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�Se ekeÐnouc pou ofeÐlw ta p�nta.

Stouc goneÐc mou kai sto Gi¸rgo.�

ii





EuqaristÐec

Euqarist¸ thn epiblèpousa kajhg tria thc diplwmatik c mou ergasÐac k.

LoukÐa MeligkotsÐdou gia thn polÔtimh kajod ghsh thc.

EpÐshc ja  jela na euqarist sw to BasÐlh kai th Fiìrh gia thn anidio-

tel  bo jeia touc, to endiafèron touc, ton qrìno pou mou afièrwsan kai thn

sumpar�stash touc se ìlh th di�rkeia twn metaptuqiak¸n mou spoud¸n.

Euqarist¸ epÐshc idiaÐtera to Gi¸rgo kai thn oikogènei� mou gia thn st -

rixh kai katanìhs  touc idiaÐtera se periìdouc pÐeshc.

Tèloc ja  jela na anafèrw ìti o k¸dikac pou dhmiourg jhke sth gl¸ssa

programmatismoÔ (R) gia thn pragmatopoÐhsh thc paroÔsac ergasÐac eÐnai

diajèsimoc gia k�je endiaferìmeno.
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Kef�laio 1

Eisagwg 

1.1 AntikeÐmeno thc Diplwmatik c Erga-

sÐac

Sthn paroÔsa diplwmatik  ergasÐa exet�zontai Markov Chain Monte

Carlo mèjodoi se genikeumèna grammik� montèla apì th skopi� thc statisti-

k c kat� Bayes. Sugkekrimèna, exet�zetai h genik  jewrÐa twn genikeumènwn

grammik¸n montèlwn me èmfash sth logistik  kai th poisson palindrìmhsh,

kaj¸c epÐshc kai o trìpoc me ton opoÐo proseggÐzoume ta parap�nw probl -

mata apì th skopi� thc Mpeôzian c jewrÐac. H mpeôzian  sumperasmatologÐa

epitrèpei thn exagwg  pijanojewrhtik¸n sumperasm�twn sqetik� me tic �gnw-

stec paramètrouc tou montèlou kai thn enswm�twsh se autì ek twn protèrwn

gn¸shc me b�sh thn opoÐa odhgoÔmaste se ek twn ustèrwn (posterior) kata-

nomèc stic opoÐec emperièqetai ìlh h statistik  sumperasmatologÐa twn agn¸-

stwn aut¸n paramètrwn ìpwc aut  èqei prokÔyei apì thn Mpeôzian  an�lush.

Qrhsimopoi¸ntac touc algìrijmoucMCMC mporoÔme na dhmiourg soume kai

na upologÐsoume sÔnjeta montèla pou perigr�foun sÔnjeta probl mata ta o-
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poÐa me tic paradosiakèc mejìdouc den ja  tan eÔkola na epilhjoÔn.

1.2 Dom  thc Diplwmatik c ErgasÐac

H paroÔsa diplwmatik  ergasÐa diarjr¸netai se èxi kef�laia wc ex c:

Sto deÔtero kef�laio gÐnetai mia eisagwg  sta genikeumèna grammik� montè-

la kai anafèrontai k�poiec basikèc ènnoiec kai idiìthtec twn montèlwn pou

an koun se aut n thn kathgorÐa. Sto trÐto kef�laio perigr�fontai ta mo-

ntèla thc logistik c kai thc poisson palindrìmhshc. Sto tètarto kef�laio

anaptÔssontai oi basikèc arqèc thc Mpeôzian c Statistik c jewrÐac ìpou

metaxÔ �llwn dÐnetai o orismìc thc ek twn protèrwn katanom c, thc ek twn

ustèrwn katanom c kai tou Jewr matoc Bayes, kaj¸c epÐshc dÐnete kai mia e-

kten c perigraf  twn algorÐjmwnMarkov Chain Monte Carlo. Sto pèmpto

kef�laio parousi�zontai efarmogèc thc logistik c kai thc poisson palindrì-

mhshc se pragmatik� dedomèna. Tèloc, sto èkto kef�laio parousi�zetai kai

analÔetai ekten¸c mÐa efarmog  thc logistik c palindrìmhshc me skopì thn

ektÐmhsh thc pijanìthtac qrewkopÐac epiqeir sewn.
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Kef�laio 2

Genikeumèna Grammik�

Montèla

Sto kef�laio autì parousi�zontai ta genikeumèna grammik� montèla wc mia

epèktash tou aploÔ grammikoÔ montèlou.

2.1 Istorik  Anadrom 

Ta genikeumèna grammik� montèla (Generalised Linear Models) prot�-

jhkan apì touc John Nelder kai Robert Weddeburn to 1972 ìpou me tÐ-

tlo Generalized Linear Models dhmosieÔthke sto periodikì: Journal of

the Royal Statistical Society wc trìpoc enopoÐhshc �llwn statistik¸n mo-

ntèlwn sumperilambanomènwn thc Logistik c palindrìmhshc, thc Grammik c

palindrìmhshc kai thc palindrìmhshc Poisson.

Sth Statistik , apoteloÔn mia meg�lh kathgorÐa montèlwn pou perilamb�-

noun stoqastikèc anaparast�seic oi opoÐec qrhsimopoioÔntai gia thn an�lush

tìso posotik¸n (suneqìmenwn kai diakrit¸n) ìso kai poiotik¸n metablht¸n.

Gia to lìgo autì ta teleutaÐa qrìnia mporoÔn na jewrhjoÔn polÔ shmantik�
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ergaleÐa tìso gia th montèrna statistik  jewrÐa ìso kai gia th statistik 

montelopoÐhsh. Aut  h dhmotikìtht� touc ofeÐletai sthn euelixÐa touc gia

thn antimet¸pish poikÐlwn statistik¸n problhm�twn. Den eÐnai mìno mia oi-

kogèneia apì montèla pou qrhsimopoioÔntai eurèwc sthn pr�xh all� eÐnai ènac

genikìc trìpoc skèyhc sqetik� me th diamìrfwsh twn statistik¸n montèlwn.

Ta genikeumèna grammik� montèla (G.G.M.) mporoÔn na jewrhjoÔn wc mÐ-

a fusik  epèktash twn klassik¸n grammik¸n montèlwn pou epitrèpei sth

mèsh tim  enìc plhjusmoÔ na exart�tai apì mÐa grammik  par�metro prì-

bleyhc (linear predictor) mèsa apì mÐa mh grammik  sundetik  sun�rthsh

(link function). EpÐshc epitrèpei sthn katanom  thc exarthmènhc metablht c

(response variable) na eÐnai opoiad pote katanom  apì thn ekjetik  oikogè-

neia katanom¸n, h opoÐa perilamb�nei tic pio koinèc katanomèc ìpwc eÐnai h

kanonik , h diwnumik  kai h Poisson.

2.2 Aplì Grammikì Montèlo

Sth Statistik , h grammik  palindrìmhsh eÐnai mia prosèggish gia th mo-

ntelopoÐhsh thc sqèshc miac monodi�stathc metablht c U kai mÐac   perisso-

tèrwn epexhghmatik¸n metablht¸n Q. Sth grammik  palindrìmhsh oi �gnwstec

par�metroi ektim¸ntai apì ta dedomèna me thn bo jeia grammik¸n leitourgi¸n.

Tètoiou eÐdouc montèla onom�zontai grammik� montèla.

Ta grammik� montèla eÐnai montèla ta opoÐa eÐnai grammik� wc proc tic pa-

ramètrouc tou montèlou kai ìqi anagkastik� wc proc thn exarthmènh metablh-

t . 'Ena montèlo ìpwc to y = β0+β1·x+β2·x2   to y = β0+β1·sinx eÐnai gram-

mik� wc proc tic paramètrouc tou montèlou β en¸ to montèlo y = β0+β1·e−β1·x
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den eÐnai grammikì wc proc tic paramètrouc tou montèlou β.

To grammikì montèlo eÐnai thc morf c

Y = X · β + e

kai me th bo jeia pin�kwn perigr�fetai wc exhc:

y1

y2

.

.

.

yn


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.

.
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.
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
ìpou Y = (y1, ..., yn)T eÐnai h st lh twn parathr sewn thc exarthmènhc meta-

blht c h opoÐa onom�zetai kai metablht  apìkrishc (response variable) kai

o pÐnakac X, di�stashc n× p, eÐnai o pÐnakac twn tim¸n twn epexhghmatik¸n

anex�rthtwn tuqaÐwn metablhtwn (X1,X2,...,Xp). K�je gramm  anafèretai

se mia diaforetik  parat rhsh kai k�je st lh anafèretai se mia diaforetik 

anex�rthth metablht . H st lh twn paramètrwn β = (β1, β2, ..., βp)
T peri-

lamb�nei touc suntelestèc twn anex�rthtwn metablht¸n oi opoÐoi jewroÔn-

tai �gnwstoi kai prèpei na ektimhjoÔn. H st lh twn upoloÐpwn (residuals)

e = (e1, e2, ..., en)T eÐnai h st lh twn tuqaÐwn sfalm�twn (random error

terms). H upìjesh pou uiojetoÔme sto parap�nw grammikì montèlo eÐnai ìti

ta e1, e2, ..., en eÐnai anex�rthta kai omoiìmorfa katanemhmèna kai akoloujoÔn

thn th kanonik  katanom  N(0, σ2). Opìte h metablht  Y | (X1, X2, ..., Xp) ∼

N(XT · β, σ2).

Se aut  th perÐptwsh

E(Yi) = µi =

p∑
1

xij · βj i = 1, . . . , n
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kai se morf  pin�kwn gr�foume :

µ = X · β

ìpou m eÐnai ènac pÐnakac di�stashc n × 1, X eÐnai ènac pÐnakac di�stashc

n× p kai β eÐnai ènac pÐnakac di�stashc p× 1.

ParathroÔme ìti kurÐarqo rìlo èpaixe h kanonik  katanom  thn opoÐa upo-

jèsame ìti akoloujoÔn ta tuqaÐa sf�lmata opìte kai h metablht  apìkrishc

(response variable). Pollèc forèc ìmwc autì den isqÔei, p.q. h metablht 

apìkrishc mporeÐ na akoloujeÐ thn diwnumik  katanom , dhlad  ta apotelè-

smata na eÐnai thc morf c 0   alli¸c apotuqÐa kai 1   alli¸c epituqÐa.

To montèlo autì mporeÐ na genikeujeÐ me pollìuc trìpouc. EmeÐc ja a-

sqolhjoÔme me thn ex c genÐkeush:

• Oi anex�rthtec parathr seic akoloujoÔn katanom  diaforetik  thc ka-

nonik c katanom c. Ja mporoÔse na eÐnai akìma kai diakrit . Autì

basÐzetai sto gegonìc ìti pollèc apì tic ′kalèc′ idiìthtec thc kano-

nik c katanom c apant¸ntai se mia megalÔterh kl�sh katanom¸n thn

ekjetik  oikogèneia katanom¸n.

• H sqèsh metaxÔ twn exarthmènwn kai anex�rthtwn metablht¸n na mhn

eÐnai grammik . H grammik  èkfrash den exaleÐfetai pl rwc all� brÐ-

sketai mèsa se k�poia �llh sun�rthsh. Pio sugkekrimèna sto aplì

grammikì montèlo eis�goume èna grammikì ektimht  η (linear predictor)

ìpou m=E(Y )=XT ·β=η kai se aut  th perÐptwsh blèpoume ìti ta m kai

η eÐnai sthn pragmatikìthta ìmoia. GenikeÔontac to parap�nw mporoÔme

na upojèsoume ìti h sqèsh aut  antikajÐstatai apì th sqèsh ηi = g(µi),

ìpou g opoiad pote monìtonh sun�rthsh thn opoÐa kaloÔme sun�rthsh

sÔndeshc (link function).
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Sthn perÐptwsh aut  èqoume ta genikeumèna grammik� montèla twn opoÐwn

ta dedomèna akoloujoÔn katanomèc pou an koun sthn ekjetik  oikogèneia ka-

tanom¸n kai epiprìsjeta h sun�rthsh sÔndeshc g mporeÐ na eÐnai opoiad pote

monìtonh sun�rthsh.

2.3 Ekjetik  Oikogèneia Katanom¸n

Orismìc

'Estw U mia tuqaÐa metablht , thc opoÐac h sun�rthsh puknìthtac   pi-

janìthtac f(x; θ) exart�tai apì th dianusmatik  par�metro θ = (θ1, θ2, ...., θs)
′.

Ja lème ìti h Q,   isodÔmana h katanom  thc Q, an kei sthn s - parametrik 

ekjetik  oikogèneia katanom¸n (s - dimensional exponensial family), an

kai mìno an

i. To st rigma

Sf = [x ∈ < : f(x; θ) > 0]

thc tuqaÐac metablht c Q den exart�tai apì thn par�metro θ.

ii. H sun�rthsh puknìthtac   pijanìthtac f(x; θ) mporeÐ na grafeÐ se mÐa

apì tic isodÔnamec morfèc

1. f(x; θ) = exp[
∑s

k=1 ηk(θ)Tk(x)−B(θ) +H(x)]

2. f(x; θ) = exp[
∑s

k=1 ηk(θ)Tk(x)−B(θ)] · h(x)

3. f(x; θ) = β(θ)· [exp[
∑s

k=1 ηk(θ)Tk(x)] · h(x)

ìpou oi ηk(.) , β(.), B(.), h(.) , H(.), Tk(.) eÐnai pragmatikèc sunart seic

kai isqÔei ìti h(x) > 0 gia k�je x ∈ <, β(θ) > 0 gia k�je θ ∈ <s.
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Sthn ekjetik  oikogèneia katanom¸n sunhjÐzetai na jewroÔme san

(fusik ) par�metro thc katanom c to di�nusma η = (η1(θ), ..., ηs(θ))
′,

opìte me kat�llhlh anaparametropoÐhsh h sun�rthsh puknìthtac   pi-

janìthtac paÐrnei th legìmenh kanonik  morf  (canonical form) :

f(x; η) = [exp[
∑s

k=1 ηkTk(x)− A(η)] · h(x)

ìpou A(.) pragmatik  sun�rthsh.

San fusikìc parametrikìc q¸ro thc f orÐzoume to sÔnolo

Z =

{
η ∈ <s :

∫
f(x; η)dx <∞

}
e�n h tuqaÐa metablht  Q eÐnai suneqeÐc,

  to sÔnolo

Z =
{
η ∈ <s :

∑
f(x; η)dx <∞

}

e�n h tuqaÐa metablht  Q eÐnai diakrit .

H kanonik  morf  thc ekjetik c oikogèneiac katanom¸n mporeÐ na

qrhsimopoihjeÐ apotelesmatik� gia ton upologismì twn qarakthristi-

k¸n twn tuqaÐwn metablht¸n Tk(x), k = 1, ..., s, ìpwc deÐqnei to epìmeno

je¸rhma.

Je¸rhma 1 E�n Q eÐnai mia tuqaÐa metablht  pou an kei sthn ekje-

tik  oikogèneia katanom¸n ,tìte:

•

E[Ti(X)] =
∂A(η)

∂ηi

•

Cov(Ti(X), Tj(X)) =
∂2A(η)

∂ηi · ∂ηj
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Pollèc gnwstèc katanomèc an koun sthn ekjetik  oikogèneia ka-

tanom¸n. Gia par�deigma h ekjetik  katanom , h katanom  Poisson, h

katanom  G�mma me mÐa par�metro, h diwnumik  katanom  kai h kanonik 

katanom  me gnwst  diakÔmansh an koun sthn E.O.K. kai mporoÔn na

grafoÔn sth kanonik  thc morf .

Paradeigma 1

'Estw x ∼ binomial(n, p) me sun�rthsh puknìthtac pijanìthtac :

f(x; p) =
(
n
x

)
·px · (1− p)n−x ⇒

f(x; p) = exp[ln
(
n
x

)
+ x ln p+ (n− x) ln(1− p)]⇒

f(x; p) = exp[ln
(
n
x

)
+x ln p+ n ln(1− p)− x ln(1− p)]⇒

f(x; p) = exp[ln
(
n
x

)
+x ln p

(1−p) + n ln(1− p)]

'Opou h(x) = ln
(
n
x

)
, Tk(x) = x, B(p) = n ln(1− p), η(p) = log p

(1−p) .

'Ara an kei sthn ekjetik  oikogèneia katanom¸n. Parametropoi¸ntac thn

parap�nw katanom  se sqèsh me th fusik  par�metro η = ln p
(1−p) èqoume th

morf  :

f(x; η) = exp[ln
(
n
x

)
+x ·η − n ln(1 + eη)].

Paradeigma 2

'Estw x ∼ Poisson(λ) me sun�rthsh puknìthtac pijanìthtac :

f(x;λ) =
λx · e−λ

x!
⇒

f(x;λ) = exp[x lnλ− λ− lnx!]

Opìte èqoume: h(x) = ln x!, Tk(x) = x , B(λ) = −λ, η(λ) = lnλ.

Opìte parathroÔme ìti an kei sthn ekjetik  oikogèneia katanom¸n. Pa-

rametropoi¸ntac thn parap�nw katanom  se sqèsh me th fusik  par�metro

η = lnλ, h Poisson katanom  mporeÐ na grafteÐ sth morf  :

f(x; η) = exp[xη − exp η − lnx!]
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Me parametrikì q¸ro : Θ = <.

Paradeigma 3

• 'Estw x ∼ N(µ, σ2) me m: �gnwsto kai σ2: gnwstì, me sun�rthsh pu-

knìthtac pijanìthtac :

f(x;µ) =
1√

2πσ2
· exp[−(x− µ)2

2σ2
]⇒

f(x;µ) =
1√

2πσ2
· exp[− x2

2σ2
+
xµ

σ2
− µ2

2σ2
].

Opìte èqoume:

h(x) = 1√
2πσ2

exp[− x2

2σ2 ], Tk(x) = x, B(µ) = µ2

2σ2 , η(µ) = µ
σ2 kai pa-

rathroÔme ìti an kei sthn ekjetik  oikogèneia katanom¸n. Parame-

tropoi¸ntac thn parap�nw katanom  se sqèsh me th fusik  par�metro

η(µ) = µ
σ2 = η ⇒ µ = η · σ2,

h kanonik  katanom  mporeÐ na grafteÐ sth morf :

f(x; η) =
1√

2πσ2
· exp[− x2

2σ2
+ x · η − A(η)]

ìpou B(µ) = µ2

2σ2 = (η·σ)2

2σ2 = A(η).

Opìte:

f(x; η) = h(x) · exp[T (x) · (η)− A(η).

