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1 Eisagwg .

H sunomologÐa Tate gia mÐa peperasmènh om�da G, Ĥ∗(G,−), orÐzei mÐa pl rh sunomologÐa ekfra-
smènh mèsw mÐac pl rouc probolik c epÐlushc tou tetrimmènou ZG−protÔpou Z. H sunomologÐa
aut  eÐnai probolik¸c kai emfuteutik¸c pl rhc. H sunomologÐa Tate− Farrell gia mÐa om�da G me
peperasmènh kat' ousÐan sunomologik  di�stash genikeÔei thn prohgoÔmenh, ekfrasmènh mèsw mÐac
pl rouc probolik c epÐlushc tou tetrimmènou ZG−protÔpou Z to �nw tm ma thc opoÐac tautÐzetai
me mÐa probolik  epÐlush tou protÔpou, epÐshc probolik¸c kai emfuteutik¸c pl rhc. Aut  h jewrÐa
genikeÔetai apì ton orismì thc isqur c pl rouc probolik c epÐlushc enìc aristeroÔ R−protÔpouM ,
P∗, orÐzontac mÐa pl rh sunomologÐa, epitugq�nontac èna sunalloÐwto pl rh sunomologikì sunar-
tht , H∗(HomR(P∗,−)), probolik¸c kai emfuteutik¸c pl rh. Duðk¸c, jewroÔme ènan antalloÐwto
pl rh sunomologikì sunartht , H∗(HomR(−, I∗)), probolik¸c kai emfuteutik¸c pl rh, mèsw tou
orismoÔ thc isqur c pl rouc emfuteutik c epÐlushc, I∗.

H antÐlhyh thc probolik c pl rwshc tou sunalloÐwtou sunomologikoÔ sunartht  Ext∗R(A,−)
gia èna aristerì R−prìtupo A noeÐtai apì ta parap�nw wc mÐa jewrÐa pl rouc sunomologÐac pou
kajist� thn Ôparxh tètoiwn epilÔsewn ìqi anagkaÐa. Aut  h pl rwsh eÐnai ènac sunomologikìc
sunartht c pou katèqei mÐa kajolik  idiìthta, h opoÐa perigr�fetai akoloÔjwc. Duðk¸c prokÔptei h
ènnoia thc emfuteutik c pl rwshc tou antalloÐwtou sunomologikoÔ sunartht  Ext∗R(−, B) gia èna
aristerì R−prìtupo B.

H melèth gia thn Ôparxh thc emfuteutik c pl rwshc tou omologikoÔ sunartht  TorR∗ (M,−) gia
èna dexiì R−prìtupo M ep�getai apì ta apotelèsmata stic dÔo prohgoÔmenec plhr¸seic.

'Opwc proanafèrame, h probolik  pl rwsh tou sunalloÐwtou sunomologikoÔ sunartht Ext∗R(A,−)

gia èna aristerì R−prìtupo A,

⟩

Ext∗R(A,−), eÐnai ènac probolik¸c pl rhc sunomologikìc sunarth-
t c me thn kajolik  idiìthta pou dhl¸nei ìti k�je morfismìc apì ton Ext∗R(A,−) se ènan pro-
bolik¸c pl rh sunalloÐwto sunomologikì sunartht  W ∗ paragontopoieÐtai me monadikì trìpo mè-

sw tou

⟩

Ext∗R(A,−). Aut  h idiìthta prokÔptei apì ton orismì thc pl rwsh, kaj¸c eÐnai h ka-
taskeu  kat� Mislin mèsw arister¸n dorufìrwn pou thn ikanopoieÐ. O sunartht c autìc eÐnai
fusik� isodÔnamoc me autìn pou orÐzoun oi Benson kai Carlson, eis�gontac thn abelian  om�da

[A,B] := HomR(A,B)
PHomR(A,B) wc to phlÐko thc om�dac twn omomorfism¸n modulo paragontopoÐhshc mèsw

enìc probolikoÔ R−protÔpou. H om�da V ogel pou orÐzetai wc h om�da twn kl�sewn twn sqedìn
aluswt¸n apeikonÐsewn an�mesa stic antÐstoiqec probolikèc epilÔseic modulo sqedìn aluswt¸n
omotopi¸n odhgeÐ se èna sunartht , fusik� isodÔnamo me touc prohgoÔmenouc dÔo, kai kaleÐtai h
eustaj c sunomologÐa. Ta anwtèrw parousi�zoume akoloÔjwc, dÐnontac ton n−sunartht  thc pl -
rwshc upologismènh se èna aristerì R−prìtupo B. H teleutaÐa èkfrash thc pl rwshc eÔkola
apodeiknÔetai ìti eÐnai isìmorfh me thn kataskeu  Mislin en ìyei tou akriboÔc sunatht  lim

→
epÐ

kateujunìmenou sunìlou deikt¸n. H par�jesh Ω dhl¸nei to suzugèc prìtupo. Oi morfismoÐ pou
sunjètoun ta eujèa ìria akoloÔjwc prokÔptoun apì tic probolikèc parast�seic pou aforoÔn sta
suzug  prìtupa. Sthn teleutaÐa èkfrash autoÐ eÐnai akrib¸c oi sundetikoÐ omomorfismoÐ.

⟩

ExtnR(A,B) = lim
→
i

S−iExtn+iR (A,B),

⟩

BCnR(A,B) = lim
→
i

[Ωn+iA,ΩiB],

Ẽxt
n

R(A,B) = V n
R (A,B) = Hn(H̃omR(P∗,Q∗)), H̃omR(P∗,Q∗) = HomR(P∗,Q∗)

HomR(P∗,Q∗)
,
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lim
→
i

Extn+iR (A,ΩiB).

Ta duðk� epiqeir mata mèsw thc ènnoiac twn emfuteutik¸n protÔpwn antÐ twn probolik¸n odhgoÔn

sthn emfuteutik  pl rwsh tou Ext∗R(−, B) gia èna aristerì R−prìtupo B,

⟩

Ext∗R(−, B), pou eis�gei
h Nucinkis.

H melèth twn dÔo aut¸n plhr¸sewn tou disunartht  Ext∗R(−,−) eÐnai trÐptuqh kaj¸c mporeÐ na
sugkentrwjeÐ sta akìlouja apotelèsmata.

1. H fusik  isodunamÐa twn sunartht¸n pou orÐzoun thn k�je pl rwsh.

2.

⟩

Ext∗R(M,−) = 0⇔ proj.dim.RM <∞⇔

⟩

Ext0R(M,M) = 0,

⟩

Ext∗R(−,M) = 0⇔ inj.dim.RM <∞⇔

⟩

Ext0R(M,M) = 0.

3.

⟩

Ext∗R(−,−) ≃

⟩

Ext∗R(−,−)⇔ spliR = silpR <∞.

O pr¸toc isqurismìc thc teleutaÐac isodunamÐac dhl¸nei thn isorropÐa epÐ tou R thc pl rouc
sunomologÐac. H sunj kh omologik c peratìthtac thc isodunamÐac anafèretai sto supremum twn
probolik¸n mhk¸n twn emfuteutik¸n arister¸n R−protÔpwn kai sto supremum twn emfuteutik¸n
mhk¸n twn probolik¸n arister¸n R−protÔpwn, antÐstoiqa kat� seir� emf�nishc.

H melèth gia thn Ôparxh thc emfuteutik c pl rwshc tou omologikoÔ sunartht  TorR∗ (M,−) gia
èna dexiì R−prìtupo M ja eÐnai omoÐwc trÐptuqh. H emfuteutik  pl rwsh ja eÐnai ènac omologi-
kìc sunartht c pou katèqei thn kajolik  idiìthta h opoÐa dhl¸nei thn paragontopoÐhsh mèsw aut c
k�je morfismoÔ apì ènan emfuteutik¸c pl rh sunalloÐwto omologikì sunartht  sto sunartht 
TorR∗ (M,−). Parousi�zoume touc upoy fiouc gia thn emfuteutik  pl rwsh tou en lìgw sunartht ,
o pr¸toc apì touc opoÐouc eÐnai h kataskeu  Triulzi, h duðk  thc kataskeu c Mislin, mèsw dexi¸n
dorufìrwn, h opoÐa katèqei thn kajolik  idiìthta all� den eÐnai aparaÐthta omologikìc sunartht c,
o deÔteroc eÐnai h eustaj c omologÐa, pou upologÐzetai mèsw epÐpedhc epÐlushc thc pr¸thc meta-
blht c kai emfuteutik c epÐlushc thc deÔterhc, kai o trÐtoc eÐnai o eÔlogoc orismìc, dÐnontac ton
n−sunartht  thc k�je sundedemènhc oikogèneiac upologismènh se èna aristerì R−prìtupo N . O u-
pologismìc thc eustajoÔc omologÐac mèsw epÐpedhc epÐlushc antÐ probolik c apodeiknÔetai apì touc
Christensen, Celikbas, Liang kai Piepmeyer. Pr¸ta ìmwc, o Triulzi rht� deÐqnei ìti h epèktash,
∆, apì thn eustaj  omologÐa sthn kataskeu  Triulzi, h epagìmenh apì ton sundetikì omomorfismì
apì thn eustaj  sthn apìluth omologÐa, eÐnai epimorfismìc.

⟩

TorRn (M,N) = lim
←
i

SiTorRn+i(M,N),

T̃ orRn (M,N) = V R
n (M,N) = Hn+1(F∗

⊗̃
R

I∗), F∗
⊗̃
R

I∗ =
F∗

⊗
R
I∗

F∗
⊗
R
I∗ ,

lim
←
i

TorRn+i(M,ΣiN).

H kataskeu  Triulzi eÐnai isìmorfh me ton eÔlogo orismì. Pr�gmati, o eÔlogoc orismìc eÐnai o
piì qr simoc, kaj¸c mporoÔme na sugkrÐnoume k�je oikogèneia me autìn, kai akìma, na ton qrhsimo-
poi soume gia na d¸soume mÐa �llh èkfrash thc oikogèneiac aut c, pou epÐshc odhgeÐ se mÐa �llh
èkfrash tou eustajoÔc sumplègmatoc, me qr sh thc ènnoiac tou filtrarÐsmatoc Hausdorff .
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Mèsw emfuteutik c epÐlushc tou protÔpou RA, I∗, kai emfuteutik c epÐlushc tou protÔpou RB,

J∗, ekfr�zoume thn pl rwsh

⟩

ExtnR(A,B) wc lim
→
i

Hn(HomR(I≥i, J∗)). To teleutaÐo ìrio sunÐstatai

apì touc omomorfismoÔc pou ep�gontai apì tic emfuteÔseic twn uposumplegm�twn tou I∗, I≥i+1 ⊆ I≥i.
Me qr sh tou sunartht  Pontryagin D ekfr�zoume ton eÔlogo orismì pou afor� sthn omologÐa
wc lim

←
i

Hn(F∗
⊗
R

I≥i), me F∗ kai I∗ na eÐnai oi epilÔseic ston orismì thc eustajoÔc omologÐac.

ApodeiknÔoume ta akìlouja wc proc thn trÐptuqh melèth.

1. Je¸rhma: 'Estw R ènac daktÔlioc. Tìte, gia k�je zeÔgoc protÔpwn (MR,RN) kai gia k�je
akèraio n èqoume thn akìloujh braqeÐa akrib  akoloujÐa abelian¸n om�dwn, fusik  wc proc
M kai N .

0 −→ lim
←
i

1TorRn+i+1(M,ΣiN) −→ T̃ or
R

n (M,N)
∆−→

⟩

TorRn (M,N)→ 0

K�tw apì sunj kec ìpou o pur nac thc ∆ mhdenÐzetai, epitugq�netai h emfuteutik  pl rwsh
tou en lìgw sunartht .

2. Je¸rhma: 'Estw R ènac daktÔlioc. Tìte, T̃ or
R

∗ (−, DM) = 0 ⇔ T̃ or
R

0 (M,DM) = 0 =

T̃ or
R

−1(M
(N), DM)⇔ fl.dim.RoppM <∞.

Je¸rhma: 'EstwR ènac daktÔlioc arister� thcNoether. Tìte, T̃ or
R

∗ (M,−) = 0⇔ T̃ or
R

0 (M,DM) =

0 = T̃ or
R

−1(M, (DM)(N))⇔ T̃ or
R

∗ (−, DM) = 0⇔ T̃ or
R

0 (M,DM) = 0 = T̃ or
R

−1(M
(N), DM)⇔˜Ext

∗
R(−, DM) = 0⇔ fl.dim.RoppM <∞.

Je¸rhma: 'EstwR ènac daktÔlioc arister� thcNoether. Tìte, T̃ or
R

∗ (−, N) = 0⇔ T̃ or
R

0 (DN,N) =

0 = T̃ or
R

−1((DN)(N), N)⇔ ˜Ext
∗
R(N,D−) = 0⇔ ˜Ext

0

R(N,D
2N) = 0⇔ inj.dim.RN <∞.

3. H isorropÐa epÐ tou R thc eustajoÔc omologÐac ekfr�zetai wc h fusik  isodunamÐa twn disunar-

tht¸n T̃ or
R

∗ (−,−) kai T̃ or
Ropp

∗ (−,−), enno¸ntac ton isomorfismì T̃ or
R

∗ (M,N) ≃ T̃ or
Ropp

∗ (N,M)
gia k�je zeÔgoc protÔpwn (MR,RN).

Je¸rhma: 'Estw R ènac daktÔlioc arister� kai dexi� sunektikìc. Tìte, h eustaj c omologÐa
eÐnai isorrophmènh epÐ tou R an kai mìno an sfliR = sfliRopp <∞.
H sunj kh omologik c peratìthtac thc isodunamÐac anafèretai sto supremum twn epÐpedwn
mhk¸n twn emfuteutik¸n arister¸n R− protÔpwn kai sto supremum twn epÐpedwn mhk¸n twn
emfuteutik¸n dexi¸n R−protÔpwn, antÐstoiqa kat� seir� emf�nishc.

'Enac qarakthrismìc gia Iwanaga−Gorenstein daktulÐouc: 'Estw R ènac daktÔlioc arister�
kai dexi� thc Noether. Tìte, h eustaj c omologÐa eÐnai isorrophmènh epÐ tou R an kai mìno an
o R eÐnai Iwanaga−Gorenstein.

H diatrib  eÐnai basismènh sto �rjro ON THE STABLE HOMOLOGY OF MODULES me
sun-suggrafèa ton Kajhght  kÔrio Iw�nnh Emmanou l.
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2 Probolikèc plhr¸seic.

2.1 SunomologÐa Tate.

'Estw om�da G peperasmènh. JewroÔme ton ZG−omomorfismì Z i−→ ZG : 1 7→
∑
g∈G

g. Aut  h

diag¸nia apeikìnish eÔkola apodeiknÔetai ìti eÐnai Z−diasp¸menh, gia par�deigma mèsw parast�sewn
om�dac. ProoikonomoÔme lègontac ìti h apeikìnish i eÐnai h duðk  thc apeikìnishc augmentation
ε : ZG → Z, dhlad  i = ε∗, ìpou me −∗ dhl¸noume to sunartht  HomZ(−,Z), en¸ isqÔei ZG ≃
HomZ(ZG,Z) wc ZG−prìtupa, kaj¸c |G| <∞. 'Estw C o Cokeri pou eÐnai eleÔjero Z−prìtupo.
JewroÔme tic parak�tw ZG−akribeÐc akoloujÐec. H deÔterh prokÔptei apì thn pr¸th efarmìzontac
to sunartht  −⊗

Z
C.

0 −→ Z i−→ ZG p1−→ C −→ 0

0 −→ C
t1−→ ZG⊗

Z
C

p2−→ C ⊗
Z
C −→ 0

JewroÔme ta prìtupa me th diag¸nio dr�sh. To ZG−prìtupo ZG ⊗
Z
C eÐnai isìmorfo me to

epagìmeno ZG−prìtupo ZG ⊗
Z
C0, ìpou me C0 dhl¸noume to upokeÐmeno Z−prìtupo, mèsw thc

ZG−apeikìnishc me kanìna ¸ste g ⊗ c 7→ g ⊗ g−1c me antÐstrofh thn apeikìnish me kanìna ¸ste
g ⊗ c 7→ g ⊗ gc, me g ∈ G kai c ∈ C. 'Etsi, to ZG ⊗

Z
C eÐnai eleÔjero ZG−prìtupo. Oi parap�nw

akoloujÐec sundèontai gia na d¸soun thn akìloujh.

0 −→ Z i−→ ZG t1◦p1−→ ZG⊗
Z
C

p2−→ C ⊗
Z
C −→ 0

↘p1↗t1

C

Efarmìzoume to sunartht  −⊗
Z
C ⊗

Z
C sthn pr¸th kai th sundèoume me thn prohgoÔmenh.

0 −→ Z −→ ZG −→ ZG⊗
Z
C

t2◦p2−→ ZG⊗
Z
C ⊗

Z
C

p3−→ C ⊗
Z
C ⊗

Z
C −→ 0

↘p2↗t2

C ⊗
Z
C

SuneqÐzontac me ton Ðdio trìpo prokÔptei dexi� �peirh akrib c akoloujÐa. Sundèontac aut  me
mÐa probolik  epÐlush tou Z prokÔptei mÐa pl rhc probolik  epÐlush tou Z wc ZG−prìtupo.

Pc : ... −→ Pn −→ ... −→ P1 −→ P0 −→ P−1 −→ P−2 −→ ... −→ P−k −→ ...
↘↗
Z

MÐa dexi� �peirh probolik  epÐlush ìpwc parap�nw peperasmènou tÔpou eÐnai h duðk  mÐac pro-
bolik c epÐlushc peperasmènou tÔpou tou Z wc tetrimmèno ZG−prìtupo, dhlad  eÐnai thc morf c
P∗∗ = HomZ(P∗,Z) me P∗ peperasmènou tÔpou, ìpou me −∗ dhl¸noume to sunartht  HomZ(−,Z).
Autì ofeÐletai ston isomorfismì ZG−protÔpwn P

f
≃ P ∗∗ , me P peperasmèna paragìmeno probolikì
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ZG−prìtupo. Pr�gmati, to P wc peperasmèna paragìmeno probolikì ZG−prìtupo me G peperasmè-
nh eÐnai kai peperasmèna paragìmeno probolikì Z−prìtupo, kai h apeikìnish f eÐnai isomorfismìc

Z−protÔpwn, P
f
≃ P ∗

∗
, me P peperasmèna paragìmeno probolikì Z−prìtupo, o opoÐoc dÐnetai a-

pì ton kanìna ¸ste x 7→ f(x) : g 7→ g(x), en¸ o isomorfismìc prokÔptei apì prosjetikìthta
kai an�getai sthn perÐptwsh pou to P eÐnai eleÔjero Z−prìtupo di�stashc 1. Epiplèon, h f eÐnai
ZG−omomorfismìc. 'Ontwc, h dom  tou P wc aristerì ZG−prìtupo orÐzei dom  tou HomZ(P,Z) wc
dexiì ZG−prìtupo pou orÐzei dom  tou HomZ(HomZ(P,Z),Z) wc aristerì ZG−prìtupo. 'Eqoume
f(r ◦ x) : g 7→ g(r ◦ x) = (g ◦ r)(x) kai r ◦ f(x) : g 7→ (r ◦ f(x))(g) = f(x)(g ◦ r) = (g ◦ r)(x),
me r ∈ ZG, x ∈ P kai g ∈ HomZ(P,Z), ìpou me ◦ dhl¸noume th dr�sh tou omadodaktulÐou ZG.
Shmei¸noume ìti to sÔmplegma P∗∗ apoteleÐtai apì dexi� ZG−prìtupa, ìmwc, kaj¸c ZG ≃ ZGopp, h
dexi� dr�sh enìc stoiqeÐou thc om�dac G dÐnetai apì thn arister  dr�sh tou antistrìfou stoiqeÐou
tou stoiqeÐou thc om�dac, kajist¸ntac to proanaferjèn sÔmplegma arister¸n ZG−protÔpwn.

H sunomologÐa Tate thc om�dac G me suntelest  to ZG−prìtupo M orÐzetai wc

Ĥn(G,M) = Hn
(
(HomZG(Pc∗,M)

)
.

H anexarthsÐa thc epilog c thc pl rouc epÐlushc, kai aut  emfanÐzetai analutik� sthn par�grafo
twn pl rwn epilÔsewn, ofeÐletai sto gegonìc ìti Ext1ZG(A,P ) = 0 me A ZG−prìtupo Z−eleÔjero
kai P probolikì ZG−prìtupo. To teleutaÐo isqÔei kaj¸c to epagìmeno eÐnai isìmorfo me to sune-
pagìmeno ZG−prìtupo diìti h om�da G eÐnai peperasmènh, kai h apìdeixh tou isomorfismoÔ autoÔ
emfanÐzetai sthn par�grafo thc sqetik c omologÐac. 'Etsi, o parap�nw mhdenismìc prokÔptei apì
to l mma Eckmann − Shapiro pou ekfr�zei th sunomologÐa tou ZG−protÔpou A me suntelest 
sunepagìmeno ZG−prìtupo CoindG1 M mèsw thc sunomologÐac tou Z−protÔpou resG1 A me suntele-
st  to upokeÐmeno Z−prìtupoM . To probolikì ZG−prìtupo P eÐnai eujÔc par�gontac epagìmenou
ZG−protÔpou kai qrhsimopoioÔme thn prosjetikìthta tou en lìgw sunartht .

Epiplèon isqÔei

Ĥn(G,M) =

{
Hn(G,M), n > 0
H−n−1(G,M), n < −1

}
kai h akìloujh eÐnai akrib c.

0 −→ Ĥ−1(G,M) −→ H0(G,M)

∑
g∈G

g

−→ H0(G,M) −→ Ĥ0(G,M) −→ 0

H omologÐa ston orismì ofeÐletai ston isomorfismì abelian¸n om�dwn f ′ : P
⊗
ZG
M 7→ HomZG(P

∗,M)

¸ste f ′(x⊗m) : g 7→ g(x)◦m giaM aristerì ZG−prìtupo kai P peperasmèna paragìmeno aristerì
ZG−prìtupo to opoÐo èqei dom  dexioÔ ZG−protÔpou, dhlad , P

⊗
ZG
M ≃ P

⊗
ZGopp

ZGopp
⊗
ZG
M . 'Etsi,

HomZG(P
∗
∗ [1],M) ≃ P∗[1]

⊗
ZG
M , ìpou me [1] dhl¸noume thn an�rthsh deikt¸n tou sumplègmatoc

kat� èna bajmì.
H akrÐbeia thc anwtèrw akoloujÐac ofeÐletai sthn anexarthsÐa thc epilog c thc pl rouc probo-

lik c epÐlushc, kaj¸c ètsi mporoÔme na jewr soume mÐa probolik  epÐlush, P∗, pou sumplhr¸netai
me thn apeikìnish augmentation, ε, kai th duðk  thc, P ∗∗ , ¸ste to diaforikì ε∗ ◦ ε, efarmìzontac
to sunartht  HomZG(−,M), orÐzei thn apeikìnish

∑
g∈G

g : M → M tètoia ¸ste m 7→
∑
g∈G

g ◦ m,

mèsw tou ZG−isomorfismoÔ HomZG(ZG,M)
≃→ M ¸ste ϕ 7→ ϕ(1) kai g ◦ ϕ 7→ (g ◦ ϕ)(1) =
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ϕ(1◦g) = ϕ(g) = g ◦ϕ(1). H eikìna thc apeikìnishc
∑
g∈G

g perièqetai sthn upoom�da twn G− analloÐ-

wtwn stoiqeÐwn tou M , kai h Ðdia apeikìnish paragontopoieÐtai mèsw tou sumpur na thc apeikìnishc

P1
⊗
ZG
M

ϑ→ ZG
⊗
ZG
M ≃ HomZG(ZG,M). Epomènwc, orÐzetai h apeikìnish

∑
g∈G

g :MG = Z
⊗
ZG
M = H0(G,M)→ H0(G,M) = HomZG(Z,M) =MG,

kai upologÐzontac omologÐa sta en lìgw sumplègmata èqoume ìti Ker
∑
g∈G

g = Ĥ−1(G,M) kai

Coker
∑
g∈G

g = Ĥ0(G,M).

P1
⊗
ZG
M

ϑ // ZG
⊗
ZG
M

(ε∗◦ε)∗
//

π

��

HomZG(ZG,M) // HomZG(P1,M)

Z
⊗
ZG
M

(ε∗◦ε)∗
// HomZG(Z,M)

µ

OO

Parapèmpoume sto [7].

2.2 SunomologÐa Tate− Farrell.

MÐa om�da G èqei peperasmènh virtual sunomologik  di�stash n an up�rqei upoom�da thc eleÔjerh
strèyhc peperasmènou deÐktou me sunomologik  di�stash n. Oi upoom�dec mÐac om�dac pou eÐnai eleÔ-
jerec strèyhc peperasmènou deÐktou èqoun ìlec Ðdia sunomologik  di�stash, �peirh   peperasmènh.
Parapèmpoume sto je¸rhma tou Serre sto [7]. Aut  h koin  di�stash kaleÐtai kat' ousÐan, kai h
om�da G kaleÐtai kat' ousÐan eleÔjerh strèyhc.

'Estw om�da G me peperasmènh virtual sunomologik  di�stash n. MÐa pl rhc probolik  epÐlush
gia thn G eÐnai mÐa dipl� �peirh akrib c akoloujÐa probolik¸n ZG−protÔpwn pou sumpÐptei me
mÐa probolik  epÐlush tou Z wc ZG−prìtupo se meg�lec diast�seic. DÔo tètoiec eÐnai omotopik�
isodÔnamec kai upologÐzoun th sunomologÐa Farrell.

H kataskeu  thc dÐdetai apì thn akrib  akoloujÐa 0 −→ Z i−→ Z[G/H]
p1−→ C −→ 0, me H

upoom�da thc G eleÔjerh strèyhc peperasmènou deÐktou kai sunomologik c di�stashc n. Ed¸ h
agkÐstrwsh twn sumplegm�twn gÐnetai sth jèsh n thc probolik c epÐlushc tou Z wc ZG−prìtupo,
kaj¸c o pur nac Rn eÐnai probolikì ZH−prìtupo kai to Z[G/H] ⊗

Z
Rn me th diag¸nio dr�sh eÐnai

isìmorfo me to epagìmeno ZG ⊗
ZH

Rn pou eÐnai probolikì ZG−prìtupo. H anexarthsÐa thc epilog c

thc pl rouc epÐlushc ofeÐletai sto gegonìc ìti ExtiZG(A,P ) = 0 me A ZG−prìtupo Z−eleÔjero,
P probolikì ZG−prìtupo kai i > n.

Idiìthtec thc sunomologÐac Tate− Farrell.

1. Ĥ∗(G,−) = 0 an h G eÐnai eleÔjerh strèyhc.
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2. H pl rhc sunomologÐa Ĥ∗(G,−) mhdenÐzetai sta emfuteutik� ZG−prìtupa lìgw thc akrÐbeiac
tou sunartht HomZG(−, I) gia I emfuteutikì ZG−prìtupo. EpÐshc mhdenÐzetai sta probolik�
ZG−prìtupa, en¸ piì genik� mhdenÐzetai sta ZG−prìtupa pou eÐnai ZH−epagìmena, ìpou h
H eÐnai eleÔjerh strèyhc upoom�da peperasmènou deÐktou.

3. IsqÔei to l mma Eckmann− Shapiro.

4. Cor ◦Res = ×|G : H|.

5. Kataskeu�zontai cup products.

Parapèmpoume sto [27], sto [7], kaj¸c epÐshc kai sthn par�grafo thc sqetik c omologÐac.

2.3 Pl reic epilÔseic.

Orismìc 2.3.1 Mia pl rhc probolik  epÐlush tou R−protÔpou A eÐnai èna akribèc sÔmplegma pro-

bolik¸n R−protÔpwn (F∗,P∗, n), pou fèrei deÐktec touc akeraÐouc kai sumpÐptei me mÐa probolik  epÐ-

lush tou protÔpou se meg�lec diast�seic, me deÐkth sÔmptwshc n. Epiplèon, H∗
(
HomR(F∗, Q)

)
= 0

gia k�je probolikì R−prìtupo Q. To teleutaÐo qarakthrÐzei thn epÐlush wc in the strong sense.

'Opwc ja doÔme se epìmeno je¸rhma gia thn eidik  perÐptwsh ìpou A = Z kai R = ZG, k�je dÔo
pl reic isqurèc probolikèc epilÔseic enìc protÔpou eÐnai omotopik� isodÔnamec. Duðk¸c orÐzontai
oi pl reic isqurèc emfuteutikèc epilÔseic kai k�je dÔo pl reic isqurèc emfuteutikèc epilÔseic enìc
protÔpou eÐnai omotopik� isodÔnamec.

H pr¸th prosèggish thc probolik c pl rwshc tou sunartht  Ext∗R(−,−), kai o austhrìc o-
rismìc ja dojeÐ sthn par�grafo thc pl rouc sunomologÐac kat� Mislin, eÐnai mèsw pl rouc i-
squr c probolik c epÐlushc gia to prìtupo sthn pr¸th metablht . H pl rwsh eÐnai kal� orismè-
nh, anex�rthta apì thn epilog  thc pl rouc isqur c probolik c epÐlushc kai orÐzei to sunartht 

⟩

Ext∗R(A,−) = H∗
(
HomR(Pc

A

∗ ,−)
)
, ìpou PcA∗ eÐnai pl rhc isqur  probolik  epÐlush tou A. H

pl rwsh eÐnai termatik  me thn ènnoia ìti tautÐzetai me th sun jh sunomologÐa gia meg�lec dia-
st�seic. O sunartht c autìc eÐnai sunomologikìc kai mhdenÐzetai sta probolik� R−prìtupa. O-
moÐwc orÐzetai h termatik  emfuteutik  pl rwsh tou sunartht  Ext∗R(−,−) mèsw pl rouc isqu-
r c emfuteutik c epÐlushc gia to prìtupo sth deÔterh metablht . H pl rwsh eÐnai kal� orismènh,
anex�rthta apì thn epilog  thc pl rouc isqur c emfuteutik c epÐlushc kai orÐzei to sunartht ⟩

Ext∗R(−, B) = H∗
(
HomR(−, I∗cB )

)
, ìpou I∗cB eÐnai pl rhc isqur  emfuteutik  epÐlush tou B. O

sunartht c autìc eÐnai sunomologikìc kai mhdenÐzetai sta emfuteutik� R−prìtupa.
To akìloujo je¸rhma dhl¸nei thn Ôparxh pl rwn isqur¸n probolik¸n epilÔsewn wc isodÔnamh

me mÐa sunj kh omologik c peratìthtac mèsw twn analloÐwtwn spliR kai silpR. Duðk¸c isqÔei to
je¸rhma gia thn Ôparxh pl rwn isqur¸n emfuteutik¸n epilÔsewn.

Arqik� deÐqnoume ìti an oi analloÐwtec silpR kai spliR eÐnai peperasmènec, tìte eÐnai Ðsec. Pr�g-
mati, èstw ìti silpR = m kai spliR = n. 'Estw èna emfuteutikì R−prìtupo I me probolik  di�stash
peperasmènh, n. Autì shmaÐnei ìti up�rqei R−prìtupo B me ExtnR(I,B) ̸= 0 kai o ExtnR(I,−) eÐnai
dexi� akrib c. 'Ara, up�rqei probolikì prìtupo P probolik c par�stashc tou B me ExtnR(I, P ) ̸= 0.
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Epomènwc h emfuteutik  di�stash tou probolikoÔ autoÔ R−protÔpou eÐnai toul�qiston n pou sh-
maÐnei ìti silpR ≥ spliR. OmoÐwc deÐqnoume kai thn �llh sqèsh.

Anafèroume ìti an oi parap�nw diast�seic eÐnai peperasmènec, �ra kai Ðsec, tìte k�je dipl� �-
peirh probolik    emfuteutik  epÐlush, pou up�rqei, mporeÐ na qrhsimopoihjeÐ gia na upologisteÐ h
terminal completion tou Ext∗R(−,−). H termatik  pl rwsh tou disunartht  dhl¸nei ousiastik� ìti
h probolik  kai h emfuteutik  pl rwsh eÐnai fusik� isodÔnamec. MÐa apìdeixh gia autì emfanÐzetai
sthn par�grafo pou afor� sthn isorropÐa tou disunartht . Me thn omologik  aut  sunj kh pera-
tìthtac, apodeiknÔoume akoloÔjwc ìti an spliR < ∞ tìte pr�gmati k�je R−prìtupo A èqei pl rh
probolik  epÐlush kai an epiplèon silpR <∞ tìte aut  eÐnai in the strong sense. OmoÐwc mporoÔ-
me na deÐxoume th duðk  prìtash autoÔ. 'Etsi, o disunartht c H∗

(
HomR(Pc

−
∗ ,−)

)
mhdenÐzetai sta

probolik� R−prìtupa sth deÔterh metablht , fusik� mhdenÐzetai sta emfuteutik� R−prìtupa sthn
Ðdia metablht , all� epiplèon mhdenÐzetai sta emfuteutik� R−prìtupa sthn pr¸th metablht  kaj¸c
h mhdenik  pl rhc epÐlush ikanopoieÐ ton orismì, kai fusik� mhdenÐzetai sta probolik� R−prìtupa
sthn Ðdia metablht . Duðk¸c èqoume gia to disunartht  H∗

(
HomR(−, I∗c−)

)
. H termatik  touc i-

diìthta exasfalÐzei, ìpwc prokÔptei apì prìtash sthn par�grafo thc pl rouc sunomologÐac kat�
Mislin, ìti oi en lìgw disunarthtèc eÐnai fusik� isodÔnamoi. AkoloujeÐ to je¸rhma, en¸ isqÔei kai
to duðkì tou mèsw pl rwn isqur¸n emfuteutik¸n epilÔsewn.

Je¸rhma 2.3.2 IsqÔei spliR = silpR <∞⇔ K�je R−prìtupo èqei pl rh probolik  epÐlush in
the strong sense.

Apìdeixh.
Ja deÐxoume ìti an spliR < ∞ tìte k�je R−prìtupo A èqei pl rh probolik  epÐlush. An

epiplèon silpR < ∞ tìte aut  eÐnai in the strong sense. OmoÐwc mporoÔme na deÐxoume th duðk 
prìtash autoÔ.

JewroÔme mÐa emfuteutik  epÐlush tou A. QrhsimopoioÔme to l mma Horseshoe kai kataskeu�-
zoume probolikèc epilÔseic gia ta prìtupa thc emfuteutik c epÐlushc. Kaj¸c spliR < ∞, èstw
spliR = m, èqoume ìti oi pur nec bajmoÔm twn probolik¸n epilÔsewn pou aforoÔn sta emfuteutik�
prìtupa thc emfuteutik c epÐlushc eÐnai probolik� R−prìtupa. Sundèoume to tm ma thc probolik c
epÐlushc gia to A pou fèrei touc deÐktec pou uperbaÐnoun to deÐkth m− 1 me thn akoloujÐa twn pro-
bolik¸n pur nwn twn probolik¸n epilÔsewn twn emfuteutik¸n protÔpwn thc emfuteutik c epÐlushc
tou A. ProkÔptei ètsi pl rhc probolik  epÐlush gia to A, (F∗,P∗,m). JewroÔme Q èna probo-
likì R−prìtupo. 'Eqoume, gia n > m, Hn

(
HomR(F∗, Q)

)
= ExtnR(A,Q) = 0 diìti silpR = m.

Gia n ≤ m qrhsimopoioÔme dimension shifting mèsw twn pur nwn pou emfanÐzontai sthn pl rh
epÐlush, Sn, n ∈ Z, me Sn ≡ Rn gia n ≥ m, ìpou Rn eÐnai oi pur nec thc arqik c probolik c

epÐlushc tou A. 'Eqoume Hn
(
HomR(F∗, Q)

)
= ExtnR(T0, Q) ≃ Ext

n+(m−n+1)
R (T−(m−n+1), Q) =

Extm+1
R (Tn−m−1, Q) = 0 diìti silpR = m. 'Etsi, h pl rhc epÐlush eÐnai in the strong sense.
AntÐstrofa, gia na deÐxoume ìti silpR <∞ arkeÐ na deÐxoume ìti k�je probolikì R−prìtupo èqei

peperasmènh emfuteutik  di�stash. Autì eÐnai arketì, kaj¸c to sÔnolo twn peperasmènwn emfuteu-
tik¸n diast�sewn twn probolik¸n R−protÔpwn parousi�zei fr�gma. H apìdeixh autoÔ emfanÐzetai
sto je¸rhma pou afor� sthn isorropÐa tou disunartht  Ext. Duðk¸c, ofeÐloume na deÐxoume ìti h
analloÐwth spliR eÐnai peperasmènh.

An k�je R−prìtupo èqei pl rh probolik  epÐlush in the strong sense tìte kai k�je emfuteutikì

R−prìtupo I èqei tètoia. O sunartht c

⟩

Ext∗R(A,−) upologÐzetai mèsw pl rouc isqur c probolik c

epÐlushc kai mhdenÐzetai sta emfuteutik� R−prìtupa, gia k�je A. 'Ara kai

⟩

Ext0R(I, I) = 0. Sthn
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par�grafo thc probolik c pl rwshc tou Ext kat� Benson kai Carlson, kaj¸c kai sthn par�grafo
thc fusik c isodunamÐac twn probolik¸n plhr¸sewn tou sunartht , o parap�nw mhdenismìc dhl¸nei
ìti to I èqei peperasmènh probolik  di�stash, kaj¸c h tautotik  apeikìnish tou suzugoÔc protÔpou
ΩsI gia k�poio s ja paragontopoieÐtai mèsw probolikoÔ R−protÔpou.

'Estw t¸ra Q èna probolikì R−prìtupo, kai èstw tuqaÐo R−prìtupo M . Tìte, kaj¸c h pro-
bolik  pl rwsh dÐdetai mèsw pl rouc isqur c epÐlushc, èqoume ìti ExtkR(M,Q) = 0 gia k ≥ n(M).
To n autì afor� sto prìtupo M , ìmwc to sÔnolo aut¸n twn ekjet¸n apodeiknÔetai eÔkola ìti
eÐnai fragmèno. H nootropÐa thc apìdeixhc tètoiwn fragm�twn, ìpwc  dh èqoume anafèrei èna sh-
meÐo, emfanÐzetai sthn poreÐa thc suggraf c. 'Epetai ìti h emfuteutik  di�stash tou probolikoÔ
R−protÔpou Q eÐnai peperasmènh.

To antÐstrofo epidèqetai duðkìthta mèsw thc Ôparxhc pl rwn isqur¸n emfuteutik¸n epilÔsewn.
2

Je¸rhma 2.3.3 silpZG ≤ spliZG+ 1.

Apìdeixh.
QwrÐc bl�bh thc genikìthtac, èstw ìti spliZG < ∞, èstw spliZG = n. Prèpei na deÐxoume ìti

tuqaÐo probolikì ZG−prìtupo P èqei emfuteutik  di�stash to polÔ n + 1. ArkeÐ na deÐxoume ìti
gia k�je diairetì Z−prìtupo D to P

⊗
Z
D = ∆ èqei emfuteutik  di�stash to polÔ n. Diìti tìte, an

I∗ eÐnai emfuteutik  epÐlush tou Z wc Z−prìtupo m kouc 1, efarmìzontac to sunartht  P
⊗
Z
− sthn

prosarthmènh me th sunomologÐa thc emfuteutik  epÐlush prokÔptei braqeÐa akrib c ZG−akoloujÐa
0 → P → P

⊗
Z
I0 → P

⊗
Z
I1 → 0, kai tìte ja èqoume ìti ExtrZG(−, P ) = 0 gia r > n + 1 kaj¸c ja

èqoume ExtrZG(−, P ⊗ Ii) = 0 gia r > n kai i = 0, 1.
JewroÔme tic akìloujec akribeÐc ZG−akoloujÐec.

ZG ϵ→ Z→ 0, 0→ Z ϵ∗→ HomZ(ZG,Z)

H deÔterh akoloujÐa eÐnai Z−diasp¸menh me tom  s : HomZ(ZG,Z)→ Z : f 7→ f(1). Efarmìzou-

me se aut n to sunartht  HomZ(−,∆) kai prokÔptei h Z−diasp¸menh HomZ(HomZ(ZG,Z),∆)
ϵ∗

∗

→
∆ → 0. 'Omwc ìla ta epagìmena prìtupa eÐnai relative projective, kai o orismìc eÐnai o du-
ðkìc tou sqetik� emfuteutikoÔ pou emfanÐzetai sthn par�grafo thc sqetik c omologÐac, kaj¸c
o sunartht c HomZG(ZG

⊗
Z
M,−) eÐnai fusik� isodÔnamoc me ton HomZ(M,HomZG(ZG,−)), ì-

pou o HomZG(ZG,−) eÐnai o resG, kai o sunartht c HomZ(M,HomZG(ZG,−)) eÐnai akrib c se
Z−diasp¸menec akoloujÐec gia k�je ZG−prìtupo M . To eujÔ �jroisma apì sqetik� probolik�
prìtupa eÐnai sqetik� probolikì prìtupo, kai o eujÔc par�gontac enìc sqetik� probolikoÔ protÔpou
eÐnai sqetik� probolikì prìtupo. 'Etsi, to ZG−prìtupo ∆ eÐnai sqetik� probolikì kai h akolou-

jÐa HomZ(HomZ(ZG,Z),∆)
ϵ∗

∗

→ ∆ → 0 eÐnai ZG−diasp¸menh. Epomènwc arkeÐ na deÐxoume ìti to
HomZ(HomZ(ZG,Z),∆) èqei emfuteutik  di�stash to polÔ n.

Kat' arq�c, to HomZ(ZG,Z) èqei ZG−probolik  di�stash to polÔ n. Pr�gmati, an I∗ eÐnai
emfuteutik  epÐlush tou Z wc Z−prìtupo m kouc 1, tìte, efarmìzontac to sunartht  HomZ(ZG,−)
sthn prosarthmènh me th sunomologÐa thc emfuteutik  epÐlush prokÔptei ZG−emfuteutik  epÐlush
tou HomZ(ZG,Z). Autì isqÔei diìti to ZG eÐnai probolikì Z−prìtupo kai ìtan efarmosteÐ se
braqeÐa akrib  akoloujÐa abelian¸n om�dwn, h prokÔptousa akoloujÐa eÐnai akrib c ZG−protÔpwn
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me apeikonÐseic pou diathroÔn thn arister  dr�sh thc G mèsw thc dexi�c dr�shc thc sto prìtupo ZG,
kai epiplèon, to ZG−prìtupo HomZ(ZG, I) eÐnai emfuteutikì gia k�je diairet  abelian  om�da I.
Kaj¸c spliZG = n èqoume ìti ExtrZG(Hom(ZG, Ik),−) = 0 gia r > n kai k = 0, 1, kai èpetai ìti h
probolik  di�stash touHomZ(ZG,Z) eÐnai to polÔ n. To∆ eÐnai diairetì Z−prìtupo. Efarmìzoume
ton akrib  sunartht  HomZ(−,∆) sthn prosarthmènh me thn omologÐa thc probolik  epÐlush tou
HomZ(ZG,Z) m kouc n kai prokÔptei emfuteutik  epÐlush tou HomZ(HomZ(ZG,Z),∆) m kouc
to polÔ n. Pr�gmati, ta prìtupa thc prokÔptousac epÐlushc ta jewroÔme me th diag¸nio dr�sh,
en¸ to HomZ(ZG,∆) me th diag¸nio dr�sh eÐnai isìmorfo me to ZG−emfuteutikì sunepagìmeno
prìtupo HomZ(ZG,∆), mèsw twn ZG−isomorfism¸n f kai f ′ ¸ste f(g) : x 7→ x−1 ◦ (g(x)) me
f(y ◦ g)(x) = x−1 ◦ ((y ◦ g)(x)) = x−1 ◦ (y ◦ (g(y−1x))) = (x−1y) ◦ (g(y−1x)) = f(g)(y−1x) =
(y ◦ (f(g))(x), dhl¸nontac tic antoÐstoiqec ZG−domèc, kai f ′(g)(x) = x ◦ (g(x)), me x, y ∈ G.
Epomènwc h epÐlush eÐnai emfuteutik , diìti an P eÐnai probolikì ZG−prìtupo, tìte to HomZ(P,∆)
eÐnai eujÔc par�gontac kartesianoÔ ginomènou sunepagìmenwn protÔpwn HomZ(ZG,∆).

2

O kÔrioc Emmanou l, sto �rjro [20], On Certain Cohomological Invariants of Groups, apo-
deiknÔei to shmantikì je¸rhma pou dhl¸nei thn isìthta twn analloÐwtwn silpZG kai spliZG.

Je¸rhma 2.3.4 Ta akìlouja eÐnai isodÔnama.

1. Up�rqei pl rhc probolik  epÐlush in the strong sense tou Z wc ZG−prìtupo, (F∗,P∗, n).

2. H pl rhc sunomologÐa eÐnai upologÐsimh mèsw pl rouc probolik c epÐlushc.

3. Up�rqei akoloujÐa 0 → Z → A → T → 0 ZG−akrib c, Z−diasp¸menh, me A Z−eleÔjero
prìtupo kai probolik  di�stash autoÔ wc ZG−prìtupo peperasmènh.

4. H om�da G èqei pl rh probolik  epÐlush kai silpZG <∞.

5. IsqÔei to l mma Eckmann− Shapiro sthn pl rh sunomologÐa.

6. spliZG <∞

H trÐth upìjesh eÐnai isodÔnamh me thn akìloujh. Up�rqei Z−diasp¸menoc ZG−monomorfismìc
0→ Z i→ A me A Z−eleÔjero prìtupo ¸ste ϕ(i) = 0 sthn apeikìnish H0(G,A)

ϕ→ Ĥ0(G,A). Autì
apodeiknÔetai sto �rjro [22] thc kurÐac Talèllh kai tou kurÐou Emmanou l me tÐtlo Finiteness
Criteria in Gorenstein Homological Algebra.

Apìdeixh.
1 ⇒ 2: DeÐqnoume ìti k�je dÔo pl reic probolikèc epilÔseic in the strong sense tou Z wc

ZG−prìtupo eÐnai omotopik� isodÔnamec. Kai tìte Ĥ∗(G,−) ≃ H∗
(
HomZG(F∗,−)

)
kaj¸c o deÔ-

teroc sunartht c eÐnai probolik¸c pl rhc kai tautÐzetai me th sunomologÐa thc om�dac se meg�lec
diast�seic.

Pr�gmati, èstw dÔo epilÔseic ìpwc proanafèrame, gia tic opoÐec mporoÔme na jewr soume ìti
amfìterec sumpÐptoun me mÐa Ðdia probolik  epÐlush Ðdiou deÐkth sÔmptwshc, (F∗,P∗, n) kai (Q∗,P∗, n).
Ja deÐxoume ìti h tautotik  apeikìnish sto koinì tm ma twn epilÔsewn epekteÐnetai sta dexi� me trìpo
monadikì wc proc omotopik  isodunamÐa, ìpwc apeikonÐzetai parak�tw.
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... // Fn+1

1
��

θn+1
// Fn

1
��

θn // Fn−1

0
||yy
yy
yy
yy

fn−1gn−1

��

θn−1
// Fn−2

σn−2
{{vv
vv
vv
vv
v

fn−2gn−2

��

θn−2
// ...

... // Qn+1
δn+1

// Qn
δn // Qn−1

δn−1
// Qn−2

δn−2
// ...

H akoloujÐa HomZG(Fn−1, Qn−1)
θn

∗
−→ HomZG(Fn, Qn−1)

θn+1
∗

−→ HomZG(Fn+1, Qn−1) eÐnai akri-
b c sth jèsh HomZG(Fn, Qn−1) kaj¸c h epÐlush (F∗,P∗, n) eÐnai in the strong sense. Gia thn
apeikìnish δn ◦ 1 : Fn −→ Qn−1 isqÔei ìti δn ◦ 1 ◦ θn+1 = 0, �ra up�rqei apeikìnish fn−1 ¸ste
fn−1 ◦ θn = δn. OmoÐwc deÐqnoume thn Ôparxh twn upoloÐpwn apeikonÐsewn proc ta dexi�.

'Estw t¸ra ìti kai h apeikìnish gn−1 epekteÐnei epÐshc thn tautotik . JewroÔme thn en tw mèsw

akrib  akoloujÐa HomZG(Fn−2, Qn−1)
θn−1

∗

−→ HomZG(Fn−1, Qn−1)
θn

∗
−→ HomZG(Fn, Qn−1). Tìte

èqoume (gn−1 − fn−1) ◦ θn = δn − δn = 0, epomènwc up�rqei apeikìnish σn−2 ¸ste σn−2 ◦ θn−1 =
gn−1 − fn−1.

Gia thn omotopÐa sthn epìmenh proc ta dexi� jèsh jewroÔme antÐstoiqa thn apeikìnish gn−2 −
fn−2−δn−1 ◦σn−2 : Fn−2 −→ Qn−2. Tìte èqoume (gn−2−fn−2−δn−1 ◦σn−2)◦θn−1 = δn−1 ◦gn−1−
δn−1 ◦ fn−1 − δn−1 ◦ σn−2 ◦ θn−1 = 0, kai h omotopÐa sth jèsh aut  prokÔptei apì thn en tw mèsw

akrÐbeia thc HomZG(Fn−3, Qn−2)
θn−2

∗

−→ HomZG(Fn−2, Qn−2)
θn−1

∗

−→ HomZG(Fn−1, Qn−2).
SuneqÐzoume omoÐwc.
Ektel¸ntac thn Ðdia diadikasÐa antistrèfontac tic jèseic twn epilÔsewn prokÔptoun oi epijumhtèc

antÐstrofec proc tic parap�nw wc proc omotopÐa apeikonÐseic.
2⇒ 3: 'Estw (F∗,P∗, n) mÐa pl rhc probolik  epÐlush tou Z wc ZG−prìtupo. Kaj¸c h pl rhc

sunomologÐa upologÐzetai mèsw aut c èpetai ìti h Ðdia eÐnai in the strong sense. To epiqeÐrhma sthn
prohgoÔmenh sunepagwg  dÐdei dexi� epèktash thc tautotik c tou koinoÔ tm matoc twn epilÔsewn
ìpwc faÐnetai sto parak�tw di�gramma, sto opoÐo emfanÐzontai kai oi antÐstoiqoi pur nec aut¸n.
MporoÔme na jewr soume ìti h apeikìnish f̄0 eÐnai epÐ. Pr�gmati, jewroÔme th metajetikìthta tou
diagr�mmatoc pou orÐzoun oi epekt�seic. To amèswc epìmeno tm ma eÐnai tropopoihmèno ¸ste na
epitÔqoume ton epimorfismì thc f̄0. TropopoioÔme thn teleutaÐa k�jeth apeikìnish kai suneqÐzoume
omoÐwc thn tropopoÐhsh.

Fn

1
��

pn
// Kn

1
��

in // Fn−1

fn−1

��

// ... // F0

f0
��

// K0

f̄0
��

i0 // F−1

ϕ

��

// K−1

1
��

Pn
πn // Rn

µn
// Pn−1 // ... // P0

// Z µ
// Y // K−1

Kn

1
��

in // Fn−1
⊕
Pn−1

fn−1+1

��

pn−1⊕1
// Kn−1

⊕
Pn−1

in−1⊕1
//

f̄n−1+πn−1

��

Fn−2
⊕
Pn−1

⊕
Pn−2

fn−2+θn−1+1

��

pn−2⊕0⊕1
// Kn−2

⊕
Pn−2

f̄n−2+πn−2

��

in−2⊕1
// Fn−3

⊕
Pn−2

fn−3+θn−2

��

Rn
µn

// Pn−1
πn−1

// Rn−1
µn−1

// Pn−2
πn−2

// Rn−2
µn−2

// Pn−3

JewroÔme to push out, Y , twn f̄0 kai i0. Tìte 0 = Cokerf̄0 ≃ Cokerϕ, dhlad  h ϕ eÐnai epÐ
apeikìnish, kai kaj¸c h i0 eÐnai monomorfismìc èpetai to Ðdio kai gia th µ. H akoloujÐa 0→ Z→ Y →
K−1 → 0 eÐnai ZG−akrib c. To ZG−prìtupo K−1 eÐnai eleÔjero Z−prìtupo, �ra h teleutaÐa eÐnai
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Z−diasp¸menh, pou kajist� to Y eleÔjero Z−prìtupo. Gia na deÐxoume ìti proj.dim.ZGY < ∞
arkeÐ na deÐxoume ìti proj.dim.ZGK < ∞, ìpou K = Kerϕ. 'Omwc Kerϕ ≃ Kerf̄0. JewroÔme
th ZG−akrib  akoloujÐa 0 → K → K0 → Z → 0. 'Eqoume Extn+sZG (Z,−) ≃ ExtsZG(Rn,−) =
ExtsZG(Kn,−) ≃ Extn+sZG (K0,−) gia s > 0, en¸ autoÐ oi isomorfismoÐ eÐnai oi epagìmenoi f̄∗0 apì thn
kataskeuasmènh apeikìnish f̄0. Epomènwc, Ext

n+s
ZG (K,−) = 0 gia s > 0.

3⇒ 4: 'Estw ìti proj.dim.ZGA = m. JewroÔme mÐa probolik  epÐlush tou Z wc ZG−prìtupo,
P→ Z. Efarmìzoume ton akrib  sunartht  −⊗

Z
A se aut n, jewroÔme diag¸nia dr�sh kai prokÔptei

probolik  epÐlush gia to A. Tìte, to Rm⊗
Z
A eÐnai probolikì ZG−prìtupo, ìpou Rm eÐnai o pur nac

thc epÐlushc tou Z. Sthn akoloujÐa 0→ Z→ A→ T → 0 efarmìzoume to sunartht  Rm ⊗
Z
− kai

jewroÔme diag¸nio dr�sh. Sundèoume thn prokÔptousa Z−diasp¸menh akoloujÐa me to �nw tm ma
thc arqik c probolik c epÐlushc, ìpwc faÐnetai parak�tw.

... −→ Pm+1 −→ Pm −→ Rm ⊗
Z
A −→ Rm ⊗

Z
T −→ 0

↘↗
Rm

To ZG−prìtupo Rm ⊗
Z
T eÐnai eleÔjerh abelian  om�da, kai suneqÐzoume th diadikasÐa omoÐwc.

P�li, to prìtupo Rm ⊗
Z
T ⊗

Z
A, me diag¸nio dr�sh, eÐnai ZG−probolikì. SuneqÐzoume omoÐwc.

Gia na deÐxoume t¸ra ìti silpZG < ∞, prèpei na deÐxoume ìti tuqaÐo probolikì ZG−prìtupo
P èqei emfuteutik  di�stash peperasmènh. ArkeÐ na deÐxoume ìti gia k�je diairetì prìtupo D to
P ⊗

Z
D = ∆ èqei emfuteutik  di�stash peperasmènh. Diìti tìte an I∗ eÐnai emfuteutik  epÐlush tou

Z wc Z−prìtupo m kouc 1, efarmìzontac to sunartht  P
⊗
Z
− sthn prosarthmènh me th sunomologÐa

thc emfuteutik  epÐlush prokÔptei braqeÐa akrib c ZG−akoloujÐa 0→ P → P
⊗
Z
I0 → P

⊗
Z
I1 → 0.

JewroÔme to Z−diasp¸meno monomorfismì 0→ Z µ→ A kai efarmìzoume to sunartht HomZ(−,∆).

ProkÔptei h Z−diasp¸menh HomZ(A,∆)
µ∗→ ∆→ 0. 'Omwc ìla ta epagìmena prìtupa eÐnai relative

projective, kai to ∆ eÐnai eujÔc prosjetèoc tètoiou. 'Ara h teleutaÐa eÐnai ZG−diasp¸menh. E-
pomènwc arkeÐ na deÐxoume ìti to HomZ(A,∆) èqei emfuteutik  di�stash peperasmènh. 'Omwc to
A èqei peperasmènh probolik  di�stash kai to ∆ eÐnai diairetì Z−prìtupo. ProkÔptei ètsi ìti to
HomZ(A,∆) èqei emfuteutik  di�stash peperasmènh kaj¸c o sunartht c HomZ(−,∆) eÐnai akri-
b c, kai diìti to HomZ(ZG,∆) me th diag¸nio dr�sh eÐnai isìmorfo me to emfuteutikì sunepagìmeno
ZG−prìtupo HomZ(ZG,∆).

4 ⇒ 5: QrhsimopoioÔme to je¸rhma tou kurÐou Emmanou l pou apodeiknÔei ìti silpZG < ∞ ⇒
spliZG < ∞. Kai tìte k�je ZG−prìtupo èqei pl rh probolik  epÐlush in the strong sense. O
periorismìc mÐac tètoiac epÐlushc se mÐa upoom�da H thc G eÐnai epÐshc pl rhc probolik  epÐlush in
the strong sense, kaj¸c silpZH ≤ silpZG < ∞. Epomènwc isqÔei to l mma Eckmann − Shapiro
sthn pl rh sunomologÐa.

