeiac megalÔterhc
thc pr¸thc diegermènhc eÐnai

− 1√
N

∑
Eα>E+

e−iEαt

EαF ′(Eα)
=

1√
N

[1 +
1

E−F ′(E−)
] +

1

E+F ′(E+)
(330)

Blèpoume kai me th qr sh twn (327) kai (329) oti oi ìroi t�xhc O(
√

N)
apì touc dÔo teleutaÐouc ìrouc allhloanairoÔntai. Sunep¸c apì thn (??)
paÐrnoume gia thn probol  thc |s(t) > sthn |w >

| < w|e−iHt|s > | ' U(0)√
V (0)

|sin(
U(0)t√

V (0)
)| (331)

Epilègontac t =

√
V (0)N

U(0)
∝ O(

√
N) to hmÐtono gÐnetai mon�da kai èqoume pi-

janìthta O(1) h telik  mac kat�stash na eÐnai h |w >. Sunep¸c epitugq�netai
h zhtoÔmenh kbantik  epit�qunsh t�xhc rÐzac.

Gia d = 4 to U(0) den sugklÐnei kai èqei th morf  (1/32π2)lnN . Epomènwc
oi sqèseic (327) - (331) gÐnontai antÐstoiqa

E± ' ± U(0)√
1

32π2 NlnN
(332)

F ′(E−) ' F ′(E+) ' lnN

16π2U2(0)
(333)

| < w|e−iHt|s > | ' U(0)√
1

32π2 lnN
|sin(

U(0)t√
1

32π2 NlnN
)| (334)
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Blèpoume oti gia d = 4 den petuqaÐnoume pl rh kbantik  epit�qunsh kaj¸c o
qrìnoc pou apaiteÐtai gia na èqoume epituqÐa O(1/logN)36 eÐnai t =

√
NlnN

kai eÐnai lÐgo pio argìc. Ja doÔme sto epìmeno kef�laio oti me qr sh thc
qamiltonian c tou Dirac mporoÔme na èqoume pl rh kbantik  epit�qunsh èwc
kai d ≥ 2.

6.3 An�lush twn apotelesm�twn
Prin proqwr soume qr simo eÐnai na doÔme th sqèsh pou èqei o kbantikìc
perÐpatoc suneqoÔc qrìnou me ton algìrijmo tou Grover , ìpwc kai na asqol-
hjoÔme me mia poiotik  an�lush tou ti sthn ousÐa k�nei autìc o algìrijmoc.

'Oson afor� to deÔtero jèma, kaneÐc apo th morf  thc qamiltonian -
c anamènei oti h exèlixh thc arqik c mac kat�stashc sÐgoura ja metabaÐnei
proc thn kat�stash lÔshc. EÐnai ètsi kataskeuasmènh h qamiltonian . 'Omwc
kaneÐc den egku�tai oti se qrìno t�xhc O(

√
N) ja up�rqei pijanìthta O(1)

h telik  mac kat�stash na eÐnai h zhtoÔmenh |w >, gia k�poio γ. Autì m-
poreÐ na gÐnei katanohtì an skeftoÔme tic akraÐec morfèc thc qamiltonian c.
Gia γ >> 1 h qamiltonian  gÐnetai H ' γL ìpou dedomènou oti h L eÐnai
h laplasian , gia opoiad pote morf  plègmatoc h omogen c upèrjesh, kai
arqik  mac kat�stash, |s > eÐnai idiokat�stas  thc me L|s >= 0 opìte eÐ-
nai kai h jemeli¸dhc. En antijèsh, gia γ << 1 o kurÐarqoc ìroc eÐnai o
H ' −|w >< w| kai profan¸c èqei jemeli¸dh thn |w >. 'Omwc, dedomè-
nou oti h kat�stash pou y�qnoume eÐnai mÐa37, ousiastik� h isobar c upèr-
jesh ìlwn eÐnai sqedìn k�jeth sthn |w >. 'Omwc h teleutaÐa eÐnai kai h
jemeli¸dhc thc arqik c mac qamiltonian c. E�n loiìn jewr soume ton pr¸to
ìro wc diataraq  gia γ → 0, h jemeli¸dhc ja parameÐnei perÐpou Ðdia en¸ h
pr¸th diegermènh ja eÐnai h |s >. T¸ra, skopìc mac eÐnai na dialèxoume to γ
se mia endi�mesh aut¸n twn akraÐwn tim¸n ètsi ¸ste kai h jemeli¸dhc all�
kai h pr¸th diegermènh na eÐnai sqedìn isobar c upèrjesh twn |s >, |w >.
Autì ja èqei san apotèlesma h exèlixh tou sust matoc na eÐnai mia suneq c
strof  apì thn |s > sthn |w > kai antÐstrofa. 'Opwc kai o algìrijmoc
tou Grover dhlad , ja prokaleÐ strof  apì tic m  lÔseic stic lÔseic. H
jewrÐa diataraq¸n upodeiknÔei oti autì ja gÐnetai se qrìno O( 1

E1−E0
), ìpou

ston paronomast  eÐnai h diafor� energei¸n thc jemeli¸douc kai thc pr¸thc
diegermènhc. ArkeÐ na termatÐsoume ton algìrijmo met� apì tìso qrìno gia

36Χρησιμοποιώντας Amplitude Amplification μπορούμε να επιτύχουμε την |w > με πι-
θανότητα O(

√
NlogN)

37Για να ισχύει αυτή η προσέγγιση αρκεί το πλήθος των μη λύσεων αν είναι πολύ
μεγαλύτερο από το πλήθος των λύσεων. Εάν κάτι τέτοιο δεν ισχύει μπορούμε πάντα, όπ-
ως και στην περίπτωση του Grover , να διπλασιάσουμε τουλάχιστον τον χώρο Hilbert του
προβλήματος για να ικανοποιείται η συνθήκη.
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na p�roume me meg�lh pijanìthta th zhtoÔmenh kat�stash.
To oti autìc o qrìnoc eÐnai t�xhc O(

√
N) faÐnetai eÔkola sthn perÐptwsh

tou pl rouc gr�fou ìpou k�je plegmatikì shmeÐo jewreÐtai pwc sunoreÔei me
ìla ta �lla, sunep¸c èqoume mia entopismènh b�sh. Se aut  thn perÐptwsh o
algìrijmìc mac ousiastik� tautÐzetai me autìn tou Grover .

'Eqoume thn eleujerÐa na prosjèsoume mia stajer� sth qamiltonian .
Prosjètoume èna pollapl�sio thc mon�dac kai paÐrnoume

L + NI = N |s >< s| =



1 .. 1
.. .. ..
1 .. 1


 (335)

pou èqei san apotèlesma h qamiltonian  na gr�fetai wc

H = −γN |s >< s| − |w >< w| (336)

kai h qamiltonian  dra mh tetrimèna mìno se èna didi�stato upìqwro, opìte
eÔkola brÐskoume to f�sma thc. 'Opwc sqoli�same kai lÐgo prin gia tic dÔo
akraÐec timèc tou γ h jemeli¸dhc kat�stash aut c thc qamiltonian c eÐnai oi
|w > kai |s > antÐstoiqa. Me thn epilog  γ = 1/N oi idiokatast�seic eÐnai

1√
N

(|w > ±|s >) me energeiakì q�sma 2/
√

N . SÔmfwna me thn prohgoÔmenh
par�grafo, e�n ekkin soume ton algìrijmo sthn kat�stash |s >, met� apì
qrìno O(

√
N) ja metabeÐ sthn |w >.
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7 EXELIXH ME THN EXISWSH DIRAC

