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Kef�laio 1

SunomologÐa Deligne

Sto kef�laio autì suzhtoÔme thn gewmetrik  anapar�stash twn kl�sewn thc suno-
mologÐac Deligne kai idiaÐtera ta bundle gerbes.

1.1 Anaskìphsh thc SunomologÐac DematioÔ

Ja arqÐsoume me merikèc plhroforÐec gia thn sunomologÐa dematioÔ (sheaf cohomo-
logy). AkoloujoÔme to biblÐo tou Brylinski [Brul] gia na d¸soume k�poiec plhro-
forÐec aparaÐthtec gia na orÐsoume thn sunomologÐa Deligne.

'Estw A èna dem�ti abelian¸n om�dwn epÐ pollaplìthtac M . Autì shmaÐnei ìti
se k�je anoiqtì sÔnolo U ⊆ M , episun�ptoume mia abelian  om�da A(U) h opoÐa
ikanopoieÐ merik� axi¸mata gia touc periorismoÔc sta uposÔnola. P�ntote, upojè-
toume ìti h pollaplìthta eÐnai parasumpag c, to opoÐo shmaÐnei ìti k�je anoiqtì
k�lumma èqei topik� peperasmèno upok�lumma. Ta paradeÐgmata demati¸n pou ja mac
aposqol soun eÐnai:

ZM ,RM , U(1)M : dem�ti topik� stajer¸n sunart sewn epÐ thc M

RM , U(1)M : dem�ti leÐwn R−   U(1)−sunart sewn epÐ thc M

Ωp
M : dem�ti migadik¸n diaforik¸n p−morf¸n epÐ thc M

'Ena sÔmplegma demati¸n K• eÐnai mia akoloujÐa

· · · dn−1

−→ Kn dn−→ Kn+1 dn+1

−→ · · ·

ìpou n ∈ Z kai dn : Kn → Kn+1 eÐnai morfismoÐ demati¸n abelian¸n om�dwn pou
ikanopoioÔn dn ◦ dn+1 = 0. H apeikìnish dn onom�zetai diaforikì tou sumplègmatoc.
OrÐzoume ìti Kp = 0 gia p < 0. 'Enac morfismìc sumplegm�twn dematÐwn ϕ : K• →
L• apoteleÐtai apì mia oikogèneia morfism¸n dematÐwn ϕn : Kn → Ln tètoioi ¸ste
ϕn+1 ◦ dnK = dnL ◦ ϕn. 'Ena qr simo par�deigma gia peraitèrw melèth eÐnai:

ZM
i //

0

��

RM
d //

exp

��

Ω1
M

id
��

0 // U(1)M
d log // Ω1

M

1
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Sthn p�nw seir�, èqoume to sÔmplegma twn stajer¸n Z− sunart sewn epÐ thcM , oi
opoÐec perièqontai sto dem�ti twn R−sunart sewn epÐ thc M , oi opoÐec me th seir�
touc mac dÐnoun to dem�ti twn 1-diaforik¸n morf¸n Ω1 epÐ thc M kai h apeikìnish
eÐnai h sun jhc parag¸goc d twn sunart sewn. Sthn k�tw seir�, to dem�ti twn
U(1)−sunart sewn epÐ thc M mac dÐnei to dem�ti twn 1-morf¸n Ω1 epÐ thc M mèsw
thc apeikìnishc d log : U(1) → Ω1, f 7→ d log(f) = f−1df . 'Opwc mporeÐ na dei kaneÐc
to di�gramma metatÐjetai, dhlad  id ◦ d = d log ◦ exp.

Dedomènwn dÔo morfism¸n ϕ kai ψ apì to K• sto L•, h omotopÐa H apì ton ϕ
ston ψ apoteleÐtai apì mia seir� morfism¸n Hn : Kn → Ln−1 tètoiwn ¸ste

dnLH
n +Hn+1dnK = ϕn − ψn

'Enac morfismìc sumplegm�twn demati¸n ϕ : K• → L• eÐnai mia omotopik  isodunamÐa
an up�rqei ènac morfismìc ψ : L• → K• kai ϕψ kai ψϕ eÐnai omotopikèc me thn tauto-
tik  apeikìnish. 'Ena sÔmplegma demati¸n kaleÐtai �kuklo an Ker(dn) = Im(dn−1)
gia ìla ta n. H sunomologÐa dematioÔ Hp(K•) eÐnai to susqetizìmeno dem�ti tou
prodematioÔ Ker(dj)/Im(dj−1). Gia èna �kuklo sÔmplegma, ìlec oi sunomologÐec
demati¸n eÐnai mhdèn.

Orismìc 1. [Brul] To dem�ti F twn abelian¸n om�dwn epÐ tou X, kaleÐtai 1-1 an
gia k�je di�gramma sthn kathgorÐa twn demati¸n twn abelian¸n om�dwn epÐ tou Q,
AB(X)

A i //

f
��

B

F
me Ker(i) = 0, up�rqei morfismìc g : B → F sthn AB(X) tètoioc ¸ste g ◦ i = f .

Orismìc 2. [Brul] MÐa 1-1 an�lush enìc dematioÔ A ∈ AB(X) eÐnai èna sÔmplegma
apì 1-1 dem�tia K• mazÐ me ènan morfismì i : A ↪→ K0 sthn AB(X) tètoion ¸ste,

1. i na eÐnai monomorfismìc me eikìna Ðsh me Ker(d0)

2. To sÔmplegma

A
i−→ K0 −→ K1 −→ · · ·

na eÐnai �kuklo, dhlad  H0(K•) = A kai Hj(K•) = 0 for j ≥ 0.

Oi 1-1 analÔseic up�rqoun p�nta kai eÐnai monadikèc (ston q¸ro phlÐko me sqèsh
isodunamÐac thn omotopik  isodunamÐa).

'Estw Γ(M, .) ènac sunartht c olik¸n tom¸n o opoÐoc apeikonÐzei to dem�ti A sthn
abelian  om�da Γ(M,A) orizìmenh wc A(M). To dem�ti twn sunomologik¸n om�dwn
Hp(M,A) orÐzetai wc h p−om�da sunomologÐac tou sumplègmatoc

· · · −→ Γ(M, Ij) −→ Γ(M, Ij+1) −→ · · ·
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ìpou I• eÐnai mia 1-1 an�lush tou A. Gia thn sÔntomh akrib  akoloujÐa demati¸n

0 −→ A −→ B −→ C −→ 0

up�rqei h makr� akrib c akoloujÐa sthn sunomologÐa demati¸n,

· · · −→ Hn(M,A) −→ Hn(M,B) −→ Hn(M,C) −→ Hn+1(M,A) −→ · · ·

An ènac morfismìc sumplegm�twn demati¸n ep�gei ènan isomorfismì sthn sunomolo-
gÐa demati¸n Hn(K•) ∼= Hn(L•) tìte autìc lègetai sqedìn-isomorfismìc.

Par�deigma 1: 'Ena shmantikì par�deigma mia sÔntomhc akrib c akoloujÐac de-
mati¸n eÐnai h ekjetik  akrib c akoloujÐa. Gia M mia leÐa pollaplìthta kai G mÐa
om�da Lie, sumbolÐzoume me GM to dem�titwn leÐwn sunart sewn g : U ⊂ M → G.
O pur nac thc ekjetik c apeikìnishc exp : R → U(1) eÐnai h upoom�da 2πi · Z tou
C,h opoÐa sumbolÐzetai me Z(1). 'Etsi, èqoume thn sÔntomh akrib c akoloujÐa,

0 −→ Z(1) −→ RM

exp−→ U(1)M → 0

Tìte up�rqei mia makr� akrib c akoloujÐa sthn sunomologÐa dematioÔ,

· · · → Hn−1(M,R) −→ Hn−1(M,U(1)) −→ Hn(M,Z(1)) −→ Hn(M,R) → · · ·

'Ena qr simo par�deigma an�lushc h opoÐa den eÐnai 1-1, eÐnai h an�lush Čech. 'Estw
U èna anoiqtì k�lumma thcM kai èstw Ui0,...,ip h tom  Ui0∩...∩Uip anoiqt¸n sunìlwn
sto k�lumma. H an�lush Čech eÐnai èna sÔmplegma Č•(U ,A) to opoÐo orÐzetai wc
Čp(U , A) =

∩
i0,...,ip

A(Ui0,...,ip) kai h apeikìnish δ : Čp(U ,A) → Čp+1(U ,A) orÐzetai
wc,

δ(α)i0,...,ip+1 =

p+1∑
j=0

(−1)j(αi0,...,ij−1,ij+1,...,ip+1)|Ui0,...,ip+1

ìpou èqoume eisag�gei ton sumbolismì α ∈ Čp+1(U , A) me thn upogr�mmish na sh-
maÐnei thn oikogèneia αi0,...,ip ∈ A(Ui0,...,ip).

Genik�, h an�lush kai h sunomologÐa dematioÔ, exart¸ntai apì thn epilog  tou
anoiqtoÔ kalÔmmatoc all� gia pollaplìthtec pou epidèqontai èna kalì k�lumma kai
ìlec oi mh kenèc tomèc sunìlwn eÐnai sustaltèc, h kataskeu  eÐnai anex�rthth thc
epilog c tou anoiqtoÔ kalÔmmatoc kai h Čech an�lush upologÐzei thn sunomologÐa
dematÐou. An A eÐnai to dem�ti Z, tìte anaktoÔme tic om�dec sunomologÐac Čech
Ȟp(M,Z), gia par�deigma mia kl�sh sthn Ȟ1(M,Z) apoteleÐtai apì mia oikogèneia
Z−sunart sewn cij p�nw apì tic diplèc tomèc Uij tètoiec ¸ste cjk − cik + cij = 0
sto Uijk kai thn sqèsh isodÔnamiac cij ∼ cij + bj − bi ìpou bi kai bj eÐnai ìroi miac
oikogèneiac stajer¸n orizìmenwn p�nw apì ta anoiqt� sÔnola.

Parat rhsh: Sthn sunomologÐa de Rham, eÐnai gnwqtì ìti to l mma Poincare
mac dÐnei ìti Hn

dR(M,R) = 0, n ≥ 1 gia k�je pollaplìthtaM . 'Etsi, apì thn isomor-
fismì de Rham kai Čech sunomologÐac, paÐrnoume ìti Ȟn(M,R) = 0. Apì to Par�-

deigma 1, paÐrnoume ton polÔ qr simo isomorfismì Ȟn−1(M,U(1))
∼=−→ Ȟn(M,Z(1))

gia k�je n ≥ 1.
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1.1.1 Om�dec UpersunomologÐac

'Ena diplì sÔmplegma dematÐwn, K•,•, apoteleÐtai apì dem�tia Kp,q kai dÔo paragw-
gÐseic d : Kp,q → Kp+1,q kai δ : Kp,q → Kp,q+1 tètoiec ¸ste dd = 0, δδ = 0 kai
dδ = δd. 'Ena diplì sÔmplegma, mporeÐ na anaparastajeÐ wc

...
...

· · · δ // Kp,q δ //

d

OO

Kp+1,q δ //

d

OO

· · ·

· · · δ //Kp,q−1 δ //

d

OO

Kp+1,q−1 δ //

d

OO

· · ·

...

d

OO

...

d

OO

K�je gramm  kai st lh, anaparist� èna sÔmplegma dematÐwn pou sumbolÐzoume me
K•,q kai Kp,• antÐstoiqa. To olikì sÔmplegma enìc diploÔ sumplègmatoc K•,• eÐnai
èna sÔmplegmaK• to opoÐo orÐzoume wcKn =

⊕
p+q=nK

p,q me to diaforikì na dÐnetai
apì D = δ + (−1)pd.
'Estw K• èna sÔmplegma apì dem�tia me diaforikì dK . MÐa 1-1 an�lush tou K• eÐnai
èna diplì sÔmplegma I•,• me diaforik� d kai δ tètoia ¸ste gia k�je q to sÔmplegma
I•,q me diaforikì δ na eÐnai mia 1-1 an�lush tou Kq, to sÔmplegma d(I•,q−1) ⊆ I•,q na
eÐnai mia 1-1 an�lush tou dK(Kq−1), to sÔmplegma dematÐwn Ker(d) ⊆ I•,q na eÐnai
mia 1-1 an�lush tou Ker(dK : Kq−1 → Kq) kai to sÔmplegma sunomologÐac dematÐwn
twn gramm¸n H•,q na eÐnai mia 1-1 an�lush tou Hq(K•).

Orismìc 3. [Brul] Dedomènou enìc sumplègmatoc K•, h om�da upersunomologÐac
Hp(M,K•) orÐzetai wc h p−sunomologÐa tou diploÔ sumplègmatoc Γ(M, Ip,q), ìpou
I•,• eÐnai mia 1-1 an�lush tou K•.

Dedomènhc mia sÔntomhc akrib c akoloujÐac sumplegm�twn dematÐwn, up�rqei
mia makr� akrib c akoloujÐa sthn upersunomologÐa. Oi sqedìn-isomorfismoÐ ϕ :
K• → L• ep�goun isomorfismoÔc sthn upersunomologÐa dematÐwn Hn(M,K•) ∼=
Hn(M,L•).

H an�lush Čech pou orÐsthke prin, mporeÐ na genikeuteÐ sthn perÐptwsh enìc sum-
plègmatoc dematÐwn, paÐrnontac thn sun jhc an�lush Čech gia k�je sÔmplegma. 'Ena
par�deigma eÐnai:
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Par�deigma 2: 'Estw K• = U(1)
M

d log−→ Ω1
M . H an�lush Čech eÐnai,

0 0 0

Ω1
M

//

OO

Č0(U ,Ω1) δ //

OO

Č1(U ,Ω1)

OO

δ // · · ·

U(1)M //

d log

OO

Č0(U , U(1)) δ //

d log

OO

Č1(U , U(1))δ //

d log

OO

· · ·

Mia kl�sh thc H0(M,U(1) → Ω1) apoteleÐtai apì f ∈ Č0(U , U(1)) ¸ste fβf−1
α = 1

kai d log fα = 0, dhlad  tic topik� stajerèc U(1)−sunart seic epÐ thc M .

Mia kl�sh thcH1(M,U(1) → Ω1) apoteleÐtai apì èna zeÔgoc (g, A) ∈ Č1(U , U(1))
⊕Č0(U , Ω1) ¸ste gβγg−1

αγ gαβ = 1 kai d log gαβ = Aβ − Aα kai orÐzetai modulo akri-

b c sÔgkuklouc thc morf c (h−1
α hβ, d log hα) gia k�poia h ∈ Č0(U , U(1)). Oi kl�seic

an¸terou bajmoÔ orÐzontai parìmoia.

1.2 SunomologÐa Deligne

'EstwM mia leÐa pollaplìthta. Eis�goume thn kuklik  upoom�da Z(p) = (2π
√
−1)p·

Z tou C kai jètoume Ωκ
M na eÐnai to dem�ti twn pragmatik¸n κ−diaforik¸n morf¸n

epÐ thc M .

Orismìc 4. ([Brul]) OrÐzoume to sÔmplegma dematÐwn Z(p)D, gia p > 0 wc,

Z(p)M
i−→ Ω0

M
d−→ Ω1

M
d−→ · · · d−→ Ωp−1

M

ìpou to dem�ti Ω0 twn 0−morf¸n orÐzetai wc to dem�ti twn leÐwn sunart sewn RM

epÐ thc M . OrÐzoume Z(0)M na eÐnai ZM . Oi om�dec sunomologÐac Deligne orÐzontai
wc oi upersunomologikèc om�dec Hq(M,Z(p)D).

Oi kl�seic Deligne anaparist¸ntai qrhsimopoi¸ntac ton sqedìn-isomorfismì de-
matÐwn

0 // Z(p) i // RM
d //

exp

��

Ω1
M

id
��

// · · · // Ωp−1
M

id
��

U(1)
M

d log // Ω1
M

// · · · // Ωp−1
M

(1.1)

o opoÐoc ep�gei ton isomorfismì,

Hq(M,Z(p)D) ∼= Hq−1(M,U(1)
M

d log−→ Ω1
M −→ · · · −→ Ωp−1

M ) (1.2)

Genik�, ja sumbolÐzoume to sÔmplegma

U(1)
M

dlog−→ Ω1
M −→ · · · −→ Ωp−1

M
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me Dp−1 kai ètsi gr�foume thn (1.2) wc

Hq(M,Z(p)D) ∼= Hq−1(M,Dp−1)

Sun jwc ja qrhsimopoioÔme tic om�dec Hq−1(M,Dp−1) kai ètsi ja anaferìmaste
se autèc wc sunomologÐa Deligne. Oi kl�seic aut c thc sunomologÐac dematÐwn
anaparist¸ntai mèsw miac an�lushc Čech se sqèsh me èna kalì anoiqtì k�lumma,
ìpwc sto Par�deigma 2.

1.2.1 SÔntomec akribeÐc akoloujÐec

Sto di�gramma (1.1) jewroÔme thn apeikìnish d log ◦ exp ◦i : Z(p) → Ω1
0(M), thn

opoÐa ja sumbolÐzoume apl¸c me d. Lìgw tou ìti oi apeikonÐseic d kai δ metatÐjentai
(blèpe Par�deigma 2), èqoume d ◦ δci = 0 gia k�je stajer  U(1)−sun�rthsh ci ∈
H0(M,U(1)). 'Etsi, paÐrnoume thn akrib  koloujÐa,

0 −→ H0(M,U(1))
∼=−→ H1(M,Z(1)D)

d−→ Ω1
0(M) −→ 0 (1.3)

ìpou me Ωp
0(M) sumbolÐzoume to sÔnolo twn kleist¸n akeraÐwn p−morf¸n epÐ thc

M ( dhlad , to olokl rwma p�nw apì ènan kleistì p−kÔklo na paÐrnei timèc sthn
om�da Z(1)). Ac exhg soume giatÐ h akoloujÐa (1.3) eÐnai akrib c :

Dedomènwn twn fi ∈ ker(d log) , up�rqoun U(1)−stajerèc ci = fi pou eÐnai kl�-
seic sthn H0(M,U(1)). 'Etsi, èqoume ton akrib  ìro sthn mèsh.
'Estw epÐshc A ∈ Ω1

0(M). Tìte èqoume dA|Ui
= 0 kai ètsiup�rqoun R−sunart seic

fi, tètoiec ¸ste Ai = dlogfi gia k�je Ui, i ∈ I. Apì thn dAi = dAj sto Uij =
Ui ∩ Uj paÐrnoume dlog( fi

fj
) = 0 kaj¸c f−1

i fj = i(cij) = stajer�. 'Etsi, up�rqoun

f̂ij Z−sunart seic ètsi ¸ste f̂jkf̂
−1
ik f̂ij = 1 =⇒ f̂ ∈ H1(M,Z(1)).

Me parìmoio trìpo, kataskeu�zoume thn akrib  akoloujÐa

0 −→ H1(M,U(1))
i−→ H1(M,D1)

d−→ Ω2
0(M) −→ 0 (1.4)

H (1.4) eÐnai akrib c:

An dAα = 0 tìte up�rqoun fα U(1)−sunart seic tètoiec ¸ste d log fα = Aα =⇒
d log gαβ = d log fα−d log fβ apì to Par�deigma 2. 'Etsi, up�rqoun U(1)−sunart seic
cαβ = gαβ · fα · fβ tètoiec ¸ste cβγc−1

αγ cαβ = 1 =⇒ [c] ∈ H1(M,U(1)). 'Etsi paÐr-
noume ton akrib  mesaÐo ìro.
Dosmènhc t¸ra miac ω ∈ Ω2

0(M) me dω = 0, up�rqei A ∈ Ω1(M) tètoia ¸ste
ωi = dAi p�nw apì k�je Ui, i ∈ I. Epiplèon, dAi = dAj sthn tom  Uij kai ètsi,
Aj − Ai = dloggij gia tic U(1)−sunart seic gij. Sthn tom  Uijk paÐrnoume thn sun-
j kh sukÔklou gjkg

−1
ik gij = 1 kai ètsi (g, A) ∈ H1(M,D1).

Me parìmoia epiqeir mata, h akoloujÐa

0 −→ H2(M,U(1))
i−→ H2(M,D2)

d−→ Ω3
0(M) −→ 0 (1.5)
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eÐnai akrib c, dhlad  gia mÐa ω ∈ Ω3
0(M) qrhsimopoi¸ntac to L mma Poincare, mpo-

reÐ kaneÐc na apodeÐxei thn Ôparxh miac 2-morf c η tètoiac ¸ste ω = dη topik�,
miac 1-morf c Aij tètoiac ¸ste ηj − ηj = dAij kai U(1)−sunart sewn gijk ¸ste
gjklg

−1
ikl gijlg

−1
ijk = 1 kai ètsi (g, A, η) ∈ H2(M,D2).

Sthn epìmenh enìthta, ja doÔme ìti h akrib c akoloujÐa (1.4) taxinomeÐ tic mo-
nodi�statec dianusmatikèc dèsmec me sunoq  kai kampulìthta. H akrib c akoloujÐa
(1.5) ja mac d¸sei thn taxinìmhsh twn bundle gerbes me sunoq , kurtìthta kai 3-
kampulìthta (  alli¸c Dixmier-Douady kl�sh).

1.3 Monodi�statec dianusmatikèc dèsmec me su-

noq 

To perieqìmeno aut c thc enìthtac perièqetai sto par�rthma tou [MilnS]. 'Estw,
M mia parasumpag c pollaplìthta. Tìte,

Orismìc 5. Mia leÐa monodi�stath dianusmatik  dèsmh (en suntomÐa grammik 
dèsmh)p : ζ → M eÐnai mia (topik� tetrimmènh) dianusmatik  migadik  dèsmh di�-
stashc èna, h opoÐa eÐnai epÐshc mia leÐa pollaplìthta. Gia k�je x ∈ M , h Ðna
ζx = p−1(x) eÐnai ènac monodi�statoc migadikìc dianusmatikìc q¸roc.

Ja jèlame na paragwgÐsoume mia tom  s p�nw apì èna anoiqtì sÔnolo U ⊂ M .
H � par�gwgoc � thc s ja eÐnai mia 1-diaforik  morf  p�nw apì to U me timèc sthn
ζ. 'Estw,

T ∗
CM = HomR(TM,C)

h sunefaptìmenh dèsmh epÐ thc M me migadik  dom . Tìte to ginìmeno T ∗
CM ⊗ ζ eÐnai

epÐshc mia migadik  dianusmatik  dèsmh epÐ thcM . O dianusmatikìc q¸roc twn leÐwn
tom¸n thc dèsmhc aut c ja sumbolÐzetai me C∞(T ∗

CM ⊗ ζ).

Orismìc 6. [MilnS] Mia sunoq  sthn ζ eÐnai mia C-grammik  apeikìnish

∇ : C∞(ζ) −→ C∞(T ∗
CM ⊗ ζ)

h opoÐa ikanopoieÐ ton kanìna Leibniz

∇(fs) = df ⊗ s+ f∇(s)

gia k�je s ∈ C∞(ζ) kai k�je f ∈ C∞(M,C).
Epiplèon, h apeikìnish s 7→ ∇(s) eÐnai sumbat  me touc periorismoÔc se anoiqt�
uposÔnola. H eikìna ∇(s) kaleÐtai sunalloÐwth par�gwgoc thc s.

Gia mia sullog  (arket� mikr¸n) anoiqt¸n sunìlwn U = (Ui)i∈I pou kalÔptoun
thn M , mia olik  sunoq  orÐzetai monadik� apì touc periorismoÔc sta Ui p�nw apì
ta opoÐa h ζ|Ui

eÐnai tetrimmènh. EpÐshc, topik� paÐrnoume

∇Ui
: Γ(ζ|Ui

) −→ Γ(T ∗
CM ⊗ ζ|Ui

) ⇔ ∇Ui
: C∞(Ui,C) −→ C∞(Ui,Mn×n ⊗ C)
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to opoÐo shmaÐnei ìti ∇(si) =
∑
ωij ⊗ sj, ìpou ωij eÐnai ènac tuqaÐoc n × n pÐnakac

me stoiqeÐa C∞ migadikèc 1-morfèc epÐ tou U .

