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PREFACE

In this thesis we study a class of variational models from the gradient
theory of phase transitions developed originally by Van der Waals and more
recently by Ginzburg and Landau, Cahn and Hilliard, and others.

The thesis is structured as follows:
In Chapter 1 we give a brief description of the Calculus of Variations. In

Chapter 2 we introduce the Elliptic System. In subsections 2.1-2.2 we dis-
cuss the underlying physical phenomenology and the two main mathematical
tools:
(a) The Γ- limit introduced by De Giorgi;
(b) The density estimate introduced by Caffarelli and Cordoba

Next in subsection 2.3 we focus on singular potentials W . Our main result
here is Lemma 2.2 (and Lemma 2.3) which implies that for such potentials
the minimal symmetric solutions possess a free boundary (see Theorem 2.3).
Lemma 2.2 utilizes previous results of Sperb [13] on the dead core problem
that we describe briefly.

In Chapter 3 we turn our attention to the mass constraint case and to
a different kind of investigation. Here we studied the preprint of G.Fusco
[G.Fusco, preprint] which establishes the following result:

Let uR be a minimizer of JBR(v) =
∫
BR

1
2
|∇v|2+W (v) under the constraint

1
|BR|

∫
BR
vdx = m̂ ∈ Conv{a1, ..., aN} , W (a1) = ... = W (aN) = 0 , W > 0

on Rm \ {a1, ..., aN}.
Then uR → u, along a sequence Rk → ∞ where u is a minimal solution to
∆u −Wu(u) = 0 , x ∈ Rn. Our main result here is the proof of Lemma 3.2
which in [G.Fusco, preprint] is stated without proof.

Finally, in the appendix our main result is a calculus inequality that
implies a lower bound estimate for the energy functional JBR as defined in
Chapter 3.
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Eisagwg 

Se aut  thn diplwmatik  melet�me mia kl�sh metabolik¸n montèlwn apì
thn jewrÐa bajmÐdac allag c f�sewn pou anaptÔqjhke arqik� apì ton Van
der Waals kai pio prìsfata apì touc Ginzburg kai Landau, Cahn kai Hilliard,
kai �llouc.

H ergasÐa domeÐtai wc ex c:
Sto Kef�laio 1 dÐnoume mia sÔntomh perigraf  tou LogismoÔ Metabol¸n.

Sto kef�laio 2 eis�goume to Elleiptikì SÔsthma. Stic upoparagr�fouc
2.1-2.2 anafèroume thn upokeÐmenh fusik  fainomenologÐa kai ta dÔo basik�
majhmatik� ergaleÐa:
(a) To G-ìrio pou eis qjh apì ton De Giorgi,
(b) Thn ektÐmhsh puknìthtac pou eis qjh apì touc Caffarelli kai Cordoba.

'Epeita, sthn upopar�grafo 2.3 esti�zoume sta idiìmorfa dunamik� W.
To kÔrio apotèlesm� mac ed¸ eÐnai to L mma 2.2 (kai to L mma 2.3) to
opoÐo mac dÐnei ìti gia tètoia dunamik�, oi summetrikèc lÔseic pou eÐnai kai
elaqistopoihtèc èqoun eleÔjero sÔnoro (bl. Je¸rhma 2.3). Sto L mma
2.2 qrhsimopoioÔntai prohgoÔmena apotelèsmata apì ton Sperb [13] gia to
prìblhma “dead core” to opoÐo perigr�foume sÔntoma.

Sto kef�laio 3 strèfoume thn prosoq  mac sthn perÐptwsh periorismoÔ
thc m�zac kai se èna diaforetikì eÐdoc melèthc. Ed¸ melet same k�poiec
shmei¸seic tou G.Fusco [G.Fusco, preprint] apì tic opoÐec prokÔptei to ex c
apotèlesma:

'Estw uR ènac elaqistopoiht c tou JBR(v) =
∫
BR

1
2
|∇v|2 +W (v) upì ton

periorismì 1
|BR|

∫
BR
vdx = m̂ ∈ Conv{a1, ..., aN} ,W (a1) = ... = W (aN) =

0, W > 0 sto Rm \ {a1, ..., aN}. Tìte uR → u, wc proc mia upakoloujÐa
Rk → ∞ ìpou u eÐnai ènac elaqistopoiht c kai eÐnai lÔsh tou sust matoc
∆u − Wu(u) = 0 , x ∈ Rn. To apotèlesm� mac ed¸ eÐnai h apìdeixh tou
L mmatoc 3.2 h opoÐa eÐqe paralhfjeÐ apì tic shmei¸seic [G.Fusco, preprint]
stic opoÐec anafèretai qwrÐc apìdeixh.

Tèloc, sto par�rthma to basikì mac apotèlesma eÐnai mia anisìthta lo-
gismoÔ h opoÐa dÐnei mia k�tw ektÐmhsh gia to sunarthsoeidèc enèrgeiac JBR
ìpwc orÐsthke sto Kef�laio 3.
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1 Introduction to The Calculus of Variations

Introduction

There are some different ways of thinking the idea of the Calculus of
Variations. One very simple is the following: When we want to find the
minimum or maximum of a real valued function f : Ω ⊂ Rn → R we restrict
to the points p ∈ Rn such that: ∇f(p) = 0 and if (all) the eigenvalues of
(Hf)(p) are positive, then f(p) locally minimizes f (respectively negative
for maximum). Now, if we have a functional J , defined on a function space
( let’s say C2 functions for example ) J : C2(Ω) → R, and we want to find
minimizers for example, that is : f ∈ C2(Ω) such that J(f) = min

u∈C2(Ω)
J(u)

there is a necessary condition which is a differential equation that a function
must solve in order to be a minimizer (or a critical point of J). This equation
(of the “first derivative” of J) is called the Euler–Lagrange equation. It can
be a vector equation, that is a system of equations.

So, the idea is, in other words, to minimize or maximize general quantities
(like functionals) and it turns out that many laws of nature can be given the
form of an extremal principle together with the associated Euler–Lagrange
Equation.

Another way of viewing the idea of the Calculus of Variations is iden-
tifying an important class of nonlinear problems that can be solved using
relatively simple techniques from nonlinear Functional Analysis. This is the
class of Variational Problems, that if Partial Differential Equations of the
form: F [u] = 0, where the nonlinear operator F [·] is the “derivative” of
an appropriate “energy” functional I[·]. Thus we can symbolically write
F [·] = I ′[·] and the problem now becomes: I ′[u] = 0. So, the class of Vari-
ational Problems is the class of PDE’s that can be expressed as the Euler–
Lagrange equations of an appropriate functional. An intresting question is
the existence of a general criterion on whether a PDE is in this class or not.

This new formulation has the advantage that we can recognize solutions
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of F [u] = 0 as being critical points of I[·]. The point is that whereas it is
usually extremely difficult to solve F [u] = 0 directly, it may be much easier to
discover minimum (or maximum, or other critical) points of the functional
I[·]. Finally, as mentioned before, many of the laws of Physics and other
scientific disciplines arise directly as variational principles.

The Euler–Lagrange Equations

Let U ⊂ Rn bounded, open set with smooth boundary ∂U , and define
the ”energy” functional I[·]:

I[w] =

∫
U

L(∇w(x), w(x), x)dx (1)

for smooth functions w : U → R satisfying the boundary condition w = g on
∂U . Where L : Rn × R× U → R and we call L the Lagrangian.
Notation: L = L(p, z, x) = L(p1, ..., pn, z, x1, ..., xn) , p ∈ Rn, z ∈ R, x ∈ U .

Suppose now that some particular smooth function u satisfying u |∂U=
g happens to be a minimizer of I[·] among all functions w satisfying the
boundary condition, I[u] = min

w|∂U=g
I[w]. We will demonstrate that u is then

automatically a solution of a certain nonlinear partial differential equation.
For any v ∈ C∞c (U) consider the real valued function:

i(τ) := I[u+ τv] , τ ∈ R

Since u is a minimizer of I[·] and u + τv = u = g on ∂U , we obsereve that
i(·) has minimum at τ = 0. Therefore : i′(0) = 0.

We have

i(τ) =

∫
U

L(∇u+ τ∇v, u+ τv, x)dx

Thus:

i′(τ) =

∫
U

[
n∑
j=1

Lpj(∇u+ τ∇v, u+ τv, x)vxj + Lz(∇u+ τ∇v, u+ τv, x)v]dx

13



for τ = 0,

i′(0) = 0⇔
∫
U

[
n∑
j=1

Lpj(∇u, u, x)vxj + Lz(∇u, u, x)v]dx = 0 (2)

Finally, since v has compact support, we can integrate by parts:∫
U

∂u

∂xi
vdx =

∫
∂U

uvν̂jdS −
∫
U

∂v

∂xi
udx (3)

where −→ν is the outword unit surface normal to ∂U and ν̂j is it’s j–th com-
ponent (j = 1, ..., n).

So we obtain:∫
U

[−
n∑
j=1

(Lpj(∇u, u, x))xj + Lz(∇u, u, x)]vdx = 0 (4)

for all test functions v ∈ C∞c (U).
The last equation using the Fundamental Lemma of the Calculus of Vari-

ations will give us the Euler–Lagrange equations.

The Fundamental Lemma: Let f(x) be a continuous, real valued
function on some open set U ⊂ Rn and suppose that:∫

U

f(x)η(x)dx = 0 (5)

for all η ∈ C∞c (U). Then we have f(x) = 0 , ∀ x ∈ U .

Proof.

Assume that there is a point x0 ∈ U : f(x0) 6= 0, without loss of generality
suppose f(x0) > 0. Then we can find a number ε > 0 and a ball Br(x0) ⊂⊂ U
such that f(x) > ε on Br(x0). Now define the test function

η(x) :=

{
e
− 1
r2−|x−x0|2 , x ∈ Br(x0)

0 , x ∈ Rn \Br(x0)

and we arrive at the contradictory statement:

0 =

∫
U

f(x)η(x)dx =

∫
Br(x0)

f(x)η(x)dx > ε

∫
Br(x0)

η(x)dx > 0.

Thus we conclude that f(x) = 0 , ∀x ∈ U.

14
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So, from (4) and the Fundamental Lemma we have:

−
n∑
j=1

(Lpj(∇u, u, x))xj + Lz(∇u, u, x) = 0 , ∀x ∈ U. (6)

This is the Euler–Lagrange equation associated with the energy functional
I[·] defined by (1) (Observe that (6) is a quasilinear, second order PDE in
divergence form).

