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Kef�laio 1

Eisagwg 

Ja arkestoÔme, sto kef�laio autì, na upenjumÐsoume ston anagn¸sth k�poiec basikèc èn-

noiec tìso apì th jewrÐa our¸n, ìso kai apì th stoiqei¸dh jewrÐa paignÐwn, qwrÐc na epimeÐnoume

se perissìterec leptomèreiec. JewroÔme pwc o anagn¸sthc eÐnai  dh exoikeiwmènoc se meg�lo

bajmì me ta antikeÐmena aut�, ètsi ¸ste na eÐnai dunat  h diadikasÐa melèthc - beltistopoÐhshc

tou montèlou pou eis�goume kai thc paralag c autoÔ, pou perigr�fontai sta epìmena kef�la-

ia. Epomènwc, to kef�laio autì èqei wc kÔrio skopì th sÔnoyh basik¸n apotelesm�twn apo

tic duo autèc gnwstikèc perioqèc, kaj¸c kai thn eisagwg  thc aparaÐththc orologÐac kai twn

sumbolism¸n pou ja qrhsimopoi soume.

1.1 Basik� stoiqeÐa our¸n anamon c

H je¸ria our¸n (queueing theory) jewreÐtai kl�doc thc Epiqeirhsiak c 'Ereunac, kaj¸c

ta apotelèsmata thc qrhsimopoioÔntai suqn� sth l yh epiqeirhmatik¸n apof�sewn sqetik� me

th diaqeÐrish twn diajèsimwn pìrwn gia thn paroq  uphresi¸n. Ourèc anamon c dhmiourgoÔntai,

ìtan h trèqousa z thsh gia k�poia uphresÐa, eÐnai megalÔterh apì th dunamikìthta paroq c

thc. Akìmh kai stic peript¸seic, ìpou h dunamikìthta tou sust matoc fainomenik� kalÔptei

th z thsh, ourèc anamon c teÐnoun na diamorf¸nontai lìgw thc stoqastikìthtac pou up�rqei

stic diadikasÐec �fixhc kai exuphrèthshc twn pelat¸n. Wc our� anamon c   sÔsthma ex-

uphrèthshc orÐzetai k�je sÔsthma, to opoÐo parèqei k�poiou eÐdouc exuphrèthsh se pel�tec
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pou prosèrqontai s' autì. To sÔsthma apoteleÐtai apì to q¸ro exuphrèthshc kai sun jwc

apì èna q¸ro anamon c, ìpou perimènoun oi pel�tec pou den mporoÔn na exuphrethjoÔn

amèswc. Lìgw thc tuqaiìthtac pou enup�rqei stouc qrìnouc afÐxewn twn pelat¸n kai twn antÐs-

toiqwn qrìnwn exuphrèthshc, o arijmìc twn parìntwn pelat¸n sto sÔsthma (m koc our�c),

auxomei¸netai wc sun�rthsh tou qrìnou kat� tuqaÐo trìpo, eÐnai dhlad  mia stoqastik  di-

adikasÐa. ParadeÐgmata our¸n anamon c mporoÔn na jewrhjoÔn ta tameÐa miac tr�pezac, stajmoÐ

diodÐwn, metakinoÔmenoi (epib�tec) pou anamènoun taxÐ, èna exwterikì iatreÐo k.a.

Sthn paroÔsa diplwmatik  ergasÐa ja melet soume èna montèlo exuphrèthshc me pel�tec

pou èqoun dÔo enallaktikèc morfèc exuphrèthshc gia th metakÐnhs  touc (taxÐ - lewforeÐo). Ja

diakrÐnoume dÔo peript¸seic se sqèsh me to montèlo mac (taxÐ - lewforeÐo), an�loga me to an oi

metakinoÔmenoi (pel�tec) mporoÔn na parathr soun   ìqi to m koc our�c sthn pi�tsa twn taxÐ,

prin l�boun opoiad pote apìfash. Ja anaferìmaste s' autèc tic peript¸seic wc parathr simec

(observable) kai mh parathr simec (unobservable) antÐstoiqa. K�je pel�thc, ìpwc ja doÔme

parak�tw, anamènei mia wfèleia (plhrwm ), h opoÐa exart�tai apì thn kat�stash tou sust -

matoc, thn apìfas  tou kai tic strathgikèc twn upìloipwn metakinoÔmenwn. To endiafèron mac

epikentr¸netai sth sumperifor� twn metakinoÔmenwn, ìtan autoÐ apofasÐzoun kat� th stigm 

thc �fix c touc, an ja metakinhjoÔn me taxÐ   lewforeÐo. Ta kÔria qarakthristik� k�je our�c

eÐnai h diadikasÐa afÐxewn, o mhqanismìc exuphrèthshc kai h peijarqÐa our�c.

H diadikasÐa afÐxewn perigr�fei ton trìpo me ton opoÐo oi pel�tec katafj�noun sto

sÔsthma kai orÐzetai apì thn katanom  twn qronik¸n stigm¸n t1, t2, . . . , tn, . . . twn antÐstoiqwn

afÐxewn sto [0,∞). H pio suqn� emfanizìmenh sthn pr�xh eÐnai h diadikasÐa Poisson.

O mhqanismìc exuphrèthshc orÐzetai apì ton arijmì twn uphret¸n pou leitourgoÔn

par�llhla kai apì thn katanom  twn qrìnwn exuphrèthshc.H pio shmantik  eidik  perÐptwsh

eÐnai ìtan oi qrìnoi exuphrèthshc akoloujoÔn thn ekjetik  katanom .
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H peijarqÐa our�c anafèretai ston trìpo me ton opoÐo epilègontai oi pel�tec gia na ex-

uphrethjoÔn.H sun jhc peijarqÐa our�c eÐnai h FCFS {≡ First Come First Served}, ìpou

oi pel�tec exuphretoÔtai sÔmfwna me th seir� �fix c touc sto sÔsthma. 'Allec shmantikèc pei-

jarqÐec our�c eÐnai h LCFS{≡ Last Come First Served}, ìpou k�je for� pou ènac uphrèthc

eÐnai eleÔjeroc, epilègei gia exuphrèthsh ton pel�th pou afÐqjhke pio prìsfata, en¸ paral-

lag  aut c eÐnai h LCFS/PR {≡ Last Come First Served / Preemptive Resume}, ìpou k�je

pel�thc arqÐzei na exuphreteÐtai amèswc mìlic fj�sei sto sÔsthma, diakìptontac akìma kai thn

exuphrèthsh tou pel�th pou exuphreteÐtai tìte (o opoÐoc ja suneqÐsei argìtera thn exuphreths 

tou).

O David G. Kendall eis gage mia suntomografÐa gia thn perigraf  twn susthm�twn ex-

uphrèthshc me b�sh ta trÐa parap�nw qarakthristik�, qrhsimopoi¸ntac trÐa mèrh kai gr�fontac

a/b/c. To pr¸to mèroc anafèretai sthn katanom  twn endi�meswn qrìnwn �fixhc twn pelat¸n

kai to deÔtero sthn katanom  twn qrìnwn exuphrèthshc. Gia par�deigma, to gr�mma G (Gener-

al) qrhsimopoieÐtai gia k�poia genik  katanom , to M (Memoryless) gia thn ekjetik  katanom 

(exaitÐac thc amn monhc idiìthtac thc katanom c aut c, ìpwc ja doÔme sto tèloc aut c thc para-

gr�fou) kai to D (Deterministic) gia nteterministikoÔc   prosdioristikoÔc qrìnouc. To trÐto

kai teleutaÐo stoiqeÐo thc suntomografÐac anafèretai ston arijmì twn uphret¸n. Merik� pa-

radeÐgmata eÐnaiM/M/1, M/D/c, M/G/1 k.a. H graf  aut  mporeÐ na epektajeÐ me akìmh èna

stoiqeÐo pou anafèretai sth qwrhtikìthta tou sust matoc, prokeimènou na kalÔyoume ki �lla

sust mata exuphrèthshc. Gia par�deigma, èna sÔsthma exuphrèthshc me ekjetikoÔc endi�mesouc

qrìnouc afÐxewn, ekjetikoÔc qrìnouc exuphrèthshc, ènan uphrèth kai q¸ro anamon c gia to

polÔ N pel�tec, sumperilambanomènou kai autoÔ pou exuphreteÐtai, gr�fetai me suntomografÐa

tess�rwn stoiqeÐwn, M/M/1/N . Tèloc, dÐpla stouc proanaferìmenouc sumbolismoÔc, gr�fe-

tai kai h peijarqÐa our�c, ìtan den eÐnai h FCFS. 'Eqontac kajorÐsei ton trìpo qarakthrismoÔ

enìc sust matoc exuphrèthshc, mporoÔme t¸ra na proqwr soume sthn perigraf  twn mètrwn

leitourgikìthtac, ta opoÐa prosdiorÐzontai mèsw thc an�lushc.
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OrÐzoume wc Sj ,Wj ,Xj , to qrìno paramon c ,to qrìno anamon c kai to qrìno exuphrèthshc

tou j-ostoÔ afiknoÔmenou pel�th antÐstoiqa. Profan¸c isqÔei h sqèsh

Sj = Wj +Xj (j ∈ N). (1.1)

EpÐshc, orÐzoume wc Q(t) ,Qq(t) ,Qs(t) ton arijmì twn pelat¸n sto sÔsthma, sto q¸ro anamon c

kai ton arijmì twn pelat¸n pou exuphretoÔntai thn qronik  stigm  t antÐstoiqa. IsqÔei ìti

Q(t) = Qq(t) +Qs(t) (t ≥ 0). (1.2)

Oi posìthtec Q̄ , Q̄q , S̄ kai W̄ apoteloÔn ta sun jh mètra leitourgikìthtac miac our�c.

Oi Q̄ kai S̄ isoÔntai antÐstoiqa me

Q̄ = lim
t→∞

1

t

∫ t

0

Q(x)dx kai S̄ = lim
n→∞

1

n

n∑
j=1

Sj, (1.3)

kai parist�noun to (makroprìjesmo) mèso m koc our�c kai to (makroprìjesmo) mèso qrìno

paramon c sto sÔsthma antÐstoiqa, en¸ ta Q̄q kai W̄ orÐzontai an�loga.

Stic perissìterec peript¸seic, to m koc our�c {Q(t)} eÐnai h pio qr simh stoqastik  di-

adikasÐa gia thn perigraf  kai th melèth miac our�c. Epomènwc, mac endiafèrei o prosdiorismìc

thc antÐstoiqhc metabatik c katanom c, dhlad  h eÔresh twn pijanot twn pj = pj(t),

(j ∈ N0), Ôparxhc j pelat¸n sto sÔsthma wc sunart sewn tou qrìnou t. Suqn� ìmwc eÐ-

nai dÔskolo   adÔnato na brejeÐ se analutik  morf  h metabatik  katanom  kai epeid  met�

apì thn parèleush sqetik� mikroÔ qrìnou h {Q(t)} paÔei ousiastik� na epideiknÔei metabatik 

sumperifor�, dhlad  fj�nei se kat�stash statistik c isorropÐac, to endiafèron epikentr¸ne-

tai sthn eÔresh thc antÐstoiqhc oriak c katanom c, dhlad  sthn eÔresh twn pijanot twn

pj = lim
t→∞

pj(t), (j ∈ N0). SuneqÐzoume me thn upenjÔmish thc Markobian c idiìthtac.

Orismìc

Markobian  diadikasÐa lègetai k�je stoqastik  diadikasÐa {Xt, t ∈ T} me th Markobian  ( 
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amn monh) idiìthta, dhlad  me thn idiìthta ìti, dedomènhc thc tim c thc tuqaÐac metablht c

(t.m.) X(t) (parìn), oi t.m. {X(u) : u > t} (mèllon) eÐnai stoqastik� anex�rthtec apì tic

t.m. {X(s) : s < t} (pareljìn), dhlad  h pijanìthta opoiasd pote mellontik c exèlixhc thc

diadikasÐac, ìtan eÐnai gnwst  h paroÔsa thc kat�stash, den metab�lletai apì epiplèon plhro-

forÐec sqetik� me thn pareljoÔsa istorÐa thc. Oi Markobianèc diadikasÐec me diakritì q¸ro

katast�sewn anafèrontai eidikìtera wc Markobianèc alusÐdec.

Se pollèc peript¸seic h {Q(t)} den èqei thMarkobian  idiìthta. 'Etsi suqn� prospa-

joÔme na exet�soume th stoqastik  diadikasÐa {Q(t)} se kat�llhlec diakekrimènec qronikèc

stigmèc sto [0,∞) kai mìno s' autèc, prokeimènou na anakt soume th Markobian  idiìthta.Autèc

eÐnai oi stigmèc diadoqik¸n afÐxewn   diadoqik¸n anaqwr sewn pelat¸n apì to sÔsthma.Sugkekrimèna, orÐzoume

tic oriakèc pijanìthtec

rj = lim
n→∞

P (Q−n ) , dj = lim
n→∞

P (Q+
n ) (j ∈ N0) . (1.4)

ìpou {Q−n : n ∈ N0} , {Q+
n : n ∈ N0} sumbolÐzoun to m koc our�c mìlic prin thn n-ost  �fixh

kai amèswc met� thn n-ost  anaq¸rhsh sto [0,∞) antÐstoiqa. Sthn perÐptwsh memonwmènwn

afÐxewn kai anaqwr sewn isqÔei ìti

rj = dj . (1.5)

Genik�, oi oriakèc katanomèc, {pj} se suneq  qrìno kai {rj} se stigmèc afÐxewn (  {dj} se

stigmèc anaqwr sewn) den sumpÐptoun. Gia par�deigma, an jewr soume thn D/D/1 our�, h opoÐa

eÐnai ken  th qronik  stigm  0, me afÐxeic tic qronikèc stigmèc 1,3,5... kai qrìnouc exuphrèthshc

1, tìte k�je afiknoÔmenoc pel�thc brÐskei to sÔsthma kenì, en¸ to posostì tou qrìnou, pou

to sÔsthma eÐnai kenì, isoÔtai me 1
2
.

Eidik�, ìmwc, sthn perÐptwsh pou èqoume Poisson diadikasÐa afÐxewn isqÔei ìti

rj = pj , (1.6)

mia idiìthta pou eÐnai gnwst  kai wc PASTA(Poisson Arrivals See Time Averages). Di-

aisjhtik�, mporeÐ na exhghjeÐ apì to gegonìc ìti oi Poisson afÐxeic sumbaÐnoun entel¸c tuqaÐa
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sto qrìno. AkoloÔjwc anafèroume èna basikì apotèlesma, pou eÐnai gnwstì ¸c nìmoc tou

Little.

Je¸rhma 1 Gia k�je our� anamon c isqÔei ìti :

Q̄ = λS̄ , (1.7)

ìpou Q̄ , S̄ dÐnontai apì th sqèsh (1.3) kai λ eÐnai o rujmìc afÐxewn.

O nìmoc tou Little ekfr�zei to gegonìc ìti asumptwtik� o mèsoc arijmìc pelat¸n s�ena

sÔsthma isoÔtai me to ginìmeno tou rujmoÔ afÐxewn epÐ to mèso qrìno paramon c s' autì to

sÔsthma. Diaisjhtik�, to apotèlesma autì mporeÐ na katanohjeÐ kai wc akoloÔjwc. Upojè-

toume ìti ìloi oi pel�tec, gia ìso qrìno brÐskontai sto sÔsthma, plhr¸noun mia qrhmatik 

mon�da an� mon�da tou qrìnou. Ta qr mata mporoÔn na eispraqjoÔn me dÔo trìpouc. O pr¸toc

eÐnai na af soume touc pel�tec na plhr¸noun � suneq¸c � sto qrìno. Tìte, h mèsh amoib  an�

mon�da qrìnou pou eispr�ttei to sÔsthma isoÔtai me E(Q) qrhmatikèc mon�dec. O deÔteroc

eÐnai na af soume touc pel�tec na plhr¸soun, ìtan ja fÔgoun apì to sÔsthma, mia qrhmatik 

mon�da an� mon�da tou qrìnou gia to qrìno paramon c touc s' autì. 'Otan èrjei to sÔsthma se

kat�stash isorropÐac, o mèsoc arijmìc pelat¸n pou apoqwreÐ apì to sÔsthma sth mon�da tou

qrìnou isoÔtai me to mèso arijmì pelat¸n pou eisèrqetai s' autì. 'Etsi, to sÔsthma eispr�ttei

mia mèsh amoib  λ · E(S) qrhmatikèc mon�dec sth mon�da tou qrìnou. Profan¸c, to sÔsthma

eispr�tei to Ðdio kai stic dÔo peript¸seic.

Oloklhr¸nontac autèc tic sÔntomec upenjumÐseic apì tic ourèc anamon c, anafèroume me morf 

parat rhshc th spoudaiìterh idiìthta thc ekjetik c katanom c.

Parat rhsh

H ekjetik  katanom  eÐnai h monadik  suneq c katanom  pou èqei thn idiìthta èlleiyhc mn mhc

  alli¸c amn monh idiìthta (Memoryless property).

Mia tuqaÐa metablht  lègetai ìti den èqei mn mh (Memoryless), e�n isqÔei

P [X > s+ t|X > t] = P [X > s], ∀ s, t > 0.
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Sthn perÐptwsh thc ekjetik c katanom c, isqÔei

P [X > s+ t|X > t] = P [X>s+t,X>t]
P [X>t]

= P [X>s+t]
P [X>t]

= e−λ(s+t)

e−λt
= e−λs = P [X > s], ∀ s, t > 0,

dhlad , an ènac qrìnoc X èqei thn ekjetik (l) katanom , tìte h katanom  tou upoleipìmenou

qrìnou an parathr soume ti sumbaÐnei th stigm  t den exart�tai apì to t, dhlad  to qrìno pou

èqei per�sei.

Gia mia ektetamènh eisagwg  kai melèth sthn jewrÐa our¸n anamon c blèpe to biblÐo FakÐnoc

(2003).

11



1.2 Basik� stoiqeÐa jewrÐac paignÐwn

H jewrÐa paignÐwn (game theory) an kei stouc kl�douc twn Efarmosmènwn Majhmatik¸n

kai prospajeÐ na antimetwpÐsei me majhmatikèc mejìdouc montèla sÔgkroushc kai sunergasÐac.

Sth jewrÐa paignÐwn, èqoume toul�qiston dÔo diaforetikoÔc paÐktec kai h plhrwm  k�je paÐkth

exart�tai, ìqi mìno apì tic dikèc tou apof�seic, all� kai apì tic apof�seic ìlwn twn upoloÐpwn.

'Etsi, to ìfeloc enìc paÐkth mporeÐ na eÐnai se k�poio bajmì   kai oloklhrwtik� se sÔgkroush

me to ìfeloc k�poiou �llou paÐkth kai oi lÔseic pou proteÐnontai èqoun to meionèkthma na a-

paitoÔn apì touc paÐktec na eÐnai me k�poio trìpo �logikoÐ� kai /   na gnwrÐzoun tic enallaktikèc

lÔseic pou èqoun sth di�jesh touc kai /   to pwc ektimoÔn oi antÐpaloi kai /   oi sunerg�tec

touc ta kèrdh   tic zhmièc apì to paiqnÐdi. Gia to skopì autì qrhsimopoioÔntai ènnoiec tou

eÐdouc: pl rec sqèdio dr�shc (strathgik ), strathgik  isorropÐa, epikoinwnÐa prin thn epilog 

strathgik c, k.a. AkoloÔjwc, upenjumÐzoume ton orismì enìc paiqnidioÔ.

Orismìc

'Ena paiqnÐdi G se kanonik  morf , N paikt¸n, qwrÐc sunergasÐa, me pl rh plhrofìrhsh,

apoteleÐtai apì ta ex c:

1. 'Ena sÔnolo N pou antiproswpeÔei touc paÐktec. To N mporeÐ na eÐnai peperasmèno  

�peiro (N = |N |).