5 ⇒ 6: IsqÔei loipìn ìti

⟩

Ext∗ZG
(
A,HomZH(ZG,B)

)
≃

⟩

Ext∗ZH
(
A|ZH , B

)
, me H upoom�da thc

G, gia k�je ZG−prìtupo A kai gia k�je ZH−prìtupo B, en¸ o austhrìc orismìc thc pl rouc
sunomologÐac ja dojeÐ sthn par�grafo thc pl rouc sunomologÐac kat� Mislin. Gia H = 1, èqoume

⟩

Ext0ZG
(
A,HomZ(ZG,B)

)
≃

⟩

Ext0Z
(
A|Z, B

)
= 0 kaj¸c proj.dim.ZA < ∞. Autì isqÔei diìti an
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proj.dim.RM <∞ sunep�getai ìti

⟩

ExtiR(M,−) = 0 gia k�je akèraio i, gia k�je daktÔlio R, kaj¸c
h mhdenik  pl rhc probolik  epÐlush eÐnai isqur  kai ikanopoieÐ ton orismì.

Epomènwc èqoume

⟩

Ext0ZG
(
A,HomZ(ZG,ZG ⊗

ZG
A)

)
= 0. JewroÔme thn kanonik  emfÔteush A ↪→

CoinG1 Res
G
1 A = HomZ(ZG,ZG ⊗

ZG
A), pou eÐnai rht  sthn par�grafo thc sqetik c omologÐac. Tìte,

an to A eÐnai emfuteutikì ZG−prìtupo, aut  h emfÔteush eÐnai ZG−diasp¸menh. 'Ara

⟩

Ext0ZG(I, I) =
0 gia I emfuteutikì ZG−prìtupo, kai ìpwc èqoume  dh anafèrei, o mhdenismìc autìc dhl¸nei ìti h
tautotik  apeikìnish tou ΩsI gia k�poio s paragontopoieÐtai mèsw probolikoÔ ZG− protÔpou, kai
ètsi proj.dim.ZGI <∞.

6 ⇒ 1: 'Epetai apì ta dÔo prohgoÔmena jewr mata kai th shmeÐwsh ìti an spliR kai silpR eÐnai
peperasmèna tìte eÐnai Ðsa.

2

Je¸rhma 2.3.5 An up�rqei pl rhc probolik  epÐlush tou Z wc ZG−prìtupo, (F∗,P∗, n), tìte
isqÔoun ta akìlouja.

1. Up�rqei ekjèthc k kai P probolikì ZG−prìtupo me Hk(G,P ) ̸= 0.

2. H finitistic dimension thc G eÐnai fragmènh.

Apìdeixh.

1. Kat' arq�c, o sunartht c H0(G,−) eÐnai fusik� isodÔnamoc me ton −G, ìpou MG eÐnai to upo-
prìtupo tou M twn G−analloÐwtwn stoiqeÐwn. An h G eÐnai peperasmènh, tìte H0(G,ZG) =
ZGG ̸= 0. 'Estw loipìn ìti h om�da eÐnai �peirh. Tìte H0(G,ZG) = ZGG = 0. 'Ara

H0(G,P ) = 0 gia k�je probolikì ZG−prìtupo P , kaj¸c an  tan
(
⊕
I
ZG

)G ̸= 0 ja s maine ìti(
⊕mi=1ZG

)G ̸= 0 gia k�poio m. Epiplèon H0(G,Ki) = 0 gia k�je akèraio i, ìpou Ki eÐnai oi

pur nec pou emfanÐzontai sth dipl� �peirh probolik  epÐlush, F∗, kaj¸c Ki
G ⊆ Fi−1G = 0.

'Estw t¸ra ìti H i(G,P ) = 0 gia k�je probolikì ZG−prìtupo P kai k�je i ≤ n. An Ri eÐnai
oi pur nec pou emfanÐzontai sthn probolik  epÐlush P∗, tìte

Z = H0(G,Z) ≃ H1(G,R1) ≃ H2(G,R2) ≃ ... ≃ Hn(G,Rn) = Hn(G,Kn) ≃ ... ≃ H0(G,K0) = 0,

pou eÐnai �topo. 'Ara up�rqei probolikì ZG−prìtupo k�poiac apì tic dÔo epilÔseic kai ekjèthc
di�foroc tou mhdenikoÔ pou den uperbaÐnei to deÐkth sÔmptwshc ¸ste na isqÔei h prìtash.

2. JewroÔme èna ZG−prìtupoA me proj.dim.ZGA <∞ kai epiplèon na eÐnai eleÔjero Z−prìtupo.
Efarmìzoume ton akrib  sunartht  − ⊗

Z
A sthn probolik  kai sthn pl rh probolik  epÐlush

tou Z, jewroÔme diag¸nio dr�sh kai prokÔptei pl rhc probolik  epÐlush tou A bajmoÔ sÔm-
ptwshc n. Kaj¸c proj.dim.ZGA < ∞ èpetai ìti h dipl� �peirh probolik  akoloujÐa gia to
A eÐnai omotopik� isodÔnamh me th mhdenik   toi eÐnai sustalt  kai ètsi oi pur nec aut c eÐnai
probolik� ZG−prìtupa. Kaj¸c o n−ostìc pur nac thc dipl� �peirhc epÐlushc tautÐzetai me
ton antÐstoiqo thc probolik c èpetai ìti proj.dim.ZGA ≤ n.
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'Estw t¸ra ìti to A den eÐnai eleÔjero Z−prìtupo. JewroÔme th ZG−par�stash 0→ R1 →
P0 → A → 0. Kaj¸c to P0 eÐnai probolikì ZG−prìtupo kai proj.dim.ZGA < ∞ èpetai ìti
proj.dim.ZGR1 < ∞ kai bèbaia to R1 eÐnai eleÔjero Z−prìtupo. 'Ara, proj.dim.ZGR1 ≤ n
kai proj.dim.ZGA ≤ n+ 1.

2

To je¸rhma exasfalÐzei thn Ôparxh om�dwn pou den epidèqontai pl rh probolik  epÐlush. Gia
par�deigma, h eleÔjerh abelian  om�da �peirhc di�stashc G den epidèqetai pl rh probolik  epÐlush
kaj¸c isqÔei H i(G,P ) = 0 gia k�je fusikì deÐkth i kai k�je probolikì ZG−prìtupo P .

Epomènwc, ìpoia om�da èqei wc upoom�da thn eleÔjerh abelian  �peirhc di�stashc, epÐshc den
epidèqetai pl rh probolik  epÐlush. Tètoiec om�dec, gia par�deigma, eÐnai oi peperasmèna parist¸-
menec �peirec om�dec Thompson. Parajètoume thn pio gnwst , F =

⟨
x0, x1, x2, ...|x−1k · xn · xk =

xn+1, k < n
⟩
, kai parapèmpoume sto [8].

3 H probolik  kai h emfuteutik  pl rwsh tou sunomologi-

koÔ disunartht  Ext.

3.1 Dorufìroi.

JewroÔme èna sunalloÐwto sunartht  T : R − Mod → Abelian Groups prosjetikì. 'Estw to
parak�tw metajetikì di�gramma, me probolik  par�stash tou protÔpou A kai k�poia par�stash tou
A1, kai g omomorfismìc protÔpwn.

0 −→ M
a−→ P

b−→ A −→ 0
f
′↓ f↓ ↓g

0 −→ M1
a1−→ P1

b1−→ A1 −→ 0

To P eÐnai probolikì prìtupo kai h apeikìnish b1 epÐ, epomènwc up�rqei, ìqi monadik , apeikìnish
f ¸ste to dexiì tetr�gwno tou diagr�mmatoc na eÐnai metajetikì. Apì kajolik  idiìthta tou pur na
orÐzetai monadik� kai h f

′
. Efarmìzontac to sunalloÐwto sunartht  T prokÔptei to parak�tw

metajetikì di�gramma.

0 −→ KerT (a)
µ−→ TM

T (a)−→ TP
Θ(g)↓ T (f

′
)↓ ↓T (f)

0 −→ KerT (a1)
µ1−→ TM1

T (a1)−→ TP1

O omomorfismìc Θ(g) eÐnai anex�rthtoc apì thn epilog  thc f . Pr�gmati, an h ϕ epekteÐnei
epÐshc thn g tìte h ϕ− f paragontopoieÐtai mesw tou pur na thc b1 me th monadik  h, h opoÐa bèbaia
paragontopoieÐ thn ϕ

′ − f ′
mèsw tou protÔpou P , ìpwc faÐnetai sto metajetikì di�gramma.

0 −→ M
a−→ P

b−→ A −→ 0
f
′↓ϕ′ h↙ f↓ϕ ↓g

0 −→ M1
a1−→ P1

b1−→ A1 −→ 0
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Jewr¸ntac thn antÐstoiqh apeikìnish Θ
′
(g) pou orÐzetai mesw thc T (ϕ

′
) ìpwc faÐnetai sto sq ma

0 −→ KerT (a)
µ−→ TM

T (a)−→ TP
Θ(g)↓Θ′

(g) T (f
′
)↓T (ϕ′ ) ↓T (f)

0 −→ KerT (a1)
µ1−→ TM1

T (a1)−→ TP1

èqoume T (ϕ
′
) ◦ µ =

(
T (f

′
) + T (h ◦ a)

)
◦ µ = T (f

′
) ◦ µ + T (h) ◦ T (a) ◦ µ me T (a) ◦ µ = 0, �ra

µ1 ◦Θ(g) = µ1 ◦Θ
′
(g) kai h µ1 eÐnai arister� diagr�yimh.

Epiplèon, o KerT (a) eÐnai monadikìc wc proc isomorfismì. Pr�gmati, èstw dÔo probolikèc
parast�seic tou protÔpou ìpwc faÐnontai sto epìmeno sq ma, kaj¸c epÐshc kai to epagìmeno autoÔ.

0 −→ M
a−→ P

b−→ A −→ 0
f
′↓ f↓ ↓1

0 −→ N
c−→ Q

d−→ A −→ 0
j
′↓ j↓ ↓1

0 −→ M
a−→ P

b−→ A −→ 0

0 −→ KerT (a)
µP−→ TM

T (a)−→ TP
ΘP (1)↓ T (f

′
)↓ ↓T (f)

0 −→ KerT (c)
µQ−→ TN

T (c)−→ TQ
ΘQ(1)↓ T (j

′
)↓ ↓T (j)

0 −→ KerT (a)
µP−→ TM

T (a)−→ TP

O kanìnac Θ, ìpwc orÐsthke gia ton omomorfismì g dÔo protÔpwn, apodeiknÔetai eÔkola ìti
einai prosjetikìc kai diathreÐ thn tautotik  kaj¸c kai th sÔnjesh apeikonÐsewn. 'Etsi, oi ΘQ(1) kai
ΘP (1) eÐnai isomorfismoÐ, �ra kai oiKerT (a) kaiKerT (c) eÐnai isìmorfoi. KaloÔme autìn ton pur na
pr¸to aristerì dorufìro tou sunalloÐwtou sunartht  T kai sumbolÐzoume me S−1TA := KerT (a).
Epomènwc o kanìnac S−1T me S−1T (g) := Θ(g) eÐnai sunartht c sunalloÐwtoc, prosjetikìc kai dra
stic kathgorÐec pou dra kai o T . Epagwgik� orÐzontai kai oi upìloipoi dorufìroi. 'Eqoume S0T = T
kai S−nT = S−1(S−n+1T ), n ∈ N∗.

Dialègoume na qrhsimopoioÔme, gia èna prìtupo A, aut n thn probolik  epÐlush me probolikì na
eÐnai to eleÔjero R−prìtupo me bash to upokeÐmeno sÔnolo tou A,  toi

0 −→ ΩA −→ FA −→ A −→ 0

.
An to A eÐnai probolikì, tìte h parap�nw eÐnai diasp¸menh, ètsi, o pr¸toc aristerìc dorufìroc

mhdenÐzetai sta probolik� R−prìtupa. OmoÐwc isqÔei kai gia touc upìloipouc dorufìrouc. Epiplèon
èqoume ìti

S−(n+1)TA = S−nTΩA

.
Pr�gmati, an L = S−nT , n ≥ 1, tìte, me dedomènh thn akrib  akoloujÐa 0 −→ ΩA −→ FA −→

A −→ 0, jewroÔme thn akrib  akoloujÐa 0 −→ S−1LA
≃−→ LΩA −→ LFA.
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Prìtash 3.1.1 'Estw T : R −Mod → Abelian Groups ènac sunalloÐwtoc prosjetikìc sunar-

tht c. Tìte, h oikogèneia twn arister¸n dorufìrwn tou apoteleÐ sundedemènh akoloujÐa sunartht¸n

kai epiplèon, an o sunartht c eÐnai kai en tw mèsw akrib c h oikogèneia apoteleÐ sunalloÐwto suno-

mologikì sunartht .

Apìdeixh.
Wc proc to sundetikì omomorfismì δ, jewroÔme ta parak�tw metajetik� diagr�mmata.

0 −→ M
a−→ P

b−→ A” −→ 0
f
′↓ f↓ ↓1

0 −→ A
′ κ−→ A

λ−→ A” −→ 0

0 −→ KerT (a)
µ−→ TM

T (a)−→ TP
Θ(1)↓ ↘δ T (f

′
)↓ ↓T (f)

0 −→ KerT (κ)
ι−→ TA

′ T (κ)−→ TA

O sundetikìc omomorfismìc δ eÐnai akrib¸c h diag¸nioc tou aristeroÔ metajetikoÔ tetrag¸nou.
ProkÔptei ètsi h akoloujÐa

...
S−2T (λ)−→ S−2TA” δ−→ S−1TA

′ S−1T (κ)−→ S−1TA
S−1T (λ)−→ S−1TA” δ−→ TA

′ T (κ)−→ TA
T (λ)−→ TA”.

H δ ◦ S−1T (λ) eÐnai h mhdenik  apeikìnish ìpwc faÐnetai parak�tw. Gia tic upìloipec diadoqikèc
sunjèseic to zhtoÔmeno èpetai apì ta prohgoÔmena metajetik� diagr�mmata.

0 −→ M
a−→ P

b−→ A −→ 0
↓ ↓ ↓λ

0 −→ M” a”−→ P ” b”−→ A” −→ 0
↓ ↓ ↓1

0 −→ A
′ κ−→ A

λ−→ A” −→ 0

0 −→ M
a−→ P

b−→ A −→ 0
0↓ b↓ ↓λ

0 −→ A
′ κ−→ A

λ−→ A” −→ 0

H δ ◦ S−1T (λ) = ι ◦Θ(1) ◦Θ(λ) kai prokÔptei apì epèktash thc λ.
Wc proc th fusikìthta thc makr�c akoloujÐac, gia to ex c metajetikì di�gramma akrib¸n ako-

louji¸n
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0 −→ A
′ a

′

−→ A
a−→ A” −→ 0

ϕ↓ χ↓ ↓ψ

0 −→ B
′ β

′

−→ B
β−→ B” −→ 0

èqoume ousiastik� na elègxoume th metajetikìthta tou tetrag¸nou pou afor� stouc sundetikoÔc
omomorfismoÔc δ, pou eÐnai to akìloujo.

S−1TA”

S−1T (ψ)
��

δ // TA
′

T (ϕ)
��

S−1TB” δ // TB
′

Apì ta parak�tw metajetik� diagr�mmata

0 −→ M
α−→ P

b−→ A” −→ 0
↓ ↓ ↓ψ

0 −→ M” a”−→ P ” b”−→ B” −→ 0
↓ ↓ ↓1

0 −→ B
′ β

′

−→ B
β−→ B” −→ 0

0 −→ M
α−→ P

b−→ A” −→ 0
ρ↓ ↓ ↓1

0 −→ A
′ a

′

−→ A
a−→ A” −→ 0

ϕ↓ χ↓ ↓ψ

0 −→ B
′ β

′

−→ B
β−→ B” −→ 0

prokÔptoun ta akìlouja antÐstoiqa metajetik� diagr�mmata,

0 −→ S−1TA” −→ TM
Θ(ψ)↓ ↓

0 −→ S−1TB” −→ TM”

Θ(1)↓ ↘δ ↓

0 −→ KerT (β′)
µ′−→ TB

′

0 −→ S−1TA” −→ TM
Θ(1)↓ ↘δ ↓

0 −→ KerT (α′)
µ−→ TA

′

T (ϕ)|KerT (α′)↓ T (ϕ)↓

0 −→ KerT (β′)
µ′−→ TB

′
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kai èqoume ìti δ◦S−1T (ψ) = µ
′◦Θ(1)◦Θ(ψ) = µ

′◦Θ(1◦ψ) = µ
′◦Θ(ψ◦1) = µ

′◦T (ϕ◦ρ)|S−1TA” =
µ

′ ◦T (ϕ)|KerT (α′
) ◦T (ρ)|S−1TA” = µ

′ ◦T (ϕ)|KerT (α′
) ◦Θ(1) = T (ϕ) ◦µ ◦Θ(1) = T (ϕ) ◦ δ, ìpou

µ
′
eÐnai o pur nac thc Tβ

′
kai µ eÐnai o pur nac thc Tα

′
.

Sthn perÐptwsh pou o sunartht c T eÐnai en tw mèsw akrib c h makr� akoloujÐa twn dorufìrwn
eÐnai epiplèon akrib c. Gia thn apìdeixh qrhsimopoioÔme to l mma tou fidioÔ kaj¸c epÐshc kai thn
prìtash kat� thn opoÐa mÐa akrib c akoloujÐa protÔpwn emfuteÔetai se èna metajetikì di�gramma me
akribeÐc grammèc kai st lec pou apoteleÐtai apì probolikèc parast�seic twn protÔpwn thc arqik c
akoloujÐac. JewroÔme loipìn to en lìgw metajetikì di�gramma.

0 0 0
↓ ↓ ↓

0 −→ M
′ −→ M −→ M” −→ 0
↓ ↓ ↓

0 −→ P
′ −→ P −→ P ” −→ 0
↓ ↓ ↓

0 −→ A
′ κ−→ A

λ−→ A” −→ 0
↓ ↓ ↓
0 0 0

Efarmìzontac to sunartht  T prokÔptei to epìmeno metajetikì di�gramma me akribeÐc grammèc,
kai apì to l mma tou fidioÔ eqoume thn akrÐbeia sth jèsh S−1TA.

TM
′ −→ TM −→ TM”

↓ ↓ ↓
0 −→ TP

′ −→ TP −→ TP ”

ProkÔptei ètsi ìti ìloi oi dorufìroi eÐnai kai autoÐ en tw mèsw akribeÐc.
Gia thn akrÐbeia sth jèsh S−1TA” jewroÔme mÐa probolik  par�stash tou protÔpou A kai lamb�-

noume ètsi probolik  par�stash gia to prìtupo A”. Kai oi dÔo emfuteÔontai sto parak�tw metajetikì
di�gramma diastaurwmènec.

0 0 0
↓ ↓ ↓

0 −→ M
τ−→ K

ρ−→ A
′ −→ 0

1↓ ↓µ” ↓κ
0 −→ M

a−→ P
β−→ A −→ 0

↓ ↓λ◦β ↓λ
0 −→ A” 1−→ A” −→ 0

↓ ↓
0 0

ProkÔptoun ètsi ta ex c metajetik� diagr�mmata me akribeÐc grammèc kai st lec.
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0 −→ M
τ−→ K

ρ−→ A
′ −→ 0

a↓ ↓µ” ↓
0 −→ P

1−→ P −→ 0

β↓ ↓λ◦β

A
λ−→ A”

S−1TA
S−1T (λ)−→ S−1TA”

T (ρ)◦µ
A”−→ TA

′

µA↓ µ
A”↓ ↓1

TM
T (τ)−→ TK

T (ρ)−→ TA
′

T (a)↓ T (µ”)↓ ↓
0 −→ TP

1−→ TP −→ 0

H zhtoÔmenh akrÐbeia prokÔptei, kaj¸c epekteÐnoume thn tautotik  apeikìnish mèsw thc β sthn
ρ ìpwc faÐnetai sto parak�tw sq ma, kai ètsi h δ isoÔtai me thn T (ρ) ◦ µA” .

0 −→ K
µ”−→ P

λ◦β−→ A” −→ 0
ρ↓ β↓ ↓1

0 −→ A
′ κ−→ A

λ−→ A” −→ 0

Mènei na elègxoume akrÐbeia sth jèsh TA
′
. JewroÔme to parak�tw metajetikì di�gramma sto

opoÐo h trÐth st lh eÐnai probolik  par�stash kai ètsi h deÔterh gramm  eÐnai diasp¸menh.

0 0
↓ ↓

0 −→ M
1−→ M −→ 0

↓ µ
′↓ ↓ψ′

0 −→ A
′ ι

A
′

−→ Y
sx−→
pP

P −→ 0

1↓ h↙ pA↓ ↙f ↓ψ
0 −→ A

′ κ−→ A
λ−→ A” −→ 0

↓ ↓ ↓
0 0 0

To Y eÐnai to pull back twn λ kai ψ, h µ
′
: m 7→ (0, ψ

′
(m)) kai h ιA′ : x 7→ (κ(x), 0). Efarmì-

zoume to sunartht  T kai prokÔptei to ex c metajetikì di�gramma akrib¸n gramm¸n.

0 −→ TM −→ TM −→ 0
↓ T (µ

′
)↓ ↓T (ψ′

)

0 −→ TA
′ T (ι

A
′ )

−→ TY
T (pP )−→ TP

Epomènwc ep�getai h akìloujh akrib c akoloujÐa.
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S−1TA” δ
′

−→ TA
′ ϕ−→ CokerTµ

′

O èlegqoc thc akrÐbeiac epitugq�netai deÐqnontac ìti h δ
′
isoÔtai me th −δ kai ìti oi pur nec twn

Tκ kai ϕ eÐnai isìmorfoi. Gia th deÔterh sqèsh èqoume

Kerϕ = {x ∈ TA′ |π ◦ T (ιA′ )(x) = 0⇔ T (ιA′ )(x) ∈ ImT (µ′
) = KerT (pA)}

kaj¸c o T eÐnai en tw mèsw akrib c, ϕ = π ◦ T (ιA′ ), kai

KerT (κ) = {x ∈ TA′ |T (pA ◦ ιA′ )(x) = 0⇔ T (ιA′ )(x) ∈ KerT (pA)}.

Sto sq ma, h f paragontopoieÐ thn ψ ¸ste λ ◦ f = ψ, kaj¸c to P eÐnai probolikì R−prìtupo, kai
h h paragontopoieÐ thn f ◦ pP − pA  toi κ ◦ h = f ◦ pP − pA. Epiplèon orÐzetai h s : P −→ Y me
s(p) = (f(p), p) kai isqÔei ìti 1Y = s◦pP − ιA′ ◦h, apì ton orismì thc ιA′ . Pr�gmati, (s◦pP )(a, p) =
s(p) = (f(p), p) kai (ιA′ ◦ h)(a, p) = ((k ◦ h)(a, p), 0) = ((f ◦ pP − pA)(a, p), 0) = (f(p) − a, 0). H

epèktash thc tautotik c eÐnai h h ◦ µ′
ìpwc faÐnetai sto k�twji sq ma.

0 −→ M
ψ
′

−→ P
ψ−→ A” −→ 0

h◦µ′↓ f↓ ↓1
0 −→ A

′ κ−→ A
λ−→ A” −→ 0

Apì tic parap�nw sqèseic upologÐzoume ìti T (ιA′ )◦δ = T (ιA′ )◦(−δ′) en¸ h T (ιA′ ) eÐnai arister�
diagr�yimh, afoÔ to P eÐnai probolikì R−prìtupo.

Pr�gmati, èqoume ιA′ ◦ h = s ◦ pP − 1Y .
T (ιA′ ) ◦ δ = T (ιA′ ) ◦ T (h) ◦ T (µ′) ◦ ε = T (s ◦ pP − 1Y ) ◦ T (µ′) ◦ ε = T (s ◦ pP ◦ µ′ − µ′) ◦ ε =

T (s ◦ψ′ − µ′) ◦ ε = −T (µ′) ◦ ε, ìpou ε eÐnai h emfÔteush sthn akoloujÐa S−1TA”
ε
↪→ TM

T (ψ
′
)→ TP ,

kai T (ιA′ ) ◦ δ′ = T (µ′) ◦ ε.
2

Prìtash 3.1.2 'Estw T = {Tn}n∈N, V = {V n}n∈N sundedemènec akoloujÐec sunalloÐwtwn suno-

mologik¸n sunartht¸n me V −n, n < 0, na mhdenÐzontai sta probolik� prìtupa. Tìte, ènac fusikìc

metasqhmatismìc ϕ0 : T 0 −→ V 0 epekteÐnetai monadik� se fusikì metasqhmatismì ϕ≤
0
: T≤

0 −→
V ≤

0
.

Apìdeixh.
OrÐzoume ϕ−1A gia k�poio prìtupo A mèsw probolik c par�stashc autoÔ.

0 −→M
a−→ P

b−→ A −→ 0

JewroÔme to parak�tw metajetikì di�gramma ap'to opoÐo orÐzetai monadik� h apeikìnish ϕ−1A .

T−1A
δ−→ T 0M

T 0(a)−→ T 0P
ϕ−1
A ↓ ϕ0M↓ ↓ϕ0P

0 −→ V −1A
δ
′

−→ V 0M
V 0(a)−→ V 0P
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O orismìc tou ϕ−1 eÐnai anex�rthtoc apì thn epilog  thc probolik c par�stashc kai eÐnai fusikìc.
Gia th fusikìthta jèloume metajetikìthta sto k�twji di�gramma gia f : A→ A1.

T−1A

ϕ−1
A

��

T−1(f)
// T−1A1

ϕ−1
A1

��

V −1A
V −1(f)

// V −1A1

H f epekteÐnetai wc faÐnetai stic probolikèc parast�seic twn protÔpwn. Gia thn anexarthsÐa
jewroÔme thn f na eÐnai h tautotik  sto prìtupo A.

0 −→ M
a−→ P

b−→ A −→ 0
h↓ g↓ ↓f

0 −→ M1
a1−→ P1

b1−→ A1 −→ 0

Kaj¸c oi oikogèneiec eÐnai sundedemènec jewroÔme ta metajetik� diagr�mmata pou èpontai thc
fusikìthtac thc makr�c akoloujÐac aut¸n, gia to parap�nw metajetikì di�gramma.

T−1A

T−1(f) $$J
JJ

JJ
JJ

JJ
δ // T 0M

T 0(h) $$J
JJ

JJ
JJ

JJ
T 0(a)

// T 0P

T 0(g) $$H
HH

HH
HH

HH

T−1A1
δ

// T 0M1
T 0(a1)

// T 0P1

V −1A

V −1(f) $$J
JJJ

JJJ
JJJ

δ // V 0M

V 0(h) %%JJ
JJJ

JJJ
JJ
V 0(a)

// V 0P

V 0(g) $$I
II

II
II

II

0 // V −1A1
δ

// V 0M1
V 0(a1)

// V 0P1

Jewr¸ntac k�jeta touc fusikoÔc metasqhmatismoÔc ϕ0 kai ϕ−1, ìpwc orÐsthkan, h metajetikì-
thta sthn arister  èdra tou kÔbou èpetai apì th metajetikìthta sto upìloipo sq ma.

Mènei na elègxoume th metajetikìthta tou parak�tw tetrag¸nou gia dedomènh braqeÐa akrib 
akoloujÐa

0 −→ A
′ −→ A −→ A” −→ 0

.

T−1A”

ϕ−1

A”
��

δ
′

// T 0A
′

ϕ0
A
′

��

V −1A” δ
′

// V 0A
′

Gia to k�twji metajetikì di�gramma kai th fusikìthta thc makr�c akoloujÐac twn sundedemènwn
sunartht¸n T, V ,
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0 −→ M” µ−→ P ” ε−→ A” −→ 0
g↓ f↓ ↓1

0 −→ A
′ a−→ A

b−→ A” −→ 0

T−1A” δ−→ T 0M” T (µ)−→ T 0P ”

1↓ T 0(g)↓ ↓T 0(f)

T−1A” δ
′

−→ T 0A
′ T 0(a)−→ T 0A

V −1A” δ−→ V 0M” V (µ)−→ V 0P ”

1↓ V 0(g)↓ ↓V 0(f)

V −1A” δ
′

−→ V 0A
′ V 0()a−→ V 0A

èqoume ìti δ
′
= T 0(g)◦δ kai δ′ = V 0(g)◦δ, kai h metajetikìthta tou perÐ ou o lìgoc diagr�mmatoc

èpetai apì th metajetikìthta tou k�twji.

T−1A” δ−→ T 0M” T 0(g)−→ T 0A
′

ϕ−1

A”↓ ϕ0
M”↓ ↓ϕ0

A
′

V −1A” δ−→ V 0M” V 0(g)−→ V 0A
′

2

Orismìc 3.1.3 MÐa oikogèneia disunartht¸n T ∗(−,−) = {Tn(−,−) : R−Modopp×R−Mod −→
Abelian Groups} ja lègetai sunomologikìc disunartht c an gia k�je A kai B R−prìtupa, oi

sunarthtèc T ∗(A,−) kai T ∗(−, B) eÐnai sunomologikoÐ.

3.2 H pl rhc sunomologÐa kat� Mislin.

Orismìc 3.2.1 'Enac sunomologikìc sunartht c T ∗ lègetai probolik¸c pl rhc an oi sunarthtèc

pou ton apoteloÔn mhdenÐzontai sta probolik� prìtupa. 'Enac (−∞,+∞) probolik¸c pl rhc suno-

mologikìc sunartht c V ∗ eÐnai h probolik  pl rwsh enìc sunomologikoÔ sunartht  T ∗ an up�rqei

morfismìc sunomologik¸n sunartht¸n ϕ∗ : T ∗ −→ V ∗ me thn kajolik  idiìthta k�je morfismìc apì

ton T ∗ se probolik¸c pl rh sunomologikì sunartht  W ∗ na paragontopoieÐtai me monadikì trìpo

mèsw tou ϕ∗.

T ∗

λ∗

��

ϕ∗
// V ∗

Λ∗
||zz
zz
zz
zz

W ∗
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Je¸rhma 3.2.2 K�je sunomologikìc sunartht c T ∗ epidèqetai monadik  probolik  pl rwsh.

Apìdeixh.
Gia k�je deÐkth n jewroÔme touc aristeroÔc dorufìrouc tou sunartht  Tn, S<0Tn. Agkistr¸-

nontac autoÔc me thn kolìbwsh nT
∗
∞ prokÔptei o sunomologikìc sunartht c T ∗<n>. O tautotikìc

fusikìc metasqhmatismìc tou Tn+1 epekteÐnetai monadik� se fusikì metasqhmatismì −∞T ∗<n>n+1 −→
S≤0Tn+1 pou epekteÐnetai me monadikì trìpo se fusikì metasqhmatismì T ∗<n> −→ T ∗<n+1>. O tau-
totikìc fusikìc metasqhmatismìc k�je Tn epekteÐnetai monadik� se fusikì metasqhmatismì T ∗ −→
T ∗<n> me sumbibastìthta me touc proanaferjèntec. To sÔnolo deikt¸n tou orÐou eÐnai kateujunìmeno.
OrÐzoume

T̂ ∗ = lim
→
n

T ∗<n>

kai apoteleÐ thn probolik  pl rwsh tou T ∗. H sumbibastìthta twn fusik¸n metasqhmatism¸n pou
odhgeÐ sto eujÔ ìrio tou eujèoc sust matoc twn sunomologik¸n sunartht¸n ofeÐletai sth monadikì-
thta thc epèktashc twn fusik¸n metasqhmatism¸n stouc sunarthtèc kat�llhlwn oikogenei¸n kat�
thn prìtash 3.1.2. ApeikonÐzetai sto dipl� �peiro metajetikì di�gramma sunomologik¸n sunartht¸n
pou epekteÐnetai �peira sto ìrio tou sust matoc, mèroc tou opoÐou faÐnetai akoloÔjwc. To amèswc
epìmeno metajetikì di�gramma eÐnai h sÔnoyh autoÔ.
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∗

��

T̂ ∗

H kajolik  idiìthta èpetai p�li apì th monadikìthta thc epèktashc twn fusik¸n metasqhmatism¸n
stouc sunarthtèc kat�llhlwn oikogenei¸n kat� thn prìtash 3.1.2. Parajètoume èna tm ma thc.
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Wn−1

2

Prìtash 3.2.3 An ènac sunomologikìc sunartht c T ∗ èqei probolik¸c pl rh kolìbwsh nT
∗
∞ tìte

aut  eÐnai fusik� isodÔnamh me thn nT̂ ∗∞ kai o T̂ ∗ eÐnai fusik� isodÔnamoc me ton T ∗<n>.

Apìdeixh.
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T ∗
t̂∗ //

t∗n
��

T̂ ∗

Λ∗

||zz
zz
zz
zz
z

1
T̂∗

����
��
��
��
��
��
��
��

T ∗<n>

t̂∗n
��

T̂ ∗

O sunomologikìc sunartht c T ∗<n> eÐnai probolik¸c pl rhc. IsqÔei Λ∗◦ t̂∗ = t∗n apì thn kajolik 

idiìthta thc pl rwshc T̂ ∗, kai t̂∗n ◦ t∗n = t̂∗ apì thn kataskeu  tou. 'Eqoume t̂∗n ◦Λ∗ ◦ t̂∗ = t̂∗n ◦ t∗n = t̂∗,
pou shmaÐnei ìti t̂∗n ◦ Λ∗ = 1

T̂ ∗ lìgw thc kajolik c idiìthtac tou T̂ ∗.
H probolik¸c pl rhc kolìbwsh nT

∗
∞ tautÐzetai me thn kolìbwsh nT

∗
<n>∞, epomènwc èqoume

t̂m = t̂mn gia m ≥ n. 'Etsi, kaj¸c isqÔei Λ∗ ◦ t̂∗ = t∗n, èqoume Λ
m ◦ t̂mn = 1Tm

<n>
gia m ≥ n. H sqèsh

Λn ◦ t̂nn = 1Tn
<n>

epekteÐnetai me monadikì stouc mikrìterouc deÐktec, epomènwc isqÔei Λ∗ ◦ t̂∗n = 1T ∗
<n>

.
2

Prìtash 3.2.4 'Estw ènac sunomologikìc sunartht c T ∗ kai èstw ènac probolik¸c pl rhc suno-

mologikìc sunartht c V ∗ ¸ste h kolìbwsh nT
∗
∞ eÐnai fusik� isodÔnamh me thn nV

∗
∞. Tìte orÐzetai

morfismìc (−∞,+∞) sunomologik¸n sunartht¸n ϕ∗ : T ∗ −→ V ∗ kai o V ∗ eÐnai h probolik  pl -

rwsh tou T ∗.

Apìdeixh.
O morfismìc (−∞,+∞) sunomologik¸n sunartht¸n ϕ∗ : T ∗ −→ V ∗ orÐzetai wc h arister 

monadik  epèktash thc fusik c isodunamÐac ϕ≥n :n T
∗
∞ −→n V

∗
∞. O T̂ ∗ eÐnai fusik� isodÔnamoc me

ton T ∗<n>. 'Estw ψ≥n :n V
∗
∞ −→n T

∗
∞ o antÐstrofoc morfismìc tou ϕ≥n stic kolob¸seic. Tìte,

o tautotikìc fusikìc metasqhmatismìc Tn −→ T̂n paragontopoieÐtai mèsw tou V n. Epomènwc, o
tautotikìc morfismìc T̂n −→ T̂n paragontopoieÐtai mèsw tou V n kai epekteÐnetai me monadikì trìpo
sta arister�. AntÐstrofa, o tautotikìc fusikìc metasqhmatismìc V n −→ V n paragontopoieÐtai
mèsw tou T̂n kai epekteÐnetai me monadikì trìpo sta arister�. 'Ara oi epimèrouc sunjèseic twn
epekt�sewn twn fusik¸n isodunami¸n twn T̂n kai V n eÐnai oi tautotikoÐ fusikoÐ metasqhmatismoÐ.

2

Apì thn parap�nw prìtash èpetai ìti h Tate− Farrell sunomologÐa eÐnai h probolik  pl rwsh
tou sunomologikoÔ sunartht H∗(G,−) gia G om�da me peperasmènh virtual sunomologik  di�stash.

Gia to sunomologikì sunartht  Ext∗R(A,−), me A èna R−prìtupo, èqoume

⟩

Ext∗R(A,−) = {

⟩

ExtnR(A,−) = lim
→
k≥0

S−kExtn+kR (A,−), n ∈ Z, n+ k ≥ 0}.

O dorufìroc perièqetai sth makr� akrib  akoloujÐa tou sunomologikoÔ sunartht  Ext, gia th
dedomènh probolik  par�stash tou protÔpou B, ìpwc faÐnetai akoloÔjwc.
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. // ExtnR(A,FB)
b // ExtnR(A,B)

π

((QQ
QQQ

QQQ
QQQ

QQ
ω

// Extn+1
R (A,ΩB)

a // Extn+1
R (A,FB) // .

S−1Extn+1
R (A,B)

µ
55llllllllllllll

'Eqoume S−1Extn+1
R (A,B) = Kera ≃ Imω ≃ ExtnR(A,B)/Kerω ≃ ExtnR(A,B)/Imb = Cokerb.

Kaj¸c to sÔnolo deikt¸n tou orÐou eÐnai kateujunìmeno èqoume, gia èna R−prìtupo B,

⟩

ExtnR(A,B) ≃ lim
→
k≥0

(
ExtnR(A,B)

ω→ Extn+1
R (A,ΩB)

ω→ Extn+2
R (A,Ω2B)

ω→ ...
ω→ Extn+kR (A,ΩkB)

ω→ ...
)
.

Pr�gmati, jewroÔme to akìloujo metajetikì di�gramma.

ExtnR(A,B)
π

//

1

��

S−1Extn+1
R (A,B)

π◦µ
//

µ

��

S−1Extn+2
R (A,ΩB) //

µ

��

.. //

⟩

ExtnR(A,B)

µ

��

ExtnR(A,B)
ω // Extn+1

R (A,ΩB)
ω // Extn+2

R (A,Ω2B) // .. // lim
→
k≥0

Extn+kR (A,ΩkB)

Kaj¸c to eujÔ ìrio eÐnai epÐ kateujunìmenou sunìlou deikt¸n, èpetai ìti eÐnai akrib c sunartht c
kai m�lista èna stoiqeÐo sto ìrio antiproswpeÔetai sthn kl�sh tou apì thn eikìna enìc stoiqeÐou
pou an kei se k�poio apì ta antikeÐmena pou sunjètoun to ìrio, sto eujÔ �jroisma twn antikeimènwn
pou sunjètoun to ìrio. Parapèmpoume sto [45].

Epomènwc, h apeikìnish µ :

⟩

ExtnR(A,B) → lim
→
k≥0

Extn+kR (A,ΩkB) eÐnai monomorfismìc. Gia na

deÐxoume ìti eÐnai kai epimorfismìc, jewroÔme èna stoiqeÐo x̄ sto ìrio lim
→
k≥0

Extn+kR (A,ΩkB), kai èstw

x ∈ Extn+kR (A,ΩkB) tou opoÐou h eikìna sto eujÔ �jroisma twn antikeimènwn pou sunjètoun to ìrio
eÐnai o antiprìswpoc thc kl�shc pou orÐzei to stoiqeÐo x̄. Tìte, to stoiqeÐo ωx an kei se dorufìro,

kai h eikìna autoÔ sto eujÔ �jroisma twn antikeimènwn pou sunjètoun to ìrio

⟩

ExtnR(A,B) eÐnai
antiprìswpoc kl�shc pou apeikonÐzetai sto stoiqeÐo x̄.

OrÐzoume to sunartht 

⟩

ExtnR(−, B), gia èna R−prìtupo B, na eÐnai autìc ¸ste upologismènoc

se èna R−prìtupo A na eÐnai

⟩

ExtnR(−, B)(A) =

⟩

ExtnR(A,−)(B) =

⟩

ExtnR(A,B). Tìte, h oikogèneia

sunartht¸n

⟩

ExtnR(−, B), n ∈ Z, apoteleÐ probolik¸c pl rh antalloÐwto sunomologikì sunartht .
H probolik  plhrìthta eÐnai �mesh apì ton orismì. Gia th sunomologÐa tou, arkeÐ na jewr soume th
dexi� �peirh akoloujÐa tou sunartht  Ext anaferìmenh se mÐa braqeÐa akrib  akoloujÐa R−protÔpwn
0→ A′ → A→ A”→ 0, me dedomèno èna R−prìtupo B, kai qrhsimopoi¸ntac thn probolik  epÐlush
tou teleutaÐou pou orÐzei ta suzug  tou prìtupa, jewroÔme kai tic upìloipec dexi� �peirec akoloujÐec
anaferìmenec sthn Ðdia braqeÐa akrib  akoloujÐa. O omomorfismìc ω2 orÐzei apeikonÐseic metaxÔ
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twn akolouji¸n aut¸n. To eujÔ ìrio tou sust matoc dÐnei th zhtoÔmenh makr� akrib  akoloujÐa,
kaj¸c to sÔnolo deikt¸n eÐnai kateujunìmeno, kai epÐshc lìgw thc antimetajetikìthtac thc sÔnjeshc
twn sundetik¸n omomorfism¸n me deÐktec 1 kai 2 lamb�noume to sÔsthma an� dÔo epÐpeda qwrÐc na
ephre�zoume to ìrio autoÔ.

3.3 H probolik  pl rwsh tou sunomologikoÔ sunartht  Ext kat� Benson−
Carlson.

JewroÔme to sunartht  Hom(A,−)
PHom(A,−) : R−Mod −→ Abelian Groups me Hom(A,B)

PHom(A,B) na eÐnai h abelian 
om�da twn morfism¸n modulo paragontopoÐhshc mèsw probolik¸n protÔpwn. O sunartht c autìc
eÐnai prosjetikìc kai en tw mèsw akrib c. SumbolÐzetai me [A,−].

Gia na deÐxoume ìti o sunartht c [A,−] eÐnai en tw mèsw akrib c, jewroÔme th braqeÐa akrib 

akoloujÐa 0 → B′
a→ B

b→ B” → 0. Efarmìzontac to sunartht  prokÔptei h akoloujÐa [A,B′]
[a]→

[A,B]
[b]→ [A,B”]. Ja deÐxoume ìti Ker[b] = Im[a] dia twn egkleism¸n. Kaj¸c b ◦ a = 0 èqoume ìti

[b ◦ a] = [b] ◦ [a] = 0, epomènwc, Im[a] ⊆ Ker[b]. 'Estw t¸ra f ∈ Ker[b] me antiprìswpo f : A→ B.
JewroÔme to akìloujo di�gramma.

A
f

//

k ��
@@

@@
@@

@@
B

b // B′ // 0

P

L

OO

l

>>}}}}}}}}

A
h

~~}}
}}
}}
}

f−L◦k
��

0 // B′
a // B

b // B′ // 0

'Eqoume f ∈ Ker[b], dhlad  h apeikìnish b◦f paragontopoieÐtai mèsw probolikoÔ protÔpou, èstw
P , ¸ste b ◦ f = l ◦ k. Kaj¸c to P eÐnai probolikì, up�rqei apeikìnish L ¸ste b ◦ L = l. Tìte, h
apeikìnish f − L ◦ k paragontopoieÐtai mèsw tou pur na thc b pou eÐnai h a, afoÔ sunjètontac apì
ta arister� me th b èqoume b ◦ (f − L ◦ k) = b ◦ f − b ◦ L ◦ k = l ◦ k − b ◦ L ◦ k = (l− b ◦ L) ◦ k = 0.
Epomènwc, up�rqei apeikìnish h ¸ste a ◦ h = f − L ◦ k, dhlad  f = a ◦ h + L ◦ k pou shmaÐnei ìti
f ∈ Im[a].

Gia thn prosjetikìthta tou sunartht , deÐqnoume ìti [A,B
⊕
C] ≃ [A,B]

⊕
[A,C]. An pB

kai pC eÐnai oi probolèc apì to B
⊕
C sta antÐstoiqa prìtupa, tìte orÐzoume apeikìnish ¸ste

f 7→ (pB ◦ f, pC ◦ f) me antÐstrofh, thn apeikìnish ¸ste (g, h) 7→ < g, h >. An h apeikìnish f
paragontopoieÐtai mèsw probolikoÔ protÔpou P ¸ste f = k ◦ l, tìte kai oi apeikonÐseic pB ◦ f kai
pC ◦ f paragontopoioÔntai mèsw tou Ðdiou ¸ste pB ◦ f = (pB ◦ k) ◦ l kai pC ◦ f = (pC ◦ k) ◦ l.
An oi apeikonÐseic g kai h paragontopoioÔntai mèsw probolik¸n protÔpwn Q kai S antÐstoiqa ¸ste
g = m ◦ n kai h = s ◦ t, tìte h apeikìnish < g, h > paragontopoieÐtai mèsw tou eujèoc ajroÐsmatoc
aut¸n ¸ste < g, h >= (m⊗ s)◦ < n, t >.

JewroÔme t¸ra thn apeikìnish

Ω : [A,B] −→ [ΩA,ΩB]
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tètoia ¸ste ϕ 7→ Ωϕ ìpwc faÐnetai sto sq ma.

0 −→ ΩA
i−→ FA

p−→ A −→ 0
Ωϕ↓ h↙ f↓ ↙g ↓ϕ

0 −→ ΩB
i−→ FB

p−→ B −→ 0

OrÐzoume om�dec

⟩
BCnR(A,B) = lim

→
k≥0

[Ωn+kA,ΩkB].

Gia dedomènh braqeÐa akrib  akoloujÐa 0 −→ B
′ κ−→ B

λ−→ B” −→ 0 deÐqnoume ìti h parak�tw
eÐnai akrib c.

...
λ∗−→

⟩

BCn−1R (A,B”)
δ−→

⟩

BCnR(A,B
′
)

κ∗−→

⟩

BCnR(A,B)
λ∗−→

⟩

BCnR(A,B
”)

δ−→

⟩

BCn+1
R (A,B

′
)

κ∗−→ ....

H akrÐbeia aut c èpetai apì thn akrÐbeia thc k�twji kaj¸c ja apotelèsei to eujÔ ìrio sust matoc
tètoiwn akolouji¸n mèsw tou omomorfismoÔ Ω.

... −→ [A,ΩB
′
]
Ωκ∗−→ [A,ΩB]

Ωλ∗−→ [A,ΩB”]
σ∗−→ [A,B

′
]
κ∗−→ [A,B]

λ∗−→ [A,B”].

JewroÔme thn epèktash thc tautotik c ìpwc faÐnetai parak�tw.

0 −→ ΩB” a”−→ FB” b”−→ B” −→ 0
σ↓ f↓ ↓1

0 −→ B
′ κ−→ B

λ−→ B” −→ 0

Apì to l mma tou Schanuel èpetai h akìloujh akrib c akoloujÐa h opoÐa, efarmìzontac to
sunartht  [A,−], dÐnei akrÐbeia sth jèsh [A,B

′
].

0 −→ ΩB” <σ,a
”>−→ B

′ ⊕ FB” κ−f−→ B −→ 0

JewroÔme t¸ra to epìmeno metajetikì di�gramma.

0 −→ ΩB
a−→ FB

b−→ B −→ 0
g↓ h↓ ↓1

0 −→ ΩB” <σ,a”>−→ B
′ ⊕ FB” f−κ−→ B −→ 0

1↓ p↓ ↓λ
0 −→ ΩB” a”−→ FB” b”−→ B” −→ 0

Efarmìzoume to l mma tou Schanuel sto p�nw mèroc tou sq matoc kai prokÔptei h akìloujh
braqeÐa akrib c akoloujÐa.

0 // ΩB
<g,a>

// ΩB” ⊕ FB <σ,a”>−h
// B

′ ⊕ FB” // 0

H akrÐbeia sth jèsh [A,ΩB”] èpetai an jewr soume ìti g ≡ Ωλ.
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Elègqontac kai th fusikìthta thc sundedemènhc makr�c akoloujÐac, h opoÐa èpetai apì th fusi-

kìthta twn akolouji¸n pou sunjètoun autì to eujÔ ìrio, h oikogèneia twn sunartht¸n

⟩

BCnR(A,−)
kajÐstatai probolik¸c pl rhc sunalloÐwtoc sunomologikìc sunartht c.

Me an�logo trìpo deÐqnoume ìti, gia dedomènh braqeÐa akrib  akoloujÐa 0 −→ A
′ κ−→ A

λ−→
A” −→ 0, h parak�tw eÐnai akrib c.

...
κ∗−→

⟩

BCn−1R (A
′
, B)

δ−→

⟩

BCnR(A
”, B)

λ∗−→

⟩

BCnR(A,B)
κ∗−→

⟩

BCnR(A
′
, B)

δ−→

⟩

BCn+1
R (A”, B)

λ∗−→ ....

Elègqontac kai th fusikìthta thc sundedemènhc makr�c akoloujÐac, h oikogèneia twn sunartht¸n

⟩

BCnR(−, B) ¸ste

⟩

BCnR(−, B)(A) =

⟩
BCnR(A,B) =

⟩

BCnR(A,−)(B) kajÐstatai probolik¸c pl rhc
antalloÐwtoc sunomologikìc sunartht c.

3.4 H eustaj c sunomologÐa kat� V ogel. Sqedìn aluswtèc apeikonÐseic.

'Estw A,B R−prìtupa kai P ε−→ A, Q η−→ B probolikèc epilÔseic aut¸n. JewroÔme tic probolikèc
akoloujÐec

... −→ Pn −→ ... −→ P2 −→ P1 −→ P0 −→ 0 −→ 0 −→ ...

... −→ Qn −→ ... −→ Q2 −→ Q1 −→ Q0 −→ 0 −→ 0 −→ ...

MÐa sqedìn aluswt  apeikìnish bajmoÔ n an�mesa stic probolikèc akoloujÐec eÐnai mÐa oikogèneia
R−omomorfism¸n µ = {µi : Pi+n −→ Qi} tètoia ¸ste gia ìla ta i ektìc apì èna peperasmèno pl joc
aut¸n to parak�tw di�gramma eÐnai metajetikì. Ta n kai i diatrèqoun touc akeraÐouc.

. −→ Pi+n+1
θi+n+1−→ Pi+n

θi+n−→ Pi+n−1 −→ .
σi+2↙ µi+1↓νi+1 σi+1↙ µi↓νi σi↙ µi−1↓νi−1

. −→ Qi+1
θi+1−→ Qi

θi−→ Qi−1 −→ .

DÔo sqedìn aluswtèc apeikonÐseic µ, ν Ðdiou bajmoÔ n eÐnai sqedìn aluswt� omotopikèc an u-
p�rqei oikogèneia R−omomorfism¸n σ = {σi : Pi+n−1 −→ Qi} tètoia ¸ste gia ìla ta i ektìc apì
peperasmèno pl joc aut¸n na isqÔei µi − νi = σi ◦ θi+n + θi+1 ◦ σi+1. H sqèsh thc sqedìn alusw-
t c omotopÐac eÐnai sqèsh isodunamÐac  toi h sqèsh eÐnai autopaj c, summetrik  kai metabatik . Oi
parap�nw ènnoiec genikeÔoun tic ènnoiec twn aluswt¸n apeikonÐsewn kai twn aluswt¸n omotopi¸n
antÐstoiqa.

Gia k�je n ∈ Z, jewroÔme thn abelian  om�da me stoiqeÐa tic kl�seic sqedìn omotopÐac twn
sqedìn aluswt¸n apeikonÐsewn Ðdiou bajmoÔ n, kai sumbolÐzoume me V n

R (A,B). Oi om�dec autèc eÐnai

gnwstèc wc om�dec V ogel kai apoteloÔn th sunomologÐa Ẽxt
∗
R(A,B) := H∗(H̃omR(PA∗ ,QB

∗ )), me

H̃omR(PA∗ ,QB
∗ ) =

HomR(PA
∗ ,QB

∗ )

HomR(PA
∗ ,QB

∗ )
, dhlad  eÐnai to sÔmplegma phlÐko tou deÔterou olikoÔ sumplègmatoc

modulo tou pr¸tou olikoÔ antÐstoiqa gia to disÔmplegma HomR(PA∗ ,QB
∗ ).
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Ta sumplègmata PA∗ kai QB
∗ eÐnai aluswt�. Gia na prokÔyei o en lìgw sunartht c sunomologikìc,

ja prèpei na jewr soume to sÔmplegma QB
∗ sunaluswtì. Autì epitugq�netai orÐzontac QnB := QB−n

gia k�je deÐkth n.
O bajmìc n tou sumplègmatoc eÐnai

H̃om
n

R(PA∗ ,QB
∗ ) =

∏
p+q=n

HomR

(
Pp, Q−q

)
⊕

p+q=n
HomR

(
Pp, Q−q

)
me ϑHn+1 :

∏
p+q=n

HomR

(
Pp, Q−q

)
−→

∏
p+q=n+1

HomR

(
Pp, Q−q

)
tètoia ¸ste

(ϑHn+1f)p,q = (−1)p+qfp−1,qϑP + ϑQfp,q−1.

QwrÐc na gÐnei sÔgqush me touc deÐktec wc proc to �jroism� touc, h f an kei sto bajmì n tou
sumplègmatoc, me f = {fp,q : Pp → Q−q}.

O orismìc twn om�dwn V ogel eÐnai anex�rthtoc apì thn epilog  twn probolik¸n epilÔsewn.
Pr�gmati, dÔo probolikèc epilÔseic enìc protÔpou eÐnai omotopik� isodÔnamec, kai oi sunarthtèc
HomR(X∗,−) kai HomR(−, Y∗), me X kai Y aluswt� sumplègmata, diathroÔn omotopÐec. 'Etsi, h
omologÐa k�je sumplègmatoc diathreÐtai apì omotopikèc isodunamÐec.

H oikogèneia sunartht¸n ìpwc orÐzei o V ogel, H∗(H̃omR(P∗,−)), eÐnai ìntwc sunomologikìc
sunartht c, sunalloÐwtoc, probolik¸c pl rhc, fusikìc wc proc th deÔterh metablht . Pr�gmati,
jewroÔme mÐa braqeÐa akrib  akoloujÐa aluswt¸n sumplegm�twn 0→ Y ′ → Y → Y ”→ 0, kai efar-
mìzoume to sunartht  HomR(P∗,−). Kaj¸c to sÔmplegma P∗ apoteleÐtai apì probolik� prìtupa,
h prokÔptousa akoloujÐa aluswt¸n sumplegm�twn eÐnai akrib c. Pr�gmati, jewroÔme thn akrib 
akoloujÐa abelian¸n om�dwn 0 → HomR(Pp, Y

′
−q) → HomR(Pp, Y−q) → HomR(Pp, Y ”−q) → 0

kai efarmìzoume kartesian� ginìmena. Efarmìzontac t¸ra sthn arqik  akoloujÐa to sunartht 
HomR(P∗,−) prokÔptei braqeÐa akrib c akoloujÐa sumplegm�twn pou emfuteÔetai sthn prohgoÔme-
nh. 'Etsi, h akoloujÐa pou afor� sto phlÐko touc eÐnai epÐshc braqeÐa akrib c, kai jewroÔme th makr�
akrib  akoloujÐa sthn omologÐa twn sumplegm�twn thc akoloujÐac. H fusikìthta eÐnai eÔlogh.

H oikogèneia sunartht¸n ìpwc orÐzei o V ogel, H∗(H̃omR(−,Q∗)), eÐnai epÐshc sunomologikìc
sunartht c, antalloÐwtoc, probolik¸c pl rhc, fusikìc wc proc thn pr¸th metablht . Pr�gmati,
jewroÔme mÐa braqeÐa akrib  akoloujÐa aluswt¸n sumplegm�twn 0 → X ′ → X → X” → 0, kai
efarmìzoume to sunartht  HomR(−,Q∗). An to sÔmplegma X” apoteleÐtai apì probolik� prìtupa,
h prokÔptousa akoloujÐa aluswt¸n sumplegm�twn eÐnai akrib c. Pr�gmati, jewroÔme thn akrib 
akoloujÐa abelian¸n om�dwn 0 → HomR(X”p, Q−q) → HomR(Xp, Q−q) → HomR(X

′
p, Q−q) → 0

kai efarmìzoume kartesian� ginìmena. Efarmìzontac t¸ra sthn arqik  akoloujÐa to sunartht 
HomR(−,Q∗) me to sÔmplegma X” na apoteleÐtai apì probolik� prìtupa, prokÔptei braqeÐa akrib c
akoloujÐa sumplegm�twn pou emfuteÔetai sthn prohgoÔmenh. 'Etsi, h akoloujÐa pou afor� sto
phlÐko touc eÐnai epÐshc braqeÐa akrib c, kai jewroÔme th makr� akrib  akoloujÐa sthn omologÐa twn
sumplegm�twn thc akoloujÐac. H fusikìthta eÐnai eÔlogh.

