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PerÐlhyh

H paroÔsa ergasÐa asqoleÐtai me th melèth twn diadikasi¸n Poisson kai th
sÔndesh touc me tic diwnumikèc diadikasÐec. Oi proanaferj sec diadikasÐec
eÐnai apì tic pio diadedomènec kai pio suqn� qrhsimopoihmènec ìtan èqoume
probl mata me diakritèc tuqaÐec metablhtèc. H orj  montelopoÐhsh enìc
probl matoc apoteleÐ th b�sh gia thn swst  sumperasmatologÐa kai ende-
qomènwc gia thn epÐlush tou probl matoc pou mac apasqoleÐ. AfoÔ dialè-
xoume èna montèlo pou na mporeÐ na efarmosteÐ sto prìblhma proqwroÔme
sth statistik  an�lush twn dedomènwn gia na p�roume sto tèloc ta epi-
jumht� apotelèsmata. Se dÔskola probl mata jewroÔme ìti h mpeôzian 
prosèggish upertereÐ ènanti twn �llwn mejìdwn statistik c sumperasma-
tologÐac kaj¸c mporeÐ na eÐnai euèlikth kai na efarmosteÐ se perÐploka
probl mata ta opoÐa arijmitik� den mporoÔn eÔkola na antimetwpistoÔn.
SÔmfwna me thn mpeôzian  statistik , h sumperasmatologÐa gÐnetai me b�-
sh thn ek twn ustèrwn katanom  twn paramètrwn, h opoÐa se polÔploka
probl mata porseggÐzetai mèsw mejìdwn prosomoÐwshc. Sth melèth aut 
parousi�zoume mia efarmog  thc mpeôzian c sumperasmatologÐac se èna
perÐploko prìblhma thc astrofusik c. Sugkekrimèna asqoloÔmaste me thn
sthn ektÐmhsh thc sun�rthshc fwteinìthtac twn energ¸n pur nwn twn ga-
laxi¸n, ìpou h montelopoÐhsh tou arijmoÔ twn parathr simwn galaxi¸n
gÐnetai me diadikasÐec Poisson kai diwnumikèc.



Abstract

In this master thesis we study the Poisson and binomial stochastic processes.
These processes are widely used in the scientific community, to deal with problems
where the random variables are distinct. In order to draw correct inferences we
must choose an appropriate model. After choosing the model we believe is
correct we wish to make inferences about the parameters of the model.In this
study we follow the Bayesian approach to inference, that is all inferences are
based on the posterior distribution of the model parameters. In multi-dimensional
problems it is rarely possible to calculate the posterior distribution and compute
analytically, statistics such as posterior means, posterior variances and posterior
probabilitites. Instead we may use simulation algorithms, the well known Markov
Chain Monte Carlo (MCMC) algorithms in order to approximate the posterior
distribution of interest. This master thesis is organized in two parts. In the first
part we present the theory of Poisson processes and and we make the connection
with the binomial processes. Furthermore, we briefly describe the basic theory of
Bayesian inference, Marcov chains and MCMC. In the second part we present an
application of the Bayesian inference in astrophysics. Specifically we present an
estimation method of the luminosity function of the active galactic nuclei, where
se use models, for the number of the observed galaxies, Poisson and Binomial
processes.
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Kef�laio 1

Eisagwg 

Oi diadikasÐec Poisson eÐnai apì tic suqn� qrhsimopoihmènec diadikasÐec stic
jetikèc epist mec ìtan èqoume diakrit� dedomèna. Montèla Poisson mporoÔn
na qrhsimopoihjoÔn gia na montelopoi soun fainìmena sthn epidhmiologÐa,
sth biostatistik , probl mata se sust mata thlepikoinwni¸n, sth jewrÐa
kindÔnou, stic ourèc anamon c, sthn mhqanik , sthn astronomÐa kai se pol-
loÔc allouc tomeÐc thc epist mhc. Oi polÔ kalèc idiìthtec thc diadikasÐac
ìpwc gia par�deigma to ìti den q�nei tic kalèc algebrikèc idiìthtec pou
èqei met� apì metasqhmatismoÔc, èqei k�nei th diadikasÐa Poisson eurèwc
gnwst  kai polÔ eÔqrhsth. EmeÐc, epiqeiroÔme na efarmìsoume tic Poisson
kai diwnumikèc diadikasÐec se astrofusik� dedomèna gia thn ektÐmhsh thc
sun�rthshc fwteinìthtac twn energ¸n pur nwn twn galaxi¸n.

H ergasÐa ousiastik� qwrÐzetai se dÔo mèrh. Sto pr¸to mèroc anaptÔsse-
tai h jewrÐa gia tic diadikasÐec Poisson, basik� stoiqeÐa gia th mpeôzian 
sumperasmatologÐa, tic markobianèc alusÐdec kai ton algìrijmo MCMC.
Sto deÔtero mèroc thc ergasÐac parousi�zoume thn efarmog  se astrono-
mik� dedomèna, ìpwc anafèrame pio p�nw kai analÔoume ta apotelèsmata
mac. Sugkekrimèna qrhsimopoioÔme th mpeôzian  sumperasmatologÐa se
èna prìblhma astrofusik c ìpou ta dedomèna montelopoioÔntai me diadi-
kasÐec Poisson   diwnumikèc.

Sto kef�laio 2 thc ergasÐac aut c anaptÔssoume th jewrÐa gÔrw apì
th diadikasÐa Poisson. Sthn pr¸th par�grafo tou kefalaÐou orÐzoume
touc q¸rouc pijanìthtac stouc opoÐouc mporeÐ na oristeÐ mia diadikasÐa
Poisson. H epìmenh par�grafoc perièqei qr simouc orismoÔc, idiìthtec kai
jewr mata pou isqÔoun gia th diadikasÐa Poisson apodeiknÔontac pìso eÔ-
qrhsth eÐnai. Se aut  thn par�grafo gÐnetai sÔndesh me th diadikasÐa
Bernoulli. Anafèroume sthn par�grafo 3 idiìthtec twn ajroism�twn diadi-
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kasi¸n Poisson, orÐzoume th qarakthristik  sun�rthsh kai th qarakthristi-
k  sunarthsoeid . H par�grafoc 4 perièqei thn polÔ shmantik  perÐptwsh
thc diadikasÐac Poisson ìtan aut  orÐzetai sthn eujeÐa twn pragmatik¸n
arijm¸n. Tèloc sthn par�grafo 5 orÐzoume th diadikasÐa sto q¸ro ginì-
meno kai anafèroume to je¸rhma tou qrwmatismoÔ.

Sto kef�laio 3 k�noume mia sÔntomh anafor� sth mpeôzian  sumperasma-
tologÐa kaj¸c epÐshc kai stic markobianèc alusÐdec me epÐkentro th mèjodo
MCMC. Ed¸ anafèroume mìno th basik  jewrÐa thc mpeôzian c statistik c
kai markobian¸n alusÐdwn ètsi ¸ste o anagn¸sthc na mporeÐ na parako-
louj sei thn efarmog  pou k�noume sta kef�laia 4 kai 5.

To tètarto kef�laio arqÐzei me orismoÔc thc astrofusik c, touc opoÐouc
ja qrhsimopoi soume sthn efarmog  pou akoloujeÐ. H efarmog  afor�
thn ektÐmhsh thc sun�rthshc fwteinìthtac twn energ¸n pur nwn twn gala-
xi¸n. Gia thn efarmog  pou akoloujeÐ antl same plhroforÐec kai dedomè-
na kurÐwc apì ta �rjra twn B.C.Kelly, X.Fan, M.Vestergaard (2008) kai twn
H.L.Marshall,Y.Anvi, H.Tananbaum, G.Zamorani (1983). Parousi�zoume ton
upologismì thc sun�rthshc pijanof�neiac gia Poisson dedomèna kai diwnu-
mik� dedomèna ìtan h sun�rthsh fwteinìthtac twn galaxi¸n eÐnai Schechter
kai ìtan akoloujeÐ k�poia mÐxh kanonik¸n katanom¸n. EpÐshc, deÐqnoume
pwc, me mpeôzian  an�lush prosomoi¸noume thn ek twn ustèrwn katanom 
twn paramètrwn tou montèlou pou epilèxame. Lìgw thc periplokìthtac twn
ek twn ustèrwn katanom¸n twn paramètrwn qrhsimopoioÔme me th mèjodo
MCMC gia th sumperasmatologÐa. Sto kef�laio 5 parousi�zoume analu-
tik� ta apotelèsmata thc efarmog c mac.
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Kef�laio 2

H stoqastik  diadikasÐa

Poisson

Sto kef�laio autì melet�me th stoqastik  diadikasÐa Poisson. OrÐzoume
th diadikasÐa se di�forouc q¸rouc pijanìthtac, anafèroume k�poiec idiì-
thtec thc kai melet�me ta basikìtera jewr mata thc diadikasÐac Pois son.
Antl same plhroforÐec kurÐwc apì dÔo biblÐa, twn J.F.C Kingman (1993) ,
R.L.Streit (2010). O anagn¸sthc pou epijumeÐ na brei perissìterec plhro-
forÐec kai merikèc apodeÐxeic tic opoÐec paraleÐpoume, jewr¸ntac ìti eÐnai
èxw apì touc skopoÔc thc melèthc mac, mporeÐ na anatrèxei sta proana-
ferjènta biblÐa.

H katanom  Poisson p re to ìnoma thc apì to majhmatikì Simeon-Denis
Poisson (1781-1840). O Poisson dhmioÔrghse thn katanom  Poisson sthn pro-
sp�jeia tou na proseggÐsei th diwnumik  katanom . 'Estw ìti èqoume èna
nìmisma to opoÐo rÐqnoume n forèc. Me pijanìthta p èrqetai kef�li kai me
1 − p èrqetai gr�mmata. H tuqaÐa metablht  pou dhl¸nei ton arijmì twn
kefal¸n sto peÐrama akoloujeÐ th diwnumik  katanom 

f(r;n, p) =
(
n
r

)
pr(1− p)n−r

An jewr soume µ = np to mèso arijmì pou èrqetai kef�li, ìtan to n gÐnetai
meg�lo kai h pijanìthta p mikr  tìte èqoume

πr(µ) = limn−→∞ f(r;n, p) = limn−→∞
(
n
r

)
pr(1− p)n−r = µre−µ/r!

H diadikasÐa Poisson, dhlad , proseggÐzei th diwnumik  katanom , ìtan to
n teÐnei sto �peiro.
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2.1 H katanom  Poisson

Orismìc 2.1.1. H katanom  Poisson

Mia diakrit  metablht  X akoloujeÐ th katanom  Poisson me par�metro
m kai sumbolÐzetai me P(µ) an èqei sun�rthsh pijanìthtac:

P (X = n) = πn(µ) = e−µ µ
n

n!
ìpou n = 0, 1, 2, . . . µ > 0

H mèsh tim  thc tuqaÐac metablht c X sumpÐptei me thn
par�metro.'Eqoume dhlad  ìti an X ∼ P(µ) ⇒ E(X) =

∑∞
n=0 nπn(µ) = µ

Orismìc 2.1.2. Pijanogenn tria

Gia k�je arijmì |z| ≤ 1 o tuqaÐoc arijmìc zX eÐnai fragmènoc. OrÐzoume
thn pijanogenn tria thc tuqaÐac metablht c Q th mèsh tim  E(zX).

Sthn perÐptwsh thc Poisson metablht c ja èqoume ìti

E(zX) =
∞∑
n=0

πn(µ)zn = e−µ
∞∑
n=0

(µz)n

n!
= e−µ(1−z), 0 ≤ µ <∞

An paragwgÐsoume thn pijanogenn tria kai jèsoume to z = 1 mporoÔme
na upologÐsoume tic mèsec timèc:

E(X) = µ
E {X(X − 1)} = µ2 k.o.k

Mia endiafèrousa kai polÔ qr simh idiìthta thc katanom c Poisson eÐnai h
prosjetikìthta thc. An èqoume dÔo anex�rthtec tuqaÐec metablhtèc X, Y
tètoiec ¸ste X ∼ P(λ), Y ∼ P(µ) tìte h katanom  tou ajroÐsmatoc touc
X+Y ja akoloujeÐ epÐshc thn katanom  Poisson me parametro to �jroisma
twn paramètrwn touc.
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P {X + Y = n} =
n∑
r=0

P {X = r, Y = n− r} =
n∑
r=0

e−λλr

r!

e−µµn−r

(n− r)!

=
e(−λ+µ)

n!

n∑
r=0

(
n

r

)
λrµn−r =

(λ+ µ)ne−(λ+µ)

n!

'Omoia mporeÐ na apodeiqjeÐ ìti k�je peperasmèno �jroisma anex�rthtwn
tuqaÐwn metablht¸n pou akoloujoun thn katanom  Poisson ja èqei epÐshc
thn katanom  Poisson me par�metro to �jroisma twn epimèrouc paramè-
trwn.

EÐmaste t¸ra se jèsh na apodeÐxoume to je¸rhma thc prosjetikìthtac gia
arijm simec tuqaÐec metablhtèc

Je¸rhma 2.1.1. Arijm simh Prosjetikìthta
Countable Additivity Theorem

'Estw Xj, j = 1, 2, . . . anex�rthtec tuqaÐec metablhtèc oi opoÐec akolou-
joÔn thn Poisson(µj) (Xj ∼ P(µj), j = 1, 2, . . . ).

E�n to µ =
∑∞

j=1 µj sugklÐnei, tìte to �jroisma twn tuqaÐwn metablh-
t¸n S =

∑∞
j=1 Xj sugklÐnei me pijanìthta 1 kai èqei thn katanom  P(µ).

Sthn antÐjeth perÐptwsh pou to µ apoklÐnei tìte kai to S apoklÐnei.

Apìdeixh

H apìdeixh gÐnetai me epagwg  sto n.

SumbolismoÐ:

Sn =
∑n

j=1Xj, µn =
∑n

j=1 µj

5



To �jroisma twn tuqaÐwn metablht¸n ja sugklÐnei sthn katanom  Poisson
me par�metro µn (Sn ∼ P(µn))

Epomènwc gia k�je r isqÔei ìti:

P{Sn ≤ r} =
r∑

k=0

πk(µn)

ParathroÔme ìti ta gegonìta {Sn ≤ r} fjÐnoun kaj¸c to n aux�nei, gia
stajerì r.

EpÐshc èqoume ìti:

P{S ≤ r} = lim
n→∞

P{Sn ≤ r} = lim
n→∞

r∑
k=0

πk(µk)

Kaj¸c oi sunart seic πk eÐnai suneqeÐc kai apì th sunèqeia twn µn èpetai
ìti:

P{S ≤ r} =
∑r

k=0 πk(µ) kai P{S = r} = πr(µ)

Sunep¸c to S eÐnai peperasmèno kai sugklÐnei me pijanìthta 1 sthn P(µ).

An ìmwc µn →∞ tìte:

r∑
k=0

πk(µn) = e−µn
r∑

k=0

µkn
k!
→ 0⇒ P{S > r} = 1

Dhlad  to S apoklÐnei me pijanìthta 1. �

H poluwnumik  katanom  sundèetai �mesa me thn katanom  Poisson mèsw
tou peperasmènou ajroÐsmatoc anex�rthtwn tuqaÐwn metablht¸n. Eidikìtera
ja èqoume ìti:
An S = X1 + · · ·+Xn, Xj ∼ P(µj), j = 1, . . . , n kai S ∼ P(µ) tìte:

P{X1 = r1 + · · ·+Xn = rn|S = s} =
n∏
j=1

µ
rj
j e
−µj

rj!
/
µse−µ

s!
=

=
s!

r1! . . . rn!

(
µ1

µ

)r1 (µ2

µ

)r2
. . .

(
µn
µ

)rn
Aut  h katanom  eÐnai h poluwnumik  M(µ; p1, . . . , pn) ìpou pj =

µj
µ
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An n = 2 tìte h katanom  ja eÐnai diwnumik .

'Ara mporoÔme na kataskeu�soume tuqaÐec metablhtèc pou akoloujoÔn thn
poluwnumik  (  th diwnumik  katanom ), desmeÔontac kat�llhla k�poia
tuqaÐa metablht  pou akoloujeÐ thn katanom  Poisson.

'Estw t¸ra dÔo tuqaÐec metablhtèc N,M . JewroÔme ìti h N akoloujeÐ
katanom  Poisson me mèso µ( N ∼ P(µ)) kai h M dedomènhc thc N ako-
loujeÐ diwnumik  katanom  me paramètrouc N, p (M |N ∼ Binomial(N, p)),
ìpou p stajerìc jetikìc arijmìc, mikrìteroc   Ðsoc thc mon�dac.

Gia m,k ≥ 0 èqoume:

P {M = m,N −M = k} = P {N = m+ k}P {M = m|N = m+ k}

=
e−µµ

m+k

(m+ k)!

(
m+ k

m

)
pm(1− p)k

=
e−µp(µp)m

m!

e−µ(1−p)(µ(1−p))k

k!

'Ara blèpoume ìti oi tuqaÐec metablhtèc M, N −M eÐnai anex�rthtec me-
tablhtèc Poisson me mèsouc µp, µ(1− p) antÐstoiqa.

2.1.1 Q¸roi pijanìthtac gia th diadikasÐa Poisson

Gia na orÐsteÐ austhr� h diadikasÐa Poisson prèpei na kajoristeÐ o q¸roc
pijanìthtac, dhlad  mia tri�da (Ω,F ,P). Me Ω sumbolÐzoume to sÔnolo
pou perièqei ìla ta dunat� exag¸mena (deigmatikìc q¸roc), me F mia oi-
kogèneia uposunìlwn tou W pou eÐnai epiplèon s-�lgebra kai tèloc me P
sumbolÐzoume to mètro pijanìthtac, P : F → [0, 1].

Prin orÐsoume loipìn me austhrì trìpo th diadikasÐa Poisson parajètoume,
gia lìgouc plhrìthtac, orismènouc basikoÔc orismoÔc thc jewrÐac pijano-
t twn.1

1
Ο αναγνώστης μπορεί να αντρέξει σε βιβλία Θεωρίας Πιθανοτήτων για περισσότερες

πληροφορίες. Προτείνουμε τα βιβλία: Ν. Παπαδάτου (2006) και το P.Billingsley (1996)

7



Orismìc 2.1.3. TuqaÐa metablht 

'Estw (Ω,F ,P) ènac q¸roc pijanìthtac kai Q: Ω→ < tuqoÔsa sun�rthsh.
H Q ja kaleÐtai tuqaÐa metablht  an isqÔei ìti {ω ∈ ω : X(ω) ≤ b} ∈ F
gia k�je b ∈ <. 2

Se antistoiqÐa me ton pio p�nw orismì, orÐzoume to tuqaÐo di�nusma

Orismìc 2.1.4. TuqaÐo di�nusma

Mia sun�rthsh X = (X1, . . . , Xn) : Ω → <n kaleÐtai tuqaÐo di�nusma
ston metr simo q¸ro (Ω,F) ìtan oi sunart seic Xj, j = 1, . . . , n : Ω → <
eÐnai tuqaÐec metablhtèc.

Orismìc 2.1.5. Stoqastik  diadikasÐa

Stoqastik  diadikasÐa mia oikogèneia tuqaÐwn metablht¸n {X(α), α ∈ T}
orismènwn se koinì q¸ro pijanot twn (Ω,F ,P). Oi tuqaÐec metablhtècX(α)
paÐrnoun timèc se èna sÔnolo S to opoÐo onom�zetai sÔnolo   q¸roc kata-
st�sewn, en¸ to a an kei sto sÔnolo T, to opoÐo onom�zoume parametrikì
sÔnolo   parametrikì q¸ro.

Proqwr�me loipìn ston orismì thc diadikasÐac Poisson

Stoqastik  diadikasÐa Poisson

H stoqastik  diadikasÐa Poisson me q¸ro katast�sewn S , orismènh se
èna q¸ro pijanìthtac (Ω,F ,P) eÐnai mia sun�rthsh Π apì ton Ω sto sÔ-
nolo S∞ twn metr simwn uposunìlwn tou S.
OrÐzoume me N(A) mia tuqaÐa metablht  wc:

2
Με < συμβολίζουμε το σύνολο των πραγματικών αριθμών
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N(A) = # {Π(ω) ∩ A},

ìpou me # sumbolÐzoume to pl joc twn shmeÐwn sto sÔnolo. To A eÐnai
to sÔnolo dokim¸n to opoÐo eÐnai uposÔnolo tou F . MporeÐ na eÐnai opoio-
d pote sÔnolo me k�poiec kalèc idiìthtec. ApaitoÔme na eÐnai fragmèno
kai qwric ken�   “ trÔpec ”. Gia par�deigma mporeÐ na eÐnai k�poio kurtì
sÔnolo, ènwsh xènwn sfair¸n ktl.

IsqÔei ìti h tuqaÐa metablht  orÐzetai wc

N(A) : Ω→ {0, 1, 2, . . . ,∞}

kai apaitoÔme h sun�rthsh N na eÐnai metr simh gia k�je sÔnolo A. Epo-
mènwc èpetai ìti gia k�je sÔnolo A kai gia k�je n, to sÔnolo twn w me thn
idiìthta {ω;N(A) = n} ja an koun sto F kai �ra ta N(A) eÐnai tuqaÐec
metablhtèc.

Gia par�deigma gia an o q¸roc katast�sewn eÐnai h eujeÐa twn prag-
matik¸n arijm¸n, gia na isqÔei h arkeÐ {ω;N(A) = n} ∈ F to sÔnolo A na
eÐnai opoiod pote anoiktì di�sthma, en¸ an o q¸roc katast�sewn eÐnai to
<2 arkeÐ to sÔnolo katast�sewn na eÐnai opoiod pote anoiqtì orjog¸nio
parallhlìgrammo.

2.1.2 To “anapìfeukto” thc diadikasÐac Poisson

Idiìthta 2.1.1. H idiìthta twn anex�rthtwn diaskorpÐsewn
The independent scattering property

'Estw mÐa stoqastik  diadikasÐa Z pou orÐzetai sto q¸ro S ⊆ <d kai èstw
A ⊆ S. SumbolÐzoume me ZA = Z ∩ A ton periorismì thc Z sto A.
Lème ìti mÐa stoqastik  diadikasÐa Z èqei thn idiìthta twn anex�rthtwn
diaskorpÐsewn an:
Gia xèna uposÔnola A1, A2, . . . tou S oi periorismoÐ twn stoqastik¸n diadi-
kasi¸n ZA1 , ZA2 , . . . eÐnai anex�rthtec stoqastikèc diadikasÐec.

Je¸rhma 2.1.2. To “ anapìfeukto”thc stoqastik c diadikasÐac
Poisson
The inevitable of the Poisson process
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An mia stoqastik  diadikasÐa ikanopoieÐ thn idiìthta twn anex�rthtwn dia-
skorpÐsewn kai o arijmìc twn shmeÐwn opoiod pote fragmènou sÔnolou A
eÐnai peperasmènoc kai megalÔteroc tou mhdenìc me pijanìthta 1, tìte
o arijmìc twn shmeÐwn thc diadikasÐac dedomènou tou sunìlou A eÐnai o-
pwsd pote diadikasÐa Poisson.

Apìdeixh

'Estw k�poio sÔnolo A 6= ∅ qwrÐc ken�   “ trÔpec ”kai orÐzoume mÐa oiko-
gèneia sunìlwn At, t ≥ 0 wc :

At =
⋃
α∈A {x ∈ <m : ‖x− α‖ ≤ t}

ìpou me ‖·‖ sumbolÐzoume thn sun jh eukleÐdia apìstash. Dhlad  to sÔno-
lo At orÐzei kÔklo aktÐnac t. Kaj¸c to A A den parousi�zei ken� to sÔnoro
tou As perièqetai sto At gia t > s.

JewroÔme tic sunart seic pn(t) = P {N(At) = n} kai qn(t) = P {N(At) ≤ n}.

H tuqaÐa metablht  N(At) eÐnai aÔxousa sun�rthsh tou t kai sunep¸c
h sun�rthsh qn(t) eÐnai fjÐnousa, en¸ h sun�rthsh thc mèshc tim c pou
(µ(t) ≡ E [N(At)]) eÐnai aÔxousa.
Oi pn, qn eÐnai diaforÐsimec sqedìn pantoÔ. Gia mikrì h > 0 h tuqaÐa me-
tablht  N(At) phd�ei apì ton n-ostì daktÔlio sto (n + 1)-ostì daktÔlio
pou orÐzoun oi aktÐnec t, t+ h me pijanìthta qn(t)− qn(t+ h) ≥ 0.
An den l�boume upìyh mac thn pijanìthta na pèsoun dÔo   perissìte-
ra shmeÐa sto daktÔlio tìte h pijanìthta aut  dÐnetai kai apì th sqèsh
µ(t+ h)− µ(t).
An h pijanìthta aut  eÐnai anex�rthth tou arijmoÔ twn shmeÐwn sto sÔnolo
At tìte isqÔei ìti :

qn(t)− qn(t+ h) = pn(t) {µ(t+ h)− µ(t)}

Kaj¸c h→ 0 paÐrnontac merik  par�gwgo wc proc t èqoume:

−dqn
dt

= pn
dµ
dt
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Ex' orismoÔ ja isqÔei ìti: pn = qn − qn−1 .

Antikajist¸ntac th sqesh aut  sth −dqn
dt

= pn
dµ
dt

paÐrnoume ìti:

Gia n ≥ 1

dpn(t)
dt

= (pn−1 − pn) dµ(t)
dt

Gia n = 0 isqÔei ìti q0(t) = p0(t)

dp0
dt

= −p0
dµ
dt
⇔ d

dt
(µ(t) + log [p0(t)]) = 0

AfoÔ p0(0) = 1 kai µ(0) = 0 èpetai ìti

log(p0) + µ = 0 kai �ra p0(t) = e−µ(t) pn−1(t)dµ(t)
dt

= dpn(t)
dt

+ pn(t)µ(t)
dt

Pollaplasi�zontac kai ta dÔo mèlh me eµ(t) paÐrnoume ìti:

d
dt

(
pn(t)eµ(t)

)
= pn−1(t)eµ(t) dµ(t)

dt

Oloklhr¸nontac,

pn(t) = e−µ(t)
∫ t

0
pn−1(s)eµ(s) dµ(s)

ds
ds

Epagwgik�, arqÐzontac apì thn isìthta p0(t) = e−µ(t) mporeÐ na apodeiqjeÐ

ìti pn(t) = e−µ(t) µ
n(t)
n!

'Ara deÐxame ìti h tuqaÐa metablht  N(At) akoloujeÐ thn P(µ(t)) kata-
nom . �

H proanaferj sa oikogèneia twn sunìlwn At ta opoÐa kalèsame sÔnola
dokim¸n eÐnai polÔ meg�lh. Autìc eÐnai kai ènac apì touc lìgouc pou mpo-
roÔme na montelopoi soume poll� probl mata pou antimetwpÐzoume ka-
jhmèrin� qrhsimopoi¸ntac th diadikasÐa Poisson.
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2.2 H diadikasÐa Poisson stouc genikoÔc q¸-

rouc pijanìthtac

2.2.1 OrismoÐ kai idiìthtec thc diadikasÐac Poisson

H diadikasÐa Poisson sun jwc èqei q¸ro katast�sewn S k�poion eukleÐdio
q¸ro di�stashc d (sun jwc <d).O q¸roc katast�sewn S den eÐnai aparaÐ-
thto na eÐnai o eukleÐdioc all� arkeÐ ta uposÔnola tou na eÐnai metr sima
kai na èqoun morf  s-�lgebrac me thn ennoia ìti:

1. To kenì sÔnolo (∅) eÐnai metr simo.

2. To sumpl rwma metr simou sunìlou (Sc) eÐnai epÐshc metr simo.

3. H arijm simh ènwsh metr simwn sunìlwn (SA1 ∪SA2 ∪ . . . ) eÐnai epÐshc
metr simo sÔnolo.

Tèloc eÐnai aparaÐthto na exasfalÐsoume ìti up�rqoun arket� metr sima
sÔnola gia na diakrÐnoun ìla ta shmeÐa. K�noume loipìn thn upìjesh ìti
to D = {(x, ψ);x = ψ} eÐnai metr simo sto q¸ro ginìmeno S×S. H upìjesh
aut  mac exasfalÐzei ìti k�je monosÔnolo {x}eÐnai metr simo ston S.

