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Abstract

For ) ¢ RY an open set with boundary 91 satisfying certain smooth-
ness assumptions, we consider the Besov spaces Bfl,_l/ P(0Q) as the
trace spaces of the Sobolev spaces W/(2). More specifically, first
we consider the traces in RV~! of functions defined on R" and
we prove that the trace operator 7 : W, (R") — LP(R"™') satisfies
TWL(REY) = By 7'/P(RN-1). Then we prove that TWL(Q) = By P (69),
where O C RY an open set with C'-boundary. For the case p = 2,
we approach the definition of the trace spaces with two other meth-
ods, namely using the Fourier transformation and using the spec-
tral definition given by Auchmuty [3]. Finally, we use the previous
results to prove the existence of solution for the Dirichlet problem.
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Chapter 1

Introduction

In many problems of mathematical physics and the calculus of vari-
ations it is not sufficient to deal with classical solutions of differ-
ential equations, especially when questions are raised about the
regularity of the solutions. In many cases it is necessary to in-
troduce the notion of weak derivatives and work in the so called
Sobolev spaces. In 1936-38, S.L.Sobolev introduced spaces of in-
tegrable functions having weak derivatives in £°. These function
spaces have turned out to be very useful when studying partial dif-
ferential equations on smooth and nonsmooth domains and their
boundary value problems.

A key component when using Sobolev spaces as a framework to
deal with boundary value problems in PDEs is Trace theory. When
we work with Sobolev spaces we have a certain knowledge regarding
the regularity and smoothness of the solutions. But what about the
regularity and smoothness of the functions defining the boundary
conditions?

In order to better understand the importance of this question for a
domain Q C R” let us consider the following problem:

{ —Au=F, 1x€f (1.1)

u|aQ =g, €T € 89,

which is also know as Poisson problem with non-homogeneous Dirich-
let boundary conditions and let us suppose that we wish to find a
solution u € H*(2), where H*({2) = W;(Q).
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There are several approaches to the solution of such problem.
One approach is to look for a minimizer of the corresponding en-
ergy functional. Then the minimizer satisfies the associated Euler-
Lagrange equation which coincides with the given problem. For this
approach it is essential to know which functions g are admissible. If
we think of the trace of a function v € H*(Q2) as an element of £?(09)
and in a more broad sense as the restriction of « to the boundary
of Q (in fact, it is the restriction if u is continuous) equivalently to
problem (1.1) we can write:

(1.2)

—Au=F, x€f
Tu=yg, x € 09,

where 7 denotes the trace operator.

Thus, it becomes more clear why describing the trace operator’s
image from a Sobolev space is a fundamental problem. In fact this
problem has challenged mathematicians for a long time. It was
first solved in the case p = 2 via Fourier Transform methods. The
solution for p # 2 and | = 1 was given by Gagliardo in the 50’s. The
general case was sorted out by Besov and Nikolskii. The solution
involves the so-called Besov-Nikolskii spaces B.(912) (in the following
chapters we will be referring to them simply as Besov spaces).

A very interesting and recent approach, for the case p = 2, in-
volves a spectral representation of the trace spaces and was given
by G. Auchmuty in 2006. For this approach, Auchmuty generates
an orthonormal basis for £2(02) with use of the Steklov eigenfunc-
tions and uses this basis to describe the trace spaces.

In the last chapter, after we present the trace theorems we will
go back to the Poisson problem with Dirichlet boundary conditions
that motivated us in the first place and we will prove the existence
of solutions: first with use of the classical definition of trace spaces
(i.e. via Besov spaces) and then with use of the spectral definition
as given by Auchmuty.

Lastly, another aspect regarding the importance of describing
the trace image of Sobolev spaces lies in the study of Sobolev spaces
themselves and not just in the frame of PDEs, since they constitute
an individual field of study.



Chapter 2

Preliminaries

We present here a number of results widely used in the following
chapters. For further information we refer to [7], [8], [9], [10].

2.1 Some useful results

Lemma 2.1 (Minkowski’s inequality). Let (X, M,u) be a measure
space. Let1l < p < oo and let u,v : X — [—00,00] be measurable
Jfunctions. Then

lu+vller < lfuller + f[vllr-

Lemma 2.2 (Minkowski’s inequality for integrals). Let (X, M, 1) and
(Y,N,v) be two measure spaces. Assume that i, v are complete and
o-finite. Letu : X XY — [0, 00] be a (M x N')-measurable function and
let1 < p<oo. Then

Lemma 2.3 (Minkowski’s inequality for sums). Let (X, M, u) and
(Y,N,v) be two measure spaces. Assume that ., v are complete and
o-finite. Let u,v : X xY — [0,00] be a (M x N')-measurable function
and let 1 < p < oco. Then

1/p 1/p 1/p
(Z\U(x)+v(fc>lp> S(ZIU(SC)V’) +<Z|v(ﬂf)!p> :

zeX zeX reX

[t dute)

< [ e eriravapduto)
Lr (YN ,v) x

6
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Theorem 2.1 (Tonelli’s Theorem). Let (X, M, ) and (Y,N,v) be two
measure spaces. Assume that ;. and v are complete and o-finite and
letu: X xY — [0,00] be a (M x N)-measurable function. Then
Jor p-a.e., x € X the function u(z,-) is measurable and the function
[y u(-,y)dv(y) is measurable. Similarly, for v-a.e. andy €Y the func-
tion u(-,y) is measurable and the function [, u(z,-)du(y) is measur-
able. Moreouver,

([ steeart)) anto) = [ ([ ateiaute)) o)

Theorem 2.2 (Fubini’s Theorem). Let (X, M, u) and (Y,N,v) be two
measure spaces. Assume that ;. and v are complete and let u : X X
Y — [—o00, 00| be (u x v)-integrable. Then for u-a.e. x € Xthe function
u(z,-) is v-integrable and the function [, u(-,y)dv(y) is p-integrable.

Theorem 2.3 (Holder’s inequality). Let (X, M, ) be a measure space,
1 < p < oo and and let q be its Holder conjugate exponent, i.e. Ilojﬁ =
1. Ifu,v : X — [—00, 00| are measurable functions, then

uvll ey < lullerxllvl] cace)-

Lemma 2.4 (Fatou’s lemma). Let (X, M, 1) be a measure space. Let
u, : X — [0, 0] be a sequence of measurable functions, then

/liminfund,ugliminf/ Updpt.
X X

n—oo n— o0
Theorem 2.4. Let (X, M, ) be a measure space. Let Y be a metric
space, and let u : X x Y — R be a function. Assume that for each

fixed y € Y the function x € X — u(x,y) is measurable and that there
exists y, € Y such that

lim U<I,y) = U(.Z‘, yO)a

Y—Yo
Jor every z € X.
Assume also that there exists an integrable function g : X — [0, 0]
such that

uz,y)| < g(2),
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Jor pae. x € X and for ally € Y. Then the function F' : Y — R,
defined by

ﬂw=AM%WM@w€K

is well-defined and continuous at y.

Theorem 2.5. Let Y be an interval of R and assume that for each
fixed x € X the functiony € Y — u(z,y) is differentiable and that for
each fixed y € Y the functions x € X — u(z,y) and x € X +— %(x’w
are measurable. Assume also that for some y, € Y the function x €
X — u(z,yo) is integrable and that there exists an integrable function
h: X — [0,00] such that

ou

g, (©Y)| = M)

Jorua.e. r € X and forally € Y.Then the function F : Y — R, defined
by
F(y) = / u(z, y)du(z), y €Y,
X
is well-defined and diff erentiable, with

F@:A%mwwm

Now we need to define the functions called mollifiers.

Definition 2.1. Let ¢ € £L}(R") be a non-negative, bounded function
with

suppe C B(0,1), p(x)dx = 1. (2.1)
RN
For every ¢ > 0 we define
1 x N

The functions ¢. are called mollifiers.
In the case that ¢ is of class C° defined by

o) = aexp{w;_l}, if|z] <1 2.2)
1, iz =1,

where o > 0 is such that (2.1) is satisfied. We call ¢. standard molli-

fiers.
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Remark. We note that supp¢. C B(0,¢).

Definition 2.2. Let Q C RY be an open set and let v € £'(Q2). We
consider the open set (). := {z € Q : dist(x,00) > ¢}. Forz € Q. we
define the function u. : ). — R, which we will call a mollification of u:

() 1= (u 62)(z) = / u( — y)du(y)dy,

where ¢. the standard mollifiers.

Theorem 2.6. Let ) C RY be an open set, let ¢ € L'(RY) be a non-
negative bounded function satisfying (2.1), and let u € £'(Q).