Parapèmpoume sto [5].
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3.5 H fusik  isodunamÐa twn probolik¸n plhr¸sewn tou sunomologikoÔ
sunartht  Ext.

Prìtash 3.5.1 Oi sunomologikoÐ sunarthtèc kat� Mislin kai Benson − Carlson eÐnai fusik�

isodÔnamoi.

Apìdeixh. JewroÔme to parak�tw metajetikì di�gramma me Φn na apeikonÐzei thn kl�sh mÐac
apeikìnishc φ : ΩnA → B modulo paragontopoÐhshc mesw tou FΩn−1A thc dedomènhc probolik c
epÐlushc touA sthn kl�sh thc φmodulo paragontopoÐhshc mèsw opoioud pote probolikoÔ protÔpou.
SumbolÐzoume me Φn(φ̄) = φ.

ExtnR(A,B)
Φn−→ [ΩnA,B]

ω2↓ Ω↓

Extn+1
R (A,ΩB)

Φn+1−→ [Ωn+1A,ΩB]
ω2↓ Ω↓

Ep�getai ètsi epÐ apeikìnish sta ìria lim
→
k≥0

S−kExtn+kR (A,B)
Φ−→ lim

→
k≥0

[Ωn+kA,ΩkB].

DeÐqnoume ìti h apeikìnish Φ eÐnai 1 − 1. An ψ̂ ∈

⟩

ExtnR(A,B) tìte, kaj¸c to sÔnolo deikt¸n
tou orÐou eÐnai kateujunìmeno, up�rqei ψ̄ ∈ S−kExtn+kR (A,B) ⊆ Extn+kR (A,ΩkB) pou h eikìna

tou sto eujÔ �jroisma twn antikeimènwn pou sunjètoun to ìrio eÐnai antiprìswpoc thc kl�shc ψ̂.
'Estw ìti Φ(ψ̂) = 0 sto ìrio. Tìte, lìgw twn kateujunìmenwn deikt¸n se autì to ìrio, èqoume
φ = Ωtψ = 0 gia k�poio t,  toi h apeikìnish φ paragontopoieÐtai mèsw probolikoÔ protÔpou, èstw Q.
Tìte paragontopoieÐtai mèsw tou FΩk+tB, diìti to Q apeikonÐzetai se autì lìgw tou epimorfismoÔ
FΩk+tB → Ωk+tB → 0. UpologÐzoume ìti h Ωφ paragontopoieÐtai mèsw tou FΩn+k+tA ìpwc
faÐnetai sto parak�tw sq ma, en¸ èqoume Ωφ = Φn+k+t+1(ω2(φ̄)) me ω2(φ̄) = Ω̄φ = ωt+1

2 (ψ̄). 'Ara

ψ̂ = 0.

0 −→ Ωn+k+t+1A −→ FΩn+k+tA −→ Ωn+k+tA −→ 0
Ωφ↓ λ↙ f↓ h↙ ↓φ

0 −→ Ωk+t+1B −→ FΩk+tB −→ Ωk+tB −→ 0

Gia th fusikìthta thc isodunamÐac dÐdontai ta epìmena pr¸ta arister� �peira metajetik� diagr�m-
mata, me dedomènh braqeÐa akrib  akoloujÐa

0 −→ B
′ β

′

−→ B
β−→ B” −→ 0

.

ExtnR(A,ΩB
′
)

Φn ((QQ
QQQ

QQQ
QQQ

Q

Ωβ
′
∗ // ExtnR(A,ΩB)

Φn
((QQ

QQQ
QQQ

QQQ
QQ

Ωβ∗ // ExtnR(A,ΩB
”)

Φn ((PP
PPP

PPP
PPP

P
σ∗ // ExtnR(A,B

′
)

Φn ''NN
NNN

NNN
NNN

[ΩnA,ΩB
′
]

Ωβ
′
∗

// [ΩnA,ΩB]
Ωβ∗

// [ΩnA,ΩB”] σ∗
// [ΩnA,B

′
]
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Extn+1
R (A,Ω2B

′
)

Φn+1 ))RRR
RRRR

RRRR
RRR

Ω2β
′
∗ // Extn+1

R (A,Ω2B)

Φn+1 ))SS
SSS

SSS
SSS

SSS

Ω2β∗ // Extn+1
R (A,Ω2B”)

Φn+1 ))RR
RRRR

RRRR
RRRR

Ωσ∗ // Extn+1
R (A,ΩB

′
)

Φn+1 ((QQ
QQQ

QQQ
QQQ

Q

[Ωn+1A,Ω2B
′
]

Ω2β
′
∗

// [Ωn+1A,Ω2B]
Ω2β∗

// [Ωn+1A,Ω2B”]
Ωσ∗

// [Ωn+1A,ΩB
′
]

⟩

Extn−1R (A,B
′
)

Φ ''OO
OOO

OOO
OOO

Ω∞β
′
∗ //

⟩

Extn−1R (A,B)

Φ ''OO
OOO

OOO
OOO

Ω∞β∗ //

⟩

Extn−1R (A,B”)

Φ ''OO
OOO

OOO
OOO

δ //

⟩

ExtnR(A,B
′
)

Φ &&NN
NNN

NNN
NNN

N

⟩

BCn−1R (A,B
′
)
Ω∞β

′
∗

//
⟩

BCn−1R (A,B)
Ω∞β∗

//

⟩

BCn−1R (A,B”)
δ

//

⟩

BCnR(A,B
′
)

Jewr¸ntac k�jeta touc omomorfismoÔc ω2 kai Ω èpetai h metajetikìthta tou dipl� �peirou te-
leutaÐou diagr�mmatoc.

Gia na antilhfjoÔme touc sundetikoÔc omomorfismoÔc pou emfanÐzontai stic akoloujÐec twn orÐwn,
parajètoume ta akìlouja metajetik� diagr�mmata pou dhl¸noun tic sqèseic σ∗◦ω2 = δ kai σ∗◦Ω = δ.

Extn−1R (A,B”)

ω2

��

δ

))RRR
RRRR

RRRR
RRR

ExtnR(A,ΩB
”)

σ∗ //

ω2

��

δ

))RR
RRRR

RRRR
RRRR

ExtnR(A,B
′
)

ω2

��

Extn+1
R (A,Ω2B”)

Ωσ∗ // Extn+1
R (A,ΩB

′
)

[Ωn−1A,B”]

Ω
��

δ

((QQ
QQQ

QQQ
QQQ

Q

[ΩnA,ΩB”]
σ∗ //

Ω
��

δ

((QQ
QQQ

QQQ
QQQ

Q
[ΩnA,B

′
]

Ω
��

[Ωn+1A,Ω2B”]
Ωσ∗ // [Ωn+1A,ΩB

′
]

OmoÐwc apodeiknÔoume th fusikìthta wc proc thn pr¸th metablht .
2

Prìtash 3.5.2 Oi sunomologikoÐ sunarthtèc kat� Benson − Carlson kai V ogel eÐnai fusik�
isodÔnamoi.
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Apìdeixh.

DeÐqnoume ìti oi om�dec

⟩

BCnR(A,B) kai V n
R (A,B) eÐnai isìmorfec.

JewroÔme to parak�tw di�gramma.

FΩn+k+1A

FΩϕ
��

pn+k+1
// Ωn+k+1A

Ωϕ
��

in+k+1
// FΩn+kA

Fϕ
��

pn+k
// Ωn+kA

ϕ
��

in+k
// FΩn+k−1A

��

FΩk+1B
pk+1

// Ωk+1B
ik+1

// FΩkB
pk // ΩkB

ik // FΩk−1B

'Estw ϕ̂ ∈

⟩

BCnR(A,B). Tìte h ϕ̂ antiproswpeÔetai apì mÐa ϕ ∈ [Ωn+kA,ΩkB] gia k�poio k.
Tìte h akoloujÐa (Fϕ, FΩϕ, FΩ2ϕ, .., FΩsϕ, ..) eÐnai mÐa sqedìn aluswt  apeikìnish bajmoÔ n, kai
orÐzetai monadik� modulo sqedìn aluswtèc omotopÐec. An h ϕ paragontopoieÐtai mèsw probolikoÔ
protÔpou tìte paragontopoieÐtai mesw tou FΩkB mèsw mÐac apeikìnishc λ kai prokÔptei ìti Ωϕ ≡ 0,
ìpwc faÐnetai sto sq ma. 'Etsi, h apeikìnish aut  apì thn om�da [Ωn+kA,ΩkB] sthn om�da V n

R (A,B)
eÐnai kal� orismènh.

Ωn+k+1A

0
��

in+k+1
// FΩn+kA

λ◦pn+k
��

pn+k
// Ωn+kA

ϕ
��

λ

xxrrr
rrr

rrr
r

Ωk+1B
ik+1

// FΩkB
pk // ΩkB

OmoÐwc, h apeikìnish Ωϕ odhgeÐ sthn Ðdia, monadik  modulo sqedìn aluswtèc omotopÐec, sqe-

dìn aluswt  apeikìnish, kai aut  h sumbibastìthta orÐzei kal� thn apeikìnish G :

⟩

BCnR(A,B) →
V n
R (A,B) me G(ϕ̂) = (Fϕ, FΩϕ, FΩ2ϕ, .., FΩsϕ, ..).
'Estw t¸ra Φ̄ me Φ = {Φs} sqedìn aluswt  apeikìnish bajmoÔ n kai èstw to parak�tw metajetikì

di�gramma me k >> 0.

FΩn+k+1A

Φk+1
��

pn+k+1
// Ωn+k+1A

ϕk+1
��

in+k+1
// FΩn+kA

Φk
��

pn+k
// Ωn+kA

ϕk
��

in+k
// FΩn+k−1A

Φk−1
��

FΩk+1B
pk+1

// Ωk+1B
ik+1

// FΩkB
pk // ΩkB

ik // FΩk−1B

Gia thn pk ◦ Φk orÐzetai monadik  apeikìnish ϕk lìgw thc kajolik c idiìthtac tou sumpur na
thc θn+k+1 kai to tetr�gwno pou tic afor� eÐnai metajetikì. To ìmoro dexiì ter�gwno autoÔ eÐnai
epÐshc metajetikì, kaj¸c an sunjèsoume apì ta dexi� me th dexi� diagr�yimh pn+k stic sunjèseic twn
apeikonÐsewn h isìthta twn opoÐwn dÐnei th metajetikìthta, ja prokÔyei h sqèsh thc metajetikìthtac
thc aluswt c apeikìnishc. DouleÔoume omoÐwc gia to deÐkth k + 1. 'Etsi, mÐa epèktash thc ϕk eÐnai

h ϕk+1. Telik�, h ϕk orÐzei monadikì stoiqeÐo sthn

⟩

BCnR(A,B). 'Estw t¸ra ìti Φ ≡ Ξ kai èstw to
parak�tw di�gramma me k polÔ meg�lo ¸ste na uperbaÐnei touc deÐktec pou orÐzoun metajetikìthta
kai omotopÐa.

...
θn+k+2

// FΩn+k+1A

Φk+1 Ξk+1
��

θn+k+1
// FΩn+kA

σk+1wwooo
ooo

ooo
oo

Φk Ξk
��

θn+k
// FΩn+k−1A

σkwwooo
ooo

ooo
oo

Φk−1 Ξk−1
��

θn+k−1
// ...

...
θk+2

// FΩk+1B
θk+1

// FΩkB
θk // FΩk−1B

θk−1
// ...
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Φk − Ξk = σk ◦ θn+k + θk+1 ◦ σk+1

pk ◦ (Φk − Ξk) = pk ◦ (σk ◦ θn+k + θk+1 ◦ σk+1)

(ϕk − ξk) ◦ pn+k = pk ◦ σk ◦ θn+k = pk ◦ σk ◦ in+k ◦ pn+k
Kaj¸c h pn+k eÐnai dexi� diagr�yimh èqoume ϕk ≡ ξk modulo paragontopoÐhshc mèsw probolikoÔ

protÔpou.
H fusikìthta thc isodunamÐac twn en lìgw sunartht¸n prokÔptei eÔkola apì thn epopteÐa twn

sqedìn aluswt¸n apeikonÐsewn. ApodeiknÔetai omoÐwc kai h fusikìthta wc proc thn pr¸th metablh-
t .

2

3.6 Sqetik  omologÐa.

MÐa om�da G èqei peperasmènh virtual sunomologik  di�stash n an up�rqei H upoom�da thc e-
leujèra strèyhc peperasmènou deÐktou me peperasmènh sunomologik  di�stash n. JewroÔme mÐa
probolik  epÐlush tou Z wc tetrimmèno ZG−prìtupo. Aut  apoteleÐ probolik  epÐlush autoÔ kai
wc ZH−prìtupo kai o pur nac bajmoÔ n, Rn, eÐnai probolikì ZH−prìtupo. Kaj¸c ta probo-
lik� ZG−prìtupa eÐnai kai probolik� ZH−prìtupa, h k�tw kolìbwsh sto bajmì n thc epÐlushc
sumplhrwmènh me thn omologÐa thc sth jèsh aut , Cokerϑn+1 ≃ Rn, eÐnai ZH−sustalt .

KaloÔme èna ZG−prìtupo sqetik� emfuteutikì an èqei thn idiìthta tou emfuteutikoÔ se ZH−diasp¸menh
emfÔteush. Ta ZH−sunepagìmena ZG−prìtupa eÐnai sqetik� emfuteutik�. Autì isqÔei diìti o
CoindGH eÐnai dexi� suzug c touResGH , wc eidik  perÐptwsh tou suzugoÔc zeÔgoucA

⊗
S

− ⊥HomR(A,−),

kai o fusikìc isomorfismìc HomR(A
⊗
S

B,C)
w→ HomS(B,HomR(A,C), wc proc B kai C, èqei ka-

nìna f 7→ w(f) : b 7→ w(f)(b) : a 7→ f(a⊗ b) me antÐstrofo g 7→ w−1g : a⊗ b 7→ g(b)(a). 'Etsi, gia
na eÐnai akrib c o HomG(−, CoindGHN) efarmozìmenoc se ZH−diasp¸menh akoloujÐa, arkeÐ na eÐnai
o HomH(Res

G
H(−), N) se autèc. 'Omwc o HomH(−, N), gia k�je ZH−prìtupo N , kai o ResGH(−)

diathroÔn tic ZH−diasp¸menec akoloujÐec.
'Estw t¸ra èna ZG−prìtupo M . Autì emfuteÔetai sto CoindGHRes

G
HM wc ZG−prìtupa kai h

emfÔteush eÐnai ZH−diasp¸menh. Pr�gmati, h apeikìnish eÐnai o kanìnac ¸ste x 7→ fx : g 7→ g⊗x =
g · x kai h apeikìnish fx eÐnai ZH−morfismìc, kaj¸c fx(h · g) = (h · g) · x = h · (g · x) = h · fx(g). O
kanìnac eÐnai ZG−morfismìc, kaj¸c g′ · x 7→ fg′·x : g 7→ g · (g′ · x) = (g · g′) · x = fx(g · g′) = g′ ◦ fx.
EÐnai epÐshc monomorfismìc, kaj¸c an h fx eÐnai h mhdenik  apeikìnish, tìte, gia k�je g ∈ G èqoume
fx(g) = g ·x = 0, epomènwc, kai gia to tetrimmèno stoiqeÐo thc om�dac, èqoume fx(1) = 1 ·x = x = 0.
'Eqei tom  thn apeikìnish ZH−protÔpwn me kanìna f 7→ f(1) ¸ste h ◦ f 7→ (h ◦ f)(1) = f(1 · h) =
f(h · 1) = h · f(1), kaj¸c x 7→ fx 7→ fx(1) = 1 · x = x.

Kaj¸c o deÐkthc eÐnai peperasmènoc, ta ZH−sunepagìmena ZG−prìtupa eÐnai isìmorfa me ta
ZH−epagìmena ZG−prìtupa. Pr�gmati, jewroÔme èna peperasmèno sÔnolo antipros¸pwn twn
kl�sewn, T , ¸ste G =

∪
t∈T

Ht, kai orÐzoume apeikìnish w : HomZH(ZG,A) → ZG
⊗
ZH
A : f 7→
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∑
t∈T

t−1⊗ f(t). O kanìnac eÐnai anex�rthtoc thc epilog c tou sunìlou twn antipros¸pwn twn kl�se-

wn. EpÐshc, eÐnai ZG−omomorfismìc, 1−1 kai epÐ. 'Etsi, anM eÐnai probolikì ZH−prìtupo tìte to
CoindGHRes

G
HM eÐnai probolikì ZG−prìtupo. Eidikìtera, ta eleÔjera ZG−prìtupa eÐnai sqetik�

emfuteutik�.
O pur nac bajmoÔ n, Rn, emfuteÔetai sto CoindGHRes

G
HRn, to opoÐo, wc probolikì ZG−prìtupo,

eÐnai kai probolikì ZH−prìtupo, kai kaj¸c h emfÔteush eÐnai ZH−diasp¸menh, o sumpur nac eÐ-
nai kai autìc ZH−probolikì prìtupo. SuneqÐzoume omoÐwc kai kataskeu�zoume ZH−sustalt 
ZG−probolik  akrib  akoloujÐa. JewroÔme thn probolik  epÐlush tou Z wc ZG−prìtupo, P∗,
kai agkistr¸noume thn kolìbwsh aut c sto bajmì n me thn an�rthsh bajmoÔ n− 1 thc kataskeu�-
simhc ZH−sustalt c akoloujÐac Q pou anafèrame, Q′ = Q[n − 1]. H prokÔptousa akoloujÐa
pou sumbolÐzoume me Pc∗ eÐnai pl rhc probolik  epÐlush tou Z. DeÐqnoume ìti ousiastik� eÐnai kai
isqur . Genik� h sunomologÐa H∗(G,−) sta ZH−sunepagìmena ZG−prìtupa dÐdetai apì aut n thc
H gia ta upokeÐmena ZH−prìtupa, lìgw tou parap�nw suzugoÔc zeÔgouc. O deÐkthc eÐnai pepe-
rasmènoc, �ra, ta probolik� ZG−prìtupa wc ZH−epagìmena eÐnai ZH−sunepagìmena. H pl rhc
epÐlush tou Z wc ZH−prìtupo resGH(Pc) eÐnai isqur  diìti eÐnai ZH−diasp¸menh kai to sÔmplegma
HomZH(res

G
H(Pc), N) eÐnai epÐshc sustaltì gia k�je ZH−prìtupo N . 'Allwste, h pl rhc sunomo-

logÐa mhdenÐzetai gia om�da me peperasmènh sunomologik  di�stash, kaj¸c h mhdenik  pl rhc proboli-
k  epÐlush tou protÔpou Z eÐnai isqur . H pl rhc sunomologÐa eÐnai anex�rthth thc epilog c thc isqu-
r c pl rouc probolik c epÐlushc ston orismì thc. Qrhsimopoi¸ntac to suzugèc zeÔgoc, h sunomolo-
gÐa Ĥ∗(G,−), mèsw pl rouc ZG−probolik c epÐlushc, Pc∗, mhdenÐzetai sta probolik� ZG−prìtupa,
ta opoÐa eÐnai sunepagìmena ZH−prìtupa, kaj¸c dÐnetai apì th sunomologÐa Ĥ∗(H,−), mèsw thc
isqur c pl rouc ZH−probolik c epÐlushc, resGH(Pc∗), sta upokeÐmena ZH−prìtupa. Autì epitrè-

pei dimension shifting me probolikèc epilÔseic, dhlad  Ĥ∗(G,M) ≃ Ĥ∗+1(G,ΩM). Gia deÐktec
megalÔterouc tou n, h pl rhc sunomologÐa thc G tautÐzetai me th sunomologÐa thc G, kai oi Ð-
diec sto bajmì n eÐnai isìmorfec, kaj¸c o sunartht c HomZG(−,M) eÐnai dexi� akrib c gia k�je
ZG−prìtupo M .

JewroÔme to akìloujo metajetikì di�gramma, me t ≥ 0 kai B èna ZG−prìtupo.

Rn+t+1

λ

yyttt
ttt

ttt

a //

g

��

Pn+t
Λ

ttiiii
iiii

iiii
iiii

iii

h′h
��

d // Rn+t

ρ
{{vv
vv
vv
vv
H H′

��

FΩB // ΩB
b // FB

c // B

H emfÔteush Rn+t+1
a→ Pn+t eÐnai ZH−diasp¸menh. 'Estw ìti h apeikìnish g paragontopoieÐtai

mèsw probolikoÔ ZG−protÔpou. Tìte, ja paragontopoieÐtai kai mèsw tou FΩB dia thc apeikìnishc

λ. Kaj¸c h emfÔteush Rn+t+1
a→ Pn+t eÐnai ZH−diasp¸menh kai to FΩB sqetik� emfuteutikì, h λ

epekteÐnetai sth Λ, ìpwc faÐnetai sto sq ma, kai tìte h g paragontopoieÐtai mèsw tou Pn+t. 'Etsi,
h apeikìnish Φ1 : Ext1ZG(Rn+t,ΩB) → [Rn+t+1,ΩB] èqei kal� orismènh antÐstrofh me kanìna pou
stèlnei mÐa kl�sh sthn kl�sh me Ðdio antiprìswpo.

JewroÔme to akìloujo metajetikì di�gramma, me t ≥ 0 kai B èna ZG−prìtupo.

Rn+t+1
a //

F
��

Pn+t

h′h
��

d // Rn+t

ρ
wwooo

ooo
ooo

o
//

H H′

��

... // Rs+1

Ωf

��

// Ps //

��

Rs

f

��

Ωn+t−s+1B
b // FΩn+t−sB

c // Ωn+t−sB // ... // ΩB // FB // B
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H emfÔteush Rn+t+1
a→ Pn+t eÐnai ZH−diasp¸menh. Tìte, kaj¸c to FΩn+t−sB eÐnai sqetik�

emfuteutikì, h apeikìnish b ◦ F epekteÐnetai se apeikìnish h, kajist¸ntac to aristerì tetr�gwno
metajetikì, h opoÐa orÐzei me monadikì trìpo thn apeikìnish H lìgw thc kajolik c idiìthtac tou
sumpur na thc a gia thn apeikìnish c ◦ h. H apeikìnish F orÐzei monadik  apeikìnish H modulo
paragontopoÐhshc mèsw tou FΩn+t−sB. Pr�gmati, an up�rqei apeikìnish h′ ¸ste h′◦a = b◦F = h◦a,
pou orÐzei monadik� thn apeikìnish H ′, tìte (h − h′) ◦ a = 0, kai lìgw thc kajolik c idiìthtac
tou sumpur na thc a up�rqei apeikìnish ρ ¸ste ρ ◦ d = h − h′. Tìte èqoume (H − H ′) ◦ d =
c ◦ (h−h′) = c ◦ ρ ◦ d, kai h d eÐnai dexi� diagr�yimh. Epomènwc, h apeikìnish Ω : [Rn+t,Ω

n+t−sB]→
[Rn+t+1,Ω

n+t−s+1B] eÐnai isomorfismìc. Oi om�dec Benson − Carlson bebaÐwc eÐnai anex�rthtec
epilog c probolik c epÐlushc, kai autì èpetai apì to l mma tou Schanuel.

Epomènwc, gia k > n èqoume

Ĥk(G,M) = Hk(G,M) = ExtkZG(Z,M)
dim. shift.
≃ Ext1ZG(Rk−1,M)

Φ1≃ [Rk,M ]
Ω≃

⟩

BCkZG(Z,M),
kai gia k ≤ n èqoume

Ĥk(G,M)
dim. shift.
≃ Ĥk+(n+1−k)(G,Ωn+1−kM) = Hn+1(G,Ωn+1−kM)

Φn+1≃ [Rn+1,Ω
n+1−kM ]

Ω≃

⟩

BCn+1
ZG (Z,Ωn+1−kM)

dim. shift.
≃

⟩

BCkZG(Z,M).

3.7 H emfuteutik  pl rwsh tou sunomologikoÔ sunartht  Ext kat� Nucinkis.

Oi akrib¸c duðkèc proseggÐseic odhgoÔn ston orismì thc emfuteutik c pl rwshc tou sunomologikoÔ
sunartht  Ext, kat� Nucinkis. Parajètoume touc fusik� isodÔnamouc sunarthtèc pou apoteloÔn
aut n thn pl rwsh gia ton antalloÐwto sunomologikì sunartht  Ext∗R(−, B), me B èna R−prìtupo.

H prosèggish kat� Mislin eÐnai

⟩
Ext∗R(−, B) = {

⟩

ExtnR(−, B) = lim
→
k≥0

S−kExtn+kR (−, B), n ∈ Z, n+ k ≥ 0}.

Kaj¸c to sÔnolo deikt¸n tou orÐou eÐnai kateujunìmeno, h prosèggish aut  eÐnai fusik� isodÔ-
namh me thn akìloujh,

lim
→
k≥0

Ext∗+kR (Σk−, B) = {lim
→
k≥0

Extn+kR (Σk−, B), n ∈ Z, n+ k ≥ 0}.

H prosèggish kat� Benson− Carlson eÐnai

⟩

BC∗R(−, B) = {

⟩

BCnR(−, B) = lim
→
k≥0

[Σk−,Σn+kB], n ∈ Z, n+ k ≥ 0}.

H prosèggish kat� V ogel eÐnai

V ∗R(−, B) = ˜Ext
∗
R(−, B) = H∗( ˜HomR(I∗−, J∗B)) = {Hn( ˜HomR(I∗−, J∗B)), n ∈ Z}, ˜HomR(I∗−, J∗B) =

HomR(I∗−, J∗B)
HomR(I∗−, J∗B)

.
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OrÐzontai eÔloga kai oi sunarthtèc

⟩

Ext∗R(A,−), lim→
k≥0

Ext∗+kR (ΣkA,−),

⟩

BC∗R(A,−) kai ˜Ext
∗
R(A,−),

ìpou A eÐnai ènaR−prìtupo, kajist¸ntac antÐstoiqa touc sunomologikoÔc disunarthtèc
⟩

Ext∗R(−,−),
lim
→
k≥0

Ext∗+kR (Σk−,−),

⟩

BC∗R(−,−) kai ˜Ext
∗
R(−,−) emfuteutik¸c pl reic kai fusikoÔc wc proc tic dÔo

metablhtèc touc.
Parapèmpoume sto [43].

3.8 Probolik¸c kai emfuteutik¸c pl rhc sunomologÐa.

JewroÔme thn oikogèneia disunartht¸n

⟩

⟩

Ext∗R(−,−). Tìte, gia k�je R−prìtupo B, o

⟩

⟩

Ext∗R(−, B)
eÐnai sunomologikìc sunartht c wc h emfuteutik  pl rwsh tou antalloÐwtou sunomologikoÔ su-

nartht 

⟩

Ext∗R(−, B). ProkÔptei eÔloga ìti kai, gia k�je R−prìtupo A, h oikogèneia

⟩

⟩

Ext∗R(A,−)

apoteleÐ sunomologikì sunartht . OmoÐwc isqÔei kai gia thn oikogèneia disunartht¸n

⟩⟩

Ext∗R(−,−).
Gia k�je n orÐzoume touc akìloujouc fusikoÔc metasqhmatismoÔc. Oi aristeroÐ dorufìroi kai

oi sundetikoÐ omomorfismoÐ fèroun deÐktec dhl¸nontac th metablht  tou sunartht  ston opoÐon
anafèrontai.

ExtnR(−,−)
ψn−→ S−12 Extn+1

R (−,−), ψn(A,B) = ω̄

ExtnR(A,B)

ω2
((QQ

QQQ
QQQ

QQQ
QQ

ω̄
// S−12 Extn+1

R (A,B)

µ

��

Extn+1
R (A,ΩB)

ExtnR(−,−)
ϕn−→ S−11 Extn+1

R (−,−), ϕn(A,B) = ω̄

ExtnR(A,B)

ω1
((QQ

QQQ
QQQ

QQQ
QQ

ω̄
// S−11 Extn+1

R (A,B)

µ

��

Extn+1
R (ΣA,B)

Oi fusikoÐ metasqhmatismoÐ epekteÐnontai me monadikì trìpo stouc 1− aristeroÔc   kai stouc 2−
aristeroÔc dorufìrouc twn disunartht¸n stouc opoÐouc droun.

Apì to parak�tw di�gramma, me dedomènec tic parast�seic twn protÔpwn A kai B pou emfanÐzoun
ton emfuteutikì f�kelo tou pr¸tou kai to eleÔjero prìtupo me b�sh to upokeÐmeno sÔnolo tou deÔ-
terou antÐstoiqa, prokÔptei ìti oi 1− aristeroÐ kai 2− aristeroÐ dorufìroi mporoÔn na enall�sontai.
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0 0 0
↓ ↓ ↓

0 −→ S−12 S−11 ExtnR(A,B)
µ−→ S−12 ExtnR(ΣA,B)

λ∗−→ S−12 ExtnR(IA,B)
µ↓ µ↓ ↓µ

0 −→ S−11 ExtnR(A,ΩB)
µ−→ ExtnR(ΣA,ΩB)

λ∗−→ ExtnR(IA,ΩB)
ϕ∗↓ ϕ∗↓ ↓ϕ∗

0 −→ S−11 ExtnR(A,FB)
µ−→ ExtnR(ΣA,FB)

λ∗−→ ExtnR(IA, FB)

Prìtash 3.8.1 Oi sunomologikoÐ disunarthtèc

⟩
⟩

Ext∗R(−,−) kai

⟩⟩

Ext∗R(−,−) eÐnai fusik� isodÔna-

moi.

Apìdeixh.
JewroÔme to parak�tw plègma.

Extn(A,B)

ω̄

��

ω̄ // S−11 Extn+1
R (A,B)

ω̄

��

ω̄ // S−k1 Extn+kR (A,B)

ω̄

��

ϖ // Ěxt
n
R(A,B)

ω̄
��

S−12 Extn+1
R (A,B)

ω̄

��

ω̄ // S−12 S−11 Extn+2
R (A,B)

ω̄

��

ω̄ // S−12 S−k1 Extn+k+1
R (A,B)

ω̄

��

ϖ // ˇS−12 Ext
n+1

R (A,B)

ω̄
��

S−22 Extn+2
R (A,B)

ω̄

��

ω̄ // S−22 S−11 Extn+3
R (A,B)

ω̄

��

ω̄ // S−22 S−k1 Extn+k+2
R (A,B)

ω̄

��

ϖ // ˇS−22 Ext
n+2

R (A,B)

ω̄

��. . . .

.

ω̄
��

.

ω̄
��

.

ω̄
��

.

ω̄ ��

S−l2 Extn+lR (A,B)

ω̄

��

ω̄ // S−l2 S−11 Extn+l+1
R (A,B)

ω̄

��

ω̄ // S−l2 S−k1 Extn+l+kR (A,B)

ω̄

��

ϖ // ˇS−l2 Ext
n+l

R (A,B)

ω̄

��. . . .

.

ϖ
��

.

ϖ
��

.

ϖ ��

.

ϖ

��

Êxt
n
(A,B)

ω̄ // ˆS−11 Ext
n+1

R (A,B)
ω̄ // ˆS−k1 Ext

n+k

R (A,B)
ϖ // Υ

Ja deÐxoume ìti k�je tetr�gwno sto plègma eÐnai antimetajetikì. Kai tìte, jewr¸ntac �, prokÔ-
ptei ìti to plègma eÐnai metajetikì. H dexi� st lh kai h k�tw gramm  prokÔptoun kaj¸c oi plhr¸seic
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pou emfanÐzontai èqoun thn kajolik  idiìthta tou pur na ston orismì twn dorufìrwn, lìgw tou ka-
teujunìmenou sunìlou deikt¸n tou orÐou, paradeÐgmatoc q�rin

lim
→
k≥0

S−k1 S−12 Extn+k+1
R (A,B) ≃ S−12 lim

→
k≥0

S−k1 Extn+k+1
R (A,B).

Epomènwc isqÔei

⟩

⟩

ExtnR(A,B) ≃ Υ ≃

⟩⟩

ExtnR(A,B), gia k�je n ∈ Z.
OrÐzoume touc parak�tw fusikoÔc metasqhmatismoÔc sunomologik¸n sunartht¸n

τ̌∗ : Ext∗R(−,−) −→

⟩

Ext∗R(−,−), τ̌∗(A,B) = τ̌∗B(A), τ̌∗B : Ext∗R(−, B) −→

⟩

Ext∗R(−, B),

ìpou o teleutaÐoc fusikìc metasqhmatismìc eÐnai autìc thc emfuteutik c pl rwshc. OmoÐwc
èqoume

τ̂∗ : Ext∗R(−,−) −→

⟩

Ext∗R(−,−), τ̂∗(A,B) = τ̂∗A(B), τ̂∗A : Ext∗R(A,−) −→

⟩

Ext∗R(A,−),

ìpou o teleutaÐoc fusikìc metasqhmatismìc eÐnai autìc thc probolik c pl rwshc. EÔloga èqoume
kai touc akìloujouc.

τ̂∨
∗ :

⟩

Ext∗R(−,−) −→

⟩⟩

Ext∗R(−,−), τ̂∨
∗(A,B) = τ̂∨

∗
A(B), τ̂∨

∗
A :

⟩

Ext∗R(A,−) −→

⟩⟩

Ext∗R(A,−).

τ̌∧
∗ :

⟩

Ext∗R(−,−) −→
⟩

⟩

Ext∗R(−,−), τ̌∧
∗(A,B) = τ̌∧B(A), τ̌∧

∗
B :

⟩

Ext∗R(−, B) −→

⟩

⟩

Ext∗R(−, B).

'Enac ekfulismìc tou parap�nw plègmatoc eÐnai to akìloujo tetr�gwno.

ExtnR(A,B)

τ̂n(A,B)
��

τ̌n(A,B)
//

⟨

Ext
n

R(A,B)

τ̂∨n(A,B)��

⟩

ExtnR(A,B)
τ̌∧n(A,B)

//

⟩⟩

ExtnR(A,B) ≃

⟩

⟩

ExtnR(A,B)

Kaj¸c τ̂∨
n(A,B)◦τ̌n(A,B) = τ̌n(A,B)◦τ̂n(A,B) gia k�je zeÔgoc protÔpwn, gia k�je akèraio n,

isqÔei τ̂∨
∗◦ τ̌∗ = τ̌∧

∗◦ τ̂∗. Sto k�twji di�gramma oi ϕ∗ kai Φ∗ orÐzontai lìgw twn kajolik¸n idiot twn
twn sunomologik¸n disunartht¸n. Apì thn prohgoÔmenh isìthta twn fusik¸n metasqhmatism¸n h
Φ∗ eÐnai o tautotikìc fusikìc metasqhmatismìc.

Ext∗R(−,−)

τ̌∧∗◦τ̂∗ %%K
KKK

KKK
KKK

τ̌∗ //

⟩

Ext∗R(−,−)

ϕ∗
��

τ̂∨∗
//

⟩⟩

Ext∗R(−,−)

Φ∗

yysss
sss

sss
s

⟩

⟩

Ext∗R(−,−)
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H apìdeixh oloklhr¸netai deÐqnontac ìti ta tetr�gwna pou emfanÐsthkan sto plègma eÐnai antime-
tajetik�. Sta k�twji diagr�mmata jewroÔme k�jeta tic emfuteÔseic twn dorufìrwn kai o prokÔptwn
kÔboc eÐnai perifereiak� metajetikìc. H k�tw èdra eÐnai gnwst  gia thn antimetajetikìtht� thc.

S−l2 S−k1 Extn+l+kR (A,B)

ω̄ **VVV
VVVV

VVVV
VVVV

VVV
ω̄ // S−l2 S

−(k+1)
1 Extn+l+k+1

R (A,B)

ω̄ ++WWWW
WWWWW

WWWWW
WWWWW

W

S
−(l+1)
2 S−k1 Extn+l+k+1

R (A,B)
ω̄

// S
−(l+1)
2 S

−(k+1)
1 Extn+l+k+2

R (A,B)

Extn+l+kR (ΣkA,ΩlB)

ω2
**UUU

UUUU
UUUU

UUUU
UU

ω1 // Extn+l+k+1
R (Σk+1A,ΩlB)

ω2
++VVV

VVVV
VVVV

VVVV
VVV

Extn+l+k+1
R (ΣkA,Ωl+1B) ω1

// Extn+l+k+2
R (Σk+1A,Ωl+1B)

2

3.9 Krit ria mhdenismoÔ kai h isorropÐa tou disunartht  Ext.

Je¸rhma 3.9.1 'Estw R ènac daktÔlioc kai M èna aristerì R−prìtupo. Tìte isqÔoun oi akìlou-

jec isodunamÐec.

1.

⟩

Ext∗R(M,−) = 0⇔ proj.dim.RM <∞⇔

⟩

Ext0R(M,M) = 0

2.

⟩

Ext∗R(−,M) = 0⇔ inj.dim.RM <∞⇔

⟩

Ext0R(M,M) = 0

Apìdeixh.
ApodeiknÔoume to pr¸to skèloc tou jewr matoc, kaj¸c to deÔtero apodeiknÔetai duðk¸c.

⟩

Ext∗R(M,−) = 0⇒

⟩

Ext0R(M,M) = 0⇒ proj.dim.RM <∞⇒

⟩

Ext∗R(M,−) = 0
H pr¸th sunepagwg  eÐnai �mesh. Gia th deÔterh, qrhsimopoioÔme thn prosèggish kat� Benson

kai Carlson, kai prokÔptei ìti, h epèktash thc tautotik c apeikìnishc tou M wc h tautotik  a-
peikìnish enìc pur na mÐac probolik c epÐlus c tou, lìgw tou kateujunìmenou sunìlou deikt¸n,
paragontopoieÐtai mèsw probolikoÔ R−protÔpou, kajist¸ntac ton pur na probolikì R−prìtupo.
H trÐth sunepagwg  ofeÐletai sto dimension shifting, kaj¸c o sunartht c Ext eÐnai probolik¸c
pl rhc sthn pr¸th metablht , o opoÐoc bèbaia mhdenÐzetai termatik¸c ìtan sthn pr¸th metablht 

brÐsketai prìtupo me peperasmènh probolik  di�stash, en ìyei tou sunartht 

⟩

Ext∗R(M,−). 'Eqoume
ExtnR(M,B) ≃ Extn−1R (ΩM,B) ≃ Extn−2R (Ω2M,B) ≃ ... ≃ Extn−sR (ΩsM,B) gia k�je R−prìtupo
B kai gia k�je fusikì arijmì n > 1 kai me diafor� fusik¸n arijm¸n n − s ≥ 1. QrhsimopoioÔme
dimension shifting sta antikeÐmena meg�lhc di�stashc pou sunjètoun to ìrio kai apofainìmaste to
mhdenismì touc.
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⟩

Ext∗R(M,−) ≃ lim
→
k≥0

(
Ext∗R(M,−) ω→ Ext∗+1

R (M,Ω−) ω→ Ext∗+2
R (M,Ω2−) ω→ ...

ω→ Ext∗+kR (M,Ωk−) ω→ ...
)

2

Je¸rhma 3.9.2 Oi sunomologikoÐ sunarthtèc

⟩

Ext∗R(−,−) kai

⟩

Ext∗R(−,−) eÐnai fusik� isodÔnamoi
an kai mìno an silpR = spliR <∞.

Apìdeixh.
'Estw ìti silpR = spliR = m − 1. Tìte h kolìbwsh mExt

∗
R(−,−)∞ eÐnai probolik¸c kai

emfuteutik¸c pl rhc kai wc proc tic dÔo metablhtèc thc. Eidikìtera, eÐnai (I, P ) pl rhc. Me dedomèno
ìti silpR = m − 1, deÐqnoume ìti h oikogèneia twn 2− arister¸n dorufìrwn tou ExtmR (−,−) wc
proc thn pr¸th metablht  eÐnai sunomologikìc sunartht c, kai me dedomèno ìti spliR = m − 1
deÐqnoume ìti h oikogèneia eÐnai emfuteutik¸c pl rhc wc proc thn Ðdia metablht . 'Etsi, h oikogèneia
aut  agkistrwmènh sthn prohgoÔmenh kolìbwsh dÐnei sunomologikì disunartht  (I, P ) pl rh. Apì
thn prìtash me th monadik  epèktash èqoume ìti h termatik  emfuteutik  pl rwsh kai h termatik 
probolik  pl rwsh tou sunomologikoÔ disunartht  Ext eÐnai aut  h agkÐstrwsh, �ra oi plhr¸seic
tou en lìgw sunartht  eÐnai fusik� isodÔnamec. Duðk¸c apodeiknÔetai ìti, me dedomèno ìti spliR =
m − 1, h oikogèneia twn 1− arister¸n dorufìrwn tou ExtmR (−,−) wc proc th deÔterh metablht 
eÐnai sunomologikìc sunartht c, kai, me dedomèno ìti silpR = m − 1, h oikogèneia eÐnai probolik¸c
pl rhc wc proc thn Ðdia metablht . 'Etsi, h oikogèneia aut  agkistrwmènh sthn arqik  kolìbwsh
dÐnei sunomologikì disunartht  (I, P ) pl rh. Apì thn prìtash me th monadik  epèktash èqoume ìti h
termatik  emfuteutik  pl rwsh kai h termatik  probolik  pl rwsh tou sunomologikoÔ disunartht 
Ext eÐnai aut  h agkÐstrwsh. 'Ara oi plhr¸seic tou en lìgw sunartht  eÐnai fusik� isodÔnamec kai oi
proanaferjeÐsec agkistr¸seic eÐnai fusik� isodÔnamec. JewroÔme èna R−prìtupo B kai mÐa braqeÐa

akrib  akoloujÐa R−protÔpwn 0 → A′
a→ A

b→ A” → 0. QrhsimopoioÔme thn probolik  epÐlush
tou protÔpou B pou orÐzei ta suzug  tou prìtupa. OrÐzoume sundetikì omomorfismì δ th sÔnjesh
ω−12 ◦ ω1 ◦ µ.

0

��

ExtmR (A”, FB)

��

S−22 ExtmR (A
′, B)

δ //

dim. shift. ≃
��

S−12 ExtmR (A”, B)
b∗ //

µ ≃
��

S−12 ExtmR (A,B)
a∗ //

µ ≃
��

S−12 ExtmR (A
′, B)

δ //

µ ≃
��

ExtmR (A”, B)

ω2 ≃
��

S−12 ExtmR (A
′,ΩB)

δ //

µ ≃
��

ExtmR (A”,ΩB)
b∗ //

ω2 ≃
��

ExtmR (A,ΩB)
a∗ // ExtmR (A

′,ΩB)
ω1 //

��

Extm+1
R (A”,ΩB)

��

ExtmR (A
′,Ω2B)

ω1 // Extm+1
R (A”,Ω2B) ExtmR (A

′, FB) Extm+1
R (A”, FB)
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'Estw t¸ra ìti

⟩

Ext∗R(−,−) ≃

⟩

Ext∗R(−,−). Tìte kai

⟩

Ext0R(M,M) ≃

⟩

Ext0R(M,M) gia k�je
prìtupo M . An I eÐnai emfuteutikì R−prìtupo, tìte

⟩

Ext0R(I, I) = 0⇔

⟩

Ext0R(I, I) = 0⇔

⟩

BC0
R(I, I) = 0.

'Ara, gia thn tautotik  apeikìnish tou I, me sÔnolo deikt¸n kateujunìmeno, h tautotik  apeikì-
nish k�poiou pur na mÐac probolik c epÐlus c tou paragontopoieÐtai mèsw probolikoÔ R−protÔpou
pou kajist� ton pur na probolikì R−prìtupo. Epomènwc, h probolik  di�stash k�je emfuteu-
tikoÔ R−protÔpou eÐnai peperasmènh. Kai bèbaia an k�je tètoia di�stash eÐnai peperasmènh tìte
spliR < ∞. Autì apodeiknÔetai wc ex c. 'Estw ìti gia k�je fusikì arijmì i up�rqei emfuteutikì
R−prìtupo Ii me proj.dim.RIi > i. JewroÔme to kartesianì ginìmeno aut¸n kai prokÔptei emfu-
teutikì R−prìtupo, p�li me peperasmènh probolik  di�stash, I =

∏
i
Ii. Tìte an n − 1 eÐnai aut  h

di�stash èqoume, gia k�je R−prìtupo B,

0 = ExtnR(I,B) = ExtnR(
∏
i

Ii, B)

en¸ mporoÔme na broÔme R−prìtupo B′ me ExtnR(In−1, B′) ̸= 0. Katal goume se �topo, kaj¸c
èqoume

0 = ExtnR(I,B
′) = ExtnR(

∏
i

Ii, B
′) ≃ ExtnR(In−1, B′)⊕ ExtnR(

∏
i,i ̸=n−1

Ii, B
′) ̸= 0.

OmoÐwc deÐqnoume ìti silpR <∞. Kai fusik�, isqÔei ìti an autèc oi diast�seic eÐnai peperasmènec
tìte eÐnai kai Ðsec. 2

4 H pl rhc omologÐa.

4.1 O orismìc thc emfuteutik c pl rwshc tou omologikoÔ sunartht 
Tor.

'Estw A èna dexiì R−prìtupo. Ja sumbolÐzoume me

⟩

TorR∗ (A,−), ìtan apodeiknÔetai ìti up�rqei, thn

emfuteutik  pl rwsh tou omologikoÔ sunartht  TorR∗ (A,−), mazÐ me morfismì τ∗ :

⟩

TorR∗ (A,−) →
TorR∗ (A,−). EÐnai o (−∞,+∞)− emfuteutik¸c pl rhc omologikìc sunartht c me thn kajolik  idiì-
thta k�je mh mhdenikìc morfismìc apì emfuteutik¸c pl rh omologikì sunartht W∗ ston TorR∗ (A,−)
na paragontopoieÐtai me monadikì trìpo mèsw tou τ∗.

W∗

λ∗

��

Λ∗
//

⟩

TorR∗ (A,−)

τ∗
xxppp

ppp
ppp

ppp

TorR∗ (A,−)
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Se prohgoÔmenh par�grafo asqolhj kame me tic pl reic isqurèc probolikèc epilÔseic. Q�rin
aut¸n, dÐnoume thn apìdeixh pou dhl¸nei ìti h emfuteutik  pl rwsh tou omologikoÔ sunartht  Tor
epitugq�netai mèsw pl rouc isqur c probolik c epÐlushc, ìtan aut  up�rqei. O daktÔlioc se aut n
thn perÐptwsh eÐnai ènac omadodaktÔlioc.

Prìtash 4.1.1 spliZG <∞⇒

⟩

TorZGn (A,−) = Hn(Pc
A

∗ ⊗
ZG
−) gia k�je akèraio n, me PcA∗ pl rhc

probolik  epÐlush tou A in the strong sense.

Apìdeixh.
Kaj¸c spliZG < ∞, tìte kai silpZG < ∞ kai k�je ZG−prìtupo epidèqetai pl rh probolik 

epÐlush in the strong sense. Ja deÐxoume t¸ra ìti splfZG <∞.
Arqik� deÐqnoume ìti fin.dim.ZG ≤ silpZG. 'Estw loipìn ZG−prìtupoM me proj.dim.ZGM =

m < ∞. Tìte o ExtmZG(M,−) eÐnai dexi� akrib c. Up�rqei ZG−prìtupo B me ExtmZG(M,B) ̸= 0,
kai �ra up�rqei probolikì ZG−prìtupo P , ¸ste P → B → 0, kai ExtmZG(M,P ) ̸= 0. Sunep�getai
ìti inj.dim.ZGP ≥ m, �ra silpZG ≥ m. To supremum twn m eÐnai h fin.dim.ZG. 'Ara silpZG ≥
fin.dim.ZG.

Apì apotèlesma tou Jensen, kai parapèmpoume sto [37], èqoume ìti fin.dim.ZG < ∞ ⇒
proj.dim.ZGM <∞ gia k�je epÐpedo prìtupo M . Kaj¸c to �peiro eujÔ �jroisma epÐpedwn protÔ-
pwn eÐnai epÐpedo prìtupo, èqoume fr�gma sto splfZG.

JewroÔme mÐa pl rh probolik  epÐlush tou protÔpou A in the strong sense, PcA∗ . 'Estw Q èna

probolikì ZG−prìtupo. Tìte to sÔmplegma HomZG(Pc
A

∗ , Q) eÐnai akuklikì. 'Omwc ikan  sunj kh
gia na eÐnai kal� orismènh h pl rwsh tou Tor mèsw mÐac pl rouc probolik c epÐlushc tou A eÐnai

to sÔmplegma HomZG(Pc
A

∗ ,M) na eÐnai akuklikì gia k�je epÐpedo ZG−prìtupo M . Autì, diìti
jewr¸ntac pl reic probolikèc epilÔseic me koinì komm�ti gia meg�lec diast�seic, h epèktash sta dexi�
afor� se epÐpeda prìtupa kai ikanopoieÐtai ìtan sumbaÐnei to teleutaÐo epiqeÐrhma. Autì ja d¸sei
thn omotopik  isodunamÐa twn pl rwn probolik¸n epilÔsewn in the strong sense kai h emfuteutik 
pl rwsh tou Tor gÐnetai tìte anex�rthth thc epilog c mÐac tètoiac epÐlushc.

'Estw loipìn èna epÐpedo ZG−prìtupo M kai èstw ìti splfZG = n. JewroÔme mÐa probolik 
epÐlush tou protÔpou ìpwc faÐnetai parak�tw.

0 −→ Pn −→ Pn−1 −→ Pn−2 −→ ... −→ P0 −→ M −→ 0.
↘↗µ

Rn−1

Sth braqeÐa akrib  akoloujÐa 0 → Pn → Pn−1 → Rn−1 → 0 efarmìzoume to sunartht 

HomZG(Pc
A

∗ ,−) o opoÐoc eÐnai akrib c kaj¸c h epÐlush PcA∗ apoteleÐtai apì probolik� ZG−prìtupa.
ProkÔptei ètsi braqeÐa akrib c akoloujÐa sumplegm�twn 0→ HomZG(Pc

A

∗ , Pn)→ HomZG(Pc
A

∗ , Pn−1)→
HomZG(Pc

A

∗ , Rn−1) → 0. JewroÔme th makr� akrib  akoloujÐa sthn omologÐa aut¸n. Ta dÔo sum-
plègmata eÐnai akuklik� afoÔ h epÐlush eÐnai in the strong sense. 'Epetai ìti kai to sÔmplegma

HomZG(Pc
A

∗ , Rn−1) eÐnai akuklikì. JewroÔme t¸ra thn akrib  akoloujÐa 0 → Rn−1 → Pn−2 →
Rn−2 → 0 kai suneqÐzoume omoÐwc. Se peperasmèna b mata èqoume ìti to sÔmplegmaHomZG(Pc

A

∗ ,M)
eÐnai akuklikì, ìpou to M eÐnai tuqaÐo epÐpedo ZG−prìtupo.

Mènei na deÐxoume ìti to sÔmplegma PcA∗
⊗
ZG
I eÐnai akuklikì gia k�je emfuteutikì ZG−prìtupo I.

Kai tìte, h emfuteutik  pl rwsh tou Tor∗ZG(A,−) ja dÐdetai mèsw thc omologÐac tou sumplègmatoc
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PcA∗
⊗
ZG
−, kai autì diìti h pl rhc probolik  epÐlush eÐnai omotopik� isodÔnamh se meg�lec diast�seic

me thn probolik  epÐlush mèsw thc opoÐac paÐrnoume to sÔmplegma pou dÐnei thn klassik  omologÐa.
To teleutaÐo sumbaÐnei diìti kaj¸c to spliZG < ∞ èpetai kai ìti sfliZG < ∞, pou shmaÐnei ìti o
omologikìc sunartht c Tor∗ZG(A,−) eÐnai emfuteutik¸c pl rhc se meg�lec diast�seic. H apìdeixh
oloklhr¸netai me tic duðkèc prot�seic pou aforoÔn se termatikèc plhr¸seic, kaj¸c epÐshc kai sth
duðk  prìtash pou afor� sth monadik  epèktash sta dexi� gia sunalloÐwtouc sunarthtèc pou eÐnai
emfuteutik¸c pl reic se meg�lec diast�seic. H prìtash aut  efarmìzetai duðk� ston omologikì
sunartht  Tor, ètsi, h termatik  pl rwsh epitugq�netai stouc fjÐnontec deÐktec.

JewroÔme loipìn èna emfuteutikì ZG−prìtupo I kai mÐa probolik  epÐlush autoÔ.

0 −→ Pn −→ Pn−1 −→ Pn−2 −→ ... −→ P0 −→ I −→ 0.
↘↗µ

Rn−1

JewroÔme thn akrib  akoloujÐa 0 → Pn → Pn−1 → Rn−1 → 0. Efarmìzoume to sunartht 

PcA∗
⊗
ZG
− o opoÐoc eÐnai akrib c kaj¸c h probolik  epÐlush apoteleÐtai apì epÐpeda ZG−prìtupa.

ProkÔptei loipìn braqeÐa akrib c akoloujÐa sumplegm�twn pou dÐnoume parak�tw, kai paÐrnoume th
makr� akrib  akoloujÐa thc omologÐac aut¸n.

0 −→ Pc
A

∗
⊗
ZG
Pn −→ Pc

A

∗
⊗
ZG
Pn−1 −→ Pc

A

∗
⊗
ZG
Rn−1 −→ 0

'Omwc to sÔmplegma PcA∗
⊗
ZG
P eÐnai akuklikì gia k�je probolikì ZG−prìtupo P . Autì sumbaÐnei

diìti to probolikì ZG−prìtupo eÐnai epÐpedo ZG−prìtupo, kai h om�da omologÐac Hn(Pc
A

∗
⊗
ZG
P )

eÐnai h om�da Tor k�poiou pur na thc pl rouc epÐlushc me suntelest  èna epÐpedo prìtupo, �ra

h tetrimmènh om�da. Epomènwc, to sÔmplegma PcA∗
⊗
ZG
Rn−1 eÐnai akuklikì. Se peperasmèna b mata

prokÔptei ìti to sÔmplegma PcA∗
⊗
ZG
I eÐnai akuklikì gia k�je tuqaÐo emfuteutikì ZG−prìtupo I.

2

4.2 FusikoÐ MetasqhmatismoÐ Y oneda.

Prìtash 4.2.1 Genikeumèno l mma Y oneda.
'Estw T : R −Mod → Abelian Groups sunalloÐwtoc prosjetikìc sunartht c. Tìte isqÔei o

akìloujoc isomorfismìc abelian¸n om�dwn,

[ExtnR(B,−), T−]
Γ−→
≃

S−nTB.

Gia n = 0 èqoume thn eidik  perÐptwsh tou l mmatoc Y oneda, [HomR(B,−), T−]
Γ−→
≃

TB.

Apìdeixh.
'Estw Rn o n−ostìc pur nac probolik c epÐlushc tou R− protÔpou B,
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... −→ Pn+1 −→ Pn −→ Pn−1 −→ Pn−2 −→ ... −→ P0 −→ B −→ 0.
↘↗µ

Rn

An o τ : ExtnR(B,−) −→ T− eÐnai fusikìc metasqhmatismìc, orÐzoume

τ
Γ7−→ Γ(τ) = τRn([1Rn ]).

DeÐqnoume ìti τRn([1Rn ]) ∈ S−nTB. 'Estw loipìn to akìloujo metajetikì di�gramma

HomR(Pn−1, Rn)

µ∗

��

// HomR(Rn, Rn)

µ∗

��

// Ext1R(Rn−1, Rn) ≃ ExtnR(B,Rn)

µ∗

��

// 0

HomR(Pn−1, Pn−1)
µ∗

// HomR(Rn, Pn−1) // ExtnR(B,Pn−1)
// 0

kai
1Rn

µ∗

��

// [1Rn ]

µ∗

��

1
µ∗

// µ // 0

.
Tìte µ∗([1Rn ]) = 0. O τ eÐnai fusikìc metasqhmatismìc, ètsi jewroÔme to akìloujo metajetikì di�-
gramma.

ExtnR(B,Rn)

µ∗

��

τRn // TRn

Tµ

��

ExtnR(B,Pn−1) τPn−1

// TPn−1

[1Rn ]

µ∗
��

// τRn([1Rn ])

Tµ

��

0 // 0

.
'Ara τRn([1Rn ]) ∈ KerTµ = S−1TRn−1 ≃ S−nTB, apì dimension shifting. O Γ eÐnai omomorfi-
smìc abelian¸n om�dwn.