JewroÔme th sun�rthsh N(A) = #{Π ∩ A} h opoÐa eÐnai kal� orismènh
kai onom�zetai aparijm tria sun�rthsh (orÐzei aparijm tria diadikasÐa).

Orismìc 2.2.1. DiadikasÐa Poisson

K�tw apì tic upojèseic pou anafèrjhkan amèswc pio p�nw h stoqasti-
k  diadikasÐa Poisson sto S eÐnai èna tuqaÐo arijm simo uposÔnolo Π tou
S tètoio ¸ste:

1. Gia k�je sullog  apì xèna arijm sima uposÔnola A1, A2, . . . , An tou
S, oi tuqaÐec metablhtèc N(A1), N(A2), . . . , N(An) eÐnai anex�rthtec.

2. H aparijm tria diadikasÐa N(A) èqei thn katanom  Poisson, (P(µ)),
ìpou µ = µ(A) kai 0 ≤ µ ≤ ∞
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An to µ(A)eÐnai peperasmèno, tìte to sÔnolo Π ∩ A eÐnai me pijanìthta 1
peperasmèno kai kenì e�n µ(A) = 0. E�n µ(A) = ∞ tìte to Π ∩ A eÐnai
�peiro kai arijm simo me pijanìthta 1.

Ex' orismoÔ h mèsh tim  thc aparijm triac diadikasÐac eÐnai

E{N(A)} = µ(A)

Sthn perÐptwsh pou èqoume sÔnola A1, A2, . . . ta opoÐa eÐnai xèna metaxÔ
touc kai isqÔei ìti A =

⋃∞
n=iAn tìte afoÔ N(A) =

∑∞
n=1 N(An)

eÐnai profanèc ìti h mèsh tim  thc aparijm triac diadikasÐac ja eÐnai to
�jroisma:

µ(A) =
∑∞

n=1 µ(An)

E�n gnwrÐzoume to µ mporoÔme na broÔme thn apì koinoÔ katanom  twn
N(A) gia k�je sÔnolo A.
Gia na to doÔme autì upojètoume ìti èqoume ta metr sima sÔnolaA1, A2, . . . , An
ìqi kat' an�gkh eÐnai xèna metaxÔ touc tìte paÐrnoume:

Bi = A∗1 ∩ A∗2 ∩ . . . A∗n
ìpou A∗j , j = 1, 2, . . . , n eÐnai ta eÐte ta Aj   to sumpl rwma touc.
Sunep¸c ta Bi eÐnai 2n to pl joc.
'Eqoume loipìn ìti:

Aj =
⋃
i∈γj Bi me γj ⊆ {1, 2, . . . , 2n} ⇒ N(A) =

∑
i∈γj N(Bi)

Apì thn kataskeu  touc oi tuqaÐec metablhtèc N(Bi) eÐnai anex�rthtec kai
akoloujoÔn thn katanom  P(µ(Bi)). H mèsh tim  ja eÐnai

µ(A) =
∑
n∈γj

µ(Bn)

'Etsi h mporoÔme na orÐsoume thn pijanìthta k�je gegonìtoc qrhsimo-
poi¸ntac tic tuqaÐec metablhtèc N(A1), N(A2), . . . , N(An).

Onom�zoume to µ, mèso mètro gia th diadikasÐa Poisson.

EÐnai shmantikì na parathr soume ìti den mporeÐ k�je mètro pijanìthtac
na eÐnai mèso mètro. Gia par�deigma, èstw ìti to mètro µ ston S èqei èna
�tomo sto x tètoio ¸ste gia to monosÔnolo {x} ja eÐnai m = µ({x}) > 0.
Apì to (2) tou orismoÔ 2.2.1. gia th diadikasÐa Poisson an p�roume A = {x}
tìte h diadikasÐa Poisson ja èqei mèso mètro µ kai ja eÐnai tètoio ¸ste

13



P {N ({x}) ≥ 2} = 1− e−m −me−m > 0

Kaj¸c ìmwc to A eÐnai monosÔnolo kai N(A) = # {Π ∩ A} ≤ 1 apì ton
trìpo pou orÐsame thn tuqaÐa metablht  N(A) èpetai ìti to µ den mporeÐ
na eÐnai mèso mètro.
Gia na mporeÐ to mètro na eÐnai mèso mètro prèpei na eÐnai mh atomikì upì
thn ènnoia ìti µ ({x}) = 0 gia k�je x ∈ S

Sthn perÐptwsh pou o q¸roc katast�sewn eÐnai o d−di�statoc EukleÐdioc
q¸roc tìte to mèso mètro onom�zetai rujmìc (rate)   èntash (intensity).

An to l eÐnai mia jetik� orismènh metr simh sun�rthsh tou S, tìte:
µ(A) =

∫
A
λ(x)dx (me dx sumbolÐzoume to dx1dx2 . . . dxn).

An h sun�rthsh λ eÐnai suneq c tìte se mikr  perioq  tou A sto x tìte
isqÔei ìti

µ(A) ∼ λ(x)|A|
ìpou me |A| sumbolÐzoume to mètro (an d=1 eÐnai m koc,an d=2 embadìn, an
d=3 ìgkoc) .

To λ(x)|A| eÐnai proseggistik� h pijanìthta èna shmeÐo thc Π na pèsei
sto sÔnolo A. Me aut  thn ènnoia h pijanìthta aut  eÐnai megalÔterh
ìtan to l eÐnai meg�lo.

An to l eÐnai stajer� tìte µ(A) = λ|A| kai h diadikasÐa aut  onom�ze-
tai omogen c   omoiìmorfh diadikasÐa Poisson.

Par�deigma

'Estw ìti to S = < kai upojètoume ìti to mèso mètro µ eÐnai peperasmèno
sto fragmèno sÔnolo A. To µ tìte kajorÐzetai monos manta apì tic timèc
sto sto di�sthma (a, b]
Gr�foume

M(t) =

{
µ (0, t] = E {N (0, t]} an t ≥ 0

−µ (0, t] = −E {N (0, t]} an t < 0

ìpou M aÔxousa sun�rthsh.

To mèso mètro m orÐzetai wc

µ (a, b] = M(b)−M(a) , (a < b)
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kai onom�zetai mètro Stieltjes

'Opwc anafèrame pio p�nw apaitoÔme to mètro na eÐnai mh atomikì. Sto
par�deigma autì to mètro m eÐnai mh atomikì an kai mìno an h sun�rthsh
M eÐnai suneq c. Pollèc forèc h sun�rthsh M mporeÐ na ekfrasteÐ wc:

M(t) =
∫ t

0
λ(x)dx

'Otan hM ekfr�zetai se aut  th morf  tìte µ = M . Se omogen  diadikasÐa
Poisson h sun�rthsh l eÐnai, ìpwc anafèrame kai pio p�nw, stajer�. 'Ara
to mèso mètro thc diadikasÐac ja eÐnai:

µ(t) = M(t) = λt

�

H stoqastik  diadikasÐa Poisson èqei to pleonèkthma ìti èqei endiafèrou-
sec idiìthtec oi opoÐec epitrèpoun th qr sh thc se pollèc efarmogèc en¸
tautìqrona oi upologismoÐ twn pijanot twn kai �llwn stoiqeÐwn pou mac
endiafèroun gÐnontai polÔ apl�. Stic epìmenec selÐdec ja anafèroume je-
wr mata kai epiplèon idiìthtec thc diadikasÐac Poisson.

2.2.2 To je¸rhma thc Upèrjeshc

L mma 2.2.1. AmoibaÐa xènec diadikasÐec

The disjointness lemma

'Estw Π1,Π2 anex�rthtec Poisson diadikasÐec se q¸ro katast�sewn S kai
A èna metr simo sÔnolo dokim¸n. 'Estw epÐshc µ1(A), µ2(A) oi par�metroi
twn diadikasi¸n. JewroÔme ìti oi µ1(A), µ2(A) eÐnai peperasmènec. Tìte oi
Π1,Π2 xènec diadikasÐec me pijanìthta 1 ston A dhlad 

P{Π1 ∩ Π2 ∩ A = ∅} = 1

15



Apìdeixh

'Estw Af to sÔnolo ìlwn twn peperasmènwn uposunìlwn Λ tou A.To Af to
kataskeu�zoume ètsi ¸ste na perièqei thn mikrìterh oikogèneia twn metr -
simwn sunìlwn pou k�noun th sun�rthsh Λ 7→ #(Λ∩B) metr simh gia ìla
ta sÔnola B ⊆ A.

Tìte to Π1∩A eÐnai tuqaÐo stoiqeÐo tou Af me katanom  P1 ston A
f .'Omoia

to Π2 ∩ A èqei katanom  P2.

Ta Π1,Π2 eÐnai anex�rthta kai h apì koinoÔ katanom  twn Π1∩A , Π2∩A
eÐnai h P1 × P2 sto q¸ro ginìmeno Af × Af

OrÐzoume thn apeikìnish

η : Af × Af → (A× A)f me η(Λ1,Λ2) = Λ1 × Λ2

Jèloume na deÐxoume ìti h η eÐnai metr simh. ArkeÐ na deÐxoume ìti h
η−1 {Λ; #(Λ ∪ C) = n} eÐnai metr simh sto q¸ro Af × Af gia k�je metr -
simo sÔnolo C ⊆ A× A.

Gia C = B1 × B2 to zhtoÔmeno isqÔei gia k�poia η1, η2 afoÔ an n1n2 = n
kai

#(Λ1 ∪B1) = n1 , #(Λ2 ∪B2) = n2

tìte to pl joc # {η(Λ1,Λ2) ∪ (B1 ×B2)} = n

EpÐshc h t�xh twn sunìlwn C eÐnai kleist  kai perièqei ìla ta metr si-
ma C ston q¸ro ginìmeno A× A.

Eidikìtera, èstw diag¸nio sÔnolo D eÐnai metr simo sto q¸ro S × S. O
periorismìc DA = D ∩ (A × A) eÐnai metr simo sto q¸ro A × A ètsi ¸ste
to J = η−1 {Λ; #(Λ ∪DA) = 0} na eÐnai metr simo sto q¸ro Af × Af .

Apì ton trìpo kataskeu c twn P1, P2, J h sqèsh pou jèloume na apodeÐ-
xoume (dhlad  h P{Π1 ∩ Π2 ∩ A = ∅} = 1) eÐnai isodÔnamh me th sqèsh
(P1 × P2)(J) = 1
Gia ìla ta Λ1 pou brÐskontai ektìc tou P1 ja isqÔei

P2 {Λ2; (Λ1,Λ2) ∈ J} = 1⇒ P2 {N2(Λ1) = 0} = 1
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H teleutaÐa sqèsh isqÔei kaj¸c Λ1 eÐnai peperasmèno kai epomènwc µ(Λ1) =
0 gia ìla ta Λ1.

H apìdeixh èqei oloklhrwjeÐ. �

Je¸rhma 2.2.1. To je¸rhma thc Upèrjeshc
The superposition Theorem

To je¸rhma thc upèrjeshc (  alli¸c to je¸rhma thc EpallhlÐac) brÐsketai
se antistoiqÐa me to je¸rhma thc arijm simhc prosjetikìthtac.

'Estw Π1,Π2, . . . mÐa arijm simh sullog  apì anex�rthtec Poisson diadi-
kasÐec sto q¸ro katast�sewn S kai èstw ìti oi Πn èqoun mèso mètro µn gia
k�je n. Tìte h ènwsh twn diadikasi¸n Π =

⋃∞
n=1 Πn eÐnai epÐshc diadikasÐa

Poisson me mèso mètro µ =
∑∞

n=1 µn.

Apìdeixh

'Estw Nn(A) o arijmìc shmeÐwn thc diadikasÐac Πn se èna metr simo sÔnolo
A.
An isqÔei ìti µ(A) < ∞ gia ìla ta n apì to l mma twn amoibaÐa xènwn
diadikasi¸n ta tuqaÐa sÔnola Πn eÐnai xèna metaxÔ touc sto A kai tìte

N(A) =
∑∞

n=1Nn(A)

Apì to je¸rhma arijm simhc prosjetikìthtac h N(A) èqei thn katanom 
P(µ) me µ = µ(A) =

∑∞
n=1 µn.

An µn(A) =∞ gia k�poia n tìte

Nn(A) = N(A) =∞ kai h N(A) =
∑∞

n=1 Nn(A)

isqÔei tetrimmèna.
Epomènwc gia na deÐxoume to je¸rhma arkeÐ na deÐxoume ìti oi tuqaÐec me-
tablhtèc N(A1), N(A2), . . . , N(Ak) eÐnai anex�rthtec an ta sÔnola Aj eÐ-
nai xèna metaxÔ touc. Autì ìmwc eÐnai profanèc kaj¸c ta Nn(Aj) , n =
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1, 2, . . . j = 1, 2, . . . , k eÐnai anex�rthtec kai apì ton orismì twn N(Aj) eÐnai
uposÔnola twn xènwn metaxÔ touc metablht¸n gia diaforetik� j. �

Je¸rhma 2.2.2. To je¸rhma tou PeriorismoÔ
The restriction theorem

'Estw Π mÐa diadikasÐa Poisson me mèso mètro µ se q¸ro katast�sewn S kai
èstw S1 èna metr simo uposÔnolo tou S. Tìte to tuqaÐo arijm simo sÔnolo
Π1 = Π∩S1 eÐnai epÐshc diadikasÐa Poisson me mèso mètro µ1(A) = µ(A∩S1)
  diadikasÐa Poisson sto q¸ro katast�sewn S1 pou to mèso mètro tou eÐnai
o periorismìc tou m sto S1.

Apìdeixh

H apìdeixh eÐnai �mesh kaj¸c apì ton orismì (2.2.1) gia th diadikasÐa
Poisson blèpoume ìti an ta 1, 2 isqÔoun gia thn Π tìte ja isqÔoun kai gia
ton periorismì Π1. �

2.2.3 To je¸rhma thc ApeikonÐsewc

MÐa idiìthta twn diadikasi¸n Poisson eÐnai ìti an o q¸roc katast�sewn
all�xei kai metaferjoÔme se �llo q¸ro katast�sewn, tìte ta shmeÐa pou
antistoiqoÔn ston kainoÔrgio q¸ro katast�sewn sqhmatÐzoun epÐshc mÐa
diadikasÐa Poisson.

Prin proqwr soume sto je¸rhma gia thn metafor� thc diadikasÐac Pois-
son apì èna q¸ro katast�sewn se k�poio �llo q¸ro, krÐnoume anagkaÐo
na anaferjoÔme se k�poia stoiqeÐa gia thn kalÔterh katanìhsh tou jew-
r matoc.

'Estw diadikasÐa Poisson Π me q¸ro katast�sewn S, mèso mètro µ kai èstw
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f mÐa sun�rthsh apì to q¸ro katast�sewn S sto q¸ro T , f : S → T .
Upojètoume ìti oi pio p�nw q¸roi ikanopoioÔn tic sunj kec pou anafèrjh-
kan prin gia na eÐnai h diadikasÐa Π, Poisson. ApaitoÔme h sun�rthsh f na
eÐnai metr simh upì thn ènnoia ìti h antÐstrofh eikìna

f−1(B) = {x ∈ S; f(x) ∈ B}

eÐnai metr simo uposÔnolo tou S gia k�je metr simo uposÔnolo B ⊆ T .

Ta shmeÐa f(x), x ∈ Π sugkrotoÔn èna tuqaÐo arijm simo sÔnolo f(Π) ⊆ T .
To er¸thma eÐnai an sto sÔnolo T ja èqoume kai p�li diadikasÐa Poisson

JewroÔme to N∗(B) = #{f(Π ∩ B)} to pl joc twn shmeÐwn tou f(Π) sto
sÔnolo B.

An ta shmeÐa eÐnai diakrita tìte mporoÔme na gr�youme ton pio p�nw arij-
mì wc: N∗(B) = #{x ∈ Π; f(x) ∈ B} = N(f−1(B))
Apì ton orismì tìte, to N∗(B) eÐnai diadikasÐa Poisson ,P(µ∗), (ìpou
µ∗ = µ∗(B) = µ(f−1(B))) kaj¸c ta B1, B2, . . . , Bk eÐnai xèna, kai �ra kai
oi antÐstrofec eikìnec touc N∗(Bj) eÐnai anex�rthtec.
'Etsi gia na eÐnai h f(Π) eÐnai diadikasÐa Poisson sto T , arkeÐ ta shmeÐa
f(x) na eÐnai diakrit�.

EntoÔtoic h upìjesh ìti ta shmeÐa eÐnai diakrit�, den eÐnai tetrimmènh kaj¸c
mporoÔme na broÔme sun�rthsh (èstw mia stajer  sun�rthsh) pou antistoi-
qeÐ ta shmeÐa tou S mèsw thc Π se èna stajerì shmeÐo tou T .

Genikìtera an ta µ, f eÐnai tètoia ¸ste to epagwmeno mètro µ∗ na èqei
èna �tomo sto t ∈ T tìte to A = f−1(t) èqei mh-mhdenikì mètro m = µ(A) =
µ∗({t}) kai me mh mhdenik  pijanìthta 1 − e−m − me−m toul�qiston dÔo
shmeÐa thc Π pou eÐnai sto A antistoiqoÔn sto Ðdio t.

'Ara eÐnai aparaÐthto toul�qiston na upojèsoume ìti to µ∗ eÐnai mh-atomikì.
Qreiazìmaste kai mÐa sunj kh ¸ste to mèso mètro na mhn eÐnai �peiro kai
eÐnai arketì na upojèsoume ìti to m eÐnai s-peperasmèno upì thn ènnoia ìti
to S mporeÐ na grafeÐ wc arijm simh ènwsh twn metr simwn sunìlwn Sn, me
µ(Sn) <∞ .

Telik� èqoume to epìmeno je¸rhma:
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Je¸rhma 2.2.3. To je¸rhma thc apeikonÐsewc
The mapping theorem

'Estw Π mia diadikasÐa Poisson me s-peperasmèno mèso mètro µ sto q¸ro
katast�sewn S kai èstw f : S → T mÐa metr simh sun�rthsh tètoia ¸ste
to epag¸meno mètro µ(A) = E [N(A)] na einai mh atomikì. Tìte h f(Π) eÐnai
diadikasÐa Poisson sto T me mèso mètro µ∗ = µ∗(B) = µ(f−1(B)) , B ⊆ T .

Apìdeixh

'Estw ìti µ(S) <∞ kai èstw A k�poio metr simo sÔnolo. SumbolÐzoume me
Ac to sumpl rwma tou sunìlou A. OrÐzoume me Π1 Π2 touc periorismoÔc thc
Π sta sÔnola A , Ac antÐstoiqa. Oi diadikasÐec Π1 Π2 eÐnai anex�rthtec
Poisson diadikasÐec.

An efarmìsoume ton Ðdio sullogismì ìpwc kai sthn apìdeixh tou l mma-
toc twn amoibaÐa xènwn diadikasi¸n sto tuqaÐo sÔnolo

f(Π1)× f(Π2) ⊆ T × T

tìte mporoÔme na doÔme ìti oi diadikasÐec f(Π1) , f(Π2) eÐnai me pijanìthta
1, xènec.

OrÐzoume me M to mètro sto q¸ro S × S me thn ènnoia ìti to M(C) eÐ-
nai o anamenìmenoc arijmìc twn zeugari¸n (x, ψ) ∈ C gia C ⊆ S × S kai

x ∈ Π, ψ ∈ Π , f(x) = f(ψ).

Tìte afoÔ oi f(Π1), f(Π2) eÐnai xènec ja èqoume M(A×Ac) = 0 gia ìla ta
A.

Gia k�je A, B ⊆ S, to sÔnolo A×B mporeÐ na grafeÐ wc (A∩B)× (A∩B)
kai to mètro tou A×B wc M(A×B) = m(A∩B) ,ìpou m(A) = M(A×A)
An B = S tìte isqÔei ìti m(A) = m(A× S) kai epomènwc to m eÐnai mètro.
'Estw M1 to epag¸meno mètro apì to m sto diag¸nio D ⊆ S × S mèsw thc
sun�rthshc x 7→ (x, x) . Tìte:

M1(A×B) = m(A ∩B)⇒M(A×B) gia ìla ta A , B .
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Apì th monadikìthta twn mètrwn epetai ìti M1 = M . Epomènwc me pijanì-
thta 1 den up�rqoun diaforetik� x ∈ Π, ψ ∈ Π me f(x) = f(ψ).

An katarg soume thn upìjesh ìti µ(S) < ∞ kai antÐ autoÔ upojèsoume
ìti ta Sn eÐnai xèna kai S =

⋃∞
n=1 Sn , µ(Sn) <∞.

'Estw epÐshc o periorismìc Πn tou Π ètsi ¸ste oi Πn eÐnai anex�rthtec
diadikasÐec Poisson me peperasmèna mètra µn. Tìte ta f(Πn) eÐnai anex�r-
thtec diadikasÐec Poisson me mètra µ∗n(B) = µ(f−1(B)), kai h ènwsh touc

f(Π) = f (
⋃∞
n=1 Πn) =

⋃∞
n=1 f(Πn)

eÐnai diadikasÐa Poisson me mèso mètro

µ∗ = µ∗(B) = µ(f−1(B))

�
Par�deigma

'Estw Π mÐa omoiìmorfh diadikasÐa me rujmì l. O metasqhmatismìc twn
suntetagmènwn (x, y)stic polikèc suntenagmènec tou (x, y) ja dÐnetai apì
th sun�rthsh f(x, y) = ((x2 + y2)1/2, tan−1(x, y)).

To mèso mètro ja eÐnai µ∗(B) =
∫ ∫

f−1(B)
λdxdy =

∫ ∫
B
λrdrdθ.

Ta shmeÐa (r, θ) sqhmatÐzoun mÐa diadikasÐa Poisson sto qwro

{(r, θ); r > 0 , 0 ≤ θ ≤ 2π}

me par�metro λ∗(r, θ) = λr

An agno soume tic gwnÐec θ to r akoloujeÐ diadikasÐa Poisson stouc je-
tikoÔc pragmatikoÔc arijmoÔc me sun�rthsh èntashc

λ∗∗(r) =
∫ 2π

0
λ∗(r, θ)dθ = 2πλr

�

Par�deigma

'Estw Π mÐa diadikasÐa Poisson ston <D me rujmì λ(x1, x2, . . . , xD)
'Estw epÐshc h sun�rthsh probol c f : <D → <d , d ≤ D h opoÐa orÐzetai
wc
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f(x1, x2, . . . , xD) = (x1, x2, . . . , xd)

Gia B ⊆ <d, to mèso mètro ja eÐnai

µ∗(B) =
∫
·· ·
∫

B×<D−d
λ(x1, x2, . . . , xD)dx1dx2 . . . dxD =

=
∫
·· ·
∫

B

λ∗(x1, x2, . . . , xd)dx1dx2 . . . dxd

ìpou λ∗(x1, x2, . . . , xd) =
∫
·· ·
∫

<D−d
λ(x1, x2, . . . , xD)dxd+1dxd+2 . . . dxD (∗)

Kaj¸c to µ eÐnai s-peperamèno kai to µ∗ eÐnai mh-atomikì to je¸rhma an-
tistoÐqishc mac dÐnei ìti e�n to olokl rwma (∗) sugklÐnei tìte h diadikasÐa
f(Π) eÐnai diadikasÐa Poisson me rujmì λ∗ ston <d.

�

2.2.4 H Diwnumik -Poluwnumik  diadikasÐa

'Estw Π mÐa diadikasÐa Poisson sto S me mèso mètro µ kai epÐshc µ(S) <∞.
Tìte to Π eÐnai sqedìn bebaÐwc èna peperasmèno uposÔnolo tou S kai o
sunolikìc arijmìc N(S) èqei thn katanom  P(µ(S))

An desmeÔsoume wc proc thn tim  tou N(S) kai an sumbolÐsoume me
Pn{·} = P{·|N(S) = n} ja èqoume ta ex c:

'Estw A1, A2, . . . , Ak xèna uposÔnola tou S .

Pn {N(A1) = n1, N(A2) = n2, . . . , N(Ak) = nk} =
P {N(A0) = n0, N(A1) = n1, . . . , N(Ak) = nk} /P {N(S) = n} =

=
∏k

j=1
e−µ(Aj)µ(Aj)

nj

nj !
/ e

−µ(S)µ(S)n

n!
=

= n!
n0!n1!...nk!

(
µ(A0)
µ(S)

)n0
(
µ(A1)
µ(S)

)n1

. . .
(
µ(Ak)
µ(S)

)nk
όπου n0 = n−

∑k
i=1 ni και A0 το συμπλήρωμα του συνόλου A1 ∪A2 · · · ∪Ak.

Sunep¸c èna peperasmèno sÔnolo Π gia to opoÐo to pl joc twn shmeÐ-
wn tou eÐnai Ðso me n tìte ja eÐnai:

P {N(A1) = n1, N(A2) = n2, . . . , N(Ak) = nk} = n!
n0!n1!...nk!

p(A0)n0p(A1)n1 . . . p(Ak)
nk

22



H parap�nw diadikasÐa mporeÐ na onomasteÐ poluwnumik  me paramètrouc
n , p(·) = µ(·)

µ(S)
.

Gia k = 2 prokÔptei h Diwnumik  diadikasÐa. Sthn bibliografÐa h para-
p�nw diadikasÐa sunant�tai kai me to ìnoma diadikasÐa Bernoulli. (Blèpe
J.F.C Kingman (1993)).

To mèso mètro ja eÐnai E{N(A)} = np(A) ètsi ¸ste to p eÐnai mètro pija-
nìthtac sto S.

Sunep¸c desmeÔontac mÐa diadikasÐa Poisson me peperasmèno mèso mètro
µ, wc proc N(S) = n tìte h diadikasÐa gÐnetai Poluwnumik -Diwnumik .

'Enac �lloc trìpoc kataskeu c Poluwnumik s-Diwnumikhc diadikasÐac eÐnai
na jewr soume n anex�rthtec tuqaÐec metablhtèc X1, X2, . . . , Xn katane-
mhmènec sto q¸ro S sÔmfwna me to k�poio mètro pijanìthtac p. An to
p eÐnai mh atomikì, oi tuqaÐec metablhtèc eÐnai diakritèc me pijanìthta 1
(apodeiknÔetai me to l mma twn amoibaÐa xènwn diadikasi¸n) kai ètsi to
{X1, X2, . . . , Xn} eÐnai èna tuqaÐo sÔnolo me n stoiqeÐa.
Tìte h tuqaÐa metablht 

N(A) = #{r : Xr ∈ A}

ikanopoieÐ th sqèsh

P {N(A1) = n1, N(A2) = n2, . . . , N(Ak) = nk} =
n!

n0!n1! . . . nk!
p(A0)n0p(A1)n1 . . . p(Ak)

nk

Sunep¸c h diadikasÐa N(A) eÐnai Poluwnumikh diadikasÐa.