2. 'Ena sÔnolo Si, gia k�je paÐqth i ∈ N , pou antiproswpeÔei tic diajèsimec strathgikèc tou

i - paÐkth. Kajar  strathgik  (pure strategy) tou i - paÐkth eÐnai mia enèrgeia apì to Si,

en¸ meikt  strathgik  (mixed strategy) tou i - paÐkth eÐnai k�je katanom  pijanìthtac

p�nw sto q¸ro twn strathgik¸n tou Si. To sÔnolo Si mporeÐ na eÐnai peperasmèno  

�peiro.

3. Mia pragmatik  sun�rthsh hi, gia k�je paÐkth i ∈ N , me pedÐo orismoÔ to sÔnolo twn

strathgik¸n katast�sewn S, S : =
∏
i∈N

Si kai pedÐo tim¸n to R. H hi antiproswpeÔei thn

plhrwm  tou i - paÐkth ìtan h strathgik  kat�stash s ∈ S uiojeteÐtai apì touc paÐktec.
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EpexhgoÔme peraitèrw to sÔnolo twn strathgik¸n katast�sewn, anafèrontac ton epìmeno oris-

mì.

Orismìc

To kartesianì ginìmeno S : =
∏
i∈N

Si onom�zetai sÔnolo twn strathgik¸n katast�sewn tou

paiqnidioÔ, �ra S = {(s1, s2, ..., sn) : si ∈ Si, i = 1, 2, ..., n}. 'Ena di�nusma s ∈ S, tou opoÐou oi

suntetagmènec, wc strathgikèc, eÐnai epÐshc dianÔsmata, antiproswpeÔei mia epilog  strathgik c

apo k�je paÐqth. 'Etsi, an orÐsoume thn h mèsw thc i
h→ hi, i ∈ N , ja sumbolÐzoume èna paiqnÐdi

me G=< N,S, h >.

Ac sumbolÐzoume t¸ra me s−i tic strathgikèc ìlwn twn upoloÐpwn paikt¸n, ektìc tou i, sth

strathgik  kat�stash s, dhlad  s−i = (s1, s2, . . . , si−1, si+1, . . . .sn) kai hi(si, s−i) thn plhrwm 

tou i - paÐqth, ìtan autìc akoloujeÐ thn strathgik  si kai oi upìloipoi paÐqtec thn s−i. AkoloÔ-

jwc, upojètoume ìti h sun�rthsh hi(s) = hi(si, s−i) eÐnai grammik  wc proc si. Auto shmaÐnei ìti,

an si eÐnai mia mÐxh twn strathgik¸n si1 kai s
i
2 me pijanìthtec p kai 1−p antÐstoiqa, tìte ja isqÔei

hi(si, s−i) = p · hi(si1, s−i) + (1− p) · hi(si2, s−i), ∀s−i.

Shmei¸noume epÐshc ìti, h strathgik  kat�stash s = (s1, s2, ..., sn) tautÐzetai me thn (si, s−i).

S' aut  thn ergasÐa, j' antimetwpÐsoume ìmoiouc paÐktec pou paÐrnoun apof�seic (epilègoun

strathgikèc), prokeimènou na megistopoi soun tic sunart seic plhrwm c touc. 'Etsi, sumbolÐ-

zoume me S kai h to sÔnolo twn strathgik¸n kai th sun�rthsh plhrwm c k�je paÐkth antÐstoiqa,

ìpou h(a, b) ja dhl¸nei thn plhrwm  tou paÐkth, ìtan autìc akoloujeÐ th strathgik  a, en¸ oi

upìloipoi th strathgik  b.

'Opwc ja doÔme sthn an�lush twn peript¸sewn tou montèlou mac (Kef. 2 kai 3), suqn�

mac endiafèrei o upologismìc thc plhrwm c tou metakinoÔmenou (paÐkth), ìtan autìc uiojeteÐ

politik  (strathgik ) x, en¸ ìloi oi upìloipoi akoloujoÔn mia diaforetik  politik  y. Tic
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perissìterec forèc upojètoume ìti to sÔsthma èqei ft�sei se kat�stash stasimìthtac kai h

kat�stash tou sust matoc eÐnai akrib¸c to apotèlesma thc politik c pou akoloujoÔn oi up-

ìloipoi pel�tec. H ènnoia thc st�simhc kat�stashc èqei thn ènnoia thc oriak c katanom c kai

o pel�thc upojètei ìti aut  eÐnai akrib¸c h katanom  pijanìthtac p�nw stic katast�seic.

Orismìc

Mia strathgik  si tou paÐqth i ja lègetai bèltisth ap�nthsh sth strathgik  kat�stash s ∈ S

an kai mìno an isqÔei

hi(si, s−i) ≥ hi(ti, s−i), ∀ti ∈ Si ann hi(si, s−i) = max
ti∈Si
{hi(ti, s−i) : ti ∈ Si} . (1.8)

Dhlad , h strathgik  si tou i - paÐkth apoteleÐ bèltisth ap�nthsh sthn strathgik  kat�stash

s, ean h plhrwm  tou i - paÐkth megistopoieÐtai, ìtan autìc epilèxei si kai oi upìloipoi paÐktec

meÐnoun stajeroÐ stic epilogèc touc, ìpwc autèc perigr�fontai apì thn s.

SumbolÐzontac t¸ra me BRi(s) (Best Response) to sÔnolo ìlwn twn bèltistwn apant sewn tou

i - paÐkth sthn s, èpetai

BRi(s) :=
{
ui ∈ Si : hi(ui, s−i) ≥ hi(ti, s−i), ∀ti ∈ Si

}
. (1.9)

Pio analutik�, ìtan ìloi oi pel�tec akoloujoÔn mia strathgik  s−i, tìte metaxÔ ìlwn twn

politik¸n, mia politik  k�tw apì thn opoÐa beltistopoieÐtai h atomik  wfèleia tou i - pel�th

eÐnai h ui kai kat� sunèpeia eÐnai mia bèltisth ap�nthsh tou sthn s−i. EpÐshc, eÐnai safèc ìti h

BR(s) :=
∏n

i=1 BR
i(s) eÐnai mia antapìkrish p�nw sto sÔnolo twn strathgik¸n katast�sewn S,

h opoÐa onom�zetai antapìkrish bèltisthc ap�nthshc tou paiqnidioÔ. Dhlad , an (u1, u2, ..., un) ∈

BR(s), tìte h u1 eÐnai bèltisth ap�nthsh tou 1oυ paÐkth sthn s, h u2 eÐnai bèltisth ap�nthsh

tou 2oυ paÐkth sthn s, k.o.k. SuneqÐzoume me ton orismì tou ShmeÐou StrathgikoÔ IsorropÐac

(SSI) kai ton orismì thc KuriarqÐac.

Orismìc

(ShmeÐo Strathgik c IsorropÐac �SSI�   ShmeÐo Nash). Mia strathgik  kat�stash s∗ ∈ S

14



onom�zetai (summetrikì) shmeÐo strathgik c isorropÐac (Nash), an kai mìno an h strathgik  si∗

pou akoloujeÐ o paÐkthc i, gia k�je paÐkth i ∈ N, eÐnai bèltisth ap�nthsh sthn s∗ (ston eautì

thc), dhlad 

s∗ eÐnai SSI
oρσ.⇐⇒ ∀i ∈ N isqÔei hi(si∗, s

−i
∗ ) ≥ hi(si, s−i∗ ), ∀si ∈ Si ⇐⇒

⇐⇒ hi(si∗, s
−i
∗ ) = max

si∈Si
hi(si, s−i), ∀i ∈ N.

Diaisjhtik�, ja lègame ìti, se kat�stash stasimìthtac, ta SSI eÐnai ekeÐnec oi strathgikèc

katast�seic, stic opoÐec, e�n ìloi oi paÐktec anakoÐnwnan tic strathgikèc pou skopeÔoun na

akolouj soun, prin arqÐsei to paÐqnÐdi, tìte kaneÐc paÐkthc den ja mporoÔse na belti¸sei thn

plhrwm  tou axiopoi¸ntac th gn¸sh aut . IsodÔnama, ìtan ìloi oi paÐktec akoloujoÔn thn Ðdia

strathgik  isorropÐac, tìte, se kat�stash stasimìthtac, kanènac den èqei kÐnhtro na pareklÐnei

apì th strathgik  aut . UpogrammÐzoume ìti o parap�nw orismìc den upodhl¸nei ìti up�rqei

p�ntote shmeÐo strathgik c isorropÐac, oÔte ìti eÐnai monadikì, se perÐptwsh pou up�rqei.

Orismìc

(KuriarqÐa ‘Dominance’ ) Mia strathgik  s1 ja lème ìti kuriarqeÐ asjen¸c epÐ miac strathgik c

s2 an

h(s1, s) ≥ h(s2, s), ∀s ∈ S, ìpou s = (s1, s2, ..., sn)

kai h anisìthta isqÔei austhr� gia mia toul�qiston strathgik  s. Mia strathgik  s∗ ja lègetai

asjen¸c kuriarqoÔsa an kuriarqeÐ asjen¸c epÐ ìlwn twn strathgik¸n sto sÔnolo S.

'Opwc ja doÔme parak�tw, h epilog  strathgik¸n apì touc pel�tec kajorÐzei tic pijanìtht-

ec met�bashc tou sust matoc. EÐnai dunatìn h uiojèthsh miac strathgik c apì touc pel�tec na

odhg sei se katast�seic pou èqoun mhdenik  st�simh pijanìthta. 'Etsi, eÐnai �skopo na exet�-

sei kaneÐc ti epilègoun oi strathgikèc pou eÐnai bèltistec apant seic ìtan o pel�thc brÐsketai

stic katast�seic autèc. 'Omwc mia strathgik  kal¸c orismènh prèpei na kajorÐzei bèltistec a-

pant seic kai gia tic katast�seic me mhdenik  st�simh pijanìthta. Gia to skopì autì up�rqei
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mia ekleptusmènh ènnoia pou anafèretai wc Subgame Perfect Equillibrium (SPE). 'Ena tè-

toio shmeÐo strathgik c sumperifèretai orjologik� kai stic katast�seic me mhdenik  st�simh

pijanìthta. Gia perissìtera gÔrw apo to SPE mporeÐ na anatrèxei kaneÐc stouc Hassin and

Haviv [18].

Ex' orismoÔ eÐpame pwc, èna summetrikì shmeÐo strathgik c isorropÐac apoteleÐ bèltisth

ap�nthsh ston eautì tou.MporeÐ ìmwc na mhn apoteleÐ th monadik  bèltisth ap�nthsh.Dhlad ,

an upojèsoume ìti to y eÐnai summetrikì shmeÐo strathgik c isorropÐac, mporeÐ na up�rqei

bèltisth ap�nthsh x me x 6= y, tètoia ¸ste h x na apoteleÐ austhr� kalÔterh ap�nthsh ston

eautì thc ap' ìti h y gia th x.Me thn ènnoia aut  tìte, to y eÐnai èna astajèc shmeÐo isorropÐac,

diìti eÐnai dunatìn oi pel�tec xekin¸ntac ap' autì na uiojet soun sthn sunèqeia thn strathgik 

x kai ètsi na èqoume strathgik  isorropÐa sthn x . 'Otan den up�rqei tètoia x, lème tìte ìti, h

strathgik  y eÐnai Exeliktik� Eustaj c Strathgik  (EES) (Evolutionary Stable

Strategy (ESS)). O austhrìc orismìc miac EES eÐnai o akìloujoc.

Orismìc

'Ena shmeÐo strathgik c isorropÐac s∗ ja lègetai EES, an eÐnai summetrikì shmeÐo strathgik c

isorropÐac kai epiplèon isqÔei ìti:

∀ z 6= s∗ tètoio ¸ste z ∈ arg max
s∈S

h(s∗, s) ⇒ h(s∗, z) > h(z, z) (1.10)

Diaisjhtik�, mia strathgik  EES lèei ìti, ìtan ènac pel�thc fÔgei ap' thn isorropÐa kai oi

�lloi ton akolouj soun, ton sumfèrei na epistrèyei sthn arqik  tou strathgik .

Pèran apì thn ènnoia thc stasimìthtac pou jewroÔme ìti èqei perièljei to sÔsthma, tic

perissìterec forèc stouc upologismoÔc mac, ìpwc ja doÔme parak�tw, endiaferìmaste gia mia

sugkekrimènh kl�sh strathgik¸n pou uiojetoÔn oi pel�tec kai me b�sh autèc upologÐzoun tic

sunart seic plhrwm c touc. Oi strathgikèc, pou ja mac apasqol soun parak�tw, onom�zon-

tai strathgikèc (politikèc) tÔpou katwflÐou. Anafèroume touc akìloujouc orismoÔc.
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Orismìc

Mia kajar  strathgik  katwflÐou (pure threshold strategy) me kat¸fli n perigr�fei mia enèrgeia

A gia tic katast�seic tou sust matoc {0, 1, . . . , n−1} kai mia �llh enèrgeia B gia tic upìloipec

katast�seic, dhlad  gia {n, n+ 1, . . .}.

'Omwc, pollèc forèc, den up�rqei tètoia kajar  politik  katwflÐou pou na odhgeÐ se kat�stash

strathgik c isorropÐac. Anazht toume tìte meiktèc politikèc katwflÐou.

Orismìc

Mia meikt  strathgik  (politik ) katwflÐou (mixed threshold strategy) me kat¸fli r = n+ p ,

n ∈ N , p ∈ [0, 1) epib�lei mÐa apì tic enèrgeiec, èstw A, gia k�je kat�stash sto {0, 1, 2, ..., n−

1}, epilègei tuqaÐa metaxÔ twn energei¸n A kai B gia thn kat�stash n prosdÐdontac pijanìth-

ta p sthn A kai 1 − p sthn B, en¸ kajorÐzei thn enèrgeia B gia tic upìloipec katast�seic

{n+ 1, n+ 2, ...}.

Pio analutik�, mia meikt  politik  katwflÐou gia thn eÐsodo enìc pel�th sto sÔsthma upodeiknÔei

ìti o pel�thc epilègei na eisèljei sto sÔsthma gia tic katast�seic {0, 1, . . . , n − 1}, epilègei

me pijanìthta p na mpeÐ sto sÔsthma ìtan h kat�stash eÐnai n (kai me pijanìthta 1− p na mhn

mpei), en¸ epilègei na mhn eisèljei sto sÔsthma gia tic katast�seic {n+ 1, n+ 2, . . .}.

Profan¸c, gia p = 0, h meikt  strathgik  katwflÐou r an�getai sthn kajar  strathgik 

katwflÐou n.

Orismìc

(AntÐjeta me to pl joc �ATP� - SÔmfwna me to pl joc �STP�) Upojètoume ìti to sÔnolo twn

strathgik¸n S eÐnai grammik� diatetagmèno, p.q. S = [0, 1]   S = {0, 1, 2, ...} kai gia k�je

y ∈ S up�rqei monadik  bèltisth ap�nthsh

x(y) = arg max
x∈S

h(x, y), (1.11)

ìpou x(y) eÐnai mia suneq c kai monìtonh sun�rthsh. Sthn perÐptwsh pou h x(y) eÐnai fjÐnousa,

to montèlo eÐnai tÔpou AntÐjeta me to pl joc, en¸, ìtan eÐnai aÔxousa, eÐnai tÔpou SÔmfwna me
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to pl joc.

Dhlad , sto montèlo tÔpou AntÐjeta me to pl joc, h bèltisth ap�nthsh enìc pel�th eÐnai

fjÐnousa sun�rthsh thc akoloujoÔmenhc strathgik c apì touc �llouc pel�tec kai pio epex-

hghmatik�, shmei¸noume ìti, ìso uyhlìtera brÐsketai h tim  thc strathgik c tÔpou katwflÐou

pou uiojeteÐtai apì touc �llouc, tìso qamhlìtera eÐnai h tim  thc strathgik c, pou dÐnei thn

kalÔterh ap�nthsh gia ènan sugkekrimèno pel�th.

Ap' thn �llh, sto montèlo tÔpou SÔmfwna me to pl joc, h bèltisth ap�nthsh enìc pel�th

eÐnai aÔxousa sun�rthsh thc akoloujoÔmenhc strathgik c apì touc �llouc pel�tec kai pio sug-

kekrimèna, ìso uyhlìterh eÐnai h strathgik  tÔpou katwflÐou pou uiojeteÐtai apì touc �llouc,

tìso uyhlìtera brÐsketai to kat¸fli, to opoÐo dÐnei thn kalÔterh ap�nthsh gia ènan pel�th.

Sqhmatik�.

6

-

x(y)

y

ATP

STP

45o

TonÐzoume ìti h strathgik  bèltisthc ap�nthshc y eÐnai strathgik  isorropÐac an x(y) = y,

d ladh ìtan apoteleÐ stajerì shmeÐo thc sun�rthshc x(y).

Gia mia ektetamènh eisagwg  kai melèth sthn jewrÐa paignÐwn blèpe to biblÐo tou Mhlolid�kh

(2009).
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1.3 Mèjodoc melèthc twn susthm�twn our¸n ana-

mon c - ParadeÐgmata

Tic teleutaÐec dekaetÐec up�rqei mia t�sh na melet¸ntai ta sust mata our¸n anamon c kai apì

oikonomik  optik . Eidikìtera, met� th melèth twn mètrwn apìdoshc enìc sust matoc, eis�getai

mia dìmh amoib c - kìstouc kai o stìqoc eÐnai h beltistopoÐhsh tou sust matoc. Epitrèpontac

ston k�je pel�th na lamb�nei tic dikèc tou apof�seic (na eisèljei sto sÔsthma   na apo-

qwr sei k.a.), h beltistopoÐhsh tou sust matoc mporeÐ na jewrhjeÐ wc èna paÐgnio metaxÔ twn

pelat¸n. 'Etsi, to pr¸to prìblhma eÐnai na brèjoun oi summetrikèc politikèc isorropÐac (Nash)

twn pel�twn. H an�lush gia thn eÔresh twn shmeÐwn strathgik c isorropÐac pragmatopoieÐ-

tai k�nontac qr sh stoiqeÐwn thc jewrÐac paignÐwn, en¸ efarmìzontai klasikèc teqnikèc gia th

beltistopoÐhsh tou koinwnikoÔ kèrdouc. Sto montèlo mac (taxÐ - lewforeÐo), ìpwc ja doÔme

parak�tw, oi pel�tec kat� thn �fixh touc, pèran twn qarakthristik¸n tou sust matoc, ìpwc

amoib  exuphrèthshc me taxÐ   lewforeÐo, kìstoc anamon c an� mon�da qrìnou sthn pi�tsa  

th st�sh k.a., lamb�noun   ìqi k�poia plhroforÐa sqetik� me to sÔsthma (pl joc pelat¸n pou

anamènoun sthn pi�tsa twn taxÐ) kai sunep¸c oi apof�seic touc ephre�zontai apì thn gn¸sh

aut c thc plhroforÐac   ìqi. Gia thn an�lush tou montèlou mac, upojètoume ìti up�rqei mia

dom  amoib c - kìstouc mèsw thc opoÐac posotikopoieÐtai h epijumÐa tou pel�th na exuphrethjeÐ

me taxÐ   lewforeÐo. 'Etsi, ènac pel�thc apofasÐzei na perimènei sthn pi�tsa twn taxÐ, an h

anamenìmenh amoib  tou eÐnai megalÔterh ekeÐnhc tou lewforeÐou, lamb�nontac upìyh tou thn

pareqìmenh plhrofìrhsh.

AkoloÔjwc, mèsw dÔo paradeigm�twn, ja prospaj soume na aposafhnÐsoume arketèc apì tic

mèqri t¸ra anaferìmenec jewrhtikèc ènnoiec kai na d¸soume to motibì antimet¸pishc kai epÐlushc

twn problhm�twn pou pragmateÔetai h paroÔsa ergasÐa. Pr¸ta, ja anaferjoÔme se mia pl rwc

parathr simh M/M/1 oÔra efodiasmènh me mia apl  dom  amoib c - kìstouc. Autì eÐnai to

klasikì montèlo tou Naor (1969). Oi pel�tec fj�noun sto sÔsthma me mia diadikasÐa Poisson

me rujmì λ. Oi qrìnoi exuphrèthshc eÐnai anex�rthtec tuqaÐec metablhtèc pou akoloujoÔn thn
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ekjetik  katanom  me par�metro µ. 'Estw ρ = λ
µ
o rujmìc sunwstismoÔ. H amoib  enìc pel�th,

o opoÐoc oloklhr¸nei thn exuphrèthsh tou, eÐnai R, en¸ to kìstoc gia k�je qronik  mon�da pou

pèrnaei sto sÔsthma (sto q¸ro anamon c   exuphrèthshc) eÐnai C. Up�rqei ènac uphrèthc kai h

peijarqÐa our�c eÐnai h FCFS. Oi pel�tec, kat� thn �fix  touc, parathroÔn ton arijmì twn  dh

parìntwn pelat¸n sto sÔsthma kai katìpin apofasÐzoun an ja eisèljoun sto sÔsthma   ìqi.

