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PerÐlhyh

To montèlo Wess-Zumino pou prot�jhke to 1974 apì touc Julius Wess kai Bruno Zumino, eÐnai
to aploÔstero par�deigma mÐac kbantik c jewrÐac pedÐou se tèsseric diast�seic, me upersummetrÐa.
Wc ek toÔtou apoteleÐ idanikì par�deigma gia mÐa eisagwg  stic upersummetrikèc jewrÐec pedÐou.
Sthn ergasÐa aut , parousi�zetai analutik� ìlo to aparaÐthto jewrhtikì upìbajro pou apaiteÐtai
gia na kataskeuasteÐ mÐa upersummetrik  dr�sh me idiaÐterh èmfash ston rìlo thc jewrÐac om�dwn
sthn diadikasÐa aut . Sto deÔtero kef�laio parousi�zontai se b�joc ta diaforetik� eÐdh pedÐwn pou
mporoun na qrhsimopoihjoÔn sthn kataskeu  sqetikistik� analloÐwtwn Lagkranzian¸n. IdiaÐterh
èmfash dÐnetai sthn spinoriak  anapar�stash thc om�dac Lorentz kai ston sqetikì formalismì. Sto
teleutaÐo kef�laio gÐnetai qr sh ìlwn twn parap�nw, gia na kataskeuasjeÐ h upersummetrik  dr�sh
tou montèlou Wess-Zumino.
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EuqaristÐec

Ja  jela na euqarist sw ton k. BasÐlh Spanì, gia th bo jeia kai thn kajod ghs  tou ìlo autì to
di�sthma, all� kai gia to gegonìc ìti apotèlese phg  èmpneushc gia na asqolhj¸ me to jèma aut c
thc ergasÐac. EpÐshc ja  jela na euqarist sw idiaÐtera ton kÔrio Di�kono kai ton kÔrio Moust�ka
gia to endiafèron, thn bo jeia kai kurÐwc thn èmpneush pou mou pareÐqan kajìlh thn di�rkeia twn
spoud¸n mou. H empeirÐa mou apì tm ma mac den ja  tan h Ðdia qwrÐc autoÔc. Tèloc, ja  jela na
euqarist sw polÔ thn kal  mou fÐlh kai sumfoit tria Eir nh gia thn bo jeia kai upost rix  thc,
kai thn 'Alkhsthc gia ìla.





Kef�laio 1

Eisagwg 

1.1 StoiqeÐa klassik c JewrÐac PedÐou

1.1.1 Lagkrantzianìc Formalismìc

Jemeli¸dhc posìthta sthn klassik  mhqanik  eÐnai h dr�sh, S pou orÐzetai san to qronikì olo-
kl rwma thc Lagkranzian c L.

S =

∫ tB

tA

Ldt (1.1)

Se sunduasmì me thn arq  thc el�qisthc dr�shc mac dÐnei tic exis¸seic kÐnhseic tou sust matoc,
en¸ h an�lush twn summetri¸n pou thn qarakthrÐzoun mac dÐnei tic diathroÔmenec posìthtec thc
kÐnhshc. Se aut  thn perÐptwsh, pou melet�me thn kÐnhsh diakrit¸n swmatidÐwn me peperasmèno
arijmì bajm¸n eleujerÐac, h Lagkranzian  eÐnai mÐa sun�rthsh k�poiwn �llwn sunart sewn qi(t),
twn pr¸twn qronik¸n paragìntwn touc q̇i kai tou qrìnou t.

L = L(qi(t), q̇i(t), t) (1.2)

Oi sunart seic qi(t) pou kajistoÔn th dr�sh st�simh brÐskontai apì tic exis¸seic Euler-Lagrange
pou èqoun th morf :

∂L

∂qi
=

d

dt

(
∂L

∂q̇i

)
(1.3)

Stic jewrÐec pedÐou, h Lagkranzian  je¸rhsh genikeÔetai gia na perigr�yei pedÐa, dhlad  sust mata
me �peirouc bajmoÔc eleujerÐac. H anex�rthth metablht  den eÐnai pia o qrìnoc, all� èna gegonìc
ston qwrìqrono x, kai oi exarthmènec metablhtèc qi antikajÐstantai apì thn tim  enìc pedÐou φ(x)
se autì to shmeÐo tou qwrìqronou. OrÐzoume ètsi th Lagranzian  puknìthta L, h opoÐa gia topikèc
jewrÐec pedÐou ja exart�tai mìno apì thn tim  tou pedÐou φ(x) kai twn parag¸gwn tou ∂µφ(x) sto
Ðdio shmeÐo x:

L = L(φ(x), ∂µφ(x)) (1.4)

Profan¸c h Lagkranzian  L ja eÐnai to qwrikì olokl rwma thc Lagkranzian c puknìthtac L kai
dr�sh ja orÐzetai wc ex c:

S =

∫
Ldt =

∫
Ld4x (1.5)

'Opwc kai sthn perÐptwsh thc klassik c mhqanik c, h arq  thc el�qisthc dr�shc upagoreÔei ìti to
sÔsthma ja exeliqjeÐ metaxÔ twn qronik¸n stigm¸n tA, tB epilègontac th 'diadrom ' pou ja katast sei
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th dr�sh st�simh. Eis�gontac mÐa mikr  diataraq  sto pedÐo φ −→ φ + δφ, pou na mhdenÐzetai sta
qronik� sÔnora (δφ = 0 gia t = tA, t = tB), brÐskoume ìti h metabol  thc dr�shc ja eÐnai:

δS =

∫
d4x

∂L
∂φ

δφ+
∂L

∂(∂µφ)
δ(∂µφ)

=

∫
d4x

∂L
∂φ

δφ+ ∂µ

(
∂L

∂(∂µφ)
δφ

)
− ∂µ

(
∂L

∂(∂µφ)

)
δφ

O deÔteroc ìroc eÐnai apl� mÐa olik  par�gwgoc kai mhdenÐzetai epeid  èqoume apait sei h diataraq 
δφ na mhdenÐzetai sto sÔnoro. Sth sunèqeia, apaitoÔme h dr�sh na eÐnai st�simh, dhlad  δS = 0.
'Etsi èqoume: ∫

d4x

[
∂L
∂φ
− ∂µ

(
∂L

∂(∂µφ)

)]
δφ = 0

Gia na sumbaÐnei autì gia k�je diataraq  δφ, prèpei h posìthta stic agkÔlec na mhdenÐzetai. H sun-
j kh aut , pou mac exasfalÐzei thn elaqistopoÐhsh thc dr�shc, mac dÐnei tic exis¸seic Euler-Lagrange
gia to pedÐo φ(x):

∂µ

(
∂L

∂(∂µφ)

)
=
∂L
∂φ

(1.6)

ParathroÔme ìti an eÐqame xekin sei apì mÐa lagkranzian  L′ = L+ ∂µΛµ ja eÐqan prokÔyei oi Ðdiec
exis¸seic kÐnhshc:

δS =

∫
d4x

∂L′

∂φ
δφ+

∂L′

∂(∂µφ)
δ(∂µφ)

=

∫
d4x

∂L′

∂φ
δφ+ ∂µ

(
∂L′

∂(∂µφ)
δφ

)
− ∂µ

(
∂L′

∂(∂µφ)

)
δφ

=

∫
d4x

∂L
∂φ

δφ+ ∂µ

(
∂L

∂(∂µφ)
δφ

)
− ∂µ

(
∂L

∂(∂µφ)

)
δφ

kai sunep¸c δS = 0 ⇒ ∂µ

(
∂L

∂(∂µφ)

)
=
∂L
∂φ

Autì  tan anamenìmeno, kaj¸c mÐa tètoia metabol  ston orismì thc L kat� mÐa olik  par�gwgo,
all�zei th dr�sh S kat� mÐa olik  stajer�, kai sunep¸c h elaqistopoÐhs  thc ja sumbaÐnei sto Ðdio
shmeÐo. Profan¸c to Ðdio isqÔei kai sthn apl  perÐptwsh sthn opoÐa prosjètoume sth Lagkranzian 
mÐa stajer�. Genik¸c loipìn h Lagkranzian  prosdiorÐzetai me aprosdioristÐa mÐac olik c parag¸gou.

SunoyÐzontac, h dr�sh den eÐnai par� èna majhmatikì kataskeÔasma, pou paÐrnei fusikì nìhma mìlic
orÐsoume mÐa Lagkranzian . Mac epitrèpei na epib�lloume eÔkola tic summetrÐec enìc probl ma-
toc stouc nìmouc kÐnhshc, kaj¸c kai na brÐskoume tic diathr simec posìthtec pou prokÔptoun san
apotèlesma aut¸n twn summetri¸n. Epiplèon, mèsw tou Feynman Path Integral, apoteleÐ idanikì ma-
jhmatikì ergaleÐo gia th met�bash apì thn klasik  sthn kbantik  fusik . To prìblhm� mac loipìn
eÐnai akrib¸c h kataskeu  dr�sewn pou na perigr�foun swst� ta sust mata pou mac endiafèroun.
'Ena kalì shmeÐo ekkÐnhshc gia thn kataskeu  miac dr�shc eÐnai ìpwc ja doÔme, h apaÐthsh na i-
kanopoieÐ k�poiec sunj kec summetrÐac. Gia par�deigma, gia na p�roume mÐa jewrÐa pou na sèbetai
touc nìmouc thc eidik c sqetikìthtac, eÐnai aparaÐthto h sqetik  dr�sh na eÐnai analloÐwth k�tw apì
metasqhmatismoÔc Poincare.
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1.1.2 To je¸rhma Noether

Sthn par�grafo aut  ja apodeÐxoume sth genik  tou morf , to je¸rhma thc Noether gia jewrÐec
pedÐou. Gia na to k�noume autì, eÐnai qr simo na eis�goume ènan polÔ sugkekrimèno sumbolismì, pou
na mac epitrèpei na ekfr�soume me saf neia tic di�forec metabolèc pou ja melet soume. 'Eqoume
loipìn ta ex c:

'Estw mÐa aujaÐreth sun�rthsh tou qwroqronikoÔ shmeÐou X. Se èna sugkekrimèno adraneiakì
sÔsthma anafor�c to shmeÐo X brÐsketai se suntetagmènec xµ, kai h sun�rthsh ja gr�fetai f(xµ).
Se èna �llo adraneiakì sÔsthma anafor�c, to shmeÐo X ja brÐsketai se suntetagmènec x′µ kai ja
gr�fetai f ′(x′µ) epeid  en gènei h sun�rthsh ja all�zei. Gia ènan apeirostì metasqhmatismì stic
suntetagmènec x→ x′ = x+ δx, h metabol  thc sun�rthshc gr�fetai wc ex c:

δf = f ′(x′)− f(x)

= f ′(x′)− f(x− δx)

= f ′(x′)− f(x) + δxµ∂µf(x) +O(δx2) (1.7)

OrÐzontac th sunarthsiak  metabol  (functional change) thc f sto Ðdio shmeÐo

δ0f = f ′(x)− f(x) (1.8)

h 1.7 gr�fetai san isìthta metaxÔ telest¸n:

δ = δ0 + δxµ∂µ (1.9)

¸ste gia mÐa sun�rthsh f na isqÔei:

δf = δ0f + δxµ∂µf (1.10)

T¸ra eÐmaste ètoimoi na proqwr soume sthn apìdeixh tou jewr matoc.

'Estw mÐa Lagkranzian  L(φ, ∂µφ) kai ènac metasqhmatismìc stic suntetagmènec kai sta pedÐa δxµ kai
δφ antÐstoiqa. Ja exet�soume thn 1hc t�xhc metabol  thc dr�shc k�tw apì autìn ton metasqhmatismì.
Arqik� upologÐzoume th metabol  tou stoiqeÐou tou ìgkou, d4x. Qrhsimopoi¸ntac thn Iakwbian  tou
metasqhmatismoÔ, èqoume:

d′4x = d4x|J | = d4x εαβγδ
∂x′0

∂xα
∂x′1

∂xβ
∂x′2

∂xγ
∂x′3

∂xδ

= d4x εαβγδ
∂

∂xα
(x0 + δx0)

∂x′1

∂xβ
(x1 + δx1)

∂x′2

∂xγ
(x2 + δx2)

∂x′3

∂xδ
(x3 + δx3)

= d4x εαβγδ(δ0
α + ∂αδx

0)(δ1
β + ∂βδx

1)(δ2
γ + ∂γδx

2)(δ3
δ + ∂δδx

3)

= d4x + d4x∂µδx
µ +O(δx2)

Dhlad , se pr¸th t�xh wc proc δxµ èqoume:

δ(d4x) = d4x ∂µδx
µ (1.11)

'Ara h metabol  sth dr�sh se ìrouc pr¸thc t�xhc wc proc δxµ, δφ, ja eÐnai:

δS =

∫
d4x [ ∂µδx

µL+ δL ] (1.12)
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Sth sunèqeia prèpei na prosdiorÐsoume th metabol  δL. H metabol  aut  ja proèrqetai apì dÔo
suneisforèc. Th metabol  stic suntetagmènec δxµ, kai th metabol  sta pedÐa δφ. Lìgw thc 1.10
èqoume:

δL = δ0L+ δxρ∂ρL

=
∂L
∂φ

δ0φ+
∂L

∂[∂µφ]
δ0∂µφ+ δxρ∂ρL

Efarmìzontac to nìmo thc alusÐdac metasqhmatÐzoume thn parap�nw èkfrash:

δL = δxρ∂ρL+
∂L
∂φ

δ0φ+ ∂µ

(
∂L

∂[∂µφ]
δ0φ

)
− ∂µ

(
∂L

∂[∂µφ]

)
δ0φ

'Omwc, lìgw twn exis¸sewn Euler-Lagrange thc exÐswshc 1.6, o deÔteroc kai o teleutaÐoc ìroc
exoudeter¸nontai. 'Ara èqoume katal xei sth metabol :

δL = δxρ∂ρL+ ∂µ

(
∂L

∂[∂µφ]
δ0φ

)
(1.13)

Antikajist¸ntac aut  thn posìthta sth sqèsh 1.12, brÐskoume thn metabol  thc dr�shc:

δS =

∫
d4x

[
∂µδx

µL+ δxρ∂ρL+ ∂µ

(
∂L

∂[∂µφ]
δ0φ

)]
=

∫
d4x ∂µ

[
Lδxµ +

∂L
∂[∂µφ]

δ0φ

]
(1.14)

An t¸ra oi metasqhmatismoÐ pou orÐsame apotelìun summetrÐa thc dr�shc, ja èqoume δS = 0 kai
lìgw thc 1.14 h oloklhrwtèa posìthta ja prèpei na mhdenÐzetai. Sunep¸c, ja èqoume:

∂µj
µ = 0 ìpou jµ = Lδxµ +

∂L
∂[∂µφ]

δ0φ (1.15)

'Ara br kame mÐa exÐswsh diat rhshc gia thn posìthta µ. Ja  tan bolikì ìmwc na thn xanagr�you-
me sunart sei thc olik c metabol c δφ antÐ gia thc δ0φ, ¸ste na mporoÔme na thn upologÐsoume
kateujeÐan, gnwrÐzontac to nìmo metasqhmatismoÔ tou pedÐou (upenjumÐzoume ìti to φ mporeÐ na eÐnai
opoiod pote pedÐo, mporeÐ na eÐnai bajmwtì, di�nusma, spÐnorac, klp). Qrhsimopoi¸ntac thn 1.10
èqoume:

δ0φ = δφ− δxρ∂ρφ (1.16)

H diathroÔmenh posìthta tìte mporeÐ na grafeÐ:

jµ = Lδxµ +
∂L

∂[∂µφ]
δφ− ∂L

∂[∂µφ]
δxρ∂ρφ

=

(
Lgµρ −

∂L
∂[∂µφ]

∂ρφ

)
δxρ +

∂L
∂[∂µφ]

δφ (1.17)

Tèloc mporoÔme na k�noume �llh mÐa allag  sthn exÐswsh, ¸ste na emfanÐsoume tic apeirostèc
paramètrouc apì tic opoÐec exart�tai o metasqhmatismìc. 'Estw, dhlad , ìti to δx twn suntetagmènwn
(kai antÐstoiqa δφ twn pedÐwn) parametropoieÐtai me èna set global apeirost¸n paramètrwn δωα,
ìpou α apl� ènac deÐkthc pou arijmeÐ tic paramètrouc. Gia par�deigma, se mÐa klassik  strof  ston
trisdi�stato eukleÐdio q¸ro, to δx parametropoieÐtai mèsw tri¸n paramètrwn (èna monadiaÐo di�nusma
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n̂ pou mac dÐnei ton �xona strof c⇒ 2 par�metroi, kai mÐa par�metro θ pou eÐnai h gwnÐa thc strof c).
Profan¸c up�rqoun pollèc diaforetikèc parametropoi seic tou Ðdiou metasqhmatismoÔ gia par�deigma
oi strofèc pou anafèrame mporoÔn enallaktik� na parametropoihjoÔn me treÐc paramètrouc nx, ny, nz
pou apoteloÔn èna di�nusma ~n tou opoÐou h dieÔjunsh mac dÐnei ton �xona strof c, en¸ to m koc
tou mac dÐnei th gwnÐa thc strof c. Se k�je perÐptwsh, to pl joc twn anex�rthtwn paramètrwn
tou metasqhmatismoÔ eÐnai to Ðdio kai èqei na k�nei me touc bajmoÔc eleujerÐac tou sust matoc pou
metasqhmatÐzetai. 'Ara mporoÔme genik� na gr�youme:

δxρ =
δxρ

δωα
δωα

δφ =
δφ

δωα
δωα

Tìte h diathroÔmenh posìthta (apì ed¸ kai sto ex c diathroÔmeno reÔma) pou orÐsame gr�fetai:

jµ =

{(
Lgµρ −

∂L
∂[∂µφ]

∂ρφ

)
δxρ

δωα
+

∂L
∂[∂µφ]

δφ

δωα

}
δωα = jµα δω

α (1.18)

ìpou orÐsame thn puknìthta reÔmatoc pou antistoiqeÐ sthn par�metro α:

jµα =

(
Lgµρ −

∂L
∂[∂µφ]

∂ρφ

)
δxρ

δωα
+

∂L
∂[∂µφ]

δφ

δωα
(1.19)

h opoÐa, lìgw thc 1.42, eÐnai diathr simh posìthta:

∂µ j
µ
α = 0 (1.20)

H teleutaÐa exÐswsh eÐnai mÐa exÐswsh sunèqeiac. An ermhneÔsoume thn 0-sunist¸sa tou reÔmatoc san
puknìthta k�poiou 'fortÐou', mporoÔme na oloklhr¸soume thn exÐswsh thc sunèqeiac gia na p�roume
èna nìmo diat rhshc tou olikoÔ fortÐou sto qrìno. UpenjumÐzoume ìti klassik� eÐqame thn exÐswsh
sunèqeiac:

∂µj
µ = 0 ⇒ ∂t j

0 + ~∇ ~J = 0 ⇒ ∂tρ+ ~∇ ~J = 0

⇒ ∂t

∫
ρdV +

∫
~∇ ~J = 0

⇒ ∂tQ+

∮
~Jd~a = 0

⇒ dQ

dt
= 0

Sthn teleutaÐa sqèsh p rame to sÔnoro na phgaÐnei sto �peiro kai jewr same ìti to reÔma fjÐnei

me thn apìstash grhgorìtera apì ∼ 1

r2
. Me akrib¸c ton Ðdio trìpo ergazìmaste kai sth dik  mac

perÐptwsh:

∂µ j
µ
α = 0 ⇒

∫ tB

tA

dx0

∫ +∞

−∞
d3x ∂µ j

µ
α = 0

⇒
∫ tB

tA

dx0

∫ +∞

−∞
d3x ∂µ j

µ
α = 0

⇒
∫ tB

tA

dx0

∫ +∞

−∞
d3x ∂0 j

0
α +

∫ tB

tA

dx0

∫ +∞

−∞
d3x ∂i j

i
α = 0

⇒
∫ tB

tA

dx0 ∂0

∫ +∞

−∞
d3x j0

α + epifaneiakìc ìroc = 0 (1.21)
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'Ara an orÐsoume ta fortÐa sÔmfwna me th sqèsh:

Qa(t) =

∫ +∞

−∞
d3x j0

a (1.22)

h exÐswsh 1.21 mac lèei ìti:∫ tB

tA

dx0 ∂0Qa(t) = 0 ⇒ Qa(tB)−Qa(tA) = 0 ∀tA, tB (1.23)

'Ara apì thn analloiìthta thc dr�shc δS = 0 katafèrame na sumper�noume thn Ôparxh diathr simwn
fortÐwn. Se autì to shmeÐo axÐzei na k�noume kai èna teleutaÐo sÔntomo sqìlio. To diathroÔmeno
reÔma jµα den eÐnai monos manta orismèno. MporoÔme p�nta na tou prosjèsoume thn apìklish enìc
antisummetrikoÔ tanust : ∂ρT

ρµ
α (o tanust c T eÐnai antisummetrikìc stouc deÐktec ρ, µ). Blèpoume

ìti an orÐsoume to reÔma:
j′µα = jµα + ∂ρT

ρµ
α

mporoÔme na qrhsimopoi soume thn sqèsh 1.44 gia na deÐxoume ìti:

∂µj
′µ
α = ∂µj

µ
α + ∂µ∂ρT

ρµ
α = 0 (1.24)

H teleutaÐa isìthta ofeÐletai sto ìti h ∂µ∂ρ eÐnai summetrik  posìthta en¸ o T ρµα eÐnai ex orismoÔ
antisummetrikìc, me apotèlesma to �jroisma na mhdenÐzetai. Tèloc, dedomènou ìti h diat rhsh tou
reÔmatoc isqÔei mìno ìtan isqÔoun oi exis¸seic kÐnhshc 1.6, mporoÔme p�nta na prosjèsoume sto
reÔma jµα k�poia posìthta h opoÐa na mhdenÐzetai exaitÐac twn exis¸sewn thc kÐnhshc.
Ed¸ olollhr¸netai h suz thsh gia to je¸rhma thc Noether. AxÐzei na shmei¸soume ìti ìtan meta-
boÔme apì to klassikì sto kbantikì, h ènnoia thc diat rhshc tou reÔmatoc ja q�sei th shmasÐa thc,
giatÐ den ja mporoÔme plèon na basistoÔme stic exis¸seic kÐnhshc. Par' ìla aut�, h ènnoia aut  ja
antikatastajeÐ apì sqèseic metaxÔ sunart sewn Green, gnwstèc wc tautìthtec Ward.
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1.2 StoiqeÐa JewrÐac Om�dwn

Sthn prohgoÔmenh par�grafo eÐdame thn ter�stia shmasÐa pou èqoun oi summetrÐec sth melèth fu-
sik¸n susthm�twn kai thn kataskeu  kat�llhlwn dr�sewn gia thn perigraf  touc. SummetrÐa sta
majhmatik� shmaÐnei analloiìthta k�tw apì k�poion metasqhmatismì. 'Enac metasqhmatismìc, dhla-
d , apoteleÐ summetrÐa enìc majhmatikoÔ antikeimènou, ìtan autì to antikeÐmeno den all�zei k�tw
apì autìn ton metasqhmatismì. H suz ths  mac loipìn an�getai sth jewrÐa om�dwn, giatÐ aut  eÐnai
h majhmatik  gl¸ssa gia thn perigraf  tètoiwn metasqhmatism¸n.

1.2.1 H Om�da Lorentz

H jewrÐa thc eidik c sqetikìthtac epib�llei h qwroqronik  apìstash dÔo shmeÐwn na eÐnai Ðdia se
ìla ta adraneiak� sust mata anafor�c.

dS2 = xµxνgµν = x′µx′νgµν (1.25)

ìpou gµν = (1,−1,−1,−1).
AnazhtoÔme to sÔnolo twn grammik¸n metasqhmatism¸n pou diathroÔn to dS2 analloÐwto. 'Estw o
grammikìc metasqhmatismìc:

x′µ = Λµνx
ν (1.26)

Tìte h exÐswsh 1.25 gÐnetai:

xµxνgµν = ΛµρΛ
ν
σx

ρxσgµν

⇒ gρσ = ΛµρΛ
ν
σgµν (1.27)

H sqèsh 1.3 se sumbolismì pin�kwn eÐnai g = ΛT gΛ kai exasfalÐzei th diat rhsh tou mètrou Min-
kowski k�tw apì touc metasqhmatismoÔc 1.26. Jumìmaste ìti h antÐstoiqh sqèsh gia om�da twn
strof¸n SO(3)  tan h RTR = I kai exasf�lize th diat rhsh tou mètrou k�tw apì thn eukleÐdia
metrik  stic treic diast�seic δµν = (1, 1, 1). PaÐrnontac thn orÐzousa thc 1.27 èqoume:

det(g) = det(ΛT ) det(g) det(Λ) ⇒ detΛ = ±1 (1.28)

Oi metasqhmatismoÐ me det Λ = +1 onom�zontai orjoÐ (proper) kai oi metasqhmatismoÐ me det Λ = −1
onom�zontai kataqrhstikoÐ (improper). Sth sunèqeia paÐrnoume thn exÐswsh 1.27 gia ρ = σ = 0:

g00 = Λµ0Λν0gµν ⇒ 1 = (Λ0
0)2 − (Λi0)2

⇒ |Λ0
0| ≥ 0 (1.29)

Oi metasqhmatismoÐ me Λ0
0 ≥ 0 onom�zontai orjìqronoi kai oi metasqhmatismoÐ me Λ0

0 ≤ 0 onom�zo-
ntai mh-orjìqronoi. ApodeiknÔetai ìti h orÐzousa tou metasqhmatismoÔ kai to prìshmo tou stoiqeÐou
Λ0

0 eÐnai Lorentz analloÐwta kai mporoÔn na qrhsimopoihjoÔn gia thn kathgoriopoÐhsh twn metasqh-
matism¸n Lorentz [bl. Par�rthma A]. Pr�gmati prokÔptoun oi ex c kathgorÐec:

1. orjoÐ orjìqronoi (Λ↑+) me det Λ = +1 kai Λ0
0 ≥ 1

2. orjoÐ mh-orjìqronoi (Λ↓+) me det Λ = +1 kai Λ0
0 ≤ −1

3. kataqrhstikoÐ orjìqronoi (Λ↑−) me det Λ = −1 kai Λ0
0 ≥ 1
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4. kataqrhstikoÐ mh-orjìqronoi (Λ↓−) me det Λ = −1 kai Λ0
0 ≤ −1

Ta tèssera aut� tm mata eÐnai metaxÔ touc asÔndeta (disconnected components), eÐnai dhlad  a-
dÔnaton na metaboÔme apì to èna sto �llo me suneq  trìpo.
Profan¸c gia na p�w apì ènan orjìqrono (Λ0

0 ≥ 1) se èna mh-orjìqrono(Λ0
0 ≤ −1) metasqhmati-

smì, ja prèpei to Λ0
0 stoiqeÐo na meiwjeÐ mèqri na gÐnei Ðso me 1 kai met� na k�nei èna �lma gia na

gÐnei −1, afoÔ oi endi�mesec timèc apagoreÔontai apì thn 1.29. EpÐshc, afoÔ h orÐzousa eÐnai sune-
q c sun�rthsh twn paramètrwn thc, den mporeÐ na metabeÐ suneq¸c apì thn tim  det Λ = +1 sthn

det Λ = −1. Autì èqei èna shmantikì apotèlesma: Mìno ta stoiqeÐa tou Λ↑+ eÐnai suneq¸c
sundedemèna me to tautotikì.
To sÔnolo twn metasqhmatism¸n Lorentz apoteleÐ om�da me pr�xh ton pollaplasiasmì pin�kwn:

1. Prosetairistik  idiìthta: 'Amesh sunèpeia tou orismoÔ thc om�dac. O pollaplasiasmìc
pin�kwn eÐnai prosetairistikìc: (AB)Γ = A(BΓ)

2. 'Uparxh tautotikoÔ: Parathr¸ ìti o (Λ0)µν = δµν ikanopoieÐ th sqèsh Λ0
T gL0 = g,

�ra an kei sthn om�da (kai sugkekrimèna sto uposÔnolo Λ↑+). Epiplèon èqei thn idiìthta:
Λ0Λ = Λ, ∀Λ ∈ G, ìpou G to sÔnolo twn Lorentz metasqhmatism¸n. 'Ara Λ0 = I to
tautotikì stoiqeÐo thc om�dac.

3. 'Uparxh antistrìfou: 'Estw Λ ∈ G, tìte ΛT gΛ = g. Lìgw thc 1.28: det Λ 6= 0, �ra
up�rqei Λ−1 tètoioc ¸ste Λ−1Λ = I. ArkeÐ na deÐxoume ìti Λ−1 ∈ G. Pr�gmati, lìgw thc 1.27
èqoume: g = ΛT gΛ⇒ gΛ−1 = ΛT g ⇒ (Λ−1)T gΛ−1 = g. 'Ara Λ−1 ∈ G.

4. Kleistìthta: 'Estw Λ1,Λ2 ∈ G. Tìte ΛT1 gΛ1 = g kai ΛT2 gΛ2 = g. An U = Λ1Λ2 èqoume:
UT gU = ΛT2 ΛT1 gΛ1Λ2 = ΛT2 gΛ2 = g ⇒ (Λ1Λ2) ∈ G

To uposÔnolo twn orj¸n, orjìqronwn metasqhmatism¸n Λ↑+ me det Λ = +1 kai Λ0
0 ≥ 1 apoteleÐ

epÐshc om�da, h opoÐa lègetai Restricted Lorentz Group kai sumbolÐzetai me SO+(3, 1).

