#5» EAAHNIKH AHMOKPATIA

! . - .
1 Edvikov kot Kanodistprakdv
1w, Hoavemotpiov Adnvov

WEEN 1O 1837

Yxyohn Ostixoyv Emotnuoy
Turuo Madnuatixony

Medooohoyiec vtoloyiouoU
OLY QOUUULK DV [LORPLYV Xl
EPOUPUOYECS

Adoxtopint| Atotetn

[Tapooxeuh I'. Polna

AOHNA 2020



To épyo ouyypenuatodoteitar and vy EAk&da xau tnv Evpwrnaixs, 'Evwon (Eu-
cwnoixd Kowvwvixd Taueio) péow tou Entyeienotaxol Ipoyedupatoc «Avéntu-
&n Avdpomivou Auvauixot, Exrnaldeuorn xon Awd Biou Mddnorn», oto mhaioto
g Hpdéne «llpdypaupa Xoprynone Trotpopuny yio Metamtuytaxés Xmoudég
Aeutépou Kixhou Xroudwvy (MIS-5003404), tou uhorotel to Topupa Keatt-
xov Trotpogudy (IKY).

Emixeipnoiaxo Mpoypappa E Ez I-IA
AvamTuén AvBpwmmivou Auvapikod, =mm 2014-2020
Exmraibeuon kol Aida Biou MaBnon — :

Eupwrnairr Evwon

Eupuwmaind Kovsanisth Tagelo

Mg Ty ouygpnpearobdton tng EAAESag koo g Evpuwmnaixg Evisong



TeweAng XvpBouvisutixy Enitpony

Moagthéva MnteoUAy (emfBiénovon)
Kadnyrtera TuAuatoc Madnuatixady, EKITA

Baociieiog Aovyahrg
Oudtwog Kadnyntic Turfuatog Madnuatixady, EKIIA

Muyarh ApaxdTouvAog
Entxoupoc Konyntic Tuduatog Madnuatixey, EKITA

Entoapeiic EEetaoctinn Enttponn

Mogihéva MnTteoUi
Kadnyrreio Tufuatoc Modnuotixey, EKITA

Baoiieiog Aovyahrg
Oudtwog Kadnyntic Tufuatoc Madnuatixay, EKIIA

Muyanh Apaxodnouviog
Entxougoc Konyntrc Tuduatog Madnuatixoy, EKITA

Anurterog Oniuxog
Kadnyntic Tunuatog Madnuoatixdy, EKIIA

Ywtieroc Notdeng
Kadnynthc Turuatoc Madnuatixey, EKITA

Mavayintne Poppdxog
Kadnyntic SEMOE, EMII

Iwdvvne Kolétoog
Avaminpwtic Kadnyntic XEMOE, EMII






ITepieyoueva

[Iepnd] v
[Abstract] vii
ix
1 Moadnuoatixo vnofadeo| 1
(1.1 2uuuetoxol, YETIXA OQLGUEVOL XAl NULOPICUEVOL TUVAXES . . . . . 2
(I.1.1  Euxieiociol xou yovootator ywoot| . . . . . . . .. .. .. 2

[1.1.2 Ogvoymviol, LJOVOOLOMOL TUVAXES| .« « .+« o v o o o o o o o 5

[[.1.3° Oetxd 0ploUEVOL TUVAXES| . . . . . . . ... 7

(1.2 lapayovtomomoe mvaxwy|. . . . . . . . ..o 10
(1.3 Kavovec aprduntinrc ohoxhrpwone tou Gauss| . . . . . . . . .. 17
(1.4 H yedoooc Arnoldi xou o cuuuetpindc ahyoprduoc Lanczos| . . . 21
1.5 O aiyopwuoc block Lanczos| . . . . .. ... ... ... ... 23

1.6 Awviootntec Kantorovich xat ponée (moments)|. . . . . . . . .. 25
(L7 Ilivaxec ewowv popowy| . . . . . ..o 31

[2 Extiunon tnc diypopiixic poponc ' A 'y 41
[2.1  Extwnoec yiou xave avtiotpeQwio mvaxa A ... oL L L 41
[2.1.1  Avaiuon 10lalouocmY TWOV X0l QOTES| . .+ . .« .« . . . . . . 42

[2.1.2  Extwnoewc evoc dpou (One-term estimates)| . . . . . . . 44

2.1.3  Extwrnoeic 600 dpwv (Two-term estimates)| . . . . . . . 47

[2.2  Extunoeic yio oupuetoeone mvaxee . .. Lo Lo oL L 50
2.3 Eoopuoyn otny extiunon ototyeiwy tou avtiotpogou wvaxa . . 54
[2.4  AptunTixd OmOTEAEOUOTY . .« . v . . .o 60

3 Extiunomn tnc otaywviov cuvaptnoswy mivaxwy)| 69
[3.1 H uyédoooc tnc mapexBoinc otny extiuncy tng OLywviou Tou |

| mivocor fA) « o 70




ITEPIEXOMENA

13.2  ExTWnoec YECW TWV XAVOVOY dplIUNTIXC OAOXANOWGCTS TOU |

[ Gaussl . ... 72
13.2.1  Apwuntun ohoxAnpowon single Gauss| . . . . ... ... 72

13.2.2  Apwunuxn ohoxhrpowon block Gauss| . . . .. .. ... 73

3.3 AptJuNnTIX® ATOTEAECUOTA] . . . . . o o v v 74

4 Extiunon tou yivouévou f(A)b| 79
1.1 Awvuopotiéc extuhoe yie o f(A)b . . ..o oL 79
1.1 AlvuouaTIXES EXTWNCELS EVOC OpOU| . . . . . . . . . .. 80

{4.1.2  AlvuCUATIXES EXTWNOE 000 0PWY . « . « o . . . . . . 84

{4.1.3  ALVUCUITIXEC EXTIUNCEIC TOWWY OPWY| . . . . . . . . . . 86

4.2 Awavuouoatixéc exthoeic yio ) wopod X' F(A)Y| .. ... L. 89
4.3 AptQunTiXd ATOTEAECUOTY] . . . . . . o o o 90

5 ExTiunon tng YEVIXEUUEVNE CUVARTTNOYS OLACTAVOWUEYNS |
- euxVpwong (GCV)| 101
.1  Xuvaptnon GCV xar Oypouixes WOgmeES|. . . . . . . . . . . . . 102
0.2 BExtiunon tnc ouvaetmonc GCV| . . . .. ..o 103
b.2.1  Extiunon twv tetooymvixdv wopoov @' B %, ¢ = 1,2[. 103

[0.2.2  Extiunon tou fyvouc Tou avtioTteogoy| . . ... L L L 111

[0.2.3  Extlunon tnc mapauEtpou xavovixonotnong . . . ... 112

[0.3  AwoTtnua eumtotoolvne yio T ouvaptnon GOV, . . . .. L 114
5.3.1  ®pdyuota yio Ty TETEOYWVIXY Hopwr b’ B72b . . . .. 114

5.3.2  Audotnua eumiotoolyne yoeto Tr(B~ 1) . . . . ... L. 115

0.4  AptJunTixd ATOTEAECUOTA] . . . .« . . o o o 116
[p.4.1 llpooowpiouog tne mapauetpou xavovixononong . . . . 116

[0.4.2  TmoloyoTixy) TOAUTAOXOTNT|. . . . . . . . . . . . ... 117

[0.4.3  Apunuxd TUQUOELYHATO) . . . . ..o 117

6 Eoapuoveg 123
6.1  AVAAUGY OXTOWY| . . . . . . .. 123
6.1.1 BoaowEcevvoe) . . . ..o 123

6.1.2  Aowuntud amoTEAECUATH . . . . ... 126

6.2 Auwaxpitd xaxoe tonovetnuéva mpoBifuota (discrete ill-posed |

| problems)| . . . . ... 128
6.2.1  Oewpnuxo mAUGO[ . . ... 128

0.2.2  Apwunuxd amoTEAEOUOTY] . . . . L. 130

6.3 XTatioTta): Doopuixd povtéro maAtvopounong| . . . . ... L L 134
0.3.1 Oewentxd TAUGO[ . . . ... 134

(0.3.2  Meietn mpocouolwone . . ... oo 136

11



I[IEPIEXOMENA

(BiBAtoyepapial

(KataAroyog Ilwaxwy|

(Katahoyog Xynuotwy|

143

149

153

il



ITEPIEXOMENA

v



ITepiindm

O unohoYloUOS TV BLYPUUUIXWY LORP®Y elvar €vo YodnuaTind TeOBANUd Ue
TOMEC epapuoyéc. Xuyxexpwéva, epgaviletar oty avdAucT SiXTHmY Yo va
TEOGOOPLOTEL 1) CNUAVTIXOTNTA TV XOPBwVY xal 1) euxoiia uetdPauong petalld
TV ®0UPwv evog yeagruatos. Erniong epgaviletor 6TovV UTOAOYIONO TOQRO-
uEtpwv oe xdmoleg aptiunTixéc pedodoug yia TNy enthuot tpolAnudtwy eha-
yioTwy TETRaY®VKY Xat oty xavovixonoinor Tikhonov yia tny enthuorn xommg
TonoVeTnuévwy mpoPhnudtwy (ill-posed problems). Emniéov, n Spdon tne ou-
vapTnone evog mivaxa f(A) oe éva didvuopa b € RP, dnhadt) o yvoyevo f(A)b,
epaviCeTon GUYVE GE EQUPUOYEC TIOU TEOERYOVTOL ATO UEPIXES OLopopLnés e€L-
OWOEL;, O UTONOYIOMOUS TNG XBavTIXAC YewUodUVIXTC OTT YNuela xon ot
puolxr, ot derydatohndla and Ty xovovixy) xatavour x.o. Av o mivoxag A
€yl TOND PEYAAY BLdcTaon, o anculelag utohoytlouog dev ebvar epuxtéc. Trot,
elvo amopalTNTO VoL TORAYOUPE EXTWACELS Yiol AUTES TIC HOPQES.

Y1y mapodoa SuxTopxy) dlaTEBr TEOXOTTOUY EXTWUNCELS YL TIG DLy po-
WXEC LOPQES TOV TUTOU mTf(A)y, omou A € RP*P elvou évag doouévog mivanag,
z,y € RP xau f elvon pfor opokry ouvdpTnon oplouévn oto @doua Tou mivoso A.
H mpotewdpevn pédodoc Baotleta oe pio pédodo napexBorfc (extrapolation).
Yuyxexpuéva, dnuioupyolpe extipioe yia ) drypopunh popet &7 A~y xou
SavuouaTixéc exTyioes Yoo v mocdtrta f(A)b.

Emimpoodétng, npocapuélouye yepixée aprduntuixéc pedddoug mou Pooilo-
vton ot uédodo tng mapexBolrc xan otny aptiunTixt ohoxifpwor tou Gauss
yioe TNy extiunon g Slaywviou cUVIRTACEWY TIVAXWY, YwelE Vo Tpoceyyicouue
ohoxhneo Ttov mivoxa f(A). Aoyoholuaote eniong ue Ty extiunomn xon ehoyt-
OTOTOMNON TNG YEVIXEVUEVNC GUVARTNONG OLUC TAUPWUEVNG ETXOPWONG (gener-
alized cross-validation (GCV)) ouvdudlovtac tn pédodo e mopexBohfic xou
ula oTaTIoTIXN TEOCEY YO

Téhog, epappolovue Ti¢ mapayVeloeg eEXTIUACE Yid TIC TPoovapepUEloE]
TocoTNTES ot mpoflAfuata Tou mydlouy and Ty avdhucy dixtimy, TN Alom
OLOXELTOY XAXWSG TOTOVETNPEVWY TEOBANUATWY XL TOV UTOAOYICHO TNG Tapa-
UETEOU TAAVOROUNOTS EVOS GTATIG TIXOU LOVTEROU.






Abstract

The computation of bilinear forms is a mathematical problem with many
applications. Specifically, they arise in network analysis in order to determine
the importance of the nodes and the ease of travelling between the nodes of a
graph. They also arise naturally for the computation of parameters in some
numerical methods for solving least squares and in Tikhonov regularization
for solving ill-posed problems, etc.

Moreover, the action of a matrix function f(A) on a vector b € R?, i.e. the
product f(A)b, often appears in applications which are originated from par-
tial differential equations, in lattice quantum chromodynamics computations
in chemistry and physics, in sampling from a Gaussian process distribution,
and so forth. If the matrix A is sufficiently large, the direct computation is
not possible. Therefore, it is necessary to derive efficient estimates for these
forms.

In the present PhD thesis, we derive estimates for the bilinear forms of
the type & f(A)y, where A € RP*P is a given matrix with specific structure,
x,y € RP and f is a smooth function defined on the spectrum of the matrix
A. The developed method based on an extrapolation procedure. Specifically,
we generate estimates for the bilinear form x? A~'y and vector estimates for
the quantity f(A)b.

Furthermore, we adjust some numerical methods based on extrapolation
and Gaussian quadrature rules for estimating the diagonal of matrix func-
tions, without approximating the whole matrix f(A). We are also concerned
with the estimation and minimization of the generalized cross-validation
(GCV) function by using a combination of an extrapolation procedure and
a statistical approach.

Finally, we apply the generated estimates for the aforementioned quan-
tities in problems which deal with network analysis, the solution of discrete
ill-posed problems and the computation of the regression parameter of a
statistical model.
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ITebhoyoc

Yty onuepwh enoy | etvan anapaftnTn 1 dtoyelpior SedouEveY UEYIATC Do Ta-
omNg, YEYOVOS Tou amautel TNV avamTudy XUTAAANAWY UEVOBONOYILY Yo AUTOV
T0V 0%0T6. O UTONOYIGHOG DLYQUUULXWY HOPPROY X0l CUVIPKY TOCOTATWY O-
ONYEl oE YPHOLA CUUTECUOUATA XAl CUY VA AmOTEAEL XPLTARLO Yol LBLOTNTEG TOU
oyetilovTon P TNV EXACTOTE EQPUPUOYY. LYEDOV OE OAEC TIC ETIGTAPOVIXEG
EQUEUOYES OTWS Ebval 1) avdAuoT BIXTOWY, 1 TANEOYORIXY|, 1) OTUTICTLXY, 1) Ol
xovouia x.o., 1 enedepyacia TwV SEdOUEVLY xal 1) eCUYWYT] CUUTEQUOUNTWY
amoutel TN Oloyelplon TVAXWY UEYIANG DldoTaoNS. LTIC EQUPUOYES AUTESC, Ou-
vijdwe Bev ebvan eputog 0 areulelag UTOAOYIGUOSC TV ETVUUNTWY Oy PoUULXWY
HoPQOY xat £Tot anoutelton 1 extiuncy| toug. Iapoxdte tapadetoupe avarutixd
TOUG AOYOUS TIOU Mo WUNoay Vo aoyoAndolue ue tny evpeor) UEGoB0A0YLOY Yia
TNV EXTIUNON OLYPUUULIXMY LOPYWY XAl TOCOTATOY Tou oYeTi{ovTal UE aUTES.

Kivnteo tou mpofAfjuatog xou epeuvntixoil ctodyoL

Ov gpeuvnuxol o1dy oL Trg Tapodoag dbaxtoplxic dlutelrc elvar ol axdroudor.

o Extipnon wms diypappuirs popers ' Ay,

‘Eotw évag avtiotpéduuog nivaxag A € RPXP xar ¢,y € RP dodévta
otavoopota. H drypauuin wopon zTA ly epgaviletoan ot DIdPOPES EQup-
HoYES, OTWS avdAuoy SwTlwY, Enelepyacia GHUNTOS, TUPTVIXT QUOXT,
ABovTid) Unyavixy, UTOAOYLOTIXY PEUCTOTNTA, X.o. AV To SaviouaTa
x,y emheyVoly va efvor oTHAES TOU ToUTOTO0 TVOXAL, UTOPOVY Vo TRO-
2x0pouy exTRoE Yo ToL o TotyEld TOU AYTIOTEOYOU TOU BoGPEVOL TV
A. Xtny avdiuon dixtioy, eivor arapaftnto va exTiundoly ta oTotyela
Tou whvoa resolvent, (I, — aA) ™, yiu xorrddhnhat emAeyUévr TopSUETEO
@, apo0 TOGOTXOTOVY TY) CTUAVTIXOTNTA TwY XOUBwY xaog eniong xo
NV emxoWeVio JETAC) TV XOUBwy.

O unoloyioudS TV DLy GVIWY CTOLYEIWY TOU AvTIETEOYPOU EVOS Tivoxd
epgavileton enfong oty Yewpla ypapnudtwy, otn unyovixy udidnorn, x.o.
H nocotixonoinon g ofefardtnTog otnv avdiucT xwvoivou arutel to

1X



Srary Vil GTOLYEL TWY aVTIOTPOPWY TVAXwY cuvdlaxiuavere (covariance
matrices) yio v aZlohdynomn tou Baduol eumioTootvng oY ToLOTN T
TWV OEDOUEVWY.

Extiunon g dwywriov tng ovvdptnong evés nivaxa f(A).

‘Eotw éva ouppetowog mivoxag A € RPXP xon f ufo oyadt, ouvdptnon
opolévn o1o gdoua Tou Tvaxa A. O umoloyiouds g draywviou Tou
mivoxa f(A) epgaviCeton o€ TOMAES E@appoYEg Tou Tydlouy and Ta Te-
ol TV YUINUATIXGDY, CTATIOTIAS, UNYUVXAS, AVIAUGTS DX TUWY, Unyo-
Vi paINoTe 2o QUOLXG. LUYHEXPWEVA, 0 UTOROYIOUOS TNG BLorywViou
TOU AVTIOTEOWOU VO Tivaxa eugaviCetor ot Vewplo yeapnudtwy, otny
avdiuon yopTogulaxiou, oTNY TocoTXoToNoY NG oBEBUOTNTIC OTNY
AVEAUCT) XWVOUVOU, X.0.

Emmiéov, otny avdiuor dixtiwy xar ot Yewpla Ypapnudtmy 1 dtay dviog
Tou exdeTixol Tou mivaxa yertviaong A, TocoTixonolEl TNV XEVTPXOTN T
f—umoypapruatoc (subgraph centrality) xdte x6uBou, to onoio eivan éva
UETEO YO T1) ONUAYTIXOTNTA EVOS xOuPBou. Emirnpociétng, 1 dorydviog tng
ouvdptnorne “Green” mou AOvet Ty e&lowor Dyson etvar anapaitntn o
Vewplor Suvauxot uéoou nediou xon n Sraydviog tou mivaxa f(A), v pla
CUYXEXQUWEVT, ouVAPTNOT f, TpoxUTTeEL 6T xPavTixy yovieromolnoy 61
cuvapTNHoLaXY) Vewplo TuxvHTNTIC.

Extiunon tng 6pdong tng ovvdptnong evds nivaxa f(A) o€ éva dudvvopa
b c RP.

‘Eotw évac dywviowos (diagonalizable) nivaxac A € RP*P, éva Sidvu-
oua b € RP xou f pla oyadt, ouvdptnorn oployévr o1o @doud Tou Thvoxa
A. O unohoyiopde g Spdong g ouvdptnong evoe mivaxa f(A) oto
owdvuoua b, dnhadt To yvouevo f(A)b, Tydler and Ty Omapln eQopuo-
Ywv oTi¢ omoleg dev ebvon amopaitnTo va extiundel oAdxAneog o mivonag
f(A) % Sev elvon e@uetoc o axpiPhc utoloylopds tou f(A), edixd 6tay o
A elvor yeydhng didotaong.

Trdoyouv cuyxexpWEVES EQUEUOYES 0TI oTmoleg anonteltar 1 dpdomn Tou
f(A) o€ éva Sidvuoua b. Tuyxexpwéva, 1 nosdtrnra f(A)b eugavileton
OUY VA OE EQUPUOYES TOU TEOEEYOVTOL ATO UEPIXES DLapopixés EEICWOELC.
Eniong, epgaviCeton oToug uTohoyiouols Tng xBavTixrc YeemUoOUVIUIXHG
ot ynuelo xar T QuotxY|. Y aUTEC TIC EQAPUOYES, 1) CLVAETNOT TEO-
ofwou, sign(A), yenowonoeitar xoar o doopévoc mivoxoac A efvor Toh)
UEYANOG, OQOOC %Ol EV YEVEL UYadIXOS EQUITIAVOC.

Emniéov, ebvou ypriowo va utoloylotel 10 ywépevo AY2b émou o A
EVOG CUPUETEXOG X VeTixd opiopevog mivaxag. llgoBAruata mou mpo-



«€0TTOUY and TNV TANUUGULXY| BUVOIXT] OTT UETAPORd VETPOVIWY, TNV
aprdunTiny| enfAUCT) TOV CTOYACTIXGY DIUPORGY EELCWOEWY, TEQLEYOUY
NV TOGHTNTA A/?p 7 omola meénel va extiundel. Ye mepintworn mou o
doouévog mivaxag A etvar exiong apoude, 1 mocoHTNTA Al/2p eugaviCeto
oTN SELYHATOAT Yo Amd THY XAVOVIXT] XATAVOUH.

Yty avdiuon duxtbwy, 1 tocdtnta exp(A)b xadopiler T cuvolunr Su-
VOTOTNTA ETMLXOVWVIAG W Eva PETPO YioL TO TOGO xAAd oL xoufol 6e Eva
Yedpnua uropodyv va aviaiidéouy tAnpogopiec. H ouvolt emixotvwvia
(total communicability) evéc xéufou i propel va oplotel we 1 i—00TH
eloodog tou dtaviouatoc exp(A)1, émou 1 eivon éva Btdvuoua ye GAo Ta
otoyeta {oa e éva, dnhadr T'C (i) := (exp(A)1);.

o Extiunon g yevikeupuévns owvdptnong dlaotaupwpérng emtkipwons
(generalized cross-validation (GCV) function).

H yevixevyévn cuvdptnor o tavpwuévre emxbpwong (ouvdptnon GCV)
elvon €va Smuogihéc epyaielo yia ToV TPOODOPIOUO TNG PUUUIC TIXHAG Ta-
capétpou (tuning parameter) oto ypauuixd YovtéLo maAvdpounonc Y
tloodUvaua NG TapaUéTeou xavovixonoinane (regularization parameter)
otnv xavovxoroinon Tikhonov. H cuvdptnon GCV yenowonoteitou eu-
e€we ot mpofifuata Tou TNYdlouv amd TN OTATIOTIXY, OTWSC GTNV €-
XT{UNOT TOV CUVTEAEGTMOV 0T0 Ypoixd Yovtého makwdpbunone (linear
regression model) ot ot uédodo ehayiotwy tetpaydvwy. Erniong, eu-
goviCetar oty emlluoT DAXEITWY XUXOS TOTOVETNUEVLY TEOBATUATWY
(discrete ill-posed problems).

Kevtpuxy] 8éa

H xevtpwr| 0€a g mapoloag ddoxtopixis datplnc elvon o xatdhinhog opt-
ou6S TWY PoTY (moments) evoc S0GUEVOL Tivaxa oavEhOYd UE TS IOTNTES TOU
XL TNV TOGOTN T Tou VELoLUE Vo exTiuficoupe. Xtov Tivoxa |1 tou axoloudel
ouvoilouye ToUg oplouols Twv pomwy mou Yo meprypddouue ota Kegpdiaa
2-5, avahOYWS TNV TOCOTNTA TOU MO EVOLUPEREL XAl TIC UTOVECELS GYETIXA UE
Tov Tivaxo Tou TPoBAYUTOS.

‘Eyovtac oploet ye xatdhinho 1610 TI¢ cOTEC TOU TVaXA oVITTUGGOUUE
uio pédodo mapexBolrc (extrapolation). H uédodoc autr Baoiletar otov uto-
Aoyioud ulac axorouvdiog Ty, ot onoleg elvon €ixolo va uTohoyloToLY, XU
OTNV EMEXTAOT] QUTWY TWV TWHOY OTOY UTOAOYIOHO WS dYVRG NG ouvagolg
rocotnTag. To xhewt yia va egapuoctel 1 pédodog tng mapexBolrc etvar va
YoupoLy ot EMAEYUEVES poTEC w¢ adpoiouata, To omolo TpayuaToTotElToL YECL
AATIAANANG TOQAYOVIOTOINGTG TOU BOCUEVOU TtivaXaL.

x1



IMocotnTa iif;;sj Pony (moment)
— T A\n — T A\n
| s ) ) — (o AP (1A, = 0
CUUUETEXOC ¢, =(x,A"x) €C, neR
f(A)b Sy wviolog Vi jf{?(GAI;&;’,E é':pG 4
o A/(‘;:p/:fgz o 5n = 5u(AAT, ) = (2, (AAT)'z) €R, n €7

Hivaxac 1: Oplopdc v pondv (moments).

