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AntÐ Prolìgou

Ekfr�zw tic jermìterec euqaristÐec mou proc ton Anaplhrwt  Kajhght  k. Ni-
kìlao Papad�to gia thn ousiastik  bo jeia kai thn upost rixh pou mou prosèfere
kat� thn ekpìnhsh thc paroÔshc Diplwmatik c ErgasÐac.

Euqarist¸ jerm�, epÐshc, thn EpÐkourh kajhg tria k. EutuqÐa Baggel�tou kai
ton EpÐkouro kajhght  k. Dhm trio Qeli¸th, gia thn tim  pou mou èkanan na summe-
t�sqoun sthn Trimel  Exetastik  epitrop .
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Kef�laio 0

Eisagwg 

0.1 Istorik  anadrom  sth JewrÐa twn Oria-
k¸n Jewrhm�twn

Sth JewrÐa Pijanot twn, oi tÔpoi pou eÐnai akribeÐc kai sugqrìnwc kat�llhloi
gia upologismoÔc, apoteloÔn m�llon exaÐresh. To gegonìc autì kajist� anagkaÐa
thn qrhsimopoÐhsh proseggÐsewn twn katanom¸n pijanot twn kai twn sqetik¸n qara-
kthristik¸n sunart sewn, gia tic opoÐec endiaferìmaste. Oi proseggÐseic autèc pou
prèpei afenìc na eÐnai bolikèc gia touc arijmhtikoÔc upologismoÔc, kai afetèrou na
mporoÔn na egguhjoÔn thn apaitoÔmenh proseggistik  akrÐbeia, den eÐnai �llo apì ta
oriak� jewr mata, pou kat� sunèpeia, apoteloÔn to spoudaiìtero, gia tic efarmogèc,
mèroc thc JewrÐac Pijanot twn.

MetaxÔ twn jewrhm�twn aut¸n, shmantik  jèsh katèqoun, ìsa aforoÔn se ako-
loujÐec katanom¸n ajroism�twn anex�rthtwn t.m. (pou mporoÔn na paÐrnoun timèc se
di�forouc q¸rouc). Aut� prosèlkusan to endiafèron poll¸n majhmatik¸n, gia pollèc
dekaetÐec apì thn epoq  thc emf�nis c touc, (to pr¸to misì tou QIQ ai¸na), ofeÐlontai
de kurÐwc, sthn an�ptuxh thc jewrÐac sfalm�twn. (H pr¸th grammik  prosèggish toÔ
l�jouc, kat� th mètrhsh miac t.m., eÐnai èna �jroisma anex�rthtwn kai �mikr¸n kat�
pijanìthta� t.m., oi opoÐec antiproswpeÔoun touc par�gontec tou l�jouc).

To pr¸to oriakì je¸rhma sthn istorÐa thc JewrÐac Pijanot twn, ofeÐletai ston
spoudaÐo Elbetì majhmatikì J. Bernoulli (1654-1705) kai perièqetai sto biblÐo tou �Ars
conjectandi�, pou dhmosieÔthke 8 qrìnia met� ton j�natì tou (1713).
To Je¸rhma Bernoulli, pou s mera anafèretai wc Nìmoc Meg�lwn Arijm¸n, den eÐ-
nai mìno istorik� endiafèron, all� apokalÔptei, sth peraitèrw an�ptux  tou, ènan
apì touc pio shmantikoÔc �nìmouc tou sÔmpantoc �, dhlad  ìti h �tuqaiìthta� sthn em-
f�nish enìc tuqaÐou gegonìtoc, aÐretai met� apì thn epan�lhyh tou peir�matoc, upì
tic Ðdiec sunj kec, n forèc, gia meg�lo n. dhl. �oriak��, to gegonìc emfanÐzetai me
�nomoteleiak  kanonikìthta�.
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Ex �llou ìlh h episthmologik  axÐa thc JewrÐac Pijanot twn basÐzetai se autì.

dhl. h majhmatik  pijanìthc ja  tan ��karph� an den èbriske thn pragmatopoÐhs 
thc sthn �oriak  suqnìthta� emf�nishc tuqaÐou gegonìtoc (h pragmatopoÐhsh eÐnai
�proseggistik � p�nta, all� gÐnetai aujaÐreta akrib c kai axiìpisth ìso megal¸nei o
arijmìc twn epanal yewn.)

To biblÐo tou Bernoulli eÐnai to shmantikìtero ex ìswn gr�fthkan aut  thn epoq 
kai aforoÔsan sthn analush tuqaÐwn gegonìtwn, ìpwc twn Montmort (1708), Moivre
(1718), Simpson (1740), Bayes (1768). kai m�lista, h qrononologÐa dhmosÐeus c tou
(1713) jewreÐtai wc h arq  thc istorÐac thc JewrÐac Pijanot twn, en¸ ta èrga twn
Pascal kai Fermat (1679) an kai sunèbalan sthn exèlixh twn Pijanot twn (me touc
stoiqei¸deic arijmhtikoÔc upologismoÔc, sqetik� me peir�mata tÔqhc), an koun sthn
proðstorÐa thc.

Mia sÔntomh anaskìphsh twn kuriwtèrwn apotelesm�twn sth JewrÐa twn Oria-
k¸n Jewrhm�twn gia ajroÐsmata anexart twn t.m., apì thn epoq  pou  rje sto fwc to
biblÐo tou Bernoulli, wc to 1949 pou dhmosieÔthke h jemeli¸douc shmasÐac monogra-
fÐa twn Gnedenko-Kolmogorov, ja  tan polÔ qr simh mejodologik� (ìpwc eÐnai p�nta
oi istorikèc anaforèc) perigr�fontac, ex �llou, to ennoiologikì pedÐo sto opoÐo ja
kinhjoÔme (mèsa sta plaÐsia miac diplwmatik c ergasÐac).

Ta pr¸ta oriak� jewr mata aforoÔn sthn apl  perÐptwsh ìpou oi Xj, j =
1, . . . , n eÐnai i.i.d me P (Xj = 1) = p kai P (Xj = 0) = 1− p.

To jewrhma Bernoulli  tan isodÔnamo me to akìloujo:

Je¸rhma 0.1.1. 'Estwsan Xj, j = 1, . . . , n i.i.d t.m. me P (Xj = 1) = p, P (Xj =
0) = 1 − p, 0 < p < 1 kai jewroÔme ta ajroÐsmata Sm = X1 + . . . + Xm − Am, Am
pragmatikoÐ arijmoÐ me Am = mp se aut� ta ajroÐsmata. Tìte isqÔei,

X1 + . . .+Xm − Am
m

d→ 0 (0.1.1)

  isodÔnama,

X1 + . . .+Xm

m

d→ p, m→ +∞ (0.1.2)

To apotèlesma autì tou Bernoulli, ìpwc  dh èqoume anafèrei, antanakl� ton
polÔ gnwstì �empeirikì nìmo�, sÔmfwna me ton opoÐo, h suqnìthc thc emfanishc
k�poiou endeqomènou M se mia seir�m ìmoiwn kai anexart twn dokim¸n, gÐnetai stajer�,
ìso megal¸nei to m, kai jewroÔme aut  th stajer� wc thn jewrhtik  pijanìthta
tou endeqomènou M .

To 1783 o De Moivre èkane to epìmeno spoudaÐo b ma sth JewrÐa twn Oriak¸n
Jewrhm�twn, to gnwstì dhlad  je¸rhma De Moivre-Laplace, pou s mera onom�zoume
K.O.J., diatup¸netai de wc:
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Je¸rhma 0.1.2. 'Estwsan Xj, j = 1, . . . , n i.i.d t.m. me P (Xj = 1) = p kai P (Xj =
0) = 1− p. Tìte

X1 +X2 + . . .+Xm −mp√
mpq

d→ N (0.1.3)

ìpou N t.m. me σ.κ. thn tupopoihmènh kanonik  Φ(x),   isodÔnama

(X1 +X2 + . . .+Xm −mp)(x
√
mpq) →

m→+∞
Φ(x)

To prohgoÔmeno je¸rhma apedeÐqjh apì touc de Moivre-Laplace me mejìdouc
asumptwtik c an�lushc thc Diwnumik c katanom c (pou eÐnai h katanom  tou Sm sthn
prokeÐmenh perÐptwsh).

MazÐ me to J. 0.1.2 apedeÐqjh kai to legìmeno topikì oriakì je¸rhma:

Je¸rhma 0.1.3. Upì tic upojèseic tou Jewr. 0.1.2, an a, b ∈ R, a < b isqÔei h
asumptwtik  sqèsh, gia m→ +∞:

Pm(k) = P (X1 + . . .+Xm = k) =
Φ(k−mp√

mpq
)

√
mpq

(1 + o(1)) (0.1.4)

ìpou Φ h tupopoihmènh kanonik  katanom . IsqÔei de, omoiìmorfa, gia ìlouc touc
akeraÐouc k apì thn akoloujÐa twn diasthm�twn mp+ a

√
mpq < k < mp+ b

√
mpq.

To endiafèron gia kanonikìthtec twn tÔpwn (0.1.1) kai (0.1.3),  tan èntono ka-
jìlh th di�rkeia tou QIQ ai¸na.
To 1837 o Poisson epètuqe na epekteÐnei ton tÔpo (0.1.1) sthn perÐptwsh ìpou P (Xj =
1) = pj, P (Xj = 0) = 1 − pj, 0 < pj < 1, j = 1, 2, . . . ,m kai Am = p1 + . . . + pm =
EX1 + . . .+ EXm.
Oi sqèseic tou tÔpou (0.1.1) onom�sjhkan upì tou Poisson Nìmoc twn Meg�lwn
Arijm¸n (N.M.A) kai o ìroc ègine apodektìc sth JewrÐa Pijanot twn. Argìtera
ìtan o N.M.A jemeli¸jhke k�tw apì genik¸terec arqikèc sunj kec, to Je¸r. 0.1.1
anafèreto wc N.M.A tou Bernoulli kai h genikeush pou epeteÔqjh upì tou Poisson,
wc N.M.A Poisson.

Mia �llh axioshmeÐwth epituqÐa tou Poisson to 1837, eÐnai to je¸rhma pou periè-
qei proseggÐseic twn pijanot twntwn �spanÐwn endeqomènwn� se mia seir� anexart twn
kai omoÐwn dokim¸n.

Sta jewr mata 0.1.1 kai 0.1.3, h proseggish pou dÐdetai eÐnai tìso ligìtero apo-
telesmatik  ìso mikrìterh eÐnai h pijanìthc p. ApodeiknÔetai de ìti sthn perÐptwsh
mikroÔ p, mia �llh katanom  ja mporoÔse na efarmosj  antÐ thc kanonik c.

To akìloujo je¸rhma, gnwstì wc je¸rhma Poisson, apant� sto jèma autì:

Je¸rhma 0.1.4. 'Estw (Xn)n≥1 akoloujÐa i.i.d. t.m. me katanom  P (Xj = 1) = p,
P (Xj = 0) = 1 − p exart¸menh apì tic pragmatikèc paramètrouc λ > 0 kai akèraio
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r > λ tètoion ¸ste p = λ/r. An stajeropoi soume to λ, en¸ r → +∞, tìte ∀ akèraio
k ≥ 0 isqÔoun oi akìloujec oriakèc sqèseic:

Pr(k) = Πk(λ)(1 + o(1))

ìpou Πk(λ) = λk

k!
exp(−λ) (katanom  Poisson).

To J. 0.1.4 eÐnai h topik  ekdoq  tou oriakoÔ J. Poisson. IsqÔei kai h oloklhrw-
tik  gia Sr = X1 + . . .+Xr kai Ar = 0 dhl. (X1 + . . .+Xr)(x)→

∑
k<x Πk(λ), ∀x > 0.

To J. Poisson apedeÐqjh polÔ qr simo gia thn lÔsh poikÐlwn praktik¸n problh-
m�twn, h de katanom  Poisson paÐzei kentrikì rìlo sth JewrÐa Oriak¸n Jewrhm�twn
gia ajroÐsmata anex. t.m.

O Chebyshev, to 1867, sto èrgo tou �On Mean Values�, dhmosieujèn sto perio-
dikì �The Mathematical Collection� (Matematich-eskii Sbornik) apèdeixe to akìloujo
je¸rhma (N.M.A tou Chebyshev).

Je¸rhma 0.1.5. Upojètome ìti oi anexarthtec t.m. Xj, j = 1, . . . ,m èqoun pepera-
smènec ropèc 2hc t�xhc (�ra kai 1hc t�xhc) kai eÐnai fragmènec apì mÐa stajer� K me
Am = EX1 + . . .+ EXm. Tìte

X1 + . . .+Xm − (EX1 + . . .+ EXm)

m

d→ 0, m→∞

O Chebyshev epètuqe epÐshc na apodeÐxh to J. 0.1.2, me diaforetikì mèjodo
apì aut n twn de Moivre-Laplace. Sto èrgo tou �On two Theorems on Probability�
prìteine mÐa nèa prosèggish pou argìtera onom�sjhke mèjodoc twn rop¸n.

Dustuq¸c, h apìdeixh pou prìteine o Chebyshev, den ègine pl rwc katanoht .
O Majht c tou Markov olokl rwse autì to èrgo 20 qrìnia argìtera kai sunèbale ta
mègista sthn an�ptuxh thc JewrÐac Oriak¸n Jewrhm�twn kai thc JewrÐac Pijanot -
twn, efìson to èrgo tou perieÐqe sobar� epiqeir mata upèr thc dunatìthtoc genÐkeushc
tou J. de Moivre-Laplace.

Prèpei na shmei¸soume ìti  dh aut  thn epoq  o Chebyshev èjese jèma �beltÐw-
shc � twn oriak¸n prosseggÐsewn thc katanom c twn Sm = X1 + . . .+Xm −Am, sth
sqèsh (0.1.3) tou J. 0.1.2 kai prìteine na prostej  sthn katanom  Φ, ena peperasmèno
tm ma apì k�poiec seirèc exart¸menec apì to m. Oi seirèc pou qrhsimopoi jhkan apì
ton Chebyshev gia thn kataskeu  �beltiwmènwn proseggÐsewn� eÐnai gnwstèc s mera
wc Chebyshev-Cramer series   the Edgeworth-Cramer expansions.

To èrgo tou Chebyshev apotèlese kÐnhtro gia polloÔc majhmatikoÔc na melet -
soun sobar� ta probl mat� tou me apotèlesma, ìqi mìno na periorisjoÔn sthn teleio-
poÐhsh twn proteinomènwn up' autoÔ mejìdwn, all� na anazht soun nèec proseggÐseic
sto kÔrio prìblhma (genÐkeush tou J. de Moivre-Laplace).

'Htan o majht c tou Lyapunov, pou kat gage thn megalÔterh epituqÐa proc aut 
thn kateÔjunsh, to 1900, parousi�zontac, sto èrgo tou �On one Proposition of Pro-
bability Theory� tic dunatìthtec thc mejìdou tou, twn qarakthristik¸n sunart sewn,
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me skopì th genÐkeush tou J. de Moivre-Laplace pou uperèbaine kat� th genikìthta
thc to je¸rhma pou eÐqe prospaj sei na apodeÐxh o Chebyshev.

To polÔ spoudaÐo epÐteugma tou Lyapunov, gnwsto wc to K.O.J1 dÐdetai apì to

Je¸rhma 0.1.6. JewroÔme thn anex�rthth akoloujÐa t.m. X1, X2, . . . kai 0 < δ ≤ 1.
Upojètoume ìti h metablht 

bm = E|X1 − EX1|2+δ + . . .+ E|Xm − EXm|2+δ

eÐnai peperasmènh ∀m = 1, 2, . . . kai jètoume

Am = EX1 + . . .+ EXm, εm =
bm
β2+δ
m

, β2
m = V X1 + . . .+ V Xm.

Tìte, gia m→∞
i) gia δ < 1,

ηm = sup{|Um(xβm)− Φ(x)| : x ∈ R} = O(εm) (0.1.5)

ìpou Um eÐnai h σ.κ. thc X1 + . . .+Xm − Am.
ii) gia δ = 1,

ηm = O(εm| log(εm)|) (0.1.6)

To apotèlesma tou Lyapunov, uperèbh tic prosdokÐec twn majhmatik¸n thc e-
poq c, wc proc th genÐkeush tou J. de Moivre-Laplace. Epiplèon de  tan h pr¸th
�beltÐwsh� tou, efìson perieÐqe thn ènnoia thc taqÔthtoc sÔgklishc twn katanom¸n
Um(xβm) sthn Φ(x).
H mèjodoc twn χ.σ., anak�luyh tou Lyapunov eÐnai èna apì ta pio dunat� analutik�
ergaleÐa thc JewrÐac Pijanot twn.

Ta epiteÔgmata tou Lyapunov, suneplhr¸jhsan me ta èrga tou Markov poÔ
aforoÔsan sthn an�lush akolouji¸n ajroism�twn exhrthmènwn t.m.. To montèlo al-
lhloexart¸menwn t.m., pou p re to ìnoma Markov’s chains, ègine h b�sh gia mi� polÔ
spoudaÐa gia tic efarmogèc ereunhtik  kateÔjunsh.

To pr¸to tètarto autoÔ tou ai¸na mporeÐ na onomasj  wc h perÐodoc thc Majh-
matikhc JemelÐwshc thc JewrÐac Pijanot twn pou oloklhr¸jhke apì th dhmiourgÐa
twn axiwm�twn thc, sto fhmismèno èrgo tou Kolmogorov, �Foundations of the Theory
of Probability�, pou dhmosieÔjhke gia pr¸th for�, sth GermanÐa, to 1933.

En¸ to 2o misì tou peperasmènou ai¸na, ta perissìtera apotelèsmata sth JewrÐa
Pijanot twn sundèontai me onìmata R¸swn majhmatik¸n, met� thn emf�nish twn èrgwn
twn Lyapunov kai Markov, ta probl mata thc JewrÐac Pijanot twn prokaloÔn to
endiafèron meg�lwn majhmatik¸n apì �llec q¸rec.

1
Με τον όρο Κ.Ο.Θ εννοούμε ένα πλήθος θεωρηματων με κοινό χαρακτηριστικό την (συνή-

θως) ασθενή σύγκλιση αθροισμάτων τ.μ. προς την τυποποιημένη κανονική κατανομή, Φ(x) =
1√
2π

∫∞
−∞ exp(−x

2

2 ), x ∈ R.
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O Skandinabìc majhmatikìc Lindeberg (1922) kai o G�lloc majhmatikìc P. Lévy
(1926), melèthsan oriak� je¸r mata gia kanonikopoihmèna ajroÐsmata

S̃n =
X1 + . . .+Xn

βn
− An, An ∈ R, βn > 0, βn =

√
V X1 + . . .+ V Xn

Upèjesan de ta ex c:
1) Oi prosjetèoi {Xj, j ≥ 1} sta ajroÐsmata Sn eÐnai an� duo anex�rthta.
2) βn →∞ ¸ste ∀ε > 0, sup1≤j≤n P{|Xj| > βnε} →

n→∞
0

(sunj kh apeirost c mikrìthtac, (infinite smallness),agglistÐ).

Oi sunj kec 1) kai 2) orÐzoun to legìmeno montèlo Lindeberg-Lévy.

Epiplèon aut¸n twn sunjhk¸n, upojètoun ìti EXj = 0, EXj = σ2
j < ∞, j =

1, 2, . . . ,m.
O Lindeberg to 1922 apèdeixe to epìmeno je¸rhma:

Je¸rhma 0.1.7. (Lindeberg) An epiplèon twn prohgoÔmenwn upojèsewn, èqoume,

∀t > 0
1

β2
n

n∑
j=1

∫
|x|>tβn

x2dGj(x)→ 0, n→∞ (0.1.7)

(sunj kh Lindeberg)

ìpou Gj: h σ.κ. thc Xj, j = 1, . . . , n tìte, oi σ.κ. Fn(x) twn kanonikopoihmènwn ajroi-
sm�twn S̃n = X1+...+Xn

βn
sugklÐnoun omoiìmorfa sthn tupopoihmènh kanonik  katanomh

Φ(x) dhl
p(Fn,Φ) = sup

x
|Fn(x)− Φ(x)| → 0, n→∞ (0.1.8)

Shmei¸noume ìti h sunj kh Lindeberg exasfalÐzei thn sunj kh asumptwtik� amelhtèwn
diaspor¸n twn metablht¸n dhl.

max
1≤j≤n

σ2
j

β2
n

→ 0, n→∞ (0.1.9)

To J. 0.1.7 apedeÐqjh lÐgo argìtera (1926) apì ton S-N. Bernshtein me �llh
mèjodo.

O Amerikanìc majhmatikìc W. Feller apèdeixe ìti h sunj kh Lindeberg eÐnai ìqi
mìno ikan  all� kai anagkaÐa wc proc thn isqÔ tou sumper�smatoc tou J. Lindeberg,
dhlad  wc proc tic (0.1.8),(0.1.9). Dhlad  eÐnai krit rio gia thn asumptwtik  kanonik 
prosèggish twn katanom¸n twn ajroism�twn, dhlad  eÐnai krit rio tou K.O.J pou
plèon onom�zetai K.O.J Lindeberg-Feller, kai genikeÔei ta jewr mata Moivre-Laplace
kai Lyapunov.

To je¸rhma Lyapunov kai ta paradeÐgmata akolouji¸n anexart twn t.m. gia
ta opoÐa den isqÔei to K.O.J ta kataskeuasjènta kai melethjènta apì ton Markov,
eÔloga èjesan to z thma Ôparxhc oriak¸n jewrhm�twn pou sundèontai ìqi me thn
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kanonik , all� me �llec katanomèc. To je¸rhma Poisson katadeiknÔei thn an�gkh
melèthc tou zht matoc autoÔ.

H monografÐa �Calcul des Probabilites� (1925) tou Lévy apotèlese shmantik 
prìodo sth JewrÐa Oriak¸n Jewrhm�twn. O Lévy je¸rhse thn perÐptwsh ajroism�-
twn i.i.d t.m. me Am = am, a = ct. Kat�fere de na perigr�yei thn kl�shM twn σ.κ.
G(x) pou emfanÐzontai wc ìria sthn sqèsh

Um(xβm)
d→ G(x), m→∞ (0.1.10)

ìpou βm stajerèc epilegìmenec apì ton meletht . onìmase de thn kl�shM stable laws
(s mera strictly stable laws). ApedeÐqjh ìti k�je G ∈M ikanopoieÐ thn sunarthsiak 
exÐswsh

G(
x

a
) ? G(

x

b
) = G(x), x ∈ R (0.1.11)

ìpou a, b > 0 kai aa + ba = 1.

H (0.1.11) metafrasmènh sth gl¸ssa twn χ.σ. ìpou f(t) h χ.σ. thc G(x), gÐnetai

f(at)f(bt) = f(t), t ∈ R (0.1.12)

H exÐswsh aut  den prosdiorÐzei monos manta thn f(t) all� prosdiorÐzei thn kl�shM
mèsa sto sÔnolo ìlwn twn sunart sewn katanom c. Epiplèon dÐnei th dunatìthta ana-
lutik c èkfrashc thc f(t), pr�gma pou epitrèpei thn perigraf  twn oriak¸n katanom¸n
me orouc χ.σ. kai se pio genikèc peript¸seic apì autèc pou je¸rhse o Lévy. 'Etsi,
èqei diamorfwjeÐ plèon h antÐlhyh gia thn genÐkeush tou probl matoc twn oriak¸n
jewrhm�twn gia ajroÐsmata anex�rthtwn t.m.

O Andrei Nikolaevich Kolmogorov, ènac apì touc pio meg�louc majhmatikoÔc tou
QQ ai¸noc, sto �rjro tou �On the General Form of a Homogeneous Stochastic Process�
pou parousÐase to 1932 èdwse to enarkt rio l�ktisma gia thn an�ptuxh miac apo tic pio
spoudaÐec jewrÐec stic Pijanìthtec, thn klassik  jewrÐa twn oriak¸n jewrhm�twn.

Me ta lampr� epiteÔgmata thc, h JewrÐa Pijanot twn, kèrdise thn anagn¸rish kai
ton sebasmì tou episthmonikoÔ kìsmou. Wstìso oi basikèc ergasÐec pÐsw apì aut� ta
epiteÔgmata, ìpwc ta oriak� jewrhmata twn Bernoulli, de Moivre, Poisson, Chebyshev,
Lyapunov, Markov, Lévy, Bernshtein den eÐqan akìmh enopoihjeÐ se mia genik  jewria.
PerÐ to 1930 ìmwc, ègine katanoht  apì ìlouc h an�gkh dhmiourgÐac eniaÐac jewrÐac
twn oriak¸n jewrhm�twn, thc Genik c JewrÐac twn Oriak¸n Jewrhm�twn.

To prìblhma thc kataskeu c miac Genik c JewrÐac twn Oriak¸n Jewrhm�twn
perigr�fhke (gÔrw sto 1930) wc akoloÔjwc:

'Estw mia trigwnik  akoloujÐa Xn1, Xn2, . . . k�je mÐa apì tic opoÐec apartÐzetai
apì anex�rthtec t.m. me antÐstoiqec σ.κ. Fnj, j ≥ 1   χ.σ. fnj pou eÐnai gnwstèc kai
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ikanopoioun thn sunjhkh apeirost c mikrìthtoc (UN) 2

∀ε > 0 sup{P (|Xnj| > ε) : j ≥ 1} → 0, n→∞

JewroÔme ta Sn = Xn1 + Xn2 + . . . + An, n ≥ 1 ìpou An stajerèc epilegìmenec apì
ton meletht , me σ.κ. Fn, n ≥ 1. TÐjentai ta epìmena 2 probl mata:
I) Perigraf  thc kl�shc B twn pijan¸n oriak¸n katanom¸n (gia n → ∞) gia ta
ajroÐsmata Sn twn opoÐwn oi ìroi ikanopoioÔn thn UN sunj kh.
II) Kataskeu  krithrÐou (upì thn UN sunj kh) thc asjenoÔc sÔgklishc thc akoloujÐac
twn σ.κ. Fn se mia prokajorismènh σ.κ. G, apì thn kl�sh B.

O Kolmogorov èqontac ephreasjeÐ apì to �rjrou tou shmantikoÔ ItaloÔ stati-
stikoÔ Bruno de Finetti sto opoÐo eis qjh (1929) h ènnoia twn omogen¸n diadikasi¸n
me omogeneÐc prosaux seic (ousiastik� isodÔnamh me thn ènnoia twn �peira diairet¸n
katanom¸n),  tan o pr¸toc pou dieÐde thn eujeÐa sqèsh metaxÔ twn diadikasi¸n tou
de Finetti dhl. thc kl�shc C twn (infinitely divisible laws) kai thc kl�shc B. EpÐshc
 tan o pr¸toc pou èkane spoudaÐo b ma proc thn kataskeu  miac Genik c Jewriac twn
Oriak¸n Jewrhm�twn.

O de Finetti eÐqe epitÔqei dia twn χ.σ. na perigr�yei èna mikrì mìno mèroc thc
kl�shc C (infinitely divisible laws). SÔmfwna me ton orismì mia σ.κ. G an kei sthn C
an ∀ akèraio n ≥ 2, ∃ mÐa σ.κ. Gn(x) ¸ste G = Gn ? Gn ? . . . ? Gn (n-pl  sunèlixh).
H kl�sh C èmelle na paÐxei kentrikì rìlo sth Jewria Oriak¸n Jewrhm�twn.

PolloÐ majhmatikoÐ endiafèrjhkan gia to prìblhma thc kataskeu c mi�c genik c
jewrÐac. O Lévy (1934) epètuqe pl rh perigraf  thc kl�shc C dia twn χ.σ. kai to
1938 o Khintchin apèdeixe ìti oi kl�seic C kai B sumpÐptoun, epibebai¸nontac thn ar-
qik  eikasÐa tou Kolmogorov gi' autèc tic kl�seic.

Mèqri to 1950 to prìblhma thc kataskeu c miac genik c jewrÐac eÐqe sqedìn
pl rwc lujeÐ. Wc ek toÔtou h epÐkairh emf�nish thc monografÐac twn Gnedenko kai
Kolmogorov (1954)  tan kat� mÐa ènnoia h telik  sÔnoyic twn apotelesm�twn, kai
m�lista kat� trìpon jaum�sio wc proc th sullog  tou ulikoÔ alla kai thn parousÐas 
tou. To biblÐo autì gia poll� qrìnia apoteloÔse to shmeÐo anafor�c gia ìlouc touc
majhmatikoÔc pou endiafèrontan gia ta oriak� jewr mata ajroism�twn t.m.

H exèlixh kai o emploutismìc me nèec idèec kai stoiqeÐa, thc Oriak c JewrÐac,
suneqÐzetai.

2uniform asymptotic negligibility ή infinite smallness



Kef�laio 1

'Apeira diairetèc katanomèc
(infinitely divisible distr. (i.d))

'Ena apì ta dÔo basik� zht mata thc Genik c JewrÐac twn Oriak¸n jewrhm�twn
(ìpwc èqoume  dh anafèrei), afor� ston prosdiorismì thc kl�shc twn oriak¸n ka-
tanom¸n twn ajroism�twn t.m. (pou ikanopoioÔn thn sunj. Apeirost c Mikrìthtoc
(UN),sumb.). ApedeÐqjh ìti h kl�sh aut  perièqei ìlec tic i.d katanomèc (mÐa apì autèc
eÐnai h N(0, 1)).

1.1 'Apeira diairetèc qarakthristikèc sunart -
seic

Orismìc 1.1.1. Mia t.m. X, h katanom  thc FX kai h χ.σ. fX , lègontai �peira
diairetèc (infinitely divisible (i.d)) an ∀n ≥ 1, ∃ i.i.d. t.m. X1, X2, . . . , Xn ¸ste
X = X1 + X2 + . . . + Xn   isodÔnama FX = FX1 ? . . . ? FXn (n-pl  sunèlixh) kai
fX = (fXn)n, ìpou fXn eÐnai h χ.σ.. (pou exart�tai apì to n) thc Xn.

O tÔpoc fn(t) = fXn(t) = (fX(t))1/n me tic epiplèon idiìthtec:
(1) fXn(0) = 1 kai (2) fXn(t) suneq c, epitrèpoun ton monos manto prosdiorismì twn
fXn(t) se k�je di�sthma tou t pou perièqei to t = 0 kai sto opoÐo fX(t) 6= 0.

Shmantik� paradeÐgmata i.d katanom¸n eÐnai oi gnwstèc katanomèc:

(a) H kanonik  N(a, σ2). efìson h χ.σ. f(t) = (ei a
n
t− 1

2
σ2

n
t2)n = (fXn(t))n ìpou fXn =

(ei a
n
t−σ

2t2

n ) eÐnai h χ.σ.. thc N( a
n
,
(

σ√
n

)2

).

(b) H katanom  Poisson me P (X = ak + b) = e−λλk

k!
, λ > 0 stajer�, a, b pragmatikèc

stajerèc, k = 0, 1, 2, . . . èqei χ.σ.. f(t) = eiat+λ(eibt−1) kai ∀n, h fn(t) = ei a
n
t+λ

n
(eibt−1)

eÐnai χ.σ.. miac Poisson katanom c.
(g) H Gamma (a, b) katanom  èqei χ.σ. f(t) = (1− it

b
)−a, en¸ h fn(t) = (1−(it/b))−a/n,

∀n eÐnai χ.σ. miac Gamma (a/n, b) katanom c.

9
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Prìtash 1.1.2. H χ.σ. miac i.d katanom c den mhdenÐzetai poujen�.

Apìdeixh.
'Estw F (x) mia i.d katanom  kai f(t) h χ.σ. aut c. Tìte f(t) = (fn(t))n, ∀n ìpou
fn(t) k�poia χ.σ. Lìgw sunèqeiac thc χ.σ. f(t), up�rqei èna di�sthma |t| ≤ a, sto opoÐo
f(t) 6= 0. EÐnai profanèc ìti fn(t) 6= 0 epÐshc, sto Ðdio di�sthma. Gia arket� meg�lo n,
h posìthc |fn(t)| = |f(t)|1/n mporeÐ na plhsi�sh to 1, ìso kont� jèloume, omoiìmorfa
sto t (|t| ≤ a, bl. J1 PRT).
Ac jewr soume 2 i.i.d t.m. η1 kai η2 me σ.κ. F (x) kai thn η = η1− η2. Tìte h χ.σ. thc
η eÐnai:

f ?(t) = E(eit(η1−η2)) = |E(eitη1)|2 = |f(t)|2

Dhl. to tetr�gwno thc apìluthc tim c miac χ.σ. eÐnai epÐshc χ.σ.
Epeid  mia pragmatik  χ.σ. eÐnai

f(t) =

∫
cos(tx)dF (x)

mporoÔme na èqoume thn anisìthta:

1− f(2t) =

∫
(1− cos(2xt))dF (x) = 2

∫
sin2(xt)dF (x)

= 2

∫
(1− cos(xt))(1 + cos(xt))dF (x)

≤ 4

∫
(1− cos(xt))dF (x) = 4(1− f(t))

Apì thn prohgoÔmenh, prokÔptei h

1− |fn(2t)|2 ≤ 4(1− |fn(t)|2)

Apì thn teleutaÐa, gia arket� meg�lo n kai |t| ≤ a èqoume,

1− |fn(2t)| ≤ 1− |fn(2t)|2

≤ 4(1− |fn(t)|2)

≤ 4(2ε− ε2)

< 8ε

kaj¸c, an |t| ≤ a, |fn(t)| = |f(t)|1/n = | exp(log(f(t))/n)| > 1 − ε, gia ìla ta arket�
meg�la n.

Epomènwc, sto di�sthma |t| ≤ 2a,

1− |f(t)|2 < 8ε

dhlad  gia meg�lo n, h sun�rthsh fn(t) den mhdenÐzetai sto di�sthma |t| ≤ 2a, opìte
kai h f(t), epÐshc.
'Omoia deÐqnoume ìti f(t) 6= 0 sto di�sthma |t| < 4a k.o.k. 'Etsi f(t) 6= 0 pantoÔ.
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L mma 1.1.3. An f(t) pantoÔ mh mhdenik  suneq c migadik  sun�rthsh sto [−T, T ]
me f(0) = 1, up�rqei monadik  (monìtimh) suneq c sun�rthsh λ(t) sto [−T, T ] me
λ(0) = 0 kai f(t) = eλt. Epiplèon, to di�sthma [−T, T ] mporeÐ na antikatastajeÐ apì
to (−∞,+∞).

Orismìc 1.1.4. H sun�rthsh λ(t) pou orÐzetai apì to L. 1.1.3 lègetai diakekrimènoc

(distinguished) log�rijmoc thc f(t) kai sumbolÐzetai Logf(t). EpÐshc exp(λ(t)/n)
lègetai diakekrimènh n-ost  rÐza thc f(t) kai sumbolÐzetai f 1/n(t).

L mma 1.1.5. 'Estwsan f, fk, ìpwc sto L. 1.1.3. An fk → f omoiìmorfa sto [−T, T ],
tìte Logfk − Logf → 0 omoiìmorfa sto [−T, T ].

Prìtash 1.1.6. Mia χ.σ. f(t) eÐnai i.d. an kai mìno an h diakekrimènh n-osth rÐza
thc, f 1/n(t) = eLogf(t)/n, eÐnai mia χ.σ. ∀n ≥ 1.

Apìdeixh.
An h f eÐnai i.d, tìte f = fnn , n ≥ 1, opìte oi f kai fn den mhdenÐzontai poujen�.

epomènwc oi diakekrimènec n-ostèc rÐzec kai oi log�rijmoi orÐzontai kal¸c (L. 1.1.3).
Epiplèon

eLogf = f = fnn = enLogfn

¸ste
Logf(t) = nLogfn(t) + 2πik(t)

me k(t) akèraio. Ef�oson Logf kai Logfn suneqeÐc kai mhdenÐzontai sto 0, èpetai
k(t) = 0. 'Ojen Logfn = Logf 1/n dhl. fn = f 1/n.
AntÐstrofa, an h diakekrimènh n-ost  rÐza thc f up�rqei, kai eÐnai mia χ.σ. ∀n ≥ 1,
f = eLogf =

(
eLogf/n

)n
deÐqnei ìti f eÐnai i.d.

Prìtash 1.1.7. 'Ena peperasmèno ginìmeno i.d χ.σ. eÐnai i.d.. Epiplèon, an oi i.d
χ.σ. fk teÐnoun sth f , k →∞ kai f eÐnai mia χ.σ., tìte h oriak  χ.σ. f eÐnai i.d.

Apìdeixh.
Profan¸c, an f = fnn , ψ = ψnn, n ≥ 1 tìte f · ψ = (fn · ψn)n , n ≥ 1. Epomènwc, to
ginìmeno dÔo kai (epagwgik�) peperasmènou arijmoÔ i.d. χ.σ. eÐnai i.d..
Upojètoume t¸ra ìti oi i.d. χ.σ. fk → f , f mÐa χ.σ. Tìte oi i.d. χ.σ.

ψk(t) = |fk(t)|2 = fk(t)fk(−t)→ ψ(t) = |f(t)|2

ìpou h ψ(t) eÐnai χ.σ. Sunep¸c ψ1/n
k wc jetik  n-ost  rÐza thc jetik c sun�rthshc ψk,

teÐnei gia k → ∞ sthn mh arnhtik  rÐza ψ1/n thc mh arnhtik c sun�rthshc ψ. Epeid 
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gia n ≥ 1, ψ1/n
k eÐnai mia akoloujÐa χ.σ. twn opoÐwn to ìrio ψ1/n eÐnai suneq c sto

t = 0 h ψ1/n eÐnai mia χ.σ. gia n ≥ 1. Epomènwc h ψ eÐnai i.d kai ìjen mh mhdenik 
pantoÔ. Sunep¸c, f pantoÔ mh mhdenik  kai epomènwc orÐzetai o Logf . Tìte apì to
L mma 1.1.5,

f
1/n
k − f 1/n = f 1/n

(
e

1
n

(Logfk−Logf) − 1
)
→ 0, n ≥ 1

kai epeid  f 1/n eÐnai suneq c sto t = 0 (J.1 kai J.2 PRT) eÐnai mia χ.σ. ∀n ≥ 1, opìte
f eÐnai i.d (P. 1.1.6).

Prìtash 1.1.8. H kl�sh twn i.d katanom¸n sumpÐptei me thn kl�sh twn oriak¸n
katanom¸n peperasmènwn sunelÐxewn katanom¸n Poisson.

Apìdeixh.
To ìti k�je tètoio ìrio eÐnai i.d., èpetai apì thn P. 1.1.7.
AntÐstrofa, an f eÐnai i.d, ¸ste f = fnn , n ≥ 1, tìte

n(fn(t)− 1) = n
(
e(Logf)/n − 1

)
→ Logf

(
n(f 1/n − 1) = n(e(Logf)/n − 1) = n(1 +

logf

n
+ o(1/n)− 1) →

n→∞
logf

)
Dhl. limn→∞ en(fn(t)−1) = f(t).
T¸ra,

n(fn(t)− 1) =

∫ +∞

−∞
n(eitu − 1)dFn(u), n ≥ 1

kai èstw èna dÐktuo

−∞ < −Mn = un,1 < un,2 < . . . < un,kn+1 = Mn < +∞

tou opoÐou ta shmeÐa eÐnai shmeÐa suneqeÐac thc Fn kai tètoia ¸ste

max
j

(un,j+1 − un,j) ≤
1

2n3

kai ∫
|u|≥Mn

dFn(u) ≤ 1

4n2

Tìte gia |t| ≤ n, dialègontac

λn,j = n[Fn(un,j+1)− Fn(un,j)] =

∫ un,j+1

un,j

ndFn(u)
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un,j

(eitu − 1)ndFn(u) − λn,j(e
itun,j − 1)

∣∣∣∣ (1.1.1)

=

∣∣∣∣∣
∫ un,j+1

un,j

(eitu − eitun,j)ndFn(u)

∣∣∣∣∣
≤

∫ un,j+1

un,j

∣∣1− eit(un,j−u)
∣∣ndFn(u) (1.1.2)

≤
∫ un,j+1

un,j

|t(un,j − u)|ndFn(u)

≤
∫ un,j+1

un,j

|t|max
j

(un,j+1 − un,j)ndFn(u)

≤ n · n 1

2n3

∫ un,j+1

un,j

dFn(u)

=
1

2n

∫ un,j+1

un,j

dFn(u)

kaj¸c |eitu − 1| ≤ min{|tu|, 2} sthn (1.1.2). Epomènwc gia |t| ≤ n, ajroÐzontac tic
(1.1.1) gia 1 ≤ j ≤ kn,

∣∣∣∣ ∫ +∞

−∞
(eitu − 1)ndFn(u) −

kn∑
j=1

λn,j(e
itun,j − 1)

∣∣∣∣
= |

∫
|u|≥Mn

(eitu − 1)ndFn(u)

+
kn∑
j=1

∫ un,j+1

un,j

(eitu − 1)ndFn(u)

−
kn∑
j=1

λn,j(e
itun,j − 1)|

≤
∫
|u|≥Mn

|eitu − 1|ndFn(u) (1.1.3)

+
kn∑
j=1

|
∫ un,j+1

un,j

(eitu − 1)ndFn(u)

− λn,j(e
itun,j − 1)|

≤ 2n

∫
|u|≥Mn

dFn(u)

+
kn∑
j=1

1

2n

∫ un,j+1

un,j

dFn(u)

≤ 2n

4n2
+

1

2n
=

1

n
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Sunep¸c, gia |t| ≤ n kai arket� meg�lo n,∣∣∣∣en(fn(t)−1) −
kn∏
j=1

eλn,j(e
itun,j−1)

∣∣∣∣
= | exp(

kn∑
j=1

λn,j(e
itun,j − 1)) − exp(n(fn(t)− 1))|

= |en(fn(t)−1)| ×

×
∣∣∣∣exp(

∑kn
j=1 λn,j(e

itun,j − 1))

exp(n(fn(t)− 1))
− 1

∣∣∣∣
= |en(fn(t)−1)| ×

×
∣∣∣∣ exp

( kn∑
j=1

λn,j(e
itun,j − 1)

−
∫ +∞

−∞
(eitu − 1)ndFn(u)

)
− 1

∣∣∣∣
≤ 2|f(t)|2(e1/n − 1) = o(1) (1.1.4)

Sunep¸c, ∀t ∈ R, apì (1.1.4)

f(t) = lim
n→∞

en(fn(t)−1) = lim
n→∞

kn∏
j=1

eλn,j(e
itun,j−1)

(eλn,j(e
itun,j−1) eÐnai χ.σ. thc Poisson katanom c).

ParadeÐgmata.
a) H sun�rthsh f(t) = (1− b)(1− beit)−1 (0 < b < 1) eÐnai h χ.σ. miac i.d katanom c.
Pr�gmati, apo thn f(t) = (1− b)

∑∞
n=0 b

neint sumperaÐnoume ìti h f(t) eÐnai h χ.σ. miac
t.m X pou paÐrnei mìno mh arnhtikèc akèraiec timèc me pijanìthtec

P (X = n) = (1− b)bn, n = 0, 1, . . . .

UpologÐzetai ìti

log f(t) =
∞∑
k=1

(eikt − 1)
bk

k

ìpou k�je ìroc tou ajroÐsmatoc eÐnai o log�rijmoc thc χ.σ. miac Poisson katanom c.

b) 'Estw ζ(σ) = ζ(σ + it) h Riemann zeta sun�rthsh gia σ > 1 pou orÐzetai wc

ζ(s) =
∞∑
n=1

n−s

  to ginìmeno Euler

ζ(s) =
∏
p

(1− p−s)−1
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pou ekteÐnetai p�nw se ìlouc touc pr¸touc arijmoÔc.

∀σ > 1, h sun�rthsh

f(t) =
ζ(σ + it)

ζ(σ)

eÐnai h χ.σ. miac i.d katanom c. Pr�gmati,

log f(t) =
∑
p

[log(1− p−σ)− log(1− p−σ−it)]

=
∑
p

∞∑
m=1

p−mσ(p−imt − 1)

m

=
∑
p

∞∑
m=1

p−mσ(e−imt log p − 1)

m

ìpou to
∑

p ekteÐnetai p�nw se ìlouc touc pr¸touc arijmoÔc. K�je de, ìroc tou
ajroÐsmatoc, eÐnai o log�rijmoc thc χ.σ. miac Poisson katanom c.

1.2 Kanonik  Anapar�stash (Canonical Repre-

sentation) thc χ.σ. miac i.d t.m.

'Estw γ pragmatik  stajer� kaiG(u) aÔxousa arister� suneq c sun�rthsh meG(−∞) =
0 kai G(∞) <∞. Jètoume

ψ(t) = iγt+

∫ ∞
−∞

(eitu − 1− itu

1 + u2
)
1 + u2

u2
dG(u) (1.2.5)

Sto shmeÐo u = 0, h tim  thc sun�rthshc upì to olokl rwma orÐzetai (lìgw suneqeÐac)
wc

lim
u→0

(
eitu − 1− itu

1 + u2

)
1 + u2

u2
= −t

2

2

L mma 1.2.1. H sun�rthsh eψ(t) eÐnai mia i.d χ.σ.

Apìdeixh.
∀ 0 < ε < 1, èqoume∫ 1/ε

ε

(
eitu − 1− itu

1 + u2

)
1 + u2

u2
dG(u)

= lim
n

n−1∑
k=0

(
eitξk − 1− itξk

1 + ξ2
k

)
1 + ξ2

k

ξ2
k

)[G(uk+1)−G(uk)] (1.2.6)

ìpou ε = u0 < u1 < . . . < un = 1
ε
, uk < ξk < uk+1, k = 0, 1, . . . kai

max
k

(uk+1 − uk)→ 0, k →∞



16 'Apeira diairetèc katanomèc (infinitely divisible distr. (i.d))

'Omwc, k�je ìroc tou ajroÐsmatoc, eÐnai tou tÔpou iankt+ λnk(e
itbnk − 1), ìpou

λnk =
1 + ξ2

k

ξ2
k

)[G(uk+1)−G(uk)]

bnk = ξk, ank = − λnkξk
1 + ξ2

k

dhl. eÐnai o log�rijmoc miac χ.σ. thc Poisson katanom c.
To ìrio tou ajroÐsmatoc (isìthta (1.2.6) anwtèrw) eÐnai suneq c sun�rthsh. Epomè-
nwc, eÐnai o log�rijmoc thc χ.σ. k�poiac katanom c (J. 2 PRT). Apì thn P. 1.1.7, h
katanom  aut  eÐnai i.d.
PaÐrnontac lim gia ε→ 0 to

I1 =

∫
u>0

(eitu − 1− itu

1 + u2
)
1 + u2

u2
dG(u)

eÐnai o log�rijmoc miac i.d χ.σ.. OmoÐwc, sumperaÐnoume ìti

I2 =

∫
u<0

(eitu − 1− itu

1 + u2
)
1 + u2

u2
dG(u)

eÐnai o log�rijmoc miac i.d χ.σ.
Profan¸c∫ +∞

−∞
(eitu − 1− itu

1 + u2
)
1 + u2

u2
dG(u) = I1 + I2 −

t2

2
[G(0+)−G(0−)] (1.2.7)

kai h sun�rthsh − t2

2
[G(0+) − G(0−)] eÐnai o log�rijmoc thc χ.σ. miac Kanonik c

Katanom c. Epomènwc (P. 1.1.7), to∫ +∞

−∞
(eitu − 1− itu

1 + u2
)
1 + u2

u2
dG(u)

eÐnai o log�rijmoc miac i.d katanom c.

Apomènei na poume ìti iγt, ∀ pragmatik  stajer� γ, eÐnai o log�rijmoc thc χ.σ.
miac ekfulismènhc katanom c h opoÐa eÐnai i.d (f(t) = eiγt = (eiγt/n)n = (fn(t))n).

Tic sunart seic G(t) kai ψ(t) (1.2.5) susqetÐzoume me tic

Λ(x) =

∫ x

−∞
(1− sin y

y
)(

1 + y2

y2
)dG(y) (1.2.8)

kai

λ(t) = ψ(t)−
∫ 1

0

ψ(t+ h)− ψ(t− h)

2
dh (1.2.9)



1.2 Kanonik  Anapar�stash (Canonical Representation) thc χ.σ. miac i.d t.m. 17

'Eqoume ìti,

λ(t) =

∫ +∞

−∞
(eitx − 1− itx

1 + x2
)
1 + x2

x2
dG(x)

−
∫ +∞

−∞

[∫ 1

0

(
eitx cos(hx)− 1− itx

x2

)
dh

]
1 + x2

x2
dG(x)

=

∫ +∞

−∞
eitx

(
1− sinx

x

)
1 + x2

x2
dG(x).

Qrhsimopoi¸ntac t¸ra thn (1.2.8), èqoume

λ(t) =

∫ +∞

−∞
eitxdΛ(x) (1.2.10)

EÔkola blèpoume ìti, ∀x kai 0 < c1 < c2 < +∞,

c1 ≤
(

1− sinx

x

)
1 + x2

x2
≤ c2 (1.2.11)

èpetai loipìn ìti h Λ(x) eÐnai aÔxousa kai fragmènh. Apì thn (1.2.10) sumperaÐnoume
ìti h λ(t) eÐnai χ.σ.

L mma 1.2.2. Up�rqei mia 1-1 antistoiqÐa metaxÔ twn sunart sewn ψ (1.2.5) kai
twn zeug¸n (γ,G) ìpou γ pragmatik  stajer� kai G mia aÔxousa fragmènh sun�rthsh
me G(−∞) = 0.

Apìdeixh.
Apì thn (1.2.5) èna aujaÐreto zeÔgoc (γ,G) prosdiorÐzei monadik� thn ψ. Mia aujaÐ-
reth sun�rthsh ψ(t) prosdiorÐzei monadik� th λ(t) h opoÐa eÐnai χ.σ. Apì thn (1.2.10)
kai to J.3 PRT h λ(t) prosdiorÐzei thn Λ(x), kai aut , thn sun�rthsh

G(x) =

∫ x

−∞

y2dΛ(y)

(1 + y2)(1− sin y/y)
(1.2.12)

lìgw thc (1.2.11).
EÐnai de profanèc ìti oi sunart seic ψ kai G prosdiorÐzoun monadik� thn stajer� γ.
Qrhsimopoi¸ntac to L. 1.2.2, sumbolÐzoume ψ = (γ,G).

L mma 1.2.3. Upojètoume ìti,

ψn(t) = iγnt+

∫ +∞

−∞

(
eitx − 1− itx

1 + x2

)
1 + x2

x2
dGn(x) (1.2.13)

ìpou γn,Gn(u) ìpwc sthn (1.2.5), n = 1, 2, . . .. An γn → γ kai Gn ⇒ G (Orc 1
PRT) tìte ψn(t) → ψ(t). An ψn(t) → ψ(t), ìpou ψ(t) suneq c sto t = 0, tìte ∃
jetik  stajer� γ kai aÔxousa fragmènh sun�rthsh G(u) ¸ste γn → γ, Gn ⇒ G kai
ψ = (γ,G).
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Apìdeixh.
O eujÔc isqurismìc èpetai apì to J.5 PRT.
Antistrìfwc, mia sun�rthsh eψ(t) suneq c sto t = 0 eÐnai to lim miac akoloujÐac i.d
χ.σ. (L. 1.2.1). Apì J.2 PRT kai P.1.1.7, h eψ(t) eÐnai i.d χ.σ.. Epomènwc, apì P.
1.1.2, èqoume eψ(t) 6= 0 ∀t, opìte ψ(t) peperasmènh kai ψn(t) → ψ(t) omoiìmorfa, se
èna aujaÐreto peperasmèno di�sthma. Tìte

λn(t) = ψn(t)−
∫ 1

0

ψn(t+ h)− ψn(t− h)

2
dh→ λ(t)

ìpou λ(t) = ψ(t)−
∫ 1

0

ψ(t+ h)− ψ(t− h)

2
dh (1.2.14)

Mèsw thc (1.2.14) kai thc (1.2.10), qrhsimopoi¸ntac thn sunèqeia thc λ(t) kai J.2
PRT, paÐrnoume Λn → Λ.

Epeid  λn(0)→ λ(0) kai λn(0) =

∫ +∞

−∞
dΛ(x), λ(0) =

∫ +∞

−∞
dΛ(x) èqoume Λn(−∞)→

Λ(−∞) kai Λn(+∞)→ Λ(+∞), dhl. Λn ⇒ Λ.
Apì tic (1.2.11), (1.2.12) kai J.5 PRT èpetai ìti Gn ⇒ G.
Apì to Ðdio je¸rhma (J.5 PRT)

iγnt→ ψ(t)−
∫ +∞

−∞
(eitx − 1− itx

1 + x2
)
1 + x2

x2
dG(x), ∀t.

'Epetai ìti up�rqei èna ìrio lim γn = γ. T¸ra apo to eujÔ, ψ = (γ,G).

Je¸rhma 1.2.4. Mia sun�rthsh f(t) eÐnai i.d, χ.σ., tìte kai mìnon tìte an

f(t) = exp

(
iγt+

∫ +∞

−∞
(eitx − 1− itx

1 + x2
)
1 + x2

x2
dG(x)

)
(1.2.15)

ìpou γ jetik  stajer�, G(x) aÔxousa, fragmènh sun�rthsh kai h sun�rthsh upì to
olokl rwma isoÔtai me −t2/2 gia x = 0.

Apìdeixh.
Apì to L. 1.2.1, arkeÐ na deÐxoume ìti mia aujaÐreth i.d χ.σ., mporeÐ na grafeÐ ston tÔpo
(1.2.15). Apì P. 1.1.2 f(t) 6= 0 ∀t. JewroÔme loipìn Logf(t). epeid  f(t) = fnn (t), ∀n
ìpou fn(t) eÐnai χ.σ.,

Logf(t) = nLogfn(t) = nLog(1 + (fn(t)− 1)) = lim
n

[n(fn(t)− 1)]

(bl. P. 1.1.8).
Sumbolizoume Fn(x) thn σ.κ. pou antistoiqeÐ sthn χ.σ. fn(t) kai èqoume:

Logf(t) = lim
n

∫ +∞

−∞
n(eitx − 1)dFn(x)

= lim
n

(
it

∫ +∞

−∞

nx

1 + x2
dFn(x) +

∫ +∞

−∞
n(eitx − 1− itx

1 + x2
)dFn(x)

)
= lim

n
ψn(t), ∀t
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ìpou ψn(t) orÐzetai apì thn (1.2.13), kai

γn(t) = n

∫ +∞

−∞

x

1 + x2
dFn(x), Gn(x) = n

∫ +∞

−∞

y2

1 + y2
dFn(y).

Apì L. 1.2.3, apì thn sqèsh ψn(t)→ Logf(t) kai thn sunèqeia tou Logf(t) sto t = 0,
èpetai ìti up�rqei pragmatik  stajer� γ kai mia aÔxousa kai fragmènh sun�rthsh G(x)
¸ste γn → γ, Gn ⇒ G kai Logf(t) = (γ,G).

H exÐswsh (1.2.15) lègetai tÔpoc Lévy-Khintchine, h sun�rthsh G(x) (ìpou
G(−∞) = 0) lègetai Lévy-Khintchine fasmatik  sun�rthsh (Lévy-Khintchine spe-

ctral function).