1. Prosetairistik  idiìthta: AfoÔ isqÔei gia thn G, isqÔei kai gia to uposÔnolo Λ↑+.

2. 'Uparxh tautotikoÔ: 'Opwc diapist¸same to uposÔnolo Λ↑+ perièqei to tautotikì stoiqeÐo
thc om�dac (I)µν = δµν , afoÔ det I = +1 kai I00 ≥ 1.

3. 'Uparxh antistrìfou: 'Estw Λ ∈ Λ↑+, dhlad  ΛT gΛ = g, det Λ = 1 kai Λ0
0 > 1. AfoÔ

det Λ = 1 6= 0 up�rqei Λ−1 tètoioc ¸ste Λ−1Λ = I. ArkeÐ na deÐxoume ìti Λ−1 ∈ Λ↑+.
Pr�gmati det(Λ−1Λ) = det(I) ⇒ det(Λ−1) = 1 kai ΛT gΛ = g ⇒ ΛT g = gΛ−1 ⇒ gΛT g =

Λ−1 ⇒ (Λ−1)0
0 = g0

αΛαβg
β
0 = Λ0

0 > 1.

4. Kleistìthta: 'Estw Λ1,Λ2 ∈ Λ↑+. 'Eqoume  dh deÐxei ìti (Λ1Λ2) ∈ G. ArkeÐ na deÐxoume

ìti (Λ1Λ2) ∈ Λ↑+. Pr�gmati isqÔei det(Λ1Λ2) = det(Λ1) det(Λ2) = 1 kai apodeiknÔetai [bl.
Par�rthma A] sgn{(Λ1Λ2)0

0} = sgn{Λ1
0
0} · sgn{Λ2

0
0}. 'Ara sgn{(Λ1Λ2)0

0} > 1

Sth sunèqeia orÐzoume dÔo diakritoÔc metasqhmatismoÔc pou an koun sthn om�da Lorentz.

• Antistrof  qrìnou T = (−1, 1, 1, 1) me detT = −1 kai T 0
0 = −1 dhlad  T ∈ Λ↓−

• Antistrof  q¸rou P = (1,−1,−1,−1) me detP = −1 kai P 0
0 = +1 dhlad  T ∈ Λ↑−

ParathroÔme ìti an Λ ∈ SO+(3, 1), tìte ìloi oi �lloi metasqhmatismoÐ mporoÔn na kataskeuastoÔn
mèsw autoÔ kai twn diakrit¸n metasqhmatism¸n T kai P pou orÐsame:
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• orjoÐ orjìqronoi Λ↑+

• orjoÐ mh-orjìqronoi Λ↓+ = L↑+ PT me det Λ = +1 kai Λ0
0 ≤ −1

• kataqrhstikoÐ orjìqronoi Λ↑− = L↑+ P me det Λ = −1 kai Λ0
0 ≥ 1

• kataqrhstikoÐ mh-orjìqronoi Λ↓− = L↑+ T me det Λ = −1 kai Λ0
0 ≤ −1

'Ara ja epikentrwjoÔme stouc metasqhmatismoÔc tou Restricted Lorentz Group SO+(3, 1) apì ed¸
kai pèra. ApodeiknÔetai ìti k�je tètoioc metasqhmatismìc mporeÐ na grafeÐ me monadikì trìpo san
ginìmeno enìc boost kai mÐac strof c [bl. Par�rthma B]. Dhlad  oi metasqhmatismoÐ SO+(3, 1)
mporoÔn na parametropoihjoÔn me 6 sunolik� paramètrouc. Treic gia tic strofèc kai treic gia ta
boosts.
'Estw ènac apeirostìc metasqhmatismìc Lorentz Λµν = δµν + εµν , ìpou ε

µ
ν oi apeirostèc par�metroi

tou metasqhmatismoÔ. Apì th sqèsh diat rhshc tou mètrou Minkowski 1.26 èqoume:

εµν + ενµ = 0 (1.30)

Dhlad  oi par�metroi tou metasqhmatismoÔ prèpei na eÐnai antisummetrikèc. Autì eÔkola blèpoume
ìti shmaÐnei 16−3

2 = 6 eleÔjerec par�metroi, ìpwc perimèname.
Sth sunèqeia ja prosdiorÐsoume touc genn torec tou metasqhmatismoÔ:

x′µ = xµ + εµν xν orismìc metasqhmatismoÔ

x′µ = xµ + i
2 ε

αβLαβ x
µ èkfrash me genn torec

}
⇒ εµν xν = i

2 ε
αβLαβ x

µ

PaÐrnontac thn antisummetrik  thc teleutaÐac exÐswshc kai prosjètontac èqoume:

εµν xν = i
2 ε

αβLαβ x
µ

−ενµ xν = i
2 ε

αβLαβ x
µ

}
⇒ (εµν − ενµ) xν = iεαβLαβ x

µ

All�zontac lÐgo to aristerì mèloc èqoume:

εαβ(gµαg
ν
β − gναg

µ
β) xν = iεαβLαβ x

µ

⇒ iεαβ(xαg
µ
β − xβg

µ
α−) = εαβLαβ x

µ (1.31)

'Ara blèpoume ìti prèpei na isqÔei:

Lαβ x
µ = i(xαg

µ
β − xβg

µ
α)

⇒ Lαβ = i(xα∂β − xβ∂α) (1.32)

Br kame th diaforik  anapar�stash twn gennhtìrwn thc om�dac Lorentz p�nw stic suntetagmènec.
'Opwc ja doÔme sto epìmeno kef�laio, oi genn torec paÐrnoun diaforetik  morf  ìtan droÔn p�nw se
suntetagmènec, bajmwt� pedÐa, dianusmatik� pedÐa, spÐnorec, klp. K�je mÐa perÐptwsh apoteleÐ mÐa
diaforetik  anapar�stash thc Ðdiac �lgebrac Lie. EpÐshc, to gegonìc ìti oi genn torec emfanÐzontai
mìno sth morf  εαβLαβ shmaÐnei ìti an touc prosjèsoume èna summetrikì komm�ti, autì den ja
all�xei tÐpota. Autìc eÐnai kai o lìgoc pou qwrÐc bl�bh thc genikìthtac oi genn torec mporoÔn na
lhfjoÔn wc antisummetrikoÐ.
T¸ra mporoÔme me apeujeÐac upologismì na prosdiorÐsoume thn 'Algebra Lie twn gennhtìrwn:

[Lµν , Lρσ] = igνρLµσ − igµρLνσ − igνσLµρ + igµσLνρ (1.33)
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Epiplèon, apì ton apeirostì metasqhmatismì mporoÔme na p�roume ènan peperasmèno metasqhmatismì
me qr sh tou ekjetikoÔ:

U(ωρσ) = lim
N→+∞

(
1 +

i

2

ωρσ

N
Lρσ

)N
= exp{ i

2
ωρσLρσ} (1.34)

Sth sunèqeia jèlw na orÐsw ~J kai ~K rotation & boost generators, gia na p�rw mia pio qr simh
èkfrash gia to metasqhmatismì. Epeid  eÐmaste se 4-di�stato q¸ro, to epÐpedo thc strof c den
mporeÐ na kajoristeÐ apì ton k�jeto se autì �xona. Gia par�deigma, o �xonac z èqei trÐa k�jeta
se autìn epÐpeda, to epÐpedo (12)   alli¸c xy, to epÐpedo (01) kai to epÐpedo (02). 'Ara gia na
prosdioristeÐ èna epÐpedo ja qrhsimopoioÔme dÔo deÐktec kai ìqi ton k�jeto �xona. Gia par�deigma,
o telest c Jz pou genn� strofèc sto epÐpedo (xy) antistoiqeÐ ston telest  J12. Lamb�nontac aut�
upìyh, orÐzoume touc genn torec ~J kai ~K wc ex c:

Ji = 1
2εijkLjk rotations

Ki = 1
2(L0i − Li0) boosts

i j k = 1, 2, 3 (1.35)

'Ara h sqèsh 1.34 mporeÐ na grafeÐ sunart sei twn nèwn telest¸n pou orÐsame wc ex c:

ωρσLρσ = ω01L01 + ω02L02 + ω03L03

+ ω10L10 + ω20L20 + ω30L30

+ ω12L12 + ω13L13 + ω23L23

+ ω21L21 + ω31L31 + ω32l32

'Omwc, apì thn 1.29, εµν + ενµ = 0, �ra:

ωρσLρσ = ω01(L01 − L10) + ω02(L02 − L20) + ω03(L03 − L30)

+ ω12(L12 − L21) + ω13(L13 − L31) + ω23(L23 − L32)

= 2(ω01K1 + ω02K2 + ω03K3

+ ω12J3 + ω13J2 + ω23J1)

= 2(~v ~K + ~ω ~J)

ìpou:

(~ω)i = 1
2(ω0i − ωi0)

(~v)i = 1
2εijk ωjk

'Ara o metasqhmatismìc 1.34 gr�fetai isodÔnama U(~ω,~v) = ei(~v
~K+~ω ~J). Oi nèoi gennhtorec ikanopoioÔn

tic sqèseic met�jeshc:

[Ki,Kj ] = −i εijkJk (1.36)

[Ji, Jj ] = i εijkJk (1.37)

[Ji,Kj ] = i εijkKk (1.38)

MporoÔme na aposumplèxoume tic teleutaÐec metajetikèc sqèseic orÐzontac touc grammikoÔc sundua-
smoÔc:

Mi = (Ji + iKi)/2
Ni = (Ji − iKi)/2

⇔ Ji = Mi +Ni

Ki = i(Ni −Mi)
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ParathroÔme ìti oi nèoi telestèc M kai N den eÐnai ermitianoÐ. Par' ìla aut� eÐnai polÔ qr simoi giatÐ
ikanopoioÔn tic metajetikèc sqèseic:

[Mi,Mj ] = i εijkMk (1.39)

[Ni, Nj ] = i εijkNk (1.40)

[Mi, Nj ] = 0 (1.41)

'Ara, h �lgebra thc om�dac Lorentz eÐnai isodÔnamh me thn �lgebra SU(2) ⊗ SU(2), thc opoÐac oi
anaparast�seic eÐnai gnwstèc. Sugkekrimèna èqoume dÔo telestèc Casimir, touc M2 kai N2, pou
eÐnai tautìqrona diagwniopoi simoi me touc M3 kai N3. H suz thsh gia tic anaparast�seic ja gÐnei
sthn epìmenh par�grafo, giatÐ mac odhgeÐ sthn eisagwg  thc ènnoiac tou spÐnora.

1.2.2 H Om�da Poincare

H om�da Lorentz mporeÐ na epektajeÐ an sumperil�boume sthn �lgebra Lie kai èna genn tora qwrik¸n
metajèsewn. H om�da pou prokÔptei onom�zetai om�da Poincare kai èqei 10 eleÔjerec paramètrouc
(6 gia ta boosts kai tic strofèc kai 4 gia tic metajèseic).
Oi metajèseic orÐzontai apl¸c wc ex c:

xµ −→ x′µ = xµ + aµ (1.42)

'Enac genikìc metasqhmatismìc pou perilamb�nei èna metasqhmatismì Lorentz kai mÐa met�jesh gr�fe-
tai wc ex c:

xµ
g(Λ,a)−→ x′µ = Λµν x

ν + aµ (1.43)

Oi metajèseic, ìpwc ja doÔme kai sth sunèqeia, den metatÐjentai me touc metasqhmatismoÔc Lorentz.
Pr�gmati, an jewr soume dÔo diadoqikoÔc metasqhmatismoÔc Poincare g(Λ1, a1) kai g(Λ2, a2)

xµ
g(Λ1,a1)−→ x′µ = (Λ1)µν x

ν + a1
µ

x′µ
g(Λ2,a2)−→ x′′µ = (Λ2)µν x

′ν + a2
µ = (Λ2)µν(Λ1)νρ x

ρ + (Λ2)µνa1
ν + a2

µ (1.44)

blèpoume ìti oi par�metroi thc met�jeshc ufÐstantai metasqhmatismì. Den metatÐjentai me touc meta-
sqhmatismoÔc Lorentz. EpÐshc apì aut  th sqèsh mporoÔme na ex�goume ton kanìna pollaplasiasmoÔ
thc om�dac Poincare:

g(Λ1, a1) · g(Λ2, a2) = g(Λ1Λ2 , Λ1a2 + a1) (1.45)

Sth sunèqeia ja deÐxoume ìti to sÔnolo twn metasqhmatism¸n Poincare G = {g(Λ, a) : Λ ∈ Λ↑+}
apoteleÐ om�da, k�tw apì thn pr�xh pou orÐsame.

1. Prosetairistik  idiìthta: 'Estw g(Λ1, a1), g(Λ2, a2), g(Λ3, a3) ∈ G. Tìte èqoume:
[g(Λ1, a1) · g(Λ2, a2)] · g(Λ3, a3) = g(Λ1Λ2 , Λ1a2 + a1) · g(Λ3, a3) = g(Λ1Λ2Λ3 , Λ1Λ2a3 +
Λ1a2 + a1) = g(Λ1, a1)g(Λ2Λ3 , Λ2a3 + a2) = g(Λ1, a1) · [g(Λ2, a2) · g(Λ3, a3)]

2. 'Uparxh tautotikoÔ: ParathroÔme ìti gia Λ = I kai aµ = 0 to stoiqeÐo g(I, 0) ∈ G èqei
thn idiìthta: g(I, 0) · g(Λ, a) = g(IΛ , Ia+ 0) = g(Λ, a) ∀ g(Λ, a) ∈ G

3. 'Uparxh antistrìfou: 'Estw Λ ∈ Λ↑+. 'Eqoume deÐxei ìti ∃Λ−1 ∈ Λ↑+. 'Ara gia k�je
stoiqeÐo g(Λ, a) ∈ G up�rqei èna stoiqeÐo g(Λ−11,−Λ−1a) ∈ G me thn idiìthta:
g(Λ−1,−Λ−1a) · g(Λ, a) = g(Λ−1Λ , Λa− Λ−1a) = g(I, 0)
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4. Kleistìthta: 'Estw Λ1,Λ2 ∈ Λ↑+. 'Eqoume  dh deÐxei ìti (Λ1Λ2) ∈ Λ↑+. 'Ara gia k�je
g(Λ1, a1), g(Λ2, a2) ∈ G èqoume g(Λ1, a1) · g(Λ2, a2) = g(Λ1Λ2 , Λ1a2 + a1) ∈ G

'Ara to sÔnolo twn metasqhmatism¸n Poincare apoteleÐ om�da. Sth sunèqeia ja broÔme thn �lgebra
Lie thc om�dac aut c, h opoÐa perièqei, ektìc apì touc genn torec thc om�dac Lorentz thc prohgo-
Ômenhc paragr�fou, kai touc genn torec twn qwroqronik¸n metajèsewn.

Gia na broÔme touc genn torec twn metajèsewn ergazìmaste ìpwc kai gia thn om�da Lorentz:

x′µ = xµ + εµ orismìc metasqhmatismoÔ

x′µ = xµ + i ερPρ x
µ èkfrash me genn torec

}
⇒ εµ = i ερPρ x

µ

'Ara blèpoume ìti prèpei na isqÔei:

Pρ x
µ = −igµρ

⇒ Pρ = −i∂ρ (1.46)

Br kame th diaforik  anapar�stash tou genn tora twn qwrik¸n metajèsewn p�nw stic suntetag-
mènec. MporoÔme t¸ra na broÔme thn �lgebra Lie thc pl rouc om�dac Poincare:

[Pµ, Pν ] = 0 (1.47)

[Lµν , Pρ] = −igµρPν + igνρPµ (1.48)

[Lµν , Lρσ] = igνρLµσ − igµρLνσ − igνσLµρ + igµσLνρ (1.49)

Enallaktik� mporoÔme na qrhsimopoi soume touc telestèc ~K kai ~J pou orÐsame:

[Pµ, Pν ] = 0 (1.50)

[Ji, P0] = 0 (1.51)

[Ji, Pj ] = εijkPk (1.52)

[Ki, P0] = −iPi (1.53)

[Ki, Pj ] = igijP0 (1.54)

[Ki,Kj ] = −εijkJk (1.55)

[Ji, Jj ] = εijkJk (1.56)

[Ji,Kj ] = εijkKk (1.57)

H om�da Poincare èqei dÔo telestèc Casimir. To 'm koc' PµPµ tou tetranÔsmatoc Pµ eÐnai Lorentz
analloÐwto kai epiplèon metatÐjetai me touc Pµ, �ra eÐnai telest c Casimir. Gia na broÔme ton
deÔtero telest  Casimir anazhtoÔme to m koc enìc tetranÔsmatoc pou na metatÐjetai me touc Pµ.
To tetr�nusma Pauli-Lubanski Wµ ikanopoieÐ tic apait seic autèc:

Wµ =
1

2
εµνρσPνLρσ

Poll� biblÐa orÐzoun to Pauli-Lubanski pseudovector wc W̃µ = 1
2ε
µνρσLρσPν pou eÐnai isodÔnamoc

orismìc:

W̃µ =
1

2
εµνρσLρσPν =

1

2
εµνρσ(PνLρσ − [Lρσ, Pν ]) =

=
1

2
εµρσνPνLρσ −

1

2
εµνρσ[Lρσ, Pν ])

= Wµ − 1

2
εµνρσi(gνσPρ − gνρPσ) = Wµ
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Jèloume na apodeÐxoume ìti toWµ metasqhmatÐzetai san tetr�nusma. Gia na to k�noume autì, pr¸ta
ja broÔme touc nìmouc metasqhmatismoÔ twn gennhtìrwn Pµ, Lµν kai tou pl rwc antisummetrikoÔ
tanust  tètarthc t�xhc εµνκλ. 'Eqoume touc nìmouc metasqhmatismoÔ:

x′µ = Λµνx
ν ⇒ ∂x′µ

∂xν
= Λµν (1.58)

xµ = (Λ−1)µν x
′ν ⇒ ∂xµ

∂x′ν
= (Λ−1)µν = Λ µ

ν (1.59)

• To P ′µ metasqhmatÐzetai san tetr�nusma:

P ′µ = −i ∂

∂x′µ
= −i ∂x

ν

∂x′µ
∂

∂xν
= −iΛ ν

µ

∂

∂xν
= Λ ν

µ Pν

• Oi genn torec Lµν metasqhmatÐzontai san tanust c deÔterhc t�xhc:

L′µν = i(x′µ∂
′
ν − x′ν∂′µ) = i(Λ ρ

µ xρΛ
σ
ν ∂σ − Λ ρ

ν xρΛ
σ
µ ∂σ) = iΛ ρ

µ Λ σ
ν (xρ∂σ − xσ∂ρ) = Λ ρ

µ Λ σ
ν Lρσ

• O pl rwc antisummetrikìc tanust c tètarthc t�xhc metasqhmatÐzetai san tanustik  puknìthta:

ε′ρσηξ =
∂x′ρ

∂xµ
∂x′σ

∂xν
∂x′η

∂xλ
∂x′ξ

∂xκ
εµνλκ

H teleutaÐa posìthta eÐnai antisummetrik  stouc deÐktec ρ, σ, η, ξ kai �ra an�logh tou ερσηξ,
dhlad  isqÔei:

∂x′ρ

∂xµ
∂x′σ

∂xν
∂x′η

∂xλ
∂x′ξ

∂xκ
εµνλκ = C ερσηξ

Gia na prosdiorÐsoume th stajer� analogÐac C, jètoume sthn teleutaÐa sqèsh (ρησξ) = (0123)
kai èqoume:

∂x′0

∂xµ
∂x′1

∂xν
∂x′2

∂xλ
∂x′3

∂xκ
εµνλκ = C ε0123

⇒ det

∣∣∣∣∂x′∂x

∣∣∣∣ = C

Dhlad  isqÔei:

ε′ρσηξ = det

∣∣∣∣∂x′∂x

∣∣∣∣ ερσηξ
'Omwc, afoÔ gia th dik  mac perÐptwsh Λ ∈ SO+(1, 3), eÐnai C = det |Λ| = 1. Ki ètsi blèpoume
ìti o pl rwc antisummetrikìc tanust c tètarthc t�xhc eÐnai analloÐwtoc kat� Lorentz:

ε′ρσηξ = ερσηξ

• To tetr�nusma Pauli-Lubanski metasqhmatÐzetai wc ex c:

W ′µ =
1

2
εµνρσP ′νL

′
ρσ =

1

2
εµνρσ

∂xκ

∂x′ν
∂xα

∂x′ρ
∂xβ

∂x′σ
PκLαβ
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'Omwc èqoume deÐxei ìti ε′λκαβ = ελκαβ , �ra:

ε′λκαβ = ελκαβ ⇒ ε′λκαβ =
∂xλ

∂x′τ
∂xκ

∂x′ν
∂xα

∂x′ρ
∂xβ

∂x′σ
ε′τνρσ

⇒ ∂x′µ

∂xλ
ελκαβ =

(
∂x′µ

∂xλ
∂xλ

∂x′τ

)
∂xκ

∂x′ν
∂xα

∂x′ρ
∂xβ

∂x′σ
ετνρσ

⇒ ∂x′µ

∂xλ
ελκαβ =

∂xκ

∂x′ν
∂xα

∂x′ρ
∂xβ

∂x′σ
εµνρσ

'Ara o nìmoc metasqhmatismoÔ tou tetranÔsmatoc Pauli-Lubanski eÐnai o ex c:

W ′µ =
1

2
εµνρσP ′νL

′
ρσ =

1

2
εµνρσ

∂xκ

∂x′ν
∂xα

∂x′ρ
∂xβ

∂x′σ
PκLαβ =

1

2

∂x′µ

∂xλ
ελκαβPκLαβ =

∂x′µ

∂xλ
W λ

Dhlad  metasqhmatÐzetai san antalloÐwto tetr�nusma. H sunalloÐwth morf  tou profan¸c ako-
loujeÐ ton nìmo metasqhmatismoÔ:

W ′µ =
∂xν

∂x′µ
Wν = Λ ν

µ Wν

To tetr�nusma Pauli-Lubanski ikanopoieÐ tic akìloujec metajetikèc sqèseic:

[Wµ, Pν ] = 0

[Wµ, Lαβ] = i(gµαWβ − gµβWβ)

[Wµ,Wν ] = −iεµνρσW ρP σ

'Ara, pr�gmati èqoume breÐ ènan telest  pou metasqhmatÐzetai san tetr�nusma kai metatÐjetai me touc
Pµ. Sunep¸c o sunduasmìc WµWµ eÐnai o deÔteroc telest c Casimir thc om�dac Poincare.
MporoÔme na p�roume mia pio oikeÐa morf  tou tetranÔsmatoc Wµ an to ekfr�soume sunart sei twn
telest¸n ~J kai ~K. Sth sunèqeia oi ellhnikoÐ deÐktec paÐrnoun timèc apì 0 èwc 4 kai oi agglikoÐ
paÐrnoun timèc apì 1 èwc 3.

Wµ =
1

2
εµνρσPνLρσ

Gia thn 0-sunist¸sa èqoume:

W 0 =
1

2
ε0νρσPνLρσ =

1

2
ε0nrsPnLrs =

1

2
εijkPiLjk = PiJi = ~P ~J

Gia tic qwrikèc sunist¸sec èqoume:

W i =
1

2
εiνρσPνLρσ =

1

2
εi0rsP0Lrs +

1

2
εinρσPnLρσ =

= −1

2
ε0irsP0Lrs +

1

2
εin0sPnL0s +

1

2
εinr0PnLr0 +

1

2
εinrsPnLrs =

= −1

2
εirsP0Lrs +

1

2
ε0insPnKs −

1

2
ε0inrPn(−Kr) =

= −P0J
i + εinsPnKs =

⇒ ~W = −E ~J + ~P × ~K
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'Ara katal xame sthn enallaktik  èkfrash:

Wµ =

(
~P ~J

−E ~J + ~P × ~K

)
(1.60)

To prìshmo tou E ~J èqei na k�nei me th sÔmbash pou qrhsimopoieÐtai gia ta J. Gia em�c apì thn 1.35 eÐnai

J1 = 1
2 (J23 − J32), k.o.k. Ja mporoÔse na eÐnai ìmwc an�poda. Tìte to di�nusma ~J ja eÐqe antÐjeto prìshmo

kai ja eÐqame ~W = E ~J + ~P × ~K

1.2.3 H Om�da twn sÔmmorfwn apeikonÐsewn (Conformal Group)

H anafor� mac sthn om�da twn sÔmmorfwn apeikonÐsewn ja eÐnai polÔ sÔntomh, giatÐ brÐsketai èxw
apì to endiafèron aut c thc ergasÐac. Thn anafèroume gia na anadeiqjeÐ h eureÐa efarmosimìthta
thc mejodologÐac pou anaptÔxame wc t¸ra sthn melèth twn om�dwn Lorentz kai Poincare.

H om�da Poincare mporeÐ na epektajeÐ peraitèrw, ¸ste na sumperil�boume metasqhmatismoÔc scaling
kai special conformal transformations. Oi metasqhmatismoÐ scaling orÐzontai wc ex c:

δxµ = axµ (1.61)

'Opou a h apeirost  bajmwt  par�metroc tou metasqhmatismoÔ. ApodeiknÔetai ìti oi metasqhmatismoÐ
scaling mazÐ me touc metasqhmatismoÔc Poincare apoteloÔn mÐa om�da 11 paramètrwn pou onom�zetai
Weyl Group. Gia na prosdiorÐsoume touc genn torec autoÔ tou metasqhmatismoÔ, ja ergastoÔme me
akrib¸c ton Ðdio trìpo ìpwc gia tic om�dec Lorentz kai Poincare:

x′µ = xµ + axµ orismìc metasqhmatismoÔ

x′µ = xµ + iaD xµ ekfrash me genn torec

}
⇒ Dxµ = −ixµ ⇒ D = −ixν∂ν

T¸ra mporoÔme na upologÐsoume thn �lgebra Lie pou prokÔptei apì thn prosj kh tou nèou genn to-
ra:

[Pµ, Pν ] = 0

[Lµν , Pρ] = −igµρPν + igνρPµ

[Lµν , Lρσ] = igνρLµσ − igµρLνσ − igνσLµρ + igµσLνρ

[Pµ, D] = −iPµ
[Lµν , D] = 0

Sth sunèqeia mporoÔme na epekteÐnoume to Weyl Group, ¸ste na sumperil�boume kai touc special
conformal transformations, pou orÐzontai wc ex c:

x′µ = xµ + (2xµxρ − gµρxλxλ)cρ (1.62)

ìpou cρ oi apeirostèc par�metroi tou metasqhmatismoÔ, pou metasqhmatÐzontai san tetr�nusma. A-
podeiknÔetai ìti oi metasqhmatismoÐ tou Weyl Group mazÐ me touc special conformal transformations
apoteloÔn mÐa om�da 15 paramètrwn (6 par�metroi gia touc metasqhmatismoÔc Lorentz, 4 par�metroi
gia tic qwrikèc metajèseic, 4 par�metroi gia touc special conformal transformations, kai 1 par�metroc
gia touc metasqhmatismoÔc scaling) pou onom�zetai Conformal Group.

Gia na prosdiorÐsoume touc genn torec aut¸n twn metasqhmatism¸n, ergazìmaste ìpwc kai prin:
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x′µ = xµ + (2xµxρ − gµρxλxλ)cρ orismìc metasqhmatismoÔ

x′µ = xµ + icρK
ρ xµ ekfrash me genn torec

}
⇒ cρ(2x

µxρ − gµρxλxλ) = icρK
ρ xµ

Apì thn teleutaÐa sqèsh èqoume diadoqik�:

icρK
ρ xµ = (2xµxρ − gµρxλxλ)cρ

⇒ Kρ xµ = −i(2xµxρ − gµρxλxλ)

⇒ Kρ = −i(2xρxν∂ν − xλxλ∂ρ)
⇒ Kρ = i(xλx

λ∂ρ − 2xρxν∂ν) (1.63)

T¸ra eÐmaste se jèsh na upologÐsoume apeujeÐac thn pl rh �lgebra tou Conformal Group:

[Pµ, Pν ] = 0

[Lµν , Pρ] = −igµρPν + igνρPµ

[Lµν , Lρσ] = igνρLµσ − igµρLνσ − igνσLµρ + igµσLνρ

[Pµ, D] = −iPµ
[Lµν , D] = 0

[Kµ, Pν ] = 2i(gµνD − Lµν)

[Kµ, Lρσ] = i(gµρKσ − gµσKρ

[Kµ, D] = iKµ

[Kµ,Kν ] = 0

Sta plaÐsia aut c thc ergasÐac, den ja mac qreiasteÐ na asqolhjoÔme me to conformal group se
b�joc, giatÐ mac arkeÐ h summetrÐa k�tw apì metasqhmatismoÔc Poincare. Parìla aut�, poll� apì
ta analloÐwta kai tic Lagkranzianèc pou ja kataskeu�soume, ja èqoun thn epiplèon idiìthta na eÐnai
conformal invariants. Se autèc tic peript¸seic apl� ja anafèroume, qwrÐc apìdeixh, to gegonìc autì.