Peraitèrw, shmei¸noume ìti, ìtan ènac pel�thc epilèxei na mpei sto sÔsthma, den epitrèpetai na

apoqwr sei prin thn exuphrèths  tou ( ìqi upanaqwr seic ) kai k�je pel�thc pou den epijumeÐ

na mpei sto sÔsthma, apoqwreÐ kai den epistrèfei potè ( ìqi epanaprosp�jeiec ). JewroÔme ìti,

R ≥ C
µ
,

diaforetik� ìloi, akìmh kai ekeÐnoi pou brÐskoun to sÔsthma kenì, ja apoqwroÔsan kai to sÔsth-

ma ja parèmene suneq¸c kenì. To sÔnolo twn dunat¸n apof�sewn k�je pel�th pou brÐskei to

sÔsthma sthn kat�stash n eÐnai Sn = {0, 1}, ìpou to 0 sumbolÐzei thn apìfash thc apoq¸rhshc

kai to 1 thn apìfash thc eisìdou sto sÔsthma, gia th dedomènh kat�stash. 'Etsi, h strathgik 

enìc pel�th antistoiqeÐ se mia akoloujÐa apì mhdenik� kai mon�dec, efìson o q¸roc katast�sewn

tou sust matoc eÐnai arijm sima �peiroc. Gia par�deigma, h strathgik  (1,1,0,0,1,0,0,...) epit�s-

sei ìti an ènac pel�thc brei to sÔsthma kenì   me ènan   me pènte pel�tec, h apìfash tou eÐnai

na eisèljei sto sÔsthma, en¸ se opoiad pote �llh perÐptwsh, apoqwreÐ qwrÐc na exuphrethjeÐ.

Arqik�, prosdiorÐzoume thn atomik� bèltisth strathgik . Ac jewr soume ènan epilegmèno

pel�th, o opoÐoc, kat� thn �fix  tou, antikrÐzei n pel�tec mprost� tou. An apofasÐsei na eisèl-

jei sto sÔsthma, tìte èqei anamenìmeno kèrdoc S1
e (n) = R−C · n+1

µ
mon�dec. Ja apofasÐsei na

mpei an h posìthta aut  eÐnai mh arnhtik , dhlad  an n+ 1 ≤ Rµ
C
, diaforetik� anaqwreÐ. Opìte,

mia bèltisth strathgik  epit�ssei na eisèljei sto sÔsthma ìso o arijmìc twn pelat¸n pou

brÐskei kat� thn �fixh tou eÐnai n ≤
⌊
Rµ
C

⌋
− 1. Jètw ne =

⌊
Rµ
C

⌋
. Tìte, h bèltisth strathgik 

eÐnai (1,1,...,1,0,0,0,0...) apoteloÔmenh apì ne mon�dec stic pr¸tec suntetagmènec kai mhdenik�

stic upìloipec. Aut  h strathgik  antistoiqeÐ sthn kajar  strathgik  katwflÐou me kat¸fli

ne kai m�lista eÐnai kuriarqoÔsa strathgik .
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To prìblhma thc koinwnik c beltistopoÐhshc eÐnai pio perÐploko. Upojètoume ìti, ìloi oi

pel�tec akolojoÔn thn Ðdia politik  katwflÐou n, dhlad  h strathgik  touc eÐnai (1, 1, ..., 1, 0, 0, 0...)

me n mon�dec. 'Opwc eÐpame prohgoumènwc, oi pel�tec tìte eisèrqontai sto sÔsthma, ìtan sunan-

toÔn to polÔ n− 1 �toma. 'Epetai tìte ìti, to sÔsthma sumperifèretai wc mia M/M/1/n our�.

'Estw pk, k = 0, 1, ..., n, h st�simh katanom  thc. Me qr sh thc katanom c aut c, to mèso

pl joc pelat¸n sto sÔsthma eÐnai E(Q) = ρ
1−ρ ·

1−(n+1)ρn+nρn+1

1−ρn+1 . EpÐshc, h pijanìthta na mpei

sto sÔsthma ènac afiknoÔmenoc pel�thc eÐnai 1 − pn = 1−ρn
1−ρn+1 . 'Etsi, to anamenìmeno kajarì

koinwnikì kèrdoc sth mon�da tou qrìnou eÐnai S1
soc(n) = λ(1− pn)R−CE(Q), to opoÐo paÐrnei

telik� th morf 

S1
soc(n) = λ 1−ρn

1−ρn+1R− C
(

ρ
1−ρ ·

1−(n+1)ρn+nρn+1

1−ρn+1

)
.

Prèpei na broÔme to shmeÐo n∗ sto opoÐo megistopoieÐtai h parap�nw sun�rthsh. O Naor (1969)

kataskeÔase mia diadikasÐa gia ton upologismì tou n∗, h opoÐa basÐzetai sto gegonìc ìti h

sun�rthsh eÐnai monokìrufh. Epiplèon, èdeixe ìti n∗ ≤ ne, pr�gma to opoÐo shmaÐnei ìti h atom-

ik  beltistopoÐhsh odhgeÐ se megalÔtero m koc our�c pelat¸n ap' ì,ti eÐnai koinwnik� epijumhtì.

SuneqÐzoume me th deÔterh perÐptwsh tou mh parathr simou montèlou. Autì to montèlo

melet jhke apì touc Edelson kai Hildebrand (1975). Oi upojèseic tou montèlou eÐnai Ðdiec me

to prohgoÔmeno par�deigma kai h monadik  diafor� ègkeitai sto gegonìc ìti oi pel�tec, kat�

thn �fix  touc, den plhroforoÔntai thn kat�stash tou sust matoc. H apìfash pou prèpei na

l�boun th stigm  thc �fix c touc eÐnai an ja eisèljoun sto sÔsthma (1)   an ja anaqwr soun

(0). 'Etsi, to sÔnolo twn kajar¸n strathgik¸n k�je pel�th eÐnai to S = {0, 1}. Upojètoume

ìti ìloi oi pel�tec akoloujoÔn thn Ðdia meikt  strathgik  q. Autì shmaÐnei ìti eisèrqontai

me pijanìthta q, en¸ anaqwroÔn me pijanìthta 1 − q qwrÐc na exuphrethjoÔn. K�tw ap' aut 

thn strathgik , to sÔsthma sumperifèretai wc mia M/M/1 our�, me diadikasÐa afÐxewn Poisson

me rujmì λq. O qrìnoc paramon c enìc pel�th sto sÔsthma akoloujeÐ thn ekjetik  katanom 

me par�metro µ − λq. Ac jewr soume t¸ra ènan epilegmèno pel�th, o opoÐoc afikneÐtai sto

sÔsthma. An apofasÐsei na mpei, to anamenìmeno kajarì kèrdoc tou ja eÐnai S2
e (q) = R− C

µ−λq .

DiakrÐnoume treic peript¸seic:
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1. An R ≤ C
µ
, tìte to kajarì kèrdoc tou epilegmènou pel�th eÐnai mh jetikì, akìma ki an

kaneÐc �lloc pel�thc apofasÐsei na mhn mpei, dhlad  S2
e (q) ≤ 0, ∀q ∈ [0, 1]. Sunep¸c, h

bèltisth ap�nthsh tou eÐnai na mhn eisèljei kai h apìfash thc bèbaiac apoq¸rhshc eÐnai

kuriarqoÔsa strathgik .

2. An R ≥ C
µ−λ , tìte to kajarì kèrdoc tou epilegmènou pel�th eÐnai mh arnhtikì, akìma ki an

ìloi oi pel�tec apofasÐsoun na mpoun, dhlad  S2
e (q) ≥ 0, ∀q ∈ [0, 1]. Sunep¸c, h bèltisth

ap�nthsh tou eÐnai na eisèljei kai h apìfash thc bèbaiac eisìdou apoteleÐ kuriarqoÔsa

strathgik .

3. An kanèna apì ta parap�nw den isqÔei, dhlad  an C
µ
< R < C

µ−λ , tìte up�rqei mia tim  tou

q, tètoia ¸ste S2
e (q) = 0. Aut  h tim  eÐnai h qe = µ

λ

(
1− C

Rµ

)
. Gi aut  thn tim  tou q,

o epilegmènoc pel�thc eÐnai adi�foroc an ja mpei sto sÔsthma   ìqi, afoÔ to kèrdoc tou

eÐnai mhdèn. 'Etsi, opoiad pote strathgik  q ∈ [0, 1] eÐnai bèltisth ap�nthsh sthn qe. H

monadik  strathgik  pou eÐnai bèltisth ap�nthsh ston eautì thc eÐnai h qe, h opoÐa eÐnai

shmeÐo isorropÐac, all� den eÐnai kuriarqoÔsa strathgik .

Shmei¸noume ìti h S2
e (q) eÐnai fjÐnousa sun�rthsh wc proc q. Ac upojèsoume ìti ìloi oi up-

ìloipoi pel�tec akoloujoÔn thn Ðdia politik  q. An q < qe, tìte h bèltisth ap�nthsh tou

epilegmènou pel�th eÐnai na eisèljei sto sÔsthma (1), an q > qe, tìte h bèltisth ap�nthsh tou

epilegmènou pel�th eÐnai na apoqwr sei apì to sÔsthma (0), en¸ q = qe, tìte opoiad pote poli-

tik  metaxÔ 0 kai 1 eÐnai bèltisth ap�nthsh. Sunep¸c, h bèltisth ap�nthsh enìc pel�th eÐnai

fjÐnousa sun�rthsh thc strathgik c twn upoloÐpwn (blèpe epìmeno sq ma), �ra to montèlo

autì eÐnai ATP.

6

1

0
-

1qe

∗

KalÔterh ap�nthsh

45o
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SuneqÐzoume me to prìblhma thc koinwnik c beltistopoÐhshc sth mh parathr simh perÐptwsh

kai upojètoume ìti ìloi oi pel�tec akoloujoÔn thn Ðdia meikt  politik  q. To sÔsthma tìte

leitourgeÐ wc mia M/M/1 our� me rujmì �fixhc λq. To mèso pl joc pelat¸n sto sÔsthma

dÐnetai wc E(Q) = λq
µ−λq . Tìte to kajarì koinwnikì kèrdoc sth mon�da tou qrìnou eÐnai

S2
soc(q) = λqR− CE(Q) = λqR− C λq

µ−λq .

EÔkola mporoÔme na prosdiorÐsoume thn tim  q∗ ∈ [0, 1] pou megistopoieÐ thn parap�nw sun�rthsh.

Oi Edelson kai Hildebrand (1975) èdeixan ìti prokÔptoun oi ex c treic peript¸seic:

1. An R ≤ C
µ
, tìte q∗ = 0. S' aut n thn perÐptwsh, to sÔsthma, k�tw apì mia tètoia politik ,

paramènei suneq¸c kenì.

2. An C
µ
< R < C

µ

(
1− λ

µ

)2

, tìte q∗ = µ
λ

(
1−

√
C
Rµ

)
.

3. An R ≥ C
µ

(
1− λ

µ

)2

, tìte q∗ = 1.

AxÐzei na shmeiwjeÐ ìti, ìmoia me thn parathr simh perÐptwsh, isqÔei q∗ ≤ qe. SumperaÐnoume

kai ed¸ ìti, h atìmik  beltistopoÐhsh odhgeÐ se uperbolik  qr sh tou sust matoc, perissìterh

ap' ì,ti eÐnai koinwnik� epijumhtì. AitÐa tou fainomènou autoÔ eÐnai oi arnhtikèc epidr�seic

pou ep�goun oi pel�tec stouc metèpeita afiknoÔmenouc pel�tec, k�ti to opoÐo agnooÔn kat� th

stigm  l yhc thc apìfas c touc, wc proc to an ja eisèljoun   ìqi sto sÔsthma. Sthn epìmenh

par�grafo, ja anaferjoÔme se merik� istorik� stoiqeÐa.
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1.4 Merik� istorik� stoiqeÐa

H idèa thc an�lushc thc sumperifor�c twn pelat¸n me b�sh mia dom  amoib c - kìstouc

kai paigniojewrhtik� epiqeir mata an�getai stic prwtoporiakèc ergasÐec tou Naor (1965) kai

twn Edelson kai Hildebrand (1975). Oi suggrafeÐc autoÐ melèthsan to prìblhma thc eÔreshc

strathgik¸n eisìdou pou megistopoioÔn to atomikì ìfeloc, to koinwnikì ìfeloc kai to kèrdoc

tou diaqeirist , se mia M/M/1 our� me apl  grammik  dom  amoib c - kìstouc. Ektìc apì ta

qarakthristik� tou sust matoc, to epÐpedo plhrofìrhshc pou parèqetai stouc pel�tec kat� thn

�fixh touc kai prin l�boun thn apìfash touc, eÐnai èna kentrikì shmeÐo pou ephre�zei drastik�

th sumperifor� touc kai sunep¸c th sumperifor� tou sust matoc. O Naor (1969) melèthse

thn parathr simh perÐptwsh, ìpou k�je afiknoÔmenoc pel�thc parathreÐ thn our� kai sunep¸c

h plhroforÐa tou eÐnai o akrib c arijmìc twn parìntwn pelat¸n sto sÔsthma. Basismènoc s'

aut  thn plhroforÐa kaleÐtai na apofasÐsei an ja eisèljei sto sÔsthma   ìqi. Oi Edelson

kai Hildebrand (1975) melèthsan thn mh parathr simh perÐptwsh, ìpou k�je pel�thc l�mbanei

thn apìfas  tou q¸ric na èqei sth di�jes  tou kami� plhroforÐa. Kai sthn perÐptwsh aut ,

apofasÐzei an ja eisèljei sto sÔsthma   ìqi.

O Leeman (1964) anèfere treic stìqouc, oi opoÐoi mporoÔn na epiteuqjoÔn mèsw thc

diadikasÐac timolìghshc miac our�c anamon c. Pr¸ton, belti¸netai h di�jesh / katanom  twn

uparqìntwn pìrwn exuphrèthshc. DeÔteron, apokentr¸nontai oi apof�seic twn epiqeir sewn kai

tèloc kajodhgoÔntai oi makroprìjesmec ependutikèc apof�seic. O Leeman (1964) parèleiye

ènan polÔ shmantikì tètarto lìgo, o opoÐoc sumplhr¸jhke apì ton Naor (1969), dhlad  th

rÔjmish thc z thshc, h opoÐa, qwrÐc th diadikasÐa thc timolìghshc, teÐnei na odhgeÐ se uperbolik 

qr sh twn diajèsimwn pìrwn.

H idèa thc oikonomik c optik c sth JewrÐa Our¸n pou eis qjei me thn ergasÐa tou

Naor (1969) anaptÔqjhke peraitèrw apì �llouc ereunhtèc kai ètsi dhmiourg jhke mia arke-

ta ektetamènh bibliografÐa sthn perioq  aut . Ta teleutaÐa qrìnia, h èreuna sqetik� me thn

eÔresh politik¸n isorropÐac kai politik¸n pou megistopoioÔn to koinwnikì ìfeloc   to kèr-

doc tou diaqeirist , èqei d¸sei shmantik� apotelèsmata. PolloÐ suggrafeÐc èqoun melet sei

tètoia probl mata se sust mata our¸n pou enswmat¸noun di�fora qarakthristik� ìpwc pro-
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teraiìthtec (priorities), upanaq¸rhsh (reneging), epanaprosp�jeiec (retrials), k.a. Oi Hassin

kai Havin (2003) parousi�zoun sunoptik� ta jemelei¸dh montèla kai ta up�rqonta apotelès-

mata sthn ereunhtik  aut  perioq , me ploÔsiec bibliografikèc anaforèc. Diafora �rjra epÐshc

epikentr¸nontai sthn epÐdrash tou epipèdou thc plhroforÐac stic strathgikèc twn pelat¸n kai

thn apìdosh tou sust matoc, ìpwc p.q. Hassin kai Havin (1994), Chen kai Frank (2004),

Burnetas kai Economou (2007), Economou kai Kanta (2008), k.a. Sto parap�nw paigniojew-

rhtikì plaÐsio an�lushc enìc sust matoc our¸n, epekt�seic   genikeÔseic mporeÐ na odhg soun

se probl mata pou eÐnai arket� dÔskolo na analujoÔn majhmatik� kai na d¸soun apotelèsmata

se kleist  morf  gia tic strathgikèc isorropÐac   gia tic strathgikèc pou megistopoioÔn to

koinwnikì ìfeloc   to kèrdoc tou diaqeirist . Se k�poiec peript¸seic, h an�lush thc bèltisth-

c sumperifor�c twn pelat¸n me majhmatikèc medìdouc kajÐstatai adÔnath apì èna shmeÐo kai

Ôstera kai tìte eÐnai aparaÐthto na sumplhrwjeÐ me ektetamèna arijmhtik� peir�mata pou fwtÐ-

zoun di�forec ptuqèc twn antÐstoiqwn montèlwn.
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1.5 Dom  thc ergasÐac

To Kef�laio 1 perièqei basikèc ènnoiec kai orismoÔc, tìso apì thn jewrÐa our¸n ana-

mon c, ìso kai apo th stoiqei¸dh jewrÐa paignÐwn, ètsi ¸ste na eisaqjeÐ h anagkaÐa orologÐa

kai o sumbolismìc pou apaiteÐtai gia thn kalÔterh katanìhsh kai prosèggish twn problhm�twn

pou pragmateÔetai h paroÔsa ergasÐa.

Sto Kef�laio 2 eis�goume to montèlo mac, TaxÐ - LewforeÐo, sto opoÐo oi metakinoÔmenoi

kat� thn �fix  touc sth st�sh - pi�tsa, apofasÐzoun an ja metakinhjoÔn me taxÐ   lewforeÐo,

afou parathr soun   ìqi to m koc our�c pou èqei sqhmatisteÐ sthn pi�tsa twn taxÐ. Oi epibib�-

seic sta taxÐ pragmatopoioÔntai memonwmèna, en¸ sta lewforeÐa mazik�, ìpwc ja dieukrinÐsoume

sth sunèqeia thc ergasÐac mac. Tèloc, dÐnontai arijmhtik� peir�mata pou fwtÐzoun tic diaforèc

metaxÔ atomik c kai koinwnik c beltistopoÐhshc kai par�llhla, me thn parousÐash sqediagram-

m�twn, gÐnetai prosp�jeia sÔgkris c touc.