Genik� ja èqoume ìti dedomènou tou arijmoÔ N(S) twn shmeÐwn tou q¸rou
S, ta shmeÐa miac peperasmènhc diadikasÐac Poisson mporoÔn na jewrhjoÔn
wc tuqaÐec metablhtèc, oi opoÐec profan¸c ja eÐnai N(S) to pl joc, me

koin  katanom  p(·) = µ(·)
µ(S)

.
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2.2.5 Anex�rthtec ekleptÔnseic thc diadikasÐac Pois-
son

The independent (or Bernoulli) thinning

H eklèptunsh miac diadikasÐac Poisson eÐnai polÔ qr simh stic efarmogèc
kaj¸c mporoÔme na mei¸soume ton arijmì twn shmeÐwn thc diadikasÐac Pois-
son ¸ste na èqoume pio bolik  kai pio praktik  sun�rthsh èntashc (l).

'Estw Π mia diadikasÐa Poisson sto q¸ro S.
Gia k�je x ∈ S jètoume 1 − α(x), 0 ≤ α(x) ≤ 1 thn pijanìthta to sh-
meÐo x na afairejeÐ apì to sÔnolo twn pragmatopoi sewn thc diadikasÐac
Poisson. H kainoÔrgia aut  diadikasÐa eÐnai mia nèa diadikasÐa Poisson me
sun�rthsh èntashc λα(x) = α(x)λ(x). Upojètoume ìti o sunolikìc arijmìc
n twn shmeÐwn thc arqik c diadikasÐac Π eÐnai �gnwstoc. Onom�zoume tic
eklèptunseic pou prokÔptoun me autì ton trìpo Bernoulli   anex�rthtec e-
kleptÔnseic giatÐ h pijanìthta α(x) exart�tai mìno apì to ek�stote x.

Sthn apl  perÐptwsh ìpou h pijanìthta α(x) = c eÐnai dhlad  stajer 
sto A tìte ja isqÔoun ta ex c:

µ =
∫
A
λ(x)dx , µα =

∫
A
λα(x)dx , β = µα

µ

H kainoÔrgia diadikasÐa Π′ èqei m shmeÐa dedomènou ìti h arqik  diadi-
kasÐa eÐqe n shmeÐa, me pijanìthta
P(m|n) =

(
n
m

)
βm(1− β)n−m , m ≤ n

Kaj¸c o arijmìc n eÐnai �gnwstoc ja èqoume ìti h pijanìthta ta shmeÐa
thc kainoÔrgiac diadikasÐac na eÐnai m:

P(m) =
∞∑
n=m

(
n

m

)
βm(1− β)n−mP(n) =

∞∑
n=m

n!

m!(n−m)!
βm(1− β)n−m

e−µµn

n!

=
(βµ)m

m!
e−µ

∞∑
n=m

((1− β)µ)n−m

(n−m)!
=

(βµ)m

m!
e−βµ ≡ e−µαµmα

m!

'Eqoume dhlad  deÐxei ìti o sunolikìc arijmìc twn shmeÐwn thc diadikasÐac
Π′(m) akoloujeÐ thn katanom  Poisson me mèso µα
An sumbolÐsoume me {x′1, . . . , x′m} ta shmeÐa pou krat same met� apì tic do-
kimèc Bernoulli, ta shmeÐa aut� eÐnai anex�rthta me sun�rthsh pijanìthtac
λα(x)/µα = λ(x)/µ(x)
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Sthn pio genik  perÐptwsh pou h pijanìthta α(x) den eÐnai stajer  an-
timetwpÐzoume to prìblhma me parìmoio trìpo.
QwrÐzoume to A se poll� mikrìtera sÔnola At mh epikaluptìmena.
Tìte orÐzoume:

µ =

∫
At

λ(x)dx , µα =

∫
At

λα(x)dx , β =
µα
µ

H pijanìthta h diadikasÐa Π′ na èqei m shmeÐa met� apì thn eklèptunsh
èqei ìpwc deÐxame sthn apl  perÐptwsh katanom  P(µα). P�li ta shmeÐa
{x′1, . . . , x′m} eÐnai anex�rthta me katanom  sto R′ , λα(x)/µα.

EpekteÐnoume th sun�rthsh èntashc λα apì to R′ se ìlo to R jètontac
thn me mhdèn ektìc twn At. Me autì ton trìpo h sun�rthsh èntashc λα(x)
orÐzetai se ìlo to R.

2.2.6 To je¸rhma 'Uparxhc

Je¸rhma 2.2.4. 'Uparxhc
The existence theorem

'Estw µ èna mh-atomikì mètro sto q¸ro katast�sewn S pou mporeÐ na
ekfrasteÐ sth morf 

µ =
∑∞

n=1 µn , µn(S) <∞

Tìte up�rqei diadikasÐa Poisson sto q¸ro katast�sewn S me mèso mètro
µ.

Apìdeixh

QwrÐc periorismì thc genikìthtac upojètoumc ìti µn(S) > 0 gia ìla ta n.
Kataskeu�zoume se kat�llhlo q¸ro pijanìthtac anex�rthtec metablhtèc

Nn, Xnr , (n, r = 1, 2, 3 . . . )
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tètoiec ¸stec h katanom  twn metablht¸n Nn na eÐnai P(µn(S)) kai twn

metablht¸n Xnr na eÐnai pn(·) = µn(·)
µn(S)

.

'Estw Πn = {Xn1 , Xn2 , . . . , XnNn
} kai Π =

⋃∞
n=1 Πn

JewroÔme tic tuqaÐec metablhtèc Nn(A) = #{Πn∩A} kai an A1, A2, . . . , Ak

xèna sÔnola kaiA0 =
(∑k

i=1Ai

)c
to sumpl rwma thc enwsewc twn sunìlwn.

'Eqoume:

P {Nn(A1) = m1, Nn(A2) = m2, . . . , Nn(Ak) = mk|Nn = m}
= m!

m0!m1...mk!
pn(A0)m0pn(A1)m1 . . . pn(Ak)

mk

όπου m0 = m−m1 − · · · −mk.

'Ara paÐrnoume ìti

P {Nn(A1) = m1, Nn(A2) = m2, . . . , Nn(Ak) = mk}
=
∑∞

m=
∑
mj

e−µn(S)µn(A)m

m!
m!

m0!m1!...mk!

∏k
j=0 pn(Aj)

mj

=
∑∞

m=
∑
mj
πm−

∑
mj(µn(A0))

∏k
j=0 πmj(µn(Aj))

=
∏k

j=0 πmj(µn(Aj))

Epomènwc ta Nn(Aj) eÐnai anex�rthtec tuqaÐec metablhttèc me katanomèc
P(µn(Aj)), ètsi ¸ste ta Πn eÐnai anex�rthtec diadikasÐec Poisson me mèsa
mètra µn. Apì to je¸rhma thc upèrjeshc h Π orÐzei diadikasÐa Poisson me
mèso mètro µ.

�

2.3 AjroÐsmata Poisson

Se aut  thn enìthta exet�zoume ta ajroÐsmata thc morf c Σ =
∑

X∈Π f(X)
ìpou f pragmatik  sun�rthsh sto q¸ro katast�sewn thc diadikasÐac Pois-
son, Π.
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'Estw gia par�deigma Aj = {x; f(x) = fj} metr simo me mèsomj = µ(Aj) <
∞ , kai ta Aj eÐnai xèna metaxÔ touc. Tìte ta Nj = N(Aj) eÐnai anex�rthta
me katanomèc P(mj) antÐstoiqa.
Gia to �jroisma Σ ja isqÔei ìti:

Σ =
∑

X∈Π f(X) =
∑k

j=1 fjNj

H qarakthristik  sun�rthsh tou Σ ja eÐnai:

E(eθΣ) =
k∏
j=1

E(eθfjNj)

=
k∏
j=1

exp
{

(eθfj − 1)mj

}
= exp

{
k∑
j=1

∫
Aj

(eθf(x) − 1)µ(dx)

}

= exp

{∫
S

(eθf(x) − 1)µ(dx)

}

An h sun�rthsh f mporeÐ na p�rei kai arnhtikèc kai jetikèc timèc, eÐnai
kalÔtera na paÐrnoume ton θ wc kajar� migadikì arijmì kai tìte h qara-
kthristik  sun�rthsh gÐnetai:

E(eitΣ) = exp
{∫

S
(eitf(x) − 1)µ(dx)

}
An h sun�rthsh f paÐrnei mìno jetikèc timèc tìte sun jwc paÐrnoume to θ
pragmatikì kai arnhtikì kai tìte:

E(e−uΣ) = exp
{
−
∫
S
(1− e−uf(x))µ(dx)

}
gia ìla ta u ≥ 0

H qarakthristik  sun�rthsh eÐnai polÔ qr simh kaj¸c mèsw aut c thc sqè-
shc mporoÔme na upologÐsoume th mèsh tim  kai diaspor�

E(Σ) =
∫
S
f(x)µ(dx)

V ar(Σ) =
∫
S
(f(x))2µ(dx)

thc tuqaÐac metablht c.

'Eqoume ìti an oi f1, f2 eÐnai pragmatikèc sunart seic isqÔei ìti
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E
(
eθ1Σ1+θ2Σ2

)
= exp

{∫
S
(eθ1f1(x)+θ2f2(x) − 1)µ(dx)

}
H pio p�nw exÐswsh kajorÐzei thn apì koinoÔ katanom  twn

Σ1 =
∑

X∈Π f1(X),Σ2 =
∑

X∈Π f2(X)

EpÐshc,

E (Σ1Σ2) =
∫
f1dµ

∫
f2dµ+

∫
f1f2dµ

o deÔteroc ìroc thc isìthtac dÐnei th sundiakÔmansh tou Σ1,Σ2

E

( ∑
X1,X2∈Π

f1(X1)f2(X2)

)
= E

( ∑
X1∈Π

f1(X1)f2(X2)

)
+E

( ∑
X1 6=X2

f1(X1)f2(X2)

)

E

 ∑
X1,X2∈Π
X1 6=X2

f1(X1)f2(X2)

 = E
( ∑
X1∈Π

f1(X1)

)
E
( ∑
X2∈Π

f2(X2)

)
Genikìtera:

E

 ∑
X1,X2,...,Xn∈Π
Xi diakrit�

f1(X1)f2(X2) . . . fn(Xn)

 =
∏n

j=1 E

( ∑
Xj∈Π

fj(Xj)

)

Je¸rhma 2.3.1. To je¸rhma tou Campbell
Cambell’s theorem

'Estw Π mÐa diadikasÐa Poisson sto q¸ro katast�sewn S me mèso mètro
µ kai èstw f : S → < metr simh sun�rthsh. Tìte to �jroisma

Σ =
∑

X∈Π f(X)

suglÐnei apolÔtwc kat� pijanìthta an kai mìnon an

∫
S
min(|f(x)|, 1)µ(dx) <∞

An pio p�nw sunj kh isqÔei tìte ja isqÔei ìti:

E(eθΣ) = exp
{∫

S
(eθf(x) − 1)

}
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gia k�je j gia to opoÐo to olokl rwma sto dexÐ mèroc thc isìthtac sugklÐnei.
Sthn eidik  perÐptwsh pou to j eÐnai kajar� migadikìc arijmìc h isìthta
isqÔei p�nta.
EpÐshc an to olokl rwma

∫
S
f(x)µ(dx) sugklÐnei tìte ja isqÔei kai gia th

mèsh tim  ìti

E(Σ) =
∫
S
f(x)µ(dx)

kai gia th diaspor�

V ar(Σ) =
∫
S
f(x)2µ(dx)

kai eÐnai �peirh   peperasmènh.

H apìdeixh paraleÐpetai kaj¸c xefeÔgei apì touc skopoÔc thc melèthc
mac.3

Pìrisma 2.3.1. Pìrisma

An oi sunart seic f1, f2, . . . , fn ikanopoioÔn th sunj kh∫
S
min(|f(x)|, 1)µ(dx) <∞

ètsi ¸ste an ta Σj =
∑

X∈Π fj(X) sugklÐnoun me pijanìthta 1 tìte

E(eit1Σ1+it2Σ2+···+itnΣn) = exp
{∫

S

(
eit1f1(x)+···+n fn (x) − 1

)
µ(dx)

}
An h fj ikanopoieÐ thn anisìthta:

∫
S
fj(x)2µ(dx) <∞

tìte

cov(Σj,Σk) =
∫
S
fj(x)fk(x)µ(dx)

3
Ο αναγνώστης μπορεί να βρει την απόδειξη στο βιβλίο J.F.C Kingman (1993)
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Sthn eidik  perÐptwsh ìpou θ = −1 h exÐswsh

E(eθΣ) = exp
{∫

S
(eθf(x) − 1)

}
gÐnetai

E
(
e−Σf

)
= exp

{
−
∫
S
(1− e−f(x)µ(dx))

}
ìpou Σf =

∑
X∈Π

f(X)

OrÐzoume th mèsh timh E
(
e−Σf

)
wc th qarakthristik  sunarthsoeid .

Je¸rhma 2.3.2. Je¸rhma: To je¸rhma tou Renyi
Renyi’s theorem

'Estw m mh-atomikì mètro ston eukleÐdio q¸ro <d peperasmèno se frag-
mèna sÔnola. 'Estw epÐshc Π èna tuqaÐo arijm simo uposÔnolo tou <d
tètoio ¸ste, an to A eÐnai �peirh ènwsh parallhlogr�mmwn ja isqÔei ìti

P {Π ∪ A = 0} = e−µ(A)

Tìte h Π eÐnai diadikasÐa Poisson me mèso mètro m.

H apìdeixh paraleÐpetai.4

2.4 H diadikasÐa Poisson sthn eujeÐa twn

pragmatik¸n arijm¸n

'Estw ìti Π eÐnai diadikasÐa Poisson me q¸ro katast�sewn touc pragma-
tikoÔc arijmoÔc kai mèso mètro λ× Lebesque mètro. H aparijm tria diadi-
kasÐa N(A), twn shmeÐwn tou Π se èna Borel sÔnolo A èqei thn katanom 

4
Ο αναγνώστης παραπέμπεται στο βιβλίο J.F.C Kingman (1993)
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P(λ(|A|)). Sugkekrimèna se èna sÔnolo (a, b) h tuqaÐa metablht  N(a, b)
èqei mèsh tim  λ(b− a). 'Opwc èqoume anafèrei kai prohgoumènwc h Π eÐnai
diadikasÐa Poisson me par�metro l.

Se fragmèno sÔnolo, to sÔnolo twn shmeÐwn tou Π eÐnai peperasmèno me
pijanìthta 1 kai den èqei peperasmèna shmeÐa suss¸reushc.

Sto sÔnolo (0,∞) up�rqoun �peira shmeÐa ta opoÐa mporoÔn na diata-
qjoÔn kai na graftoÔn wc:

0 < X1 < X2 < X3 < . . .

'Omoia sto sÔnolo (−∞, 0) up�rqoun �peira shmeÐa ta opoÐa mporoÔn na
diataqjoÔn kai na graftoÔn wc:

· · · < X−3 < X−2 < X−1 < 0

Ta shmeÐa aut� kalÔptoun ìlo ta shmeÐa thc diadikasÐac Π kaj¸c h pija-
nìthta P {0 ∈ Π} = 0

OrÐzoume loipon thn akìloujh diadikasÐa:

'Estw {Xn , n ≥ 1} akoloujÐa tuqaÐwn metablht¸n. Oi tuqaÐec metablh-
tèc autèc ekfr�zoun ton qrìno pragmatopoÐhshc k�poiou gegonìtoc (gia
par�deigma se mÐa our� anamon c mporeÐ na ekfr�zoun thn �fixh k�poiou
pel�th). H aparijm tria diadikasÐa N gia thn opoÐa isqÔei ìti N(0, x] ≥ n
eÐnai isodÔnamh me to Xn ≤ x gia k�je x > 0.
Sunep¸c h Xn eÐnai tuqaÐa metablht  afoÔ ja isqÔei ìti

{ω;Xn(ω) ≤ x} = {ω;N(0, x] 6= n} ∈ F

'Omoia kai h X−n eÐnai tuqaÐa metablht  kai epomènwc ja èqoume ìti to
sÔnolo

Π = {. . . , X−2, X−1, X1, X2, . . . }

eÐnai tuqaÐo sÔnolo.
Ta shmeÐa twn Πn(−∞, 0) kai Π ∩ (0,∞) orÐzoun anex�rthtec diadikasÐ-
ec Poisson stouc q¸rouc (−∞, 0), (0,∞) antÐstoiqa kai oi upakoloujÐec
(Xn;n ≤ −1) , (Xn;n ≥ 1) eÐnai anex�rthtec.
Efarmìzontac to je¸rhma antistoÐqishc me f(x) = −x ja èqoume ìti h apì
koinoÔ katanom  twn akolouji¸n
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(−X−n;n = 0, 1, 2, . . . )

eÐnai ìmoia me thn katanom  twn

(Xn;n = 0, 1, 2, 3, . . . )

'Etsi h Π = {. . . , X−2, X−1, X1, X2, . . . } mporeÐ na kataskeuasteÐ apì dÔo
sÔnola diatetagmènwn tuqaÐwn metablht¸n 0 < X1 < X2 < X3 < . . . ek twn
opoÐwn to èna eÐnai antestrammèno kai paÐrnei timèc sto sÔnolo (−∞, 0).

Stic efarmogèc polÔ suqn� qrhsimopoioÔntai oi parak�tw tuqaÐec meta-
blhtèc, gÔrw apì tic opoÐec èqei anaptuqjeÐ h jewrÐa twn diadikasi¸n Pois-
son .

OrÐzoume:

� Tic tuqaÐec metablhtèc pou ekfr�zoun touc qrìnouc pragmatopoÐhshc
gegonìtwn {Xn , n ≥ 1}.

� Tic tuqaÐec metablhtèc Y1 = X1 , Yn = Xn − Xn−1 , n ≥ 2 pou ek-
fr�zoun touc endi�mesouc qrìnouc pragmatopoi sewn twn gegonìtwn.

� Thn aparijm tria stoqastik  diadikasÐa twn Xn wc N(x) = sup{n ≥
0;Xn ≤ x} , x ≥ 0. Dhlad  h N(x) eÐnai o arijmìc twn gegonìtwn
pou sunèbhsan sto di�sthma (0, x].

Je¸rhma 2.4.1. To je¸rhma twn diasthm�twn
Interval Theorem

'Estw Π mia diadikasÐa Poisson me par�metro λ ∈ (0,∞) kai èstw ìti sta
shmeÐa thc Π mporoÔn na diataqjoÔn wc 0 < X1 < X2 < X3 < . . . . Tìte oi
tuqaÐec metablhtèc Y1 = X1 , Yn = Xn − Xn−1 , n ≥ 2 eÐnai anex�rthtec
kai isìnomec me sun�rthsh puknìthtac pijanìthtac

g(ψ) = λe−λψ , ψ > 0

èqoun dhlad  thn ekjetik  katanom .
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Apìdeixh

JewroÔme to uposÔnolo twn jetik¸n pragmatik¸n arijm¸n

Π′ = {X2 −X1, X3 −X1, X4 −X1, . . . }

Jèloume na deÐxoume ìti ta Π′ , X1 eÐnai anex�rthta kai ìti h Π′ eÐnai
epÐshc diadikasÐa Poisson me par�metro λ.

'Estw t¸ra f mia suneq c sun�rthsh sto (0,∞) gia thn opoÐa ja isqÔ-
ei ìti f(0) ≡ 0. JewroÔme to �jroisma

Σ′ =
∑∞

n=2 f(Xn −X1)

An apodeÐxoume ìti gia k�je tuqaÐa epilog  thc f oi X1 , Σ′ eÐnai anex�r-
thtec ìti h Σ′ èqei thn Ðdia katanom  me th Σ =

∑∞
n=1 f(Xn) , tìte èpetai

to zhtoÔmeno.

OrÐzoume me ξk ton el�qisto akèraio arijmì pollapl�sio tou 2−k pou eÐnai
megalÔteroc apì ton X1.To ξk eÐnai tuqaÐa metablht  pou eÐnai fjÐnei ka-
j¸c to k →∞ ètsi ¸ste:

Σ′ = limk→∞Σk,Σk =
∑∞

n=2 f(Xn − ξk)

me thn proôpìjesh ìti f(x) = 0 an x < 0.

Gia tuqaÐa z, x ja èqoume ìti:
P{Σk ≤ z , X1 ≤ x} =

∑∞
l=1 P{Σk ≤ z, X1 ≤ x, ξk = l2−k} (∗)

'Otan ξk = l2−k ta shmeÐa Xn ∈ (l2−k,∞) sqhmatÐzoun mÐa diadikasÐa
Poisson se autì to di�sthma kai eÐnai anex�rthta apì thn X1 < l2−k.
Epomènwc ta

Σk =
∑∞

n=2 f(Xn − l2−k)

èqoun thn Ðdia katanom  me to Σ kai ja isqÔei ìti

P
{

Σk ≤ z, X1 ≤ x, ξk = l2−k
}

= P {Σ ≤ z}P
{
X1 ≤ x, ξk = l2−k

}
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antikajistoÔme sthn (∗) kai paÐrnoume ta ex c:

P
{

Σk ≤ z,X1 ≤ x
}

= P {Σ ≤ z}P {X1 ≤ x}
= P {Σ ≤ z}P {N(0, x] 6= 1}
= P {Σ ≤ z} (1− e−λx)

Kaj¸c k →∞ paÐrnoume ìti

P{Σ′ ≤ z,X1 ≤ x} = P{Σ ≤ z}
∫ x

0
λe−λψ

'Etsi deÐxame ìti to Σ′ eÐnai anex�rthto tou X1 èqei thn Ðdia katanom  me
to S kai to X1 = Y1 èqei thn ekjetik  katanom .

Epanalamb�nontac thn Ðdia diadikasÐa mporoÔme na deÐxoume me epagw-
g  ìti gia k�je m ja isqÔei ìti ta Y1, Y2, . . . , Ym,Π

m eÐnai anex�rthta kai
ìti oi tuqaÐec metablhtèc Yj akoloujoÔn thn ekjetik  katanom .

Σημειώνεται ότι με Πm
συμβολίζουμε το σύνολο Πm = {Xm+1−Xm, Xm+2−Xm, . . . } �

Sthn apìdeixh eÐnai aparaÐthto na upojèsoume di�taxh gia tic tuqaÐec
metablhtèc Xi sto sÔnolo twn pragmatik¸n arijm¸n.

Gia par�deigma den isqÔei ìti ta shmeÐa thc diadikasÐac Xn − X1, n 6= 1
sqhmatÐzoun Poisson diadikasÐa.
An Ðsquei to pio p�nw tìte h L = X1−X−1 ja eÐqe puknìthta pijanìthtac
thn g(ψ) = λe−λψ, ψ > 0 en¸ sthn pragmatikìthta h L èqei thn Ðdia kata-

nom  me thn X2 kai ja isqÔei ìti g2(ψ) =
∫ ψ

0
g(u)g(ψ − u)du = λ2ψe−λψ

To pio p�nw antipar�deigma anafèretai suqn� sth bibliografÐa wc to
ananewtikì par�doxo. Gia opoiod pote x h apìstash apì to x sto epì-
meno shmeÐo tou Π (sta dexi�) kai h apìstash apì to x sto prohgoÔme-
no shmeÐo tou Π (sta arister�) eÐnai tuqaÐec metablhtèc anex�rthtec kai
isìnomec me thn ekjetik  katanom . To �jroisma touc ìmwc èqei thn ka-
tanom  g2(ψ) =

∫ ψ
0
g(u)g(ψ − u)du = λ2ψe−λψ. Autì sumbaÐnei giatÐ ta

megalÔtera diast mata epilègontai me megalÔterh pijanìthta apì ta pio
mikr� diast mata kai autì to deigmatolhptikì sf�lma ekfr�zetai mèsw
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thc g2(ψ) = λψg(ψ)5.

2.4.1 O nìmoc twn meg�lwn arijm¸n

Apì to prohgoÔmeno je¸rhma eÐnai fanerì ìti to n−ostì shmeÐo Xn thc
omogenoÔc diadikasÐac Poisson sto (0,∞) mporeÐ na grafteÐ wc �jroisma
Xn = Y1 + Y2 + · · ·+ Yn anex�rthtwn tuqaÐwn ekjetik¸n katanom¸n.
Me autì ton trìpo mporoÔme na broÔme eÔkola thn katanom  thc Xn kaj¸c
h jewrÐa gia to �jroisma anex�rthtwn tuqaÐwn metablht¸n mporeÐ na e-
farmosteÐ kai se aut  thn perÐptwsh.
'Eqoume loipon

P{Xn ≤ x} = P{N(0, x] ≥ n} =
∞∑
r=n

πr(λx) =

∫ x

0

λπn−1(λu)du

MporeÐ na apodeiqjeÐ me epagwg  sto n ìti hXn èqei sun�rthsh puknìthtac
pijanìthtac

gn(x) = λπn−1(λx) = λnxn−1e−λx

(n−1)!

EpÐshc eÐnai eÔkolo plèon na deÐqjeÐ ìti E(Xn) = nλ−1, V ar(Xn) = nλ−2

Apì to nìmo twn meg�lwn arijm¸n , me pijanìthta 1 ja isqÔei ìti

limn→∞Xn/n = λ−1

AfoÔ N(0, t]→∞ an t→∞ ⇒ limt→∞XN(0,t]/n(0, t] = λ−1

Kaj¸c isqÔei ìti XN(0,t] ≤ t ≤ XN(0,t]+1 ⇒ limt→∞t/N(0, t] = λ−1

Katal goume loipìn sto akìloujo je¸rhma:

5
Για περισσότερες πληροφορίες, παραδείγματα και εφαρμογές της διαδικασίας Poisson

στην ευθεία των πραγματικών αριθμών προτείνουμε στον αναγνώστη το βιβλίο Vidyadhar
G. Kulkarni (1995)
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Je¸rhma 2.4.2. O nìmoc twn meg�lwn arijm¸n
The law of large numbers

'Estw Π diadiakasÐa Poisson me stajer  par�metro l sto (0,∞). O a-
rijmìc N(0, t] twn shmeÐwn thc Π sto (0, t] ikanopoieÐ th sqèsh

limt→∞N(0, t]/t = λ

me pijanìthta 1.

Apìdeixh

'Opwc èqoume dei h tuqaÐa metablht  N(0, t] èqei katanom  P(λt) kai me

E{N(0, t]} = λt , V ar{N(0, t]} = λt

Apì thn anisìthta tou Chebychev èqoume gia k�je ε jetikì

P
{∣∣N(0,t]

t
− λ
∣∣ ≥ ε

}
≤ λ

ε2t
(∗)

Jètoume tk = k2 kai tìte h (∗) gÐnetai

∑∞
k=1 P

{∣∣N(0,k2]
k2
− λ
∣∣ ≥ ε

}
<∞

Apì to Borell-Cantelli l mma me pijanìthta 1 ja isqÔei ìti

∣∣N(0,k2]
k2
− λ
∣∣ ≥ ε

Gia toul�qiston èna peperasmèno arijmì akèraiwn arijm¸n k. AfoÔ to e
 tan aujaÐreto tìte ja isqÔei ìti:

limk→∞
N(0,k2]
k2

= λ

me pijanìthta 1.