Examples:

(a) Let L(p, z, x) = 1
2
|p|2 +W (z) , W : R→ R , so

I[v] =

∫
U

(
1

2
|∇v|2 +W (v))dx

and the Euler–Lagrange equation is:

−∆u+W ′(u) = 0 (7)

(b) (Minimal Surfaces) Let L(p, z, x) = (1 + |p|2)
1
2 , so that

I[w] =

∫
U

(1 + |∇w|2)
1
2dx

is the area graph of the function w : U → R. The associated Euler–Lagrange
equation is:

n∑
i=1

(
uxi

(1 + |∇u|2)
1
2

)xi = 0 , x ∈ U (8)

This partial differential equation is the minimal surface equation.

(Note: The expression: div(
∇u

(1 + |∇u|2)
1
2

) = nH , where H is the mean cur-

vature of the graph of u. Thus a minimal surface has zero mean curvature.)

(c) Let

I[w] =

∫
U

(
1

2
|∇w|2 + f(x)w)dx

15



with the Lagrangian: L(p, z, x) =
1

2
|p|2 + f(x)z and the Euler–Lagrange

equation is:
∆u = f(x) , x ∈ U (9)

the so– called Poisson equation.
(Note: If σ ∈ C1(G), then the Newtonian potential u(x) =

∫
G
|x−y|2−nσ(y)dy

satisfies the Poisson equation with the right–hand side f(x) = −(n−2)ωnσ(x),

where ωn =
2π

n
2

Γ(n
2
)
, Γ(t) :=

∫∞
0
xt−1e−xdx , t > 0 is the surface area of the

unit sphere in Rn. Newtonian potentials play an important role as gravita-
tional potentials and , in electrostatics, as Coulomb potentials.)

Now, we will consider the more general case of functionals that are defined
in the smooth functions w : U ⊂ Rn → Rm , w = (w1, ..., wm). Let Mm×n is
the space of m× n matrices, and assume the smooth Lagrangian function

L : Mm×n × Rm × U → R

is given.
Notation: L = L(P, z, x) = L(p1

1, ..., p
m
n , z

1, ..., zm, x1, ...xn), for P ∈Mm×n , z ∈
Rm and x ∈ U , where P = (pji )

1≤j≤m
1≤i≤n

As previously (where m=1), we associate with L the functional

I[w] =

∫
U

L(∇w(x), w(x), x)dx (10)

defined for smooth functions w : U → Rm , w = (w1, ..., wm) , satisfying
the boundary conditions w = g on ∂U, g : ∂U → Rm being given. Here
∇w(x) = (wjxi)

1≤j≤m
1≤i≤n , is the gradient matrix of w at x.

Let us now show that any smooth minimizer u = (u1, ..., um) of I[·], taken
among functions equal to g on ∂U , must solve a certain system of nonlinear
partial differential equations. We therefore fix v = (v1, ..., vm) ∈ C∞c (U ;Rm)
and write

i(τ) := I[u+ τv]

so i′(0) = 0 and as before we deduce the equality:∫
U

(
n∑
j=1

m∑
k=1

Lpkj (∇u, u, x)vkxj +
m∑
k=1

Lzk(∇u, u, x)vk)dx = 0 (11)
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since this identity is valid for all choices v1, .., .vm , by taking vl = 0 , ∀l =
1, ...,m , l 6= k after integrating by parts (and using the Fundamental
Lemma):

−
n∑
j=1

(Lpkj (∇u, u, x))xj + Lzk(∇u, u, x) = 0 , x ∈ U (12)

⇒ −
n∑
j=1

(Lpkj (∇u, u, x))xj + Lzk(∇u, u, x) = 0 , x ∈ U , ∀ k = 1, ...,m (13)

This coupled, quasilinear system of PDE comprises the Euler–Lagrange equa-
tions for the functional I[·] defined by (10).

Isoperimetric Problems

In this subsection we shall derive necessary conditions for solutions of
isoperimetric problems, that is, for local extrema u ∈ C2(U ;Rm) of varia-
tional integrals:

I[u] :=

∫
U

L(∇u, u, x)dx (14)

which, besides boundary conditions on ∂U , are subject to a subsidiary con-
dition of the kind

W (u) = c

with some constant c, where W (u) is an integral of the form:

W (u) =

∫
U

G(∇u, u, x)dx (15)

or

W (u) =

∫
Σ

G(∇u, u, x)dHn−1 (16)

respectively, where Σ is a subset of ∂U with positive Hausdorff measure
measure Hn−1(Σ).
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(For open sets Σ on smooth boundaries ∂U,Hn−1(Σ) can be understood as
the usual surface area of Σ.)

In order to do this, we will need the idea of Lagrange multipliers. We
recall what Lagrange multipliers are for ordinary functions. Let f be a smooth
real valued function on Rn and let S be the level set of a smooth function g
defined on Rn, that is S = {x ∈ Rn : g(x) = c}. If f restricted to S attains
an extremum at some point x0 ∈ S where ∇g(x0) 6= 0, then there is a real
number λ, called Lagrange multiplier, such that

∇f(x0) + λ∇g(x0) = 0 ,

i.e. the gradient of f has no tangential component along S. To give a brief
geometric intuition for this, let {e1, ..., en−1} span the TS (tangent space of
S), we can write ∇f =

∑n−1
i=1

∂f
∂ei
ei + ∂f

∂n
−→n and minS f(x) = f(x0). At x0 it

clearly holds ∇Tf =
∑n−1

i=1
∂f
∂ei
ei = 0 and thus ∇f(x0) = ∂f

∂n
−→n //∇g .

We formulate the following assumptions: Let U ⊂ Rn bounded, u ∈
C2(U ;Rm) and let U be an open set in Rn×m×Rm×Rn containing {(∇u(x), u(x), x) :
x ∈ U}. Suppose also that L(P, z, x) and G(P, z, x) are Lagrangians of class
C2(U). Define W by (15) and set

c := W (u)

We finally assume that J is a class of mappings v ∈ C2(U ;Rm) such that, for
every v ∈ J and for every pair of functions φ, ψ ∈ C∞c (U ;Rm), there exist
numbers ε0 > 0 , t0 > 0 , such that v + εφ + tψ ∈ J for |ε| < ε0 , |t| < t0.
We say in this case that J has the variation property (V).
Remark: If a set J of admisible functions has the property (V), then J is in
a weak sense open. More precisely, any v ∈ J can be varied in all ”smooth”
directions φ with compact support in U.

Theorem: Suppose that u furnishes a weak minimum (or maximum) of
the functional I in the class Jc := J ∩ {v : W (v) = c}. Then there exist a
real number λ, called the Lagrange multiplier, such that the Euler– Lagrange
equations

−
n∑
j=1

(Lpkj (∇u, u, x)+λGpkj
(∇u, u, x))xj +Lzk(∇u, u, x)+λGzk(∇u, u, x) = 0

(17)
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k = 1, ...,m , are satisfied on U.

Proof.

By assumption, we can find a function ψ ∈ C∞c (U ;Rm) such that δW (u, ψ) =

1. (In fact, it suffices to find ψ ∈ C∞c (U ;Rm) : δW (u, ψ) 6= 0 and take ψ̃ =
ψ

a
where a := δW (u, ψ)). Define : δW (u, ψ) := i′(0), where i(τ) = W (u+ τψ).
With this function and an arbitrary φ ∈ C∞c (U ;Rm), we define the functions

Φ := I[u+ εφ+ tψ] , Ψ := W (u+ εφ+ tψ)

for (ε, t) ∈ [−ε0, ε0]×[−t0, t0] := Q, and, for sufficiently small numbers ε0 > 0
and t0 > 0, we obtain:

Φ(ε, t) ≥ Φ(0, 0) (or ≤ Φ(0, 0))

for all (ε, t) ∈ Q with Ψ(ε, t) = c.. Since Ψt(0, 0) = δW (u, ψ) = 1 6= 0,
we may apply the standard Lagrange multiplier theorem. Thus we infer the
existence of a number λ ∈ R such that the function Φ(ε, t) + λΨ(ε, t) has
(ε, t) = (0, 0) as a critical point. Consequently:{

Φε(0, 0) + λΨε(0, 0)

Φt(0, 0) + λΨt(0, 0)

or equivalently {
δI[u, φ] + λδW (u, φ) = 0

δI[u, ψ] + λδW (u, ψ) = 0

the second equation yields λ = −δI[u, φ], and we see that the value of λ is
independent of the chosen variation φ ∈ C∞c (U ;Rm). Hence the first relation
gives that for the real valued function h(s) = I[u + sφ] + λW (u + sφ), we
have h′(0) = 0, ∀ φ ∈ C∞c (U ;Rm), and thus:

−
n∑
j=1

(Lpkj (∇u, u, x)+λGpkj
(∇u, u, x))xj +Lzk(∇u, u, x)+λGzk(∇u, u, x) = 0

(18)
k = 1, ...,m.

�
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2 The Elliptic System

2.1 Motivation and Background:

Let us briefly discuss the physical motivation of the model that we study.
We are given some substance in a container, say Ω, which may exhibit two
phases, which we label with “ -1 ” and “ +1” and we would like to de-
scribe mathematically. Our approach could be that the interface formation
is driven by a variational principle, that is the pattern is the outcome of the
minimization of a certain energy.

For this, we may consider a “double well” function W , the potential, such
that W (±1) = 0 and W (r) > 0, otherwise and define the energy via:

E0(u; Ω) =

∫
Ω

W (u(x))dx

where the function u(x) represents the states of the substance at the point
x ∈ Ω.

One quickly realizes that this is minimized by any function that takes
only the values ±1 , u(x) ∈ [−1, 1] with u = −1 and u = +1 correspoding
to pure phases. In particular, the interface could be arbitrarily wild and yet
the energy would not be affected.

Next thinking of surface tension energy that is related to the complexity
of the interface one introduces a gradient term that penalizes the formation
of interfaces and measures interface energy. This is the Van der Waals free
energy functional. Surface tension is 2nd order compared to the bulk energy
(
∫
W (u(x)) ) and this explains the small parameter. Thus, we are looking

at the energy:

E(u; Ω) =

∫
Ω

(
ε2

2
|∇u(x)|2 +W (u(x)))dx

where ε > 0 is small.
Such a gradient term indeed reduces the number interfaces of the min-

imizers of E, which turn out to be smooth functions interpolating between

20



the pure phases “-1” and “+1” with level sets approaching hypersurfaces of
least possible area. We explain all this below in greater detail.

Up to a scale dilatation, we may focus on the case ε = 1, so

E(u; Ω) =

∫
Ω

(
1

2
|∇u(x)|2 +W (u(x)))dx

Note that since E(u; Ω) ≥ 0 and E(±1; Ω) = 0 we have that u = ±1
are trivial minimizers of E. We minimize E either subject to it’s Dirichlet
values or subject to a mass constraint, 1

|Ω|

∫
Ω
u(x)dx = 0 for example ( or

1
|Ω|

∫
Ω
u(x)dx = m ∈ (−1, 1)) (section 3) and thus the trivial minimizers are

excluded.