To L. 1.2.2 kai to prohgoÔmeno je¸rhma sunep�gontai oti h par�stash mi�c
i.d χ.σ. f(t) (tÔpoc 1.2.15) eÐnai monadik  efìson h (1.2.15) prosdiorÐzei thn γ kat�
monadikì trìpo, kaj¸c kai thn sun�rthsh G(x), mèsw thc f(t).

Oi akìloujec dÔo peript¸seic thc (1.2.15) eÐnai idiaÐtera axioprìsektec.

Par�deigma 1.
E�n m jetikìc arijmìc kai

G(x) =

{
m, x ≥ 0

0, x < 0

Tìte apì thn (1.2.15) paÐrnoume

log(ψ(t)) = ita− t2m/2

dhl. ψ(t) eÐnai h χ.σ. thc kanonik c katanom c N(a,m). Apì thn monadikìthta (L.
1.2.2), kammÐa �llh fasmatik  sun�rthsh den odhgeÐ sthn kanonik  katanom .

Par�deigma 2.
'Estw C 6= 0 kai D > 0, kai ψ(t) χ.σ. Poisson katanom c dhl. logψ(t) = a(eitβ − 1),
a > 0, β 6= 0. An h fasmatik  sun�rthsh eÐnai:

G(x) =

{
D, x ≥ c

0, x < c

tìte apì ton upologismì thc (1.2.15) me G(x) thn anwtèrw, paÐrnoume a = 2D, β =
C = 1, dhl. γ = a/2,

G(u) =

{
0, u ≤ 1

a/2, u > 1

monadik�.

DÐnoume dÔo akìmh, endiafèronta paradeÐgmata.
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Par�deigma 3.
'Estw X t.m. me thn gewmetrik  katanom  me par�metro p, 0 < p < 1 dhl. P (X =
k) = pqk−1, k = 1, 2 . . . q = 1 − p. H X èqei i.d katanom . Pr�gmati, h χ.σ. thc X
eÐnai:

ψ(t) = p
∞∑
k=1

eitkqk−1 =
(1− q)eit

1− qeit

Apì to an�ptugma Taylor tou log(1− z) èqoume

logψ(t) = it+ p

∞∑
k=1

(eitk − 1)
qk

k

Epeid  k�je ìroc tou ajroÐsmatoc eÐnai o log�rijmoc thc χ.σ. miac Poisson katanom c
(h opoÐa eÐnai i.d.), apì tic P. 1.1.7 kai P. 1.1.8, èpetai ìti to �peiro �jroisma, par�gei
mia i.d. katanom , thc opoÐac h sunèlixh me thn ekfulismènh katanom  pou antistoiqeÐ
sth χ.σ. eit, paramènei i.d. katanom .
Dhl. h Gewmetrik  katanom  eÐnai i.d.

Par�deigma 4.
JewroÔme thn sun�rthsh

f(t) =
1− b
1 + a

1 + ae−it

1− beit
, 0 < a ≤ b < 1.

H f(t) eÐnai suneq c, f(0) = 1 kai

f(t) =
1− b
1 + a

(
ae−it + (1 + ab)

∞∑
n=0

bneint

)
Dhl. h f(t) eÐnai h χ.σ. mi�c t.m. pou paÐrnei ìlec tic akèraiec timèc apì to −1 wc +∞.

Epiplèon:

P (X = −1) =
1− b
1 + a

a

P (X = n) =
1− b
1 + a

(1 + ab)bn, n = 0, 1, . . .

H f(t) den eÐnai i.d χ.σ. Pr�gmati,

log f(t) =
∞∑
n=1

((−1)n−1a
n

n
(e−int − 1) +

bn

n
(eint − 1))

= iγt+

∫
(eitu − 1− itu

1 + u2
)
1 + u2

u2
dG(u)

ìpou ìpwc upologÐzetai γ =
∑∞

n=1
bn+(−1)nan

1+n2 kai G(u) eÐnai sun�rthsh fragmènhc
kÔmanshc me �lmata sta shmeÐa ±1,±2,±3, . . . me orÐsmata

nbn

n2 + 1
, u = +n
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(−1)n−1 nan

n2 + 1
, u = −n

Epomènwc G(u) den eÐnai monìtonh kai wc èk toÔtou lìgw kai thc monadikìthtoc, den
mporeÐ na eÐnai χ.σ. miac i.d. katanom c. T¸ra h suzug c sun�rthsh thc f(t)

f̄(t) =
1− b
1 + a

1 + aeit

1− be−it

eÐnai mia χ.σ. kai

log f̄(t) =
∞∑
n=1

(
bn

n
(e−int − 1) + (−1)n−1a

n

n
(eint − 1)

)
Ja deÐxoume ìti

g(t) = f(t)f̄(t) = |f(t)|2

eÐnai h χ.σ. miac i.d kat�nomhc. Pr�gmati,

log g(t) =
∞∑
n=1

1

n
(bn + (−1)n−1an)(e−int − 1)

+
∞∑
n=1

1

n
(bn + (−1)n−1an)(eint − 1)

=

∫ +∞

−∞

(
eitx − 1− itx

1 + x2

)
1 + x2

x2
dG(x)

ìpou G(x) eÐnai aÔxousa pou parousi�zei �lmata sta shmeÐa ±1,±,±3, . . .. ta �lmata
sta shmeÐa +n kai −n eÐnai Ðsa, ta orÐsmata eÐnai

n

1 + n2
(bn + (−1)n−1an), n > 0.

Orizoume tic sunart seic M(u) kai N(u) kai th stajer� σ2, jètontac
M(u) =

∫ u

−∞

1 + x2

x2
dG(x), u < 0

N(u) = −
∫ ∞
u

1 + x2

x2
dG(x), u > 0

σ2 = G(0+)−G(0−)

(1.2.16)

Oi sunart seic M(u) kai N(u) eÐnai:
1) aÔxousec sta (−∞, 0), (0,+∞) antÐstoiqa
2) eÐnai suneqeÐc sta shmeÐa, kai mìno se aut�, sta opoÐa h G(u) eÐnai suneq c
3) ikanopoioÔn tic sqèseic M(−∞) = N(+∞) = 0 kai∫ 0

−ε
u2dM(u) +

∫ ε

0

u2dN(u) < +∞, ∀ε > 0.
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AntÐstrofa, opoiesd pote 2 sunart seic M(u) kai N(u) pou ikanopoioÔn 1) kai 3) kai
opoiad pote stajer� σ > 0, kajorÐzoun mèsw twn (1.2.16) thn χ.σ. miac i.d. katanom c.
H (1.2.15), me ìrouc twn M(u) kai N(u), gr�fetai ston akìloujo tÔpo

f(t) = exp

[
iγt− σ2t2

2
+

∫ 0

−∞

(
eitu − 1− itu

1 + u2

)
dM(u)

+

∫ +∞

0

(
eitu − 1− itu

1 + u2

)
dN(u)

]
(1.2.17)

pou onom�zetai tÔpoc Lévys. Telik�, o tÔpoc Lévy’s-Khintchine, mporeÐ na grafeÐ
epÐshc wc:

log f(t) = iγ(τ)t− (σ2t2/2) +

∫ −τ
−∞

(eitu − 1)dM(u)

+

∫ 0

−τ
(eitu − 1− iut)dM(u) +

∫ τ

0

(eitu − 1− iut)dN(u)

+

∫ +∞

τ

(eitu − 1)dN(u) (1.2.18)

ìpou M(u) kai N(u) ìpwc sthn (1.2.16), τ mia aujaÐreth stajer� epilegmènh oÔtwc
¸ste τ kai −τ eÐnai shmeÐa suneqeÐac twn N(u) kai M(u) antÐstoiqa. H sqèsh metaxÔ
γ(τ) kai γ ston tÔpo (1.2.15), dÐdetai sthn

γ(τ) = γ +

∫
|u|<τ

udG(u)−
∫
|u|≥τ

u−1dG(u) (1.2.19)

Oi tÔpoi Lévy kai Lévy-Khintchine eÐnai genikeÔseic tou tÔpou Kolmogorov pou epeno-
 jh apì ton Ðdio (1932), gia i.d. katanomèc me peperasmènec diasporèc. ApodeiknÔetai
ìti se aut  th perÐptwsh h F (x) eÐnai i.d, tìte kai mìnon tìte, an

log f(t) = iγt+

∫
(eitu − 1− iut)

1

u2
dK(u) (1.2.20)

ìpou γ stajer� kai h sun�rthsh K(u) eÐnai aÔxousa kai fragmènh (kai K(−∞) = 0).
H par�stash aut  eÐnai monadik . 'Enac eÔkoloc upologismìc deÐqnei ìti se aut  thn
perÐptwsh isqÔoun:

d

dt
log f(t)|t=0 = iEX = iγ

d2

dt2
log f(t)|t=0 = −V (X) = −

∫
dK(u)

dhl. γ = EX kai K(+∞) = V (X). (pijanojewrhtik  ermhneÐa twn γ kai K(u)).

Par�deigma.
Oi kanonikèc parast�seic thc Kanonik c Katanom c kai thc Poisson mèsw twn tÔpwn
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Lévy kai Kolmogorov eÐnai:
a) Kanonik  N(a, σ2). Jètoume:

γ = a,M(u) = 0, N(u) = 0, σ = σ (τυπoς Levy)

γ = a,K(u) =

{
0, u ≤ 0

σ2, u > 0
(τυπoς Kolmogorov)

b)Poisson katanom  me χ.σ. f(t) = eλ(eit−1).

γ = λ/2, σ = 0,M(u) = 0, N(u) =

{
−λ, u ≤ 1

0, u > 1
(τυπoς Levy)

γ = λ,K(u) =

{
0, u ≤ 1

λ, u > 1
(τυπoς Kolmogorov)

Apì thn monadikìthta twn Parast�sewn prokÔptei ìti oudemÐa �llh fasmatik  sun�r-
thsh mporeÐ na odhg sei stic sugkekrimènec katanomèc.

1.3 Sunj kec gia thn sÔgklish twn i.d katano-
m¸n

Je¸rhma 1.3.1. H akoloujÐa twn i.d katanom¸n {Fn(x)} sugklÐnei sthn katanom 
(oriak ) F (x) an kai mono an gia n→∞
1) Gn(u)→ G(u), Gn(+∞)→ G(+∞).
2) γn → γ.

Apìdeixh.

AnagkaÐa Sunj kh. Upojètoume Fn(x)
d→ F (x). Tìte fn(t) → f(t) (J.4 PRT).

Efìson fn(t) kai f(t) den mhdenÐzontai gia opoiod pote t, èqoume

In(t) = iγnt+

∫
(eitu − 1− itu

1 + u2
)
1 + u2

u2
dGn(u)

n→∞→ iγt+

∫
(eitu − 1− itu

1 + u2
)
1 + u2

u2
dG(u).

Apì aut n sumperaÐnoume ìti

Refn(t) =

∫
(cos(ut)− 1)

1 + u2

u2
dGn(u)

→
∫

(cos(ut)− 1)
1 + u2

u2
dG(u)
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An apodeÐxoume ìti to sÔnolo {Gn(x)} eÐnai sumpagèc, tìte paÐrnontac mia sugklÐnousa
upakoloujÐa tou

Gnk(x)
d→ G?(x)

ja èqoume∫
(eitu − 1− itu

1 + u2
)
1 + u2

u2
dGnk(u)

n→∞→
∫

(eitu − 1− itu

1 + u2
)
1 + u2

u2
dG?(u)

'Omwc isqÔei:

iγnkt+

∫
(eitu − 1− itu

1 + u2
)
1 + u2

u2
dGnk(u)

n→∞→ iγt+

∫
(eitu − 1− itu

1 + u2
)
1 + u2

u2
dG(u)

Sunep¸c, h akoloujÐa γnk èqei èna ìrio γ
? all�, lìgw thc monadikìthtac thc par�sta-

shc tou tÔpou Lévy-Khintchine, èpetai ìti γ? = γ, G?(u) = G(u).
ArkeÐ loipìn na deÐxoume ìti {Gn(x)} sumpagèc. Pr�gmati, b�sei tou J.7 PRT, prèpei
na deiqjeÐ ìti:
a) Gn(+∞) eÐnai fragmènh kai
b)
∫
|u|>T dGn(u)→ 0, T →∞.

Apìdeixh. a):
Jètoume

An =

∫
|u|≤1

dGn(u), Bn =

∫
|u|>1

dGn(u), Cn = An +Bn =

∫
dGn(u)

'Estw 0 ≤ t ≤ 2. EÐnai profanèc ìti ∀ε > 0 kai arket� meg�lo n,

− log |f(t)|+ ε ≥
∫
|u|≤1

(1− cos(tu))
1 + u2

u2
dGn(u)

kai

− log |f(t)|+ ε ≥
∫
|u|>1

(1− cos(tu))
1 + u2

u2
dGn(u)

ìpou qrhsimopoi jhkan oi sqèseic:

In(t) =

∫
(eitu − 1)

1 + u2

u2
dGn(u)

d→ log f(t).

�ra

ReIn(t)
d→ log |f(t)|

Gia |u| ≤ 1,
1− cosu

u2
> 1/3.
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Epomènwc h pr¸th anisìthta dÐnei

− log |f(1)|+ ε >
An
3

PaÐrnontac sto di�sthma 0 ≤ t ≤ 2, th mèsh tim  sta dÔo mèlh thc deÔterhc anisìthtac,
paÐrnoume

−1

2

∫ 2

0

log |f(t)|dt+ ε ≥
∫
|u|>1

(1− sin(2u)

2u
)dGn(u) ≥ Bn

2
(1.3.21)

Epeid  log |f(1)|, 1
2

∫ 2

0
log |f(t)|dt <∞, èpetai An +Bn = Gn(+∞) eÐnai fragmènh.

Apìdeixh. b):
∀ ε > 0 kai gia arket� meg�lo n,

− log |f(t)|+ ε ≥
∫
|u|≥T

(1− cos(tu))dGn(u).

PaÐrnontac mèsec timèc sta 2 mèlh thc prohgoÔmenhc, sto di�sthma 0 ≤ t ≤ 2/T (T ≥
1), èqoume

−T
2

∫ 2/T

0

log |f(t)|dt+ ε ≥
∫
|u|≥T

(1− T sin(2u/T )

2u
)dGn(u)

All� gia |u| ≥ T ,

1− T sin(2u/T )

2u
≥ 1/2

kai gia T ≥ T0, ∣∣∣∣∣T2
∫ 2/T

0

log |f(t)|dt

∣∣∣∣∣ ≤ max
0≤t≤2/T

| log |f(t)|| < ε

Epomènwc gia T ≥ T0, apì thn (1.3.21) paÐrnoume∫
|u|≥T

dGn(u) ≤ 4ε, ∀ε > 0

ìpou qrhsimopoi jhke h sqèsh

−T
2

∫ 2/T

0

log |f(t)|dt+ ε < 2ε �ra 2ε >
Bn

2
=

1

2

∫
|u|>T

dGn(u).

Ikan  Sunj kh
Pr�gmati, apì tic sunj kec tou jewr matoc, èpetai ìti fn(t) → f(t), ∀t, kai apo to
J.4 PRT èpetai to zhtoÔmeno.

To epìmeno je¸rhma eÐnai anadiatÔpwsh tou prohgoÔmenou, qrhsimopoi¸ntac ì-
mwc ton tÔpo tou Lévy.
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Je¸rhma 1.3.2. H akoloujÐa twn i.d. katanom¸n {Fn(x)}n sugklÐnei sthn katanom 
(oriak ) F (x) an kai mono an:
i) Mn(u) → M(u), Nn(u) → N(u) sta shmeÐa suneqeÐac twn sunart sewn M(u) kai
N(u).
ii} γn(τ)→ γ(τ)
iii)

lim
ε→0

¯limn→∞

(∫ 0

−ε
u2dMn(u) + σ2

n +

∫ ε

0

u2dNn(u)

)
= lim

ε→0
limn→∞

(∫ 0

−ε
u2dMn(u) + σ2

n +

∫ ε

0

u2dNn(u)

)
= σ2

ìpou oi sunart seicMn(u), Nn(u),M(u), N(u) kai oi stajerèc σn, γn(τ), σ, γ orÐzontai
apì tic (1.2.16) kai (1.2.19) gia tic katanomèc Fn(x) kai F (x), antÐstoiqa.

Apìdeixh.

'Estw Fn
d→ F .

'Oti oi sunj kec (i) kai (ii) eÐnai anagkaÐec, prokÔptei, apì thn anagkaiìthta thc sun-

j khc Gn
d→ G tou prohgoÔmenou jewr matoc, touc tÔpouc pou orÐzoun M(u), N(u)

kai γ(τ) kai to J.6 PRT.
'Estwsan −ε kai ε shmeÐa suneqeÐac twn sunart sewn Mn(u), M(u) kai Nn(u), N(u).
Tìte, jètontac

In(ε) = Gn(ε)−Gn(ε−) =

∫ 0

−ε

u2

1 + u2
dMn(u) + σ2

n +

∫ ε

0

u2

1 + u2
dNn(u)(

Mn(u) =

∫ u

−∞

1 + z2

z2
dGn(z) ⇒ dMn(u) =

1 + u2

u2
dGn(u)∫ 0

−ε

u2

1 + u2

1 + u2

u2
dGn(u) = Gn(0)−Gn(ε−)

)
kai

I(ε) = G(ε)−G(−ε) =

∫ u

−1

u2

1 + u2
dM(u) + σ2 +

∫ 1

0

u2

1 + u2
dN(u)

èqoume (J.6 PRT)
In(ε)→ I(ε), n→∞ (1.3.22)

Apì tic sqèseic

1

1 + ε2

∫ 0

−ε
u2dMn(u) ≤

∫ 0

−ε

u2

1 + u2
dMn(u) ≤

∫ 0

−ε
u2dMn(u)

kai
1

1 + ε2

∫ ε

0

u2dNn(u) ≤
∫ ε

0

u2

1 + u2
dNn(u) ≤

∫ ε

0

u2dNn(u)
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(pou eÐnai profaneÐc), sumperaÐnoume ìti,

1

1 + ε2

(∫ 0

−ε
u2dMn(u) + σ2

n +

∫ ε

0

u2dNn(u)

)
≤ In(t)

≤
∫ 0

−ε
u2dMn(u) + σ2

n

+

∫ ε

0

u2dNn(u) (1.3.23)

Apì tic (1.3.22), (1.3.23) prokÔptei ìti:

¯limn→∞
1

1 + ε2

(∫ 0

−ε
u2dMn(u) + σ2

n

+

∫ ε

0

u2dNn(u)

)
≤ I(ε)

≤ ¯limn→∞

(∫ 0

−ε
u2dMn(u)

+ σ2
n

+

∫ ε

0

u2dNn(u)

)
.

BebaÐwc oi Ðdiec anisìthtec isqÔoun kai gia ta lim = lim inf.
Kaj¸c ε → 0, kai ta dÔo mèrh thc prohgoÔmenhc anisìthtoc èqoun to Ðdio ìrio. dhl.
limε→0 I(ε) = σ2.
'Etsi apedeÐqjh h anagkaiìthc kai thc sunj khc iii).
Ja deÐxoume t¸ra ìti oi sunj kec i), ii), iii) eÐnai ikanèc. Proc toÔto, arkeÐ na deiqjeÐ
oti oi i), ii), iii) sunep�gontai tic sunj kec tou J. 1.3.1.
Pragmati,

Gn(u) =

∫ u

−∞

x2

1 + x2
dMn(x)→

∫ u

−∞

x2

1 + x2
dM(x) = G(u), u < 0, n→∞ (1.3.24)

sta shmeÐa suneqeÐac thc M(u) kai epomènwc sta shmeÐa suneqeÐac thc G(u), epÐshc.
Apì (1.3.24) prokÔptei ìti

lim
ε→0

lim
n→∞

Gn(ε−) = G(0−) (1.3.25)
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Apì thn (1.3.23) èqoume

Gn(ε−) +
1

1 + ε2

(∫ 0

−ε
u2dMn(u) + σ2

n

+

∫ ε

0

u2dNn(u)

)
≤ Gn(ε+)

≤ Gn(ε−) +

(∫ 0

−ε
u2dMn(u)

+ σ2
n +

∫ ε

0

u2dNn(u)

)
(apì orismì In(ε) kai tic (1.3.23).
Apì thn sunj kh iii) kai (1.3.25) èqoume

lim
ε→0

¯limn→∞Gn(ε+) = lim
ε→0

limn→∞Gn(ε+)

= lim
ε→0

limn→∞Gn(ε−) + σ2

= G(0−) + σ2 = G(0+)

(Apì (1.3.25) kai limε→0 I(ε) = σ2). T¸ra, ∀u1 > 0 kai u2 > 0 shmeÐa suneqeÐac thc
G(u) ∫ u2

u1

u2

1 + u2
dNn(u)→

∫ u2

u1

u2

1 + u2
dN(u) (1.3.26)

(J.6 PRT) ¸ste, gia ε shmeÐo suneqeÐac thc N(u)

¯limn→∞Gn(u) = lim
ε→0

¯limn→∞(Gn(ε) +

∫ u

ε

u2

1 + u2
dNn(u))

= lim
ε→0

limn→∞(Gn(ε) +

∫ u

ε

u2

1 + u2
dNn(u))

= limn→∞Gn(u) = G(u), u > 0 (1.3.27)

Dhl. deÐxame ìti Gn(u)→ G(u), n→∞ sta shmeÐa suneqeÐac thc G(u).
T¸ra èqoume

Gn(+∞) =

∫ −ε
−∞

u2

1 + u2
dMn(u) +

∫ +∞

ε

u2

1 + u2
dNn(u)

+

∫ 0

−ε

u2

1 + u2
dMn(u) + σ2

n +

∫ ε

0

u2

1 + u2
dNn(u) (1.3.28)

Apì tic (1.3.24),(1.3.26),(1.3.27),(1.3.28) sumperaÐnoume ìti gia n→∞

Gn(+∞)→ G(+∞)

H sunj kh 2) tou J. 2.3.1 prokÔptei apì sunj kec tou jewr matoc autoÔ (kai to J.6
PRT), ta prohgoÔmena apotelèsmata kai ton tÔpo pou orÐzei to γ(t).
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Je¸rhma 1.3.3. H akoloujÐa twn i.d katanom¸n Fn(x) me peperasmènec diasporèc
sugklÐnei se mia katanom  F (x) kai oi diasporèc twn Fn(x) sugklÐnoun sth diaspor�
thc oriak c F (x) an kai mono an

1) Kn(u)
d→ K(u), Kn(+∞)→ K(+∞)

2) γn → γ, n→∞
ìpou oi sunart seic Kn(u) kai K(u), γn kai γ orÐzontai apì ton tÔpo Kolmogorov gia
tic Fn(x) kai F (x).

Apìdeixh.
E�n isqÔoun oi sunj kec 1) kai 2), tìte

log fn(t) = iγnt+

∫
(eitu − 1− itu)

1

u2
dKn(u)

n→∞→ iγt+

∫
(eitu − 1− itu)

1

u2
dK(u)

(1.3.29)
(fn(t) oi χ.σ. twn i.d σ.κ. Fn(t)) kai Kn(+∞) = V (Xn) → V (X) = K(+∞). Tìte

apì J.4 PRT èqoume ìti Fn(x)
d→ F (x) ìpou F (x) èqei χ.σ. thn f(t) h opoÐa eÐnai i.d.

katanom  apì thn P. 1.1.7.

'Estw t¸ra ìti Fn(x)
d→ F (x). Tìte (J.4 PRT) fn(t)→ f(t). Sunep¸c

log fn(t) = iγnt+

∫
(eitu − 1− itu)

1

u2
dKn(u)→ log f(t)

= iγ +

∫
(eitu − 1− itu)

1

u2
dK(u) (1.3.30)

Upojètoume de ìti VFn(Xn)→ VF (X). tìte èpetai

Kn(+∞)→ K(+∞) (1.3.31)

(sqìlia met� thn (1.2.20) anwtèrw) Profan¸c gia k�je ∀t 6= 0, èqoume

iγn +

∫
(eitu − 1− itu)

1

tu2
dKn(u)

n→∞→ iγ +

∫
(eitu − 1− itu)

1

tu2
dK(u) (1.3.32)

'Estw t¸ra, ìti t→ 0. Tìte apì thn anisìthta |eiut − 1− itu| ≤ 1
2
t2u2, èpetai∣∣∣∣∫ (eitu − 1− itu)

1

tu2
dKn(u)

∣∣∣∣ ≤ |t|2
∫
dKn(u)

kai
∫
dKn(u) <∞.

Sunep¸c ta oloklhr¸mata sthn (1.3.32) teinoun sto mhdèn kai γn → γ.
'Opwc sthn apìdeixh tou J. 1.3.1 epilègoume apì thn akoloujÐa {Kn(u)}, mÐa upako-
loujÐa Knk(u) pou sugklÐnei se mia aÔxousa sun�rthsh K̄(u) se k�je shmeÐo suneqeÐac
thc teleutaÐac.
DeÐqnoume t¸ra ìti,∫

(eitu − 1− itu)u−2dKnk(u)→
∫

(eitu − 1− itu)u−2dK̄(u) (1.3.33)
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An h K̄(u) eÐnai suneq c sta shmeÐa −B kai B tìte (J.6 PRT) gia èna stajeropoihmèno
t kai arketa meg�lo K, èqoume∣∣∣∣∫

|u|≤B
(eitu − 1− itu)u−2dKnk(u)−

∫
|u|≤B

(eitu − 1− itu)u−2dK̄(u)

∣∣∣∣ ≤ ε/2 (1.3.34)

EpÐshc

Lk =

∣∣∣∣∫
|u|>B

(eitu − 1− itu)u−2dKnk(u)

∣∣∣∣
≤ 2|t|

B

∫
|u|≥B

dKnk(u)

≤ 2|t|
B

sup
k
Knk(+∞)

kai

L =

∣∣∣∣∫
|u|>B

(eitu − 1− itu)u−2dK̄(u)

∣∣∣∣ ≤ 2|t|
B
K̄(+∞)

(qrhsimopoi¸ntac thn |eix − 1− ix| ≤ min{x2/2, 2|x|}).
All� Kn(+∞) eÐnai fragmènh. Opìte gia opoiod pote ε > 0 kai t, mporoÔme na èqoume:

|Lk| <
ε

4
, |L| < ε

4
(1.3.35)

paÐrnontac arket� meg�lo B. Apì tic (1.3.34), (1.3.35) èpetai h (1.3.33).
Apì th monadikìthta thc anapar�stashc Kolmogorov, K̄(u) = K(u). Lamb�nontac
upìyin thn (1.3.31), paÐrnoume

Knk(u)
d→ K(u).

Dhl. k�je asjen¸c sugklÐnousa upakoloujÐa Knk(u) sugklÐnei sthn K(u). Sunep¸c
Kn(u) sugklÐnei sthn K(u).
DeÐxame thn anagkaiìthta twn sunjhk¸n kai ètsi to je¸rhma apedeÐqjh.



Kef�laio 2

Genik� Oriak� Jewrhmata gia
ajroÐsmata anex�rthtwn t.m.

2.1 Oriakèc katanomèc me peperasmènec diaspo-
rèc

To prìblhma thc fÔsewc (twn idiot twn) twn oriak¸n σ.κ. gia ajroÐsmata ane-
x�rthtwn t.m, mporeÐ, sthn pio genik  tou morf , na diatupwj  wc ex c:
S1, S2, . . . , Sn, . . . akoloujÐa t.m. ìpou k�je

Sn = Xn1 + . . .+Xnkn , 1 ≤ k ≤ kn, n = 1, 2, . . .

kai k�je memonwmènoc prosjetèoc Xnj tou Sn sumb�llei �polÔ lÐgo� sto sunolikì
�jroisma Sn (gia meg�la n) ètsi ¸ste autì na apoteleÐtai anagkastik� apì �polloÔc
amelhtèouc anex�rthtouc prosjetèouc �. H idiìthta tou k�je Xnj na eÐnai amelhtèoc
ekfr�zetai me ton akìloujo orismì:

Orismìc 2.1.1. Oi t.m. Xnk lègontai apeirostèc (infinitesimal) , e�n

∀ε > 0, sup
1≤k≤kn

P (|Xnk| ≥ ε)
n→∞→ 0.

isodÔnama lème ìti oi Xnk ikanopoioÔn thn sunj kh apeirost c mikrìthtoc (infinite
smallness)

Orismìc 2.1.2. Oi t.m. Xnk lègontai asumptwtik� stajerèc (asymptotically con-
stants), an eÐnai dunatìn na broÔme stajerèc ank ¸ste

∀ε > 0, sup
1≤k≤kn

P (|Xnk − ank| ≥ ε)
n→∞→ 0

L mma 2.1.3. Oi t.m. Xnk eÐnai apeirostèc tìte kai mìnon tìte, an

sup
1≤k≤kn

∫
x2

1 + x2
dFnk(x)→ 0, n →∞.

31
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Prìtash 2.1.4. AnagkaÐa sunj kh, gia na eÐnai oi t.m. Xnk apeirostèc, eÐnai

sup
1≤k≤kn

|fnk(t)− 1| → 0, n→∞

ìpou fnk h χ.σ. thc Xnk.

Apìdeixh.

∀ε > 0, sup
1≤k≤kn

|fnk − 1| = sup
1≤k≤kn

|
∫

(eitx − 1)dFnk(x)|

= sup
1≤k≤kn

∫
|x|<ε
|eitx − 1|dFnk(x)

+ 2 sup
1≤k≤kn

∫
|x|≥ε

dFnk(x)

≤ ε|t|+ 2 sup
1≤k≤kn

P (|Xnk| ≥ ε)
n→∞→ 0

(qrhsimopoi same ìti (|eix − 1| ≤ min{|x|, 2}) kai ìti Xnk infinitesimal)

Ja jewr soume se aut  thn par�grafo, thn trigwnik  akoloujÐaXn1, Xn2, . . . , Xnkn

ìpou oi {Xnj, 1 ≤ j ≤ kn} eÐnai anex�rthtec kai upìkeintai stic sunj kec:
a) sup1≤k≤kn P (|Xnk − EXnk| ≥ ε)

n→∞→ 0, ∀ε > 0
b) Oi Xnk èqoun peperasmènec diasporèc kai

V (
kn∑
k=1

Xnk) =
kn∑
k=1

V (Xnk) ≤ C

C stajer� anex�rthth tou n.

Sthn melèth twn oriak¸n katanom¸n gia ta ajroÐsmata

Xn1 +Xn2 + . . .+Xnkn − An (2.1.1)

ìpou An kat�llhla epilegmènec stajerèc Xnk èqoun peperasmènec diasporèc, h perÐ-
ptwsh kat� thn opoÐan, ìqi mìno oi oriakèc katanomèc twn ajroism�twn (2.1.1) sugklÐ-
noun se mian oriak  katanom , all� epÐshc oi diasporèc twn ajroism�twn sugklÐnoun
sth diaspor� thc oriak c katanom c parousi�zei idiaÐtero endiafèron: Epomènwc, h
parousÐa kai h shmasÐa thc sunj khc b) eÐnai profan c.

Je¸rhma 2.1.5. H akoloujÐa twn σ.κ. twn ajroism�twn Xn1 +Xn2 + . . .+Xnkn−An
apì anex�rthtec t.m. pou upìkeintai stic sunj kec a) kai b) kai gia kat�llhla epilegmè-
nec stajerèc An, sugklÐnei se mia (oriak ) katanom  tìte kai mìnon tìte, an h akoloujÐa
�sugkekrimènwn� katanom¸n (sunodeÔousec katanomèc (accompanying distributions) )
sugklÐnei. Oi �sugkekrimènec � autèc katanomèc eÐnai i.d. kai oi log�rijmoi twn χ.σ.
touc orÐzontai wc:

ψn(t) = −iAnt+
kn∑
k=1

(
itEXnk +

∫
(eitx − 1)dFnk(x+ EXnk)

)
(2.1.2)

ìpou Fnk σ.κ. thc Xnk . Oi oriakèc katanomèc twn 2 akolouji¸n sumpÐptoun.
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Apìdeixh. H χ.σ. twn ajroism�twn (2.1.1) eÐnai:

f(t) = e−itAn

kn∏
k=1

fnk(t).

Apì ta J. 4 PRT, gia th sÔgklish twn katanom¸n twn (2.1.1) se mia oriak  katanom ,
anagkaÐa kai ikan  sunj kh eÐnai ìti,

fn(t)→ f(t), n→ +∞ (2.1.3)

ìpou f(t) h χ.σ. thc oriak c katanom c. SumbolÐzontac thn σ.κ. twn t.m. X ′nk =
Xnk−EXnk me σ.κ. F ′nk, h (2.1.3) mporeÐ na metasqhmatisj  sthn akìloujh isodÔnamh
morf :

fn(t) = e−itAn+
∑kn
k=1 itEXnk

kn∏
k=1

f ′nk(t)→ f(t) (2.1.4)

Jètome,
f ′nk(t)− 1 = ank(t) = ank.

Apì (2.1.3) kai thn Prìtash 2.1.4, èqome

sup
1≤k≤kn

|ank| → 0.

Epomènwc, jewr¸ntac èna aujaÐreto all� stajerì di�sthma tou t, mporoÔme na upo-
jèswme ìti, ∀n ≥ n0, gia k�poio n0, sup1≤k≤kn |ank| < 1/2. Tìte èqoume

| log f ′nk(t)− ank| = | log(1 + ank)− ank|

≤
∞∑
s=2

1

s
|ank|s

≤ 1

2

∞∑
s=2

|ank|s

=
1

2
(
|ank|2

1− |ank|
) < |ank|2 (2.1.5)

Epeid  ∫
xdF ′nk(x) = EX ′nk = 0

ank =

∫
(eitx − 1)dF ′nk(x) =

∫
(eitx − 1− itx)dF ′nk(x).

All� ∀x ∈ R,

|eitx − 1− itx| ≤ t2x2

2
,

(
|eitx − 1− itx| ≤ min{t

2x2

2
, 2|t||x|}

)
opìte

|ank| ≤
t2

2

∫
x2dF ′nk(x) =

t2

2
V Xnk (2.1.6)
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Apì tic (2.1.4),(2.1.5),(2.1.6) kai thn sunj kh b),

| log fn(t) + itAn −
kn∑
k=1

(
itEXnk +

∫
(eitx − 1)dF ′nk(x)

)
| =

|
kn∑
k=1

(
log f ′nk(t)−

∫
(eitx − 1)dF ′nk(x)

)
| ≤

kn∑
k=1

|ank|2 ≤

t2

2
sup

1≤k≤kn
|ank|(

kn∑
k=1

V Xnk) ≤

ct2

2
sup

1≤k≤kn
|ank|.

SumperaÐnoume loipìn, log(fn(t)) − ψn(t) → 0 (efìson eψn(t) eÐnai χ.σ. kai sunep¸c
≤ 1). 'Ara fn(t)→ eψn(t) pou apodeiknÔei to zhtoÔmeno.

Oi P. 1.1.2 kai P. 1.1.7 sunep�gontai to akìloujo:

Pìrisma 2.1.6. Oi oriakèc katanomèc twn ajroism�twn Xn1 +Xn2 + . . .+Xnkn−An
anex�rthtwn t.m. pou upìkeintai stic sunj kec a) kai b), einai i.d.

An jewr swme thn sun�rthsh

Kn(u) =
kn∑
k=1

∫ u

−∞
x2dFnk(x)dx (2.1.7)

h opoÐa eÐnai profan¸c aÔxousa, ikanopoieÐ thn sunj kh Kn(−∞) = 0, kai apì thn
sunj kh b), h Kn(+∞) eÐnai fragmènh, mporoÔme na metasqhmatÐsoume thn 2.1.2 ¸ste
na p�rei th morf :

ψn(t) = −iAnt+ it(
kn∑
k=1

EXnk) +

∫
(eitu − 1)u−2dKn(u) (2.1.8)

Je¸rhma 2.1.7. H akoloujÐa katanom¸n twn ajroism�twn Xn1 +Xn2 + . . .+Xnkn−
An anexart twn t.m. pou ikanopoioÔn thn sunj kh a) kai gia kat�llhla epilegmènec
stajerèc An, sugklÐnei se mia oriak  katanom  kai oi diasporèc aut¸n twn ajroism�twn
sugklÐnoun sth diaspor� thc oriak c katanom c tìte kai mìno tìte an, up�rqei mia
aÔxousa sun�rthsh K(u) ¸ste

Kn(u)
d→ K(u), n→∞

ìpou Kn(u) orÐzetai apì thn (2.1.7).
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Oi stajerèc An mporoÔn na epilegoÔn sÔmfwna me ton tÔpo

An =
kn∑
k=1

EXnk − γ + o(1), γ stajer�

O log�rijmoc thc χ.σ. thc oriak c katanom c dÐdetai apì ton tÔpo Kolmogorov, γ
stajerì kai sun�rthsh K(u) ìpwc mìlic orÐsjhkan.

Apìdeixh. Apì thn Kn(u) → K(u), èpetai ìti Kn(+∞) =
∑kn

k=1 V Xnk eÐnai
fragmènh. epomènwc plhroÔntai oi sunj kec a) kai b). Apì to prohgoÔmeno je¸rhma,
mporoÔme na periorisjoÔme sthn eÔresh sunjhk¸n gia thn Ôparxh oriak c katanom c,
gia i.d katanomèc, oi log�rijmoi twn χ.σ. twn opoÐwn dÐdontai apì thn (2.1.8). 'Opwc
gnwrÐzoume, aut  h oriak  katanom  eÐnai epÐshc i.d.
T¸ra, ta apodeiktèa prokÔptoun apì tic (2.1.7), (2.1.8) wc �mesh sunèpeia tou J.
1.3.3. Pr�gmati, h sunj kh Kn(u)→ K(u) sumpÐptei me thn sunj kh 1) tou J. 1.3.3,
en¸ h sunj kh 2) tou idÐou jewr matoc, mporeÐ na graf  wc

γn = −An +
kn∑
k=1

∫
xdFnk(x)→ γ, n→∞

ìpou γ eÐnai stajer� pou kajorÐzetai apì ton tÔpo Kolmogorov gia thn oriak  kata-
nom .
Apì th sunj kh aut , blèpome ìti ta An mporoÔn na epilegoÔn ìpwc dhl¸netai apì to
je¸rhma.

Wc efarmog  tou jewr matoc pou mìlic apodeÐxame, jewroÔme tic sunj kec gia
sÔgklish sthn kanonik  katanom .

Je¸rhma 2.1.8. H akoloujÐa twn σ.κ. twn Xn1 +Xn2 + . . .+Xnkn−An anex�rthtwn
t.m. Xn1, Xn2, . . . , Xnkn gia kat�llhlec stajerèc An, sugklÐnei sthn kanonik  N(0, 1)
katanom , kai oi diasporèc twn ajroism�twn sugklÐnoun sto 1, oi de metablhtèc Xnk−
EXnk eÐnai apeirostèc tìte kai mìno tìte, an ∀ε > 0 isqÔoun:

(1)
∑kn

k=1

∫
|x|≥ε x

2dFnk(x+ EXnk)→ 0, n→∞
(2)
∑kn

k=1

∫
|x|<ε x

2dFnk(x+ EXnk)→ 1, n→∞
ìpou Fnk σ.κ. thc Xnk.

Apìdeixh. Apì thn sunj kh (1) tou Jewr matoc sumperaÐnoume ìti oi metablhtèc
Xnk − EXnk, eÐnai apeirostèc. Pr�gmati, ∀ε > 0 èqome

sup
1≤k≤kn

P (|Xnk − EXnk| ≥ ε) = sup
1≤k≤kn

∫
|x|≥ε

dFnk(x+ EXnk)

= ε−2 sup
1≤k≤kn

∫
|x|≥ε

x2dFnk(x+ EXnk)
n→∞→ 0
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T¸ra, oi sunj kec (1) kai (2) mazÐ, apodeiknÔoun ìti isqÔei h genik  sunj kh b).
Epiplèon, gnwrÐzoume ìti gia thn N(0, 1) isqÔei:

γ = 0, K(u) =

{
0, u ≤ 0

1, u > 0

Sthn perÐptwsh mac, oi sunj kec Kn(u) → K(u) tou Jewr matoc 2.1.7 mporoÔn na
grafoÔn wc:

(1')
∑kn

k=1

∫ u
−∞ x

2dFnk(x+ EXnk)
d→

{
0, u < 0

1, u > 0

(2')
∑kn

k=1

∫
x2dFnk(x+ EXnk)

n→∞→ 1
'Omwc oi sunj kec (1') kai (2') eÐnai isodÔnamec me tic sunj kec (1) kai (2) tou jewr -
matoc.

Mia idiaÐtera shmantik  ekdoq  tou prohgoÔmenou jewr matoc, afor� sthn perÐ-
ptwsh pou ∀n

kn∑
k=1

V Xnk = 1.

K�tw apì aut  thn sunj kh, gia thn sÔgklish twn σ.κ. twn ajroism�twn (2.1.1) sthn
N(0, 1) katanom  anagkaÐa kai ikan  sunj kh eÐnai

∀ε > 0
kn∑
k=1

∫
|x|≥ε

x2dFnk(x+ EXnk)
n→∞→ 0 (2.1.9)

An epiplèon, ∀k,∀n EXnk = 0 tìte h (2.1.9) gr�fetai:

kn∑
k=1

∫
|x|≥ε

x2dFnk(x)
n→∞→ 0

OÔtwc odhgoÔmeja sto akìloujo:

Je¸rhma 2.1.9. 'Estw X1, X2, . . . , Xn, . . . akoloujÐa anexart twn t.m. me σ.κ. thc
Xk, thn Fk(x).
Oi σ.κ. twn kanonikopoihmènwn ajroism�twn

Sn =

∑n
k=1(Xk − EXk)

sn
, s2

n =
n∑
k=1

V (Xk) (2.1.10)

sugklÐnoun sthn N(0, 1) kai oi prosjetèoi Xk − EXk eÐnai apeirostoÐ, tìte kai mìnon
tìte, an isqÔei h sunj kh Lindeberg:

1

s2
n

n∑
k=1

∫
|x|>εsn

x2dFk(x+ EXk)
n→∞→ 0
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Ja apodeÐxoume t¸ra to Je¸rhma 2.1.9 gia trigwnikèc akoloujÐec t.m. Sugkekri-
mèna, ja apodeÐxwme to K.O.J. twn Lindeberg-Feller gia trigwnikèc akoloujÐec t.m.
Xn1, Xn2, . . . , Xnkn , n = 1, 2 . . . ìpou {Xnj, 1 ≤ j ≤ kn} anex�rthtec pou epiplèon
ikanopoioÔn ta ex c:

EXnj = 0, σ2
nj = EX2

nj <∞, s2
n =

kn∑
j=1

σ2
nj > 0 (2.1.11)

'Eqome, loipìn:

Je¸rhma 2.1.10. a) Ean h trigwnik  akoloujÐa (2.1.1) ikanopoieÐ tic (2.1.11) kai
thn sunj kh Lindeberg:

∀ε > 0, lim
n→∞

1

s2
n

n∑
k=1

∫
|Xnj |>εsn

X2
njdFnj(x) = 0

tìte
Xn1 +Xn2 + . . .+Xnkn

(
∑kn

j=1 σ
2
nj)

1/2
=
Sn
sn

d→ N(0, 1), n→∞ (2.1.12)

(je¸rhma Lindeberg)
b) E�n h trigwnik  akoloujÐa (2.1.1) ikanopoieÐ tic (2.1.11) kai epiplèon thn sunj kh
apeirost c mikrìthtoc (infinite smallness):

∀ε > 0, max
1≤j≤kn

P (
|Xnj|
sn
≥ ε)

n→∞→ 0 (2.1.13)

Tìte an Sn
sn

d→ N(0, 1), èpetai ìti h trigwnik  akoloujÐa ikanopoieÐ thn sunj kh Lin-
deberg

Apìdeixh. Gia thn apìdeixh tou jewr matoc Lindeberg-Feller ja qreiastoÔme ta
epìmena:

L mma 2.1.11. Ean z1, z2, . . . , zm kai w1, w2, . . . , wm eÐnai tuqìntec migadikoÐ arijmoÐ
me |zj| ≤ 1, |wj| ≤ 1 ∀j = 1, 2, . . . ,m tìte

|w1w2 . . . wm − z1z2 . . . zm| ≤
m∑
j=1

|wj − zj|

L mma 2.1.12. Ean −1
2
< x < 1

2
tìte |ex − 1− x| ≤ x2.

Prìtash 2.1.13. E�n ikanopoieÐtai h sunj kh Lindeberg tìte isqÔei kai h sunj kh
asumptwtik� amelhtèwn diaspor¸n:

1

s2
n

max
1≤j≤kn

σ2
nj → 0, n→∞
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Apìdeixh. ∀ε > 0,

σ2
nj = EX2

nj = E[X2
njI(|Xnj| < εsn)]

+ E[X2
njI(|Xnj| ≥ εsn)]

≤ ε2s2
n +

kn∑
j=1

E[X2
njI(|Xnj| ≥ εsn)]

Epeid  to �nw fr�gma thc anwtèrw sqèshc eÐnai anex�rthto tou j ∈ {1, 2, . . . , kn}
èpetai ìti

1

s2
n

max
1≤j≤kn

σ2
nj ≤ ε2 +

1

s2
n

kn∑
j=1

E[X2
njI(|Xnj| ≥ εsn)]→ ε2, n→∞

Epeid  ε > 0 aujaÐreto, èpetai to sumpèrasma.

Epiplèon na poÔme ìti h sqèsh 2.1.13 ikanopoieÐtai apì opoiad pote akoloujÐa
ikanopoieÐ thn sunj kh Lindeberg diìti apì thn Prìtash 2.1.13 kai thn anisìthta
Chebyshev:

P (|Xnj|/sn ≥ ε) ≤ 1

ε2
σ2
nj

s2
n

èpetai

max
1≤j≤kn

P (|Xnj|/sn ≥ ε) ≤ 1

ε2
1

s2
n

max
1≤j≤kn

σ2
n, n→∞

Apìdeixh. Jewr matoc 2.1.10 (sunèqeia)
H apìdeixh tou a) paraleÐpetai epeid  eÐnai makroskel c. Perièqetai sto [9], selÐda
308.
b) Kat' arq n upojètoume (JewroÔme thn:

{X̄nj =
Xnj

sn
, 1 ≤ j ≤ kn, n ≥ 1}

mia nèa trigwnik  akoloujÐa me EX̄nj = 0, V ar(X̄nj) = σ̄2
nj =

σ2
nj

s2n
kai s̄2

n =
∑kn

j=1 σ̄
2
nj =

1, apì ton Orc tou sn). Apo thn gnwst  anisìthta

|eix − 1| ≤ 2ε[min{|x|, 2}]

sun�gome ìti
|φnk(t)− 1| ≤ 2E[min{1, |tXnk|}]

ìpou φnk h χ.σ. thc t.m. Xnk. All�

min{1, |tXnk|} ≤ |tXnk|I(|Xnk| < ε) + 1 · I(|Xnk| ≥ ε)

opìte

|φnk(t)− 1| ≤ 2E(|tXnk|I(|Xnk| < ε)) + 2E(I(|Xnk| ≥ ε))

≤ 2ε|t|+ 2P (|Xnk| ≥ ε)
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All� apì thn (2.1.13) prokÔptei ìti

lim
n→∞

max
1≤k≤kn

|φnk(t)− 1| n→∞→ 0

T¸ra apì thn anisìthta

|eix − 1− ix| ≤ min{2|x|, 1

2
x2}

lamb�noume
|φnk(t)− 1| ≤ t2σ2

nk.

Epeid  apì upojèsh

s2
n =

kn∑
k=1

σ2
nk = 1

kai
kn∑
k=1

|φnk(t)− 1|2 ≤ max
k
|φnk(t)− 1|

∑
k

|φnk(t)− 1|

èpetai ìti,
kn∑
k=1

|φnk(t)− 1|2 → 0, n→∞,∀t (2.1.14)

An |z| ≤ 1 tìte
|ez−1| = eRez−1 ≤ 1

Epomènwc, apì L mma 2.1.11, gia zk = eφnk−1 kai wn = φnk(t),èqome

|e
∑
k(φnk(t)−1) −

∏
k

φnk(t)| ≤
∑
k

|eφnk(t)−1 − φnk(t)| (2.1.15)

An |z| ≤ 1/2 tìte |ez − 1 − z| ≤ |z|2 (L. 2.1.12) kai gia meg�lo n, |φnk(t) − 1| ≤ 1
2

opìte to dexÐ mèloc thc (2.1.15) eÐnai to polÔ
∑

k |φnk − 1|2. Epeid  Sn
d→ N(0, 1) (ex

upojèsewc) kai lìgw thc (2.1.14), prokÔptei ìti∏
k

φnk(t)→ e−t
2/2.

Epeid  |ez| = eRe(z), paÐrnontac apìlutec timèc kai met� log�rijmo, odhgoÔmeja sthn

kn∑
k=1

Re(φnk(t)− 1)− 1

2
t2 (2.1.16)

'Omwc to Re(φnk(t)− 1) eÐnai E(cos(tXnk)− 1) opìte h (2.1.16) dÐdei:

kn∑
k=1

E(cos(tXnk)− 1 +
t2X2

nk

2
)→ 0, n→∞ (2.1.17)
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kai epeid  cosx ≥ 1− 1
2
x2 h oloklhrwtèa posìthc eÐnai mh arnhtik  kai isqÔei

kn∑
k=1

∫
|Xnk|≥ε

(
1

2
t2X2

nk − 2)dP ≥ (
t2

2
− 2

ε2
)
kn∑
k=1

∫
|Xnk|≥ε

X2
nkdP (2.1.18)

Dojèntoc ε > 0, epilègoume t arket� meg�lo ¸ste o pr¸toc par�gwn sto dexÐ mèloc
thc (2.1.18) eÐnai jetikìc. Apì thn (2.1.17), to aristerì mèloc thc (2.1.18) teÐnei epÐshc
sto mhdèn, opìte kai to �jroisma sto dexÐ meloc thc (2.1.18) teÐnei omoÐwc.

2.2 Genik  Morf  Oriak¸n Jewrhm�twn-Ikanèc
kai AnagkaÐec sunj kec sÔgklishc

Ja prèpei na shmei¸soume ìti se ìla ta prohgoÔmena apotelèsmata exet�zoume
ta tupopoihmèna ajroÐsmata Sn/sn me mèso 0 kai diaspor� 1 (kai fusik� upojètoume
ìti up�rqoun oi deÔterec ropèc twn arqik¸n t.m.). Se autèc tic peript¸seic kai me thn
upìjesh thc apeirost c mikrìthtoc, eÐdame ìti ikan  kai anagkaÐa sunj kh gia sÔgklish
proc thn tupopoihmènh kanonik  eÐnai h sunj kh Lindeberg. EntoÔtoic eÐnai dunatìn
na isqÔh to K.O.J. qwrÐc thn sunj kh Lindeberg (akìma kai qwrÐc na up�rqoun oi
deÔterec ropèc twn upo melèth t.m.). Fusik� se aut n thn perÐptwsh, ja anazhtoÔsame
kanonikopoioÔsec stajerèc an ∈ R kai bn > 0 ¸ste:

Sn − an
bn

d→ N(0, 1)

Autì bèbaia den shmaÐnei ìti an = ESn   ìti bn =
√
V ar(Sn) (eÐpame ìti oi diasporèc

mporeÐ na mhn up�rqoun).
Ja parousi�soume tètoia jewr mata parak�tw.

To epìmeno je¸rhma, deÐqnei ìti akìma kai sthn genik  perÐptwsh ìpou den apai-
teÐtai h Ôparxh twn diaspor¸n twn t.m. up�rqei mia shmantik  anisìthta an�logh thc
sunj khc b) thc Paragr�fou 1, gegonìc pou mac dÐnei th dunatìthta na diathroÔme
thn idèa thc apìdeixhc twn jewrhm�twn thc Paragr�fou 1 kai sthn genik  perÐptwsh.

L mma 2.2.1. An oi t.m. Xnk (bl. 2.1.1) eÐnai asumptwtik� stajerèc (Orc 2.1.2),
tìte eÐnai dunatìn na jèsome ston Orc 2.1.2 ank = mnk ìpou mnk di�mesoc thc Xnk

(P (Xnk ≥ mnk) ≥ 1
2
kai P (Xnk ≤ mnk) ≥ 1

2
)

, dhlad  isqÔei:

sup
1≤k≤kn

|mnk − ank|
n→∞→ 0 (2.2.19)

Apìdeixh. ParaleÐpetai.

Je¸rhma 2.2.2. An gia k�poiec kat�llhla epilegmènec stajerèc An, oi σ.κ. twn
ajroism�twn Xn1 +Xn2 + . . .+Xnkn − An twn anex�rthtwn t.m. Xnk, sugklÐnoun se
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èna ìrio, tìte up�rqei mia stsjer� C <∞ tètoia ¸ste

kn∑
k=1

∫
x2

1 + x2
dFnk(x+mnk) < C (2.2.20)

ìpou mnk di�mesoc thc Xnk.

Apìdeixh. ParaleÐpetai.

Je¸rhma 2.2.3. An gia k�poiec kat�llhla epilegmènec stajerèc An oi σ.κ. twn
ajroism�twn Xn1 +Xn2 + . . .+Xnkn−An ex anexart twn apeirost¸n t.m., sugklÐnoun
se èna ìrio gia n→∞, tìte up�rqei mia stajer� C tètoia ¸ste

kn∑
k=1

∫
x2

1 + x2
dFnk(x+ ank) < C

ìpou ank =
∫
|x|<τ xdFnk(x) kai τ opoiad pote jetik  stajer�.

Apìdeixh. Shmei¸noume pr¸ta ìti, epeid  Xnk apeirostèc t.m., isqÔoun oi sqèseic

sup
1≤k≤kn

|ank|
n→∞→ 0 (2.2.21)

sup
1≤k≤kn

|mnk|
n→∞→ 0 (2.2.22)

Pr�gmati,

|ank| = |
∫
|x|<τ

xdFnk(x)| ≤
∫
|x|≤ε
|x|dFnk(x)

+

∫
ε<|x|≤τ

|x|dFnk(x)

≤ ε

∫
|x|≤ε

dFnk(x) + τ

∫
|x|≥ε

dFnk(x)

≤ εP (|Xnk| ≤ ε) + τP (|Xnk| ≥ ε)

≤ ε+ τP (|Xnk| ≥ ε)

Epilègontac arket� mikrì ε > 0 kai n arket� meg�lo, mporoÔme na p�rwme sup1≤k≤kn |ank|
ìso mikrì jèlome.

