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PerÐlhyh

Sthn ergasÐa aut  melet�me mejìdouc Peperasmènwn StoiqeÐwn gia thn Ku-

matik  ExÐswsh se dÔo qwrikèc metablhtèc. Parousi�zoume apotelèsmata

gia thn t�xh akrÐbeiac se di�fora probl mata arqik¸n/sunoriak¸n tim¸n me

thn qr sh trgwnik¸n kai digramik¸n peperasmènwn stoiqeÐwn.

Abstract

In the present work we are studying Finite Element Methods for the two

dimensional Wave Equation. We are presenting results about the order of

accuracy for a number of initial/boundary value problems using triangular

and bilinear (or quadrangular) finite elements spaces.



Sthn oikogènei� mou kai se 'OLA ta anÐyia mou.



”As far as the laws of mathematics refer to reality, they are not certain;

and as far as they are certain, they do not refer to reality.”

Albert Einstein, ”Geometry and Experience”, January 27, 1921



EuqaristÐec

Geia thn olokl rwsh aut c thc diplwmatik c ergasÐac ja  jela na euqari-

st sw bajÔtata ton epiblèponta Kajhght  k. BasÐleio Dougal  gia thn

bo jeia kai kajod ghs  tou se k�je st�dio mèqri thn olokl rwsh thc erga-

sÐac all� kai gia thn sumbol  tou ¸ste na gÐnw pio ¸rimoc wc Majhmatikìc

kai wc 'Anjrwpoc. EpÐshc ja  jela na euqarist sw

• Touc kurÐouc Drakìpoulo Miq�lh kai Not�rh Swt rio gia thn tim  pou

mou k�noun me thn summetoq  touc sthn trimel  exetastik  epitrop  al-

l� kai gia thn sunergasÐa pou eÐqame kat� thn di�rkeia tou AkadhmaðkoÔ

ètouc 2011-2012.

• Ton Koun�dh Grhgìrio gia thn polÔtimh bo jei� tou.

• Touc sunadèlfouc sumfoithtèc mou gia thn sumpar�stash touc ta dÔo

teleutaÐa qrìnia.

Ja  jela bebaÐwc na euqarist sw ìlouc touc Kajhghtèc mou sto Tm ma

Efarmosmènwn Majhmatik¸n tou PanepisthmÐou Kr thc kai tou Tm matoc

Majhmatik¸n tou PanepisthmÐou Ajhn¸n gia tic gn¸seic pou mou prosèfe-

ran se ìla ta qrìnia twn spoud¸n mou.

IdiaÐtera ja  jela na euqarist sw touc kurÐouc Zour�rh Ge¸rgio, Loul�kh

Miq�lh, MhtsoÔdh Dhm trio kai Smurnel  Man¸lh gia tic sumboulèc touc

kai thn enj�rrunsh touc.
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Kef�laio 1

Eisagwg 

Sthn paroÔsa ergasÐa ja melet soume mejìdouc Galerkin-Peperasmènwn stoiqeÐwn gia

probl mata arqik¸n-sunoriak¸n tim¸n thc kumatik c exÐswshc.

Ja sugkrÐnoume thn t�xh sÔgklishc twn mejìdwn gia thn kumatik  exÐswsh ìtan aut 

eÐnai grammènh wc 2hc t�xhc M.D.E. dÔo qwrik¸n metablht¸n.

ptt = ∆p

kai ìtan eÐnai grammènh se morf  uperbolikoÔ sust matoc 1hc t�xhc
pt + ux + vy = 0

ut + px = 0

vt + py = 0

Sthn arq  tou deÔterou kefalaÐou ja melet soume mejìdouc peperasmènwn stoiqe-

Ðwn gia di�fora probl mata arqik¸n-sunoriak¸n tim¸n thc kumatik c exÐswshc deÔterhc

t�xhc en¸ sthn sunèqeia ja epikentrwjoÔme sto prìblhma sunoriak¸n sunjhk¸n Neu-

mann ìpou kai ja k�noume jewrhtik  ektÐmhsh tou sf�lmatoc. Sto tèloc tou kefalaÐou

ja epibebai¸soume peiramatik� thn t�xh sÔgklishc.

Sto trÐto kef�laio ja melet soume mejìdouc peperasmènwn stoiqeÐwn gia thn ku-

matik  exÐswsh wc uperbolikì sÔsthma 1hc t�xhc. Arqik� ja doÔme thn sqèsh tou

uperbolikoÔ sust matoc me thn deuterob�jmia kumatik  exÐswsh kai ja diatup¸soume

di�forec peript¸seic sunoriak¸n sunjhk¸n gia tic opoÐec to sÔsthma eÐnai kal¸c to-

pojethmèno. Sthn sunèqeia gia k�je mÐa apì autèc tic peript¸seic ja kataskeu�soume

mejìdouc peperasmènwn stoiqeÐwn kai ja broÔme peiramatik� thn t�xh sÔgklishc.
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Kef�laio 2

H kumatik  exÐswsh 2hc t�xhc

Sto kef�laio autì ja melet soume mejìdouc peperasmènwn stoiqeÐwn gia thn 2hc t�xhc

kumatik  exÐswsh

ptt(x, t) = ∆p(x, t) + f(x, t) , x ∈ Ω ⊂ R2 , t > 0 (2.1)

ìpou ∆ eÐnai o Laplasianìc diaforikìc telest c.

Ja doÔme di�fora probl mata arqik¸n-sunoriak¸n tim¸n, ja analÔsoume prìblhma

me s.s. Neumann, kai ja pragmatopoi soume seir� arijmhtik¸n peiram�twn gia thn t�xh

sÔgklishc twn mejìdwn pou ja anaptÔxoume.

2.1 Probl mata arqik¸n-sunoriak¸n tim¸n

Gia na mporèsoume na lÔsoume thn exÐswsh (2.1) se èna peperasmèno qwrÐo Ω prèpei na

epilèxoume kat�llhlec arqikèc kai sunoriakèc sunj kec gia thn lÔsh.

2.1.1 To qwrÐo Ω

Apì thn jewrÐa twn Merik¸n Diaforik¸n Exis¸sewn (M.D.E.) gnwrÐzoume ìti gia thn

kumatik  exÐswsh mporoÔme me kat�llhlec arqikèc kai sunoriakèc sunj kec na broÔme

thn lÔsh me qwrismì metablht¸n se kleist  morf  ìtan paradeÐgmatoc q�rin to qwrÐo Ω

eÐnai orjog¸nio   kuklikì en¸ se genikìtero qwrÐo autì den eÐnai efiktì genik�.

Gia na mporèsoume na upologÐsoume peiramatik� thn t�xh sÔgklishc gia tic mejìdouc

peperasmènwn stoiqeÐwn pou ja anaptÔxoume ja qreiasteÐ na upologÐsoume to sf�lma

thc proseggistik c lÔshc. Autì mac odhgeÐ sto na epilèxoume dedomèna kai èna qwrÐo

3



2. H KUMATIK'H EX'ISWSH 2HS T'AXHS

gia ta opoÐa gnwrÐzoume ek twn protèrwn thn akrib  lÔsh. Gia na aplopoi soume to

prìblhma epilègoume wc qwrÐo to tetr�gwno Ω = [0, 1]× [0, 1] ⊂ R2 sto sq ma 2.1.

Σχήμα 2.1: Το χωρίο Ω

2.1.2 Tèssera prìblhmata arqik¸n/sunoriak¸n tim¸n

Se pr¸th f�sh loipìn orÐzoume tèssera probl mata arqik¸n/sunoriak¸n tim¸n ta opoÐa

kai ja melet soume.

2.1.2.1 Prìblhma arqik¸n/sunoriak¸n tim¸n me omogeneÐc s.s. Diri-

chlet

JewroÔme to prìblhma arqik¸n/sunoriak¸n tim¸n me omogeneÐc s.s. Dirichlet:

ptt = ∆p+ f sto Ω , 0 ≤ t ≤ T,

p = 0 sto ∂Ω , 0 ≤ t ≤ T,

p(x, 0) = p0(x) sto Ω , t = 0,

pt(x, 0) = p0
t (x) sto Ω , t = 0,

(2.2)

ìpou Ω eÐnai to tetr�gwno [0, 1] × [0, 1] ìpwc to orÐsame sthn enìthta 2.1.1, kai x =

(x1, x2)

To parap�nw prìblhma apoteleÐ gia par�deigma to majhmatikì montèlo tou fusikoÔ

probl matoc mÐac tetr�gwnhc pallìmenhc membr�nhc h opoÐa eÐnai sterewmènh sto sÔnoro

tou Ω. H p = p(x, t) eÐnai h katakìrufh metatìpish thc membr�nhc kai h metatìpish sto

sÔnoro tou Ω eÐnai mhdèn. ApoteleÐ epÐshc montèlo gia to prìblhma akoustik c di�doshc

sto Ω ìpou h akoustik  pÐesh p eÐnai dedomènh kai Ðsh me mhdèn sto ∂Ω.

4



2.1 Probl mata arqik¸n-sunoriak¸n tim¸n

2.1.2.2 Prìblhma arqik¸n/sunoriak¸n tim¸n me omogeneÐc s.s. Neu-

mann

JewroÔme to prìblhma arqik¸n/sunoriak¸n tim¸n me omogeneÐc s.s. Neumann:



ptt = ∆p+ f sto Ω , 0 ≤ t ≤ T,
∂p

∂n
= 0 sto ∂Ω , 0 ≤ t ≤ T,

p(x, 0) = p0(x) sto Ω , t = 0,

pt(x, 0) = p0
t (x) sto Ω , t = 0,

(2.3)

ìpou Ω eÐnai to tetr�gwno [0, 1] × [0, 1] ìpwc to orÐsame sthn enìthta 2.1.1 kai n to

monadiaÐo exwterikì k�jeto di�nusma sto sÔnoro ∂Ω.

To prìblhma autì apoteleÐ p.q. to majhmatikì montèlo tou fusikoÔ probl matoc

thc akoustik c pÐeshc sto Ω sto sÔnoro tou opoÐou up�rqei stajerì empìdio (toÐqoc).

2.1.2.3 Prìblhma arqik¸n/sunoriak¸n tim¸n me miktèc sunoriakèc

sunj kec

QwrÐzoume to sÔnoro tou Ω se tèssera tm mata Γ1 , Γ2 , Γ3 , Γ4 ìpwc faÐnetai sto

Sq ma 2.2.

Σχήμα 2.2: Το χωρίο Ω με το σύνορο χωρισμένο σε τέσσερεις καμπύλες

5



2. H KUMATIK'H EX'ISWSH 2HS T'AXHS

'Estw t¸ra to prìblhma arqik¸n/sunoriak¸n tim¸n me miktèc sunj kec sto sÔnoro:



ptt = ∆p+ f sto Ω , 0 ≤ t ≤ T,

p = 0 sto Γ1 ∪ Γ3 , 0 ≤ t ≤ T,
∂p

∂n
= 0 sto Γ2 ∪ Γ4 , 0 ≤ t ≤ T,

p(x, 0) = p0(x) sto Ω , t = 0,

pt(x, 0) = p0
t (x) sto Ω , t = 0,

(2.4)

ìpou Ω eÐnai to tetr�gwno [0, 1] × [0, 1] ìpwc to orÐsame sthn enìthta 2.1.1 kai n to

monadiaÐo exwterikì k�jeto di�nusma sto sÔnoro ∂Ω.

2.1.2.4 Prìblhma arqik¸n/sunoriak¸n tim¸n me periodikèc sunoria-

kèc sunj kec

Me b�sh to diaqwrismì tou sunìrou tou Ω ìpwc autìc faÐnetai sto Sq ma 2.2 orÐzoume

to ex c prìblhma me periodikèc sunj kec wc proc x1 kai x2 xeqwrist� sto sÔnoro tou

Ω: 

ptt = ∆p+ f sto Ω , 0 ≤ t ≤ T,

p|Γ1 = p|Γ3 0 ≤ t ≤ T,

p|Γ2 = p|Γ4 0 ≤ t ≤ T,
∂p

∂n

∣∣∣∣
Γ1

=
∂p

∂n

∣∣∣∣
Γ3

0 ≤ t ≤ T,

∂p

∂n

∣∣∣∣
Γ2

=
∂p

∂n

∣∣∣∣
Γ4

0 ≤ t ≤ T,

p(x, 0) = p0(x) sto Ω , t = 0,

pt(x, 0) = p0
t (x) sto Ω , t = 0,

(2.5)

ìpou Ω eÐnai to tetr�gwno [0, 1] × [0, 1] ìpwc to orÐsame sthn enìthta 2.1.1 kai n to

monadiaÐo exwterikì k�jeto di�nusma sto sÔnoro ∂Ω.

Oi sunoriakèc sunj kec gia to periodikì prìblhma mporoÔn na graftoÔn se pio apl 

morf  gia to qwrÐo pou melet�me wc ex c:

p(0, y, t) = p(1, y, t) , px(0, y, t) = px(1, y, t) , 0 ≤ y ≤ 1

p(x, 0, t) = p(x, 1, t) , py(x, 0, t) = py(x, 1, t) , 0 ≤ x ≤ 1

6



2.2 H mèjodoc Peperasmènwn StoiqeÐwn gia probl mata
arqik¸n/sunoriak¸n tim¸n

2.2 H mèjodoc Peperasmènwn StoiqeÐwn gia probl ma-

ta arqik¸n/sunoriak¸n tim¸n

Gia na mporèsoume na lÔsoume arijmhtik� ta prohgoÔmena probl mata akoloujoÔme mÐa

diadikasÐa pou apoteleÐtai apì dÔo b mata. To pr¸to b ma eÐnai na diakritopoi soume

qwrik� to prìblhma me thn sun jh mèjodo Galerkin-Peperasmènwn StoiqeÐwn. 'Etsi pa-

Ðrnoume th legìmenh hmidiakrit  prosèggish. DeÔtero b ma eÐnai diakritopoi soume wc

proc ton qrìno kai na p�roume mÐa pl rwc diakrit  prosèggish.

Prin doÔme loipìn poia eÐnai h mèjodoc Galerkin-Peperasmènwn StoiqeÐwn gia k�je

èna apì ta probl mata (2.2) èwc (2.5) ja diatup¸soume mÐa morf  tou jewr matoc tou

Gauss pou apoteleÐ to an�logo tou tÔpou olokl rwshc kat� mèlh se pollèc diast�seic.

Je¸rhma 1. (TÔpoc Oloklhrwshc kata mèlh)

'Estw Ω èna fragmèno, anoiktì uposÔnolo tou Rn me kata tm mata omalì (C1) sÔnoro.

'Estw epiplèon sunart seic u, v ∈ C(Ω) ∩ C1(Ω). Tìte∫
Ω
uxiv = −

∫
Ω
uvxi +

∫
∂Ω
uvνidS, (2.6)

ìpou νi = ~n · ~ei eÐnai h i-ost  suntetagmènh tou exwterikoÔ monadiaÐou k�jetou dianÔsma-

toc sto sÔnoro ∂Ω.

�

O q¸roc Sobolev H1(Ω)

O q¸roc Hilbert ston opoÐo ja doulèyoume eÐnai o q¸roc H1(Ω) o opoÐoc orÐzetai wc

ex c,bl.[B]

Orismìc 1. O q¸roc Sobolev H1 = H1(Ω) orÐzetai wc:

H1(Ω) = {u ∈ L2(Ω) : ∃ g1, g2, . . . , gn ∈ L2(Ω), tètoia ¸ste∫
Ω u

∂ϕ

∂xi
= −

∫
Ω giϕ, ∀ϕ ∈ C

∞
c (Ω), ∀i : 1 ≤ i ≤ n}.

Gia u ∈ H1 orÐzoume gi = ∂u
∂xi

kai onom�zoume to gi asjen  merik  par�gwgo thc u wc

proc xi.

�
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2. H KUMATIK'H EX'ISWSH 2HS T'AXHS

Profan¸c o H1 eÐnai upìqwroc tou L2 kai an (·, ·) , ‖ · ‖ to eswterikì ginìmeno kai

h nìrma tou L2 antÐstoiqa, tìte mporoÔme na orÐsoume tic antÐstoiqec posìthtec gia ton

H1 wc ex c:

(u, v)1 = (u, v) +
n∑
i=1

( ∂u
∂xi

,
∂v

∂xi

)
, u, v ∈ H1,

‖u‖1 =
(
‖u‖2 +

n∑
i=1

‖ ∂u
∂xi
‖2
)1/2

, u ∈ H1.

2.2.1 Prìblhma me omogeneÐc s.s. Dirichlet

Gia to omogenèc prìblhma s.s. Dirichlet orÐzoume ton q¸ro H1
0 (Ω) wc ex c:

H1
0 (Ω) = {v ∈ H1(Ω) : v|∂Ω = 0}.

T¸ra ja p�roume thn exÐswsh tou probl matoc (2.2) kai ja thn pollaplasi�soume me

mÐa sun�rthsh v ∈ H1
0 (Ω)

pttv = v∆p+ fv

kai sthn sunèqeia oloklhr¸noume sto Ω:∫
Ω
pttv =

∫
Ω
v∆p+

∫
Ω
fv , ∀v ∈ H1

0 (Ω). (2.7)

Gia na upologÐsoume to
∫

Ω v∆p ja qrhsimopoi soume thn (2.6) jètontac ìpou v = vxi
opìte ∫

Ω
v∆p = −

∫
Ω
∇v · ∇p+

∫
∂Ω
v
∂p

∂n
dS. (2.8)

'Omwc v ∈ H1
0 (Ω) opìte telik� ∫

Ω
v∆p = −

∫
Ω
∇v · ∇p. (2.9)

AntikajistoÔme t¸ra thn (2.9) sthn (2.7) kai èqoume∫
Ω
pttv +

∫
Ω
∇v · ∇p =

∫
Ω
fv , ∀v ∈ H1

0 (Ω).

Dhlad  zhtoÔme p ∈ H1
0 tètoia ¸ste

(ptt, v) + (∇p,∇v) = (f, v) , ∀v ∈ H1
0 (Ω). (2.10)

JewroÔme t¸ra ènan upìqwro S0
h ⊂ H1

0 (Ω) peperasmènhc di�stashc. H hmidiakrit 

mèjodoc Galerkin gia thn prosèggish tou p diatup¸netai ¸c ex c:

8



2.2 H mèjodoc Peperasmènwn StoiqeÐwn gia probl mata
arqik¸n/sunoriak¸n tim¸n

ZhtoÔme ph ∈ S0
h , t ≥ 0, tètoia ¸ste:

(ph,tt, ϕ) + (∇ph,∇ϕ) = (f, ϕ) , ∀ϕ ∈ S0
h, t > 0,

ph(x, 0) = p0
h(x) ≈ p0(x) ìpou p0

h ∈ S0
h,

ph,t(x, 0) = p0
h,t(x) ≈ p0

t (x) ìpou p0
h,t ∈ S0

h.

(2.11)

2.2.2 Prìblhma me omogeneÐc s.s. Neumann

Gia to omogenèc prìblhma s.s. Neumann ja p�roume thn exÐswsh tou probl matoc (2.3)

kai aut n thn for� ja thn pollaplasi�soume me mÐa sun�rthsh v ∈ H1(Ω). Sth sunèqeia

ja oloklhr¸soume sto Ω kai ja katal xoume se mÐa sqèsh parìmoia thc (2.7), dhl.:∫
Ω
pttv =

∫
Ω
v∆p+

∫
Ω
fv , ∀v ∈ H1(Ω). (2.12)

Efarmìzontac kai p�li thn sqèsh (2.8) gia ton upologismì tou
∫

Ω v∆p kai paÐrnontac

up'ìyin ìti ∂p∂n |∂Ω = 0, katal goume xan� sthn sqèsh (2.9). AntikajistoÔme sthn (2.12)

kai paÐrnoume ∫
Ω
pttv +

∫
Ω
∇v · ∇p =

∫
Ω
fv , ∀v ∈ H1(Ω).

Dhlad  zht�me p ∈ H1 tètoio ¸ste

(ptt, v) + (∇p,∇v) = (f, v) , ∀v ∈ H1(Ω). (2.13)

JewroÔme t¸ra ènan upìqwro Sh ⊂ H1(Ω) peperasmènhc di�stashc, to hmidiakritì

prìblhma Galerkin diatup¸netai an�loga me to prìblhma Dirichlet wc ex c:

ZhtoÔme ph ∈ Sh , t ≥ 0 tètoio ¸ste:
(ph,tt, ϕ) + (∇ph,∇ϕ) = (f, ϕ) , ∀ϕ ∈ Sh, t > 0,

ph(x, 0) = p0
h(x) ≈ p0(x) ìpou p0

h ∈ Sh,

ph,t(x, 0) = p0
h,t(x) ≈ p0

t (x) ìpou p0
h,t ∈ Sh.

(2.14)

2.2.3 Prìblhma me miktèc sunoriakèc sunj kec

Gia to prìblhma (2.4) ja orÐsoume ton q¸ro H1
µ wc

H1
µ(Ω) = {v ∈ H1(Ω) : v|Γ1∪Γ3 = 0}.

Sth logik  twn prohgoumènwn problhm�twn ( (2.2)-(2.3) ), ja pollaplasi�soume thn

exÐswsh tou probl matoc (2.4) me mÐa sun�rthsh v ∈ H1
µ kai ja oloklhr¸soume sto Ω.

Autì ja mac d¸sei thn sqèsh∫
Ω
pttv =

∫
Ω
v∆p+

∫
Ω
fv , ∀v ∈ H1

µ(Ω). (2.15)

9



2. H KUMATIK'H EX'ISWSH 2HS T'AXHS

Sthn sunèqeia apì thn sqèsh (2.8) ja p�roume ìti:∫
Ω
v∆p = −

∫
Ω
∇v · ∇p+

∫
∂Ω
v
∂p

∂n
dS.

'Omwc v ∈ H1
µ(Ω) kai epiplèon ∂p

∂n |Γ2∪Γ4 = 0 opìte katal goume sthn sqèsh (2.9).

AntikajistoÔme sthn (2.15) kai katal goume sthn sqèsh∫
Ω
pttv +

∫
Ω
∇v · ∇p =

∫
Ω
fv , ∀v ∈ H1

µ(Ω).

Dhlad  zhtoÔme p ∈ H1
µ tètoio ¸ste

(ptt, v) + (∇p,∇v) = (f, v) , ∀v ∈ H1
µ(Ω). (2.16)

JewroÔme ènan upìqwro Sµh ⊂ H1
µ(Ω) peperasmènhc di�stashc kai diatup¸noume to

prìblhma thc hmidiakrit c prosèggishc Galerkin me ton sun jh plèon trìpo wc ex c:

ZhtoÔme ph ∈ Sµh , t ≥ 0 tètoio ¸ste:
(ph,tt, ϕ) + (∇ph,∇ϕ) = (f, ϕ) , ∀ϕ ∈ Sµh , t > 0,

ph(x, 0) = p0
h(x) ≈ p0(x) ìpou p0

h ∈ S
µ
h ,

ph,t(x, 0) = p0
h,t(x) ≈ p0

t (x) ìpou p0
h,t ∈ S

µ
h .

(2.17)

2.2.4 Prìblhma me periodikèc sunoriakèc sunj kec

Sto periodikì prìblhma (2.5) ja orÐsoume ton q¸ro H1
π wc:

H1
π(Ω) = {v ∈ H1(Ω) : v|Γ1 = v|Γ3 kai v|Γ2 = v|Γ4}.