Sthn prohgoÔmenh par�grafo eÐdame ènan kbantikì tuqaÐo perÐpato suneqoÔc
qrìnou exelisìmeno me th qamiltonian  tou Schrödinger . T¸ra ja doÔme ènan
kbantikì tuqaÐo perÐpato suneqoÔc qrìnou kai p�li all� me th qamiltonian 
tou Dirac . To endiafèron se aut  thn perÐptwsh eÐnai oti h qamiltonian  tou
Dirac ekfr�zei katast�seic me spin pou, ìpwc èqei proanaferjeÐ, paÐzei to rì-
lo tou nomÐsmatoc stouc kbantikoÔc tuqaÐouc perip�touc diakritoÔ qrìnou38.
Sthn èkdosh suneqoÔc qrìnou den eÐqe qreiasteÐ na eis�goume ènan exwterikì
q¸ro nomÐsmatoc, all� h exÐswsh tou Dirac mac anagk�ze i na to k�noume an
jèloume na qrhsimopoi soume th qamiltonian  tou. Ja doÔme poièc eÐnai oi
sunèpeiec.

|s >=
1√
N

∑
x

|x > (337)

H qamiltonian  tou Dirac eÐnai

H =
d∑

j=1

αjpj + βm (338)

ìpou oi pÐnakec αj, β droÔn sto bajmì eleujerÐac tou spin thc kat�stashc
kai to j = 1, 2, .., d me d th di�stash tou q¸rou. ApaiteÐtai na isqÔoun oi
gnwstèc sqèseic antimet�jeshc

{αj, αk} = 2δjk (339)
{αj, β} = 0 (340)

β2 = 1 (341)

gia na eÐnai h qamiltonian  mac relatibistik  H2 = |p|2 + m2.
Epeid  jèloume na melet soume èna plègma en gènei d di�stashc, qreiazì-

maste d + 1 tètoiouc telestèc. H anapar�stash thc �lbebrac aut c eÐnai
pÐnakec di�stashc 2dd/2e39 sunep¸c qreiazìmaste isoplhjoÔc di�stashc spin.

Qreiazìmaste th diakrit  èkdosh thc qamiltonian c. O telest c thc orm c
se k�je dieÔjunsh mporeÐ na diakritopoihjeÐ p�nw sto plègma wc

Pj|x >=
i

2
(|x + ej > −|x− ej >) (342)

38Αξίζει να σημειωθεί οτι ο επιπλέον χώρος του νομίσματος είναι απαραίτητος για τους
κβαντικούς τυχαίους περίπατους διακριτού χρόνου, σε αντίθεση με του συνεχούς χρόνου.

39Ο συμβολισμός dxe αντιστοιχεί στον μικρότερο ακέραιο μεγαλύτερο ίσο του x.
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ìpou ej eÐnai to monadiaÐo di�nusma sthn j kateÔjunsh. Proc apofug  tou
probl matoc Fermion Doubling Problem40 pou sunant�tai sth jewrÐa pedÐou
plègmatoc, antikajistoÔme ton ìro m�zac me ton ìro Wilson

H0 = ω

d∑
j=1

αjPj + γβL (343)

ìpou ω kai γ eÐnai eleÔjerec par�metroi. Gia na melet soume thn exèlixh tou
algorÐjmou qreiazìmaste tic idiotimèc thc.

7.1 Upologismìc twn idiotim¸n thn Qamiltonian c
Lìgw thc summetrÐac sto q¸ro pou èqei h qamiltonian  oi idiokatast�seic thc
ja eÐnai thc morf c

H0|η, k >= ε(k)|η, k > (344)

ìpou |k > eÐnai idiokat�stash orm c kai |η > eÐnai kat�stash spin, pou en
gènei exart�tai apì thn orm .

Katìpin toÔtwn eÐmaste ètoimoi na �rqÐsoume ton upologismì twn idio-
tim¸. Ja qrhsimopoi soume ek nèou touc dÔo telestèc pou eis qjhsan sto
prohgoÔmeno kef�laio gia thn eÔresh twn idiotim¸n thc qamiltonian c tou
Schrödinger . OrÐzoume kai p�li ìlec tic pr�xeic mac na ektelloÔntai modN ,
ìpou N eÐnai to pl joc twn shmeÐwn se k�je dieÔjunsh kai oi katast�seic
b�shc ja èqoun anapar�stash |0 >, |1 >, |2 >, ..., |N − 1 > me |N >= |0 >
kai anapar�stash

|0 >=




1
0
..
0


 , |1 >=




0
1
..
0


 , .. (345)

Oi telestèc pou ja qrhsimopoi soume eÐnai oi (P ) kai (Q). Gia ton pr¸to
40Η¨¨κανονική¨’ διακριτοποιημένη χαμιλτονιανή του Dirac έχει ιδιοτιμές ενέργειας της μορ-

φής λ ∼ sinkL
L , με L το μήκος του πλέγματος σε κάποια διάσταση. Αυτό οδηγεί σε δύο

διαφορετικές συμπεριφορές της λ ανάλογα με την τιμή του k: k = 0 =⇒ λ ∼ 0 και
k = π/L =⇒ λ ∼ 1/L. Αυτές οι δύο συμπεριφορές καλούνται Fermion Doublets. Για
να γλιτώσουμε από τον δεύτερο όρο (που απειρίζεται στο συνεχές όριο όπου το L → 0)
εισάγουμε τον Wilson Term για να κάνουμε τη μάζα του πολύ μεγάλη συνεπώς να είναι μη
παρατηρήσιμος. Αυτός ο όρος όμως σπάει τη χειραλική συμμετρία της QCD.
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ìpwc proeÐpame ja isqÔei

P =




0 0 0 .. 1
1 0 0 0
0 1 0 0

.. 0
0 0 0 1 0




(346)

en¸ o antÐstrofìc tou pou par�gei thn antÐjeth strof 

P−1 =




0 1 0 .. 0
0 0 1 0
0 0 0 0

.. 1
1 0 0 0 0




(347)

gia na ekteloÔn strof  kat� gwnÐa ω = 2πi
N

kai ω = −2πi
N

antÐstoiqa.
EpÐshc, ìpwc kai sto prohgoÔmeno kef�laio o telest c (Q) eÐnai o genikeumènoc

telest c jèshc pou orÐzetai mèsw tou diakritoÔ metasqhmatismoÔ Fourier

FPF−1 = Q (348)

me ton diakritì metasqhmatismì Fourier ìpwc orÐsthke nwrÐtera

F = QFT =
1√
d




1 1 1 ... 1
1 ω ω2 ... ωd−1

1 ω2 ... ω2(d−1)

...
1 ωd−1 ω2(d−1) ... ω(d−1)(d−1)




(349)

pou par�gei ton pÐnaka

Q =




1
ω

ω2

..
ωN−1




(350)

pou gr�fetai wc

Q = |0 > +ω|1 > +ω2|2 > +ωN−1|N > (351)

Epanamb�noume oti autoÐ oi telestèc upakoÔoun sth diakritopoihmènh ekdoq 
thc arq c tou Heizenberg

QP = ωPQ (352)
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Profan¸c e�n dr�soume me ton telest  P N forèc se mia kat�stash |x >
ja k�noume mia pl rh peristrof  kai ja isqÔei

PN |x >= |x > ∀x (353)

pou shmaÐnei pwc oi idiotimèc tou eÐnai ω−k, k = 0, 1, 2, ..N . OmoÐwc, oi idiotimèc
tou antÐstrofou eÐnai ωk, k = 0, 1, 2, ..N .

Erqìmenoi t¸ra sthn eleÔjerh qamiltonian 

HD = ω

d∑
j=1

αjPj + γβL (354)

to f�sma thc opoÐac zht�me, mporoÔme na thn ekfr�soume sunart sei tou
telest  P . Gia na gÐnei eÔkola antilhptì xanagr�foume touc L kai P sÔmfwna
me touc orismoÔc (355) kai (356) pou eÐqame d¸sei sta antÐstoiqa kef�laia

L = −




−dj 1 0 .. 1
1 −dj 1 .. 0
0 1 −dj .. 0

...
1 0 ... 1 −dj




(355)

kai
Pj|x >=

i

2
(|x + ej > −|x− ej >) (356)

all� gia mÐa di�stash.