• 'Estw x ∼ N(µ, σ2) me m: �gnwsto kai σ2: �gnwsto, me sun�rthsh

puknìthtac pijanìthtac :

f(x;µ) =
1√

2πσ2
· exp[−(x− µ)2

2σ2
]⇒

f(x;µ) =
1√
2π
· exp[−1 · ln(σ2)

2
− x2

2σ2
+
xµ

σ2
− µ2

2σ2
]

Opìte èqoume ìti:

h(x) = 1√
2π
, η1(µ, σ2) = − 1

2σ2 , T1(x) = x2, η2(µ, σ2) = − µ
σ2 , T2(x) =
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x, B(µ, σ2) = µ2

2σ2 + 1·ln(σ2)
2

kai parathroÔme ìti an kei sthn ekjetik 

oikogèneia katanom¸n. Parametropoi¸ntac thn parap�nw katanom  se

sqèsh me th fusik  par�metro η1(µ, σ2) = η1 = − 1
2σ2 ⇒ σ2 = − 1

2η1
kai

η2(µ, σ2) = η2 = µ
σ2 ⇒ µ = σ2 · η2 = − η2

2η1
, h kanonik  katanom  mporeÐ

na grafteÐ sth morf :

f(x; η) =
1√

2πσ2
· exp[− x2

2σ2
+ x · η − A(η)]

ìpou B(µ) = µ2

2σ2 = (η·σ)2

2σ2 = A(η).

Opìte:

f(x; η1, η2) = h(x) · exp[η1T1(x) + η2T2(x)− A(η1, η2)].

2.4 Genikeumèna Grammik� Montèla

H prìodoc sth statistik  jewrÐa mazÐ me thn an�ptuxh twn upologist¸n

mac epètreyan na dhmiourg soume mejìdouc an�logouc me autèc pou èqoun

anaptuqjeÐ gia ta grammik� montèla se peript¸seic pou oi metablhtèc apìkri-

shc akoloujoÔn katanom  diaforetik  apì thn kanonik , den eÐnai aparaÐthta

suneqeÐc (mporeÐ na eÐnai kathgorikèc metablhtèc) kai den qrei�zetai na eÐnai

sthn apl  grammik  morf  : Y = X ·β+e. Mia shmantik  anak�luyh eÐnai ìti

pollèc apì tic qr simec idiìthtec thc kanonik c katanom c katèqei h om�da

katanom¸n pou an kei sthn {ekjetik  oikogèneia}.

H ektÐmhsh twn paramètrwn tou grammikoÔ montèlou Y = X ·β+e epekt�-

jhke sthn ektÐmhsh paramètrwn sunart sewn thc morf c Y = g(X · β) + e.

Jewrhtik� oi diadikasÐec ektÐmhshc eÐnai aplèc. Sth pr�xh apaitoÔn èna me-

g�lo ìgko upologism¸n oi opoÐoi èginan efiktoÐ mìno mèsw upologist¸n me

th bo jeia arijmhtik¸n proseggÐsewn mh grammik¸n sunart sewn. Ja doÔme
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sth sunèqeia pwc epekteÐnontai ta klassik� grammik� montèla se genikeumèna

grammik� montèla.

To genikeumèno grammikì montèlo eÐnai èna <árgaleÐo>> gia thn montelopoÐ-

hsh miac metablht c apìkrishc U sth morf  g(X ·β)+e, ìpou h sun�rthsh g

eÐnai mÐa aujaÐreth sundetik  sun�rthsh. Ta montèla aut� epitrèpoun k�poio

bajmì mh grammikìthtac sthn sqèsh metaxÔ twn metablht¸n Q kai U, diath-

r¸ntac par�llhla ton kentrikì rìlo gia ton grammikì ektimht  X · β ìpwc

kai sto aplì grammikì montèlo.

K�je genikeumèno grammikì montèlo apoteleÐtai apì treic sunist¸sec:

1. Thn katanom  thc metabht c apìkrishc

2. Mia grammik  par�metro prìbleyhc pou perièqei tic metablhtèc pallin-

drìmhshc xi

3. Thn sun�rthsh sÔndeshc h opoÐa en¸nei th grammik  par�metro prìble-

yhc me th mèsh tim  thc apìkrishc

Exet�zontac to montèlo mac pio analutik� parathroÔme ìti orÐzetai apì

èna sÔnolo tuqaÐwn metablht¸n U=(Y1,Y2,...,Yn), oi opoÐec onom�zontai me-

tablhtèc apìkrishc (response variables), k�je mÐa apì tic opoÐec akoloujeÐ

mia katanom  Yi | (Q1,X2,...,Xp) ∼ katanom (θ) apì thn ekjetik  oikogèneia

katanom¸n me θ: di�nusma paramètrwn kai Qj: epexhghmatikèc metablhtèc

(explanatory variables). Up�rqei sun�rthsh g, h opoÐa eÐnai monìtonh kai

diafor simh kai h opoÐa epilègetai me tètoio trìpo ¸ste na ikanopoioÔntai tu-

qìntec periorismoÐ gia to j. H grammik  par�metroc prìbleyhc tou montèlou

(linear predictor), mèso thc opoÐac h katanom  twn Yi exatrt�tai apì ta xi,

eÐnai thc morf c :

η = β0 + β1 ·X1 + ....+ βp ·Xp

¸ste o trìpoc sÔndeshc twn paramètrwn   k�poiac ek twn paramètrwn thc

tuqaÐac sunist¸sac me th grammik  par�metro prìbleyhc tou montèlou na
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eÐnai mèsw miac sun�rthshc sÔndeshc (link function) g ètsi ¸ste :

g(j) =η = β0 + β1 ·X1 + ....+ βp ·Xp.

Sun jwc èqoume èna tuqaÐo deÐgma n parathr sewn (Yi,X1i,...,Xpi, i=1,...,p)

me thn bo jeia tou opoÐou ektimoÔme ta (β0,β1,.....,βp).

Paradeigma 1

'Estw tuqaÐec sunist¸sec (random components) Y1, . . . , Yn kanonik�

katanemhmènec. H kanonik  katanom  an kei sthn ekjetik  oikogèneia kata-

nom¸n. Epiplèon oi epexhghmatikèc metablhtèc (explanatory variables) eis�-

goun to grammikì montèlo diamèsou enìc grammikoÔ ektimht  (linear predictor):

ηi = xTi · β

opìte h sÔndesh metaxÔ twn E(Y ) = µ kai tou grammikoÔ ektimht  η gÐnetai

diamèsou thc sundetik c sun�rthshc:

µi = ηi, ı = 1, . . . , n.

Paradeigma 2

'Estw tuqaÐa sunist¸sa (random component ) Yi ∼ binomial(ni, pi)

ìpou Yi ekfr�zei ton arijmì epituqi¸n se ni epanal yeic kai oi epexhghmatikèc

metablhtèc (explanatory variables) Xj mporeÐ na eÐnai suneqeÐc   diakritèc,

j = 1,...,p. Se prohgoÔmeno par�deigma (par�grafoc 2.3 par�deigma 1) eÐda-

me ìti h diwnumik  katanom  an kei sthn ekjetik  oikogèneia katanom¸n me

A(η) = n · log(1 + eη).

Apì to je¸rhma 1 thc paragr�fou 2.3 gnwrÐzoume ìti :

n · p = E(Y ) = A′(η)⇒

η = (A′)−1(n · p)⇒

η = log(
p

1− p
)
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�ra h sundetik  sun�rthsh (link function) pou prokÔptei eÐnai :

log(pi/(1− pi)) = ηi = β0 + β1 ·X1i + ....+ βp ·Xpi

opìte :

g(p) = logit(p) ≡ log(p/(1− p)).

ParathroÔme ìti h sun�rthsh orÐzetai g : < → (0, 1).

Paradeigma 3

'Estw tuqaÐa sunist¸sa (random component) Yi ∼ Poisson(li), ì-

pou Yi ekfr�zei ton arijmìc emfanÐsewn gegonìtwn se èna qronikì/qwrikì

di�sthma kai oi epexhghmatikèc metablhtèc (explanatory variables) Xj mpo-

reÐ na eÐnai suneqeÐc   diakritèc, j = 1, ..., p. Se prohgoÔmeno par�deigma

(par�grafoc 2.3 par�deigma 2) eÐdame ìti h katanom  Poisson an kei sthn

ekjetik  oikogèneia katanom¸n me A(λ) = λ.

Apì to je¸rhma 1 thc paragr�fou 2.3 gnwrÐzoume ìti :

λ = E(Y ) = A′(η)⇒

η = (A′)−1(λ)⇒

η = log(λ)

�ra h sundetik  sun�rthsh (link function) h opoÐa prokÔptei eÐnai :

log(λi) = ηi = β0 + β1 ·X1i + ....+ βp ·Xpi.

Opìte :

g(λ) = log(λ).

Sto Poisson montèlo parathroÔme ìti µ = E(Y ) > 0 opìte den mporoÔme

na èqoume µ = XT ·β diìti gia to dexiì mèloc den isqÔei o periorismoc. Opìte

se aut  th perÐptwsh h sun�rthsh orÐzetai g:<+ → <.
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2.4.1 Klasik  EktÐmhsh gia Genikeumèna Grammi-

k� Montèla

To G.G.M. orÐzetai se sqèsh me èna sÔnolo apì anex�rthtec tuqaÐec apo-

krÐseic y1, · · · , yn me mèsouc m1, · · · ,mn, ìpou k�je mÐa apì autèc akoloujoÔn

katanomèc apì thn ekjetik  oikogèneia katanom¸n, pou èqoun thn Ðdia sunar-

thsiak  morf . Dhlad 

f(yi; ηi) = exp[ηiTi(yi)− A(ηi) +H(yi)].

To montèlo perièqei metablhtèc palindrìmhshc tic x1, · · · , xp, kai kata-

skeu�zetai b�sh thc grammik c paramètrou prìbleyhc:

η = xT · β = β0 +

p∑
i=1

βi · xi.

H sÔndesh an�mesa sthn katanom  twn Y kai sth grammik  par�metro prì-

bleyhc η gÐnetai mèsw thc sun�rthshc sÔndeshc:

ηi = g(µi), i = 1, · · · , n

ìpou µi ≡ E(Yi), i = 1, · · · , n opìte

g(µi) = g(E(Yi)) = ηi = xTi · β, i = 1, · · · , n.

GnwrÐzoume ìti oi katanomèc twn Y an koun sthn ekjetik  oikogèneia ka-

tanom¸n kai apì to je¸rhma 1 sth par�grafo 2.3 èqoume ìti h E(Y ) = A′(η)

opìte η = (A′)−1(µ) kai dedomènou tou ìti g(µ) = η = xTi β èqoume η =

(A′)−1(g−1(xTi β)). Jewr¸ntac ìti oi sunart seic g kai (A′)−1 eÐnai pano-

moiìtupec èqoume ìti η = xTi β. OrÐzoume wc kanonik  sun�rthsh sÔndeshc

(canonikal link function) thn g(µ) = (A′)−1(µ), h opoÐa dhl¸nei ìti up�rqei

sÔndesh metaxÔ tou mèsou kai thc grammik c paramètrou prìbleyhc me mèsh

tim  apìkrishc:

E(yi) = g−1(ηi) = g−1(xTi · β).
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'Oson afor� stic sunart seic sÔndeshc up�rqei meg�lh poikilÐa. Akolou-

jeÐ ènac pÐnakac twn kanonik¸n sundetik¸n sunart sewn pou qrhsimopoioÔn-

tai gia di�forec katanomèc apì thn ekjetik  oikogèneia katanom¸n sta G.G.M.

.

PÐnakac 2.1: Sundetikèc sunart seic diafìrwn katanom¸n

Katanom  Kanonik  Sundetik  Sun�rthsh

Kanonik  ηi = µi

Diwnumik  ηi = log(p/(1− p))

Poisson ηi = log(µi)

Ekjetik  ηi = 1
µi

G�mma ηi = 1
µi

AntÐstrofh Kanonik  ηi = 1
µ2i

H ektÐmhsh twn paramètrwn twn G.G.M. den mporeÐ na gÐnei analutik�, lì-

gw thc poluplokìthtac touc. 'Etsi prèpei na katafÔgoume se k�poia mèjodo

arijmhtik c megistopoÐhshc thc pijanof�neiac. Mia tètoia mèjodoc eÐnai o

algìrijmoc Newton-Raphson.

H mèjodoc Newton-Raphson èqei ta ex c b mata:

Jèloume na megistopoi soume thn sun�rthsh pijanof�neiac

logL(ϑ) = l(ϑ).

1. DÐnoume arqikèc timèc sto ϑ = (ϑ1, . . . ϑp).

2. PaÐrnoume

ϑt+1 = ϑt −
l
′
(ϑt)

l”(ϑt)
.
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3. Epanalamb�noume to b ma 2 èwc ìtou ϑt+1 ≈ ϑt, dhlad  na epiteuqjeÐ

sÔgklish.

Pollèc forèc an�loga me th morf  thc sundetik c sun�rthshc eÐnai apa-

raÐthto na efarmìsoume èna diaforetikì algìrijmo. MÐa morf  thc mejìdou

Newton-Raphson ìtan èqei qrhsimopoihjeÐ h kanonik  sundetik  sun�rthsh

eÐnai o algìrijmoc Fisher scoring o opoÐoc eÐnai mÐa eidik  perÐptwsh tou

algìrijmou epanalambanìmenwn stajmismènwn elaqÐstwn tetrag¸nwn. Pr¸-

toi ef�rmosan ton algìrijmo autì gia na ektim soun tic paramètrouc twn

genikeumènwn grammik¸n montèlwn oi Nedler kai Wedderburn (1972).

O algìrijmoc Fisher scoring, prosarmosmènoc stic an�gkec twn genikeu-

mènwn grammik¸n montèlwn èqei ta ex c b mata:

1. DÐnoume arqikèc timèc gia ta ϑ.

2. PaÐrnoume

ϑt+1 = ϑt +
l
′
(ϑt)

E(l”(ϑt))

ìpou:

l
′
(ϑt) = XTWz

me

z eÐnai èna di�nusma: zi = (Yi − µi)g
′
(µi)

W èÐnai ènac diag¸nioc pÐnakac: Wii = (g
′
(µi)

2
A”(ηi))

−1, i = 1, . . . , n

kai

E(l”(ϑt)) = XTWtX

opìte sundi�zontac ìla ta parap�nw èqoume:

ϑt+1 = (XTWtX)−1XTWt(ηt + zt)

3. Epanalamb�noume to b ma 2 mèqri na epiteuqjeÐ sÔgklish.

H diafor� twn dÔo parap�nw algorÐjmwn eÐnai ìti o algìrijmoc Newton-

Raphson qrhsimopoieÐ thn l”(ϑ) dhlad  thn parathroÔmenh plhroforÐa tou
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Fisher, en¸ o algìrijmoc Fisher scoring qrhsimopoieÐ thn E(l”(ϑ)) dhlad 

thn anamenìmenh plhroforÐa tou Fisher.
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Kef�laio 3

Genikeumèna Grammik�

Montèla gia Diwnumik� kai

Poisson Dedomèna

Sta genikeumèna grammik� montèla ta dÔo pio shmantik� montèla pou su-

nant�me eÐnai aut� thc Logistik c kai thc Poisson palindrìmhshc ta opoÐa

èqoun pollèc efarmogèc. Prìkeitai ousiastik� gia G.G.M. gia diwnumik� kai

Poisson dedomèna antÐstoiqa.

3.1 G.G.M. gia Diwnumik� Dedomèna

H logistik  palindrìmhsh eÐnai mia mèjodoc poluparagontik c statisti-

k c an�lushc (multivariate statistical analysis) pou qrhsimopoieÐ èna sÔ-

nolo anexart twn metablht¸n (independent variables) gia th diereÔnhsh thc

kÐnhshc miac kathgorik c exarthmènhc metablht c (dependent variable).

H logistik  palindrìmhsh (Logistic Regression) eÐnai qr simh se kata-

st�seic stic opoÐec epijumoÔme thn prìbleyh thc Ôparxhc   thc apousÐac

19



enìc qarakthristikoÔ   enìc sumb�ntoc. H prìbleyh aut  basÐzetai sthn

kataskeu  enìc grammikoÔ montèlou kai sugkekrimèna ston prosdiorismì twn

tim¸n pou paÐrnoun oi suntelestèc enìc sunìlou (set) anex�rthtwn metablh-

t¸n pou qrhsimopoioÔntai wc metablhtèc prìbleyhc (predictor variables).

Gia thn antimet¸pish tètoiwn problhm�twn to upìdeigma thc grammik c

pallindrìmhshc den eÐnai kat�llhlo gia thn ektÐmhsh twn tim¸n thc anex�r-

ththc metablht c apì tic mèsec timèc twn exarthmènwn.

Se mia tètoia perÐptwsh qrhsimopoi¸ntac thn tim  1 gia to endeqìmeno thc

”epituqÐac” kai th tim  0 gia to endeqìmeno thc ′apotuqÐac′, o upologismìc

thc mèshc tim c thc exarthmènhc dÐtimhc metablht c orÐzei thn analogÐa p twn

epituqi¸n sto sÔnolo twn dunat¸n tim¸n thc.

H teqnik  me thn opoÐa ektim�te h pijanìthta epituqÐac p miac dÐtimhc me-

tablht c gia èna sÔnolo tim¸n miac   perissìterwn anex�rthtwn metablht¸n

onom�zete logistik  palindrìmhsh.

Ektìc apì thn prìbleyh èna montèlo logistik c palindrìmhshc dÐnei th

dunatìthta na ektim soume thn epÐdrash k�je anex�rththc metablht c sth

diamìrfwsh twn tim¸n thc exarthmènhc metablht c. Sth logistik  palindrì-

mhsh, se antÐjesh me thn pollapl  palindrìmhsh (multiple regression) eÐnai

dunatì na qrhsimopoihjoÔn wc exarthmènec metablhtèc ektìc apì analogikèc

arijmhtikèc metablhtèc (ratio scale) kai kathgorikèc metablhtèc (nominal

scale).

H pio diadedomènh bibliografik� èkfrash thc logistik c palindrìmhshc

h opoÐa sundèei thn pijanìthta epituqÐac p me thn anex�rthth metablht  X

ìtan:

yi ∼ Binomial (ni, pi) eÐnai:

logit(pi) = log

(
pi

1− pi

)
= ηi = xTi · β

sthn opoÐa èqoume sundetik  sun�rthsh logit ìpwc èqoume deÐxei sthn par�-
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grafo 2.4 sto par�deigma 2.

To dexÐ mèroc twn exis¸sewn dhmiourgeÐtai apì èna grammikì sunduasmì

twn anex�rthtwn metablht¸n pou summetèqoun sto montèlo pallindrìmhshc.