T¸ra, apì L. 2.2.1 kai thn (2.2.21), blèpome eÔkola ìti

sup
1≤k≤kn

|mnk|
n→∞→ 0
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Apì stoiqei¸dh anisìthta (a + b)2 ≤ 2(a2 + b2) sumperaÐnoume ìti gia arket� meg�lo
n, ∫

x2

1 + x2
dFnk(x+ ank) =

∫
(x+mnk − ank)2

1 + (x+mnk − ank)2
dFnk(x+mnk)

≤
∫

2x2

1 + (x+mnk − ank)2
dFnk(x+mnk)

+

∫
2(mnk − ank)2

1 + (x+mnk − ank)2
dFnk(x+mnk)

≤ C1

∫
x2

1 + x2
dFnk(x+mnk) + 2(mnk − ank)2

EktimoÔme t¸ra thn (mnk − ank)2. Gia arket� meg�lo n èqome,

(mnk − ank)2 = (

∫
|x|<τ

(x−mnk)dFnk(x)−
∫
|x|≥τ

mnkdFnk(x))2

≤ 2(

∫
|x+mnk|<τ

|x|dFnk(x+mnk))
2 + 2(

∫
|x+mnk|≥τ

mnkdFnk(x+mnk))
2

≤ 2(

∫
|x|<2τ

|x|dFnk(x+mnk))
2 + 2m2

nk(

∫
|x|>τ/2

dFnk(x+mnk))
2

Efarmìzontac anisìthta Cauchy sthn prohgoÔmenh, lamb�noume

(ank −mnk)
2 ≤ 2

∫
|x|<2τ

x2dFnk(x+mnk) + 2m2
nk

∫
|x|>τ/2

dFnk(x+mnk)

Apì tic prohgoÔmenec anisìthtec kai to Je¸rhma 2.2.2, èpetai h apodeiktèa.

Je¸rhma 2.2.4. Oi σ.κ. twn ajroism�twnXn1+Xn2+. . .+Xnkn−An anexart twn kai
apeirost¸n t.m. kai gia kat�llhlec stajerèc An, sugklÐnoun se mia oriak  katanom 
ann oi i.d. katanomèc (pou lègontai sunodeÔousec (accompanying laws) ) oi log�rijmoi
twn χ.σ. twn opoÐwn, dÐdontai apì ton tÔpo:

ψn(t) = −iAnt+
kn∑
k=1

(itank +

∫
(eitx − 1)dFnk(x+ ank)) (2.2.23)

sugklÐnoun. Ed¸,

ank =

∫
|x|≤τ

xdFnk(x), τ > 0 stajer� (2.2.24)

Oi oriakèc katanomèc twn dÔo akolouji¸n sumpÐptoun.

Apìdeixh. Oi σ.κ. twn ajroism�twn Xn1 +Xn2 + . . .+Xnkn −An sugkÐnoun se èna
ìrio ann

fn(t) = e−itAn

kn∏
k=1

fnk(t)→ f(t), n→∞ (2.2.25)
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ìpou f(t) h χ.σ. thc oriak c katanom c kai fn(t) h χ.σ. tou ajroÐsmatoc Xn1 +Xn2 +
. . . + Xnkn − An. SumbolÐzoume F ′nk(x) = Fnk(x + ank) , ìpou ank orÐzetai apì thn
(2.2.24).
Tìte h (2.2.25) mporeÐ na graf  wc

e−itAn+it
∑kn
k=1 ank

kn∏
k=1

f ′nk(t)→ f(t), n→∞.

Jètome,
f ′nk(t)− 1 = bnk

Epeid  oi t.m. Xnk eÐnai apeirostèc, èpetai ìti

sup
1≤k≤kn

|bnk|
n→∞→ 0 (2.2.26)

Tìte

log(f ′nk(t)) = log(1 + bnk) = bnk −
1

2
b2
nk +

1

3
b3
nk − . . .

(apì to an�ptugma tou log se seir�). 'Ojen gia arket� meg�lo n, èqome

|
kn∑
k=1

log f ′nk(t)−
kn∑
k=1

bnk| ≤
kn∑
k=1

∞∑
s=2

1

s
|bnk|s

≤ 1

2

kn∑
k=1

|bnk|2

1− |bnk|

≤ sup
1≤k≤kn

|bnk|
kn∑
k=1

|bnk| (2.2.27)

T¸ra,

|bnk| = |
∫
|x|<τ

(eitx − 1− itx)dF ′nk(x)

+

∫
|x|≥τ

(eitx − 1)dF ′nk(x)

+ it

∫
|x|≥τ

xdF ′nk(x)|

(∗)
≤ |t|2

2

∫
|x|<τ

x2dF ′nk(x) + 2

∫
|x|≥τ

dF ′nk(x)

+ |t||
∫
|x|<τ

xdF ′nk(x)| (2.2.28)

(∗) (|eit − 1− it| ≤ min{|t|2/2, 2|t|}, |eit − 1| ≤ min{|t|, 2})
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EktimoÔme t¸ra to ∫
|x|<τ

xdF ′nk(x)

Gia arket� meg�lo n (tètoio ¸ste |ank| < τ/2)

|
∫
|x|<τ

xdF ′nk(x)−
∫
|x+ank|<τ

xdF ′nk(x)|
(+)

≤
∫
τ/2<|x|<3τ/2

|x|dF ′nk(x)

≤ 3τ

2

∫
|x|>τ/2

dF ′nk(x) (2.2.29)

ìpou gia thn (+) qrhsimopoi jhkan oi sqèseic

||x| − |ank|| ≤ τ ⇒ |ank| − τ ≤ |x| ≤ τ + |ank| ≤ 3τ/2

kai
|ank| ≤ τ/2⇒ τ − |ank| ≥ τ − τ/2 = τ/2

opìte
τ/2 ≤ |x| ≤ 3τ/2.

Prosèti

|
∫
|x+ank|<τ

xdF ′nk(x)| (∗∗)
= |

∫
|x|<τ

(x− ank)dFnk(x)|

= |
∫
|x|<τ

xdFnk(x)− ank
∫
|x|<τ

dFnk(x)

−
∫
|x|≥τ

ankdFnk(x)

+

∫
|x|≥τ

ankdFnk(x)|

= |
∫
|x|<τ

xdFnk(x)− ank

+

∫
|x|≥τ

ankdFnk(x)|

= |ank
∫
|x|>τ

dFnk(x)|

≤ τ/2

∫
|x|≥τ/2

dF ′nk(x) (2.2.30)

ìpou h (∗∗) lìgw allag c metablht c.
Apì tic (2.2.29), (2.2.30) prokÔptei

|
∫
|x|<τ

xdF ′nk(x)| ≤ 2τ

∫
|x|>τ/2

dF ′nk(x) (2.2.31)
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Gia na apodeÐxoume thn anagkaiìthta twn sunjhk¸n tou jewr matoc, parathroÔme ìti,
apì to Je¸rhma 2.2.3, an oi σ.κ. twn ajroism�twn Xn1 + Xn2 + . . . + Xnkn − An
sugklÐnoun se èna ìrio, tìte

kn∑
k=1

∫
x2

1 + x2
dF ′nk(x) < C (2.2.32)

Sunep¸c, èqome

kn∑
k=1

∫
|x|<τ

x2dF ′nk(x) ≤ (1 + τ)2

kn∑
k=1

∫
|x|<τ

x2

1 + x2
dF ′nk(x)

≤ (1 + τ)2C

kai

kn∑
k=1

∫
|x|≥τ

dF ′nk(x) ≤ (1 + τ)2

τ 2

kn∑
k=1

∫
|x|≥τ

x2

1 + x2
dF ′nk(x)

≤ (1 + τ)2

τ 2
C

Apì tic (2.2.28) kai (2.2.31) lamb�nome,

kn∑
k=1

|bnk| ≤ (
(1 + τ)2

2
|t|2 + 2

(1 + τ)2

τ 2
+ 2
|t|(4 + τ 2)

τ
)C

ìpou C stajer�. Apì tic (2.2.26) kai (2.2.27) sun�getai, gia n→∞,

| log fn(t)− ψn(t)| = |(−itAn + it
kn∑
k=1

ank +
kn∑
k=1

log f ′nk(t))

− (−itAn + it
kn∑
k=1

ank +
kn∑
k=1

bnk)|

= |
kn∑
k=1

log f ′nk(t)−
kn∑
k=1

bnk|
n→∞→ 0.

Epeid  eψn(t) eÐnai χ.σ. kai epomènwc den uperbaÐnei to 1 (modulo), èqome

fn(t)− eψn(t) → 0 (2.2.33)

H (2.2.33) apodeiknÔei thn anagkaiìthta twn sunjhk¸n tou jewr matoc.

Gia na apodeÐxoume to ikanì twn sunjhk¸n tou jewr matoc, prèpei epÐshc na ektim -
swme to �jroisma

kn∑
k=1

|bnk|.
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Gia to skopì autì, parathroÔme ìti gia tic i.d. katanomèc pou orÐzontai apì thn
(2.2.23), jètome anagkaÐwc,

Gn(u) =
kn∑
k=1

∫ u

−∞

x2

1 + x2
dF ′nk(x)

ston tÔpo twn Lévy kai Khintchine. Wc ek toÔtou, an oi orizìmenec apì thn (2.2.23)
katanomèc sugklÐnoun se èna ìrio, apì to Je¸rhma 1.3.1, èqome

∫
dGn(u) =

kn∑
k=1

∫
x2

1 + x2
dF ′nk(x)

n→∞→
∫
dG(u)

ìpou G(u) eÐnai h monìtonh sun�rthsh h orizìmenh apì ton tÔpo twn Lévy kai Khin-
tchine gia thn oriak  katanom .
Epomènwc, an oi sunart seic (2.2.23) sugklÐnoun se èna ìrio, èqome thn sqèsh (2.2.32)
epÐshc. Wc ek toÔtou apì tic (2.2.26) kai (2.2.27) sumperaÐnoume p�li ìti isqÔei h
(2.2.33).
OÔtwc h apìdeixh tou jewr matoc oloklhr¸jhke.

To prohgoÔmeno je¸rhma eÐnai exairetik� shmantikì, diìti mac epitrèpei, pro-
keimènou na melet soume ta ajroÐsmata Xn1 + Xn2 + . . . + Xnkn − An apì anex�r-
thtec kai apeirostèc t.m. me aujaÐretec σ.κ. Fnk, na ta antikatast soume me to
X̄n1 + X̄n2 + . . .+ X̄nkn −An apì i.d. t.m. X̄nk . To apotèlesma autì ègine h b�sh gia
thn an�ptuxh thc jewrÐac twn oriak¸n katanom¸n twn ajroism�twn anex�rthtwn t.m.

Mia pr¸th sunèpeia tou prohgoÔmenou jewr matoc eÐnai to akìloujo jemeli¸dec

Je¸rhma 2.2.5. H F (x) eÐnai σ.κ. twn ajroism�twn Xn1 + Xn2 + . . . + Xnkn − An
apì apeirostèc kai anex�rthtec t.m. se k�je seir� ann F (x) eÐnai i.d.

Apìdeixh. 'Epetai �mesa apì to Je¸rhma 2.2.4 kai thn Prìtash 1.1.7.

Epomènwc, èqoume to shmantikì apotèlesma: H kl�sh twn oriak¸n katanom¸n
gia ta ajroÐsmata Xn1 + Xn2 + . . . + Xnkn − An apì anex�rthtec kai apeirostèc t.m.
sumpÐptei me thn kl�sh twn i.d. katanom¸n.

Je¸rhma 2.2.6. Oi σ.κ. twn ajroism�twn Xn1 +Xn2 + . . .+Xnkn−An anexart twn
kai apeirost¸n t.m. me kat�llhlec stajerèc An, sugklÐnoun se mia σ.κ. F (x), ann:
1) Sta shmeÐa sunèqeiac twn M(u) kai N(u)

kn∑
k=1

Fnk(x)→M(x), x < 0

kn∑
k=1

(Fnk(x)− 1)→ N(x), x > 0
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gia n→∞.
2)

lim
ε→0

limn→∞

kn∑
k=1

((

∫
|x|<ε

x2dFnk(x)− (

∫
|x|<ε

xdFnk(x))2)) =

lim
ε→0

limn→∞

kn∑
k=1

(

∫
|x|<ε

x2dFnk(x)− (

∫
|x|<ε

xdFnk(x))2) = σ2

ìpou oi sunart seic M(u), N(u) kai h stajer� σ2, kajorÐzontai apì ton tÔpo tou Lévy
gia F (x). Oi stajerèc An kajorÐzontai apì ton tÔpo

An =
kn∑
k=1

∫
|x|<ε

xdFnk(x)− γn(τ)

γn(τ) sugklÐnousa akoloujÐa pragmatik¸n arijm¸n.

Apìdeixh. ParaleÐpetai (Gnedenko-Kolmogorov, 1954).

2.3 Sunj kec sÔgklishc sthn kanonik  kata-
nom 

Qrhsimopoi¸ntac ta prohgoÔmena jewr mata mporoÔme na apodeÐxoume th sÔgklish
twn σ.κ. twn ajroism�twn anexart twn kai apeirost¸n t.m. sthn kanonik  katanom .
Ja doÔme ìti ta genik� jewr mata pou anaptÔqjhkan stic prohgoÔmenec paragr�fouc,
mac epitrèpoun na apodeÐxoume eÔkola ta spoudaiìtera jewr mata thc jewrÐac pijano-
t twn.

Je¸rhma 2.3.1. An oi σ.κ. twn ajroism�twn Xn1 +Xn2 + . . .+Xnkn −An twn apei-
rost¸n t .m. Xnk (1 ≤ k ≤ kn) oi opoÐec eÐnai anex�rthtec se k�je seir�, sugklÐnoun,
tìte h sqèsh

kn∑
k=1

∫
|x|≥ε

dFnk(x)→ 0, (n→∞) (2.3.34)

ikanopoieÐtai ∀ε > 0 ann h oriak  katanom  eÐnai kanonik .

Apìdeixh. Efìson apì upìjesh, up�rqei mia oriak  katanom , apì J. 2.2.6, èqome:

1)
kn∑
k=1

Fnk(x) =
kn∑
k=1

∫ +∞

−∞
dFnk(x)→M(x), x < 0

2)
kn∑
k=1

(Fnk(x)− 1) = −
kn∑
k=1

∫ +∞

x

dFnk(x)→ N(x), x > 0.



48 Genik� Oriak� Jewrhmata gia ajroÐsmata anex�rthtwn t.m.

SumperaÐnoume loipìn ìti an ikanopoieÐtai h (2.3.34) tìte M(x) ≡ 0, N(x) = 0 kai
sunep¸c h oriak  katanom  eÐnai h kanonik .
AntÐstrofa, an h oriak  katanom  eÐnai kanonik , tìte M(x) ≡ 0, N(x) ≡ 0 kai
epomènwc, apì tic 1) kai 2), èpetai ìti isqÔei h sqèsh (2.3.34) apodeiknÔontac to
je¸rhma.

Je¸rhma 2.3.2. Oi σ.κ. twn Xn1 +Xn2 + . . .+Xnkn−An anexart twn t.m. Xnk (1 ≤
k ≤ kn) kai gia kat�llhlec stajerèc An, sugklÐnoun sthn N(0, 1) kai oi Xnk (1 ≤ k ≤
kn) eÐnai apeirostèc, ann

1)
kn∑
k=1

∫
|x|≥ε

dFnk(x)→ 0

2)
kn∑
k=1

(

∫
|x|≥ε

x2dFnk(x)− (

∫
|x|<ε

xdFnk(x))2)→ 1

ikanopoioÔntai ∀ε > 0 gia n→∞.

Apìdeixh. H sunj kh 1) èpetai ìti oi Xnk eÐnai apeirostèc. Pr�gmati, ∀ε > 0 kai
gia n→∞,

sup
1≤k≤kn

P (|Xnk| > ε) = sup
1≤k≤kn

∫
|x|>ε

dFnk(x)

≤
kn∑
k=1

∫
|x|>ε

dFnk(x)
n→∞→ 0

Ean isqÔei kai h 2), qrhsimopoi¸ntac to J. 2.2.6, efìson apì thn 1) autoÔ tou je-
wr matoc lamb�noume thn pr¸th sunj kh twn 1) tou J. 2.2.6, gia M(x) = 0 kai th
deÔterh gia N(x) = 0, èpetai ìti h oriak  katanom  eÐnai h N(0, 1).
AntÐstrofa, an h oriak  katanom  eÐnai h N(0, 1) tìte an jèswme σ2 = 1, γ(τ) =
0,M(−u) ≡ N(u) ≡ 0 apì to J. 2.2.6, èqome:

∀x > 0,
kn∑
k=1

∫
|u|>x

dFnk(u) ≤
kn∑
k=1

(1− Fnk(x) + Fnk(−x))→M(−x) +N(x) = 0.

Epomènwc ikanopoieÐtai h sunj kh 1) tou jewr matoc 2.3.2.
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Epiplèon, ∀ε′ (0 < ε′ < ε) èqome

kn∑
k=1

(

∫
|x|<ε

x2dFnk(x)− (

∫
|x|<ε

xdFnk(x))2) = (2.3.35)

kn∑
k=1

(

∫
[|x|<ε′]∪[ε′<|x|<ε]

x2dFnk(x)− (

∫
[|x|<ε′]∪[ε′<|x|<ε]

xdFnk(x))2) =

kn∑
k=1

[

∫
|x|<ε′

x2dFnk(x) +

∫
ε′≤|x|<ε

x2dFnk(x) −

−(

∫
|x|<ε′

xdFnk(x) +

∫
ε′≤|x|<ε

xdFnk(x))2] =

kn∑
k=1

[

∫
|x|<ε′

x2dFnk(x)− (

∫
|x|≤ε′

xdFnk(x))2] + (2.3.36)

kn∑
k=1

[

∫
ε′≤|x|<ε

x2dFnk(x)− (

∫
ε′≤|x|<ε

xdFnk(x))2] − (2.3.37)

2
kn∑
k=1

(

∫
|x|<ε′

xdFnk(x))(

∫
ε′≤|x|≤ε

xdFnk(x)) (2.3.38)

T¸ra

0 ≤
kn∑
k=1

(

∫
ε′≤|x|<ε

x2dFnk(x) − (

∫
ε′≤|x|<ε

xdFnk(x))2)

≤
kn∑
k=1

∫
ε′≤|x|<ε

x2dFnk(x)

≤ ε2
kn∑
k=1

∫
ε′≤|x|<ε

dFnk(x)

≤ ε2
kn∑
k=1

∫
|x|>ε′

dFnk(x) (2.3.39)

kai

2
kn∑
k=1

|
∫
|x|<ε′

xdFnk(x)| |
∫
ε′≤|x|≤ε

xdFnk(x)| ≤ 2εε′
kn∑
k=1

∫
|x|≥ε′

dFnk(x) (2.3.40)

H deÔterh anisìthta thc prohgoumènhc sqèshc dikaiologeÐtai wc ex c:

|
∫
|x|<ε′

xdFnk(x)| ≤
∫
|x|<ε′

|x|dFnk(x) ≤ ε′
∫
|x|<ε′

dFnk(x).

'Omoia,

|
∫
ε′≤|x|<ε

xdFnk(x)| ≤ ε

∫
ε′≤|x|<ε

dFnk(x).
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Epeid 

ε′
∫
|x|≤ε′

dFnk(x) = ε′P (|X| < ε′) ≤ 1

kai
{ε′ ≤ |x| < ε} ⊂ {|x| ≥ ε′}

èpetai:

ε′
∫
|x|<ε′

dFnk(x) · ε
∫
ε′≤|x|<ε

dFnk(x) ≤ ε′ε

∫
|x|>ε′

dFnk(x)

T¸ra apì thn sunj kh 1) oi (2.3.39) kai (2.3.40) teÐnoun sto 0 gia n→∞. Epomènwc
∀ε > 0 kai ∀ε′ > 0 oi (2.3.37) kai (2.3.38) teÐnoun sto 0 gia n→∞ opìte,

lim sup
n→∞

kn∑
k=1

(

∫
|x|<ε

x2dFnk(x)− (

∫
|x|<ε

xdFnk(x))2) =

lim sup
n→∞

kn∑
k=1

(

∫
|x|<ε′

x2dFnk(x)− (

∫
|x|<ε′

xdFnk(x))2)

dhlad  to lim sup den exart�tai apì to ε. To Ðdio isqÔei kai gia to lim inf twn (2.3.35)
kai (2.3.36).
Epomènwc apì tic sunj kec tou jewrhmatoc 2.2.6, ∀ε > 0 ìqi mìno to lim sup kai
lim inf thc (2.3.35) up�rqoun, all� kai to lim, dhlad 

lim
n→∞

kn∑
k=1

(

∫
|x|<ε

x2dFnk(x)− (

∫
|x|<ε

xdFnk(x))2) = 1 (= σ2)

'Eqome deÐxei ètsi kai ton antÐstrofo isqurismì

Ja parousi�soume èna akìmh je¸rhma pou afor� th sÔgklish twn σ.κ. ajroism�-
twn anexart twn t.m. sthn Kanonik  katanom . To ikanì twn sunjhk¸n pou dhl¸nei
to je¸rhma apedeÐqjh to 1926 apo S.N.Bernstein kai to anagkaÐo apì Feller to 1935.

Je¸rhma 2.3.3. Gia mia akoloujÐa anexart twn t.m. X1, X2, . . . , Xn, . . . eÐnai duna-
tìn na brejoÔn pragmatikèc stajerèc An kai Bn > 0 ¸ste oi σ.κ. twn ajroism�twn∑n

i=1 Xi

Bn

− An → N(0, 1), n→∞ (2.3.41)

kai oi prosjetèoi Xnk = Xk/Bn, 1 ≤ k ≤ kn, n = 1, 2, . . . na eÐnai apeirostoÐ, ann:
up�rqei mia akoloujÐa stajer¸n Cn me Cn →∞ ¸ste

n∑
k=1

∫
|x|>Cn

dFk(x)→ 0

1

c2
n

n∑
k=1

(

∫
|x|<Cn

x2dFk(x)− (

∫
|x|<Cn

xdFk(x))2)→∞, n→∞ (2.3.42)
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Apìdeixh. Apì upìjesh, oi t.m. Xnk = Xk/Bn eÐnai apeirostèc opìte mporoÔme na
k�noume qr sh tou jewr matoc 2.3.2. Epeid  de Fnk = Fk(Bnx) oi sunj kec 1) kai 2)
tou jewr matoc 2.3.2 paÐrnoun th morf :

1)
n∑
k=1

∫
|x|>εBn

dFk(x)→ 0

2)
1

B2
n

n∑
k=1

(

∫
|x|<εBn

x2dFk(x)− (

∫
|x|<εBn

xdFk(x))2)→ 1, n→∞.

Profan¸c, mporoÔme na epilèxoume mia akoloujÐa

εn
n→∞→ 0

¸ste εnBn →∞ kai
n∑
k=1

∫
|x|>εnBn

dFk(x)→ 0

1

B2
n

n∑
k=1

(

∫
|x|<εnBn

x2dFk(x)− (

∫
|x|<εnBn

xdFk(x))2)→ 1, n→∞

Jètontac εnBn = Cn, paÐrnoume thn (2.3.42).
AntÐstrofa, 'Estw ìti oi (2.3.42) ikanopoioÔntai. Jètome

B2
n =

n∑
k=1

(

∫
|x|<Cn

x2dFk(x)− (

∫
|x|<Cn

xdFk(x))2)

Apì thn isìthta aut  kai thn deÔterh sunj kh jewr matoc, sumperaÐnome

Cn = o(Bn)

'Ojen, ∀ε > 0 kai arket� meg�lo n,

n∑
k=1

∫
|x|>Cn

dFk(x) ≥
n∑
k=1

∫
|x|>εBn

dFk(x)

(Cn = o(Bn)⇒ Cn ≤ εBn ⇒ [|x| > εBn] ⊂ [|x| > Cn], ∀ε > 0, n ≥ n(ε))

Epomènwc apì pr¸th sunj kh tou jewr matoc

∀ε > 0,
n∑
k=1

∫
|x|>εBn

dFk(x)→ 0, n→∞ (2.3.43)

Epiplèon

1

B2
n

n∑
k=1

(

∫
Cn≤|x|<εnBn

x2dFk(x) − (

∫
Cn≤|x|<εnBn

xdFk(x))2)

≤ ε2
n∑
k=1

∫
|x|≥Cn

dFk(x)
n→∞→ 0 (2.3.44)

([Cn ≤ |x| < εBn] ⊆ [|x| ≥ Cn]) (2.3.45)
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kai

1

B2
n

n∑
k=1

|
∫
|x|<Cn

xdFk(x)| |
∫
Cn≤|x|<εnBn

xdFk(x)|
(2.3.40)

≤

εBnCn
B2
n

n∑
k=1

∫
|x|≥Cn

dFk(x)
n→∞→ 0 (2.3.46)

'Apì (2.3.44) kai (2.3.46) kai ton orismì twn Bn, blèpome ìti ∀ε > 0,

1

B2
n

n∑
k=1

(

∫
|x|<εBn

x2dFk(x)− (

∫
|x|<εBn

xdFk(x))2)→ 1, n→∞

Efìson h (2.3.43) sunep�getai ìti oi Xk/Bn (1 ≤ k ≤ kn) eÐnai apeirostèc mporoÔme
na anaqjoÔme sto je¸rhma 2.3.2.
Epomènwc oi sunj kec (2.3.44) kai (2.3.46) sunep¸c kai oi sunj kec (2.3.42) tou jew-
r matoc, eÐnai ikanèc gia th sÔgklish twn ajroism�twn sthn kanonik  katanom N(0, 1).

2.4 Domains of Attraction gia stable katanomèc.

'Opwc èqome  dh anafèrei, h �klassik � melèth tou probl matoc twn oriak¸n kata-
nom¸n ajroism�twn anexart twn t.m. epikentr¸netai, kurÐwc, sthn anaz thsh twn
sunjhk¸n pou exasfalÐzoun thn isqÔn
i) tou N.M.A. kai
ii) tou K.O.J.,
èwc ìtou o A. Khintchine dieurÔnei to plaÐsio melèthc (1936) jètontac to genikì prì-
blhma, prosdiorismoÔ thc kl�shc twn oriak¸n katanom¸n, twn ajroism�twn

1

Bn

n∑
k=1

Xk − An (2.4.47)

gia kat�llhlec stajerèc Bn > 0 kai An. BebaÐwc,  tan anagkaÐo gia th lÔsh kai tou
probl matoc autoÔ, na tejoÔn logikoÐ periorismoÐ, ìpwc ìti oi t.m.

Xnk = Xk/Bn, n = 1, 2, . . .

eÐnai asumptwtik� stajerèc.

EÐnai profanèc ìti k�tw apì aut n thn upìjesh, k�je oriak  katanom  twn a-
jroism�twn (2.4.47) eÐnai i.d. Wstìso to antÐjeto den alhjeÔei. dhlad  up�rqoun i.d.
katanomèc, pou den mporoÔn na eÐnai oriakèc gia ta ajroÐsmata (2.4.47) gia opoiad -
pote epilog  stajer¸n Bn > 0 kai An kai gia opoiad pote epilog  thc akoloujÐac
X1, X2, . . . , Xn, . . .
Akolouj¸ntac, loipìn, ton A. Khintchine ja lème ìti h katanom  F (x) an kei sthn
kl�sh �L� an eÐnai dunatìn na broÔme mia akoloujÐa anexart twn t.m. tètoiwn ¸ste:
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(1) Gia kat�llhlec stajerèc Bn > 0 oi σ.κ. twn ajroism�twn (2.4.47) sugklÐnoun sthn
F (x) kai
(2) Oi t.m. Xnk = Xk/Bn (1 ≤ k ≤ n) eÐnai asumptwtik� stajerèc.

Na shmei¸soume ed¸ ìti q.b.g. mporoÔme na upojèsoume ìti oi t.m. Xnk = Xk/Bn eÐnai
apeirostèc. Pr�gmati, an Xnk eÐnai asumptwtik� stajerèc, jètontac

X̄nk = Xnk −mnk =
Xk −mk

Bn

ìpou mnk kai mk di�mesoi twn Xnk kai Xk antÐstoiqa kai

A′n = An −
n∑
k=1

mk

Bn

blèpome ìti h kl�sh twn oriak¸n katanom¸n twn ajroism�twn (2.4.47) asumptwtik�
stajer¸n prosjetèwn Xnk = Xk

Bn
sumpÐptei me thn kl�sh twn oriak¸n katanom¸n tou

ajroÐsmatoc (2.4.47) me apeirostoÔc prosjetètouc

X̄nk =
Xk −mk

Bn

.

O P. Lévy èdwse pl rh qarakthrismì thc kl�shc L se ap�nthsh tou zht matoc pou
èjese o Khintchine. ('Etsi anaptÔqjhke mia endiafèrousa jewrÐa afor¸sa stic oriakèc
katanomèc thc kl�shc L).

Ja parousi�soume èna akìma oriakì je¸rhma pou afor� sta kanonikopoihmèna ajroÐ-
smata

X1 +X2 + . . .+Xn

Bn

− An (2.4.48)

anexart twn kai isìnomwn t.m. X1, X2, . . . , Xn, . . .

Na sumplhr¸soume ed¸ ìti h lÔsh sto prìblhma prosdiorismoÔ ìlwn twn pijan¸n
oriak¸n katanom¸n twn ajroism�twn (2.4.48) (pou ent�ssetai sta plaÐsia thc Genik c
Oriak c JewrÐac), qrei�zetai thn eisagwg  miac nèac ènnoiac.

Orismìc 2.4.1. H σ.κ. lègetai stable an se k�je a1 > 0, b1, a2 > 0, b2 antistoiqoÔn
stajerèc a > 0 kai b tètoiec ¸ste

F (a1x+ b1) ? F (a2x+ b2) = F (ax+ b) (? : sunèlixh)

Diapist¸netai eÔkola ìti h kanonik  katanom  eÐnai stable.

Je¸rhma 2.4.2. H σ.κ. F (x) eÐnai oriak  gia ta ajroÐsmata (2.4.48) anex�rthtwn
kai isìnomwn t.m. tìte kai mìnon tìte an eÐnai stable

To jemeli¸dec prìblhma, prosdiorismoÔ twn oriak¸n katanom¸n gia i.i.d. prosje-
tèouc, èqei pl rwc lujeÐ. Dhlad  oi anagkaÐec kai ikanèc sunj kec pou prèpei na
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plhroÔntai apì thn F (x) ¸ste na up�rqei oriak  katanom  gia ta ajroÐsmata (2.4.48)
èqoun dieukrinisjeÐ. To je¸rhma pou ja apodeÐxoume t¸ra eÐnai èna apì ta poll� pou
sunistoÔn th lÔsh tou anwtèrw perigrafomènou probl matoc.

Proc toÔto,
'Estw X1, X2, . . . , Xn, . . . t.m. me σ.κ. F (x).
An gia kat�llhlec stajerèc An kai Bn oi σ.κ. twn ajroism�twn (2.4.48) sugklÐnoun
gia n→∞, sth σ.κ. V (x), tìte lème ìti h F (x) eÐnai attracted sthn V (x).
'Olec oi σ.κ. pou eÐnai attracted sthn V (x) apoteloÔn to domain of attraction thc σ.κ.
V (x).
'Olec oi stable katanomèc kai mìnon autèc èqoun mh kenì domain of attraction. 'Ena
shmantikì prìblhma sth jewrÐa twn stable σ.κ., eÐnai o prosdiorismìc tou domain of
attraction autoÔ.

Je¸rhma 2.4.3. H sun�rthsh katanom c F (x) an kei sto domain of attraction miac
tupopoihmènhc kanonik c katanom c tìte kai mìnon tìte an, gia C →∞,

C2

∫
|x|>C

dF (x)∫
|x|<C x

2dF (x)
→ 0 (2.4.49)

Apìdeixh. ParathroÔme pr¸ta ìti an h diaspor� miac katanom c eÐnai peperasmènh
tìte h F (x) ikanopoieÐ thn (2.4.49) kai epiplèon an kei sto domain of attraction thc
kanonik c katanom c. Pr�gmati, gia C →∞,

C2

∫
|x|>C

dF (x) ≤
∫
|x|>C

x2dF (x)→ 0

kai sugqrìnwc,

C2

∫
|x|<C

dF (x)→
∫
x2dF (x) > 0

Apì tic duo prohgoÔmenec sqèseic, èpetai h (2.4.49).
T¸ra, jètome

a =

∫
xdF (x), σ2 =

∫
(x− a)2dF (x), B3

n = nσ2.

Tìte ∀r > 0 kai gia n→∞,

1

B2
n

∫
|x|>rBn

(x− a)2dF (x) =
1

σ2

∫
|x|>rσ

√
n

(x− a)2dF (x)→ 0.

Tìte apì je¸rhma 2.1.8 èpetai ìti h F (x) an kei sto domain of attraction thc kanonik c
N(0, 1).
JewroÔme t¸ra thn perÐptwsh twn c.k. F (x) me �peirec diasporèc. Dhlad  èqome, gia
C →∞, ∫ C

−C
x2dF (x)→∞ (2.4.50)
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Ja deÐxoume pr¸ta ìti an isqÔei h (2.4.50) gia C →∞,

(

∫ C

−C
xdF (x))2 = o(

∫ C

−C
x2dF (x)) (2.4.51)

Pr�gmati, èstw z(x) mia jetik  sun�rthsh, mh fragmènh gia x→ ±∞ tètoia ¸ste,

M =

∫
z2(x)dF (x)

eÐnai peperasmèno. Tìte apì anisìthta Cauchy,

(

∫ C

−C
xdF (x))2 = (

∫ C

−C
z(x)

x

z(x)
dF (x))2

≤
∫ C

−C
z2(x)dF (x)

∫ C

−C

x2

z2(x)
dF (x)

≤ M

∫ C

−C

x2

z2(x)
dF (x).

Apì aut n thn anisìthta, èpetai h (2.4.51). SÔmfwna me je¸rhma 2.3.3, h F (x) an kei
sto domain of attraction thc kanonik c katanom c, ann
up�rqei mia akoloujÐa stajer¸n Cn (Cn →∞ gia n→∞) ¸ste,

n

∫
|x|>Cn

dF (x)→ 0, n→∞ (2.4.52)

kai
n

C2
n

[

∫
|x|<Cn

x2dF (x)− (

∫
|x|<Cn

xdF (x))2]→∞ (n→∞) (2.4.53)

Apì ta prohgoumènwc apodeiqjènta gia σ.κ. me �peirec diasporèc, h (2.4.53) mporeÐ na
grafeÐ aploÔstera, gia n→∞,

n

C2
n

∫
|x|<Cn

x2dF (x)→∞ (2.4.54)

Ja deÐxoume pr¸ta ìti oi (2.4.52) kai (2.4.54) sunep�gontai thn (2.4.49). Ac shmei¸-
soume pr¸ta, ìti efìson Cn →∞, n→∞ gia k�je arket� meg�lo C, mporeÐ na brejeÐ
èna n ¸ste,

Cn ≤ C ≤ Cn+1.

T¸ra, gia lìgouc suntomÐac, eis�goume touc sumbolismoÔc:

χ(C) =

∫
|x|>C

dF (x), H(C) =
1

C2

∫
|x|<C

x2dF (x)

EÔkola blèpome ìti

H(Cn+1)− χ(Cn) ≤ H(C) ≤ H(Cn) + χ(Cn)
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kai epÐshc
χ(Cn+1) ≤ χ(C) ≤ χ(Cn)

Apì tic prohgoÔmenec anisìthtec èqome,

(n+ 1)χ(Cn+1)
n+1
n

[nH(Cn) + nχ(Cn)]
≤ χ(C)

H(C)
≤ nχ(Cn)

n
n+1

[(n+ 1)H(Cn+1)− nχ(Cn)]

Apì tic (2.4.52) kai (2.4.54), to pr¸to kai to teleutaÐo kl�sma teÐnei sto 0 gia n→∞.
Epomènwc isqÔei h (2.4.49).
AntÐstrofa, ja deÐxoume ìti h (2.4.49) eÐnai ikan  sunj kh dhlad  eÐnai dunatìn na
kajorÐsoume mia akoloujÐa stajer¸n Cn me Cn → ∞ gia n → ∞ gia thn opoÐa oi
(2.4.51) kai (2.4.52) ikanopoioÔntai tautìqrona. Gi' autì lamb�nome èna aujaÐreto
δ > 0 kai jètome,

Cn(δ) = inf
C
{C : nχ(C) ≤ δ} = inf

C
{C : n

∫
|x|>C

dF (x) ≤ δ}

Efìson apì upìjesh, ∫
x2dF (x) = +∞

eÐnai profanèc ìti Cn(δ) → ∞, n → ∞. Apì thn (2.4.49) gia opoiod pote ε > 0 kai
gia n ≥ n(δ, ε),

nH(
1

2
Cn(δ)) >

δ

ε

Epeid ,

H(
1

2
Cn(δ)) =

4

C2
n(δ)

∫
|x|<Cn(δ)

2

x2dF (x) = 4H(Cn(δ))

gia n ≥ n(δ, ε),

nH(Cn(δ)) >
δ

4ε

Epomènwc, ∀δ > 0, gia n→∞,

nH(Cn(δ))→∞

Kat� sunèpeia eÐnai dunatìn na epilèxoume mia akoloujÐa δn sugklÐnousa sto mhdèn
¸ste nH(Cn(δn))→∞, n→∞. Apì thn

nχ(C) = n

∫
|x|>C

dF (x) ≤ δ

eqome
nχ(Cn(δn)) ≤ δn → 0, n→∞

dhlad 

n

∫
|x|>Cn

dF (x)→ 0, n→∞
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kai
n

C2
n

∫
|x|<Cn

x2dF (x)→∞

DeÐxame ìti h (2.4.49) sunep�getai tic sqèseic (2.4.52) kai (2.4.54) ètsi to je¸rhma
apedeÐqjh.
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Kef�laio 3

Apìstash thc katanom c
ajroÐsmatoc anexart twn t.m. kai
thc N(0, 1)

H shmasÐa tou K.O.J. eÐnai, profan¸c, megalÔterh gia tic efarmogèc, an, tìso
o rujmìc prosèggishc thc kanonikìthtoc (taqÔthc sÔgklishc), ìso kai èna akribèc
fr�gma sto sf�lma prosèggishc, gia stajerì n, eÐnai gnwst�. To teleutaÐo m�lista,
ìpwc diatup¸netai sto je¸rhma Berry - Esseen, parousi�zei meg�lo jewrhtikì kai
praktikì endiafèron.

H taqÔthc sÔgklishc, �rqise na proselkÔei to endiafèron poll¸n majhmatik¸n,
apì to 1900, ìte edhmosieÔjh to je¸rhma Lyapunov. To shmantikìtero de apotèlesma
wc proc to jèma autì, epeteÔqjh apì ton Amerik�no majhmatikì A. Berry, to 1941 kai
apì ton Souhdì majhmatikì C.G. Esseen to 1945. Apèdeixan, ìti an oi Xj eÐnai i.i.d,
me EXj = 0, V Xj = σ2 kai EX3

j = β < +∞ tìte up�rqei mia stajer� C > 0 ¸ste,

sup
x
|Fn(x)− φ(x)| ≤ Cβn−1/2

σ3
, n ≥ 1 (3.0.1)

EpÐshc edeÐqjh oti an oi Xj, den èqoun koin  katanom , tìte

sup
x
|Fn(x)− φ(x)| ≤ CMn

B3
n

, (3.0.2)

ìpou
Mn = β1 + . . .+ βn, βj = EX3

j , j ≥ 1

Bn = (σ2
1 + . . .+ σ2

n)1/2

Peraitèrw prosp�jeiec sta plaÐsia tou probl matoc autoÔ sundèjhkan me thn akrib 
tim  thc stajer�c C sthn (3.0.2)   toul�qiston mia ikanopoihtik  ektÐmhsh thc.

O Esseen èdeixe ìti C ≤ 7, 5. O Bergstrom èdwse to fr�gma C ≤ 4, 8. O Takano
gia thn perÐptwsh i.i.d. katanom¸n, C ≤ 2, 031. O Zolotarev parousÐase mia anisìthta

59
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pou epitrèpei na ektim soume thn prosèggish dÔo ajroism�twn anexart twn t.m., me
th bo jeia thc opoÐac èdeixe, diadoqik�, ìti C ≤ 1, 322 kai C ≤ 0, 9051, en¸ gia thn
perÐptwsh i.i.d t.m., C ≤ 1, 301 kai C ≤ 0, 8197. H protajeÐsa upì tou Zolotarev
mèjodoc aneptÔqjh peraitèrw sta èrga twn Van Beek kai Shiganov pou apèdeixan ìti
C ≤ 0, 7975 kai C ≤ 0, 7915 antistoÐqwc. Gia ajroÐsmata isìnomwn t.m. o Shiganov
parousÐase to fr�gma C ≤ 0, 7655, to opoÐo belti¸jh to 2006 apì thn Shevtsova, gia
aut n thn perÐptwsh, kai ègine C ≤ 0, 7056. O I.S. Tyurin (2009) dÐdei tic ektim seic,
C ≤ 0, 6379 gia thn genik  perÐptwsh kai C ≤ 0, 5894 gia i.i.d t.m. Kai h prosp�jeia
gia beltÐwsh twn ektim sewn suneqÐzetai epituq¸c. h pio prìsfath ergasÐa tou Ilya
Tyurin deÐqnei ìti C ≤ 0, 4785 gia to klassikì Berry-Esseen je¸rhma kai C ≤ 0, 5606
gia thn mh i.i.d perÐptwsh.

3.1 Fragmènh kÔmansh kai metasqhmatismìc Fourier-

Stieltjes

Je¸rhma 3.1.1. 'Estw F (x) mia mh fjÐnousa fragmènh sun�rthsh kai G(x) mia
pragmatik , fragmènhc kÔmanshc sun�rthsh, me

f(t) =

∫ +∞

−∞
eitxdF (x), g(t) =

∫ +∞

−∞
eitxdG(x)

oi antÐstoiqoi Fourier-Stieltjes metasqhmatismoÐ twn F,G. èstw epÐshc F (−∞) =
G(−∞). Tìte, ∀b > 1/2π, isqÔei:

sup
x
|F (x)−G(x)| ≤ b

∫ T

−T

∣∣∣∣f(t)− g(t)

t

∣∣∣∣dt
+bT sup

x

∫
|y|≤c(b)/T

|G(x+ y)−G(x)|dy (3.1.3)

ìtan T jetikìc aujaÐretoc arijmìc kai c(b) jetik  stajer� exart¸menh apì to b.
· Sthn 3.1.3 mporoÔme na jèswme ton c(b) Ðso me thn rÐza thc exÐswshc∫ c(b)/4

0

sin2 u

u2
du =

π

4
+

1

8b

Apìdeixh. 'Estw T > 0 kai a > 0. JewroÔme thn antÐstrofh trigwnik  katanom 
me puknìthta

q(x) =
1− cosTx

πTx2

kai χ.σ.,

v(t) =

{
1− |t|

T
, |t| < T

0, |t| ≥ T
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Jètome t¸ra,

p(x) =
T

π

1− cos[Tx− a]

(Tx− a)2

Efìson p(x+ a
T

) = q(x), h sun�rthsh p(x) eÐnai h puknìthta thc katanom c me χ.σ

h(t) =

{
(1− |t|

T
)eita/T , |t| < T

0, |t| ≥ T

Profan¸c

p(x) =
T

2π
(sin((Tx− a)/2)/(Tx− a)/2)2 ≤ T/2π, ∀x, a, T (3.1.4)

Jètome,

γ = γ(a) =

∫ 2a/T

0

p(x)dx

Tìte (me allag  metablht c (Tx− a)/2 = u)

γ =
2

π

∫ a/2

0

sin2 u

u2
du (3.1.5)

H sun�rthsh F (x) eÐnai aÔxousa, opìte,

F (x)

∫ 2a/T

0

p(x)dx ≤
∫ x+(2a/T )

x

F (u)p(u− x)du

epomènwc,

F (x) ≤ 1

γ

∫ x+(2a/T )

x

F (u)p(u− x)du

= G(x) +
1

γ

∫ x+(2a/T )

x

(G(u)−G(x))p(u− x)du

+
1

γ

∫ x+(2a/T )

x

(F (u)−G(u))p(u− x)du

≤ G(x) +
T

2πγ

∫ 2a/T

0

|G(x+ y)−G(x)|dy

+
1

γ

∫ x+(2a/T )

x

(F (u)−G(u))p(u− x)du (3.1.6)

(∫ x+(2a/T )

x

(G(u)−G(x))p(u− x)du ≤
∫ x+(2a/T )

x

|(G(u)−G(x))p(u− x)|du

≤ T

2πγ

∫ 2a/T

0

|G(x+ y)−G(x)|dy
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allag  metablht c kai qrhsimopoi¸ntac thn (3.1.4)

)
Kataskeu�zome t¸ra tic sunart seic (sunelÐxeic),

F1(x) =

∫ ∞
−∞

F (x− z)p(z)dz, F2(x) =

∫ ∞
−∞

F (x+ z)p(z)dz,

EpÐshc

G1(x) =

∫ ∞
−∞

G(x− z)p(z)dz, G2(x) =

∫ ∞
−∞

G(x+ z)p(z)dz,

'Eqome t¸ra,

F1(x) =

∫ ∞
−∞

F (u)p(x− u)du, F2(x) =

∫ ∞
−∞

F (u)p(u− x)du,

kai oi χ.σ. twn F1 kai F2 eÐnai:∫ ∞
−∞

eitxdF1(x) = f(t)h(t) = f(t)h1(t)

∫ ∞
−∞

eitxdF2(x) = f(t)h(−t) = f(t)h2(t)

EpÐshc, me ìmoio trìpo paÐrnome,∫ ∞
−∞

eitxdG1(x) = g(t)h(t) = g(t)h1(t)

∫ ∞
−∞

eitxdG2(x) = g(t)h(−t) = g(t)h2(t)

Epeid  h(t) = 0 gia |t| > T kai oi sunart seic Fk(x), Gk(x) eÐnai suneqeÐc, apì ton
tÔpo antÐstrofhc èqome,

Fk(x)− Fk(y) =
1

2π

∫ −T
T

e−itx − e−ity

−it
f(t)hk(t)dt (3.1.7)

kai

Gk(x)−Gk(y) =
1

2π

∫ −T
T

e−itx − e−ity

−it
g(t)hk(t)dt (3.1.8)

gia k�je x, y kai k = 1, 2. Upojètome t¸ra ìti∫ T

−T

∣∣∣∣f(t)− g(t)

t

∣∣∣∣dt <∞
efìson diaforetik�, h (3.1.3) isqÔei tetrimmèna. Tìte h hk(t)[(f(t)− g(t))/(−it)] eÐnai
oloklhr¸simh kai epomènwc apì L mma Riemann-Lebesgue (L.1 PRT) èqome,

lim
y→−∞

∫ T

−T

f(t)− g(t)

−it
hk(t)e

−itydt = 0
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All� h F (−∞) = G(−∞) sunep�getai ìti, gia k = 1 kai k = 2, Fk(−∞) = Gk(−∞).
Apì tic (3.1.7) kai (3.1.8) gia y → −∞ èqome,

Fk(x)−Gk(x) =
1

2π

∫ T

−T

f(t)− g(t)

−it
hk(t)e

−itxdt, (k = 1, 2)

T¸ra, apì thn prohgoÔmenh sqèsh, apì tic ekfr�seic twn Fk(x), Gk(x) wc sunelÐxeic
twn F,G antÐstoiqa, all� kai to ìti |hk(t)| ≤ 1 ∀t, lamb�nome tic sqèseic,

∣∣∣∣ ∫ ∞
−∞

(F (u)−G(u))p(x− u)du

∣∣∣∣ ≤ 1

2π

∫ T

−T

∣∣∣∣f(t)− g(t)

t

∣∣∣∣dt
kai ∣∣∣∣ ∫ ∞

−∞
(F (u)−G(u))p(u− x)du

∣∣∣∣ ≤ 1

2π

∫ T

−T

∣∣∣∣f(t)− g(t)

t

∣∣∣∣dt, ∀x
Jètome ∆ = supx |F (x)−G(x)|. Tìte,

∣∣∣∣ ∫ x+(2a/T )

x

(F (u)−G(u))p(u− x)du

∣∣∣∣ ≤ ∣∣∣∣ ∫ ∞
−∞

(F (u)−G(u))p(u− x)du

∣∣∣∣
+ ∆

∫ x

−∞
p(u− x)du+ ∆

∫ ∞
x+(2a/T )

p(u− x)du

≤ 1

2π

∫ T

−T

∣∣∣∣f(t)− g(t)

t

∣∣∣∣dt+ ∆

(∫ x

−∞
p(u− x)du

+

∫ ∞
x+(2a/T )

p(u− x)du

)
=

1

2π

∫ T

−T

∣∣∣∣f(t)− g(t)

t

∣∣∣∣dt+ ∆

(∫ 0

−∞
p(x)dx

+

∫ ∞
2a/T

p(x)dx+

∫ 2a/T

0

p(x)dx−
∫ 2a/T

0

p(x)dx

)
=

1

2π

∫ T

−T

∣∣∣∣f(t)− g(t)

t

∣∣∣∣dt
+ ∆(1−

∫ 2a/T

0

p(x)dx) (3.1.9)

Apì tic (3.1.6) kai (3.1.9) lamb�nome,

F (x)−G(x) ≤ T

2πγ

∫ 2a/T

0

|G(x+ y)−G(x)|dy

+
1

2πγ

∫ T

−T

∣∣∣∣f(t)− g(t)

t

∣∣∣∣dt+ ∆
(1

γ
− γ

γ

)
(3.1.10)
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T¸ra fr�ssome thn F (x)−G(x) apì k�tw. Pr�gmati, me ìmoio trìpo brÐskome,

F (x) ≥ 1

γ

∫ x

x−(2a/T )

F (u)p(x− u)du

= G(x) +
1

γ

∫ x

x−(2a/T )

(G(u)−G(x))p(x− u)du

+
1

γ

∫ x

x−(2a/T )

(F (u)−G(u))p(x− u)du

≥ G(x)− T

2πγ

∫ 0

−2a/T

|G(x+ y)−G(x)|dy

− 1

2πγ

∫ T

−T

∣∣∣∣f(t)− g(t)

t

∣∣∣∣dt−∆

(
1− γ
γ

)
, ∀x

dhlad 

F (x)−G(x) ≥ − T

2πγ

∫ 0

−2a/T

|G(x+ y)−G(x)|dy

− 1

2πγ

∫ T

−T

∣∣∣∣f(t)− g(t)

t

∣∣∣∣dt−∆

(
1− γ
γ

)
(3.1.11)

Telik�, apì tic (3.1.10) kai (3.1.11), èqome,

sup
x
|F (x)−G(x)| ≤ T

2πγ
sup
x

∫
|y|≤2a/T

|G(x+ y)−G(x)|dy

+
1

2πγ

∫ T

−T

∣∣∣∣f(t)− g(t)

t

∣∣∣∣dt
+

1− γ
γ

sup
x
|F (x)−G(x)|

Apì thn (3.1.5) èpetai ìti 0 < γ < 1 ∀a > 0 kai lima→+∞ γ(a) = 1. Epomènwc,
dialègontac a arket� meg�lo mporoÔme na exasfalÐswme ìti γ > 1/2. Tìte,

∆ ≤ 1

2π(2γ − 1)

∫ T

−T

∣∣∣∣f(t)− g(t)

t

∣∣∣∣dt
+

T

2π(2γ − 1)
sup
x

∫
|y|≤2a/T

|G(x+ y)−G(x)|dy (3.1.12)

Upojètome ìti b > 1
2π

dÐdetai.
OrÐzome γ apì thn exÐswsh 2π(2γ − 1)b = 1 ¸ste 1/2 < γ < 1. Tìte sthn (3.1.12)
mporoÔme gia a na jèswme thn lÔsh thc exÐswshc

2γ(a)− 1 =
1

2πb
 

∫ a/2

0

sin2 u

u2
=
π

4
+

1

8b

OÔtwc prokÔptei h zhtoÔmenh sqèsh (3.1.3).

Mia �mesh sunèpeia tou Jewr matoc 3.1.1 dÐdetai apì to akìloujo,



3.2 Oi Anisìthtec Esseen kai Berry-Esseen 65

Je¸rhma 3.1.2. 'Estw F (x) mia aÔxousa sun�rthsh, G(x) diaforÐsimh pragmatik 
sun�rthsh fragmènhc kÔmanshc, f(t) kai g(t) oi antÐstoiqoi Fourier Stieltjes metasqh-
matismoÐ. Upojètome ìti

F (−∞) = G(−∞), F (+∞) = G(+∞), |G′(x)| ≤ C

Tìte ∀b > 1/2π èqome

sup
x
|F (x)−G(x)| ≤ b

∫ T

−T

∣∣∣∣f(t)− g(t)

t

∣∣∣∣dt+
r(b)C

T
(3.1.13)

ìpou T jetikìc arijmìc aujairètoc kai r(b) jetik  stajer� exart¸menh mìno apì b.

3.2 Oi Anisìthtec Esseen kai Berry-Esseen

Sthn par�grafo aut  dÐnetai h ektÐmhsh kat� Berry kai Esseen, thc apìstashc
metaxÔ thc kanonik c katanom c kai thc katanom c tou ajroÐsmatoc anexart twn t.m.
(mh ekfulismènwn).

L mma 3.2.1. 'Estwsan X1, . . . Xn anex�rthtec t.m. me EXj = 0, E|Xj|3 < ∞, j =
1, . . . , n. Jètome,

σ2
j = EX2

j , Bn =
n∑
j=1

σ2
j , Ln = B−3/2

n

n∑
j=1

E|Xj|3

An fn(t) h χ.σ. thc t.m. B−1/2
n

∑n
j=1Xj tìte,

|fn(t)− e−t
2/2| ≤ 16Ln|t|3e−t

2/3 (3.2.14)

gia |t| ≤ (4Λν)
−1.

Apìdeixh. ArqÐzome me thn perÐptwsh ìpou |t| ≥ 1
2
L
−1/3
n . Tìte 8Ln|t|3 ≥ 1, opìte

arkeÐ na deiqj  ìti

|fn(t)|2 ≤ e−2t2/3 (3.2.15)

efìson h (3.2.15) sunep�getai ìti

|fn(t)− e−t
2/2| ≤ |fn(t)|+ e−t

2/2 ≤ e−t
2/3 + e−t

2/2 ≤ 2e−t
2/3

kai ètsi
|fn(t)− e−t

2/2| ≤ 2e−t
2/3 ≤ 16Ln|t|3e−t

2/3

ApodeiknÔoume loipìn thn (3.2.15). 'Estw vj(t) = E(eitXj), j = 1, 2, . . . , n. H t.m.
X̄j = Xj − Yj me Yj anex�rththc thc Xj kai isìnomh, èqei χ.σ. |vj(t)|2(= vj · v̄j) kai
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diaspor� 2σ2
j .

Qrhsimopoi¸ntac tic stoiqei¸deic anisìthtec

| cosu− 1

3
+
u2

2
| ≤ |u|

3

6

|x− y|3 ≤ 4(|x|3 + |y|3)

ex ≥ x+ 1

kai epeid  h |vj(t)|2 eÐnai pragmatik , isqÔei

|vj(t)|2 =

∫ ∞
−∞

∫ ∞
−∞

cos(t(xj − yj))dFnj(xj)dFnj(yj)

≤
∫ ∞
−∞

∫ ∞
−∞

(
1− t2

2
(x2

j − 2Xjyj + y2
j ) +

2

3
|t|3(|xj|3

+ |yj|3)

)
dFnj(xj)dFnj(yj)

= 1− σ2
j t

2 +
4

3
|t|3E|xj|3

≤ exp(−σ2
j t

2 +
4

3
E|xj|3|t|3)

Epomènwc sto di�sthma |t| ≤ 1
4Ln

,

|fn(t)|2 =
n∏
j=1

|vj(t/
√
Bn)|2

≤ exp((t/
√
Bn)2

n∑
j=1

σ2
j +

4

3
|t/
√
Bn|3

n∑
j=1

E|Xj|3)

= exp(−t2 +
4

3
Ln|t|3)

≤ exp(−2

3
t2)

'Etsi h (3.2.15) apedeÐqjh.