< x′|L|x >=




2 −1 0 .. −1
−1 2 −1 .. 0
0 −1 2 .. 0

..
−1 0 0 .. 0




(357)

< x′|P |x >=




0 1 0 .. −1
−1 0 1 .. 0
0 −1 0 .. 0

..
1 0 0 .. 0




(358)

Oi parap�nw pÐnakec mporoÔn na grafoÔn sunart sei tou telest  thc orm c
wc

< x′|L|x >= 2I − [P−1 + P ] (359)

< x′|P |x >=
i

2
[P−1 − P ] (360)
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To f�sma thc HD eÐnai lÐgo pio dÔskolo na brejeÐ apì thn prohgoÔmenh
perÐptwsh me thn exe•likh me thn qamiltonian  tou Schrödinger . O lìgoc
eÐnai oti oi idiokatast�seic èqoun kai spin mèroc sto opoÐo oi pÐnakec tou
αj, β tou Dirac droun mh terimèna

αj|η, Ψ > → |η′, Ψ > (361)
β|η, Ψ > → |η′, Ψ > (362)

MporoÔme ìmwc na ekmetaleutoÔme tic idiìthtec twn pin�kwn α2
j = β2 = 1 kai

tic sqèseic antimet�jeshc {αj, αi} = 2δji, {αj, β} = 0. Autì pou ja k�noume,
eÐnai na broÔme tic idiotimèc tou tetrag¸nou thc qamiltonian c, ¸ste na mh mac
apasqoleÐ to spin komm�ti kaj¸c ja summetèqei   to tetr�gwno twn pin�kwn
tou Pauli pou dra tetrimèna sto spin komm�ti (to af nei analloÐwto)   ènac
sunduasmìc touc pou lìgw thc sqèshc antimet�jeshc ja mhdenÐzetai.

Arqik� upologÐzoume tic idiotimèc λP thc orm c

< x′|P |x >=
i

2
[P−1 − P ] (363)

epomènwc

λP =
i

2
[ωk − ω−k] (364)

= sin
2πk

N
(365)

Apì thn teleutaÐa sqèsh dikaiologeÐtai kai h migadik  mon�da ston orismì thc
orm c.

Se autì to shmeÐo axÐzei na shmeiwjeÐ h diafor� sth sqèsh dispor�c pou
klhrodoteÐtai kai stic idiotimèc. Gia thn exÐswsh Schrödinger isqÔei E ∝ ∂2

∂x2

en¸ gia thn Dirac E ∝ ∂
∂x

. H deÔterh par�gwgoc sth Schrödinger ermhneÔetai
wc omìshma P, P−1 pou me th seir� tou odhgeÐ se idiotim  λS ∝ cos(2πk/N)
en¸ en antijèsh h pr¸th par�gwgoc sthn Dirac odhgeÐ se diaforetikì sqetikì
prìshmo twn P, P−1 pou me th seir� tou shmaÐnei λD ∝ sin(2πk/N). H up-
ograf  thc diaforetik c diaspor�c paramènei kai gÐnetai emfan c sto an�p-
tugma Taylor pou eÐnai tetragwnik  kai grammik  antÐstoiqa. Aut  h diafor�
eÐnai shmantik  gia th sumperifor� twn dÔo algorÐjmwn.

SuneqÐzontac ston upologismì twn idiotim¸n thc HD èqoume

HD|η, Ψ > = (ω
∑

j

αjPj + γβL)|η, Ψ > (366)

= [ω
∑

j

αjsin
2πkj

N
+ γβ2

∑
j

(1− cos
2πKj

N
)]|η′, Ψ >(367)
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Dr¸ntac ek nèou me thn HD paÐrnoume

H2
D|η, Ψ > = {(ω2

∑
j,i

αjαisin
2πkj

N
sin

2πki

N
(368)

+ γ2β2[2
∑

j

(1− cos
2πKj

N
)]2} |η, Ψ > (369)

+ (oρoι αjβ)|η, Ψ > (370)

Xanak�noume ta dÔo teleutaÐa b mata all� frontÐzoume h seir� twn i, j na
eÐnai an�podh ¸ste na emfanisteÐ o antimetajèthc. Prosjètoume ta dÔo H2

D

kai brÐskoume

2H2
D|η, Ψ > = {(ω2

∑
j,i

{αj, αi}sin2πkj

N
sin

2πki

N
(371)

+ 2γ2β2[2
∑

j

(1− cos
2πKj

N
)]2} |η, Ψ > (372)

+ (oρoι {αj, β})|η, Ψ > (373)

qrhsimopoi¸ntac tic idiìthtec α2
j = β2 = 1 kai tic sqèseic antimet�jeshc

{αj, αi} = 2δji, {αj, β} = 0 k�noume ta ajroÐsmata wc proc i kai paÐrnoume

H2
D|η, Ψ >= {(ω2sin2 2πkj

N
+ γ2[2

∑
j

(1− cos
2πKj

N
)]2} |η, Ψ > (374)

PaÐrnontac th rÐza brÐskoume gia to f�sma thc HD

ε(k) = ±
√

ω2
∑

j

sin2
2πkj

N
+ γ2[2

∑
j

(1− cos
2πKj

N
)]2 (375)

pou ìntwc se pr¸th t�xh apì to an�ptugma Taylor gr�fetai ε(k) ' ±ω|k|.
Sunep¸c oi idiotimèc thc enèrgeiac gia th qamiltonian  mac H0 eÐnai

E(k) = ±
√

ω2s2(k) + γ2c2(k) (376)

me

s2(k) =
d∑

j=1

sin2kj (377)

c(k) = 2
d∑

j=1

(1− coskj) (378)
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7.2 Upologismìc pl�touc kai qrìnou sÔgklishc
'Eqontac kai to f�sma idiotim¸n eÐmaste ètoimoi na xekin soume ton algìrijmì
mac. 'Opwc kai se ìlec tic �llec peript¸seic jewroÔme oti h kat�stash
pou y�qnoume kwdikopoieÐtai san èna shmeÐo tou plègmatoc |w >. Gia na
exeliqjeÐ to sÔsthm� mac proc aut n, ja to exelÐsoume me thn tropopihmènh
qamiltonian 

H = H0 − β|w >< w| (379)

pou èqei thn kat�stash |w > wc kat�stash el�qisthc enèrgeiac.
EkkinoÔme ton algìrijmo sthn kat�stash |η, s > ìpou |η > eÐnai mia kat�s-

tash spin kai |s > eÐnai h gnwst  kat�stash isobaroÔc upèrjeshc

|s >=
1√
N

∑
x

|x > (380)

Met� apì k�poio qrìno T h arqik  kat�stash ja èqei exeliqjeÐ proc thn
kat�stash |w >. MporoÔme na epilèxoume ta ω kai γ ètsi ¸ste na èqoume
pl�toc pijanìthtac thc t�xhc thc mon�dac h telik  mac kat�stash na eÐnai h
|w > se qrìno T ∝ √

N gia d ≥ 2.
Gia na analÔsoume ton algìrijmo kai na doÔme an ìntwc èqoume thn epi-

jumht  sÔgklish kai se pìso qrìno, qreiazìmaste to f�sma thc qamiltonian c
mac H sunart sh thc eleÔjerhc qamiltonian c H0. Mia idiokat�stash |Ψα >
thc H ja ikanopoieÐ thn exÐswsh idiotim¸n

H|Ψα >= (H0 − β|w >< w|)|Ψα >= Eα|Ψα > (381)

E�n jewr soume thn probol  tou qwrikoÔ kommatioÔ thc |Ψα > sthn kat�s-
tash lÔsh mporoÔme na thn orÐsoume wc

√
Rα|Φα >=< w|Ψα > (382)

ìpou |Φα > eÐnai to spin komm�ti thc |Ψα >. Me th qr sh aut c thc probol c
mporoÔme na gr�youme thn exÐswsh idiotim¸n wc

H0 − Eα|Ψα >=
√

Rαβ|Φα, w > (383)

Gia H0 6= Eα h idiokat�stash gr�fetai

|Ψα >=

√
Rα

H0 − Eα

β|Φα, w > (384)

pou apì thn (382) gÐnetai

|Φα >= F (Eα)β|Φα > (385)
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ìpou èqoume orÐsei th sun�rthsh

F (E) =< w| 1

H0 − E
|w >=< w| H0 + E

H2
0 − E2

|w > (386)

h opoÐa dra mìno sto spin komm�ti miac kat�stashc. Gia na mporèsoume
na broÔme idiokatast�seic thc H ja prèpei to spin komm�ti thc idiokat�s-
tashc na mènei analloÐwto k�tw apì thn efarmog  thc qamiltonian c,   pio
sugkekrimèna sto komm�ti thc qamiltonian c pou dra sto spin, dhlad  thn
F (E)β. Sunep¸c ja prèpei na y�xoume gia idiotimèc thc enèrgeiac tètoiec
¸ste o telest c pou dra sto spin F (E)β na èqei idiotim  mon�da. Me autì
to skopì ja asqolhjoÔme mèqri thn sqèsh (404).