We recall that if {uε} is a family of global minimizers then along a sub-
sequence ‖uε − u0‖L1 → 0 and

lim
ε→0

E(uε,Ω)

ε
= Per{u0 = 0}

[24] that is the rescaled functionals Γ-converge to the perimeter functional
and {u0 = 0} is a minimal surface. 1 We also recall the definition of Γ-
convergence.

Definition 2.1 (Γ-convergence) Let X be a metric space, and for ε > 0
let be given Jε : X → [0,+∞]. We say that Jε Γ-converge to J on X as
ε→ 0 if the following two conditions hold:

(LB) Lower bound inequality: for every u ∈ X and every sequence (uε) s.t.
uε → u in X there holds

lim inf
ε→0

Jε(uε) ≥ J(u)

(UB) Upper bound inequality: for every u ∈ X there exists (uε) s.t. uε → u
in X and

lim
ε→0

Jε(uε) = J(u)

1Γ-convergence was introduced by De Giorgi [24] and relates the diffused interface
problem (Pε) to the sharp interface problem (P0).
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Condition (LB) means that whatever sequence we choose to approximate
u, the value of Jε(uε) is, in the limit, larger that J(u); on the other hand
condition (UB) implies that this bound is sharp, that is, there always exists
a sequence (uε) which approximates u so that Jε(uε)→ J(u).

For studying three or more phases one naturally is lead to the vector case.
{W = 0} = {a1, ..., aN} the phases. The related functional in this case leads
to minimal partitions of Ω.

Assume that W : Rm → R is non–negative and for Ω ⊂ Rn open and
bounded define JΩ : W 1,2(Ω;Rm)→ [0,+∞] by

JΩ(v) =

∫
Ω

(
1

2
|∇v|2 +W (v))dx (19)

In this section we will deal with bounded solutions of

∆u−Wu(u) = 0 (20)

which are defined in an open set Ω ⊂ Rn, generally unbounded, and which
are minimal (alternatively, minimizers) in the sense that they minimize, for
each U ⊂ Ω, the energy JU ,subject to their Dirichlet values. More precisely,

Definition 2.2 (Minimality) Let Ω ⊂ Rn open, a map u ∈ W 1,2
loc (Ω;Rm) ∩

L∞(Ω;Rm) is called a minimizer or a minimal map if

JU(u) ≤ JU(u+ v) , ∀ v ∈ W 1,2
0 (U ;Rm) ∩ L∞(U ;Rm)

for every open bounded Lipschitz set U ⊂ Ω.

Note that, under sufficient smoothness of W , from the L∞ bound on u and
elliptic regularity it follows that a minimal map u : Ω → Rm is a classical
solution of (20) which is the Euler–Lagrange equation associated to JΩ.

We assume a gradient bound on u besides the L∞ bound required in
Definition 2.2

|u(x)− a| < M , |∇u(x)| < M on Ω , (21)
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and set

WM = max
|u−a|≤M

W (u)

We note that the gradient bound follows from the L∞ estimate on u under
sufficient regularity on W , by linear elliptic theory. The basic estimate for
minimal maps is given in

Lemma 2.1 ([2]) Let W : Rm → R be continuous, W ≥ 0, and assume that
{W = 0} 6= ∅. Let u be minimal, satisfying the estimates (21). Then there
is a constant Ĉ0 > 0, Ĉ0 = Ĉ0(W,M), independent of x0 and such that

Br(x0) ⊂ Ω⇒ JBr(x0)(u) ≤ Ĉ0r
n−1 , for r > 0.

Proof.

From (21), g(u) := 1
2
|∇u|2 +W (u) is bounded on Ω and it follows

JBr(x0)(u) ≤ C1r
n ≤ C1r

n−1 , for r ≤ 1 (22)

for some C1 > 0 independent of x0. For r > 1 define v : Ω→ Rm by

v(x) =


a , for |x− x0| ≤ r − 1

(r − |x− x0|)a+ (|x− x0| − r + 1)u(x) , for |x− x0| ∈ (r − 1, r]

u(x) , for |x− x0| > r

(23)

This definition and the minimality of u over balls imply

JBr(x0)(u) ≤ JBr(x0)(v) = JBr(x0)\Br−1(x0)(v) ≤ C2r
n−1 , (24)

where we have also used that (24) and (21) imply that g(v) is bounded on Ω.
The lemma follows from (22) and (24) with Ĉ0 =max{C1, C2}, Ĉ0 is clearly
independent of x0 and depends on u only through the bound M .

�
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2.2 The Density Estimate

Now, we will give a brief idea before stating an important estimate introduced
by Caffarelli and Cordoba for the scalar case [16] and extended to the vector
case in [9], which complements Γ-convergence. More precisely Γ-convergence
provides only L1 convergence of uε to u0 along a sequence which is very
weak for controlling the level sets. The density estimate provides uniform
convergence of the level sets. We begin with the sharp interface analog of the
density estimate. Consider a minimal surface Σn−1 = ∂D. Let x ∈ Σn−1, the
surface Σn−1 partitions the ball Br(x) into two parts, Dr andDc

r (Dr = D∩Br

and Dc
r = Dc ∩Br). Let V (r) = Ln(Dr) ,

A(r) = Hn−1(Σn−1 ∩Br) , Hn the n–dimensional Hausdorff measure and Sr
the spherical cup bounding Dr. Consider the following formal computation:

V (r) ≤ C(Hn−1(Σn−1 ∩Br) +Hn−1(Sr))
n
n−1 , by the isoperimetric inequality,

≤ C(2Hn−1(Sr))
n
n−1 , by minimality since ∂(Σn−1 ∩Br) = ∂Sr ,

≤ C(V ′(r))
n
n−1 , by the coarea formula (for instance [1, Appendix C]).

⇒ (V (r))
n−1
n ≤ ĈV ′(r) (25)

From (25), it follows that

V (r) ≥ C̃rn , C̃ = C̃(n), ∀r > 0. (26)

The estimate (26) expresses the fact that both D and Dc have uniform pos-
itive density at each x, all the way from r = 0 to r =∞:

0 < λ1 ≤
Ln(D ∩Br(x))

Ln(Br(x))
≤ λ2 < 1 (27)

Our interest in (27) is at r = ∞, which relates to Bernstein type theorems.
The estimate at r = 0 leads to regularity results. We recall that minimal
sets of codimension 1 in Rn can be conveniently viewed as boundaries of
minimizing partitions of open sets in Rn. The point is that the partition
P of a set U can be identified with a piecewise constant function g on U ,
the norm of P equals

∫
U
|g(x)|dx, and the perimeter of P , which we seek to

minimize, equals ‖g‖BV , the BV norm of g, and coincides withHn−1(∂P∩U).
The sets of finite perimeter are those for which ‖g‖BV <∞.

24



The analogy with the diffuse interface problem is via the identification

A(r) =

∫
Br∩{|u−a|≤λ}

W (u)dx , V (r) = Ln(Br ∩ {|u− a| > λ}) , (28)

where a is a phase, W (a) = 0, and λ > 0 is any number such that

d0 = dist(a, {W = 0} \ {a}) ≥ λ (29)

The interface corresponding to phase a is measured by the set close to a
where W does not vanish, while V (r) = Ln(Br ∩ {|u − a| > λ}) measures
the volume of the set where u is close to {W = 0} \ {a}. The more singular
the potential W , the less diffused the interface, and the easier the derivation
of the density estimates, as it gets closer to the argument above. The basic
estimate in Lemma 2.1 above is essential for localizing the (diffuse) interface,
and making the specific value of λ ∈ (0, d0) irrelevant.

We consider nonnegative potentials W ∈ C(Rm; [0,∞)) with {W = 0} 6=
∅. Let W (a) = 0. We model W near a after |u− a|α, and thus the following
hypothesis:

H



0 < α < 2 : W is differentiable in a deleted neighborhood of α

and satisfies d
dρ
W (a+ ρξ) ≥ αC∗ρα−1 ,∀ρ ∈ (0, ρ0] ,∀ξ ∈ Rm : |ξ| = 1 ,

for some constants ρ0 > 0 , C∗ > 0 independent of α.

α = 2 : W is C2 in a neighborhood of a , and

c0 ≤ ξTWuu(u)ξ ≤ c′0 ,∀u : |u− a| ≤ q0, ∀ξ : |ξ| = 1,

for some constants q0 > 0, c′0 > c0 > 0.

We note that for all α ∈ (0, 2] , s 7→ W (a + sξ) is increasing near s = 0.
In addition, for α ∈ [1, 2] ,W is also convex near u = a. Also note that H
implies that a is isolated in {W = 0}, hence

d0 = min
ξ
{|a− z| : z 6= a, W (z) = 0} > 0

Theorem 2.1 ([2]) Assume W satisfies hypothesis H, Ω is open, n ≥ 1, and
u : Ω ⊂ Rn → Rm is minimal as in Definition 2.2. Then for any µ0 > 0 and
any λ ∈ (0, d0), the condition

Ln(Br0(x0) ∩ {|u− a| > λ}) ≥ µ0 (30)
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implies
Ln(Br(x0) ∩ {|u− a| > λ}) ≥ Crn , ∀ r ≥ r0 , (31)

as long as Br(x0) ⊂ Ω, where C = C(W,µ0, λ, r0,M).

Proof.

[2,p.147-161]

Remark: It is a simple consequence of the basic estimate (Lemma 2.2) that
the validity of the theorem for one of λ ∈ (0, d0), implies its validity for all
λ′ ∈ (0, d0). Indeed suppose

Ln(Br′0
(x0) ∩ {|u− a| > λ′}) ≥ µ′0 > 0

It is enough to check for λ′ ∈ (λ, d0). Set wλ
′

λ = min
q∈[λ,λ′],ν∈Sm−1

W (a+ qν) > 0.

Then,

wλ
′

λ Ln(Br(x0) ∩ {λ < |u− a| ≤ λ′}) ≤ JBr(x0)(u) ≤ C0r
n−1

by Lemma 2.2. Thus

Ln(Br(x0) ∩ {|u− a| > λ′}) =

= Ln(Br′0
(x0) ∩ {|u− a| > λ})− Ln(Br(x0) ∩ {λ < |u− a| ≤ λ′})

≥ Crn − C0

wλ
′
λ

rn−1 , for r ≥ r0

and therefore

Ln(Br(x0) ∩ {|u− a| > λ′}) ≥ C

2
rn , for r ≥ r := max{r0,

2C

wλ
′
λ C0

}

This proves the claim with C ′ = C
2

if r ≤ r′0. Otherwise we conclude by
observing that

Ln(Br′0
(x0) ∩ {|u− a| > λ′}) ≥ µ′0 ≥

µ′0
rn
rn , for r ∈ [r′0, r)

and by setting C ′ = min{C
2
,
µ′0
rn
}. Note that here we take λ in (28),(29)

strictly less than the distance from the rest of the minima of W.
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2.3 Singular Potentials- The free boundary case

In this subsection we focus on the hypothesis H for W in the case 0 < α < 2
and also assume that there exist a minimal solution for the system (20) (and
a ∈ {W = 0}).