Me thn Ðdia diadikasÐa ìpwc sta prohgoÔmena probl mata, apo thn MDE tou probl matoc

(2.5), pollaplasi�zontac me mÐa sun�rthsh v ∈ H1
π kai oloklhr¸nontac sto Ω ja èqoume:∫

Ω
pttv =

∫
Ω
v∆p+

∫
Ω
fv , ∀v ∈ H1

π(Ω). (2.18)

Sthn sunèqeia apì thn sqèsh (2.8) ja p�roume ìti:∫
Ω
v∆p = −

∫
Ω
∇v · ∇p+

∫
∂Ω
v
∂p

∂n
dS.

AnaptÔssoume to epikampÔlio olokl rwma tou deÔterou mèrouc kai paÐrnoume∫
∂Ω
v
∂p

∂n
dS = −

∫
Γ1
vpxdS +

∫
Γ2
vpydS +

∫
Γ3
vpxdS −

∫
Γ4
vpydS.

10



2.3 Ektim seic sf�lmatoc gia to prìblhma me omogeneÐc s.s.
Neumann

'Omwc afoÔ v ∈ H1
π kai px(0, y, t) = px(1, y, t) , py(x, 0, t) = py(x, 1, t) blèpoume ìti:∫

∂Ω
v
∂p

∂n
dS = 0, (2.19)

kai epomènwc ∫
Ω
pttv +

∫
Ω
∇v · ∇p =

∫
Ω
fv , ∀v ∈ H1

π(Ω).

Dhlad  zht�me p ∈ H1
π tètoio ¸ste

(ptt, v) + (∇p,∇v) = (f, v) , ∀v ∈ H1
π(Ω). (2.20)

Tèloc jewroÔme ènan upìqwro Sπh ⊂ H1
π(Ω) peperasmènhc di�stashc kai diatup¸noume

to prìblhma thc hmidiakrit c prosèggishc Galerkin me ton sun jh plèon trìpo wc ex c:

Zht�me ph ∈ Sπh , t ≥ 0 tètoio ¸ste:
(ph,tt, ϕ) + (∇ph,∇ϕ) = (f, ϕ) , ∀ϕ ∈ Sπh , t > 0,

ph(x, 0) = p0
h(x) ≈ p0(x) ìpou p0

h ∈ Sπh ,

ph,t(x, 0) = p0
h,t(x) ≈ p0

t (x) ìpou p0
h,t ∈ Sπh .

(2.21)

2.3 Ektim seic sf�lmatoc gia to prìblhma me omo-

geneÐc s.s. Neumann

Sthn prohgoÔmenh enìthta orÐsame thn asjen  (  metabolik ) morf  tou probl matoc

Neumann kai sthn sunèqeia me thn sun jh mèjodo Galerkin, dhlad  to prìblhma (2.14):

Zht�me ph ∈ Sh ⊂ H1(Ω) , t ≥ 0 tètoio ¸ste:

(ph,tt, ϕ) + (∇ph,∇ϕ) = (f, ϕ) , ∀ϕ ∈ Sh, t > 0,

ph(x, 0) = p0
h(x) ≈ p0(x) , ìpou p0

h ∈ Sh,

ph,t(x, 0) = p0
h,t(x) ≈ p0

t (x) , ìpou p0
h,t ∈ Sh.

LÔnoume to prìblhma (2.14) wc ex c:

O q¸roc Sh eÐnai upìqwroc touH
1(Ω) peperasmènhc di�stashc. 'EstwNh = dim(Sh)

kai {ϕi}Nhi=1 mÐa b�sh tou Sh. Tìte afoÔ ph ∈ Sh:

ph(x, t) =

Nh∑
i=1

ai(t)ϕi(x) , x ∈ Ω, t ≥ 0, (2.22)

kai

ph,tt(x, t) =

Nh∑
i=1

..
ai(t)ϕi(x) , x ∈ Ω, t ≥ 0. (2.23)

11



2. H KUMATIK'H EX'ISWSH 2HS T'AXHS

Antikajist¸ntac tic (2.22) kai (2.23) sto prìblhma (2.14) katal goume sto parak�tw

Nh ×Nh grammikì sÔsthma sun jwn diaforik¸n exis¸sewn:

Nh∑
i=1

..
ai(t)(ϕi, ϕj) +

Nh∑
i=1

ai(t)(∇ϕi,∇ϕj) = (f, ϕj) , 1 ≤ j ≤ Nh, t > 0.

OrÐzoume t¸ra

• Ton Nh × Nh pÐnaka m�zac G, ètsi ¸ste Gij = (ϕj , ϕi). O pÐnakac m�zac eÐnai

summetrikìc kai jetik� orismènoc en¸ me kat�llhlh epilog  thc b�shc (mikrìc

forèac twn ϕj), o G eÐnai araiìc.

• Ton Nh×Nh pÐnaka akamyÐac S, ètsi ¸ste Sij = (∇ϕj ,∇ϕi). O pÐnakac akamyÐac

eÐnai epÐshc summetrikìc kai jetik� hmiorismènoc en¸ kai p�li me kat�llhlh epilog 

thc b�shc o pÐnakac eÐnai kai araiìc.

• To di�nusma ~F (t) =
(
(f(t), ϕ1), (f(t), ϕ2), . . . , (f(t), ϕNh)

)T
.

'Ara mporoÔme na gr�youme to sÔsthma sthn morf :

G
..

~a(t) + S~a(t) = ~F (t) , t ≥ 0 (2.24)

ìpou ~a(t) = (a1(t), a2(t), . . . , aNh(t))T .

To sÔsthma (2.24) eÐnai 2hc t�xhc kai apaiteÐ dÔo arqikèc sunj kec. Autèc ja pro-

èljoun apì tic arqikèc sunj kec tou probl matoc (2.14) wc ex c:

p0
h ∈ Sh ⇒ p0

h =

Nh∑
i=1

βiϕi,

p0
h,t ∈ Sh ⇒ p0

h,t =

Nh∑
i=1

γiϕi.

Sunep¸c orÐzoume

~a(0) = ~β = (β1, β2, . . . , βNh)T ,
.

~a(0) = ~γ = (γ1, γ2, . . . , γNh)T ,

opìte prokÔptei to sÔsthma:G
..

~a(t) + S~a(t) = ~F (t) , t ≥ 0,

~a(0) = ~β ,
.

~a(0) = ~γ,
(2.25)
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2.3 Ektim seic sf�lmatoc gia to prìblhma me omogeneÐc s.s.
Neumann

tou opoÐou h lÔsh eÐnai oi suntelestèc tou ph wc proc th b�sh {ϕi} tou Sh.

H idèa thc mejìdou Galerkin eÐnai ìti ìtan h di�stash tou Sh teÐnei sto �peiro (dhlad 

kaj¸c h −→ 0 an p.q. to h eÐnai h megalÔterh pleur� trig¸nou kat�llhlou trigwnismoÔ

tou Ω) tìte h hmidiakrith prosèggish ph ja teÐnei sthn akrib  lÔsh p, p.q. wc proc thn

L2 nìrma, ‖p − ph‖ −→ 0. K�nontac ektÐmhsh thc posìthtac ‖ph − p‖ sunart sei tou
h ja eÐmaste se jèsh na doÔme pìso gr gora teÐnei h proseggistik  lÔsh sthn akrib 

lÔsh kaj¸c h→ 0.

2.3.1 Elleiptik  probol  kai proseggistikèc idiìthtèc tou Sh

Prin apì autì ìmwc ac orÐsoume thn elleiptik  probol  ston q¸ro Sh. AkoloujoÔme tic

shmei¸seic tou seminarÐou [D],[Th].

Orismìc 2. (Telest c elleiptik c probol c)

O telest c Rh : H1 → Sh, pou onom�zetai telest c elleiptik c probol c ston Sh,

orÐzetai gia w ∈ H1 apì thn sqèsh:

(∇(Rhw),∇ϕ) = (∇w,∇ϕ) , ∀ϕ ∈ Sh. (2.26)

�

H elleiptik  probol  èqei thn parak�tw proseggistik  idiìthta:

Je¸rhma 2. (Proseggistik  idiìthta thc elleiptik c probol c)

'Estw r ≥ 2, tìte gia v ∈ Hs, 2 ≤ s ≤ r isqÔei

‖Rhv − v‖ ≤ Chs‖v‖s (2.27)

kai

‖∇(Rhv − v)‖ ≤ Chs−1‖v‖s, (2.28)

ìpou C eÐnai stajer� anex�rthth tou h kai tou v.

�

H idiìthta aut  thc elleiptik c probol c prokÔptei apì an�logh proseggistik  idi-

ìthta tou Sh pou dÐnetai apì to epìmeno l mma (bl.[Th]).

L mma 1. (Proseggistik  idiìthta tou Sh)

Up�rqei akèraioc arijmìc r ≥ 2 tètoioc ¸ste:

inf
χ∈Sh

(
‖w − χ‖+ h‖w − χ‖1

)
≤ Chs‖w‖s, (2.29)

gia w ∈ Hs, 2 ≤ s ≤ r kai C stajer� anex�rthth tou w kai tou h.
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2. H KUMATIK'H EX'ISWSH 2HS T'AXHS

�

EÐnai gnwstì (bl.[C]) ìti polloÐ q¸roi suneq¸n sunart sewn sto Ω, pou eÐnai kat�

tm mata poluwnumikèc sunart seic bajmoÔ ≤ r se k�je peperasmèno stoiqeÐo tou Sh,

plhroÔn thn (2.29).

2.3.2 EktÐmhsh sf�lmatoc

Sthn sunèqeia ja diatup¸soume kai ja apodeÐxoume èna je¸rhma gia thn ektÐmhsh sthn

L2 nìrma tou sf�lmatoc thc hmidiakrit c prosèggishc tou probl matoc me omogeneÐc s.s.

Neumann.

Je¸rhma 3. 'Estw ph kai p oi lÔseic twn problhm�twn (2.3) kai (2.14) antÐstoiqa gia

0 ≤ t ≤ T . Tìte, gia 0 ≤ t ≤ T

‖ph(t)− p(t)‖ ≤ ‖p0
h −Rhp0‖+ C(T ){‖p0

h,t −Rhp0
t ‖+ ‖∇(p0

h −Rhp0)‖}

+ C(T )hr
(
‖p0‖r +

∫ t

0
‖pt(τ)‖rdτ +

( ∫ t

0
‖ptt(τ)‖2rdτ

)1/2)
,

(2.30)

ìpou C(T ) stajer� anex�rthth tou h kai tou p.

Apìdeixh: AkoloujoÔme thn apìdeixh tou Dupont [D], gia to prìblhma me omogeneÐc

s.s. Dirichlet. Apì tic sqèseic (2.3) kai (2.14) èqoume ìti:

(ptt, ϕ) + (∇p,∇ϕ) = (f, ϕ),

(ph,tt, ϕ) + (∇ph,∇ϕ) = (f, ϕ),

∀ϕ ∈ Sh , 0 ≤ t ≤ T . Afair¸ntac tic parap�nw sqèseic kat� mèlh èqoume:

(ett, ϕ) + (∇e,∇ϕ) = 0 , ∀ϕ ∈ Sh, 0 ≤ t ≤ T, (2.31)

ìpou e = ph − p. Epomènwc e|t=0 = p0
h − p0 kai et|t=0 = p0

h,t − p0
t .

Gr�foume t¸ra

e = ph − p = (ph −Rhp) + (Rhp− p) ≡ ϑ+ %

ìpou ϑ = (ph −Rhp) kai % = (Rhp− p).
Profan¸c

‖ph − p‖ = ‖ϑ+ %‖ ≤ ‖ϑ‖+ ‖%‖,
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2.3 Ektim seic sf�lmatoc gia to prìblhma me omogeneÐc s.s.
Neumann

opìte arkeÐ na ektim soume ta ‖ϑ‖ kai ‖%‖.
H posìthta ‖%‖ eÐnai eÔkolo na ektimhjeÐ afoÔ

‖%‖ = ‖Rhp− p‖
(2.27)

≤ Chr‖p‖r.

'Omwc

p(x, t) = p0(x) +

∫ t

0
pt(x, τ)dτ.

Epomènwc

‖%‖ ≤ Chr
(
‖p0‖r +

∫ t

0
‖pt‖rdτ

)
. (2.32)

Gia na ektim soume thn posìthta ‖ϑ‖ parathroÔme ìti gia ϕ ∈ Sh:

(ϑtt, ϕ) + (∇ϑ,∇ϕ)= (ph,tt, ϕ) + (∇ph,∇ϕ)− (Rhptt, ϕ)− (∇Rhp,∇ϕ)

= (f, ϕ)− (Rhptt, ϕ)− (∇Rhp,∇ϕ)

= (f, ϕ)− (Rhptt, ϕ)− (∇p,∇ϕ)

= (ptt, ϕ)− (Rhptt, ϕ),

dhlad 

(ϑtt, ϕ) + (∇ϑ,∇ϕ) = −(%tt, ϕ) , ∀ϕ ∈ Sh , 0 ≤ t ≤ T. (2.33)

StajeropoioÔme to t kai epilègoume ϕ = ϑt opìte:

(ϑtt, ϑt) + (∇ϑ,∇ϑt) = −(%tt, ϑt) ,

dhl.
1

2

d

dt
‖ϑt‖2 +

1

2

d

dt
‖∇ϑ‖2 = −(%tt, ϑt).

SuneqÐzoume t¸ra wc ex c:

d
dt

(
‖ϑt‖2 + ‖∇ϑ‖2

)
= −2(%tt, ϑt)

≤ 2‖%tt‖‖ϑt‖
≤ ‖%tt‖2 + ‖ϑt‖2

≤ ‖%tt‖2 + ‖ϑt‖2 + ‖∇ϑ‖2.

'Estw σ(t) := ‖ϑt‖2 + ‖∇ϑ‖2. Tìte prokÔptei:

d

dt
σ(t) ≤ ‖%tt‖2 + σ(t), 0 ≤ t ≤ T.

H parap�nw sqèsh eÐnai mÐa diaforik  anisìthta. Apì to l mma tou Gronwall paÐrnoume:

σ(t) = ‖ϑt(t)‖2 + ‖∇ϑ(t)‖2 ≤ et{‖ϑt(0)‖2 + ‖∇ϑ(0)‖2}+

∫ t

0
et−τ‖%tt(τ)‖2dτ,
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2. H KUMATIK'H EX'ISWSH 2HS T'AXHS

kai afoÔ gia 0 ≤ t ≤ T èqoume et ≤ eT =: C(T ), paÐrnoume telik�

‖ϑt(t)‖2 + ‖∇ϑ(t)‖2 ≤ C(T ){‖ϑt(0)‖2 + ‖∇ϑ(0)‖2 +

∫ t

0
‖%tt(τ)‖2dτ} , 0 ≤ t ≤ T.

(2.34)

'Eqoume ìmwc ìti

‖%tt‖ = ‖Rhptt − ptt‖ ≤ Chr‖ptt‖r,

antikajist¸ntac sthn (2.34) kai paÐrnontac tetragwnikèc rÐzec katal goume sthn sqèsh:

‖ϑt(t)‖+ ‖∇ϑ(t)‖ ≤ C(T ){‖ϑt(0)‖+ ‖∇ϑ(0)‖+ hr
(∫ t

0
‖ptt(τ)‖2rdτ

)1/2
}. (2.35)

Gia na broÔme èna fr�gma gia thn ‖ϑ‖ èqoume:

ϑ(x, t) = ϑ(x, 0) +

∫ t

0
ϑt(x, τ)dτ.

PaÐrnontac nìrmec èqoume:

‖ϑ(t)‖ ≤ ‖ϑ(0)‖+

∫ t

0
‖ϑt(τ)‖dτ ≤ ‖ϑ(0)‖+ T max

0≤τ≤T
‖ϑt(τ)‖. (2.36)

'Ara apo thn (2.35) prokÔptei ìti:

max
0≤τ≤T

‖ϑt(τ)‖ ≤ C(T ){‖ϑt(0)‖+ ‖∇ϑ(0)‖+ hr
(∫ t

0
‖ptt(τ)‖2rdτ

)1/2
},

opìte h (2.36) gÐnetai

‖ϑ(t)‖ ≤ ‖ϑ(0)‖+ C(T ){‖ϑt(0)‖+ ‖∇ϑ(0)‖+ hr
(∫ t

0
‖ptt(τ)‖2rdτ

)1/2
}. (2.37)

'Omwc

‖ph − p‖ ≤ ‖ϑ‖+ ‖%‖.

'Ara telik� apo tic sqèseic (2.32) kai (2.37) paÐrnoume gia 0 ≤ t ≤ T

‖ph−p‖ ≤ ‖ϑ(0)‖+C(T ){‖ϑt(0)‖+‖∇ϑ(0)‖}+C(T )hr
(
‖p0‖r+

∫ t

0
‖pt(τ)‖rdτ+

( ∫ t

0
‖ptt(τ)‖2rdτ

)1/2)
(2.38)

to opoÐo, me dedomèno ìti ‖ϑ(0)‖ = ‖p0
h −Rhp0‖ , ‖ϑt(0)‖ = ‖p0

h,t −Rhp0
t ‖ kai

‖∇ϑ(0)‖ = ‖∇(p0
h −Rhp0)‖, eÐnai to telikì apotèlesma (2.3) �

Parat rhsh:

Shmantikì rìlo sto je¸rhma autì eÐnai na mporoÔme na ektim soume tic posìthtec ‖ϑ(0)‖,
‖ϑt(0)‖ kai ‖∇ϑ(0)‖ me akrÐbeia O(hr).

Tìso h ‖ϑ(0)‖ ìso kai h ‖ϑt(0)‖ eÐnai ‖O(hr)‖ gia pollèc proseggÐseic thc p0 kai thc p0
t

antÐstoiqa (p.q. L2 probolèc, paremb�llousa klp.). Antijètwc h ‖∇ϑ(0)‖ eÐnai O(hr)

praktik� mìnon an p0
h = Rhp

0, opìte ϑ(0) = 0.
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2.4 'Ena pl rwc diakritì sq ma. UlopoÐhsh kai a-

rijmhtik� peir�mata

Sthn enìthta 2.2 orÐsame ta hmidiakrit� probl mata (2.11), (2.14), (2.17) kai (2.21), ta

opoÐa diafèroun ousiastik� mìno ston upìqwro peperasmènhc di�stashc ston opoÐo eÐnai

orismènh h hmidiakrit  lÔsh. Ja doÔme t¸ra p¸c pern�me apì to hmidiakritì sto pl rwc

diakritì prìblhma kai ja orÐsoume sugkekrimèna pl rwc diakrit� sq mata.

2.4.1 DiakritopoÐhsh wc proc ton qrìno

EÐqame katal xei sto hmidiakritì prìblhma:

(ph,tt, ϕ) + (∇ph,∇ϕ) = (f, ϕ) , ∀ϕ ∈ Sh , t > 0,

ph(x, 0) = p0
h(x) ≈ p0(x) , ìpou p0

h(x) ∈ Sh,

ph,t(x, 0) = p0
h,t(x) ≈ p0

t (x) , ìpou p0
h,t(x) ∈ Sh,

(2.39)

ìpou Sh eÐnai k�je for� ènac apì touc q¸rouc peperasmènwn stoiqeÐwn twn problhm�twn

tic enìthtac 2.2. Gia thn diakritopoÐhsh wc proc to qrìno, epilègoume qronikì b ma k

(k = ∆t) kai orÐzoume tn = nk , n = 0, 1, 2, . . . ,M ìpou M : Mk = T kai

Pn ≈ p(·, tn) , Pn ∈ Sh.

Ja proseggÐsoume thn ptt apì to phlÐko: ptt ≈
p(tn+1)− 2p(tn) + p(tn−1)

k2
. Antikaji-

st¸ntac sto prìblhma (2.39) diatup¸noume to ex c pl rwc diakritì prìblhma:

ZhtoÔme Pn ∈ Sh , n = 0, 1, 2, . . . ,M , Mk = T, tètoia ¸ste:
(Pn+1 − 2Pn + Pn−1

k2
, ϕ
)

+ (∇
∧
Pnβ ,∇ϕ) = (fn, ϕ) , ∀ϕ ∈ Sh , n = 1, . . . ,M − 1

P 0 , P 1 , dedomèna sto Sh,

(2.40)

ìpou
∧
Pnβ = βPn+1 + (1− β)Pn + βPn−1

kai

fn = f(tn)

gia par�metro β ≥ 0.

Pollaplasi�zoume thn (2.40) me k2 kai èqoume:

(Pn+1, ϕ)− 2(Pn, ϕ) + (Pn−1, ϕ) + k2β(∇Pn+1,∇ϕ) + k2(1− 2β)(∇Pn,∇ϕ)+

+k2(∇Pn−1,∇ϕ) = k2(fn, ϕ)
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2. H KUMATIK'H EX'ISWSH 2HS T'AXHS

  isodÔnama

(Pn+1, ϕ) + k2β(∇Pn+1,∇ϕ) =2(Pn, ϕ)− k2(1− 2β)(∇Pn,∇ϕ)

−(Pn−1, ϕ)− k2(∇Pn−1,∇ϕ)

+k2(fn, ϕ)

gia ϕ ∈ Sh , 1 ≤ n ≤M − 1.

'Estw t¸ra {ϕi}Nhi=1 mÐa b�sh tou Sh. Tìte

Pn =

Nh∑
i=1

cni ϕi,

opìte èqoume:

(
Nh∑
i=1

cn+1
i ϕi, ϕj) + k2β(

Nh∑
i=1

cn+1
i ∇ϕi,∇ϕj) =2(

Nh∑
i=1

cni ϕi, ϕj)− k2(1− 2β)(
Nh∑
i=1

cni ∇ϕi,∇ϕj)

−(
Nh∑
i=1

cn−1
i ϕi, ϕj)− k2(

Nh∑
i=1

cn−1
i ∇ϕi,∇ϕj)

+k2(fn, ϕj)

gia 1 ≤ j ≤ Nh. OrÐzoume loipìn

• Ton pÐnaka m�zac G : Gji = (ϕj , ϕi)

• Ton pÐnaka akamyÐac S : Sji = (∇ϕj ,∇ϕi)

• To �gnwsto di�nusma ~cn : ~cn = (cn1 , c
n
2 , . . . , c

n
Nh

)T

• kai to di�nusma ~Fn : Fni = (fn, ϕi),

opìte telik� to pl rwc diakritì prìblhma gr�fetai wc ex c:

Zht�me ~cn, 0 ≤ n ≤M tètoia ¸ste{
(G+ k2βS)~c n+1 = (2G− k2(1− 2β)S)~c n − (G+ k2βS)~c n−1 + k2 ~F n, 1 ≤ n ≤M − 1,

~c 0 , ~c 1 , dedomèna.
(2.41)

Gia β = 0 èqw
∧
Pnβ = Pn (to klassikì sq ma twn Courant-Friedrichs-Lewy, (1928) ).

Gia β ≥ 1/4 h mèjodoc sugklÐnei qwrÐc periorismoÔc, qwrÐc dhlad  na apaitoÔme k�poia

sunj kh thc morf c ∆t
h ≤ c0. 'Otan 0 ≤ β < 1/4 qrei�zetai na eis�goume mÐa sunj kh

eust�jeiac thc morf c ∆t
h ≤ c0, h opoÐa ìmwc den eÐnai polÔ perioristik . H c0 eÐnai

kat�llhlh stajer�,[D].

18



2.4 'Ena pl rwc diakritì sq ma. UlopoÐhsh kai arijmhtik� peir�mata

MÐa xeqwrist  perÐptwsh eÐnai ìtan β = 1/12. H mèjodoc tìte onom�zetai Störmer-

Numerov kai eÐnai tètarthc t�xhc wc proc ton qrìno.