ArqÐzontac, h sunj kh kanonikopoÐhshc twn idiodianusm�twn < Ψα|Ψα >=
1 dÐnei

R−1
α = < Φα, w|β 1

(H0 − Eα)2
β|Φα, w > (387)

= < Φα|βF ′(Eα)β|Φα > (388)

EpÐshc, �n |ε > onom�soume tic idiokatast�seic enèrgeiac thc eleÔjerhc qamil-
tonian c me idiotimèc ε

H0|ε >= ε|ε > (389)

pou shmaÐnei oti
1

H0

|ε >=
1

ε
|ε > (390)

Epomènwc h probol  thc idiokat�stashc thc H se mia idiokat�stash thc H0

eÐnai
< ε|Ψα >=

√
Rα

ε− Eα

< ε|β|Φα, w > (391)

O telest c pou dra sto spin komm�ti thc kumatosun�rthshc gr�fetai

F (E)β =< w| H0 + E

H2
0 − E2

|w > β (392)

pou me thn eisagwg  thc pl rouc b�shc twn idiokatast�sew thc H0 gÐnetai

F (E)β =
1

N

∑

k

γc(k)β2 + βE

ε(k)2 − E2
(393)

  alli¸c

F (E)β = − β

NE
+ U(E) + βEV (E) (394)
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ìpou gia k = 0 paÐrnoume ton pr¸to ìro kai gia ta k 6= 0 èqoume orÐsei tic
sunart seic

U(E) =
1

N

∑

k 6=0

γc(k)

ε(k)2 − E2
(395)

V (E) =
1

N

∑

k 6=0

1

ε(k)2 − E2
(396)

E�n |E| ¿ ε(k), pou eÐnai tìso kalÔterh prosèggish ìso perissìtera
antikeÐmena y�qnoume, gia k�je k mporoÔme na proseggÐsoume tic dÔo autèc
sunart seic me to an�ptugma Taylor touc kai na krat soume mìno ton pr¸to
ìro. EpÐshc, se mia prosp�jeia na melet soume tic asumptwtikèc idiìthtec tou
algìrijmou ja jewr soume oti ta shmeÐa tou plègmatoc teÐnoun sto �peiro
kai ja mporèsoume proseggÐsoume to �jroisma me to olokl rwma. 'Eqoume
loipìn

U(0) ≈ 1

(2π)2

∫ π

−π

γc(k)ddk

ε(k)2
(397)

V (0) ≈ 1

(2π)2

∫ π

−π

ddk

ε(k)2
(398)

ìpou sto teleutaÐo olokl rwma qrhsimopoi same oti afoÔ to N eÐnai meg�lo,
mil�me gia mikr� k kai isqÔei h prosèggish ε(k)2 − E2 ' ε(k).

To pr¸to olokl rwma sugklÐnei gia k�je di�stash d tou plègmatoc. Autì
den isqÔei ìmwc kai gia to deÔtero olokl rwma, pou eÔkola faÐnetai oti sug-
klÐnei mìno gia d > 2. Gia na doÔme pio sugkekrimèna thn ex�rthsh tou V (0)
apì to N , to upologÐzoume gia ta pr¸ta d

d = 2 → V (0) =
1

4πω2
lnN + O(1) (399)

d = 3 → V (0) =
1

2πω2
(400)

d = 4 → V (0) =
4π

ω2N
+

π

4
(401)

d → V (0) ∝ 1

N
d−2
2

(402)

Aut  thn ex�rtish ja qrhsimopoi soume gia na broÔme thn taqÔthta tou al-
gìrijmou.

T¸ra, mporoÔme p�nta na dialèxoume ta ω, γ ètsi ¸ste to U(0) = 1. Tìte
h (394) gÐnetai

F (E)β = β[− 1

NE
+ EV (0)] + 1 (403)
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AfoÔ eÐqame pei oti y�qnoume apo to f�sma tou F (E)β idiotimèc Ðsec me th
mon�da, arkeÐ na broÔme idiotimèc pou mhdenÐzoun thn agkÔlh. LÔnontac wc
proc E brÐskoume dÔo

E+ = +
1√

V (0)N
(404)

E− = − 1√
V (0)N

(405)

Autèc antistoiqoÔn sthn basik  kai pr¸th diegermènh kat�stash tou sust -
matìc mac kai ìntwc ikanopoioÔn thn prosèggish |E±| ¿ ε(k), ∀k 6= 0.

'Eqontac brei tic idiotimèc mporoÔme na broÔme tic idiokat�st�seic. Apì
thn (389) paÐrnoume

βF ′(E)β = β[− β

NE
+ U(E) + βEV (E)]′β (406)

= β[
β

NE2
+ U ′(E) + βV (E) + βEV ′(E)]β (407)

lim
E→0

[βF ′(E)β] =
β2

NE2
+ U ′(E)|E=0 + β2V (E = 0) + βEV ′(E)|E=0

=
1

NE2±
+ V (0) (408)

ìpou paralleÐyame th dr�sh stic idiokatast�seic |Φα > q�rhn suntomÐac. H
teleutaÐa sqèsh apì thn (404) gÐnetai

R−1
± ≈ 1

NE2±
+ V (0) ≈ 2V (0) (409)

An dialèxoume gia to spin komm�ti thc qamiltonian c idiokatast�seic |Φ± >=
β|η >, h arqik  mac kumatosun�rthsh èqei probolèc stic dÔo idiokatast�seic

< η, s|Ψpm > = −
√

R±
E±
√

N
< η|β|Φ± > (410)

≈ ∓ 1√
2

(411)

Sunep¸c h arqik  mac kumatosun�rthsh mporèi na grafèi sunart sh twn
idiokatast�sewn wc

|η, s >≈ 1√
2
(|Ψ− > −|Ψ+ >) (412)
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'An dialèxoume na exelÐxoume thn arqik  aut  kat�stash gia qrìno T =
π

2|E±| paÐrnoume ousiasthk� thn kat�stash pou y�qnoume |w >. 'Ontwc

e−iHT |η, s >= |η, s(t) >≈ 1√
2
(|Ψ+ > +|Ψ− >) (413)

kai upologÐzontac thn probol  thc sthn kat�stash |w > èqoume

< η, w|η, s(t) > =
1√
2

√
R± +

1√
2

√
R± (414)

=
√

2R± (415)

To tetr�gwno aut c thc posìthtac ekfr�zei fusik� thn pijanìthta p(t) h
telik  mac kat�stash met� apì qrìno T na eÐnai h zhtoÔmenh. Gia na doÔme
an eÐnai kont� sth mon�da apì thn (409) èqoume oti

p(t) = 2R± =
1

V (0)
(416)

Apì tic sqèseic (399) blèpoume oti gia d ≥ 3 ⇒ p(t) → 1. Gia d = 2 ⇒
p(t) → 1/lnN pou mporeÐ mèsw Amplitude Amplification na teÐnei sth mon�da.