Ac jewr soume t¸ra thn perÐptwsh miac pull-back dianusmatik c dèsmhc. Gia
mia leÐa apeikìnish metaxÔ dÔo pollaplot twn f : N → M , k�je sunoq  ∇ sthn
ζ ep�gei mia sunoq  f−1∇ sthn pull-back grammik  dèsmh f−1ζ epÐ thc N , gia thn
opoÐa isqÔei (f−1∇)(f−1s) = f−1∇(s) gia k�je topik  tom  s thc ζ.

Gia mia sunoq  ∇ sthn ζ, kataskeÔazoume mia sunoq  sthn dèsmh T ∗
CM ⊗ ζ. Ja

qrhsimopoi soume thn∇ mazÐ me ton telest  exwterik c parag¸gishc d : C∞(T ∗
C) −→

C∞(
∧2 T ∗

C).

L mma 1. [MilnS] Gia thn ∇, up�rqei monadik  C−grammik  apeikìnish

∇̂ : C∞(T ∗
C ⊗ ζ) −→ C∞(

2∧
T ∗
C ⊗ ζ)

h opoÐa ikanopoieÐ ton kanìna Leibniz

∇̂(θ ⊗ s) = dθ ⊗ s− θ ∧∇(s)

gia k�je 1-morf  θ kai gia k�je tom  s ∈ C∞(ζ). Epiplèon, ∇̂ ikanopoieÐ thn

tautìthta ∇̂(f(θ ⊗ s)) = df ∧ (θ ⊗ s) + f∇̂(θ ⊗ s)

Apìdeixh. Gia thn b�sh tom¸n s1, · · · , sn prèpei na isqÔei

∇̂(θ1 ⊗ s1 + · · ·+ θn ⊗ sn) =
∑

dθi ⊗ si − θi ∧∇(si)

PaÐrnontac ton tÔpo autì wc orismì thc ∇̂, oi zhtoÔmenec tautìthtec eÔkola epalh-
jeÔontai.

JewroÔme t¸ra thn sÔnjesh K = ∇̂ ◦ ∇ dÔo C−grammik¸n apeikonÐsewn

C∞(ζ)
∇−→ C∞(T ∗

C ⊗ ζ)
∇̂−→ C∞(

2∧
T ∗
C ⊗ ζ)

L mma 2. [MilnS] H tim  thc tom c K(s) = ∇̂(∇(s)) sto x exart�tai mìno apì to
s(x) kai ìqi apì tic timèc sta upìloipa shmeÐa thc M . 'Etsi h antistoiqÐa

s(x) 7→ K(s)(x)

orÐzei mia leÐa tom  thc migadik c dianusmatik c dèsmhc Hom(ζ,
∧2 T ∗

C ⊗ ζ).

Apìdeixh. Profan¸c, oK eÐnai ènac topikìc telest c kai o upologismìc ∇̂(∇(fs)) =

∇̂(df⊗s+f∇(s)) = f∇̂(∇(s)) deÐqnei ìti oK = ∇̂(∇(s)) eÐnai C∞(M,C)−grammikìc.
An s(x) = s′(x), tìte gia thn b�sh s1, · · · sn tom¸n, èqoume

s′ − s = f1s1 + · · ·+ fnsn

kont� sto x, ìpou fi(x) = 0. 'Etsi,

K(s′)−K(s) =
∑

fiK(si)

mhdenÐzetai sto x.
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Orismìc 7. H tom  K = K∇ thc dianusmatik c dèsmhc Hom(ζ,∧2T ∗
C ⊗ ζ) ∼=

∧2T ∗
C ⊗Hom(ζ, ζ) kaleÐtai kampulìthta thc sunoq c ∇

SÔmfwna me èna shmantikì je¸rhma, to opoÐo den ja apodeÐxoume (blèpe [KompN]),
h kampulìthta K eÐnai mhdèn an kai mìnon an sthn perioq  k�je shmeÐou thc M , u-
p�rqei mia b�sh tom¸n s1, · · · sn thc ζ tètoia ¸ste ∇(s1) = · · · = ∇(sn) = 0. Apì thn
tautìthta tou Leibniz ston orismì 6, parathroÔme ìti gia thn Ôparxh sun�rthshc f
tètoiac ¸ste gia th nèa tom  s′ = fs na isqÔei ∇(s′) = 0, prèpei na isqÔei ìti o ìroc

d(∇(s)
s
) eÐnai mhdèn. 'Etsi, mporoÔme na orÐsoume thn kampulìthta wc thn kleist 

2-morf  me K = d(∇(s)
s
).

1.3.1 Taxinìmhsh twn grammik¸n desm¸n me sunoq 

JewroÔme t¸ra mia grammik  dèsmh L epÐ thcM1, me tomèc si (exairoÔme thn mhdenik 
tom ) gia to anoiqtì k�lumma U = {Ui}i∈I thc M . 'Eqoume thn tom  gij = si

sj
tou

dematioÔ C∗
M p�nw apì ta Uij ( dhlad  to dem�ti twn leÐwn migadik¸n mh-mhdenik¸n

sunart sewn p�nw apì ta Uij), to opoÐo mac dÐnei ènan Čech 1-sÔkuklo me timèc sto

C∗
M . Qrhsimìpoiwntac thn sunoq , paÐrnoume mia 1-morf  αi = ∇(s)

s
p�nw apì ta

Ui. 'Eqoume αi − αj =
dgij
gij

p�nw apì ta Uij. 'Etsi, paÐrnoume ìti δ(α) = −d log(g)
ìpou d log : C∗

M → Ω1
M eÐnai omomorfismìc abelian¸n demati¸n. Ed¸ h apeikìnish

δ sumbolÐzei thn sunoriak  Čech apeikìnish. 'Etsi, paÐrnoume ènan sÔkuklo (g,−α)
sto Čech diplì sÔmplegma pou sqetÐzetai me to sÔmplegma demati¸n C∗

M

d log−→ Ω1
M .

'Epetai h epìmenh Prìtash taxinìmhshc,

Prìtash 1. [Brul] H om�da twn kl�sewn isìmorfwn grammik¸n desm¸n me sunoq 
eÐnai isìmorfh me thn om�da H1(M,D1).

Apìdeixh. Pr¸ton, gia mia epilog  tou anoiqtoÔ kalÔmmatoc, deÐqnoume ìti h alla-
g  stic tomèc si, mac dÐnei ènan epiplèon sunsunoriakì ìro tou (g, A). Pr�gmati,
èstw s′i = fisi, tìte oi gij antikajÐstantai apì tic g′ij = fi

fj
gij kai oi αi apì tic

α′
i = αi + d log(fi). O epiplèon sunsunoriakìc ìroc eÐnai o (δ+ d log)(f) gia k�poiec

f ∈ Č0(U , U(1)).

T¸ra ja deÐxoume thn anexarthsÐa apì to anoiqtì k�lumma. Upojètoume ìti to
anoiqtì k�lumma V=(Vj)j∈J eÐnai mia epilèptunsh tou arqikoÔ U=(Ui)i∈I , to opoÐo
shmaÐnei ìti up�rqei mia apeikìnish f : J → I tètoia ¸ste Vj ⊆ Uf(j) gia k�je j ∈ J .
Tìte gia si ∈ Γ(Ui, L), paÐrnoume mia tom  tj thc L p�nw apì ta Vj wc twn periorismì
twn sf(j) sta Vj ⊆ Uf(j). O Čech 1-sÔgkukloc gia to k�lumma Vj pou lamb�netai
apì tic tj eÐnai profan¸c h eikìna tou 1-sÔgkuklou k�tw apì thn epag¸menh apeikì-
nish f∗ : C1(U , U(1)M) −→ C1(V , U(1)M). 'Etsi, èqoume ton omomorfismì om�dwn

1Εδώ, θεωρούμε την περίπτωση όπου η πολλαπλότητα M είναι παρασυμπαγής με πεπερασμένο
καλό κάλυμμα U = {Ui}i∈I . Τότε, μπορεί να δείξει κανείς ότι Ȟp(U ,R) ∼= Hp(M,R) ∼= Hp

dR(M)
[ΒοτΤ].
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apì thn om�da twn kl�sewn twn zeÔgwn (L,∇) sthn om�da sunomologÐac H1(M,D1).

DeÐqnoume to 1-1. An h kl�sh sunomologÐac (g,−α) eÐnai tetrimmènh, all�zoume
tic si ètsi ¸ste na petÔqoume gij = 1 kai αi = 0. H pr¸th isìthta shmaÐnei ìti oi si
kolloÔn metaxÔ touc ¸ste na sqhmatÐsoun mia olik  tom  s thc L. H deÔterh isìthta
shmaÐnei ìti ∇(s) = 0. Autì sunep�getai ìti to zeÔgoc (L,∇) eÐnai isìmorfo me thn
tetrimmènh kl�sh twn grammik¸n desm¸n me sunoq .

Gia to epÐ thc apeikìnishc, arqÐzei kaneÐc me ènan Čech 1-sÔgkuklo (g,−α) tou
anoiqtoÔ kalÔmmatoc (Ui) me timèc sto U(1)M −→ Ω1

M .
'Eqoume thn sunj kh tou sugkÔklou gjkg

−1
ik gij = 1 ìpwc epÐshc kai thn sqèsh

d log gij = αi − αj. H pr¸th sunj kh, mac dÐnei mia prwteÔousa U(1)−dèsmh kai
ètsi thn susqetizìmenh grammik  dèsmh L [Par�rthma B]. H deÔterh sunj kh,
mac dÐnei thn olik� orizìmenh sunoq . Isqurizìmaste ìti oi ∇i kai ∇j sumfwnoÔn
p�nw sta Uij. ArkeÐ na deÐxoume ìti ∇i(si) = ∇j(si) sta Uij. 'Eqoume,

∇j(si) = ∇j(gijsj) = gijαj ⊗ sj + dgij ⊗ sj

= (αj +
dgij
gij

)⊗ si = αi ⊗ si

= ∇i(si)

'Etsi, oi ∇i kolloÔn metaxÔ touc dÐnontac mia olik  sunoq  ∇. O Čech sÔgkukloc
pou sqetÐzetai me to zeÔgoc (L,∇) kai tic tomèc si eÐnai akrib¸c o (g,−α).

Gewmetrik�, apì thn akrib c akoloujÐa (1.4) èqoume ìti h d apeikonÐzei mia gram-
mik  dèsmh me sunoq  sthn 2-morf  kampulìthta thc. EpÐshc, anafèroume ìti up�rqei
mia amfimonos manth apeikìnish metaxÔ twn epÐpedwn grammik¸n desm¸n me thn om�da
H1(M,U(1)).



Kef�laio 2

Bundle Gerbes

Ta Bundle Gerbes prosfèroun mia gewmetrik  anapar�stash twn kl�sewn thcH3(M,Z).
EÐnai to shmantikì antikeÐmeno melèthc aut c thc ergasÐac kai ed¸ parousi�zoume thn
basik  jewrÐa.

2.1 OrismoÐ

Orismìc 8. 'Estw Y
π→ M mia emb�ptish 1. 'Ena U(1)−bundle gerbe eÐnai mia

tri�da (P, Y,M) tètoia ¸ste,

1. P
πp→ Y [2] eÐnai mia ermitian  grammik  dèsmh, ìpou Y [2] = Y ×π Y = {(y, y′) ∈

Y 2 : π(y) = π(y′)}

2. up�rqei ènac isomorfismìc grammik¸n desm¸nmP : P(y1,y2)⊗P(y2,y3)

∼=−→ P(y1,y3)

epÐ tou Y [3] to opoÐo onom�zetai bundle gerbe ginìmeno.

MporoÔme na anaparast soume to bundle gerbe (P, Y,M) me to ex c di�gramma,

P

��
Y [2]

π1 //
π2

// Y

π
��
M

ìpou π1 kai π2 eÐnai apeikonÐseic apì to Y [2] sto Y orizìmenec wc,

π1(y1, y2) = y2,

π2(y1, y2) = y1

Autìc o sumbolismìc mac epitrèpei na genikeÔsoume tic apeikonÐseic πi sta Y [p] →
Y [p−1] gia i = 1, ...p.

1Μια διαϕορική απεικόνιση μεταξύ δύο διαϕορικών πολλαπλοτήτων Y
π→ M είναι εμβάπτιση αν και

μόνον αν το διαϕορικό dπ : TY → TM είναι επί (έχει μέγιστη τάξη). Συνεπώς, τοπικά η Y είναι
τοπικά ένα γινόμενο M × Rn και π−1(x) είναι υποπολλαπλότητα της Y για κάθε x ∈ M .

11
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Parat rhsh: H onomasÐa U(1)−bundle gerbe proèrqetai apì thn amfimonos -
manth apeikìnish metaxÔ ermitian¸n grammik¸n desm¸n kai prwteuous¸n U(1)−desm¸n.
Pr�gmati, gia thn ermitian  grammik  dèsmh L→M , sumbolÐzoume me L+ to sumpl -
rwma thc mhdenik c tom c sthn L. DÔo shmeÐa y1, y2 sthn Ðdia Ðna diafèroun kat� èna
mh-mhdenikì U(1) stoiqeÐo y2/y1. H apeikìnish L+ → M eÐnai topik� prwteÔousa
dèsmh me dom  U(1) ∼= C∗, ìpou h om�da U(1) dra me bajmwtì pollaplasiasmì stic
Ðnec. AntÐstrofa, paÐrnoume thn L apì thn L+ orÐzontac L = (L+ × C)/U(1), ìpou
h U(1) dra sthn L+ × C me λ(y, u) = (λ−1y, λu) gia k�je λ ∈ U(1).

Epeid  ja asqolhjoÔme mìno me ta U(1)−bundle gerbes, ja anaferìmaste se
aut� wc bundle gerbes. Suqn� ja lème ìti to (P, Y )   to P eÐnai èna bundle gerbe
epÐ thc M , ìtan den up�rqei parex ghsh.

2.2 Algebrikèc kataskeuèc

Pollèc kataskeuèc eÐnai dunatèc gia ta bundle gerbes.

• 'Estw (P, Y ) èna bundle gerbe epÐ thc M . Gia thn apeikìnish pollaplot twn
ϕ : N →M , orÐzoume to pull-back bundle gerbe ϕ−1P to opoÐo eÐnai èna bundle
gerbe epÐ thc N . 'Estw o morfismìc twn embaptÐsewn ,

Z
ϕ̂ //

π̂
��

Y

π
��

N
ϕ //M

Dhlad , h Z → N eÐnai mia emb�ptish kai h ϕ̂ eÐnai mia apeikìnish in¸n pou
kalÔptei thn ϕ. Tìte up�rqei h epag¸menh apeikìnish ϕ̃ : Z [2] → Y [2], mèsw
thc opoÐac orÐzoume to pull-back bundle gerbe (ϕ−1P,Z).

• An (P, Y ) kai (Q,X) eÐnai dÔo bundle gerbes, orÐzoume to bundle gerbe ginìmeno
(P ⊗Q) epÐ tou Y ×π X = {(y, x) ∈ Y ×X : πY (y) = πX(x)}.

• An (L, Y ) eÐnai èna bundle gerbe, tìte mporoÔme na orÐsoume to duikì bundle
gerbe (L∗, Y ), apl� paÐrnwntac thn duik  dèsmh L∗ epÐ thc Y .

Orismìc 9. 'Ena bundle gerbe (P, Y,M) onom�zetai tetrimmèno, an up�rqei mia
grammik  dèsmh J → Y tètoia ¸ste na up�rqei ènac isomorfism¸n desm¸n,

P ∼= π−1
1 (J)⊗ π−1

2 (J)∗ (2.1)

ìpou π1 kai π2 eÐnai oi probolèc k�je sunist¸sac tou Y [2] sthn Y .

Parat rhsh: ExhgoÔme ton orismì (2.1). An J → Y eÐnai mia prwteÔousa
U(1)−dèsmh epÐ thc Y , orÐzoume thn Ðna P(x,y) = AutU(1)(Jx, Jy) = J∗

x ⊗ Jy dhla-
d  thn om�da automorfism¸n metaxÔ twn in¸n thc J p�nw apì ta x, y ∈ Y ta stoiqeÐa
thc opoÐac metatÐjentai me thn U(1) dr�sh stic Ðnec. Lìgw tou bundle gerbe ginomè-
nou, mporoÔme na kataskeu�soume èna tetrimmèno bundle gerbe P → Y [2].
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Sumbolismìc: To ginìmeno π−1
1 (J)⊗ π−1

2 (J)∗ sumbolÐzetai epÐshc wc δ(J).

Orismìc 10. 'Enac morfismìc bundle gerbes metaxÔ twn (P, Y,M) kai (Q,X,N)
eÐnai mia tri�da apì apeikonÐseic (α, β, γ) ìpou β : Y → X eÐnai mia apeikìnish in¸n
pou kalÔptei thn γ : M → N kai α : P → Q eÐnai ènac morfismìc desm¸n pou
kalÔptei thn epag¸menh apeikìnish β[2] : Y [2] → X [2]. Epiplèon, h α prèpei na
metatÐjentai me to ginìmeno tou bundle gerbe. 'Enac isomorfismìc bundle gerbes eÐnai
ènac morfismìc me M = N kai ìpou h γ eÐnai h tautotik  apeikìnish.

2.3 H kl�sh Dixmier-Douady

Kataskeu�zoume mia kl�sh [g] ∈ H2(M,U(1)) ∼= H3(M,Z) h opoÐa eÐnai gnwst  wc
Dixmier-Douady kl�sh, pou antistoiqeÐ sto bundle gerbe (P, Y,M).

2.3.1 Orismìc kai idiìthtec thc kl�shc Dixmier-Douady

'Estw sα kai sβ dÔo topikèc tomèc thc Y → M orismènec sta Uα ⊂ M kai Uβ ⊂ M
antÐstoiqa. OrÐzetai tìte mia tom  (sα, sβ) : Uαβ → Y [2]. Apì thn tom  aut ,
kataskeu�zoume thn pull back dèsmh Pαβ = (sα, sβ)

−1P epÐ tou Uαβ. Epeid  to Uαβ

eÐnai sustaltì, h Pαβ eÐnai tetrimmènh kai ètsi epidèqetai mia olik  tom  thn opoÐa
sumbolÐzoume wc σαβ : Uαβ → Pαβ. P�nw apì tic triplèc tomèc Uαβγ to ginìmeno
tou bundle gerbe mac dÐnei ènan isomorfismì Pαβ ⊗ Pβγ

∼= Pαγ. 'Etsi, up�rqei mia
apeikìnish gαβγ : Uαβγ → U(1) tètoia ¸ste

σαβ ⊗ σβγ = σαγgαβγ (2.2)

Stic tetraplèc tomèc èqoume,

σαβ ⊗ σβγ ⊗ σγδ = σαγ ⊗ σγδgαβγ = σαγgαβγgαγδ

all� apì thn �llh,

σαβ ⊗ σβγ ⊗ σγδ = σαβ ⊗ σβδgβγδ = σαγgαβδgβγδ

Lìgw prosetairistikìthtac, katal goume ìti oi {gαβγ} ikanopoioÔn ènan Čech sÔg-
kuklo

g−1
αβγgαβδg

−1
αγδgβγδ = 1

kai ètsi orÐzetai èna stoiqeÐo [g] ∈ H2(M,U(1)). Thn kl�sh tou stoiqeÐou autoÔ,
thn onom�zoume Dixmier-Douady kl�sh.

Prìtash 2. H kl�sh Dixmier-Douady tou bundle gerbe (L, Y ) eÐnai mhdèn an kai
mìnon an to (L, Y ) eÐnai tetrimmèno.

Apìdeixh. An to P eÐnai tetrimmèno, tìte up�rqei mia grammik  dèsmh Q epÐ tou Y
tètoia ¸ste P ∼= π−1

1 Q∗ ⊗ π−1
2 Q. OrÐzoume

Qα = s−1
α (Q)
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epÐ tou Uα ⊂M . Tìte èqoume ènan kanonikì isomorfismì,

Pαβ = (sα, sβ)
−1(π−1

1 Q∗ ⊗ π−1
2 Q) = s−1

α (Q∗)⊗ s−1
β (Q)

pou metatÐjetai me to ginìmeno. 'Etsi, up�rqei mia tom  δα tou Qα, tètoia ¸ste,

σαβ = δ−1
α ⊗ δβ

'Etsi, apì thn (2.2) o sÔgkukloc g eÐnai tetrimmènoc. An apì thn �llh, o g eÐnai
tetrimmènoc, tìte qwrÐc bl�bh thc genikìthtac jètoume g = 1. 'Estw Yα = π−1(Uα).
OrÐzoume thn prwteÔousa U(1)−dèsmh Rα → Yα me thn Ðna sto y ∈ Yα na eÐnai

(Rα)y = P(y,sα(π(y)))

Kataskeu�zoume ton isomorfismì χαβ(y) : Rα

∼=−→ Rβ parathr¸ntac ìti

P(y,sα(π(y))) = P(y,sβ(π(y))) ⊗ P(sβ(π(y)),sβ(π(y)))

kai qrhsimopoi¸ntac ìti σαβ ∈ P(sβ(π(y)),sβ(π(y))) epÐ tou Yα∩Yβ. Epeid  g = 1, èqoume
σβγσαγσαβ = 1 kai ètsi paÐrnoume thn sunj kh sÔgkuklou

χαβ(y) ◦ χβγ(y) = χαγ(y)

H sullog  tètoiwn isomorfism¸n, ìpwc kai h sunj kh tou sÔgkuklou, orÐzoun mia
descent data gia toRy kai ìpwc deÐqnoume sto [Par�rthma B] autì eÐnai isodÔnamo
me thn Ôparxh miac prwteÔousac U(1)−dèsmhc R → Y . Epiplèon, èqoume,

δ(R)(y1,y2) = Ry2 ⊗R∗
y1

∼= P(y,y2) ⊗ P ∗
(y,y1)

∼= P(y1,y2)

to opoÐo shmaÐnei ìti to P eÐnai tetrimmèno.

Prìtash 3. An L kai J eÐnai bundle gerbes epÐ thc M , tìte,

1. DD(L⊗ J) = DD(L) +DD(J).

2. DD(L∗) = −DD(L)

An Z → N mia �llh emb�ptish kai ϕ̂ : Z → Y eÐnai mia apeikìnish in¸n
pou kalÔptei thn ϕ : N →M , tìte

3. DD(ϕ−1(L), Z) = ϕ−1(DD(L, Y )).

Eidikìtera, an M = N kai ϕ h tautotik  apeikìnish tìte DD(ϕ−1(L)) =
DD(L).