Akribèstera h sunj kh eust�jeiac eÐnai:

∆t
(
ρ(G−1S)

)1/2
=


+∞ e�n β ≥ 1/4( 4

1− 4β

)1/2
e�n 0 ≤ β < 1/4

,

ìpou eÐnai gnwstì ìti
(
ρ(G−1S)

)1/2
v 1/h. Upì aut  th sunj kh kai gia kat�llhlec

arqikèc sunj kec mporeÐ na apodeiqjeÐ ìti max
n
‖Pn − p(tn)‖ ≤ C(k2 + hr) (me k4 antÐ

k2 gia thn Störmer-Numerov). Gia tic apodeÐxeic parapèmpoume stic ergasÐec [D],[D1]

2.4.2 Digrammik� Peperasmèna StoiqeÐa

Gia na proqwr soume sthn ulopoÐhsh ston upologist  tou pl rouc diakritoÔ sq matoc

(2.41) ja prèpei na jewr soume mÐa sugkekrimènh diamèrish tou Ω. To sq ma twn stoi-

qeÐwn tou diamerismoÔ orÐzei di�forec oikogèneiec q¸rwn peperasmènwn stoiqeÐwn gia to

qwrÐo Ω.

Sthn perÐptwsh pou to qwrÐo Ω eÐnai orjog¸nio h ènwsh orjogwnÐwn, ìpwc eÐnai to

qwrÐo sto opoÐo jewroÔme ta probl mata mac, tìte mporoÔme na orÐsoume mÐa diamèrish

Mh tou Ω ètsi ¸ste ta stoiqeÐa ta opoÐa sqhmatÐzontai na lamb�nontai wc tanustik�

ginìmena monodi�statwn q¸rwn. Gia to qwrÐo Ω tou sq matoc 2.1 mÐa tètoia diamèrish

ja moi�zei p.q. me aut n sto Sq ma 2.3.

Σχήμα 2.3: ΄Ενας διαμερισμός του χωρίου Ω με ορθογώνια
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Se k�je orjog¸nio Mi tou diamerismoÔ up�rqoun tèsseric korufèc kai mporoÔme na

orÐsoume me monadikì trìpo èna polu¸numo me tèsseric bajmoÔc eleujerÐac. 'Ena tètoio

polu¸numo ja èqei thn morf  (me x = x1, y = x2):

a+ bx+ cy + dxy

kai dedomènou ìti ta ginìmena grammik¸n poluwnÔmwn (α+ βx)(γ + δy) gr�fontai sthn

morf  a + bx + cy + dxy, tètoiou eÐdouc polu¸numa anafèrontai wc �digrammik�� (bilin-

ear). Na shmei¸soume ìti ta digrammik� polu¸numa upobajmÐzontai se grammik� p�nw

stic akmèc tou orjogwnÐou.

SumbolÐzoume loipìn me {c1, c2, . . . , cNc}, to sÔnolo twn kìmbwn sto sÔnoro me su-

noriakèc sunj kec Dirichlet (desmeumènoi kìmboi) kai me {z1, z2, . . . , zNf } to sÔnolo

twn upìloipwn kìmbwn tou diamerismoÔ touc opoÐouc onom�zoume eleÔjerouc kìmbouc

(Nν = Nf + Nc). Epiplèon orÐzoume me Nel ton arijmì twn orjog¸niwn stoiqeÐwn tou

diamerismoÔ. 'Etsi loipìn Ω = Mh =
⋃Nel
i=1{Mi} kai mporoÔme na orÐsoume ton q¸ro

sunart sewn Bh me b�sh {ψ1, ψ2, . . . , ψNν}, me thn idiìthta:

ψi(zj) =

{
1 e�n i = j

0 e�n i 6= j
,

pou mporeÐ na grafteÐ ¸c:

ψi(x, y) = ai + bix+ ciy + dixy , (x, y) ∈Mi,

ìpou ta ai, bi, ci, di prosdiorÐzontai kata monadikì trìpo apì tic suntetagmènec twn ko-

ruf¸n tou orjogwnÐou Mi.

An orÐsoume wc Γ1 to tm ma tou sunìrou ∂Ω me sunj kec Dirichlet kai wc Γ2 to

tm ma tou sunìrou ∂Ω me sunj kec Neumann, tìte o q¸roc peperasmènwn stoiqeÐwn

eÐnai o:

Sh = {v ∈ Bh : v = 0 sto Γ1}.

Sto ex c ja anaferìmaste se tètoiou eÐdouc q¸rouc wc q¸rouc tanustik¸n ginomènwn

peperasmènwn stoiqeÐwn.

2.4.3 Trigwnik� Peperasmèna StoiqeÐa

'Estw t¸ra ènac diamerismìc tou qwrÐou tou sq matoc 2.1 me trÐgwna ìpwc faÐnetai p.q.

sto sq ma 2.4.
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Σχήμα 2.4: ΄Ενας διαμερισμός του χωρίου Ω με τρίγωνα

OrÐzontac loipìn Ω = Th =
⋃Nel
i=1{Ti} kai ton sumbolismì stouc kìmbouc ìpwc autì

ègine sta digrammik� peperasmèna stoiqeÐa mporoÔme kai p�li na orÐsoume ènan q¸ro

sunart sewn Ph me b�sh {ψ1, ψ2, . . . , ψNν} pou ikanopoieÐ thn idiìthta:

ψi(zj) =

{
1 e�n i = j

0 e�n i 6= j
.

K�je stoiqeÐo thc b�shc mporeÐ na grafteÐ ¸c:

ψi(x, y) = ai + bix+ ciy , (x, y) ∈ Ti,

ìpou kai p�li ta ai, bi, ci prosdiorÐzontai kata monadikì trìpo apì tic suntetagmènec twn

koruf¸n tou trig¸nou Ti.

O q¸roc peperasmènwn stoiqeÐwn se aut n thn perÐptwsh eÐnai o

Sh = {v ∈ Ph : v = 0 sto Γ1}.

2.4.4 Arijmhtik� ParadeÐgmata

Ja ulopoi soume t¸ra thn pl rwc diakrit  mèjodo (2.41) me β = 0 ìtan oi arqikèc

sunj kec eÐnai thc morf c

p0(x, y) = Ae−c
(

(x−x0)2+(y−y0)2
)

kai p0
t (x, y) = 0. (2.42)

H sun�rthsh p0(x, y) parist�nei thn arqik  tim  tou kÔmatoc pou gia sthn dedomènh pe-

rÐptwsh eÐnai mÐa sun�rthsh Gauss. me koruf  to shmeÐo (x0, y0)

21



2. H KUMATIK'H EX'ISWSH 2HS T'AXHS

Par�deigma 1:

Dokim�zoume thn mèjodo mac me tic arqikèc sunj kec (2.42) ìpouA = 2, c = 600 , (x0, y0) =

(1/2, 1/2) gia to qwrÐo tou sq matoc 2.1 me omogeneÐc sunoriakèc sunj kec Dirichlet.

H prosomoÐwsh ègine me digrammik� peperasmèna stoiqeÐa me sunolikì arijmì stoiqeÐwn

Nel = 15376. P rame ∆t = 1/310 ètsi ¸ste ∆t
h = 2

5 pou plhroÐ thn sunj kh eust�jeiac
∆t
h ≤ c0 me c0 = 2/5. H exèlixh thc lÔshc faÐnetai sta sq mata 2.5-2.9.

Σχήμα 2.5: t = 0

Σχήμα 2.6: t = 0.1
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Σχήμα 2.7: t = 0.3

Σχήμα 2.8: t = 0.5

Σχήμα 2.9: t = 0.7
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Par�deigma 2:

Dokim�zoume thn mèjodo mac me tic arqikèc sunj kec (2.42) ìpouA = 2, c = 600 , (x0, y0) =

(1/2, 1/2) gia to qwrÐo tou sq matoc 2.1 me omogeneÐc sunoriakèc sunj kec Neumann.

H prosomoÐwsh ègine me digrammik� peperasmèna stoiqeÐa me sunolikì arijmì stoiqeÐwn

Nel = 15376. P rame ∆t = 1/310 ètsi ¸ste ∆t
h = 2

5 pou plhroÐ thn sunj kh eust�jeiac
∆t
h ≤ c0 me c0 = 2/5. H exèlixh thc lÔshc faÐnetai sta sq mata 2.10-2.14.

Σχήμα 2.10: t = 0

Σχήμα 2.11: t = 0.1
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Σχήμα 2.12: t = 0.3

Σχήμα 2.13: t = 0.5

Σχήμα 2.14: t = 0.7
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Par�deigma 3:

Dokim�zoume thn mèjodo mac me tic arqikèc sunj kec (2.42) ìpouA = 2, c = 600 , (x0, y0) =

(1/3, 1/5), sto qwrÐo tou sq matoc 2.1 me periodikèc sunoriakèc sunj kec. H prosomo-

Ðwsh ègine me orjog¸nia peperasmèna stoiqeÐa me Nel = 15376. P rame ∆t = 1/310 ètsi

¸ste ∆t
h = 2

5 pou plhroÐ thn sunj kh eust�jeiac ∆t
h ≤ c0 me c0 = 2/5. H exèlixh thc

lÔshc faÐnetai sta sq mata 2.15-2.19.

Σχήμα 2.15: t = 0

Σχήμα 2.16: t = 0.1
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Σχήμα 2.17: t = 0.3

Σχήμα 2.18: t = 0.4

Σχήμα 2.19: t = 0.5
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Par�deigma 4:

Dokim�zoume thn mèjodo mac me tic arqikèc sunj kec (2.42) ìpouA = 2, c = 600 , (x0, y0) =

(0, 0) ston dÐsko me kèntro to (0, 0), aktÐna èna kai omogeneÐc sunoriakèc sunj kec Neu-

mann. H prosomoÐwsh ègine me trigwnik� peperasmèna stoiqeÐa me ton sunolikì arijmì

twn stoiqeÐwn na eÐnai Nel = 4096. P rame ∆t = 1/240 ètsi ¸ste ∆t
h = c pou plhroÐ thn

sunj kh eust�jeiac ∆t
h ≤ c0 me c0 dedomènh stajer� kai h h mègisth pleur� trig¸nou

ston trigwnismì. H exèlixh thc lÔshc faÐnetai sta sq mata 2.20-2.24. Na shmei¸soume

ìti proseggÐzoume ton kÔklo apì kanonikì polÔgwno kai sthn perÐptwsh tou peir�matoc

autoÔ up�rqoun 129 korufèc tou trigwnismoÔ p�nw ston kÔklo.

Σχήμα 2.20: t = 0

Σχήμα 2.21: t = 0.5
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Σχήμα 2.22: t = 1.0

Σχήμα 2.23: t = 1.5

Σχήμα 2.24: t = 1.9

29



2. H KUMATIK'H EX'ISWSH 2HS T'AXHS

2.5 T�xh sÔgklishc

'Hdh apì to je¸rhma 3 anamènoume h t�xh sÔgklishc wc proc thn L2 nìrma tou qwrikoÔ

sf�lmatoc ja eÐnai toul�qiston 2. Gia na broÔme peiramatik� thn t�xh sÔgklishc sqedi-

�same mÐa seir� apì arijmhtik� peir�mata.

Sta arijmhtik� peir�mata pou akoloujoÔn epilèxame β = 1/12 (mèjodoc Störmer-

Numerov ) ¸ste h mèjodoc na eÐnai tètarthc t�xhc wc proc ton qrìno, kaj¸c kai
∆t
h = 2/5, ¸ste na exasfalÐzoume ìti to apotèlesma pou paÐrnoume afor� praktik�

thn t�xh sÔgklishc wc proc to qwrikì sf�lma kai mono (ed¸ to qwrikì sf�lma metriètai

thn qronik  stigm  T = 1).

2.5.1 T�xh sÔgklishc me digrammik� peperasmèna stoiqeÐa.

Efarmìzoume thn mèjodo ìpwc thn perigr�yame prohgoumènwc me qr sh digrammik¸n

peperasmènwn stoiqeÐwn sto qwrÐo tou sq matoc 2.1. O diamerismìc tou qwrÐou gÐnetai

me omoiìmorfh diamèrish me N shmeÐa se k�je pleur� tou tetrag¸nou [0, 1] × [0, 1].

'Etsi kataskeu�zoume èna plègma apì shmeÐa apo ta opoÐa prokÔptei h diamèrish. To

apotèlesma ja eÐnai mÐa diamèrish ìpwc p.q. tou sq matoc pou akoloujeÐ.

Σχήμα 2.25: N = 5, h = 1/4, Nel = 16

Wc h paÐrnoume to pl�toc tou diamerismoÔ sthn pleur� tou Ω (dhlad  h = 1
N−1).
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2.5.1.1 Prìblhma me omogeneÐc s.s.Dirichlet

PaÐrnontac akrib  lÔsh to probl matoc (2.2) th sun�rthsh

p(x, y, t) = cos(
√

2πt)x sin(πx) sin(πy), (2.43)

dhlad  me f(x, y, t) = −2π cos(
√

2πt) cos(πx) sin(πy) kai me tic arqikèc sunj kec pou

prokÔptoun apì aut n exet�zoume thn t�xh sÔgklishc wc proc thn L2 nìrma, sugkrÐnon-

tac ta sf�lmata gia di�fora h thn qronik  stigm  T = 1. Ta apotelèsmata faÐnontai

ston parak�tw pÐnaka kai dÐnoun t�xh sÔgklishc r = r(p) praktik� Ðsh me 2.

N h ‖p− ph‖L2 r(p)

5 2.5000e− 001 3.1038e− 002 −−−
15 7.1429e− 002 2.8342e− 003 1.9105

25 4.1667e− 002 9.7462e− 004 1.9805

35 2.9412e− 002 4.8740e− 004 1.9895

45 2.2727e− 002 2.9156e− 004 1.9930

55 1.8519e− 002 1.9378e− 004 1.9947

65 1.5625e− 002 1.3805e− 004 1.9958

75 1.3514e− 002 1.0332e− 004 1.9965

Σχήμα 2.26: Διάγραμμα τάξης σύγκλισης σε λογαριθμική κλίμακα για το πρόβλημα με

ομογενείς σ.σ. Dirichlet
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Parat rhsh:

O upologismìc thc L2−nìrmac, sthn perÐptwsh twn digrammik¸n peperasmènwn stoiqe-

Ðwn, gÐnetai me arijmhtik  olokl rwsh. 'Eqoume loipìn

‖f‖L2(Ω) =

√∫
Ω
f2(x, y)dxdy

ìpou
∫

Ω f
2(x, y)dxdy =

Nel∑
i=1

∫
Mi
f2(x, y)dxdy. H prosèggish twn oloklhrwm�twn

∫
Mi
f2(x, y)dxdy

gÐnetai me kanìna 3× 3 shmeÐwn Gauss-Legendre.

Ta shmeÐa tou kanìna eÐnai ta (xi, yj) , 1 ≤ i, j ≤ 3 me x = (−
√

3/5, 0,
√

3/5) kai

y = (−
√

3/5, 0,
√

3/5) kai ta antÐstoiqa b�rh eÐnaiWij = wiwj ìpou w = (5/9, 8/9, 5/9).

Me b�sh ta parap�nw èqoume

1∫
−1

1∫
−1

f(x, y)dxdy '
3∑
i=1

3∑
j=1

Wijf(xi, yj)

Me kat�llhlh allag  metablht¸n o parap�nw kanìnac mporeÐ na efarmosteÐ se k�je

stoiqeÐo Mi tou diamerismoÔ.

2.5.1.2 Prìblhma me omogeneÐc s.s.Neumann

Me akrib  lÔsh tou probl matoc (2.3) thn sun�rthsh

p(x, y, t) = cos(
√

2πt) cos(πx) cos(πy) (2.44)

kai me tic arqikèc sunj kec pou prokÔptoun apì aut n exet�zoume thn t�xh sÔgklishc

wc proc thn L2 nìrma sugkrÐnontac ta sf�lmata gia di�fora h th qronik  stigm  T = 1.
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2.5 T�xh sÔgklishc

Ta apotelèsmata faÐnontai ston parak�tw pÐnaka kai dÐnoun thn anamenìmenh t�xh sÔg-

klishc (2).

N h ‖p− ph‖L2 r(p)

5 2.5000e− 001 6.0480e− 002 −−−
15 7.1429e− 002 5.5015e− 003 1.9136

25 4.1667e− 002 1.8916e− 003 1.9807

35 2.9412e− 002 9.4602e− 004 1.9894

45 2.2727e− 002 5.6592e− 004 1.9928

55 1.8519e− 002 3.7615e− 004 1.9945

65 1.5625e− 002 2.6798e− 004 1.9956

75 1.3514e− 002 2.0055e− 004 1.9963

Σχήμα 2.27: Διάγραμμα τάξης σύγκλισης σε λογαριθμική κλίμακα για το πρόβλημα με

ομογενείς σ.σ. Neumann

2.5.1.3 Prìblhma me miktèc sunoriakèc sunj kec

H akrib c lÔsh gia to prìblhma (2.4) eÐnai

p(x, y, t) = cos(
√

2πt)x2 sin(πx) cos(πy), (2.45)
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2. H KUMATIK'H EX'ISWSH 2HS T'AXHS

dhlad  me f(x, y, t) = −2 cos(
√

2πt)(2πx cos(πx) + sin(πx)) cos(πy) kai me tic arqikèc

sunj kec pou prokÔptoun apì aut n h t�xh sÔgklishc wc proc thn L2 nìrma pou pro-

kÔptei apo ta arijmhtik� peir�mata eÐnai dÔo.

N h ‖p− ph‖L2 r(p)

5 2.5000e− 001 1.9465e− 002 −−−
15 7.1429e− 002 1.7288e− 003 1.9327

25 4.1667e− 002 5.9338e− 004 1.9839

35 2.9412e− 002 2.9656e− 004 1.9913

45 2.2727e− 002 1.7735e− 004 1.9941

55 1.8519e− 002 1.1785e− 004 1.9956

65 1.5625e− 002 8.3950e− 005 1.9965

75 1.3514e− 002 6.2820e− 005 1.9971

Σχήμα 2.28: Διάγραμμα τάξης σύγκλισης σε λογαριθμική κλίμακα για το πρόβλημα με

μικτές συνοριακές συνθήκες

Shmeiwtèon ìti ed¸ h lÔsh eÐnai ek kataskeu c C2(Ω). Genik� up�rqei prìblhma sthn

t�xh sÔgklishc e�n h akrib  lÔsh den  tan C2 kai gia na to doÔme autì ja k�noume èna

bohjhtikì peÐrama.
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2.5 T�xh sÔgklishc

Miktèc s.s. me lÔsh h opoÐa den eÐnai C2. JewroÔme to qwrÐo Ω = {(x, y) ∈
R2 : 0 ≤ x ≤ 1, 0 ≤ y ≤ 1} kai qwrÐzoume to sÔnoro tou qwrÐou sta tm mata Γ1, Γ2,

Γ3α, Γ3β kai Γ4.

Σχήμα 2.29: Το χωρίο Ω με το σύνορό του χωρισμένο σε 5 τμήματα

Sthn sunèqeia jewroÔme to parak�tw prìblhma arqik¸n/sunoriak¸n tim¸n:



ptt = ∆p+ f sto Ω , 0 ≤ t ≤ T,

p = 0 sto Γ1 ∪ Γ3β , 0 ≤ t ≤ T,
∂p

∂n
= 0 sto Γ2 ∪ Γ3α ∪ Γ4 , 0 ≤ t ≤ T,

p(x, 0) = p0(x) sto Ω , t = 0,

pt(x, 0) = p0
t (x) sto Ω , t = 0,

To prìblhma den anamènetai na èqei lÔsh p ∈ C2(Ω) lìgw thc èlleiyhc sumbatìthtac

sto shmeÐo (1, 1/2) tou Γ3. LÔnoume arijmhtik� to prìblhma (me f ≡ 0) qrhsimopoi¸ntac

digrammik� peperasmèna stoiqeÐa me N = 125, β = 0, ∆t = 2
9h kai arqikèc sunj kec

p0(x, y) = 15x(x− 1)2e−300(x−1/2)2 cos(2πy)

kai

p0
t (x, y) = 0.

H exèlixh thc lÔshc faÐnetai sta sq mata 2.30-2.33.
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2. H KUMATIK'H EX'ISWSH 2HS T'AXHS

Σχήμα 2.30: t = 0

Σχήμα 2.31: t = 0.2

Σχήμα 2.32: t = 0.4774
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2.5 T�xh sÔgklishc

Σχήμα 2.33: t = 0.5663

Ja k�noume mÐa pio prosektik  an�lush gia to ti akrib¸c sumbaÐnei se dÔo qronikèc

stigmèc, t = 0.4774 kai gia t = 0.5663. Gia t = 0.4774 to gr�fhma thc sun�rthshc

g(y) = ph(1, y), 0 ≤ y ≤ 1 faÐnetai sto Sq ma 2.34.

Σχήμα 2.34: g(y) = ph(1, y), 0 ≤ y ≤ 1 τη χρονική στιγμή t = 0.4774

FaÐnetai ìti h lÔsh den èqei suneq  pr¸th par�gwgo sto (1, 0.5). Arijmhtik� èqoume

ìti
∂ph
∂x

(1, 0.5−) ' 0 6= −55.7929 ' ∂ph
∂x

(1, 0.5+).

AntÐstoiqa gia t = 0.5663 to gr�fhma thc sun�rthshc h(y) = ph(1, y), 0 ≤ y ≤ 1

faÐnetai sto Sq ma 2.35.
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2. H KUMATIK'H EX'ISWSH 2HS T'AXHS

Σχήμα 2.35: h(y) = ph(1, y), 0 ≤ y ≤ 1 τη χρονική στιγμή t = 0.5663

EÔkola parathroÔme ìti h lÔsh den èqei suneq  pr¸th par�gwgo sto (1, 0.5). Arij-

mhtik� èqoume ìti
∂ph
∂x

(1, 0.5−) ' 0 6= 71.6015 ' ∂ph
∂x

(1, 0.5+).

2.5.1.4 Prìblhma me periodikèc sunoriakèc sunj kec

Mia akrib c lÔsh gia to periodikì prìblhma (2.5) eÐnai h sun�rthsh

p(x, y, t) = cos(
√

8πt) sin(2πx) cos(2πy) (2.46)

ìpou me tic arqikèc sunj kec pou prokÔptoun apì aut n h t�xh sÔgklishc wc proc thn

L2 nìrma pou prokÔptei apo ta arijmhtik� peir�mata parousi�zetai ston parak�tw pÐnaka

kai faÐnetai na sugklÐnei sthn tim  2:

N h ‖p− ph‖L2 r(p)

5 2.5000e− 001 1.2974e− 001 −−−
15 7.1429e− 002 5.5151e− 003 2.5208

25 4.1667e− 002 2.0769e− 003 1.8118

35 2.9412e− 002 1.0680e− 003 1.9095

45 2.2727e− 002 6.4662e− 004 1.9461

55 1.8519e− 002 4.3252e− 004 1.9635

65 1.5625e− 002 3.0932e− 004 1.9732

75 1.3514e− 002 2.3207e− 004 1.9792
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2.5 T�xh sÔgklishc

Σχήμα 2.36: Διάγραμμα τάξης σύγκλισης σε λογαριθμική κλίμακα για το πρόβλημα με

περιοδικές συνοριακές συνθήκες

2.5.2 T�xh sÔgklishc me trigwnik� peperasmèna stoiqeÐa.

Efarmìzoume thn mèjodo aut n thn for� qrhsimopoi¸ntac omoiìmorfa trigwnik� stoiqeÐa

sto qwrÐo tou sq matoc 2.1. To plègma twn kìmbwn prokÔptei ìpwc kai sta digrammik�

peperasmèna stoiqeÐa paÐrnontac tic upoteÐnousec twn trig¸nwn ètsi ¸ste na sqhmatÐzoun

gwnÐa 45o me touc �xonec x kai y. To apotèlesma ja eÐnai mÐa diamèrish ìpwc tou sq matoc

pou akoloujeÐ.