Gia na oloklhrwjeÐ h apìdeixh paÐrnoume to k na eÐnai to akèraio mèroc
tou t1/2 ètsi ¸ste gia t > 1
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N(0, k2] ≤ N(0, t] ≤ N(0, (k + 1)2] kai k2 ≤ t ≤ (k + 1)2

H apìdeixh eÐnai pl rhc afoÔ arkeÐ na parathr soume ìti (k+ 1)2/k2 → 1
�

2.4.2 Oi mh omogeneÐc diadikasÐec Poisson sthn eujeÐa

twn pragmatik¸n arijm¸n

Stic prohgoÔmenec paragr�fouc tou kefalaÐou autoÔ aut  asqolhj kame
me tic omogeneÐc diadikasÐec Poisson. Ti gÐnetai ìmwc ìtan èqoume mh omo-
gen  diadikasÐa sthn eujeÐa twn pragmatik¸n arijm¸n ;

Se mÐa di�stash h mh omogen c diadikasÐa Poisson mporeÐ na metatrapeÐ
se omogen  diadikasÐa mèsw k�poiou monìtonou metasqhmatismoÔ.
Sugkekrimèna jewroÔme mÐa diadikasÐa Poisson, Π ,sto < me mèso mètro m
se to opoÐo eÐnai peperasmèno fragmèna diast mata. Tìte h sun�rthsh
M(t) ìpou h M(t) eÐnai suneq c aÔxousa sun�rthsh kai dÐnetai apì

M(t) = µ(0, t] = E{N(0, t]} , (t ≥ 0)
M(t) = −µ(t, 0] = −E{N(t, 0]} , (t < 0)
µ(a, b] = M(b)−M(a) , a < b

H sun�rthsh M orÐzei monos manta to µ .
To tuqaÐo sÔnolo

Π1 = M(Π) = {M(X);X ∈ Π}

eÐnai Poisson diadikasÐa me par�metro 1 sto peperasmèno   �peiro sÔnolo
(M(−∞),M(∞)) ìpou me M(±∞) = limt→±∞M(t)

'Ola ta jewr mata thc paragr�fou aut c isqÔoun gia th diadikasÐa Π1

afoÔ apì thn Π1 mporoÔme na katal xoume sthn Π antistrèfontac thn
M . Sunep¸c oi idiìthtec thc Π mporoÔn se pollèc peript¸seic na isqÔ-
oun kai gia thn Π1 arkeÐ o metasqhmatismìc M−1 na eÐnai grammikìc. Mh
grammikoÐ metasqhmatismoÐ katastrèfoun pollèc apì tic idiìthtec twn dia-
dikasi¸n Poisson.
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2.5 Markarismènec diadikasÐec Poisson

2.5.1 To je¸rhma QrwmatismoÔ

'Estw Π mÐa diadikasÐa Poisson me q¸ro katast�sewn S kai mèso mètro
µ.Ac upojèsoume ìti qrwmatÐzoume tuqaÐa ta shmeÐa thc Π me kìkkino  
pr�sino qr¸ma me pijanìthtec p , q = 1−p antÐstoiqa. Upojètoume epÐshc
ìti ta qr¸mata twn shmeÐwn eÐnai anex�rthta metaxÔ touc.

Gia k�je A ⊆ S sumbolÐzoume ta shmeÐa thc Π sto A me N(A) me Nr(A) ta
kìkkina shmeÐa tou Π kai me Ng(A) ta pr�sina shmeÐa. Tìte h tuqaÐa me-
tablht  N(A) akoloujeÐ thn katanom  P(µ(A)) kai dedomènou tou N(A) h
desmeumènh katanom  tou Nr(A) eÐnai diwnumik  me paramèntrouc N(A), p.
Sunep¸c eÐnai eÔkolo na doÔme ìti oi tuqaÐec metablhtèc Nr(A), N(A) −
Nr(A) = Ng(A) eÐnai anex�rthtec me katanomèc P(pµ(A)) , P(qµ(A)) an-
tÐstoiqa.

Epiplèon an èqoume A1, . . . , An xèna metaxÔ touc uposÔnola tou S, tìte
oi tri�dec (N(Aj), Nr(Aj), Ng(Aj)), j = 1, 2, . . . , n eÐnai anex�rthtec. 'Etsi
katal goume ìti oi 2n tuqaÐec metablhtèc Nr(Aj) , Ng(Aj) , j = 1, 2, . . . , n
eÐnai anex�rthtec.

'Epetai loipìn ìti to sÔnolo twn kìkkinwn shmeÐwn kai to sÔnolw twn pr�-
sinwn shmeÐwn eÐnai anex�rthtec diadikasÐec Poisson me mèsouc pµ, qµ.

Je¸rhma 2.5.1. To je¸rhma tou QrwmatismoÔ
The colouring theorem

'Estw Π mÐa diadikasÐa Poisson sto q¸ro S me mèso mètro µ.'Estw ìti ta
shmeÐa thc Π qrwmatÐzontai tuqaÐa me k qr¸mata. H pijanìthta ìti èna
shmeÐo qrwmatÐzetai me to i−ostì qr¸ma pi kai ta qr¸mata gia diafore-
tik� shmeÐa eÐnai anex�rthta. 'Estw Πi to sÔnolo twn shmeÐwn tou i− ostoÔ
qr¸matoc. Tìte oi Πi eÐnai anex�rthtec diadikasÐec Poisson me mèso mètro
µi = piµ.
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2.5.2 H diadikasÐa Poisson sto q¸ro ginìmeno

'Estw Π mÐa diadikasÐa Poisson sto q¸ro S me mèso mètro µ.Upojètoume ìti
k�je shmeÐo X tou tuqaÐou sunìlou Π sundèetai me mia tuqaÐa metablht 
(shmadi -mark) mX paÐrnontac timèc se k�poio q¸ro M . Oi katanomèc tou
mX gia diaforetik� shmeÐa X eÐnai anex�rthtec.
Tìte mporoÔme na jewr soume to zeÔgoc (X,mX) wc èna shmeÐo X∗ tou
q¸rou ginìmenou S×M . To sÔnolo twn shmeÐwn X∗ sugkrotoÔn èna tuqaÐo
arijm simo uposÔnolo Π∗ = {(X,mX);X ∈ Π} tou q¸rou (X,mX)
Tìte h Π∗ eÐnai diadikasÐa Poisson sto q¸ro ginìmeno S ×M .

AkoloujeÐ austhr  diatÔpwsh tou marking theorem.
'Estw mÐa diadikasÐa Poisson, Π sto q¸ro S me mèso mètro µ kai katano-
m  pijanìthtac p(x, ·) ston M . H katanom  pijanìthtac p(x, ·) exart�tai
apì to x ∈ S me trìpo tètoio ¸ste gia B ⊆ M h p(·, B) na eÐnai metr -
simh sun�rthsh sto q¸ro S. 'Ena 'shmadi¸n' thc Π eÐnai to tuqaÐo sÔnolo
Π∗ = {(X,mX);X ∈ Π} tou q¸rou (X,mX) kai tou opoÐou h probol  ston
S eÐnai h Π kai h desmeumènh katanom  tou Π∗ dedomènou thc Π k�nei tic
mX anex�rthtec me katanomèc p(X, ·).

Je¸rhma 2.5.2. Markarismènec diadikasÐec Poisson
The marking theorem

To tuqaÐo uposÔnolo Π∗ eÐnai diadikasÐa Poisson ston S×M me mèso mètro
µ∗ dÐnetai apì :

µ∗(C) =
∫ ∫

(x,m)∈C µ(dx)p(x, dm)

Apìdeixh

Gia k�je metr simh sun�rthsh f sto S ×M jewroÔme th diadikasÐa

Σ∗ =
∑

X∈Π f(X,mX)

Dedomènou ìti Π, to Σ∗ eÐnai �jroisma twn anex�rthtwn tuqaÐwn metablh-
t¸n f(X,mX). 'Ara ja èqoume ìti:
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E{e−Σ∗ |Π} =
∏

X∈Π E{e−f(X,mx)|Π} =
∏

X∈Π

∫
M
e−f(X,m)p(X,dm).

SumbolÐzoume me f∗(x) = − log
∫
M
e−f(X,m)p(x, dm).

An sth qarakthristik  sunarthsoeid  gia th diadikasÐa Π,

E
(
e−Σf

)
= exp

{
−
∫
S
(1− e−f(x)µ(dx))

}
antikatast soume thn f me f∗ ja p�roume:

E{e−Σ∗} = exp

{
−
∫
S

(1− e−f∗(x))µ(dx)

}
= exp

{
−
∫
S

∫
M

(1− e−f(x,m))µ(dx)p(x, dm)

}
= exp

{
−
∫
S×M

(1− e−f )dµ∗
}

Dhlad  deÐxame ìti h diadikasÐa Π∗ eÐnai epÐshc diadikasÐa Poisson me mèso
mètro µ∗. �
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Kef�laio 3

Mpeôzian 

SumperasmatologÐa kai

Markobianèc alusÐdec

Sto kef�laio autì ja gÐnei mia sÔntomh anafor� stic basikèc arqèc thc
mpeôzian c an�lushc kaj¸c epÐshc kai se basikèc ènnoiec twn markobian¸n
alusÐdwn. H basik  bibliografÐa pou qrhsimopoi jhke se autì to kef�laio
eÐnai:“ C.P.Robert (2007)” , “ L.Meligkotisdou (2008)” gia thn mpeôzian  an�-
lush kai � O. QrusafÐnou (2004)�, “ S.M. Ross (2006)”,“D.A. Levin, Y. Peres,
E.L. Wilmer, (2002)”,“ O.Häggström” “J.Moller (2003)”,gia tic markobianèc
alusÐdec.

3.1 Mpeôzian  statistik 

Sth statistik  o kÔrioc skopìc mac eÐnai b�sei k�poiou deÐgmatoc,   k�-
poiwn metr sewn kai genikìtera b�sei dedomènwn pou sullèxame, na ektim -
soume tic paramètrouc tou antÐstoiqou probl matoc pou mac apasqoleÐ.
Sthn klassik  statistik  qrhsimopoioÔme thn plhroforÐa tou deÐgmatoc,
ektimoÔme thn par�metro   tic paramètrouc pou mac endiafèroun kai ex�-
goume di�fora sumper�smata. H mpeôzian  statistik  ìmwc, èqontac wc
b�sh gia th jemelÐwsh thc to je¸rhma tou Bayes, en¸ qrhsimopoieÐ ta dedo-
mèna pou èqoume sth di�jesh mac, lamb�nei upìyh kai �llec plhroforÐec
pou mporeÐ na èqoume gia to sugkekrimèno prìblhma. Dhlad  an up�rqoun
palaiìterec melètec oi opoÐec mporeÐ na ephre�zoun   na aforoÔn to Ðdio
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jèma, lamb�nontai upìyh sthn paroÔsa ergasÐa me skopì ta pio asfal 
kai me mikrìtera sf�lmata apotelèsmata.

Je¸rhma 3.1.1. To je¸rhma tou Bayes
Bayes’ theorem

'Estw A,B dÔo gegonìta me P (A) > 0. Tìte h desmeumènh pijanìthta na
sumbeÐ to gegonìc B dedomènou tou A dÐnetai apì :

P (B|A) = P (A|B)P (B)
P (A)

To je¸rhma mporeÐ na epektajeÐ kai gia k xèna gegonìta tou Ðdiou q¸rou
pijanìthtac.

Sugkekrimèna èstw C1, . . . , Ck ìpou Cj ∈ Ω kai Ci ∩ Cj = ∅, i 6= j kai
C1 ∪ · · · ∪ Ck = Ω. Tìte:

P (Ci|A) = P (A|Ci)P (Ci)∑k
j=1 P (A|Cj)P (Cj)

, i = 1, . . . , k

Genikìtera gia mÐa tuqaÐa metablht  j ja isqÔei ìti:

f(θ|x) = f(x|θ)f(θ)
f(x)

= f(x|θ)f(θ)∫
f(θ)f(x|θ)d(θ)

E�n èqoume na antimetwpÐsoume poluparametrik� probl mata, dhlad  an
h par�metroc θ eÐnai k−di�stath, θ = (θ1, . . . , θk)
tìte h stajer� kanonikopoÐhshc tou jewr matoc Bayes eÐnai èna k−di�stato
olokl rwma. Sthn perÐptwsh aut  upologÐzoume gia k�je di�stash thn
perij¸ria ek twn ustèrwn katanom .

f(θi|x) =
∫
θ1
. . .
∫
θi−1

∫
θi+1

. . .
∫
θk
f(θ|x)dθ1 . . . dθi−1dθi+1 . . . dθk

Kaj¸c eÐnai dÔskolo pollèc forèc na upologisteÐ èna olokl rwma di�sta-
shc k − 1 qr simh eÐnai h desmeumènh ek twn ustèrwn katanom  tou θi.
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JewroÔme dhlad  wc stajerèc ìlec tic paramètrouc ektìc tou θi (kai tic
sumbolÐzoume me θ−i) kai paÐrnoume thn desmeumènh ek twn ustèrwn kata-
nom  wc sun�rthsh tou θi, f(θi|x, θ−i) ∝ f(θ|x)

Sthn Mpeôzian  statistik  antimetwpÐzoume dhlad  thn �gnwsth par�-
metro wc tuqaÐa metablht  kai gia na mporèsoume na k�noume th sumpe-
rasmatologÐa akoloujoÔme ta akìlouja b mata:

� Kataskeu  tou montèlou pijanof�neiac tou montèlou f(x|θ).

� Epilog  kat�llhlhc ek twn protèrwn katanom c (prior distribution)
f(θ).

� Upologismìc thc ek twn ustèrwn katanom s(posterior distribution) f(θ|x)
qrhsimopoi¸ntac to je¸rhma tou Bayes ìti dhlad  f(θ|x) ∝ f(θ)f(x|θ).

� Ex�goume ta sumper�smata mac apì thn ek twn ustèrwn katanom .

Par�deigma

'Estw to montèlo pijanof�neiacX ∼ Binomial(n, θ). Jèloume na ektim soume
thn ek twn ustèrwn katanom  thc paramètrou j.
'Eqoume:

f(x|θ) =

(
n

x

)
θx(1− θ)n−x , x = 0, 1, 2, . . . , n 0 ≤ θ ≤ 1

'Estw ìti oi ek twn protèrwn pepoij seic mac gia to j akoloujoÔn katanom 
Beta(p, q).

(θ) =
Γ(p+ q)

Γ(p)Γ(q)
θp−1(1− θ)q−1 (0 6= θ 6= 2)

∝ θp−1(1− θ)q−1

Sunep¸c apì to je¸rhma tou Bayes h ek twn ustèrwn katanom  tou j eÐnai:

f(θ|x) ∝ f(θ)f(x|θ)
∝ θp−1(1− θ)q−1 × θx(1− θ)n−x

= θp+x−1(1− θ)q+n−x−1
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H par�metroc j dhlad  èqei ek twn ustèrwn katanom  Beta(p+x, q+n−x).

�

Par�deigma

'Estw tuqaÐo deÐgma megèjouc n apì Poisson, P(θ).
H katanom  tou X (gia mÐa parat rhsh ) ja eÐnai:

f(x|θ) =
θxe−θ

x!
, θ ≥ 0

H pijanof�neia ja eÐnai:

f(x|θ) =
n∏
i=1

θxie−θ

x!
∝ θ

∑n
i=1e−nθ

'Estw ìti oi ek twn protèrwn pepoij seic mac qarakthrÐzontai apì th Gam-
ma katanom  me paramètrouc p, q .

f(θ) =
pq

Γ(p)
θp−1exp{−qθ}, θ > 0

f(θ|x) ∝ θp−1 exp {−qθ} θ
∑n
i=1 xi exp {−nθ}

= θ
∑n
i=1 xi−p−1 exp {−(q + n)θ}

H ek twn ustèrwn katanom  dhlad  tou j ja eÐnai Gamma(p+
∑
xi , q+n).

�

3.1.1 Kajorismìc twn ek twn protèrwn katanom¸n

Sthn Mpeôzian  statistik  èna apì ta pio krÐsima shmeÐa gia thn an�lush
twn dedomènwn kai Ðswc to pio amfilegìmeno shmeÐo gia touc epist monec
eÐnai h epilog  thc ek twn protèrwn ktanom c. H ek twn protèrwn kata-
nom  paÐzei shmantikì rìlo ston kajorismì thc ek twn ustèrwn katanom c
kai epomènwc èqei epÐdrash sth sumperasmatologÐa. H epilog  thc kata-
nom c aut  den eÐnai monadik  kai mporeÐ na èqei mikr , mètria   ter�stia
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epÐdrash sthn exagwg  twn sumperasmatwn. Autì to epiqeÐrhma qrhsimo-
poioun oi pio dÔspistoi epist monec ìson afor� thn mpeôzian  statistik 
gia na thn katakrÐnoun. Dhlad  to ìti k�poioc epist monac mporeÐ na p�-
rei sthn ousÐa ìpoio apotèlesma jèlei, an�loga me thn epilog  thc ek twn
protèrwn katanom c, eÐnai to shmeÐo sto opoÐo oi “ klassikoÐ ” statistikoÐ
aporrÐptoun thn mpeôzian  statistik . EntoÔtoic oi mpeôzianoÐ epist monec
antimetwpÐzoun autì to prìblhma me di�forouc trìpouc. E�n h plhroforÐa
pou èqoume den eÐnai arket    den èqoume kajìlou ek twn protèrwn plhro-
forÐa gia thn ektÐmhsh thc paramètrou, mporoÔme na qrhsimopoi soume gia
par�deigma th mh plhroforiak  ek twn protèrwn katanom  tou Jeffrey kai
tìte h sumperasmatologÐa den exart�tai tìso apì thn ek twn protèrwn
katanom . EpÐshc up�rqoun mèjodoi ìpwc h an�lush euaisjhsÐac me thn
opoÐa mporeÐ na elegqjeÐ h epÐdrash thc ek twn protèrwn katanom c sth
sumperasmatologÐa.

Oi suzugeÐc ek twn protèrwn katanomèc
Conjugate priors

Orismìc 3.1.1. Suzug c sun�rthsh pijanof�neiac

MÐa oikogèneia katanom¸n pijanìthtac F ston Ω onom�zetai suzug c thc
sun�rthshc pijanof�neiac f(x|θ) an gia k�je π ∈ F h ek twn ustèrwn
katanom  π(θ|x) an kei epÐshc sthn oikogèneia F.

Oi suzugeÐc ek twn protèrwn katanomèc sundèontai �mesa me thn ekjetik 
oikogèneia katanom¸n, kaj¸c e�n mia katanom  an kei sthn ekjetik 
oikogèneia tìte h suzug c ek twn protèrwn katanom  thc eÐnai
qarakthristik  kai mporeÐ na upologisteÐ �mesa.

Orismìc 3.1.2. Ekjetik  oikogeneia katanom¸n

'Estw µ èna s-peperasmèno mètro ston deigmatikì q¸ro Ω kai èstw Θ o
parametrikìc q¸roc. 'Estw h, g sunart seic apì ton Ω kai Θ ston Re+

antÐstoiqa kai èstw t, c sunart seic apì to Θ kai Ω ston <k. H oikogèneia
katanom¸n gia tic opoÐec isqÔei ìti:
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f(x|θ) = h(x)g(θ) exp{t(x)c(x)}

tètoiec ¸ste
∫
f(x|θ) = 1, kaleÐtai ekjetik  oikogèneia katanom¸n di�stashc

k.

B�sei tou orismoÔ èstw ìti èqoume èna tuqaÐo deÐgma apì thn
(x1, x2, . . . , xn) me katanom  pou an kei sthn ekjetik  oikogèneia
katanom¸n. SÔmfwna me ton pio p�nw orismì h pijanof�neia tou
montèlou eÐnai :

f(x|θ) =

[
n∏
i=1

h(xi)

]
[g(θ)]n exp{

n∑
i=1

t(xi)c(θ)}

∝ [g(θ)]n exp{
n∑
i=1

t(xi)c(θ)}

H ek twn proterwn katanom  ja eÐnai thc morf c:

f(θ) ∝ [g(θ)]d exp{bc(θ)}

H ek twn ustèrwn katanom  ja eÐnai

f(θ|x) ∝ f(θ)f(x|θ)

∝ [g(θ)]n+d exp{b+
∑n

i=1 t(xi)c(θ)}

E�n èqoume sunep¸c tuqaÐo deÐgma apì katanom  pou an kei sthn ekjetik 
oikogèneia kai jèloume na upologÐsoume th suzug  ek twn protèrwn kata-
nom  thc tìte:

� Th fèrnoume sth morf  tou pou anafèrjhke ston orismì kai brÐskoume
tic sunart seic h, g, t, c.

� PaÐrnoume wc ek twn protèrwn katanom  th katanom  me sun�rthsh
f(θ) ∝ [g(θ)]d exp{bc(θ)}.
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Par�deigma

'Estw tuqaÐo deÐgma apì katanom  Bernoulli.H pijanof�neia tou montèlou
ja eÐnai:

f(x|θ) =

(
n

x

)
θx(1− θ)n−x

=

(
n

x

)
(1− θ)n exp

{
x log

(
θ

1− θ

)}
Oi sunart seic h, g, t, c ja eÐnai:
h(x) =

(
n
x

)
g(θ) = (1− θ)n
t(x) = x
c(θ) = log

(
θ

1−θ

)
H suzug c ek twn protèrwn katanom  ja eÐnai:

f(θ) ∝ [(1− θ)n]d exp{b log

(
θ

1− θ

)
} = (1− θ)nd

(
θ

1− θ

)b
H ek twn ustèrwn katanom  ja eÐnai Beta(β = nd+ 1, α = b+ 1)

�

Oi suzugeÐc ek twn protèrwn katanomèc suqn� qrhsimopoioÔntai sth mpe-
ôzian  an�lush kaj¸c èqoun eÐnai eÔkolec ston upologismì touc kai èqoun
kai qr simec idiìthtec ìpwc gia par�deigma an èqoume pollèc suzugeÐc
ek twn protèrwn katanomèc me di�fora b�rh pijanìthtac tìte kai h mÐxh
touc ja eÐnai suzug c katanom .1 EntoÔtoic oi suzugeÐc ek twn protèrwn
katanomèc eÐnai pijanìn na mhn mporoÔn na upologistoÔn se di�fora pro-
blhmata.

Mh plhroforiakèc ek twn protèrwn katanomèc

E�n se èna prìblhma den èqoume k�poia ek twn protèrwn plhroforÐa diajèsimh
tìte o upologismìc twn uperparamètrwn b, d gia tic suzugeÐc ek twn protèrwn

1
Στη βιβλιογραφία υπάρχουν πίνακες με τις κατάλληλες παραμέτρους των συζυγών

κατανομών. ΄Ενας τέτοιος πίνακας υπάρχει και στο βιβλίο “C.P. Robert, (2007)
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katanomèc pou anafèrjhkan pio p�nw den eÐnai efiktìc. 'Etsi kaj¸c up�rqei
�gnoia gia thn par�metro pou jèloume na ektim soume qrhsimopoioÔme to
deÐgma pou èqoume sth di�jesh mac kai kataskeu�zoume ek twn protèrwn
katanomèc tic opoÐec onom�zoume mh plhroforiakèc.

H mh plhroforiak  katanom  tou Jeffrey

H ek twn protèrwn katanom  tou Jeffrey basÐzetai sthn plhroforÐa tou
Fisher, h opoÐa orÐzetai wc:

I(θ) = −E
{
d2l(θ)

dθ2

}
= E

{(
dl(θ)

dθ

)2
}

ìpou l(θ) = log f(x|θ) kai Θ o parametrikìc q¸roc.

H ek twn protèrwn katanom  tou Jeffrey orÐzetai wc JΘ(θ) ∝ |I(θ)|
1
2

H katanom  aut  eÐnai arket� eÔqrhsth kaj¸c eÐnai amet�blhth wc proc
touc 1-1 metasqhmatismoÔc, dhlad  an èqoume èna metasqhmatismì gia thn
par�metro θ , φ(θ) tìte o ek twn protèrwn katanom  tou Jeffrey gÐnetai

J(φ) = J(θ)

∣∣∣∣dθdφ
∣∣∣∣

3.1.2 H shmeiak  ektÐmhsh sth mpeôzian  statistik 

Sthn klassik  statistik  ènac apì touc stìqouc k�je melèthc eÐnai su-
n jwc h shmeiak  ektÐmhsh thc paramètrou ètsi ¸ste na mporeÐ na gÐnei h
kat�llhlh sumperasmatologÐa. Sthn mpeôzian  statistik  h sumperasma-
tologÐa gÐnetai ìmwc apì thn ek twn ustèrwn katanom . EÐnai ìmwc pollèc
forèc qr simo na d¸soume mia shmeiak  ektÐmhsh gia thn par�metro pou
mac afor�. An gia par�deigma èqoume na p�roume mia apìfash gia èna
prìblhma ja prèpei na mporoÔme na d¸soume mia sugkekrimènh tim  sthn
par�metro h opoÐa ja eÐnai kai h apìfash pou ja p�roume. Sthn pro-
sp�jeia mac loipìn na periorÐsoume thn plhroforÐa thc ek twn ustèrwn
katanom c se mÐa mìno ektÐmhsh, qrhsimopoioÔme mia sun�rthsh pou ono-
m�zoume sun�rthsh ap¸leiac L(θ, α) kai h opoÐa metr�ei thn ap¸leia, to
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sf�lma ìtan ektimoÔme thn par�metro j me α. H shmeiak  ektÐmhsh tìte
ja eÐnai h tim  h opoÐa elaqistopoieÐ th ek twn ustèrwn mèsh ap¸leia.

θ̂ = argminαE [L(θ, a)|x]

Anafèrontai endeiktik� oi pio sunhjismènec sunart seic ap¸leiac kai h sh-
meiak  ektÐmhsh touc:

� Deuterob�jmia (  tetragwnik ) sun�rthsh ap¸leiac

L(θ, α) = (θ − α)2

H ektim tria eÐnai h ek twn ustèrwn mèsh tim  θ̂ = E(θ|α)

� Sun�rthsh ap¸leiac apìlutou sf�lmatoc

L(θ, α) = |θ − α|

H ektim tria se aut  thn perÐptwsh eÐnai h di�mesoc m h opoÐa eÐnai
tètoia ¸ste P (θ < m|x) = P (θ > m|x) = 1

2

� 0-1 Sun�rthsh ap¸leiac

L(θ, α) =

{
0, an |θ − α| ≤ ε

1, an |θ − α| > ε

Tìte h ektim tria eÐnai h koruf  thc ek twn ustèrwn katanom c.

3.1.3 Diast mata kai perioqèc axiopistÐac

'Opwc eÐnai gnwstì sthn klassik  statistik  sumperasmatologÐa dhmiour-
goÔme ta diast mata empistosÔnhc. Gia na posotikopoi osmue thn abe-
baiìthta sqetik� me tic ektim seic sth mpeôzian  statistik  èqoume ta dia-
st mata kai tic perioqèc axiopistÐac.
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Orismìc 3.1.3. Perioq  axiopistÐac

OrÐzoume mia perioq  Cα(x) mia 100(1 − α)% perioq  axiopistÐac gia thn
par�metro j an isqÔei

∫
Cα(x)

f(θ|x)dθ = 1− α

EÐnai fanerì ìti h perioq  axiopistÐac den orÐzetai monos manta. Dialè-
goume loipon thn perioq  axiopistÐac pou perièqei tic pio pijanèc timèc tou
j k�tw apì ton epiplèon periorismì gia to m koc tou diast matoc na eÐnai
to el�qisto dunatì. 'Etsi, zht�me perioq 

Ca(x) = {θ : f(θ|x) ≥ γ} me
∫
Cα(x)

f(θ|x)dθ = 1− α

H perioq  axiopistÐac se aut  thn perÐptwsh onom�zetai perioq  axio-

pistÐac uyhlìterhc puknìthtac (highest posterior density region).

Up�rqei k�poia lept  diafor� sthn ermhneÐa twn diasthm�twn
empistosÔnhc sthn klassik  statistik  me thn ermhneÐa twn perioq¸n
axiopistÐac sth mpeôzian  statistik .

'Ena di�sthma empistosÔnhc 100(1− α)% sthn klassik  statistik  shmaÐ-
nei ìti apì ta 100 peir�mata pou pragmatopoioÔme h pragmatik  tim  thc
paramètrou ja brÐsketai mèsa sto di�sthma empistosÔnhc stic 1−α forèc.
Sth mpeôzian  statistik  mÐa perioq  axiopistÐac 100(1 − α)% eÐnai h pe-
rioq  ekeÐnh kat� thn opoÐa me pijanìthta 1−α (basei thc ek twn ustèrwn
katanom c) h par�metroc ja brÐsketai mèsa.