Entoxénnon tng dateBnig

Y10 TpwTO xePdhono Va yiver avagopd ota podnuotind epyahela mou Yo pag
Yeewo o0V oty mopela autrg g dwaxTopxhc daTelBrc. Apyud, do ava-
pepVOUPE OF IDOTNTES TWY CUUUETELXWY, VETIXA OPIOUEVRY %Ol TUORIOUEVWY
TWVIAWY X OE BIAPOPES UOPYES TAUPAY OVIOTIOW|OEWY TUVAXWY UE XUPLOTEPES TN
paoyatixt) Topayovtonoinon (spectral factorization) xou v mopoyovtonoin-
on Walouc®v ey (singular value decomposition (SVD)). Oa avogpépou-
ue enfong xdmota Bacwd onueior amd T Vewplor yior Toug xavoves aprdunTixig
oloxhfpwong tou Gauss, dnhad, Gauss, Gauss-Radau, Gauss-Lobatto. E-
mriéov, Yo avoagépouue TepAnTTiXd Toug alyopiduoug Arnoldi, Lanczos xou
block Lanczos. Iapadétoupe Ti¢ avicotnteg Kantorovich yeauuéveg oe oo-
SUvan Lop®t| Tou tepLéyouy ponéc (moments) evoc cUPPETEIXOU Tivoxo. TNV
Teheutala EVOTNTAU auTOY TOU XeQahaiou, Vo avapEQOUlE *dTOLOUE TVUXES ELDL-
AWV HOROGY 0L 0Tolol VoL Yog YEEWGTOUY oTol aptdunTixd Topadelypota tou Yo
TOPOVCLIGOUUE GTA ETOUEVOL XEPAAOLOL.

Y10 8elTEPO XEPEAMO, TaPdyOUUE EXTIUAGELS Y10t Th Sty papxn popeh &’ A1y,
omou A € RP*P évag avtiotpéduuog mivoxag xat ¢,y € RP sovévta Siaviopota.
Avantbocovtog pio pédodo tapexBolic (extrapolation), xat ouyxexptuévo na-
cexBahhovtoc Tic pomég (moments) tou nivoxa A oto onueio —1, napdyovto e-
XTWAOELC YioL TY TeTparywvixh popoh &7 A~ x. Eididtepa, dnpiovpyolyue exti-
uroelc evoc 6pou (one-term) xou 800 dpwv (two-term) yio auTAY TNV TETEAYW-
v popgt). ‘Ererta opifovtag xatdilnia tny ToAny| TautéTnTa (polarization
identity) npoxOmtouy extiphoeic yio Ty emdupnth Stypopuixr Lop@t. Ot exti-
UAOELS AUTES IOV €Y 0LV TIEOXVYEL Yol T1) Oy poUlxr) HOR®T T Ay UTOEOVY Vol
TEOCUQUOCTOVY UE GXOTO TNV EXTIUNOY O TOLYEIWY TOU AVTIGTEOGOL Tou Tiivaxa
A. Yuyxexpuéva, emAEyovTtag To Slaviouato &, Y Vo efvol GTHAEC TOU TAUTO-
ol wivaxa, dnadh & = e;, y = e; wybe xT Ay = el A7e; = (A7),

patl




Emniéov extiprioec 1660 Yo Ty emduunTy| OLypauiny| pop®n 660 xoL Yo o
oTtotyela Tou At TopdyovTon 0Ty TEpinTwoT Tou 0 doopévog mivaxag A etval
CUUMETELXOS.

Y10 1pito xe@dhono, EXTWOUUE OMOXATOY T7) DAYOVIO TNG CLUVAPTNOTG EVOS
ouyueTetxol mivoxa. Aolévtog evoc cuupetpixol mivaxa A € RP*P you plog
opohfic ouvdpTtnong f oplopévng oto pdopa Tou A, avaibouue Teelg aptiunTi-
xé¢ uedodouc yior Ty extiunon tng dtaywviou Tou mivoxa f(A). Suyxexpuéva,
ot uéYodol mou yenotponolue eivor 1 TUPEXBOAT xou oL XaVOVES oprdunTIxXTg
ohoxhfipwong tou Gauss (single xa block). Ovotastixd, yenowonotdvTag ou-
TEC TIC UEVODOUC TPOXUTTOUY EXTIIAGELS YL TNV TETEAY WVLXY| LOP(N :BTf(A):Iz,
z € RP, xou emAéyovtag To didvuoua & va efvol 1) --00TH GTHAY TOU TAVTOTLXOU
Tivoxa, TopdyovToL EXTIUACELS Yo To Dtory@vior ototyefa tou mivaxa f(A). O
mpoavagepleloeg uédodol cuyxpivovtal w¢ Teog TV axp{Beld TwV EXTIUNOEWY,
TNV AMAUTOVUEVT] TOAUTAOXOTNTA XL TNV Ty OTNTA TPOCEYYIONS OAOXANENS TNS
otrywviou Tng emuunTric cUVAETNONE TOL BOGUEVOU TivaXaL.

70 TETUPTO XEPIANLO, AVATTOCCOUUE DLYUOUATIXES EXTWHAOCELS Yol T1) Opdom
e ouvdptnong evéc mivaxa f(A) oe éva Sidvuopa b € RP. Suyxexpuéva,
Vewpolye évav draywviowo (diagonalizable) mivoxo A € RP*P, uia opody| ou-
vaptnon f oplouévr oto pdcua tou mivoxa A xou éva docyévo Sudvuopa b. H
dpdom tne ouvdpTnong evog mivaxa f(A) oto Sdvuoua b opileton we To Yi-
vouevo f(A)b. H extiunon authc tng nocdtag YIVETOL Pe TNy avanTtun otxo-
YEVEWWY DLAVUOHATIXWY EXTHUNACEWY Tou BuacilovTon ot plo pédodo mapexBohrc,
Ywplc Tov avolutixd unohoyioud tou mivoxo f(A). Edixdtepa, opiloviag xo-
TéAANha Bravuoyatixée ponée (vector moments) yio tov mivaxa A, mopdyouyue
SLavuoUaTIXES EXTWUNGELS EVOC, BUO xat Ty dpwv Yl To yivouevo f(A)b. O
SLAVUOUATIXEC AUTEC EXTIUACELS TOU TPOXUTTOUY Yot 10 Ywopevo f(A)b eqap-
uolovton oTny extiuncn g YEVIXAC Lop@hic XTf(A)Y, omouv X,Y € RpPx™
etvow “block dwvibopata” ue m < p.

Y10 TEUTTO AEQPIAAO, ACYOMOVUACTE UE TNV EXTUNGT TNG YEVIXEUUEVNS Gu-
véptnone Stootavpnuévne-emxbpnone (generalized cross - validation (GCV)
function) ouvoudlovroc pio uédodo napexBolhc xar yio otaTio i TEOGEYYL-
on. Xuyxexpweéva, 1 ouvdptnon GCV unopel toodivoua vo ypagel ue yenon
OLY QUMWY HOPPWY TOU TUTOU x'B 9z, ¢ = 1,2, B HATIAANAOL OPLOUEVOC
Thvoncag, ot onoleg pmopoly va extyunloly ue tn pédodo g mapexPBorrc. To
fyvog Tou mivoxa o epgavileton oTov Tapovouao T g ouvdptnong GCV e-
xTdTon de dvo tpémoug. O évag Tpomog TpaypaToTolelTol UEow TNG EXTIUNOTS
NG Oty wviou Tou EPPOVIGUEVTOC AVTIGTEOPOU TVAXA X O JALOE TEOTOS UNO-
TOLE(TOL YENOWOTOIWVTAS To 6TATIoTiXd Oewpnua tou Hutchinson. Xdugwva

xiil



UE aUTO TO VPO Yia €val XU TdAANAA ETLAEYUEVO Oelyuo N BLavuGPAT®Y, TO
fyvog tou avtioteégou Tou emuuntod mivaxa Vewpeital ¢ 1 uéorn T TwY
avtioTorywy N TETRaywVIX®Y Hopeoy. AZIOTOWWVIAS AUTY TN CTATIo TIXT| 1OI-
OTNTO YUTOPEL VoL XUTACKEVAG TEL Eval DLIC TN EUTLGTOCUYNG YLt TO ETIUUNTO
tyvog. Me tny ehayiotonolnon g extumuevns cuvdptnong GCV oe va mhéy-
wo oy, emttuyydvetar dio GOV extlunon tng mapauéteou xavovixonoineng.

Y10 €xto xon TeEAeuTAlo AEQIAAO, Do TEQLYPAPOUPE AVAALTIXY EQURUOYES TOU
otneilovton 0TI EXTIUACE TTou €youv Tapay Vel oTa TEONYOUUEYA XEQIAALL.
H npdtn egaguoyy| ye tny omolo Yo aoyorndodue mrydlet and tny avdhuor ot-
ATV, LUYAEXPWEVA, Vol avary VORICOUUE TOUG CTUAVTIXOTEROUS XOUP0US EVOS
dutUou xou Vo e€axp3wooupe Ty euxohio UETABoaomg avdueoa 6Toug xoUB0us.
Eniorne, da extipfiooupe Ty xevipixdta unoypagpiuatog (resolvent subgraph
centrality) xdte xouBou xa TV emxotvwyio utoypaghuatoc (resolvent sub-
graph communicability) peta€l 800 x6uBwv tou ypagphuatoc. Ot tocéTnTee
QUTEC PTOPOLY VoL EXTUNTOOY YENOUIOTOIOVTIC TA ATOTEAECUATO TOU €Y0OUY
npoxUer oo Kepdhona [2] xou

Emuniéoyv, o extiunoeg yio ) cuvdptnon GCV nou neprypdgoviar oto Ke-
pdhono |5 propotv va yenotworornloly otny enthuoT Blaxptt®y xaxws ToTode-
TNUEVRY TROLBANUETWY Xo)tS XaL OTNY EXTUNCT| TWY CUVTEAEGTGY TOU YU
%00 PoVTELOU TaAVdEOUN oS Tou Yeketdton oTr Ltatio . H exlivor autdy
Twv 000 TpoPinudtwy eCaptdtar and o TUPdUETEO 1 omolo xUAElTaL TOEAUE-
TPOG xavovixoToinoTg 1 pudmo T tapdueteog, avtictotyo. H mapdustpog au-
T UTOPEL VO TPOCEYYIGTEL UE TNV EAXYIOTOTOMNOY TWV EXTIUNCEWY TOU £YOUY
mpoxUet Yo T ouvdptnon GCV.

Evyapioticg

Ye auto 1o onpeio, Yo Hela va exppdow Tic Yepués uou euyapiotieg oe bhoug
ToUg avYpMTOUEC TOU GUVEBUAAY GTNY OAOXAHEWOT TNE TUPONGCIS OLOUXTORLXTS
oateLfc.

Apyixd, 9€hw vo euyaplothon ohdduya Ty emBiérovca Kodnyrteta xa.
Mogthéva Mrntpolhn yia tny xadodhynon, tn Bordela xot Ty EUTIOTOGUVY TOU
Uou €0ele GhO TO DLACTNUA EXTOVNONG TNG TaEOUoAS ddaxTophG dtaTpdhS.
Ov yvooeig mou pou mpocégepe oe mpolBAfuata tng Apluntxhc Ipoppixfc
‘AhyePpag etvon morbtipeg. H auéplotn othpilh tne 1060 oE EMOTNUOVIXE 650
%0 O€ TEOoWTXE VEUTo GUVEBUAE XATAAUTIXE 0TV 0AoXAhewoT) TNG BlaTelBric
Hou.

Euyaploted Yepud o WA ¢ TEWEAOUS GUUBOUAELTIXRG ETITEOTAG, TOV
Kadnynth x. Baociieio Aovyorr xan tov Enixovpo Kadnynth x. Muyari
Apaxd6TOVRO YL TIC YVWOE TOU YouU Tpocépepay xo AN T1 Odpxeld TmV

X1iv



OTOLVOWY UOU TOGO GTO TMEOTTUYLAXO Ol UETATTUYLOXO TEOYQUUU OTOUBKY,
600 %ol OTNY EXTOVNOT| TNG Topolcag dwaxtoplxhs dtatetBrc. H Porded toug
X0 1) EYTLOTOCUYY) TOU Hou €BelEay HTay TONOTY.

Enfong, Yo Adeha va euyapotiow to undrowna ey TNg ENTUUEAOUS €M
TpoTHg, TOU AmodEYTAXAY Vo alloAoYicouy TNV gpyacio pou, tov Kadnyntn
x. Ywthpeo Notdpn, tov Kadnynti x. Anuriteio Oniuxd, tov Kadnynts x.
Hoavorytwtn Yapedxo xar tov Avarinpnth Kadnynt x. Iodvvny Kokétco. Eu-
yaplote wialtepa Tov Kadnynt x. Ywtheto Notden yio Ti¢ YVOOEK TOU wou
Topelye o Vépata Tou drtovion g ApiuntixAc Avdiuong xar Ti¢ TOMITIIES
oLUPoUAES TOU Pou Edve o) O T1) DLPXELL TV BLOUXTOPLXWY OV CTOUDWY.

‘Eva yeydho euyaplot® ogellw e dhoug toug xadnyntéc tou Turuoutog
Modnuotixmdy yio i YVWOES TOU UOU TROCEPEQAY TOOO OE TROTTUYLIXO 600
xou petamtuytaxd eninedo. Emmiéov, Jo fdeha vo euyopiothon Vepud Tov
Kadnynt tou Edvixod Metodfiou Toiuteyveiou x. Xproto KouxouBivo yia
Vv mohbTun Borveta mou wou mpocépepe o€ Vépata mou Tydlouv and Tov
x(h&d0 TG LTaTIoTIXTC.

Euyapiotdd eniong 1o Topupa Keatixdy Trotpoguody (IKYT) yio tnv otxo-
Voux?, UTooTARIEY TOU o TEOCEQEPE xal PE Borinoe vo 0hoxATe®on TG
OLOUATOPIXES UOU OTOUDEC.

Téhog, Yo el va EuyapLOTAOL PECA Amd TNV XUEOLY OV TNY OXOYEVEL
UOU Yol TNV auépLoTY] GUUTORACTAOT) X0l UTOOTARLEY TOU UoU EBELEE oL GE AUTH
™V Teplodo e Lofg pou. Agiepdve T SdaxTopixy) Wou SteBr 6T uaud
uou, Tou €QUYE TOG0 Vwelc and TN Lw).

[apaoxeuy Podna
Adrva 2020
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Kegpdiato 1

MaOnuatixo vroBadpeo

Yie autd 10 xePdAo, Vo avapepouye Paotxd Yewpntind otoryeio Tou Yo ypeta-
otolv oty Topela TG Tapolcaus SwaxToptxs daterc. Apyixd, do xato-
Yedpoupe WOTNTEC TWV CUUPETEIXGY Xot VETIXE 0ptoUévmwy mvdxwy. Eriong,
Vol oVUPEQOUUE CUVOTTIXG XITOLES TUPAYOVIOTOLACEL, VXY xou Vo TEQL-
Yedouye avahutixd T @aouatixy| tapayovtonoinar (spectral factorization)
EVOC GUUUETELXOU TiVOXa %ot TNY TapayovTomoinaT Wwialouowy TV (singu-
lar value decomposition (SVD)) evég mivaxa, ot onoleg Yo yac yperootolv
oty avdnTuln Twv peténetta yevodohoyiwy. [Ma auth TV mapouciaor Twv
anoteheopdtov éyoupe otneyVel oto BiBAio tou Miroslav Fiedler, [30].

Emniéov, oty Evotnta Yol TOEOUGIAGOUUE TOUG XAVOVES aptiunTxhg
oloxhpwong Tou Gauss xaL ToV TpOT0 TOU auTol GUVDEOVTAL PE To opoymvia
mohuwvuue. Ileplocotepeg Aentouépeieg unopoly va Peetodyv oo Biiio twy
Golub xat Meurant, [38]. Xtic Evotnrteg Yo xotaypddouue Toug ah-
vopiYpouc Arnoldi, Lanczos [22] xou block Lanczos [40, 38]. IStaitepn éugpaon
Vo dodel oty meprypapt| twv avicotitwy Kantorovich, [24] [50], xodde xou
ot oUVdeo! Toug We T pomée (moments) evog Soouévou mivaxa, [17], mou
anoTehoVY XAl oty Topaywyr| Yedodoloyiwy extiunong twy {NToluEvewY
Orypoux @y poppwy. Téhog, Va meptypddouue avalutixnd xdrowoug mivaxeg et
OLXWY popp®Y ol onofol Yo ypetacTolv ota apuiunTtixd mapadetyuato mou Vo
AVAAUCOUUE OTOL UETETELTO XEPALL.



KE®AAAIO 1. MAOHMATIKO TIIOBAGPO

1.1 Yvppeteuxol, Jetixd oplopévol xal m-
uLoplouévol nivaxeg

1.1.1 EuxAeidsiol xou povadiolol Y oeot

O euxheldelog ypog dLdoTaoTg N elvon EVag YRUUUIXOG YWEOS UE T TEAY HATIXY
oTtotyelor B1avhoUaTo-GTARES EQOBIACUEVOS UE TO ECWTERXO YIVOUEVO (X, Y) TwY
500 Savuoudtwy & = (z;) xou Yy = (y;) mou diveton and tov TONO

i=1

O yovadialog ywpog dLcGTAcTS N Elval EVAS YRUUUIXOS YWOEOS UE 7 ULy odLxd
ototyeior BtovhouaTo-OTARES EQOBINOUEVOC UE TO EOWTERXO YIVOUEVO (X, Y) TwY
500 Savuoudtwy & = (z;) xot Yy = (y;) mou diveton and tov TONO

(wa y) = Z $iyz'>
=1

omou pe Y; ouuPoiiCouue o cLlUYT Tou WyadtXoU aEtdpoD Y;.
Ye 6oa axohovdoly, Yo cuuBoiilouue pe X, évav povadtaio 1 Evay euxheidelo
Y WPO.

Optowde 1.1. (Eowtepikd ywopero)
Mia araxdvion (.,.) : X, x X,, = X,, pe ug axdrovdes 10i6tnteg

1. (x,x) >0 ya kdbe x € X, ka1 av (x,x) =0=>2x =0
2. (z,y) = (y,x) ya xdde x,y € X,

3. A+ py,z) = M, z) + p(y, 2) yax,y,z € X, kar A\, i pyadixois
aprdpovs

Aéyetar eowTepikd Yviuevo.

IMogathenon 1.1.
1. Arné ©g 1516tr)r6§_2 Ka1 3 ToU €0wTePIKOU YIVOUEVOU TUUTEPAivoue 0Tl
wyve (x,\y) = Az, y).

2. Arodeikvietar eVkola 0t ta eowtepikd yviueva mov éxovy oplotel ooy
evKA€ld€10 ka1 oTov J1ovadiaio XYwpo 1kavomololy Ti§ TPeS Tapandvew 1010T)-
TES TOU €0wTEPIKOU YIVoUvou, ondte efval kaAd opiouéva.



1.1. ¥TMMETPIKOI, OETIKA OPIXMENOI KAT HMIOPIXMENOI
IIINAKEX

3. H istnra 1 tov Opiopod emTpémel TNV €l0aywyn Tns €rvoag Tov
pnKous tou davlouatos € oav tov un-apvnukd apidud /(x,x). To
pétpo to oupforilovpe pe ||z|| kar ouvRdws to kaAolue vépua touv da-
viouatos .

o Avo dviopota & xat Yy Aéue ot eivon opfoydvia av (z,y) = 0.

’ 7 7 /7 /’ 7 Vé
e 'Evo 6UVOAO BLOVUOUATOY T1, X2, . . . , Ty, AEYE OTL Elvon oplokavovikd av
1oy Vel 6Tt
1, ave=y3, . .
(x5, ;) = 035 = T i =1,2,...,n.
0, avi# 7,

o To opdoxavovixd Swaviopata efvan ypouuxd aveldpTnra.

Ardéoaién.
‘Eotw @1, T2, . . ., T, 0pU0XAVOVIXE BIAVOCUOTA XL A1, Ag, . .., Ay YOO
xof apriuol. Tore,

Mz + Xz + -+ A\, =0

xot (Mg + Ao+ -+ Nz, ;) =0,y j=1,2,...,n
=X\ =0,yvaj=12,...,n, 0ol (xz;,x;) = ;. ]

o Av éva opdoxavovixd ohvoho €yet n ototyeio xou n elvon 1) didotaoT, ToTE
Aeyetou optokavovikn Pdon.
‘Eva mogddetypo opdoxavovixric Bdong ivon 10 oUvoho

e =[1,0,---,0", e, =[0,1,0,---,0]",...,e,=1[0,---,0,1]".
e 'Botw A évag uryadinde (Y'] TpaypaTixde) mivaxas owdotacne n. O ovluyng
/ ’ ’ * ’ * —T
avdotpogog tou mivaxa A cupfohiCeton ue A* xou woolton ye A* = A .

Ocwpenua 1.1.
FEorw A, B € C™™ (5 R™™). Téte woydovr ta akérovia.

1. (AB)* = B*A*
2. (A7) = A

3. Av o A efvar avniotpéinnog, tote kar 0 A* efvar aytiotpénog kal 10yvel
S S

n oxéon
(A—l)* — (A*)_l.
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Arédoeén.
1. 'Eyoupe 6t

(AB)* = (AB)T = BTAT = BT AT = B*A*.

2. Ioyler 6T

(A7) = (AT)T = (AT)" = A.
3. Ané 10 1 €youpe ot
(A7) A" = (AAY) =" =1,
0 orofo cuvendyeton 6Tt 0 A* efvon avtiotpédipoc xou toyler (A*)T! =
(A7
O

Ocwpenpa 1.2.
Ioytver n wotnra
(Az,y) = (z, A"y),

yia kde dUo draviouate x, y kai ya kdle tetpaywrid nivaka A. Av x = (x;),
= (y;) ka1 A = (A;;), tdre ka1 Tta HVo uéAn tnc mapandve witntag elval iva
) S S

HE ZAZ] i Zj.
Y]

Anéoaén.

‘Eotw o nivaxag A = (A;;) Sudotacng n. Oétouue Ax = z = (z;) xou €10t
n

woyleL 0Tt 2; = ZAU z;. [y = (y;) éyoupe 61t

j=1

(Az,y) Zzzyz i (Jil Aij:cj> Y;
> (z a)

j=1 \i=1

n
E ZL’jUj = (93 u
=

4

OTToL U = E yz ij

‘Etol, u = A*y xou (Azc y) = (z, A*y).
Eniong woyle 6u (z, A'y) = (Ax, y) Z Aij U, x;. O

i,7=1
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o ‘Evac mivaxac A € R™™ Myeton ouppetpids av AT = A, dnhodh av
A = (A;) 16t A;j = Aj; v x80e i xou j.

e 'Evac mivaxac A € C™" Aéyeton eppuniavdg av A* = A, Snhadf av A =
(Ay;) 161 Ajj = Aji o x80e @ o .

e Omnolovdrimote teTpayVIxd Tivoxa A umopolue vo Tov cucyeTicOUYE e
TOV EQUITIAVG Tiivoa %(A + A*). Autéc o mivoxog xoheltor oUppeTpIKd
Hépos Tou A xou ouyvd cuuPoiiletou pe ReA.

1.1.2  OpYoywviol, povasdiotol nivaxeg

e 'BEvoc mivaxac A ovoudleton oployrios av oy Vet 6Tt AAT =1T.

o ‘Bvag mivaxag A ovoudleton povadiaiog av woyder 6Tt AA* = I.

IMopatrenon 1.2.
‘Evag mpaypatikds eppuniavog nivakas €ivar CUHUETPIKOS Kal €vag TPayuatikog
povaodiaios mivakas eivar opfoydviog.

Ocwenua 1.3.

O1 othAes €vég povadaiov wivaka anotedovv opokavovikr Bdon. Avtiotpoga,
av o1 0TNAES €viS mivaka arotedoly uia opfokavoviki Pdon, téte o Tivaxag efvar
Hovadaios.

Emniov, woylel o axdhoudo demprua.
Ocwpnua 1.4.

1. Foww o1 uovadaion rivaxkeg A, B € C"™"™. To ywduevo AB autdy twv
)
mvdkwy elval enions povadiaios wivakag.

2. 'Evag povadaiog tivaxas elvar avTiotpéipos kar o avtiotpogos tou eivai
povadaios.

3. Av évag nivakag U efvar povadiaios, tote kai o wivakag U™ efvar povadiaios.
4. O tavronikd rivaxas efvar povadiaios.

Oedpnua 1.5. (Ocuetiddes Ocipnpa yia Movadiaiovs Hivaxeg - Fundamental
Theorem on Unitary Matrices)
FEorww U € C™". Tére o1 akdhovieg 1016tnte eivar wodlvapes.