Apìdeixh. 1. Apì thn sÔntomh akrib  akoloujÐa om�dwn

0 −→ Z −→ R exp−→ U(1) −→ 0

kai ton isomorfismì H2(M,U(1)) ∼= H3(M,Z), eÐnai profanèc ìti gia ton sÔg-
kuklo [gαβγ⊗ ĝαβγ] ∈ H2(M,U(1)) pou anaparist� thn kl�sh Dixmier-Douady
gia to bundle gerbe L⊗ J , èqoume ìti

DD(L⊗ J) = log(gαβγ ⊗ ĝαβγ) = log(gαβγ) + log(ĝαβγ) = DD(L) +DD(J)
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2. Apì ton isomorfismì desm¸n L∗ ⊗ L ∼= Hom(L,L) paÐrnoume ìti to bundle
gerbe L∗ ⊗ L eÐnai tetrimmèno kai ètsi,

0 = DD(L∗ ⊗ L)
(1)
= DD(L∗) +DD(L)

3. SÔmfwna me ta parap�nw èqoume to di�gramma,

Pαβ ϕ−1(Pαβ)oo

M

σαβ

OO

N
ϕoo

σ̂αβ

OO

SumperaÐnoume ìti σ̂αβ = σαβ ◦ ϕ kai ètsi antikajist¸ntac sthn sunj kh sug-
kÔklou, èqoume

ĝαβγ = σ̂αβσ̂
−1
γβ σ̂γα = σαβσ

−1
γβ σγα ◦ ϕ = gαβγϕ⇒ [ĝαβγ] = ϕ−1[gαβγ] ∈ H3(N,Z)

Parat rhsh: EÐnai logikì na skeftoÔme ìti h Prìtash 3 orÐzei ènan morfismì
metaxÔ bundle gerbes epÐ touM kai thc om�dac H3(M,Z) mèsw thc kl�shc Dixmier-
Douady. 'Opwc ja doÔme stic epìmenec enìthtec autì eÐnai al jeia ìtan perioristoÔme
stic kl�seic stajer� isìmorfwn bundle gerbes. Sthn perÐptwsh aut , h Prìtash 2
upodeiknÔei to 1-1 autoÔ tou morfismoÔ. Ja doÔme amèswc t¸ra to epÐ, me thn
kataskeu  tou tautologikoÔ bundle gerbe.

2.3.2 To tautologikì bundle gerbe

Gia mia pollaplìthta M 2-sunektik  up�rqei mia kataskeu  enìc bundle gerbe gia
mia dedomènh kl�sh 1

2πi
ω ∈ H3(M,Z) 2 to opoÐo onom�zetai tautologikì bundle gerbe

([Mare1]). StajeropoioÔme èna shmeÐo x0 sthn M kai jewroÔme thn nhmatik  dom 
(fibration),

Y = P0M = {ρ : [0, 1] →M |ρ(0) = x0}

ìpou h probol  π : Y −→M dÐnetai apì π(ρ) = ρ(1). Tìte o Y [2] eÐnai o q¸roc twn
zeug¸n leÐwn monopati¸n pou arqÐzoun apì to x0 kai èqoun tèloc sto Ðdio shmeio.
Kataskeu�zoume thn U(1)−dèsmh Q epÐ tou Y [2], orÐzontac thn Ðna sto (ρ0, ρ1) na
eÐnai o q¸roc twn kl�sewn twn zeug¸n [µ, z] ìpou µ : [0, 1] × [0, 1] → X eÐnai mia
leÐa omotopÐa me stajer� shmeÐa arq c kai tèlouc apì to ρ0 sto ρ1 kai z ènac mh
mhdenikìc migadikìc arijmìc. DÔo zeÔgh [µ, z] kai [µ′, z′] an koun sthn Ðdia kl�sh an
gia k�je omotopÐa

F : [0, 1]× [0, 1]× [0, 1] →M

metaxÔ µ kai µ′ èqoume

exp(

∫
F ∗ω)z = z′

2ΟρίζουμεH3
dR(M,R) := Ȟ3(M,R) ∼= Ȟ3(M,Z)⊗R. ΄Ετσι, έχουμεH3

dR(M,Z) ∼= Ȟ3(M,Z)⊗1.
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ìpou to olokl rwma lamb�netai epÐ tou [0, 1] × [0, 1] × [0, 1]. 'Eqontac orÐsei thn
sun�rthsh metafor�c thc Q wc thn apeikìnish g : Y [2] → U(1) me

g(µ, µ′) = exp(

∫
I3
F ∗ω)

o isomorfismìc grammik¸n desm¸n

Q(ρ1,ρ2) ⊗Q(ρ2,ρ3) → Q(ρ1,ρ3)

[α, z]⊗ [β, w] 7−→ [α ◦ β, zw]

orÐzetai kal� lìgw tou ìti α(1, t) = β(0, t) kai ètsi me thn diadikasÐa sugkìlhshc
orÐzoume thn omotopÐa α ∗ β.

Sthn epìmenh enìthta èqontac orÐsei thn sunoq  sto bundle gerbe, ja apodeÐ-
xoume ìti h kl�sh [ 1

2πi
ω] ∈ H3(M,Z) eÐnai pr�gmati h kl�sh Dixmier-Douady tou

tautologikoÔ bundle gerbe.

2.3.3 To anuywmèno bundle gerbe

To anuywmèno bundle gerbe eis qjh wc èna shmantikì par�deigma stn jewrÐa twn
bundle gerbes ([Mare1]). 'Estw

0 −→ U(1)
i−→ Ĝ

p−→ G −→ 0 (2.3)

mia akrib c akoloujÐa om�dwn Lie me pur na U(1) ⊂ Ĝ. An Y → M mia G−dèsmh
tìte mporoÔme na anarwthjoÔme an anuy¸netai se mia Ĝ−dèsmh Ŷ → M . Autì
shmaÐnei, an mporoÔme na broÔme mia Ĝ−dèsmh Ŷ → M kai èna morfismì desm¸n
f : Ŷ → Y tètoion ¸ste f(yg) = f(y)p(g) gia ìla ta y ∈ Ŷ kai g ∈ Ĝ. Sthn Ôparxh
thc Ŷ , up�rqei èna topologikì empìdio to opoÐo upologÐzoume ìpwc parak�tw.

Epilègoume èna kalì k�lumma U thc M kai topikèc tomèc thc Y oi opoÐec ep�goun
tic sunart seic metafor�c

gαβ : Uαβ −→ G

kat� ton sun jh trìpo. Lìgw tou ìti oi diplèc tomèc eÐnai sustaltèc dialègoume
anuy¸seic gia k�je gαβ stic ĝαβ : Uαβ −→ Ĝ, tètoiec ¸ste p(ĝαβ) = gαβ. Autèc
eÐnai oi upoy fiec sunart seic metafor�c gia thn anuywmènh dèsmh Ŷ . Parìlauta,
mporeÐ na mhn ikanopoioÔn thn sunj kh sÔgkuklou ìpwc oi gαβ kai ètsi up�rqei mia
apeikìnish

ϵαβγ : Uαβγ −→ U(1)

orismènh wc
i(ϵαβγ) = ĝαβ ĝβγ ĝγα

Epeid  h (2.3) eÐnai mia akrib c akoloujÐa, èpetai ìti o ϵαβγ eÐnai ènac sÔgkukloc kai
ètsi orÐzei mia kl�sh sthn H2(M,U(1)) ∼= H3(M,Z) o opoÐoc eÐnai to empìdio gia
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thn anÔywsh thc Y .

'Estw YG → M mia G−dèsmh. To anuywmèno bundle gerbe Q orÐzetai apì to e-
pìmeno di�gramma :

Q

��

Ĝ

p

��
Y

[2]
G

ρ // G

H apeikìnish ρ : Y
[2]
G → G orÐzetai ètsi ¸ste to ρ(y1, y2) na eÐnai stoiqeÐo thc G to

opoÐo na ikanopoieÐ y2 = y1ρ(y1, y2). Apì thn (2.3) èqoume mia U(1)−dèsmh Ĝ
p→ G

apì thn opoÐa paÐrnoume wc pull back mia U(1)−dèsmh Q→ Y
[2]
G , ìpou orÐzoume

Q = {(y1, y2, ĝ) ∈ Y
[2]
G × Ĝ : ρ(y1, y2) = p(ĝ)}

Epiplèon, apì thn sunj kh ρ(y1, y2)ρ(y2, y3) = ρ(y1, y3) paÐrnoume to bundle gerbe
ginìmeno,

Q(y1,y2) ⊗Q(y2,y3) −→ Q(y1,y3)

EÔkola blèpoume ìti h kl�sh Dixmier-Douady tou anuywmènou bundle gerbe pou
mìlic orÐsame, eÐnai akrib¸c to empìdio gia thn anÔywsh thc G−dèsmhc Y sthn Ŷ .

Pr�gmati, autì prokÔptei apì to gegonìc ìti oi tomèc σαβ thc pull back dèsmhc
Qαβ = (sα, sβ)

∗Q→M , ìpou

Qαβ = {(x, y1, y2, ĝ) ∈M × Y [2] × Ĝ : (sα, sβ)(x) = (y1, y2), ρ(y1, y2) = p(ĝ)}
= {(x, ĝ) ∈M × Ĝ : ρ ◦ (sα, sβ)(x) = p(ĝ)}

eÐnai isodÔnamec me Ĝ−isometablhtèc apeikonÐseic ĝαβ : Uαβ → Ĝ 3. 'Etsi h kl�sh
[ϵαβγ] pou orÐsthke prohgoumènwc, eÐnai akrib¸c h kl�sh Dixmier-Douady tou anu-
ywmènou bundle gerbe.

Epomènwc , mporoÔme na poÔme ìti,

Prìtash 4. To anuywmèno bundle gerbe pou proèrqetai apì thn prwteÔousaG−dèsmh
Y → M kai thn akrib  akoloujÐa thc Ĝ eÐnai tetrimmèno an kai mìnon an h Y anu-

y¸netai se mia Ĝ−dèsmh.

2.3.4 Stajer� isìmorfa bundle gerbes

Orismìc 11. DÔo bundle gerbes (P, Y ) kai (Q,Z) onom�zontai stajer� isìmorfa
an up�rqoun tetrimmèna bundle gerbes T1 kai T2 tètoia ¸ste

P ⊗ T1 = Q⊗ T2

3Μια απόδειξη αυτού του γεγονότος θα γίνει σε επόμενη ενότητα όταν θα ορίσουμε την συνε-
στραμμένη Κ-Θεωρία.
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IsodÔnamoi orismoÐ dÐnontai apì thn parak�tw,

Prìtash 5. Gia duo bundle gerbes (P, Y ) kai (Q,Z) ta epìmena eÐnai isodÔnama,

1. P kai Q eÐnai stajer� isodÔnama

2. P ⊗Q∗ eÐnai tetrimmèno

3. DD(P ) = DD(Q)

Apìdeixh. (1 ⇒ 3)Profan¸c stajer� isìmorfa bundle gerbes èqoun thn ÐdiaDixmier-
Douady kl�sh kaj¸c ta tetrimmèna bundle gerbes èqoun mhdenik  Dixmier-Douady
kl�sh h opoÐa eÐnai prosjetik  gia to ginìmeno bundle gerbes.

(3 ⇒ 2) An DD(P ) = DD(Q) tìte DD(P ⊗Q∗) = DD(P )−DD(Q) = 0. 'Etsi,
P ⊗Q∗ eÐnai tetrimmèno.

(2 ⇒ 1) Tèloc, an P ⊗Q∗ eÐnai tetrimmèno, èqoume

Q = Q⇔
(P ⊗Q∗)⊗Q = Q⊗ (P ⊗Q∗) ⇔
P ⊗ (Q∗ ⊗Q) = Q⊗ (P ⊗Q∗),

ètsi P kai Q eÐnai stajer� isìmorfa kaj¸c to Q⊗Q∗ eÐnai epÐshc tetrimmèno kaj¸c
èqei mhdenik  Dixmier-Douady kl�sh.

Apì thn (3) parathroÔme ìti o stajer� isomorfismìc eÐnai mia sqèsh isodunamÐac.
Apì thn parat rhsh sto tèloc thc enìthtac 2.3.1, katal goume sto ìti,

Prìtash 6. H kl�sh Dixmier-Douady orÐzei mia amfimonos manth apeikìnish me-
taxÔ kl�sewn stajer� isìmorfwn bundle gerbes epÐ thc M kai thc H3(M,Z).

2.4 Sunoq  kai kurtìthta

Orismìc 12. 'Estw (P, Y,M) èna bundle gerbes. Mia bundle gerbes sunoq , ∇P ,
eÐnai mia sunoq  sthn grammik  dèsmh P → Y [2] h opoÐa metatÐjetai me to bundle
gerbes ginìmeno, dhlad 

π−1
1 ∇P + π−1

3 ∇P = m−1
P ◦ π−1

2 ∇P ◦mP (2.4)

ìpou mP : π−1
1 P ⊗ π−1

3 P
∼=−→ π−1

2 P to ginìmeno sto Y [3].

Apì ton orismì thc kampulìthtac ja qreiastoÔme to epìmeno,

Prìtash 7. [Mare1] 'Estw Ωq(Y [p]) o q¸roc twn diaforik¸n q−morf¸n sto Y [p].
OrÐzoume thn apeikìnish,

δ : Ωq(Y [p−1]) → Ωq(Y [p]) by δ(ω) =

p∑
i=1

(−1)iπ∗
i (ω)
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Autèc oi apeikonÐseic dhmiourgoÔn èna sÔmplegma

Ωq(M)
π∗
→ Ωq(Y )

δ→ · · · δ→ Ωq(Y [p−1])
δ→ Ωq(Y [p])

δ→ · · ·

to opoÐo eÐnai akribèc kai epomènwc oi sunomologikèc om�dec de Rham mhdenÐzontai.

Apìdeixh. Apì ton orismì thc apeikìnishc δ, parathroÔme ìti δ2 = 0. 'Etsi, to
Ωq(Y [•]) eÐnai sÔmplegma. Epiplèon, an η ∈ Ωq(Y [p−1]), tìte an ψα eÐnai mia diamèrish
thc mon�doc me b�sh èna anoiqtì k�lumma U = (Uα)α∈Σ thc nhmatik c dom c Y , tìte
mporoÔme na gr�youme ìti, ηα0,··· ,αp−1 =

∑
α ψαωα,α0,··· ,αp−1 ìpou ω ∈ Ωq(Y [p]).

'Etsi paÐrnoume,

δηα0,··· ,αp =
∑
i

(−1)iηα0,··· ,α̂i,··· ,αp−1 =
∑
i,α

(−1)iψαωα,α0,··· ,α̂i,··· ,αp

Apì to gegonìc ìti

δ(ω)α,α0,··· ,αp = 0 = ωα0,··· ,αp +
∑
i

(−1)i+1ωα,α0,··· ,α̂i,··· ,αp

sumperaÐnoume ìti,

δηα0,··· ,αp =
∑
α

ψα

∑
i

(−1)iωα,α0,··· ,α̂i,··· ,αp =
∑
α

ψαωα,α0,··· ,αp = ωα0,··· ,αp

dhlad  gia k�je ω ∈ Ωq(Y [•]), up�rqei mia η ∈ Ωq(Y [•−1]), tètoia ¸ste δ(η) = ω.

Orismìc 13. 'Estw (P, Y,M) èna bundle gerbes me sunoq  ∇P . 'Estw epÐshc
F∇P

∈ Ω2(Y [2]) h kampulìthta thc ∇P jewroÔmenh wc sunoq  thc dèsmhc P → Y [2].
H kurtìthta eÐnai mia 2-morf  f sto Y pou ikanopoieÐ thn δ(f) = F∇P

.

MporoÔme t¸ra na orÐsoume mia kl�sh Deligne pou sqetÐzetai me to bundle gerbe
(P, Y,M) me sunoq  ∇P kai kurtìthta f .

Gia tic topikèc tomèc sα : Uα → Y orÐzoume tic topikèc kurtìthtec

fα = s∗αf

Oi tomèc (sα, sβ) ep�goun sunoqèc stic pull back dèsmec Pαβ kai oi tomèc σαβ ep�goun
mia sullog  1-diaforik¸n morf¸n ∇αβ epÐ twn anoiqt¸n sunìlwn Uαβ thcM . Autèc
tic sunoqèc tic onom�zoume topikèc sunoqèc.

Prìtash 8. 'Estw (P, Y,M) èna bundle gerbe me sunoq  kai kurtìthta. 'Estw
gαβγ h kl�sh Dixmier-Douady, ∇αβ oi topikèc sunoqèc kai fα oi topikèc kurtìthtec.
Tìte h (gαβγ,∇αβ, fα) orÐzei mia kl�sh sthn sunomologÐa Deligne H2(M,D2).
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Apìdeixh. JewroÔme to sÔmplegma demati¸n

UM(1)
d log−→ Ω1

M
d−→ Ω2

M

se mia pollaplìthtaM . Dialègoume èna anoiqtì k�lumma U={Uα}α∈Σ thcM tètoio
¸ste na up�rqoun topikèc tomèc thc π : Y → M p�nw apì k�je Uα kai ìlec oi mh
kenèc tomèc na eÐnai sustaltèc. Kataskeu�zoume tic apeikonÐseic (sα, sβ) : Uαβ →
Y [2] kai dialègoume tomèc σαβ thc pull back grammik c dèsmhc Pαβ = (sα, sβ)

−1P
p�nw apì ta Uαβ. H sunoq  ∇P ep�gei thn sunoq  ∇αβ sthn Pαβ kai èqoume

∇αβ(σαβ) = Aαβ ⊗ σαβ

gia k�poia 1-morf  Aαβ stic Uαβ. H Pαβ èqei kampulìthta Fαβ = (sα, sβ)
∗F∇P

me
b�sh thn ∇αβ. Epeid  F∇P

= δ(f) èqoume Fαβ = fβ − fα. Apì thn �llh, eÔkola
blèpoume ìti Fαβ = dAαβ kai ètsi paÐrnoume

dAαβ = fβ − fα (2.5)

Tèloc, o isomorfismìc grammik¸n desm¸n mP : π−1
1 P ⊗ π−1

3 P → π−1
2 P ep�gei ton

isomorfismì grammik¸n desm¸n mP : Pβγ ⊗ Pαβ → Pαγ kai ètsi mP (σβγ ⊗ σαβ) =
σαγgαβγ ìpou gαβγ : Uαβγ −→ U(1) eÐnai ènac antiprìswpoc thc Dixmier-Douady
kl�shc tou P pou ikanopoieÐ thn sunj kh sugkÔklou

gβγδg
−1
αγδgαβδg

−1
αβγ = 1 (2.6)

'Etsi apo thn mÐa pleur� èqoume,

(∇βγ +∇αβ)(σβγ ⊗ σαβ) = (Aβγ + Aαβ)⊗ (σβγ ⊗ σαβ),

kai apì thn �llh, apo thn exÐswsh (2.4),

(∇βγ +∇αβ)(σβγ ⊗ σαβ) = m−1
P ◦ ∇αγ ◦mP (σβγ ⊗ σαβ)

= m−1
P ◦ ∇αγ(σαγgαβγ)

= m−1
P ((Aαγ + g−1

αβγdgαβγ)⊗ (σαγgαβγ))

= (Aαγ + g−1
αβγdgαβγ)⊗ (σβγ ⊗ σαβ)

kai �ra paÐrnoume
Aβγ − Aαγ + Aαβ = g−1

αβγdgαβγ (2.7)

Apì tic exis¸seic (2.5),(2.6) kai (2.7) blèpoume ìti h tri�da (fα, Aαβ, gαβγ) anapa-
rist� mia kl�sh (L,∇P , f) ∈ H2(M,U(1)M → Ω1

M → Ω2
M) kai kaneÐc mporeÐ na

elègxei ìti aut  eÐnai anax�rthth apì tic epilogèc pou èginan 4.

'Opwc kai sthn perÐptwsh twn grammik¸n desm¸n me sunoq , apì thn ( 1.5), h
apeikìnish d mac dÐnei thn 3-kampulìthta ω ∈ H3(M,Z) tou bundle gerbe me sunoq 
kai kurtìthta pou ikanopoieÐ thn π∗(ω) = df 5.

4Η απόδειξη είναι παρόμοια με αυτή της Πρότασης 1.
5Πράγματι, η dFαβ = 0 έπεται ότι π−1

1 df = π−1
2 df για τις προβολές πi : Y

[2] → Y . Αυτό έπεται ότι
df(X1, X2, X3) = df(Z1, Z2, Z3) για τα Xi ∈ TxY και Zi ∈ TzY όπου (x, z) ∈ Y [2] με π(x) = π(x)
και π∗(Xi) = π∗(Zi).
΄Ετσι, αν m ∈ M και ξi ∈ TmM διαλέγουμε x ∈ Y και Xi ∈ TxY τέτοια ώστε π(x) = m και
π∗(Xi) = ξi και ορίζουμε την ω(m)(ξi) = df(Xi) η οποία έπεται ότι η ω είναι κλειστή, ανεξάρτητη
από την επιλογή των x και Xi και ότι π−1(ω) = df .
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Epistrèfoume t¸ra sthn perÐptwsh tou tautologikoÔ bundle gerbe (enìthta
2.3.2). OrÐzoume wc sunoq  thn 1-morf  A sthn (P0M)[2] (= Y [2]),

A =

∫
Σ

ev∗ω

ìpou ev : (P0M)[2]×S1 →M eÐnai h apeikìnish ektÐmhshc kai Σ mia 2-epif�neia p�nw
apì ton (P0M)[2] tètoia ¸ste h Ðna p�nw apì to γ ∈ (P0M)[2] na eÐnai epif�neia me
sÔnoro thn γ. Epiplèon, orÐzoume thn kurtìthta η wc

η =

∫
[0,1]

ev∗ω

Tìte,

dAαβ = ηβ − ηα

dη = π∗ω

Wc apotèlesma, h 1
2πi
ω ∈ H3(M,Z) orÐzei thn Dixmier-Douady kl�sh toutautologi-

koÔ bundle gerbe.

2.5 Bundle gerbe prìtupa

Orismìc 14. 'Estw (L, Y ) èna bundle gerbe epÐ thc M kai èstw E → Y mia ermi-
tian  dianusmatik  dèsmh peperasmènhc di�stashc. An up�rqei ènac isomorfismìc
ermitian¸n desm¸n

ϕ : L⊗ π−1
1 E

≈−→ π−1
2 E (2.8)

o opoÐoc na eÐnai sumbatìc me to bundle gerbe ginìmeno, me thn ènnoia ìti oi dÔo
apeikonÐseic

L(y1,y2) ⊗ (L(y2,y3) ⊗ Ey3) −→ L(y1,y2) ⊗ Ey2 −→ Ey1

kai
(L(y1,y2) ⊗ L(y2,y3))⊗ Ey3 −→ L(y1,y3) ⊗ Ey3 −→ Ey1

eÐnai oi Ðdiec, h dèsmh E kaleÐtai bundle gerbe prìtupo kai lème ìti to L dra epÐ tou
E.

Parathr ste ìti an h E èqei di�stash èna, tìte eÐnai mia tetrimmenopoÐhsh thc L.
Epiplèon, an h E èqei di�stash n tìte to Ln dra sthn ∧n(E) kai ètsi katal goume
sto ìti,

Prìtash 9. An to (L, Y ) èqei èna bundle gerbe prìtupo E → Y peperasmènhc
di�stashc n, tìte h Dixmier-Douady kl�sh èqei strèyh, dhlad  n ·DD(L, Y ) = 0.

Apìdeixh. An rkE = 1, tìte h E apoteleÐ profan¸c mia tetrimmenopoÐhsh tou L
dhlad  DD(L) = 0. An rkE = n, tìte to L⊗n dra sthn dèsmh ∧n(E) di�stashc
èna. 'Etsi to L⊗n prèpei na eÐnai tetrimmèno kai qrhsimopoi¸ntac tic idiìthtec thc
Dixmier-Douady kl�shc, sumperaÐnoume ìti DD(L⊗n) = n ·DD(L) = 0.
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2.5.1 H hmiom�da Mod(L)

Orismìc 15. DÔo bundle gerbe prìtupa ja eÐnai isìmorfa an eÐnai isìmorfec wc
dianusmatikèc dèsmec kai o isomorfismìc diathreÐ thn dr�sh tou bundle gerbe. Ja
sumbolÐzoume me Mod(L) to sÔnolo twn kl�sewn isìmorfwn bundle gerbe protÔpwn
gia èna bundle gerbe L.

An to (L, Y ) dra epÐ tou E kai epÐshc epÐ tou F , tìte dra kai epÐ tou E ⊕ F me
ton profan  diag¸nio trìpo. Opìte to sÔnolo Mod(L) eÐnai hmiom�da.