Upojètome t¸ra ìti |t| ≤ 1/4Ln kai |t| < 1
2
L
−1/3
n . Tìte

(EX2
j )1/2

√
Bn

|t| ≤ (E|Xj|3)1/3

√
Bn

|t| <
(∑n

j=1E|Xj|3

(
√
Bn)3

)1/3

|t| = L1/3
n |t| <

1

2
(3.2.16)

apì anisìthta Lyapounov, gia j = 1, 2, . . . , n. AnaptÔssome kat� Taylor thn vj(t/
√
Bn)

vj(t/
√
Bn) = 1−

σ2
j t

2

2Bn

+ θj
E|Xj|3

6B
3/2
n

|t|3, |θj| ≤ 1

qrhsimopo¸ntac kai thn (3.2.16) ¸ste,

|1− vj(
t√
βn

)| =
∣∣∣∣ σ2

j

2Bn

+ θj
E|Xj|3

6B
3/2
n

|t|3
∣∣∣∣ < 1/6, |θj| ≤ 1
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T¸ra, apì to an�ptugma Taylor (tou log(1− x))

log vj(t/
√
Bn) = −

σ2
j t

2

2Bn

+ θj
E|Xj|3

6B
3/2
n

|t|3

+
θj
2

(
−
σ2
j t

2

2Bn

+ θj
E|Xj|3

6B
3/2
n

|t|3
)

All�,

σ4
j t

4

4B2
n

+

(
E|Xj|3|t|3

6B
3/2
n

)2

≤
(
σj|t|

4
√
Bn

+
E|Xj|3

36B
3/2
n

|t|3
)
E|Xj|3|t|3

B
3/2
n

≤
(

1

4 · 2
+

1

8 · 36

)
E|Xj|3|t|3

B
3/2
n

Epomènwc,

log vj(t/
√
Bn) = −

σ2
j t

2

2Bn

+ θj(
1

6
+

1

8
+

1

288
)
E|Xj|3|t|3

B
3/2
n

= −
σ2
j t

2

2Bn

+
θj
2

E|Xj|3|t|3

B
3/2
n

kai

log fn(t) = −
∑n

j=1 σ
2
j t

2

2Bn

+
θj
∑n

j=1E|Xj|3|t|3

2B
3/2
n

= −t
2

2
+ θj

Ln
2
|t|3, |θj| ≤ 1

T¸ra, apì thn |t| < 1
2
L
−1/3
n èpetai ìti,

exp(
1

2
Ln|t|3) < exp(

1

2

1

8
) = exp(1/16) < 2

kai prokÔptei ìti

|fn(t)− e−t
2/2| ≤ e−t

2/2|eθLn|t|3/2 − 1|
(∗)
≤ Ln|t|3

2
exp(−t

2

2
+
Ln|t|3

2
)

≤ Ln|t|3e−t
2/2(

(∗)|ez − 1| ≤ |z|e|z|
)
. Apì thn prohgoÔmenh prokÔptei �mesa h (3.2.14).

Je¸rhma 3.2.2. 'Estwsan X1, . . . , Xn anex�rthtec t.m. ¸ste EXj = 0, E|Xj|3 <
∞, j = 1, 2, . . . , n. Jètome,

σ2
j = EX2

j , Bn =
n∑
j=1

σ2
j , Fn(x) = P (B−1/2

n

n∑
j=1

Xj < x), Ln = B−3/2
n

n∑
j=1

E|Xj|3

Tìte,
sup
x
|Fn(x)− Φ(x)| ≤ ALn (3.2.17)
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Apìdeixh. Oi sunart seic Fn(x) kai Φ(x) ikanopoioÔn tic sunj kec tou Jewr matoc
3.1.2 kai supx |φ′(x)| = 1√

2π
. Jètome b = 1/π, T = 1/4Ln opìte apì thn (3.1.13)

brÐskome,

sup
x
|Fn(x)− Φ(x)| ≤ 1

π

∫
|t|≤Ln/4

∣∣∣∣fn(t)− e−t
2/2

t

∣∣∣∣dt+ A1Ln

ìpou fn(t) h χ.σ. thc Fn(x).
Qrhsimopoi¸ntac to L mma 3.2.1, lamb�nome thn (3.2.17).
H (3.2.17) onom�zetai Anisìthta Esseen.

To epìmeno je¸rhma pou afor� se i.i.d t.m. eÐnai �mesh sunèpeia tou Jewr matoc
3.2.2.

Je¸rhma 3.2.3. 'Estwsan X1, . . . , Xn anex�rthtec kai isìnomec t.m. me EX1 =

0, EX2
1 = σ2 > 0, E|X1|3 <∞. Jètome p = E|X1|3

σ3 . Tìte,

sup
x
|P (

1

σ
√
n

n∑
j=1

Xj < x)− Φ(x)| ≤ Ap√
n

(3.2.18)

Apìdeixh. 'Amesh apì to Je¸rhma 3.2.2.

H (3.2.18) onom�zetai Anisìthc Berry - Esseen.

H upìjesh EXj = 0, j = 1, 2, . . . , n sta jewr mata 3.2.2 kai 3.2.3 den periorÐzei
th genikìthta, efìson jètontac Yj = Xj−EXj, j = 1, 2, . . . efarmìzome ta jewr mata
stic Yj, j = 1, 2, . . ..

3.3 GenikeÔseic thc anisìthtac Esseen

'Estw G to sÔnolo twn sunart sewn wrismènwn gia ìla ta x, pou ikanopoioÔn tic
sunj kec:
a) g(x) mh arnhtik  , �rtia kai aÔxousa sto di�sthma x > 0.
b) x

g(x)
aÔxousa sto x > 0.

Je¸rhma 3.3.1. 'Estwsan X1, X2, . . . , Xn anex�rthtec t.m. tètoiec ¸ste EXj =
0, E(X2

j g(Xj)) <∞ gia j = 1, 2, . . . , n kai gia k�poia g ∈ G. Jètome,

σ2
j = EX2

j , Bn =
n∑
j=1

σ2
j , Fn(x) = P

(∑n
j=1Xj

B
1/2
n

< x

)
Tìte,

sup
x
|Fn(x)− Φ(x)| ≤ A

Bng(
√
Bn)

n∑
j=1

E(X2
j g(Xj)) (3.3.19)
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Apìdeixh. JewroÔme gia j = 1, . . . , n tic t.m.

X̄j =

{
Xj, |Xj| <

√
Bn

0, |Xj| ≥
√
Bn

Jètome,
āj = EX̄j, σ̄

2
j = EX̄2

j − (EX̄j)
2

Bn =
n∑
j=1

σ̄2
j , Vj(x) = P (Xj < x)

Epeid  EXj = 0 èqome,

0 ≤ σj − σ̄2
j =

∫
|X|≤

√
Bn

x2dVj(x) +

∫
|X|≥

√
Bn

x2dVj(x)

−
∫
|X|<

√
Bn

x2dVj(x) + (

∫
|X|<

√
Bn

xdVj(x))2

=

∫
|X|≥

√
Bn

x2dVj(x) + (

∫
|X|<

√
Bn

xdVj(x))2

(·)
≤

∫
|X|≥

√
Bn

x2dVj(x) +

∫
|X|≥

√
Bn

x2dVj(x)

= 2

∫
|X|≥

√
Bn

x2dVj(x)

= 2

∫
|X|≥

√
Bn

x2 g(x)

g(x)
dVj(x)

≤ 2

g(
√
Bn)

∫
|X|≥

√
Bn

x2g(x)dVj(x)

≤ 2

g(
√
Bn)

E(X2
j g(Xj)), j = 1, . . . , n (3.3.20)

(
(·)EXj = 0⇒ (

∫
|X|<

√
Bn
xdVj(x))2 = (−

∫
|X|≥

√
Bn
xdVj(x))2

kai
∫
|X|≥

√
Bn
xdVj(x))2 ≤

∫
|X|≥

√
Bn
x2dVj(x)

)
apì anisìthta Lyapunov.

T¸ra, an B̄n ≤ 1
4
Bn

Bn −
1

4
Bn =

3

4
Bn ≤ Bn − B̄n

≤ 2

g(
√
Bn)

n∑
j=1

E(X2
j g(Xj))

⇒ 1 ≤ 8

3Bng(
√
Bn)

n∑
j=1

E(X2
j g(Xj))
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Epomènwc h (3.3.19) ikanopoieÐtai me A = 8/3 (efìson |Fn(x) − Φ(x)| < 1). Ja
upojèswme loipìn ìti B̄n >

1
4
Bn. Jètome,

Zn =
1√
Bn

n∑
j=1

Xj, Yn =
1√
B̄n

n∑
j=1

Xj, Z̄n =
1√
B̄n

n∑
j=1

(X̄j − āj)

IsqÔei ìti,

[Zn < x] ⊂ [Yn < x] ∪ (|X1| ≥
√
Bn) ∪ . . . ∪ (|Xn| ≥

√
Bn)

kai
[Yn < x] ⊂ [Zn < x] ∪ (|X1| ≥

√
Bn) ∪ . . . ∪ (|Xn| ≥

√
Bn)

oÔtwc prokÔptei

sup
x
|Fn(x)− P (Yn < x)| = sup

x
|P (Zn < x)− P (Yn < x)|

≤ sup
x
|P (Yn < x) +

n∑
j=1

P (|Xj| ≥
√
Bn)− P (Yn < x)|

=
n∑
j=1

P (|Xj| ≥
√
Bn)

Epeid 

P (Yn < x) = P (

∑n
j=1 Xj√
B̄n

< x)

= P (

∑n
j=1 X̄j −

∑n
j=1 EX̄j√

B̄n

< x−
∑n

j=1EX̄j√
B̄n

)

= P (Z̄n < x−
∑n

j=1EX̄j√
B̄n

)

'Eqome

|Fn(x)− Φ(x)| ≤ |Fn(x)− P (Z̄n < x−
∑n

j=1 āj√
B̄n

)|

+ |P (Z̄n < x−
∑n

j=1 āj√
B̄n

)− Φ(x−
∑n

j=1 āj√
B̄n

)|

+ |Φ(x−
∑n

j=1 āj√
B̄n

)− Φ(x)| (3.3.21)

Jètome

T1 = sup
x
|P (Z̄n < x−

∑n
j=1 āj√
B̄n

)− Φ(x−
∑n

j=1 āj√
B̄n

)|
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T2 = sup
x
|Φ(x−

∑n
j=1 āj√
B̄n

)− Φ(x)|

T3 =
n∑
j=1

P (|Xj| ≥
√
Bn)

Apì to Je¸rhma 3.2.2,

T1 ≤
A1

B̄
3/2
n

n∑
j=1

E|X̄j − āj|3

Epiplèon,

E|X̄j − āj|3 ≤ 4(E|X̄j|3 + |āj|3)

≤ 8E|X̄j|3

= 8

∫
|X|<

√
Bn

|x|
g(x)

x2g(x)dVj(x)

=
8
√
Bn

g(
√
Bn)

E(X2
j g(Xj))

Epomènwc, apì thn anisìthta B̄n >
1
4
Bn brÐskome

T1 ≤
A2

Bng(
√
Bn)

n∑
j=1

E(X2
j g(Xj)) (3.3.22)

EÐnai eÔkolo na diapist¸soume ìti oi epìmenec stoiqei¸deic anisìthtec eÐnai alhjeÐc:

sup
x
|Φ(px)− Φ(x)| ≤

{
p−1√
2πe
, p ≥ 1

(1/p)−1√
2πe

, 0 < p < 1
(3.3.23)

sup
x
|Φ(x+ q)− Φ(x)| ≤ |q|√

2π
(3.3.24)
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Apì autèc prokÔptei ìti,

T2 = sup
x
|Φ(

√
Bn

B̄n

x−
∑n

j=1 āj√
B̄n

)− Φ(

√
Bn

B̄n

x)

+ Φ(

√
Bn

B̄n

x− Φ(x))|

≤ sup
x
|Φ(

√
Bn

B̄n

x−
∑n

j=1 āj√
B̄n

)− Φ(

√
Bn

B̄n

x)|

+ sup
x
|Φ(

√
Bn

B̄n

x− Φ(x))|

≤ 1√
2π

(
1√
B̄n

|
n∑
j=1

āj|)

+
1√
2π

(

√
Bn

B̄n

− 1) (

√
Bn

B̄n

≥ 1)

=
1√
2π

(

√
Bn

B̄n

− 1 +
|
∑n

j=1 āj|√
B̄n

)

'Eqome de

|āj| = |
∫
|X|≥

√
Bn

xdVj(x)|

≤ |
∫
|X|≥

√
Bn

x
x

g(|x|)
g(x)

x
dVj(x)|

≤
∫
|X|≥

√
Bn

|x|2|g(x)| 1

|x||g(x)|
dVj(x)

≤ 1√
Bng(

√
Bn)

∫
|X|≥

√
Bn

|x|2g(x)dVj(x)

=
1√

Bng(
√
Bn)

E(X2
j g(Xj))

√
Bn

B̄n

− 1 =
Bn − B̄n√

B̄n(
√
Bn +

√
B̄n)

≤ (3/4)Bn

(1/4)Bn + (1/2)
√
Bn

√
Bn

= 1

(?)

≤ A3

Bng(
√
Bn)

∑n
j=1 E(X2

j g(Xj))

(?) apì (3.3.20). Epomènwc,

T2 ≤
A4

Bng(
√
Bn)

∑n
j=1E(X2

j g(Xj))
(3.3.25)
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Apì anisìthta Chebyshev, h T3 sunep�getai ìti

n∑
j=1

P (|Xj| ≥
√
Bn) ≤

∑n
j=1 E|X|√
Bn

=
1√
Bn

n∑
j=1

∫
|x|x
x

g(x)

g(x)
dVj(x)

≤ 1√
Bn

√
Bng(

√
Bn)

n∑
j=1

E(X2
j g(Xj))

'Ara

T3 ≤
1

Bng(
√
Bn)

n∑
j=1

E(X2
j g(Xj)) (3.3.26)

Apì tic anisìthtec (3.3.21), (3.3.22), (3.3.25), (3.3.26) èpetai h (3.3.19).

Parat rhsh
An 0 < δ ≤ 1, h sun�rthsh g(x) = |x|δ an kei sto sÔnolo G. Tìte to Je¸rhma 3.3.1
sunep�getai to Je¸rhma 3.2.2 kai to akìloujo Je¸rhma, to opoÐo apoteleÐ genÐkeus 
tou.

Je¸rhma 3.3.2. 'EstwsanX1, X2, . . . , Xn anex�rthtec tuqaÐec metablhtèc me EXj =
0, E|Xj|2+δ <∞ gia k�poio jetikì δ ≤ 1 kai j = 1, 2, . . . , n. Tìte,

sup
x
|Fn(x)− Φ(x)| ≤ A

B
1+(δ/2)
n

n∑
j=1

E|Xj|2+δ (3.3.27)

ìpou Bn kai Fn(x) orÐzontai ìpwc sto Je¸rhma 3.3.1.

Sto Je¸rhma 3.3.1 den upetèjh h Ôparxh rop¸n 3hc t�xhc, ìmwc upetèjh h Ô-
parxh diaspor¸n. MporoÔme na genikeÔswme thn Anisìthta Esseen qwrÐc prìsjetec
upojèseic perÐ thc Ôparxhc rop¸n.

'Estwsan anex�rthtec t.m. me σ.κ. V1(x), . . . , Vn(x). Upojètome ìti,

−∞ < t1 < τ1 ≤ +∞, . . . ,−∞ < tn < τn ≤ +∞

EpÐshc, ìti toul�qiston ènac apì touc arijmoÔc

bj =

∫
tj<x<τj

x2dVj(x)− (

∫
tj<x<τj

xdVj(x))2, j = 1, 2, . . . , n

eÐnai di�foroc tou mhdenìc.
An tj kai τj eÐnai peperasmèna, ta oloklhr¸mata up�rqoun kai eÐnai peperasmèna. An
tj = −∞   τj = +∞, tìte ja prèpei na exasfalÐswme ìti ta oloklhr¸mata up�rqoun
kai eÐnai peperasmèna.
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JewroÔme tic t.m.

X̄j =

{
Xj, tj < Xj < τj

0, Xj ≤ tj   Xj ≥ τj

ìpou j = 1, 2, . . . , n.

EÐnai profanèc ìti oi bj, j = 1, 2, . . . , n eÐnai oi diasporèc twn t.m. X̄j.
Jètome

Mn =
n∑
j=1

EX̄j =
n∑
j=1

∫
tj<x<τj

xdVj(x), Nn =
n∑
j=1

bj

∆n = sup
x
|P (

1√
Nn

n∑
j=1

(X̄j − EX̄j) < x)− Φ(x)|,

Γn =
n∑
j=1

[P (Xj ≤ tj) + P (Xj ≥ τj)]

Je¸rhma 3.3.3. Me ta prohgoÔmena dedomèna gia ìlouc touc jetikoÔc pragmatikoÔc
a kai b, èqome

sup
x
|P (

1

a

n∑
j=1

Xj − b < x)− Φ(x)| ≤ ∆n + Γn +
|ab−Mn|√

2πNn

+
1

2
√

2πe
|1− Nn

a2
|max{1, a

2

Nn

} (3.3.28)

Apìdeixh. To endeqìmeno [
∑n

j=1Xj < x] sunep�getai to endeqìmeno

(
n∑
j=1

X̄j < x) ∪ (X1 ≤ t1) ∪ (X1 ≥ τ1) ∪ . . . ∪ (Xn ≤ tn) ∪ (Xn ≥ τn)

kai to endeqìmeno [
∑n

j=1 X̄j < x] sunep�getai to

(
n∑
j=1

Xj < x) ∪ (X1 ≤ t1) ∪ (X1 ≥ τ1) ∪ . . . ∪ (Xn ≤ tn) ∪ (Xn ≥ τn)

Kat� sunèpeia,

|P (
n∑
j=1

Xj < x)−P (
n∑
j=1

X̄j < x)| ≤
n∑
j=1

|P (Xj ≤ tj)+P (Xj ≥ τj)| = Γn, ∀x (3.3.29)

Jètome,

Yn =
1√
Nn

n∑
j=1

(X̄j − EX̄j), Zn =
1

a

n∑
j=1

Xj − b
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'Eqome,

|P (Zn < x)− Φ(x)| ≤ |P (Zn < x)− P (
1

a

n∑
j=1

X̄j − b < x)

+ |P (
1

a

n∑
j=1

X̄j − b < x)− Φ(px+ q)|

+ |Φ(px+ q)− Φ(px)|+ |Φ(px)− Φ(x)| (3.3.30)

∀ pragmatikì p, q kai x.
Gia p = a√

Nn
, q = ab−Mn√

Nn
, èqome,

|P (
1

a

n∑
j=1

X̄j− b < x)−Φ(px+ q)| = |P (Yn < px+ q)−Φ(px+ q)| ≤ ∆n, ∀x (3.3.31)

Jètome
T1 = sup

x
|Φ(x+ q)− Φ(x)|, T2 = sup

x
|Φ(px)− Φ(x)|

Tìte apì tic (3.3.30) kai (3.3.31), lamb�nome,

sup
x
|P (

1

a

n∑
j=1

Xj − b < x− Φ(x)| ≤ ∆n + Γn + T1 + T2 (3.3.32)

Oi anisìthtec (3.3.23) kai (3.3.24) sunep�gontai ìti:

T1 ≤
|ab−Mn|√

2πNn

(3.3.33)

T2 ≤
1√
2πe

(
a√
Nn

− 1), gia a ≥
√
Nn

T2 ≤
1√
2πe

(

√
Nn

a
− 1), gia a <

√
Nn

'Eqome de,

a√
Nn

− 1 =
a2 −Nn√

Nn(a+
√
Nn)

≤ 1

2
(
a2

Nn

− 1) gia a ≥
√
Nn

kai √
Nn

a
− 1 =

Nn − a2

a(a+
√
Nn)

≤ 1

2
(
Nn

a2
− 1) gia a <

√
Nn

Epomènwc,

T2 ≤
1

2
√

2πe
|1− Nn

a2
|max{1, a

2

Nn

} (3.3.34)

kai apì th (3.3.32), (3.3.33) kai (3.3.34) lamb�nome thn (3.3.28).
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'Otan oi tj kai τj, sto prohgoÔmeno je¸rhma, epilègontai na eÐnai peperasmènoi,
oi t.m. X̄j èqoun ropèc aujaÐrethc t�xewc kai epomènwc mporoÔme na efarmìsoume ta
jewr mata (3.2.2), (3.3.1) kai (3.3.2) gia na ektim soume th ∆n sthn (3.3.28). Apì to
Je¸rhma (3.2.2) p.q. èqome

∆n ≤
A

N
3/2
n

n∑
j=1

E|X̄j − EX̄j|3 (3.3.35)

Einai eÔkolo na deÐxwme ìti h anisìthc (3.3.28), met� thn antikat�stash tou ∆n

apì thn (3.3.35), apoteleÐ mia genÐkeush twn anisot twn (3.2.17), (3.3.19) kai (3.3.27).

Je¸rhma 3.3.4. 'EstwsanX1, X2, . . . , Xn anex�rthtec tuqaÐec metablhtèc me EXj =
0, EX2

j <∞, j = 1, 2, . . .. Jètome,

Vj(x) = P (Xj < x)

Bn =
n∑
j=1

EX2
j , Fn(x) = P (

1√
Bn

n∑
j=1

Xj < x)

Λn(ε) =
1

Bn

n∑
j=1

∫
|x|≥ε

√
Bn

x2dVj(x)

ln(ε) ==
1

B
3/2
n

n∑
j=1

∫
|x|≤ε

√
Bn

|x|3dVj(x)

Tìte
sup
x
|Fn(x)− Φ(x)| ≤ A(Λn(ε) + ln(ε)), ∀ε > 0 (3.3.36)

Apìdeixh. Pr¸ta ja apodeÐxome thn (3.3.36) gia ε = 1. Sto Je¸rhma 3.3.3. Jètome
a =
√
Bn, b = 0, −tj = τj =

√
Bn, j = 1, 2, . . . , n. Epeid  de

Nn ≤ Bn(

∫
tj≤Xj<τj

x2dVj(x) ≤
∫
x2dVj(x))

|1− Nn

Bn

|max{1, Bn

Nn

} =
Bn

Nn

− 1 (3.3.37)

An Nn <
1
4
Bn,

3

4
Bn ≤ Bn −Nn =

n∑
j=1

[

∫
|X|≥

√
Bn

x2dVj(x) + (

∫
|X|<

√
Bn

xdVj(x))2]

EXj=0
=

n∑
j=1

[

∫
|X|≥

√
Bn

x2dVj(x) + (−
∫
|X|≥

√
Bn

xdVj(x))2]

≤
n∑
j=1

[

∫
|X|≥

√
Bn

x2dVj(x) +

∫
|X|≥

√
Bn

x2dVj(x)]

= 2
n∑
j=1

∫
|X|≥

√
Bn

x2dVj(x) (3.3.38)
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opìte, 1 ≤ 8
2
Λn(1) kai h (3.3.36) isqÔei me A = 8

3
.

JewroÔme twra thn perÐptwsh ìpou Nn >
1
4
Bn. Apì thn (3.3.35) èpetai,

∆n ≤
8A

N
3/2
3

E|X̄j|3

≤ 8A

B
3/2
n /8

n∑
j=1

∫
|X|<

√
Bn

|x|3dVj(x)

=
64A

B
3/2
n

n∑
j=1

∫
|X|<

√
Bn

|x|3dVj(x)

= A1ln(1) (3.3.39)

Epiplèon,

Γn =
n∑
j=1

∫
|X|≥

√
Bn

dVj(x)

=
n∑
j=1

∫
|X|≥

√
Bn

x2

x2
dVj(x)

≤ 1

Bn

n∑
j=1

∫
|X|≥

√
Bn

x2dVj(x)

= Λn(1) (3.3.40)

|Mn|√
Nn

=
|
∑n

j=1 EX̄j|√∑n
j=1V (X̄j)

≤ 2√
Bn

n∑
j=1

∫
|X|≥

√
Bn

|x|dVj(x)

≤ 2Λn(1) (3.3.41)

Apì thn (3.3.28), (3.3.37), (3.3.38) kai (3.3.39), (3.3.40), (3.3.41) prokÔptei ìti

sup
x
|Fn(x)− Φ(x)| ≤ A(Λn(1) + ln(1))

Epomènwc edeÐqjh h (3.3.36) gia ε = 1.

'Estw t¸ra, ε ènac aujaÐretoc jetikìc arijmìc. An ε < 1 tìte,

Λn(1) =
1

Bn

n∑
j=1

∫
|X|≥

√
Bn

x2dVj(x)

≤ 1

Bn

n∑
j=1

∫
|X|≥ε

√
Bn

x2dVj(x)

= Λn(ε)
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kai

ln(1)− ln(ε) =
1

B
3/2
n

n∑
j=1

∫
|X|<

√
Bn

|x|3dVj(x)

− 1

B
3/2
n

n∑
j=1

∫
|X|<ε

√
Bn

|x|3dVj(x)

=
1

B
3/2
n

n∑
j=1

∫
ε
√
Bn≤|X|<

√
Bn

|x|3dVj(x)

≤
√
Bn

B
3/2
n

n∑
j=1

∫
|X|≥ε

√
Bn

x2dVj(x)

= Λn(ε) (3.3.42)

An ε > 1 tìte,

ln(1) =
1

B
3/2
n

n∑
j=1

∫
|X|<

√
Bn

|x|3dVj(x)

≤ 1

B
3/2
n

n∑
j=1

∫
|X|≤ε

√
Bn

|x|3dVj(x)

= ln(ε)

kai

Λn(1) =
1

Bn

n∑
j=1

(∫
√
Bn≤|X|<ε

√
Bn

x2dVj(x)

+

∫
|X|≥ε

√
Bn

x2dVj(x)

)
≤ ln(ε) + Λn(ε) (3.3.43)

Apì tic (3.3.42) kai (3.3.43) prokÔptei,

Λn(1) + ln(1) ≤ 2Λn(ε) + 2ln(ε), ∀ε > 0

Epomènwc ikanopoieÐtai h (3.3.36) gia A = 2.



Kef�laio 4

Asumptwtik� AnaptÔgmata sto
K.O.J.

H asumptwtik  sumperifor�, gia n→∞, thc apìstashc metaxÔ thc σ.κ. Fn(x)
twn kanonikopoihmènwn ajroism�twn twn n pr¸twn ìrwn thc akoloujÐac {Xj, j ≥ 1}
ex. i.i.d t.m. (me EXj = 0, j ≥ 1, q.b.g) kai thc kanonik c katanom c Φ(x), sto K.O.J.,
melet jhke pr¸ta apì ton Chebyshev. Sto polÔ shmantikì �rjro tou, tou 1887, o
Chebyshev parousi�zei to akìloujo an�ptugma thc diafor�c Fn(x)− Φ(x):

Fn(x)− Φ(x) ∼ e−x
2/2

√
2π

(
Q1(x)

n1/2
+
Q2(x)

n
+ . . .+

Qj(x)

nj/2
) (4.0.1)

ìpou Qj(x) polu¸numa, me suntelestèc exart¸menouc mìno apì tic pr¸tec j+ 2 ropèc
twn t.m. Na shmei¸swme ìti sth b�sh tou anaptÔgmatoc (4.0.1), brÐsketai h pio genik 
idèa pou ofeÐletai epÐshc ston Chebyshev, thc an�ptuxhc miac aujaÐrethc sunarthshc
se seir� poluwnÔmwn, twn Chebyshev-Hermite poluwnÔmwn.

To an�ptugma (4.0.1) melet jhke met� ton Chebyshev, apì touc Bruns kai Char-
lier, apì pijanojewrhtik  �poyh. Endeleq¸c, melet jhke apì ton Edgeworth (kai pa-
rousi�sjhke sto perÐfhmo �rjro tou: “The law of error”). Sugkekrimèna, ta AnaptÔg-
mata Edgeworth (Edgeworth Expansions), parèqoun prìsjetec plhroforÐec gia thn a-
sumptwtik  sumperifor� thc apìstashc Fn(x)−Φ(x) (gia i.i.d. t.m. me mhdenik  mèsh
tim ), all� mìnon ìtan up�rqoun ropèc megalÔterhc t�xhc dhlad  ìtan E|Xk|m <∞
gia m ≥ 3. IdiaÐtera, upojètontac ìti oi t.m. eÐnai suneqeÐc, (  apl� non-lattice, Orc.
3 PRT), èna an�ptugma Edgeworth m− 2 t�xhc, gia n→∞, eÐnai:

P (
n∑
j=1

Xj√
n
≤ x) = P (N(0, σ2) ≤ x) +

[m−2]∑
k=1

Qk(x)

nk/2
+ o(n−[m−2]/2) (4.0.2)
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4.1 Tupik  kataskeu  anaptugm�twn

Sth par�grafo aut  dÐnome orismoÔc, parathr seic kai anaptÔgmata sunart sewn,
proapaitoÔmena ìla, tìso gia to parìn, ìso kai gia to epìmeno kef�laio.

An h t.m. X me χ.σ. f(t), èqei rop  (perÐ to 0) k�poiac t�xhc k, k ∈ Z, tìte apì
P. 1 PRT, up�rqoun oi pr¸tec k paragwgoÐ thc f(t), kaj¸c kai thc log f(t) sto t = 0.
Epomen¸c, o arijmìc

γk =
1

ik
| d

k

dtk
log f(t)|

∣∣∣∣
t=0

up�rqei, kai onom�zetai hmianalloÐwth (semiinvariant)   cumulant t�xhc k, thc t.m.
X kai sunist� èna arijmhtikì qarakthristikì thc t.m., shmantikì ìso kai h rop .
SqetÐzetai de, �mesa me aut n efìson, wc apodeiknÔetai, oi hmianalloÐwtec wc mia t�xh
k prosdiorÐzontai monadik� apì tic ropèc wc proc thn Ðdia t�xh.

Apì orismì twn hmianalloi¸twn, an f(t) h χ.σ. katanom c me rop  ak (t�xhc k)
tìte,

log f(t) =
k∑

n=1

γn
n!

(it)n + o(|t|k), t→ 0 (4.1.3)

(an�ptugma Taylor thc log f(t)) opìte, kai apì to An�ptugma Taylor thc χ.σ. f(t) gia
t→ 0 sun�gome,

log(1 +
∞∑
n=1

an
n!

(it)n) =
∞∑
n=1

γn
n!

(it)n (4.1.4)

Parathr seic
i) Oi hmianalloÐwtec t�xhc k, tou ajroÐsmatoc anex. t.m. isoÔtai me to �jroisma twn
hmianalloi¸twn t�xhc k twn t.m.(an up�rqoun), efìson h χ.σ. tou ajroÐsmatoc ane-
xart tou t.m. isoÔtai me to ginìmeno twn χ.σ. twn t.m.
ii) An γk hmianalloÐwtoc t�xhc k miac t.m. X kai γk thc X ′ = aX + b, a, b stajerèc,
tìte, γ′1 = aγ1 + b kai γ′k = akγk, ∀k ≥ 2.
iii) H (4.1.4) sunep�getai ton akìloujo tÔpo pou epitrèpei thn èkfrash twn hmianal-
loi¸twn opoiasd pote t�xhc k sunart sei twn rop¸n (perÐ to 0) a1, a2, . . . , ak:

γk = k!
∑

(−1)m1+...+mk−1(m1 + . . .+mk − 1)!
k∏
l=1

1

ml!
(al/l!)

ml (4.1.5)

ìpou to �jroisma ekteÐnetai se ìlouc touc mh arnhtikoÔc akèraiouc mi, i = 1, . . . , k
pou ikanopoioÔn thn m1 + 2m2 + . . .+ kmk = k.

'Estw t¸ra, {Xn, n = 1, 2, . . .} akoloujÐa anexart tou t.m. me ropèc aujaÐrethc
t�xhc kai EXn = 0,∀n. Jètome, βn =

∑n
j=1EX

2
j (exairoÔme thn perÐptwsh pou ìlec

oi Xn eÐnai ekfulismènec). 'Ara βn > 0 gia arket� meg�lo n (kai jewroÔme mìno tètoia
n).
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'Estw epÐshc γν,n, h hmianalloÐwtoc t�xhc ν kai vn(t)   χ.σ. thc Xn kai fn(t) h

χ.σ. thc Zn =
∑n
j=1Xj√
βn

.

Apì thn (4.1.3) prokÔptei

log fn(t) =
n∑
j=1

log vj(
t√
βn

)

=
n∑
j=1

∞∑
ν=2

γνj
ν!

(i
t√
βn

)ν

=
∞∑
ν=2

n(ν−2)/2
∑ν

j=1 γνj

ν!n(ν−2)/2β
ν/2
n

(it)ν

=
∞∑
ν=2

λνn
ν!n(ν−2)/2

(it)ν (4.1.6)

ìpou λνn =
n(ν−2)/2

∑ν
j=1 γνj

β
ν/2
n

. Shmei¸nome ìti λ21 = 1, opìte h prohgoÔmenh sunep�getai,

fn(t) = e−t
2/2 exp(

∞∑
s=1

λs+2,n

(s+ 2)!nν/2
(it)s+2) (4.1.7)

OrÐzome, Pνn(u) ton suntelest  tou zν sto an�ptugma thc sun�rthshc,

exp(
∑∞

s=1
λs+2,n

(s+2)!
us+2zs) se dun�meic tou z, dhlad  èqome,

exp(
∞∑
s=1

λs+2,n

(s+ 2)!
us+2zs) = 1 +

∞∑
ν=1

Pνn(u)zν (4.1.8)

kai apì tic sqèseic (4.1.7), (4.1.8) lamb�nome

fn(t) = e−t
2/2 +

∞∑
ν=1

Pνn(it)

nν/2
e−t

2/2 (4.1.9)

SugkrÐnontac, to an�ptugma thc fn(t) sthn (4.1.9) me to sqetikì an�ptugma thc antÐ-
stoiqhc σ.κ. Fn(x) se dunamoseir� tou 1√

n
:

Fn(x) = Φ(x) +
∞∑
ν=1

Qνn(x)

nν/2

sumperaÐnome, ∫ ∞
−∞

eitxdQνn(x) = Pνn(it)e−t
2/2 (4.1.10)

Upojètome, t¸ra, ìti up�rqei h σ.ππ. thc Fn(x) : Pn(x) = d
dx
Fn(x). Me sun jh

parag¸gish, lamb�nome,

Pn(x) =
1√
2π

e−x
2/2 +

∞∑
ν=1

qνn(x)

nν/2
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ìpou qνn = d
dx
Qνn(x) opìte apì (4.1.10) èqome,∫ +∞

−∞
eitxqνn(x)dx = Pνn(it)e−t

2/2 (4.1.11)

Ja broÔme t¸ra mia rht  èkfrash gia tic sunart seic Pνn(it), Qνn(x) kai qνn(x),
qwrÐc anafor� sth sÔgklish thc seir�c sthn opoÐa emfanÐzontai.

Ja qreiasjoÔme to akìloujo,

L mma 4.1.1. Upojètome oti oi sunart seic y = y(x) kai z = z(y), èqoun parag ģouc
t�xhc ν ≥ 1. Tìte,

dν

dxν
z(y(x)) = ν!

∑ dsz(y)

dys
|y=y(x)

ν∏
m=1

1

km!
(

1

m!

dmy(x)

dxm
)km

ìpou to �jroisma ekteÐnetai se ìlec tic mh arnhtikèc akèraiec lÔseic (k1, k2, . . . , kν)
twn exis¸sewn:

ν = k1 + 2k2 + . . .+ νkν

s = k1 + k2 + . . .+ kν (4.1.12)

Apìdeixh. Me epagwg  ([10]).

Shmei¸nome, parempiptìntwc, ìti apì to prohgoÔmeno L mma, gia y(t) = f(t) kai
Z(y) = log y mporoÔme na l�bwme thn exÐswsh (4.1.5).

Jètontac sto L mma 4.1.1, z = ey kai y = y(x) =
∑∞

s=1 asx
s, brÐskome,

dν

dxν
exp

( ∞∑
s=1

asx
s

)
|x=0 = ν!

∑ ν∏
m=1

akmm
km!

Tìte, apì th (4.1.8) lamb�nome

Pνn(it) =
∑ ν∏

m=1

1

km!
(
λm+2,n(it)m+2

(m+ 2)!
)km (4.1.13)

ìpou to �jroisma ekteÐnetai se ìlec tic mh arnhtikèc akèraiec lÔseic thc (4.1.12).
Apì thn (4.1.13) èpetai oti to polu¸numo Pνn(it) eÐnai bajmoÔ 3ν me suntelestèc
exart¸menouc apì tic hmianalloÐwtec twn t.m. X1, X2, . . . , Xn t�xhc ìqi megalÔterhc
apì ν + 2.

Apì thn isìthta

∫ +∞

−∞
eitxdΦ(x) = e−t

2/2, me diadoqikèc paragontikèc oloklhr¸-

seic, lamb�nome, ∫ +∞

−∞
eitxdΦ(r)(x) = (−it)re−t

2/2, r = 0, 1, . . .
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ParathroÔme t¸ra oti lìgw thc prohgoumènhc sqèsewc, h (4.1.10) ikanopoieÐtai ean o-
rÐswmeQνn(x) na eÐnai to Pνn(it) antikajist¸ntac k�je dÔnamh (it)r, me (−1)r d

r

dxr
Φ(x), r =

0, 1, . . ..
Dhlad  èqome,

Qνn(x) =
∑

(−1)ν+2s

ν∏
m=1

1

km!
(
λm+2,n

(m+ 2)!
)km

dν+2s

dxν+2s
Φ(x) (4.1.14)

ìpou h �jroish ekteÐnetai se ìlec tic mh arnhtikèc akèraiec lÔseic thc (4.1.12) kai
s = k1 + k2 + . . .+ kν

H (4.1.14) mporeÐ na graf  se k�pwc diaforetikì tÔpo. JewroÔme ta polu¸numa
Chebyshev-Hermite bajmoÔ m:

Hm(x) = (−1)mex
2/2 d

m

dxm
e−x

2/2

'Eqome,

Hm(x) = m!

[m/2]∑
k=0

(−1)kxm−2k

k!(m− 2k)!2k
, ∀m ≥ 0

Ta pr¸ta 5 Chebysher-Hermite polu¸numa eÐnai:

H0(x) = 1

H1(x) = x

H2(x) = x2 − 1

H3(x) = x3 − 3x

H4(x) = x5 − 10x3 + 15x

IsqÔei de
dm

dxm
Φ(x) = (−1)m−1 1√

2π
e−x

2/2Hm−1(x)

Epomènwc, apì thn prohgoÔmenh sqèsh kai thn (4.1.14) èqome,

Qνn(x) = − 1√
2π

e−x
2/2
∑

Hν+2s−1(x)
ν∏

m=1

1

km!
(
λm+2,n

(m+ 2)!
)km (4.1.15)

ìpou h �jroish ekteÐnetai se ìlec tic mh arnhtikèc akèraiec lÔseic thc (4.1.12) kai
s = k1 + k2 + . . .+ kν .
Sunep¸c, to polu¸numo Qνn(x) = M3ν−1,n(x)e−x

2/2 ìpou M3ν−1,n(x) eÐnai bajmoÔ
3ν − 1 sto x me suntelestèc exart¸menouc mìno apì tic hmianalloÐwtec twn t.m.
X1, X2, . . . , Xn mèqri kai sumperilambanomènhc thc t�xhc ν + 2.

Jètontac akj = EXk
j kai qrhsimopoi¸ntac tic isìthtec (4.1.5), (4.1.14) kai thn

sqèsh λνn =
∑n
j=1 γνj

βν/2n−(ν−2)/2 brÐskome ìti

Q1n(x)

n1/2
= − 1√

2π
e−x

2/2H2(x)

6β
3/2
n

n∑
j=1

a3j
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Q2n(x)

n1/2
= − 1√

2π
e−x

2/2

(
H5(x)

72β3
n

(
n∑
j=1

a3j)
2 +

H3(x)

24β2
n

n∑
j=1

(a4j − 3a2
2j)

)

Q3n(x)

n3/2
= − 1√

2π
e−x

2/2

(
H8(x)

1296β
9/2
n

(
n∑
j=1

a3j)
2

+
H6(x)

144β
7/2
n

n∑
j=1

a3j

n∑
j=1

(a4j − 3a2
2j)

+
H4(x)

120β
5/2
n

(a5j − 10a3ja2j)

)

Apì ton orismì twn Chebyshev-Hermite poluwnÔmwn èpetai ìti,

d

dx
(e−x

2/2Hm−1(x)) = −e−x
2/2Hm(x), ∀m ≥ 1

Efìson de, qνn(x) = d
dx
Qνn(x), sun�getai ìti,

qνn(x) =
1√
2π

e−x
2/2
∑

Hν+2s(x)
ν∏

m=1

1

km!
(
λm+2,ν

(m+ 2)!
)km (4.1.16)

ìpou h �jroish ekteÐnetai se ìlec tic mh arnhtikèc akèraiec lÔseic thc (4.1.12) kai
s = k1 + k2 + . . .+ kν .
Profan¸c, qνn(x) = N3ν,n(x)e−x

2/2, ìpou N3ν,n(x) eÐnai polu¸numo bajmoÔ 3ν sto x,
me suntelestèc exartwmènouc mìno apì tic hmianalloÐwtec twn t.m. X1, X2, . . . , Xn

èwc kai sumperilambanomènhc thc t�xhc ν + 2.

JewroÔme t¸ra thn idiaÐterh perÐptwsh ìpou oi t.m. X1, X2, . . . , Xn eÐnai i.i.d me

diaspor� σ2 kai EX1 = 0. Se aut  th perÐptwsh apì thn λνn =
∑n
j=1 γνj

β
ν/2
n m−(ν−2)/2

lamb�nome,

λ1 = 0, λ2 = 1, λν =
γν
σν

gia ν > 2 ìpou γν hmianalloÐwth t�xhc ν thc t.m. X1. Oi de (4.1.13), (4.1.15), (4.1.16)
paÐrnoun antistoÐqwc, th morf :

Pν(it) =
∑ ν∏

m=1

1

km!
(
γm+2(it)m+2

(m+ 2)!σm+2
)km (4.1.17)

Qν(x) = − 1√
2π

e−x
2/2
∑

Hν+2s−1(x)
ν∏

m=1

1

km!
(

γm+2

(m+ 2)!σm+2
)km (4.1.18)

qν(x) =
1√
2π

e−x
2/2
∑

Hν+2s(x)
ν∏

m=1

1

km!
(

γm+2

(m+ 2)!σm+2
)km (4.1.19)

ìpou h �jroish ìpwc èqei  dh dhlwjeÐ.
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4.2 AnaptÔgmata Edgeworth thc σ.κ. ajroÐsma-
toc i.i.d. t.m.

Sthn par�grafo aut  melet�me, thn asumptwtik  sumperifor� gia n→∞ tou upoloÐ-
pou,

R
(n)
k (x) = Fn(x)− Φ(x)− e−x

2/2

√
2π

[
Q1(x)

n1/2
+ . . .+

Qk(x)

nk/2
]

me proôpìjesh thn Ôparxh rop¸n uyhlìterhc apì 2 t�xhc, dhlad  upojètome ìti E|Xk|k <
∞ gia k ≥ 3. H upìjesh aut  qarakthrÐzei ta �klassik�� anaptÔgmata Edgeworth.

Ja diatup¸soume ta L mmata pou ja qreiastoÔme gia thn apìdeixh twn epomènwn
Jewrhm�twn.

L mma 4.2.1. 'Estwsan anex�rthtec t.m. X1, X2, . . . , Xn anex�rthtec t.m. me EXj =

0, EX2
j = σ2, j = 1, 2, . . . , n. Jètome Bn =

∑n
j=1 σ

2
j , Lkn = B

−k/2
n

∑n
j=1 E|Xj|k, k ≥ 3.

An 3 ≤ m ≤ k, tìte L1/m−2
mn ≤ L

1/k−2
kn .

Apìdeixh. ParaleÐpetai.

L mma 4.2.2. Upojètome ìti h sun�rthsh y = y(x) èqei mia par�gwgo t�xhc ν ≥ 1.
Tìte,

dν

dxν
yn(x) = ν!

min(ν,n)∑
k=1

∑
∗ n!

(n− k)!
yn−k(x)

ν∏
m=1

1

km!
(

1

m!

dm

dxm
y(x))km

ìpou
∑
∗ ekteÐnetai se ìlec tic mh arnhtikèc akèraiec lÔseic twn exis¸sewn

ν = k1 + 2k2 + . . .+ νkν

k = k1 + k2 + . . .+ kν

(jewroÔme ed¸ 00 = 1)

Apìdeixh. ProkÔptei apì to L mma 4.1.1.

Se ìla ta epìmena L mmata, jewroÔme ìti c(s) eÐnai jetik  stajer� exart¸menh
mìno apì to s, kai paÐrnei diaforetikèc timèc se diaforetikoÔc tÔpouc   akìmh se
diaforetik� mèrh thc Ðdiac anisìthtoc.

L mma 4.2.3. 'Estw X t.m. me χ.σ. v(t). Upojètome ìti EX = 0, EX2 = σ2 >
0, E|X|s = βs < ∞, gia s ≥ 3(∈ Z). Gr�fome fn(t) = vn(t/σ

√
n). Tìte, sto

di�sthma, |t| <
√
n(s3/β3)1/s−2 èqome thn anisìthta,∣∣∣∣ dmdtm

(
fn(t)− e−t

2/2{1 +
s−3∑
ν=1

Pν(it)

nν/2
}
)∣∣∣∣ ≤ c(s)

βs
σsn(s−2)/2

(|t|s−m + |t|3(s−1)+m)e−t
2/12

gia m = 0, 1, . . . , s− 1. Pν(t) eÐnai to polu¸numo thc (4.1.17).
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Apìdeixh. (paraleÐpetai, [10]).

L mma 4.2.4. 'Estw t.m. X me EX = 0, EX2 = σ2 <∞. Jètome,

Yn =

{
X, |X| < σ

√
n

0, |X| ≥ σ
√
n

kai èstw Vn(x) h σ.κ. thc t.m. Yn, n = 1, 2, . . . . Tìte gia k�je akèraio m kai n èqome,

|V ∗nn (xσ
√
n)− Φ(x)| ≤ c(m)

(1 + |x|)m

ìpou V ∗nn eÐnai h n-pl  sunèlixh thc Yn.

Apìdeixh. (paraleÐpetai, [10])

L mma 4.2.5. 'Estw X t.m. me EX = 0, 0 < EX2 = σ2 < ∞, V (x) = P (X < x).
'Estw Yn h t.m. tou L mmatoc 4.2.4 me σ.κ. Vn(x). Jètome,

Yn,x =

{
X, |X| < σ

√
n(1 + |x|)

0, |X| ≥ σ
√
n(1 + |x|)

kai Zn,x = X − Yn,x. An E|X|k <∞ gia akèraio k ≥ 2 tìte

|V ∗n(xσ
√
n)− V ∗nn (xσ

√
n)| ≤ c(k)

(
E|Zn,x|k

σkn(k−2)/2(1 + |x|k)

+
E|Yn,x|k+1 − E|Yn|k+1

σk+1n(k−1)/2(1 + |x|k+1)
, ∀n,∀x

)
Apìdeixh. (paraleÐpetai,[10])

L mma 4.2.6. 'Estw G(x) mia sun�rthsh fragmènhc kÔmanshc (sto R) kai èstw g(t)

o F-S metasqhmatismìc thc. Upojètome lim|x|→∞G(x) = 0 kai
∫ +∞
−∞ |x|

mdG(x) < ∞
gia akèraio m ≥ 1. Tìte, xmG(x) eÐnai sun�rthsh fragmènhc kÔmanshc (sto R) kai
èqome

(−it)m
∫ +∞

−∞
eitxd(xmG(x)) = m!

m∑
ν=0

(−t)ν

ν!

dν

dtν
g(t)

L mma 4.2.7. 'Estw F (x) aÔxousa sun�rthsh kaiG(x) diaforÐsimh sun�rthsh frag-
mènhc kÔmanshc (sto R). 'Estw F (−∞) = G(−∞), F (+∞) = G(+∞) kai f(t), g(t)
oi F-S metasqhmatismoÐ touc, antistoÐqwc. Upojètome ìti,∫ +∞

−∞
|x|s|d(F (x)−G(x))| <∞
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kai
|G′(x)| ≤ K(1 + |x|)−s (−∞ < x <∞)

gia k�poio s ≥ 2 kai stajer� k. Tìte,

|F (x)−G(x)| ≤ c(s)(1 + |x|)−s
(∫ T

−T
|(f(t)− g(t))/t|dt

+

∫ T

−T
|δs(t)/t|dt+

K

T

)
, ∀x,∀T > 1

ìpou δs(t) =

∫ ∞
−∞

eitxd(xs(F (x)−G(x))).

Oi apodeÐxeic ìlwn twn anwtèrw lhmm�twn brÐskontai sto BiblÐo tou V.V. Petrov,
[10].

JewroÔme mia akoloujÐa i.i.d t.m. {Xn : n ≥ 1} me koin  σ.κ. V (x) kai E(X1) =
0, E(X2

1 ) = σ2, v(t) = E(eitX1), Fn(x) = P ( 1
σ
√
n

∑n
j=1Xj < x) se ìla ta epìmena

jewr mata aut c thc paragr�fou.

Je¸rhma 4.2.8. An E|X1|k <∞ gia k�poio akèraio k ≥ 3, tìte ∀x, n

|Fn(x)− Φ(x)−
k−2∑
ν=1

Qν(x)

nν/2
| ≤ c(k)

(
σ−kn−(k−2)/2(1 + |x|−k)

∫
|y|≥σ

√
n(1+|x|)

|y|kdV (y)

+ σ−k−1n−(k−1)/2(1 + |x|−k−1)

∫
|y|<σ

√
n(1+|x|)

|y|k+1dV (y)

+ (sup
|t|≥δ
|v(t)|+ 1

2n
)nnk(k+1)/2(1 + |x|)−k−1

)
(4.2.20)

Ed¸ δ = σ2

12E|X1|3 kai c(k) jetik  stajer� exart¸menh mìno apì k. Oi sunart seic

Qν(x) wc èqoun orisjeÐ sthn (4.1.18).

Apìdeixh. 'Estw X t.m. me katanom  Ðdia me aut  thc X1. ∀n ≥ 1 jètome,

Yn =

{
X, |X| < σ

√
n

0, |X| ≥ σ
√
n

Zn = X − Yn, Vn(X) = P (Yn < x), σ2
n = E(Yn − EYn)2, Wn(x) = P (Yn − EYn < x),

wn(t) =

∫ ∞
−∞

eitxdWn(x), kai epiplèon V (x) = P (X < x), Gn(x) = W ∗n
n (xσ

√
n),

gn(t) = wnn(t/σn
√
n). JewroÔme akìmh tic sunart seic Qν,n(x) kataskeuasmènec me

ton gnwstì trìpo, apì tic hmianalloÐwtec twn t.m. Yn − EYn. OÔtwc èqome,

Qν,n(x) = − 1√
2π

e−x
2/2
∑

Hν+2s−1(x)
ν∏

m=1

1

km!
(

γm+2,n

(m+ 2)!σm+2
n

)km
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ìpou h �jroish ekteÐnetai se ìlec tic mh arnhtikèc akèraiec lÔseic thc k1 + 2k2 + . . .+
νkν = ν. Hr(x) to Chebyshev-Hermite polu¸numo bajmoÔ r, γm+2,n hmianalloÐwtoc
t�xhc m+ 2 thc t.m. Yn − EYn kai s = k1 + k2 + . . .+ kν . Jètome,

Uk(x) = Φ(x) +
k−2∑
ν=1

Qν(x)

nν/2

Ul,n(x) = Φ(x) +
l−2∑
ν=1

Qνn(x)

nν/2
, l = 3, 4, . . .

kai uk(t), ul,n(t) oi metasqhmatismoÐ F-S twn Uk(x), Ul,n(t) antistoÐqwc. Jètome, epÐshc

Lν,n = σ−νn−(n−2)/2E|Yn|ν , ν = 1, 2, . . .

Λν,n = σ−νn−(ν−2)/2E|Zn|ν , ν = 1, 2, . . . , k

pn =
σ

σn
, qn = −E|Yn|

σn

√
n

Ja deÐxwme pr¸ta ìti, ∀n tètoio ¸ste Λk,n < 1/4 kai ∀x,

|Uk(x)− Uk+1,n(pnx+ qn)| ≤ c(k)(Λk,n + Lk+1,n)e−x
2/8 (4.2.21)

An Λk,n < 1/4 tìte
σ−kn−(k−2)/2E|Zn|k < 1/4

opìte
E|Zn|k < (1/4)σkn(k−2)/2 (4.2.22)

Apì orismì tou σ2
n èpetai ìti,

σ2
n

σ2
= 1− 1

σ2
EZ2

n −
1

σ2
(EYn)2 (4.2.23)

Pr�gmati,

σ2 = EX2 =

∫
|X|≥σ

√
n

x2dV (x) +

∫
|X|<σ

√
n

x2dV (x)

= EZ2
n + EY 2

n

⇒ EX2 − EZ2
n − (EYn)2

= EZ2
n + EY 2

n − EZ2
n − (EYn)2

= EY 2
n − (EYn)2 = σ2

n

'Ara,
σ2
n

σ2
=
EX2 − EZ2

n − (EYn)2

σ2
= 1− EZ2

n

σ2
− EY 2

n

σ2

IsqÔoun oi sqèseic:
EZ2

n ≤ σ−k+2n−(k+2)/2E|Zn|k (4.2.24)
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Pr�gmati,

EZ2
n =

∫
|x|≥σ

√
n

Z2
n =

∫
|x|≥σ

√
n

x2dV (x)

=

∫
|X|≥σ

√
n

x2|x|k−2

|x|k−2
dV (x)

≤ σ−k+2n−(k−2)/2

∫
|X|≥σ

√
n

|x|kdV (x)

= σ−k+2n−(k−2)/2E|Zn|k

kai

|EYn| = |EZn| ≤ σ−k+1n−(k−1)/2E|Zn|k (4.2.25)

Pr�gmati,

EYn =

∫
|X|<σ

√
n

XdV (x), EZn =

∫
|X|≥σ

√
n

XdV (x)

All� EX = 0 (upìjesh). Opìte,∫
|X|<σ

√
n

XdV (x) = −
∫
|X|≥σ

√
n

XdV (x)
|·|→ |EYn| = |EZn|

Tìte,

|EZn| ≤ E|Zn| =
∫
|X|<≥

√
n

|X|dV (x)

≤
∫
|X|≥σ

√
n

(X2/|X|)dV (x)

≤ 1

σ
√
n

∫
|X|≥σ

√
n

X2dV (x)

= σ−1n−1/2EZ2
n

≤ σ−1n−1/2σ−k+2n−(k−2)/2E|Zn|k

= σ−k+1n−(k−1)/2E|Zn|k

(qrhsimopoi same thn prohgoÔmenh sqèsh). Apì tic (4.2.22), (4.2.23), (4.2.24), (4.2.25)
odhgoÔmeja stic anisìthtec:

11

16
≤ σ2

n

σ2
≤ 1 (4.2.26)

kai

1− (
σn
σ

)` ≤ `(1− σn
σ

) ≤ 5

4
`Λk,n, ` = 1, 2, . . . (4.2.27)
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Pr�gmati,

σ2
n

σ2
= 1− 1

σ2
EZ2

n −
1

σ2
(EYn)2

≥ 1− 1

σ2
EZk

nσ
−k+2n−(k/2)+1 − 1

σ2
(E|Zn|k)2σ−2k+2n−k+1

≥ 1− 1

4
σkn(k/2)−1σ−2σ−kσ2n−(k/2)+1 − 1

4
σkn(k/2)−1σ−2σ−2kσ2n−k+1E|Zn|k

=
3

4
− 1

4
σ−kn−k/2E|Zn|k

=
12

16
− 1

4
σ−kn−k/2E|Zn|k

≥ 12

16
− 1

16
σ−kn−k/2σknk/2n−1

=
12

16
− 1

16n

≥ 12

16
− 1

16

=
11

16

Dhlad  11
16
≤ σ2

n

σ2 kai

σ2 = EX2 =

∫
|X|≥σ

√
n

X2dV (x) +

∫
|X|<σ

√
n

X2dV (x)

≥
∫
|X|<σ

√
n

X2dV (x)

= EY 2
n

≥ EY 2
n − (EYn)2

= σ2
n

'Ara σ2
n

σ
≤ 1. 'Etsi edeÐqjh h (4.2.26).