1. O rmivakag U eivar povaodaiog.
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2. Ia kdVe 0idvvopa-otiAn x tov nivaka U 1w0yve dti
Uz = [l
3. Ia kdle ovo dwaviouata © ka1 y wyvea n wdtna
Uz, Uy) = (x,y).

4. Av wa dwavdopara uy, Ua, . . ., U, aroreAolv opokavovikn Pdon, téte ka
ta owavvopata Uuy, Uug, ..., Uu, atotedoly oplokavoviki Bdon.

5. Trdpyer pta opOoxavovikn pdon f1, fo, ..., f,, vérowa dore U, Uf,,...,Uf,

z. g z 7
va €wvar €mions opﬁo;caz/ovmry /B’a(fr).

IMogathenon 1.3.
Avtiotoryo Jeddpnua 1oy ver kar yia tovs opfoydvious mivake§ o€ mpaypatiké
XOPO.

Hapadetypota povadiolewy xor 0ploywvimy Tvixwy etvor To oxéhouda.

1. O rautotog wivoxag 1 efvon optoywviog xan yovadiodog.

2. Ornowocorrote petodetindg nivoxag P (évac mivaxog Tou omolou éva oToL-
yeto oe x«dde yoaupr, xou oe xdde othin ebvon 1 xan Ao To uTOOLTA
otowyela eivon 0) eivar opBoymviog xou yovadioioc.

3. Omnowodhnote dlaywviog mivaxag ye diaywwia ototyela £1 etvor opdo-
YOYLOC.

4. OmnowoodAnote daywviog Tivaxag tou omolou Ta dtrywwvia oTotyeio efvou
uryodwol apriyol ue uétpo 1 etvar wovadiaioc.

Ocwpenpa 1.6.
H opilovoa evés oployviov nivaka wovtar pe 1 3 —1. To pérpo tng opilovoag
€vdg povaoaiov mivaka efval foo jie 1.
Arédoeén.
'Eotww V' évag opdoyiviog mivaxag. Tote Vvt =1.
'Etot, mpoxinTel 6TL
det(VVT) = detl = detVdetV' =1
= (detV)* =1, agol detV = detV"
= detV = £1.

‘Eotw U évag povadwitog mivaxag, 1ote UU* = I xan detUdetU* = 1. 'Ouwg
detU* = detUT = detU = detU, xu étor npoxinte 6t |detU| = 1. O



1.1. ¥TMMETPIKOI, OETIKA OPIXMENOI KAT HMIOPIXMENOI
IIINAKEX

To erduevo Yedpnuo delyvel nwe cuunepLpépeTan Evag epUITLavog (1) CUUUE-
Te6<) Tivaxac A 0T0 UETACY NUATIONS OPOLOTHTOC PAP! ue P évav yovadiofo
(h évay opdoydwio) mivaxa.

Ocwpenua 1.7.

Ay o nivakas A efvar epputiavds kar o P povadaios, tdte o tivakag PAP™! efvar
ka1 autds epputiavés. Av o mivaxas A efvar ouvupetpikds kar o P optoydviog,
téte ka1 o wivakag PAP™! efval ouppetpids.

Aréoeién.
‘Eotw A évag eppintavog nivaxag xon P évag povadaiog. Torte,

(PAP™Y)* = (PAP*)* = PA*P* = PAP* = PAP™,

xat étol o mivaxac PAP~! elvon EQPULTLAVOC.
‘Eotw A évag oupuetpinde nivaxag xa P évag oployodviog. Tote,

(PAP YT = (PAPT)T = PATPT = PAPT = PAP™!,
onhadr o mivaxag PAP™! givau CUUMETELXOC. O
Ocwpenua 1.8.

Onidotijiés evis epputiavol tivaxa (kados emions kai €vé§ ouppetpikol tivaka)
€ival mpayuaTiKés.

Aréoeién.
'Eotw o gputiavég nivaxag A xouw A pla ot Tou A ue avtiotoryo 1doddvu-
oua x. Tote, Ax = \z. Tro,

(Az,x) = Az, x) = Az, x).

Enfong, woydel 6Tt

(Az,x) = (x, Ax) = (Az, x),
dnhadr) o eowtepd ywouevo (Ax,x) € R. Apa, Mz, ) € R = X € R,
apol (x,x) € R. O
1.1.3 Octuxd oplopévol nivaxeg

e 'BEvoc eppitiavog B ouppetpinds ivaxag A € C™™ (A R™™ ) ovoudleto
Jetikd opiouévos (positive definite) av

(Az,x) > 0,

yio xde drdvuoua  # 0.
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o 'Evag epuitiavog 1 ouuuetpixog mivaxag A € C" (4 R™™ ) ovoudletan

Oeticd nuiopopérog (positive semidefinite) av
(Az, ) > 0,

Yoo xde didvuoua .

Y1o Oewehuota WOl mou axoloudolv, cuvoldilovue TIC TO oTua-

VTIXES WOLOTNTEC TV VETIXd OPLOUEVWY XAt MUOPLOUEVWY TUVAXWY.

Ocedpnua 1.9. (Ocuchiddes Ocdpnua yia Octikd Oprouévovs Livakes -
Fundamental Theorem on Positive Definite Matrices)

Eoww A = (A;j) € CV™ évag eppuniavés rivakas (1 A € RV évag ouppe-
tpikd§ wivaxag). Tére ta akérovla elvar wodlvaua.

1.

2.

O A etvar Oetikd opropévog.
OAeg o1 1010T11€G AWy Twy kKUprwy vromvdkwy tou A efvar Jetikég.
OAeg 01 kUpies vnoopilovoes tov A elvar Detikég.

detA(Ng, Ny) >0, yia k=1,2,....n, énov N, ={1,2,...,k}, onkaor

All AIQ
Ay > 0, det >0
11 , A€ |: A21 A22 :| )
A A A
det A21 A22 A23 >0,... ,thA > 0.
A31 A32 A33

Trdpyer évas avtiotpéipog kdtw tprywrikds mivaxkas T tétoiog dote
A=TT".

Yrdpyer évag avniotpépog rivaias C' tétoog wote A = CC™.

Ina k =1,...,n wa alpoiopata dAwr twy klpiwr vroopilovody tou A
wdéng k eivar Yeniied.

OAeg o1 1010t1€g Tov A efvar Detiés.
Yrdpyer évag povatiaios nivaxas U (opfoydvios tivaxas U, av o A efvar

Ve / 7 /. V4 7 /
npayyarmog) ka1 évag owywrios tivaxas D pe Oetikd owayavia otoryeia,
/ / E3
téroior ote A = UDU*.



1.1. ¥TMMETPIKOI, OETIKA OPIXMENOI KAT HMIOPIXMENOI
IIINAKEX

IMopatrenon 1.4.
H iiétnra 4 kadefrar kpierjpio tov Sylvester yia to Oetikd oprouévo evog nivaa.

Oedpnua 1.10. (Ocpeliddes Oedpnua yia Octixd Hpnopiopévovs Hivaxes
-Fundamental Theorem on Positive Semidefinite Matrices)

FEorww A € CY" évag eppuniavés rmivaxas (1 A € R™™ évag ouppetpirds
nivaxag). Tére ta akéhovla elvar wwodvaua.

1. O A elvar Jetikd npuopiouévos.

2. O nivaxas A + el etvar Oetikd opropévog yia kdle € > 0.

3. ‘OAeg o1 1010T111€G BAwv Twv KUpiwy vTomvdkwy Tov A elvar un-apyntikés.
4. Ohes o1 kpieg vroopilovoeg tov A elfvar pun-aprnuikés.

5. Tna k = 1,...,n wa alpoiopata Awr twv kipiwy vroopilovowy tov A
twdéng k efvar un-apvnuikd.

6. OAes o1 1010t1ég Tov A €elvar pun-apvnTikés.

7. Trdpyea évas povadiaiog nivaxas U (opBoydviog nivaxas U, av o A elvar
mpaypatikds) kar évas Owydrios mivakas D pe un-apvnuikd dwaydria
otoiyeia, tétoior ote A = UDU™.

8. Tmdpyer évag tetpaywrikds nivaxas C, téroog wore A = CC™.

Ocwenuo 1.11.
‘Evag Oetikd nuiopiopévos rivaicas eivar Jetikd oprouévos av ikar pévo av eivai
avTioTpEPIoC.

Ardéoeién.

Anéd v WidTNTA 3 Tou Oewpriuatog , 1 op{Couca evog Yetnd oplouévou
mivaor ebvon Vet xou €tot ebvon avTioteégulog.

Avtiotpoga, av évag Vetind nuoplopévog mivaxag elvon avtioteéduuog, TOTE
detA # 0. ‘Okec ov wotpéc Tou A ebvon un-apvntixés, and Ty WwotnTa 6 Tou
OcwpfuaTog , doa Vo mpgmet va elvon Vetinés. 'Etol and v ididtnta 8 Tou
OcwpfuaTog , o A etvan Yetixd opropévog. O

Y€ auto o orueio, Vo TOQOUCIACOUUE XITOLES ERLTAEOY IDOTNTES TWY VeTixd
7 Ve z 4
OPLOUEVWY X VETIXA NULOPIOUEVWY TUVEXWY.

Ocwenuo 1.12.
Av o A etvar évag Ueticd oprojévog mivaxag, tote vndpyer o avtiotpopog tou A
kai efvar ka1 autds Uetikd opiouévog.
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Arédoeén.

‘Eotw éva dtdvuopa € # 0. Agol o detnd oplopévog mivaxag A elvon ovti-
oteédiog amd Ty WioTHTA 4 Tou Ocwpruatog UTOPOUUE Vo 0plcOUYE TO
didvuopa y = A~le # 0. 'Eto, éyoupe

(A™'w, ) = (y, Ay) = (Ay,y) > 0.
Apa, 0 A7 efvon detixd optopévoc. O]

Ocwenua 1.13.

Av A évag Oetikd nuiopiopévog tivara§ kat o évas un-apvntikos aptduds, tote
kai o wivakas oA efvar Detikd npuopiopévos. Av A évag Oetird opropévog riva-
kag ka1 o évag Jetikds apiuds, tore kar o nivakag oA efvar Oetikd opiouépog.

Oecwenua 1.14.

Av A ka1 B efvar Oetiicd nuopiouévor tivaxes idias ordotaongs, téte kai o miva-
kas A+ B eivar Ueticd npuopiouévos. Av emmAéor, o A efvar Oetikd opiopuévos
rivakag, e ka1 o nivaxas A + B efvar Oetikd opiojiévoc.

Ocwenua 1.15.

Av A évag Oetird opropévos nivaxag ka1 G évag avtiotpénpiog tivaxag, tote Kat
Z. * z. Zz V4 V4 V4 V4 z.

o tivakag GAG* etvar Oetikd opropévos. Av A évag Detikd npuopiopévos riva-

kas kar G évas (mibavdis oploydivios) mivakas téroog dote o GA va vrdpye,

wte kai o wivaxas GAG* elvar Jetikd npuopiouévos.

Aréoeén.

'‘Eotw éva didvuoua x # 0. Tote,

(GAG™z,x) = (AG™2,G"x) = (Ay,y) >0

agol y = G*x # 0.
H deltepn nepintwor, meoxinTel €0X0Ad YONCLLOTOWWVTAS OTL (Ay,y) > 0. O

1.2 TIlopoyOoVvIOTOLACELS TLVAXWY

Ye auTh) TNV EVOTNTA TEPLYPAPOUUE XATOES BACIXEG TUPAYOVIOTOW|CELS TiL-
vaxwy. ISwitepn éupaon Ya dwoovue otn goouatixy tapayovionoinon (spec-
tral factorization) evéc ouppetpol mivaxa xor otny nopoyovtonoinorn -
Louotv Tudv (singular value decomposition) onotoudrinote nivoxo.

Ocdenua 1.16. (Iapayovronoinon Schur)
KdUe rivakag A € C™" unopel va exppaotel wg &g
A=UTU",
onov U elvar évag povadiaios nivaxas ka1 T elvar évas (yevikd piyadixds) dve

¢ z.
TPYWVIKOG TIVaKag.

10
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Ocwenua 1.17.

Forww nivakag A € R™" pe mpayuatikég 1donuég. Tote vndpyer évas mpay-
patikds, oploydviog tivarxas V' kai évag mpayuatixds, dvw tprywrikdg nivarxas
T dote

A=VTVT,

Ocedpnua 1.18. (Ocuciides Ocdpnua yia Svupetpikods Hivaxes - Pa-
opatxry Hapayovroroinon (Spectral Decomposition))
KdOe ovupetpirds nivaxag A € R™" umopel va ekppaotel ws €€ng

A=VAVT, (1.1)

omov V = [v1,v9,- -+ ,0,] evar évag opoydriog mivakas kar A € R™™ évag
owyvios ivaxag. Ta dwaydvia otoryeia \; touv A elvar o1 1dotiuég tov mivaxa
A kai o1 0THAes v; Tov Tivaka V' elvar ta 1dodiavvopata tov A (n k-ooth otiAn
tov V' avniotoiyel otny k-ootj daydria €ivodo tou A).

Ardéoeién.

Agot o wivaxag A elvar cuupeTeinde, and To Ocdprnua TEOXUTTEL OTL OAEC
ot WoTeS Tou A elvan mpayuaTnéc. Xprnowomoumvtag To Oewenua , uro-
coVue va Ypddoupe Tov mivaxa A oty wopph A = VI'VT, énou V etvan évag
opvoy®viog mivaxag xat 1" elvon €vag TEoyUaTiXoS dve TElywvixog mivaxag. A-
ol o A etvan ouppeTeixde xon o mivaxag T' efvan opdoy®via duotog pe tov A Ja
elvoll X0 CUUHETEIXOC CUUPOVAL UE TO OEDETUAL . ‘Etot, o T elvon Srayoviog
(mparypatinde) xou g yedgouue A = diag[Ai, Ag, - -+ , A, avtl yia . H oyéon

A=VAVT,
YodpeTon 1odbvopa
AV = VA,
A1 0 0
0 X 0
Afor,vs,- 0] = [or, o, v | L
0 0 - X\,
= [Avi, Avy, -+ Avp] = [, Aava, - A0,
U
Avy = My,

Avy = AoV2,

Av,, = \,v,.

11



KE®AAAIO 1. MAOHMATIKO TIIOBAGPO

r /4 7 7 rs x> ? 7 x> /’
Etot, 1 k-o01 othAn vy, tou V (n omola elvon OLAPORETIXT, ATO TO UNOEVIXO
didvuopa) etvan évar Blodidvuoua tou A mou avtiototyel oty k-0oTh Slaydvia
elcobo tou A. O]

IMogathenon 1.5.
Avtiotpoga, to ywipevo VAV evar évag ovupetpids nivaxas av A efvai
évag mpaypatikds owywrios tivaxkas kar Vo elvar évag oploydviog mivakag.

Oedpnua 1.19. (Ocpeiddes Ocddpnua ya Epjuitiavols Hivakes - Paoua-
tkrj Iapayovroroion yia Miyadikols Iivaxeg)
KdOe epputiavdg nivakag A pumopel va ekppaotel ws e€ng

A=UAU",

orov U efvar évag povadiaiog nivakas kar A évas mpayuatikés owaywrios miva-

kag. Ta dwydvia otoryeia tov A elvar o1 1b0tiués tov tivaka A (o1 ormoleg
z. V4 z 4 z z. Z.

efvar Tpaypatikés ané to Oedpnua [1.8) kar o1 otrides Tou nivaka U elvar ta

wwdavvouate tov A (n k-ootry otiAn tov U avtiotoiyel oto k-00td daydvio

orotyeio Tou A).

Anéoaén.
H anédeln etvon avdhoyn pe auth Tou Oewpidatog O

I[Mogathenon 1.6.
Avtiotpoga, av A elvar évag mpaypanikds owaywrios tivaxas kar U efvar évag
povadiaios mivakag, tote o nivaxas UAU™ elvar epputiaves.

Oecwenua 1.20.

Eotw A évas eppuniavds (1j ovupetpikds) mivakag didotaons n e 1010Tiés
Al > Ay > - 2> N\, Tote Ny elvar n péyiotn kar A, n eddyrotn tun g
tetpaywrikiis popens (Ax, x) yia kavovikonompéva tuavdouata x. EmmnAéor,
n péyiotn tun Aaupdvetar yia omo0dnTote kavovikoromnpuévo Wodhdvvoua mov
avtiotolel oTny 1010Tun) A1, Kai 1) eAdyiotn Aapufdvetarl yia orodrtote Kavo-
VIKOTOIN}1€V0 101001dv Vo Ua TOU avTIOTOIel oTNY 1010TIUN Ay .

Arédoeén.
Ané 10 Oewprua (om6 10 Oedpnua[l.18] av o A eivon mpaypatixde oupye-

Te6C Tivaxac), urdpyet évag wovadiaiog mivaxac U (évoc oploymviog nivaxag,
av 0 A efvar mporypaTinds) xon €vac TpayUaTikos dtorydwiog mivoxoe A ¢ote

12
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A = UAU*. Ta dlayovia otoyela dy, ..., d, Tou A €ivar ot 1bloTipég Tou A,
Onhady| oL dtatetayuévot aprduol Ai, ..., A,. Eyouue

(Az,x) = (UNU 'z, x) = (AU*z,U"z) = (Ay,y),

6mov y = Uz xu euniéov (y,y) = (U'xe,U*z) = (UU*z,x) = (
‘Etot, 10 (Ay, y) éyet Tic iBiec twée v (v, y) = 1 ye 1o (Azx, x) ywo (o, x
EcetdCouye twpa Tic TWES Tou Talpvel 1) Exppaot)

).

)

—_

(Ay,y) Zd lyil?,

Yiou Staviopato y = [y1, -+, Yn)? TéTOlL OTE

= Z lyi|? = 1.
=1

'Eotw maxid, = M\ xow mingd, = A\, onoTE

(Ay,y) Zd lyil* < ZMW MOl = (1.2)
=1

(Ay,y) Zd lyil* > Z/\ il = A Y 1wil* = A (1.3)
=1

[opatneotue 6t 1 avtodtnta (1.2) yiveton woétnTar av xon uévo av y; = 0 yia
xde i tétow wote d; < Ay, 87])\0167'] av xou uovo av Ay = \y. Emotpégovrag
oToV dpytxd Tivaxo A, To SIdVUCP T XAYOTOLEL TNV lGOTNTA

AUz =\ Uz,

i N

UANU*x = \x

xoL ETOL

Az = Mz, (z,x) = 1.

Avtictpoga, av & €lvat EVa XAVOVIXOTOLUEVO LOLOOLEYUCUA TOU AV TIGTOLYEL GTNV
WoTWh A, 10T (AZ, &) = A;.

Téhog, éyoupe 611 (Ax, ) < A\ v (x, &) = 1, xou 1 106TNHTOL LOYVEL OV XU
UOVO av To T Eivol EVO XOVOVIXOTOINUEVO IBLOOLEVUCUN TOU avTIoTOLYEL oTNnY
oty A, H dedtepn npbdtoaot tou Yewprjuoto €netar and 1n oyéon ue

Tov (010 TEoOTO. ]
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Ocwenua 1.21.
Kde owywrioniog (diagonalizable) nivakag A € R™™ napayovronoeitar wg
akoAovdwg

A=QAQ, (1.4)
omov ) = [ Qi 92 ... dn } € C™" etvar avniotpénpiog, A = diag[Ay, ..., \,] €
a;
a
CY™ " ka1 Q7! = ) e C™", q;,q; € C™, i=1,2,...,n. Ta Suydra
a,

otoeta \; tov mivaka A efvar o1 1dtiuéS Tov A o1 omoleS €fvar TpayuatikéS n
/7 A 4 4 7/ 7 7.
eppaviovrar wg Levyn ovlvyay pryadikay. Ta oaviopata-otiAes tov () elvar
ta de&ad 1b10d1aviouata tov A kai ta Saviouata-ypapupés tov Q1 efvar ta apr-
oTepd 1W0davionata tov tivaka A. Kadds Q7'Q = I, woyve éu §f q; = 0y,
yiai,j=1,2,...,n, érov 0;; €ivar to 6éAta tov Kronecker.

Ocdenua 1.22. Ilapayovronoimon idalovody tpdy (Singular value decom-
position - SVD)

Eotw A € C™" nivaxas tdéng r. Téte vndpyer évas povadiaios (opoydvios,
av o A elvar mpaypankdég) rnivakas U oidotaons m, évag povadiaios (opfo-
yaoriog) nivaxag Vo oidotaons n kat évag duaydriog tivakag S oidotaons r e
Jetikd draydvia otoryeia wote

A:U{g g}v (1.5)

omov ta undevird block ovumAnpavovy tov rivaxa S ote va mpoklier évag
m X n wivakas. O mivakas S eivar povadikd mpoodiopiouévog (€ktés and tn
oepd Ty daydvior otoryelwr Tov).

Aréoeén.
Xwplg meptoplond tng YEVXOTNTAS, UToVETOUE 6Tt m < 1, GAMWMS Aoy ONOUUA-
ote e tov mivaxo A* avtl yioa tov A. O nivaxog A*A tautileton pe tov A*A,

OTOU
~ A
i=15]

elvor VoG TETRAYWVIXOS THivaxag BIACTAOTE 1 UE 12— M UNOEVIXES Yoauués. Ao
TNV WBI6TNTA 8 ToU OEwpriuaTog o A*A ebvar Yetixd nuoplopévoc. Amo
Y WioTTa 7 Tou (Brou Yewphuatog, undpyel evag wovadiatog mivoxag Voxan
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évag dlywwviog mivoxoag D ddotaong n ue un-devnuxd dlaywvia otolyeia d;
wote A*A =V DV*. "Eto,

(AV)*(AV) = D. (1.6)

Mrogotue vo utodécouye ot tar TpdTol p Storydvia atoryeia Tou D (didotaong
n) ebvor Vetnd xon to undrotra ebvon Undév, dnhadt

D 0
D= ,

0 0

6mov D = diaglds, . . ., d,] etvou évog avuoTeédulog Tivaxos. ‘Eotw wy, ..., w,
7 1 2 7 7z . 14 14 7

oL BtovOopoToL di/ (AV);, émou (AV); elvan ) i-ooTh othkn tou mivoxor AV,
i = 1,...,p. Autd 1o m davdouata w; civor agoBala opdoymvior and T
oyéon (L.6]) xou xadévo and autd éyer uétpo 1. Topa, yvwpillouye (and Gram-
Schmidt opdoxavovixonoinon) 6t uTdEyoLY BIVIGUATE Wy, . . . , Wy, TETOWL

wote 0 U = [wy wa - - w,y,] va elvon évag povadiafog mivaxag (Sidotaone m).
Oa deiloupe dTL 1oy veL 1) oyéoT,

AV =UD, (1.7)

S 0 . . ~

0 o | o vac m X n mivaag, S = diag[\/dy,- - ,+\/dp).
H oyéon (11.7) oy Vel Yo TIc TEWTES p oThAe Tou AV and tov oploud Twyv
wy, ..., w,. ANAG ot dhhec otihes Tou AV elvon undevixée, ané ) oyéon (1.6),
10 W€Tpo Tou dlaviopatoc (AV); eivat (0o ye T0 i-00T6 Blarydvio oTolyElo TOu
D vy i > p xou €161 glvor Undev.

Arné 1 oyéon éneton 61t A = UDV™. Zépoupe Ouws Ot rankA =
rankD = P, ONhadA p = 1 xou 1 GYEoM amooetyUnxe.

H povodixdtnta tou S €netar and to yeyovog Ot Ta draywovia ototyela Tou S
elval oL Un-apvnTixéS TETpaywVixég pilec Twv WTWoOY Tou A*A. O

IMopathenon 1.7.

Ta dydra ovoryeta wov S ovoudlovtar 10idlovoes tiués (singular values) tov
tivaka A (av o A elvar évag tetpaywrikés mivakas, axdua kai ta@ vmédoina
punodevikd Maydvia otoryeia tov nivaka avdueoa otovs U ka1 V* oto 6€&l uédog

1 /. 7 V4
U , Decwpovvrar 101dlovoeg tlpes).
Yty meplntworn mou o mivaxoag A elvar mpaypaTixds, TETPAYWYIXOS Xou

mifpoue téEne (full rank), n mopayovronoinon Wlouo®Y TGOV UTopel Vo
exppacTel 6w gaiveton 0TV axdioutr) TpOTUOY.
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ITp6taom 1.1.
H napayovronoinon 6walovody tipdy (SVD) tou nivake A € R™™ mAfpouvs
tdéns (full rank) etvai

A=UxVT (1.8)
onov U = [uyg, - , ), V = [v1,--+,0,] evar oploydvior nivakes xai o dia-
yorio§ tivakas ¥ = diagloy, - -+ , 0, mepiéya g idlovoes tpués tov mivaka

A dwtetayuéves oe gpOivovoa oepd o1 > 09 > -+ > 0, > 0.

