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PerÐlhyh

H sl(2) eÐnai h �lgebra di�stashc 2 pou apoteleÐtai apì touc endomorfismoÔc
me Ðqnoc 0 enìc dianusmatikoÔ q¸rou V p�nw apì èna s¸ma F . Se aut  thn
ergasÐa ja asqolhjoÔme me tic anaparast�seic thc sl(2) kai ja apodeÐxoume
ìti oi ana�gwgec anaparast�seic thc brÐskontai se 1− 1 antistoiqÐa me touc
jetikoÔc akeraÐouc. EpÐshc, ja apodeÐxoume thn Ôparxh monadikoÔ (wc proc
isomorfismì) kanonikoÔ kuklikoÔ protÔpou gia k�je b�roc λ kai ja upologi-
soÔme èna tÔpo pollaplìthtac bar¸n gia peperasmènhc di�stashc an�gwga
prìtupa an¸tatou barouc (Freudenthal′s formula).





Abstract

sl(2) is the 2 diamensional algebra consisting of all endomorphisms with
trace 0 of a vector space V over a field F . In this master′s thesis we
deal with the represantations of sl(2) and we prove that there is a 1− 1
correspondence between the irreducible L−modules (up to isomorphism)
and the set of positive integers. In addition, we prove the existence of a
unique up to isomorphisms standard cyclic module for every weight λ and
we compute Freudenthal′s weight multiplicity formula for irreducible
finite dimensional modules of highest weight.
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1 BasikoÐ orismoÐ

1.1 Lie �lgebrec

Orismìc 1.1.1.

MÐa Lie �lgebra L p�nw apì èna s¸ma F eÐnai ènac dianusmatikìc q¸roc
p�nw apì to F efodiasmènoc me mia apeikìnish

[,] : L× L→ L, (x, y) 7→ [x, y] gia ìla ta x,y ∈ L

h opoÐa kaleÐtai metajèthc (Lie metajèthc) kai ikanopoieÐ tic parak�tw idiì-
thtec:

(I1). EÐnai digrammik .
(I2). [x, x] = 0, gia ìla ta x ∈ L.
(I3). [x, [y, z]] + [y, [z, x]] + [z, [x, y]] = 0 gia ìla ta x,y kai z ∈ L.

H idiìthta (I3) kaleÐtai tautìthta Jacobi. ParathroÔme epÐshc, ìti apì
thn idiìthta (I2) prokÔptei h

(I2′) [x, y] = −[y, x] gia ìla ta x,y ∈ L.

Epipleìn, an h qarakthristik  tou s¸matoc F eÐnai 6= 2, h idiìthta (I2) eÐnai
isodÔnamh me thn (I2′).

Orismìc 1.1.2.
'Estw Lie �lgebra L p�nw apì èna s¸ma F . An èqoume ìti [x, y] = 0 gia ìla
ta x,y ∈ L, tìte h L ja onom�zetai abelian .

ParadeÐgmata 1.1.3.
(i). K�je dianusmatikìc q¸roc V mporeÐ na jewrhjeÐ Lie �lgebra orÐzontac
[x, y] = 0 gia ìla ta x,y ∈ V .
(ii). O pragmatikìc dianusmatikìc q¸roc R3 domeÐtai se Lie �lgebra me th
bo jeia tou exwterikoÔ ginomènou. Sthn perÐptwsh aut ,

[(x1, x2, x3), (y1, y2, y3)] = (x2y3 − x3y2, x3y1 − x1y3, x1y2 − x2y1)

gia ìla ta (x1, x2, x3), (y1, y2, y3) ∈ R3.
(iii). 'Estw Mn×n(F ) o dianusmatikìc q¸roc twn n× n pin�kwn me stoiqeÐa
apì to F . OrÐzontac ton metajèth wc

[A,B] = AB −BA
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gia ìla ta A,B ∈ Mn×n(F ), o dianusmatikìc q¸roc Mn×n(F ) gÐnetai Lie
�lgebra.

Orismìc 1.1.4.
'Estw L,L′ Lie �lgebrec p�nw apì èna s¸ma F . Ja lème ìti eÐnai isìmorfec
an up�rqei isomorfismìc dianusmatik¸n q¸rwn φ : L→ L′ pou ikanopoieÐ thn
φ([x, y]) = [φ(x), φ(y)] gia ìla ta x,y ∈ L. Tìte h φ kaleÐtai isomorfismìc
Lie algebr¸n.

Orismìc 1.1.5.
'Estw L Lie �lgebra kai K ènac upìqwroc (dianusmatikìc) thc L. O K ka-
leÐtai upo�lgebra thc L an [x, y] ∈ K gia k�je x,y ∈ K. Eidikìtera, o K
eÐnai mia Lie �lgebra sqetik  me tic pr�xeic thc L.

Parat rhsh 1.1.6.
K�je stoiqeÐo x ∈ L me x 6= 0 orÐzei mia upo�lgebra Fx thc L di�stashc 1,
me ton tetrimmèno pollaplasiasmì, lìgw thc idiìthtac (I2).

ShmeÐwsh: Se authn thn ergasÐa ja asqolhjoÔme kuri¸c me Lie �lgebrec
twn opoÐwn o upokeÐmenoc dianusmatikìc q¸roc èqei peperasmènh di�stash
p�nw apo to F . Autì ja ennoeÐtai p�nta, ektìc an eipwjeÐ k�ti diaforetikì.

1.2 Grammikèc Lie �lgebrec

'Estw V ènac peperasmènhc di�stashc dianusmatikìc q¸roc p�nw apì to F ,
sumbolÐzoume me End V to sÔnolo twn grammik¸n metasqhmatism¸n V → V .
O End V wc dianusmatikìc q¸roc p�nw apì to F èqei di�stash n2 (n = dim
V ). OrÐzontac mia nèa apeikìnish [x, y] = xy−yx, h opoÐa onom�zetai agkÔlh
twn x kai y, o End V gÐnetai Lie �lgebra. EÐnai eÔkolo na epalhjeÔsei kaneÐc
tic idiìthtec tou OrismoÔ 1.1.1.

Sumbolismìc: Gia na xeqwrÐsoume thn nèa algebrik  dom  apì thn pa-
li� susqetismènh thc, gr�foume gl(V ) antÐ gia End V ìtan thn jewroÔme wc
Lie �lgebra (sthn perÐptwsh pou o V eÐnai apeirodi�statoc dianusmatikìc
q¸roc, ja qrhsimopoioÔme p�li ton sumbolismì gl(V )).
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Orismìc 1.2.1.
Thn parap�nw Lie �lgebra thn onom�zoume genik  grammik  �lgebra.

Orismìc 1.2.2.
K�je upo�lgebra thc gl(V ) kaleÐtai grammikh Lie �lgebra.

ShmeÐwsh: EÐnai dunatìn k�poioc na stajeropoi sei mia b�sh gia ton V
kai na jewr sei thn gl(V ) wc to sÔnolo ìlwn twn n × n pin�kwn p�nw apì
to F , to opoÐo sumbolÐzoume me gl(n, F ). Parak�tw ja gr�youme ton polla-
plasiastikì pÐnaka gia to gl(n, F ) sqetik� me thn sun jh b�sh h opoÐa apo-
teleÐtai apì ìlouc touc pÐnakec eij( me 1 sth jèsh (i, j) kai 0 alloÔ).'Eqoume
ìti eijekl = δjkeil kai apì to opoÐo prokÔptei

[eij , ekl] = δjkeil − δliekj .

ParadeÐgmata 1.2.3.
(A). 'Estw dim V = l + 1. SumbolÐzoume me sl(V )   sl(l + 1, F ) to sÔnolo
twn endomorfism¸n tou V pou èqoun Ðqnoc 0 (jumÐzoume ìti to Ðqnoc enìc
pÐnaka eÐnai to �jroisma twn stoiqeÐwn thc diagwnÐou kai eÐnai anex�rthto
thc epilog c b�shc, �ra eÐnai kal� orismèno gia ènan endomorfismì tou V ).
'Eqoume ìti Tr(xy) = Tr(yx) kai Tr(x + y) = Tr(x) + Tr(y), �ra h sl(V )
eÐnai upo�lgebra thc gl(V ) h opoÐa kaleÐtai eidik  grammik  �lgebra lìgw thc
sqèshc thc me thn eidik  grammik  om�da SL(V ) pou apoteleÐtai apì ìlouc
touc endomorfismoÔc me det 1. Ja upologÐsoume t¸ra thn diastash thc:
'Eqoume ìti h sl(V ) eÐnai gn sia upo�lgebra thc gl(V ) kai �ra h di�stas 
thc eÐnai 6 (l + 1)2 − 1. Ap;o thn �llh, mporoÔme na broÔme ton arijmì twn
grammik� anex�rthtwn pin�kwn me Ðqnoc Ðso me 0. PaÐrnoume ìla ta stoiqeÐa
eij (i 6= j) kai ta hi = eii − ei+1,i+1 (1 6 i 6 l). Telik� blèpoume ìti o
arijmìc twn stoiqeÐwn eÐnai Ðsoc me (l + 1)2 − 1. Ja jewroÔme p�nta thn
parap�nw b�sh wc thn sun jh b�sh gia thn sl(l + 1, F ).
(B). 'Estw F s¸ma kai V peperasmènhc di�stashc dianusmatikìc q¸roc p�nw
apì to F , �ra orÐzetai to gl(n, F ). OrÐzoume t¸ra:
t(n, F ) = to sÔnolo twn �nw trigwnik¸n pin�kwn (aij), aij = 0 an i > j.
n(n, F ) = to sÔnolo twn austhr� �nw trigwnik¸n pin�kwn (aij), aij = 0 an
i > j.
δ(n, F ) = to sÔnolo twn diagwnÐwn pin�kwn.

EÐnai eÔkolo na elegqjeÐ ìti ìla ta parap�nw eÐnai kleist� wc proc thn
pr�xh thc agkÔlhc kai �ra eÐnai upo�lgebrec thc gl(n, F ). Tèloc,parathroÔme
ìti t(n, F ) = δ(n, F ) + n(n, F ) kai ìti [δ(n, F ),n(n, F ] = n(n, F ). Apì to
deÔtero prokÔptei ìti [t(n, F ), t(n, F )] = n(n, F ).
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ShmeÐwsh: An H,K eÐnai upo�lgebrec miac Lie �lgebrac L, tìte me [H,K]
sumbolÐzoume ton upìqwro tou L pou èkteÐnetai apì touc metajètec [x, y],
x ∈ H,y ∈ K.

1.3 Lie �lgebrec paragwgÐsewn

K�poiec Lie �lgebrec grammik¸n metasqhmatism¸n dhmiourgoÔntai fusiolo-
gik� wc paragwgÐseic algebr¸n.

Orismìc 1.3.1.
Me ton ìro F -�lgebra ennooÔme ènan dianusmatikì q¸ro U p�nw apì èna s¸-
ma F efodiasmèno me mia digrammik  pr�xh U × U → U. Sthn perÐptwsh pou
U eÐnai Lie �lgebra qrhsimopoioÔme thn agkÔlh.

Orismìc 1.3.2.
Me ton ìro parag¸gish tou U ennooÔme mia grammik  apeikìnish δ: U→ U, h
opoÐa ikanopoieÐ ton gnwstì kanìna tou ginomènou δ(ab) = aδ(b) + δ(a)b.

Sumbolismìc: Thn sullog  ìlwn twn paragwgÐsewn tou U thn sumbo-
lÐzoume me Der U.

Parat rhsh 1.3.3. EÐnai eÔkolo na elegqjeÐ ìti to Der U eÐnai dia-
nusmatikìc upìqwroc tou End U.

K�jwc k�je Lie �lgebra eÐnai mia F -�lgebra upì thn parap�nw ènnoia,
èqei kat' epèktash oristeÐ kai to Der L.

Par�deigma 1.3.4. 'Estw x ∈ L, h apeikìnish y 7→ [x, y] eÐnai ènac
endomorfismìc thc L, ton opoÐo onom�zoume kai sumbolÐzoume me ad x. Ei-
dikìtera, ad x ∈ Der L. Autì prokÔptei diìti mporoÔme na gr�youme th
tautìthta Jacobi (qrhsimopoi¸ntac thn (I2′) tou orismoÔ 1.1.1.) sth para-
k�tw morf :

[x, [y, z]] = [[x, y], z] + [y, [x, z]].

Orismìc 1.3.5. ParagwgÐseic thc morf c tou paradeÐgmatoc 1.3.4. onom�-
zontai eswterikèc, enw ìloi oi upìloipec kaloÔntai exwterikèc.
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Parat rhsh 1.3.5. EÐnai dunatìn na èqoume ad x = 0, akìma kai sthn
perÐptwsh pou x 6= 0. Autì sumbaÐnei, gia par�deigma, se k�je Lie �lgebra
di�stashc 1.

Orismìc 1.3.6.
H apeikìnish L → Der L h opoÐa stèlnei to x sto ad x kaleÐtai adjoint
apeikìnish thc L.

ShmeÐwsh: Se k�poiec peript¸seic ja prèpei na blèpoume èna x wc stoi-
qeÐo thc L all� par�llhla kai wc stoiqeÐo miac upo�lgebrac K thc L. Gia
na apofÔgoume pijan  as�feia, ja qrhsimopoioÔme ton sumbolismì adL x  
adK x gia na deÐxoume an to x dra sthn L (antÐstoiqa, K).

1.4 Ide¸dh

Orismìc 1.4.1.
'Enac upìqwroc I miac Lie �lgebrac L kaleÐtai ide¸dec thc L an gia x ∈ L,
y ∈ I isqÔei ìti [x, y] ∈ I (lìgw thc idiìthtac [x, y] = −[y, x], h parap�nw
sunj kh ja mporoÔse na grafteÐ wc [y, x] ∈ I).

Ta ide¸dh sth jewrÐa twn Lie algebr¸n èqoun parìmoio rìlo me autìn
twn kanonik¸n upoom�dwn sth jewrÐa om�dwn kai twn amfÐpleurwn idewd¸n
sth jewrÐa daktulÐwn. ProkÔptoun wc pur nec omomorfism¸n. EÐnai profa-
nèc ìti 0 (o upìqwroc pou apoteleÐtai mìno apì to mhdenikì di�nusma) kai L
eÐnai ide¸dh thc L.

Orismìc 1.4.2.
'Estw Lie �lgebra L:
(i). OrÐzoume wc kèntro thc L to sÔnolo Z(L) = {z ∈ L|[x, z] = 0 gia k�je
x ∈ L}.
(ii). OrÐzoume wc paragìmenh �lgebra thc L, sumbolÐzoume me [LL], thn upo-
�lgebra pou perièqei ìlouc touc grammikoÔc sunduasmoÔc metajet¸n [x, y],
ìpou x,y ∈ L.

Parat rhsh 1.4.3.
IsqÔei ìti mia Lie �lgebra L eÐnai abelian  ⇔ Z(L) = L ⇔ [LL] = 0.
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'Estw I,J ide¸dh miac Lie �lgebrac L, tìte I + J = {x + y|x ∈ I, y ∈
J} eÐnai epÐshc ide¸dec thc L. Parìmoia, [IJ ] = {Σxiyi|xi ∈ I, yi ∈ J}
eÐnai ide¸dec kai h paragìmenh �lgebra [LL] eÐnai eidik  perÐptwsh aut c thc
kataskeu c.

EÐnai fusiologikì na melet soume th dom  twn Lie algebr¸n mèsw twn
idewd¸n touc. An ta mìna ide¸dh miac Lie �lgebrac L eÐnai to 0 kai o eautìc
thc, kai an isqÔei ìti [LL] 6= 0, h L kaleÐtai apl . H sunj kh [LL] 6= 0
(dhlad , L ìqi abelian ) dÐnetai gia thn apofug  �skophc shmasÐac sthn �l-
gebra di�stashc 1. EÐnai profanèc ìti an h L eÐnai apl , tìte Z(L) = 0 kai
L = [LL].

Par�deigma 1.4.4.
'Estw L = sl(2, F ), qarakthristik  F 6= 2. Tìte paÐrnoume san kanonik 
b�sh thc L touc treÐc pÐnakec (Par�deigma 1.2.3.A):

x =

(
0 1
0 0

)
, y =

(
0 0
1 0

)
, h =

(
1 0
0 −1

)
.

O pollaplasiastikìc pÐnakac eÐnai pl rwc kajorismènoc apì tic sqèseic:
[x, y] = h, [h, x] = 2x, [h, y] = −2y. (ParathroÔme ìti ta x,y,h eÐnai i-
diodianÔsmata thc ad h ,pou antistoiqoÔn stic idiotimèc 2,−2, 0. AfoÔ h
qarakthristik  tou F eÐnai 6= 2, oi idiotimèc eÐnai diakekrimènec.) 'Estw I 6= 0
ide¸dec thc L kai èstw ax+ by+ ch tuqaÐo mh mhdenikì stoiqeÐo tou I. Dr¸-
ntac me thn ad x dÔo forèc, paÐrnoume ìti −2bx ∈ I kai dr¸ntac dÔo forèc
me thn ad y, paÐrnoume ìti −2ay ∈ I. Wc apotèlesma, an a   b eÐnai 6= 0,
tìte I perièqei eÐte to y eÐte to x (qarakthristik  F 6= 2), kai �ra, prokÔptei
I = L. Apì thn �llh pleÔra, an a = b = 0, tìte 0 6= ch ∈ I, �ra h ∈ I, kai
p�li prokÔptei I = L. Telik�, katal goume sto ìti h L eÐnai apl .

Sthn perÐptwsh pou mia Lie �lgbera L den eÐnai apl  (kai ìqi monodi�-
stath), eÐnai pijanì na ”par�goume” gn sia mh mhdenik� ide¸dh I kai kat'
autìn ton trìpo na p�roume mia Lie �lgebra mikrìterhc di�stashc. H ka-
taskeu  miac �lgebrac phlÐko L/I (I eÐnai ide¸dec thc L) eÐnai qwrÐc au-
sthrìthta parìmoia me thn kataskeu  enìc daktulÐou phlÐko. Wc dianusma-
tikìc q¸roc to L/I eÐnai o q¸roc phlÐko, en¸ o Lie metajèthc orÐzetai wc
[x + I, y + I] = [x, y] + I gia ìla ta x,y ∈ L. EÐnai kal� orismènoc, diìti an
x+I = x′+I, y+I = y′+I, tìte èqoume x′ = x+u(u ∈ I), y′ = y+v(v ∈ I).
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'Epetai, [x′, y′] = [x, y] + ([u, y] + [x, v] + [u, v]) kai �ra [x′, y′] + I = [x, y] + I,
to teleutaÐo diìti oi par�gontec mèsa sthn parènjesh an koun sto I.

Ja anafèroume t¸ra k�poiec susqetizìmenec ènnoiec pou ja qreiastoÔn
sth sÔneqeia, an�logec me ekeÐnec pou prokÔptoun sth jewrÐa om�dwn. (a)
O kanonikopoiht c miac upo�lgebrac (  apl� upìqwrou) K miac Lie �lge-
brac L orÐzetai wc NL(K) = {x ∈ L|[x,K] ⊂ K}. Apì thn tautìthta
Jacobi, NL(K) eÐnai upo�lgebra thc L kai mporeÐ na perigrafeÐ wc h mega-
lÔterh upo�lgebra thc L pou perièqei thn K san ide¸dec (sthn perÐptwsh
pou K eÐnai upo�lgebra). An K = NL(K), tìte kaloÔme thn K autoka-
nonikopoi simh. (b) O kentropoiht c enìc uposunìlou X thc L orÐzetai wc
CL(X) = {x ∈ L|[x,X] = 0}. P�li lìgw thc tautìthtac Jacobi eÐnai upo�l-
gebra thc L. Gia par�deigma, CL(L) = Z(L).

1.5 OmomorfismoÐ kai anaparast�seic

Orismìc 1.5.1.
'Estw φ : L→ L′ (L,L′ Lie �lgebrec) grammikoc metasqhmatismìc:
(i). O φ kaleÐtai omomorfismìc an φ([x, y]) = [φ(x), φ(y)], gia ìla ta x,y ∈ L.
(ii). O φ kaleÐtai monomorfismìc an Ker φ = 0.
(iii). O φ kaleÐtai epimorfismìc an Im φ = L′.
(iv). O φ kaleÐtai isomorfismìc (ìpwc sto 1.1.4.) an eÐnai monomorfismìc kai
epimorfismìc tautìqrona.

Parat rhsh 1.5.2. Parathrìume ìti Ker φ eÐnai ide¸dec thc L. Pr�gma-
ti, an φ(x) = 0 kai y tuqìn stoiqeÐo thc L, tìte φ([xy]) = [φ(x), φ(y)] = 0.
EpÐshc, eÐnai eÔkola antilhptì ìti Im φ eÐnai upo�lgebra thc L′.

IsqÔoun ìpwc kai se �llec algebrikèc jewrÐec ta parak�tw jewr mata
omomorism¸n:

Je¸rhma 1.5.3.
(a). An φ : L→ L′ eÐnai omomorfismìc Lie algebr¸n, tìte L/Ker φ ∼= Imφ.
(b). An I kai J eÐnai ide¸dh thc L me I ⊂ J , tìte J/I eÐnai ide¸dec thc L/I
kai (L/I)/(J/I) ∼= L/J .
(c). An I,J eÐnai ide¸dh thc L, tìte up�rqei fusikìc isomorfismìc metaxÔ
(I + J)/J kai I/(I ∩ J). �

Orismìc 1.5.4.
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Anapar�stash miac Lie �lgebrac L eÐnai ènac omomorfismìc φ : L → gl(V )
(V = dianusmatikìc q¸roc p�nw apì to F ).

An kai apaitoÔme h L na eÐnai peperasmènhc di�stashc, eÐnai qr simo na
af soume to V na èqei tÔqaia di�stash( h gl(V ) èqei nìhma se k�je perÐptw-
sh). Gia t¸ra ja asqol joume me thn adjoint anapar�stash ad : L→ gl(V )
(1.3.6.), h opoÐa stèlnei to x sto ad x, ìpou ad x(y) = [x, y]. MporoÔme
eÔkola na doÔme ìti h ad eÐnai grammikìc metasqhmatismìc. Gia na deÐxoume
ìti diathreÐ thn pr�xh thc agkÔlhc, upologÐzoume:
[ad x,ad y](z) = ad x ad y(z) − ad y ad x(z) = ad x([y, z])− ad y([x, z]) =
[x, [y, z]]− [y, [x, z]] = [x, [y, z]] + [[x, z], y] = [[x, y], z] = ad [x, y] (z).
H tètarth isìthta èpetai apì thn idiìthta (I2′) kai h pèmpth apì thn idiìthta
(I3) (Orismìc 1.1.1.).

Tèloc, parathroÔme ìti Ker ad = {x ∈ L|ad x = 0} = {x ∈ L|[x, y] = 0
gia ìla ta y ∈ L }. 'Ara, Ker ad = Z(L). Apì autì bgaÐnei èna endiafèron
apotèlesma: An L èinai apl  Lie �lgebra, tìte Z(L) = 0 kai �ra èqoume ìti
h ad : L → gl(V ) eÐnai monomorfismìc. Autì ousiastik� mac lèei ìti k�je
apl  Lie �lgebra eÐnai isìmorfh me mia grammikh Lie �lgebra.

Orismìc 1.5.5.
'Enac isomorfismìc φ :L → L, ìpou L Lie �lgebra kaleÐtai automorfismìc
thc L kai to sÔnolo ìlwn twn automorfism¸n thc L sumbolÐzetai me Aut L.

Par�deigma 1.5.6. 'Estw g ∈ GL(V ) ènac tuqaÐoc antistrèyimoc en-
domorfismìc tou V kai èstw ìti isqÔei gLg−1 = L, tìte �mesa blèpoume ìti
h apeikìnish x 7→ gxg−1 eÐnai automorfismìc thc L.

1.6 Epilusimìthta

Se aut  th par�grafo melet�me mia Lie �lgebra qrhsimopoi¸ntac ton sqh-
matismì paragìmenwn algebr¸n.

Orismìc 1.6.1.
'Estw L Lie �lgebra. H akoloÔjia idewd¸n L(0) = L, L(1) = [LL], L(2) =
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[L(1)L(1)], · · · , L(i) = [L(i−1)L(i−1)] kaleÐtai parag¸menh seir� thc L.

Orismìc 1.6.2.
'Estw L Lie �lgebra. H L kaleÐtai epilÔsimh an L(n) = 0 gia k�poio n.

Par�deigma 1.6.3.: Oi �nw trigwnikoÐ pÐnakec.

Prìtash 1.6.4. 'Estw L Lie �lgebra:
(a). An L epilÔsimh, tìte to Ðdio isqÔei gia k�je upo�lgebra kai omomorfik 
eikìna thc L.
(b). An I eÐnai epilÔsimo ide¸dec thc L tètoio ¸ste L/I epilÔsimh, tìte L
epilÔsimh.
(c). An I, J epilÔsima ide¸dh thc L, tìte to Ðdio isqÔei kai gia to I + J .

Apìdeixh:(a) Apì ton orismì, èqoume �mesa ìti an K upo�lgebra thc L,
tìte K(i) ⊂ L(i). Parìmoia, an φ:L → M eÐnai epimorfismìc, me qr sh epa-
gwg c sto i deÐqnoume ìti φ(L(i)) = M (i).
(b) 'Estw (L/I)(n) = 0 gia k�poio n ∈ N. Apì (a), ìpou sth jèsh thc φ
eÐnai o kanonikìc omomorfismìc π:L → L/I, paÐrnoume π(L(n)) = 0   ìti
L(n) ⊂ I = Ker π. T¸ra afoÔ I(m) = 0 gia k�poio m ∈ N kai thn isìthta
(L(i))(j) = L(i+j) èqoume ìti L(n+m) = 0.
(c) Apì je¸rhma 1.5.3(c) gnwrÐzoume ìti up�rqei isomorfismìc metaxÔ (I +
J)/J kai I/(I ∩ J). Wc omomorfik  eikìna tou I èqoume I/(I ∩ J) epilÔsimh,
�ra kai (I + J)/J epilÔsimh. Tèloc, I + J epilÔsimh afoÔ J kai (I + J)/J
epÐlÔsimec kai apì (b) èqoume to zhtoÔmeno. �

Efarmog :
'Estw L Lie �lgebra kai S èna megistikì epilÔsimo ide¸dec thc L (den pe-
rièqetai se k�poio megalÔtero epilÔsimo ide¸dec). An t¸ra I eÐnai èna �llo
epilÔsimo ide¸dec thc L, tìte apì prìtash 1.6.3(c) paÐrnoume S + I = S (me-
gistikìthta S)   I ⊂ S. Autì apodeiknÔei ìti up�rqei monadikì megistikì
epilÔsimo ide¸dec, to opoÐo kaleÐtai rizikì thc L kai sumbolÐzetai Rad L.
Sthn perÐptwsh pou Rad L = 0, h L onom�zetai hmiapl . Gia par�deigma, mia
apl  �lgebra eÐnai hmiapl , kaj¸c ta mìna ide¸dh thc èinai to 0 kai L, kai
L den eÐnai epilÔsimh. EpÐshc, L = 0 eÐnai hmiapl . Tèloc, parathroÔme ìti
gia tuqaÐa Lie �lgebra L , L/Rad L eÐnai hmiapl  (qr sh (b) thc prìtashc
1.6.3).
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1.7 MhdenodunamÐa

Orismìc 1.7.1.
'Estw L Lie �lgebra. H akoloujÐa idewd¸n L0 = L, L1 = [LL] (= L(1)),
L2 = [LL1], · · · , Li = [LLi−1] onom�zetai katwtèra kentrik  seir� thc L.

Orismìc 1.7.2.
'Estw L Lie �lgebra. H L kaleÐtai mhdenodÔnamh an Ln = 0 gia k�poio n.

Paraseigma 1.7.3.: Oi austhr� �nw trigwnikoÐ pÐnakec.

EÐnai profanèc ìti k�je abelian  �lgebra eÐnai mhdenodÔnamh. EpÐshc,
isqÔei L(i) ⊂ Li gia k�je i, �ra k�je mhdenodÔnamh �lgebra eÐnai epilÔsimh.
To antÐstrofo tou par�panw den isqÔei.

Prìtash 1.7.4. 'Estw L Lie �lgebra:
(a). An L eÐnai mhdenodÔnamh, tìte to Ðdio isqÔei gia k�je upo�lgebra kai
omomorfik  eikìna thc L.
(b). An L/Z(L) mhdenodÔnamh, tìte L mhdenodÔnamh.
(c). An L mhdenodÔnamh kai L 6= 0, tìte Z(L) 6= 0.