To aristerì mèroc perièqei tic timèc thc exarthmènhc metablht c me th

morf  tou logit kai o ìroc p ekfr�zei thn pijanìthta tou sumb�ntoc tou

gegonìtoc pou èqei orisjeÐ wc epituqÐa tou peir�matoc.

Parìmoio me to logistikì upìdeigma eÐnai to kanonikì upìdeigma pijanì-

thtac. H kÔria diafor� touc eÐnai ìti se autì gia ton upologismì thc pija-

nìthtac p qrhsimopoieÐtai h ajroistik  sun�rthsh pijanìthtac thc kanonik c

katanom c dhlad  e�n:

yi ∼ Bernoulli (Φ (ηi)) tìte:

probit(pi) = Φ−1 (pi)

opìte ed¸ èqoume sundetik  sun�rthsh probit.

H sqèsh pou up�rqei an�mesa stic sundetikèc sunart seic probit kai logit

gia Z = xTi · β eÐnai:

Z logit =
π√
3
Zprobit.

3.1.1 To Montèlo thc Logistik c Palindrìmhshc

An prospaj soume na ekfr�soume thn pijanìthta epituqÐac p, miac dÐtimhc

metablht c Y , h opoÐa akoloujeÐ Diwnumikh katanom , me thn bo jeia enìc

aplìu grammikoÔ montèlou

p = xTi · β

ìpou x oi timèc miac anex�rththc metablht c X, to kÔrio prìblhma pou ja

antimetopÐsoume eÐnai ìti an kai oi timèc thc p jewrhtik� den mporoÔn na brÐ-

skontai ektìc tou diast matoc [0,1], oi timèc thc posìthtac xTi ·β kumaÐnontai

se ìlo to eÔroc twn pragmatik¸n arijm¸n. Gia thn antimet¸pish autoÔ tou
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probl matoc anaparametropoioÔme to montèlo wc exhc. JewroÔme to fusikì

log�rijmo tou lìgou thc pijanìthtac epituqÐac proc thn pijanìthta apotuqÐ-

ac. Onom�zoume odds ton parap�nw lìgo kai èqoume

odds =

(
p

1− p

)
,

kaj¸c kai to log�rijmo

log − odds = log

(
p

1− p

)
.

Oi timèc tou metasqhmatismènou lìgou kumaÐnontai sto di�sthma (−∞,+∞).

Opìte èqoume ìti

log

(
pi

1− pi

)
= xTi · β.

Jètontac Z = xTi · β kai antilogarijmÐzontac ta dÔo mèlh thc exÐswshc

èqoume

p =
eZ

1 + eZ
.

H teleutaÐa sqèsh apoteleÐ thn ektÐmhsh thc pijanìthtac epituqÐac thc

dÐtimhc metablht c Y , gia dedomènec timèc twn epexhghmatik¸n metablhtwn.

ErmhneÔontac touc suntelestèc thc Logistik c palindrìmhshc parathroÔ-

me ìti gia aÔxhsh thc epexhghmatik c metablht c kat� mÐa mon�da ta odds

aux�nontai pallaplastastik� kata exp tou antÐstoiqou β   enallaktik� ta

log − odds aux�nontai kat� antÐstoiqo β.

3.2 Poisson Palindrìmhsh

H katanom  Poisson eÐnai h katanom  twn sp�niwn gegonìtwn kai qrhsi-

mopoieÐtai ìtan jèloume na metr soume ton arijmì twn 'sumb�ntwn' sth mon�da

mètrhshc.Ta sumb�nta mporeÐ na eÐnai gia par�deigma to pl joc twn anjr¸-

pwn pou p�sqoun apì mÐa asjènia se mÐa perioq . H tuqaÐa metablht  Y
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pou akoloujeÐ thn katanom  Poisson ekfr�zei to pl joc twn sumb�ntwn sth

mon�da mètrhshc kai h sun�rthsh pijanìthtac dÐnetai apì ton tÔpo:

f(yi) =
e−µiµyii
yi!

, i = 1, . . . , n.

Sthn Poisson Palindrìmhsh qrhsimopoioÔme th logarijmik  sundetik  su-

n�rthsh h opoÐa eÐnai thc morf c:

g (µi) = log (µi) = ηi = xTi β, i = 1, . . . , n.

AxÐzei na epishm�noume ìti pollèc forèc sthn Poisson Palindrìmhsh antÐ

na èqoume arijmì emfanÐsewn gegonìtwn se k�poia mon�da (qrìnou, q¸rou,

klp.), èqoume to rujmì emfanÐsewn twn gegon¸twn. Gia par�deigma o arij-

mìc twn asjen¸n pou arr¸sthsan diafèrei an�loga me thn perioq  thn opoÐa

exet�zoume. Sthn perÐptwsh aut  qrhsimopoioÔme k�poiouc ìrouc san anti-

st�jmisma touc opoÐouc anom�zoume offset.

'Etsi antÐ na èqoume:

logµi = β0 + β1xi

èqoume:

logµi = logei + β′0 + β′1xi

'Opou to logei paÐzei to rìlo tou offset gia thn i parat rhsh. ErmhneÔ-

ontac touc suntelestèc thc Poisson palindrìmhshc blèpoume ìti gia aÔxhsh

thc metablht c x kat� mÐa mon�da, parathreÐtai aÔxhsh tou logarÐjmou thc

anamenìmenhc tim c thc metablht c y, logµi = log(E(yi)), kat� antÐstoiqo β.
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Kef�laio 4

Mpeôzian  Statistik 

To kef�laio autì afier¸netai sth parousÐash thc statistik c jewreÐac

tou Bayes kaj¸c epÐshc kai sthn analutik  perigraf  twn Markov Chain

Monte Carlo mejìdwn pou qrhsimopoioÔme sthn paroÔsa ergasÐa.

4.1 Istorik  Anadrom 

Stic arqèc tou 21ou ai¸na h Mpeôzian  statistik  brÐsketai na paÐzei èna

polÔ shmantikì rìlo sth statistik  sumperasmatologÐa. 'Ewc ta tèlh thc

dekaetÐac tou 1980, jewroÔsame th Mpeôzian  statistik  wc mia endiafèrousa

enallaktik  jewrÐa thc Klasik c statistik c. H basik  diafor� an�mesa sth

Klasik  statistik  jewrÐa kai sth Mpeôzian  prosèggish eÐnai ìti h deÔterh

jewreÐ tic paramètrouc wc tuqaÐec metablhtèc oi opoÐec qarakthrÐzontai apì

mia ek twn protèrwn katanom . H ek twn protèrwn katanom  sundi�zetai me

thn sun�rthsh pijanof�neiac kai mac dÐnoun thn ek twn ustèrwn katanom 

twn paramètrwn stic opoÐec eÐnai basismènh h statistik  sumperasmatologÐa.

Parìlo pou to kÔrio ergaleÐo thc Mpeôzian c jewrÐac eÐnai h jewrÐa pi-

janot twn, gia poll� qrìnia oi MpeôzianoÐ jewroÔntan wc meionìthta gia
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arketoÔc lìgouc. H basik  antÐrrhsh apì touc klasikoÔc statistikoÔc gia

thn Mpeôzian  jewrÐa, entopÐzetai sto gegonìc ìti ta sumper�smata exar-

t¸ntai apì thn epilog  thc ek twn protèrwn katanom c. 'Opwc h istorÐa mac

èdeixe, o kÔriwc lìgoc gia ton opoÐo h Mpeôzian  jewrÐa kajustèrhse na e-

drewjeÐ wc mÐa apodekt  prosèggish gia thn an�lush statistik¸n dedomènwn

 tan to ìti gia ton upologismì thc ek twn ustèrwn katanom c emplèkontan oi

ek twn protèrwn pepoij seic mac.

Asumptwtikèc mèjodoi èqoun brejeÐ gia na lÔnoume sugkekrimèna probl -

mata, alla den prèpei na to genikeÔsoume. 'Ewc tic arqèc tou 1990 dÔo om�dec

statistik¸n eis gagan thn Markov chain Monte Carlo (MCMC) mèjodo

(Gelfand and Smith, 1990 kai Gelfand et al.,1990) sthn Mpeôzian  sum-

perasmatologÐa. Sto tomèa thc fusik c qrhsimopoÔn thn MCMC mèjodo

apì to 1950. O Nick Metropolis kai oi sunerg�tec tou anèptuxan ènan apì

touc pr¸touc pio exeligmènouc hlektronikoÔc upologistèc ekeÐnhc thc epoq c

kai dokÐmasan tic jewrÐec thc fusik c pou eÐqan anakalÔyei qrhsimopoi¸ntac

MCMC teqnikèc. H efarmog  thcMCMC mejìdou se sundiasmì me thn ra-

gdaÐa an�ptuxh twn upologist¸n èkanan autì to polÔ qr simo upologistikì

ergaleÐo polÔ dhmofilèc mèsa se lÐga qrìnia. H Mpeôzian  statistik  xaf-

nik� ègine polÔ gnwst  kai �noixe nèouc orÐzontec gia thn statistik  èreuna.

Qrhsimopoi¸ntac touc algìrijmouc MCMC, mporoÔme na dhmiourg soume

kai na ektim soume sÔnjeta montèla pou perigr�foun polÔploka probl mata

ta opoÐa me tic paradosiakèc mejìdouc den ja  tan dunatì na epilujoÔn. Apì

to 1990, ìtan h MCMC mèjodo prwtoemfanÐsthke sthn epist mh thc stati-

stik c, pollèc shmantikèc ergasÐec gr�fthkan. Kat� th di�rkeia 1990-1995,

h èreuna p�nw stouc algìrijmouc MCMC epikentr¸jhke sto na efarmosteÐ

aut  h nèa gia ekeÐnh thn epoq  mejodo se di�fora polÔ dhmofil  montè-

la [ Gelman and Rubin (1992), Gelfand, Smith and Lee (1992), Gilks
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and Wild(1992), Delaportas and Smith (1993)]. H an�ptuxh twn MCMC

mejìdwn proìjhse epÐshc sthn an�ptuxh twn tuqaÐwn epidr�sewn kai twn ie-

rarqik¸n montèlwn. H an�ptuxh se sundiasmì me thn epèktash twn MCMC

mèjodwn qrhsimopoieÐtai sth statistik  èreuna apì ta mèsa thc dekaetÐac tou

1990.

Sto parìn kef�laio ja doÔme arqik� mÐa mikr  eisagwg  thc Mpeôzian c

jewrÐac kai sth sunèqeia ja epikentr¸soume to endiafèron mac sthn an�lush

twn pio diadedomènwn MCMC mèjodwn oi opoÐec qrhsimopoioÔntai eurèwc

sth Mpeôzian  statistik .

4.2 Basikèc Arqèc thc Mpeôzian c Jew-

rÐac

To plaÐsio sto opoÐo kineÐtai h sumperasmatologÐa kat� Bayes eÐnai parì-

moio me autì thc klasik c statistik c, dhlad  up�rqei h �gnwsth par�metroc

j tou plhjusmoÔ thn opoÐa jèloume na ektim soume, kaj¸c kai h pijanìthta

f(x|ϑ) h opoÐa kajorÐzei thn pijanìthta parat rhshc diaforetik¸n x, k�tw

apì diaforetikèc timèc thc paramètrou j. 'Omwc h jemeli¸dhc diafor� eÐnai ìti

to j qrhsimopoieÐtai san tuqaÐa posìthta. An kai h diafor� aut  mporeÐ na

faneÐ ìqi kai tìso ousiastik , odhgeÐ se mÐa teleÐwc diaforetik  prosèggish,

wc proc thn ermhneÐa, apì aut n thc klasik c statistik c.

Sthn ousÐa, h sumperasmatologÐa mac ja basisteÐ sthn f(ϑ|x) kai ìqi sthn

f(x|ϑ), dhlad  sthn pijanìthta thc katanom c thc paramètrou dedomènhc thc

x (dedomèna) kai ìqi thc x dedomènhc thc paramètrou. Se pollèc peript¸seic

autì odhgeÐ se perissìtero fusik� sumper�smata se sqèsh me thn klasik 

statistik .

Gia na mporèsei ìmwc na epiteuqjeÐ autì ja prèpei na kajorÐsoume thn ek
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twn protèrwn katanom  f(ϑ) (prior probability distribution), h opoÐa anti-

proswpeÔei tic {pepoij seic} mac gia thn katanom  thc paramètrou j protoÔ

apokt soume opoiad pote plhroforÐa gia ta dedomèna mac.

H idèa thc ek twn protèrwn katanom c thc paramètrou apoteleÐ kai thn

{kardi�} thc jewrÐac kat� Bayes, kai basizìmenoi sto an mil�me se ènan

uperaspist    se ènan antimaqìmeno thc sugkekrimènhc mejodologÐac, h ek

twn protèrwn katanom  mporeÐ na apotelèsei to megalÔtero pleonèkthma  

to sobarìtero meionèkthma ènanti thc klasik c statistik c.

4.3 Je¸rhma tou Bayes

H Mpeôzian  statistik  diafèrei apì th klasik  statistik  jewrÐa sto

ìti ìlec oi �gnwstec par�metroi jewroÔntai wc tuqaÐec metablhtèc. Gia to

lìgo autì, h ek twn protèrwn katanom  prèpei na kajorÐzetai apì thn arq .

H ek twn protèrwn katanom  ekfr�zei thn ek twn protèrwn gn¸sh kai pepoÐ-

jhsh mac prwtìu l�boume upìyin mac ta dedomèna. 'Etsi h sumperasmatologÐa

den prokÔptei mìno apì th melèth twn dedomènwn, dhlad  thn pijanof�neia

f(ϑ/y), all� telik� apì th sun�rthsh pijanìthtac thc katanom c thc pa-

ramètrou dojèntoc twn dedomènwn f(y/ϑ), h opoÐa kaleÐtai ek twn ustèrwn

katanom  (posterior distribution).

O upologismìc thc dÐnetai apì to je¸rhma tou Bayes:

f(ϑ/y) =
f(y/ϑ) · f(ϑ)

f(y)
,

ìpou h sun�rthsh pijanof�neiac dÐnete apì to tÔpo:

f(y/ϑ) =
n∏
i=1

f(yi/ϑ)

E�n o parametrikìc q¸roc ϑ eÐnai diakritìc tìte h stajer� kanonikopoÐhshc
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dÐnetai apì to �jroisma:

f(y) =
∑
ϑi∈Θ

f(ϑi) · f(y/ϑi)

E�n o parametrikìc q¸roc ϑ eÐnai suneq c tìte h stajer� kanonikopoÐhshc

dÐnetai apì to olokl rwma:

f(y) =

∫
ϑi∈Θ

f(ϑi) · f(y/ϑi)dϑ

Dedomènou tou ìti h stajer� kanonikopoÐhshc eÐnai sun�rthsh mìno twn de-

domènwn y kai den exart�tai kajìlou apì thn par�metro j suqn� sth biblio-

grafÐa parousi�zetai to je¸rhma Bayes wc:

f(ϑ/y) ∝ f(y/ϑ) · f(ϑ)

dhlad  h ek twn ustèrwn katanom  eÐnai an�logh tou ginomènou thc ek twn

protèrwn katanom c pollaplasiasmènh me th sun�rthsh pijanof�neiac.

Paradeigma 1

'Estw y1, y2, · · · , yn èna tuqaÐo deÐgma pou akoloujeÐ thn Poisson ka-

tanom  me sun�rthsh pijanof�neiac:

f(y/ϑ) =
e−nϑ · ϑ

∑n
i=1 yi∏n

i=1 y!
∝ e−nϑ · ϑ

∑n
i=1 yi , i = 1, · · · , n

kai me ek twn protèrwn katanom  thn

f(ϑ) = e−ϑ, ϑ > 0.

Efarmìzontac to je¸rhma Bayes èqoume :

f(ϑ/y) = f(ϑ) · f(y/ϑ)

∝ e−ϑ · e
−nϑ · ϑ

∑n
i=1 yi∏n

i=1 y!

∝ e−ϑ · e−nϑ · ϑ
∑n
i=1 yi
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∝ e−(n+1)ϑ · ϑ
∑n
i=1 yi+1−1

'Ara

f(ϑ/y) ∼ Gamma(
n∑
i=1

yi + 1, n+ 1)

4.4 Ek twn Protèrwn Katanomèc

'Eqoume  dh dei ìti h basik  diafor� metaxÔ thn Mpeôzian c jewrÐac kai

thc klasik c statistik c eÐnai ìti sÔmfwna me thn Mpeôzian  statistik  oi

�gnwstec par�metroi qrhsimopoioÔntai san tuqaÐec metablhtèc kai gia autìn

ton lìgo h qrhsimopoÐhsh tou jewr matoc tou Bayes apaiteÐ ton kajorismì

ek twn protèrwn katanom¸n gia tic metablhtèc autèc. O kajorismìc thc ek

twn protèrwn katanom c eÐnai ènac polÔ shmantikìc par�gontac gia thn Mpe-

ôzian  sumperasmatologÐa, kaj¸c epirre�zei thn ek twn ustèrwn katanom .

Diaforetik  ek twn protèrwn katanom  odhgeÐ se diaforetik� sumper�smata.

H proswpik  epilog  thc ek twn protèrwn katanom c kajist� thn an�lush

upokeimenik . Wstìso mia {logik } epilog  thc ek twn protèrwn katanom c

q�nei thn epÐdras  thc kaj¸c sugkentr¸nontai ìlo kai perissìtera dedomè-

na. Sun jwc, idiaÐterh èmfash dÐnetai ston prosdiorismì tou mèsou kai thc

diaspor�c thc ek twn protèrwn katanom c. O mèsoc mac parèqei èna ek twn

protèrwn shmeiakì ektimht  gia thn par�metro pou melet�me, en¸ h diaspor�

ekfr�zei thn abebai¸thta sqetik� me aut  thn ektÐmhsh. 'Otan èqoume mia ek

twn protèrwn isqur  pepoÐjhsh ìti h ektÐmhs  mac eÐnai akrib c, tìte h dia-

spor� prèpei na eÐnai mikr , en¸ h meg�lh abebaiìthta sqetik� me thn ektÐmhsh

mac odhgeÐ se auxhmènh tim  thc diaspor�c. E�n eÐnai diajèsimh ek twn pro-

tèrwn plhroforÐa tìte aut  mporoÔme na th sunoyÐsoume se mÐa {kat�llhlh}

sunarthsiak  morf  thc katanom c pou na mac dieukolÐnei upologistik�. H

diadikasÐa aut  onom�zetai {elicitation} thc ek twn protèrwn plhroforÐac.
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Se pollèc peript¸seic ìmwc h diajèsimh ek twn protèrwn plhroforÐa eÐnai pe-

riorismènh. Sthn perÐptwsh aut  epijumoÔme h plhroforÐa pou prokÔptei apì

ta dedomèna na kuriarqÐsei ston upologismì thc ek twn ustèrwn katanom c.

