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Sto shmeÐo autì ja  jela na anafèrw ìti o k¸dikac (algìrijmoc) pou

dhmiourg jhke sth gl¸ssa programmatismoÔ {R} eÐnai diajèsimoc gia k�je

endiaferìmeno efìson zhthjeÐ.

Tèloc epijum¸ na dhl¸sw ìti h eujÔnh gia ta l�jh pou mporeÐ na up�rqoun

eÐnai apokleistik� dik  mou.
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PerÐlhyh

Se mia meta-an�lush, oi �gnwstec par�metroi suqn� upologÐzontai me mègi-

sth pijanof�neia, kai ta sumper�smata basÐzontai sthn asumptwtik  jewrÐa.

JewreÐtai ìti, proôpìjesh gia ta qarakthristik� twn melet¸n pou perilam-

b�nontai sto montèlo, h katanom  metaxÔ twn melet¸n kai oi katanomèc twn

sfalm�twn deigmatolhyÐac eÐnai kanonikèc. Sthn pr�xh, ìmwc, ta deÐgmata

eÐnai peperasmèna, kai h upìjesh thc kanonikìthtac mporeÐ na parabiasteÐ,

endeqomènwc na proklhjoÔn merolhptikèc ektim seic kai akat�llhla tupik�

sf�lmata. Se aut  thn ergasÐa, proteÐnoume mia parametrik  kai dÔo mh pa-

rametrikèc mejìdouc bootstrap pou mporoÔn na qrhsimopoihjoÔn gia thn pro-

sarmog  twn apotelesm�twn thc mègisthc pijanof�neiac se meta-an�lush.

LEXEIS KLEIDIA: Meta-an�lush, Mègejoc Apotelèsmatoc, Montèlo

stajer¸n epidr�sewn, Montèlo tuqaÐwn epidr�sewn, Bootstrap, ProsomoÐw-

sh
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Abstract

In a meta-analysis, the unknown parameters are often estimated using ma-

ximum likelihood, and inferences are based on asymptotic theory. It is as-

sumed that, conditional on study characteristics included in the model, the

between-study distribution and the sampling distributions of the effect si-

zes are normal. In practice, however, samples are finite, and the normality

assumption may be violated, possibly resulting in biased estimates and inap-

propriate standard errors. In this master thesis, we propose one parametric

and two nonparametric bootstrap methods that can be used to adjust the

results of maximum likelihood estimation in meta-analysis.

KEY WORDS: Meta-analysis, Effect size, Fixed Effects Model, Random

Effects Model, Bootstrap, Simulation
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Kef�laio 1

Eisagwg 

1.1 Ti eÐnai h meta-an�lush;

S mera, perissìtero apì potè, o rujmìc me ton opoÐo par�getai kai em-

ploutÐzetai h gn¸sh eÐnai taqÔtatoc. H plhj¸ra twn dhmosieÔsewn kai h

paroq  meg�lou ìgkou plhrofori¸n kajistoÔn dÔskolh thn prosp�jeia twn

episthmìnwn ugeÐac na axiolog soun ìti touc endiafèrei kai na ask soun thn

basismènh se endeÐxeic klinik  praktik . K�tw apì autèc tic sunj kec ka-

jÐstatai plèon epitaktik  h an�gkh diasf�lishc thc poiìthtac twn episthmo-

nik¸n dhmosieÔsewn. SuggrafeÐc kai ekdìtec eÐnai upoqrewmènoi na akolou-

joÔn sugkekrimènec odhgÐec kai mejìdouc prokeimènou na apoktoÔn axÐa kai

egkurìthta oi plhroforÐec pou prosfèroun.

H anagn¸rish thc an�gkhc paroq c ègkurwn plhrofori¸n apeikonÐzetai

sthn prosp�jeia tou diejnoÔc organismoÔ Cochrane Collaboration, o opoÐoc

dhmiourg jhke to 1993 me skopì thn exasf�lish thc egkurìthtac twn susth-

matik¸n anaskop sewn kai meta-analÔsewn gia jèmata frontÐdac ugeÐac. Oi

anaskop seic apoteloÔn deuterogen  dhmosieÔmata kai diakrÐnontai se peri-

grafikèc kai susthmatikèc. H susthmatik  anaskìphsh, se antÐjesh me thn
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perigrafik , apoteleÐ mia ereunhtik  ergasÐa kai h diexagwg  thc basÐzetai

se sugkekrimènh episthmonik  mejodologÐa. H meta-an�lush eÐnai ousiastik�

mia posotik  susthmatik  anaskìphsh. Me ton ìro meta-an�lush ennoeÐtai

h enopoÐhsh kai h statistik  an�lush dedomènwn, ta opoÐa proèrqontai apì

anex�rthtec melètec me skopì thn exagwg  safèsterwn sumperasm�twn.

H pr¸th meta-an�lush pragmatopoi jhke apì ton Karl Pearson to 1904,

se mia prosp�jeia na antimetwpÐsei to prìblhma tou mikroÔ megèjouc deÐg-

matoc sth diadikasÐa thc èreunac en¸ o ìroc meta-an�lush qrhsimopoi jh-

ke gia pr¸th for� to 1976 apì ton yuqolìgo Gene Glass. Sth dekaetÐa

tou 1970 anaptÔqjhkan statistikèc teqnikèc meta-an�lushc kai �rqisan na

dhmosieÔontai sqetik� �rjra, en¸ apì thn dekaetÐa tou 1980 kai met� o a-

rijmìc twn susthmatik¸n anaskop sewn/meta-analÔsewn aux�nei me taqÔta-

touc rujmoÔc. H diexagwg  susthmatik¸n anaskop sewn/meta-analÔsewn

eÐnai idiaÐtera qr simh kaj¸c sumb�lloun sthn suneqizìmenh ekpaÐdeush twn

epaggelm�twn ugeÐac, sth l yh klinik¸n apof�sewn, sth diatÔpwsh nèwn e-

reunhtik¸n upojèsewn kai ston �rtio sqediasmì prwtokìllwn. To kìstoc

eÐnai el�qisto, sugkrinìmeno me autì thc basik c èreunac, en¸ h z thsh apì

to anagnwstikì koinì gÐnetai oloèna kai megalÔterh.

H meta-an�lush perilamb�nei ìla ta b mata thc susthmatik c anaskìph-

shc (diatÔpwsh tou erwt matoc, endeleq  anaz thsh thc sqetik c bibliogra-

fÐac, axiolìghsh kai epilog  melet¸n), kaj¸c kai dÔo epiplèon b mata pou eÐ-

nai h statistik  sÔnjesh twn dedomènwn twn epimèrouc melet¸n kai h ermhneÐa

twn apotelesm�twn. Meta-an�lush pragmatopoieÐtai ìtan up�rqoun epark 

dedomèna gia èna sugkekrimèno episthmonikì jèma, ìtan up�rqoun melètec pou

de diafèroun shmantik� metaxÔ touc wc proc ta basik� qarakthristik� (p.q.

h èkjesh kai h èkbash èqoun metrhjeÐ me parìmoio trìpo). AntÐjeta, de su-

nÐstatai meta-an�lush se melètec pou meionektoÔn wc proc thn mejodologÐa,
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upìkeintai se susthmatik� sf�lmata kai apì thn an�lush prokÔptoun asÔm-

bata apotelèsmata. H pragmatopoÐhsh meta-analÔsewn eÐnai idiaÐtera qr simh

en¸ sta pleonekt mata thc sugkatalègontai h aÔxhsh thc isqÔoc kai thc a-

krÐbeiac, h meÐwsh tou diast matoc empistosÔnhc twn ektim¸menwn mètrwn,

h anÐqneush   h ektÐmhsh kai o sunupologismìc thc eterogèneiac all� kai h

ap�nthsh se erwt mata pou den èqoun d¸sei oi prwtogeneÐc melètec.

1.2 St�dia meta-an�lushc

Ta teleutaÐa qrìnia, ènac arijmìc ereunht¸n èqoun proteÐnei sugkekrimènec

odhgÐec gia thn pragmatopoÐhsh kai thn parousÐash susthmatik c anaskìph-

shc kai meta-an�lushc. Ta st�dia-b mata, ta opoÐa, se k�je perÐptwsh prèpei

na akoloujoÔntai, perigr�fontai parak�tw kai sunoyÐzontai ston pÐnaka 1.1

St�dio 1. DiatÔpwsh ereunhtikoÔ erwt matoc

To pio shmantikì b ma, ìpwc isqÔei se k�je èreuna, eÐnai h diatÔpwsh tou

ereunhtikoÔ erwt matoc sto opoÐo zhteÐtai na dojeÐ ap�nthsh me th sugkekri-

mènh anaskìphsh   kai meta-an�lush thc bibliografÐac. To ereunhtikì er¸-

thma prèpei na eÐnai safèc, episthmonik� tekmhriwmèno kai klinik� shmantikì.

Sun jwc, to er¸thma/arqik  upìjesh sthrÐzetai se eur mata prohgoÔmenwn

sqetik¸n melet¸n kai prokÔptei met� apì kritik  je¸rhsh tou sugkekrimènou

jèmatoc.

St�dio 2. Kajorismìc krithrÐwn eisagwg c kai apokleismoÔ

miac melèthc

O kajorismìc tou plhjusmoÔ-stìqou, kaj¸c kai twn krithrÐwn eisìdou  

apokleismoÔ miac melèthc sthn anaskìphsh/meta-an�lush apoteleÐ epÐshc ka-

joristikì b ma. Me thn efarmog  twn krithrÐwn pou èqoun kajoristeÐ a priori

prokÔptei o kat�llhloc plhjusmìc. Ta sugkekrimèna krit ria anafèrontai
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tìso sta qarakthristik� twn summeteqìntwn, sto eÐdoc thc parèmbashc, stic

mejìdouc sÔgkrishc, sthn èkbash ìso kai sto eÐdoc twn melet¸n.

St�dio 3. Anaz thsh bibliografÐac

AnagkaÐa proôpìjesh gia th susthmatik  anaz thsh sqetik¸n kai ka-

t�llhlwn dhmosieÔsewn eÐnai o kajorismìc ìrwn eurethriasmoÔ. Qrhsimo-

poioÔntai lèxeic−kleidi� kai threÐtai analutikìc algìrijmoc anaz thshc kai

apeikìnishc twn bhm�twn thc anaskìphshc thc bibliografÐac. Prokeimènou

na auxhjeÐ to apotèlesma thc anaz thshc kai o arijmìc twn proc axiolìghsh

melet¸n, mporoÔn na qrhsimopoihjoÔn sun¸numec fr�seic   kai sunduasmìc

lèxewn me th qr sh twn ìrwn {kai}   {ìqi}. H anaz thsh mporeÐ na pragma-

topoihjeÐ se di�forec b�seic dedomènwn, k�ti to opoÐo prèpei na anafèretai me

saf neia sth mejodologÐa kai na apeikonÐzetai ston algìrijmo anaz thshc.

Oi kuriìterec hlektronikèc b�seic ìpou mporeÐ na pragmatopoihjeÐ anaz thsh

thc bibliografÐac gia bioiatrikèc melètec eÐnai oi parak�tw:

−Medline(http : //www.ncbi.nlm.nih.gov/sites/entrez)

−Scopus(http : //www.scopus.com/home.url)

−Embase(http : //www.embase.com)

−CochraneLibrary(http : //www.cochrane.org)

−CINAHL(http : //www.ebscohost.com/cinahl)

Epiplèon, anaz thsh mporeÐ na pragmatopoihjeÐ se bibliografikèc anaforèc

twn dhmosieÔsewn pou anakt jhkan, se arqeÐa peril yewn apì sunèdria, se

arqeÐa idiwtik¸n kai kratik¸n organism¸n èreunac, kaj¸c kai se arqeÐa far-

makeutik¸n etairei¸n.

St�dio 4. Axiolìghsh kai epilog  melet¸n

Met� apì th sullog  thc bibliografÐac akoloujeÐ h axiolìghsh twn �r-

jrwn b�sei krithrÐwn. GÐnetai apotÐmhsh thc mejodologik c artiìthtac twn

melet¸n kai epilog  aut¸n pou apantoÔn sto ereunhtikì er¸thma. Gia thn

4



apofug  thc merolhyÐac tou ereunht , h ìlh diadikasÐa prèpei na pragma-

topoieÐtai toul�qiston apì dÔo anex�rthtouc ereunhtèc, en¸ se perÐptwsh

diafwnÐac epilÔetai to prìblhma apì trÐto ereunht .

St�dio 5. Katagraf  twn dedomènwn

Ta basik� qarakthristik� twn melet¸n katagr�fontai se mia prosqedia-

smènh fìrma ¸ste na eÐnai dunat  h sÔgkrish kai h ektÐmhsh tou bajmoÔ

omoiìthtac metaxÔ touc. H ektÐmhsh tou bajmoÔ omoiìthtac perigr�fetai me

ton ìro {ektÐmhsh thc eterogèneiac twn melet¸n}. Ta stoiqeÐa twn prwtoge-

n¸n melet¸n pou katagr�fontai, prokÔptoun kai p�li apì th sunergasÐa duo

ereunht¸n gia elaqistopoÐhsh twn sfalm�twn.

St�dio 6. Statistik  an�lush

H statistik  an�lush twn dedomènwn eÐnai to anagkaÐo b ma gia na su-

neqÐsei k�poioc apì th susthmatik  anaskìphsh sth meta-an�lush. Se autì

to st�dio, ousiastik� suntÐjentai ìla ta apotelèsmata twn uparqous¸n me-

let¸n gia na dojeÐ stouc anagn¸stec èna sugkentrwtikì apotèlesma. An oi

suggrafeÐc parousi�soun ta eur mata sqetik¸n melet¸n qwrist�, qwrÐc na

d¸soun èna sugkentrwtikì apotèlesma−pou prokÔptei mèsa apì statistikèc

diadikasÐec−tìte gÐnetai anafor� se susthmatik  anaskìphsh thc bibliogra-

fÐac kai ìqi se meta-an�lush.

St�dio 7. ParousÐash apotelesm�twn

GÐnetai h parousÐash twn basik¸n qarakthristik¸n twn melet¸n se pÐnaka.

ParatÐjetai o akrib c arijmìc twn anakthjèntwn �rjrwn pou proèkuye kat�

th susthmatik  anaz thsh. Sth sunèqeia, parèqetai o arijmìc kai oi aitÐec

apokleismoÔ �rjrwn met� apì èlegqo tou tÐtlou   thc perÐlhyhc, kaj¸c kai

ekeÐnwn pou apokleÐsthkan met� apì pl rh melèth. Tèloc, an èqei pragma-

topoihjeÐ kai meta-an�lush, tìte ta apotelèsmata mporoÔn na apotupwjoÔn

se gr�fhma, to opoÐo eÐnai idiaÐtera qr simo giatÐ parèqei mia �mesh ektÐmhsh
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anaforik� me thn Ôparxh   mh eterogèneiac metaxÔ twn melet¸n.

St�dio 8. ErmhneÐa apotelesm�twn

To teleutaÐo b ma thc ìlhc prosp�jeiac apoteleÐ h ermhneÐa twn apote-

lesm�twn, kaj¸c kai o èlegqoc thc sunèpeiac tou sumper�smatoc thc meta-

an�lushc.

PÐnakac 1.1: B mata thc susthmatik c anaskìphshc kai meta-an�lushc

DiatÔpwsh ereunhtikoÔ erwt matoc

Kajorismìc twn krithrÐwn eisìdou kai apokleismoÔ

Anaz thsh sqetik c bibliografÐac

Axiolìghsh kai epilog  twn melet¸n

Katagraf  twn dedomènwn

Statistik  an�lush (anafèretai mìno sth meta-an�lush)

ParousÐash apotelesm�twn

ErmhneÐa apotelesm�twn

1.3 O rìloc thc meta-an�lushc sthn iatri-

k  epist mh

Ta epiteÔgmata thc meta-an�lushc sth sfaÐra thc klinik c èreunac eÐnai

entupwsiak�. An kai to pl joc twn klinik¸n melet¸n pou dhmosieÔontai sta

iatrik� periodik� èqei auxhjeÐ, pollèc dokimèc apotugq�noun na katal xoun se

statistik� shmantik� kai genikeÔsima sumper�smata gia thn epÐdrash miac je-

rapeÐac. Autì ofeÐletai kurÐwc sto ìti oi melètec autèc eÐnai eÐte polÔ mikrèc
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eÐte polÔ periorismènec, lìgw twn krithrÐwn pou orÐzontai sto prwtìkollo.

Me ton sunduasmì plhrofori¸n apì diaforetikèc melètec, h meta-an�lush

apokt� megalÔterh statistik  isqÔ gia na aniqneÔsei thn epÐdrash thc jera-

peÐac, se sqèsh me mia an�lush pou basÐzetai mìno se mia klinik  melèth.

Suqn� melètec pou antimetwpÐzoun to Ðdio iatrikì prìblhma katal goun

se diaforetik� sumper�smata, ta opoÐa mporoÔn na prokalèsoun sÔgqush

se ekeÐnouc, pou me b�sh th bibliografÐa, epidi¸koun thn kajod ghsh sto

iatrikì z thma. H meta-an�lush apoteleÐ mia elkustik  lÔsh afoÔ mporeÐ na

qrhsimopoihjeÐ gia na upologÐsei thn mèsh epÐdrash thc jerapeÐac sto sÔnolo

twn klinik¸n melet¸n   gia na prosdiorÐsei èna uposÔnolo melet¸n oi opoÐec

sundèontai me mia euergetik -jetik  epÐdrash thc jerapeÐac.

H èkrhxh twn ereunhtik¸n stoiqeÐwn tic teleutaÐec dekaetÐec, upì morf 

dhmosieumènwn dokim¸n, den epitrèpei thn afomoÐwsh touc qwrÐc epÐshmh ana-

skìphsh. Gia na axiologhjoÔn ta ofèlh miac jerapeutik c agwg c, ja prèpei

na basistoÔme sto sÔnolo twn axiìpistwn stoiqeÐwn, ìpwc gia par�deigma

to sÔnolo twn tuqaiopoihmènwn klinik¸n dokim¸n. Epiplèon eÐnai an�gkh na

entopistoÔn ekeÐnec oi iatrikèc perioqèc stic opoÐec up�rqei èlleiyh epark¸n

stoiqeÐwn prokeimènou na diexaqjoÔn epiprìsjetec klinikèc melètec.