Apìdeixh:(a) 'Omoia me thn apìdeixh thc prìtashc 1.6.4(a).
(b) 'Estw Ln ⊂ Z(L) gia k�poio n ∈ N, tìte Ln+1 = [LLn] ⊂ [LZ(L)] = 0.
(c) O teleutaÐoc mh mhdenikìc ìroc thc katwtèrac kentrik c seir�c perièqetai
sto Z(L). �

H sunj kh gia thn opoÐa h L eÐnai mhdenodÔnamh mporeÐ na ekfrasteÐ dia-
foretik� wc ex c: Gia k�poio n ( exart�tai mìno apì thn L), ad x1 ad x2 · · ·
ad xn(y) = 0 gia ìla ta xi,y ∈ L. Sugkekrimèna, (ad x)n = 0 gia k�je x ∈ L.

'Estw L Lie �lgebra kai x ∈ L, kaloÔmai to x ad-mhdenodÔnamo an ad
x eÐnai mhdenodÔnamoc endomorfismìc. Me b�sh ta parap�nw katal goume
sto ìti: An L mhdenodÔnamh Lie �lgebra, tìte ìla ta stoiqeÐa thc L eÐnai
ad-mhdenodÔnama. 'Opwc ja doÔme parak�tw isqÔei kai to antÐstrofo.

Je¸rhma 1.7.5.(Engel)
An ìla ta stoiqeÐa miac Lie �lgebrac L eÐnai ad-mhdenodÔnama, tìte L mhde-
nodÔnamh.
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L mma 1.7.6.
'Estw x ∈ gl(V ) mhdenodÔnamoc endomorfismìc. Tìte ad x eÐnai mhdenodÔna-
moc.

Apìdeixh: Ja susqetÐsoume to x me dÔo endomorfismoÔc sto End V , thn
arister  kai dexi� metatìpish kat� x: λx(y) = xy, ρx(y) = yx, pou eÐnai
mhdenodÔnamoi lìgw tou ìti o x eÐnai. EpÐshc, λx kai ρx metatÐjentai. T¸ra
gnwrÐzoume ìti to �jroisma   h diafor� dÔo mhdenodÔnamwn stoiqeÐwn pou
metatÐjentai eÐnai xan� mhdenodÔnamo stoiqeÐo. 'Ara, afoÔ parathr soume ìti
ad x = λx − ρx, èqoume ìti ad x mhdenodÔnamo. �

Je¸rhma 1.7.7.
'Estw L upo�lgebra thc gl(V ), V peperasmènhc di�stashc. An L apoteleÐtai
apo mhdenodÔnamouc endomorfismoÔc kai V 6= 0, tìte up�rqei mh mhdenikì
stoiqeÐo u ∈ V tètoio ¸ste L.u = 0.

Apìdeixh: QrhsimopoioÔme epagwg  sth di�stash thc L, oi peript¸seic
ìpou h di�stash thc L eÐnai 0   1 eÐnai profaneÐc (gia thn perÐptwsh pou dim
L = 1 jumìmaste ìti ènac mhdenodÔnamoc grammikìc metasqhmatismìc èqei
p�nta toul�qiston èna idiodi�nusma pou antistoiqeÐ sthn idiotim  0). 'Estw
K 6= L upo�lgebra thc L. SÔmfwna me to L mma 1.7.6, K dra (mèsw thc
ad) sto dianusmatikì q¸ro L wc mÐa Lie �lgebra mhdenodÔnamwn grammikwn
metasqhmatismwn, �ra to Ðdio kai sto dianusmatikì q¸ro L/K. 'EqoÔme ìmwc,
dim K < dim L kai apì epagwgik  upìjesh paÐrnoume ìti up�rqei di�nusma
x + K 6= K sto L/K tètoio ¸ste [y, x] ∈ K gia ìla ta y ∈ K kai x /∈ K.
Me �lla lìgia, K perièqetai gn sia sto NL(K).

Epilègoume K na eÐnai megistik  gn sia upo�lgebra thc L. Apì ta pa-
rap�nw èqoume anagkastik� NL(K) = L, dhlad , K eÐnai ide¸dec thc L.
An t¸ra dim L/K eÐnai megalÔterh tou 1, tìte h antÐstrofh eikìna sthn
L miac monodi�stathc upo�lgebrac thc L/K (p�nta up�rqei) ja  tan gn sia
upo�lgebra thc L, h opoÐa perièqei thn K, to opoÐo eÐnai �topo (lìgw megi-
stikìthtac thc K), �ra K èqei sundi�stash 1. MporoÔme na gr�youme t¸ra
L = K + Fz gia opoiod pote z ∈ L−K.

Apì epagwgik  upìjesh, W = {u ∈ V |K.u = 0} 6= {0}. AfoÔ K eÐnai
ide¸dec thc L, W eÐnai stajerì upì thn L: x ∈ L, y ∈ K, w ∈ W dÐnoun
yx.w = xy.w − [x, y].w = 0. Epilègoume z ∈ L − K ìpwc parap�nw, ètsi
¸ste o mhdenodÔnamoc endomorfismìc z (dra t¸ra ston upìqwro W ) èqei
èna idiodi�nusma, dhlad , up�rqei mh mhdenikì stoiqeÐo u ∈ W tètoio ¸ste
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z.u = 0. Tèloc, èqoume L.u = 0, to zhtoÔmeno. �

Apìdeixh jewr matoc 1.7.5.(Engel): Apì thn upìjesh tou jewr matoc
paÐrnoume ìti h �lgebra ad L ⊂ gl(L) ikanopoieÐ tic apait seic tou jewr -
matoc 1.7.7 (mporoÔme na upojèsoume L 6= 0). Katal goume sto ìti up�rqei
x 6= 0 sthn L tètoio ¸ste [Lx] = 0, dhlad , Z(L) 6= 0. T¸ra profan¸c
L/Z(L) apoteleÐtai apì mhdenodÔnama stoiqeÐa kai èqei di�stash mikrìterh
apì aut  thc L. Qrhsimopoi¸ntac epagwg  sthn di�stash thc L paÐrnoume
ìti L/Z(L) eÐnai mhdenodÔnamh. Tèloc, apì thn prìtash 1.7.4(b) èqoume ìti
L mhdenodÔnamh. �

L mma 1.7.8.
'Estw L mhdenodÔnamh, K ide¸dec thc L. An K 6= 0, tìte K ∩ Z(L) 6= 0

Apìdeixh: H L dra sthn K mèsw thc suzug c anapar�stashc, ètsi apì
to Je¸rhma 1.7.7 up�rqei x ∈ K me x 6= 0 tètoio ¸ste [Lx] = 0, �ra x ∈
K ∩ Z(L). �
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2 Hmiaplèc Lie �lgebrec

'Estw L Lie �lgebra p�nw apì èna s¸ma F . 'Olh h je¸ria pou jèloume na
anaptÔxoume qrei�zetai thn upìjesh ìti h qarakthristik  tou s¸matoc F na
eÐnai 0. Epiplèon, gia na exasfalÐsoume thn Ôparxh twn idiotimwn gia thn ad
x gia tuqìn x (kai ìqi mìno ìtan ad x mhdenodÔnamh), upojètoume epÐshc, ìti
F eÐnai algebrik� kleistì, ektìc an eipwjeÐ k�ti diaforetikì.

2.1 Jewr mata twn Lie kai Cartan

To epìmeno je¸rhma eÐnai parìmoio me to Je¸rhma 1.7.6, all� qrei�zetai al-
gebrik  kleistìthta, ètsi ¸ste na exasfalisteÐ ìti to F perièqei olèc tic
apaitoÔmenec idiotimèc.

Je¸rhma 2.1.1.
'Estw L epilÔsimh upo�lgebra thc gl(V ), ìpou V peperasmènhc di�stashc.
An V 6= 0, tìte V perièqei èna koinì idiodi�nusma gia ìlouc touc endomorfi-
smouc sthn L.

Apìdeixh: QrhsimopoioÔme epagwg  sthn di�stash thc L kai prospajoÔme
na mimhjoÔme thn apìdeixh tou jewr matoc 1.7.6 (h perÐptwsh dim L = 0 eÐnai
tetrimmènh).

AfoÔ L eÐnai epilÔsimh kai dim L > 0 èqoume ìti L perièqei gn sia to
[LL]. T¸ra, L/[LL] eÐnai abelian  kai �ra k�je upìqwroc eÐnai autìmata
ide¸dec. PaÐrnoume ènan upìqwro sundi�stashc 1, tìte h antÐstrofh eikìna
tou K eÐnai ide¸dec sundi�stashc 1 sthn L kai perièqei to [LL].

Apì epagwgik  upìjesh up�rqei koinì idiodi�nusma u ∈ V gia to K (K
eÐnai profan¸c epilÔsimo kai èstw K = 0, tìte h L èinai abelian  di�stashc
1 kai èna idiodi�nusma gia èna basikì di�nusma thc L oloklhr¸nei thn apì-
deixh). Autì shmaÐnei ìti gia x ∈ K isqÔei x.u = λ(x)u, λ:K → F grammik 
sun�rthsh. StajeropoioÔme to λ kai sumbolÐzoume me W ton upìqwro

{w ∈ V |x.w = λ(x)w gia ìla ta x ∈ K} kai �ra W 6= 0.

Ja deÐxoume ìti h L stajeropoieÐ ton W . 'Estw w ∈ W , x ∈ L. Gia
na doÔme an to x.w brÐsketai sto W , ja p�roume tuqìn y ∈ K kai ja exe-
t�soume to yx.w = xy.w − [x, y].w = λ(y)x.w − λ([x, y])w. 'Ara arkeÐ na
deÐxoume ìti λ([x, y]) = 0. StajeropoioÔme w ∈ W , x ∈ L. 'Estw n > 0
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o mikrìteroc akèraioc gia ton opoÐo isqÔei w, x.w, · · · , xn.w eÐnai grammik�
exarthmèna. OrÐzoume Wi na eÐnai o upìqwroc tou V pou ekteÐnetai apì ta
w, x.w, · · · , xi−1.w (Jètoume W0 = 0), tìte dim Wn = n, Wn+i = Wn gia
i ≥ 0 kai x apeikonÐzei tonWn stoWn. EÐnai eÔkolo na doÔme ìti k�je y ∈ K
af nei k�je Wi analloÐwto.

Isqurismìc: Sqetik� me th b�sh w, x.w, · · · , xn−1.w tou Wn, isqurizìma-
ste ìti èna y ∈ K anaparast�tai apì ènan �nw trigwnikì pÐnaka tou opoÐou
ta stoiqeÐa thc diagwnÐou eÐnai ìla Ðsa me λ(y).

Apìdeixh isqurismoÔ: Ja qrhsimopoi soume thn parak�tw isotimÐa:

yxi.w ≡ λ(y)xi.w (mod Wi) (∗)

thn opoÐa ja apodeÐxoume me qr sh epagwg c sto i. H perÐptwsh i = 0 eÐnai
profan c. Gr�foume yxi.w = yxxi−1.w = xyxi−1.w − [x, y]xi−1.w. Apì
upìjesh epagwg c, èqoume yxi−1.w = λ(y)xi−1.w + w′ (w′ ∈ Wi−1). AfoÔ
x apeikonÐzei ton Wi−1 ston Wi (apì kataskeu  twn Wi), paÐrnoume ìti h ∗
isqÔei gia ìla ta i.

T¸ra, apì ton trìpo me ton eÐdame oti èna y ∈ K dra ston Wn, su-
mperaÐnoume ìti TrWn(y) = nλ(y). Pio sugkekrimèna, aÔto isqÔei gia ìla
ta stoiqeÐa tou K thc morf c [x, y] (x ìpwc parap�nw kai y ∈ K). IsqÔei
ìti x kai y stajeropoioÔn to Wn, �ra to stoiqeÐo [x, y] dra sto Wn wc o
metajèthc dÔo endomorfism¸n tou Wn kai �ra to Ðqnoc tou eÐnai 0. Telik�,
nλ([x, y]) = 0 kai afoÔ èqoume ìti char F = 0(char F=qarakthristik  tou
F ), autì katal gei sto ìti λ([x, y]) = 0, ìpwc kai jèlame.

Gia na oloklhr¸soume thn apìdeixh, gr�foume L = K + Fz kai qrhsimo-
poioÔme xan� to ìti to F eÐnai algebrik� kleistì gia na broÔme idiodi�nusma
v ∈ W tou z gia k�poia idiotim  tou z. Tìte, to v eÐnai profan¸c koinì
idiodi�nusma gia thn L kai h λ mporeÐ na epektajeÐ se grammik  sun�rthsh
sto L tètoia ¸ste x.v = λ(x).v, x ∈ L. �

Par�deigma 2.1.2. Ja doÔme par�deigma to opoÐo deÐqnei thn anagkaiì-
thta na èinai char F = 0 sto je¸rhma 2.1.1. 'Estw p > 0 pr¸toc kai s¸ma
F qarakthristik c p. PaÐrnoume touc p× p pÐnakec:

x =


0 1 0 0 · · · 0
0 0 1 0 · · · 0
. . . . . . . . . . . . . . . . . . .
0 0 0 0 · · · 1
1 0 0 0 · · · 0

, y = diag(0, 1, 2, 3, · · · , p− 1)

Blèpoume ìti [x, y] = x kai �ra x kai y ekteÐnontai se mia epilÔsimh upo�l-
gebra L thc gl(p, F ) me dim L = 2. All�, ta idiodianÔsmata tou y eÐnai ta
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kanonik� basik� dianÔsmata kai kanèna apì aut� den eÐnai idiodi�nusma tou x.

Pìrisma 2.1.3.(Je¸rhma Lie)
'Estw L epilÔsimh upo�lgebra thc gl(V ), dim V = n < ∞. Tìte h L
stajeropoieÐ mia shmaÐa ston V ( wc shmaÐa orÐzoume mia alusÐda upoq¸rwn
0 = V0 ⊂ V1 ⊂ · · · ⊂ Vn = V , dim Vi = i), dhlad  L.Vi ⊂ Vi gia ìla ta i.

Apìdeixh: QrhsimopoioÔme to je¸rhma 2.1.1 kai epagwgh sthn dim V . �

Genikìtera, èstw L epilÔsimh Lie �lgebra, φ : L → gl(V ) peperasmè-
nhc di�stashc anapar�stash thc L. Tìte φ(L) èinai epilÔsimh, apì prìtash
1.6.3(a) kai �ra stajeropoieÐ mia shmaÐa, apì pìrisma 2.1.3. Gia par�deigma,
an φ eÐnai h suzug c anapar�stash, mia shmaÐa apì upoq¸rouc stajer  upì
thn L èinai mia alusÐda idewd¸n thc L, ìpou kajènac èqei sundi�stash 1 ston
epìmeno. AÔto mporeÐ na ekfrasteÐ wc ex c:

Pìrisma 2.1.4.
'Estw L epilÔsimh Lie �lgebra. Tìte up�rqei alusÐda idewd¸n thc L, 0 =
L0 ⊂ L1 ⊂ · · · ⊂ Ln = L, tètoia ¸ste dim Li = i. �

Pìrisma 2.1.5
'Estw L epilÔsimh Lie �lgebra. Tìte x ∈ [LL] shmaÐnei ìti adL x eÐnai mhde-
nodÔnamo. Pio sugkekrimèna, [LL] eÐnai mhdenodÔnamh.

Apìdeixh: BrÐskoume mia alusÐda idewd¸n ìpwc sto pìrisma 2.1.4. Sqeti-
k� me mia b�sh (x1, · · · , xn) thc L gia thn opoÐa Li ekteÐnetai sta x1, · · · , xi,
oi pÐnakec thc ad L an koun sthn t(n, F ). Epomènwc, oi pÐnakec thc [ad L, ad
L] = adL[LL] an koun sthn n(n, F ). 'Ara wc �meso apotèlesma èqoume ìti
adL x eÐnai mhdenodÔnamo gia x ∈ [LL], �ra kai ad[LL] x eÐnai mhdenodÔnamo.
Telik�, [LL] eÐnai mhdenodÔnamh. �

Sta parak�tw trÐa apotelèsmata, char F ja eÐnai tuqaÐa. KaloÔme èna
x ∈ End V (V peperasmènhc di�stashc) hmiaplì an oi rÐzec tou elaqÐstou
poluwnÔmou p�nw apì to F eÐnai diakekrimènec. IsodÔnama, (F eÐnai algebri-
k� kleistì) x eÐnai hmiaplì an kai mìno an x eÐnai diagwnÐsimo. Shmei¸noume
ìti dÔo hmiaploÐ endomorfismoÐ pou metatÐjentai metaxÔ touc mporeÐ na dia-
gwnopoihjoÔn tautìqrona. Epomènwc, to �jroisma kai h diafor� touc eÐnai
hmiapl . EpÐshc, an x eÐnai hmiaplìc kai apeikonÐzei ènan upìqwro W tou V
ston eautì tou, tìte kai o periorismìc tou x sto W eÐnai hmiaplìc.
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Prìtash 2.1.6.
'Estw V peperasmènhc di�stashc dianusmatikìc q¸roc p�nw apì èna s¸ma
F , x ∈ End V .
(a). Up�rqoun monadik� xs, xn ∈ End V pou ikanopoioÔn tic parak�tw sun-
j kec:
(i) x = xs + xn,(ii) xs eÐnai hmiaplì, (iii) xn eÐnai mhdenodÔnamo, (iv) xs kai
xn metatÐjentai.
(b). Up�rqoun polu¸numa p(T ), q(T ) miac metablht c, qwrÐc stajerì ìro,
tètoia ¸ste xs = p(x), xn = q(x). Pio sugkekrimèna, xs kai xn metatÐjentai
me k�je endomorfismì pou metatÐjetai me to x.
(c). An A ⊂ B ⊂ V eÐnai upìqwroi kai to x apeikonÐzei to B sto A, tìte kai
ta xs, xn apeikonÐzoun to B sto A.

H an�lush x = xs+xn kaleÐtai (prosjetik ) an�lush Jordan−Chevalley
tou x,   apl� an�lush Jordan. Ta xs, xn kaloÔntai to hmiaplì kai to mhde-
nodÔnamo mèroc tou x,antÐstoiqa.

Apìdeixh: 'Estw a1, · · · , ak (me pollaplìthtec m1, · · · ,mk) oi diakekri-
mènec idiotimèc tou x, ¸ste to qarakthristikì polu¸numo tou x eÐnai to
Π(T − ai)mi . An Vi = Ker (x − ai · 1)mi , tìte V eÐnai to eujÔ �jroisma
twn upoq¸rwn V1, · · · , Vk, ìpou kajènac eÐnai stajerìc apì ton x. Se k�-
je Vi, to x èqei qarakthristikì polu¸numo (T − ai)mi . T¸ra efarmìzoume
to Kinèziko Je¸rhma UpoloÐpwn (gia ton daktÔlio F [T ]) gia na broÔme po-
lu¸numo p(T ) pou na ikanopoieÐ tic parak�tw isotimÐec, gia ta sqetik� pr¸ta
mod: p(T ) ≡ ai (mod (T − ai)mi), p(T ) ≡ 0 (mod T ). (ParathroÔme ìti h
teleutaÐa isotimÐa eÐnai peritt  an to 0 eÐnai idiotim  tou x, diaforetik� T kai
(T − ai)mi eÐnai sqetik� pr¸ta). Jètoume q(t) = T − p(T ). Profan¸c, p(T )
kai q(T ) èqoun mhdenikì stajerì ìro, afoÔ p(T ) ≡ 0 (mod T ).

Jètoume xs = p(x), xn = q(x). AfoÔ eÐnai polu¸numa tou x, ta xs
kai xn metatÐjentai metaxÔ touc all� kai me ìlouc touc endomorfismoÔc pou
metatÐjentai me to x. StajeropoioÔn ìlouc touc upìqwrouc tou V pou staje-
ropoioÔntai apì to x, kai eidik�, ta Vi. H isotimÐa p(T ) ≡ ai (mod (T −ai)mi)
deÐqnei ìti o periorismìc tou xs − ai · 1 sto Vi eÐnai 0 gia k�je i, �ra to xs
dra diag¸nia sta Vi me monadik  idiotim  to ai, dhlad  xs hmiaplì. Apì ton
orismì, xn = x − xs, apì to opoÐo èqoume ìti xn eÐnai mhdenodÔnamo. Lìgw
tou ìti p(T ), q(T ) den èqoun stajerì ìro paÐrnoume to (c) thc prìtashc.

'Estw t¸ra ìti x = s+ n mÐa �llh an�lush tou x. Tìte èqoume xs − s =
n− xn. Lìgw tou (b), ìloi oi parap�nw endomorfismoÐ metatÐjentai. AjroÐ-
smata hmiapl¸n (mhdenodÔnamwn, antÐstoiqa) endomorfism¸n pou metatÐjentai
eÐnai xan� hmiapl� (mhdenodÔnama, antÐstoiqa). Mìno to 0 mporeÐ na eÐnai h-
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miaplì kai mhdenodÔnamo, tautìqrona. 'Ara isqÔei s = xs,n = xn. �

Ac p�roume t¸ra thn suzug  anpar�stash thc Lie �lgebrac gl(V ), V
peperasmènhc di�stashc. An x ∈ gl(V ) eÐnai mhdenodÔnamo, tìte kai ad x
eÐnai mhdenodÔnamo (L mma 1.7.5). IsqÔei to antÐstoÐqo kai gia hmiapl�. E-
pilègoume mia b�sh (u1, · · · , un) tou V gia thn opoÐa to x èqei pÐnaka diag
(a1, · · · , an). 'Estw {eij} eÐnai h kanonik  b�sh thc gl(V ) kai sqetÐzetai me
thn (u1, · · · , un): eij(uk) = δjk(ui). Me gr goro upologismì (1.2 ShmeÐwsh)
blèpoume ìti ad x(eij) = (ai−aj)eij . Telik�, blèpoume ìti ad x èqei diag¸nio
pÐnaka, sqetikì me thn kanonik  b�sh thc gl(V ).

L mma 2.1.7.
'Estw x ∈ End v (dim V <∞), x = xs+xn h an�lush Jordan tou x. Tìte,
ad x = ad xs + ad xn eÐnai h an�lush Jordan tou ad x (sthn End(End V )).

Apìdeixh: 'Eqoume deÐ ìti ad xs,ad xn eÐnai hmiaplì kai mhdenodÔnamo,
antÐstoiqa. MetatÐjentai metaxÔ touc, afoÔ [ad xs, ad xn] = ad [xs, xn] = 0.
'Ara, apì prìtash 2.1.6(a) èqoume to zhtoÔmeno.

L mma 2.1.8.
'Estw U peperasmènhc di�stashc F -�lgebra. Tìte, Der U perièqei ìla ta
hmiapl� kai mhdenodÔnama mèrh (sthn End U) ìlwn twn stoiqeÐwn thc.

Apìdeixh: An δ ∈ Der U, èstw σ, ν ∈ Der U na eÐnai to hmiaplì kai to
mhdenodÔnamo mèroc tou δ, antÐstoiqa. ArkeÐ na deÐxoume ìti to σ ∈ Der U.
An a ∈ F , orÐzoume Ua = {x ∈ U|(δ − a.1)kx = 0 gia k�poio k (exart�tai
apì to x)}. Tìte, U eÐnai to eujÔ �jroisma twn Ua gia ta a ta opoÐa eÐnai
idiotimèc thc δ (  σ) kai h σ dra sta Ua wc bajmwtìc pollaplasiasmìc me a.
MporoÔme na deÐxoume ìti gia a,b ∈ F isqÔei UaUb ⊂ Ua+b mèsw tou tÔpou:

(∗) (δ − (a+ b).1)n(xy) =
∑n

i=0((δ − a.1)n−ix) · ((δ − b.1)iy)

gia x, y ∈ U (apìdeixh, me epagwg  sto n). T¸ra, an x ∈ Ua,y ∈ Ub, tìte
σ(xy) = (a+b)xy, epeid  xy ∈ Ua+b (mporeÐ na eÐnai 0). Apì thn �llh pleur�,
(σx)y + x(σy) = (a + b)xy. Apì to ìti U =

∐
Ua (eujÔ �jroisma) èqoume

ìti h σ ∈ Der U, dhlad  to zhtoÔmeno. �

'Estw L Lie �lgebra. EÐnai profanèc ìti an [LL] eÐnai mhdenodÔnamh, tì-
te h L eÐnai epilÔsimh. EpÐshc, èqoume ìti h [LL] eÐnai mhdenodÔnamh an kai
mìno an ad[LL]x eÐnai mhdenodÔnamo gia k�je x ∈ [LL]. Ja deÐxoume t¸ra èna
krit rio ”Ðqnouc” gia th mhdenodÔnamÐa enìc endomorfismoÔ.
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L mma 2.1.9.
'Estw A ⊂ B na eÐnai dÔo upìqwroi tou gl(V ), dim V < ∞. Jètoume
M = {x ∈ gl(V )|[x,B] ⊂ A}. Upojètoume ìti up�rqei k�poio x ∈ M gia to
opoÐo isqÔei Tr(xy) = 0 gia ìla ta y ∈M . Tìte, x eÐnai mhdenodÔnamo.

Apìdeixh: 'Estw x = s + n na eÐnai h an�lush Jordan tou x. Stajero-
poioÔme b�sh (u1, · · · , um) tou V sqetik� me thn opoÐa to s èqei pÐnaka diag
(a1, · · · , am). 'Estw E na eÐnai o dianusmatikìc upìqwroc tou F (p�nw apì
to Q) pou ekteÐnetai stic idiotimèc a1, · · · , am. Jèloume na deÐxoume ìti s = 0
  isodÔnama ìti E = 0. AfoÔ E èqei peperasmènh di�stash p�nw apì to Q,
arkeÐ na deÐxoume ìti o duðkìc q¸roc E∗ eÐnai 0, dhlad  ìti k�je grammik 
sun�rthsh f : E → Q eÐnai 0.

DojeÐsac miac f , èstw y na eÐnai to stoiqeÐo thc gl(V ) tou opoÐou o pÐ-
nakac sqetikìc me thn dojeÐsa b�sh na eÐnai diag (f(a1), · · · , f(am)). An
{eij} eÐnai h antÐstoiqh b�sh thc gl(V ), ìpwc eÐdame pio prin isqÔei: ad
s(eij) = (ai − aj)eij , ad y(eij) = (f(ai) − f(aj))eij . 'Estw t¸ra r(T ) ∈
F [T ] na eÐnai polu¸numo qwrÐc stajerì ìro pou na ikanopoieÐ thn sqèsh
r(ai − aj) = f(ai) − f(aj), gia ìla ta zeÔgh i, j. H Ôparxh tètoiou r(T )
proèrqetai apì thn Parembol  Lagrange. Den up�rqei k�poia as�feia stic
kajorismènec timèc, afoÔ ai−aj = ak−al shmaÐnei (apì grammikìthta thc f)
ìti f(ai)− f(aj) = f(ak)− f(al). Telik�, èqoume ad y = r (ad s).

'Eqoume apì l mma 2.1.7 ìti ad s eÐnai to hmiaplì mèroc tou ad x, �ra mpo-
reÐ na grafeÐ wc polu¸numo tou ad x qwrÐc stajerì ìro (Prìtash 2.1.6.).
'Ara, kai to ad y mporeÐ na grafeÐ wc polu¸numo tou ad x qwrÐc stajerì
ìro. Apì thn upìjesh tou l mmatoc èqoume ad x apeikonÐzei to B sto A, �ra
kai ad y (B) ⊂ A, dhlad , y ∈ M . Qrhsimopoi¸ntac thn upìjesh tou l m-
matoc, Tr(xy) = 0, paÐrnoume

∑
aif(ai) = 0. H arister  pleur� eÐnai ènac

Q-grammikìc sunduasmìc stoiqeÐwn tou E kai efarmìzntac thn f paÐrnoume∑
f(ai)

2 = 0. 'Oloi oi arijmoÐ f(ai) eÐnai rhtoÐ kai �ra autì èqei wc sunèpeia
na eÐnai ìloi Ðsoi me 0. Tèloc, h f prèpei na eÐnai tautotik� Ðsh me 0, diìti E
ekteÐnetai sta ai. �

ShmeÐwsh: An x,y,z eÐnai endomorfismoÐ enìc dianusmatikoÔ q¸rou pepera-
smènhc di�stashc, tìte isqÔei:

(∗) Tr([x, y]z]) = Tr(x[y, z]).