Σχήμα 2.37: N = 5, h = 1/4, Nel = 32

Wc h paÐrnoume kai p�li to pl�toc tou diamerismoÔ sthn pleur� tou Ω, (h = 1
N−1).

Sta arijmhtik� peir�mata pou akoloujoÔn paÐrnoume kai p�li thn par�metro β = 1/12

kaj¸c kai ∆t
h = 2/5
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2. H KUMATIK'H EX'ISWSH 2HS T'AXHS

2.5.2.1 Prìblhma me omogeneÐc s.s.Dirichlet

PaÐrnoume wc akrib  lÔsh thn (2.43) kai me tic arqikèc sunj kec pou prokÔptoun apì

aut n exet�zoume thn t�xh sÔgklishc wc proc thn L2 nìrma sugkrÐnontac ta sf�lmata

gia di�fora h thn qronik  stigm  T = 1. Ta apotelèsmata faÐnontai ston parak�tw

pÐnaka kai dinoun t�xh sÔgklishc praktik� Ðsh me dÔo.

N h ‖p− ph‖L2 r(p)

5 2.5000e− 001 7.6261e− 002 −−−
15 7.1429e− 002 7.6499e− 003 1.8355

25 4.1667e− 002 2.6565e− 003 1.9623

35 2.9412e− 002 1.3320e− 003 1.9819

45 2.2727e− 002 7.9769e− 004 1.9887

55 1.8519e− 002 5.3047e− 004 1.9920

65 1.5625e− 002 3.7804e− 004 1.9939

75 1.3514e− 002 2.8297e− 004 1.9951

Σχήμα 2.38: Διάγραμμα τάξης σύγκλισης σε λογαριθμική κλίμακα για το πρόβλημα με

ομογενείς σ.σ. Dirichlet

Parat rhsh:

O upologismìc twn sfalm�twn sthn perÐptwsh twn trigwnik¸n peperasmènwn gÐnetai me
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2.5 T�xh sÔgklishc

thn sun�rthsh L2NormErr1 apì to biblÐo tou Mark S. Gockenbach [G].

2.5.2.2 Prìblhma me omogeneÐc s.s.Neumann

Gia akrib c lÔsh èqoume thn (2.44) kai me arqikèc sunj kec pou prokÔptoun apì aut n

h t�xh sÔgklishc wc proc thn L2 nìrma (thn qronik  stigm  T = 1) pou prokÔptei apì

ta peir�mata faÐnetai sto parak�tw pÐnaka kai eÐnai praktik� Ðsh me dÔo.

N h ‖p− ph‖L2 r(p)

5 2.5000e− 001 1.4390e− 001 −−−
15 7.1429e− 002 1.4267e− 002 1.8449

25 4.1667e− 002 4.9502e− 003 1.9639

35 2.9412e− 002 2.4840e− 003 1.9798

45 2.2727e− 002 1.4886e− 003 1.9857

55 1.8519e− 002 9.9051e− 004 1.9893

65 1.5625e− 002 7.0616e− 004 1.9916

75 1.3514e− 002 5.2873e− 004 1.9931

Σχήμα 2.39: Διάγραμμα τάξης σύγκλισης σε λογαριθμική κλίμακα για το πρόβλημα με

ομογενείς σ.σ. Neumann
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2. H KUMATIK'H EX'ISWSH 2HS T'AXHS

2.5.2.3 Prìblhma me miktèc sunoriakèc sunj kec

Mia akrib c lÔsh tou probl matoc me miktèc sunoriakèc sunj kec eÐnai h (2.45) kai me

tic arqikèc sunj kec pou prokÔptoun apì aut n h peiramatik  t�xh sÔgklishc wc proc

thn L2 nìrma (th qronik  stigm  T = 1) prokÔptei eÐnai praktik� Ðsh me dÔo.

N h ‖p− ph‖L2 r(p)

5 2.5000e− 001 3.8010e− 002 −−−
15 7.1429e− 002 4.6530e− 003 1.6766

25 4.1667e− 002 1.6415e− 003 1.9330

35 2.9412e− 002 8.2561e− 004 1.9731

45 2.2727e− 002 4.9479e− 004 1.9857

55 1.8519e− 002 3.2910e− 004 1.9912

65 1.5625e− 002 2.3452e− 004 1.9941

75 1.3514e− 002 1.7553e− 004 1.9958

Σχήμα 2.40: Διάγραμμα τάξης σύγκλισης σε λογαριθμική κλίμακα για το πρόβλημα με

μικτές συνοριακές συνθήκες
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Kef�laio 3

H kumatik  exÐswsh wc

uperbolikì sÔsthma 1hc t�xhc

Sto kef�laio autì ja melet soume mejìdouc peperasmènwn stoiqeÐwn gia thn akoustik 

kumatik  exÐswsh {
pt +∇ · ~v = f,

~vt +∇p = 0,
(3.1)

ìpou ~v = (u, v).

Ja doÔme orismènec sunoriakèc sunj kec gia tic opoÐec to parap�nw uperbolikì sÔsthma

eÐnai kal¸c topojethmèno kai ja doÔme peiramatik� poia eÐnai h t�xh sÔgklishc twn

mejìdwn peperasmènwn stoiqeÐwn gia to prìblhma autì. EÐnai gnwstì ìti sthn perÐptwsh

mÐac qwrik c di�stashc h t�xh sÔgklishc twn sun jwn mejìdwn Galerkin gia genikoÔc

diamerismoÔc eÐnai 1 en¸ up�rqoun orismèna apotelèsmata (bl. p.q. [D2 ]), pou gia

omoiìmorfo diamerismì kai eparkeÐc sunj kec sumbibastoÔ sto sÔnoro dinoun t�xh 2.

3.1 To prìblhma

JewroÔme to sÔsthma (3.1) gia thn akoustik  kumatik  exÐswsh. To sÔsthma autì

eÐnai èna uperbolikì sÔsthma 1hc t�xhc to opoÐo proèrqetai apì thn akoustik  ìpou

p = p(x, y, t) perigr�fei thn pÐesh kai to dianusmatikì pedÐo ~v = (u(x, y, t).v(x, y, t))

perigr�fei thn taqÔthta tou reustoÔ pou ufÐstatai akoustik  diataraq .
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3. H KUMATIK'H EX'ISWSH WS UPERBOLIK'O S'USTHMA 1HS
T'AXHS

To sÔsthma (3.1) mporeÐ na grafteÐ sthn parak�tw morf 
pt + ux + vy = f,

ut + px = 0,

vt + py = 0.

(3.2)

EÐnai eÔkolo na doÔme ìti h pÐesh ikanopoieÐ thn 2hc t�xhc kumatik  exÐswsh (2.1).

Pr�gmati:

ptt
(3.2)
= −uxt − vyt + ft = −(−pxx)− (−pyy) + ft = pxx + pyy + ft = ∆p+ ft

3.1.1 Arqikèc kai sunoriakèc sunj kec

Se autì to shmeÐo ja efodi�soume thn (3.1) me arqikèc kai sunoriakèc sunj kec.

3.1.1.1 Arqikèc sunj kec

Oi arqikèc sunj kec gia thn (3.1) aforoÔn thn pÐesh kai ja eÐnai thc morf c:

• p|t=0 Dedomèno

• pt|t=0 Dedomèno

H deÔterh sunj kh, epeid  pt|t=0 = −∇ · ~v|t=0 + f |t=0, jewreÐ sunep¸c ìti ta u|t=0 kai

v|t=0 eÐnai dedomèna.

3.1.1.2 Sunoriakèc Sunj kec

'Estw to qwrÐo Ω = {(x, y) ∈ R2 : 0 ≤ x ≤ 1, 0 ≤ y ≤ 1} ìpwc faÐnetai sto sq ma 3.1

Σχήμα 3.1: Το χωρίο Ω
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3.1 To prìblhma

QwrÐsame to sÔnoro tou qwrÐou Ω se tèssera tm mata Γ1, Γ2, Γ3 kai Γ4. Ja

jewr soume t¸ra tèsseric peript¸seic sunoriak¸n sunjhk¸n:

(I) p = 0 sto ∂Ω, gia 0 ≤ t ≤ T .

(II) u = 0 sto Γ1
⋃

Γ3 kai v = 0 sto Γ2
⋃

Γ4, gia 0 ≤ t ≤ T .

(III) p = 0 sto Γ1
⋃

Γ3 kai v = 0 sto Γ2
⋃

Γ4, gia 0 ≤ t ≤ T .

(IV ) p|Γ1 = p|Γ3, p|Γ2 = p|Γ4 kai v|Γ1 = v|Γ3, u|Γ2 = u|Γ4 gia 0 ≤ t ≤ T .

3.1.2 Diat rhsh thc enèrgeiac

Ja prèpei me k�poion trìpo na prosdiorÐsoume e�n ta probl mata arqik¸n/sunoriak¸n

tim¸n pou orÐsame stic peript¸seic (I), (II), (III) kai (IV ) eÐnai kal¸c topojethmèna.

Apì to prìblhma (3.1), gia f = 0, èqoume ìti:

pt +∇ · ~v = 0.

Pollaplasi�zontac me p èqoume:

ppt + p(∇ · ~v) = 0.

Oloklhr¸noume sto Ω opìte: ∫
Ω
ppt +

∫
Ω
p(∇ · ~v) = 0. (3.3)

'Omwc ∫
Ω
ppt =

1

2

d

dt

(∫
Ω
p2
)

(3.4)

kai lìgw thc idiìthtac

div(p~v) = p(∇ · ~v) +∇p · ~v,

èqoume ∫
Ω
p(∇ · ~v) =

∫
Ω

(div(p~v)−∇p · ~v). (3.5)

Antikajist¸ntac thn (3.4) kai (3.5) sthn (3.3) èqoume:

1

2

d

dt

(∫
Ω
p2
)

+

∫
Ω

(div(p~v)−∇p · ~v) = 0. (3.6)

JewroÔme t¸ra thn deÔterh exÐswsh tou (3.1):

~vt +∇p = 0.
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3. H KUMATIK'H EX'ISWSH WS UPERBOLIK'O S'USTHMA 1HS
T'AXHS

PaÐrnontac eswterikì ginìmeno me to ~v èqoume:

~vt · ~v +∇p · ~v = 0.

Oloklhr¸nontac p�nw sto Ω: ∫
Ω

~vt · ~v +

∫
Ω
∇p · ~v = 0. (3.7)

'Omwc kai p�li ∫
Ω

~vt · ~v =
1

2

d

dt

(∫
Ω
|~v|2

)
, ìpou |~v|2 = ~v · ~v. (3.8)

Antikajist¸ntac thn (3.8) sthn (3.7) èqoume:

1

2

d

dt

(∫
Ω
|~v|2

)
+

∫
Ω
∇p · ~v = 0. (3.9)

Prosjètontac t¸ra kat� mèlh tic (3.6) kai (3.9) èqoume:

1

2

d

dt

(∫
Ω
p2 +

∫
Ω
|~v|2

)
+

∫
Ω
div(p~v) = 0. (3.10)

Qrhsimopoi¸ntac sunep¸c to je¸rhma apìklishc ja èqoume:

1

2

d

dt

(∫
Ω
p2 +

∫
Ω
|~v|2

)
+

∫
∂Ω
p~v · ~n = 0, (3.11)

ìpou ~n eÐnai to monadiaÐo k�jeto exwterikì di�nusma sto sÔnoro tou Ω.

OrÐzoume ¸c enèrgeia E(t) thn posìthta:

E(t) =

∫
Ω

(
p2 + |~v|2

)
,

kai to J ¸c ex c:

J =

∫
∂Ω
p~v · ~n.

EÐnai fanerì ìti gia na diathreÐtai h enèrgeia ja prèpei

d

dt

(
E(t)

)
= 0,

pou lìgw thc (3.11) shmaÐnei ìti prèpei J = 0. An anaptÔxoume to J ja èqoume:

J = −
∫

Γ1
pu+

∫
Γ2
pv +

∫
Γ3
pu−

∫
Γ4
pv. (3.12)

MporoÔme na doÔme ìti up�rqei mÐa plhj¸ra apì sunoriakèc sunj kec gia tic p, u kai v

gia tic opoÐec to J mhdenÐzetai. MetaxÔ aut¸n eÐnai profan¸c kai oi sunj kec (I)−(IV ).

46



3.2 Mèjodoc Peperasmènwn StoiqeÐwn kai peiramatik  t�xh
sÔgklishc

3.2 Mèjodoc Peperasmènwn StoiqeÐwn kai peirama-

tik  t�xh sÔgklishc

AfoÔ loipìn orÐsame ta probl mata sunoriak¸n tim¸n (I)−(IV ) ja orÐsoume poia eÐnai h

mèjodoc peperasmènwn stoiqeÐwn gia k�je èna apì aut� ta probl mata. Sthn sunèqeia ja

doÔme peiramatik� poia eÐnai h t�xh sÔgklishc gia k�je èna apì ta probl mata (I)−(IV ).

3.2.1 Prìblhma arqik¸n/sunoriak¸n tim¸n me sunoriakèc sun-

j kec tÔpou (I)

'Estw to prìblhma (3.2) efodiasmèno me arqikèc/sunj kec tÔpou (I). 'Estw epiplèon

ψ ∈ H1
0 (Ω), ϕ1 ∈ H1(Ω) kai ϕ2 ∈ H1(Ω) ìpou

H1
0 (Ω) = {v ∈ H1(Ω) : v = 0 sto ∂Ω}

Pollaplasi�zoume thn pr¸th exÐswsh thc (3.2) me ψ, thn deÔterh me ϕ1 kai thn trÐth me

ϕ2, opìte ja èqoume:
ptψ + uxψ + vyψ = fψ , ∀ψ ∈ H1

0 (Ω),

utϕ1 + pxϕ1 = 0 , ∀ϕ1 ∈ H1(Ω),

vtϕ2 + pyϕ2 = 0 , ∀ϕ2 ∈ H1(Ω).

Oloklhr¸noume sto Ω kai èqoume:
(pt, ψ) + (ux, ψ) + (vy, ψ) = (f, ψ) , ∀ψ ∈ H1

0 (Ω),

(ut, ϕ1) + (px, ϕ1) = 0 , ∀ϕ1 ∈ H1(Ω),

(vt, ϕ2) + (py, ϕ2) = 0 , ∀ϕ2 ∈ H1(Ω),

(3.13)

ìpou (f, g) =
∫

Ω f(x)g(x)dx , x ∈ Ω.

'Estw t¸ra Sh ènac upìqwroc peperasmènhc di�stashc tou H
1(Ω), S0

h ènac upìqwroc

peperasmènhc di�stashc tou H1
0 (Ω) kai ph ∈ S0

h , uh, vh ∈ Sh. Tìte to sÔsthma (3.13)

diakritopoi tai:
(ph,t, ψ) + (uh,x, ψ) + (vh,y, ψ) = (f, ψ) , ∀ψ ∈ S0

h,

(uh,t, ϕ1) + (ph,x, ϕ1) = 0 , ∀ϕ1 ∈ Sh,

(vh,t, ϕ2) + (ph,y, ϕ2) = 0 , ∀ϕ2 ∈ Sh.

(3.14)

AfoÔ ìmwc ph ∈ S0
h tìte

ph(x, y, t) =

Nh∑
i=1

pi(t)ψi(x, y),
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ìpou Nh = dim(S0
h) kai {ψi}Nhi=1 mÐa b�sh tou S0

h. AntÐstoiqa afoÔ uh, vh ∈ Sh tìte

uh(x, y, t) =

N̂h∑
i=1

ui(t)ϕi,1(x, y),

vh(x, y, t) =

N̂h∑
i=1

vi(t)ϕi,2(x, y),

ìpou N̂h = dim(Sh) kai {ϕi,1}N̂hi=1, {ϕi,2}
N̂h
i=1 dÔo b�seic (en gènei diaforetikèc) tou Sh.

Antikajist¸ntac sthn (3.14) ja èqoume:

(

Nh∑
i=1

ṗi(t)ψi, ψj) + (

N̂h∑
i=1

ui(t)ϕx,i,1, ψj) + (

N̂h∑
i=1

vi(t)ϕy,i,2, ψj) = (f, ψj) , 1 ≤ j ≤ Nh,

(

N̂h∑
i=1

u̇i(t)ϕi,1, ϕj,1) + (

Nh∑
i=1

pi(t)ψx,i, ϕj,1) = 0 , 1 ≤ j ≤ N̂h,

(

N̂h∑
i=1

v̇i(t)ϕi,2, ϕj,2) + (

Nh∑
i=1

pi(t)ψy,i, ϕj,2) = 0 , 1 ≤ j ≤ N̂h.

(3.15)

OrÐzoume touc pÐnakec m�zac:

• M1 me stoiqeÐa
(
M1

)
ij

= (ψj , ψi), 1 ≤ i, j ≤ Nh

• M2 me stoiqeÐa
(
M2

)
ij

= (ϕj,1, ϕi,1), 1 ≤ i, j ≤ N̂h

• M3 me stoiqeÐa
(
M3

)
ij

= (ϕj,2, ϕi,2), 1 ≤ i, j ≤ N̂h

touc pÐnakec �akamyÐac�:

• A1,x me stoiqeÐa
(
A1,x

)
i,j

= (ϕx,j,1, ψi), 1 ≤ i ≤ Nh, 1 ≤ j ≤ N̂h

• A2,y me stoiqeÐa
(
A2,y

)
i,j

= (ϕy,j,2, ψi), 1 ≤ i ≤ Nh, 1 ≤ j ≤ N̂h

• Ax,1 me stoiqeÐa
(
Ax,1

)
i,j

= (ψx,j , ϕi,1), 1 ≤ j ≤ Nh, 1 ≤ i ≤ N̂h

• Ay,2 me stoiqeÐa
(
Ay,2

)
i,j

= (ψy,j , ϕi,2), 1 ≤ j ≤ Nh, 1 ≤ i ≤ N̂h

kai to di�nusma ~f me stoiqeÐa fi = (f, ψi) 1 ≤ i ≤ Nh. Opìte telik� to hmidiakritì

sÔsthma (3.15) gr�fetai sthn morf :


Nh N̂h N̂h

Nh M1 O O
N̂h O M2 O
N̂h O O M3


︸ ︷︷ ︸

A

ṗhu̇h
v̇h


︸ ︷︷ ︸
xt(t)

= −


Nh N̂h N̂h

Nh O Ax,1 Ay,2

N̂h A1,x O O
N̂h A2,y O O


︸ ︷︷ ︸

B

phuh
vh


︸ ︷︷ ︸
x(t)

+

 ~f

O
O


︸ ︷︷ ︸
F (t)
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Epomènwc èqoume plèon na lÔsoume èna prìblhma arqik¸n tim¸n gia x = x(t) ∈ RNh+N̂h+N̂h

thc morf c: {
Axt(t) = Bx(t) + F (t),

x(0) = x0, dedomèno.
(3.16)

Gia na lÔsoume to prìblhma arqik¸n tim¸n (3.16) ja qrhsimopoi soume mÐa mèjodo Runge

– Kutta 3hc t�xhc akrÐbeiac, th mèjodo Shu-Osher [SO].

3.2.1.1 Mèjodoc Shu-Osher

'Estw to prìblhma arqik¸n tim¸n:{
y′(t) = f(t, y),

y(0) = y0, dedomèno.

'Estw qronikì b ma k = ∆t, tn = nk kai yn ' y(tn). H mèjodoc Shu-Osher eÐnai:

Y n,1 = yn + kf(yn, tn),

Y n,2 =
3

4
yn +

1

4
Y n,1 +

k

4
f(Y n,1, tn + k),

yn+1 =
1

3
yn +

2

3
Y n,2 +

2k

3
f(Y n,2, tn + k/2),

y0, dedomèno.

Efarmìzoume thn mèjodo sto prìblhma (3.16) kai èqoume:

Axn,1 = Axn + k(Bxn + F (tn)),

Axn,2 =
3

4
Axn +

1

4
Axn,1 +

k

4
(Bxn,1 + F (tn + k)),

Axn+1 =
1

3
Axn +

2

3
Axn,2 +

2k

3
(Bxn,2 + F (tn +

k

2
)),

x0, dedomèno.

(3.17)

H pl rwc diakrit  mèjodoc pou ja qrhsimopoi soume sth sunèqeia eÐnai h (3.17).

3.2.1.2 Peir�mata gia thn t�xh sÔgklishc

Ja k�noume t¸ra arijmhtik� peir�mata gia thn t�xh sÔgklishc qrhsimopoi¸ntac digram-

mik� peperasmèna stoiqeÐa kai trigwnik� peperasmèna stoiqeÐa kai qronikì b ma pou ika-

nopoieÐ thn sunj kh ∆t
h = 0.1.

49



3. H KUMATIK'H EX'ISWSH WS UPERBOLIK'O S'USTHMA 1HS
T'AXHS

Wc akrib  lÔsh tou probl matoc arqik¸n/sunoriak¸n tim¸n (I) paÐrnoume tic sunar-

t seic:

Gia thn pÐesh:

p(x, y, t) = cos(
√

2πt)x sin(πx) sin(πy)

gia tic dÔo sunist¸sec thc taqÔthtac:

u(x, y, t) =

√
2

2
sin(
√

2πt) sin(πy)(
1

π
sin(πx) + x cos(πx)),

v(x, y, t) =

√
2

2
sin(
√

2πt)x sin(πx) cos(πy),

kai

f(x, y, t) = −
√

2 sin(
√

2πt) cos(πx) sin(πy).

(A) Omoiìmorfoc diamèrismìc me digrammik� peperasmèna stoiqeÐa .

To pr¸to peÐrama pou ja k�noume eÐnai me omoiìmorfo diamerismì, ìpwc akrib¸c k�na-

me sth perÐptwsh thc 2hc t�xhc kumatik c exÐswshc. O parak�tw pÐnakac perilamb�nei

ta apotelèsmata gia thn t�xh akrÐbeiac wc proc thn L2 nìrma thn qronik  stigm  T = 1

twn p, u, kai v. JumÐzoume ìti N eÐnai to pl joc twn kìmbwn se k�je èna apì touc

�xonec x kai y opìte h = 1
N−1 .