1. Ifu e C(Q), thenu. — u as ¢ — 07 uniformly on compact subsets
of Q).

2. For every Lebesque point = € ) of u we have u.(z) — u(x) as
e— 0F.
3. If1 <p< o0, then
el cr (o) < lluller @),

Jor every ¢ > 0 and

”ug”gp(ge) — HUHU)(Q) as e — 0+. (23)

4. Ifuelr(Q),1<p< oo, then

1/p
lim ( |ue — u\pdx) = 0.
Qe

e—0t

In particular, for any open set )’ C Q with dist(Y,09Q) > 0, u. — u
in £P(Y).
Theorem 2.7. Let Q) C RY be an open set, let € L'(RY) be defined
as in (2.2) and let u € £Y(Q). Then u. € C>®() forall0 < ¢ < 1.
Moreover, for every multi-index o we have
0%u,

)= (w0 G ) @ = [ T putan

Ox® ry O

Jorallz € Q..
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Definition 2.3. Let (H, (-,-)) be a Hilbert space and letT : H — H be
a symmetric operator, i.e. (T'z,y) = (y,Tz), where H a Hilbert space.
We say that T is non-negative if

(Tu,u) >0, (2.4)
Jorallu e H.

Proposition 2.1. Let (H, (-,-)) be a Hilbert space and letT : H —+ H
be a self-adjoint operator. Then T is non-negative if and only if o (T) C
[0, 0], where ¢(T') denotes the spectrum of T'.

Theorem 2.8 (Courant-Rayleigh minmax principle). Let (H, (-,-)) be
a Hilbert space and letT : H — H be a compact, self-adjoint operator,
whose positive eigenvalues are listed in decreasing order 0 < --- <
A, < -+ < \. Then

T
A, = min max< %)

Veh ST
dimV=n—1 gz=£0

whereV C H is an (n — 1)-dimensional subspace.

Theorem 2.9 (Riesz’s Representation Theorem). Let M be a bounded
linear functional on a Hilbert space H equipped with the inner product
(-,-). Then there exists some g € H such that for every u € H

Mu = (u, g).

Moreover,

Ml = llg

, where || - || the inducted norm.

Theorem 2.10. (Spectral Theorem for compact and self-adjoint oper-
ators) Let H be a Hilbert space and T : H — H a compact and self-
adjoint operator on H. Then there exists a finite or infinite sequence of
real eigenvalues {\,})_, with {)\,} # 0 and a corresponding orthonor-
mal sequence of eigenfunctions {e,}_, in H such that

1. Te, = \e, foralll <n < N,
2. ImT = span{{e, })_,),

3. if N = oo, that is {\,})\_, is infinite, then \,, — 0 as n — oo.

10
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Theorem 2.11. Let ) C RN a bounded set. The space L£3(f)) with
the standard norm is a Banach space. Moreover, let {¢,}>° |, be an
orthonormal sequence in £?(2), then given a sequence of numbers

{c,}2, such that Y ¢ < oo there exists a function u € £L3(Q2) such
n=1
that

[t = fj o= [ oenteyis

2.2 Sobolev Spaces

Let Q € RN be an open set, s € N, 1 < p < co. Let C°(92) be the space
of functions in C*(2) with compact support in (2, i.e. the space of
test functions.

Definition 2.4. Letu,v € £} (Q) and a = (a4, ...,ay) € N a multi-
index. We say that v is the o"-weak partial derivative of u, and we

write D% = v if
/ uD%¢dx = (—1) / vodz,
Q Q

Jorall ¢ € C(2).

Definition 2.5. We define the Sobolev Space W;(2) to be the space
of all the functions u € LP(Q)) such that for all « € N} with |a| < s, the
weak derivative D*u exists and belongs to £7(2). In the special case
p = 2 we write H*(Q) = W3 (Q2). We also introduce the following norm
n W;(Q):

1/p
lllw @y = (Z HD“UHMQ)) p Ao

|a|<s

lullws.@) = Y 1Dl c=(o)

la|<s

Definition 2.6. Let {u,,}_,. Q@ C RN and u € W;(2). We say that uy,
conwerges to u in W (12) and write u,, — u in W({2) provided that

Jim flum = ullw@) = 0.

11
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Definition 2.7. We denote by W;"(Q) the closure of C*(52) in W;(Q)
and respectively Hi(2) for the case p = 2.

Thus we have that v € W;7(Q) for Q c RY if and only if there
exist functions u,, € C*(?) such that u,, — v in W;(Q). We can
interpret W;”(Q2) as comprising all those functions v € W;(Q2) such
that D*u = 0 on the boundary 02 for all |a| < s — 1.

Proposition. For all s € N, 1 < p < oo, the Sobolev Space W;(Q) is a
Banach space.

Proof. Let {u;}52, a Cauchy sequence in W;(Q2). Then for all |a| < s
{D%u;}52, is a Cauchy sequence in £7(2) and since £P((2) is complete,
there exist functions u,u, € £P(2) such that

u; — u,as j — oo in LP(Q)

D%uj — uq,as j — oo in LP(Q),

for all |a| < s.
Let ¢ € C*(£?), then by Hoélder’s inequality it follows

/ |(w — u;)D*¢Pdx < / |lu — uj|pdx/ |DY¢|%dx — 0,
0 e Q

where ¢ the conjugate of p.

Hence, u € W;(2) and D%u = u, for all |[a] < s. This means that

D%u; — D%u for all |a| < s and as a result we have u; — u in W ().
O

Definition 2.8. For an arbitrary nonempty set ) C R we denote by
Cy(Q?) the Banach space of functions u continuous and bounded on )
with the norm |jul¢q) = sup |u(z)]|.

ze

Definition 2.9. Let | € N. We denote by C,(2) the Banach space of
Jfunctions u € C,(Q) such that for all « € N} where |a| = | and for all
x € Q the derivatives (D"u)(z) exist and D*u € C,(Q2), with the norm

lullerey = llulleqy + D 1D ulleay.

|a|=l

12



Preliminaries

Lemma 2.5. Let1 < ¢ < p < oo and let Q ¢ RY be a bounded open
set with boundary of class C*!. Then the embedding

W, (Q) = Ly(Q)

p
is compact.

Lemma 2.6. Let/ € N, 1 < p < oo and let ) ¢ RN be an open set with
Lipschitz boundary, i.e. of class C*. Let also ¢ € C(2). Then for all
ue W)

[udllw@) < cllullwtsuppsna),
where ¢ > 0 is independent of u.

Lemma 2.7. Let/ ¢ N, 1 < p < oo and let Q Cc RY be an open set
having a quasi-resolved boundary'. Moreover, let g = (g1,...,9n) :
QO — RY, gx € CH(Q), K =1,...,N. We suppose that for all « € N},
satisfying 1 < |a| <[ the derivatives D gk are bounded on () and the
Jacobian J,(z) = 22 is such that inf,cq |22(z)| > 0. Furthermore, let
g(Q) be also an open set with a quasi-resolved boundary. Then for

all u e WL(Q)
cillullwige) < lugllwiq) < callullwige),
where ¢y, c; > 0 are independent of v and p.

Next we present two approximation by smooth functions theo-
rems. For the proofs we refer to [5].

Theorem 2.12 (Global approximation by smooth functions). Let
Q c RY be an open set and let u € W;(Q) Jor some 1 < p < co. Then
there exist functions u,, € C>(Q) N W'(Q) such that

Uy, —> U N Wli(Q)

Theorem 2.13 (Global approximation by functions smooth up to
the boundary). Let Q C RY be an open bounded set with C! bound-
ary. We suppose that u € W(Q) for some 1 < p < co. Then there exist

Junctions u,, € C*(Q) NW,(Q) such that
Uy — u N W;(Q)
Definition 2.10. Let QO C RN be an open set and let 1 < p < oco. The

Sobolev space L£L'?(Q) is the space of all functions u € L} .(Q) whose
gradient Vu (in the sense of distributions) belongs to L?(2).

IThe precise definition of this notion is given in the next chapter.

13
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2.3 Trace of a function

In this section we present the definition, as well as several results,
regarding the Trace operator.

Letu € £} (RY), N > 1. We want to define the trace g of the function
uon RM, where 1 < M < N. In order to do so we will represent each
r € RN as x = (y,z),where y = (z1,...,2) € RM, 2 = (zpr11,...,2N) €
RY~M and we will consider R as the M-dimensional space of all
points (y, z), where z = (0,...,0) and y runs through any possible
values.

If u is continuous we can define the trace to be the restriction of the
function on RY. However, this definition obviously does not make
sense for every v € £} (RY™). In order to define the trace g for a
function u € £} .(R") we have to make certain requirements:

1' g S E}/oc(RM)’

2. if g € £} (RM) is a trace of u, then ¢ € £} (RM) is also a trace
of u iff ¢ is equivalent to g on R,

3. if g € £} (RM) is a trace of v and h is equivalent to u on RY,
then g is also a trace of h,

4. if u is continuous then u(y,0) is a trace of u.

The following definition, as given by Burenkov [1], satisfies all of
the requirements above .

Definition 2.11. Letu € £} (RY) andg € £}, (RM). We call the func-
tion g a trace of the function u if there exists a _function h € £} (RY)
such that h is equivalent to u on RY and

h(-,z) = g(+) in EILOC(IRM) as z — 0.

