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Abstract

The present thesis is about Gauss and anti-Gauss quadrature formulas. It
is well known that many properties of Gauss formula arise from orthogonal
polynomials, therefore, the first chapter is devoted to orthogonal polynomi-
als along with their properties from both the computational and theoretical
point of view. The second chapter is dedicated to the Gauss quadrature
formula, focusing on its construction and most important properties, which
demonstrate its superiority compared to other quadrature formulas. The
third chapter is devoted to the anti-Gauss quadrature formula, a highly effi-
cient method, presented by Laurie in order to practically estimate the error
of the Gauss formula. After describing the formula and its most impor-
tant properties, we focus on its behaviour for some of the classical weight
functions. In the fourth and final chapter, the thesis concludes with some
numerical examples, for the Legendre and Jacobi weight functions, which
demonstrate the efficiency of anti-Gauss formula in estimating the error of

the Gauss formula.



Chapter 1

Orthogonal Polynomials

The purpose of this chapter is to give the reader a brief introduction to
orthogonal polynomials, along with their properties, and especially their use
in numerical integration. For the relevant theory and a well rounded study,

Szegd (1975) [11] is still the best source.

1.1 Introduction and Basic Theory

Let A(t) be a real non-decreasing function such that both lim;, - A(¢) and
lim;_, 1, A(t) exist and be finite.

The r-order moment of the induced positive measure d\ is

iy = i (dN) = / FrAA(D), (1.1)

R

and we assume that u, < +oo for r =0,1,2,..., with gy > 0.
Now, if P is the space of real polynomials and P; C P is the space of
polynomials with degree < d, we can define the following inner product

Vu,v € P (with respect to the measure d\)

5
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(1, 1)y = /R w(B)u(B)dAA(D), (1.2)

satisfying

(a) (u,u)an = [pu(t)u(t)dA(t) >0 Yu € P and
(w,u)an = 0 & [pu)u(t)dA(t) =0 < ut) =0 Vit € R & u =0,
since dA(t) > 0.

(b) (u,v)an = [pu(t)v(t)dA(t) = [ v()u(t)dA(t) = (v, u)ar Yu,v € P.

(c) (Au+ pv,w)ar = fp[Au(t) + po(t)]w(t)dA(?)
= JpPu®)w(t) + po(t)w(t)]dA()
= A Jpu®)w)dA(t) + p [ vE)wt)dA(t)
= Mu, w)ax + p(v,w)ax Yu,v,w € P and A\, i € R.

Hence, (1.2) satisfies the properties of inner product.
Note that if v = u, by (1.2), we get the norm of u (with respect to the

measure d\),

1/2
lullax = /(o War = ( /R u2(t)d)\(t)> . (1.3)

Definition 1.1. Let u, v be the elements of a vector space with an inner

product (-, ). Then u is said to be orthogonal to v if (u,v) = 0.

Definition 1.2. (Monic orthogonal polynomials)
The polynomials 7 (t) = t*+..., k=0,1,2,... are called monic orthogonal

polynomials, with respect to the measure dJ, if
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Tk, Te)gy =0 for k#£40, k(=0,1,2,...,
(T, Te)ax (1.4)

|7k||g >0 for k=0,1,2,....

Remark 1.3. If the index k is unbounded then there are infinite many or-

thogonal polynomials and finitely many otherwise.

Definition 1.4. The polynomials 7 (t) satisfying

- " k—0,1,...,
7k Nl ax

Tk

are called orthonormal polynomials. These polynomials have the following

property

o 0 if k#¢,
(ﬂk,ﬁg)d)\ = (15)
1 ifk==¢.

Definition 1.5. The inner product (-,-) is said to be positive definite if
(u,u)ar >0 Vu € P, u # 0.

For the rest of the chapter (-,-)qn will be denoted as (-,-), because the

only inner product that we use is the one with respect to the measure dA.

1.2 Properties of Orthogonal Polynomials

1.2.1 General Properties

For our next theorem, we will use the following Lemma.

Lemma 1.6. ([6/, Lemma 1.4) If 7, k = 0,1,...,n, are monic orthogonal
polynomials and p € P, satisfies (p,mx) =0, k=0,1,2,...,n, then p=0.
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Proof. Let p € P so p=ap+ ait, ...+ a,t". From hypothesis we know that
0= (p, 7Tk) = (a0+a1t+. . .—i—oznt”,ﬂ'k) = (Oéktk,ﬂ'k> = Ckk(tk,ﬂ'k) = Oék(ﬂ'k,ﬂ'k).
As (mp, ) > 0, we get ag, = 0 for k =0,1,...,n, thus p=0. ]

Theorem 1.7. (/6], Lemma 1.5) The set {mg,m1,...,m,} forms a basis of

P,. In particular, every p € P, can be uniquely represented in the form

p= chﬂ'k- (1.6)
k=0

Proof. We will first prove that m;, for: = 0,1, ..., n, are linearly independent.

Lets assume that
n
Z e, = 0,
k=0

then, by orthogonality,

0= (Z €k7Tk,7Tj> = eo(mo, ;) + e1(m1, m;) + ...+ en(mn, ;) = ej(m;, m;),
k=0

and as (m;, ;) > 0,

ej=0for j=0,1,...,n.

Now if

then, by orthogonality,

(p, ;) = (Z Ck%ﬂj) =D (M, ) = cx(mj, m5),
k

and, consequently,
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If ¢; is chosen as above, then
(p - Z%Mﬂﬁ‘) =0,

k=0

and using Lemma 1.6, we get
p— Z e =0,
k=0

thus,

P = Z CrT.

k=0
0

Theorem 1.8. ([6/, Theorem 1.6) For every positive definite measure dA

there exists a unique set of monic orthogonal polynomials {m,}.

Proof. Lets assume that {m,} and {g,} are two sets of monic orthogonal

polynomials with respect to the measure dA.

If n =0, then my(t) = qo(t) = 1, hence monic orthogonal polynomials are

unique for n = 0. Now, if n > 1, then
deg(ﬂ-n - Qn) S n— 17

and by the orthogonality of 7, and ¢,, we get

(ﬂ-n»ﬂ-n - Qn> = (Qna Ty — Qn) =0.

Therefore,

0= (7Tn77Tn - Qn) - <Qn777n - Qn) = (7Tn — qn, Ty, —

n);
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and from the properties of inner product (1.2), we have
Tn — qn =0,

that is,

1.2.2 The Three Term Recurrence Relation

The three term recurrence relation is arguably the most important property
satisfied by a set of orthogonal polynomials. It is useful from both the theo-
retical and computational point of view, and it would be particularly useful

for what it follows.

Theorem 1.9. (/6], Theorem 1.27) Let m(-) = mp(-;dN), kK =0,1,2,...,

be the monic orthogonal polynomials with respect to the measure d\. Then

Tri1(t) = (8 — ag) me(t) — Brme—a(t), k=0,1,2,...,

(L.7)
() =0, mo(t) = 1,
where
op = T g g9 (1.8)
(ﬂ-kﬂrk)d)\
o= Ty gy (1.9)

(Th—1, kal)d)\
Proof. As 7, are monic, the degree of 71 —tm is < k. Using formula (1.6),

we have

7Tk+1(t) — tT('k(t) = —Oékﬂ'k(t) — ﬂkﬂk,1<t) + chjﬂj(t), (110)
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where ay, Bk, cx; are certain constants and 7_1(t) = 0 and 7o(¢) = 1. Taking

the inner product of both sides of (1.10) with 7, we get

k—2
(g1 — tTg, Tx) = —Oékﬂk—ﬁkﬂkq-i-g CriTis Tk |,

J=0

and using properties of the inner product and orthogonality,

S

-2
(o1, ) — (g, mx) = —avg (g, ) — B (M1, k) + crj (75, k)

.
Il
o

that is,
—(tmp, m) = —ap(mr, T),

which leads to (1.8).
Similarly, taking the inner product of (1.10) with 7 yields

— (tmg, 1) = —Pr (Th—1, Th—1) - (1.11)
Now using the commutativity of inner product (1.2), we have
— (tmg, 1) = — (Mg, tTR_1) (1.12)
and since tm,_q € P, we can write tm;_q in the following form
tmp1(t) = m(t) + Ye1mr1(t) + - +y0mo(t),
then,

— (Mg, tmg—1) = — (Mg, T + Vo—1Th—1 + - -+ + YoT0)
= — (7Tk:77rk) — Yk-1 (7Tk,7Tk—1) — =% (Wkaﬁo)

= — (7g, k) -
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Combining (1.11) and (1.12) with the above relation we get

— (T, ™) = =B (Th—1, Te—1)

which leads to (1.9).
Finally, taking the inner product of both sides of (1.10), successively, with

mi, 1 =0,1,2,..., k — 2, gives
k—2

(o1, ) — (tmg, m;) = (—agme, ) — (BrTr—1, ;) + (Z CkjTj, Wi) )

j=0

and using properties of inner product and orthogonality,
(crimiym;) = —(tmg, m;) = — (7, tm;) = 0,
that is,
ci(miy m) = (cpimy, ;) = 0.
Hence, ¢p; =0 for i =0,1,...,k — 2. ]
Remark 1.10. Only if (-, -) is positive definite, (1.8) and (1.9) are well defined.

Definition 1.11. The nth-order Jacobi matrix associated with the measure

d\ is the n x n, symmetric, tridiagonal matrix

a VB 0 0
o) 0
T = Jo(dN) = \/E ' ‘/E (1.13)
0 0 0 Q-1
Theorem 1.12. (/6/, Theorem 1.31) The zeros =" of m(-;dN) are the

eigenvalues of the Jacobi matriz J,(d\), while ﬁ(T,Sn)) are the corresponding

eigenvectors, where

7(t) = [Fo(t), 71 (t), ..., Fur (D))",

(1.14)
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Proof. We will first prove that the orthonormal polynomials 7( -; d\) satisfy
the three term recurrence relation
VBT (t) = (¢ — an)i(t) = v/ Befu-a(t), k=0,1,2,...,

1 (1.15)
7},1(75) - O, ﬁo(t) = =

75

We know that
Tt (t) = (8 — aw) m(t) — Brmi—-1(1)-

Replacing now 7y (t) by ||7||7x(t), dividing with ||741]], multiplying both
sides by M = +/Pr+1 and using (1.9), we get

A

men(t) _ oo Imelm) 1
H77k+1H H7Tk+1H H7Tk+1H

Te—1(1),

that is,

Ve (t) = (t — agyme(t) - Aol Jmentll 1y

- k—1
el Nl 7

so, finally,
V Bes1Trg1(t) = (t — ) Te(t) — / Brfte-1(2).
Equivalently,
t7e(t) = V/ Brfr-1(t) + arfr(t) + v/ Bes1Trsa(t), k=0,1,...,n —1,

and in vector form, by means of (1.13) and (1.14),

tw(t) = Ju7(t) + \/ BuTn(t)en,

where e, = [0,0,...,1]T is the nth coordinate vector in R™. Finally, if we set
t= ry("), we obtain
Joit (1) = 7MWz (7)), (1.16)

which proves our assertions. O
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Remark 1.13. The result of Theorem 1.12 is particularly important for Gaus-
sian integration, where we have to find the nodes 7, which are the zeros of
mr(t; d)), and the weights wy, which can be expressed in terms of the eigen-

vector (7).

Remark 1.14. If A(t) is absolutely continuous, then
dA(t) = w(t)dt, (1.17)

where w(t) is a nonnegative integrable function on R called weight function.

Gauss type quadrature formulas are characterized by the weight function
that is used. For example, the Gauss-Legendre quadrature formula is the
Gauss formula using the weight function w(t) = 1, which is the Legendre

weight function.

Remark 1.15. Monic orthogonal polynomials can also be constructed by ap-
plying Gramm-Schmidt orthogonalization to the sequence e (t) = t¥, starting

with mg = eg = 1, we get

k—1
(ek77TZ>
T = € — E CyTyp, Cyp = N 1.18
g g —0 (75771-@> ( )

with ¢,mp being the projection of e, with respect to 7. It is noteworthy that

the proof by the Gram-Schmidt process has the benefit of being constructive.