T¸ra,

1− (
σn
σ

)` = (1− σn
σ

)(1` + 1`−2σn
σ

+ 1`−3(
σn
σ

)2 + . . .+ (
σn
σ

)`−1)

≤ (1− σn
σ

)(1 + |σn
σ
|

+ |σn
σ
|2 + . . .+ |σn

σ
|`−1)

≤ (1− σn
σ

)(1 + 1 + . . .+ 1)

= `(1− σn
σ

)

≤ 5

4
`Λk,n, ` = 1, 2, . . .
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Epiplèon isqÔoun:

E|Yn| ≤
1

σ
√
n
EZ2

n ≤
σ√
n

(4.2.28)

kai

E|Yn|ν ≤ (σ
√
n)ν−2EY 2

n ≤ σνn(ν−2)/2, ν = 2, 3, . . . (4.2.29)

Pr�gmati,

|EYn| = |EZn| ≤ E|Zn|

=

∫
|X|≥σ

√
n

|X|dV (x) =

∫
|X|≥σ

√
n

X2

|X|
dv(x)

≤ 1

σ
√
n

∫
|X|≥σ

√
n

X2dv(X)

=
1

σ
√
n

∫
|X|≥σ

√
n

Z2
ndV (x)

=
EZ2

n

σ
√
n

≤ σ2

σ
√
n

=
σ√
n

(EZ2
n =

∫
|X|≥σ

√
n

X2dV (x) ≤
∫
X2dV (x) = EX2 = σ2)

kai

E|Y |ν =

∫
|Yn|νdVn(y) =

∫
|X|<σ

√
n

|X|νdV (x)

=

∫
|X|<σ

√
n

|X|2|X|ν−2dV (x)

≤ (σ
√
n)ν−2

∫
|X|<σ

√
n

|X|2dV (x)

= (σ
√
n)ν−2EY 2

n

≤ σν−2n(ν−2)/2

∫
X2dV (x)

= σν−2σ2n(ν−2)/2

= σνn(ν−2)/2, ν = 2, 3, . . .

EdeÐqjh loipìn h (4.2.29).
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T¸ra,apì tic (4.2.25), (4.2.28) kai (4.2.29) lamb�nome,

|E(Yn − EYn)ν − EY ν
n | = |E(

ν∑
`=0

(−1)`
(
ν

`

)
(EYn)`Y ν−`

n − Y ν
n )|

= |E(
ν∑
`=1

(−1)`
(
ν

`

)
(EYn)`Y ν−`

n )|

= |
ν∑
`=1

(−1)`
(
ν

`

)
(EYn)`EY ν−`

n |

≤
ν∑
`=1

(
ν

`

)
|EYn|`E|Y ν−`

n |

= (
ν−1∑
`=1

(
ν

`

)
|EYn|`E|Y ν−`

n |+ |EYn|ν)

= |EYn|(
ν−1∑
`=1

(
ν

`

)
|EYn|`−1E|Y ν−`

n |+ |EYn|ν−1)

≤ σ−k+1n−(k−1)/2E|Zn|k[
ν−1∑
`=1

(
ν

`

)
(
σ√
n

)`−1σν−`n(ν−`−2)/2 + (
σ√
n

)ν−1]

=
ν−1∑
`=1

(
ν

`

)
σν−kn(ν−k)/2n−`E|Zn|k + σν−kn(ν−k)/2n−ν+1E|Zn|k

= σν−kn(ν−k)/2E|Zn|k(
ν−1∑
`=1

(
ν

`

)
n−` + n−ν+1)

≤ 2νσν−kn(ν−k)/2E|Zn|k, ν = 1, 2, . . . , k (4.2.30)

ìpou h teleutaÐa anisìthc prokÔptei apì thn sqèsh,

ν−1∑
`=1

(
ν

`

)
(
1

n
)` + (

1

n
)ν−1

( 1
n

)ν−1≤1

≤
ν−1∑
`=1

(
ν

`

)
(
1

n
)` + 1

=
ν−1∑
`=0

(
ν

`

)
(
1

n
)`

=
ν−1∑
`=0

(
ν

`

)
· 1

≤
ν∑
`=0

(
ν

`

)
= 2ν
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IsqÔoun

EXν =

∫
XνdV (x)

=

∫
|X|≥σ

√
n

XνdV (x) +

∫
|X|<σ

√
n

XνdV (x)

=

∫
|X|≥σ

√
n

Zν
ndV (z) +

∫
|X|<σ

√
n

Y ν
n dVn(y)

= EZν
n + EY ν

n (4.2.31)

kai

|EXν − EY ν
n | = |EZν

n| ≤=

∫
|X|≥σ

√
n

|X|νdV (x)

=

∫
|X|≥σ

√
n

|X|ν |X|
k−ν

|X|k−ν
dV (x)

≤ [
1

σ
√
n

]k−ν
∫
|X|≥σ

√
n

|X|kdV (x)

= (σ
√
n)ν−kE|Zn|k (4.2.32)

EpÐshc, qrhsimopoi¸ntac tic (4.2.30) kai (4.2.32)

|E(Yn − EYn)ν − EXν | = |E(Yn − EYn)ν − EY ν
n − EZν

n|
≤ |E(Yn − EYn)ν − EY ν

n |+ E|Zν
n|

≤ 2νσν−kn(ν−k)/2E|Zn|k + σν−kn(ν−k)/2E|Zn|k

= (2ν + 1)σν−kn(ν−k)/2E|Zn|k (4.2.33)

T¸ra, apì tic (4.2.22), (4.2.26) kai (4.2.29) èqome

E|Yn − EYn|ν = E|
ν∑
`=0

(−1)`
(
ν

`

)
Y ν−`
n (EYn)`|

≤
ν∑
`=0

(
ν

`

)
E|Yn|ν−`E|Yn|`

= 2νE|Yn|ν ≤ 2νσνn(ν−2)/2

< 2ν
4ν

3ν
σνnn

(ν−2)/2

=
8ν

3ν
σνnn

(ν−2)/2

< 3νσνnn
(ν−2)/2 (4.2.34)

ìpou h proteleutaÐa anisìthc èpetai apì thn sqèsh

σν <
4ν

3ν
σνn
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pou prokÔptei apì thn

11

16
<
σ2
n

σ2
⇒ 3, 31

4
<
σn
σ
⇒ 3

4
<
σn
σ
⇒ 3ν

4ν
<
σνn
σν

EpÐshc,

E|X|ν = E|Yn|ν + E|Zn|ν ≤ σνn(ν−2)/2 + σν−kn(ν−k)/2

≤ σνn(ν−2)/2 + σνnν−2

= 2σνn(ν−2)/2 (4.2.35)

Apì tic (4.2.26), (4.2.27), (4.2.33), (4.2.34) prokÔptei

n−ν/2|σ−νn E(Yn − EYn)ν − σ−νEXν | ≤ σ−νn−ν/2|E(Yn − EYn)ν − EXν |

+ σ−νn−ν/2|1− σνn
σν
|E|Yn − EYn|ν

≤ c(ν)n−1Λk,n

gia ν = 1, 2, . . . , k.

Pr�gmati,

n−ν/2|σ−νn E(Yn − EYn)ν − σ−νEXν | =
= n−ν/2|σ−νn E(Yn − EYn)ν + σ−νE(Yn − EYn)ν − σ−νE(Yn − EYn)ν − σ−νEXν |
≤ n−ν/2[(|σ−νE(Yn − EYn)ν − EXν)|+ |σ−νn E(Yn − EYn)ν − σ−νE(Yn − EYn)ν |]

≤ n−ν/2(σ−ν |E(Yn − EYn)ν − EXν |+ E|Yn − EYn|ν |1− (
σn
σ

)ν | 1

σνn
)

≤ n−ν/2(σ−νσν−kn(ν−k)/2E|Zn|k(2ν + 1) + 2ν
σν

σνn

5ν

4
n(ν−2)/2Λk,n)

= n−ν/2(σ−knν/2
n−(k−2)/2

n
E|Zn|k(2ν + 1) + (

2σ

σn
)ν

5ν

4
nν/2

1

n
Λk,n)

= n−ν/2(σ−νσν−kn(ν−k)/2E|Zn|k(2ν+1) + 2ν
σ

σνn

5ν

4
+ n(ν−2)/2Λk,n)

= n−ν/2nν/2
1

n
((2ν + 1)Λk,n + (

2σ

σn
)ν

5ν

4
Λk,n)

=
1

n
Λk,nc(ν), ν = 1, 2, . . . , k (4.2.36)

ìpou c(v) = max{2ν + 1, ( 2σ
σn

)ν 5ν
4
}

Gia k�je a, b ∈ R kai ∀m ∈ Z kai m ≥ 1, èqoume

|am − bm| ≤ m|a− b|max{|a|m−1, |b|m−1}
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epomènwc

|(σ−νn n−ν/2E(Yn − EYn)ν)` − (σ−νn−ν/2EXν)`|
≤ `n−ν/2|σ−νn E(Yn − EYn)ν − σ−νEXν | ×
× max{(|σ−νn E|Yn − EYn|ν)`−1, (σ−ν |EXν |)`−1}

≤ kc(ν)n−1Λk,n(
2σ

σn
)ν(k−1)(n(ν−2)(k−1)/2)

≤ n−1c(k)Λk,n (4.2.37)

gia ν, ` = 1, 2, . . . , k

Jètoume
aν = EXν (ν = 1, 2, . . .)

aν,n = E(Yn − EYn)ν (ν = 1, 2, . . . , k)

Apì ton tÔpo (4.1.5) èqoume

γν,n
σνnn

ν/2
− γν
σνnν/2

= ν!
∑ (−1)s−1(s− 1)!

s1! . . . sν !(1!)s1 . . . (ν!)sν

×
ν∑
`=1

(
a1,n

σnn1/2
)s1 . . . (

a`−1,n

σ`−1
n n(`−1)/2

)s`−1

(
(
a`,n
σ`nn

`/2
)s` − (

a`
σ`n`/2

)s`
)

× (
a`+1

σ`+1n(`+1)/2
)s`+1 . . . (

aν
σνnν/2

)sν

ìpou to exwterikì �jroisma ekteÐnetai se ìlec tic mh arnhtikèc akèraiec lÔseic twn
exis¸sewn s1 + 2s2 + . . .+ νsν = ν kai s = s1 + . . .+ sν .

Opìte, apì tic (4.2.34), (4.2.35), (4.2.36) kai (4.2.37) brÐskome ìti∣∣∣∣ γν,n
σνnn

ν/2
− γν
σνnν/2

∣∣∣∣ ≤ c(ν)

n
Λk,n

ν = 1, 2, . . . , k kai ∣∣∣∣( γν,n
σνnn

ν/2
)` − (

γν
σνnν/2

)`
∣∣∣∣ ≤ c(k)

n
Λk,n

ν, ` = 1, 2, . . . , k

Oi dÔo prohgoÔmenec sqèseic me touc tÔpouc gia Qν(x) kai Qν,n(x), mac epitrèpoun
na sumper�noume ∀ν ≤ k − 2 kai ∀x ìti

n−ν/2|Qν(x)−Qν,n(x)|

=

∣∣∣∣∑ (−1)ν+2s

s1! . . . sν !(1!)s1 . . . (ν!)sν

ν∑
`=1

(
γ3

σ3n1/2
)s1 . . . (

γ`+1

σ`+1
n n(`−1)/2

)s`−1

×
[
(

γ`+2

σ`+2n`/2
)s` − (

γ`+2,n

σ`+2
n n`/2

)s`
]

× (
γ`+3,n

σ`+3
n n(`+1)/2

)s`+1 . . . (
γν+2,n

σν+2
n nν/2

)sν × dν+2s

dxν+2s
Φ(x)

∣∣∣∣
≤ c(k)Λk,ne−x

2/4
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Epomènwc, apì touc orismoÔc twn Uk(x) kai Uk,n(x), èqome

|Uk(x)− Uk,n(x)| ≤ c(k)Λk,ne−x
2/4, ∀x,∀n (4.2.38)

'Eqome

d`

dx`
Φ(x+ pnx+ qn − x) − d`

dx`
Φ(x)

= (pnx+ qn − x)×

× d`+1

dx`+1
Φ(x+ θ|pnx+ qn − x|) (4.2.39)

ìpou |θ| ≤ 1.

Qrhsimopoi¸ntac tic (4.2.22), (4.2.26), (4.2.27) kai ton orismì twn pn kai qn
brÐskome ìti

|pnx+ qn − x| = | σ
σn
x− EYn

σn

√
n− xσn

σn
|

= |x(σ − σn)

σn

σ

σn
+

√
nEYn
σ

σ

σn
|

≤ σ

σn

(
(1− σn

σ
)|x|+

√
n

σ
|EYn|

)
≤ 4 · 5√

11 · 4
Λk,n|x|

+
4√
11
n1/2σ−1σ−k+1n−(k−1)/2E|Zn|k

=
5|x|√

11
Λk,n +

4√
11
σ−kn−(k−2)/2E|Zn|k

=
5|x|√

11
Λk,n +

4√
11

Λk,n

=
5|x|+ 4√

11
Λk,n

Dhlad 

|pnx+ qn − x| ≤
5|x|+ 4√

11
Λk,n (4.2.40)

EpÐshc isqÔei h sqèsh

(|x| − |pnx+ qn − x|)2 ≥ x2 − 2|x||pnx+ qn − x| ≥
2

7
x2 − 1

afoÔ Λk,n < 1/4.

Opìte

−(|x| − |pnx+ qn − x|)2 ≤ −2

7
x2 − 1 ≤ −2

7
x2 (4.2.41)

⇒ exp(−{(|x| − |pnx+ qn − x|)2}/2) ≤ e−
x2

7(4.2.42)
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Apì tic (4.2.39),(4.2.40),(4.2.42) lamb�noume

| d
`

dx`
(Φ(pnx+ qn)− Φ(x))| ≤ |pnx+ qn − x||

d`+1

dx`+1
Φ(x+ θ|pnx+ qn − x|)|

≤ 5|x|+ 4√
11

Λk,ne−x
2/7

= c(`)Λk,ne−x
2/7, ` = 0, 1, . . . (4.2.43)

Apì ton orismì tou Uk,n(x) thn (4.2.43) kai thn (4.1.14), èqome,

|Uk,n(pnx+ qn)− Uk,n(x)| = |Φ(pnx+ qn) +
k−2∑
ν=1

Qν,n

nν/2
(pnx+ qn)− Φ(x)−

k−2∑
ν=1

Qν,n

nν/2
(x)|

≤ |Φ(pnx+ qn)− Φ(x)|+
k−2∑
ν=1

|Qν,n(pnx+ qn)−Qν,n(x)|
nν/2

≤ | d
0

dx0
(Φ(pnx+ qn)− Φ(x))|+

k−2∑
ν=1

1

nν/2

∑ ν∏
m=1

1

km!

(
λm+2,n

(m+ 2)!

)km
× | d

ν+2s

dxν+2s
(Φ(pnx+ qn)− Φ(x))|

≤ c(0)Λk,νe
−x2/7 + c1(k)

∑
c(ν + 2s)Λk,νe

−x2/7

≤ c2(k)Λk,νe
−x2/8 (4.2.44)

(e−x
2/7 < e−x

2/8)

T¸ra, qrhsimopoi¸ntac ton tÔpo (4.1.14) kai tic sqèseic (4.2.43) gia θ = 1,
(4.2.40), (4.2.34) kai (4.2.29) lamb�nome

n−
k−1
2 |Qk−1,n(pnx+ qn)| ≤ n−

k−1
2 c1|

dk−1+2s

dxk−1+2s
(Φ(pnx+ qn))|

≤ n−
k−1
2 c1

c(k)Λk,νe
−x2/8

c2Λk,ν

= n−
k−1
2
c1

c2

c(k)e−x
2/8σ−k−1

n E|Yn − EYn|k+1

≤ c(k)e−x
2/8n−

(k−1)
2 σ−k−12k+1E|Yn|k+1

≤ c(k)e−x
2/8n−

(k−1)
2 σ−k−13k+1E|Yn|k+1

≤ c(k)3k+1Lk+1,ne−x
2/8 (4.2.45)
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Apì thn (4.2.38), kai tic (4.2.45) kai (4.2.44), èqome

|Uk(x)− Uk+1,n(pnx+ qn)| = |Uk,n(x)− Uk(x)− Uk,n(x)

+ Uk,n(pnx+ qn)− Uk,n(pnx+ qn)

+ Uk+1,n(pnx+ qn)|
≤ |Uk,n(x)− Uk(x)|+ |Uk,n(pnx+ qn)

− Uk,n(x)|
+ |Uk+1,n(pnx+ qn)− Uk,n(pnx+ qn)|

≤ c1(k)Λk,ne−x
2/4 + c2(k)Λk,ne−x

2/8 + |Qk−1,n(pnx+ qn)

n
k−1
2

|

≤ c1(k)Λk,ne−x
2/8 + c2(k)Λk,ne−x

2/8 + c3(k)3k+1Lk+1,ne−x
2/8

≤ c(k)(Λk,n + Lk+1,n)e−x
2/8

ìpou c(k) = max{c1(k), c2(k), c3(k)}. OÔtwc edeÐqjh h (4.2.21).

ApodeiknÔoume t¸ra to je¸rhma, pr¸ta upì th bohjhtik  sunj kh,

Λk,n < 1/4

IsqÔei ìti

V ∗nn (xσ
√
n) = W ∗n

n (xσ
√
n− nEYn) = Gn(pnx+ qn)

efìson

V ∗nn (xσ
√
n) = P (nYn < xσ

√
n)

= P (nYn − nEYn < xσ
√
n− nEYn)

= P (n(Yn − EYn) < xσ
√
n− nEYn)

= W ∗n
n (xσ

√
n− nEYn)

= W ∗n
n [(

σ

σn
x− EYn

√
n

σn
)σn
√
n]

= Gn(
σ

σn
x− EYn

√
n

σn
)

= Gn(pnx+ qn)

opìte èqoume

|Fn(x)− Uk(x)| = |P (
n∑
j=1

Xj < xσ
√
n)− Φ(x)−

k−2∑
ν=1

Qν(x)

nν/2
|

≤ |V ∗n(xσ
√
n)− V ∗nn (xσ

√
n)|+ |Gn(pnx+ qn)− Uk+1,n(pnx+ qn)|

+ |Uk+1,n(pnx+ qn)− Uk(x)| (4.2.46)
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Epiplèon,

Λk,n = σ−kn−(k−2)/2

∫
|X|≥σ

√
n

|X|kdV (x)

≤ σ−kn−(k−2)/2

(
1

σ
√
n

∫
σ
√
n≤|y|≤σ

√
n(1+|x|)

|y|k+1dV (y)

+

∫
|y|≥σ

√
n(1+|x|)

|y|kdV (y)

)
(4.2.47)

Isqurizìmaste ìti, apì (4.2.21), (4.2.47) kai to L mma 4.2.5, èpetai ìti to �jroisma
tou pr¸tou kai trÐtou ìrou sto dexiì mèloc thc (4.2.46), den uperbaÐnei thn posìthta
sto dexiì mèloc thc apodeiktèac (4.2.20)

Pr�gmati, apì to L mma 4.2.5 èqoume

|V ∗n(xσ
√
n)− V ∗nn (xσ

√
n)| ≤ c(k)(

E|Zn,x|k

σkn(k−2)/2(1 + |x|)k
+

E|Yn,x|k+1

σk+1n(k−1)/2(1 + |x|)k+1
)

Akìma, apì (4.2.21) kai (4.2.47) èqoume

|Uk(x)− Uk+1,n(pnx+ qn)| ≤ c(k)

(
1

σk+1n(k−1)/2

∫
σ
√
n≤|y|≤σ

√
n(1+|x|)

|y|k+1dV (y)

+
1

σkn(k−2)/2σ
√
n

∫
|y|≥σ

√
n(1+|x|)

|y|k+1dV (y)

+
1

σk+1nk/2
E|Yn|k+1

)
≤ c(k)

(
1

σk+1n(k−1)/2

∫
|y|≥σ

√
n

|y|k+1dV (y) +
E|Yn|k+1

σk+1n(k−1)/2

)
= c(k)

(
E|Zn|k+1

σk+1n(k−1)/2
+

E|Yn|k+1

σk+1n(k−1)/2

)
= c(k)

E|Zn|k+1 + E|Yn|k+1

σk+1n(k−1)/2

= c(k)
E|Xn|k+1

σk+1n(k−1)/2
apì thn (4.2.31)

= c(k)
2σk+1n(k−1)/2

σk+1n(k−1)/2
apì thn (4.2.35)

= 2c(k) ≡ c1(k)

'Etsi edeÐqjh o isqurismìc. Apomènei loipìn na broÔme èna fr�gma gia thn

|G(pnx+ qn)− Uk+1,n(pnx+ qn)|

Gi' autì, sto L mma 4.2.7 jetoume F (x) = Gn(pnx + qn), efìson Gn(x) aÔxousa,
G(x) = Uk+1,n(pnx + qn), efìson Uk+1,n(x) diaforÐsimh kai fragmènhc kÔmanshc. s =
k + 1, T = Tn

Tn = 3k+2B−1
k+2,n, Bν,n = σ−νn n−(ν−2)/2E|Yn − EYn|ν , ν = 1, 2, . . .
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Apì (4.2.34) èqome Bν,n < 3ν , ν = 1, 2, . . . ¸ste Tn > 1.

Epiplèon,
|U ′k+1,n(x)| < K(1 + |x|)−k−1

ìpou h K exart�tai mìno apì to k.

Jètontac

δl(t) =

∫ +∞

−∞
eitxd(xl(Gn(x))− Uk+1,n(x)), l = 0, 1, . . .

Apì to L mma 4.2.7 lamb�noume

|Gn(pnx+ qn)− Uk+1,n(pnx+ qn)| ≤ c(k)

(1 + |pnx+ qn|)k+1
×

×
(∫ Tn

−Tn

1

|t|
|
∫ +∞

−∞
eitxd(Gn(pnx+ qn))

− Uk+1,n(pnx+ qn))|dt

+

∫ Tn

−Tn

1

|t|
|
∫ +∞

−∞
eitxd(xk+1(Gn(pnx+ qn))

− Uk+1,n(pnx+ qn))|dt

+
KBk+2,ν

3k+2

)
=

c̃(k)

(1 + |pnx+ qn|)k+1
×
(∫ Tn

−Tn
|δ0(t)

t
|dt

+

∫ Tn

−Tn
|δk+1(t)

t
|dt+Bk+2,n

)
(4.2.48)

Ja ektim soume t¸ra to
∫ Tn
−Tn |

δk+1(t)

t
|dt. Qrhsimopoi¸ntac to L mma 4.2.6 (efìson h

sun�rthsh Gn(pnx+ qn))− Uk+1,pnx+qn(x) plhroÐ tic upojèseic tou), arkeÐ na ektim -
soume to olokl rwma

Iν =

∫ Tn

−Tn
| d

ν

dtν
(gν(t)− vk+1,n(t))||t|ν−k−2dt, ν = 0, 1, . . . , k + 1

ìpou gn(t) kai vk+1,n(t) oi metasqhmatismoÐ Fourier-Stieltjes gia tic Gn kai Uk+1,n an-
tÐstoiqa.

'Omwc apì to L mma 4.2.3 (gia s = k + 2) èqome∫
|t|<B−1/k

k+2,ν

| d
ν

dtν
(gν(t)− vk+1,n(t))||t|ν−k−2dt ≤ c(k)Bk+2,n

ApodeiknÔetai ìti èqome thn Ðdia ektÐmhsh gia to olokl rwma∫
B
−1/k
k+2,ν≤|t|<Tn

| d
ν

dtν
vk+1,n(t))||t|ν−k−2dt
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Epomènwc,

Iν ≤ c(k)Bk+2,n +

∫
B
−1/k
k+2,ν≤|t|<Tn

| d
ν

dtν
gn(t)||t|ν−k−2dt (4.2.49)

Jètontac y = wn(t/σn
√
n) sto L mma 4.2.2 (ìpou wn(t) =

∫ +∞
−∞ eitxdWn(x) kaiWn(x) =

P (Yn − EYn < x)) odhgoÔmeja sthn isìthta

dν

dtν
gn(t) = ν!

min(ν,n)∑
r=1

′∑ n!

(n− r)!
wn−rn (

t

σn
√
n

)×

×
ν∏

m=1

1

rm!
(

1

m!

dm

dtm
wn(

t

σn
√
n

))rm

ìpou h �jroish
∑′ ekteÐnetai p�nw se ìlec tic mh arnhtikèc akèraiec lÔseic tou su-

st matoc exis¸sewn

r1 + 2r2 + . . .+ νrν = ν

r1 + r2 + . . .+ rν = r

ArkeÐ loipìn na ektim soume to∫
B
−1/k
k+2,n≤|t|<Tn

| d
ν

dtν
gn(t)||t|ν−k−2dt

prokeimènou, mèsw thc (4.2.46) na katal xwme sthn apodeiktèa sqèsh (4.2.20).

IsqÔoun oi anisìthtec:
(i):

| d
dt
wn(

t

σn
√
n

)| = |E(
Yn − EYn
σn
√
n

exp(
it(Yn − EYn)

σn
√
n

)|

= |E(
Yn − EYn
σn
√
n

exp(
it(Yn − EYn)

σn
√
n

)− Yn − EYn
σn
√
n

)|

= |E(
Yn − EYn
σn
√
n

(exp
it(Yn − EYn)

σn
√
n

− 1))|

≤ E(
|Yn − EYn||t|

σn
√
n

|Yn − EYn|
σn
√
n

)

= E
|Yn − EYn)|2|t|

σ2
nn

=
|t|
n

≤ |t|√
n
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(ii):

| d
ν

dtν
wn(

t

σn
√
n

)| = |E(
iν(Yn − EYn)ν

(σn
√
n)ν

| exp
it(Yn − EYn)

σn
√
n

)|

≤ E| i
ν(Yn − EYn)ν

(σn
√
n)ν

| exp
it(Yn − EYn)

σn
√
n

|

= E|Yn − EYn|νσ−νn n−ν/2

≤ E|Yn − EYn|νσ−νn n−ν/2
n

n

≤ E|Yn − EYn|νσ−νn n−(ν−2)/2 1

n

=
1

n
Bν,n, ν = 2, 3, . . .

(qrhsimopoi¸ntac thn sqèsh dk

dtk
φ(t) = E((ix)keitx)). Apì thn (4.2.34) kai tic anisìth-

tec (i) kai (ii) prokÔptei:
(iii):

| d
ν

dtν
g(t)| ≤ c(ν)(1 + |t|ν)|wn(

t

σn
√
n

)|n−min(ν,n), ν = 1, 2, . . .

Apì orismì tou Bν,n = σ−νn n−(ν−2)/2E|Yn − EYn|ν kai thn anisìthta Lyapunov, pro-
kÔptei ìti

B3,n =
E|Yn − EYn|3

σ3
nn

1/2
≥ (E|Yn − EYn|2)3/2

σ3
nn

1/2
=

1√
n
, ∀n

T¸ra,apì thn anisìthta |eitx − 1− itx| ≤ 1
2
t2x2 kai thn B3,n ≥ 1√

n
,∀n èqoume

|wn(
t

σn
√
n

)− 1| = |E[exp(
it(Yn − EYn)

σn
√
n

)− 1]|

= |E[exp(
it(Yn − EYn)

σn
√
n

)− 1− it(Yn − EYn)

σn
√
n

]|

≤ E|1
2
t2(
Yn − EYn
σn
√
n

)2|

=
t2

2σ2
nn
E|Yn − EYn|2

=
t2

2n

Apì thn prohgoÔmenh, gia |t| ≤
√
n sun�goume ìti,

||wn(
t

σn
√
n

)| − 1| ≤ t2

2n
≤ 1

2
⇒ |wn(

t

σn
√
n

)| ≥ 1

2

Wc ek toÔtou

sup
|t|≥B−1

3,n

|wn(
t

σn
√
n

)| ≥ 1

2
(4.2.50)
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kai gia ν = 0, 1, . . . , k + 1 èqome

sup
|t|≥B−1

3,n

|wn(
t

σn
√
n

)|n−min(ν,n) =

{
1, min(ν, n) = n

sup|t|≥B−1
3,n
|wn( t

σn
√
n
)|n−ν , min(ν, n) = ν

All�

sup
|t|≥B−1

3,n

|wn(
t

σn
√
n

)|−ν ≤ 2k+1, ν = 0, 1, . . . , k + 1

(apì thn (4.2.50) ) kai sunep¸c,

(
sup
|t|≥B−1

3,n

|wn(
t

σn
√
n

)|
)n−ν

≤ 2k+1( sup
|t|≥B−1

3,n

|wn(
t

σn
√
n

)|)n, ν = 0, 1, . . . , k + 1

Epiplèon, apì |t| ≤ n1/2 kai (iii) èpetai ìti∫
B−1

3,n≤|t|<Tn
| d

ν

dtν
gn(t)||t|ν−k−2dt ≤ c(k)( sup

|t|≥B−1
3,n

|wn(
t

σn
√
n

)|)n

×
∫
B−1

3,n≤|t|<Tn
(1 + |t|ν)|t|ν−k−2dt

≤ c(k)( sup
|t|≥(σn

√
nB3,n)−1

|wn(t)|)nnk(k+1)/2(4.2.51)

Apì tic (4.2.26), (4.2.34), (4.2.35) lamb�noume

σn
√
nB3,n = σnn

1/2σ−3
n n−1/2E|Yn − EYn|3

=
1

σ2
n

E|Yn − EYn|3

<
16

11σ2
8E|Yn|3

<
12

σ2
E|X|3

T¸ra, h Λk,n < 1/4 sunep�getai ìti

∫
|x|≥σ

√
n

dV (x) ≤ σ−kn−k/2n
1

n

∫
|x|≥σ

√
n

|x|kdV (x)

< σ−kn−(k−2)/2 1

n

∫
|x|≥σ

√
n

|x|kdV (x)

=
Λk,n

n
<

1

4n
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EpÐshc

|wn(t)| = |EeitYn| = |
∫
|x|<σ

√
n

eitxdV (x) +

∫
|x|≥σ

√
n

eit0dV (x)|

≤ |v(t)|+ 2

∫
|x|≥σ

√
n

dV (x)

≤ |v(t)|+ 2

4n

= |v(t)|+ 1

2n

Sunep¸c

sup
|t|≥(σn

√
nB3,n)−1

|wn(t)| ≤ sup
|t|≥σ2

12
E|X|3

|v(t)|+ 1

2n
(4.2.52)

Apì anisìthta Lyapunov, èpetai ìti,

|EX|3 ≤ (E|X|)3 ≤ E|X|3

kai epomènwc

{|t| ≥ σn
√
nB−1

3,n} ⊂ {|t| ≥
σ2

12E|X|3
} ⊂ {|t| ≥ σ2

12|EX|3
}

Ja deÐxoume t¸ra, ìti,

|gn(t)| ≤ e−t
2/6, gia |t| < B−1

3,n

Pr�gmati, èqoume ìti gn(t) = wnn( t
σn
√
n
) 'Estwsan t¸ra, Z,Z ′ anex�rthtec t.m. k�je

mÐa apì tic opoÐec èqei χ.σ. thn wn(t), opìte Z − Z ′ èqei χ.σ. thn |wn(t)|2 kai isqÔei h
sqèsh

log(|wn(t)|2) = log(1 + (|wn(t)|2 − 1)) ≤ |wn(t)|2 − 1

(apì thn anisìthta x−1
x
≤ log(x) ≤ x− 1 jètontac ìpou x, 1 + (|wn(t)|2 − 1)).

T¸ra, apì to an�ptugma Taylor thc χ.σ. |wn(t)|2 thc t.m. Z − Z ′, èqome,

|wn(t)|2 − 1 =
−t2

2
E(Z − Z ′)2 +

θ|t|3

6
E|Z − Z ′|3 (4.2.53)

ìpou

E(Z − Z ′)2 = V ar(Z − Z ′) + (E(Z − Z ′))2 = V ar(Z − Z ′)
= V arZ + V arZ ′ = 2V ar(Yn − EYn)

= 2σ2
n
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(E(Z − Z ′) = EZ − EZ ′ = 0 afoÔ EZ = EZ ′ kai EZ ′ = EZ = E(Yn − EYn) = 0)

E|Z − Z ′|3 = E(|Z − Z ′|(Z − Z ′)2)

≤ E((|Z|+ |Z ′|)|Z − Z ′|2)

= 2E(|Z|(Z − Z ′)2) (?)

= 2E(|Z|Z2)− 4E(|Z|ZZ ′) + 2E(|Z|Z ′2)

= 2E|Z|3 + 2E(|Z|Z ′2) (??)

= 2E|Z|3 + 2E|Z|E(Z ′2)

= 2E|Z|3 + 2E|Z|E(Z2)

= 2E|Z|3 + 2E|Z|E|Z|2

≤ 2E|Z|3 + 2(E|Z|3)1/3(E|Z|3)2/3

= 2E|Z|3 + 2E|Z|3 = 4E|Z|3

ìpou h (?) isqÔei giatÐ oi t.m. |Z||Z − Z ′|2 kai |Z ′||Z − Z ′|2 èqoun Ðdia χ.σ kai h (??)
diìti E(|Z|ZZ ′) = 0. Epomènwc (apì thn (4.2.53) ) èqome

log(|wn(t)|) ≤ −t
2

2
σ2
n +
|t|3

3
E|Z|3

An |t| < B−1
3,ν ,

|gn(t)| = exp(n log |wn(
t

σn
√
n

)|)

≤ exp(−t
2nσ2

n

2σ2
nn

+
|t|3n

3σ3
nn

3/2
E|Z|3)

= exp(−t
2

2
+
|t|3E|Z|3

3σ3
nn

1/2
)

= exp(−t
2

2
+
|t|3

3
B3,n)

= exp(−t
2

6
(3− 2|t|B3,n))

< exp(−t
2

6
(3− 2))

= exp(−t2/6)

(E|Z|3 = E|Yn − EYn|3 afoÔ Z kai Yn − EYn èqoun Ðdia χ.σ.)
Apì L mma 4.2.1

B
−1/k
k+2,n ≤ B−1

3,n

'Epetai (qrhsimopoi¸ntac to fr�gma thc |gn(t)|)∫ B−1
3,n

B
−1/k
k+2,n

| d
ν

dtν
gn(t)||t|ν−k−2dt ≤ c(k)Bk+2,n, ν = 0, 1, . . . , k + 1 (4.2.54)
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Apì thn (4.2.51) kai thn (4.2.54) lamb�noume∫
B
−1/k
k+2,n≤|t|≤Tn|

| d
ν

dtν
gn(t)||t|ν−k−2dt =

∫
B
−1/k
k+2,n≤|t|≤B

−1
3,n

| d
ν

dtν
gn(t)||t|ν−k−2dt

+

∫
B−1

3,n≤|t|≤Tn|
| d

ν

dtν
gn(t)||t|ν−k−2dt

≤ c(k)(Bk+2,n + nk(k+1)/2 sup
|t|≥(σn

√
nB3,n)−1

|wn(t)|)

Epomènwc, apì thn (4.2.49), èqome∫ Tn

−Tn
|δk+1(t)

t
|dt ≤ c(k)(Bk+2,n + nk(k+1)/2 sup

|t|≥(σn
√
nB3,n)−1

|wn(t)|) (4.2.55)

'Omoia ektÐmhsh me aut  pou dÐnei h (4.2.55), èqome kai gia to∫ Tn

−Tn
|δ0(t)

t
|dt

Apì thn (4.2.48) prokÔptei ìti

|Gn(pnx+qn)−Uk+1,n(pnx+qn)| ≤ c(k)

(1 + |pnx+ qn|)k+1
(Bk+2,n+nk(k+1)/2 sup

|t|≥(σn
√
nB3,n)−1

|wn(t)|)

(4.2.56)
Apo ton orismì twn pn, qn kai qrhsimopoi¸ntac thn (4.2.26), brÐskome ìti

1 + |pnx+ qn| ≥
1

2
+

1

6
|x|

EpÐshc, h (4.2.26) kai h |Yn| < σ
√
n, sunep�gontai thn sqèsh

Bk+2,n = σ−k−2
n n−k/2E|Yn − EYn|k+2

≤ 2k+2σ−k−2
n n−k/2E|Yn|k+2 (?)

≤ 3k+2σ−k−2n−k/2E|Yn|k+2 (??)

≤ 3k+2σ−k−1n−(k−1)/2E|Yn|k+1

ìpou h (?) isqÔei kaj¸c σn
σ
> 3

4
> 2

3
kai h (??) isqÔei kaj¸c

|Yn| < σ
√
n⇒

∫
|Yn|k+1|Yn| ≤ E|Yn|k+1σ

√
n

Qrhsimopoi¸ntac thn (4.2.46), ton isqurismì pou diatup¸netai amèswc met� thn (4.2.47),
tic sqèseic (4.2.50) kai (4.2.54) kai tic dÔo prohgoÔmenec ektim seic, odhgoÔmeja sthn
apodeiktèa sqèsh (4.2.20).

An Λk,n ≥ 1
4
, tìte gia ν ≤ k − 2 èqome

n−ν/2|Qν(x)| ≤ c(k)σ−ν−2nν/2E|X|ν+2e−x
2/4

≤ c(k)(1 + Λk,n)e−x
2/4 ≤ 5c(k)Λk,ne−x

2/4
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Qrhsimopoi¸ntac ta L mmata 4.2.4 kai 4.2.5, thn (4.2.47) kai thn upìjsh Λk,n ≥ 1
4
,

lamb�nome thn (4.2.20).

Parat rhsh
An lim sup|t|→∞ |v(t)| < 1 tìte gia opoiod pote δ > 0, sup|t|≥δ |v(t)| < 1 opìte o
par�gontac (sup|t|≥δ |v(t)|+ 1

2n
)n fjÐnei taqÔtera apì to n−p gia opoiod pote p > 0.

'Amesec sunèpeiec tou Jewr matoc 4.2.8 apoteloÔn ta epìmena jewr mata, ta
opoÐa dÐnome qwrÐc apìdeixh.

Je¸rhma 4.2.9. Upojètome ìti lim sup|t|→∞ |v(t)| < 1 kai E|X1|r < ∞ gia k�poio
r ≥ 3. Tìte up�rqei jetik  sun�rthsh E(u) tètoia ¸ste limu→+∞ E(u) = 0 kai

|Fn(x)− Φ(x)−
[r]−2∑
ν=1

Qν(x)

nν/2
| ≤ E(

√
n(1 + |x|))

n(r−2)/2(1 + |x|)r

Je¸rhma 4.2.10. An lim sup|t|→∞ |v(t)| < 1 kai E|X1|k < ∞ gia k�poio akèraio
k ≥ 3, tìte

(1 + |x|)k|Fn(x)− Φ(x)−
k−2∑
ν=1

Qν(x)

nν/2
| = o(

1

n(k−2)/2
)

omoiìmorfa sto x, x ∈ R.

Je¸rhma 4.2.11. An lim sup|t|→∞ |v(t)| < 1 kai E|X1|k < ∞ gia k�poio akèraio
k ≥ 3, tìte

Fn(x) = Φ(x) +
k−2∑
ν=1

Qν(x)

nν/2
+ o(

1

n(k−2)/2
)

omoiìmorfa sto x, x ∈ R
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Kef�laio 5

Beltiwmèna anaptÔgmata sto
K.O.J. gia Heavy-tailed
puknìthtec pijanot twn

Sto prohgoÔmeno kef�laio, parousi�same ta AnaptÔgmata Edgeworth, pou ìpwc
eÐdame, parèqoun prìsjetec plhroforÐec gia to upìloipo o(1), sto K.O.J.:

P (
Sn
σ
√
n
≤ x) = P (N(0, 1) ≤ x) + o(1), ∀x ∈ R, n ↑ ∞

(ìpou Sn = X1 + . . .+Xn, {Xn}n≥1 i.i.d. t.m. me EXj = 0, V (Xj) = σ2) mìnon ìtan
up�rqoun ropèc an¸terhc t�xhc, dhlad  an E|Xk|m <∞ gia m ≥ 3 me Xk suneqeÐc ( 
apl¸c non-lattice) katanomèc.
JumÐzoume, ìti èna an�ptugma Edgeworth t�xhc [m− 2], gia n→∞ eÐnai:

P (
n∑
j=1

Xj√
n
≤ x) = P (N(0, σ2) ≤ x) +

[m−2]∑
k=1

Qk(x)

nk/2
+ o(n−[m−2]/2) (5.0.1)

Sto parìn kef�laio, suneqÐzoume th melèth thc asumptwtik c sumperifor�c tou
upoloÐpou o(1) sto K.O.J. gia n ↑ ∞, dÐnontac epiplèon diorjwtikoÔc ìrouc sto A-

n�ptugma Edgeworth kai peraitèrw meÐwsh thc t�xhc tou sf�lmatoc o(n−[m−2]/2) sth
genik  perÐptwsh regularly varying katanom¸n me apoklÐnousec ropèc. Oi epiplèon au-
toÐ diorjwtikoÐ ìroi mporoÔn na ekfrasjoÔn se apl  kleist  morf  me ìrouc eidik¸n
sunart sewn (Dawson’s Integral and parabolic cylinder sunart seic) kai èqoun poio-
tikèc diaforèc exart¸menec, apì ton arijmì twn diajèsimwn rop¸n (an eÐnai �rtioc  
perittìc, akèraioc   pragmatikìc) kai akìmh apì to an oi katanomèc eÐnai summetrikèc  
ìqi. H prosèggish sto z thma thc kataskeu c twn anaptugm�twn Edgeworth ta opoÐ-
a ja suzht soume, eÐnai h sun jhc. Dhlad  pr¸ta anaptÔssome mia kat�llhlh seir�
(Gram-Charlier series) gia ton metasqhmatismì Fourier kai met� efarmìzoume Antistro-
f . H dom  twn apotelesm�twn pou ja parousi�soume afor� pr¸ta se summetrikèc
katanomèc kai katìpin epekteÐnetai se pio genikèc (regularly varying) puknìthtec.

109
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Sthn Par�grafo 1, dÐnoume touc anagkaÐouc orismoÔc kai prot�seic, epanalam-
b�nome ta ( dh anaferjènta sto Kef. 4) sun jh anaptÔgmata Edgeworth. Sthn
par�grafo 2 diatup¸nome ta kÔria jewr mata tou KefalaÐou stic paragr�fouc 3 kai
4 dÐnome thn apìdeixh twn jewrhm�twn aut¸n.

5.1 Regularly varying sunart seic kai idiìthtèc
touc

Dia lìgouc eukrÐneiac kai èmfashc twn apotelesm�twn wc proc tic poiotikèc dia-
forèc twn epiplèon diorjwtik¸n ìrwn sto An�ptugma Edgeworth, eÐnai anagkaÐo na k�-
noume orismènec upojèseic. 'Etsi jewroÔme i.i.d t.m. Xk.k ≥ 1 me EX1 = 0, V ar(X1) =
1 kai regularly varying puknìthta, sÔmfwna me ton ex c orismì.

Orismìc 5.1.1. Mia (metr simh) sun�rthsh v : R+ → R+ eÐnai kanonik� omal�
kumainìmenh (rgularly varying) sto ∞ me deÐkth p (smb. v ∈ RVp) an gia x > 0,

lim
t→∞

v(tx)

v(t)
= xp

O deÐkthc p onom�zetai ekjèthc thc kÔmanshc (exponent of variation) sto ∞.

MporoÔme (me profaneÐc allagèc) na mil soume gia regular variation sto 0.
Pr�gmati, prokÔptei �mesa apì ton orismì ìti v(x) eÐnai regularly varying sto ∞
ann v(x−1) eÐnai regularly varying sto 0.
An p = 0, h v onom�zetai slowly varying. Oi slowly varying sunart seic sumbolÐzontai
L(x). An h v eÐnai regularly varying sto p, tìte v(x)/xp eÐnai regularly varying sto
0 (�meso apì ton orismì). 'Etsi jètontac L(x) = v(x)/xp, blèpoume ìti eÐnai p�ntote
dunatì na parousi�soume mia p-varying sun�rthsh wc xpL(x)

Upojètoume, sugkekrimèna ìti h puknìthta twn Xk pou jewroÔme eÐnai thc mor-
f c:

f(x) = (1 + x)−(1+β)L+(x)I(x ≥ 0)

+ (1 + x)−(1+γ)L−(x)I(x < 0) (5.1.2)

ìpou β, γ > 2 kai L+(·), L−(·) eÐnai slowly varying sto ∞ (dhlad 

L±(cb)/L±(b)→ 1, b→∞)

Upojètome epÐshc
∫∞
−∞ |φ(θ)|dθ < +∞ ìpou Φ(θ) h χ.σ. thc Xk kai ψ(θ) = log(φ(θ)).

Gia Sn = X1 +X2 + . . .+Xn, n ≥ 1, jètome φn(θ) = E(exp(iθSn/n
1/2)) = φn(θ/n1/2)

(efìson oi Xn, n ≥ 1 eÐnai i.i.d).

EpÐshc, ψn(θ) = log(φn(θ)) = nψ(θ/n1/2). Epeid  ψ′(0) = 0, gia stajeropoihmè-
no θ ∈ R èqome

nψ(θ/n1/2) =
m∑
j=2

kj(iθ)
j

j!nj/2−1
+ o(

θm

nm/2−1
)
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an m < min{β, γ}, ìpou ta Kj eÐnai oi hmianalloÐwtec (cumulants) thc Xk (bl. 4.1.1)

φn(θ) = φn(θ/n1/2) = E(exp(iθSn/n
1/2))

= exp(log(φn(θ))) = exp(nψ(θ/n1/2))

= exp(−θ2/2) exp(
m∑
j=3

Kj(iθ)
j

j!nj/2−1
+ o(

1

nm/2−1
))

= exp(−θ2/2)

(
1 +

∞∑
k=1

1

k!

( m∑
j=3

Kj(iθ)
j

j!nj/2−1
+ o(

1

nm/2−1
)

)k)

= exp(−θ2/2)

(
1 +

m∑
q=3

q∑
k=1

1

k!
ξk,q(θ)

1

nq/2−1
+ o(

1

nm/2−1
)

)
(5.1.3)

ìpou ξk,q eÐnai o suntelest c tou 1
nq/2−1 sto an�ptugma thc

(∑q
j=3

Kj(iθ)
j

j!nj/2−1

)k
.

Epomènwc h �jroish sthn (5.1.3) èqei pr¸to ìroK3(iθ)3/n1/2, deÔtero ìro ton (K2
3(iθ)6/72+

K4(iθ)4/4!)( 1
n
) k.o.k. (bl. (4.1.7) kai (4.1.11): ξk,q(θ) = Pν(iθ)). UpenjumÐzome (bl.

Par�grafoc 4.1) ìti o antÐstrofoc metasqhmatismìc Fourier tou (−iθ)k exp(−θ2/2)

isoÔtai me dkn(x)
dxk

ìpou n(x) = 1√
2π

exp(−x2/2) kai epomènwc

dkn(x)

dxk
= n(x)(−1)kHk(x)

ìpou Hk(x) to k-ostì Hermite polu¸numo. Kat� sunèpeian, paÐrnontac antÐstrofo
metasqhmatismì Fourier eic amfìtera ta mèlh thc (5.1.3) sun�gome ìti h puknìthc
fSn/n1/2 thc t.m. Sn/n1/2 ikanopoieÐ

fSn/n1/2(x) = n(x) + n(x)
m∑
k=3

n(−k/2)+1Gk(x) + o(n(−m/2)+1) (5.1.4)

ìpou Gk(x) polu¸numo bajmoÔ to polÔ 3k, kai pou exart�tai mìnon apì tic k pr¸tec
hmianalloÐwtec (cumulants) thc Xj (bl. (4.1.17): Gk(x) ≡ qv(x)).

O stìqoc mac eÐnai na diakrib¸swme thn suneisfor� tou ìrou o(n−(m/2)+1) tou
sf�lmatoc sthn (5.1.4), kai to prìblhma eÐnai ìti ta sunakìlouja Gk(x) (gia k ≥
min{β, γ}) emperièqoun ropèc   (cumulants) pou den orÐzontai giaXj. H lusitel c idèa
eÐnai na jèsome ψ(θ) = x(θ)+ξ(θ) ìpou x(·) eÐnai analutik  sun�rthsh se mia perioq  tou
0, en¸ h ξ(·) eÐnai mh analutik  sun�rthsh. H diaqeÐrhsh thc analutik c sunist¸sac
x(·), odhgeÐ sto sÔnhjec An�ptugma Edgeworth ìpwc sthn (5.1.4) epomènwc to kaÐrio
z thma eÐnai h an�lush tou ξ(·) h opoÐa, ìpwc ja doÔme, par�gei ta kÔria jewr mata 1
kai 2 tou parìntoc kefalaÐou ta opoÐa epekteÐnoun thn (5.1.4).

Mia qr simh idiìthta tou L± (gia lìgouc aploÔsteushc L) kai aparaÐthth gia ta
epìmena, dÐdetai sthn akìloujh
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Prìtash 5.1.2. IsqÔei ìti

L(x) = o(JL(x)), x→∞ (5.1.5)

ìpou h sun�rthsh JL(x) orÐzetai wc

JL(x) =

∫ x

1

L(u)

u
du (5.1.6)

Apìdeixh. Apì thn upìjesh

∫ +∞

−∞
|φ(θ)|dθ < ∞ kai to Por. 1 PRT, èpetai ìti

f(x) eÐnai suneq c sto R. Tìte h (5.0.2) sunep�getai ìti L± eÐnai suneq c sto [0,∞)
me L+(0) = L−(0). T¸ra, qrhsimopoi¸ntac to L mma Fatou kai k�nontac allag 
metablht c èqome

lim inf
x→∞

∫ x

1

L(u)

u
du

L(x)
= lim inf

x→∞

∫ x

1

L(u)

L(x)u
du

u=xs
= lim inf

x→∞

∫ 1

1/x

L(xs)x

L(x)sx
ds

= lim inf
x→∞

∫ 1

1/x

L(xs)

L(x)

1

s
ds

≥
∫ 1

1/x

lim inf
x→∞

L(xs)

L(x)

1

s
ds

=

∫ 1

0

1

s
ds = +∞

'Etsi edeÐqjh h (5.1.5).

DÔo eidikèc sunart seic, anagkaÐec gia ta epìmena, orÐzontai wc:
Olokl rwma Dawson D(z):

D(z) = e−z
2

∫ z

0

et
2

dt (5.1.7)

Kai h Klassik  parabolik  kulindrik  sun�rthsh (classical parabolic cylinder function)
Dv(z) me par�metro v ¸ste Re(v) > −1:

Dv(z) =

√
2

π
ez

2/4

∫ ∞
0

e−t
2/2tv cos(zt− vπ

2
)dt (5.1.8)

Merikèc, qr simec gia ta epìmena, idiìthtec twn regularly varying sunart sewn
dÐdontai stic akìloujec prot�seic:
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Je¸rhma 5.1.3. (Karamata)
a) An p ≥ −1 tìte v ∈ RVp sunep�getai ìti

∫ x
0
v(t)dt ∈ RVp+1 kai

lim
x→∞

xv(x)∫ x
0
v(t)dt

= p+ 1

An p < −1 (  p = −1 kai
∫∞
x
v(s)ds <∞) tìte v ∈ RVp sunep�getai ìti

∫∞
x
v(t)dt <

∞,
∫∞
x
v(t)dt ∈ RVp+1 kai

lim
x→∞

xv(x)∫∞
x
v(t)dt

= −p− 1

b)An h v ikanopoieÐ

lim
x→∞

xv(x)∫ x
0
v(t)dt

= λ ∈ (0,∞)

tìte v ∈ RVλ−1. An
∫∞
x
v(t)dt <∞ kai

lim
x→∞

xv(x)∫∞
x
v(t)dt

= λ ∈ (0,∞)

tìte v ∈ RV−λ−1.

Apìdeixh. ParaleÐpetai (bl. [11]).

Pìrisma 5.1.4. (Anapar�stash Karamata) H L eÐnai slowly varying ann mporeÐ na
parastajeÐ wc

L(x) = c(x) exp(

∫ x

1

t−1ε(t)dt) (a)→ 0

gia x > 0, ìpou c : R+ → R+, ε : R+ → R+ kai limx→∞ c(x) = c ∈ (0,∞) (b),
limt→∞ ε(t) (c)

Apìdeixh. An h L èqei thn par�stash (a) tìte eÐnai slowly varying efìson gia x > 1

lim
t→∞

L(tx)/L(t) = lim
t→∞

(c(tx)/c(t)) exp(

∫ tx

x

s−1ε(s)ds)

Dojèntoc ε > 0, up�rqei t0 (apì thn (c)), ¸ste −ε < ε(t) < ε, t ≥ t0. Epomènwc,

−ε log(x) = −ε
∫ tx

x

s−1ds ≤
∫ tx

t

s−1ε(s)ds ≤ ε

∫ tx

t

s−1ds = ε log(x)

Ek thc prohgoÔmenhc èpetai

lim
t→∞

∫ tx

t

s−1ε(s)ds = 0 kai lim
t→∞

L(tx)

L(t)
= 1
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Dhlad  h L eÐnai slowly varying.
AntÐstrofa, upojètome ìti L ∈ RV0. Apì to Je¸rhma (Karamata) èpetai

b(x) := xL(x)/

∫ X

0

L(s)ds→ 1, x→∞

'Eqome,

L(x) = x−1b(x)

∫ x

0

L(s)ds

Jètome ε(x) = b(x)− 1. ètsi ε(x)→ 0, x→∞ kai∫ x

1

t−1ε(t)dt =

∫ x

1

(L(t)/

∫ t

0

L(s)ds)dt− log(x)

=

∫ x

1

d(log(

∫ 1

0

L(s)ds))− log(x)

= log(
1

x

∫ x

0

L(s)ds/

∫ 1

0

L(s)ds)

Epomènwc,

exp(

∫ x

1

t−1ε(t)dt) =
1

x

∫ x

0

L(s)ds/

∫ 1

0

L(s)ds

= L(x)/(b(x)

∫ 1

0

L(s)ds)

Telik�

L(x) = b(x)

∫ 1

0

L(s)ds exp(

∫ x

1

t−1ε(t)dt)

= c(x) exp(

∫ x

1

t−1ε(t)dt)

Parat rhsh 1
An v ∈ RVp tìte h v èqei thn par�stash

v(x) = c(x) exp(

∫ x

1

t−1p(t)dt)

ìpou c(·) ikanopoieÐ th (b) kai limt→∞ p(t) = p. Autì prokÔptei apì to Pìr. (5.1.4)
jètontac v(x) = xpL(x) kai qrhsimopoi¸ntac thn par�stash gia thn L.