Gia na to deÐxoume, gr�foume [x, y]z = xyz − yxz, x[y, z] = xyz − xzy kai
qrhsimopoioÔme to ìti Tr(y(xz)) = Tr((xz)y).
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Je¸rhma 2.1.10. (Krit rio Cartan)
'Estw L upo�lgebra thc gl(V ), V peperasmènhc di�stashc. Upojètoume ìti
Tr(xy) = 0 gia ìla ta x ∈ [LL], y ∈ L. Tìte, h L eÐnai epilÔsimh.

Apìdeixh: 'Opwc eÐqame anafèrei kai prohgoumènwc, arkeÐ na deÐxoume ìti
[LL] eÐnai mhdenodÔnamh   alli¸c ìti ìla ta x ∈ [LL] eÐnai mhdenodÔnamoi
endomorfismoÐ (Je¸rhma 1.7.4(Engel)). Efarmìzoume to prohgoÔmeno l mma
gia thn kat�stash: V ìpwc dÐnetai, A = [LL], B = L, kai �ra M = {x ∈
gl(V )|[x, L] ⊂ [LL]}. Profan¸c, L ⊂M . H upìjes  mac lèei ìti Tr(xy) = 0
gia x ∈ [LL], y ∈ L kai gia na katal xoume mèsw tou prohgoumènou l mmatoc
ìti k�je x ∈ [LL] eÐnai mhdenodÔnamo, prèpei na deÐxoume k�ti isqurìtero:
Tr(xy) = 0 gia x ∈ [LL], y ∈M .

An [x, y] eÐnai tupikìc genn torac thc [LL] kai an z ∈ M , tìte a'po thn
tautìthta (∗) paÐrnoume ìti Tr([x, y]z) = Tr(x[y, z]) = Tr([y, z]x). Apì
ton orismì tou M èqoume ìti [y, z] ∈ [LL] kai �ra to dexÐ mèroc eÐnai 0 apì
upìjesh. �

Pìrisma 2.1.11.
'Estw L Lie �lgebra tètoia ¸ste Tr(ad x ad y) = 0 gia ìla ta x ∈ [LL],
y ∈ L. Tìte, h L eÐnai epÐlusimh.

Apìdeixh: Efarmìzontac to Je¸rhma 2.1.10 gia thn adjoint anapar�sta-
sh thc L, paÐrnoume ìti ad L eÐnai epilÔsimh. AfoÔ, Ker ad = Z(L) eÐnai
epilÔsimh, tìte kai h L eÐnai epilÔsimh (Prìtash 1.6.3(b)). �

2.2 Killing form

'Estw L Lie �lgebra. An x,y ∈ L, orÐzoume κ(x, y) = Tr(ad x ad y). Tìte,
κ eÐnai summetrik  digrammik  morf  sthn L kai kaleÐtai Killing form. H
κ eÐnai prosetairistik , me thn ènnoia ìti κ([x, y], z) = κ(x, [y, z]), to opoÐo
prokÔptei apì thn tautìthta (∗) sthn ShmeÐwsh sthn 2.1.

L mma 2.2.1.
'Estw I ide¸dec miac Lie �lgebrac L. An κ eÐnai h Killing form thc L kai
κI h Killing form tou I (blèpontac to I wc Lie �lgebra), tìte κI = k|I×I .

19



Apìdeixh: 'Estw x,y ∈ I, tìte (ad x) (ad y) eÐnai endomorfismìc thc L
kai apeikonÐzei thn L sto I, �ra to Ðqnoc tou κ(x, y) sumpÐptei me to Ðqnoc
κI(x, y) tou (ad x) (ad y)|I = (adI x) (adI y) (gnwrÐzoume apì grammik 
�lgebra ìti an W eÐnai upìqwroc enìc dianusmatikoÔ q¸rou V peperasmè-
nhc di�stashc kai φ endomorfismìc tou V pou apeikonÐzei to V sto W , tìte
Trφ = Tr(φ|W )). �

'Estw L Lie �lgebra. Genikìtera, mia summetrik  grammik  morf  β(x, y)
lègetai mh ekfulismènh an to rizikì thc S eÐnai 0, ìpou S = {x ∈ L|β(x, y) = 0
gia ìla ta y ∈ L}. Epeid  h Killing form eÐnai prosetairistik , to rizikì
thc den eÐnai apl� upìqwroc all� eÐnai ide¸dec thc L. 'Eqoume apì grammik 
�lgebra ènan praktikì trìpo na elègqoume thn mh ekfulisimìthta: Stajero-
poioÔme x1, · · · , xn b�sh thc L. Tìte, κ eÐnai mh ekfulismènh an kai mìno an
o n × n pÐnakac tou opoÐou ta stoiqeÐa sth jèseic i,j eÐnai ta κ(xi, xj) èqei
orÐzousa 6= 0.

Par�deigma 2.2.2. UpologÐzoume thn Killing form thc sl(2, F ), qrhsi-
mopoi¸ntac thn kanonik  b�sh (Par�deigma 1.4.4), thn opoÐa gr�foume me th
seir� (x, h, y). Oi pÐnakec pou prokÔptoun eÐnai:

ad x =

0 −2 0
0 0 1
0 0 0

, ad h = diag(2, 0,−2), ad y =

 0 0 0
−1 0 0
0 2 0


'Ara, κ èqei pÐnaka

0 0 4
0 8 0
4 0 0

 me orÐzousa −128 kai �ra κ eÐnai mh ekfuli-

smènh (autì isqÔei an char F 6= 2).

Parat rhsh 2.2.3. GnwrÐzoume ìti mia Lie �lgebra L eÐnai hmiapl  an
Rad L = 0. Autì eÐnai isodÔnamo me to na isqÔei ìti h L den èqei mh mhdenik�
abelian� ide¸dh. Pr�gmati, k�je tètoio ide¸dec ja prèpei na perièqetai sto
rizikì kai antÐstrofa, to rizikì (an eÐnai 6= 0) perièqei èna tètoio ide¸dec thc
L (o teleutaÐo mh mhdenikìc ìroc thc par�gousac seir�c tou Rad L).

Je¸rhma 2.2.4.
'Estw L Lie �lgebra. Tìte, h L eÐnai hmiapl  an kai mìno an h Killing form
thc eÐnai mh ekfulismènh.

Apìdeixh: �Este ìti Rad L = 0 kai èste S na eÐnai to rizikì thc κ. Apì
orismì tou S, Tr(ad x ad y) = 0 gia ìla ta x ∈ S, y ∈ L (pio sugkekrimèna,
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gia y ∈ [SS]). SÔmfwna me to je¸rhma 2.1.10 (Krit rio Cartan), h adL S
eÐnai epilÔsimh kai �ra h S epilÔsimh (Pìrisma 2.1.11). GnwrÐzoume ìmwc apì
ìsa eÐpame parap�nw ìti S eÐnai ide¸dec thc L, �ra S ⊂ Rad L = 0 kai �ra κ
eÐnai mh ekfulismènh.

AntÐstrofa, èstw S = 0. Gia na deÐxoume ìti h L eÐnai hmiapl , ar-
keÐ na deÐxoume ìti k�je abelianì ide¸dec I thc L perièqetai sto S. 'Estw
x ∈ I,y ∈ L. Tìte, ad x ad y apeikonÐzei L → L → I kai (ad x ad y)2 apei-
konÐzei thn L sto [II] = 0. Autì shmaÐnei ìti ad x ad y eÐnai mhdenodÔnamo
kai �ra 0 = Tr(ad x ad y) = κ(x, y), �ra I ⊂ S = 0. �

Orismìc 2.2.5.
'Estw L Lie �lgebra. Ja lème ìti eÐnai to eujÔ �jroisma twn idewd¸n

I1, · · · , Is, ìtan L = I1+· · ·+Is (eujÔ �jroisma upìqwrwn) kai Ii
⋂∑
j 6=i

Ij = 0.

Autì anagk�zei [IiIj ] ⊂ I1∩Ij = 0 an i 6= j. Tèloc, gr�foume L = I1⊕· · ·⊕Is.

Je¸rhma 2.2.6.
'Estw L hmiapl  Lie �lgebra. Tìte, up�rqoun ide¸dh L1, · · · , Ls thc L pou
eÐnai apl� (wc Lie �lgebrec), tètoia ¸ste L = L1 ⊕ · · · ⊕ Ls. K�je aplì
ide¸dec thc L sumpÐptei me èna apì ta Li. EpÐshc, h Killing form k�je Li
eÐnai o periorismìc thc κ sto Li × Li.

Apìdeixh: Arqik�, èstw I ide¸dec thc L. Tìte, I⊥ = {x ∈ L|κ(x, y) = 0
gia ìla ta y ∈ I} eÐnai ide¸dec thc L, lìgw prosetairistikìthtac thc κ. Apì
Krit rio Cartan (Je¸rhma 2.1.10), efarmìz¸ntac to gia thn Lie �lgebra I,
paÐrnoume ìti to ide¸dec I ∩ I⊥ thc L eÐnai epilÔsimo kai �ra 0. 'Ara, afoÔ
dim I + dim I⊥ = dim L, èqoume ìti L = I ⊕ I⊥.

QrhsimopoioÔme epagwg  sth di�stash thc L. An h L den èqei mh mhde-
nikì gn sio ide¸dec, tìte h L eÐnai apl  kai èqoume telei¸sei. Diaforetik�,
èstw L1 na eÐnai elaqistikì mh mhdenikì ide¸dec, tìte apì ìsa prohg jhkan,
èqoume L = L1 +L⊥1 . Pio sugkekrimèna, k�je ide¸dec tou L1 eÐnai ide¸dec thc
L kai �ra L1 eÐnai hmiaplì (dhladh, se aut  thn perÐptwsh aplì, lìgw elaqi-
stikìthtac). Gia ton Ðdio lìgo, L⊥1 eÐnai hmiaplì kai apì epagwgik  upìjesh
èqoume ìti diasp�tai se eujÔ �jroisma apl¸n idewd¸n thc L. H an�lush thc
L èpetai.

Gia na apodeÐxoume thn monadikìthta twn apl¸n idewd¸n, paÐrnoume I na
eÐnai èna aplì ide¸dec thc L, tìte [IL] eÐnai ide¸dec tou I, mh mhdenikì, diìti
Z(L) = 0. Autì anagk�zei to [IL] = I. Apì thn �llh pleur�, [IL] =
[IL1] ⊕ · · · ⊕ Ls gia k�poio s, �ra ìloi ektìc apì ènan prosjetèo prèpei na
eÐnai 0. 'Estw [ILi] = I, tìte I ⊂ Li kai I = Li (afoÔ Li aplì gia k�je i).
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To teleutaÐo zhtoÔmeno tou jewr matoc, èpetai apì to l mma 2.2.1. �

Pìrisma 2.2.7.
An L hmiapl  Lie �lgebra, tìte L = [LL] kai ìla ta ide¸dh kai omomorfikèc
eikìnec thc L eÐnai hmiapl�. EpÐshc, k�je ide¸dec thc L eÐnai �jroisma k�-
poiwn apl¸n idewd¸n thc L. �

2.3 Pl rhc anagwgimìthta anaparast�sewn

Orismìc 2.3.1.
'Estw L Lie �lgebra. 'Enac dianusmatiko'c q¸roc V , efodiasmènoc me mÐa
pr�xh L × V → V ((x, u) 7→ x.u   xu) kaleÐtai L-prìtupo an ikanopoieÐ tic
parak�tw sunj kec:

(I1). (ax+ by).u = a(x.u) + b(y.u),
(I2). x.(au+ bw) = a(x.u) + b(x.w),
(I3). [x, y].u = x.y.u− y.x.u gia x, y ∈ L, u, w ∈ V , a, b ∈ F .

An φ : L → gl(V ) eÐnai anapar�stash thc L, tìte V mporeÐ na jewrhjeÐ
L-prìtupo me thn dr�sh x.u = φ(x)(u). AntÐstrofa, dedomènou enìc L-
protÔpou V , h parap�nw exÐswsh orÐzei mia anapar�stash φ : L→ gl(v).

Omomorfismìc dÔo L-protÔpwn V kai W èinai mia grammik  apeikìnish
φ : V → W , tètoia ¸ste na isqÔei φ(x.u) = x.φ(u). O pur nac enìc omo-
morfismoÔ eÐnai L-upoprìtupo tou V (isqÔoun ta klassik� jewr mata omo-
morfism¸n). 'Otan h φ eÐnai isomorfismìc dianusmatik¸n q¸rwn, h φ kaleÐtai
isomorfismìc L-protÔpwn kai se aut  th perÐptwsh, ta dÔo L-prìtupa lème
ìti èqoun isodÔnamec anaparast�seic thc L.

Orismìc 2.3.2.
'Estw Lie �lgebra L: (a). 'Ena L-prìtupo V kaleÐtai an�gwgo an èqei akri-
b¸c dÔo L-upoprìtupa (0 kai ton eautì tou).
(b). 'Ena L-prìtupo V kaleÐtai pl rwc analÔsimo an V eÐnai eujÔ �jroisma
anag¸gwn L-upoprotÔpwn, isodÔnama, an k�je L-upoprìtupo W tou V èqei
sumpl rwma W ′ (L-upoprìtupo, tètoio ¸ste V = W ⊕W ′).

ShmeÐwsh: Den jewroÔme ènan dianusmatikì q¸ro di�stashc 0 wc an�-
gwgo L-prìtupo.
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'Estw L Lie �lgebra kai W , W ′ L-prìtupa. To eujÔ �jroism� touc gÐ-
netai L-prìtupo me ton profan  trìpo, orÐzontac x.(w, w′) = (x.w, x.w′). H
orologÐa ”an�gwgo” kai ”pl rwc analÔsimo” efarmìzei kai gia anaparast�-
seic thc L.

Anafèroume t¸ra to L mma Schur kai ja qrhsimopoihjeÐ parak�tw:

L mma 2.3.3.(Schur)
'Estw L Lie �lgebra kai an�gwgh anapar�stash φ : L → gl(V ). Tìte, oi
mìnoi endomorfismoÐ tou V pou metatÐjentai me ìla ta φ(x) (x ∈ L) èinai oi
bajmwtoÐ pollaplasiasmoÐ. �

An L Lie �lgebra kai V èna L-prìtupo, tìte h L eÐnai L-prìtupo (gia
th suzug  anapar�stash). 'Ena L-upoprìtupo eÐnai èna ide¸dec kai �ra wc
apotèlesma èqoume ìti, mia apl  Lie �lgebra L eÐnai an�gwgh wc L-prìtupo,
en¸ mia hmiapl  �lgebra eÐnai pl rwc analÔsimh (Je¸rhma 2.2.6).

'Estw L Lie �lgebra. Tìte, o duðkìc dianusmatikìc q¸roc V ∗ gÐnetai L-
prìtupo (kaleÐtai duðkì) an orÐsoume, gia f ∈ V ∗, u ∈ V , x ∈ L: (x.f)(u) =
−f(x.u). Oi sunj kec (I1), (I2) eÐnai profaneÐc. Ja elègxoume th sunj kh
(I3):

([x, y].f)(u) = −f([x, y].u) = −f(x.y.u− y.x.u) = −f(x.y.u) + f(y.x.u) =
(x.f)(y.u)− (y.f)(x.u) = −(y.x.f)(u) + (x.y.f)(u) = ((x.y − y.x).f)(u).

An V , W eÐnai L-prìtupa, èstw V ⊗W na eÐnai to tanustikì ginìmeno
p�nw apì to F twn upokeÐmenwn dianusmatik¸n q¸rwn. Jumìmaste ìti an
V , W èqoun b�seic (v1, · · · , vm) kai (w1, · · · , wn), antÐstoiqa, tìte V ⊗W
èqei b�sh pou apoteleÐtai apì ta mn dianÔsmata vi ⊗ wj . MporoÔme na
d¸soume th morf  L-protÔpou sto tanustikì ginìmeno wc ex c: x.(v⊗w) =
x.v ⊗ w + v ⊗ x.w. Ja deÐxoume ìti ikanopoieÐtai h sunj kh (I3):

[x, y].(v ⊗ w) = [x, y].v ⊗ w + v ⊗ [x, y].w = (x.y.v − y.x.v)⊗ w + v ⊗
(x.y.w − y.x.w) = (x.y.v ⊗ w + v ⊗ x.y.w)− (y.x.v ⊗ w + v ⊗ y.x.w)

AnaptÔssontac kai to (x.y − y.x).(v ⊗ w) ja p�roume to Ðdio apotèlesma.
Dedomènou enìc dianusmatikoÔ q¸rou V p�nw apì èna s¸ma F , up�rqei

tupikìc isomorfismìc dianusmatik¸n q¸rwn: V ∗ ⊗ V → End V , pou dÐnetai
stèlnontac èna tupikì genn tora f ⊗ v (f ∈ V ∗, v ∈ V ) ston endomorfismì
pou h tim  tou sto w ∈ V eÐnai f(w)v. EÐnai eÔkolo na deÐxoume ìti autì
orÐzei ènan epimorfismì V ∗ ⊗ V → End V kai afoÔ oi dÔo pleurèc èqoun
di�stash Ðsh me n2 (n = dim V ), ja prèpei na eÐnai isomorfismìc.
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T¸ra, an V (�ra kai V ∗) eÐnai L-prìtupo, tìte V ∗⊗V gÐnetai L-prìtupo
me ton trìpo pou eÐpame prohgoumènwc. 'Ara, End V mporeÐ na jewrhjeÐ wc
L-prìtupo mèsw tou prohgoÔmenou isomorfismoÔ. Aut  h dr�sh thc L sto
End V mporeÐ na perigrafeÐ wc ex c: (x.f)(u) = x.f(u) − f(x.u), x ∈ L,
f ∈ End V , u ∈ V . Genikìtera, an V kai W eÐnai dÔo L-prìtupa, tìte h L
dra me to fusiologikì trìpo sto q¸ro Hom (v,W ) twn grammik¸n apeiko-
nÐsewn wc ex c: (x.f)(u) = x.f(u)− f(x.u).

Sthn 2.2 qrhsimopoi same to Krit rio Cartan (Je¸rhma 2.1.10) gia epi-
lusimìthta, gia na deÐxoume ìti mia hmiapl  Lie �lgebra L èqei mh ekfulismènh
Killing form. Genikìtera, èstw L hmiapl  Lie �lgebra kai φ : L → gl(V )
na eÐnai pist  (dhlad , 1 − 1) anapar�stash thc L. OrÐzoume summetrik 
digrammik  morf  β(x, y) = Tr(φ(x)φ(y)) sthn L. H morf  β eÐnai prose-
tairistik , lìgw thc sqèshc (∗) (ShmeÐwsh sth 2.1) kai �ra to rizikì thc S
eÐnai ide¸dec thc L. Epiplèon, β eÐnai mh ekfulismènh. Pr�gmati, to Krit rio
Cartan (Je¸rhma 2.1.10) deÐqnei ìti φ(S) ∼= S eÐnai epilÔsimo, �ra S = 0 (H
Killing form eÐnai h β sthn eidik  perÐptwsh pou φ = ad).

'Estw L hmiapl  Lie �lgebra kai β mia mh ekfulismènh, summetrik , pro-
setairistik , digrammik  morfh sthn L. An (x1, · · · , xn) b�sh thc L, tìte
up�rqei monadik� orismènh duðkh b�sh (y1, · · · , yn) sqetik  me thn β pou ika-
nopoieÐ thn β(xi, yj) = δij . An x ∈ L, mporoÔme na gr�youme [x, xi] =

∑
j
aijxj

kai [x, yi] =
∑
j
bijyj . Qrhsimopoi¸ntac thn prosetairistikìthta thc β, upo-

logÐzoume:

aik =
∑
j
aijβ(xj , yk) = β([x, xi], yk) = β(−[xi, x], yk) = β(xi,

−[x, yk]) = −
∑
j
bkjβ(xi, yj) = −bki.

An φ : L→ gl(V ) eÐnai anapar�stash thc L, gr�foume cφ(β) =
∑
i
φ(xi)φ(yi) ∈

End V (xi, yi an koun se duðkèc b�seic, ìpwc parap�nw). Qrhsimopoi¸ntac
th tautìthta (sthn End V ) [x, yz] = [x, y]z + y[x, z] kai to gegonìc ìti
aik = −bki (gia x, ìpwc parap�nw), paÐrnoume:

[φ(x), cφ(β)] =
∑
i

[φ(x), φ(xi)]φ(yi) +
∑
i
φ(xi)[φ(x),

φ(yi)] =
∑
i,j
aijφ(xj)φ(yi) +

∑
i,j
bijφ(xi)φ(yj) = 0.

Me �lla lìgia, cφ(β) eÐnai endomorfismìc tou V pou metatÐjetai me to φ(L).
SunoyÐzontac ta parap�nw, èstw φ : L → gl(V ) na eÐnai mia pist  ana-

par�stash thc L me mh ekfulismènh morf  (Ðqnouc) β(x, y) = Tr(φ(x)φ(y)).
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Sthn perÐptwsh aut , èqontac stajeropoi sei mia b�sh (x1, · · · , xn) thc L,
gr�foume cφ antÐ gia cφ(β) kai to onom�zoume stoiqeÐo Casimir thc φ. To
Ðqnoc tou eÐnai

∑
i
Tr(φ(xi)φ(yi)) =

∑
i
β(xi, yi) = dim L. Sthn perÐptwsh

pou φ eÐnai an�gwgh, to l mma Schur (2.3.3) deÐqnei ìti cφ ja eÐnai bajmwtì
(Ðso me dim L/ dim V ) kai �ra blèpoume ìti cφ eÐnai anex�rthto thc b�shc
thc L pou dialèxame.

Par�deigma 2.3.4. 'Estw L = sl(2, F ), V = F 2 kai φ h tautotik  a-
peikìnish L → gl(V ). 'Estw, (x, h, y) h kanonik  b�sh thc L (Par�deigma
1.4.4). EÔkola blèpoume ìti h duðk  b�sh sqetik  me th morf  Ðqnouc eÐnai h

(y, h/2, x) kai �ra, cφ = xy+ (1/2)h2 +yx =

(
3/2 0
0 3/2

)
. ParathroÔme ìti,

3/2 = dim L/dim V .

'Otan φ den eÐnai pist , Ker φ eÐnai ide¸dec thc L kai �ra �jroisma k�-
poiwn apl¸n idewd¸n thc L (Pìrisma 2.2.7). 'Estw L′ na eÐnai to �jroisma
twn upoloÐpwn apl¸n idewd¸n (Je¸rhma 2.2.6). Tìte, o periorismìc thc φ
sto L′ eÐnai pist  anapar�stash tou L′ kai pragmatopoioÔme thn Ðdia diadi-
kasÐa (qrhsimopoi¸ntac duðk  b�sh tou L′). To stoiqeÐo tou End V , pou ja
prokÔyei, eÐnai to stoiqeÐo Casimir thc φ, sumbolÐzetai me cφ kai metatÐjetai
me to φ(L′) = φ(L).

L mma 2.3.5.
'Estw φ : L → gl(V ) anapar�stash miac hmiapl c Lie �lgebrac L. Tìte,
φ(L) ⊂ sl(V ). Pio sugkekrimèna, h L dra me tetrimmèno trìpo sta monodi�-
stata L-prìtupa.

Apìdeixh: QrhsimopoioÔme to gegonìc ìti L = [LL] (Pìrisma 2.2.7) kai
to ìti h sl(V ) eÐnai h par�gousa �lgebra thc gl(V ) (φ(L) = φ([LL]) =
[φ(L)φ(L)] ⊂ [gl(V )gl(V )] = sl(V )). �

L mma 2.3.6.

An V èqei an�gwgo L-upoprìtupo W sundi�stashc 1, tìte Ker cφ = W ′,
ìpou W ′ to sumpl rwma tou W .

25



Apìdeixh: GnwrÐzoume ìti cφ eÐnai endomorfismìc tou V pou metatÐjetai me
to φ(L) kai �ra Ker cφ eÐnai L-upoprìtupo tou V . AfoÔW an�gwgo, èqoume

(L mma Schur) ìti cφ|W =
dimL

dimW
· 1 6= 0. Epomènwc, Ker (cφ) ∩W = 0.

T¸ra ja deÐxoume kai ìti dim Ker cφ = 1. 'Estw dim V = n. Arqik�,
dim Ker cφ ≤ dim V −dim W +dim (Ker (cφ)∩W ) = n− (n−1) + 0 = 1.
AfoÔ dim V/W = 1, apì L mma 2.3.5, L dra tetrimmèna sto V/W . AfoÔ

cφ =
n∑
i=1

φ(xi)φ(yi), cφ dra tetrimmèna sto V/W kai èqoume cφ|W 6= 0, �ra

TrW (cφ) 6= 0, apì ìpou èqoume dim Ker cφ ≥ 1. Telik�, dim Ker cφ = 1
kai Ker cφ = W ′. �

L mma 2.3.7.
An V èqei (ìqi anagkastik� an�gwgo) L-upoprìtupoW sundi�stashc 1, tìte
up�rqei to W ′.

Apìdeixh: Apì to L mma 2.3.5, h L dra tetrimmèna sto V/W = Y . Tìte
h akoloujÐa 0 → W → V → Y → 0 eÐnai akrib c. An W an�gwgo, tìte to
zhtoÔmeno èpetai apì to prohgoÔmeno l mma.

'EstwW ìqi an�gwgo kaiW ′′ èna mh mhdenikì gn sio upoprìtupo touW .
Tìte h akoloujÐa 0 → W/W ′′ → V/W ′′ → Y → 0 eÐnai akrib c. AfoÔ dim
W/W ′′ < dim W , me qr sh epagwg c sth dim W , up�rqei to sumpl rwma
W̃/W ′′ tou W/W ′′ sto V/W ′ kai dim W̃/W ′ = 1. 'Etsi paÐrnoume mia �llh
akrib c akoloujÐa :0→ W ′′ → W̃ → Y → 0. AfoÔ dim W ′′ < dim W , apì
epagwg , up�rqei to sumpl rwma X tou W ′′ sto W̃ kai dim X = 1.

Tèloc, ja deÐxoume ìti X eÐnai to sumpl rwma tou W sto V . AfoÔ
V/W ′′ = W/W ′′ ⊕ W̃/W ′′, èqoume X ∩ W ⊂ W̃ ∩ W ⊂ W ′′ kai afoÔ
W̃ = W ′′⊕X, èqoumeX∩W ′′ = 0. Apì aut� ta dÔo, paÐrnoume ìtiX∩W = 0,
dhlad , X = W ′ sto V pou eÐnai to zhtoumèno. �

L mma 2.3.8.
'Estw W mh mhdenikì gn sio L-upoprìtupo tou V . 'Estw

V = {f ∈ Hom V,W )|f |W = a · 1W , gia k�poio a ∈ F}

'Estw W = {f ∈ V|f |W = 0}. Tìte,
(1) V eÐnai L-upoprìtupo tou Hom (V,W ), W eÐnai L-upoprìtupo tou V kai
L.V ⊂ W.
(2) dim W = dim V − 1.

Apìdeixh: (1) Gia k�je x ∈ L, f ∈ V kai w ∈ W , èqoume x.w ∈ W kai
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(x.f)(w) = x.f(w) − f(x.w) = (x.aw) − a(x.w) = 0. Tìte, x.f ∈ W kai
L.W ⊂ L.V ⊂ W ⊂ V.
(2) Apì orismì, h akoloujÐa 0 → W → V → F → 0 eÐnai akrib c, ìpou h
apekìnish V → F stèlnei F ∈ V sthn idiotim  tou f |W . �

Je¸rhma 2.3.9.(Weyl)
'Estw L hmiapl  �lgebra Lie. 'Estw φ : L → gl(V ) (peperasmènhc di�sta-
shc) anapar�stash thc L. Tìte φ eÐnai pl rwc analÔsimh.

Apìdeixh:'Estw W mh mhdenikì gn sio L-upoprìtupo tou V . Apì to
L mma 2.3.7, W èqei sumpl rwma W ′ sto V. 'Estw f : V → W na eÐnai o
genn torac tou W ′ tètoioc ¸ste f |W = 1W . AfoÔ dim V/W = 1, apì to
L mma 2.3.5, L dra tetrimmèna sto V/W wW ′, dhlad ,

o = (x.f)(u) = x.f(u)− f(x.u) ∀x ∈ L

An u ∈ Ker f , tìte x.u ∈ Ker f , apì ìpou paÐrnoume ìti Ker f eÐnai
L-upoprìtupo tou V .