Theorem 2.14. (Existence of Trace) Let s, m, N € N, m <n and 1 <
p < oo. Then traces on R exist for all u € W;(R") iff

n—m

s > forl<p<oo, s>N-—M forp=1,

equivalently, iff
WE(RN M) — C(RVM).

14
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Proof. We refer to [1]. O

Definition 2.12. We say that a domain Q) ¢ R" is a bounded domain
with a resolved boundary with the parameters d, D satisfying 0 < d <
D < xif

Q={zcR":ay <zny < 9(Z),T € A}, (2.5)

where diamQ < D, Z = (z1,...,2y1) ERVN L, A={7 e RV g, <x; <
bi,i:L...,N—l}, —0 < a; < b; <ooand

aN—i-dSéb(f), TEA.

Let ) C RY be an open set with C'-boundary. Now we wish to
extend Definition 2.11 to the case of RY, RM being replaced with ©,
0f) respectively.

In order to do so, we will use the same method as in [1]. We start
with Q ¢ RY being a bounded domain having the form (2.5), with ¢
of class C'.

Letu € £1(Q). In the spirit of Definition 2.11 we say that the function
g € LYT), where ' = {z € RN : 2y = ¢(7),T € A}, is a trace of the
function » on I' if there exists a function h equivalent to u on €2 such
that

h(-+tey) — g(-)in £ (T) ast — 0,

where ey = (0,...,0,1).

Since there is no guarantee that the boundary 02 will be flat near
a chosen point z, € 02, we can use a proper transformation ¢ of
(with inverse ®~!), which straightens out 902 near z,. Then with use
of the transformation ® of Q2 (as chosen in [1]) we have that g(®~!)
is a trace of u(®~!) on ®(I).

Next we suppose that Q@ ¢ R" is an open set such that for a certain
map A, which is a composition of rotations, reflections and transla-
tions, the set \(Q2) is a bounded domain with C'-boundary and T is
such that \(T') = {z € RY : 2y = ¢(7),2 € A} (for further details we
refer to [1]). In this case we say that g is a trace of v on I" if (A1) is
a trace of u(A™!) on \(T).

Finally, let © C R" be an open set with C!'-boundary and let V; be
open parallelepipeds defined as in [1]. Then there exists a parti-
tion of unity ; € C*(R") such that 0 < ¢; < 1, suppy; C (Vj),

15
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j=1,...,8 > ¢;=1o0n Q and
=1

|D;(z)| < ed z € RN, a €Ny, j=1,...,s,

where ¢ > 0 is independent of x, j and d (for the proof we refer to [1]).
Having said so, we have the following definition.

Definition 2.13. Let Q C RY be an open set with C*-boundary and

u:Q— RY withu € L1(BNQ), for each ball B ¢ RY. We suppose that

u = Y u;, where suppy; C V; and u; € L1(V; N Q). If the functions g;
j=1

are traces of the functions u; on V;N 082, j =1,...,s, then the function

g =Y g; is said to be a trace of the function u on 0}.
j=1

Theorem 2.15 (Trace Theorem). Let) ¢ RY bounded with C' bound-
ary. Then there exists a bounded linear operator

T : W, (Q) — LP(69)
such that
1. Tu = ulsq
2. | Tulleron) < Cllullwye).
Jorallu € W)(Q) and C' = C(p,Q) independent of u.
Proof. For the proof we refer to [5]. O

Theorem 2.16. Let N > 2 and 2 C RY be an open set whose bound-
ary 99 is uniformly Lipschitz, let 1 < p < oo, and let u € W, (f2). Then
Tu =0 if and only if u € Wy*(Q).

Proof. For the proof we refer to [2]. O

Lastly we present the following Theorem regarding the compact-
ness of the Trace operator. For the proof we refer to [6].

Theorem 2.17. (Compact Trace Theorem) Let Q) C RY be a bounded
open set with C' boundary and let1 < p < oco. Then the trace operator
T - W (Q) — L£P(09) is compact.

16
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2.4 Besov spaces

In order to determine the Trace Spaces of the Sobolev Spaces W it
is necessary to introduce the Besov Spaces B;.

Definition 2.14. Let u : RY — R. We have the following definitions.
ForallheR,i=1,...,N and z € RY we define

Alu(z) = u(z + he;) — u(x) = u(z), z; + h) — u(z), z;),

where ¢; is the i-th vector of the canonical basis in R.
For h ¢ RN and o € N we define

AZu(z) = i(-l)ff—’f (‘;) u(z + kh).

k=0
Thereinafter, the use of each definition given above will be clear
from the context.

Definition 2.15. Lets > 0,0 € N, 0 > sand 1 < p,0 < oco. The func-
tionu € L},.(Q) belongs to the Besov space B; ,(1) if u is measurable
on RN and

[ullss &y == llullcogray + [u

. AUl ooy \ dh ) °
GoED T e U I B )

if1 <60 <ooand

BS 4(RN) < OO,

where

|u

. A7 ull ey
By (RM) 1= SUD
heRN h£0 Al

|u

This definition is independent of ¢ > [ as the following lemma
shows. (For the proofs of the following Lemma and Propositions we
refer to [1].)

Lemma 2.8. Let! > 0, 1 < p,6 < oo. Then the norms | - ||z mv)
corresponding to different o € N satisfying o > | are equivalent.

Proposition 2.2. Let 1 < p,0 < oo, s > 0. Then the Besov space
B: 4(©2) is a Banach space.

17



Preliminaries

Remark. For § = s we denote B;vp = B;.

Proposition 2.3. Let0 < s< 1,1 <p<oo. Foranyu € L} (R") let
u. := ¢, * u, wWhere ¢, is a a standard mollifier. Then

|ue |5 rN) < |ulBsmN)
Joralle >0 and
El_igL |ue Bs(RN) = |u Bs(RN)-

Moreover if p < oo and u € B;(RY), then

lim |u. —u
e—0t

In particular, if p < oo then C*(R") N Bj(RY) is dense in Bj(R").

Now we need to define the spaces B;(952), where s > 0, 1 < p < co.
In order to do so, we use similar arguments as in the case of defining
the Trace in 2 C R" instead of R".
If O ¢ RY is a bounded domain with C!-boundary and v is defined
on I', we say that u € B,(I') if u(Z, #(7) € B;(A) and we set

By = [u(®™)
where ¢, A defined as above.
If Q ¢ RY is such that for a certain map ), which is a composition of

rotations,reflections and translations, the set A\({2) is bounded with
C'-boundary, then u € B3(T') if u(A™') € B;(A\(I')) and

|u Bs(®(I)) = |u(T, ¢(T) B3 (A)s

lu

where A = ®(\).

Hence we have the following definition.

Definition 2.16. Let s > 0,1 < p < oo and let ) C RY be an open set
with with C'-boundary. We say that u € B;(09Q) if up; € By(V; N oY),
j=1,...,land

Bsr) = e sy = (M),

[

! 1/p
B3(99) = (Z HU%HP;(ijaQ))
1;1 1/p
= (Z ‘|U@/}j(/\_1)|%;(q>(r))> ;
j=1

where A; = ®;()\;) and 1); is the partition of unity defined above.

18



Chapter 3

Trace Spaces of Sobolev
Spaces

In this chapter we will define the Trace spaces of the Sobolev spaces
with use of the Besov spaces. More specifically we have the following
Theorems.

Theorem 3.1. Let 1 < p<oo,,M,N e NwithM < N, > % and
the trace operator T : W{(R") — LP(RM). Then

1 N-—M

W :)(RN) = BP_T(RM)-
Proof. For the proof we refer to [1]. O

We will prove the theorem for the case [ =1and M = N — 1.
For the inclusion TW}(RY) C By YP(RV-1) it suffices to show that

for all u € W) (RY) the trace g = Tu € By YP(R¥-1). More specifically
we will prove that there exists a constant C' = C(N, p) such that

190 g3-1n 1) < Cllallengan.

for all u € £*(RY).

Theorem 3.2. Let1 <p<oo, N > 2, RY = {(«/,zy) e RN ' xR:ayn >
0)}. Then,
TWyRY) c B VP (RN ).

19



Trace Spaces of Sobolev Spaces

Proof. Let u € LY(RY) NC>*(RY). For Alu(z) := u(z + he;) — u(z) =
u(zh, x; + h) — u(x, x;), we write

w(@',0) = u(2', zn) — (w(@', zy) —u(a’,0)) = u(@’, zy) — AN u(2', 0),

for all ' € RV, zn > 0.
By integrating in xy over the interval (0,4), h > 0 we get

h h h
/ \u(x’,O)|de§/ |u(x'7xN)|da:N+/ AN u(z',0)|dxy.
0 0 0

Therefore,

1

h
- / AN u(z',0)|dxy.