We start off with a useful calculation. From the hypothesis for W we have
that for |u − a| << 1 , holds that Wu(u) · (u − a) ≥ c2|u − a|α and set
v(x) = |u− a|2.

∆v =
n∑
i=1

2((u(x)− a)uxi)xi = 2|∇u|2 + 2(u(x)− a)∆u =

2|∇u|2 + 2Wu(u) · (u(x)− a) ≥ 2|∇u|2 + 2c2|u− a|α
(32)

Therefore,
∆v ≥ 2c2|u− a|α = 2c2v

α
2 (33)

Let us now state some theorems from [13] that will be used for the proof
of our results.

The article [13] is concerned with the problem{
∆u = c2up in Ω ⊂ Rn

u = 1 on ∂Ω
(34)

with p ∈ (0, 1). We call that a “dead core” Ω0 develops in Ω, i.e. a region
where u ≡ 0.

Let X(s) be a solution of{
X ′′(s) = c2Xp(s) in (0, s0)

X ′(0) = 0 , X(s0) = 1
(35)

As a first choice of a linear problem consider the “torsion problem” , i.e.{
∆ψ + 1 = 0 in Ω

ψ = 0 in ∂Ω
(36)
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One then constructs a supersolution u(x) to (34) having the same level
lines as the torsion function by setting

u(x) = X(s(x)) , x ∈ Ω (37)

where
s(x) =

√
2(ψm − ψ(x)) , ψm = max

Ω
ψ (38)

In problem (35) we choose s0 =
√

2ψm.

Theorem 2.2 ([13]) Assume that the mean curvature of ∂Ω is nonnegative
everywhere. Then

u(x) = X(s(x)) is a supersolution, i.e.

∆u ≤ c2up in Ω

u = 1 on ∂Ω

(39)

One of the corollaries of this Theorem is the information on the location
and the size of the “dead core” Ω0, which may be stated as

Corollary 2.1 ([13]) The dead core Ω0 contains the set

{x ∈ Ω|ψ(x) ≥ d(p, c)[
√

2ψm −
1

2
d(p, c)]} ,

where d(p, c) :=

√
2(p+ 1)

(1− p)c
.

Next, utilizing the results above we will prove the following lemmas.

Lemma 2.2 Let Ω = BR(x0) ⊂ Rn and v ∈ C2(Ω;R+) satisfy the following
assumptions:

∆v(x) ≥ c2v
α
2 (x) , x ∈ Ω

v(x) ≤ δ , x ∈ ∂Ω
(40)

α ∈ (0, 2)⇔ α
2

= p ∈ (0, 1).
Then if y0 ∈ Ω such that dist(y0, ∂Ω) > R0 ⇒ v(y0) = 0.
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where R0 :=

{√
nd(p, c) , R ≥

√
nd(p, c)

2R−
√
nd(p, c) , 1

2

√
nd(p, c) < R <

√
nd(p, c)

.

Proof.

From the maximum principle we have that v(x) ≤ δ in Ω

Define v̂ :=
v

δ
and ĉ :=

c

δ
1−p
2

, then we have:

{
∆v̂(x) ≥ ĉ2v̂

α
2 (x) , x ∈ Ω.

v̂(x) ≤ 1 , x ∈ ∂Ω

For Ω = BR(x0) we have that

ψ(x) =
R2

2n
− 1

2n
|x− x0|2 , ψm =

R2

2n
(41)

is a solution to the problem:{
∆ψ(x) + 1 = 0, x ∈ Ω

ψ(x) = 0 , x ∈ ∂Ω
(42)

Also, we have that if: 
∆u ≤ c2up, x ∈ Ω

∆v ≥ c2vp, x ∈ Ω

v ≤ u , x ∈ ∂Ω

(43)

then v ≤ u , in Ω. So since u, v ≥ 0, if u(x1) = 0⇒ v(x1) = 0.
Such u is defined in [13] via ψ in Theorem 2.2 (supersolution with u = 1 ≥ v̂
on the boundary). Then by Corollary 2.1 the dead core of u contains the set
{x ∈ Ω|ψ(x) ≥ C0 := d(p, c)[ R√

n
− 1

2
d(p, c)]}, that is if

y0 ∈ {ψ(x) ≥ C0} ⇒ u(y0) = 0 and thus v̂(y0) = v(y0) = 0.
Since ψ has the form (41) we can see that

{x ∈ Ω|ψ(x) ≥ C0} = {dist(x, ∂Ω) ≥ R0}
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as follows:

ψ(x) ≥ C0 ⇔
R2

2n
− 1

2n
|x− x0|2 ≥ C0 ⇔

√
R2 − 2nC0 ≥ |x− x0|

⇔ R− |x− x0| ≥ R−
√
R2 − 2nC0 = R−

√
R2 − 2

√
nd(p, c)R + n(d(p, c))2 =

= R− |R−
√
nd(p, c)| = R0

and notice that: dist(x, ∂Ω) = dist(x, ∂BR(x0)) = R− dist(x, x0)

�

Notes: (1) ĉ depends on δ and tends to infinity as δ tends to zero.
(2) d(p, ĉ) tends to zero as δ tends to zero, and so does C0.

(3) d(p, ĉ) tends to a finite limit (=
√

2
ĉ

) as p tends to zero. Hence the estimate
appears uniform all the way down to p = 0.

Remark: If we take Ω̃ open set, such that BR(x0) ⊂ Ω̃ and{
∆ψ̃(x) + 1 = 0, x ∈ Ω̃

ψ̃(x) = 0 , x ∈ ∂Ω̃

then, we have: ψ ≤ ψ̃ ⇒ {ψ(x) ≥ C0} ⊂ {ψ̃(x) ≥ C0} ⇒ {x ∈ BR(x0) :
dist(∂BR(x0), x) ≥ R0} ⊂ {ψ̃(x) ≥ C0}.
Thus, the above theorem holds for more general open sets (open sets that
contain a ball BR(x0)).

Lemma 2.3 Let D open, convex ⊂ Rn and for some d0 > 0,
Ω := {x ∈ D : dist(x, ∂D) ≥ d0} and let v ∈ C2(D;R+) satisfying:

∆v(x) ≥ c2v
α
2 (x) , x ∈ Ω

v(x) ≤ δ , x ∈ Ω
(44)

α ∈ (0, 2)⇔ α
2

= p ∈ (0, 1).

Then if x0 ∈ D such that dist(x0, ∂D) ≥ d0 + 2

√
2n(p+1)

(1−p)c ⇒ v(x0) = 0.
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Proof.

We have that:

{x ∈ D : dist(x, ∂D) ≥ d0 + 2

√
2n(p+ 1)

(1− p)c
} = {x ∈ Ω : dist(x, ∂Ω) ≥ 2

√
2n(p+ 1)

(1− p)c
}

and Ω is convex (parallel sets have at the same side of supporting planes).

Let x0 ∈ D such that dist(x0, ∂D) ≥ d0 + 2

√
2n(p+1)

(1−p)c . Since dist(∂D, ∂Ω) =

d0 ⇒ dist(x0, ∂Ω) ≥ 2

√
2n(p+1)

(1−p)c and since Ω is convex there exist a ball

BR(x0) ⊂ Ω for R = 2

√
2n(p+1)

(1−p)c = 2
√
nd(p, c) > R0 =

√
nd(p, c) , d(p, c) as

defined above.
Therefore we can apply Lemma 2.2 in the ball BR(x0) and we have that
v(x) = 0 ,∀x ∈ BR0(x0) = {x ∈ BR(x0) : dist(∂BR(x0), x) ≥ R0} ⇒ v(x0) =
0.

�

Next, we are going state our main Theorem that can be proved with one
of the main ingredients being the Lemma 2.3. Before that, we give some
notation and definitions.

A Coxeter group, or more simply a reflection group G, is a finite subgroup
of the orthogonal groupO(Rn), generated by a set of reflections. The notation
|G| stands for the order of G, that is, the number of elements of G. For the
rest of this subsection we assume that the same reflection group G acts both
on the domain space Rn or BR ⊂ Rn and on the target space Rm, and take
n = m and thus we consider maps u : BR ⊂ Rn → Rn. If G is a reflection
group acting on Rn, a reflection γ ∈ G is a map γ : Rn → Rn of the form

γx = x− 2(x · ηγ)ηγ , x ∈ Rn

for some unit vector ηγ ∈ Sn−1 which, aside from its orientation, is uniquely
determined by γ. The hyperplane

πγ = {x ∈ Rn : x · ηγ = 0},

is the set of the points that are fixed by γ. The open half space S+
γ = {x ∈

Rn : x · ηγ = 0} depends on the orientation of ηγ. We let Γ ⊂ G denote set
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of all reflections in G. Every finite subgroup of O(Rn) has a fundamental
region, that is, a subset F ⊂ Rn with the properties:

1.F is open and convex,
2.F ∩ gF = ∅, for I 6= g ∈ G, where I is the identity,
3.Rn =

⋃
{gF : g ∈ G}.

The set ∪γ∈Γπγ divides Rn \
⋃
γ∈Γ πγ in exactly |G| congruent conical regions.

Each one of these regions can be identified with the fundamental region F for
the action of G on Rn. We assume the orientation of ηγ is such that F ⊂ S+

γ

and we have

F =
⋂
γ∈Γ

S+
γ

Given a ∈ Rn, the stabilizer of a, denoted by Ga ⊂ G, is the subgroup of the
elements g ∈ G that fix a:

Ga = {g ∈ G : ga = a}.

The Hypothesis of the Theorem

H1 (N nondegenerate global minima) The potential W is differentiable in a
deleted neighborhood of α and satisfies W (ai) = 0, for i = 1, ..., N and W > 0
on Rn\{a1, ..., aN}. Furthermore, there holds d

dρ
W (a+ρξ) ≥ αC∗ρα−1 , ∀ ρ ∈

(0, ρ0], ∀ ξ ∈ Rm : |ξ| = 1, for some constants ρ0 > 0, C∗ independent of α.
H2 (Symmetry) The potential W is invariant under a finite reflection group
G acting on Rn, that is,

W (gu) = W (u) , ∀ g ∈ G and u ∈ Rn.

Moreover, there exists M > 0 such that W (su) ≥ W (u), for s ≥ 1 and
|u| = M . We seek equivariant solutions of system (20), that is, solutions
satisfying

u(gx) = gu(x) , ∀ g ∈ G and x ∈ Rn.
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H3 (Location of global minima) Let F ⊂ Rn be a fundamental region of G.
We assume that F (the closure of F ) contains a single global minimum of W ,
say a1, and let Ga1 be the stabilizer of a1. Setting D := Int(

⋃
g∈Ga1

gF ) , a1,

is also the unique global minimum of W in the region D.