Tèloc, ja deÐxoume ìti Ker f = W ′. AfoÔ f |W = 1W èqoume Im f = W
kai �ra dim W = dim V/Ker f = dim V −dim Ker f . EpÐshc, an x ∈ Ker
f ∩W , tìte 0 = f(x) = x kai �ra Ker f ∩W = 0. Sunep¸c, Ker f = W ′

sto V . �

ShmeÐwsh: To Je¸rhma Weyl den isqÔei sthn perÐptwsh pou h qarakthri-
stik  tou s¸matoc F eÐnai jetik 

2.4 Anaparast�seic thc sl(2,F)

Sta parak�tw ìla ta prìtupa ja eÐnai peperasmènhc di�stashc p�nw apì to
s¸ma F . Me L ja sumbolÐzoume thn sl(2, F ), me kanonik  b�sh

x =

(
0 1
0 0

)
, y =

(
0 0
1 0

)
, h =

(
1 0
0 −1

)
(Par�deigma 1.4.4). Tìte [h, x] = 2x, [h, y] = −2y, [x, y] = h.

'Estw V tuqìn L-prìtupo. AfoÔ h hmiaplì, èqoume ìti h dra di�gwnia
sta stoiqeÐa tou V (H upìjesh ìti F eÐnai algebrik� kleistì, pou dìjh-
ke sthn arq  tou kefalaÐou, exasfalÐzei ìti ìlec oi apaitoÔmenec idiotimèc
brÐskontai sto F ). Autì epifèrei mia an�lush tou V se eujÔ �jroisma idiì-
qwrwn Vλ = {u ∈ V |h.u = λu}, λ ∈ F . K�je upìqwroc Vλ èqei nìhma (kai
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eÐnai 0) ìtan λ den eÐnai idiotim  tou endomorfismoÔ tou V pou anaparist� to
h.

Orismìc 2.4.1.
'Otan Vλ 6= 0 kaloÔme to λ b�roc thc h sto V kai kaloÔme to Vλ q¸ro b�rouc.

L mma 2.4.2.
An u ∈ Vλ, tìte x.u ∈ Vλ+2 kai y.u ∈ Vλ−2.

Apìdeixh: h.(x.u) = [h, x].u + x.(h.u) = 2x.u + x.(λu) = 2x.u + λx.u =
(λ+ 2)x.u
kai
h.(y.u) = [h, y].u+y.(h.u) = −2y.u+y.(λu) = −2y.u+λy.u = (λ−2)y.u. �

Parat rhsh 2.4.3.: Apì to prohgoÔmeno l mma paÐrnoume ìti x, y a-
naparÐstantai apì mhdenodÔnamouc endomorfismoÔc tou V .

EpÐshc, afoÔ dim V < ∞ kai to �jroisma V =
∐
λ∈F

Vλ eÐnai eujÔ, ja

prèpei na up�rqei Vλ 6= 0 tètoio ¸ste Vλ+2 = 0 (sÔmfwna me to prohgoÔmeno
l mma, ja isqÔei x.u = 0 ∀ u ∈ Vλ). Gia k�je tètoio λ, k�je mh mhdenikì
di�nusma sto Vλ ja kaleÐtai megistikì di�nusma b�rouc λ.

L mma 2.4.4.
'Estw V an�gwgo L-prìtupo.'Estw u0 ∈ Vλ megistikì di�nusma kai jètoume
u−1 = 0, ui = (1/i!)yi.u0 (i ≥ 0). Tìte

(a) h.ui = (λ− 2i)ui,
(b) y.ui = (i+ 1)ui+1,
(c) x.ui = (λ− i+ 1)ui−1 (i ≥ 0).

Apìdeixh: (a) IsqÔei h.u0 = λu0. Apì to L mma 2.4.2 kai qr sh epagwg c
èqoume to zhtoÔmeno.
(b) y.ui = y.(1/i!)yi.u0 = y.(i+1/(i+1)!)yi.u0 = (i+1)(1/(i+1)!)yi+1.i0 =
(i+ 1)ui+1.
(c) Ja k�noume qr sh epagwg c sto i. 'Otan i = 0, tìte to dexÐ mèroc thc
(c) eÐnai Ðso me 0, afoÔ u−1 = 0 kai to aristerì mèroc eÐnai epÐshc Ðso me 0,
diìti x.u0 ∈ Vλ+2 = 0. ParathroÔme ìti

ix.ui = x.y.ui−1 = [x, y].ui−1 + y.x.ui−1 = h.ui−1 + y.x.ui−1 =
(λ− 2(i− 1))ui−1 + (λ− i+ 2)y.ui−2 =
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(λ− 2i+ 2)ui−1 + (i− 1)(λ− 1 + 2)ui−1 = i(λ− i+ 1)ui−1.

(H tètarth isìthta, apì epagwg ). Tèloc, diairoÔme kai ta dÔo mèlh me i kai
èqoume to zhtoÔmeno. �

Je¸rhma 2.4.5.

'Estw V an�gwgo L-prìtupo. Tìte V =
⊕
µ
Vµ, µ = m,m − 2, . . . ,−(m −

2),−m, ìpou dim V = m+ 1 kai dim Vµ = 1 gia ìla ta µ.

Apìdeixh: Arqik� deÐqnoume ìti ta (ui)0≤i≤n eÐnai grammhk¸c anex�rthta
gia k�je n. Epagwg  sto n. Gia n = 0 isqÔei. 'Estw n > 0 kai èstw
n∑
i=0

aiui = 0 gia ai ∈ F . Efarmìzontac thn h kai stic dÔo pleurèc, paÐrnoume,

apì L mma 2.4.4(a)),
n∑
i=0

(λ− 2i)aiui = 0. Tìte,

0 =
n∑
i=0

(λ− 2i)aiui − (λ− 2n)
n∑
i=0

aiui = 2
n−1∑
i=0

(n− i)aiui

Apì epagwg , (u0, . . . , un−1) eÐnai grammik¸c anex�rthta kai �ra a0 = a1 =
. . .+ an−1 = 0. Epomènwc, anun = 0 kai �ra an = 0.

AfoÔ dim V <∞, up�rqei akèraiocm tètoioc ¸ste um 6= 0 kai um+i = 0
gia ìla ta i > 0. Apì to L mma 2.4.4,Span{u0, . . . , um} eÐnai mh mhdeni-
kì L-upoprìtupo tou V me ui ∈ Vm−2i. Tèloc, epeid  V an�gwgo, V =
Span{u0, . . . , um} kai

V =
m⊕
i=0

Fui ⊂
m⊕
i=0

Vm−2i = V

paÐrnoume ìti Vm−2i = Fui gia k�je i.

Parat rhsh 2.4.6.: Apì to L mma 2.4.4(c), gia i = m + 1, paÐrnoume
ìti 0 = x.um+1 = (λ −m)um. AfoÔ um 6= 0, èqoume λ = m = dim V − 1.
Me �lla lìgia, to b�roc enìc megistikoÔ dianÔsmatoc eÐnai mh arnhtikìc akè-
raioc (= dim V − 1) kai kaleÐtai an¸tato b�roc tou V .

Je¸rhma 2.4.7.
'Estw V an�gwgo L-prìtupo.
(a) V èqei (ektìc apì mh mhdenik� pollapl�sia) monadikì megistikì di�nusma
an¸tatou b�rouc.
(b) V èqei b�sh ìpwc sto L mma 2.4.4. Pio sugkekrimèna, up�rqei to polÔ
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èna (se isomorfismì) an�gwgo L-prìtupo gia k�je di�stash ≥ 1.

Apìdeixh: (a) −'Uparxh:Apì L mma 2.4.4, u0 eÐnai to epilegìmeno megi-
stikì di�nusma an¸tatou b�rouc.
−Monadikìthta: Apì Je¸rhma 2.4.5, Vm = Fu0.
(b) Gia to pr¸to mèroc, arkeÐ na deÐxoume ìti oi pÐnakec pou antistoiqoÔn sta
x, y, h ikanopoioÔn tic Ðdiec sqèseic ((a)− (c)), ìpwc ta x ,y ,h, dhlad ,
[h, x].ui = h.x.ui − x.h.ui = 2(λ− i+ 1)ui−1

[h, y].ui = h.y.ui − y.h.ui = −2(i+ 1)ui+1

[x, y].ui = x.y.ui − y.x.ui = (λ− 2i)ui.
Gia to deÔtero mèroc, upojètoume ìti V kai W eÐnai dÔo an�gwga L-

prìtupa me di�stash m + 1 kai di�nusma megistikoÔ b�rouc u0 kai w0, antÐ-
stoiqa( ta dianÔsmata ui kauorÐzoun pl rwc prìtupa Ðdiac di�stashc). �

Pìrisma 2.4.8.
'Estw V (peperasmènhc di�stashc) L-prìtupo. Tìte oi idiotimèc tou h sto V
eÐnai ìlec akèraioi kai kajemÐa prokÔptei mazÐ me thn antÐjet  thc (Ðdio arij-
mì for¸n). Epiplèon, se k�je an�lush tou V se eujÔ �jroisma anag¸gwn
upoprotÔpwn, o arijmìc twn prosjetèwn eÐnai Ðsoc me dim V0 + dim V1.

Apìdeixh: An V = 0 den èqoume na apodeÐxoume k�ti. Diaforetik�, apì
to Je¸rhma Weyl mporoÔme na gr�youme to V = W1 ⊕ . . . ⊕ Wk, me Wi

an�gwga upoprìtupa. Oi idiotimèc tou V eÐnai ∪ki=1{mi,mi − 2, . . . ,−mi},
ìpou mi + 1 = dim Wi. K�je mi − 2j prokÔptei mazÐ me −(mi − 2j) gia ìla
ta 1 ≤ i ≤ k kai 0 ≤ j ≤ mi/2.

AfoÔ eÐte (Wi)0 eÐte (Wi)1 eÐnai q¸roc b�rouc gia to Wi gia k�je i, tìte

dim (Wi)0 + dim (Wi)1 = 1 gia k�je i. Epomènwc, k =
k∑
i=1

1 =
k∑
i=1

dim

(Wi)0 + dim (Wi)1 = dim V0 + dim V1. �

GnwrÐzoume  dh p¸c na kataskeu�zoume prìtupa se mikrèc diast�seic: te-
trimmèno prìtupo (di�stash 1), fusik  anapar�stash (di�stash 2), suzug c
anapar�stash (di�stash 3). Gia tuqaÐo m ≥ 0, oi sqèseic tou l mmatoc 2.4.4
mac dÐnoun trìpo na orÐsoume an�gwgh anapar�stash thc L se ènan m + 1-
di�stato dianusmatikì q¸ro p�nw apì to F me b�sh (u0, . . . , um) pou kaleÐtai
V (m) (apìdeixh jewr matoc 2.4.7(b)). ('Ena genikìtero je¸rhma Ôparxhc ja
doÔme sto kef�laio 5.)
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2.5 An�lush q¸rou riz¸n

Sta parak�tw me L ja ennooÔme mia (mh mhdenik ) �lgebra Lie. Ja melet -
soume th dom  thc L mèsw thc suzug c anapar�stas c thc.

An L apoteleÐtai ex olokl rou apì mhdenodÔnama stoiqeÐa, tìte L mhde-
nodÔnamh (Je¸rhma Engel). An de sumbaÐnei autì, tìte mporoÔme na broÔme
stoiqeÐo x ∈ L tou opoÐou to hmiaplì mèroc na eÐnai mh mhdenikì. Autì mac
deÐqnei ìti L èqei mh mhdenikèc upo�lgebrec (p.q. Span(xs)) pou apoteloÔntai
apì hmiapl� stoiqeÐa.

Orismìc 2.5.1.
Mia upo�lgebra thc L pou apoteleÐtai apì hmiapl� stoiqeÐa kaleÐtai toral.

L mma 2.5.2. Mia toral upo�lgebra thc L eÐnai abelian .

Apìdeixh: 'Estw T toral upo�lgebra. Jèloume na deÐxoume ìti [TT ] = 0,
dhlad , adT (x) = 0 gia ìla ta x ∈ T . AfoÔ x ∈ T eÐnai hmiaplì, ad x
eÐnai diagwnÐsimh (ad x hmiapl  kai F algebrik� kleistì) kai �ra adT (x)
diagwnÐsimh gia ìla ta x ∈ T .

ArkeÐ na deÐxoume ìti ìlec oi idiotimèc thc adT (x) eÐnai 0. Upojètoume
ìti adT (x)(y) = [x, y] = ay gia a 6= 0 kai k�poio mh mhdenikì y ∈ T . AfoÔ
adT (y) diagwnÐsimh, ta idiodianÔsmat� thc ekteÐnontai sto T . Upojètoume ìti

x = a1z1 + . . .+ anzn, (∗)

ìpou ai ∈ F ∗ kai zi grammik¸c anex�rthta idiodianÔsmata thc adT (y) tètoia
¸ste adT (y)(zi) = [y, zi] = bizi gia bi ∈ F . Efarmìzontac thn adT (y) sthn
(∗), paÐrnoume

−ay = [y, x] = a1b1z1 + . . . anbnzn.

Efarmìzontac xan� thn adT (y), paÐrnoume 0 = [y,−ay] = a1b
2
1z1 + anb

2
nzn.

AfoÔ me zi grammik¸c anex�rthta èqoume aib2i = 0 kai �ra bi = 0 gia ìla ta
1 ≤ i ≤ n. Tìte ay = a1b1z1 + anbnzn = 0, pou èrqetai se antÐfash me thn
upìjes  mac. �

Orismìc 2.5.3.
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'Estw H toral upo�lgebra thc L. KaloÔme thc H megistik  toral upo�lge-
bra thc L an den up�rqei toral upo�lgebra thc L pou na perièqei gn sia thn
H.

AfoÔ H eÐnai abelian  (L mma 2.5.2), adL(H) eÐnai mia oikogèneia endo-
morfism¸n thc L pou metatÐjentai metaxÔ touc. GnwrÐzoume apì grammik 
�lgebra ìti adL(H) eÐnai tautìqrona diagwnÐsimh. ('Estw A1, . . . , Ar eÐnai
grammikèc apeikìniseic se èna dianusmatikì q¸ro V me k�je Ai diagwnÐsimh
kai Ai metatÐjentai metaxÔ touc. Gia na deÐxoume ìti eÐnai tautìqrona dia-
gwnÐsimoi, k�noume epagwg  ston arijmì r twn grammik¸n apeikonÐsewn. To
apotèlesma eÐnai fanerì gia r = 1, �ra èstw r ≥ 2. Jètoume

Eλ = {v ∈ V |Ar(v) = λv}

na eÐnai ènac idiìqwroc thc Ar gia k�poia idiotim  λ thc Ar. AfoÔ Ar eÐnai
diagwnÐsimh, V eÐnai to eujÔ �jroisma twn idiìqwrwn thc Ar. Gia v ∈ Eλ,
Ar(Ai(v)) = Ai(Ar(v)) = Ai(λv) = λ(Ai(v)), �ra Ai(v) ∈ Eλ. Epomènwc,
k�je Ai periorÐzetai se grammik  apeikìnish ston upìqwro Eλ kai oi grammi-
kèc apeikonÐseic Ai|Eλ metatÐjentai, kaj¸c oi Ai metatÐjentai wc apeikonÐseic
sto V kai autoÐ oi periorismoÐ eÐnai diagwnÐsimoi. To pl joc touc eÐnai Ðso me
r − 1 kai �ra apì epagwg  èqoume ìti up�rqei b�sh tou Eλ pou apoteleÐtai
apo ”tautìqrona” idiodianÔsmata gia tic Ai|Eλ , 0 ≤ i ≤ r−1. Ta stoiqeÐa tou
Eλ eÐnai kai idiodianÔsmata thc Ar|Eλ , kaj¸c ìla ta mh mhdenik� dianÔsmata
sto Eλ eÐnai idiodianÔsmata thc Ar. Sunep¸c, Ai|Eλ , 0 ≤ i ≤ r eÐnai ìlec
diagwnÐsimec. O dianusmatikìc q¸roc V eÐnai to eujÔ �jroisma twn idiìqw-
rwn Eλ thc Ar kai �ra en¸nontac ”tautìqronec” b�seic idiodianusm�twn gia
ìlec tic Ai|Eλ , kaj¸c to λ diatrèqei ìlec tic idiotimèc thc Ar, paÐrnoume mia
”tautìqronh” b�sh idiodianusm�twn tou V gia ìlec tic Ai). Me �lla lìgia,
L eÐnai to eujÔ �jroisma twn upìqwrwn Lα = {x ∈ L|[h, x] = α(h)x gia ìla
ta h ∈ H}, ìpou α ∈ H∗. ParathroÔme ìti L0 = CL(H) = o kentropoiht c
thc H, pou apì to L mma 2.5.2, perièqei thn H.

Orismìc 2.5.4.
Jètoume Φ = {α ∈ H∗|α 6= 0, Lα 6= 0} kai kaloÔme ta stoiqeÐa tou Φ rÐzec
thc L (sqetikèc me thn H kai eÐnai peperasmènec, afoÔ dim L < ∞). An
α ∈ Φ, tìte Lα kaleÐtai q¸roc rÐzac α.

Me ton parap�nw sumbolismì, èqoume mia an�lush q¸rou riz¸n (an�lush
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Cartan): L = CL(H)⊕
∐
α∈Φ

Lα.

Prìtash 2.5.5.
(i) Gia k�je α β ∈ H∗, [LαLβ] ⊂ Lα+β .
(ii) An x ∈ Lα, α 6= 0, tìte ad x eÐnai mhdenodÔnamo.
(iii) An α, β ∈ H∗ kai α + β 6= 0, tìte Lα eÐnai orjog¸nio sto Lβ , sqetik�
me thn Killing form κ thc L.

Apìdeixh (i) 'Estw x ∈ Lα kai y ∈ Lβ . Tìte [h, x] = α(h)x kai [h, y] =
β(h)y gia ìla ta h ∈ H. Me qr sh thc tautìthtac Jacobi, paÐrnoume

[h, [x, y]] = [[h, x], y] + [x, [h, y]] = α(h)[x, y] + β(h)[x, y] = (α+ β)(h)[x, y].

(ii) 'Ameso apì to (i).
(iii) AfoÔ α+ β 6= 0, up�rqei h ∈ H tètoio ¸ste (α+ β)(h) 6= 0. Gia ìla ta
x ∈ Lα kai y ∈ Lβ , èqoume (lìgw prosetairistikìthtac thc κ)

α(h)κ(x, y) = κ(α(h)x, y) = κ([h, x], y) = −κ([x, h], y) = −κ(x, [h, y]) =
−κ(x, β(h)y) = −β(h)κ(x, y)

Epomènwc, (α+ β)(h)κ(x, y) = 0 kai �ra κ(x, y) = 0. �

Pìrisma 2.5.6.
O periorismìc thc Killing form κ sto L0 = CL(H) (κ|L0) eÐnai mh ekfuli-
smènoc.

Apì Je¸rhma 2.2.4 gnwrÐzoume ìti κ eÐnai mh ekfulismènh. Apì thn �llh
pleur�, L0 eÐnai orjog¸nio gia ;ola ta Lα (α ∈ Φ), sÔmfwna me th parap�nw
prìtash. An z ∈ L0 eÐnai orjog¸nio sto L0, tìte κ(z, L) = 0, pou anagk�zei
to z = 0. �

Anafèroume t¸ra èna stoiqeÐo apì thn grammik  �lgebra:

L mma 2.5.7.
An x ,y eÐnai endomorfismoÐ enìc dianusmatikoÔ q¸rou peperasmènhc di�sta-
shc pou metatÐjentai, me y mhdenodÔnamo, tìte xy mhdenodÔnamo kai pio su-
gkekrimèna, Tr(xy) = 0. �

Prìtash 2.5.8.

33



'Estw H megistik  toral upo�lgebra thc L. Tìte H = CL(H).

Apìdeixh: H apìdeixh ja gÐnei se st�dia. Gr�foume C = CL(H).
(1)− H C perièqei ìla ta hmiapl� kai mhdenodÔnama mèrh twn stoiqeÐwn thc.
'Ena x an kei sto CL(H) an ad x apeikonÐzei ton upìqwro H tou L ston
upìqwro 0. Apì Prìtash 2.1.6, ta ad xs kai ad xn (ìpou x = xs+xn) èqoun
thn Ðdia idiìthta.
(2)− An x ∈ CL(H) kai x eÐnai hmiaplì, tìte x ∈ H. Pr�gmati, tìte H+Fx
(eÐnai abelian  upo�lgebra thc L eÐnai toral, afoÔ to �jroisma hmiapl¸n
stoiqeÐwn pou metatÐjentai eÐnai hmiaplì. T¸ra apì thn megistikìthta thc
H, H + Fx = H kai �ra x ∈ H.
(3)−O periorismìc thc κ stoH (κ|H) eÐnai mh ekfulismènoc. 'Estw κ(h,H) =
0 gia k�poio h ∈ H, ja deÐxoume ìti h = 0. An x ∈ C mhdenodÔnamo , tìte to
gegonìc ìti [x, h] = 0 kai ìti ad x eÐnai mhdenodÔnamo (mazÐ me to prohgoÔ-
meno l mma) mac dÐnoun ìti κ(x, y) = Tr(ad x ad y) = 0 gia ìla ta y ∈ H
(κ(x,H) = 0). All� tìte apì (1) kai (2) èqoume ìti κ(h,C) = 0 kai �ra
h = 0 (Pìrisma 2.5.6).
(4)− C eÐnai mhdenodÔnamh. An x ∈ C eÐnai hmiaplì, tìte x ∈ H apì (2)
kai adC x = 0. Apì thn �llh, an x ∈ C eÐnai mhdenodÔnamo, tìte adC x
eÐnai mhdenodÔnamo. 'Estw t¸ra x ∈ C tuqìn, me x = xs + xn, èqoume adC
x = adC xs + adC xn = adC xn, dhlad , adC x eÐnai mhdenodÔnamo. Apì to
Je¸rhma Engel, C eÐnai mhdenodÔnamh.
(5)− H ∩ [CC] = 0. Pr�gmati, èqoume ìti κ(H,H ∩ [CC]) ⊂ κ(H, [CC]) kai
lìgw prosetairistikìthtac thc κ mazÐ me to ìti [HC] = 0, èqoume κ(H, [CC]) =
0. To zhtoÔmeno èpetai apì to (3).
(6)− C eÐnai abelian . Upojètoume ìti [CC] 6= 0. Apì (4) kai L mma 1.7.7,
Z(C) ∩ [CC] 6= 0. 'Estw 0 6= z ∈ Z(C) ∩ [CC]. Apì (2) kai (5), z den eÐnai
hmiaplì, diìti an z hmiaplì, tìte z ∈ H apì (2) kai z ∈ H ∩ [CC] apì (5),
dhlad , z = 0, �topo. 'Ara to mhdenodÔnamo mèroc n tou z eÐnai mh mhdenikì
kai brÐsketai sth C apì (1). AfoÔ z ∈ Z(C), apì Prìtash 2.1.6, n ∈ Z(C).
Tìte [n, y] = 0 gia k�je y ∈ C kai �ra [ad n, ad y] = 0 gia k�je y ∈ C.
'Ara, afoÔ ad n mhdenodÔnamo, apì L mma 2.5.7, èqoume κ(n, y) = 0 gia ìla
ta y ∈ C. Epomènwc, apì Pìrisma 2.5.6, n = 0, �topo.
(7)− C = H. Upojètoume ìti H  C, tìte up�rqei mh mhdeniko mhdenodÔ-
namo stoiqeÐo x ∈ C apì (1),(2). Apì to (6) kai to L mma 2.5.7, κ(x, y) = 0
gia ìla ta y ∈ C, pou èrqetai se antÐfash me to Pìrisma 2.5.6. �.

Pìrisma 2.5.9. O periorismìc thc κ stoH (κ|H) eÐnai mh ekfulismènoc. �

ShmeÐwsh: To parap�nw Pìrisma mac dÐnei th dunatìthta na tautÐsoume
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thn H me thn H∗: se φ ∈ H∗ antistoiqoÔme to (monadikì) stoiqeÐo tφ ∈ H
pou ikanopoieÐ thn φ(h) = κ(tφ, h) gia ìla ta h ∈ H (eÐnai kal� orismènh
apeikìnish, diìti an φ(h) = κ(t1, h) = κ(t2, h) gia k�je h ∈ H, ìpou ti ∈ H,
tìte κ(t1 − t2, h) = 0 gia k�je h ∈ H. Apì to Pìrisma 2.5.9,t1 = t2). Pio
sugkekrimèna, Φ antistoiqeÐ sto uposÔnolo {tα;α ∈ Φ} thc H.

Prìtash 2.5.10.
(1) Span Φ = H∗.
(2) An α ∈ Φ, tìte −α ∈ Φ.
(3) 'Estw α ∈ Φ, x ∈ Lα, y ∈ L−α. Tìte [x, y] = κ(x, y)tα (tα ìpwc sth
ShmeÐwsh).
(4) An α ∈ Φ, tìte [LαL−α] èqei di�stash 1, me b�sh tα.
(5) α(tα) = κ(tα, tα) 6= 0, gia α ∈ Φ.
(6) An α ∈ Φ kai xα eÐnai mh mhdenikì stoiqeÐo tou Lα, tìte up�rqei yα ∈ L−α
tètoio ¸ste ta xα. yα, hα = [xα, yα] ekteÐnontai se mia apl  upo�lgebra thc
L di�stashc 3, isìmorfh me sl(2, F ) mèsw

xα 7→
(

0 1
0 0

)
, yα 7→

(
0 0
1 0

)
, hα 7→

(
1 0
0 −1

)
.

(7) hα =
2tα

κ(tα, tα)
kai hα = −h−α.

Apìdeixh: (1)− Upojètoume ìti den isqÔei Span Φ = H∗, tìte up�rqei
mh mhdenikì h ∈ H tètoio ¸ste α(h) = 0 gia ìla ta α ∈ Φ. Autì shmaÐnei ìti
[h, Lα] = 0 gia ìla ta α ∈ Φ. 'Eqoume [h,H] = [h, L0] = 0 kai �ra [h, L] = 0,
dhlad , h ∈ Z(L). 'Omwc, L hmiapl  kai �ra Z(L) = 0, dhlad , h = 0, �topo.
(2)− 'Estw α ∈ Φ. An −α /∈ Φ (L−α = 0), tìte apì Prìtash 2.5.5,
κ(Lα, Lβ] = 0 gia k�je β ∈ H∗. Sunep¸c, κ(Lα, L] = 0, pou shmaÐnei
Lα = 0, �topo.
(3)− 'Estw α ∈ Φ, x ∈ Lα, y ∈ L−α. 'Estw h ∈ H. H prosetairistikìthta
thc κ mac dÐnei: κ(h, [x, y]) = κ([h, x], y) = α(h)κ(x, y) = κ(tα, h)κ(x, y) =
κ(κ(x, y)tα, h) = κ(h, κ(x, y)yα). Autì mac dÐnei ìti H eÐnai orjog¸nia sto
[x, y]− κ(x, y)tα kai apì Pìrisma 2.5.9, [x, y] = κ(x, y)tα.
(4)− An [LαL−α] 6= 0 , tìte apì (3) èqoume ìti Span {tα} = [LαL−α]. 'Estw
0 6= x ∈ Lα. An κ(x, L−α) = 0, tìte κ(x, L) = 0, pou eÐnai �topo, diìti κ mh
ekfulismènh. 'Ara, mporoÔme na broÔme 0 6= y ∈ L−α gia to opoÐo κ(x, y) 6= 0
kai apì (3) èqoume [x, y] 6= 0.
(5)− Upojètoume ìti α(tα) = 0 gia k�poio α ∈ Φ. Apì to (4), up�rqoun
x ∈ Lα, y ∈ L−α me κ(x, y) 6= 0 kai tropopoi¸ntac èna apì ta dÔo me k�poio
pollapl�sio, mporoÔme na upojèsoume ìti κ(x, y) = 1. JewroÔme th Lie �lg-
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bera S = Span {x.y, tα}. Tìte [tα, x] = α(tα)x = 0 , [tα, y] = −α(tα)y = 0
kai [x, y] = tα apì (3). 'Ara, S eÐnai epilÔsimh. Apì thn Prìtash 1.6.3,
adL(S) eÐnai epilÔsimh kai apì Pìrisma 2.1.5. [adL(S)adL(S)] eÐnai mhdenodÔ-
namh kai �ra adL(s) eÐnai mhdenodÔnamo gia k�je s ∈ [SS]. Pio sugkekrimèna,
adL(tα) eÐnai mhdenodÔnamo. AfoÔ tα ∈ H hmiaplì, adL(tα) hmiaplì kai �ra
adL(tα) = 0. Sunep¸c, tα ∈ Z(L) = 0, diìti L hmiapl  (Parat rhsh 2.2.3)
kai �ra tα = 0, �topo.
(6)− Dedomènou xα ∈ Lα, mporoÔme na broÔme yα ∈ L−α tètoio ¸ste

κ(xα, yα) =
2

κ(tα, tα
((5) kai to gegonìc ìti κ(xα, L−α) 6= 0. Jètoume hα =

2tα
κ(tα, tα)

. Tìte [xα, yα] = hα, apì (3). Epiplèon, [hα, xα] =
2

α(tα
[tα, xα] =

2α(tα
α(tα

xα = 2xα kai ìmoia, [hα, yα] = −2yα. Opìte, Span {xα, yα.hα} eÐnai

mia upo�lgebra di�stashc 3 thc L me Ðdio pollaplasiastikì pÐnaka me thn
sl(2, F ) (Par�deigma 1.4.4).
(7)− tα orÐzetai mèsw thc κ(tα, h) = α(h) (h ∈ H) (κ(t−α, h) = (−α)(h) =
−α(h) = −κ(tα, h) = κ(−tα, h) gia k�je h ∈ H kai �ra apì Pìrisma 2.5.9
tα = −t−α). Parathr¸ntac ton trìpo orismoÔ twn hα, èpetai to zhtoÔmeno.
�
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3 Sust mata riz¸n

3.1 Axi¸mata

Se autì to Kef�laio ja èqoume ènan stajerì eukleÐdio q¸ro E, dhlad ,
ènan peperasmènhc di�stashc dianusmatikì q¸ro p�nw apì to R efodiasmè-
no me mia jetik� orismènh summetrik  digrammik  morf  (α, β). Gewmetrik�,
mia summetrÐa (antikatoptrismìc) ston E eÐnai ènac antistrèyimoc grammikìc
metasqhmatismìc pou af nei stajerì kat� shmeÐo èna uperepÐpedo (upìqw-
roc sundi�stashc 1) kai stèlnei k�je di�nusma orjog¸nio sto sugkekrimèno
uperepÐpedo, sto arnhtikì tou. 'Ara, mia summetrÐa (antikatoptrismìc) eÐ-
nai orjog¸nia, dhlad , diathreÐ to eswterikì ginìmeno ston E. K�je mh
mhdenikì di�nusma α kajorÐzei mia summetrÐa σα, me summetrikì uperepÐpedo
Pα = {β ∈ E|(β, α) = 0}. EÐnai fusikì ìti k�je mh mhdenikì di�nusma an�-
logo tou α dÐnei thn Ðdia summetrÐa. EÐnai eÔkolo na d¸soume ènan analutikì
tÔpo:

σα(β) = β − 2(β, α)

(α, α)
α.