An sumbolÐsoume me Bun(M) thn hmiom�da twn kl�sewn isìmorfwn dianusmati-
k¸n desm¸n epÐ thc M , tìte èqoume to akìloujo,

Prìtash 10. Mia tetrimmenopoÐhsh tou bundle gerbe (L, Y ) orÐzei ènan isomorfi-
smì hmiom�dwn Mod(L) ∼= Bun(M).

Apìdeixh. An to L eÐnai tetrimmèno, tìte L(y1,y2) = Ky2 ⊗ K∗
y1

gia mia grammik 
dèsmh K → Y . 'Etsi, an E eÐnai èna (L, Y ) prìtupo, apì thn (2.8) èqoume ènan

isomorfismì χ(y1, y2) : Ky2 ⊗ Ey2

∼=−→ Ky1 ⊗ Ey1 pou eÐnai descent data kai �ra h
K ⊗ E eÐnai pull back miac dianusmatik c dèsmhc epÐ thc M . Antistrìfwc, an h F
eÐnai mia dianusmatik  dèsmh epÐ thc M tìte to L dra epÐ tou K∗ ⊗ π−1(F ). Autìc
o isomorfismìc exart�tai apì thn epilog  thc tetrimmenopoÐhshc. An all�xoume
tetrimmenopoÐhsh paÐrnwntac to ginìmeno me mia pull back grammik  dèsmh J epÐ thc
M , tìte o isomorfismìc all�zei pollaplasi�zontac me thn J , sunjètontac dhlad 
me èna endomorfismì thc Bun(M).

'Enac stajer� isomorfismìc apì to bundle gerbe (L, Y ) sto (J,X) eÐnai mia te-
trimmenopoÐhsh tou L∗ ⊗ J . Autì shmaÐnei ìti up�rqei mia dèsmh K → Y ×π X kai
ènac isomorfismìc L∗ ⊗ J → δ(K)   alli¸c gia k�je (y1, y2) kai (x1, x2) èqoume ton
isomorfismì,

L∗
(y1,y2)

⊗ J(x1,x2) → K(y2,x2) ⊗K∗
(y1,x1)

(2.9)

Prìtash 11. An ta bundle gerbes (L, Y ) kai (J,X) eÐnai stajer� isìmorfa, tìte
Mod(L) ∼= Mod(J).

Apìdeixh. ArqÐzontac me èna L−prìtupo, E → Y , orÐzoume thn dèsmh F̂(y,x) =
K∗

(y,x) ⊗ Ey on Y ×π X. Tìte,

F̂(y2,x) = K∗
(y2,x)

⊗ Ey2

= K∗
(y1,x)

⊗ L(y1,y2) ⊗ Ey2 ( apì thn (2.9), jètontac x1 = x2 = x)

= K∗
(y1,x)

⊗ Ey1 (E eÐnai L−prìtupo)

= F̂(y1,x)

'Etsi, èqoume mia descent data thc F̂ gia thn apeikìnish Y ×πX → X paÐrnontac mia
dèsmh F → X. ParathroÔme ìti kaj¸c ta eswterik� ginìmena diathroÔntai pantoÔ,
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h F eÐnai ermitian  dèsmh. EpÐshc èqoume ìti,

J(x1,x2) ⊗ Fx2 = J(x1,x2) ⊗K∗
(y,x2)

⊗ Ey (apì (2.9), jètontac y2 = y)

= K∗
(y,x1)

⊗ Ey

= Fx1

kai autì k�nei thn F èna (J,X)−prìtupo. 'Etsi h epilog  tou stajeroÔ isomorfismoÔ
orÐzei mia apeikìnish

Mod(L) →Mod(J)

Parìmoia, mporoÔme na orÐsoume mia antÐstrofh apeikìnish Mod(J) → Mod(L).
6

O isomorfismìc autìc exart�tai apì thn epilog  tou stajeroÔ isomorfismoÔ. Al-
l�zontac ton stajer� isomorfismì pollaplasi�zontac me to pull back miac grammik c
dèsmhc K epÐ thc M , o isomorfismìc all�zei kat� ènan endomorfismì thc Mod(J)
pou ep�getai pollaplasi�zontac me to pull back thc K.

2.5.2 Probolikèc dèsmec

Up�rqei mia sten  sqèsh metaxÔ bundle gerbe protÔpwn kai desm¸n probolik¸n q¸-
rwn. Sthn pragmatikìthta, mporeÐ kaneÐc na dei thn hmiom�da Mod(L) wc tic kl�seic
isìmorfwn prwteuous¸n PU(n)−desm¸n epÐ thc M , me kl�sh Dixmier-Douady Ðsh
me aut  tou anuywmènou bundle gerbe L. Ac d¸soume mia ex ghsh gia autì.

'Estw (L, Y ) èna bundle gerbe. 'Estw epÐshc sα mia topik  tom  sα : Uα → Y thc
Y →M . 'Ena bundle gerbe prìtupo E → Y di�stashc n mporeÐ na gÐnei pull back se
mia tetrimmènh dèsmh Eα = s−1

α (E). Tìte o isomorfismìc (2.8) gÐnetai isomorfismìc
desm¸n,

Lαβ ⊗ Eβ
≈→ Eα

'Estw δα : Uα → Eα mia olik  tom  thc Eα. O parap�nw isomorfismìc orÐzei to
sÔnolo hαβ n× n pin�kwn me,

σαβ ⊗ δβ = δαhαβ

pou ikanopoioÔn thn sunj kh tou g−sunestrammènou sÔgkuklou. Autì epalhjeÔetai
jewr¸ntac thn tom ,

σαβ ⊗ σβγ ⊗ δγ ∈ Γ(M,Lαβ ⊗ Lβγ ⊗ Eγ)

h opoÐa, qrhsimopoi¸ntac to bundle gerbe ginìmeno kai thn dom  tou bundle gerbe
protÔpou, p�nw stic triplèc tomèc mac dÐnei

σαβ ⊗ σβγ ⊗ δγ = σαγgαβγ ⊗ δγ = δαhαγgαβγ

6Κανείς μπορεί να αποδείξει το αντίστροϕο της Πρότασης, δηλαδή αν Mod(L) ∼= Mod(L) τότε τα
(L, Y ) και (J,X) είναι σταθερά ισόμορϕα.
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kai apì thn �llh

σαβ ⊗ σβγ ⊗ δγ = σαβ ⊗ δβhβγ = δαhαβhβγ

Gia na eÐnai ta apotelèsmata Ðdia, ta hαβ prèpei na ikanopoioÔn thn sunj kh tou
g−sunestrammènou sugkÔklou

hαβhβγh
−1
αγ = gαβγ (2.10)

En¸ oi g−sunestrammènec sunart seic metafor�c hαβ den orÐzoun U(n)−dèsmh, qrh-
simopoi¸ntac thn akrib  akoloujÐa om�dwn

0 −→ U(1) −→ U(n)
p−→ PU(n) ∼= U(n)/U(1) −→ 0

oi eikìnec touc sthn om�da PU(n) ìntwc orÐzoun mia prwteÔousa PU(n)−dèsmh
P →M .

Prìtash 12. To anuywmèno bundle gerbe pou antistoiqeÐ sthn PU(n)−dèsmh
P →M eÐnai stajer� isìmorfo me to bundle gerbe (L, Y ).

Apìdeixh. 'Opwc kai sthn enìthta 2.3.3, kataskeu�zoume to anuywmèno bundle gerbe
gia thn P → M kai to sumbolÐzoume me (J, P ). H Dixmier-Douady kl�sh tou
eÐnai to topologikì empìdio gia thn dunatìthta anÔywshc thc PU(n)−dèsmhc P se
mia U(n)−dèsmh, pou eÐnai apl� h diafor� tou g sthn (2.10) na eÐnai sunsÔnoro.
Parolaut�, h eikìna tou [g] k�tw apì ton isomorfismì H2(M,U(1)) ∼= H3(M,Z)
eÐnai akrib¸c h Dixmier-Douady kl�sh tou arqikoÔ bundle gerbe (L, Y ). 'Etsi, ta
(J, P ) kai (L, Y ) eÐnai stajer� isìmorfa.

O isomorfismìc thc Prìtashc 11 tautÐzei ta bundle gerbe prìtupa sta opoÐa to
(J, P ) kai to (L, Y ) droun. EpÐshc, diaforetikoÐ stajer� isomorfismoÐ metaxÔ twn
(L, Y ) kai (J, P ) sunep�gontai diaforetik� bundle gerbe prìtupa gia to (L, Y ), all�
apì thn Prìtash 11, aut� diafèroun kat� ènan par�gonta pou eÐnai mia pull back
dèsmh k�poiac grammik c dèsmhc epÐ thc M . 'Etsi, èqoume to akìloujo apotèlesma,

Prìtash 13. 'Estw Lin(X) h om�da twn kl�sewn isìmorfwn grammik¸n desm¸n
epÐ thc M kai èstw Proj(M, [H]) to sÔnolo twn kl�sewn isìmorfwn probolik¸n
desm¸n peperasmènhc di�stashc me Dixmier-Douady kl�sh [H]. An (L, Y ) eÐnai
èna bundle gerbe epÐ thc M me DD(L) = [H], tìte h parap�nw kataskeu  orÐzei mia
amfimonos manth apeikìnish

Mod(L)

Lin(M)
−→ Proj(M, [H])

SÔmfwna me th Prìtash 9, èna bundle gerbe me Dixmier-Douady kl�sh eleu-
jèrac strèyewc, den mporeÐ na èqei èna bundle gerbe prìtupo peperasmènhc di�sta-
shc. H profan c lÔsh eÐnai na epitrèyoume ta bundle gerbe prìtupa na eÐnai dèsmec
probolik¸n q¸rwn Hilbert �peirhc di�stashc. Sthn perÐptwsh aut  jewroÔme tic
prwteÔousec PU(H)−dèsmec me thn fusik  topologÐa na eÐnai h isqur  topologÐa
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telest¸n 7.

ApodeiknÔoume mia Prìtash pou ja mac qreiasteÐ se epìmeno kef�laio.

Prìtash 14. 'EstwM mia sumpag c pollaplìthta. Oi kl�seic isìmorfwn PU(H)−desm¸n
epÐ thc M eÐnai se amfimonos manth antistoiqÐa me tic kl�seic thc H3(M,Z). Epi-
plèon, up�rqei mia apeikìnish epÐ metaxÔ twn kl�sewn isìmorfwn probolik¸n desm¸n
peperasmènhc di�stashc epÐ thc M kai thc abelian c upoom�dac Torc (H3(M,Z)).

Apìdeixh. H apìdeixh basÐzetai sthn epìmenh,

Prìtash 15. [Brul] 'Estw G mia om�da Lie kai èstw G to dem�ti twn suneq¸n
G−sunart sewn. Tìte, h H1(M,G) tautÐzetai me to sÔnolo twn kl�sewn isìmorfwn
prwteuous¸n G−desm¸n epÐ thc M 8.

Sthn perÐptwsh twn �peirwn diast�sewn, èqoume thn epìmenh sÔntomh akrib c
akoloujÐa Lie om�dwn

1 −→ U(1) −→ U(H) −→ PU(H) −→ 1

Apì to je¸rhma tou Kuiper [Kouip], h om�da U(H) wc q¸roc eÐnai sustaltìc sthn
topologÐa SOT se shmeÐo kai ètsi èqoume

H3(M,Z) ∼= H2(M,U(1)) ∼= H1(M,PU(H))

kai �ra thn 1-1 kai epÐ antistoiqÐa

{kl�seic isìmorfwn PU(H)−desm¸n epÐ thc M} → H3(M,Z)

H apìdeixh gia tic peperasmènec diast�seic dÐnetai sto [NtoK]. Parolaut�, ja d¸-
soume mia �llh apìdeixh qrhsimopoi¸ntac thn antistoiqÐa twn bundle gerbe protÔpwn
kai probolik¸n desm¸n peperasmènhc t�xhc.

Gia dosmènh kl�sh [H] ∈ H3(M,Z), kataskeÔazoume to tautologikì bundle
gerbe me Dixmier-Douady kl�sh Ðsh me [H]. Apì thn antistoiqÐa thc Prìtashc
13, paÐrnoume to sÔnolo twn kl�sewn isìmorfwn probolik¸n desm¸n peperasmènhc
di�stashc me Dixmier-Douady kl�sh [H]. Kaj¸c oi probolikèc dèsmec eÐnai epÐshc
bundle gerbe prìtupa, apì thn Prìtash 9 èqoume n · [H] = 0.
Gia [H] ̸= 0, afoÔ h Dixmier-Douady kl�sh èqei strèyh, èqoume ìti n ̸= 0. 'Etsi
paÐrnoume kl�seic isìmorfwn PU(n)−desm¸n.

7΄Εστω H ένας χώρος Hilbert. Η ισχυρή τοπολογία τελεστών (SOT ) στην B(H) είναι η τοπολογία
της κατά σημείου σύγκλισης για έναν τελεστή στον χώρο H. Δηλαδή, μια ακολουθία (Ti) ϕραγμένων
τελεστών συγκλίνει στον ϕραγμένο τελεστή T στην τοπολογία SOT αν και μόνον αν ∥Tix−Tx∥ → 0
για κάθε x ∈ H.

8Η απόδειξη είναι παρόμοια με την απόδειξη της Πρότασης 1.
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Kef�laio 3

Topologik  kai Algebrik 
K-JewrÐa

ArqÐzoume me ton orismì thc om�dac Grothendieck miac hmiom�dac. Sth sunèqeia
ja kataskeu�soume thn om�da Grothendieck thc hmiom�dac twn kl�sewn isìmorfwn
dianusmatik¸n desm¸n epÐ enìc sumplègmatoc keli¸n peperasmènhc di�stashc. Ako-
loujoÔme ta biblÐa twn Karoubi [Karou] kai [Rll] ìpwc kai ta biblÐa [Qltn] kai
[Qats2].

3.1 H om�da Grothendieck

Ac jewr soume thn abelian  hmiom�da S, dhlad  èna sÔnolo me ton kanìna thc sÔnje-
shc (sumbolÐzoume wc +) to opoÐo ikanopoieÐ ìlec tic idiìthtec miac abelian c om�dac
me exaÐresh thn Ôparxh antistrèyimwn stoiqeÐwn. Tìte mporoÔme na sqetÐsoume me
aut n mia abelian  om�da G(S) - thn om�da Grothendieck thc S - me thn S kai ènan
omomorfismì γ : S → G(S) pou ikanopoieÐ thn akìloujh kajolik  sunj kh: Gia
k�je abelian  om�da A kai k�je omomorfismì ϕ : S → A up�rqei ènac monadikìc
omomorfismìc ϕ̃ : G(S) → A o opoÐoc k�nei to di�gramma metajetikì,

S

ϕ
��

γ // G(S)

ϕ̃}}zz
zz
zz
zz

A

(3.1)

H om�da G(S) lamb�netai wc ex c:

OrÐzoume ta zeÔgh (a, b)(c, d) ∈ S×S na eÐnai isodÔnama an kai mìnon an up�rqei
u ∈ S tètoio ¸ste a+ b+ u = c+ d+ u. Aut  eÐnai mia sqèsh isodunamÐac, ∼, sthn
S×S. OrÐzoume wc G(S) = S×S/ ∼. SumbolÐzoume me [a, b] thn kl�sh twn zeug¸n
(a, b)(c, d) ∈ S × S kai orÐzoume to �jroisma [a, b] + [c, d] = [a + c, b + d]. An to 0
eÐnai to mhdenikì stoiqeÐo thc S, to stoiqeÐo [0, 0] ∈ G(S) dra wc mhdenikì stoiqeÐo.

O omomorfismìc hmiom�dwn γ : S → G(S) orÐzetai apì ton kanìna γ(a) = [a, 0],
gia k�je a ∈ S. Tèloc, gia thn ϕ : S → A orÐzoume ϕ̃[a, b] = ϕ(a) − ϕ(b). EÐnai

27
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eÔkolo na dei kaneÐc ìti h ϕ̃ eÐnai ènac kal¸c orismènoc omomorfismìc om�dwn kai
eÐnai o mìnoc gia ton opoÐo isqÔei ìti ϕ̃γ = ϕ.

An ρ : S1 → S2 eÐnai omomorfismìc hmiom�dwn, orÐzoume ton omomorfismì om�dwn
ρ∗ : G(S1) → G(S2) me ρ∗[a, b] = [ρ(a), ρ(b)], gia k�je [a, b] ∈ G(S1). ParathroÔme
ìti an γ1 : S1 → G(S1) kai γ2 : S2 → G(S2) eÐnai oi omomorfismoÐ pou ikanopoioÔn
thn (3.1), tìte γ2 ◦ ρ = ρ∗ ◦ γ1.

Par�deigma 1 'Ena apì ta pio fusik� paradeÐgmata eÐnai na jewr soume thn S = N.
Tìte paÐrnoume G(N) = Z
Par�deigma 2 Ac jewr soume S = Z − {0}, mia abelian  hmiom�da me pr�xh ton
pollaplasiasmì. Tìte G(S) = Q− {0}
Par�deigma 3 'Estw S mia abelian  hmiom�da me thn idiìthta ìti up�rqei èna stoi-
qeÐo ∞ ∈ S me u+∞ = ∞ gia k�je u ∈ S. Tìte G(S) = 0, kaj¸c k�je stoiqeÐo thc
G(S) mporeÐ na grafteÐ wc γ(a)−γ(b) = γ(a)+γ(∞)−γ(b)−γ(∞) = γ(∞)−γ(∞) =
0.

3.2 H om�da K0(X)

MporoÔme na efarmìsoume tic parap�nw idèec sthn abelian  hmiom�da twn kl�sewn
isìmorfwn migadik¸n dianusmatik¸n desm¸n epÐ tou X me pr�xh to �jroisma Whit-
ney (V ect(X),⊕) (Je¸rhma taxinìmhshc sto [Par�rthma G]).

Gia ènan q¸ro X, sthn kathgorÐa tou peperasmènhc di�stashc sumplègatoc ke-
li¸n C, sqetÐzoume me aut n, thn abelian  om�da K0(X) pou orÐzetai wc h om�da
Grothendieck thc V ect(X).

An f : Y → X eÐnai morfismìc sthn C, h apeikìnish egkleismoÔ miac dianusma-
tik c dèsmhc epÐ tou Y orÐzei ènan omomorfismì hmiom�dwn V ect(X) → V ect(Y )
kai ènan omomorfismì om�dwn f ∗ : K0(X) → K0(Y ). Apì to je¸rhma taxinìmhshc
[Par�rthma G] prokÔptei ìti h K0(X) eÐnai analloÐwth k�tw apì omotopÐec. Epi-
plèon, o K eÐnai ènac antalloÐwtoc sunartht c apì th kathgorÐa C sthn kathgorÐa
twn abelian¸n om�dwn.

'Estw i : {pt} → X h apeikìnish egkleismoÔ enìc shmeÐou ston X kai c : X → {pt}
h stajer  apeikìnish. AfoÔ c ◦ i = Idpt kai i∗ ◦ c∗ = IdK0(X) h i

∗ eÐnai epimorfismìc.

OrÐzontac wc K̃0(X) ton pur na tou i∗, paÐrnoume mia akrib  akoloujÐa

0 // K̃(X) // K(X)
i∗ //

K({pt})
c∗

oo // 0

kai sunep¸c K0(X) = K̃0(X) ⊕K0({pt}) = K̃0(X) ⊕ Z, kaj¸c k�je dianusmatik 
dèsmh epÐ enìc shmeÐou eÐnai tetrimmènh kai �ra V ect({pt}) = N, opìte G({pt}) = Z.
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3.2.1 H om�da K̃0(X)

DÐnoume ènan qarakthrismì thc K̃0(X) me ìrouc dianusmatik¸n desm¸n epÐ tou X.

Orismìc 16. DÔo dianusmatikèc dèsmec ξ kai ξ′ epÐ tou X lègontai stajer� isì-
morfec, gr�foume ξ ∼ ξ′, an up�rqoun dÔo tetrimmènec dèsmec ϵ kai ϵ′ epÐ tou X
tètoiec ¸ste ξ ⊕ ϵ ∼= ξ′ ⊕ ϵ′.

Profan¸c oi isìmorfec dèsmec eÐnai kai stajer� isìmorfec, ètsi o stajer� iso-
morfismìc jewreÐtai wc sqèsh isodunamÐac sthn hmiom�da V ect(X). SumbolÐzoume
me [ξ] thn kl�sh thc ξ kai me Stab(X) thn hmiom�da twn kl�sewn stajer� isìmor-
fwn desm¸n sthn V ect(X). To mhdenikì stoiqeÐo thc Stab(X) eÐnai h kl�sh thc
tetrimmènhc dèsmhc.

L mma 3. H hmiom�da Stab(X) eÐnai abelian  om�da.

Apìdeixh. JewroÔme ìti o X ∈ C eÐnai sunektikìc kai ètsi oi Ðnec miac dianusmatik c
dèsmhc èqoun thn Ðdia di�stash. Alli¸c, h diadikasÐa pou ja perigr�youme mporeÐ na
akoloujhjeÐ gia k�je sunektik  sunist¸sa..
To mìno pou apomènei, eÐnai na deÐxoume thn Ôparxh antistrìfou, dhlad  gia k�je
dèsmh ξ na up�rqei mia dèsmh η tètoia ¸ste h ξ⊕η na eÐnai isìmorfh me thn tetrimmènh
dèsmh.

Pr¸ton, orÐzoume thn sumpag  pollaplìthtaGk,n, ton q¸ro ìlwn twn k−di�statwn
epipèdwn pou pernoÔn apì thn arq  tou Cn. Gia mia migadik  k−di�stath dianusma-
tik  dèsmh epÐ tou X, gnwrÐzoume apì to je¸rhma taxinìmhshc [Par�rthma G],
ìti up�rqei h apeikìnish f : X → Gk,n tètoia ¸ste h dianusmatik  dèsmh ξ na eÐnai
isìmorfh me thn pull back dèsmh f ∗(γk,n), ìpou γk,n eÐnai h kanonik  k−di�stath
dèsmh epÐ thc Gn,k.

'Estw ηk,n h (n − k)−di�stath dianusmatik  dèsmh (Ek,n, π,Gk,n) ìpou Ek,n =
{(V, u) ∈ Gk,n × Cn|u ∈ V ⊥}, ìpou V ⊥ eÐnai to k�jeto (n − k)−epÐpedo sto V in
Cn. AfoÔ γk,n ⊕ ηk,n ≈ ϵn, sumperaÐnoume ìti h f ∗(γk,n ⊕ ηk,n) = ξ ⊕ f ∗(ηk,n) eÐnai
isomorfik  me thn tetrimmènh dèsmh epÐ tou X.

Gia k�je kl�sh isìmorfwn dianusmatik¸n desm¸n epÐ tou X, èqoume mia kl�-
sh stajer� isìmorfwn desm¸n kai �ra paÐrnoume ènan omomorfismì hmiom�dwn ϕ :
V ect(X) → Stab(X). Tìte apì thn kajolik  idiìthta (3.1) up�rqoun monadikoÐ o-
momorfismoÐ ϕ̃ : K0(X) → Stab(X) tètoioi ¸ste to di�gramma na metatÐjetai. Apì
thn monadikìthta tou ϕ̃ ton orÐzoume wc ϕ̃[ξ, η] = [ξ ⊕ η∗] = [ξ]− [η].

L mma 4. Up�rqei o isomorfismìc K̃0(X) ∼= Stab(X).