Kef�laio 2

Anaparast�seic kai sqetikistik�
analloÐwta

Sto kef�laio autì ja orÐsoume k�poia pedÐa me b�sh to nìmo metasqhmatismoÔ touc k�tw apì tic
om�dec thc prohgoÔmenhc paragr�fou. Sth sunèqeia ja kataskeu�soume k�poia analloÐwta apì
aut� ta pedÐa, ta opoÐa ja mporoÔn na qrhsimopoihjoÔn gia thn kataskeu  sqetikistik� analloÐwtwn
Lagkranzian¸n. O sumbolismìc pou ja qrhsimopoi soume se autì to kef�laio eÐnai akrib¸c autìc
pou eisag�game sthn eisagwg , sth suz thsh tou jewr matoc thc Noether. Sunoptik�, eÐqame d¸sei
touc ex c orismoÔc:
H olik  metabol  miac sun�rthshc gr�fetai wc ex c:

δf = f ′(x′)− f(x) = f ′(x′)− f(x) + δxµ∂µf(x) +O(δx2) (2.1)

H sunarthsiak  metabol  (functional change) thc f sto Ðdio shmeÐo, orÐzetai wc ex c:

δ0f = f ′(x)− f(x) (2.2)

H 1.7 gr�fetai san isìthta metaxÔ telest¸n:

δ = δ0 + δxµ∂µ (2.3)

'Wste gia mÐa sun�rthsh f na isqÔei:

δf = δ0f + δxµ∂µf (2.4)

2.1 Bajmwt� pedÐa

OrÐzoume mÐa sun�rthsh tou xµ h opoÐa metasqhmatÐzetai k�tw apì metajèseic kai metasqhmatismoÔc
Lorentz me ton ex c trìpo:

φ′(x′) = φ(x)   δφ = 0 (2.5)

H sqèsh aut  orÐzei to bajmwtì pedÐo (k�tw apì thn om�da Poincare). Sth sunèqeia ja broÔme thn
anapar�stash thc om�dac Poincare ìtan dra sto bajmwtì pedÐo. K�tw apì mÐa apeirost  met�jesh:

x′µ = xµ + εµ ⇒ δxµ = εµ (2.6)

17
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oi sqèseic 1.10 kai 2.5 mac dÐnoun:

δφ = 0 ⇒ δ0φ+ δxµ∂µφ = 0

⇒ δ0φ = −δxµ∂µφ
⇒ δ0φ = −εµ∂µφ
⇒ δ0φ = −iεµPµφ ìpou Pµ = −i∂µ (2.7)

ParathroÔme ìti:

Se coordinates : x′µ = xµ + iερPρx
µ Pρ = −i∂ρ

Se �eld : φ′ = φ− iερPρφ Pρ = −i∂ρ

AntÐstoiqa, k�tw apì ènan apeirostì metasqhmatismì Lorentz

x′µ = xµ + εµνx
ν ⇒ δxµ = εµνx

ν (2.8)

oi sqèseic 1.10 kai 2.5 mac dÐnoun:

δφ = δ0φ+ δxµ∂µφ

δφ=0⇒ δ0φ = −δxµ∂µφ
⇒ δ0φ = −εµνxν∂µφ (2.9)

Jèlw na ekfr�sw th sunarthsiak  metabol  δ0 mèsw gennhtìrwn, opìte gr�fw sthn kanonik  morf :

δ0φ = −εµν xν∂µφ orismìc metasqhmatismoÔ

δ0φ = − i
2 ε

αβLαβ φ ekfrash me genn torec

}
⇒ εµν xν∂µφ = − i

2 ε
αβLαβ φ

PaÐrnontac thn antisummetrik  thc teleutaÐac exÐswshc kai prosjètontac èqoume:

εµν xν∂µφ = − i
2 ε

αβLαβ φ
−ενµ xν∂µφ = − i

2 ε
αβLαβ φ

}
⇒ (εµν − ενµ) xν∂µφ = −iεαβLαβ φ

All�zontac lÐgo to aristerì mèloc (bg�zoume to εαβ koinì par�gonta) èqoume:

εαβ(gµαg
ν
β − gναg

µ
β) xν∂µφ = −iεαβLαβ φ

⇒ iεαβ(xα∂β − xβ∂α) = εαβLαβ φ

⇒ Lαβ = i(xα∂β − xβ∂α) (2.10)

ParathroÔme ìti:

Se coordinates : x′µ = xµ + i
2ε
αβLαβ x

µ Lαβ = i(xα∂β − xβ∂α)
Se �eld : φ′(x) = φ(x)− i

2ε
αβLαβ φ(x) Lαβ = i(xα∂β − xβ∂α)

Br kame thn anapar�stash thc om�dac Poincare gia to bajmwtì pedÐo. ParathroÔme ìti to pedÐo
metasqhmatÐzetai antÐstrofa apì tic suntetagmènec, ¸ste na isqÔei h 2.5. MporoÔme t¸ra na kata-
skeu�soume analloÐwtec posìthtec k�tw apì metasqhmatismoÔc Poincare. K�je bajmwt  sun�rthsh
tou φ ìpwc φ2, φ4, φn, cosφ klp. eÐnai èna tètoio analloÐwto.
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2.2 Dianusmatik� pedÐa

Up�rqoun polloÐ trìpoi na orÐsei kaneÐc to dianusmatikì pedÐo. O pr¸toc trìpoc eÐnai na d¸soume
ènan nìmo metasqhmatismoÔ, kai na poÔme ìti apì ed¸ kai sto ex c, ìpoia posìthta metasqhmatÐzetai
kat� autìn ton trìpo ja onom�zetai dianusmatikì pedÐo. 'Enac �lloc trìpoc ja  tan na skeftoÔme
thn posìthta ∂µφ pou o nìmoc metasqhmatismoÔ thc eÐnai apìluta kajorismènoc, exaitÐac twn ìswn
eÐpame sthn prohgoÔmenh par�grafo gia to bajmwtì pedÐo. An k�poia posìthta èqei k�je lìgo na
onomasteÐ di�nusma, eÐnai aut , wc klÐsh bajmwtoÔ. 'Ara brÐskoume to nìmo metasqhmatismoÔ thc po-
sìthtac ∂µφ kai sto ex c lème ìti ìpoia posìthta metasqhmatÐzetai ìpwc to ∂µφ, eÐnai dianusmatikì
pedÐo.

Up�rqoun polloÐ trìpoi na broÔme th metabol  tou ∂µφ.

• MÐa algebrik  prosèggish pou k�nei pl rh qr sh tou sumbolismoÔ pou eisag�game sthn 1.9
eÐnai h ex c:

δ(∂µφ)
δφ=0
= δ(∂µφ)− ∂µδφ

= (δ0 + δxρ∂ρ)∂µφ− ∂µ(δ0φ+ δxρ∂ρφ)

= δxρ∂ρ∂µφ− ∂µ(δxρ∂ρφ)

= −(∂µδx
ρ)∂ρφ (2.11)

K�tw apì mÐa apeirost  met�jesh 2.6:

x′µ = xµ + εµ ⇒ δxµ = εµ

h sqèsh 2.11 mac dÐnei:

δ(∂µφ) = −(∂µδx
ρ)∂ρφ = −(∂µε

ρ)∂ρφ = 0 (2.12)

AntÐstoiqa, k�tw apì ènan apeirostì metasqhmatismì Lorentz 2.8:

x′µ = xµ + εµνx
ν ⇒ δxµ = εµνx

ν

h sqèsh 2.11 mac dÐnei:

δ(∂µφ) = −(∂µδx
ρ)∂ρφ = −ερσ(∂µx

σ)∂ρφ = −ερσ(δσµ)∂ρφ = −ερµ∂ρφ = ε ρµ ∂ρφ (2.13)

• 'Enac �lloc trìpoc na ft�soume sto Ðdio apotèlesma, eÐnai apl� na metasqhmatÐsoume thn merik 
par�gwgo me kanìna alusÐdac. Sugkekrimèna, èqoume:

∂µφ −→ ∂′µφ
′(x′)

'Omwc φ′(x′) = φ(x), �ra:

∂′µφ
′(x′) =

∂

∂x′µ
φ′(x′) =

∂xν

∂x′µ
∂

∂xν
φ(x) =

(
∂xν

∂x′µ

)
∂νφ(x) (2.14)

'Ara gia mÐa apeirost  met�jesh thc morf c:

x′ν = xν + εν ⇒ xν = x′ν − εν
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èqoume:

∂

∂x′µ
xν =

∂

∂x′µ
(x′ν − εν) = δνµ

kai h 2.14 mac dÐnei:

∂′µφ
′(x′) = δ ν

µ ∂νφ(x) = ∂µφ ⇒ δ(∂µφ) = 0

pou eÐnai apl� to sumpèrasma pou bg�lame sth sqèsh 2.12. AntÐstoiqa gia ènan apeirostì
metasqhmatismì Lorentz:

x′ν = xν + ενρx
ρ ⇒ xν = x′ν − ενρx′ρ

èqoume:

∂

∂x′µ
xν =

∂

∂x′µ
(x′ν − ενρx′ρ) = δνµ − ενρδρµ = δνµ − ενµ

kai h 2.14 mac dÐnei:

∂′µφ
′(x′) = (δνµ − ενµ)∂νφ(x) = ∂µφ+ ε νµ ∂νφ(x) ⇒ δ(∂µφ) = ε νµ ∂νφ(x)

pou eÐnai kai p�li to sumpèrasma pou bg�lame sth sqèsh 2.13.

SunoyÐzontac, h posìthta ∂µφ metasqhmatÐzetai wc ex c:

k�tw apì metajèseic: δ(∂µφ) = 0 (2.15)

k�tw apì metasqhmatismoÔc Lorentz: δ(∂µφ) = ε ν
µ ∂νφ(x) (2.16)

Sth sunèqeia ja broÔme thn anapar�stash thc om�dac Poincare p�nw sto dianusmatikì pedÐo.

• Gia tic apeirostèc metajèseic, br kame δ(∂µφ) = 0. Qrhsimopoi¸ntac thn 1.9 èqoume:

δ0(∂µφ) + δxρ∂ρ(∂µφ) = 0 ⇒ δ0(∂µφ) = −δxρ∂ρ(∂µφ)

'Ara k�tw apì mÐa apeirost  met�jesh thc morf c:

x′µ = xµ + εµ ⇒ δxµ = εµ

èqoume:

δ0(∂µφ) = −δxρ∂ρ(∂µφ)

= −ερ∂ρ(∂µφ)

= −iερPρ(∂µφ) ìpou Pρ = −i∂ρ

• Gia touc metasqhmatismoÔc Lorentz, br kame δ(∂µφ) = ε ν
µ ∂νφ(x). Qrhsimopoi¸ntac thn 1.9

èqoume:

δ0(∂µφ) + δxρ∂ρ(∂µφ) = ε ν
µ ∂νφ(x) ⇒ δ0(∂µφ) = ε ν

µ ∂νφ(x)− δxρ∂ρ(∂µφ)

'Ara, k�tw apì ènan apeirostì metasqhmatismì Lorentz thc morf c:

x′µ = xµ + εµνx
ν ⇒ δxµ = εµνx

ν
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èqoume diadoqik�:

δ0(∂µφ) = ε ν
µ ∂νφ(x)− ερνxν∂ρ(∂µφ)

=
1

2
(ε ν
µ − ενµ) ∂νφ(x) +

1

2
(ε ρν − ερν)xν∂ρ(∂µφ)

= − i
2
εαβ i(gµαδ

ν
β − gβµδνα)∂νφ(x)− i

2
εαβi(gναδ

ρ
β − gνβδ

ρ
α)xν∂ρ(∂µφ)

= − i
2
εαβ i(gαµδ

ν
β − gβµδνα)∂νφ(x)− i

2
εαβi(xα∂β − xβ∂α)(∂µφ)

= − i
2
εαβ (Sαβ) ν

µ ∂νφ−
i

2
εαβLαβ ∂µφ

'Ara h metabol  tou dianusmatikoÔ pedÐou k�tw apì metasqhmatismoÔc Lorentz dÐnetai apì th
sqèsh:

δ0(∂µφ) = − i
2
εαβ (Sαβ) ν

µ ∂νφ−
i

2
εαβLαβ ∂µφ (2.17)

ìpou

(Sαβ) ν
µ = i(gαµδ

ν
β − gβµδνα) (2.18)

Lαβ = i(xα∂β − xβ∂α) (2.19)

Me apeujeÐac upologismì brÐskoume ìti oi nèoi genn torec Sαβ pou br kame (twn opoÐwn o
rìloc eÐnai na anakateÔoun sunist¸sec) ikanopoioÔn thn Ðdia Algebra Lie me touc Lαβ , ìpwc
anamèname:

[Sµν , Sρσ] = igνρSµσ − igµρSνσ − igνσSµρ + igµσSνρ (2.20)

Up�rqei ìmwc kai ènac polÔ pio �mesoc kai èxupnoc trìpoc na katal xoume sto Ðdio apotèlesma,
qrhsimopoi¸ntac th doulei� pou eÐqame k�nei gia to bajmwtì pedÐo. Ton parajètw ed¸ san mÐa enal-
laktik  apìdeixh twn parap�nw isqurism¸n.

'Eqoume brei ìti to bajmwtì pedÐo metasqhmatÐzetai k�tw apì metasqhmatismoÔc Lorentz wc ex c:

φ′(x) = φ(x)− i

2
εαβLαβ φ(x), Lαβ = i(xα∂β − xβ∂α) (2.21)

Xanagr�foume thn exÐswsh gia to tonoÔmeno sÔsthma anafor�c (allag  sumbolismoÔ):

φ′(x′) = φ(x′)− i

2
εαβL′αβ φ(x′), L′αβ = i(x′α∂

′
β − x′β∂′α) (2.22)

T¸ra upologÐzoume th metabol  tou ∂µφ apl� paragwgÐzontac sto tonoÔmeno sÔsthma anafor�c
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(prosèqontac ìti oi genn torec Lαβ prèpei na paragwgistoÔn):

∂µφ(x) −→ ∂′µφ
′(x′) = ∂′µ

[
φ(x′)− i

2
εαβL′αβ φ(x′)

]
= ∂′µφ(x′)− i

2
εαβL′αβ ∂

′
µφ(x′)− i

2
εαβ(∂′µL

′
αβ) φ(x′)

= ∂′µφ(x′)− i

2
εαβL′αβ ∂

′
µφ(x′)− i

2
εαβi∂′µ(x′α∂

′
β − x′β∂′α) φ(x′)

= ∂′µφ(x′)− i

2
εαβL′αβ ∂

′
µφ(x′)− i

2
εαβi(gµα∂

′
β − gµβ∂′α) φ(x′)

= ∂′µφ(x′)− i

2
εαβL′αβ ∂

′
µφ(x′)− i

2
εαβi(gαµδ

ν
β − gβµδνα) ∂′νφ(x′)

= ∂′µφ(x′)− i

2
εαβL′αβ ∂

′
µφ(x′)− i

2
εαβ(Sαβ) ν

µ ∂′νφ(x′)

'Omwc h diafor� ∂′µφ
′(x′) − ∂′µφ(x′) eÐnai apl� h sunarthsiak  metabol , upologismènh sto x′. 'Ara

èqoume p�rei to gnwstì apotèlesma thc 2.17:

δ0(∂µφ) = − i
2
εαβLαβ ∂µφ−

i

2
εαβ(Sαβ) ν

µ ∂νφ

Oi genn torec Lαβ apoteloÔn mÐa diaforik  anapar�stash thc om�dac Lorentz. Oi (Sαβ) ν
µ apoteloÔn

mÐa anapar�stash thc Ðdiac om�dac me pÐnakec.

Mèqri stigm c èqoume deÐxei p¸c metasqhmatÐzetai to ∂µφ. Prèpei na deÐxoume ìti èna tuqaÐo dia-
nusmatikì pedÐo Aµ(x) me thn klassik , gewmetrik  ènnoia tou ìrou metasqhmatÐzetai me ton Ðdio
trìpo. Sthn pragmatikìthta, ja mporoÔsame k�llista na xekin soume apì ed¸ th melèth mac.

'Estw èna sÔsthma anafor�c me mÐa orjokanonik  b�sh {êµ} (ed¸ ta êµ den eÐnai sunist¸sec, eÐnai
ta Ðdia ta anÔsmata b�shc kai µ eÐnai apl� ènac deÐkthc pou arijmeÐ ta anÔsmata aut�). 'Estw ènac me-

tasqhmatismìc twn anusm�twn b�shc êµ
U−→ ê′µ. Kaj¸c ta anÔsmata êµ eÐnai grammik¸c anex�rthta,

k�je �llo �nusma gr�fetai sunart sei aut¸n, �ra autì isqÔei kai gia ta {ê′µ}:

ê′µ = U ν
µ êν (2.23)

'Ena tuqaÐo �nusma ~r stic dÔo autèc b�seic gr�fetai ~r = xµêµ kai ~r = x′µê′µ, ìpou xµ, x′µ oi
suntetagmènec tou wc proc ta dÔo sust mata anafor�c. Exis¸nontac ta deÔtera mèlh ja èqoume:

xµêµ = x′µê′µ ⇒ xµêµ = x′µU ν
µ êν

⇒ xµ (êµ · êρ) = x′µ U ν
µ (êν · êρ)

⇒ xµδµρ = x′µU ν
µ δνρ

⇒ xρ(U−1) ν
ρ = x′µU ρ

µ (U−1) ν
ρ

⇒ x′µ = (U−1) µ
ν xν

'Ara an metonom�soume to metasqhmatismì twn suntetagmènwn:

x′µ = Λµν x
ν (2.24)

mporoÔme na k�noume thn antÐstrofh diadikasÐa, ¸ste na ekfr�soume ton U sunart sei tou Λ:

x′ν = Λνρ x
ρ ⇒ x′ν(Λ−1)µν = (Λ−1)µνΛνρx

ρ ⇒ xµ = (Λ−1)µνx
′ν ⇒ xµêµ = (Λ−1)µνx

′ν êµ

⇒ xµêµ = x′ν [(Λ−1)µν êµ]

⇒ xµêµ = x′ν ê′ν
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H èkfrash stic agkÔlec eÐnai ta anÔsmata ê′ν . Sunep¸c ta anÔsmata b�shc metasqhmatÐzontai wc
ex c:

ê′µ = (Λ−1)νµêν (2.25)

SugkrÐnontac me thn 2.23 sumperaÐnoume ìti U ν
µ = (Λ−1)νµ. SunoyÐzontac tic sqèqeic 2.24 kai 2.25

katal goume sto sumpèrasma:

x′µ = Λµν x
ν Coordinates transform contravariantly

ê′µ = (Λ−1)νµêν Basis vectors transform covariantly

P¸c metasqhmatÐzetai ìmwc èna dianusmatikì pedÐo? 'Ena tuqaÐo dianusmatikì pedÐo gr�fetai wc ex c:

~A(x) = Aµ (x) êµ
~A(x) = A′µ(x′)ê′µ

}
⇒ Aµ (x) êµ = A′µ(x′)ê′µ

Qrhsimopoi¸ntac thn 2.25 èqoume:

2.25⇒ Aµ (x) êµ = A′µ(x′)(Λ−1)νµêν

⇒ Aµ (x) = A′ν(x′)(Λ−1)µν

⇒ A′µ (x′) = ΛµνA
ν(x) (2.26)

Blèpoume ìti h allag  se èna dianusmatikì pedÐo proèrqetai apì dÔo mèrh:

1. Lìgw thc allag c twn anusm�twn b�shc, h x-sunist¸sa tou pedÐou ja moirasteÐ plèon stic nèec
tou sunist¸sec an�loga me tic probolèc tou x̂ anÔsmatoc sta nèa anÔsmata b�shc. Mplèkontai
dhlad  oi sunist¸sec, to opoÐo eÐnai apolÔtwc logikì: 'Opwc akrib¸c gia èna eleÔjero di�nusma
sto q¸ro ja all�xoun oi probolèc tou stouc �xonec (sunist¸sec) an strÐyoume to sÔsthma
anafor�c, to Ðdio ja sumbeÐ kai gia èna dianusmatikì pedÐo pou apoteleÐtai apì �peira tètoia
dianÔsmata diaforetikoÔ mètrou kai dieÔjunshc se k�je shmeÐo tou q¸rou

2. 'Omwc k�je sunist¸sa enìc dianusmatikoÔ pedÐou eÐnai sun�rthsh twn suntetagmènwn xµ.
Prèpei na tic metasqhmatÐsoume stic kainoÔrgiec suntetagmènec, an jèloume na èqoume metabeÐ
pl rwc sto nèo sÔsthma anafor�c.

Apì to (1) ja p�roume èna matrix representation tou Lorentz Group en¸ apì to (2) ja p�roume
thn sunhjismènh di�erential representation tou Lorentz Group. 'Etsi katalabaÐnoume kalÔtera thn
emf�nish twn gennhtìrwn pou br kame stic sqèseic 2.18 kai 2.19.

Gia na oloklhr¸soume thn apìdeixh, jewroÔme ton apeirostì metasqhmatismì Lorentz:

Λµν = δµν + εµν ¸ste x′µ = xµ + εµνx
ν kai ê′µ = êµ − ενµêν (2.27)

Apì thn 2.26 èqoume:

A′µ (x′) = Aµ(x) + εµνA
ν(x) = Aµ(x′ − δx) + εµνA

ν(x′ − δx)

= Aµ(x′ − δx) + εµνA
ν(x′ − δx)

= Aµ(x′)− δxρ∂ρAµ(x′) + εµνA
ν(x′) +O(δx2)

= Aµ(x′) + εµνA
ν(x′)− δxρ∂ρAµ(x′)
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'Ara gia th sunarthsiak  metabol  tou Aµ(x) èqoume:

δ0A
µ = −ερνxν∂ρAµ + εµνA

ν = − i
2
εαβLαβ A

µ − i

2
εαβ(Sαβ)µν A

ν (2.28)

ìpou oi genn torec eÐnai

(Sαβ)µν = i(gβνδ
µ
α − gανδ

µ
β) (2.29)

Lαβ = i(xα∂β − xβ∂α) (2.30)

Profan¸c gia th sunarthsiak  metabol  enìc covariant tetranÔsmatoc Aµ(x) èqoume:

δ0Aµ = − i
2
εαβLαβ Aµ −

i

2
εαβ(Sαβ) ν

µ Aν

ìpou oi genn torec eÐnai:

(Sαβ) ν
µ = i(gαµδ

ν
β − gβµδνα) (2.31)

Lαβ = i(xα∂β − xβ∂α) (2.32)

An jèloume na broÔme thn olik  metabol , qrhsimopoioÔme tic sqèseic 1.9 kai 2.28 kai èqoume:

δAµ = δ0A
µ + δxρ∂ρA

µ 2.28
= −ερνxν∂ρAµ + εµνA

ν + ερνx
ν∂ρA

µ = εµνA
ν (2.33)

kai profan¸c, antÐstoiqa, gia covariant tetranÔsmata ja eÐnai:

δAµ = ε νµ Aν (2.34)

'Ara pr�gmati to Aµ(x) metasqhmatÐzetai akrib¸c ìpwc to ∂µφ. Br kame loipìn thn anapar�stash
thc om�dac Poincare p�nw se tetranÔsmata. Sth sunèqeia mporoÔme na kataskeu�soume k�poia polÔ
qr sima analloÐwta. ParathroÔme ìti:

1. H apìklish enìc dianusmatikoÔ pedÐou eÐnai, ìpwc xèroume èna bajmwtì pedÐo. Autì apodei-
knÔetai wc ex c:

δ [∂µA
µ] = ∂′µA

′µ(x′)− ∂µAµ(x)
2.34
=

∂xα

∂x′µ
∂

∂xα

(
Aµ(x) + εµβA

β(x)
)
− ∂µAµ(x)

= (δαµ − εαµ)∂α

(
Aµ(x) + εµβA

β(x)
)
− ∂µAµ(x)

= ∂µA
µ(x) + ∂µε

µ
βA

β(x)− ∂αεαµAµ(x)− ∂µAµ(x) +O(ε2)

= 0

MÐa upoperÐptwsh aut c thc kathgorÐac analloÐwtwn eÐnai kai h d'Alembertian bajmwtoÔ pe-
dÐou ∂µ∂µφ.

2. To eswterikì ginìmeno (wc proc thn metrik  Minkowski) dÔo dianusmatik¸n pedÐwn, shmeÐo
proc shmeÐo:

δ [AµB
µ] = A′µ(x′)B′µ(x′)−AµBµ

= (Aµ + ε νµ Aν)(Bµ + εµρB
ρ)−AµBµ

= AµB
µ +Aµε

µ
ρB

ρ + ε νµ AνB
µ −AµBµ

= Aµε
µ
ρB

ρ −AνενµBµ

= 0
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MÐa upoperÐptwsh aut c thc kathgorÐac eÐnai kai h èkfrash (∂µφ)(∂µφ) pou emfanÐzetai stouc
kinhtikoÔc ìrouc Klein-Gordon. AxÐzei na anafèroume ìti oi suntetagmènec xµ metasqhma-
tÐzontai san tetr�nusma k�tw apì Lorentz metasqhmatismoÔc, opìte h posìthta xµ∂µφ eÐnai
Lorentz analloÐwth, sÔmfwna me thn kathgorÐa (2), all� δ[xµ] 6= 0 k�tw apì metajèseic, me
apotèlesma to xµ∂µφ na mhn eÐnai Poincare analloÐwto.

2.3 Tanustik� PedÐa

GenikeÔontac ta sumper�smata thc prohgoÔmenhc paragr�fou, orÐzoume thn olik  metabol  gia ta-
nustik� pedÐa. K�je deÐkthc enìc tanustikoÔ pedÐou me polloÔc deÐktec Lorentz ja metasqhmatÐzetai
sÔmfwna me tic 2.33 kai 2.34, an�loga me to an eÐnai antalloÐwtoc   sunalloÐwtoc. H olik  metabol 
tou tanust  ja dÐnetai k�tw apì èna �jroisma ekfr�sewn ìpwc h 2.34. Gia par�deigma ènac pl rwc
sunalloÐwtoc tanust c deÔterhc t�xhc ja metasqhmatÐzetai kat� antistoiqÐa me thn 2.26 wc ex c:

B′µν(x′) = Λ α
µ Λ β

ν Bαβ(x) (2.35)

'Omwc paÐrnontac ènan apeirostì metasqhmatismì kai krat¸ntac mèqri ìrouc pr¸thc t�xhc wc proc
ε, èqoume:

B′µν(x′) = (δ α
µ + ε αµ )(δ β

ν + ε βν )Bαβ = Bµν + ε βν Bµβ + ε αµ Bαν +O(ε2) (2.36)

Ergazìmenoi ìpwc kai sthn prohgoÔmenh par�grafo mporoÔme na broÔme touc genn torec thc meta-
bol c:

B′µν (x′) = Bµν(x) + ε βν Bµβ(x) + ε αµ Bαν(x)

= Bµν(x′ − δx) + ε βν Bµβ(x′ − δx) + ε αµ Bαν(x′ − δx)

= Bµν(x′)− δxκ∂′κBµν(x′) + ε βν Bµβ(x′) + ε αµ Bαν(x′) +O(ε2)

= Bµν(x′)− δxκ∂′κBµν(x′) + ε βν Bµβ(x′) + ε αµ Bαν(x′) (2.37)

'Ara gia th sunarthsiak  metabol  èqoume:

δ0Bµν = −εκλxλ∂κBµν + ε βν Bµβ + ε αµ Bαν

= − i
2
εαβLαβ Bµν −

i

2
εαβ(Sαβ) β

ν Bµβ −
i

2
εαβ(Sαβ) α

µ Bαν (2.38)

ìpou oi genn torec eÐnai:

(Sαβ) ν
µ = i(gαµδ

ν
β − gβµδνα) (2.39)

Lαβ = i(xα∂β − xβ∂α) (2.40)

'Opwc kai me ta tetranÔsmata, ètsi kai me touc tanustèc an¸terhc t�xhc mporoÔme na kataskeu�soume
ta antÐsoiqa Lorentz analloÐwta, ìpwc ta FµνFµν , ∂µ∂νAµν , klp.
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2.4 Spinoriak� pedÐa

Stic prohgoÔmenec paragr�fouc, xekinoÔsame orÐzontac k�poio pedÐo sto q¸ro twn jèsewn, kai exe-
t�zame to pwc metasqhmatÐzetai ìtan oi suntetagmènec ufÐstantai metasqhmatismì Lorentz. BrÐskame
ètsi ìti h om�da Lorentz anaparÐstatai apì k�poiouc telestèc pou droun ston q¸ro aut¸n twn pe-
dÐwn (p.q. ston q¸ro twn jèsewn). Se aut  thn par�grafo ja anazht soume tic anaparast�seic
thc om�dac Lorentz genik�, se jewrhtikì epÐpedo, xekin¸ntac mìno apì th metajetik  �lgebra twn
gennhtìrwn thc, pou ja antimetwpÐzontai wc afhrhmènoi telestèc pou droun se k�poion afhrhmèno
q¸ro Hilbert. 'Otan broÔme ta di�fora eÐdh anaparast�sewn pou up�rqoun, ja doÔme ìti k�je èna
apì ta pedÐa pou exet�same stic prohgoÔmenec paragr�fouc metasqhmatÐzetai san k�poia apì autèc
tic genikèc, afhrhmènec anaparast�seic (p.q. ja apodeÐxoume ìti to dianusmatikì pedÐo metasqhma-
tÐzetai ìpwc h (1

2
1
2) anapar�stash tou Lorentz Group).