1.2.3 Symmetry

Definition 1.16. An absolute continuous measure dA(t) = w(t)dt is sym-
metric (with respect to the origin) if its support interval is [—a, o], 0 < a <

oo, and w(t) = w(—t) Vt € R.
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Theorem 1.17. ([6], Theorem 1.17) If d\ is symmetric, then

Te(—t;dN) = (=D (t;dN), k=0,1,2,.... (1.19)
Hence, m, is even or odd depending on the parity of k.
Proof. Define 7y (t) = (—1)*mp(—t;d)). For k # £, we have

(s Ae)an = / (1)) (1) () dA()

—a

= (=) / (=) me(—t)w(t)dt.

Setting —t = 7, we have, in view of w(a—T) — w(7),
(e = (<D [ m(ymdryu(=r)(=dn
— (—1)’““ /Z T (T)me(T)w(7)dT
— (1 (o)
= 0.

Since all 7, are monic, from Theorem 1.8, we obtain 7 () = mx(¢; d\), which

is equivalent to (1.19). O

1.2.4 Zeros

Theorem 1.18. ([6/, Theorem 1.19) All zeros of mp(-) = m,(-;dN), n > 1

are real, simple and located in the interior of the support interval [a,b] of d\.

Proof. Let t;, i =1,2,...,n, be the zeros of m,. Then at least one of them

must be in (a,b), because, if 7, keeps constant sign on (a,b), we have

(7. 1) = / (ma(t) - dA(E) #0,
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which contradicts that m, is orthogonal to all polynomials of lower degree.
Now, if we assume that there is a double zero t,, we define the polynomial

T (t)
T(t) N (t - ts)27

r e Pn_g,

and considering the inner product of m, with r, we get

(1) = / " (t”j(fj)2dA(t): / ’ [(”"irdw) >0,

t—t,)

which again contradicts the orthogonality of 7, to all polynomials of lower
degree.
Finally, lets assume that there are ¢ zeros in (a, b) with ¢ < n. We define

Gn—¢ € P,,_; such as
Tn(E)(E = 1)t —t2) .. (E = te) = gno()(t — 12)(t = 12)* ... (t — 1)?,
where ¢, has no zeros in (a,b). Then

(T (t=11) o (E = t0)) = / Ge(t)(t = 11)? . (t = )?dA(t) # 0,

which again contradicts the orthogonality of 7, to all polynomials of lower

degree. Therefore, we must have that ¢ = n. m

Before we go to another property of the zeros, we present the Christoffel-

Darboux formula.

Theorem 1.19. (/6/, Theorem 1.32) Let 7y(-) = 7(-;d\) denote the or-

thonormal polynomials with respect to the measure dX. Then

zn: Tk (2) 7k (t) = v/ Bota Pt (@) (8) = Ful@)Fnia () (1.20)

Tx—1

and
n

[Fe()]” = /Bt [F 1 (DFa(t) — 74 () T (8)] - (1.21)

k=0
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Proof. From (1.15), we have
V Ber1 T (t) = (¢t — an) Tr(t) — / Bifr—1 (),
that is,
(t — ag)Tr(t) = / Bes1Trsa (1) Brer-1(t),
and multiplying both sides by 7 (z), we get
(t — )T ()T (2) =/ Brr1Tir1 (OTk(2) + V Beftp1 (O 7k(x).  (1.22)
Interchanging = and ¢ in (1.22), we obtain
(.CE - O./k)ﬁk(.%)ﬁ'k(t) = v/ 6k+17~rk+1 (Z’)ﬁk(t) + ﬁkfrk_l(x)frk(t) (123)
Subtracting (1.22) from (1.23), we have
(@ = )7k (2) 7 (8) =/ Bres1 [Fnr1 (2)75(8) — T (@) Tasa ()] —
Be [T (@)1 (t) — o1 (2)T5(1)] -

Dividing both sides by x — ¢t and then summing from k = 0 to k = n, gives,
as m_1 = 0, (1.20). On the other hand, by means of (1.20), we have

anfrk(x)frk(t) = /By et @)Fn(t) = T (@) (V)

x—1

n1 (2) 700 (8) = T (2) T2 (1) + Foa (DT (1) = Foga (DT (1)

=V 6n+1 T —t
\/ﬂn—ﬂﬂnﬂ n(t) — 7~Tn+1(t)7~7n(ti : jn(x)ﬁml(t) + g1 (1) 7 (2)
_ /A T2 (2)Tn (8) = Tnia ()T () Ton(2) T2 () — T2 () T (£)
= Vhin [ x—t B r—t ’

thus,

n ~ ~ ~ ~

() () = \/ﬁn_ﬂﬂ'n+1($)7rn(t) — M1 (D)7 (1)

r—t
k=0

T (2) 41 (1) — Tonge1 ()7 (8)
T —t

Y

Bn-i—l
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that is,

> () wi(t)

xr —

t

Finally, by taking the limit =z — ¢, we get (1.21).

r—t

= VB | Tt @ =T @)y T@ 2Tl

]

Theorem 1.20. (/6/, Theorem 1.20) The zeros of m,41(-) alternate with

those of m,(+), more specifically,

(n+1)
Tn—l—l

Proof. From (1.21), we obtain

<7 <7t ..

< T

(n)

T ()T (t) — T () Tnsa () > 0.

Now lets assume that 7,

Tk

AS Tk =

(n+1

/

of T,41(t) are real and simple, 7/,

signs. Hence,

7~T;+1 (Tk )T

Setting in (1.25), t = 7" and ¢ = T,Ef{l)

and

(n+1)

ﬁ‘;},+1 (Tk

~/
7Tn+1(7'k+1

) and T,ET{U

(n-i-l))ﬁ_n(

!/

(Vg (7

n+1(

(n+1)
(Tkz

(n+1)
Th+1

(n+1)
Th+1

+1
)

respectively. By (1.26) and (1.27), we have

~ n+1
[ (Y

V(T [

~/
n+1

(T

(n+1)
k+1

) <O.

, we get

>0

) >0,

)7~Tn<7'

(n+1)
k+1

~ n+1
) and 7, (11T

< it

)] >0,

(1.24)

(1.25)

are two consecutive zeros of 7,11 (%).
the zeros of 7. (t) and 7, () are the same. Since all n + 1 zeros

have opposite

(1.26)

(1.27)
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that is,

~ n+1)\ ~ n+1 ~ n+1)\ ~ n+1
7 (N (I R (r ) 7 (r0ED)] > 0.

As mentioned before, 7/, +1(T,£n+1))7~r; +1(’7']§:le)) < 0, hence, we obtain

~ n+1)\ ~ n+1
Fon (T TN (r0Y) < 0,

(n+1

which shows that between 7," (nt1

) and Thal ) there is one zero of #,. Given

that there n pairs of consecutive zeros of 7,1 our result is proved. O

1.3 Classical Orthogonal Polynomials

This section contains information from Gautschi [6], Abramowitz and Stegun
[1], Szegd [11] and Askey [3].

There is not general accepted definition of classical orthogonal polynomi-
als. In bibliography, classical are considered those satisfying a linear ordinary

differential or difference equation and possessing a Rodrigues-type formula,

¢, d"

Pula) = o5 G B 0(), (1.28)

where w(x) is the weight function, ¢, is a real sequence, B(z) satisfies the

following relation

lim B(z)w(z) = lim B(x)w(x) =0,

T—a r—b

and a, b are such that

b
/ Po(2) Pa(@)w(2)dz = Ko b,

with K, ,, being constants and d,, ,, the Kronecker’s delta. Legendre, Cheby-
shev, Gegenbauer, Jacobi, Laguerre and Hermite polynomials are probably

the most widely used and studied classical orthogonal polynomials.
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Orthogonal polynomials are used for several reasons in mathematics, and
one of their major contribution is in approximation theory. Chebyshev poly-
nomials of the first two kinds are widely used in numerical analysis.

We will now present some of the most commonly used classical orthogonal
polynomials, providing their three term recursion relation, the corresponding
weight function w(t), the coefficient k,, of the nth degree polynomial leading
term, i.e.,

pu(t) = kot™ + ...,
as well as the polynomial’s L, norm,

b = [Pall3.0 = IIPall*.

Legendre Polynomials

The Legendre polynomials are usually denoted as P, and have the normal-

(2n)!

ization P(1) = 1. Polynomials P, are bounded by 1 in [—1,1], k,, = T

hy, = #, their weight function is w(t) = 1 on the interval [—1, 1] and their
2

recurrence relation is

(k + 1) Pyt (t) = (2k + 1)t Pi(t) — kP (1),
Py(t) =1, Py(t) =t.

Chebyshev Polynomaials

The notation for the nth-degree Chebyshev polynomials of first kind is
T),. These polynomials are defined by

T, (cos@) =cosnf, 0 <0 <, (1.29)
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so that T,(1) =1, kg =1, k, =2""', n>1, hg =, h, = 37, n > 1, and
their weight function w(t) = (1 — ¢2)~2 on the interval [—1,1]. Now, note
that |T,] < 1 on [—1,1], and it is easy to obtain the zeros of T,,, since we

need to solve the trigonometric equation

T.(z) =0,
that is,
T, (cosd) =0,
SO
2N —
0= K 17‘(‘,
2n
which leads to
k—1

x,(:):cos rmfork=1,2,...,n

n

The importance of Chebyshev polynomials in approximation stems from the

following property

(¢] [¢] 1 (¢] o]
I8 e > 1Tl = 5, 02 1, Va5 € B, (1.30)

where || - ||« is the uniform norm |Ju||oc = max_j<;<1|u(t)|, and P¢ is the class
of monic polynomials of degree n. Evidently, equality stands for p;, = T},
where T° = 21""T,,, n > 1.

The Chebyshev polynomials of the second kind U,, are defined by

sin(n + 1)6
sin 0

Up(cos®) = ,0<6<m, (1.31)

so that U,(1) =n+1, kg =1, k, =2", n > 1, hy = 5, n > 0, and their
weight function w(t) = (1 — ¢2)2 on the interval [—1,1]. Now, replacing the

uniform norm with the L; norm, we also get an extremal property

lpnlly = U]l n= 1, Vpy, € Py,
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and equality stands for p; = U, where U, = 27"U,,.
Finally, the Chebyshev polynomials of the third and fourth kinds, respec-
tively, are defined by

Cos (n+ %) 0

1
coS 59

sin (n+ %)9

1
sin 58

Va(cos ) = . Wy(cosf) = 0<60<m (1.32)

so that V(1) =1, W,(1) = 2n + 1.

All four Chebyshev polynomials satisfy the same recurrence relation
Yk+1 :2tyk_yk—17 k= 1,2,.... (133)

Polynomials v, y1, weight functions w(t), leading terms k,, n > 0, and norms

hn, n > 0, of all four Chebyshev polynomials are provided in Table 1.1.