Stic biostatistikèc odhgÐec h meta-an�lush jewreÐtai wc epÐshmh axiolì-

ghsh twn posotik¸n stoiqeÐwn ta opoÐa proèrqontai apì dÔo   perissìterec

klinikèc dokimèc kai aforoÔn to Ðdio zhtoÔmeno. Oi teqnikèc thc meta-an�lushc

anagnwrÐzontai kai efarmìzontai gia thn diatÔpwsh enìc genikoÔ sumper�-

smatoc se sqèsh me thn apotelesmatikìthta enìc farm�kou, all� kai gia thn

an�lush twn ligìterwn suqn¸n ekb�sewn sthn axiolìghsh asf�leiac.
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1.4 To perieqìmeno thc diplwmatik c

Sthn paroÔsa diplwmatik  parousi�zetai to mejodologikì plaÐsio thc meta-

an�lushc, dÐnontac ìmwc megalÔterh èmfash ìqi stic klassikèc statistikèc

mejìdouc thc meta-an�lushc (blèpe kef�laio 2) all� sthn an�lush me nèec

mejìdouc (ìpwc h mèjodoc bootstrap). Sto epìmeno kef�laio perigr�fontai

oi mèjodoi gia thn ektÐmhsh thc epÐdrashc thc jerapeÐac se k�je melèth kai

parousi�zontai kai sugkrÐnontai ta dÔo statistik� montèla meta-an�lushc (

montèlo stajer¸n kai montèlo tuqaÐwn epidr�sewn), ta opoÐa èqoun prota-

jeÐ gia ton upologismì thc olik c epÐdrashc thc jerapeÐac. Oi mejodologÐec

anafèrontai sthn perÐptwsh pou h k�je melèth perilamb�nei duo om�dec jera-

peÐac me skopì thn sÔgkrish thc nèac jerapeutik c mejìdou me to antÐstoiqo

control. Sto trÐto kef�laio gÐnetai mia eisagwg  sthn mèjodo bootstrap kai

sthn an�lush grammik¸n montèlwn me th mèjodo aut  kaj¸c kai thn kataskeu-

  bootstrap diasthm�twn empistosÔnhc. Tèloc sto tètarto kef�laio proteÐ-

nontai treÐc mèjodoi meta-an�lushc me th mèjodo bootstrap, gÐnetai sÔgkrish

twn mejìdwn aut¸n me thn klassik  mèjodo meta-an�lushc me th bo jeia thc

prosomoÐwshc kai ex�gontai sumper�smata.
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Kef�laio 2

Meta-an�lush

Klinik  melèth onom�zetai k�je èreuna pou diex�getai se anjr¸pouc me

stìqo na d¸sei apant seic se sugkekrimènec erwt seic gia mia nèa iatrik 

èreuna (embìlia, nèec jerapeÐec). Oi klinikèc melètec qrhsimopoioÔntai gia

na tekmhri¸soun thn asf�leia kai thn apotelesmatikìthta nèwn farm�kwn

  nèwn iatrik¸n agwg¸n. Pr¸to basikì stoiqeÐo se mia klinik  dokim  eÐnai

h jerapeutik  agwg  (treatment). H jerapeutik  agwg  eÐnai o trìpoc pa-

rèmbashc ston asjen , me skopì th beltÐwsh thc kat�stashc tou. Se k�je

klinik  dokim  up�rqei toul�qiston mia jerapeutik  agwg . DeÔtero basikì

stoiqeÐo eÐnai h om�da elègqou (control/placebo groups). Wc yeudof�rma-

ko   adran c jerapeÐa (placebo), orÐzetai h agwg  kat� thn opoÐa de gÐnetai

ousiastik  jerapeÐa. Mia tètoia om�da anafor�c, den lamb�nei ousiastik� ka-

mÐa jerapeÐa, ìmwc sthn pr�xh eÐnai èna eikonikì f�rmako, gia yuqologikoÔc

kurÐwc lìgouc.

Se episthmonik� peir�mata eÐnai suqn� qr simo na gnwrÐzoume ìqi mìno

an to peÐrama èqei èna apotèlesma statistik� shmantikì all� kai to mègejoc

k�je parathroÔmenou apotelèsmatoc. EpÐdrash thc jerapeÐac (Effect Size-

ES) eÐnai èna ìnoma pou dÐnetai se mia oikogèneia deikt¸n pou metroÔn to
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mègejoc tou apotelèsmatoc miac jerapeÐac.

To eÐdoc tou ES exart�tai apì to eÐdoc twn dedomènwn (thc exarthmènhc

metablht c):

• An h metablht  apìkrishc eÐnai suneq c, tìte qrhsimopoioÔme duo ku-

rÐwc mètra gia thn sÔgkrish twn jerapei¸n: thn diafor� mèswn tim¸n

(Raw mean difference) kai thn tupopoihmènh diafor� mèswn tim¸n

(Standardized mean difference).

• An h metablht  apìkrishc eÐnai dÐtimh (afor� kurÐwc klinikèc dokimèc),

up�rqoun kurÐwc trÐa mètra: h diafor� posost¸n (Risk difference),

o lìgoc posost¸n (Relative risk) kai tèloc o lìgoc sqetik¸n pijano-

t twn (Odds ratio).

• An h melèth afor� susqetÐseic metaxÔ duo metablht¸n (suneq¸n) qrh-

simopoioÔme statistik� ìpwc o suntelest c susqètishc tou Pearson  

ton z-metasqhmatismì tou Fisher.

2.1 Suneq c metablht  apìkrishc

'Estw ìti èqoume k anex�rthtec melètec kai ìti se k�je mia apì autèc u-

p�rqoun duo om�dec asjen¸n, h om�da sthn opoÐa efarmìzetai h jerapeutik 

agwg  treatment kai sthn �llh h jerapeÐa sÔgkrishc control. An h meta-

blht  apìkrishc eÐnai suneq c, tìte mporoÔme na upojèsoume ìti akoloujeÐ

kanonik  katanom  (bèbaia aut  h upìjesh arketèc forèc den eÐnai realisti-

k ). Epomènwc mporoÔme na jewr soume ìti ta dedomèna twn asjen¸n oi

opoÐoi an koun sthn om�da treatment proèrqontai apì kanonik  katanom 

me mèsh tim  µT kai tupik  apìklish σT kai ìti ta antÐstoiqa dedomèna thc

om�dac control proèrqontai apì kanonik  katanom  me mèsh tim  µC kai tu-

10



pik  apìklish σC . An nT to pl joc twn asjen¸n thc om�dac treatment

kai nC to pl joc thc om�dac control ja èqoume ìti yjT ∼ N(µT , σ
2
T ) kai yjC

∼ N(µC , σ
2
C) ìpou yjT me j=1,2,...,nT eÐnai oi apokrÐseic twn asjen¸n thc

om�dac treament kai yjC thc om�dac control gia j=1,2,...,nC .

2.1.1 Diafor� mèswn tim¸n

Ac upojèsoume ìti jèloume na ektim soume thn diafor� twn mèswn ti-

m¸n twn duo om�dwn, dhlad  na ektim soume thn par�metro θ=µT − µC . O

ektimht c mègisthc pijanof�neiac (MLE) thc paramètrou θ eÐnai o:

θ̂ = ȳT − ȳC (2.1)

ìpou ȳT , ȳC oi deigmatikèc mèsec timèc twn duo om�dwn kai sT , sC oi antÐ-

stoiqec deigmatikèc tupikèc apoklÐseic twn duo om�dwn. Upojètontac ìpwc

sunhjÐzetai stic klinikèc melètec ìti oi diakum�nseic twn duo om�dwn jera-

peÐac eÐnai �gnwstec all� Ðsec metaxÔ touc, tìte h ektÐmhsh thc diakÔmanshc

tou ektimht  θ̂ eÐnai:

V (θ̂) =
nT + nC
nT · nC

s2p (2.2)

ìpou

sp =

√
(nT − 1)s2T + (nC − 1)s2C

nT + nC − 2

H diaspor� s2p onom�zetai stajmismènh diaspor� (pooled variance) kai eÐnai

amerìlhpth ektim tria thc koin c diaspor�c σ2. H diafor� twn mèswn tim¸n

èqei to pleonèkthma ìti mporeÐ na ermhneuteÐ eÔkola, en¸ eÐnai kat�llhlh

ìtan se ìlec tic melètec èqei qrhsimopoihjeÐ h Ðdia klÐmaka mètrhshc sthn

katagraf  thc apìkrishc.
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2.1.2 Tupopoihmènh diafor� mèswn tim¸n

'Estw t¸ra ìti jèloume na ektim soume thn tupopoihmènh diafor� mèswn

tim¸n twn duo om�dwn, dhlad  na ektim soume thn par�metro θ=
µT − µC

σ
ì-

pou σ2 eÐnai h koin  diaspor�. Epeid  to θ eÐnai sthn ousÐa mia tupopoihmènh

tim  h posìthta Φ(θ) antiproswpeÔei to posostì twn tim¸n thc om�dac e-

lègqou pou eÐnai mikrìterec   Ðsec apì thn mèsh tim  thc om�dac jerapeÐac.

Gia par�deigma an θ=0.5, tìte Φ(θ)=0.69 kai autì shmaÐnei ìti oi timèc gia

ta �toma apì thn om�da jerapeÐac èqoun pijanìthta 0.69 na diafèroun kat�

0.5 apì ekeÐnec twn atìmwn thc om�dac elègqou. O ektimht c periorismènhc

mègisthc pijanof�neiac (REML) thc paramètrou θ eÐnai o:

θ̂ =
ȳT − ȳC
sp

(2.3)

ìpou sp h ektÐmhsh thc koin c tupik c apìklishc σ. O ektimht c θ̂ èqei e-

pikrat sei sthn bibliografÐa me to ìnoma Cohen’s d. 'Eqei diapistwjeÐ ìti

gia mikrì mègejoc deÐgmatoc (n ≤ 10) o ektimht c θ̂ eÐnai merolhptikìc. Gia

autì èqei protajeÐ amerìlhptoc ektimht c o opoÐoc onom�zetai Hedge’s g kai

upologÐzetai wc:

θ̂ =
ȳT − ȳC
sp

(
1− 3

4(nT + nC)− 9

)
(2.4)

ìpou j o suntelest c diìrjwshc:

j = 1− 3

4(nT + nC)− 9

O suntelest c diìrjwshc j paÐrnei timèc apì 0 èwc 1 kai proseggÐzei thn

mon�da kaj¸c to mègejoc deÐgmatoc aux�nei. H ektÐmhsh thc diakÔmanshc tou

ektimht  θ eÐnai:

V (θ̂) =
nT + nC
nT · nC

+
θ̂2

2(nT + nC)
(2.5)
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H tupopoihmènh diafor� mporeÐ na qrhsimopoihjeÐ ìtan prèpei na sunduastoÔn

metr seic gia thn Ðdia metablht  apìkrishc all� pou èqoun qrhsimopoihjeÐ

diaforetikèc klÐmakec mètrhshc.

2.2 DÐtimh metablht  apìkrishc

'Estw duo anex�rthtec om�dec asjen¸n, h om�da sthn opoÐa efarmìzetai

h jerapeutik  agwg  pou mac endiafèrei (treatment) kai h om�da sthn opoÐa

efarmìzetai h jerapeÐa sÔgkrishc (control). Mia dÐtimh metablht  paÐrnei duo

timèc pou suqn� anafèrontai wc epituqÐa kai apotuqÐa. 'Estw pT h pijanìthta

epituqÐac sthn jerapeutik  agwg  enìc atìmou to opoÐo an kei sthn om�da

jerapeÐac (treament) kai pC h antÐstoiqh pijanìthta enìc atìmou to opoÐo

an kei sthn om�da sÔgkrishc (control). An gnwrÐzoume to sÔnolo twn asje-

n¸n twn duo om�dwn èstw nT kai nC antÐstoiqa kai ton arijmì twn asjen¸n

stic duo om�dec me jetikì apotèlesma sthn jerapeÐa, tìte èqoume epark  plh-

roforÐa gia na ektim soume thn epÐdrash thc jerapeÐac.

'Estw ìti ta dedomèna miac melèthc sunoyÐzontai se pÐnaka thc parak�tw mor-

f c:

PÐnakac 2.1: Sunoptik� statistik� gia dÐtimec metablhtèc

EpituqÐa ApotuqÐa SÔnolo

Om�da Treatment a b nT

Om�da Control c d nC

Stic klinikèc melètec, ìtan h apokritik  metablht  eÐnai dÐtimh, qrhsimopoioÔme

sun jwc trÐa mètra gia thn sÔgkrish twn jerapei¸n: thn diafor� posost¸n
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(Risk difference), ton lìgo posost¸n (Relative risk) kai tèloc ton lìgo

sqetik¸n pijanot twn (Odds ratio).

2.2.1 Diafor� posost¸n

An se mia melèth jèloume na ektim soume thn diafor� twn posost¸n

epituqÐac twn duo om�dwn, dhlad  jèloume na ektim soume thn par�metro

θ=pT−pC , o ektimht c mègisthc pijanof�neiac (MLE) tou θ eÐnai:

θ̂ =
a

nT
− c

nC
(2.6)

kai h ektim¸menh diaspor� eÐnai:

V (θ̂) =
a · b
n3
T

+
c · d
n3
C

(2.7)

Mia arnhtik  diafor� dhl¸nei ìti h pijanìthta emf�nishc tou gegonìtoc eÐnai

megalÔterh sthn om�da elègqou, en¸ mia jetik  diafor� dhl¸nei akrib¸c to

antÐjeto.

2.2.2 Lìgoc posost¸n

An upojèsoume ìti jèloume na ektim soume ton lìgw posost¸n twn duo

om�dwn (RR), dhlad  jèloume na ektim soume to θ =
pT
pC

. O ektimht c mègi-

sthc pijanof�neiac (MLE) tou θ eÐnai:

θ̂ =

a

nT
c

nC

⇒ θ̂ =
a · nC
c · nT

Epeid  o log�rijmoc tou parap�nw ektimht , sugklÐnei pio gr gora sthn ka-

nonik  katanom , sun jwc to mètro sÔgkrishc pou qrhsimopoioÔme eÐnai to

θ′=log
(pT
pC

)
me antÐstoiqo ektimht  ton:

θ̂′ = log
(a · nC
c · nT

)
(2.8)
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H ektÐmhsh thc diakÔmanshc tou mètrou θ′ eÐnai:

V (θ̂′) =
1

a
− 1

nT
+

1

c
− 1

nC
(2.9)

An θ′=0 (  antÐstoiqa θ=1) tìte oi duo jerapeÐec eÐnai isodÔnamec, en¸ an

θ′ > 0 (  antÐstoiqa θ > 1) h jerapeutik  agwg  èqei megalÔtero posostì

epituqÐac apì thn om�da control.

2.2.3 Lìgoc sqetik¸n pijanot twn

Tèloc èstw ìti jèloume na ektim soume ton lìgo sqetik¸n pijanot twn

(OR) twn duo om�dwn, dhlad  jèloume na ektim soume to θ=
pT/(1− pT )

pC/(1− pC)
. O

ektimht c mègisthc pijanof�neiac (MLE) tou lìgou twn sqetik¸n pijanot -

twn eÐnai:

θ̂ =
a · d
b · c

'Opwc kai me ton lìgw posost¸n, ètsi kai ed¸ o log�rijmoc tou lìgou twn

sqetik¸n pijanot twn sugklÐnei pio gr gora sthn kanonik  katanom . Epo-

mènwc to mètro sÔgkrishc twn jerapei¸n pou qrhsimopoieÐtai sun jwc eÐnai

to θ′=log
(
pT /(1−pT )
pC/(1−pC)

)
me antÐstoiqo ektimht  ton:

θ̂′ = log
(a · d
b · c

)
(2.10)

H ektÐmhsh thc diakÔmanshc tou θ′ eÐnai:

V (θ̂′) =
1

a
+

1

b
+

1

c
+

1

d
(2.11)

An OR=1 oi duo jerapeÐec eÐnai isodÔnamec. 'Ena OR megalÔtero apì 1

dhl¸nei ìti to gegonìc eÐnai pio pijanì sthn 1h om�da en¸ èna OR mikrìtero

thc mon�dac deÐqnei ìti to gegonìc eÐnai ligìtero pijanì sthn 1h om�da. Oi

timèc pou paÐrnei to OR prèpei na eÐnai mh arnhtikèc. Ed¸ ja prèpei na

prosjèsoume ìti gia na ektim soume thn diaspor� ja prèpei a, b, c, d 6= 0, mia
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kal  praktik  an den isqÔei k�ti tètoio eÐnai na prosjèsoume to 0.5 se k�je

kelÐ prin proqwr soume sthn an�lush. Se peript¸seic pou ta fainìmena pou

melet�me eÐnai sp�nia, ìpwc sumbaÐnei arketèc forèc se melètec pou aforoÔn

asjèneiec, o ektimht c OR teÐnei na gÐnei Ðsoc me ton RR. 'Otan dhlad  an oi

timèc a, b eÐnai mikrèc, tìte isqÔei ìti:

OR ≈ RR

2.3 Suntelest c susqètishc tou Pearson

O suntelest c susqètishc r tou Pearson eÐnai to pio eurèwc qrhsimopoioÔ-

meno ES ìtan prìkeitai gia èlegqo susqetÐsewn metaxÔ posotik¸n metablh-

t¸n. 'Estw duo tuqaÐec metablhtèc (suneqeÐc) Q kai U me diaspor� σ2
X kai

σ2
Y antÐstoiqa kai sundiaspor� σXY = cov(X, Y ) o suntelest c susqètishc

ρ orÐzetai wc:

ρ =
σXY
σXσY

O suntelest c susqètishc ρ den exart�tai apì thn mon�da mètrhshc twn

Q kai U kai eÐnai summetrikìc wc proc tic Q kai U. H shmeiak  ektÐmhsh

tou suntelest  susqètishc ρ tou plhjusmoÔ apì to deÐgma n zeugarwt¸n

parathr sewn twn Q kai U gÐnetai me thn antikat�stash thc sundiaspor�c

σXY kai twn diaspor¸n σ2
X kai σ2

Y apì tic antÐstoiqec ektim seic apì to deÐgma

dhlad :

ρ̂ ≡ r =
sXY
sXsY

(2.12)

To statistikì r tou Pearson paÐrnei timèc sto di�sthma [-1,1]. Oi qarakthri-

stikèc timèc tou r ermhneÔontai wc ex c:

• r=1: up�rqei tèleia jetik  susqètish metaxÔ twn Q kai U,

• r=0: den up�rqei kamÐa (grammik ) susqètish metaxÔ twn Q kai U,
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• r=-1: up�rqei tèleia arnhtik  susqètish metaxÔ twn Q kai U.