N h ‖p− ph‖L2 r(p) ‖u− uh‖L2 r(u) ‖v − vh‖L2 r(v)

5 2.5000e− 001 3.0223e− 002 −−− 3.3558e− 002 −−− 2.4436e− 002 −−−
15 7.1429e− 002 1.7061e− 003 2.2944 2.5390e− 003 2.0607 1.7442e− 003 2.1071

25 4.1667e− 002 6.1395e− 004 1.8962 8.4758e− 004 2.0355 5.9367e− 004 1.9996

35 2.9412e− 002 3.0845e− 004 1.9763 4.1793e− 004 2.0300 2.9597e− 004 1.9984

45 2.2727e− 002 2.5858e− 003 −8.2468 6.9262e− 004 −1.9593 6.4451e− 004 −3.0183

55 1.8519e− 002 1.2193e− 004 14.9141 1.6639e− 004 6.9639 1.1741e− 004 8.3148

65 1.5625e− 002 8.7565e− 005 1.9488 1.1798e− 004 2.0235 8.3564e− 005 2.0015

75 1.3514e− 002 6.5405e− 005 2.0098 8.8399e− 005 1.9882 6.2543e− 005 1.9958

Se aut n thn perÐptwsh to di�gramma gia thn t�xh sÔgklishc pou akoloujeÐ ja mac boh-

j sei na ermhneÔsoume kalÔtera ta apotelèsmata pou èqoume apì ton parap�nw pÐnaka

kai na doÔme ti akrib¸c sumbaÐnei gia N = 45.
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Σχήμα 3.2: Διάγραμματα τάξης σύγκλισης σε λογαριθμική κλίμακα για το πρόβλημα με

συνοριακές συνθήκες τύπου (I)

Autì pou parathroÔme eÐnai ìti ìla ta sf�lmata me exaÐresh to sf�lma gia N = 45

mac dÐnoun t�xh sÔgklishc 2. Ti sumbaÐnei ìmwc gia N = 45? Gia na apant soume se

autì to er¸thma ja melet soume ta sf�lmata gia ìla ta N me 4 ≤ N ≤ 45. Autì

pou parathroÔme eÐnai ìti ta sf�lmata akoloujoÔn diaforetik  t�xh an�loga me thn

akoloujeÐa twn N . Pio sugkekrimèna gia thn akoloujeÐa

N1 = [6 11 12 21 22 23 34 41 42 43 45],

h t�xh sÔgklishc eÐnai èna en¸ gia thn akoloujeÐa

N2 = [4 5 7 8 9 10 13 14 15 16 17 18 19 20 24 25 26 27 28 29 30 31 32 33 35 36 37 38 39 40 44],

h t�xh sÔgklishc eÐnai diaforetik . Sta diagr�mmata pou akoloujoÔn blèpoume aut n

akrib¸c thn eikìna.

Σχήμα 3.3: Διάγραμματα τάξης σύγκλισης σε λογαριθμική κλίμακα για το πρόβλημα με

συνοριακές συνθήκες τύπου (I) και 4 ≤ N ≤ 45 για διγραμμικά πεπερασμένα στοιχεία. Με

μπλέ τα σφάλματα απο το σύνολο N1 και με πράσινο τα σφάλματα απο το σύνολο N2
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Oi pÐnakec pou akoloujoÔn antistoiqoÔn sta diagr�mmata tou sq matoc 3.3. Pr¸ta

o pÐnakac gia thn akoloujÐa N2

N h ‖p− ph‖L2 r(p) ‖u− uh‖L2 r(u) ‖v − vh‖L2 r(v)

4 3.3333e− 001 9.6101e− 002 −−− 3.8264e− 002 −−− 4.5302e− 002 −−−
5 2.5000e− 001 3.0223e− 002 4.0211 3.3558e− 002 0.4562 2.4436e− 002 2.1458

7 1.6667e− 001 9.6299e− 003 2.8208 1.4622e− 002 2.0489 9.9396e− 003 2.2185

8 1.4286e− 001 7.9208e− 003 1.2675 9.3436e− 003 2.9050 8.2854e− 003 1.1809

9 1.2500e− 001 5.6922e− 003 2.4743 7.9946e− 003 1.1677 5.5989e− 003 2.9350

10 1.1111e− 001 4.8610e− 003 1.3402 5.0945e− 003 3.8258 4.7340e− 003 1.4247

13 8.3333e− 002 2.3888e− 003 2.4696 3.4294e− 003 1.3757 2.4024e− 003 2.3578

14 7.6923e− 002 2.2261e− 003 0.8812 2.3958e− 003 4.4809 2.1836e− 003 1.1929

15 7.1429e− 002 1.7061e− 003 3.5902 2.5390e− 003 −0.7831 1.7442e− 003 3.0316

16 6.6667e− 002 1.6541e− 003 0.4481 1.7870e− 003 5.0909 1.6199e− 003 1.0720

17 6.2500e− 002 1.3077e− 003 3.6419 1.9495e− 003 −1.3488 1.3377e− 003 2.9656

18 5.8824e− 002 1.2717e− 003 0.4602 1.3926e− 003 5.5487 1.2502e− 003 1.1156

19 5.5556e− 002 1.0648e− 003 3.1060 1.5157e− 003 −1.4820 1.0532e− 003 3.0008

20 5.2632e− 002 1.0323e− 003 0.5733 1.1114e− 003 5.7386 9.9955e− 004 0.9666

24 4.3478e− 002 6.9633e− 004 2.0609 7.5981e− 004 1.9906 6.8039e− 004 2.0132

25 4.1667e− 002 6.1395e− 004 2.9583 8.4758e− 004 −2.5684 5.9367e− 004 3.2037

26 4.0000e− 002 5.9049e− 004 0.9542 6.4210e− 004 6.8013 5.7516e− 004 0.7757

27 3.8462e− 002 5.2429e− 004 3.0318 7.2097e− 004 −2.9539 5.0618e− 004 3.2575

28 3.7037e− 002 5.0090e− 004 1.2096 5.5425e− 004 6.9678 4.9355e− 004 0.6693

29 3.5714e− 002 4.4980e− 004 2.9585 6.2216e− 004 −3.1781 4.3636e− 004 3.3867

30 3.4483e− 002 4.3097e− 004 1.2189 4.8049e− 004 7.3637 4.2741e− 004 0.5905

31 3.3333e− 002 3.9768e− 004 2.3710 5.3837e− 004 −3.3550 3.8044e− 004 3.4336

32 3.2258e− 002 3.7459e− 004 1.8248 4.2043e− 004 7.5408 3.7359e− 004 0.5548

33 3.1250e− 002 3.4596e− 004 2.5042 4.7415e− 004 −3.7876 3.3430e− 004 3.5000

35 2.9412e− 002 3.0845e− 004 1.8930 4.1793e− 004 2.0818 2.9597e− 004 2.0084

36 2.8571e− 002 2.9251e− 004 1.8298 3.2973e− 004 8.1779 2.9256e− 004 0.3998

37 2.7778e− 002 2.7542e− 004 2.1374 3.7290e− 004 −4.3680 2.6380e− 004 3.6731

38 2.7027e− 002 2.6250e− 004 1.7536 2.9397e− 004 8.6808 2.6152e− 004 0.3177

39 2.6316e− 002 2.4652e− 004 2.3548 3.3534e− 004 −4.9377 2.3684e− 004 3.7168

40 2.5641e− 002 2.3638e− 004 1.6173 2.6438e− 004 9.1530 2.3514e− 004 0.2780

44 2.3256e− 002 1.9620e− 004 1.9083 2.1623e− 004 2.0591 1.9333e− 004 2.0048
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O pÐnakac gia thn akoloujÐa N1:

N h ‖p− ph‖L2 r(p) ‖u− uh‖L2 r(u) ‖v − vh‖L2 r(v)

6 2.0000e− 001 2.9320e− 002 −−− 2.2945e− 002 −−− 2.0869e− 002 −−−
11 1.0000e− 001 1.1815e− 002 1.3113 6.1147e− 003 1.9078 5.3119e− 003 1.9741

12 9.0909e− 002 1.0759e− 002 0.9821 4.5856e− 003 3.0194 4.6806e− 003 1.3275

21 5.0000e− 002 5.7185e− 003 1.0572 1.9855e− 003 1.4001 1.8287e− 003 1.5720

22 4.7619e− 002 5.4523e− 003 0.9770 1.7261e− 003 2.8703 1.7275e− 003 1.1663

23 4.5455e− 002 5.1948e− 003 1.0400 1.7219e− 003 0.0514 1.5985e− 003 1.6685

34 3.0303e− 002 3.4513e− 003 1.0085 9.5884e− 004 1.4440 9.3224e− 004 1.3299

41 2.5000e− 002 2.8449e− 003 1.0044 7.7771e− 004 1.0884 7.2545e− 004 1.3037

42 2.4390e− 002 2.7756e− 003 1.0000 7.3729e− 004 2.1615 7.0627e− 004 1.0854

43 2.3810e− 002 2.7092e− 003 1.0046 7.3266e− 004 0.2614 6.8265e− 004 1.4114

45 2.2727e− 002 2.5858e− 003 1.0016 6.9262e− 004 1.2080 6.4451e− 004 1.2360

Sunep¸c gia thn akoloujÐa N1 faÐnetai na èqoume r(p) = 1 en¸ ta r(u) kai r(v), ìpwc

èdeixan arijmhtik� peir�mata se akìma pio leptoÔc diamerismoÔc, stajeropoioÔntai kai

aut� sto 1. Apo thn �llh den eÐnai safèc poia eÐnai h t�xh sÔgklishc gia thn akoloujÐa

diamerism¸n N2. Up�rqoun ìmwc upakoloujÐec thc N2 gia tic opoÐec ta sf�lmata mei-

¸nontai me rujmì O(h2), p.q. gia to uposÔnolo N3 = [4 9 15 19 25 29 33 37] thc N2

èqoume:

N h ‖p− ph‖L2 r(p) ‖u− uh‖L2 r(u) ‖v − vh‖L2 r(v)

4 3.3333e− 001 9.6101e− 002 −−− 3.8264e− 002 −−− 4.5302e− 002 −−−
9 1.2500e− 001 5.6922e− 003 2.8815 7.9946e− 003 1.5963 5.5989e− 003 2.1316

15 7.1429e− 002 1.7061e− 003 2.1531 2.5390e− 003 2.0496 1.7442e− 003 2.0840

19 5.5556e− 002 1.0648e− 003 1.8757 1.5157e− 003 2.0527 1.0532e− 003 2.0075

25 4.1667e− 002 6.1395e− 004 1.9141 8.4758e− 004 2.0205 5.9367e− 004 1.9926

29 3.5714e− 002 4.4980e− 004 2.0182 6.2216e− 004 2.0057 4.3636e− 004 1.9971

33 3.1250e− 002 3.4596e− 004 1.9658 4.7415e− 004 2.0345 3.3430e− 004 1.9953

37 2.7778e− 002 2.7542e− 004 1.9359 3.7290e− 004 2.0395 2.6380e− 004 2.0107

To sumpèrasma pou bg�zoume eÐnai ìti sth genik  perÐptwsh h t�xh sÔgklishc, wc

proc thn L2 nìrma, gia thn metablht  p faÐnetai na eÐnai Ðsh me 1, all� up�rqoun a-

koloujÐec diamerism¸n gia tic opoÐec h t�xh sÔgklishc gia thn p eÐnai Ðsh me 2. Gia

thn akoloujÐa diamerism¸n N2 h t�xh sÔgklishc, wc proc thn L2 nìrma, gia tic u kai

v eÐnai epÐshc 2. Gia thn akoloujÐa diamerism¸n N1 h t�xh sÔgklishc, ìpwc deÐqnoun

ta arijmhtik� peir�mata ta opoÐa pragmatopoi same se akìmh leptìterouc diamerismoÔc,

stajeropoi tai sto 1 kai gia tic u kai v.
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(B) Omoiìmorfoc diamerismìc me grammik� polu¸numa se trÐgwna .

Thn Ðdia eikìna ja p�roume ìtan qrhsimopoi soume trigwnik� peperasmèna stoiqeÐa.

Pio sugkekrimèna oi diamerismoÐ ja eÐnai oi Ðdioi me ta digrammik� peperasmèna stoiqeÐa wc

proc touc kìmbouc. Sto sq ma pou akoloujeÐ blèpoume thn antistoiqÐa tou omoiìmorfou

diamerismoÔ sta digrammik� peperasmèna stoiqeÐa se sqèsh me autìn enìc trigwnismoÔ

gia N = 5.

Σχήμα 3.4: Ο διαμερισμός για διγραμμικά πεπερασμένα στοιχεία και ο αντίστοιχος για

τρίγωνα για N = 5. Προφανώς και στις δύο περιπτώσεις h = 1
N−1

PragmatopoioÔme loipìn xan� to peÐrama gia tic akoloujÐec diamerism¸n N1 kai N2

aut n th for� me trigwnik� peperasmèna stoiqeÐa paÐrnontac wc akrib  lÔsh gia thn

pÐesh

p(x, y, t) = cos(
√

2πt) sin(πx) sin(πy)

gia tic dÔo sunist¸sec thc taqÔthtac:

u(x, y, t) =

√
2

2
sin(
√

2πt) sin(πx) cos(πy),

v(x, y, t) =

√
2

2
sin(
√

2πt) sin(πx) cos(πy),

paÐrnontac dhlad  f(x, y, t) = 0.

Ta apotelèsmata faÐnontai sto parak�tw sq ma.
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Σχήμα 3.5: Διάγραμματα τάξης σύγκλισης για τριγωνικά πεπερασμένα στοιχεία, σε λογα-

ριθμική κλίμακα για το πρόβλημα με συνοριακές συνθήκες τύπου (I) και 4 ≤ N ≤ 45. Με

μπλέ τα σφάλματα απο το σύνολο N1 και με πράσινο τα σφάλματα απο το σύνολο N2

Ja parajèsoume t¸ra touc pÐnakec me ta sf�lmata wc proc thn L2 nìrma thn qronik 

stigm  T = 1 gia to peÐrama se trigwnik� peperasmèna stoiqeÐa.

O pÐnakac gia thn akoloujÐa N1:

N h ‖p− ph‖L2 r(p) ‖u− uh‖L2 r(u) ‖v − vh‖L2 r(v)

6 2.0000e− 001 3.3627e− 002 −−− 4.2172e− 002 −−− 4.2172e− 002 −−−
11 1.0000e− 001 1.9206e− 002 0.8081 1.2258e− 002 1.7826 1.2258e− 002 1.7826

12 9.0909e− 002 1.7495e− 002 0.9786 1.0649e− 002 1.4763 1.0649e− 002 1.4763

21 5.0000e− 002 1.0119e− 002 0.9159 4.0745e− 003 1.6069 4.0745e− 003 1.6069

22 4.7619e− 002 9.6620e− 003 0.9471 3.8180e− 003 1.3329 3.8180e− 003 1.3329

23 4.5455e− 002 9.2461e− 003 0.9459 3.5315e− 003 1.6765 3.5315e− 003 1.6765

34 3.0303e− 002 6.2733e− 003 0.9567 1.9789e− 003 1.4284 1.9789e− 003 1.4284

41 2.5000e− 002 5.2064e− 003 0.9690 1.5141e− 003 1.3916 1.5141e− 003 1.3916

42 2.4390e− 002 5.0831e− 003 0.9707 1.4715e− 003 1.1579 1.4715e− 003 1.1579

43 2.3810e− 002 4.9653e− 003 0.9732 1.4187e− 003 1.5152 1.4187e− 003 1.5152

45 2.2727e− 002 4.7455e− 003 0.9733 1.3340e− 003 1.3227 1.3340e− 003 1.3227
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O pÐnakac gia thn akoloujÐa N2:

N h ‖p− ph‖L2 r(p) ‖u− uh‖L2 r(u) ‖v − vh‖L2 r(v)

4 3.3333e− 001 4.3637e− 002 −−− 9.7921e− 002 −−− 9.7921e− 002 −−−
5 2.5000e− 001 3.7723e− 002 0.5062 6.2630e− 002 1.5535 6.2630e− 002 1.5535

7 1.6667e− 001 1.1504e− 002 2.9289 2.5119e− 002 2.2533 2.5119e− 002 2.2533

8 1.4286e− 001 8.0329e− 003 2.3300 1.8703e− 002 1.9134 1.8703e− 002 1.9134

9 1.2500e− 001 7.1049e− 003 0.9193 1.3866e− 002 2.2409 1.3866e− 002 2.2409

10 1.1111e− 001 4.7397e− 003 3.4368 1.1538e− 002 1.5600 1.1538e− 002 1.5600

13 8.3333e− 002 3.0063e− 003 1.5826 6.4052e− 003 2.0459 6.4052e− 003 2.0459

14 7.6923e− 002 2.3351e− 003 3.1567 5.6925e− 003 1.4738 5.6925e− 003 1.4738

15 7.1429e− 002 2.0752e− 003 1.5920 4.7907e− 003 2.3275 4.7907e− 003 2.3275

16 6.6667e− 002 1.7696e− 003 2.3090 4.3315e− 003 1.4602 4.3315e− 003 1.4602

17 6.2500e− 002 1.6185e− 003 1.3829 3.7140e− 003 2.3833 3.7140e− 003 2.3833

18 5.8824e− 002 1.4305e− 003 2.0371 3.4035e− 003 1.4400 3.4035e− 003 1.4400

19 5.5556e− 002 1.2734e− 003 2.0355 2.9673e− 003 2.3993 2.9673e− 003 2.3993

20 5.2632e− 002 1.1840e− 003 1.3460 2.7461e− 003 1.4328 2.7461e− 003 1.4328

24 4.3478e− 002 8.3707e− 004 1.8148 1.9013e− 003 1.9244 1.9013e− 003 1.9244

25 4.1667e− 002 7.1216e− 004 3.7972 1.7143e− 003 2.4321 1.7143e− 003 2.4321

26 4.0000e− 002 7.0221e− 004 0.3447 1.6218e− 003 1.3589 1.6218e− 003 1.3589

27 3.8462e− 002 5.9857e− 004 4.0716 1.4723e− 003 2.4666 1.4723e− 003 2.4666

28 3.7037e− 002 5.9063e− 004 0.3536 1.4017e− 003 1.3025 1.4017e− 003 1.3025

29 3.5714e− 002 5.1156e− 004 3.9521 1.2780e− 003 2.5405 1.2780e− 003 2.5405

30 3.4483e− 002 5.1654e− 004 −0.2762 1.2207e− 003 1.3069 1.2207e− 003 1.3069

31 3.3333e− 002 4.4718e− 004 4.2529 1.1185e− 003 2.5772 1.1185e− 003 2.5772

32 3.2258e− 002 4.4831e− 004 −0.0765 1.0743e− 003 1.2302 1.0743e− 003 1.2302

33 3.1250e− 002 3.9976e− 004 3.6099 9.8627e− 004 2.6936 9.8627e− 004 2.6936

35 2.9412e− 002 3.5434e− 004 1.9893 8.7792e− 004 1.9196 8.7792e− 004 1.9196

36 2.8571e− 002 3.4965e− 004 0.4604 8.5085e− 004 1.0806 8.5085e− 004 1.0806

37 2.7778e− 002 3.1807e− 004 3.3596 7.8618e− 004 2.8058 7.8618e− 004 2.8058

38 2.7027e− 002 3.1223e− 004 0.6771 7.6481e− 004 1.0059 7.6481e− 004 1.0059

39 2.6316e− 002 2.8431e− 004 3.5116 7.0887e− 004 2.8484 7.0887e− 004 2.8484

40 2.5641e− 002 2.7887e− 004 0.7438 6.9155e− 004 0.9518 6.9155e− 004 0.9518

44 2.3256e− 002 2.3086e− 004 1.9350 5.7288e− 004 1.9282 5.7288e− 004 1.9282

Sunep¸c gia thn akoloujÐa N1 faÐnetai na èqoume r(p) = 1 kai p�li en¸ ta r(u) kai

r(v), ìpwc èdeixan arijmhtik� peir�mata se akìma pio leptoÔc diamerismoÔc, stajeropoio-
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Ôntai kai aut� sto 1. Apo thn �llh den eÐnai kai p�li safèc poia eÐnai h t�xh sÔgklishc

gia thn akoloujÐa diamerism¸n N2. Up�rqoun ìmwc upakoloujÐec thc N2 gia tic opoÐec

ta sf�lmata mei¸nontai me rujmì O(h2). Autì sumbaÐnei gia par�deigma me to uposÔnolo

N3 = [4 9 15 19 25 29 33 37] thc N2 ìpou èqoume:

N h ‖p− ph‖L2 r(p) ‖u− uh‖L2 r(u) ‖v − vh‖L2 r(v)

4 3.3333e− 001 4.3637e− 002 −−− 9.7921e− 002 −−− 9.7921e− 002 −−−
9 1.2500e− 001 7.1049e− 003 1.8506 1.3866e− 002 1.9929 1.3866e− 002 1.9929

15 7.1429e− 002 2.0752e− 003 2.1992 4.7907e− 003 1.8991 4.7907e− 003 1.8991

19 5.5556e− 002 1.2734e− 003 1.9434 2.9673e− 003 1.9060 2.9673e− 003 1.9060

15 4.1667e− 002 7.1216e− 004 2.0200 1.7143e− 003 1.9071 1.7143e− 003 1.9071

19 3.5714e− 002 5.1156e− 004 2.1462 1.2780e− 003 1.9057 1.2780e− 003 1.9057

33 3.1250e− 002 3.9976e− 004 1.8467 9.8627e− 004 1.9403 9.8627e− 004 1.9403

37 2.7778e− 002 3.1807e− 004 1.9408 7.8618e− 004 1.9251 7.8618e− 004 1.9251

To sumpèrasma mac eÐnai ìti sth perÐptwsh trigwnik¸n diamerism¸n h t�xh sÔgklishc

eÐnai genik� 1, all� up�rqoun kai akoloujÐec diamerism¸n stic opoÐec emfanÐzetai �uper-

sÔgklish� me t�xh Ðsh me 2.

(G) Mh-omoiìmorfoc diamerismìc .

Proqwr�me t¸ra sthn genik  perÐptwsh mh-omoiìmorfwn diamerismwn. Gia to peir�mato

se m  omoiìmorfouc diamerismoÔc qrhsimopoioÔme thn akrib  lÔsh gia to mh-omogenèc

prìblhma thn opoÐa qrhsimopioi same kai sta peir�mata me omoiìmorfouc diamerismoÔc

sta digrammik� peperasmèna stoiqeÐa (bl. (A). )

O mh-omoiìmorfoc diamerismìc pou ja qrhsimopoi soume sta peir�mata kataskeu�ze-

tai paÐrnontac se k�je �xona upodiast mata me m kh h, h/2, h/4, h, h/2, h/4, h, . . . To

arqikì h pou ja qrhsimopoi soume ja prèpei na ikanopoieÐ thn sqèsh h+ h/2 + h/4 = 1

en¸ k�je eklèptunsh tou diamerismoÔ gÐnetai jètontac h ← h/2. 'Etsi oi dÔo pr¸toi

diamerismoÐ tou Ω ja eÐnai autoÐ tou parak�tw sq matoc:
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Σχήμα 3.6: Οι δύο πρώτοι διαμερισμοί του χωρίου Ω.

K�nontac eklèptunsh 5 forèc paÐrnoume ton parak�tw pÐnaka gia ta sf�lmata kai

thn t�xh sÔgklishc me digrammik� peperasmèna stoiqeÐa:

h ‖p− ph‖L2 r(p) ‖u− uh‖L2 r(u) ‖v − vh‖L2 r(v)

5.7143e− 001 4.1498e− 002 −−− 8.6966e− 002 −−− 6.8194e− 002 −−−
2.8571e− 001 2.3691e− 002 0.8087 4.6420e− 002 0.9057 2.4771e− 002 1.4610

1.4286e− 001 1.8065e− 002 0.3911 1.0155e− 002 2.1925 8.3358e− 003 1.5713

7.1429e− 002 8.2100e− 003 1.1377 3.1025e− 003 1.7107 2.6603e− 003 1.6477

3.5714e− 002 4.0681e− 003 1.0130 1.1438e− 003 1.4396 1.0482e− 003 1.3436

1.7857e− 002 2.0311e− 003 1.0021 5.0305e− 004 1.1851 4.5455e− 004 1.2054

To epìmeno sq ma perièqei ta diagr�mmata thc t�xhc sÔgklishc gia tic p,u kai v.

Σχήμα 3.7: Διάγραμματα τάξης σύγκλισης για διγραμμικά πεπερασμένα στοιχεία σε λο-

γαριθμική κλίμακα για το πρόβλημα με συνοριακές συνθήκες τύπου (I) με μή-ομοιόμορφο

διαμερισμό.
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(D) Sumper�smata wc proc th t�xh sÔgklishc .