AntÐstrofa, èstw ξ ∈ S−nTB ↪→ TRn
Tµ→ TPn−1. Ja orÐsoume fusikì metasqhmatismì τ :

ExtnR(B,−) −→ T− me τRn([1Rn ]) = ξ.
'Estw loipìn èna R−prìtupo M . OrÐzoume omomorfismì abelian¸n om�dwn

τM : ExtnR(B,M) −→ TM

x = [σ : Rn →M ] 7→ Tσ(ξ).
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IsqÔei ìti τRn([1Rn ]) = T1Rn(ξ) = 1TRn(ξ) = ξ.
DeÐqnoume ìti o τM eÐnai kal� orismènoc. 'Estw σ

′
: Rn →M me [σ] = [σ

′
]. Autì shmaÐnei ìti h

diafor� twn antipros¸pwn paragontopoieÐtai mèsw tou Pn−1 ìpwc faÐnetai sto metajetikì di�gramma.

Rn

σ−σ′

��

µ
// Pn−1

g
||xx
xx
xx
xx

M

Kaj¸c to ξ an nei ston pur na tou omomorfismoÔ Tµ èqoume 0 = Tg ◦ Tµ(ξ) = (Tσ − Tσ′
)(ξ).

Gia na deÐxoume ìti o τ eÐnai fusikìc jewroÔme ènan omomorfismì ϕ :M → N . Tìte to parak�tw
di�gramma eÐnai metajetikì

ExtnR(B,M)

ϕ∗
��

τM // TM

Tϕ

��

ExtnR(B,N)
τN

// TN

kaj¸c

x = [σ : Rn →M ]

ϕ∗
��

// Tσ(ξ)

Tϕ

��

[ϕ ◦ σ : Rn → N ] // T (ϕ ◦ σ)(ξ) = Tϕ ◦ Tσ(ξ)
.

Gia n = 0, èqoume [HomR(B,−), T−]
Γ−→
≃

TB me τ
Γ7−→ Γ(τ) = τB(1B) ∈ TB. 2

Prìtash 4.2.2 'Estw T : R −Mod → Abelian Groups sunalloÐwtoc prosjetikìc sunartht c.

An o T eÐnai dexi� akrib c tìte oi aristeroÐ dorufìroi tou sumpÐptoun me touc aristeroÔc paragìmenouc

sunarthtèc,  toi S−nT = LnT gia k�je n ≥ 0.

Apìdeixh.
An o T eÐnai dexi� akrib c tìte L0T = T = S0T .
Pr�gmati, jewroÔme mÐa probolik  epÐlush enìc protÔpou A, P : ... → P1 → P0 → A → 0, kai

thn kolìbwsh aut c, P∗ : ...→ P1 → P0 → 0. Efarmìzoume to sunartht  T se aut n kai prokÔptei
to sÔmplegma TP∗ : ...→ TP1 → TP0 → 0. Oi aristeroÐ paragìmenoi sunarthtèc tou T sto A eÐnai
h omologÐa autoÔ.

'Omwc h akoloujÐa TP1 → TP0 → TA → 0 eÐnai akrib c afoÔ o T eÐnai dexi� akrib c. 'Etsi,
L0TA = H0(TP∗) ≃ TA, kai bèbaia o mhdenikìc dorufìroc enìc sunartht  eÐnai o Ðdioc.

'Estw t¸ra Rn o n−ostìc pur nac probolik c epÐlushc tou R−protÔpou A,

... −→ Pn+1
θn+1−→ Pn

θn−→ Pn−1 −→ Pn−2 −→ ... −→ P0 −→ A −→ 0.
π
↘

µ

↗
Rn
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Efarmìzoume to sunartht  T sthn akrib  akoloujÐa Pn+1
θn+1−→ Pn

π→ A → 0. O T eÐnai dexi�
akrib c kai to parak�tw metajetikì di�gramma èqei akribeÐc grammèc.

TPn+1
Tθn+1−→ TPn

Tπ−→ TRn −→ 0
↓ Tθn↓ ↓Tµ

0 −→ 0 −→ TPn−1
1−→ TP

Apì to l mma snake èqoume thn akrib  akoloujÐa TPn+1
Tθn+1−→ KerTθn → KerTµ→ 0.

'Omwc S−nTA = KerTµ = Coker[TPn+1
Tθn+1−→ KerTθn] =

KerTθn
ImTθn+1

= Hn(TP∗) = LnTA.
2

'Estw B èna R−prìtupo. JewroÔme to dexi� akrib  sunartht  −
⊗
R

B. Tìte TorRn (−, B) =

Ln(−
⊗
R

B) = S−n(−
⊗
R

B). Duðk� èqoume TorRn (A,−) = S−n(A
⊗
R

−). Apì isorropÐa èqoume

TorRn (A,B) = Ln(−
⊗
R

B)(A) = Ln(A
⊗
R

−)(B).

JewroÔme t¸ra to sunartht  Φn = [ExtnR(−,−), A
⊗
R

−] me Φn(B) = [ExtnR(B,−), A
⊗
R

−] Γ≃

S−n(A
⊗
R

−)(B) = Ln(A
⊗
R

−)(B) = TorRn (A,B).

H oikogèneia {Φn, n ≥ 0} kajÐstatai omologikìc sunartht c mèsw tou isomorfismoÔ Γ pou mac
prosfèrei to genikeumèno l mma Y oneda. Sto parak�tw metajetikì di�gramma deÐqnoume tic apei-
konÐseic pou dÐnoun th fusik  aut  isodunamÐa. JewroÔme gi' autì mÐa braqeÐa akrib  akoloujÐa

R−protÔpwn, 0 −→ B′
ϕ−→ B

ψ−→ B” −→ 0.

[ExtnR(B
′,−), A

⊗
R

−] ϕ∗
∗

//

Γ≃
��

[ExtnR(B,−), A
⊗
R

−] ψ∗∗
//

Γ≃
��

[ExtnR(B”,−), A
⊗
R

−]
(−ω1)∗

//

Γ≃
��

[Extn−1R (B′,−), A
⊗
R

−]

Γ≃
��

TorRn (A,B
′)

ϕ∗
// TorRn (A,B)

ψ∗
// TorRn (A,B”)

δ // TorRn−1(A,B
′)

Sthn p�nw seir�, k�je 2∗ eÐnai h sÔnjesh apì ta dexi� kai oi apeikonÐseic ϕ∗, ψ∗ kai ω1 aforoÔn
sto sunomologikì sunartht  Ext∗R(−,M), ìpou M eÐnai èna R−prìtupo. H k�tw seir� apoteleÐ th
makr� akrib  akoloujÐa pou afor� ston omologikì sunartht  TorR∗ (A,−).

Gia th metajetikìthta twn dÔo pr¸twn tetrag¸nwn to dimension shifting mac epitrèpei na
anaqjoÔme stic peript¸seic me n = 1 kai n = 0. DouleÔoume omoÐwc, epomènwc arkeÐ na deÐxoume th
metajetikìthta twn parak�tw diagramm�twn.

[Ext1R(B
′,−), A

⊗
R

−] ϕ∗
∗

//

Γ≃

��

[Ext1R(B,−), A
⊗
R

−]

Γ≃

��

S−1(A
⊗
R

−)(B′) ϕ∗
// S−1(A

⊗
R

−)(B)
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[HomR(B
′,−), A

⊗
R

−] ϕ∗
∗

//

Γ≃

��

[HomR(B,−), A
⊗
R

−]

Γ≃

��

(A
⊗
R

−)(B′) ϕ∗
// (A

⊗
R

−)(B)

Gia th metajetikìthta tou pr¸tou jewroÔme ta ex c diagr�mmata.

0 −→ R′1
µ′−→ P ′0

ϵ′−→ B′ −→ 0
Ωϕ↓ f↓ ↓ϕ

0 −→ R1
µ−→ P0

ϵ−→ B −→ 0
σ↓
M

0 −→ S−1(A
⊗
R

−)(B′) i
↪→ A

⊗
R

R′1

1⊗
R
µ′

−→ A
⊗
R

P ′0

ϕ∗=1⊗
R
Ωϕ|↓ 1⊗

R
Ωϕ↓ ↓1⊗

R
f

0 −→ S−1(A
⊗
R

−)(B)
j
↪→ A

⊗
R

R1

1⊗
R
µ

−→ A
⊗
R

P0

Tìte èqoume

τ ∈ [Ext1R(B
′,−), A

⊗
R

−]

Γ

��

ϕ∗
∗

// τ ◦ ϕ∗ ∈ [Ext1R(B,−), A
⊗
R

−]

Γ

��

τR′
1
([1R′

1
])

ϕ∗
// (1⊗

R
Ωϕ|)(τR′

1
([1R′

1
])) = (τ ◦ ϕ∗)R1([1R1 ]).

Ja deÐxoume thn isqÔ thc isìthtac (1⊗
R
Ωϕ|)(τR′

1
([1R′

1
])) = (τ ◦ϕ∗)R1([1R1 ]). QrhsimopoioÔme thn

idiìthta tou τ wc fusikìc metasqhmatismìc. 'Etsi èqoume to parak�tw metajetikì di�gramma.

Ext1R(B
′, R′1)

Ωϕ∗

��

τR′
1 // A

⊗
R

R′1

1⊗
R
Ωϕ

��

Ext1R(B
′, R1) τR1

// A
⊗
R

R1

Sthn kl�sh [1R′
1
] èqoume (τR′

1
◦ Ωϕ∗)([1R′

1
]) = ((1⊗

R
Ωϕ) ◦ τR′

1
)([1R′

1
]).

'Omwc (τR1 ◦Ωϕ∗)([1R′
1
]) = (τR1)(Ωϕ∗([1R′

1
])) = τR1([Ωϕ ◦ 1R′

1
]) = τR1([Ωϕ]) = τR1([1R1 ◦Ωϕ]) =

(τR1)(ϕ
∗([1R1 ])) = (τR1 ◦ ϕ∗)([1R1 ]) = (τ ◦ ϕ∗)R1([1R1 ]).

Kaj¸c τR′
1
([1R′

1
]) ∈ S−1(A

⊗
R

−)(B′), èqoume epÐshc ìti (1⊗
R
Ωϕ|)(τR′

1
([1R′

1
])) = (1⊗

R
Ωϕ)(τR′

1
([1R′

1
])) =

((1⊗
R
Ωϕ) ◦ τR′

1
)([1R′

1
]).
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Gia thn perÐptwsh ìpou n = 0 jewroÔme p�li to ex c metajetikì di�gramma, ìpou o τ eÐnai fusikìc
metasqhmatismìc.

HomR(B
′, B′)

ϕ∗

��

τB′
// A

⊗
R

B′

1⊗
R
ϕ

��

HomR(B
′, B)

τB
// A

⊗
R

B

'Eqoume (1⊗
R
ϕ)(τB′(1B′)) = (τB ◦ϕ∗)(1B′) = τB ◦ϕ ◦ 1B′ = τB ◦ϕ = τB ◦ 1B ◦ϕ = (τ ◦ϕ∗)B(1B).

ProkÔptei ètsi h metajetikìthta tou diagr�matoc pou mac afor�, kaj¸c isqÔei to akìloujo.

τ ∈ [HomR(B
′,−), A

⊗
R

−]

Γ

��

ϕ∗
∗
// τ ◦ ϕ∗ ∈ [HomR(B,−), A

⊗
R

−]

Γ

��

τB′(1B′)
1⊗
R
ϕ

// (1⊗
R
ϕ)(τB′(1B′)) = (τ ◦ ϕ∗)B(1B)

.
Gia th metajetikìthta tou trÐtou tetrag¸nou pou afor� sth fusik  isodunamÐa arkeÐ omoÐwc na

deÐxoume tic peript¸seic gia n = 2 kai n = 1. Epomènwc deÐqnoume th metajetikìthta twn parak�tw
diagramm�twn.

[Ext1R(B”,−), A
⊗
R

−]
(−ω1)∗

//

Γ≃

��

[HomR(B
′,−), A

⊗
R

−]

Γ≃

��

S−1(A
⊗
R

−)(B”)
δ // A

⊗
R

B′)

[Ext2R(B”,−), A
⊗
R

−]
(−ω1)∗

//

Γ≃

��

[Ext1R(B
′,−), A

⊗
R

−]

Γ≃

��

S−2(A
⊗
R

−)(B”)
δ // S−1(A

⊗
R

−)(B′)

Sto pr¸to di�gramma dexiìstrofa èqoume τ 7→ −τ ◦ ω1 7→ −(τ ◦ ω1)B′(1B′) = −τB′ ◦ ω1(1B′) =
−τB′([1B′ ◦ (−σ)]) = τB′([σ]), ìpou h σ eÐnai h Ôywsh thc 1B”, ìpwc faÐnetai parak�tw.

0 −→ R1” −→ P0” −→ B” −→ 0
σ↓ f↓ ↓1

0 −→ B′
ϕ−→ B

ψ−→ B” −→ 0

Aristerìstrofa èqoume τ 7→ τR1”([1R1”]) 7→ δ ◦ τR1”([1R1”]) kai h apeikìnish δ faÐnetai sto
parak�tw metajetikì di�gramma.
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0 −→ S−1(A
⊗
R

−)(B”)
i
↪→ A

⊗
R

R1” −→ A
⊗
R

P0”

↘δ 1⊗
R
σ↓

A⊗
R
B′

O τ eÐnai fusikìc metasqhmatismìc. JewroÔme to parak�tw metajetikì di�gramma.

Ext1R(B”, R1”)

σ∗

��

τR1” // A
⊗
R

R1”

1⊗
R
σ

��

Ext1R(B”, B′)
τB′

// A
⊗
R

B′

'Eqoume τB′([σ]) = τB′ ◦σ∗([1R1”) = 1⊗
R
σ◦τR1”([1R1”]) = 1⊗

R
σ◦i◦τR1”([1R1”]) = δ◦τR1”([1R1”]).

Sto deÔtero di�gramma ìpou n = 2 èqoume dexiìstrofa τ 7→ −τ ◦ ω1 7→ −(τ ◦ ω1)R′
1
([1R′

1
]) =

−τR′
1
◦ ω1([1R′

1
]) = −τR′

1
([1R′

1
◦ (−Ωσ)]) = τR′

1
([Ωσ]).

Aristerìstrofa èqoume τ 7→ τR2”([1R2”]) 7→ δ ◦ τR2”([1R2”]).
Ja qrhsimopoi soume ta akìlouja metajetik� diagr�mmata.

Ext2R(B”, R2”)

Ωσ∗

��

τR2” // A
⊗
R

R2”

1⊗
R
Ωσ

��

Ext2R(B”, R′1) τR′
1

// A
⊗
R

R′1

0 −→ R2” −→ P1” −→ R1” −→ P0” −→ B” −→ 0
Ωσ↓ ↓ σ↓ f↓ ↓1

0 −→ R′1 −→ P ′0 −→ B′
ϕ−→ B

ψ−→ B” −→ 0

S−2(A⊗
R
−)(B”) ≃ S−1(A⊗

R
−)(R1”)

.

0 −→ S−1(A
⊗
R

−)(R1”)
i
↪→ A

⊗
R

R2” −→ A
⊗
R

P1”

δ=1⊗
R
Ωσ|↓ 1⊗

R
Ωσ↓ ↓

0 −→ S−1(A
⊗
R

−)(B′)
j
↪→ A

⊗
R

R′1 −→ A
⊗
R

P ′0

'Eqoume δ ◦ τR2”([1R2”]) = 1 ⊗
R
Ωσ| ◦ τR2”([1R2”]) = 1 ⊗

R
Ωσ ◦ τR2”([1R2”]) = τR′

1
◦ Ωσ∗([1R2”]) =

τR′
1
([Ωσ]).
Tèloc, jewroÔme to akìloujo metajetikì di�gramma.
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0 −→ M ′
a−→ M

b−→ M” −→ 0
k↓ l↓ ↓m

0 −→ N ′
c−→ N

d−→ N” −→ 0

H metajetikìthta tou parak�tw diagr�mmatoc kajist� fusik  thn oikogèneia {Φn}.

[ExtnR(M
′,−), A⊗

R
−] a∗

∗
// [ExtnR(M,−), A⊗

R
−]

l∗
∗

uukkkk
kkkk

kkkk
kkk

b∗
∗

// [ExtnR(M”,−), A⊗
R
−]

m∗∗

uujjjj
jjjj

jjjj
jjjj

(−ω1)∗
// [Extn−1R (M ′,−), A⊗

R

.]

k∗
∗

uujjjj
jjjj

jjjj
jjj

[ExtnR(N,−), A⊗
R
−]

d∗
∗

// [ExtnR(N”,−), A⊗
R
−]

(−ω1)∗
// [Extn−1R (N ′,−), A⊗

R
−]

c∗
∗

// [Extn−1R (N,−), A⊗
R

.]

Oi sqèseic l∗
∗ ◦ a∗∗ = c∗

∗ ◦ k∗∗ kai m∗
∗ ◦ b∗∗ = d∗

∗ ◦ l∗∗ isqÔoun apì th metajetikìthta tou
prohgoÔmenou apì autì diagr�mmatoc. H sqèsh k∗

∗ ◦ (−ω1)
∗ = (−ω1)

∗ ◦m∗∗ isqÔei kaj¸c isqÔei
ω1 ◦ k∗ = m∗ ◦ ω1 apì th fusikìthta tou sunomologikoÔ sunartht  {ExtnR(−, L)}n∈N, me L èna
R−prìtupo.

'Estw t¸ra mÐa braqeÐa akrib c akoloujÐa R−protÔpwn, 0 → B′
ϕ→ B

ψ→ B” −→ 0. JewroÔme
ta parak�tw plègmata. AkoloÔjwc ja deÐxoume ìti eÐnai metajetik�. ArqÐzoun me mÐa arister� �peirh
akoloujÐa kai katal goun sto antÐstrofo ìrio wc dipl� �peirec. Autèc ìmwc oi akoloujÐec den eÐnai
aparaÐthta akribeÐc kaj¸c o sunartht c lim

←
den eÐnai akrib c. Ta plègmata sundèontai k�jeta me

ton isomorfismì Γ.

(−ωH
1 )∗

ttiiii
iiii

iiii
iiii

iiii
i

[Extn+3
R (Σ2B,. ), A⊗

R
]
(Σ2ψ)∗

∗

// [Extn+3
R (Σ2B”,. ), A⊗

R
]

(−ωH
1 )∗

uukkkk
kkkk

kkkk
kk

(−ω1)∗
// [Extn+2

R (Σ2B′,. ), A⊗
R
]

(−ωH
1 )∗

uukkkk
kkkk

kkkk
kkk

(Σ2ϕ)∗
∗

// [Extn+2
R (Σ2B,. ), A⊗

R
]

(−ωH
1 )∗

uukkkk
kkkk

kkkk
kk

[Extn+2
R (ΣB”,. ), A⊗

R
]
(−ω1)∗

// [Extn+1
R (ΣB′,. ), A⊗

R
]

(−ωH
1 )∗

uukkkk
kkkk

kkkk
kkk

(Σϕ)∗
∗

// [Extn+1
R (ΣB,. ), A⊗

R
]

(−ωH
1 )∗

uukkkk
kkkk

kkkk
kkkk

(Σψ)∗
∗

// [Extn+1
R (ΣB”,. ), A⊗

R
]

(−ωH
1 )∗

uukkkk
kkkk

kkkk
kkk

[ExtnR(B
′,. ), A⊗

R
]

Γ

��

ϕ∗
∗

// [ExtnR(B,
. ), A⊗

R
]

ψ∗∗
// [ExtnR(B”,. ), A⊗

R
]

(−ω1)∗
// [Extn−1R (B′,. ), A⊗

R
]
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δH

ttjjjj
jjjj

jjjj
jjjj

j

TorRn+3(A,Σ
2B)

(Σ2ψ)∗
// TorRn+3(A,Σ

2B”)

δH

uukkkk
kkkk

kkkk
kk

δ // TorRn+2(A,Σ
2B′)

δH

uukkkk
kkkk

kkkk
kk

(Σ2ϕ)∗
// TorRn+2(A,Σ

2B)

δH

uullll
llll

llll
ll

TorRn+2(A,ΣB”)
δ // TorRn+1(A,ΣB

′)

δH

uukkkk
kkkk

kkkk
kk

(Σϕ)∗
// TorRn+1(A,ΣB)

δH

uukkkk
kkkk

kkkk
kk

(Σψ)∗
// TorRn+1(A,ΣB”)

δH

uullll
llll

llll
ll

TorRn (A,B
′)

ϕ∗
// TorRn (A,B)

ψ∗
// TorRn (A,B”)

δ
// TorRn−1(A,B

′)

Ja deÐxoume ìti k�je prokÔptwn kÔboc pou emfanÐzetai eÐnai metajetikìc. DÔo kÔboi eÐnai arketoÐ
proc èlegqo. JewroÔme ton parak�tw kÔbo tou plègmatoc.

[Extn+1
R (ΣB′,−), A⊗

R
−]

(−ωH
1 )∗

uujjjj
jjjj

jjjj
jjjj

(Σϕ)∗
∗

// [Extn+1
R (ΣB,−), A⊗

R
−]

(−ωH
1 )∗

ttjjjj
jjjj

jjjj
jjjj

j
Γ

��

[ExtnR(B
′,−), A⊗

R
−]

Γ

��

ϕ∗
∗

// [ExtnR(B,−), A⊗
R
−]

Γ

��

TorRn+1(A,ΣB)

δHttiiii
iiii

iiii
iiii

ii

TorRn (A,B
′)

ϕ∗
// TorRn (A,B)

Parajètoume to Horseshoe lemma.

0 −→ B′ −→ IB′ −→ ΣB′ −→ 0
ϕ↓ Iϕ↓ ↓Σϕ

0 −→ B −→ IB −→ ΣB −→ 0
ψ↓ Iψ↓ ↓Σψ

0 −→ B” −→ IB” −→ ΣB” −→ 0

Perimetrik� o kÔboc eÐnai metajetikìc lìgw thc fusik c isodunamÐac Γ. H metajetikìthta thc
p�nw èdrac an�getai sth fusikìthta tou sunomologikoÔ sunartht  Ext∗R(−,M) kai antÐstoiqa thc
k�tw se aut  tou omologikoÔ TorR∗ (A,−). AforoÔn sto p�nw komm�ti tou diagr�mmatoc tou l mma-
toc. JewroÔme t¸ra ton epìmeno kÔbo.
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[Extn+1
R (ΣB”,−), A⊗

R
−]

(−ωH
1 )∗

uujjjj
jjjj

jjjj
jjjj

(−ω1)∗
// [ExtnR(ΣB

′,−), A⊗
R
−]

(−ωH
1 )∗

ttjjjj
jjjj

jjjj
jjj

Γ

��

[ExtnR(B”,−), A⊗
R
−]

Γ

��

(−ω1)∗
// [Extn−1R (B′,−), A⊗

R
−]

Γ

��

TorRn (A,ΣB
′)

δH
ttiiii

iiii
iiii

iiii
iii

TorRn (A,B”)
δ

// TorRn−1(A,B
′)

DeÐqnoume ìti oi sundetikoÐ omomorfismoÐ antimetatÐjentai. H melèth mporeÐ na gÐnei gia n = 2.
'Etsi jewroÔme to akìloujo tetr�gwno.

Ext1R(B
′,M)

ωH
1

��

ω1 // Ext2R(B”,M)

ωH
1

��

Ext2R(ΣB
′,M) ω1

// Ext3R(ΣB”,M)

Dexiìstrofa èqoume [φ : R′1 → M ] 7→ [−φ ◦ Ωσ] 7→ [φ ◦ Ωσ ◦ Ω2ρ]. Aristerìstrofa èqoume
[φ : R′1 →M ] 7→ [−φ ◦ Ωr] 7→ [φ ◦ Ωr ◦ Ω2s]. Oi uy¸seic faÐnontai sta parak�tw diagr�mmata.

0 −→ R2” −→ P1” −→ R1” −→ P0” −→ B” −→ 0
Ωσ↓ ↓ σ↓ f↓ ↓1

0 −→ R′1 −→ P ′0 −→ B′
ϕ−→ B

ψ−→ B” −→ 0
φ↓
M

0 −→ K3” −→ Q2” −→ K2” −→ Q1” −→ K1” −→ Q0” −→ ΣB” −→ 0
Ω2s↓ ↓ Ωs↓ ↓ s↓ ↓ ↓1

0 −→ K ′2 −→ Q′1 −→ K ′1 −→ Q′0 −→ ΣB′
Σϕ−→ ΣB

Σψ−→ ΣB” −→ 0

0 −→ K ′2 −→ Q′1 −→ K ′1 −→ Q′0 −→ ΣB′ −→ 0
Ωr↓ ↓ r↓ ↓ ↓1

0 −→ R′1 −→ P ′0 −→ B′
ϕ−→ IB′

ψ−→ ΣB′ −→ 0
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0 −→ K3” −→ Q2” −→ K2” −→ Q1” −→ K1” −→ Q0” −→ ΣB” −→ 0
Ω2ϱ↓ ↓ Ωϱ↓ ↓ ϱ↓ ↓ ↓1

0 −→ R2” −→ P1” −→ R1” −→ P0” −→ B” −→ IB” −→ ΣB” −→ 0

'Omwc Ωσ ◦ Ω2ρ ≡ Ωr ◦ Ω2s modulo paragontopoÐhshc mèsw tou probolikoÔ protÔpou Q2”,
kaj¸c apoteloÔn kai oi dÔo Ôywsh thc 1ΣB”. To teleutaÐo epiqeÐrhma apeikonÐzetai sta dÔo epìmena
diagr�mmata.

0 −→ K3” −→ Q2” −→ K2” −→ Q1” −→ K1” −→ Q0” −→ ΣB” −→ 0
Ω2ϱ↓ ↓ Ωϱ↓ ↓ ϱ↓ ↓ ↓1

0 −→ R2” −→ P1” −→ R1” −→ P0” −→ B” −→ IB” −→ ΣB” −→ 0
Ωσ↓ ↓ σ↓ ↓ 1↓ 1↓ ↓1

0 −→ R′1 −→ P ′0 −→ B′
ϕ−→ B

ψ−→ B” −→ IB” −→ ΣB” −→ 0

0 −→ K3” −→ Q2” −→ K2” −→ Q1” −→ K1” −→ Q0” −→ ΣB” −→ 0
Ω2s↓ ↓ Ωs↓ ↓ s↓ ↓ ↓1

0 −→ K ′2 −→ Q′1 −→ K ′1 −→ Q′0 −→ ΣB′ −→ ΣB −→ ΣB” −→ 0
Ωr↓ ↓ r↓ ↓ 1↓ 1↓ ↓1

0 −→ R′1 −→ P ′0 −→ B′
ϕ−→ IB′

ψ−→ ΣB′ −→ ΣB −→ ΣB” −→ 0

Mènei na deÐxoume th metajetikìthta sto epìmeno tetr�gwno.

TorR3 (A,ΣB”)

δH

��

δ // TorR2 (A,ΣB
′)

δH

��

TorR2 (A,B”)
δ

// TorR1 (A,B
′)

Oi sunjèseic twn δ faÐnontai sta dÔo epìmena sq mata. P�li, kaj¸c Ωσ◦Ω2ρ ≡ Ωr◦Ω2s modulo
paragontopoÐhshc mèsw tou probolikoÔ protÔpou Q2”, to zhtoÔmeno prokÔptei apì thn idiìthta twn
dorufìrwn.

0 −→ TorR3 (A,ΣB”) −→ A⊗
R
K3” −→ A⊗

R
Q2”

1⊗
R
Ω2ρ|=δH↓ 1⊗

R
Ω2ρ↓ ↓

0 −→ TorR2 (A,B”) −→ A⊗
R
R2” −→ A⊗

R
P1”

1⊗
R
Ω2σ|=δ↓ 1⊗

R
Ω2σ↓ ↓

0 −→ TorR1 (A,B
′) −→ A⊗

R
R′1 −→ A⊗

R
P ′0
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0 −→ TorR3 (A,ΣB”) −→ A⊗
R
K3” −→ A⊗

R
Q2”

1⊗
R
Ω2s|=δ↓ 1⊗

R
Ω2s↓ ↓

0 −→ TorR2 (A,ΣB
′) −→ A⊗

R
K ′2 −→ A⊗

R
Q′1

1⊗
R
Ω2r|=δH↓ 1⊗

R
Ω2r↓ ↓

0 −→ TorR1 (A,B
′) −→ A⊗

R
R′1 −→ A⊗

R
P ′0

Gia k�je akèraio n jewroÔme to sunartht  lim
←
k

[Extn+kR (Σk−,−), A⊗
R
−] tètoioc ¸ste

lim
←
k

[Extn+kR (Σk−,−), A⊗
R
−](B) = lim

←
k

[Extn+kR (ΣkB,−), A⊗
R
−].

JewroÔme èna stoiqeÐo {τk}k pou an kei sto antÐstrofo ìrio. Tìte, k�je τk eÐnai fusikìc metasqh-
matismìc. Kaj¸c isqÔei ìti

lim
←
k

HomR(Bk,M) ≃ HomR(lim→
k

Bk,M),

èqoume
lim
←
k

[Extn+kR (Σk−,−), A⊗
R
−] ≃ [lim

→
k

Extn+kR (Σk−,−), A⊗
R
−]

kai fusik� èqoume

[lim
→
k

Extn+kR (Σk−,−), A⊗
R
−] = [lim

→
k

S−k1 Extn+kR (−,−), A⊗
R
−] = [

⟩

ExtnR(−,−), A⊗
R
−].

OrÐzoume {Φ̌n, ω̌1}n∈Z = {[

⟩

Ext∗R(−,−), A⊗
R
−]}n∈Z kai { ˘TorRn , δ̆}n∈Z = {lim

←
k

TorRn+k(A,Σ
k−)}n∈Z.

Me ta parap�nw, oi sundedemènec oikogèneiec {Φ̌n, ω̌1}n∈Z kai { ˘TorRn , δ̆}n∈Z eÐnai fusik� isodÔnamec.

Oi oikogèneiec autèc eÐnai emfuteutik¸c pl reic kaj¸c o sunartht c

⟩

ExtnR(−,−) eÐnai tètoioc kai o
lim
←
k

TorRn+k(A,Σ
k−) ex orismoÔ, gia k�je n ∈ Z. O

⟩

ExtnR(−,−) eÐnai anex�rthtoc thc epilog c thc

emfuteutik c epÐlushc tou protÔpou pou dialègoume gia ton orismì tou, ìpwc orÐzei h prosèggish au-
toÔ kat� Benson kai Carlson, kai aut  h idiìthta metafèretai sto sunartht  lim

←
k

TorRn+k(A,Σ
k−)

kai o orismìc tou den desmeÔetai apì thn emfuteutik  par�stash me ton injective envelope. O

sunomologikìc sunartht c

⟩

ExtnR(B,−) efarmosmènoc se èna aristerì R−prìtupo C orÐzetai mè-

sw thc emfuteutik c pl rwshc tou antalloÐwtou sunartht 

⟩

ExtnR(−, C) efarmosmèno sto aristerì
R−prìtupo B.
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4.3 H kataskeu  Triulzi.

Me qr sh tou genikeumènou l mmatoc Y oneda èqoume apodeÐxei, mèsw twn sundetik¸n omomorfism¸n
pou aforoÔn se emfuteutikèc parast�seic, δH , th fusik  isodunamÐa, gia k�je akèraio n,

[

⟨

Ext
n

R(−,−), A⊗
R
−] ≃ lim

←
i

TorRn+i(A,Σ
i−),

me ektÐmhsh se èna prìtupo B na eÐnai o isomorfismìc abelian¸n om�dwn [

⟨

Ext
n

R(B,−), A⊗
R
−] ≃

lim
←
i

TorRn+i(A,Σ
iB).

Epitugq�noume, ètsi, thn anexarthsÐa thc epilog c thc emfuteutik c epÐlushc tou protÔpou sth
metablht , ston orismì tou parap�nw antÐstrofou orÐou, kaj¸c to Ðdio isqÔei gia thn pl rwsh

⟨

Ext
n

R(−,−).
Ja deÐxoume ìti h pl rhc omologÐa, h opoÐa eÐnai h kataskeu  Triulzi, h duðk  thc kataskeu c

Mislin, eÐnai fusik� isodÔnamh me th sundedemènh oikogèneia pou sunistoÔn oi prohgoÔmenoi sunar-

thtèc, [

⟨

Ext
n

R(−,−), A⊗
R
−] ≃ lim

←
i

TorRn+i(A,Σ
i−). H apìdeixh ja eÐnai analutik .

JewroÔme to akìloujo metajetikì di�gramma.

lim
←
i

TorRn+i(A,Σ
iB)→ ...

δH→ TorRn+2(A,Σ
2B)

δH−→ TorRn+1(A,ΣB)
δH−→ TorRn (A,B)

1−→ TorRn (A,B)

µ̆

↗
π
↘

µ

↗
π
↘

µ

↗
1
↗

lim
←
i

SiTorRn+i(A,B) −→ ......
d−→ S1TorRn+2(A,ΣB)

d−→ S1TorRn+1(A,B)
µ−→ TorRn (A,B)

Oi apeikonÐseic π ep�gontai apì ton orismì twn dorufìrwn. Parousi�zoume touc dÔo pr¸touc,
pou eÐnai oi akìloujoi sumpur nec.

TorRn+1(A, IB)→ TorRn+1(A,ΣB)→ S1TorRn+1(A,B)→ 0
TorRn+2(A, I

2B)→ TorRn+2(A,Σ
2B)→ S1TorRn+2(A,ΣB)→ 0

EpÐshc èqoume S2TorRn+2(A,B) ≃ S1TorRn+2(A,ΣB). Pragmateuìmaste tic upìloipec diast�seic
toioutotrìpwc. Oi sumpur nec autoÐ emfanÐzontai sth makr� akrib  akoloujÐa tou sunartht  Tor
ìpwc faÐnetai akoloÔjwc.

TorRn+1(A, IB)
g−→ TorRn+1(A,ΣB)

δH−→ TorRn (A,B) −→ TorRn (A, IB)
π ↘↗µ

S1TorRn+1(A,B)

Oi apeikonÐseic µ eÐnai oi emfuteÔseic

S1TorRn+1(A,B) = Cokerg =
TorRn+1(A,ΣB)

Img
≃
TorRn+1(A,ΣB)

KerδH
≃ ImδH

µ
↪→ TorRn (A,B).

'Eqoume µ ◦ π = δH kai π ◦ µ = d. Epomènwc, µ ◦ d = δH ◦ µ. Kaj¸c to antÐstrofo ìrio eÐnai
arister� akrib c sunartht c, h apeikìnish µ̆ : lim

←
i

SiTorRn+i(A,B)→ lim
←
i

TorRn+i(A,Σ
iB), monadik¸c
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orismènh, eÐnai emfÔteush kai paragontopoieÐ mèsw thc δ̆H : lim
←
i

TorRn+i(A,Σ
iB) → TorRn (A,B) thn

apeikìnish d̆ : lim
←
i

SiTorRn+i(A,B)→ TorRn (A,B).

Parajètoume to di�gramma Horseshoe.

0 −→ B′
a′−→ IB′

b′−→ ΣB′ −→ 0
ϕ↓ Iϕ↓ ↓Σϕ

0 −→ B
a−→ IB

b−→ ΣB −→ 0
ψ↓ Iψ↓ ↓Σψ

0 −→ B” a”−→ IB”
b”−→ ΣB” −→ 0

JewroÔme akìma to epìmeno metajetikì di�gramma. Oi grammèc eÐnai akribeÐc. H apeikìnish θ
orÐzetai monadik� an�mesa stouc sumpur nec. QrhsimopoioÔme thn idiìthta dimension shifting twn
emfuteutik¸c pl rwn dexi¸n dorufìrwn enìc sunalloÐwtou sunartht  gia na orÐsoume tic antÐstoiqec
apeikonÐseic θ gia touc upìloipouc dorufìrouc.

TorRn+1(A, IB”)
b”∗ //

δ
��

TorRn+1(A,ΣB”)
π //

δ
��

S1TorRn+1(A,B”)
µ

//

θ
��

TorRn (A,B”)

δ
��

a”∗ //

δ
��

TorRn (A, IB”)

δ
��

TorRn (A, IB
′)

b′∗ // TorRn (A,ΣB
′)

π // S1TorRn (A,B
′)

µ
// TorRn−1(A,B

′)
a′∗ // TorRn−1(A, IB

′)

AfoÔ δH ◦ δ = δ ◦ δH kai h π eÐnai dexi� diagr�yimh, h apeikìnish θ ikanopoieÐ thn kajolik 
idiìthta kai tou sumpur na thc b”∗ all� kai tou pur na thc a′∗.

Prìtash 4.3.1 Oi sundedemènec oikogèneiec sunartht¸n {lim
←
i

SiTorRn+i(A,−), θ̆}n∈Z kai

{lim
←
i

TorRn+i(A,Σ
i−), δ̆}n∈Z eÐnai fusik� isodÔnamec.

Apìdeixh. Oi apeikonÐseic θ̆ kai δ̆ anafèrontai stouc sundetikoÔc omomorfismoÔc sta antÐstoiqa
antÐstrofa ìria. Pr¸ta deÐqnoume ìti h apeikìnish µ̆ : lim

←
i

SiTorRn+i(A,B) → lim
←
i

TorRn+i(A,Σ
iB)

eÐnai isomorfismìc. Gi' autì to skopì qreiazìmaste thn anexarthsÐa thc epilog c thc emfuteutik c
epÐlushc ston orismì tou lim

←
i

TorRn+i(A,Σ
iB) sunduasmènh me thn emfuteutik  plhrìthta autoÔ.

JewroÔme to akìloujo di�gramma Horseshoe kai to metajetikì plègma pou afor� se autì.

0 0 0 0 0
↓ ↓ ↓ ↓ ↓

0 −→ B
a−→ IB

b−→ ΣB
Σa−→ IΣB

Σb−→ Σ2B...
a↓ i↓ ↓Σa i↓ ↓Σ2a

0 −→ IB
ι−→ IB

⊕
IΣB

π−→ IΣB
ι−→ IΣB

⊕
IΣ2B

π−→ IΣ2B...
b↓ p↓ ↓Σb p↓ ↓Σ2b

0 −→ ΣB
Σa−→ IΣB

Σb−→ Σ2B
Σ2a−→ IΣ2B

Σ2b−→ Σ3B...
↓ ↓ ↓ ↓ ↓
0 0 0 0 0
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. . . . .

.

δH
��

.

d
��

.

δH
��

.

δH
��

.

δH
��

TorRn+3(A,Σ
3B)

δH

��

π // S3TorRn+3(A,B)

d

��

µ
// TorRn+2(A,Σ

2B)

δH

��

Σ2a∗ // Tor
n+2

R(A, IΣ2B)

δH

��

Σ2b∗ // Tor
n+2

R(A,Σ3B)

δH

��

TorRn+2(A,Σ
2B)

δH

��

π // S1TorRn+2(A,ΣB)

d

��

µ
// TorRn+1(A,ΣB)

δH

��

Σa∗ // Tor
n+1

R(A, IΣB)

δH

��

Σb∗ // Tor
n+1

R(A,Σ2B)

δH

��

TorRn+1(A,ΣB)

δH

��

π // S1TorRn+1(A,B)

µ

��

µ
// TorRn (A,B)

1

��

a∗ // TorRn (A, IB)

1

��

b∗ // Tor
n

R(A,ΣB)

1

��

TorRn (A,B)
1 // TorRn (A,B)

1 // TorRn (A,B)
a∗ // TorRn (A, IB)

b∗ // Tor
n

R(A,ΣB)

To plègma eÐnai metajetikì. Pr�gmati, ta arister� tetr�gwna eÐnai metajetik� apì ton orismì
twn δH kai d, en¸ h metajetikìthta twn dexi¸n ofeÐletai sthn idiìthta tou Tor wc omologikìc
sunartht c, prosfèrontac touc morfismoÔc an�mesa stic makrèc akribeÐc akoloujÐec pou aforoÔn
sto di�gramma Horseshoe. 'Etsi, prokÔptei to antÐstrofo ìrio tou plègmatoc pou eÐnai h parak�tw
akoloujÐa.

lim
←
i

TorRn+i(A,Σ
iB)

π̆→ lim
←
i

SiTorRn+i(A,B)
µ̆→ lim

←
i

TorRn+i(A,Σ
iB)

ă∗→ lim
←
i

TorRn+i(A, IΣ
iB)

b̆∗→

lim
←
i

TorRn+i(A,Σ
i+1B)

Apomon¸noume to akìloujo tm ma tou plègmatoc.
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0 // lim
←
i

SiTorRn+i(A,B)
µ̆

//

d̆

��

lim
←
i

TorRn+i(A,Σ
iB)

ă∗ //

˘δH

��

lim
←
i

TorRn+i(A, IΣ
iB)

˘δH

��. . . .

.

d
��

.

δH
��

.

δH
��

0 // S3TorRn+3(A,B)

d

��

µ
// TorRn+2(A,Σ

2B)

δH

��

Σ2a∗ // Tor
n+2

R(A, IΣ2B)

δH

��

0 // S2TorRn+2(A,B)

d

��

µ
// TorRn+1(A,ΣB)

δH

��

Σa∗ // Tor
n+1

R(A, IΣB)

δH

��

0 // S1TorRn+1(A,B)
µ

// TorRn (A,B)
a∗ // TorRn (A, IB)

ApoteleÐtai apì akribeÐc akoloujÐec. Kaj¸c to antÐstrofo ìrio eÐnai arister� akrib c sunarth-
t c, h prokÔptousa akoloujÐa eÐnai akrib c. Kaj¸c lim

←
i

TorRn+i(A, IΣ
iB) = lim

←
i

TorRn+i(A,Σ
iIB) =

0, èqoume ìti h apeikìnish µ̆ eÐnai isomorfismìc.

Parousi�zoume t¸ra, gia dedomènh braqeÐa akrib  akoloujÐa R−protÔpwn, 0 → B′
ϕ→ B

ψ→
B” → 0, th makr� sundedemènh akoloujÐa thc oikogèneiac {lim

←
i

SiTorRn+i(A,−), θ̆}, apeikonizìmenh

sthn antÐstoiqh thc oikogèneiac {lim
←
i

TorRn+i(A,Σ
i−), δ̆}.

JewroÔme to akìloujo di�gramma Horseshoe, kai èqoume up' ìyin kai ta epagìmena autoÔ.

0 0 0
↓ ↓ ↓

0 −→ B′
a′−→ IB′

b′−→ ΣB′ −→ 0
ϕ↓ Iϕ↓ ↓Σϕ

0 −→ B
a−→ IB

b−→ ΣB −→ 0
ψ↓ Iψ↓ ↓Σψ

0 −→ B” a”−→ IB”
b”−→ ΣB” −→ 0

↓ ↓ ↓
0 0 0

JewroÔme to epìmeno kubikì plègma. Oi k�jetoi morfismoÐ eÐnai oi emfuteÔseic µ an�mesa se
ìlec tic grammèc ektìc apì tic dÔo pr¸tec pou sundèontai me tic tautotikèc apeikonÐseic.

61



d

ttiiii
iiii

iiii
iiii

i

S3TorRn+4(A,B)
S(Σ2ψ)∗

// S3TorRn+4(A,B”)

d

uukkkk
kkkk

kkkk
kk

θ // S3TorRn+3(A,B
′)

d

uukkkk
kkkk

kkkk
kk

S(Σ2ϕ)∗
// S3TorRn+3(A,B)

d

uukkkk
kkkk

kkkk
kk

S2TorRn+3(A,B”)
θ // S2TorRn+2(A,B

′)

d

uukkkk
kkkk

kkkk
kk

S(Σϕ)∗
// S2TorRn+2(A,B)

d

uukkkk
kkkk

kkkk
kk

S(Σψ)∗
// S2TorRn+2(A,B”)

d

uukkkk
kkkk

kkkk
kk

S1TorRn+1(A,B
′)

Sϕ∗
// S1TorRn+1(A,B)

µ
uukkkk

kkkk
kkkk

kk Sψ∗
// S1TorRn+1(A,B”)

µ
uukkkk

kkkk
kkkk

kk θ
// S1TorRn (A,B

′)

µ
uukkk

kkk
kkk

kkk
kk

TorRn (A,B)

��

ψ∗
// TorRn (A,B”)

δ
// TorRn−1(A,B

′)
ϕ∗

// TorRn−1(A,B)

δH

ttjjjj
jjjj

jjjj
jjjj

j

TorRn+3(A,Σ
2B)

(Σ2ψ)∗
// TorRn+3(A,Σ

2B”)

δH

uukkkk
kkkk

kkkk
kk

δ // TorRn+2(A,Σ
2B′)

δH

uukkkk
kkkk

kkkk
kk

(Σ2ϕ)∗
// TorRn+2(A,Σ

2B)

δH

uullll
llll

llll
ll

TorRn+2(A,ΣB”)
δ // TorRn+1(A,ΣB

′)

δH

uukkkk
kkkk

kkkk
kk

(Σϕ)∗
// TorRn+1(A,ΣB)

δH

uukkkk
kkkk

kkkk
kk

(Σψ)∗
// TorRn+1(A,ΣB”)

δH

uullll
llll

llll
ll

TorRn (A,B
′)

ϕ∗
// TorRn (A,B)

1
uukkk

kkk
kkk

kkk
kk ψ∗

// TorRn (A,B”)

1
uukkk

kkk
kkk

kkk
kk δ

// TorRn−1(A,B
′)

1
uullll

llll
llll

ll

TorRn (A,B)
ψ∗

// TorRn (A,B”)
δ

// TorRn−1(A,B
′)

ϕ∗
// TorRn−1(A,B)

Ja deÐxoume ìti k�je kÔboc pou emfanÐzetai eÐnai metajetikìc. ArqÐzoume me ton akìloujo.

S1TorRn+1(A,B)

µ

vvmmm
mmm

mmm
mmm

Sψ∗
// S1TorRn+1(A,B”)

µ
uukkk

kkk
kkk

kkk
k

µ

��

TorRn (A,B)

1
��

ψ∗
// TorRn (A,B”)

1
��

TorRn (A,B”)

1uukkkk
kkkk

kkkk
kk

TorRn (A,B)
ψ∗

// TorRn (A,B”)

ArkeÐ na deÐxoume ìti µ ◦ Sψ∗ = ψ∗ ◦ µ. JewroÔme to akìloujo di�gramma. Oi emfuteÔseic µ kai
oi probolèc π fèroun deÐktec proc dik  mac dieukìlunsh.
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TorRn+1(A, IB)
b∗ //

Iψ∗
��

TorRn+1(A,ΣB)
π1 //

Σψ∗
��

S1TorRn+1(A,B)
µ1

//

Sψ∗ Sψ′
∗

��

TorRn (A,B)

ψ∗
��

a∗ // TorRn (A, IB)

Iψ∗
��

TorRn+1(A, IB”)
b∗” // TorRn+1(A,ΣB”)

π2 // S1TorRn+1(A,B”)
µ2

// TorRn (A,B”)
a∗” // TorRn (A, IB”)

H apeikìnish Sψ∗ stouc dexioÔc dorufìrouc ep�getai apì th metajetikìthta tou aristeroÔ mèrouc
tou diagr�mmatoc kai thn kajolik  idiìthta tou sumpur na S1TorRn+1(A,B), en¸ h apeikìnish Sψ′∗
ep�getai apì th metajetikìthta tou dexioÔ mèrouc tou diagr�mmatoc kai thn kajolik  idiìthta tou
pur na S1TorRn+1(A,B”). Gia na deÐxoume thn isìthta Sψ∗ = Sψ′∗ jewroÔme th diafor� touc kai
th sunjètoume apì ta dexi� me mÐa dexi� diagr�yimh apeikìnish kai apì ta arister� me mÐa arister�
diagr�yimh. 'Eqoume

µ2◦(Sψ∗−Sψ′∗)◦π1 = µ2◦Sψ∗◦π1−µ2◦Sψ′∗◦π1 = µ2◦π2◦Σψ∗−ψ∗◦µ1◦π1 = δH◦Σψ∗−ψ∗◦δH = 0,

jewr¸ntac th makr� akrib  akoloujÐa tou Tor pou anafèretai sto k�tw mèroc tou prohgoÔmenou
diagr�mmatoc Horseshoe. JewroÔme t¸ra ton epìmeno kÔbo.

S1TorRn+1(A,B”)

µ

vvmmm
mmm

mmm
mmm

m

θ // S1TorRn (A,B
′)

µ
uulll

lll
lll

lll
ll

µ

��

TorRn (A,B”)

1
��

δ // TorRn−1(A,B
′)

1
��

TorRn−1(A,B
′)

1
uulll

lll
lll

lll
l

TorRn (A,B”)
δ

// TorRn−1(A,B
′)

ArkeÐ na deÐxoume thn isìthta µ ◦ θ = δ ◦ µ. JewroÔme to akìloujo di�gramma.

TorRn+1(A, IB”)
b∗” //

δ
��

TorRn+1(A,ΣB”)
π1 //

δ
��

S1TorRn+1(A,B”)
µ1

//

θ θ′

��

TorRn (A,B”)

δ
��

a∗” // TorRn (A, IB”)

δ
��

TorRn (A, IB
′)

b′∗ // TorRn (A,ΣB
′)

π2 // S1TorRn (A,B
′)

µ2
// TorRn−1(A,B

′)
a′∗ // TorRn−1(A, IB

′)

'Opwc prin, orÐzoume tic apeikonÐseic θ kai θ′ kai deÐqnoume ìti eÐnai Ðsec.

µ2 ◦ θ ◦ π1 = µ2 ◦ π2 ◦ δ = δH ◦ δ

µ2 ◦ θ′ ◦ π1 = δ ◦ µ1 ◦ π1 = δ ◦ δH

Kaj¸c oi δ kai δH antimetatÐjentai, èqoume to zhtoÔmeno. JewroÔme ton akìloujo kÔbo.
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S2TorRn+2(A,B
′)

d

uullll
llll

llll
ll

S(Σϕ)∗
// S2TorRn+2(A,B)

duullll
llll

llll
ll

µ

��

S1TorRn+1(A,B
′)

µ

��

Sϕ∗
// S1TorRn+1(A,B)

µ

��

TorRn+1(A,ΣB)

δHuulll
lll

lll
lll

l

TorRn (A,B
′)

ϕ∗
// TorRn (A,B)

Kat' arq�c èqoume µ ◦ d = δH ◦ µ afoÔ d = π ◦ µ kai δH = µ ◦ π. Oi isìthtec µ ◦ Sϕ∗ = ϕ∗ ◦ µ
kai µ ◦ S(Σϕ)∗ = Σϕ∗ ◦ µ apodeiknÔontai me ìmoio trìpo ìpwc ston pr¸to kÔbo pou jewr same.
Mènei na deÐxoume thn isìthta d ◦ S(Σϕ)∗ = Sϕ∗ ◦ d. Sunjètontac apì ta arister� me thn µ :
S1TorRn+1(A,B)→ TorRn (A,B), èqoume

µ ◦ Sϕ∗ ◦ d = ϕ∗ ◦ µ ◦ d = ϕ∗ ◦ δH ◦ µ

µ ◦ d ◦ S(Σϕ)∗ = δH ◦ µ ◦ S(Σϕ)∗ = δH ◦ Σϕ∗ ◦ µ

kai to zhtoÔmeno èpetai afoÔ ϕ∗ ◦ δH = δH ◦Σϕ∗ jewr¸ntac th makr� akrib  akoloujÐa tou Tor
pou anafèretai sto p�nw mèroc tou prohgoÔmenou diagr�mmatoc Horseshoe. H teleutaÐa isìthta
dhl¸nei th metajetikìthta thc k�tw pleur�c tou kÔbou. JewroÔme ton teleutaÐo kÔbo.

S2TorRn+2(A,B”)

d

uukkkk
kkkk

kkkk
kk

θ // S2TorRn+1(A,B
′)

duukkkk
kkkk

kkkk
kk

µ

��

S1TorRn+1(A,B”)

µ

��

θ // S1TorRn (A,B
′)

µ

��

TorRn (A,ΣB
′)

δHuukkk
kkk

kkk
kkk

kk

TorRn (A,B”)
δ

// TorRn−1(A,B
′)

ArkeÐ na deÐxoume th metajetikìthta thc p�nw pleur�c. 'Opwc prin, qrhsimopoioÔme th metaje-
tikìthta twn perimetrik¸n pleur¸n tou kÔbou, thn emfÔteush µ : S1TorRn (A,B

′) → TorRn−1(A,B
′)

wc arister� diagr�yimh kai thn antimet�jetikìthta twn δ kai δH , pou dÐnei epÐshc th metajetikìthta
thc k�tw pleur�c.

H metajetikìthta tou kubikoÔ plègmatoc mac epitrèpei na orÐsoume to antÐstrofo ìrio autoÔ,
mèroc tou opoÐou eÐnai to akìloujo metajetikì di�gramma.

lim
←
i+1

Si+1TorRn+i+1(A,B)
˘Sψ∗

//

µ̆

��

lim
←
i+1

Si+1TorRn+i+1(A,B”)
θ̆ //

µ̆

��

lim
←
i+1

Si+1TorRn+i(A,B
′)

µ̆

��

lim
←−
i

TorRn+i(A,Σ
iB)

ψ̆∗
// lim
←−
i

TorRn+i(A,Σ
iB”)

δ̆ // lim
←−
i

TorRn−1+i(A,Σ
iB′)
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2

Telei¸noume deÐqnontac thn kataskeu  Triulzi kai th sqèsh thc me thn oikogèneia {lim
←
i

SiTorRn+i(A,−), θ̆}n∈Z.

H kataskeu  Mislin, mèsw twn dorufìrwn, eÐnai mÐa èkfansh thc probolik c pl rwshc tou
sunomologikoÔ sunalloÐwtou sunartht  Ext. JewroÔme th duðk  kataskeu  Triulzi kai tic du-
ðkèc prot�seic pou aforoÔn se aut n kai tic efarmìzoume gia th melèth thc emfuteutik c pl -

rwshc tou omologikoÔ sunalloÐwtou sunartht  Tor. H sundedemènh oikogèneia

⟩

TorR∗ (A,−) =
{lim
←
i

SiTorRn+i(A,−), σ̆}n∈Z, lìgw twn dorufìrwn, eÐnai emfuteutik¸c pl rhc, o orismìc thc eÐnai

anex�rthtoc thc emfuteutik c epÐlushc pou epilègoume gia ton upologismì thc kai èqei thn ex c
kajolik  idiìthta: K�je morfismìc apì ènan emfuteutik¸c pl rh omologikì sunartht  ston Tor
paragontopoieÐtai me monadikì trìpo mèsw thc d̆.

W∗

λ∗

��

Λ∗
//

⟩

TorR∗ (A,−)

d̆∗xxppp
ppp

ppp
ppp

TorR∗ (A,−)

H kataskeu  thc makr�c akoloujÐac pou sqetÐzetai me braqeÐa akrib  akoloujÐa protÔpwn prokÔ-
ptei wc to antÐstrofo ìrio enìc plègmatoc apoteloÔmeno apì makrèc akribeÐc akoloujÐec. Parousi�-
zoume thn kataskeu , sthn opoÐa emfanÐzoume mìno touc sundetikoÔc omomorfismoÔc paraleÐpontac
k�je for� touc dÔo endi�mesouc, jewr¸ntac ètsi k�je antikeÐmeno san mÐa tri�da antikeimènwn ana-
ferìmenh sth braqeÐa akrib  akoloujÐa twn protÔpwn Ðdiou deÐkth. H apeikìnish σ̆ anafèretai stouc
sundetikoÔc omomorfismoÔc sto antÐstrofo ìrio.

S1TorRn+3(A,−)

µ

��

θ

))RR
RRR

RRR
RRR

RR

σ∗ // S2TorRn+3(A,−)

d
��

θ

))RR
RRR

RRR
RRR

RR

σ∗ // S3TorRn+3(A,−)

d
��

θ

))RR
RRR

RRR
RRR

RR

σ∗ // S4TorRn+3(A,−)

d
��

θ

))RR
RRR

RRR
RRR

RR

σ∗ // S5TorRn+3(A,−)

d
��

TorRn+2(A,−)

1
��

π◦σ∗ // S1TorRn+2(A,−)

µ

��

θ

))RR
RRR

RRR
RRR

RR

σ∗ // S2TorRn+2(A,−)

d
��

θ

))RR
RRR

RRR
RRR

RR

σ∗ // S3TorRn+2(A,−)

d
��

θ

))RR
RRR

RRR
RRR

RR

σ∗ // S4TorRn+2(A,−)

d
��

TorRn+2(A,−)

1
��

δ // TorRn+1(A,−)

1
��

π◦σ∗ // S1TorRn+1(A,−)

µ

��

θ

))RR
RRR

RRR
RRR

RR

σ∗ // S2TorRn+1(A,−)

d
��

θ

))RR
RRR

RRR
RRR

RR

σ∗ // S3TorRn+1(A,−)

d
��

TorRn+2(A,−)

1
��

δ // TorRn+1(A,−)

1
��

δ // TorRn (A,−)

1
��

π◦σ∗ // S1TorRn (A,−)

µ

��

θ

))RR
RRR

RRR
RRR

RRR
σ∗ // S2TorRn (A,−)

d
��

TorRn+2(A,−)
δ // TorRn+1(A,−)

δ // TorRn (A,−)
δ // TorRn−1(A,−)

π◦σ∗ // S1TorRn−1(A,−)

Gia k�je jetikì akèraio n agkistr¸noume thn kolìbwsh ∞TorR∗ (A,−)n me touc dexioÔc doru-
fìrouc tou sunartht  TorRn (A,−), S>0TorRn (A,−), ìpwc faÐnetai orizìntia sthn kataskeu . H
akoloujÐa pou ep�getai sto antÐstrofo ìrio eÐnai h akìloujh.
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lim
←
i

SiTorRn+2+i(A,−)
σ̆n+2

//

d̆

��

lim
←
i

SiTorRn+1+i(A,−)
σ̆n+1

//

d̆

��

lim
←
i

SiTorRn+i(A,−)
σ̆n //

d̆

��

lim
←
i

SiTorRn−1+i(A,−)

d̆

��. . . .