Gia na ekfr�soume thn susqètish duo t.m. qrhsimopoioÔme epÐshc thn posì-

thta r2 pou lègetai kai suntelest c prosdiorismoÔ. O suntelest c pros-

diorismoÔ dÐnei to posostì metablhtìthtac twn tim¸n thc U pou upologÐze-

tai apì th Q kai eÐnai ènac qr simoc trìpoc na sunoyÐsoume thn susqètish

duo metablht¸n. ApodeiknÔetai ìti o suntelest c r akoloujeÐ asumptwtik�

thn kanonik  katanom  me mèsh tim  ρ kai diaspor�
(1− ρ2)2

n
, dhlad  r ∼

N
(
ρ,

(1− ρ2)2

n

)
. Se perÐptwsh pou o suntelest c susqètishc diafèrei sh-

mantik� apì to mhdèn, tìte ìso mikrìtero eÐnai to pl joc twn parathr sewn

kai ìso megalÔterh eÐnai h apìluth tim  tou suntelest  tìso h katanom  tou

r apoklÐnei apì thn kanonik . 'Etsi orÐzetai o z-metasqhmatismìc tou Fisher

me skopì na epiteuqjeÐ h kat� prosèggish kanonikopoÐhsh thc katanom c tou

r. O metasqhmatismìc autìc eÐnai:

z =
1

2
ln

(
1 + r

1− r

)
(2.13)

O metasqhmatismìc autìc gia ton suntelest  susqètishc tou Pearson sta-

jeropoieÐ thn diaspor� kai elatt¸nei thn loxìthta. Sun jwc qrhsimopoioÔme

to metasqhmatismì autì gia deÐgmata me pl joc �nw twn 10 parathr sewn.

H katanom  tou z eÐnai kat� prosèggish kanonik  me:

z ∼ N

(
1

2
ln

(
1 + r

1− r

)
,

1

n− 3

)
(2.14)

2.4 Montèla meta-an�lushc

'Estw ìti se k�je mia apì tic k melètec èqoume upologÐsei (ektim sei) tic

posìthtec θ̂i, i=1,2,.......,k oi opoÐec ekfr�zoun thn ektim¸menh epÐdrash thc

jerapeÐac se sqèsh me to control. Sth sunèqeia ja prèpei na sundu�soume

ìlh aut  thn plhroforÐa prokeimènou na upologÐsoume thn olik  epÐdrash θ
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thc jerapeÐac. O ektimht c thc olik c epÐdrashc thc jerapeÐac prokÔptei me

b�sh ton stajmismèno mèso ìro twn epidr�sewn thc jerapeÐac stic k melètec.

Sthn enìthta aut  ja parousi�soume ta duo basik� montèla meta-an�lushc

me ta opoÐa mporoÔme na sundu�soume tic arqikèc melètec: to montèlo staje-

r¸n epidr�sewn (fixed-effects models) kai to montèlo tuqaÐwn epidr�sewn

(random-effects models). Sto montèlo stajer¸n epidr�sewn upojètoume

ìti h epÐdrash thc jerapeÐac eÐnai Ðdia se ìlec tic melètec, en¸ sto montèlo

tuqaÐwn epidr�sewn h epÐdrash thc jerapeÐac stic k melètec diafèrei.

2.4.1 Montèla stajer¸n epidr�sewn

Sto stajerì montèlo epidr�sewn (fixed-effects models) upojètoume ìti

h epÐdrash thc jerapeÐac eÐnai Ðdia se ìlec tic melètec. Dhlad  to montèlo

autì jewreÐ ìti ìloi oi par�gontec pou ja mporoÔsan na ephre�soun to mège-

joc thc epÐdrashc thc jerapeÐac eÐnai oi Ðdioi se ìlec tic melètec. Epomènwc

an θ h pragmatik  mèsh olik  epÐdrash thc jerapeÐac kai θ1, θ2,...,θk oi prag-

matikèc timèc thc epÐdrashc thc jerapeÐac gia tic k melètec antÐstoiqa tìte:

θ1=θ2=...=θk=θ.

Sto gr�fhma (2.1) h pragmatik  olik  epÐdrash eÐnai 0.60 kai emfanÐzetai

sto k�tw mèroc (anaparist�tai me èna trÐgwno). H pragmatik  epÐdrash gia

k�je melèth anaparist�tai me èna kÔklo kai sÔmfwna me thn paradoq  tou

stajeroÔ montèlou ja eÐnai 0.60 gia ìlec tic melètec.

Dedomènou ìti ìlec oi melètec èqoun to Ðdio pragmatikì mègejoc thc epÐ-

drashc, sunep�getai ìti h ektÐmhsh thc epÐdrashc diafèrei apì thn mia melèth

sthn �llh lìgw tou tuqaÐou sf�lmatoc pou up�rqei se k�je melèth. E�n

k�je melèth eÐqe �peiro mègejoc deÐgmatoc to sf�lma deigmatolhyÐac ja eÐnai

mhdenikì kai h ektÐmhsh thc epÐdrashc thc jerapeÐac ja  tan Ðdia me thn prag-

matik  tim . Sthn pr�xh bèbaia autì de sumbaÐnei kai ètsi up�rqei sf�lma
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deigmatolhyÐac kai h ektÐmhsh (sto gr�fhma apeikonÐzetai me tetr�gwno) den

eÐnai Ðdia me thn pragmatik  tim . Mia upìjesh pou suqn� gÐnetai sth jewrÐa

gia thn katanom  tou deigmatikoÔ sf�lmatoc eÐnai ìti akoloujeÐ thn kanonik 

katanom , me mèso mhdèn kai diakÔmansh σ2
i gia i=1,2,..k. Sto gr�fhma èqou-

me sqedi�sei mia kanonik  katanom  gia to pragmatikì mègejoc thc epÐdrashc

gia k�je melèth, me to pl�toc thc kampÔlhc na basÐzetai sthn diakÔmansh

thc k�je melèthc. Sth melèth 1 to mègejoc tou deÐgmatoc eÐnai mikrì, �ra h

diakÔmansh ja eÐnai meg�lh kai h ektÐmhsh thc epÐdrashc eÐnai pijanì na pèsei

se èna eurÔ f�sma tim¸n. AntÐjeta sth melèth 2, to mègejoc tou deÐgmatoc

eÐnai meg�lo kai h ektÐmhsh eÐnai pijanì na p�rei timèc se èna pio stenì f�sma

tim¸n (mikr  diakÔmansh).

Sq ma 2.1: Fixed-effect model. Phg : Introduction to Meta Analysis [2009]
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Epomènwc h ektÐmhsh thc epÐdrashc thc jerapeÐac gia k�je melèth eÐnai:

θ̂i = θ + εi (2.15)

ìpou εi ta sf�lmata pou akoloujoÔn kanonik  katanom  me mèsh tim  mhdèn

kai diakÔmansh σ2
i dhlad  isqÔei εi ∼ N(0, σ2

i ).

'Ara ja isqÔei ìti:

θ̂i ∼ N(θ, σ2
i )

EÐnai logikì ìti oi ektimhtèc θ̂i pou proèrqontai apì meg�lou megèjouc melètec

ja eÐnai pio akribeÐc kai gia autì ja èqoun megalÔterh barÔthta. Gia na ekti-

m soume thn olik  epÐdrash thc jerapeÐac ja upologÐsoume èna stajmismèno

mèso, ìpou to b�roc wi gia k�je melèth eÐnai to antÐstrofo thc diakÔmansh

thc, dhlad :

wi =
1

V (θ̂i)
=

1

σ2
i

ìpou σ2
i h koin  diakÔmansh twn om�dwn jerapeÐac entìc thc i melèthc.

H olik  epÐdrash thc jerapeÐac θ upologÐzetai wc:

θ̂ =

k∑
i=1

wiθ̂i

k∑
i=1

wi

(2.16)

Apìdeixh 1 Apì thn upìjesh ìti θ̂i ∼ N(θ, σ2
i ) h sun�rthsh puknìthtac

gr�fetai wc:

f(θ̂i; θ) =
1√

2πσ2
i

exp

{
−(θ̂i − θ)2

2σ2
i

}
⇒

L(θ) =
k∏
i=1

1√
2πσ2

i

exp

{
−(θ̂i − θ)2

2σ2
i

}
⇒

L(θ) = (2πσ2
i )
− k

2 exp

{
−1

2

k∑
i=1

(θ̂i − θ)2

σ2
i

}
⇒
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l(θ) = log

[
(2πσ2

i )
− k

2 exp

{
−1

2

k∑
i=1

(θ̂i − θ)2

σ2
i

}]
⇒

l(θ) = −k
2

log (2πσ2
i )−

1

2

k∑
i=1

(θ̂i − θ)2

σ2
i

⇒

dl

dθ
=

k∑
i=1

(θ̂i − θ)
σ2
i

⇒ l′(θ) = 0⇒

k∑
i=1

θ̂i
σ2
i

= θ̂

k∑
i=1

1

σ2
i

⇒ θ̂ =

k∑
i=1

θ̂i
σ2
i

k∑
i=1

1

σ2
i

⇒

θ̂ =

k∑
i=1

wiθ̂i

k∑
i=1

wi

an wi =
1

σ2
i

H diakÔmansh thc olik c epÐdrashc upologÐzetai wc to antÐstrofo tou ajroÐ-

smatoc twn bar¸n, dhlad :

V (θ̂i) =
1

k∑
i=1

wi

(2.17)

Apìdeixh 2

V (θ̂) = V

(
k∑
i=1

wiθ̂i/

k∑
i=1

wi

)
⇒

V (θ̂) =
1( k∑

i=1

wi

)2
k∑
i=1

wi
2V (θ̂i)

kai afoÔ gia to montèlo stajer¸n epidr�sewn isqÔei ìti θ̂i ∼ N(θ, σ2
i )  

θ̂i ∼ N(θ, 1
wi

)
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V (θ̂) =
1( k∑

i=1

wi

)2
k∑
i=1

w2
i

( 1

wi

)
⇒

V (θ̂) =

k∑
i=1

wi

( k∑
i=1

wi

)2 ⇒
V (θ̂) =

1
k∑
i=1

wi

To di�sthma empistosÔnhc (se epÐpedo statistik c shmantikìthtac a) gia thn

olik  epÐdrash thc jerapeÐac (θ̂) eÐnai:

θ̂ ± za/2 ·

√√√√1/
k∑
i=1

wi (2.18)

2.4.2 Montèla tuqaÐwn epidr�sewn

To stajerì montèlo (fixed-effect models) pou anafèrjhke parap�nw

basÐzetai sthn paradoq  ìti to pragmatikì mègejoc thc epÐdrashc θi eÐnai Ð-

dio se ìlec tic melètec. Wstìso, se pollèc susthmatikèc anaskop seic aut 

h upìjesh eÐnai ab�simh. 'Otan apofasÐzoume na sumperil�boume mia om�da

melet¸n se mia meta-an�lush, upojètoume ìti oi melètec èqoun arket� koin�

¸ste na èqei nìhma na sunjèsoume tic plhroforÐec, all� den up�rqei kanènac

lìgoc na upojèsoume ìti autèc eÐnai tautìshmec me thn ènnoia ìti to pragma-

tikì mègejoc thc epÐdrashc eÐnai akrib¸c Ðdio se ìlec tic melètec.

Gia par�deigma, ac upojèsoume ìti èqoume melètec pou sugkrÐnoun to po-

sostì twn asjen¸n pou eÐnai jetikoÐ se mia asjèneia se duo om�dec (autoÔc

pou èqoun emboliasteÐ kai autoÔc me to eikonikì f�rmako) e�n to f�rmako
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eÐnai apodotikì ja perÐmene kaneÐc to mègejoc thc epÐdrashc na eÐnai parìmoio

all� ìqi tautìshmo se ìlec tic melètec. To mègejoc thc epÐdrashc mporeÐ

na eÐnai uyhlìtero (  qamhlìtero), ìtan oi summetèqontec eÐnai megalÔterhc

hlikÐac   pio morfwmènoi k.a.

'Enac trìpoc gia thn antimet¸pish aut¸n twn diafor¸n metaxÔ twn mele-

t¸n eÐnai na qrhsimopoi soume to tuqaÐo montèlo meta-an�lushc. Sto tuqaÐo

montèlo (random-effect models) sun jwc upojètoume ìti oi timèc twn prag-

matik¸n epidr�sewn gia tic melètec katanèmontai kanonik�.

Gia par�deigma sto gr�fhma (2.2) h mèsh olik  epÐdrash eÐnai 0.60 (pa-

rist�netai me èna trÐgwno), all� oi epimèrouc pragmatikèc epidr�seic (pa-

rist�nontai me kÔklo) katanèmontai kanonik� me mèsh tim  aut  thc olik c

epÐdrashc. 'Opwc kai sto stajerì montèlo lìgw tou deigmatikoÔ sf�lmatoc

k�je melèthc h ektÐmhsh thc epÐdrashc thc jerapeÐac (anaparist�tai me te-

tr�gwno) den sumpÐptei me thn pragmatik  tim .

Sq ma 2.2: Random-effect model. Phg : Introduction to Meta Analysis

[2009]
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Sthn perÐptwsh tou tuqaÐou montèlou, ektìc thc paradoq c pou eÐnai Ðdia

me to stajerì montèlo ìti h katanom  tou deigmatikoÔ sf�lmatoc k�je me-

lèthc akoloujeÐ thn kanonik  katanom  me mèsh tim  mhdèn kai diaspor� σ2
i ,

upojètoume epiplèon ìti h katanom  tou deigmatikoÔ sf�lmatoc metaxÔ twn

melet¸n akoloujeÐ epÐshc kanonik  katanom  me mèsh tim  mhdèn kai diaspor�

τ 2, pou ekfr�zei thn eterogèneia metaxÔ twn melet¸n. Epomènwc h ektÐmhsh

thc epÐdrashc thc jerapeÐac upologÐzetai wc:

θ̂i = θi + εi

ìpou

θi = θ + ui

�ra

θ̂i = θ + ui + εi (2.19)

me ui ∼ N(0, τ 2) kai εi ∼ N(0, σ2
i ).

Ta sf�lmata ui kai εi eÐnai metaxÔ touc anex�rthta. H par�metroc τ 2 ekfr�zei

th metablhtìthta metaxÔ twn melet¸n, en¸ to σ2
i thn metablhtìthta entìc thc

i melèthc. Epomènwc gia k�je melèth ja isqÔei ìti:

θ̂i ∼ N(θ, τ 2 + σ2
i )

K�tw apì to montèlo tuqaÐwn epidr�sewn to b�roc pou dÐnetai se k�je melèth

eÐnai:

w∗i =
1

V (θ̂i)
=

1

τ 2 + σ2
i

O ektimht c olik c epÐdrashc gia to tuqaÐo montèlo dÐnetai ìpwc kai sto
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stajerì montèlo apì ton tÔpo:

θ̂∗ =

k∑
i=1

w∗i θ̂i

k∑
i=1

w∗i

(2.20)

Apìdeixh 3 'Eqontac upojèsei ìti θ̂i ∼ N(θ, σ2
i + τ 2) h sun�rthsh puknì-

thtac gr�fetai wc:

f(θ̂i; θ, τ
2) =

1√
2π(σ2

i + τ 2)
exp

{
− (θ̂i − θ)2

2(σ2
i + τ 2)

}
⇒

L(θ) =
k∏
i=1

1√
2π(σ2

i + τ 2)
exp

{
− (θ̂i − θ)2

2(σ2
i + τ 2)

}
⇒

L(θ) = [2π(σ2
i + τ 2)]−

k
2 exp

{
− 1

2

k∑
i=1

(θ̂i − θ)2

(τ 2 + σ2
i )

}
⇒

l(θ) = log

[
[2π(σ2

i + τ 2)]−
k
2 exp

{
−1

2

k∑
i=1

(θ̂i − θ)2

(τ 2 + σ2
i )

}]
⇒

l(θ) = −k
2

log [2π(σ2
i + τ 2)]− 1

2

k∑
i=1

(θ̂i − θ)2

(τ 2 + σ2
i )
⇒

dl

dθ
=

k∑
i=1

(θ̂i − θ)
(σ2

i + τ 2)
⇒ l′(θ) = 0⇒

θ̂ =

k∑
i=1

w∗i θ̂i

k∑
i=1

w∗i

an w∗i =
1

σ2
i + τ 2

kai h diakÔmansh tou eÐnai Ðsh me:

V (θ̂) =
1

k∑
i=1

w∗i

(2.21)
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Apìdeixh 4 OmoÐwc me thn apìdeixh gia thn diakÔmansh sto stajerì mo-

ntèlo èqoume:

V (θ̂) = V

(
k∑
i=1

w∗i θ̂i/
k∑
i=1

w∗i

)
⇒

V (θ̂) =
1( k∑

i=1

w∗i

)2
k∑
i=1

w∗i
2V (θ̂i)

kai afoÔ gia to montèlo tuqaÐwn epidr�sewn isqÔei ìti θ̂i ∼ N(θ, τ 2 + σ2
i )  