Se aut  th perÐptwsh qreiazìmaste na prosdiorÐsoume mia ek twn protèrwn

katanom  h opoÐa na mhn epirre�zei thn ek twn ustèrwn katanom . MÐa tètoia

katanom  suqn� kaleÐtai mh plhrforiak  (noninformative) ek twn protèrwn

katanom . Pèra apì th diaforopoÐhsh twn ek twn protèrwn katanom¸n se

plhroforiakèn kai mh plhroforiakèn up�rqoun di�forec kathgorÐec ek twn

protèrwn katanom¸n.

Merikèc apì tic kathgorÐec twn ek twn protèrwn katanom¸n eÐnai oi akì-

loujec:

• SuzugeÐc ek twn protèrwn katanomèc (Conjugate priors)

• Akat�llhlec ek twn protèrwn katanomèc (Improper priors)

• Mh plhroforiak  ek twn protèrwn katanom  tou Jeffrey (Jeffrey′s

Prior)

4.4.1 SuzugeÐc ek twn protèrwn katanomèc

H qrhsimopoÐhsh tou jewr matoc tou Bayes sunep�getai arketèc upolo-

gistikèc duskolÐec, pou aforoÔn ston upologismìc thc stajer�c kanonikopoÐ-

hshc. Gia to lìgo autì gia arketì di�sthma h Mpeôzian  jewrÐa periorÐsthke

se katanomèc pou dieukìlunan ton upologismì twn ek twn ustèrwn katanom¸n.

Tètoiec katanomèc eÐnai oi suzugeÐc ek twn protèrwn katanomèc. Wc suzugeÐc

orÐzontai oi ek twn protèrwn katanomèc oi opoÐec efarmìzontac to je¸rhma

tou Bayes katal goun se ek twn ustèrwn katanomèc pou an koun sthn Ðdia

oikogèneia katanom¸n me thn ek twn protèrwn katanom . EÐnai shmantikì, na

shmeiwjeÐ ìti h qr sh twn suzug¸n ek twn protèrwn katanom¸n de gÐnetai mì-
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no gia lìgouc eukolÐac. Ja  tan l�joc na ennohjeÐ ìti o mìnoc lìgoc qr shc

touc eÐnai h aplopoÐhsh twn upologism¸n pou prosfèroun. QrhsimopoioÔme

tic katanomèc autèc ìtan eÐnai sumbatèc me tic pepoij seic mac, ìtan perigr�-

foun thn prohgoÔmenh gn¸sh pou èqoume gia thn par�metro. DhmiourgeÐtai

ìmwc to er¸thma, se poiec peript¸seic mporoÔme na qrhsimopoi soume   na

entopÐsoume mÐa oikogèneia suzug¸n katanom¸n; H mình perÐptwsh sthn o-

poÐa oi suzugeÐc katanomèc prokÔptoun eÔkola, eÐnai gia ta upodeÐgmata pou

an koun sthn ekjetik  oikogèneia katanom¸n.

'Estw dedomèna y pou an koun sthn oikogèneia ekjetik¸n katanom¸n.

H sun�rthsh pijanof�neiac ja èqei th morf  :

f(y/ϑ) =
n∏
i=1

[h(yi)] · β(ϑ)n · exp[
n∑
i=1

T (yi) · η(ϑ)]

∝ β(ϑ)n · exp[
n∑
i=1

T (yi) · η(ϑ)]

H ek twn protèrwn katanom  ja èqei th morf  :

f(ϑ) ∝ β(ϑ)d · exp[b · η(ϑ)]

Kai efarmìzontac to je¸rhma tou Bayes èqoume :

f(ϑ/y) ∝ f(ϑ) · f(y/ϑ)

∝ β(ϑ)d · exp[b · η(ϑ)] · β(ϑ)n · exp[
n∑
i=1

T (yi) · η(ϑ)]
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= β(ϑ)n+d · exp[[b+
n∑
i=1

T (yi)] · η(ϑ)]

= β(ϑ)D · exp[B · β(ϑ)]

ìpou D = n+ d B = β +
∑n

i=1 T (yi).

Opìte prokÔptei mÐa ek twn ustèrwn katanom  h opoÐa an kei sthn Ðdia oiko-

gèneia katanom¸n me thn ek twn protèrwn katanom , all� me prosarmosmènec

paramètrouc.

Par�deigma

'Estw y1, y2, · · · , yn èna tuqaÐo deÐgma pou akoloujeÐ thn Poisson kata-

nom , me ek twn protèrwn katanom  mia Gamma(p, q):

f(ϑ) = pq

Γ(p)
· ϑp−1 · exp[−qϑ] , µε p > 0,q > 0,ϑ > 0.

Efarmìzoume to je¸rhma tou Bayes:

f(ϑ/y) = f(ϑ) · f(y/ϑ)

∝ ϑp−1 · exp[−qϑ] · e−nϑ · ϑ
∑n
i=1 yi

∝ ϑp−1+
∑n
i=1 yi · exp[−(q + n)ϑ]
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≡ Gamma(p+
n∑
i=1

yi, q + n)

Sunep¸c, h ek twn ustèrwn katanom  tou j eÐnai h G�mma me paramètrouc

p +
∑n

i=1 yi kai q + n pou exart¸ntai apì ta dedomèna. Dhlad  an kei sthn

Ðdia oikogèneia katanom¸n me thn ek twn protèrwn katanom . H G�mma kata-

nom  eÐnai h suzug c ek twn protèrwn katanom  gia to montèlo thc Poisson

katanom c diìti h katanom  Poisson ìpwc apodeÐxame kai se prohgoÔmeno

par�deigma (par�grafoc 2.3 par�deigma 2) an kei sthn ekjetik  oikogèneia

katanom¸n kai h morf  sthn opoÐa gr�fetai eÐnai:

f(x;ϑ) = exp[x lnϑ− ϑ− lnx!]

ìpou :

h(x) = ln x!, Tk(x) = x , B(ϑ) = −ϑ, η(ϑ) = lnϑ.

opìte h suzug c ek twn protèrwn katanom  thc eÐnai thc morf c

f(ϑ) ∝ β(ϑ)d · exp[b · η(ϑ)]

∝ exp(−ϑd) · exp[b · lnϑ]

∝ exp(−ϑd) · ϑd]

'Ara

ϑ ∼ Gamma(b+ 1, d).

4.4.2 Akat�llhlec ek twn protèrwn katanomèc

Kat� thn efarmog  twn mejìdwn thc Mpeôzian c sumperasmatologÐac, gia

thn upì ektÐmhsh par�metro qrhsimopoieÐtai h prohgoÔmenh plhroforÐa pou

èqoume gia thn tim  thc, dhlad  aut  pou èqoume prin gÐnei h efarmog  sta

33



dedomèna tou parìntoc probl matoc. Se autì akrib¸c to shmeÐo ègkeitai h

basik  diafor� thc Mpeôzian c apì thn klasik  statistik , sth qr sh thc

ek twn protèrwn katanom c, afoÔ h par�metroc jewreÐtai tuqaÐa metablht .

K�je prìblhma eÐnai xeqwristì kai èqei to dikì tou perieqìmeno, apì ìpou

phg�zoun oi ek twn protèrwn plhroforÐec. Up�rqoun peript¸seic ìpou eÐnai

pijanì na mhn èqoume epark  ek twn protèrwn plhroforÐa gia thn par�metro,

dhlad  h ek twn protèrwn pepoij seic mac na mhn eÐnai antikeimenikèc   axiì-

pistec apènanti sta dedomèna. Tìte, jèloume na epilèxoume ek twn protèrwn

katanomèc pou na ephre�zoun ìso to dunatì ligìtero tic ek twn ustèrwn

katanomèc. 'Etsi dhmiourgoÔme ek twn protèrwn katanomèc me mikr  akrÐbeia

¸ste na diaful�xoume ìti h ek twn protèrwn katanom  ja èqei polÔ mikr 

epÐdrash ston sqhmatismì thc ek twn ustèrwn katanom c. Autèc oi katano-

mèc kaloÔntai epÐpedec (flat)   mh-plhroforiakèc (non − inforative). An

jewr soume thn omoiìmorfh katanom  se k�poio di�sthma twn pragmatik¸n

arijm¸n, tìte aut  eÐnai mÐa kat�llhlh (proper) ek twn protèrwn katanom .

An ìmwc jewr soume ìti f(ϑ) ∝ 1, ϑ ∈ <, tìte h omoiìmorfh sto sÔnolo twn

pragmatik¸n arijm¸n den eÐnai kat�llhlh katanom  (improper prior).

Genik� h qr sh akat�llhlwn ek twn protèrwn katanom¸n eÐnai apodekt ,

efìson elegqjeÐ ìti h ek twn ustèrwn katanom  pou prokÔptei eÐnai kat�l-

lhlh.

4.4.3 Mh plhroforiak  ek twn protèrwn katano-

m  tou Jeffrey

MÐa prosèggish pou qrhsimopoieÐtai eurèwc ston kajorismì thc ek twn

protèrwn �gnoi�c mac kai eÐnai sunep c se 1-1 metasqhmatismoÔc twn paramè-

trwn basÐzetai sthn plhroforÐa tou Fisher kai eishg jhke apì ton Jeffrey

wc lÔsh sto prìblhma ìti h omoiìmorfh den apodÐdei mia stajer  an�lush
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ìtan oi par�metroi metasqhmatÐzontai.

H ek twn protèrwn katanom  tou Jeffrey ,(Jeffrey′s prior) orÐzetai wc:

JΘ(ϑ) ∝ |I(ϑ)|
1
2

ìpou I(ϑ) h plhroforÐa tou Fisher pou dÐnetai apì ton tÔpo:

I(ϑ) = −E
[
d2logf(y/ϑ)

dϑ2

]
= E

[(
dlogf(y/ϑ)

dϑ

)2
]
.

Paradeigma 1

'Estw y1, . . . , yn èna tuqaÐo deÐgma apì thn Binomial(Ni, ϑ).

Tìte :

f(y/ϑ) =
n∏
i=1

(
Ni

yi

)
· ϑ
∑
yi · (1− ϑ)N−

∑
yi

ìpou :N =
∑n

i=1Ni

logf(y/ϑ) =
∑

yilog(ϑ) + (N −
∑

yi)log(1− ϑ) + C

dlogf(y/ϑ)

dϑ
=

∑
yi
ϑ
− N −

∑
yi

1− ϑ

d2logf(y/ϑ)

dϑ2
= −

∑
yi

ϑ2
− N −

∑
yi

(1− ϑ)2
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opìte h plhroforÐa tou Fisher dÐnetai apì ton tÔpo :

I(ϑ) = −E
[
d2logf(y/ϑ)

dϑ2

]

=
E(
∑
yi)

ϑ2
+
N − E(

∑
yi)

(1− ϑ)2

=
Nϑ

ϑ2
+
N −Nϑ
(1− ϑ)2

= N ·
(

1

ϑ
+

1

1− θ

)

=
N

ϑ · (1− ϑ)

To opoÐo odhgeÐ sthn ek twn protèrwn katanom  tou Jeffrey :

J(ϑ) ∝ ϑ−
1
2 · (1− ϑ)−

1
2

H opoÐa sthn perÐptws  mac eÐnai mia kat�llhlh Bhta(1/2,1/2) katanom .
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4.5 Poluparametrik� Probl mata

'Ola ta paradeÐgmata ta opoÐa exet�same mèqri autì to shmeÐo, eÐqane mÐa

mon�qa par�metro, ton mèso   thn diakÔmansh tou plhjusmoÔ. Ta perissìtera

statistik� probl mata perilamb�noun statistik� montèla ta opoÐa perièqoun

perissìterec apì mÐa �gnwstec paramètrouc. MporeÐ na up�rxei h perÐptwsh

ìpou mon�qa mÐa apì tic paramètrouc na èqei endiafèron, all� sun jwc ja

up�rqoun kai �llec par�metroi twn opoÐwn oi timèc ja eÐnai �gnwstec. H mèjo-

doc an�lushc twn poluparametrik¸n problhm�twn sthn Mpeôzian  statistik 

eÐnai polÔ pio �mesh (toul�qiston wc proc tic arqèc thc), se sqèsh me aut n

pou qrhsimopoieÐtai sthn klasik  statistik . Sthn perÐptwsh twn polupara-

metrik¸n problhm�twn, èqoume èna di�nusma ϑ = (ϑ1, . . . , ϑd)apì paramètrouc

gia to opoÐo jèloume na ex�goume k�poia sumper�smata. KajorÐzoume mÐa ek

twn protèrwn (polumetablht ) katanom  f(ϑ) gia to di�nusma j, kai sundua-

zìmeno me to montèlo pijanof�neiac f(y|ϑ) mèsw tou jewr matoc tou Bayes,

upologÐzetai h ek twn ustèrwn katanom  tou j ìpwc kai prohgoumènwc :

f(ϑ/y) =
f(ϑ) · f(y/ϑ)∫
f(ϑ) · f(y/ϑ)dϑ

.

Fusik�, ek twn ustèrwn katanom  ja eÐnai kai aut  t¸ra mÐa polumetablht 

katanom . Wstìso, sÔmfwna me th Mpeuzian  prosèggish h sumperasma-

tologÐa gia opoiad pote upoom�da paramètrwn tou dianÔsmatoc j mporeÐ na

upologisteÐ �mesa qrhsimopoi¸ntac thn apo koinoÔ katanom . Gia par�deigma,

h desmeumènh ek twn ustèrwn katanom  gia to ϑi dedomènwn twn tim¸n ìlwn

twn �llwn paramètrwn, ϑ−i, dÐnetai apì ton tÔpo :

fi(ϑi/y, ϑ−i) ∝ f(ϑ/y)

37



ìpou oi timèc twn ϑ−i jewroÔntai gnwstèc.

Parìla aut�, akrib c mpeuzian  sumperasmatologÐa gia thn par�metro ϑi

mporeÐ na gÐnei mìno oloklhr¸nontac thn ek twn ustèrwn katanom  wc proc

ìlec tic upìloipec paramètrouc tou dianÔsmatoc ϑ−i

f(ϑi/y) =

∫
f(ϑ/y)dϑ−i.

Autì mac dÐnei thn perij¸ria ek twn ustèrwn katanom  thc paramètrou ϑi met�

thn ex�leiyh twn upìloipwn paramètrwn. Aut  mporeÐ na qrhsimopoihjeÐ gia

na ex�goume sumper�smata gia thn par�metro ϑi.

Parìlo pou den qrei�zetai kainoÔrgia jewrÐa gia na genikeuteÐ to prìblh-

ma stic d-diast�seic, mÐa seir� apì praktik� probl mata dhmiourgoÔntai:

1. Kajorismìc twn ek twn protèrwn katanom¸n (prior Specification)

Oi ek twn protèrwn katanomèc t¸ra eÐnai poludi�statec katanomèc. Autì

shmaÐnei ìti o kajorismìc twn ek twn protèrwn katanom¸n prèpei na antipro-

swpeÔei tic ek twn protèrwn pepoij seic mac ìqi apl� gia k�je mÐa par�metro

xeqwrist�, all� ja prèpei na antiproswpeÔei kai tic pepoij seic mac sqetik�

me thn anexarthsÐa an�mesa se diaforetikoÔc sunduasmoÔc paramètrwn (e�n

mÐa par�metroc jewrhjeÐ meg�lh, eÐnai dunatìn k�poia �llh par�metroc na

jewrhjeÐ mikr ;). H epilog  kat�llhlwn oikogenei¸n apì ek twn protèrwn

katanomèc kai o sunoyismìc twn ek twn protèrwn eidik¸n plhrofori¸n me

autìn ton trìpo, eÐnai aisjht� pio polÔploko prìblhma.
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2. Upologismìc (computation)

Akìma kai sta probl mata thc mÐac di�stashc, eÐdame thn qrhsimìthta twn

suzug¸n oikogenei¸n katanom¸n sthn aploÔsteush thc ek twn ustèrwn a-

n�lushc mèsa apì to je¸rhma tou Bayes. Me ta poludi�stata probl mata,

ta oloklhr¸mata gÐnontai akìma duskolìtera gia upologismì. Autì k�nei

thn qr sh twn suzug¸n ek twn protèrwn katanom¸n akìma pio aparaÐthth,

kai faner¸nei thn an�gkh gia upologistikèc teqnikèc, me skopì na bg�loume

sumper�smata gia to pìte h qr sh twn suzug¸n katanom¸n eÐnai kat�llhlh

kai pìte eÐnai akat�llhlh.

3. ErmhneÐa (interpritation)

Olìklhrh h ek twn ustèrwn sumperasmatologÐa, perilamb�netai sthn ek twn

ustèrwn katanom , h opoÐa èqei tìsec diast�seic ìsec kai h par�metroc j. H

dom  thc ek twn ustèrwn katanom c mporeÐ na eÐnai idiaÐtera polÔplokh, kai

mporeÐ na apaiteÐ sugkekrimènh upodom  (gia par�deigma ènan upologist  me

dunatìthtec paroq c kal¸n grafik¸n) gia na mporèsei na dojeÐ èmfash stic

pio shmantikèc sqèseic tic opoÐec perilamb�nei.

Parìla ta praktik� probl mata, eÐnai polÔ shmantikì na tonÐsoume to

gegonìc gia mÐa akìma for�, ìti gia ta poluparametrik� probl mata qrhsimo-

poieÐtai h Ðdia jewrÐa ìpwc kai gia ta probl mata mÐac di�stashc. To plaÐsio

thc Mpeôzian c jewrÐac tonÐzei ìti ìla ta sumper�smata phg�zoun apì touc

basikoÔc kanìnec twn pijanot twn.

Lìgw twn upologistik¸n duskoli¸n exaitÐac twn oloklhrwm�twn pou pa-

rousi�zontai sthn an�lush twn poluparametrik¸n problhm�twn sthn Mpe-
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ôzian  statistikh, èqoun anaptuqjeÐ algìrijmoi oi opoÐoi mac epitrèpoun na

antimetopÐzoume polÔploka probl mata ta opoÐa  tan adÔnaton na qeiristoÔ-

me. Autèc oi mèjodoi eÐnai kat�llhlec gia ton upologismì thc ek twn ustèrwn

katanom c (mèsw prosomoÐwshc) sth Mpeôzian  sumperasmatologÐa.

4.6 Algìrijmoi Marcov Chain Monte Carlo

(MCMC)

4.6.1 Eisagwg 

DÔo apì ta shmantikìtera probl mata thc upologistik c statistik c eÐ-

nai h prosomoÐwsh parathr sewn apì k�poia katanom  f (katanom  stìqoc)

kai ta oloklhr¸mata pou prèpei na epilujoÔn gia ton upologismì thc ek twn

ustèrwn katanom c ta opoÐa pollèc forèc parousi�zoun meg�lh duskolÐa.