1 h
e, )| < 5 [ Juleaw)doy + 5
0 0

We replace v with Aly
h h
h / 1 h / 1 T h /
|Alu(z",0)] < 7 |Aiu(x,:z:N)|dIN+ﬁ AV Aju(z',0)|dxy
0 0
1 [h
< E/ |AMu(a! 2 y)|doy (3.1)
0
1 [h
+ E/ A u(z’ + he;, 0)] + [AF u(2’, 0)|dzy,
0

where ¢; = (¢},0),i=1,...,N — 1.
By the Fundamental Theorem of Calculus we have:

o AMu(z',xy) = u(a' + hel,zy) —u(@,zn) = Oh 88;‘ (' + e, xn)dE
o AWu(a'+e},0) = u(a'+he}, on) —u(a'+¢,0) = [ ai“ (' +hel, z)dz
o AP u(e,0) =u(@, xy) —u(@',0) = [7~ 22 (a/, 2)dz

Then by 3.1 it follows

|Abu(2',0)] < — / / o (' + &, xn)| déday
/ / 3 (' + hel, 2)| + 8—u(x/,z) dzdxy.
TN TN

20



Trace Spaces of Sobolev Spaces

For J = [} [V | (@ + hey, 2)| + |52 (2, 2)|dzdxy we have

J</ / (' + hej, 2) | + —u(x’,z) dzdw
LUN N
1
and the Tonelli-Fubini Theorem yields
u
I= he| " 2)| dend
/ / 8:1:]\/ (' + hel, 2)| + axN(x,z) Tndz
du u
=h he; — (2, 2)| d=.
/0 axN(x + he}, z)| + 3xN(x’Z) z
Therefore,
1
|Aru (2, 0)| gﬁ/ / oz (2 + e, on) | déda
/ . (' + hej, 2)| + a;jv(x 2)| dz.

By Minkowski’s inequality for integrals we obtain

, c h h a
1A (e, 0) | sy < & / / |

ou
+C/ H_ '+ hej, )| ora-1) + H%(ﬂr’,@\lcmw)dz

M o1y dedry

/
79

M er@y-1ydoy

/
7

ou
/ I &+ )l oy + e (& ) v
TN
Hence,
b ou
7 Y Lr(RN-1) = AN Lp(RN-1) 2 (L IN) | cp(rN-1)AT N
A u(- 0)] <c (- an)ll +ﬂmw(x)ﬂ dx
(3.2)

For fixed small € > 0 we write

h h
ou . oy Ou
/ ||%('7$N)”LP(]RN’1)dIN :/ INTN ||%(‘7$N)||£P(RN*1)CL"5N'
0 1 0

(2
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Trace Spaces of Sobolev Spaces

With use of Holder’s inequality we get

h h 1/q h 1/p
ou e oy OU
[ 15 oo ydon < ([ axtaon) ([ o150l g den

" du 1/p
=t ([ R s s )

]

1 1 _ . .
where ;> + = 1. Similarly,

h h 1/p
_8u 1/q—¢ ep du P
[ Tggtmmlom-nde < s ([ ey )
Then by (3.2) it follows

h
e c ou
||A?u("0)||ZP(RN*1) < Chp/q p/ x]\lf) <||8 ( mN)H P(RN— 1)+ || ( xN)”ip(RNl)) de'
0 €T;
Hence,
> [|Au(-, 0) 17 g o ppla—ep ou
ep
/0 ” thO/O - / Rl o) By
ou

H%(, xN)HZp(]RN,I))dedh_

By Tonelli’s Theorem we get

o0 A? P(RN-1) p/q—ep
/ [AICO] | h<0/ / Lk Hau
0 hp 8@

Ha—< ) - 1)>dhde

IN
o (1 OU
= [ a2 (I Cam g+
u

0 Bp/a—ep
||%<-,m>||zp(wl)) | Edne.

TN

(oN) ||IZZP(RN—1)+

Since [ W g = Jox gardh = Say”, we have
o AL, O) sy O [ (O ou
/ < & (|r—,<-,xN>|rszN_1)+||%<~,xzv>||ipm_l)) doy
C
= (I g *+ I P
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Trace Spaces of Sobolev Spaces

Now we want to remove the assumption that u € C*°(R").

First we can extend via reflection the function v € £**(RY) to the
whole £'?(RY). For ¢ > 0 we consider the sequence {u.} with u, :=
u * ¢., where ¢, are the standard mollifiers. As ¢ — 0" we have:

u. —win L (RY), Vu. — Vu in LP(RY) and
ue(+,0) = Tuin L} (RN71).

We can select a subsequence such that u.(z’,0) — Tu(z'). Then by
Fatou’s Lemma for

[_/ / | Tu(x' + hej) — Tu(x”pdx’dh
RN-1 hp

it follows
_ 1 0)lP
1< hmlnfEHOJr/ / [uc (< + hej 0> u:(x, 0) dx'dh
RN-1

< Cvop) lig | [Vuclo) e = CN.p) /R V(o).

e—0+

Hence,
TWyRY) c B VP(RN). (3.3)

]

For the inverse inclusion By *(R¥-1) C TW,(RY) we will prove

that for all g € B, "/?(R¥~!) there exists a function u € W, (RY) such
that Tu = g and

lellyy gy < Collgllgg-/ogen

where Cy = Cy(N, p).

Theorem 3.3. Letl <p <oo, N > 2, RY = {(2/,2n) e RV ' xR : zy >
0)}. Then,
B VP (RN ¢ TW(RY).

Proof. Let g € By P(RV-1). Let ¢ € C=*(RY~!) be such that supp¢ C
Bx-1(0,1) and
/ o(z")dr' = 1.
RN-1
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Trace Spaces of Sobolev Spaces

For zn > 0 we define

1 =
v(z', zy) = ﬁ/ ¢ ( ) g(y)dy,
Ty RN-1 TN

for 2/ € R¥~!.Then for all zy > 0 we have

1 - N

[owerer < [ [ (P2 atway
- N

1:’—:1/

(/I‘{Nl/]RNl :L‘]NV 1¢( N )

where in the last inequality we have used Hoélder’s inequality.
By Theorem 2.6, where = plays the role of ¢, we get

p/q
[owerar < ([ e -npar) [ aweaa
RN-1 RN-1 JRN-1 RN-1

< / l9(y)IPdy’".
RN-1

We will use the notation 2/ = (z/,2;) e RN 2 xR, fori=1,...,N — 1.
Then by Theorem 2.7 we have

ov, . 1 0p (' —y N
Since

a¢ r' — y/ " _ 1" / 8925 T — y/ _
/]R&:c@'( . >g(yi,xz)dyz—g(yi,wz) e dy; =0

we can write

p

dz’

(3.4)

_ 1 8(25 x/_y/ / " /
T Jun O, ( . ) l9(v') = g(u’, wi)ldy’".
Therefore,
aU 1 a(b / / " /" /
e o Nl bl | CR IR G

24
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RN-1
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Trace Spaces of Sobolev Spaces

Since supp¢ C By_1(0,1) it follows

ov C

< Iy /',_/'/id/-
85&; v = TN /BN 1(0,zn) ’g(m y) g<x’ yl7$)‘ !

We raise both sides to the power p and integrate in z over RY

Jv b 1 / / " " / !
@) dv<C | l9(2" —y) — g(ai —wi, @i)ldy’ | dw
RY |OTi RY T Bn_1(0,zn)
1
< C/ 7 IBN_l(O,:EN)Ip/q/ l9(2" =) — g(@] =y, ) |Pdy’de,
RY T Bn-1(0,zn)

where in the second inequality we have used Hoélder’s inequality.
Then,

/ ov
RY

oz, %)
and by Tonelli’s theorem we get

TN _ I/ ey
/ 8U dl’ < C/ / / ‘g(x y) (.flf yz ?xl)| dyzdy”dl'
p+N 1
RY RY JBy_2(0,zN)
(3.5)

ox;
For the calculation of I we consider the change of variables 2! =
! —y! and z; = z; — y;. Then,

TN _ NP
I_/ / / l9(zi, 2i )p+N (1 2l 2l d
Bn_2(0,zn)
Ayz i p
/ / / // ZIJ;;? - vi)l dx{dr;dzdz! dxy,
BN 2 OIEN RN 2 ?V

where in the second equality we have used Tonelli’'s theorem. By
Holder’s inequality we get

1<c / g / | 18t pdz dydan
0 RN-1
e / p+1 / /R N 1|Ayl o(NPd dyiday

25

(x% l)p ! / / " " P /
— 9(2'—=y')—g(@i —y;, ) [Pdy d,
RY NS Bx_1(0,zn)

p
de < C

IL‘

-~
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Trace Spaces of Sobolev Spaces

and once more with use of Tonelli’'s theorem we have

1
1= [t [ gt
= C’/ / |AVig( |pdylde
RN-1

Therefore by 3.5 it follows

hel) — g(a')P
/\ Vw«c/‘/ 9@+ he) = 9@y 3.6)
RY Ox; RN-1 hp

foralli=1,...,N — 1
In order to estlmate — we write:

N-1

Z yl? e Y Titls - - - 7xN—1>_g(y17' - Yi-1, XI5 - - 7IN—1>]'
i=1

Since [;x-. ¢(z)dz’ = 1 we have
N 1 oy
v(z', zy) [g(yb---,yi7$i+1>---,3?N—1)
RN-1 (EN TN

- g(yh - Yi-1, 21, - ,I'N_l)]dy/ + g(l’l)
Then by Theorem 2.5 it follows

8@ =y
a TN l. a:N Z/I‘{N 18513']\[( N— 1¢( TN )) [9(3/1»---,yi>$i+1>---7$N71)

- g(yla ey Yim1, 21,5 - - 7xN_1)}dy,.