θ̂i ∼ N(θ, 1
w∗i

)

V (θ̂) =
1( k∑

i=1

w∗i

)2
k∑
i=1

w∗i
2
( 1

w∗i

)
⇒

V (θ̂) =

k∑
i=1

w∗i

( k∑
i=1

w∗i

)2 ⇒
V (θ̂) =

1
k∑
i=1

w∗i

To di�sthma empistosÔnhc (se epÐpedo statistik c shmantikìthtac a) gia thn

olik  epÐdrash thc jerapeÐac (θ̂) eÐnai:

θ̂ ± za/2 ·

√√√√1/
k∑
i=1

w∗i (2.22)

2.4.3 EktÐmhsh tou τ 2

'Opwc anafèrjhke kai parap�nw h par�metroc τ 2 ekfr�zei thn metablh-

tìthta metaxÔ twn melet¸n. O ektimht c tou τ 2 me thn mèjodo twn rop¸n
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prot�jhke apì touc DerSimonian kai Laird to 1986. H ektÐmhsh tou τ 2

dÐnetai apì thn sqèsh:

τ̂ 2 =

{
Q−(k−1)

C
an Q > k − 1

0 an Q ≤ k − 1
(2.23)

ìpou

Q =
k∑
i=1

wi(θ̂i − θ̂)2

kai

C =
k∑
i=1

wi −

k∑
i=1

w2
i

k∑
i=1

wi

Apìdeixh 5 Gr�foume thn ektÐmhsh thc diakÔmanshc tou θ̂ wc:

V (θ̂) = V

(
k∑
i=1

wiθ̂i/
k∑
i=1

wi

)
⇒

V (θ̂) =
1( k∑

i=1

wi

)2
k∑
i=1

w2
i V (θ̂i)⇒

V (θ̂) =
1( k∑

i=1

wi

)2
k∑
i=1

w2
i

( 1

wi
+ τ 2

)
⇒

V (θ̂) =
1

k∑
i=1

wi

+

τ 2
k∑
i=1

w2
i

( k∑
i=1

wi

)2
Efarmìzontac thn mèjodo twn rop¸n gia to statistikì Q ìpou:

Q =
k∑
i=1

wi(θ̂i − θ̂)2 =
k∑
i=1

wi(θ̂i − θ)2 −
k∑
i=1

wi(θ̂ − θ)2
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E(Q) = Q⇒ E(Q) =
k∑
i=1

wiE(θ̂i − θ)2 −
k∑
i=1

wiE(θ̂ − θ)2 ⇒

E(Q) =
k∑
i=1

wiV (θ̂i)−
k∑
i=1

wiV (θ̂)⇒

E(Q) =
k∑
i=1

wi

(
τ 2 +

1

wi

)
−

k∑
i=1

wi

{
1

k∑
i=1

wi

+

τ 2
k∑
i=1

w2
i

( k∑
i=1

wi

)2
}
⇒

E(Q) = τ 2
k∑
i=1

wi + k − 1−
τ 2

k∑
i=1

w2
i

k∑
i=1

wi

kai afoÔ E(Q) = Q⇒

Q = τ 2
k∑
i=1

wi + k − 1−
τ 2

k∑
i=1

w2
i

k∑
i=1

wi

⇒

τ̂ 2 =
Q− (k − 1)

k∑
i=1

wi −

k∑
i=1

w2
i

k∑
i=1

wi

Epeid  me aut  th mèjodo mporeÐ na katal xoume se arnhtikì ektimht  (au-

tì sumbaÐnei ìtan Q ≤ k − 1), sthn pr�xh qrhsimopoioÔme wc ektimht  ton

τ̂ 2 = max(0, τ̂ 2) . 'Omwc plèon o ektimht c τ̂ 2 den eÐnai amerìlhptoc ektimht c

tou τ 2. An h tim  tou τ̂ 2 eÐnai mhdèn, tìte ta b�rh w∗i ja eÐnai Ðsa me ta wi.

'Etsi ja mporoÔsame na jewr soume ìti to Fixed effect montèlo eÐnai mia

perÐptwsh tou Random effect montèlou ìtan τ̂ 2 = 0.
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Ektimht c mègisthc pijanof�neiac (ML) tou τ 2

Oi ektimhtèc mègisthc pijanof�neiac twn paramètrwn θ kai τ , brÐskontai

qrhsimopoi¸ntac mia epanalhptik  diadikasÐa sthn opoÐa arqik� jewroÔme ìti

h par�metroc τ eÐnai stajer� kai upologÐzoume thn tim  thc paramètrou θ h

opoÐa megistopoieÐ ton log�rijmo thc pijanof�neiac. Sth sunèqeia upologÐ-

zetai h tim  tou θ pou met� jewreÐtai wc stajer� gia na upologisteÐ h nèa tim 

τ pou megistopoieÐ ton log�rijmo pijanof�neiac. H diadikasÐa aut  suneqÐ-

zetai mèqri thn sÔgklish twn ektimht¸n. 'Etsi o ektimht c tou θ sthn j + 1

epan�lhyh dÐnetai apì thn sqèsh:

θ̂j+1 =

k∑
i=1

w∗ij θ̂i

k∑
i=1

w∗ij

j = 0, 1, 2, .... (2.24)

ìpou

w∗ij =
1

σ̂2
i + τ̂ 2j

kai o ektimht c tou τ 2 dÐnetai apì thn sqèsh:

τ̂ 2j+1 =

k∑
i=1

(w∗ij)
2
{

(θ̂i − θ̂j+1)
2 − σ̂2

i

}
k∑
i=1

(w∗ij)
2

(2.25)

Gia na arqÐsei h epanalhptik  diadikasÐa jètoume wc arqik  tim  τ̂ 2 = 0. O

ektimht c (ML) eÐnai amerìlhptoc mìno ìtan to pl joc twn melet¸n eÐnai me-

galì, alli¸c eÐnai merolhptikìc kai sun jwc upoektim� thn pragmatik  tim 

giatÐ den lamb�nei upìyh thn plhroforÐa h opoÐa qrhsimopoi jhke sthn ektÐ-

mhsh tou θ.

29



Ektimht c periorismènhc mègisthc pijanof�neiac (REML) tou τ 2

O ektimht c periorismènhc mègisthc pijanof�neiac (REML) eÐnai proti-

mìteroc apì ton ektimht  mègisthc pijanof�neiac giatÐ lamb�nei upìyh tou

thn ap¸leia bajm¸n eleujerÐac epeid  apì to Ðdio sÔnolo dedomènwn ektim¸n-

tai kai to τ 2 kai to θ. O ektimht c (REML) eÐnai amerìlhptoc kai eÐnai kai

autìc epanalhptikìc. Oi ektim seic gia to θ kai to τ gia thn j+ 1 epan�lhyh

dÐnontai apì tic sqèseic:

θ̂j+1 =

k∑
i=1

w∗ij θ̂i

k∑
i=1

w∗ij

j = 0, 1, 2, .... (2.26)

ìpou

w∗ij =
1

σ̂2
i + τ̂ 2j

kai

τ̂ 2j+1 =

k∑
i=1

(w∗ij)
2
{k(θ̂i − θ̂j+1)

2

k − 1
− σ̂2

i

}
k∑
i=1

(w∗ij)
2

(2.27)

IGLS-RIGLS ektimhtèc

Oi parap�nw ektimhtèc tou τ 2 eÐnai parametrikoÐ kai upojètoun kanonikì-

thta, wstìso pollèc forèc h upìjesh aut  den eÐnai realistik , epomènwc

qreiazìmaste k�poion �llo ektimht  pou qwrÐc thn upìjesh thc kanonikìth-

tac na ektim�ei amerìlhpta tic paramètrouc τ 2 kai θ. 'Enac tètoioc ektimht c
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eÐnai o IGLS (Iterative Generalized Least Squares) all� epeid  gia mi-

krì deÐgma den eÐnai amerìlhptoc protim�tai o RIGLS (Restricted Iterative

Generalized Least Squares) pou eÐnai. 'Estw ìti èqoume to klassikì montè-

lo tuqaÐwn epidr�sewn meta-an�lushc:

θ̂i = θ + ui + εi

kai afoÔ ui, εi anex�rthta èstw ei=ui+εi me E(ei)=0 kai V (ei)=τ 2+σ2
i (den

upojètoume kanonik  katanom  gia ta kat�loipa). 'Etsi to montèlo mporeÐ na

p�rei thn morf :

θ̂i = θ + ei

  se morf  pin�kwn

Υ = X · θ + e

ìpou

Υ =


θ̂1

θ̂2
...

θ̂k

 X =


1

1
...

1

 e =


e1

e2
...

ek



kai o pÐnakac sundiakÔmanshc tou Υ eÐnai

V (Υ) = V =


τ 2 + σ2

1 0 · · · 0

0 τ 2 + σ2
2 · · · 0

...
...

. . .
...

0 0 · · · τ 2 + σ2
k


An o V gnwstìc, dhlad  sthn ousÐa an to τ 2 gnwstì afoÔ sthn meta-an�lush

eÐnai gnwstèc oi ektim seic twn σ2
i tìte o GLS ektimht c tou θ ja dÐnetai apì

thn sqèsh:

θ̂ = (X ′V −1X)−1(X ′V −1Y ) (2.28)
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An to θ eÐnai gnwstì kai �gnwstoc o V (dhlad  to τ 2) tìte apì ta kat�loipa

ê=Y -θ̂ an Y ∗=êê′ èqoume ìti E(Y ∗)=V . 'Estw Y ∗∗ èna di�nusma apì tic

st lec tou Y ∗ tìte to τ 2 ektim�tai apì to nèo grammikì montèlo:

E(Y ∗∗) = Z∗θ∗

ìpou θ∗=(τ 2, σ2
1, ..., σ

2
k)
′ kai Z∗ o pÐnakac sqedÐashc gia tic tuqaÐec paramè-

trouc tou θ∗. O GLS ektimht c gia to θ∗ dÐnetai apì th sqèsh:

θ∗ = (Z∗
′
V ∗−1Z∗)−1(Z∗

′
V ∗−1Y ∗∗) (2.29)

ìpou V ∗ o pÐnakac sundiakÔmanshc tou Y ∗∗. K�tw apì thn upìjesh thc

kanonikìthtac eÐnai V ∗=2V ⊗ V ìpou ⊗ to ginìmeno tou Kronecker kai

isqÔei ìti V (θ∗)=(Z∗′V ∗−1Z∗)−1. SÔmfwna me ton Goldstein o ektimht c

RIGLS k�tw apì thn upìjesh thc kanonikìthtac eÐnai tautìshmoc me ton

REML.

'Otan oÔte to θ oÔte o V eÐnai gnwst�, tìte o IGLS ektimht c upologÐ-

zetai epanalhptik� apì tic sqèseic (2.29) kai (2.30), dÐnontac gia arqik  tim 

tou τ 2 to mhdèn. Sth meta-an�lush oi timèc σ̂i
2 eÐnai gnwstèc kai den qrei�-

zetai na ektimhjoÔn me thn parap�nw diadikasÐa. SÔmfwna me ton Goldstein

wstìso autìc o ektimht c eÐnai merolhptikìc gia mikr� megèjh deÐgmatoc en¸

o RIGLS ektimht c eÐnai amerìlhptoc. O RIGLS upologÐzetai ìpwc o IGLS

epanalhptik� all� se aut  thn perÐptwsh isqÔei ìti:

E(Υ∗∗) = V −X(X ′V −1X)−1X ′ (2.30)

An τ̂ 2 < 0 tìte jètoume τ̂ 2=0.

2.5 SÔgkrish montèlwn

Apì ta parap�nw eÐdame ìti ìtan h metablhtìthta metaxÔ twn melet¸n eÐnai

polÔ mikr  (τ̂ 2 ≈ 0) tìte ta duo montèla sumpÐptoun. An ìmwc up�rqei sh-
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mantik  (statistik�) metablhtìthta tìte mia an�lush pou thn agnoeÐ, dhlad 

to montèlo stajer¸n epidr�sewn, ja dÐnei pio mikr� diast mata empistosÔnhc

se sqèsh me thn prosèggish twn tuqaÐwn epidr�sewn. EpÐshc to montèlo

tuqaÐwn epidr�sewn eÐnai pio euaÐsjhto sto sf�lma dhmosÐeushc afoÔ dÐnei

meg�lo b�roc stic melètec me mikrì mègejoc deÐgmatoc. 'Allo èna meionèkthma

tou montèlou tuqaÐwn epidr�sewn eÐnai ìti an sthn meta-an�lush sumperilam-

b�nontai lÐgec melètec den mporoÔme na isquristoÔme p�nta ìti o ektimht c

thc metablhtìthtac τ 2 metaxÔ twn melet¸n eÐnai axiìpistoc.

Tèloc an to pl joc twn melet¸n eÐnai mikrì dhlad  an k < 20 tìte to

montèlo tuqaÐwn epidr�sewn den dÐnei sun jwc akrib  apotelèsmata gia autì

se autèc tic peript¸seic h an�lush gÐnetai basismènh sto stajerì montèlo

epidr�sewn.

2.6 Eterogèneia

Me ton ìro statistik  eterogèneia twn melet¸n dhl¸netai h metablhtìthta

sto mègejoc twn metablht¸n thc epÐdrashc thc èkjeshc/jerapeÐac, h opoÐa

den ofeÐletai sto sf�lma deigmatolhyÐac. Me �lla lìgia, eterogèneia sh-

maÐnei ìti oi par�metroi eÐnai diaforetikèc metaxÔ touc. H eterogèneia mporeÐ

na ofeÐletai sthn poikilomorfÐa metaxÔ twn diafìrwn melet¸n pou mporeÐ na

eÐnai klinik  (summetèqontec, parèmbash, èkbash), mejodologik  (sqediasmìc,

diekperaÐwsh melèthc)   kai statistik  (diakÔmansh twn apotelesm�twn mega-

lÔterh apì ìsh anamènetai apì tÔqh kai mìno). Akìma h eterogèneia mporeÐ

na diaqwristeÐ se poiotik  ìtan h kateÔjunsh thc epÐdrashc thc jerapeÐac

antistrèfetai, dhlad  h jerapeÐa se k�poiec melètec eÐnai euergetik -jetik 

kai se k�poiec �llec eÐnai blaber -arnhtik , en¸ posotik  eterogèneia èqoume
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ìtan poikÐlei to mègejoc thc epÐdrashc thc jerapeÐac all� ìqi h kateÔjunsh

thc, dhlad  eÐnai euergetik  (  ìqi) se ìlec tic melètec all� se diaforetikì

bajmì.

2.6.1 Statistikìc èlegqoc eterogèneiac

Statistik�, h eterogèneia sun jwc elègqetai me to statistikì krit rio Q

(Cochran′s Q statistic) kai dÐnetai apì th sqèsh:

Q =
k∑
i=i

wi(θ̂i − θ̂)2 =
k∑
i=1

wiθ̂
2
i −

( k∑
i=1

wiθ̂i

)2
k∑
i=1

wi

(2.31)

K�tw apì thn mhdenik  upìjesh (Ho : θ1 = θ2 = ........ = θk   ìti τ 2 = 0)

to statistikì Q akoloujeÐ asumptwtik� thn χ2 katanom  me k-1 bajmoÔc

eleujerÐac. 'Etsi h tim  tou Q an eÐnai megalÔterh thc kritik c tim c thc χ2

katanom c gia k�poio epÐpedo shmantikìthtac a, tìte h mhdenik  upìjesh ja

aporrÐptetai.

Oi Hardy kai Tompson diapÐstwsan ìti h isqÔc tou elègqou eÐnai qamhl ,

ìtan ta dedomèna eÐnai arai�   ìtan k�poia melèth èqei polÔ megalÔtero b�roc

apì tic upìloipec. En¸ èna statistik� shmantikì apotèlesma mac faner¸nei

thn Ôparxh eterogèneiac, èna mh statistik� shmantikì apotèlesma den ja prè-

pei na jewrhjeÐ wc apìdeixh gia thn mh Ôparxh eterogèneiac. Oi Higgins kai

Thompson prìteinan duo nèouc deÐktec touc:

H2 =
Q

k − 1
(2.32)

kai

I2 =
H2 − 1

H2
· 100% (2.33)
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ìpou Q to statistikì tou elègqou eterogèneiac kai k o arijmìc twn melet¸n.

O deÐkthc I2 perigr�fei to posostì thc metablhtìthtac metaxÔ twn melet¸n

to opoÐo ofeÐletai sthn eterogèneia kai ìqi sto sf�lma deigmatolhyÐac. An

I2 = 0 shmaÐnei ìti den up�rqei eterogèneia, timèc megalÔterec tou 0.5 jew-

reÐtai uyhl  eterogèneia en¸ timèc mikrìterec tou 0.25 jewreÐtai  pia etero-

gèneia. O deÐkthc H2 ekfr�zei to pìsec forèc eÐnai megalÔtero to statistikì

eterogèneiac Q apì touc antÐstoiqouc bajmoÔc eleujerÐac tou. An H = 1

shmaÐnei ìti up�rqei omoiogèneia metaxÔ twn melet¸n (afoÔ E[Q] = k−1 ìtan

den up�rqei eterogèneia).
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Kef�laio 3

Bootstrap

3.1 Eisagwg 

O Efron eÐnai o eishght c thc teqnik c l yhc deÐgmatoc bootstrap, h o-

poÐa èqei ask sei shmantik  epÐdrash ston tomèa thc statistik c, pou afor�

thn ektÐmhsh diafìrwn paramètrwn all� kai se �llouc tomeÐc twn statisti-

k¸n efarmog¸n. H mèjodoc bootstrap eÐnai mia apì tic pr¸tec upologistikèc,

entatikèc statistikèc teqnikèc, pou antikajistoÔn ta paradosiak� algebrik�

apotelèsmata qrhsimopoi¸ntac dedomèna basismèna se prosomoi¸seic upolo-

gist¸n. O Efron to 1979 eis gage thn upologistik  mèjodo bootstrap wc

teqnik  deigmatolhyÐac gia ton upologismì thc diakÔmanshc ektimht¸n kai

thc deigmatik c katanom c enìc statistikoÔ. H meg�lh epituqÐa thc mejìdou

ofeÐletai sthn eÔkolh kai akrib  ektÐmhsh thc deigmatik c katanom c, tou

tupopoihmènou sf�lmatoc kai twn diasthm�twn empistosÔnhc me el�qistec  

kamÐa upìjesh gia thn katanom  tou plhjusmoÔ apì to opoÐo lamb�netai to

deÐgma.