Avaxpitry cuvirxr Picard

Oewpolye To Ypouuxo cbotrua tne wopenhc Ax = b. H duxettd) ouvirxn Pi-
card (discrete Picard condition) exppdletar ue Bdon tic drdlovoes Twée o; xou
T opLo TERd WL ovTa draviouata Tou mivoxa A. H cuvinxn auth xartaypdpeto
oto oxdroudo Muua, [43], [44, oer. 81].

Aqppa 1.1.

To odvvopa b ikavonoiel tn dwakpiery ovrdnkn Picard av ta ywiueva kard
ardAvTn Tun |ul bl edivour ypnyopdrepa oto undév and én o1 1rdlovoes Tiués
o; tov ivaka A, énov u, elvar ta apiotepd 101dlovta davvopata tov nivaka A.

Y10 TopoxdTe TUQADELY A, OYEDGLOVUE TIC WLELouoeS TWES 0; TOu Tvaxa
doxuhc A %L o YWVOUEVA XTd AmOAUTY T \uin\, YioL TIC TWES Tou defxTr) 1.

IMopddewypo 1.1. H dwxpier) ovvdikn Picard

Oewpolue 10 TROBANUa doxauric Baart pe mivaxa A peyédoug 30 x 30,
TOL TEOXUTTEL and T1) dlaxpitonoinoyn Tng oroxhnewtixic eliowong Fredholm
TeaTOL £douc. Autéd To TEdBANua uropet va Beedel oto moxéto “Regulariza-
tion Tools” tou Hansen [45], mou agopd Sronpitd xaxwe tonodetnuéva npo-
BrAuata g wopgric Az = b, 6mou o A €yet mohl xaxt| xatdotacy. O wivoxag
A autol tou Tpolifuatog €yet delxtn xatdotaong k(A) = 2.8401el7 xou To
owdvuouo b € R39 wavonotet TN Staxprty) ouvdrxn Picard. Tgdypott, émwe
UTOQOUUE VU TORUTNENOOVUE GTO TUPAUXATE YEAPNUO T YIVOUEVY XoTd oG-
TN T ]u?b[ @Uivouy YeNYopoTERR GTO UNdEY amd OTL ol WLALoVoES TWES T;
Tou Tivoxa A.
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1.3. KANONEYX APIOMHTIKHY OAOKAHPQYXHY. TOYT GAUSS

Picard condition

X |u‘Tb|

100 L

10'5 L

10—10 L

107 TTwxx 1
XX X s x5 X XXX AR

1020 I I I I .
0 5 10 15 20 25 30
i

Yyhuo 1.1: H dwxprty) ouvdnxn Picard yio o mpdfBinua doxwhc Baart.

1.3 Koavoveg aptdunTtixrc OAOXApwong ToU
Gauss

Aodévtog evog Yétpou o ato ddotnua [a, b] xar plag ouvdetnone f (tétot

oote 1o Riemann-Stieltjes ohoxhfipwud tne xaw dheg ov ponéc f(t;) xou f(zy)

VoL UTAPY0LY), 0 YEVIXOS TUTOC Yol TOV Xavoval aprdunTeAc OhOXARROGTS Tou
Gauss elvon

1A= [ F0da() =Y wsf(t) + 3 v (o) + RIS (1)

6mou 1o Bhpn {w; 1, {velnl, xon ou x6uBor {t;}, eivar dyvootol evd ol
x6uPor {z, M, elvan mpoxadopiopévor. To R|[f] elvar o undlowmo, To onolo
ouvidwg Sev ebvar Yvwotd axpPoe, [38].

e Av M =0, 161 givan 0 YVvootog xavovag tou Gauss ywplc mpoxadopt-
ouévoug xopfoug.

e Av M =1xu z1 = af 2z = b, eivar o xavovag Gauss-Radau ye évav
Tpoxadoplouévo xoufo.

o Av M =2xo 2 = a xot zp = b, 161€ ebvan 0 xovévac Gauss-Lobatto pe
dLo mpoxatoplouévoug xouBoug.

17



KE®AAAIO 1. MAOHMATIKO TIIOBAGPO

O 6poc R[f] eivar 10 undrotno 10 omofo yevixd Bev Umopel Vo UTOAOYIOTES
arevdeiog. Av to pé€tpo ar etvon uio Yetint| adouca cuvdptnom xou av 1 f efvou
UEXETY OUOAT, EVAL YVOOTO 6TL To UTGhoLTo divetan and tov tino, [61],

=

R[f] = 2N:— M) / 1_[1(>\ - zn)[jl_[()\ —t))Pda(N),a <n<b.  (1.10)

—

Ard tov mapamdve oo mapatneolue 6Tt To undroimo R[f] yia Tov xovévo

apriuntixfic ohoxfipworg Gauss (M = 0) efvor opdonuo pe 1o fEN) (n).
O xavovag apriuntinfic ohoxhpwong Tou Gauss cuvdEeTar Ye To opUoYwVLa
mohucdvupa. Ao T Jewpia Twv oploywviny Toluwmviuwy, yvweiloupe 6Tt

utor oxohoudior ToAUWYOUWY {p;(A)}52, unopel va mpocdlopiotel €ToL WoTe T
ToAv@YLUA Vo ebvon opfoxavovind kg meoc uéteo a(A), dSnhady toydel 6t

b 1, ovi=j
/a pi(Np(Nda(h) = {O’ e

OTOU TO TOANUWYUPO P, elvor axeBee Podpod Kk xou unolétovTag 6Tt fda =1.

H axoloudla twv 0poxavovixemy ToAumYIUmY 1XavoTotel TNV avadpouixt| GYEo
TELOV 6wV

7jpj()‘) = ()‘ - O‘j)pj_lo‘) - 7j—1pj—2(>‘)vj =12,..., (1'11)

ve p_1(A) = 0 xau po(A) = 1 (umodétoupe 6Tt yvwpilouue Toug cuvteheoTég
Qj XL ;).

H oyéon unopel vo ypagel o1 wopy
Api—1(A) = 7j-1pj—2(A) + a;pj—1(A) + vp;i(N).
Twpa, umopolue va Yedhouue TNV avadpoixy| GYECT, GE LORYT| TVAXWY
AP(Y) = InP(Y) + 7oy (Nex,

OTOU

18



1.3. KANONEYX APIOMHTIKHY OAOKAHPQYXHY. TOYT GAUSS

[ ™
71 Q2 Y2
JN: Y2 O3 . (112)
. TYN-1
L IN-1 QN

O wivoxag Jy Aéyetan mivaxag Jacobi xou ot WioTiwée Tou ovoudlovton TWES
Ritz. Ou otipée tou Jy ebvan eniong ot pilec Tou ToAuwVOHOU pi.

Agiler va onpeiwdel 6Tt Ghec ot WoTéc Tou mivaxa Jy elvan mparypatieés (xo-
Ve o Jy ebvon ouppetpxdc) xan omhée (ol vy #0,i=1,..., N —1).

Ocwenua 1.23.

Or 10tipués wov Jy efvar o1 kéupor t; tov kavéva apiuntikng oAokArpwong
tov Gauss (M=0). Ta Bdpn w; €ivar ta tetpdywva twv TpdTwy ooyeiwy Ttwy
Kavovikomomuévwy 101001avvopdtwy tov Jy.

2Xtov xavova aptiuntinric ohoxAfieworng tou Gauss, £youue 6TL TO UTOAOLTO

Re[f] dtveton and tn oyéon (1.10) pélovtac M = 0, dnhodh

N

(2N) b 2
rol =150 | [H(A—m] do(\). (1.13)

j=1

H npocéyyion tou oloxdnpduatoc I[f] mou mafpvoupe and 1ov xavova Tou
Gauss eivon éval xdtw gedyua tou I[f], av o unéhowno Re|f] eivor Yetixd xou
and tov TOTo potveton 6Tt apxet () >0,V n, VE a< & <b Auth
yiveTow avTiAnTTo 610 axdhovdo Yewpnuo.

Ocwenua 1.24.
‘Eoto auvdptnon f wéro dote f(€) >0, Vn, V€ € (a,b) kar

Lalf] = 3w,/ (1),

O kavdvag tov Gauss eivar akp1png yia toAvovuua Padiov pukpdtepouv 1 ioov
tov 2N — 1 ka1 éyovue du

Lalf] < I1f].

[ Toug xavoveg apriuntinrc ohoxhhpowone twv Gauss-Radau xa Gauss-
Lobatto npocapuéloupe tov nivoxa Jacobi Jy mou divetaw and tn oyéor
étol wote 1 wla ot Tou va efvan To a (1 1o b) B vor Exel WoTiuéS o a xou
b, avtiotorya, [38].
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KE®AAAIO 1. MAOHMATIKO TIIOBAGPO

Ytov xavova aptduntixfic ohoxdfipworng twv Gauss-Radau, €youpe 611 10
vohowno Reg(f] divetan ond tn oyéon (1.10) Bdlovtac M = 1, dnhady

N

(2N+1) b 2
Ronlf] = ﬁ/ (A= 2) [H(A-@)] da(\), (1.14)

j=1
omou 21 = a 1 b.

Av yvopiCoupe 10 TEOONHO TV TORAYWYWY TNS f, UTOROUUE Vo Gedouue
10 ohoxhhpwua I[f]. Autéd gaivetar oto oxdroudo Vemprnua.

Ocowpenua 1.25.
‘Eotw ouvdptnon f wérow dote fED(€) <0, ¥V n, V€ € (a,b),

Uarlf] =Y wif(t5) +vif(a),

j=1

pe wi, ot t], a Bdpn kar o kéuPor vrokopoévor i€ 2z = a,
Lar[f Zwa (t5) + o7 £ (b),

pe Wb, ot b ta Bdpn xkar o1 kéuPor vnodoyropuévor e zy = b.
O kavévas twv Gauss-Radau okoxAnpdver akpiBas noAvarvpa Badpod pukpdte-
pouv 1 foov tov 2N ka1 1wy Vel n aviodTnTa

Lar(f] < I1f] < Ugrlf].

I[Mogathenon 1.8.
Av o mpdonpo twr tapaydywy s f eiva Detixd, onAadn fETD(€) > 0,V n,
V € € (a,b) téte ta gpdypara elvar avdroda, 6nAadn

Ucrlf] < I[f] < Lerlf],
onov wa Lar|f] ko Ugr|f] elvar opiopéra ovo napandve Oeddpnua.

Ytov xavova twv Gauss-Lobatto, 1o unéhowno Rep[f] Siveton and tn ayéon

(1.10) paloviac M = 2, dnhad
N

(2N+2) b 2
Reulf] = @N—jjf [a-an-n [H(A—m] da(N).  (1.15)

To ohoxhfpwua I[f] ppdocetar dvw and tny npocéyyion tou I[f] mou uno-
hoyiletan pe tov xavova aptiunuxhc ohoxifpwone twv Gauss-Lobatto, ov
fEI(E) >0,V n, VEE (a,b). Suyxexpyéva, éyouue to axdroudo dedonuo.
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1.4. H MEOOAOYX ARNOLDI KAI O ¥XTMMETPIKOY AAT'OPIOMOY
LANCZOS

Ocwenua 1.26.
‘Botw ouvdptnon f wéroa dote f(€) >0,V n,V € € (a,b) xar

UcLlf] = ijf(tj) +v1 f(a) +va f(D),

M€ t;,w;i, v, V2, va elvar o1 kéupor ka1 ta Pdpn vrodoyiouéva e a kar b toug
rpokatopiouévous kéupous.

O kavévas apruntixns odoxAipwons twrv Gauss-Lobatto eivar akpipnis ya
roAvavvpa Padpol pikpdtepov 1y toov tov 2N + 1 kai 1wy Vel n aviodtnta

I[f] < Uqclf]-

1.4 H p€dodoc Arnoldi xouw o cvupeTpixodg
aryoprduog Lanczos
Aodévtog evig mivaxa A € R™ ™, evoc un-undevixot dlavicpaTtos v Sldo TaoTg
n xou evog axepatou m < n, dnuoupyolvtar éva olvoho and (m + 1) opdoxa-
vovixd Staviouata {v1, Vg, . .., Uy} xon évag (m + 1) x m dvew Hessenberg
mivoscag Hy, wote va oy lel 1 oyéon
AV, = Vi1 Hyp, (1.16)

6mov Vi, = (U1, ..., 0] xot Vi = [U1, ..o, U,y U], [22] .

Alyoépripog:  Médodog Arnoldi

Eicodou:

1. A, n X n nivaxac

2. v #0, n x 1 d8dvuoua

3. m < n, YeTndg axépaiog

"EZodou:

1. éva obvolo and m + 1 oploxavovixd daviopata {v1, Vs, ..., Umi1}
2. évac (m+ 1) x m dvew Hessenberg nivoxac H,, = (H;;)

Brjpa 0: Kavovixoroinon tou diaviouotog v

Oéoce v, =
[ o2
BApa 1: for k=1,2,...,m
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KE®AAAIO 1. MAOHMATIKO TIIOBAGPO

’lAJ = A’Uk
for j=1,2,...k
N
Hjj = vj0
b =10 — Hjpv;
end
Hipr = 9 |2, if Hiy1p =0 stop
v
Vi41 =
Hk+1,k
end

H ouvohixd rohurhoxdtnta tou ahyoplduou Arnoldi etver O(n?m + nm?).

Yy nepintwon mou o wivaxag A efvon ouupeteoixde, o ahydprduog Arnoldi
Méyetar ougueTeog ahyoprduog Lanczos, [22]. Xe auth Ty nepintwon, o dvw
Hessenberg mivoxog H~m YIVETAL CUUHETEIXOC, TELOIYWVIOS TVOXAC fm 0 0Tolo¢
YedpeTon oty axdrouldn wopy

ar B 0
T - iy .
: B
0 ... Bm Qmi1
H oygon mou oy lel otn uédodo Arnoldi avdyetar ot LopgN
AV = Vi T (1.17)

‘Etot, npoxintet o axdhoutog ahyoprduoc.

Alyobpuipog:  Yuuueteixdg Alydprdpog Lanczos

Eicodou:

1. A e R™" ouuuetpixog mivaxac

2. v # 0, n x 1 ddvuoua

3. m < n, Jetindc axépatog

"EZodot:

1. éva ovohro and m + 1 oploxavovixd daviopata {v1, Vs, ..., Vmi1}
2. T €16000US (rj xou 3 TOU CUUPETEIXOU XOt TRy WVIOU Tivoa fm

BApa 0: ©coe vg = 0,5y = 0,v; = To]
U |2
Brpa 1: for j=1,2,...,m+1
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1.5. O AAT'OPIOMOX BLOCK LANCZOS

/b]'-i-l = Avj - ﬁj—lvj—l
aj =V 01
/ijrl = 'IA)jJrl — a;V;
B =l Vjt1 2, if B; =0 stop
Vj+1
Vi1 = —o—
Bi

end

H cuvohuxd tohurhoxdtnTa Tou ouppetexol ahyopiduou Lanczos etvar O(mn?).

1.5 O aiyoerdpog block Lanczos

O ahyopuiuog block Lanczos elvor enéxtacy tou xhactxol alyopiduou Lanc-
z0s oTov oTolo avtl yia Eva apyixd BIdvucpa BIAoTACTG 1 YETCLLOTIOLOVUE EVAY
opYoxavovixd (orthonormal) nivoxa n x g, 6nou g eivan évoc Quoxds aptiuode

vt Tov onofo toydel 0 < ¢ < g O olyderduog autdg eloriydn and Toug Gene
H. Golub xat Richard Underwood o 1977 oty epyacio [40].

EexvavTag omd £vay dpyxd n X g optoxavovixd mivoxa (1, 0 oxomog elvor
VOl XATAOXEVAGOVUE Wiot axoroudio 0pDoxavovixmy n X q mvixwy Qq2, @, . . ., Qs
OOTE 0 BLYUCUATIXOS YWPOC TTOU TORAYETA UTO TIC OTHAES AUTWOY TWV TUVEXWY
vo TEpLéyeL TIc OTARES Ty Tvdxev Q1, AQq1, A2Qy, ..., A*Qy. H dudotaon ¢

, n
Tou block mivaxa dev propel va Eemepvd To 5 xo 0 aptUOC TWV ETAVIAAPEWY

7. 7 n 4 7 4
s elvor o oAU —. Lo OUYHEXPUIEVA, LOYUOUY Ol OLVLGOTT]TEQ
q

O<q§gxoctl<s§

S

A6 T delTERN OVIGOTNTA, TAPATNPEOVUE OTL GGO UEYUAUTERY Elval 1) OLAG TAOT
Tou block 1600 wxpdTERO elvor To TAROC TwY etavarfdeny Tou Va ypelao oY
v Tov ahyéerdpo block Lanczos.

Ao¥évtog evog ouuuetpixol mivaxa A € R™", unopolue va mopdyoupe
evay block Tpwiaymvio, cuppetend nivaxa Ty didotaong ¢s < n, 6Tou g ebvou
1 SudoTaon tou block xo s etvan 0 apriudeg Twv exavolfdewy, dnhadt o aprdudg
TV dtayoviwy block mvdxwy mou Ya €yl o ivaxag Ts. Ye auth Ty nepintwon,
o ahyopwuog block Lanczos npoxintel and tn oyéon

AQ = QT (1.18)
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KE®AAAIO 1. MAOHMATIKO TIIOBAGPO

omou Q = [Q1 Qo+~ Qs pe Q7 Q; = 6i;1, (6mou I, elvar 0 TawToTIXGS TVXAC
didoTaong q) Xou
0 17
ry Q .
T,=1| ' 7 I (1.19)
) : stl
Fs—l Qs
Ta dSrayvia block €2, efvar cuuyetpol g X g ivaxee, ot nivaxeg I'y etvan g X g
dve Tptywvixol xaw ot Q, eivar n X ¢ wivaxeg, [53].

Avtxadiotaviag tov Q xa tov Ty ot oyéon (1.18) npoxintel

Q, 7
AlQ1 Q2+ Q] = [Q1 Q2+ - Q4] = 92 o (1.20)
Loy O,
Yuyxplvovtog To aploTtepd xou To Oe€i uéhog Tne oyéorc , €Y OUUE
AQr = Q1] | + Qi + Qi Tk, k=1,...,5—1, (1.21)

omou o I'y opiletar wg 0 g X g undevixdg mivaxag.
[TohhamhactdlovTag T oyéon 1) uE f xow hoPBdvovtag utodgy Ty opdo-
YOVOTNTO TV (5, £YOUUE

Qk :QgAQk:, k= 1,...,5.
OétovTac
Ry = AQy, — Qi — Qe

nopatnpovue and ) oyéon (L.21) 6t Qpl's ebvar n QR mopayovtomoinon
Tou Ri. 'Etol, odnyoluaote otov axdrouto alyderduo block Lanczos yia
TpAY TG, cuuueTEid Tivona, [53).

Alyobpuipog:  Alydpuduog block Lanczos

Eicodou:
1. A e R™" ouuuetpnog
2. Q1 n %X q opYoxavovixdg wivaxac (QT Q1 = I,)

n

3. s < — Jetindc axépaog
q

"E€odot:
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1.6. ANIXOTHTEY. KANTOROVICH KAI POIIEY (MOMENTS)

1. Q=1[Q - Q4 bote Q] Q; = I,
2. o block tpwtayaviog mivoxag Ty 6mwe opiCetar otny 1)

©éoe Qo va ebvor n X g PNdEVIXOS Tvoac.
fork=1,2...,s—1
Q. = QL AQy
R = AQy — Q% — Q1 TT,
Qrr1lhi1 = Ry
end

Qs = Q?AQS

H cuvolix| mohumhoxdtnta tou akyopiduou block Lanczos eivar O(4sg*n +

2s5qn? — (s — 1)%)

1.6 Aviocotntec Kantorovich xou ponéc (mo-
ments)

Eotww A € R™" évag avtioTteédiuog, ouMNETeOS Tvoxag xar T €vo Ur-
undevixd didvuoua otov R™. Oewpolue tnyv axoroudia

cr = (x, APx), k=0,41,42, ...

AutoU tou eldoug 1 axoroudio Yo ovoudletar faduwrr axodovdia porcy (scalar
moment sequence) [17].
©¢touye Tov k x k mivaxa

G o Gkl

Citk—1 - Ci42k—2

xou TNy optlouvcd Tou H,Ei) = detG,(f).
Av Yoovye z; = Az, t67€ ¢, = (x4, ;) Yo xdde i, j wrown dote i) = k.
HMpdryuatt, €yovue
cr = (x, APx) = " APx = 2" ANz, i+j=k
(Ax)T Az = xl'x; = (x;, x;).

, ) - , (0) / o)
Topa, Vétovtag Xi = [o, -+ ,xr_1], 0 nivoxac G yedyetn G’ =
X,E,FX;C xou efvan é€vac nivoxog Gram (Gram matrix), o onofog eivat cUUUETEXOC
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KE®AAAIO 1. MAOHMATIKO TIIOBAGPO

xon Yetind nuioptouévog. I'vwplCouue 6Tt o€ Eva BlayuouaTixd Yo BIdoTACTS
n UTAEYOVY TO TOAU N ypuumxd aveldotnTa daviouata. ‘Etot, undpyet r < n
(r etvon 7 SidoTaon TOU SLAVUCUATIXOU YMEOU TOL TopdyeTa and Ta dtavhouoTta
x;) TET010 WOTE

>0, k=1,...,n

HY =
=0, k>nr

Emniéov, o G,(fi) elvon xon autog mivocag Gram xan pdhioTo Loy vel H,(fi) >0,
axoue xon av ¢ < 0 ool A~ efvon ouppetpxée, [17].

Av o mivaxag A elvar cuuueTpdg xon YeTind oplouévog, 1 TeTparywvixy| pila
AY? 100 A undpyet. ‘Etot, dhot ot mivaxeg Gi(i) ebvor ouupeTtpixol xon detind
NULOPLOUEVOL X0 OUTO GUVETAYETAL OTL H,ﬁ” > 0, axopa xou av ¢ < 0 agod Al
elvor CUPPETEWOS xan YeTixd oplopevos. 'Etol €youue to axdroudo dewprnua,
[17]).

Oecwenua 1.27.
1. Av o A eflvar ovupetpinds, tote ya kdle 1 = 0, £1,£2, ... 1wyva

C2;C2i4+2 — C%i—l—l Z 0. (122)

2. Av 0 A elvar ovpuetpikds ka1 Oetikd opiopévog, tote ya kdle i =
0,£1,£2,..., wyvda
2
CiCito — Ci+1 2 0 (123)
ka1 1 akokovdia (c;11/¢;) elvar adéovoa.
Andéoaén.
O 800 autég aviobtnTeg amodeviovTo auéows AauBdvovtag unédy 6Tl oL
4 7 2 ; 4 7z 4 z 7
UT00pIOUCES TV TUVAXWY G/,(C D G,(;) avtiototya elvon ueyahiTepeg 1 loeg

TOU UNOEVOS.

Ané v oviodnta (1.23) tpoxintel bt

¢ ¢
2 i+1 142
Cip1 S CiCipa = < :
G Ci+1

OnhadY| 1 oxxorovdia (ci1/¢;) etvon adZouoa. O

Aviocotntec Kantorovich yia ¢ € R" tuyalo

‘Eotw A € R™" évag ouuuetpixdg xan Yetind oplopévog mivaxag pe uéylot
WOTWYH Mgz X0 EALYLOTN) WOOTWY Apin. TOTE,

4)\min)\ma:1:

4
>
||m||2 o <)\mm + Amax)

5 (2" Az) (" A x), (1.24)

26



1.6. ANIXOTHTEY. KANTOROVICH KAI POIIEY (MOMENTS)

v xdde € R™. Auth etvon 1) xhaowt) oviootnta Kantorovich, [50].
Xpnowonowvtog Tic ponéc ¢ = (, Aka:) Tou Tivoxa A €youpe 6T

' Az = (x, Ax) = ¢,
xlA e = (x, A7) = c_y,
|l = (z, %) = co,
xou €tot 1 xhaowr avio6tnta Kantorovich ((1.24)) ypdgeton ot wopor

4)\min )\maa:
()\min + /\mam)Q

0(2) > C1C_1

2
Co 4)\m'm )\ma:p

= > ) 1.25
C1C1 - (>\mm + )\max>2 ( )

H avicétnra Kantorovich propel va yevixeutel, 0nwg golvetar 610 Topoxdte

Vewpnuo, [17).