Apìdeixh. Gia opoiad pote n−di�stath dèsmh [ξ] ∈ Stab(X), jewroÔme thn kl�sh
[ξ, ϵn] ∈ K(X). AfoÔ i∗[ξ, ϵn] = [i∗ξ, i∗ϵn] kai epÐshc oi i∗ξ kai i∗ϵn eÐnai tetrimmènec,
sunep�getai ìti [ξ, ϵn] ∈ Keri∗ ≡ K̃0(X).
Apì thn �llh, an [ξ, η] ∈ K̃0(X) me ϕ̃[ξ, η] = 0, tìte èqoume ìti [ξ] = [η] to opoÐo
shmaÐnei ìti oi ξ kai η eÐnai stajer� isìmorfec kai ètsi h kl�sh [ξ, η] = [ξ, ξ] = 0K̃0(X),
ìpwc prokÔptei apì thn kataskeu  thc om�dac Grothendieck.
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3.2.2 O q¸roc taxinìmhshc BU × Z
ProqwroÔme se mia pio algebrik  optik  twn pollaplot twn Grassmann.

'Estw U(n) h om�da twn monadiaÐwn metasqhmatism¸n tou Cn. An, Ck eÐnai ènac
k−upìqwroc tou Cn kai Cn−k to orjog¸nio sumpl rwm� tou, h upoom�da U(n) pou
apeikonÐzei ton Cn ston eautì tou, qwrÐzetai se èna eujÔ �jroisma U(k)×U(n− k)
ìpou U(k) eÐnai h upoom�da thc U(n) pou af nei ton Ck analoÐwto kai h U(n − k)
eÐnai h upoom�da pou af nei ton Cn−k analloÐwto. Kata autìn ton trìpo, kaneÐ tau-
tÐzei thn Gk,n ≡ U(n)/U(k)× U(n− k).

Up�rqei ènac fusikìc egkleismìc tou Gk,n ↪→ Gk,n+1 pou èrqetai apì ton egklei-
smì U(n) ↪→ U(n+ 1). OrÐzoume 1

Gk = lim→
n

Gk,n

Epiplèon, jewr¸ntac ton egkleismì tou Gk ↪→ Gk+1, akolouj¸ntac thn Ðdia sullo-
gistik , telik� orÐzoume ton q¸ro,

BU = lim→
k

lim→
n

Gk,n

Gia k�je peperasmènhc di�stashc pollaplìthta X, oi kl�seic isìmorfwn dianusma-
tik¸n k−desm¸n epÐ tou X taxinomoÔntai apì to [X,Gk].

Prìtash 16. Up�rqei mia amfimonos manth apeikìnish metaxÔ thc abelian c o-
m�dac K̃0(X) kai tou [X,BU ].

Apìdeixh. Upojètoume ìti h X eÐnai sunektik . JewroÔme to sÔnolo twn kl�sewn
omotopik¸n apeikonÐsewn X → BU . AfoÔ h X eÐnai peperasmènhc di�stashc, èna
stoiqeÐo u ∈ [X,BU ] anaparÐstatai me mia apeikìnish X :→ Gk, gia k�poio k kai
ètsi èqoume sqetÐsei se k�je tètoio stoiqeÐo mia dianusmatik  k−dèsmh epÐ thc X.
Epiplèon, an f : X → Gk kai f ′ : X → Gk′ eÐnai dÔo antiprìswpoi tou u, pou
antistoiqoÔn stic dèsmec ξ kai ξ′ epÐ thc X, tìte gia k�poio r > k, k′ oi apeikonÐseic
f kai f ′ eÐnai omotopikèc ìtan jeroÔntai wc apeikonÐseic thc X sto Gr. Autì shmaÐnei
ìti

ξ ⊕ ϵr−k ∼= ξ′ ⊕ ϵr−k′

dhlad , oi ξ kai ξ′ eÐnai stajer� isìmorfec. Wc apotèlesma, èqoume ìti [ξ] ∈ Stab(X).

Epiplèon, ìpwc eÐnai gnwstì [Par�rthma G], h tetrimmènh dèsmh epÐ thc X
mporeÐ na jewrhjeÐ wc h pull back dèsmh thc kanonik c dèsmhc epÐ tou shmeÐou. 'Etsi
to mhdenikì stoiqeÐo sthn Stab(X) lamb�netai wc h apeikìnish g : X → Gk pou eÐnai
omotopik� isodÔnamh me th stajer  apeikìnish shmeÐou.

1Αυτό ονμάζεται το ευθύ όριο (ή επαγωγικό όριο) από πολλαπλότητες Grassmann. Ορίζουμε
το C∞ ως ένωση των διανυσματικών χώρων πεπερασμένης διάστασης Cn ⊂ Cn+1 ⊂ · · · όπου ένα
υποσύνολο του C∞ είναι ανοιχτό αν και μόνον αν η τομή του με κάθε Cn είναι ένα ανοιχτό σύνολο.
Τότε, το Gk(C∞) θα είναι η ένωση όλων των k−διάστατων διανυσματικών υποχώρων του C∞. Αυτή
είναι μια τοπολογική πολλαπλότητα με την τοπολογία του ευθέως ορίου, όπου ένα υποσύνολο του
Gk(C∞) είναι ανοιχτό αν και μόνον αν η τομή με κάθε Gk(Cn) είναι ανοιχτό σύνολο.
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An h X den eÐnai sunektik , tìte gr�foume K̃0(X) ≈ [X,BU × Z], ìpou oi
sunektikèc sunist¸sec parametropoioÔntai apì to Z.

3.3 Algebrik  K-JewrÐa

Ja parafr�soume thn parap�nw kataskeu  thc om�dac K0(X) gia ènan sumpag  kai
Hausdorff q¸ro X se ìrouc thc susqetismènhc �lgebrac sunart sewn C(X,R) twn
suneq¸n sunart sewn f : X → R.

'Estw E mia dianusmatik  dèsmh epÐ enìc sumpag  kai Hausdorff q¸ro X. Jew-
roÔme ton omomorfismì desm¸n f : E → E. MporoÔme na jewr soume wc pur na thc
f , thn natÐstrofh eikìna thc mhdenik c tom c. Parolaut�, h eikìna kai o pur nac
thc f den eÐnai p�nta dianusmatikèc dèsmec kaj¸c den eÐnai p�nta topik� tetrimmènec.
Gia par�deigma, jewroÔme ton X na eÐnai to di�sthma [0, 1] kai E h tetrimmènh dèsmh
[0, 1]×C. Tìte, o pur nac kai h eikìna thc f(x, ξ) = (x, xξ) den eÐnai topik� tetrim-
mèna.

Parolaut�, to akìloujo l mma mac dÐnei mia kl�sh morfism¸n dianusmatik¸n
desm¸n pou o pur nac kai h eikìna eÐnai dianusmatikèc dèsmec,

L mma 5. 'Estw X ènac sumpag c kai Hausdorff q¸roc. 'Estw E mia (pragmatik 
  migadik ) dèsmh epÐ tou X kai èstw p : E → E ènac morfismìc dianusmatik¸n
desm¸n gia ton opoÐo p2 = p, dhlad , o p eÐnai èna tautodÔnamo stoiqeÐo thc �lgebrac
End(E). Tìte o pur nac kai h eikìna tou p eÐnai topik� tetrimmèna.

Apìdeixh. Gia to tautodÔnamo stoiqeÐo p thc End(E), kaneÐc blèpei ìti Ker(p) =
Im(1 − p). 'Etsi, periorizìmaste sthn Im(p). AfoÔ h E eÐnai dianusmatik  dèsmh,
eÐnai topik� tetrimmènh. Epiplèon, to p eÐnai morfismìc desm¸n, dhlad  apeikonÐzei
Ðnec se Ðnec pou shmaÐnei ìti to p eÐnai o telest c probol c apì ton Cn ston Cm.
T¸ra, mporoÔme èukola na doÔme ìti h Im(p) eÐnai topik� tetrimmènh.

ParathroÔme ìti an p2 = p tìte epÐshc (1 − p)2 = 1 − p. SumbolÐzontac thn
eikìna tou p me pE, èqoume ìti,

E ∼= pE ⊕ (1− p)E

Up�rqei epÐshc mia deÔterh idiìthta twn dianusmatik¸n desm¸n pou eÐnai arket� sh-
mantik  [Qats2],

Je¸rhma 1. (Serre-Swan) 'Estw X ènac sumpag c kai Hausdorff q¸roc kai E mia
(pragmatik    migadik ) dianusmatik  dèsmh epÐ tou X. Tìte, up�rqei dianusmatik 
dèsmh F epÐ tou X tètoia ¸ste h E ⊕ F na eÐnai h tetrimmènh dèsmh.

Sundi�zontac ta dÔo apotelèsmata, mporoÔme na anaparast soume k�je dèsmh
epÐ tou X wc thn eikìna pE enìc tautodÔnamou stoiqeÐou p : E → E ìpou E eÐnai h
tetrimmènh dèsmh.

Endiaferìmaste gia thn taxinìmhsh twn kl�sewn isìmorfwn dianusmatik¸n de-
sm¸n kai ètsi prèpei na orÐsoume pìte dÔo tautodÔnama stoiqeÐa eÐnai isodÔnama.
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L mma 6. 'Estw X ènac sumpag c kai Hausdorff q¸roc. 'Estw E kai F dÔo te-
trimmènec dèsmec epÐ tou X me touc morfismoÔc desm¸n p : E → E kai q : F → F
tètoioi ¸ste p2 = p kai q2 = q. Oi dianusmatikèc dèsmec pE kai qF eÐnai isìmorfec
an kai mìnon an up�rqei ènac morfismìc dianusmatik¸n desm¸n u : E → F tètoioc
¸ste ,

uu∗ = p, u∗u = q.

Apìdeixh. 'Estw pE ∼= qF mèsw tou u : pE → qF kai u∗ : pF → qE tètoioc
¸ste uu∗ kai u∗u na eÐnai oi tautotikèc apeikonÐseic stic pE kai qF antistoÐqwc.
EpekteÐnwntac tic u kai u∗ wc,

ũ =

(
u 0
0 0

)
: pE ⊕ (1− p)E → qF ⊕ (1− q)F

ũ∗ =

(
u∗ 0
0 0

)
: pF ⊕ (1− p)F → qE ⊕ (1− q)E

paÐrnoume amèswc ìti,
ũũ∗ = q , ũ∗ũ = p.

Antistrìfwc, upojètoume ìti up�rqoun apeikonÐseic u : E → F kai u∗ : F → E
pou ikanopoioÔn tic sqèseic autèc. OrÐzoume u′ = uu∗u kai u′∗ = u∗uuu∗. Tìte
u′u′∗ = uu∗uu∗uu∗ = qqq = q kai omoÐwc u′∗u′ = p. Tìte, u′p = uu∗uu∗u = qu′ kai
u′ = uu∗u = up = upp = uu∗uu∗u,   en suntomÐa u′p = qu′ = u′.
Autì shmaÐnei ìti to u′ periorÐzetai se mia apeikìnish pE → qF . OmoÐwc, h u′∗ perio-
rÐzetai ste mia apeikìnish qF → pE. 'Etsi, to u′u′∗ = q periorÐzetai sthn tautotik 
apeikìnish sthn qF kai omoÐwc u′∗u′ = p periorÐzetai sthn tautotik  apeikìnish sthn
pE, k�ti pou shmaÐnei ìti pr�gmati pE ∼= qF .

Parat rhsh: Ja lème ìti dÔo tautodÔnama stoiqeÐa p, q eÐnai algebrik� isodÔ-
nama , sumbolÐzoume me p ∼0 q, an eÐnai isìmorfec san dèsmec.

Up�rqei mia fusik  taÔtish metaxÔ tou dianusmatikoÔ q¸rou Hom(E,F ) twn
morfism¸n dianusmatik¸n desm¸n apì thn E → F kai tou q¸rou twn suneq¸n tom¸n
thc dianusmatik c dèsmhc Hom(E,F ) ∼= E∗ ⊗ F , dhlad ,

Hom(E,F ) ∼= C(X,Hom(E,F ))

Upojètoume ìti F ∼= E ∼= X × Ck. Tìte tautÐzoume,

C(X,Hom(E,F )) ∼= C(X,Hom(E,E)) ∼= C(X)⊗Mk

ìpou Mk = Mk(C) sumbolÐzei thn �lgebra twn (k × k) migadik¸n pin�kwn. 'Enac
morfismìc dianusmatik¸n desm¸n p : E → E me p2 = p eÐnai tìte isodÔnamoc me èna
tautodÔnamo stoiqeÐo sthn �lgebra C(X)⊗Mk.

To teleutaÐo b ma eÐnai na exafanÐsoume thn ex�rthsh apì thn di�stash thc te-
trimmènhc dèsmhc E ∼= X × Ck. MporoÔme na per�soume sthn tetrimmènh dèsmh
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E ′ ∼= X × Cm me m > k, apl� topojet¸ntac ton (k × k) pÐnaka sthn p�nw ari-
ster  gwnÐa enìc (m × m) pÐnaka, gemÐzontac tic upìloipec eisìdouc me mhdenik�.
Algebrik�, aut  h epèktash apì thn E sthn E ′ antistoiqeÐ ston fusikì egkleismì

C(X)⊗Mk ↪→ C(X)⊗Mm, k ≤ m

Pern¸ntac apì tic peperasmènhc di�stashc �lgebrec Mk sto algebrikì eujÔ ìrio

M∞ = lim
→

Mk

èqoume exafanÐsei thn tuqaÐa di�stash thc E kai èqoume meÐnei me èna tautodÔnamo
stoiqeÐo p ∈ C(X)⊗M∞.

Orismìc 17. [Rll] 'Estw C(X) to sÔnolo twn suneq¸n migadik¸n sunart sewn
ston sumpag  kai Hausdorff q¸ro X. 'Estw epÐshc , Idem(C(X)⊗M∞) h abelian 
hmiom�da twn kl�sewn algebrik� isodÔnamwn tautodÔnamwn stoiqeÐwn thc C(X) ⊗
M∞ me pr�xh thn prìsjesh,

[p] + [q] ≡ [

(
p 0
0 q

)
]

Tìte h K(C(X)) orÐzetai wc h om�da Grothendieck thc hmiom�dac Idem(C(X) ⊗
M∞).

EÔkola blèpoume ìti h kataskeu  thc Idem(C(X) ⊗ M∞) eÐnai sunarthsiak 
(sunalloÐwth aut  th for�) gia tuqaÐouc daktulÐouc.

Prìtash 17. [Rll] 'Estw ènac sumpag c kai Hausdorff q¸roc X kai èstw C(X)
o daktÔlioc migadik¸n sunart sewn ston X. Tìte h topologik  K-om�da tou q¸rou
X kai h algebrik  K-om�da tou daktulÐou C(X) eÐnai isìmorfec, dhlad ,

K(X) ∼= K(C(X)).

Apìdeixh. SqetÐzoume mia dianusmatik  dèsmh ξp se k�je p ∈ Idem(C(X)⊗M∞) wc
ex c. Upojètoume ìti to p an kei sthn Idem(C(X)⊗Mn) kai èstw ξp = (Ep, π,X),
ìpou,

Ep = {(x, v) ∈ X × Cn : v ∈ p(x)(Cn)},
qrhsimopoi¸ntac thn taÔtish Mn(C(X)) = C(X,Mn(C)), π(x, v) = x kai ìpou h
Ðna (Ep)x = p(x)(Cn) eÐnai ènac dianusmatikìc upìqwroc tou Cn.
'Estw p, q ∈ Idem(C(X) ⊗M∞). Tìte ξp ∼= ξq an kai mìnon an p ∼0 q kai ξp⊕q

∼=
ξp ⊕ ξq. 'Epetai ìti h apeikìnish

ϕ : Idem(C(X)⊗M∞)/ ∼0−→ V ect(X), [p]0 7→ [ξp]

eÐnai kal� orismènh, 1-1 kai prosjetik .

Apì thn �llh, k�je dianusmatik  dèsmh ξ = (E, π,X) eÐnai eujÔc prosjetèoc
thc tetrimmènhc dèsmhc (apì to je¸rhma Serre-Swan). 'Etsi, jewroÔme thn p(x) wc
probol  apì ton Cn ston Ex. Tìte, h p : X → Mn(C) eÐnai suneq c kai an kei sthn
Idem(C(X) ⊗Mn) kai ξp = ξ. Autì deÐqnei ìti h ϕ eÐnai epÐ kai �ra isomorfismìc
abelian¸n hmiom�dwn.
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Parat rhsh: H K-Jewria orÐzetai genik� gia ènan tuqaÐo daktÔlio R. Ed¸,
h �lgebra C(X) ⊗ Mn eÐnai ènac daktÔlioc all� kai C∗−�lgebra, afoÔ C(X) ⊗
Mn

∼= Mn(C(X)) ìpou k�je stoiqeÐo αij ∈ Mn an kei sthn C(X) pou eÐnai mia
C∗−�lgebra. 'Etsi, h nìrma ∥α∥Mn(C(X)) = ∥ϕn(α)∥ ìpou ϕn : Mn(C(X)) → B(H)
eÐnai ènac ∗−monomorfismìc gia ènan q¸ro Hilbert H.
Parolaut�, h �lgebra C(X) ⊗ M∞ eÐnai ènac daktÔlioc kai ìqi mia C∗−�lgebra,
afoÔ eÐnai mia mh-pl rhc ∗−�lgebra. 2. Gia autìn ton lìgo, sthn epìmenh enìthta ja
antikatast soume thn A⊗M∞ me thn pl rwsh thc A⊗K, ìpou K eÐnai oi sumpageÐc
telestèc ([EggO]).

3.3.1 C∗−�lgebrec
'Ena stoiqeÐo p miac C∗−�lgebrac, onom�zetai probol  an p = p2 = p∗ kai tauto-
dÔnamo an p = p2. Ta stoiqeÐa u gia ta opoÐa u∗u ìpwc kai uu∗ eÐnai probolèc,
onom�zontai merikèc isometrÐec. 'Etsi, mporoÔme na gr�youme u = uu∗u.

Prìtash 18. Gia mia C∗−�lgebra, k�je tautodÔnamo stoiqeÐo eÐnai algebrik� iso-
dÔnamo me mia probol . DÔo probolèc p kai q se mia C∗−�lgebra eÐnai algebrik�
isodÔnamec an kai mìnon an up�rqei mia merik  isometrÐa u tètoia ¸ste

p = u∗u, q = uu∗.

Apìdeixh. An anaparast soume mia C∗−�lgebra me telestèc pou droun se ènan q¸-
ro Hilbert H, ta tautodÔnama stoiqeÐa antistoiqoÔn se (gewmetrikèc) probolèc se
ènan kleistì upìqwro tou H kai oi probolèc antistoiqoÔn se orjog¸niec probolèc.
Qrhsimopoi¸ntac parìmoia epiqeir mata ìpwc aut� thc prohgoÔmenhc paragr�fou,
kaneÐc deÐqnei ìti dÔo tautodÔnama stoiqeÐa p kai q eÐnai algebrik� isodÔnama akri-
b¸c ìtan oi eikìnec touc pH kai qH eÐnai isometrik� isìmorfec mèsw miac merik c
isometrÐac sthn C∗−�lgebra.

Parat rhsh: Up�rqoun epÐshc dÔo epiplèon trìpoi na oristoÔn oi kl�seic iso-
dunamÐac se mia C∗−�lgebra:

• An p kai q eÐnai probolèc se mia C∗−�lgebra (me mon�da) A, eÐnai monadiaÐa
isodÔnama an up�rqei èna monadiaÐo stoiqeÐo u ∈ A tètoio ¸ste upu∗ = q.

• Oi probolèc p kai q kaloÔntai omotopik� isodÔnama, an up�rqei monop�ti apì
suneqeÐc probolèc sthn C∗−�lgebra pou na sundèei ta p kai q.

Parat rhsh: 'Oloi oi parap�nw orismoÐ twn kl�sewn isodunamÐac sumpÐptoun ì-
tan pern�me apì thn C∗−�lgebra A sthn ∗−�lgebra A⊗M∞ me thn kanonik  nìrma,
pou ep�getai apì touc egkleismoÔc Mk ↪→M∞ [Rll].

2Με άλλα λόγια δεν μπορούμε να βρούμε μια νόρμα με βάση την οποία η άλγεβρα C(X) ⊗M∞
να είναι ένας πλήρης διανυσματικός χώρος. Δηλαδή, δεν υπάρχει ένας ∗−μονομορϕισμός ϕ :
M∞(C(X)) → B(H) , καθώς οι πίνακες άπειρης διάστασης δεν αντιστοιχούν σε ϕραγμένους τε-
λεστές σε έναν χώρο Hilbert.
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Kaj¸c h A⊗M∞ den eÐnai C∗−�lgebra, paÐrnoume thn pl rwsh thc,

lim
→
A⊗Mk = A⊗K

ìpou K eÐnai oi sumpageÐc telestèc se ènan diaqwrÐsimo q¸ro Hilbert. 'Etsi, èqoume,

Orismìc 18. 'Estw A mia C∗−�lgebra me mon�da. SumbolÐzoume me Proj(A⊗K)
to sÔnolo twn kl�sewn (algebrik�, omotopik�   monadiaÐa) isodÔnamwn probol¸n
sthn C∗−�lgebra A⊗K. H prìsjesh sto Proj(A⊗K) orÐzetai wc,

[p] + [q] = [p+ q]

ìpou oi antiprìswpoi p kai q èqoun epilegeÐ ètsi ¸ste pq = qp = 0. H om�da Gro-
thendieck tou Proj(A⊗K) eÐnai h K-om�da thc A, pou sumbolÐzoume apl� me K0(A).

3.3.2 Om�dec an¸terou bajmoÔ

Apì ta axi¸mata Eilenberg-Steenrod [Par�rthma D], eÔkola parathroÔme thn
isìthta,

Hp(point) ∼= H̃0(Sp)

ekfr�zontac tic om�dec sunomologÐac uyhlìterou bajmoÔ, se sqèsh me thn om�da
sunomologÐac mhdenik c di�stashc thc p−sfaÐrac Sp. 'Etsi, gia na orÐsoume tic
K-om�dec uyhlìterou bajmoÔ, prèpei na orÐsoume thn an�rthsh (suspension) miac
C∗−�lgebrac.

Orismìc 19. [Mplak] H an�rthsh miac C∗−�lgebrac A, sumbolÐzoume me SA,
orÐzetai wc

SA = {f : R → A|f suneq c, lim
x→∞

∥f(x)∥ = 0} = A⊗ C0(R)

Me tic kata shmeÐo pr�xeic kai thn nìrma supremium, h SA eÐnai mia C∗−�lgebra.

EpÐshc mporoÔme na orÐsoume ton k¸no (cone) CA thc A, pou orÐzetai wc,

CA = C0([1,∞), A) ∼= A⊗ C0([1,∞))

'Opwc mporoÔme eÔkola na doÔme, h sÔntomh akoloujÐa

0 −→ SA
i−→ CA

π−→ A −→ 0

ìpou i eÐnai o egkleismìc kai π(f) = f(1), eÐnai akrib c. Me b�sh ta axi¸mata,
up�rqei h makr� akrib c akoloujÐa

· · · −→ Kp+1(CA) −→ Kp+1(A)
∂−→ Kp(SA) −→ Kp(CA) −→ · · · (3.2)

To shmantikì me autèc tic kataskeuèc eÐnai h epìmenh,

Prìtash 19. [Mplak] O k¸noc CA eÐnai omotopik� isodÔnamoc me to mhdenikì
stoiqeÐo thc C∗−�lgebrac.
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Apìdeixh. OrÐzoume touc ∗−omomorfismoÔc ft : CA→ CA me

ft(h)(s)

{
0, an t = 0,

h(s/t), an t ∈ (0, 1]

gia h ∈ C0([1,∞), A) kai s ∈ [1,∞). ParathroÔme ìti h f0 eÐnai h mhdenik  apeikìnish
kai h f1 eÐnai h tautotik . H sunèqeia twn apeikonÐsewn t 7→ ft(h) sto t = 0, èpetai
apì ,

lim
t→0

∥ft(h)∥ = lim
t→0

sup
s∈[1,∞)

∥h(s/t)∥ = lim
s→∞

∥h(s)∥ = 0.