3.1.4 'Elegqoc Upojèsewn kai sÔgkrish montèlwn

'Elegqoc upojèsewn

'Estw ìti èqoume ton èlegqo upojèsewn H1 : θ ∈ Ω1 ènanti thc H0 : θ ∈ Ω0.
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BasÐzoume ton èlegqo upojesewn sto lìgo twn ek twn ustèrwn katanom¸n:

λB =
f(θ ∈ Ω1|x)

f(θ ∈ Ω0|x)
=
P (θ ∈ Ω1)f(x|θ ∈ Ω1)

f(θ ∈ Ω0)f(x|θ ∈ Ω0)

Meg�lec timèc tou λ upodhl¸noun protÐmhsh upèr thc H1

SÔgkrish Montèlwn

O èlegqoc upojèsew n mporeÐ na genikeujeÐ kai gia th sÔgkrish montèlwn.
E�n gia par�deigma èqoume k diaforetik� montèla tìte afoÔ upologÐsoume
tic ek twn protèrwn pijanìthtec twn montèlwn kai tic desmeumènec kata-
nomèc f(θ|Mi) brÐskoume tic ek twn ustèrwn pijanìthtec P (Mi|x) kai tic ek
twn ustèrwn katanomèc tou j k�tw apì ta montèla f(θ|x,Mi). Shmei¸netai
ìti h ek twn ustèrwn pijanìthta tou i-ostoÔ montèlou upologÐzetai b�sei
tou jewr matoc Bayes wc ex c:

P (Mj|x) =
P (Mj)f(x|Mj)∑k
i=1 P (Mi)f(x|Mi)

j = 1, . . . , k

ìpou f(x|Mj) h perij¸ria pijanof�neia tou montèlou Mj.

Epilègoume sun jwc to pio pijanì montèlo. Dhlad  to montèlo pou èqei th
megalÔterh ek twn ustèrwn pijanìthta.
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3.2 Markobianèc AlusÐdec - H mèjodoc MCMC

Sta poluparametrik� probl mata o upologismìc se kleist  morf  thc ek
twn ustèrwn katanom c eÐnai pollèc forèc dÔskolo e¸c kai adÔnato gÐnei.
'Etsi e�n p�roume me k�poio trìpo deÐgma apì thn katanom  aut , tìte
ja mporeÐ na gÐnei h sumperasmatologÐa. To proanaferjèn prìblhma mpo-
reÐ na antimetwpisteÐ prosomoi¸ntac mÐa markobian  alusÐda me th mèjodo
Marcov Chain Monte Carlo (MCMC), h opoÐa ja èqei st�simh katanom , thn
katanom  pou mac endiafèrei.

3.2.1 BasikoÐ orismoÐ markobian¸n alusÐdwn kai to

Ergodikì je¸rhma

'Estw tuqaÐec metablhtèc X0, X1, . . . ìpou me Xn dhl¸netai o wc h kat�-
stash tou sust matoc sth qronik  stigm  n. Upojètoume ìti to sÔnolo
twn dunat¸n katast�sewn tou sust matoc eÐnai to sÔnolo S. An up�rqoun
arijmoÐ pij, i, j ∈ S tètoioi ¸ste ìtan h diadikasÐa eÐnai sthn kat�stash
i kai anex�rthta apì tic katast�seic pou briskìtan sto pareljìn ja brÐ-
sketai sthn kat�stash j me pijanìthta met�bashc pij tìte to sÔnolo twn
tuqaÐwn metablht¸n {Xn, n ≥ 0} sqhmatÐzei mÐa Markobian  diadikasÐa
me pÐnaka pijanot twn met�bashc Pij = (pij), i, j ∈ S kai oi opoÐec ikano-
poioÔn th sqèsh

∑
j∈S pij = 1, i ∈ S.

Orismìc 3.2.1. Adiaq¸risto h Markobian  alusÐda

Mia markobian  alusÐda kaleÐtai adiaq¸risth (  an�gwgh) e�n gia k�je
zeÔgoc katast�sewn i, j up�rqei jetik  pijanìthta an h alisÔda xekin sei
apì thn kat�stash i na p�ei k�pote sthn kat�stash j.

Orismìc 3.2.2. 'Emmonh (epanalhptik ) kai metabatik  markobian  a-
lusÐda
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'Estw fj(n) = P (Xn = j,Xr 6= j, r = 1, . . . , n − 1|X0 = j) h pijanìthta
pr¸thc epanìdou sthn kat�stash j kai fj =

∑∞
n=1S fj(n) h pijanìthta

to sÔsthma na gurÐsei k�pote sthn kat�stash j. H markobian  alusÐda
kaleÐtai èmmonh   epanalhptik  an fj = 1 kai metabatik  e�n fj < 1.

Orismìc 3.2.3. Mèsoc qrìnoc epanìdou

O mèsoc qrìnoc epanìdou thc j orÐzetai wc µj =
∑∞

n=1 nfj(n)

Sthn perÐptwsh thc epanalhptik c kat�stashc an o µj <∞ h
kat�stash j kaleÐtai jetik  en¸ e�n o mèsoc qrìnoc epanìdou eÐnai
�peiroc tìte h kat�stash ja kaleÐtai mhdenik .

Sthn perÐptwsh thc metabatik c kat�stashc o mèsoc qrìnoc epanìdou ja
eÐnai p�nta �peiroc.

Orismìc 3.2.4. PerÐodoc markobian c alusÐdac

PerÐodoc, èstw d(j) miac kat�stashc j eÐnai o mègistoc koinìc diairèthc
twn akeraÐwn n gia touc opoÐouc ja isqÔei pjj(n) > 0. An d(j) = 1 tìtec h j
kaleÐtai aperiodik .

Mia kat�stash pou eÐnai epanalhptik , jetik  kai aperiodik  kaleÐtai
ergodik .

Je¸rhma 3.2.1. 'Estw mÐa an�gwgh kai aperiodik  markobian  alusÐda
me pijanìthtec metap dhshc (pij) kai q¸ro katast�sewn S . H alusÐda èqei
monadik  st�simh katanom  an kai mìno an eÐnai ergodik . Tìte h st�simh
katanom  sumpÐtpei me thn oriak  katanom  (πj) ìpou πj = limn→∞pij(n)

Gia th st�simh katanom  π isqÔoun:

πj =
∑

i∈S πipij (exis¸seic isorropÐac)

πj ≥ 0
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∑
j∈S πj = 1 (exÐswsh kanonikopoÐhshc)

Tèloc parajètoume to ergodikì je¸rhma p�nw sto opoÐo basÐzetai h i-
dèa txc prosomoÐwshc mèsw Markobian c AlusÐdac Mìnte K�rlo (MCMC).

Je¸rhma 3.2.2. Ergodikì je¸rhma
Ergodic Theorem

'Estw f mÐa pragmatik  tuqaÐa sun�rthsh pou orÐzetai sto q¸ro S. An
{Xn, n ≥ 0} eÐnai mÐa adiaq¸risth markobian  alusÐda tìte gia opoiad -
mote arqik  katanom  µ ja isqÔei:

Pµ
{
limn→∞

1
n

∑n−1
i=0 f(Xi) = Eπ(f)

}
= 1

ìpou sumbolÐzoume me Eµ(f) =
∑

x∈S f(x)µ(x), Eπ(f) =
∑

x∈S f(x)π(x) kai
π h st�simh katanom .

3.2.2 O algìrijmoc Metropolis Hastings

'Estw loipon ìti jèloume na prosomoi¸soume mÐa tim  gia thn tuqaÐa me-
tablht  X h opoÐa èqei sun�rthsh pijanìthtac f . An prosomoi¸soume
mia adiaq¸risth aperiodik  markobian  alusÐda oriak  sun�rthsh ppija-
nìthtac π tìte ja mporoÔme na preseggÐsoume aut  thn tuqaÐa metablht ,
trèqontac thn alusÐda gia n b mata kai paÐrnontac thn Xn ìpou n arket�
meg�lo. Kaj¸c ìmwc mia markobian  alusÐda exart�tai apì thn arqik 
thc katanom , eÐnai sunetì na trèxoume thn alusÐda gia k�poio arijmì fo-
r¸n qwrÐc na krat soume tic timèc autèc.

'Estw Q o pÐnakac mÐac adiaq¸risthc markobian c alusÐdac me stoiqeÐa
(qij) , i, j ∈ S. OrÐzoume mia markobian  alusÐda {Xn, n ≥ 0} wc ex c:
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'Otan Xn = i h tuqaÐa metablht  Q tètoia ¸ste P {X = j} = q(i, j) j ∈ S
prosomoi¸netai. An X = j tìte Xn+1 = j me pijanìthta a(i, j) all¸c h
tim  paramènei h Ðdia.
Me autì ton trìpo kataskeu�zoume mia markobian  alusÐda me pijanìthtec
met�bashc

pij = q(i, j)a(i, j), j 6= i
pii = q(i, j) +

∑
k 6=i q(i, k)(1− a(i, k))

H markobian  aut  alusÐda ja eÐnai antistèyimh me stasimec pijanìthtec
π(j) an π(i)pij = πjpji j 6= i
IsodÔnama, π(i)q(i, j)a(i, j) = π(j)q(j, i)a(j, i) kai epomènwc arkeÐ na p�-

roume tic pijanìthtec a(i, j) = min
(
π(j)q(j,i)
π(i)q(i,j)

, 1
)

Sthn Mpeôzian  statistik  o algìrijmoc Metropolis Hastings eÐnai polÔ
qr simoc sthn antimet¸pish poluparametrik¸n problhm�twn kai idiaÐte-
ra sthn eÔresh thc ek twn ustèrwn katanom c. Eidikìtera:

'Estw ìti jèloume na ìti èqoume parathr seic y = (y1, . . . , yn) me pija-
nof�neia f(y|θ) ìpou θ = (θ1, . . . , θd) kai ek twn protèrwn katanom  f(θ).
ArqÐzoume apì aujaÐretec arqikèc timèc. Gia thn (j+1)- epan�lhyh tou al-
gorÐjmou èqoume ta ex c b mata

� ProteÐnoume tim  gia to θ1, θ
can
1 . H tim  θcan1 proteÐnetai apì au-

jaÐreth katanom  me puknìthta pijanìthtac q(θcan1 |θ
(j)
1 , θ

(j)
2 , . . . , θ

(j)
d )

� Apodeqìmaste thn proteinìmenh tim  gia to θ1 wc:

θ
(j+1)
1 =

{
θcan1 me pijanìthta p

θ
(j)
1 me pijanìthta 1− p

ìpou

p = min

{
f(θcan1 |y, θ

(j)
2 , . . . , θ

(j)
d )

f(θ
(j)
1 |y, θ

(j)
2 , . . . , θ

(j)
d )

q(θ
(j)
1 |θcan1 , θ

(j)
2 , . . . , θ

(j)
d )

q(θcan1 |θ
(j)
1 , θ

(j)
2 , . . . , θ

(j)
d )

, 1

}

� Epanalamb�noume ta Ðdia b mata kai gia tic upìloipec diast�seic
kai akoloÔjwc proqwr�me sthn epìmenh epan�lhyh tou algorÐjmou.
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'Opwc proanafèrjhke trèqoume ton algìrijmo gia k�poio arijmì for¸n pou
kajorÐzoume emeÐc, pet�me autèc tic timèc kai èpeita krat�me tic timèc gia
th sumperasmatologÐa ètsi ¸ste na epiteuqjeÐ h sÔgklish tou algorÐjmou.

� Mia sun jhc epilog  thc katanom c gia tic proteinìmenec timèc eÐnai
h kanonik  katanom  me mèso thn tim  k�je for� thc paramètrou (θi)
kai diaspor� tètoia ¸ste to posostì apodoq c twn proteinìmenwn
tim¸n na eÐnai gÔrw sto 30%. Sthn perÐptwsh aut  o algìrijmoc o-
nom�zetai Algìrijmoc Metropolis-Hastings tuqaÐou perÐpatou. 'EÔkola
kaneÐc mporeÐ na dei ìti se aut  thn perÐptwsh h pijanìthta apodoq c
ja eÐnai

p = min

{
f(θcan1 |y, θ

(j)
2 , . . . , θ

(j)
d )

f(θ
(j)
1 |y, θ

(j)
2 , . . . , θ

(j)
d )

, 1

}

3.2.3 O algìrijmoc Gibbs

'Estw parathr seic y = (y1, . . . , yn) me pijanof�neia f(y|θ) ìpou θ =
(θ1, . . . , θd) kai ek twn protèrwn katanom  f(θ). E�n h ek twn ustèrwn
katanom  mporeÐ na brejeÐ se kleist  morf  kai eÐnai gnwst  tìte h proso-
moÐwsh mporeÐ gÐnei akoloujiak� kai epanalhptik�, prosomoi¸nontac apì
tic desmeumènec ek twn ustèrwn katanomèc twn epimèrouc paramètrwn.
Ta b mata tou algorÐjmou eÐnai:

� Xekin�me me tuqaÐec timèc θ(0) = (θ
(0)
1 , . . . , θ

(0)
d )

� Sthn j- ost  epan�lhyh tou algorÐjmou prosomoi¸noume nèa tim  θ
(j)
1

apì th desmeumènh ek twn ustèrwn katanom  f(θ1|θ(j−1)
2 , . . . , θ

(j−1)
d )

� Prosomoi¸noume nèa tim  gia to θ
(j)
2 apì th desmeumènh ek twn ustèrwn

katanom  f(θ2|θ(j)
1 , θ

(j−1)
2 , . . . , θ

(j−1)
d )

...

� Prosomoi¸noume nèa tim  gia to θ
(j)
d apì th desmeumènh ek twn ustèrwn

katanom  f(θd|θ(j)
1 , θ

(j)
2 , . . . , θ

(j−1)
d−1 )

56



� Epanalamb�noume th diadikasÐa mèqri na epiteuqjeÐ sÔgklish.

'Opwc kai ston algìrijmo Metropolis-Hastings trèqoume ton algìrijmo gia
k�poio arijmì for¸n mèqri na epiteujeÐ h sÔgklish kai met� krat�me tic
timèc.

ParathroÔme ìti autìc o pio aplìc algìrijmoc eÐnai eidik  perÐptwsh tou
Metropolis-Hastings me pijanìthtec apodoq c twn proteinìmenwn tim¸n Ðsec
me mon�da.
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Kef�laio 4

To prìblhma thc Astrofusik c

4.1 Mia eisagwg  sto prìblhma

H sun�rthsh fwteinìthtac twn galaxi¸n paÐzei shmantikì rìlo sthn ka-
tanìhsh tou sÔmpantoc. Mèsw thc sun�rthshc fwteinìthtac mporoÔme na
p�roume poll� stoiqeÐa ìson afor� ton plhjusmì twn galaxi¸n, thn exè-
lixh twn our�niwn swm�twn kaj¸c kai thn istorÐa thc dhmiourgÐac kai a-
n�ptuxhc twn �strwn. Ta parathrhsiak� dedomèna pou up�rqoun s mera
deÐqnoun ìti h exèlixh twn galaxi¸n kai h dhmiourgÐa twn upèrmazwn mela-
n¸n op¸n (maÔrec trÔpec) sto kèntro touc sqetÐzontai �mesa. H sun�rthsh
fwteinìthtac eÐnai loipìn qr simh kai gia thn katanìhsh thc dhmiourgÐac
twn melan¸n op¸n all� kai gia thn katanom  thc m�zac touc. Akìmh, h
sun�rthsh fwteinìthtac mac epitrèpei na melet soume thn ex�rthsh twn
idiot twn twn galaxi¸n me to perib�llon.

Ta parathrhsiak� dedomèna pou èqoume sth di�jesh mac perièqoun sf�l-
mata kai autì mporeÐ na odhg sei se lanjasmènouc upologismoÔc ìson
afor� tic paramètrouc thc sun�rthshc fwteinìthtac twn galaxi¸n   akì-
ma kai th lanjasmènh epilog  montèlou pou perigr�fei th fwteinìthta twn
galaxi¸n. Sunep¸c h sunergasÐa metaxÔ astrofusik¸n kai statistik¸n
krÐnetai anagkaÐa ¸ste na gÐnei mÐa kal  ektÐmhsh thc sun�rthshc fwtei-
nìthtac twn galaxi¸n.

'Eqoun protajeÐ di�forec mèjodoi gia thn ektÐmhsh thc en lìgw sun�rth-
shc, oi opoÐec asfal¸c parousi�zoun pleonekt mata kai meionekt mata.
Mia mèjodoc eÐnai h mèjodoc diakritikopoÐhshc se Ðsa diast mata (binning
method). H sumperasmatologÐa pou basÐzetai se aut  th mèjodo eÐnai pe-
rioristik  kaj¸c den mporoÔme na epektajoÔme se dedomèna pou èqoun dia-
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foretikì st rigma en¸ tautìqrona den mporoÔme na k�noume thn upìjsesh
ìti h fwteinìthta kai h erujrometatìphsh eÐnai exarthmènec. H mèjodoc
aut  parousi�zei kai epiplèon meionèkthma kaj¸c h aujaÐreth epilog  tou
m kouc tou diast matoc gia to diaqwrismì mporeÐ na odhg sei se epiplèon
sf�lmata. 'Allh mèjodoc gia thn ektÐmhsh thc sun�rthshc fwteinìthtac, h
opoÐa qrhsimopoieÐtai kat� kìron sthn astrofusik  koinìthta, eÐnai h mè-
jodoc thc mègisthc pijanof�neiac. H mèjodoc aut  eÐnai epÐshc perioristik 
kaj¸c eÐnai pollèc forèc dÔskolh stouc upologismoÔc kai apaitoÔntai po-
lÔplokoi qeirismoÐ gia tic katanomèc. Ta sf�lmata se aut  thn perÐptwsh
jewroÔme, tic pio pollèc forèc, ìti akoloujoÔn thn kanonik  katanom , mÐa
upìjesh pou den eÐnai p�nta realistik . 'Etsi lìgw thc poluplokìthtac
thc mejìdou kai thc anagkaiìthtac epiplèon upojèseic gia tic metablhtèc,
prokÔptoun ektim seic me megala diast mata empistosÔnhc kai mikr  akrÐ-
beia.

H di�dosh kai h auxanìmenh apodoq  thc mpeôzian c statistik c apì thn
episthmonik  koinìthta, �rqise na dhmiourgeÐ kai stouc astrofusikoÔc e-
rwt mata ìson afor� thn orjìthta twn apotelesm�twn touc me tic proa-
naferjèntec mejìdouc. Prìsfatec melètec èqoun deÐxei ìti h antimet¸pish
problhm�twn me mpeôzian� ergaleÐa dÐnoun apotelèsmata arket� diafo-
retik� apì aut� pou proèkuyan me prohgoÔmenec mejìdouc. Sthn paroÔ-
sa ergasÐa anaptÔssoume mÐa mpeôzian  prosèggish gia thn ektÐmhsh twn
paramètrwn thc sun�rthshc fwteinìthtac twn galaxi¸n. H mèjodoc aut 
prosfèrei arket� pleonekt mata kaj¸c mporoÔme na eÐmaste pio euèliktoi
stic arqikèc upojèseic mac gia thn parameterik  morf  thc sun�rthshc,
mporoÔme na qeiristoÔme poluparametrik� probl mata eukolìtera me th
bo jeia mejìdwn prosomoÐwshc (MCMC) kai oi ektim seic mac èqoun stenì-
tera diast mata axiopistÐac.

Sthn ergasÐa aut  parousi�zoume th mpeôzian  mejodologÐa gia thn ektÐ-
mhsh thc sun�rthshc fwteinìthtac. Arqik� k�noume thn an�lush gia mÐa
aplopoihmènh sun�rthsh fwteinìthtac kai akoloÔjwc gia pio perÐplokh
sun�rthsh fwteinìthtac. EpÐshc sugkrÐnoume ta apotelèsmata pou prokÔ-
ptoun met� apì montelopoÐhsh me diadikasÐec Poisson kai diwnumikèc.
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4.2 To prìblhma thc astrofusik c

4.2.1 Basikèc ènnoiec thc astrofusik c

Orismìc 4.2.1. GalaxÐac
Galaxy

GalaxÐac eÐnai èna SÔnolo asteri¸n, skìnhc kai aerÐou ta opoÐa allhlepi-
droÔn metaxÔ touc barutik�.

Orismìc 4.2.2. Energìc galaxiakìc pur nac
Active galactic nuclei (AGN)

Oi energoÐ galaxiakoÐ pur nec eÐnai h kentrik  perioq  orismènwn galaxi¸n,
ìpou lamb�noun q¸ra exairetik� energeiak� kai bÐaia fainìmena. 'Eqoun
polÔ yhlèc lamprìthtec (aktinobolÐa) se ìla ta m kh kÔmatoc, fardièc
grammèc ekpomp c sto optikì, uperi¸dec kai aktÐnec Q. SqetÐzontai me thn
pijan  Ôparxh melan¸n op¸n (maÔrec trÔpec) sto kèntro touc kai èqoun
mikrì mègejoc.

Orismìc 4.2.3. Erujrometatìpish
Redshift (z)

H erujrometatìpish eÐnai h parathroÔmenh allag  sth suqnìthta enìc kÔ-
matoc ìtan o parathrht c brÐsketai se sqetik  kÐnhsh me thn phg  pou
par�gei to kÔma. ìso megalÔterh eÐnai h sqetik  taqÔthta tìso megalÔ-
terh eÐnai kai h erujrometatìpish. Sto sÔmpan ìla ta antikeÐmena apoma-
krÔnontai metaxÔ touc (diastol  sÔmpantoc) kai m�lista ìso makrÔtera
phgaÐnoume tìso megalÔterh eÐnai h taqÔthta apom�krunshc kai �ra tìso
megalÔterh eÐnai h erujrometatìpish. Epomènwc antikeÐmena me meg�lh
erujrometatìpish brÐskontai makrÔtera. 'Etsi me autì ton trìpo gÐnetai
sÔndesh thc erujrometatìpishc me thn apìstash twn our�niwn swm�twn.

Orismìc 4.2.4. Fwteinìthta
Luminosity (L)

Fwteinìthta orÐzoume thn enèrgeia an� mon�da qrìnou pou ekpèmpetai apì
èna our�nio s¸ma kai eÐnai qarakthristikì k�je antikeimènou.
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Orismìc 4.2.5. Apìstash fwteinìthtac
Luminosity Distance (DL)

H apìstash fwteinìthtac sthn astrofusik  exart�tai apì thn kosmologÐa
(dhlad  th gewmetrÐa tou qwroqrìnou mèsa sto opoÐo to fwc taxideÔei). H
gewmetrÐa tou qwroqrìnou (k�tw apì k�poiec upojèseic) perigr�fetai apì
2 paramètrouc: to rujmì diastol c tou sÔmpanotc (Hubble constant H0) kai
thn puknìthta m�zac sto sÔmpan (Ωmass). 'Ara h pragmatik  apìstash
enìc antikeimènou apì th gh eÐnai sun�rthsh thc erujrometatìpishc (z),
Hubble constant (H0), Ωmass.

Orismìc 4.2.6. Sun�rthsh fwteinìthtac galaxi¸n
Luminosity function (φ)

H sun�rthsh gia thn fwteinìthta twn galaxi¸n dÐnetai apì th sqèsh φ(L, z)dL
kai eÐnai o arijmìc twn phg¸n an� ìgko upologismèno se comoving sunte-
tagmènec (dhlad  se suntetagmènec ìpou h arijmhtik  puknìthta twn an-
tikeimènwn paramènei stajer ) me fwteinìthtec sto di�sthma L,L+ dL.

H sun�rthsh fwteinìthtac sundèetai me thn puknìthta pijanìthtac twn
(L, z) mèsw thc sqèshc:

p(L, z) = 1
N
φ(L, z)dV

dz

ìpou N eÐnai o sunolikìc arijmìc twn phg¸n sto parathroÔmeno sÔmpan.

Epomènwc an orÐsoume wc p(L, z)dLdz thn pijanìthta na broÔme phg  sto
di�sthma L,L,+dL kai z, z + dz ja isqÔei ìti:

p(L, z)dLdz = 1
N
φ(L, z)dLdV ⇒ p(L, z) = 1

N
φ(L, z)dV

dz

Shmei¸netai ìti N =
∫ ∫

φ(L, z)dLdV

An upojèsoume parametrik  morf  gia th sun�rthsh fwteinìthtac me pa-
ramètrouc θ, mporoÔme na ex�goume th sun�rthsh pijanof�neiac gia ta
parathroÔmena dedomèna. Kaj¸c k�je èreuna sthn astrofusik  dÐnei k�-
poio parathroÔmeno deÐgma apì fwteinìthtec kai erujrometatopÐseic,ìpou
eÐnai oratèc mìno phgèc pou èqoun fwteinìthta p�nw apì k�poia el�qisth
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tim  kai dedomènhc erujrometatìpishc, up�rqei sf�lma sthn ektÐmhsh thc
sun�rthshc pijanof�neiac. MÐa �llh prosèggish eÐnai na jewr soume ìti
o arijmìc twn phg¸n sto sÔmpan akoloujeÐ diadikasÐa Poisson. Oi dÔo pro-
seggÐseic autèc parousi�zontai apì touc B.C.Kelly, X.Fan, M.Vestergaard,
(2008). 'Allec ergasÐec ìpou èqei qrhsimopoihjeÐ h Poisson montelopoÐhsh
eÐnai oi: twn H.L.Marshall,Y.Anvi, H.Tananbaum, G.Zamorani, (1983) , twn
J.Aird, K.Nandra, E.S.Laird, A.Georgakakis, M.L.N.Ashby, P.Barmby, A.L.Coil,
J-S.Huang, A.M.Koekemoer, C.C.Steidel, C.N.A.Willmer, (2009) kai tou T.J.
Loredo, (2004)

Ta dedomèna sthn èreuna eÐnai anex�rthta kai sunep¸c h sun�rthsh pi-
janof�neiac gia ìlec tic N phgèc sto sÔmpan parathroÔmenec kai mh ja
eÐnai:

p(L, z|θ) =
∏N

i=1 p(Li, zi|θ)

Sthn pragmatikìthta den gnwrÐzoume ìlec tic erujrometatop seic kai fw-
teinìthtec gia ìlec tic phgèc N , oÔte kai pragmatik� gnwrÐzoume thn tim 
tou N , kaj¸c h èreuna kalÔptei mìno èna mèroc tou ouranoÔ. Epomènwc
h èreuna ja perièqei n phgèc kai to N ja eÐnai allh mia par�metroc sto
prìblhma pou ja prèpei na ektimhjeÐ. B�sei aut c thc idèac ta dedomèna
mporoÔn na jewrhjoÔn diwnumik� me paramètrouc n kai pijanìthta epitu-
qÐac h pijanìthta na aniqjeujeÐ mia phg .

4.2.2 Poisson dedomèna

Sthn par�grafo aut  parousi�zoume th montelopoÐhsh tou probl matoc
me diadikasÐec Poisson, kaj¸c kai th mpeôzian  ektÐmhsh autoÔ tou montèlou.