H idèa eÐnai sqetik� apl :

Den xèroume thn katanom  tou plhjusmoÔ all� sthn pragmatikìthta è-
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qoume èna deÐgma apì aut n (ta dedomèna mac). Epomènwc qrhsimopoioÔme thn

empeirik  katanom  twn dedomènwn mac wc mia ektÐmhsh thc pragmatik c, all�

�gnwsthc, katanom c tou plhjusmoÔ. Empeirik  katanom  eÐnai h katanom 

pou dÐnei pijanìthta 1/n se k�je mia apì tic n parathr seic tou deÐgmatoc

mac kai 0 se opoiad pote �llh tim .

Dhlad  èqoume:

Tim  Q1 Q2 Q3 · · · Qn Opoiad pote �llh tim 

Pijanìthta 1/n 1/n 1/n · · · 1/n 0

Gia na p�roume èna deÐgma apì thn empeirik  katanom  pragmatopoioÔme

deigmatolhyÐa me epan�jesh. (Parat rhsh: se èna deÐgma megèjouc n eÐnai

pijanì k�poia tim  na emfanÐzetai perissìterec apì mia forèc, èstw gia pa-

r�deigma 2 forèc. Se aut  thn perÐptwsh eÐnai katanohtì ìti èqoume n-1

diaforetikèc timèc kai pwc aut  h tim  èqei pia pijanìthta 2/n. Autì den

eÐnai prìblhma kaj¸c eÐnai isodÔnamo me to na dialègoume k�je mia apì tic n

parathr seic me pijanìthta 1/n).

Mia pl rhc perigraf  thc deigmatolhyÐac eÐnai h ex c: Dialègoume mia

pr¸th tim  apì tic parathr seic mac kai met� thn epistrèfoume kai dialègoume

xan� apì to sÔnolo twn parathr sewn. Epomènwc èna deÐgma bootstrap mporeÐ

na perièqei k�poia tim  perissìterec apì mia forèc all� mporeÐ na mhn perièqei

k�poia �llh tim . 'Estw ìti èqoume tic 10 timèc: 1, 3, 6, 8, 9, 11, 14, 16, 19,

18. K�nontac deigmatolhyÐa me epan�jesh mporeÐ to deÐgma pou ja prokÔyei

na eÐnai 1, 1, 3, 3, 3, 3, 8, 14, 16, 19, dhlad  h tim  3 emfanÐzetai 4 forèc, h

tim  1 emfanÐzetai 2 forèc en¸ oi timèc 6, 9, 11, 18 den emfanÐsthkan se autì

to deÐgma. EÐnai eunìhto ìti kaj¸c h mejodologÐa upojètei pwc paÐrnoume

arket� tètoia deÐgmata, telik� ìlec oi parathr seic ja emfanÐzontai me thn
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suqnìthta pou upojètei h empeirik  katanom . Autì apì thn �llh shmaÐnei

pwc prèpei na p�roume arket� deÐgmata gia na èqoume megalÔterh sigouri�

pwc h prosèggish mac eÐnai ikanopoihtik .

Sunep¸c h basik  idèa thc mejìdou bootstrap eÐnai pwc k�noume deigmato-

lhyÐa me epan�jesh apì to up�rqon deÐgma kai �ra jewroÔme pwc h empeirik 

katanom  eÐnai mia kal  prosèggish thc katanom c tou plhjusmoÔ. Aut  h te-

leutaÐa upìjesh eÐnai jemeli¸dhc. MporeÐ na parathr sei amèswc kaneÐc pwc

ìtan autì den isqÔei (p.q mikrì mègejoc deÐgmatoc, polumetablht� probl mata

k.l.p) h mèjodoc bootstrap eÐnai katadikasmènh na mhn douleÔei kal�.

H mèjodoc bootstrap qrhsimopoieÐtai kurÐwc gia statistik  sumperasma-

tologÐa. MporoÔme na ektim soume tupik� sf�lmata, na k�noume elègqouc

upojèsewn, akìma kai se idiaÐtera polÔplokec mhdenikèc upojèseic, kaj¸c kai

na proseggÐsoume thn katanom  polÔplokwn sunart sewn.

3.2 Empeirik  sun�rthsh katanom c

'Estw ìti èqoume deÐgma Q1,Q2, ....,Qn (i.i.d) apì mÐa �gnwsth katanom  F

kai Tn=T(Q1, ....,Qn) ektimht c miac �gnwsthc paramètrou θ. Tìte h empeirik 

sun�rthsh katanom c eÐnai h parak�tw:

F̂ (x) =
1

n

n∑
i=1

I(Xi ≤ x) ∀x ∈ R (3.1)

ìpou

I(Xi ≤ x) =

 0 an Xi > x

1 an Xi ≤ x

Apì ton nìmo twn meg�lwn arijm¸n (N.M.A) 1 ja isqÔei ìti:

F̂ (x)
n→∞→ F (x) (3.2)

1
Θεώρημα: ΄Εστω Xi μια ακολουθία από ανεξάρτητες, ισόνομες τυχαίες μεταβλητές, με

μέσο µ <∞ και διασπορά σ2 <∞. Αν Sn=X1 + ...+Xn τότε:
1
n · Sn

n→∞→ µ
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Apìdeixh 6

F̂ (x) =
1

n

n∑
i=1

I(Xi ≤ x)⇒

F̂ (x) = E (I(Xi ≤ x)) = P (I(Xi ≤ x) = 1) = P (Xi ≤ x)⇒

F̂ (x) = F (x)

H parap�nw ektÐmhsh thc statistik c katanom c thc F eÐnai mh parametrik 

diìti den basÐzetai se kamÐa upìjesh gia thn katanom  thc F . 'Etsi blèpoume

ìti h σ.k. F mporeÐ eÔkola na ektimhjeÐ qwrÐc na k�noume kamÐa upìjesh

gia thn morf  thc, apì thn empeirik  sun�rthsh katanom c F̂ apì to deÐgma

X1,Q2, .....,Qn, opìte gia thn ektÐmhsh thc θ apì thn σ.k. F , dhlad  θ=θF ja

qrhsimopoi soume thn θF̂ apì thn empeirik  sun�rthsh katanom c F̂ . Epomè-

nwc an X∗ 2 tuqaÐa metablht  me katanom  F̂ èqoume gia i=1,2,.....,n ìti:

P (X∗ = xi) = F̂ (xi)− F̂ (xi−1) = 1
n
�ra Q∗i ∼ F̂ .

3.3 Tupik� sf�lmata

H mèjodoc bootstrap eÐnai polÔ qr simh gia ton upologismì tupik¸n sfal-

m�twn diafìrwn ektimhtri¸n kai genik� statistik¸n sunart sewn. Gia na

ektim soume loipìn èna tupikì sf�lma miac posìthtac θ̂=T (X1, X2, ..., Xn)

tou deÐgmatoc akoloujoÔme ta ex c b mata:

1. DhmiourgoÔme B bootstrap deÐgmata, me deigmatolhyÐa me epan�jesh

2
χρησιμοποιούμε το ∗ για να μην το μπερδεύουμε με το αρχικό δείγμα
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2. Gia k�je bootstrap deÐgma upolìgise thn tim  θ̂∗i=T (X∗1 , X
∗
2 , ..., X

∗
n) h o-

poÐa eÐnai h tim  thc sun�rthshc mac sto i bootstrap deÐgma gia i=1,2,...B

3. EktÐmhse to tupikì sf�lma thc θ̂ wc:

seB(θ̂) =

√√√√ 1

B − 1

B∑
i=1

(θ̂∗i −
¯̂
θ∗)2 (3.3)

ìpou
¯̂
θ∗ =

1

B

B∑
i=1

θ̂∗i

Prèpei na parathr soume ed¸ pwc genik� h
¯̂
θ∗ diafèrei apì thn θ̂ kai aut 

thn diafor� ja th qrhsimopoi soume gia na ektim soume th merolhyÐa thc

ektim triac θ̂, pou eÐnai:

bias(θ̂) =
¯̂
θ∗ − θ̂ (3.4)

Diìrjwsh merolhyÐac -Bias Correction

O lìgoc gia ton opoÐo ektimoÔme thn merolhyÐa tou θ̂ eÐnai gia na diorj¸soume

thn ektÐmhsh tou θ̂ ¸ste na eÐnai ligìtero merolhptikì. H ektÐmhsh tou θ̂ me

diorjwmènh thn merolhyÐa upologÐzetai wc:

θ̂cor = 2θ̂ − θ̂∗ (3.5)

Bèbaia pollèc forèc sthn pr�xh den qrhsimopoioÔme thn diìrjwsh thc me-

rolhyÐac, giatÐ diorj¸nontac thn merolhyÐa mporeÐ na aux sei kat� polÔ to

tupikì sf�lma.

3.4 Diast mata empistosÔnhc

Se pollèc praktikèc efarmogèc h ektÐmhsh thc tim c miac paramètrou θ enìc

plhjusmoÔ me thn tim  enìc statistikoÔ mètrou se orismèno tuqaÐo deÐgma
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jewreÐtai arket . Up�rqoun ìmwc efarmogèc ìpou jèloume na gnwrÐzoume

pìsh empistosÔnh mporoÔme na èqoume ìtan qrhsimopoioÔme p.q th mèsh tim 

enìc tuqaÐou deÐgmatoc gia na ektim soume thn mèsh tim  tou plhjusmoÔ. Stic

peript¸seic autèc ektimoÔme èna di�sthma tim¸n [l,u] sto opoÐo ja brÐsketai h

tim  thc paramètrou me orismènh pijanìthta 1-α, 0 < α < 1. Dhlad  èqoume:

P (l ≤ θ ≤ u)=1-α

To [l,u] onom�zetai di�sthma empistosÔnhc me pijanìthta   epÐpedo empisto-

sÔnhc 1-α. To di�sthma empistosÔnhc gia orismènh par�metro θ eÐnai mia

sun�rthsh thc katanom c thc tim c tou ektimht  θ̂ se orismèno tuqaÐo deÐgma

kai prosdiorÐzetai me b�sh thn katanom  tou θ̂.

Gia meg�lo mègejoc deÐgmatoc (n > 30) h katanom  tou θ̂ teÐnei sthn

kanonik  katanom  me mèsh tim  θ kai tupikì sf�lma se(θ̂), apì K.O.J3 isqÔei:

θ̂ − θ
se(θ̂)

∼ N(0, 1)

Sunep¸c to (1-a)% di�sthma empistosÔnhc gia thn par�metro θ mporeÐ na

upologisteÐ wc: [
θ̂ − z(1−

a
2
)se(θ̂), θ̂ − z(

α
2
)se(θ̂)

]
(3.6)

ìpou z(a) eÐnai to a-posostiaÐo shmeÐo thc tupopoihmènhc kanonik c katanom c,

p.q z(0.975) = 1.96 kai isqÔei ìti z(α)=-z(1−α).

An to deÐgma eÐnai mikrì (n < 30) tìte

3
Κεντρικό οριακό θεώρημα:

Αν Χ1,Χ2...Χn είναι μια ακολουθία ανεξάρτητων και ισόνομων μεταβλητών με μέση τιμή µ

και διακύμανση σ2
, τότε

Zn=
X̄ − µ
σ/
√
n
→ N(0, 1)
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θ̂ − θ
se(θ̂)

∼ t(n−1)

kai to antÐstoiqo d.e gÐnetai:[
θ̂ − t(n−1,1−

a
2
)se(θ̂), θ̂ − t(n−1,

a
2
)se(θ̂)

]
(3.7)

ìpou t(n,α) eÐnai to a-posostiaÐo shmeÐo thc Student’s t katanom c, p.q t(5,0.05) =

−2.01 kai isqÔei ìti t(n,α)=-t(n,1−α).

Gia par�deigma an èqoume mia tuqaÐa metablht  x h opoÐa akoloujeÐ ka-

nonik  katanom  me mèsh tim  m kai diaspor� σ2, dhlad  x ∼ N(µ, σ2) kai

jèloume di�sthma empistosÔnhc gia thn tim  m (ed¸ θ=m) tìte h mèsh tim  x̄

(θ̂ = x̄) thc metablht c x eÔkola apodeiknÔetai4 ìti x̄ ∼ N(µ, σ
2

n
) epomènwc

h sqèsh (3.6) gÐnetai: [
x̄− z(1−α2 ) s√

n
, x̄+ z(1−

α
2
) s√

n

]
ìpou h diaspor� σ2 ektim�tai apì thn deigmatik  diaspor� s2.

Parak�tw ja doÔme pwc mporoÔme na kataskeu�soume bootstrap diast -

mata empistosÔnhc, ja asqolhjoÔme me tèsseric diaforetikèc mejìdouc pou

eÐnai: a) Tupik� bootstrap diast mata empistosÔnhc b) Bootstrap − t dia-

st mata empistosÔnhc g) PosostiaÐa Bootstrap diast mata empistosÔnhc d)

BCa diast mata empistosÔnhc.

3.4.1 Tupik� bootstrap diast mata empistosÔnhc

An upojèsoume ìti h katanom  thc ektim triac θ̂ eÐnai kanonik  mia para-

doq  pou isqurizìmaste polÔ suqn�, wstìso arketèc forèc sthn pr�xh aut 

h upìjesh den eÐnai realistik  kai autì mporeÐ na sumbeÐ p.q. an to mègejoc

4
΄Εστω Χ δείγμα απο N(µ, σ2) τότε:

E(X̄)=E(
∑n

i=1Xi

n )= 1
nE(

∑n
i=1Xi)=

1
n

∑n
i=1(E(Xi))=

1
nnµ=µ

V (X̄)=V (
∑n

i=1Xi

n )= 1
n2V (

∑n
i=1Xi)=

1
n2

∑n
i=1 V (Xi)=

1
n2nσ

2
=
σ2

n
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tou deÐgmatoc eÐnai mikrì   h morf  thc θ̂ den eÐnai apl , tìte èna (1− α)%-

di�sthma empistosÔnhc gia th statistik  sun�rthsh θ eÐnai to:[
θ̂ − z(1−

α
2
)seB(θ̂), θ̂ − z(

α
2
)seB(θ̂)

]
(3.8)

ìpou θ̂ eÐnai h ektÐmhsh apì to deÐgma, z(a) eÐnai to a-posostiaÐo shmeÐo apì

thn tupopoihmènh kanonik  katanom  kai seB(θ̂) eÐnai to tupikì sf�lma thc θ̂

upologismèno me thn mèjodo bootstrap ìpwc dÐnetai apì thn sqèsh (3.3). To

di�sthma autì eÐnai summetrikì wc proc θ̂.

3.4.2 Bootstrap t-diast mata empistosÔnhc

To prohgoÔmeno di�sthma empistosÔnhc sthrÐqjhke se mia aujaÐreth pa-

radoq , pwc h katanom  thc statistik c sun�rthshc pou mac endiafèrei eÐnai

h kanonik  kai gia autì qrhsimopoioÔme ta posostiaÐa shmeÐa thc kanonik c

katanom c. 'Etsi antÐ ta posostiaÐa shmeÐa thc kanonik c katanom c ja qrhsi-

mopoi soume ta posostiaÐa shmeÐa apì thn katanom  pou èqoume ektim sei me

th mèjodo bootstrap . H diadikasÐa gia thn paragwg  bootstrap-t diast mata

empistosÔnhc eÐnai h ex c:

1. UpologÐzoume apì to arqikì deÐgma tic posìthtec θ̂ kai se(θ̂), ìpou eÐnai

h shmeiak  ektÐmhsh kai to antÐstoiqo tupikì sf�lma thc statistik c

sun�rthshc pou mac endiafèrei

2. DhmiourgoÔme B bootstrap deÐgmata, me deigmatolhyÐa me epan�jesh

3. Gia k�je bootstrap deÐgma (Q∗1, X
∗
2 , ...., X

∗
n) upolìgise thn tim  θ̂∗i =

T (X∗1 , X
∗
2 , ..., X

∗
n) kai s∗i pou eÐnai h tim  thc sun�rthshc mac kai to

tupikì sf�lma thc paramètrou sto i bootstrap deÐgma gia i=1,2,...B

4. Gia k�je bootstrap deÐgma upolìgise thn posìthta:

t∗i =
θ̂∗i − θ̂
s∗i
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dhlad  t∗i eÐnai mia morf  tupopoihmènwn tim¸n thc θ∗i , dhlad  apl� e-

ktimoÔme to zhtoÔmeno posostiaÐo shmeÐo me to posostiaÐo shmeÐo twn

tupopoihmènwn tim¸n thc θ∗i

5. Tèloc afoÔ diat�xoume ta shmeÐa t∗i se aÔxousa seir�, upologÐzoume to

bootstrap− t di�sthma empistosÔnhc wc:[
θ̂ − t∗(1−

a
2
)se(θ̂), θ̂ − t∗(

a
2
)se(θ̂)

]
(3.9)

ìpou t∗(a) eÐnai to a-posostiaÐo shmeÐo thc katanom c t∗, gia na upologisteÐ

arqik� diat�zoume kat� aÔxousa seir� tic timèc t∗i , tìte to a-ostì posostiaÐo

shmeÐo eÐnai h tim  t∗i , (0 < a < 1) k�tw apì thn opoÐa af nei B · α twn

parathr sewn, en¸ B · (1− α) twn parathr sewn brÐsketai p�nw apì aut .