SuneqÐzoume deÐqnontac th metajetikìthta tou akìloujou tm matoc.

S2TorRn+1(A,−)

d
��

θ

))RR
RRR

RRR
RRR

RR

σ∗ // S3TorRn+1(A,−)

d
��

TorRn (A,−)

1
��

π◦σ∗ // S1TorRn (A,−)

µ

��

θ

))RR
RRR

RRR
RRR

RRR
σ∗ // S2TorRn (A,−)

d
��

TorRn (A,−)
δ // TorRn−1(A,−)

π◦σ∗ // S1TorRn−1(A,−)

'Etsi, gia dedomènh braqeÐa akrib  akoloujÐa protÔpwn 0 → B′
ϕ→ B

ψ→ B” → 0, jewroÔme to
akìloujo tetr�gwno.

TorRn (A,B”)

1
��

π◦σ∗ // S1TorRn (A,B
′)

µ

��

TorRn (A,B”)
δ // TorRn−1(A,B

′)

JewroÔme epÐshc thn Ôywsh thc tautotik c apeikìnishc, gia to sundetikì omomorfismì twn dexi¸n
dorufìrwn enìc sunartht , σ.

0 // B′

1
��

// B

f
��

// B”

σ
��

// 0

0 // B′ // IB′ // ΣB′ // 0

H apeikìnish ϑ eÐnai autìc o sundetikìc omomorfismìc, ìpwc faÐnetai akoloÔjwc.

TorRn (A,B) //

f∗
��

TorRn (A,B”)

σ∗
��

π◦σ∗=ϑ

((QQ
QQQ

QQQ
QQQ

QQ

TorRn (A, IB
′) // TorRn (A,ΣB

′)
π // S1TorRn (A,B

′) // 0

DeÐqnoume th metajetikìthta tou tetrag¸nou qrhsimopoi¸ntac th metajetikìthta tou akìloujou
diagr�mmatoc.
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TorRn (A,B) //

f∗
��

TorRn (A,B”)

σ∗
��

δH◦σ∗=µ◦ϑ

((QQ
QQQ

QQQ
QQQ

QQ
δ // TorRn−1(A,B

′)

1
��

TorRn (A, IB
′) // TorRn (A,ΣB

′)

π
��

δH // TorRn−1(A,B
′)

S1TorRn (A,B
′)

µ

66mmmmmmmmmmmm

Apì to di�gramma pou afor� sthn Ôywsh èqoume δH ◦ σ∗ = δ, en¸ µ ◦ π = δH . JewroÔme t¸ra
to epìmeno di�gramma.

S2TorRn+1(A,B”)

d
��

θ

))SSS
SSSS

SSSS
SSS

SΣ2σ∗ // S3TorRn+1(A,B
′)

d
��

S1TorRn (A,B”)

µ

��

θ

))SS
SSS

SSS
SSS

SSS
SΣσ∗ // S2TorRn (A,B

′)

d
��

TorRn−1(A,B”)
π◦σ∗ // S1TorRn−1(A,B

′)

Ja deÐxoume thn isìthta σ∗ ◦ µ = µ ◦ SΣσ∗. JewroÔme to akìloujo di�gramma pou sqetÐzetai me
to di�gramma thc Ôywshc thc σ, Σσ.

TorRn+1(A,B”) //

σ∗
��

TorRn+1(A, IB”) //

��

TorRn+1(A,ΣB”)
π //

Σσ∗
��

S1TorRn+1(A,B”)

SΣσ∗
��

µ
// TorRn (A,B”)

σ∗
��

TorRn+1(A,ΣB
′) // TorRn+1(A, IΣB

′) // TorRn+1(A,Σ
2B′)

π // S1TorRn+1(A,ΣB
′)

µ
// TorRn (A,ΣB

′)

'Etsi èqoume σ∗ ◦ µ ◦ π = σ∗ ◦ δH = δH ◦ Σσ∗ = µ ◦ π ◦ Σσ∗ = µ ◦ SΣσ∗ ◦ π, en¸ h π eÐnai dexi�
diagr�yimh.

Gia thn isìthta π ◦σ∗ ◦µ = d◦SΣσ∗ sunjètoume apì ta arister� me th µ. 'Eqoume µ◦π ◦σ∗ ◦µ =
µ ◦ d ◦ SΣσ∗ ⇔ δH ◦ σ∗ ◦ µ = δH ◦ µ ◦ SΣσ∗.

Gia thn isìthta SΣσ∗ ◦ d = d ◦ SΣ2σ∗, energoÔme toioutotrìpwc. 'Eqoume µ ◦ SΣσ∗ ◦ d =
µ ◦ d ◦SΣ2σ∗ ⇔ σ∗ ◦µ ◦ d = δH ◦µ ◦SΣ2σ∗ ⇔ σ∗ ◦ δH ◦µ = δH ◦Σσ∗ ◦µ. AfoÔ σ∗ ◦ δH = δH ◦Σσ∗,
èpetai to zhtoÔmeno.

Tèloc, deÐqnoume thn isìthta θ = d ◦ SΣσ∗. OmoÐwc, èqoume µ ◦ θ = µ ◦ d ◦ SΣσ∗ ⇔ µ ◦ θ =
δH ◦ µ ◦ SΣσ∗ ⇔ µ ◦ θ = δH ◦ σ∗ ◦ µ⇔ µ ◦ θ = δ ◦ µ, afoÔ δH ◦ σ∗ = δ, kai h teleutaÐa isìthta thc
isodunamÐac eÐnai apodedeigmènh.

Prìtash 4.3.2 H sundedemènec akoloujÐec twn sunartht¸n {lim
←
i

SiTorRn+i(A,−), θ̆}n∈Z kai

{lim
←
i

SiTorRn+i(A,−), σ̆}n∈Z eÐnai fusik� isodÔnamec.
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Apìdeixh.
En ìyei thc kataskeu c Triulzi, antilambanìmaste tic makrèc akribeÐc akoloujÐec pou sunistoÔn

th makr� sundedemènh akoloujÐa thc oikogèneiac {lim
←
i

SiTorRn+i(A,−), θ̆} san tic pl�giec tejlasmènec

grammèc tou plègmatoc. To metajetikì di�gramma

S2TorRn+1(A,B”)

d
��

θ

))SSS
SSSS

SSSS
SSS

SΣ2σ∗ // S3TorRn+1(A,B
′)

d
��

S1TorRn (A,B”)

θ

))SS
SSS

SSS
SSS

SSS
SΣσ∗ // S2TorRn (A,B

′)

d
��

S1TorRn−1(A,B
′)

eÐnai ousiastik� o akìloujoc metajetikìc kÔboc.

S2TorRn+1(A,B”)

d
��

θ

))SSS
SSSS

SSSS
SSS

SΣ2σ∗ // S3TorRn+1(A,B
′)

d

uukkk
kkk

kkk
kkk

k
d
��

S1TorRn (A,B”)

θ

))SS
SSS

SSS
SSS

SSS
S2TorRn (A,B

′)

d
��

S2TorRn (A,B
′)

duukkk
kkk

kkk
kkk

kk

S1TorRn−1(A,B
′)

JewroÔme thn apeikìnish 1−D :
∏
i
SiTorRn+i(A,−)→

∏
i
SiTorRn+i(A,−), pou orÐzetai mèsw thc

d. 'Eqoume D| ◦ σ̆ = θ̆. Kaj¸c to ìrio lim
←
i

SiTorRn+i(A,−) eÐnai o pur nac thc 1−D èqoume D| = 1,

epomènwc σ̆ = θ̆.
2

Pìrisma 4.3.3 Oi sundedemènh akoloujÐa sunartht¸n {lim
←
i

TorRn+i(A,Σ
i−), δ̆}n∈Z kai h kata-

skeu  Triulzi eÐnai fusik� isodÔnamec.

An t¸ra sfliR <∞, tìte h apeikìnish d an�mesa stouc dorufìrouc eÐnai isomorfismìc gia meg�-
lec diast�seic. Ja doÔme loipìn thn emfuteutik  pl rwsh tou TorR∗ (A,−) me autìn ton periorismì.

Prìtash 4.3.4 sfliR = N <∞⇒

⟩

TorR∗ (A,−) = { ˘Tor
R
n (A,−), δ̆}n∈Z = {lim

←
i

TorRn+i(A,Σ
i−)}n∈Z =

{...., T orRn+1(A,−), T orRn (A,−), T orRn−1(A,−), ..., T orRN+1(A,−), T orRN+1(A,Σ−), T orRN+1(A,Σ
2−), ...}.

Apìdeixh.
JewroÔme thn akìloujh kataskeu .
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TorRN+6(A,Σ
4−)

δ ≃
��

δ // TorRN+5(A,Σ
4−)

δ ≃
��

δ // TorRN+4(A,Σ
4−)

δ ≃
��

δ // TorRN+3(A,Σ
4−)

δ ≃
��

δ // TorRN=2(A,Σ
4)

δ ≃
��

TorRN+5(A,Σ
3−)

δ ≃
��

δ // TorRN+4(A,Σ
3−)

δ ≃
��

δ // TorRN+3(A,Σ
3−)

δ ≃
��

δ // TorRN+2(A,Σ
3−)

δ ≃
��

δ // TorRN+1(A,Σ
3)

δ
��

TorRN+4(A,Σ
2−)

δ ≃
��

δ // TorRN+3(A,Σ
2−)

δ ≃
��

δ // TorRN+2(A,Σ
2−)

δ ≃
��

δ // TorRN+1(A,Σ
2−)

δ
��

δ // TorRN (A,Σ
2)

δ
��

TorRN+3(A,Σ−)

δ ≃
��

δ // TorRN+2(A,Σ−)

δ ≃
��

δ // TorRN+1(A,Σ−)

δ
��

δ // TorRN (A,Σ−)

δ
��

δ // TorRN−1(A,Σ)

δ
��

TorRN+2(A,−)
δ // TorRN+1(A,−)

δ // TorRN (A,−)
δ // TorRN−1(A,−)

δ // TorRN−2(A,−)

Tìte, h prokÔptousa akoloujÐa sto antÐstrofo ìrio eÐnai akrib c, kaj¸c se k�je jèsh h akrÐbeia
an�getai sthn akrÐbeia se k�poio tm ma enìc epipèdou. H Ðdia h akoloujÐa eÐnai h tejlasmènh gram-
m  pou emfanÐzetai san skalop�tia sto plègma. H akoloujÐa eÐnai termatik  kaj¸c o TorR∗ (A,−)
eÐnai emfuteutik¸c pl rhc se meg�lec diast�seic ìtan sfliR < ∞. Apì thn prìtash me th monadi-
k  epèktash sta dexi� èpetai ìti o omologikìc autìc sunartht c eÐnai h emfuteutik  pl rwsh tou
TorR∗ (A,−). 2

H akoloujÐa pou prokÔptei apì thn kataskeu  Triulzi,

⟩

TorR∗ (A,−), eÐnai h agkÐstrwsh sto
sunartht  me deÐkth N + 1 twn dexi¸n dorufìrwn tou. O prokÔptwn omologikìc sunartht c eÐnai
emfuteutik¸c pl rhc kai èpontai oi akìloujoi isomorfismoÐ.

TorRN+1(A,ΣIB)→ TorRN+1(A,ΣB)
π→
≃
S1TorRN+1(A,B)→ 0

S2TorRN+1(A,B) ≃ S1TorRN+1(A,ΣB)
π≃ TorRN+1(A,Σ

2B)

Me dimension shifting èpontai kai oi upìloipoi. Oi omomorfismoÐ autoÐ eÐnai fusikoÐ kaj¸c
eÐnai oi fusikèc probolèc twn dexi¸n dorufìrwn, π. H parap�nw kataskeu  isodunameÐ me thn ka-
taskeu  Triulzi. 'Allwste eÐnai mÐa termatik  akrib c akoloujÐa kai eÐnai h emfuteutik  pl rwsh.
Parajètoume ton isomorfismì δH stic meg�lec diast�seic.

TorRN+2(A, IΣ
r+1B)→ TorRN+2(A,Σ

r+2B)
≃→
δH

TorRN+1(A,Σ
r+1B)→ TorRN+1(A, IΣ

r+1B)

Parajètoume thn apeikìnish δ̆H .

lim
←
i

TorRn+i(A,Σ
iB)

≃→ ...
≃→ TorRN+2(A,Σ

r+2B)
≃−→ TorRN+1(A,Σ

r+1B)
δH−→ TorRN (A,Σ

rB)
δH−→ ...

Ja doÔme t¸ra thn apìdeixh pou dÐnei thn akrÐbeia sth makr� akoloujÐa pou afor� sthn oikogèneia
twn fusik¸n metasqhmatism¸n.
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[

⟩

ExtnR(B,−), A
⊗
R

−] ψ̌
//

γt∗≃

��

[

⟩

ExtnR(B”,−), A
⊗
R

−] ω̌1 //

γt∗≃

��

[

⟩

Extn−1R (B′,−), A
⊗
R

−]

γt∗≃

��

[ExttR(Σ
lB,−), A

⊗
R

−] ψ∗∗
// [ExttR(Σ

lB”,−), A
⊗
R

−]
(−ω1)∗

// [Extt
′
R(Σ

l′B′,−), A
⊗
R

−]

Melet�me thn akrÐbeia sthn pr¸th jèsh, kai èqoume omoÐwc sthc upìloipec.

⟩

ExtnR(B”,−)

τ◦ψ̌∗=0
&&NN

NNN
NNN

NNN
NN

ψ̌∗
//

⟩

ExtnR(B,−)

τ

��

ϕ̌∗
//

⟩
ExtnR(B

′,−)

ρ
xxqqq

qqq
qqq

qqq
q

A
⊗
R

−

Jèloume fusikì metasqhmatismì ρ me ρ ◦ ϕ̌∗ = τ . JewroÔme to akìloujo metajetikì di�gramma.

ExttR(Σ
lB”,−)

(Σlψ)∗

��

γt
//

⟩

ExtnR(B”,−)

ψ̌∗
��

ExttR(Σ
lB,−)

τ◦γt
''OO

OOO
OOO

OOO
OOO

γt
//

⟩

ExtnR(B,−)

τ

��

A
⊗
R

−

ExttR(Σ
lB”,−)

τ◦γt◦(Σlψ)∗=0
((PP

PPP
PPP

PPP
PPP

P

Σlψ∗
// ExttR(Σ

lB,−)

τ◦γt
��

Σlϕ∗
// ExttR(Σ

lB′,−)

ρt
vvnnn

nnn
nnn

nnn
nn

A
⊗
R

−

'Eqoume τ ◦γt◦(Σlψ)∗ = (Σlψ)∗
∗
(τ ◦γt) = 0. Oi fusikoÐ metasqhmatismoÐ eÐnai akrib c omologikìc

sunartht c se autì to epÐpedo. 'Etsi up�rqei h ρt ¸ste to prohgoÔmeno di�gramma na eÐnai metajetikì.
H γt

∗ eÐnai isomorfismìc. 'Etsi, upèrqei h ρ me ρ ◦ γt = ρt. To akìloujo di�gramma eÐnai metajetikì.
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ExttR(Σ
lB,−)

(Σlϕ)∗

��

γt
//

⟩

ExtnR(B,−)

ϕ̌∗
��

ExttR(Σ
lB′,−)

ρt

��

γt
//

⟩

ExtnR(B,−)
ρ

wwppp
ppp

ppp
ppp

pp

A
⊗
R

−

Katal goume sth sqèsh τ ◦ γt = ρ ◦ ϕ̌∗ ◦ γt.

5 Enallaktik  perigraf  thc pl rwshc kat� Nucinkis.

JewroÔme èna daktÔlio R. 'Estw RN kai RL dÔo arister� R−prìtupa, kai èstw mÐa emfuteutik 
epÐlush tou protÔpou N , N → I. JewroÔme to epagìmeno eujÔ sÔsthma abelian¸n om�dwn pou
prokÔptei mèsw twn sundetik¸n omomorfism¸n stic makrèc akribeÐc akoloujÐec pou aforoÔn stic
emfuteutikèc parast�seic thc epÐlushc.

0 → N → I0 → I1 → I2 → I3 → ... → Ii → ...

π ↘↗µ π ↘↗µ π ↘↗µ

ΣN Σ2N Σ3N

ExtnR(N,L)
dn0→ Extn+1

R (ΣN,L)
dn1→ Extn+2

R (Σ2N,L)
dn2→ Extn+3

R (Σ3N,L)
dn3→ ...

To eujÔ ìrio tou sust matoc apoteleÐ thn pl rwsh kat�Nucinkis,

⟩

ExtnR(N,L) ≃ lim→
i

Extn+iR (ΣiN,L),

h opoÐa eÐnai fusik� isodÔnamh me thn eustaj  (emfuteutik¸c pl rh) sunomologÐa, ˜Ext
n

R(N,L).
Parousi�zoume mÐa �llh perigraf  thc pl rwshc aut c. Gi' autì to skopì, jewroÔme epÐshc mÐa

emfuteutik  epÐlush tou protÔpou L, L→ J.

0 → L → J0 → J1 → J2 → J3 → ... → J i → ...

π ↘↗µ π ↘↗µ π ↘↗µ

ΣL Σ2L Σ3L

SumbolÐzoume, gia k�je i ≥ 0, gia k�je sÔmplegma I∗ emfuteutik c epÐlushc to uposÔmplegma
autoÔ, I≥i, ìpwc faÐnetai akoloÔjwc.

I∗ : ...→ 0 → 0 → 0 → I0 → I1 → I2 → ...→ Ii−1 → Ii → Ii+1 → Ii+2 → ...
I≥i : ...→ 0 → 0 → 0 → 0 → 0 → ...→ 0 → 0 → Ii → Ii+1 → Ii+2 → ...
Gia k�je i ≥ 0, jewroÔme to sqedìn isomorfismì ΣiN [i]

α→ I≥i. ProkÔptei h akìloujh diasp¸-
menh, kat� bajmì, akrib c akoloujÐa sumplegm�twn.
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0 −→ I≥i+1 −→ I≥i −→ Ii[i] −→ 0

Efarmìzoume se aut n to sunartht  HomR(−, J∗) kai prokÔptei h akìloujh diasp¸menh, kat�
bajmì, akrib c akoloujÐa sumplegm�twn.

0 −→ HomR(I
i[i], J∗) −→ HomR(I≥i, J∗)

ci−→ HomR(I≥i+1, J∗) −→ 0

H sunaluswt  apeikìnish ci pou emfanÐzetai sthn akoloujÐa ep�getai apì ton periorismì thc
emfÔteushc sumplegm�twn I≥i+1 ⊆ I≥i. H Ðdia ep�gei gia k�je akèraio n tic prosjetikèc apeikonÐseic
cni : Hn(HomR(I≥i, J∗))→ Hn(HomR(I≥i+1, J∗)). JewroÔme to eujÔ sÔsthma

Hn(HomR(I∗, J∗))
cn0→ Hn(HomR(I≥1, J∗))

cn1→ Hn(HomR(I≥2, J∗))
cn2→ Hn(HomR(I≥3, J∗))

cn3→ ...

...
cni−1→ Hn(HomR(I≥i, J∗))

cni→ Hn(HomR(I≥i+1, J∗))
cni+1→ ...

me eujÔ ìrio, lim
→
i

Hn(HomR(I≥i, J∗)).

L mma 5.0.5 'Estw J∗ èna k�tw fragmèno sunaluswtì sÔmplegma emfuteutik¸n arister¸nR−protÔpwn.
IsqÔoun ta akìlouja.

1. An C∗ eÐnai akuklikì sÔmplegma arister¸n R−protÔpwn tìte to sÔmplegma abelian¸n om�dwn

HomR(C∗, J∗) eÐnai epÐshc akuklikì.

2. 'Enac sqedìn isomorfismìc sumplegm�twn arister¸n R−protÔpwn f : X∗ → Y∗ ep�gei to

sqedìn isomorfismì sumplegm�twn abelian¸n om�dwn f∗ : HomR(Y∗, J∗)→ HomR(X∗, J∗).

Apìdeixh.

1.

C−n−1

g−1

��

θ−n
// C−n

Σ−n
zzuu
uu
uu
uu
uu
u

g0

��

θ−n+1
// C−n+1

Σ−n+1
zzuu
uu
uu
uu
uu

g1

��

θ−n+2
// C−n+2

Σ−n+2
yysss

sss
sss

ss

g2

��

θ−n+3
// ...

0 // J0 θ1 // J1 θ2 // J2 θ3 // ...

'Enac sÔgkukloc bajmoÔ n sto sÔmplegma HomR(C∗, J∗) eÐnai mÐa sunaluswt  apeikìnish
g : C∗[n] → J∗, ìpwc faÐnetai sto parap�nw di�gramma. Kaj¸c to sÔmplegma J∗ apoteleÐtai
apì emfuteutik� prìtupa, deÐqnoume eÔkola ìti h g eÐnai omotopik  me th mhdenik . Autì
ìmwc shmaÐnei ìti o sÔgkukloc g eÐnai sÔnoro. Epomènwc, to sÔmplegma HomR(C∗, J∗) eÐnai
akuklikì.

2. O k¸noc C∗ = Cone(f) eÐnai akuklikì sÔmplegma kai to sÔmplegmaHomR(C∗, J∗) eÐnai akrib¸c
o k¸noc tou morfismoÔ f∗ : HomR(Y∗, J∗) → HomR(X∗, J∗). 'Etsi, o morfismìc f∗ eÐnai
sqedìn isomorfismìc apì to 1.

2

To l mma autì ja qrhsimopoihjeÐ sthn apìdeixh thc akìloujhc prìtashc.

Prìtash 5.0.6 Me touc proanaferjèntec sumbolismoÔc isqÔoun ta akìlouja gia k�je akèraio n
kai k�je mh arnhtikì akèraio i.
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1. O sqedìn isomorfismìc ΣiN [i]
α→ I≥i ep�gei isomorfismì abelian¸n om�dwn

Hn(HomR(I≥i, J∗))
≃→ Extn+iR (ΣiN,L).

2. Oi prohgoÔmenoi isomorfismoÐ orÐzoun to akìloujo metajetikì di�gramma.

Hn(HomR(I≥i, J∗))
≃ //

cni
��

Extn+iR (ΣiN,L)

dni
��

Hn(HomR(I≥i+1, J∗)) ≃ // Extn+i+1
R (Σi+1N,L)

3. 'Eqoume fusikì isomorfismì ˜Ext
n

R(N,L) ≃ lim→
i

Hn(HomR(I≥i, J∗)).

Apìdeixh.

1. Kaj¸c to sunaluswtì sÔmplegma J∗ eÐnai k�tw fragmèno apoteloÔmeno apì emfuteutik� prì-

tupa, apì to deÔtero skèloc tou prohgoÔmenou l mmatoc, o sqedìn isomorfismìc ΣiN [i]
α→

I≥i ep�gei to sqedìn isomorfismì sumplegm�twn abelian¸n om�dwn α∗ : HomR(I≥i, J∗) →
HomR(Σ

iN [i], J∗). Epomènwc, oi prosjetikèc apeikonÐseic Hn(α∗) : Hn(HomR(I≥i, J∗)) →
Hn(HomR(Σ

iN [i], J∗)) eÐnai isomorfismoÐ, kai lìgw thc suspension se sunaluswtì sÔmpleg-
ma èqoume Hn(HomR(Σ

iN [i], J∗)) = Hn+i(HomR(Σ
iN, J∗)) = Extn+iR (ΣiN,L). ProkÔptei,

ètsi, o isomorfismìc abelian¸n om�dwn

Hn(HomR(I≥i, J∗))
≃→ Extn+iR (ΣiN,L).

2. O prohgoÔmenoc isomorfismìc Hn(HomR(I≥i, J∗))
≃→ Extn+iR (ΣiN,L) tautÐzei èna stoiqeÐo

ξ ∈ Extn+iR (ΣiN,L), ξ = [f ]Jn+i−1 me thn kl�sh mÐac sunaluswt c apeikìnishc (f j)j≥i : I≥i →
J∗[−n] pou anuy¸nei ton antiprìswpo f wc ex c:

0 // ΣiN //

f
��

Ii //

f i

��

Σi+1N //

Σf
��

Ii+1 //

f i+1

��

Ii+2 //

f i+2

��

...

0 // Σn+iL // Jn+i // Σn+i+1L // Jn+i+1 // Jn+i+2 // ...

Oi anwtèrw apeikonÐseic (f j)j≥i eÐnai monadikèc wc proc omotopÐa kai, gia k�je k ≥ 0, h
apeikìnish Σkf eÐnai monadik  modulo paragontopoÐhshc mèsw tou Jn+i+k−1. ProkÔptoun,
loipìn, oi akìloujec eikìnec.

[(fj)j≥i]7−→

cni ([(f
j)j≥i])=[(fj)j≥i+1]

≃7−→

≃7−→

ξ=[f ]Jn+i−17−→

dni (ξ)=[Σf ]Jn+i
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3. TautÐzontac to eujÔ sÔsthma (Extn+iR (ΣiN,L), dni )i me to eujÔ sÔsthma (H
n(HomR(I≥i, J∗)), cni )i

prokÔptei, lìgw thc metajetikìthtac tou diagr�mmatoc tou deÔterou skèlouc thc prìtashc, o
fusikìc isomorfismìc twn antÐstoiqwn eujèwn orÐwn,

˜Ext
n

R(N,L) ≃ lim→
i

Hn(HomR(I≥i, J∗)).

2

6 H eustaj c omologÐa.

6.1 Tanustikì ginìmeno sumplegm�twn.

OrismoÐ 6.1.1 JewroÔme èna Ropp−sÔmplegma X kai èna R−sÔmplegma Y . Kataskeu�zoume to

fragmèno tanustikì ginìmeno twn sumplegm�twn, dhlad  to pr¸to olikì sÔmplegma, X
⊗
R

Y , jew-

r¸ntac se k�je bajmì n, thn abelian  om�da (X
⊗
R

Y )n =
⊕

p+q=n
(Xp

⊗
R

Yq) =
⊕
i∈Z

(Xi
⊗
R

Yn−i). Autì

kajÐstatai aluswtì sÔmplegma me diaforikì pou orÐzetai se ènan aplì tènsora,

ϑ(x⊗ y) = ϑXi (x)⊗ y + (−1)ix⊗ ϑYn−i(y), x ∈ Xi, y ∈ Yn−i.
OmoÐwc, orÐzoume to aperiìristo tanustikì ginìmeno twn arqik¸n sumplegm�twn, dhlad  to

deÔtero olikì sÔmplegma, X
⊗
R

Y , jewr¸ntac se k�je bajmì n, thn abelian  om�da (X
⊗
R

Y )n =∏
p+q=n

(Xp
⊗
R

Yq) =
∏
i∈Z

(Xi
⊗
R

Yn−i). KajÐstatai aluswtì sÔmplegma me diaforikì pou orÐzetai ìpwc

sto fragmèno.

Kaj¸c uposÔmplegma tou aperiìristou apoteleÐ to fragmèno sÔmplegma, jewroÔme to sÔmpleg-

ma phlÐko kai to kaloÔme eustajèc tanustikì ginìmeno twn arqik¸n sumplegm�twn, X
⊗̃
R

Y =

X
⊗
R

Y/X
⊗
R

Y , me (X
⊗̃
R

Y )n =

∏
p+q=n

(Xp
⊗
R
Yq)⊕

p+q=n
(Xp

⊗
R
Yq)

=

∏
i∈Z

(Xi
⊗
R
Yn−i)⊕

i∈Z
(Xi

⊗
R
Yn−i)

, to opoÐo kajÐstatai aluswtì me diafo-

rikì pou ep�getai apì to diaforikì tou aperiìristou. 'Etsi, prokÔptei h akìloujh, kat� bajmì, braqeÐa

akrib c akoloujÐa sumplegm�twn.

0→ X
⊗
R

Y → X
⊗
R

Y → X
⊗̃
R

Y → 0

ParathroÔme ìti an to sÔmplegma X   to sÔmplegma Y eÐnai fragmèna olik¸c,   akìma an kai

ta dÔo eÐnai fragmèna �nw   fragmèna k�tw, tìte to fragmèno kai to aperiìristo tanustikì ginìmeno

sumpÐptoun, kajist¸ntac to eustajèc mhdenikì.

Oi akìloujec idiìthtec èqoun anaferjeÐ apì touc Olgur Celikbas, Lars Winther Christensen,
Li Liang kai Greg P iepmeyer. Tic apodeiknÔoume.

Idiìthtec 6.1.2 1. X
⊗
R

Y ≃ Y
⊗
Ropp

X, X
⊗
R

Y ≃ Y
⊗
Ropp

X kai X
⊗̃
R

Y ≃ Y
⊗̃
Ropp

X.
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Kaj¸c Xp
⊗
R

Yq
g
≃ Yq

⊗
Ropp

Xp, me g(a ⊗ b) = b ⊗ a, deÐqnoume ìti se k�je bajmì n oi abelianèc

om�dec pou sunjètoun tic diabajmismènec X
⊗
R

Y kai Y
⊗
Ropp

X eÐnai isìmorfec. OmoÐwc, èqoume

ton deÔtero isomorfismì. O trÐtoc apodeiknÔetai me qr sh tou 3−l mmatoc sto metajetikì

di�gramma pou prokÔptei apì thn proanaferjeÐsa braqeÐa akrib  akoloujÐa, kat� bajmì, kai

thn apeikìnish aut c sthn antÐstoiqh mèsw tou isomorfismoÔ ϕ.

2. Oi sunarthtèc X
⊗
R

−, X
⊗
R

− kai X
⊗̃
R

− eÐnai prosjetikoÐ kai dexi� akribeÐc.

An A kai B eÐnai R−sumplègmata tìte, kaj¸c (A
⊕
B)q = Aq

⊕
Bq, èqoume

(X
⊗
R

(A
⊕
B))n =

⊕
p+q=n

(Xp
⊗
R

(Aq
⊕
Bq)) =

⊕
p+q=n

((Xp
⊗
R

Aq)
⊕

(Xp
⊗
R

Bq)) = (X
⊗
R

A)n
⊕

(X
⊗
R

B)n

kai

(X
⊗
R

(A
⊕
B))n =

∏
p+q=n

(Xp
⊗
R

(Aq
⊕
Bq)) =

∏
p+q=n

((Xp
⊗
R

Aq)
⊕

(Xp
⊗
R

Bq)) = (X
⊗
R

A)n
⊕

(X
⊗
R

B)n.

Epomènwc, èqoume X
⊗
R

(A
⊕
B) = X

⊗
R

A
⊕
X
⊗
R

B kai X
⊗
R

(A
⊕
B) = X

⊗
R

A
⊕
X
⊗
R

B.

H prosjetikìthta tou trÐtou sunartht  apodeiknÔetai p�li me qr sh tou 3−l mmatoc sto

metajetikì di�gramma pou prokÔptei sundèontac mèsw thc prosjetikìthtac twn dÔo pr¸twn tic

antÐstoiqec braqeÐec akribeÐc akoloujÐec, kat� bajmì, pou orÐzoun to fragmèno, to aperiìristo

kai to eustajèc tanustikì ginìmeno.

Gia th dexi� akrÐbeia twn sunartht¸n xekin�me me mÐa akrib  akoloujÐa thc morf c Aq →
Bq → Cq → 0. O sunartht c Xp

⊗
R

− eÐnai dexi� akrib c, kai jewroÔme eujèa ajroÐsmata kai

kartesian� ginìmena apì tic prokÔptousec akribeÐc akoloujÐec, gia ton pr¸to kai ton deÔtero

sunartht  antÐstoiqa. ProkÔptei ètsi to parak�tw metajetikì di�gramma, kat� bajmì, tou

opoÐou h akrÐbeia thc trÐthc gramm c èpetai apì kun gi diagr�mmatoc.

0 0 0
↓ ↓ ↓

X
⊗
R

A −→ X
⊗
R

B −→ X
⊗
R

C −→ 0

↓ ↓ ↓
X
⊗
R

A −→ X
⊗
R

B −→ X
⊗
R

C −→ 0

↓ ↓ ↓
X
⊗̃
R

A −→ X
⊗̃
R

B −→ X
⊗̃
R

C −→ 0

↓ ↓ ↓
0 0 0

3. Oi sunarthtèc X
⊗
R

−, X
⊗
R

− kai X
⊗̃
R

− diathroÔn diasp¸menec, kat� bajmì, braqeÐec akribeÐc

akoloujÐec sumplegm�twn.

'Epetai apì thn prosjetikìthta twn sunartht¸n.

4. Oi sunarthtèc X
⊗
R

−, X
⊗
R

− kai X
⊗̃
R

− diathroÔn omotopÐec.
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'Epetai apì thn prosjetikìthta twn sunartht¸n kai oi omotopÐec orÐzontai eÔloga, sebìmenec

thn epilog  tou diaforikoÔ twn sumplegm�twn. Pr�gmati, ja orÐsoume omotopÐec thc morf c

Σp,q = (−1)p1 ⊗ Σq. Ja asqolhjoÔme me ton pr¸to sunartht , kaj¸c h melèth gia touc

upìloipouc gÐnetai toioutotrìpwc. 'Estw h akìloujh omotopÐa.

...
θq+2

// Aq+1

ϕq+1 ξq+1

��

θq+1
// Aq

Σq||zz
zz
zz
zz
ϕq ξq

��

θq
// Aq−1

Σq−1||zz
zz
zz
zz
ϕq−1 ξq−1

��

θq−1
// ...

...
θq+2

// Bq+1
θq+1

// Bq
θq

// Bq−1
θq−1

// ...

'Eqoume ϕq−ξq = Σq−1 ◦θq+θq+1 ◦Σq. Efarmìzoume to sunartht  X
⊗
R

− kai èstw ènac aplìc

tènsorac xp ⊗ aq ∈
⊕

p+q=n
(Xp

⊗
R

Aq). 'Eqoume

xp ⊗ aq 7→ (..., 0, 0, ϑXp (xp)⊗ aq, (−1)pxp ⊗ θq(aq), 0, 0, ...) 7→

(..., 0, 0, (−1)p−1ϑXp (xp)⊗ Σq(aq), (−1)2pxp ⊗ Σq−1θq(aq), 0, 0, ...)

xp⊗aq 7→ (−1)pxp⊗Σq(aq) 7→ (..., 0, 0, (−1)pϑXp (xp)⊗Σq(aq), (−1)2pxp⊗ θq+1Σq(aq), 0, 0, ...)

Prosjètontac ta teleutaÐa stoiqeÐa, met� th diagraf  twn dÔo antÐjetwn ìrwn, prokÔptei to

�jroisma (−1)2pxp⊗Σq−1θq(aq)+ (−1)2pxp⊗ θq+1Σq(aq) = xp⊗ (Σq−1θq(aq)+ θq+1Σq(aq)) =
xp ⊗ (Σq−1 ◦ θq + θq+1 ◦ Σq)(aq) = xp ⊗ (ϕq − ξq)(aq) = (1⊗ ϕq − 1⊗ ξq)(xp ⊗ aq).

5. An a : Y → Y ′ eÐnai morfismìcR−sumplegm�twn tìte Cone(X
⊗
R

a) ≃ X
⊗
R

Cone(a), Cone(X
⊗
R

a) ≃

X
⊗
R

Cone(a) kai Cone(X
⊗̃
R

a) ≃ X
⊗̃
R

Cone(a).

Eidikìtera, X
⊗
R

a, X
⊗
R

a kai X
⊗̃
R

a eÐnai sqedìn isomorfismoÐ an kai mìno an X
⊗
R

Cone(a),

X
⊗
R

Cone(a) kai X
⊗̃
R

Cone(a) eÐnai akuklik�, antÐstoiqa.

Pr�gmati, h akrib c akoloujÐa sumplegm�twn 0 → Y ′ → Cone(a) → ΣY → 0 eÐnai dia-

sp¸menh, kat� bajmì. Oi sunarthtèc X
⊗
R

−, X
⊗
R

− kai X
⊗̃
R

− diathroÔn diasp¸menec, kat�

bajmì, braqeÐec akribeÐc akoloujÐec sumplegm�twn. IsqÔei, epÐshc, ìti X
⊗
R

ΣY = Σ(X
⊗
R

Y ),

X
⊗
R

ΣY = Σ(X
⊗
R

Y ) kai X
⊗̃
R

ΣY = Σ(X
⊗̃
R

Y ).

Epomènwc, ta antikeÐmena X
⊗
R

Cone(a), X
⊗
R

Cone(a) kai X
⊗̃
R

Cone(a) eÐnai oi k¸noi twn

X
⊗
R

a, X
⊗
R

a kai X
⊗̃
R

a, antÐstoiqa.

To akìloujo l mma kai to epìmeno pìrisma autoÔ eÐnai apotelèsmata twn Olgur Celikbas, Lars
Winther Christensen, Li Liang kai Greg P iepmeyer. To pìrisma ja qrhsimopoihjeÐ kat� tic
anaforèc apotelesm�twn touc.

L mma 6.1.3 'Estw D = (Di,j) èna diplì sÔmplegma abelian¸n om�dwn. 'Estw z ènac kÔkloc sto

deÔtero olikì sÔmplegma autoÔ me tm ma zm,n tètoio ¸ste zm,n = ϑh(x′) + ϑv(x”), me x′ ∈ Dm+1,n
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kai x” ∈ Dm,n+1. An H
h
m+k(D∗,n−k) = 0 gia k�je k > 0 kai Hv

n+k(Dm−k,∗) = 0 gia k�je k > 0 tìte

to z eÐnai sÔnoro sto deÔtero olikì sÔmplegma.

Apìdeixh.

zm−1,n+1

��

x”

��
0 zm,noo

��

x′oo

0 zm+1,n−1oo

ApodeiknÔoume thn Ôparxh mÐac akoloujÐac stoiqeÐwn (xi,j) me x′ = xm+1,n kai x” = xm,n+1 ¸ste
zm+k,n−k = ϑh(xm+k+1,n−k) + ϑv(xm+k,n−k+1) gia k�je k ∈ Z. 'Eqoume

ϑv(zm,n) + ϑh(zm+1,n−1) = 0 ⇔ ϑv(ϑh(x′) + ϑv(x”)) + ϑh(zm+1,n−1) = 0 ⇔ −ϑhϑv(x′) +
ϑh(zm+1,n−1) = 0⇔ ϑh(zm+1,n−1 − ϑv(x′)) = 0.

Kaj¸c Hh
m+1(D∗,n−1) = 0 èpetai ìti up�rqei stoiqeÐo x := xm+2,n−1 ∈ Dm+2,n−1 ¸ste ϑh(x) =

zm+1,n−1 − ϑv(x′), dhlad  zm+1,n−1 = ϑh(x) + ϑv(x′). OmoÐwc prokÔptoun stoiqeÐa xm+k,n−k+1 ∈
Dm+k,n−k+1 gia k > 2 pou exuphretoÔn. Akìma,

ϑh(zm,n) + ϑv(zm−1,n+1) = 0 ⇔ ϑh(ϑh(x′) + ϑv(x”)) + ϑv(zm−1,n+1) = 0 ⇔ −ϑvϑh(x”) +
ϑv(zm−1,n+1) = 0⇔ ϑv(zm−1,n+1 − ϑh(x”)) = 0.

Kaj¸c Hv
n+1(Dm−1,∗) = 0 èpetai ìti up�rqei stoiqeÐo y := xm−1,n+2 ∈ Dm−1,n+2 ¸ste ϑv(y) =

zm−1,n+1 − ϑh(x”), dhlad  zm−1,n+1 = ϑv(y) + ϑh(x”). OmoÐwc prokÔptoun stoiqeÐa xm−k+1,n+k ∈
Dm−k+1,n+k gia k > 2 pou exuphretoÔn.

2

H akìloujh prìtash eÐnai pìrisma tou prohgoÔmenou l mmatoc.

Prìtash 6.1.4 'Estw X èna Ropp−sÔmplegma kai Y kai èna R−sÔmplegma.

1. An to X eÐnai �nw fragmèno kai Xi
⊗
R

Y eÐnai akuklikì gia k�je deÐkth i tìte X
⊗
R

Y eÐnai

akuklikì.

2. An to Y eÐnai k�tw fragmèno kai Xi
⊗
R

Y eÐnai akuklikì gia k�je deÐkth i tìte X
⊗
R

Y eÐnai

akuklikì.

Apìdeixh.

1. 'Estw m èna �nw fr�gma tou X. 'Estw z = (zm+k,n−k)k∈Z ènac kÔkloc sto X
⊗
R

Y di�stashc

m + n me n tuqaÐoc akèraioc. Tìte, zm+k,n−k = 0 gia k�je k ∈ N∗. Kaj¸c Xm
⊗
R

Y eÐnai

akuklikì èqoume zm,n = ϑh(0)+ϑv(x”) gia k�poio x” ∈ Dm,n+1. H sunj khHv
n+k(Dm−k,∗) = 0

gia k�je k > 0 tou prohgoÔmenou l mmatoc ikanopoieÐtai kaj¸c Xi
⊗
R

Y eÐnai akuklikì gia

k�je deÐkth i. H sunj kh Hh
m+k(D∗,n−k) = 0 gia k�je k > 0 tou prohgoÔmenou l mmatoc

ikanopoieÐtai kaj¸c to X eÐnai �nw fragmèno. Epomènwc, o kÔkloc z eÐnai sÔnoro kai to X
⊗
R

Y

eÐnai akuklikì.
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2. 'Estw n èna k�tw fr�gma tou Y . 'Estw z = (zm+k,n−k)k∈Z ènac kÔkloc sto X
⊗
R

Y di�stashc

m + n me m tuqaÐoc akèraioc. Tìte, zm+k,n−k = 0 gia k�je k ∈ N∗. Kaj¸c Xm
⊗
R

Y eÐnai

akuklikì èqoume zm,n = ϑh(0)+ϑv(x”) gia k�poio x” ∈ Dm,n+1. H sunj khHv
n+k(Dm−k,∗) = 0

gia k�je k > 0 tou prohgoÔmenou l mmatoc ikanopoieÐtai kaj¸c Xi
⊗
R

Y eÐnai akuklikì gia

k�je deÐkth i. H sunj kh Hh
m+k(D∗,n−k) = 0 gia k�je k > 0 tou prohgoÔmenou l mmatoc

ikanopoieÐtai kaj¸c to Y eÐnai k�tw fragmèno. Epomènwc, o kÔkloc z eÐnai sÔnoro kai to
X
⊗
R

Y eÐnai akuklikì.

2

6.2 H eustaj c omologÐa kat� V ogel.

OrismoÐ 6.2.1 JewroÔme èna Ropp−prìtupo M kai èna R−prìtupo N . JewroÔme, epÐshc, mÐa

probolik  epÐlush P→M tou protÔpou M kaj¸c kai mÐa emfuteutik  epÐlush N → I tou protÔpou

N . JewroÔme t¸ra ta sumplègmata P∗ kai I∗ me mh mhdenik  omologÐa sth jèsh 0. OrÐzoume

TorR∗ (M,N) = H∗(P∗
⊗
R

I∗), TorR∗ (M,N) = H∗(P∗
⊗
R

I∗) kai T̃ or
R

∗ (M,N) = H∗+1(P∗
⊗̃
R

I∗).

H pr¸th omologÐa kaleÐtai apìluth kai eÐnai h gnwst  omologÐa. H deÔterh kaleÐtai aperiìristh

kai h trÐth kaleÐtai eustaj c.

Kat' arq�c ja deÐxoume ìti h omologÐa H∗(P∗
⊗
R

I∗) eÐnai ìntwc h gnwst . Ja qrhsimopoi soume

to l mma 5.0.5.

Prìtash 6.2.2 'Estw M èna Ropp−prìtupo kai èstw N èna R−prìtupo. JewroÔme, epÐshc, mÐa
probolik  epÐlush P→M tou protÔpou M kaj¸c kai mÐa emfuteutik  epÐlush N → I tou protÔpou

N . Tìte H∗(P∗
⊗
R

N) = H∗(P∗
⊗
R

I∗).

Apìdeixh.
JewroÔme to duðkì Pontryagin D. Efarmozìmenoc sthn probolik  epÐlush touM prokÔptei mÐa

emfuteutik  epÐlush tou R−protÔpou DM , DM → DP. To sÔmplegma DP∗ eÐnai k�tw fragmèno
sunalusswtì emfuteutik¸n protÔpwn. JewroÔme to sqedìn isomorfismì λ : N → I∗ kai ton akuklikì
k¸no C∗ = Cone(λ). Tìte HomR(C∗, DP∗) eÐnai akuklikì, en¸ apì to gnwstì suzugèc zeÔgoc eÐnai
isìmorfo me to D(P∗

⊗
R

C∗). AfoÔ autì eÐnai akuklikì, èpetai ìti omoÐwc eÐnai kai to sÔmplegma

P∗
⊗
R

C∗ = P∗
⊗
R

Cone(λ) = Cone(P∗
⊗
R

λ). 'Ara, h P∗
⊗
R

λ eÐnai sqedìn isomorfismìc.

2

Parathr seic 6.2.3 1. Kaj¸c oi sunarthtèc X
⊗
R

−, X
⊗
R

− kai X
⊗̃
R

− diathroÔn omotopÐec,

me X sÔmplegma, èpetai ìti oi orismoÐ twn prohgoÔmenwn omologi¸n eÐnai anex�rthtoi twn

epilÔsewn, eÐte twn probolik¸n eÐte twn emfuteutik¸n.

2. An pdMR <∞   idRN <∞ tìte T̃ or
R

. (M,N) = 0 afoÔ to eustajèc tanustikì ginìmeno twn

antÐstoiqwn sumplegm�twn eÐnai to mhdenikì.

78



3. Oi disunarthtèc TorR∗ (−,−), Tor
R
∗ (−,−) kai T̃ or

R

∗ (−,−) eÐnai omologikoÐ kai stic dÔo meta-

blhtèc. Gia touc dÔo pr¸touc disunarthtèc èqoume ìti, wc proc thn pr¸th metablht , gia mÐa

braqeÐa akrib  akoloujÐa protÔpwn, mporoÔme na jewr soume probolik  epÐlush gia to mesaÐo

prìtupo to eujÔ �jroisma twn probolik¸n epilÔsewn twn akraÐwn protÔpwn, en¸ wc proc th

deÔterh metablht , arkeÐ ìti ta probolik� eÐnai epÐpeda prìtupa. Apofainìmaste thn idiìthta

gia ton trÐto me kun gi diagr�mmatoc sto 3× 3 metajetikì di�gramma pou prokÔptei me seirèc

pou aforoÔn sth braqeÐa akrib  akoloujÐa twn protÔpwn kai st lec pou aforoÔn ston orismì

tou eustajoÔc tanustikoÔ ginomènou sumplegm�twn. H omologik  idiìthta twn sunartht¸n

prokÔptei jewr¸ntac tic makrèc akribeÐc akoloujÐec stic om�dec omologÐac gia tic prokÔptousec

braqeÐec akribeÐc akoloujÐec twn fragmènwn, twn aperiìristwn kai twn eustaj¸n tanustik¸n

ginomènwn twn sumplegm�twn, antÐstoiqa.

4. H kat� bajmì braqeÐa akrib c akoloujÐa sumplegm�twn 0→ X
⊗
R

Y → X
⊗
R

Y → X
⊗̃
R

Y → 0,

ìpou X = P∗ kai Y = I∗ me P→M na eÐnai mÐa probolik  epÐlush enìc protÔpouM kai N → I
mÐa emfuteutik  epÐlush enìc protÔpou N , odhgeÐ sth makr� akrib  akoloujÐa

... −→ T̃ or
R

i (M,N)
δ−→ TorRi (M,N) −→ Tor

R
i (M,N) −→ T̃ or

R

i−1(M,N)
δ−→ ...

Gia ton upologismì thc eustajoÔc omologÐac, mporoÔme na antikatast soume thn probolik  epÐ-
lush tou protÔpou M me mÐa epÐpedh autoÔ. Autì eÐnai èna apotèlesma twn Olgur Celikbas, Lars
Winther Christensen, Li Liang kai Greg P iepmeyer. DÐnoume akoloÔjwc mÐa elafr¸c allagmènh
apìdeixh autoÔ.

H akìloujh prìtash dhl¸nei ìti, ìpwc sthn apìluth omologÐa, h aperiìristh kai h eustaj c
omologÐa mporoÔn na upologistoÔn mèsw epÐpedwn epilÔsewn antÐ mèsw probolik¸n.

Prìtash 6.2.4 'Estw M èna Ropp−prìtupo kai èstw N èna R−prìtupo. JewroÔme, epÐshc, mÐa
epÐpedh epÐlush F→M tou protÔpouM kaj¸c kai mÐa emfuteutik  epÐlush N → I tou protÔpou N .

Tìte Tor
R
i (M,N) ≃ Hi(F∗

⊗
R

I∗) kai T̃ or
R

i (M,N) ≃ Hi+1(F∗
⊗̃
R

I∗) gia k�je i ∈ Z kai oi isomorfismoÐ

eÐnai fusikoÐ se k�je metablht .

Apìdeixh.
JewroÔme mÐa probolik  epÐlush tou protÔpou M , P → M , kaj¸c kai thn aluswt  apeikìnish

pou ep�gei h tautotik , 1M , an�mesa se aut n kai thn epÐpedh, F→M .

P

λ
��

//M

1M

��

F //M

'Estw C∗ = Cone(λ) o akuklikìc k¸noc o opoÐoc eÐnai èna k�tw fragmèno aluswtì sÔmplegma.
Efarmìzoume to duðkì Pontryagin se autìn kai prokÔptei èna k�tw fragmèno akuklikì sunaluswtì
sÔmplegma apì emfuteutik� prìtupa, DC∗. Sunep¸c, to teleutaÐo eÐnai sustaltì. Tìte, gia k�je
sÔmplegma X∗, to sÔmplegmaHomR(X∗, DC∗) eÐnai sustaltì kai �ra akuklikì. Apì to gnwstì suzu-
gèc zeÔgoc autì eÐnai isìmorfo me to D(C∗

⊗
R

X∗). 'Epetai ìti to sÔmplegma C∗
⊗
R

X∗ = Cone(λ)
⊗
R

X∗

eÐnai akuklikì gia k�je sÔmplegma X∗. Epomènwc, to sÔmplegma Cone(λ)
⊗
R

I∗ eÐnai akuklikì. Akìma,
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to sÔmplegma Cone(λ)
⊗
R

E = E
⊗
Ro

Cone(λ) eÐnai akuklikì gia k�je E emfuteutikì prìtupo, jewroÔ-

meno wc sÔmplegma sugkentrwmèno sth di�stash 0. Kaj¸c o k¸noc Cone(λ) eÐnai k�tw fragmèno
sÔmplegma, èqoume apì to deÔtero skèloc thc prìtashc 6.1.4, ìti to sÔmplegma Cone(λ)

⊗
R

I∗ eÐnai

epÐshc akuklikì. Sunep�getai ìti kai to sÔmplegma Cone(λ)
⊗̃
R

I∗ eÐnai akuklikì lìgw thc braqeÐac

akriboÔc akoloujÐac, kat� bajmì, sumplegm�twn pou orÐzei to eustajèc tanustikì ginìmeno sumpleg-
m�twn kai thc makr�c akriboÔc akoloujÐac stic om�dec omologÐac aut¸n. 'Etsi, oi morfismoÐ λ

⊗
R

I∗ kai

λ
⊗̃
R

I∗ twn opoÐwn oi k¸noi eÐnai ta akuklik� sumplègmata Cone(λ)
⊗
R

I∗ kai Cone(λ)
⊗̃
R

I∗, antÐstoiqa,

eÐnai sqedìn isomorfismoÐ. 'Ara, Tor
R
i (M,N) ≃ Hi(F∗

⊗
R

I∗) kai T̃ or
R

i (M,N) ≃ Hi+1(F∗
⊗̃
R

I∗) gia

k�je i ∈ Z kai oi isomorfismoÐ autoÐ apodeiknÔetai eÔloga ìti eÐnai fusikoÐ se k�je metablht  lìgw
thc fusikìthtac pou èqoume apì ton orismì twn sunartht¸n aut¸n.

2

Pìrisma 6.2.5 AnM eÐnai ènaRopp−prìtupo me peperasmènh epÐpedh di�stash tìte T̃ or
R

i (M,−) =
0 gia k�je i ∈ Z.

6.3 H epèktash tou sundetikoÔ omomorfismoÔ apì thn eustaj  sthn pl -
rh omologÐa.

'Estw R ènac daktÔlioc kai èstw MR kai RN dÔo prìtupa.
O sundetikìc omomorfismìc δ sth makr� akrib  akoloujÐa

... −→ T̃ or
R

i (M,N)
δ−→ TorRi (M,N) −→ Tor

R
i (M,N) −→ T̃ or

R

i−1(M,N)
δ−→ ...

epekteÐnetai, apì thn kataskeu  Triulzi, se morfismì ∆,

T̃ or
R

∗ (M,N)
∆−→

⟩

TorR∗ (M,N).

Parapèmpoume sta [49] kai [10].
MÐa diagrammatik  epopteÐa thc epèktashc eÐnai to akìloujo di�gramma pou prosfèrei melèth

mikroskopikoÔ qarakt ra. Pr�gmati, mÐa metatrop  mèsw allag c pros mwn sto diaforikì tou
eustajoÔc sumplègmatoc kai diathr¸ntac prìshma sthn pl rh omologÐa pou sun�doun me th suno-
mologÐa tou Ext kat� ton orismì mèsw fusik¸n metasqhmatism¸n Y oneda epitugq�netai mÐa rht 
apeikìnish pou prosfèrei idanik  epopteÐa thc apeikìnishc kai thc perigraf c enìc stoiqeÐou. EÔkola
apodeiknÔoume ìti h apeikìnish eÐnai epimorfismìc kai fusik , kai epiplèon mporoÔme na upologÐsoume
to mhdenismì tou pur na aut c k�tw apì kat�llhlec sunj kec, pou emfanÐzontai sth sunèqeia thc
suggraf c. Oi pur nec twn tetrag¸nwn me korufèc deÐktec thc eustajoÔc omologÐac eÐnai akrib¸c
oi dorufìroi pou sunjètoun thn pl rh omologÐa.
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0 // TorRn (A,B)
µ

// Rn ⊗
R
B

in⊗1 // Pn−1 ⊗
R
B

Pn ⊗
R
B

θn⊗1 //

1⊗µ0
��

pn⊗1

hhQQQQQQQQQQQQQQQ
Pn−1 ⊗

R
B

1⊗µ0
��

1

hhQQQQQQQQQQQQQQQ

Pn+1 ⊗
R
I0

1⊗π1
��

θn+1⊗1
// Pn ⊗

R
I0

1⊗π1
��

θn⊗1 // Pn−1 ⊗
R
I0

Pn+1 ⊗
R
ΣB

pn+1⊗1

((QQ
QQQ

QQQ
QQQ

QQ

θn+1⊗1
// Pn ⊗

R
ΣB

1

((QQ
QQQ

QQQ
QQQ

QQQ
Q

0 // TorRn+1(A,ΣB)
µ

// Rn+1 ⊗
R
ΣB

in+1⊗1
// Pn ⊗

R
ΣB

Pn+1 ⊗
R
ΣB

θn+1⊗1
//

1⊗µ1
��

pn+1⊗1

hhQQQQQQQQQQQQQQ
Pn ⊗

R
ΣB

1⊗µ1
��

1

ggPPPPPPPPPPPPP

Pn+2 ⊗
R
I1

1⊗π2
��

θn+2⊗1
// Pn+1 ⊗

R
I1

1⊗π2
��

θn+1⊗1
// Pn ⊗

R
I1

Pn+2 ⊗
R
Σ2B

pn+2⊗1

((QQ
QQQ

QQQ
QQQ

Q

θn+2⊗1
// Pn+1 ⊗

R
Σ2B

1

''OO
OOO

OOO
OOO

0 // TorRn+2(A,Σ
2B)

µ
// Rn+2 ⊗

R
Σ2B

in+2⊗1
// Pn+1 ⊗

R
Σ2B

Pn+2 ⊗
R
Σ2B

1⊗µ2
��

pn+2⊗1

hhQQQQQQQQQQQQQQQ

Pn+3 ⊗
R
I2

1⊗π3
��

θn+3⊗1
// Pn+2 ⊗

R
I2

1⊗π3
��

Pn+3 ⊗
R
Σ3B

pn+3⊗1

''OO
OOO

OOO
OOO

θn+3⊗1
// Pn+2 ⊗

R
Σ3B

0 // TorRn+3(A,Σ
3B)

µ
// Rn+3 ⊗

R
Σ3B
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7 H sqèsh thc eustajoÔc omologÐac me thn pl rh omologÐa.