O arijmìc twn phg¸n se diaforÐsimec comoving suntetagmènec ìgkou
(
dV
dz

)
dz

kai diaforÐsimh fwteinìthta dL eÐnai:1

φ(L, z)dLdV (z) = φ(L, z)dV
dz
dzdL

1H.L.Marshall,Y.Anvi, H.Tananbaum, G.Zamorani, (1983)
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An Ω(z, L) = (p(I = 1|z, L)) eÐnai h perioq  tou ouranoÔ ìpou oi phgèc
mporoÔn na aniqjeujoÔn tìte h pijanof�neia eÐnai to ginìmeno twn pijano-
t twn na parathr soume akrib¸c mÐa phg  (dzdL) gia k�je (zi, Li) , i =
1, . . . , n (i ∈ Aobs) epÐ tic pijanìthtec na parathrhjoÔn 0 phgèc stic perio-
qèc pou den mporoÔme na aniqneusoume phgèc. 'Ara o anamenìmenoc arijmìc
twn phg¸n sto dzdL gia z, L sto deÐgma qrhsimopoi¸ntac pijanìthtec Pois-
son me parametro λ(z, L)dzdL eÐnai:

λ(z, L)dzdL = φ(z, L)Ω(z, L)dV
dz
dzdL

H pijanof�neia eÐnai:

p(L, z|θ,N) =
∏
i∈Aobs

λ(zi, Li)
1dzdL

1!
e−λ(ziLidzdL)

∏
j∈Amis

e−λ(zj ,Lj)dzdL
(λ(z, L)dzdL)0

0!

'AAra

p(L, z|θ,N) =
∏
i∈Aobs

λ(zi, Li)zdLe
−λ(ziLidzdL)

∏
j∈Amis

e−λ(zj ,Lj)dzdLλ(z, L)dzdL

H log- pijanof�neia tou montèlou ja eÐnai:

log(p(L, z|θ,N)) =
n∑
i=1

log(λ(zi, Li))−
n∑
i=1

λ(zi, Li)dzdL+ C =

=
n∑
i=1

log(φ(zi, Li))−
∫ ∫

φ(z, L)Ω(z, L)
dV

dz
dzdL+ C

ìpou C = −
∑

j∈Amis λ(zj, Lj)dLdz

An afairèsoume touc ìrouc pou eÐnai anex�rthtoi tou montèlou tìte:

log(p(Lobs, zobs|θ,N)) =
∑n

i=1 log(φ(zi, Li))−
∫ ∫

p(I = 1|L, z)φ(z, L|θ,N)dV
dz
dzdL

log(Lobs, zobs|θ,N) =
∑n

i=1 log(Np(z9, Li|θ))−
∫ ∫

p(I = 1|L, z)Np(z, L|θ,N)dV
dz
dzdL

log(p(Lobs, zobs|θ,N)) = n log(N) +
∑

i∈Aobs log(p(Li, zi|θ,N))−Np(I = 1|θ)

ìpou p(I = 1|θ) =
∫ ∫

p(I = 1|L, z)p(z, L|θ,N)dV
dz
dzdL
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H Schechter sun�rthsh fwteinìthtac

JewroÔme thn akìloujh sun�rthsh fwteinìthtac:

φ(L) =
N

L∗Γ(a+ 1)

(
L

L∗

)a
e−L/L

∗
, θ = (a, L∗)

H sun�rthsh aut  eÐnai anex�rthth thc erujrometatìpishc z kai onom�zetai
sun�rthsh Schechter. H sun�rthsh aut  eÐnai an�logh me th sun�rthsh pu-
knìthtac pijanìthtac miac G�mma katanom c me paramètrouc k = a+1 kai
L∗

H pijanof�neia tou montèlou gia thn Schechter sun�rthsh fwteinìthtac
eÐnai:

p(Lobs, zobs|θ,N) = Nn[
∏
i∈Aobs

p(Li, zi|θ)]e−[N(p(I=1|θ))]

ìpou p(I = 1|θ) =
∫∞
Lmin

1
L∗Γ(k)

(
L
L∗

)k−1
e−L/L

∗
= 1− F(k,L∗)(Lmin) kai

F : H sun�rthsh katanom  pijanìthtac thc G�mma katanom c me paramètrouc
(k, L∗).

Gia na aplopoi soume to prìblhma, jewroÔme ìti h sun�rthsh fwteinìthtac
eÐnai anex�rthth thc erujrometatìphshc (z) kai ìti k = α+ 1. H Schechter
sun�rthsh fwteinìthtac eÐnai èna aplousteumèno montèlo gia na peri-
gr�yei th fwteinìthta. QrhsimopoioÔme autì to montèlo jèlontac na e-
farmìsoume tic idèec mac se mÐa apl  sun�rthsh kai èpeita na upojèsoume
k�poio pio perÐploko montèlo.

Sunep¸c h apì koinoÔ ek twn ustèrwn katanom  gia tic paramètrouc N, θ
ja eÐnai:

p(θ,N |Lobs, zobs) ∝ p(θ,N)p(Lobs, zobs|θ,N) ∝ p(θ)p(N)p(Lobs, zobs|θ,N)

an jewr soume ìti ta N, θ eÐnai anex�rthta.

H perij¸ria ek twn ustèrwn katanom  tou θ mporeÐ na brejeÐ e�n ajroÐ-
soume wc proc N kai tìte ja isqÔei ìti:

p(θ|Lobs, zobs) ∝ p(θ)
∏

i∈Aobs p(Li, zi|θ)
∑∞

N=n p(N)Nne−[Np(I=1|θ)]
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H desmeumènh ek twn ustèrwn katanom  tou j ja eÐnai:

p(θ|N, n) ∝ p(θ)
∏

i∈Aobs p(Li, zi|θ)e
−Np(I=1|θ)

AntÐstoiqa, h desmeumènh ek twn ustèrwn katanom  gia to N ja eÐnai:

p(N |n, θ) ∝ p(N)(Nne[−[Np(I=1|θ)]])

Jèloume na ektim soume tic paramètrouc thc ek twn ustèrwn katanom c.
An kai h Schechter sun�rthsh eÐnai apl  parathroÔme ìti h ek twn ustè-
rwn sun�rthsh eÐnai perÐplokh. 'Ena apì ta pleonekt mata thc mpeôzian c
statistik c eÐnai ìti me th bo jeia thc mejìdou MCMC mporoÔme na ektim -
soume tic paramètrouc akìma kai se perÐplokec sunart seic. Efarmìzoume
loipìn ton algìrijmo Metropolis-Hastings. gia na prosomoi¸soume apì tic
parap�nw ek twn ustèrwn desmeumènec katanomèc.

Anafèroume se aut  thn par�grafo sunoptik� ton algìrijmo pou qrh-
simopoi same.

� O algìrijmoc arqÐzei me arqikèc timèc twn (k̃, L̃∗, Ñ). Mia kal  arqik 
tim  eÐnai h ektim tria mègisthc pijanof�neiac gia tic paramètrouc.
EmeÐc p rame aujaÐretec timèc kaj¸c eÐnai dÔskolo na upologistoÔn
analutik� oi ektim triec megÐsthc pijanof�neiac.

� Prosomoi¸noume proteinìmenh tim  tou log(L̂∗) apì thn kanonik  ka-
tanom  N(log(L̃∗), u1).

� UpologÐzoume thn pijanìthta apodoq c thc proteinìmenhc tim c:
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pacc1 = min

[
1,
p(k̃, L̂, Ñ |Lobs)
p(k̃, L̃∗Ñ |Lobs)

L̂∗

L̃∗

]

=

L̂∗ 1

L̂∗

[∏n
i=1

1

L̂∗Γ(k̃)

(
Li
L̂∗

)(k̃−1)

e−[Li/L̂
∗]

]
e−[Ñ(1−F(k̃,L̂∗)(Lmin))]

L̃∗ 1
L̃∗

[∏n
i=1

1
L̃∗Γ(k̃)

(
Li
L̃∗

)(k̃−1)

e−[Li/L̃∗]

]
e−[Ñ(1−F(k̃,L̃∗)(Lmin))]

=

(
L̃∗

L̂∗

)(nk̃) [ n∏
i=1

e−[Li(
1
L̂∗−

1
L̃∗ )]

]
e[Ñ(F(k̃,L̂∗)(Lmin)−F(k̃,L̃∗)(Lmin))]

O log�rijmoc thc pijanìthtac apodoq c ja eÐnai:

log(pacc1) =

nk log
(
L̃∗

L̂∗

)
−
∑n

i=1[Li(
1

L̂∗ − 1
L̃∗ )] + Ñ(F(k̃,L̂∗)(Lmin)− F(k̃,L̃∗)(Lmin))

� AkoloÔjwc prosomoi¸noume ènan tuqaÐo arijmì apì thn omoiìmorfh
katanom  sto di�sthma (0, 1). An o arijmìc autì eÐnai mikrìteroc a-
pì thn pijanìthta apodoq c pou mìlic upologÐsame tìte deqìmaste
thn proteinìmenh tim  kai t¸ra h kainoÔrgia tim  tou L∗ ja eÐnai h
proteinìmenh. Se antÐjeth perÐptwsh h tim  tou L∗ pararmènei wc èqei.

Σημείωση: Στις πιθανότητες αποδοχής υπάρχει ο όρος
L̂∗

L̃∗ . Αυτό προκύπτει από

την αλλαγή μεταβλητής για την προτεινόμενη τιμή (από την παράγωγο
dLogL∗

dL∗ ).

Το L∗
ακολουθεί τη log-normal κατανομή και η log(L∗) ακολουθεί την κανονική

κατανομή.

� Prosomoi¸noume proteinìmenh tim  gia to log(k̂) = log(â+ 1) apì thn
kanonik  katanom  N(log(k̃), u2).

� UpologÐzoume kai p�li thn pijanìthta apodoq c thc proteinìmenhc
tim c:
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pacc2 =

k̂ 1
L̃∗

[∏n
i=1

1

L̃∗Γ(k̂)

(
Li
L̃∗

)(k̂−1)

e−[Li/L̃
∗]

]
e−[N(1−F(k̂,L̃∗)(Lmin))]

k̃ 1
L̃∗

[∏n
i=1

1
L̃∗Γ(k̃)

(
Li
L̃∗

)(k̃−1)

e−[Li/L̃∗]

]
e−[N(1−F(k̃,L̃∗)(Lmin))]

=
k̂

k̃

[
Γ(k̃)

Γ(k̂)

]n [ n∏
i=1

(
Li

L̃∗

)(k̂−k̃)
]
e[N(F(k̂,L̃)(Lmin)−F(k̃,L̃∗)(Lmin))]

O log�rijmoc thc pijanìthtac apodoq c ja eÐnai:
log(pacc2) = log(k̂)−log(k̃)+n(log(Γ(k̃))−log(Γ(k̂)))+N(F(k̂,L̃∗)(Lmin)−
F(k̃,L̃)(Lmin)) + (k̂ − k̃)

∑n
i=1 log

(
Li
L̃∗

)
� Prosomoi¸noume ènan tuqaÐo arijmì apì thn omoiìmorfh katanom 
sto di�sthma (0, 1). An o arijmìc autì eÐnai mikrìteroc apì thn pija-
nìthta apodoq c pou mìlic upologÐsame tìte deqìmaste thn protei-
nìmenh tim  kai t¸ra h kainoÔrgia tim  tou k ja eÐnai h proteinìmenh.
Se antÐjeth perÐptwsh h tim  tou k pararmènei wc èqei.

� ProteÐnoume tim  gia to N apì thn arnhtik  diwnumik  katanom  me
paramètrouc n, p(I = 1|θ)
H pijanìthta apodoq c thc proteinìmenhc tim c ja eÐnai:

pacc3 = min

[
1,
p(N̂ |Lobs, k, L∗)
p(Ñ |Lobs, k, L∗)

q(Ñ |Lobs, k, L∗)
q(N̂ |Lobs, k, L∗)

]

=
N̂n−1 exp{−N̂p(I = 1|θ)}
Ñn−1 exp{−Ñp(I = 1|θ)}

(
Ñ−1
n−1

)
p(I = 1|θ)np(I = 0|θ)Ñ−1(

N̂−1
n−1

)
p(I = 1|θ)np(I = 0|θ)N̂−1

=

(
N̂

Ñ

)n−1

exp{(N̂ − Ñ)p(I = 1|θ))}(Ñ − 1)!

(N̂ − 1)!

(N̂ − n)!

(Ñ − n)!
[p(I = 0|θ)]Ñ−N̂

O log�rijmoc thc pijanìthtac apodoq c ja eÐnai:

logpacc3 = (n−1)
[
log(N̂)− log(Ñ)

]
+(Ñ−N̂)p(I = 1|θ)+

∑Ñ−1
i=1 log(i)−∑N̂−1

i=1 log(i) +
∑N̂−n

i=1 log(i)−
∑Ñ−n

i=1 log(i) + (Ñ − N̂) log(P (I = 0|θ))
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� Prosomoi¸noume ènan tuqaÐo arijmì apì thn omoiìmorfh katanom 
sto di�sthma (0, 1). An o arijmìc autì eÐnai mikrìteroc apì thn pija-
nìthta apodoq c pou mìlic upologÐsame tìte deqìmaste thn protei-
nìmenh tim  kai t¸ra h kainoÔrgia tim  tou N ja eÐnai h proteinìmenh.
Se antÐjeth perÐptwsh h tim  tou N paramènei wc èqei.

΄Οταν προσομοιώνουμε τιμές για τον αλγόριθμο Metropolis-Hastings τυχαίου περίπατου

(για την ανανέωση του log(L̂∗)) και του log(k)παίρνουμε διαπορές u1, u2 τέτοιες ώστε το

ποσοστό αποδοχής των προτεινόμενων τιμών να είναι μεταξύ 20−50%. Το N προσομειώ-

νεται με ανεξάρτητη γεννήτρια προτεινόμενων τιμών και άρα στόχος είναι η μεγιστοποίηση

της πιθανότητας αποδοχής.

4.2.3 Diwnumik� dedomèna

Ac exet�soume t¸ra thn perÐptwsh tou diwnumikoÔ montèlou.

OrÐzoume di�nusma megèjouc N pou perièqei se k�je sunist¸sa th deÐktria
sun�rthsh pou paÐrnei thn tim  1 e�n h i−ost  phg  perièqetai sto deÐgma
kai mhdèn alli¸c. 'Estw Aobs , Amis ta sÔnola pou brÐskontai oi phgèc pou
èqoun parathrhjeÐ kai oi phgèc pou den parathr jhkan antÐstoiqa.
Se aut  thn perÐptwsh h sun�rthsh pijanof�neiac ja eÐnai

p(L, z, I|θ,N) = CN
n

∏
i∈Aobs p(I = 1|Li, zi)p(Li, zi)×

×
∏

j∈Amis p(I = 0|Lj, zj)p(Lj, zj)

ìpou CN
n =

(
N
n

)
Mac endiafèrei h pijanìthta twn parathroÔmenwn dedomènwn, k�tw apì
thn upìjesh tou sugkekrimènou montèlou pou èqoume epilèxei. Epomènwc
mac endiafèrei h perij¸ria pijanof�neia twn dedomènwn kai aut  mporeÐ
na brejeÐ oloklhr¸nontac wc proc thn allh par�metro (mh parathroÔmena
dedomèna) thn apì koinoÔ pijanof�neia. 'Etsi oi upologismoÐ èqoun wc ex c:

p(Lobs, zobs, I|θ,N) =
CN
n

∏
i∈Aobs p(I = 1|Li, zi)p(Li, zi|θ)×

×
∏

j∈Amis

∫∞
0

∫∞
0
p(I = 0|Lj, zj)p(Lj, zj|θ)dLjdzj

Profan¸c h pijanìthta:

p(I = 1|Li, zi) = 1 an i ∈ Aobs

kai an sumbolÐsoume me
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p(I = 0|θ) =
∫ ∫

p(I = 1|L, z)p(L, z|θ)dLdz

paÐrnoume ìti:

p(Lobs, zobs, I|θ,N) ∝ CN
n [p(I = 0|θ)]N−n

∏
i∈Aobs p(Li, zi|θ)

Upologismìc thc ek twn ustèrwn katanom c

Upojètontac ìti oi par�metroi (θ,N) eÐnai metaxÔ touc anex�rthtec, h apì
koinoÔ ek twn protèrwn katanom  touc ja dÐnetai apì th sqèsh:

p(θ,N) = p(θ)p(N)

H ek twn ustèrwn katanom  pijanìthtac twn dÔo paramètrwn ja eÐnai:

p(θ,N |Lobs, zobs, I) ∝ p(θ)p(N)p(Lobs, zobs, I|θ,N)

O sunolikìc arijmìc twn phg¸n N eÐnai �gnwstoc. Upojètoume omoiìmorfh
katanom  gia ton log�rijmo tou N . ProteÐnoume aut  thn ek twn protèrwn
katanom  giatÐ jèloume mia katanom  pou na mac dieukolÔnei stouc upolo-
gismoÔc kai na eÐnai mh plhroforiak .

p(N) ∝ 1
N
⇒ p(log(N))d log(N) = p(N)dN

'Etsi k�tw apì thn proanaferj sa ek twn protèrwn katanom  h perij¸ria
ek twn ustèrwn katanom  pijanìthtac tou θ ja eÐnai:

p(θ|Lobs, zobs) ∝ p(θ)

[ ∏
i∈Aobs

p(Li, zi|θ)

]
∞∑
N=n

N−1CN
n [p(I = 0|θ)]N−n

∝ p(θ) [p(I = 1|θ)]−n
[ ∏
i∈Aobs

p(Li, zi|θ)

]

×
∞∑
N=n

1

N
CN−1
n−1 [p(I = 0|θ)]N−n [p(I = 1|θ)]n

To teleutaÐo �jroisma eÐnai �jroisma thc Arnhtik c diwnumik c katanom c
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gia ìlo to pedÐo orismoÔ tou kai isoÔtai me mon�da. Sunep¸c h ek twn
ustèrwn katanom  eÐnai:

p(θ|Lobs, zobs) ∝ p(θ) [p(I = 1|θ)]−n
∏
i∈Aobs

p(Li, zi|θ)

H desmeumènh ek twn ustèrwn katanom  tou N ja eÐnai arnhtik  diwnumik 
katanom  me paramètrouc n, p(I = 1|θ) afoÔ to N ja eÐnai o arijmìc twn
dokim¸n pou qrei�zetai gia na èqoume n epituqÐec me pijanìthta epituqÐac
p(I = 1|θ) (autìc eÐnai kai o orismìc thc arnhtik c diwnumik c katanom c).

H Schechter sun�rthsh fwteinìthtac

'Estw ìti h sun�rthsh fwteinìthtac èqei th morf 

φ(L) = N
L∗Γ(a+1)

(
L
L∗

)a
e−L/L

∗
, θ = (a, L∗)

Sthn an�lush pou prohg jhke katal xame ston tÔpo gia thn ek twn ustè-
rwn katanom 

p(θ|Lobs, zobs) ∝ p(θ) [p(I = 1|θ)]−n
∏

i∈Aobs p(Li, zi|θ)

AntikajistoÔme loipìn thn puknìthta pijanìthta thc Schechter sun�rthshc
kai paÐrnoume thn ek twn ustèrwn katanom  pijanìthtac:

p(k, L∗) ∝ 1
L∗ [p(I = 1|k, L∗)]−n

∏N
i=1

1
L∗Γ(k)

(
Li
L∗

)k−1
e−Li/L

∗

ìpou, [p(I = 1|k, L∗)] =
∫∞
Lmin

1
L∗Γ(k)

(
L
L∗

)k−1
e−L/L

∗
= 1− F(k,L∗)(Lmin)

F : H sun�rthsh katanom  pijanìthtac thc g�mma katanom c me para-
mètrouc (k, L∗).

H desmeumènh ek twn ustèrwn katanom  tou N eÐnai arnhtik  diwnumik 
katanom .

p(N |n, θ) =
(
N−1
n−1

)
[p(I = 1|θ)]n [p(I = 0|θ)]N−n

Fti�xame loipìn algìrijmo gia thn ektÐmhsh thc sun�rthshc fwteinìthtac
ìtan ta dedomèna eÐnai diwnumik�.
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� O algìrijmoc arqÐzei me arqikèc timèc twn (k̃, L̃∗).

� Prosomoi¸noume proteinìmenh tim  tou log(L̂∗) apì thn kanonik  ka-
tanom  N(log(L̃∗), u1).
Ed¸ shmei¸netai ìti h diaspor� thc kanonik c katanom c eÐnai tètoia
¸ste to posostì apodoq c thc proteinìmenhc tim c na eÐnai metaxÔ
20− 50%. Proteim�tai h katanom  thc genn triac tim¸n na èqei mèso
to log(L∗) giatÐ o log�rijmoc orÐzetai se ìlo to di�sthma twn prag-
matik¸n arijm¸n en¸ to L∗ orÐzetai mìno stouc jetikoÔc pragmatikoÔc
arijmoÔc.

� UpologÐzoume thn pijanìthta apodoq c thc proteinìmenhc tim c:

pacc1 = min

[
1,
p(k̃, L̂|Lobs)
p(k̃, L̃∗|Lobs)

L̂∗

L̃∗

]

=
L̂∗

L̃∗

1

L̂∗ (1− F(k,L̂∗)(Lmin))−n

1
L̃∗ (1− F(k,L̃∗)(Lmin))−n

n∏
i=1

1

L̂∗Γ(k)
( Li
L̂∗ )k̃−1e−(Li/L̂

∗)

1
L̃∗Γ(k)

( Li
L̃∗ )k̃−1e−(Li/L̃∗)

=

(
1− F(k̃,L̃∗)(Lmin)

1− F(k̃,L̂∗)(Lmin)

)n(
L̃∗

L̂∗

)nk̃

exp

[
−

n∑
i=1

Li(
1

L̂∗
− 1

L̃∗
)

]

O log�rijmoc thc pijanìthtac apodoq c ja eÐnai:

log(pacc1) = n(log(1−F(k̃,L̃∗)(Lmin))−log(1−F(k̃,L̂∗)(Lmin)))+nk̃(log(L̃∗) log(L̂∗))−∑n
i=1 Li(

1

L̂∗ − 1
L̃∗ )

� AkoloÔjwc prosomoi¸noume èna tuqaÐo arijmì apì thn omoiìmorfh
katanom  sto di�sthma (0, 1). An o arijmìc autì eÐnai mikrìteroc a-
pì thn pijanìthta apodoq c pou mìlic upologÐsame tìte deqìmaste
thn proteinìmenh tim  kai t¸ra h kainoÔrgia tim  tou L∗ ja eÐnai h
proteinìmenh. Se antÐjeth perÐptwsh h tim  tou L∗ pararmènei wc èqei.

� Prosomoi¸noume proteinìmenh tim  gia to log(k̂) = log(â+ 1) apì thn
kanonik  katanom  N(log(k̃), u2).
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� UpologÐzoume kai p�li thn pijanìthta apodoq c thc proteinìmenhc
tim c:

pacc2 = min

[
1,
p(k̂L̃|Lobs)
p(k̃L̃∗|Lobs)

k̂

k̃

]

=
k̂

k̃

1
L̃∗ (1− F(k̂,L̃∗)(Lmin))−n

1
L̃∗ (1− F(k̃,L̃∗)(Lmin))−n

n∏
i=1

1

L̃∗Γ(k̂)
( Li
L̃∗ )k̂−1e−Li/L̃

∗

1
L̃∗Γ(k̃)

( Li
L̃∗ )k̃−1e−Li/L̃∗

=
k̂

k̃

(
Γ(k̃)

Γ(k̂)

)n [
1− F(k̃,L̃∗)(Lmin)

1− F(k̂L̃∗)(Lmin)

]n n∏
i=1

(
Li

L̃∗

)k̂−k̃

O log�rijmoc thc pijanìthtac apodoq c ja eÐnai:

log(pacc2) = log(k̂)− log(k̃) + n(log(Γ(k̃))− log(Γ(k̂))) +

+n
[
log(1− F(k̃,L̃∗)(Lmin))− log(1− F(k̂,L̃∗)(Lmin))

]
+(k̂−k̃)

∑n
i=1 log( Li

L̃∗ )

� Prosomoi¸noume èna tuqaÐo arijmì apì thn omoiìmorfh katanom  sto
(0, 1) kai ìpwc kai sto prohgoÔmeno b ma, e�n autìc o arijmìc eÐnai
mikrìteroc apì thn pijanìthta apodoq c pou upologÐsthke pio prin
tìte deqìmaste thn proteinìmenh tim  kai h nèa tim  gia thn par�me-
tro mac gÐnetai h proteinìmenh. Se antÐjeth perÐptwsh h tim  mènei
stajer .

� Ta pio p�nw b mata ta trèqoume mèqri na epiteuqjeÐ sÔgklish tou
algorÐjmou. AfoÔ petÔqoume sÔgklish prosjètoume kai ta epìmena
b mata pou ja mac dÐnoun se k�je st�dio kai tim  gia to N apì
thn arnhtik  diwnumik  katanom  ¸ste na p�roume mia tri�da twgn
paramètrwn (k, L∗, N). AxÐzei na anafèroume ìti sthn pr�xh qrhsi-
mopoioÔme pollèc forèc to log�rijmo twn pijanot twn apodoq c gia
kalÔterouc upologismoÔc kai megalÔterh akrÐbeia ston upologist .

� Prosomoi¸noume n tuqaÐouc arijmoÔc apì thn omoiìmorfh katanom 
sto di�sthma (0, 1). UpologÐzoume ton arijmì m wc ex c:

m =
∑n

i=1

⌊
log ui

log(1−p)

⌋
,ìpou p = 1− F(k,L∗)(Lmin)

H tuqaÐa metablht  N = n + m akoloujeÐ thn arnhtik  diwnumik 
katanom c me tic epijumhtèc paramètrouc.
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� Trèqoume ton algìrijmo ìsec forèc qreiazìmaste gia na p�roume èna
ikanopoihtikì mègejoc deÐgmatoc gia th statistik  sumperasmatolo-
gÐa.

4.2.4 Apì koinoÔ montelopoÐhsh fwteinìthtac kai e-

rujrometatìphshc me mÐxeic kanonik¸n katano-

m¸n

H mÐxh kanonik¸n katanom¸n qrhsimopoieÐtai pollèc forèc ìtan h akrib c
morf  thc katanom c den mporeÐ na prosdioristeÐ pl rwc kai eÐdik� ìtan
eÐnai polÔplokh, polukìrufh   asÔmmetrh. Sth melèth pou akoloujeÐ u-
pojètoume ìti o log�rijmoc thc fwteinìthtac kai o log�rijmoc thc eru-
jrometatìphshc akoloujoÔn apì koinoÔ mÐa mÐxh kanonik¸n katanom¸n. I-
sodÔnama ta L, z akoloujoÔn th log-normal katanom . O lìgoc pou qrhsi-
mopoioÔme to log�rijmo twn L, z eÐnai ìti jèloume na paÐrnoume timèc stouc
jetikoÔc pragmatikoÔc arijmoÔc mìno.

H mÐxh twn K kanonik¸n katanom¸n ja eÐnai:

p(log(Li), log(zi)|π, µ,Σ) =
∑K

k=1
πk

2π|Σk|1/2
exp [−1

2
(xi − µk)TΣ−1

k (xi − µk)]
ìpou θ = (π, µ,Σ),

∑K
k=1 πk = 1, xi = (log(Li), log(zi)), π = (pi1, . . . , πk), µ =

(µ1, . . . , µk), Σ = (Σ1, . . . ,Σk)

O pÐnakac diaspor�c gia thn k-ost  sunist¸sa kanonik¸n katanom¸n èqei
sth diag¸nio tic diasporèc twn L, z kai tic sundiakum�nseic sta mh diag¸nia
stoiqeÐa. Lìgw tou metasqhmatismoÔ pou efarmìsame sta L, z h sun�rthsh
fwteinìthtac kai sunep¸c h sun�rthsh puknìthtac pijanìthtac twn phg¸n
ja dÐnontai apì th sqèsh:

φ(L, z|θ,N) = Np(L, z)

(
dV

dz

)−1

⇒ p(L, z|θ,N) = p(log10(L), log10(z))
1

Lz

1

(log(10))2

(apì thn allag  twn metablht¸n)

H sun�rthsh fwteinìthtac ja eÐnai:

φ(L, z|θ,N) =
N

Lz(log(10))2

(
dV

dz

)−1 K∑
k=1

[
πk

2π|Σk|1/2
exp [−1

2
(x− µk)TΣ−1

k (x− µk)]
]
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Kajorismìc twn ek twn protèrwn katanom¸n

Oi gn¸seic mac gia tic par�metrouc π, µ,Σ eÐnai periorismènec kai epomènwc
jèloume na qrhsimopoi soume mh plhroforiakèc ek twn protèrwn katano-
mèc. MÐa idèa ja  tan na qrhsimopoioÔsame omoiìmorfec ek twn protèrwn
katanomèc. 'Omwc aut  h idèa den mporeÐ na efarmosteÐ kaj¸c h ek twn
ustèrwn katanom  pou paÐrnoume met� apì thn an�lush mac eÐnai akat�l-
lhlh (h apì koinoÔ ek twn ustèrwn katanom  ìtan oloklhrwjeÐ prèpei na
èqei olokl rwma Ðso me th mon�da).