Apì ta axi¸mata thc genikeumènhc sunomologÐac kai thn idiìthta tou omotopik�
analloÐwtou gia ton sunartht  K0, paÐrnoume ìti K0(CA) = 0. Apì thn makr�
akrib c akoloujÐa (3.2), sumperaÐnoume thn Ôparxh fusikoÔ isomorfismoÔ

Kp(A) ∼= K0(S
pA), p ≥ 0

ìpou me Sp sumbolÐzoume ton sunartht  an�rthshc pou efarmosmèno p forèc. Eidik�
gia ton sunartht  K1, èqoume,

Prìtash 20. [Mplak] Gia mia C∗−�lgebra A, h abelian  om�da K1(A), pou orÐ-
zoume wc K1(A) = K0(SA), sumpÐptei me thn om�da,

K1(A) = lim
→
GLk(A)/GLk(A)0.

ìpou GLk(A)/GLk(A)0 sumbolÐzei thn (ìqi aparaÐthta abelian ) om�da twn antistrè-
yimwn stoiqeÐwn thc A modulo thn sqèsh omotopÐac sthn A.

Parat rhsh: H an�rthsh miac C∗−�lgebrac A, mporeÐ na oristeÐ isodÔnama wc,

SA ∼= C0([0, 1] → A) ∼= {f ∈ C(T → A)|f(1) = 0}

Gewmetrik�, gia ènan q¸ro X, mporoÔme na orÐsoume thn an�rthsh tou SX, wc ton
q¸ro phlÐko tou X × I tautÐzontac ton X × {0} me shmeÐo kai ton X × {1} me èna
�llo shmeÐo. Gia par�deigma, an X = S1, tìte SX = S2. An X eÐnai q¸roc CW
sÔmplegma, tìte kai oi q¸roi SX kai CX eÐnai, wc q¸roi phlÐko tou X × I.

ProqwroÔme t¸ra sto bajÔtero je¸rhma sthn K-JewrÐa pou mac eÐnai aparaÐthto
gia ton upologismì twn K-om�dwn.

3.3.3 H akoloujÐa twn èxi ìrwn

To jemeli¸dec je¸rhma sthn K-JewrÐa eÐnai to je¸rhma periodikìthtac tou
Bott to opoÐo eÐnai,
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Je¸rhma 2. [Mplak] Gia k�je C∗−�lgebraA, up�rqei o isomorfismìc βA : K0(A) →
K1(SA) abelian¸n om�dwn, tètoioc ¸ste to akìloujo di�gramma metatÐjetai gia k�je
morfismì C∗−algebr¸n α : A→ B:

K0(A)
α∗ //

βA

��

K0(B)

βB

��
K1(SA)

α∗ //K1(SB)

H makr� akrib c akoloujÐa (3.2) dikaiologeÐ to ìnoma "periodikìthta� kaj¸c è-
qoume,

K0(A) ∼= K0(S
2A) kai K1(A) ∼= K1(S

2A)

ìpou S2A eÐnai h dipl  an�rthsh SSA ∼= C0(R2)⊗ A.

Sunep¸c, an A eÐnai mia C∗−�lgebra (me mon�da) kai J èna ide¸dec thc A, tìte
apì thn sÔntomh akrib c akoloujÐa,

0 −→ J −→ A −→ B ∼= A/J −→ 0 (3.3)

kataskeu�zoume thn akrib c akoloujÐa èxi ìrwn K-om�dwn

K0(J) // K0(A) //K0(B)

��
K1(B)

OO

K1(A)oo K1(J)oo

(3.4)

h opoÐa apoteleÐ kai to monadikì qarakthristikì thc C∗−algebrik c K-JewrÐac.

3.3.4 H akoloujÐa Mayer-Vietoris

H akoloujÐa Mayer-Vietoris [BotT] eÐnai èna qr simo ergaleÐo ston upologismì
twn om�dwn sunomologÐac enìc topik� sumpag  q¸rou X wc sun�rthsh twn topolo-
gik� aploÔsterwn upoq¸rwn tou.
Upojètoume ìti X = U1

∪
U2 ìpou U1 kai U2 eÐnai kleistoÐ upìqwroi (topik� sumpa-

geÐc). Tìte, up�rqei mia akoloujÐa egkleism¸n

X U1

⨿
U2

oo U1 ∩ U2
i

oo
joo

ìpou U1

⨿
U2 sumbolÐzei thn xènh ènwsh sunìlwn. Sto plaÐsio twn C∗−algebr¸n

èqoume to di�gramma:

C0(X)
pr1 //

pr2
��

C0(U1)

π1

��
C0(U2)

π2 // C0(U1 ∩ U2)
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ìpou C0(X) ∼= {(f1, f2) ∈ C0(U1)⊕C0(U2)|π1(f1) = π2(f2)} me π1, π2 ènan ∗−epimorfismì
kai pr1, pr2 touc periorismoÔc twn fusik¸n probol¸n C0(U1)⊕C0(U2) → C0(U1) kai
C0(U1)⊕ C0(U2) → C0(U2) antistoÐqwc.

H makr� akrib c akoloujÐa twn K−om�dwn (Mayer-Vietoris) pou ep�getai, lìgw
thc periodikìthtac tou Bott paÐrnei thn morf , ([Mplak])

K0(X)
(pr1∗,pr2∗)// K0(U1)⊕K0(U2)

π2∗−π1∗// K0(U1 ∩ U2)

��
K1(U1 ∩ U2)

OO

K1(U1)⊕K1(U2)oo K1(X)oo

(3.5)

3.3.5 Upologismìc twn K−om�dwn gia thn S3

Anakal¸ntac to pwc orÐsame tic K−om�dec uyhlìterou bajmoÔ, to gegonìc ìti
K0(pt) = Z kai lìgw thc periodikìthtac tou Bott, kaneÐc eÔkola blèpei ìti,

K0(Sn) ∼=
{

Z⊕ Z, n �rtio
Z, n perittì

, K1(Sn) ∼=
{

0, n �rtio
Z, n perittì

(3.6)

Parajètoume èna basikì par�deigma upologismoÔ twn om�dwn K•(S3) qrhsimo-
poi¸ntac thn akoloujÐa Mayer-Vietoris, pou ja genikeÔsoume sthn perÐptwsh thc
sunestrammènhc K-JewrÐac [Bouk2].

Par�deigma : Apì thn (3.5), jètoume X = S3 kai paÐrnoume gia Ui to �nw kai
to k�tw (kleist�) hmisfaÐria D± antÐstoiqa. AfoÔ ta D± eÐnai sustalt�, paÐrnoume
ìti K0(D±) = Z, K1(D±) = 0 en¸ D+ ∩D− ∼h S

2. 'Etsi, h (3.5) mac dÐnei

K0(S3)
i∗ // Z⊕ Z π∗ // K0(S2)

��
K1(S2)

OO

0
π∗oo K1(S3)

i∗oo

Apì thn (3.6) èqoume ìti K0(S2) = Z ⊕ Z kai K1(S2) = 0 kai epomènwc paÐrnoume
thn akrib  akoloujÐa

0 −→ K0(S3)
i∗−→ Z⊕ Z π∗−→ Z⊕ Z −→ K1(S3) −→ 0

ìpou h apeikìnish π∗ dÐnetai apì π∗(m,n) = (m− n, 0). Katal goume sto ìti

K0(S3) = Z and K1(S3) = Z.

pou epalhjeÔei touc prohgoÔmenouc sullogismoÔc mac.



Kef�laio 4

H �poyh tou Atiyah gia thn
K-JewrÐa

4.1 Telestèc Fredholm kai Fredholm deÐkthc

Sthn enìthta aut  ja doÔme thn K-JewrÐa mèsa apì touc q¸rouc Hilbert kai te-
lest¸n pou droun p�nw touc. AkoloujoÔme to biblÐo tou Atiyah [Ati2], ìpou
pr¸ta ègine qr sh aut¸n twn ide¸n. Ta apotelèsmata aut c thc enìthtac, ja mac
qreiastoÔn sto epìmeno kef�laio ìpou ja d¸soume ton orismì thc sunestrammènhc
K-JewrÐac kai ja doÔme ti gÐnetai stic peript¸seic pou h kl�sh Dixmier-Douady
èqei strèyh   eÐnai eleujèrac strèyewc.
'Estw H ènac diaqwrÐsimoc migadikìc q¸roc Hilbert, kai èstw B(H) h �lgebra twn
fragmènwn telest¸n ston H. DÐnoume sthn B thn topologÐa pou ep�getai apì thn
nìrma telest¸n. Tìte h B eÐnai mia �lgebra Banach. Eidik�, h upooom�da twn anti-
strèyimwn stoiqeÐwn B∗ thc B eÐnai èna anoiqt¸n sÔnolo. Apì to je¸rhma kleistoÔ
graf matoc 1, k�je T ∈ B pou eÐnai algebrikìc isomorfismìc H → H eÐnai epÐshc
kai topologikìc isomorfismìc, dhlad  o T−1 up�rqei sthn B kai ètsi T ∈ B∗.

Orismìc 20. 'Enac telest c T ∈ B(H) onom�zetai Fredholm an oi q¸roiKer(T ) kai
Coker(T ) eÐnai peperasmènhc di�stashc. An sumbolÐsoume ton q¸ro twn telest¸n
Fredholm wc F ⊂ B tìte, h apeikìnish

Index : F −→ Z, T 7→ Index(T ) = dimKer(T )− dimCoker(T )

onom�zetai Fredholm deÐkthc tou T .

ParathroÔme ìti gia ton telest  Fredholm T , h eikìna T (H) eÐnai kleist . (Apì
to je¸rhma kleistoÔ graf matoc, h eikìna k�je kleistoÔ sunìlou k�tw apì mia
suneq  apeikìnish eÐnai kleist ).
SumbolÐzoume me K touc sumpageÐc telestèc ston q¸ro H. Tìte to phlÐko B(H)/K
einai gnwstì wc Calkin �lgebra. 'Estw π : B(H) → B(H)/K h apeikìnish phlÐko.

1Αν X είναι ένας τοπολογικός χώρος και Y χώρος Hausdorff, τότε το γράϕημα της συνάρτησης
f : X → Y είναι κλειστό όταν η f είναι συνεχής. Το αντίστροϕο αληθεύει όταν η f είναι γραμμική
και ορίζεται για κάθε x ∈ X.

39
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Tìte up�rqei h akrib c akoloujÐa,

0 −→ K i−→ B(H)
π−→ B(H)/K −→ 0 (4.1)

Je¸rhma 3. Je¸rhma Atkinson [Merf] 'Estw T ∈ B(H). Tìte ta akìlouja eÐnai
isodÔnama :

1. H T (H) eÐnai kleist  kai isqÔei ìti dimKer(T ) <∞ kai dimCoker(T ) <∞,

2. up�rqei telest c S ∈ B(H) tètoioc ¸ste oi telestèc 1−ST kai 1−TS na eÐnai
sumpageÐc,

3. o π(T ) eÐnai antistrèyimoc sthn Calkin �lgebra.

'Estw F ⊂ B o upìqwroc twn Fredholm telest¸n. An T, S ∈ F tìte,

dimKer(TS) ≤ dimKer(T ) + dimKer(S)

dimCoker(TS) ≤ dimCoker(T ) + dimCoker(S)

kai ètsi o TS eÐnai epÐshc telest c Fredholm. 'Etsi h F eÐnai om�da.

Orismìc 21. Ja onom�zoume dÔo telestèc S, T ∈ F omotopikoÔc, ja sumbolÐzoume
wc S ∼h T , an autoÐ sundèontai mèsw enìc monopatioÔ apo Fredholm telestèc, dhlad 
an up�rqei mia oikogèneia suneq¸n apeikonÐsewn Ft : F × I → F tètoia ¸ste F0 = S
kai F1 = T .

Prìtash 21. An sumbolÐsoume me F/ ∼h ton q¸ro phlÐko twn telest¸n Fredholm
me thn sqèsh omotopÐac, tìte

Index : F/ ∼h−→ Z

eÐnai isomorfismìc om�dwn.

Apìdeixh. 'Estw X, Y, Z ⊂ H. Tìte, an B : X → Y kai A : Y → Z eÐnai dÔo
telestèc Fredholm, apì thn akrib  akoloujÐa

0 −→ Ker(B) −→ Ker(AB)
B−→ Ker(A) ∩ Im(B) −→ 0

paÐrnoume ìti dimKer(AB) = dimKer(B) + dim(Ker(A) ∩ Im(B)) kai apì thn
akrib  akoloujÐa

0 −→ Ker(A)

Ker(A) ∩ Im(B)
−→ Y

Im(B)

A−→ Z

Im(AB)
−→ Y

Im(A)
−→ 0

paÐrnoume ìti dimCoker(AB) = dimCoker(A) + dimCoker(B) − dimKer(A) +
dim(Ker(A) ∩ Im(B)). 'Etsi,

Index(AB) = dimKer(AB)− dimCoker(AB)

= dimKer(A)− dimCoker(A) + dimKer(B)− dimCoker(B)

= Index(A) + Index(B)
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dhlad  h apeikìnish Index eÐnai omomorfismìc om�dwn.
EpÐshc, h apeikìnish eÐnai 1-1, kaj¸c dÔo telestèc me ton Ðdio deÐkth eÐnai omotopikoÐ
2. Tèloc, dedomènou enìc akeraÐou k ∈ Z o telest c pou orÐzetai se sqèsh me thn
orjomonadiaÐa b�sh {ei}, i = 1, 2, ... wc

Tk(ei) =

{
ei−k , gia i− k ≥ 1
0 , allÐwc

eÐnai telest c Fredholm kaièqei deÐkth k.( o telest c monomeroÔc metatìpishc)

Parat rhsh: Gia thn sÔntomh akrib  akoloujÐa (4.1), h akoloujÐa èxi ìrwn (3.4)
mac dÐnei ìti,

K1(B/K)
∼=−→ K0(K)

kaj¸c K1(B) = K0(B) = 0. 'Etsi, anakal¸ntac ton orismì thc om�dac K1(A) sthn
Prìtash 20, ìpoc A eÐnai mia C∗−�lgebra, parathroÔme amèswc ìti h Prìtash 21
isqÔei.

4.2 To kÔrio Je¸rhma

ProqwroÔme t¸ra sthn optik  tou Atiyah.

ParathroÔme apì thn Prìtash 21, ìti F/ ∼h= [pt,F ] dhlad , to sÔnolo twn
kl�sewn omotopik¸n apeikonÐsewn apì to shmeÐo ston q¸ro twn telest¸n Fredholm
kai ìti Z = K0(pt).
Ja jèlame na genikeÔsoume autìn ton orismì thc apeikìnishc tou deÐkth gia telestèc
Fredholm p�nw apì mia sumpag  pollaplìthta X antÐ gia èna shmeÐo.
H nèa apeikìnish deÐkth ja paÐrnei timèc sthn om�da K0(X) antÐ gia thn om�da Z.
Ja jèlame na orÐsoume thn apeikìnish deÐkth gia ènan telest  Fredholm T̃ epÐ thc
X wc

Index(T̃ ) = [Ker(T̃x)x∈X ]− [Coker(T̃x)x∈X ] ∈ K0(X) (4.2)

all� genik�, oi [Ker(T̃x)x∈X ] kai [Coker(T̃x)x∈X ] den eÐnai topik� stajer c di�stashc
kai �ra den eÐnai dianusmatikèc dèsmec epÐ thc X. 'Etsi, k�noume qr sh thc hmiom�dac
[X,F ], tou sunìlou dhlad  twn kl�sewn omotopik¸n apeikonÐsewn X → F .

Je¸rhma 4. Gia k�je sumpag  pollaplìthtaX, èqoume ton isomorfismì hmiom�dwn

Ind : [X,F ] −→ K0(X)

Gia k�je x ∈ X èqoume mia epÐ apeikìnish

T : X → F , x 7→ Tx ∈ F
2Αυτό συνεπάγεται από την συνέχεια της απεικόνισης Index : F → Z [Μερϕ] και το γεγονός

ότι ο χώρος πηλίκο F/ ∼h είναι η ξένη ένωση των συνεκτικών συνιστωσών
⨿

n Fredn δηλαδή των
χώρων τελεστών Fredholm με δείκτη n. Καθώς το Z είναι διακριτό σύνολο, τελεστές με τον ίδιο
δείκτη πρέπει να είναι ομοτοπικοί.
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Gia k�je y sthn perioq  tou x, paÐrnoume ìti Ty ∼h Tx. 'Etsi, lìgw thc omotopik c
analloi¸thtac thc apeikìnishc deÐkth (Prìtash 21) paÐrnoume ìti dimKerTx eÐnai
topik� stajer . 'Etsi, an

T = (idX , T̃ ) : X ×H −→ X ×H

eÐnai ènac morfismìc dianusmatik¸n desm¸n, ìpou T̃ eÐnai telest c Fredholm, tìte
dimKer(Tx)x∈X eÐnai topik� stajer . Gia tic peperasmènec diast�seic èqoume,

Prìtash 22. [Ati2] 'Estw f : F → E ènac morfismìc dianusmatik¸n desm¸n me
dimKer(fx) topik� stajer . Tìte,

• Ker(f) =
∪

xKer(fx) eÐnai upodèsmh thc F

• Im(f) =
∪

x Im(fx) eÐnai upodèsmh thc E

• Coker(f) =
∪

xCoker(fx) eÐnai dèsmh me thn dom  phlÐkou, dhlad  to phlÐko
dianusmatik¸n q¸rwn E/Im(f) =

∪
xEx/Im(fx) me thn topologÐa phlÐko

eÐnai dèsmh.

Gia tic �peirec diast�seic èqoume thn epìmenh Prìtash,

Prìtash 23. [Ati2] 'Estw T ∈ F kai èstw V ènac kleistìc upìqwroc tou H
peperasmènhc sundÐastashc, tètoioc ¸ste V ∩ Ker(T ) = 0. Tìte up�rqei perioq 
U ⊆ T ∈ B(H) tètoia ¸ste, gia k�je S ∈ U , èqoume

1. V ∩Ker(S) = 0

2.
∪

S∈U H/S(V ) me thn topologÐa tou q¸rou phlÐkou tou U×H, eÐnai tetrimmènh
dianusmatik  dèsmh epÐ tou U .

Apìdeixh. 'Estw W = T (V )⊥ ( to orjog¸nio sumpl rwma tou T (V ) ston H). Tìte
T ∈ F kai dimH/V eÐnai peperasmènh kai �ra h dimW eÐnai peperasmènh. OrÐzoume
gia S ∈ B,

ϕS : V ⊕W → H

me ϕS(V ⊕W ) = S(V ) +W . Tìte h S → ϕS mac dÐnei mia suneq  apeikìnish

ϕ : B → L(V ⊕W,H)

ìpou L sumbolÐzei twn q¸ro suneq¸n grammik¸n apeikonÐsewn me thn topologÐa
nìrmac telest¸n. O ϕT eÐnai isomorfismìc kai �ra dhmiourgeÐ èna anoiqtì sÔnolo
sthn L (ìpwc ta stoiqeÐa B∗ sthn B). 'Etsi, up�rqei perioq  tou U tou T sthn B
tètoia ¸ste o ϕS na eÐnai isomorfismìc gia k�je S ∈ U . Autì sunep�getai ta (1) kai
(2).

Prìtash 24. 'Estw T : X → F mia suneq c apeikìnish me to X sumpag  q¸ro.
Tìte up�rqei upìqwroc V ⊂ H, kleistìc kai peperasmènhc sundi�stashc tètoioc
¸ste,

1. V ∩KerTx = 0 gia k�je x ∈ X



4.2. TO K�URIO JE�WRHMA 43

2. Gia k�je tètoion q¸ro V èqoume ìti
∪

x∈X H/Tx(V ) eÐnai tetrimmènh upodèsmh
thc X ×H epÐ tou X.

Apìdeixh. Gia k�je x ∈ X jètoume Vx = (KerTx)
⊥. 'Estw Ux = ϕ−1

T (T (Vx)). Tìte
o V =

∩
x∈X Ux ikanopoieÐ to (1). Gia na deÐxoume to (2) efarmìzoume thn Prìtash

23 se k�je Tx kai sumperaÐnoume ìti h
∪

y H/Ty(V ) eÐnai tetrimmènh kont� sto x kai
ètsi mia dianusmatik  dèsmh.

Gia suntomÐa, sumbolÐzoume the dèsmh
∪

x∈X H/Tx(V ) sthn Prìtash 24 meH/T (V ).

Aut  h dèsmh eÐnai �upoy fia� gia thn dèsmh tou sunpur na. Gia thn dèsmh tou
pur na paÐrnoume thn tetrimmènh dèsmh X ×H/V . ParathroÔme ìti dim(H/V ) eÐnai
megalÔterh apì thn dim(KerTx). An T̂x := Tx|H/V tìte h diafor� eÐnai dim(Im(T̂x)).
EpÐshc h dim(H/Tx(V )) eÐnai megalÔterh apì thn dim(Coker(Tx)) = dim(H/Tx(H))

kai p�li h diafor� eÐnai dim(Im(T̂x)). Me b�sh autì kataskeu�zoume thn apeikìnish
deÐkth,

Orismìc 22. 'Estw o upìqwroc V ⊂ H ìpwc sthn Prìtash 24. Tìte orÐzoume wc

Ind(T ) = [H/V ]− [H/T (V )] ∈ K0(X)

ìpou me H/V sumbolÐzoume thn tetrimmènh dèsmh X ×H/V .

Prìtash 25. H apeikìnish Ind : [X,F ] −→ K0(X) eÐnai anex�rthth apì thn
epilog  tou V ìpwc kai omotopik� analloÐwth.

Apìdeixh. An W eÐnai ènac �lloc upìqwroc, tìte kai o V ∩W eÐnai kai �ra arkeÐ na
upojèsoume ìti W ⊂ V . All� tìte èqoume tic akribeÐc akoloujÐec dianusmatik¸n
desm¸n,

0 −→ V/W −→ H/W −→ H/V −→ 0

0 −→ V/W −→ H/T (W ) −→ H/T (V ) −→ 0

Epomènwc,
[H/V ]− [H/W ] = [V/W ] = [H/T (V )]− [H/T (W )]

dhlad  to zhtoÔmeno.

An f : Y → X eÐnai mia �llh suneq c apeikìnish, tìte,

Ind(Tf) = f−1Ind(T )

Autì prokÔptei apì to gegonìc ìti h epilog  tou upoq¸rou V gia ton T eÐnai epÐshc
epilog  gia ton Tf . T¸ra, an T : X × I → F eÐnai mia omotopÐa metaxÔ twn T0 kai
T1 tìte h Ind(T ) ∈ K0(X × I) periorÐzetai stic Ind(Ti) ∈ K0(X × {i}), i = 0, 1.
AfoÔ,

K0(X × I) −→ K0(X × {i}) ∼= K0(X)

eÐnai isomorfismìc, èpetai ìti,

Ind(T0) = Ind(T1)
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'Etsi h apeikìnish,
Ind : [X,F ] −→ K0(X)

eÐnai kal� orismènh.

Prìtash 26. H apeikìnish Ind eÐnai omomorfismìc.

Apìdeixh. 'Estw S : X → F , T : X → F dÔo suneqeÐc apeikonÐseic. 'Estw W ⊂ H
mia epilog  gia ton T . Antikajist¸ntac ton S me thn omotopik  apeikìnish πWS
(ìpou πW eÐnai h probol  ston W ), mporoÔme na upojèsoume ìti S(H) ⊂ W . An
V ⊂ H eÐnai mia epilog  gia ton S tìte eÐnai kai gia ton TS kai ètsi èqoume thn
akrib  akoloujÐa,

0 −→W/S(V )
T−→ H/TS(V ) −→ H/T (W ) −→ 0

'Etsi,

Ind(TS) = [H/V ]− [H/TS(V )]

= [H/V ] + [W/S(V )]− [H/T (W )]

= [H/V ]− [H/S(V )] + [H/W ]− [H/T (W )]

= Ind(S) + Ind(T )

pou eÐnai to zhtoÔmeno.