(Blèpoume ìti stèlnei to α sto −α kai ìti stajeropoieÐ ìla ta shmeÐa tou
Pα).

L mma 3.1.1.
'Estw Φ peperasmèno sÔnolo me Span Φ = E. Upojètoume ìti ìlec oi sum-
metrÐec σα (α ∈ Φ) af noun to Φ analloÐwto. An σ ∈ GL(E) af nei to Φ
analloÐwto, stajeropoieÐ kat� shmeÐo èna uperepÐpedo P tou E kai stèlnei
k�poio mh mhdenikì α ∈ Φ sto arnhtikì tou, tìte σ = σα (kai P = Pα).

Apìdeixh: 'Estw τ = σσα (= σσα
−1). Tìte, τ(Φ) = Φ, τ(α) = α kai τ

dr� wc h tautotik  apeikìnish ston upìqwro Rα all� kai sto phlÐko E/Rα.
'Etsi, ìlec oi idiotimèc thc τ eÐnai Ðsec me 1 kai �ra to el�qisto polu¸numo
thc τ diaireÐ to (T −1)l(l = dim E). Apì thn �llh pleur�, afoÔ Φ eÐnai pepe-
rasmèno, den gÐnetai ìla ta dianÔsmata β, τ(β), · · · , τk(β) (β ∈ Φ, k > Card
Φ) na eÐnai diakekrimèna, �ra k�poia dÔnamh thc τ stajeropoieÐ to β. Epilè-
goume k arket� meg�lo tètoio ¸ste τk na stajeropoieÐ ìla ta β ∈ Φ. EpeÐdh
t¸ra to Φ ekteÐnetai sto E, autì anagk�zei τk = 1 kai �ra to el�qisto po-
lu¸numo diaireÐ to T k − 1. Apì ta parap�nw dÔo apotelèsmata èqoume ìti
h τ èqei el�qisto polu¸numo T−1 = µ.κ.δ.(T k−1, (T−1)l),dhlad , τ = 1. �

Orismìc 3.1.2.
'Ena uposÔnolo Φ enìc eukleÐdiou q¸rou E kaleÐtai sÔsthma riz¸n sto E an
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ikanopoieÐ ta parak�tw axi¸mata:
(R1) Φ peperasmèno, ekteÐnetai sto E (span Φ = E) kai den perièqei to 0.
(R2) An α ∈ Φ , ta mìna pollapl�sia tou α sto Φ eÐnai ta ±α.
(R3) An α ∈ Φ, h summetrÐa σα af nei to Φ analloÐwto.

(R4) An α, β ∈ Φ, tìte
2(β, α)

(α, α)
∈ Z.

Up�rqei k�poioc pleonasmìc sta parap�nw axi¸mata. Pio sugkekrimèna,
to (R2) kai (R3) dÐnoun ìti Φ = −Φ. K�poiec forèc to (R2) par�leÐpetai kai
tìte to sÔsthma riz¸n kaleÐtai anhgmèno sÔsthma riz¸n.

'Estw Φ sÔsthma riz¸n ston E. SumbolÐzoume me W thn upoom�da thc
GL(E) pou par�getai apì tic summetrÐec σα (α ∈ Φ). Apì to (R3) èqoume
ìti W metajètei to sÔnolo Φ, to opoÐo apì to (R1) eÐnai peperasmèno kai
ekteÐnetai sto E. Autì mac epitrèpei na jewroÔme to W wc upoom�da thc
summetrik c om�dac sto E kai pio sugkekrimèna, W eÐnai peperasmèno. To
W kaleÐtai om�da Weyl tou Φ kai paÐzei shmantikì rìlo sta parak�tw.

Par�deigma 3.1.3.: SÔsthma riz¸n sl(2, F )

←− · −→ (sl(2, F ))

L mma 3.1.4.
'Estw Φ sÔsthma riz¸n sto E me om�daWeylW. An σ ∈ GL(E) af nei to Φ
analloÐwto, tìte σσασ−1 = σσ(a) gia ìla ta α ∈ Φ kai 〈β, α〉 = 〈σ(β), σ(α)〉

gia ìla ta α, β ∈ Φ, ìpou 〈β, α〉 =
2(β, α)

(α, α)
.

Apìdeixh: σσασ−1(σ(β)) = σσα(β) ∈ Φ, afoÔ σα(β) ∈ Φ. 'Eqoume ì-
ti to prohgoÔmeno eÐnai Ðso me σ(β − 〈β, α〉α) = σ(β) − 〈β, α〉σ(α). AfoÔ
to σ(β) diatrèqei to Φ kaj¸c to β diatrèqei to Φ, paÐrnoume ìti σσασ−1

af nei to Φ analloÐwto. EpÐshc, af nei stajerì kat� shmeÐo to uperepÐpe-
do σ(Pα) kai stèlnei to σ(α) sto −σ(α). Apì to L mma 1.3.1, èqoume ìti
σσασ

−1 = σσ(a). Sth sunèqeia, sugkrÐnontac thn parap�nw sqèsh me thn
sqèsh σσ(a)(σ(β)) = σ(β) − 〈σ(β), σ(α)〉σ(α), paÐrnoume to deÔtero mèroc
tou l mmatoc. �

Up�rqei mia fusik  ènnoia isomorfismoÔ metaxÔ dÔo susthm�twn riz¸n Φ,
Φ′ se eukleÐdiouc q¸rouc E, E′, antÐstoiqa. KaloÔme (Φ, E) kai (Φ′, E′) isì-
morfa an up�rqei ènac isomorfismìc dianusmatik¸n q¸rwn (ìqi anagkastik�
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isometrÐa) φ : E → E′ pou stèlnei to Φ sto Φ′ ètsi ¸ste 〈φ(β), φ(α)〉 =
〈β, α〉 gia k�je zeug�ri riz¸n α, β ∈ Φ. 'Epetai, ìti σφ(α)(φ(β)) = φ(σα(β)).
'Ara, ènac isomorfismìc susthm�twn riz¸n ep�gei ènan kanonikì isomorfismì
σ 7→ φ ◦ σ ◦ φ−1 om�dwn Weyl. Tèloc, apì to parap�nw l mma blèpoume ìti
ènac automorfismìc tou Φ eÐnai to Ðdio pr�gma me ènan automorfismì tou E
pou af nei to Φ analloÐwto. Pio sugkekrimèna, mporoÔme na jewr soume to
W wc upoom�da thc Aut Φ.

To axi¸ma (R4) periorÐzei shmantik� tic pijanèc gwnÐec pou mporeÐ na
emfanistoÔn metaxÔ zeug¸n riz¸n. Jumìmaste ìti to sunhmÐtono thc g¸-
niac metaxÔ dÔo dianusm�twn α, β ∈ E, dÐnetai apì th sqèsh ‖α‖‖β‖ cos

θ = (α, β). 'Ara, 〈β, α〉 =
2(β, α)

(α, α)
= 2
‖β‖
‖α‖

cos θ kai 〈α, β〉〈β, α〉 = 4 cos2

θ. O teleutaÐoc arijmmìc eÐnai mh arnhtikìc akèraioc, 0 ≤ cos2 θ ≤ 1 kai
〈α, β〉, 〈β, α〉 èqoun Ðdio prìshmo. Apì ta parap�nw, oi mìnec peript¸seic pou
up�rqoun ìtan α 6= ±β kai ‖β‖ ≥ ‖α‖ eÐnai oi parak�tw.

〈α, β〉 〈β, α〉 θ ‖β‖2/‖α‖2
0 0 π /2 aprosdiìristo
1 1 π /3 1
-1 -1 2π /3 1
1 2 π/4 2
-1 -2 3π/4 2
1 3 π/6 3
-1 -3 5π/6 3

PÐnakac 1.

L mma 3.1.5.
'Estw α, β mh an�logec rÐzec. An (α, β) > 0 (dhlad , an h gwnÐa metaxÔ twn
α kai β eÐnai gn sia oxeÐa), tìte α − β eÐnai rÐza. An (α, β) < 0, tìte α + β
eÐnai rÐza.

Apìdeixh: AfoÔ (α, β) eÐnai jetikì an kai mìno an 〈α, β〉 eÐnai jetikì, o
PÐnakac 1 deÐqnei ìti, eÐte 〈α, β〉 = 1 eÐte 〈β, α〉 = 1. An 〈α, β〉 = 1, tìte
σβ(α) = α − β ∈ Φ (lìgw (R3)). 'Omoia, an 〈β, α〉 = 1, tìte β − α ∈ Φ, wc
ek toÔtou σβ−α(β − α) = α − β ∈ Φ. To deÔtero mèroc prokÔptei apì to
pr¸to an efarmosteÐ gia to −β sth jèsh tou β. �
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3.2 Aplèc rÐzec kai om�da Weyl

Sta parak�tw , Φ ja upodhl¸nei èna sÔsthma riz¸n t�xhc l (t�xh enìc su-
st matoc riz¸n kaloÔme thn dim E = l) se ènan eukleÐdio q¸ro E , me om�da
Weyl W.

Orismìc 3.2.1.
'Ena uposÔnolo ∆ tou Φ kaleÐtai b�sh an:
(B1) ∆ eÐnai b�sh tou E,
(B2) k�je rÐza β mporeÐ na grafeÐ wc β =

∑
kαα (α ∈ ∆), opoÔ oi suntele-

stèc kα eÐnai ìloi mh arnhtikoÐ   ìloi mh jetikoÐ.
Tìte oi rÐzec sto ∆ kaloÔntai aplèc. 'Eqoume ìti Card ∆ = l (apì (B1) kai
ìti h èkfrash tou β sth (B2) eÐnai monadik .

Orismìc 3.2.2.

(i) Wc Ôyoc (height) miac rÐzac orÐzoume to ht β =
∑
α∈∆

kα.

(ii) An ìla ta kα ≥ 0 (antÐstoiqa, ìla ta kα ≤ 0), kaloÔme th β jetik 
(antÐstoiqa, arnhtik ) kai gr�foume β � 0 (antÐstoiqa, β ≺ 0).

Oi sullogèc twn jetik¸n kai arnhtik¸n riz¸n (sqetik¸n me to ∆) ja sum-
bolÐzontai me Φ+ kai Φ− (isqÔei ìti, Φ− = −Φ+). An α kai β eÐnai jetikèc
rÐzec kai α+β eÐnai rÐza, tìte α+β eÐnai jetik  rÐza. To ∆ ìrizei mia merik 
di�taxh sto E, sumbibast  me ton sumbolismì α � 0: OrÐzoume β ≺ α an kai
mìno an α − β eÐnai �jroisma jetik¸n riz¸n   β = α. Tèloc, to monadikì
prìblhma me ton orismì thc b�shc eÐnai ìti adunateÐ na exasfalÐsei thn Ôparxh
miac tètoiac b�shc.

L mma 3.2.3.
An ∆ b�sh tou Φ, tìte (α, β) ≤ 0 gia α 6= β kai α− β den eÐnai rÐza.

Apìdeixh: Diaforetik�, (α, β) > 0. AfoÔ, α 6= β,apì upìjesh, kai diìti
profan¸c α 6= −β, èqoume apì to l mma 3.1.4 ìti α− β eÐnai rÐza. To teleu-
taÐo ìmwc parabi�zei th sunj kh (B2). �

Jèloume na deÐxoume to parak�tw:

Je¸rhma 3.2.4. To Φ èqei b�sh.
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H Apìdeixh tou ja mac d¸sei mia sugkekrimènh mèjodo gia thn kataskeu 
ìlwn twn pijan¸n basewn. Gia k�je di�nusma γ ∈ E, orÐzoume Φ+(γ) = {α ∈
Φ|(γ, α) > 0} = to sÔnolo twn riz¸n pou brÐskontai sth ”jetik ” pleÔra
tou uperepipèdou, orjog¸nio me to γ. EÐnai basÐko stoiqeÐo sthn EukleÐdia
gewmetrÐa to gegonìc ìti h ènwsh twn peperasmènou to pl joc uperepipè-
dwn Pα(α ∈ Φ) den mporeÐ na kalÔyei to E. KaloÔme to γ ∈ E omalì

an γ ∈ E −
⋃
α∈Φ

Pα, idi�zwn diaforetik�. 'Otan γ eÐnai omalì, blèpoume ìti

Φ = Φ+(γ)∪−Φ+(γ). Aut  ja eÐnai kai h perÐptwsh me thn opoÐa ja asqolh-
joÔme. KaloÔme α ∈ Φ+(γ) analÔsimo an α = β1 +β2 gia k�poia βi ∈ Φ+(γ),
mh analÔsimo diaforetik�. T¸ra arkeÐ na apodeÐxoume to parak�tw Je¸rhma.

Je¸rhma 3.2.4.′

'Estw γ ∈ E omalì. Tìte to sÔnolo ∆(γ) ìlwn twn mh analÔsimwn riz¸n
sto Φ+(γ) eÐnai b�sh tou Φ kai k�je b�sh eÐnai epiteÔximh me parìmoio trìpo.

Apìdeixh: H apìdeixh ja gÐnei se st�dia.
(1) K�je rÐza sto Φ+(γ) eÐnai mh arnhtikìc Z-grammikìc sunduasmìc stoi-
qeÐwn tou ∆(γ).
- Diaforetik�, èstw α ∈ Φ+(γ) pou den mporeÐ na grafeÐ me autì ton trìpo.
Epilègoume α tètoio ¸ste (γ, α) na eÐnai to mikrìtero dunatì. Prof�nwc to
α den mporeÐ na an kei sto ∆(γ), �ra α = β1 + β2 (βi ∈ Φ+(γ)), apì ìpou
èqoume (γ, α) = (γ, β1) + (γ, β2). All�, k�jena apì ta (γ, βi) eÐnai jetikì,
�ra β1 kai β2 prèpei na eÐnai mh arnhtikìc Z-grammikìc sunduasmìc stoiqeÐwn
tou ∆(γ) (lìgw elaqÐstou tou (γ, α)), apì ìpou paÐrnoume ìti to Ðdio isqÔei
kai gia to α. To teleutaÐo èrqetai se sÔgkroush me thn arqik  mac upìjesh
kai �ra èqoume to zhtoÔmeno.
(2) 'Estw α, β ∈ ∆(γ), tìte (α, β) ≤ 0 ektìc e�n α = β.
- Diforetik� ja eÐqame α − β eÐnai rÐza (L mma 3.1.4) kai afìu β 6= −α,
èqoume ìti eÐte α − β eÐte β − α eÐnai sto Φ+(γ). Sthn pr¸th perÐptwsh,
èqoume ìti α = β+(α−β) eÐnai analÔsimo kai sth deÔterh perÐptwsh, èqoume,
antÐstoiqa, ìti β eÐnai analÔsimo. Kai stic dÔo peript¸seic katal goume se
�topo.
(3) ∆(γ) eÐnai grammik� anex�rthto.
- Upojètoume ìti

∑
rαα = 0, ìpou α ∈ ∆(γ), rα ∈ R. DiaqwrÐzontac tou

deÐktec α gia touc opoÐouc rα > 0 apì autoÔc gia touc opoÐouc rα < 0, mpo-
roÔme na xanagr�youme to parap�nw wc ex c

∑
pαα =

∑
nββ (pα, nβ > 0,

ìpou ta sÔnola twn α kai β eÐnai xèna). KaloÔme ε =
∑
pαα. Tìte,

(ε, ε) =
∑
α,β

pαnβ (α, β) ≤ 0 apì b ma (2), to opoÐo anagk�zei ε = 0. Tì-
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te, èqoume 0 = (γ, ε) =
∑
pα(γ, α), to opoÐo anagk�zei ìla ta pα = 0.

'Omoia, ìla ta nβ = 0. (To parap�nw epiqeÐrhma ousiastik� deÐqnei ìti k�je
sÔnlo dianusm�twn pou brÐskontai austhr� se mia pleur� enìc uperepipèdou
tou E kai sqhmatÐzoun ambleÐec gwnÐec prèpei na eÐnai grammhk� anex�rthto.)
(4) ∆(γ) eÐnai b�sh tou Φ.
- AfoÔ Φ = Φ+(γ)∪−Φ+(γ), h sunj kh (B2) ikanopoieÐtai apì to b ma (1).
EpÐshc, èqoume ìti ∆(γ) ekteÐnetai sto E kai se sunduasmì me to b ma (3)
ikanopoieÐtai kai h sunj kh (B1).
(5) K�je b�sh ∆ tou Φ èqei th morf  ∆(γ) gia k�poio omalì γ ∈ E.
- Dedomènou enìc ∆, epilègoume γ ∈ E tètoio ¸ste (γ, α) > 0 gia ìla ta
α ∈ ∆. Apì (B2), γ eÐnai omalì kai Φ+ ⊂ Φ+(γ), Φ− ⊂ −Φ+(γ) (�ra èqou-
me isìthta). AfoÔ, Φ+ = Φ+(γ), ∆ apoteleÐtai apì mh analÔsima stoiqeÐa,
dhlad , ∆ ⊂ ∆(γ). All� èqoume , Card ∆ = Card ∆(γ) = l = dim E, �ra
∆ = ∆(γ). �

Orismìc 3.2.5.
Ta uperepÐpeda Pα (α ∈ Φ) diamerÐzoun to E se peperasmènou to pl joc

perioqèc, oi sundedemènec sunist¸sec tou E−
⋃
α
Pα kaloÔntai (anoikt�) tm -

mata (chambers) Weyl tou E.

K�je omalì γ ∈ E an kei se akrib¸c èna tm ma Weyl, pou sumbolÐzoume
me C(γ). 'Otan lème ìti C(γ) = C(γ′) ennooÔme ìti ta γ, γ′ brÐskontai sthn
Ðdia pleur� kajenìc uperepipèdou Pα (α ∈ Φ), dhlad , ìti Φ+(γ) = Φ+(γ′)
  ∆(γ) = ∆(γ′). Autì mac deÐqnei ìti ta tm mata Weyl eÐnai se 1 − 1 anti-
stoiqÐa me tic b�seic. Gr�foume C(∆) = C(γ) an ∆ = ∆(γ) kai to kaloÔme
jemeli¸dec tm ma Weyl sqetikì me to ∆. C(∆) eÐnai anoiktì kurtì sÔno-
lo pou apoteleÐtai apì ìla ta γ ∈ E ta opoÐa ikanopoioÔn tic anisìthtec
(γ, α) > 0 (α ∈ ∆).

H om�da Weyl stèlnei èna tm ma Weyl se èna �llo, pio analutik�,
σ(C(γ)) = C(σγ), an σ ∈ W kai γ eÐnai omalì. Apì thn �llh, W metajètei
b�seic: σ stèlnei to ∆ sto σ(∆), to opoÐo eÐnai b�sh. Oi dÔo autèc dr�seic
thcW eÐnai sumbatèc me thn parap�nw antistoiqÐa metaxÔ tmhm�twnWeyl kai
b�sewn kai telik� èqoume σ(∆(γ)) = ∆(σγ), diìti (σγ, σα) = (γ, α).

'Estw ∆ mia stajer  b�sh gia to Φ

L mma 3.2.6.
An α jetik  all� ìqi apl  rÐza, tìte α − β eÐnai rÐza (anagkastik� jetik )
gia k�poio β ∈ ∆.
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Apìdeixh: An (α, β) ≤ 0 gia ìla ta β ∈ ∆, èqoume apì thn parènjesh sto
b ma (3) tou jewr matoc 3.2.4′ ìti to ∆∪{α} eÐnai grammik� anex�rthto. Au-
tì eÐnai �topo, afoÔ to ∆ eÐnai b�sh tou E. 'Ara, (α, β) > 0 gia k�poio β ∈ ∆
kai �ra apì l mma 3.1.4 èqoume ìti α − β ∈ Φ (to l mma efarmìzetai diìti

to β den mporeÐ na eÐnai pollapl�sio tou α). Gr�foume t¸ra, α =
∑
γ∈∆

kγγ

(ìla ta kγ ≥ 0 kai k�poia kγ > 0 gia γ 6= β). Afair¸ntac to β apì to
α prokÔptei ènac Z-grammikìc sunduasmìc apl¸n riz¸n me toul�qiston èna
jetikì suntelest . Autì anagk�zei ìlouc touc suntelestèc na eÐnai jetikoÐ,
lìgw thc monadikìthtac sthn èkfrash (B2). �

Pìrisma 3.2.7.
K�je β ∈ Φ+ mporeÐ na grafeÐ sth morf  α1 + . . .+αk (αi ∈ ∆, ìqi anagka-
stik� diaforetik� metaxÔ touc) me tètoio trìpo, ¸ste k�je merikì �jroisma
α1 + . . .+ αj na eÐnai rÐza.

Apìdeixh: Qr sh tou prohgoÔmenou l mmatoc kai epagwg  sto ht β. �

L mma 3.2.8.
'Estw α apl  rÐza, tìte σα metajètei tic jetikèc rÐzec ektìc apì thn α.

Apìdeixh: 'Estw β ∈ Φ+ − {α}, β =
∑
γ∈∆

kγγ (kγ ≥ 0). EÐnai profanèc

ìti to β den eÐnai pollapl�sio tou α. 'Ara, kγ>0 gia k�poio γ 6= α. All�
o suntelest c tou γ sto σα(β) = β − 〈β, α〉α eÐnai to kγ . 'Ara, σα(β) èqei
toul�qiston èna jetikì suntelest  (sqtikì me to ∆), to opoÐo thn anagk�zei
na eÐnai jetik . Epiplèon, σα(β) 6= α, afoÔ to α eÐnai h eikìna tou −α. �

Pìrisma 3.2.9.

Jètoume δ = 1
2

∑
β�0

β. Tìte, σα(δ) = δ − α gia ìla ta α ∈ ∆.

Apìdeixh: 'Ameso apì to prohgoÔmeno l mma. �

L mma 3.2.10.
'Estw α1,. . .,αk ∈ ∆ (ìqi anagkastik� diaforetik�). Gr�foume σi = σαi .
An σ1 · · ·k−1 (αk) eÐnai arnhtik  rÐza, tìte gia k�poio deÐkth 1 ≤ s ≥ k,
σ1 · · ·σk = σ1 · · ·σs−1σs+1 · · ·σk−1.

Apìdeixh: Gr�foume βi = σi+1 · · ·σk−1(αk), 0 ≤ i ≥ k − 2, βk−1 = αk.
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AfoÔ β0 ≺ 0 kai βk−1 � 0, mporoÔme na broÔme to mikrìtero deÐkth s gia ton
opoÐo βs � 0. Tìte, σs(βs) = βs−1 ≺ 0 kai to l mma 3.2.8 dÐnei ìti βs = αs.
Genik� (l mma 3.1.3), σ ∈ W shmaÐnei σσα = σσασ

−1 kai �ra pio sugkekri-
mèna, σs = (σs+1 · · ·σk−1)σk(σk−1 · · ·σs+1), to opoÐo apodeiknÔei to l mma. �

Pìrisma 3.2.11.
An σ = σ1 · · ·σk eÐnai mia èkfrash gia to σ ∈ W se ìrouc summetri¸n pou
antistoiqoÔn se aplèc rÐzec, me k to mikrìtero dunatì, tìte σ(αk) ≺ 0. �

Je¸rhma 3.2.12. 'Estw ∆ mia b�sh gia to Φ.
(i) An γ ∈ E, γ omalì, tìte up�rqei σ ∈ W tètoio ¸ste (σ(γ), α) > 0 gia
ìla ta α ∈ ∆ (�ra , W dr� metabatik� sta tm mata Weyl).
(ii) An ∆′ eÐnai mÐa �llh b�sh tou Φ, tìte σ(∆′) = ∆ gia k�poio σ ∈ W (�ra,
W dr� metabatik� stic b�seic).
(iii) An α rÐza, tìte up�rqei σ ∈ W tètoio ¸ste σ(α) ∈ ∆.
(iv) W par�getai apì ta σα (α ∈ ∆).
(v) An σ(∆) = ∆, σ ∈ W, tìte σ = 1 (�ra, W dr� apl� metabatik� stic
b�seic).

Apìdeixh: Arqik� ja orÐsoume W ′ na eÐnai h upoom�da thc W pou par�-
getai apì ta σα (α ∈ ∆), ja apodeÐxoumw ta (i) − (iii) gia thn W ′ kai sth
sunèqeia ja deÐxoume ìti W ′ =W.

(i) Gr�foume δ = 1
2

∑
α�0

α kai epilègoume σ ∈ W ′ gia to opoÐo (σ(γ), δ) na

eÐnai ta megalÔtero dunatì. An α eÐnai apl  rÐza, tìte σασ ∈ W ′, �ra h epi-
log  tou σ shmaÐnei ìti (σ(γ), δ) ≥ (σασ(γ), δ) = (σ(γ), σα(δ)) = (σ(γ), δ −
α) = (σ(γ), δ)− (σ(γ), α) (Pìrisma 3.2.9). Autì anagk�zei (σ(γ), α) ≥ 0 gia
ìla ta α ∈ ∆ kai afoÔ γ eÐnai omalì, den mporoÔme na èqoume (σ(γ), α) = 0
gia k�poio α, diìti tìte γ ja  tan orjog¸nio tou σ−1α. 'Ara, ìlec oi anisì-
thtec eÐnai austhrèc kai �ra σ(γ) brÐsketai sto jemeli¸dec tm maWeyl C(∆)
kai σ stèlnei to C(γ) sto C(∆), to opoÐo oloklhr¸nei thn apìdeixh.

(ii) AfoÔ W ′ metajètei ta tm mata Weyl, apì to (i), metajètei kai tic
b�seic tou Φ.

(iii) Apì to (ii), arkeÐ na deÐxoume ìti k�je rÐza an kei se toul�qiston
mÐa b�sh. AfoÔ oi mìnec rÐzec pou eÐnai pollapl�sia tou α eÐnai oi ±α, ta
uperepÐpeda Pβ (β 6= ±α) eÐnai diaforetik� tou Pα, up�rqei γ ∈ Pα, γ /∈ Pβ
(ìla ta β 6= ±α). Epilègoume γ′ arket� kont� sto γ ètsi ¸ste (γ′, α) = ε > 0
kajwc |(γ′, β)| > ε gia ìla ta β 6= ±α. 'Ara, α an kei sth b�sh ∆(γ′).