Notice that, by the invariance of W , Hypothesis H3 implies that the
number of minima of W is

N =
|G|
|Ga1 |

Theorem 2.3 ([A,G,Z (in preparation)]) Under Hypotheses H1-H3,
there exists an equivariant classical solution to system (20) and a d0 = d0(M),
such that
1. u(x) = a1, for x ∈ D := Int(

⋃
g∈Ga1

gF ) with dist(x, ∂D) ≥ d0

2. u(F ) ⊂ F and u(D) ⊂ D.

Remarks:
1) The free boundary is defined to be the boundary of the set {x ∈ D :
|u− a1| > 0}.
2) The case where α = 2 in (H), it holds a similar result in [2, p.186]
where instead of 1., there is an asyptotic estimate of the form |u − a1| ≤
Ke−kdist(x,∂D).

Outline of the Proof

The proof proceeds in several steps. We begin by minimizing

JBR(u) =

∫
BR

(
1

2
|∇u|2 +W (u))dx

over balls BR centered at the origin, and then taking the limit

u(x) = lim
R→∞

uR(x) u ∈ W 1,2
E (BR;Rn)

along subsequences of minimizers uR, we denote byW 1,2
E (BR;Rn) ⊂ W 1,2(BR;Rn)

the subspace of equivariant maps (as defined in H2). Minimizing over com-
pact sets is forced by the fact that the action evaluated over Rn is finite only
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for trivial, constant maps ( [2, Theorem 3.5, p.100] ). Minimizing in the
equivariant class does not affect the Euler– Lagrange equation (by classical
facts) and relatively easily renders the estimate JBr(uR) ≤ Crn−1 , 0 < r <
R − 1. This estimate implies the existence of a nontrivial solution u(x) in
the equivariant class under only Hypotheses H1 and H2, and very mild reg-
ularity assumptions on W , and also very mild nondegeneracy hypotheses on
ai. To obtain information on the behavior of the solution, we introduce the
notion of positivity, u(F ) ⊂ F , as a constraint in the minimization process.
This, in principle, could affect the Euler–Lagrange equation. It is shown that
the associated gradient flow with Neumann condition on BR preserves pos-
itivity, and since it reduces JBR , we conclude that positivity is a removable
constraint.

By Hypothesis H3, there is a unique minimum a1 of W in F . Thus,
the aforementioned estimate JBr(uR) ≤ Crn−1, with r ∈ (0, R − 1) (which
also holds under the positivity constraint), implies easily that Ln(Aq∩Br) ≤
Krn−1, where Aq = {x ∈ F : |u(x) − a1| ≥ q} , q, and arbitrary otherwise.
Using this estimate and the density estimate, Theorem 3.1, which holds for
W with the H1 assumption jointly with [Alikakos,Zarnescu (in preparation)],
the solution in most of D is close to a1 and more precisely that, given δ0 > 0,
there is d̂0 > 0, depending on δ0, such that

|u(x)− a1| ≤ δ0 ∀x ∈ D, dist(x, ∂D) ≥ d̂0 (45)

A sketch of the proof of the inequality above is the following: By contradic-
tion, suppose that @ such d̂0. Hence ∃ xk , dist(xk, ∂D) → +∞ and with
the property |u(xk)− a1| ≥ δ0 > 0. By positivity, u|D is bounded away from
{W = 0} \ {a1}. Therefore, from the contradiction hypothesis and the den-
sity estimate we have |{x ∈ B(xk, Rk) : |u(x) − a1| ≥ δ0

2
}| ≥ CRn

k and thus∫
B(xk,Rk)

W (u) ≥ C(δ0)Rn
k and we have contradiction by the basic estimate.

Finally, the inequality above (45) , (33) , and Lemma 2.3 imply that u(x) = a1

for x ∈ D : dist(x, ∂D) ≥ d0.
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3 The mass constraint case

3.1 Introduction

We assume:

(H1) W : Rm → R is nonnegative and satisfies

0 = W (aj) < W (u) , for j = 1, ..., N and u ∈ Rm \ {a1, ..., aN} for some
N > 1 and some a1, ..., aN ∈ Rm , ai 6= aj for i 6= j. Moreover W is C2 in a
neighborhood of aj ,where aj , j = 1, ..., N are nondegenerate zero of W and
c0 ≤ ξTWuu(u)ξ ≤ c′0 ,∀u : |u− a| ≤ q0, ∀ξ : |ξ| = 1,
for some constants q0 > 0 , c′0 > c0 > 0 and

span({a1, ..., aN}) = Rm.

We also assume that there is M > 0 such that

W (su) ≥ W (u) , for s ≥ 1 and |u| = M .

Notation: We use | · | for both the Lebesgue measure and the Euclidean or
the matrix norm.

For later reference we note that from (H1) we have

Lemma 3.1 There exist positive constants q, d, c1, C1 such that

u ∈ Rm \ ∪jBq(aj)⇒ W (u) ≥ d ,

u ∈ Bq(aj)⇒

{
1
2
c1|u− aj|2 ≤ W (u)

|Wu(u)| ≤ C1|u− aj|.

Proof.
The first inequality hold from the continuity of W and the fact that u is
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bounded and the other inequalities turn out from the Taylor expansion of
W,Wui near aj.

W (u) = W (aj) +Wu(aj) · (u− aj) +
1

2
〈Wuu(aj) · (u− aj), u− aj〉+ o(|u− aj|2)

⇒ W (u) =
1

2
〈Wuu(aj) · (u− aj), u− aj〉+ o(|u− aj|2) ≥ 1

2
c1|u− aj|2

and also,

Wu(u) = Wu(aj) +Wuu(aj) · (u− aj) + o(|u− aj|)

⇒ |Wu(u)| ≤ |Wuu(aj)||u− aj|+ o(|u− aj|) = |u− aj|(|Wuu(aj)|+
o(|u− aj|)
|u− aj|

)

≤ C1|u− aj|

�

For each R > 1 we let uR : BR ⊂ Rn → Rm a minimizer of the problem:

JBR(uR) = min
AR

JBR(v) , JBR(v) =

∫
BR

(
1

2
|∇v|2 +W (v))dx (46)

AR := {v ∈ W 1,2(BR;Rm) :
1

|BR|

∫
BR

vdx = m̂} (47)

where m̂ ∈ Conv({a1, ..., aN}) is a suitable vector and m̂ 6= aj , j = 1, ..., N
and also, without loss of generality suppose that |uR| ≤ M (we can use the
fact that (H1) implies that we can produce a minimizer uR which in addition
satisfies the estimate |uR(x)| ≤M as proved in [2, p.188] ).

Proposition 3.1 The minimizer uR is a smooth solution of the system

∆u = Wu(u)− 1

|BR|

∫
BR

Wu(u)dx , x ∈ BR (48)

Proof.

We have that the Euler–Lagrange equations of JBR subject to the constraint
1

|BR|
∫
BR
udx = m̂ ,is the following PDE system:

∆u−Wu(u) + λ = 0
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where λ is the Lagrange multiplier (u = (u1, ..., um)).
Integrating the system over BR we have that

λ = − 1

|BR|
[

∫
BR

(∆u−Wu(u))dx] = − 1

|BR|
(

∫
BR

(∆u1 −Wu1(u))dx, ...,

∫
BR

(∆um −Wum(u))dx)

If u is a minimizer of JBR subject to the constraint
1

|BR|
∫
BR
udx = m̂ , we

have that ∀φ ∈ C∞(BR;Rm) :
∫
BR
φ(x)dx = 0 (= (0, ..., 0)), it holds:

⇒ d

dδ
|δ=0J(u+ δφ) = 0⇔

∫
BR

(∇u · ∇φ+Wu(u)φ)dx = 0 (49)

where ∇u = (
∂ui
∂xj

)1≤i≤m
1≤j≤n and ∇u · ∇φ =

∑
1≤j≤n

∑
1≤i≤m

∂ui
∂xj

∂φi
∂xj

So from (49) and
∫
U
v∆udx =

∫
∂U

∂u

∂ν
vdS −

∫
U
∇u · ∇vdx we have that:∫

∂BR

∂u

∂ν
φ−

∫
BR

∆uφ+

∫
BR

Wu(u)φ = 0 ,∀φ ∈ C∞(BR;Rm) :

∫
BR

φ(x)dx = 0

⇒
∫
∂BR

∂u

∂ν
φ+ λ

∫
BR

φ = 0⇒
∫
∂BR

∂u

∂ν
φ = 0 ,∀φ ∈ C∞(BR;Rm) :

∫
BR

φ(x)dx = 0

and thus:
∂u

∂ν
|∂BR = 0 and

∫
BR

∆udx =
∫
∂BR

∂u

∂ν
= 0.

Therefore, λ = 1
|BR|

∫
BR
Wu(u)dx

�

Elliptic theory implies that uR for some K > 0 and a ∈ (0, 1) independent
of R > 1, it results:

‖uR‖C2,a(BR;Rm) < K (50)

To see this, we state the Theorem 4.8 (p.62) in [4].
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Theorem 3.1 Let u ∈ C2(Ω) , f ∈ Ca(Ω) satisfy: ∆u = f in an open set Ω
of Rn. Then:

|u|∗2,a;Ω ≤ C(|u|0;Ω + |f |(2)
0,a;Ω)

where C = C(n, a)(independent of Ω).
We note that |u|∗k;Ω and |u|∗k,a;Ω are norms on the subspaces Ck(Ω) and

Ck,a(Ω) respectively for which they are finite. The classical norms of Ck(Ω), Ck,a(Ω)
are:

‖u‖Ck(Ω) := |u|k;Ω :=
k∑
j=0

[u]j,0;Ω =
k∑
j=0

|∇ju|0;Ω

[u]k,0;Ω := |∇ku|0;Ω = sup
|b|=k

sup
Ω
|∇bu|

‖u‖Ck,a(Ω) := |u|k,a;Ω := |u|k;Ω + [u]k,a;Ω = |u|k;Ω + [∇ku]a;Ω

[f ]a;Ω := sup
x,y∈Ω ,x 6=y

|f(x)− f(y)|
|x− y|a

If Ω is bounded and d = diamΩ, then these norms are related. More precisely,
we have that the norms |u|∗k,a;Ω, ‖u‖Ck,a(Ω) are equivalent:

|u|∗k,a;Ω ≤ max(1, dk+a)‖u‖Ck,a(Ω)

and if Ω̃ ⊂ Ω and σ = dist(Ω̃, ∂Ω), then

min(1, σk+a)‖u‖Ck,a(Ω̃) ≤ |u|
∗
k,a;Ω

So, if we set Ω = B2R and Ω̃ = BR we have that: ‖u‖Ck,a(BR) ≤ |u|∗k,a;B2R
< K

from the Theorem above supposing that u and f are bounded.
Now we can apply this to the system (48) and we have the estimate (50).