Prìtash 5.1.5. An v ∈ RVp, p ∈ R tìte up�rqei t0 tètoio ¸ste gia x ≥ 1 kai t ≥ t0

(1− ε)xp−ε < v(tx)

v(t)
< (1 + ε)xp+ε (5.1.9)

gia ε > 0.
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Apìdeixh. Qrhsimopoi¸ntac thn anapar�stash Karamata (Pìr. 5.1.4) kai thn
Parat rhsh 1, èqome

v(tx)/v(x) = (c(tx)/c(t)) exp(

∫ x

0

s−1p(ts)ds)

kai to apotèlesma prokÔptei �mesa, efìson mporoÔme na epilèxoume t0 ¸ste t > t0
sunep�getai

p− ε < p(ts) < p+ ε, s > 1

opìte

(p− ε) log(x) = (p− ε)
∫ x

1

s−1ds ≤
∫ x

1

p(ts)s−1ds ≤ (p+ ε)

∫ x

1

s−1ds = (p+ ε) log(x)

kai h zhtoumènh èpetai.

Prìtash 5.1.6. 'Estw L slowly varying sun�rthsh pou eÐnai suneq c sto [0,∞).
Tìte ∀δ > 0 mporoÔme na epilèxoume èna η > 0 tètoio ¸ste gia 0 < θ < η,

L(x
θ
)

L(1
θ
)
≤

{
cxδ, x > 1

cx−δ, x ≥ 1
(5.1.10)

ìpou c mia jetik  stajer�.

Apìdeixh. Apì thn (5.1.9), up�rqei c > 0 tètoio ¸ste,

(1− δ)x−δ ≤ L(xt)

L(t)
≤ (1 + δ)x−δ, ∀x ≥ 1, t ≥ c (5.1.11)

IdiaÐtera, h pr¸th anisìthc sthn (5.1.10) isqÔei me η = 1
c
. Efìson h L eÐnai slowly

varying èqome tδL(t) → ∞ gia t → ∞. ètsi up�rqei b > c ¸ste tδL(t) ≥ 1, ∀t ≥ b
Epeid  h L eÐnai suneq c sto [0,∞) èqome a := supt∈[0,b] L(t) <∞.

'Estw t¸ra 0 < x ≤ 1 kai t ≥ b dedomèno. An xt ≥ b, èqome L(xt) ≤ 1
1−δx

−δL(t)
(antikajist¸ntac t me xt kai x me 1/x sthn pr¸th anisìthta thc (5.1.11).
An xt ≤ b èqome,

L(xt) ≤ a ≤ atδL(t) ≤ abδx−δL(t)

Epomènwc, jètontac c = 1
1−δ + abδ èqome

L(xt) ≤ cx−δL(t)

gia k�je 0 < x ≤ 1 kai gia ìla ta t ≥ b pou apodeiknÔei th deÔterh anisìthta sthn
(5.1.10) me η = 1/b. Jètontac η = 1

c
Λ(1

b
) paÐrnoume pl rec to apotèlesma.
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5.2 Ta kÔria jewr mata

Sthn par�grafo aut  diatup¸nome ta duo kÔria jewr mata tou parìntoc kefalaÐou,
 toi to J. 5.2.1 pou afor� sth genik  perÐptwsh thc mh summetrik c puknìthtac (to
opoÐo ja apodeiqjeÐ sto tèloc tou kefalaÐou) kai to J. 5.2.2 pou anafèretai se t.m.
me summetrik  puknìthta ( h apìdeixh tou opoÐou apoteleÐ to antikeÐmeno thc §5.3).
Diatup¸nome akìmh mia prìtash h opoÐa dÐnei thn an�lush tou ψ(θ) (pou apodeiknÔetai
epÐshc sth §5.3)

Je¸rhma 5.2.1. 'Estwsan {Xk, k ≥ 1} i.i.d. t.m. me EX1 = 0, V (X1) = 1 kai

puknìthta sÔmfwna me thn (5.1.2). EpÐshc upojètome ìti
∫ +∞
−∞ |φ(θ)|dθ < ∞ Gia

stajeropoihmèno x > 0, èqome

fSn/n1/2(x) = η(x)

(
1 +

∑
3≤j<min(β,γ)

Gj(x)

nj/2−1

)
+ F (x, n) + o(F (x, n))

gia n → ∞ ìpou Gj(x), j < min(β, γ) eÐnai oi sÔnhjeic Edgeworth suntelestèc (bl.
sqìlia met� thn 5.1.3) kai F (x, n) orÐzetai sÔmfwna me tic akìloujec peript¸seic:

PerÐptwsh 1: β = γ = α. Tìte:
-Gia �rtio α èqoume:

F (x, n) =
1

Γ(a+ 1)nα/2−1

(
e−x

2/2

√
2π

Ha(x)(JL+(n1/2x)) +

+ JL−(n1/2x)− 1√
2

dα

dxα
D(x/

√
2)(L+(n1/2x)− L−(n1/2x))

)
-Gia perittì α:

F (x, n) =
1

Γ(a+ 1)nα/2−1

[(
e−x

2/2

√
2π

Ha(x)(JL+(n1/2x))−

− JL−(n1/2x)

)
− 1√

2

dα

dxα
D(x/

√
2)

(
L+(n1/2x) + L−(n1/2x)

)]
-Gia α mh akèraio:

F (x, n) = −
√
π

2

e−x
2/4

Γ(a+ 1) sin(απ)nα/2−1

(
Dα(x)L+(n1/2x) +

+ Dα(−x)L−(n1/2x)

)

PerÐptwsh 2: β < γ. Tìte:

F (x, n) =


Hβ(x)e−x

2/2

√
2πΓ(β+1)

JL+
(n1/2x)

nβ/2−1 , β ∈ Z

−
√

π
2

Dβ(x)e−x
2/4

Γ(β+1) sin(βπ)
L+(n1/2x)

nβ/2−1 , β /∈ Z
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PerÐptwsh 3: β > γ. Tìte:

F (x, n) =


Hγ(x)e−x

2/2
√

2πΓ(γ+1)

JL− (n1/2x)

nγ/2−1 , γ ∈ 2Z

−Hγ(x)e−x
2/2

√
2πΓ(γ+1)

JL− (n1/2x)

nγ/2−1 , γ ∈ 2Z + 1

−
√

π
2

Dγ(−x)e−x
2/4

Γ(γ+1) sin(γπ)
L−(n1/2x)

nγ/2−1 , γ /∈ Z

ìpou Hk(z), D(z), Dv(z) eÐnai, antistoÐqwc, ta Hermite polu¸numa t�xhc k, olokl rw-
ma Dawson kai klassik  parabolik  kulindrik  sun�rthsh me par�metro v.

Na shmei¸soume ìti to je¸rhma autì dhl¸nei to apotèlesma gia x > 0. Gia
x < 0, jewroÔme apl¸c −Xk kai −Sn/n1/2, kai to apotèlesma an�getai sth perÐptwsh
x > 0.

To prohgoÔmeno apotèlesma, mporoÔme na to antimetwpÐsoume, jewr¸ntac pr¸-
ta thn summetrik  puknìthta kai katìpin diasp¸ntac thn mh summetrik  puknìthta
se perittèc kai �rtiec sunart seic tic opoÐec qeirizìmaste qwrist�, qrhsimopoi¸ntac
to apotèlesma gia thn summetrik  perÐptwsh. Gia th summetrik  perÐptwsh dhlad 
β = γ = α kai L ≡ L+ ≡ L−, èqome thn akìloujh komyìterh diatÔpwsh tou apotelè-
smatoc.

Je¸rhma 5.2.2. 'Estwsan {Xk, k ≥ 1} i.i.d t.m. me V ar(X1) = 1 kai summetrik 

puknìthta f(x) = (1+|x|)−(α+1)L(|x|), α > 2. Epiplèon upojètome ìti
∫ +∞
−∞ |φ(θ)|dθ <

∞. Tìte gia stajeropoihmèno x ∈ R èqome

fSn/n1/2(x) = η(x)

(
1 +

∑
3≤j<α,j∈2Z

Gj(x)

nj/2−1

)
+

+

{
L(n1/2x)

nα/2−1 Gα(x) + o(L(n1/2x)

nα/2−1 ), α /∈ 2Z
JL(n1/2x)

nα/2−1 Gα(x) + o(JL(n1/2x)

nα/2−1 ), α ∈ 2Z

gia n→∞, ìpou JL orÐzetai ¸c sthn (5.1.6). Ed¸ Gj(x) eÐnai oi sun jeic Edgeworth
suntelestèc (blèpe sqìlia met� thn 5.1.3) en¸ Gα(x) orÐzetai wc:

Gα(x) =


−

√
2

Γ(α+1)
dα

dxα
D( x√

2
), a ∈ 2Z + 1

−
√

π
2

e−x
2/4

Γ(a+1) sin(απ)
(Dα(x) +Dα(−x)), a /∈ Z√

2
π

e−x
2/2

Γ(a+1)
Hα(x), a ∈ 2Z

(5.2.12)

kai D(z), Dv(z), Hk(z) eÐnai, antistoÐqwc, Dawson’s olokl rwma, klassik  parabolik 
kulindrik  sun�rthsh me par�metro v, Hermite polu¸numo t�xhc k.

'Opwc  dh anafèrame sthn arq  tou KefalaÐou, h an�lush tou prohgoÔmenou
apotelèsmatoc, emplèkei th sumperifor� thc mh analutik c sunist¸sac ξ tou φ(θ).
Sqetik  eÐnai h akìloujh prìtash:
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Prìtash 5.2.3. 'Estw mia summetrik  puknìthc (ìpwc sto Je¸rhma 5.2.2) 'Eqome,

ψ(θ) = x(θ) + ξ(θ) + o(ξ(θ)) (5.2.13)

ìpou,

x(θ) =
∑

1≤j<a,j∈2Z

(−1)j/2Kj

j!
θj (5.2.14)

eÐnai to sÔnhjec an�ptugma Taylor wc th megalÔterh se t�xh rop , kai

ξ(θ) =

{
− π

Γ(α+1) sin(απ/2)
|θ|αL( 1

|θ|), a /∈ 2Z
2(−1)α/2

Γ(α+1)
|θ|αJL( 1

|θ|), a ∈ 2Z
(5.2.15)

eÐnai h mh analutik  sunist¸sa tou ψ(θ). H JL orÐzetai ¸c sthn (5.1.6).

Me th di�spash tou ψ(θ) kai lìgw summetrikìthtoc thc puknìthtoc, lamb�nome,
(ìpwc sthn 5.1.3),

E(exp(iθSn/n
1/2)) = exp(−θ2/2)

(
1 +

m∑
q=3

q∑
k=1

1

k!
ξk,q(θ)

1

nq/2−1

+ nξ(
θ

n1/2
) + o(nξ(

θ

n1/2
)) (5.2.16)

To olokl rwma Dawson kai oi �llec eidikèc sunart seic, prokÔptoun tìte wc o
antÐstrofoc metasqhmatismìc Fourier tou e−θ

2/2|θ|α pou emfanÐzetai sto mh analutikì
ìro thc prohgoumènhc èkfrashc.

Sto upìloipo autoÔ tou kefalaÐou, parousi�zontai oi anagkaÐec leptomèreiec gia
thn an�lush tou ξ(θ) kaj¸c kai o antÐstrofoc metasqhmatismìc Fourier pou apaiteÐtai
gia thn apìdeixh tou J. 5.2.2 kai katìpin tou J. 5.2.1.

5.3 Summetrik  puknìthc

H epidÐwxh mac sth par�grafo aut  eÐnai h apìdeixh tou J. 5.2.2. H prosèggish pou
uiojetoÔme eÐnai h  dh perigrafeÐsa sthn eisagwg  tou KefalaÐou, dhlad  anaptÔssome
thn χ.σ. miac summetrik c regularly varying puknìthtoc (epomènwc kai thc genn triac
sun�rthshc twn cumulants) kai akoloÔjwc ènan antÐstofo metasqhmatismì Fourier.
Dia lìgouc mejodologikoÔc exet�zome pr¸ta, me leptomèreiec th fÔsh thc prosèggishc
se èna aploÔstero par�deigma, autì thc summetrik c Pareto puknìthtoc.

Par�deigma 5.3.1. (Pareto puknothta) JewroÔme ed¸, ìti

f(x) =
af

1 + |x|1+α
, x ∈ R (5.3.17)

ìpou af kanonikopoioÔsa stajer� thc f(x). p.q. an af = π/
√

2 an α = 3.

Me aut n èqome thn aploÔsterh èkfrash tou anaptÔgmatoc.
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Prìtash 5.3.2. Gia t.m. me puknìthta thn (5.3.17)   χ.σ. paÐrnei thn morf 

φ(θ) = 1 +
∑

2≤j<a,j∈2Z

(−1)j/2mjθ
j

j!

+

{ −πaf
Γ(α+1) sin(aπ

2
)
|θ|α + o(|θ|α), a /∈ 2Z

−2(−1)α/2af
Γ(α+1)

|θ|α log(|θ|) + o(|θ|α log(|θ|)), a ∈ 2Z
(5.3.18)

gia θ → 0, ìpou mj eÐnai h j−ost  rop  thc t.m.

H apìdeixh thc prìtashc diakrÐnetai se 4 peript¸seic: α perittìc, α �rtioc kai
mh akèraioc me akèraio mèroc perittì kai �rtio. K�je perÐptwsh emplèkei thn eÔresh
miac asumptwtik c èkfrashc gia èna olokl rwma, ìpwc ta epìmena. EpÐshc shmei¸nome
ìti efìson h puknìthc eÐnai summetrik , h χ.σ. eÐnai pragmatik  kai summetrik . 'Etsi
mporoÔme na jewr soume q.b.g. θ > 0. Epiplèon ja qrhsimopoi soume ton sumbolismì
∼ gia sqèsh isodunamÐac, p.q. f(x) ∼ g(x)⇔ f(x)/g(x)→ 1 gia x↘ 0 (  x↗∞).

L mma 5.3.3. Gia θ ↘ 0 èqome 4 asumptwtikèc isìthtec:
PerÐptwsh 1: α perittìc.∫ +∞

−∞

xα−1(eiθx − 1)

1 + |x|1+α
dx ∼ −πθ (5.3.19)

PerÐptwsh 2: α �rtioc.∫ +∞

−∞

xα−1eiθx

1 + |x|1+α
dx ∼ −2iθ log(θ) (5.3.20)

Gia a mh akèraio, sumbolÐzome q = [a] to akèraio mèroc tou a. Tìte

PerÐptwsh 3: q �rtioc.∫ +∞

−∞

xq(eiθx − 1)

1 + |x|1+α
dx ∼ 2θα−qΓ(−α + q) cos((−α + q)π/2) (5.3.21)

PerÐptwsh 4: q perittìc∫ +∞

−∞

xqeiθx

1 + |x|1+α
dx ∼ 2iθα−qΓ(−α + q) sin((−α + q)π/2) (5.3.22)

Apìdeixh. PerÐptwsh 1: α perittìc. Efìson α perittìc, h oloklhrwtèa eÐnai
summetrik  sun�rthsh kai mporoÔme na gr�youme:∫ +∞

−∞

xα−1(eiθx − 1)

1 + |x|1+α
dx = 2

∫ +∞

0

xα−1(cos(θx)− 1)

1 + x1+α
dx

u=θx
= 2θ

∫ +∞

0

uα−1(cosu− 1)

θ1+α + u1+α
du (5.3.23)
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me allag  metablht c sth deÔterh isìthta.

Epeid  ∣∣∣∣uα−1(cosu− 1)

θ1+α + u1+α

∣∣∣∣ ≤ 1

u2
| cosu− 1|

kai 1
u2
| cosu−1| eÐnai oloklhr¸simh, apì to je¸rhma Kuriarqhmènhc SÔgklishc (J.K.S.)

èqome ∫ +∞

0

uα−1(cosu− 1)

θ1+α + u1+α
du→

∫ +∞

0

cosu− 1

u2
du = −π/2 (5.3.24)

gia θ → 0.

Apì tic (5.3.23),(5.3.24) èpetai h 5.3.19.

PerÐptwsh 2: α �rtioc. Epeid  h xα−1eiθx

1+|x|α+1 eÐnai peritt  sun�rthsh. 'Eqome

∫ +∞

−∞

xα−1eiθx

1 + |x|1+α
dx =

∫ +∞

−∞

xα−1(cos(θx) + i sin(θx))

1 + |x|1+α
dx

= 2i

∫ +∞

0

xα−1 sin(θx)

1 + x1+α
dx

u=θx
= 2iθ

∫ +∞

0

uα−1 sinu

θ1+α + u1+α
du (5.3.25)

(me allag  metablht c u = θx sthn teleutaÐa isìthta). Gr�foume∫ +∞

0

uα−1 sinu

θ1+α + u1+α
du =

∫ 1

0

uα−1 sinu

θ1+α + u1+α
du+

∫ +∞

1

uα−1 sinu

θ1+α + u1+α
du (5.3.26)

T¸ra,∫ +∞

1

uα−1 sinu

θ1+α + u1+α
du ≤

∣∣∣∣ ∫ +∞

1

uα−1 sinu

θ1+α + u1+α
du

∣∣∣∣ ≤ ∫ +∞

1

1

u2
dx <∞ (5.3.27)

Akìmh èqoume,

∫ 1

0

uα−1 sinu

θ1+α + u1+α
du =

∫ 1

0

uα−1(u− u3

3!
+ . . .+ (−1)ν u2ν+1

(2ν+1)!
cos(kx))

θ1+α + u1+α
du

=

∫ 1

0

uα

θ1+α + u1+α
du

+

∫ 1

0

uα−1(−u3

3!
+R2(u))

θ1+α + u1+α
du

=

∫ 1

0

uα

θ1+α + u1+α
du+R(θ) (5.3.28)
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ìpou 0 < k < 1, R2(u) = (−1)2 u5

5!
cos(kx) kai |R2(u)| ≤ |u|5

5!
≤ 1

5!
(an�ptugma Taylor

thc sun�rthshc sinu sto [0, 1]). EpÐshc,

|R(θ)| =

∣∣∣∣ ∫ 1

0

uα−1(−u3

3!
+R2(u))

θ1+α + u1+α
du

∣∣∣∣
≤ 1

3!

∫ 1

0

uα+2

θ1+α + u1+α
du

+
1

5!

∫ 1

0

uα+4

u1+α
du

≤ C

∫ 1

0

uα+2

θ1+α + u1+α
du

≤ C

∫ 1

0

udu = O(1) (5.3.29)

ìpou C jetik  stajer� (efìson
∫ 1

0
u3du <∞ ) kai∫ 1

0

uα

θ1+α + u1+α
du =

1

α + 1

∫ 1

0

d(θ1+α + u1+α)

θ1+α + u1+α

=
1

α + 1
log(θ1+α + u1+α)

∣∣∣∣1
0

∼ − log(θ) (5.3.30)

1
α+1

log(θ1+α + 1) ∼ log(1) efìson apì thn 0 < θx < 1, kai thn deÔterh isìthta thc
(5.3.25), èpetai 0 < θ < 1 opìte θ1+α << 1 gia a > 2.

Apì tic (5.3.25),(5.3.26),(5.3.27),(5.3.28),(5.3.29) kai (5.3.30) èpetai h (5.3.20).

PerÐptwseic 3 kai 4: α mh akèraioc me q �rtio kai perittì.
H apìdeixh eÐnai ìmoia me tic duo prohgoÔmenec peript¸seic. Gia q �rtio, èqoume∫ +∞

−∞

xq(eiθx − 1)

1 + |x|1+α
dx = 2

∫ +∞

0

xq(cos(θx)− 1)

1 + x1+α
dx

u=θx
= 2θα−q

∫ +∞

0

uq(cosu− 1)

θ1+α + u1+α
du

T¸ra, ∣∣∣∣ uq

θ1+α + u1+α
(cosu− 1)

∣∣∣∣ ≤ ∣∣∣∣cosu− 1

u1+α−q

∣∣∣∣
kai epeid  h teleutaÐa eÐnai oloklhr¸simh sun�rthsh, apì to je¸rhma Kuriarqhmènhc
sÔgklishc lamb�nome,∫ +∞

0

uα−1(cosu− 1)

θ1+α + u1+α
du→

∫ +∞

0

(cosu− 1)

u1+α−q du

gia θ → 0. Epomènwc,∫ +∞

−∞

xq(eiθx − 1)

1 + |x|1+α
dx ∼ 2θα−q

∫ +∞

0

(cosu− 1)

u1+α−q du (5.3.31)
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Gia q perittì, èqome

∫ +∞

−∞

xqeiθx

1 + |x|1+α
dx = 2i

∫ +∞

0

xq sin(θx)

1 + x1+α
dx

u=θx
= 2iθα−q

∫ +∞

0

uq sinu

θ1+α + u1+α
du

∼ 2iθα−q
∫ +∞

0

sinu

u1+α−q du (5.3.32)

kai h asumptwtik  isìthc prokÔptei ìmoia apì to je¸rhma Kuriarqhmènhc SÔgklishc.
Qrhsimopoi¸ntac thn,

∫ +∞

0

uz−1(eiu − 1)du = Γ(z)eizπ/2, −1 < Re(z) < 0

paÐrnoume

∫ ∞
0

cosu− 1

u1+α−q du = Γ(−α + q) cos((−α + q)π/2) (5.3.33)

kai

∫ ∞
0

sinu

u1+α−q du = Γ(−α + q) sin((−α + q)π/2) (5.3.34)

Apì tic (5.3.31) kai (5.3.33), (5.3.32) kai (5.3.34) prokÔptoun oi apodeiktèec sqèseic,
gia q �rtio, q perittì antÐstoiqa.

T¸ra ja apodeÐxoume thn Prìtash 5.3.2. H apìdeixh basik� metatrèpei thn
(5.3.18) se ekfr�seic me ìrouc twn prohgoÔmenwn 4 oloklhrwm�twn mèsw pollapl c
qr shc tou kanìnoc L’Hospital.

Apìdeixh Prìtashc 5.3.2
ArkeÐ na jewr soume θ > 0. P�li jewroÔme perÐptwsh proc perÐptwsh:

PerÐptwsh 1: α perittìc.
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Efarmìzontac kanìna L’Hospital diadoqik� gia α− 1 forèc, èqome

lim
θ→0

∫ +∞
−∞

af eiθx

1+|x|1+αdx− 1−
∑

1≤j<a,j∈2Z
(−1)j/2mjθ

j

j!

θα
=

lim
θ→0

∫ +∞
−∞

af ixeiθx

1+|x|1+αdx−
∑

1≤j<a,j∈2Z
(−1)j/2mjθ

j−1

(j−1)!

αθα−1
=

lim
θ→0

∫ +∞
−∞

af (ix)2eiθx

1+|x|1+α dx−
∑

2≤j<a,j∈2Z
(−1)j/2mjθ

j−2

(j−2)!

α(α− 1)θα−2
=

...
...

lim
θ→0

∫ +∞
−∞

af (ix)α−1eiθx

1+|x|1+α dx−
∑

a−1≤j<a,j∈2Z
(−1)j/2mjθ

j−a+1

(j−a+1)!

α(α− 1) . . . [α− (α− 2)]θα−(α−1)
=

lim
θ→0

∫ +∞
−∞

af (ix)α−1eiθx

1+|x|1+α dx− (−1)(α−1)/2mα−1θ
α−1−(α−1)

α!θ
=

lim
θ→0

∫ +∞
−∞

af (i2)(α−1)/2xα−1eiθx

1+|x|1+α dx− (−1)(α−1)/2
∫ +∞
−∞

xα−1afθ
0

1+|x|1+α

α!θ
=

(−1)(α−1)/2af
α!

lim
θ→0

∫ +∞
−∞

xα−1(eiθx−1)
1+|x|1+α dx

θ
=

(−1)(α−1)/2

α!
af (−π) =

(−1)(α+1)/2afπ

α!
=

(−1)πaf (−1)(α+1)/2

Γ(a+ 1) sin(απ/2)

Dhlad  edeÐxame

lim
θ→0

∫ +∞
−∞

af eiθx

1+|x|1+αdx− 1−
∑

1≤j<a,j∈2Z
(−1)j/2mjθ

j

j!
+

πaf (−1)(α+1)/2θα

Γ(a+1) sin(απ/2)

θα
= 0

IsodÔnama,∫ +∞

−∞

afe
iθx

1 + |x|1+α
dx = 1 +

∑
1≤j<a,j∈2Z

(−1)j/2mjθ
j

j!
− πafθ

α

Γ(a+ 1) sin(απ/2)
+ o(θα)

ìpou to teleutaÐo b ma thc apìdeixhc èpetai apì thn (5.3.19). Na shmei¸soume ìti to
olokl rwma se k�je b ma eÐnai peperasmèno efìson up�rqoun oi ropèc ewc kai α − 1
t�xhc.

PerÐptwsh 2: α �rtioc.

Qrhsimopoi¸ntac th sqèsh,

dm

dtm
tα log(t) = α(α− 1) . . . (α−m+ 1)tα−m log(t) + γα−mt

α−m
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gia m = 1, . . . , α − 1, ìpou γα−m stajerèc kai efarmìzontac ton kanìnta L’Hospital
gia α− 1 forèc, ìpwc akrib¸c sthn PerÐptwsh 1, lamb�noume,

lim
θ→0

∫ +∞
−∞

af eiθx

1+|x|1+αdx− 1−
∑

1≤j<a,j∈2Z
(−1)j/2mjθ

j

j!

θα log θ
=

lim
θ→0

∫ +∞
−∞

af ixeiθx

1+|x|1+αdx−
∑

1≤j<a,j∈2Z
(−1)j/2mjθ

j−1

(j−1)!

αθα−1 log θ + θα−1
=

...
...

lim
θ→0

∫ +∞
−∞

af (ix)α−1eiθx

1+|x|1+α dx

α!θ log θ + γ1θ
=

af i
α−1

α!
lim
θ→0

∫ +∞
−∞

xα−1eiθx

1+|x|1+αdx

θ log θ
=

af i
α−1(−2)iθ log θ

α!θ log θ
=

−2(−1)α/2af
α!

ìpou sthn teleutaÐa isìthta, qrhsimopoi jhke h (5.3.20).

OÔtwc edeÐqjh ìti

∫ +∞

−∞

afe
iθx

1 + |x|1+α
dx = 1 +

∑
1≤j<a,j∈2Z

(−1)j/2mjθ
j

j!

− 2(−1)α/2afθ
α log θ

Γ(a+ 1)
+ o(θα log θ)

PerÐptwsh 3 kai 4: α ìqi akèraioc me q = [α] �rtio kai perittì.

Akolouj¸ntac thn Ðdia gramm  apìdeixhc ìpwc stic duo prohgoÔmenec peript¸-
seic, èqoume:
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Gia q �rtio,

lim
θ→0

∫ +∞
−∞

af eiθx

1+|x|1+αdx− 1−
∑

1≤j<a,j∈2Z
(−1)j/2mjθ

j

j!

θα
=

...
...

lim
θ→0

af i
q
∫ +∞
−∞

xq(eiθx−1)
1+|x|1+α dx

α(α− 1) . . . (α− q + 1)θα−q
=

lim
θ→0

(−1)q/2afΓ(α− q + 1)
∫ +∞
−∞

xq(eiθx−1)
1+|x|1+α dx

Γ(α + 1)θα−q
=

(−1)q/2afΓ(α− q + 1)

Γ(α + 1)
2Γ(−α + q) cos((−α + q)π/2)

(?)
=

2(−1)q/2πaf cos((−α + q)π/2)

Γ(α + 1) sin((−α + q)π)
=

2(−1)q/2πaf cos((−α + q)π/2)

Γ(α + 1)2 sin((−α + q)π/2) cos((−α + q)π/2)
=

− (−1)q/2πaf
Γ(α + 1) sin((α− q)π/2)

=

− (−1)q/2πaf
Γ(α + 1) sin(απ/2) cos(qπ/2)

=

− πaf
Γ(α + 1) sin(απ/2)

(?) Qrhsimopoi same thn sqèsh thc sun�rthshc G�mma Γ(z)Γ(1− z) = π
sinπz

.
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Gia q perittì,

lim
θ→0

∫ +∞
−∞

af eiθx

1+|x|1+αdx− 1−
∑

1≤j<a,j∈2Z
(−1)j/2mjθ

j

j!

θα
=

...
...

lim
θ→0

af i
q
∫ +∞
−∞

xqeiθx

1+|x|1+αdx

α(α− 1) . . . (α− q + 1)θα−q
=

(−1)(q+1)/2afΓ(α− q + 1)

Γ(α + 1)
2Γ(−α + q) sin((q − α)π/2) =

2(−1)(q+1)/2πaf sin((−α + q)π/2)

Γ(α + 1) sin((−α + q)π)
=

(−1)(q+1)/2πaf
Γ(α + 1) cos((−α + q)π/2)

=

(−1)(q+1)/2πaf
Γ(α + 1) sin(απ/2) sin(qπ/2)

=

− πaf
Γ(α + 1) sin(απ/2)

Sthn apìdeixh twn Peript¸sewn 3 kai 4 qrhsimopoi jh to L. 5.3.3 ( (5.3.21) kai
(5.3.22) ), oi trigwnometrikèc tautìthtec:

sinα = 2 sin(α/2) cos(α/2)

sin(α− β) = sinα cos β − sin β cosα

cos(α− β) = cosα cos β + sinα sin β

kai h sqèsh thc sun�rthshc G�mma:

Γ(z)Γ(1− z) =
π

sin(πz)

(
Γ(z)Γ(1− z) =

∫ ∞
0

∫ ∞
0

e−(s+t)s−ztz−1dsdt
u=s+t,v=t/s

=

∫ ∞
0

∫ ∞
0

e−uvz−1dudv/(1 + v)

=

∫ ∞
0

vz−1/(1 + v)dv =
π

sin(πz)

)

5.4 Regularly Varying puknìthc

Sthn Par�grafo aut  epekteÐnome to apotèlesma thc P. 5.3.2, se puknìthtec me
regularly varying our�, tou tÔpou

f(x) =
L(|x|)

1 + |x|1+a
, x ∈ (−∞,∞) (5.4.35)
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ìpou L suneq c slowly varying sun�rthsh sto [0,∞).

Prìtash 5.4.1. H χ.σ. t.m. me puknìthta tou tÔpou 5.4.35 paÐrnei th morf 

φ(θ) = 1 +
∑

2≤j<α,j∈2Z

(−1)j/2mjθ
j

j!

+

{
−π

Γ(α+1) sin(aπ
2

)
|θ|αL( 1

|θ|) + o(|θ|αL( 1
|θ|)), a /∈ 2Z

2(−1)α/2

Γ(α+1)
|θ|αJL( 1

|θ|) + o(|θ|αJL( 1
|θ|)), a ∈ 2Z

(5.4.36)

Gia na apodeÐxoume thn P. 5.4.1, ja qreiasjoÔme to epìmeno L mma, antÐstoiqo
tou L. 5.3.3, gia regularly varying puknìthta

L mma 5.4.2. Gia θ ↘ 0, èqome tic akìloujec tèssereic asumptwtikèc isìthtec:
PerÐptwsh 1: α perittìc.∫ ∞

−∞

xα−1L(|x|)(eiθx − 1)

1 + |x|1+α
dx ∼ −πθL(

1

θ
) (5.4.37)

PerÐptwsh 2: α �rtioc. ∫ ∞
−∞

xα−1L(|x|)eiθx

1 + |x|1+α
dx ∼ −2iθJL(

1

θ
) (5.4.38)

ìpou h JL orÐzetai ìpwc sthn (5.1.6)
Jètome q = [α]: akèraio mèroc tou α.
PerÐptwsh 3: q �rtioc.∫ ∞

−∞

xqL(|x|)(eiθx − 1)

1 + |x|1+α
dx ∼ −2θα−qL(

1

θ
)Γ(−α + q) cos(

−α + q

2
π)

PerÐptwsh 4: q perittìc.∫ ∞
−∞

xqL(|x|)eiθx

1 + |x|1+α
dx ∼ −2iθα−qL(

1

θ
)Γ(−α + q) sin(

−α + q

2
π)

Apìdeixh. ApodeiknÔoume to L mma p�li perÐptwsh proc perÐptwsh.
PerÐptwsh 1: α perittìc. Akolouj¸ntac thn Ðdia gramm  apìdeixhc ìpwc sto L. 5.3.3,
èqoume∫ ∞

−∞

xα−1L(|x|)(eiθx − 1)

1 + |x|1+α
dx

u=θx
= 2θ

∫ ∞
0

uα−1L(u
θ
)

θ1+α + u1+α
(cosu− 1)du (5.4.39)

= 2θL(
1

θ
)

∫ ∞
0

uα−1

θ1+α + u1+α

L(u
θ
)

L(1
θ
)
(cosu− 1)du
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Qrhsimopoi¸ntac thn P. 5.1.6 gia arket� mikrì θ ,mporoÔme na epilèxoume 0 < δ < 1
¸ste

uα−1

θ1+α + u1+α

L(u
θ
)

L(1
θ
)
(1− cosu) ≤ 1

u2

L(u
θ
)

L(1
θ
)
(1− cosu)

≤ C(1− cosu)

u2+δ
(I(u ≤ 1) +

C

u2−δ I(u > 1))

gia C > 0 stajer� kai arket� mikrì θ.

Na shmei¸soume ìti h sun�rthsh sto dexiì mèloc thc deÔterhc anisìthtoc eÐnai
oloklhr¸simh. epÐshc apì ton orismì thc slow variation èqome,

L(u
θ
)

L(1
θ
)
→ 1, θ → 0 ∀u > 0

opìte,

lim
θ→0

uα−1

θ1+α + u1+α

L(u
θ
)

L(1
θ
)
(1− cosu) =

1

u2
(1− cosu)

kai apì to Je¸rhma Kuriarqhmènhc SÔgklishc∫ ∞
0

uα−1

θ1+α + u1+α

L(u
θ
)

L(1
θ
)
(cosu− 1)du→ −

∫ ∞
0

1

u2
(1− cosu)du = −π/2 (5.4.40)

gia θ → 0. Sunep¸c apì (5.4.39) kai (5.4.40) prokÔptei h (5.4.37).

PerÐptwsh 2: α �rtioc. 'Eqome∫ ∞
−∞

xα−1L(|x|)eiθx

1 + |x|1+α
dx

(∗)
= 2i

∫ ∞
0

xα−1L(x) sin θx

1 + x1+α
dx

u=θx
= 2iθ

∫ ∞
0

uα−1L(u/θ) sinu

θ1+α + u1+α
du

= 2iθ

(∫ 1

0

uα−1L(u/θ) sinu

θ1+α + u1+α
du

+

∫ ∞
1

uα−1L(u/θ) sinu

θ1+α + u1+α
du

)
(5.4.41)

ìpou h (∗) isqÔei kaj¸c h oloklhrwtèa sun�rthsh sto pr¸to olokl rwma eÐnai peritt .

Gia to deÔtero olokl rwma thc prohgoÔmenhc sqèshc, epilègontac 0 < δ < 1
apo P. 5.1.6,∣∣∣∣ ∫ ∞

1

uα−1L(u/θ) sinu

θ1+α + u1+α
du

∣∣∣∣ =

∣∣∣∣L(1/θ)

∫ ∞
1

uα−1L(u/θ) sinu

(θ1+α + u1+α)L(1/θ)
du

∣∣∣∣
≤ L(1/θ)

∫ ∞
1

uα−1Cuδ

θ1+α + u1+α
du

≤ M1L(1/θ) (5.4.42)
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gia C jetik  stajer�,M1 > 0 gia arket� mikrì θ. Gia to pr¸to olokl rwma, gr�foume∫ 1

0

uα−1L(u/θ) sinu

θ1+α + u1+α
du =

∫ 1

0

uαL(u/θ)

θ1+α + u1+α
du+R(θ)

ìpou

R(θ) =

∫ 1

0

uα−1L(u/θ)(−u3

3!
+R2(u))

θ1+α + u1+α
du

R2(u) = (−1)2u
5

5!
cos kx

|R2(u)| ≤ u5

5!
≤ 1

5!

(an�ptugma Taylor thc sun�rthshc sinu sto [0, 1])

T¸ra, qrhsimopoi¸ntac thn P. 5.1.6 gia 0 < δ < 2, θ arket� mikrì, kai akolouj¸ntac
thn Ðdia gramm  apìdeixhc ìpwc sthn perÐptwsh 2 tou L. 5.3.3, lamb�nome

|R(θ)| ≤M2L(1/θ)

∫ 1

0

uα+2u−δ

θ1+α + u1+α
du ≤M3L(1/θ) (5.4.43)

gia M2,M3 > 0 (∫ 1

0

uα+2u−δ

θ1+α + u1+α
du ≤

∫ 1

0

u1−δdu <∞
)

P�li me allag  metablht c x = u/θ, lamb�nome∫ 1

0

uαL(u/θ)

θ1+α + u1+α
du =

∫ 1/θ

0

xαL(x)

1 + x1+α
dx

∼
∫ 1/θ

0

L(x)

x
dx

= JL(1/θ) (5.4.44)

Apì tic (5.4.41),(5.4.42),(5.4.43) ,(5.4.44) prokÔptei h (5.4.38).

PerÐptwsh 3 kai 4: α mh akèraioc, q = [α] �rtioc kai perittìc.
Akolouj¸ntac thn Ðdia gramm  apìdeixhc me aut n tou L. 5.3.3 lamb�nome to apotèle-
sma.

ApodeiknÔoume t¸ra thn P. 5.4.1. H apìdeixh eÐnai ìmoia me aut n gia thn Pareto
puknìthta.

Apìdeixh. ArkeÐ na jewr soume θ > 0 kai upojètoume ìti α, �rtioc.
Apì thn (5.1.5) èqome ìti L(1/θ) = o(JL(1/θ)) gia θ ↘ 0 kai h JL eÐnai suneq¸c
diaforÐsimh me

d

dθ
(θβJL(1/θ)) = θβ−1(βJL(1/θ)− L(1/θ)), ∀β > 0
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lim
θ→0

∫ +∞
−∞

L(x)eiθx

1+|x|1+αdx− 1−
∑

1≤j<a,j∈2Z
(−1)j/2mjθ

j

j!

θαJL(1/θ)
=

lim
θ→0

∫ +∞
−∞

L(x)ixeiθx

1+|x|1+α dx−
∑

1≤j<a,j∈2Z
(−1)j/2mjθ

j−1

(j−1)!

θα−1(αJL(1/θ)− L(1/θ))

(∗)
=

lim
θ→0

∫ +∞
−∞

L(x)ixeiθx

1+|x|1+α dx−
∑

1≤j<a,j∈2Z
(−1)j/2mjθ

j−1

(j−1)!

θα−1αJL(1/θ)
=

...
...

lim
θ→0

∫ +∞
−∞

L(x)(ix)α−2eiθx

1+|x|1+α dx− (−1)4 (α−2)(α−3)...[(α−(α−2))]
(α−2)!

mα−2

JL(1/θ)α(α− 1)(α− 2) . . . [α− (α− 3)]θ2
=

lim
θ→0

iα−1
∫ +∞
−∞

L(x)xα−1eiθx

1+|x|1+α dx

α!θJL(1/θ)
=

(−1)(α−1)/2

α!
lim
θ→0

∫ +∞
−∞

L(x)xα−1eiθx

1+|x|1+α dx

θJL(1/θ)
=

(−1)(α−1)/22iθJL(1/θ)

α!θJL(1/θ)

(∗∗)
=

2(−1)α/2

α!

ìpou sthn (∗) qrhsimopoi same thn (5.1.5) kai sthn (∗∗) qrhsimopoi same thn (5.4.38).

Upojètoume t¸ra ìti α den eÐnai �rtioc. 'Estw k o mikrìteroc akèraioc pou eÐnai
mikrìteroc   Ðsoc tou α kai èstw q = k + 1, an k perittìc kai q = k + 2, an k �rtioc.

Jètome,

R0(θ) = φ(θ)−
∑

0≤j≤α

mj
(iθ)j

j!

thn diafor� sthn (5.4.36) kai Lθ(x) = L(x/θ)
L(1/θ)

. Epiplèon, èstw

Ek(x) = eix −
k∑
j−0

(ix)j

j!
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kai

Ck(x) =
Ek(x) + Ek(−x)

2

=
1

2

(
cosx+ i sinx−

k∑
j=0

(ix)j

j!

+ cos(−x) + i sin(−x)−
k∑
j=0

(−1)j(ix)j

j!

)

= cos x−
k∑

0≤j≤k/2

(−1)j(x)2j

(2j)!

Tìte ∃b > 0 tètoio ¸ste |Ck(x)| ≤ b(1 + |x|k)| kai Ck(x) ≤ b|x|q. Efìson α den
eÐnai �rtioc akèraioc, èqome k < α < q kai epilègoume èna δ > 0 tìso mikrì ¸ste
0 < δ < min{α−k, q−α}. Apì P. 5.1.6, up�rqoun C, η > 0 ¸ste gia 0 < θ ≤ η èqome

Lθ(x) ≤ Cxδ gia x ≥ 1

Lθ(x) ≤ Cx−δ gia 0 < x ≤ 1

Tìte èqoume k + δ − α− 1 < −1 kai

x−α−1Lθ(x)|Ck(x)| ≤ Cbxk+δ−α−1 gia x ≥ 1 (5.4.45)

Akìma q − δ − α− 1 > −1 kai

x−α−1Lθ(x)|Ck(x)| ≤ Cbxq+δ−α−1 gia 0 < x ≤ 1 (5.4.46)

EpÐshc, qrhsimopoi¸ntac kai th summetrÐa thc f(x), èqome

φ(θ)−
∑

0≤j≤α,j∈2Z

(iθ)j

j!
mj =

∫ ∞
−∞

f(x)eiθxdx−
∑

0≤j≤α,j∈2Z

(iθ)j

j!

∫ ∞
−∞

xjf(x)dx

=

∫ ∞
−∞

f(x)

(
eiθx −

∑
0≤j≤α,j∈2Z

(ixθ)j

j!

)
dx

=

∫ ∞
−∞

f(x)Ek(θx)dx

=

∫ ∞
0

f(x)Ck(θx)dx

θx=y
=

1

θ

∫ ∞
0

f(x/θ)Ck(x)dx

= θαL(1/θ)

∫ ∞
0

1

θ1+α + x1+α
Ck(x)Lθ(x)dx
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T¸ra, ∣∣∣∣ 1

θ1+α + x1+α
Ck(x)Lθ(x)

∣∣∣∣ ≤ 1

θ1+α + x1+α
|Ck(x)|Lθ(x)

≤ x−α−1|Ck(x)|Lθ(x)

≤

{
Cbxk+δ−α−1, x ≥ 1

Cbxq−δ−α−1, 0 < x ≤ 1

apì tic (5.4.45),(5.4.46) kai oi teleutaÐec eÐnai oloklhr¸simec. EpÐshc

Lθ(x) =
L(x/θ)

L(1/θ)
→ 1, x→ 0

'Etsi, apì to Je¸rhma Kuriarqhmènhc SÔgklishc,

lim
θ↘0

∫ ∞
0

1

θ1+α + x1+α
Ck(x)Lθ(x)dx =

∫ ∞
0

x−1−αCk(x)dx

Jètontac L(x) = 1, apì th monadikìthta tou orÐou kai qrhsimopoi¸ntac thn (5.3.18)
èqome ∫ ∞

0

xα−1Ck(x)dx = − π

Γ(α + 1) sin(απ/2)

'Etsi prokÔptei h (5.4.36) gia α mh �rtio.

MporoÔme t¸ra na apodeÐxome thn P. 5.2.3.

Apìdeixh. H apìdeixh prokÔptei �mesa apì thn prohgoÔmenh (P. 5.4.1) jètontac
ψ = log φ kai efarmìzontac an�ptugma Taylor. To kaÐro shmeÐo thc apìdeixhc aut c
eÐnai na epibebai¸soume ìti o mh analutikìc ìroc sthn φ eÐnai o mìnoc ìroc aut c thc
t�xhc sto an�ptugma thc ψ.

5.5 Apìdeixh tou kuriwtèrou jewr matoc gia
summetrik  puknìthta

Ja apodeÐxoume se aut  thn par�grafo to kÔrio je¸rhma gia thn summetrik 
perÐptwsh,  toi to J. 5.2.2. Gia autì ja qreiastoÔme ta oloklhr¸mata pou dÐnontai
sto epìmeno L mma, ta opoÐa antistoiqoÔn sthn Fourier antistrof  tou mh analutikoÔ
par�gonta twn anaptugm�twn pou melet same stic paragr�fouc §3 kai §4.
L mma 5.5.1.

∫ ∞
−∞

e−iθx− θ
2

2 |θ|αdθ =


2
√

2(−1)(α−1)/2 dα

dxα
D( x√

2
), a ∈ 2Z + 1√

π
2
e−x

2/4 sec(απ/2)(Dα(x) +Dα(−x)), a /∈ Z
(−1)α/2

√
2πe−x

2/2Hα(x), a ∈ 2Z

ìpou D(z), Dν(z) kai Hk(z) eÐnai, antÐstoiqa, to olokl rwma Dawson, h klassik 
parabolik  kulindrik  sun�rthsh me par�metro ν, kai to polu¸numo Hermite k t�xhc.
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Apìdeixh. ParaleÐpetai.

SuneqÐzome me thn

Apìdeixh tou Jewr matoc 5.2.2 'Estw h èkfrash thc χ.σ. thc t.m. X1

ψ(θ) = x(θ) + ξ(θ) +R(θ)

me χ kai ξ wc stic (5.2.14) kai (5.2.15) kai R eÐnai o ìroc tou l�jouc (upìloipo).
EpÐshc jewroÔme thn

λ(θ) = x(θ) +
θ2

2
+ ξ(θ)

pou eÐnai h èkfrash thc χ.σ., all� perikekommènh wc proc ton pr¸to ìro kai to upì-
loipo.

'Estw

wn(θ) =

[α/2−1]∑
k=0

(nλ(θ/
√
n))k

k!

kai qn(θ) to an�ptugma thc wn(θ) èwc t�xh{
1

nα/2−1L(n1/2/|θ|), α /∈ 2Z
1

nα/2−1JL(n1/2/|θ|), α ∈ 2Z

Me �lla lìgia,

qn(θ) = 1 +
∑

4≤j≤α

j∑
k=1

1

k!
ξk,j(θ)

1

nj/2−1

+

{ −π|θ|αL(n1/2/|θ|)
Γ(α+1) sin(απ/2)nα/2−1 , α /∈ 2Z
2(−1)α/2|θ|αJL(n1/2/|θ|)

Γ(α+1)nα/2−1 , α ∈ 2Z

ìpou ξk,j(θ) orÐzontai sthn (5.1.3).

jètome rn(θ) = wn(θ)− qn(θ) wc to upìloipo sto an�ptugma thc perikekommènhc χ.σ.
nλ(θ/

√
n) thc Sn/

√
n. Me eÔkolo upologismì, mèsw tou anaptÔgmatoc diapist¸nome

ìti o ìroc tou l�jouc rn(θ) eÐnai �jroisma ìrwn thc morf c Pk(θ, n)n−k ìpou k ≥ α
2
−1

kai Pk(θ, n) eÐnai �jroisma ìrwn thc morf c

c|θ|b ×


(
L(n1/2)
|θ|

)d
, α /∈ 2Z(

JL(n1/2)
|θ|

)d
, α ∈ 2Z

gia c ∈ R, b > 0, d ∈ N (shmei¸nome ìti gia k = α/2− 1, oi ìroi sto Pk(θ, n) prèpei na
èqoun d = 0).



134 Beltiwmèna anaptÔgmata sto K.O.J. gia Heavy-tailed puknìthtec pijanot twn

H kentrik  idèa thc apodeiktik c gramm c pou ja akolouj swme eÐnai, na deÐxwme pr¸ta
ìti to

1

2π

∫ ∞
−∞

e−iθx− θ
2

2 qn(θ)dθ

eÐnai mia kal  prosèggish thc

fSn/
√
n =

1

2π

∫ ∞
−∞

e−iθx+nψ(θ/
√
n)dθ

kai katìpin, qrhsimopoi¸ntac to prohgoÔmeno L. 5.4.2, ja diapist¸swme ìti h prosèg-
gish aut  eÐnai aut  pou dÐdetai sto J. 5.2.2.
Proc toÔto jewroÔme,∣∣∣∣ 1

2π

∫ ∞
−∞

[e−iθx+nψ(θ/
√
n) − e−iθx− θ

2

2 qn(θ)]dx

∣∣∣∣ ≤ 1

2π

∫ ∞
−∞
|e−iθx||enψ(θ/

√
n) − e−

θ2

2 qn(θ)|dθ

≤ 1

2π

∫ δ
√
n

−δ
√
n

|enψ(θ/
√
n) − e−

θ2

2 qn(θ)|dθ

+
1

2π

∫
θ/∈(−δ

√
n,δ
√
n)

e−
θ2

2 |qn(θ)|dθ

+
1

2π

∫
θ/∈(−δ

√
n,δ
√
n)

∣∣∣∣φ(θ/
√
n)

∣∣∣∣ndθ (5.5.47)
gia opoiod pote δ, lìgw twn sqèsewn

enψ(θ/
√
n) = φn(θ) = φn(θ/

√
n)

ψn(θ) = log φn(θ) = nψ(θ/
√
n)

Argìtera ja epilèxoume thn tim  tou δ ¸ste na fr�xome to sf�lma.

JewroÔme, pr¸ta, to trÐto olokl rwma sthn (5.5.47). Dedomènou oioud pote δ kai
me thn upìjesh non-lattice katanom¸n (Orc 3 PRT), epeid 

∫∞
−∞ |φ(θ)|dθ < ∞, apì

L mma Riemann-Lebesque (L.1 PRT) èqoume φ(θ)→ 0 gia θ → ±∞ opìte mporoÔme
na broÔme τδ < 1 ¸ste |φ(y)| ≤ τδ gia k�je y > δ. Epomènwc,

1

2π

∫
θ/∈(−δ

√
n,δ
√
n)

∣∣∣∣φ(θ/
√
n)

∣∣∣∣ndθ ≤
τn−1
δ

1

2π

∫
θ/∈(−δ

√
n,δ
√
n)

∣∣∣∣φ(θ/
√
n)

∣∣∣∣dθ =

o(n−p), ∀p > 0

Exet�zome t¸ra to deÔtero olokl rwma thc (5.5.47). IsqÔei ìti ∀β ≥ 0,∫
θ/∈(−δ

√
n,δ
√
n)

e−θ
2/2θβdθ = o(n−p), ∀p > 0 (5.5.48)



5.5 Apìdeixh tou kuriwtèrou jewr matoc gia summetrik  puknìthta 135

EpÐshc gia opoiod pote α > 2 kai slowly varying sun�rthsh U ,∫
θ/∈(−δ

√
n,δ
√
n)

e−θ
2/2|θ|αU(n1/2/|θ|)dθ ≤

Cq

∫
θ/∈(−δ

√
n,δ
√
n)

e−θ
2/2nq/2U(1/θ)|θ|αdθ ≤

Cq

∫
θ/∈(−δ

√
n,δ
√
n)

e−θ
2/2|θ|α−qnq/2dθ =

o(n−p) (5.5.49)

∀q > 0 kai Cq jetik  stajer� exart¸menh apì q kai p > 0 aujaÐreto. Sthn pr¸th
anisìthta, qrhsimopoi same thn P. 5.1.6, dhlad  thn sqèsh,

U(n1/2/|θ|)
U(1/|θ|)

≤ Cqn
q/2

kai sthn deÔterh anisìthta qrhsimopo same thn sqèsh,

(1/|θ|)−qU(1/|θ|) ≤ 1

efìson (1/|θ|)−qU(1/|θ|)→ 0 gia 1/|θ| → 0 kai h U(1/|θ|) eÐnai slowly varying sto 0.
Apì to an�ptugma thc qn(θ) me tic parathr seic, (5.5.48) kai (5.5.49) sumperaÐnome ìti
to deÔtero olokl rwma sthn (5.5.47) eÐnai o(n−p), ∀p > 0.