(iv) Gia na deÐxoume ìti W = W ′, arkeÐ na deÐxoume ìti k�je summetrÐa
σα (α ∈ Φ) eÐnai sthW ′. Qrhsimopoi¸ntac to (iii), brÐskoume σ ∈ W ′ tètoio
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¸ste β = σ(α) ∈ ∆. Tìte, σβ = σσ(α) = σσασ
−1, dhlad , σα = σ−1σβσ ∈

W ′.
(iv) 'Estw σ(∆) = ∆ kai σ 6= 1. 'Eqoume apì (iv) ìti σ gr�fetai wc to

ginìmeno mÐac   perissotèrwn summetri¸n, to opoÐo sth sunèqeia odhgeÐ se
�topo (lìgw tou PosÐsmatoc 3.2.11). �

Orismìc 3.2.13.
'Otan σ ∈ W gr�fetai wc σα1 · · ·σαk (αi ∈ ∆, k el�qisto), kaloÔme aut  thn
èkfrash anhgmènh kai gr�foume l(σ) = k, pou eÐnai to m koc thc σ, sqetikì
me to ∆. OrÐzoume l(1) = 0.

Parat rhsh 3.2.14.: MporoÔme na qarakthrÐsoume to m koc me ènan
�llo trìpo, wc ex c: OrÐzoume n(σ) = o arijmìc twn jetik¸n riz¸n α gia ta
opoÐa σ(α) ≺ 0.

L mma 3.2.15.
Gia ìla ta σ ∈ W, l(σ) = n(σ).

Apìdeixh: Epagwg  sto m koc l(σ). H perÐptwsh l(σ) = 0 shmaÐnei
ìti σ = 1, �ra n(σ) = 0. Upojètoume ìti to l mma isqÔei gia ìla ta
τ ∈ W me l(τ) < l(σ). Gr�foume σ se anhgmènh morf  wc σ = σα1···σαk ,
kai jètoume αk = α. Apì to pìrisma 3.2.11 èqoume , σ(α) ≺ 0. Tìte a-
pì to l mma 3.2.8 paÐrnoume ìti n(σσα) = n(σ) − 1. Apì thn �llh pleur�,
l(σσα) = l(σ) − 1 < l(σ), �ra apì epagwgik  upìjesh, l(σσα) = n(σσα).
Apì ta parap�nw paÐrnoume to zhtoÔmeno, dhlad , l(σ) = n(σ). �

L mma 3.2.16.
'Estw λ,µ ∈ C(∆). An σλ = µ gia k�poio σ ∈ W, tìte σ eÐnai ginìmeno
apl¸n summetri¸n pou stajeropoioÔn to λ, pio sugkekrimèna, λ = µ.

Apìdeixh: QrhsimopoioÔme epagwg  sto m koc l(σ). HperÐptwsh l(σ) = 0
eÐnai prifan c. 'Este l(σ) > 0. Apì to prohgoÔmeno l mma, èqoume ìti σ
stèlnei k�poia jetik  rÐza se arnhtik  kai �ra σ den mporeÐ na stèlnei ìlec
tic aplèc rÐzec se jetikèc. 'Estw σ(α) ≺ 0 (gia k�poio α ∈ ∆). T¸ra, èqoume
0 ≥ (µ, σ(α)) = (σ−1(µ), α) = (λ, α) ≥ 0, afoÔ λ,µ ∈ C(∆). Autì anagk�zei
(λ, α) = 0, σαλ = λ, (σσα)λ = µ. Apì to l mma 3.2.8 (kai to l mma 3.2.15),
l(σσα) = l(σ)− 1 kai efarmìzoume thn epagwg . �

Orismìc 3.2.17.
'Ena sÔsthma riz¸n Φ kaleÐtai an�gwgo an den mporeÐ na diameristeÐ wc è-
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nwsh dÔo gnhsÐwn uposunìlwn, ¸ste k�je rÐza sto èna uposÔnolo na eÐnai
orjog¸nia se k�je rÐza tou �llou.

Parat rhsh 3.2.18.: 'Estw ∆ b�sh tou Φ. Ja deÐxoume ìti Φ eÐnai
an�gwgo an kai mìno an ∆ den mporeÐ na diameristeÐ me ton trìpo pou eip¸-
jhke ston parap�nw orismì. 'Estw Φ = Φ1 ∪Φ2, me (Φ1,Φ2) = 0. An ∆ den
perièqetai ex olokl rou sto Φ1   Φ2, tìte up�rqei mia parìmoia diamèrish
tou ∆, all� ∆ ⊂ Φ1 shmaÐnei (∆,Φ2) = 0   (E,Φ2) = 0, afoÔ to ∆ ekteÐ-
netai sto E. Autì deÐqnei ìti isqÔei h mÐa sunepagwg . AntÐstrofa, èstw
Φ an�gwgo kai ∆ = ∆1 ∪ ∆2 me (∆1,∆2) = 0. K�je rÐza eÐnai suzug c me
mÐa apl  rÐza (Je¸rhma 3.2.12.(iii)), �ra Φ = Φ1 ∪ Φ2, Φi to sÔnolo riz¸n
pou èqoun suzug  sto ∆i. GnwrÐzoume ìti an (α, β) = 0 autì shmaÐnei ìti
σασβ = σβσα. AfoÔW par�getai apì ta σα (α ∈ ∆), o tÔpoc miac summetrÐ-
ac mac dÐnei ìti k�je rÐza sto Φi prokÔptei apì mia sto ∆i prosjètontac  
afair¸ntac stoiqeÐa tou ∆i. 'Ara, Φi brÐsketai ston upìqwro Ei tou E pou
ekteÐnetai apì to ∆i kai blèpoume ìti (Φ1,Φ2) = 0. Autì anagk�zei Φ1 = ∅
  Φ2 = ∅, apì ìpou ∆1 = ∅   ∆2 = ∅.

L mma 3.2.19.
'Estw Φ an�gwgo. Sqetik� me th merik  di�taxh ≺, up�rqei monadik  megi-
stik  rÐza β (pio sugkekrimèna, α 6= β shmaÐnei ht α < ht β kai (β, α) ≥ 0
gia ìla ta α ∈ ∆). An β =

∑
kαα (α ∈ ∆), tìte ìla ta kα > 0.

Apìdeixh: 'Estw β =
∑
kαα (α ∈ ∆) na eÐnai megistik  sth merik  di�-

taxh, profan¸c β � 0. An ∆1 = {α ∈ ∆|kα > 0} kai ∆2 = {α ∈ ∆|kα = 0},
tìte ∆ = ∆1 ∪ ∆2 eÐnai mia diamèrish. Upojètoume ìti ∆2 eÐnai mh kenì.
Tìte (α, β) ≤ 0 gia α ∈ ∆2 (apì l mma 3.2.3) kai afoÔ Φ eÐnai an�gwgo,
toul�qiston èna α ∈ ∆2 prèpei na mhn eÐnai orjog¸nio sto ∆1, pou shmaÐnei
ìti up�rqei α′ ∈ ∆1 tètoio ¸ste (α, α′) < 0. Autì shmaÐnei ìti β + α eÐnai
rÐza (l mma 3.1.4), to opoÐo èrqetai se antÐfash me th megistikìthta thc β.
'Ara ∆2 eÐnai kenì kai ìla ta kα > 0. To parap�nw epiqeÐrhma ma dÐnei ìti
(α, β) ≥ 0 gia ìla ta α ∈ ∆ (me (α, β) > 0 gia toul�qiston èna α, afoÔ to ∆
ekteÐnetai sto E). T¸ra èstw β′ mia �llh megistik  rÐza. To prohgoÔmeno
epeiqeÐrhma efarmìzetai gia th β′ kai �ra β′ perilamb�nei toul�qiston èna
α ∈ ∆ gia to opoÐo isqÔei (α, β′) > 0. 'Epetai ìti (β′, β) > 0 kai β′ − β
eÐnai rÐza, ektìc e�n β′ = β. All�, an β′ − β eÐnai rÐza, tìte eÐte β ≺ β′ eÐte
β′ ≺ β, to opoÐo eÐnai �topo. 'Ara, β eÐnai monadik . �

L mma 3.2.20.
'Estw Φ an�gwgo. Tìte W dr� an�gwga sto E. Pio sugkekrimèna, h W-
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troqi� miac rÐzac α ekteÐnetai sto E.

Apìdeixh: 'Estw Wα = h W-troqi� miac rÐzac α. Tìte, span Wα eÐnai
ènac (mh mhdenikìc)W-analloÐwtoc upìqwroc tou E kai �ra to deÔtero mèroc
tou l mmatoc, èpetai apì to pr¸to. Gia to pr¸to, èstw E′ ènac mh mhdenikìc
upìqwroc tou E analloÐwtoc upì thnW. To orjog¸nio sumpl rwma E′′ tou
E′ eÐnai epÐshc W-analloÐwto kai E = E′⊕E′′. EÐnai eÔkolo na deÐxoume ìti
gia α ∈ Φ, eÐte α ∈ E′ eÐte E′ ⊂ Pα, afoÔ σα(E′) = E′ (An E′ * Pα. 'Estw
µ ∈ E′ \ Pα, σα(µ) = µ − 〈µ, α〉α ∈ E′. AfoÔ µ /∈ Pα, 〈µ, α〉 6= 0. 'Ara,
α ∈ E′). Sunep¸c, α /∈ E′ shmaÐnei α ∈ E′′ kai �ra k�je rÐza brÐsketai se
ènan apì touc dÔo upìqwrouc. Autì diamerÐzei to Φ se orjog¸nia uposÔnola,
anagk�zontac èna apì ta dÔo na eÐnai kenì. AfoÔ span Φ = E, katal goume
sto ìti E′ = E. �

L mma 3.2.21.
'Estw Φ an�gwgo. Tìte prokÔptoun to polÔ dÔo m kh riz¸n (m koc rÐzac
= (α, α)1/2 gia α rÐza) sto Φ kai ìlec oi rÐzec orismènou m kouc eÐnai suzu-
geÐc upì thn W.

Apìdeixh: An α, β dÔo rÐzec, tìte den gÐnetai ìla ta σ(α) (σ ∈ W) na
eÐnai orjog¸nia me to β, afoÔ ta σ(α) ekteÐnontai sto E (l mma 3.2.20). An
(α, β) 6= 0 kai ‖β‖ > ‖α‖, gnwrÐzoume ìti ‖β‖2/‖α‖2 ∈ {2, 3} kai an up r-
qan 3 tetragwnik� m kh riz¸n a < b < c ja eÐqame c

a = 3 kai cb = b
a = 2.

Epomènwc, c
a = c

b ·
b
a = 2 · 2 = 4 kai katal goume se antÐfash. T¸ra èstw

α, β na èqoun to Ðdio m koc. AfoÔ antikatastÐsoume èna apì ta dÔo me èna
W-suzugèc mporoÔme na ta jewr soume mh orjog¸nia (kai diaforetik�, diafo-
retik� èqoume telei¸sei). Me b�sh thn 3.1, èqoume ìti 〈α, β〉 = 〈β, α〉 = ±1.
Antikajist¸ntac β (an qreiasteÐ) me −β = σβ(β), mporoÔme na upojèsoume
ìti 〈α, β〉 = 1. Sunep¸c, (σασβσα)(β) = σασβ(β−α) = σα(−β−α+β) = α.
�

Orismìc 3.2.22.
An Φ an�gwgo, me dÔo diaforetik� m kh riz¸n, mil�me gia makrèc kai braqeÐec
rÐzec (An ìlec oi rÐzec eÐnai idÐou m kouc, tìte tic kaloÔme ìlec makrèc).

L mma 3.2.23.
'Estw Φ an�gwgo, me dÔo diaforetik� m kh riz¸n. Tìte, h megistik  rÐza β
tou l mmatoc 3.2.19 eÐnai makr�.
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Apìdeixh: 'Estw α ∈ Φ tuqaÐo. ArkeÐ na deÐxoume ìti (β, β) ≥ (α, α). Gia
autì antikajistoÔme to α me ènaW-suzugèc tou, pou brÐsketai sth kleistìth-
ta tou jemeli¸douc tm matocWeyl (sqetikì me to ∆). AfoÔ β−α � 0 (l mma
3.2.19), èqoume (γ, β−α) ≥ 0 gia k�je γ ∈ C(∆). Efarmìzontac to prohgoÔ-
meno gia γ = β kai γ = α (l mma 3.2.19) paÐrnoume (β, β) ≥ (β, α) ≥ (α, α).
�

Orismìc 3.2.24
'Estw Φ sÔsthma riz¸n t�xhc l me om�da Weyl W kai ∆ b�sh tou Φ. Sta-
jeropoioÔme mÐa di�taxh (α1, . . . , αl) twn apl¸n riz¸n. O pÐnakac (〈αi, αj〉)
kaleÐtai pÐnakac Cartan tou Φ kai ta stoiqeÐa tou kaloÔntai akèraioi Cartan.

ShmeÐwsh: O pÐnakac Cartan eÐnai anex�rthtoc thc epilog c b�shc ∆ gia
to Φ, diìti apì Je¸rhma 3.2.12.(ii) h om�da Weyl W dra metabatik� sth
sullog  twn b�sewn.

3.3 Afhrhmènh jewrÐa bar¸n

'Estw Φ sÔsthma riz¸n se ènan eukleÐdio q¸ro E me om�da Weyl W.

Orismìc 3.3.1.
'Estw Λ to sÔnolo ìlwn twn λ ∈ E gia ta opoÐa isqÔei 〈λ, α〉 ∈ Z (α ∈ Φ).
KaloÔme ta stoiqeÐa tou Λ b�rh.

Parat rhsh 3.3.2: AfoÔ 〈λ, α〉 =
2(λ, α)

(α, α)
exart�tai ousiastik� apì to

λ, Λ eÐnai upoom�da tou E pou perièqei to Φ. EpÐshc, èqoume ìti λ ∈ Λ an
kai mìno an 〈λ, α〉 ∈ Z gia ìla ta α ∈ ∆ (∆ b�sh tou Φ).

Orismoìc 3.3.3.
KaloÔme thn upoom�da tou Λ pou par�getai apì Φ rizikì sÔndesmo kai th
sumbolÐzoume me Λr.

ShmeÐwsh: Λr eÐnai sÔndesmoc sto E upì thn ènnoia ìti eÐnai Z-an�ptugma
miac R-b�shc tou E (gia par�deigma, enìc sunìlou apl¸n riz¸n).
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StajeropoioÔme b�sh ∆ ⊂ Φ kai orÐzoume λ ∈ Λ na eÐnai kurÐarqo an ìloi
oi akèraioi 〈λ, α〉 (α ∈ ∆) eÐnai mh arnhtikoÐ kai isqur� kurÐarqo an ìloi oi
akèraioi eÐnai jetikoÐ. SumbolÐzoume me Λ+ to sÔnolo twn kurÐarqwn bar¸n.
Epiplèon, Λ+ eÐnai to sÔnolo twn bar¸n pou brÐskontai sth kleistìthta tou
jemeli¸douc tm matoc Weyl C(∆), en¸ to Λ ∩ C(∆) eÐnai to sÔnolo twn
isqur� kurÐarqwn bar¸n.

An ∆ = {α1, . . . , αl}, tìte ta dianÔsmata 2αi/(αi, αi) eÐnai xan� b�sh tou
E. 'Estw λ1, . . . , λl na eÐnai h duðk  (sqetik  me to eswterikì ginìmeno sto E),

me
2(λi, αj)

(αj , αj)
= δij . AfoÔ ìla ta 〈λi, α〉 (α ∈ ∆) eÐnai mh arnhtikoÐ akèraioi,

ta λi eÐnai kurÐarqa b�rh kai ta kaloÔme jemeli¸dh kurÐarqa b�rh (sqetik�
me th ∆). ParathroÔme ìti σi(λj) = λj − δijαi (σi = σαi). An λ ∈ E tuqìn,
p.q., opoiod pote b�roc, jètoume mi = 〈λ, αi〉. Tìte 0 = 〈λ−

∑
miλi, α〉 gia

k�je apl  rÐza α, to opoÐo dÐnei (λ−
∑
miλi, α) = 0 kai �ra ìti λ =

∑
miλi.

Epomènwc, Λ eÐnai sÔndesmoc me b�sh (λi, 1 ≤ i ≤ l) kai λ ∈ Λ+ an kai mìno
an ìla ta mi ≥ 0.

Λ/Λr eÐnai peperasmènh om�da kai kaleÐtai jemeli¸dhc om�da tou Φ. Gia na

to deÐxoume, gr�foume αi =
∑
j
mijλj (mij ∈ Z). Tìte 〈αi, αk〉 =

∑
j
mij〈λj , αk〉

= mik. 'Ara, blepoume ìti o pÐnakac Cartan ekfr�zei thn all�gh b�shc. Gia
na gr�youme ta λj me ìrouc αi, arkeÐ na antistrèyoume ton pÐnaka Cartan, h
orÐzousa tou eÐnai o mìnoc paranomast c pou emplèketai kai autì upologÐzei
ton deÐkth thc Λr sthn Λ.

L mma 3.3.4.
K�je b�roc eÐnai suzugèc upì thn W me monadikì kurÐarqo b�roc. An λ eÐnai
kurÐarqo, tìte σ(λ) ≺ λ gia ìla ta σ ∈ W kai an λ eÐnai isqur� kurÐarqo,
tìte σ(λ) = λ mìno ìtan σ = 1.

Apìdeixh : L mma 3.2.16. �

L mma 3.3.5
'Estw λ ∈ Λ+. Tìte, o arijmìc twn kurÐarqwn bar¸n µ ≺ λ eÐnai peperasmè-
noc.

Apìdeixh: AfoÔ λ+ µ ∈ Λ+ kai λ− µ eÐnai �jroisma jetik¸n riz¸n (3.2)
èqoume ìti 0 ≤ (λ + µ, λ − µ) = (λ, λ) − (µ, µ). Sunep¸c, µ brÐsketai sto
sumpagèc sÔnolo {x ∈ E|(x, x) ≤ (λ, λ)}, tou opoÐou h tom  me to diakritì
sÔnolo Λ+ eÐnai peperasmènh. �
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JumÐzoume apì Pìrisma 3.2.9 ìti δ = 1
2

∑
α�0

α kai ìti σi(δ) = δ − αi

(1 ≤ i ≤ l).

L mma 3.3.6. δ =
l∑

j=1
λj , �ra δ eÐnai (isqur�) kurÐarqo b�roc.

Apìdeixh: AfoÔ σi(δ) = δ−αi, (δ−αi, αi) = (σ2
i (δ), σ(αi)) = (δ,−αi)↔

2(δ, αi) = (αi, αi) ↔ 〈δ, αi〉 = 1 (1 ≤ i ≤ l). All�, δ =
∑
i
〈δ, αi〉λi (3.3

sel.13) kai �ra to zhtoÔmeno èpetai. �

L mma 3.3.7.
'Estw µ ∈ Λ+, ν = σ−1µ (σ ∈ W). Tìte (ν + δ, ν + δ) ≤ (µ+ δ, µ+ δ) kai h
isìthta isqÔei mìno an ν = µ.

Apìdeixh: Apì L mma 3.3.6, èqoume δ ∈ Λ+ kai apì L mma 3.3.4 σ(δ) ≺ δ.
AfoÔ µ ∈ Λ+, tìte (µ, δ, σ(δ)) ≥ 0 kai paÐrnoume

(ν + δ, ν + δ) = (σ(ν + δ), σ(ν + δ)) = (µ+ σ(δ), µ+ σ(δ)) = (µ, µ) +
2(µ, σ(δ)) + (σ(δ), σ(δ)) = (µ, µ) + (δ, δ) + 2(µ, σ(δ)) + 2(µ, δ)− 2(µ, δ) =

(µ+ δ, µ+ δ)− 2(µ, δ − σ(δ)) ≤ (µ+ δ, µ+ δ)

kai h isìthta isqÔei ann (µ, δ−σ(δ)) = 0, dhlad , (µ, δ) = (µ, σ(δ) = (ν, δ)⇒
(µ− ν, δ) = 0. Tèloc, apì L mma 3.3.4 kai L mma 3.3.6, paÐrnoume µ = ν. �

Orismìc 3.3.8.
'Ena uposÔnolo Π tou Λ kaleÐtai kekoresmèno (koresmèno) an gia k�je λ ∈ Π,
α ∈ Φ kai i metaxÔ tou 0 kai 〈λ, α〉, to b�roc λ− iα brÐsketai sto Π.

Parat rhsh 3.3.9.: An Π kekoresmèno sÔnolo kai λ ∈ Π, tìte σα(λ) =
λ− 〈λ, α〉α ∈ Π. Apì to ìti h W par�getai apì tic summetrÐec, èqoume ìti Π
stajerì upì thn W.

Orismìc 3.3.10.
Lème ìti èna kekoresmèno sÔnolo Π èqei an¸tato b�roc λ (λ ∈ Λ+ an λ ∈ Π
kai µ ≺ λ gia k�je µ ∈ Π.

ParadeÐgmata 3.3.11. (a) {0} eÐnai kekoresmèno.
(b) Φ ∪ {0} , ìpou Φ to sÔnolo riz¸n miac hmiapl c �lgebrac Lie, eÐnai ke-
koresmèno. Pio sugkekrimèna, an Φ eÐnai an�gwgo, tìte up�rqei monadik 
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megistik  rÐza (sqetik  me mia stajer  b�sh ∆ tou Φ) kai eÐnai to an¸tato
b�roc thc Φ ∪ {0}.

L mma 3.3.12.
K�je kekoresmèno sÔnolo pou èqei an¸tato b�roc λ eÐnai peperasmèno.

Apìdeixh: Me qr sh l mmatoc 3.3.5. �

L mma 3.3.13.
'Estw Π kekoresmèno, me an¸tato b�roc λ. An µ ∈ Λ+ kai µ ≺ λ, tìte µ ∈ Π.

Apìdeixh: 'Estw µ′ = µ +
∑
α∈∆

kαα ∈ Π (kα ∈ Z+). Ja deÐxoume ìti

mporoÔme na mei¸soume kat� 1 èna apì ta kα en¸ par�llhla na paramènoume
sto Π kai ètsi telik� ja ft�soume sto zhtoÔmeno, ìti µ ∈ Π. ParathroÔme
pr¸ta ìti λ eÐnai thc morf c µ′. Upojètoume ìti µ′ 6= mu, tìte k�poio kα eÐ-

nai jetikì kai (
∑
α
kαα,

∑
α
kαα) > 0. Apì autì paÐrnoume ìti (

∑
α
kαα, β) > 0

gia k�poio β ∈ ∆, me kβ > 0. Pio sugkekrimèna, 〈
∑
α
kαα, β〉 eÐnai jetikì.

Tèloc, apì ton orismì tou kekoresmènou sunìlou, mporoÔme na afairèsoume
β apì µ′ paramènontac sto Π kai �ra mei¸sme to kβ kat� 1. �

L mma 3.3.14.
'Estw Π kekoresmèno, me an¸tato b�roc λ. An µ ∈ Π, tìte (µ+ δ, µ+ δ) ≤
(λ+ δ, λ+ δ), me thn isìthta na isqÔei mìno an µ = λ.

Apìdeixh: Apì to L mma 3.3.7, arkeÐ na to deÐxoume gia µ kurÐarqo. Gr�-
foume µ = λ− π, ìpou π eÐnai �jroisma jetik¸n riz¸n. Tìte (λ+ δ, λ+ δ)−
(µ+δ, µ+δ) = (λ+δ, λ+δ)− (λ+δ−π, λ+δ−π) = (λ+δ, π)+(π, µ+δ) ≥
(λ+δ, π) ≥ 0, me tic anisìthtec na isqÔoun diìti µ+δ kai λ+δ eÐnai kurÐarqa.
H isìthta isqÔei mìno an π = 0⇒ µ = λ, afoÔ λ+ δ isqur� kurÐarqo. �
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4 Kajolik� perib�llousec �lgebrec

Ja jewroÔme F èna tÔqon s¸ma (ektìc an eipwjeÐ k�ti diaforetikì) kai V
dianusmatikìc q¸roc p�nw apì to F (peperasmènhc di�stashc).

4.1 Tanustikèc kai summetrikèc �lgebrec

Arqik� ja eis�goume merikèc �lgebrec orismènec mèsw kajolik¸n idiot twn.
StajeropoioÔme peperasmèno dianusmatikì q¸ro V p�nw apì to F . 'Estw
T 0V = F , T 1V = V , T 2V = V ⊗ V ,. . ., TmV = V ⊗ . . .⊗ V (m antÐtupa).

OrÐzoume T(V ) =
∞∐
i=0

T iV kai eis�goume èna prosetairistikì ginìmeno, pou

orÐzetai stouc omogeneÐc genn torec tou T(V ) me ton profan  trìpo (u1 ⊗
· · ·⊗uk) (w1⊗· · ·⊗wm) = u1⊗· · ·⊗uk⊗w1⊗· · ·⊗wm ∈ T k+mV . Autì k�nei
to T(V ) prosetairistik  taxinomhmènh �lgebra me mon�da 1 pou par�getai
apì to 1 kai opoiad pote b�sh tou V kai thn kaloÔme �lgerbra tanust¸n
ston V (tanustik  �lgebra). T(V ) eÐnai h kajolik  prosetairistik  �lgebra
se n genn torec (n = dim V ), me thn ex c ènnoia: dedomènhc F -grammik c
apeikìnishc φ : V → U (ìpou, U eÐnai prosetairistik  �lgebra me mon�da 1
p�nw apì to F ), up�rqei monadikìc omomorfismìc F -algebr¸n ψ : T(V ) →
U tètoioc ¸ste ψ(1) = 1 kai to parak�tw di�gramma eÐnai metajetikì (i=
ènjesh):

V T(V )

U

φ

i

ψ

T¸ra, èstw I (amfÐpleuro) ide¸dec sto T(V ) pou par�getai apì ìla ta
x⊗ y− y⊗ x (x,y ∈ V ) kai kaloÔme S(V ) = T(V )/I th summetrik  �lgebra
ston V , ìpou σ : T(V ) → S(V ) ja dhl¸nei thn kanonik  apeikìnish. Oi
genn torec tou I brÐskontai sto T 2V , pou shmaÐnei ìti I = (I ∩ T 2V )⊕ (I ∩
T 3V ) ⊕ . . .. Epomènwc, σ eÐnai monomorfik  sta T 0V = F ,T 1V = V (mac
epitrèpei na jewroÔme to V wc ènan upìqwro tou S(V )) kai S(V ) klhronomeÐ

mia taxinìmhsh apì thn T(V ) : S(V ) =
∞∐
i=0

SiV . O lìgoc upologismoÔ tou I

eÐnai gia na èqoume ìti ta stoiqeÐa tou V metatÐjentai, �raS(V ) eÐnai kajolikh
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(me thn parap�nw ènnoia) gia grammikèc apeikonÐseic apì ton V se metajetikèc
prosetairistikèc F -�lgebrec me mon�da 1. Epiplèon, an (x1, . . . , xn) mia b�sh
tou V , tìte S(V ) eÐnai kanonik� isomorfikìc me thn �lgebra twn poluwnÔmwn
n metablht¸n p�nw apì to F , me b�sh pou apoteleÐtai apì to 1 kai ìla ta
xi(1) · · ·xi(k), k ≥ 1, 1 ≤ i(1) ≤ i(2) ≤ . . . ≤ i(k) ≤ n.

4.2 Kataskeu  thc U(L)

Orismìc 4.2.1.
'Estw L Lie �lgebra (mpìrei kai apeirodi�stath). MÐa kajolik� perib�llou-
sa �lgebra thc L eÐnai èna zeÔgoc (U,i), ìpou U eÐnai mÐa prosetairistik 
�lgebra me mon�da 1 p�nw apì to F , i : L → U grammik  apeikìnish pou
ikanopoieÐ thn :

i([x, y]) = i(x)i(y)− i(y)i(x) (∗)

gia x,y ∈ L kai isqÔei to parak�tw: gia k�je prosetairistik  �lgebra V me
mon�da 1 kai k�je grammik  apeikìnish j : L → V pou ikanopoioÔn thn (∗),
up�rqei monadikìc omomorfismìc algebr¸n φ : U→ V (pou stèlnei to 1 sto
1) tètoioc ¸ste φ ◦ i = j.

Parat rhsh 4.2.2.:(Monadikìthta)
'Estw ìti up�rqei kai �llo zeÔgoc (B, i′) pou na ikanopoieÐ tic upojèseic
tou orismoÔ, tìte paÐrnoume omomorfismoÔc φ : U → B me φ ◦ i = i′ kai
ψ : B → U me ψ ◦ i′ = i. Apì orismì, up�rqei monadikìc omomorfismìc pou
k�nei to parak�tw di�gramma metajetikì:

L U

U

i

i

All� 1U kai ψ ◦ φ katafèrnoun to parap�nw, �ra ψ ◦ φ = 1U. 'Omoia,
φ ◦ ψ = 1B.