Pijanìn na mhn eÐnai dunat  h qr sh suzug¸n ek twn protèrwn katanom¸n

gia ton upologismì thc apì koinoÔ ek twn ustèrwn katanom c se kleist 

morf , opìte stic peript¸seic autèc jèlontac na p�roume deÐgma apì thn ek

twn ustèrwn katanom  qrhsimopoioÔntai asumptwtikèc proseggÐseic gia ton

upologismì twn ek twn ustèrwn pijanot twn.

'Oso perissìtero aux�netai h poluplokìthta twn parap�nw problhm�twn

 /kai h di�stash thc paramètrou, tìso h antimet¸pish touc me {�mesec} teqni-

kèc gÐnetai ìlo kai pio dÔskolh, an ìqi adÔnath. Gia autì to lìgw mÐa plhj¸ra

teqnik¸n Monte Carlo (MC) kai Markov Chain Monte Carlo (MCMC)

èqoun protajeÐ sth bibliografÐa. Oi teqnikèc MC par�goun anex�rthtec pa-

rathr seic eÐte apeujeÐac apì thn ek twn ustèrwn katanom , eÐte apì k�poia
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diaforetik  katanom  (katanom  prìtashc). MÐa apì tic shmantikìterec me-

jìdoucMC eÐnai h mèjodoc thc Apodoq c Apìrriyhc. Oi teqnikèc (MCMC)

prosomoi¸noun timèc tuqaÐwn metablht¸n me qr sh hlektronikoÔ upologist 

apì thn ek twn ustèrwn katanom . Gia k�je parat rhsh kataskeu�zetai mia

alusÐda Markov. Oi idiìthtec twn tim¸n thc markobian c alusÐdac dÐnei th

dunatìthta sthn epìmenh tim  k�je parat rhshc na exart�tai apì thn paroÔ-

sa tim , ìqi ìmwc apì thn prohgoÔmenh. To pleonèkthma aut c thc mejìdou,

eÐnai ìti ìtan o algìrijmoc thc prosomoÐwshc epanalamb�netai pollèc forèc,

h prosèggish thc ek twn ustèrwn katanom c belti¸netai se k�je b ma. 'E-

tsi, dÐnetai h ikanìthta stouc MpeôzianoÔc na ektimoÔn me akrÐbeia tic ek twn

ustèrwn katanomèc. Oi pio dhmofileÐc mèjodoi MCMC, eÐnai o algìrijmoc

Metropolis−Hastings, o algìrijmoc random−walk Metropolis−Hastings,

o algìrijmoc Gibbs sampler kai o algìrijmoc prosaÔxhshc dedomènwn (Data

Augmentation).

4.6.2 Genikìc algìrijmoc MCMC

Prin analÔsoume touc pio dhmofileÐc apì touc MCMC algìrijmouc ja

mil soume gia to genikì plaÐsio sto opoÐo kinoÔntai.

Ta b mata enìc genikoÔ aglìrujmou MCMC eÐnai :

1. QwrÐzoume tic paramètrouc se d om�dec ϑ1, . . . , ϑd kajèna apì ta opoÐa

eÐnai di�stashc ≥ 1.

2. DÐnoume arqikèc timèc sto di�nusma twn paramètrwn ϑ(0) = (ϑ0
1, . . . , ϑ

0
d).

3. Anane¸noume thn tim  ϑ0
1 se ϑ1

1 sÔmfwna me thn desmeumènh ek twn u-
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stèrwn katanom  thc paramètrou ϑ1 :

f(ϑ1/y, ϑ
0
2, . . . , ϑ

0
d).

...

4. Anane¸noume thn tim  ϑ0
i se ϑ1

i sÔmfwna me thn desmeumènh ek twn u-

stèrwn katanom  thc paramètrou ϑi :

f(ϑi/y, ϑ
1
1, . . . , ϑ

1
i−1, ϑ

0
i+1, . . . , ϑ

0
d−1).

...

5. Anane¸noume thn tim  ϑ0
d se ϑ1

d sÔmfwna me thn desmeumènh ek twn u-

stèrwn katanom  thc paramètrou ϑd :

f(ϑd/y, ϑ
1
1, . . . , ϑ

1
d−1).

6. Epanalamb�noume th diadikasÐa ewc ìtou na epiteuqjeÐ sÔgklish.

4.6.3 Algìrijmoc Metropolis−Hastings

H onomasÐa autoÔ tou algorÐjmou proèrqetai apì th dhmosÐeush twn

Metropolis et al. (1953) kai Hastings (1970). Autèc jewroÔntai wc oi basi-

kèc anaforèc gia thn an�ptuxh autoÔ tou algorÔjmou, sumperilambanomènwn

ekeÐnwn twnMetropolis−Ulam ìpou to 1949 eis gagan thn filosofÐaMonte

Carlo. Epiprìsjeta shmantik   tan h sumbol  twn Barker (1965) pou ei-

s gage mia enallaktik  mèjodo apodoq c apìrriyhc kai Peskun (1973) pou

eis gage mia partial ordering ètsi ¸ste na gÐnei pio katanoht  h shmasÐa thc

prìtashc tou Barker [Monte Carlo Strategies in Scientific Computing].

H prwtìtuph dhmosÐeush apì touc Metropolis et al. (Equation of State

Calculations by Fast Computing Machines) (1953) diatÔpwse arqik� ton
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Metropolis algorithm o opoÐoc asqoleÐtai me ton upologismì atomik¸n kai

moriak¸n susthm�twn kai dhmosieÔthke sto episthmonikì periodikì Journal

of Chemical Physics. 'Epeita, o Hastings(1970) genÐkeuse ton proup�r-

qon algìrijmo kai dhmioÔrghse ton Metropolis − Hastings algorithm o o-

poÐoc jewreÐtai kai wc h genÐkeush ìlwn twn (MCMC) mejìdwn. H teli-

k  genÐkeush tou Metropolis − Hastings algorithm diatup¸jhke apì ton

Green kai dhmosieÔthke me tÐtlo Reversible Jump Markov Chain Monte

Carlo Computation and Bayesian Model Determination sto periodikì

Biometrika (1995). H teleutaÐa aut  genÐkeush epitrèpei na pèrnoume deÐg-

mata apì parametrikoÔc q¸rouc me diaforetikèc diast�seic.

Ac upojèsoume ìti èqoume thn ek twn ustèrwn katanom  f(ϑ/y) apì thn

opoÐa epijumoÔme na na par�goume èna deÐgma megèjouc N . 'Estw ϑ(j) to di�-

nusma twn paragìmenwn paramètrwn thc j epan�lhyhc tou algorÐjmou.

O algìrijmocMetropolis−Hastings mporeÐ na perigrafeÐ me ta ex c b mata :

1. DÐnoume arqikèc timèc sto di�nusma twn paramètrwn ϑ(0).

2. 'Estw ìti briskìmaste sth j − oστη epan�lhyh ϑ(j)
1 , . . . , ϑ

(j)
d , gia j =

1, . . . , d. Stìqoc mac eÐnai na anane¸soume to ϑ(j)
1 se ϑ(j+1)

1 . Gia to sko-

pì autì proteÐnoume mÐa upoy fia tim  ϑ(can)
1 apì mÐa tuqaÐa epilegmènh

katanom  me sun�rthsh puknìthtac pijanìthtac q(ϑ(can)
1 /ϑ

(j)
1 , · · · , ϑ(j)

d ).

3. Apodeqìmaste wc nèa tim  gia thn par�metro ϑ1 thn :

ϑ
(j+1)
1 =

{
ϑ
(can)
1 ,µε πιθατητα p

ϑ
(j)
1 ,µε πιθατητα 1−p

.

'Opou :
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p = min

{
1,
f(ϑ

(can)
1 /y, ϑ

(j)
2 , . . . , ϑ

(j)
d

f(ϑ
(j)
1 /y, ϑ

(j)
2 , . . . , ϑ

(j)
d

· q(ϑ
(j)
1 /y, ϑ

(can)
1 , . . . , ϑ

(j)
d

q(ϑ
(can)
1 /ϑ

(j)
1 , ϑ

(j)
2 , . . . , ϑ

(j)
d

}

• Sthn pragmatikìthta o trìpoc me ton opoÐo diex�getai to b ma thc

apodoq c thc tim c ϑ(can)
1 eÐnai :

Prosomoi¸noume mÐa tim  u ∼ U(0, 1).

E�n u ≺ p tìte jètoume

ϑ
(j+1)
1 = ϑ

(can)
1

Alli¸c jètoume

ϑ
(j+1)
1 = ϑ

(j)
1

.

• Epanalamb�noume ewc ìtou na epiteuqjeÐ sÔgklish.

4.6.4 Algìrijmoc random−walk Metropolis−Hastings

me Kanonikèc Prosaux seic

MÐa epilog  gia th genn tria tuqaÐwn upoy fiwn tim¸n ϑ(can)
1 eÐnai na epilè-

xoume h katanom  me sun�rthsh puknìthtac pijanìthtac q(ϑ(can)
1 /ϑ

(j)
1 , ϑ

(j)
2 , . . . , ϑ

(j)
d )

na eÐnai h Kanonik  katanom  gia to ϑ(can)
1 me mèsh tim  ϑ(j)

1 kai mia kat�llhla

epilegmènh diaspor� u. Th tim  thc diaspor�c u thn epilègoume ètsi ¸ste

o rujmìc apodoq c thc ϑ(j)
1 na eÐnai perÐpou sto di�sthma (0.2 ,0.5). E�n

p�roume u polÔ meg�lo tìte o algìrijmoc me meg�lh pijanìthta ja proteÐnei
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timèc makri� apì to ϑ(j)
1 opìte ja aporrÐptetai suqn� diìti ja èqw mikr  pija-

nìthta apodoq c. E�n p�roume mÐa tim  gia to u polÔ mikr , tìte me meg�lh

pijanìthta ja proteÐnontai timèc polÔ kont� sth trèqousa ϑ(j)
1 . 'Ara se aut 

th perÐptwsh o algìrujmoc ja dèqetai polÔ suqn�.

Dialègoume loipìn katanom  q ètsi ¸ste :

q(ϑ
(can)
1 /ϑ

(j)
1 , ϑ

(j)
2 , . . . , ϑ

(j)
d ) = q(ϑ

(can)
1 /ϑ

(j)
1 ) ≡ N(ϑ

(j)
1 , u)

Se aut  th perÐptwsh h pijanìthta apodoq c isoÔte me to lìgo twn de-

smeumènwn ek twn ustèrwn katanom¸n :

p = min

{
1,
f(ϑ

(can)
1 /y, ϑ

(j)
2 , . . . , ϑ

(j)
d

f(ϑ
(j)
1 /y, ϑ

(j)
2 , . . . , ϑ

(j)
d

· q(ϑ
(j)
1 /ϑ

(can)
1

q(ϑ
(can)
1 /ϑ

(j)
1

}
= min

{
1,
f(ϑ

(can)
1 /y, ϑ

(j)
2 , . . . , ϑ

(j)
d

f(ϑ
(j)
1 /y, ϑ

(j)
2 , . . . , ϑ

(j)
d

}
Diìti :

q(ϑ
(j)
1 /ϑ

(can)
1 ) =

1√
2
· exp

{
−1(ϑ

(can)
1 − ϑ(j)

1 )2

2u

}
kai

q(ϑ
(can)
1 /ϑ

(j)
1 ) =

1√
2
· exp

{
−1(ϑ

(j)
1 − ϑ

(can)
1 )2

2u

}
opìte parathroÔme ìti h q eÐnai summetrik  katanom  kai isqÔei :

q(ϑ
(j)
1 /ϑ

(can)
1 ) = q(ϑ

(can)
1 /ϑ

(j)
1 ).

Opìte o algìrijmoc random−walk Metropolis−Hastings me kanonikèc

prosaux seic mporeÐ na perigrafeÐ me ta ex c b mata :

1. DÐnoume arqikèc timèc sto di�nusma twn paramètrwn ϑ(0).

2. 'Estw ìti briskìmaste sth j − oστη epan�lhyh tou algorÐjmou ìpou

ϑ
(j)
1 , . . . , ϑ

(j)
d , gia j = 1, . . . , d. Stìqoc mac eÐnai na anane¸soume to ϑ(j)

1

se ϑ(j+1)
1 . Gia to skopì autì proteÐnoume mÐa upoy fia tim  ϑ(can)

1 apì mÐa

epilegmènh katanom  me sun�rthsh puknìthtac pijanìthtac N(ϑ
(j)
1 , u).
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3. Apodeqìmaste wc nèa tim  gia thn par�metro ϑ1 thn :

ϑ
(j+1)
1 =

{
ϑ
(can)
1 ,µε πιθατητα p

ϑ
(j)
1 ,µε πιθατητα 1−p

'Opou :

p = min

{
1,
f(ϑ

(can)
1 /y, ϑ

(j)
2 , . . . , ϑ

(j)
d

f(ϑ
(j)
1 /y, ϑ

(j)
2 , . . . , ϑ

(j)
d

· q(ϑ
(j)
1 /ϑ

(can)
1

q(ϑ
(can)
1 /ϑ

(j)
1

}
= min

{
1,
f(ϑ

(can)
1 /y, ϑ

(j)
2 , . . . , ϑ

(j)
d

f(ϑ
(j)
1 /y, ϑ

(j)
2 , . . . , ϑ

(j)
d

}

• Sthn pragmatikìthta o trìpoc me ton opoÐo diex�getai to b ma thc

apodoq c thc tim c ϑ(can)
1 eÐnai :

Prosomoi¸noume mÐa tim  u ∼ U(0, 1).

E�n u ≺ p tìte jètoume

ϑ
(j+1)
1 = ϑ

(can)
1 .

Alli¸c jètoume

ϑ
(j+1)
1 = ϑ

(j)
1 .

• Epanalamb�noume ewc ìtou na epiteuqjeÐ sÔgklish.

4.6.5 O Deigmatol pthc Gibbs

O deigmatol pthc Gibbs eÐnai mÐa eidik  perÐptwsh tou Markov Chain

Monte Carlo algorithm. P re to ìnom� tou apì ton J.W.Gibbs o opoÐoc br -

ke thn analogÐa metaxÔ enìc deigmatolhptikoÔ algorÐjmou kai thc statistik c

fusik c. O algìrijmoc perigr�fthke lÐgo argìtera kai apì touc aderfoÔc

Stuart kai Donald Geman (1984). Sth genik  tou morf  o deigmatol pthc
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Gibbs eÐnai eidik  perÐptwsh tou algìrijmou Metropolis−Hastings. O deig-

matol pthc Gibbs efarmìzetai ìtan h apì koinoÔ katanom  eÐnai �gnwsth  

ìtan eÐnai anèfikto na p�roume deÐgma apì aut  kateujeÐan, all� oi desmeumè-

nec ek twn ustèrwn katanomèc eÐnai gnwstèc gia k�je metablht  ki �ra eÐnai

eÔkolo na p�roume deÐgma apì autèc. O deigmatol thc Gibbs katafèrnei na

prosomoi¸sei deÐgma apo aut  thn ek twn ustèrwn katanom  prosomoi¸nontac

akoloujiak� kai epanalhptik� apì tic desmeumènec katanomèc twn epÐ mèrouc

paramètrwn.

'Estw ìti jèloume na l�boume deÐgma apì thn poluparametrik  ek twn

ustèrwn katanom  f(ϑ1, . . . , ϑd/y) (katanom  stìqoc).

Ta b mata tou algorÐjmou eÐnai ta akìlouja:

1. DÐnoume arqikèc timèc sto di�nusma thc paramètrou ϑ0 = (ϑ0
1, . . . , ϑ

0
d).

2. 'Estw ìti briskìmaste sth j − oστη epan�lhyh tou algorÐjmou ìpou

ϑj−1 = (ϑ
(j−1)
1 , . . . , ϑ

(j−1)
d ), gia j = 1, . . . , d.

• Prosomoi¸soume th nèa tim  ϑ(j)
1 , gia thn pr¸th par�metro apì th

desmeumènh ek twn ustèrwn katanom  thc paramètrou ϑ1 apì thn :

f(ϑ1/y, ϑ
(j−1)
2 , . . . , ϑ

(j−1)
d ).

• Prosomoi¸soume th nèa tim  ϑ(j)
2 , gia thn deÔterh par�metro apì th

desmeumènh ek twn ustèrwn katanom  thc paramètrou ϑ2 apì thn :

f(ϑ2/y, ϑ
(j)
1 , ϑ

(j−1)
3 , . . . , ϑ

(j−1)
d ).

• Prosomoi¸soume th nèa tim  ϑ(j)
d , gia thn d-ost  par�metro apì th

desmeumènh ek twn ustèrwn katanom  thc paramètrou ϑd apì thn :

f(ϑd/y, ϑ
(j)
1 , ϑ

(j)
2 , . . . , ϑ

(j)
d−1).

3. Epanalamb�noume th diadikasÐa mèqri na epiteuqjeÐ sÔgklish.
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K�tw apì sunj kec omalìthtac apodeiknÔetai ìti h Markobian  alusÐ-

da sugklÐnei sth st�simh katanom  f(y/ϑ). 'Etsi met� apì mÐa perÐodoc

burn − in(h opoÐa apoteleÐtai apì ènan arijmì epanal yewn ìpou oi timèc

pou lamb�noume gia tic paramètrouc aporrÐptontai), ta deÐgmata pou par�-

gontai apì ton algìrijmo Gibbs mporoÔn na jewrhjoÔn wc deÐgmata apì thn

apì koinoÔ ek twn ustèrwn katanom  twn paramètrwn f(y/ϑ).

ParathroÔme ìti o algìrijmoc Gibbs mporeÐ na qrhsimopoihjeÐ mìno se

peript¸seic ìpou oi desmeumènec ek twn ustèrwn katanomèc eÐnai gnwstèc  

eukola prosomoi¸simec. EkeÐ ègkutai kai h diafor� tou apì ton algìrijmo

Metropolis − Hastings o opoÐoc mac epitrèpei na lamb�noume deÐgma apì

ek twn ustèrwn katanomèc oi opoÐec den eÐnai gnwstec. Up�rqei ìmwc kai h

perÐptwsh k�poiec apì tic desmeumènec katanomèc na eÐnai gnwstèc kai k�poiec

ìqi. Se aut  th perÐptwsh qrhsimopoioÔme èna miktì algìrijmo o opoÐoc

prosomoi¸nei deÐgma apì tic men gnwstèc desmeumènec katanomèc me b�sei ton

deigmatol pth Gibbs kai apì tic de ek twn ustèrwn katanomèc pou den eÐnai

se kleist  morf  me b�sh ton algìrijmo Metropolis−Hastings.