Oecvpenua 1.28.
Av o A efvar ovppuetpinds kar Oetikd opiouévog, tote yia kdlet = 0, +1,£2, ...,
1wy Vel
1> C?—&-l 4\ minAmaz
~ cicivz  (Aoin + Amaz)?
OTOU Ay KA1 Aoy €var 1 eddyriotn kar n péyotn 10wtun tov wivaka A
avtiotorya.

(1.26)

Aréoeién.
Aopfdvovtag unddey 6Tt o mivaxac A efvon ouuueTpnds, Jetind oplopévog xou
ou ¢ = (2, ;) pe i+ j = k (6moe xotoypdpnxe mopandvw) €youue 6T

G = (z, A" )’

» - it 2
A2y A+D/2002 51— Lt
( T, x), i+ 5 + 5

”Ai/QmH%HA(HQ)/Q:BH%, ané Cauchy-Schwarz
(Ai/gm’Ai/zw)(A(i+2)/2w7A(i+2)/2m)
(x, Alx)(x, A 2x)

= GC; Cit2

IN

= 1 > G (1.27)
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KE®AAAIO 1. MAOHMATIKO TIIOBAGPO

To dedtepo uépog T aVIoOTNTAG (1.26)) amodewcvieTon eQaEUOLOVTAS TNY XA0-
o} aviodtnta Kantorovich (1.25) ue y = vV A" lx. ‘Eto,

o = (9y) =yy=a' VATIVAH L =" A e = ¢;
G = (y7 Ay) = yTAy = "I;T v AFLAV Al = (BTAiJrQ.’B = Ci42,
c_1 = (y’ A_ly) = yTA_ly = mT\/Ai+1A_1 Aitlye = mTAim =c;.

C?J,-l > 4)\min>\max
CiCit+2 o (/\mzn + Amax)2

(1.28)
O

IMogatrenon 1.9.

1. H avioétnta etvar n ariodtnra Cauchy-Schwarz ypappévn e po-
nég (moments) cx.

2. I'vawpilovtas 6t o deiktng kardotaons tov nivaka A i0oltar pe

— )\ma:p
R(A) = [lA]l- A7 = ,

>\min
éyouue
4)\min)\ma;r
4)\min)\ma:c o )\gmn 4/€(A)
()\mzn + )\maa:)Q B (Amzn + )‘maac )2 N (1 + KZ(A))Q '

3. H aviodtnra pe 1t = —1 efvar n khaoikr) aviodtnra Kantorovich.

Avicotnteg Kantorovich yia povasiaio o

Ye auth TV unoevotnTa Yo SoUUE TN poper Tou malpver 1 avicotnta Kan-
torovich yio cuppetpixolg xan Yetxd optopévoug mivoxeg A € R™™ dtav 10
didvuoua x elvan povadiado (||| = 1), [24].

Hpw Solbue cuyxexptuéva Tt cuPSaulver Yo Tivaxeg Vol avaPECOUUE Eval VEDETUAL
ané v epyaoio [24] mou wyler yevixd Yy tereotéc oe yopouc Hilbert, to
omolo Vo YENCLLOTOCOUYE Yol VO TAPOUUE LGOBUVOUES EXPEACELS xou BehTL-
®oelg TNg xhaowhc aviootntoe Kantorovich vy x € R™, pe ||z]| = 1.

Ye autd To onuelo Yo dwooupe xdrowug GUUBoMoH0UE Tou Vo YEEUCTOVY
Yoo TNV OlTOTWoT auTod Tou VEMPAUATOC.
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1.6. ANIXOTHTEY. KANTOROVICH KAI POIIEY (MOMENTS)

o K(A;x):= (Azx,x)(A 'z, x), yio xdde x € H pe |z| = 1.

o [N touc mpaypaTiolg (Y'] Toug wyadxols) aptduolc o, B xou yu To
Yoouuxod xon gpayuévo tekeoth A Yo Tpootloplcoule TOV UETACY NUOTL-
ouo

Cap(A) := (A" —al) (Bl — A),

omou A* ebvan 0 ouluyng tehecTrc Tou A.

Ocwenua 1.29.

Eotw A évas avroovluyng tedeotnig oto yapo Hilbert H kar M > m > 0
térow dote mI < A < MI wg mpos tn pepiknj didtaén tekeotdr oto B(H).
Téte

0 < K(Ajz)—-1
(%l(Mm_Mm)Q = [Re(Co i (A)z, @) Re(Cy y (A7), 2)]'/2
l(M—m)2 m+ M 1 m+ M
T (A== D)l AT = gy Do o)l
S — (Az,z) (A 2, x)

[(Az, ) (A 2, 2)]'/?

:

1 —m) x x,x 1z “lg, x))]/?
k4\/m—M(m+M)[(HA |+ (Az, 2))([[A7 2| + (A7 2, 2))]

v xde x € H pe ||z]| = 1, [24].

X

Topo Yo dotue Tt oupPaiver yia cupueTeol xar YeTind ogtouévous miva-
xec A € R,

‘Eotw A € R™™ évog cuuuetpnds xow VeTind 0pioUévog Tivoxag Ue UEYLOTY
WOTWH Apag, EAGYIOTH WBOTWH Apin ot éva Stdvuopa € € R” pe |lzf| = 1.
Tére, n xhaowr avioétnta Kantorovich ((1.25)) ypdgeton ot woper

1 > 4)\min)\ma:c - < ()\mm + /\ma:t)2
Ci1C_
C1C o (Amzn + )\mam)Q ! b= 4)\min)\max ’
xadoc cg = (z,x) = ||z|* = 1.

EZedwetovtag ¢ aviodtnteg Kantorovich mou oybouv yio yeauutxoie

xou ppaypévoug tereotég oe ywpo Hilbert émwe gaivovton oo Oedpnua [1.29)
€Y OVUE TaL axohouda
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KE®AAAIO 1. MAOHMATIKO TIIOBAGPO

e o teheothc A ebvan €vag cuppeTedg X YeTnd oplouévog Tivaxag,
® M = Apin 1) Ao W0TWY Tou Tivaxa A,
o M = Aoz M UEYIOTN WOL10TWY TOU Tivaxa A.

Topea, ol avicdtnTeg 10U OEwpriuaTog umopoly va Ypopoly ot ula o
e Lop®h haufdvovtag UTOYLY TIC TEELS TAPATAVEL ECEOXEVOELC.

ITo cuyxexptuéva, 1 delTERT xaTd GEWd AVIGHTNTA TOU OEWPHUATOS
1 omola elvon Bertiwon tne xhaoixrc aviedtnrog Kantorovich (xat yior owtd Vo
avagepYolue oe auth), unopel vor yeagel oe woppY| 1 omold TEGLEYEL TIC POTES
C_1, C1, TNV ERGYIOTN Appin KO TN UEYIOTN Apga tO10THY TOU Thvoa A. H yopen
auTy| ebvon

(Amam + Amzn)2 /\mzn + >\maa: )\mzn + )\maz
1 < — - | — ———|. (1.29
ac1= 4)\min)\ma:p “ 2 1 2)\min)\mam ( )
Anéoaén.
H Sedtepn xatd oepd avicdtnTa 10U OEwpriuatog etvan 1) e€Xg
1 (M —m)? m+ M 4. m+M
cp) — < = Y — . _
Kz -1 < 35— (4 D) (A7 = T e, )
M +m)? m+ M 4. m+M
= Ky < By MMy gant - g )
M + m)? m+ M _ m+ M
= Ke) < B g M e - M )
(M +m)? m+ M 1 m+ M
= K(4;z) < Y |(Az, x) 5 (x,x)| - |[(A" @, x) Y
M +m)? m + M m+ M ,
= K(4;z) < (4m2\4>_ c] — 5 ‘-‘01— YAk ol (m,a:):HmHQ:l
= cie < M — e — m + M - e — m + M
= = M ! 2 LT o |

Aopfdvovtag unédy 6Tt m = Apin 1) ENGYLOTY WI0TYY TOu Tivoxa A xou M =
Amaz 1) REYIOTY W0TWY Tou Tivaxa A 1 Topamdve ovicoTnTa YedpeTa wg eEXS

(Amax + Amzn)2
1 < -
ac1= 4)\min)\max

)\min + )\max
2

C1 —

)\min + )\ma:p
ey — ——————— .
! 2)\min)\ma:p
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1.7. IIINAKEY. EIAIKOQN MOP®QN

H avioétnta (1.29) uropel va ypogel ot yewixdtepn pop@t, 1 otolo TEQLEYEL

TIC 0OTEC C;, Cira xolt ouTh efvon n oxbhoud
s “it

>\min + )\max
o Zmin T Zmar] o 30
¢ 2)\min)\ma:p ( )

(Amax + )\mm)z >\mzn + )\max
4)\min)\ma:p Cir2 2

Cit2Ci <

Andédeén.

H avicétnra (1.30) mpoxdnter and v aviedtnta (1.29) ypnowonowdvtoc to
uetaoynuatiopd y = vV Alx axeiBde pe tov (B1o 1pono 6w 6TV anddeln

TOU OEWPHUUTOS O

IMopatrenon 1.10.
H aviwodtnra Kantorovich yia povaowaio oidvvopa T ylvetar wg €6ng

1 > 4)\mm)\mam — < (Amzn + )\ma:p)Q
C;C; ~ .
CiCit2 o ()\mzn + )\m(wr)z 2 4)\min)\max

‘Ero, mapatnpotje 6t n avicdtnta @ efval PeAtioon tng avicdtntag
mov wyvel yia onolodnTote didvvoua © € R™.

1.7  Iltvaxeg sOxX®V Lo@pwV

Ye auth| Ty evotnTa, Yo teprypddouue xdmotoug mivaxeg ot omofol Yo pog ypeeta-
OTOUY T APLIUNTING TOQADELYUTH TWY ENOPEVLY XEQUAUWY. LUYXEXQUIEVA,
ol 800 mpwToL Tvaxeg Tou Yo meptypdhouue, o mivoxag Poisson xar o mivoncag
Heat flow, mpoxtntouv and 11 Swxpitonoinon eiowoewy. Ot dYo teleuTaiol
TIVAXES TOU TEPLYRAPOUUE TNYalouy and Tpolifuata Tng LTaTo TxhS.

ITivaxoc Poisson

O rivaxag Poisson didotaong p ebvan ouupeteixog, Yetind oplouévog, block tet-
Srarydviog xou opande (sparse). O mivaxag autdg TEOEpYETOL Und TNV TEOGEYYIO
TEMEQUOUEVLY Dlaopwy TEVTE onueiny Trg elowaorng Poisson ot éva povadiaio
TETPAYWVO EVOC M X M TAEYUATOC, M = /], [38]. O mivoxac Poisson givou ™¢

Hop@hc i i

T, —In,
-1, T, —In

—1, T, —In
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KE®AAAIO 1. MAOHMATIKO TIIOBAGPO

orou I, ebvan o Tawtotinde mivaxag Sidotaong m xan xdde block 75, didotaong
m dlvetan amd

4 -1

-1 4

O nivaxac autédc propet va Beedel oty MATLAB gallery, [68]. Ot dtotipéc tou
mivoca Poisson efvon Yvewotég xou SivovTton amd Tov TUTO ToU XoTaYPdPOUNE OTO
awoOhoudo Auua.

Aqupa 1.2.

Or1wtipég tov rivaxka Poisson 0idotaong p =m

I .
/\k,j =4+ 2cos (m—jjl> + 2cos (mj—_tl)7 kaj: 17"'am'

Arédoeén.
O mivaxag Poisson unopel v exgpactel we to axdroudo dipoioua Kronecker

2 elvar

omou o mivaxag Ty, dtdoTacng m olTon Pe

Ty =

O Wotipée tou tpblorydviou ivaxa T, divovton and tov timo, [60), cek. 59],

km

)\k_Z—l-QCOS( ), k=1,2,...,m.

m—+1
‘Eotw uy ta wiodovioyata tou T, mou avtietotyoly oTic WWTES A, Tote
Tmuk = )\kuk, k= 1,2,...,m.

[Mpogava yio Tov tavtotind nivaxa I, toylel I,e; = e;, j = 1,2,...,m.
Enopéveg, hapBdvovtag umddw tig 1oi6tnTeg Tou yivouévou Kronecker éyouue

~ ~

(T @ L) (ug @ €5) = (Tur) @ (Ime;) = (\rur) @ (e5) = Ai(ur, @ €;).
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1.7. IIINAKEY. EIAIKOQN MOP®QN

Oupoing, (Im ® T (up @ €;) = \j(ug @ ;).
AdpoiCovtag Tic 800 mopumdve GYECES EYOUUE

‘Apa, ov wroTiuég Tou mivaxo Poisson A = Tm I,+1,® Tm elvou

. ‘
Ay = 4 + 2cos (m—j:l) + 2c0s (mj—L> , kj=1,....m

IMopatrpnon 1.11.
O beiktng kardotaons tov nivaka Poisson A wooltar e

T
1 _
B /\171 B +cos(m+1>
M (mﬂ )’
’ 1+ cos
m—+1

ka1 0mwS mapatnpoUue n T tov e€aptdar ané tn didotaon tov rmivaxa.

ITivaxoc Heat flow

O mnivaxag Heat flow didotaong p etvar cuppeteindg, block tewbiaydviog xa
apatdg. O mhvoxag autdg TEoXOTTEL ARd T1) BLUXELTOTOINGT| TOU YPUUUIXOU TpO-
Bhuartog poric Vepudtnrag (heat flow) YENOWOTOLOVTOS ot amhy| TETAEYUEVT
(implicit) yédodo memepaouévev Swgoptv. O mivaxag cuvieleot®y A mOU
TEOXUTTEL Amd TO Yeuuuxd ol Trud eCloMoewy elval €vag m? x m? block TEL-
Loy wVIOG THVaXoC TNG HOop@NS

D C
C D C
A - . . 9
C D C
6mou C elvon €vac m X m SLaymviog Tivaxoc
C:diag[—u, —u, -, —u},
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KE®AAAIO 1. MAOHMATIKO TIIOBAGPO

D etvor évag m x m tpdaywviog wivaxag o onofog divetal and

[ 1+ 4u —U
—u 1+4u —u
—u 14+4u —u
—u 1+4u_

t > 7 7. 14 z
xon u = T At etvon 10 ypovixd Sidotnua xan b ebvor to BhAuo Slauépiong Tou

dwothuartog. O mivoxag A elvon ouuuetpnde xou Vetind optouévog yior u > 0,
[M4]. Xto axbéhouvdo hMupo, xataypdpouye Tic doTuée tou nivaxo Heat flow.

Afqppa 1.3.

Or 16wtipés tov nivaxa Heat flow idotaons p = m?

efvai
Ak = 1+ 4u+ 2Ju| cos (k—ﬂ) — 2u cos (j—ﬂ) , k,j=1,...,m.
m+1 m+1
Aréoeén.
ExgpdCouye tov mivoxa Heat flow wc
A=D®I1,+C® M,
omou M eivon 0 TRy OVIOG Tivoxag
[0 1
10 1

1 0 1
1 0

xN 4 7’ 7. '7T .
Or WoTiée pj Tou mhvoxa M etvon pj; = 2cos (%) , J=1,...,mxouott-
m

k
Stotéc Ay, Tou Tptdtary@viou mivaxa D eivar A = 14+4u+2|u| cos ( i 1) , k=
m

L,...,m, [60, cek. 59]. llpogavig o darywviog Tivaxag C €yel Botur 0 —u.
Axoroudwvtag Tn Swdacio Tou YpnowoTocaUe oty anddelln Tou Afupo-
TOC yioo Tig WoTwéc Tou mivaxo Poisson umopolue vo amodetlouue otL ot
woTée Tou mivaxa Heat flow divovton amd tov thmo

k .
Aij = 1+ 4u+ 2ul cos (m—il) — 2u cos (m]—L) . kj=1,...,m.
O
I[MTopatrenon 1.12.
O rivakag Heat flow efvar kaAng katdotaong ya Oetikég Tiég tov u.
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1.7. IIINAKEY. EIAIKOQN MOP®QN

ITivoaxoac KMS

O nivaxae Kac-Murdock-Szego (KMS) A Swdotoong p eivar ouguetpixde, Je-
Tixd oplopévog xou Toeplitz. Toa crovyeta autol Tou mivaxa divovton and Tov

TOTOo

Ay =r0 45 =1,2,...

7p’

vy 0 < r < 1. ‘Onwg uropolye Vo TopaTneRCOUUe OA To DLy VLo GToLyEla
Tou A elvan {oo pe to 1. O rnivaxag autédg undpyet ot MATLAB gallery o
oV x0hoUUE pe Ty eviol| A = gallery('kms’, p,r), [68].

Or woTipég Tou mivaxa KMS, onwe autég neprypdgovtar 6Tny epyacia [65],

otvovtar 010 axéhouto hhuua.

Aqupa 1.4.

O1 1010115 A\ < A9 < --- < A, wou mivaxa KMS dfvovtar and tov timo

1—1?

Aj

1 — 2rcost; +r?’

i=1,2,...

omov 0,04, . ..,0, elvar o1 piles tng ourdpTnong

G(0) = sin(p + 1)0 — 2rsinpf + r*sin(p — 1)0.

7/ 7 z
Or pileg 0; 1wcavonooly tny aviodtnta

(U — D

< 0; <
p+1 !

g

+1’

=1,2,...

7p7

) D-

Enfong, €yet amodetydel 61t 0 avtictpogog tou mivoca KMS etvon cuupetpr-
X0C, TEWLY®VIOC xot diveTar and Tov TOTo

1 —r
—r 1472
1 —-Tr
1—1r2

ATl =

IMopathenon 1.13.

O detictng katdotaons wov nivaka KMS mpooeyyiletar and, [66],

_)\pN 1+7r
a 1—r

A

—r
1472

-

T

1472
—r

-

1

(1.31)

2
) , Y peydAes TUéS Tov . (1.32)
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KE®AAAIO 1. MAOHMATIKO TIIOBAGPO

ITivaxag cuvdiaxduavone (Model covariance matrix)

O mivoxag ouvdtaxtyovong (covariance matrix) A owdoTaong p etvan cuyue-
1

TE6g, VeTind oplouévog tng Hopghc A = —XTX, 6mou X € R™P givou
m

o mivaxag dedopévwv (data matrix) ot oThkec Tou onolou €youv xevTpuplo TEL
WoTE Vo £youy péon Tt undév. O mivoxag cuvdlaxdUavoTg ATOXUAUTTEL TEQL-
Yoploxés cuoyetioelg PETAEY TV PETOPANTGY, v 0 aviioTpopog Tou Tivaxa
ouvdloxUavere, o omolog xakeltar mivoxoc axpiBetoc (precision matrix), ovo-
TOPIOTd TIC UTO ouvIHXT cucyeTioelg YETAEY 000 UETUBANTMOVY OECOUEVWY TKV
LTONOLTWY YETUBANTOY, [26].

To ctotyela Tou Tvoxa GUVOLXGUAVOTC TEOGOPOLOYVOVTAL ATH

1+4%, i=j
Aij: : 1571%] ) i:172>"'7p7

i = Jjl
6mou a, B € Rxaw > 1, [7]. Tow un-Sraydvia ototyeior autol tou nivoxo eggo-
viCouv @iivouca cuUTERLPORd GO0 ATOUAXEUVOVTAUL UTd TNV XUPLL DAYOVLO, 1)
ool TPOGOUOWWYVEL TN GUEVOUGH GUCYETION TWY BELYUATWY DEDOPEVKDY UPNAGY
SLao TdoEWY TNV avdAueT) Tvdxwy cuvdtaxiuavone, Bréne [52) 63] xar tic o-
vtioTotyeg BIBAMOYpUPIKEC avapopés TOU XATAYPAPOVTUL OE AUTES TIC EPYUOIES.
Oa oupPorilovye autdy Tov nivoxa ue A = covariance(p, o, 3).

O rivaxag ouvdtaxtpavorng A propel va yoagel cav ddpoloua evog cuupe-
Teweol mivoaca Toeplitz T' xon evog draywviou mivaxa D. Tlpdypott, woyde

_ . E
141 1 58 —(pﬂl)ﬂ
} 142 1 ) W
A g 2_6 1 1 _I_ 3 A W
L e
| (»-1)P ]
- N .- ) )
27 (p—11)6 1 0 0
} 1 (p712)5 0 2 0 0
[e%
e 1 1 | 0 0 p*
= T+ D.
Av uro¥éooupe 6Tt o mivaxag T €yel wWiotwée Tic 6 <ty < - < £, TOTE OL
woTeE A < A < --- <A, Tou Tvoxa cuvoloduaveng Yo ixavoToloty Thy
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1.7. IIINAKEY. EIAIKOQN MOP®QN

aviodTnTa, oUugwve ye To Oedpenua tou Weyl, [50, oeh. 181],

e+ 1< N <t +p* E=1,2,....p, yio a > 0,
e+ <M<t +1, k=12 ....p, viao a < 0.

LyeTnd Ue TI¢ W00TWES Twv ouuuetexwv Toeplitz mvixwy, utdpyouv TohhéC
epyaociec ot Siedvy| BiBhoypagio Tou HEAETNGAY TPOTOUC EXTIUNGNE XAt UTO-
AOYIoU0U TV WB0TGOY autdy. Evdemtxd avagépouue g epyaoiec [12] B9,
65, 66].

IMopatrpnon 1.14.

O odefxtng xatdotaong tov tivaixa ovvoiakluarons etaptrdrar and Tig TUES TwY
rapapétpov o, B kadig eniong kar and tn didotaon tov p. Eidikdtepa, apidun-
tikd éyoupe Tapatnpnoe 6t o OcikTng katdotaong eivar uia avéovoa ouvdptnon
TOU P Yia un-apvnuikés Tipég tov o Emiong, o deiktng katdotaong ennpedetar
KUplwS and Ttny Tiun s Tapauétpou o, oy1 1diaitepa ard tny tun tov 3, kai
avédvetar onuavtikd yia peydies tipés tov .

ITivaxog oyedlaoiol UE CUCYETIOUEVES OTNAES

Ocwpote tov Tivaxa oyediaouol (design matrix)

11 ... X114
X:[q;l Ty - agd]: - e R4

Tnpt --- Tpd

0 omolog epavileTon GTO YPAUULXO UOVTEAD TAAVDOOUNOTS (linear regression
model).

O othkeg tou mivaxa X, x;, i = 1,...,d eivon ot topdyoviec (covariates)
Tou TEoPBAAuaToC. TToVéTouue OTL OL TUPAYOVTES X; EVAL OUOLOUOPYOL XOTAVE-
unuévor wg N(0,021,) xou éyouv oucyétion r = cor(x;, x;), av i # j, ywt éva
doouevo 1 > 0. Ye neplntwon Tou, urdpyel xot 6TadepdS 6pog 0To YOVTELO, O
avtioToryog mivaxag oyedaouol X elvor

1 r11 ... X4
X=[1X]=|: + - = e R<(d+D),

1 21 ... Zng
Y10 axdroudo Mpya, utoroyiloupe to pdoya Tou Tivoxa XTX € RETDx(d+1)
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KE®AAAIO 1. MAOHMATIKO TIIOBAGPO

Aqppa 1.5.

‘Eotww o tivakag oyedaopot X € R™? tou onofov o1 otrideg axolovdody tny
xavovixry katavopri N(0,021,). O nivaxag XX € RUADXED &oer pia 1doni-
11 Ao = n pe avtiotoryo 101001drvopia €. Or UTOA0ITES 1010TINES TOU €lval A\ =
(n—1)0*(1—r) pe akyefpixn todkamddtnta d—1 kar Ay = (n—1)0[(d—1)r+1]
i€ akyefpikn moAAamAdTnTa 1.