Gia par�deigma an B=1000 o arijmìc epanal yewn bootstrap kai a=5%

tìte gia na broÔme ta posostiaÐa shmeÐa afoÔ èqoume upologÐsei tic timèc t∗i ,

h t∗(
a
2
) eÐnai h 25η diatetagmènh parat rhsh t∗i kai h t

∗(1−a
2
) eÐnai h 975η tim 

antÐstoiqa. ParathroÔme pwc to t∗(
a
2
) ja eÐnai arnhtikì, autì to di�sthma

empistosÔnhc den eÐnai summetrikì kat� an�gkh.

3.4.3 Bootstrap posostiaÐa diast mata empistosÔ-

nhc

Ta bootstrap diast mata empistosÔnhc basismèna sta posostiaÐa shmeÐa

eÐnai mia �llh mèjodoc gia na kataskeu�soume diast mata empistosÔnhc. Gia

na kataskeu�soume èna (1 − a)% di�sthma empistosÔnhc, h diadikasÐa eÐnai

apl :

1. DhmiourgoÔme B bootstrap deÐgmata, me deigmatolhyÐa me epan�jesh

2. Gia k�je bootstrap deÐgma (Q∗1, X
∗
2 , ...., X

∗
n) upolìgise thn tim  θ̂∗i=

T (X∗1 , X
∗
2 , ..., X

∗
n) gia i=1,2,...B kai di�taxe autèc se aÔxousa seir�
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3. To di�sthma empistosÔnhc ja eÐnai:

[θ̂∗(
a
2
), θ̂∗(1−

a
2
)] (3.10)

ìpou θ̂∗(α) eÐnai to a-posostiaÐo shmeÐo thc katanom c twn θ̂∗i

Ta diast mata empistosÔnhc basismèna sta posostiaÐa shmeÐa èqei apodeiqjeÐ

pwc eÐnai akrib  an h katanom  thc statistik c sun�rthshc eÐnai summetrik ,

se antÐjeth perÐptwsh den eÐnai akrib  kai epomènwc upoektim�   uperektim�

thn pragmatik  pijanìthta na perièqoun thn pragmatik  tim .

3.4.4 BCa diast mata empistosÔnhc

'Ena BCa di�sthma empistosÔnhc diorj¸nei probl mata ìpwc h mh kanoni-

kìthta thc ektim triac, h tuqìn merolhyÐa kai h diaforetik  morf . 'Etsi ta

�kra enìc BCa diast matoc empistosÔnhc eÐnai:

[
θ∗(a1), θ∗(a2)

]
(3.11)

ìpou θ∗(a) eÐnai to a-posostiaÐo shmeÐo thc katanom c twn tim¸n pou èqoume

kai ta a1 kai a2 upologÐzontai wc:

a1 = Φ

(
ẑ0 +

ẑ0 + z(
α
2
)

1− â(ẑ0 + z(
α
2
))

)
(3.12)

kai

a2 = Φ

(
ẑ0 +

ẑ0 + z(1−
α
2
)

1− â(ẑ0 + z(1−
α
2
))

)
(3.13)

ìpou z(a) eÐnai to a-posostiaÐo shmeÐo thc tupopoihmènhc kanonik c katanom c

kai Φ(a) eÐnai h sun�rthsh katanom c thc tupopoihmènhc kanonik c katano-

m c, dhlad  isqÔei ìti Φ−1(a)=z(a). Stic parap�nw sqèseic up�rqoun duo

�gnwstec posìthtec ẑ0, â pou prèpei na ektimhjoÔn. H pr¸th diorj¸nei wc
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proc thn merolhyÐa en¸ h deÔterh diorj¸nei wc proc thn apìklish apì thn

kanonik  katanom . ParathroÔme ìti an ẑ0=â=0 tìte prokÔptei ìti a1=a kai

a2=1 − a kai epomènwc ta diast mata empistosÔnhc tautÐzontai me aut� thc

mejìdou twn posostiaÐwn shmeÐwn. Ta ẑ0 kai â upologÐzontai wc:

ẑ0 = Φ−1

(
#θ̂∗i < θ̂

B

)
(3.14)

an h ektim tria θ̂ eÐnai h di�mesoc twn bootstrap tim¸n tìte ẑ0=0.

To α̂ pou onom�zetai kai epitaqunt c upologÐzetai wc:

â =

n∑
i=1

(
θ̂(·) − θ̂(i)

)3
6

[
n∑
i=1

(
θ̂(·) − θ̂(i)

)2] 3
2

(3.15)

ìpou θ̂(·) eÐnai h i jackknife 5 tim  thc paramètrou ìtan afairèsoume thn i

parat rhsh kai θ̂(·)=
∑n

i=1 θ̂(i). 'Ena meionèkthma thc BCa mejìdou eÐnai ìti

qrei�zetai pollèc epanal yeic p.q B=2000.

5
Η βασική ιδέα για την μέθοδο jackknife είναι η εξής: Αφαιρώντας παρατηρή-

σεις από το αρχικό δείγμα και εκτιμώντας ξανά την παράμετρο που μας ενδιαφέρει

θ̂(i)=T (X1, X2, ...., Xi−1, Xi+1, ..., Xn) μπορούμε να πάρουμε πληροφορία σχετικά με την

σταθερότητα και άρα την μεταβλητότητα της εκτιμήτριας. Επομένως αν αφαιρέσουμε κάθε

φορά μια παρατήρηση εξετάζοντας πόσο αλλάζουν οι τιμές της εκτιμήτριας παίρνουμε μια

εικόνα σχετικά με την διακύμανση της εκτιμήτριας.
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Par�deigma 1 Ta parak�tw stoiqeÐa eÐnai oi ¸rec (n=12) metaxÔ blab¸n

tou klimatismoÔ se èna Boeing 720 aerosk�fouc kai jèloume na ektim soume

èna 95% di�sthma empistosÔnhc gia to mèso qrìno apokat�stashc thc bl�bhc.

3 5 7 18 43 85 91 98 100 130 230 487

Sq ma 3.1: Empeirik  katanom 

Sto parap�nw gr�fhma apeikonÐzetai h empeirik  katanom  twn dedomè-

nwn (èstw xi, i=1,2,...,12) kaj¸c kai h empeirik  katanom  thc ekjetik c

katanom c me mèsh tim  x̄. Apì thn sÔgkrish twn parap�nw kampul¸n ja

mporoÔsame na upojèsoume ìti ta dedomèna proèrqontai apì ekjetik  katanom 

me mèsh tim  x̄, dhlad  xi∼ Exp(µ =θ).

Arqik� ja upologÐsoume to akribèc di�sthma empistosÔnhc (afoÔ gnw-

rÐzoume thn katanom  tou deÐgmatoc) kai ja to sugkrÐnoume me ta bootstrap

diast mata empistosÔnhc.
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AfoÔ xi∼ Exp(θ) tìte

12∑
i=1

xi ∼ Gamma(n, θ)

12∑
i=1

xi

θ
∼ Gamma(n, 1)

2
12∑
i=1

xi

θ
∼ Gamma(n, 2) = χ2

2n

P
(
χ
2(a/2)
2n ≤ 2

∑12
i=1 xi
θ

≤ χ
2(1−a

2
)

2n

)
= 1− a

P
(2
∑12

i=1 xi

χ
2(1−a

2
)

2n

≤ θ ≤ 2
∑12

i=1 xi

χ
2(a

2
)

2n

)
= 1− a

To akribèc di�sthma empistosÔnhc gia to θ eÐnai: (65.90, 209.17)

H mèsh tim  kai to tupikì sf�lma tou deÐgmatoc eÐnai:

θ̂=108.08 se(θ̂)=39.32

epomènwc an upojèsoume ìti to deÐgma akoloujeÐ t−Student katanom  (epeid 

to mègejoc tou deÐgmatoc eÐnai mikrì) to antÐstoiqo 95% di�sthma empistosÔ-

nhc ja eÐnai:

(θ̂ − t(n−1,1−
a
2
)se(θ̂), θ̂ − t(n−1,

a
2
)se(θ̂)) = (21.54, 194.62)

Efarmìzontac th mèjodo bootstrap gia B=1000 epanal yeic gia thn e-

ktÐmhsh tou tupikoÔ sf�lmatoc thc mèshc tim c tìte to antÐstoiqo d.e an

jewr soume ìti h katanom  tou θ̂ eÐnai h kanonik  dÐnetai apì ton tÔpo (3.8),

ìpou seB(θ̂) upologÐzetai apì th sqèsh (3.3), ed¸ eÐnai seB(θ̂)=37.97 kai to

di�sthma eÐnai:

(θ̂ − z(1−
α
2
)seB(θ̂), θ̂ − z(

α
2
)seB(θ̂)) = (33.66, 182.50)
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Ta dedomèna aut� ìmwc den proèrqontai apì kanonik  katanom  epomènwc

upologÐzontac ta di�sthma empistosÔnhc qwrÐc thn upìjesh thc kanonikìth-

tac perimènoume na eÐnai pio akrib c. Epomènwc akolouj¸ntac ta b mata gia

thn kataskeu  enìc bootstrap − t diast matoc empistosÔnhc brÐskoume ìti,

t∗(
α
2
)=-4.71 kai t∗(1−

α
2
)=1.59 kai to antÐstoiqo bootstrap − t di�sthma empi-

stosÔnhc eÐnai:

(θ̂ − t∗(1−
a
2
)se(θ̂), θ̂ − t∗(

a
2
)se(θ̂)) = (45.55, 293.35)

B�zontac kat� aÔxousa seir� tic timèc θ̂∗ me thn mèjodo twn posostimorÐwn

to 95% di�sthma empistosÔnhc ja eÐnai h 25η tim  to k�tw �kro kai h 975η

to �nw �kro, dhlad :

(θ̂∗(
a
2
), θ̂∗(1−

a
2
)) = (48.16, 194.83)

Tèloc gia na upologÐsoume èna BCa di�sthma empistosÔnhc upologÐzoume

arqik� apì tic sqèseic (3.14), (3.15) tic timèc ẑ0, â, ed¸ eÐnai â=0.048 kai

ẑ0=Φ−1(0.542)=0.105 kai me antikat�stash stic sqèseic (3.12), (3.13) brÐ-

skoume ìti a1=0.054 a2=0.991 me apotèlesma to di�sthma empistosÔnhc na

eÐnai:

(θ∗(a1), θ∗(a2)) = (53.16, 207.41)

Ta parap�nw apotelèsmata sunoyÐzontai ston pÐnaka (3.1).

ParathroÔme ìti pio kont� sto akribèc di�sthma empistosÔnhc eÐnai to

BCa. Gegonìc pou to perimèname, afoÔ to tupikì bootstrap di�sthma kai to

pososthmorÐwn eÐnai akrib  gia summetrikèc katanomèc, en¸ ed¸ ta dedomèna

proèrqontai apì ekjetik  katanom .
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Mèjodoc Di�sthma empistosÔnhc 95%

Akribèc 65.90−209.17

t− student 21.54−194.62

Tupik  bootstrap 33.66−182.50

Bootstrap− t 45.55−293.35

Bootstrap pososthmìria 48.16−194.83

Bca 53.16−207.41

PÐnakac 3.1: SÔgkrish diasthm�twn empistosÔnhc

3.5 Grammik  palindrìmhsh me mèjodo bo-

otstrap

To pollaplì grammikì montèlo palindrìmhshc qrhsimopoieÐtai gia na me-

let sei th sqèsh metaxÔ miac exarthmènhc metablht c (y) kai di�forwn ane-

x�rthtwn metablht¸n, èstw ìti èqoume k (mazÐ me thn stajer�) anex�rthtec

metablhtèc (x) kai deÐgma n. 'Etsi h morf  tou grammikoÔ montèlou palindrì-

mhshc eÐnai:

yi = β0 + β1xi1 + β2xi2 + ...+ βk−1xik−1 + εi i = 1, 2, ...n

  se morf  pin�kwn

y = X · β + ε

me

y =


y1

y2
...

yn

 X =


1 x11 x12 · · · x1k−1

1 x21 x22 · · · x2k−1
...

...
...

...
...

1 xn1 xn2 · · · xnk−1

 β =


β0

β1
...

βk−1

 ε =


ε1

ε2
...

εn


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ìpou ε tuqaÐo sf�lma me mhdenik  mèsh tim  kai koin  diaspor� (omoske-

dastikìthta) σ2, dhlad  E(ε)=0 kai V (ε)=σ2, mia sun jhc upìjesh eÐnai ìti:

ε ∼ Nk(0, σ
2)

O LS (elaqÐstwn tetrag¸nwn) ektimht c β̂ upologÐzetai wc

β̂ = (X ′X)−1X ′y

O ektimht c β̂ eÐnai amerìlhptoc kai k�tw apì thn upìjesh thc omoskedasti-

kìthtac, dhlad  an V (εi)=σ2, eÐnai kai apotelesmatikìc (èqei thn mikrìterh

diaspor�). H diakÔmansh tou ektimht  β̂ upologÐzetai wc:

V (β̂) = σ2(X ′X)−1

K�tw apì thn upìjesh ìti to di�nusma twn parathr sewn tou diataraktikoÔ

ìrou ε akoloujeÐ thn polumetablht  kanonik  katanom , dhlad , ε∼Nk(0, σ
2Ik)

tìte h katanom  tou β̂ akoloujeÐ thn polumetablht  kanonik  katanom  me

mèsh tim  E(β̂)=β kai diakÔmansh V (β̂)=σ2(X ′X)−1, dhlad 

β̂ ∼ N [β, σ2(X ′X)−1]

H diakÔmansh tou diataraktikoÔ ìrou σ2 mporeÐ na ektimhjeÐ amerìlhpta qrh-

simopoi¸ntac ta kat�loipa ε̂i qrhsimopoi¸ntac thn akìloujh sqèsh:

σ̂2 =

n∑
i=1

ε̂i

n− k
=

ε̂′ε̂

n− k

ìpou ε̂=y-ŷ me ŷ=Xβ̂.

Gia thn kataskeu  (1-α)% diast matoc empistosÔnhc gia thn �gnwsth par�-

metro βi isqÔei ìti:

β̂i − βi
se(β̂i)

∼ t(n−κ)
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�ra to di�sthma ja upologÐzetai wc:[
β̂i − t(n−κ,1−

α
2
)se(β̂i), β̂i − t(n−κ,

α
2
)se(β̂i)

]
Mia apì tic upojèseic thc grammik c palindrìmhshc eÐnai ìti oi diatara-

ktikoÐ ìroi (sf�lmata) εi èqoun thn Ðdia diakÔmansh h opoÐa eÐnai stajer 

gia ìlec tic timèc i, dhlad  V (εi)=σ2 gia i=1,2,...,n. An h upìjesh aut 

den isqÔei tìte up�rqei eteroskedastikìthta stouc diataraktikoÔc ìrouc. An

upojèsoume ìti o diataraktikìc ìroc εi parousi�zei eteroskedastikìthta, tì-

te h diakÔmansh tou dianÔsmatoc twn parathr sewn tou ε ja dÐnetai apì ton

akìloujo pÐnaka sundiakÔmanshc Σ:

Σ = V (ε) =


σ2
1 0 · · · 0

0 σ2
2 · · · 0

...
...

. . .
...

0 0 · · · σ2
n


'Otan parousi�zetai to fainìmeno thc eteroskedastikìthtac, o LS ektimht c

twn suntelest¸n tou grammikoÔ upodeÐgmatoc eÐnai akìmh amerìlhptoc k�tw

apì tic klassikèc upojèseic, all� ìmwc den eÐnai plèon apotelesmatikìc. Gia

na broÔme loipìn se aut  th perÐptwsh �ristouc amerìlhptouc ektimhtèc,

efarmìzoume th gnwst  sth bibliografÐa me to ìnoma Genikeumènh Mèjodo

twn ElaqÐstwn Tetrag¸nwn (GLS). 'Etsi o (GLS) ektimht c tou β eÐnai:

β̂GLS = (X ′Σ−1X)−1(X ′Σ−1y)

kai h diakÔmansh tou

V (β̂GLS) = (X ′Σ−1X)−1

Parak�tw ja parousi�soume tèsseric mejìdouc bootstrap gia thn ektim -

sh twn suntelest¸n kai twn tupik¸n sfalm�twn touc enìc grammikoÔ montè-

lou. Mia apì autèc eÐnai parametrik  (dhlad  upojètei k�poia katanom , thn
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kanonik  sun jwc) kai oi �llec treÐc (Cases, Error, Wild-bootstrap) eÐnai

mh parametrikèc.

3.5.1 Parametrik  Bootstrap-Parametric Bootstrap

An upojèsoume ìti ta kat�loipa εi akoloujoÔn thn kanonik  katanom  ( 

endeqomènwc k�poia �llh katanom ) tìte arqik� ektim�me me ton LS ektimht 

(gia omoskedastikìthta, alli¸c me ton GLS) touc suntelestèc thc grammik c

palindrìmhshc kaj¸c epÐshc kai thn diaspor�. Par�goume n timèc ε∗i apì deig-

matolhyÐa me epan�jesh apì ta εi dÐnontac se k�je èna apì aut� pijanìthta

1/n. 'Etsi dhmiourgoÔme nèec timèc gia thn exarthmènh metablht  wc

y∗i = xiβ̂ + ε∗i ε∗i ∼ N(0, σ̂2)

3.5.2 Bootstrap me b�sh thn anadeigmatolhyÐa twn

parathr sewn-Cases bootstrap

Ta dedomèna ja mporoÔsame na ta doÔme san n zeÔgh parathr sewn (yi, x
′
ji)
′

me i=1,2,...,n kai j=1,2,...,k, èstw wi=(yi, x
′
ji)
′ èna (k + 1)× 1 di�nusma pou

dhl¸nei tic timèc pou sundèontai sthn i-sth parat rhsh. Epomènwc to sÔno-

lo twn parathr sewn mporeÐ na parastajeÐ wc (w1, w2, ..., wn). H bootstrap

diadikasÐa me b�sh thn anadeigmatolhyÐa twn parathr sewn èqei wc ex c:

1. DhmioÔrghse n bootstrap deÐgmata (w∗1, w
∗
2, ..., w

∗
n) me deigmatolhyÐa me

epan�jesh apì to (w1, w2, ..., wn) dÐnontac se k�je wi pijanìthta
1
n
,

w∗i=(y∗i , x
∗
ji) me i=1,2,...,n kai j=1,2,...,k. Apì aut� dhmioÔrghse to

di�nusma y∗=(y∗1, y
∗
2, ..., y

∗
n) kai ton pÐnaka X∗=(x∗j1, x

∗
j2, ..., x

∗
jn)′

2. Upolìgise ton LS ektimht  β̂∗ apì to bootstrap deÐgma:

β̂∗ = (X∗
′
X∗)−1X∗

′
y∗
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3. Epanèlabe to b ma 1 kai 2 pollèc forèc (p.q B=1000)

H mèjodoc aut  se antÐjesh me tic �llec, jewreÐ ìti oi epexhghmatikèc meta-

blhtèc (x) den eÐnai stajerèc all� tuqaÐec metablhtèc.