Hence,

av
— (2, xyN)

Oxy

<CZ N/ ‘g(yla'"7yi7xi+17"'7xN71>
TN Bn_1(0,zN)

- g(y17 vy Yim1, L1, - ,J:N_l)‘dy/.

By raising to the power p, integrating over RY and by following the
exact same procedure as for ]8—9(3:’)\ we obtain:

/ o w<0/t/ Mz+M) 9N . 3.)
]Rf ]RN 1

- ZI?
8xN
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Trace Spaces of Sobolev Spaces

TN

For z = (2/,zx) € RY we define u(z) := ¢ » v(x).
Then by (3.4) and Tonelli’'s theorem we get

/ |u(:v)|pdx:/ e_xN/ |v(2!, xn)[Pda’dz
RY 0 RN-1
g/ eINde/ lg(2")|Pda’
0 RN -1

— / lgla')Pda.
RN—l

since for i =1,..., N — 1 we have
ou ey QU ov
=le» <
@) = | ¥ )| < |5,

by (3.6) it follows
ou

p 00 ! N — " |P
Rf 81’1 0 RN-1 hp
Moreover, 5 5 .
u _=n OV _aN
%(ﬂf) =ec 7 axN(l")—};e » (),

so by (3.4) and (3.7) we have

» 1/p » 1/p » 1/p
</ d:v) < (/ d:v) + (/ dx)
RY RY RY
“c { ( /°° / l9(=' + he) - g(z'wdz,dh) v
0 ]RN—I hp
1/p
+ (/ |g(m’)|pd1") } < o0.
RN-1

In other words v € W, (RY) and

ou
%(93)

LI

. —e »u(x)

el ey < Cllall -1 govs, 3.8)

It remains to show that 7u = g.
By Proposition (2.3) for p # oo we know that there exists a sequence
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Trace Spaces of Sobolev Spaces

{gn} in Coo(RN—1> N B;—l/PGRN—l) such that ||g - gnHle)_up(RN_l) — 0.

Let u, = eﬂTan(a:) be the corresponding sequence. We have that

Up € CO( ) with v, (a,0) = g,(z'), which follows from the fact that
= = fona 0(5L)ga(y)dy' is defined via convolusion with pa-

rameter €= - L (as e — 0).
By (3.8) we have that u, — u in W}(RY) and since 7 : W} (RY) —
LP(RN71) is a continuous operator we have that Tu = g.

Therefore,
By YP(RNTY) € TW,(RY). (3.9)

U]
Therefore by (3.3), (3.9) it follows
TWL(RY) =B V/P(RN ).

Now we wish to define the trace spaces for the case in which
RY is replaced with Q Cc R" an open set. Once more we will divide
the proof in two parts. For the inclusion 7W}(Q) C By P (60) we
will prove that for all u € W}(2) there exists a trace g € Bllfl/ P(09,),
[ >1/p.

Theorem 3.4. Letl € N, 1 < p < oo and Q C RN an open set with
C'—boundary. Then, for | > 1/p we have

TWhHQ) c BIVP(0Q). (3.10)

Proof. Let V; be parallelepipeds defined as by Burenkov [1] (pg.149)
and partition of unity ¢; € C°(V;), j=1,...,s.

First we will prove that the trace g; of w; exists on V; N J) and
g; € BSVP(Vno0), j=1,... 5

By Lemma 2.6 we get:

lusllwie) < allullwuppne) < allullwiw,na), (3.11)
where ¢; > 0 independent of u. In other words we have that wy; €
wWiv;nQ), forall j=1,...,s
By Lemma 2.7 it follows

H(U?ﬁj)(/\j_l)||W;(Aj(vjm)) < C2||(U@/’j)(/\j_1)/\jHw,é(vjm)

(3.12)
= col[utsllwiv;nn),
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Trace Spaces of Sobolev Spaces

where A; = ®;();) (see Definition 2.16). Therefore we have that
(uth;) (A _1) e WLA;(V; N Q). We extend by O to RV the function
(u;)(A; ') and for this extension we have that (u1;)(A;') € W)(RY),
since supp(wj)( D C A (V;NQ).

Then by Theorem 2.14 we know that there exists a trace h; (of the
extended function) on RV~! and therefore on A;(V;Nd12). That means
that g; := h;(A;) is a trace of u; on V; N 0N and as a result by Def-

inition 2.13 it follows that g := ) g; is a trace of u on 00 (since
j=1

Zu% —UZ%—U)
Jj=
For [>1/ p we have that

”ng[gé—l/P(ijaQ) = th“Bé_l/p(Aj(ijaQ)) < ||h]‘HB£]_1/p(]RN—1) < C3||u¢j”3é_1/p(vjmg)a

where in the last inequality we have used (3.12).
Then by Definition 2.16 it follows

Hg“Bl 1/p aQ (Z ||g¢‘7|| l 1/p Vﬁ@Q))
1
s p
_ P
= (Z Hg]”zsﬁ,””(\/m@&)))
j=1
(z - )

1
I3

Therefore, Lemma 2.6 gives us

19115117090y < <ZIIUI|WszQ> < Z{IIUIILWQQ + ) 10l 00}

|a|=l

where in the last inequality we have used an equivalent norm to the
standard one in W})(V; N Q).
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Trace Spaces of Sobolev Spaces

With use of Minkowski’s inequality for sums we get

1
ol < {(zuuumm) S S 0l }

la|=l j=1

< ( Hlully g + 3 s orulll, Q))

|a|=l

1
< co57 [[ullwio)
Hence, it follows that g € B, /7(09).

]

For the inverse inclusion it suffices to show that for all ¢ €
ByP (0Q) there exists a function u € W/(Q?) such that g is a trace of
u on 0f2. Hence we have the following theorem.

Theorem 3.5. Let/ ¢ N, 1 < p < co and 2 C RY an open set with
C!'—boundary. Then, for | > 1/p we have

BV (0Q) € TWHQ). (3.13)

Proof. Let g € Bﬁfl/ P(99Q). We consider the functions g; = (gwj)(Aj‘l)
on A;(V; N 9Q) and we extend them by O to RV~!. We define £ :

B, 7(09) — W(Q) with

By =" (Eallo0)(8;1))) (A,

j=1
where E is a modification of the extension operator such that
supp(Eog;(4;)) € V; N Q and supp(Eog;) € A;(V; N Q).
Then by Lemma 2.7 it follows
1 Eog; (M llwiwyy = [|(Eogi) (M) lwevyne
< Mi||Eogjllwia; (vna)
= MlHEOQjHW},(]RN)a
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Trace Spaces of Sobolev Spaces

where M3 is independent of g and ;.

We have that g; is a trace of Fyg; on RV ! (see details in [1]), therefore

9; (A7) = (g;) (A1) on A;(V; N 9Q). Then ((gv;)(A;1))(A)) = go; is a

trace of (Eo(gv;)(A;"))(A;) on V; N dQ and by definition 3 g = > gy,
=1

J
is a trace of > (Eo(gv;)(A™1))(A;) = Eg on Y V; NN = 0.
Jj=1 j=

7j=1
We have

1Eogsllwemyy < Mallgsll g/ g,
< M3H9j||3;,—1/f'(vjmaﬂ)
< M4H9¢j<A;1)Hgé—l/P(Aj(ijaQ))’
where the last two inequalities follow from Lemma 2.5 and 2.7 re-

spectively and M,, M3, M, are constants independent of g, j.
Then

| Eglwyen) = | ;wogj(z\j))\\wm

< M3Z | E0g;[lw my

j=1

< M3M, Z ngjHBlpfl/P(yjmaQ)

Jj=1

Hence,
1Egllwmyy < M5||9”5g-1/p(am'

This means that the extension operator £ is bounded (and linear)
and since 7 Eg = g we have that Bj;l/p(am C TWi(Q). O

Therefore it follows

TWL(Q) = By /P(09).
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Trace Spaces of Sobolev Spaces

Remark. Forl =1 and p # co we have that TW}(Q2) = £1(09) (for the
proof we refer to [1]).

For the case p = oo let us consider for simplicity that | = 1, i.e. the
space WL (Q). Then since (2 is open, bounded and with 952 of class
C! it follows that W1 (Q) is the space of all Lipschitz functions (this
Jfollows from the characterization of WL (Q) in [5]).