Table 1.1: Chebyshev polynomials

Gegenbauer Polynomials

The Gegenbauer polynomials are denoted by P™ and are defined by

PO = - 9(;;)5) - Einjfi)%) POy a0, (1.34)
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where P\*? is the Jacobi polynomial which is defined further down and T’

is the Gamma function

['(2) —/ r* e dt,
0

1
defined for z € C with positive real part. Special cases are P7E2)

PV = U,. Note that PO(’\) =1 and

= P, and

lim PV (t) =0,

A—0
but,
P 2
li = -T >1
A0 A n n(t),

For A # 0, one has

22 —1
PTSA)(D:(?H— A )7 N>l

n

_2"T'(n+ )
"Toal T
2P (n+2))
T onl(n + AI2(N)

oy

T,

and the weight function is w(t) = (1 — t2)*~2, where A > %, on the interval

[—1,1]. The three term recurrence relation is
(k+ )P, (1) = 20k MtPV () — (k + 220 = PO (1), k=1,2,...,
POV =1, PY(t) = 2xt.
Note again that dividing the above recurrence relation with A and then taking

the limy_,o we will have the three term recurrence relation for the Chebyschev

polynomials of first kind.
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Jacobi Polynomials

The standard notation for Jacobi polynomials of degree n is PP 1t s

normalized by ples )(1) = ("“) giving

n

kn:i(2n+a+ﬂ)7 (1.35)

AL n

_ 2048+ Pn+a+1DI(n+B+1)
S 2m+a+B+1 nln+a+B+1)

and the weight function is w(t) = (1 —t)*(1 +t)?, a > —1, 3 > —1, on the

n )

interval [—1,1]. The three term recurrence relation is

2k + 1)(k +a+ B+ 1)(2k +a + 8PS (#)

= (2k+a+B8+1)[2k+a+B+2)2k+a+t Bt +a®— 5% PP )
—2(k+a)(k+ )2k +a+ B+ 2)PP @), k=1,2,...,

Bty =1, PP (t) = %(a +B+2)t + %(@ — B).

Note that interchanging the parameters a and 3 has the following effect
PP (t) = (=1)" PP (). (1.36)
Laguerre Polynomials

The Laguerre and generalized Laguerre polynomials are usually denoted

by L, = L%O) and L;“). They are normalized by

L{M(0) = (n Z a) , (1.37)
and satisfy
1)
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B — I’(oz+n—|—1)'

n!

t

Their weight functions are w(t) = e™* and w(t) = t*¢™*, a > —1, on the

interval [0, co] and their three term recurrence relation is
(k+ D)L () =2k + a+ 1 =)L () — (k+ )L, (1), k=1,2,...,

LY =1 L) =a+1-t
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Hermate Polynomials

The Hermite polynomials are denoted by H,, and satisfy
k, = 2",

hy, = /720!,

with their weight function to be w(t) = ¢ on the interval [—oo, c0]. The

three term recurrence relation is
Hy 1 (t) =2tHy(t) — 2kHy_1(t), k=1,2,...,
Hy(t) =1, Hy(t) = 2t.
The following extremal property holds
|H,(t)| < e”/?V2mnl, t € R.
Finally, the generalized Hermite polynomials are denoted by HY with

k, = 2",

() () )

and the weight function w(t) = [¢t[**e™", u > —1, on the interval [—o0, c0].

Remark 1.21. Legendre, Chebyshev and Gegenbauer polynomials are actu-
ally special cases of Jacobi polynomials defined for specific values of the
coefficients a and /3. For example, from (1.34), we can see that Gegenbauer
polynomials can be expressed in terms of Jacobi polynomials P This is
also shown by the corresponding weight function, that is, the Gegenbauer’s

weight function can be written as

wt)= (1= 2 =[1 -1+ 2= (1—t)2(1+t) 2,

1

which is exactly Jacobi’s weight function with a = 8 =\ — 35
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We conclude this chapter with the table 1.2, which contains the most
widely used weight functions, along with their corresponding recurrence co-

efficients and their support interval.
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Chapter 2

Gauss Quadrature Formula

This chapter is dedicated to Gauss quadrature formula, which is an optimal

formula with very interesting and useful properties.

2.1 Numerical Integration

Finding the value of a definite integral is not always an easy task and some
times it is not even possible. This leads us to numerical integration, which
allows to find approximately the value of an integral. A classical way for
constructing a numerical integration formula is by means of interpolation.
The idea is to interpolate the function to be integrated with a polynomial
and then calculate the integral of the interpolating polynomial.

Lets assume that we want to approximate the integral

/a o)

We interpolate f with a polynomial p € P, at the n 4+ 1 distinct points

29
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tg <ty <--- <t Considering Lagrange’s polynomials,

£=0 by — tg’
£k
where
0 ifk#u,
1 if k=1,
we have

k=0
with interpolation error
- AARI(S
afit) =T -0 o8 a < e =t <o,

k=0

under the assumption that f € C"*1[a,b]. Hence,

f@) = pa(fit) +mapa(f5),

and by integrating both sides we obtain
b b b
| sae= [ paiodes [ s

:/ Zek(t)f(tk)dt—l—/ g (f51)di

k=0

- i Vabﬁk(t)dt} f(t) +/abrn+1(f;t)dt
= i Apf(te) + Ena(f),

where

b
Ay = / (o(t)dt
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and
n+1)(§)
E, (t — ty) ——==dt.
U / H (n+1)!
For example, applying the sunplest kmd of interpolation, for n = 1, we have

toza, tl :b, with
t—t  t—b  b—t

EO(t>: to—tl B a—2b N b—a
and
b=ty t-a
bt =1 —r=1—y
thus, \ \
Aoz/ éo(t)dt:/ s:zdt: b;“
and \ ,
A, z/ él(t)dt:/ Z:Zdtz b;a.
Hence,
b b
[ st = [ pioa+ ()
1
=) Af(te) + Ea(f),
k=0
that is, ,
[ st = 2300w + F0)+ B, (2.1)

Formula (2.1) is the well-known Trapezoidal rule. For the error term, we

have

B = [ e-ap-nE

From the Mean Value Theorem for integrals, we recall that since (t —a)(b—t)

has constant sign on the interval [a, b],

B = | -y - nT Dy T o e
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Since the length of [a,b] is not always small, we apply formula (2.1) on
each of the subintervals of the decomposition

b—a
a=20<11<...<ZTp1<xp,=0b, h=

, xxy =a+kh, k=0,1,...,n,
and we obtain

/ - ft)dt = Z[f(ﬁk) + f(@r)] — Eh3f,/(§k) T < & < Ty,

which added, for £k =0,1,...,n — 1, gives

/ F)dt = { Flao) + F@) oot Flaamr) + 5 (e ]——h3 Zf”
(2.2)
Formula (2.2) is called the composite Trapezoidal rule.
If f is smooth enough and the interval [a, b] is finite, a simple integration
rule such as the composite Trapezoidal rule is sufficient in order to approx-
imate the integral. Complications arise if f has an integrable singularity on

la, b], in which case we write the integral in the form

/abf(t)w t)dt

where w is a positive or at least nonnegative weight function, assumed inte-
grable over (a,b), and including the singularity. The interval (a,b) may be
finite or infinite and if (a, b) is infinite it is required that all moments of the
weight function

b
,urz/ t"w(t)dt, r=0,1,...,

exist and are finite. We assume that f is integrable with respect to the weight

/f t)dt < co.

function w, that is,
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Again, the idea is to integrate the polynomial interpolating f(¢). Let
a=TI << < Th1<Tp=0>0

be a decomposition of [a, b and p,_1(f; 71, T2, ..., Tn,t) the polynomial inter-

polating f(t) at these points, thus,

() = puoi(fst) +ra(fit).

Using Lagrange polynomials, we obtain

Pna(fit) = ng

where
- t—Tg
0 (t) =
k<) ng—Te
04k
and
" f)
W) =] —7) (6),a<§:§(t)<b,

assuming that f € C"[a, b]. Hence,

) = pua(f5t) +ra(fst).

Multiplying both sides of the above relation with w(¢) and then integrating,

we have

[ o= [ mauwars [ e

— / > " lu(t) f (i) w(t)dt + / ra(f; t)w(t)dt
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which leads to the formula

/ Fwt)dt =S wef (m) + Ra(f), (2.3)

where

t—Tg
= t)dt = (t)dt 2.4
w= [ ity = [ TTE=wto o0
O£k

and ,

R,.(f) = /a ro(f; t)w(t)de. (2.5)
Formula (2.3) is called an interpolatory formula with a weight function, 7
are the nodes and wy the weights of the formula.

From the theory of interpolation we know that if f € P,,_1, then

Pn-1(f5t) = f(t), t € [a,b],

therefore,

ro(f;t) =0 Vf € Py,

and as a result

Definition 2.1. A quadrature formula has degree of exactness d if and only
if the quadrature error is zero for every polynomial of degree < d, and there

is a polynomial of degree d + 1 for which the error is different than zero.

Hence, formula (2.3) has degree of exactness, at least, n — 1.

Remark 2.2. The case w(t) =1 on [—1, 1], with the 75, being equally spaced
n [—1,1], was alluded to by Newton in 1687, and a few years later Cotes
constructed it. By extension, formula (2.3) is sometimes called generalized

Newton-Cotes formula with a weight function.
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Remark 2.3. Trapezoidal rule (2.1) is a special case of formula (2.3) with

w(t) = 1.

Definition 2.4. A n-point quadrature formula is called interpollatory if it

has degree of exactness d =n — 1.

2.2 Gauss Quadrature Formula

As already mentioned, given a set of n distinct points, it is always possible
to construct a quadrature formula of type (2.3) with degree of exactness
d = n — 1. The question that naturally arises is if there is an n-point
quadrature formula of type (2.3) with degree of exactness greater than n — 1.
The answer to this question will be given by Jacobi’s theorem. Let
wn(t) =[]t = 7). (2.6)
k=1

be the so-called node polynomial.

Theorem 2.5. ([5], Theorem 3.2.1) Given an integer k with 0 < k < n, the
quadrature formula (2.3) has degree of exactness d =n — 1+ k if and only if
both of the following conditions are satisfied.

(a) The formula (2.3) is interpolatory.

(b) The node polynomial w, satisfies
b
/ w(t)p(t)w(t)dt =0 Vp € Py_y.

Before we proceed with the proof of Theorem 2.5, it is interesting to

note that condition (b) imposes that w, is orthogonal to all polynomials
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of degree < k — 1 relative to the weight function w. Since w(t) > 0, we
necessarily have k£ < n, otherwise w, would be orthogonal to itself. Thus,
k = n is the maximum value that k& can take and this leads to maximum
degree of exactness dyax = 2n — 1, in other words, w, = m,(-;w), that is,
wy, is the nth-degree orthogonal polynomial relative to the weight function
w. This optimal formula is called Gauss quadrature formula associated with

the weight function w.

Remark 2.6. The nodes 7, of Gauss quadrature formula are the zeros of

(- ;w) and the weights are given by (2.4).

Remark 2.7. The optimal formula was first presented by Gauss in 1814, for
the special case w(t) = 1 on [—1,1], and it was extended to more general
weight functions by Christoffel in 1877. It is, therefore, also referred to as

the Gauss-Christoffel quadrature formula.

Proof. Initially, taking into account that formula (2.3) has degree of exactness
n—1+k, k> 0, we conclude that it has degree of exactness at least
n — 1, that is, formula (2.3) is interpolatory and (a) is true. Moreover,
under this assumption, formula (2.3) will integrate exactly polynomials of
degreen — 1+ k, k=0,1,...,n, and since w,, € P, and p € P,_;, we have

WP € ]P)an»k? hence?

b n
/ wa(OpwB)dt = 3w (m)p(n)wr.

Asthe 1, k=1,2,...,n, are zeros of w,, we have

/ wnOp(Ew )t = 3 wn(r)p(n)ur =0,

k=1
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that is, (b) is true.

On the other hand, if (a) and (b) hold true, we need to show that for
every p € P, 14, we have E,(p) = 0, that is, formula (2.3) has degree of
exactness n — 1 + k. Indeed, considering p € P,_1., and dividing p by w,,
we get

b = wnyq +7r,q€ Pk—la e ]P)n—h (27>

hence,

b b
/ pltyw(t)dt = / walB)g(t) + r(B)w(t)dt
_ / wn (g (O (t)dt + / F()w(#)dt.

Now, using (b) and the fact that ¢ € P,,_;, we obtain

b
/ wn(t)q(t)w(t)dt = 0.