StoKef�laio 3 melet�me to montèlo mac, sthn perÐptwsh pou oi metakinoÔmenoi afiknoÔntai

men memonwmèna sth st�sh - pi�tsa, epibib�zontai de to polÔ dÔo �toma se k�je taxÐ. EpÐshc,

beltistopoioÔme kai ed¸ tìso thn atomik  wfèleia, pr¸ta sthn parathr simh kai Ôstera sthn

mh parathr simh perÐptwsh, ìso kai sunolik� to koinwnikì kèrdoc. Arijmhtik� peir�mata,

sto tèloc tou kefalaÐou, mac bohjoÔn kai ed¸ na diakrÐnoume tic diaforèc metaxÔ atomik c kai

koinwnik c beltistopoÐhshc, all� kai na sugkrÐnoume metaxÔ touc tic atomikèc, kaj¸c kai tic

koinwnikèc bèltistec apant seic twn metakinoÔmenwn twn kefalaÐwn 2 kai 3.
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Kef�laio 2

Montèlo TaxÐ - LewforeÐo

Memonwmènec afÐxeic kai epibib�seic

Eisagwg 

Sto kef�laio autì, ja asqolhjoÔme me thn Ôparxh kajar¸n kai meikt¸n strathgik¸n, all�

kai strathgik¸n tÔpou katwflÐou (threshold strategies) pou megistopoioÔn tìso thn atomik ,

ìso kai thn koinwnik  euhmerÐa, sthn parathr simh kai sth mh parathr simh perÐptwsh tou

montèlou mac. H di�krish metaxÔ parathr simhc kai mh parathr simhc perÐptwshc basÐzetai sto

kat� pìso oi metakinoÔmenoi pou afiknoÔntai sth st�sh - pi�tsa, mporoÔn   ìqi antÐstoiqa na

parathr soun ton arijmì twn parìntwn atìmwn. Oi ènnoiec autèc kai oi idiìthtec twn bèltistwn

strathgik¸n ja melethjoÔn leptomer¸c parak�tw. Sto tèloc tou kefalaÐou, me thn parousÐash

apotelesm�twn mèsw diagr�mmatwn apì sugkekrimèna arijmhtik� peir�mata, gr�foume merikèc

qr simec parathr seic, oi opoÐec mac bohjoÔn na katano soume kalÔtera tic diaforèc metaxÔ

atomik c kai koinwnik c beltistopoÐhshc. AkoloÔjwc, perigr�foume to basikì montèlo thc

ergasÐac.
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2.1 Perigraf  tou montèlou

1. Se mia st�sh - pi�tsa prosèrqontai metakinoÔmenoi (epib�tec) sÔmfwna me mia diadikasÐa

Poisson me rujmì λ.

2. Ta lewforeÐa ft�noun sÔmfwna me mia ananewtik  stoqastik  diadikasÐa, thc opoÐac oi

endi�mesoi qrìnoi èqoun katanom  FB(x). SumbolÐzoume me b ton anamenìmeno oriakì

prodromikì qrìno ananèwshc aut c thc ananewtik c stoqastik c diadikasÐac.

3. Ta taxÐ dièrqontai apì thn pi�tsa sÔmfwna me mia diadikasÐa Poisson me rujmì θ, dhlad 

oi endi�mesoi qrìnoi �fixhc twn taxÐ eÐnai anex�rthtoi, ekjetikoÐ me par�metro θ.

4. H wfèleia enìc metakinoÔmenou qrhsimopoi¸ntac taxÐ   lewforeÐo eÐnai RT   RΛ antÐs-

toiqa. H wfèleia aut  perilamb�nei thn ikanopoÐhsh pou aporrèei apì thn exuphrèths  -

metakÐnhs  tou me taxÐ   lewforeÐo.

5. To kìstoc an� mon�da qrìnou gia k�poion pou perimènei sthn pi�tsa   sth st�sh eÐnai

CT   CΛ antÐstoiqa. To kìstoc autì sussswreÔetai mìno kat� th di�rkeia anamon c tou

metakinoÔmenou sthn our� thc pi�tsac twn taxÐ   th st�sh twn lewforeÐwn kai ìqi kat�

th di�rkeia thc metakÐnhs c tou.

6. H peijarqÐa our�c sthn pi�tsa twn taxÐ eÐnai First Come First Served (FCFS), dhlad 

up�rqei seir� proteraiìthtac gia k�je metakinoÔmeno pou afikneÐtai.

Arqik�, jewroÔme ìti k�je taxÐ pou dièrqetai qrhsimopoieÐtai apì ènan metakinoÔmeno. Se

perÐptwsh pou den anamènei kaneÐc sthn pi�tsa, ta taxÐ anaqwroÔn ��deia� kai den perimènoun

èwc ìtou afiqjeÐ k�poioc. JewroÔme, epÐshc, ìti o qrìnoc epibÐbashc twn metakinoÔmenwn eÐnai

amelhtèoc.

Sta lewforeÐa den up�rqei ìrio qwrhtikìthtac. 'Osoi perimènoun sth st�sh, epibib�zontai k�je

for� ìloi kai anaqwroÔn.

Upojètoume ìti sth st�sh kai sthn pi�tsa up�rqei �peirh qwrhtikìthta. Oi metakinoÔmenoi

epitrèpetai na apofasÐsoun mìno kat� thn �fix  touc poio mèso metafor�c ja qrhsimopoi soun
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kai h apìfash touc aut  eÐnai amet�klhth. Eidikìtera, ìtan ènac metakinoÔmenoc epilèxei to

mèso metafor�c pou ja metakinhjeÐ, den epitrèpetai na apoqwr sei apì th st�sh   thn pi�tsa

prin thn exuphrèths  tou ( ìqi upanaqwr seic ). EpÐshc, k�je metakinoÔmenoc pou den epijumeÐ

na metakinhjeÐ me taxÐ   lewforeÐo, apoqwreÐ kai den epistrèfei potè ( ìqi epanaprosp�jeiec ).

Tèloc, oi metakinoÔmenoi endiafèrontai na megistopoi soun to anamenìmeno kajarì kèrdoc touc.

Parat rhsh

H anwtèrw upìjesh (3) mporeÐ na tropopoihjeÐ kai na gÐnei pio realistik  an upojèsoume

epiplèon ìti ta taxÐ eÐnai �eleÔjera� me pijanìthta q. Tìte èpetai ìti, oi qrìnoi dièleushc twn

taxÐ ja eÐnai anex�rthtoi, ekjetikoÐ me par�metro θq.

Sthn epìmenh par�grafo, ja melet soume thn parathr simh perÐptwsh tou montèlou mac.
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2.2 Parathr simh perÐptwsh - Atomik  beltistopoÐhsh

Upojètoume ìti, k�je metakinoÔmenoc, kat� thn �fix  tou sth st�sh - pi�tsa, parathreÐ

pr¸ta ton akrib  arijmì twn parìntwn atìmwn pou perimènoun gia taxÐ kai met� epilègei poio

mèso metafor�c ja qrhsimopoi sei. To sÔnolo twn dunat¸n apof�sewn k�je metakinoÔmenou

pou brÐskei th st�sh - pi�tsa sthn kat�stash n eÐnai Sn = {T,Λ}, ìpou to gr�mma T sum-

bolÐzei thn apìfash thc metakÐnhshc me taxÐ kai to gr�mma Λ thn apìfash thc metakÐnhshc me

lewforeÐo, gia th dedomènh kat�stash. ApodeiknÔoume ìti up�rqei strathgik  isorropÐac tÔpou

katwflÐou kai pio sugkekrimèna, up�rqei èna epÐpedo (kat¸fli) tètoio ¸ste ènac metakinoÔmenoc

pou fj�nei sth st�sh - pi�tsa mpaÐnei sthn our� anamon c gia taxÐ, mìno an to pl joc twn

parìntwn atìmwn den uperbaÐnei to epÐpedo autì.

Je¸rhma 2 Sthn parathr simh perÐptwsh tou montèlou, up�rqei èna kat¸fli ne pou dÐnetai

apì th sqèsh

ne = bθ(RT −RΛ + CΛb)

CT
c − 1,

tètoio ¸ste h strathgik  {parat rhse ton arijmì QT (t) twn metakinoÔmenwn sthn pi�tsa twn

taxÐ, mpec sthn our� an QT (t) ≤ ne, diaforetik� p�re lewforeÐo} eÐnai h monadik  kuriarqoÔsa

kajar  strathgik  isorropÐac. Me bxc sumbolÐzoume to k�tw akèraio mèroc tou arijmoÔ x,

dhlad  bxc = {max z∈Z : z ≤ x}.

Apìdeixh

O pr¸toc metakinoÔmenoc pou fj�nei sthn pi�tsa, lìgw thc amn monhc idiìthtac thc ekjetik c

katanom c, ja perimènei mèso qrìno 1
θ

èwc ìtou epibibasjeÐ se taxÐ. 'Etsi, ton sumfèrei na

qrhsimopoi sei taxÐ, efìson isqÔei h akìloujh anÐswsh

RT − CT
1

θ
≥ RΛ − CΛb, (2.1)

dhlad  an to kèrdoc tou, ìtan afikneÐtai pr¸toc sth st�sh - pi�tsa kai epilègei to taxÐ wc

mèso metafor�c tou, eÐnai megalÔtero   Ðso apì ekeÐno pou ja apokìmize an qrhsimopoioÔse
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to lewforeÐo. Diaforetik� ex' arq c, akìmh kai ekeÐnoi pou ja èbriskan thn pi�tsa ken , ja

protimoÔsan na metakinhjoÔn me lewforeÐo kai kanènac den ja eÐqe lìgo na epilèxei to taxÐ

wc mèso metafor�c tou. 'Etsi, efìson isqÔei h sqèsh (2.1), oi pr¸toi metakinoÔmenoi, pou ja

afiqjoÔn sth st�sh - pi�tsa mèqri kai ton n-ostì, ja epilèxoun taxÐ, miac kai to kèrdoc touc ja

eÐnai megalÔtero, en¸ oi upìloipoi ja qrhsimopoi soun lewforeÐo. Sunep¸c, o rujmìc �fixhc

twn metakinoÔmenwn mèqri kai ton n-ostì eÐnai λ, kajìson me pijanìthta 1 epilègoun taxÐ, en¸

apì ton n-ostì kai Ôstera eÐnai mhdèn, afoÔ plèon me pijanìthta 1 protimoÔn to lewforeÐo.

'Estw KT = RT − CTE(ST ) kai KΛ = RΛ − CΛE(SΛ) h wfèleia ènoc metakinoÔmenou, o

opoÐoc qrhsimopoieÐ to taxÐ   to lewforeÐo antÐstoiqa. GnwrÐzoume ìti o mèsoc qrìnoc E(ST )

dièleushc twn taxÐ apì thn pi�tsa eÐnai ekjetikìc me par�metro θ, �ra o pr¸toc metakinoÔmenoc

ja perimènei mèso qrìno 1
θ
, o deÔteroc 2 · 1

θ
, o trÐtoc 3 · 1

θ
k.o.k. 'Opote ènac metakinoÔmenoc

pou fj�nei sthn pi�tsa kai blèpei n �toma na perimènoun gia taxÐ, eisèrqetai sthn our�, ìtan

isqÔei

KT ≥ KΛ   RT − CTE(ST ) ≥ RΛ − CΛE(SΛ)   RT − CT · n+1
θ
≥ RΛ − CΛ · b  

n ≤ bθ(RT −RΛ + CΛb)

CT
c − 1, (2.2)

diaforetik� protim� na metakinhjeÐ me lewforeÐo. 'Estw ne = b θ(RT−RΛ+CΛb)
CT

c. Tìte h bèltisth

strathgik  eÐnai (T, T, ..., T,Λ,Λ,Λ, ...) apoteloÔmenh apì ne to pl joc gr�mmata T stic pr¸tec

suntetagmènec kai Λ stic upìloipec. Aut  h strathgik  antistoiqeÐ sthn kajar  strathgik 

katwflÐou me kat¸fli ne kai m�lista eÐnai kuriarqoÔsa strathgik  isorropÐac. EpÐshc, blèpoume

ìti to kat¸fli eÐnai anex�rthto tou rujmoÔ �fixhc λ twn metakinoÔmenwn sth st�sh - pi�tsa.

�

Parat rhsh

Up�rqoun kai strathgikèc isorropÐac pou den eÐnai tÔpou katwflÐou. An ènac metakinoÔmenoc

eisèrqetai ìtan h our� sthn pi�tsa twn taxÐ den èqei mègejoc ne, tìte aut  eÐnai mia politik 

isorropÐac ìqi tÔpou katwflÐou. Eidik� sthn perÐptwsh aut , oi katast�seic j tou sust matoc
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gia j ≥ ne+1 eÐnai metabatikèc kai epomènwc den parathroÔntai. 'Ara, den paÐzoun rìlo oi apof�-

seic pou aforoÔn tic katast�seic autèc ìson afor� th sumperifor� (kai �ra ta makroprìjesma

mètra kèrdouc) tou sust matoc.
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2.3 Mh Parathr simh perÐptwsh - Atomik  beltistopoÐhsh

Upojètoume t¸ra ìti, fj�nontac oi metakinoÔmenoi sth st�sh - pi�tsa, den parathroÔn ton

arijmì twn atìmwn pou perimènoun sthn our� gia taxÐ kai genik� kat� thn �fix  touc den diajè-

toun kami� plhroforÐa sqetik� me to pl joc twn  dh parìntwn atìmwn sthn pi�tsa. H apìfash

pou prèpei na l�boun th stigm  thc �fix c touc eÐnai an ja metakinhjoÔn me taxÐ   me lewforeÐo.

To sÔnolo twn kajar¸n strathgik¸n k�je metakinoÔmenou eÐnai kai ed¸ S = {T,Λ}. Tìte, o

qrìnoc anamon c enìc metakinoÔmenou, pou ja qrhsimopoi sei taxÐ, exart�tai apì thn epilog 

pou ja k�noun ki oi �lloi. Eidikìtera, ìso mikrìteroc eÐnai o rujmìc �fixhc atìmwn sthn pi�t-

sa twn taxÐ, tìso mikrìteroc ja eÐnai kai o mèsoc qrìnoc anamon c enìc epilegmènou pel�th,

k�nontac th metafor� me taxÐ perissìtero elkustik . AntÐjeta, an ènac meg�loc arijmìc atìmwn

qrhsimopoieÐ thn uphresÐa twn taxÐ, tìte o mèsoc qrìnoc anamon c enìc epilegmènou pel�th ja

eÐnai meg�loc, me apotèlesma na eÐnai ligìtero prìjumoc na metakinhjeÐ me taxÐ. 'Epetai loipìn

pwc ìso perissìteroi epilègoun thn uphresÐa twn taxÐ, tìso ligìtero ènac metakinoÔmenoc epi-

jumeÐ na qrhsimopoi sei to taxÐ wc mèso metafor�c tou. Upojètoume ìti, ìloi oi metakinoÔmenoi

akoloujoÔn thn Ðdia meikt  strathgik  p. Autì shmaÐnei ìti epilègoun na qrhsimopoi soun to

taxÐ me pijanìthta p, en¸ me pijanìthta 1−p to lewforeÐo. Tìte èqoume to akìloujo je¸rhma.

Je¸rhma 3 Sth mh parathr simh perÐptwsh tou montèlou, h strathgik  {Fj�nontac sth

st�sh - pi�tsa th qronik  stigm  t, mpec sth our� gia taxÐ me pijanìthta pe}, ìpou h pe dÐnetai

apì th sqèsh

pe =



0 , 0 < θ < CT
RT−RΛ+CΛb

θ− CT
RT−RΛ+CΛb

λ
, CT
RT−RΛ+CΛb

≤ θ < λ+ CT
RT−RΛ+CΛb

1 , θ ≥ λ+ CT
RT−RΛ+CΛb

eÐnai h monadik  meikt  strathgik  isorropÐac.
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Apìdeixh

An isqÔei h anisìthta RT − CT 1
θ
< RΛ − CΛb, dhlad  an h wfèleia enìc metakinoÔmenou, pou

fj�nei pr¸toc sth st�sh - pi�tsa kai epilègei na metakinhjeÐ me taxÐ, eÐnai mikrìterh apì ekeÐn-

h pou ja eisèpratte an qrhsimopoioÔse to lewforeÐo wc mèso metafor�c tou, tìte profan¸c

ja epèlege to lewforeÐo, ìpwc kai ìloi oi upìloipoi met� ap' autìn. 'Etsi, prokÔptei ìti h

strathgik  pe = 0, dhlad  h strathgik  {Fj�nontac ènac metakinoÔmenoc sth st�sh - pi�tsa

th qronik  stigm  t, epilègei me pijanìthta 0 na metakinhjeÐ me taxÐ, �ra me pijanìthta 1 na

qrhsimopoi sei to lewforeÐo}, eÐnai monadik  kuriarqoÔsa kajar  strathgik  isorropÐac, ìpwc

faÐnetai kai sto akìloujo sqedi�gramma.

6

1

0
-

1
∗

KalÔterh ap�nthsh

45o

Sqedi�gramma: KalÔterh ap�nthsh ènanti sto posostì aut¸n pou qrhsimopoioÔn taxÐ.

Profan¸c, h strathgik  aut  eÐnai exeliktik� eustaj c strathgik  (EES).

Upojètoume t¸ra ìti isqÔei

RT − CT 1
θ
≥ RΛ − CΛb   RT −RΛ + CΛb ≥ CT

1
θ
> 0  

θ ≥ CT
RT −RΛ + CΛb

. (2.3)

Diaisjhtik� tìte, èna posostì metakinoÔmen¸n pou fj�noun sth st�sh - pi�tsa èqoun

kÐnhtro kai ¸feloc na qrhsimopoi soun to taxÐ wc mèso metafor�c touc. MporoÔme na an-

timetwpÐsoume to prìblhma wc èna summetrikì paiqnÐdi metaxÔ twn metakinoÔmenwn, efìson den

mporoÔn na diaqwristoÔn metaxÔ touc, dedomènou ìti èqoun ìloi to Ðdio sÔnolo strathgik¸n

apì to opoÐo kaloÔntai na epilèxoun (metakÐnhsh me taxÐ   lewforeÐo). 'Estw ìti, oi metakinoÔ-

menoi qrhsimopoioÔn thn Ðdia meikt  strathgik  0 < p < 1. Autì shmaÐnei ìti, an apofasÐsoun

na metakinhjoÔn me taxÐ   lewforeÐo, tìte eisèrqontai sthn pi�tsa me pijanìthta p, en¸ me
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pijanìthta 1− p metabaÐnoun sth st�sh. Tìte, oi afÐxeic sthn pi�tsa twn taxÐ sumbaÐnoun sÔm-

fwna me mia diadikasÐa Poisson me rujmì λp. Aut  h strathgik  ja eÐnai strathgik  isorropÐac

an oi metakinoÔmenoi eÐnai adi�foroi gia to poio mèso metafor�c ja qrhsimopoi soun kai sunep¸c

kaneÐc metakinoÔmenoc den èqei kÐnhtro na all�xei thn arqik  tou epilog .

SumbolÐzontac me QT (t) to m koc our�c twn atìmwn sthn pi�tsa th qronik  stigm  t,

eÐnai fanerì ìti, h {QT (t), t ≥ 0} eÐnai mia stoqastik  diadikasÐa gènnhshc - jan�tou me q¸ro

katast�sewn ST = {0, 1, 2, ...} kai rujmoÔc gènnhshc kai jan�tou, λp kai θ antÐstoiqa. To

antÐstoiqo di�gramma rujm¸n met�bashc èqei th morf 

WVUTPQRS0

λp

��

WVUTPQRS1

θ

^^

λp

��

WVUTPQRS2

θ

^^

λp

��

WVUTPQRS3

λp

��

θ

^^
...

θ

\\

H genik  sunj kh Ôparxhc st�simhc katanom c gÐnetai

B−1 = 1 +
∞∑
n=1

λ0λ1 · · · λn−1

θ1θ2 · · · θn
= 1 +

∞∑
n=1

(λp)n

θn
=
∞∑
n=0

(
λp

θ

)n
=

1

1− λp
θ

<∞, (2.4)

an
λp

θ
< 1 ⇐⇒ λp < θ. (2.5)

H sqèsh (2.5) apoteleÐ anagkaÐa sunj kh ¸ste to sÔsthma na eÐnai eustajèc.

'Etsi, h oriak  katanom  pijanìthtac tou m kouc our�c twn atìmwn sthn pi�tsa twn taxÐ eÐnai

pn = B
λ0λ1 · · · λn−1

θ1θ2 · · · θn
=

(
1− λp

θ

)(
λp

θ

)n
, n = 0, 1, 2, · · ·, (2.6)

dhlad  gewmetrik  katanom  me par�metro λp
θ
.