Xekin�me apì thn 'Algebra Lie twn gennhtìrwn, ìpwc dÐnetai apì th sqèsh 1.33:

[Lµν , Lρσ] = igνρLµσ − igµρLνσ − igνσLµρ + igµσLνρ (2.41)

'Enac Lorentz metasqhmatismìc orÐzetai apì th sqèsh 1.34:

U(ωρσ) = exp{ i
2
ωρσLρσ} = ei(~v

~K+~ω ~J) (2.42)

ìpou èqoume orÐsei touc genn torec twn strof¸n ~J kai twn boosts ~K kai tic antÐstoiqec apeirostèc
paramètrouc:

Ji = 1
2εijkLjk

Ki = 1
2(L0i − Li0)

kai
(~ω)i = 1

2(ω0i − ωi0)
(~v)i = 1

2εijk ωjk

Oi nèoi telestèc ikanopoioÔn tic sqèseic met�jeshc:

[Ki,Kj ] = −i εijkJk
[Ji, Jj ] = i εijkJk

[Ji,Kj ] = i εijkKk

Tèloc, aposumplèkoume tic teleutaÐec metajetikèc sqèseic orÐzontac touc nèouc telestèc:

Mi = (Ji + iKi)/2
Ni = (Ji − iKi)/2

⇔ Ji = Mi +Ni

Ki = i(Ni −Mi)
(2.43)

Oi nèoi telestèc ikanopoioÔn tic metajetikèc sqèseic:

[Mi,Mj ] = i εijkMk

[Ni, Nj ] = i εijkNk

[Mi, Nj ] = 0

'Ara, ft�noume sto polÔ shmantikì sumpèrasma ìti h �lgebra thc om�dac Lorentz eÐnai isodÔnamh
me thn �lgebra SU(2) ⊗ SU(2), thc opoÐac oi anaparast�seic eÐnai gnwstèc. Prin kataskeu�soume
autèc tic anaparast�seic, prèpei na k�noume dÔo shmantik� sqìlia:
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1. H om�da Lorentz eÐnai non-compact. Oi non-compact om�dec den èqoun unitary anaparast�seic
peperasmènhc di�stashc. An anazht soume anaparast�seic peperasmènhc di�stashc, autèc ja
eÐnai non-unitary. Pr�gmati parathroÔme apì th sqèsh 2.43 ìti ta dÔo sÔnola telest¸n J,K kai
M,N den mporoÔn na eÐnai tautìqrona ermitian�. Sugkekrimèna an oiM,N parjoÔn wc ermitianoÐ
blèpoume ìti J† = M † + N † = M + N = J en¸ K† = −i(N † −M †) = −i(N −M) = −K.
Kajìti ìmwc mìno ta ekjetik� ermitian¸n pin�kwn eÐnai unitary, blèpoume ìti en gènei ta stoiqeÐa

U(~v~ω) = ei(~v
~K+~ω ~J) thc om�dac Lorentz ja eÐnai non-unitary stic peperasmènhc di�stashc

anaparast�seic touc! An kaneÐc anazht sei tic unitary anaparast�seic thc om�dac, ja odhghjeÐ
se anaparast�seic �peirhc di�stashc.

2. ParathroÔme ìti oi dÔo �lgebrec SU(2) den eÐnai apolÔtwc anex�rthtec. Sundèontai mèsw tou
telest  thc omotimÐac (parity), P . K�tw apì thn parity, èqoume

Ji −→ Ji
Ki −→ −Ki

}
⇒ Mi = (Ji + iKi)/2 −→ Ni

Ni = (Ji − iKi)/2 −→Mi
(2.44)

2.4.1 Oi jemeli¸deic anaparast�seic (1
2
, 0)L kai (0, 1

2
)R

Proc to parìn ja asqolhjoÔme me tic anaparast�seic peperasmènhc di�stashc. Sugkekrimèna èqoume
dÔo telestèc Casimir, touc M2 kai N2, pou eÐnai tautìqrona diagwniopoi simoi me touc M3 kai N3.
Pio sugkekrimèna, èqoume tic exis¸seic idiotim¸n:

M2|u, k〉 = u(u+ 1)|u, k〉
M3|u, k〉 = k|u, k〉

N2|v, l〉 = v(v + 1)|v, l〉
N3|v, l〉 = l|v, l〉 (2.45)

kai touc telestèc an�bashc kat�stashc:

M± = M1 ± iM2 N± = N1 ± iN2 (2.46)

pou ikanopoioÔn tic akìloujec sqèseic met�jeshc me touc M3, N3:

[M3,M±] = [M3,M1]± i[M3,M2]
= iM2 ±M1 = ±M±

[N3, N±] = [N3, N1]± i[N3, N2]
= iN2 ±N1 = ±N±

(2.47)

¸ste na èqoun thn idiìthta na anebokateb�zoun tic idiotimèc twn M3, N3:

M3(M±|u, k〉) = (M±M3 + [M3,M±])|u, k〉 N3(M±|v, l〉) = (N±N3 + [N3, N±])|v, l〉
= (k ± 1)M±|u, k〉 = (k ± 1)N±|v, l〉

EpÐshc isqÔoun oi qr simec tautìthtec:

M+M− = M1
2 +M2

2 +M3
2 N+N− = N1

2 +N2
2 +N3

2 (2.48)

M−M+ = M1
2 +M2

2 −M3
2 N−N+ = N1

2 +N2
2 −N3

2 (2.49)

Me qr sh twn teleutaÐwn exis¸sewn prosdiorÐzoume touc pollaplasiastikoÔc par�gontec thc dr�shc
twn telest¸n an�bashc kai kat�bashc:

M±|u, k〉 =
√
u(u+ 1)− k(k ± 1) |u, k ± 1〉 (2.50)

N±|v, l〉 =
√
v(v + 1)− l(l ± 1) |v, v ± 1〉 (2.51)
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T¸ra mporoÔme na gr�youme ìlouc touc telestèc pou mac endiafèroun sunart sei twn M3,M± kai
N3, N± pou èqoun gnwst  dr�sh p�nw stic idiokatast�seic |u, k〉 kai |v, l〉 antÐstoiqa:

M1 = (M+ +M−)/2 N1 = (N+ +N−)/2

M2 = (M+ −M−)/2i N2 = (N+ −N−)/2i

M2 = M3
2 +M3 +M−M+ N2 = N3

2 +N3 +N−N+

EÐmaste plèon se jèsh na kataskeu�soume tic anaparast�seic tou Lorentz Group. H b�sh pou ja
qrhsimopoi soume gia na kataskeu�soume tic anaparast�seic ja eÐnai ta anÔsmata |u, v, k, l〉 ìpou
u, v, k, l oi idiotimèc twn amoibaÐa metatijèmenwn telest¸n M2, N2,M3, N3. Gia k�je sunduasmì twn
arijm¸n u kai v, ja èqw mÐa diaforetik  anapar�stash. Dhlad  oi idiotimèc twn dÔo telest¸n Casi-
mir onom�zoun thn anapar�stash, en¸ oi eleÔjeroi deÐktec k, l mac metakinoÔn an�mesa sta di�fora
matrix elements thc anapar�stashc.

Arqik� ja kataskeu�soume tic dÔo jemeli¸deic anaparast�seic pou eÐnai didi�statec kai sumbolÐzontai
me (1

2 , 0)L kai (0, 1
2)R:

1. An u = 1
2 kai v = 0 paÐrnoume thn left anapar�stash pou sumbolÐzetai me

(1
2 , 0)L. Pio sugkekrimèna, èqoume:

u =
1

2
⇒ k = ±1

2
(2.52)

v = 0 ⇒ l = 0 (2.53)

'Ara gia touc Jm èqoume:

Jm
.

= 〈k′, l′|Jm|k, l〉 =

(
〈12 , 0|Jm|

1
2 , 0〉 〈12 , 0|Jm| −

1
2 , 0〉

〈−1
2 , 0|Jm|

1
2 , 0〉 〈−

1
2 , 0|Jm| −

1
2 , 0〉

)
(2.54)

Epeid  Jm = Mm +Nm èqoume:

Jm
.

=

(
〈12 , 0|Mm|12 , 0〉 〈12 , 0|Mm| − 1

2 , 0〉
〈−1

2 , 0|Mm|12 , 0〉 〈−
1
2 , 0|Mm| − 1

2 , 0〉

)
(2.55)

En¸ gia touc Km èqoume:

Km
.

= 〈k′, l′|Km|k, l〉 =

(
〈12 , 0|Km|12 , 0〉 〈12 , 0|Km| − 1

2 , 0〉
〈−1

2 , 0|Km|12 , 0〉 〈−
1
2 , 0|Km| − 1

2 , 0〉

)
(2.56)

Epeid  ìmwc Km = i(Nm −Mm) èqoume:

Km
.

= −i
(
〈12 , 0|Mm|12 , 0〉 〈12 , 0|Mm| − 1

2 , 0〉
〈−1

2 , 0|Mm|12 , 0〉 〈−
1
2 , 0|Mm| − 1

2 , 0〉

)
(2.57)



2.4. SPINORIAKA PEDIA 29

Apo aut  th sqèsh ex�goume touc pÐnakec:

• J1 = 1
2

(
0 1
1 0

)
= 1

2σx

• J2 = 1
2

(
0 −i
i 0

)
= 1

2σy

• J3 = 1
2

(
1 0
0 −1

)
= 1

2σz

• K1 = − i
2

(
0 1
1 0

)
= − i

2σx

• K2 = − i
2

(
0 −i
i 0

)
= − i

2σy

• K3 = − i
2

(
1 0
0 −1

)
= − i

2σz

2. An u = 0 kai v = 1
2 paÐrnoume thn right anaparastash pou sumbolÐzetai me

(0, 1
2)R. Pio sugkekrimèna, èqoume:

u = 0 ⇒ k = 0 (2.58)

v =
1

2
⇒ l = ±1

2
(2.59)

'Ara gia touc Jm èqoume:

Jm
.

= 〈k′, l′|Jm|k, l〉 =

(
〈0, 1

2 |Jm|0,
1
2〉 〈0, 1

2 |Jm|0,−
1
2〉

〈0,−1
2 |Jm|0,

1
2〉 〈0,−

1
2 |Jm|0,−

1
2〉

)
(2.60)

Epeid  Jm = Mm +Nm èqoume:

Jm
.

=

(
〈0, 1

2 |Nm|0, 1
2〉 〈0, 1

2 |Nm|0,−1
2〉

〈0,−1
2 |Nm|0, 1

2〉 〈0,−
1
2 |Nm|0,−1

2〉

)
(2.61)

En¸ gia touc Km èqoume:

Km
.

= 〈k′, l′|Km|k, l〉 =

(
〈0, 1

2 |Km|0, 1
2〉 〈0, 1

2 |Km|0,−1
2〉

〈0,−1
2 |Km|0, 1

2〉 〈0,−
1
2 |Km|0,−1

2〉

)
(2.62)

Epeid  ìmwc Km = i(Nm −Mm) èqoume:

Km
.

= i

(
〈0, 1

2 |Nm|0, 1
2〉 〈0, 1

2 |Nm|0,−1
2〉

〈0,−1
2 |Nm|0, 1

2〉 〈0,−
1
2 |Nm|0,−1

2〉

)
(2.63)

Apì aut  th sqèsh ex�goume touc pÐnakec:

• J1 = 1
2

(
0 1
1 0

)
= 1

2σx

• J2 = 1
2

(
0 −i
i 0

)
= 1

2σy

• J3 = 1
2

(
1 0
0 −1

)
= 1

2σz

• K1 = i
2

(
0 1
1 0

)
= i

2σx

• K2 = i
2

(
0 −i
i 0

)
= i

2σy

• K3 = i
2

(
1 0
0 −1

)
= i

2σz

'Ara br kame tic jemeli¸deic anaparast�seic peperasmènhc di�stashc tou Lorentz Group. 'Olec oi
anaparast�seic an¸terhc di�stashc mporoÔn na kataskeuastoÔn mèsw aut¸n. Oi dÔo anaparast�seic
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eÐnai metaxÔ touc suzugeÐc, ìpwc faÐnetai amèswc apì ta matrix elements:

Jm
.

= 〈k′, l′ = 0| Mm +Nm |k, l = 0〉 = 〈k′|Mm|k〉
Km

.
= 〈k′, l′ = 0|i(Nm −Mm)|k, l = 0〉 = −i〈k′|Mm|k〉

}
(
1

2
, 0)L

Jm
.

= 〈k′ = 0, l′| Mm +Nm 1|k = 0, l〉 = 〈l′|Nm|l〉
Km

.
= 〈k′ = 0, l′|i(Nm −Mm)|k = 0, l〉 = i〈l′|Nm|l〉

}
(0,

1

2
)R

EpÐshc parathroÔme ìti oi dÔo anaparast�seic eÐnai isodÔnamec wc proc tic strofèc, all� mh iso-
dÔnamec wc proc to pl rec Lorentz Group.

2.4.2 Oi nìmoi metasqhmatismoÔ gia left-handed kai right-handed spÐnorec

T¸ra eÐmaste se jèsh na broÔme touc nìmouc metasqhmatismoÔ pou prokÔptoun gia k�je anapar�sta-
sh, mèsw thc sqèshc 2.42.

1. Gia anÔsmata pou an koun sth left anapar�stash (0, 1
2)L (apì ed¸ kai sto ex c ja lègontai

left handed spÐnorec, ψL) h sqèsh 2.42 mac dÐnei to nìmo metasqhmatismoÔ:

Mi = 1
2σi

Ni = 0

}
Ji = 1

2σi
Ki = − i

2σi

}
⇒ ΛL = e

i
2

(~ω−i~v)~σ (2.64)

2. Gia anÔsmata pou an koun sth right anapar�stash (1
2 , 0)R (apì ed¸ kai sto ex c ja lègontai

right handed spÐnorec, ψR) h sqèsh 2.42 mac dÐnei to nìmo metasqhmatismoÔ:

Mi = 0
Ni = 1

2σi

}
Ji = 1

2σi
Ki = i

2σi

}
⇒ ΛR = e

i
2

(~ω+i~v)~σ (2.65)

Oi spÐnorec ψL kai ψR, ja èqoun profan¸c 2 sunist¸sec kai onom�zontai spÐnorec Weyl. Oi nìmoi
metasqhmatismoÔ touc ΛL kai ΛR, èqoun k�poiec shmantikèc idiìthtec. Arqik� blèpoume ìti:

ΛL
−1 = ΛR

†   isodÔnama ΛLΛ†R = I (2.66)

ΛR
−1 = ΛL

†   isodÔnama ΛRΛ†L = I (2.67)

Sth sunèqeia blèpoume ìti:

σ2ΛLσ
2 = e−

i
2

(~ω−i~v)~σ∗ = Λ∗R (2.68)

σ2ΛRσ
2 = e−

i
2

(~ω+i~v)~σ∗ = Λ∗L (2.69)

ìpou qrhsimopoi same thn tautìthta twn pin�kwn Pauli:

σ2σiσ2 = −(σi)∗ (2.70)

PaÐrnontac ton ermitianì suzug  twn sqèsewn 2.68, 2.69:

σ2Λ†Lσ
2 = ΛTR ⇒ σ2Λ−1

R σ2 = ΛTR (2.71)

σ2Λ†Rσ
2 = ΛTL ⇒ σ2Λ−1

L σ2 = ΛTL (2.72)

oi teleutaÐec exis¸seic gr�fontai se pollèc isodÔnamec morfèc:

ΛTL = σ2Λ−1
L σ2 σ2ΛTLσ

2ΛL = 1 ΛTLσ
2ΛL = σ2

ΛTR = σ2Λ−1
R σ2 σ2ΛTRσ

2ΛR = 1 ΛTRσ
2ΛR = σ2
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San mÐa pr¸th efarmog  twn sqèsewn aut¸n, jewroÔme ènan left handed spÐnora ψL pou metasqh-
matÐzetai wc ψL −→ ΛLψL, kai parathroÔme ìti:

σ2ψ∗L −→ σ2Λ∗Lψ
∗
L

= σ2Λ∗Lσ
2σ2ψ∗L

2.68
= ΛRσ

2ψ∗L (2.73)

AntÐstoiqa gia ènan right handed spÐnora ψR pou metasqhmatÐzetai ψR −→ ΛRψR, èqoume:

σ2ψ∗R −→ σ2Λ∗Rψ
∗
R

= σ2Λ∗Rσ
2σ2ψ∗R

2.68
= ΛLσ

2ψ∗R (2.74)

'Ara èqoume katal xei sto polÔ shmantikì apotèlesma:

1. Dedomènou enìc spÐnora ψL pou metasqhmatÐzetai san (1
2 , 0) mporoÔme na kataskeu�soume ènan

spÐnora σ2ψ∗L pou metasqhmatÐzetai san (0, 1
2).

2. Dedomènou enìc spÐnora ψR pou metasqhmatÐzetai san (0, 1
2) mporoÔme na kataskeu�soume ènan

spÐnora σ2ψ∗R pou metasqhmatÐzetai san (1
2 , 0).

AnalloÐwtec Posìthtec

Sthn sunèqeia mporoÔme na kataskeu�soume k�poia Lorentz analloÐwta qrhsimopoi¸ntac two-component
spÐnorec. Ta analloÐwta aut� ja mac eÐnai qr sima sthn kataskeu  sqetikistik� analloÐwtwn La-
gkranzian¸n.

'Estw oi spÐnorec χL kai ψL pou metasqhmatÐzontai san (1
2 , 0)L. K�tw apì èna metasqhmatismì

Lorentz èqoume:

χTLσ
2ψL −→ χTLΛTLσ

2ΛLψL = χTLσ
2ψ2

L (2.75)

AntÐstoiqa, paÐrnontac dÔo right handed spÐnorec χR kai ψR pou metasqhmatÐzontai san (0, 1
2)R

mporoÔme na kataskeu�soume to analloÐwto:

χTRσ
2ψR −→ χTRΛTRσ

2ΛRψR = χTRσ
2ψ2

R (2.76)

EpÐshc mporoÔme na p�roume χL = σ2ψ∗R kai χR = σ2ψ∗L, opìte prokÔptoun ta meikt� analloÐwta:

i(σ2ψ∗R)Tσ2ψL = −iψ†RψL (2.77)

i(σ2ψ∗L)Tσ2ψR = −iψ†LψR (2.78)

2.4.3 The 4-vector representation

Sth sunèqeia ja deÐxoume ìti mporoÔme na kataskeu�soume mÐa anapar�stash pou na metasqhmatÐze-
tai san tetr�nusma, xekin¸ntac apì dÔo spÐnorec.

'Estw ènac spÐnorac ψL pou metasqhmatÐzetai san (1
2 , 0)L. OrÐzoume thn posìthta:

Aµ = ψ†Lσ
µψL ìpou σµ = (σ0, ~σ) (2.79)
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• K�tw apì strofèc èqoume ΛL = e
i
2
~σ~ω opìte prokÔptoun oi metasqhmatismoÐ:

ψ†LψL −→ ψ†Le
− i

2
~σ~ωe

i
2
~σ~ωψL = ψ†LψL (2.80)

ψ†Lσ
iψL −→ ψ†Le

− i
2
~σ~ωσie

i
2
~σ~ωψL

= ψ†L(1− i

2
~σ~ω)σi(1 +

i

2
~σ~ω)ψL

= ψ†L(σi +
i

2
ωj [σi, σj ])ψL +O(ω2)

= ψ†Lσ
iψL − εijkωjψ†Lσ

kψL (2.81)

'Ara h posìthta Aµ metasqhmatÐzetai k�tw apì strofèc san tetr�nusma:

A0 −→ A′0 = A0 (2.82)

Ai −→ A′i = Ai − εijkωjAk (2.83)

• K�tw apì prowj seic èqoume ΛL = e
1
2
~σ~v opìte prokÔptoun oi metasqhmatismoÐ

ψ†LψL −→ ψ†Le
1
2
~σ~ve

1
2
~σ~vψL = ψ†LψL + ~vψ†L~σψL (2.84)

ψ†Lσ
iψL −→ ψ†Le

1
2
~σ~vσie

1
2
~σ~vψL (2.85)

= ψ†L(1 +
1

2
~σ~v)σi(1 +

1

2
~σ~v)ψL

= ψ†L(σi +
1

2
vj{σi, σj})ψL +O(v2)

= ψ†L(σi +
1

2
vj2δij)ψL

= ψ†Lσ
iψL + viψ†LψL (2.86)

'Ara h posìthta Aµ metasqhmatÐzetai k�tw apì prowj seic san tetr�nusma:

A0 −→ A′0 = A0 + viA
i (2.87)

Ai −→ A′i = Ai + viA0 (2.88)

Epeid  mporeÐ na mhn eÐnai profanèc ìti oi teleutaÐec sqèseic antistoiqoÔn se boost, ja prospaj sou-
me na to apodeÐxoume autì polÔ sÔntoma, qrhsimopoi¸ntac thn anapar�stash thc om�dac Lorentz p�nw
se dianÔsmata me pÐnakec pou br kame sthn prohgoÔmenh par�grafo. Arqik� upenjumÐzoume ìti gia
èna apeirostì metasqhmatismì Lorentz èqoume se matrix representation:

Λµν = δµν +
i

2
εαβ(Sαβ)µν (2.89)

'Opou oi (Sαβ)µν dÐnontai apì thn 2.29 pou br kame sthn par�grafo 2.2:

(Sαβ)µν = i(gβνδ
µ
α − gανδ

µ
β) (2.90)

'Omwc qrhsimopoi¸ntac touc orismoÔc 1.35, h sqèsh 2.89 gr�fetai se boost kai rotation sumbolismì
wc ex c:

Λµν = δµν +
i

2
2(~v ~K + ~ω ~J)µν (2.91)
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ìpou:

Ji = 1
2εijkLjk

Ki = 1
2(L0i − Li0)

kai
(~ω)i = 1

2(ω0i − ωi0)
(~v)i = 1

2εijk ωjk

'Ara an jèloume èna kajarì apeirostì boost, jètoume ~ω = 0 kai èqoume thn èkfrash:

Λµν = δµν + iviKi = δµν + ivi
1

2
(S0i − Si0)µν

= δµν +
i

2
vii(giνδ

µ
0 − g0νδ

µ
i − g0νδ

µ
i + giνδ

µ
0 )

= δµν −
1

2
(vνδ

µ
0 − g0νv

µ − g0νv
µ + vνδ

µ
0 )

= δµν − vνδ
µ
0 + g0νv

µ (2.92)

Sunep¸c gia èna apeirostì boost o pÐnakac metasqhmatismoÔ Lorentz èqei th morf :

Λµν =


1 v1 v2 v3

v1 1 0 0
v2 0 1 0
v3 0 0 1


ìpou vµ = (0, v1, v2, v3) oi apeirostèc par�metroi tou boost.
'Ara èna tetr�nusma Aµ metasqhmatÐzetai k�tw apì prowj seic wc ex c:

A′µ = (δµν − vνδ
µ
0 + g0νv

µ)Aν = Aµ − δµ0vνA
ν + vµA0

⇒
{
A′0 = A0 − δ0

0vνA
ν + v0A0 = A0 − viAi = A0 + viAi

A′i = Ai − δi0vνAν + viA0 = Ai + viA0 = Ai + viA0 (2.93)

pou blèpoume ìti eÐnai se pl rh sumfwnÐa me tic sqèseic 2.87 kai 2.88.

An prospaj soume na kataskeu�soume èna tetr�nusma apì èna spÐnora ψR pou metasqhmatÐzetai san
(0, 1

2)R, ja doÔme ìti ja up�rxei mÐa diafor� sto prìshmo twn qwrik¸n sunistws¸n. Pio sugkekri-
mèna, aut  th for� prèpei na orÐsoume thn posìthta:

Aµ = ψ†Rσ̄
µψR ìpou σ̄µ = (σ0,−~σ) (2.94)

• K�tw apì strofèc èqoume ΛR = ΛL = e
i
2
~σ~ω, opìte prokÔptoun oi metasqhmatismoÐ:

ψ†RψR −→ ψ†Re
− i

2
~σ~ωe

i
2
~σ~ωψR = ψ†RψR (2.95)

−ψ†Rσ
iψR −→ −ψ†Re

− i
2
~σ~ωσie

i
2
~σ~ωψR

= −ψ†R(1− i

2
~σ~ω)σi(1 +

i

2
~σ~ω)ψR

= ψ†R(σi +
i

2
ωj [σi, σj ])ψR +O(ω2)

= −ψ†Rσ
iψR + εijkω

jψ†Rσ
kψR (2.96)

'Ara h posìthta Aµ metasqhmatÐzetai k�tw apì strofèc san tetr�nusma:

A0 −→ A′0 = A0 (2.97)

Ai −→ A′i = Ai − εijkωjAk (2.98)
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• K�tw apì prowj seic èqoume ΛR = e−
1
2
~σ~v opìte prokÔptoun oi metasqhmatismoÐ

ψ†RψR −→ ψ†Re
− 1

2
~σ~ve−

1
2
~σ~vψR = ψ†RψR − ~vψ

†
R~σψR (2.99)

−ψ†Rσ
iψR −→ −ψ†Re

− 1
2
~σ~vσie−

1
2
~σ~vψR (2.100)

= −ψ†R(1− 1

2
~σ~v)σi(1− 1

2
~σ~v)ψR

= −ψ†R(σi − 1

2
vj{σi, σj})ψR +O(v2)

= −ψ†R(σi − 1

2
vj2δij)ψR

= −ψ†Rσ
iψR + viψ†RψR (2.101)

'Ara h posìthta Aµ metasqhmatÐzetai k�tw apì prowj seic san tetr�nusma:

A0 −→ A′0 = A0 + viA
i

Ai −→ A′i = Ai + viA0

SunoyÐzontac èqoume kataskeu�sei dÔo anaparast�seic pou metasqhmatÐzontai san tetranÔsmata:

ψ†Lσ
µψL ìpou σµ = (σ0, ~σ) (2.102)

ψ†Rσ̄
µψR ìpou σ̄µ = (σ0,−~σ) (2.103)

AnalloÐwtec Posìthtec

Oi anaparast�seic pou br kame metasqhmatÐzontai san tetranÔsmata. Apì autèc, mporoÔme na kata-
skeu�soume epiplèon analloÐwta ìpwc k�name me ta sun jh dianusmatik� pedÐa sthn par�grafo 2.2.
Ta analloÐwta aut� ja perièqoun mÐa,   perissìterec parag¸gouc, kai ja mporoÔn na qrhsimopoih-
joÔn gia touc kinhtikoÔc ìrouc sthn kataskeu  sqetikistik� analloÐwtwn Lagkranzian¸n. 'Eqoume
loipìn ta ex c analloÐwta:

(∂µψL)†σµψL (∂µψR)†σ̄µψR

ψ†Lσ
µ∂µψL ψ†Rσ̄

µ∂µψR

ParathroÔme ìti aut� ta analloÐwta den eÐnai anagkastik� pragmatik�. An jèloume mporoÔme na
kataskeu�soume touc ex c grammikoÔc sunduasmoÔc pou eÐnai p�nta pragmatikoÐ:

1

2
ψ†Lσ

µ
↔
∂ µψL = ψ†Lσ

µ∂µψL − (∂µψL)†σµψL

1

2
ψ†Rσ̄

µ
↔
∂ µψR = ψ†Rσ̄

µ∂µψR − (∂µψR)†σ̄µψR

2.4.4 Oi spÐnorec Dirac

An mac endiafèrei h omotimÐa, prèpei na kataskeu�soume spÐnorec Dirac p�nw stouc opoÐouc h parity
eÐnai kal¸c orismènh pr�xh. O spÐnorac Dirac eÐnai ènac spÐnorac me 4 sunist¸sec, kai èqei dipl�siouc
bajmoÔc eleujerÐac apì touc two component Weyl spinors pou meletoÔsame èwc t¸ra. 'Enac spÐnorac
Dirac gr�fetai sth morf :

Ψ =

(
ψL
ψR

)
(2.104)
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H pr�xh thc omotimÐac (parity) eÐnai kal¸c orismènh p�nw ston spÐnora Dirac:

Ψ
P−→ ΨP =

(
ψR
ψL

)
=

(
0 1
1 0

)(
ψL
ψR

)
= γ0Ψ (2.105)

MporoÔme na prob�loume ènan spÐnora Dirac p�nw sta left kai right components tou mèsw twn
probolik¸n telest¸n:

pL =
1

2
(1 + γ5) (2.106)

pR =
1

2
(1− γ5) (2.107)

ìpou orÐsame touc 4× 4 pÐnakec γ0 kai γ5 sthn anapar�stash Weyl (Chiral Basis):

γ0 =

(
0 1
1 0

)
γ5 =

(
1 0
0 −1

)
γi =

(
0 σi

−σi 0

)
(2.108)

  se pio suneptugmènh morf :

γµ =

(
0 σµ

σ̄µ 0

)
µ = 0, 1, 2, 3 (2.109)

oi opoÐoi ikanopoioÔn thn antimetajetik  sqèsh:

{γµ, γν} = 2gµν (2.110)

En¸ o γ5 sundèetai me touc �llouc mèsw thc sqèshc:

γ5 = iγ0γ1γ2γ3 (2.111)

EÐnai profanèc ìti ènac spÐnorac Dirac metasqhmatÐzetai wc ex c:

Ψ −→ Ψ′ =

(
ψ′L
ψ′R

)
=

(
ΛLψL
ΛRψR

)
=

(
ΛL 0
0 ΛR

)(
ψL
ψR

)
(2.112)

MporoÔme t¸ra na ekfr�soume ìla ta analloÐwta pou kataskeu�same wc t¸ra qrhsimopoi¸ntac
spÐnorec Dirac. Sugkekrimèna, èqoume:

1. ψ†RψL + ψ†LψR = Ψ†γ0Ψ ≡ Ψ̄Ψ invariant

2. OmoÐwc, 1
2ψ
†
Lσ

µ
↔
∂ µψL + 1

2ψ
†
Rσ̄

µ
↔
∂ µψR = 1

2Ψ†γµ
↔
∂ µΨ invariant

EpÐshc, dojèntoc enìc spÐnora Dirac Ψ mporoÔme (lìgw twn sqèsewn 2.73 kai 2.74) na kataskeu-
�soume ènan nèo susqetismèno spÐnora Dirac wc ex c:

ΨC =

(
σ2ψ∗R
−σ2ψ∗L

)
(2.113)

ParathroÔme ìti lìgw twn 2.73 kai 2.74 h p�nw sunist¸sa metasqhmatÐzetai san (1
2 , 0)L kai h k�tw

san (0, 1
2)R, opìte pr�gmati èqoume kataskeu�sei ènan swstì spÐnora Dirac. ParathroÔme epÐshc

ìti:
(ΨC)C = Ψ (2.114)



36 KEFALAIO 2. ANAPARASTASEIS KAI SQETIKISTIKA ANALLOIWTA

H pr�xh C onom�zetai suzugÐa fortÐou, kai o ΨC eÐnai o suzug c spÐnorac tou Ψ wc proc to fortÐo.
O lìgoc gia aut  thn onomasÐa ègkeitai sto gegonìc ìti an ènac spÐnorac Dirac Ψ èqei fortÐo q kai
ikanopoieÐ thn exÐswsh Dirac

iγµ(∂µ − iqAµ)Ψ = 0

ìpou Aµ to dianusmatikì dunamikì enìc exwterikoÔ hlektromagnhtikoÔ pedÐou, brÐskoume ìti o su-
zug c spÐnorac pou orÐsame ja èqei fortÐo −q kai ja ikanopoieÐ thn exÐswsh:

iγµ(∂µ + iqAµ)ΨC = 0

Se autì to shmeÐo mporoÔme na eis�goume mÐa eidik  perÐptwsh spÐnora Dirac, ìpou h right sunist¸sa
tou prokÔptei apì th left mèsw thc 2.73. Ja èqoume dhlad :

ΨM =

(
ψL
−σ2ψ∗L

)
(2.115)

O spÐnorac autìc èqei misoÔc bajmoÔc eleujerÐac apì ènan spÐnora Dirac. Lègetai spÐnoracMajorana
kai sthn ousÐa eÐnai ènac spÐnorac Weyl se four-component form. Gia ènan tètoio spÐnora isqÔei:

(ΨM )C =

(
σ2[−σ2ψ∗L]∗

−σ2[ψL]∗

)
=

(
ψL
−σ2ψ∗L

)
= ΨM (2.116)

eÐnai, dhlad , autosuzug c k�tw apì th suzugÐa fortÐou. Ja mac faneÐ idiaÐtera qr simoc sthn pro-
sp�jeia kataskeu c enìc aploÔ upersummetrikoÔ montèlou sto epìmeno kef�laio, gia lìgouc pou ja
exhghjoÔn ekeÐ.