Ta arijmhtik� peir�mata me omoiìmorfo diamerismì gia thn t�xh sÔgklishc wc proc thn

L2 nìrma gia tic sunart seic p,u kai v, dÐnoun merikèc forèc t�xh sÔgklishc dÔo. Mia pio

prosektik  melèth èdeixe ìti gia k�poiouc omoiìmorfouc diamerismoÔc h t�xh sÔgklishc

ginìtan èna en¸ gia k�poiouc �llouc dÔo, autì mac od ghse èmmesa sto sumpèrasma ìti

m�llon h t�xh sÔgklishc eÐnai èna kai gia tic treic sunart seic p,u kai v.

Gia na sigoureutoÔme k�name peir�mata me mh-omoiìmorfouc diamersmoÔc. Ta peir�ma-

ta aut� epibebaÐwsan ìti h t�xh sÔgklishc eÐnai genik� èna.

3.2.2 Prìblhma arqik¸n/sunoriak¸n tim¸n me sunoriakèc sun-

j kec tÔpou (II)

'Estw to prìblhma (3.2) efodiasmèno me arqikèc/sunj kec tÔpou (II). 'Estw epiplèon

ψ ∈ H1(Ω), ϕ1 ∈ H1
u(Ω) kai ϕ2 ∈ H1

v (Ω) ìpou

H1
u(Ω) = {u ∈ H1(Ω) : u = 0 sto Γ1

⋃
Γ3}

kai

H1
v (Ω) = {v ∈ H1(Ω) : v = 0 sto Γ2

⋃
Γ4}.

Pollaplasi�zoume thn pr¸th exÐswsh thc (3.2) me ψ, thn deÔterh me ϕ1 kai thn trÐth me

ϕ2, opìte ja èqoume:
ptψ + uxψ + vyψ = fψ , ∀ψ ∈ H1(Ω),

utϕ1 + pxϕ1 = 0 , ∀ϕ1 ∈ H1
u(Ω),

vtϕ2 + pyϕ2 = 0 , ∀ϕ2 ∈ H1
v (Ω).

Oloklhr¸noume sto Ω kai èqoume:
(pt, ψ) + (ux, ψ) + (vy, ψ) = (f, ψ) , ∀ψ ∈ H1(Ω),

(ut, ϕ1) + (px, ϕ1) = 0 , ∀ϕ1 ∈ H1
u(Ω),

(vt, ϕ2) + (py, ϕ2) = 0 , ∀ϕ2 ∈ H1
v (Ω).

(3.18)

'Estw t¸ra Sh,S
u
h kai Svh upìqwroi peperasmènhc di�stashc twn H

1(Ω),H1
u(Ω) kaiH1

v (Ω)

antÐstoiqa. E�n t¸ra ph ∈ Sh , uh ∈ Suh , vh ∈ Svh tìte to prìblhma (3.18) gr�fetai:
(ph,t, ψ) + (uh,x, ψ) + (vh,y, ψ) = (f, ψ) , ∀ψ ∈ Sh,

(uh,t, ϕ1) + (ph,x, ϕ1) = 0 , ∀ϕ1 ∈ Suh ,

(vh,t, ϕ2) + (ph,y, ϕ2) = 0 , ∀ϕ2 ∈ Svh.

(3.19)
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AfoÔ ìmwc ph ∈ Sh , uh ∈ Suh , vh ∈ Svh tìte

ph(x, y, t) =

Nh∑
i=1

pi(t)ψi(x, y),

ìpou Nh = dim(Sh) kai {ψi}Nhi=1 mÐa b�sh tou Sh,

uh(x, y, t) =

N̂h∑
i=1

ui(t)ϕi,1(x, y),

ìpou N̂h = dim(Suh) kai {ϕi,1}N̂hi=1 mÐa b�sh tou Suh ,

vh(x, y, t) =

ˆ̂
Nh∑
i=1

vi(t)ϕi,2(x, y),

ìpou ˆ̂
Nh = dim(Svh) kai {ϕi,2}

ˆ̂
Nh
i=1 mÐa b�sh tou Svh. Antikajist¸ntac sthn (3.19) ja

èqoume:

(

Nh∑
i=1

ṗi(t)ψi, ψj) + (

N̂h∑
i=1

ui(t)ϕx,i,1, ψj) + (

ˆ̂
Nh∑
i=1

vi(t)ϕy,i,2, ψj) = (f, ψj) , 1 ≤ j ≤ Nh,

(

N̂h∑
i=1

u̇i(t)ϕi,1, ϕj,1) + (

Nh∑
i=1

pi(t)ψx,i, ϕj,1) = 0 , 1 ≤ j ≤ N̂h,

(

ˆ̂
Nh∑
i=1

v̇i(t)ϕi,2, ϕj,2) + (

Nh∑
i=1

pi(t)ψy,i, ϕj,2) = 0 , 1 ≤ j ≤ ˆ̂
Nh.

(3.20)

OrÐzoume touc pÐnakec m�zac:

• M1 me stoiqeÐa
(
M1

)
ij

= (ψj , ψi), 1 ≤ i, j ≤ Nh

• M2 me stoiqeÐa
(
M2

)
ij

= (ϕj,1, ϕi,1), 1 ≤ i, j ≤ N̂h

• M3 me stoiqeÐa
(
M3

)
ij

= (ϕj,2, ϕi,2), 1 ≤ i, j ≤ ˆ̂
Nh

touc pÐnakec �akamyÐac�:

• A1,x me stoiqeÐa
(
A1,x

)
i,j

= (ϕx,j,1, ψi), 1 ≤ i ≤ Nh, 1 ≤ j ≤ N̂h

• A2,y me stoiqeÐa
(
A2,y

)
i,j

= (ϕy,j,2, ψi), 1 ≤ i ≤ Nh, 1 ≤ j ≤ ˆ̂
Nh

• Ax,1 me stoiqeÐa
(
Ax,1

)
i,j

= (ψx,j , ϕi,1), 1 ≤ j ≤ Nh, 1 ≤ i ≤ N̂h
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• Ay,2 me stoiqeÐa
(
Ay,2

)
i,j

= (ψy,j , ϕi,2), 1 ≤ j ≤ Nh, 1 ≤ i ≤ ˆ̂
Nh

kai to di�nusma ~f me stoiqeÐa fi = (f, ψi) 1 ≤ i ≤ Nh. Opìte telik� to sÔsthma (3.20)

gr�fetai sthn morf :


Nh N̂h

ˆ̂
Nh

Nh M1 O O
N̂h O M2 O
ˆ̂
Nh O O M3


︸ ︷︷ ︸

A

ṗhu̇h
v̇h


︸ ︷︷ ︸
xt(t)

= −


Nh N̂h

ˆ̂
Nh

Nh O Ax,1 Ay,2

N̂h A1,x O O
ˆ̂
Nh A2,y O O


︸ ︷︷ ︸

B

phuh
vh


︸ ︷︷ ︸
x(t)

+

 ~f

O
O


︸ ︷︷ ︸
F (t)

Epomènwc èqoume plèon na lÔsoume to parak�tw prìblhma arqik¸n tim¸n:{
Axt(t) = Bx(t) + F (t)

x(0) = x0, dedomèno.
(3.21)

Gia na lÔsoume to prìblhma arqik¸n tim¸n (3.21) ja qrhsimopoi soume th mèjodo Shu-

Osher, ìpwc thn perigr�yame sthn enìthta 3.2.1.1.

3.2.2.1 Peir�mata gia thn t�xh sÔgklishc

Gia akrib  lÔsh tou probl matoc arqik¸n/sunoriak¸n tim¸n (II) paÐrnoume:

Gia thn pÐesh:

p(x, y, t) = cos(
√

2πt) cos(πx) cos(πy)

kai gia tic dÔo sunist¸sec thc taqÔthtac:

u(x, y, t) = −
√

2

2
sin(
√

2πt) sin(πx) cos(πy)

v(x, y, t) = −
√

2

2
sin(
√

2πt) cos(πx) sin(πy)

dhlad  f(x, y, t) = 0. Ta peir�mata ja gÐnoun me qronikì b ma pou ikanopoieÐ thn sunj kh
∆t
h = 0.1

(A) Omoiìmorfoc diamèrismìc me digrammik� peperasmèna stoiqeÐa .

Kai se aut n thn perÐptwsh parathroÔme to fainìmeno me thn diaforetik  t�xh sÔgklishc

wc proc thn L2 nìrma thn qronik  stigm  T = 1 gia ta sÔnola diamerism¸n N1 kai N2 pou

orÐsame sto prìblhma sunoriak¸n tim¸n (I). Sto sq ma 3.8 parajètoume ta diagr�mmata

gia thn t�xh sÔgklishc .
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Σχήμα 3.8: Διάγραμματα τάξης σύγκλισης σε λογαριθμική κλίμακα για το πρόβλημα με

συνοριακές συνθήκες τύπου (II) και 4 ≤ N ≤ 45 για διγραμμικά πεπερασμένα στοιχεία. Με

μπλέ τα σφάλματα απο το σύνολο N1 και με πράσινο τα σφάλματα απο το σύνολο N2

O parak�tw pÐnakac afor� thn t�xh sÔgklishc wc proc thn L2 nìrma thn qronik 

stigm  T = 1 kai ta sf�lmata gia to sÔnolo N1 :

N h ‖p− ph‖L2 r(p) ‖u− uh‖L2 r(u) ‖v − vh‖L2 r(v)

6 2.0000e− 001 3.2945e− 002 −−− 3.2067e− 002 −−− 3.2067e− 002 −−−
11 1.0000e− 001 1.8880e− 002 0.8032 1.0189e− 002 1.6541 1.0189e− 002 1.6541

12 9.0909e− 002 1.7379e− 002 0.8690 8.7694e− 003 1.5742 8.7694e− 003 1.5742

21 5.0000e− 002 1.0091e− 002 0.9094 3.5942e− 003 1.4919 3.5942e− 003 1.4919

22 4.7619e− 002 9.6394e− 003 0.9381 3.3547e− 003 1.4136 3.3547e− 003 1.4136

23 4.5455e− 002 9.2264e− 003 0.9413 3.1429e− 003 1.4021 3.1429e− 003 1.4021

34 3.0303e− 002 6.2669e− 003 0.9539 1.8183e− 003 1.3497 1.8183e− 003 1.3497

41 2.5000e− 002 5.2031e− 003 0.9670 1.4202e− 003 1.2846 1.4202e− 003 1.2846

42 2.4390e− 002 5.0799e− 003 0.9707 1.3766e− 003 1.2627 1.3766e− 003 1.2627

43 2.3810e− 002 4.9623e− 003 0.9715 1.3355e− 003 1.2580 1.3355e− 003 1.2580

45 2.2727e− 002 4.7428e− 003 0.9725 1.2599e− 003 1.2512 1.2599e− 003 1.2512

O pÐnakac pou akoloujeÐ afor� ta sf�lmata kai thn t�xh sÔgklishc wc proc thn L2
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3.2 Mèjodoc Peperasmènwn StoiqeÐwn kai peiramatik  t�xh
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nìrma thn qronik  stigm  T = 1 gia thn akoloujÐa diamerism¸n N2.

N h ‖p− ph‖L2 r(p) ‖u− uh‖L2 r(u) ‖v − vh‖L2 r(v)

4 3.3333e− 001 1.2180e− 002 −−− 6.3125e− 002 −−− 6.3125e− 002 −−−
5 2.5000e− 001 9.7503e− 003 0.7733 3.6039e− 002 1.9484 3.6039e− 002 1.9484

7 1.6667e− 001 5.4362e− 003 1.4409 1.6198e− 002 1.9723 1.6198e− 002 1.9723

8 1.4286e− 001 4.1751e− 003 1.7123 1.1929e− 002 1.9847 1.1929e− 002 1.9847

9 1.2500e− 001 3.2876e− 003 1.7896 9.1468e− 003 1.9887 9.1468e− 003 1.9887

10 1.1111e− 001 2.6473e− 003 1.8392 7.2345e− 003 1.9913 7.2345e− 003 1.9913

13 8.3333e− 002 1.5354e− 003 1.8935 4.0761e− 003 1.9943 4.0761e− 003 1.9943

14 7.6923e− 002 1.3158e− 003 1.9282 3.4742e− 003 1.9962 3.4742e− 003 1.9962

15 7.1429e− 002 1.1397e− 003 1.9388 2.9963e− 003 1.9968 2.9963e− 003 1.9968

16 6.6667e− 002 9.9646e− 004 1.9471 2.6106e− 003 1.9973 2.6106e− 003 1.9973

17 6.2500e− 002 8.7841e− 004 1.9539 2.2948e− 003 1.9977 2.2948e− 003 1.9977

18 5.8824e− 002 7.8002e− 004 1.9594 2.0330e− 003 1.9980 2.0330e− 003 1.9980

19 5.5556e− 002 6.9719e− 004 1.9640 1.8136e− 003 1.9982 1.8136e− 003 1.9982

20 5.2632e− 002 6.2682e− 004 1.9679 1.6278e− 003 1.9984 1.6278e− 003 1.9984

24 4.3478e− 002 4.2982e− 004 1.9748 1.1111e− 003 1.9988 1.1111e− 003 1.9988

25 4.1667e− 002 3.9508e− 004 1.9803 1.0205e− 003 1.9991 1.0205e− 003 1.9991

26 4.0000e− 002 3.6437e− 004 1.9819 9.4052e− 004 1.9992 9.4052e− 004 1.9992

27 3.8462e− 002 3.3710e− 004 1.9833 8.6959e− 004 1.9993 8.6959e− 004 1.9993

28 3.7037e− 002 3.1278e− 004 1.9845 8.0638e− 004 1.9993 8.0638e− 004 1.9993

29 3.5714e− 002 2.9099e− 004 1.9857 7.4983e− 004 1.9994 7.4983e− 004 1.9994

30 3.4483e− 002 2.7139e− 004 1.9867 6.9902e− 004 1.9995 6.9902e− 004 1.9995

31 3.3333e− 002 2.5371e− 004 1.9876 6.5321e− 004 1.9995 6.5321e− 004 1.9995

32 3.2258e− 002 2.3769e− 004 1.9884 6.1176e− 004 1.9995 6.1176e− 004 1.9995

33 3.1250e− 002 2.2315e− 004 1.9891 5.7413e− 004 1.9996 5.7413e− 004 1.9996

35 2.9412e− 002 1.9779e− 004 1.9901 5.0858e− 004 1.9996 5.0858e− 004 1.9996

36 2.8571e− 002 1.8669e− 004 1.9910 4.7994e− 004 1.9997 4.7994e− 004 1.9997

37 2.7778e− 002 1.7651e− 004 1.9915 4.5365e− 004 1.9997 4.5365e− 004 1.9997

38 2.7027e− 002 1.6713e− 004 1.9919 4.2946e− 004 1.9997 4.2946e− 004 1.9997

39 2.6316e− 002 1.5849e− 004 1.9924 4.0716e− 004 1.9997 4.0716e− 004 1.9997

40 2.5641e− 002 1.5049e− 004 1.9928 3.8655e− 004 1.9998 3.8655e− 004 1.9998

44 2.3256e− 002 1.2387e− 004 1.9936 3.1798e− 004 1.9998 3.1798e− 004 1.9998
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(B) Omoiìmorfoc diamerismìc me trigwnik� peperasmèna stoiqeÐa .

Ja pragmatopoi soume t¸ra to Ðdio peÐrama me omoiìmorfouc diamerismoÔc qrhsimo-

poi¸ntac trigwnik� peperasmèna stoiqeÐa gia thn Ðdia akrib c lÔsh pou qrhsimopoi same

sta digrammik� peperasmèna stoiqeÐa, dhlad  gia thn pÐesh Gia thn pÐesh:

p(x, y, t) = cos(
√

2πt) cos(πx) cos(πy)

kai gia tic dÔo sunist¸sec thc taqÔthtac:

u(x, y, t) = −
√

2

2
sin(
√

2πt) sin(πx) cos(πy)

v(x, y, t) = −
√

2

2
sin(
√

2πt) cos(πx) sin(πy)

opìte f(x, y, t) = 0.

Ta diagr�mmata gia thn t�xh sÔgklishc wc proc thn L2 nìrma thn qronik  stigm 

T = 1 brÐskontai sto sq ma 3.9 pou akoloujeÐ:

Σχήμα 3.9: Διάγραμματα τάξης σύγκλισης για τριγωνικά πεπερασμένα στοιχεία, σε λογα-

ριθμική κλίμακα για το πρόβλημα με συνοριακές συνθήκες τύπου (II) και 4 ≤ N ≤ 45. Με

μπλέ τα σφάλματα απο το σύνολο N1 και με πράσινο τα σφάλματα απο το σύνολο N2

Sto sq ma 3.9 loipìn, ìpwc kai sto prìblhma me sunoriakèc sunj kec tÔpou (I),

parathroÔme ìti èqoume thn Ðdia sumperifor� me ta digrammik� peperasmèna stoiqeÐa. Pio

analutik� ta sf�lmata stouc pÐnakec pou akoloujoÔn.
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3.2 Mèjodoc Peperasmènwn StoiqeÐwn kai peiramatik  t�xh
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O pÐnakac me ta sf�lmata kai thn t�xh sÔgklishc wc proc thn L2 nìrma thn qronik 

stigm  T = 1 gia to sÔnolo N2:

N h ‖p− ph‖L2 r(p) ‖u− uh‖L2 r(u) ‖v − vh‖L2 r(v)

4 3.3333e− 001 1.0572e− 001 −−− 9.3413e− 002 −−− 9.3413e− 002 −−−
5 2.5000e− 001 5.6305e− 002 2.1900 5.1034e− 002 2.1014 5.1034e− 002 2.1014

7 1.6667e− 001 1.8671e− 002 2.7224 1.9262e− 002 2.4030 1.9262e− 002 2.4030

8 1.4286e− 001 1.3319e− 002 2.1912 1.5182e− 002 1.5442 1.5182e− 002 1.5442

9 1.2500e− 001 1.0518e− 002 1.7680 9.9904e− 003 3.1340 9.9904e− 003 3.1340

10 1.1111e− 001 7.7042e− 003 2.6431 8.8850e− 003 0.9955 8.8850e− 003 0.9955

13 8.3333e− 002 4.5362e− 003 1.8412 4.2656e− 003 2.5507 4.2656e− 003 2.5507

14 7.6923e− 002 3.5442e− 003 3.0832 4.1520e− 003 0.3371 4.1520e− 003 0.3371

15 7.1429e− 002 3.3168e− 003 0.8948 3.1133e− 003 3.8849 3.1133e− 003 3.8849

16 6.6667e− 002 2.6345e− 003 3.3379 3.1087e− 003 0.0218 3.1087e− 003 0.0218

17 6.2500e− 002 2.5328e− 003 0.6100 2.3815e− 003 4.1289 2.3815e− 003 4.1289

18 5.8824e− 002 2.0367e− 003 3.5957 2.4168e− 003 −0.2430 2.4168e− 003 −0.2430

19 5.5556e− 002 1.9991e− 003 0.3263 1.8770e− 003 4.4221 1.8770e− 003 4.4221

20 5.2632e− 002 1.6219e− 003 3.8675 1.9336e− 003 −0.5488 1.9336e− 003 −0.5488

24 4.3478e− 002 1.0992e− 003 2.0362 1.3182e− 003 2.0050 1.3182e− 003 2.0050

25 4.1667e− 002 1.1227e− 003 −0.4967 1.0541e− 003 5.2529 1.0541e− 003 5.2529

26 4.0000e− 002 9.2807e− 004 4.6632 1.1150e− 003 −1.3752 1.1150e− 003 −1.3752

27 3.8462e− 002 9.5644e− 004 −0.7677 8.9787e− 004 5.5226 8.9787e− 004 5.5226

28 3.7037e− 002 7.9414e− 004 4.9273 9.5591e− 004 −1.6596 9.5591e− 004 −1.6596

29 3.5714e− 002 8.2452e− 004 −1.0322 7.7380e− 004 5.8115 7.7380e− 004 5.8115

30 3.4483e− 002 6.8733e− 004 5.1861 8.2821e− 004 −1.9365 8.2821e− 004 −1.9365

31 3.3333e− 002 7.1820e− 004 −1.2959 6.7391e− 004 6.0812 6.7391e− 004 6.0812

32 3.2258e− 002 6.0071e− 004 5.4478 7.2469e− 004 −2.2154 7.2469e− 004 −2.2154

33 3.1250e− 002 6.3116e− 004 −1.5573 5.9203e− 004 6.3684 5.9203e− 004 6.3684

35 2.9412e− 002 5.5905e− 004 2.0012 5.2437e− 004 2.0017 5.2437e− 004 2.0017

36 2.8571e− 002 4.7033e− 004 5.9614 5.6822e− 004 −2.7705 5.6822e− 004 −2.7705

37 2.7778e− 002 4.9862e− 004 −2.0737 4.6756e− 004 6.9218 4.6756e− 004 6.9218

38 2.7027e− 002 4.2054e− 004 6.2159 5.0838e− 004 −3.0553 5.0838e− 004 −3.0553

39 2.6316e− 002 4.4749e− 004 −2.3295 4.1961e− 004 7.1960 4.1961e− 004 7.1960

40 2.5641e− 002 3.7826e− 004 6.4702 4.5748e− 004 −3.3264 4.5748e− 004 −3.3264

44 2.3256e− 002 3.1084e− 004 2.0108 3.7625e− 004 2.0022 3.7625e− 004 2.0022
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O antÐstoiqoc pÐnakac gia to sÔnolo N1:

N h ‖p− ph‖L2 r(p) ‖u− uh‖L2 r(u) ‖v − vh‖L2 r(v)

6 2.0000e− 001 4.6354e− 002 −−− 4.0482e− 002 −−− 4.0482e− 002 −−−
11 1.0000e− 001 2.0163e− 002 1.2009 1.0423e− 002 1.9575 1.0423e− 002 1.9575

12 9.0909e− 002 1.8212e− 002 1.0678 9.3780e− 003 1.1088 9.3780e− 003 1.1088

21 5.0000e− 002 1.0222e− 002 0.9661 3.6175e− 003 1.5934 3.6175e− 003 1.5934

22 4.7619e− 002 9.7319e− 003 1.0064 3.4630e− 003 0.8949 3.4630e− 003 0.8949

23 4.5455e− 002 9.3229e− 003 0.9229 3.1603e− 003 1.9662 3.1603e− 003 1.9662

34 3.0303e− 002 6.2883e− 003 0.9712 1.8506e− 003 1.3199 1.8506e− 003 1.3199

41 2.5000e− 002 5.2179e− 003 0.9700 1.4232e− 003 1.3649 1.4232e− 003 1.3649

42 2.4390e− 002 5.0906e− 003 0.9998 1.3944e− 003 0.8289 1.3944e− 003 0.8289

43 2.3810e− 002 4.9750e− 003 0.9532 1.3381e− 003 1.7091 1.3381e− 003 1.7091

45 2.2727e− 002 4.7538e− 003 0.9777 1.2623e− 003 1.2544 1.2623e− 003 1.2544

An qrhsimopoi soume to uposÔnolo N3 ⊂ N2, o pÐnakac me ta sf�lmata kai th t�xh

sÔgklishc wc proc thn L2 nìrma thn qronik  stigm  T = 1 gia to sÔnolo N3 eÐnai:

N h ‖p− ph‖L2 r(p) ‖u− uh‖L2 r(u) ‖v − vh‖L2 r(v)

4 3.3333e− 001 1.0572e− 001 −−− 9.3413e− 002 −−− 9.3413e− 002 −−−
9 1.2500e− 001 1.0518e− 002 2.3528 9.9904e− 003 2.2791 9.9904e− 003 2.2791

15 7.1429e− 002 3.3168e− 003 2.0623 3.1133e− 003 2.0834 3.1133e− 003 2.0834

19 5.5556e− 002 1.9991e− 003 2.0146 1.8770e− 003 2.0134 1.8770e− 003 2.0134

15 4.1667e− 002 1.1227e− 003 2.0056 1.0541e− 003 2.0056 1.0541e− 003 2.0056

19 3.5714e− 002 8.2452e− 004 2.0024 7.7380e− 004 2.0057 7.7380e− 004 2.0057

33 3.1250e− 002 6.3116e− 004 2.0014 5.9203e− 004 2.0052 5.9203e− 004 2.0052

37 2.7778e− 002 4.9862e− 004 2.0012 4.6756e− 004 2.0040 4.6756e− 004 2.0040

(G) Mh-omoiìmorfoc diamerismìc .