7.1 Enallaktik  perigraf  thc kataskeu c Triulzi.

Parousi�zoume mÐa �llh perigraf  thc kataskeu c Triulzi, wc fusik� isodÔnamh me th sundedemènh
oikogèneia sunartht¸n pou qrhsimopoioÔme akoloÔjwc. JewroÔme èna Ropp−prìtupo M kai èna
R−prìtupo N . JewroÔme, epÐshc, mÐa epÐpedh epÐlush F → M tou protÔpou M kaj¸c kai mÐa
emfuteutik  epÐlush N → I tou protÔpou N . JewroÔme akìma gia k�je mh arnhtikì akèraio i th
sqèsh twn sumplègm�twn I≥i+1 ⊆ I≥i. Tìte, gia k�je mh arnhtikì akèraio i, to sÔmplegma F∗

⊗
R

I≥i+1

eÐnai uposÔmplegma tou F∗
⊗
R

I≥i.

Gia k�je mh arnhtikì akèraio i, jewroÔme thn emfÔteush F∗
⊗
R

I≥i+1 γi

↪→ F∗
⊗
R

I≥i pou ep�gei gia

k�je akèraio n thn prosjetik  apeikìnish abelian¸n om�dwn Hn(F∗
⊗
R

I≥i+1)
γin→ Hn(F∗

⊗
R

I≥i).

Prìtash 7.1.1 Me touc proanaferjèntec sumbolismoÔc isqÔoun ta akìlouja gia k�je akèraio n
kai k�je mh arnhtikì akèraio i.

1. O sqedìn isomorfismìc ΣiN [i]
α→ I≥i ep�gei isomorfismì abelian¸n om�dwn

TorRn+i(M,ΣiN)
≃→ Hn(F∗

⊗
R

I≥i).

2. Oi prohgoÔmenoi isomorfismoÐ orÐzoun to akìloujo metajetikì di�gramma.

TorRn+i+1(M,Σi+1N)
≃ //

δin

��

Hn(F∗
⊗
R

I≥i+1)

γin

��

TorRn+i(M,ΣiN)
≃ // Hn(F∗

⊗
R

I≥i)

3. 'Eqoume fusikì isomorfismì

⟩

TorRn (M,N) ≃ lim
←
i

Hn(F∗
⊗
R

I≥i).

Apìdeixh.
Efarmìzoume to duðkì sunartht  Pontryagin, D− = HomZ(−,Q/Z), sthn epÐpedh epÐlush tou

protÔpou M , F→M , kai prokÔptei, lìgw tou gnwstoÔ suzugoÔc zeÔgouc, mÐa emfuteutik  epÐlush
tou protÔpou DM , DM → DF.

1. O sqedìn isomorfismìc ΣiN [i]
α→ I≥i ep�gei, apì to pr¸to skèloc thc prìtashc 5.0.6, iso-

morfismì abelian¸n om�dwn Hn(HomR(I≥i, DF∗))
≃→ Extn+iR (ΣiN,DM). IsqÔei epÐshc ìti
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ExtnR(N,DM) ≃ DTorRn (M,N) gia k�je deÐkth n. Pr�gmati, gia n = 0 h sqèsh apoteleÐ
to gnwstì suzugèc zeÔgoc. Gia n = 1 jewroÔme thn akìloujh probolik  par�stash, thn
akrib  akoloujÐa tou orismoÔ tou TorR1 , kaj¸c epÐshc kai to parak�tw metajetikì di�gramma
me akribeÐc grammèc. H idiìthta tou sumpur na kai to 5−l mma odhgeÐ sto zhtoÔmeno. Gia tic
upìloipec diast�seic qrhsimopoioÔme dimension shifting.

0→ R1 → P → N → 0

0→ TorR1 (M,N)→M
⊗
R

R1 →M
⊗
R

P →M
⊗
R

N → 0

0 // D(M
⊗
R

N) //

��

D(M
⊗
R

P ) //

��

D(M
⊗
R

R1) //

��

DTorR1 (M,N) //

��

0

0 // HomR(N,DM) // HomR(P,DM) // HomR(R1, DM) // Ext1R(N,DM) // 0

JewroÔme, loipìn, to sqedìn isomorfismì ΣiN [i]
α→ I≥i, kai prokÔptei h aluswt  apeikì-

nish F∗
⊗
R

α : F∗
⊗
R

ΣiN [i] → F∗
⊗
R

I≥i. JewroÔme, gia k�je akèraio n, tic prosjetikèc a-

peikonÐseic Hn(F∗
⊗
R

α) : Hn(F∗
⊗
R

ΣiN [i]) → Hn(F∗
⊗
R

I≥i), en¸ isqÔei Hn(F∗
⊗
R

ΣiN [i]) =

TorRn (M,ΣiN [i]) = TorRn+i(M,ΣiN) kaj¸c h suspension pou emfanÐzetai orÐsthke se su-
naluswtì sÔmplegma. Efarmìzoume to duðkì sunartht  Pontryagin sthn Hn(F∗

⊗
R

α) kai è-

qoume thn prosjetik  apeikìnish DHn(F∗
⊗
R

α) : DHn(F∗
⊗
R

I≥i)→ DTorRn+i(M,ΣiN), dhlad 

HnD(F∗
⊗
R

α) : HnD(F∗
⊗
R

I≥i)→ DTorRn+i(M,ΣiN), kaj¸c o akrib c sunartht cD metatÐje-

tai me thn omologÐa, dhlad  prokÔptei h apeikìnishHn(HomR(α,DF∗)) : Hn(HomR(I≥i, DF∗))→
Extn+iR (ΣiN,DM) pou eÐnai o proanaferjeÐc isomorfismìc. Kaj¸c h abelian  om�da Q/Z eÐ-
nai faithfully injective, èqoume ìti h apeikìnish Hn(F∗

⊗
R

α) eÐnai isomorfismìc. Epomènwc,

o sqedìn isomorfismìc ΣiN [i]
α→ I≥i ep�gei isomorfismì abelian¸n om�dwn

TorRn+i(M,ΣiN)
≃→ Hn(F∗

⊗
R

I≥i).

2. JewroÔme to di�gramma thc upìjeshc kai efarmìzoume se autì to duðkì sunartht  Pontryagin.

Extn+i+1
R (Σi+1N,DM) Hn(HomR(I≥i+1, DF∗))≃

oo

Extn+iR (ΣiN,DM)

Dδin

OO

Hn(HomR(I≥i, DF∗))≃
oo

Dγin

OO

IsqÔoun ìti Dδin = dni kai Dγ
i
n = cni kai h metajetikìthta tou parap�nw diagr�mmatoc èqei apo-

deiqjeÐ sto deÔtero skèloc thc prìtashc 5.0.6. Kaj¸c h abelian  om�da Q/Z eÐnai faithfully
injective èpetai h metajetikìthta tou perÐ ou o lìgoc diagr�mmatoc.
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3. 'Eqoume

⟩
TorRn (M,N) ≃ lim

←
i

TorRn+i(M,ΣiN). TautÐzontac to antÐstrofo sÔsthma

(TorRn+i(M,ΣiN), δin = δH)i me to antÐstrofo sÔsthma (Hn(F∗
⊗
R

I≥i), γin)i prokÔptei, lìgw

thc metajetikìthtac tou diagr�mmatoc tou deÔterou skèlouc thc prìtashc, o fusikìc isomor-
fismìc twn antÐstoiqwn antÐstrofwn orÐwn,

⟩

TorRn (M,N) ≃ lim
←
i

Hn(F∗
⊗
R

I≥i).

2

7.2 Filtr�risma Hausdorff .

JewroÔme èna antÐstrofo sÔsthma aluswt¸n sumplegm�twn abelian¸n om�dwn (Xi)i kai sumbolÐ-
zoume me τ i : Xi → Xi−1, gia k�je i > 0, tic aluswtèc apeikonÐseic pou to sunistoÔn, ìpwc faÐnetai
sto parak�tw metajetikì plègma.

... .

��

.

��

.

��

...

... // Xi+1
1

//

τ i+1
1

��

Xi+1
0

//

τ i+1
0

��

Xi+1
−1

//

τ i+1
−1

��

...

... // Xi
1

//

τ i1
��

Xi
0

//

τ i0
��

Xi
−1

//

τ i−1
��

...

... // Xi−1
1

//

��

Xi−1
0

//

��

Xi−1
−1

//

��

...

... . . . ...

JewroÔme thn aluswt  apeikìnish 1−T :
∏
i
Xi →

∏
i
Xi h opoÐa se k�je bajmì n eÐnai h akìloujh

prosjetik  apeikìnish.

(1− T )n :
∏
i

Xi
n →

∏
i

Xi
n : (xin)i 7→ (xin − τ i+1

n (xi+1
n ))i

OrÐzoume ta sumplègmata lim
←
i

Xi := Ker(1 − T ) kai lim
←
i

1Xi := Coker(1 − T ), ìpwc faÐnetai

sthn epìmenh akrib  akoloujÐa.

0 −→ lim
←
i

Xi −→
∏
i

Xi 1−T−→
∏
i

Xi −→ lim
←
i

1Xi −→ 0
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Mac endiafèrei h perÐptwsh pou to sÔmplegma lim
←
i

Xi eÐnai to mhdenikì, dhlad  ìtan se k�je

bajmì n to sÔmplegma (lim
←
i

Xi)n eÐnai to mhdenikì, dhlad  ìtan èqoume lim
←
i

Xi
n = 0 gia k�je deÐkth

n. Tìte, h braqeÐa akrib c akoloujÐa sumplegm�twn 0 −→
∏
i
Xi 1−T−→

∏
i
Xi −→ lim

←
i

1Xi −→ 0 ep�gei

thn akìloujh makr� akrib  akoloujÐa sthn omologÐa.

...→ Hn+1(lim←
i

1Xi)→ Hn(
∏
i
Xi)

Hn(1−T )→ Hn(
∏
i
Xi)→ Hn(lim←

i

1Xi)→ ...

π ↘↗µ π ↘↗µ

KerHn(1− T ) CokerHn(1− T )
'Omwc, h omologÐa metatÐjetai me akribeÐc sunarthtèc, kai h prosjetik  apeikìnish Hn(1−T ) eÐnai

akrib¸c h apeikìnish 1−Hn(T ), gia k�je deÐkth n. En ìyei tou antÐstrofou sust matoc abelian¸n
om�dwn (Hn(X

i),Hn(τ
i))i, gia k�je deÐkth n, kai tautÐzontac to antÐstrofo ìrio kai ton pr¸to

epagìmeno sunartht  autoÔ me ton pur na kai ton sumpur na thc 1−Hn(T ) :
∏
i
Hn(X

i)→
∏
i
Hn(X

i),

antÐstoiqa, prokÔptei, gia k�je deÐkth n, h akìloujh braqeÐa akrib c akoloujÐa abelian¸n om�dwn.

0 −→ lim
←
i

1Hn+1(X
i) −→ Hn+1(lim←

i

1Xi) −→ lim
←
i

Hn(X
i) −→ 0

Gia par�deigma, sumplègmata X pou epidèqontai filtr�risma Hausdorff èqoun lim
←
i

Xi = 0, ìpwc

faÐnetai ston epìmeno orismì.

Orismìc 7.2.1 'Ena filtr�risma Hausdorff enìc sumplègmatoc X eÐnai mÐa fjÐnousa akoloujÐa

uposumplegm�twn X = X0 ⊇ X1 ⊇ X2 ⊇ ... ⊇ Xi ⊇ ..., tètoia ¸ste
∩
i
Xi = 0, dhlad 

∩
i
Xi
n = 0

gia k�je deÐkth n.

'Estw èna filtr�risma Hausdorff enìc sumplègmatoc X. JewroÔme to antÐstrofo sÔsthma
sumplegm�twn (Xi)i me τ i : Xi ↪→ Xi−1, gia k�je i > 0, oi aluswtèc apeikonÐseic pou to sunistoÔn,
na eÐnai oi emfuteÔseic. Tìte, lim

←
i

Xi =
∩
i
Xi = 0. JewroÔme t¸ra to antÐstrofo sÔsthma twn

phlÐkwn sumplegm�twn, ìpwc faÐnetai akoloÔjwc.

.

��

.

��

.

��

0 // Xi+1 //

τ i+1

��

X
πi+1

//

1

��

X/Xi+1

��

// 0

0 // Xi //

τ i

��

X
πi

//

1

��

X/Xi

��

// 0

0 // Xi−1 //

��

X
πi−1

//

��

X/Xi−1 //

��

0

. . .
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Dhlad , gia k�je akèraio n, èqoume to akìloujo antÐstrofo sÔsthma braqeÐwn akrib¸n akolou-
ji¸n protÔpwn.

.

��

.

��

.

��

0 // Xi+1
n

//

τ i+1
n

��

Xn
πi+1
n //

1n

��

Xn/X
i+1
n

��

// 0

0 // Xi
n

//

τ in
��

Xn

πi
n //

1n

��

Xn/X
i
n

��

// 0

0 // Xi−1
n

//

��

Xn
πi−1
n //

��

Xn/X
i−1
n

//

��

0

. . .

H akoloujÐa Xn = X0
n ⊇ X1

n ⊇ X2
n ⊇ ... ⊇ Xi

n ⊇ ... eÐnai filtr�risma Hausdorff tou protÔpou
Xn me

∩
i
Xi
n = 0.

'Eqoume lim
←
i

1Xn = 0, kaj¸c to sÔsthma Xn eÐnai stajerì. Pr�gmati, genikìtera, an èna antÐ-

strofo sÔsthma Y = (Y j)j∈N eÐnai epimorfikì, apodeiknÔetai ìti lim
←
j

1Y j = 0. Ja deÐxoume ìti h

apeikìnish 1 − T , me T oi apeikonÐseic pou to sunjètoun, eÐnai epimorfismìc. JewroÔme mÐa ako-
loujÐa stoiqeÐwn sto kartesianì ginìmeno

∏
j
Y j , (yj)j = (y0, y1, y2, .., yj , ...). Kataskeu�zoume thn

akoloujÐa stoiqeÐwn (x0, x1, x2, .., xj , ...) me x0 opoiod pote stoiqeÐo kai xj
τ j7→ xj−1 − yj−1 gia k�je

j ̸= 0. Tìte, (x0, x1, x2, .., xj , ...)
1−T7→ (x0− τ1(x1), x1− τ2(x2), x2− τ3(x3), .., xj− τ j+1(xj+1), ...) =

(x0 − (x0 − y0), x1 − (x1 − y1), x2 − (x2 − y2), .., xj − (xj − yj), ...) = (y0, y1, y2, .., yj , ...).
JewroÔme thn epagìmenh akrib  akoloujÐa pou sunÐstatai apì to antÐstrofo ìrio kai ton epagì-

meno sunartht  autoÔ gia to prohgoÔmeno di�gramma. Lìgw twn mhdenism¸n twn proanaferjèntwn
antikeimènwn aut  eÐnai h akìloujh.

0→ Xn
πn→ lim

←
i

Xn/X
i
n → lim

←
i

1Xi
n → 0

Sunep�getai ìti to sÔmplegma lim
←
i

1Xi eÐnai isìmorfo me to sumpur na thc aluswt c apeikìnishc

X
π→ lim
←
i

X/Xi.

Pìrisma 7.2.2 'Estw X sÔmplegma me filtr�risma Hausdorff , X = X0 ⊇ X1 ⊇ X2 ⊇ ... ⊇
Xi ⊇ .... Tìte to sÔmplegma lim

←
i

1Xi eÐnai isìmorfo me to sumpur na thc aluswt c apeikìnishc

X
π→ lim
←
i

X/Xi kai h omologÐa tou upologÐzetai, gia k�je akèraio n, mèsw thc braqeÐac akriboÔc

akoloujÐac abelian¸n om�dwn
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0 −→ lim
←
i

1Hn+1(X
i) −→ Hn+1(lim←

i

1Xi) −→ lim
←
i

Hn(X
i) −→ 0.

7.3 H sqèsh thc eustajoÔc omologÐac me thn pl rh omologÐa.

To akìloujo je¸rhma dhl¸nei th sqèsh thc eustajoÔc me thn pl rh omologÐa.

Je¸rhma 7.3.1 'Estw R ènac daktÔlioc kai èstwMR kai RN dÔo prìtupa. Tìte, gia k�je akèraio

n, èqoume thn akìloujh braqeÐa akrib  akoloujÐa abelian¸n om�dwn, fusik  wc proc M kai N .

0 −→ lim
←
i

1TorRn+i+1(M,ΣiN) −→ T̃ or
R

n (M,N)
∆−→

⟩

TorRn (M,N)→ 0

Apìdeixh.
JewroÔme mÐa epÐpedh epÐlush F→M tou protÔpouM kaj¸c kai mÐa emfuteutik  epÐlush N → I

tou protÔpou N . Gia k�je fusikì akèraio i, jewroÔme ta uposumplègmata I≥i ⊆ I∗ kai sunistoÔn to
akìloujo fjÐnon filtr�risma tou sumplègmatoc I∗.

I∗ = I≥0 ⊇ I≥1 ⊇ I≥2 ⊇ ... ⊇ I≥i ⊇ ...

JewroÔme, epÐshc, kai to epagìmeno filtr�risma tou sumplègmatoc abelian¸n om�dwn F∗
⊗
R

I∗.

F∗
⊗
R

I∗ = F∗
⊗
R

I≥0 ⊇ F∗
⊗
R

I≥1 ⊇ F∗
⊗
R

I≥2 ⊇ ... ⊇ F∗
⊗
R

I≥i ⊇ ...

JewroÔme to tm ma bajmoÔ n, (F∗
⊗
R

I∗)n =
⊕
j≥0

Fn+j
⊗
R

Ij , kai to fjÐnon filtr�risma autoÔ.⊕
j≥0

Fn+j
⊗
R

Ij ⊇
⊕
j≥1

Fn+j
⊗
R

Ij ⊇
⊕
j≥2

Fn+j
⊗
R

Ij ⊇ ... ⊇
⊕
j≥i

Fn+j
⊗
R

Ij ⊇ ...

Kaj¸c
∩
m∈N

⊕
j≥m

Fn+j
⊗
R

Ij = 0, èpetai ìti to anwtèrw filtr�risma eÐnai Hausdorff . 'Etsi, to

tm ma bajmoÔ n tou sumplègmatoc lim
←
i

1(F∗
⊗
R

I∗) eÐnai o sumpur nac thc apeikìnishc (F∗
⊗
R

I∗)n
πn→

lim
←
i

[(F∗
⊗
R

I∗)n/(F∗
⊗
R

I≥i)n].

'Omwc, (F∗
⊗
R

I∗)n =
⊕
j≥0

Fn+j
⊗
R

Ij , en¸ lim
←
i

[(F∗
⊗
R

I∗)n/(F∗
⊗
R

I≥i)n] = lim
←
i

[
⊕
j≥0

Fn+j
⊗
R

Ij/
⊕
j≥i
Fn+j

⊗
R

Ij ] =

lim
←
i

[
i−1⊕
j=0

Fn+j
⊗
R

Ij ] = lim
←
i

[
i−1∏
j=0

Fn+j
⊗
R

Ij ] =
∏
j≥0

Fn+j
⊗
R

Ij .

Epomènwc, h apeikìnish πn eÐnai h fusik  emfÔteush⊕
j≥0

Fn+j
⊗
R

Ij ↪→
∏
j≥0

Fn+j
⊗
R

Ij
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pou sunjètei to tm ma bajmoÔ n tou fragmènou kai tou aperiìristou tanustikoÔ ginomènou twn
sumplegm�twn F∗ kai I∗ me sumpur na to eustajèc. 'Eqoume, dhlad , ìti to sÔmplegma lim←

i

1(F∗
⊗
R

I≥i)

eÐnai to sÔmplegma F∗
⊗̃
R

I∗.

Apì to pìrisma 7.2.2 èpetai, gia k�je akèraio n, h braqeÐa akrib c akoloujÐa abelian¸n om�dwn

0 −→ lim
←
i

1Hn+1(F∗
⊗
R

I≥i) −→ Hn+1(F∗
⊗̃
R

I∗) −→ lim
←
i

Hn(F∗
⊗
R

I≥i) −→ 0.

Apì ton orismì thc eustajoÔc omologÐac kai thn taÔtish, apì thn prìtash 7.1.1, tou antistrìfou
sust matoc (TorRn+i(M,ΣiN), δin)i me to antÐstrofo sÔsthma (Hn(F∗

⊗
R

I≥i), γin)i èqoume, gia k�je

akèraio n, th braqeÐa akrib  akoloujÐa abelian¸n om�dwn

0 −→ lim
←
i

1TorRn+i+1(M,ΣiN) −→ T̃ or
R

n (M,N)
∆−→

⟩

TorRn (M,N)→ 0.

H apeikìnish ∆ eÐnai akrib¸c h apeikìnish pou prosfèrei to pìrisma 7.2.2. 'Epetai h fusikìthta
thc akoloujÐac.

2

8 Krit ria isomorfismoÔ.

8.1 H sunj kh Mittag − Leffler.

JewroÔme èna antÐstrofo sÔsthma abelian¸n om�dwn, (Ai)i∈N. Lème ìti to sÔsthma ikanopoieÐ th
sunj kh Mittag − Leffler an gia k�je deÐkth i up�rqei deÐkthc j(i), pou exart�tai dhlad  apì to
i, me j(i) ≥ i, ètsi ¸ste gia k�je deÐkth k ≥ j(i) èqoume Im[Ak → Ai] = Im[Aj(i) → Ai] := A′i kai
h opoÐa kaleÐtai stajer  eikìna.

Lème ìti to sÔsthma (Ai)i∈N ikanopoieÐ thn tetrimmènh sunj kh Mittag − Leffler an gia k�je
deÐkth i up�rqei deÐkthc t(i), pou exart�tai dhlad  apì to i, me t(i) > i ètsi ¸ste Im[At(i) → Ai] = 0.

'Eqoume  dh deÐxei ìti an èna antÐstrofo sÔsthma (Ai)i∈N eÐnai epimorfikì tìte lim
←
i

1Ai = 0.

Ja deÐxoume ìti an èna sÔsthma (Ai)i∈N ikanopoieÐ thn tetrimmènh sunj kh Mittag − Leffler tìte
lim
←
i

1Ai = 0, kai me qr sh twn dÔo aut¸n prot�swn ja apodeÐxoume ìti an èna sÔsthma (Ai)i∈N

ikanopoieÐ th sunj kh Mittag − Leffler tìte lim
←
i

1Ai = 0.

JewroÔme, loipìn, èna antÐstrofo sÔsthma (Ai)i∈N pou ikanopoieÐ thn tetrimmènh sunj khMittag−
Leffler. Ja deÐxoume ìti h apeikìnish 1− S, me S oi apeikonÐseic pou to sunjètoun, eÐnai epimorfi-
smìc. JewroÔme mÐa akoloujÐa stoiqeÐwn sto kartesianì ginìmeno

∏
i
Ai, (bi)i = (b0, b1, b2, .., bi, ...).

Kataskeu�zoume thn akoloujÐa stoiqeÐwn (a0, a1, a2, .., ai, ...) wc ex c:

a0 =
∞∑
j=0

sj0bj , a1 =
∞∑
j=1

sj1bj , a2 =
∞∑
j=2

sj2bj , ..., ai =
∞∑
j=i

sjibj , ...
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Oi parap�nw orismoÐ èqoun nìhma kaj¸c ìla ta anwtèrw ajroÐsmata eÐnai peperasmèna afoÔ to
sÔsthma ikanopoieÐ thn tetrimmènh sunj kh Mittag − Leffler. Tìte,

(a0, a1, a2, .., ai, ...)
1−S7→ (a0 − s10a1, a1 − s21a2, a2 − s32a3, .., ai − si+1iai+1, ...) =

(

∞∑
j=0

sj0bj−s10(
∞∑
j=1

sj1bj),

∞∑
j=1

sj1bj−s21(
∞∑
j=2

sj2bj),

∞∑
j=2

sj2bj−s32(
∞∑
j=3

sj3bj), .,

∞∑
j=i

sjibj−si+1i(

∞∑
j=i+1

sji+1bj), ..) =

(
∞∑
j=0

sj0bj−
∞∑
j=1

s10sj1bj ,
∞∑
j=1

sj1bj−
∞∑
j=2

s21sj2bj ,
∞∑
j=2

sj2bj−
∞∑
j=3

s32sj3bj , ..,
∞∑
j=i

sjibj−
∞∑

j=i+1

si+1isji+1bj , ...) =

(
∞∑
j=0

sj0bj−
∞∑
j=1

sj0bj ,
∞∑
j=1

sj1bj−
∞∑
j=2

sj1bj ,
∞∑
j=2

sj2bj−
∞∑
j=3

sj2bj , ..,
∞∑
j=i

sjibj−
∞∑

j=i+1

sjibj , ...) = (b0, b1, b2, .., bi, ...).

'Estw t¸ra èna antÐstrofo sÔsthma (Ai)i∈N pou ikanopoieÐ th sunj kh Mittag − Leffler. Je-
wroÔme th braqeÐa akrib  akoloujÐa 0 → (A′i)i → (Ai)i → (Ai/A

′
i)i → 0 pou sunjètei to sÔsthma

autì kai to antÐstrofo sÔsthma twn stajer¸n eikìnwn. To teleutaÐo eÐnai epimorfikì, en¸ to prokÔ-
pton sÔsthma twn phlÐkwn, (Ai/A′i)i, ikanopoieÐ thn tetrimmènh sunj kh Mittag − Leffler. Kaj¸c
to sÔnolo deikt¸n pou fèroun ta sust mata eÐnai oi fusikoÐ arijmoÐ, h epagìmenh akrib c akoloujÐa
pou sunjètoun oi epagìmenoi dexioÐ sunarthtèc tou antÐstrofou orÐou eÐnai mÐa akoloujÐa èxi ìrwn.

Autì sumbaÐnei diìti, sthn kathgorÐa twn abelian¸n om�dwn, o sunartht c
∞∏
i=0

eÐnai akrib c, kai h en

lìgw akoloujÐa eÐnai h Kernel−Cokernel akoloujÐa tou parak�tw diagr�mmatoc kai èpetai autoÔ.
To di�gramma emfanÐzei Ðdiec grammèc, autèc pou prokÔptoun efarmìzontac to sunartht  sta antikeÐ-
mena twn susthm�twn sunjètontac braqeÐa akrib  akoloujÐa, kai k�jetec apeikonÐseic thn 1−S pou
antistoiqeÐ se k�je sÔsthma. O pur nac aut c upologÐzoume ìti eÐnai ìntwc to antÐstrofo ìrio tou
sust matoc, en¸ o sumpur nac aut c eÐnai o pr¸toc epagìmenoc sunartht c tou antÐstrofou orÐou,
kaj¸c ta emfuteutik� antikeÐmena thc kathgorÐac twn antÐstrofwn susthm�twn abelian¸n om�dwn
eÐnai epimorfik� sust mata pou mhdenÐzoun ton sumpur na autìn. 'Epetai ìti oi upìloipoi epagìmenoi
sunarthtèc gia thn perÐptwsh twn abelian¸n om�dwn me sÔnolo deikt¸n touc fusikoÔc arijmoÔc eÐnai
oi mhdenikoÐ. Sthn akoloujÐa, loipìn, aut  twn èxi ìrwn èqoume lim

←
i

1A′i = 0 kai lim
←
i

1(Ai/A
′
i) = 0.

Sunep�getai ìti lim
←
i

1Ai = 0.
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0

��

0

��

0

��

0 // lim
←
i

A′i

��

// lim
←
i

Ai

��

// lim
←
i

(Ai/A
′
i)

��

0 //
∏
i
A′i

1−S′

��

//
∏
i
Ai

1−S

��

//
∏
i
(Ai/A

′
i)

1−S”
��

// 0

0 //
∏
i
A′i

//

��

∏
i
Ai //

��

∏
i
(Ai/A

′
i)

//

��

0

lim1

←
i

A′i

��

// lim1

←
i

Ai

��

// lim1

←
i

(Ai/A
′
i)

��

// 0

0 0 0

0 // lim
←
i

A′i
// lim
←
i

Ai // lim
←
i

(Ai/A
′
i)

// lim1

←
i

A′i
// lim1

←
i

Ai // lim1

←
i

(Ai/A
′
i)

// 0

8.2 Krit ria isomorfismoÔ.

Prìtash 8.2.1 'Estw R ènac daktÔlioc kai MR èna dexiì R−prìtupo. 'Estw ìti isqÔei èna apì

ta akìlouja.

1. Up�rqei fusikìc arijmìc m ¸ste TorRi (M, I) = 0 gia k�je emfuteutikì aristerì R−prìtupo
I kai k�je i > m, dhlad  to prìtupo M èqei peperasmènh copure epÐpedh di�stash.

2. sfliR <∞.

Tìte, h fusik  apeikìnish T̃ or
R

n (M,N)
∆−→

⟩

TorRn (M,N) eÐnai isomorfismìc gia k�je aristerì

R−prìtupo RN , gia k�je akèraio n.

Apìdeixh.

JewroÔme, gia k�je n, to antÐstrofo sÔsthma ...
δH→ TorRn+2(A,Σ

2B)
δH=δ1n−→ TorRn+1(A,ΣB)

δH=δ0n−→
TorRn (A,B), ìpou oi apeikonÐseic pou to sunjètoun eÐnai autèc pou prokÔptoun apì emfuteutikèc
parast�seic. Se meg�louc deÐktec h apeikìnish δH eÐnai isomorfismìc kajist¸ntac th sunj kh
Mittag − Leffler ikanopoihmènh. 'Etsi, gia k�je n, èqoume lim

←
i

1TorRn+i(M,ΣiN) = 0 kai epi-

kaloÔmaste to je¸rhma 7.3.1.
2
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L mma 8.2.2 JewroÔme èna eujÔ sÔsthma abelian¸n om�dwn (Bi, λi)i kai to epagìmeno antÐstrofo
sÔsthma mèsw tou sunartht  Pontryagin, (DBi, Dλi)i. Tìte, lim←

i

DBi ≃ D(lim
→
i

Bi) kai lim←
i

1DBi =

0.

Apìdeixh.
JewroÔme th braqeÐa akrib  akoloujÐa pou orÐzei to eujÔ ìrio tou sust matoc,

0 −→
⊕
i

Bi
1−Λ−→

⊕
i

Bi −→ lim
→
i

Bi −→ 0,

ìpou h emfÔteush 1−Λ apeikonÐzei èna stoiqeÐo (bi)i tou eujèoc ajroÐsmatoc sto stoiqeÐo tou idÐou
(bi − λi−1bi−1)i. Efarmìzontac to sunartht  Pontryagin se aut n, prokÔptei h akìloujh akrib c
akoloujÐa.

0 −→ D(lim
→
i

Bi) −→
∏
i

DBi
D(1−Λ)−→

∏
i

DBi −→ 0

Kaj¸c h apeikìnish D(1 − Λ) = 1 − DΛ eÐnai aut  pou orÐzei to antÐstrofo ìrio kai ton
pr¸to epagìmeno sunartht  autoÔ tou en lìgw antistrìfou sust matoc, h akrÐbeia thc parap�nw
akoloujÐac dÐnei lim

←
i

DBi ≃ D(lim
→
i

Bi) kai lim←
i

1DBi = 0.

2

JewroÔme, gia prìtupa MR, SKR, SC, th gnwst  fusik  apeikìnish

Φ :M
⊗
R

HomS(K,C)→ HomS(HomRopp(M,K), C),m⊗ f 7→ h : g 7→ f(g(m)).

Apì thn prosjetikìthta tou tanustikoÔ ginomènou èqoume ìti h parap�nw apeikìnish eÐnai isomor-
fismìc ìtan to M eÐnai peperasmèna paragìmeno probolikì dexiì R−prìtupo. EÐnai epÐshc isomor-
fismìc kai sthn perÐptwsh pou to C eÐnai emfuteutikì aristerì S−prìtupo kai to M peperasmèna
parist¸meno dexiì R−prìtupo.

JewroÔme thn eidik  perÐptwsh pou o daktÔlioc S eÐnai o daktÔlioc Z kai to prìtupo C eÐnai to
Q/Z ¸ste o sunartht c HomS(−, C) na eÐnai o Pontryagin. 'Estw epÐshc ìti to prìtupo MR eÐnai
tÔpou FP∞. JewroÔme to sÔmplegma twn peperasmèna paragìmenwn probolik¸n protÔpwn mÐac pro-
bolik c epÐlus c tou, P∗. H prokÔptousa aluswt  apeikìnish Φ∗ : P∗

⊗
R

DK → DHomRopp(P∗,K)

eÐnai isomorfismìc gia k�je dexiì R−prìtupo K. Epomènwc, oi prosjetikèc apeikonÐseic sthn omo-
logÐa aut¸n eÐnai oi isomorfismoÐ Φn : TorRn (M,DK)→ DExtnRopp(M,K).

Prìtash 8.2.3 JewroÔme èna daktÔlio R kai èna dexiì R−prìtupoM tÔpou FP∞. Tìte, h fusik 

apeikìnish T̃ or
R

n (M,DK)
∆−→

⟩

TorRn (M,DK) eÐnai isomorfismìc gia k�je dexiì R−prìtupo K, gia

k�je akèraio n.

Apìdeixh.
JewroÔme mÐa probolik  epÐlush tou protÔpouK, Q→ K, kai èqoume ìti to sÔmplegmaDQ∗ apo-

teleÐ to sÔmplegma twn emfuteutik¸n protÔpwn thc emfuteutik c epÐlushc tou aristeroÔR−protÔpou
DK. TautÐzontac to antÐstrofo sÔsthma (TorRn+i(M,ΣiDK))i me to antÐstrofo sÔsthma (DExt

n+i
Ropp(M,ΩiK))i,
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kaj¸c isqÔei ìti DΩiK = ΣiDK kai oi sundetikoÐ omomorfismoÐ pou ta sunjètoun ep�gontai apì

Ðdiec parast�seic, apofainìmaste ìti

⟩

TorRn (M,DK) ≃ D

⟩

ExtnRopp(M,K), ìpou

⟩

ExtnRopp(M,K) ≃

Ẽxt
n

Ropp(M,K) kai
⟩

TorRn (M,DK) eÐnai h kataskeu Mislin, isodÔnamh me thn eustaj  (probolik¸c
pl rh) sunomologÐa, kai h duðk  kataskeu  Triulzi, antÐstoiqa. Kaj¸c lim

←
i

1TorRn+i(M,ΣiDK) =

lim
←
i

1DExtn+iRopp(M,ΩiK), apì to prohgoÔmeno l mma èqoume ìti ta antikeÐmena aut� eÐnai tetrimmèna,

kai epikaloÔmaste to je¸rhma 7.3.1.
2

9 Krit ria mhdenismoÔ.

9.1 H sunj kh Mittag−Leffler kai o mhdenismìc tou pr¸tou epagìmenou
sunartht  tou antÐstrofou orÐou.

H akìloujh prìtash eÐnai apìrroia tou �rjrou tou kurÐou Emmanou l, [19], Mittag − Leffler
condition and the vanishing of lim

←
1.

Prìtash 9.1.1 'Estw (Ai)i∈N èna antÐstrofo sÔsthma abelian¸n om�dwn. JewroÔme to eujÔ

�jroisma tou sust matoc, (Ai
(N))i∈N. An lim

←
i

1Ai
(N) = 0 tìte to sÔsthma (Ai)i∈N ikanopoieÐ th

sunj kh Mittag − Leffler.

Apìdeixh.
Gia dik  mac dieukìlunsh ìpwc ja faneÐ sthn apìdeixh, uiojetoÔme to sumbolismì tou �rjrou tou

kurÐou Emmanou l. SumbolÐzoume me X = (Xm)m to en lìgw sÔsthma kai exaleÐfoume touc fusikoÔc
deÐktec i = m sta ìria. O sumbolismìc thc ekf¸nhshc thc prìtashc diathreÐtai sth sunèqeia.

JewroÔme thn akìloujh akrib  akoloujÐa pou orÐzei to antÐstrofo ìrio kai ton epagìmeno su-
nartht  autoÔ tou anwtèrw sust matoc.

0 −→ lim
←

X −→
∏
m

Xm
1−S−→

∏
m

Xm −→ lim
←

1X −→ 0

Efarmìzoume to dexi� sunartht  −
⊗
R

E, me E èna aristerì R−prìtupo.

(lim
←

X)
⊗
R

E //

Φ0
X,E

��

(
∏
m
Xm)

⊗
R

E

ϕ

��

(1−S)⊗1
// (
∏
m
Xm)

⊗
R

E

ϕ

��

// (lim
←

1X)
⊗
R

E //

Φ1
X,E

��

0

0 // lim
←

(X
⊗
R

E) //
∏
m
(Xm

⊗
R

E)
1−S⊗1

//
∏
m
(Xm

⊗
R

E) // lim
←

1(X
⊗
R

E) // 0

Sto parap�nw metajetikì di�gramma, h p�nw gramm  eÐnai genik� akrib c stic dÔo teleutaÐec

jèseic, en¸ h k�tw eÐnai p�nta akrib c. H apeikìnish ϕ eÐnai h eÔlogh, me tÔpo (xm)m⊗e
ϕ7→ (xm⊗e)m.
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H arister  apeikìnish orÐzetai lìgw thc kajolik c idiìthtac tou pur na lim
←

(X
⊗
R

E) kai h dexi� lìgw

thc kajolik c idiìthtac tou sumpur na (lim
←

1X)
⊗
R

E.

JewroÔme thn eidik  perÐptwsh pou to prìtupo E eÐnai epÐpedo en¸ sto noÔ mac èqoume to
eleÔjero prìtupo R(N). JewroÔme epÐshc mÐa braqeÐa akrib  akoloujÐa antÐstrofwn susthm�twn

0→ X′ → X→ X”→ 0

me sÔnolo deikt¸n p�nta touc fusikoÔc arijmoÔc. Parajètoume tic akìloujec akribeÐc akoloujÐec
kai ta akìlouja bohjhtik� metajetik� diagr�mmata.

0→ X ′m → Xm → Xm”→ 0

0→ X ′m
⊗
R

E → Xm

⊗
R

E → Xm”
⊗
R

E → 0

0 //
∏
m
X ′m

1−S′

��

//
∏
m
Xm

1−S
��

//
∏
m
X”m

1−S”
��

// 0

0 //
∏
m
X ′m //

∏
m
Xm

//
∏
m
X”m // 0

0 //
∏
m
(X ′m

⊗
R

E) //
∏
m
(Xm

⊗
R

E) //
∏
m
(X”m

⊗
R

E)−→ 0

1−S”⊗1

��

0 // (
∏
m
X ′m)

⊗
R

E

(1−S′)⊗1

��

ϕ′ 88qqqqqqqqqq
// (
∏
m
Xm)

⊗
R

E

(1−S)⊗1

��

ϕ
77nnnnnnnnnnnn

// (
∏
m
X”m)

⊗
R

E−→ 0

(1−S”)⊗1

��

ϕ” 66lllllllllllll ∏
m
(X”m

⊗
R

E)−→ 0

0 // (
∏
m
X ′m)

⊗
R

E // (
∏
m
Xm)

⊗
R

E // (
∏
m
X”m)

⊗
R

E−→ 0

ϕ” 66lllllllllllll

Oi k�jetec fètec tou parap�nw metajetikoÔ kÔbou eÐnai akrib¸c to pr¸to metajetikì di�gramma
pou dhl¸nei ta ìria, se strof  90o. H akrib c akoloujÐa twn èxi ìrwn twn orÐwn thc mprostin c
pleur�c tou kÔbou apeikonÐzetai sthn akrib  akoloujÐa twn èxi ìrwn twn orÐwn thc pÐsw pleur�c
tou kÔbou, kai autìc o morfismìc dhl¸nei th fusikìthta thc Kernel−Cokernel akoloujÐac. EÐnai
h akìloujh.

0→(lim
←

X′)
⊗
R

E //

Φ0
X′,E

��

(lim
←

X)
⊗
R

E //

Φ0
X,E

��

(lim
←

X”)
⊗
R

E //

Φ0
X”,E

��

(lim
←

1X′)
⊗
R

E //

Φ1
X′,E

��

(lim
←

1X)
⊗
R

E //

Φ1
X,E

��

(lim
←

1X”)
⊗
R

E→0

Φ1
X”,E

��

0→lim
←

(X′
⊗
R

E) // lim
←

(X
⊗
R

E) // lim
←

(X”
⊗
R

E) // lim
←

1(X′
⊗
R

E) // lim
←

1(X
⊗
R

E) // lim
←

1(X”
⊗
R

E)→0
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StajeropoioÔme èna fusikì arijmì n. JewroÔme t¸ra to antÐstrofo sÔsthma Xn = (Xnm)m me
Xnm = Im[smn : Xm → Xn] gia m ≥ n kai Xnm = 0 gia m < n. O epimorfismìc X � Xn faÐnetai
akoloÔjwc.

.

��

.

��

Xn+2
//

sn+2n+1

��

Xnn+2

⊆

��

// 0

Xn+1
//

sn+1n

��

Xnn+1

⊆

��

// 0

Xn
1 //

snn−1

��

Xnn

0

��

// 0

Xn−1
// 0 // 0

Jewr¸ntac t¸ra thn proanaferjeÐsa eidik  fusikìthta thc Kernel − Cokernel akoloujÐac e-
farmosmènh sta parap�nw sust mata, prokÔptei to akìloujo tm ma. JewroÔme t¸ra ìti to epÐpedo
prìtupo E eÐnai to eleÔjero prìtupo R(N), kai qrhsimopoioÔme thn upìjesh, h opoÐa dÐnei to mhde-
nismì tou lim

←
1(X

⊗
R

E). Apì thn akrÐbeia thc akoloujÐac stouc sumpur nec twn apeikonÐsewn pou

emfanÐzontai prokÔptei ìti CokerΦ1
Xn,E

= 0 kai ètsi apofainìmaste ìti h apeikìnish Φ1
Xn,E

eÐnai
epimorfismìc.

(lim
←

1X)
⊗
R

E //

Φ1
X,E

��

(lim
←

1Xn)
⊗
R

E

Φ1
Xn,E

��

// 0

lim
←

1(X
⊗
R

E) // lim
←

1(Xn
⊗
R

E) // 0

JewroÔme t¸ra th braqeÐa akrib  akoloujÐa antÐstrofwn susthm�twn,

0→ Xn → Xn → X(n) → 0,

ìpou to sÔsthmaXn = (Xn)m eÐnai to stajerì gia deÐktec ìqi mikrìterouc tou deÐkth n kai apote-
leÐtai apì ta tetrimmèna antikeÐmena gia touc upìloipouc deÐktec. To sÔsthma X(n) eÐnai to sÔsthma
phlÐko thc emfÔteushc Xn ↪→ Xn. To mh mhdenikì tm ma tou pr¸tou sust matoc sunÐstatai apì
emfuteÔseic, to mh mhdenikì tm ma tou deÔterou eÐnai stajerì kai to trÐto sÔsthma eÐnai epimorfikì.
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.

��

.

��

.

��

0 // Xnn+2
//

⊆

��

Xn
//

1

��

Xn/Xnn+2

��

// 0

0 // Xnn+1
//

⊆

��

Xn
//

1

��

Xn/Xnn+1

��

// 0

0 // Xn
// Xn

// 0 // 0

Jewr¸ntac p�li thn proanaferjeÐsa eidik  fusikìthta thc Kernel−Cokernel akoloujÐac efar-
mosmènh sthn parap�nw braqeÐa akrib  akoloujÐa susthm�twn, prokÔptei to akìloujo tm ma. Ta
sust mata Xn kai Xn

⊗
R

E eÐnai epimorfik�, epomènwc (lim
←

1Xn)
⊗
R

E = 0 = lim
←

1(Xn
⊗
R

E).

Xn
⊗
R

E //

1

��

(lim
←

X(n))
⊗
R

E //

Φ0
X(n),E

��

(lim
←

1Xn)
⊗
R

E //

Φ1
Xn,E

��

0

Xn
⊗
R

E // lim
←

1(X(n)

⊗
R

E) // lim
←

1(Xn
⊗
R

E) // 0

Kaj¸c h apeikìnish Φ1
Xn,E

eÐnai epimorfismìc, èna kun gi diagr�mmatoc dÐnei ìti kai h apeikìnish

Φ0
X(n),E

eÐnai epimorfismìc. Ja deÐxoume ìti eÐnai kai emfÔteush, dhlad  telik� ja eÐnai isomorfismìc.

JewroÔme to akìloujo metajetikì di�gramma.

(lim
←

X(n))
⊗
R

E

Φ0
X(n),E

��

= (lim
←

X(n))
(N) a // (lim

←
X(n))

N

≃

��

lim
←

(X(n)

⊗
R

E) = lim
←

(X(n)
(N))

b
// lim
←

(X(n)
N)

H apeikìnish a eÐnai h emfÔteush tou eujèoc ajroÐsmatoc sto kartesianì ginìmeno. O k�jetoc
isomorfismìc ofeÐletai sthn antimetajetikìthta twn sunartht¸n kartesianì ginìmeno kai antÐstrofo
ìrio, kaj¸c o teleutaÐoc eÐnai dexi� suzug c tou stajeroÔ diag¸niou sunartht , kai ètsi to antÐstro-
fo ìrio metatÐjetai me k�je antÐstrofo ìrio, dhlad  kai me to kartesianì ginìmeno. H apeikìnish b
eÐnai h eÔlogh. 'Epetai ìti h sÔnjesh b ◦ Φ0

X(n),E
eÐnai 1− 1, kajist¸ntac th Φ0

X(n),E
epÐshc 1− 1.

H akrib c akoloujÐa susthm�twn 0 → Xn → Xn → X(n) → 0 ep�gei thn parak�tw akrib 

akoloujÐa sta ìria, me lim
←

1Xn = 0, lim
←

Xn =
∩
m
Xnm kai lim

←
Xn = Xn.

0 →
∩
m
Xnm ↪→ Xn → lim

←
X(n) → lim

←
1Xn → 0

π ↘↗µ
s
X(n)
m

↘
Xn/

∩
m
Xnm Xn/Xnm
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To sÔsthma X(n) eÐnai epimorfikì kai ètsi h apeikìnish s
X(n)
m : lim

←
X(n) → X(n)m

eÐnai epimorfismìc

gia k�je deÐkth m. JewroÔme th sÔnjesh s
X(n)
m ◦ µ : Xn/

∩
m
Xnm → Xn/Xnm. Me qr sh tou

isomorfismoÔ Φ0
X(n),E

ja deÐxoume ìti, gia meg�louc deÐktec m, h apeikìnish s
X(n)
m eÐnai 1 − 1, kai

apì thn prohgoÔmenh sÔnjesh ja èqoume thn emfÔteush Xn/
∩
m
Xnm ⊆ Xn/Xnm. Ja prokÔyei ètsi

ìti
∩
m
Xnm = Xnm gia meg�louc deÐktec m, dhlad  to sÔsthma X ikanopoieÐ th sunj kh Mittag −

Leffler.

'Estw, proc �topo, ìtiKers
X(n)
m ̸= 0 gia �peirouc deÐktecm. Katal gontac se �topo, ja prokÔyei

ìti telik� mìno gia peperasmènouc deÐktec èqoume Kers
X(n)
m ̸= 0. 'Etsi, gia meg�louc deÐktec m ja

èqoume
∩
m
Xnm = Xnm kai to zhtoÔmeno.

JewroÔme mÐa b�sh tou eleÔjerou R−protÔpou R(N), {em}m∈N. Gia k�je deÐkth n sto �peiro

sÔnolo deikt¸n thc upìjeshc jewroÔme èna stoiqeÐo fn ∈ lim
←

X(n) me fn ̸= 0 kai fn ∈ Kers
X(n)
n .

'Estw M o el�qistoc deÐkthc sto �peiro sÔnolo deikt¸n thc upìjeshc. Ta stoiqeÐa ja èqoun thn
akìloujh morf .

fM = (aMm )m = (0, 0, ..., 0, aMM+1, a
M
M+2, ..., a

M
i , ...)

fM+1 = (aM+1
m )m = (0, 0, ..., 0, aM+1

M+2, a
M+1
M+3, ..., a

M+1
i , ...)

fM+2 = (aM+2
m )m = (0, 0, ..., 0, aM+2

M+3, a
M+2
M+4, ..., a

M+2
i , ...)

.

fn = (anm)m = (0, 0, ..., 0, ann+1, a
n
n+2, ..., a

n
i , ...)

.

JewroÔme t¸ra ta akìlouja stoiqeÐa, sumbolÐzontac ousiastik� thn eikìna touc mèsw thc apei-
kìnishc ϕ.

fM ⊗ eM = (aMm ⊗ eM )m = (0, 0, ..., 0, aMM+1 ⊗ eM , aMM+2 ⊗ eM , ..., aMi ⊗ eM , ...)

fM+1 ⊗ eM+1 = (aM+1
m ⊗ eM+1)m = (0, 0, ..., 0, aM+1

M+2 ⊗ eM+1, a
M+1
M+3 ⊗ eM+1, ..., a

M+1
i ⊗ eM+1, ...)

fM+2 ⊗ eM+2 = (aM+2
m ⊗ eM+2)m = (0, 0, ..., 0, aM+2

M+3 ⊗ eM+2, a
M+2
M+4 ⊗ eM+2, ..., a

M+2
i ⊗ eM+2, ...)

.
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fn ⊗ en = (anm ⊗ en)m = (0, 0, ..., 0, ann+1 ⊗ en, ann+2 ⊗ en, ..., ani ⊗ en, ...)

.

Gia k�je tètoio stoiqeÐo èqoume fn⊗en ∈
∏
m
(X(n)

⊗
R

E)m kai (0, 0, ..., 0, ann+1⊗en, ann+2⊗en, ..., ani ⊗

en, ...)
1−SX(n)⊗17−→ (0, 0, ..., 0, ann+1⊗en, ann+2⊗en, ..., ani ⊗en, ...)−(0, 0, ..., 0, ann+1⊗en, ann+2⊗en, ..., ani ⊗

en, ...) = 0, dhlad  to stoqeÐo fn ⊗ en an kei sto lim
←

(X(n)

⊗
R

E).

'Estw x =
∑
n
fn ⊗ en, to �peiro autì �jroisma stoiqeÐwn pou an kei sto kartesianì ginìmeno∏

m
(X(n)

⊗
R

E)m, me (X(n)

⊗
R

E)m = X(n)m

⊗
R

E. To stoiqeÐo autì èqei nìhma kaj¸c se k�je jèsh

M + i me i ≥ 1 up�rqei èna peperasmèno �jroisma stoiqeÐwn,
i−1∑
j=0

aM+j
M+i ⊗ eM+j to opoÐo epÐshc den

epidèqetai diagrafèc afoÔ to sÔnolo {em}m∈N eÐnai b�sh tou protÔpou E. Eidikìtera, to stoiqeÐo
autì an kei sto lim

←
(X(n)

⊗
R

E). 'Omwc h apeikìnish Φ0
X(n),E

eÐnai isomorfismìc, kai to stoiqeÐo x

an kei sthn eikìna aut c. 'Omwc, an èna stoiqeÐo an kei se aut n thn eikìna, dhlad  up�rqei stoiqeÐo
y pou an kei sto (lim

←
X(n))

⊗
R

E kai mèsw thc Φ0
X(n),E

apeikonÐzetai sto x, tìte to y ja emfanÐzei

anagkastik� peperasmènouc deÐktec stic emfanÐseic twn stoiqeÐwn thc b�shc tou eleÔjerou protÔpou
E. Autì eÐnai to �topo, kaj¸c to stoiqeÐo x den fèrei autìn ton periorismì.

2

9.2 Krit ria mhdenismoÔ.

To akìloujo l mma ja qrhsimopoihjeÐ poll�kic.

L mma 9.2.1 'Estw (Ai)i∈N èna antÐstrofo sÔsthma abelian¸n om�dwn. Ta akìlouja eÐnai isodÔ-

nama.

1. lim
←
i

Ai
(X) = 0 = lim

←
i

1Ai
(X) gia k�je sÔnolo X.

2. lim
←
i

Ai = 0 = lim
←
i

1Ai
(N).

3. To antÐstrofo sÔsthma (Ai)i∈N eÐnai ousiwd¸c tetrimmèno, dhlad  ikanopoieÐ thn tetrimmènh

sunj kh Mittag − Leffler.

4. lim
→
i

D(Ai
(X)) = 0 gia k�je sÔnolo X.

Apìdeixh.
H sunepagwg  1⇒ 2 eÐnai profan c.
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Gia th sunepagwg  2⇒ 3 qrhsimopoioÔme thn prohgoÔmenh prìtash. 'Eqoume, loipìn, ìti kaj¸c
lim
←
i

1Ai
(N) = 0, to sÔsthma (Ai)i∈N ikanopoieÐ th sunj khMittag−Leffler. JewroÔme to antÐstro-

fo sÔsthma twn stajer¸n eikìnwn, (A′i)i∈N, to opoÐo eÐnai epimorfikì. To Ðdio eÐnai uposÔsthma tou
(Ai)i∈N, kai kaj¸c o sunartht c antÐstrofo ìrio diathreÐ monomorfismoÔc, èqoume lim

←
i

A′i ⊆ lim
←
i

Ai.

To teleutaÐo eÐnai tetrimmèno apì upìjesh, epomènwc èqoume lim
←
i

A′i = 0. Kaj¸c ìmwc to sÔsthma

eÐnai epimorfikì, èpetai ìti A′i = 0 gia k�je deÐkth i, kajist¸ntac to sÔsthma (Ai)i∈N ousiwd¸c
tetrimmèno.

SuneqÐzoume thn apìdeixh deÐqnontac th sunepagwgh 3⇒ 1. To antÐstrofo sÔsthma (Ai)i∈N eÐnai

ousiwd¸c tetrimmèno. Sunep�getai ìti kai to sÔsthma (A
(X)
i )i∈N eÐnai ousiwd¸c tetrimmèno gia k�je

sÔnolo X. 'Eqoume ìti lim
←
i

1Ai
(X) = 0 afoÔ to sÔsthma ikanopoieÐ th sunj kh Mittag − Leffler,

sugkekrimmèna thn tetrimmènh. EpÐshc, to antÐstrofo ìrio enìc ousiwd¸c tetrimmènou sust matoc
eÐnai tetrimmèno. Epomènwc, lim

←
i

Ai
(X) = 0 = lim

←
i

1Ai
(X) gia k�je sÔnolo X.

DeÐqnoume t¸ra th sunepagwg  3⇒ 4. Apì upìjesh, kaj¸c to sÔsthma (Ai)i∈N eÐnai ousiwd¸c
tetrimmèno, gia k�je deÐkth i up�rqei deÐkthc t(i), pou exart�tai dhlad  apì to i, me t(i) > i ètsi ¸ste
Im[At(i) → Ai] = 0, dhlad  h apeikìnish st(i)i : At(i) → Ai eÐnai h tetrimmènh. H epagìmenh apeikìnish

sto eujÔ �jroisma tou sust matoc (A
(X)
i )i∈N, s

(X)
t(i)i : A

(X)
t(i) → A

(X)
i , eÐnai epÐshc tetrimmènh gia k�je

sÔnolo X. Efarmìzoume to sunartht  Pontryagin sto teleutaÐo autì sÔsthma kai prokÔptei to

eujÔ sÔsthma (D(A
(X)
i ))i∈N. Gia k�je zeÔgoc deikt¸n (i, t(i)), h epagìmenh apeikìnish Ds

(X)
t(i)i :

D(A
(X)
i )→ D(A

(X)
t(i) ), eÐnai epÐshc tetrimmènh, kajist¸ntac to eujÔ ìrio lim→

i

D(Ai
(X)) tetrimmèno, gia

k�je sÔnolo X.
Oloklhr¸noume thn apìdeixh deÐqnontac th sunepagwg  4 ⇒ 3. Gia k�je abelian  om�da Ai u-

p�rqei monomorfismìc fi : Ai →
∏
Ni

HomZ(Z,Q/Z) = (Q/Z)Ni diìti to prìtupo Q/Z eÐnai faithfully

injective, me Ni = ♯HomZ(Ai,Q/Z). Epilègoume èna sÔnolo X me ♯X ≥
∑
i
Ni kai sumbolÐzoume me

∆ to kartesianì ginìmeno (Q/Z)X . Tìte, to eujÔ sÔsthma (D(A
(X)
i ))i∈N tautÐzetai me to sÔsthma

(HomZ(Ai,∆))i∈N. O monomorfismìc fi epekteÐnetai se monomorfismì Fi : Ai → ∆ gia k�je deÐkth
i. Kaj¸c ìmwc apì upìjesh èqoume lim

→
i

HomZ(Ai,∆) = 0, k�je apeikìnish Fi mhdenÐzetai se pepe-

rasmèna b mata sÔnjeshc sto sÔsthma, dhlad  gia k�je deÐkth i up�rqei deÐkthc j ¸ste Fi ◦ sji = 0.
H apeikìnish Fi eÐnai arister� diagr�yimh, epomènwc h apeikìnish sji = 0. Epomènwc to antÐstrofo
sÔsthma (Ai)i∈N eÐnai ousiwd¸c tetrimmèno.