Ja mporoÔsame na stamat soume ed¸ th suz thsh gia touc spÐnorec sta plaÐsia aut c thc ergasÐac.
Parìla aut�, eÐnai qr simo na k�noume �llo èna b ma akrib¸c ìpwc k�name stic prohgoÔmenec para-
gr�fouc, gia lìgouc sunèqeiac: Na broÔme thn anapar�stash twn gennhtìrwn thc om�dac Lorentz
Sρσ ìtan droun p�nw se spÐnorec (mèqri t¸ra èqoume breÐ mìno thn anapar�stash twn ~J kai ~K pou
orÐzontai apì thn 1.35).

2.4.5 Oi anaparast�seic twn gennhtìrwn Sρσ

Ja ergastoÔme akrib¸c ìpwc kai stic prohgoÔmenec paragr�fouc.

1. Gia spÐnorec pou metasqhmatÐzontai san (1
2 , 0)L èqoume:

ΛL = e
i
2

(~ω−i~v)~σ

'Ara gia ènan apeirostì metasqhmatismì, èqoume:

ψL
′
a = ψLa + i

2(~ωi − i~vi)(σi)abψLb orismìc metasqhmatismoÔ

ψL
′
a = ψLa + i

2 ω
ρσ(Sρσ)abψLb èkfrash me genn torec

}
⇒ (~ωi − i~vi)(σi)ab = ωρσ(Sρσ)ab

~ωi(σi)ab − i~vi(σi)ab = ω01S01 + ω02S02 + ω03S03

+ω10S10 + ω20S20 + ω30S30

+ω12S12 + ω13S13 + ω23S23

+ω21S21 + ω31S31 + ω32S32

⇒ ~ωi(σi)ab − i~vi(σi)ab = (ω01 − ω10)S01 + (ω02 − ω20)S02 + (ω03 − ω30)S03

+(ω12 − ω21)S12 + (ω31 − ω13)S31 + (ω23 − ω32)S23
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Sth sunèqeia qrhsimopoioÔme sto dexÐ mèloc tic sqèseic:

(~ω)i =
1

2
εijkωjk

(~v)i =
1

2
(ω0i − ωi0)

kai èqoume:

~ωi(σi)ab − i~vi(σi)ab = 2~vi(S0i)ab + 2~ω3S12 + 2~ω2S31 + 2~ω1S23

⇒ ~ωi(σi)ab − i~vi(σi)ab = 2~vi(S0i)ab + ~ωiεijkSjk

⇒
{

~ωi(σi)ab = ~ωiεijkSjk
−i~vi(σi)ab = 2~vi(S0i)ab

Apì tic teleutaÐec sqèseic brÐskoume:

(S0i)ab = − i
2

(σi)ab

kaj¸c kai:

εimnεijkSjk = εimn(σi)ab

⇒ (δmjδnk − δmkδnj)Sjk = εimn(σi)ab

⇒ Smn − Snm = εmnk(σk)ab

⇒ Smn =
1

2
εmnk(σk)ab

'Ara br kame thn anapar�stash twn gennhtìrwn Sρσ ìtan droun p�nw se spÐnorec (1
2 , 0)L.

Sugkekrimèna, br kame:

S0i = − i
2
σi

Si0 =
i

2
σi

Smn =
1

2
εmnkσk

kai ta diag¸nia stoiqeÐa ennoeÐtai ìti mhdenÐzontai, logw antisummetrikìthtac twn gennhtìrwn.
Oi ekfr�seic autèc ìmwc mporoÔn na sugqwneujoÔn se mÐa. Arqik� qrhsimopoioÔme thn tau-
tìthta twn pin�kwn Pauli:

σiσj = δijI2 + iεijkσk (2.117)

PaÐrnontac thn antisummetrik  thc stouc deÐktec i, j kai afair¸ntac èqoume:

σiσj − σjσi = 2iεijkσk

⇒ 1

2
εijkσk = − i

4
(σiσj − σjσi) (2.118)
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Qrhsimopoi¸ntac thn 2.118, all�zoume lÐgo th morf  twn exis¸sewn prosjètontac tautotikoÔc
pÐnakec kai antisummetrikopoi¸ntac tic ekfr�seic:

S00 = 0 =
i

4
(σ0σ0 − σ0σ0)

S0i = − i
2
σi =

i

2
σ0(−σi) =

i

4
[σ0(−σi)− σiσ0]

Si0 =
i

2
σi =

i

2
σiσ0 =

i

4
[σiσ0 − σ0(−σi)]

Sij =
i

4
[σi(−σj)− σj(−σi)]

Blèpoume ìti oi exis¸seic autèc gr�fontai se pio suneptugmènh morf  wc ex c:

(SL)αβ =
i

4
(σασ̄β − σασ̄β) (2.119)

2. AntÐstoiqa, gia spÐnorec pou metasqhmatÐzontai san (0, 1
2)R èqoume:

ΛR = e
i
2

(~ω+i~v)~σ

'Ara gia ènan apeirostì metasqhmatismì, èqoume:

ψL
′
a = ψLa + i

2(~ωi + i~vi)(σi)abψLb orismìc metasqhmatismoÔ

ψL
′
a = ψLa + i

2 ω
ρσ(Sρσ)abψLb ekfrash me genn torec

}
⇒ · · · ⇒

⇒ ~ωi(σi)ab + i~vi(σi)ab = 2~vi(S0i)ab + ~ωiεijkSjk

⇒
{
~ωi(σi)ab = ~ωiεijkSjk
i~vi(σi)ab = 2~vi(S0i)ab

Apì ìpou telik� brÐskoume tic ekfr�seic:

S0i =
i

2
σi

Si0 = − i
2
σi

Smn =
1

2
εmnkσk

to opoÐo eÐnai to apotèlesma pou perimèname, kaj¸c oi dÔo anaparast�seic prèpei na eÐnai
isodÔnamec wc proc tic strofèc, all� h mÐa na eÐnai suzug c thc �llhc wc proc tic prowj seic.
Qrhsimopoi¸ntac thn 2.118, all�zoume p�li th morf  touc:

S00 =
i

4
[σ0σ0 − σ0σ0]

S0i =
i

4
[σ0σi − (−σi)σ0]

Si0 =
i

4
[(−σi)σ0 − σ0σi]

Sij =
i

4
[(−σi)σj − (−σj)σi]
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Oi ekfr�seic autèc p�li sugqwneÔontai se mÐa wc ex c:

(SR)αβ =
i

4
(σ̄ασβ − σ̄βσα) (2.120)

Oi (SR)αβ kai (SL)αβ eÐnai 2× 2 pÐnakec pou droun p�nw se two-component Weyl spinors. An
jèloume, mporoÔme na touc qrhsimopoi soume gia na kataskeu�soume thn anapar�stash twn
gennhtìrwn p�nw se èna four-component spÐnora Dirac.

3. Gia spÐnorec Dirac, sÔmfwna me thn 2.112 èqoume to nìmo metasqhmatismoÔ:

Ψ′ =

(
ΛLψL
ΛRψR

)
(2.121)

'Ara gia ènan apeirostì metasqhmatismì, èqoume:

Ψ′ =

(
ψ′La
ψ′Rȧ

)
=

(
ψLa
ψRȧ

)
+ i

2

(
(~ωi − i~vi)(σi)abψLb
(~ωi + i~vi)(σi)ȧḃψRḃ

)
orismìc metasqhmatismoÔ

Ψ′ =

(
ψ′La
ψ′Rȧ

)
=

(
ψLa
ψRȧ

)
+ i

2 ω
ρσ Sρσ

(
ψLa
ψRȧ

)
ekfrash me genn torec

ìpou eisag�game touc dotted deÐktec (ȧ = 1, 2) gia na upodhl¸soume right-handed spÐnorec,
en¸ oi kanonikoÐ deÐktec (a = 1, 2) upodhl¸noun left-handed spÐnorec. Blèpoume ìti o Sρσ eÐnai
ènac block-diag¸nioc pÐnakac 4× 4 thc morf c:(

SL 0
0 SR

)
(2.122)

¸ste na ikanopoioÔntai oi sqèseic:(
(~ωi − i~vi)(σi)abψLb
(~ωi + i~vi)(σi)ȧḃψLḃ

)
=

(
ωρσ (SLρσ)ab ψLb

ωρσ (SRρσ)ȧḃ ψLḃ

)

Autì antistoiqeÐ se dÔo exis¸seic, mÐa wc proc SLρσ kai mÐa wc proc SRρσ tic opoÐec ìmwc èqoume
 dh lÔsei:

(SL)0i = − i
2
σi (SR)0i =

i

2
σi

(SL)i0 =
i

2
σi (SR)i0 = − i

2
σi

(SL)mn =
1

2
εmnkσk (SR)mn =

1

2
εmnkσk

MporoÔme ìmwc na gr�youme thn lÔsh me kalÔtero trìpo. Arqik� qrhsimopoioÔme thn tau-
tìthta twn pin�kwn Pauli:

σiσj = δijI2 + iεijkσk (2.123)
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kai all�zoume lÐgo thn morf  twn exis¸sewn:

(SL)00 =
i

2
σ0σ0 −

i

2
g00σ0 = 0 (SR)00 =

i

2
σ0σ0 −

i

2
g00σ0 = 0

(SL)0i =
i

2
σ0(−σi) (SR)0i =

i

2
σ0σi

(SL)i0 =
i

2
σiσ0 (SR)i0 =

i

2
(−σi)σ0

(SL)mn =
i

2
σi(−σj)−

i

2
gijσ0 (SR)mn =

i

2
(−σi)σj −

i

2
gijσ0

Kai t¸ra parathroÔme ìti oi exis¸seic autèc gr�fontai se pio suneptugmènh morf  wc ex c:

(SL)αβ =
i

2
(σασ̄β − gαβσ0) (SR)αβ =

i

2
(σ̄ασβ − gαβσ0) (2.124)

Antikajist¸ntac sthn 2.122, brÐskoume ìti oi 4 × 4 block-diag¸nioi genn torec Sαβ dÐnontai
apì thn èkfrash:

Sαβ =
i

2

(
σασ̄β − gαβσ0 0

0 σ̄ασβ − gαβσ0

)
(2.125)

'Omwc diadoqik� èqoume:

Sαβ =
i

2

(
σασ̄β − gαβσ0 0

0 σ̄ασβ − gαβσ0

)
=
i

2

(
σασ̄β 0

0 σ̄ασβ

)
− gαβ

(
I2 0
0 I2

)
=
i

2
(γαγβ − gαβI4) (2.126)

ìpou qrhsimopoi same to gegonìc ìti sthn Weyl anapar�stash twn pin�kwn γµ (2.108) isqÔei:

γµγν =

(
σµσ̄ν 0

0 σ̄µσν

)
(2.127)

Sth sunèqeia, qrhsimopoioÔme tic antimetajetikèc sqèseic twn pin�kwn γµ (2.110) kai èqoume:

Sαβ =
i

2
(γαγβ − gαβI4)

=
i

4
(2γαγβ − 2gαβI4)

=
i

4
(γαγβ − γβγα) (2.128)

To apotèlesma autì ja mporoÔsame na to p�roume kai me apl  antikat�stash twn 2.119 kai
2.120 sthn 2.122. 'Ara katal xame sto polÔ shmantikì apotèlesma ìti oi pÐnakec:

1

2
Σµν =

i

4
[γµ, γν ] (2.129)

apoteloÔn anapar�stash twn gennhtìrwn thc om�dac Lorentz p�nw ston spÐnora Dirac! H
graf  aut  èqei polÔ meg�lh isqÔ, giatÐ eÐnai representation independent.
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Me �lla lìgia, xekin¸ntac apì thn 2.129 gia k�je isodÔnamh anapar�stash twn pin�kwn γµ pou
ikanopoioÔn tic metajetikèc sqèseic 2.110 ja paÐrnoume èna set pin�kwn:

Sµν =
1

2
Σµν =

i

4
[γµ, γν ] (2.130)

oi opoÐoi ja ikanopoioÔn thn �lgebra thc om�dac Lorentz (2.41), dhlad  mia diaforetik  anapar�sta-
sh thc om�dac. Se autì to shmeÐo èqoume breÐ thn anapar�stash thc om�dac Lorentz ìtan dra p�nw
se left spÐnorec, se right spÐnorec kai tèloc p�nw se spÐnorec Dirac. Ja mporoÔsame na suneqÐsoume
th diadikasÐa aut  kai na broÔme tic anaparast�seic gia spÐnorec an¸terou spin, alla autì eÐnai pèra
apì to endiafèron aut c thc ergasÐac, kajìti den ja qrhsimopoi soume tètoia pedÐa.

2.4.6 To spinoriakì pedÐo Dirac

Mèqri autì to shmeÐo èqoume antimetwpÐsei touc spÐnorec wc memonwmèna antikeÐmena, eleÔjera sto
q¸ro. Prèpei t¸ra na k�noume thn met�bash apì spÐnorec se spinoriak� pedÐa, dhlad  na orÐsoume
èna pedÐo pou na apoteleÐtai apì èna spÐnora se k�je shmeÐo tou q¸rou, kai na doume pwc metasqh-
matÐzetai. Aut  h doulei� mporeÐ na gÐnei gia k�je eÐdoc spinoriakoÔ pedÐou xeqwrist�. MporoÔme na
orÐsoume èna spinoriakì pedÐo pou na metasqhmatÐzetai san (1

2 , 0)L, san (0, 1
2)R, k.o.k. EmeÐc ja to

k�noume gia to pedÐo Dirac, giatÐ autì ja mac qreiasteÐ sth sunèqeia. H genÐkeush kai sta upìloipa
pedÐa eÐnai tetrimmènh.

'Estw èna spinoriakì pedÐo Dirac:

Ψ(x) =

(
ψL(x)
ψR(x)

)
(2.131)

Ja broÔme p¸c metasqhmatÐzetai k�tw apì metajèseic kai metasqhmatismoÔc Lorentz.

• JewroÔme ton apeirostì metasqhmatismì lorentz:

Λµν = δµν + εµν ¸ste x′µ = xµ + εµνx
ν (2.132)

Oi spÐnorec Dirac metasqhmatÐzontai sÔmfwna me thn 2.112:

Ψ′ =

(
ΛLψL
ΛRψR

)
(2.133)

DeÐxame ìti gia ènan apeirostì metasqhmatismì, èqoume:

Ψ′ =

(
ψ′La
ψ′Rȧ

)
=

(
ψLa
ψRȧ

)
+
i

2

(
(~ωi − i~vi)(σi)abψLb
(~ωi + i~vi)(σi)ȧḃψRḃ

)
=

(
ψLa
ψRȧ

)
+

i

2
ερσ Sρσ

(
ψLa
ψRȧ

)
⇒ δΨ =

i

2
ερσ Sρσ

(
ψLa
ψRȧ

)



42 KEFALAIO 2. ANAPARASTASEIS KAI SQETIKISTIKA ANALLOIWTA

ìpou oi genn torec Sρσ dÐnontai apì thn 2.130. 'Omwc gia thn olik  metabol  tou spinoriakoÔ
pedÐou èqoume:

δΨ = δ0Ψ + δxµ∂µΨ ⇒ δ0Ψ = δΨ− δxµ∂µΨ

=
i

2
ερσ SρσΨ− εµνxν∂µΨ

=
i

2
ερσ SρσΨ +

1

2
(ε µν − εµν)xν∂µΨ

=
i

2
ερσ SρσΨ +

1

2
ερσ(gρνδ

µ
σ − gσνδµρ )xν∂µΨ

=
i

2
ερσ SρσΨ− i

2
ερσi(xρ∂σ − xσ∂ρ)Ψ

=
i

2
ερσ SρσΨ− i

2
ερσLρσΨ

• JewroÔme thn apeirost  met�jesh:

x′µ = xµ + εµ ⇒ δxµ = εµ (2.134)

K�tw apì metajèseic, oi spÐnorec den metasqhmatÐzontai (akrib¸c ìpwc to dianusmatikì kai to
bajmwtì pedÐo). 'Ara gia thn olik  metabol  tou spinoriakoÔ pedÐou èqoume:

δΨ = δ0Ψ + δxµ∂µΨ ⇒ δ0Ψ = δΨ− δxµ∂µΨ

= −δxµ∂µΨ

= −εµ∂µΨ

= −iεµPµΨ, ìpou Pµ = −i∂µ

'Ara h anapar�stash thc om�dac Poincare p�nw ston spÐnora Dirac dÐnetai apì tic sqèseic:

Pµ = −i∂µ (2.135)

Mµν = Lµν +
1

2
Σµν (2.136)

kai sunolik� o apeirostìc metasqhmatismìc Poincare mac dÐnei:

δ0Ψ =
i

2
ερσ MρσΨ− iαµPµΨ (2.137)

ìpou Lµν = i(xµ∂ν −xν∂µ) kai Σµν = i
4 [γµ, γν ] me touc pÐnakec γµ sthn anapar�stash Weyl (2.108).



Kef�laio 3

Spinor Algebra

Se autì to kef�laio ja eis�goume ènan kainoÔrgio sumbolismì. Ja dieurÔnoume th qr sh deikt¸n kai
se spÐnorec. 'Opwc ta tetranÔsmata sumbolÐzontan me èna deÐkth µ = 0, 1, 2, 3 kai metasqhmatÐzontan
me èna sugkekrimèno trìpo, ètsi kai gia touc spÐnorec mporoÔme na eis�goume dÔo eÐdh deikt¸n dotted
kai undotted pou na paÐrnoun tic timèc ȧ = 1, 2 kai a = 1, 2 kai na perigr�foun right-handed kai
left-handed spÐnorec antÐstoiqa. Sth sunèqeia ja qrhsimopoi soume ton sumbolismì autì gia na
xanadiatup¸soume en suntomÐa ìla ta shmantik� apotelèsmata thc tou prohgoÔmenou kefalaÐou.

'Estw ènac two-component spÐnorac ψ pou metasqhmatÐzetai san (1
2 , 0)L kai ènac two-component

spÐnorac χ̄ pou metasqhmatÐzetai san (0, 1
2)R. AutoÐ oi dÔo spÐnorec orÐzoun èna spÐnora Dirac

Ψ =

(
ψ
χ̄

)
(3.1)

kai ìpwc eÐpame mporoÔme na kataskeu�soume kai ton suzug  tou spÐnora

ΨC =

(
−σ2χ̄∗

σ2ψ∗

)
(3.2)

Sta tetranÔsmata h diafor� metaxÔ enìc sunalloÐwtou kai enìc antalloÐwtou tetranÔsmatoc, eÐnai
ìti metasqhmatÐzontai me ton antÐstrofo nìmo metasqhmatismoÔ.

A′µ =
∂x′µ

∂xρ
Aρ

A′µ =
∂xσ

∂x′µ
Aσ

¸ste h sunaÐresh twn dÔo deikt¸n na mac dÐnei thn analloÐwth posìthta:

A′µA′µ =
∂x′µ

∂xρ
∂xσ

∂x′µ
AρAσ = δσρA

ρAσ = AρAρ

An jèloume na fèroume ton Ðdio sumbolismì (me �nw kai k�tw deÐktec) stouc spÐnorec, ja prèpei na
tou d¸soume to Ðdio perieqìmeno. Dhlad  gia ènan left-handed spÐnora ja prèpei:

ψ′a = (ΛL) r
a ψr (3.3)

ψa′ = (Λ−1
L ) a

s ψ
s (3.4)

43
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¸ste na èqoume thn analloÐwth posìthta:

ψa′ψ′a = (Λ−1
L ) a

s (ΛL) r
a ψ

sψr = δ rs ψ
sψr = ψsψs (3.5)

'Ara eis�goume ènan pÐnaka pou anebokateb�zei deÐktec, antÐstoiqa me thn metrik  sta tetranÔsmata.

ψa = εabψb ψa = εabψ
b (3.6)

Profan¸c autoÐ oi dÔo pÐnakec (o εab kai o εab) ja prèpei na eÐnai metaxÔ touc antÐstrofoi:

ψa = εabψb = εabεbcψ
c ⇒ εabεbc = δac (3.7)

Efarmìzontac autì ton orismì sthn 3.5 èqoume:

ψs′ψ′s = ψaψa ⇒ εsrψr
′ψ′s = εabψbψa

⇒ εsr(ΛL) m
r (ΛL) n

s ψmψn = εnmψmψn

⇒ (ΛTL)nsε
sr(ΛL) m

r = εnm

⇒ σ2ΛTLσ
2 σ2 εΛL = σ2ε

⇒ Λ−1
L σ2ε ΛL = σ2 ε

H teleutaÐa isìthta prèpei na isqÔei gia k�je metasqhmatismì ΛL. 'Ara prèpei o σ2ε na metatÐjetai
me ton ΛL. Autì sumbaÐnei mìno an σ2ε ∼ I, giatÐ oi pÐnakec Pauli apoteloÔn èna irreducible sÔnolo
pin�kwn. SumperaÐnoume ìti:

εab = A(σ2)ab

ìpou A mÐa stajer�. AntÐstoiqa gia ton εab èqoume εab = B(σ2)ab. Apì thn 3.7 èqoume:

ABσ2σ2 = I ⇒ B =
1

A
(3.8)

Se autì to shmeÐo exantloÔntai oi apait seic mac gia ton pÐnaka ε. Opoiad pote epilog  twn stajer¸n
sèbetai thn 3.8 mac k�nei. Epilègoume B = i, ¸ste oi pÐnakec na eÐnai pragmatikoÐ. 'Ara èqoume
katal xei:

εab = −i(σ2)ab =
(

0 −1
1 0

)
ψa = εab ψb (3.9)

εab = i(σ2)ab =
(

0 1
−1 0

)
ψa = εab ψ

b (3.10)

An p�me t¸ra na orÐsoume ènan pÐnaka εȧḃ pou na anebokateb�zei deÐktec se right-handed spÐnorec,
oi Ðdioi sullogismoÐ ja mac odhg soun sto apotèlesma:

εȧḃ = C(σ2)ȧḃ

εȧḃ = D(σ2)ȧḃ

ìpou kai p�li, oi stajerèc sundèontai apì th sqèsh C = 1
D kai mporoÔn na epilegoÔn eleÔjera. An

jèloume oi pÐnakec na eÐnai pragmatikoÐ, p�li prèpei na jèsoume C = i   D = i. Ti apo ta dÔo ìmwc
mac sumfèrei na epilèxoume?
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ParathroÔme ìti ìpoia ki an eÐnai h epilog  mac, o sumbolismìc pou eis�goume ja eÐnai eÐnai sunep c
sta plaÐsia thc right anapar�stashc. Autì pou ja all�zei eÐnai h sqèsh me thn left anapar�stash:

Prèpei na epilèxoume εȧḃ = εab   εȧḃ = εab?