'Oson afor� ton qrìno gia na gÐnei autì, eÐpame oti qrei�zetai T = π/(2)
pou eÐnai (gia d 6= 2)

T =
π

2|E±| (417)

=
π

2

√
V (0)N (418)

∝ π

2

√
N

1

N
d−2
2

(419)

∝ π

2
N

4−d
4 (420)

pou epibebai¸nei thn kbantik  epit�qunsh O(
√

N). Gia d = 2 den petuqaÐnoume
pl rh epit�qunsh kaj¸c paÐrnoume

T =
π

2

√
1

4πω2

√
NlnN (421)

Blèpoume ìmwc oti gia d ≥ 3 petuqaÐnoume pl rh kbantik  epit�qunsh en¸
d = 2 ja prèpei na broÔme k�poio �llo trìpo na thn epitÔqoume.
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7.3 An�lush twn apotelesm�twn
Koit¸ntac thn arqik  epilog  thc qamiltonian c prèpei na prosèxoume oti
eÐnai polÔ shmantik  h eisagwg  tou ìrou Wilson. To oti eÐqame thn eleu-
jerÐa na epilèxoume thn par�metro γ kat�llhla mac epètreye na lÔsoume
to prìblhma idiotim¸n thc pl rouc qamiltonian c, èstw kai proseggistik�.
E�n diathroÔsame ton arqikì ìro m�zac ja katal game se mh sugklÐnwnta
oloklhr¸mata gia k�je di�stash tou plègmatoc, k�ti pou isqÔei kai gia thn
perÐptwsh pou epilègame thn qamiltonian  Klein-Gordon gia na exelÐxoume to
sÔsthma.

Telei¸nontac, ja prèpei na exhg soume giatÐ up�rqei aut  h diafor� metaxÔ
thc exèlixhc me thn exÐswsh tou Schrödinger kai tou Dirac gia to se poi�
di�stash oi algìrijmoi eÐnai epituqeÐc. FaÐnetai o deÔteroc na ta katafèrnei
kalÔtera. Logikì ja skefteÐ kaneÐc, afoÔ qrhsimopoieÐ perissìterh mn mh
dedomènou oti qrei�zetai ton epiplèon q¸ro tou nomÐsmtoc - spin, se antÐjesh
me ton pr¸to. 'Omwc o lìgoc thc kalÔterhc apìdwshc se di�stash èwc d ≥ 2
eÐnai h diaforetik  diaspor� twn dÔo exis¸sewn. E�n jumhjeÐ kaneÐc thn
an�lush tou algìrijmou tou Schrödinger sthn exÐswsh (320) eÐqame proseg-
gÐsei thn enèrgeia thc eleÔjerhc qamiltonian c wc ε(k) ' k2 dedomènou oti
to f�sma idiotim¸n thc  tan an�logo tou cos(k). Sthn perÐptwsh tou Dirac
to antÐstoiqo f�sma èqei ex�rthsh ε(k) ∝ sin(k) pou se pr¸th t�xh dÐnei
ε(k) ' k. Aut  h diafor� fusik� klhrodoteÐtai apì th diafor� sth diaspor�
twn dÔo exis¸sewn kaj¸c sth Schrödinger eÐnai thc morf c E ∝ P 2 en¸ sthn
Dirac thc morf c E ∝ P .
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8 KBANTIKOI TUQAIOI PERIPATOI 2D
EÐdame oti se mÐa di�stash oi kbantikoÐ tuqaÐoi perÐpatoi prosfèroun epit�qun-
sh t�xhc rÐzac se sqèsh me touc klassikoÔc tuqaÐouc perÐpatouc, ìpwc epÐshc
oti diafèroun p�ra polÔ oi katanomèc touc. Aut  h diafor� deÐxame oti ofeÐle-
tai sthn upèrjesh katast�sewn tou spin pou mporeÐ na brejeÐ to swmatÐdiì
mac. Perimènei loipìn kaneÐc na èqei ta Ðdia apotelèmsata se perisoterec
diast�seic arkeÐ na exasfalÐsei thn upèrjesh tou spin. Autì akrib¸c ja
deÐxoume.

Stic dÔo qwrikèc diast�seic up�rqei to ex c prìblhma. H jemeli¸dhc
anapar�stash thc SU(2) eÐnai didi�stath, pr�gma pou eÐnai idanikì gia th
monodi�stath perÐptwsh kaj¸c akrib¸c dÔo eÐnai kai oi dunatèc metakin seic
tou swmatidÐou, dexi�   arister�. Stic dÔo diast�seic ìmwc èqoume tèsseric
epilogèc. H pio apl  genÐkeush pou mporeÐ na skefteÐ kaneÐc eÐnai na qrhsi-
mopoi sei thn (profan¸c anag¸gimh) tetradi�stath anapar�stash thc SU(2)
¸ste na up�rqoun tèsseric sunist¸sec spin gia na suzeuqjoÔn me tic tèsseric
dunatèc qwrikèc metakin seic: P�nw, k�tw, dexi�, arister�. Epomènwc èqoume
ta spin

Spin1 =




1
0
0
0


 (422)

Spin2 =




0
1
0
0


 (423)

Spin3 =




0
0
1
0


 (424)

Spin4 =




0
0
0
1


 (425)
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pou ja ta suzeÔxoume me touc antÐstoiqouc telestèc metatìpishc

PxR =




0 1 0 ... 0
0 0 1 ... 0
0 0 0 ... 0

... 0
1 0 0 ... 0




(426)

PxL =




0 0 0 ... 1
1 0 0 ... 0
0 1 0 ... 0

... 0
0 0 0 ... 0




(427)

PyR =




0 1 0 ... 0
0 0 1 ... 0
0 0 0 ... 0

... 0
1 0 0 ... 0




(428)

PxL =




0 0 0 ... 1
1 0 0 ... 0
0 1 0 ... 0

... 0
0 0 0 ... 0




(429)

ìpou o PxR prokaleÐ metatìpish mÐa jèsh proc ta dexi� kai oi upìloipoi
telestèc antÐstoiqa.

Arqik� k�noume mia prosomoÐwsh tou probl matìc mac. H kat�stas  mac
sto q¸ro twn jèsewn ja eÐnai ènac nxn pÐnakac ìpou e�n to stoiqeÐo (7, 5) èqei
tim  0, 4 autì shmaÐnei oti h kumatosun�rths  mac sth jèsh tou q¸rou (7, 5)
èqei tim  0, 4. Oi metab�seic sthn y dieÔjunsh gÐnontai eÔkola ìpwc kai prin
kaj¸c oi telestèc PyR,L ekteloÔn akrib¸c aut  thn strof  sta dianÔsmata -
st lec tou pÐnka thc kat�stas c mac. 'Omwc gia na metatopÐzoun arister� -
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dexi� oi PxR,L ja prèpei na droun apì arister� sthn kat�stas  mac



0 1 0 0 0
0 0 1 0 0
0 0 0 1 0
0 0 0 0 1
1 0 0 0 0







0 0 0 0 0
0 0 0 0 0
0 0 1 0 0
0 0 0 0 0
0 0 0 0 0




=




0 0 0 0 0
0 0 1 0 0
0 0 0 0 0
0 0 0 0 0
0 0 0 0 0



(430)




0 0 0 0 0
0 0 0 0 0
0 0 1 0 0
0 0 0 0 0
0 0 0 0 0







0 0 0 ... 1
1 0 0 ... 0
0 1 0 ... 0

... 0
0 0 0 ... 0




=




0 0 0 0 0
0 0 0 0 0
0 0 0 1 0
0 0 0 0 0
0 0 0 0 0



(431)

Me autèc tic sunj kec kai qrhsimopoi¸ntac gia z�ri th genÐkeush tou
telest  Hadamard se tèsseric diast�seic, ton telest  tou QFT=Quantum
Fourier Transform pou dhmiourgeÐ mia isobar  upèrjesh twn dianusm�twn
b�shc ¸ste na eÐnai isopÐjano gia tic tèsseric dieujÔnseic z�ri paÐrnoume gia
plègma 151x151 shmeÐwn kai gia qrìno 100 timesteps thn katanom  pijanìth-
tac tou sq matoc 26 en¸ arqikopoiìntac to spin se di�forec katast�seic
paÐrnoume tic katanomèc 27 - 32

En¸ arqikopoiìntac to spin se di�forec katast�seic paÐrnoume tic katanomèc
27 - 32

ParathroÔme amèswc polÔ endiafèrousec idiìthtec. Katarq�c parathroÔme
oti se qrìno 100 bhm�twn h kumatosun�rthsh èqei diadojeÐ se antÐstoiqh
apìstash, �ra up�rqei kai ed¸ h kbantik  epit�qunsh t�xhc rÐzac. 'Enac k-
lassikìc tuqaÐoc perÐpatoc ja  tan mia gkaousian  me diaspor� t�xhc

√
t.