4.6.6 Algìrijmoc AÔxhshc Dedomènwn

O algìrijmoc aÔxhshc dedomènwn (Data Augmentation) p re to ìnom�

tou apì touc Taner kai Wong (1987) oi opoÐoi ton qrhsimopoÐhsan gia na

perigr�youn ènan epanalhptikì algìrijmo gia thn prosèggish thc ek twn

ustèrwn katanom c.

H qr sh thc mejìdou AÔxhsh dedomènwn (Data Augmentation) eÐnai mÐa

teqnik  h opoÐa epitrèpei th qr sh tou algorÐjmou Gibbs se k�poiec kathgo-

rÐec problhm�twn pou ex�rq c den eÐnai efiktì. Autì gÐnetai me thn eisagwg 

k�poiwn nèwn tuqaÐwn metabht¸n (Z) sto prìblhma. DesmeÔontac wc proc

autèc tic nèec metablhtèc gÐnetai eÔkolh sto qeirismì h sun�rthsh pijanof�-
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neiac opìte katal goume se mÐa ek twn ustèrwn katanom  se kleist  morf .

'Estw ìti jèloume na p�roume deÐgma apì thn ek twn ustèrwn katano-

m  f(ϑ|Y ). Gia na mporèsoume na p�roume deÐgma apì th katanom  aut , se

peript¸seic ìpou h sun�rthsh f(Y |ϑ) eÐnai dÔskolh sto qeirismì eis�goume

nèec tuqaÐec metablhtèc Z, ètsi ¸ste na dhmiourg soume thn f(Y, Z|ϑ) thn

opoÐa eÐnai eÔkolo na qeiristoÔme. 'Etsi prokÔptei mÐa ek twn ustèrwn kata-

nom  thc morf c f(ϑ, Z|Y ) ∝ f(Y, Z|ϑ) ·f(ϑ) apì thn opoÐa katal goume sth

zhtoÔmenh desmeumènh ek twn ustèrwn katanom  f(ϑ|Y, Z).

Genik� autìc o algìrujmoc qrhsimopoieÐtai :

• Se probl mata èlleiyhc dedomènwn (missing data problems).

Se aut  th perÐptwsh katanom  twn parathroÔmenwn dedomènwn y pèrnei

th morf  :

f(y/ϑ) =

∫
f(y, z/ϑ)dz

ìpou z ta dedomèna pou leÐpoun. kai f(y, z/ϑ) eÐnai h apì koinoÔ kata-

nom  twn y, z.

• Se peript¸seic ìpou h sun�rthsh pijanof�neiac eÐnai dÔskolh sto qeiri-

smì all� me thn eisagwg  nèwn metablht¸n to arqikì prìblhma lÔnetai.
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Kef�laio 5

Mpeôzian  EktÐmhsh gia

Genikeumèna Grammik�

Montèla

Sto kef�laio autì parousi�zetai h Mpeôzian  mèjodoc ektÐmhshc twn

genikeumènwn grammik¸n montèlwn qrhsimopoi¸ntac algìrijmouc MCMC.

Gia thn kalÔterh parousÐash twn mejìdwnqrhsimopoioÔntai paradeÐgmata me

pragmatik� set dedomènwn.

5.1 Mpeôzian  EktÐmhsh gia Montèla Lo-

gistik c Palindrìmhshc

Ja perigr�youme thn diadikasÐa kataskeu c enìc montèlou logistik c pa-

lindrìmhshc qrhsimopoi¸ntac dedomèna sqetik� me tic loimìxeic pou prokÔ-

ptoun apì thn gènnhsh me kaissarik  tom , Caesarian data (Fahrmeir and

Tutz,2001).
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TreÐc par�gontec epirro c èqoun melethjeÐ:

• ènac deÐkthc pou mac plhroforeÐ gia to e�n h kaissarik  tom   tan pro-

grammatismènh   ìqi (x1 = 1: ìqi, x1 = 0: nai), to opoÐo sto pÐnaka

apotelesm�twn anafèretai wc noplan (x1),

• ènac deÐkthc tou kat� pìson prìsjetoi par�gontec kindÔnou  tan pa-

rìntec kat� th stigm  thc gènnhshc, p.q.upèrbarh   diabhtik  mhtèra

(x2 = 1: nai, x2 = 0: nai), to opoÐo sto pÐnaka apotelesm�twn anafère-

tai wc factor (x2),

• mÐa èndeixh gia to an dìjhkan antibiwtik� gia prolhptikoÔc lìgouc (x3 =

1: nai, x3 = 0: ìqi), to opoÐo sto pÐnaka apotelesm�twn anafèretai wc

antib (x3).

H metablht  apokrÐsewc yi eÐnai o arijmìc twn molÔnsewn pou parath-

r jhkan metaxÔ twn ni asjen¸n pou èqoun touc Ðdiouc par�gontec kindÔnou

kai pi eÐnai h pijanìthta loÐmwxhc gia k�je ègkuo me autoÔc touc par�gontec

kindÔnou.

Ta dedomèna dÐnontai ston pÐnaka 5.1 kai mporoÔn na montelopoihjoÔn

upojètontac ìti:

yi ∼ Binomial (ni, pi)

5.1.1 An�lush me B�sh th Klasik  Statistik 

Ta apotelèsmata akoloujìntac thn klasik  statistik  sunoyÐzontai ston

pÐnaka 5.2. Parathr¸ntac ta apotelèsmata tou pÐnaka me b�sh th klasik 

statistik  (pÐnakac 5.2) parathroÔme ìti ìlec oi metablhtèc eÐnai statistik�

shmantikèc. EpÐshc parathroÔme ìti en¸ oi par�gontec noplan kai factor

epidroÔn jetik� kai �ra up�rqei jetik  susqètish me thn emf�nish loÐmwxhc,

o par�gontac antib epidr� arnhtik� kai �ra up�rqei arnhtik  susqètish me
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PÐnakac 5.1: Caesarian data

i yi(yes) no x1 x2 x3

1 8 32 0 0 0

2 0 2 0 0 1

3 28 30 0 1 0

4 1 17 0 1 1

5 0 9 1 0 0

6 0 0 1 0 1

7 23 3 1 1 0

8 11 87 1 1 1

thn emf�nish loÐmwxhc k�ti to opoÐo  tan anamenìmeno dedomenou ìti sthn

ègkuo èqei qorhghjeÐ prolhptik� antibÐwsh. Prospaj¸ntac na ermhneÔsoume

gia par�deigma to kat� pìso o par�gontac kindÔnou noplan, dhlad  h Ôparxh

programmatismènhc kaissarik c   ìqi, epidr� sthn emf�nish loÐmwxhc apì th

gènnhsh me kaissarik  tom  kai krat¸ntac stajeroÔc touc dÔo par�gontec

kindÔnou factor kai antib, parathroÔme ìti ta odds emf�nishc loÐmwxhc au-

x�noun gia thn perÐptwsh programmatismènhc kaissarik c kata exp(1.0720)  

ta log(odds) aux�noun gia thn Ðdia perÐptwsh kat� 1.0720. AntÐstoiqa ermh-

neÔontai kai oi �lloi dÔo suntelestèc.

5.1.2 O Algìrijmoc Epanalambanìmenwn Staj-

mismènwn ElaqÐstwn Tetrag¸nwn tou Gamerman

O algìrijmoc Gamerman, o opoÐoc p re to ìnoma tou apì ton efeurèth

tou Dani Gamerman, eÐnai mia eidik  perÐptwsh twn algorÐjmwnMetropolis

kai Metropolis−Hastings sthn opoÐa h genn tria tuqaÐwn upoy fiwn tim¸n
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PÐnakac 5.2: Apotelèsmata efarmìzontac th klasik  statistik 

coefficients estimate std error z value Pr(> |z|)

(intercept) -1.8926 0.4124 -4.589 4.45e-06

noplan 1.0720 0.4254 2.520 0.0117

factor 2.0299 0.4553 4.459 8.25e-06

antib -3.2544 0.4813 -6.761 1.37e-11

proèrqetai apì mÐa epanalhptik  mèjodo stajmismènwn ektimht¸n elaqÐstwn

tetrag¸nwn (iterated weighted least squares - IWLS). Gia k�je epan�-

lhyh qrhsimopoieÐtai gia tic parathr seic èna sÔnolo apì b�rh. Ta b�rh

kataskeu�zontai me thn efarmog  miac sun�rthshc b�rouc sta trèqonta ka-

t�loipa. H genn tria tuqaÐwn upoy fiwn tim¸n qrhsimopoieÐ tic timèc twn

paramètrwn thc trèqousac epan�lhyhc, pou apoteloÔn th katanom  apì thn

opoÐa ja dhmiourg sei mia nèa tuqaÐa proteinìmenh tim .

H mèjodoc aut  mporeÐ na qrhsimopoihjeÐ gia thn apìkthsh tuqaÐwn deig-

m�twn apì ton ek twn ustèrwn katanom  twn paramètrwn palindrìmhshc se

èna genikeumèno grammikì montèlo (GLM).

Gia ta diwnumik� dedomèna yi èqoume:

f (yi/β) =

 ni

yi

 pyii (1− pi)(ni−yi)

f (y/β) ∝
∏n

i=1

(exp(xTi β))
yi

[1+exp(xTi β)]
yi · 1ni−yi

[1+exp(xTi β)]
ni−yi =

∏n
i=1

exp(xTi βyi)
[1+exp(xTi β)]

ni

Qrhsimopoi¸ntac to montèlo thc logistik c palindrìmhshc gia ta parap�-

nw dedomèna:

logit (pi) = xTi β

⇒ log

(
pi

1− pi

)
= xTi β
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⇒ pi
1− pi

= exp
(
xTi β

)
⇒ pi = exp

(
xTi β

)
− pi · exp

(
xTi β

)
⇒ pi ·

(
1 + exp

(
xTi β

))
= exp

(
xTi β

)
⇒ pi =

exp
(
xTi β

)
1 + exp (xTi β)

Opìte h ek twn ustèrwn katanom  gia ta β eÐnai thc morf c:

f (β/y) ∝ f (y/β)·f (β) ∝

{
n∏
i=1

exp
(
xTi βyi

)
[1 + exp (xTi β)]

ni

}
·exp

(
−(β − µ0)T · C−1

0 · (β − µ0)

2

)
Gia th logistik  palindrìmhsh me diwnumik� dedomèna, h kanonik  sunde-

tik  sun�rthsh eÐnai thc morf c:

g (µi) = log

(
pi

1− pi

)
= log

(
ni · pi

ni − ni · pi

)
= log

(
µi

ni − µi

)
Kai qrhsimopoi¸ntac ton ex c metasqhmatismì twn dedomènwn:

ỹi (β) = hi + (yi − µi) g′ (µi)

Me b�rh:

Wi(β) = 1/g′ (µi)

Dedomènou tou ìti to genikeumèno grammikì montèlo me b�rh eÐnai thc

morf c:

ỹ
(
β(t−1)

)
∼ N

(
Xβ,W−1

(
β(t−1)

))
kai o genikìc tÔpoc tou GLS ektimht  tou dianÔsmatoc β gr�fetai wc:

β(t) =
(
XTW

(
β(t−1)

)
X
)−1

XTW
(
β(t−1)

)
ỹ
(
β(t−1)

)
qrhsimopoi¸ntac th statistik  kat� Bayes kai paÐrnontac mia ek twn pro-

tèrwn kanonik  katanom  gia tic paramètrouc tou montèlou mac èqoume:

ỹ
(
β(t−1)

)
∼ N

(
Xβ,W−1

(
β(t−1)

))
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β ∼ N (µ0, C0)

opìte pio analutik� oi parap�nw katanomèc gr�fontai sth morf :

f (β) =
1√
2π
· |C0|−1/2 · exp

{
−1

2
· (β − µ0)T · (C0)−1 · (β − µ0)

}

f
(
ỹ
(
β(t−1)

))
=
W
(
β(t−1)

)n/2(√
2π
)n ·exp

{
−
W
(
β(t−1)

)
2

·
∑(

ỹi
(
β(t−1)

)
− xTi β

)2

}
ìpou epeid  èqoume pÐnakec:∑(

ỹi
(
β(t−1)

)
− xTi β

)2
=
(
ỹ
(
β(t−1)

)
−Xβ

)T · (ỹ (β(t−1)
)
−Xβ

)
opìte èqoume:

f
(
ỹ
(
β(t−1)

))
=
W
(
β(t−1)

)n/2(√
2π
)n ·exp

{
−1

2
·
(
ỹ
(
β(t−1)

)
−Xβ

)T ·W (
β(t−1)

)
·
(
ỹ
(
β(t−1)

)
−Xβ

)}

�ra

f
(
β/ỹ

(
β(t−1)

))
∝
(
ỹ
(
β(t−1)

)
/β
)
· f (β) ∝

exp

{
−1

2
·
(
ỹ
(
β(t−1)

)
−Xβ

)T ·W (
β(t−1)

)
· (ỹ −Xβ)

}
·exp

{
−1

2
· (β − µ0)T · (C0)−1 · (β − µ0)

}
= exp

{
−1

2
·
[
βT ·

(
(C0)−1 +XT ·W

(
β(t−1)

)
·X
)
· β−

− βT ·
(
(C0)−1 · µ0 +XT ·W

(
β(t−1)

)
· ỹ
(
β(t−1)

))
−

−
(
µT0 · (C0)−1 + ỹ

(
β(t−1)

)T ·W (
β(t−1)

)
·X
)
· β

(I)

opìte e�n

β/ỹ
(
β(t−1)

)
∼ N (µ1, C1)

h ek twn ustèrwn katanom  tou β/ỹ eÐnai:

f
(
β/ỹ

(
β(t−1)

))
∝ exp

{
−1

2
· (β − µ1)T · (C1)−1 · (β − µ1)

}
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∝ exp

{
−1

2
·
(
βT − µT1

)
· (C1)−1 · (β − µ1)

}
∝ exp

{
−1

2
·
(
βT · (C1)−1 · β − βT · (C1)−1 · µ1 − µT1 (C1)−1 · β + µT1 (C1)−1 · µ1

]}
∝ exp

{
−1

2
·
(
βT · (C1)−1 · β − βT · (C1)−1 · µ1 − µT1 (C1)−1 · β

)}
(II)

�ra sundi�zontac tic sqèseic (I) kai (II) èqoume ìti:

(C1)−1 =
(
(C0)−1 +XT ·W

(
β(t−1)

)
·X
)

kai

µ1 = (C1) ·
(
(C0)−1 · µ0 +XT ·W

(
β(t−1)

)
ỹ
(
β(t−1)

))

Telik� h zhtoÔmenh ek twn ustèrwn katanom  eÐnai:

f
(
β/ỹ

(
β(t−1)

))
∼ N

(
β(t),

(
(C0)−1 +XT ·W

(
β(t−1)

)
·X
)−1
)

ìpou

β(t) = C1 ·
(
(C0)−1 · µ0 +XT ·W

(
β(t−1)

)
ỹ
(
β(t−1)

))

E�n to n→∞ h posterior katanom  paÐrnei th morf :

β/y ∼ N
(
β̂,
(
(C0)−1 +XT ·W

(
β(t−1)

)
·X
)−1
)

Gia na ulopoi soume ton algìrijmo gamerman′s metropolis − hastings

IWLS algorithm qreiazìmaste thn pijanìthta apodoq c - apìrriyhc pou
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dÐnetai apì ton tÔpo

p = min

{
1,
f (βcan/y)

f (β/y)
· q (β/βcan, y)

q (βcan/β, y)

}
'Opou

f(βcan/y)
f(β/y)

· q(β/β
can,y)

q(βcan/β,y)
=

{∏n
i=1

exp(xTi βcanyi)
[1+exp(xTi can)]

ni

}
·exp

(
− (βcan−µ0)T ·C−1

0 ·(βcan−µ0)
2

)
{∏n

i=1

exp(xTi βyi)
[1+exp(xTi β)]

ni

}
·exp

(
−

(β−µ0)T ·C
−1
0 ·(β−µ0)
2

) ·

|C1can|−1/2·(β−µ1can)T ·(C1can)−1·(β−µ1can)

|C1|−1/2·(βcan−µ1)T ·(C1)−1·(βcan−µ1)

Kai deqìmaste wc genn tria tuqaÐwn tim¸n thn katanom :

q (βcan/β, y) N
(
f (β) ,

(
C−1

0 +XT ·W (β) ·X
)−1
)

Me

f (β) =
(
C−1

0 +XT ·W (β) ·X
)−1 ·

(
C−1

0 · µ0 +XT ·W (β) · ỹ (β)
)

Ta apotelèsmata akoloujìntac ton algìrijmo epanalambanìmenwn staj-

mismènwn elaqÐstwn tetrag¸nwn (IWLS) tou Gamerman kai qrhsimopoi¸n-

tac 5.000 epanal yeic me perÐodo zest�matoc (burn− in) tic 500 pr¸tec epa-

nal yeic sunoyÐzontai ston pÐnaka 5.3 kai to posostì apodoq c eÐnai 75.26%.

PÐnakac 5.3: Apotelèsmata gamerman′s metropolis − hastings IWLS al-

gorÐjmou

coefficients posterior mean posterior std

(intercept) -1.949641 0.4138379

noplan 1.109156 0.4342377

factor 2.078270 0.4450228

antib -3.305292 0.4802814

57



Sq ma 5.1: Istogr�mmata gia ta b basismèna ston gamerman′s metropolis−

hastings IWLS algìrijmo

Epiprìsjeta ta apotelèsmata tou parap�nw algorÐjmou faÐnontai sta

graf mata 5.1 kai 5.2.

ParathroÔme ìti ta istogr�mmata sto gr�fhma 5.1, ta opoÐa basÐzontai

se 4.500 epanal yeic apì thn ek twn ustèrwn katanom , parousi�zoun sum-

metrikèc katanomèc. EpÐshc gÐnetai fanerì ìti to mhdèn den perièqetai kont�

sto kèntro twn ek twn ustèrwn katanom¸n ìpote mporoÔme me asf�leia na

isquristoÔme ìti oi par�metroÐ mac eÐnai qr simoi gia to montèlo mac kai de

mporoÔme na tic paraleÐyoume.