'Estw ènac left-handed spÐnorac ψa me nìmo metasqhmatismoÔ:

ψa −→ ψ′a = (ΛL)ab ψ
b (3.11)

Tìte èqoume th suzug  exÐswsh:

(ψ′a)∗ = (Λ∗L)ab (ψb)∗
2.69⇒ (ψ′a)∗ = (σ2)ar(ΛR) s

r (σ2)sb ψ
∗b

⇒ (σ2)ba(ψ
′a)∗ = (σ2)ba(σ2)ar(ΛR) s

r (σ2)sb ψ
∗b

⇒ i(σ2)ba(ψ
′a)∗ = i(ΛR) s

b (σ2)sb ψ
∗b

3.9⇒ εba(ψ
′a)∗ = (ΛR) s

b εsbψ
∗b

⇒ (ψ′b)
∗ = (ΛR) s

b ψ∗s

'Ara h posìthta (ψb)
∗ metasqhmatÐzetai san (0, 1

2)R kai o b ja prèpei na eÐnai ènac dotted deÐkthc.
Sunep¸c, orÐzoume:

ψ̄ȧ ≡ (ψa)
∗ (3.12)

OmoÐwc, xekin¸ntac apì ènan left spÐnora me deÐkth k�tw ψa, brÐskoume ìti:

(ψ′b)∗ = (ΛR)b s (ψs)∗

kai anagkastik�, orÐzoume:

ψ̄ȧ ≡ (ψa)∗ (3.13)

'Omwc t¸ra mporoÔme na prosdiorÐsoume ton pÐnaka εȧḃ pou anebokateb�zei touc dotted deÐktec wc
ex c:

ψ̄ȧ
3.12
= (ψa)

∗ 3.10
= (εabψ

b)∗ = (εab)
∗(ψb)∗

3.13
= εȧḃψ̄

ḃ

'Ara anagkastik� èqoume touc orismoÔc:

εȧḃ = εab = iσ2 (3.14)

εȧḃ = εab = −iσ2 (3.15)

kai touc antÐstoiqouc metasqhmatismoÔc:

ψa = εab ψb ψȧ = εȧḃ ψḃ

ψa = εab ψ
b ψȧ = εȧḃ ψ

ḃ

Genik� gia na èqoume mÐa eikìna tou ti akrib¸c nìhma èqoun oi deÐktec p�nw-k�tw kai dotted-undotted
arkeÐ na jumìmaste sunoptik� ìti an xekin soume apì to nìmo metasqhmatismoÔ tou left spÐnora ψ,
ψ′a = (ΛL)ab ψ

b, tìte oi di�forec susqetismènec posìthtec ja metasqhmatÐzontai wc ex c:

ψ′a = (ΛL)ab ψ
b ψ̄′ȧ = (ΛR)ȧ

ḃ
ψḃ (3.16)

ψ′a = (Λ−1
L )T

b

a ψb ψ̄′ȧ = (Λ−1
R )T

ḃ

ȧ ψḃ (3.17)
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Oi teleutaÐec exis¸seic mporoÔn na grafoÔn me polloÔc diaforetikoÔc trìpouc, pio xek�jarouc
apì autìn. Se aut  th morf  apl� blepoume ìti to katèbasma enìc deÐkth mac dÐnei posìthta pou
metasqhmatÐzetai me to transpose tou antÐstrofou metasqhmatismoÔ, ¸ste na èqoume tic analloÐwtec
posìthtec:

χaψa −→ (ΛL)ar(Λ
−1
L )T

s

a χrψs = χsψs

χ̄ȧψ̄ȧ −→ (ΛR)ȧṙ(Λ
−1
R )T

ṡ

ȧ χṙψṡ = χṡψṡ

Kai oi dotted deÐktec upodhl¸noun posìthtec pou metasqhmatÐzontai san (0, 1
2)R. SÔmfwna me touc

parap�nw orismoÔc, o spÐnorac Dirac kai o suzug c tou apì tic sqèseic 3.1 kai 3.2 dÐnontai apì tic
ekfr�seic:

Ψ =

(
ψa
χ̄ȧ

)
ΨC =

(
χa
ψ̄ȧ

)
(3.18)

Gia ènan spÐnora Majorana pou èqei thn idiìthta Ψ = ΨC èqoume:

ΨM =

(
ψa
ψ̄ȧ

)
(3.19)

AxÐzei na shmei¸soume ìti ènac spÐnorac Dirac mporeÐ p�nta na grafeÐ sunart sei dÔo spinìrwn
Majorana wc ex c:

Ψ = ΨM1 + iΨM2 ìpou
ΨM1 = 1

2(Ψ + ΨC)

ΨM2 = 1
2i(Ψ−ΨC)

'Estw ènac metasqhmatismìc Lorentz p�nw stic suntetagmènec:

x′µ = Λµνx
ν (3.20)

O metasqhmatismìc autìc, ìpwc gnwrÐzoume apì thn 1.34, gr�fetai sunart sei twn gennhtìrwn 1.32
wc ex c:

Λ = e
i
2
ωρσLρσ (3.21)

Tìte èna spinoriakì pedÐo Dirac ja metasqhmatÐzetai sÔmfwna me thn sqèsh:

Ψ′(x′) = S(Λ)Ψ(x) (3.22)

ìpou S(Λ) h anapar�stash tou Λ p�nw ston spÐnora Dirac. Aut  thn anapar�stash ìmwc, thn
èqoume breÐ:

Ψ′(x′) = e
i
2
ωµνSµνΨ(x)

Oi genn torec orÐzontan apì thn sqèsh 2.130. 'Ara èqoume:

Sµν =
1

2
Σµν =

i

4
[γρ, γσ] =

(
iσρσ 0

0 iσ̄ρσ

)
(3.23)

ìpou orÐsame touc sunduasmoÔc:

σρσ =
1

4
(σµσ̄ν − σν σ̄µ) (3.24)

σ̄ρσ =
1

4
(σ̄µσν − σ̄νσµ) (3.25)
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Oi pÐnakec Pauli ikanopoioÔn tic sqèseic:

σ2σµσ
2 = (σ̄µ)T (3.26)

σ2σ̄µσ
2 = (σµ)T (3.27)

Oi pÐnakec σρσ kai σ̄ρσ ikanopoioÔn tic sqèseic:

σ2σµνσ
2 = −(σµν)T (3.28)

σ2σ̄µνσ
2 = −(σ̄µν)T (3.29)

σ†µν = −σ̄µν (3.30)

Me ton teleutaÐo orismì oi sqèseic 2.119 kai 2.120 gr�fontai:

(SL)αβ =
i

4
(σασ̄β − σασ̄β) = iσαβ (3.31)

(SR)αβ =
i

4
(σ̄ασβ − σ̄βσα) = iσ̄αβ (3.32)

'Ara oi nìmoi metasqhmatismoÔ gia touc left kai right spÐnorec eÐnai:

ψ′a = S1(Λ) b
a ψb (3.33)

χ̄′ȧ = S2(Λ)ȧ
ḃ
χb (3.34)

ìpou:

S1(Λ) = e−
1
2
ωµνσµν

S2(Λ) = e−
1
2
ωµν σ̄µν

ParathroÔme ìti lìgw thc 3.30 èqoume:

S1(Λ)† = S2(Λ)−1

S2(Λ)† = S1(Λ)−1

poÔ den eÐnai par� oi sqèseic 2.66 kai 2.67. To gegonìc ìti oi pÐnakec σρσ kai σ̄ρσ metasqhmatÐzoun
touc dotted kai undotted spÐnorec, shmaÐnei ìti prèpei oi Ðdioi na perigr�fontai apì touc deÐktec:

(σµν) b
a (σ̄µν)ȧ

ḃ
(3.35)

Oi nìmoi metasqhmatismoÔ twn spinìrwn ψa kai χ̄ȧ prokÔptoun �mesa apì ton orismì touc:

ψ′a = εarψ′r = εarS1(Λ) s
r ψs = εarS1(Λ) s

r εsbψ
b = S3(Λ)abψ

b (3.36)

χ̄ȧ = εȧṙχ
′r = εȧṙS2(Λ)ṙṡχ

ṡ = εȧṙS2(Λ)ṙṡε
ṡḃχḃ = S4(Λ) ḃ

ȧ χḃ (3.37)

ìpou oi pÐnakec S3(Λ) kai S4(Λ) dÐnontai apì tic sqèseic:

S3(Λ) = σ2S1(Λ)σ2 3.28
= ST1 (Λ)−1 (3.38)

S4(Λ) = σ2S2(Λ)σ2 3.29
= ST2 (Λ)−1 (3.39)

oi opoÐec den eÐnai par� oi sqèseic 3.16 kai 3.17 pou br kame pio p�nw. T¸ra mporoÔme polÔ eÔkola
na kataskeu�soume:
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• Bajmwtèc posìthtec

χaψa = −χaψa (3.40)

χ̄ȧψ̄
ȧ = −χ̄ȧψ̄ȧ (3.41)

Oi posìthtec autèc eÐnai autèc pou br kame stic sqèseic 2.75 kai 2.76.

• TetranÔsmata

χ̄ȧ(σµ)ȧaψa = χ̄ȧ(σ̄µ)aȧψ
a (3.42)

χa(σµ)aȧψ̄
ȧ = χa(σ̄µ)ȧaψ̄ȧ (3.43)

Oi parap�nw posìthtec eÐnai den eÐnai �llec apì autèc pou orÐsamec stic sqèseic 2.102 kai
2.103.

• Tanustèc

χa(σµν) b
a ψb = χa(σµν) a

b ψ
b (3.44)

χ̄ȧ(σ̄µν)ȧ
ḃ
ψ̄ḃ = χ̄ȧ(σ̄µν)ḃȧψ̄ḃ (3.45)

Mèqri stigm c den eÐqame kataskeu�sei tanustèc apì two-component spÐnorec, all� mporoÔme
polÔ eÔkola na epibebai¸soume ìti oi posìthtec autèc pr�gmati metasqhmatÐzontai san tanu-
stèc. An jèloume na epanafèroume th fusiologik  seir� twn deikt¸n stic teleutaÐec sqèseic,
mporoÔme na antimetajèsoume touc dÔo spÐnorec, all� ja p�roume èna arnhtikì prìshmo epeid 
oi spÐnorec eÐnai Grassman numbers.

'Oloi oi spÐnorec eÐnai metablhtèc Grassman kai èqoun thn idiìthta na antimetatÐjentai:

{ψ, χ} = {ψ̄, χ̄} = {ψ, χ̄} = 0 (3.46)

'Ara an 'diorj¸soume' th seir� twn deikt¸n stic sqèseic 3.40 èwc 3.45, èqoume:

χaψa = ψaχa (3.47)

χ̄ȧψ̄
ȧ = ψ̄ȧχ̄

ȧ (3.48)

χ̄ȧ(σµ)ȧaψa = −ψa(σ̄µ)aȧχ̄
ȧ (3.49)

χa(σµ)aȧψ̄
ȧ = −ψ̄ȧ(σ̄µ)ȧaχa (3.50)

χa(σµν) b
a ψb = −ψa(σµν) b

a χb (3.51)

χ̄ȧ(σ̄µν)ȧ
ḃ
ψ̄ḃ = −ψ̄ȧ(σ̄µν)ȧ

ḃ
χ̄ḃ (3.52)

MporoÔme na paraleÐyoume touc deÐktec pou ajroÐzontai kai na orÐsoume, sÔmfwna me tic parap�nw
sqèseic, ta ex c:

χψ = ψχ = χaψa (3.53)

χ̄ψ̄ = ψ̄χ̄ = χ̄ȧψ̄
ȧ (3.54)

Prosèqoume ìti eÐqame dÔo epilogèc ston orismì tou χψ. EmeÐc epilèxame o pr¸toc deÐkthc na eÐnai
p�nta ep�nw kai o deÔteroc k�tw. Gia touc dotted spÐnorec k�name thn akrib¸c an�podh epilog .
OmoÐwc epilègoume na orÐsoume mèsw twn ekfr�sewn 3.50 kai 3.51 ta ex c:

χσµψ̄ = χa(σµ)aḃψ̄
ḃ (3.55)

χσµνψ = χa(σµν) b
a ψb (3.56)

Me b�sh touc parap�nw orismoÔc, epitrèpetai t¸ra na orÐsoume ta ex c migadik� suzug :
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• To migadikì suzugèc enìc spÐnora orÐzetai wc ex c:

(ψa)
† = (ψa)

∗ = ψ̄ȧ (3.57)

(χa)† = (χa)∗ = χ̄ȧ (3.58)

• To migadikì suzugèc enìc bajmwtoÔ orÐzetai wc ex c:

(χaψa)
† = (χψ)† = ψ†χ† = (ψa)

†(χa)† = ψ̄ȧχ̄
ȧ = ψ̄χ̄ = χ̄ψ̄ (3.59)

• To migadikì suzugèc enìc tetranÔsmatoc orÐzetai wc ex c:

(χσµψ̄)† = ψσµχ̄ = −χ̄σµψ = −(ψ̄σ̄µχ)† (3.60)

• To migadikì suzugèc enìc tanust  deÔterhc t�xhc orÐzetai wc ex c:

(χσµνψ)† = −(ψ̄σ̄µνχ̄) = χ̄σ̄µνψ̄ = −(ψσµνχ)† (3.61)

T¸ra mporoÔme na ekfr�soume ìla ta Bilinear Covariants pou prokÔptoun apo spÐnorec Dirac su-
nart sei twn spinìrwn Weyl pou touc apoteloÔn. Sugkekrimèna, an èqoume dÔo spÐnorec Dirac sthn
anapar�stash Weyl:

Ψ =

(
ψa
χ̄ȧ

)
Φ =

(
φa
η̄ȧ

)
(3.62)

tìte mporoÔme na anaptÔxoume tic posìthtec Ψ̄Φ, Ψ̄γ5Φ, Ψ̄γµΦ klp. qrhsimopoi¸ntac spÐnorecWeyl:

Scalar Ψ̄Φ = ψ̄η̄ + χφ = (Φ̄Ψ)† (3.63)

Pseudo-scalar Ψ̄γ5Φ = ψ̄η̄ − χφ = −(Φ̄γ5Ψ)† (3.64)

Vector Ψ̄γµΦ = χ̄σµη̄ + ψσ̄µφ = (Φ̄γµΨ)† (3.65)

Pseudo-Vector Ψ̄γµγ5Φ = χ̄σµη̄ − ψσ̄µφ = (Φ̄γµγ5Ψ)† (3.66)

Tensor Ψ̄ΣµνΦ = iχσµνφ+ iψ̄σ̄µν η̄ = (Φ̄ΣµνΨ)† (3.67)

Oi posìthtec autèc metasqhmatÐzontai pr�gmati san bajmwt�, yeudobajmwt�, klp. To èqoume  dh
deÐxei autì gia to bajmwtì (3.63) kai to tetr�nusma (3.65). Akolouj¸ntac mÐa antÐstoiqh diadikasÐa
mporoÔme na broÔme kai touc �llouc nìmouc metasqhmatismoÔ gia tic upìloipec posìthtec. Upenju-
mÐzw ìti ta yeudo-bajmwt� kai ta yeudoanÔsmata, diafèroun apì ta bajmwt� kai ta anÔsmata mìno
sto ìti eÐnai �rtia k�tw apì parity.

H shmasÐa twn posot twn aut¸n eÐnai meg�lh. ParathroÔme ìti ìlec apoteloÔntai apì dÔo spÐnorec
Dirac (ex oÔ kai o ìroc bilinear) kai k�poion pÐnaka 4×4 sth mèsh. ParathroÔme ìti sunolik� èqoume
16 diaforetikoÔc tètoiouc pÐnakec γ0, γ5, γµ, γµγ5,Σµν (dhl. 1+1+4+4+6) pÐnakec. Akrib¸c ìso to
pl joc twn anusm�twn b�shc sto q¸ro twn 4 × 4 tetragwnik¸n pin�kwn! Sthn pragmatikìthta,
apodeiknÔetai ìti oi pÐnakec autoÐ eÐnai metaxÔ touc grammik� anex�rthtoi kai apoteloÔn b�sh ston
q¸ro autì, k�tw apì èna kat�llhlo eswterikì ginìmeno [bl. Par�rthma A exÐswsh (2)]. 'Ara k�je
�lloc pÐnakac 4 × 4 mporeÐ na grafeÐ sunart sei aut¸n. To sumpèrasma pou bg�zoume eÐnai polÔ
shmantikì: K�je posìthta digrammik  (bilinear) stouc spÐnorec Dirac mporeÐ na grafeÐ sunart sei
aut¸n twn 16 posot twn.
An jewr soume ginìmena tètoiwn posot twn, dhlad  nèec posìthtec digrammikèc se autèc pou  dh
kataskeu�same [p.q. scalar⊗scalar: (φη)(ψχ)] mporoÔme na anaptÔxoume ta ginìmena aut� p�nw
sta gnwst� bilinear covariants pou br kame parap�nw. Oi tautìthtec pou k�noun aut  thn doulei�
onom�zontai tautìthtec Fierz.
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Kef�laio 4

UpersummetrÐa

Sth sunèqeia ja gr�youme mÐa dr�sh pou ja perièqei bajmwtoÔc kai spinoriakoÔc kinhtikoÔc ìrouc.
Ja exet�soume thn pijanìthta na up�rqei k�poia summetrÐa p�nw sta pedÐa, pou na sundèei touc
bajmwtoÔc kai spinoriakoÔc (fermionikoÔc) kinhtikoÔc ìrouc, epitrèpontac ètsi mh-tetrimmènec allh-
lepidr�seic metaxÔ twn bajmwt¸n kai spinoriak¸n pedÐwn. Mia tètoia summetrÐa onom�zetai uper-
summetrÐa.
Gia na to petÔqoume autì, ja prospaj soume na k�noume touc kinhtikoÔc ìrouc twn bajmwt¸n pe-
dÐwn na moi�zoun ìso gÐnetai me autoÔc twn spinoriak¸n. Jèloume na èqoun touc Ðdiouc bajmoÔc
eleujerÐac kai tic Ðdiec eswterikèc analloiìthtec. Epomènwc, ja p�roume ènan majorana spinor χ
kai dÔo bajmwt� pedÐa S kai P .
Gia touc spinoriakoÔc kinhtikoÔc ìrouc èqoume:

LL = 1
2ψ
†
Lσ

µ
↔
∂ µψL

LR = 1
2ψ
†
Rσ̄

µ
↔
∂ µψR

}
⇒ LDIRAC = LL + LR =

1

2
ψ̄γµ

↔
∂ µψ (4.1)

O kinhtikìc ìroc pou gr�yame eÐnai conformally invariant, ìpwc kai oi antÐstoiqoi kinhtikoÐ ìroi twn
bajmwt¸n pedÐwn, all�, ìpwc eÐdame, èqei dÔo epiplèon eswterikèc analloiìthtec k�tw apì touc
metasqhmatismoÔc f�shc:

ψ → eiβψ

ψ → eiβγ5ψ

An ìmwc p�roume to ψ wc majorana spinor χ =

(
ψL
−σ2ψ∗L

)
up�rqei mìno h analloiìthta

: χ→ eiβγ5χ (4.2)

Epiplèon, ènac majorana spinor èqei touc misoÔc bajmoÔc eleujerÐac apì ènan spÐnora Dirac.

Gia touc bajmwtoÔc kinhtikoÔc ìrouc èqoume:

1

2
∂µS∂

µS +
1

2
∂µP∂

µP

H teleutaÐa èkfrash èqei mÐa eswterik  summetrÐa k�tw apì ton metasqhmatismì:(
S′

P ′

)
=

(
cosβ −sinβ
sinβ cosβ

)(
S
P

)
51
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h opoÐa isodÔnama gr�fetai:

(S + iP )→ eiβ(S + iP ) (4.3)

'Ara mporoÔme na gr�youme mÐa lagkrantzian  pou na eÐnai analloÐwth k�tw apì touc metasqhmati-
smoÔc 4.2 kai 4.3 kai epiplèon na eÐnai conformally invariant.

L0 =
1

2
∂µS∂

µS +
1

2
∂µP∂

µP +
1

4
χ̄γµ

↔
∂ µχ (4.4)

An up�rqoun epiplèon summetrÐec, autèc ja prokÔptoun apì analloiìthta se metasqhmatismoÔc pou
mplèkoun ta bajmwt� pedÐa S kai P me to spinoriakì pedÐo χ. Genik� ènac tètoioc metasqhmatismìc
prèpei na upakoÔei se k�poiouc periorismoÔc. Xekin�me apì thn metabol  twn pedÐwn S kai P :

δS = ξ̄Mχ

δP = ξ̄Nχ

ìpou ξ oi apeirostèc par�metroi tou metasqhmatismoÔ, pou prèpei anagkastik� na eÐnai spÐnorac
Majorana, kai M, N 4 × 4 pÐnakec pou droun p�nw ston spÐnora χ. K�je tètoioc pÐnakac mporeÐ na
anaptuqjeÐ p�nw sth b�sh pou sqhmatÐzoun oi pÐnakec γ tou Dirac kai ta ginìmen� touc (sunolik� 16
pÐnakec) 1, γ5, γ5γµkaiΣµν , ìpou

1
2Σµν = i

4 [γµ, γν ]. Kaj¸c ìmwc den up�rqoun deÐktec Lorentz sthn
èkfrash pou zht�me, o M mporeÐ na perièqei mìno ton 1 kai ton γ5. Qrhsimopoi¸ntac thn eleujerÐa
pou mac dÐnei h 4.3, orÐzoume qwrÐc bl�bh thc genikìthtac tic metabolèc twn pedÐwn S kai P wc ex c:

δS = iaξ̄χ (4.5)

δP = bξ̄γ5χ (4.6)

ìpou a kai b �gnwstoi pragmatikoÐ suntelestèc. 'Etsi, h metabol  twn kinhtik¸n ìrwn ja dÐnetai apì
thn:

δ[
1

2
∂µS∂

µS +
1

2
∂µP∂

µP ] = (ia∂µSξ̄ + b∂µP ξ̄γ5)∂µχ (4.7)

Prin orÐsoume th metabol  tou pedÐou χ, prèpei na anafèroume k�poiec qr simec idiìthtec met�je-
shc twn Majorana spinor bilinears. Gia dÔo opoiousd pote spÐnorec Majorana ζ kai η isqÔoun oi
parak�tw idiìthtec:

ζ̄η = η̄ζ ζ̄γµη = −η̄γµζ
ζ̄γ5η = η̄γ5ζ ζ̄Σµνη = −η̄Σµνζ
ζ̄γµγ5η = η̄γµγ5ζ

T¸ra ja orÐsoume th metabol  tou pedÐou χ, ¸ste na paramènei h 4.1 analloÐwth.

δ[
1

4
χ̄γµ

↔
∂ µχ] =

1

4
(χ+ δχ)γµ

↔
∂ µ(χ+ δχ)− 1

4
χ̄γµ

↔
∂ µχ

=
1

4
χ̄γµ

↔
∂ µχ+

1

4
χ̄γµ

↔
∂ µδχ+

1

4
δχ̄γµ

↔
∂ µχ−

1

4
χ̄γµ

↔
∂ µχ+O(δχ2)

=
1

4
χ̄γµ

↔
∂ µδχ+

1

4
δχ̄γµ

↔
∂ µχ+O(δχ2)

=
1

4
χ̄γµ∂µδχ−

1

4
∂µχ̄γ

µδχ+
1

4
δχ̄γµ∂µχ−

1

4
∂µδχ̄γ

µχ+O(δχ2)
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All�zontac lÐgo ton 1o kai ton 2o ìro, bg�zontac èxw k�poiec olikèc parag¸gouc, èqoume:

=

[
1

4
γµ∂µ(χ̄δχ)− 1

4
∂µχ̄γ

µδχ

]
− 1

4
∂µχ̄γ

µδχ+
1

4
δχ̄γµ∂µχ+

[
−1

4
γµ∂µ(δχ̄χ) +

1

4
δχ̄γµ∂µχ

]
+O(δχ2)

=
1

4
γµ∂µ(χ̄δχ− δχ̄χ)− 1

2
∂µχ̄γ

µδχ+
1

2
δχ̄γµ∂µχ+O(δχ2)

Agno¸ntac ton pr¸to ìro, pou eÐnai apl� mÐa olik  par�gwgoc, kai touc ìrouc O(δχ2), kai qrhsi-
mopoi¸ntac thn idiìthta ζ̄γµη = −η̄γµζ, pou anafèrame nwrÐtera ston deÔtero ìro, èqoume:

δ[
1

4
χ̄γµ

↔
∂ µχ] = δχ̄γµ∂µχ (4.8)

H sunolik  metabol  thc Lagkrantzian c eÐnai:

δL0 = (δχ̄γµ + ia∂µSξ̄ + b∂µP ξ̄γ5) ∂µχ+
1

4
γµ∂µ(χ̄δχ− δχ̄χ)

= ∂µ(δχ̄γµχ+ ia∂µSξ̄χ+ b∂µP ξ̄γ5χ)− (∂µδχ̄γ
µ + ia∂µ∂

µSξ̄ + b∂µ∂
µP ξ̄γ5) χ+

1

4
γµ∂µ(χ̄δχ− δχ̄χ)

= −(∂µδχ̄γ
µ + ia∂µ∂

µSξ̄ + b∂µ∂
µP ξ̄γ5) χ+ surface terms (4.9)

ParathroÔme ìti an o ìroc mèsa sthn parènjesh mhdenÐzetai, h Lagkrantzian  all�zei mìno kat� mÐa
olik  par�gwgo. 'Ara apaitoÔme:

∂µδχ̄γ
µ + ia∂µ∂

µSξ̄ + b∂µ∂
µP ξ̄γ5 = 0

MÐa lÔsh thc teleutaÐac exÐswshc eÐnai h:

δχ = iaγρξ∂
ρS + bγργ5ξ∂

ρP (4.10)

pou sunep�getai:
δχ̄ = −ia∂ρSξ̄γρ − bξ̄γ5γρ∂

ρP (4.11)

Pr�gmati, antikajist¸ntac, èqoume:

∂µδχ̄γµ + ia∂µ∂
µSξ̄ + b∂µ∂

µP ξ̄γ5 = (−ia∂µ∂ρSξ̄γργµ − bξ̄γ5γρ∂
µ∂ρPγµ) + ia∂µ∂

µSξ̄ + b∂µ∂
µP ξ̄γ5

= −ia∂µ∂µSξ̄ − b∂µ∂µP ξ̄γ5 + ia∂µ∂
µSξ̄ + b∂µ∂

µP ξ̄γ5

= 0

Sthn proteleutaÐa isìthta qrhsimopoi same thn idiìthta γµγρ∂µ∂ρ = ∂µ∂
µ. 'Ara, br kame èna sÔnolo

metasqhmatism¸n metaxÔ bajmwt¸n kai spinoriak¸n pedÐwn pou af noun th Lagrantzian  ?? anallo-
Ðwth mèqri mÐa olik  par�gwgo.

Sth sunèqeia exet�zoume an autoÐ oi metasqhmatismoÐ kleÐnoun kai apoteloÔn om�da. 'Estw o apei-
rostìc (upersummetrikìc) metasqhmatismìc U :

S → S′ = US = S + δS ìpou δS = iaξ̄χ (4.12)

Me antÐstoiqec sqèseic na isqÔoun kai gia ta pedÐa P kai χ. 'Opwc xèroume apì th jewrÐa om�dwn,
k�je om�da Lie qarakthrÐzetai apì mÐa �lgebra Lie. AntÐstrofa, se k�je kleist  �lgebra Lie pe-
perasmènhc di�stashc, antistoiqeÐ mÐa om�da Lie. Me �lla lìgia, an exet�soume touc metajètec tou
metasqhmatismoÔ U1 pou orÐsame, pr¸ton me ènan �llo tètoio metasqhmatismì U2, kai deÔteron me
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metasqhmatismoÔc Poincare kai broÔme ìti h �lgebra kleÐnei, tìte oi metasqhmatismoÐ Poincare, mazÐ
me touc upersummetrikoÔc metasqhmatismoÔc pou orÐsame apoteloÔn om�da!

Arqik� ja melet soume th dr�sh dÔo diadoqik¸n metasqhmatism¸n U1 kai U2 p�nw sta trÐa diafo-
retik� pedÐa pou emfanÐzontai sth Lagkranzian  mac, ta S, P kai χ. O metajèthc touc ja prèpei
na eÐnai Ðdioc se k�je perÐtwsh, anex�rthta apì to se pio pedÐo dra gia na eÐnai kal� orismènoc. Ac
broÔme loipìn th dr�sh tou metajèth p�nw sta pedÐa:

• Gia to bajmwtì pedÐo S èqoume:

[U1, U2]S = U1(S + δ2S)− U2(S + δ1S)

= S + δ1S + δ2S + δ1δ2S − S − δ2S − δ1S − δ2δ1S

= δ1δ2S − δ2δ1S

= δ1(iaξ̄2χ)− δ2(iaξ̄1χ)

= iaξ̄2[iaγρξ1∂
ρS + bγργ5ξ1∂

ρP ]− iaξ̄1[iaγρξ2∂
ρS + bγργ5ξ2∂

ρP ]

= a2∂ρS(−ξ̄2γρξ1 + ξ̄1γρξ2)− iab∂ρP (ξ̄1γργ5ξ2 − ξ̄2γργ5ξ1)

= −a2∂ρS(ξ̄2γρξ1 + ξ̄2γρξ1)− iab∂ρP (ξ̄1γργ5ξ2 − ξ̄1γργ5ξ2)

= −2a2∂ρS (ξ̄2γρξ1) (4.13)

'Ara br kame ìti h dr�sh dÔo upersummetrik¸n metasqhmatism¸n p�nw sto S dÐnei met�jesh
tou S kat� mÐa posìthta −i2a2ξ̄2γρξ1. KateujeÐan blèpoume ìti oi upersummetrikoÐ metasqh-
matismoÐ den apoteloÔn om�da apì mìnoi touc giatÐ o metajèthc touc den eÐnai upersummetrikìc
metasqhmatismìc, all� met�jesh. Prèpei loipìn sthn �lgebra Lie na sumperil�boume kai touc
genn torec twn qwrik¸n metajèsewn.

• Sth sunèqeia exet�zoume to Ðdio gia to pedÐo P :

[U1, U2]P = δ1δ2P − δ2δ1P

= δ1(bξ̄2γ5χ)− δ2(bξ̄1γ5χ)

= bξ̄2γ5(iaγρξ1∂
ρS + bγργ5ξ1∂

ρP )− bξ̄1γ5(iaγρξ2∂
ρS + bγργ5ξ2∂

ρP )

= iab∂ρS(ξ̄2γ5γρξ1 − ξ̄1γ5γρξ2) + b2∂ρP (ξ̄2γ5γργ5ξ1 − ξ̄1γ5γργ5ξ2)

= iab∂ρS(ξ̄2γ5γρξ1 − ξ̄2γ5γρξ1)− b2∂ρP (ξ̄2γρξ1 − ξ̄1γρξ2)

= −b2∂ρP (ξ̄2γρξ1 + ξ̄2γρξ1)

= −2b2(ξ̄2γρξ1)∂ρP (4.14)

'Opwc eÐpame o metajèthc dÔo upersummetrik¸n metasqhmatism¸n [U1, U2] prèpei na eÐnai su-
gkekrimènoc, anex�rthta apo to p�nw se pio pedÐo dra. 'Ara prèpei na isqÔei:

b = ±a (4.15)

• Tèloc melet�me thn metabol  tou χ. Jèloume kai ed¸, o metajèthc twn dÔo metasqhmatism¸n
na mac d¸sei mÐa met�jesh, akrib¸c ìpwc kai sta pedÐa S kai P .