2

Prìtash 9.2.2 'Estw R ènac daktÔlioc. JewroÔme èna dexiì R−prìtupo M kai èna aristerì

R−prìtupoN . An T̃ or
R

n (M,N) = 0 = T̃ or
R

n−1(M
(N), N) gia k�poion akèraio n, tìte ˜Ext

n

R(N,DM) =
0.

Apìdeixh.
JewroÔme mÐa emfuteutik  epÐlush tou protÔpou N , N → I. SumbolÐzoume me Ai ta antikeÐmena

pou sunjètoun to antÐstrofo ìrio

⟩

TorRn (M,N), TorRn+i(M,ΣiN), gia k�je i ≥ 0. Tìte, Ai
(N) =
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TorRn+i(M,ΣiN)
(N)

= TorRn+i(M
(N),ΣiN), diìti o sunartht c Tor metatÐjetai me eujèa ajroÐsmata.

EpÐshc, ˜Ext
n

R(N,DM) ≃

⟩

ExtnR(N,DM) ≃ lim
→
i

Extn+iR (ΣiN,DM) ≃ lim
→
i

DAi, kaj¸c to eujÔ

sÔsthma (Extn+iR (ΣiN,DM), dni )i tautÐzetai me to sÔsthma (DTorRn+i(M,ΣiN), Dδin)i.

Apì to je¸rhma 7.3.1 èqoume ìti h sunj kh T̃ or
R

n (M,N) = 0 eÐnai isodÔnamh me th sunj kh

lim
←
i

1TorRn+i+1(M,ΣiN) = 0 = lim
←
i

TorRn+i(M,ΣiN), en¸ h sunj kh T̃ or
R

n−1(M
(N), N) = 0 eÐnai

isodÔnamh me th sunj kh lim
←
i

1TorRn+i(M
(N),ΣiN) = 0 = lim

←
i

TorRn−1+i(M
(N),ΣiN).

'Etsi èqoume lim
←
i

Ai = 0 = lim
←
i

1Ai
(N). Apì to prohgoÔmeno l mma, gia X monosÔnolo, prokÔptei

ìti ˜Ext
n

R(N,DM) = 0.
2

Pìrisma 9.2.3 'Estw R ènac daktÔlioc kaiM èna dexiì R−prìtupo. Ta akìlouja eÐnai isodÔnama.

1. T̃ or
R

∗ (−, DM) = 0

2. T̃ or
R

0 (M,DM) = 0 = T̃ or
R

−1(M
(N), DM)

3. fdRoppM <∞

Apìdeixh.
H sunepagwg  1⇒ 2 eÐnai profan c.

2⇒ 3 : Apì thn prohgoÔmenh prìtash èqoume ìti ˜Ext
0

R(DM,DM) = 0, lìgw thc upìjeshc, ìpou˜Ext
0

R(DM,DM) ≃
⟩

Ext0R(DM,DM). Autì shmaÐnei ìti idRDM <∞. Jewr¸ntac ìmwc mÐa epÐpedh
epÐlush tou protÔpou M kai efarmìzontac se aut n to sunartht  Pontryagin epitugq�noume mÐa
emfuteutik  epÐlush tou protÔpouDM . To gnwstì suzugèc zeÔgoc mac dÐnei thn isìthta fdRoppM =
idRDM , kai èpetai to zhtoÔmeno.

3⇒ 1 : 'Epetai apì ton orismì thc eustajoÔc omologÐac kaj¸c idRDM = fdRoppM <∞.
2

Prìtash 9.2.4 'Estw R ènac daktÔlioc. JewroÔme èna dexiì R−prìtupo M kai èna aristerì

R−prìtupo N . Ta akìlouja eÐnai isodÔnama.

1. T̃ or
R

∗ (M
(X), N) = 0 gia k�je sÔnolo X.

2. T̃ or
R

∗ (M
(N), N) = 0

3. ˜Ext
∗
R(N,D(M (X))) = 0 gia k�je sÔnolo X.

Apìdeixh.
JewroÔme mÐa emfuteutik  epÐlush tou protÔpou N , N → I. SumbolÐzoume me Ani ta antikeÐmena

pou sunjètoun to antÐstrofo ìrio

⟩

TorRn (M,N), TorRn+i(M,ΣiN), gia k�je i ≥ 0. Tìte, Ani
(X) =
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TorRn+i(M,ΣiN)
(X)

= TorRn+i(M
(X),ΣiN), diìti o sunartht c Tor metatÐjetai me eujèa ajroÐsmata.

QrhsimopoioÔme to je¸rhma 7.3.1.

H pr¸th sunj kh thc prìtashc, T̃ or
R

∗ (M
(X), N) = 0 gia k�je sÔnolo X, eÐnai isodÔnamh me

th sunj kh lim
←
i

1TorRn+i+1(M
(X),ΣiN) = 0 = lim

←
i

TorRn+i(M
(X),ΣiN) gia k�je akèraio n kai k�je

sÔnolo X. Epomènwc èqoume lim
←
i

Ani
(X) = 0 = lim

←
i

1Ani
(X) gia k�je sÔnolo X kai k�je akèraio

n. Aut  h sunj kh eÐnai h pr¸th sunj kh tou l mmatoc 9.2.1 gia ta sust mata (Ani )i∈N me n na
diatrèqei touc akeraÐouc.

JewroÔme t¸ra th sunj kh T̃ or
R

∗ (M
(N), N) = 0. Apì thn prosjetikìthta thc eustajoÔc omolo-

gÐac èqoume epÐshc ìti T̃ or
R

∗ (M,N) = 0, wc eujÔc par�gontac tou tetrimmènou antikeimènou thc upì-
jeshc. H deÔterh sunj kh thc prìtashc eÐnai isodÔnamh me th sunj kh lim

←
i

1TorRn+i+1(M
(N),ΣiN) =

0 = lim
←
i

TorRn+i(M
(N),ΣiN) gia k�je akèraio n. Dhlad  èqoume lim

←
i

Ani
(N) = 0 = lim

←
i

1Ani
(N)

gia k�je akèraio n. H exasfalismènh sunj kh T̃ or
R

∗ (M,N) = 0 eÐnai isodÔnamh me th sunj kh
lim
←
i

1TorRn+i+1(M,ΣiN) = 0 = lim
←
i

TorRn+i(M,ΣiN) gia k�je akèraio n. Dhlad  èqoume lim
←
i

Ani =

0 = lim
←
i

1Ani gia k�je akèraio n. ProkÔptei, loipìn h sunj kh lim
←
i

Ani = 0 = lim
←
i

1Ani
(N) gia k�je

akèraio n. Aut  h sunj kh eÐnai h deÔterh sunj kh tou l mmatoc 9.2.1 gia ta sust mata (Ani )i∈N me
n na diatrèqei touc akeraÐouc. EÐnai epÐshc profan c h sunepagwg  1⇒ 2.

Apì to l mma 9.2.1 èqoume ìti oi dÔo pr¸tec sunj kec thc prìtashc eÐnai isodÔnamec me th sunj -
kh lim

→
i

D(Ani
(X)) = 0 gia k�je sÔnoloX kai k�je akèraio n, dhlad  0 = lim

→
i

D(TorRn+i(M
(X),ΣiN)) ≃

lim
→
i

Extn+iR (ΣiN,D(M (X))) ≃

⟩

ExtnR(N,D(M (X))) ≃ ˜Ext
n

R(N,D(M (X))) gia k�je sÔnolo X kai k�-

je akèraio n, pou apoteleÐ thn trÐth sunj kh thc prìtashc.
2

Pìrisma 9.2.5 'Estw R ènac daktÔlioc. Ta akìlouja eÐnai isodÔnama gia èna aristerì R−prìtupo
N .

1. T̃ or
R

∗ (−, N) = 0

2. ˜Ext
∗
R(N,D−) = 0.

Apìdeixh.
To pìrisma anafèretai sthn prohgoÔmenh prìtash. H apìdeixh eÐnai entel¸c profan c kai mega-

lÔteroc eÐnai o kìpoc na grafeÐ par� na antilhfjeÐ.

O sunartht c T̃ or
R

∗ (−, N) mhdenÐzetai se k�je dexiì R−prìtupo, epomènwc mhdenÐzetai kai se
k�je dexiì R−prìtupo M (X) gia k�je sÔnolo X kai k�je dexiì R−prìtupo M . Sunep�getai ìti

o sunartht c ˜Ext
∗
R(N,D−) mhdenÐzetai se k�je dexiì R−prìtupo M (X) gia k�je sÔnolo X kai

k�je dexiì R−prìtupo M . Epomènwc, gia X èna monosÔnolo, o sunartht c ˜Ext
∗
R(N,D−) mhdenÐ-

zetai se k�je dexiì R−prìtupo M . AntÐstrofa, o sunartht c ˜Ext
∗
R(N,D−) mhdenÐzetai se k�je
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dexiì R−prìtupo, epomènwc mhdenÐzetai kai se k�je dexiì R−prìtupo M (X) gia k�je sÔnolo X

kai k�je dexiì R−prìtupo M . Sunep�getai ìti o sunartht c T̃ or
R

∗ (−, N) mhdenÐzetai se k�je de-
xiì R−prìtupo M (X) gia k�je sÔnolo X kai k�je dexiì R−prìtupo M . Epomènwc, gia X èna

monosÔnolo, o sunartht c T̃ or
R

∗ (−, N) mhdenÐzetai se k�je dexiì R−prìtupo M .
2

10 Krit ria mhdenismoÔ se daktulÐouc arister� thc Noether.

Ja perioristoÔme t¸ra sthn perÐptwsh pou o daktÔlioc R eÐnai arister� thc Noether. Autìc o pe-
riorismìc mac exasfalÐzei ìti, dedomènhc mÐac emfuteutik c epÐlushc enìc aristeroÔ R−protÔpou N ,
N → I, to eujÔ �jroisma tou sumplègmatoc, N (N) → I(N), apoteleÐ emfuteutik  epÐlush tou ariste-
roÔ R−protÔpou N (N). OfeÐletai sto ìti to eujÔ �jroisma emfuteutik¸n arister¸n R−protÔpwn,
se daktÔlio R pou eÐnai arister� thc Noether, eÐnai epÐshc emfuteutikì aristerì R−prìtupo.

H akìloujh prìtash moi�zei me thn prìtash 9.2.2.

Prìtash 10.0.6 'Estw R ènac daktÔlioc arister� thc Noether. JewroÔme èna dexiì R−prìtupo
M kai èna aristerì R−prìtupo N . An T̃ or

R

n (M,N) = 0 = T̃ or
R

n−1(M,N (N)) gia k�poion akèraio n,

tìte ˜Ext
n

R(N,DM) = 0.

Apìdeixh.
JewroÔme mÐa emfuteutik  epÐlush tou protÔpou N , N → I. SumbolÐzoume me Ai ta antikeÐ-

mena pou sunjètoun to antÐstrofo ìrio

⟩

TorRn (M,N), TorRn+i(M,ΣiN), gia k�je i ≥ 0. Tìte,

Ai
(N) = TorRn+i(M,ΣiN)

(N)
= TorRn+i(M, (ΣiN)(N)), diìti o sunartht c Tor metatÐjetai me eujèa

ajroÐsmata. Kaj¸c ìmwc o daktÔlioc eÐnai arister� thc Noether, to sÔmplegma N (N) → I(N), apo-
teleÐ emfuteutik  epÐlush tou aristeroÔ R−protÔpou N (N), epomènwc èqoume (ΣiN)(N) = Σi(N (N)),
kai ètsi Ai

(N) = TorRn+i(M,Σi(N (N))).

EpÐshc, ˜Ext
n

R(N,DM) ≃

⟩

ExtnR(N,DM) ≃ lim
→
i

Extn+iR (ΣiN,DM) ≃ lim
→
i

DAi, kaj¸c to eujÔ

sÔsthma (Extn+iR (ΣiN,DM), dni )i tautÐzetai me to sÔsthma (DTorRn+i(M,ΣiN), Dδin)i.

Apì to je¸rhma 7.3.1 èqoume ìti h sunj kh T̃ or
R

n (M,N) = 0 eÐnai isodÔnamh me th sunj kh

lim
←
i

1TorRn+i+1(M,ΣiN) = 0 = lim
←
i

TorRn+i(M,ΣiN), en¸ h sunj kh T̃ or
R

n−1(M,N (N)) = 0 eÐnai

isodÔnamh me th sunj kh lim
←
i

1TorRn+i(M,Σi(N (N))) = 0 = lim
←
i

TorRn−1+i(M,Σi(N (N))).

'Etsi èqoume lim
←
i

Ai = 0 = lim
←
i

1Ai
(N). Apì to l mma 9.2.1, gia X monosÔnolo, prokÔptei ìti

˜Ext
n

R(N,DM) = 0.
2

H akìloujh prìtash moi�zei me thn prìtash 9.2.4.

Prìtash 10.0.7 'Estw R ènac daktÔlioc arister� thc Noether. JewroÔme èna dexiì R−prìtupo
M kai èna aristerì R−prìtupo N . Ta akìlouja eÐnai isodÔnama.
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1. T̃ or
R

∗ (M,N (X)) = 0 gia k�je sÔnolo X.

2. T̃ or
R

∗ (M,N (N)) = 0

3. ˜Ext
∗
R(N

(X), DM) = 0 gia k�je sÔnolo X.

Apìdeixh.
JewroÔme mÐa emfuteutik  epÐlush tou protÔpou N , N → I. SumbolÐzoume me Ani ta antikeÐ-

mena pou sunjètoun to antÐstrofo ìrio

⟩

TorRn (M,N), TorRn+i(M,ΣiN), gia k�je i ≥ 0. Tìte,

Ani
(X) = TorRn+i(M,ΣiN)

(X)
= TorRn+i(M, (ΣiN)(X)), diìti o sunartht c Tor metatÐjetai me eujèa

ajroÐsmata. Kaj¸c ìmwc o daktÔlioc eÐnai arister� thc Noether, to sÔmplegma N (X) → I(X), apo-
teleÐ emfuteutik  epÐlush tou aristeroÔ R−protÔpou N (X), gia k�je sÔnolo X, epomènwc èqoume
(ΣiN)(X) = Σi(N (X)), kai ètsi Ai

(X) = TorRn+i(M,Σi(N (X))), gia k�je sÔnolo X. QrhsimopoioÔme
to je¸rhma 7.3.1.

H pr¸th sunj kh thc prìtashc, T̃ or
R

∗ (M,N (X)) = 0 gia k�je sÔnolo X, eÐnai isodÔnamh me th
sunj kh lim

←
i

1TorRn+i+1(M,Σi(N (X))) = 0 = lim
←
i

TorRn+i(M,Σi(N (X))) gia k�je akèraio n kai k�je

sÔnolo X. Epomènwc èqoume lim
←
i

Ani
(X) = 0 = lim

←
i

1Ani
(X) gia k�je sÔnolo X kai k�je akèraio

n. Aut  h sunj kh eÐnai h pr¸th sunj kh tou l mmatoc 9.2.1 gia ta sust mata (Ani )i∈N me n na
diatrèqei touc akeraÐouc.

JewroÔme t¸ra th sunj kh T̃ or
R

∗ (M,N (N)) = 0. Apì thn prosjetikìthta thc eustajoÔc omolo-

gÐac èqoume epÐshc ìti T̃ or
R

∗ (M,N) = 0, wc eujÔc par�gontac tou tetrimmènou antikeimènou thc upì-
jeshc. H deÔterh sunj kh thc prìtashc eÐnai isodÔnamh me th sunj kh lim

←
i

1TorRn+i+1(M,Σi(N (N))) =

0 = lim
←
i

TorRn+i(M,Σi(N (N))) gia k�je akèraio n. Dhlad  èqoume lim
←
i

Ani
(N) = 0 = lim

←
i

1Ani
(N)

gia k�je akèraio n. H exasfalismènh sunj kh T̃ or
R

∗ (M,N) = 0 eÐnai isodÔnamh me th sunj kh
lim
←
i

1TorRn+i+1(M,ΣiN) = 0 = lim
←
i

TorRn+i(M,ΣiN) gia k�je akèraio n. Dhlad  èqoume lim
←
i

Ani =

0 = lim
←
i

1Ani gia k�je akèraio n. ProkÔptei, loipìn h sunj kh lim
←
i

Ani = 0 = lim
←
i

1Ani
(N) gia k�je

akèraio n. Aut  h sunj kh eÐnai h deÔterh sunj kh tou l mmatoc 9.2.1 gia ta sust mata (Ani )i∈N me
n na diatrèqei touc akeraÐouc. EÐnai epÐshc profan c h sunepagwg  1⇒ 2.

Apì to l mma 9.2.1 èqoume ìti oi dÔo pr¸tec sunj kec thc prìtashc eÐnai isodÔnamec me th sunj -
kh lim

→
i

D(Ani
(X)) = 0 gia k�je sÔnoloX kai k�je akèraio n, dhlad  0 = lim

→
i

D(TorRn+i(M,Σi(N (X)))) ≃

lim
→
i

Extn+iR (Σi(N (X)), DM) ≃

⟩

ExtnR(N
(X), DM) ≃ ˜Ext

n

R(N
(X), DM) gia k�je sÔnolo X kai k�je

akèraio n, pou apoteleÐ thn trÐth sunj kh thc prìtashc.
2

An�logo tou porÐsmatoc 9.2.5 apoteleÐ to pìrisma thc parap�nw prìtashc pou dhl¸nei ìti se

daktÔlio R arister� thc Noether, gia èna dexiì R−prìtupo M , isqÔei h isodunamÐa T̃ or
R

∗ (M,−) =
0⇔ ˜Ext

∗
R(−, DM) = 0.
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To akìloujo je¸rhma sumplhr¸nei to pìrisma 9.2.3 me thn epiplèon sunj kh ìti o daktÔlioc R
eÐnai arister� thc Noether.

Je¸rhma 10.0.8 'Estw R ènac daktÔlioc arister� thc Noether. Ta akìlouja eÐnai isodÔnama gia
èna dexiì R−prìtupo M .

1. T̃ or
R

∗ (M,−) = 0

2. T̃ or
R

0 (M,DM) = 0 = T̃ or
R

−1(M, (DM)(N))

3. T̃ or
R

∗ (−, DM) = 0

4. T̃ or
R

0 (M,DM) = 0 = T̃ or
R

−1(M
(N), DM)

5. ˜Ext
∗
R(−, DM) = 0

6. fdRoppM <∞

Apìdeixh.
Oi sunj kec 3, 4 kai 6 eÐnai isodÔnamec gia k�je daktÔlio, ìpwc dhl¸nei to pìrisma 9.2.3.
H sunepagwg  1⇒ 2 eÐnai profan c, gia k�je daktÔlio.
H sunepagwg  6⇒ 1 èpetai apì ton orismì thc eustajoÔc omologÐac, kai isqÔei gia k�je daktÔlio.
H isodunamÐa 1⇔ 5 isqÔei gia daktÔlio arister� thc Noether kai eÐnai to pìrisma thc prìtashc

10.0.7 kai èpetai aut c.
H sunepagwg  2 ⇒ 6 isqÔei gia daktÔlio arister� thc Noether kai apodeiknÔetai me qr sh thc

prìtashc 10.0.6 gia n = 0 kai N = DM . Pr�gmati, h upìjesh dÐnei ˜Ext
0

R(DM,DM) = 0, ìpou˜Ext
0

R(DM,DM) ≃
⟩

Ext0R(DM,DM). Epomènwc èqoume idRDM <∞, dhlad  fdRoppM <∞.
2

Ja melet soume t¸ra thn perÐptwsh mhdenismoÔ thc eustajoÔc omologÐac T̃ or
R

∗ (−, N) se daktÔ-
lio arister� thc Noether. Ja qrhsimopoi soume thn ènnoia thc purity kai to krit rio tou Baer.

MÐa braqeÐa akrib c akoloujÐa arister¸n R−protÔpwn

0→ L′
i→ L→ L”→ 0

kaleÐtai amig c an h epagìmenh akoloujÐa abelian¸n om�dwn

0→ HomR(C,L
′)→ HomR(C,L)→ HomR(C,L”)→ 0

eÐnai akrib c gia k�je peperasmèna parist¸meno aristerì R−prìtupo C. Tìte lème ìti h apeikì-
nish i eÐnai amig c monomorfismìc. H sunj kh aut  eÐnai isodÔnamh me thn akìloujh.

An f : A → B eÐnai R−grammik  apeikìnish arister¸n R−protÔpwn me sumpur na peperasmèna
parist¸meno aristerì R−prìtupo, C, kai to akìloujo di�gramma eÐnai metajetikì,

A
f

//

a
��

B
g

~~~~
~~
~~
~~

b
��

L′
i // L
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tìte up�rqei apeikìnish g : B → L′ me a = g ◦ f , pou sumperil�bame sto di�gramma.

Pr�gmati, èstw ìti h akoloujÐa 0 → L′
i→ L → L” → 0 eÐnai amig c. JewroÔme to metajetikì

di�gramma thc upìjeshc kai kataskeu�zoume tic apeikonÐseic h, k kai g.

A
f

//

a
��

B
g

~~~~
~~
~~
~~

b
��

l // C

k
~~}}
}}
}}
}}

h
��

// 0

0 // L′
i // L

p
// L” // 0

JewroÔme thn apeikìnish p◦ b. Tìte (p◦ b)◦f = p◦ (b◦f) = p◦ (i◦a) = (p◦ i)◦a = 0, epomènwc
h p ◦ b paragontopoieÐtai mèsw tou sumpur na thc f , dhlad  up�rqei apeikìnish h me h ◦ l = p ◦ b.
Kaj¸c h apeikìnish i eÐnai amig c, up�rqei apeikìnish k me p ◦ k = h. JewroÔme thn apeikìnish
b− k ◦ l. Tìte p ◦ (b− k ◦ l) = p ◦ b− p ◦ k ◦ l = h ◦ l − h ◦ l = 0, epomènwc, h apeikìnish b− k ◦ l
paragontopoieÐtai mèsw tou pur na thc p, dhlad  up�rqei apeikìnish g me i ◦ g = b − k ◦ l. Tìte,
i ◦ g ◦ f = (b− k ◦ l) ◦ f = b ◦ f − k ◦ l ◦ f = i ◦ a− 0 = i ◦ a, kai h i eÐnai arister� diagr�yimh.

AntÐstrofa, èstw C èna peperasmèna parist¸meno aristerì R−prìtupo. JewroÔme eleÔjera
R−prìtupa peperasmènhc di�stashc, Rm, Rn ¸ste h akoloujÐa Rm → Rn → C na eÐnai akrib c.
'Estw apeikìnish h : C → L”. Ja kataskeu�soume to parak�tw metajetikì di�gramma ¸ste na
apofanjoÔme thn Ôparxh apeikìnishc k me p ◦ k = h. Autì ja eÐnai arketì, kaj¸c o sunartht c
HomR(C,−) eÐnai arister� akrib c.

Rm
f

//

a
��

Rn

g

||zz
zz
zz
zz

b
��

l // C

k
}}{{
{{
{{
{{
{

h
��

// 0

0 // L′
i // L

p
// L” // 0

JewroÔme thn apeikìnish h ◦ l : Rn → L”. Kaj¸c to R−prìtupo Rn eÐnai probolikì kai h
apeikìnish p eÐnai epÐ, up�rqei apeikìnish b tètoia ¸ste p ◦ b = h ◦ l. JewroÔme thn apeikìnish b ◦ f .
Tìte, p◦(b◦f) = (p◦b)◦f = (h◦l)◦f = h◦(l◦f) = 0. Epomènwc, h apeikìnish b◦f paragontopoieÐtai
mèsw tou pur na thc p, dhlad  up�rqei apeikìnish a ¸ste i ◦ a = b ◦ f . Apì thn upìjesh, up�rqei
apeikìnish g ¸ste g ◦f = a. JewroÔme thn apeikìnish b− i◦g. Tìte, (b− i◦g)◦f = b◦f− i◦g ◦f =
i◦a− i◦a = 0. Epomènwc, h apeikìnish b− i◦g paragontopoieÐtai mèsw tou sumpur na thc f , dhlad 
up�rqei apeikìnish k me k◦ l = b− i◦g. Tìte, p◦k◦ l = p◦(b−i◦g) = p◦b−p◦ i◦g = h◦ l−0 = h◦ l,
kai h l eÐnai dexi� diagr�yimh.

MÐa perÐptwsh amigoÔc apeikìnishc eÐnai h fusik  apeikìnish L
νL−→ D2L, me L èna aristerì

R−prìtupo kai D o sunartht c Pontryagin. Pr�gmati, ja deÐxoume ìti h apeikìnish νL eÐnai mono-
morfismìc, kai sth sunèqeia ìti eÐnai kai amig c. 'Eqoume

L
νL−→ HomZ(HomZ(L,Q/Z),Q/Z)

l 7−→ νL(l) : HomZ(L,Q/Z) −→ Q/Z

[g : L −→ Q/Z] 7−→ νL(l)(g) = g(l).

'Estw l ̸= 0, l ∈ L ̸= 0, me νL(l) = 0. Autì shmaÐnei ìti gia k�je apeikìnish g ∈ HomZ(L,Q/Z)
isqÔei νL(l)(g) = g(l) = 0. 'Omwc, kaj¸c to Q/Z eÐnai faithfully injective, gia k�je l ∈ L me l ̸= 0,
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up�rqei k ∈ HomZ(L,Q/Z) me k(l) ̸= 0. 'Ara, an νL(l) = 0 tìte anagkastik� l = 0 pou kajist� thn
apeikìnish νL 1− 1.

Ja deÐxoume t¸ra ìti h apeikìnish νL eÐnai amig c. Ja qrhsimopoi soume thn ex c prìtash:
'Estw mÐa braqeÐa akrib c akoloujÐa arister¸n R−protÔpwn

0→ L′
i→ L

p→ L”→ 0.

An o epagìmenoc epimorfismìc

DL
i∗→ DL′ → 0

eÐnai diasp¸menoc, tìte h apeikìnish i eÐnai amig c.

Pr�gmati, jewroÔme thn epagìmenh akrib  akoloujÐa 0 −→ DL”
p∗−→ DL

i∗−→ DL′ → 0, kaj¸c
o sunartht c Pontryagin eÐnai akrib c. Apì upìjesh, eÐnai kai diasp¸menh. Epomènwc, gia k�je

aristerì R−prìtupo A, h akoloujÐa 0 −→ DL”
⊗
R

A
p∗⊗1−→ DL

⊗
R

A
i∗⊗1−→ DL′

⊗
R

A → 0 eÐnai akrib c.

JewroÔme gia A èna peperasmèna parist¸meno aristerì R−prìtupo, kai to akìloujo metajetikì
di�gramma akrib¸n gramm¸n. H apeikìnish ϕ eÐnai h gnwst  fusik .

0 // DL”
⊗
R

A
p∗⊗1

//

ϕ ≃
��

p∗⊗1
// DL

⊗
R

A
i∗⊗1

//

ϕ ≃
��

i∗⊗1
// DL′

⊗
R

A

ϕ ≃
��

// 0

DHomR(A,L”)
p∗∗

// DHomR(A,L)
i∗∗ // DHomR(A,L

′) // 0

'Ena aplì kun gi diagr�mmatoc deÐqnei ìti h apeikìnish p∗∗ eÐnai 1 − 1. Epomènwc, h akoloujÐa

0 −→ DHomR(A,L”)
p∗∗−→ DHomR(A,L)

i∗∗−→ DHomR(A,L
′) −→ 0 eÐnai akrib c. JewroÔme t¸ra

thn akrib  akoloujÐa 0 −→ HomR(A,L
′)

i∗−→ HomR(A,L)
p∗−→ HomR(A,L”) −→ Cokerp∗ → 0.

Efarmìzontac se aut n to sunartht  Pontryagin, lìgw thc akrÐbeiac thc prohgoÔmenhc akoloujÐac,
prokÔptei ìti DCokerp∗ = 0. 'Omwc, kaj¸c to Q/Z eÐnai faithfully injective, èqoume telik� ìti
Cokerp∗ = 0, kai ètsi, h apeikìnish i eÐnai amig c.

Ja deÐxoume t¸ra, me qr sh thc prohgoÔmenhc prìtashc, ìti h apeikìnish L
νL−→ D2L eÐnai amig c.

JewroÔme thn epagìmenh apeikìnish DνL, kai ja deÐxoume ìti DνL ◦ νDL = 1DL.

D2(DL) = D(D2L)
DνL−→y

νDL

DL −→ 0

Ja eÐmaste analutikoÐ. Parajètoume xan� thn apeikìnish νL kai gr�foume kai thn apeikìnish
νDL.

L
νL−→ HomZ(HomZ(L,Q/Z),Q/Z)

l 7−→ νL(l) : HomZ(L,Q/Z) −→ Q/Z

[g : L −→ Q/Z] 7−→ νL(l)(g) = g(l).
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HomZ(L,Q/Z)
νDL−→ HomZ(HomZ(HomZ(L,Q/Z),Q/Z),Q/Z)

g 7−→ νDL(g) : HomZ(HomZ(L,Q/Z),Q/Z) −→ Q/Z

[k : HomZ(L,Q/Z) −→ Q/Z] 7−→ νDL(g)(k) = k(g).

Jèloume na deÐxoume ìti DνL ◦ νDL = 1DL, dhlad  (DνL ◦ νDL)(g) = 1DL(g) = g, gia k�je
g ∈ DL, dhlad  jèloume na deÐxoume ìti gia k�je l ∈ L, (DνL ◦ νDL)(g)(l) = g(l). 'Eqoume
(DνL ◦ νDL)(g) = DνL(νDL(g)) = νL

∗(νDL(g)) = νDL(g) ◦ νL. 'Etsi, (DνL ◦ νDL)(g)(l) = (νDL(g) ◦
νL)(l) = νDL(g)(νL(l)) = νL(l)(g) = g(l).

L mma 10.0.9 'Estw R ènac daktÔlioc arister� thc Noether. Ta akìlouja eÐnai isodÔnama gia

èna aristerì R−prìtupo L.

1. To R−prìtupo L eÐnai emfuteutikì.

2. H fusik  apeikìnish νL : L→ D2L paragontopoieÐtai mèsw emfuteutikoÔ protÔpou.

3. Up�rqei amig c monomorfismìc i : L→ N , pou paragontopoieÐtai mèsw emfuteutikoÔ protÔpou.

Apìdeixh.
Oi sunepagwgèc 1 ⇒ 2 kai 2 ⇒ 3 eÐnai profaneÐc. Oloklhr¸noume thn apìdeixh deÐqnontac th

sunepagwg  3 ⇒ 1. JewroÔme, loipìn, ènan amig  monomorfismì i : L → N , pou paragontopoieÐtai

mèsw emfuteutikoÔ protÔpou I, L
a→ I

b→ N . Ja qrhsimopoi soume to krit rio tou Baer gia
na deÐxoume ìti to L eÐnai emfuteutikì. JewroÔme èna aristerì ide¸dec tou daktulÐou, J , kai mÐa
R−grammik  apeikìnish f : J → L. JewroÔme th sÔnjesh a ◦ f : J → I, kai, kaj¸c to I eÐnai
emfuteutikì, up�rqei apeikìnish g : R → I pou epekteÐnei th sÔnjesh, dhlad  èqoume to akìloujo
metajetikì di�gramma, pou perièqetai sto epìmeno, to opoÐo katal gei sto trÐto metajetikì di�gramma.