� Gia ta π1, . . . , πk upojètoume omoiìmorfh katanom  upì ton periorismì
ìti

∑K
k=1 πi = 1 isodÔnama h ek twn protèrwn katanom  ja eÐnai

Dirichlet(1,. . . ,1).

� Gia ta µ , Σ èqoume ta ex c:

Upojètoume ìti h sun�rthsh fwteinìthtac èqei mìno èna shmeÐo koru-
f c. Gia na mporeÐ na sumbeÐ autì dÐnoume perissìtero b�roc pija-
nìthtac stic kanonikèc katanomèc pou brÐskontai kont� metaxÔ touc
(kanonikopoioÔme tic katanomèc me ton pÐnaka sundiakÔmanshc).

– Gia ta µ1, . . . , µk upojètoume ìti eÐnai anex�rthta kai akolou-
joÔn katanom  Cauchy2 me par�metrouc µ0 (didi�stato) kai pÐ-
naka klÐmakac T. Ta µ1, . . . , µk kai µ0 eÐnai periorismèna metaxÔ
k�poiwn an¸tatwn kai kat¸tatwn orÐwn gia th fwteinìthta kai
thn erujrometatìpish. O pÐnakac T epilègoume na eÐnai o armo-
nikìc mèsoc twn pin�kwn sundiakÔmanshc twn kanonik¸n katano-
m¸n. Dhlad  ja eÐnai tètoioc ¸ste:

T =
(

1
K

∑K
k=1 Σ−1

k

)−1

– Gia ton pÐnaka diakÔmanshc Σk upojètoume ìti èqei ek twn pro-
tèrwn katanom  Inverse Wishart me pÐnaka A kai èna bajmì eleu-
jerÐac. Af noume ton pÐnaka A na kajoristeÐ apì ta dedomèna.
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Sunep¸c h ek twn protèrwn katanom  tou θ ja eÐnai:

p(π, µ,Σ, µ0, A) ∝
K∏
k=1

p(µk|µ0,Σ)p(Σk, A)

∝
K∏
k=1

Cauchy2(µk|µ0, T )InvWishart(Σk|A)

Upologismìc thc ek twn ustèrwn katanom c

Poisson dedomèna

'Eqoume dei ìti gia Poisson dedomèna h sun�rthsh pijanof�neiac eÐnai

p(Lobs, zobs|θ,N) = Nn[
∏

i∈Aobs p(Li, zi|θ)]e
−[N(p(I=1|θ))]

H ek twn ustèrwn katanom  eÐnai:

p(θ, µ0, A,N | log(Lobs), log(zobs)) ∝ p(N |n, θ)p(θ, µ0, A)
∏

i∈Aobs [p(log(Li, log(zi))|θ)] e−Np(I=1|θ)

∝ p(N |n, θ)
[∏K

k=1Cauchy2(µk|µ0, T )InvWishart(Σk|A)
]

×
∏

i∈Aobs

∑K
k=1

πk
2π|Σk|1/2

exp[−1
2
(xi − µk)TΣ−1

k (xi − µk)]
[
e−Np(I=1|θ)]

∝ p(N |n, θ)
∏K

k=1

[
Γ(3/2)

Γ(1/2)π
|T |−1/2 [1 + (µk − µ)t|T |−1(µk − µ)]

−3/2
]

×
∏K

k=1

[[
2π
∏2

i=1 Γ(2−i
2

)
]−1 |A|1/2|Σk|−2 exp

{
−1

2
(Σ−1

k A)
}]

×
∏

i∈Aobs

∑K
k=1

[
πk

|Σk|1/2
exp [−1

2
(x− µ̂k)TΣ−1

k (x− µ̂k)]
]

H desmeumènh ek twn ustèrwn katanom  tou N ja eÐnai:

p(N |n, θ) ∝ p(N)(Nne[−[Np(I=1|θ)]])

ìpou p(I = 1|θ) =
∫∞
−∞

∫∞
−∞ p(I = 1|logL, logz)p(logL, logz|θ)dlogLdlogz

h pijanìthta na sumperilhfjeÐ phg  sto deÐgma dedomènou tou montèlou
pou upojèsame.

Sthn èreuna pou pragmatopoioÔme ja èqoume ìti oi phgèc aniqneÔontai ìtan
autèc èqoun fwteinìthta kai erujrometatìpish metaxÔ k�poiwn kat¸tatwn
kai an¸tatwn orÐwn. Lamb�nontac autì upìyh kai qrhsimopoi¸ntac touc
sumbolismoÔc
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xi = (log10(Li), log10(zi))
′, x = (log10(N), log10(z))′ kai

xhigh = (log10(Lhigh), log10(zhigh))
′, xlow = (log10(Llow), log10(zlow))′

tìte h pijanìthta na sumperilhfjeÐ phg  sto deÐgma ja dÐnetai apì:

p(I = 1|θ) =
∫ xhigh
xlow

p(x)dx =
∑K

k=1
πk

2π|Σk|1/2
[F (xhigh, µk,Σk)−F (xlow, µk,Σk)]

Me F sumbolÐzoume thn ajroistik  sun�rthsh katanom c thc polupara-
metrik c Kanonik c katanom c.

Diwnumik� dedomèna

To N akoloujeÐ arnhtik  diwnumik  katanom  me paramètrouc n, p(I = 1|θ)

p(N |n, θ) =
(
N−1
n−1

)
[p(I = 1|θ)]n [p(I = 0|θ)]N−n

An loipìn l�boume upìyh mac thn pijanof�neia tou montèlou k�tw apì
diwnumik� dedomèna kai tic ek twn protèrwn katanomèc pou upojèsame, h
ek twn ustèrwn katanom  gia diwnumik� dedomèna ja eÐnai:

p(θ,N, µ0, A|LogLobs, Logzobs) ∝ p(N |θ, n)p(θ, µ0, A|LogLobs, Logzobs)

p(θ,N, µ0, A|LogLobs, Logzobs) ∝
(
N−1
n−1

)
[p(I = 1|θ)]n [p(I = 0|θ)]N−n×

×
∏K

k=1

[
Γ(3/2)

Γ(1/2)π
|T |−1/2 [1 + (µk − µ)t|T |−1(µk − µ)]

−3/2
]
×

×
∏K

k=1

[[
2π
∏2

i=1 Γ(2−i
2

)
]−1 |A|1/2|Σk|−2exp

{
−1

2
(Σ−1

k A)
}]
×

×
∏

i∈Aobs

∑K
k=1

[
πk

|Σk|1/2
exp[−1

2
(x− µ̂k)TΣ−1

k (x− µ̂k)]
]

Leptomèreiec gia ton algìrijmo MCMC dÐnontai sto Par�rthma III.
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Kef�laio 5

Efarmog 

Sto kef�laio autì parousi�zoume mian efarmog  twn mejìdwn pou parou-
si�sthkan sto kef�laio 4 se prosomoiwmèna dedomèna. H an�lush mac
akoloujeÐ kai proekteÐnei thn ergasÐa twn B.C.Kelly, X.Fan, M.Vestergaard,
(2008).

Oi prosomoi¸seic èginan sto prìgramma Matlab. Oi algìrijmoi pou qrh-
simopoi jhkan, ta b mata twn algorÐjmwn MCMC kai oi pr�xeic analuti-
kìtera brÐskontai sto Par�rthma II. Se ìlouc touc algìrijmouc dhmiour-
g same ta arqik� dedomèna paÐrnontac deÐgmata apì th g�mma katanom 
me paramètrouc L∗ = 1044 , α = 0 kai diaforetik� ìria gia thn fwteinì-
thta k�tw apì thn opoÐa den mporoÔme na aniqneÔsoume phgèc. Dhlad 
kat� thn prosomoÐwsh twn dedomènwn an eÐqame dedomèna me fwteinìthta
k�tw apì k�poio Lmin tìte den mporoÔme na ta aniqneÔsoume kai ta apor-
rÐptoume apì to deÐgma. K�name prosomoi¸seic me dÔo diaforetik� ìria
Lmin = 2×1043, Lmin = 2×1044 kai dÔo diaforetik� N = 1000, N = 10000.
'Ara dhmiourg same sunolik� tèssera set dedomènwn. Kaj¸c ta arqik� mac
dedomèna den eÐnai pragmatik� all� prosomoiwmèna, gnwrÐzoume tic timèc
twn paramètrwn pou jèloume na ektim soume kai sunep¸c ja mporoÔme na
elègxoume thn akrÐbeia thc sumperasmatologÐac.
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5.1 Schechter sun�rthsh fwteinìthtac gia

Poisson dedomèna

Dhmiourg same ènan algìrijmo gia na ektim soume tic treic paramètrouc
pou mac endiafèroun k�tw apì thn upìjesh Poissn gia ta dedomèna mac.
Efarmìsame algìrijmo Metropolis-Hastings kai gia tic treic par�metrouc.
Gia ta log(L∗) , log(α) efarmìsame b mata tuqaÐou perÐpatou me pijanì-
thtec apodoq c 20− 50%, en¸ gia to N proteÐname timèc apì thn arnhtik 
diwnumik  katanom . Parak�tw parousi�zoume ta apotelèsmata tou al-
gorÐjmou mac.

Gia Lmin = 1043 oi pragmatikèc timèc twn paramètrwn brÐskontai mèsa
se ìla ta 95% diast mata axiopistÐac twn paramètrwn pou jèlame na
ektim soume. 'Otan to Lmin = 2×1044 kai N = 1000 se 3 apì ta 20 diast -
mata axipistÐac pou fti�xame gia to α den perieÐqan thn pragmatik  tim 
thc paramètrou. Oi upìloipec pr�metroi brÐskontai kai sta 20 diast mata
axiopistÐac. Gia N = 10000 eÐqame epÐshc 1 apì ta 20 diast mata axiopi-
stÐac den perieÐqe thn pragmatik  tim  tou α en¸ oi upìloipec par�metroi
briskontan kai sta 20 diast mata.

Jèlontac na doÔme pìso ephre�zei h tim  tou N ta apotelèsmata mac
trèxame ton algìrijmo gia dÔo diaforetikèc timèc tou N . Parathr same
ìti o algìrijmoc me megalÔtero N èdine kalÔterec ektim seic. Kat� thn
�poyh mac o lìgoc pou sumbaÐnei autì eÐnai ìti gia meg�la N ta dedomè-
na mac proseggÐzontai apì thn katanom  Poisson. 'Enac �lloc lìgoc pou
mporeÐ na sumbaÐnei autì eÐnai ìti ìtan èqoume megalÔtero N paÐrnoume
megalÔtero deÐgma kat� th dhmiourgÐa twn arqik¸n dedomènwn pou qreia-
zìmaste gia na trèxoume ton algìrijmo. Kaj¸c èqoume megalÔtero deÐgma
autì ja sunep�getai ìti ja èqoume kai perissìterh plhroforÐa gia tic pa-
ramètrouc, �ra kai h ektÐmhsh gia th sun�rthsh katanom  touc ja eÐnai pio
akrib c. EpÐshc gia to mikrìtero ìrio el�qisthc fwteinìthtac Lmin paÐr-
noume kalÔtera apotelèsmata kai mikrìtera diast mata axiopistÐac kai
grhgorìterh sÔgklish. Gia mikrìtero Lmin shmaÐnei ìti eÐmaste ligìtero
austhroÐ ìson afor� to poiec phgèc parathroÔme. Ja p�roume sunep¸c
perissìterec phgèc kai �ra kai se aut  thn perÐptwsh ja èqoume megalÔ-
tero deÐgma.

EntoÔtoic, parìlo pou o algìrijmoc dÐnei ikanopoihtik� apotelèsata gia
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tic katanomèc twn paramètrwn, qrei�sthke polÔ meg�lh perÐodoc zest�ma-
toc gia na mporeÐ na sugklÐnei o algìrijmoc (eidik� ìtan to Lmin = 1044).
Autì metafr�zetai wc meg�lo upologistikì kìstoc. Qrei�sthke akìma
megalÔterh perÐodoc zest�matoc gia na sugklÐnei o algìrijmoc ìtan to
Lmin = 2 × 1044 kai megalÔtero deÐgma apì thn ek twn ustèrwn katanom 
gia na mporoÔme na p�roume ikanopoihtik� apotelèsmata gia tic ek twn
ustèrwn katanomèc twn paramètrwn. AxÐzei na shmeiwjeÐ ìti èqoume aplo-
poi sei arket� to prìblhma pou antimetwpÐzoume. P rame mia apl  su-
n�rthsh fwteinìthtac, jewr same ìti aut  exart�tai apì th fwteinìthta
mìno, en¸ sthn pragmatikìthta exart�tai kai apì thn erujrometatìpish.
Akìma kai se aut  thn perÐptwsh o algìrijmoc qrei�sthke na trèxei pollèc
forèc kai qrei�sthke polÔc qrìnoc gia na eÐnai h sumperasmatologÐa mac
ikanopoihtik� akrib c. AntÐstoiqbh upologistik  duskolÐa gia to sugkekri-
mèno prìblhma antimetwpÐzetai kai apì thn klassik  statistik . Kat� th
melèth mac kai th sÔgkrish twn apotelesm�twn mac me dhmosieumènec er-
gasÐec parathr same ìti h mèjodoc thc sumperasmatologÐac mac upertereÐ
upologistik� se sqèsh me th mejìdo megÐsthc pijanof�neiac. Oi pr�xeic
gia na efarmìsoume th mèjodo thc mègisthc pijanof�neiac eÐnai perÐplo-
kec kai upologistik� polÔ dÔskolec akìma kai sthn apl  perÐptwsh thc
Schechter sun�rthshc fwteinìthtac. EpÐshc, o algìrijmoc mac ètrexe pio
gr gora apì ton algìrijmo gia ektim seic me th mèjodo megÐsthc pijano-
f�neiac.

T¸ra wc proc thn akrÐbeia thc sumperasmatologÐac, h mpeôzian  pro-
sèggish epÐshc upertereÐ. Oi katanomèc twn paramètrwn pou mac endia-
fèroun eÐnai monokìrufec, all� asÔmmetrec. OmoÐwc mh summetrik� gÔrw
apì thn koruf  eÐnai kai ta diast mata axiopistÐac, gi' autì kai par�goun
pio akrib  sumperasmatologÐa apì ta proseggistik� klassik� summetri-
k� diast mata empistosÔnhc. JewroÔme loipìn ìti h mpeôzian  prosèggish
upertereÐ apì th mèjodo megÐsthc pijanof�neiac.
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Diagr�mmata prosomoi¸sewn gia dedomèna Poisson

Sq ma 5.1: Diagr�mmata prosomoÐwshc gia Schechter sun�rthsh fwtei-
nìthtac kai Poisson dedomèna. Ta arqik� dedomèna pro ljan apì thn ka-
tanom  fwteinìthtac me paramètrouc N = 1000 , L∗ = 1044 , α = 0 kai
Lmin = 2× 1044.
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Sq ma 5.2: Diagr�mmata prosomoÐwshc gia Schechter sun�rthsh fwtei-
nìthtac kai Poisson dedomèna. Ta arqik� dedomèna pro ljan apì thn ka-
tanom  fwteinìthtac me paramètrouc N = 1000 , L∗ = 1044 , α = 0 kai
Lmin = 2× 1043.
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Sq ma 5.3: Diagr�mmata prosomoÐwshc gia Schechter sun�rthsh fwtei-
nìthtac kai diwnumik� dedomèna. Ta arqik� dedomèna pro ljan apì thn
katanom  fwteinìthtac me paramètrouc N = 10000 , L∗ = 1044 , α = 0 kai
Lmin = 2× 1044.
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Sq ma 5.4: Diagr�mmata prosomoÐwshc gia Schechter sun�rthsh fwtei-
nìthtac kai Poisson dedomèna. Ta arqik� dedomèna pro ljan apì thn ka-
tanom  fwteinìthtac me paramètrouc N = 10000 , L∗ = 1044 , α = 0 kai
Lmin = 2× 1043.
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5.2 Schechter sun�rthsh fwteinìthtac gia

diwnumik� dedomèna

K�name sunolik� tèsseric prosomoi¸seic gia ton algìrijmo pou upojètei
diwnumik� dedomèna ìpwc kai gia ta dedomèna Poisson. P rame dÔo dia-
foretik� N kai dÔo diaforetik� Lmin. K�name dÔo prosomoi¸seic gia thn
ektÐmhsh twn paramètrwn me el�qisth fwteinìthta L∗min = 2×1044 kai N =
1000, N = 10000 kai �llec dÔo me el�qisth fwteinìthta L∗min = 2 × 1043

kai N = 1000 , N = 10000 .

Se ìlec tic peript¸seic ta apotelèsmata mac  tan polÔ kal�. Oi pragma-
tikèc timèc twn paramètrwn brÐskontai mèsa kai sta 20 diast mata axio-
pistÐac pou kataskèu�same, statistik c shmantikìthtac 95%. 'Opwc kai
sta Poisson dedomèna o algìrijmoc èdwse kalÔtera apotelèsmata (p rame
dhlad  mikrìtera diast mata axiopistÐac) kai eÐqe pio gr gorh sÔgklish
ìtan to el�qisto ìrio fwteinìthtac  tan L∗min = 2 × 1043 kai o arijmìc
twn phg¸n  tan N = 10000. Parathr same ìti k�tw apì thn upìjesh
gia diwnumik� dedomèna o algìrijmoc sugklÐnei grhgorìtera kai dÐnei lÐgo
kalÔtera apotelèsmata, wc proc thn akrÐbeia twn ektim sewn se sqèsh me
ton algìrijmo pou trèxame k�tw apì thn upìjesh thc Poisson.

Stic epìmenec selÐdec parousi�zoume ta istogr�mmata kai ta iqnogr�m-
mata twn paramètrwn pou jèloume na ektim soume gia tic tèsseric proa-
naferjeÐsec peript¸seic.
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Diagr�mmata prosomoi¸sewn gia diwnumik� dedomèna

Sq ma 5.5: Diagr�mmata prosomoÐwshc gia Schechter sun�rthsh fwtei-
nìthtac kai diwnumik� dedomèna. Ta arqik� dedomèna pro ljan apì thn
katanom  fwteinìthtac me paramètrouc N = 1000 , L∗ = 1044 , α = 0 kai
Lmin = 2× 1044.
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Sq ma 5.6: Diagr�mmata prosomoÐwshc gia Schechter sun�rthsh fwtei-
nìthtac kai diwnumik� dedomèna. Ta arqik� dedomèna pro ljan apì thn
katanom  fwteinìthtac me paramètrouc N = 1000 , L∗ = 1044 , α = 0 kai
Lmin = 2× 1043.
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Sq ma 5.7: Diagr�mmata prosomoÐwshc gia Schechter sun�rthsh fwtei-
nìthtac kai diwnumik� dedomèna. Ta arqik� dedomèna pro ljan apì thn
katanom  fwteinìthtac me paramètrouc N = 10000 , L∗ = 1044 , α = 0 kai
Lmin = 2× 1044.
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Sq ma 5.8: Diagr�mmata prosomoÐwshc gia Schechter sun�rthsh fwtei-
nìthtac kai diwnumik� dedomèna. Ta arqik� dedomèna pro ljan apì thn
katanom  fwteinìthtac me paramètrouc N = 10000 , L∗ = 1043 , α = 0 kai
Lmin = 2× 1043.
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5.3 Sumper�smata

Sthn par�graffo aut  epiqeiroÔme na parousi�soume ta sumper�smata
mac apì th sÔgkrish twn dÔo trìpwc montelopoÐhshc tou probl matoc pou
exet�same se aut  th diplwmatik  ergasÐa. Genikìtera parathr same ìti
ìtan sto prìblhma pou antimetwpÐzoume o sunolikìc arijmìc twn phg¸n
(N)  tan mikrìc, tìte h upìjesh gia ta diwnumik� dedomèna èdine elafr¸c
kalÔterh sumperasmatologÐa. O algìrijmoc ètreqe pio gr gora kai qreia-
zìtane mikrìterh perÐodo zest�matoc. Autì bèbaia ofeÐletai kai sto ge-
gonìc ìti h tuqaÐa metablht  N prosomoi¸netai me algìrijmo Gibbs pou
eÐnai saf¸c pio gr gorh prosomoÐwsh par� me ton algìrijmo Metropolis-
Hastings. Kaj¸c to N megal¸nei, h pijanof�neia tou montèlou k�tw apì
thn upìjesh ìti ta dedomèna eÐnai Poisson kai h pijanof�neia k�tw apì
thn upìjesh twn diwnumik¸n dedomènwn dÐnoun thn Ðdia sumperasmatologÐa.
Autì epibebai¸nei kai th jewrÐa, kaj¸c ìso megal¸nei to N h diwnumik 
katanom  proseggÐzetai apì thn katanom  Poisson. H diadikasÐa Poisson
èqei to pleonèkthma ìti èqei polÔ kai kal� melethmènec kalèc idiìthtec,
enw di�fora jewr mata mac epitrèpoun na metasqhmatÐzoume ta dedomèna
kai akìma na isqÔoun oi kalèc idiìthtec. Autìc eÐnai kai o lìgoc pou sthn
episthmonik  koinìthta twn astrofusik¸n oi diadikasÐec Poisson qrhsimo-
poioÔntai eurÔtata, en¸ oi diwnumikèc diadikasÐec mìno teleutaÐa �rqisan
qrhsimopoioÔntai.
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Par�rthma I

Qr simec katanomèc pijanìthtac

Ekjetik  Katanom 

H suneq c tuqaÐa metablht  X akoloujeÐ thn ekjetik  katanom  an èqei th
sun�rthsh puknìthtac pijanìthtac:

f(x;λ) =

{
λe−λx , x ≥ 0 , λ > 0

0 , x < 0

Arnhtik  diwnumik  Katanom 

H diakrit  tuqaÐa metablht  X akoloujeÐ thn arnhtik  diwnumik  kata-
nom  me paramètrouc n, p an èqei sun�rthsh pijanìthtac:

f(k) =

(
k − 1

n− 1

)
(1− p)k−npn , k = n, n+ 1, . . .

Gamma Katanom 

H tuqaÐa metablht  X akoloujeÐ thn katanom  Gamma me paramètrouc
α, β , (Γ(α, β)) an èqei thn sun�rthsh puknìthtac pijanìthtac

f(x;α, β) =

{
βa

Γ(α)
xα−1e−βx , x > 0, α > 0, β > 0

0

Beta Katanom 

H tuqaÐa metablht X akoloujeÐ thn katanom Beta(α, β) an èqei sun�rthsh
puknìthtac pijanìthtac

f(x;α, β) =

{
Γ(α+β)

Γ(α)Γ(β)
xα−1(1− x)β−1 , 0 ≤ x ≤ 1, α > 0, β > 0

0

f(x;α, β) =

{
1

B(α,β)
xα−1(1− x)β−1 , 0 ≤ x ≤ 1, α > 0, β > 0

0

Dirichlet Katanom 
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H katanom  Dirichlet eÐnai poluparametrik  genÐkeush thc Beta katanom c.
H poludi�stath tuqaÐa metablht X = (X1, . . . , Xk) me paramètrouc α1, . . . , αk
an èqei sun�rthsh puknìthtac pijanìthtac

f(x1, . . . , xk;α1, . . . αk) =


Γ(α1+···+αk)
Γ(α1)...Γ(αk)

∏k
i=1 x

αi−1
i ,

x1, . . . , xk ≥ 0, α1, . . . , αk > 0 ,
∑k

i=1 xi = 1

0 , alloÔ

Poludi�stath t-Student Katanom 

H p−di�stath tuqaÐa metablht  akoloujeÐ thn p−di�stath t-student kata-
nom  me ν bajmoÔc eleujerÐac p− di�stato di�nusma mèswn µ kai jetik� ori-
smèno pÐnaka klÐmakac Σ ∈ <p×p an èqei katanom  puknìthta pijanìthtac:

f(X;µ,Σ, ν) =
Γ(ν + p)/2

Γ(ν/2)νp/2πp/2
|Σ|−1/2

[
1 +

1

ν
(X − µ)TΣ−1(X − µ)

]−(ν+p)/2

Sthn perÐptwsh pou èqoume 1 bajmì eleujerÐac tìte onom�zoume thn kata-
nom  Cauchy   Lorentz katanom .

Kanonik  Katanom 

H suneq c tuqaÐa metablht  X akoloujeÐ thn kanonik  katanom    thn
Gaussian katanom  me mèso µ kai diakÔmansh σ2 an èqei sun�rthsh pu-
knìthtac pijanìthtac

f(x;µ, σ2) = 1√
2πσ2

e−
(x−µ)2

2σ2

X2 Katanom 

H suneq c tuqaÐa metablht  akoloujeÐ thn X2 katanom  me k bajmoÔc
eleujerÐac an èqei sun�rthsh puknìthtac pijanìthtac

f(x) =

{
1

2k/2Γ( k
2

)
x
k
2
−1e

−x
2 , x ≥ 0

0 , alloÔ

H χ2 katanom  me k bajmoÔc eleujerÐac eÐnai to �jroisma k anex�rthtwn
tupopoihmènwn katanom¸n.
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Wishart Katanom 

H katanom  Wishart eÐnai poludi�stath epèktash thc χ2 katanom c.
H tuqaÐa metablht X ∈ <p×p akoloujeÐ thn Whishart katanom  me ν > p−1
bajmoÔc eleujerÐac kai pÐnaka klÐmakac Σ ∈ <p×p,jetik� orismèno, an èqei
sun�rthsh pijanìthtac

f(X; Σ, ν) =

[
2νp/2πp(p−1)/4

p∏
i=1

Γ

(
ν + 1− i

2

)]−1

|Σ|−ν/2 |X|(ν−p−1)/2 exp

{
−1

2
tr
(
Σ−1X

)}

Inverse-Wishart Katanom 

H tuqaÐa metablht X ∈ <p×p èqei thn katanom  Inverse-Wishart me ν > p−1
bajmoÔc eleujerÐac kai pÐnaka klÐmakac S ∈ <p×p,jetik� orismèno, an èqei
sun�rthsh pijanìthtac

f(X;S, ν) =

[
2νp/2πp(p−1)/4

p∏
i=1

Γ

(
ν + 1− i

2

)]−1

|S|ν/2 |X|−(ν+p+1)/2 exp

{
−1

2
tr
(
X−1S

)}
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Par�rthma II

K¸dikec Matlab gia Schechter sun�rthsh
fwteinìthtac

Algìrijmoc gia Poisson dedomèna kai Schechter sun�rthsh
fwteinìthtac

Algìrijmoc se Matlab

f u n c t i o n [ draws , ac1 , ac2 , ac3 ]=mh2b( data , Lmin , v1 , v2 , nburn , ndraw )

%met r opo l i s−h a s t i n g s f o r S che c t e r l um i n o s i t y f u n c t i o n and po i s s o n data
%The l um i n o s i t y f u n c t i o n i s
%f (L)=(N/ L s t a r *Gamma( a+1))*(L/ L s t a r )ˆ a* exp{(−L/ L s t a r )}
%the l um i n o s i t y f u n c t i o n i s i ndepen tend from
%Assume tha t N i s d i s c r e t e

%s t a r t w i th i n i t i a l v a l u e ( a , L s ta r ,N)
L=data ;
n=l e ng t h ( data ) ;
draws=z e r o s ( ndraw , 3 ) ;

%draw i n i t i a l v a l u e s
a=0;
L s t a r =0.9*10ˆ44;
l L s t a r=l og ( L s t a r ) ;
k=a+1;
N=10000;

accept1 =0; %coun t e r f o r accep tance p r o b a b i l i t i e s
accept2 =0;
accept3 =0;
mu1=l L s t a r ;
mu2=log ( k ) ;

%draw a p r opo s a l v a l u e f o r Log ( L s t a r ) from a normal d i s t r i b u t i o n
%MCMC f o l l o w s :
i t=−nburn ;
wh i l e i t<ndraw ;

i t=i t +1;
%draw l L s t a r c and i d a t e and kcand i da t e
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l L s t a r c a n=normrnd (mu1 , v1 ) ;
L s t a r c an=exp ( l L s t a r c a n ) ; %
%accep tance p r o b a b i l i t y f o r L s t a r and f o r a
l ogpacc1=n*k *( l o g ( L s t a r )− l o g ( L s t a r c an ))−(1/ Ls ta rcan −1/L s t a r )* sum(L ) − . . .