3.5.3 Bootstrap me b�sh thn anadeigmatolhyÐa twn

kat�loipwn-Error bootstrap

H mèjodoc aut  eÐnai mh parametrik  kai basÐzetai sthn anadeigmatolh-

yÐa apo ta kat�loipa. ProteÐnetai ìtan èqoume omoskedastikìthta alli¸c

se perÐptwsh eteroskedastikìthtac katallhlìterh eÐnai h mèjodoc pou ja

parousi�soume sthn epìmenh par�grafo. H diadikasÐa eÐnai:

1. Apo ta dedomèna ektÐmhse ton β̂

2. Upolìgise ta kat�loipa wc εi=yi-ŷi

3. DhmioÔrghse n bootstrap deÐgmata (ε∗1, ε
∗
2, ..., ε

∗
n) me deigmatolhyÐa me

epan�jesh apì ta εi dÐnontac se kajèna apì aut� pijanìthta 1
n

4. Upolìgise tic nèec timèc thc exarthmènhc metablht c apì th sqèsh

y∗ = X ′β̂ + ε∗

5. Brec thn nèa ektÐmhsh β̂∗ apì th sqèsh

β̂∗ = (X∗
′
X∗)−1X∗

′
y∗

6. Epanèlabe ta b mata 3, 4, 5 pollèc forèc
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3.5.4 Wild Bootstrap

H mèjodoc aut  moi�zei me thn Error bootstrap all� all�zoun ta b mata

2 kai 3, se aut  thn perÐptwsh oi nèec timèc thc exarthmènhc metablht c

upologÐzetai wc:

y∗i = xiβ̂ + f(ε̂i)v
∗
i

ìpou v∗i tuqaÐa metablht  me mèsh tim  0 kai diaspor� 1 kai f(ε̂i) eÐnai o

metasqhmatismìc tou i kat�loipou.

Mia kal  epilog  gia thn f(·) eÐnai

f(ε̂i) =
ε̂i√

(1− hi)

ìpou hi eÐnai to i diag¸nio stoiqeÐo tou pÐnaka hat matrix (h = X(X ′X)−1X ′).

Up�rqoun di�foroi trìpoi gia na kajorÐsoume thn katanom  twn v∗i . O pio

aplìc eÐnai

v∗i =

 1 me pijanìthta 1/2

−1 me pijanìthta −1/2

All� o pio sunhjismènoc eÐnai

v∗i =


−(
√

5− 1)

2
me pijanìthta

(
√

5 + 1)

2
√

5
(
√

5 + 1)

2
me pijanìthta

(
√

5− 1)

2
√

5

Fusik� an èqoume eteroskedastikìthta, all�zei kai to b ma 5 thc proh-

goÔmenhc mejìdou kai h ektÐmhsh twn paramètrwn gÐnetai me ton GLS ektimh-

t .
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Par�deigma 2 'Estw to par�deigma apì touc Efron kai Tibshirani (1993)

sto opoÐo 82 sqolèc nomik c summeteÐqan se mia melèth. Apì autèc 15 sqo-

lèc epilèqjhkan tuqaÐa gia na exetasteÐ h susqètish twn apotelesm�twn thc

exètashc LSAT kai tou mèsou ìrou (GPA) b�sh thc t�xhc tou 1973. Ta

dedomèna dÐnontai ston parak�tw pÐnaka:

PÐnakac 3.2: Dedomèna nomik c, Phg : Efron, Tibshirani

school (i) LSAT (y) GPA (x)

1 576 3.39

2 635 3.30

3 558 2.81

4 578 3.03

5 666 3.44

6 580 3.07

7 555 3.00

8 661 3.43

9 651 3.36

10 605 3.13

11 653 3.12

12 575 2.74

13 545 2.76

14 572 2.88

15 594 2.96

To grammikì montèlo ja p�rei thn morf :
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yi=β1+β2xi+εi gia i=1,2,..,n=15

Arqik� upojètoume ìti εi∼N(0,σ2), ìpou σ2 �gnwsth par�metroc kai ektim�-

tai: σ̂2=747.4756 kai oi ektim seic twn suntelest¸n β1, β2 upologÐzontai me

th mèjodo LS

β̂ = [β̂1, β̂2] = [187.90, 1.33]

kai oi antÐstoiqec tupikèc apoklÐseic eÐnai

[se(β̂1), se(β̂2)] = [93.11, 0.30]

Ja doÔme pwc metab�llontai ta apotelèsmata aut�, qrhsimopoi¸ntac tic me-

jìdouc bootstrap, pou anafèrjhkan parap�nw.

Arqik� h parametrik  mèjodoc basÐzetai sthn paradoq  ìti εi∼N(0,σ2)

kai afoÔ σ2 �gnwsth ektim�tai apì thn σ̂2, �ra εi∼N(0, σ̂2).

'Etsi prosomoi¸noume n deÐgma ε∗i apì thn N(0, σ̂2) kai me aut� upologÐzoume

ta nèa y∗i , wc y
∗
i=β̂1+β̂2x+ε

∗
i kai ètsi èqoume (y∗, X) kai upologÐzoume touc

nèouc suntelestèc β̂∗, h diadikasÐa aut  epanalamb�netai pollèc forèc ed¸

gia B=1000 dÐnei ta parak�tw apotelèsmata

β̂∗ = [β̂∗1 , β̂
∗
2 ] = [192.59, 1.31]

kai oi antÐstoiqec tupikèc apoklÐseic eÐnai seB(β̂∗1)=94.54 kai seB(β̂∗2)=0.30.

H Cases − bootstrap eÐnai h pio apl  mèjodoc kai den qrei�zetai kamÐa

upìjesh katanom c, k�nontac anadeigmatolhyÐa thc exarthmènhc kai twn ane-

x�rthtwn metablht¸n (h mèjodoc aut  den jewreÐ tic epexhghmatikèc meta-

blhtèc wc stajerèc) oi ektim seic twn suntelest¸n kai oi antÐstoiqec tupikèc

apoklÐseic eÐnai

β̂ = [β̂1, β̂2] = [184.03, 1.34]
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kai

[se(β̂1), se(β̂2)] = [88.09, 0.29]

Tèloc gia tic ektim seic twn suntelest¸n me thn Error− bootstrap afoÔ

upologÐsoume ta kat�loipa ε̂i wc ε̂i=ŷ-β̂1-β̂2x, k�nontac anadeigmatolhyÐa apì

aut� upologÐzoume tic nèec timèc y∗i apì thn sqèsh y∗i=β̂1 + β̂2x + ε∗i kai

ektimoÔme ta nèa β̂∗ gia k�je epan�lhyh, ed¸ gia B=1000 èqoume ìti

β̂ = [β̂1, β̂2] = [189.19, 1.32] kai [se(β̂1), se(β̂2)] = [87.98, 0.28]

Ta parap�nw apotelèsmata sunoyÐzontai sto parak�tw pÐnaka

PÐnakac 3.3: SÔgkrish ektim sewn twn suntelest¸n

Mèjodoc β̂1 se(β̂1) β̂2 se(β̂2)

Klassik  187.90 93.15 1.33 0.30

Parametrik  bootstrap 192.59 94.54 1.31 0.30

Cases bootstrap 184.03 88.09 1.34 0.29

Error bootstrap 189.19 87.98 1.32 0.28
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Kef�laio 4

Meta-an�lush me bootstrap

4.1 Mèjodoi meta-an�lushc me Bootstrap

Se mia meta-an�lush, oi �gnwstec par�metroi sun jwc upologÐzontai me

ektimhtèc mègisthc pijanof�neiac (ML) kai ta sumper�smata basÐzontai sthn

asumptwtik  jewrÐa. AparaÐthth upìjesh gia thn efarmog  twn montèlwn

(fixed, random-effect) eÐnai ìti h katanom  thc ektim¸menhc epÐdrashc eÐnai

h kanonik , ìpwc kai h katanom  metaxÔ twn melet¸n. Sthn pr�xh bèbaia,

ta deÐgmata eÐnai peperasmèna kai h upìjesh thc kanonikìthtac mporeÐ na

parabiasteÐ, odhg¸ntac endeqomènwc se merolhptikèc ektim seic kai akat�l-

lhla tupik� sf�lmata. Mia euèlikth teqnik  h opoÐa mporeÐ na diorj¸sei ta

parap�nw probl mata eÐnai h mèjodoc bootstrap. Parak�tw ja doÔme treÐc me-

jìdouc bootstrap gia meta-an�lush, mia parametrik  kai duo mh parametrikèc

(Wild,Cases).

Ac upojèsoume ìti èqoume to tuqaÐo montèlo epidr�sewn (random-effect

model):

θ̂i = θ + ui + εi
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Ta ui, εi eÐnai metaxÔ touc anex�rthta me E(ui)=0, V (ui) = τ 2 kai antÐstoiqa

E(εi) = 0, V (εi) = σ2
i an ei=ui+εi tìte to montèlo mporeÐ na grafteÐ sthn

morf :

θ̂i = θ + ei ìpou ei ∼ N(0, τ 2 + σ2
i )

4.1.1 Parametrik  bootstrap

• B ma 1: Arqik� ektimoÔme apì ta arqik� dedomèna tic paramètrouc θ

kai τ 2 me ton REML   RIGLS ektimht . QrhsimopoioÔme autoÔc touc

ektimhtèc giatÐ eÐnai amerìlhptoi ektimhtèc tou τ 2

• B ma 2: Par�goume k kat�loipa e∗i apì thn kanonik  katanom  (gia

autì kai h mèjodoc lègetai parametrik  giatÐ upojètei k�poia katanom 

se antÐjesh me tic �llec duo mejìdouc) me mèsh tim  mhdèn kai diaspor�

τ̂ 2+σ̂i
2, dhlad  e∗i ∼ N(0, τ̂ 2 + σ̂2

i )

• B ma 3: Prosjètoume ta kat�loipa e∗i sthn mèsh ektÐmhsh thc epÐdra-

shc thc jerapeÐac (olik ) kai ètsi dhmiourgoÔme tic nèec ektim seic gia

thn epÐdrash thc jerapeÐac gia k�je melèth, dhlad 

θ̂i
∗

= θ̂ + e∗i

• B ma 4: Tèloc afoÔ èqoume tic nèec ektim seic gia thn k�je melèth,

brÐskoume me thn gnwst  diadikasÐa thn nèa epÐdrash thc jerapeÐac θ̂∗

kai thn diaspor� metaxÔ twn melet¸n τ̂ ∗2
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• B ma 5: Epanalamb�noume ta b mata 1-4 pollèc forèc p.q B=1000 kai

brÐskoume tic mèsec timèc gia tic duo paramètrouc.

4.1.2 Wild-bootstrap

• B ma 1: To b ma autì eÐnai Ðdio me thc parametrik c, ektimoÔme tic

paramètrouc θ kai τ 2 apì ta arqik� dedomèna

• B ma 2: EktimoÔme ta ei wc êi=θ̂i-θ̂

• B ma 3: UpologÐzoume tic nèec ektim seic gia thn epÐdrash thc jerapeÐ-

ac se k�je melèth wc

θ̂i = θ + f(êi) · v∗i

ìpou f(êi) kai v∗i ìpwc analÔjhkan sto prohgoÔmeno kef�laio

• B ma 4: BrÐskoume tic nèec timèc θ̂∗ kai τ̂ 2∗

• B ma 5: Epanalamb�noume ta b mata 1-4 pollèc forèc p.q B=1000 kai

brÐskoume tic mèsec timèc gia tic duo paramètrouc.

4.1.3 Cases-bootstrap

H Cases-bootstrap eÐnai h pio apl  mh parametrik  mèjodoc bootstrap. U-

pologÐzoume tic ektim seic twn epidr�sewn thc jerapeÐac θ̂i
∗
k�nontac apl�

anadeigmatolhyÐa twn arqik¸n epidr�sewn twn ektim sewn thc jerapeÐac, ta

epìmena b mata eÐnai Ðdia me twn �llwn mejìdwn afoÔ èqoume upologÐsei tic

nèec ektim seic, dhlad  brÐskoume thn olik  epÐdrash thc jerapeÐac kai epa-

nalamb�noume thn diadikasÐa pollèc forèc.
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4.2 Apotelesmatikìthta ektimhtri¸n

Genik� ìtan orÐzoume mia ektim tria θ̂ k�poiac paramètrou θ elègqoume an

eÐnai kat�llhlh   pio kat�llhlh apì k�poia �llh ektim tria. Gia na mporeÐ na

jewrhjeÐ h θ̂ wc mia kal  ektim tria thc θ prèpei na èqei mèsh tim  θ, dhlad 

h θ̂ na eÐnai amerìlhpth ektim tria thc θ kai na èqei mikr  diaspor�. Den arkeÐ

ìmwc mìno h amerolhyÐa gia na isquristoÔme ìti h ektim tria eÐnai bèltisth,

gegonìc pou faÐnetai kai apì to gegonìc ìti gia mia parametrik  sun�rthsh

mporoÔn na up�rxoun perissìterec apì mÐa amerìlhptec ektim triec. KalÔterh

apì autèc tic amerìlhptec ektim triec ja eÐnai aut  me thn mikrìterh diaspor�.

Epomènwc èna krit rio gia bèltisth ektim tria eÐnai h diaspor�, h ektim tria

me thn mikrìterh diaspor� eÐnai h bèltisth. To krit rio autì ìmwc afor� gia

sÔgkrish metaxÔ amerìlhptwn ektimhtri¸n. Up�rqoun ìmwc peript¸seic ìpou

mia mh amerìlhpth ektim tria eÐnai kalÔterh apì mia amerìlhpth.

Gia par�deigma an gia thn ektÐmhsh k�poiac paramètrou θ, èqoume tic e-

ktim triec θ̂1, θ̂2 pou faÐnontai gr�fhma (4.1), tìte parathroÔme ìti h θ̂2 den

eÐnai amerìlhpth (den èqei mèsh tim  θ) all� paÐrnei timèc kont� sto θ, en¸ h

θ̂1 pou eÐnai amerìlhpth alla mporeÐ na p�rei timèc polÔ makri� apì to θ (èqei

meg�lh diaspor�). Epomènwc parìti den eÐnai amerìlhpth, kalÔterh ektim -

tria se aut  thn perÐptwsh eÐnai h θ̂2.

'Ena krit rio sÔgkrishc ektimhtri¸n (amerìlhptwn   ìqi) eÐnai to mèso tetra-

gwnikì sf�lma (MSE) pou upologÐzetai wc:

MSE(θ̂) = E(θ̂ − θ)2 (4.1)

Bèltisth ektim tria eÐnai aut  pou èqei to mikrìtero mèso tetragwnikì sf�l-

ma. To mèso tetragwnikì sf�lma mporeÐ na grafteÐ me thn morf :

MSE(θ̂) = V (θ̂) + b(θ̂)2 (4.2)
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Sq ma 4.1: SÔgkrish ektimhtri¸n

ìpou b(θ̂)=E(θ̂)-θ, dhlad  h merolhyÐa.

Apìdeixh 7

MSE(θ̂) = E(θ̂ − θ)2 ⇒

MSE(θ̂) = E
[
(θ̂ − E(θ̂) + E(θ̂)− θ)2

]
⇒

MSE(θ̂) = E(θ̂ − E(θ̂))2 + E(E(θ̂)− θ)2 + 2 · E
[
(θ̂ − E(θ̂)) · (E(θ̂)− θ)

]
⇒

MSE(θ̂) = V (θ̂) + b(θ̂)2

Apì thn parap�nw sqèsh prokÔptei ìti an ènac ektimht c eÐnai amerìlhptoc

to mèso tetragwnikì sf�lma eÐnai Ðso me thn diaspor� tou.
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4.3 ProsomoÐwsh

To mètro tou megèjouc thc epÐdrashc thc jerapeÐac (Effect-size) pou

ja qrhsimopoi soume sthn melèth prosomoÐwshc eÐnai h tupopoihmènh mèsh

diafor� (Standardized mean difference), ekfr�zontac thn diafor� metaxÔ

duo om�dwn gia par�deigma thc om�dac treatment kai thc om�dac control. H

diadikasÐa èqei wc ex c:

Pr¸ta par�goume k kat�loipa ui apì thn kanonik  katanom  me mèsh tim 

mhdèn kai diaspor� τ 2 (ui∼ N(0,τ 2) ) kai ta prosjètoume sthn mèsh epÐdrash

thc jerapeÐac (θi=θ+ui) èstw ed¸ ìti θ=0.5, ètsi upologÐzoume thn pragma-

tik  tim  thc epÐdrashc thc jerapeÐac θi gia tic k melètec . Met� par�goume

dedomèna gia thn k�je melèth kai gia tic dÔo om�dec apì duo kanonikèc kata-

nomèc me Ðdia diakÔmansh (giatÐ sun jwc stic klinikèc melètec upojètoume ìti

eÐnai Ðsec stic duo om�dec), dhlad  èstw

yT i ∼ N
(θi

2
, 1
)

kai

yCi ∼ N
(
− θi

2
, 1
)

ta dedomèna thc om�dac treatment gia thn i melèth kai thc om�dac control

antÐstoiqa. An jèloume na par�goume dedomèna ìqi apì thn kanonik  katanom 

all� apì thn tn-Student katanom , tìte par�goume ui ∼ 1tn
√

τ2
n
n−2

kai apì th

sqèsh θi=θ+ui ètsi èqoume thn pragmatik  tim  thc jerapeÐac se k�je melèth.