J
µ

//

a◦f
��

R

g
����
��
��
��

I

J
µ

//

f
��

R

g

��

L
a // I

b

  
@@

@@
@@

@@

N

J
µ

//

f
��

R
h

~~~~
~~
~~
~~

b◦g
��

L
i // N
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Kaj¸c o daktÔlioc eÐnai arister� thc Noether, èqoume ìti k�je upoprìtupo enìc peperasmèna
paragìmenou aristeroÔ R−protÔpou eÐnai epÐshc peperasmèna paragìmeno. Epomènwc, kaj¸c to
ide¸dec J eÐnai peperasmèna paragìmeno, èpetai ìti o sumpur nac thc emfÔteushc µ eÐnai peperasmèna
parist¸meno prìtupo. Kaj¸c h apeikìnish i eÐnai amig c, up�rqei apeikìnish h, ìpwc faÐnetai sto
anwtèrw di�gramma, me h ◦ µ = f . Epomènwc, to prìtupo L eÐnai emfuteutikì.

2

Gia to akìloujo je¸rhma ja qreiastoÔme, epÐshc, thn prìtash pou dhl¸nei ìti se èna daktÔlio
arister� thc Noether, R, o duðkìc Pontryagin apeikonÐzei emfuteutik� arister� R−prìtupa se
epÐpeda dexi� R−prìtupa. Duðk¸c apodeiknÔetai ìti se èna daktÔlio dexi� thc Noether, R, o duðkìc
Pontryagin apeikonÐzei emfuteutik� dexi� R−prìtupa se epÐpeda arister� R−prìtupa.

Je¸rhma 10.0.10 'Estw R ènac daktÔlioc arister� thc Noether. Ta akìlouja eÐnai isodÔnama

gia èna aristerì R−prìtupo N .

1. T̃ or
R

∗ (−, N) = 0

2. T̃ or
R

0 (DN,N) = 0 = T̃ or
R

−1((DN)(N), N)

3. ˜Ext
∗
R(N,D−) = 0

4. ˜Ext
0

R(N,D
2N) = 0

5. idRN <∞

Apìdeixh.
H isodunamÐa 1⇔ 3 eÐnai to pìrisma 9.2.5.
H sunepagwg  1⇒ 2 eÐnai profan c.
H sunepagwg  2⇒ 4 èpetai apì thn prìtash 9.2.2 gia n = 0 kai M = DN .
H sunepagwg  5⇒ 1 èpetai apì ton orismì thc eustajoÔc omologÐac.
'Ola ta parap�nw isqÔoun gia k�je daktÔlio. Oloklhr¸noume thn apìdeixh deÐqnontac th sune-

pagwg  4⇒ 5 gia daktÔlio arister� thc Noether.
JewroÔme mÐa emfuteutik  epÐlush tou protÔpouN , N → I. Efarmìzoume to sunartht  Pontryagin

se aut n. Kaj¸c, se daktÔlio arister� thc Noether, o sunartht c autìc apeikonizei emfuteutik� ari-
ster� prìtupa se epÐpeda dexi� prìtupa, to prokÔpton sÔmplegma eÐnai mÐa epÐpedh epÐlush tou dexioÔ
protÔpou DN . Efarmìzoume p�li to sunartht  Pontryagin sthn epÐpedh epÐlush kai epitugq�noume
mÐa emfuteutik  epÐlush tou aristeroÔ protÔpou D2N . Ta sunsuzug  tou prìtupa, ΣiD2N , eÐnai a-
krib¸c ta prìtupa D2ΣiN gia k�je fusikì deÐkth i. H fusik  apeikìnish ν : N → D2N epekteÐnetai
se morfismì sunalusswt¸n sumplegm�twn, ìpwc faÐnetai akoloÔjwc.

0 // N //

νN
��

I0 //

νI0
��

I1 //

νI1
��

I2 //

νI2
��

...

0 // D2N // D2I0 // D2I1 // D2I2 // ...

Kaj¸c, ìmwc, èqoume ˜Ext
0

R(N,D
2N) = 0, h prosèggish kat� Benson kai Carlson mac dÐnei

ìti se peperasmèna b mata, gia k�poio deÐkth k, h epagìmenh apeikìnish νΣkN = ΣkνN : ΣkN →
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ΣkD2N = D2ΣkN paragontopoieÐtai mèsw emfuteutikoÔ protÔpou. Apì to l mma 10.0.9 èqoume ìti
to prìtupo ΣkN eÐnai emfuteutikì, dhlad  èqoume ìti to prìtupo N èqei peperasmènh emfuteutik 
di�stash.

2

11 IsorropÐa thc eustajoÔc omologÐac.

Apì apotelèsmata thc kurÐac Talèllh kai tou kÔriou Emmanou l èqoume ìti, gia èna daktÔlio R, an
sfliR <∞ kai sfliRopp <∞ tìte oi analloÐwtec autèc eÐnai Ðsec.

Kat�rq�c deÐqnoume ìti an k�je emfuteutikì aristerì R−prìtupo èqei peperasmènh epÐpedh di�-
stash tìte h analloÐwth sfliR parousi�zei fr�gma. Toioutotrìpwc deÐqnoume kai gia thn perÐptwsh
twn antÐstoiqwn dexi¸n R−protÔpwn gia na apofanjoÔme to fr�gma thc analloÐwthc sfliRopp. 'E-
stw, loipìn, ìti k�je emfuteutikì aristerì R−prìtupo èqei peperasmènh epÐpedh di�stash. 'Estw,
proc �topo, ìti gia k�je fusikì arijmì i up�rqei emfuteutikì aristerì R−prìtupo Ii me epÐpedh
di�stash megalÔterh tou i. JewroÔme to kartesianì ginìmeno

∏
i
Ii, kai èstw h epÐped  tou di�-

stash, n − 1. Tìte, gia k�je dexiì R−prìtupo A, èqoume TorRn (A,
∏
i
Ii) = 0. To emfuteutikì

prìtupo In emfuteÔetai wc eujÔc par�gontac sto prìtupo
∏
i
Ii kai o sunartht c TorRn (A,−) eÐnai

prosjetikìc gia k�je dexiì R−prìtupo A. EpÐshc, kaj¸c h epÐpedh di�stash tou protÔpou In u-
perbaÐnei to n, up�rqei dexiì R−prìtupo A me TorRn (A, In) ̸= 0. Gi autì to prìtupo A èqoume
0 = TorRn (A,

∏
i
Ii) ≃ TorRn (A, In)

⊕
TorRn (A,

∏
i,i ̸=n

Ii) ̸= 0. Katal xame se �topo.

OrÐzoume, gia èna daktÔlio R, th di�stash finitistic epÐpedh autoÔ, ffdR, wc to supremum
twn epÐpedwn diast�sewn twn protÔpwn pou èqoun peperasmènh epÐpedh di�stash.

Prìtash 11.0.11 'Estw R ènac daktÔlioc. Tìte, isqÔoun ta akìlouja.

1. ffdR ≤ sfliRopp

2. sfliR <∞⇒ sfliR ≤ ffdR

Apìdeixh.

1. JewroÔme èna aristerì R−prìtupo M me peperasmènh epÐpedh di�stash, èstw fdRM = n.
Tìte, o sunartht c TorRn+1(−,M) eÐnai o mhdenikìc, en¸ up�rqei k�poio prìtupo AR me
TorRn (A,M) ̸= 0. To prìtupo A emfuteÔetai se èna emfuteutikì prìtupo I, kai èstw h
par�stash 0→ A→ I → I/A→ 0. Tìte, apì thn akrib  akoloujÐa 0 = TorRn+1(I/A,M)→
TorRn (A,M) → TorRn (I,M) èqoume TorRn (I,M) ̸= 0. Eidikìtera èqoume fdRoppI ≥ n =
fdRM . Kaj¸c h ffdR eÐnai to supremum twn epÐpedwn diast�sewn twn protÔpwn pou èqoun
peperasmènh epÐpedh di�stash kai h analloÐwth sfliRopp eÐnai to supremum twn epÐpedwn
diast�sewn twn emfuteutik¸n Ropp−protÔpwn, sunep�getai ìti sfliRopp ≥ ffdR.

2. 'Estw ìti sfliR = n. Tìte, up�rqei emfuteutikì prìtupo RI me fdRI = n. Kaj¸c autì eÐnai
prìtupo me peperasmènh epÐpedh di�stash, èqoume ìti ffdR ≥ fdRI = n = sfliR.
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2

Pìrisma 11.0.12 'Estw R daktÔlioc kai èstw sfliR <∞ kai sfliRopp <∞. Tìte,

sfliR = ffdR = sfliRopp = ffdRopp <∞.

Apìdeixh.
Kaj¸c sfliR <∞ kai sfliRopp <∞, èqoume

sfliR ≤ ffdR ≤ sfliRopp ≤ ffdRopp ≤ sfliR.

2

'Estw R ènac daktÔlioc. 'Ena akuklikì sÔmplegma T apì epÐpeda Ropp−prìtupa kaleÐtai entel¸c
akuklikì an to sÔmplegma T

⊗
R

E eÐnai akuklikì gia k�je emfuteutikì R−prìtupo E. MÐa epÐpedh

epÐlush Tate enìc Ropp−protÔpou M eÐnai mÐa tri�da (T,F∗, n), ìpou to T eÐnai entel¸c akuklikì, h
F→M eÐnai epÐpedh epÐlush kai o deÐkthc n eÐnai deÐkthc sÔmptwshc aut¸n, dhlad  ta sumplègmata
eÐnai isìmorfa gia deÐktec megalÔterouc   Ðson me autìn. An�loga orÐzetai h epÐpedh epÐlush Tate
gia èna R−prìtupo.

Lème ìti h eustaj c omologÐa eÐnai isorrophmènh gia èna zeÔgoc protÔpwn (MR,RN) an oi a-

belianèc om�dec T̃ or
R

n (M,N) kai T̃ or
Ropp

n (N,M) eÐnai isìmorfec gia k�je deÐkth n, kai ètsi ja
upologÐzetai eÐte mèsw epÐpedhc epÐlushc tou protÔpou M kai emfuteutik c epÐlushc tou protÔpou
N eÐte mèsw epÐpedhc epÐlushc tou protÔpou N kai emfuteutik c epÐlushc tou protÔpou M .

L mma 11.0.13 'Estw R ènac daktÔlioc kai èstw sfliR = n < ∞. Tìte, gia k�je aristerì

R−prìtupo N up�rqei akuklikì sÔmplegma T apoteloÔmeno apì epÐpeda arister� R−prìtupa kai

tautÐzetai me mÐa probolik  epÐlush tou protÔpou gia deÐktec megalÔterouc   Ðson tou n.

Apìdeixh.
JewroÔme mÐa emfuteutik  epÐlush tou protÔpou N , N → I. Me to l mma Horseshoe kataskeu�-

zoume to metajetikì di�gramma probolik¸n epilÔsewn twn protÔpwn thc epÐlushc. Sto epÐpedo me
deÐkth n, h akrib c akoloujÐa twn pur nwn apoteleÐ dexi� epÐpedh epÐlush tou pur na RnN . Sun-
dèoume thn probolik  epÐlush tou RnN , pou eÐnai to �nw mèroc probolik c epÐlushc tou N , me th
dexi� epÐpedh epÐlus  tou kai prokÔptei to zhtoÔmeno sÔmplegma. FaÐnetai akoloÔjwc.

0 // RnN //

��

RnI
0 //

��

RnI
1 //

��

RnI
2 //

��

...

. . . . ...

.

��

.

��

.

��

.

��

...

0 // P0
//

��

P 0
0

//

��

P 1
0

//

��

P 2
0

//

��

...

0 // N // I0 // I1 // I2 // ...
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→ Pn+1 → Pn → RnI
0 → RnI

1 → RnI
2 → RnI

3 → ...

π ↘↗µ

RnN

2

Prìtash 11.0.14 'Estw R ènac daktÔlioc kai èstw ìti oi analloÐwtec sfliR kai sfliRopp eÐnai

peperasmènec. Tìte, h eustaj c omologÐa eÐnai isorrophmènh epÐ tou R.

Apìdeixh.
Apì to prohgoÔmeno l mma èqoume, kaj¸c sfliR < ∞, èstw sfliR = n, gia k�je aristerì

R−prìtupo N up�rqei akuklikì sÔmplegma T apoteloÔmeno apì epÐpeda arister� R−prìtupa kai
tautÐzetai me mÐa probolik  epÐlush tou protÔpou gia deÐktec megalÔterouc   Ðson tou n. Kaj¸c t¸ra
sfliRopp <∞, epomènwc sfliRopp = n, to sÔmplegma T eÐnai epÐpedh epÐlush Tate tou R−protÔpou
N . Pr�gmati, jewroÔme èna emfuteutikì dexiì R−prìtupo I kai mÐa epÐpedh epÐlush autoÔ.

0 −→ Fn −→ Fn−1 −→ Fn−2 −→ ... −→ F0 −→ I −→ 0.
↘↗µ

Rn−1

JewroÔme thn akrib  akoloujÐa 0 → Fn → Fn−1 → Rn−1 → 0. Efarmìzoume to sunartht 
−
⊗
R

T o opoÐoc eÐnai akrib c kaj¸c apoteleÐtai apì epÐpeda prìtupa. ProkÔptei loipìn braqeÐa

akrib c akoloujÐa sumplegm�twn pou dÐnoume parak�tw, kai paÐrnoume th makr� akrib  akoloujÐa
thc omologÐac aut¸n.

0 −→ Fn
⊗
R

T −→ Fn−1
⊗
R

T −→ Rn−1
⊗
R

T −→ 0

'Omwc to sÔmplegma F
⊗
R

T eÐnai akuklikì gia k�je epÐpedo prìtupo F . Autì sumbaÐnei diìti h

om�da omologÐac Hn(F
⊗
R

T ) eÐnai h om�da Tor k�poiou pur na tou sumplègmatoc T me suntelest 

èna epÐpedo prìtupo, �ra h tetrimmènh om�da. Epomènwc to sÔmplegma Rn−1
⊗
R

T eÐnai akuklikì. Se

peperasmèna b mata prokÔptei ìti to sÔmplegma I
⊗
R

T eÐnai akuklikì gia k�je emfuteutikì dexiì

R−prìtupo I.
Antistrèfontac tic jèseic twn sfliR kai sfliRopp sthn apìdeixh, prokÔptei ìti k�je dexiì

R−prìtupo èqei epÐpedh epÐlush Tate. To zhtoÔmeno èpetai, kaj¸c oi Olgur Celikbas, Lars
Winther Christensen, Li Liang kai Greg P iepmeyer èqoun apodeÐxei ìti gia èna zeÔgoc pro-
tÔpwn (MR,RN) pou èqoun epÐpedh epÐlush Tate amfìtera, h eustaj c omologÐa eÐnai isorrophmènh
epÐ tou zeÔgouc autoÔ.

2

Basismènoi sta apotelèsmata twn Olgur Celikbas, Lars Winther Christensen, Li Liang kai
Greg P iepmeyer, me elafr¸c allagmènec tic apodeÐxeic touc, parajètoume th diadikasÐa me thn opoÐa
katal goun sto prohgoÔmeno apotèlesma. 'Opwc faÐnetai akoloÔjwc, dÐdoume epÐshc mÐa aploÔste-
rh apìdeixh gia thn isodunamÐa thc eustajoÔc omologÐac mèsw epÐpedhc epÐlushc Tate ìtan aut 
up�rqei. En suneqeÐa, parak�mptwntac ta apotelèsmata aut¸n, dÐdoume mÐa aploÔsterh apìdeixh thc
prohgoÔmenhc prìtashc.
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L mma 11.0.15 'Estw F èna k�tw fragmèno aluswtì sÔmplegma apì epÐpeda Ropp−prìtupa. 'Estw
N èna R−prìtupo me probolik  epÐlush P α→ N kai emfuteutik  epÐlush N

β→ I kai èstw CNPI o

k¸noc tou sqedìn isomorfismoÔ β ◦α. Tìte ta sumplègmata F
⊗
R

CNPI kai F
⊗̃
R

I∗ èqoun Ðdiec omologÐec.

Apìdeixh.

0 0 0
↓ ↓ ↓

0 −→ F
⊗
R

I∗ −→ F
⊗
R

CNPI −→ F
⊗
R

ΣP∗ −→ 0

↓ ↓ ↓
0 −→ F

⊗
R

I∗ −→ F
⊗
R

CNPI −→ F
⊗
R

ΣP∗ −→ 0

↓ ∼↓ ↓
0 −→ F

⊗̃
R

I∗ ≃−→ F
⊗̃
R

CNPI −→ F
⊗̃
R

ΣP∗ −→ 0

↓ ↓ ↓
0 0 0

Kaj¸c ta sumplègmata F kai P∗ eÐnai kai ta dÔo k�tw fragmèna èqoume ìti F
⊗
R

P∗ = F
⊗
R

P∗

pou kajist� to sÔmplegma F
⊗̃
R

ΣP∗ mhdenikì. Epiplèon, to sÔmplegma F apoteleÐtai apì epÐpeda

prìtupa, kai ìntac k�tw fragmèno, to sÔmplegmaDF eÐnai èna k�tw fragmèno sunaluswtì sÔmplegma
emfuteutik¸n arister¸n R−protÔpwn. Apì to l mma 5.0.5, to sÔmplegma HomR(C

N
PI, DF ) eÐnai

akuklikì, en¸ apì to gnwstì suzugèc zeÔgoc eÐnai isìmorfo me to D(F
⊗
R

CNPI). Sunep�getai ìti

to sÔmplegma F
⊗
R

CNPI eÐnai akuklikì, kai dÐnei to sqedìn isomorfismì sto di�gramma. Epomènwc ta

sumplègmata F
⊗
R

CNPI kai F
⊗̃
R

I∗ èqoun Ðdiec omologÐec.
2

To parap�nw fainìmeno sthn epagìmenh kathgorÐa metafr�zetai wc isomorfismìc, genikeÔontac
thn ènnoia tou sqedìn isomorfismoÔ, qwrÐc dhlad  aparaÐthta na ep�getai apì morfismì sumplegm�-
twn.

L mma 11.0.16 'Estw T èna aluswtì sÔmplegma apì epÐpeda Ropp−prìtupa tètoio ¸ste to sÔm-

plegma T
⊗
R

E eÐnai akuklikì gia k�je emfuteutikì R−prìtupo E. 'Estw N èna R−prìtupo me

probolik  epÐlush P α→ N kai emfuteutik  epÐlush N
β→ I kai èstw CNPI o k¸noc tou sqedìn isomor-

fismoÔ β ◦ α. Tìte ta sumplègmata T
⊗
R

CNPI kai Σ(T
⊗
R

N) èqoun Ðdiec omologÐec.

Apìdeixh.
Apì upìjesh, to sÔmplegma T

⊗
R

E eÐnai akuklikì gia k�je emfuteutikì R−prìtupo E. Apì to

pr¸to skèloc thc prìtashc 6.1.4, kaj¸c to sÔmplegma I∗ wc aluswtì eÐnai �nw fragmèno, èqoume
ìti to sÔmplegma T

⊗
R

I∗ eÐnai akuklikì. Efarmìzoume t¸ra sth diasp¸menh, kat� bajmì, akrib 

akoloujÐa 0 −→ I∗ −→ CNPI −→ ΣP∗ −→ 0 to sunartht  T
⊗
R

− kai prokÔptei h akìloujh akrib c,

fèrontac to sqedìn isomorfismì lìgw thc proanaferjeÐsac akuklikìthtac.
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0 −→ T
⊗
R

I∗ −→ T
⊗
R

CNPI
∼−→ T

⊗
R

ΣP∗ −→ 0.

JewroÔme t¸ra ton akuklikì k¸no thc aluswt c apeikìnishc α, P+. To sÔmplegma F
⊗
R

P+

eÐnai akuklikì gia k�je epÐpedo prìtupo F . 'Etsi, kaj¸c to sÔmplegma T apoteleÐtai apì epÐpeda
prìtupa kai o k¸noc autìc eÐnai k�tw fragmènoc, to deÔtero skèloc thc prìtashc 6.1.4 mac dÐnei thn
akuklikìthta tou sumplègmatoc T

⊗
R

P+. Efarmìzoume t¸ra to sunartht  T
⊗
R

− sth diasp¸menh,

kat� bajmì, akrib  akoloujÐa 0 −→ N −→ P+ −→ ΣP∗ −→ 0 kai prokÔptei h akìloujh akrib c.
0 −→ T

⊗
R

N −→ T
⊗
R

P+ −→ T
⊗
R

ΣP∗ −→ 0.

Apì thn teleutaÐa akuklikìthta èqoume ìti ta sumplègmata Σ(T
⊗
R

N) kai T
⊗
R

ΣP∗ èqoun Ðdiec

omologÐec. Epomènwc, ta sumplègmata T
⊗
R

CNPI kai Σ(T
⊗
R

N) èqoun Ðdiec omologÐec.

2

H kataskeu  tou proanaferjèntoc k¸nou CNPI, kaj¸c wc proc omotopik  isodunamÐa eÐnai anex�r-
thth apì thn epilog  twn epilÔsewn, orÐzei sunartht  sth jèsh tou protÔpou. 'Etsi, oi isomorfismoÐ,
sthn epagìmenh kathgorÐa, twn prohgoÔmenwn lhmm�twn eÐnai fusik  isodunamÐa wc proc th deÔte-
rh jèsh. EpÐshc, oi Ðdioi isomorfismoÐ isqÔoun kai sthn perÐptwsh pou antikatastajeÐ h probolik 
epÐlush me epÐpedh.

Je¸rhma 11.0.17 'Estw M èna Ropp−prìtupo me epÐpedh epÐlush Tate (T, F, n). Tìte, gia k�je
R−prìtupo N kai k�je deÐkth i ∈ Z isqÔei o akìloujoc isomorfismìc pou orÐzei fusik  isodunamÐa

sth deÔterh metablht .

T̃ or
R

i (M,N) ≃ Hi(T
⊗
R

N)

Apìdeixh.
JewroÔme ton k¸no CNPI. JewroÔme th diasp¸menh, kat� bajmì, akrib  akoloujÐa sumplegm�twn

0 −→ T≤n−1 −→ T −→ F≥n −→ 0 kai thn epagìmenh omoÐwc akrib , 0 −→ T≤n−1
⊗
R

CNPI −→

T
⊗
R

CNPI
∼−→ F≥n

⊗
R

CNPI −→ 0.

Apì to pr¸to skèloc thc prìtashc 6.1.4, kaj¸c o k¸noc eÐnai akuklikìc kai to sÔmplegma T≤n−1
�nw fragmèno apoteloÔmeno apì emfuteutik� prìtupa, èqoume ìti to sÔmplegma T≤n−1

⊗
R

CNPI eÐnai

akuklikì. To sÔmplegma T eÐnai entel¸c akuklikì apoteloÔmeno apì epÐpeda prìtupa, ètsi, to l mma
11.0.16 dÐnei ìti ta sumplègmata T

⊗
R

CNPI kai Σ(T
⊗
R

N) èqoun Ðdiec omologÐec. Akìma, to sÔmplegma

F≥n eÐnai k�tw fragmèno apoteloÔmeno apì epÐpeda prìtupa, ètsi, to l mma 11.0.15 dÐnei ìti ta

sumplègmata F≥n
⊗
R

CNPI kai F≥n
⊗̃
R

I∗ èqoun Ðdiec omologÐec. ProkÔptei, loipìn, ìti ta sumplègmata

Σ(T
⊗
R

N) kai F≥n
⊗̃
R

I∗ èqoun Ðdiec omologÐec, to opoÐo qrhsimopoioÔme parak�tw. UpologÐzoume.

T̃ or
R

i (M,N)
dim. shift.
≃ T̃ or

R

i−n(Cn(F ), N)
definition, via flat res.

= Hi−n+1((Σ
−nF≥n)

⊗̃
R

I∗) suspension=

Hi+1(F≥n
⊗̃
R

I∗) ≃ Hi+1(Σ(T
⊗
R

N))
suspension

= Hi(T
⊗
R

N)

2
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To parap�nw apotèlesma apodeiknÔetai epÐshc wc ex c: Kaj¸c to prìtupo M èqei epÐpedh e-
pÐlush Tate (T, F, n), èqoume ìti o omologikìc sunartht c TorR∗ (M,−) eÐnai emfuteutik¸c pl rhc

gia meg�louc deÐktec. OrÐzetai ètsi h emfuteutik  pl rwsh tou TorR∗ (M,−),

⟩

TorR∗ (M,−), h opoÐa
prokÔptei apì thn kataskeu  Triulzi me ìla ta antÐstrofa ìria pou sunjètoun touc sunarthtèc ek-
fulismèna se ènan mìno deÐkth. To dimension shifting epitrèpei o deÐkthc autìc na eÐnai o akèraioc
n + 1 gia ìlouc touc upìloipouc deÐktec, kaj¸c h pl rwsh eÐnai termatik , dhlad  gia meg�louc
deÐktec tautÐzetai me ton omologikì sunartht  TorR∗ (M,−). EÐnai h akìloujh.

⟩

TorR∗ (M,−) = {

⟩

TorRj (M,−)}j∈Z = {lim
←
k

TorRj+k(M,Σk−),

̂

δ}j∈Z =

{...., T orRi+1(M,−), T orRi (M,−), T orRi−1(M,−), ..., T orRn+1(M,−), T orRn+1(M,Σ−), T orRn+1(M,Σ2−), ...}.
Kaj¸c t¸ra o sunartht c H∗(T

⊗
R

N) eÐnai emfuteutik¸c pl rhc kai tautÐzetai me ton proana-

ferjènta gia meg�louc deÐktec, apì th monadik  epèktash proc ta dexi� èqoume ìti telik� ja eÐnai

fusik� isodÔnamoi. Apì th diagrammatik  epopteÐa thc apeikìnishc T̃ or
R

i (M,N)
∆−→

⟩

TorRi (M,N)
kai thn emfuteutik  plhrìthta tou sunartht  TorR∗ (M,−) gia meg�louc deÐktec upologÐzoume ìti
gia meg�louc deÐktec, k�je antiprìswpoc kl�shc stoiqeÐou tou pur na aut c eÐnai kataskeu�simoc
wc stoiqeÐo thc eikìnac tou diaforikoÔ tou eustajoÔc sumplègmatoc, pou kajist� ton pur na autìn
tetrimmèno. P�li, apì th monadik  epèktash proc ta dexi�, gia sundedemènec oikogèneiec sunartht¸n
pou eÐnai emfuteutik¸c pl reic kai tautÐzontai gia meg�louc deÐktec, èqoume ìti telik� ja eÐnai fusik�

isodÔnamoi. 'Etsi, èqoume T̃ or
R

∗ (M,−) ≃

⟩

TorR∗ (M,−) ≃

⟩

TorR∗ (M,−) ≃ H∗(T
⊗
R

−).

L mma 11.0.18 'Estw T kai T ′ akuklik� sumplègmata apì epÐpeda Ropp−prìtupa kai epÐpeda R−
prìtupa, antÐstoiqa. Gia k�je akèraiom kai n èqoume touc akìloujouc isomorfismoÔc sthn epagìmenh

kathgorÐa.

1. T≤n−1
⊗
R

Cm(T
′) ∼ Σn−m(Cn(T )

⊗
R

T ′≤m−1)

2. T≥n
⊗
R

Cm(T
′) ∼ Σn−m(Cn(T )

⊗
R

T ′≥m)

3. T
⊗
R

Cm(T
′) ∼ Σn−m(Cn(T )

⊗
R

T ′)

Apìdeixh.

1. JewroÔme ton �nw fragmèno akuklikì k¸no 0 → Cm(T
′) → T ′m−1 → T ′m−2 → ... tou sqedìn

isomorfismoÔ Cm(T ′)
α→ Σ1−mT ′≤m−1, Cone(α). To sÔmplegma 0→ Tn−1 → Tn−2 → Tn−3 →

..., T≤n−1, eÐnai �nw fragmèno apoteloÔmeno apì epÐpeda prìtupa, epomènwc, apì to pr¸to
skèloc thc prìtashc 6.1.4 prokÔptei h akuklikìthta tou sumplègmatoc T≤n−1

⊗
R

Cone(α) to

opoÐo tautÐzetai me to sÔmplegma T≤n−1
⊗
R

Cone(α) = Cone(T≤n−1
⊗
R

α) diìti apoteloÔntai

apì sumplègmata thc Ðdiac morf c fragmèna. 'Etsi, o k¸noc thc T≤n−1
⊗
R

α eÐnai akuklikìc

pou mac dÐnei ton akìloujo pr¸to isomorfismì sthn epagìmenh kathgorÐa. OmoÐwc prokÔptei o

teleutaÐoc, jewr¸ntac to sqedìn isomorfismì Cn(T )
β→ Σ1−nT≤n−1. Oi upìloipoi ofeÐlontai

sth suspension.
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T≤n−1
⊗
R

Cm(T
′)
∼→
α
T≤n−1

⊗
R

(Σ1−mT ′≤m−1) ∼ Σn−mΣ1−nT≤n−1
⊗
R

T ′≤m−1 ∼

∼ Σn−m((Σ1−nT≤n−1)
⊗
R

T ′≤m−1)
∼←
β

Σn−m(Cn(T )
⊗
R

T ′≤m−1)

2. To aluswtì sÔmplegma T≥n eÐnai k�tw fragmèno apoteloÔmeno apì epÐpeda prìtupa, epomè-
nwc, apì to l mma 5.0.5 kai to gnwstì suzugèc zeÔgoc, o sunartht c T≥n

⊗
R

− diathreÐ to

sqedìn isomorfismì Σ−mT ′≥m
γ→ CmT

′. ProkÔptei, ètsi, o akìloujoc pr¸toc isomorfismìc
sthn epagìmenh kathgorÐa. OmoÐwc prokÔptei o teleutaÐoc, jewr¸ntac to sqedìn isomorfismì

Σ−nT≥n
δ→ CnT . Oi upìloipoi ofeÐlontai sth suspension.

T≥n
⊗
R

Cm(T
′)
∼←
γ
T≥n

⊗
R

(Σ−mT ′≥m) ∼ Σn−mΣ−nT≥n
⊗
R

T ′≥m ∼

∼ Σn−m((Σ−nT≥n)
⊗
R

T ′≥m)
∼→
δ
Σn−m(Cn(T )

⊗
R

T ′≥m)

3. O isomorfismìc sthn epagìmenh kathgorÐa T
⊗
R

Cm(T
′) ∼ Σn−m(Cn(T )

⊗
R

T ′) prokÔptei apì to

5−l mma se aut n me sumpl rwsh morfism¸n trig¸nwn.

Alli¸c, jewroÔme th diasp¸menh, kat� bajmì, akrib  akoloujÐa sumplegm�twn

0 −→ T≤n−1 −→ T −→ T≥n −→ 0 h opoÐa se k�je bajmì emfanÐzei mhdenikì akraÐo suntele-
st , kai thn epagìmenh omoÐwc akrib  diasp¸menh.

0 −→ T≤n−1
⊗
R

Cm(T
′) −→ T

⊗
R

Cm(T
′) −→ T≥n

⊗
R

Cm(T
′) −→ 0

OmoÐwc jewroÔme th diasp¸menh, kat� bajmì, akrib  akoloujÐa sumplegm�twn

0 −→ T ′≤m−1 −→ T ′ −→ T ′≥m −→ 0 h opoÐa se k�je bajmì emfanÐzei mhdenikì akraÐo suntele-
st , kai thn akìloujh omoÐwc akrib  diasp¸menh. JewroÔme, epÐshc, thn (n−m)−suspension
aut c.

0 −→ Cn(T )
⊗
R

T ′≤m−1 −→ Cn(T )
⊗
R

T ′≤m−1 −→ Cn(T )
⊗
R

T ′≤m−1 −→ 0

Oi akoloujÐec 0 −→ T≤n−1
⊗
R

Cm(T
′) −→ T

⊗
R

Cm(T
′) −→ T≥n

⊗
R

Cm(T
′) −→ 0 kai 0 −→

Σn−mCn(T )
⊗
R

T ′≤m−1 −→ Σn−mCn(T )
⊗
R

T ′≤m−1 −→ Σn−mCn(T )
⊗
R

T ′≤m−1 −→ 0 èqoun meta-

xÔ touc stic akraÐec jèseic sumplègmata me Ðdiec omologÐec, antÐstoiqa, kai sth mesaÐa jèsh
emfanÐzoun thn tetrimmènh epèktash twn akraÐwn sumplegm�twn me thn ènnoia ìti oi akoloujÐec
se k�je bajmì emfanÐzoun mhdenikì akraÐo suntelest . 'Epetai ìti oi epekt�seic autèc èqoun
Ðdia omologÐa.

2

Je¸rhma 11.0.19 'Estw M èna Ropp−prìtupo kai N èna R−prìtupo. An kai ta dÔo èqoun

epÐpedec epilÔseic Tate tìte gia k�je akèraio i isqÔei o akìloujoc isomorfismìc.

T̃ or
R

i (M,N) ≃ T̃ or
Ropp

i (N,M)
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Apìdeixh.
'Estw oi epÐpedec epilÔseic Tate twn protÔpwn M kai N , (T, F, t) kai (T ′, F ′, s), antÐstoiqa.

Epilègoume ènan koinì deÐkth sÔmptwshc, èstw q. UpologÐzoume gia k�je akèraio i.

T̃ or
R

i (M,N)
11.0.17≃ Hi(T

⊗
R

N)
dim. shift.
≃ Hi−q(T

⊗
R

Cq(T
′))

11.0.18, 3, n=m=q
≃ Hi−q(Cq(T )

⊗
R

T ′)
dim. shift.
≃

Hi(M
⊗
R

T ′)
11.0.17≃ T̃ or

Ropp

i (N,M)

Ta dimension shiftings pou qrhsimopoioÔme ofeÐlontai sthn akuklikìthta twn T kai T ′ h opoÐa
diathreÐtai apì to sunartht  −

⊗
R

F gia k�je epÐpedo prìtupo RF .

2

MÐa �llh apìdeixh thc prìtashc 11.0.14 eÐnai h akìloujh.
An sfliR = N <∞ tìte

⟩

TorR∗ (A,−) ≃ {lim←
i

TorRn+i(A,Σ
i−), δ̆}n ≃

⟩

TorR∗ (A,−) ≃

{...., T orRn+1(A,−), T orRn (A,−), T orRn−1(A,−), ..., T orRN+1(A,−), T orRN+1(A,Σ−), T orRN+1(A,Σ
2−), ...},

kai eÐnai h emfuteutik  pl rwsh tou omologikoÔ sunartht  TorR∗ (A,−), gia k�je dexiì R−prìtupo
A.

OmoÐwc èqoume ìti an sfliRopp = N <∞ tìte

⟩

TorR
opp

∗ (B,−) ≃

{...., T orRopp

n+1 (B,−), T orR
opp

n (B,−), T orRopp

n−1 (B,−), ..., T orR
opp

N+1(B,−), T orR
opp

N+1(B,Σ−), T orR
opp

N+1(B,Σ
2−), ...},

kai eÐnai h emfuteutik  pl rwsh tou omologikoÔ sunartht  TorR
opp

∗ (B,−), gia k�je dexiìRopp−prìtupo
B.

Me dedomèno ìti h analloÐwth sfliRopp eÐnai peperasmènh, jewroÔme to sunartht 

⟩

TorR
opp

∗ (−, A)

me ektÐmhsh sto aristerì R−prìtupo B na eÐnai mèsw tou sunartht 

⟩

TorR
opp

∗ (B,−) ektimhmènoc sto
dexiì R−prìtupo A, dhlad 

⟩

TorR
opp

∗ (−, A)(B) =

⟩

TorR
opp

∗ (B,−)(A).

An epiplèon sfliR = N <∞, tìte, o sunartht c

⟩

TorR
opp

∗ (−, A) eÐnai emfuteutik¸c pl rhc.
Tìte, me dedomèno ìti kai oi dÔo analloÐwtec sfliR kai sfliRopp eÐnai peperasmènec, �ra kai Ðsec,

èstw N , oi omologikoÐ sunarthtèc

⟩

TorR∗ (A,−) kai

⟩

TorR
opp

∗ (−, A) tautÐzontai gia deÐktec megalÔte-
rouc tou N , afoÔ

⟩

TorRn (A,−)(B) =

⟩

TorRn (A,B) = TorRn (A,B) ≃ TorRopp

n (B,A) =

⟩

TorR
opp

n (B,A) =

⟩

TorR
opp

n (−, A)(B),

gia k�je aristerì R−prìtupo B kai k�je n > N . Oi omologikoÐ autoÐ sunarthtèc eÐnai emfuteu-
tik¸c pl reic, kai afoÔ tautÐzontai se meg�lec diast�seic, apì th monadik  epèktash sta dexi�, eÐnai
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fusik� isodÔnamoi. Epomènwc,

⟩

TorR∗ (A,B) ≃

⟩

TorR
opp

∗ (B,A) gia k�je zeÔgoc protÔpwn (AR,RB).

'Eqoume  dh deÐxei ìti an sfliR < ∞, tìte, h fusik  apeikìnish T̃ or
R

n (A,B)
∆−→

⟩

TorRn (A,B) eÐ-
nai isomorfismìc gia k�je zeÔgoc protÔpwn (AR,RB), gia k�je akèraio n. OmoÐwc èqoume ìti an

sfliRopp < ∞, tìte, h fusik  apeikìnish T̃ or
Ropp

n (B,A)
∆−→

⟩

TorR
opp

n (B,A) eÐnai isomorfismìc gia
k�je zeÔgoc protÔpwn (AR,RB), gia k�je akèraio n. Epomènwc, ìtan oi analloÐwtec sfliR kai
sfliRopp eÐnai peperasmènec, h eustaj c omologÐa eÐnai isorrophmènh epÐ tou R.

Gia thn apìdeixh thc epìmenhc prìtashc ja qreiastoÔme thn akìloujh prìtash, kaj¸c kai thn
epìmenh duðk  aut c.

Se èna daktÔlio dexi� sunektikì, R, o duðkìc Pontryagin apeikonÐzei emfuteutik� dexi�R−prìtupa
se epÐpeda arister� R−prìtupa.

Se èna daktÔlio arister� sunektikì, R, o duðkìc Pontryagin apeikonÐzei emfuteutik� arister�
R−prìtupa se epÐpeda dexi� R−prìtupa.

Prìtash 11.0.20 'Estw R ènac daktÔlioc kai èstw ìti h eustaj c omologÐa eÐnai isorrophmènh

epÐ autoÔ. Tìte, isqÔoun ta akìlouja.

1. An o daktÔlioc R eÐnai dexi� sunektikìc   arister� thc Noether, tìte sfliRopp <∞.

2. An o daktÔlioc R eÐnai arister� sunektikìc   dexi� thc Noether, tìte sfliR <∞.

Apìdeixh.

1. JewroÔme èna emfuteutikì dexiì R−prìtupo I. Ja deÐxoume ìti èqei peperasmènh epÐpedh
di�stash.

An o daktÔlioc R eÐnai dexi� sunektikìc, tìte to aristerì R−prìtupo DI eÐnai epÐpedo. AfoÔ

h eustaj c omologÐa eÐnai isorrophmènh, èqoume T̃ or
R

∗ (−, DI) ≃ T̃ or
Ropp

∗ (DI,−), kai apì ton
orismì thc eustajoÔc omologÐac, kaj¸c to prìtupo DI eÐnai epÐpedo, oi sunarthtèc autoÐ eÐnai

tetrimmènoi. Apì to pìrisma 9.2.3 èqoume T̃ or
R

∗ (−, DI) = 0⇔ fdRoppI <∞.

Genik�, me dedomènh thn isorropÐa thc eustajoÔc omologÐac, èqoume T̃ or
R

∗ (I,−) ≃ T̃ or
Ropp

∗ (−, I),
kai apì ton orismì thc eustajoÔc omologÐac, kaj¸c to prìtupo I eÐnai emfuteutikì, oi sunarth-
tèc autoÐ eÐnai tetrimmènoi. An o daktÔlioc R eÐnai arister� thc Noether, tìte apì to je¸rhma

10.0.10 èqoume T̃ or
R

∗ (I,−) = 0⇔ fdRoppI <∞.

2. H apìdeixh eÐnai ìmoia.

JewroÔme èna emfuteutikì aristerì R−prìtupo I. Ja deÐxoume ìti èqei peperasmènh epÐpedh
di�stash.

An o daktÔlioc R eÐnai arister� sunektikìc, tìte to dexiì R−prìtupo DI eÐnai epÐpedo. AfoÔ

h eustaj c omologÐa eÐnai isorrophmènh, èqoume T̃ or
Ropp

∗ (−, DI) ≃ T̃ or
R

∗ (DI,−), kai apì ton
orismì thc eustajoÔc omologÐac, kaj¸c to prìtupo DI eÐnai epÐpedo, oi sunarthtèc autoÐ eÐnai

tetrimmènoi. Apì to pìrisma 9.2.3 èqoume T̃ or
Ropp

∗ (−, DI) = 0⇔ fdRI <∞, me Ropp
opp

= R.
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Genik�, me dedomènh thn isorropÐa thc eustajoÔc omologÐac, èqoume T̃ or
Ropp

∗ (I,−) ≃ T̃ or
R

∗ (−, I),
kai apì ton orismì thc eustajoÔc omologÐac, kaj¸c to prìtupo I eÐnai emfuteutikì, oi sunar-
thtèc autoÐ eÐnai tetrimmènoi. An o daktÔlioc R eÐnai dexi� thc Noether, dhlad  o daktÔlioc

Ropp eÐnai arister� thc Noether, tìte apì to je¸rhma 10.0.10 èqoume T̃ or
Ropp

∗ (I,−) = 0 ⇔
fdRI <∞.

2

Je¸rhma 11.0.21 'Estw R ènac daktÔlioc pou eÐnai arister� kai dexi� sunektikìc. Tìte ta akì-

louja eÐnai isodÔnama.

1. H eustaj c omologÐa eÐnai isorrophmènh epÐ tou R.

2. sfliR = sfliRopp <∞

Apìdeixh.
H sunepagwg  1 ⇒ 2 èpetai apì thn prohgoÔmenh prìtash, diìti, kaj¸c oi analloÐwtec sfliR

kai sfliRopp, lìgw thc upìjeshc, prokÔptoun peperasmènec, eÐnai kai Ðsec.
H sunepagwg  2⇒ 1 isqÔei gia k�je daktÔlio kai èpetai apì thn prìtash 11.0.14.

2

ApodeiknÔoume sto par�rthma ta akìlouja.
An o daktÔlioc R eÐnai arister� thc Noether, tìte isqÔei h isìthta sfliRopp = idRR. Duðk¸c

èqoume ìti sfliR = idRoppR ìtan o daktÔlioc R eÐnai dexi� thc Noether.
An o daktÔlioc R eÐnai arister� kai dexi� thc Noether kai oi diast�seic idRR kai idRoppR eÐnai

peperasmènec tìte idRoppR = sfliR = sfliRopp = idRR <∞.
'Enac daktÔlioc R lègetai Iwanaga − Gorenstein an o daktÔlioc eÐnai arister� kai dexi� thc

Noether kai oi diast�seic idRR kai idRoppR eÐnai peperasmènec. Sunep�getai apì ta parap�nw ìti oi
peperasmènec autèc diast�seic tautÐzontai.

Pìrisma 11.0.22 'Estw R ènac daktÔlioc pou eÐnai arister� kai dexi� thc Noether. Tìte, ta

akìlouja eÐnai isodÔnama.

1. H eustaj c omologÐa eÐnai isorrophmènh epÐ tou R.

2. O daktÔlioc R eÐnai Iwanaga−Gorenstein.

Apìdeixh.
'Enac daktÔlioc R pou eÐnai arister� thc Noether eÐnai kai arister� sunektikìc. Pr�gmati, ènac

daktÔlioc R eÐnai arister� thc Noether an k�je aristerì ide¸dec tou eÐnai peperasmèna paragìmeno.
EpÐshc, an o daktÔlioc R eÐnai arister� thc Noether tìte k�je peperasmèna paragìmeno aristerì
R−prìtupo eÐnai peperasmèna parist¸meno. 'Enac daktÔlioc R eÐnai arister� sunektikìc an k�je pe-
perasmèna paragìmeno aristerì ide¸dec autoÔ eÐnai peperasmèna parist¸meno. 'Omoia, an o daktÔlioc
eÐnai dexi� thc Noether, tìte eÐnai kai dexi� sunektikìc.

Apì to prohgoÔmeno je¸rhma èqoume ìti an h eustaj c omologÐa eÐnai isorrophmènh epÐ tou R,
tìte oi analloÐwtec sfliR kai sfliRopp eÐnai peperasmènec, �ra kai Ðsec. Kaj¸c èqoume idRoppR =
sfliR = sfliRopp = idRR < ∞, èpetai ìti o daktÔlioc eÐnai Iwanaga − Gorenstein. AntÐstrofa,
an oi diast�seic idRR kai idRoppR eÐnai peperasmènec, tìte, èqoume antÐstoiqa ìti oi analloÐwtec
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sfliRopp kai sfliR eÐnai peperasmènec kai Ðsec. Apì to prohgoÔmeno je¸rhma èqoume ìti h eustaj c
omologÐa eÐnai isorrophmènh epÐ tou R.

2

Parat rhsh 11.0.23 'Estw ènac daktÔlioc R kai èstw ìti h eustaj c omologÐa eÐnai isorroph-

mènh epÐ autoÔ. JewroÔme èna dexiì R−prìtupo M tètoio ¸ste na ikanopoieÐ mÐa apì tic akìloujec

dÔo sunj kec.

1. To aristerì R−prìtupo DM èqei peperasmènh epÐpedh di�stash.

2. To dexiì R−prìtupo M (N) èqei peperasmènh emfuteutik  di�stash.

Tìte, h epÐpedh di�stash tou dexioÔ R−protÔpou M eÐnai peperasmènh.

Apìdeixh.

1. Apì thn isorropÐa thc eustajoÔc omologÐac èqoume T̃ or
R

∗ (−, DM) ≃ T̃ or
Ropp

∗ (DM,−). Kaj¸c
to aristerì R−prìtupo DM èqei peperasmènh epÐpedh di�stash, èpetai ìti oi prohgoÔmenoi

sunarthtèc eÐnai oi mhdenikoÐ. Apì to pìrisma 9.2.3 èqoume T̃ or
R

∗ (−, DM) = 0⇔ fdRoppM <
∞.

2. Apì thn isorropÐa thc eustajoÔc omologÐac èqoume T̃ or
R

∗ (M
(N),−) ≃ T̃ or

Ropp

∗ (−,M (N)). Ka-
j¸c to dexiì R−prìtupo M (N) èqei peperasmènh emfuteutik  di�stash, èpetai ìti oi proh-

goÔmenoi sunarthtèc eÐnai oi mhdenikoÐ. Apì thn prìtash 9.2.4 èqoume T̃ or
R

∗ (M
(N),−) = 0 ⇔˜Ext

∗
R(−, D(M (X))) = 0 gia k�je sÔnolo X. Eidikìtera, gia X monosÔnolo, èqoume ìti o suno-

mologikìc sunartht c ˜Ext
∗
R(−, DM) eÐnai o mhdenikìc. Epomènwc èqoume ˜Ext

0

R(DM,DM) =
0, �ra idRDM <∞, dhlad  fdRoppM <∞.

2

12 Par�rthma.

12.1 H apeikìnish Φ.

'Estw R kai S daktÔlioi. JewroÔme, gia prìtupa AR, SBR, SC, th gnwst  apeikìnish

Φ : A
⊗
R

HomS(B,C)→ HomS(HomRo(A,B), C), a⊗ f 7→ h : g 7→ f(g(a)).

Apì thn prosjetikìthta tou tanustikoÔ ginomènou èqoume ìti h parap�nw apeikìnish eÐnai isomorfi-
smìc ìtan to A eÐnai peperasmèna paragìmeno probolikì dexiì R−prìtupo. EÐnai epÐshc isomorfismìc
kai sthn perÐptwsh pou to C eÐnai emfuteutikì aristerì S−prìtupo kai to A peperasmèna parist¸me-
no dexiì R−prìtupo. ApodeiknÔetai diagrammatik¸c akoloÔjwc me qr sh thc metajetikìthtac autoÔ
kai tou 3−l mmatoc. K�je akoloujÐa eÐnai akrib c.
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Rm → Rn → A→ 0

0→ HomR(A,B)→ HomR(R
n, B)→ HomR(R

m, B)

HomS(HomR(R
m, B), C) // HomS(HomR(R

n, B), C) // HomS(HomR(A,B), C) // 0

Rm
⊗
R

HomS(B,C)

≃ Φ

OO

// Rn
⊗
R

HomS(B,C)

≃ Φ

OO

// A
⊗
R

HomS(B,C)

Φ

OO

// 0

12.2 Prìtupa.

H akìloujh prìtash epidèqetai duðkìthta jewr¸ntac dexi� R−prìtupa.

Prìtash 12.2.1 K�je aristerì R−prìtupo eÐnai to eujÔ ìrio twn peperasmèna paragìmenwn u-

poprotÔpwn tou se èna kateujunìmeno sÔnolo deikt¸n.

Apìdeixh.
'EstwM èna aristerì R−prìtupo. JewroÔme thn oikogèneia ìlwn twn peperasmèna paragìmenwn

upoprotÔpwn tou, {Mi}i∈I , me I èna sÔnolo deikt¸n, h opoÐa eÐnai merik¸c diatetagmènh me di�taxh
thn emfÔteush. H oikogèneia aut  kajÐstatai èna eujÔ sÔsthma jewr¸ntac apeikìnish gia k�je
zeÔgoc deikt¸n (i, j) me i ≤ j ton egkleismì sij : Mi ⊆ Mj . To sÔnolo deikt¸n I eÐnai, epÐshc,
kateujunìmeno, kaj¸c gia k�je zeÔgoc deikt¸n (i, j) up�rqei deÐkthc k me i ≤ k kai j ≤ k. JewroÔme
to antikeÐmeno (M, si)i∈I me si : Mi ⊆ M ton egkleismì gia k�je deÐkth i, me sumbibasmì wc proc
tic apeikonÐseic sij gia k�je zeÔgoc deikt¸n, kai deÐqnoume ìti to antikeÐmeno autì èqei thn kajolik 
idiìthta tou eujèoc orÐou tou sust matoc. Pr�gmati, gia to antikeÐmeno (X, fi)i me sumbibasmì wc
proc tic apeikonÐseic sij gia k�je zeÔgoc deikt¸n, orÐzoume apeikìnish f :M → X me f(m) = fk(m)
an m ∈Mk. H apeikìnish eÐnai kal� orismènh, diìti, an to stoiqeÐo m ∈Ml, tìte, kaj¸c to sÔnolo
deikt¸n eÐnai kateujunìmeno, up�rqei deÐkthc n me k ≤ n kai l ≤ n ¸ste fl(m) = fn(sln(m)) =
fn(m) = fn(skn(m)) = fk(m). H apeikìnish f pou epekteÐnei tic fi gia k�je deÐkth i orÐzetai
monadik� wc proc touc egkleismoÔc si :Mi ⊆M gia k�je deÐkth i.

M
f

//X

Mi

si

aaCCCCCCCC
fi

==||||||||

sij

��

Mj

sj

XX111111111111111

fj

FF���������������

2

119



12.3 Emfuteutik� prìtupa.

To akìloujo krit rio epidèqetai duðkìthta jewr¸ntac dexi� R−prìtupa.

Krit rio tou Baer. 12.3.1 JewroÔme èna daktÔlio R. Tìte, èna aristerì R−prìtupo E eÐnai

emfuteutikì an kai mìno an, gia k�je aristerì ide¸dec J tou daktulÐou, k�je apeikìnish J → E
epekteÐnetai se apeikìnish R→ E.

Apìdeixh.
H mÐa kateÔjunsh eÐnai profan c apì ton orismì tou emfuteutikoÔ protÔpou.

'Estw t¸ra èna aristerì R−prìtupo B, èna upoprìtupo autoÔ, A, kai h emfÔteush A
µ→ B.

JewroÔme mÐa apeikìnish A
α→ E. Ja deÐxoume thn Ôparxh apeikìnishc β ¸ste β ◦ µ = α.

0 // A
µ

//

α
��

B

β~~~~
~~
~~
~~

E

'Estw E to merik¸c diatetagmèno sÔnolo twn epekt�sewn α′ : A′ → E thc α, me A′ èna endi�meso
upoprìtupo, A ⊆ A′ ⊆ B. H merik  di�taxh eÐnai: α′ ≤ α” an h α” epekteÐnei thn α′, h opoÐa
èqei autop�jeia, metabatikìthta kai summetrÐa. DeÐqnoume ìti k�je mh kenì olik� diatetagmèno
uposÔnolo tou E, U, èqei èna �nw fr�gma sto E. Dhlad , an to U èqei thn idiìthta ìti k�je dÔo
stoiqeÐa autoÔ diat�ssontai, tìte gia k�je stoiqeÐo ψ tou U up�rqei stoiqeÐo χ sto E ¸ste ψ ≤ χ.
Pr�gmati, jewroÔme to epagwgikì sÔsthma pou dhmiourgoÔn ta endi�mesa upoprìtupa tou B mazÐ
me tic epekt�seic pou orÐzei h di�taxh, wc stoiqeÐa tou U. To eujÔ ìrio tou sust matoc, lìgw
thc kajolik c tou idiìthtac, plhroÐ tic proôpojèseic tou �nw fr�gmatoc, kaj¸c orÐzetai monadik 
apeikìnish pou epekteÐnei ìlec tic prohgoÔmenec.

A
⊆

//

α

��

Aa
⊆

//

a

��

Ab
⊆

//

b

��

Ac
⊆

//

c

��

...
⊆

// lim
→
a

Aa

l

��

E
1 // E

1 // E
1 // E

1 // ...
1 // E

Parajètoume to l mma tou Zorn to opoÐo, sth JewrÐa Sunìlwn, eÐnai isodÔnamo me to AxÐwma
thc Epilog c.

'Estw E ̸= ∅ èna merik¸c diatetagmèno sÔnolo tou opoÐou k�je mh kenì olik� diatetagmèno
uposÔnolo èqei èna �nw fr�gma sto E. Tìte to E èqei èna (toul�qiston) mègisto stoiqeÐo M ,
dhlad  stoiqeÐo gia to opoÐo den up�rqei stoiqeÐo M ′ me M ≤M ′ kai M ̸=M ′.

Apì to l mma tou Zorn up�rqei mègisth epèktash (AM , aM ) sto E pou epekteÐnei thn (A,α).
Ja deÐxoume ìti AM = B. 'Estw proc �topo, ìti up�rqei stoiqeÐo b ∈ B pou den an kei sto AM .
JewroÔme to aristerì ide¸dec tou daktulÐou, J = {r ∈ R : br ∈ AM}. Apì upìjesh, h apeikìnish

J
b→ AM

aM→ E tètoia ¸ste r 7→ br 7→ aM (br) epekteÐnetai se apeikìnish f : R→ E.

0 // J
ε //

aM◦b
��

R

f��~~
~~
~~
~~

E
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JewroÔme to upoprìtupo tou B, A′ = AM + bR kai orÐzoume apeikìnish a′ : A′ → E tètoia
¸ste a + br 7→ aM (a) + f(r) me a ∈ AM kai r ∈ R. H apeikìnish a′ eÐnai kal� orismènh, afoÔ
aM (br) = f(r) gia br ∈ AM

∩
bR. H apeikìnish a′ epekteÐnei thn apeikìnish aM , �topo. Epomènwc

AM = B.
2

12.4 DaktÔlioi arister� thc Noether.

Ta akìlouja pou aforoÔn se daktÔlio arister� thc Noether epidèqontai duðkìthta jewr¸ntac dexi�
prìtupa.

Orismìc 12.4.1 'Enac daktÔlioc R lègetai arister� thc Noether an k�je aristerì ide¸dec tou

eÐnai peperasmèna paragìmeno wc R−prìtupo.

Je¸rhma 12.4.2 'Enac daktÔlioc R eÐnai arister� thc Noether an kai mìno an k�je upoprìtupo

enìc peperasmèna paragìmenou aristeroÔ R−protÔpou eÐnai epÐshc peperasmèna paragìmeno.

Apìdeixh.
'Estw M =< x1, ..., xn > èna peperasmèna paragìmeno aristerì R−prìtupo. 'Estw S èna

upoprìtupo autoÔ. Ja deÐxoume me epagwg  sto pl joc twn R−gennhtìrwn, n, ìti to S eÐnai epÐshc
peperasmèna paragìmeno. An n = 1, tìte to prìtupoM eÐnai kuklikì. ApodeiknÔoume ìti to prìtupo
eÐnai isìmorfo me R/I, gia k�poio aristerì ide¸dec I tou daktulÐou R. Pr�gmati, gia k�je daktÔlio,
èna prìtupo eÐnai kuklikì an kai mìno an eÐnai aut c thc morf c. 'Enac isomorfismìc f : R/I → M
kajist� to prìtupo M kuklikì, me genn tora to stoiqeÐo f(1+ I), ìpou 1+ I eÐnai o genn torac tou
kuklikoÔ protÔpou R/I. AntÐstrofa, jewr¸ntac to prìtupo M =< x >, orÐzoume ton epimorfismì
f : R → M me f(r) = rx. Tìte M ≃ R/Kerf , ìpou o Kerf = {r ∈ R|rx = 0} eÐnai aristerì
ide¸dec tou daktulÐou. Epomènwc, to upoprìtupo S èqei th morf  J/I me J èna aristerì ide¸dec
tou daktulÐou pou perièqei to I. O daktÔlioc R eÐnai arister� thc Noether, �ra to ide¸dec J eÐnai
peperasmèna paragìmeno, epomènwc omoÐwc ja eÐnai kai h eikìna tou, J/I. 'Estw t¸ra ìti n > 1, kai
jewroÔme to kuklikì prìtupo M ′ =< xn >. Parajètoume tic akìloujec akribeÐc akoloujÐec.

0→M ′ →M →M/M ′ → 0

0→ S ∩M ′ → S → S/S ∩M ′ → 0

To S ∩ M ′, wc upoprìtupo tou kuklikoÔ protÔpou M ′ eÐnai peperasmèna paragìmeno, ìpwc
apodeÐxame prin. To prìtupo M/M ′ par�getai apì stoiqeÐa pl jouc n − 1. 'Eqoume S/S ∩M ′ ≃
(S+M ′)/M ′, to opoÐo eÐnai upoprìtupo tou M/M ′. Apì thn epagwgik  upìjesh, eÐnai peperasmèna
paragìmeno. Gia k�je daktÔlio, h idiìthta tou peperasmèna paragìmenou eÐnai kleist  wc proc
epekt�seic, epomènwc to upoprìtupo S eÐnai peperasmèna paragìmeno.

To antÐstrofo eÐnai �meso kaj¸c ta arister� ide¸dh eÐnai ta upoprìtupa tou R, pou apì thn
upìjesh eÐnai peperasmèna paragìmena. Epomènwc o daktÔlioc eÐnai arister� thc Noether.

2
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Pìrisma 12.4.3 'Estw R ènac daktÔlioc arister� thc Noether. Tìte k�je peperasmèna paragì-

meno aristerì R−prìtupo eÐnai kai peperasmèna parist¸meno.

Apìdeixh.
'Estw M èna peperasmèna paragìmeno aristerì R−prìtupo, me R ènac daktÔlioc arister� thc

Noether. En ìyei mÐac peperasmènou tÔpou probolik c par�stashc autoÔ, jewr¸ntac to wc phlÐko
enìc peperasmèna paragìmenou eleÔjerou R−protÔpou, Rn, 0 → K → Rn → M → 0, èqoume apì
to prohgoÔmeno je¸rhma ìti to prìtupo K eÐnai peperasmèna paragìmeno, kajist¸ntac to prìtupo
M peperasmèna parist¸meno.

2

Me qr sh tou krithrÐou tou Baer apodeiknÔoume thn epìmenh prìtash.

Prìtash 12.4.4 An ènac daktÔlioc eÐnai arister� thc Noether tìte to eujÔ �jroisma emfuteuti-

k¸n arister¸n R−protÔpwn eÐnai epÐshc emfuteutikì aristerì R−prìtupo.

Apìdeixh.
'Estw Ei èna aristerì emfuteutikì R−prìtupo, gia k�je deÐkth i ∈ I me I èna sÔnolo deikt¸n.

JewroÔme to eujÔ �jroisma aut¸n,
⊕
i∈I
Ei. JewroÔme èna ide¸dec tou daktulÐou, J . Ja deÐxoume ìti

k�je apeikìnish f : J →
⊕
i∈I
Ei epekteÐnetai se g : R→

⊕
i∈I
Ei, ìpwc faÐnetai akoloÔjwc.

0 // J
ε //

f

��

R

g
~~}}
}}
}}
}}
}

⊕
i∈I
Ei

Kaj¸c o daktÔlioc R eÐnai arister� thc Noether, to ide¸dec J eÐnai peperasmèna paragìmeno,
èstw J =< a1, , an >. JewroÔme tic eikìnec twn ak mèsw thc apeikìnishc f , f(ak), gia k�je deÐkth
k twn gennhtìrwn tou ide¸douc. K�je tètoia eikìna perièqetai se èna peperasmèno eujÔ �jroisma,
sunist�meno apì kapoia Ei, kai kaj¸c to pl joc twn gennhtìrwn ak eÐnai peperasmèno, h eikìna
thc f perièqetai epÐshc se èna peperasmèno eujÔ �jroisma, sunist�meno apì kapoia Ei. Kaj¸c to
peperasmènwn deikt¸n eujÔ �jroisma tautÐzetai me to peperasmènwn deikt¸n kartesianì ginìmeno
twn antikeimènwn, eÐnai emfuteutikì aristerì R−prìtupo. Up�rqei, loipìn, apeikìnish pou epekteÐnei
thn f mèsw tou daktulÐou, kai jewroÔme g th sÔnjesh thc emfÔteushc tou peperasmènou eujèoc
ajroÐsmatoc autoÔ sto

⊕
i∈I
Ei me thn epèktash.

2

Prìtash 12.4.5 Se èna daktÔlio arister� thc Noether, R, o duðkìc sunartht c Pontryagin
apeikonÐzei emfuteutik� arister� R−prìtupa se epÐpeda dexi� R−prìtupa.

Apìdeixh.
JewroÔme èna emfuteutikì aristerì R−prìtupo, I. Ja deÐxoume ìti o sunartht c TorR1 (DI,−)

eÐnai o mhdenikìc, isodÔnama ja èqoume ìti to dexiì R−prìtupo DI eÐnai epÐpedo. ArkeÐ na deÐxoume
ìti o sunartht c TorR1 (DI,−) mhdenÐzetai sta peperasmèna parist¸mena arister� R−prìtupa. Autì
eÐnai ìntwc arketì, diìti, k�je prìtupo gr�fetai wc eujÔ ìrio peperasmèna parist¸menwn protÔpwn me
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sÔnolo deikt¸n kateujunìmeno, kai o sunartht c TorR1 (DI,−) metatÐjetai me eujèa ìria me sÔnolo
deikt¸n kateujunìmeno.

JewroÔme, loipìn, èna prìtupo M peperasmèna parist¸meno kai mÐa peperamènou tÔpou probo-

lik  par�stash autoÔ, 0 → K
a→ Rm

b→ M → 0. To prìtupo K eÐnai peperasmèna paragìmeno
epomènwc kai peperasmèna parist¸meno kaj¸c o daktÔlioc eÐnai arister� thc Noether. Efarmìzoume
sthn parap�nw par�stash ton akrib  sunartht  HomR(−, I), kai sthn prokÔptousa to sunartht 
Pontryagin p�rauta. JewroÔme epÐshc th gnwst  apeikìnish Φ. 'Eqoume to akìloujo metajetikì
di�gramma akrib¸n gramm¸n.

0 // DHomR(K, I)
a∗

∗
// DHomR(R

m, I)
b∗

∗
// DHomR(M, I) // 0

0 // TorR1 (DI,M) // DI
⊗
R

K

Φ≃

OO

1⊗a
// DI

⊗
R

Rm

Φ≃

OO

1⊗b
// DI

⊗
R

M

Φ≃

OO

// 0

'Ena aplì kun gi diagr�mmatoc deÐqnei ìti h apeikìnish 1 ⊗ a eÐnai 1 − 1. Sunep�getai ìti
TorR1 (DI,M) = 0.

2

H parap�nw prìtash isqÔei genik� gia daktÔlio arister� sunektikì, ìpwc deÐqnoume sto antÐ-
stoiqo tm ma. Kaj¸c ènac daktÔlioc arister� thc Noether eÐnai arister� sunektikìc, h parap�nw
prìtash mporeÐ na paralhfjeÐ, dÐnei ìmwc mÐa aploÔsterh apìdeixh gia ton eidikì autì daktÔlio.

Prìtash 12.4.6 'Estw R ènac daktÔlioc pou eÐnai arister� thc Noether. Tìte idRR = sfliRopp.

Apìdeixh.
Ja deÐxoume arqik� ìti an o daktÔlioc R eÐnai arister� thcNoether tìte èqoume sfliRopp ≤ idRR,

kai met� ja deÐxoume ìti isqÔei sthn pragmatikìthta h isìthta sfliRopp = idRR.
DeÐqnoume, loipìn, ìti sfliRopp ≤ idRR.
An idRR = ∞ tìte isqÔei to zhtoÔmeno. 'Estw ìti idRR = m < ∞. JewroÔme mÐa pepera-

smènou m kouc emfuteutik  epÐlush tou aristeroÔ R−prìtÔpou R, me ΣmR emfuteutikì aristerì
R−prìtupo.

0 // R // I0 // I1 // I2 // I3 // ... // Im−1 // ΣmR // 0

To eujÔ �jroisma tou sumplègmatoc apoteleÐ p�li emfuteutik  epÐlush, kaj¸c, se daktÔlio
arister� thc Noether, to eujÔ �jroisma emfuteutik¸n arister¸n R−protÔpwn eÐnai emfuteutikì
aristerì R−prìtupo. Epomènwc, idR

⊕
i
R ≤ m.

0 //
⊕
i
R //

⊕
i
I0 //

⊕
i
I1 //

⊕
i
I2 // ... //

⊕
i
Im−1 //

⊕
i
ΣmR // 0

'Eqoume deÐxei ìti se èna daktÔlio arister� thc Noether, R, o duðkìc Pontryagin apeikonÐzei em-
futeutik� arister� R−prìtupa se epÐpeda dexi� R−prìtupa. Epomènwc, efarmìzontac to sunartht 
Pontryagin sthn parap�nw epÐlush, prokÔptei mÐa epÐpedh epÐlush tou dexioÔ R−protÔpou D(

⊕
i
R).
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0 // D(
⊕
i
ΣmR) // D(

⊕
i
Im−1) // ... // D(

⊕
i
I2) // D(

⊕
i
I1) // D(

⊕
i
I0) // D(

⊕
i
R) // 0

Epomènwc èqoume ìti fdRoppD(
⊕
i
R) ≤ m.

'Omwc, k�je emfuteutikì dexiì R−prìtupo I emfuteÔetai, wc eujÔc par�gontac, se emfuteutikì
dexiì R−prìtupo thc morf c

∏
i
HomZ(R,Q/Z) ≃ HomZ(

⊕
i
R,Q/Z) = D(

⊕
i
R), gia k�poio aristerì

R−prìtupo
⊕
i
R.

Tìte, h abelian  om�da TorRm+1(I, A), apì thn prosjetikìthta tou sunartht  TorRm+1(−, A),
emfuteÔetai wc eujÔc par�gontac sthn abelian  om�da TorRm+1(D(

⊕
i
R), A) = 0, gia k�je prìtupo

RA. Epomènwc, fdRoppI ≤ m. Sunep�getai ìti sfliRopp ≤ idRR = m.
ApodeÐxame, loipìn, ìti sfliRopp ≤ idRR.
Ja deÐxoume t¸ra ìti isqÔei h isìthta sthn parap�nw sqèsh. An sfliRopp = ∞ tìte isqÔei to

zhtoÔmeno. 'Estw t¸ra ìti sfliRopp = n <∞. JewroÔme to akìloujo tm ma emfuteutik c epÐlushc
tou aristeroÔ R−prìtÔpou R.

0 // R // I0 // I1 // I2 // I3 // ... // In−1 // ΣnR // 0

Efarmìzontac to sunartht  Pontryagin sthn parap�nw epÐlush, prokÔptei, kaj¸c o daktÔlioc
eÐnai arister� thc Noether, to akìloujo tm ma epÐpedhc epÐlushc tou dexioÔ R−protÔpou DR.

0 // D(ΣnR) // DIn−1 // ... // DI3 // DI2 // DI1 // DI0 // DR // 0

To cofree dexiì R−prìtupo DR eÐnai emfuteutikì. Kaj¸c sfliRopp = n, èqoume ìti to dexiì
R−prìtupo D(ΣnR) eÐnai epÐpedo. Efarmìzoume to sunartht  Pontryagin se autì, kai prokÔptei,
apì to gnwstì suzugèc zeÔgoc, to emfuteutikì aristerì R−prìtupo D2(ΣnR). JewroÔme t¸ra
th fusik  apeÐkìnish νΣnR : ΣnR → D2(ΣnR). O daktÔlioc R eÐnai arister� thc Noether, kai en
ìyei tou l mmatoc 10.0.9, èqoume ìti to aristerì R−prìtupo ΣnR eÐnai emfuteutikì. Epomènwc,
idRR ≤ n = sfliRopp, dhlad  telik� èqoume thn isìthta idRR = n = sfliRopp.

ApodeÐxame, loipìn, ìti sfliRopp = idRR ìtan o daktÔlioc R eÐnai arister� thc Noether.
2

Orismìc 12.4.7 'Enac daktÔlioc R eÐnai Iwanaga−Gorenstein an o daktÔlioc eÐnai arister� kai

dexi� thc Noether kai oi diast�seic idRR kai idRoppR eÐnai peperasmènec.

Prìtash 12.4.8 'Estw R ènac daktÔlioc Iwanaga−Gorenstein. Tìte idRR = sfliR.

Apìdeixh.
O daktÔlioc R eÐnai arister� kai dexi� thc Noether, kai oi diast�seic idRR kai idRoppR eÐnai

peperasmènec. Kaj¸c o daktÔlioc R eÐnai arister� thc Noether, isqÔei h isìthta sfliRopp = idRR.
Duðk¸c èqoume ìti sfliR = idRoppR kaj¸c o daktÔlioc R eÐnai kai dexi� thc Noether. Oi diast�seic
idRR kai idRoppR peperasmènec. Oi isìthtec sfliR = idRoppR kai sfliRopp = idRR mac dÐnoun
ìti oi analloÐwtec sfliR kai sfliRopp eÐnai peperasmènec, �ra, apì to apotèlesma twn Talèllh kai
Emmanou l, eÐnai kai Ðsec. Sunep�getai ìti idRoppR = sfliR = sfliRopp = idRR <∞.
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2

H parap�nw apìdeixh me qr sh tou apotelèsmatoc twn Talèllh kai Emmanou l thc isìthtac twn
peperasmènwn analloÐwtwn sfliR kai sfliRopp apoteleÐ mÐa �llh apìdeixh gia to apotèlesma tou
Zaks pou dhl¸nei ìti se daktÔlio arister� kai dexi� thc Noether, R, an oi diast�seic idRR kai
idRoppR eÐnai peperasmènec, tìte eÐnai Ðsec. Oi apodeÐxeic tou apotelèsmatoc autoÔ den eÐnai entel¸c
diaforetikèc, kaj¸c emfanÐzoun k�poia omoiìthta.

12.5 DaktÔlioi arister� sunektikoÐ.

Ta akìlouja pou aforoÔn se daktÔlio arister� sunektikì epidèqontai duðkìthta jewr¸ntac dexi�
prìtupa.

Orismìc 12.5.1 'Enac daktÔlioc R eÐnai arister� sunektikìc an k�je peperasmèna paragìmeno

aristerì ide¸dec autoÔ eÐnai peperasmèna parist¸meno.

Prìtash 12.5.2 Se èna daktÔlio arister� sunektikì, R, o duðkìc sunartht c Pontryagin apei-

konÐzei emfuteutik� arister� R−prìtupa se epÐpeda dexi� R−prìtupa.

Apìdeixh.
Apì to krit rio tou Baer èqoume ìti, èna aristerì R−prìtupo I eÐnai emfuteutikì an kai mìno

an Ext1R(R/J, I) = 0 gia k�je aristerì ide¸dec J tou daktulÐou.

0→ J
a→ R

b→ R/J → 0

0→ HomR(R/J, I)
b∗→ HomR(R, I)

a∗→ HomR(J, I)→ Ext1R(R/J, I)→ 0

0→ DExt1R(R/J, I)→ DHomR(J, I)
a∗

∗

→ DHomR(R, I)
b∗

∗

→ DHomR(R/J, I)→ 0

'Estw ìti to aristerì R−prìtupo I eÐnai emfuteutikì. JewroÔme èna peperasmèna paragìmeno
aristerì ide¸dec tou daktulÐou, J . Kaj¸c o daktÔlioc eÐnai arister� sunektikìc, to ide¸dec J eÐnai
kai peperasmèna parist¸meno. JewroÔme to akìloujo metajetikì di�gramma akrib¸n gramm¸n sto
opoÐo emfanÐzetai h gnwst  apeikìnish ϕ.

0 // DHomR(J, I)
a∗

∗
// DHomR(R, I)

b∗
∗
// DHomR(R/J, I) // 0

0 // TorR1 (DI,R/J)
// DI

⊗
R

J

ϕ≃

OO

1⊗a
// DI

⊗
R

R

ϕ≃

OO

1⊗b
// DI

⊗
R

R/J

ϕ≃

OO

// 0

'Ena aplì kun gi diagr�mmatoc deÐqnei ìti h apeikìnish 1 ⊗ a eÐnai 1 − 1. Sunep�getai ìti
TorR1 (DI,R/J) = 0, ìpou to J eÐnai peperasmèna paragìmeno aristerì ide¸dec, to opoÐo eÐnai bèbaia
kai peperasmèna parist¸meno.
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'Omwc, k�je aristerì R−prìtupo eÐnai to eujÔ ìrio twn peperasmèna paragìmenwn upoprotÔpwn
tou se èna kateujunìmeno sÔnolo deikt¸n. 'Etsi, èna aristerì ide¸dec tou daktulÐou, J , eÐnai to eujÔ
ìrio peperasmèna paragìmenwn upoprotÔpwn tou, dhlad  to eujÔ ìrio peperasmèna parist¸menwn
idewd¸n. JewroÔme th braqeÐa akrib  akoloujÐa eujèwn susthm�twn 0→ (Ji)i → R→ (R/Ji)i → 0,
me J = lim

→
i

Ji ekfrasmèno wc to eujÔ ìrio twn peperasmèna paragìmenwn upoprotÔpwn tou se èna

kateujunìmeno sÔnolo deikt¸n, Ji peperasmèna paragìmeno aristerì ide¸dec, to opoÐo eÐnai bèbaia kai
peperasmèna parist¸meno, gia k�je deÐkth i, kai to eujÔ sÔsthma R eÐnai to stajerì sÔsthma. Tìte,
kaj¸c to eujÔ ìrio eÐnai akrib c sunartht c ìtan to sÔnolo deikt¸n eÐnai kateujunìmeno, èqoume
lim
→
i

(R/Ji) ≃ R/(lim
→
i

Ji) = R/J . O sunartht c TorR1 (DI,−) metatÐjetai me eujèa ìria se sÔnolo

deikt¸n kateujunìmeno, epomènwc èqoume ìti TorR1 (DI,R/J) = 0 gia k�je ide¸dec J , dhlad  o

sunartht c DI
⊗
R

− eÐnai akrib c ìtan efarmosteÐ se akoloujÐec thc morf c 0→ J
a→ R

b→ R/J → 0

me J èna opoiod pote ide¸dec tou daktulÐou.
Apì to gnwstì suzugèc zeÔgoc èqoume genik� ìti to DIR eÐnai epÐpedo prìtupo an kai mìno an

to RD
2I eÐnai emfuteutikì prìtupo. Dhlad  èqoume ìti, kaj¸c to Z−prìtupo Q/Z eÐnai faithfully

injective, o sunartht c DI
⊗
R

− eÐnai akrib c an kai mìno an o sunartht c D(DI
⊗
R

−) eÐnai akrib c

an kai mìno an o sunartht c HomR(−, D2I) eÐnai akrib c an kai mìno an to RD
2I eÐnai emfuteutikì.

Gia na elègxoume an to RD
2I eÐnai emfuteutikì, apì to krit rio tou Baer, arkeÐ na elègxoume

thn akrÐbeia tou sunartht  HomR(−, D2I) p�nw se braqeÐec akribeÐc akoloujÐec thc morf c 0 →
J

a→ R
b→ R/J → 0 me J èna opoiod pote ide¸dec tou daktulÐou. Oi sunarthtèc D(DI

⊗
R

−)

kai HomR(−, D2I) eÐnai fusik� isodÔnamoi, lìgw tou gnwstoÔ suzugoÔc zeÔgouc. Prohgoumènwc
deÐxame ìti o sunartht c DI

⊗
R

− eÐnai akrib c ìtan efarmosteÐ se akoloujÐec thc morf c 0 →

J
a→ R

b→ R/J → 0 me J opoiod pote aristerì ide¸dec. 'Ara, kai o sunartht c D(DI
⊗
R

−)

diathreÐ thn akrÐbeia tètoiwn akolouji¸n kaj¸c o sunartht c Pontryagin eÐnai akrib c. Epomènwc,
o sunartht c HomR(−, D2I) diathreÐ thn akrÐbeia tètoiwn akolouji¸n. IsodÔnama èqoume ìti to

RD
2I eÐnai emfuteutikì, epomènwc to DIR eÐnai epÐpedo.

2

12.6 Emfuteutik� antikeÐmena sthn kathgorÐa twn antÐstrofwn susth-
m�twn abelian¸n om�dwn.

Prìtash 12.6.1 'Estw I = (In)n∈N èna antÐstrofo sÔsthma abelian¸n om�dwn to opoÐo eÐnai

emfuteutikì antikeÐmeno sthn kathgorÐa twn antÐstrofwn susthm�twn abelian¸n om�dwn. Tìte, to

sÔsthma eÐnai epimorfikì.

Apìdeixh.
JewroÔme tic apeikonÐseic pou sunjètoun to sÔsthma, ϕn+1,n : In+1 → In, n ∈ N. Ja deÐxoume

ìti oi apeikonÐseic autèc eÐnai epimorfismoÐ. Kataskeu�zoume èna epimorfikì antÐstrofo sÔsthma

J = (Jn =
n∏
i=0
Ii)n∈N sto opoÐo emfuteÔetai to sÔsthma (In)n∈N mèsw thc apeikìnishc i : I ↪→ J , ìpwc
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deÐqnoume akoloÔjwc. Kaj¸c to I eÐnai emfuteutikì, apì ton orismì tou emfuteutikoÔ antikeimènou,
gia thn tautotik  apeikìnish 1I : I → I up�rqei tom  s : J → I me s ◦ i = 1I .

.

��

.

��

.

��

In+1

ϕn+1,n

��

in+1
//
n+1∏
i=0

Ii

ψn+1,n

��

sn+1
// In+1

ϕn+1,n

��

In

��

in //
n∏
i=0
Ii

��

sn // In

��. . .

. . .

.

��

.

��

.

��

I3

ϕ3,2
��

i3 // I3 × I2 × I1 × I0
ψ3,2

��

s3 // I3

ϕ3,2
��

I2

ϕ2,1
��

i2 // I2 × I1 × I0
ψ2,1

��

s2 // I2

ϕ2,1
��

I1

ϕ1,0
��

i1 // I1 × I0
ψ1,0

��

s1 // I1

ϕ1,0
��

I0
i0 // I0

s0 // I0

Oi apeikonÐseic in : In →
n∏
i=0
Ii eÐnai oi monomorfismoÐ me tÔpo in(an) = (ϕn,i(an))

n
i=0 gia k�je

n ∈ N. Oi apeikonÐseic ψn+1,n :
n+1∏
i=0

Ii →
n∏
i=0
Ii eÐnai epimorfismoÐ gia k�je n ∈ N, kaj¸c eÐnai oi

probolèc pou agnooÔn th sunist¸sa tou megalÔterou deÐkth sto kartesianì ginìmeno. 'Etsi, to
aristerì tm ma tou diagr�mmatoc eÐnai metajetikì. To dexiì antÐstoiqa eÐnai metajetikì apì thn
Ôparxh thc tom c s. Oi apeikonÐseic sn : Jn → In eÐnai epimorfismoÐ gia k�je n ∈ N, kaj¸c isqÔei
sn ◦ in = 1In gia k�je n ∈ N. 'Eqoume ϕn+1,n ◦ sn+1 = sn ◦ ψn+1,n gia k�je n ∈ N. Oi apeikonÐseic
sn ◦ ψn+1,n eÐnai epimorfismoÐ wc sÔnjesh epimorfism¸n gia k�je n ∈ N, epomènwc oi apeikonÐseic
ϕn+1,n eÐnai epimorfismoÐ gia k�je n ∈ N.

2
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