Since r € P,,_1, by means of (a), we have F,(r) = 0, thus,

n

/ p(t)w(t)dt = / r(t)w(t)dt = Zr(m)wk,
a a =1
and as 7 = p — w,(q,

n

/ p(tyw(t)dt = "[p(7) — w(7)q(7i) i

n n

= 5" p(m)wr — 3 wa(m)a(7)wp

k=1 k=1

As w, (1) = 0, we finally obtain

that is, F,(p) = 0. O
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In order to denote the superiority of Gauss quadrature formula, we present
a simple but interesting example ([5], Example pp. 172-174).

We consider the case of n = 2 and the weight function w(t) = ¢t='/2 on
the interval [0, 1]. Initially, we consider the Newton-Cotes formula. Nodes

will be at the end points of [0, 1] and the formula is

/1 FO)t2dt = wlCf(0) + wCf(1).
0

From Lagrange’s polynomials we obtain

t—1 t—0

and using (2.4), we compute the weights

1 1
() 2dt = / (1—t)tY2dt = / (712 — /%) at
0 0

9 1
— [ opt/2 _ 232
G
2

1 1 1
2
w;“c:/ 62(t)t‘1/2dt:/ tt‘l/th:/ 2t = 2 32 = 2,
0 0 0 3 3

thus,

1
whC =

S—

Y

4
3

0

and

1
2
| o= Sero + 1) + BEG). (28)
0
In order to construct the Gauss formula, we need to find the nodes and

the weights. Considering
7T2(t) = t2 — Clt + Co,

to be the orthogonal polynomial of degree two, relative to the weight function

w(t) = t71/2, the nodes can be obtained by its roots. We will first define
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constants ¢; and ¢y, using the fact that m is orthogonal to 1 € Py and

t € P;. Indeed,

1 1
0:/ Wg(t)tmdt:/ (12 — eyt + co)t2dt
0 0

1 1

2 2
(£ — eyt + cot™1?) dt = (—t5/2 — Zet’? 4 202t1/2)

5 3

0

— 51+ 209,
31 2

owlwc\

and

1 1
0= / mo(t)tt Y 2dt = / (2 — eyt 4 co)tY2dt
0 0

1
2 2 2
= [ (7 —ct?? + oot'/?) dt = <?t7/2 — gclt5/2 - gCQt?’/Q)

1

0

which leads to the linear system

1 1
-C —Cp = =,
31 7?5

1 1 1
-l — -Cy = =.
5+ 3727

Multiplying the first relation by % and subtracting the second from the prod-

uct, we find

1(1 ) 1 +1 1 1
“lzaa—)—zc+z0=——2
s\3t ) 51 T3P T 5 7
that is,
(1 1) 7—15
—_— — cl_—
9 5 105
and
4 8
45 105’
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so, finally, ¢; = g, and using this, we have ¢y, = % Hence,

6 3
H=t>—t+ —.
m(t) 7' 73

6
<3 — 2\/%) = (0.1155871100,
1 6
= 3+2 == 0.7415557471.

In order to find w{ and w§, instead of (2.4), we will use the fact that the

Therefore,

T =

| =

2-point Gauss formula has degree of exactness d® = 3, hence, the formula

will be exact for f(t) =1 and f(t) = t, which yields
1
/ t= 124t = wl + w§,
0
1
/ =124t = rwd 4+ nws,
0

thus,
w +wd =2,

le;} —+ TQU)G = —.

3
Multiplying the first relation by 7, and subtracting the second from the

product, we find

T1(w§ + wg;) — lef — Tgwg =27 — 3
which leads to
2
(7'1 — T2>w§; = 27'1 — g,

that is,
21 — 2
G_ <173
w2_ .
T — T2
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Similarly, multiplying the first relation by 75 and subtracting the second from

the product, gives

G_2T2_2

wl — 3.
To —T1

Substituting now the value of 7 and 75, we obtain

1 /5
w =1+ 5\@ = 1.3042903097,

1 /5
ws =1— g\[g = 0.6957096903,

thus, the Gauss formula takes the form

! 1\/3 1 6
£ 2dt = (14 24/ = —[3-2¢/=
/Of() (+3 aNE >
1 /5 1 6
1——y/= - 24/ = Sf).
() G en))
Now, lets try to approximate the integral

L 1
I = / CoS (—ﬂ't) +1/24¢.
0 2

For its exact value, we consider the Fresnel integral (cf. [1], Section 7),
: T o (DM(1/2)™
C(z) = / COS (—32> ds =) L2 nth
0 2 ;% (2n)!(4n + 1)
Using the change of variables s = t1/2, ds = 1¢71/2d¢, we have

1 z
C(z) = 5/0 cos (gt) t12dt,

(2.9)

and setting z = 1,
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thus,
I =2C(1) = 1.5597868008. . ..

Using first the Newton-Cotes formula (2.8), we obtain

4
INC:§:1.333...,

while using the Gauss formula (2.9), we get
16 = 1.2828510665 + 0.2747384931 = 1.5575895596,

with respective errors

RYC = 0.2264534674 . . .,
RS =0.0021972412.. . .,

showing indeed the superiority of Gauss formula.

2.3 Properties of Gauss quadrature formula

Considering the n-point Gauss formula (2.3), in this section we present the

most important of its properties (cf. [2], [5] and [7]).

(i) All nodes 7y, are real, distinct and contained in (a, b). This is a classical
property of orthogonal polynomials, and its proof is given in Theorem

1.18.

(i) All weights wy are positive. Considering ¢; to be the Lagrange poly-
nomial, Stieltjes observed that formula (2.3) is exact for (3 € Py, ».

Since w(t) and £3(t) are positive, we have

/ 2wt > 0.
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Then,

b n n
[ Btwa =3 w0 =3 w5 =12,
@ k=1 k=1
where 0, is the Kronecker’s delta. Therefore, wy > 0.

(iii) Gauss formula converges for continuous functions in [a,b], that is, if
f € Cla,b], then R,(f) — 0 as n — oo. For the proof, we use Weier-
strass approximation theorem, which implies that if py,_; is the best

approximation of f in [a,b] from space Py, 1, then
lim [|f — pan-1ll, = 0
n—oo

Since poy,—1 € Pay,_1, we know that R, (pa,—1) = 0, thus, given that w(t)

and wg, k =1,2,...,n, are positive

| B ()] = |Ru(f) = Bu(P2n-1)| = |Rn (f — P2n—1)]

b n
[ U0 = s @ w0t = 3w [ () = s ()
b N
< [ 170 = Baums 0 w00+ D wn|F () = s ()

b n
<1 = ] [ / w<t>dt+zwk] .
a k=1

Because 1 = t° € Py, Gauss formula will be exact for f(t) = 1, hence,

/abw(t)dt = /ab tPw(t)dt = kzn;wk,

thus,

ER] bw(t)dt) T

= 2”0 Hf - ﬁanlHoo )
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where fi is given by (1.1). From Weierstrass approximation theorem,
we have

IR, (f)] < 2u0 || f — Don-1llo, = 0, as n — oo.

The nodes of the (n + 1)-point formula alternate with those of the

n-point formula, more specifically,

S <) < < <) <,

This is another well-known property of orthogonal polynomials, and its

proof is given in Theorem 1.20.

The next property arises, once again, from orthogonal polynomials,
in particular, from their three term recurrence relation, Theorem 1.9.
Considering 74 (-) = m,(-;w) to be the kth degree orthogonal polyno-
mial, with respect to the weight function w(t), there are coefficients ay

and S such that

7Tk+1(t) == (t - Oék) 7Tk<t> - ﬁkﬂ'k_l(t), k= 0, 1,2 Cey

mo(t) =1, w_1(t) =0,

where oy and [y are defined in (1.8) and (1.9), respectively, and 5y =
fab w(t)dt = po. Let now J,(w) be the nth-order Jacobi matrix defined
in Definition 1.11, that is,

ap VB 0 ... 0
\/E (03] \/E 0
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In Theorem 1.12, we proved that the eigenvalues of .J, are the zeros
of 7,, i.e., the nodes of n-point Gauss formula. We will now prove
that we can express the weights of the Gauss formula in terms of J,,’s

normalized eigenvectors. In Theorem 1.12, we saw that

T
A(r) = [Fo(ri™), A (™), s a1

is the k-eigenvector of .J,. Thus,

~ (1) ~ ¢ (n)
(T (T
Hﬁ(Té"))H N N ONE
. (23[R
is the corresponding normalized eigenvector and || - ||z is the euclidean

norm on R". Considering now (2.10) in vector form

Vg1 7o(T ;in))
U2 | 1 (T ]gn))
n—1 | ~ n 2 1/2 ’
(Z5 (6] .
| Vkn—1 | _7~Tn—1 (7 )_

and comparing the first component on each side, we obtain

_ Fo(ry"”)
Vg1 = ) 1z
(z [
Thus,
1 1
Vg1 =

oD (s pen])

and since, from (1.15), 7y (t) = ﬁ, after squaring the above relation,

we get

(2.11)
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On the other hand, since m;7; € Py,_9, ,7 = 0,1,...,n—1, the n-point

Gauss formula will integrate exactly ;7;. Thus,

b n
/ Tt (Dw(t)dt = wpdi(n)7;(7h), 4,5 =0,1,...,n— 1.
a k=1
(2.12)
By definition, 7;, 7; are orthonormal, with respect to the weight func-

tion w(t), hence,
/b ()T (Hw(t)dt = (7, 7;) = 65, 4,5=0,1,...,n—1, (2.13)
therefore, from (2.12) and (2.13), we have
iwkﬁi(m)frj(ﬂc) =0i, 4,j=0,1,...,n—1,
k=1

and in matrix form

PTWP =1, (2.14)
where ) )
w1 0 0
0 Wo 0
W =
0 O Wy,
and ~ -
foln™) () o Faa(n™)
folrs) #(HY) o Faa(rs™)
P =
| Fo(r”) 7 (n) Foca ()]

In (ii), we proved that the wy are positive, therefore, W is invertible
and from (2.14),
det(PTWP) = det(I) = 1,
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thus,
det(P")det(W)det(P) = 1,

hence,

det(P) # 0, det(PT) # 0,
and this yields that P and PT are also invertible. From (2.14) we have
wp=(P")",

therefore,

W= (PT) P = (PP

which is equivalent to

Wt =ppT,
and since _ _
L0 0
w1
W—l 0 11%2 0
0 0 o
we have .
1 ~=T. ., (2
= [79(7,5 ))] :
kD
which leads to
1
wy, = (2.15)

s [me]

Finally, from (2.11) and (2.15), we get

wy, = Poviey, k=1,2,...,n. (2.16)
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Therefore, by means of (1.16) and (2.16), the problem of constructing
the Gauss formula, i.e., computing its nodes and weights comes down to
finding the eigenvalues and eigenvectors of a symmetric tridiagonal ma-
trix. The most commonly used method is the Golub-Welsch algorithm,

which solves the eigenvalue problem by means of the QR algorithm.

In this last property, we will use Hermite interpolation in order to give
an error estimate for the n-point Gauss formula. In Hermite interpo-
lation, we use values of the function and its derivatives. In its simplest

form, let p the polynomial which satisfies

p(tz) :f(tl), 1= 1,2,...,71,
p/(tl) :f/(tz), 1= 1,2,,77,
The above 2n conditions guarantee the existence of a polynomial p €

Py, 1, denoted by p2,_1, and given by the formula
pana(t) = 32 PV + 0 F (1) KD, (2.17)
i=1 i=1

where H; and K; are defined by

Hi(t) = [1—2(t — ;) 04(t:)] 2(¢), (2.18)
Ki(t) = (t —t;) C(t),

and satisfy
Hl(t]) = 5@', H,(tj) = 0 for all j,

7

(2.19)
Kz(tj> =0 for all j, K{(tj) = 62]

We shall show that

f(t) = p2n71<t) + Tgnfl(t% (220)
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where

n (2n)
Tgn_1<t> = H(t — ti)Q%’ a < f(t) < b, (221)

is the Hermite interpolation error, assuming that f € C*"[a, b].