DeÔteron, h didi�stath katanom  èqei ta Ðdia qarakthristik� me th monodi�s-
tath. EÐnai sqedìn uniform katanom  ston kentrikì tomèa me mikrèc diakum�n-
seic kai parousi�zei mègista sta �kra. EpÐshc blèpoume isqur  ex�rthsh
apì tic arqikèc sunj kec thc epilog c tou spin, ìpwc kai sth monodi�stath
perÐptwsh. Me arqikì spin |Spin1 > h megalÔterh pijanìthta diadÐdetai
proc p�nw kai dexi�, en¸ me arqikì spin |Spin2 > to megalÔtero b�roc thc
pijanìthtac diadÐdetai proc thn akrib¸c antÐjeth kateÔjunsh. Fusik� up-
�rqoun kai epilogèc upèrjeshc pou dÐnoun isopÐjanh katanom  proc tic dÔo
kateujÔnseic.
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1 50 100 151

1

50

100

151

1 50 100 151

1

50

100

151

Sq ma 26: H arqik  Kumatosun�rthsh eÐnai mia dèlta sun�rthsh entopismènh
sto kèntro, dhlad  sto (75,75) stoiqeÐo. Met� apì 100 b mata exèlixhc h
kumatosun�rthsh èqei thn anwtèrw morf  ìpou oi apoqr¸seic tou kÐtrinou
èqoun tic megalÔterec timèc en¸ tou mple tic mikrìterec.
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1 50 100 151

1

50

100

151

1 50 100 151

1

50

100

151

Sq ma 27: H kumato-
sun�rthsh met� apì 100 b -
mata me to spin arqikopoih-
mèno sthn kat�stash spin
|Spin1 >.

1 50 100 151

1

50

100

151

1 50 100 151

1

50

100

151

Sq ma 28: H kumato-
sun�rthsh met� apì 100 b -
mata me to spin arqikopoih-
mèno sthn kat�stash spin
|Spin2 >.

1 50 100 151

1

50

100

151

1 50 100 151

1

50

100

151

Sq ma 29: H kumato-
sun�rthsh met� apì 100 b -
mata me to spin arqikopoih-
mèno sthn kat�stash spin
|Spin3 >.

1 50 100 151

1

50

100

151

1 50 100 151

1

50

100

151

Sq ma 30: H kumato-
sun�rthsh met� apì 100 b -
mata me to spin arqikopoih-
mèno sthn kat�stash spin
|Spin4 >.
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1 50 100 151

1

50

100

151

1 50 100 151

1

50

100

151

Sq ma 31: H kumato-
sun�rthsh met� apì 100 b -
mata me to spin arqikopoih-
mèno sthn kat�stash spin
1√
2
(|Spin2 > +|Spin3 >).

1 50 100 151

1

50

100

151

1 50 100 151

1

50

100

151

Sq ma 32: H kumato-
sun�rthsh met� apì 100 b -
mata me to spin arqikopoih-
mèno sthn kat�stash spin
1√
2
(|Spin2 > +|Spin4 >).

9 Par�rthma
Se autì to par�rthma ja upologÐsoume to qrìno sÔgklishc kai thn katanom 
enìc kbantikoÔ tuqaÐou perÐpatou diakritoÔ qrìnou. Oi upologismoÐ ja gÐ-
noun gia exèlixh se mia di�stash apeÐrou m kouc kai me nìmisma ton telest 
Hadamard . 'Opwc ìmwc apodeiknÔetai sto ( )ta apotelèsmata mporoÔn na
genikeujoÔn kai gia opoiod pote �llo nìmisma.

Ac jumhjoÔme to b ma tou kbantikoÔ tuqaÐou perÐpatou diakritoÔ qrìnou
U = S(C⊗I) me C = H gia thn perÐptwsh pou to nìmism� mac eÐnai o telest c
Hadamard

H =
1√
2

(
1 1
1 −1

)
(432)

H dr�sh tou monadiakoÔ metasqhmatismoÔ U se mia kat�stash sth jèsh n th
qronik  stigm  t me spin ±|n, t > |± > eÐnai

U |n, t > |+ > = |n + 1, t + 1 > |+ > +|n− 1, t + 1 > |− > (433)
U |n, t > |− > = |n + 1, t + 1 > |+ > −|n− 1, t + 1 > |− > (434)

  e�n jewr soume tic katast�seic qeiralikìthtac me |+ >=

(
1
0

)
kai |− >=
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(
0
1

)
mporoÔme na gr�foume se spinoriak  morf  |n, t >= Ψ(n, t) me

Ψ(n, t) =

(
ΨL(n, t)
ΨR(n, t)

)
(435)

kai gÐnetai �mesa o diaqwrismìc se dÔo komm�tia pou exellÐsontai dexi� kai
arister� antÐstoiqa.

Autì to b ma upodeiknÔei oti gia na brejeÐ o peripatht c sthn kat�stash
|n > th qronik  stigm  t + 1 ja prèpei thn prohgoÔmenh na eÐnai se mÐa apì
tic |n− 1 >, |n + 1 >

|n, t + 1 >= M+|n− 1, t > +M−|n + 1, t > (436)

ìpou èqoume orÐsei

M+ =
1√
2

(
0 0
1 1

)
(437)

M− =
1√
2

( −1 1
0 0

)
(438)

JewroÔme oti arqik� o peripatht c brÐsketai sthn kat�stash |0 > |+ >41

pou se spinoriak  morf  gr�fetai Ψ(0, 0) =

(
0
1

)
kai Ψ(n, 0) =

(
0
0

)
gia

k�je n 6= 0
Dedomènou oti o telest c Hadamard eÐnai analloÐwtoc se metajèseic, h

Fourier an�lus  tou eÐnai eÔkolh, gia thn akrÐbeia oi katast�seic b�shc |n, t >
gÐnontai

|k, t >=
∑

n

|n, t > eikn (439)

  se spinoriak  morf 
Ψ̃(k, t)

∑
n

Ψ(n, t)eikn (440)

Ja broÔme to dunamikì nìmo ston q¸ro twn orm¸n, ja ektelèsoume ekeÐ
thn exèlixh pou eÐnai pio eÔkolo kai sth sunèqeia ja metatrèyoume to apotè-
lesma pÐsw ston katastatikì q¸ro.

41Δε θεωρούμε την κατάσταση |0 > 1√
2
(|+ > +|− >) που θα μας οδηγήσει σε συμ-

μετρική εκκατέρωθεν της αρχής κατάσταση γιατί οι εκφράσεις που εμπλέκονται για αυτή την
περίπτωση είναι πολύ μεγάλες. Για οικονομία χώρου μελατάμε αυτή την περίπτωση. Καθώς οι
εκφράσεις είναι αντίστοιχα ίδιες για την περίπτωση |0 > |− > για να πάρουμε τη συμμετρική
περίπτωση αρκεί να αθροίσουμε τις δύο συνεισφορές
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Me apl  antikat�stash paÐrnoume thn exèlixh sto q¸ro twn orm¸n

|k, t + 1 > =
∑

n

[M+|n− 1, t > +M−|n + 1, t >]eikn (441)

= eikM+

∑
n

|n− 1, t > eik(n−1) + e−ikM−
∑

n

|n + 1, t > eik(n+1)(442)

= (eikM+ + e−ikM−)|k, t > (443)
= Mk|k, t > (444)

ìpou orÐsame ton pÐnaka exèlixhc sto q¸ro twn orm¸n

Mk = eikM+ + e−ikM− (445)

=
1√
2

( −e−ik e−ik

eik eik

)
(446)

EÐnai profan¸c monadiakìc.
H kat�stash met� apì qrìno t ja eÐnai

|k, t >= M t
k|k, 0 > (447)