Notes: (i) The above equation ∆u = f is the Poisson equation and f = f(x)
while in the PDE system (48) we have f = f(u) = Wu(u)− 1

|BR|

∫
BR
Wu(u)dx

but we can set g(x) = Wu(u(x)) − c , c = 1
|BR|

∫
BR
Wu(u)dx since u = u(x)

and apply the Theorem.
(ii) Note that the Lagrange multiplier in the system (48) is a vector while
in the Introduction we proved that it’s a real number. This is due to the
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constraint, in this problem we have a vector constraint.

We will also need the Ascoli-Arzela theorem:

Theorem 3.2 Let (X, ρ) be a compact metric space. Then each bounded
and equicontinuous sequence in C(X) has a subsequence that converges uni-
formly.

The estimate (50) and the Ascoli-Arzela theorem implies (via diago-
nal argument) the existence of a subsequence {uRk}∞k=0 that converges in
C2
loc(Rn;Rm) to a map u ∈ C2(Rn;Rm).

The main result is the following

Theorem 3.3 [G.Fusco,preprint] The map u defined above solves

∆u−Wu(u) = 0 , u : Rn → Rm . (51)

and is minimal.
We recall that u ∈ W 1,2

loc (Rn;Rm) ∩ L∞(Rn;Rm) , is minimal if

JΩ(u) ≤ JΩ(u+ v) , for v ∈ W 1,2
0 (Ω;Rm)

for every open bounded Lipschitz set Ω ⊂ Rn.

Theorem 3.3 is the main result in Fusco [G.Fusco, preprint]. Its proof
proceeds in a series of lemmas the first of which is the, so called, “Basic Esti-
mate”, Lemma 3.2 below, which appears without proof in [G.Fusco, preprint].
Our main task in section 3 is to provide a proof. The analog of Lemma 3.2
in the case without constraint is well known (see page 23, Lemma 2.1). In
the mass constraint case the proof is more demanding since the constructed
energy comparison map has to satisfy the constraint.

3.2 Basic Lemmas

Lemma 3.2 There is a constant C0 > 0 independent of R > 1 such that
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JBR(uR) ≤ C0R
n−1 , for R > 1.

There are some facts that will be used for the proof of the Lemma 3.2.

• Let ϕ ∈ C∞c (Rn) : ϕ ≥ 0 ,
∫
Rn ϕ(x)dx = 1 , suppϕ ⊆ B1 (⇒ ϕ(x) =

0 , |x| > 1).
Set ϕε(x) := 1

εn
ϕ(x

ε
) , for ε > 0 . Then

∫
Rn ϕε(x)dx = 1.

• Given f ∈ L1(Rn) ,we define :

fε(x) = (f ∗ ϕε)(x) =

∫
Rn
f(x− y)ϕε(y)dy =

∫
Rn
f(y)ϕε(x− y)dy (52)

Fact (1): ∫
Rn
fε(x)dx =

∫
Rn
f(x)dx (53)

Proof.∫
Rn
fε(x)dx =

∫
Rn

(

∫
Rn
f(x− y)ϕε(y)dy)dx =

∫
Rn

(

∫
Rn
f(x− y)ϕε(y)dx)dy

=

∫
Rn
ϕε(y)(

∫
Rn
f(x− y)dx)dy =

∫
Rn
ϕε(y)(

∫
Rn
f(z)dz)dy

= (

∫
Rn
f(x)dx)(

∫
Rn
ϕε(y)dy) =

∫
Rn
f(x)dx

(the second equality follows from Fubini’s theorem).

Fact (2): For every f ∈ L1(Rn) and ϕ ∈ Ck(Rn) , if ϕm bounded for m =

1, ..., k , then: f ∗ ϕε ∈ Ck(Rn) and

∂

∂xi
(f ∗ ϕε)(x) =

∫
Rn
f(y)

∂

∂xi
ϕ(x− y)dy , i = 1, ..., n . (54)

Proof.

∂

∂xi
(f ∗ ϕε)(x) =

∂

∂xi

∫
Rn
f(y)ϕ(x− y)dy =

∫
Rn
f(y)

∂

∂xi
ϕ(x− y)dy
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where the last equality follows from the dominated convergence theorem and

the fact that: |f(y)
∂ϕ

∂xi
(x− y)| ≤ |f(y)| sup(| ∂ϕ

∂xi
(x− y)|) and

|f(y)| sup(| ∂ϕ
∂xi

(x− y)|) ∈ L1(Rn)

Fact (3):

|∂fε
∂xi
| ≤ c

ε
, f ∈ L1 ∩ L∞ (55)

Proof.

By Fact (2) fε ∈ C∞(Rn) and

∂fε
∂xi

=

∫
Rn
f(y)

∂

∂xi
ϕε(x− y)dy =

∫
Rn
f(y)

∂

∂xi
(

1

εn
ϕ(
x− y
ε

))dy =

=

∫
Rn
f(y)

1

εn
∂ϕ

∂ui
(
x− y
ε

))
1

ε
dy = −1

ε

∫
Rn

∂ϕ

∂ui
(u)f(x− εu)du

⇒ |∂fε
∂xi
| ≤ 1

ε

∫
Rn
| ∂ϕ
∂ui

(u)| |f(x− εu)|du ≤ ‖f‖L∞(Rn)

∫
Rn
| ∂ϕ
∂ui

(u)|du

⇒ |∂fε
∂xi
| ≤ c

ε

Proof. (of Lemma 3.2.)
Given m̂ ∈ Rn , m̂ ∈ Conv(a1, ..., aN) ⇒ m =

∑N
i=1 tiai ,

∑N
i=1 ti = 1

We define:

v̂(y) =



a1 , Br1

a2 , Br2 \Br1
...

aN , B1 \BrN−1

0 ,Rn \B1

(56)
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we choose r1, ..., rN−1 such that:

1

|B1|

∫
B1

v̂(y)dy = m̂⇔ a1
|Br1|
|B1|

+ a2(
|Br2| − |Br1|
|B1|

) + ...+ aN(
|B1| − |BrN−1

|
|B1|

) =
N∑
i=1

tiai

⇔


|Br1| = t1|B1|
|Br2| − |Br1| = t2|B1|
...

|B1| − |BrN−1
| = tN |B1|

⇔


r1 = t

1
n
1

r2 = (t1 + t2)
1
n

...

rN−1 = (t1 + t2 + ...+ tN−1)
1
n = (1− tN)

1
n

So, ∫
Rn
v̂(y)dy =

∫
B1

v̂(y)dy = m̂|B1| (57)

• Define:
v̂ε(y) = (v̂ ∗ ϕε)(y) (58)

Then, by Fact (1):
∫
Rn v̂ε(y)dy =

∫
Rn v̂(y)dy = m̂|B1| and v̂ ∈ L1 ∩ L∞

and by Fact (3) ⇒ |∂v̂ε
∂yi

(y)| ≤ c

ε

We notice that v̂ε(y) = v̂(y) outside the 2ε− annuli centered about |x| = r1 :

Let y : |y| ≤ r1 − ε, then:

v̂ε(y) =
1

εn

∫
Rn
v̂(z)ϕ(

y − z
ε

)dz =
1

εn

∫
|y−z|≤ε

v̂(z)ϕ(
y − z
ε

)dz (59)

⇒ v̂ε(y) =

∫
|y−z|≤ε

v̂(z)ϕε(y − z)dz (60)

|y| ≤ r1 − ε⇒ |z| ≤ |y|+ ε ≤ r1 ⇒ v̂(z) = a1

So, from (60) we have:

v̂ε(y) = a1

∫
|y−z|≤ε

ϕε(y − z)dz = a1

∫
Rn
ϕε(y − z)dz = a1 (61)
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Similarly, v̂ε(y) = ai+1,in ri + ε ≤ |y| ≤ ri+1 − ε , i = 1, ..., N − 2 and
v̂ε(y) = aN , in rN−1 + ε ≤ |y| ≤ 1− ε and v̂ε(y) = 0 , in Rn \B1+ε.

Now if we define:

ṽR+1(x) = v̂ε(
x

R
) = v̂ε(y) , x = Ry =

y

ε
(62)

Then:

1

BR+1

∫
BR+1

ṽR+1(x)dx =
1

BR+1

∫
BR+1

v̂ε(
x

R
)dx =

Rn

|BR+1|

∫
B

1+ 1
R

v̂ε(y)dy

=
Rn

(R + 1)n|B1|

∫
B1+ε

v̂ε(y)dy =
Rn

(R + 1)n|B1|

∫
Rn
v̂ε(y)dy =

Rn

(R + 1)n
m

we also have:

|∂ṽR+1

∂xi
(x)| ≤ |∂v̂ε

∂yi
| |∂yi
∂xi
| ≤ c

ε
ε = c⇒ |∇ṽR+1| ≤ c (63)

Thus, if uR+1 minimizes JBR+1
(uR+1) with:

1

|BR+1|

∫
BR+1

uR+1(x)dx =
Rn

(R + 1)n
m̂ (64)

Then:

JBR+1
(uR+1) ≤ JBR+1

(ṽR+1) =
N−1∑
i=1

∫
Rri−1≤|x|≤Rri+1

(
1

2
|∇ṽR+1|2 +W (ṽR+1))dx

+

∫
R−1≤|x|≤R+1

(
1

2
|∇ṽR+1|2 +W (ṽR+1))dx

(65)

and we have that the first N − 1 terms of the sum in (65) is zero since:
Rri− 1 ≤ |x| ≤ Rri + 1⇔ ri− ε ≤ |y| ≤ ri + ε. Therefore from (61) and the
similar relations ṽR+1 = ai , i ∈ {1, ..., N} ⇒ |∇ṽR+1|2 + W (ṽR+1) = 0 , in
Rri − 1 ≤ |x| ≤ Rri + 1. Finally, from (65) ,the fact that W is bounded and
that the volume:
|{R− 1 ≤ |x| ≤ R + 1}| ≤ c1R

n−1 , we have:

JBR+1
(ṽR+1) ≤ C(R + 1)n−1 ⇒ JBR+1

(uR+1) ≤ C(R + 1)n−1 (66)
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So, we proved the estimate for functions that satisfy:

1

|BR|

∫
BR

u(x)dx =
(R− 1)n

Rn
m̂ (67)

Finally, let JBR(u) =
∫
BR

(1
2
|∇u|2+W (u))dx , u ∈ AR , m̂ ∈Conv({a1, ..., aN})

and {W = 0} = {a1, ..., aN}.