Gia na ex�goume to telikì sumpèrasma gia thn t�xh sÔgklishc thc mejìdou k�nou-

me xan� to peÐrama me mh-omoiìmorfouc diamerismoÔc. QrhsimopoioÔme touc Ðdiouc mh-

omoiìmorfouc diamerismoÔc gia to qwrÐo Ω pou qrhsimopoi same sto prìblhma me suno-

riakèc sunj kec tÔpou (I). AkoloujeÐ o pÐnakac me ta sf�lmata kai thn t�xh sÔgklishc
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3.2 Mèjodoc Peperasmènwn StoiqeÐwn kai peiramatik  t�xh
sÔgklishc

wc proc thn L2 nìrma thn qronik  stigm  T = 1 me mh-omoiìmorfo diamerismì.

h ‖p− ph‖L2 r(p) ‖u− uh‖L2 r(u) ‖v − vh‖L2 r(v)

5.7143e− 001 1.1518e− 001 −−− 1.4771e− 001 −−− 1.4771e− 001 −−−
2.8571e− 001 4.3465e− 002 1.4060 4.7275e− 002 1.6436 4.7275e− 002 1.6436

1.4286e− 001 2.8099e− 002 0.6293 1.4975e− 002 1.6584 1.4975e− 002 1.6584

7.1429e− 002 1.4476e− 002 0.9568 5.1913e− 003 1.5283 5.1913e− 003 1.5283

3.5714e− 002 7.4476e− 003 0.9588 2.0226e− 003 1.3599 2.0226e− 003 1.3599

1.7857e− 002 3.7733e− 003 0.9809 8.7646e− 004 1.2064 8.7646e− 004 1.2064

AkoloujoÔn ta diagr�mmata thc t�xhc sÔgklishc gia tic p,u kai v.

Σχήμα 3.10: Διάγραμματα τάξης σύγκλισης για διγραμμικά πεπερασμένα στοιχεία σε

λογαριθμική κλίμακα για το πρόβλημα με συνοριακές συνθήκες τύπου (II) με μή-ομοιόμορφο

διαμερισμό.

(D) Sumper�smata wc proc th t�xh sÔgklishc .

Sto prìblhma me sunoriakèc sunj kec tÔpou (II) den parathr same kamÐa ousiastik 

diafor� wc proc thn t�xh sÔgklishc se sqèsh me to prìblhma twn sunoriak¸n sun-

jhk¸n tÔpou (I). To telikì sumpèrasma pro lje gia �llh mÐa for� qrhsimopoi¸ntac

mh-omoiìmorfouc diamerismoÔc kai eÐnai ìti kai p�li h t�xh sÔgklishc, tìso gia thn pÐesh

p ìso kai gia tic sunist¸sec thc taqÔthtac u kai v, wc proc thn L2 nìrma thn qronik 

stigm  T = 1 faÐnetai na plhsi�zei to 1.

3.2.3 Prìblhma arqik¸n/sunoriak¸n tim¸n me sunoriakèc sun-

j kec tÔpou (III)

'Estw to prìblhma (3.2) efodiasmèno me arqikèc/sunj kec tÔpou (III) kai èstw ψ ∈
H1
p (Ω), ϕ1 ∈ H1(Ω) kai ϕ2 ∈ H1

v (Ω) ìpou

H1
p (Ω) = {p ∈ H1(Ω) : p = 0 sto Γ1

⋃
Γ3}
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kai

H1
v (Ω) = {v ∈ H1(Ω) : v = 0 sto Γ2

⋃
Γ4}.

Pollaplasi�zoume thn pr¸th exÐswsh thc (3.2) me ψ, thn deÔterh me ϕ1 kai thn trÐth me

ϕ2, opìte ja èqoume:
ptψ + uxψ + vyψ = fψ , ∀ψ ∈ H1

p (Ω),

utϕ1 + pxϕ1 = 0 , ∀ϕ1 ∈ H1(Ω),

vtϕ2 + pyϕ2 = 0 , ∀ϕ2 ∈ H1
v (Ω).

Oloklhr¸noume sto Ω kai èqoume:
(pt, ψ) + (ux, ψ) + (vy, ψ) = (f, ψ) , ∀ψ ∈ H1

p (Ω),

(ut, ϕ1) + (px, ϕ1) = 0 , ∀ϕ1 ∈ H1(Ω),

(vt, ϕ2) + (py, ϕ2) = 0 , ∀ϕ2 ∈ H1
v (Ω).

(3.22)

'Estw t¸ra Sph,Sh kai S
v
h upìqwroi peperasmènhc di�stashc twn H1

p (Ω),H1(Ω) kaiH1
v (Ω)

antÐstoiqa. E�n t¸ra ph ∈ Sph , uh ∈ Sh , vh ∈ Svh tìte to prìblhma (3.22) gr�fetai:
(ph,t, ψ) + (uh,x, ψ) + (vh,y, ψ) = (f, ψ) , ∀ψ ∈ Sph,

(uh,t, ϕ1) + (ph,x, ϕ1) = 0 , ∀ϕ1 ∈ Sh,

(vh,t, ϕ2) + (ph,y, ϕ2) = 0 , ∀ϕ2 ∈ Svh.

(3.23)

AfoÔ ìmwc ph ∈ Sph , uh ∈ Sh , vh ∈ Svh tìte

ph(x, y, t) =

Nh∑
i=1

pi(t)ψi(x, y),

ìpou Nh = dim(Sph) kai {ψi}Nhi=1 mÐa b�sh tou Sph,

uh(x, y, t) =

N̂h∑
i=1

ui(t)ϕi,1(x, y),

ìpou N̂h = dim(Sh) kai {ϕi,1}N̂hi=1 mÐa b�sh tou Sh,

vh(x, y, t) =

ˆ̂
Nh∑
i=1

vi(t)ϕi,2(x, y),
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3.2 Mèjodoc Peperasmènwn StoiqeÐwn kai peiramatik  t�xh
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ìpou ˆ̂
Nh = dim(Svh) kai {ϕi,2}

ˆ̂
Nh
i=1 mÐa b�sh tou Svh. Antikajist¸ntac sthn (3.23) ja

èqoume:

(

Nh∑
i=1

ṗi(t)ψi, ψj) + (

N̂h∑
i=1

ui(t)ϕx,i,1, ψj) + (

ˆ̂
Nh∑
i=1

vi(t)ϕy,i,2, ψj) = (f, ψj) , 1 ≤ j ≤ Nh,

(

N̂h∑
i=1

u̇i(t)ϕi,1, ϕj,1) + (

Nh∑
i=1

pi(t)ψx,i, ϕj,1) = 0 , 1 ≤ j ≤ N̂h,

(

ˆ̂
Nh∑
i=1

v̇i(t)ϕi,2, ϕj,2) + (

Nh∑
i=1

pi(t)ψy,i, ϕj,2) = 0 , 1 ≤ j ≤ ˆ̂
Nh.

(3.24)

OrÐzoume touc pÐnakec m�zac:

• M1 me stoiqeÐa
(
M1

)
ij

= (ψj , ψi), 1 ≤ i, j ≤ Nh

• M2 me stoiqeÐa
(
M2

)
ij

= (ϕj,1, ϕi,1), 1 ≤ i, j ≤ N̂h

• M3 me stoiqeÐa
(
M3

)
ij

= (ϕj,2, ϕi,2), 1 ≤ i, j ≤ ˆ̂
Nh

touc pÐnakec �akamyÐac�:

• A1,x me stoiqeÐa
(
A1,x

)
i,j

= (ϕx,j,1, ψi), 1 ≤ i ≤ Nh, 1 ≤ j ≤ N̂h

• A2,y me stoiqeÐa
(
A2,y

)
i,j

= (ϕy,j,2, ψi), 1 ≤ i ≤ Nh, 1 ≤ j ≤ ˆ̂
Nh

• Ax,1 me stoiqeÐa
(
Ax,1

)
i,j

= (ψx,j , ϕi,1), 1 ≤ j ≤ Nh, 1 ≤ i ≤ N̂h

• Ay,2 me stoiqeÐa
(
Ay,2

)
i,j

= (ψy,j , ϕi,2), 1 ≤ j ≤ Nh, 1 ≤ i ≤ ˆ̂
Nh

kai to di�nusma ~f me stoiqeÐa fi = (f, ψi) 1 ≤ i ≤ Nh. Opìte telik� to sÔsthma (3.24)

gr�fetai sthn morf :


Nh N̂h

ˆ̂
Nh

Nh M1 O O
N̂h O M2 O
ˆ̂
Nh O O M3


︸ ︷︷ ︸

A

ṗhu̇h
v̇h


︸ ︷︷ ︸
xt(t)

= −


Nh N̂h

ˆ̂
Nh

Nh O Ax,1 Ay,2

N̂h A1,x O O
ˆ̂
Nh A2,y O O


︸ ︷︷ ︸

B

phuh
vh


︸ ︷︷ ︸
x(t)

+

 ~f

O
O


︸ ︷︷ ︸
F (t)

Epomènwc èqoume plèon na lÔsoume to parak�tw prìblhma arqik¸n tim¸n:{
Axt(t) = Bx(t) + F (t),

x(0) = x0, dedomèno.
(3.25)

Kai p�li ja lÔsoume to prìblhma arqik¸n tim¸n (3.25) me th mèjodo Shu-Osher.
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3. H KUMATIK'H EX'ISWSH WS UPERBOLIK'O S'USTHMA 1HS
T'AXHS

3.2.3.1 Peir�mata gia thn t�xh sÔgklishc

Gia akrib  lÔsh tou probl matoc arqik¸n/sunoriak¸n tim¸n (III) paÐrnoume tic sunar-

t seic:

Gia thn pÐesh:

p(x, y, t) = cos(
√

2πt)x2 sin(πx) cos(πy)

kai gia tic dÔo sunist¸sec thc taqÔthtac:

u(x, y, t) =

√
2

π
sin(
√

2πt)x sin(πx)cos(πy) +

√
2

2
sin(
√

2πt)x2 cos(πx) cos(πy)

v(x, y, t) = −
√

2

2
sin(
√

2πt)x2 sin(πx) sin(πy)

opìte f(x, y, t) = −
√

2
π sin(

√
2πt)(2πx cos(πx)+sin(πx)) cos(πy) Ta peir�mata ja gÐnoun

me qronikì b ma pou ikanopoieÐ thn sunj kh ∆t
h = 0.1

(A) Omoiìmorfoc diamèrismìc me digrammik� peperasmèna stoiqeÐa .

'Opwc kai sta prohgoÔmena dÔo probl mata, ètsi kai sto prìblhma me sunoriakèc sun-

j kec tÔpou (III) ja parathr soume to fainìmeno thc diaforetik c t�xhc sÔgklishc wc

proc thn L2 nìrma thn qronik  stigm  T = 1 gia ta sÔnola N1 kai N2. Autì epibebai¸nei

kai to sq ma 3.11.

Σχήμα 3.11: Διάγραμματα τάξης σύγκλισης σε λογαριθμική κλίμακα για το πρόβλημα με

συνοριακές συνθήκες τύπου (III) και 4 ≤ N ≤ 45 για διγραμμικά πεπερασμένα στοιχεία. Με

μπλέ τα σφάλματα απο το σύνολο N1 και με πράσινο τα σφάλματα απο το σύνολο N2

O parak�tw pÐnakac afor� thn t�xh sÔgklishc kai ta sf�lmata wc proc thn L2 nìrma
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3.2 Mèjodoc Peperasmènwn StoiqeÐwn kai peiramatik  t�xh
sÔgklishc

thn qronik  stigm  T = 1 gia to sÔnolo N2 :

N h ‖p− ph‖L2 r(p) ‖u− uh‖L2 r(u) ‖v − vh‖L2 r(v)

4 3.3333e− 001 9.6245e− 002 −−− 4.9439e− 002 −−− 4.0057e− 002 −−−
5 2.5000e− 001 3.5199e− 002 3.4965 4.0511e− 002 0.6923 2.9394e− 002 1.0759

7 1.6667e− 001 1.1182e− 002 2.8281 1.5267e− 002 2.4068 1.0320e− 002 2.5816

8 1.4286e− 001 9.1712e− 003 1.2862 1.0050e− 002 2.7120 7.0353e− 003 2.4853

9 1.2500e− 001 6.6634e− 003 2.3922 7.7796e− 003 1.9180 5.2969e− 003 2.1255

10 1.1111e− 001 5.1657e− 003 2.1616 5.8993e− 003 2.3490 4.0208e− 003 2.3403

13 8.3333e− 002 2.8682e− 003 2.0452 3.1703e− 003 2.1587 2.0977e− 003 2.2617

14 7.6923e− 002 2.4090e− 003 2.1796 2.6734e− 003 2.1299 1.7511e− 003 2.2558

15 7.1429e− 002 2.0730e− 003 2.0269 2.2996e− 003 2.0324 1.4848e− 003 2.2259

16 6.6667e− 002 1.8237e− 003 1.8576 1.9957e− 003 2.0541 1.2870e− 003 2.0720

17 6.2500e− 002 1.5638e− 003 2.3821 1.7787e− 003 1.7835 1.1262e− 003 2.0684

18 5.8824e− 002 1.3812e− 003 2.0482 1.5728e− 003 2.0299 9.8867e− 004 2.1484

19 5.5556e− 002 1.2688e− 003 1.4854 1.3795e− 003 2.2934 8.7800e− 004 2.0769

20 5.2632e− 002 1.1402e− 003 1.9753 1.2425e− 003 1.9358 7.8895e− 004 1.9780

24 4.3478e− 002 7.9431e− 004 1.8923 8.3747e− 004 2.0646 5.3832e− 004 2.0007

25 4.1667e− 002 7.2690e− 004 2.0835 7.6921e− 004 1.9978 4.9427e− 004 2.0059

26 4.0000e− 002 6.7031e− 004 1.9855 7.0967e− 004 1.9733 4.5550e− 004 2.0010

27 3.8462e− 002 6.1972e− 004 2.0010 6.5702e− 004 1.9655 4.2193e− 004 1.9519

28 3.7037e− 002 5.6770e− 004 2.3231 6.1325e− 004 1.8267 3.9160e− 004 1.9767

29 3.5714e− 002 5.2438e− 004 2.1824 5.7156e− 004 1.9357 3.6377e− 004 2.0272

30 3.4483e− 002 4.9360e− 004 1.7237 5.2862e− 004 2.2261 3.3901e− 004 2.0090

31 3.3333e− 002 4.5881e− 004 2.1564 4.9523e− 004 1.9245 3.1693e− 004 1.9865

32 3.2258e− 002 4.2934e− 004 2.0243 4.6192e− 004 2.1231 2.9651e− 004 2.0310

33 3.1250e− 002 4.0296e− 004 1.9977 4.3277e− 004 2.0531 2.7782e− 004 2.0513

35 2.9412e− 002 3.5776e− 004 1.9624 3.8178e− 004 2.0680 2.4581e− 004 2.0189

36 2.8571e− 002 3.3672e− 004 2.0905 3.6021e− 004 2.0066 2.3161e− 004 2.0525

37 2.7778e− 002 3.1909e− 004 1.9090 3.4006e− 004 2.0435 2.1866e− 004 2.0432

38 2.7027e− 002 3.0193e− 004 2.0171 3.2236e− 004 1.9507 2.0694e− 004 2.0105

39 2.6316e− 002 2.8502e− 004 2.1620 3.0637e− 004 1.9075 1.9607e− 004 2.0221

40 2.5641e− 002 2.7009e− 004 2.0706 2.9141e− 004 1.9274 1.8596e− 004 2.0388

44 2.3256e− 002 2.2509e− 004 1.8669 2.3805e− 004 2.0714 1.5287e− 004 2.0069

Gia to sÔnolo N1 o pÐnakac gia ta sf�lmata kai thn t�xh sÔgklishc wc proc thn L2
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nìrma thn qronik  stigm  T = 1 eÐnai:

N h ‖p− ph‖L2 r(p) ‖u− uh‖L2 r(u) ‖v − vh‖L2 r(v)

6 2.0000e− 001 2.6343e− 002 −−− 2.3268e− 002 −−− 1.7256e− 002 −−−
11 1.0000e− 001 9.0788e− 003 1.5369 4.7910e− 003 2.2800 3.7419e− 003 2.2053

12 9.0909e− 002 8.1222e− 003 1.1682 3.8295e− 003 2.3503 3.1196e− 003 1.9084

21 5.0000e− 002 3.9505e− 003 1.2056 1.4083e− 003 1.6733 1.1450e− 003 1.6766

22 4.7619e− 002 3.7421e− 003 1.1108 1.3080e− 003 1.5152 1.0637e− 003 1.5082

23 4.5455e− 002 3.5597e− 003 1.0743 1.2076e− 003 1.7152 9.9366e− 004 1.4650

34 3.0303e− 002 2.2947e− 003 1.0829 6.9106e− 004 1.3767 5.6607e− 004 1.3877

41 2.5000e− 002 1.8742e− 003 1.0524 5.4515e− 004 1.2328 4.4128e− 004 1.2946

42 2.4390e− 002 1.8264e− 003 1.0445 5.2930e− 004 1.1949 4.2781e− 004 1.2556

43 2.3810e− 002 1.7812e− 003 1.0415 5.1411e− 004 1.2082 4.1510e− 004 1.2514

45 2.2727e− 002 1.6973e− 003 1.0370 4.8609e− 004 1.2046 3.9183e− 004 1.2404

(B) Omoiìmorfoc diamerismìc me trigwnik� peperasmèna stoiqeÐa .

Sta trigwnik� peperasmèna stoiqeÐa ja qrhsimopoi soume thn akrib  lÔsh tou omogenoÔc

probl matoc (dhl. f(x, y, t) = 0), pou eÐnai gia thn pÐesh

p(x, y, t) = cos(
√

2πt) sin(πx) cos(πy)

kai gia tic sunist¸sec thc taqÔthtac

u(x, y, t) =

√
2

2
sin(
√

2πt) cos(πx) cos(πy)

v(x, y, t) = −
√

2

2
sin(
√

2πt) sin(πx) sin(πy).

K�noume to peÐrama me trigwnik� peperasmèna stoiqeÐa kai p�li h Ðdia sumperifor� gia

ta sÔnola N1 kai N2, h opoÐa faÐnetai sto sq ma 3.12.
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3.2 Mèjodoc Peperasmènwn StoiqeÐwn kai peiramatik  t�xh
sÔgklishc

Σχήμα 3.12: Διάγραμματα τάξης σύγκλισης, σε λογαριθμική κλίμακα για το πρόβλημα

με συνοριακές συνθήκες τύπου (III) και 4 ≤ N ≤ 45 τριγωνικά πεπερασμένα στοιχεία. Με

μπλέ τα σφάλματα ως προς την L2
νόρμα την χρονική στιγμή T = 1 απο το σύνολο N1 και

με πράσινο τα αντίστοιχα σφάλματα απο το σύνολο N2

Analutik� ta apotelèsmata tou peir�matoc gia to prìblhma me sunoriakèc timèc tÔpou

(III) qrhsimopoi¸ntac trigwnik� peperasmèna stoiqeÐa brÐskontai stouc parak�tw pÐna-

kec.