O mèsoc arijmìc aut¸n eÐnai

E(QT ) =
λp
θ

1− λp
θ

=
λp

θ − λp
, (2.7)

en¸ o mèsoc qrìnoc anamon c touc, sÔmfwna me to je¸rhma Little, isoÔtai me

E(ST ) =
E(QT )

λp
=

1

θ − λp
. (2.8)

'Etsi, ènac metakinoÔmenoc qrhsimopoieÐ taxÐ, ìtan isqÔei
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KT > KΛ   RT − CTE(ST ) > RΛ − CΛE(SΛ)  

RT − CT 1
θ−λp > RΛ − CΛb  

p <
θ − CT

RT−RΛ+CΛb

λ
, (2.9)

diaforetik� phgaÐnei sth st�sh kai perimènei to lewforeÐo. 'Etsi, jètontac pe =
θ− CT

RT−RΛ+CΛb

λ

kai upojètontac ìti ìloi oi metakinoÔmenoi akoloujoÔn thn Ðdia politik  p, tìte, an p < pe,

h bèltisth ap�nthsh tou epilegmènou metakinoÔmenou eÐnai na metakinhjeÐ me taxÐ, an p > pe, h

bèltisth ap�nthsh eÐnai na metakinhjeÐ me lewforeÐo, en¸ an p = pe, opoiad pote politik  metaxu

T kai Λ eÐnai bèltisth ap�nthsh. Sqhmatik�.

6

1

0
-

1pe

∗

KalÔterh ap�nthsh

45o

Sqedi�gramma: KalÔterh ap�nthsh ènanti sto posostì aut¸n pou qrhsimopoioÔn taxÐ.

'Opwc faÐnetai apì to sqedi�gramma, shmei¸noume ìti, to montèlo mac eÐnai tÔpou AntÐjeta

me to pl joc, dhlad  h bèltisth ap�nthsh enìc metakinoÔmenou eÐnai fjÐnousa sun�rthsh thc

akoloujoÔmenhc strathgik c apì touc �llouc metakinoÔmenouc. 'Otan eÐnai pe = p, tìte ènac

metakinoÔmenoc eÐnai adi�foroc metaxÔ thc metakÐnhshc me taxÐ   lewforeÐo, afoÔ to kèrdoc tou

eÐnai Ðdio. 'Etsi, opoiad pote strathgik  p ∈ [0, 1] eÐnai bèltisth ap�nthsh sthn pe. To monadikì

shmeÐo strathgik c isorropÐac, dhlad  h monadik  strathgik  pou eÐnai bèltisth ap�nthsh ston

eautì thc, eÐnai h pe. Sthn perÐptwsh aut , h meikt  strathgik  pe eÐnai shmeÐo isorropÐac,

all� den eÐnai kuriarqoÔsa strathgik . Shmei¸noume epÐshc ìti, h strathgik  aut  eÐnai exe-

liktik� eustaj c. Genik�, ìso perissìtera �toma protimoÔn to taxÐ gia na metakinhjoÔn, tìso

ligìtero ènac epilegmènoc metakinoÔmenoc epijumeÐ na qrhsimopoi sei to taxÐ   isodÔnama tìso

perissìtero protim� to lewforeÐo.
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Sthn perÐptwsh t¸ra pou isqÔei
θ− CT

RT−RΛ+CΛb

λ
≥ 1   isodÔnama θ ≥ λ + CT

RT−RΛ+CΛb
,

tìte ènac epilegmènoc metakinoÔmenoc qrhsimopoieÐ to taxÐ wc mèso metafor�c tou me pijanìthta

pe = 1 kai aut  eÐnai h monadik  kuriarqoÔsa kajar  strathgik  isorropÐac, h opoÐa eÐnai ki

aut  exeliktik� eustaj c strathgik .

Sqhmatik�.

6

1

0
-

1pe

∗

KalÔterh ap�nthsh

45o

Sqedi�gramma: KalÔterh ap�nthsh ènanti sto posostì aut¸n pou qrhsimopoioÔn taxÐ.

�

Sthn epìmenh par�grafo, proqwroÔme me to prìblhma megistopoÐhshc tou koinwnikoÔ kèrdouc.
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2.4 Koinwnik  beltistopoÐhsh

AnazhtoÔme èna kat¸fli nsoc, to opoÐo megistopoieÐ to mèso kajarì koinwnikì kèrdoc sth

mon�da tou qrìnou. Arqik�, èstwKsocial(n) h sun�rthsh tou mèsou kajaroÔ koinwnikoÔ kèrdouc

sth mon�da tou qrìnou. Aut  dÐnetai sto epìmeno je¸rhma.

Je¸rhma 4 H sun�rthsh tou mèsou kajaroÔ koinwnikoÔ kèrdouc Ksocial(n) sth mon�da tou

qrìnou, dedomènhc miac politik c katwflÐou n pou akoloÔjoÔn oi metakinoÔmenoi, dÐnetai apì th

sqèsh

Ksocial(n) = λ(1− pn)RT + λpnRΛ − CTE(QT )− CΛλpnb,

ìpou

E(QT ) =


ρ

1−ρ ·
1−(n+1)ρn+nρn+1

1−ρn+1 , ρ = λ
θ
6= 1

n
2

, ρ = 1

kai

pk =


1−ρ

1−ρn+1ρ
k , ρ = λ

θ
6= 1

1
n+1

, ρ = 1

me k = 0, 1, 2, ..., n.

Apìdeixh

'Eqoume sumper�nei ìti, ìtan oi metakinoÔmenoi akoloujoÔn mia politik  katwflÐou n sthn pi�t-

sa twn taxÐ, prokÔptei mia our� anamon c M/M/1/n, ìpou n eÐnai o mègistoc arijmìc atìmwn

pou mporeÐ na anamènoun sthn pi�tsa.

To antÐstoiqo di�gramma rujm¸n met�bashc èqei th morf 

_^]\XYZ[0

λ
##

_^]\XYZ[1

θ

cc

λ
##

_^]\XYZ[2

θ

cc

λ
##

_^]\XYZ[3

θ

cc

... _^]\XYZ[n− 1

λ
##

_^]\XYZ[n

θ

``
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To sÔsthma eÐnai p�nta eustajèc, afoÔ o q¸roc anamon c eÐnai peperasmènoc. H stajer� kanon-

ikopoÐhshc gia th st�simh katanom  brÐsketai upologÐzontac to �jroisma

B−1 = 1 +
n∑
k=1

λ0λ1 · · · λk−1

θ1θ2 · · · θk
= 1 +

n∑
k=1

λk

θk
=

n∑
k=0

(
λ

θ

)k
=

n∑
k=0

ρk =
1− ρn+1

1− ρ
, (2.10)

ìpou ρ = λ
θ
.

H oriak  katanom  tou m kouc our�c èqei tìte th morf 

pk =


ρk∑n
k=0 ρ

k = 1−ρ
1−ρn+1ρ

k , ρ = λ
θ
6= 1

1
n+1

, ρ = λ
θ

= 1 ,
(2.11)

ìpou k = 0, 1, 2, ..., n.

H mèsh tim  tou m kouc our�c eÐnai

E(QT ) =


ρ

1−ρ ·
1−(n+1)ρn+nρn+1

1−ρn+1 , ρ = λ
θ
6= 1

n
2

, ρ = 1.
(2.12)

An sumbolÐsoume me λ∗ ton pragmatikì rujmì �fixhc atìmwn sthn pi�tsa twn taxÐ, èqoume

λ∗ = λ ·

 h pijanìthta ènac pel�thc kat� thn �fix  tou

na dei to polÔ n− 1 pel�tec sthn pi�tsa

 (2.13)

OrÐzontac rk thn pijanìthta ènac metakinoÔmenoc pou afikneÐtai sthn pi�tsa na antikrÐsei k

�toma, tìte, lìgw thc idiìthtac PASTA, ja isqÔei

rk = pk,

ìpou pk h st�simh pijanìthta na up�rqoun k �toma sthn pi�tsa. IsodÔnama tìte, h sqèsh (2.13)

gr�fetai

λ∗ = λ(1− rn) = λ(1− pn), (2.14)
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ìpou

1− pn =

 1− 1−ρ
1−ρn+1ρ

n = 1−ρn
1−ρn+1 , ρ = λ

θ
6= 1

1− 1
n+1

= n
n+1

, ρ = 1
(2.15)

eÐnai to posostì twn metakinoÔmenwn pou exuphretoÔntai me taxÐ. Apì thn �llh, o rujmìc

�fixhc atìmwn sth st�sh twn lewforeÐwn isoÔtai me λpn kai, ìpwc gnwrÐzoume, o mèsoc qrìnoc

anamon c touc eÐnai E(SΛ) = b, �ra to mèso pl joc, sÔmfwna me to je¸rhma Little, isoÔtai me

E(QΛ) = λpnb. (2.16)

'Etsi, to koinwnikì kèrdoc Ksocial(n) sth mon�da tou qrìnou gr�fetai

Ksocial(n) =

 koinwnik  wfèleia

an� mon�da qrìnou

−
 koinwnikì kìstoc

an� mon�da qrìnou

 =

=


koinwnik  wfèleia apì thn

exuphrèthsh me taxÐ

sth mon�da tou qrìnou

+


koinwnik  wfèleia apì thn

exuphrèthsh me lewforeÐo

sth mon�da tou qrìnou

−

−


koinwnikì kìstoc

anamon c sthn pi�tsa

an� mon�da qrìnou

−


koinwnikì kìstoc

anamon c sth st�sh

an� mon�da qrìnou

 =

=


pragmatikìc

rujmìc afÐxewn

sthn pi�tsa




wfèleia apì thn

exuphrèthsh

me taxÐ

+


pragmatikìc

rujmìc afÐxewn

sth st�sh




wfèleia apì thn

exuphrèthsh

me lewforeÐo

−
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−


kìstoc

anamon c an�

mon�da qrìnou




mèsoc arijmìc

pelat¸n

sthn pi�tsa

−


kìstoc

anamon c an�

mon�da qrìnou




mèsoc arijmìc

pelat¸n

sth st�sh

 .

'Epetai loipìn ìti, h sun�rthsh tou koinwnikoÔ kèrdouc paÐrnei th morf 

Ksocial(n) = λ(1− pn)RT + λpnRΛ − CTE(QT )− CΛE(QΛ),

h opoÐa, me th bo jeia thc sqèshc (2.16), gr�fetai

Ksocial(n) = λ(1− pn)RT + λpnRΛ − CTE(QT )− CΛλpnb. (2.17)

'Etsi, apì tic sqèseic (2.12), (2.14) kai (2.15), gia ρ = λ
θ
6= 1, to koinwnikì kèrdoc Ksocial(n)

sth mon�da tou qrìnou isoÔtai me

Ksocial(n) = λ 1−ρn
1−ρn+1RT + λ 1−ρ

1−ρn+1ρ
nRΛ − CT ρ

1−ρ
1−(n+1)ρn+nρn+1

1−ρn+1 − CΛλ
1−ρ

1−ρn+1ρ
nb, (2.18)

en¸ gia ρ = 1, isoÔtai me

Ksocial(n) = λ n
n+1

RT + λ 1
n+1

RΛ − CT n2 − CΛλ
1

n+1
b (2.19)

�

Me th bo jeia tou logismikoÔ MATLAB, brÐskoume se arijmhtik� paradeÐgmata th s-

trathgik  katwflÐou nsoc, h opoÐa megistopoieÐ to mèso kajarì koinwnikì kèrdoc Ksocial(n) sth

mon�da tou qrìnou. H strathgik  aut  eÐnai {Mpec sthn our� gia taxÐ, an to pl joc twn  dh

parìntwn metakinoÔmenwn sthn pi�tsa eÐnai mikrìtero   Ðso tou nsoc, diaforetik� p gaine sth

st�sh kai p�re to lewforeÐo}.

KleÐnontac to kef�laio autì, ja anafèroume sth sunèqeia arijmhtik� paradeÐgmata tou mon-

tèlou mac, apotelèsmata twn opoÐwn parousi�zontai mèsw sqediagramm�twn kai mac bohjoÔn na

katano soume tic diaforèc metaxÔ atomik c kai koinwnik c beltistopoÐhshc.
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2.5 Arijmhtik� paradeÐgmata - Sumper�smata

Me th bo jeia tou logismikoÔ MATLAB, eÐmaste plèon se jèsh na parousi�soume merik�

arijmhtik� paradeÐgmata gia di�forec timèc twn RT , RΛ, CT , CΛ, λ, θ kai b.

Arqik�, èstw RT = RΛ = 20, CT = CΛ = 1 kai b = 5. 'Opwc faÐnetai sta epìmena sqediagr�m-

mata 1 kai 2, parathroÔme ìti, metab�llontac mìno, eÐte ton rujmì �fixhc λ twn metakinoÔmenwn

sth st�sh - pi�tsa   ton rujmì dieÔleushc θ twn taxÐ apì thn pi�tsa, h tim  katwflÐou nsoc

thc bèltisthc politik c gia th megistopoÐhsh tou koinwnikoÔ kèrdouc eÐnai mikrìterh thc tim -

c katwflÐou ne, ìpou ne eÐnai to kat¸fli ekeÐno sto opoÐo ènac afiknoÔmenoc metakinoÔmenoc

mpaÐnei sthn our� gia taxÐ mìno an to pl joc twn parìntwn atìmwn den uperbaÐnei to kat¸fli

autì.

Sq ma 2.1: Ta epÐpeda katwflÐou ne kai

nsoc sunart sei tou θ.

Sq ma 2.2: Ta epÐpeda katwflÐou ne kai

nsoc sunart sei tou λ.

ne
nsoc

ne
nsoc

Mei¸nontac t¸ra mìno thn amoib  RT enìc metakinoÔmenou pou qrhsimopoieÐ taxÐ sthn tim  17,

èpontai sthn epìmenh selÐda ta sqediagr�mmata 2.3 kai 2.4.
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Sq ma 2.3: Ta epÐpeda katwflÐou ne kai

nsoc sunart sei tou θ.

Sq ma 2.4: Ta epÐpeda katwflÐou ne kai

nsoc sunart sei tou λ.

ne
nsoc

ne
nsoc

Parathr¸ntac ta sqediagr�mata 2.1 èwc 2.4, diapist¸noume plèon ìti, h diafor� metaxÔ

twn nsoc kai ne èqei meiwjeÐ aisjht�, dhlad  oi metakinoÔmenoi teÐnoun na akolouj soun thn

koinwnik� bèltisth politik  katwflÐou nsoc antÐ thc atomik� sumfèrousac politik c ne.

AkoloÔjwc, diathr¸ntac thn amoib  RT sthn tim  17 kai aux�nontac to kìstoc CT sth mon�da

tou qrìnou enìc atìmou pou perimènei sthn pi�tsa, faÐnetai, sta sqediagr�mmata 2.5 kai 2.6 ìti,

an kai h metakÐnhsh me taxÐ èqei gÐnei akìmh ligìtero elkustik , entoÔtoic h atomik  politik 

katwflÐou ne suneqÐzei na mac odhgeÐ se megalÔterec ourèc sthn pi�tsa twn taxÐ ap' ì,ti eÐnai

koinwnik� epijumhtì.

Sq ma 2.5: Ta epÐpeda katwflÐou ne kai

nsoc sunart sei tou θ.

Sq ma 2.6: Ta epÐpeda katwflÐou ne kai

nsoc sunart sei tou λ.

ne
nsoc

ne
nsoc
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En suneqeÐa sta sqediagr�mmata 2.7 kai 2.8, faÐnetai pwc metab�lletai o lìgoc PoA =

Ksocial(nsoc)
Ksocial(ne)

(Price of Anarchy ≡ PoA) diathr¸ntac stajèrec tic paramètrouc RΛ = 20,

CΛ = 1 kai b = 5 kai epibarÔnontac sugkritik� tic antÐstoiqec timèc twn RT kai CT , �llote

gia di�forec timèc tou θ kai �llote gia di�forec timèc tou λ.

Sq ma 2.7: O lìgoc PoA sunart sei tou

θ, gia RΛ = 20, CΛ = 1, λ = 4 kai b = 5.

Sq ma 2.8: O lìgoc PoA sunart sei tou

λ, gia RΛ = 20, CΛ = 1, θ = 4 kai b = 5.

RT = 20,
CT = 1

RT = 17,
CT = 1

RT = 17,
CT = 1.5

Sta akìlouja sqediagr�mmata 2.9 kai 2.10, faÐnetai pwc metab�lletai o lìgoc PoA = Ksocial(nsoc)
Ksocial(ne)

diathr¸ntac stajèrec tic paramètrouc RΛ = 20, CΛ = 1 kai b = 5 kai belti¸nontac sugkri-

tik� tic antÐstoiqec timèc twn RT kai CT , �llote gia di�forec timèc tou θ kai �llote gia di�forec

timèc tou λ.

Sq ma 2.9: O lìgoc PoA sunart sei tou

θ, gia RΛ = 20, CΛ = 1, λ = 4 kai b = 5.

Sq ma 2.10: O lìgoc PoA sunart sei tou

λ, gia RΛ = 20, CΛ = 1, θ = 4 kai b = 5.

RT = 20,
CT = 1

RT = 25,
CT = 1

RT = 25,
CT = 0.7

ParathroÔme loipìn apì ta sqediagr�mmata 2.7 kai 2.9 ìti, ìso aux�netai o rujmìc dièleushc
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θ twn taxÐ se sqèsh me ton rujmì �fixhc λ atìmwn sth st�sh - pi�tsa, to koinwnikì kèrdoc

pou antistoiqeÐ sthn tim  katwflÐou ne teÐnei na gÐnei Ðso me to koinwnikì kèrdoc pou antistoiqeÐ

sthn tim  katwflÐou nsoc. Mia basik  aitÐa diaforopoÐhshc metaxÔ atomik c kai koinwnik c

beltistopoÐhshc apoteleÐ to gegonìc ìti, kajè neoafiqjeÐc metakinoÔmenoc sthn pi�tsa twn taxÐ,

an kai den dhmiourgeÐ arnhtikèc epidr�seic sta �toma pou brÐskontai mprost� ap' autìn, lìgw

peijarqÐac our�c FCFS sthn pi�tsa, entoÔtoic dhmiourgeÐ en agnoÐa tou arnhtikèc epidr�seic se

pijanèc mellontikèc afÐxeic metakinoÔmenwn.

Sth sunèqeia se koinì sqedi�gramma, gia RT = RΛ = 20, CT = CΛ = 1 kai b = 5

parousi�zoume to mèso kajarì koinwnikì kèrdoc Ksocial sunart sei twn ne, nsoc, pe kai psoc,

�llote gia di�forec timèc tou θ kai λ = 4 kai �llote gia di�forec timèc tou λ kai θ = 4, ìpou oi

timèc twn Ksocial(ne) kai Ksocial(pe) antistoiqoÔn stic politikèc ne kai pe thc parathr simhc kai

mh parathr simhc kat�stashc tou montèlou mac, en¸ oi timèc twn Ksocial(nsoc) kai Ksocial(psoc)

antistoiqoÔn stic politikèc nsoc kai psoc gia tic opoÐec megistopoieÐtai to mèso kajarì koinwnikì

kèrdoc.

Sq ma 2.11: To koinwnikì kèrdoc Ksocial

sunart sei twn ne, nsoc, pe kai psoc gia

di�forec timèc tou θ.

Sq ma 2.12: To koinwnikì kèrdoc Ksocial

sunart sei twn ne, nsoc, pe kai psoc gia

di�forec timèc tou λ.

Ksocial(nsoc)
Ksocial(ne)
Ksocial(psoc)
Ksocial(pe)

Ksocial(nsoc)
Ksocial(ne)
Ksocial(psoc)
Ksocial(pe)

ParathroÔme loipìn sto sugkekrimèno par�deigma, ìpwc faÐnetai apì to sq ma 2.11, ìti, ìso
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o rujmìc dièleushc θ twn taxÐ aux�netai sugkritik� thc stajer c tim c tou rujmoÔ �fixhc λ = 4,

tìso oi timèc thc sun�rthshc tou koinwnikoÔ kèrdouc Ksocial sth mon�da tou qrìnou sunart sei

twn ne, nsoc, pe kai psoc sugklÐnoun kai eidikìtera gia θ ≥ 6, oi timèc plèon eÐnai Ðsec. Apì thn

�llh, ìpwc faÐnetai sto sq ma 2.12, isqÔei k�ti antÐstrofo, kajìson ed¸ h tim  tou λ aux�netai

kai to θ paramènei stajerì sthn tim  4, me apotèlesma oi timèc tou koinwnikoÔ kèrdouc Ksocial

sth mon�da tou qrìnou sunart sei twn ne, nsoc, pe kai psoc na arqÐzoun na apoklÐnoun gia λ ≥ 3.