We define W̃ (u) := W (u (R−1)n

Rn
) , m̃ := Rn

(R−1)n
m̂ and

J̃BR(v) :=
∫
BR

(1
2
|∇v|2 + W̃ (v))dx , v ∈ {u ∈ W 1,2(BR;Rm) : 1

|BR|

∫
BR
udx =

m̃} and thus m̃ ∈Conv({ã1, ..., ãN}) , where ãj := Rn

(R−1)n
aj and since we

have the estimate for functionals minimized subject to (67), we use ṽR as

constructed above for the functional J̃BR . If we define ũR := ṽR
(R−1)n

Rn
, then

ũR ∈ AR and ũR = ai ⇔ ṽR = ãi which gives the estimate:
JBR(ũR) ≤ CRn−1.

�

Lemma 3.3 Given δ > 0 we have

|{x ∈ BR : W (uR(x)) < δ}| ≥ |BR|(1−
C0

ωδR
) (68)

where ω = |B1|.

Basic Estimate implies that the set where dist(u(x), {W = 0}) ≥ δ is
small.

Proof.

From Lemma 3.2 it follows in particular

|{x ∈ BR : W (uR(x)) ≥ δ}| ≤
∫
{x∈BR:W (uR(x))≥δ}

W (uR(x))dx ≤

≤
∫
BR

W (uR(x))dx ≤ C0R
n−1

⇒ |{x ∈ BR : W (uR(x)) < δ}| ≥ |BR| −
C0

ωδR
|BR|
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Lemma 3.4 There exist a constant C2 > 0 such that, given δ ∈ (0, d) , it
results

1

|BR|
|
∫
BR

Wu(uR(x))dx| ≤ C2(
√
δ +

1

δR
) (69)

and therefore, for δ = 1

R
2
3

⇒ 1

|BR|
|
∫
BR

Wu(uR(x))dx| ≤ 2C2

R
1
3

(70)

This lemma establishes that the Lagrange multiplier tends to zero, hence
the limiting equation is ∆u = Wu(u).

Proof.

Assume that δ ∈ (0, d) then W (uR(x)) < δ and Lemma 3.1 imply the exis-
tence of a ∈ {a1, ..., aN} such that |uR(x)− a| < q and therefore Lemma 3.1
implies

|uR(x)− a| <
√

2δ
c1

and therefore |Wu(uR(x))| < C1

√
2δ
c1
.

From this and Lemma 3.4 we have

|
∫
BR

Wu(uR(x))dx | ≤ |
∫
W (uR(x))≥δ

Wu(uR(x))dx | + |
∫
W (uR(x))<δ

Wu(uR(x))dx |

≤ |BR|
C0CW
ωδR

+ |BR|C1

√
2δ

c1

≤ |BR|(C1

√
2δ

c1

+
C0CW
ωδR

)

where CW = max
u≤M
|Wu(u)|. It follows

1

|BR|
|
∫
BR

Wu(uR(x))dx | ≤ C1

√
2δ

c1

+
C0CW
ωδR

≤ C2(δ +
1

δR
)

that concludes the proof provided we set δ = 1

R
2
3

and C2 = max{C1

√
2
c1
, C0CW

ω
}.
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Lemma 3.5 Let A ⊂⊂ BR an open set with Lipschitz boundary. As-
sume that for some x0 ∈ A and δ ∈ (0, d)(d as in Lemma 3.1) it results
W (uR(x0)) ≥ δ.
Then

JA(uR) ≥ η
δ

2
|B δ

2CWK
(x0)| = C3δ

n+1 (71)

where η ∈ (0, 1) is a constant that depends only on n and the Lipschitz
constant of ∂A.

Proof.

We have

|W (uR(x))−W (uR(x0))| ≤ |
∫ 1

0

Wu(uR(x0) + s(uR(x)− uR(x0)) · (uR(x)− uR(x0))ds|

≤ CW

∫ 1

0

|uR(x)− uR(x0)|ds ≤ CWK|x− x0|

the last inequality holds from (50).Thus,

|W (uR(x0))| − |W (uR(x))| ≤ |W (uR(x))−W (uR(x0))| ≤ CWK|x− x0|

So , it follows

|x− x0| ≤
δ

2CWK
⇒ |W (uR(x))| ≥ δ

2

and therefore

δ

2
|B δ

2CWK
(x0) ∩ A| ≤

∫
A

W (uR(x))dx ≤ JA(uR)

which conclude the proof since the assumption that A has a Lipschitz bound-
ary implies the existence of a number η ∈ (0, 1) (that depends only on n and
the Lipschitz constant) such that

η|B δ
2CWK

(x0)| ≤ |B δ
2CWK

(x0) ∩ A|
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By [18] the desired inequality is true for Sobolev extension domains. So for
domains D for which there exists a continuous linear operator E : W 1,p(D)→
W 1,p(Rn) such that (Eu)�D = u.
It is a classical result that a Lipschitz domain is such an extension domain,
e.g. Theorem 1.4.3.1 in [19].

�

Lemma 3.6 Given δ ∈ (0, d) and l > 0 there is Rδ,l such that R ≤ Rδ,l

implies the existence of a cube Ql ⊂ BR of side l such that W (uR(x)) < δ,
for x ∈ Ql. More precisely the number NR

δ of such cubes satisfies the bound

NR
δ ≥

ωRn

2nln
(1− 2nlnC0

ωC3δn+1R
). (72)

Proof.

For each z = (z1, ..., zn) ∈ Zn let Ql(z) ⊂ Rn the cube Ql(z) = {x : zj <
xj
l
<

zj + 1, 1 ≤ j ≤ n}. Let NR the number of the z ∈ Zn such that Ql ⊂ BR

and let NR
δ the number of the z ∈ Zn such that

W (uR(x)) < δ , for x ∈ Ql(z).

From Lemma 3.5 and Lemma 3.6 we have

NR −NR
δ ≤

C0R
n−1

C3δn+1
.

This and the obvious inequality

|BR−
√
nl|

ln
≤ NR

imply that, provided R > Rδ,l = 2nlnC0

ωC3δn+1 , we have (R
2
>
√
nl ⇔ R

2
<

R−
√
nl⇒ |BR

2
| ≤ |BR−

√
nl|)
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NR −NR
δ ≤

C0R
n−1

C3δn+1
≤
|BR

2
|

ln
≤ NR

and therefore

|BR
2
|

ln
−NR ≤ C0R

n−1

C3δn+1
⇒ NR

δ ≥ ωRn

2nln
(1− 2nlnC0

ωC3δn+1R
).

�

3.3 The comparison function

Assume Ql ⊂ BR as in Lemma 3.6 and let x0 be the center of Ql and set
r = l

2
. Given a constant µ > 0 and constants a1, ..., aN let ṽR : BR → Rm be

defined by

ṽR =

{
uR + µ

∑
j αjaj(1−

|x−x0|
r

), x ∈ Br(x0),

uR , x ∈ BR \Br(x0)
(73)

Then we have∫
Br(x0)

(ṽR − uR)dx = µ
∑
j

αjaj
γ

n(n+ 1)
rn = µ

∑
j

αjaj
γ

ωn(n+ 1)
|Br(x0)|

(74)
where γ is the measure of Sn−1.

Lemma 3.7 For fixed α1, ..., αN and provided µ ≤
√
δ, it results

|
∫
Br(x0)

(W (ṽR)−W (uR))dx| ≤ C4

√
δµ|Br(x0)| (75)

Proof.

Set wR = ṽR − uR. Since |wR| = O(µ) and W (uR) < δ implies |uR − a| =
O(
√
δ), for x ∈ Br(x0) we have |Wu(uR + swR)| = O(

√
δ) and therefore

|W (ṽR)−W (uR)| ≤
∫ 1

0

|Wu(uR + swR)| · wR|ds ≤ C4

√
δµ
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Lemma 3.8 Assume that R ≥ max{δ−1, Rδ,l} , then it results

|
∫
Br(x0)

(|∇ṽR|2 − |∇uR|2)dx| ≤ µ

r
|Br(x0)| |

∑
j

αjaj|(
µ

r
|
∑
j

αjaj|+ 2C5δ
1
4 )

(76)

Proof.

From (73) we have |∇wR| ≤ µ
r
|
∑

j αjaj| and from the definition of wR, ṽR ,

|∇ṽR|2 − |∇uR|2 = |∇wR|2 + 2∇wR∇uR , therefore

|
∫
Br(x0)

(|∇ṽR|2 − |∇uR|2)dx| ≤
∫
Br(x0)

|∇wR|(|∇wR|+ 2|∇uR|)dx

≤ (
µ

r
|
∑
j

αjaj|)2|Br(x0)|+ 2
µ

r
|
∑
j

αjaj||Br(x0)|
1
2 (

∫
Br(x0)

|∇uR|2dx)
1
2

(77)

from the Cauchy–Schwarz inequality.
On the other hand, by multiplying with uR − a in (48) and using the

integration by parts:∫
Ω

v∆u =

∫
∂Ω

v
∂u

∂ν
dS −

∫
Ω

∇v∇udx (78)

we have∫
Br(x0)

∆uR · (uR − a)dx =

∫
∂Br(x0)

(uR − a)
∂u

∂ν
dS −

∫
Br(x0)

|∇uR|2dx

and∫
Br(x0)

∆uR · (uR − a)dx =

∫
Br(x0)

Wu(uR) · (uR − a)dx−
∫
Br(x0)

(
1

|BR|

∫
BR

Wu(uR)dx) · (uR − a)dx

⇒
∫
Br(x0)

|∇uR|2dx = −
∫
Br(x0)

Wu(uR) · (uR − a)dx +

+

∫
Br(x0)

(
1

|BR|

∫
BR

Wu(uR)dx) · (uR − a)dx+

∫
∂Br(x0)

(uR − a)
∂u

∂ν
dS
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⇒
∫
Br(x0)

|∇uR|2dx ≤
∫
Br(x0)

|Wu(uR)| · |uR − a|dx +

+(
1

|BR|

∫
BR

|Wu(uR)|dx)

∫
Br(x0)

|uR − a|dx+

∫
∂Br(x0)

|uR − a||
∂u

∂ν
|dS

(79)

Recalling that in Ql we have |Wu(uR)| ≤ C1

√
2δ
c1

and |u − a| <
√

2δ
c1

, from

(79) we have∫
Br(x0)

|∇uR|2dx ≤ C1
2δ

c1

|Br(x0)|+ (C1

√
2δ

c1

+
C0CW
ωδR

)

√
2δ

c1

|Br(x0)|+
√

2δ

c1

Kγrn−1

the second term in the inequality cames from the estimate (in the proof of
Lemma 3.4)

1

|BR|
|
∫
BR

Wu(uR(x))dx | ≤ C1

√
2δ

c1

+
C0CW
ωδR

So, ∫
Br(x0)

|∇uR|2dx ≤
√

2δ

c1

|Br(x0)|(2C1

√
2δ

c1

+
C0CW
ωδR

+
Kγ

ωr
)

From this and δR ≥ 1 it follows

(

∫
Br(x0)

|∇uR|2dx)
1
2 ≤ C5δ

1
4 |Br(x0)|

1
2

Therefore, (77) implies

|
∫
Br(x0)

(|∇ṽR|2 − |∇uR|2)dx| ≤

≤ (
µ

r
|
∑
j

αjaj|)2|Br(x0)|+ 2C5
µδ

1
4

r
|
∑
j

αjaj||Br(x0)|

=
µ

r
|Br(x0)| |

∑
j

αjaj|(
µ

r
|
∑
j

αjaj|+ 2C5δ
1
4 )

(80)

�
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Lemma 3.9 Assume there is a ballBρ(x1) ⊂ BR, a map v ∈ W 1,2(Bρ(x1);Rm)
and E > 0 such that

JBρ(x1)(u)− JBρ(x1)(v) = E ,

v(x) = u(x) , x ∈ ∂Bρ(x1)

Then there exists a map v̂R ∈ W 1,2(B2ρ(x1);Rm) such that

lim
R→+∞

(JB2ρ(x1)(uR)− JB2ρ(x1)(v̂R)) = E ,

v̂R(x) = uR(x) , x ∈ ∂B2ρ(x1) .