Diagwnopoi¸ntac ton Mk mporoÔme eÔkola na broÔme thn exèlixh gia k�je
t. 'An |u1 >, |u2 > eÐnai ta idiodianÔsmata kai λ1, λ2 oi antÐstoiqec idiotimèc
èqoume

Mk = λ1|u1 >< u1|+ λ2|u2 >< u2| (448)

kai
M t

k = λt
1|u1 >< u1|+ λt

2|u2 >< u2| (449)

Ta idiodianÔsmata eÐnai

u1 =
1√

2N(k)

(
e−ik√

2eik + e−ik

)
(450)

u2 =
1√

2N(π − k)

(
e−ik

−√2e−ik + e−ik

)
(451)

me ton par�gonta kanonikopoÐhshc

N(k) = (1 + cos2k) + cosk
√

1 + cos2k (452)

oi idiotimèc eÐnai

λ1 = eiωk (453)
λ2 = ei(π−ωk (454)
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me

ωk = Arcsin(
sink√

2
) , ωk ∈ [−π

2
,
π

2
] (455)

Gia thn arqik  mac kat�stash sto q¸ro twn orm¸n èqoume

|k, 0 >=

(
0
1

)
,∀k (456)

kai exelÐsont�c thn sÔmfwna me thn (447) paÐrnoume

ΨR(k, t) =
1√
2
(1 +

cosk√
1 + cos2k

)eiωkt +
(−1)t

2
(1− cosk√

1 + cos2k
)e−iωkt (457)

ΨL(k, t) =
e−ikt

2
√

1 + cos2k
(eiωkt − (−1)te−iωkt) (458)

Ektel¸ntac t¸ra ton antÐstrofo metasqhmatismì Fourier

Ψ(n, t) =

∫ π

−π

dk

2π
Ψ̃(k, t)e−ikndk (459)

paÐrnoume thn exèlixh ston katastatikì q¸ro

ΨL(n, t) =

∫ π

−π

dk

2π

−ieik

√
1 + cos2k

e−i(ωkt−kn) (460)

ΨR(n, t) =

∫ π

−π

dk

2π
(1 +

cosk√
1 + cos2k

)e−i(ωkt−kn) (461)

Autèc oi sunart seic an kai akribeÐc eÐnai dÔsqrhstec. OÔte thn grafik  touc
par�stash mporoÔme na k�noume, oÔte na upologÐsoume ta zhtoÔmena fusik�
megèjh ìpwc thn katanom  pijanìthtac. Gia autì to lìgo ja katafÔgoume
sthn asumptwtik  an�lush twn oloklhrwm�twn gia polÔ meg�louc qrìnouc.

Sth sunèqeia ja k�noume qr sh thc mejìdou st�simhc f�shc42(Stationary
Phase) gia na mporèsoume na diaqeiristoÔme autèc tic oloklhrwtikèc sunart -
seic. Gia na to k�noume autì qreiazìmaste ta akrìtata thc f�shc φ(k) =

42Σε μια συνάρτηση της μορφής

I(t) =
∫ b

a

g(k)eiφ(k)tdk (462)

(με την g(k) μια περιοδική συνάρτηση στο διάστημα [a, b] και την φ(k) μια λεία συνάρτηση)
μπορεί να χρησιμοποιηθεί η μέθοδος στάσιμης φάσης για να προσεγγιστεί η μορφή της για
t → ∞. Η βασική ιδέα είναι οτι για μεγάλα t οι συνεισφορές των ημιτονοειδών g(k) θα
αλληλοαναιρούνται καθώς η φάση στον εκθέτη θα ταλαντώνεται πολύ γρήγορα. Συνεπώς
η συνεισφορά τους θα είναι αμελητέα. Στα σημεία όμως που η φάση φ(k) είναι στάσιμη
dφ(k)

dk = 0 η φάση θα μεταβάλλεται πολύ αργά λόγω ακροτάτου και τα k σε αυτή την περιοχή θα
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−ωkt + kn   qrhsimopoi¸ntac to α = n/t43 h f�sh gr�fetai φ(k, α) =
−ωk+αk en¸ ta oloklhr¸mata pou jèloume na upologÐsoume eÐnai thc morf c

I(α, t) =
1

2π

∫ π

−π

dkg(k)eiφ(k,α)t (465)

H g(k) eÐnai mia periodik  sun�rthsh periìdou 2π (�rtia gia thn ΨR(n, t) kai
peritt  gia thn ΨL(n, t)) kai to α ∈ [−1, 1].

UpologÐzoume tic parag¸gouc thc f�shc

∂φ

∂k
= −ω′k + α = − cosk√

1 + cos2k
+ α (466)

∂2φ

∂k2
= −ω′′k =

sink

(1 + cos2k)3/2
(467)

∂3φ

∂k3
= −ω′′′k =

2cosk(1 + sin2k)

(1 + cos2k)5/2
(468)

'Eqoume dÔo eleÔjerec paramètrouc. Ja y�xoume gia mhdenismoÔc thc pr¸thc
parag¸gou gia di�fora diast mata tou α. AfoÔ |cosk| ≤ 0 den èqoume rÐzec
gia |α| ≥ 1/

√
2. Gia |α| = 1/

√
2 ta akrìtata thc f�shc brÐskontai sta shmeÐa

k = 0 kai k = π pou antistoiqoÔn se α = 1/
√

2 kai α = −1/
√

2. ParathroÔme

είναι τα μόνα που θα συμβάλλουν ενισχυτικά και θα δίνουν σημαντική συνεισφορά. Μπορούμε
λοιπόν να αναπτύξουμε κατά Taylor την φ(k) γύρω από το ακρότατότης k0 και να κρατήσουμε

τους 3 πρώτους όρους με τον δεύτερο φυσικά να είναι μηδέν φ(k) ' φ(k0) + (k0−k)2

2
d2φ(k)

dk2 .
Αντικαθιστώντας τη φάση στο ολοκλήρωμα εύκολα υπολογίσουμε την ασυμπτωτική μορφή
του καθώς το πρώτο μέρος βγαίνει έξω από το ολοκλήρωμα με την τιμή της g(k) στο k0

ενώ το μέρος με τη δεύτερη παράγωγο είναι ένα γκαουσιανό ολοκλήρωμα. Κάνοντας την
ολοκλήρωση η γενική μορφή είναι

I(t) ' g(k0)eiφ(k0)t±iπ/4

√
2π

|d2φ(k)
dk2 |

, t →∞ (463)

Στην περίπτωση που το k0 είναι στάσιμο σημείο τάξης p − 1 (: φ′(k0) = φ′′(k0) = .. =
φ(p−1)(k0) = 0) στο ανάπτυγμα Taylor κρατάμε ανώτερους όρους με αποτέλεσμα η μέθοδος
αυτή να δίνει

I(t) ' g(k0)eiφ(k0)t±iπ/2p[
p!

tφ(p)(k0)
]1/p Γ(1/p)

p
, t →∞ (464)

όπου στη φάση το ± χρησιμοποιείται ανάλογογα με το αν φ(p)(k0) ≷ 0 αντίστοιχα. Φυσικά
η ίδια διαδικασία θα πρέπει να ακολουθηθεί για κάθε τυχόν στάσιμο σημείο xj της φάσης και
το άθροισμά τους θα μας δίνει την κυρίαρχη συμπεριφορά. Για περισσότερες λεπτομέρειες
πάνω στη μέθοδο στάσιμης φάσης βλ. ().