O pÐnakac me ta sf�lmata kai thn t�xh sÔgklishc wc proc thn L2 nìrma thn qronik 

stigm  T = 1 gia to sÔnolo N1:

N h ‖p− ph‖L2 r(p) ‖u− uh‖L2 r(u) ‖v − vh‖L2 r(v)

6 2.0000e− 001 4.9307e− 002 −−− 4.0157e− 002 −−− 3.6472e− 002 −−−
11 1.0000e− 001 1.9636e− 002 1.3283 1.1090e− 002 1.8564 1.0978e− 002 1.7322

12 9.0909e− 002 1.8217e− 002 0.7869 9.6526e− 003 1.4566 9.3018e− 003 1.7383

21 5.0000e− 002 1.0164e− 002 0.9760 3.7096e− 003 1.5996 3.6972e− 003 1.5433

22 4.7619e− 002 9.7413e− 003 0.8716 3.4744e− 003 1.3426 3.4422e− 003 1.4646

23 4.5455e− 002 9.2806e− 003 1.0414 3.2300e− 003 1.5678 3.2243e− 003 1.4059

34 3.0303e− 002 6.2914e− 003 0.9588 1.8510e− 003 1.3732 1.8446e− 003 1.3773

41 2.5000e− 002 5.2113e− 003 0.9791 1.4368e− 003 1.3169 1.4357e− 003 1.3028

42 2.4390e− 002 5.0923e− 003 0.9359 1.3941e− 003 1.2192 1.3913e− 003 1.2732

43 2.3810e− 002 4.9694e− 003 1.0134 1.3498e− 003 1.3413 1.3490e− 003 1.2801

45 2.2727e− 002 4.7489e− 003 0.9755 1.2726e− 003 1.2667 1.2719e− 003 1.2650
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O antÐstoiqoc pÐnakac gia to sÔnolo N2:

N h ‖p− ph‖L2 r(p) ‖u− uh‖L2 r(u) ‖v − vh‖L2 r(v)

4 3.3333e− 001 9.6195e− 002 −−− 9.4573e− 002 −−− 8.1442e− 002 −−−
5 2.5000e− 001 5.5885e− 002 1.8878 5.2949e− 002 2.0163 5.5949e− 002 1.3051

7 1.6667e− 001 1.4106e− 002 3.3954 2.0782e− 002 2.3066 2.2060e− 002 2.2954

8 1.4286e− 001 1.3251e− 002 0.4054 1.6216e− 002 1.6093 1.4978e− 002 2.5116

9 1.2500e− 001 8.3226e− 003 3.4832 1.1187e− 002 2.7807 1.1396e− 002 2.0465

10 1.1111e− 001 7.7805e− 003 0.5719 9.6746e− 003 1.2328 8.6436e− 003 2.3473

13 8.3333e− 002 3.3556e− 003 2.9233 4.9061e− 003 2.3603 4.8644e− 003 1.9983

14 7.6923e− 002 3.6782e− 003 −1.1466 4.3226e− 003 1.5818 4.0381e− 003 2.3257

15 7.1429e− 002 2.4281e− 003 5.6043 3.5747e− 003 2.5635 3.5203e− 003 1.8518

16 6.6667e− 002 2.7386e− 003 −1.7446 3.2188e− 003 1.5204 3.0209e− 003 2.2174

17 6.2500e− 002 1.8830e− 003 5.8038 2.7227e− 003 2.5935 2.6666e− 003 1.9330

18 5.8824e− 002 2.1314e− 003 −2.0432 2.4799e− 003 1.5403 2.3448e− 003 2.1214

19 5.5556e− 002 1.4778e− 003 6.4063 2.1376e− 003 2.5986 2.1108e− 003 1.8391

20 5.2632e− 002 1.7046e− 003 −2.6397 1.9705e− 003 1.5056 1.8761e− 003 2.1803

24 4.3478e− 002 1.1664e− 003 1.9858 1.3296e− 003 2.0592 1.2765e− 003 2.0156

25 4.1667e− 002 8.4557e− 004 7.5577 1.1931e− 003 2.5455 1.1748e− 003 1.9504

26 4.0000e− 002 9.8684e− 004 −3.7846 1.1217e− 003 1.5126 1.0804e− 003 2.0527

27 3.8462e− 002 7.2297e− 004 7.9330 1.0136e− 003 2.5826 1.0040e− 003 1.8690

28 3.7037e− 002 8.4684e− 004 −4.1903 9.6015e− 004 1.4354 9.2622e− 004 2.1369

29 3.5714e− 002 6.2291e− 004 8.4447 8.7496e− 004 2.5548 8.6336e− 004 1.9325

30 3.4483e− 002 7.3327e− 004 −4.6484 8.3015e− 004 1.4984 8.0426e− 004 2.0206

31 3.3333e− 002 5.4516e− 004 8.7440 7.6056e− 004 2.5824 7.5232e− 004 1.9694

32 3.2258e− 002 6.4219e− 004 −4.9956 7.2568e− 004 1.4317 7.0277e− 004 2.0778

33 3.1250e− 002 4.7887e− 004 9.2431 6.6897e− 004 2.5629 6.6039e− 004 1.9588

35 2.9412e− 002 4.2615e− 004 1.9239 5.9088e− 004 2.0475 5.8500e− 004 1.9996

36 2.8571e− 002 5.0372e− 004 −5.7689 5.6746e− 004 1.3954 5.5126e− 004 2.0490

37 2.7778e− 002 3.7959e− 004 10.0434 5.2707e− 004 2.6212 5.2189e− 004 1.9434

38 2.7027e− 002 4.5020e− 004 −6.2266 5.0709e− 004 1.4101 4.9444e− 004 1.9725

39 2.6316e− 002 3.4180e− 004 10.3293 4.7209e− 004 2.6820 4.6812e− 004 2.0511

40 2.5641e− 002 4.0522e− 004 −6.5523 4.5617e− 004 1.3209 4.4425e− 004 2.0149

44 2.3256e− 002 3.3346e− 004 1.9961 3.7432e− 004 2.0253 3.6579e− 004 1.9903

Gia na deÐxoume ìti h t�xh sÔgklishc sto sÔnolo N2 eÐnai dÔo ja qrhsimopoi soume to

uposÔnolo N3 ⊂ N2. O pÐnakac me ta sf�lmata kai th t�xh sÔgklishc wc proc thn L2
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3.2 Mèjodoc Peperasmènwn StoiqeÐwn kai peiramatik  t�xh
sÔgklishc

nìrma thn qronik  stigm  T = 1 gia to sÔnolo N3 eÐnai:

N h ‖p− ph‖L2 r(p) ‖u− uh‖L2 r(u) ‖v − vh‖L2 r(v)

4 3.3333e− 001 9.6195e− 002 −−− 9.4573e− 002 −−− 8.1442e− 002 −−−
9 1.2500e− 001 8.3226e− 003 1.7728 1.1187e− 002 1.0033 1.1396e− 002 1.0033

15 7.1429e− 002 2.4281e− 003 1.5844 3.5747e− 003 0.5336 3.5203e− 003 0.5336

19 5.5556e− 002 1.4778e− 003 1.4798 2.1376e− 003 0.6112 2.1108e− 003 0.6112

25 4.1667e− 002 8.4557e− 004 1.3930 1.1931e− 003 0.7149 1.1748e− 003 0.7149

29 3.5714e− 002 6.2291e− 004 1.3813 8.7496e− 004 0.7292 8.6336e− 004 0.7292

33 3.1250e− 002 4.7887e− 004 1.3291 6.6897e− 004 0.7871 6.6039e− 004 0.7871

37 2.7778e− 002 3.7959e− 004 1.2659 5.2707e− 004 0.8485 5.2189e− 004 0.8485

(G) Mh-omoiìmorfoc diamerismìc .

To peÐrama tou mh-omoiìmorfou diamerismoÔ ja mac d¸sei kai p�li t�xh sÔgklishc dÔo

kai gia tic treic sunart seic p, u kai v. Ed¸ qrhsimopoi same thn akrib  lÔsh tou mh-

omogenoÔc probl matoc pou orÐsame sto (A).

AkoloujeÐ o pÐnakac me ta sf�lmata kai thn t�xh sÔgklishc wc proc thn L2 nìrma

thn qronik  stigm  T = 1 tou mh-omoiìmorfou diamerismoÔ gia to prìblhma me sunoriakèc

sunj kec tÔpou (III).

h ‖p− ph‖L2 r(p) ‖u− uh‖L2 r(u) ‖v − vh‖L2 r(v)

5.7143e− 001 4.2629e− 002 −−− 6.7183e− 002 −−− 3.5170e− 002 −−−
2.8571e− 001 2.4943e− 002 0.7732 3.6172e− 002 0.8932 1.8021e− 002 0.9647

1.4286e− 001 1.4345e− 002 0.7981 9.6826e− 003 1.9014 7.1078e− 003 1.3422

7.1429e− 002 5.6536e− 003 1.3433 2.3612e− 003 2.0359 1.7940e− 003 1.9862

3.5714e− 002 2.6818e− 003 1.0760 8.1839e− 004 1.5287 6.4988e− 004 1.4650

1.7857e− 002 1.3110e− 003 1.0325 3.6692e− 004 1.1573 2.8081e− 004 1.2106
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Σχήμα 3.13: Διάγραμματα τάξης σύγκλισης για διγραμμικά πεπερασμένα στοιχεία σε

λογαριθμική κλίμακα για το πρόβλημα με συνοριακές συνθήκες τύπου (III) με μή-ομοιόμορφο

διαμερισμό.

(D) Sumper�smata wc proc th t�xh sÔgklishc .

Sthn perÐptwsh tou probl matoc me sunoriakèc timèc tÔpou (III), ìpwc �llwste kai

sta prohgoÔmena probl mata, h t�xh sÔgklishc gia tic sunart seic p, u kai v wc proc

thn L2 nìrma thn qronik  stigm  T = 1 plhsi�zei to 1.

3.2.4 Prìblhma arqik¸n/sunoriak¸n tim¸n me sunoriakèc sun-

j kec tÔpou (IV )

To teleutaÐo prìblhma pou ja exet�soume eÐnai to prìblhma me sunoriakèc sunj kec

tÔpou (IV ).

'Estw loipìn to prìblhma (3.2) efodiasmèno me arqikèc/sunj kec tÔpou (IV )kai

èstw ψ ∈ H1
p (Ω), ϕ1 ∈ H1

u(Ω) kai ϕ2 ∈ H1
v (Ω) ìpou

H1
p (Ω) = {p ∈ H1(Ω) : p|Γ1 = p|Γ3 kai p|Γ2 = p|Γ4},

H1
v (Ω) = {v ∈ H1(Ω) : v|Γ1 = v|Γ3}

kai

H1
u(Ω) = {u ∈ H1(Ω) : u|Γ2 = u|Γ4}.

Pollaplasi�zoume thn pr¸th exÐswsh thc (3.2) me ψ, thn deÔterh me ϕ1 kai thn trÐth me

ϕ2, opìte ja èqoume:
ptψ + uxψ + vyψ = fψ , ∀ψ ∈ H1

p (Ω),

utϕ1 + pxϕ1 = 0 , ∀ϕ1 ∈ H1
u(Ω),

vtϕ2 + pyϕ2 = 0 , ∀ϕ2 ∈ H1
v (Ω).
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3.2 Mèjodoc Peperasmènwn StoiqeÐwn kai peiramatik  t�xh
sÔgklishc

Oloklhr¸noume sto Ω kai èqoume:
(pt, ψ) + (ux, ψ) + (vy, ψ) = (f, ψ) , ∀ψ ∈ H1

p (Ω).

(ut, ϕ1) + (px, ϕ1) = 0 , ∀ϕ1 ∈ H1
u(Ω),

(vt, ϕ2) + (py, ϕ2) = 0 , ∀ϕ2 ∈ H1
v (Ω).

(3.26)

'Estw t¸ra Sph,S
u
h kai Svh upìqwroi peperasmènhc di�stashc twn H

1
π(Ω),H1

u(Ω) kaiH1
v (Ω)

antÐstoiqa. E�n t¸ra ph ∈ Sph , uh ∈ Suh , vh ∈ Svh tìte to prìblhma (3.26) gr�fetai:
(ph,t, ψ) + (uh,x, ψ) + (vh,y, ψ) = (f, ψ) , ∀ψ ∈ Sph,

(uh,t, ϕ1) + (ph,x, ϕ1) = 0 , ∀ϕ1 ∈ Suh ,

(vh,t, ϕ2) + (ph,y, ϕ2) = 0 , ∀ϕ2 ∈ Svh.

(3.27)

AfoÔ ìmwc ph ∈ Sph , u ∈ Suh , v ∈ Svh tìte

ph(x, y, t) =

Nh∑
i=1

pi(t)ψi(x, y),

ìpou Nh = dim(Sph) kai {ψi}Nhi=1 mÐa b�sh tou Sph,

uh(x, y, t) =

N̂h∑
i=1

ui(t)ϕi,1(x, y),

ìpou N̂h = dim(Suh) kai {ϕi,1}N̂hi=1 mÐa b�sh tou Suh ,

vh(x, y, t) =

ˆ̂
Nh∑
i=1

vi(t)ϕi,2(x, y),

ìpou ˆ̂
Nh = dim(Svh) kai {ϕi,2}

ˆ̂
Nh
i=1 mÐa b�sh tou Svh. Antikajist¸ntac sthn (3.27) ja

èqoume:

(

Nh∑
i=1

ṗi(t)ψi, ψj) + (

N̂h∑
i=1

ui(t)ϕx,i,1, ψj) + (

ˆ̂
Nh∑
i=1

vi(t)ϕy,i,2, ψj) = (f, ψj) , 1 ≤ j ≤ Nh,

(

N̂h∑
i=1

u̇i(t)ϕi,1, ϕj,1) + (

Nh∑
i=1

pi(t)ψx,i, ϕj,1) = 0 , 1 ≤ j ≤ N̂h,

(

ˆ̂
Nh∑
i=1

v̇i(t)ϕi,2, ϕj,2) + (

Nh∑
i=1

pi(t)ψy,i, ϕj,2) = 0 , 1 ≤ j ≤ ˆ̂
Nh.

(3.28)

OrÐzoume touc pÐnakec m�zac:
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• M1 me stoiqeÐa
(
M1

)
ij

= (ψj , ψi), 1 ≤ i, j ≤ Nh

• M2 me stoiqeÐa
(
M2

)
ij

= (ϕj,1, ϕi,1), 1 ≤ i, j ≤ N̂h

• M3 me stoiqeÐa
(
M3

)
ij

= (ϕj,2, ϕi,2), 1 ≤ i, j ≤ ˆ̂
Nh

touc pÐnakec �akamyÐac�:

• A1,x me stoiqeÐa
(
A1,x

)
i,j

= (ϕx,j,1, ψi), 1 ≤ i ≤ Nh, 1 ≤ j ≤ N̂h

• A2,y me stoiqeÐa
(
A2,y

)
i,j

= (ϕy,j,2, ψi), 1 ≤ i ≤ Nh, 1 ≤ j ≤ ˆ̂
Nh

• Ax,1 me stoiqeÐa
(
Ax,1

)
i,j

= (ψx,j , ϕi,1), 1 ≤ j ≤ Nh, 1 ≤ i ≤ N̂h

• Ay,2 me stoiqeÐa
(
Ay,2

)
i,j

= (ψy,j , ϕi,2), 1 ≤ j ≤ Nh, 1 ≤ i ≤ ˆ̂
Nh

kai to di�nusma ~f me stoiqeÐa fi = (f, ψi) 1 ≤ i ≤ Nh, opìte telik� to sÔsthma (3.28)

gr�fetai sthn morf :


Nh N̂h

ˆ̂
Nh

Nh M1 O O
N̂h O M2 O
ˆ̂
Nh O O M3


︸ ︷︷ ︸

A

ṗhu̇h
v̇h


︸ ︷︷ ︸
xt(t)

= −


Nh N̂h

ˆ̂
Nh

Nh O Ax,1 Ay,2

N̂h A1,x O O
ˆ̂
Nh A2,y O O


︸ ︷︷ ︸

B

phuh
vh


︸ ︷︷ ︸
x(t)

+

 ~f

O
O


︸ ︷︷ ︸
F (t)

Epomènwc èqoume plèon na lÔsoume to parak�tw prìblhma arqik¸n tim¸n:{
Axt(t) = Bx(t) + F (t),

x(0) = x0, dedomèno.
(3.29)

Kai autì to prìblhma (3.29), ja to lÔsoume me th mèjodo Shu-Osher.

3.2.4.1 Peir�mata gia thn t�xh sÔgklishc

Gia akrib  lÔsh tou probl matoc me sunoriakèc timèc tÐpou (IV ) paÐrnoume:

Gia thn pÐesh:

p(x, y, t) = cos(
√

8πt) sin(2πx) cos(2πy)

kai gia tic dÔo sunist¸sec thc taqÔthtac:

u(x, y, t) =

√
8

4
sin(
√

8πt) cos(2πx) cos(2πy)

v(x, y, t) = −
√

8

4
sin(
√

8πt) sin(2πx) sin(2πy)

dhlad  me f(x, y, t) = 0. Ta peir�mata ja gÐnoun me qronikì b ma pou ikanopoieÐ thn

sunj kh ∆t
h = 0.1
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3.2 Mèjodoc Peperasmènwn StoiqeÐwn kai peiramatik  t�xh
sÔgklishc

(A) Omoiìmorfoc diamèrismìc me digrammik� peperasmèna stoiqeÐa .

Sto prìblhma me sunoriakèc sunj kec tÔpou (IV ) ja parathr soume to fainìmeno thc

diaforetik c t�xhc sÔgklishc gia ta sÔnola N1 kai N2 an kai h sumperifor� wc proc ta

sf�lmata all�zei el�qista se sqèsh me ta prohgoÔmena probl mata.

Σχήμα 3.14: Διάγραμματα τάξης σύγκλισης ως προς την L2
νόρμα την χρονική στιγμή

T = 1 σε λογαριθμική κλίμακα για το πρόβλημα με συνοριακές συνθήκες τύπου (IV ) και

4 ≤ N ≤ 45 για διγραμμικά πεπερασμένα στοιχεία. Με μπλέ τα σφάλματα απο το σύνολο N1

και με πράσινο τα σφάλματα απο το σύνολο N2

O parak�tw pÐnakac afor� thn t�xh sÔgklishc kai ta sf�lmata wc proc thn L2 nìrma

thn qronik  stigm  T = 1 gia to sÔnolo N1 :

N h ‖p− ph‖L2 r(p) ‖u− uh‖L2 r(u) ‖v − vh‖L2 r(v)

6 2.0000e− 001 1.8197e− 001 −−− 3.1309e− 002 −−− 3.1309e− 002 −−−
11 1.0000e− 001 5.3253e− 002 1.7728 1.5619e− 002 1.0033 1.5619e− 002 1.0033

12 9.0909e− 002 4.5789e− 002 1.5844 1.4844e− 002 0.5336 1.4844e− 002 0.5336

21 5.0000e− 002 1.8904e− 002 1.4798 1.0301e− 002 0.6112 1.0301e− 002 0.6112

22 4.7619e− 002 1.7661e− 002 1.3930 9.9475e− 003 0.7149 9.9475e− 003 0.7149

23 4.5455e− 002 1.6562e− 002 1.3813 9.6157e− 003 0.7292 9.6157e− 003 0.7292

34 3.0303e− 002 9.6622e− 003 1.3291 6.9883e− 003 0.7871 6.9883e− 003 0.7871

41 2.5000e− 002 7.5738e− 003 1.2659 5.9359e− 003 0.8485 5.9359e− 003 0.8485

42 2.4390e− 002 7.3445e− 003 1.2451 5.8103e− 003 0.8660 5.8103e− 003 0.8660

43 2.3810e− 002 7.1282e− 003 1.2406 5.6898e− 003 0.8696 5.6898e− 003 0.8696

45 2.2727e− 002 6.7304e− 003 1.2342 5.4630e− 003 0.8746 5.4630e− 003 0.8746

Gia to sÔnolo N2 o pÐnakac gia ta sf�lmata kai thn t�xh sÔgklishc wc proc thn L2
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nìrma thn qronik  stigm  T = 1 eÐnai:

N h ‖p− ph‖L2 r(p) ‖u− uh‖L2 r(u) ‖v − vh‖L2 r(v)

4 3.3333e− 001 5.4331e− 001 −−− 6.6228e− 002 −−− 6.6228e− 002 −−−
5 2.5000e− 001 2.3808e− 001 2.8680 3.2655e− 002 2.4579 3.2655e− 002 2.4579

7 1.6667e− 001 9.0699e− 002 2.3801 1.7884e− 002 1.4850 1.7884e− 002 1.4850

8 1.4286e− 001 6.4949e− 002 2.1664 1.5907e− 002 0.7600 1.5907e− 002 0.7600

9 1.2500e− 001 4.8929e− 002 2.1211 1.3754e− 002 1.0891 1.3754e− 002 1.0891

10 1.1111e− 001 3.8235e− 002 2.0939 1.1775e− 002 1.3185 1.1775e− 002 1.3185

13 8.3333e− 002 2.1113e− 002 2.0643 7.5088e− 003 1.5640 7.5088e− 003 1.5640

14 7.6923e− 002 1.7925e− 002 2.0450 6.5458e− 003 1.7147 6.5458e− 003 1.7147

15 7.1429e− 002 1.5411e− 002 2.0390 5.7459e− 003 1.7587 5.7459e− 003 1.7587

16 6.6667e− 002 1.3393e− 002 2.0341 5.0773e− 003 1.7932 5.0773e− 003 1.7932

17 6.2500e− 002 1.1748e− 002 2.0301 4.5144e− 003 1.8207 4.5144e− 003 1.8207

18 5.8824e− 002 1.0390e− 002 2.0268 4.0372e− 003 1.8430 4.0372e− 003 1.8430

19 5.5556e− 002 9.2550e− 003 2.0240 3.6297e− 003 1.8613 3.6297e− 003 1.8613

20 5.2632e− 002 8.2967e− 003 2.0217 3.2795e− 003 1.8766 3.2795e− 003 1.8766

24 4.3478e− 002 5.6431e− 003 2.0173 2.2794e− 003 1.9039 2.2794e− 003 1.9039

25 4.1667e− 002 5.1796e− 003 2.0139 2.1001e− 003 1.9251 2.1001e− 003 1.9251

26 4.0000e− 002 4.7710e− 003 2.0128 1.9409e− 003 1.9313 1.9409e− 003 1.9313

27 3.8462e− 002 4.4090e− 003 2.0119 1.7989e− 003 1.9367 1.7989e− 003 1.9367

28 3.7037e− 002 4.0867e− 003 2.0111 1.6718e− 003 1.9416 1.6718e− 003 1.9416

29 3.5714e− 002 3.7986e− 003 2.0104 1.5576e− 003 1.9459 1.5576e− 003 1.9459

30 3.4483e− 002 3.5399e− 003 2.0097 1.4546e− 003 1.9497 1.4546e− 003 1.9497

31 3.3333e− 002 3.3069e− 003 2.0091 1.3614e− 003 1.9532 1.3614e− 003 1.9532

32 3.2258e− 002 3.0961e− 003 2.0086 1.2768e− 003 1.9563 1.2768e− 003 1.9563

33 3.1250e− 002 2.9049e− 003 2.0081 1.1998e− 003 1.9591 1.1998e− 003 1.9591

35 2.9412e− 002 2.5720e− 003 2.0074 1.0652e− 003 1.9628 1.0652e− 003 1.9628

36 2.8571e− 002 2.4267e− 003 2.0068 1.0062e− 003 1.9661 1.0062e− 003 1.9661

37 2.7778e− 002 2.2933e− 003 2.0065 9.5195e− 004 1.9680 9.5195e− 004 1.9680

38 2.7027e− 002 2.1706e− 003 2.0062 9.0194e− 004 1.9698 9.0194e− 004 1.9698

39 2.6316e− 002 2.0576e− 003 2.0059 8.5575e− 004 1.9714 8.5575e− 004 1.9714

40 2.5641e− 002 1.9531e− 003 2.0056 8.1300e− 004 1.9729 8.1300e− 004 1.9729

44 2.3256e− 002 1.6059e− 003 2.0050 6.7034e− 004 1.9761 6.7034e− 004 1.9761
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3.2 Mèjodoc Peperasmènwn StoiqeÐwn kai peiramatik  t�xh
sÔgklishc

(B) Mh-omoiìmorfoc diamerismìc .

Kai sto prìblhma me sunoriakèc timèc tÔpou (IV ) parathroÔme to fainìmeno thc

upersÔgklishc sto sÔnolo N2. Kai p�li h t�xh sÔgklishc gia thn sunart seic p, u kai

v ja prokÔyei qrhsimopoi¸ntac mh-omoiìmorfouc diamerismoÔc.

AkoloujeÐ o pÐnakac me ta sf�lmata kai thn t�xh sÔgklishc wc proc thn L2 nìrma thn

qronik  stigm  T = 1 tou mh-omoiìmorfou diamerismoÔ gia to prìblhma me sunoriakèc

sunj kec tÔpou (IV ).

h ‖p− ph‖L2 r(p) ‖u− uh‖L2 r(u) ‖v − vh‖L2 r(v)

5.7143e− 001 4.6339e− 001 −−− 1.0322e− 001 −−− 2.0530e− 001 −−−
2.8571e− 001 3.0430e− 001 0.6067 1.7772e− 001 −0.7838 1.7554e− 001 0.2259

1.4286e− 001 1.0688e− 001 1.5095 4.9107e− 002 1.8556 4.9107e− 002 1.8378

7.1429e− 002 2.7755e− 002 1.9452 1.6268e− 002 1.5939 1.6268e− 002 1.5939

3.5714e− 002 1.0893e− 002 1.3493 8.5726e− 003 0.9242 8.5726e− 003 0.9242

1.7857e− 002 4.7208e− 003 1.2063 4.5414e− 003 0.9166 4.5414e− 003 0.9166

Σχήμα 3.15: Διάγραμματα τάξης σύγκλισης για διγραμμικά πεπερασμένα στοιχεία σε

λογαριθμική κλίμακα για το πρόβλημα με συνοριακές συνθήκες τύπου (IV ) με μή-ομοιόμορφο

διαμερισμό.

(G) Sumper�smata wc proc th t�xh sÔgklishc .

Sto prìblhma me sunoriakèc sunj kec tÔpou (IV ), an kai parathr same diafor� sthn

sumperifor� thc t�xhc sÔgklishc gia tic sunart seic p, u kai v, emfanÐzetai kai p�li to

fainìmeno thc diaforetik c t�xhc sÔgklishc sta sÔnola N1 kai N2. H t�xh sÔgklishc

wc proc thn L2 nìrma thn qronik  stigm  T = 1 me thn qr sh mh-omoiìmorfwn diameri-

sm¸n prokÔptei kai se autì to prìblhma faÐnetai na plhsi�zei to èna kai gia tic treic

sunart seic pou melet same.
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