Proof.

Let wR : B2ρ(x1) \Bρ(x1)→ Rm be the map

wR(x) = (2− |x− x1|
ρ

)(u(x)− uR(x)) , x ∈ B2ρ(x1) \Bρ(x1)

and define v̂R by setting

v̂R =

{
v , x ∈ Bρ(x1)

uR + wR , x ∈ B2ρ(x1) \Bρ(x1)

We have

JB2ρ(x1)(uR)− JB2ρ(x1)(v̂R) = JBρ(x1)(uR)− JBρ(x1)(v) +

+ JB2ρ(x1)\Bρ(x1)(uR)− JB2ρ(x1)\Bρ(x1)(uR + wR) =

= E + JBρ(x1)(uR)− JBρ(x1)(u) + JB2ρ(x1)\Bρ(x1)(uR)− JB2ρ(x1)\Bρ(x1)(uR +wR)

Since uR converges to u in C1(B2ρ(x1),Rm) we have that wR also converges

to zero in C1(B2ρ(x1),Rm).
This and the above inequality conclude the proof.

�
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3.4 The proof of Theorem 3.3

We are now in the position of completing the proof of Theorem 3.3.
Lemma 3.6 implies that, fixed δ and l, by taling R > 0 sufficiently large,

we can assume

Br(x0) ∩B2ρ(x1) = ∅

where Br(x0) ⊂ Ql is used in (73) and B2ρ(x1) is the ball in the definition of
v̂R. It follows that by setting

vR =


ṽR , x ∈ Br(x0) ,

v̂R , x ∈ B2ρ(x1) ,

uR , x ∈ BR \ (Br(x0) ∪B2ρ(x1))

we have a well defined map vR ∈ W 1,2(BR;Rm). Next we show that we can
choose µ, α1, ..., αN , r and δ in the definition of ṽR in such a way that∫

BR

(uR − vR)dx = 0

JBR(uR)− JBR(vR) > 0

in contradiction with the minimality of uR.
Note that, since uR → u and wR → 0 , from∫

B2ρ(x1)

(uR − v̂R)dx =

∫
Bρ(x1)

(u− v)dx+

∫
Bρ(x1)

(uR − u)dx−
∫
B2ρ(x1)\Brho(x1)

wRdx

it follows that there is V0 > 0 independent of R > 0 such that

1 + |
∫
B2ρ(x1)

(uR − v̂R)dx| ≤ V0 (81)

Set

µ =
V0ωn(n+ 1)

γ|Br(x0)|
=

C6

|Br(x0)|
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Then the definition of vR it follows that the condition∫
BR

(uR − vR)dx = 0 is equivalent to∫
Br(x0)

(uR − ṽR)dx+

∫
B2ρ(x1)

(uR − v̂R)dx = 0

and from (74) is equivalent to

−
∫
B2ρ(x1)

(uR − v̂R)dx =

∫
Br(x0)

(uR − ṽR)dx = −µ
∑
j

αjaj
γ

ωn(n+ 1)
|Br(x0)| =

= −V0

∑
j

αjaj

This equation determines
∑

j αjaj and shows that |
∑

j αjaj| ≤ 1 (from (74)).
Next we consider the energy. We have

JBR(uR)− JBR(vR) = JB2ρ(x1)
(uR)− JB2ρ(x1)

(v̂R) + JBr(x0)(uR)− JBr(x0)(ṽR)

From Lemma 3.9 for R > 0 sufficiently large, it results

JB2ρ(x1)
(uR)− JB2ρ(x1)

(v̂R) ≥ E

2
. (82)

On the other hand from Lemma 3.7 and Lemma 3.8 and the expression
of µ above (and the fact that |

∑
j αjaj| ≤ 1) it follows

|JBr(x0)(uR)− JBr(x0)(ṽR)| ≤ C4C6

√
δ +

C6

2r
(

C6

r|Br(x0)|
+ 2C5δ

1
4 ).

This expression shows that we can fix δ > 0 small enough and r > 0 large
enough to obtain |JBr(x0)(uR) − JBr(x0)(ṽR)| ≤ E

4
which combined with (82)

gives JBR(uR) − JBR(vR) > 0 and contradicts the minimality of uR, so that
concludes the proof of Theorem 3.3.

�

Remark. In the proof of Theorem 3.3 we only showed that u satisfies the
definition of being minimal on balls. Actually this implies that u is minimal
on each bounded set. Indeed, if Ω ⊂ Rn is a bounded set and JΩ(u)−JΩ(v) >
0 for some v and coincides with u on ∂Ω, we can choose ρ > 0 and x1 such
that Ω ⊂ Bρ(x1) and define v∗ = v on Ω and v∗ = u on Bρ(x1) \Ω. Then we
have JBρ(x1)(u)− JBρ(x1)(v

∗) = JΩ(u)− JΩ(v) > 0 and can procced as in the
proof of Theorem 3.3. Finally, the fact that u satisfies (51) is obvious from
Lemma 3.4.
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4 Appendix: A lower bound Estimate

We will prove a gradient estimate and as a result we will have a lower bound
for the functional JBR defined in (46). But first, we will state a known result
in the case without mass constraint.

Theorem 4.1 Assume W ≥ 0 and let u be a W 1,2
loc (Rn;Rm) ∩ L∞loc(Rn;Rm)

solution to (20). Then, we have

d

dr
(r−(n−2)JBr(u)) ≥ 0 , for r > 0, (83)

where

JBr(u) =

∫
Br

(
1

2
|∇u|2 +W (u))dx , (84)

with x0 ∈ Rn arbitrary and Br := Br(x0) the r–ball in Rn centered at x0.

Proof.

[2 ,p.89-91]

Notes: (1) An immediate consequence of (83) is the lower bound JBr(u) ≥
crn−2 for nonconstant solutions.
(2) In the proof of this theorem the main tool is the stress– energy tensor,
which is an algebraic fact implying several useful identities like the mono-
tonicity formula (83).

Next, we will prove a similar lower bound estimate for the mass constaint
case in a different way, without using the stress–energy tensor, which does
not seem applicable due to the lagrange multiplier in the equation (48). We
state a well–known theorem that we need for the proof.

Theorem 4.2 Assume 1 ≤ p < n. There exists a constant C, depending
only on p and n, such that, for any u ∈ W 1,p

0 (U)

‖u‖Lp∗ (U) ≤ C‖∇u‖Lp(U) , (85)
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where p∗ = np
n−p .

Proof.

[5 , p.155 -157]

Proposition 4.3 Let u ∈ AR := {v ∈ W 1,p(BR;Rm) : 1
|BR|

∫
BR
vdx = m̂}

and 1 ≤ p < n. If u ∈ W 1,p
0 (BR), then∫
BR

|∇u(x)|pdx ≥ CRn−p (86)

where C is a constant that depends on m̂, p and n > 2.

Proof.

Let u ∈ AR,

1

|BR|

∫
BR

u(x)dx = m̂⇒
∫
BR

u(x)dx = m̂|BR| ⇒
∫
BR

|u(x)|dx ≥ |m̂| |BR|

(87)

⇒ |m̂||BR| ≤
∫
BR

|u(x)|dx =

∫
BR∩{|u|>1}

|u(x)|dx+

∫
BR∩{|u|≤1}

|u(x)|dx (88)

From Theorem 4.2, we have∫
BR

|u(x)|p∗dx+ |BR ∩{|u| ≤ 1}| ≤ C(

∫
BR

|∇u|p)
p∗
p + |BR ∩{|u| ≤ 1}| (89)

⇒ C(

∫
BR

|∇u|p)
p∗
p ≥ |m̂| |BR| − |BR ∩ {|u| ≤ 1}| (90)

(i) If |m̂| > 1: Then,

C(

∫
BR

|∇u(x)|pdx)
p∗
p ≥ |m̂| |BR| − |BR| = (|m̂| − 1)|BR| (91)

⇒ (

∫
BR

|∇u(x)|pdx)
p∗
p = (

∫
BR

|∇u(x)|pdx)
n
n−p ≥ |m̂| − 1

C
|B1|Rn = C1R

n

(92)
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⇒
∫
BR

|∇u(x)|pdx ≥ ĈRn−p (93)

where Ĉ = (
|m̂| − 1

C
|B1|)

n−p
n and C depends only on p, n.

(ii) If |m̂| ≤ 1:

1

|BR|

∫
BR

u(x)dx = m̂⇒ 1

|BR|

∫
BR

(λu(x))dx = λm̂ (94)

we choose λ such that |λm̂| > 1 (for example λ = 2
|m̂|)

So from (i)

⇒
∫
BR

|∇(λu(x))|pdx ≥ ĈRn−p ⇒
∫
BR

|∇u(x)|pdx ≥ Ĉ1R
n−p (95)

where Ĉ1 =
1

λp
(
λ|m̂| − 1

C
|B1|)

n−p
n .

�

So, for p = 2, this results the following lower bound estimate

Corollary 4.4 Let u ∈ AR := {v ∈ W 1,2(BR;Rm) : 1
|BR|

∫
BR
vdx = m̂}. If

u ∈ W 1,2
0 (BR), and W ≥ 0, then

JBR(u) :=

∫
BR

(
1

2
|∇u(x)|2 +W (u(x)))dx ≥ CRn−2 , ( n > 2 ) (96)

Remark: Proposition 4.3 holds for more general domains with a similar proof.
In other words, if u ∈ {v ∈ W 1,p

0 (U ;Rm) : 1
|U |

∫
U
vdx = m̂}, then∫

U

|∇u|p ≥ C̃|U |
n−p
n

where C̃ = C̃(n, p, m̂).
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