Parat rhsh 4.2.4.:('Uparxh)
'Estw T(L) h �lgbera tanust¸n sthn L (4.1) kai J amfÐpleuro ide¸dec sthn
T(L) pou par�getai apì ìla ta x ⊗ y − y ⊗ x − [x, y] (x,y ∈ L. OrÐzoume
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U(L) = T(L)/J kai èstw π : T(L) → U(L) o kanonikìc omomorfismìc. Pa-

rathroÔme ìti J ⊂
∐
i>0

T iL, �ra π apeikonÐzei to T 0L = F isomorfik� sth

U(L) (epomènwc, U(L) perièqei toul�qistan ta bajmwt�). Den eÐnai eÔkolo
na doÔme ìti π apeikonÐzei to T 1L = L isomorfik� sth U(L) kai ja deiqteÐ ar-
gìtera. (U, i) eÐnai kajolik� perib�llousa �lgebra thc L, ìpou i : L→ U(L)
eÐnai o periorismìc thc π sto L. Pr�gmati, èstw j : L→ U(L) na eÐnai ìpwc
ston orismì. Apì thn kajolik  idiìthta thc T(L) prokÔptei monadikìc omo-
morfismìc algebr¸n φ′ : T(L)→ U pou epekteÐnei ton j kai stèlnei to 1 sto
1. H idiìthta (∗) tou j anagk�zei ìla ta x⊗ y− y⊗x− [x, y] na an koun sto
Ker φ′ kai �ra φ′ epifèrei omomorfismì φ : U(L)→ U tètoio ¸ste φ ◦ i = j.
H monadikìthta tou φ prokÔptei apì to gegonìc ìti to 1 mazÐ me thn Im i
par�goun thn U(L).

Par�deigma 4.2.5.: 'Estw L abelian . Tìte to ide¸dec J (apì para-
t rhsh 4.2.4) par�getai apì ìla ta x ⊗ y − y ⊗ x, kai �ra sumpÐptei me to
ide¸dec I (4.1). Autì mac dÐnei ìti U(L) sumpÐptei me th summetrik  �lgebra
S(L) (pio sugkekrimèna, i : L→ U(L) eÐnai 1− 1).

4.3 Je¸rhma PBW kai sunèpeiec

Gia suntomÐa ja gr�foume T = T(L),S = S(L),U = U(L), ìmoia, gr�foume
Tm,Sm. OrÐzoume filtr�risma (di jhsh) sto T me Tm = T 0 ⊕ . . . ⊕ Tm kai
jètoume Um = π(Tm), U−1 = 0. IsqÔei ìti, UmUr ⊂ Um+r kai Um ⊂ Um+1.
Jètoume Gm = Um/Um−1 (eÐnai dianusmatikìc q¸roc) kai o pollapl�sia-
smìc sthn U orÐzei digrammik  apeikìnish Gm ×Gr → Gm+r (kal� orismènh,
diìti Um−1Ur−1 ⊂ Um+r−2 ⊂ Um+r−1). Aut  epekteÐnetai se digrammik 

apeikìnish G × G → G, ìpou G =
∞∐
m=0

Gm kai k�nei thn G taxinomhmènh

prosetairistik  �lgebra me mon�da 1. AfoÔ π apeikonÐzei to Tm sto Um, h
sÔnjeth grammik  apeikìnish φm : Tm → Um → Gm = Um/Um−1 èqei nìhma.
EÐnai epÐ, diìti π(Tm \ Tm−1) = Um \ Um−1. Epomènwc, oi apeikonÐseic φm
sundu�zontai kai dÐnoun grammik  apeÐkonish T→ G, pou eÐnai epÐ kai stèlnei
to 1 sto 1.

L mma 4.3.1.
H φ : T→ G eÐnai omomorfismìc algebr¸n. Epiplèon, φ(I) = 0 (I ìpwc sthn
4.1) kai �ra φ epifèrei omomorfismì ω thc S = T/I sth G.

55



Apìdeixh: 'Estw x ∈ Tm,y ∈ T r na eÐnai omogeneÐc tanustèc. Apì orismì
tou ginomènou sto G, φ(xy) = φ(x)φ(y) kai �ra èqoume ìti φ eÐnai pollapla-
siastik  sto T. 'Estw x⊗y−y⊗x (x,y ∈ L) tupikìc genn torac tou I. Tìte,
π(x⊗ y− y⊗ x) ∈ U2, apì orismì. Apì thn �llh pleur�, π(x⊗ y− y⊗ x) =
π([x, y]) ∈ U1, apì ìpou paÐrnoume φ(x ⊗ y − y ⊗ x) ∈ U1/U1 = 0 kai �ra
I ⊂ Ker φ, to opoÐo kai oloklhr¸nei thn apìdeixh. �

Gr�foume t¸ra to basikì je¸rhma tou kefalaÐou, to opoÐo ja apodeÐxou-
me sth par�grafo 4.4.

Je¸rhma 4.3.2.(Je¸rhma Poincaré−Birkhoff −Witt   Je¸rh-
ma PBW)
O omomorfismìc ω : S→ G eÐnai isomorfismìc algebr¸n.

Pìrisma 4.3.3.
'EstwW upìqwroc tou Tm. Upojètoume ìti h kanonik  apeikìnish Tm → Sm

stèlnei to W isomorfik� sto Sm. Tìte π(W ) eÐnai sumpl rwma tou Um−1

sto Um.

Apìdeixh: JewroÔme to di�gramma ( ìlec oi apeikonÐseic kanonikèc):

Um Gm

Tm Sm

Apì to parap�nw l mma (kai touc orismoÔc), to di�gramma autì eÐnai metaba-
tikì. AfoÔ ω : S → G eÐnai isomorfismìc (apì to Je¸rhma PBW ), h k�tw
apeikìnish stèlnei to W ⊂ Tm isomorfik� sto Gm kai gurÐzontac sth p�nw
apeikìnish, èqoume to zhtoÔmeno. �

Pìrisma 4.3.4.
H kanonik  apeikìnish i : L → U(L) eÐnai 1 − 1 (�ra L mporeÐ na tautÐzetai
me i(L)).

Apìdeixh: Eidik  perÐptwsh tou PorÐsmatoc 4.3.3, ìpou W = T 1 = L. �
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'Eqoume af sei thn L na mporeÐ na eÐnai apeirodi�stath all� gia touc stì-
qouc thc ergasÐac arkeÐ h L na èqei arijm simh b�sh.

Pìrisma 4.3.5.
'Estw (x1, x2, x3, . . .) diatetagmènh b�sh thc L. Tìte ta stoiqeÐa xi(1) · · ·xi(m) =
π(xi(1) ⊗ . . .⊗ xi(m)), m ∈ Z+, i(1) ≤ i(2) ≤ . . . ≤ i(m), mazÐ me to 1, apote-
loÔn b�sh thc U(L).

Apìdeixh: 'Estw W o upìqwroc tou Tm pou ekteÐnetai apì ìla ta xi(1)⊗
. . .⊗ xi(m), i(1) ≤ . . . ≤ i(m). Blèpoume ìti W apeikonÐzetai isomorfik� sto
Sm kai �ra apo Pìrisma 4.3.3 èqoume ìti π(W ) eÐnai sumpl rwma tou Um−1

sto Um. �

Orismìc 4.3.6.
Mia b�sh thc U(L), ìpwc kataskeu�sthke parap�nw, kaleÐtai PBW b�sh.

Pìrisma 4.3.7.
'EstwH upo�lgebra thc L kai epekteÐnoume mia diatetagmènh b�sh (h1, h2, . . .)
thc H se mia diatetagmènh b�sh (h1, . . . , x1, . . . thc L. Tìte o omomorfismìc
U(H) → U(L) pou ep�getai apì thn 1 − 1 apeikìnish H → L → U(L) eÐnai
1−1 kai U(L) eÐnai eleÔjero U(L)-prìtupo me eleÔjerh b�sh pou apoteleÐtai
apì ìla ta xi(1) ⊗ . . .⊗ xi(m), i(1) ≤ . . . ≤ i(m), mazÐ me to 1.

Apìdeixh: 'Ameso apì to Pìrisma 4.3.5. �

4.4 Apìdeixh jewr matoc PBW

'Estw L Lie �lgebra kai stajeropoioÔme diatetagmènh b�sh (xk; k ∈ Ω) thc
L. Aut  h epilog  tautÐzei thn S me thn �lgbera twn poluwnÔmwn stic meta-
blhtèc zk (k ∈ Ω). Gia k�je akoloujÐa Σ = (k1, . . . , km) deikt¸n (m kaleÐtai
m koc thc Σ), jètoume zΣ = zk1 · · · zkm ∈ Sm, xΣ = xk1 ⊗ . . . ⊗ xkm ∈ Tm.
KaloÔme th Σ aÔxousa an k1 ≤ k2 ≤ . . . ≤ km, sth dedomènh di�taxh tou Ω.
OrÐzoume ∅ na eÐnai aÔxousa kai z∅ = 1. 'Ara, {zΣ|Σ aÔxousa } eÐnai b�sh thc
S. Sqetizìmeno me thn taxinìmhsh S =

∐
Sm (

⊕
Sm) eÐnai to filtr�risma

(di jhsh) Sm = S0 ⊕ . . .⊕ Sm.

Sta parak�tw l mmata, gr�foume k ≤ Σ an k ≤ s gia ìla ta s ∈ Σ.
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L mma 4.4.1.
Gia k�je m ∈ Z+, up�rqei monadik  grammik  apeikìnish fm : L ⊗ Sm → S
pou ikanopoieÐ:

(Im) fm(xk ⊗ zΣ) = zkzΣ gia k ≤ Σ, zΣ ∈ Sm.
(IIm) fm(xk ⊗ zΣ)− zkzΣ ∈ Sn gia n ≤ m, zΣ ∈ Sn.
(IIIm) fm(xk ⊗ fm(xs ⊗ zT )) = fm(xs ⊗ fm(xk ⊗ zT )) + fm([xk, xs] ⊗ zT )
gia ìla ta zT ∈ Sm−1.

Epiplèon, o periorismìc thc fm sto L⊗ Sm−1 sumfwneÐ me thn fm−1.

Apìdeixh: ParathroÔme ìti h (IIIm) isqÔei, afoÔ apodeiqteÐ h (IIm).
EpÐshc, o periorismìc thc fm sto L⊗Sm=1 ikanopoieÐ autìmata tic sunj kec
(Im−1), (IIm−1), (IIIm−1) kai lìgw monadikìthtac o periorismìc ja prèpei na
sumpÐptei me thn fm−1. T¸ra, gia na apodeÐxoume thn Ôparxh kai monadikìthta
twn fm, ja k�noume qr sh epagwg c sto m.

Gia m = 0, up�rqei mìno to zΣ = 1 kai �ra jètoume fo(xk ⊗ 1) = zk (kai
epekteÐnoume grammik� sto L ⊗ S0). EÔkola blèpoume ìti oi sunj kec (I0),
(II0), (III0) ikanopoioÔntai kai apì thn (I0) paÐrnoume th monadikìthta thc
f0.

Upojètoume t¸ra ìti up�rqei manadik  fm−1 pou ikanopoieÐ tic (Im−1),
(IIm−1), (IIIm−1) kai ja deÐxoume ton trìpo epèktashc thc fm−1 se mia
apeikìnish fm. Gia autì arkeÐ na prosdiorÐsoume to fm(xk⊗ zΣ) ìtan Σ eÐnai
aÔxousa akoloujÐa m kouc m.

'Estw Σ = (s, T ) mia aÔxousa akoloujÐa m kouc m, me s ≤ T kai T
aÔxousa akoloujÐa m kouc m− 1.

(1) OrÐzoume fm|L⊗Sm−1
= fm−1.

(2) An k ≤ Σ, tìte orÐzoume fm(xk ⊗ zΣ = zkzΣ gia na ikanopoieÐtai h
(Im).

(3) Se perÐptwsh pou k > s, apì thn (Im−1) èqoume zΣ = zszT =
fm−1(xs ⊗ zT ). Tìte fm(xk ⊗ zΣ) = fm(xk ⊗ fm−1(xs ⊗ zT )). Apì (1)
kai (IIm−1), fm(xk ⊗ zT ) = fm−1(xk ⊗ zT ) = zkzT + y gia k�poio y ∈ Sm−1.
AfoÔ s ≤ (k, T ), fm(xs ⊗ fm(xk ⊗ zT )) = fm(xs ⊗ (zkzT + y)) = zszkzT +
fm−1(xs ⊗ y) apì (1), (2). EpÐshc, fm([xk, xs] ⊗ zT ) = fm−1([xk, xs] ⊗ zT )
apì (1). Epomènwc, gia na ikanopoieÐtai h (IIIm), orÐzoume fm(xk ⊗ zΣ) =
zszkzT + fm−1(xs⊗ y) + fm−1([xk, xs]⊗ zT ). Apì ìsa prohg jhkan èpetai h
monadikìthta tou orismoÔ twn fm.

Elègqoume ìti ikanopoioÔntai oi (Im), (IIm), (IIIm):
- (Im) Apì (2), h (Im) isqÔei.

58



- (IIm) Apì (2) kai (IIm−1), apomènei h perÐptwsh n = m kai k > s.

fm(xk⊗ zΣ− zkzΣ = zszkzT +fm−1(xs⊗y) +fm−1([xk, xs]⊗ zT )− zkzszT =
(fm−1(xs ⊗ y)− zsy) + zsy + (fm−1([xk, xs]⊗ zT )− [zk, zs]zT ).

Apì (IIm−1), fm−1(xs⊗y)−zsy ∈ Sm−1 kai fm−1([xk, xs]⊗zT )−[zk, zs]zT ∈
Sm−1 kai afoÔ y ∈ Sm−1, zsy ∈ Sm kai isqÔei h (IIm).
-(IIIm) Apì (3), isqÔei h (IIIm) gia k > s kai s ≤ T . EpÐshc, isqÔei gia
k < s kai k ≤ T , afoÔ fm(xs ⊗ fm(xk ⊗ ZT )) − fm(xk ⊗ fm(xs ⊗ zT )) =
fm([xs, xk]⊗zT ) = −fm([xk, xs]⊗zT ). Profan¸c, h (IIIm) isqÔei gia k = s.
Tèloc, up�rqei h perÐptwsh ìpou oÔte k ≤ T oÔte s ≤ T . 'Estw T = (p, Ψ),
ìpou p ≤ Ψ. Mènei na deÐxoume ìti isqÔei h (IIIm) gia k > p kai s > p. Ja
gr�foume gia eukolÐa xz = fm(x⊗ z) gia x ∈ L, z ∈ Sm kai �ra jèloume na
deÐxoume thn parak�tw sqèsh gia thn (IIIm):

xk(xszT )− xs(skzT ) = [xk, xs]zT .

Apì (IIm−1), èqoume xszΨ = zszΨ + w gia k�poio w ∈ Sm−2. AfoÔ p < s
kai p ≤ Ψ, apì prohgoÔmenh perÐptwsh, h (IIIm) isqÔei gia xk(xp(zszΨ)),
dhlad ,

xk(xp(zszΨ)) = xp(xk(zszΨ)) + [xk, xp]zszΨ

Apì epagwgik  upìjesh, h (IIIm−1) isqÔei gia xk(xp(w)),dhladh,

xk(xp(w)) = xp(xk(w)) + [xk, xp]w.

Prosjètontac tic parap�nw dÔo sqèseic, paÐrnoume

xk(xp(xszΨ)) = xp(xk(xszΨ)) + [xk, xp](xszΨ)

Apì epagwg , h (IIIm−1) isqÔei gia xk([xs, xp]zΨ), dhlad ,

xk([xs, xp]zΨ) = [xs, xp](xkzΨ) + [xk, [xs, xp]]zΨ

Apì (Im−1) kai (IIIm−1), èqoume xszT = xs(xpzΨ) = xp(xszΨ) + [xs, xp]zΨ.
'Ara,

xk(xszT ) = xk(xp(xszΨ)) + xk([xs, xp]zΨ)

Sundu�zontac tic parap�nw treÐc sqèseic, paÐrnoume

xk(xszT ) = xp(xk(xszΨ))+[xk, xp](xszΨ)+[xs, xp](xkzΨ)+[xk, [xs, xp]]zΨ (∗)

All�zontac jèsh sta k kai s sthn (∗), paÐrnoume
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xs(xkzT ) = xp(xs(xkzΨ)) + [xs, xp](xkzΨ) + [xk, xp](xszΨ) + [xs, [xk, xp]]zΨ

(∗∗)

Tèloc, afair¸ntac apì thn (∗) thn (∗∗), paÐrnoume

xk(xszT )− xs(xkzT )
= xp(xk(xszΨ))− xp(xs(xkzΨ)) + [xk, [xs, xp]]zΨ − [xs, [xk, xp]]zΨ

= xp([xk, xs]zΨ) + [xk, [xs, xp]]zΨ + [xs, [xp, xk]]zΨ

= [xk, xs](xpzΨ)+[xp, [xk, xs]]zΨ+[xk, [xs, xp]]zΨ+[xs, [xp, xk]]zΨ apì (IIIm−1)
= [xk, xs](xpzΨ) apì tautìthta Jacobi (1.1)
= [xk, xs]zT .

Epomènwc, h (IIIm) isqÔei kai gia thn teleutaÐa perÐptwsh. �

L mma 4.4.2.
Up�rqei anapar�stash ρ : L→ gl(S) pou ikanopoieÐ:
(a) ρ(xk)zΣ = zkzΣ gia k ≤ Σ.
(b) ρ(xk)zΣ = zkzΣ (mod Sm), an Σ èqei m koc m.

Apìdeixh: Apì to L mma 4.4.1 mporoÔme na orÐsoume apeikìnish f :
L⊗S→ S pou na ikanopoieÐ tic sunj kec tou L mmatoc 4.4.1. gia ìla ta m
(afoÔ o periorismìc thc fm sto L⊗Sm−1 eÐnai h fm−1, lìgw monadikìthtac).
Me �lla lìgia, S gÐnetai L-prìtupo (apì sunj kh (IIIm)), diajètontac mia
anapar�stash ρ pou ikanopoieÐ tic (a),(b), lìgw twn (Im), (IIm). �

L mma 4.4.3.
'Estw t = (ti)0≤i≤m ∈ Tm∩J (J = Ker π, π : T→ U h kanonik  apeikìnish),
ìpou ti ∈ T i. Tìte h omogen c sunist¸sa tm tou t bajmoÔ m brÐsketai sto
I (I = o pur nac thc kanonik c apeikìnishc T→ S).

Apìdeixh: 'Estw tm =
r∑
i=0

cixΣ(i), k�je Σ(i) eÐnai m kouc m. Lìgw ka-

jolik c idiìthtac thc U o omomorfismìc ρ : L → gl(S) mporeÐ na epektajeÐ
se omomorfismì algebr¸n ρ′ : T → End S, tètoio ¸ste J ⊂ Ker ρ′. Tìte,
ρ′(t) = 0 (t ∈ J). Apì L mma 4.4.2, ρ′(t) · 1 eÐnai polu¸numo tou opoÐou

o megistob�jmioc ìroc eÐnai o (tm mod I) =
r∑
i=1

cizΣ(i) = 0 sth S. 'Ara,

tm ∈ I. �
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Apìdeixh Jewr matoc PBW : 'Estw t ∈ Tm, π : T → U h kanonik 
apeikìnish. Ja deÐxoume ìti π(t) ∈ Um−1 = π(Tm−1) shmaÐnei ìti t ∈ I.
All�, t ∈ Tm, π(t) ∈ Um−1 dÐnoun ìti π(t) = π(t′) gia k�poio t′ ∈ Tm−1.
Epomènwc, t − t′ ∈ Tm ∩ J . Apì L mma 4.4.3, h omogen c sunist¸sa tou
t − t′ bajmoÔ m eÐnau to t ∈ I. 'Ara, w eÐnai 1 − 1 kai apì L mma 4.3.1 w
isomorfismìc algebr¸n. �
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5 JewrÐa anaparast�sewn

Se autì to kef�laio me L ja ennooÔme mia hmiapl  �lgebra Lie (p�nw apì
èna algebrik� kleistì s¸ma F qarakthristik c 0), H stajer  CSA (Cartan
upo�lgebra= mhdenodÔnamh upo�lgebra thc L pou isoÔtai me ton kanoniko-
poiht  thc sthn L) thc L, Φ sÔsthma riz¸n, ∆ = {α1, . . . , αl} b�sh tou Φ
kai W om�da Weyl.

5.1 B�rh kai megistik� dianÔsmata

Parat rhsh 5.1.1.: An L hmiapl  (char F = 0), tìte mia megistik 
toral upo�lgebra H eÐnai abelian  (�ra, mhdenodÔnamh) kai NL(H) = H, diì-

ti L = H
∐
α∈Φ

Lα, me [HLα] = Lα gia α ∈ Φ. 'Ara, sth perÐptwsh hmiapl c

�lgebrac Lie up�rqei Cartan upo�lgbera thc L.

An V peperasmènhc di�stashc L-prìtupo, tìte H dra diag¸nia sto V :
V =

∐
Vλ, ìpou λ ∈ H∗ kai Vλ = {u ∈ V |h.u = λ(h)u gia k�je h ∈ H}.

Orismìc 5.1.2.
Gia tuqìn V L-prìtupo (oi upìqwroi Vλ eÐnai kal� orismènoi) an Vλ 6= 0, to
kaloÔme q¸ro b�rouc kai to λ b�roc tou V (pio sugkekrimèna, ” b�roc thc
H sto V ”).

'Estw V tuqìn L-prìtupo. To �jroisma V ′ ìlwn twn q¸rwn b�rouc Vλ eÐ-
nai p�nta eujÔ (qrhsimopoieÐ ìmoio epiqeÐrhma me thn apìdeixh ìti idiodianÔsma-
ta pou antistoiqoÔn se diaforetikèc idiotimèc gia mia grammik� apeikìnish eÐnai
grammik¸c anex�rthta). Epiplèon, V ′ eÐnai L-upoprìtupo tou V . Autì prokÔ-
ptei apì to gegonìc ìti Lα (α ∈ Φ) metajètoun touc q¸rouc b�rouc. Pr�gma-
ti, an x ∈ Lα, u ∈ Vλ, h ∈ H, tìte h.x.u = x.h.u+[h, x].u = (λ(h)+α(h))x.u,
�ra Lα stèlnei to Vλ sto Vλ+α. SunoyÐzontac, èqoume:

L mma 5.1.3. 'Estw V tuqìn L-prìtupo. Tìte

(a) Lα apeikonÐzei Vλ sto Vλ+α (λ ∈ H∗, α ∈ Φ).

(b) To �jroisma V ′ =
∑
λ∈H∗

Vλ eÐnai eujÔ kai V ′ eÐnai L-upoprìtupo tou V .
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(c) An dim V <∞, tìte V = V ′. �

Orismìc 5.1.4.
'Ena mègisto di�nusma (b�rouc λ) se èna L-prìtupo V eÐnai èna mh mhdenikì
di�nusma u+ ∈ Vλ, me Lα.u+ = 0 gia ìla ta α ∈ ∆ (α � 0).

Parat rhsh 5.1.5.: Upojètoume ìti dim V < ∞. Jètoum B(∆) =

H +
∐
α�0

Lα kai N(∆) =
∐
α�0

Lα. GnwrÐzoume ìti B(∆) upo�lgebra thc L,

me par�gousa �lgebra N(∆). Epiplèon, N(∆) eÐnai mhdenodÔnamh. Pr�gma-
ti , an x ∈ Lα (α � 0), efarmìzontac thn ad x sta dianÔsmata (rÐzec) gia
rÐzec jetikoÔ Ôyouc (sqetik� me to ∆) aux�noume to Ôyoc kat� 1. Autì mac
dÐnei pwc na k�noume thn katwtèra kentrik  seir� na phgaÐnei sto 0. 'Epetai
ìti B(∆) eÐnai epilÔsimh. 'Ara, apì Je¸rhma Lie, èqei koinì idiodi�nusma v
(Lα.v = 0 gia α � 0 kai autì eÐnai to mègisto di�nusma.

Orismìc 5.1.6.
'Estw U(L) h kajolik� perib�llousa �lgebra thc L (L peperasmènhc di�sta-
shhc). An V = U(L).u+ gia k�poio mègisto di�nusma u+ (b�rouc λ), tìte
kaloÔme to V kanonikì kuklikì (b�rouc λ) kai to λ an¸tato b�roc tou V .

StajeropoioÔme xα ∈ Lα (α � 0) kai epilègoume yα ∈ L−α (monadikì)
gia to opoÐo [xα, yα] = hα.

Je¸rhma 5.1.7.
'Estw V kanonikì kuklikì L-prìtupo, me mègisto di�nusma u+ ∈ Vλ kai
Φ+ = {β1, . . . , βm}. Tìte,
(a) V = Span{yi1β1 · · · y

im
βm
|ij ∈ Z+}. Pio sugkekrimèna , V eÐnai to eujÔ

�jroisma twn q¸rwn b�rouc tou.

(b) Ta b�rh tou V eÐnai thc morf c µ = λ −
l∑

i=1
kiαi (ki ∈ Z+), dhlad , gia

ìla ta b�rh isqÔei µ ≺ λ.
(c) Gia k�je µ ∈ H∗, dim Vµ <∞ kai dim Vλ = 1.
(d) K�je upoprìtupo tou V eÐnai to eujÔ �jroisma twn q¸rwn b�rouc tou.
(e) V eÐnai mh analÔsimo L-prìtupo, me monadikì mègisto (gn sio) upoprìtu-
po W kai monadikì an�gwgo phlÐko V/W .
(f) K�je mh mhdenik  omomorfik  eikìna tou V eÐnai kanonikì kuklikì prì-
tupo b�rouc λ.
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Apìdeixh: Jètoume L = N−+B, ìpou N− =
∐
α≺0

Lα kai B = B(∆). Apì

to Je¸rhma PBW (PorÐsmata 4.3.5 kai 4.3.7 tou Jewr matoc 4.3.2), èqoume
ìti U(L).u+ = U(N−)U(B).u+ = U(N−).u+ (afoÔ u+ koinì idiosi�nusma
thc B) kai U(N−) èqei b�sh pou apoteleÐtai apì ta mon¸numa yi1β1 · · · y

im
βm

kai
èqoume to pr¸to mèroc tou (a)

To di�nusma (∗) yi1β1 · · · y
im
βm
.u+ èqei b�roc λ −

∑
j
ijβj (L mma 5.1.3(a)),

ij ≥ 0. Gr�fontac k�je βj wc mh arnhtikì Z-grammikì sunduasmì apl¸n
riz¸n (ìpwc sthn 3.2), paÐrnoume to deÔtero mèroc tou (a) (V = ⊕V

λ−
∑
j
ijβj

)

kai to (b).
Up�rqei peperasmènoc arijmìc dianusm�twn (∗) sto (b) gia ta opoÐa

∑
ijβj

isoÔtai me èna kajorismèno
l∑

i=1
kiαi. Apì to (a), Vµ = Span{ ta parap�nw

peperasmèna dianÔsmata }, an µ = λ −
∑
kiαi kai �ra èqoume dim Vµ < ∞.

Epiplèon, to monadikì di�nusma thc morf c (∗) me b�roc µ = λ eÐnai to u+

kai �ra paÐrnoume to (c).
'Estw W upoprìtupo tou V kai gr�goume w =

∑
ui ∈ W gia ui ∈ Vµi ,

an koun se diaforetik� b�rh. Prèpei na deÐxoume ìti ìla ta ui brÐskontai sto
W . Upojètoume ìti den isqÔei to parap�nw, tìte mporoÔme na epilèxoume
w = u1 + . . . + un me n el�qisto, n > 1. AfoÔ µ1 6= µ2, up�rqei h ∈ H

tètoio ¸ste µ1(h) 6= µ2(h). Tìte, h.w =
n∑
i=1

h.ui =
n∑
i=1

µi(h)ui ∈ W ìpwc

kai (h− µ1(h) · 1).w = (µ2(h)− µ1(h))u2 + . . .+ (µn(h)− µ1(h))un 6= 0 kai
katal goume se antÐfash, lìgw elaqÐstou tou w.