Indeed, if t € {t1,...,t,}, then

n

[[¢t—t) =0

i=1
thus,

Ton—1 (t) = 07

and (2.20) is true. Assume now that ¢ € [a,b] witht #t;,, i =1,2,...,n,

and, without loss of generality, t; < t; < ... < t,. We define the
functions
o(x) = [J(= - ;) (2.22)
i=1
and

f(t) — pan-1(2)
o(t)

It is easy to see that ¢p € C?"[a,b], and setting z = t;, 1 = 1,2,...,n,

() = f(z) = pan-a(z) — ¢(x), v €la,b].  (2.23)

or x =t in (2.23), we get

Therefore, from Rolle’s theorem, there exist &;,...,&,,
tl<§1<t2<...<tj<§j<t<§j+1<t]‘+1<...<§n<tn,

such that ¢/(&) = 0, i = 1,2,...,n. Given that p/(¢;) = ph,_(t;) =
f'(t), i=1,2,...,n, and the t;’s are the zeros of ¢ of multiplicity 2,



20

2.3. Properties of Gauss quadrature formula

it easy to see that ¢/(t;) = 0, i = 1,2,...,n. Hence, ¢/ has, at least,
2n distinct zeros, therefore, by Rolle’s theorem " will have, at least,
2n — 1 distinct zeros. Proceeding that way, we finally get that ™

has, at least, one zero £(t) € (a,b). Since

f(t) - p2n—1(t)
(t)

w(Qn)(l,) — f(2n) (z) — (2n)!,

we have

f(t) - p2n—1(t)
(1)
which, solved for f(t) — po,—1(t), yields (2.20)-(2.21).

0=yP(E®) = FEE®R) - (2n),

In 1885, Markov observed that the n-point Gauss formula can be

constructed by means of Hermite interpolation. Given that

n

ﬂﬂwzwaumzjja—n%

i=1
we have
H t — 7‘3
k=1 ¢=1
0k
hence,
H Tk — Tg
=1
04k
Therefore,
L (1)
lL(t) = = ) 2.24
0 ng_Té (t — i), (7 (2.24)

04k
Multiplying both sides of (2.20) by w(t), and then taking the integral,

we have

/f@MWﬂ:/mnﬁW@&+/wnﬁm@M
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First,
b b n n
/ Pan—1(t)w(t)dt :/ [Z F(m) Hi(t) +Zf’(n)[(i(t)] w(t)dt
=4 [ H@Ow@dt+ Y f(m) [ Eew(dr

From (2.18) and (2.24), we have
b
/ Huw(tdt = [ (12 (0= 6) (0] Gletas
/ C(Hw(t)dt — 20(t) / () B(tw(t)dt
- / E?(t)w(t)dt—%g(ti) / bwn(t)éi(t)w(t)dt,

7, (7i)

and since m,(t) is orthogonal, with respect to the weight function w(t),

to polynomials of lower degree and ¢; € P,,_4,

/b () (t)w(t)dt = 0.

Therefore, by means of Stieltjes observation in property (ii), we obtain

/H /52() (1)t = w;.

Similarly,

/ K (Bw(t)dt = / (¢ — ) (b

_ ! /bﬂn(t)&(t)w(t)dtzo.

77, (7i)

Hence,

b n
/ Pon_1(Hw(t)dt = Zw f(m), (2.25)
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which proves our assertion. By constructing the n-point Gauss formula
via Hermite interpolation, we are able to obtain, as a biproduct, an

expression for the error term. We have

R.(f) —/ Ton—1(t)w(t)dt

/ o 2 f (2n) (f)(‘ ))U)(t)dt

B 2 FEM(E())
_/a (7 (£ 0)] " w(t)dt, a < £(t) <b

Assuming that f € C*"[a, b],
m < fEV(E() < M,
and since [m,(t; w)]* and w(t) are positive for t € [a, b], we have
m/ ma(t;w)]  w(t)dt < (2n)!R,(f) < M/ o (t; w))* w(t)dt,
thus,
(2n)! R, (f)
) It )Pt

As f € C*[a,b], we can apply the Intermediate Value Theorem, which

< M.

imposes that there is £ € (a,b) such that

(2n)! R (f)

_ fn)
f: [T (; w)]2 w(t)dt (),
that is,
(2n) b
Ru(f) = f(2—n§§)/ [ma(t; )] w(t)dt, a < € <b. (2.26)



Chapter 3

Anti-Gauss Quadrature

Formula

This chapter is about the anti-Gauss quadrature formula, an efficient method
constructed by Laurie (cf. [8]) in order to estimate the error of the Gauss

formula.

3.1 Introduction

The remainder term of the Gauss formula contains f®%(¢), therefore, its

practical value is limited, since high order derivatives are difficult to estimate.

In practice, if we set I(f) = ff fOwt)dt and QS (f) = S, wif(Tk), we

can estimate the error term

[Ru(£) = [1(f) = Q5 (f)

Y

by means of

|Ro(N)] 2 |Qu(f) — QS(N)],

93
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where @Q,,,(f) is the quadrature sum of a formula with m > n points and
degree of exactness d,, > 2n — 1, i.e., Q,,(f) plays the role of the true value
of the integral.

One idea is to start with the n Gauss points and add some more in order
to obtain the new formula. It is noteworthy that in order to improve on the
degree of exactness of the Gauss formula we need to add, at least, n + 1
more points. This is because if we start with the n Gauss points and add up
to n new ones, the resulting quadrature formula is the Gauss formula itself.

Indeed, let Q2,(f) be the 2n-point quadrature formula
Qun(f) =D wif(rs) + Y wif(7}).
i=1 i=1

By means of (2.4), we have

w*:/b(t—7'1)...(t—Tn)(t—Tf)...(t—Tg_1>(t—T;+1>...(t—T;)
= Tt~ 70 1T (0~ 7)
B bﬁ (t—Tf)...(t—T,:il)(t—T,:Jrl)...(t—T;)w
AL A s T B

w(t)dt

and since (t —717) ... (t —1;_)(t = 77,) - .- (t = 77) € P,,_y, by orthogonality,

wp =0, k=1,2,...,n, hence
Qan(f) = Zwif(Ti) = Qf(f)-
i=1

Therefore, we are seeking a (2n 4 1)-point formula, containing the Gauss
nodes 7;, ¢ = 1,2,...,n, with degree higher than 2n — 1. Kronrod, in 1964,
constructed an optimal extension of Q¢ (f) for w(t) = 1 on [—1, 1], having de-
gree of exactness, at least, 3n+1, which is now called Gauss-Kronrod quadra-

ture formula. Unfortunately, for many classical weight functions, among
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which the Gegenbauer and Jacobi, for certain values of the parameters \ and
«, B3, respectively, as well as the Laguerre and Hermite weight functions, the
Gauss-Kronrod formula fails to exist with real nodes, all contained in the
interval of integration, and positive weights.

Hence, the quadrature formula @,,(f) should satisfy the following prop-

erties:

(i) Its n+ 1 nodes are real and contained on the interval of integration.
(ii) Its weights are positive.
(i) Qm(f) should be easily constructed.

(iv) Qm(f) must have degree of exactness higher than 2n — 1.

Despite the fact that Q% ,(f) fulfills these properties, it has been noted that

using it in place of @,,,(f) can be very unreliable (cf. [4]).

In 1996, Laurie constructed the anti-Gauss formula

n+1
2O =) Nf(&), (3.1)
i=1
defined by the property
I(p) — Q%1 (p) = = [1(p) — Q5 (p)] Vp € oy, (32)

that is, the anti-Gauss formula has an error exactly opposite to that of the

n-point Gauss formula Vp € Py, ;. Then

I(p) — Q5 (p) = I(p) — Qi (p) + Quti(p) — Q5 (p) Vp € Py,

thus,

I(p) — Q5 (p) — [I(p) — Qu$i(p)] = Qufi(p) — QS (p) Vp €Popir. (3.3)
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Now, inserting (3.2) into (3.3), we have

2 [HP) - QS(P)} = ;’?fl(p) - Qg(p) Vp € Popy,

hence,
w1 () — Q5 (p)

I(p) — Qg(p) = 5 Vp € Popq, (3.4)

that is, the error of the n-point Gauss formula can be estimated by

Also, from (3.2), we have

I(p) — Q2% (») = —I(p) + QS (p) Vp € Poyy,

thus,
2% (p) + Q5 (p)

I(p) = =t 9 Vp € P2n+1-
This leads to the (2n + 1)-point formula
1
Qi () = 5 [QU (N + Q5] (3.5)

which is called averaged Gauss quadrature formula, and as, by (3.2),

2% (p) + QS (p) = 2I(p) Vp € Py,

that is,

Qéqaffl (p) = 1(p) Vp € Py,

formula (3.5) has degree of exactness 2n + 1.
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3.2 Construction of the anti-(zauss quadra-
ture formula

In this section we will show that the construction of the anti-Gauss formula
can be done in a like manner as the construction of the Gauss formula.

Initially, from (3.2), we have

a5 (p) =21(p) — QY (p) Vp € Ponpr. (3.6)

Defining now the Gauss formula by

Q5 (p) = 1(p) ¥p € Py, (3.7)

we can consider [ to be the linear functional

b
10) = [ st

In that sense, from (3.6), the anti-Gauss formula is a (n + 1)-point Gauss
formula with respect to the linear functional 2 — Q¢. Hence, we can find
its nodes and weights the same way we did in the case of the Gauss formula.
From (1.8) and (1.9), we have

_ (tmem) _ o tim@®)P w(dt It

B R T T [ L

and similarly
I(3)
I(m_y)

with 7, to be the orthogonal polynomial, of degree n, with respect to the

BOZI(TFO)’ /Bk: :1a27"'7n7 (39>

linear functional I, that is, m, is defined by the property

/ e (Op(w(t)dt = I(mp) = 0 Vp € Py, (3.10)
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Let now &, and Bk, k= 0,1,...,n, be the coefficients that satisfy the
recurrence relation
Tra1(t) = (8 — ) T(t) — Bift—a(t), k=0,1,2...,

’ﬁ'o(t) - ]., ﬁ_l(t) - 0,

(3.11)

where 7, is the orthogonal polynomial, of degree n, with respect to the linear

functional 21 — Q%. Interchanging I with 27 — Q% in (3.8) and (3.9), gives

L@ =i
Q= 21— Q%)(72) k=0,1,...,n, (3.12)

and

) s (20 -Q9)(7Y)
fo = (21 = QD)(R0). B = 77— Q) (77_y)

Considering now the corresponding (n + 1) x (n + 1) Jacobi matrix

L k=1,2,....n.  (3.13)

& /B 0 ... 0 0

. \/Bi a1 B ... 0O 0
Jn+1 _ ‘51 Of1 .52 | | 7 <3'14>
0 0 0 ... /By G

as we shall prove in the next section, the nodes and weights of the anti-

Gauss formula can be expressed in terms of the eigenvalues and eigenvectors
of jn+17 just as we discussed in property (v) for the Gauss formula. Therefore,
in order to construct formula (3.1), we only need to find the coefficients &,
and Bk

From (3.7), we have

(21 — Q) (p) =21(p) — QS (p) = 2I(p) — I(p) = I(p) Vp € Poy_y. (3.15)
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Considering now that t77 € Py, 1, 2 € Py, 5 and 72 | € Py, 4 for k =

0,1,...,n—1, from (3.12), (3.13) and (3.15), we obtain

@I -ef)eRy) _ IGw)
ay, = (ZI_Qg)(ﬁIQS = f(ﬁik)’ k=0,1,...,n—1, (3.16)

and, similarly,

s QI-Q9HE) I
i)

\ Ck=0,1,....n—1. 3.17
CI-Q0)F.,) 17 (317
Since 7y = my and 7; = 7y, then &y = ay, Bo = [o, and by means of (3.16)

and (3.17), we get

dk:ak,k:(],l,...,n—l,
Bk:Bkv k:O,l,...,’I’L—l, (318>
frk:m,kzo,l,...,n.