To gr�fhma traceplot (gr�fhma 5.2) mac deÐqnei ìti met� th perÐodo ze-

st�matoc o algìrijmoc èqei sugklÐnei.
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Sq ma 5.2: Gr�fhma gia ta b tou gamerman′s metropolis−hastings IWLS

algorÐjmou

5.1.3 Algìrijmoc AÔxhshc Dedomènwn

Ja perigr�youme thn diadikasÐa kataskeu c enìc montèlou probit Palin-

drìmhshc gia ta dedomèna sqetik� me tic loimìxeic pou prokÔptoun apì thn

gènnhsh me kaissarik  tom  (Fahrmeir and Tutz,2001). Ja melet soume

touc Ðdiouc par�gontec epirro c k�nontac qr sh ìmwc aut  th for� thc me-

jìdou aÔxhshc dedomènwn :

JewroÔme loipìn ìti:

yi ∼ Bernoulli (Φ (ηi))

me Φ (·) thn ajroistik  sun�rthsh thc kanonik c katanom c, ηi = xTi · β o

grammikìc prosdiorismìc tou montèlou kai β ∼ N (µ0, C0) . Se èna probit

montèlo dedomènou tou ìti µi = Φ (ηi) èqoume ìti h sun�rthsh sÔndeshc eÐnai

thc morf c g (µi) = Φ−1 (µi) .

H yi ∈ {0, 1} , i = 1, . . . , n loipìn eÐnai mÐa dÐtimh apanthtik  metablht 

h opoÐa pèrnei th tim  1 e�n parathr jhke loÐmoxh sth sugkekrimènh asjen 
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kai th tim  0 diaforetik� opìte qrhsimopoi¸ntac tic bohj tikec metablhtèc

zi metasqhmatÐzoume ta yi ètsi ¸ste :

yi =

{
1 e�n zi > 0

0 diaforetik�
(5.1)

me zi ∼ N(xTi · β, 1)

β ∼ N(µ0, C0)

H apì koinoÔ ek twn ustèrwn katanom  eÐnai thc morf c :

f(z, β/y) = f(y, z/β) · f(β) ∝

{
n∏
i=1

f (yi/zi, β) · P (zi)

}
· f (β) ∝

∝

{∏
yi=1

exp

[
−1

2
(zi − xTi β)2

]
· I(zi > 0)

}
·

{∏
yi=0

exp

[
−1

2
(zi − xTi β)2

]
· I(zi < 0)

}

·exp
(
− (β−µ0)T ·C−1

0 ·(β−µ0)

2

)
.

Opìte h desmeumènh ek twn ustèrwn katanom  tou β eÐnai thc morf c :

β/z, y ∼ N
((
C−1

0 +XTX
)−1 (

C−1
0 µ0 +XT z

)
,
(
C−1

0 +XTX
)−1
)

'Opou h desmeumènh ek twn ustèrwn katanom  twn zi dÐnete apì thn kanonik 

truncated katanom  h opoÐa èqei th morf  :

zi/β, y =

{
N
(
xTi β, 1

)
· I [zi > 0] e�n yi = 1

N
(
xTi β, 1

)
· I [zi ≤ 0] diaforetik�

(5.2)

Ta apotelèsmata akoloujìntac thn mèjodo thc aÔxhshc dedomènwn kai qrh-

simopoi¸ntac 5.000 epanal yeic me perÐodo sugklishc tic 500 pr¸tec epana-

l yeic sunoyÐzontai ston pÐnaka 5.4:
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PÐnakac 5.4: Apotelèsmata algorÐjmou aÔxhshc dedomènwn

coefficients posterior mean posterior std

(intercept) -1.0994610 0.2186791

noplan 0.5971601 0.2493319

factor 1.2090687 0.2520427

antib -1.9090932 0.2738041

Epiprìsjeta ta apotelèsmata tou parap�nw algorÐjmou gia ta b faÐnontai

sta graf mata 5.3 kai 5.4.

Sq ma 5.3: Istogr�mmata thc probit Palindrìmhshc me data augmentation

algìrijmo gia ta b

Apì ta istogr�mmata (gr�fhma 5.3) gÐnetai fanerì ìti èqoume summetrikèc

katanomèc ìpou to mhdèn den emfanÐzetai sto kèntro touc. Autì mac dÐnei th

dunatìthta na katano soume thn akrÐbeia thc ektÐmhshc mac kai me bebai¸thta

na isquristoÔme ìti qreiazìmaste ìlec tic paramètrouc.
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Sq ma 5.4: Gr�fhma thc probit Palindrìmhshc me data augmentation algì-

rijmo

Sto gr�fhma traceplot (gr�fhma 5.4) mporoÔme na parathr soume ìti h sÔg-

klish faÐnetai na èqei epituqjeÐ met� apì perÐodo zest�matoc (burn− in) tic

500 pr¸tec parathr seic.
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5.1.4 Montèlo logit me TuqaÐec Epidr�seic

GenikeÔontac to montèlo thc logistik c palindrìmhshc, qrhsimopoi¸n-

tac gia k�je parat rhsh mia epiprìsjeth tuqaÐa epÐdrash (random effect)

h opoÐa upojètoume ìti akoloujeÐ thn kanonik  katanom  ètsi ¸ste bi ∼

N(0, ω−1), èqoume:

logit (pi) = xTi β + bi

⇒ log

(
pi

1− pi

)
= xTi β + bi

⇒ pi
1− pi

= exp
(
xTi β + bi

)
⇒ pi = exp

(
xTi β + bi

)
− pi · exp

(
xTi βbiright)

⇒ pi ·
(
1 + exp

(
xTi β + bi

))
= exp

(
xTi β + bi

)
⇒ pi =

exp
(
xTi β + bi

)
1 + exp (xTi β + bi)

Dedomènou tou ìti oi ek twn protèrwn katanomèc eÐnai:

β ∼ N(µ0, C0)

bi ∼ N(0, ω−1)

ω ∼ Gamma(c, d)

H ek twn ustèrwn katanom  gia ta β eÐnai thc morf c:

f (β/y) ∝ f (y/β, b) · f (β) · f (b/ω) · f (ω) ∝{
n∏
i=1

exp
(
xTi β + bi

)yi
[1 + exp (xTi β + bi)]

ni

}
·exp

(
−(β − µ0)T · C−1

0 · (β − µ0)

2

)
·
n∏
i=1

exp

{
ωb2

i

2
· ω(c−1)exp(−dω)

}
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Gia th logistik  palindrìmhsh me diwnumik� dedomèna qrhsimopoioÔme th ka-

nonik  sundetik  sun�rthsh:

g (µi) = log

(
pi

1− pi

)
= log

(
ni · pi

ni − ni · pi

)
= log

(
µi

ni − µi

)

kai par�goume ta β, dedomènwn twn b ta opoÐa jewroÔme kai wc offset, qrh-

simopoi¸ntac ton ex c metasqhmatismì twn dedomènwn:

ỹi (β) = ηi + (yi − µi) g′ (µi)− bi = xTi β + (yi − µi) g′ (µi)

Me antÐstoiqa b�rh: Wi (β) = 1/g′ (µi)

'Omoia gia thn paragwg  twn bi, dedomènou tou ìti jewroÔme ton ìro xTi β san

offset, qrhsimopoioÔme ton ex c metasqhmatismì twn dedomènwn:

ỹi (bi) = ηi + (yi − µi) g′ (µi)− bi = bi + (yi − µi) g′ (µi)

me antÐtoiqa b�rh: Wi (bi) = 1/g′ (µi)

Gia na ulopoi soume ton algìrijmo epanalambanìmenwn stajmismènwn elaqÐ-

stwn tetrag¸nwn (IWLS) tou Gamerman me tuqaÐec epidr�seic qreiazìma-

ste thn pijanìthta apodoq c - apìrriyhc pou dÐnetai apì ton tÔpo

p = min

{
1,
f (βcan/y)

f (β/y)
· q (β/βcan, y)

q (βcan/β, y)

}

Kai deqìmaste wc genn tria tuqaÐwn tim¸n thn katanom :

bcani ∼ N

(
Wi (bi) ỹi (bi)

ω +Wi (bi)
,

1

ω +Wi (bi)

)
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Ta apotelèsmata akoloujìntac ton algìrijmo epanalambanìmenwn stajmi-

smènwn elaqÐstwn tetrag¸nwn (IWLS) tou Gamerman me tuqaÐec epidr�-

seic kai qrhsimopoi¸ntac 5.000 epanal yeic me perÐodo zest�matoc (burn in)

tic 500 pr¸tec epanal yeic gia to β kai gia to b sunoyÐzontai stouc pÐnakec

5.5, 5.6 antÐstoiqa. EpÐshc, to posostì apodoq c gia to β eÐnai 70.82%, ka-

j¸c kai ta apotelemata gia to posostì apodoq c gia to b parousi�zontai sto

pÐnaka 5.7.

PÐnakac 5.5: Apotelèsmata gamerman′s metropolis − hastings IWLS al-

gorÐjmou

coefficients posterior mean posterior std

(intercept) -2.2843408 0.9778951

noplan 0.6124758 1.3276814

factor 2.9187720 1.5547793

antib 3.5411593 1.1074935

Epiprìsjeta ta apotelèsmata tou parap�nw algorÐjmou gia ta B faÐnon-

tai graf mata 5.5 kai 5.6.
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PÐnakac 5.6: Apotelèsmata gamerman′s metropolis − hastings IWLS al-

gorÐjmou

coefficients posterior mean posterior std coefficients posterior mean posteriorstd

b1 0.57860874 0.9747781 b5 -0.47640504 1.1032402

b2 -0.05216705 1.0824121 b6 0.42778052 0.8889192

b3 -0.59581430 1.1188614 b7 0.17421156 0.9308143

b4 -0.15600399 1.0114384

PÐnakac 5.7: Posostì apodoq c tou gamerman′s metropolis − hastings

IWLS algorÐjmou

coefficients posostì coefficients posostì

b1 "93.98� b5 "94.36�

b2 "99.02� b6 "92.1�

b3 "99.6� b7 "92.14�

b4 "92.22�

Sta istogr�mmata (gr�fhma 5.5) parathroÔme ìti oi ek twn ustèrwn ka-

tanomèc parousi�zoun asumetrÐec kai eidik� se aut  pou anafèretai sthn pa-

r�metro B2, to mhdèn brÐsketai kont� sto kèntro thc. Apì autì mporoÔme na

isquristoÔme ìti h par�metroc aut  mporeÐ na paralhfjeÐ.

To gr�fhma traceplot (gr�fhma 5.6) mac plhroforeÐ ìti o algìrijmoc den èqei

sugklÐnei akìma kai met� apì perÐodo zest�matoc (burn− in) tic 5000 pr¸tec

parathr seic.
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Sq ma 5.5: Istogr�mmata tou gamerman′s metropolis − hastings IWLS

algorÐjmou gia ta B

Sq ma 5.6: Gr�fhma tou gamerman′s metropolis − hastings IWLS algo-

rÐjmou gia ta B

5.1.5 Anaparametropoi¸ntac to Arqikì Montèlo

Gia na aplopoihjeÐ o algìrijmoc anaparametropoioÔme to montèlo mac

kai antÐ gia ta β jewroÔme to ηi/β ∼ N(xTi β, ω
−1), kai me b�sh autì to

metasqhmatismì to montèlo mac qrhsimopoi¸ntac to montèlo thc logistik c

palindrìmhshc gia ta parap�nw dedomèna gr�fete wc ex c:

logit (pi) = ηi

⇒ log

(
pi

1− pi

)
= ηi
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⇒ pi
1− pi

= exp(ηi)

⇒ pi =
exp(ηi)

1 + exp(ηi)

Dedomènou tou ìti oi ek twn protèrwn katanomèc einai:

ηi ∼ N
(
xTi β, ω

−1
)

β ∼ N (µ0, C0)

ω ∼ Gamma (c, d)

H ek twn ustèrwn katanom  gia ta β paÐrnei th morf :

f (β/η) ∼ N
((
C−1

0 + ωXTX
)−1 (

C−1
0 µ0 + ωXTη

)
,
(
C−1

0 + ωXTX
)−1
)

Kai deqìmaste wc genn tria tuqaÐwn tim¸n thn katanom :

ηcani ∼ N

(
ωxTi β +Wi (ηi) ỹi (ηi)

ω +Wi (ηi)
,

1

ω +Wi (ηi)

)
'Opou

ỹi (ηi) = ηi + (yi − µi) g′(µi)

Wi (ηi) = 1/g′ (µi)

Ta apotelèsmata akoloujìntac ton gamerman′s metropolis−hastings IWLS

algorithm kai qrhsimopoi¸ntac 5.000 epanal yeic me perÐodo sugklishc tic

500 pr¸tec epanal yeic, gia ta b, b kaj¸c kai ta posost� apodoq c gia ta η

sunoyÐzontai stouc pÐnakec 5.8, 5.9 kai 5.10 antÐstoiqa.

Epiprìsjeta ta apotelèsmata tou parap�nw algorÐjmou gia taB faÐnontai

sta graf mata 5.7 kai 5.8 antÐstoiqa.
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PÐnakac 5.8: Apotelèsmata gamerman′s metropolis − hastings IWLS al-

gorÐjmou me anaparamètrhsh gia ta β

coefficients posterior mean posterior std

(intercept) -2.1021314 0.7324329

noplan 0.8159975 0.8402021

factor 2.5033345 0.9333387

antib -3.3825748 0.9157245

PÐnakac 5.9: Apotelèsmata gamerman′s metropolis − hastings IWLS al-

gorÐjmou me anaparamètrhsh gia ta b

coefficients posterior mean posterior std coefficients posterior mean posteriorstd

b1 0.403049808 0.6950633 b5 -0.428859364 0.7492074

b2 -0.005628309 0.7314508 b6 0.365990699 0.6918776

b3 -0.361692321 0.6699003 b7 0.067641571 0.6526819

b4 -0.048124123 0.6064760

Sta istogr�mmata (gr�fhma 5.7) parathroÔme ìti oi ek twn ustèrwn ka-

tanomèc parousi�zoun asumetrÐec kai eidik� se aut  pou anafèretai sthn pa-

r�metro B2, to mhdèn brÐsketai kont� sto kèntro thc. Apì autì mporoÔme na

isquristoÔme ìti h par�metroc aut  mporeÐ na paralhfjeÐ.

To gr�fhma traceplot (gr�fhma 5.8) mac plhroforeÐ ìti o algìrijmoc den èqei

sugklÐnei akìma kai met� apì perÐodo zest�matoc (burn− in) tic 5000 pr¸tec

parathr seic.
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PÐnakac 5.10: Posostì apodoq c tou gamerman′s metropolis − hastings

IWLS algorÐjmou me anaparamètrhsh gia ta η

coefficients posostì coefficients posostì coefficients posostì

η1 "94.46� η3 "99.48� η5 "96.44�

η2 "99.48� η4 "94.7� η6 "95.28�

η7 "93.86�

Sq ma 5.7: Istogr�mmata tou gamerman′s metropolis − hastings IWLS

algorÐjmou me anaparamètrhsh gia to B

5.1.6 Sumper�smata

SugkrÐnontac touc parap�nw algorÐjmouc pou aforoÔn stic genn seic me kais-

sarik  tom  Caesarian data (Fahrmeir and Tutz, 2001), blèpoume ìti o

algìrijmoc stajmismènwn elaqÐstwn tetrag¸nwn tou Gamerman ìpwc kai o

algìrijmoc aÔxhshc dedomènwn èqoun kalÔterh sÔgklish se sqèsh me touc �l-

louc dÔo algorÐjmouc (ton algìrijmo tou Gamerman me tuqaÐec epidr�seic

kai ton algìrijmo me anaparamètrhsh tou arqikoÔ mac montèlou) kai autì
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Sq ma 5.8: Gr�fhma gamerman′s metropolis− hastings IWLS algorÐjmou

me anaparamètrhsh gia ta B

ofeÐlete kat� kÔrio lìgo sth poluplokìthta twn dÔo teleutaÐwn. An�me-

sa stouc dÔo arqikoÔc algorÐjmouc (ton algìrijmo stajmismènwn elaqÐstwn

tetrag¸nwn tou Gamerman kai ton algìrijmo aÔxhshc dedomènwn) parath-

roÔme ìti en¸ oMetropolis−Hastings algìrijmoc sth genik  tou perÐptwsh

sun jwc sugklÐnei pio dÔskola se sqèsh me ton algìrijmo tou Gibbs, sth

sugkekrimènh perÐptwsh ìpou èqoume thn genn tria proteinìmenwn tim¸n tou

Gamerman o algìrijmoc gÐnetai kalÔteroc apì ton Gibbs wc proc th sÔg-

klish.

71



5.2 Mpeôzian  EktÐmhsh Montèlwn Palin-

drìmhshc Poisson

Autì to sÔnolo dedomènwn perièqei plhroforÐec sqetik� me thn emf�nish

tou karkÐnou tou qeÐlouc se 56 perioqèc thc SkwtÐac kat� th di�rkeia twn

et¸n 1975-1980, Incidence of lip cancer in 56 areas in Scotland (Breslow,

N.E. and Clayton, D.G., 1993). Gia k�je perifèreia, o parathroÔmenoc kai o

anamenìmenoc arijmìc twn peript¸sewn karkÐnou tou qeÐlouc dÐnontai, k�ti to

opoÐo kajist� dunatì ton upologismì thc SMR′s (standardized morbidity

ratio - tupopoihmèno posostì noshrìthtac) wc mÐa ektÐmhsh gia to sqetikì

kÐnduno. EpÐshc, dedomèno eÐnai to posostì twn atìmwn pou erg�zontai sth

dasokomÐa, thn alieÐa   th gewrgÐa.

Ta dedomèna dÐnontai ston pÐnaka 5.13.

ParathroÔme loipìn ìti:

• o deÐkthc i mac plhroforeÐ gia thn ek�stote perioq ,

• to y eÐnai o parathroÔmenoc arijmìc asjen¸n se k�je perioq ,

• to e eÐnai o anamenìmenoc arijmìc asjen¸n se k�je perioq ,

• to x eÐnai to posostì twn atìmwn pou erg�zontai se exwterikì q¸ro

(outdoors).

Ta dedomèna aut� mporoÔn na montelopoihjoÔn upojètontac ìti :

yi ∼ Poisson (µi)

5.2.1 An�lush me B�sh th Klasik  Statistik 

Ta apotelèsmata akoloujìntac thn klasik  statistik  sunoyÐzontai ston

pÐnaka 5.11.
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PÐnakac 5.11: Apotelèsmata efarmìzontac th klasik  statistik 

coefficients estimate std error z value Pr(> |z|)

(intercept) -0.202973 0.066189 -3.067 0.00217

outdoors 0.026246 0.005995 4.378 1.20e-05

Parathr¸ntac ta apotelèsmata tou pÐnaka 5.11 diapist¸noume ìti oi meta-

blhtèc eÐnai statistik� shmantikèc. Apì ton parap�nw pÐnaka gÐnetai epÐshc

fanerì ìti uparqei jetik  susqètish an�mesa sthn emf�nish tou karkÐnou

tou qeÐlouc se 56 perioqèc thc SkwtÐac kai sto posostì twn atìmwn pou

doÔleuan se exwterikì q¸ro (outdoors). Pio sugkekrimèna parathroÔme ìti

ta odds emf�nishc tou karkÐnou tou qeÐlouc aux�nontai gia thn perÐptwsh

anjr¸pwn pou erg�zontan se exwterikì qwro kat� exp(0.026246).