N*(1−gamcdf ( Lmin , k , L s t a r c an )−(1−gamcdf ( Lmin , k , L s t a r ) ) ) ;

u1=rand ;
i f l o g ( u1)< l ogpacc1

accept1=accept1 +1;
l L s t a r=l L s t a r c a n ;

end
L s t a r=exp ( l L s t a r ) ;

l k c an=normrnd (mu2 , v2 ) ;
kcan=exp ( l k c an ) ;
l ogpacc2=l og ( kcan)− l o g ( k)+n*gammaln ( k)−n*gammaln ( kcan )+ . . .

N*((1−gamcdf ( Lmin , k , L s t a r ))−(1−gamcdf ( Lmin , kcan , L s t a r ) ) ) + . . .
( kcan−k )* sum( l og (L/ L s t a r ) ) ;

u2=rand ;
i f l o g ( u2)< l ogpacc2

accept2=accept2 +1;
k=kcan ;

end

a=k−1;
mu1=l L s t a r ;
mu2=log ( k ) ;

%draw v a l u e s f o r N
p=1−gamcdf ( Lmin , k , L s t a r ) ;
Ncan=nb in rnd (n , p)+n ;

%c a l c u l a t e accep tance p r o b a b i l i t y f o r N
logpacc3=(n−1)* l o g (Ncan)−(n−1)* l o g (N)−p*(Ncan−N)+sum( l og ( 1 : (N−1)) ) − . . .

sum( l og ( 1 : ( Ncan−1)))+sum( l og ( 1 : ( Ncan−n)))−sum( l og ( 1 : (N−n ) ) ) + . . .
(N−Ncan )* l o g ((1−p ) ) ;

u3=rand ;
i f l o g ( u3)< l ogpacc3

accept3=accept3 +1;
N=Ncan ;

end

%a f t e r burn−i n r e c o r d Ls ta r , a , N
i f i t >0;

draws ( i t ,1)= L s t a r ;
draws ( i t ,2)=a ;
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draws ( i t ,3)=N;
end

end
ac1=accept1 /( nburn+ndraw ) ; %accep tance r a t i o f o r L s t a r
ac2=accept2 /( nburn+ndraw ) ; %accep tacne r a t i o f o r k
ac3=accept3 /( nburn+ndraw ) ; %accep tance r a t i o f o r N

end
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Algìrijmoc gia diwnumik� dedomèna kai Schechter sun�rthsh
fwteinìthtac

Algìrijmoc se Matlab

f u n c t i o n [ draws , ac1 , ac2 ,N]=mh3( data , Lmin , v1 , v2 , nburn , ndraw )

%met r opo l i s−h a s t i n g s f o r S che c t e r l um i n o s i t y f u n c t i o n
%L i s the l um i no s i t y , z i s the r e d s h i f t , a , L s t a r pa ramete r s to be e s t ima t ed
%Binomia l data

%s t a r t w i th i n i t i a l v a l u e ( a , L s ta r ,N)
L=data ;
n=l e ng t h ( data ) ;
draws=z e r o s ( ndraw , 3 ) ;

%draw i n i t i a l v a l u e s ! ! ! ! ! ! ! check f o r MLE
a=0; %
L s t a r =0.9*10ˆ44; %%%
l L s t a r=l og ( L s t a r ) ;
k=a+1;

accept1 =0; %coun t e r f o r accep tance p r o b a b i l i t y f o r L s t a r
accept2 =0;
mu1=l L s t a r ;
mu2=log ( k ) ;

%draw a p r opo s a l v a l u e f o r Log ( L s t a r ) from a normal d i s t r i b u t i o n
%MCMC f o l l o w s :
i t=−nburn ;
wh i l e i t<ndraw ;

i t=i t +1;
%draw l L s t a r c and i d a t e and kcand i da t e

l L s t a r c a n=normrnd (mu1 , v1 ) ;
L s t a r c an=exp ( l L s t a r c a n ) ; %
%accep tance p r o b a b i l i t y f o r L s t a r and f o r a
l ogpacc1=n* l o g (1−gamcdf ( Lmin , k , L s t a r ))−n* l o g (1−gamcdf ( Lmin , k , L s t a r c an ) )+ . . .

n*k *( l o g ( L s t a r )− l o g ( L s t a r c an ))−sum(L )* (1/ Ls ta rcan −1/L s t a r ) ;
%draw random numbers from Uniform (1 , 0 ) f o r a c c e p t i n g or r e j e c t i n g the
%p r opo s a l v a l u e s

u1=rand ;
i f l o g ( u1)< l ogpacc1

accept1=accept1 +1;
l L s t a r=l L s t a r c a n ;

end
L s t a r=exp ( l L s t a r ) ;
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l k c an=normrnd (mu2 , v2 ) ;
kcan=exp ( l k c an ) ;
l ogpacc2=l og ( kcan)− l o g ( k)+n*gammaln ( k)−n*gammaln ( kcan )+ . . .

n*( l o g (1−gamcdf ( Lmin , k , L s t a r ))− l o g (1−gamcdf ( Lmin , kcan , L s t a r ) ) ) + . . .
( kcan−k )* sum( l og (L/ L s t a r ) ) ;

u2=rand ;
i f l o g ( u2)< l ogpacc2

accept2=accept2 +1;
k=kcan ;

end

a=k−1;
mu1=l L s t a r ;
mu2=log ( k ) ;

%a f t e r burn−i n r e c o r d
i f i t >0;

draws ( i t ,1)= L s t a r ;
draws ( i t ,2)=a ;

end
end
ac1=accept1 /( nburn+ndraw ) ; %accep tance r a t i o f o r L s t a r
ac2=accept2 /( nburn+ndraw ) ; %accep tacne r a t i o n f o r k

%Sample f o r N from ne g a t i v e b i n om i a l d i s t r i b u t i o n
f o r i =1: ndraw ;

j=rand (1 , n ) ;
p=1−gamcdf ( Lmin , draws ( i ,2)+1 , draws ( i , 1 ) ) ;
m=sum( f l o o r ( ( l o g ( j ) )/ l o g (1−p ) ) ) ;
draws ( i ,3)=n+m;
%N( i ,1)= nb in rnd (n , p ) ;

end
p=1−gamcdf ( Lmin , draws ( : , 2 )+1 , draws ( : , 1 ) ) ;
N=nb in rnd (n , p)+n ;
end

%gene r a t e data and run MH example

%F i r s t s c e n a r i o : Lmin=2*10ˆ44 ,N=100000
c l e a r a l l
Lmin=2*10ˆ44; N=10000;
D=exprnd (10ˆ44 ,N, 1 ) ;
data=D(D>Lmin ) ;
n=l e ng t h ( data ) ;
%f o r Lmin=2*10ˆ44 use v1=0.25 , v2=1
v1=0.1 ; v2 =0.5 ;
nburn=50000;
ndraw=100000;
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[ draws , ac1 , ac2 , Ndraws]=mh3( data , Lmin , v1 , v2 , nburn , ndraw ) ;

mean ( draws ( : , 1 ) )
mean ( draws ( : , 2 ) )
mean ( draws ( : , 3 ) )

s u bp l o t ( 2 , 3 , 1 )
p l o t ( draws ( : , 1 ) )

s u bp l o t ( 2 , 3 , 2 )
p l o t ( draws ( : , 2 ) )

s u bp l o t ( 2 , 3 , 3 )
%p l o t ( draws ( : , 3 )
p l o t ( draws ( draws ( : ,3)<2*N, 3 ) )

s ubp l o t ( 2 , 3 , 4 )
h i s t ( draws ( : , 1 ) , 2 0 )

s ubp l o t ( 2 , 3 , 5 )
h i s t ( draws ( : , 2 ) , 2 0 )

s ubp l o t ( 2 , 3 , 6 )
h i s t ( draws ( : , 3 ) , 2 0 )
%h i s t ( draws ( draws ( : ,3)<2*N, 3 ) )

P=z e r o s ( 2 0 , 6 ) ;
M=ze r o s ( 2 0 , 3 ) ;

f o r i =1:20;
[ draws ]=mh3( data , Lmin , v1 , v2 , nburn , ndraw ) ;
P( i , 1 :2 )= p r c t i l e ( draws ( : , 1 ) , [ 5 9 5 ] ) ;
P( i , 3 :4 )= p r c t i l e ( draws ( : , 2 ) , [ 5 9 5 ] ) ;
P( i , 5 :6 )= p r c t i l e ( draws ( : , 3 ) , [ 5 9 5 ] ) ;
M( i ,1)=mean ( draws ( : , 1 ) ) ;
M( i ,2)=mean ( draws ( : , 2 ) ) ;
M( i ,3)=mean ( draws ( : , 3 ) ) ;

end
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Par�rthma III

Algìrijmoc MCMC gia th sun�rthsh

fwteinìthtac pou akoloujeÐ mÐxh kanonik¸n

katanom¸n kai k¸dikac Matlab

Diwnumik� Dedomèna

� ArqÐzoume me arqikèc timèc twn π, µ,Σ, µ0, A, T .

� ProteÐnoume tim  gia π apì Dirichlet(g̃1, . . . , g̃k), ìpou g̃k = cnnπ̃k + 1
ìpou n eÐnai o arijmìc twn phg¸n sthn èreuna, cπ eÐnai stajer� pou
kajorÐzei th stajer� thc katanom c Dirichlet.
Mikr  tim  tou cπ par�gei tim  π̂ megalÔterh apì to π̃

Epilègoume stajer� tètoia ¸ste oi proteinìmenec timèc ja gÐnontai
apodektèc me pijanìthta 15-40%.

H pijanìthta apodoq c thc proteinìmenhc tim c ja eÐnai:

pacc1 =
Dirichlet(π̃|ĝ)p(θ̂|Lobs, zobs)
Dirichlet(π̂|g̃)p(θ̃|Lobs, zobs)

=

Γ(g̃1+...+g̃L)
Γ(g̃1)...Γ(g̃K)

Γ(ĝ1+...+ĝK)
Γ(ĝ1)...Γ(ĝK)

∏K
k=1 π̃

ĝk−1
k∏K

k=1 π̂
g̃k−1
k

∏K
k=1Cauchy2(µk|µ0, T )InvWishart1(Σk|A)∏K
k=1Cauchy2(µk|µ0, T )InvWishart1(Σk|A)

×

[∑K
k=1

π̂k
2π|Σk|1/2

[F (xhigh, µk,Σk)− F (xlow, µk,Σk)]∑K
k=1

π̃k
2π|Σk|1/2

[F (xhigh, µk,Σk)− F (xlow, µk,Σk)]

]−n

×
∏

i∈Aobs

∑K
k=1

[
π̂k

2π|Σk|1/2
exp [−1

2
(x− µk)TΣ−1

k (x− µk)]
]

∑K
k=1

[
π̃k

2π|Σk|1/2
exp [−1

2
(x− µk)TΣ−1

k (x− µk)]
]

⇒
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pacc1 =

Γ(g̃1+...+g̃K)
Γ(g̃1)...Γ(g̃K)

Γ(ĝ1+...+ĝK)
Γ(ĝ1)...Γ(ĝK)

∏K
k=1 π̃

ĝk−1
k∏K

k=1 π̂
g̃k−1
k

×

[∑K
k=1

π̂k
|Σk|1/2

[F (xhigh, µk,Σk)− F (xlow, µk,Σk)]∑K
k=1

π̃k
|Σk|1/2

[F (xhigh, µk,Σk)− F (xlow, µk,Σk)]

]−n

×
∏
i∈Aobs

∑K
k=1

[
π̂k

|Σk|1/2
exp [−1

2
(x− µk)TΣ−1

k (x− µk)]
]

∑K
k=1

[
π̃k

|Σk|1/2
exp [−1

2
(x− µk)TΣ−1

k (x− µk)]
]

O log�rijmoc thc pijanìthtac apodoq c ja eÐnai:
log pacc1 = log(Γ(g̃1 + . . .+ g̃K))− log(Γ(g̃1)+ . . .+Γ(g̃K))+ log(Γ(ĝ1)+
. . .+Γ(ĝK))−log(Γ(ĝ1+. . .+ĝK))+

∑K
k=1((ĝk−1) log(π̃k))−

∑K
k=1((g̃k−

1) log(π̂k))− n log(
∑K

k=1
π̂k

|Σk|1/2
[F (xhigh, µk,Σk)− F (xlow, µk,Σk)])+

+n log(
∑K

k=1
π̃k

|Σk|1/2
[F (xhigh, µk,Σk)− F (xlow, µk,Σk)])+

+
∑

i∈Aobs

∑K
k=1

[
log(π̂k)− 1

2
log(|Σk|)− 1

2
(xi − µk)TΣ−1

k (xi − µk)
]
−

−
∑

i∈Aobs

∑K
k=1

[
log(π̃k)− 1

2
log(|Σk|)− 1

2
(xi − µk)TΣ−1

k (xi − µk)
]

� Prosomoi¸noume èna tuqaÐo arijmì apì thn omoiìmorfh katanom 
sto di�sthma (0, 1). An o tuqaÐoc arijmìc eÐnai mikrìteroc apì thn
pijanìthta apodoq c tìte apodeqìmaste thn proteinìmenh tim . Se
antÐjeth perÐptwsh h tim  tou π mènei wc èqei kai suneqÐzoume sto
epìmeno b ma tou algìrijmou.

� Gia thn prosomoÐwsh tim¸n gia to mèso efarmìzoume Metropolis-Hastings
algìrijmo tuqaÐou perÐpatou. ProteÐnoume tim  gia to µk apì ka-
nonik  katanom  Nk(µ̃k, Vk).O pÐnakac diakÔmanshc thc k-di�stathc
kanonik c katanom c Vk ja eÐnai tètoioc ¸ste h pijanìthta apodoq c
thc proteinìmenhc tim c ja eÐnai perÐpou 20-50%.

H pijanìthta apodoq c se autì to b ma ja eÐnai:
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pacc2

=
p(θ̂|Lobs, zobs)
p(θ̃|Lobs, zobs)

=

∏K
k=1Cauchy2(µ̂k|µ0, T )Inv −Wishart1(Σk|A)p(I = 1|θ̂)−n∏K
k=1Cauchy2(µ̃k|µ0, T )Inv −Wishart1(Σk|A)p(I = 1|θ̃)−n

×
∏

i∈Aobs p(logLi, logzi|θ̂)∏
i∈Aobs p(logLi, logzi|θ̃)

=

∏K
k=1

[
1 + (µ̂k − µ0)TT−1(µ̂k − µ0)

]− (1+p)
2∏K

k=1 [1 + (µ̃k − µ0)TT−1(µ̃k − µ0)]−
(1+p)

2

×

[∑K
k=1

πk
2π|Σk|1/2

F (xhighµ̂k,Σk)− F (xlow, µ̂k,Σk)∑K
k=1

πk
2π|Σk|1/2

F (xhighµ̃k,Σk)− F (xlow, µ̃k,Σk)

]−n

×

∏
i∈Aobs

∑K
k=1

[
πk

|Σk|1/2
exp [−1

2
(x− µ̂k)TΣ−1

k (x− µ̂k)]
]

∏
i ∈ Aobs

∑K
k=1

[
πk

|Σk|1/2
exp [−1

2
(x− µ̃k)TΣ−1

k (x− µ̃k)]
]

(Στην περίπτωση μας p = 2)

O algìrijmoc thc pijanìthtac apodoq c eÐnai:

log pacc2 = −3
2

log(1 + (µ̂k − µ0)TT−1(µ̂k − µ0))+
+3

2
log((1 + (µ̃k − µ0)TT−1(µ̃k − µ0))−

−n
[
log(

∑K
k=1

πk
|Σk|1/2

(F (xhigh, µ̂k,Σk))− F (xlow, µ̂k,Σk))
]

+

+n
[
log(

∑K
k=1

πk
|Σk|1/2

F (xhigh, µ̃k,Σk)− F (xlow, µ̃k,Σk))
]

+

+
∑

i∈Aobs

∑K
k=1

[
log( πk

|Σk|1/2
)− 1

2
(xi − µ̂k)TΣ−1

k (xi − µ̂k)
]
−

−
∑

i∈Aobs

∑K
k=1

[
log( πk

|Σk|1/2
)− 1

2
(xi − µ̃k)TΣ−1

k (xi − µ̃k)
]

=

=−3
2

log(1+(µ̂k−µ0)TT−1(µ̂k−µ0))+3
2

log((1+(µ̃k−µ0)TT−1(µ̃k−µ0))−
−n
[
log(

∑K
k=1

πk
|Σk|1/2

(F (xhigh, µ̂k,Σk))− F (xlow, µ̂k,Σk))
]

+

+n
[
log(

∑K
k=1

πk
|Σk|1/2

F (xhigh, µ̃k,Σk)− F (xlow, µ̃k,Σk))
]

+
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+
∑

i∈Aobs

∑K
k=1

[
log(πk)− 1

2
log(|Σk|)− 1

2
(xi − µ̂k)TΣ−1

k (xi − µ̂k)
]
−

−
∑

i∈Aobs

∑K
k=1

[
log(πk)− 1

2
log(|Σk|)− 1

2
(xi − µ̃k)TΣ−1

k (xi − µ̃k)
]

Kat� thn kataskeu  thc ek twn protèrwn katanom c upojèsame ìti
gia touc mèsouc ja isqÔei ìti: logLlow ≤ µl,k ≤ log(Lhigh), log(zlow) ≤
µz,k ≤ log(zhigh). Epomènwc gia ìla ta k elègqoume e�n oi proteinìme-
nec timèc eÐnai metaxÔ twn proteinìmenwn orÐwn. E�n den isqÔei autì
tìte aporrÐptoume tic timèc autèc kai proteÐnontai �llec.

� Prosomoi¸noume èna tuqaÐo arijmì apì thn omoiìmorfh katanom 
sto di�sthma (0, 1). An o tuqaÐoc arijmìc eÐnai mikrìteroc apì thn
pijanìthta apodoq c tìte apodeqìmaste thn proteinìmenh tim . Se
antÐjeth perÐptwsh h tim  tou µk mènei wc èqei kai suneqÐzoume sto
epìmeno b ma tou algìrijmou.

� ProteÐnoume tim  gia ton pÐnaka diaspr�c Σk apì thn katanom 
Wishartνk(Σ̃k/νk) ìpou νk èna set bajm¸n eleujerÐac kai Σ̃k o pÐnakac

klÐmakac. MegalÔterec timèc νk par�goun proteinìmenec timèc Σ̂k pio
kont� sth tim  tou Σ̃k. Epilègoume bajmoÔc eleujerÐac tètoiouc ¸ste
na gÐnontai apodektèc oi proteinìmenec timèc me posostì 15− 40%
H pijanìthta apodoq c se autì to b ma ja eÐnai h ex c:
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pacc3 =
Wishartνk(Σ̃k|Σ̂k/νk)

Wishartνk(Σ̂k|Σ̃k/νk)

p(θ̂|(log(Lobs), log(zobs)))

p(θ̃|(log(Lobs), log(zobs)))

=

[
2(νp/2)πp(p−1)/4

∏p
i=1 Γ(ν+1−i

2
)
]−1 |Σ̂k|−ν/2[

2(νp/2)πp(p−1)/4
∏p

i=1 Γ(ν+1−i
2

)
]−1 |Σ̃k|−ν/2

×
|Σ̃k|(ν−p−1)/2 exp{−1

2
tr((Σ̂k)

−1Σ̃k)}
|Σ̂k|(ν−p−1)/2 exp{−1

2
tr((Σ̃k)−1Σ̂k)}

×
∏K

k=1 Cauchy2(µk|µ0, T )Inv −Wishart1(Σ̂k|A)p(I = 1|θ̂)−n∏K
k=1 Cauchy2(µk|µ0, T )Inv −Wishart1(Σ̃k|A)p(I = 1|θ̃)−n

×
∏

i∈Aobs p(log(Li), log(zi)|θ̂)∏
i∈Aobs p(log(Li), log(zi)|θ̃)

(p = 2)

=

[
˜|Σ|k
ˆ|Σ|k

](νk−3/2)

exp{−νk
2
tr(Σ̂k)

−1Σ̃k − (Σ̃k)
−1Σ̂k}

×

∑K
k=1

πk
|Σ̂k|1/2

[
F (xhigh, µk, Σ̂k)− F (xlow, µk, Σ̂k)

]
∑K

k=1
πk

|Σ̃k|1/2

[
F (xhigh, µk, Σ̃k)− F (xlow, µk, Σ̃k)

]
−n

×
∏
i∈Aobs

∑K
k=1

[
πk

|Σ̂k|1/2
exp [−1

2
(x− µk)T Σ̂−1

k (x− µk)]
]

∑K
k=1

[
πk

|Σ̃k|1/2
exp [−1

2
(x− µk)T Σ̃−1

k (x− µk)]
]

O log�rijmoc thc pijanìthtac apodoq c ja eÐnai:

logpacc3 = (νk−3
2
)
[
log(|Σ̃k|)− log(|Σ̂k|)

]
−νk

2
tr
[
(Σ̂k)

−1Σ̃k − (Σ̃k)
−1Σ̂k

]
−

−n
[
log(

∑K
k=1

πk
ˆ|Σk|

1/2 (F (xhigh, µk, Σ̂k))− F (xlow, µ, Σ̂k))

]
+

+n

[
log(

∑K
k=1

πk
˜|Σk|

1/2F (xhigh, µk, Σ̃k)− F (xlow, µk, Σ̃k))

]
+

+
∑

i∈Aobs

∑K
k=1

[
log( πk

ˆ|Σ|
1/2 )− 1

2
(xi − µk)T Σ̂−1

k (xi − µk)
]
−

−
∑

i∈Aobs

∑K
k=1

[
log( πk

˜|Σ|1/2
)− 1

2
(xi − µk)T Σ̃−1

k (xi − µk)
]

=
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= (νk − 3
2
)
[
log(|Σ̂k|)− log(|Σ̃k|)

]
− νk

2
tr
[
(Σ̂k)

−1Σ̃k − (Σ̃k)
−1Σ̂k

]
−

−n
[
log(

∑K
k=1

πk
|Σk|1/2

(F (xhigh, µk, Σ̂k))− F (xlow, µ, Σ̂k))
]

+

+n
[
log(

∑K
k=1

πk
|Σk|1/2

F (xhigh, µk, Σ̃k)− F (xlow, µk, Σ̃k))
]

+

+
∑

i∈Aobs

∑K
k=1

[
log(πk)− 1

2
log( ˆ|Σ|k)−

1
2
(xi − µk)T Σ̂−1

k (xi − µk)
]
−

−
∑

i∈Aobs

∑K
k=1

[
log(πk)− 1

2
log( ˜|Σ|k)−

1
2
(xi − µk)T Σ̃−1

k (xi − µk)
]

� Prosomoi¸noume èna tuqaÐo arijmì apì thn omoiìmorfh katanom 
sto di�sthma (0, 1). An o tuqaÐoc arijmìc eÐnai mikrìteroc apì thn
pijanìthta apodoq c tìte apodeqìmaste thn proteinìmenh tim . Se
antÐjeth perÐptwsh h tim  tou Σk mènei wc èqei kai suneqÐzoume sto
epìmeno b ma tou algìrijmou.

� ProteÐnoume tim  gia thn par�metro µ0 apì thn kanonik  katanom 
N2(µ̃0, V0) me diakÔmansh tètoia ¸ste na gÐnontai apodektèc timèc se
posostì 20-50%.

pacc4 =
∏K

k=1
Cauchy2(µk|µ̂0,T )
Cauchy2(µk|µ̃0,T )

[∫ log(Lhigh)

log(Llow)

∫ log(zhigh)

log(zlow)
Cauchy2(µk|µ̃0,T )dµk∫ log(Lhigh)

log(Llow)

∫ log(zhigh)

log(zlow)
Cauchy2(µk|µ̂0,T )dµk

]K

=
∏K

k=1

[1+(µk−µ̂0)TT−1(µk−µ̂0)]
− (1+p)

2

[1+(µk−µ̃0)TT−1(µk−µ̃0)]−
(1+p)

2

[∫ log(Lhigh)

log(Llow)

∫ log(zhigh)

log(zlow) [1+(µk−µ̃0)TT−1(µk−µ̃0)]
− (1+p)

2 dµk∫ log(Lhigh)

log(Llow)

∫ log(zhigh)

log(zlow)
[1+(µk−µ̂0)TT−1(µk−µ̂0)]−

(1+p)
2 dµk

]K
To ginìmeno me ta oloklhr¸mata ofeÐletai stouc periorismoÔc gia
to µ0.
O log�rijmoc thc pijanìthtac apodoq c ja dÐnetai apì:

logpacc4 =∑K
k=1

[
−3

2
log(1 + (µk − µ̂0)TT−1(µk − µ̂0)) + 3

2
log(1 + (µk − µ̃0)TT−1(µk − µ̃0))

]
+

+K log

[∫ log(Lhigh)

log(Llow)

∫ log(zhigh)

log(zlow) [1+(µk−µ̃0)TT−1(µk−µ̃0)]
− 3

2 dµk∫ log(Lhigh)

log(Llow)

∫ log(zhigh)

log(zlow)
[1+(µk−µ̂0)TT−1(µk−µ̂0)]−

3
2 dµk

]
Mia kal  epilog  gia to V0 eÐnai o deigmatikìc pÐnakac sundiakÔ-
manshc.

� 'Opwc kai se k�je b ma prosomoi¸noume èna tuqaÐo arijmì apì thn
omoiìmorfh katanom  sto di�sthma (0, 1). An o tuqaÐoc arijmìc eÐ-
nai mikrìteroc apì thn pijanìthta apodoq c tìte apodeqìmaste thn
proteinìmenh tim . Se antÐjeth perÐptwsh h tim  tou µ0 mènei wc èqei
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kai suneqÐzoume sto epìmeno b ma tou algìrijmou.

� Prosomoi¸noume tim  gia ton pÐnaka klÐmakac A me algìrijmo Gibbs
Sampler.
Â ∼ WishartνA(S)

Me bajmoÔc eleujerÐac νA = K + 3 kai S =
(∑K

k=1 Σ̃−1
k

)
� Tèloc prosomoi¸noume me algìrijmo Gibbs Sampler timèc gia thn par�metro
N apì arnhtik  diwnumik  katanom  me par�metro n kai pijanìthta
epituqÐac

p(I = 1|θ) =

∫ xhigh

xlow

p(x)dx =
K∑
k=1

πk
2π|Σk|1/2

[F (xhigh, µk,Σk)−F (xlow, µk,Σk)]
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