What remains is to compute a,, and £,. From (3.12) and (3.18), we have

__RI-Q9)im) _ 21(tr) - QFr)
"TRI- Q) T 2(m?) - Q)

that is,
_21(tmy) — 3o wi (7 [ (72)]%)
21(m2) = S0, w; ([ma(7)]%)

n
By definition 7; are the zeros of the polynomial 7,, therefore, the factor

[, (73))° will vanish and, from (3.8), we obtain

oI(tr2)  I(tn?)
Oy, = = = Q.
20(ry)  I(m)

Now, from (3.13) and (3.18), we have

p = QIO _ _21(m) — Qi)
@I -QN(m) 2w

SN
L
~—
|
SQ
—~
N
3w
L
N~——
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Similarly, since Q%(72) = 0 and 72, € Py, o, hence, by (3.9), Q% (7% _|) =

I(m2_,), we get

n—1

A 21 (m?)
n — =2 n-
(= i
Finally, we have
dk:ak, /{?:0,1,...,71,
/Bkzﬁkv k:()u]-?"'7n_17 Bn:2ﬁna (319)
ﬁk:ﬂ'k, k:O,l,...,n.

3.3 Properties of the anti-Gauss formula

Anti-Gauss formula has almost all of the properties we discussed in the first
section. Considering Q4 to be the (n+ 1)-point anti-Gauss formula defined
in (3.1), in this section we present these properties (cf. [8], Theorem 1, [9],
Theorem 2.1).

(i) The nodes &, ¢ = 1,2,...,n + 1, are real and the weights \;, i =
1,2,...,n+ 1, are positive. Considering Q% to be the (n + 1)-point
anti-Gauss formula for the linear functional 21 — QY. we will express &

and A; in terms of jn+1 eigenvalues and eigenvectors. From (3.14) and
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(3.19), we have
8 0 0]

0 ...
N
o 0 0 .. \/E G a20)

.0
0

9&‘

Jn+1 =

0 0o ... 28, a,

Precisely as in the proof of Theorem 1.12; it is easy to show that the
satisfy the three term recurrence

Tk

orthonormal polynomials T = A

relation
kfl(t), k == 0, 1, 2, ‘e

\/BTH%k+1(t) = (t — dy) Ti(t) — \/E

7:7—1(75) =0, 72T0(75) = \/Ea

=1

that is,
e (t) = \/ Bre1(t) + @t (t) + ) Beramesa (1),

and in vector form
(3.21)

t%(t) = jnJrl%(t) + 5n+17%'n+1 (t)enJrla
where e,11 = [0,0,...,1]% is the (n + 1)th coordinate vector in R"™!

and 7(t) is defined as
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Therefore, setting ¢t = §; in (3.21), since &, i = 1,2,...,n + 1, are the

zeros of T,.1(t), we obtain

T (&) = &7 (&) (3.22)

Equation (3.22) implies that & are the eigenvalues of Joi1 and 7 (&)

are the corresponding eigenvectors.

Lemma 3.1. Let A be real symmetric matriz of order n+ 1. Then its

etgenvalues are real.

Proof. Let X\ be an eigenvalue of A and v the corresponding eigenvector.
Since A is a real matrix we know that A = A, where A is the conjugate
matrix of A. Therefore if Av = \v, then Av = v, that is Av = \o.

Hence,

o Av = o7 (Av) = o7 (W) = XoTw (3.23)

and

v Av = (Av) v = (W) v = o' w. (3.24)

From (3.23) and (3.24), we get A\vTv = A\oTv, and as v # 0, A = ), that

is, A is real. O]

Since jn+1 is a real, symmetric matrix of order n + 1, its eigenvalues,
i.e., & will be real. Now, we can prove, precisely as we did in property

(v) of the n-point Gauss formula, that

Ao = Botis, k=1,2,....n+1, (3.25)
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where vy, is the normalized eigenvector

. j:T(fk)
17 (&) Il
and from (3.19),
_— o (&) _ o (&)
Uk1 = /2 — /2"

(S f@]) (Smer)

Therefore the 051, £ =0,1,...,n 4 1, are real, and, consequently, the

M, K=0,1,...,n+ 1, are positive, since Bo = [y > 0 and 17,371 > 0.

(ii)) The nodes &, k = 1,2,...,n + 1, alternate with those of the n-point

Gauss formula, that is,

ni1 < Tp <& < --- <1 <. (3.26)
At first, jn+1 is a real symmetric matrix, since, from (3.20),
aw VB 0 ... 0 0
. VB a1 P2 ... 0 0
Jner= | o R E
0 0 0 ... V2B a,
and by definition S, £ = 0,1,...,n, and ag, k = 0,1,...,n, are all
real. Then, also from (3.20), we have
aw VB 0 0 0
n+1 frd fd R
: : : : SBT  a,
0 0 0 V2B
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(iii)

where SBT = [0,...,0,/23,] € R", that is, J,, is a principal submatrix
of jn—i—l- Therefore we can apply the Cauchy’s interlace Theorem (cf.
[10], pp. 202), which states that the eigenvalues of a real Hermitian
matrix of order n interlace with those of any principal submatrix of

order n — 1.

The inner nodes of the anti-Gauss formula are contained in the inte-
gration interval, that is, &,&s, ..., &, € (a,b). In the first property for
the Gauss formula we showed that its nodes 7;, ¢ = 1,2,...,n, are all

contained in the interval (a,b) and by (3.26),
Tn <£n<7—n71 < e <£2 < T1,
hence, §; € (a,b),i=2,3,...,n.

For the outer nodes &; and &1 we have

i1 (b
& € [a,b] if and only if 7T+—1() > Bh. (3.27)
Tnfl(b)
and
&ni1 € [a, b] if and only if T+1(@) > By (3.28)
Tn—1(a)

Initially, by means of (3.19), we have
7%n—i-l(t) = (t - é‘n)ﬁn(t) - Bnﬁ-n—l(t)
(t — an)mn(t) — 2B, mn—1(t)

(t - O‘n)ﬁn(t) - 5n7rn—1(t) - Bnﬂn—l(t%

and from (1.7),
ﬁn+1(t> = Tn+1 (t) - 6n7rn—1(t)‘ (329)
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As 7y, is a zero of m,, we have, from (1.7),

Tpt1(Tk) = —BnTn-1(Tk),

which, inserted into (3.29), yields

Tnt1(T8) = 2741 (k). (3.30)
Now,
n+1
T (t) = [T = 7).
i=1
thus,
n+1
o (1) = [[(e = 7"Y), k=1,2,....n, (3.31)
=1

and from (1.24), we have

=1 >0, i > k41,

(3.32)
Tk — Ti(nﬂ) <0, i<k

The later, in view of (3.30), leads to
sigh a1 (7)) = sign 41 (1) = (=1DF, k=1,2,...,n. (3.33)
Now, it is clear that
tliglo Tt (t) = tliglo Tni1(t) = tliglo Tn-1(t) = 00. (3.34)

Therefore, Theorem 1.18, combined with (3.34), implies that 7,1 (b) >
0 and m,_1(b) > 0, since all their roots are contained on (a,b). In
addition, & is real (see (i)) and, by (3.34) and (3.33), & € [a,b] if
and only if 7,,1(b) > 0, which, in view of (3.29), leads to m,41(b) —
Bnmn_1(b) > 0, that is, condition (3.27).
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For the leftmost node, if n 4 1 is even, we know that

Jim F(f) = Hm e (t) = lim mo(f) =0, (339

then, from Theorem 1.18, we have that m,11(a) > 0 and 7,_1(a) > 0,
while, by (3.35) and (3.33), &,+1, which is real, belongs in [a, b] if and
only if 7,11(a) > 0, which, by means of (3.29), leads to (3.28). On the
other hand, if n + 1 is odd, we have

Jim Tt (t) = im Tni1(t) = Jim Tn—1(t) = —o0. (3.36)

The later, in view of Theorem 1.18, implies that m,,1(a) < 0 and
mn—1(a) < 0, while, by (3.33), &,11 € [a,b] if and only if 7,11(a) <0,
which again, by (3.29), leads to (3.28).

So far, we proved that the anti-Gauss formula always exists, with real

nodes and positive weights, while at most two of its nodes are not contained

in the integration interval.

3.4 Anti-Gauss Quadrature Formula on Clas-

sical Weight Functions

We will now examine whether, for some of the classical weight functions

presented in the previous chapter, the anti-Gauss formula has all its nodes

in the interval of integration.

Theorem 3.2. ([8], Theorem 2) The anti-Gauss formula (3.1) for the gen-

eralized Hermite weight function

1
w(t) = ]t‘we—ﬁ’ > —5 t € (—00,00), (3.37)
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or the generalized Laguerre weight function
w(t) =t%"" a>—1, t €0,00), (3.38)
has all its nodes contained in (—oo,00) and [0,00), respectively.

Proof. For the generalized Hermite weight function, there is nothing to prove
since the nodes of the formula are always real and therefore are always con-
tained in (—oo,00). For the generalized Laguerre weight function, we need
to check if the leftmost node belongs to the interval, that is, if &,.1 > 0,
which, by (3.28), is true if and only if

71—7%—&-1 (0) > B
T (0) T
where 7% is the Laguerre orthogonal polynomial of degree m. From Table

1.2, B, = n(n + «) and, by means of (1.37) and (1.38), we have

Mﬁ@)=(n+a)= F'n+a+1)

n Fn+ Hl'(a+1)
and
kn _ (_1) 7
n!
thus,
o I'(n+a+1)
7E(0) = LY )(0) _ r(n+1)r(na+1) — (—1)"n! F'n+a+1)
K e Fint DFa+1) 5 499
. T(n+a+1) JLn+a+1)
=(-1) n!'— = (—1)"——— _
n'(a + 1) Ma+1)
Hence, we have
n+1T(n+1+a+1)
Ta(0) (=) T(a+l) (_1)2F(n—|—oz+2)
L o n—1+o o
Ty-1(0) (—1)"—1% I'(n+a)
n+a+1)(n+a)l'(n+a)
N I'(n+ )

=@n+at+l)(nta)
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and since o > —1, we have (n + « + 1) > n, which leads to

L
WZH(O) =(n+a+1)(n+a)>n(n+a)=0,
ﬂ—n—l(o)

based on which &,.1 € [0, 00). O

Theorem 3.3. (/8/, Theorem 3) The anti-Gauss formula (3.1) for the Jacobi

weight function
wt)=(1-t)*"(1+t)’ a,B>—1, t €[-1,1], (3.40)
has all its nodes contained in [—1,1] if and only if

(2a+1)n*+ 2a+1)(a+ B+ 1)n+ %(aJr D(a+B)(a+p+1) >0 (3.41)

and
28+ D)+ (26+ 1)(a+ B+ )+ %(m D(atB)a+f+1)>0. (3.42)

Remark 3.4. Condition (3.41) comes from the requirement that &; is included
in [—1, 1], and condition (3.42) from the requirement that &, ; is included in

[—1,1].