43Είναι σύνηθες να χρησιμοποιείται η ομαδική ταχύτητα (α) σε σχέση με την φασική dω/dk.
Η σημαντική συνεισφορά στο ολοκλήρωμα προκύπτει για κανονική διασπορά. α ' dω/dk
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oti kai ta dÔo shmeÐa eÐnai akrìtata t�xhc 2 kaj¸c mhdenÐzetai kai h deÔterh
par�gwgoc. Qrhsimopoi¸ntac th mèjodo st�simhc f�shc (464) paÐrnoume

I(
−1√

2
, t) ' g(π)

3π

√
2Γ(1/3)[

6

t
]1/3cos(

π√
2
t +

π

6
) (469)

I(
−1√

2
, t) ' g(0)

3π

√
3/2Γ(1/3)[

6

t
]1/3 (470)

AxÐzei na parathr sei kaneÐc thn ex�rthsh tou I(α, t) apì to qrìno ∝ t−1/3.
Gia |α| ≤ 1/

√
2 èqoume dÔo rÐzec kα, −kα me kα ∈ [0, π] tètoio ¸ste

coskα =
α√

1− α2
(471)

Aut  th for� to akrìtato eÐnai pollaplìthtac 1 kai h mèjodoc st�simhc
f�shc (463) dÐnei

I(α, t) =
g(kα)√
2πt|ω′′kα|

2cos(φ(kα, t) +
π

4
), για g(k) αρτιo (472)

I(α, t) =
g(kα)√
2πt|ω′′kα|

2isin(φ(kα, t) +
π

4
), για g(k) περιττo (473)

'Eqontac autì to apotèlesma mporoÔme na gr�youme thn asumptwtik  morf 
twn sunart se¸n mac (460), (461) pou eÐnai

ΨL(αt, t) ' 1 + (−1)(α+1)t

√
2πt|ω′′kα|

αcos(φ(α)t +
π

4
) (474)

ΨR(αt, t) ' 1 + (−1)(α+1)t

√
2πt|ω′′kα|

(1− α)cos(φ(α)t +
π

4
)−

√
1− 2α2sin(φ(α)t +

π

4
)

(475)
T¸ra eÐmaste ètoimoi na upologÐsoume thn katanom  pijanìthtac paÐrnon-

tac to tetr�gwno twn dÔo kumatosunart sewn

P (α, t) = |ΨL(αt, t)|2 + |ΨR(αt, t)|2 (476)
P (α, t) = PL(n, t) + PR(n, t) (477)

Oi katanomèc pijanìthtac sto |α| < 1/
√

2 eÐnai

Pl(n, t) ' 1 + (−1)(α+1)t

πt|ω′′kα|
(1− α2)cos2(φ(α)t +

π

4
) (478)

PR(n, t) ' 1 + (−1)(α+1)t

πt|ω′′kα|
(1− α)2cos2(φ(α)t +

π

4
) (479)
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Aut  h katanom  pijanìthtac mporeÐ na sp�sei se dÔo komm�tia pou ja
mac bohj soun sthn an�lus  thc. Se èna komm�ti pou metab�lletai arg� em
to qrìno kai se èna pou metab�lletai gr gora me to qrìno:

P (α, t) = Pslow(α, t) + Pfast(α, t) (480)

me

Pslow(α, t) =
1− α

πt|ω′′kα|
(481)

pou metab�lletai arg� me to qrìno qwrÐc na talant¸netai kai Pfast(α, t) eÐ-
nai to enapomeÐnan komm�ti pou talant¸netai gr gora me to qrìno lìgw tou
sunhmitìnou. ja deÐxoume oti h suneisfor� tou teleutaÐou ston upologismì
twn rop¸n thc katanom c eÐnai t�xhc O(1)/t mikrìtero apì th suneisfor� tou
Pslow(α, t) kai wc apotèlesma ja mporoÔme na thn paraleÐyoume ston upolo-
gismì thc diaspor�c.

Sto ex c periorizìmaste sto pedÐo α ∈ [−1/
√

2+ ε, 1/
√

2− ε] kaj¸c ìpwc
ja doÔme to olokl rwma thc puknìthtac pijanìthtac se autì to di�sthma
eÐnai sqedìn Ðsh me th mon�da, �ra se autì to di�sthma perièqetai to shmantikì
mèroc thc plhroforÐac.

Gia na deÐxoume oti oi ropèc thc katanom c eÐnai t�xhc O(1)/t ja tic fr�x-
oume apìluta. Gia th rop  t�xhc m èqoume

|
∑

n

(n/t)mPslow(n/t, t)−
∫

α

αmp(α, t)da| ≤
∑

n

∫ (n+1)/t

n/t

dα|(n/t)mPslow(n/t, t)− αmp(α, t)|(482)

≤
∑

n

∫ (n+1)/t

n/t

dα∆1/t(α
mp(α)) (483)

ìpou
∆δf(α) = maxα|f(α + δ)− f(α)| (484)

kai gr�yame ekpefrasmèna oti α = n/t PaÐrnwntac to ∆1/t(α
mp(α)) kai anap-

tÔswntac kat� Taylor blèpoume oti h ex�rths  tou apo to qrìno eÐnai t�xhc
O(1)/t2 ìpou oloklr¸nontac mac dÐnei th zhtoÔmenh t�xh O(1)/t gia ìlec tic
ropèc.

Proqwr�me sth dikaiolìghsh tou diaqwrismoÔ se Pfast(α, t) kai Pslow(α, t).
O ìroc Pfast(α, t) emperièqei gr gora talantoÔmenouc ìrouc me hmÐtona kai
sunim tona. 'Enac genikìc tètoioc ìroc eÐnai thc morf c

P (α, t) =
α(1− 2α)

πt|ωkα |
e2iφ(α)t (485)

ìpou èqoume orÐsei
φ(α) = φ(kα, α) (486)
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kai èqoume gr�yei ta hmÐtona kai sunim tona me thn ekjetik  touc morf . H
suneisfor� enìc tètoiou ìrou sth rop  t�xhc m thc katanom c

∑
n

αmP (α, t) (487)

mporeÐ na grafeÐ sth morf 

αmP (α, t) ' 1√
t

∫ π−δ

δ

f(k)e2iφ(k,α)tdk (488)

me

f(k) = −2ω′k(1 + 2ω′k)

π
√

π|ω′′k |
e−iπ/4 (489)

kai δ mia kat�llhla epilegmènh stajer�. Aut� ta oloklhr¸mta ìmwc eÐnai
akrib¸c thc morf c I(t) =

∫ b

a
g(k)eitφ(k)dk pou eÐqame diaqeiristeÐ sthn arq 

tou parart matoc me th mèjodo thc st�simhc f�shc. AjroÐzwntac sta n kai
gr�fontac ekpefrasmèna to α = n/t paÐrnoume

∑
n

(n/t)mP (α, t) ' 1√
t

∑
n

∫ π−δ

δ

f(k)e−2iωkt−2inkdk (490)

=
1√
t

∫ π−δ

δ

f(k)e−2iωktdk
∑

n

e−2ink (491)

=
1√
t

∫ π−δ

δ

f(k)e−2iωkt e
−2ik(βt+1) − e2ikβt

e−2ik − 1
dk (492)

me
β = (1/

√
2− ε) (493)

Qrhsimopoi¸ntac kai p�li th mèjodo stasÐmhc f�shc brÐskoume oti to olok-
l rwma exart�tai apì to qrìno san 0(1/

√
t) pou shmaÐnei oti h suneisfor� stic

ropèc twn ìrwn thc Pfast(α, t) eÐnai thc t�xhc 0(1/t) kai epomènwc mporoÔn
se pr¸th t�xh na paraleifjoÔn.

Plèon èqoume to dikaÐwma na gr�youme oti
∫ 1/

√
2−ε

−1/
√

2+ε

Ptotal(α, t)dα '
∫ 1/

√
2−ε

−1/
√

2+ε

Pslow(α, t)da (494)

UpologÐzwntac to olokl rwma brÐskoume
∫ 1/

√
2−ε

−1/
√

2+ε

Pslow(α, t)da = 1− 2

π
ε (495)



9 PAR�ARTHMA 111

Apì autì to apotèlesma sumperaÐnoume oti sqedìn ìlh h pijanìthta eÐnai
sugkentrwmènh sto di�sthma α ∈ [−1/

√
2 + ε, 1/

√
2− ε] opìte gr�foume

∫

α

Ptotal(α, t)dα '
∫ 1/

√
2−ε

−1/
√

2+ε

Pslow(α, t)da (496)

' 1 (497)
(498)

pou apodeiknÔei oti h katanom  eÐnai omoiìmorfh kai makr�n apèqei apì thn
gkaousian .
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