JewroÔme t¸ra to pr¸to olokl rwma thc (5.5.47) kai èqome

1

2π

∫ δ
√
n

−δ
√
n

|enψ(θ/
√
n) − e−

θ2

2 qn(θ)|dθ ≤ 1

2π

∫ δ
√
n

−δ
√
n

e−
θ2

2 |enψ(θ/
√
n)+ θ2

2 − wn(θ)|dθ

+
1

2π

∫ δ
√
n

−δ
√
n

e−
θ2

2 |rn(θ)|dθ (5.5.50)

Apì tic parathr seic mac epÐ tou rn(θ) dhlad  ìti mporeÐ na graf  wc �jroisma twn
Pk(θ, n)n−k me tic proanaferjeÐsec sunj kec sqetik� me ta Pk kai k, mazÐ me to dedo-

mèno ìti
∫ δ√n
−δ
√
n

e−
θ2

2 |θ|bdθ < ∞ gia b > 0 kai tic slowly varying sunart seic L kai JL
na metab�lwntai pio arg� apì opoiod pote polu¸numo, mporoÔme na diapist¸swme ìti,

1

2π

∫ δ
√
n

−δ
√
n

e−
θ2

2 |rn(θ)|dθ =

{
o(L(n1/2)/nα/2−1), α /∈ 2Z
o(JL(n1/2)/nα/2−1), α ∈ 2Z

(5.5.51)

JewroÔme t¸ra to pr¸to olokl rwma. Ja qrhsimopoi swme thn ektÐmhsh

|eα −
γ∑
j=0

βj

j!
| ≤ |eα − eβ|+ |eβ −

γ∑
j=0

βj

j!
|

≤ (|α− β|+ |β|γ+1

(γ + 1)!
)emax{α,β} (5.5.52)
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ìpou sth deÔterh anisìthta qrhsimopoioÔme to je¸rhma Mèshc Tim c tou DiaforikoÔ
LogismoÔ kaj¸c kai ton ìro tou upoloÐpou sto an�ptugma Taylor thc eβ. MporoÔme,
akìmh, na broÔme δ arket� mikrì ¸ste gia θ ∈ [−δ, δ], èqome

|ψ(θ) +
θ2

2
| ≤ θ2

4
kai |λ(θ)| ≤ θ2

4
(5.5.53)

sqèseic pou sunep�gontai ìti gia θ ∈ [−δ
√
n, δ
√
n] èqome

|nψ(θ/
√
n) +

θ2

4
| ≤ θ2

4
kai

|nλ(θ/
√
n)| ≤ θ2

4

Qrhsimopoi¸ntac tic ektim seic (5.5.52) kai (5.5.53), lamb�nome

1

2π

∫ δ
√
n

−δ
√
n

e−
θ2

2 |enψ(θ/
√
n)+ θ2

2 − wn(θ)|dθ =

1

2π

∫ δ
√
n

−δ
√
n

e−
θ2

2 |enψ(θ/
√
n)+ θ2

2 −
[α/2−1]∑
k=0

(nλ(θ/
√
n))k

k!
|dθ ≤

1

2π

∫ δ
√
n

−δ
√
n

e−
θ2

2 |nψ(θ/
√
n) +

θ2

2
− nλ(θ/

√
n)|e

θ2

4 dθ +

1

2π

∫ δ
√
n

−δ
√
n

e−
θ2

2 | nλ(θ/
√
n)

([α/2− 1] + 1)!
|[α/2−1]+1dθ =

1

2π

∫ δ
√
n

−δ
√
n

e−
θ2

4 |nR(
θ√
n

)|dθ +

1

2π

∫ δ
√
n

−δ
√
n

e−
θ2

4 | nλ(θ/
√
n)

([α/2− 1] + 1)!
|[α/2−1]+1dθ (5.5.54)

T¸ra epeid 
λ(θ) = o(θ2+p)

gia θ ∈ [−δ
√
n,−δ

√
n] kai k�poio mikrì p > 0, eÐnai eÔkolo na doÔme ìti to deÔtero

olokl rwma sthn (5.5.54)

1

2π

∫ δ
√
n

−δ
√
n

e−
θ2

4 | nλ(θ/
√
n)

([α/2− 1] + 1)!
|[α/2−1]+1dθ = o(

1

nα/2−1
) (5.5.55)

Akìmh èqome

R(θ) =

{
o(|θ|αL(1/|θ|)), α /∈ 2Z
o(|θ|αJL(1/|θ|)), α ∈ 2Z

(5.5.56)

Upojètome t¸ra ìti α eÐnai mh �rtioc. Gia dedomèno ε > 0, mporoÔme na epilèxwme δ
arket� mikrì, ¸ste gia θ ∈ [−δ, δ],

R(θ) ≤ ε|θ|αL(1/|θ|)
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sqèsh, pou sunep�getai ìti gia θ ∈ [−δ
√
n, δ
√
n],

nR(θ/
√
n) ≤ ε

|θ|α

nα/2−1
L(n1/2/|θ|)

Epomènwc, gia to pr¸to olokl rwma thc (5.5.54) èqome,

1

2π

∫ δ
√
n

−δ
√
n

e−
θ2

4 |nR(
θ√
n

)|dθ ≤ ε
1

2π

∫ δ
√
n

−δ
√
n

e−
θ2

4
|θ|α

nα/2−1
L(n1/2/|θ|)dθ (5.5.57)

T¸ra apì thn P. 5.1.6, mporoÔme na epilèxoumeM > 0 kai opoiad pote p1, p2 > 0 ¸ste

L(n
1/2

|θ| )

L(n1/2)
≤

{
C|θ|−p1 , |θ| < 1

C|θ|p2 , |θ| ≥ 1

gia n > M .
Epeid  h sun�rthsh C|θ|±α eÐnai oloklhr¸simh kai

L(n
1/2

|θ| )

L(n1/2)
→ 1, n→∞ (5.5.58)

gia ìla ta stajeropoihmèna mh mhdenik� θ, (L slowly varying), apì to Je¸rhma Ku-
riarqhmènhc SÔgklishc èqome,

1

2π

∫ δ
√
n

−δ
√
n

e−
θ2

4
|θ|α

nα/2−1
L(n1/2/|θ|)dθ =

1

2π

∫ δ
√
n

−δ
√
n

e−
θ2

4 |θ|αL(n1/2/|θ|)
L(n1/2)

L(n1/2)

nα/2−1
dθ

≤ 1

2π

∫ ∞
−∞

e−
θ2

4 |θ|αL(n1/2/|θ|)
L(n1/2)

L(n1/2)

nα/2−1
dθ

=
L(n1/2)

nα/2−1

1

2π

∫ ∞
−∞

e−
θ2

4 |θ|αL(n1/2/|θ|)
L(n1/2)

dθ

∼ L(n1/2)

nα/2−1

1

2π

∫ ∞
−∞

e−
θ2

4 |θ|αdθ (5.5.59)

gia n→∞, efìson apì thn (5.5.58)

e−
θ2

4 |θ|αL(n1/2/|θ|)
L(n1/2)

n→∞→ e−
θ2

4 |θ|α

T¸ra apì tic (5.5.57) kai (5.5.59) prokÔptei,

lim sup
n→∞

1
2π

∫ δ√n
−δ
√
n

e−
θ2

4 |nR(θ/
√
n)|dθ

L(n1/2)/nα/2−1
≤ εC

ìpou C jetik  stajer�1. Epeid  ε aujaÐreto, lamb�nome,

1

2π

∫ δ
√
n

−δ
√
n

e−
θ2

4 |nR(θ/
√
n)|dθ = o(L(n1/2)/nα/2−1) (5.5.60)

= o(L(n1/2x)/nα/2−1) (5.5.61)

1C = 1
2π

∫∞
−∞ e−

θ2

4 |θ|αdθ
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gia opoiod pote stajeropoihmèno x.

H perÐptwsh gia α �rtio, eÐnai h Ðdia mìno pou h sun�rthsh L antikajistatai apì
thn JL pou eÐnai epÐshc slowly varying sun�rthsh.

Apì tic sqèseic: (5.5.47), (5.5.50), (5.5.51), (5.5.54), (5.5.55), (5.5.61) sumperaÐ-
noume ìti,

1

2π

∫ ∞
−∞

(e−iθx+nψ(θ/
√
n) − e−iθx− θ

2

2 qn(θ))dθ =

=

{
o(L(n1/2x)/nα/2−1), α /∈ 2Z
o(JL(n1/2x)/nα/2−1). α ∈ 2Z

(5.5.62)

Dhlad  edeÐxame ìti 1
2π

∫∞
−∞ e−iθx− θ

2

2 qn(θ)dθ eÐnai kal  prosèggish thc

fSn/
√
n(x) =

1

2π

∫ ∞
−∞

e−iθx+nψ(θ/
√
n)dθ

Ja upologÐswme t¸ra to
1

2π

∫ ∞
−∞

e−iθx− θ
2

2 qn(θ)dθ

'Eqome,

1

2π

∫ ∞
−∞

e−iθx− θ
2

2 qn(θ)dθ =
1

2π

∫ ∞
−∞

e−iθx− θ
2

2

(
1 +

∑
4≤j<α

j∑
k=1

1

k!
ξk,j(θ)

1

nj/2−1

+

{ −π|θ|αL(n1/2/|θ|)
Γ(α+1) sin(απ/2)nα/2−1 , α /∈ 2Z
2(−1)α/2|θ|αJL(n1/2/|θ|)

Γ(α+1)nα/2−1 , α ∈ 2Z

)
dθ

=
1

2π

∫ ∞
−∞

e−iθx− θ
2

2

(
1 +

∑
4≤j<α

j∑
k=1

ξk,j(θ)

k!nj/2−1

+ nξ(
θ

n1/2
)

)
dθ

=
1

2π

∫ ∞
−∞

e−iθx− θ
2

2

(
1 +

∑
4≤j<α

j∑
k=1

ξk,j(θ)

k!nj/2−1

)
dθ

+
1

2π

∫ ∞
−∞

e−iθx− θ
2

2 nξ(
θ

n1/2
)dθ

= η(x) + η(x)
∑

3≤j<α,j∈2Z

Gj(x)

nj/2−1
(η(x) =

1√
2π

e−x
2/2)

+
1

2π

∫ ∞
−∞

e−iθx− θ
2

2 nξ(
θ

n1/2
)dθ (5.5.63)
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ìpwc prokÔptei apì tic (5.1.3), (5.1.4), (5.2.16) me Gj touc sun jeic Edgeworth sun-
telestèc. ArkeÐ loipìn na upologÐsoume to olokl rwma

1

2π

∫ ∞
−∞

e−iθx− θ
2

2 nξ(
θ

n1/2
)dθ

'Eqome,

1

2π

∫ ∞
−∞

e−iθx− θ
2

2 nξ(
θ

n1/2
)dθ = −π

2πΓ(α+1) sin(απ/2)nα/2−1

∫∞
−∞ e−iθx− θ

2

2 |θ|αL(n1/2/|θ|)dθ, α /∈ 2Z
2(−1)α/2

2πΓ(α+1)nα/2−1

∫∞
−∞ e−iθx− θ

2

2 |θ|αJL(n1/2/|θ|)dθ, α ∈ 2Z
(5.5.64)

T¸ra, apì thn (5.5.58) kai to Je¸rhma Kuriarqhmènhc SÔgklishc, gia α perittì èqome,

−π
2πΓ(α + 1) sin(απ/2)nα/2−1

∫ ∞
−∞

e−iθx− θ
2

2 |θ|αL(n1/2/|θ|)dθ =

−πL(n1/2)

2πΓ(α + 1) sin(απ/2)nα/2−1

∫ ∞
−∞

e−iθx− θ
2

2 |θ|αL(n1/2/|θ|)
Ln1/2

dθ ∼

−πL(n1/2x)

2πΓ(α + 1) sin(απ/2)nα/2−1

∫ ∞
−∞

e−iθx− θ
2

2 |θ|αdθ =

−πL(n1/2x)

α!2π sin(απ/2)nα/2−1

∫ ∞
−∞

e−iθx− θ
2

2 |θ|αdθ =

−πL(n1/2x)

α!2π sin(απ/2)nα/2−1
2
√

2(−1)(α−1)/2 ∂
α

∂xα
D(x/

√
2) =

−
√

2

α!

∂α

∂xα
D(x/

√
2)
L(nα/2x)

nα/2−1

ìpou sthn teleutaÐa isìthta, qrhsimopoi same to L. 5.5.1.
EpÐshc qrhsimopoi same ìti

o(L(n1/2x)/nα/2−1) = o(L(n1/2)/nα/2−1)

gia opoiod pote stajeropoihmèno x.

Gia α mh akèraio kai �rtio, qrhsimopoioÔme basik�, ta Ðdia apodeiktik� epiqeir -
mata, me thn slowly varying sun�rthsh JL(x) antÐ thc L(x).

'Etsi apì tic sqèseic (5.5.62), (5.5.63), (5.5.64) kai ta apotelèsmata tou L. 5.5.1
edeÐqjh to J. 5.2.2.

5.6 Mh summetrik  puknìthc

Me ta apotelèsmata gia summetrik  puknìthta dedomèna, mproÔme na genikeÔswme
sth mh summetrik  perÐptwsh, pou diatup¸jhke sto J. 5.2.1. H kÔria idèa eÐnai na
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gr�ywme th mh summetrik  puknìthta f(x), wc

f(x) = s(x) + r(x)

ìpou,

r(x) =
1

2
(f(x) + f(−x)) (5.6.65)

eÐnai summetrik  sun�rthsh, kai

s(x) =
1

2
(f(x)− f(−x)) (5.6.66)

eÐnai peritt  sun�rthsh.

H summetrik  puknìthc r eÐnai eÔkola diaqeirÐsimh me b�sh ta apotelèsmata thc
prohgoÔmenhc paragr�fou kai h peritt  sun�rthsh s mporeÐ epÐshc eÔkola na antime-
twpisj  me mia mikr  tropopoÐhsh.

Sqetik� èqome thn akìloujh,

Prìtash 5.6.1. Gia mia t.m. me puknìthta,

f(x) = (1 + x)−1−βL+(x)I(x ≥ 0)

+ (1− x)−1−γL−(−x)I(x < 0) (5.6.67)

mporoÔme na diasp�swme th puknìthta thc wc

f(x) = r(x) + s(x)

ìpou r kai s ìpwc stic (5.6.65) kai (5.6.66) antÐstoiqa. Tìte oi r kai s eÐnai regularly
varying kai èqoun thn Ðdia t�xh α ≡ min{β, γ} kai gr�fome,

r(x) =
Lr(x)

1 + |x|1+α
, s(x) =

Ls(x)

1 + |x|1+α
, −∞ < x <∞ (5.6.68)

ìpou Lr eÐnai �rtia kai Ls peritt  kai eÐnai amfìterec suneqeÐc, slowly varying sunar-
t seic.
EpÐshc orÐzome,

m(r)
n =

∫ ∞
−∞

xnr(x)dx, m(s)
n =

∫ ∞
−∞

xns(x)dx

gia 0 ≤ n ≤ α− 1, wc ropèc twn r kai s.
H cumulant genn tria sun�rthsh paÐrnei th morf ,

ψ(θ) = x(θ) + ξ(θ) + o(ξ(θ))

ìpou x(θ) = 1 +
∑

1≤j<α kj
(iθ)j

j!
eÐnai to sÔnhjec an�ptugma Taylor èwc kai to megalÔ-

terhc t�xhc cumulant, kai

ξ(θ) =



2iα|θ|α
Γ(a+1)

(
JLr(1/|θ|)± iπ

2
Ls(1/|θ|)

)
, α ∈ 2Z

2iα|θ|α
Γ(a+1)

(
± JLs(1/|θ|) + iπ

2
Lr(1/|θ|)

)
, α ∈ 2Z + 1

−2π|θ|α
Γ(a+1) sin(απ)

(
cos(απ/2)Lr(1/|θ|)∓ i sin(απ/2)Ls(1/|θ|)

)
, α /∈ Z

(5.6.69)
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eÐnai h mh analutik  sunist¸sa tou ψ(θ). Ed¸ ± kai ∓ kai ta dÔo anafèrontai stic
peript¸seic ìpou θ > 0   θ < 0.

Apìdeixh. Profan¸c oi r kai s eÐnai regularly varying èqoun thn Ðdia t�xh kai
eÐnai suneqeÐc. OrÐzome φr(x) kai φs(x) tic qarakthristikèc sunart seic twn r kai s
antÐstoiqa. Efìson h r eÐnai summetrik , apodeiknÔetai (ìpwc kai sthn P. 5.4.1) ìti,

φr(θ) = 1 +
∑

2≤j<α,j∈2Z

mj(r)
(iθ)j

j!

+

{ −π|θ|α
Γ(a+1) sin(απ/2)

Lr(1/|θ|) + o(|θ|αLr(1/|θ|)), α /∈ 2Z
2(−1)α/2|θ|α

Γ(a+1)
JLr(1/|θ|) + o(|θ|αJLr(1/|θ|)), α ∈ 2Z

(5.6.70)

JewroÔme t¸ra thn peritt  sun�rthsh s. Shmei¸nome ìti o rìloc pou paÐzei ènac
perittìc kai �rtioc α (  q) antistrèfetai lìgw peritt c (antÐ �rtiac) sun�rthshc.
EpÐshc shmei¸nome ìti φs(θ) = −φs(−θ). Epomènwc arkeÐ na deiqj  to apotèlesma gia
θ > 0 (tìte h perÐptwsh θ < 0 èpetai). Akolouj¸ntac thn Ðdia apodeiktik  gramm 
ìpwc sthn P. 5.4.1, èqome

φs(θ) =
∑

1≤j<α,j∈2Z+1

m
(s)
j

(iθ)j

j!

+

{
iπ|θ|α

Γ(a+1) cos(απ/2)
Ls(1/|θ|) + o(|θ|αLs(1/|θ|)), α /∈ 2Z + 1

2iα|θ|α
Γ(a+1)

JLs(1/|θ|) + o(|θ|αJLs(1/|θ|)), α ∈ 2Z + 1
(5.6.71)

gia θ > 0.
Prosjètontac tic (5.6.70) kai (5.6.71) kai metafèrontac thn par�stash sthn cumulant
genn tria sun�rthsh, (ìpwc sthn apìdeixh thc P. 5.2.3), lamb�nome to zhtoÔmeno
apotèlesma.

Ja qreiasjoÔme epÐshc to antÐstoiqo tou L. 5.5.1, gia peritt  sun�rthsh.

L mma 5.6.2.

∫ ∞
−∞

e−iθx− θ
2

2 (±|θ|α)dθ =


2
√

2iα+1 dα

dxα
D(x/

√
2), a ∈ 2Z

−
√

2πe−x
2/2iαHα(x), a ∈ 2Z + 1

i
√
π/2 csc(απ/2)e−x

2/4[Dα(x)−Dα(−x)], a /∈ Z
(5.6.72)

ìpou D(z), Hk(z) kai Dν(z) eÐnai, antÐstoiqa, olokl rwma Dawson, polu¸numo Hermite
t�xhc k kai h klassik  parabolik  kulindrik  sun�rthsh me par�metro ν. Ed¸

±|θ|α =

{
|θ|α, θ > 0

−|θ|α, θ < 0

DÐnome ed¸ thn apìdeixh tou (enìc apì ta dÔo kÔria jewr mata tou parìntoc kefalaÐou)
jewr matoc 5.2.1.
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Apìdeixh Jewr matoc 5.2.1
Apì thn (5.6.67) mporoÔme na gr�fwme tic Lr kai Ls wc

Lr(x) =
1

2
[L+(|x|) + L−(|x|)]

Ls(x) = ±1

2
[L+(|x|)− L−(|x|)]

ìtan β = γ,

Lr(x) ∼ 1

2
L+(|x|), Ls(x) ∼ ±1

2
L+(|x|) (5.6.73)

ìtan β < γ

Lr(x) ∼ 1

2
L−(|x|), Ls(x) ∼ ∓1

2
L−(|x|)

ìtan β > γ, ìpou ta ± kai ∓ prìshma antistoiqoÔn sta x ≥ 0 kai x < 0. Antikaji-
st¸ntac tic Lr kai Ls me tic (5.6.73) proqwroÔme sthn apìdeixh ìpwc kai sto J. 5.2.2
qrhsimopoi¸ntac to L. 5.6.2.



Kef�laio 6

Fr�gma gia th stajer� sto �kat�
mèson� K.O.J

Sto Kef�laio 3, tonÐsame thn spoudaiìthta tou Jewr matoc Berry-Esseen.

Pr�gmati, h gn¸sh enìc akriboÔc fr�gmatoc sto sf�lma prosèggishc, sto K.O.J., to
kajist� efarmìsimo, en¸ apì mìno tou, wc kajar� asumptwtikì je¸rhma, den parèqei
kammi� qrhstik  plhroforÐa.

PolloÐ majhmatikoÐ, eje¸rhsan fr�gmata tÔpou Berry-Esseen, qrhsimopoi¸ntac
�llec metrikèc kai idiaÐtera fr�gmata ston Lp. Gia p = 1, h tim 

||F −G||1 =

∫ ∞
−∞
|F (x)−G(x)|dx

metr� thn apìstash metaxÔ twn σ.κ. F kai G (gnwst  kai wc metrik  Kantarovich  
apìstash Wasserstein   metrik  Gini) kai parousi�zei meg�lo endiafèron, efìson apì
thn anisìthta

||F −G||pp ≤ ||F −G||p−1
∞ ||F −G||1

prokÔptei ìti apì th melèth twn L1−fragm�twn se sunduasmì me èna tÔpou L∞, exa-
sfalÐzontai Lp-fr�gmata ∀p ∈ (1,+∞)

EÐnai qr simo na epishm�nwme ìti h orj  topojèthsh twn problhm�twn asumptw-
tik c prosèggishc t.m. apì k�poièc �llec, apaiteÐ analutikì kai pl rh prosdiorismì
thc �prosèggishc �, dieukrinÐzontac zht mata, ìpwc p.q. an h prosèggish afor� t.m.
pou orÐzontai ston Ðdio q¸ro pijanìthtoc, an afor� tic σ.κ. twn t.m. k.l.p. Sun jwc
to jèma autì antimetwpÐzetai me ton orismì k�poiac topologÐac sto sÔnolo twn upì
je¸rhsh antikeimènwn, mèsw thc apìstashc metaxÔ zeug¸n stoiqeÐwn. Idiaitèrwc, an
ektìc apì to poiotikì z thma �prosèggish   mh prosèggish� endiaferìmaste kai gia
ton rujmì prosèggishc, h ènnoia thc apìstashc eÐnai kajoristik  kai eÐnai anagkaÐo na
eisaqj  prokatabolik�.

PlhroforÐec perÐ tou trìpou orismoÔ apost�sewn sta sÔnola t.m. me logikì
trìpo, kai twn idiot twn touc, kaj¸c kai twn mejìdwn efarmog c touc, kaj¸c kai twn

143
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mejìdwn efarmog c touc se probl mata prosèggishc, apoteloÔn to antikeÐmeno enìc
polÔ nèou kl�dou thc JewrÐac Pijanot twn, autoÔ twn Pijanojewrhtik¸n metrik¸n.

Apotelèsmata me th qr sh thc L1 metrik c eÐnai gnwst� wc �kat� mèson� K.O.J.
(mean central limit theorems).

O C. Esseen sto �rjro tou: �On Mean Central limit theorems� (1958) melet¸n-
tac ton rujmì prosèggishc thc kanonikìthtoc sto K.O.J., mèsw thc L1 nìrmac, gia
X1, X2, . . . akoloujÐa i.i.d. t.m. me EX1 = 0, EX2

1 = σ2, E|X1|3 < ∞ kai σ.κ. F (x),
apèdeixe ìti ∀ tètoia F , up�rqei peperasmèno ìrio,

A(F ) = lim
n→∞

n1/2||Fn − Φ||1

ìpou Fn(x) h σ.κ. thc X1+...+Xn
σ
√
n

, ∀n.

M�lista, o Zolotarev (On Asymptotically best constants in refinements on Mean
limit Theorems) èdwse rht  èkfrash sto A(F ), apodeiknÔontac ìti,

A(F ) =
1

σ
√
n

∫ 1/2

−1/2

du

∫ +∞

−∞
|ω
2

(1− x2) + hu|e−x2/2dx

ìpou ω = |EX3|
3σ2 kai h eÐnai to span thc σ.κ. F , an h F eÐnai lattice kai h = 0, diaforetik�.

EpÐshc, gia na kataskeu�sei omoiìmorfec ektim triec wc proc ìlec autèc tic σ.κ.
F , eis gage thn posìthta

B = sup
F∈Fσ

σ3A(F )

E|X|3

ìpou Fσ, σ ∈ (0,∞) to sÔnolo twn σ.κ. twn t.m. me EX1 = 0, EX2
1 = σ2, E|X1|3 <∞

kai apèdeixe ìti B = 1/2.

Sta epìmena jewroÔme to Fσ, σ ∈ (0,∞) ìpwc perigr�fetai ed¸.

6.1 Mèjodoc Stein - Zero bias metasqhmatismìc

Ta fr�gmata tÔpou Berry-Esseen, thc apìstashc metaxÔ miac t.m. kai thc ka-
nonik c prosèggishc thc, antimetwpÐzontai kai me th qr sh thc mejìdou Stein. Aut 
basÐzetai sthn kataskeu  bohjhtik¸n t.m. (coupling), ìpwc oi zero bias kai oi size bias
couplings, oi opoÐec qrhsimopoioÔntai ston upologismì twn en lìgw fragm�twn.

H Mèjodoc Stein ([22],[23]) qrhsimopoieÐ qarakthristikèc exis¸seic gia na fr�-
xh to sf�lma kat� thn prosèggish miac katanom c apì mÐa �llh, dedomènh. Gia thn
kanonik  prosèggish isqÔei ìti X ∼ N(µ, σ2) tìte kai mìnon tìte an

E(X − µ)f(X) = σ2Ef ′(X) (6.1.1)

(Stein exÐswsh gia thn kanonik  katanom ) gia ìlec tic apìluta suneqeÐc sunart seic
f gia tic opoÐec E|f ′(X)| <∞.
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DojeÐshc miac sun�rthshc h (test function) èstw Nh = Eh(Z) ìpou Z ∼
N(0, 1). An X eÐnai kont� sth N(µ, σ2), tìte Eh[(X − µ)/σ] − Nh ja eÐnai kont�
sto mhdèn kai E[(X − µ)f(X) − σ2f ′(X)] ja eÐnai kont� sto mhdèn gia mia meg�lh
kl�sh sunart sewn h kai f antÐstoiqa. EÐnai fusikì tìte ded7omènhc thc h, na su-
sqetisjoÔn oi sunart seic h kai f mèsw thc diaforik c exÐswshc,

h[(x− µ)/σ]−Nh = (x− µ)f(x)− σ2f ′(x) (6.1.2)

h lÔsh, wc proc f , thc opoÐac dÐdei thn dunatìthta upologismoÔ thc Eh[(X−µ)/σ]−Nh
apì thn E[(X − µ)f(X)− σ2f ′(X)] gia aut  thn f .

ApodeiknÔetai ìti gia opoiad pote t.m. W mhdenikoÔ mèsou kai peperasmènhc
diaspor�c σ2, up�rqei t.m. W ∗, tètoia ¸ste gia k�je apìluta suneq  sun�rthsh f ,
gia thn opoÐa E|Wf(W )| <∞,

EWf(W ) = σ2Ef ′(W ∗) (6.1.3)

me puknìthta

ρ(ω) =

{
σ−2E(W · 1{W > ω}), ω ≥ 0

σ−2E(−W · 1{W < ω}), ω < 0

Orismìc 6.1.1. 'Estw W t.m. me mhdenikì mèso kai peperasmènh diaspor� σ2.
Lème ìti h W ∗ èqei thn W−zero biased katanom , an gia ìlec tic apìluta suneqeÐc

sunart seic f me E|Wf(W )| <∞,

E(Wf(W )) = σ2E(f ′(W ∗))

H Ôparxh thc zero-biased katanom c gia opoiod pote tètoio W epibebai¸netai
eÔkola. Pr�gmati, gia dedomènh g ∈ Cc (:sÔnolo suneq¸n sunart sewn me sumpag 
forèa) jètome G =

∫ ω
0
g. H posìthta

Tg = σ−2E(WG(W ))

up�rqei, efìson EW 2 <∞, kai orÐzei èna grammikì telest , T : Cc → R. Gia na doÔme
epiplèon ìti T eÐnai jetikìc, paÐrnoume g ≥ 0. Tìte G eÐnai aÔxousa kai wc ek toÔtou
oi W kai G(W ) eÐnai jetik� susqetismènec. Epomènwc, EWG(W ) ≥ EWEG(W ) = 0
kai T jetikìc. EpikaloÔmenoi t¸ra, to Je¸rhma anapar�stashc tou Riesz, èqome

Tg =

∫
gdv

gia k�poio monadikì, Radon mètro v, to opoÐo eÐnai mètro pijanìthtoc, efìson T1 = 1.
'Epetai, ìti h W−zero biased katanom  èqei p�ntote puknìthta, o tÔpoc thc opoÐac
dÐnetai sto L mma 1, parak�tw.

UpologÐzontac thn (6.1.2) se mia t.m. W mhdenikoÔ mèsou, diaspor�c σ2 kai
paÐrnontac Mèsh Tim  sta 2 mèlh thc, qrhsimopoi¸ntac kai thn (6.1.3), lamb�nome,

E(h(W/σ))−Nh = E[σ2f ′(W )−Wf(W )] (6.1.4)

= σ2[Ef ′(W )− Ef ′(W ∗)] (6.1.5)
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gia mia meg�lh kl�sh sunart sewn h kai f kai Nh = Eh(Z/σ).

Apì thn (6.1.5) sumperaÐnome ìti h diafor� metaxÔ thc W kai thc kanonik c
(N(0, σ2)) ìpwc prosdiorÐzetai apì thn h (tested on h), isoÔtai me thn apìstash metaxÔ
thc W kai thc W ∗ ìpwc prosdiorÐzetai apì thn f ′. Epomènwc (bl. [22]) h W eÐnai

kanonik  ann W
d
= W ∗, isodÔnama

W ∼ N(0, σ2) ann EWf(W ) = σ2Ef ′(W ) (6.1.6)

gia ìlec tic apìluta suneqeÐc f me E|Zf(Z)| <∞.

EÐnai qr simo na jewr soume ton metasqhmatismì pou qarakthrÐzetai apì thn
EWf(W ) = σ2Ef ′(W ∗) wc mia sun�rthsh W → W ∗ me pedÐo orismoÔ to sÔnolo twn
katanom¸n me mhdenikì mèso kai diaspor� σ2 pou èqei, wc prokÔptei apì thn (6.1.6),
monadikì stajerì shmeÐo thn kanonik  katanom  me mèsh tim  0 kai diaspor� σ2. 'Epetai
ìti èna kat� prosèggish stajerì shmeÐo, ja  tan kat� prosèggish h kanonik  katanom 
kai mporoÔme na metr swme thn apìstash thc katanom c tou W apì thn kanonik , apì
thn apìstash metaxÔ thc W kai thc zero bias W ∗.

To epìmeno L mma, parousi�zei k�poioc apì tic shmantikèc idiìthtec tou zero
bias metasqhmatismoÔ.

L mma 6.1.2. 'Estw W t.m. me mhdenik  mèsh tim  kai mh mhdenik  peperasmènh
diaspor� σ2 . èstw epÐshc W ∗ t.m. me thn W−zero bias katanom  sÔmfwna me ton
orismì 6.1.3. Tìte isqÔoun:
i) H kanonik  t.m. me mhdenikì mèso eÐnai to monadikì stajerì shmeÐo tou zero-bias.
metasqhmatismoÔ.
ii) H zero-bias katanom  eÐnai monokìrufh gÔrw apì to mhdèn me sun�rthsh puknìth-
toc,

p(w) = σ−2E[W,W > ω].

'Epetai ìti to st rigma thc W ∗ eÐnai h kleist  kurt  j kh tou sthrÐgmatoc thc W kai
h W ∗ eÐnai fragmènh ìtan h W eÐnai fragmènh.
iii) O metasqhmatismìc Zero-bias diathreÐ th summetrÐa.
iv) σ2E(W ∗)n = EW n+2/(n+ 1), gia n ≥ 1.
v) 'Estwsan X1, X2, . . . , Xn anex�rthtec t.m. me EXi = 0 kai EX2

i = σ2
i . Jètome,

W = X1 + . . . Xn kai EW 2 = σ2(=
∑n

i=1 σ
2
i ). 'Estw I tuqaÐoc deÐkthc anex�rthtoc

twn Xi tètoioc ¸ste,

P (I = i) =
σ2
i

σ2

'Estw,

Wi = W −Xi =
∑
j 6=i

Xj

tìte WI +X∗I = W −XI +X∗I = W ∗ eÐnai t.m. me thn W−zero biased katanom .
Dhlad  an W =

∑n
i=1 Xi, to �jroisma anex�rthtwn t.m. mhdenikoÔ mèsou kai pepe-

rasmènhc diaspor�c, mporoÔme na epitÔqwme thn W−zero biased katanom , antikaji-
st¸ntac mia t.m. Xi epÐlegmènh me pijanìthta an�logh thc diaspor�c thc, apì mÐa
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t.m. X∗i èqousa thn Xi−zero biased katanom , anex�rthta apì {Xj, j 6= i}.
vi) 'Estw X t.m. mhdenikoÔ mèsou me diaspor� σ2

X kai katanom  F . 'Estw (X̂ ′, X̂ ′′)
me katanom ,

F̂ (x̂′, x̂′′) =
(x̂′ − x̂′′)2

2σ2
X

F (X̂ ′)F (X̂ ′′)

Tìte, me V anex�rthth apì tic x̂′, x̂′′ omoiìmorfh sto [0, 1] h V X̂ ′ + (1 − V )X̂ ′′ èqei
thn X−zero biased katanom .

Apìdeixh.
i) EÐnai �meso apì ton Orismì 6.1.1 kai ton kat� Stein qarakthrismì 6.1.6.
ii) H sun�rthsh p(w) eÐnai aÔxousa gia ω < 0 kai fjÐnousa gia ω > 0. AfoÔ EW = 0, h
p(w) èqei ìrio mhdèn gia ω →∞ kai ω → −∞. Opìte eÐnai mh arnhtik  kai monokìrufh
gÔrw apì to mhdèn. 'Oti h p oloklhr¸nei sthn 1 kai eÐnai h puknìthc thc W ∗ pou
ikanopoieÐ ton Orismì 6.1.1, èpetai apì thn monadikìthta (bl. Sqìlia met� ton orismì
6.1.1) kai efarmìzontac to Je¸rhma Fubini qwrist� sthn E[f ′(W ∗) : W ∗ ≥ 0] kai
E[f ′(W ∗) : W ∗ < 0], qrhsimopoi¸ntac

E[W : W > ω] = −E[W : W ≤ ω]

pou prokÔptei apì EW = 0.
ii) An ω eÐnai shmeÐo suneqeÐac thc σ.κ. miac summetrik c W ,

E[W : W > ω] = E[−W : −W > ω] = −E[W : W < −ω] = E[W : W > −ω]

qrhsimopoi¸ntac EW = 0. Wc ek toÔtou up�rqei mia èkdosh thc dω puknìthtoc thc
W ∗, pou eÐnai h Ðdia sto ω kai −ω gia ìla sqedìn ta ω[dω]. opìte hW ∗ eÐnai summetrik .
iv) Antikajist¸ntac sthn (6.1.3) W n+1/(n+ 1) gia f(W ), èqoume EW n+2/(n+ 1) =
σ2E(W ∗)n.
v) qrhsimopoi¸ntac ìti oi Xi, i = 1, 2, . . . , n eÐnai anex�rthtec kai thn (6.1.3), gia tic
Xi antikajist¸ntac thn W èqoume,

σ2Ef ′(W ∗) = EWf(W ) =
n∑
i=1

EXif(W )

=
n∑
i=1

EXif(Wi +Xi)

=
n∑
i=1

EX2
i f
′(Wi +X∗i )

= σ2

n∑
i=1

σ2
i

σ2
Ef ′(Wi +X∗i )

= σ2Ef ′(WI +X∗I ).

Epomènwc gia ìlec tic diaforÐsimec f , èqoume

Ef ′(W ∗) = Ef ′(WI +X∗I )
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kai to apotèlesma èpetai.
vi)

σ2
XEf

′(V X̂ ′ + (1− V )X̂ ′′) = σ2
XE

∫ 1

0

f ′[u(X̂ ′ − X̂ ′′) + X̂ ′′]du

= σ2
XE(

1

X̂ ′ − X̂ ′′
×

×
∫ X̂′

X̂′′
f ′[u(X̂ ′ − X̂ ′′) + X̂ ′′]d[u(X̂ ′ − X̂ ′′) + X̂ ′′])

= σ2
XE(

f(X̂ ′)− f(X̂ ′′)

X̂ ′ − X̂ ′′
)

=
1

2
E(X ′ −X ′′)[f(X ′)− f(X ′′)]

= EX ′f(X ′)− EX ′′f(X ′)

= EXf(X)

= σ2
XEf

′(X∗).

'Ara, gia ìlec tic omalèc f , Ef ′(UX̂ ′ + (1− U)X̂ ′′) = Ef ′(X∗).

MporoÔme na dieisdÔsoume perissìtero sth fÔsh tou metasqhmatismoÔ zero-bias,
parathr¸ntac th dr�sh tou epÐ thc katanom c thc t.m. X pou paÐrnei tic timèc +1,-1 me
Ðsh pijanìthta. UpologÐzontac th sun�rthsh puknìthtac thc X−zero biased t.m. X∗,
sÔmfwna me to L mma (6.1.2) ii), brÐskoume ìti h X∗ eÐnai omoiìmorfa katanemhmènh
sto [−1, 1]. 'Enac ìmoioc upologismìc gia thn diakrit , mhdenikoÔ mèsou t.m. X pou
paÐrnei tic timèc x1 < x2 < . . . < xn, deÐqnei ìti h X-zero biased katanom  eÐnai mÐxh
omoiìmorfwn p�nw sta diast mata [xi, xi+1]. Apì ta dÔo aut� paradeÐgmata, mporoÔme
na katal�boume pwc mia omoiìmorfh t.m. V emplèketai sto L mma (6.1.2) vi). AxÐzei na
parathr swme epÐshc, ìti h idiìthta iv), gia n = 1 dÐdei ìti EW ∗ = 0 ìtan EW 3 = 0.

To akìloujo par�deigma dÐdei ton trìpo kataskeu c fr�gmatoc sto K.O.J. b�sei
tou L mmatoc (6.1.2) v) kai twn fragm�twn sthn lÔsh f thc d.e. (6.1.2) gia mia
sun�rthsh h me k fragmènec parag¸gouc (bl. Barbour A. (1990): Stein’s method
for diffusion approximation. Probab. Theory Related fields 84 (297-322) kai Götze
F. (1991): On the rate of convergence in the multivariate CLT. Ann. Probab. 19
(724-739))

Par�deigma 6.1.3. JewroÔme anex�rthtec t.m. X1, X2, . . . , Xn ìqi kat' an�gkhn
isìnomec, me EXi = 0 kai V ar(Xi) = σ2

i , i = 1, 2, . . . , n kai isqÔoun (Barbour kai
Götze)

||f (j)|| ≤ (jσj)−1||h(j)||, j = 1, 2, . . . , k (6.1.7)

Apì L mma (6.1.2) v) qrhsimopoi¸ntac thn anexarthsÐa, mporoÔme na kataskeu�soume
mia t.m. W ∗ me thn W−zero biased katanom . Dhlad  epilègome tuqaÐo deÐkth I
me pijanìthta an�logh tou σ2

i (ìpwc L mma (6.1.2) v) ) kai antikajistoÔme thn XI

apì mÐa anex�rthth X∗Ime thn XI−zero biased katanom . T¸ra, epeid  EWf(W ) =
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σ2Ef ′(W ∗), qrhsimopoi¸ntac tic (6.1.7) èqoume,

|E[h(W/σ)−Nh]| = |E[Wf ′(W )− σ2f ′′(W )]|
= σ2|E[f ′′(W ∗)− f ′′(W )]|
≤ σ2||f (3)||E|W ∗ −W |

≤ 1

3σ
||h(3)||E|X∗I −XI |

ìpou h pr¸th anisìthc prokÔptei apì tic (6.1.7) kai ìti f ′′ eÐnai fragmènoc telest c.

kai h deÔterh anisìthc prokÔptei apì tic (6.1.7) kai thn sqèsh

W ∗ −W = W −XI +X∗I −W = X∗I −XI .

T¸ra apì thn (6.1.3), qrhsimopoi¸ntac thn

E|X∗I −XI | ≤ E|X∗I |+ E|XI |

kai thn sun�rthsh f(x) = x2sgn(x), lamb�nome E|X∗i | = 1
2
E|Xi|3. QwrÐc bl�bh

genikìthtac mporoÔme na upojèswme ìti oi t.m. eÐnai scaled opìte EX2
I = 1. 'Etsi apì

anisìthta Hölder èqome E|XI | ≤ 1 ≤ E|XI |3. Telik�, efìson EW 2 = n = σ2

|E[h(W/σ)−Nh]| ≤ 3

2
E|XI |3

1

3σ
||h(3)||

=
||h(3)||E|XI |3

2σ
.

To akìloujo je¸rhma deÐqnei ìti h apìstash metaxÔ miac mhdenikoÔ mèsou kai
peperasmènhc diaspor�c, t.m. W kai miac mhdenikoÔ mèsou, kanonik c me thn Ðdia dia-
spor�, fr�ssetai apì thn apìstash metaxÔ thc W kai mÐac W ∗ me thn W−zero biased
katanom , wrismènec se èna koinì q¸ro pijanìthtoc.

Je¸rhma 6.1.4. 'Estw W mia mhdenikoÔ mèsou me diaspor� σ2 kai upojètoume
(W,W ∗) ìti orÐzontai se ènan koinì q¸ro pijanìthtac ¸ste h W ∗ èqei thn W−zero
biased katanom . Tìte gia ìlec tic sunart seic h (test function) me tèssereic fragmènec
parag ģouc,

|E[h(W/σ)−Nh]| ≤ 1

3σ
||h(3)||

√
E[E((W ∗ −W )/W )2]

+
1

8σ2
||h(4)||E(W ∗ −W )2.

Apìdeixh. ParaleÐpetai (bl. [18]).

To akìloujo Pìrisma, efarmog  tou Jewr matoc (6.1.4) sto �jroisma anexart -
twn kai isìnomwn t.m., deÐqnei pwc o metasqhmatismìc zero-bias, odhgeÐ se èna fr�gma
tou sf�lmatoc prosèggishc gia omalèc sunart seic, t�xhc 1/n, k�tw apì prìsjetec
upojèseic sqetikèc me tic ropèc, metaxÔ kai twn opoÐwn perilamb�netai h mhdenik  trÐth
rop .
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Pìrisma 6.1.5. 'Estwsan X,X1, X2, . . . , Xn i.i.d. t.m. mhdenikoÔ mèsou, diaspor�c
1 me mhdenik  trÐth rop  kai tètarth rop  peperasmènh. Jètome W =

∑n
i=1 Xi. Tìte

gia opoiad pote sun�rthsh h me tèssereic fragmènec parag ģouc,

|E[h(W/
√
n)−Nh]| ≤ 1

n
[
1

3
||h(3)||+ 1

6
||h(4)||EX4].

Apìdeixh. ParaleÐpetai (bl. [18]).

Entel¸c an�loga apotelèsmata me ta  dh anaferjènta sthn Par�grafo aut  kai
�lla pou den anafèrontai, prokÔptoun apì thn qr sh tou size-bias metasqhmatismoÔ

Orismìc 6.1.6. Gia mia mh arnhtik  t.m. W me peperasmènh mèsh tim  EW = µ,
lème ìti h t.m. W ∗ èqei thn W−size biased katanom  an ikanopoieÐ thn

EWf(W ) = µEf(W ∗)

gia ìlec tic f gia tic opoÐec E|Wf(W )| <∞ kai E|f(W ∗)| <∞.

Oi size biased katanomèc eÐnai polÔ gnwstèc sth Deigmatolhptik  JewrÐa kai
sthn Ananewtik  JewrÐa.

To akìloujo je¸rhma (monodi�stath ekdoqh tou kurÐou apotelèsmatoc sth je-
wrÐa twn size-biased katanom¸n), deÐqnei thn sqèsh miac size-biased katanom c me thn
kanonik  prosèggish.

Je¸rhma 6.1.7. 'Estw W mh arnhtik  t.m. me peperasmènh mèsh tim  EW =
µ, V ar(W ) = σ2 kai èstw W ∗ wrismènh ston Ðdio q¸ro pijanìthtac me thn W kai me
thnW−size biased katanom . Tìte, gia opoiad pote kata tm mata suneq¸c diaforÐsimh
h,

|E[h({W − µ}/σ)−Nh]| ≤ 2||h|| µ
σ2

√
V ar[E(W ∗ −W )/W ]

+ ||h′|| µ
σ3
E(W ∗ −W )2

ìpou || · || h supremum nìrma kai Nh = Eh(Z) me Z thn tupopoihmènh kanonik 
metablht .

Apìdeixh. ParaleÐpetai (bl. [21]).

En suntomÐa ja anafèrwme basik� apotelèsmata an�loga me aut� thc zero-biased
perÐptwshc katanom¸n (pou èqoume anafèrei sta prohgoÔmena).

Kataskeu  miac W−size biased t.m. W ∗

ìtan W = X1 + . . .+Xn, Xi, i = 1, . . . , n t.m.

An Xi, i = 1, . . . , n mh arnhtikèc i.i.d t.m. peperasmènhc mèshc tim c, tìte h
W ∗ mporeÐ na kataskeuasj , an antikatastaj  opoiosd pote ìroc tou ajroÐsmatoc,
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èstw X1 apì mÐa anex�rthth t.m. X∗1 me thn X1−size biased katanom , dhl. W ∗ =
X∗1 + . . .+Xn.

An Xi, i = 1, . . . , n mh i.i.d. t.m. tìte h W ∗ mporeÐ na kataskeuasj , antikaji-
st¸ntac XI me X∗I ìpou o tuqaÐoc deÐkthc I epilègetai anex�rthta, me katanom 

P (I = i) =
EXi∑
EXj

kai prosarmìzontac tic upìloipec t.m. sthn desmeumènh katanom  touc, dedomènhc thc
tim c tou XI .

Mia eidik  perÐptwsh aut c thc idèac eÐnai h diadikasÐa Midzuno’s, ìpou mia size
biased metablht  qrhsimopoieÐtai sthn kataskeu  unbiased ratio ektimht¸n sth deig-
matolhyÐa se peperasmèno plhjusmì.

Sqèsh size biased t.m. me thn kanonik  prosèggish (monodi�stath perÐptwsh)

Dedomènhc miac t.m. W kai miac (test) sun�rthshc h, mporoÔme na upologÐsoume
thn E[h({W −µ}/σ)−Nh] upologÐzontac thn posìthta E[f ′(W )− (W −µ/σ2)f(W )]
ìpou f eÐnai h fragmènh lÔsh thc exÐswshc Stein,

f ′(w)− (w − µ/σ2)f(w) = h(w − µ/σ)−Nh

An h W ∗ èqh thn W−size biased katanom  kai epomènwc ikanopoieÐ thn EWf(W ) =
EWEf(W ∗), lamb�nome

E[h(W − µ/σ)]−Nh = E[f ′(W )− (W − µ/σ2)f(W )]

= E[f ′(W )− (µ/σ2){f(W ∗)− f(W )}].

'Ola ta apotelèsmata sqetik� me tic size-bias katanomèc ìpwc kai gia tic zero bias
toiaÔtec, isqÔoun kai gia thn poludi�stath perÐptwsh (bl. [21] kai [18]).

6.2 L1-apìstash metaxÔ duo sunart sewn kata-
nom c

H L1 apìstash metaxÔ twn σ.κ. F kai G,

||F −G||1 =

∫ infty

−∞
|F (t)−G(t)|dt

gnwst  kai wc apìstash Wasserstein   metrik  Kantarovic, apodeiknÔetai ([24]) ìti
parÐstatai isodÔnama wc akoloÔjwc,

||F −G||1 = inf E|X − Y | (6.2.8)

ìpou to infimum ekteÐnetai p�nw se ìlec tic t.m. (couplings) X kai Y pou orÐzontai
se koinì q¸ro pijanìthtoc kai èqoun perij¸riec katanomèc F kai G antÐstoiqa.
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Apì thn (6.2.8) prokÔptei h sqèsh

||F − F ∗|| ≤ E|W ∗ −W |

gia opoiod pote zeÔgoc (coupling) (W,W ∗) ìpou F ∗ eÐnai h σ.κ. thc W ∗ kai F h σ.κ.
thc W . To epìmeno je¸rhma eÐnai t¸ra �meso.

Je¸rhma 6.2.1. 'Estw W t.m. mhdenikoÔ mèsou, diaspor�c 1 me σ.κ. F kai èstw
W ∗ t.m. me thn zero biased katanom  wrismènh ston Ðdio q¸ro pijanìthtoc me thn W .
Tìte, me Φ thn σ.κ. thc tupopoihmènhc kanonik c, isqÔei

||F − Φ|| ≤ 2E|W −W ∗|

EpÐshc isqÔoun oi ex c duo isodÔnamec ekfr�seic thc L1-apìstashc metaxÔ dÔo
t.m. X kai Y sto R.

An L = {h : R→ R : |h(x)− h(y)| ≤ |y − x|} tìte

||Y −X||1 = sup
h∈L
|E[h(Y )− h(X)]| (6.2.9)

  isodÔnama me

F = {f : f apìluta suneq c , f ′(0) = f(0) = 0, f ′ ∈ L}

isqÔei
||Y −X||1 = sup

f∈F
|E[f ′(Y )− f ′(X)]| (6.2.10)

To akìloujo L mma deÐqnei thn polÔ isqur  sqesh metaxÔ thc kanonik c pro-
sèggishc miac t.m. W kai thc apìstashc Wasserstein metaxÔ twn W kai W ∗.

L mma 6.2.2. 'EstwW t.m. me EW = 0, V ar(W ) <∞ kaiW ∗ t.m. me thnW−zero
biased katanom  kai N kanonik  metablht  me Ðdia diaspor� me thn W . Tìte,

||W −N ||1 ≤ 2||W −W ∗||1.

Apìdeixh. Epeid  σ−1d(X, Y ) = d(σ−1X, σ−1Y ) kai σ−1W ∗ = (σ−1W )∗ (apì orismì
thc W ∗), mporoÔme na upojèswme ìti V ar(W ) = 1. Apì thn (6.2.8) èqoume

inf
(Y,X)

E|Y −X| = d(Y,X) (6.2.11)

ìpou to infimum ekteÐnetai se ìla ta (Y,X) orismènec se koinì q¸ro pijanìthtoc, me
tic dedomènec perij¸riec. PaÐrnome W,W ∗ gia na epitÔqwme to infimum d(W,W ∗).

Gia mia diaforÐsimh sun�rthsh h (test function) me σ2 = 1 o Stein ([22]) deÐqnei ìti h
lÔsh f thc (6.1.2) eÐnai 2 forèc diaforÐsimh me ||f ′′|| ≤ 2||h′||, ìpou || · || supremum
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nìrma. T¸ra, phgaÐnontac apì arister� sta dexi� sthn (6.1.5), efarmìzontac thn
prohgoÔmenh anisotik  sqèsh kai thn (6.2.11) èqome,

|Eh(W )−Nh| ≤ ||f ′′||E|W −W ∗| (6.2.12)

≤ 2||h′||E|W −W ∗| (6.2.13)

= 2||h′||d(W,W ∗) (6.2.14)

Oi sunart seic h ∈ L eÐnai apìluta suneqeÐc me ||h′|| ≤ 1, epomènwc lamb�nontac
supremum p�nw stic h ∈ L sto aristerì mèroc thc (6.2.14), qrhsimopoi¸ntac kai thn
(6.2.9) h apìdeixh sumplhr¸netai.

L mma 6.2.3. Gia F , G σ.κ. twn X, Y , antistoÐqwc kai V ∼ U(0, 1), isqÔei

||F −G||1 = E|F−1(V )−G−1(V )|. (6.2.15)

Epiplèon, gia opoiad pote a ≥ 0 kai b ∈ R ìpou Fa,b kai Ga,b oi σ.κ. twn aX + b kai
aY + b antistoÐqwc,

||Fa,b −Ga,b||1 = a||F −G||1. (6.2.16)

Apìdeixh. ParaleÐpetai (bl. [24])

Parat rhsh: H sunèpeia tou L mmatoc (6.2.3) eÐnai ìti sthn (6.2.8) h L1-apost�sh
wc infimum, p�ntote epitugq�netai.

Je¸rhma 6.2.4. 'Estw Xi, i = 1, . . . , n anex�rthtec t.m. me EXi = 0, i = 1, . . . , n
kai V ar(Xi) = σ2

i , i = 1, . . . , n pou ikanopoioÔn
∑n

i=1 σ
2
i = 1 kai èstw

W =
n∑
i=1

Xi.

Tìte gia F sun�rthsh katanom c thc W kai Φ σ.κ. thc tupopoihmènhc kanonik c,

||F − Φ||1 ≤ 2E|XI −X∗I | (6.2.17)

ìpou X∗i eÐnai opoiad pote t.m. èqousa thn Xi-zero biased katanom , anex�rthth apì tic
{Xj, j 6= i}, i = 1, . . . , n kai I eÐnai ènac tuqaÐoc deÐkthc, anex�rthtoc twn {Xi, X

∗
i , i =

1, . . . , n} me katanom  P (I = i) = σ2
i . 'Estwsan Gi kai G∗i σ.κ. twn Xi kai X∗i

antistoÐqwc. Tìte,

||F − Φ||1 ≤ 2
n∑
i=1

σ2
i ||G∗i −Gi||1. (6.2.18)

IdiaÐtera, ìtan W =
∑n

i=1Xi/
√
n gia X,X1, . . . , Xn i.i.d. mhdenikoÔ mèsou, diaspor�c

1 kai σ.κ. G,
||F − Φ||1 ≤ [2/

√
n]||G∗ −G||1 (6.2.19)

kai G∗ h σ.κ. thc X∗, mporeÐ na ekfrasj  wc

G∗(X) = E[X(X − x)1(X ≤ x)]. (6.2.20)
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Apìdeixh. Apì L mma (6.1.2) v), èqome W ∗ −W = X∗I −XI me I tuqaÐo deÐkth me
katanom 

P (I = i) =
σ2
i∑n

j=1 σ
2
j

Epomènwc h (6.2.17) prokÔptei apì to Je¸rhma 6.2.1.

'Estwsan t¸ra Vi, i = 1, 2, . . . , n sullog  tm. i.i.d. U(0, 1) kai jètome,

(Xi, X
∗
i ) = (G−1

i (Vi), G
∗−1
i (Vi)), i = 1, 2, . . . , n

(antÐstrofoc metasqhmatismìc pijanìthtoc). Tìte L mma 6.2.3 sunep�getai,

E|X∗i −Xi| = ||G∗i −Gi||1.

PaÐrnontac mèso ìro sto dexiì mèroc thc (6.2.17) epÐ tou I, lamb�noume,

||F − Φ||1 ≤ 2E|X∗I −XI | = 2
n∑
i=1

σ2
iE|X∗i −Xi| = 2

n∑
i=1

σ2
i ||G∗i −Gi||1

dhlad  edeÐqjh h (6.2.18).

An oi t.m. eÐnai i.i.d., σ2
i = 1/n kai qrhsimopoi¸ntac to L mma 6.2.3, èqome

2
n∑
i=1

σ2
i ||G∗i −Gi||1 = 2

n

n
||G∗1/√n −G1/

√
n||1 = [2/

√
n]||G∗ −G||1

dhlad  thn (6.2.19).

T¸ra, apì to L mma 6.1.2 ii), gia t.m. X mhdenikoÔ mèsou kai diaspor�c 1,
h σ.κ. G∗ thc X∗ eÐnai apìluta suneq c wc proc to mètro Lebesgue, me puknìthta
P ∗(X) = −E[X1(X ≤ x)]. Epomènwc h σ.κ. thc X∗ eÐnai

G∗(X) = −E[X

∫ x

−∞
1(X ≤ u)du]

= −E[X

∫ x

X

du1(X ≤ x)]

= E[X

∫ x

X

du1(X ≤ x)]

= E(X(X − x)1(X ≤ x)).