Proof. From Table 1.2, we have

dn(n+a)(n+B)(n+a+ )

J __
B = GnTatp@ntat Bt DEntat o)

and, from (1.35), k,, = L(Q"J;‘j‘JFB) and P,Ea’ﬁ)(l) = ("). Hence,

271

«, n+a D(n+a+1)
F(a’ﬁ)(m = PT(L B)<1) — ( n ) _on__ I'(n+D)I'(a+1)
n - k, - L(2n+a+5) o I (2n4a+B+1)
2n n T(n+ DT (ntatpB+1)

JLn+a+1D)I(n+a+8+1)
MNa+1)I2n+a+5+1)



Chapter 3. Anti-Gauss Quadrature Formula 69

We need to find a condition such that

Tt (D) o
7T(Cvﬁ) (1) — o

n—1

which is equivalent to

Ty (1)
,n_(avﬁ)
"5{](” > 1, (3.43)

As

o n+1T(n+14+a+1)T(n+14+a+5+1
7T7(1+’f) (1) _ 2t (I‘(a+1)1"(2)n(+2+oz+ﬁ+l) :
(a,ﬁ)(l) - on-1 I'(n—1+a+1)I'(n—1+a+B+1)
n—1 T(a+ D) (2n—2+a+pB+1)

(n+a+1)(n+a)'(n+a)(n+a+L+1) (n+a+B)(n+a+3)
_ 4 (2n+a+B+2)(2n+a+B+1)(2nta+B) (2n+a+B—1)I (2n+a+B—1)
I'(n+a)I'(n+a+p)
I'(2n+a+p-1)
dn+a)(n+a+)(n+a+B)n+a+p+1)

Cnta+B8-1)2n+a+B)2n+a+B+1)2n+a+p+2)

T

we have
71_(‘175)(1)
s 4(n+a) (nta+l)(ntatB)(ntatp+1)
m,_1 (1) (@ntatp-1)(2n+a+B)(2ntatB+1)(2n+atp+2)
B - dn(n+a)(n+p)(n+a+p) ’
n (2n+a+p)2(2n+a+p+1)(2n+a+p—1)
that is,

L e))

00 (n+a+l)n+a+p+1)2n+a+p)

o n2n+a+ 8+2)(n+ )

(3.44)



70 3.4. Anti-Gauss Quadrature Formula on Classical Weight Functions

For the numerator, we have

(mn+a+l)(n+a+B+1)(2n+a+p)

= 2% + (5o + 36 + 4)n? + (40% + 52 + 508 + 6 + 45 + 2)n
+ (@® 4 20°8 + af? + 202 + B>+ 3af + a + B)

= 2n3 4+ an® + fn® 4+ 2n? + 26n* + afin + B*n + 28n + dan?
+ 4a’n + dafn + 4an + 2n? + 2an + 26n + 2n* + o + o*p
+2+a?B+aff+aB+a’+af+a+ab+2+7
=n*+Bn)2n+a+B+2)+ (dan+2n)(n+a+ B+ 1)
+(@@+af+a+Bla+p+1)
=n2n+a+5+2)(n+pP)+2Q2a+1)n(n+a+G+1)
+(a+1)(a+B)(a+f+1).

The later, combined with (3.44), gives

)

AW, Catpnta+fr1)+gat)(atf)latf+1)
Bl n(n+B) (n+ 52 +1)

. 2a+1)n* + (2a+1)(a+ B+ 1)n+ 3(a+1)(a+ B)(a+ B +1)

nn+p) (n+ 42 +1)
According to (3.43) the fraction on the left has to be greater or equal to
1. Since @« > —1 and 8 > —1, the denominator is positive, therefore it is

necessary that

(2a + 1)n* + (2a+1)(a+6+1)n+%(a+ D(a+B)(a+p+1) >0,

which leads to (3.41). For the leftmost node, from (1.36), we have

PPO(t) = (—=1)" PP (~t),
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that is,
PR (=1) = (=1)"PP (1),
therefore,
D (=1) = (=1) 7P (1)
Thus,
mor (1) (=) (DAY i)
(1) ()P B w2
and

7T(a

n+1

Py 8P

(a
ﬂ'n_

ﬂ_(ﬁv&)(l)

n—1

ey

Byl gl

which means that in order to have

we need

that is, all we have to do is to interchange a and f in (3.41), which leads

immediately to (3.42).

Conditions (3.41) and (3.42) contain the factors n? and n, therefore their

ot (1)
nED

7
n

T (1)

(,3704)(1)

n—1

e

721

Y

O

practical value is limited. In an attempt to provide some more enlightening

conditions for the Jacobi weight function, we present the following theorem.

Theorem 3.5. (/8], Theorem 4) The anti-Gauss formula (3.1) for the Jacobi
weight function (3.40) has all its nodes contained in [—1,1], if o and 5 satisfy

the following inequalities

(3.45)
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TR (3.16)
Qat Do+ F+D 4 0+ Dot fatfr)0,  (347)
(254 Do+ B+2)+ 5B+ Dot Hlo+F+1) 20, (349

Proof. Considering the polynomials on the left side of (3.41) and (3.42), note
that, assuming (3.45) and (3.46), we get

20+1>0,284+1>0, a+8+1>0,

that is, the coefficients of n? and n are positive, therefore their first derivative

will be positive and they can be treated as increasing functions of 7,
g(n) = 2a+1)n*+ (2a+ 1)(a+6+1)n+%(a+1)(a+ﬁ)(a+ﬁ+1) (3.49)
and
h(n) = (28+1)n*+ (28+ 1)(a+ﬂ+1)n+%(ﬁ+1)(a+5)(&+5+ 1). (3.50)
Then, for n > 1, we have g(n) > g(1) and h(n) > h(1), that is,
g(n) > 2a+1)(a+5+2) + %(a—l— D(a+B)(a+B+1)

and

hin) > 28+ 1)(a+B+2)+ %(ﬁ + D(a+ B)(a+ B8 +1),

which, by (3.47) and (3.48), show that g(n) > 0 and h(n) > 0, proving (3.41)
and (3.42). O

Remark 3.6. In the special case that o = 3, the conditions of Theorem 3.5
read

a>—= (3.51)
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and

(a+1)(a+2)(2a+1) > 0. (3.52)

By means of Remark 1.21 and Table 1.2, Legendre, Chebyshev and Gegen-

bauer weight functions are special cases of the Jacobi weight function. Using

Theorem 3.5 and Remark 3.6, we can now check which of them have all their

nodes contained in [—1,1].

(1)

(iii)

The Legendre weight function,

is the Jacobi weight function with o = 8 = 0, hence (3.51) and (3.52)
are obviously both true, thus, the anti-Gauss formula for the Legendre

weight function has all its nodes contained in [—1, 1].

For the Chebyshev weight functions of the first or second kind, we have
a == —% and = 8 = %, respectively, hence, (3.51) and (3.52)
are again true, thus, the anti-Gauss formula for the Chebyshev weight
functions of the first or second kind have all their nodes contained in

[—1,1].
The Gegenbauer weight function is
o\ A—1/2 1
w(t) = (1—1t%) S A>3 (3.53)

This is the Jacobi weight function with o = § = A — 5. Hence, (3.51)
is true for )\—% > —%, that is, A > 0. Also, setting a = )\—% in (3.52),

1 3
_ _ >

we get
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which is true as long as A > 0, thus, the anti-Gauss formula for the
Gegenbauer weight function with A > 0 has all its nodes contained in

[—1,1].
(iv) The Chebyshev weight function of the third kind is
w(t) = (1—1)"2(1+1)",

that is, it is the Jacobi weight function with a = —%, g = % Therefore
(3.45) and (3.46) are satisfied, and the same is the case with (3.47) and
(3.48), whose left-hand side gives 0 and 4, respectively, thus, the anti-
Gauss formula for the Chebyshev weight function of the third kind has
all its nodes contained in [—1,1]. On the other hand, the Chebyshev
weight function of the fourth kind comes from the one of the third kind
by interchanging « and /3, hence, (3.45)-(3.48) are true, and the anti-
Gauss formula for the Chebyshev weight function of the fourth kind

has all its nodes contained in [—1, 1].

From what was said above, it is clear that the anti-Gauss formula is not
useful in practice when exterior nodes appear, as the function under the
integral is not always known outside of the interval of integration. A few
such cases for the Jacobi weight function, where exterior nodes appear, are
presented below, although the list is incomplete. As (3.42) arises from (3.41)
by interchanging o and (3, we only deal with (3.41).

(i) For a < —1, the leading coefficient in (3.41) will be negative. Therefore,
as n increases, the factor n? will eventually dominate over the factor n
and g(n) will eventually be negative. Thus, (3.41) will not be satisfied

and an exterior node of the anti-Gauss formula will appear.
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(i)

As g(n) is a quadratic polynomial that has to be positive, we can
come up with some conclusions by studying the behaviour of its leading
coefficient. By means of (i), we saw that if the leading coefficient of g(n)
is negative, then g(n) will eventually be negative, and an exterior node
will appear. Now, considering the leading coefficient of g(n) to be equal
to zero, that is, 2a+1 = 0, we have a = —% and g(n) = %%(@—%)(54‘%)
Thus, g(n) is nonnegative if (4% — 1) > 0, that is, [8] > 1, while in

the opposite case, |5]| < %, an exterior node appears.

Putting everything together, we conclude that an exterior node appears

in the following cases:

The leading coefficient of g(n) is negative, that is, a < —%.
The leading coefficient of h(n) is negative, that is, 5 < —3.

The leading coefficient of g(n) is equal to zero, that is, a = —% and at

. 1 1
the same time —5 < 3 < 3.

The leading coefficient of h(n) is equal to zero, that is, § = —% and at

the same time —% <a< %
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Numerical Experiments

This chapter contains some numerical experiments, in order to demonstrate
the efficiency of the anti-Gauss quadrature formula. We will estimate the
error of the Gauss quadrature formula, using the anti-Gauss quadrature for-
mula and the averaged Gauss formula, for the Legendre and the Jacobi weight
functions (cf. [9]).

As we already mentioned in Chapter 3, the idea is to estimate the error of
the Gauss quadrature formula as | RS (f)| = |QS(f) — Qu(f)| for m > n+1.
Therefore, we consider the cases that the (n + 1)-point anti-Gauss formula
(3.1) and the (2n+1)-point averaged Gauss formula (3.5) serve as the formula

@ For the anti-Gauss formula, we have

IRS(f)| = |QS(f) — QA%(f)], (4.1)

76
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and for the averaged Gauss formula, we have

[RE(N] = 1QE(1) - @i(D] =@ () 5

_[2Q50) — Q5() — ﬁfm‘:’@f(f)— £fl<f>‘
2 2 '

QRN+ Z‘fl(f)‘

(4.2)

4.1 Legendre

In this section, the weight function used in estimates (4.1) and (4.2) is the
Legendre weight w(t) = 1, while all computations were performed using
the Variable-Precision Arithmetic (VPA) environment in MATLAB, with

precision up to 1000 digits.

Example 4.1.1. Initially, we estimate the error of the Gauss formula for the
integral I = f_ll eldt = et —e~1. In Tables 4.1 and 4.2, we give the numerical
results for estimates (4.1) and (4.2), respectively, together with the modulus

of the actual error.

Table 4.1: Estimate (4.1) and actual error for I =
1
J-, eldt.

n Estimate (4.1) Actual error

5 1.649563569467706e-09  8.247769138932894e-10
10 2.432437283897074e-24  1.216218354823625¢-24
20 6.960214019148526e-60  3.480106980173639¢-60
40 7.239283310034370e-143  3.619641653991043e-143
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Table 4.2: Estimate (4.2) and actual error for I =
1
J-, eldt.

n Estimate (4.2) Actual error

D 8.247817847338532e-10  8.247769138932894¢e-10
10 1.216218641948537e-24  1.216218354823625¢-24
20 3.480107009574263e-60  3.480106980173639¢-60
40 3.619641655017185e-143  3.619641653991043e-143

Example 4.1.2. We approximate the integral I = f_ll e dt using the Gauss
formula. The true value of the integral is I = /merf(1), where erf is the

Gauss error function (cf. [1], Chapter 7)

erf(z) :i/Ze_tzdt:liM for z € C, (4.3)
VT Jo VLS “—~ nl(2n+1)
which is an odd function, that is,
erf(z) = —erf(—=z). (4.4)
Indeed, from (4.3), we have
Vrerf(1) =2 /0 1 et dt, (4.5)

while

0 2 ! 2
1 :/ et dt+/ e dt,
~1 0

Using the change of variables s = —t, ds = —d¢t, for the first integral, we

! 2 1 2 1 2
I:/esds—l-/etdt:Q/ e dt,
0 0 0

have
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which in view of (4.5) is equivalent to

I =/merf(1).