[U1, U2]χ = δ1δ2χ− δ2δ1χ

= δ1(iaγρξ2∂
ρS + bγργ5ξ2∂

ρP )− δ2(iaγρξ1∂
ρS + bγργ5ξ1∂

ρP )

= iaγρξ2∂
ρ(δ1S) + bγργ5ξ2∂

ρ(δ1P )− iaγρξ1∂
ρ(δ2S)− bγργ5ξ1∂

ρ(δ2P )

= iaγρξ2∂
ρ(iaξ̄1χ) + bγργ5ξ2∂

ρ(bξ̄1γ5χ)− iaγρξ1∂
ρ(iaξ̄2χ)− bγργ5ξ1∂

ρ(bξ̄2γ5χ)

= −a2γρ(ξ2ξ̄1 − ξ1ξ̄2)∂ρχ+ b2γργ5(ξ2ξ̄1 − ξ1ξ̄2)γ5∂
ρχ
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T¸ra all�zoume tic ekfr�seic stic parenjèseic, qthsimopoi¸ntac thn akìloujh tautìthta
Fierz:

ξ2ξ̄1 − ξ1ξ̄2 = −1

2
ξ̄1γ

µξ2γµ −
1

4
ξ̄1Σαβξ2Σαβ (4.16)

Kai epiplèon, lìgw thc 4.15, mporoÔme na apaleÐyoume ta b. 'Etsi èqoume:

[U1, U2]χ = −a2γρ

(
−1

2
ξ̄1γ

µξ2γµ −
1

4
ξ̄1Σαβξ2Σαβ

)
∂ρχ+ a2γργ5

(
−1

2
ξ̄1γ

µξ2γµ −
1

4
ξ̄1Σαβξ2Σαβ

)
γ5∂

ρχ

= a2 1

2
γρξ̄1γ

µξ2γµ∂
ρχ+

1

4
a2γρξ̄1Σαβξ2Σαβ∂

ρχ− a2 1

2
γργ5ξ̄1γ

µξ2γµγ5∂
ρχ− 1

4
a2γργ5ξ̄1Σαβξ2Σαβγ5∂

ρχ

'Omwc isqÔei [Σαβ, γ5] = 0, {γµ, γ5} = 0 kai (γ5)2 = 1. Opìte krat¸ntac touc dÔo pr¸touc
ìrouc ìpwc eÐnai kai metakin¸ntac ton γ5 arister� stouc upìloipouc, èqoume:

[U1, U2]χ = a2 1

2
γρξ̄1γ

µξ2γµ∂
ρχ+

1

4
a2γρξ̄1Σαβξ2Σαβ∂

ρχ+ a2 1

2
γρξ̄1γ

µξ2γµ∂
ρχ− 1

4
a2γρξ̄1Σαβξ2Σαβ∂

ρχ

= a2γρξ̄1γ
µξ2γµ∂

ρχ

= −a2ξ̄2γ
µξ1γργµ∂

ρχ

Qrhsimopoi¸ntac t¸ra ton antimetajèth {γµ, γν} = 2gµν , èqoume γργµ = −γµγρ + 2gµρ. Anti-
kajist¸ntac, èqoume:

[U1, U2]χ = a2ξ̄2γ
µξ1γµγρ∂

ρχ− 2a2ξ̄2γ
µξ1gµρ∂

ρχ

= −2a2ξ̄2γµξ1∂
µχ+ a2ξ̄2γ

µξ1γµγρ∂
ρχ (4.17)

Blèpoume ìti o pr¸toc ìroc eÐnai autìc pou jèlame, prokeimènou o metajèthc dÔo upersummetrik¸n
metasqhmatism¸n na eÐnai o Ðdioc, anex�rthta apì to se poio pedÐo dra. Up�rqei ìmwc mÐa anomoio-
gèneia, h opoÐa mhdenÐzetai mìno ìtan isqÔoun oi klassikèc exis¸seic kÐnhshc.

∂L
∂χ̄

= ∂µ

[
∂L

∂(∂µχ̄)

]
⇒ 1

4
γµ∂µχ = ∂µ

[
−1

4
γµχ

]
⇒ γµ∂µχ = 0

Prokeimènou na exafanÐsoume autìn ton ìro ja prèpei na all�xoume ton orismì tou δχ qwrÐc na
p�youn na isqÔoun oi sqèseic gia ta pedÐa S kai P . 'Estw ìti prosjètoume ston orismì ènan epiplèon
ìro δχ̃ = (F + iγ5G)ξ, ìpou F kai G bajmwt� pedÐa:

[U1, U2]S = U1(S + δ2S)− U2(S + δ1S)

= S + δ1S + δ2S + δ1δ2S − S − δ2S − δ1S − δ2δ1S

= δ1δ2S − δ2δ1S

= δ1(iaξ̄2χ)− δ2(iaξ̄1χ)

= iaξ̄2[iaγρξ1∂
ρS + bγργ5ξ1∂

ρP + (F + iγ5G)ξ1]− iaξ̄1[iaγρξ2∂
ρS + bγργ5ξ2∂

ρP + (F + iγ5G)ξ2]

= a2∂ρS(−ξ̄2γρξ1 + ξ̄1γρξ2)− iab∂ρP (ξ̄1γργ5ξ2 − ξ̄2γργ5ξ1) + iaξ̄2(F + iγ5G)ξ1 − iaξ̄1(F + iγ5G)ξ2

= −a2∂ρS(ξ̄2γρξ1 + ξ̄2γρξ1)− iab∂ρP (ξ̄1γργ5ξ2 − ξ̄1γργ5ξ2) + 0

= −2a2 (ξ̄2γρξ1) ∂ρS (4.18)
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Sth sunèqeia exet�zoume to Ðdio gia to pedÐo P :

[U1, U2]P = δ1δ2P − δ2δ1P

= δ1(bξ̄2γ5χ)− δ2(bξ̄1γ5χ)

= bξ̄2γ5[iaγρξ1∂
ρS + bγργ5ξ1∂

ρP + (F + iγ5G)ξ1]

− bξ̄1γ5[iaγρξ2∂
ρS + bγργ5ξ2∂

ρP + (F + iγ5G)ξ2]

= −iab∂ρS(−ξ̄2γ5γρξ1 + ξ̄1γ5γρξ2) + b2∂ρP (ξ̄2γ5γργ5ξ1 − ξ̄1γ5γργ5ξ2)

+ bξ̄2γ5(F + iγ5G)ξ1 − bξ̄1γ5(F + iγ5G)ξ2

= −iab∂ρS(−ξ̄2γ5γρξ1 + ξ̄2γ5γρξ1)− b2∂ρP (ξ̄2γρξ1 − ξ̄1γρξ2)

= −b2∂ρP (ξ̄2γρξ1 + ξ̄2γρξ1)

= −2a2(ξ̄2γρξ1)∂ρP (4.19)

Blèpoume ìti exaitÐac twn idiot twn twn Majorana spinors isqÔei: ibξ̄2γ5(F + iγ5G)ξ1 = ibξ̄1γ5(F +
iγ5G)ξ2 kai oi antÐstoiqoi ìroi apaleÐfontai. 'Ara h epiplèon metabol  pou prosjèsame sto δχ den
mac dhmiourgeÐ prìblhma sta pedÐa S kai P . Ac doÔme t¸ra ti suneisfor� ja èqei ston metajèth gia
to pedÐo χ kai an ja mporèsoume na to qrhsimopoi soume gia na aporrof soume ton anepijÔmhto ìro.

[U1, U2]χ = δ1δ2χ− δ2δ1χ

= δ1[iaγρξ2∂
ρS + bγργ5ξ2∂

ρP + (F + iγ5G)ξ2]− δ2[iaγρξ1∂
ρS + bγργ5ξ1∂

ρP + (F + iγ5G)ξ1]

= iaγρξ2∂
ρ(δ1S) + bγργ5ξ2∂

ρ(δ1P )− iaγρξ1∂
ρ(δ2S)− bγργ5ξ1∂

ρ(δ2P )

+ (δ1F + iγ5δ1G)ξ2 − (δ2F + iγ5δ2G)ξ1

= −2a2ξ̄2γµξ1∂
µχ+ a2ξ̄2γ

µξ1γµγρ∂
ρχ+ (δ1F + iγ5δ1G)ξ2 − (δ2F + iγ5δ2G)ξ1 (4.20)

O pr¸toc ìroc eÐnai o epijumhtìc. O deÔteroc eÐnai h anomoiogèneia pou jèloume na aporrof soume.
O trÐtoc kai o tètartoc eÐnai h nèa suneisfor� pou eisag�game prokeimènou na aporrofhjeÐ o deÔteroc
ìroc. K�noume ta ex c b mata:

• Anadiat�ssoume touc ìrouc thc anomoiogèneiac qrhsimopoi¸ntac tic tautìthtec Fierz:

a2(ξ̄2γ
µξ1γµ)γρ∂

ρχ = −a2(ξ1ξ̄2 − ξ2ξ̄1)γρ∂
ρχ+ a2γ5(ξ1ξ̄2 − ξ2ξ̄1)γ5γρ∂

ρχ (4.21)

• OrÐzoume tic metabolèc twn bohjhtik¸n pedÐwn F kai G wc ex c:

δ1F = −a2ξ̄1γρ∂
ρχ (4.22)

δ1G = −ia2ξ̄1γ5γρ∂
ρχ (4.23)

• ParathroÔme ìti h epiplèon suneisfor� (δ1F + iγ5δ1G)ξ2 − (δ2F + iγ5δ2G)ξ1 pou eisag�game,
qrhsimopoi¸ntac touc parap�nw orismoÔc gia ta δ1F kai δ1G mac dÐnei:

(δ1F + iγ5δ1G)ξ2 − (δ2F + iγ5δ2G)ξ1 = δ1Fξ2 + iγ5δ1Gξ2 − δ2Fξ1 + iγ5δ2Gξ1

= −a2ξ2ξ̄1γρ∂
ρχ+ a2γ5ξ2ξ̄1γ5γρ∂

ρχ

+ a2ξ1ξ̄2γρ∂
ρχ− a2γ5ξ1ξ̄2γ5γρ∂

ρχ

= +a2(ξ1ξ̄2 − ξ2ξ̄1)γρ∂
ρχ− a2γ5(ξ1ξ̄2 − ξ2ξ̄1)γ5γρ∂

ρχ

ParathroÔme ìti aut  eÐnai akrib¸c h antÐjeth apì thn èkfrash 4.21. Dhlad  me thn epilog 
twn 4.22 kai 4.23 gia tic metabolèc twn bohjhtik¸n pedÐwn F kai G, h epiplèon suneisfor� pou
br kame exoudeter¸nei thn anomoiogèneia 4.21.
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Sunep¸c h èkfrash 4.20 mac dÐnei:

[U1, U2]χ = −2a2ξ̄2γµξ1∂
µχ (4.24)

Pou eÐnai akrib¸c autì pou jèlame. SunoyÐzontac, èqoume orÐsei ton metasqhmatismì:

δχ = iaγρξ∂
ρS ± aγργ5ξ∂

ρP + (F + iγ5G)ξ (4.25)

δS = iaξ̄χ (4.26)

δP = ±aξ̄γ5χ (4.27)

δF = −a2ξ̄γρ∂
ρχ (4.28)

δG = −ia2ξ̄γ5γρ∂
ρχ (4.29)

O metajèthc dÔo upersummetrik¸n metasqhmatism¸n p�nw sta pedÐa dÐnetai apì tic sqèseic 4.18, 4.19
kai4.24:

[U1, U2]S = −2a2 (ξ̄2γρξ1) ∂ρS (4.30)

[U1, U2]P = −2a2(ξ̄2γρξ1)∂ρP (4.31)

[U1, U2]χ = −2a2(ξ̄2γµξ1)∂µχ (4.32)

T¸ra prèpei ìmwc na k�noume �llo èna b ma. Epeid  èqoume eisag�gei �lla dÔo bajmwt� pedÐa sto
montèlo mac, prèpei na exet�soume kai gia aut� ton nìmo metasqhmatismoÔ touc. 'Opwc èqoume  dh
pei, o metajèthc prèpei na èqei thn Ðdia dr�sh p�nw se ìla ta pedÐa. Gia to F èqoume:

[U1, U2]F = δ1(δ2F )− δ2(δ1F )

= δ1(−a2ξ̄2γµ∂
µχ)− δ2(−a2ξ̄1γµ∂

µχ)

= −a2ξ̄2γµ∂
µ(δ1χ) + a2ξ̄1γµ∂

µ(δ2χ)

= −a2ξ̄2γµ∂
µ (iaγρξ1∂

ρS ± aγργ5ξ1∂
ρP + (F + iγ5G) ξ1)

+ a2ξ̄1γµ∂
µ (iaγρξ2∂

ρS ± aγργ5ξ2∂
ρP + (F + iγ5G) ξ2)

= −a2ξ̄2γµξ1∂
µF − ia2ξ̄2γµγ5ξ1∂

µG

+ a2ξ̄1γµξ2∂
µF + ia2ξ̄1γµγ5ξ2∂

µG

= −2a2(ξ̄2γµξ1)∂µF (4.33)

AntÐstoiqa gia to pedÐo G, èqoume:

[U1, U2]G = δ1(δ2G)− δ2(δ1G)

= δ1(−ia2ξ̄2γ5γρ∂
ρχ)− δ2(−ia2ξ̄1γ5γρ∂

ρχ)

= −ia2ξ̄2γ5γρ∂
ρ(δ1χ) + ia2ξ̄1γ5γρ∂

ρ(δ2χ)

= −ia2ξ̄2γ5γρ∂
ρ(iaγρξ1∂

ρS ± aγργ5ξ1∂
ρP + (F + iγ5G)ξ1)

+ ia2ξ̄1γ5γρ∂
ρ(iaγρξ2∂

ρS ± aγργ5ξ2∂
ρP + (F + iγ5G)ξ2)

= −ia2ξ̄2γ5γρξ1∂
ρF + a2ξ̄2γ5γργ5ξ1∂

ρG

+ ia2ξ̄1γ5γρξ2∂
ρF − a2ξ̄1γ5γργ5ξ2∂

ρG

= −2a2(ξ̄2γρξ1)∂ρG (4.34)

Opìte o metajèthc eÐnai kal� orismènoc. To prìblhma eÐnai ìti o nèoc orismìc thc metabol c δχ den
af nei thn Lagkranzian  4.4 analloÐwth.
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H metabol  twn bajmwt¸n kinhtik¸n ìrwn paramènei h Ðdia kai dÐnetai apì thn 4.7:

δ[
1

2
∂µS∂

µS +
1

2
∂µP∂

µP ] = (ia∂µSξ̄ + b∂µP ξ̄γ5)∂µχ

H metabol  tou spinoriakoÔ kinhtikoÔ ìrou ìmwc den paramènei h Ðdia. OrÐzontac ton teleutaÐo ìro
thc 4.25 wc δχextra, antikajistoÔme thn nèa metabol  δχ′ sthn 4.8 kai èqoume:

δ[
1

4
χ̄γµ

↔
∂ µχ] = δχ̄′γµ∂µχ

= δχ̄γµ∂µχ+ δχ̄extraγ
µ∂µχ

Sunep¸c h olik  metabol  thc Lagkranzian c (4.9) ja all�zei kat� ènan ìro δextraL0 pou ja dÐnetai
apì thn sqèsh:

δextraL0 = δχ̄extraγ
µ∂µχ

= F ξ̄γµ∂
µχ+ iGξ̄γ5γµ∂

µχ

= − 1

2a2
δ(F 2 +G2) (4.35)

Sunep¸c h Lagkranzian :

LWZ =
1

2
∂µS∂

µS +
1

2
∂µP∂

µP +
1

4
χ̄γµ

↔
∂ µχ+

1

2a2
(F 2 +G2) (4.36)

All�zei mìno kat� k�poiouc epifaneiakoÔc ìrouc k�tw apì touc metasqhmatismoÔc 4.25 èwc 4.29.
Sunep¸c mporoÔme na gr�youme thn akìloujh dr�sh:

SWZ =

∫
d4x [

1

2
∂µS∂

µS +
1

2
∂µP∂

µP +
1

4
χ̄γµ

↔
∂ µχ+

1

2a2
(F 2 +G2)] (4.37)

H dr�sh aut  eÐnai analloÐwth k�tw apì touc upersummetrikoÔc metasqhmatismoÔc
4.25 èwc 4.29 pou d¸same. Aut  eÐnai h basik  dr�sh tou montèlou Wess-Zumino.



Kef�laio 5

Sumper�smata

Stìqoc aut c thc ergasÐac  tan h parousÐash enìc aploÔ upersummetrikoÔ montèlou. Gia to skopì
autì akolouj same thn ex c diadikasÐa. Arqik� parousi�same tic basikèc ènnoiec thc jewrÐac pedÐou:
thn arq  thc el�qisthc dr�shc, tic exis¸seic Euler-Lagrange kai to je¸rhma Noether. Sth sunèqeia
analÔsame ton kentrikì rìlo pou paÐzoun oi summetrÐec, sthn kataskeu  miac jewrÐac. H apaÐthsh
mac h dr�sh pou ja kataskeu�soume na eÐnai sqetikistik� analloÐwth, ¸ste na sèbetai tic arqèc thc
eidik c jewrÐac thc sqetikìthtac, mac od ghse sthn melèth twn om�dwn Lorentz kai Poincare. Mele-
t¸ntac tic anaparast�seic twn om�dwn aut¸n, kataskeu�same bajmwt�, dianusmatik�, tanustik� kai
spinoriak� pedÐa kai br kame touc nìmouc metasqhmatismoÔ touc k�tw apì thn om�da Poincare. Sth
sunèqeia br kame tic analloÐwtec posìthtec pou mporoÔn na kataskeuasjoÔn apì aut� ta pedÐa, oi
opoÐec qrhsimopoioÔntai sthn kataskeu  ìrwn m�zac kai kinhtik¸n ìrwn se sqetikistik� analloÐwtec
Lagkranzianèc. Se autì to shmeÐo, èqontac eisag�gei ìla ta aparaÐthta ergaleÐa, kataskeu�same mÐa
dr�sh pou na perièqei tìso bajmwt�, ìso kai spinoriak� pedÐa. Exet�same k�poiec aplèc eswterikèc
summetrÐec mÐac tètoiac dr�shc, kai sth sunèqeia proqwr same sto pio shmantikì b ma: Anazht same
èna metasqhmatismì p�nw sta pedÐa, pou na mplèkei pedÐa qwrÐc spin me pedÐa me spin. Xekin¸ntac
apì mÐa polÔ genik  èkfrash gia èna tètoio metasqhmatismì, epib�lame mia seir� apì apait seic oi
opoÐec periìrisan thn morf  tou. Sto tèloc deÐxame ìti me kat�llhlh epilog  twn pedÐwn, up�rqei èna
tètoio sÔnolo metasqhmatism¸n p�nw sta pedÐa, to opoÐo m�lista kleÐnei kai apoteleÐ om�da. Tèloc,
prokeimènou na kataskeu�soume mÐa Lagkranzian  h opoÐa na eÐnai analloÐwth k�tw apì autoÔc touc
metasqhmatismoÔc eisag�game dÔo bohjhtik� pedÐa. Katal xame ètsi sthn dr�sh tou montèlou Wess-
Zumino, h opoÐa eÐnai analloÐwth k�tw apì autoÔc touc metasqhmatismoÔc, dhlad  upersummetrik .
Katafèrame loipìn na broÔme mÐa Lagkranzian  pou exaitÐac thc upersummetrÐac thc, na epitrèpei
mh-tetrimmènec allhlepidr�seic metaxÔ twn bajmwt¸n kai twn spinoriak¸n pedÐwn.
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Par�rthma A

Ja deÐxoume ìti h orÐzousa enìc metasqhmatismoÔ Lorentz det(Λ) kai to prìshmo tou stoiqeÐou Λ0
0

eÐnai Lorentz analloÐwta kai mporoÔn na qrhsimopoihjoÔn gia thn kathgoriopoÐhsh twn metasqhma-
tism¸n Lorentz.
'Enac metasqhmatismìc Lorentz metasqhmatÐzetai wc ex c: Λ′ = Λ−1

A Λ ΛA. 'Ara gia thn orÐzousa
èqoume:

det(Λ′) = det(Λ−1
A Λ ΛA) = det(Λ) (1)

Gia to prìshmo tou stoiqeÐou Λ0
0 h diadikasÐa eÐnai pio dÔskolh. Prèpei na k�noume mÐa suz thsh

h opoÐa ja mac epitrèyei na qrhsimopoi soume thn anisìthta Cauchy-Schwarz sthn perÐptws  mac.
Ja prèpei na genikeÔsoume thn ènnoia tou dianusmatikoÔ q¸rou kai tou eswterikoÔ ginomènou, sth
sunèqeia na apodeÐxoume thn anisìthta Cauchy-Schwarz gia touc genikeumènouc autoÔc q¸rouc kai
tèloc na thn qrhsimopoi soume gia na apodeÐxoume thn analloiìthta tou pros mou tou stoiqeÐou Λ0

0

pou mac endiafèrei.
Arqik� ja deÐxoume ìti to sÔnolo twn n × n tetragwnik¸n pin�kwn apoteleÐ dianusmatikì q¸ro
(èstw V), an efodiasteÐ me tic pr�xeic thc prìsjeshc pin�kwn kai tou bajmwtoÔ pollaplasiasmoÔ
enìc pÐnaka me ènan (pragmatikì) arijmì. Pr�gmati blèpoume ìti ikanopoioÔntai ta axi¸mata:

• Antimetajetik  idiìthta thc dianusmatik c prìsjeshc: A+B = B +A

• Prosetairistik  idiìthta thc dianusmatik c prìsjeshc: A+ (B + Γ) = (A+B) + Γ

• 'Uparxh oudèterou stoiqeÐou wc proc th dianusmatik  prìsjesh: Up�rqei èna stoiqeÐo 0 ∈ V
(ed¸ o mhdenikìc n× n pÐnakac) me thn idiìthta: A+ 0 = A, gia k�je A ∈ V

• 'Uparxh antistrìfou wc proc th dianusmatik  prìsjesh: Gia k�je A ∈ V up�rqei to antÐstrofo
stoiqeÐo −A ∈ V, tètoio ¸ste A+ (−A) = 0

• Sumbatìthta thc dianusmatik c prìsjeshc me ton bajmwtì pollaplasiasmì: a(bA) = (ab)A

• 'Uparxh oudèterou stoiqeÐou wc proc ton bajmwtì pollaplasiasmì: Up�rqei èna stoiqeÐo I ∈ V
(ed¸ o diag¸nioc monadiaÐoc n× n pÐnakac) me thn idiìthta: I ·A = A gia k�je A ∈ V

• Epimeristik  idiìthta tou bajmwtoÔ pollaplasiasmoÔ wc proc th dianusmatik  prìsjesh: a(A+
B) = aA+ aB

• Epimeristik  idiìthta tou bajmwtoÔ pollaplasiasmoÔ wc proc thn prìsjesh: (a + b)A =
aA+ bA

• Kleistìthta wc proc th dianusmatik  prìsjesh kai to bajmwtì pollaplasiasmì. A,B ∈ V ⇒
Γ = A+B ∈ V kai A ∈ V ⇒B = λ ·A ∈ V
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Epiplèon, mporoÔme na efodi�soume to dianusmatikì q¸ro me to ex c eswterikì ginìmeno

〈A,B〉 = Tr(A†B) =
∑
i,j,k

δijA
†
ikBkj (2)

to opoÐo ikanopoieÐ ta trÐa axi¸mata:

• 'Eqei suzug  summetrÐa: 〈A,B〉 = 〈B,A〉

〈B,A〉 =
(
Tr(B†A)

)∗
=
∑
i,j,k

δij

(
B†ikAkj

)∗
=
∑
i,j,k

δij
(
B∗kiA

T
jk

)∗
=
∑
i,j,k

δijA
†
ikBkj = Tr(A†B) = 〈A,B〉

• EÐnai grammikì wc proc to deÔtero ìro: 〈A, λB〉 = λ〈A,B〉 kai 〈A,B + Γ〉 = 〈A,B〉+ 〈A,Γ〉

〈A, λB〉 = Tr(A†λB) =
∑
i,j,k

δijA
†
ikλBkj = λ

∑
i,j,k

δijA
†
ikBkj = λTr(A†B) = λ〈A,B〉

〈A,B + Γ〉 = Tr{A†(B + Γ)} = Tr(A†B +A†Γ) = Tr(A†B) + Tr(A†Γ) = 〈A,B〉+ 〈A,Γ〉

• EÐnai jetik� orismèno: 〈A,A〉 ≥ 0 kai 〈A,A〉 = 0⇔ A = 0

〈A,A〉 = Tr(A†A) =
∑
i,j,k

δijA
†
ikAkj =

∑
i,k

A∗kiAki =
∑
i,k

|Aki|2 > 0

〈A,A〉 = 0 ⇒
∑
i,k

|Aki|2 = 0 ⇒ Aki = 0 ∀(i, k) ⇒ A = 0

Gia k�je dianusmatikì q¸ro efodiasmèno me eswterikì ginìmeno, isqÔei h anisìthta Cauchy-Schwartz:

An u kai v an koun se èna dianusmatikì q¸ro V me eswterikì ginìmeno 〈u, v〉, tìte isqÔei:

|〈u, v〉|2 ≤ 〈u, u〉〈v, v〉 ⇔ |〈u, v〉| ≤ ‖u‖‖v‖ (3)

Apìdeixh: An v = 0 tìte isqÔei profan¸c h isìthta. An v 6= 0 orÐzoume λ = 〈v,u〉
‖v‖2 kai èqoume:

0 ≤ ‖u− λv‖ = 〈u− λv, u− λv〉 = 〈u− λv, u〉 − 〈u− λv, λv〉
= 〈u, u〉 − 〈λv, u〉 − 〈u, λv〉+ 〈λv, λv〉
= 〈u, u〉 − λ∗〈v, u〉 − λ〈u, v〉+ λλ∗〈v, v〉
= 〈u, u〉 − λ∗〈v, u〉 − λ〈v, u〉+ λλ∗‖v‖2

= ‖u‖2 − 〈v, u〉
‖v‖2

〈v, u〉 − 〈v, u〉
‖v‖2

〈v, u〉+
〈v, u〉〈v, u〉
‖v‖2

= ‖u‖2 − |〈v, u〉|
2

‖v‖2

⇒ |〈v, u〉|2

‖v‖2
≤ ‖u‖2 ⇒ |〈v, u〉|2 ≤ ‖u‖2‖v‖2 ⇔ |〈u, v〉| ≤ ‖u‖‖v‖



65

Epistrèfoume t¸ra sto prìblhma tou pros mou tou stoiqeÐou Λ0
0. 'Estw dÔo metasqhmatismoÐ

Lorentz Λ kai Λ′. Tìte ja èqoume:

(ΛΛ′)µν = ΛµαΛ′αν ⇒ (ΛΛ′)0
0 = Λ0

0Λ′00 + Λ0
kΛ
′k

0 k = 1, 2, 3 (4)

'Omwc sÔmfwna me ta ìsa eÐpame, oi metasqhmatismoÐ Lorentz Λ kai Λ′ wc tetragwnikoÐ pÐnakec 4× 4
apoteloÔn dianusmatikì q¸ro. Aut  th for� ìmwc, ja prospaj soume na orÐsoume èna diaforetikì
eswterikì ginìmeno gia autì to q¸ro.
'Estw ìti orÐzoume to ex c eswterikì ginìmeno:

〈Λ,Λ′〉 =
3∑

k=1

Λ†k0Λ′0k (5)

ParathroÔme ìti tìte ikanopoioÔntai ta axi¸mata:

• 'Eqei suzug  summetrÐa: 〈Λ,Λ′〉 = 〈Λ′,Λ〉

〈Λ′,Λ〉 =
3∑

k=1

(Λ′†k0Λ0k)
∗ =

3∑
k=1

Λ′T k0Λ∗0k =
3∑

k=1

Λ′0kΛ
†
k0 = 〈Λ,Λ′〉

• EÐnai grammikì wc proc ton 2o ìro: 〈Λ, aΛ′〉 = a〈Λ,Λ′〉 kai 〈ΛA,ΛB+ΛΓ〉 = 〈ΛA,ΛB〉+〈ΛA,ΛΓ〉

〈Λ, aΛ′〉 =

3∑
k=1

Λ†k0aΛ′0k = a

3∑
k=1

Λ†k0Λ′0k = a〈Λ,Λ′〉

〈ΛA,ΛB + ΛΓ〉 =
3∑

k=1

(Λ†A)k0[(ΛB)0k + (ΛΓ)0k] =
3∑

k=1

(Λ†A)k0(ΛB)0k + (Λ†A)k0(ΛΓ)0k = 〈ΛA,ΛB〉+ 〈ΛA,ΛΓ〉

• EÐnai jetik� orismèno: 〈Λ,Λ〉 ≥ 0 kai 〈Λ,Λ〉 = 0⇔ Λ = 0

〈Λ,Λ〉 =

3∑
k=1

Λ†k0Λ0k =

3∑
k=1

Λ∗0kΛ0k =

3∑
k=1

|Λ0k|2 ≥ 0

〈Λ,Λ〉 = 0 ⇒
3∑

k=1

|Λ0k|2 = 0 ⇒ Λ0k = 0 ∀k ⇒ Λ = 0

'Ara pr�gmati, h sqèsh 5 orÐzei èna swstì eswterikì ginìmeno gia ton dianusmatikì q¸ro twn 4× 4
pin�kwn twn metasqhmatism¸n Lorentz. Sunep¸c, isqÔei h anisìthta Cauchy-Schwarz gia autì to
dianusmatikì q¸ro. Pio sugkekrimèna, an efarmìsoume thn 3 wc proc to to eswterikì ginìmeno pou
orÐsame sthn 5, èqoume:

|〈Λ,Λ′〉|2 ≤ 〈Λ,Λ〉〈Λ′,Λ′〉 ⇒

∣∣∣∣∣
3∑

k=1

Λ†k0Λ′0k

∣∣∣∣∣
2

≤

(
3∑
i=1

Λ†i0Λ0i)