Now let u : Q — R be such that v € W.(Q). Since u is bounded
and Lipschitz, it admits a unique Lipschitz extension to Q). Hence, the
trace of u can be defined as the restriction of the extension of u to 0f).
Thus, the trace of u is a Lipschitz _function on 0f).

Therefore, it follows that TWL (Q) C Lip(092), where Lip(dS)) the space
of Lipschitz continuous functions defined on 0f). As a matter of fact
TWL(Q) = Lip(09).

Indeed let u € Lip(0f2), then as proven in [11], u can be extended to a
Lipschitz function on the whole R" therefore on Q) and we have that
WL (Q) is exactly the space of all Lipschitz functions defined on ().
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Chapter 4

The case p = 2: H® spaces and
their traces

As mentioned above, when p = 2 we denote H* = W;. We will see
in the following sections that for this case we can skip the classical
definition of the Trace Spaces, that is with use of Besov spaces, and
use alternative ways to define the trace spaces.

4.1 Characterization via Fourier transform

A way to characterize the trace spaces is with use of Fourier trans-
form. In order to do so we will need several useful definitions and
results which are presented bellow.

Definition 4.1. We call Schwartz class and write S(R") the class of
functions ¢ € C*(RY) such that for any multi-index o and any k € N

sup (1+[2/)*|0%¢ ()] < 0.

rzeRN

Definition 4.2. (Fourier Transform) Let v € S(RY). We define the
Fourier transformation .% : u — u by

Flu(x)} =u(§) = (27r)_12V/ u(z)e " Cda.

RN
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The case p = 2: H® spaces and their traces

It is known that if u € S(RY) then @ € S(R™). Therefore .7 :
S(RY) — S(RY) is a linear operator. For the inverse transformation
FZ71: S(RY) — S(RY) we have the following formula:

u(z) = (2m) % / a(e)ede.

RN

The Fourier transform can be extended by continuity to £*(R")
and in fact 7 : £L2(RY) — £*(RY) is a unitary operator :

| w@kde = [ e,

||UH£2(1RN) = H'QUHEQ(]RN)a

that is

which is also known as Parseval’s equality.

Now we will use the Fourier transform in order to characterize the
Sobolev spaces H*({2).

For the derivatives 0“u(x) we have

F{0u(x)} = dou(€) = (i€)°a(€) = ileu(€).
Hence,
2 RNy = O“ul?dx = 2V 13(€)|2dE. 4.1
e l;l/w' uf’dr AN(I§l|§|)|u<g>| £ @

Here we notice that if we expand A(¢) = (1 + |£]?)! by the binomial

expansion, that is A(¢) = (1 + [£]?)! = X (li)(|5|2)k, we can choose
|k|<i
appropriate constants ¢y, ¢, such that

a(L+1EP) < DI < el + €1,

<!
which when applied in (4.1) gives us
o [ QPRI <l < er [ 1+ €Y Pde
Thus, the norm ( [ (1+|¢[*)![a(¢) |2d§)% is equivalent to the standard
one in W!(RY). With that being said we have the following definition
of H*(R") spaces.
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The case p = 2: H® spaces and their traces

Definition 4.3. Let u € £2(RY) and s € R. We say that u € H*(RY) if
Jrw (14 [E2)* () Pde < oo.

As we have proven in the previous chapter, Besov spaces allow us
to define the traces of Sobolev spaces and naturally this also applies
in the case of H* = W3 spaces. However, the previous representation
of H® spaces via Fourier transform allows us to have an additional
approach on how to define the trace spaces. More specifically, we
have the following theorems.

Theorem 4.1. Let u € H*(RY) and s > 1/2. Then the trace operator
T : C(RY) — C3°(RMN™!) can be extended uniquely by continuity to a
linear continuous operator T : H*(RY) — H*~Y/2(RN~1). In particular,

[Tl

Proof. Let u € C*(RY). Let 2’ = (z1,79,...,2y_1) € R¥~! then we have
the inverse Fourier transform formula:

Hs=1/2(RN-1) < CHU‘ Hs(RN)+

u(z) = u(a’ oy) = (2m) / (e En)et NN e dE dE .
RN
By definition of the Trace operator we get

Tula') = u(w',0) = (20) ¥ [ (¢’ g)e™ € de'de

R

That is

u(z',0) = (27r)—N/2/

(¢ En)e g den
RN

+oo
=0 [ e eer gy
—co JRN-1
and by Fubini-Tonelli Theorem we get

+o0o
ulw',0) = a2 [ e g <
RN-1 J—0o

We write

Tula') = (2m) 07 |

RN-1

(75 / ::O (€, Ex)dEn ) e e,



The case p = 2: H® spaces and their traces

which by the inverse Fourier formula gives us

—~ 1 +0o0
Tu(g') = \/_2_7r/_ u(g', En)dén

We have
2

- +o00
TUER = 5o | [+ 6Py 4 I e

oo oo 4.2
< [ T@ra - lerdey [0+ + ) sy (+2)

—00 —00
(. J/
v~ v~

Il 12

where in the last inequality we have used Hoélder’s inequality.
For the calculation of I, we set 1 + |¢/|> = o? and get

+o0 1 +00 1
b= | ey | o (1t (G

L e 1 1-2s
= ———dy = c,a 7,

a* J o (L+9?)°
where ¢, = [ arp < oo since s > 3.
Therefore,

I = cs(1+ €32
Then by (4.2) we have

“+oo

(1+ |2 V2 TulE)? < e, / AP+ €?) dew.

—00

We integrate over RV~!
| QR TR < e, [ @OPQ+ IRy

Thus for all u € C°(RY)
17 7ul

12115—1/2(RN—1) < CSHU| ?{s(]RN)- (4.3)

We note that the norm |[u(€)|| = ([ (1+£]3)*|a(€)]2d€)"? is equivalent
to the standard norm in H*(RY).
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The case p = 2: H® spaces and their traces

Now we will extend the previous result for functions u in C°(R”) to
functions u in H*(RY).

In order to do so, we will use the fact that C;°(R") is dense in H*(R"),
as follows.

Let u € H*(RY). Then there exists {u;}52, in C;°(R") such that

[Ju; — ul
Then (4.3) gives us that
||Tum — 'Tul|

as m,l — oo.

Hs(]RN)—>O,j—>OO.

3'_[571/2(RN71) < st — wl ?‘{s(RN) — 0,

In other words {7u;};cn is a Cauchy sequence in H* V/2(RV-1)

and since H*'/?2(R¥~1) is complete in R¥~! there exists a limit v €
H=Y2(RN=Y), Tu; — v, j — oo in H*Y2(RN~1) and by definition we
set v = Tu.
We note that v does not depend on the choice of the sequence {u,}.
Indeed, let {w;}2, in C°(RY) be such that [[w; — ul|ys@r~) — 0 as
j — oo. Then, as above, {w;}52, is a Cauchy sequence and for w €
H*~Y2(RN-!) such that Tw; — w , j — oo, we have:

lw; — wjllgsmyy < |lw; — ull gsmyy + [Ju — ;|| gs @y — 0,

as j — oo. Hence,

| Tw;—T uyl

Hoz@y-ny = [T wj—u) e /e@my—1y < Csllwj—ull sy — 0.
Since u; € C°(RY) for all j € N, by 4.3 it follows

[Ty

2571/2(131\7—1) < CSHUJ'| ?18(]1{”)'

We take the limit

jlirgo 1T 05131 /21y < Cs Jllrgo, [P
which gives us

[77ul

i]s—l/Q(RNfl) < CSHU‘ %JS(RN)’

with u € H*(RY).
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The case p = 2: H® spaces and their traces

As a result of the previous Theorem we have
H>'2(RN™1) € TH3(RY).
For the inverse inclusion we have the following Theorem.

Theorem 4.2 (Extension Theorem). For k € Z., s > k+ 1/2 we set
H(sfl/2>(RN71) — Hsfl/Q(RNfl) % Hsf3/2(RN71) X e X Hsfkfl/Z(RNfl)'
Then there exists a linear continuous operator E : H*~1/2(RN-1) —
H*(RN) such that if u = Eg with g = (g0, 91, -+ ,g:) € H*¥ V2RV
theng; = Tu , forall j = 0,1,--- .k , where T; := T o 4 P HA(RY) —
Hsfjfl/Q(RN71>_

Moreover,

1Eglzsmny < cllgllFrie-s/z gy : Z||9J||H<s J-1/2) (RN 1)

Proof. Let h € C*(R) with 0 < h(t) < 1 and h(t) = 1 for |¢| < 1. For
¢ ¢ RV-!, 2y € R we consider:

k
V(e on) = 3 kg (@h (en/TT TP

j=0 ‘7

where g;(¢') is the Fourier transform of g;(z') over g = (go,...,q%) €
H<S_1/2>(RN_1).
We will prove that V (¢, zy) is the Fourier transform of a function
u(z',zy) € H*(RY) with respect to z’. For zy = 0 we have

V(€0 =a(¢) and Z-V(£,0) = gG(&).