Again, in Tables 4.3 and 4.4, we give the numerical results for estimates (4.1)

and (4.2), respectively, together with the modulus of the actual error.

Table 4.3: Estimate (4.1) and actual error for I =

f_ll et dt.

n Estimate (4.1) Actual error

5 3.130672405186399¢-05  1.565507777521841e-05
10 1.006966058883533e-12  5.034875969157381e-13
20 1.428790122547697e-30  7.143955336131804e-31
40 3.869382477999645e-72  1.934691325738109e-72

80 3.646184218119460e-167 1.823092114388136e-167

Table 4.4: Estimate (4.2) and actual error for I =

f_ll et dt.

n Estimate (4.2) Actual error

5  1.565336202593200e-05  1.565507777521841e-05
10 5.034830294417667e-13  5.034875969157381e-13
20 7.143950612738487e-31  7.143955336131804e-31
40 1.934691238999822¢-72  1.934691325738109e-72

80

1.823092109059730e-167  1.823092114388136e-167
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Example 4.1.3. We will now approximate the integral I = fjl e~ Y qdt. For
the true value of the integral we will use the Complementary error function

erfc (cf. [1], Chapter 7), defined as

2 Tt =1l—-erj(z
erfc(z):ﬁ/z e dt=1 f(z). (4.6)

From (4.6), we have
Vmerfe(z) = 2/ e, (4.7)

0 1
I = / e VAt + / e VPt
—1 0

Using the change of variables s = —t, ds = —dt, for the first integral above,

while

we obtain
1 ) 1 ) 1 ) 0 ,
I =/ e/ ds +/ e Vrdt = 2/ e dt = _2/ e Mt
Now, using the change of variables t = 1, dt = —%ds, we get

o0 1 00 1 !
I= —2/ e <——2> ds = —2/ e (—) ds
1 s 1 s
& 2 1 e 2
=2+ 2/ e ¥ (—2s) (—) ds =2e7 ! — 4/ e ¥ ds,
1 S 1

which in view of (4.6) and (4.7) is equivalent to
I =2t —2ymerfe(l) =2e ! —2y/m(1 —erf(1)),

that is,
I =24 2yxm(erf(1) —1).

As in the previous examples, Tables 4.5 and 4.6 present estimates (4.1) and

(4.2), respectively, together with the modulus of the actual error.
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Table 4.5: Estimate (4.1) and actual error for I

f_ll e Y dt.

Estimate (4.1)

Actual error

5
10
20
40
80

0.015228276095027
5.869166215796041e-04
3.290885090567718e-07
9.870541920653552¢-09
1.549614680022323¢-13

0.007519003085511
2.949257632352353e-04
1.683469013353369¢-07
4.935191767365378e-09
7.748073696627641e-14

Table 4.6: Estimate (4.2) and actual error for [

fjl eV dt.

n

Estimate (4.2)

Actual error

)
10
20
40
80

0.007614138047513
2.934583107898021e-04
1.645442545283859¢-07
4.935270960326776e-09
7.748073400111616e-14

0.007519003085511
2.949257632352353e-04
1.683469013353369¢-07
4.935191767365378e-09
7.748073696627641e-14

Example 4.1.4. Finally, we approximate the integral I = f_ll

the true value of the integral, we have

”/jm

1

dt.

1

14162

dt. For
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Now, using the change of variables s = 4¢, ds = 4dt, we obtain

L[ 1
I = 1 i Szds = Z(atan(él) — atan(—4)),

and since atan is an odd function, the true value of the integral is

atan(4)

I =
2

In Tables 4.7 and 4.8, we give the numerical results for estimates (4.1) and

(4.2), respectively, together with the modulus of the actual error.

Table 4.7: Estimate (4.1) and actual error for I =
1
f—l 1+%6t2 dz.

n Estimate (4.1) Actual error

) 0.205122811304407 0.109245922960595
10 0.017286883438072 0.008596090847809
20 1.228738477782558e-04  6.143472340767940e-05
40 6.182453875566150e-09  3.091228257710790e-09
80 1.561774927512982e-17 7.808875064548930e-18
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Table 4.8: Estimate (4.2) and actual error for I =

1 1
f_1 1+16¢2 dt.

n Estimate (4.2) Actual error

5 0.102561405652204 0.109245922960595
10 0.008643441719036 0.008596090847809
20 6.143692388912789¢-05 6.143472340767940e-05
40 3.091226937783075e-09  3.091228257710790e-09
80 7.808874637564909¢-18  7.808875064548930e-18

Using precision up to 1000 decimal digits and the Legendre weight func-
tion, we see that the anti-Gauss formula is a reliable estimation method for
the Gauss formula, since in almost all cases estimate (4.1) provides the correct
order of magnitude for the actual error. Estimate (4.2), on the other hand,
which results from halving the value of estimate (4.1), provides a substantial

improvement.

4.2 Jacobi

In this section, we will study the behaviour of the anti-Gauss formula for

the Jacobi weight function w(t) = (1 —#)2(1+¢)?. We will approximate the

1 e“’tQ(l —t)(1 + t)ﬁ
[ = dt, w > 0. 4.8
/_1 1+ 82 w (4.8)

integral

All computations were performed in double precision. The true value of the

integral was computed by the integral function of MATLAB.
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4.2. Jacobi

Example 4.2.1. Initially, we consider a = § = %, that is, the Chebyshev

weight function of the second kind w(t) = (1 — #2)2. As in the previous

section, Tables 4.9 and 4.10, contain the error estimates (4.1) and (4.2),

respectively, together with the modulus of the actual error.

Table 4.9:

1
1 ewt2 (17152)? dt
-1 14-8¢2

Estimate (4.1) and actual error for I =

w n Estimate (4.1) Actual error
0.25 5 0.071383115088757 0.036249238132116
10 0.002230178272716 0.001114544659241
20 2.177907950207114e-06  1.088953455075092e-06
05 5 0.069186877779459 0.035133961449588
10 0.002161562900724 0.001080253725044
20 2.110900767293700e-06 1.055449879383552e-06
1 ) 0.064994311764058 0.033004929835505
10 0.002030600425047 0.001014804460467
20 1.983007755224087e-06 9.915034041574344e-07
2 ) 0.057288369395571 0.029092293638008
10 0.001791998629716 8.955618152033384e-04
20 1.749998201905356e-06 8.749986832867762e-07
4 ) 0.034907027011926 0.017802491820914
10 0.001395827683353 6.975731166041221e-04

20

1.362899972212617¢-06

6.814496613660737e-07
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Table 4.10: Estimate (4.2) and actual error for I =

1
Lo (1-)2 g,
-1 14-8t2

w o n Estimate (4.2) Actual error
0.25 5 0.035691557544379 0.036249238132116
10 0.001115089136358 0.001114544659241
20 1.088953975103557e-06 1.088953455075092e-06
0.5 95 0.034593438889730 0.035133961449588
10 0.001080781450362 0.001080253725044
20 1.055450383646850e-06 1.055449879383552¢e-06
1 5} 0.032497155882029 0.033004929835505
10 0.001015300212523 0.001014804460467
20 9.915038776120433e-07  9.915034041574344e-07
2 ) 0.028644184697786 0.029092293638008

10 8.959993148578427e-04  8.955618152033384¢e-04
20 8.749991009526781e-07  8.749986832867762¢-07
4 5 0.017453513505963 0.017802491820914
10 6.979138416766117e-04 6.975731166041221e-04
20 6.814499861063084e-07 6.814496613660737e-07

Example 4.2.2. We will approximate the integral (4.8), with a = 3 = 2,
that is, the Gegenbauer weight function w(t) = (1 —2)*"2 with A = 2. In
Tables 4.11 and 4.12, we give the numerical results for estimates (4.1) and

(4.2), respectively, together with the modulus of the actual error.
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Table 4.11:

3
1 ewt2 (1_t2)§ dt
14-8t2

-1

Estimate (4.1) and actual error for I =

Actual error

w o n Estimate (4.1)
0.25 5 0.044199092686496 0.022270143659878
10 0.001326388493740 6.629085408508262e-04
20 1.262802994728141e-06 6.313837364047004e-07
0.5 95 0.042839226400849 0.021584961789048
10 0.001285579809960 6.425129892110304e-04
20 1.223950630846460e-06 6.119581009711439e-07
1 5} 0.040243493377848 0.020277077254218
10 0.001207690466769 6.035850950940613e-04
20 1.149795210819704e-06 5.748814339012753e-07
2 ) 0.035494167217541 0.017884150331034
10 0.001065783108368 5.326619829488788e-04
20 1.014690712120014e-06 5.073310849201818e-07
4 ) 0.025075336234975 0.012640272704681
10 8.300882254255182e-04 4.148653301361271e-04

20

7.902419214556033e-07

3.951098468402137e-07
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Table 4.12:
1 ewt2 (1_t2)% dt

-1

14-8¢2

Estimate (4.2) and actual error for I =

w

n

Estimate (4.2)

Actual error

025 5

0.5

10
20
)
10
20
)
10
20
)
10
20
5
10
20

0.022099546343248
6.631942468698360e-04
6.314014973640703e-07

0.021419613200424
6.427899049798458e-04
6.119753154232299¢-07

0.020121746688924
6.038452333846922¢-04
5.748976054098520e-07

0.017747083608771
9.328915541839563e-04
5.073453560600072e-07

0.012537668117487
4.150441127127591e-04
3.951209607278017e-07

0.022270143659878
6.629085408508262e-04
6.313837364047004e-07

0.021584961789048
6.425129892110304e-04
6.119581009711439e-07

0.020277077254218
6.035850950940613e-04
5.748814339012753e-07

0.017884150331034
2.326619829488788e-04
5.073310849201818e-07

0.012640272704681
4.148653301361271e-04
3.951098468402137e-07

Example 4.2.3. Finally, we approximate the integral [ with a =

§=-1

3

L and
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Table 4.13: Estimate (4.1) and actual error for I =

-1

w2 1 _1
1 e (1-6)3 (14¢) At

14-8t2

Actual error

w o n Estimate (4.1)
0.25 5 0.069496127215217 0.034696534494634
10 0.002179184883428 0.001089661935765
20 2.131488573975382e-06 1.064313069787381e-06
0.5 95 0.067357937796257 0.033629019306656
10 0.002112138413087 0.001056142425478
20 2.065909564752388e-06 1.037430589434507e-06
1 5} 0.063275481561782 0.031590799285776
10 0.001984170415751 9.921722478754003e-04
20 1.940742432315901e-06 9.928330242381378e-07
2 ) 0.055698534594749 0.027807866746119
10 0.001751024333993 8.755778952291848e-04
20 1.712699185807409e-06  8.650877718618943e-07
4 ) 0.020662164821396 0.010305147019150
10 0.001364163421496 6.821495847706416e-04

20

1.333851475937564¢-06

6.904236546922959e-07
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Table 4.14: Estimate (4.2) and actual error for I =

O RIEOEIED P
-1 1482 )

w o n Estimate (4.2) Actual error
0.25 5 0.034748063607609 0.034696534494634
10 0.001089592441714 0.001089661935765
20 1.065744286987691e-06 1.064313069787381e-06
0.5 95 0.033678968898128 0.033629019306656
10 0.001056069206543 0.001056142425478
20 1.032954782376194e-06 1.037430589434507e-06
1 5} 0.031637740780891 0.031590799285776

10 9.920852078753040e-04  9.921722478754003e-04
20 9.703712161579503e-07  9.928330242381378e-07
2 bt 0.027849267297374 0.027807866746119
10 8.755121669966615e-04  8.755778952291848e-04
20 8.563495929037046e-07  8.650877718618943e-07
4 b} 0.010331082410698 0.010305147019150
10 6.820817107482391e-04 6.821495847706416e-04
20 6.669257379687821e-07  6.904236546922959¢-07

Again, estimate (4.1) is close to the actual error, while an improvement

is made by estimate (4.2), which is even closer to the actual error.
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