T¸ra pou xèroume ìti h apeikìnish Ind : [X,F ] −→ K0(X) eÐnai omomorfismìc,
kaneÐc mporeÐ na apodeÐxei to je¸rhma 4. H apìdeixh basÐzetai stic dÔo epìmenec
prot�seic:

Prìtash 27. [Ati2] H akoloujÐa hmiom�dwn

[X,B∗] −→ [X,F ]
Ind−→ K0(X) −→ 0

eÐnai akrib c.

Apìdeixh. Gia na deÐxoume ìti eÐnai epimorfismìc, èstw F mia dianusmatik  dèsmh epÐ
tou X tètoia ¸ste E ⊕ F = X × V . 'Estw πx : V → V h probol  ston upìqwro
Ex. OrÐzoume thn apeikìnish

S : X → Fred(H× V ) ∼= Fred(H)

me Sx = T−1 ⊗ πx + T0 ⊗ (1− πx), ìpou Tk eÐnai o telest c monomeroÔc metatìpishc
me deÐkth k. T¸ra, èqoume Ker(Sx) = 0 ∀x kai H⊗ V/S(H⊗ V ) ∼= E kai �ra,

Ind(S) = −[E]

EpÐshc,
Ind(Tk · S) = k − [E]
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Epomènwc h apiekìnish Ind eÐnai epÐ kaj¸c k�je stoiqeÐo thc K0(X) eÐnai thc morf c
k − [E].

Epiplèon, apì to je¸rhma Atkinson, parathroÔme ìti an ènac telest c T ∈ B
eÐnai antistrèyimoc, dhlad  T ∈ B∗, tìte èqei deÐkth mhdèn. All�, ìpwc èqoume dei,
oi telestèc me ton Ðdio deÐkth eÐnai omotopikoÐ. 'Etsi, to sÔnolo twn telest¸n me
deÐkth mhdèn eÐnai sunektikì, anoiqtì kai kleistì kai �ra Ker(Ind) = [X,B∗].

Prìtash 28. [Kouip] H om�da B∗(H) me thn topologÐa pou ep�getai apì thn nìrma
telest¸n, eÐnai q¸roc sustaltìc, dhlad  [X,B∗] = 0.
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Kef�laio 5

Bundle gerbe K-JewrÐa kai
Sunestrammènh K-JewrÐa

5.1 K-JewrÐa gia Bundle Gerbes me strèyh

An h Dixmier-Douady kl�sh [H] eÐnai eleujèra strèyewc sthn H3(M,Z), tìte apì
thn Prìtash 9, eÐnai katanohtì ìti den up�rqoun bundle gerbe prìtupa peperasmènhc
di�stashc. H genÐkeush sthn perÐptwsh aut , ja mac epitrèyei na orÐsoume bundle
gerbe prìtupa wc �peirhc di�stashc probolikèc Hilbert dèsmec .
Tìte, oi epag¸menec probolikèc dèsmec epÐ thcM eÐnai prwteÔousec PU(H)−dèsmec.
Sthn perÐptwsh aut , ìpwc gnwrÐzoume, up�rqei mìno mÐa tètoia dèsmh gia dedomènh
Dixmier-Douady kl�sh (Prìtash 14). Sunep¸c, h K-JewrÐa den mporeÐ na oristeÐ
me autìn ton trìpo kaj¸c h Prìtash 13 upodeiknÔei ìti h hmiom�da Mod(L) eÐnai
tetrimmènh .

'Etsi, jewroÔme thn perÐptwsh ìpou h kl�sh Dixmier-Douady [H] ∈ H3(M,Z)
èqei strèyh. 'Estw èna bundle gerbe (L, Y ) me thn kl�sh Dixmier-Douady na èqei
strèyh. SumbolÐzoume me K(L) thn om�da Grothendieck thc hmiom�dac Mod(L) twn
kl�sewn stajer� isìmorfwn bundle gerbes.

Prìtash 29. 'Estw (L, Y ) kai (J,X) dÔo bundle gerbes. 'Enac stajer� isomorfi-
smìc, ep�gei ènan isomorfismì K(L) ∼= K(J).

Apìdeixh. EÔkola blèpoume ìti isqÔei h Prìtash, parathr¸ntac apì thn Prìtash
11 ìti ènac stajer� isomorfismìc apì to L sto J ep�gei ènan isomorfismì hmiom�dwn
metaxÔ Mod(L) kai Mod(J).

ParathroÔme ìti h om�daK(L) exart�tai mìno apì to stoiqeÐoDD(L) ∈ H3(M,Z).
H kl�sh thc DD(L) orÐzei mia kl�sh isìmorfwn bundle gerbes kai ètsi gia k�je kl�-
sh [H] ∈ H3(M,Z) mporoÔme na orÐsoume èna bundle gerbe L me DD(L) = [H] kai
ètsi mia om�da K(L). Gia na tonÐsoume thn ex�rthsh apì thn [H], sumbolÐzoume me
Kbg(M, [H]).

Prìtash 30. H K-JewrÐa twn bundle gerbes ikanopoieÐ tic parak�tw idiìthtec

1. An to (L, Y ) eÐnai tetrimmèno, tìte Kbg(M, [H]) = K(M)

47
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2. H Kbg(L) eÐnai prìtupo p�nw apì thn K(M)

3. Gia dÔo diaforetikèc kl�seic [H], [H ′] ∈ H3(M,Z) up�rqei ènac omomorfismìc
om�dwn,

Kbg(M, [H])⊗Kbg(M, [H ′]) −→ Kbg(M, [H] + [H ′])

4. An [H] eÐnai mia kl�sh sthn H3(M,Z) kai f : N → M mia apeikìnish, tìte
up�rqei ènac omomorfismìc om�dwn,

Kbg(M, [H]) −→ Kbg(N, f
−1[H])

Apìdeixh. 1. Autì èpetai apì to gegonìc ìti mia tetrimmenopoÐhsh tou (L, Y )
orÐzei ènan isomorfism¸n hmiom�dwn apì thn Mod(L) sthn hmiom�da kl�sewn
isìmorfwn dianusmatik¸n desm¸n epÐ thc M , Bum(M).

2. An jewr soume thn pull-back dianusmatik  dèsmh π−1F → Y thc dèsmhc F →
M , ìpou π : Y →M eÐnai h probol , to ginìmeno π−1F⊗E → Y , ìpou E → Y
eÐnai èna bundle gerbe prìtupo, paramènei akìma èna bundle gerbe prìtupo.

3. An E → Y eÐnai èna bundle gerbe prìtupo gia to (L, Y ) kai F → X èna bundle
gerbe prìtupo gia to (J,X), tìte eÐnai eÔkolo na doÔme ìti to E ⊗ F orÐzei
mia dianusmatik  dèsmh p�nw apì to Y ×π X to opoÐo eÐnai èna bundle gerbe
prìtupo gia to L⊗ J . 'Etsi èqoume ton omomorfismì,

Mod(L)⊗Mod(J) −→Mod(L⊗ J)

4. Apì thn Prìtash 3, an Z → N eÐnai mia �llh emb�ptish kai f̂ : Z → Y
eÐnai mia apeikìnish in¸n pou kalÔptei thn f : N →M , tìte DD(f−1(L), Z) =
f−1(DD(L, Y )). To apotèlesma prokÔptei apì thn antalloi¸thta tou sunar-
tht  K(X), ìpou X eÐnai ènac sumpag c q¸roc.

Se epìmenh enìthta, ja eisag�goume thn Sunestrammènh K-JewrÐa, ìpou sqe-
tÐzoume se k�je kl�sh [H] ∈ H3(M,Z) thn sunestrammènh K-om�da K(M, [H]). H
sunestrammènh K-JewrÐa èqei tic idiìthtec thc Prìtashc 30. 'Opwc ja deÐxoume,
sthn perÐptwsh pou h kl�sh Dixmier-Douady èqei strèyh, h K-JewrÐa pou mìlic
orÐsame sumpÐptei me thn sunestrammènh K-JewrÐa.

5.2 Sunestrammènh K-JewrÐa

Gia mia kl�sh [H] ∈ H3(M,Z) epilègoume mia prwteÔousa PU(H)-dèsmh 1 Y thc
opoÐac h Dixmier-Douady kl�sh eÐnai h [H] me strèyh   qwrÐc. SqhmatÐzoume thn
susqetismènh dianusmatik  dèsmh

Y (Fred) = Y ×PU(H) Fred

1Αυτό είναι εϕικτό από την Πρόταση 14
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ìpou me Fred sumbolÐzoume ton q¸ro twn Fredholm telest¸n stonH ìpou epidèqetai
thn dr�sh thc PU(H) me suzugÐa. SumbolÐzoume me [M,Y (Fred)] ton q¸ro ìlwn
twn kl�sewn omotopik¸n tom¸n thc Y (Fred). Tìte èqoume

Orismìc 23. An [H] ∈ H3(M,Z) , h sunestrammènh K-JewrÐa orÐzetai wc

K(M, [H]) = [M,Y (Fred)] (5.1)

Mia tom  thc Y (Fred), eÐnai mia apeikìnish σ : M → Y (Fred) tètoia ¸ste
π ◦ σ = id|M ìpou π eÐnai h probol  thc prwteÔousac PU(H) dèsmhc me thn opoÐa
arqÐsame.
'Estw t¸ra, y ∈ π−1(x), jètoume σ(x) = [y, g(y)], gia mia apeikìnish g : Y → Fred.

Prìtash 31. Oi tomèc thc Y (Fred) eÐnai isodÔnamec me PU(H) isometablhtèc
apeikonÐseic Y → Fred.

Apìdeixh. Katarq n, parathroÔme ìti h σ eÐnai kal� orismènh. Gia èna �llo y′ ∈
π−1(x), up�rqei èna stoiqeÐo u ∈ PUH, tètoio ¸ste y′ = yu. Tìte, apì ton o-
rismì thc susqetizìmenhc dèsmhc Y (Fred), èqoume ìti g(y′) = g(yu) = u−1g(y)u.
Sunep¸c, èqoume ìti,

[y′, g(y′)] = [yu, u−1g(y)u] = [y, g(y)].

T¸ra, gia mia isometablht  apeikìnish g : Y → Fred, kataskeu�zoume mia tom  σ
of Y (Fred), orÐzontac σ : [y] → [y, g(y)]. An σ[y] = [y′, g(y′)], afoÔ π ◦ σ[y] = [y]
kai fusik� π([y′, g(y′)]) = [y′], èqoume ìti [y] = [y′] ⇔ y′ = yu. 'Etsi, katal goume
sto ìti h apeikìnish

σ : Y/PU(H) ∼= X −→ Y (Fred), [y] 7→ [yu, g(yu)] = [y, u−1g(y)u]

orÐzei mia tom  thc Y (Fred).
Apì thn �llh, gia mia tom  σ thc Y (Fred), jewroÔme thn apeikìnish g : Y → Fred.
'Eqoume ìti h g eÐnai isometablht . Autì sunep�getai apì to gegonìc ìti h σ eÐnai
kal� orismènh, dhlad  gia [y] = [y′] èqoume ìti,

σ[y] = σ[y′] ⇔
[y, g(y)] = [y′, g(y′)] = [yu, g(yu)] = [y, ug(yu)u−1] ⇔
g(yu) = u−1g(y)u

Sunep¸c, orÐzoume thn sunestrammènh K-JewrÐa wc

K(M, [H]) = [Y, Fred]PU(H)

ìpou [Y, Fred]PU(H), o q¸roc twn kl�sewn omotopik¸n isometablht¸n apeikonÐsewn
me tic omotopÐec na dÐnontai apì isometablhtèc apeikonÐseic.
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Par�deigma (enìthta 3.3.5) Epistrèfoume sto par�deigma thc enìthtac 3.3.5
ìpou eÐqame upologÐsei thn K-JewrÐa gia thn pollaplìthta S3 sthn perÐptwsh pou
h kl�sh Dixmier-Douady eÐnai mhdèn. Ja qrhsimopoi soume thn Ðdia diadikasÐa gia
na upologÐsoume thn sunestrammènh K-JewrÐa gia thn S3.

Gia ton lìgo autì, jewroÔme thn prwteÔousa limn→∞ SU(n)/Zn = PU(H)−
dèsmh E[H] h opoÐa eÐnai tetrimmènh p�nw apì ta hmisfaÐria Ui thc S3, dhlad ,

limn→∞ SU(n)/Zn
// E[H]

��
S3

Apì ton isomorfismì PU(H) ∼= Aut(K) 2 èqoume thn C∗−�lgebra, C0(S
3, E[H]) twn

tom¸n thc dèsmhc. H dèsmh E[H] eÐnaitetrimmènh p�nw apì ta hmisfaÐria U1 kai U2,
dhlad  E[H] = S3 ×K kai ètsi C0(Ui, E[H]) = C0(Ui)×K.

Oi tomèc dÐnontai apì thn sugkìlhsh twn C0(U1)⊗ K kai C0(U2)⊗ K p�nw apì
tic diplèa tomèc U1 ∩ U2 mèsw thc apeikìnishc g[H] : U1 ∩ U2 → PU(H), dhlad ,

C0(S
3, E[H]) = {(f1, f2)|fi ∈ C0(Ui)⊗K, f1|U1∩U2 = g[H]f2|U1∩U2}

kai ètsi èqoume thc sÔntomh akrib  akoloujÐa,

0 −→ C0(S
3, E[H])

i−→ C0(U1)⊗K ⊕ C0(U2)⊗K π−→ C0(U1 ∩ U2)⊗K −→ 0

ìpou

i(f1, f2) = f1 ⊕ f2 kai π(f1 ⊕ f2) = f1|U1∩U2 − g[H]f2|U1∩U2 .

H sqetik  akoloujÐa èxi ìrwn sthn sunestrammènh K-JewrÐa eÐnai 3

K0(S3, [H])
i∗ //K0(U1)⊕K0(U2)

π∗ // K0(U1 ∩ U2)

��
K1(U1 ∩ U2)

OO

K1(U1)⊕K1(U2)oo K1(S3, [H])oo

h opoÐa mac dÐnei thn akrib  akoloujÐa,

0 −→ K0(S3, [H])
i∗−→ Z⊕ Z π∗−→ Z⊕ Z −→ K1(S3, [H]) −→ 0

2Κάθε ϕ ∈ Aut(K) είναι της μορϕής ϕg = Ad(g) για κάποιο στοιχείο g ∈ U(H) ([ΕγγΟ]). Η
απεικόνιση,

Ad : U(H) → Aut(K) g 7→ Ad(g) = gTg−1, ∀T ∈ K(H)

είναι ένας συνεχής ομομορϕισμός με πυρήνα U(1), όπου Aut(K) έχει την τοπολογία της ομοιόμορϕης
σύγκλισης σε όλα τα συμπαγή υποσύνολα του H [Ατι1].

3Η C∗−άλγεβρα C0(Ui)⊗K ονομάζεται η σταθεροποίηση της C∗−άλγεβρας C0(Ui). Αποδεικνύ-
εται στο [Ρλλ] ότι ο εγκλεισμός C0(Ui) −→ C0(Ui) ⊗ K επάγει έναν ισομορϕισμό K(C0(Ui)) −→
K(C0(Ui)⊗K).
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ìpou t¸ra h apeikìnhsh π∗ dÐnetai apì π∗(m,n) = (m − n,−nN) an [H] = N [H0]
ìpou [H0] eÐnai o genn torac thc H3(S3,Z) = Z. An N ̸= 0, paÐrnoume

K0(S3, [H]) = 0 and K1(S3, [H]) = Z/NZ.

ProqwroÔme t¸ra ston orismì thc sunestrammènhc K-JewrÐac sthn perÐptwsh
pou h kl�sh Dixmier-Douady èqei strèyh   eÐnai eleujèra strèyewc.

5.3 Sunestrammènh K-JewrÐa sthn perÐptwsh

strèyhc

Sthn perÐptwsh ìpou h kl�sh Dixmier-Douady [H] èqei strèyh, apodeiknÔoume ìti
h K-JewrÐa pou orÐsame gia ta bundle gerbes sumpÐptei me thn sunestrammènh K-
jewrÐa pou mìlic orÐsame.

Apì thn Prìtash 14, up�rqei mia prwteÔousa PU(n)−dèsmh X → M , me kl�-
shDixmier-Douady Ðsh me [H]. OrÐzoume thn dr�sh

U(n)× Cn ⊗H −→ Cn ⊗H ∼= Hn

me k�je g ∈ U(n) na dra wc g ⊗ 1. 'Etsi, paÐrnoume thn anapar�stash ρn : U(n) →
U(Hn) h opoÐa ep�gei mia prwteÔousa PU(Hn)−dèsmh me Dixmier-Douady kl�sh
[H]. Epeid  Hn ∼= H kai ìlec oi PU(H)−dèsmec qarakthrÐzontai apì thn Dixmier-
Douady kl�sh touc, upojètoume ìti h PU(H)−dèsmh Y , pou eis�game sthn arq 
thc enìthtac, perièqei thn PU(n)−dèsmh X wc U(n) anagwg . Epomènwc èqoume,

(Y × Fred)/PU(H) ∼= (X × Fred)/PU(n)

kai �ra,
K(M, [H]) = [Y, Fred]PU(H)

∼= [X,Fred]PU(n)

Epiplèon, to anuywmèno bundle gerbe L gia thn X → M eÐnai to pull back tou
anuywmènou bundle gerbe gia thn Y →M .
ApodeiknÔoume to akìloujo je¸rhma,

Je¸rhma 5. Gia mia prwteÔousa PU(n)−dèsmh X → M me Dixmier-Douady
kl�sh [H] me strèyh, up�rqei o kal� orismènoc isomorfismìc hmiom�dwn

Ind : [X,Fred(Cn ⊗H)]U(n) −→ Kbg(M,L)

ìpou L eÐnai to anuywmèno bundle gerbe epÐ thc M gia thn X tou opoÐou h kl�sh
Dixmier-Douady eÐnai [H] kai ìpou h om�da U(n) dra ston q¸ro Fred me suzugÐa.

Apìdeixh. Apì thn Prìtash 24, tautÐzontac H ∼= Hn ∼= Cn ⊗H èqoume ìti up�rqei
ènac kleistìc upìqwroc peperasmènhc sundi�stashc V ⊂ H tètoioc ¸ste gia k�je
suneq  apeikìnish f : X → Fred(Cn⊗H), ìpou X sumpag c pollaplìthta, èqoume
ìti H/V kai H/f(V ) eÐnai ermitianèc dianusmatikèc dèsmec peperasmènhc di�stashc
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epÐ thc X, ìpou h H/V eÐnai h tetrimmènh dèsmh.

Epiplèon eÐnai bundle gerbe prìtupa, kaj¸c h om�da U(n) dra ston olikì q¸ro
Cn ⊗H ìpwc tonÐsthke prohgoumènwc. 'Etsi, orÐzoume thn apeikìnish,

Ind : [X,Fred(Cn ⊗H)]U(n) −→ Kbg(M,L), f 7→ [H/V ]− [H/f(V )]

Apì tic Prot�seic 25 kai 26 h apeikìnish Ind eÐnai ènac kal� orismènoc omomorfi-
smìc. Epiplèon, Ker(Ind) = [X,U(Cn ⊗H)]U(n) kai apì to je¸rhma tou Kuiper (
Prìtash 28 ) èqoume ìti h Ind eÐnai monomorfismìc.

Gia to epÐ, ja prèpei na broÔme mia U(n)−isometablht  apeikìnish f : X →
Fred(Cn ⊗H) thc opoÐac o deÐkthc na eÐnai h dosmènh kl�sh [ϵ]− [E] ∈ Kbg(M,L),
ìpou [ϵ] eÐnai h tetrimmènh dèsmh kai [E] sumbolÐzei thn kl�sh isìmorfwn bundle
gerbe prìtupa E → X gia to L.

Apì to je¸rhma Serre-Swan, èqoume ìti up�rqei mia anapar�stash µ : U(n) →
U(N), tètoia ¸ste to E na eÐnai eujÔc prisjetèoc tou tetrimmènou bundle ger-
be protÔpou CN ⊗ X. 'Opwc kai sthn Prìtash 27, mporoÔme na epilèxoume mia

U(n)−isometablht  apeikìnish f̂ : X → Fred(CN ⊗H) me Ind(f̂) = [ϵ]− [E], ìpou
h dr�sh thc U(n) ston CN ⊗H eÐnai h epag¸menh apì thn anapar�stash µ.

Up�rqei mia dèsmhX×ρnU(Cn⊗H) pou ep�gei h anapar�stash ρn : U(n) → Cn⊗
H kai mia dèsmh X×ρN U(CN⊗H) pou ep�gei h anapar�stash ρN : U(N) → CN⊗H,
pou apoteloÔntai apì ta sunsÔnola [x, u] = [xg, ρ−1

n (g)u] kai [x, u] = [xg, ρ−1
N (g)u]

antistoÐqwc.

Kaj¸c oi dÔo dèsmec èqoun thn Ðdia Dixmier-Douady kl�sh, eÐnai isìmorfec, ètsi
up�rqei mia apeikìnish

ϕ : X ×ρn U(Cn ⊗H) −→ X ×ρN U(C
N ⊗H)

pou ikanopoieÐ thn ϕ([x, u]) = ϕ([x, 1])ϕ̃[u] ìpou

ϕ̃ : U(Cn ⊗H) −→ U(CN ⊗H), u 7→ ϕ̃[u] = τ−1uτ

eÐnai o isomorfismìc pou ep�getai apì ton isomorfismì τ : Cn ⊗H → CN ⊗H.

OrÐzoume thn α(x) : X → U(CN ⊗H) apait¸ntac ϕ([x, 1]) = [x, α(x)]. Tìte an
g ∈ U(n) èqoume,

[xg, α(xg)] = ϕ([xg, 1])

= ϕ([x, ρn(g)])

= ϕ([x, 1])ϕ̃[ρn(g)]

= [x, α(x)]ϕ̃[ρn(g)]

= [x, α(x)ϕ̃[ρn(g)]]

= [xg, ρ−1
N (g)α(x)ϕ̃[ρn(g)]]
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kai ètsi
α(xg) = ρ−1

N (g)α(x)ϕ̃[ρn(g)] (5.2)

'Etsi, orÐzoume thn f : X → Fred(Cn ⊗H) wc,

f(x) = α(x)ϕ̃−1[f̂(x)] (5.3)

EÔkola blèpoume ìti h (5.3) orÐzei mia U(n)−isometablht  apeikìnish qrhsimopoi¸n-

tac thn (5.2). Epiplèon, apì thn (5.3) èqoume ìti Ker(f̂) ∼= Ker(f) kai ètsi h
apeikìnish f : X → Fred(Cn ⊗H) èqei deÐkth [ϵ]− [E].

5.4 Sunestrammènh K-JewrÐa sthn perÐptwsh

mh strèyhc

Parìlo to gegonìc ìti h K-JewrÐa den orÐzetai sthn perÐptwsh pou h kl�sh Dixmier-
Douady eÐnai eleujèra strèyewc, mporoÔme na orÐsoume mia nèa sunestrammènh K-
JewrÐa sthn perÐptwsh twn apeÐrwn diast�sewn .

Gia ton skopì, antikajistoÔme ton q¸ro twn Fredholm telest¸n me ton omotopi-
k� isodÔnamo q¸ro BUK × Z.

JewroÔme thn upoom�da twn monadiaÐwn telest¸n UK ⊆ U(H) oi opoÐoi diafèroun
apì thn mon�da kat� ènan sumpag  telest  K. Isqurizìmaste ìti,

Prìtash 32. O q¸roc taxinìmhshc BUK = U(H)/UK eÐnai omotopik� isodÔnamoc
me PU(H)−isometablhtì trìpo me twn q¸ro twn telest¸n Fredholm deÐktou mhdèn.