We use the following identities regarding the Fourier transform:

o F{ahglan)} =39 () = ij%?(flv)

F{glary)} = J9(%) . aeR

o F{rhglary)} =¥ F=d9(2)  a € R.
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The case p = 2: H® spaces and their traces

It follows that the Fourier transform of V (¢, zy) with respect to zy
is

FV(E on)} = Zk: lQA(f )F {:cf\,h (JTN\/T]&’]Q>}

0

i/ ~ n2y-4270) N
G+ g RY (—W)

Foru(¢) =V (€, ¢én)(= F{V (¢, xx)}) we have that u € H*(RY). Indeed,

Y1 ey

PYPUND) 1"2yji— ’ﬁ(j)( En )
o JRY V14 €2

-~

I

We write

1= [ [aerarery “(%) 1+ €2y dende

- [ @) 1+|£\“/] |£,|2)2

11

(1+[¢]*) dén de’.

For the calculation of /; we set 7 = \/W We have d¢y = /1 + |¢'|?dr

and 1+ [{P =1+ [P+ & =1+ [P+ 21+ [ = 1+ [EP)(1+77),
then

h= [ FOP0+ER) 1+ 7)1+ ¢ ar

= (14| S*l/?/uw) 2(1 4 r2)°dr,

C(J s)
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The case p = 2: H® spaces and their traces

where C(j,s) < oo since h € S(R) for h € Cs°(R). Hence,

lul

k
o) < CZ/RN_l G (€L + [Py~ 2’
Jj=0
k

=0 gl

j=0

2
Hs—jfl/Q(]RN—l)'

Therefore the operator E : H*"Y/2(RN1) — H*(RM) with Eg = u is
linear and continuous and we now prove that 7u; = g;, for all j =
0,1,...,k. This is equivalent to proving that the Fourier Transform

of 88;% with respect to 2’ is g;(¢’). Denote by .#’ the Fourier Transform

on the variable /. We have .#/(2%) = &7 _ ZV(€an) _ 3:(&), as
8:C‘N 6IN (‘)IN

resumed. =

As a result we have THS(RN) c Hs~Y/2(RN-1).
Therefore,
mS(RN) _ Hsfl/2<RN71).

4.2 Auchmuty’s method

Let 2 be a bounded region in R and let its boundary 99 be a finite
union of disjoint closed Lipschitz surfaces, each surface having fi-
nite surface area and unique outward normal v(-) defined almost
everywhere.

We consider the inner product:

<u,v>9:/VuVUd$+/ uvdo
Q 20

and the corresponding norm ||-||p which is equivalent to the standard
one in H'(Q).

A function v € H'(Q) is called harmonic in  provided that it is a
solution of Laplace’s equation in the weak sense. Namely:

/ VuVedr =0, (4.4)
Q
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The case p = 2: H® spaces and their traces

for all ¢ € C!(Q), or equivalently for all ¢ € H}(Q2). We define H(Q) to
be the space of all harmonic functions « in (2.

When ( is defined as above we have by definition C(Q) = H}(Q) and
by (1) we have (C}(Q2))*+ = H(Q).

Then by the Projection Theorem on the Hilbert space H'(f2) endowed
with (-, )5 it follows

Therefore,
H'(Q) = Hy () @ H(), (4.5)

where @y is a #-orthogonal direct sum.

Auchmuty’s method gives us a spectral definition of the trace spaces
H%(09), s € R, where the subscript A is here used to emphasize the
fact here the definition is given for this method. The idea is based
on the fact that the harmonic Steklov eigenfunctions provide an or-
thogonal basis in H(2) as well as an orthogonal basis in £(9%, do).
More specifically we can define an orthonormal basis in £2(99, do)
by means of the Steklov eigenfunctions and then use this basis to
represent the trace spaces.

In the end the definition of H%(0f2) spaces is reduced to certain
summability conditions regarding the harmonic Steklov coefficients
which, as described above, help us represent the functions g €
H5(09).

4.2.1 The harmonic Steklov eigenproblem

Let ) be a region in RY defined as above. We consider the boundary
value problem:
{ As=0, x€( (4.6)

D,s =0s, x € 0f)

for 6 € R. Recall that D, s denotes the normal derivative of s on 0f2.
In order to find the weak formulation of (4.6) we argue as follows.
We assume that s € H'(Q) is a classical solution to (4.6). Then by
integrating over () we get

/ Asvdx = 0,
Q
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The case p = 2: H® spaces and their traces

for all v € H'(Q). By Green’s Formula it follows

/Vvadac:/ vD,sdo,
Q a0

Finally, by using the boundary condition we get the weak form of
(4.06):
/ VsVudx = 5/ vsdo, 4.7)
Q

o0N

for all v € H'(Q). For v = s we get that § > 0.
We rewrite (4) in the following form

/Vvadx+/ vsdo = (6 + 1)/ vsdo. (4.8)
Q 20

o0

We consider the Laplace operator A as an operator from H'(Q) to its
dual H'(Q)" defined by A[s][v] = — [, VsVudz, for all v e H'(Q) and
the operator [ : H'(Q) — H'(Q)' defined ny I[s][v] = [, svdo, for all
ve HY(Q).

The operator I — A : H'(Q) — H'(Q) with (I — A)[s][v] = [, VsVuvdz +
Joq svdo = (s,v)y is an isometry and there exists (I A) I (by Riesz’s
Representation Theorem).

We also define the operator J : £*(092) — H'(Q)' with J[s][v] = [, svdo,
for all v € £2(99), and lastly we consider the trace operator T :
HY(Q) — L£2(09).

Then (4.8) can be written as

(I—A)s=(+1)(JoT)s.

Therefore, )
(I—A) OJOTS—(H_l.
Note that B
1) L c209) L gl L2 glia).

Hence we can define the operator M : H'(Q) — H'(Q) with M =
(I-—A)toJoT.
Then the weak form (4.7) of the Steklov eigenproblem is equivalent
to

Ms = ps, (4.9)
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The case p = 2: H® spaces and their traces

where y = 515 > 0.

We notice that M is compact by definition, since the trace operator
T : HY(Q) — £2(09) is compact, and also M is non-negative.

Let s € KerM, then

(I-A)ytoJoTs=0,

which, since (I — A) is an isometry, is equivalent to
JoTs=0

and by definition of J
Ts=0.

By Theorem (2.16) we have that 7s = 0 iff s € Hj(Q2). Therefore,
KerM = H} ().
Hence, by (4.5) we obtain

HY(Q) = KerM @y H(Q). (4.10)

Moreover, we have that the codimension of KerM, codimKerM = dim(H!(Q2)/H(2)),
is infinite and since M is a non-negative, compact, self-adjoint oper-

ator in a Hilbert space we have that the spectrum o(M) is discrete

and o(M)\ {0} consists of eigenvalues {y;} of finite multiplicity with

pu; — 0, as j — oo.

More specifically by the Courant-Raylegh minmax principle we have

: <M87 8>0
fj = max min —————
veH(Q)sev\{0}  ||s|le
dimV=j
. {(I—=AYHoJoTs, sy
= max min

VCH(Q)seV\{0} Isle
dimV=j

(I = D)o (= A) o J[T]s]

VCH(Q) s#0 ||S||9
VnH}(©2)={0}
dimV=j

Therefore for the Steklov eigenvalues §; = ui — 1 we have

Vsl|?d
d; = min mauxM

VCH(Q)  s#0 fms?da'
VnH(Q)={0}
dimV=j
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The case p = 2: H® spaces and their traces

By the Spectral Theorem for compact and self-adjoint operators
there exists an orthonormal set of eigenfunctions {s;}32, correspond-
ing to the eigenvalues {y;}22, such that

(KerM)* = span(s; : j > 0).

Then by (4.10) it follows that S = {s; : j > 0} is an orthonormal
basis for #H((2).

Definition 4.4. We call a Steklov expansion an expression of the

Jormu(x) = 3" ¢;s; , where ¢; := (u, s;) , foru e H(Q).
j=0

Since S = {s; : j > 0} is an orthonormal basis in H(f2) by The-
orem (2.11) (which implies the existence of limiting function iff the
coefficients are square summable) we have that a Steklov expres-

o
sion represents a H'-harmonic function on Q iff 3" |¢;]? < .
=0

4.2.2 Spectral representation of the trace and the
extension operator

The Steklov eigenfunctions s; (as described above) have £? traces on
the boundary 0f2 whenever () is defined as in the beggining of this
section.

We now define

Si(z) == /1+9;Ts;(z), for z € 02 and j > 0.

Then, as proven in [4], S = {s; : j > 0} is an orthonormal basis in
L£2(09,do).
Since 7 is continuous for all v € H'(f2) we have

Tu= ’TZ(u, $j)es; = Z(u, $i)oT s,

j=0 7=0

that is

o0

Tu=> (1+6)"*(u,s;)s;,

J=0
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The case p = 2: H® spaces and their traces

for all u € H'(Q).
For all f, g € £?(09,do) we consider the inner product:

<gvf>89 = /3ngd07

We suppose now that g = Tu for some u € H'(Q2). Then g € £2(09, do)

and we have g = i g;$j(x), where g; = (g, 5;)a0-

By the Riesz—Fis]cher Theorem it follows that g € £2(99,do) iff we
have i lg;]? < oo.