SuneqÐzoume me mia endiafèrousa ermhneÐa.

Onom�zoume plhroforhmènouc touc metakinoÔmenouc, oi opoÐoi, kat� th stigm  thc �fix c

touc sth st�sh - pi�tsa, parathroÔn pr¸ta thn our� twn atìmwn pou èqei sqhmatisteÐ sth-

n pi�tsa kai met� apofasÐzoun poio mèso metafor�c ja qrhsimopoi soun, en¸, autoÔc pou

den parathroÔn, aplhrofìrhtouc. EpÐshc, kaloÔme idioteleÐc touc metakinoÔmenouc, oi opoÐoi

dhmiourgoÔn en agnoÐa touc arnhtikèc epidr�seic se pijanèc mellontikèc afÐxeic, en¸ autoÔc

pou den dhmiourgoÔn, altrouðstèc. 'Etsi, ja lègame pwc h sun�rthsh tou koinwnikoÔ kèrdouc

Ksocial(ne) sth mon�da tou qrìnou gia di�forec timèc tou θ ekfr�zei to gegonìc ìti oi metaki-

noÔmenoi eÐnai plhroforhmènoi kai idioteleÐc, kajìson plhroforoÔntai men to m koc our�c sthn

pi�tsa twn taxÐ kai Ôstera apofasÐzoun me poio mèso metafor�c ja metakinhjoÔn, agnoÔn de

ìti dhmiourgoÔn arnhtikèc epidr�seic se pijanèc mellontikèc afÐxeic. SuneqÐzontac kat� autìn

ton trìpo, h sun�rthsh tou koinwnikoÔ kèrdouc Ksocial(nsoc) antistoiqeÐ se metakinoÔmenouc pou

eÐnai plhroforhmènoi kai altrouðstèc, h sun�rthsh Ksocial(pe) se aplhrofìrhtouc kai idioteleÐc

kai h sun�rthsh Ksocial(psoc) se aplhrofìrhtouc kai altrouðstèc. Parathr¸ntac ta sqediagr�m-

mata 2.11 kai 2.12, shmei¸noume ìti oi timèc thc sun�rthshc tou koinwnikoÔ kèrdouc Ksocial(psoc)

twn metakinoÔmenwn pou eÐnai aplhrofìrhtoi kai altrouðstèc, eÐnai megalÔterec ekeÐnwn thc

sun�rthshc Ksocial(nsoc) twn plhroforhmènwn kai altrouðst¸n. Met� akoloujoÔn oi timèc thc

Ksocial(ne) twn metakinoÔmenwn pou eÐnai plhroforhmènoi kai idioteleÐc kai teleutaÐa oi timèc thc

Ksocial(pe) twn aplhrofìrhtwn kai idiotel¸n.
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Kef�laio 3

Montèlo TaxÐ - LewforeÐo

Memonwmènec afÐxeic kai epibib�seic

to polÔ dÔo atìmwn

Eisagwg 

JewroÔme t¸ra ìti, k�je dierqìmeno eleÔjero taxÐ, qwrhtikìthtac dÔo to polÔ atìmwn,

qrhsimopoieÐtai apì ènan   dÔo metakinoÔmenouc me pijanìthta r1   th sumplhrwmatik  r2 = 1−r1

antÐstoiqa, en¸ oi upìloipec upojèseic tou montèlou mac paramènoun Ðdiec, ìpwc perigr�fontai

sthn arq  tou deÔterou kefalaÐou. Lìgw spaniìthtac Ôparxhc koin¸n proorism¸n metaxÔ dÔo

  perissìterwn diadoqik¸n metakinoÔmenwn pou perimènoun sthn pi�tsa twn taxÐ, eÐnai gegonìc

ìti, se k�je dierqìmeno eleÔjero taxÐ, epibib�zetai kat� kanìna èna �tomo. Up�rqoun ìmwc

peript¸seic stic opoÐec tugq�nei dÔo   perissìteroi diadoqikoÐ metakinoÔmenoi pou brÐskontai

sthn our� na èqoun koinì proorismì kai tìte epitrèpetai na epibibasjoÔn èwc dÔo to polÔ �toma

se k�je taxÐ. Autì exart�tai apì polloÔc par�gontec, ìpwc paradeÐgmatoc q�rin, h topojesÐa

thc st�shc - pi�tsac. Gia par�deigma, an mia st�sh - pi�tsa brÐsketai sto kèntro miac pìlhc,

tìte oi proìrismoi metaxÔ twn metakinoÔmenwn eÐnai logikì na poikÐlloun se meg�lo bajmì metaxÔ

touc kai eÐnai fanerì ìti h pijanìthta Ôparxhc koin¸n proorism¸n metaxÔ dÔo   perissìterwn
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diadoqik¸n metakinoÔmenwn eÐnai mikr . Antijètwc, an mia st�sh - pi�tsa brÐsketai plhsÐon enìc

aerodromÐou eÐnai profanèc ìti, h pijanìthta na epibib�zontai dÔo �toma sta dierqìmena taxÐ ja

eÐnai megalÔterh. Sthn epìmenh par�grafo, melet�me thn parathr simh perÐptwsh tou montèlou

mac.
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3.1 Parathr simh perÐptwsh - Atomik  beltistopoÐhsh

Kai sto kef�laio autì, k�je metakinoÔmenoc, kat� thn �fix  tou sth st�sh - pi�tsa, parathreÐ

pr¸ta ton akrib  arijmì twn parìntwn atìmwn pou perimènoun gia taxÐ kai met� epilègei poio

mèso metafor�c ja qrhsimopoi sei. Kai ed¸, to sÔnolo twn dunat¸n apof�sewn k�je metaki-

noÔmenou pou brÐskei th st�sh - pi�tsa sthn kat�stash n eÐnai Sn = {T,Λ}, ìpou, ìpwc èqoume

 dh anafèrei, to gr�mma T sumbolÐzei thn apìfash thc metakÐnhshc me taxÐ kai to gr�mma Λ thn

apìfash thc metakÐnhshc me lewforeÐo, gia th dedomènh kat�stash. AkoloÔjwc, apodeiknÔoume

ìti up�rqei strathgik  isorropÐac tÔpou katwflÐou, h opoÐa ìmwc den mporeÐ na upologisteÐ se

kleist  morf , all� mìno arijmhtik�. Pio sugkekrimèna, sto epìmeno je¸rhma apodeiknÔoume

ìti, up�rqei èna epÐpedo ne tètoio ¸ste ènac metakinoÔmenoc pou fj�nei sth st�sh - pi�tsa

mpaÐnei sthn our� anamon c gia taxÐ, mìno an to pl joc twn parìntwn atìmwn den uperbaÐnei to

epÐpedo autì.

Je¸rhma 5 Sthn parathr simh perÐptwsh tou montèlou, up�rqei mia strathgik  isorropÐac

tÔpou katwflÐou ne, h opoÐa brÐsketai epilÔontac thn akìloujh anÐswsh wc proc n

RT − CTSn > RΛ − CΛb, (3.1)

ìpou

Sn =


∑n

j=k
j
θ

(
j

n−j

)
r2j−n

1 rn−j2 +
∑n

j=k+1
j
θ

(
j−1
n−j

)
r2j−n−1

1 rn−j+1
2 , gia n �rtio (n = 2k)

∑n
j=k+1

j
θ

(
j

n−j

)
r2j−n

1 rn−j2 +
∑n

j=k+1
j
θ

(
j−1
n−j

)
r2j−n−1

1 rn+1−j
2 , gia n perittì (n = 2k + 1)

eÐnai o qrìnoc anamon c enìc metakinoÔmenou mèqri na epibibasteÐ se taxÐ, ìtan blèpei n−1 �toma

mprost� tou. Kai ed¸, h strathgik  {parat rhse ton arijmì QT (t) twn metakinoÔmenwn sthn

pi�tsa twn taxÐ, mpec sthn our� an QT (t) ≤ ne, diaforetik� p�re lewforeÐo} eÐnai h monadik 

kuriarqoÔsa kajar  strathgik  isorropÐac.
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Apìdeixh

'Estw ìti, fj�nontac ènac metakinoÔmenoc sthn pi�tsa twn taxÐ, antikrÐzei n − 1 �toma na

perimènoun sthn our�. O qrìnoc anamon c tou mèqri na epibibasteÐ se taxÐ isoÔtai me

Sn =
∑
j

 Pl joc j epibib�sewn

mèqri na epibibasteÐ

 ·
 Mèsoc qrìnoc

dièleushc twn taxÐ

 ·
 Pijanìthta tou

endeqomènou Γj,n

 ,

ìpou me Γj,n sumbolÐzoume to endeqìmeno ( Qrei�zontai j taxÐ mèqri na epibibasteÐ kai o n -

ostìc metakinoÔmenoc ).

'Etsi,

Sn =
∑
j

j ·1
θ
·P (qrei�zontai j taxÐ mèqri na epibibasteÐ kai o n - ostìc metakinoÔmenoc). (3.2)

T¸ra, epeid  up�rqei pijanìthta r2 sto j - ostì taxÐ na epibibasteÐ, mazÐ me ton n - ostì, kai

o (n + 1) - ostìc metakinoÔmenoc, to endeqìmeno Γj,n diamerÐzetai se dÔo endeqìmena, A kai B,

ìpou A ≡ {Qrei�zontai j TaxÐ kai sthn j - ost  epibÐbash, epibib�zetai èwc kai o n - ostìc} kai

B ≡ {Qrei�zontai j TaxÐ kai sthn j - ost  epibÐbash, epibib�zetai èwc kai o (n + 1) - ostìc}.

'Opote, h prohgoÔmenh sqèsh gr�fetai

Sn =
∑
j

j

θ
P (A ∪B) =

∑
j

j

θ
[P (A) + P (B)] =

∑
j

j

θ
P (A)︸ ︷︷ ︸
S1

+
∑
j

j

θ
P (B)︸ ︷︷ ︸
S2

, (3.3)

afoÔ ta endeqìmena A,B eÐnai profan¸c xèna metaxÔ touc.

Prokeimènou na proqwr soume sthn apìdeixh tou jewr matoc, ja diakrÐnoume sth sunèqeia

dÔo peript¸seic. H pr¸th perÐptwsh eÐnai ìtan o n - ostìc afiqjeÐc metakinoÔmenoc sunant�

�rtio pl joc atìmwn pou perimènoun gia taxÐ kai h deÔterh ìtan sunant� perittì arijmì atìmwn.

'Estw, arqik�, ìti o arijmìc twn atìmwn pou sunant� o n - ostìc afiqjeÐc metakinoÔmenoc

sthn pi�tsa twn taxÐ, sumperilambanomènou kai tou Ðdiou, eÐnai �rtioc, dhlad  n = 2k. UpologÐzw

pr¸ta thn pijanìthta P (A). 'Estw xi =1   2 - o arijmìc atìmwn pou epibib�zontai sto i - taxÐ,

i = 1, 2, · · ·, j. Tìte, ja prèpei na isqÔei h isìthta
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x1 + x2 + · · ·xj = n.

Jètw h to pl joc twn taxÐ sta opoÐa epibib�zetai èna �tomo kai �ra sta upìloipa j − h ja

epibib�zontai dÔo �toma. Tìte, apì thn prohgoÔmenh sqèsh, paÐrnoume

h · 1 + (j − h) · 2 = 2k, opìte, met� apì lÐgec pr�xeic, h = 2j − 2k kai j − h = 2k − j.

H epibÐbash n metakinoÔmenwn sta taxÐ eÐnai mia akoloujÐa j epibib�sewn tou enìc   dÔo to

polÔ atìmwn se k�je taxÐ. An sumbolÐsoume me A1 kai A2 thn epibÐbash enìc   dÔo atìmwn

antÐstoiqa, tìte mia sugkekrimènh pragmatopoÐhsh j epibib�sewn sta taxÐ eÐnai paradeÐgmatoc

q�rin, A1A1A2A2A2A2...A2A1︸ ︷︷ ︸
j - to pl joc

kai h antÐstoiqh pijanìthta na parathr soume mia tètoia akolou-

jÐa eÐnai r1r1r2r2r2r2...r2r1. Autì isqÔei, diìti oi j epibib�seic eÐnai anex�rthtec kai epomènwc

ta endeqìmena A1 kai A2, ta opoÐa emfanÐzontai se tuqoÔsa akoloujÐa, ìpwc h parap�nw, eÐnai

anex�rthta. T¸ra, an o arijmìc twn A1 se mia akoloujÐa j epibib�sewn eÐnai h (�ra j−h eÐnai ta

A2), tìte h pijanìthta miac tètoiac akoloujÐac eÐnai rh1r
j−h
2 . To pl joc aut¸n twn akolouji¸n,

dhlad  twn j epibib�sewn pou apartÐzontai apì h epibib�seic enìc atìmou (A1) kai j − h dÔo

atìmwn (A2), isoÔtai me to pl joc twn sunduasm¸n j epibib�sewn an� j − h, dhlad 
(

j
j−h

)
.

'Ara,

P (A) =

(
j

j − h

)
rh1r

j−h
2 =

(
j

2k − j

)
r2j−2k

1 r2k−j
2 =

(
j

n− j

)
r2j−n

1 rn−j2

kai to pr¸to �jroisma thc sqèshc (3.3), gr�fetai

S1 =
n∑
j=k

j

θ

(
j

n− j

)
r2j−n

1 rn−j2 , (3.4)

kajìson o el�qistoc arijmìc taxÐ pou apaiteÐtai gia na epibibasjoÔn n = 2k metakinoÔmenoi eÐnai

k, an epibib�zontai k�je for� dÔo �toma, en¸ o mègistoc arijmìc touc eÐnai 2k, ìtan epibib�zetai

se k�je taxÐ èna �tomo.

Me parìmoio trìpo, upologÐzw thn pijanìthta P (B) wc akoloÔjwc. 'Estw yi =1   2 eÐnai

o arijmìc atìmwn pou epibib�zontai sto i - taxÐ, gia i = 1, 2, · · ·, j − 1, en¸ gia i = j, isqÔei

51



yj = 2, afoÔ t¸ra sto j - ostì taxÐ epibib�zetai plèon o n - ostìc mazÐ me ton (n + 1) - ostì.

Ja prèpei kai ed¸ na isqÔei h isìthta

y1 + y2 + · · ·+ yj = n+ 1   y1 + y2 + · · ·+ yj−1 = n− 1.

Sthn perÐptwsh aut , prìkuptei

h · 1 + (j − 1− h) · 2 = 2k− 1, opìte paÐrnoume h = 2j − 2k− 1 kai j − 1− h = 2k− j.

Me Ðdio skeptikì, sumperaÐnoume ìti

P (B) =

(
j − 1

j − 1− h

)
rh1r

j−1−h
2 r2,

ìpou to telikì r2 sth sqèsh aut  up�rqei, diìti sto j - ostì taxÐ, ìpwc anafèrame prohgoumèn-

wc, mazÐ ton n - ostì epibib�zetai kai o (n + 1) - ostìc metakinoÔmenoc. Antikajist¸ntac ta h

kai j − 1− h, h pijanìthta P (B) paÐrnei telik� th morf 

P (B) =

(
j − 1

2k − j

)
r2j−2k−1

1 r2k−j
2 r2 =

(
j − 1

n− j

)
r2j−n−1

1 rn−j2 r2.

'Etsi, to deÔtero �jroisma thc sqèshc (3.3) gr�fetai

S2 =
n∑

j=k+1

j

θ

(
j − 1

n− j

)
r2j−n−1

1 rn−j+1
2 . (3.5)

Sunolik� loipìn, antikajist¸ntac tic sqèseic (3.4) kai (3.5) sth (3.3), paÐrnoume ìti o mèsoc

qrìnoc anamon c enìc metakinoÔmenou mèqri na epibibasteÐ se taxÐ, ìtan blèpei n − 1 �toma

mprost� tou kai n eÐnai �rtioc arijmìc (n = 2k), isoÔtai me

Sn =
n∑
j=k

j

θ

(
j

n− j

)
r2j−n

1 rn−j2 +
n∑

j=k+1

j

θ

(
j − 1

n− j

)
r2j−n−1

1 rn−j+1
2 . (3.6)

Sthn perÐptwsh t¸ra, pou o arijmìc twn atìmwn pou sunant� ènac metakinoÔmenoc sthn

pi�tsa twn taxÐ, sumperilambanomènou kai tou Ðdiou, eÐnai perittìc, dhlad  n = 2k + 1, tìte,

52



akolouj¸ntac en suntomÐa ta anwtèrw b mata, upologÐzoume me ton Ðdio trìpo tic pijanìthtec

P (A) kai P (B) twn endeqomènwn A kai B. 'Etsi arqik� èqoume

h · 1 + (j − h) · 2 = n   h · 1 + (j − h) · 2 = 2k + 1,

�ra prokÔptei h = 2j − 2k − 1 kai j − h = 2k + 1− j.

Opìte,

P (A) =

(
j

j − h

)
rh1r

j−h
2 =

(
j

2k + 1− j

)
r2j−2k−1

1 r2k+1−j
2 =

(
j

n− j

)
r2j−n

1 rn−j2 .

kai tìte to pr¸to �jroisma thc sqèshc (3.3) paÐrnei th morf 

S1 =
n∑

j=k+1

j

θ

(
j

n− j

)
r2j−n

1 rn−j2 . (3.7)

'Otan t¸ra

h · 1 + (j − 1− h) · 2 = n− 1   h · 1 + (j − 1− h) · 2 = 2k,

tìte paÐrnoume h = 2j − 2k − 2 kai j − 1− h = 2k − j + 1.

Sunep¸c,

P (B) =

(
j − 1

j − 1− h

)
rh1r

j−1−h
2 =

(
j − 1

2k + 1− j

)
r2j−2k−2

1 r2k+1−j
2 r2 =

(
j − 1

n− j

)
r2j−n−1

1 rn−j2 r2

kai ètsi to deÔtero �jroisma thc sqèshc (3.3), gr�fetai wc

S2 =
n∑

j=k+1

j

θ

(
j − 1

n− j

)
r2j−n−1

1 rn+1−j
2 . (3.8)

Opìte sthn perÐptwsh aut , antikajist¸ntac tic sqèseic (3.7) kai (3.8) sthn (3.3), paÐrnoume

ìti o qrìnoc anamon c enìc metakinoÔmenou mèqri na epibibasteÐ se taxÐ, ìtan blèpei n− 1 �toma
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mprost� tou kai n eÐnai perittìc arijmìc (n = 2k + 1), isoÔtai me

Sn =
n∑

j=k+1

j

θ

(
j

n− j

)
r2j−n

1 rn−j2 +
n∑

j=k+1

j

θ

(
j − 1

n− j

)
r2j−n−1

1 rn+1−j
2 . (3.9)

T¸ra, ìpwc èqoume  dh anafèrei sto prohgoÔmeno kef�laio, ènac metakinoÔmenoc pou fj�nei

sthn pi�tsa kai blèpei n− 1 �toma na perimènoun gia taxÐ, eisèrqetai sthn our�, ìtan isqÔei

KT ≥ KΛ   RT − CTE(ST ) ≥ RΛ − CΛE(SΛ)   RT − CTSn ≥ RΛ − CΛb, (3.10)

ìpou KT = RT −CTE(ST ) kai KΛ = RΛ−CΛE(SΛ) eÐnai to mèso kajarì kèrdoc pou eispr�ttei

ènac metakinoÔmenoc, o opoÐoc qrhsimopoieÐ to taxÐ   to lewforeÐo antÐstoiqa. Sthn teleutaÐa

par�grafo tou kefalaÐou, me th bo jeia tou logismikoÔ MATLAB, upologÐzontac thn tim  tou

Sn gia diadoqikèc timèc tou n se arijmhtik� paradeÐgmata kai antikajist¸ntac thn sthn anÐswsh

(3.10), brÐskoume to kat¸fli ne gia sugkekrimènec timèc twn RT , RΛ, CT , CΛ, θ, λ, r2 kai b.