H efarmog  twn (6.2.19) kai (6.2.20) se idiaÐterec peript¸seic odhgeÐ sto akì-
loujo,

Pìrisma 6.2.5. 'Estwsan B1 . . . , Bn i.i.d Bernoulli me p ∈ (0, 1), q = 1 − p kai
Xi = (Bi − p)/

√
pq. Tìte gia th σ.κ. tou ajroÐsmatoc W = (

∑n
i=1Xi)/

√
n pou èqei

Diwnumik  B(n, p) katanom , ∀n = 1, 2, . . . isqÔei

||F − Φ||1 ≤
p2 + q2

√
npq

=
E|X1|3√

n
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(E|X1|3 = p2+q2√
pq

)

Gia F σ.κ. tou ajroÐsmatoc W = (
∑n

i=1 Vi)/
√
n ìpou V1, V2, . . . , Vn i.i.d. t.m. me

E(Vi) = 0, V ar(Vi) = 1 kai omoiìmorfh katanom  U [−
√

3,
√

3] ∀n = 1, 2, . . . isqÔei

||F − Φ||1 ≤
√

3

4
√
n

=
E|V1|3

3
√
n

(E|V1|3 = 3
√

3
4

)
AnX eÐnai opoiad pote t.m. me EX = 0, V ar(X) = σ2

1 me σ.κ. G kai Z t.m. anex�rthth
thc X me katanom  thn kanonik  N(0, σ2

2) tìte an σ2
1 +σ2

2 = 1, h σ.κ. F touW = X+Z
(diaspor�c σ2

1 + σ2
2 = 1), ikanopoieÐ

||F − Φ||1 ≤ 2σ2
1||G∗ −G||1

Apìdeixh. Gia X = B−p√
pq
, apì thn (6.2.20) tou Jewr matoc 6.2.4, èqome

G∗(X) =
pq
√
pq

(x+
p
√
pq

)

gia x ∈ [− p√
pq
, q√

pq
] dhlad  hX∗ eÐnai isìnomh me thn V−p√

pq
, ìpou V ∼ U [0, 1]. Epomènwc,

apì to L mma 6.2.3,

||G∗ −G||1 = ||V − p√
pq
− B − p
√
pq
||1

=
1
√
pq
||V −B||1

=
p2 + q2

2
√
pq

kai to apotèlesma èpetai apì thn (6.2.19) tou Jewr matoc 6.2.4.

Gia thn omoiìmorfh katanom  U [−
√

3,
√

3], h (6.2.20) tou Jewr matoc 6.2.4 dÐdei,

G∗(x) = −
√

3x3

36
+

√
3x

4
+

1

2
, x ∈ [−

√
3,
√

3]

T¸ra

||G∗ −G||1 =

∫ ∞
−∞
|G∗(t)−G(t)|dt = . . . =

√
3

8

kai efarmìzontac thn (6.2.19) tou Jewr matoc 6.2.4 èqome to zhtoÔmeno apotèlesma.

O trÐtoc isqurismìc tou PorÐsmatoc èpetai apì thn (6.2.18) tou Jewr matoc
6.2.4 gia n = 2 kai to dedomèno ìti h kanonik  t.m. eÐnai èna stajerì shmeÐo tou
metasqhmatismoÔ zero bias.
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6.3 To kÔrio Je¸rhma

Sthn Par�grafo aut  diatup¸noume to kÔrio je¸rhma autoÔ tou KefalaÐou,
pou eÐnai akrib¸c Je¸rhma tÔpou Berry-Esseen gia to �kat� mèson� K.O.J. kai apodei-
knÔoume to mèroc i) autoÔ.

H apìdeixh tou Jewr matoc basÐzetai sth Mèjodo Stein kai se ìla ta sqetik�
me authn ennoiologik� ergaleÐa. IdiaÐtera qrhsimopoioÔme ton zero bias metasqhmatsmì
kai ton upologismì enìc Stein sunarthsoeidoÔc ((B(G)), kai tic idiìthtec tou.

Je¸rhma 6.3.1. 'Estwsan X1, X2, . . . , Xn anex�rthtec t.m. me EXj = 0, EX2
j = σ2

j

kai σ.κ. G1 ∈ Fσ1 , . . . , Gn ∈ Fσn , n ∈ N. èstw epÐshc Fn h σ.κ. thc

W =
1

σ

n∑
i=1

Xi

ìpou σ2 =
∑n

i=1 σ
2
i . Tìte,

i) ||Fn − Φ||1 ≤ 1
σ3

∑n
i=1E|Xi|3.

IdiaÐtera, an X1, . . . , Xn eÐnai isìnomec me σ.κ. G ∈ Fσ,

||Fn − Φ||1 ≤
E|X1|3

σ3
√
n

gia ìla ta n ∈ N.
ii) gia thn perÐptwsh ìpou ìlec oi t.m. eÐnai i.i.d. me σ.κ. G, jètontac

Cm = inf{C :

√
nσ3||Fn − Φ||1

E|X|3
≤ C, ∀G ∈ F1, n ≥ m} (6.3.21)

isqÔei ìti C1 ≤ 1, gia to �nw fr�gma tou C1

C1 ≥
2
√
π(2Φ(1)− 1)− (

√
π +
√

2) + 2e−1/2
√

2√
π

= 0, 535377 . . . (6.3.22)

gia to k�tw fr�gma.

Profan¸c h akoloujÐa {Cm}m≥1 eÐnai fjÐnousa wc procm kai mh arnhtik , opìte
èqei ìrio, èstw C∞.

Jètome,

B(G) =
2σ2||G∗ −G||1

E|X|3
(6.3.23)

ìpou G∗(X) = σ−2E[X(X − x)1(X ≤ x)] eÐnai h (zero-biased) katanom  thc t.m. X∗,
coupling thc t.m. X, me EX = 0, V ar(X) = σ2. Oi idiìthtec kurtìthtoc tou sunar-
thsoeidoÔc B(G) pou exart¸ntai apì th sumperifor� tou zero-bias metasqhmatismoÔ
p�nw stic mÐxeic, apoteloÔn to kleidÐ thc apìdeixhc tou Jewr matoc 6.3.1.

Gia thn apìdeixh tou tou i) Jewr matoc 6.3.1 ja qreiastoÔme thn epìmenh,
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Prìtash 6.3.2. Me tic upojèseic tou Jewr matoc 6.3.1, èqome

||Fn − Φ||1 ≤
1

σ3

n∑
i=1

B(Gi)E|Xi|3.

Apìdeixh. AntikajistoÔme sthn 6.2.18 tou Jewr matoc 6.2.4 ta σ2
i me σ

2
i /σ

2 kai ta
||G∗i −Gi||1 me 1

σ
||G∗i −Gi||1. Tìte, qrhsimopoi¸ntac kai ton orismì tou B(G),

||Fn − Φ||1 ≤ 2
n∑
i=1

σ2
i

σ2

1

σ
||G∗i −Gi||1

=
1

σ3
2

n∑
i=1

σ2
i ||G∗i −Gi||1

E|Xi|3

E|Xi|3

=
1

σ3

n∑
i=1

B(Gi)E|Xi|3

Gia to sÔnolo F twn mh tetrimmènwn katanom¸n me mhdenik  mèsh tim  kai peperasmènec
ropèc trÐthc t�xhc, jètome

B(F) = sup
G∈F

B(G) (6.3.24)

Ja qreiasjoÔme epÐshc, to epìmeno

L mma 6.3.3. Gia ìla ta σ ∈ (0,∞),

B(Fσ) = 1.

Apìdeixh. ParaleÐpetai.

Apìdeixh. i) tou Jewr matoc 6.3.1.
ProkÔptei �mesa apì thn Prìtash 6.3.2 kai to L mma 6.3.3.

Kleinoume thn par�grafo aut  me trÐa L mmata aparaÐthta gia ta epìmena.

L mma 6.3.4. Gia a ≥ 0, b > 0 kai l > 0 èqome∫ l

0

|(a+ b)
u

l
− a|du =

1

2

a2 + b2

a+ b
(6.3.25)

L mma 6.3.5. 'Estw G h katanom  miac mh tetrimmènhc kai mhdenikoÔ mèsou t.m.
X me st rigma ek dÔo shmeÐwn x < y. Tìte h X∗ eÐnai omoiìmorfa katanemhmènh sto
[x, y] kai

EX2 = −xy, E|X|3 = −xy(y2 + x2)

y − x
kai

||L(X∗)− L(X)||1 =
1

2

y2 + x2

y − x
ìpou L(X) h σ.κ. thc X.
IdiaÐtera B(G) = 1 kai B(F1) ≥ 1.
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Apìdeixh. Epeid  h G eÐnai mh tetrimmènh èqei jetik  diaspor�. 'Etsi h puknìthc
g∗ thc G∗ sto u, pou ìpwc apodeiknÔetai (wc Je¸rhma 6.2.4) eÐnai an�logh sthn
posìthta E[X1(X > u)], eÐnai mhdenik  èxw apì to [x, y] kai stajer  entìc autoÔ.
'Etsi, G∗(ω) = ω−x

y−x gia ω ∈ [x, y]. 'Oti h G èqei mhdenik  mèsh tim  sunep�getai ìti
ta shmeÐa x kai y tou sthrÐgmatoc ikanopoioÔn x < 0 < y kai ìti h G dÐdei jetikèc
pijanìthtec y

y−x kai − x
y−x sta x kai y antÐstoiqa. Oi tautìthtec twn rop¸n eÐnai

�mesec.

T¸ra k�nontac allag  metablht c u = ω kai efarmìzontac thn (6.3.25) me a =
y

y−x , b = − x
y−x kai l = y − x, èqome,

||L(X∗)− L(X)||1 =

∫ y

x

|ω − x
y − x

− y

y − x
|dω =

1

2

y2 + x2

y − x
.

Apì thn (6.3.23) t¸ra lamb�nome B(G) = 1.

L mma 6.3.6. 'Estw G ∈ Fσ gia k�poio σ ∈ (0,∞), èstw G h σ.κ. thc X kai gia
a 6= 0, èstw Ga h σ.κ. thc aX. Tìte,

B(Ga) = B(G)

kai idiaÐtera,
B(Fσ) = B(F1)

gia ìla ta σ ∈ (0,∞).

Apìdeixh. 'Oti h aX∗ èqei Ðdia katanom  me thn (aX)∗ èpetai apì ton orismì thc X∗

(6.1.3). Oi tautìthtec σ2
aX = a2σ2

X , E|aX|3 = |a|3E|X|3 kai h

||L(aX)− L(aY )||1 = |a|||L(X)− L(Y )||1

(apì thn bajmwt  idiìthta thc L1-apìstashc) ìpou L(X) h σ.κ. thc X sunep�gontai,
qrhsimopoi¸ntac kai thn (6.3.23),

B(Ga) = B(G).

O deÔteroc isqurismìc èpetai apì

{B(G) : G ∈ Fσ} = {B(G) : G ∈ F1}

6.4 Anagwg  se katanomèc me st rigma 3 sh-
meÐwn

Sthn par�grafo aut , qrhsimopoioÔme mia idiìthta sunèqeiac tou B(G) gia na
deÐxwme ìti to supremum tou epÐ thc F1, epitugq�netai se katanomèc peperasmènou
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sthrÐgmatoc. Ekmetalleuìmenoi mia idiìthta tÔpou kurtìthtoc, tou zero bias meta-
sqhmatismoÔ, p�nw stic mÐxeic katanom¸n pou èqoun Ðsec diasporèc, mei¸noume thn
upologistik  duskolÐa, an�gontac ton upologismì tou supremum, p�nw sto D3, pou
eÐnai to sÔnolo twn katanom¸n mhdenikoÔ mèsou kai diaspor�c 1, me st rigma to polÔ
tri¸n shmeÐwn.

'Estw (S,Σ) metr simoc q¸roc kai {ms}s∈S mia oikogèneia mètrwn pijanìthtoc
sto R tètoiwn ¸ste gia k�je Borel uposÔnolo A ⊂ R, h sun�rthsh

S → [0, 1] : s→ ms(A)

eÐnai metr simh. An µ eÐnai èna mètro pijanìthtoc ston (S,Σ) h sunolosun�rthsh

mµ(A) =

∫
S

ms(A)dµ(s)

eÐnai èna mètro pijanìthtoc, onom�zetai de h µ mÐxh twn {ms}s∈S.

SumbolÐzoume me Eµ kai Es tic mèsec timèc wc proc ta mètra mµ kai ms kai èstw
Xµ kai Xs oi t.m. me katanomèc mµ kai ms antistoÐqwc. Gia par�deigma, gia ìlec tic
sunart seic f pou eÐnai oloklhr¸simec wc proc µ, èqoume

Eµf(X) =

∫
f(X)dmµ =

∫
f(X)

∫
dms(s)dµ(s)

=

∫ ∫
f(X)dms(s)dµ(s)

=

∫
Esf(X)dµ(s).

Thn prohgoÔmenh mporoÔme epÐshc na gr�ywme wc

Ef(Xµ) =

∫
Ef(Xs)dµ(s).

IdiaÐtera, an {ms}s∈S einai oikogèneia katanom¸n mhdenikoÔ mèsou me σ2
s = EX2

s dia-
sporèc kai apìlutec trÐtec ropèc γs = E|X3

s |, h mÐxh katanom¸n mµ èqei diaspor� σ2
µ

kai trÐth apìluth rop  γµ pou dÐdontai wc

σ2
µ =

∫
S

σ2
sdµ(s), γµ =

∫
S

γsdµ

ìpou mporeÐ kai ta dÔo na eÐnai �peira.

Shmei¸noume oti σ2
µ <∞ sunep�getai σ2

s <∞ µ-sqedìn bèbaia kai wc ek toÔtou
h m∗s, h ms zero biased katanom , up�rqei µ-sqedìn bèbaia.

To epìmeno je¸rhma deÐqnei ìti h zero biased katanom  miac mÐxhc eÐnai mia mÐxh
zero biased katanom¸n.
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Je¸rhma 6.4.1. 'Estw {ms}s∈S mia oikogèneia katanom¸n sto R, mhdenikoÔ mèsou
kai µ èna mètro pijanìthtoc sto S tètoio ¸ste h diaspor� σ2

µ thc mÐxhc katanom¸n
eÐnai jetik  kai peperasmènh. Tìte m∗µ, h mµ zero biased katanom , up�rqei kai dÐdetai
apì th mÐxh

m∗µ =

∫
m∗sdv

ìpou dv/dµ = σ2
s/σ

2
µ. IdiaÐtera, v = µ ann σ2

s eÐnai stajer�, µ-sqedìn bèbaia.

Apìdeixh. H katanom  m∗µ up�rqei efìson mµ èqei mhdenikì mèso kai mh mhdenik 
peperasmènh diaspor�. 'Estw X∗µ t.m. pou èqei thn mµ-zero biased katanom  kai èstw
Y t.m. me katanom  m∗µ. Gia opoiad pote apìluta suneq  sun�rthsh f gia thn opoÐa
up�rqoun oi parak�tw mèsec timèc, èqome

σ2
µEf

′(X∗µ) = EXµf(Xµ)

=

∫
EXsf(Xs)dµ

=

∫
σ2
sEf

′(X∗s )dµ

= σµ2

∫
Ef ′(X∗s )dv

= σ2
µEf

′(Y )

Efìson, loipìn, Ef ′(X∗µ) = Ef ′(Y ) gia ìlec autèc tic f , sumperaÐnome ìti X∗µ
d
= Y

(X∗µ kai Y èqoun Ðdia katanom ).

JumÐzome ènan isodÔnamo tÔpo thc L1 apìstashc ( (6.2.9),(6.2.10) ),

||F −G||1 = sup
f∈L
|Ef(X)− Ef(Y )| (6.4.26)

ìpou
L = {f : |f(x)− f(y)| ≤ |x− y|}

X kai Y t.m. me katanomèc F kai G antistoÐqwc.

Me mia mikr  aujairesÐa wc proc ton sumbolismì, gr�fome B(X) antÐ B(G) ìtan
h X èqh katanom  G.

Je¸rhma 6.4.2. An Xµ eÐnai h µ-mÐxh miac oikogèneiac {Xs : s ∈ S} t.m. mhdenikoÔ
mèsou, diaspor�c 1, ikanopoieÐ thn E|X3

µ| <∞, tìte

B(Xµ) ≤ sup
s∈S

B(Xs) (6.4.27)

An C eÐnai mia oikogèneia, mhdenikoÔ mèsou kai peperasmènhc diaspor�c 1, t.m., me
peperasmènec apìlutec trÐtec ropèc kai D ⊂ C tètoio ¸ste k�je katanom  sth C
mporeÐ na parastaj  wc mÐxh katanom¸n sth D, tìte

B(C) = B(D). (6.4.28)
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Apìdeixh. Epeid  oi diasporèc σ2
s twn Xs eÐnai stajerèc, h katanom  X∗µ eÐnai h

µ-mÐxh twn {Xs : s ∈ S}, apì to Je¸rhma 6.4.1. Epomènwc, efarmìzontac thn (6.4.26),
èqome

||L(X∗µ)− L(Xµ)||1 = sup
f∈L
|Ef(X∗µ)− Ef(Xµ)|

= sup
f∈L
|
∫
S

Ef(X∗s )dµ−
∫
S

Ef(Xs)dµ|

≤ sup
f∈L

∫
S

|Ef(X∗s )− Ef(Xs)|dµ

≤
∫
S

||L(X∗s )− L(Xs)||1dµ (6.4.29)

Parathr¸ntac ìti V ar(Xµ) =
∫
S
EX2

sdµ = 1 efarmìzontac thn (6.4.29), brÐskoume
ìti

B(Xµ) =
2||L(X∗µ)− L(Xµ)||1

E|X3
µ|

≤
2
∫
S

2||L(X∗s )− L(Xs)||1dµ
E|X3

µ|

=

∫
S
B(Xs)E|X3

s |
E|X3

µ|
dµ

≤ sup
s∈S

B(Xs)

∫
S
E|X3

s |dµ
E(X3

µ)

= sup
s∈S

B(Xs).

(
∫
S
E|X3

s |dµ = E(X3
µ)).

'Etsi to pr¸to sumpèrasma edeÐqjh.

T¸ra ìson afor� sthn (6.4.28), apì ton orismì tou B(G) kai th (6.4.26), èqome
ìti B(D) ≤ B(C). H antÐstrofh anisìthc, dhlad  B(C) ≤ B(D), prokÔptei apì thn
(6.4.27).

Parat rhsh. To apotèlesma tou jewr matoc den isqÔei ìtan jewr soume mÐxeic t.m.
me �nisec diasporèc. IdiaÐtera, an Xs ∼ N(0, σ2

s) kai σ2
s den eÐnai stajer� wc proc s,

tìte Xµ eÐnai mÐxh kanonik¸n me �nisec diasporèc kai den eÐnai kanonik . Wc ek toÔtou,
se aut  thn perÐptwsh èqome B(Xµ) > 0, en¸ B(Xs) = 0 gia ìla ta s.

Gia na mporèsoume na efarmìsoume to Je¸rhma (6.4.2) me skopì na anag�gwme
ton upologismì tou B(F1) se katanomèc peperasmènou sthrÐgmatoc, ja qreiasjoÔme
mia idiìthta suneqeÐac tou zero bias metasqhmatismoÔ, pou dÐdetai sto epìmeno L mma.

SumbolÐzoume Xn
d→ X,thn sÔgklish thc Xn sth X kat� katanom .

L mma 6.4.3. 'Estwsan X kai Xn, n = 1, 2, . . . t.m. mhdenikoÔ mèsou kai pepera-
smènwn mh mhdenik¸n diaspor¸n. An

Xn
d→ X, lim

n→∞
EX2

n = EX2
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tìte,

X∗n
d→ X∗

Apìdeixh. ParaleÐpetai (Goldstein L. (2009), A probabilistic proof of the Lindaberg-
Feller CLT. American Mathematical Monthly 116, 45-60).

Me qr sh tou L mmatoc 6.4.3, mporoÔme na apodeÐxwme thn akìloujh idiothta
suneqeÐac tou sunarthsoeidoÔc B(X).

L mma 6.4.4. 'Estw X kai Xn, n ∈ N t.m. mhdenikoÔ mèsou me peperasmènec mh
mhdenikèc apìlutec ropèc trÐthc t�xewc. An

Xn
d→ X, lim

n→∞
EX2

n = EX2, E|X3
n| → E|X3|

tìte
B(Xn)→ B(X), n→∞.

Apìdeixh. Apì to L mma (6.4.3), èqome X∗n
d→ X∗. 'Estw V omoiìmorfa katanemh-

mènh t.m.. jètome

(Y, Yn, Y
∗, Y ∗n ) = (F−1

X (V ), F−1
Xn

(V ), F−1
X∗ (V ), F−1

X∗n
(V ))

ìpou FW sumbolÐzei thn σ.κ. thc W . Tìte Y
d
= X, Yn

d
= Xn, Y ∗

d
= X∗ kai Y ∗n

d
= X∗n

(antÐstrofoc Metasqhmatismìc pijanìthtoc). Epiplèon apì tic Xn
d→ X kai X∗n

d→ X∗

kai to Je¸rhma 8 PRT, Yn
a.s.→ Y , Y ∗n

a.s.→ Y ∗, kai apì (6.2.15) tou L mmatoc 6.2.3,

||L(X∗n)− L(Xn)||1 = E|Y ∗n − Yn|

kai
||L(X∗)− L(X)||1 = E|Y ∗ − Y |

ìpou L(W ) h σ.κ. thc t.m. W .

Apì thn (6.1.3) me f(x) = x2sgn(x) brÐskome, gia mia t.m. èstw Y

E|Y 3| = 2V ar(Y )E|Y ∗|

Epomènwc, gia n→∞, èqome

EY 2
n = EX2

n → EX2 = EY 2

kai

E|Y ∗n | =
E|Y 3

n |
2E|Y 2

n |
=

E|X3
n|

2E|X2
n|

n→∞→ E|X3|
2E|X2|

=
E|Y 3|
2E|Y 2|

= E|Y ∗|.
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Sunep¸c apì Je¸rhma 9 PRT, oi {Yn}n∈N kai {Y ∗n }n∈N eÐnai omoiìmorfa oloklhr¸si-
mec, opìte {Y ∗n −Yn}n∈N eÐnai omoiìmorfa oloklhr¸simh. Epeid  de Y ∗n −Yn

a.s.→ Y ∗−Y
gia n→∞, èqome

lim
n→∞

||L(X∗n)− L(Xn)||1 = lim
n→∞

E|Y ∗n − Yn|

= E|Y ∗ − Y |
= ||L(X∗)− L(X)||1. (6.4.30)

Sundu�zontac thn (6.4.30) me thn sÔgklish twn diaspor¸n kai twn apolÔtwn trÐtwn
rop¸n ìpwc dhl¸nontai sthn upìjesh tou L mmatoc, kai thn (6.3.23), h apìdeixh
sumplhr¸netai.

Ta epìmena dÔo L mmata daneÐzontai poll� apì to Je¸rhma 2.1 sto �rjro Ho-
effoing, W. (1955), Annals of Mathematical Statistics 26, 268-275.

L mma 6.4.5. B(F1) = B(∪m≥3Dm) ìpou Dm sumbolÐzei thn oikogèneia ìlwn twn
katanom¸n mhdenikoÔ mèsou diaspor�c 1 me st rigma to polÔ m shmeÐwn.

Apìdeixh. JètomeM thn oikogèneia twn katanom¸n sthn F1 pou èqoun sumpagèc
st rigma. DeÐqnome pr¸ta ìti

B(F1) ≤ B(M) (6.4.31)

Pr�gmati, èstw L(X) ∈ F1 dÐdetai kai gia n ∈ N, jètome Yn = X1|x|≤n. Profan¸c

Yn
d→ X. Epeid  E|X3| <∞ kai |Y p

n | ≤ |Xp|, ∀p ≥ 0, apì to Je¸rhma Kuriarqhmènhc
SÔgklishc,

EYn → EX = 0 (6.4.32)

EY 2
n → EX2 = 1, E|Y 3

n | → E|X3|, n→∞
Jètome

Xn = Yn − EYn. (6.4.33)

Tìte, Xn = Yn−EYn
d→ X−0 = X (apì je¸rhma Slutsky’s). 'Etsi, lìgw twn (6.4.32)

ikanopoioÔntai oi upojèseic tou L mmatoc 6.4.4, opìte

B(Xn)→ B(X), n→∞

me {Xn}n∈N ⊂M. 'Etsi edeÐqjh h (6.4.31).

JewroÔme t¸ra L(X) ∈ M ètsi ¸ste |x| ≤ M a.s. gia k�poio M > 0. ∀n ∈ N.
'Estw

Yn =
∑
k∈Z

k

2n
1(
k − 1

2n
< X ≤ k

2n
).

Epeid  |X| ≤ M a.s., k�je Yn èqei st rigma me peperasmèno arijmì shmeÐwn kai eÐnai
omoiìmorfa fragmènh. Profan¸c isqÔei Yn → X a.s. kai oi (6.4.32) isqÔoun apì
to Je¸rhma Fragmènhc SÔgklishc. OrÐzontac Xn apì thn (6.4.33), oi upojèseic tou
L mmatoc 6.4.4 ikanopoioÔntai, opìte

B(Xn)→ B(X), n→∞
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me
{Xn}n∈N ⊂ ∪m≥3Dm (6.4.34)

deÐqnontac B(M) ≤ B(∪m≥3Dm). Sundu�zontac thn anisìthta aut  me thn (6.4.31),
lamb�nomeB(F1) ≤ B(∪m≥3Dm). H antÐstrofh thc teleutaÐac anisìthtoc eÐnai profan c.

epomènwc B(F1) = B(∪m≥3Dm).

L mma 6.4.6. K�je katanom  sto ∪m≥3Dm mporeÐ na ekfrasteÐ wc peperasmènh
mÐxh D3 katanom¸n.

Apìdeixh. To L mma isqÔei tetrimmèna gia m = 3. upojètoume ìti isqÔei gia ìlouc
touc akèraiouc apì 3 e¸c m− 1 kai ja to deÐxwme gia m = 3.

H katanom  k�je X ∈ Dm prosdiorÐzetai apì tic timèc tou sthrÐgmatoc a1 <
a2 < . . . < am kai èna di�nusma pijanìthtoc P = (p1, . . . , pm). An k�poiec apì
tic sunist¸sec tou P eÐnai mhdenikèc, tìte X ∈ Dk gia k < m kai h epagwg  ja
perai¸neto. 'Etsi upojètome ìti ìlec oi sunist¸sec tou P eÐnai gn sia jetikèc. Epeid 
X ∈ Dm, to di�nusma P prèpei na ikanopoi 

AP = c =

1
0
1


ìpou

A =

 1 1 . . . 1
a1 a2 . . . am
a2

1 a2
2 . . . a2

m


(afoÔ to P eÐnai di�nusma pijanìthtoc, h mèsh tim  eÐnai mhdenik  kai h diaspor� 1.)

Epeid  A ∈ R3×m me m > 3, kerA 6= {0} dhlad  up�rqei v me

Av = 0, v = (v1, . . . , vm) (6.4.35)

Epeid  v 6= 0 kai h exÐswsh pou prokÔptei apì thn pr¸th seir� tou A eÐnai
∑m

i=1 vi = 0,
to di�nusma v perièqei jetikèc kai arnhtikèc timèc. Epeid  de, to di�nusma P èqei gn sia
jetikèc sunist¸sec, oi arijmoÐ t1 kai t2 dÐdontai apì tic,

t1 = inf{t > 0 : min
i

(pi + tvi) ≥ 0}

kai
t2 = inf{t > 0 : min

i
(pi − tvi) ≥ 0}

eÐnai gn sia jetikoÐ. Shmei¸noume ìti, ta

P 1 = P + t1v kai P 2 = P − t2v

ikanopoioÔn
AP 1 = A(P + tv) = AP = c = A(P − t2v) = AP 2
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lìgw thc (6.4.35), kai ètsi ta P 1, P 2 eÐnai dianÔsmata pijanìthtoc efìson oi suni-
st¸sec touc eÐnai mh arnhtikoÐ kai ajroÐzoun sthn mon�da. Epiplèon oi antÐstoiqec
katanomèc èqoun mhdenik  mèsh tim  kai diaspor� 1 kai se kajèna apì ta dÔo au-
t� dianÔsmata, toul�qiston mia sunist¸sa èqei gÐnei mhdèn. Epomènwc to di�nusma
P = (p1, . . . , pm) mporeÐ na ekfrasj  wc h mÐxh

P =
t2

t1 + t2
P 1 +

t1
t1 + t2

P 2

dianusm�twn pijanìthtoc me st rigma to polÔ m− 1 shmeÐwn. Apì autì sun�getai ìti
h X eÐnai h mÐxh duo katanom¸n sth Dm−1 kai ètsi sumplhr¸netai h epagwg .

Je¸rhma 6.4.7.

B(F1) = B(D3).

Apìdeixh. To apotèlesma eÐnai �mesh sunèpeia tou Jewr matoc 6.4.2 kai twn Lhm-
m�twn 6.4.5 kai 6.4.6.

Lìgw tou prohgoÔmenou apotelèsmatoc, mporoÔme na periorÐsoume thn prosoq 
mac sthn D3.

6.5 Fr�gma gia tic D3 katanomèc

To L mmma 6.3.6 kai to Je¸rhma 6.4.7 sunep�gontai ìti

B(Fσ) = B(F1) = B(D3)

Gia thn apìdeixh tou Jewr matoc pou akoloujeÐ, ja qreiastoÔme to epìmeno,

L mma 6.5.1. 'Estw x < y < 0 < z kai m1,m0 oi monadikèc mhdenikoÔ mèsou
katanomèc me st rigma {x, z},{y, z} antistoÐqwc. dhlad ,

m1({ω}) =


z

z−x , ω = x
−x
z−x , ω = z

0, diaforetik�

kai

m0({ω}) =


z
z−y , ω = y
−y
z−y , ω = z

0, diaforetik�

Tìte

||m∗1 −m0||1 ≤ ||m∗1 −m1||1. (6.5.36)
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Apìdeixh. 'Estwsan F1, F0 kai F ∗1 oi σ.κ. twn m1,m0 kai m∗1 antistoÐqwc. Apì L m-
ma 6.3.5, m∗1 einai omoiìmorfh epÐ tou [x, z]. Up�rqoun duo peript¸seic, exart¸menec
apì ta sqetik� orÐsmata twn F ∗1 (y) = y−x

z−x kai F0(y) = z
z−y .

JewroÔme pr¸ta thn perÐptwsh F ∗1 (y) ≤ F0(y)   isodÔnama,

y(x+ z) ≤ y2 + z2 (6.5.37)

apì to L mma 6.3.5, èqome

||m∗1 −m1||1 =
z2 + x2

2(z − x)
=

(z2 + x2)(z − y)2

2(z − x)(z − y)2

=
z4 − 2yz3 + y2z2 + x2z2 − 2c2yz + x2y2

2(z − x)(z − y)2
(6.5.38)

=
(z4 − 2yz3 + x2z2 − 2x2yz) + y2z2 + x2y2

2(z − x)(z − y)2
.

Jètontac J1 = [x, y) kai J2 = [y, z] èqome ||m∗1 −m0||1 = I1 + I2 ìpou

Ii =

∫
Ji

|F ∗1 (ω)− F0(ω)|dω, i = 1, 2

Epeid  F ∗1 (ω) ≥ 0 = F0(ω) gia ìla ta ω ∈ J1,

I1 =

∫ y

x

ω − x
z − x

dω =
1

2

(y − x)2

z − x
=

(y − x)2(z − y)2

2(z − x)(z − y)2
. (6.5.39)

Dedomènou ìti F ∗1 (y) < F0(y), efarmìzontac to L mma 6.3.4, me a = z
z−y−

y−x
z−x , b = −y

z−y
kai l = z − y, met� thn allag  metablht c u = ω − y, lamb�noume

I2 =

∫ x

y

|ω − x
z − x

− z

z − y
|dω

=
z − y

2

( z
z−y −

y−x
z−x)2 + ( y

z−y )2

1− y−x
z−x

=
1

2
(z − x)[(

z

z − y
− y − x
z − x

)2 + (
y

z − y
)2] (6.5.40)

=
[z(z − x)− (y − x)(z − y)]2 + [y(z − x)]2

2(z − x)(z − y)2

=
(y2 + z2)(z − x)2 − 2z(z − x)(y − x)(z − y) + (y − x)2(z − y)2

2(z − x)(z − y)2

Prosjètontac tic (6.5.39) kai (6.5.40), èqoume

||m∗1 −m0||1 =
(y2 + z2)(z − x)2 − 2z(z − x)(y − x)(z − y) + 2(y − x)2(x− y)2

2(z − x)(z − y)2

=
(z4 − 2yz3 + x2z2 − 2x2yz) + 5y2z2 + 3x2y2 − 4xy3

2(z − x)(z − y)2

+
4xy2z − 4xyz2 + 2y4 − 4y3z

2(z − x)(z − y)2
(6.5.41)
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T¸ra, afair¸ntac (6.5.41) apì thn (6.5.38) kai parathr¸ntac ìti oi ìroi entìc twn
parenjèsewn stouc paronomastèc twn dÔo aut¸n ekfr�sewn eÐnai Ðsoi, brÐskome ìti

||m∗1 −m1||1 − ||m∗1 −m0||1 =

−4y2z2 − 2x2y2 + 4xy3 − 4xy2z + 4xyz2 − 2y4 + 4y3z

2(z − x)(z − y)2
= (6.5.42)

−y(y − x)[y2 + 2z2 − y(x+ 2z)]

2(z − x)(z − y)2

O arijmht c sthn (6.5.42) eÐnai jetikìc afoÔ −y > 0 kai y − x > 0. Gia ton upìloipo
ìro h (6.5.37) dÐdei

y2 + 2z2 − y(x+ 2z) = y2 + 2z2 − yz − y(x+ z) ≥ z(z − y) ≥ 0.

Epomènwc, h (6.5.42) eÐnai jetik . 'Etsi edeÐqjh h (6.5.36), gia thn perÐptwsh ìpou
F ∗1 (y) ≤ F0(y).

Gia thn perÐptwsh ìpou F ∗1 (y) > F0(y), èqome F ∗1 (ω) ≥ F0(ω) gia ìla ta ω ∈
[x, z), afoÔ F0(ω) eÐnai mhdèn sto [x, y) kai isoÔtai me F0(y) sto [y, z) kai F ∗1 (ω) eÐnai
aÔxousa sto [y, z). Epomènwc,

||m∗1 −m0||1 =

∫ z

x

|F ∗1 (ω)− F0(ω)|dω

=

∫ z

x

ω − z
z − x

dω −
∫ z

y

z

z − y
dω

=
1

2

(z − x)2

z − x
− z

=
1

2
(z − x)− z

= −x+ z

2

T¸ra, efìson (x + z)(x − z) = x2 − z2 ≤ x2 + z2 kai z − x > 0, qrhsimopoi¸ntac
L mma 6.3.5, sun�gome

||m∗1 −m0||1 = −x+ z

2
≤ x2 + z2

2(z − x)
= ||m∗1 −m1||1

OÔtwc edeÐqjh h (6.5.36) ìtan F ∗1 (y) > F0(y). kat� sunèpeia kai to L mma.

Je¸rhma 6.5.2.
B(D3) = 1

Apìdeixh. To L mma 6.3.5, deÐqnei ìti B(X) = 1 ìtan to st rigma thc X apoteleÐtai
apì dÔo shmeÐa. ètsiB(D3) ≥ 1 kai to mìno pou apomènei na jewr soume ìti to st rigma
thc X èqei trÐa jetik� shmeÐa. Pr¸ta ja deÐxome ìti

B(X) ≤ 1 (6.5.43)
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ìtan to st rigma thc X ∈ D3, perièqei trÐa jetik� mh mhdenik� shmeÐa x, y, z.

EX = 0 sunep�getai ìti x < 0 < z. AfoÔ apodeÐxome thn (6.5.43), qeirizìmaste thn
perÐptwsh ìpou y = 0, me ènan isqurismì sunèqeiac.

'Estw X me st rigma apoteloÔmeno apì ta x < y < z me y 6= 0. Apì to L mma
6.3.6, èpetai ìti B(X) = B(−X), opìte qwrÐc bl�bh thc genikìthtac mporoÔme na
upojèsoume x < y < 0 < z.

'Estwsan m1 kai m0 oi monadikèc katanomèc mhdenikoÔ mèsou me sthrÐgmata ek twn
{x, z} kai {y, z} antistoÐqwc. kai èstw akìmh ìti L(X1) = m1 kai L(X0) = m0. Epeid 
genik¸n, k�je mhdenikoÔ mèsou katanom , pou den èqei m�za sto mhdèn, mporeÐ na
parastaj  wc mÐxh katanom¸n mhdenikoÔ mèsou ek dÔo shmeÐwn (ìpwc sthn Skorohod
anapar�stash), jètome

L(Xa) = am1 + (1− a)m0. (6.5.44)

Tìte èqome L(X) = L(Xa) gia k�poio a ∈ [0, 1]. pr�gmati, gia th dedomènhX, mporoÔme

na diapist¸soume ìti P (X=x)
P (X1=x)

∈ (0, 1) kai ìti h (6.5.44) isqÔei ìtan to a paÐrnei aut 

thn tim . Wc ek toÔtou, gia na apodeÐxoume thn (6.5.43) arkeÐ na deÐxome ìti

B(Xa) ≤ 1, ∀a ∈ [0, 1]. (6.5.45)

Apì to L mma 6.3.5,
EX2

1 = −zx, EX2
0 = −zy (6.5.46)

kai apì thn (6.5.44), h diaspor� thc Xa, dÐdetai apì thn

EX2
a = aEX2

1 + (1− a)EX2
0

(grammikìthc oloklhr¸matoc)

= −[azx+ (1− a)zy]

= −z[ax+ (1− a)y]. (6.5.47)

Efarmìzontac to Je¸rhma 6.4.1, me S = {0, 1} kai µ na eÐnai to mètro pijanìthtac pou
apodÐdei m�zec a kai 1 − a, sta shmeÐa 1 kai 0 antistoÐqwc, kai lìgw twn (6.5.46) kai
(6.5.47), h m∗a, Xa zero biased katanom , dÐdetai apì thn mÐxh,

m∗a = bm∗1 + (1− b)m∗0 (6.5.48)

ìpou b = ax/(ax+ (1− a)y). Epeid  x < y < 0, èqome

b

1− b
=

a

1− a
x

y
>

a

1− a

opìte b > a. 'Estwsan F0, F1, F
∗
1 kai F ∗0 oi σ.κ. twn m1,m0,m

∗
1 kai m∗0 antistoÐ-

qwc. 'Estw V h tupopoihmènh omoiìmorfh t.m.. apì ton antÐstrofo metasqhmatismì
pijanìthtoc, mporoÔme na èqwme

(Y1, Y0, Y
∗

1 , Y
∗

0 ) = (F−1
1 (V ), F−1

0 (V ), F ∗−1
1 (V ), F ∗−1

0 (V )).
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Tìte Yi
d
= Xi kai Y ∗i

d
= X∗i gia i ∈ {1, 2} kai apì thn (6.2.15), ìla ta zeÔgh twn t.m.

Y1, Y0, Y
∗

1 , Y
∗

0 epitugq�noun thn L1-apìstash metaxÔ twn antÐstoiqwn katanom¸n touc.
'Estw, t¸ra, (Ya, Y

∗
a ) wrismènec ston Ðdio q¸ro pijanìthtec me koin  katanom  pou

dÐdetai apì thn mÐxh

L(Ya, Y
∗
a ) = aL(Y1, Y

∗
1 ) + (1− b)L(Y0, Y

∗
0 ) + (b− a)L(Y0, Y

∗
1 )

Tìte (Ya, Y
∗
a ) èqei perij¸riec katanomèc Ya

d
= Xa kai Y ∗a

d
= X∗a . Epomènwc, apì thn

6.2.8, èqome

||m∗a −ma||1 ≤ a||m∗1 −m1||1 + (1− b)||m∗0 −m0||1 + (b− a)||m∗1 −m0||1 (6.5.49)

To L mma 6.3.5 deÐqnei ìti G(Xi) = 1, dhlad  E|X3
i | = 2EX2

i ||m∗i −mi||1 gia i = 1, 2.

ètsi apì thn (6.5.44) èpetai,

E|Xa|3 = 2[aEX2
1 ||m∗1 −m1||1 + (1− a)EX2

0 ||m∗0 −m0||1]

kai apì tic (6.5.46), (6.5.47), (6.5.48), brÐskome

E|X3
a |

2EX2
a

=
ax||m∗1 −m1||1 + (1− a)y||m∗0 −m0||1

ax+ (1− a)y

= b||m∗1 −m1||1 + (1− b)||m∗0 −m0||1. (6.5.50)

Apì to L mma 6.5.1 prokÔptei ìti to dexÐ mèloc thc epomènwc kai to aristerì mèloc
thc (6.5.49) eÐnai fragmèna apì thn (6.5.50), dhlad  ìti

B(Xa) =
2EX2

a ||m∗a −ma||1
E|Xa|3

≤ 1.

'Etsi sumplhr¸netai h apìdeixh thc (6.5.45) epomènwc kai thc (6.5.43).

Telik�, jewroÔme thn perÐptwsh ìpou h mhdenikoÔ mèsou t.m. X èqei jetikì
st rigma {x, 0, z} me x < 0 < z kai P (X = 0) = q ∈ (0, 1). Gia n ∈ N, èstw
Yn = X + n−11(X = 0) kai Xn = Yn − EYn. Gia n→∞, blèpome ìti Yn

a.s.→ X kai

EYn = EX + n−1P (X = 0) =
q

n
→ 0

opìte Xn
a.s.→ X. Epeid  oi Xn, n = 1, 2, . . . eÐnai omoiìmorfa fragmènec, apì to Je¸-

rhma Fragmènhc SÔgklishc èpetai ìti oi upojèseic tou L mmatoc 6.4.4 ikanopoioÔntai.
Sunep¸c

B(Xn)→ B(X), n→∞.

Gia ìla ta n ∈ N tètoia ¸ste 1/n < x, h σ.κ. thc Xn èqei jetikì st rigma apì trÐa mh
mhdenik� diakekrimèna shmeÐa, x− q

n
< 1−q

n
< z− q

n
opìte, apì thn (6.5.43), B(Xn) ≤ 1

gia ìla ta n ∈ N. Epomènwc kai gia to ìrio B(X) isqÔei B(X) ≤ 1 (X ∈ D3). Apì
to apotèlesma autì kai thn B(D3) ≥ 1 èpetai B(D3) = 1.
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6.6 To kat¸tero fr�gma thc stajer�c sto �ka-
t� mèson� K.O.J.

Apì thn (6.3.21), me m = 1 kai L(X) = G ∈ F1 èqome,

||Fn − Φ||1 ≤
C1E|X3|√

n
, ∀n ∈ N.

IdiaÐtera, gia n = 1,

C1 ≥
||F1 − Φ||1
E|X3|

=
||G− Φ||1
E|X3|

(6.6.51)

Lìgw tou jewr matoc 6.4.7, kai tou L mmatoc 6.3.5 (ìti oi katanomèc dÔo shmeÐwn
epitugq�noun to supremum tou B(G)), gia p ∈ (0, 1), jètome

X =
ξ − p
√
pq

ìpou ξ h Bernoulli t.m. me P (ξ = 1) = p = 1−P (ξ = 0). H σ.κ. Gp thc X, dÐdetai wc,

Gp(x) =


0, x ≤ −

√
p
q

q, −
√

p
q
< x <

√
p
q

1,
√

p
q
< x

Epomènwc h L1-apìstash metaxÔ thc Gp kai thc tupopoihmènhc kanonik c eÐnai,

||Gp − Φ||1 =

∫ −√ p
q

−∞
Φ(x)dx+

∫ √ p
q

−
√

p
q

|Φ(x)− q|dx+

∫ ∞
√

p
q

|Φ(x)− 1|dx.

Epeid  Gp ∈ F1 gia ìla ta p ∈ (0, 1) kai E|X3| = p2+q2√
pq

, jètontac

ψ(p) =

√
pq

p2 + q2
||Gp − Φ||1

gia p ∈ (0, 1), h anisìthc (6.6.51) dÐdei C1 ≥ ψ(p), gia ìla ta p ∈ (0, 1). Gia p = 1/2
èqome,

C1 ≥ ψ(1/2) =

√
1/4

(1/4) + (1/4)
||Gp − Φ||1

=
2
√
π[2Φ(1)− 1]− (

√
π +
√

2) + 2e−1/2
√

2√
π

= 0.535377 . . .

Dhlad  edeÐqjh h (6.3.22). 'Etsi h apìdeixh tou kurÐou jewr matoc tou KefalaÐou 6,
oloklhr¸jhke.



Kat�logoc suntomeÔsewn kai
Sumbolism¸n

τ.µ. : tuqaÐa metablht 

σ.κ. : sun�rthsh katanom c

σ.π.π. : sun�rthsh puknìthtoc pijanìthtoc

χ.σ. : qarakthristik  sun�rthsh

a.s. : sqedìn bèbaia (almost surely)

σ.π. : sqedìn pantoÔ

i.d. : �peira diairetèc (infinitely divisible)

i.i.d. : anex�rthtec kai isìnomec (t.m.) (independent identically distributed)

σ.µ.β. : sumbolÐzetai

ann : tìte kai mìno tìte an

K.O.Θ. : Kentrikì Oriakì Je¸rhma

N.M.A. : Nomoc Meg�lwn Arijm¸n

O.ρ.ς. : Orismìc

Θ : Je¸rhma

Π. : Prìtash

Λ. : L mma

Π.oρ. : Pìrisma

Π.P.T. : Par�rthma

“d′′ : kat� katanom 

“d′′→: sÔgklish kat� katanom 

⇒: pl rhc sÔgklish

lim : lim sup

lim : lim inf

SÔmbash.
To diakritikì PRT parapèmpei sto Par�rthma.
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Merikèc Sumb�seic

1) To diakritikì PRT parapèmpei sto Par�rthma.
2) O arister� thc teleÐac (·) arijmìc, apì touc dÔo pou qarakthrÐzoun mÐa sqèsh, pa-
rapèmpei se par�grafo(§) enìc kefalaÐou, en¸ o dexi� thc teleÐac, arijmeÐ th sqèsh.
3) 'Otan o diy fioc qarakthrismìc afor� se sqèsh diaforetikoÔ kefalaÐou apì autì
sto opoÐo sunant�tai, sunodeÔetai apì to diakritikì Kef(·) sta dexi� tou.
4) Sqèsh pou ja qrhsimopoihj  mìno entìc tou sugkekrimènou Jewr matoc,   Prìta-
shc   L mmatoc sto opoÐo parousi�zetai, qarakthrÐzetai apì mikrì gr�mma tou alfa-
b tou.
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Par�rthma

Je¸rhma 1 Opoiad pote χ.σ. eÐnai omoiìmorfa suneq c.

Apìdeixh. ([9], sel. 262)

Je¸rhma 2 Ac upojèsoume ìti h {Fn, n ≥ 1} eÐnai mia akoloujÐa σ.κ. me χ.σ. {φn, n ≥
1} kai èstw ìti limn φn(t) = φ(t), ∀t ∈ R. (H φ den upotèjhke χ.σ. all� eÐnai apl� to
kat� shmeÐo ìrio twn χ.σ. φn, to opoÐo upetèjh pwc up�rqei). Tìte, ikan  kai anagkaÐa

sunj kh ¸ste na up�rqei σ.κ. F tètoia ¸ste Fn
d→ F eÐnai h ex c:

(i) H oriak  sun�rthsh φ(t) eÐnai suneq c sto t = 0.
Mia deÔterh ikan  sunj kh eÐnai h ex c:
(ii) H akoloujÐa {Fn, n ≥ 1} eÐnai sfiqt .
'Otan h (i)   h (ii) ikanopoieÐtai, tìte h φ eÐnai h χ.σ. thc oriak c σ.κ. F .

Apìdeixh. ([1], sel. 360)

Je¸rhma 3 (TÔpoc antistrof c thc χ.σ.)
An h t.m. X èqh σ.κ. FX kai χ.σ. φX , tìte ∀a ∈ R kai b ∈ R me a < b,

lim
C→∞

1

2π

∫ C

−C

e−ita − e−itb

it
φX(t)dt

=
1

2
[FX(b) + FX(−b)− FX(a)− FX(a−)]

= P (a < X < b) +
1

2
[P (X = a) + P (X = b)]

Apìdeixh. ([9], sel. 267)

Pìrisma 1 An

∫ ∞
−∞
|φ(t)|dt <∞, tìte gia −∞ < a < b <∞,

1

2π

∫ ∞
−∞

e−ita − e−itb

it
φ(t)dt = P (a < X < b)+

1

2
[P (X = a)+P (X = b)] = F (b)−F (a)

ìpou h antÐstoiqh σ.κ. F eÐnai apìluta suneq c me fragmènh suneq  puknìthta

f(x) = F ′(x) =
1

2π

∫ ∞
−∞

e−itxφ(t)dt
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Apìdeixh. ([2], sel. 288)

Je¸rhma 4 (SuneqeÐac twn χ.σ.)
JewroÔme tic σ.κ. {Fn, n ≥ 1} kai F me antÐstoiqec χ.σ. {φn, n ≥ 1} kai φ. Tìte ikan 
kai anagkaÐa sunj kh gia na èqoume

Fn
d→ F

eÐnai h
φn → φ(t), ∀t ∈ R

Apìdeixh. ([9], sel. 273)

Prìtash 1(Sqèsh χ.σ. kai rop¸n)
'Estw X mia t.m. me χ.σ. φ.
i) An E|X|k < ∞ gia k�poio akèraio k ≥ 1 tìte h φ eÐnai k forèc paragwgÐsimh kai
isqÔoun,
a) φ(k)(t) = ikE(Xkeitx)
b) φ(k)(0) = ikE(Xk)

g) φ(t) =
∑k

n=0
(it)n

n!
E(Xn) + o(tk), t→ 0

ìpou o sumbolismìc o(tk), kaj¸c t→ 0, dhl¸nei k�poia (opoiad pote) migadik  sun�r-
thsh f(t), tètoia ¸ste

f(t)/tk → 0, kaj¸c t→ 0

ii) An E|X|k <∞ ∀k = 1, 2 . . . kai

lim
k

(|t|kE|X|
k

k!
) = 0

tìte

φ(t) =
∞∑
n=0

(it)n

n!
E(Xn)

Apìdeixh. ([9], sel. 282)

Orismìc 1An F (x), F1(x), F2(x), . . . eÐnai fragmènec kai aÔxousec sunart seic, tìte h
akoloujÐa {Fn(x)} sugklÐnei asjen¸c sthn F (x)   h {Fn(x)} sugklÐnei kat� katanom 
sthn F (x) kai sumbolÐzoume Fn

d→ F , an Fn(x)→ F (x) se k�je shmeÐo suneqeÐac thc
F (x).

T¸ra, an Fn
d→ F kai F (−∞) → F (−∞), F (+∞) → F (+∞), lème ìti h Fn(x)

sugklÐnei pl rwc sthn F (x) kai gr�foume Fn ⇒ F .

Je¸rhma 5(PerÐptwsh jewr matoc Helly)
An g(x) suneq c sun�rthsh kai fragmènh sto R kai F (x), F1(x), F2(x), . . . fragmènec,
aÔxousec kai Fn ⇒ F , tìte∫ ∞

−∞
g(x)dFn(x)→

∫ ∞
−∞

g(x)dF (x)
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Apìdeixh. ([10])

Orismìc 2 'Estwsan µn kai µ mètra pijanìthtoc ston Rd (d ≥ 1). H akoloujÐa µn

sugklÐnei asjen¸c (weakly) sto µ kai sumbolÐzoume µn
d→ µ, an∫

f(x)µn(dx)→
∫
f(x)µ(dx)

gia k�je f pragmatik , suneq  kai fragmènh sto Rd.

Je¸rhma 6 An µn
d→ µ kai an g(x) eÐnai suneq c kai fragmènh, tìte,∫

A

g(x)µn(dx)
d→
∫
A

g(x)µ(dx)

Apìdeixh. ([7], sel. 32)

Je¸rhma 7 Gia na eÐnai to sÔnolo S twn σ.κ., sumpagèc (conditionally compact)
sto R, anagkaÐa kai ikan  sunj kh eÐnai, oi

F (x)→ 0, x→ −∞

F (x)→ 1, x→ +∞

na ikanopoioÔntai sto S omoiìmorfa.

Apìdeixh. ([7], sel. 37-38)

L mma 1 (Riemann-Lebesgue)
An h sun�rthsh g eÐnai oloklhr¸simh kai

γ(ζ) =

∫ ∞
−∞

e−iζxg(x)dx

tìte
γ(ζ)→ 0, gia ζ → ±∞

Apìdeixh. ([6], sel. 486)

Je¸rhma 8 An Fn
d→ F∞ (asjen c sÔgklish), tìte up�rqoun t.m. Yn, 1 ≤ n ≤ ∞

me σ.κ. Fn ¸ste Yn → Y∞ a.s..

Apìdeixh. ([4], sel. 85)

Je¸rhma 9 (Omoiìmorfhc Oloklhrwsimìthtac)
i) Ac jewr soume mia omoiìmorfa oloklhr¸simh akoloujÐa t.m. {Xn, n ≥ 1} kai ac
upojèswme ìti Xn → X me pijanìthta 1. Tìte isqÔoun ta ex c:
a) H X eÐnai oloklhr¸simh (dhl. E|X| < +∞)
b) EXn → EX
g) E|Xn −X| → 0
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ii) E�n Xn ≥ 0, Xn → X me pijanìthta 1, EX < ∞, EXn < ∞ ∀n ≥ 1 kai
EXn → EX, tìte h akoloujÐa {Xn, n ≥ 1} eÐnai omoiìmorfa oloklhr¸simh.

Apìdeixh. ([9], sel. 177)

Je¸rhma 10 (Fragmènhc sÔgklishc)
An µ(Ω) <∞ kai {fn, n ≥ 1} omoiìmorfa fragmènec kai fn → f σ.π., tìte∫

fndµ→
∫
fdµ

Apìdeixh. ([1], sel. 214)

Je¸rhma 11 (Kuriarqhmènhc SÔgklishc tou Lebesgue)
E�n oi metr simec sunart seic Xn, X kai Y eÐnai tètoiec ¸ste limnXn = X σ.π.,
|Xn| ≤ |Y | σ.π. kai

∫
|Y |dµ <∞, tìte h X eÐnai oloklhr¸simh kai m�lista,

lim
n

∫
Xndµ =

∫
Xdµ

kai

lim
n

∫
|Xn −X|dµ = 0

Apìdeixh. ([9] sel. 141, [8] sel. 76)

Je¸rhma 12 (Monìtonhc Sôgklishc tou Lebesgue)
An h akoloujÐa twn metr simwn sunart sewn Xn ≥ 0 eÐnai aÔxousa, n = 1, 2, . . . kai
X = limXn tìte, ∫

Xdµ = lim
n

∫
Xndµ

Apìdeixh. ([9] sel. 130, [8] sel. 69)

Je¸rhma 13 (L mma Fatou)
An Xn ≥ 0, n = 1, 2, . . . tuqoÔsa akoloujÐa metr simwn, tìte∫

lim inf
n

Xndµ ≤ lim inf
n

(

∫
Xndµ)

Apìdeixh. ([9] sel. 132, [8] sel. 70)

Je¸rhma 14 (Theorem Slutsky

'Estw ìti Xn
d→ X kai Yn

d→ c, c ∈ R stajer�. Tìte isqÔoun:

i) Xn + Yn
d→ X + c

ii) XnYn
d→ cX

iii) An c 6= 0, tìte Xn/Yn
d→ X/c

Orismìc 3 MÐa diakrit  katanom  miac t.m. X eÐnai lattice katanom , e�n up�rqoun
arijmoÐ a kai h > 0 ¸ste k�je dunat  tim  thc X mporeÐ na parastajeÐ wc a + kh,
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ìpou k diatrèqei touc akeraÐouc (ìqi kat� an�gkhn ìlouc).
O arijmìc h onom�zetai ìrisma (span) thc katanom c. Pq Bernoulli katanom , Poisson
katanom .
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