Andoaén.
Apywd urohoyiloupe Tov mivaxa XTX, o onoloc 10o0ton HE

1 .1
o o o 1 r11 ... X4
XX = " :
1 z,1 ... =z,
| Tid -+ Tpd ! d
D SR gt
=1 =1 =1
n ’ ’ n 0 0
> T 0
I Tl XTx ’
XTx 0
> wjd
| j=1 i

n
apov Z z; =0,Vi=1,...,d, (undevixr yéon tyr) eloutiog g xataoxeurc
j=1
Tou Tvoxa X GUUQVA UE TNV XOVOVIXY| XATAVOUT.
"Apa, o mhvoncag XTXx eyel plo ot {on pe n ye aviiotoryo WOBIVUCUL €;.
Emmiéov, pnopolue vo exppdooupe 1 dtaxdpavon o2 xdde mopdyovta @; =

[ T Toi Ty } UE T7) YPNOT DLAVUCUATIXWY YORUWY WS oXOhoUUWS
R 1
2 _ )2 — w2
= g Yot = = e s

OTOU &; ONA®VEL TN LEoT T TOU TapdYovTd &;.
i pay i

Agotl 1 yéon tuy| xdde Topdyovia efvon undéy, €youue

1
2 2
o = x;
n—l” ZH

= ||lzi?=(n—1)0% Vi=1,....d. (1.33)
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O vronivaxac XTX tou XTX umopel va ypapel we

|21 [? 7“||$1||||-’;32|| 7l |||zl
XTx — rlle[lzefl [zl oo rll|[lzdl
rlleallllzl 7lleallll2:| [
(n—1)0% r(n—1)0? r(n —1)o?
33 | r(n— )o? (n—1)0? r(n —1)o?
r(n—1)o% r(n—1)o? (n—1)o?
1 r r
r 1 r
:(n—1)02 o :(n—l)UQ[(l—r)I—i—rJ],
ror 1

orou J ebvar o d x d wivoxag ye 6Aa tou ta otovyeta too ue 1. O doTipéc Tou
nivaxor X1 X ebvor Ap = (n—1)0?(1 — ) pe ohyeBpuxf) rodhomhotnta d — 1 xon
A2 = (n = 1)a?[(d — 1)r + 1] pe ahyePowxh mohamhdtrTa 1. O

‘Orwe neprypdgoupe oty Evotnta TOU 0PORY GTO YRUUULXO UOVTEAD
TOAVOPOUNOTC o oty extiunon g eudwo tnhc Tagouéteou 1 > 0 euga-
vileton o mivaxac B = XXT + ply, v Tov onofo ypewalbuoacte To fyvog Tou
B, Oep®VTAC AOITOV TNV TopaYovIoTolnoy Wtalovo®y TGV Tou Tivaxa
X =UBVT éyoupe 6m

XXT —uexTu? sy XTX =vXTuvT,

Omnote o d TpWTES WOOTWES TOU Tvaa XXT elvar ot LOLOTIUES TOU XTX xou
ot unélotneg n — d eivon undév. Apa, 1o yvog tou mivoxa B~ diveton and

1 1 d—1 n—d
Tr(B™) = + + + : 1.34
(B7) Ao+p AM+p dtp p -
HO(POCT‘f]PV]C"] 1.15.
max X
O defrktng katdotaons tov mivaka oyediaopol X eivar k(X) = Tmoat ((X; =
Omin

Amar(XTX) Ny [d=Dr+1
/\mm(XTX) a )\1 - 1—7r '
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Kegpdhaio 2

Extiunon tng diypoptttxAg
popphc &t Ay

Ye auTO TO xEQdAaLo Vo aVAPEQOUPE TPOTO EXTIUNOTS KoL EVPECTS PRAYUNTWY
YL T Oy pour Lop@n Ay optlovtog xatdhhnha Tic pomég (moments)
eVOS B00UEVOU Tvoxa. LuyeXpUEVA, Yol TOUQAYOUNE TUPAUETELXES OLXOYEVELES
exTAoEwy yia T dtypoppixd| wopwy| T A~y yio xdide avtioTeédiuo mhvaxa
A yenotorodvtog pio pédodo magexPorfic (extrapolation). H pédodoc e
TapexBorric Exel ypnoulomomnvel ot diedvy| Bihoypagla xou EWdXOTERY TNV
epyaota [14] yio v npocéyyion tng voppog Tou 6QAAUUTOS 6T ADGT, YRoL-
AWV CUCTNUATOY XAt GTIC EpYaoieg [18, 19] TNV etAUGT, CUGTIUATLY XoXNS
XAUTIOTAOTG XU O TEOoPAAuaT ehayloTey TETRAYWVLY, aviicTowya. Erniorng,
otic epyaoiec [15], [16] avartdydnxe pio uédodoc napexBolric yia Ty extiunon
TOU {YVoUg BLVANEWY aUTOCULUYMY TEAEGTWY XL TOU AVTIOTPOPOL EVOG Y-
wxol TeAec T ot €va ywpo Hilbert, avtictolyws. ‘Onwe Yo dolue mopaxdtw,
yenowonowwvioag Ty avieotnta Kantorovich ypauuévn oe popgy| mou meptéyet
COTEC UTOROVUE VO THOOUNE QPEAYUOTH YIo T OTOLYEld TOU AVTIoTEOPOU VOGS
nivaxa [15]. Xenowonowdvae v napayovtonoinon wlovoody tuey (SVD)
ot TopEUPONT TEOXUTTOUY EXTIURGELS Y10l Ta oTotyelo Tou A~ xau ev yével v
Y] OLYPAXT| LOR(N T A ly. Ta ATOTEAEOUATA TOU TAPOUCLELOVToL GE AUTH
T0 %e@dlato efvan pépoc g epyaoiog [34].

2.1 Extiproesic yio xdde aviiotpedipo niva-
xa A

Ye auth Ty evotnta, Yo avoliocouue uio pédodo mapexBolic yia tny extiun-
oY TNG OLYPOUULXAS HOPPNC T A~y vy omOOVOATOTE avTioTEEdIuo Tvona

A € RP? yau @,y € RP Soouéva Slaviopata.  SUYAEXPWEVA, YETOUOTOL-
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KE®PAAAIO 2. EKTIMHYH THY AI'PAMMIKHY MOP®HY. 7 A~y

GvToag Ty napoayovionoinon waloucwy Tuwy (singular value decomposition)
xan mopex3dhhoviag Tic pomég Tou wvaxa A oto onuelo —1 dnwovpyolvTan
OWOYEVEIEC EXTWHCEMY Yol T1 {NTOUUEVT DLy QoY LOR®Y).

Apyixd, Do exupriooupe Ty teTpaywvixt wopen (quadratic form) tou tomou
x? A7 e, H drypopixt| popph & A~ y unopel v ypapel pe ) PoRdewa tetpa-
YWVIXDY HOPGPOY YPNOWOTOWOYTIS Ty molxY| tautdtnta (polarization iden-
tity). Ewdwdtepa, 9étovtac u = ATy 1 drypoupixt| popof, Ypdpetou we &l Ay =
T (AT A)'u xon péow e mohxfic TauTOTITAC EXPEELETOL 6C

" (ATA)'u = — (w(ATA)w — 2T (AT A) ' 2), (2.1)

S,

OTOLV W =T +U XL 2 =T — U.

A¢ apylooupe va meprypdgoune avaluTixd Tn dtadaota extiunong TeTpo-
YWOVIXOY LORQGY 1) 0Ttola Uag 0dNYel o1 ONuLoupY ol TOQUUETELXWY OXOYEVELWY
EXTWAOEWY EVOS X 000 OPWV.

2.1.1 Avdivon 161alovoV TLUMY XAl POTES

Aaufdvovtac unody Ty tapayovtonoinon Walovsny Twohy (SVD) tou do-
ouévou mivaxa A € RP*P 1 onola Sivetar and 1 oyéon xa YewpwvTaC
éva dudvuoua & € RP, unopolue va ex@pdcoule ta oaxdhouda YIVOUEVI GE LoR®T
opotodTLY e ENC

p p
Az = Zoi(vi, x)u;, A'x= Zoi(ui, x)v;,
i=1 i=1

P
Alx = Za[l(ui, x)v;.
i=1

OpiCoupe Tic poméc tou mivaxa A we axorolbiowg

CQn(w) = (w><ATA)nw)> 62n+1($) = ( >
con(x) = (x,(AAT)'x), copyi(x) = (x, AT(AAT)"x), n <O.

Octoviac a; = (¢, v;) xu b; = (¢, u;), €netou 6T

o) =(z,z) = (Viz,Vix)= Z(a:,vi)Q = Za?
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2.1. EKTIMHXEIY I'TA KA©E ANTIXTPEWVIMO IIINAKA A

p
c(x) = (x, Ax) E oi(x,v;)(x, u;) E o;a;b;,
i=1

co(x) = (xz, AT Azx) = (Az, Ax) = Z (x,v;)* Zal a;,

=1

xou €tot 1) pomh c_1(x) exppdleton we To dipotoua

(x, A x) Za (x,v;)(x,u;) Za a;b;. (2.2)

[evixd, ot ponég tou nivaxa A € RP*P umopoiv va exppacTtoly o¢ to axéhouda
adpolouata

p
con(x) = Zofn(w,vz ZJQ” 2 n >0,
i=1
P
con(x) = Za?”(m, u;)? ZaanQ n <0,
C2n+1<m) _ 202n+1($ 'Uz w 'U'L ZOQTL+1

=1

Ov wudCouoeg Tuég 05 Tou Thvora A xS Xt To ECWTEPLAS YIVOUEVAL a; ol
b; dev etvar ouVAYLC YVWoTd. (26T0G0, 1) TETEAYWYLXY| POTH

c_i(x) = (x, AT(AAT) ') = (z, A 'x),

uropet vo extiunel yenotwonowwvag T wéYodo TN TUpeXBOAC X CLUYXEXQL-
ueEvar AOvovTag €va GO0 TNUA Tou TEQIEYEL WG GUVUAXEC TapEUBOANS (interpola-
tion conditions) xdmnoteg coméc yran > 0.

Yupporounodeg 2.1.
Xdpw arAdtnrag tov ouvuPoliouot, oe éoa akodovfoly o€ autd to kepdAaio Ua

ypdpouue ¢, avtl yia c,(x).

2T GUVEYEL, TAPAYOUUE TURAUUETEIXES OLXOYEVELES EXTWHOEWY YId TNV TE-
TEAY WVLXY| Lo, T A . SUYREXPWEVY, XxpaTOVTAS Evay 1y BU0 6pouC oTA
Togoamdve adpolopata mou €youy Yeagel ol pomég Yo mopay Yol ol EXTWRCEL
eVOg 1) 00 Gpwv avtioTotya. Tmovétoude 6Tt GAOL OL TUPOVORAGTEG Tou Vol
eupovio o0V oTig Tapaydeloeg exTiuroelg dev elvon undey.
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KE®PAAAIO 2. EKTIMHYH THY AI'PAMMIKHY MOP®HY. 7 A~y

2.1.2 ExtpAoeig evdg dpou (One-term estimates)

7 / T A—1 ’ ’ ’ 2 ’
H TETPAYWVYIXT) POTY) C—1 = & A 'z MTLOREL YU EXT!.P.T]@&',L XPATWYTAC EVAY UOVO

bpo ané 1o dpotoua (2.2), Snhadh
co1=(x,A'z) ~ afBs™!,

6mou ot dyvwoTol «, [ xau s mpocdtopilovton AOVovTag To GUGTNU TOU TEO-
x0mTEL amd Ti¢ axdhoudeg ouvirixeg TogeuBohNc,

Co = OZQ = 627
¢ = afs, (2.3)
ey = a?s?.

To mopamdve un-yeouuxd o0t dev Eyel wovadixh Aoon. Xto axéhoudo
Ao OIVETOL 1) YEVIXT| HORPT] TOU S TOU LXAVOTOLEL TO GUCTAA TV CUVINXWY

apeuionc 23,
Aqppa 2.1.

z z /7 7/ .
H yevikn popen tov s mov ikavomolel to ovotnua etval

—v/2—-1 p+1 —v/2
¢ € |7

Is| =g " veR

Arédoeén.
Advovtag o pnrypauuxd cvotnue ([2.3) tpoxintouy Sudgopes Aioew Y To s
oL oTtoleg Umopoly Vo Ypagoly GTov axohoulo GUUTAYT TOTO

ls| = |y /PNt e P, i=0,-1, -2,

L 7 2 2 ’ /. 7 ’
Trodétovtag 6Tt a® = 3% = ¢y, UnoPOVUE Vol ETEXTEIVOUUE AUTOV TOV TUTO YLd
OTOLOVONTOTE TEAYHUTiXG aptiud v, xodog 1oy veL

e PG = (8 (saB) T (P0?) ™ = s

ITpotaom 2.1.

Forww A € RP*P éyag avniotpéuog rivaxas xar x € RP éva un-undevixd
oudvvoua. Mia oikoyévein ektiunoewy €vog 6pov yia Ty TeTpaywviky 1Lopen
xT A~ x divetar ard tov timo

e, =cite ey, v eER. (2.4)
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2.1. EKTIMHXEIY I'TA KA©E ANTIXTPEWVIMO IIINAKA A

Aréoeién.
Avtixohotdvtag o |s| Tou Afuuatoc OTY) OYECT C_1 s72¢ TEOXUTTEL 1)
INToluevn oxoyEveL EXTICEWY Yia TNV TeTpaywixh wopwh &7 A~ . ]

IMopatrenon 2.1.
Yy nepintwon mov n pornn ¢ undeviletar umopolue va emAébovpe v = —1/2
ka1 €Tl anopeUyoupe TN O1aipeoT) e TO UNOEY.

ITpotaom 2.2.
H owkoyévea extiurjoewv evég dpov 1kavomolel Tig oyéoeg
02 CoC2
e, =p’ €y, €, =pey_1, OMOU €y = -2, p=—>1, veR (2.5)
C1 (&

Av c; > 0 n oicoyérveaa extiunjoewy e, eivar pia avéovoa ovvdpTnon Tov v eve
av ¢; < 0 tdte efvar pivovoa.

Anédeén.
Oétoviag p = cocz/ 3, éyouye

v 2
CoC C

_ ov+2 —2v—-1 v 062 0 _ v
Cl C]_

v—1

Eriong, e, = p’eq = p (P! eo0) = p 1.
Egapuélovtag v aviodtnta Cauchy-Schwarz éyouye (x, Az)? < (x, z)(Ax, Az).
Omnote wyler o1t
<oy = p=cocaf/ct > 1.
2
c
Yty mepintwon mou wylel ¢ > 0, dnAadY| eg = USS 0, t6t€ e, = pey,_1 >

&1
ey—1, Y xde v € R xou €tou 1) e, ebvar abCovoa cuvdptnon Tou v.

Eve av ¢ < 0 t6t€ e, = p eym1 < epg, a@ol e, elvor opynTnd Yoo xdie
v € R, dnhadh 1 e, etvar @divovoo cuvdptnon tou v. ]

H owcoyéveln extuioemy evog dpou 1) eCopTdTan amd uio TopdUETEO V.
H dewpnuixd, tiur autic tng mopopéteou nopouctdletar o1o axdroudo Afuuo.

Aqppa 2.2.
Eotw A € RP*P éyag Oetikd mpayuatikds (positive real) mivaxas, dniadn
(x,Ax) >0, V x # 0. Trdpyer pla nprj vy mov divetar and tn oxéon

_ log(c_1/eo)

2
,  p=cocafci > 1,
log(p) '

TETOIA HOTE €, = C_1.
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KE®PAAAIO 2. EKTIMHYH THY AI'PAMMIKHY MOP®HY. 7 A~y

Arédoeén.
‘Eyouue
Cyy = C-1 = pV()eU =€
- puo — C;l = log p”o = log (0—1/60)
€o
[ _
Loy losled/e) oo
log(p)

[Mogathenon 2.2.
Av p =1, tte n extiunon evég dpov Oivel Tty akp1fn) TN TS TETPAYWVIKAG
Hopgris ' A .

Arédoeén.
‘Eyouue
p=1=c =cycy = (x, Az)* = (z, z)(Azx, Az),
onhad n avicdtnta Cauchy-Schwarz 1oy let cav lodTrTa X0 €10t ToL SlaviopoTa

x, Az civon ypouuxd eaptnuéva. Apa, Az = Az, yia xdnowo A € R*. Onére,
€Y OUUE

1
xl Ax = Ny, alA 'z = Xco,

A 7] OWOYEVELL EXTYWHCEWY €VOC Opou e, yia p = 1 elvou

2 2
e 1
€y = €0 = c1 )\C(] )\007
ONnAadY| toolTaL UE TNV oL T TNS TETEUYWVIXHS HOPYTC xl A 1. O]

[Mogathenon 2.3.
Av o boouévos nivakas A € RP*P efvar apvnuikd mnpaypatikds (negative real),
onAaon (x, Ax) < 0, V x # 0, unopel va anoderyJel avtiotoryo arotéreoua tov

Anjppazog 2.2

Ebvar mpogavég 6Tt 0ev umogolue vor yvwelCoupe Tt BéEATIoT T Vo NG
ToRUETEOY ¥ oTNY el xodog amarteftal 1) YVoon g oxptBole TWAC TS
eoTh¢ c_1. §0TOCO, EYOUPE EVAL dvw QPEAYUO YA TNV T TNG TAPUUETEOU V 1)
oTmola BIVETUL OTO TUEAXYT TOPLOUA.
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2.1. EKTIMHXEIY I'TA KA©E ANTIXTPEWVIMO IIINAKA A

ITopwopa 2.1.
Fotw A € RP*P évag Jetikd mpaypatikds nivaxas. Ioyve oun
log(c1/(co0min))
Yo )
log(p)

Ve /. z v 7 /.
OTOU O, €fvar n eddyrotn 101dlovoa Tipun) tov tivaka A.

Anédeaén.
Xpnoworowwvtoag v avicétnta Cauchy-Schwarz, €youue

Co

e =(z, A z) < [|A 2| - [l < |ATY] - [l =

min

) =1 < lOQ(Cl/(Coﬂmm))'

‘Eror, log(+) < log(; 0]

eOO'm'Ln

2.1.3 Extipfoeig 8%o dpwv (Two-term estimates)

Extipfioeic 800 bpwv Yo Ty tetpayovix wopeh @’ A~ e pnopolv va mpo-
©€0Pouv %xpaT@VTIC BU0 Gpoug ot oyéo () ‘Etol, 1 pony ey = xTA 'z

uropet va extiuniel wg

c=(x,A'x) = ¢, = 57 o By + 55 oo

Ac Yewpricouue Tic axdhovieg cuvifnes TapeuBoirc

Co = (x,z)= V', Viz) = Z(m,vi)Q =aj + a3,
— (U2, UTx) = i(w w)? = B+ 2,
coj = (z,(ATAYz) 2023 x,v;)? = s7a’ 4 s,
Caj = (=, AAT ]:13 ZUQ] x, Uz = 31]51 + 32]ﬁ2,
coji1 = (x, A(ATA)z) = Z o (@, v) (2, us) = 57 By + 557 s,
Gj1 = (@, AT(AAT)x) = ZZ o7 (@, v) (m, wi) = 517 aa By + 557 aaf,

7

yioe Otdpopeg Tweg Tou j > 0. Me Bdon auteg tig cuviixeg mapeuSoiric unopel

var Topay Vel 1) axdAoulT] OLXOYEVELX EXTIUNCEWY 000 ORWY €,.
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ITpbtaom 2.3.
H owkoyévaa extupfoecwr 8o dpwv é, yia tny tetpaywriky popen € A 'x
dlvetar and tn oyéon

2 ~
N CoC2 — €1 CpCpq2 — C1Cy1
€, =€y + L —, v eN, (2.6)
(&1 C1Cpy3 — C2Cp2

omov ey €fvar 1) extiunon €vég dpov NS oxEoNS yia v =_0.

Aréoeén.
H oyéon (2.6)) urnopei va ypogel toodivaua we e&hc
2 ~ 2
R CcAcC — CpCaC — CpCiC + cic
6, = C0Cvts = CoC2Cusl = CoC1Cuia + CRCui1 (2.7)

C1Cp43 — C2Cpy2
Aoetvoupe 800 TEPITTWOELS YLl TNV TOURAUETEO v, av v ebvan dpTlog 1) TEQLTTOC.

e 'Eotw v dptiog.
Mropotue va yeddouue tig axdhoudeg cuvirixeg TopeuBohrc

Cops = s 4 8202,
5u+2 - V+251 + ;+252a

Cu+3y = V+306151 + 5+ a3,
o1 = ST aBr + sy aofe.

Avtixadiotdvtag T Tapamdve OYECES, O TOROVOUIOTHS TNG OYEong
(2.7) vedpeton we

~ . V43 V43 20042252 1422 2
C1Cy43—C2Cyrn = 8185 0 B1anBa+5]" "soqy frapfflo—s78y  ~ By —5s1 " "S5, 1

xar 0 aprduntic Tne oyéong unopel vo ypagel og

2 ~ 2
CoCu+3 — CoC2Cuq1 — CoC1Cyy2 + C1Cyq1 =
v+3 3 2 92 vl .2 9 2 v+l 2
sy a1a25152 + s5 a8y P — Y szalazﬂl — 5785 a252

V+282(@25152 06%0425152) - 8185+2(0415152 - 04104251/32)

AapfBdvovtag urdd 6T oyler of + a3 = 7 + Fs.

Enouévwg, avtuaiotovrog aptdunty| xal TogovouasT 611 oyEo 1}
Tafpvouue 6Tl €, = 51_104151 + 52_1@262.
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2.1. EKTIMHXEIY I'TA KA©E ANTIXTPEWVIMO IIINAKA A

e 'Botw v neptttog.
Tote, ot cuvifixeg mopeufolrc elvon Tng Lop@rc

~ _ _ v+2 v+2
Coya = Cyya = 8] 1P + 55" “aafa,

_ v+3 2 v+3 2

Co43 = 51 Q] T8y 705,

o v+1 2 v+l 2
Chr1 = S Q]+ Sy Q.

Avuxahotdviag TI¢ Togamdvey OYECEIS, O TUPOVOUUCTAS TNg o)EoTNg
(2.7) yedpeton we

v+3 2 v+2 2 v+2

- . v+3 2 2 2 9
C1Cy+3—C2Cyta = 8185 o fr05+5]  "saqi o fa—s185  “ajanPa—ST “ S50 055

ot 0 aptdunthc Tne oyéong unopet vou ypagel we

2 ~ 2
CoCur+3 — CC2Cy1+1 — CC1Cy12 + C1Cyy1 =

V43 2 292 V43 2 202 vl 2 2 292 2 v+l 2 292
81 TPy + Sy T a0y — 818500001 — 818y gy —

—3’1’“32((11@35152 - 04:1)’0425152) - 8185”(@?@2/@152 - 0410435152)
AapBdvovtag urddy 6L oylel of + o3 = 7 + Fs.

Enopévoc, avtxadiotdvrac aprdunts xou tapovouacts otn oyéon (2.7)

TEOXUTTEL OTL €, = sy a1 By + 55 awfa.
]

IMopatrenon 2.4.

Xpnoworowsvtas tn oxéon arogevyetal 1 diaipeon ue to undév, oTny
mepintwon mov ¢; = 0. EmmAéor, ws owvéneaa tng avicétntas Cauchy-Schwarz
0 TAPOVOUATTIS C1Cyt3 — CaCyio, €lval mdvta Jetikdg, ya évayv oUUMETPIKO
kar Uetid opiouévo wivaxa. Otay n avicétnra Cauchy-Schwarz wytea oav
wotnta, onAadn o didvvoua x eivar éva 1Wwdidvvoua Touv mivaka, n oxéon
(2-6) dev dovAciar kalliss o mapovopaotis Oa etvar pundév.

Extiphosic yio ©n diypoppixh poppy l A ly
‘Eyovtag Aowmév exTWACEL TNV TETRAYWOWIXT LORGT) T A 'z xu XPY|CLLOTOL-
OVTOC TNV TOAXY TAUTOTNTA TOU £YOUUE 101 AVAUPEREL GTNV APy Y| AUTOU TOU
xepahatou elvor TAEOV EQIXTA 1) exTUNGT TNG OLYPOUULXAS LOPPNS T A~y vy
x8de avtioteédo mivaxa A € RP*P xou x,y € RP doouéva diaviouota.
Oétoviag Tic potéc gn(x) = (z, (ATA)"x), n € Z, 1 Inroduevn Srypoppxn
HopQT| HEOW TNG TOMXTG TAUTOTNTOG 1) YedpeTon 0S¢

1

z' Ay = 2 (91 (w) = g-1(2)), (2.8)
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KE®PAAAIO 2. EKTIMHYH THY AI'PAMMIKHY MOP®HY. 7 A~y

brouw =x+u, z = —uxuu=A"y.

Me autdv Tov om0 7 drypappixl| popeh &l Aty unopel va extiundet Vew-
PWVTAC TIC EXTWWACELS €VOC 1 800 Opwv Yl Tig pomég g1 (w) xon g—1(z) and

¢ oyéoec (2.5) xou (2.6) avtiotouya.

2.2  ExTtipnosig yia cupueteixolg nivaxeg

2e TOMAEG €QupUOYEG amouteiton 1) eXTIUNCY TNG DLy PauULXNG LOPPYiS T Ay,
6mou 0 doouévog Tivaxag A € RP*P givon cuppetpinds. Ye auty| Ty TepinTtwon,
umopoUUE Vo e€dyoupE ETITAEOY AmOTEAEOUATO OYETUXS UE TNV EXTUNON T1g
emduunThc dtypauux’ic Lopgrc, To onola Tapouctdlovial TUpUXdTw.