) 3∑
j=1

Λ′†j0Λ′0j


⇒

∣∣∣Λ0
kΛ
′k
0

∣∣∣ ≤ ( 3∑
i=1

Λ2
0i

) 1
2

 3∑
j=1

Λ2
0j

 1
2

(6)
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T¸ra mporoÔme na qrhsimopoi soume thn anisìthta 6 sto prìblhm� mac. Apì th sqèsh 4 èqoume:

(ΛΛ′)0
0 = Λ0

0Λ′00 + Λ0
kΛ
′k

0 ⇒ (ΛΛ′)0
0 − Λ0

0Λ′00 = Λ0
kΛ
′k

0

⇒ |(ΛΛ′)0
0 − Λ0

0Λ′00| = |Λ0
kΛ
′k

0|

ìmwc o teleutaÐoc ìroc eÐnai fragmènoc lìgw thc anisìthtac 6:

⇒ |(ΛΛ′)0
0 − Λ0

0Λ′00| = |Λ0
kΛ
′k

0| ≤

(
3∑
i=1

Λ2
0i

) 1
2

 3∑
j=1

Λ2
0j

 1
2

⇒ |(ΛΛ′)0
0 − Λ0

0Λ′00| ≤

(
3∑
i=1

Λ2
0i

) 1
2

 3∑
j=1

Λ2
0j

 1
2

⇒


(ΛΛ′)0

0 − Λ0
0Λ′00 ≤

(
3∑
i=1

Λ2
0i

) 1
2

(
3∑
j=1

Λ2
0j

) 1
2

(ΛΛ′)0
0 − Λ0

0Λ′00 ≥ −
(

3∑
i=1

Λ2
0i

) 1
2

(
3∑
j=1

Λ2
0j

) 1
2

⇒


(ΛΛ′)0

0 ≤ Λ0
0Λ′00 +

(
3∑
i=1

Λ2
0i

) 1
2

(
3∑
j=1

Λ2
0j

) 1
2

(ΛΛ′)0
0 ≥ Λ0

0Λ′00 −
(

3∑
i=1

Λ2
0i

) 1
2

(
3∑
j=1

Λ2
0j

) 1
2

(7)

T¸ra qrhsimopoi¸ntac thn idiìthta twn metasqhmatism¸n Lorentz g = ΛT gΛ èqoume:

g = ΛT gΛ ⇒ gρσ = ΛρµΛσνg
µν ⇒

ρ,σ=0
g00 = Λ0

µΛ0
νg
µν ⇒ 1 = (Λ0

0)2 −
3∑
i=1

Λ0
iΛ

0
i

⇒ (Λ00)2 = 1 +

3∑
i=1

Λ2
0i

⇒ (Λ00) = ±

(
1 +

3∑
i=1

Λ2
0i

) 1
2

(8)

DiakrÐnoume t¸ra tic akìloujec peript¸seic:

1. An ta Λ00 kai Λ′00 èqoun to Ðdio prìshmo

Antikajist¸ntac thn 8 sthn 7 èqoume:

⇒


(ΛΛ′)00 ≤

(
1 +

3∑
i=1

Λ2
0i

) 1
2
(

1 +
3∑
i=1

Λ′20i

) 1
2

+

(
3∑
i=1

Λ2
0i

) 1
2

(
3∑
j=1

Λ2
0j

) 1
2

(ΛΛ′)00 ≥
(

1 +
3∑
i=1

Λ2
0i

) 1
2
(

1 +
3∑
i=1

Λ′20i

) 1
2

−
(

3∑
i=1

Λ2
0i

) 1
2

(
3∑
j=1

Λ2
0j

) 1
2

Apì th deÔterh anisìthta sumperaÐnoume ìti:

(ΛΛ′)00 ≥ 0 (9)
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2. An ta Λ00 kai Λ′00 èqoun antÐjeto prìshmo

Antikajist¸ntac p�li thn 8 sthn 7 èqoume:

⇒


(ΛΛ′)00 ≤ −

(
1 +

3∑
i=1

Λ2
0i

) 1
2
(

1 +
3∑
i=1

Λ′20i

) 1
2

+

(
3∑
i=1

Λ2
0i

) 1
2

(
3∑
j=1

Λ2
0j

) 1
2

(ΛΛ′)00 ≥ −
(

1 +
3∑
i=1

Λ2
0i

) 1
2
(

1 +
3∑
i=1

Λ′20i

) 1
2

−
(

3∑
i=1

Λ2
0i

) 1
2

(
3∑
j=1

Λ2
0j

) 1
2

Apì thn pr¸th anisìthta sumperaÐnoume ìti:

(ΛΛ′)00 ≤ 0 (10)

'Ara, sunoyÐzontac tic 9 kai 10 se mÐa sqèsh, èqoume:

sgn{(ΛΛ′)00} = sgn{Λ00}sgn{Λ′00} (11)

'Opwc eÐpame ìmwc, ènac pÐnakac metasqhmatismoÔ Lorentz metasqhmatÐzetai wc ex c: Λ′ = Λ−1
A Λ ΛA.

'Ara gia to Λ0
0 stoiqeÐo èqoume:

Λ′
0
0 = (Λ−1

A )0
αΛαβ(ΛA)β0 ⇒ sgn{Λ′00} = sgn{(Λ−1

A Λ)00} · sgn{ΛA00}
⇒ sgn{Λ′00} = sgn{(Λ−1

A )00} · sgn{(Λ)00} · sgn{(ΛA)00}
⇒ sgn{Λ′00} = sgn{(Λ)00} (12)

ìpou sto teleutaÐo b ma qrhsimopoi same thn idiìthta:

g = ΛT gΛ ⇒ Λ−1 = g ΛT g ⇒ (Λ−1)0
0 = g0α(ΛT ) β

α gβ0

⇒ (Λ−1)0
0 = (ΛT )0

0 = (Λ)0
0

⇒ sgn{Λ−1
00 } = sgn{Λ00}

⇒ sgn{Λ−1
00 } · sgn{Λ00} = 1

'Ara deÐxame ìti h orÐzousa enìc metasqhmatismoÔ Lorentz det(Λ) kai to prìshmo tou stoiqeÐou Λ0
0

eÐnai analloÐwta kai mporoÔn na qrhsimopoihjoÔn gia th di�krish twn metasqhmatism¸n stic tèsseric
kathgorÐec pou anafèrame.





Par�rthma B

Ja deÐxoume ìti k�je orjìc (det Λ = +1) kai orjìqronoc (Λ0
0 ≥ 1) metasqhmatismìc Lorentz

Λ↑+ ∈ SO(3, 1)+, ìpou SO(3, 1)+ to Restricted Lorentz Group, mporeÐ na grafeÐ me monadikì trìpo
wc ginìmeno enìc boost kai mÐac strof c.Gia na to k�noume autì, ja eis�goume èna qr simo ergaleÐo
sth melèth thc om�dac Lorentz, pou eÐnai h sÔndesh tou Restricted Lorentz Group SO(3, 1)+ me thn
om�da SL(2, C).

H apeikìnish R4 −→ H2

MporoÔme na apeikonÐsoume k�je shmeÐo tou qwroqrìnou xµ se ènan 2× 2 ermitianì pÐnaka X mèsw
thc sqèshc:

xµ → X =

3∑
µ=0

σµxµ (1)

ìpou σi, i = 1, 2, 3 oi pÐnakec Pauli kai σ0 o tautotikìc pÐnakac. 'Eqoume dhlad  ton pÐnaka:

X =

(
x0 + x3 x1 − ix2

x1 + ix2 x0 − x3

)
(2)

Tìte to m koc tou tetranÔsmatoc xµ antistoiqeÐ sthn orÐzousa tou pÐnaka X:

detX = |x0|2 − |~x|2 = xµxνgµν (3)

EÔkola diapist¸noume ìti o pÐnakac autìc eÐnai ermitianìc:

X† =
3∑

µ=0

(σ†)µxµ =

3∑
µ=0

σµxµ = X (4)

To sÔnolo twn 2× 2 ermitian¸n pin�kwn apoteleÐ dianusmatikì q¸ro, èstw H2 = {2× 2 pÐnakec A :
A† = A}, giatÐ ikanopoioÔntai ìla ta antÐstoiqa axi¸mata [bl. Par�rthma A]. To mìno axÐwma pou
qrei�zetai exètash eÐnai autì thc kleistìthtac:

An A,B ∈ H2 kai λ ∈ < tìte (A+B)† = A+B ⇒ A+B ∈ H2

kai (λA)† = λA ⇒ λA ∈ H2

OrÐzoume to eswterikì ginìmeno sto q¸ro twn 2× 2 me ton sun jh trìpo [bl. Par�rthma A]:

〈A,B〉 =
1

2
Tr(A†B) =

1

2

∑
i,j,k

δijA
†
ikBkj (5)
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O suntelest c 1
2 eÐnai mÐa sÔmbash kanonikopoÐhshc, ¸ste na isqÔei 〈I2, I2〉 = 1. Xèroume ìti oi treÐc

pÐnakec Pauli kai o tautotikìc eÐnai grammik� anex�rthtoi, kai epiplèon:

〈σµ, σν〉 =
1

2
Tr(σµσν) = δµν (6)

ìpou qrhsimopoi same tic idiìthtec σiσj = δij + iεijkσk , Tr(σi) = 0 kai Tr(σ0) = 2 twn pin�kwn
Pauli. Dhlad  oi pÐnakec {σµ} apoteloÔn orjokanonik  b�sh sto q¸ro H2. ParathroÔme ìti gia
ton pÐnaka X pou orÐsame sthn 2:

〈σµ, X〉 =
3∑

ν=0

xν〈σµσν〉 =
3∑

ν=0

xνδµν = xµ (7)

'Ara èqoume breÐ dÔo antÐstrofouc grammikoÔc kai 1 proc 1 metasqhmatismoÔc metaxÔ twn q¸rwn <4

kai H2 pou orÐzontai wc ex c:

xµ → X = x0σ0 + x1σ1 + x2σ2 + x3σ3 =

(
x0 + x3 x1 − ix2

x1 + ix2 x0 − x3

)
(8)

X → xµ = 〈σµ, X〉 =
1

2
Tr(σµX) (9)

H grammikìthta twn parap�nw metasqhmatism¸n eÐnai profan c:

xµ + λyµ → M =

3∑
µ=0

σµ(x+ λy)µ =

1∑
µ=0

σµxµ + λ

1∑
µ=0

σµyµ = X + λY (10)

X + λY → (x+ λy)µ = 〈σµ, X + λY 〉 = 〈σµ, X〉+ λ〈σµ, Y 〉 = xµ + λyµ (11)

MetasqhmatismoÐ Lorentz ston H2

AfoÔ br kame mÐa isodÔnamh graf  tou xµ mèsw tou pÐnaka X jèloume na broÔme pwc gr�fetai
ènac metasqhmatismìc Lorentz qrhsimopoi¸ntac ton pÐnaka X. 'Estw loipìn ènac metasqhmatismìc

Lorentz Λ↑+ ∈ SO(3, 1)+:

xµ → x′µ = Λµνx
ν

K�tw apì autìn ton metasqhmatismì to mètro tou xµ diathreÐtai, �ra diathreÐtai kai h orÐzousa thc
antÐstoiqhc apeikìnis c tou se pÐnaka:

xµxνgµν = x′µx′νgµν ⇒
3

detX = detX ′

JewroÔme twra ton grammikì metasqhmatismì pou apeikonÐzei ton 2 × 2 ermitianì pÐnaka X ston
2 × 2 ermitianì pÐnaka X ′ diathr¸ntac thn orÐzousa. Sthn genikìter  tou morf , ènac tètoioc
metasqhmatismìc, gr�fetai:

X
Λ−→ X ′ = AXB

PaÐrnoume touc pÐnakec A kai B na èqoun orÐzousa det = 1, dhlad  na an koun sthn om�da SL(2, C).
Autì giatÐ ènac 2× 2 migadikìc pÐnakac èqei 4 migadikèc   8 pragmatikèc paramètrouc. H epibol  thc
det = 1 ja mac d¸sei dÔo exis¸seic pou mei¸noun ton arijmì twn eleÔjerwn paramètrwn se 6, pou
eÐnai o swstìc arijmìc anex�rthtwn paramètrwn gia thn perigraf  tou Lorentz Group.

Sth sunèqeia ja epib�lloume tic apait seic mac: o metasqhmatismìc na diathreÐ thn o-
rÐzousa kai thn ermitianìthta tou X:
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• ParathroÔme ìti h apaÐthsh A,B ∈ SL(2, C) èqei wc �meso apotèlesma o metasqhmatismìc na
diathreÐ thn orÐzousa tou X:

detX ′ = detAdetX detB ⇒ detX ′ = detX

'Ara h pr¸th apaÐths  mac ikanopoieÐtai tautotik�.

• Sth sunèqeia apaitoÔme o X ′ na eÐnai ermitianìc:

X ′
†

= X ′ ⇒ (AXB)† = AXB ⇒ B†XA† = AXB

⇒ XA†B−1 = (B†)−1AX

⇒ XT † = TX gia k�je X

ìpou T = (B†)−1A ⇒ T † = A†B−1. AfoÔ h sqèsh isqÔei ∀ X, isqÔei kai gia X = I. 'Etsi
blèpoume ìti anagkastik� o T eÐnai ermitianìc T † = T . 'Ara èqoume:

XT = TX ⇒ [X,T ] = 0 ⇒
3∑

µ=0

xµ[σµ, T ] = 0 gia k�je X

⇒ [σµ, T ] = 0 (12)

T¸ra eÔkola mporeÐ na deÐxei kaneÐc ìti an ènac pÐnakac T metatÐjetai kai me touc treic pÐnakec
Pauli, eÐnai pollapl�sioc tou tautotikoÔ   me �lla lìgia ìti oi pÐnakec Pauli eÐnai èna irreducible
sÔnolo pin�kwn. PolÔ pio eÔkola ìmwc, mporoÔme na skeftoÔme apì tic polÔ gnwstèc mac
anaparast�seic thc om�dac SU(2) ìti e�n up rqe ènac tètoioc pÐnakac T pou na metatÐjetai me
touc σx, σy, σz, h om�da SU(2) ja eÐqe kai ènan deÔtero telest  Casimir, to opoÐo eÐnai fusik�
�topo. O mìnoc telest c Casimir thc om�dac eÐnai o S2 pou pr�gmati sthn s = 1

2 anapar�stash
eÐnai apl� o pÐnakac S2 .

= 3
4 I = 3

4 ( 1 0
0 1 ), dhlad  pollapl�sioc tou tautotikoÔ (ìpwc kai se k�je

�llh anapar�stash, an¸terou spin), ¸ste ìtan dra p�nw sta antÐstoiqa anÔsmata, na dÐnei th
swst  idiotim  olikoÔ spin thc anapar�stashc s(s+1) = 3

4 . SumperaÐnoume ìti T = λI, λ ∈ <.
'Omwc T = (B†)−1A, ìpou A,B ∈ SL(2, C). 'Ara mèsw thc orÐzousac mporoÔme na broÔme tic
timèc tou λ:

detT = det[(B†)−1A] ⇒ det(λI) =
detA

detB†
⇒ λ2 =

detA

(detB)∗
⇒ λ2 = 1 ⇒ λ = ±1

Autì sunep�getai: T = ±I ⇒ (B†)−1A = ±I ⇒ A = ±B† kai o metasqhmatismìc
gr�fetai:

X
Λ−→ X ′ = ±AXA† (13)

'Ara br kame to metasqhmatismì pou ikanopoieÐ kai th deÔter  mac apaÐthsh, dhlad  th diat rhsh thc
ermitianìthtac tou X. Sth sunèqeia prèpei na epilèxoume prìshmo. Kai oi dÔo epilogèc mac dÐnoun
èna grammikì metasqhmatismì pou diathreÐ thn orÐzousa kai thn ermitianìthta tou X, opìte ek pr¸thc
ìyewc den up�rqei trìpoc na epilèxoume. An ìmwc exet�soume ìmwc to jèma pio prosektik�, ja doÔme
ìti to prìshmo prosdiorÐzei to an o metasqhmatismìc Lorentz ja eÐnai orjìqronoc,   mh-orjìqronoc:

'Estw to tetr�nusma xµ =

(
x0

0

)
to opoÐo apeikonÐzetai ston pÐnaka X = x0σ0 sÔmfwna me to

metasqhmatismì 8 kai ènac metasqhmatismìc Lorentz Λ↑+ ∈ SO(3, 1)+ : xµ
Λ↑+−→ x′µ

x′µ = Λµνx
ν = Λµ0x

0 ⇒ x′0 = Λ0
0 x

0 (14)
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'Omwc, qrhsimopoi¸ntac thn apeikìnish tou x′µ se pÐnaka èqoume:

x′µ = 〈σµ, X ′〉 = ±〈σµ, AXA†〉 ⇒ x′0 = ±〈σ0, A(x0σ0)A†〉
⇒ x′0 = ± x0〈σ0, Aσ

0A†〉
⇒
14

Λ0
0 = ± 〈σ0, Aσ

0A†〉

ParathroÔme ìti an�loga me to prìshmo pou ja epilèxoume sth sqèsh 13 all�zei to eÐdoc tou
metasqhmatismoÔ Lorentz pou paÐrnoume. EmeÐc jèloume o metasqhmatismìc Lorentz pou prokÔptei

na eÐnai orjìqronoc Λ↑+, dhlad  na èqoume Λ0
0 ≥ 0. Dedomènou ìti to eswterikì ginìmeno eÐnai

jetik� orismèno, prèpei telik� na epilèxoume to jetikì prìshmo, ¸ste oi pÐnakec A na
anaparistoÔn orjìqronouc metasqhmatismoÔc.
Meqri stigm c den èqoume deÐxei tÐpota austhrì. Apl� br kame ìti ènac metasqhmatismìc X →
X ′ = AXA† me A ∈ SL(2, C) diathreÐ thn orÐzousa kai thn ermitianìthta tou X, kai antistoiqeÐ se
orjìqrono metasqhmatismì:

X
Λ−→ X ′ = AXA† (15)

Sth sunèqeia ja apodeÐxoume mÐa sqèsh omoiomorfismoÔ metaxÔ twn pin�kwn Λµν ∈ Λ↑+ pou droun
ston R4 kai twn pin�kwn A ∈ SL(2, C) pou droÔn ston H2.

H om�da SL(2, C) pou dra ston H2

T¸ra ja apodeÐxoume austhr�, ìti to sÔnolo twn 2× 2 migadik¸n pin�kwn A me detA = 1 apoteleÐ
om�da:
'Estw to sÔnolo M = {2 × 2 pÐnakec A : detA = 1}. K�je tètoioc pÐnakac apoteleÐ stoiqeÐo mÐac
om�dac, èstw G = {g(A) : A ∈ M, ” · ”}, ìpou ” · ” h pr�xh thc om�dac pou orÐzetai wc ex c:

g(A) · g(B) = g(AB), ìpou AB o sun jhc pollaplasiasmìc pin�kwn (16)

Exet�zoume an ikanopoioÔntai ta axi¸mata thc om�dac:

1. Kleistìthta: ParathroÔme ìti gia k�je g(A), g(B) ∈ G isqÔei g(A) · g(B) = g(AB), ìpou
AB ∈M . 'Ara g(AB) ∈ G

2. 'Uparxh monadiaÐou: Gia A = I èqoume g(I) ∈ G me thn idiìthta g(I) · g(B) = g(IB) =
g(B), ∀g(B) ∈ G

3. 'Uparxh antistrìfou: Gia k�je A ∈ M up�rqei A−1 ∈ M , tètoio ¸ste: A−1A = I (h
Ôparxh antistrìfou exasfalÐzetai apì th mh mhdenik  orÐzousa twn pin�kwn tou sunìlou M).
'Ara gia k�je g(A) ∈ G∃ g(A−1) ∈ G, tètoio ¸ste: g(A) · g(A−1) = g(AA−1) = g(I)

4. Prosetairistik  idiìthta: ParathroÔme ìti ∀ g(A), g(B), g(C) ∈ G isqÔei [g(A) · g(B)] ·
g(C) = g(AB) · g(C) = g(ABC) = g(A) · g(BC) = g(A) · [g(B) · g(C)]

'Ara to sÔnolo M twn 2× 2 tetragwnik¸n pin�kwn A me detA = 1 apoteleÐ om�da,
h opoÐa onom�zetai SL(2, C).
OrÐzoume epÐshc th dr�sh thc om�dac se ènan exwterikì q¸ro, to q¸ro twn 2× 2 ermitian¸n pin�kwn
H2 = {X : X = X†} wc ex c:

g(A)X = AXA†, ìpou A ∈M kai X ∈ H2 (17)
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'Eqoume ìmwc deÐxei ìti ènac tètoioc metasqhmatismìc diathreÐ thn ermitianìthta tou X. 'Ara, an X ∈
H2, tìte g(A)X ∈ H2 kai epomènwc, mporoÔme na dr�soume se autìn ek nèou me ènan metasqhmatismì
g(B). Pr�gmati, dÔo diadoqikoÐ metasqhmatismoÐ g(A), g(B) ∈ G p�nw ston X droun wc ex c:

g(B) · g(A)X = g(B)AXA† = BAXA†B† = BAX(BA)† = g(BA), (18)

ìpou A ∈M kai X ∈ H2.

O omoiomorfismìc SL(2, C)←→ SO(3, 1)+

T¸ra ja deÐxoume ìti mporoÔme na orÐsoume mÐa apeikìnish twn stoiqeÐwn thc SL(2, C) se 4 × 4
pÐnakec Λ pou na eÐnai omoiomorfismìc.

X ′ = AXA†7⇒ x′µ = 〈σµ, X ′〉 = 〈σµ, AXA†〉 = xν〈σµ, AσνA†〉 = Λµνx
ν (19)

'Opou orÐsame thn apeikìnish Φ wc ex c:

A
Φ−→ Λµν = Φ(A) = 〈σµ, AσνA†〉 (20)

ParathroÔme t¸ra ìti o pinakac Λµν èqei k�poiec idiìthtec:

1. EÐnai pragmatikìc epeid  to eswterikì ginìmeno èqei suzug  summetrÐa [bl.par�rthma A]

Λµν
∗ = 〈σµ, AσνA†〉∗ = 〈AσνA†, σµ〉 =

1

2
Tr

[(
AσνA

†
)†
σµ

]
=

1

2
Tr
[
AσνA

†σµ

]
=

1

2
Tr
[
σµAσνA

†
]

= 〈σµ, AσνA†〉 = Λµν

2. DiathreÐ to mètro Minkowski tou xµ:
'Eqoume deÐxei ìti o metasqhmatismìc thc sqèshc 19 diathreÐ thn orÐzousa:

detX ′ = detAXA† = detX

'Omwc lìgw thc sqèshc 3 èqoume:

detX ′ = detX ⇒ x′µx′νgµν = xµxνgµν

Kai profan¸c, lìgw thc teleutaÐac sqèshc o Λ ikanopoieÐ thn gnwst  sqèsh:

g = ΛT gΛ (21)

3. EÐnai orjìqronoc: Λ0
0 ≥ 0

Λ0
0 = 〈σ0, Aσ

0A†〉 ≥ 0

AfoÔ to eswterikì ginìmeno eÐnai jetik� orismèno.
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4. 'Eqei orÐzousa det Λ = +1:
Arqik�, paÐrnontac thn orÐzousa thc 1.7 èqoume

det g = det ΛT gΛ⇒ det Λ2 = 1⇒ det Λ = ±1

T¸ra gia na deÐxoume ìti h orÐzousa eÐnai det = +1 kai ìqi det = −1, prèpei na akolouj soume
ta ex c b mata:

• K�je pÐnakac A ∈ SL(2, C) èqei mÐa monadik  polar decomposition:

A = HU ìpou H ermitianìc kai U unitary

• MporoÔme na kataskeu�soume mia suneq  diadrom  pou na sundèei èna pÐnaka A ∈ SL(2, C)
me to tautotikì. Autì gÐnetai wc ex c: Arqik� orÐzoume

A = HU kai A(λ) = HλUλ ìpou λ pragmatikìc, me λ ∈ [0, 1]

¸ste A(0) = I kai A(1) = A

• T¸ra afoÔ o pÐnakac Λ eÐnai ki autìc suneq c sunarthsh thc paramètrou λ, kai epeid  h
orÐzous� tou mporeÐ na p�rei mìno dÔo timèc det Λ = ±1, sumperaÐnoume ìti ìla ta stoiqeÐa
thc diadrom c pou kataskeu�same ja èqoun thn Ðdia orÐzousa. 'Omwc gia λ = 0 èqoume:

Λµν(λ = 0) = 〈σµ, A(0)σνA(0)†〉 = 〈σµ, σν〉 = δµν ⇒ Λ(0) = I

'Ara afoÔ gia èna stoiqeÐo thc diadrom c det Λ = det I = 1, ìla ta stoiqeÐa thc diadrom c
ja èqoun det Λ(λ) = 1 �ra kai det Λ = 1.

ParathroÔme ìti o Λ eÐnai ènac 4× 4 pÐnakac pou èqei tic idiìthtec:

g = ΛT gΛ
Λ0

0 ≥ 0
det Λ = 1

⇒ Λ ∈ Λ↑+

'Omwc èqoume deÐxei ìti oi pÐnakec Λ ∈ Λ↑+ apoteloÔn om�da me pr�xh ton pollaplasiasmì pin�kwn.
'Ara dojèntoc enìc pÐnaka A ∈ SL(2, C) kataskeu�zoume ènan pÐnaka Λ ∈ SO(3, 1)+

mèsw thc apeikìnishc 20.

Epiplèon, gia thn apeikìnish Φ pou orÐsame, isqÔei ìti:

An A,B ∈ SL(2, C) me AB = Γ, tìte Φ(A) = Λ(B),Φ(B) = Λ(B) ∈ SO(3, 1)+, ¸ste:

Φ(AB) = 〈σµ, ABσνB†A†〉 =
∑
k

〈σµ, AσkA†〉〈σk, BσνB†〉 =
∑
k

Λ(A)µkΛ(B)kν = Φ(A)Φ(B)

'Ara aut  h apeikìnish eÐnai omoiomorfismìc! M pwc ìmwc eÐnai kai 1 proc 1?
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'Estw dÔo diaforetikoÐ pÐnakec A kai B ∈ SL(2, C) pou dÐnoun ton Ðdio metasqhmatismì Lorentz.
Tìte èqoume AXA† = BXB† ⇒ (B−1A) X(B−1A)† = X, ∀ X. 'Ara mporoÔme na k�noume ta
ex c b mata:

• Jètw X = I. Tìte (B−1A) (B−1A)† = I, dhlad  o T = B−1A eÐnai unitary TT † = I.

• 'Etsi èqoume TXT † = X ∀X. Pollaplasi�zontac ìmwc apì dexi� me T èqoume TX = XT ∀X

• Qrhsimopoi¸ntac to Ðdio epiqeÐrhma me prin, afoÔ o T metatÐjetai kai me touc treic pÐnakec
Pauli, prèpei na eÐnai an�logoc tou tautotikoÔ. 'Ara èqoume: T = λI ⇒ B−1A = λI ⇒
A = λB

• PaÐrnontac thn orÐzousa thc teleutaÐac sqèshc, kai dedomènou ìti A,B ∈ SL(2, C) ⇒
detA = detB = 1, èqoume λ2 = 1 ⇒ λ = ±1

'Ara o pÐnakacA eÐnai monos manta orismènoc me aujairesÐa enìc pros mou (oi pÐnakecA kai−A dÐnoun
ton Ðdio metasqhmatismì). Dhlad  up�rqei mÐa 2 proc 1 antistoiqÐa metaxÔ twn pin�kwn A ∈ SL(2, C)

kai twn restricted metasqhmatism¸n Lorentz Λ↑+. H apeikìnish Φ eÐnai omoiomorfismìc, all� ìqi
isomorfismìc.

Oi metasqhmatismoÐ Lorentz gr�fontai san ginìmeno miac pro-

¸jhshc kai mÐac strof c

Mèsw thc apeikìnishc 20, mporoÔme na diakrÐnoume tic ex c peript¸seic:

• An A = U eÐnai monadiakìc, èqoume:

Λµν = 〈σµ, Uσν U †〉 =
1

2
Tr[σµUσνU

†] =
1

2
Tr[σµσν ]

'Ara Λ0
0 = 1

2Tr[σ0σ0] = 1, Λi0 = 1
2Tr[σiσ0] = 1

2Tr[σi] = 0, Λ0
j = 1

2Tr[σ0σj ] = 0 kai tèloc:

Λij(U) =
1

2
Tr[σiσj ] =

1

2
Tr[σjU

−1σi(U
−1)†] = Λji(U

−1) = (Λ−1(U))ji

Dhlad  o Λ(U) eÐnai orjog¸nioc. AntistoiqeÐ se pÐnaka strof c.

• An A = H eÐnai ermitianìc, èqoume:

Λµν = 〈σµ, HσνH†〉 =
1

2
Tr[σµHσνH

†] =
1

2
Tr[σνHσµH

†] = Λ µ
ν

Dhlad  eÐnai summetrikìc kai antistoiqeÐ se boost. T¸ra, dedomènou ìti k�je pÐnakac A ∈
SL(2, C) èqei mÐa monadik  polar decomposition A = HU èqoume:

Λµν(A) = Λµν(HU) = Λµν(H)Λµν(U)

'Ara pr�gmati, ènac metasqhmatismìc Lorentz mporeÐ na grafeÐ san to gi-
nìmeno enìc boost kai mÐac strof c.