Apìdeixh. ParathroÔme ìti h om�da U(H) sumbolÐzei touc (monadiaÐouc) antistrèyi-
mouc telestèc thc �lgebrac B(H) ston q¸roH kai h upoom�da UK touc (monadiaÐouc)
antistrèyimouc telestèc pou diafèroun apì thn mon�da kat� ènan sumpag  telest .
'Etsi, o q¸roc phlÐko BUK ìpwc orÐsthke, anaparist� thn sunektik  sunist¸sa
twn antistrèyimwn stoiqeÐwn thc �lgebrac Calkin B(H)/K, dhlad  ton q¸ro twn
telest¸n Fredholm pou eÐnai omotopikoÐ kat� PU(H)−isometablhtì trìpo me touc
telestèc Fredholm deÐktou mhdèn.( dhlad  ton deÐkth tou monadiaÐou telest .)

Sthn perÐptwsh thc Dixmier-Douady kl�shc qwrÐc strèyhc, ènac q¸roc taxinì-
mhshc gia thn sunestrammènh K-JewrÐa, eÐnai o q¸roc twn telest¸n Fredholm me
deÐkth mhdèn. 'Etsi, ston arqikì orismì thc sunestrammènhc K-JewrÐac ( Orismìc
5.1 ), antikajistoÔme ton q¸ro Fred me ton omotopik� isodÔnamo q¸ro BUK

4.
Gia mia prwteÔousa PU(H)−dèsmh Y →M me kl�sh [H] ∈ H3(M,Z), sqhmatÐzoume
thn susqetizìmenh dèsmh,

Y (BUK) = Y ×PU(H) BUK

ìpou h om�da PU(H) dra ston q¸ro BUK me suzugÐa.

4Επιλέγουμε τους τελεστές Fredholm με δείκτη μηδέν, καθώς σε κάθε άλλη περίπτωση η συσχε-
τιζόμενη δέσμη Y ×PU(H) Fredn όπου Fredn είναι η συνεκτική συνιστώσα της Calkin άλγεβρας
τελεστών δείκτου n ∈ Z δεν επιδέχεται τομές [Ατι1].
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Orismìc 24. An h [H] den èqei strèyh sthn H3(M,Z), tìte h sunestrammènh
K-JewrÐa thc M , orÐzetai wc

K̃(M, [H]) = [M,Y (BUK)]

dhlad , oi kl�seic omotopik¸n tom¸n thc Y (BUK). Apì prohgoÔmena apotelèsmata,
paÐrnoume ìti autì eÐnai isodÔnamo me ton orismì,

K̃(M, [H]) = [Y,BUK]PU(H)

dhlad , thc kl�seic omotopik¸n PU(H)−isometablht¸n apeikonÐsewn apì ton q¸ro
Y ston BUK.

5.4.1 UK bundle gerbe prìtupa

Ja jèlame t¸ra na orÐsoume ta bundle gerbe prìtupa sthn eleujèra strèyhc perÐ-
ptwsh. Sthn perÐptwsh me strèyh (Prìtash 13), aut�  tan probolikèc dèsmec me
Dixmier-Douady kl�sh Ðsh me thn kl�sh tou bundle gebre.
Arqik� dÐnoume ton parak�tw orismì,

Orismìc 25. 'Estw Y → M mia prwteÔousa PU(H)−dèsmh. An R → Y eÐnai
mia prwteÔousa UK−dèsmh, aut  ja onm�zetai PU(H) sunalloÐwth an up�rqei mia
dr�sh thc om�dac PU(H) sta dexi� tou R pou na kalÔptei thn dr�sh thc sto Y ,
dhlad ,

(rg)[u] = r[u]u−1gu, for any r ∈ R, [u] ∈ PU(H), g ∈ UK

ìpou [u] eÐnai h probolik  kl�sh gia k�poio stoiqeÐo u ∈ U(H).

T¸ra, gia mia PU(H)−dèsmh Y , kataskeu�zoume to anuywmèno bundle gerbe, to
opoÐo ja sumbolÐzoume me (P, Y ). 'Eqoume to ex c,

Prìtash 33. Dedomènhc miac PU(H) sunalloÐwthc UK−dèsmhc R → Y , h su-
sqetizìmenh dianusmatik  dèsmh epÐ tou Y ,

E = R×UK H (5.4)

eÐnai èna bundle gerbe prìtupo gia to anuywmèno bundle gerbe (P, Y ).

Apìdeixh. 'Estw E ìpwc sthn (5.4). JewroÔme thn UK kl�sh isodunamÐac [r, v] ∈ Ey1

me r ∈ Ry1 thn Ðna thc R p�nw apì to y1 ∈ Y kai v ∈ H. An u ∈ Py1,y2 eÐnai èna
stoiqeÐo tou anuywmènou bundle gerbe, tìte ex� orismoÔ u ∈ U(H). OrÐzontac thn
dr�sh [r, v]u = [r[u], u−1v] mporeÐ kaneÐc na elègxei ìti aut  eÐnai kal� orismènh (
qrhsimopoi¸ntac ìti h R eÐnai PU(H) sunalloÐwth dèsmh). Epiplèon, ex� orismoÔ

èqoume ìti y1[u] = y2 kai ètsi èqoume ton morfismì desm¸n Py1,y2 ⊗ Ey2

∼=−→ Ey1 kai
ètsi h E eÐnai pr�gmati bundle gerbe prìtupo.



5.4. SUNESTRAMM�ENH K-JEWR�IA STHN PER�IPTWSH MH STR�EYHS 55

Apo thn �llh meri�, gia to anuywmèno bundle gerbe (P, Y ), miaHilbert U(H)−dèsmh
E → Y eÐnai èna UK bundle gerbe prìtupo gia to P , an kai mìnon an uvu−1 ∈ Ry2 ,
gia k�je v ∈ Ry1 ìpou k�je Ry eÐnai h troqi� thc UK ⊂ U(H) kai ìpou u ∈ Py1,y2

eÐnai epÐshc stoiqeÐo tou U(H).
Apì kataskeu c, èqoume ìti h susqetizìmenh dèsmh R, eÐnai mia UK−dèsmh epÐ tou
Y p�nw sto opoÐo h om�da PU(H) dra ([Bouk2]).

An sumbolÐsoume me ModUK(M, [H]) thn hmiom�da ìlwn twn UK bundle gerbe
protÔpwn gia to anuywmèno bundle gerbe thc PU(H)−dèsmhc me Dixmier-Douady
kl�sh Ðsh me [H]. Kaj¸c k�je dÔo PU(H)−dèsmec me Ðdia Dixmier-Douady kl�sh
eÐnai isìmorfec, parathroÔme ìti h hmiom�da ModUK(M, [H]) exart�tai mìno apì thn
kl�sh [H].
'Etsi èqoume to parak�tw

Je¸rhma 6. An (P, Y ) eÐnai to anuywmèno bundle gerbe gia thn PU(H)−dèsmh
me Dixmier-Douady kl�sh [H], tìte èqoume ton isomorfismì hmiom�dwn

K̃(M, [H]) ∼= ModUK(M, [H])

Parat rhsh: Sto [Qarb] up�rqei o isqurismìc ìti h om�da bajmÐdoc gia tic mh-
metajetikèc jewrÐec pedÐou apoteleÐtai apì apeikonÐseic ston q¸ro twn UK telest¸n
p�nw se èna q¸ro Hilbert.
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Par�rthma Aþ

Dem�tia kai prodem�tia

Ja d¸soume mia basik  eisagwg  sthn jewrÐa demati¸n h opoÐa eÐnai anagkaÐa sto
upìloipo thc ergasÐac . AkoloujoÔme ta biblÐa [Brul], [BotT] kai [Tenn].

Orismìc 26. 'Estw X ènac topologikìc q¸roc. 'Ena prodem�ti F epÐ tou X eÐnai
mia sun�rthsh pou se k�je anoiqtì sÔnolo U tou X episun�ptei mia abelian  om�da
F(U) kai se k�je egkleismì anoiqt¸n sunìlwn

iVU : V −→ U

ènan omomorfismì om�dwn pou onom�zetai periorismìc

F(iVU ) : F(U) −→ F(V )

pou ikanopoieÐ ta akìlouja

1. F(iVV ) = tautotik  apeikìnish

2. F(iWV )F(iVU ) = F(iWU ) (metabatikìthta)

O periorismìc F(iVU ) : F(U) → F(V ) suqn� sumbolÐzetai me ρV,U .

'Enac omomorfismìc dÔo prodemati¸n, f : F → G, eÐnai mia sullog  apì apeiko-
nÐseic fU : F(U) → G(U) pou metatÐjentai me touc periorismoÔc :

F(U)
fU //

ρV,U

��

G(U)
ρV,U

��
F(V )

fV
// G(V )

'Estw Open(X) h kathgorÐa antikeimènwn pou eÐnai ta anoiqt� sÔnola ston X kai
oi morfismoÐ eÐnai oi egkleismoÐ anoiqt¸n sunìlwn. Se sunarthsiak  gl¸ssa, èna
prodem�ti eÐnai apl� ènac antalloÐwtoc sunartht c apì thn kathgorÐa Open(X) sthn
kathgorÐa twn abelian¸n om�dwn kai o omomorfismìc prodemati¸n f : F → G eÐnai o
fusikìc metasqhmatismìc apì ton sunartht  F ston sunartht  G.

OrÐzoume to stajerì prodem�ti me om�da G, to prodem�ti F pou episun�ptei se
k�je anoiqtì sÔnolo U topik� stajerèc sunart seic: U → G kai se k�je egkleismì
anoiqt¸n sunìlwn V ⊂ U ton periorismì sunart sewn: F(U) → F(V ).

57
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Orismìc 27. 'Estw F èna prodem�ti epÐ tou q¸rou X. Tìte, to F eÐnai èna dem�ti
an gia k�je anoiqtì sÔnolo V tou X, gia k�je anoiqtì k�lumma U = {Ui}i∈I tou V
kai k�je oikogèneia (si)i∈I ìpou si ∈ F(Ui) tètoia ¸ste

ρUi∩Uj ,Ui
(si) = ρUi∩Uj ,Uj

(sj), (Aþ.1)

up�rqei monadik  s ∈ F(V ) tètoia ¸ste ρUi,V (s) = si.

Gia èna dem�ti F , qrhsimopoioÔme ton sumbolismì Γ(U,F) = F(U). 'Ena stoiqeÐo
s ∈ F(U) kaleÐtai tom  tou F p�nw apì to U . Mia tom  s tou F epÐ touX, lamb�netai
koll¸ntac tic tomèc si tou F p�nw apì ta Ui ìpou h sunj kh sugkìlhshc faÐnetai
sthn (A.1).



Par�rthma Bþ

Descent Data

'Estw Y
π→ X mia emb�ptish. An E → Y eÐnai mia dianusmatik  dèsmh, tìte h descent

data gia thn E eÐnai mia sullog  ermitian¸n isomorfism¸n ϕ(y1, y2) : Ey2 → Ey1 tè-
toiwn ¸ste ϕ(y1, y2)◦ϕ(y2, y3) = ϕ(y1, y3). H Ôparxh thc descent data eÐnai isodÔnamh

me thn Ôparxh miac dianusmatik c dèsmhc F → X kai enìc isomorfismoÔ E
∼=→ π−1(F ).

To exhgoÔme sto pl�sio twn prwteuous¸n G−desm¸n, ìpou G mia om�da Lie.

'Estw X kai Y dÔo leÐec pollaplìthtec kai π : Y → X mia emb�ptish. Gia mia
G−dèsmh p : P → X jètontac Q = P ×X Y , p�irnoume thn pull back dèsmh Q→ Y .

Up�rqei ènac fusikìc isomorfismìc ϕ : p∗1Q
≈→ p∗2Q twn dÔo pull back desm¸n epÐ tou

Y ×X Y afoÔ π(p1) = π(p2), o opoÐoc ikanopoieÐ thn epìmenh sunj kh sugkÔklou,

p∗13(ϕ) = p∗23(ϕ) ◦ p∗12(ϕ) (Bþ.1)

mia isìthta morfism¸n p∗1Q → p∗3Q G−desm¸n p�nw apì to triplì ginìmeno Y ×X

Y ×X Y . Sthn (B.1), p1, p2, p3 : Y ×X Y ×X Y → Y eÐnai oi probolèc stouc pr¸touc
treic par�gontec kai p12, p13, p23 : Y ×X Y ×X Y → Y ×X Y eÐnai oi probolèc stouc
dÔo apì touc treic par�gontec.

Antistrìfwc, jewroÔme mia G−dèsmh π̂ : Q → Y mazÐ me ènan isomorfismì

ϕ : p∗1Q
≈→ p∗2Q twn dÔo pull back desm¸n p�nw apì to Y ×X Y pou ikanopoieÐ thn

sunj kh sugkÔklou (B.1). MporoÔme na kataskeu�soume mia G−dèsmh P → X, thc
opoÐac h pull back dèsmh sto Y tautÐzetai me thn Q→ Y .
Pr�gmati, kataskeu�zoume ton olikì q¸ro P wc ton q¸ro phlÐko thc Q me mia sqèsh
isodunamÐac ∼. H sqèsh aut  tautÐzei ta q1 kai q2 an ta y1 = π̂(q1) kai y2 = π̂(q2)
ikanopoioÔn thn π(y1) = π(y2) kai o isomorfismìc ϕ G−desm¸n epÐ tou Y ×X Y
ektim¸menoc sto shmeio (yl, y2) tou Y ×X Y stèlnei to (q1; y1, y2) sto (q2; y1, y2). H
sunj kh (B.1) shmaÐnei akrib¸c ìti h ∼ eÐnai pr�gmati sqèsh isodunamÐac. Tìte, eÐnai
eÔkolo na dei kaneÐc ìti h P → X eÐnai mia G−dèsmh. H fusik  apeikìnish Q → P
epitrèpei sthn G−dèsmh Q→ Y na tautisteÐ me thn pull back dèsmh thc P → X sto
Y .
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Par�rthma Gþ

Je¸rhma taxinìmhshc gia
dianusmatikèc dèsmec

ArqÐzoume me mia idiìthta omotopÐac twn dianusmatik¸n desm¸n.

Je¸rhma 7. [BotT] 'Estw Y mia sumpag c pollaplìthta. An f0 kai f1 eÐnai dÔo
omotopikèc apeikonÐseic apì thn Y se mia pollaplìthtaX kai E eÐnai mia dianusmatik 
dèsmh epÐ tou X, tìte oi dèsmec f−1

0 E kai f−1
1 E eÐnai isìmorfec, dhlad  omotopikèc

apeikonÐseic ep�goun isìmorfec dèsmec.

ProqwroÔme t¸ra sthn taxinìmhsh twn dianusmatik¸n desm¸n.
Katarq n mia pollaplìthta Grassmann Gn(Rk) gia mh arnhtikoÔc akeraÐouc
n ≤ k san sÔnolo, eÐnai h sullog  ìlwn twn n−di�statwn dianusamtik¸n upìqwrwn
tou Rk, dhlad , ìla ta n−di�stata epÐpeda ston Rk pou pernoÔn apì thn arq .
EpÐshc orÐzoume thn pollaplìthta Stiefel Vn(Rk) wc ton q¸ro twn orjogwnÐwn
n−plaisÐwn ston Rk, dhlad , n−�dec apì orjog¸nia dianÔsmata ston Rk. Up�rqei
mia apeikìnish epÐ Vn(Rk) → Gn(Rk) pou stèlnei èna n−plaÐsio sto epÐpedo pou orÐ-
zetai apì autì kai h Gn(Rk) èqei thn topologÐa phlÐko me b�sh aut n thn apeikìnish.
'Etsi h Gn(Rk) eÐnai sumpag c kaj¸c kai h Vn(Rk) eÐnai sumpag c.

L mma 7. [Qats2] 'Estw o topologikìc q¸roc En(Rk) = {(l, v) ∈ Gn(Rk)×Rk|v ∈
l}. H probol  p : En(Rk) → Gn(Rk), p(l, v) = l, eÐnai dianusmatik  dèsmh gia �peira
eÐte peperasmèna k.

Endiaferìmaste t¸ra gia thn perÐptwsh ìpou k = ∞ kai gia na aplopoi soume
ton sumbolismì, ja gr�foume Gn gia thn Gn(R∞) kai En gia thn En(R∞).

Je¸rhma 8. Gia mia parasumpag c pollaplìthta X, h apeikìnish [X,Gn] →
V ectn(X), [f ] → f ∗(En) eÐnai isomorfismìc.

Apìdeixh. Gia mia n−di�stath dianusmatik  dèsmh p : E → X o isomorfismìc E ∼=
f ∗(En) eÐnai isodÔnamoc me thn apeikìnish g : E → R∞ dhlad  mia grammik  1-1
apeikìnish se k�je Ðna. Gia na to doÔme autì, upojètoume ìti èqoume mia apeikìnish
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f : X → Gn kai ènan isomorfismì E ∼= f ∗(En). Tìte to di�gramma metatÐjetai

E
∼= //

p

""F
FF

FF
FF

FF
F f ∗(En)

f̃ //

��

En

��

π // R∞

X
f

// Gn

ìpou π(l, v) = v. H sÔnjesh twn apeikonÐsewn sthn p�nw gramm  eÐnai mia apeikìnish
g : E → R∞ pou eÐnai grammik  kai 1-1 se k�je Ðna, afoÔ kai oi dÔo apeikonÐseic f̃
kai π èqoune aut n thn idiìthta. AntÐstrofa, gia thn apeikìnish g : E → R∞ pou
eÐnai grammik  kai 1-1 se k�je Ðna, orÐzoume thn f : X → Gn me f(x) na eÐnai to
n−di�stato epÐpedo g(p−1(x)). 'Etsi, to di�gramma parap�nw eÐnai metajetikì.

Gia na deÐxoume to epÐ thc apeikìnishc [X,Gn] → V ectn(X), upojètoume ìti
p : E → X eÐnai mia n−di�stath dianusmatik  dèsmh. 'Estw {Uα} èna anoiqtì k�lum-
ma thc X tètoio ¸ste h E na eÐnai tetrimmènh se k�je Uα. 'Estw {ϕi} mia diamèrish
thc mon�dac me forèa se k�poio Ui ⊆ Uα. 'Estw gi : p

−1(Ui) → Rn h sÔnjesh thc
tetrimmenopoÐhshc p−1(Ui) → Ui×Rn me thn probol  ston Rn. H apeikìnish (ϕip)gi,
v → ϕi(p(v))gi(v), epekteÐnetai sthn apeikìnish E → Rn h opoÐa mhdenÐzetai ektìc
tou p−1(Ui). Kont� se k�je shmeÐo tou X mìno peperasmèna ϕi den eÐnai mhdèn kai
toul�qiston èna ϕi den eÐnai mhdèn. 'Etsi, oi epekt�seic (ϕip)gi eÐnai oisuntetagmènec
thc apeikìnishc g : E → R∞ pou eÐnai grammik  kai 1-1 se k�je Ðna.

Gia to epÐ, an èqoume touc isomorfismoÔc E ∼= f ∗
0 (En) kai E ∼= f ∗

1 (En) gia tic
apeikonÐseic f0, f1 : X → Gn, tìte paÐrnoume tic apeikonÐseic g0, g1 : E → R∞ pou
eÐnai grammikèc kai 1-1 stic Ðnec, ìpwc prohgoumènwc. Isqurizìmaste ìti oi g0 kai
g1 eÐnai omotopikèc mèsw twn apeikonÐsewn gt pou eÐnai grammikèc kai 1-1 stic Ðnec.
Tìte, oi f0 kai f1 ja eÐnai omotopikèc mèsw thc ft(x) = gt(p

−1(x)).

To pr¸to b ma kataskeu c thc omotopÐac gt eÐnai na sunjèsoume thn g0 me thn
omotopÐa Lt : R∞ → R∞ pou orÐzetai wc Lt(x1, x2, ...) = (1 − t)(x1, x2, ...) +
t(x1, 0, x2, 0, ...). Gia k�je t, h Lt eÐnai mia grammik  apeikìnish me pur na mhdèn
kai �ra 1-1. Sunjètontac thn omotopÐa Lt me thn g0 h g0 apeikonÐzetai stic perittèc
suntetagmènec. OmoÐwc, mporoÔme na apeikonÐsoume thn g1 stic �rtiec suntetagmènec.
Onom�zontac tic nèec apeikonÐseic wc g0 kai g1 antÐstoiqa, jètoume gt = (1−t)g0+tg1.
Aut  eÐnai mia grammik  kai 1-1 apeikìnish stic Ðnec gia k�je t kaj¸c kai oi g0 kai g1
èqoune aut n thn idiìthta.

Par�deigma: Wc par�deigma tou pwc mia dianusmatik  dèsmh eÐnai isìmorfh me
thn pull back dèsmh f ∗(En), jewroÔme thn efaptìmenh dèsmh epÐ thc Sn. Aut  eÐnai
mia dianusmatik  dèsmh p : E → Sn ìpou E = {(x, v) ∈ Sn × Rn+1|x ⊥ v}. K�je
Ðna p−1(x) eÐnai èna shmeÐo tou sunìlou Gn(Rn+1) kai ètsi èqoume mia apeikìnish
Sn → Gn(Rn+1), x 7→ p−1(x). Mèsw tou egkleismoÔ Rn+1 ↪→ R∞ mporoÔme na
jewr soume thn apeikìnish aut  wc mia apeikìnish f : Sn → Gn(R∞) = Gn kai tìte
h E eÐnai akrib¸c h pull back dèsmh f ∗(En).



Par�rthma Dþ

Ta axi¸mata Eileberg-Steenrood

Mia jewrÐa sunomologÐac me suntelestèc sto Z eÐnai mia dipl  �peirh akoloujÐa
H∗ = {Hp}p∈Z antalloÐwtwn sunartht¸n apì thn kathgorÐa twn sumpag¸n zeug¸n
sthn kathgorÐa twn abelian¸n om�dwn tètoiwn ¸ste na isqÔoun ta axi¸mata Eileberg-
Steenrood:

• OmotopÐac: An {ft} eÐnai mia omotopÐa morfism¸n apì èna sumpagèc zeÔgoc
1 se �llo, tìte isqÔei ìti Hp(f0) = Hp(f1) gia ìla ta p.

• AkrÐbeiac: Gia èna sumpagèc zeÔgoc (X,A), o egkleismìc tou A ston X
ep�gei mia makr� akrib  akoloujÐa

· · · → Hp(A)
i∗−→ Hp(X)

π∗−→ Hp(X,A) −→ Hp+1(A) → · · ·

• Ektom c: Gia èna sumpagèc zeÔgoc (X,A) kai èna uposÔnolo U tou X tou
opoÐou h kleistìthta eÐnai sto eswterikì tou A, o morfismìc egkleismoÔ apì
to (X/U,A/U) sto (X,A) ep�gei ènan isomorfismì apì thn Hp(X,A) sthn
Hp(X/U,A/U) gia ìla ta p.

• Di�stashc: An gia thn sunomologÐa isqÔei ìti

Hp({pt}) ∼=
{

Z an p = 0
0 an p ̸= 0

lème ìti h akoloujÐa H∗ orÐzei mia sun jhc sunomologÐa. Alli¸c h H∗ onom�-
zetai asun jhc sunomologÐa.

H K-JewrÐa eÐnai mia asun jhc sunomologÐa.

1΄Ενα συμπαγές ζεύγος (X,A) είναι ένας συμπαγής χώρος Hausdorff X και ένας κλειστός υπό-
χωρος του A. ΄Ενας μορϕισμός ϕ : (X,A) → (Y,B) συμπαγών ζευγών είναι μια συνεχής απεικόνιση
ϕ : X → Y τέτοια ώστε ϕ(A) ⊂ B.
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