'Epeita par�goume dedomèna gia thn k�je melèth kai gia tic duo om�dec apì

1
Χρησιμοποιούμε αυτό τον μετασχηματισμό γιατί:

E(ui)=E(tn
√

τ2

n
n−2

)=0, αφού μέση τιμή της tn=0

V (ui)=V (tn
√

τ2

n
n−2

)= τ2

n
n−2

n
n−2=τ

2
, αφού η διασπορά της tn=

n
n−2
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thn tn-Student katanom  wc2:

yT i ∼ tn

√
1
n
n−2

+
θi
2

kai

yCi ∼ tn

√
1
n
n−2
− θi

2

Tèloc an jèloume na prosomoi¸soume apì thn χ2
n katanom  tìte: ui∼ 3(χ2

n−

n)
√

τ2

2n
kai

yTi ∼ (χ2
n − n)

√
1

2n
+
θi
2

kai

yCi ∼ (χ2
n − n)

√
1

2n
− θi

2

Sth sunèqeia apì ta duo deÐgmata gia thn k�je melèth upologÐzoume tic

mèsec timèc ȳT , ȳC kai tic deigmatikèc diasporèc sT kai sC ìpwc epÐshc kai

thn ektÐmhsh thc koin c diaspor�c. Epomènwc h (diorjwmènh) ektÐmhsh thc

jerapeÐac gia thn i melèth kai h antÐstoiqh ektÐmhsh thc diakÔmanshc (blèpe

kef�laio 2) ja dÐnontai:

θ̂i =
ȳT − ȳC
sp

(
1− 3

4(nT + nC)− 9

)

kai

V (θ̂i) =
nT + nC
nT · nC

+
θ̂i

2

2(nT + nC)

JewroÔme ìti nT = nC = n ìpou n ∼ U(0.4 · n̄, 1.6 · n̄), me n̄ to mèso mègejoc

summeteqìntwn (asjen¸n) sthn melèth. Gia na apokt soume mia pl rh eikìna

2E(yTi)=E(tn
√

1
n

n−2
+ θi

2 )= θi2 και E(yCi)=− θi2
V (yTi)=V (tn

√
1
n

n−2
+ θi

2 )= n
n−2

1
n

n−2
=1

3E(ui)=E((χ2
n − n)

√
τ2

2n )=
√

τ2

2n (n− n)=0

V (ui)=V ((χ2
n − n)

√
τ2

2n )=2n τ
2

2n=τ
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thc apotelesmatikìthtac thc mejìdou bootstrap, qrhsimopoioÔme diaforetikèc

timèc gia to mègejoc twn melet¸n k, to mègejoc twn summeteqìntwn se k�je

melèth n kai metaxÔ touc sunduasmoÔc kaj¸c kai thn diaspor� metaxÔ twn

melet¸n τ 2 (pÐnakac 4.1).

PÐnakac 4.1: Qarakthristik� prosomoÐwshc

Mèsh (olik ) epÐdrash thc jerapeÐac: θ=0.5

Arijmìc melet¸n: k=5/10/50

Mèso mègejoc deÐgmatoc melèthc: n̄=5/25/100

Mègejoc deÐgmatoc k�je om�dac: nT = nC = n ∼ U(0.4 · n̄, 1.6 · n̄)

Diaspor� metaxÔ twn melet¸n: τ 2=0/0.2

Katanomèc: Kanonik , t3-Student, χ2
2 (me touc metasqhmatismouc ìpwc analÔjhkan parap�nw)

4.3.1 Apotelèsmata gia thn kanonik  katanom 

Arqik� ja sugkrÐnoume tic prohgoÔmenec mejìdouc boostrap, qrhsimopoi¸n-

tac to stajerì montèlo meta-an�lushc (Fixed-effect model). Se autì to

montèlo h mình �gnwsth par�metroc proc ektÐmhsh eÐnai h mèsh olik  epÐdrash

thc jerapeÐac.

'Opwc  tan anamenìmeno lìgw thc ex�rthshc thc epÐdrashc thc jerapeÐac

(effect-size ) kai thc deigmatik c diaspor�c k�je melèthc, oi arqikèc ektim seic

gia thn mèsh epÐdrash thc jerapeÐac (θ) eÐnai arnhtik� merolhptikèc, eidik�

ìtan to mègejoc deÐgmatoc k�je melèthc eÐnai mikrì. AÔxhsh twn melet¸n

aux�nei thn merolhyÐa. Apì ton pÐnaka (4.2) diapist¸netai ìti h Parametrik 

mèjodoc kai h Wild mèjodoi bootstrap, qwrÐc diìrjwsh thc merolhyÐac aux�-

noun thn arnhtik  merolhyÐa se sqèsh me tic arqikèc ektim seic. AntÐjeta me
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Sq ma 4.2: MerolhyÐa se sqèsh me to mègejoc twn melet¸n

diìrjwsh thc merolhyÐac gia tic mejìdouc autèc prokÔptoun sqedìn amerìlh-

ptec ektim seic thc mèshc epÐdrashc thc jerapeÐac. H Cases bootstrap dÐnei

polÔ mikrèc allagèc se sqèsh me tic arqikèc ektim seic me   qwrÐc diìrjwsh

thc merolhyÐac.

PÐnakac 4.2: EktÐmhsh gia thn mèsh (olik ) epÐdrash ìtan θ=0.5 gia k=5

QWRIS DIORJWSH MEROLHYIAS ME DIORJWSH MEROLHYIAS

n REML Parametrik  Wild Cases Parametrik  Wild Cases

5 0.451 0.417 0.415 0.446 0.486 0.487 0.456

25 0.494 0.486 0.486 0.496 0.502 0.502 0.492

100 0.497 0.495 0.495 0.494 0.499 0.499 0.500

Parìlo pou apì ton pÐnaka (4.2) faÐnetai ìti oi mèjodoi autèc (oi duo apì

autèc) ektimoÔn amerìlhpta thn mèsh epÐdrash thc jerapeÐac me diìrjwsh thc

merolhyÐac, ìmwc ìpwc faÐnetai kai apì ton pÐnaka (4.3), ìti me diìrjwsh thc
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merolhyÐac aux�netai kai h tupik  apìklish, gia mikrèc melètec h aÔxhsh eÐnai

megalÔter  en¸ gia meg�lec melètec den up�rqei metabol . 'Omwc qwrÐc diìr-

jwsh thc merolhyÐac h mèsh tupik  apìklish gia tic mejìdouc Parametrik ,

WILD mei¸netai en¸ gia thn CASES aux�netai.

PÐnakac 4.3: Mèsh tim  gia thn tupik  apìklish thc mèshc epÐdrashc thc

jerapeÐac ìtan θ=0.5 gia k=5

QWRIS DIORJWSH MEROLHYIAS ME DIORJWSH MEROLHYIAS

n REML Parametrik  Wild Cases Parametrik  Wild Cases

5 0.286 0.262 0.266 0.296 0.308 0.311 0.320

25 0.126 0.122 0.122 0.134 0.130 0.130 0.134

100 0.063 0.063 0.063 0.063 0.063 0.063 0.063

To krit rio pou sundÔazei thn merolhyÐa kai thn diaspor� gia thn epilo-

g  kalÔterou ektimht , ìpwc èqei analujeÐ kai se prohgoÔmenh par�grafo

eÐnai to mèso tetragwnikì sf�lma (MSE). O pÐnakac (4.4) perièqei to mèso

tetragwnikì sf�lma (*10000) gia di�forouc sunduasmoÔc twn n kai k.
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PÐnakac 4.4: MSE*10000 gia thn mèsh epÐdrash thc jerapeÐac (θ=0.5)

QWRIS DIORJWSH MEROLHYIAS ME DIORJWSH MEROLHYIAS

n k REML Parametrik  Wild Cases Parametrik  Wild Cases

5 5 846 770 787 911 961 972 1053

10 454 444 452 480 498 507 555

50 117 168 171 136 98 100 125

25 5 163 160 161 185 168 168 186

10 85 85 85 96 87 88 97

50 19 21 21 22 18 18 21

100 5 41 40 40 49 42 42 45

10 19 19 19 22 19 19 22

50 4 4 4 5 4 4 5

'Ena pr¸to sumpèrasma apì ton parap�nw pÐnaka eÐnai ìti gia meg�lo mè-

gejoc deÐgmatoc kai meg�lec melètec (dhlad  n=100 kai k=50) oi arqikèc

ektim seic kaj¸c kai oi treic bootstrap mèjodoi dÐnoun to Ðdio mèso tetra-

gwnikì sf�lma. H Cases mèjodoc dÐnei megalÔtero MSE apì tic arqikèc

timèc (REML) gia opoiod pote sunduasmì twn n kai k me megalÔterec au-

x seic gia mikroÔc sunduasmoÔc. EpÐshc apì ton pÐnaka autì mporoÔme na

isquristoÔme ìti gia mikrì pl joc melet¸n (k=5   10) h Parametrik  mèjo-

doc kai h WILD qwrÐc diìrjwsh thc merolhyÐac dÐnoun mikrìtero MSE apì

twn arqik¸n me ìso mikrìterec melètec tìso megalÔterh diafor�, antÐjeta

me diìrjwsh thc merolhyÐac to MSE aux�netai apì tic arqikèc timèc. Tèloc

gia meg�lo pl joc melet¸n to MSE eÐnai mikrìtero mìno me diìrjwsh thc

merolhyÐac alli¸c èqoume aÔxhsh se sqèsh me tic arqikèc. 'Ara h diìrjwsh

thc merolhyÐac exart�tai apokleistik� kai mìno apì to pl joc twn melet¸n.
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Ta parap�nw sumper�smata faÐnontai kai sto gr�fhma (4.3).

Sq ma 4.3: Mèso tetragwnikì sf�lma gia thn mèsh olik  epÐdrash se sqèsh

me to mègejoc twn melet¸n

AntÐjeta me to stajerì montèlo, sto tuqaÐo montèlo (Random-effect

model) ektìc apì thn mèsh epÐdrash thc jerapeÐac h eterogèneia (τ 2) eÐnai

mia �llh par�metroc pou ja prèpei na ektimhjeÐ. Epeid  ìpwc anafèrjhke

kai parap�nw h Cases mèjodoc dÐnei qeirìtera apotelèsmata apì tic arqikèc

ektim seic den ja asqolhjoÔme perissìtero me aut  th mèjodo. Gia to tuqaÐo

montèlo ta apotelèsmata thc prosomoÐwshc faÐnontai stouc parak�tw pÐnakec

(4.5, 4.6).

'Oso afor� thn ektÐmhsh gia thn mèsh ektÐmhsh thc jerapeÐac, ta sum-

per�smata ja mporoÔsame na poÔme ìti eÐnai ta Ðdia me to stajerì montèlo.

Dhlad  oi mèjodoi Parametrik  kaiWild bootstrap qwrÐc diìrjwsh thc mero-

lhyÐac dÐnoun kalÔtera apotelèsmata (mikrìtero tetragwnikì sf�lma), ìtan
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to mègejoc tou deÐgmatoc k�je melèthc eÐnai mikrì ìpwc kai o arijmìc twn

melet¸n, parathr¸ntac ìti ìso megalÔterh eÐnai h diaspor� metaxÔ twn mele-

t¸n, tìso megalÔterh diafor� se sqèsh me tic arqikèc ektim seic. Gia meg�lo

arijmì melet¸n qrei�zetai diìrjwsh thc merolhyÐac. 'Opwc kai sto stajerì

montèlo gia meg�lo mègejoc deÐgmatoc kai meg�lo arijmì melet¸n oi mèjodoi

bootstrap den èqoun diafor� me tic arqikèc ektim seic.

PÐnakac 4.5: MSE*10000 gia thn mèsh epÐdrash thc jerapeÐac θ=0.5, τ 2=0.2

QWRIS DIORJWSH MEROLHYIAS ME DIORJWSH MEROLHYIAS

n k REML Parametrik  Wild Parametrik  Wild

5 5 1263 1163 1141 1429 1458

10 635 605 607 701 725

50 162 218 228 148 150

25 5 620 600 600 641 641

10 304 294 295 316 316

50 55 57 57 56 56

100 5 402 400 400 405 406

10 226 224 225 228 227

50 45 45 45 46 46

'Opwc kai me thn ektÐmhsh thc mèshc epÐdrashc thc jerapeÐac (θ), ètsi kai

sthn ektÐmhsh thc diaspor�c metaxÔ twn melet¸n (τ 2), up�rqei antÐstrofh

sqèsh metaxÔ thc merolhyÐac kai thc akrÐbeiac gia tic duo mejìdouc. Dhlad ,

qwrÐc diìrjwsh thc merolhyÐac mei¸netai h diaspor� se sqèsh me tic arqikèc

ektim seic (REML) aux�netai wstìso h merolhyÐa, en¸ me diìrjwsh thc me-
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rolhyÐac sumbaÐnei to antÐjeto. Epomènwc ìpwc faÐnetai kai apì ton pÐnaka

(4.6) to mèso tetragwnikì sf�lma eÐnai polÔ mikrìtero apì twn arqik¸n e-

ktim sewn gia tic duo mejìdouc qwrÐc diìrjwsh thc merolhyÐac, antÐjeta me

diìrjwsh thc merolhyÐac aux�netai. 'Oso mikrìterec melètec kai mikrì mège-

joc melet¸n, tìso megalÔterh diafor� ìpwc kai ìso aux�netai h eterogèneia.

Gia meg�lo pl joc melet¸n den isqÔei ìti oi mèjodoi autèc dÐnoun kalÔte-

ra apotelèsmata. 'Ena sumpèrasma an�mesa sthn sÔgkrish metaxÔ twn duo

mejìdwn (Parametrik , Wild) eÐnai ìti en¸ kai oi duo mèjodoi den èqoun ( 

èqoun polÔ mikrèc) diafor� sthn ektÐmhsh thc mèshc epÐdrashc thc jerapeÐac,

all� gia thn ektÐmhsh thc eterogèneiac ìpwc faÐnetai kai apì ton pÐnaka (4.6)

h Parametrik  mèjodoc dÐnei kalÔtera apotelèsmata (k�ti pou Ðswc exhgeÐtai

ìti h prosomoÐwsh twn dedomènwn gÐnetai apì thn kanonik  katanom ). Ta

parap�nw sumper�smata apeikonÐzontai sto graf ma (4.4).

PÐnakac 4.6: MSE*10000 gia thn eterogèneia θ=0.5, τ 2=0.2

QWRIS DIORJWSH MEROLHYIAS ME DIORJWSH MEROLHYIAS

n k REML Parametrik  Wild Parametrik  Wild

5 5 1375 884 1117 2069 2020

10 583 316 382 952 889

50 237 268 290 259 253

25 5 519 469 498 574 546

10 183 166 173 203 197

50 33 34 35 35 36

100 5 280 277 278 285 285

10 116 114 113 119 120

50 18 18 18 19 19
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Sq ma 4.4: Mèso tetragwnikì sf�lma gia thn diaspor� metaxÔ twn melet¸n

se sqèsh me to mègejoc twn melet¸n

4.3.2 Apotelèsmata gia mh kanonik  katanom 

Apì ta parap�nw katal xame ìti oi mèjodoi Parametrik , Wild bootstrap,

dÐnoun kalÔtera apotelèsmata sthn ektÐmhsh thc mèshc olik c epÐdrashc kai

thc eterogèneiac apì tic arqikèc ektim seic (REML) kurÐwc ìtan to deÐgma

k�je melèthc eÐnai mikrì, qrhsimopoi¸ntac sthn prosomoÐwsh gia katanom 

twn kataloÐpwn thn kanonik . T¸ra ja exet�soume ta apotelèsmata twn

mejìdwn aut¸n, ìtan plèon parabi�zetai kai h upìjesh thc kanonikìthtac.

Ed¸ ja par�goume ta arqik� dedomèna apì thn t3-Student kai thn χ2
2 ka-

tanom , epilègoume mikroÔc bajmoÔc eleujerÐac giatÐ gia meg�louc bajmoÔc

eleujerÐac oi katanomèc autèc proseggÐzoun thn kanonik  katanom  kai exe-
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t�zoume thn perÐptwsh pou to mègejoc deÐgmatoc k�je melèthc kaj¸c kai o

arijmìc twn melet¸n eÐnai mikrì (p.q. n=k=5), giatÐ gia meg�lo deÐgma apì

Kentrikì Oriakì Je¸rhma h katanom  ja sugklÐnei sthn kanonik .

Genik� ta supmer�smata eÐnai parìmoia me aut�, ìtan ta dedomèna proèr-

qontai apì thn kanonik  katanom , dhlad  oi mèjodoi bootstrap mei¸noun to

mèso tetragwnikì sf�lma se sqèsh me tic arqikèc ektim seic. Wstìso to sh-

mantikì se autèc tic peript¸seic eÐnai to mègejoc thc meÐwshc. Dhlad  an ta

dedomèna proèrqontai apì kaninik  katanom  èqoume mèiwsh tou mèsou tetra-

gwnikoÔ sf�lmatoc kat� 8-10%, en¸ sthn perÐptwsh pou proèrqontai apì thn

t3 katanom  mei¸netai kat� 15-18% kai sthn perÐptwsh thc χ2
2 h meÐwsh eÐnai

17-20%, ìpwsc faÐnetai kai ston pÐnaka (4.7). Dhlad  ìtan parabi�zetai h

upìjesh thc kanonikìthtac dÐnoun polÔ kalÔterec ektim seic apì ta klassik�

montèla.

PÐnakac 4.7: Posostì MSE gia thn mèsh epÐdrash θ=0.5, n=k=5, τ 2=0.2

KATANOMH Parametrik  WILD

Kanonik  -7.90% -9.60%

t3-Student -15.2% -18.4%

χ2
2 -17.4% -20.2%
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