Y0Ovdeon pe aprdunTtixy ohoxAewon Gauss

‘Eva npw10o amotéheoua a@opd 011 GUVOEST) TV EXTIACEWY TOU £YOLY TEO-
x0eL ue ) pédodo Tng TapeXBoAAS UE T aVTIOTOLY O (PEAYUATA TOU TEOXUTTOUY
yenowonowwvioag tny aptduntxr, ohoxifpwon Gauss xot tov ahyopriuo Lanc-
z0s. Autéc o TpoToc TpocEyYiong neplypdpeta oty epyaota [4] xor oo BiBhio
v Golub xot Meurant [38]. Xto axérouvdo Muua xataypdpetar auth 1 oOv-
OEOT).

Aqupa 2.3.

Eotw A € RP*P évag ouppetpikés tivaxag.

1. H extiunon evés dpov ey tavtiletal pe to kdww ppdypa Tng T€TpaywyiKnig
popgris € A~ x, mov npoxdrra ypnooroidrtas apiduntixri odokARpw-
on Gauss pe k =1 xdupo.

2. H extiunon 6vo dpwr €y tavtiletal pe to kdtw gpdyua Tng TeTpaywyikng
popgrs & A~ x, o rpoxinTa ypnoponoidrtag apiuntikr okokAipw-
on Gauss pe k = 2 kéupous.

Aréoeén.

YOupwva e 10 Ocwpnua , ot k x6uBot otov xavéva oprduntixic ohoxhipw-
orng Tou Gauss etvar o wrotuég Tou nivaxa Jacobi Ji. O wivaxag autdg mpo-
x0mtel pe k emavakfdelc tou akyopidyou Lanczos. Yto Bihio twv Golub xo
Meurant [38] anodewvietou 61t 1 EXTPNOTN TNG TETPAYWVIXHG LOPPTIS xT Az
TOU TPOXUTTEL GTNY k-00TH ETAVIANDT, dlveTar amd 10 TEWTO dlay®Vio GTolyelo
Tou avTIoTEGYoL Tou k X k mivaxa Jacobi Ji, nolhamhactacuévo ye [|x||?.

1. I k = 1 Lanczos eravdindm, o wivoxag Jacobi etvay

xr

Ji = [u" Au], bmouv u = —.
edl
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2.2, EKTIMHXEIY I'TA X YMMETPIKOTY [IINAKEY

Ornodte,
e’ A e~ (" Au) T = ||| (a2 Az /||2|?)
= colcr/co) t =ci/cr = ep.
. T k= 2 emavahibeig Lanczos, €youue tov nivaxa Jacobi

Iy — [ ci/co |7 ] xT oz rTAr  rTAr

omovr =A—m — ——— = :
e g ] ol " T Ty

Aqgot o mivaxag A efvon ouppeTeinde, £youpe

- o A _escg 4 ¢ — 2010000

TIr=— — — %o rTAr = 3

) rTAr 363 + ¢ — 2cie900
Etoip=——= 5 5 :

O avtiotpogog tou wivoxa Jacobi etvan

1 _
o Bl

S 2 | —lrll erfeo

Onodte,
T p—1 2 71
Az ~ |z||Jy(L,1) =co————
2 (L) = e T
A+ cges — 2coc102 G N (cocy — €3)?

- - )
cie3 — 3 ¢ ez — el

0 omofo etvon 1 extiunon é e oyéong (2.6), apol & = c,.

[MepioobdteEpa PEAYUATA YL TNV TETPAYWVIXY Lopph =l A lx

Av urno¥éooupe emmiéov 6TL 0 cuuueTEixoe Tivaxoag A € RPXP givon detind
OPIOUEVOS, UTOPOUUE VAL YPTOWOTOGoUUE TNy avicotnTta Kantorovich yio tnyv
0PEGY) TEPLOGHTERWY PpayUdT®Y Yo TV TETpaywvixh popet & A~ 'z,

Arné Tov oploud Twv porwy ot Tepintwor tou o tivaxag A elvon cuuHETEXOS

EYOVUE OTL

co1=(x, A7), ¢ =(z,x), c1 = (x, Ax),

v xdde x € RP.

Ané 10 axéroudo Yedpnuo tpoxiTTouV Eedyuate yia T pory c_1, [13].
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KE®PAAAIO 2. EKTIMHYH THY AI'PAMMIKHY MOP®HY. 7 A~y

Ocwpenpa 2.1.
Fotw évas ovppetpids kar Jetikd opiopuévos nivakag A € RP*P, tdte yia kdOe
odvvopa © € RP, n porn c_y tkavonoiel Ti§ aviodtnteg

2 2 2
@, < UErA)

0SS T .

énov Kk(A) elvar o delkTng katdotaons tov tivaka A.

Anéoaén.
Ané v ooy avicétnta Kantorovich, oniadh tnv avicdtnta yia
i = —1, éyouue 6TL
Cg 4)\min)\maz
C1C_1q o ()\mm + )\max>2

xan Aopfdvovtog utodhy 6T To delTERO ié)\og NG TOEATAVE ovicHTNTIG Efvan

4k(A)

T+ n(A))2 (BAéne Mapathenon (1

foo ue 9), mpoximTeL OTL
c - 4k(A)
c_1c1 (1 -+ H(A))Q
(1+k(4)?*
4k(A) o1

< c1 <

Ané v avioétnta Cauchy-Schwarz, dnhadh ty (L.27) yio i = —1, éyoupe

2 2
C C
1> o c,>2
CcC_1C1 C1
'Etot, mpoxintel 1 {nroluevn oviootnTa. O

AapBévovtac unéd Ty avicdtnta (2.9) TeoxinTer éva dve @pdyua yior T
BéhTiotn Y| Yy TNG TOPUUETEOU I/ TOU ATOUTELTOL OTNV OIXOYEVELXL EXTIUYOEWY
evog opou. To anotéheoua auto diveton 6Ty axdroudn TedTIoT).

ITpotaom 2.4.
Forw A € RP*P éyag ovpuuetpirds ka1 Jetikd opropévog rivaxas. loyver én

0 S Vo S log(m)a
log(p)
1 A))?
omou m = % kat k(A) elvar o delTng katdotaong tov wivaka A.
K
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2.2, EKTIMHXEIY I'TA X YMMETPIKOTY [IINAKEY

Aréoeién.

Oétovtoc m = ( /qu))) 1 AVICOTNTA YEAPETOUL O

2 2
% <zTA 'z < m@.
C1 C1

Etot, 0 < eg < c_1 <m ey ondTe

log(1) _ log(c-1/eo)

log(p) log(p)

aol log(p) > 0, yw p > 1. Avtiotolywe, tpoxintel

e <c_1 = < =1 >0,

log(m)
log(p)

c_
c_ 1<m60:>log(

) < togtm) = <
€o

]

IMopatrenon 2.5.
Av o nivaxag A elvar opOoydriog, wte k(A) = 1 ka1 éxor and tny Hpdraon 2.4
énetar 6t vy = 0, mov owvendyetal eg = C_q.

Extiphoeic yio tn diypappixy| poppn zl Ay

H extipnon tne Suypoppixic popwhc &l A~'y unopel va yiver elte péow tng
TOMXNC TAVTOHTNTOG 1) UE ameveiag 0ploud TwV pOTWY.

e Ancvideiog oplopndS POTTOV
Aodévtog evog ouuuetpcol mivaxa A € RPXP opfllouue T drypouuix
cort| (bilinear moment)

ol(z,y) = (x,A"y), rel.

Axohoudavtag tn dradixacia mou éyer teprypagel otny Evétnta2.1] npo-
x0OTTOUY avTioToLec exTuAcELS Yo T drypapxy wopyh &l A~ ly. Tu-
YHUEXQWIEVA, TEOXVUTTOUY OL 0XOMOUUES OLXOYEVELEG EXTWNOEWY EVOS XU
0U0 GpwV OTWE TEQLYRAPOVTUL OTO TUPUXATE AU

Aqppa 2.4.
FEorww A € RP*P éyag ovpuetpixds tivaxas kar ¢,y € RP.
1. Mia owkoyéveia exniunoewy €vog dpou yia tn Opap ik Hopen
T A~y eivar

—2v—1

ey(wv y) = CO(wu y)l/—i-ch(w’ y) 62(337 y)u’ IS R. (210)
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KE®PAAAIO 2. EKTIMHYH THY AI'PAMMIKHY MOP®HY. 7 A~y

2. Mia oikoyévea extipnjoewy oUo dpwr €, yia T Otypapuikn Hopen
T A~y eiva

co(x, y)es(@,y) — (@, y)®

ci(z,y)
co(@, Y)Cuvi2(x,y) — c1(x, y)cv1 (@, y)
Cl(wv y)cv+3(m> y) - 02(377 y)é,,+2(:13, y) ’

éu(m7y) = €0<£B,y> +

veN,

dnov eg(x,y) efvar n extipnon evds dpov Tng oxéons (2.10) ya
v=0.

IMopatrenon 2.6.
Ye mepittwon nov ta emAeyuéva dwviopata x,y evar kdbeta petald

toug, onAadn co(x,y) = 0, o tiros (2.10)) dev pmopel va epappootet.

o ITohxn TautéTN TR
Agol o wivaxag A elvon oUPUETEIXOS, 0 UTOAOYIONOS TNC OLYpouUiXnc
HopQhC T Ay umopel va Yivel u€ow NG TOAXTS TAUTOTNTAS TNG HOPPTHC

' ATy == (w'AT'w—2"TAT2) (2.11)

1
4
6mov w = x +y xu 2 = x —y. Etor, n Swypaupind pon| ¢y (x, y)
Yedpetan wg e€Xg

ci(@,y) = e (w) e (2) (2.12)

Extuioeic yia tn drypopxn ponh ¢ (2, y) tpoxhintouy Yewpdvtag Tic
EXTWAOELS EVOC 1) 800 Gpwy Tou €youy mapayVel yia Tic avtioTolyeg ponég
c_1(w) %o c_1(2).

2.3 Egapuoyn otnv extiunor cTtolyelwy Tou
avtiocTtpogou mivaxa

Ye auth) TNV evOTNTA Vot EQUEUOCOUUE TIG TTUPATAVG OLXOYEVELEG EXTIUNCEWY
Tou €youv mapaydel yo Y TETpaywX?, popeh &L A7 e xou 1 drypauuixd
loleldly T Ay PE OXOTO Vo EXTYWHOOUPE To GTOLYEIL TOU AVTIOTROYOU €VOS
nivaxa A.

Ewixdtepa, dewpolye €vav avtiotpéduto wivoxa A € RP*P. Emdéyouue
Toe Stavoopata o,y vo etvar oTHAEC Tou TowTtoTol Tivaxa. ‘Eotw T = e;
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2.3. EQAPMOI'H XTHN EKTIMHYH YXTOIXEIQN TOY
ANTIXTPOQOT IIINAKA

AU Y = €j 1) -00TH %At J-00TH) OTAAY TOU TAVTOTIXOU Tivoa avTioTol L, UE
i,j=1,2,...,p. 'Etou, éyouue

co1(e;) = (A_l)m
ci(eie;) = (A7)
ITpotaon 2.5.

Eotw A € RP*P. Mia oikoyévela ektiunjoewy €v6g dpov yia ta diaywvia gtol-
eta tov A7 elvan

_ v 1 Si p

(A l)ugpl A“’ pZ:F7 Si:ZAzi, VGR
1 i —1

Aréoeién.

"Eyouue

C()(ei) = GZTGZ' = 1, Cl<ei> = GZTABZ' = Aiz’7

p
co(e;) = (Aey) Ae; = el AT Ae; = Z A = s,
k=1

Avtixohotdviag Tig mapandve oyéoec atov timo (2.5) teoxiinTel 1o {nrolye-
vo. O

Av o Soopévog mivaxac A eivon GUUHETEXOC UTOPOVUE VoL AdBoUUE UTOYY TN
oOVOEDT) TWY EXTWHOEWY TOU TEOXUTTOUY and T UEV0D0 TNG TULEXBOATC UE To
avtioTotya pedyuata tou BaciCovton otn yerion TNg aptdunTinic OROXAHEWCTS
Gauss xat Tou ahyopituou Lanczos, 6nwg auth xotaypdgeton oto Afuuo 2.3
Enopévac, 1 extiunor ey tne oyéornge xou 1) € TS Yo T = e; chva
x4t @pdypata Twv Srydviey otoyelwy tou A7 Ta anoteléopata autd
Togovotdlovial oTa BU0 MAUUTA TOU axohovdoiy.

Aqupa 2.5.

Forw A € RP*P éyag ovupetpixds mivaxas. H extiunon evés dpov ya to
ozoryelo (A1), eole;) = 1/Au, tavtiletar pe to kdtw ppdyua tov (A1), mov
mpokUnTel Ypnoyuoroiwrtas apruntikn olokAnpwon Gauss pe k =1 kdéupo.

Anédeén.
Yougwva pe o Afuua n extiunon (n onolo elvan xdtw Qedyua ue Bdon

™ uédodo Gauss) vy & A~ nou mpoxintel oty mpwtn Lanczos exavdhndn

elvat ) .
TA - - 2
wTA*lw ~ T T HwHQ — 2 co = @,
2
[Eal Co €1
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KE®PAAAIO 2. EKTIMHYH THY AI'PAMMIKHY MOP®HY. 7 A~y

X0 XAUTE CUVETELXL €Y OUPE

]

Aqupa 2.6.

Forww A € RP*P évag ovupetpicds nivakas. H extiunon dvo dpwr ya to
oToyeio (A Yy, éo e (@ yia T = e; tavtiletal pie o kdtw gpdypa Tov
(A™1);; mov mpoxdrTer ypnoorowdvtas apiduntikn odokAipwon Gauss je k =
2 kdupoug.

Andéoaén.

Xpnoworowwvtag TNy aprduntiny| ohoxhipworn tou Gauss ye k = 2 xéuPoug,
Onhadt xpatwvtac k = 2 Lanczos emavahfelg, ta drory@via oTolyeld Tou At
PEACCOVTOL CUUPWVA UE T1) OYEDT

SAA
- < (A Yy, i=1,..,p, (2.13)
Aiisii — (Z@él Aii>2
OTOV S;; = ZZA“A’“A’“’ 7 omofa dlvetar 6T0 Oewpnua 11.1 Ttou ByEilou

t#i ki
v Golub xor Meurant [38, oeh. 163].

H extiunon éy e (2.6) yio = e; diver

ci(e;) + cs(e;) — 2ci(ei)ca(e)
ci(e;)cs(e;) — c3(e;)

(A™1)ii

)

awol cole;) = 1. T évow cuuueTEXO Tivoxa A, toylet
@ 0\€i MUETP » 1O

Cl(ei) - 217 C2 ez ZA ZA + A”LQ”H

ki
p p p
cs(e;) = Z Z A A Api = Z (Z A Ape A + AitAtiAii)
= 1 k=1 = 1 \ ki
- Z Z AztAtkAkz + Z AztAtz i
t=1 k#i
= Z Z AztAtkAkz + Z AztAtzAu + Z AztAtz i
t#i k#i k#i
= Sy +Cl €; ZA]“ +Cl €; ZAtAtz

k#i
= s +ci(e)(ca(e) — ci(e)) —i— cl(el)CQ(ei) = 85 + 2c1(e;)ca(e;) — c(e;).
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2.3. EQAPMOI'H XTHN EKTIMHYH YXTOIXEIQN TOY
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OTE()TS, ZAzz = Cg(ei) - c?(ei) xo S = C3(€i> - 201(6002(61') -+ C:f(ei).
ki
Avuxahotoviag 010 %xdTe QEdyUd TS oYEong 1) €Y OUUE

Sii _ c?(ei) + 03(67;) — 201 (ei)CQ(ei)
AiSii — (ij;&z A%DQ ci(ei)es(e;) — c3(e;)

]

Yty mepintwon tou cuupeTtpixol wivaxa A, urmopolv va mpoxddouy em-
Théov exTyhoec yio T un-dtayowia ototyelo tou A~ Edidrepa, yprotpo-
TodvTag TNV extiunon evéc dpou e,, v € R, mou divetan anéd tov tono (2.9)),
o pn-Otorydviar ototyelor tou A7 pnopotv va extiundolv onwe galvetor GTNY
axohovldn TedTaoT.

Ilpbtaon 2.6.

FEoww A € RP*P éyag ovpperpirds tivaxas. Mia oikoyéveia ektiunoewy evog
dpov yia ta un-daydria otoreia tov A7 efvar

o [ 1(A%)i + (A%)5; +2(A%)5]"  [(A%)i 4 (A%);; — 2(4%)])”

ANy~ 2 — , vER
A (Ais + Ay + 245" (Asi + Ajy — 24,5)""
Ardéoeién.
Anéd v mohu TouTOTNTA €Y 0UNE
1
(A1) ~ 1 (w'A'w — 2"A™'2),

OTouU W = €; + €e; XU Z = €; — €;.
Extipovtag xdle TeTpayvix?] Hop@pr HECW TWV EXTWNOEWY EVOS OROU TOU
divovton amd tov oo (2.5) éyouue

o(w) <Co(’w)62(w))" co(w) _ g (w)c(w)

TAfl ~ v — VCO — —
vaEErnTr alw) — dw)
OTOoU
co(w) =2, cr(w) = Ay + Ajj + 245, cr(w) = (A%)y + (A)5; + 2(A%);;.

Ouolwg, €youue
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KE®PAAAIO 2. EKTIMHYH THY AI'PAMMIKHY MOP®HY. 7 A~y

OTOU
co(2) =2, c1(z) = A + Ajj — 2445, c2(2) = (A)ii + (4%),5 — 2(A%)y;.
Enouéveg,

2V [(A%)ii + (A%)5 +2(A%)5]" 2772 [(A%)i + (A7) — 2(4%)y)”

(A7) =~ 4[

(s + Ay + 245" (s + Ajy = 24,5)™
_ o [ (A 4 (A7) + 2(A%))" (A% + (A7) = 2(A%,]" |
(s + Ay + 245" (Asi + Ajy = 24,5) 7
]

[Magathenon 2.7.
Na v =0 pia extiunon evds dpov yia ta un-Giaydvia ocoryeta tov A~ efvar

—4A;; .
(Asi + Ajj)? — 4A7 A

(A =~

Av o rivoxag A elvan emmiéov VeTind opiouévog, e€etdixetouye To Oewpr-
ot XU TEOXOTTOUY GV Xl X4Tw QEAEYUNTA Yior Tal Doy wvia o ToLyEla Tou
avTio Tpgou evog mivaxa A, Snhadh (A1), i = 1,2,...,p, 6noc goiveton
xon o710 oxdrovdo Yedenua, [15].

Oewpnpa 2.2.
Eoww évag ovupetpirds kar etid opiopévos tivaxas A € RP*P. Ta dwaywria

ororyeta tov AL, (AN, i =1,2,...,p, ppdooovtar ard
1 1
<(A™Yu<m-—, 2.14
Ay — ( ) = A ( )
1 A))?
omov m = —< 1—/4:21(4)))
Anéoeaén.
OcpwVTag T =€;, 1 =1,...,p €youue

c.1 = (=, A_ICL')_<€Z‘,A_162‘):(A_l)iia
o = (z,x)=(e;e)=

cq = (x,Az) = (e, Aez) = Ay,
o étot 1) Oumh| avioothta (2.9) yedgeton otn popen
1 _ (1+k(A)?* 1 1
< I T G A Sl — .
Aii - (A >” - 4R(A> A“ m Aii7
1 A))?
omou m = % O
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2.3. EQAPMOI'H XTHN EKTIMHYH YXTOIXEIQN TOY
ANTIXTPOQOT IIINAKA

Y0Ovodhn Ty TOUTLY

Ye autd 1o onpelo Vo CUYXEVTPOOOUUE Toug TOTOUC Tou €youv mapaylel ot
AUTO TO XEQIA0. Luyxexpieva, otov Ilivoxa ouvoilouue Toug TUTOUG
EXTIAOEWY TWY TETEOYWVIXMY X0k DY PoUXOY Loppov Tou TiTou &l A~ e xou
x’ A~ y avtioToya, Yo onolovdhrote avtioteédio Tivaxa A. Ltov Hivocxoc
CUYXEVTRPOVOUUE TOUG AVTIOTOL0UE TUTOUG EXTIURACEWY YL THY TROCEYYIOT) TWY
otoyelwy Tou avTioTEdgou VoS Boopévou mivaxo A avdhoyo ye tov av ebvou
OUPPETEXOS 1) omoloadrTote avuioTeédulog mivaxag. Téhog, otov Llivaxa
AATAYPAPOVUE ToL ATOTEAEGUATA, VEWPNTIXY) TULY xou PEdyUATY, Yo T7) BEATIOTN
TN Yy TNG TOEAUETPOU v, and TNV omolo eUpTATOL 1) OLXOYEVELL EXTIUHOEWY
EVOS OPOY €.

’ Mopeo" \ Owcoyéveleg exTIUNOE®Y ‘
> evog 6pov
coC
el,:p”eo,p:%Zl,l/E]R
T Az 1

> 800 OpwY
2 ~
CoC2 — €] CpCpt2 — C1Cp41

neN

én =€+ = ;
G C1Cn4+3 — C2Cn42

(wT(ATA)w — 2T (ATA) ' 2),
tovw=x+ ATy, z=x - ATy

1
' Ay 4
b

Mivoxag 2.1 TOmor extiunone TETEAYWVIXWY XAl OLYPUUUIXWY LOPOY YLoL O-
TOLOVOATOTE avTIoTREYWO Thvoxa.

IStotnTeg , , ,
oL A Ytowyelo ToOrog extipnong
1 i -
avTLoTEEYIOG At it 1 pi = %, §; = Z A2 vER
" i k=1
avtioTtpédiuoc A Lw"(ATA)'w — 2T (ATA)'2),

omov w=-¢e;+Ae;, z=-¢e;— Ale,

AL | o | A%+ (A7) +2(A%)5]"  [(A%)a + (A7) — 2(A%)y)"
N (Ais + Ajj +24:)™ " (Aii+ Ajy =24 |7

1#] vrelR

OUUUETEIXOG

Hivoxag 2.2: ToOmor extlunong twv otoyelwy Tou aviieTpégou evog mivaxa
UECK TNG TUPEXBOAYS.
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I5u6tnTeg BéhTiotn nopduetpog vy Yo TNV
Tou A OLXOYEVELA EXTIULHOEWY EVOS OpOU

> YEwenTLXy] T
VeTind _ log(c_1/eo)

, p=coca/cd > 1
log(p) '

TEUYUATINOSG

> Ave QYR

v < 109(01/(000mm))
- log(p)
>
OUPMETEIXOS PpavR log(m)
Yetxd Osws log(p)’
g\p
OPIOPEVOS omou m = (1 15?1(414)1))2

Mivoag 2.3: Ppdryporta yio T BEATIOTH TWT 1 TNS TOROPETEOU TS OIXOYEVELNS
EXTWACEWY EVOS OPOU.

2.4 ApdunTtixd ATOTEAECUATE

Y roloyioTixy) TOAUTTAOXOTTTA

Apynd, Yo oUEWOCOUPE TNV UTOAOYIO TIXH TOAUTAOXOTNTA TV exTyioewy. H
TOAUTAOXOTNTA TWV EXTUAGEWY Tou €youy mapay Vel e€optdton and Tov UTOAO-
YIOUO TOV EUTAEXOUEVWY QOTIWY, OL OTOIEC TEPLEYOUV TA YIVOUEVA TN HOPYTHC

(ATA)'x f (AAT)"z xon A(ATA)'z # AT(AAT) z.

O uTohoYIOUOC AUTOY TOV YIVOUEVLY YIVETUL UEGEK TOU UTOAOYIGUOU OLado-
YIXOV YWVOUEVODY TIVAXWY YE Otaviouota xou oyt anevdetac. Evdewtixd o-
Voupépoupe Tov TpdTo uTohoylopol Ty potwy ¢ = (z,Az) = xT Az xou
co = (z, ATAz) = 2T AT Az. Tpota vrohoyilovue 10 yvouevo mivoxa ue
owdvuouo wi = Ax xou €youpe

C1 = :I:T'wl oL Cop = 'wipwl.

"Etot, ot napaydeioec exTWACES amotToUY TOV UTOAOYLOUO ECWTEQIXMV YIVO-
2

uévwyv (inner products - ip’s) xat 10 yvéuevo mvdxwv-dtavuoudtwy (matrix-

vector products - mvp’s).

Ytov Tlivaxa xoTAYpAPOVUE TO TAHYOC TWV opLIUNTIXWY TEIEEWY TOU
AMUTOVVTOL Y10 TOV UTOAOYIOUO TV EXTIUACEWY €, Xt €, Yiol tuxvolc (dense)
xar banded nivoxeg ye bandwidth s.
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’ [Mivoxac A | e, | €y, V 4pTIOG | €y, V TEPLTTOC ‘
dense o) | O((v+3)p?) O((v + 2)p?)
ouppetpixoc dense | O(p?) | O((v/2 +2)p?) | O((v/2+ 3/2)p?)
O(sp)
O(sp)

(
banded O((v + 3)sp) O((v+2)sp)
ouupeTexdc banded O((v/2+2)sp) | O((r/2+ 3/2)sp)

Mivoxag 2.4: Aprduntinée medEels Yo Ty exTiunon tTng TETRUYWVIXHC LORYTS
xl A .