We n(]);(f) define the extension operator F : A — H(2) with

o0

Eg = Z(l + ;) 258,

J=0

where A C £2(99, do) the subspace of all the functions u € £2(09, do)

such that > (1 + 4;)|g;* < cc.
i=0

4.2.3 The H;(02) spaces

As described at the beginning of this section, in Auchmuty [3] the
H5(09) spaces are defined as the subspaces of £%(9f,do) of func-
tions whose Steklov harmonic coefficients satisfy certain summa-
bility conditions. More specifically, we have the following definition.

Definition 4.5. For s > 0 we define H5(0N2) as the subspace of all
functions g € £2(09,do) with Steklov expansion satisfying > (1 +

7=0
07)%]g;]* < o0.

We also define the s-inner product and s-norm on H*(0%2):

e}

(9, [)soa = 2 (146;)*g;f;

j=0
l9l1% 00 == 22 (1 +6;)*g;

Jj=0
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The case p = 2: H® spaces and their traces

Proposition. For s = 1 the space Hi‘/ *(8Q) coincides with the space
H'Y2(0Q), that is
HY/?(09) = HY?(60).

Proof. We have proven that 7TH(Q) = H'/2(0Q) [result of Theorem
3.4 and Theorem 3.5). Therefore for the inclusion H (09) ¢ H'Y?(9Q)
it suffices to show that for all g € H, 12(90) there exists u € H'()
such that Tu = g.

For the inverse inclusion HY/2(9Q) c HY?(99) we will prove that

Tu € H/*0Q) for all v € H'(Q), which implies that H/2(9Q) =

THY Q) c H/?(09).

Let g € Hi‘/ ?(692), then we have that ¢ = 5 g;$;. We consider the
§=0

extension operator F and we define u = Eg = > (1+6,)"/%g;s;. Then
j=o
u € H(Q2) since Y (1 + d;)|g;]* < oo, by definition of HXQ(E)Q).
=0
Since the trace operator 7 : H'(Q2) — £%(992) is continuous we have

Tu= 72(1 +8;)1%g;8; = Z(l +0;)'%9,Ts;
j=o =

= (1+6,)2g;(1+6;) 7, Zg]s]
j=o

Hence,
HY?(09) ¢ HY?(09). (4.11)

o0

Let u € H'(Q), then u = 3 (u, s;)ps; and

i=0

o0 o0
Tu—TE (u,s5)08; = E (u,55)97T ;.
Jj=0 Jj=0
We write

Tu = i <uv SJ) ( + 6. )1/27-5j i ( <u73j>0 $

\1/2°3"
s = (+)Y
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The case p = 2: H® spaces and their traces

According to the definition of Hi/ ?(8Q) in order to prove that Tu €

Hi‘/ ?(89) we have to check the summability condition for the Steklov
coefficient:

o0

> (1 +4,)%

j=o

o0

= Z<u7 Sj>§ < 00,

j=o

<u7 Sj>9 2

(1+ 3,172

since u € H'(Q). Hence,
HY2(0Q) ¢ HY?(090). (4.12)
By (4.11),(4.12) we obtain
H2(00) = H'?(69).
0
Remark. We note that for the definition of the spaces H%(052) the

boundary 0f} is required to be minimally smooth for the Steklov eigenfunctions-

eigenvalues analysis to hold. Contrary, for the classical definition of
the trace spaces H*(0f)) via Besov spaces or Fourier analysis (for the
case p=2) it is required 0) to be C', | € N, with [ > s.
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Chapter 5

Existence of solution for the
Poisson Problem with
Dirichlet boundary conditions

Let Q ¢ RY be a bounded domain with Lipschitz boundary, F <
L£%(Q), g € HY?(09). We consider the following Problem:

{—Au:}", xeQ,

Tu=g, x € 0N, (5.1)

which is known as the Poisson Problem with Dirichlet boundary
conditions and will be understood in the weak sense as follows.
We say that u € H'(Q2) is a weak solution to problem (5.1) iff

/Q VuVodr = /Q Fodx, (5.2)

for all ¢ € H}(Q), and Tu = g in 09.

Let ® € H'(Q) be a real-valued function such that 7® = g and let
u € H'Y(Q) be a weak solution to problem (5.1), as described above.
Then for v(z) := u(zx) — ®(z) it follows that 7v = 0 and

/ VoVedr = / fodx, (5.3)
for all ¢ € H}(Q) and f = F + A®, where A® is an element of H (1)
defined by (A®, ¢) = — [, V®Vedz, for all ¢ € Hj(1Q).
We can interpret the fact that 7v = 0 in the sense that v € H}(Q).

48



Existence of solution for the Poisson Problem with Dirichlet
boundary conditions

Definition 5.1. Let Q C RY as above. We consider the Poisson prob-
lem with homogeneous Dirichlet boundary conditions :

{ ~Au=f, x€9Q, (5.4)

Tu=0, x € 01,

with f € H'(Q). A functionv € H}(Q) is called a wealk solution to
the problem (5.4) iff it satisfies (5.3) for all $ € H}(Q).

5.1 Existence via the classical definition
of H° spaces

Theorem 5.1. Let Q@ C RY be a bounded domain with Lipschitz
boundary. Then for all f € H~'(Q) there exists a unique wealk so-
lution v € H}(Q) to problem (5.4).

Proof. The form (v,¢) := [,VuVédr defines an inner product in
H;(Q) for all v,¢ € H}(Q2) and the corresponding norm is equiva-
lent to the standard norm || - || ().

Indeed since 2 is bounded Friedrichs inequality holds:

JolvPPdz < Cq [, [Vu|*dx
which implies that
Jo [0+ [VuPde < (Co + 1) [, |Vul?de ,

for all v € Hj(Q).
Hence,

vl < Callvlly-

By Riesz’s Representation Theorem there exists a unique function
v € H{(Q) such that

for all ¢ € Hj(2) and
If1] = {lv

’
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Existence of solution for the Poisson Problem with Dirichlet
boundary conditions

which means that v € H}(Q) is a weak solution to (5.4).
Moreover the solution is unique. Indeed, let vy, v, € H () both be
weak solutions to problem (5.4), then

Jo V(1 — v, )Wedr = 0,

for all ¢ € Hj(Q).
Therefore,

V1 — Uy = ¢C,

for some c € R.
Since the trace operator 7T is linear we have that

T(vy —wvg) =T (v1) — T (v2) =0.
Hence,
v — vy = 0.
O]

We now return to the Poisson problem with non-homogeneous
Dirichlet boundary conditions.

Theorem 5.2. Let QO C RY be a bounded domain with C' boundary.
Let F € £%(Q) and g € HY?(09). Then there exists unique weak solu-
tionu € H'(Q) to the problem (5.1).

Proof. By Theorem 3.5 for g € HY?(0)) there exists an extension

® € H'(Q) with ® = £qg such that 7o = g.

We consider f = F + A® € H (), with A® defined as above. By

Theorem 5.1 there exists a unique solution v € H}(Q) to Problem

(5.4).

Then the function u := v+ ® € H'(Q) is such that
Tu=Tw+®)=Tv+TdP=g

and

/ VuVodr = / VoVaodr + / VOV odz,
Q Q Q

for all ¢ € Hy(Q).
Then by (5.3) we obtain

/Q VuVdr = /Q fVdx + /Q VOV odz,
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Existence of solution for the Poisson Problem with Dirichlet
boundary conditions

for all ¢ € Hj(Q).
Since f = F + A® it follows that

/ﬂ VuVads — /Q Fads.

for all ¢ € H}(Q2). By Definition 1 we have that u is a solution to the
problem (5.1).

We note that the solution is unique. This follows by the uniqueness
of the problem (5.4) : if we consider uy,us; both to be solutions for
the problem (5.1), then for w := u; — u, from (1) we have

/ VwVodr = 0,
Q

for all ¢ € H}(Q). Finally, since Tw = T (u; — us) = Tu; — Tuy = 0 we
have w = u; — uy = 0. O

5.2 With use of Auchmuty’s Definition

Another way to prove that the problem (5.1) has a unique solution
is by using the spectral definition of #Y?*(0Q) = #V2(9Q) given by
Auchmuty [3].

Since Tu = g we know that ¢ € H'/?(9Q). Then by Auchmuty’s
definition we have

g = Zlgjs}, where g; = (g, $;)oa and Zl(l + 6;195]%) < o0.
J= J=

Then the the extension « of g to (2 is such that 7u = g and

o0

w=Eg= S (1+4;)"2gs; € H(Q) C H'(Q).

J=1

Moreover, it is the unique weak solution to the Dirichlet problem,
i.e. to the Poisson problem with homogeneous dirichlet boundary
conditions.
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