Apì (c), (d), k�je gn sio upoprìtupo tou V brÐsketai sto ⊕µVµ me µ 6=
λ. Tìte, to �jroisma W ìlwn aut¸n twn upoprotÔpwn eÐnai gn sio. Autì
shmaÐnei ìti V èqei monadikì mègisto gn sio upoprìtupo kai monadikì an�gwgo
phlÐko v/W . Upojètoume ìti V = W1 ⊕ W2. AfoÔ W1, W2 ⊂ W , tìte
V ⊂W , �topo. 'Ara, V mh analÔsimo kai èqoume to (e).

Upojètoume ìti f : V → V ′ epÐ. Tìte x.f(u+) = f(x.u+) = f(0) = 0 gia
ìla ta x ∈ Lα (α ∈ ∆). Tìte f(u+ mègisto di�nusma kai V ′ = U(L).f(u+) eÐ-
nai kanonikì kuklikì. AfoÔ h.f(u+) = f(h.u+) = f(λ(h)u+) = λ(h)f(u+),
to b�roc tou f(u+) eÐnai λ. �

Pìrisma 5.1.8.
'Estw V ìpwc sto prohgoÔmeno je¸rhma. Upojètoume ìti V eÐnai an�gwgo
L-prìtupo. Tìte u+ eÐnai to monadikì mègisto di�nusma sto V (ektìc apì
pollapl�sia).
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An w+ èna �llo mègisto di�nusma, tìte U(L).w+ = V (afoÔ V an�gwgo).
Epomènwc, to prohgoÔmeno je¸rhma efarmìzetai sta u+ kai w+. An w+ èqei
b�roc λ′, tìte λ′ ≺ λ kai λ � λ′ (apì (b)), pou shmaÐnei λ = λ′. Tèloc, apì
(c) èqoume ìti w+ eÐnai pollapl�sio tou u+. �

Je¸rhma 5.1.9.
'Estw V , W kanonik� kuklik� prìtupa an¸tatou b�rouc λ. An V kaiW eÐnai
an�gwga, tìte eÐnai isìmorfa.

Apìdeixh: Jètoume X = V ⊕W (L-prìtupo). An u+, w+ eÐnai ta mègista
dianÔsmata b�rouc λ sto V kai W , antÐstoiqa, jètoume x+ = (u+, w+) ∈ X,
ètsi ¸ste x+ eÐnai mègisto di�nusma b�rouc λ. OrÐzoume Y L-upoprìtupo tou
X, me Y = U(L).x+ kai orÐzoume p : Y → V , p′ : Y → W oi probolèc, ìpou
p(x+) = u+, p′(x+) = w+. Tìte eÐnai fanerì ìti p, p′ eÐnai omomorfismoÐ
L-protÔpwn kai isqÔei V = Im p w Y/Ker p, W = Im p′ w Y/Ker p′.
Tèloc, wc an�gwga phlÐka tou kanonikoÔ kuklikoÔ protÔpou Y , V kai W
eÐnai isìmorfa, apì Je¸rhma 5.1.7(e). �

Jètoume Dλ = Fu+ kai B = B(∆). Tìte Dλ eÐnai B-prìtupo wc ex c

(h+
∑
α�0

xα).u+ = h.u+ = λ(h)u+ gia λ ∈ H∗.

Epiplèon, Dλ eÐnai U(B)-prìtupo kai �ra mporoÔme na orÐsoume to tanustikì
ginìmeno Z(λ) = U(L) ⊗U(B) Dλ, pou gÐnetai U(L)-prìtupo me thn fusik 
dr�sh (arister ) tou u(L).

ShmeÐwsh: To parap�nw je¸rhma eÐnai polÔ shmantikì afoÔ mac dÐnei ìti
an�gwga prìtupa taxinomoÔntai apì to mègisto b�roc touc.

Prìtash 5.1.10.
Z(λ) eÐnai kanonikì kuklikì prìtupo b�rouc λ.

Apìdeixh: 'Eqoume ìti 1⊗ u+ par�gei to Z(λ). Epiplèon, 1⊗ u+ eÐnai mh
mhdenikì, diìti U(L) eÐnai eleÔjero U(B)-prìtupo (Pìrisma 4.3.7 tou jewr -
matoc 4.3.2) me b�sh pou apoteleÐtai apì mon¸numa yi1β1 · · · y

im
βm

mazÐ me to 1.

Epomènwc, 1 ⊗ u+ eÐnai mègisto di�nusma b�rouc λ. Ja to kaloÔme v+ gia
suntomÐa (dhladh, Z(λ) = U(L).v+). �
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Prìtash 5.1.11.
Z(λ) w U(N−)⊗ F wc U(N−)-prìtupa, ìpou N− = ⊕α≺0Lα.

Apìdeixh: Apì Pìrisma 4.3.7, U(L) w U(N−) ⊗ U(B) kai u+ koinì idio-
di�nusma thc B. Tìte Z(λ) = U(L).v+ w U(n−)⊗U(B).u+ w U(N−)⊗F.u+

kai �ra Z(λ) w U(N−)⊗ F (wc U(N−)-prìtupa). �

Prìtash 5.1.12.
Z(λ) w U(L)/I(λ), ìpou I(λ) eÐnai to aristerì ide¸dec thc U(L)

I(λ) = 〈xα ∈ Lα, hα − λ(hα) · 1|α ∈ Φ〉.

Apìdeixh: AfoÔ xα.u+ = 0 kai (hα − λ(hα) · 1).u+ = 0, tìte up�rqei
kanonikìc omomorfismìc U(L)-protÔpwn U(L)/I(λ) → Z(λ) pou stèlnei to
sÔmploko tou 1 sto mègisto di�nusma v+. Qrhsimopoi¸ntac thn PBW b�sh
thc U(L), blèpoume ìti h parap�nw apeikìnish stèlnei ta sÔmploka tou U(B)
sth gramm  (eujeÐa) Fu+ kai �ra èqoume ìti eÐnai 1 − 1 (epÐ apì orismì),
dhlad , Z(λ) w U(L)/I(λ). �

Je¸rhma 5.1.13.
'Estw λ ∈ H∗. Tìte up�rqei an�gwgo kanonikì kuklikì prìtupo V (λ) b�-
rouc λ.

Apìdeixh: To Z(λ) eÐnai kanonikì kuklikì prìtupo b�rouc λ kai èqei
mègisto (gn sio) upoprìtupo Y (λ) (Je¸rhma 5.1.7(e)). Epomènwc, V (λ) =
Z(λ)/Y (λ) eÐnai an�gwgo (Je¸rhma 5.1.7(e)) kai kanonikì kuklikì. �

5.2 TÔpoc pollaplìthtac

'Ola ta prìtupa se aut  th par�grafo ja eÐnai peperasmènhc di�stashc. An
V einai L-prìtupo, jètoume Π(V ) to sÔnolo twn bar¸n tou kai sth perÐptwsh
pou V = V (λ), gr�foume Π(λ).

'Estw V = V (λ), λ ∈ Λ+ kai µ ∈ Π(λ), α ∈ Φ. To L mma 5.1.3 deÐqnei
ìti o upoq¸roc W tou V pou ekteÐnetai apì ìlouc touc q¸rouc b�rouc Vµ+iα

(i ∈ Z) eÐnai analloÐwto apì to Sα (Sα w sl(2, F )). SÔmfwna me thn (2.4) kai
to Je¸rhma Weyl gia pl rh anagwgisimìthta, ta b�rh sto Π(λ) thc morf c
µ+ iα fti�qnoun mia qord  µ− rα, . . . , µ, . . . , µ+ qα. Epiplèon, h summetrÐa
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σα antistrèfei th qord  kai �ra èqoume r − q = 〈µ, α〉. Autì apodeiknÔei to
parak�tw:

Prìtash 5.2.1.
Am λ ∈ Λ+, to sÔnolo Π(λ) eÐnai kekoresmèno (3.3). Pio sugkekrimèna, h
anagkaÐa kai ikan  sunj kh gia èna µ ∈ Λ na an kei sto Π(λ) eÐnai to µ kai
ìla ta W-suzug  tou na eÐnai ≺ λ. �

Orismìc 5.2.2.
An µ ∈ H∗ grammik  sun�rthsh, orÐzoume wc pollaplìthta tou µ sto V (λ),
λ ∈ Λ+, na eÐnai mλ(µ) = dim V (λ)µ (= 0 an µ den eÐnai b�roc tou V (λ)).

Jumìmaste apì thn 2.3 thn ènnoia tou stoiqeÐou Casimir cφ miac ana-
par�stashc thc L, pou eÐqe qrhsimopoihjeÐ gia thn apìdeixh tou jewr matoc
Weyl gia pl rh anagwgisimìthta. T¸ra me thn U(L) mporoÔme na èqoume mia
”kajolik ” kataskeu  aut c thc morf c.

ArqÐzontac me thn suzug  anapar�stash thc L, thc opoÐac h morf  Ðqnouc
eÐnai hKilling form κ. Apì thn 2.5 èqoume mia fusik  kataskeu  dôik c sqe-
tik c me thn κ. An α, β eÐnai grammikèc sunart seic sto H, gnwrÐzoume ìti
Lα eÐnai orjog¸nio sto Lβ ektìc an β = −α (Prìtash 2.5.5(iii)). Epiplèon,
gnwrÐzoume ìti o periorismìc thc κ sto H eÐnai mh ekfulismènoc (Pìrisma
2.5.9). Sunep¸c, mporoÔme na proqwr soume wc ex c. Epilègoume b�sh thc
H, èstw (h1, . . . , hl) (sqetik  me to ∆) kai èstw (k1, . . . , kl) h dôik  b�sh
thc H, sqetik  me ton periorismì thc κ sto H. Sth sunèqeia epilègoume
mh mhdenikì xα se k�je Lα (α ∈ Φ) kai èstw zα to (monadikì) stoiqeÐo tou
L−α pou ikanopoieÐ thn κ(xα, zα) = 1. Apì ìsa prohg jhkan, oi b�seic (hi,
1 ≤ i ≤ l;xα, α ∈ Φ) kai (ki, 1 ≤ i ≤ l; zα, α ∈ Φ) eÐnai dôikèc sqetik� me th
κ.

ShmeÐwsh: To zeÔgoc xα, zα den eÐnai to Ðdio me thn sunhjhsmènh e-
pilog  mac twn xα, yα me [xα, yα] = hα. Se aut  th perÐptwsh, èqoume
[xα, zα] = tα = [(α, α)/2]hα (Prìtash 2.5.10(3)).

Apì orismì, to stoiqeÐo Casimir gia thn ad eÐnai o endomorfismìc thc

L pou dÐnetai apì cad =
l∑

i=1
ad hi ad ki +

∑
α∈Φ

ad xα ad zα. Aut  kataskeu 
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mac k�nei na endiaferjoÔme gia to stoiqeÐo cL =
l∑

i=1
hiki +

∑
α∈Φ

xαzα ∈ U(L).

An h ad epektajeÐ (monadik�) se omomorfismì prosetairistik¸n algebr¸n
ad : U(L)→ End L, tìte ad cL eÐnai to cad. Gia autì to lìgo kaloÔme to cL
kajolikì stoiqeÐo Casimir thc L. EÔkola blèpoume ìti cL eÐnai anex�rthto
thc epilog c b�shc. To epiqeÐrhma sthn 2.3 (sel.25) deÐqnei ìti gia k�je
anapar�stash φ thc L, φ(cL) metatÐjetai me φ(L) kai �ra dr� wc bajmwtì
an φ eÐnai an�gwgh. Ja exet�soume to p¸c sundèetai to φ(cL) me to stoiqeÐo
Casimir cφ.

L mma 5.2.3.
'Estw L apl  �lgebra Lie. An f(x, y) kai g(x, y) eÐnai mh ekfulismènec summe-
trikèc, prosetairistikèc digrammikèc morfèc sthn L, tìte up�rqei mh mhdenikì
α (bajmwtì) tètoio ¸ste f(x, y) = αg(x, y) gia ìla ta x, y ∈ L.

Apìdeixh: K�je morf  (mh ekfulismènh) orÐzei ènan (fusikì) isomorfismì
dianusmatik¸n q¸rwn L→ L∗, me x 7→ s, ìpou s(y) = f(x.y)   g(x, y). H pro-
setairistikìthta mac exasfalÐzei ìti eÐnai pr�gmati isomorfismoÐ L-protÔpwn
(Jumìmaste apì 2.3 sel.24 ton trìpo me ton opoÐo L∗ gÐnetai L-prìtupo).
Sunjètontac mia apì tic apeikonÐseic me thn antÐstrofh thc �llhc paÐrnoume
ènan isomorfismì L-protÔpwn π : L → L. All� L eÐnai an�gwgo L-prìtupo
(eÐnai apl ), �ra π eÐnai ènac bajmwtìc pollaplasiasmìc, s'mfwna me to L m-
ma Schur. Me �lla lìgia, èqoume 0 6= α ∈ F tètoio ¸ste an f(x, y) = g(z, y)
(gia ìla ta y ∈ L), tìte z = αx. �

'Estw φ : L → gl(V ) anapar�stsh thc L, me L apl . An φ(L) = 0,
tìte den èqoume na exet�soume k�ti. Diaforetik� φ eÐnai pist  (afoÔ Ker
φ ide¸dec thc L) kai �ra h morf  f(x, y) = Tr(φ(x)φ(y)) sthn L eÐnai mh
ekfulismènh kai prosetairistik . H Killing form èqei tic Ðdiec idiìthtec, �ra
prèpei na eÐnai èna mh mhdenikì pollapl�sio αf (apì to prohgoÔmeno l mma).
Pio sugkekrimèna, dedomènhc mÐac b�shc thc L, h dôik  b�sh, sqetik  me th κ,
prokÔptei pollaplasi�zontac ta stoiqeÐa thc dôik c b�shc, sqetik  me th f ,
me 1/α. Autì mac deÐqnei ìti φ(cL) = (1/α)cφ (me lìgia, to sÔnhjec stoiqeÐo
Casimir eÐnai mh mhdenikì pollapl�sio thc eikìnac tou kajolikoÔ stoiqeÐou
Casimir).

Tèloc, èstw L hmiapl . Parathr same sthn 2.2 ìti diaforetik� apl�
ide¸dh thc L eÐnai orjog¸nia metaxÔ touc, sqetik� me th κ. Autì mac deÐ-
qnei ìti oi dôikèc b�seic pou epÐlèqjhkan parap�nw mporoÔn na epilegoÔn na
eÐnai en¸seic an�logwn dôik¸n b�sewn gia tic aplèc sunist¸sec thc L (sqeti-
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kèc me thn Killing form touc, pou prokÔptei periorÐzontac th κ). Epomènwc,
cL = cL1 + . . .+cLt (L = L1⊕ . . .⊕Lt) kai φ anapar�stash thc L, k�jeφ(cLi)
eÐnai poll�plasio tou antÐstoiqou cφi (φi = φLi), ìpou φi eÐnai tetrimmènh  
pist  gia k�je i. 'Ara, φ(cL) sundèetai me to cφ (ìqi anagkastik� wc polla-
pl�sio). Pio sugkekrimèna, to parap�nw deÐqnei ìti φ(cL) metatÐjetai me to
φ(L).

StajeropoioÔme an�gwgo L-prìtupo V = V (λ), λ ∈ Λ+ kai sumbolÐzoume
me φ thn anapar�stash pou orÐzei. Epiplèon, stajeropoioÔme tic dôikèc b�seic
thc L sqetikèc me th κ pou epilèxjhkan prohgoumènwc. Ja upologÐsoume, gia
k�je b�roc µ tou V , to Ðqnoc sto Vµ tou endomorfismoÔ φ(xα)φ(zα). Autì
èqei no ma, diìti φ(zα apeikonÐzei to Vµ sto Vµ−α kai φ(xα) apeikonÐzei to
Vµ−α sto Vµ.

AfoÔ ergazìmaste me mÐa rÐza α, mporoÔme na qrhsimopoi soume th je-
wrÐa gia thn Sα (2.4). Qrei�zetai na gÐnoun k�poiec tropopoi seic, kaj¸c
h b�sh mac (xα, zα, tα) den eÐnai h sun jhc (kanonik ) kai sqetÐzetai me th
sun jh b�sh (xα, yα, hα) wc ex c: zα = [(α, α)/2]yα, tα = [(α, α)/2]hα. 'E-
stw (u0, u1, . . . , um) h b�sh pou qrhsimopoi jhke stouc tÔpouc (a) − (c),
L mma 2.4.4, gia to an�gwgo Sα-prìtupo an¸tatou b�rouc µ. EÐnai pio eÔ-
qrhsto to na antikatast soume aut  th b�sh me thn (w0, w1, . . . ,Wm), ìpou
wi = i![(α, α)i/2i]ui. Pragmatopoi¸ntac thn antikat�stash, paÐrnoume:

(a′) tα.wi = (m− 2i)[(α, α)/2]wi
(b′) zα.wi = wi+1, (wm+1 = 0)
(c′) xα.wi = i(m− i+ 1)[(α, α)/2]wi−1, (w−1 = 0).

Epomènwc,

xαzα.wi = (m− i)(i+ 1)[(α, α)/2]wi. (1)

T¸ra èstw µ opoiod pote b�roc tou V gia to opoÐo µ+α den eÐnai b�roc.
Tìte (Prìtash 5.2.1) èqoume th qord  µ, µ−α, . . ., µ−mα, ìpoum = 〈µ, α〉.
Ta µ kai α ja eÐnai stajer� gia thn parak�tw suz thsh. H anapar�stash thc
Sα sto �jroisma twn q¸rwn b�rouc W = Vµ+Vµ−α+ . . .+Vµ−mα eÐnai eujÔ
�jroisma anag¸gwn anaparast�sewn (Je¸rhmaWeyl), k�je mia emplèkei mia
qord  bar¸n stajer  upì thn σα. Pio sugkekrimèna, èstw ni (0 ≤ i ≤ [m/2])
na sumbolÐzei ton arijmì sunistws¸n pou èqoun an¸tato b�roc (µ− iα)(hα).
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Tìte m(µ− iα) = n0 + . . .+ ni kai ni = m(µ− iα)−m(µ− (i− 1)α). Gia
m �rtio èqoume

µ
µ− α
µ− 2α
...

µ− m

2
α
}
nm/2

}
n(m−2)/2 · · ·

...
µ− (m− 1)α
µ−mα

Sq ma 1.

Gia k�je k, 0 ≤ k ≤ m/2, jèloume na upologÐsoume to Ðqnoc thc φ(xα)φ(zα)
sto Vµ−kα. 'Estw 0 ≤ i ≤ k. Se èna an�gwgo Sα-prosjetèo W pou èqei
an¸tato b�roc m−2i = (µ− iα)(hα) (apì 2.4, an V peperasmènhc di�stashc
L-prìtupo, µ b�roc tou V , tìte µ(hα) = 〈µ, α〉 gia k�je α apl  rÐza), o
q¸roc b�rouc pou antistoiqeÐ sto µ− kα ekteÐnetai apì ta dianÔsmata wk−i
(me ton parap�nw sumbolismì). Antikajist¸ntac to m me m− 2i kai to i me
k − i ston tÔpo (1), paÐrnoume

φ(xα)φ(zα)wk−i = (m− i− k)(k − i+ 1)[(α, α)/2]wk−i. (2)

Up�rqoun ni Sα-prosjetèoi tou W me an¸tato b�roc m − 2i kai �ra o
pÐnakac thc φ(xα)φ(zα) (periorismènhc sto Vµ−kα) èqei ni diag¸nia stoiqeÐa
thc morf c (2), sqetik� me mia kat�llhlh b�sh apì idiodianÔsmata. Af no-
ntac to i na kumaÐnetai apì 0 èwc k, paÐrnoume gia φ(xα)φ(zα) diag¸nio pÐnaka
t�xhc m(µ− kα) = n0 + . . .+ nk, me Ðqnoc:

k∑
i=0

ni(m− i− k)(k − i+ 1)(α, α)/2

=
k∑
i=0

(m(µ− iα)−m(µ− (i− 1)α))(m− i− k)(k − i+ 1)(α, α)/2

=
k∑
i=0

m(µ− iα)(m− 2i)(α, α)/2. (3)
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H teleutaÐa isìthta isqÔei, diìti o suntelest c tou m(µ− iα) eÐnai (α, α)/2
epÐ (m− i− k)(k− i+ 1)− (m− i− k− 1)(k− i) = m− 2i. T¸ra jumìmaste
ìti m/2 = (µ, α)/(α, α) kai h (3) gÐnetai

TrVµ−kαφ(xα)φ(zα) =
k∑
i=0

m(µ− iα)(µ− iα, α). (4)

'Etsi èqoume telei¸sei me ta b�rh µ− kα tou p�nw mèrouc tou sq matoc
1. AfoÔ h summetrÐa σα enall�ssei to p�nw mèroc kai to k�tw mèroc, mpo-
roÔme na perimènoume an�logh sumperifor�. Pio sugkekrimèna, m(µ− iα) =
m(µ − (m − i)α) gia m/2 < i ≤ m. 'Omoia me thn prohgoÔmenh perÐptwsh
gia k, m/2 < k ≤ m, paÐrnoume

TrVµ−kαφ(xα)φ(zα) =
m−k−1∑
i=0

m(µ− iα)(µ− iα, α). (5)

(Ja èprepe na ajroÐsoume wc m − k, all� φ(zα) ”skot¸nei” èna di�nusma
b�rouc µ − kα pou an kei se ènan Sα-prosjetèo tou W me an¸tato b�roc
µ− (m− k)α)).

ParathroÔme ìti, gia m/2 < i ≤ m, (µ − iα, α) + (µ − (m − i)α, α) =
(2µ−mα,α) = 0, diìti m = 2(µ, α)/(α, α). Epomènwc:

(m(µ− iα)(µ− iα, α) +m(µ− (m− i)α)(µ− (m− i)α, α) = 0 (6)

Autì mac deÐqnei ìti sugkekrimèna zeÔgh prosjetèwn mporoÔn na proste-
joÔn sthn (5):k+ 1 kai m− (k+ 1), k+ 2 kai m− (k+ 2), k.o.k. (Gia m = 2i
�rtioc, (6) anagk�zei (µ − iα, α) = 0). Me �lla lìgia, h (5) an�getai sth
(4), gia tuqìn k.

Tèloc, an jewr soume tuqìn b�roc ν tou V , kataskeu�zoume th qord 
bar¸n tou ν kai èstw o teleutaÐoc ìroc ν + kα na paÐzei to rìlo tou µ stic
parap�nw sqèseic. m(µ) = 0 gia k�je µ tètoio ¸ste Vµ = 0 kai mporoÔme na
xanagr�youme th (4) wc ex c, gia tuqìn µ ∈ Π(λ):

TrVµφ(xα)φ(zα) =
∞∑
i=0

m(µ+ iα)(µ+ iα, α). (7)

'Estw φ, V ìpwc prohgoumènwc, dim V > 1. 'Eqoume ìti to kajolikì
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stoiqeÐo Casimir cL =
l∑

i=1
hiki +

∑
α∈Φ

xαzα. AfoÔ φ eÐnai an�gwgh, φ(cL)

eÐnai bajmwtìc pollaplasiasmìc, èstw c. StajeropoioÔme b�roc µ tou V .
Jèloume na upologÐsoume TrVµφ(cL) = cm(µ).

Arqik�, φ(hi) hi = hαi gia αi apl  rÐza) eÐnai bajmwtìc pollaplasia-
smìc me µ(hi) sto Vµ kai ìmoia gia φ(ki). 'Estw tµ ∈ H pou ikanopoieÐ thn

µ(h) = κ(tµ, h) gia k�je h ∈ H (ìpwc sthn 2.5). Gr�foume tµ =
∑
i

aihi,

tìte apì orismì (hi) =
∑
j

ajκ(hj , hi) kai µ(ki) =
∑
j

ajκ(hj , ki) =ai (lìgw

dôikìthtac). Epomènwc, (µ, µ) =
∑
i,j

ai ajκ(hj , hi) =
∑

j µ(hi)µ(hj), apì ì-

pou:∑
i
TrVµφ(hi)φ(ki) = m(µ)(µ, µ). (8)

Sundu�zontac thn (8) me th sqèsh (7), èqoume:

cm(µ) = (µ, µ)m(µ) +
∑
α∈Φ

∞∑
i=0

m(µ+ iα)(µ+ iα, α). (9)

ParathroÔme ìti oi ìroi m(µ)(µ, α) kai m(µ)(µ,−α) emfanÐzontai sto �-
jroisma kai �ra mporoÔme na paraleÐyoume to deÐkth i = 0.

H sqèsh (9) isqÔei gia tuqìn µ ∈ Λ, µ /∈ Π(λ), sthn opoÐa perÐptwsh

gÐnetai: 0 =
∑
α∈Φ

∞∑
i=1

m(µ + iα)(µ + iα, α). Pr�gmati, an µ /∈ Π(λ), tìte gia

k�je α ∈ Φ ta b�rh (an up�rqoun) thc morf c µ + iα prèpei na prokÔptoun
se qord  me ìla ta i jetik�   ìla ta i arnhtik�. Sth deÔterh perÐptwsh, to
�jroisma gia α eÐnai 0 kai to Ðdio isqÔei gia thn pr¸th perÐptwsh, me epiqeÐrhma
an�logo ekeÐnou thc sqèshc (6).

Ta parap�nw deÐqnoun ìti gia stajerì α ∈ Φ kai k�je µ ∈ Λ, èqoume:

∞∑
i=−∞

m(µ+ iα)(µ+ iα, α) = 0. (10)

Pio sugkekrimèna,

∞∑
i=1

m(µ − iα)(µ − iα,−α) = m(µ)(µ, α) +
∞∑
i=1

m(µ + iα)(µ + iα, α).

(11)

Antikajist¸ntac thn (11) sthn (9) (h �jroish xekin� me i = 1, ìpwc pa-
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rathr jhke), paÐrnoume telik�:

cm(µ) = (µ, µ)m(µ) +
∑
α�0

m(µ)(µ, α) + 2
∑
α�0

∞∑
i=1

m(µ + iα)(µ + iα, α)

(12)

Jètontac δ + (1/2)
∑
α�0

α (3.3), mporoÔme na gr�youme th (12) wc ex c:

cm(µ) = (µ, µ+ 2δ)m(µ) + 2
∑
α�0

∞∑
i=1

m(µ+ iα)(µ+ iα, α) (13)

To meionèkthma autoÔ tou tÔpou eÐnai ìti emplèkei to c. All� up�rqei mÐa
eidik  perÐptwsh gia thn opoÐa gnwrÐzoume to m(µ), thn µ = λ, m(λ) = 1.
Epiplèon, m(λ+iα) = 0 gia ìlec tic jetikèc rÐzec α kai k�je i ≥ 1. Sunep¸c,
mporoÔme na broÔme apì thn (13) th tim  c = (λ, λ+2δ) = (λ+δ, λ+δ)−(δ, δ).
Ta parap�nw apotelèsmata sunoyÐzontai ston tÔpo Freudenthal.

Je¸rhma 5.2.4.
'Estw V = V (λ) an�gwgo L-prìtupo an¸tatou b�rouc λ, λ ∈ Λ+. An µ ∈ Λ,
tìte h pollaplìthta m(µ) tou µ sto V dÐnetai anadromik� wc ex c:

((λ+ δ, λ+ δ)− (µ+ δ, µ+ δ))m(µ) = 2
∑
α�0

∞∑
i=1

m(µ+ iα)(µ+ iα, α). (14)

�

Par�deigma 5.2.5:'Estw L = sl(3, F ) kai λ = λ1 +λ2 = δ = α1 +α2. Tì-
te λ eÐnai jetik  rÐza kai isqÔei (αi, αi) = 1,ìpou αi rÐza. Tìte, ‖λ+δ‖2 = 4.
Gia µ = α2, èqoume (µ+ δ, µ+ δ) = 3 kai telik� mλ(µ) = 2(λ, α1)mλ(λ) = 1.

ParathroÔme ìti o tÔpoc Freudenthal parèqei mia apotelesmatik  mèjodo
upologismoÔ pollaplot twn, xekin¸ntac me m(λ) = 1. Apì th Prìtash
5.2.1 kai to L mma 3.3.14, èqoume ìti gia µ ∈ Π(λ), µ 6= λ, h posìthta
(λ + δ, λ + δ) − (µ + δ, µ + δ) eÐnai mh mhdenik  kai �ra m(µ) = 0 ìtan h
posìthta aut  eÐnai Ðsh me 0, µ 6= λ. Epomènwc, m(µ) eÐnai gnwstì dedomènou
ìti ìla ta m(µ+ iα) (i ≥ 1, α � 0) eÐnai gnwst�, dhlad , dedomènou ìti ìla
ta m(ν), µ � ν � λ, eÐnai gnwst�.
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