�

SuneqÐzoume sthn epìmenh par�grafo me th melèth thc mh parathr simhc perÐptwshc tou mon-

tèlou.
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3.2 Mh Parathr simh perÐptwsh - Atomik  beltistopoÐhsh

Sthn par�grafo aut , ìpwc kai sto prohgoÔmeno kef�laio, oi metakinoÔmenoi pou fj�noun

sth st�sh - pi�tsa, den parathroÔn ton arijmì twn parìntwn atìmwn pou perimènoun sthn

our� gia taxÐ. H apìfash, pou prèpei na l�boun th stigm  thc �fix c touc, eÐnai kai ed¸ an ja

metakinhjoÔn me taxÐ   me lewforeÐo. To sÔnolo twn kajar¸n strathgik¸n k�je metakinoÔmenou

eÐnai S = {T,Λ}. Upojètoume kai ed¸ ìti, ìloi oi metakinoÔmenoi akoloujoÔn thn Ðdia meikt 

strathgik  p. Autì shmaÐnei ìti, epilègoun na qrhsimopoi soun to taxÐ me pijanìthta p, en¸ me

pijanìthta 1− p to lewforeÐo. Pio sugkekrimèna èqoume to akìloujo je¸rhma.

Je¸rhma 6 Sto mh parathroÔmeno montèlo, h strathgik  {Fj�nontac sth st�sh - pi�tsa

th qronik  stigm  t, mpec sthn our� me pijanìthta pe} eÐnai h monadik  meikt  strathgik 

isorropÐac, ìpou h pe dÐnetai apì th sqèsh

pe =


0 , για 0 < θ < a

2

[θ(1+r2)−a]+
√
θ2(1+r2)2−2aθr2

2λ
, για a

2
≤ θ < (2λ+a)2

2[2λ(1+r2)+a]
,

1 , για θ ≥ (2λ+a)2

2[2λ(1+r2)+a]

ìpou a = 2CT
RT−RΛ+CΛb

.

Apìdeixh

K�tw apì mia strathgik  p, to sÔsthma ed¸ sumperifèretai wc mia tropopoÐhsh thc M/M/1

our�c (M/MC/1), me diadikasÐa afÐxewn Poisson me rujmì λp kai diadikasÐa exuphret sewn

ìpwc perigr�fhke sthn eisagwg  autoÔ tou kefalaÐou. 'Ara, to di�gramma rujm¸n met�bashc

èqei th akìloujh morf 

WVUTPQRS0

λp

��

WVUTPQRS1

θ

^^

λp

��

WVUTPQRS2

θr1

^^

θr2

ZZ

λp

��

WVUTPQRS3

λp

��

θr1

^^

θr2

ZZ
...

θr1

\\

θr2

YY

θr2

WW

H sunj kh eust�jeiac tou sust matoc eÐnai
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λp < θ(r1 · 1 + r2 · 2),

ìpou r1 · 1 + r2 · 2 eÐnai o mèsoc arijmìc atìmwn pou epibib�zontai sta taxÐ.

H prohgoÔmenh sqèsh gr�fetai wc

λp < θ(1 + r2), (3.11)

pou shmaÐnei ìti o mèsoc arijmìc afÐxewn sth mon�da tou qrìnou, ja prèpei na eÐnai mikrìteroc

thc mègisthc dunatìthtac epibÐbashc atìmwn sta taxÐ an� qronik  mon�da.

Oi exis¸seic isorropÐac eÐnai

λpp0 = θp1 + θr2p2 , gia n = 0,

(λp+ θ)pn = λppn−1 + θr1pn+1 + θr2pn+2 , gia n ≥ 1.

Me qr sh twn pijanogennhtri¸n, èpontai ta akìlouja.

Pollaplasi�zontac thn n - ìsth exÐswsh me zn kai ajroÐzontac, paÐrnoume

λpp0 +
∑∞

n=1(λp+ θ)pnz
n = θp1 + θr2p2 +

∑∞
n=1 pn−1z

n +
∑∞

n=1 θr1pn+1z
n +

∑∞
n=1 θr2pn+2z

n

 

λpP (z) + θ (P (z)− p0) = θr2p1 + λpzP (z) + θr1
z

(P (z)− p0) + θr2
z2 (P (z)− p1z − p0)

 

[(λp+ θ) z2 − λpz3 − θr1z − θr2]P (z) = (θp0 + θr2p1) z2 − (θr1p0 + θr2p1) z − θr2p0

 

P (z) =
(θp0 + θr2p1) z2 − (θr1p0 + θr2p1) z − θr2p0

(λp+ θ) z2 − λpz3 − θr1z − θr2

 

P (z) =
(z − 1) [(θp0 + θr2p1) z + θr2p0]

(z − 1) (−λpz2 + θz + θr2)
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P (z) =
θ [(p0 + r2p1) z + r2p0]

−λpz2 + θz + θr2

. (3.12)

Jètoume A(z) = (p0 + r2p1) z+r2p0 ton arijmht  kai D(z) = −λpz2 +θz+θr2 ton paronomast 

thc pijanogenn triac P (z).

Oi rÐzec tou D(z), me qr sh thc diakrÐnousac ∆, eÐnai

z1,2 =
−θ±
√
θ2+4λp·θr2
−2λp

,

ìpou

∆ = θ2 + 4λp · θr2 > 0.

Epomènwc

z1 =
θ −

√
θ2 + 4λp · θr2

2λp
(3.13)

kai

z2 =
θ +

√
θ2 + 4λp · θr2

2λp
. (3.14)

ParathroÔme t¸ra ìti, o arijmht c thc z1, θ −
√
θ2 + 4λp · θr2, eÐnai arnhtikìc, kajìson an

upojèsoume ìti isqÔei θ −
√
θ2 + 4λp · θr2 < 0, met� apì lÐgec pr�xeic katal goume sth sqèsh

4λp · θr2 > 0, pou alhjeÔei p�nta, afoÔ λ, p, θ, r2 > 0. Sunep¸c isqÔei ìti h z1 < 0.

Akìmh, isqÔei ìti z1 > −1. Pr�gmati,
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z1 > −1  
θ−
√
θ2+4λp·θr2
2λp

> −1 ann

θ + 2λp >
√
θ2 + 4λp · θr2 ανν

(θ + 2λp)2 >
(√

θ2 + 4λp · θr2

)2

ann

θ2 + 4θ · λp+ 4λ2p2 > θ2 + 4λp · θr2 ann

λp2 + θ(1− r2)p = λp2 + θr1p > 0 , pou isqÔei.

H z2, ìpwc faÐnetai apì ton tÔpo thc, eÐnai profan¸c jetik . Akìmh, parathroÔme ìti, D(−1) =

−λp− θ(1− r2) = −λp− θr1 < 0 kai D(0) = θr2 > 0. Opìte prokÔptei h akìloujh di�taxh

−1 < z1 < 0 < z2.

H P (z) eÐnai pijanogenn tria kai h z1 mhdenÐzei ton paronomast  thc, D(z). Epeid  |z1| < 1, ja

prèpei kai o arijmht c A(z) na mhdenÐzetai sth jèsh z1. 'Ara, ja prèpei na isqÔei

z1 =
θ−
√
θ2+4λp·θr2
2λp

= − r2p0

p0+r2p1
.

Dedomènou ìti o arijmht c eÐnai polu¸numo 1oυ bajmoÔ, ja eÐnai thc morf c A(z) = c · (z − z1),

ìpou c - stajer� kai o paronomast c thc morf c D(z) = −2λp(z− z1)(z− z2). Opìte, met� kai

apì thn aplopoÐhsh tou koinoÔ par�gonta z − z1, h sqèsh (3.11) gr�fetai

P (z) = c
−λp(z−z2)

.

Apì exÐswsh kanonikopoÐhshc P (1) = 1, brÐskoume thn �gnwsth stajer� c, h opoÐa isoÔtai me

c = −λp(1− z2). Telik�

P (z) =
−λp(1− z2)

−λp(z − z2)
= (1− z2)

1

z − z2

=
1− 1

z2

1− 1
z2
z

=
∞∑
n=0

(
1− 1

z2

)(
1

z2

)n
zn. (3.15)
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Epomènwc, h st�simh katanom  pn eÐnai gewmetrik  me par�metro 1
z2
, dhlad 

pn =

(
1− 1

z2

)(
1

z2

)n
, για n = 0, 1, 2, · · ·, (3.16)

ìpou z2 =
θ+
√
θ2+4λp·θr2
2λp

> 0.

O mèsoc arijmìc aut¸n eÐnai

E(QT ) =
1
z2

1− 1
z2

=
1

z2 − 1
=

2λp

θ +
√
θ2 + 4λp · θr2 − 2λp

(3.17)

kai o mèsoc qrìnoc anamon c touc, sÔmfwna me to je¸rhma Little, isoÔtai me

E(ST ) =
E(QT )

λp
=

2

θ +
√
θ2 + 4λp · θr2 − 2λp

. (3.18)

'Etsi, ènac metakinoÔmenoc protim� na metakinhjeÐ me t�xi, ìtan isqÔei

KT ≥ KΛ   RT − CTE(ST ) ≥ RΛ − CΛE(SΛ)  

RT − 2CT

θ+
√
θ2+4λp·θr2−2λp

≥ RΛ − CΛb,

diaforetik� qrhsimopoieÐ to lewforeÐo. AkoloÔjwc, upologÐzoume th strathgik  isorropÐac pe.

H teleutaÐa anÐswsh gr�fetai

RT −RΛ + CΛb ≥
2CT

θ +
√
θ2 + 4λp · θr2 − 2λp

(3.19)

SuneqÐzontac thn apìdeixh tou jewr matoc, epilÔoume thn prohgoÔmenh anÐswsh (3.19) wc proc

thn pijanìthta p. Arqik� upojètoume ìti isqÔei

RT − CT 1
θ
≥ RΛ − CΛb   RT −RΛ + CΛb ≥ CT

θ
> 0  
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θ ≥ CT
RT −RΛ + CΛb

> 0, (3.20)

¸ste k�poioc pou fj�nei sth st�sh - pi�tsa na èqei kÐnhtro na qrhsimopoi sei thn uphresÐa twn

taxÐ. Diaforetik�, to mèso kajarì kèrdoc enìc metakinoÔmenou ja  tan mh jetikì, akìmh kai an

kaneÐc �lloc pel�thc den qrhsimopoioÔse to taxÐ wc mèso metafor�c tou.

Jètw D1 = θ +
√
θ2 + 4λp · θr2 − 2λp ton paronomast  thc sqèshc (3.19) kai m�lista isqÔei

D1 > 0. Pr�gmati, epeid  prèpei na isqÔei

p0 = 1− 1
z2
> 0 èpetai ìti z2 > 1   θ +

√
θ2 + 4λp · θr2 > 2λp.

'Ara h sqèsh (3.19) gr�fetai wc

θ +
√
θ2 + 4λp · θr2 − 2λp > a, (3.21)

ìpou a = 2CT
RT−RΛ+CΛb

> 0, pou isqÔei apì th sqèsh (3.20)

SuneqÐzontac me pr�xeic sthn sqèsh (3.21), èpontai ta akìlouja

√
θ2 + 4λp · θr2 > 2λp+ a− θ  

(√
θ2 + 4λp · θr2

)2

> (2λp+ a− θ)2  

θ2 + 4λp · θr2 > (2λp)2 + 2 · 2λp · (a− θ) + (a− θ)2  

4λ2p2 + 4λ(a− θ − θr2)p+ (a− θ)2 − θ2 < 0  

4λ2︸︷︷︸
A

p2 + 4λ[a− θ(1 + r2)]︸ ︷︷ ︸
B

p+ a(a− 2θ)︸ ︷︷ ︸
Γ

< 0 (3.22)

Me qr sh thc diakrÐnousac, paÐrnoume

∆ = B2 − 4AΓ = 4λ[a− θ(1 + r2)]2 − 4 · 4λ2 · a(a− 2θ) = 16λ2[θ2(1 + r2)2 − 2aθr2] > 0 ann
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θ2(1 + r2)2 − 2aθr2 > 0 ann θ > ar2
(1+r2)2 , kajìson θ > 0.

Pr�gmati, epeid  isqÔei a
2
> ar2

(1+r2)2 , kajìson met� apì lÐgec pr�xeic katal goume sth sqèsh

(1 + r2)2 > 2r2, pou alhjeÔei kai epeid  èqoume upojèsei ìti θ > CT
RT−RΛ+CΛb

= a
2
, sunep�getai

ìti θ > ar2
(1+r2)2 . Sunep¸c, ∆ > 0.

'Ara up�rqoun dÔo �nisec pragmatikèc rÐzec, èstw oi p1 kai p2, ìpou

p1 =
[θ(1 + r2)− a]−

√
θ2(1 + r2)2 − 2aθr2

2λ
(3.23)

kai

p2 =
[θ(1 + r2)− a] +

√
θ2(1 + r2)2 − 2aθr2

2λ
. (3.24)

Isqurismìc. H p1 eÐnai arnhtik .

Pr�gmati, diakrÐnw tic akìloujec dÔo peript¸seic.

• An isqÔei θ(1 + r2)− a ≤ 0   θ ≤ a
1+r2

, o isqurismìc profan¸c alhjeÔei, kajìson

tìte o arijm thc thc p1 eÐnai arnhtikìc kai o paronomast c thc jetikìc.

• Diaforetik�, an isqÔei θ(1 + r2)− a > 0   θ > a
1+r2

, tìte èqoume ta akìlouja

θ(1 + r2)− a >
√
θ2(1 + r2)2 − 2aθr2  

[θ(1 + r2)− a]2 >
(√

θ2(1 + r2)2 − 2aθr2

)2

 

θ2(1 + r2)2 − 2aθ(1 + r2) + a2 > θ2(1 + r2)2 − 2aθr2  

−2aθ − 2aθr2 + a2 > −2aθr2  

2aθ < a2 kai epèid  a > 0, sumperaÐnoume telik� ìti θ < a
2

= CT
RT−RΛ+b·CΛ

, to

opoÐo eÐnai �topo, afoÔ, ìpwc èqoume upojèsei sth sqèsh (3.20), isqÔei θ ≥ a
2
.
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Sunep¸c, h lÔsh p1 aporrÐptetai, diìti h p1 eÐnai pijanìthta (0 ≤ p1 ≤ 1).

Ap' thn �llh, h p2 eÐnai jetik , kajìson, an jewr sw th sun�rthsh

f(θ) =
[θ(1 + r2)− a] +

√
θ2(1 + r2)2 − 2aθr2

2λ
, θ >

a

2
, (3.25)

aut  eÐnai gnhsÐwc aÔxousa gia θ > a
2
. Pr�gmati

´f(θ) =
1 + r2

2λ
+

2θ(1 + r2)2 − 2ar2

2λ
√
θ2(1 + r2)2 − 2aθr2

> 0,

afoÔ o arijmht c tou deÔterou kl�smatoc eÐnai jetikìc, miac kai apì prohgoumènwc isqÔei

θ > a
2
> ar2

(1+r2)2 .

Akìmh, limθ→a
2
f(θ) = 3r2 > 0. Epomènwc, sunolik�, h p2 > 0 gia k�je θ ∈

(
a
2
,+∞

)
.

Kajìson h p2 eÐnai pijanìthta, ja prèpei na isqÔei p2 ≤ 1, dhlad 

[θ(1+r2)−a]+
√
θ2(1+r2)2−2aθr2

2λ
≤ 1  

√
θ2(1 + r2)2 − 2aθr2 ≤ 2λ+ a− θ(1 + r2).

'Omwc, to aristerì mèloc thc anÐswshc eÐnai jetikì, �ra kai to deÔtero mèloc ja prèpei na eÐnai

jetikì, dhlad  ja prèpei na isqÔei

2λ+ a− θ(1 + r2) ≥ 0   θ ≤ 2λ+ a

1 + r2

. (3.26)

Tìte, èpetai

(√
θ2(1 + r2)2 − 2aθr2

)2

≤ [2λ+ a− θ(1 + r2)]2  

θ2(1 + r2)2 − 2aθr2 ≤ (2λ+ a)2 − 2θ(2λ+ a)(1 + r2) + θ2(1 + r2)2  
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−2aθr2 ≤ (2λ+ a)2 − 2θ(2λ+ a)(1 + r2)  

[2(2λ+ a)(1 + r2)− 2ar2] θ ≤ (2λ+ a)2  

2[2λ(1 + r2) + a]θ ≤ (2λ+ a)2  

θ ≤ (2λ+ a)2

2[2λ(1 + r2) + a]
, miac kai 2λ(1 + r2) + a > 0. (3.27)

SugkrÐnontac tic sqèseic (3.26) kai (3.27) kai met� apì lÐgec pr�xeic, sun�goume ìti isqÔei

2λ+a
1+r2

> (2λ+a)2

2[2λ(1+r2)+a]
, kajìson katal goume sth sqèsh 2λ(1 + r2) + ar1 > 0, pou alhjeÔei.

'Epetai loipìn ìti, θ ≤ (2λ+a)2

2[2λ(1+r2)+a]
< 2λ+a

1+r2
. SumperaÐnoume ètsi ìti isqÔei 0 < p2 ≤ 1 gia

θ ∈
(
a
2
, (2λ+a)2

2[2λ(1+r2)+a]

]
.

Sunolik�, jètontac pe = p2 kai upojètontac ìti ìloi oi metakinoÔmenoi akoloujoÔn thn

Ðdia politik  p, tìte, an p < pe, h bèltisth ap�nthsh enìc metakinoÔmenou eÐnai na metakinhjeÐ

me taxÐ, an p > pe, h bèltisth ap�nthsh eÐnai na qrhsimopoi sei to lewforeÐo, en¸ an p = pe,

opoiad pote politik  metaxu T kai Λ eÐnai bèltisth ap�nthsh.

Sqhmatik�.

6

1

0
-

1pe

∗

KalÔterh ap�nthsh

45o

Sqedi�gramma: KalÔterh ap�nthsh ènanti sto posostì aut¸n pou qrhsimopoioÔn taxÐ.

'Opwc faÐnetai apì to sqedi�gramma, shmei¸noume kai ed¸ ìti, to montèlo mac eÐnai tÔpou An-

tÐjeta me to pl joc kai �ra h bèltisth ap�nthsh enìc metakinoÔmenou eÐnai fjÐnousa sun�rthsh

thc akoloujoÔmenhc strathgik c apì touc �llouc metakinoÔmenouc. 'Otan pe = p2, tìte ènac
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metakinoÔmenoc eÐnai adi�foroc metaxÔ thc metakÐnhshc me taxÐ   lewforeÐo, afoÔ to kèrdoc tou

eÐnai Ðdio. 'Etsi, opoiad pote strathgik  p ∈ [0, 1] eÐnai bèltisth ap�nthsh sthn pe. To monadikì

shmeÐo strathgik c isorropÐac, dhlad  h monadik  strathgik  pou eÐnai bèltisth ap�nthsh ston

eautì thc, eÐnai h pe. Sthn perÐptwsh aut , h meikt  strathgik  pe eÐnai shmeÐo isorropÐac,

all� den eÐnai kuriarqoÔsa strathgik . Shmei¸noume epÐshc ìti, h strathgik  aut  eÐnai ex-

eliktik� eustaj c, afoÔ, an ènac sugkekrimènoc metakinoÔmenoc epilèxei arqik� to lewforeÐo

kai en suneqeÐa jel sei na metabeÐ sthn pi�tsa, prokeimènou na qrhsimopoi sei to taxÐ, kai ton

akolouj soun kai oi �lloi, tìte sumfèrei na epistrèyei sthn arqik  tou epilog , kajìson, an

den to pr�xei, h wfèleia tou ja meiwjeÐ. Genik�, ìso perissìtera �toma protimoÔn to taxÐ gia

na metakinhjoÔn, tìso ligìtero ènac epilegmènoc metakinoÔmenoc epijumeÐ na qrhsimopoi sei to

taxÐ   isodÔnama tìso perissìtero protim� to lewforeÐo.

Sthn epìmenh par�grafo, suneqÐzoume me th melèth tou probl matoc megistopoÐhshc tou

koinwnikoÔ kèrdouc.
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3.3 Koinwnik  beltistopoÐhsh

Sthn par�grafo aut , ìpwc kai sto 2o kef�laio, anazhtoÔme èna kat¸fli nsoc, to opoÐo

megistopoieÐ to mèso kajarì koinwnikì kèrdoc sth mon�da tou qrìnou. Arqik�, èstw Ksocial(n)

to mèso kajarì koinwnikì kèrdoc sth mon�da tou qrìnou dedomènhc miac politik c katwflÐou

ne. Autì dÐnetai sto epìmeno je¸rhma.