5.2.2 O Algìrijmoc Epanalambanìmenwn Stajmi-

smènwn ElaqÐstwn Tetrag¸nwn tou Gamerman

Jewr¸ntac ìti h ek twn protèrwn katanom  gia ta b eÐnai:

β ∼ N (µ0, C0)

E�n upojèsoume ìti µi = eiλi kai λi = exp
(
xTi β

)
Tìte qrhsimopoi¸ntac th logarijmik  sun�rthsh sÔndeshc gia poisson

dedomèna: log (µi) = ηi = log (ei) + xTi β

Qrhsimopoi¸ntac ton ex c metasqhmatismì twn dedomènwn:

ỹi (β) = hi + (yi − µi) g′ (µi)− log (ei)

Me b�rh:

Wi = 1/g′ (µi) = µi
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Gia na ulopoi soume ton algìrijmo epanalambanìmenwn stajmismènwn e-

laqÐstwn tetrag¸nwn (IWLS) tou Gamerman qreiazìmaste thn pijanìthta

apodoq c - apìrriyhc pou dÐnetai apì ton tÔpo

p = min

{
1,
f (βcan/y)

f (β/y)
· q (β/βcan, y)

q (βcan/β, y)

}
Kai deqìmaste wc genn tria tuqaÐwn tim¸n thn katanom :

q (βcan/β, y) N
(
f (β) ,

(
C−1

0 +XT ·W (β) ·X
)−1
)

Me

f (β) =
(
C−1

0 +XT ·W (β) ·X
)−1 ·

(
C−1

0 · µ0 +XT ·W (β) · ỹ (β)
)

Ta apotelèsmata akoloujìntac ton ton algìrijmo epanalambanìmenwn

stajmismènwn elaqÐstwn tetrag¸nwn (IWLS) tou Gamerman kai qrhsimo-

poi¸ntac 5.000 epanal yeic me perÐodo sugklishc tic 500 pr¸tec epanal yeic

sunoyÐzontai ston pÐnaka 5.12 kai to posostì apodoq c eÐnai 86.4%.

PÐnakac 5.12: Apotelèsmata thc Poisson Palindrìmhshc me gamerman′s

metropolis− hastings IWLS algorithm

coefficients posterior mean posterior std

(intercept) -0.20542695 0.067159607

outdoors 0.02619939 0.006102588

Epiprìsjeta ta apotelèsmata tou parap�nw algorÐjmou gia to b faÐnontai

sta graf mata 5.9 kai 5.10.

Parathr¸ntac ta graf mata pou parousi�zontai ta istogr�mmata (gr�-

fhma 5.9) eÐnai fanerì ìti èqoume ek twn ustèrwn summetrikèc katanomèc.

Dedomènou tou ìti to mhdèn brÐsketai kont� sto kèntro thc ek twn ustèrwn
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Sq ma 5.9: Istìgramma gia ta b basismèna ston algìrijmo Poisson Palin-

drìmhshc me gamerman′s metropolis− hastings IWLS

ktanom c thc paramètrou B2 mporoÔme na th jewr soume wc as manth kai na

th paral youme me asf�leia.

Sto traceplot gr�fhma (gr�fhma 5.10) parathroÔme ìti h den èqei epiteuqjeÐ

sÔgklish akìma kai met� apì perÐodo zest�matoc (Burn−in) tic 5000 pr¸tec

parathr seic.
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Sq ma 5.10: Gr�fhma thc Poisson Palindrìmhshc me gamerman′s

metropolis− hastings IWLS algorithm
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PÐnakac 5.13: Incidence of lip cancer in 56 areas in Scotland

i y e x i y e x

1 9 1.4 10 29 16 14.4 7

2 39 8.7 16 30 11 10.2 16

3 11 3.0 10 31 5 4.8 10

4 9 2.5 16 32 3 2.9 16

5 15 4.3 7 33 7 7.0 0

6 8 2.4 7 34 8 8.5 0

7 26 8.1 10 35 11 12.3 0

8 7 2.3 10 36 9 10.1 1

9 6 2.0 10 37 11 12.7 1

10 20 6.6 16 38 8 9.4 1

11 13 4.4 16 39 6 7.2 0

12 5 1.8 16 40 4 5.3 1

13 3 1.1 16 41 10 18.8 1

14 8 3.3 7 42 8 15.8 1

15 17 7.8 1 43 2 4.3 7

16 9 4.6 10 44 6 14.6 1

17 2 1.1 1 45 19 50.7 0

18 7 4.2 7 46 3 8.2 10

19 9 5.5 1 47 2 5.6 7

20 7 4.4 10 48 3 9.3 7

21 16 10.5 1 49 28 88.7 7

22 31 22.7 10 50 6 19.6 24

23 11 8.8 7 51 1 3.4 24

24 7 5.6 10 52 1 3.6 7

25 19 15.5 7 53 1 5.7 16

26 15 12.5 10 54 1 7.0 24

27 7 6.0 24 55 0 4.2 7

28 10 9.0 16 56 0 1.8 7
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Kef�laio 6

Efarmog  thc Logistik c

Palindrìmhshc sthn EktÐmhsh

thc Pijanìthtac QrewkopÐac

Epiqeir sewn

Sto parìn kef�laio ja asqolhjoÔme me th melèth thc ektÐmhshc thc pi-

janìthtac qrewkopÐac epiqeir sewn lamb�nontac upìyin ìti ta sumpt¸mata

emfanÐzontai ston isologismì thc epiqeÐrhshc gia èna   dÔo qrìnia prin h e-

taireÐa ptwqeÔsei pragmatik�. H akrib c prìbleyh thc oikonomik c apotuqÐac

mporeÐ na dìsei qrìno sta etairik� stelèqh na anal�boun dr�sh kai na s¸-

soun thn epiqeÐrhsh apì oikonomik  aferegguìthta. Wc ek toÔtou, h akrib c

prìbleyh thc pt¸qeushc eÐnai èna shmantikì kai eurèwc melethmèno jèma sto

logistikì tomèa. Statistikèc teqnikèc efarmìzontai ìlo kai perissìtero sthn

prìbleyh tètoiwn oikonomik¸n apotuqi¸n.
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6.1 Dedomèna

Ta dedomèna pou qrhsimopoi jhkan proèrqontai apì ta "1968, 1969, 1970,

1971, 1972 Moody′s Industrial Manuals", (Bankruptcy Data, pÐnakac 6.3).

Sta dedomèna aut� anafèrontai tèsseric tÔpoi et siwn oikonomik¸n deikt¸n

gia 21 epiqeir seic pou pt¸qeusan se perÐpou 2 qrìnia met� thn pragmato-

poÐhsh thc èreunac kai gia 25 epiqeir seic oi opoÐec parèmeinan ugieÐc perÐpou

thn Ðdia qronik  perÐodo.

Oi prognwstikoÐ par�gontec eÐnai:

x1 = CF
TD

= tameiakèc roèc proc to sunolikì qrèoc

x2 = NI
TA

= kajarì eisod ma proc to sÔnolo tou energhtikoÔ

x3 = CA
CL

= kukloforoÔnta stoiqeÐa energhtikoÔ proc braquprìjesmec upoqre¸seic

x4 = CA
NS

= kukloforoÔnta stoiqeÐa energhtikoÔ proc kajarèc pwl seic

kai h apanthtik  metablht  eÐnai :

yi =

{
1 e�n h epiqeÐrhsh eÐnai oikonomik� ugi c

0 diaforetik�
(6.1)

6.2 An�lush me B�sh th Klasik  Stati-

stik 

Prosarmìzoume to parak�tw pl rec montèlo probit Palindrìmhshc sta

dedomèna mac

yi ∼ Bernoulli(pi)

ϑi = Φ−1(pi) = β1 + β2x1 + β3x2 + β4x3 + β5x4, i = 1, . . . , 46

Ta apotelèsmata akoloujìntac thn klasik  statistik  sunoyÐzontai ston

pÐnaka 6.1.
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PÐnakac 6.1: Apotelèsmata efarmìzontac th klasik  statistik 

coefficients estimate std error z value Pr(> |z|)

β1(intercept) -2.754 1.227 -2.244 0.02484

β2(x1 = CF
TD

) 4.167 3.169 1.315 0.18860

β3(x2 = NI
TA

) -2.527 6.855 -0.369 0.71243

β4(x3 = CA
CL

) 1.821 0.603 3.019 0.00253

β5(x4 = CA
NS

) -1.779 1.604 -1.109 0.26733

Parathr¸ntac ta apotelèsmata tou pÐnaka 6.1 gÐnetai fanerì ìti oi meta-

blhtèc x1 = CF
TD

, x2 = NI
TA

kai x4 = CA
NS

den eÐnai statistik� shmantikèc. H

metablht  x1 = CF
TD

mac parèqei èndeixh gia thn ikanìthta thc epiqeÐrhshc na

kalÔptei to sunolo tou qrèouc thc me et siec tameiakèc roèc apì leitourgikèc

drasthriìthtec. H metablht  x2 = NI
TA

mac parèqei èna prìtupo gia to pìso

apotelesmatik  eÐnai h oikonomik  diaqeÐrhsh thc epiqeÐrhshc. H metablht 

x3 = CA
CL

mac deÐqnei thn ikanìthta thc ek�stote epiqeÐrhshc na antapokrÐne-

tai stic trèqousec upoqre¸seic thc kai epiprìsjeta h metablht  aut  eÐnai

ikan  na diaforopoi sei kai na prosdiorÐsei problhmatikèc epiqeir seic. Tè-

loc h metablht  x4 = CA
NS

metr� thn ikanìthta thc epiq rhshc na axiopoi sei

periousiak� thc stoiqeÐa gia na belti¸sei tic pwl seic. EpÐshc apì ton Ðdio

pÐnaka gÐnetai fanerì ìti up�rqei jetik  susqètish an�mesa sthn pijanìthta

mh emf�nishc qrewkopÐac thc epiqeÐrhshc kai sth metablht  x3. Autì shmaÐnei

ìti h aÔxhsh thc metablht c x3 kat� mÐa mon�da antistoiqeÐ se aÔxhsh tou

log − odds thc pijanìthtac na eÐnai ugi c h epiqeÐrhsh kat� 1.821.

Epeid  oi metablhtèc x1 = CF
TD

, x2 = NI
TA

kai x4 = CA
NS

sto pl rec montèlo

den eÐnai statistik� shmantikèc prèpei na akolouj soume k�poia diadikasÐa

epilog c montèlou gia to prìblhma. Akolouj¸ntac thn Backward diadikasÐa

epilog c epexhghmatik¸n metablht¸n katal goume sto montèlo pou perièqei
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tic metablhtèc x1 = CF
TD

kai x3 = CA
CL

, dhlad  sto ϑi = Φ−1(pi) = β1 +

β2x1 + β4x3, i = 1, . . . , 46. Ta apotelèsmata pou prokÔptoun sunoyÐzontai

ston pÐnaka 6.2.

PÐnakac 6.2: Apotelèsmata efarmìzontac th klasik  statistik 

coefficients estimate std error z value Pr(> |z|)

β1(intercept) -3.0363 0.9785 -3.103 0.00192

β2(x1 = CF
TD

) 3.6684 1.5459 2.373 0.01764

β4(x3 = CA
CL

) 1.5501 0.5048 3.071 0.00213
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6.3 Mpeôzian  An�lush

Qrhsimopoi¸ntac th diadikasÐa kataskeu c enìc montèlou probit palin-

drìmhshc pou perigr�yame sth par�grafo 5.1.3 k�nontac qr sh thc mejìdou

aÔxhshc dedomènwn kai qrhsimopoi¸ntac 5.000 epanal yeic me perÐodo sugkli-

shc tic 500 pr¸tec epanal yeic, ta apotelèsmata sunoyÐzontai ston pÐnaka

6.3.

PÐnakac 6.3: Apotelèsmata algorÐjmou aÔxhshc dedomènwn

coefficients posterior mean posterior std

β1(intercept) -3.025318 1.2415073

β2(x1 = CF
TD

) 4.503453 3.2984774

β3(x2 = NI
TA

) -1.804783 7.4718844

β4(x3 = CA
CL

) 2.006851 0.6190486

β5(x4 = CA
NS

) -2.057761 1.7823257

Epiprìsjeta ta apotelèsmata tou parap�nw algorÐjmou gia ta b faÐnon-

tai sta graf mata 6.1 kai 6.2. Parathr¸ntac ta istogr�mmata (gr�fhma 6.1)

twn ek twn ustèrwn katanom¸n gÐnetai fanerì ìti to mhdèn brÐsketai kon-

t� sto kèntro thc katanom c twn paramètrwn b2, b3 kai b5. Sto gr�fhma

traceplot (gr�fhma 6.2) mporoÔme na parathr soume ìti h sÔgklish faÐnetai

na èqei epiteuqjeÐ met� apì perÐodio zest�matoc (Burn− in) tic 500 pr¸tec

parathr seic.

Akolouj¸ntac thn mèjodo epilog c montèlou thc paragr�fou 6.1.1 epi-

lègoume telik� to montèlo pou perièqei tic metablhtèc x1 = CF
TD

kai x3 = CA
CL

.
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Qrhsimopoi¸ntac thn Ðdia diadikasÐa kataskeu c enìc montèlou probit pa-

lindrìmhshc pou perigr�yame sth par�grafo 5.1.3 k�nontac qr sh thc me-

jìdou aÔxhshc dedomènwn kai qrhsimopoi¸ntac 5.000 epanal yeic me perÐodo

sugklishc tic 500 pr¸tec epanal yeic, all� krat¸ntac mìno tic metablhtèc

x1 kai x3 ta apotelèsmata sunoyÐzontai ston pÐnaka 6.4:

PÐnakac 6.4: Apotelèsmata algorÐjmou aÔxhshc dedomènwn

coefficients posterior mean posterior std

β1(intercept) -3.223574 0.8845349

β2(x1 = CF
TD

) 3.979249 1.5395127

β4(x3 = CA
CL

) 1.643386 0.4599705

Epiprìsjeta ta apotelèsmata tou parap�nw algorÐjmou gia ta b faÐnontai

sta graf mata 6.3 kai 6.4. Parathr¸ntac ta istogr�mmata (gr�fhma 6.3) twn

ek twn ustèrwn katanom¸n gÐnetai fanerì ìti to mhdèn de brÐsketai kont� sto

kèntro thc katanom c twn paramètrwn. Apì autì mporoÔme na isquristoÔme

me asf�leia ìti tic paramètrouc autèc den mporoÔme na tic paral youme. Sto

gr�fhma traceplot (gr�fhma 6.4) mporoÔme na parathr soume ìti h sÔgklish

faÐnetai na èqei epiteuqjeÐ met� apì perÐodio zest�matoc (Burn− in) tic 500

pr¸tec parathr seic.

ErmhneÔontac ta apotelèsmata tou pÐnaka 6.4 gÐnetai fanerì ìti up�rqei je-

tik  susqètish an�mesa sthn pijanìthta mh emf�nishc qrewkopÐac thc epi-

qeÐrhshc kai sth metablht  x1 ìpwc kai sth metablht  x3. Autì shmaÐnei

ìti h aÔxhsh thc metablht c x3, kat� mÐa mon�da antistoiqeÐ se aÔxhsh tou

log − odds thc pijanìthtac na eÐnai ugi c h epiqeÐrhsh kat� 1.643386. AntÐ-

stoiqa h aÔxhsh thc metablht c x1, kat� mÐa mon�da antistoiqeÐ se aÔxhsh

tou log − odds thc pijanìthtac na eÐnai ugi c h epiqeÐrhsh kat� 3.979249.
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Sq ma 6.1: Istogr�mmata thc probit Palindrìmhshc me data augmentation

algìrijmo gia ta b
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Sq ma 6.2: Gr�fhma thc probit Palindrìmhshc me data augmentation algì-

rijmo
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Sq ma 6.3: Istogr�mmata thc probit Palindrìmhshc me data augmentation

algìrijmo gia ta b

Sq ma 6.4: Gr�fhma thc probit Palindrìmhshc me data augmentation algì-

rijmo
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PÐnakac 6.5: Bankruptcy Data

Row firm x1 x2 x3 x4 Row firm x1 x2 x3 x4

i = 0 i = 1

1 0 -0.45 -0.41 1.09 0.45 1 1 0.51 0.10 2.49 0.54

2 0 -0.56 -0.31 1.51 0.16 2 1 0.08 0.02 2.01 0.53

3 0 0.06 0.02 1.01 0.40 3 1 0.38 0.11 3.27 0.35

4 0 -0.07 -0.09 1.45 0.26 4 1 0.19 0.05 2.25 0.33

5 0 -0.10 -0.09 1.56 0.67 5 1 0.32 0.07 4.24 0.63

6 0 -0.14 -0.07 0.71 0.28 6 1 0.31 0.05 4.45 0.69

7 0 0.04 0.01 1.50 0.71 7 1 0.12 0.05 2.52 0.69

8 0 -0.07 -0.06 1.37 0.40 8 1 -0.02 0.02 2.05 0.35

9 0 0.07 -0.01 1.37 0.34 9 1 0.22 0.08 2.35 0.40

10 0 -0.14 -0.14 1.42 0.43 10 1 0.17 0.07 1.80 0.52

11 0 -0.23 -0.30 0.33 0.18 11 1 0.15 0.05 2.17 0.55

12 0 0.07 0.02 1.31 0.25 12 1 -0.10 -0.01 2.50 0.58

13 0 0.01 0.00 2.15 0.70 13 1 0.14 -0.03 0.46 0.26

14 0 -0.28 -0.23 1.19 0.66 14 1 0.14 0.07 2.61 0.52

15 0 0.15 0.05 1.88 0.27 15 1 0.15 0.06 2.23 0.56

16 0 0.37 0.11 1.99 0.38 16 1 0.16 0.05 2.31 0.20

17 0 -0.08 -0.08 1.51 0.42 17 1 0.29 0.06 1.84 0.38

18 0 0.05 0.03 1.68 0.95 18 1 0.54 0.11 2.33 0.48

19 0 0.01 0.00 1.26 0.60 19 1 -0.33 -0.09 3.01 0.47

20 0 0.12 0.11 1.14 0.17 20 1 0.48 0.09 1.24 0.18

21 0 -0.28 -0.27 1.27 0.51 21 1 0.56 0.11 4.29 0.44

22 1 0.20 0.08 1.99 0.30

23 1 0.47 0.14 2.92 0.45

24 1 0.17 0.04 2.45 0.14

25 1 0.58 0.04 5.06 0.1387
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