Je¸rhma 7 H sun�rthsh tou mèsou kajaroÔ koinwnikoÔ kèrdouc Ksocial(n) sth mon�da tou

qrìnou dedomènhc miac politik c katwflÐou n pou akoloÔjoÔn oi metakinoÔmenoi, dÐnetai apì th

sqèsh

Ksocial(n) = λ(1− pn)RT + λpnRΛ − CTE(QT )− CΛE(QΛ),

ìpou

E(QT ) = [−λ(n+2)pn+θ(p0+r2p1)]·[−λ+θ(1+r2)]−[−λpn+θ(p0+r2(p0+p1))](−2λ+θ)

[−λ+θ(1+r2)]2
,

E(QΛ) = λpnb kai

pk =

 −
θr2p0

λ
· a0 , k = 0

− θ(p0+r2p1)
λ

· ak−1 − θr2p0

λ
· ak , 1 ≤ k ≤ n

me ak =

[
1

z1(z2−z1)

(
1
z1

)k
+ 1

z2(z1−z2)

(
1
z2

)k]
kai k = 0, 1, 2, ..., n.

Apìdeixh

'Otan oi metakinoÔmenoi akoloujoÔn mia politik  katwflÐou n, to sÔsthma sumperifèretai wc

mia tropopoÐhsh thc M/M/1/n our�c (M/MC/1/n), me diadikasÐa afÐxewn Poisson me rujmì λ

kai anex�rthtouc qrìnouc exuphret sewn pou akoloujoÔn thn ekjetik  katanom  me par�metro,

�llote θr1, ìtan epibib�zetai ènac metakinoÔmenoc kai �llote θr2, ìtan epibib�zontai se om�da

dÔo atìmwn, se k�je dierqìmeno taxÐ. To antÐstoiqo di�gramma rujm¸n met�bashc èqei thn

akìloujh morf 
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Oi exis¸seic isorropÐac eÐnai

λp0 = θp1 + θr2p2 , gia k = 0,

(λ+ θ)pk = λpk−1 + θr1pk+1 + θr2pk+2 , gia 1 ≤ k ≤ n− 2,

(λ+ θ)pn−1 = λpn−2 + θr1pn , gia k = n− 1 kai

θpn = λpn−1 , gia k = n.

Pollaplasi�zontac th n-ost  exÐswsh me zk kai ajroÐzontac, èpetai

λ
n−1∑
k=0

pkz
k + θ

n∑
k=1

pkz
k = λ

n∑
k=1

pk−1z
k + θr1

n−1∑
k=0

pk+1z
k + θr2

n−2∑
k=0

pk+2z
k + θr2p1.

En suneqeÐa, me qr sh twn pijanogennhtri¸n, ex�goume ìti h pijanogenn tria P (z) isoÔtai me

P (z) =
λpn · zn+2(1− z) + θ [(p0 + r2p1) · z2 − (r1p0 + r2p1) · z − r2p0]

−λ · z3 + (λ+ θ) · z2 − θr1 · z − θr2

,

h opoÐa, met� apì aplopoÐhsh tou par�gonta z − 1, gr�fetai wc

P (z) =
−λpn · zn+2 + θ [(p0 + r2p1) · z + r2p0]

−λ · z2 + θ · z + θr2

. (3.28)

Oi rÐzec tou paronomast  thc pijanogenn triac P (z), me th bo jeia thc diakrÐnousac, isoÔntai me

z1 =
−θ+
√
θ2+4λ·θr2
−2λ

=
θ−
√
θ2+4λ·θr2
2λ

kai

z2 =
−θ−
√
θ2+4λ·θr2
−2λ

=
θ+
√
θ2+4λ·θr2
2λ

.
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'Opwc èqoume  dh anafèrei, epeid  h P (z) eÐnai pijanogenn tria, o arijmht c thc mhdenÐzetai stic

jèseic z1 kai z2, opìte

−λpn · zn+2
1 + θ · (p0 + r2p1) · z1 + θr2p0 = 0  

−λzn+2
1 · pn + θ(z1 + r2) · p0 + θr2z1 · p1 = 0 (1).

kai

−λpn · zn+2
2 + θ · (p0 + r2p1) · z2 + θr2p0 = 0  

−λzn+2
2 · pn + θ(z2 + r2) · p0 + θr2z2 · p1 = 0 (2).

T¸ra, me qr sh thc exÐswshc kanonikopoÐhshc (P (1) = 1), èqoume

−λpn + θ(1 + r2)p0 + θr2p1 = −λ+ θ(1 + r2) (3).

'Etsi, apì tic sqèseic (1), (2) kai (3), prokÔptei èna sÔsthma tri¸n exis¸sewn me treic agn¸-

stouc, touc p0, p1 kai pN . LÔnontac arqik� thn sqèsh (3) wc proc pN , paÐrnoume

pn =
θ(1 + r2)

λ
· p0 +

θr2

λ
· p1 +

λ− θ(1 + r2)

λ

kai antikajist¸ntac thn en suneqeÐa stic sqèseic (1) kai (2), prokÔptei èna sÔsthma dÔo ex-

is¸sewn me dÔo agn¸stouc, touc p0 kai p1. Me qr sh t¸ra thc mejìdou twn orizous¸n, ex�goume

telik�

D = θ2r2
2[z2 − z1 + (z1 − 1)zn+2

2 + (1− z2)zn+2
1 ]

Dp0 = θr2[−λ+ θ(1 + r2)]z1z
n+2
2 (zn+1

2 − zn+1
1 ) kai

Dp1 = θ[−λ+ θ(1 + r2)][(z2 + r2)zn+2
1 − (z1 + r2)zn+2

2 ],

ìpou D,Dp0 kai Dp1 eÐnai oi antÐstoiqec orÐzousec. 'Etsi, ta p0 kai p1 isoÔntai me

p0 =
Dp0
D

=
[−λ+θ(1+r2)]z1z2(zn+1

2 −zn+1
1 )

θr2[z2−z1+(z1−1)zn+2
2 +(1−z2)zn+2

1 ]

p1 =
Dp1
D

=
[−λ+θ(1+r2)][(z2+r2)zn+2

1 −(z1+r2)zn+2
2 ]

θr2
2[z2−z1+(z1−1)zn+2

2 +(1−z2)zn+2
1 ]

.
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Epistrèfontac t¸ra ston tÔpo (3.28) thc pijanogenn triac P (z), autìc gr�fetai wc akoloÔjwc

P (z) =
λpn · zn+2 − θ [(p0 + r2p1) · z − r2p0]

λ︸ ︷︷ ︸
K(z)

· 1
(z−z1)(z−z2)

 

P (z) = K(z)
(z−z1)(z−z2)

= K(z)
(z2−z1)

· 1
z1−z + K(z)

(z1−z2)
1

z2−z  

P (z) = K(z)
z1(z2−z1)

·
∑∞

j=0

(
z
z1

)j
+ K(z)

z2(z1−z2)
·
∑∞

j=0

(
z
z2

)j
 

P (z) =
∑∞

j=0

[
1

z1(z2 − z1)

(
1

z1

)j
+

1

z2(z1 − z2)

(
1

z2

)j]
︸ ︷︷ ︸

aj

·K(z) · zj

kai antikajist¸ntac to K(z), paÐrnoume

P (z) =
∑∞

j=0 aj ·
(
pn · zn+2 − θ(p0+r2p1)

λ
· z − θr2p0

λ

)
· zj  

P (z) =
∑∞

j=0 pn · aj · zj+n+2 −
∑∞

j=0
θ(p0+r2p1)

λ
· aj · zj+1 −

∑∞
j=0

θr2p0

λ
· aj · zj,

ìpou, me allag  metablht c, prokÔptei

P (z) =
∑∞

k=n+2 pn · ak−(n+2) · zk −
∑∞

k=1
θ(p0+r2p1)

λ
· ak−1 · zk −

∑∞
k=0

θr2p0

λ
· ak · zk (3.29)

EpeÐdh t¸ra oi katast�seic tou sust matoc arijmoÔn mèqri n, èpetai ìti to pr¸to �jroisma thc

prohgoÔmenhc sqèshc (3.30) mhdenÐzetai, �ra ex�goume telik� ìti h st�simh katanom  isoÔtai me

pk =


− θr2p0

λ
· a0 , k = 0

− θ(p0+r2p1)
λ

· ak−1 − θr2p0

λ
· ak , 1 ≤ k ≤ n

(3.30)

ìpou ak =

[
1

z1(z2−z1)

(
1
z1

)k
+ 1

z2(z1−z2)

(
1
z2

)k]
.
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GnwrÐzoume t¸ra ìti, o mèsoc arijmìc metakinoÔmenwn pou perimènoun sthn pi�tsa gia taxÐ

isoÔtai me thn tim  thc pr¸thc parag¸gou thc pijanogenn triac P (z) sth jèsh z = 1, dhlad 

E(QT ) = ´P (1). ParagwgÐzontac ètsi thn sqèsh (3.28) wc proc z, prokÔptei

´P (z) =
[−λ(N+2)pN ·zN+1+θ(p0+r2p1)]·(−λz2+θz+θr2)−[−λpN ·zN+2+θ(p0+r2p1)·z+θr2p0]·(−2λz+θ)

(−λz2+θz+θr2)2

ap' ìpou, jètontac z = 1, èqoume ìti to mèso pl joc �tomwn E(QT ) sthn pi�tsa twn taxÐ isoÔtai

me

E(QT ) = [−λ(N+2)pN+θ(p0+r2p1)]·[−λ+θ(1+r2)]−[−λpN+θ(p0+r2(p0+p1))](−2λ+θ)

[−λ+θ(1+r2)]2
(3.31)

�

Me th bo jeia tou logismikoÔ MATLAB, brÐskoume se arijmhtik� paradeÐgmata th strathgik 

katwflÐou nsoc, h opoÐa eÐnai {Mpec sthn our� gia taxÐ, an to pl joc twn  dh parìntwn metaki-

noÔmenwn sthn pi�tsa eÐnai mikrìtero   Ðso tou nsoc, diaforetik� p gaine sth st�sh kai p�re to

lewforeÐo} kai megistopoieÐ to kajarì mèso koinwnikì kèrdoc Ksocial(n) sth mon�da tou qrìnou.

Sth sunèqeia tou kefalaÐou mac, ja anaferjoÔme se arijmhtik� paradeÐgmata aut c thc

perÐptwshc tou montèlou mac, apotelèsmata twn opoÐwn parousi�zontai mèsw sqediagramm�twn

kai mac bohjoÔn na katano soume tic diaforèc metaxÔ atomik c kai koinwnik c beltistopoÐhshc.
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3.4 Arijmhtik� paradeÐgmata - Sumper�smata

Me th bo jeia tou logismikoÔ MATLAB, ja parousi�soume kai ed¸ merik� arijmhtik�

paradeÐgmata gia di�forec timèc twn RT , RΛ, CT , CΛ, λ, θ, r2 kai b.

Arqik�, èstw RT = RΛ = 20, CT = CΛ = 1, r2 = 0.4 kai b = 5. 'Opwc faÐnetai sta

epìmena sqediagr�mmata 1 kai 2, parathroÔme kai ed¸, ìpwc sto 2o kef�laio ìti, metab�llontac

mìno, eÐte ton rujmì �fixhc λ twn metakinoÔmenwn sth st�sh - pi�tsa gia θ = 4   ton rujmì

dieÔleushc θ twn taxÐ apì thn pi�tsa gia λ = 4, h tim  katwflÐou nsoc thc bèltisthc politik c

gia th megistopoÐhsh tou koinwnikoÔ kèrdouc eÐnai mikrìterh thc tim c katwflÐou ne, ìpou ne

eÐnai to kat¸fli ekeÐno sto opoÐo ènac afiknoÔmenoc metakinoÔmenoc mpaÐnei sthn our� gia taxÐ

mìno an to pl joc twn parìntwn atìmwn den uperbaÐnei to kat¸fli autì.

Sq ma 3.1: Ta epÐpeda katwflÐou ne kai

nsoc sunart sei tou θ.

Sq ma 3.2: Ta epÐpeda katwflÐou ne kai

nsoc sunart sei tou λ.

nsoc
ne

nsoc
ne

Mei¸nontac t¸ra kai ed¸ mìno thn amoib  RT enìc metakinoÔmenou pou qrhsimopoieÐ taxÐ sthn

tim  17, èpontai sthn epìmenh selÐda ta sqediagr�mmata 3.3 kai 3.4
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Sq ma 3.3: Ta epÐpeda katwflÐou ne kai

nsoc sunart sei tou θ.

Sq ma 3.4: Ta epÐpeda katwflÐou ne kai

nsoc sunart sei tou λ.

nsoc
ne

nsoc
ne

Parathr¸ntac sunolik� ta sq mata 3.1 èwc 3.4, diapist¸noume p�li ìti, h diafor� metaxÔ twn

nsoc kai ne èqei meiwjeÐ aisjht�, dhlad  oi metakinoÔmenoi teÐnoun na sumperifèrontai koinwnik�

bèltista.

SuneqÐzontac p�li ìpwc sto 2o kef�laio, diathroÔme thn amoib  RT sthn tim  17 kai aux�noume

to kìstoc sth mon�da tou qrìnou CT enìc atìmou pou perimènei sthn pi�tsa. Tìte, ìpwc

faÐnetai sta sqediagr�mmata 3.5 kai 3.6, an kai h metakÐnhsh me taxÐ èqei gÐnei akìmh ligìtero

elkustik , entoÔtoic h atomik� sumfèrousa politik , sugkrinìmenh me thn koinwnik , suneqÐzei

na mac odhgeÐ se megalÔterec ourèc sthn pi�tsa twn taxÐ.

Sq ma 3.5: Ta epÐpeda katwflÐou ne kai

nsoc sunart sei tou θ.

Sq ma 3.6: Ta epÐpeda katwflÐou ne kai

nsoc sunart sei tou λ.

nsoc
ne

nsoc
ne

Sto akìloujo sqedi�gramma 3.7, faÐnetai kai ed¸ pwc metab�lletai o lìgoc PoA = Ksocial(nsoc)
Ksocial(ne)

71



diathr¸ntac stajèrec tic paramètrouc RΛ = 20, CΛ = 1 kai b = 5 kai epibarÔnontac

sugkritik� tic antÐstoiqec timèc twn RT kai CT , �llote gia di�forec timèc tou θ kai �llote gia

di�forec timèc tou λ.

Sq ma 3.7: O lìgoc PoA sunart sei tou θ, gia RΛ = 20, CΛ = 1, λ = 3, r2 = 0.5 kai

b = 5.

RT = 20,
CT = 1

RT = 17,
CT = 1

RT = 17,
CT = 1.5

ParathroÔme loipìn apì to sqedi�gramma 3.7 ìti, ìso aux�netai o rujmìc dièleushc θ twn taxÐ

se sqèsh me ton rujmì �fixhc λ twn atìmwn sth st�sh - pi�tsa, to koinwnikì kèrdoc pou

antistoiqeÐ sthn tim  katwflÐou ne teÐnei na gÐnei Ðso me to koinwnikì kèrdoc pou antistoiqeÐ

sthn tim  katwflÐou nsoc. Kai ed¸ h basik  aitÐa diaforopoÐhshc metaxÔ atomik c kai koinwnik c

beltistopoÐhshc apoteleÐ to gegonìc ìti, kajè neoafiqjeÐc metakinoÔmenoc sthn pi�tsa twn taxÐ,

an kai den dhmiourgeÐ arnhtikèc epidr�seic sta �toma pou brÐskontai mprost� ap' autìn, lìgw

peijarqÐac our�c FCFS sthn pi�tsa, entoÔtoic dhmiourgeÐ en agnoÐa tou arnhtikèc epidr�seic se

pijanèc mellontikèc afÐxeic metakinoÔmenwn.

KleÐnontac to kef�laio autì, ja parousi�soume sthn epìmenh par�grafo merik� arijmhtik�

paradeÐgmata prokeimènou na sugkrÐnoume mèsw sqediagramm�twn ta montèla tou 2oυ kai 3oυ

kefalaÐou.
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3.5 SÔgkrish montèlwn - Sumper�smata

EÐmaste t¸ra se jèsh na asqolhjoÔme me k�poiec endiafèrousec sugkrÐseic metaxÔ twn

dÔo montèlwn kai me th bo jeia sqediagramm�twn, na ex�goume merik� sumper�smata pou mac

bohjoÔn na diakrÐnoume tic metaxÔ touc diaforèc.

Sthn parathr simh kat�stash twn montèlwn mac tou 2oυ kai tou 3oυ kefalaÐou, ìpwc

apeikonÐzetai kai sto akìloujo sqedi�gramma, faÐnontai ta epÐpeda katwflÐou ne1 , ne2α kai ne2β

sunart sei tou θ gia RT = RΛ = 20 kai CT = CΛ = 1. Ta ne1 , ne2α kai ne2β eÐnai politikèc

katwflÐou, stic opoÐec ènac afiknoÔmenoc metakinoÔmenoc mpaÐnei sthn our� gia taxÐ mìno an

to pl joc twn parìntwn atìmwn den uperbaÐnei ta kat¸flia aut�   isodÔnama ta epÐpeda aut�

antistoiqoÔn ston mègisto arijmì atìmwn pou antikrÐzei sthn pi�tsa twn taxÐ ènac neoafiqj c

metakinoÔmenoc, ¸ste h atomik  tou wfèleia pou eispr�tei apì thn metakÐnhsh me taxÐ na eÐnai

megalÔterh aut c tou lewforeÐou. To epÐpedo ne1 antistoiqeÐ sto 2o kef�laio, en¸ ta ne2α kai

ne2β sto 3o kef�laio gia timèc tou r2 = 0.4, kai 0.8 antÐstoiqa.

Sq ma 3.8: Ta epÐpeda katwflÐou ne1 , ne2α kai ne2β sunart sei tou θ.

ne1
ne2α , r2=0.4
ne2β , r2=0.8
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EÐnai fanerì loipìn ìti, ìso aux�netai h pijanìthta r2 epibÐbashc dÔo atìmwn sta dierqìmena

taxÐ, aux�netai kai to epitrepìmeno epÐpedo katwflÐou sthn pi�tsa twn taxÐ, me apotèlesma ènac

neoafiqj c metakinoÔmenoc na exakoloujeÐ na protim� to taxÐ se sqèsh me to lewforeÐo, akìmh

kai an aux�netai o arijmìc twn atìmwn sthn pi�tsa twn taxÐ.

Sth sunèqeia, se koinì sqedi�gramma apeikonÐzoume ta epÐpeda katwflÐou nsoc1 , nsoc2α ,

nsoc2β kai nsoc2γ sunart sei tou θ gia RT = RΛ = 20, CT = CΛ = 1 kai λ = 2. Ta nsoc1 , nsoc2α ,

nsoc2β kai nsoc2γ antÐstoiqoun stic bèltistec politikèc pou megistopoioÔn to koinwnikì kèrdoc

kai eidikìtera to pr¸to antistoiqei se koinwnik  beltistopoÐhsh tou montèlou sto 2o kef�laio

kai to deÔtero èwc kai to tètarto se koinwnik  beltistopoÐhsh tou montèlou sto 3o kef�laio

gia tic timèc tou r2 = 0.35, 0.55 kai 0.85 antÐstoiqa.

Sq ma 3.9: Ta epÐpeda katwflÐou nsoc1 , nsoc2α , nsoc2β kai nsoc2γ sunart sei tou θ.

nsoc1
nsoc2α , r2=0.35
nsoc2β , r2=0.55

* nsoc2γ , r2=0.85

Kai ed¸ blèpoume ìti, ìso aux�netai h pijanìthta r2 epibÐbashc dÔo atìmwn sta dierqìmena taxÐ,

aux�nontai kai oi timèc nsoc pou megistopoioÔn to koinwnikì kèrdoc gia di�forec timèc tou θ.
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