Y Tov Hivocxocxocwypdc(poups 10 TAUOC TV apiUNTIXOY TEIEEWY TOU a-
TOUTOUVTOL Yol TNV €XTIUNOT TNG DLy pauixic HOopQhC zT Ay YOTNCULOTIOLYTOG
N oyéon , yioe omotovdrirote mivaxa A. O tdnog amottel Tov Simhdoto
aprdud TV TEdewy Tou avagépovtol oTov Tlivaxa Y10l CUPUETEXOUC THiva-
xec. Hapatnpolpe 6Tt 0 utohoyiopdc x&de pontc g, (x) = (x, (ATA)"x), n =
0,1,..., artoutel » mvp’s.

’ ITivoreae A | € | e, | é, ‘

’ WN-GULUETEIXOC \ O(3p?) \ O(5p%) \ O((2v + 7)p?) ‘

Mivoxag 2.5: Aprdunuixée mpdlelc yia Ty extiunom tne Srypopuxnic Lop@nig
zT A ly.

11 cUVEYEL, ToEOVCLICOUPE aEtIUNTIXG TUEADELYHATA (OTE VoL UEAETHOOU-
UE TY) CUUTECLPOPS TWV EXTWACEWY EVOC X BU0 Gpwv Tou Eyouv TopoyJet.
‘Olot oL uToAOYIGUOL TEAYHATOTOLAUNXAY YETCULOTOLWVTIS TO UTOAOYIGTIXO
noxéto MATLAB (R2009b), 64-bit, oe uroloyiot Intel Core i7, ye RAM 8
Gb. OuvaxpiBeic Tiuéc mou xataypdgovton oTa TapadelyuaTo €0ouv UTOAOYIC TEL
YeNoWoTOLOVTOS TNV €Totur ouvdetnon “inv’ tou MATLAB. H Béhnotn s
Yy TNG TUPUUETPOU I TTOU ATAUTELTOL GTNY OXOYEVELXL EXTIUNCEWY EVOS OPOU XA
xoTarypdpeTon ota axdrouda tapadetypata divetar and o Ao

Extipnon tetpaymvixedy xol SLYpopiixmy (Rop@oy
IMopddewypo 2.1. O nivakas Parter

Ocwpotye tov wivaxo Parter dwdoctoone p = 1000, o onolog eivon €vog
Cauchy xat Toeplitz tivoxog, xahfc xatdotaong (k(A) = 4.2306), ue otoyeia
A =1/(i—740.5). O nivoxog autéc uropet va Bpedel oty MATLAB gallery,

61



KE®PAAAIO 2. EKTIMHYH THY AI'PAMMIKHY MOP®HY. 7 A~y

[68]. Emtiéyouue to Sidvuopo x vo efvar éva Tuyaio Sidvuoua Uixouc p Tou
mpogpyeTal and TNV xavovixr) xatovour. Xtov Ilivaxo AATUYEAPOVUE TIG
EXTWHAOELS TOU TEOXUTTOUY YOTICLOTOWVTAS TI OIXOYEVEIEC EXTIHOEMY EVOS
xau d00 bpwy Yo T TeTpaywvixl| popf &l A e ye to avticToa oyeTixd
opdhpato. H axprc T tng emduuntic tetporywvinfic popgrc etvon 2.0500e2.
LYETIXA UE TNV OXOYEVELL EXTIUNCEWY EVOS OpOY €y, 1) BENTIO TN TaUEdUETEOS
ebvon vy = —9.9987e — 1. ‘Omwe UTOPOLYE VoL TURATNRHCOUUE TOCO0 Ol EXTIUNCELS
EVOS OpOL OGO o 1) ExTiUNOT 500 OPWY UTOPOLY VA ETITOYOUY LXAVOTONTIXES
Tpooeyyioelg oo TNV EMYuUNTY TETEAUYWVIXT| LOP®T.

€_11 €1 €09 €o
Rel | 8.8595¢-2 | 1.2043e-4 | 9.6942¢-2 | 6.5475¢e-4
Est | 1.8684¢€2 | 2.0497¢2 | 2.2487¢2 | 2.0486¢2

[Tivaxac 2.6: Extyfoeic yio tyy tetpaywvixf popet| 2 A~ .

Yt ouvéyela Tapdy OUUE EXTACELS Yo T drypolux popgf, &l Ay, bmou
A etvor o nivaxag Parter didotacng p = 1000, = = e; (67’]7\0187’] T TeWTY GTAAN
Tou TAVTOTIXOY Tivoxa) xou Y ebvan évor Tuyado Btdvuoua urxous p e VeTd
ototyela To omofo Tpoépyovtan and TNV opolouopyn xatovour. H extiunon
TNG OLYPaUiXT|S HOP®TC UTopEl Var YIVEL YENCLIOTOWWVTAS TNV TOAXT TAUTOTNTA
. Apyind homov Vo eEXTIUACOUUE TIC ATUTOUPEVES TETRAYWVIXES HOPGES
wl (AT A) 7w, 2T (ATA) 'z, bmovw = 2+ ATy xa z = z— ATy. Sov iva-
xaxawypdcpoupe TOL OYETUE CYIAUATA TWY EXTIURCEWY TOU TEOXVUTTOLY Yol
TNV EXACTOTE TETRPUYWVIXT HOP®T. LYETXE PE TNV OOYEVELL EXTINOEWY EVOS
60U €y, 1) BEATIOTN TUPAUETEOC Yol TNV EXTIUNOY TNG TETRPUYWVIXAS HOPPHS
w? (AT A)tw v vy = 4.5037 %oy v 27 (AT A) 2 etvan vy = 4.4096.

€4.4 €455 €4.55 é0 €1
wT(ATA)‘lw 1.1542e-2 | 4.1457e-4 | 5.1958e-3 | 2.4077e-1 | 2.5865e-1
zT(ATA)‘lz 9.2693e-4 | 8.8021e-3 | 1.3635e-2 | 2.0813e-1 | 2.2340e-1

Hivoxag 2.7: Yyetnd oQIApata TV EXTUNCEWY Yol TIC TETPAYWVIXEG HOPPES
wl (ATA) 1w, 27 (ATA) 2.

"Eyovroc extyuhoet tic 800 tetpaywvixéc popoéc wl (ATA) " w xou 27 (ATA) 12
TEOXUTTOLY oL eXTIOELS ToU xatarypdpovTon otov Hivaxa 2.8y t Suypauut
wopet) &7 A~y péow g mohxfc TautdTac (2.8).
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€4.4 €45 €4.55 é0 €1
Rel | 1.0620e-1 | 8.2208e-2 | 7.0061e-2 | 5.3186¢e-1 | 5.7301e-1

Hivoxag 2.8: Xyetnd oQUAUATE TOV EXTWNOEWY YL T OLYpoUULX LoppT
zT A ly.

IMopddewypa 2.2. Arncvleias opiouds poncy - Hohikn tavtérna.

2 auTO TO TUPAOELY U, CUYXEIVOUUE TY) CUUTEQLPORE TV EXTWHOEWY EVOG
bpou Yo Tn drypopuxt popet & A~y mou TpoxinTouy eite ye arcudeioc opt-
OUb TV POTMY PECK TOU THTOU efte uéow e TOMXAG TUUTOTNTG
Y10l CUUPETEIXOUS THVOXES. OEWEOUUE TNV TWH TNS TURUPETEOU Tou aranTelTo
OTNV OLXOYEVELN EXTIUNCEWY EVOE bpou v = 1.

Ewwotepa, doxdloupe toug ouyuetptxole nivaxes A = covariance(4000, 1, 5)
xou Tov mivaxa KMS pe r = 0.2 Sidotaorng p = 1000, ot onolol neprypdgpova
oty Evéotnra [L7] Ta Swviouata x, y xataypdpoviar otov Hivaxa Me
1 oupfohiloupe TO BLdvucUa XATIAANANG BLACTAGNE UE G To GTOoLyEld (5o Ue
éva xon pe rand dnAOYoUPE Eva Tuyolo ddvuoud XATIAANAOL urixoug pe YeTt-
x4 ototyetla o onofa TEopyovTon amd TNV ouotduoedT xatavour. To oyetind
o@dhaTo TV EXTUNCEWY divovTon otov [Tivena

’ A \ T \ Y \ TONXT| TAUT. \ aneudelog UTOA. ‘
covariance(4000,1,5) | eypo | rand | 8.0918e-1 2.8619¢-6
KM S(1000,0.2) rand 1 1.5315e-3 4.4940e-5

Mivoxag 2.9: Yyetind o@dhuato yioo Ty extiunom tng orypouuxic Hop@nig
T A~y v ouppetpicole mivaec.

‘Onwe unopolue va magatnericoude otov [livaxa o anewdelag TpoéTOg
extiunong divel xohltepa amoteléouarto eV ouyxploel ue To avTioTolyo anoTe-
AECUATA TOU TPOXUTTOUY YEYCLLOTOLWYTAS TNV TOAXY) TAVTOHTN TN . H Suo-
POPY TV CYETIUWY CPUAUATWY Elvar apXETE LEYIAT 6TV TERinTWOT) TOU Thvaxa
ouvdtaOUaveTc Tou avagépouue. Mia e€iynon authc Tng moapathienong etva
OTL OL EXTWYOELS TV DUO TETRUY WVIXWY HOR(KY Tou uoloyilovTton 6Tny ToAx
TowtHTNTA Efval TOAY x0VTd UETAE) TOUC Xat €TOL TPOXUTTEL 1) apalpeaT) TOD Xxo-
VTVOY TOCOTHTWY. LUYAEXPWEVA, Ol 000 QUTEC TETPAYWVIXES HOPPES TPOOCEY-
YiZovtow and wl A7 w ~ ¢y (w) = 0.8830 xow 2T A7z ~ ¢ 4(2) = 0.8799.
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Extipnon twv otoiyeiwy tov Al

IMopdderypa 2.3. Movotovia twy extiprjoewy €v6g dpov.

Yl auTO TO TUPAOELYUA, EAEYYOUUE T1) LOVOTOVia TNG cuvdpTNong e, = p” ey
TOV EXTACEWY VO Hpou mou divetar and ) oyéon (2.5)).

Apyxd, Yewpolye tov mivaxa Parter dudotaong p = 3000, o onolog me-
orypdpeton oo llopdderyua Ytov Iivaxa XOTOYPAPOUPE TIC EXTL-
UhoES Yoo To oTolyelo A1_5100,1500 = 2.0271e — 1. H Béhniotn tuy| tou v ebvan
Vo = —9.9978¢ — 1. ITapatnpolue 6Tt TEAYUOTL 1] OLXOYEVELX EXTIUNOEWY EVOC
beou e, elvon adZouoa cuvdeTnon Tou v, agol ¢ = 2 > 0.

’ v | e, | Lyetind cpdApa ‘
-1 | 2.0267e-1 1.9821e-4
vy | 2.0271e-1 Axp3fic Ty
-0.9 | 2.2182e-1 9.4289¢-2
-0.8 | 2.4279e-1 1.9771e-1
-0.7 | 2.6573e-1 3.1090e-1
-0.6 | 2.9084e-1 4.3478e-1
-0.5 | 3.1833e-1 5.7038e-1

Hivoxag 2.10:  AbGCouca owxoyével eExTUACE®Y EVOS OpOU Yiol To GTotyElo
A1_5100,1500 = 2.0271e — 1, yio tov mivosca Parter sudetaong p = 3000.

Enfong, Yewpolue tov mivaxa orsregl dwdotaong p = 2205, and 11 cuALOYN
mvdxwy SuiteSparse Matrix Collection [23]. O mivaxag autdg etvon apondes xou
xoxfic xatdotoons (k(A) = 1.5394e4). Ytov Ilivaxa TopOUGLELOUUE TIC
EXTYAOELS EVOS GPOU TIOU TTROXVUTITOVY Y10 T0 0ToLYElD A9 1490 = —D.7741€—3
Yoo Btdpopeg TWES Tg mopapéteou v. H BédTiotn Tiur Tou v ebvor 1y = 5.0027.
Hoapatnpolue 6Tt 1 ouxoyeveld ExTNoEwY e, eivan pUivouca cuvdpTror Tou v,
xadwe ¢ = —1.2640e4 < 0.
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’ v | e, | LyYETINO OPIAYN ‘
3 | -1.0365e-3 8.2048e¢-1
3.5 | -1.5915e-3 7.2437e-1
4 | -2.4436e-3 5.7680e-1
4.5 | -3.7519¢-3 3.5022e-1
5 | -5.7606e-3 2.3254e-3
vy | -D.7741e-3 Axpi3rc TN
5.5 | -8.8448¢e-3 5.3183¢-1
6 | -1.3580e-2 1.3520e0
6.5 | -2.0851e-2 2.6112¢0

Mivoxag 2.11: Pdivouca owxoyévela exTiufoewy evog dpou yia 10 oTotyelo
Aloo.1400 = —5-7741e — 3, yiot Tov mivanxar orsregl didotaomg p = 2205.

IMopddewypo 2.4. Yiykpion pe wn pébodo tng apriuntikng oAokAnpwons
Gauss.

BOewpovye Tov mivaxa Poisson didotacrng p = 900 o onolog meprypdpeton
oty Evétnta[L.7 O nivaxag Poisson yernouwlonoteiton o€ mopduoto mapdderyja
oo Biho [38, Tlivaxog 11.6]. YTrohoyilouue o oowyeio Ap 50 = 0.3602.
Bliénouye 6TL 1) extiunom eg, mou efvon enione To xdtw @edyuo Tou haudveTto
and v dpriunTuixy| ohoxifewon Gauss Ye k = 1 x6ufo, dnhadt, xpatdvTag
uovo ula Lanczos emavdindy, dev etvar xal| mpocéyyion. 2otéco, yiav = 2.12
1 extiunon e, = 0.3599 ebvan plo ok TpocEyyioT TOU ETTUYYAVETAUL UE EVal
uovo mvp. H Bértiotn T Tou v Yl TNV OXOYEVELL EXTWHOE®Y EVOS 6OV
etvon 1y = 2.1250.

XpnowomoldyTog Tov xavova apriuntixic ohoxifipworne tou Gauss ye k =
20 xouPouc, hayBdvoupe Ty Bl Tipr 0.3599 mou mpoxTTEL xon uE TNV ExTiun-
o1 EVOG 0pOU e312. Mio TOAD xahY) TpoGEYYion Tou EMVUPNTOY BLoryMVIOU
ototyelou emtuyydveton ue Yprion tne aptiunuixfc ohoxhfpwong tou Gauss e
k = 40 x6pPouc. Ta aroteréoyata napouotalovton otov Ilivaxa m

eo = Gauss €91 €2.12 eo=Gauss é1 Gauss Gauss
k=1 k=2 k=20 k=40

Rel | 3.0593e-1 | 4.2858¢-3 | 8.5768¢e-4 | 1.4576e-1 | 1.6555e-1 | 8.2489%¢-4 | 2.9294¢-5
Est 0.2500 0.3586 0.3599 0.3077 0.3006 0.3599 0.3602

Hivoxag 2.12: Extiuriceig yio To Sy @vio oTolyelo A1_510’150 = 0.3602 Tou wivoxa
Poisson otdotacng p = 900.
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Emuniéov, Jewpolue tov nivaxa Heat flow didotaone p = 900 ye u = 0.2,
o omofoc €yet deixtn xatdotaone k(A) = 2.6. O rmivaxac outdg undpyet xo
oty epyaota [4], ivoxag 1]. Avahuti teptypopy| autol Tou mivoxo unogel va
Peevel otny Evotnta 1.7 Ytov Ilivaxa Xty APOUUE Tar amoTENEGUATA
Yoo TNV EXTIUNOT TOU By MVIOU GTOLYElOU Al_} = 0.5702. H Béruotn tunh tng
TOURUUETEOU V Yl TNV €, ebvan 1y = 1.0668. Tlapatnpoliue 6Tt 10 oyeTind opIApa
g extiunonc e, v v = 1 (10 omolo eivor TOAD x0vtd ot BéATIoTY) TWH 1))
ebvot NG TaENC (’)(10_3). Or exturioeic 600 Gpwv €y %ot €1 BEV BEATIOVOLY
NV T4EN ToU OYETW0U GQdALaToS. ‘OUwe, YeNOWOTOIOVTAS TNV EXTIUNGCT Tou
TEOXUTTEL Pe TNV aptduntiny| ohoxAfipworn tou Gauss ue uévo k = 4 xéuPoug,
1 16&n Tou oyeTvol Gpdhuatoc elvar O(107°).

eo = Gauss éo = Gauss R Gauss
k=1 “ k=2 “ k=4

Rel | 2.5686e-2 | 1.6284e-3 | 1.0194e-3 | 1.4790e-3 | 2.2083e-6
Est 0.5556 0.5693 0.5696 0.5694 0.5702

Mivoxag 2.13: Extiuroeic yia 10 Sloyovio ototyelo Aﬁ = 0.5702 Tou wivoaxa
Heat flow didotaong p = 900.

IMogdderypo 2.5. Extiunon twv otoleioy Tov avTioTpdpov Tvdkwy ouv-
oaKUuarong.

Y€ auUTO TO TOEADELYUAL, EXTIUOUUE GTOLYEX TOU AVTIGTEOGOU TUVAXWY GUV-
StoxOpavene tne popghc A = covariance(p, a, f) didotaonc p = 4000, 6mwe
autol neptypdgoviar oty Evémnta [L.7 Apyixd, nopdyouds exTuhoe yiol 10
un-dloryédvio ototyelo Aggy = —1.5030e — 3 10U avTIGTEOYOL ToU TivAXA CULV-
OLXVHAVOTS UE v = 3/2 xu B = 3. Ytov Ilivaxa AATAYEAPOUNE TIG
EXTIUACELS TTOU TpoxXUTTOVY Yo To emdupntéd ototyelo tou A1 e ypRon tou
TUTou mou divetan oty [lpdtao YLot OLAPOPES TUES TNG TORAPETEOU V, UE
ToL AV T{oTOLY A OYETNE CPINIATAL.

v=>0 v=1/4 v=1/2 v=3/4 v=1
Rel | 1.9918e-5 | 3.9837e-3 | 8.0001e-3 | 1.2029e-2 | 1.6071e-2
Est | -1.5030e-3 | -1.5090e-3 | -1.5150e-3 | -1.5211e-3 | -1.5272¢-3

Hivoxag 2.14: Extyfceg yio 10 un-olymvio otolyeio Ag’é = —1.5030e — 3

Tou Tvaxa cuvdlaxdpaverg dwdetacng p = 4000.
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11 GUVEYELX EXTUOUUE O TAL DLAY WYL GTOLYELXL TOU AVTIGTEOPOU TUVAXWY
ouvdlaxipavorg didotaong p = 4000 yia SL8popeS TWES TV TOPUUETEWY o, [.
H notdtnta v anoTeheoudTeY ToU ToxXOTTOUY EAEYYETOL A0 TO UECGO GYETIXO
CQANIOL TV DAY OVIWY GTOLYElWY Tou Tivaxa To onolo opiletar »g

e(e;)|
(A=Yl

Ytov Hivoaxa ToEoUGIALOUUE To UECH OYETUE GHIALATA VLot THY EXTUNOT
AUTOY TWV TVAXWY YENOWOTOWVTIS TNV EXTIUNGCT EVOC OpOU €, Lol DLdpopES
Tiwég e moapopétpou v. H tekeutala oTthAn Tou Ilivoxa mepiéyel Tov ypdvo
EXTENEOTG UTONOYIOUEVO OE DEVTEPOAETTA Yiol TNV EXTUNOT ONOXANETC TG Ota-
ywviou.

1= (A —

p 1=1

[ (.8) [ w(A) | €o | ey | e | esn | €1 | Xpdvog |
(1,2) | 2.9956e3 | 2.4416e-4 | 1.8553e-4 | 1.2510e-4 | 6.2785¢-5 | 3.3206e-5 | 4.3279¢-2
(1/2,4) | 7.6118el | 3.0162e-3 | 2.3172¢-3 | 1.6111e-3 | 8.9787e-4 | 1.8367e-4 | 3.5464e-2
(1,1) |2.9109e3 | 2.6710e-4 | 1.8500e-4 | 9.9504e-5 | 4.4659¢-5 | 8.2616e-5 | 3.6578e-2

Hivoxag 2.15: Méco oyetind opdiua yia TNV exTUnoy Tng Slrywviou Tou a-
VTG TPOPOU TVaxwy cuvdlaxiuaveng ddotacng p = 4000.

IMopddewypa 2.6. Ppdyuata ya ta diaydvia otoleia Tov avTioTpopov €vig
rivaka.

‘Eotw o nivaxag KMS A € RP*? ye r = 0.2, o onolog meprypdpeton oTny
Evétnra [1.7 Etov Ilivaxo XOUTOY POPOUUE TOL PEAYUOTOL VLol TOL DLory VLYl
otouyefo Tou A~ oy divovtar and N oYéon YioL SLdpopeg DUCTACEL P
Tou zivaxa KMS.

To %xdmed QedryporTor Yior OhoL To DLy VLA GTOLYElS TOU AVTIOTEOMOU TOU Tiva-
xa A ebvan foa e 1 xadde oha tar draydvia ototyela Tou A etvon (oo ye 1.
Eniong, ta dve gedypata stvon oo petald Toug yia Ok To Slory@vial o Totyela
TOU aVTIOTEOYOU Tou A xodig 10 dvew QedyUo TEOXOTTEL And TO XATw TOMA-
(1+K(A))?

o oroloc stvon o {Otoc vio 6ha
1r(A) ¥

TAAGLACUEVO UE TOV TURAYOVTOL M =

T Srorywwiar ototyelo Tou A.

A&iler va onueiwdet 6Tt o avtiotpogog Tou mivaxa KMS, nou divetan amd
Tov tomo (1.31), eCaptdton Yubvo amd THY TWY TNG TOEAUETEOU T xou Oyl amd
) Sdotaon p. Auté yivetan gavepd xa and tov Ilivaxe 2.16 And tnv dikn
Thevpd, o detxtng xatdotaorng tou wivaxa KMS npooeyyileton and tov tin0
Yo Jeydheg Tipég Tou p xon €tor e€nyeiton yatt ebvon oyeddv (dog yia
T OLdpopa p.
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‘ P ‘ K(A) ‘ Awry. Ytovy. @ ‘ Axefnic Tiun ‘ Kdrw gpedyua ‘ ‘Aver gedyua ‘

100 | 2.2490 271.’ ‘1_?099 18;%; 18888 H;gi
200 | 2.2498 |— 1 ?70299 iggég 1:8888 ﬂ?gg
500 | 2.2500 — 1 ?70299 18;%; 18888 ﬁ;gg
1000 | 2.2500 271".1'?09099 18;%; 18888 H;gg

Mivoag 2.16: ®pdrypotar yior To Story@vial oTotyelol ToU avTIoTEOGOU ToU Tivaxa
KMS.

Emuniéov, Yewpolue tov oploymvio Chebyshev-Vandermode nivaxag @ to
. . ™
otowyela Tou omofou divovtar and tov Timo Q;; = cos ((z -1 — 1)—1>
p J—
O rnivaxog autdg undpyet oty MATLAB gallery xon 1ov xohoOue Ue Tnv EVIOAY
Q = gallery('orthog’, p, —1), 6mou p eivou 1 Brdotoom TOU TVAKA Q). Oewpolue
Tov mivaxa A = Q7' o onotoc etvan CUUMETEIXOC xat VeTnd opouevoc. O miva-
xog A elvan xahfic xaTdoTAGNS (6T pafveTon ot amd TO OeixTr XATAGTAGTS
tou A otov Mivaxa 2.17). Ta Swaydvia otoryeia tou Ay i =2,3,...,p—1
ebvon foor uetall toug xou Ay = Ap,.

’ P ‘ K(A) ‘ Awry. Ytovy. @ ‘ Axeif3ric tiun ‘ Kdre gpedyua ‘ ‘Aver gedyua ‘

100 | 2.1473 271.’.1.?099 8:8;88 8:8182 8:8;;2
200 | 2.1028 2 1 ?70299 8:8238 8:8(1)28 8:8??1
500 | 2.0643 |— . ?70299 Lk o T0015
1000 | 20852 | om0 o000 | 0003

Mivocag 2.17: Podryuato yia o dorywwviar ototyeio Tou avtiotpogou mivaxa.

O mivaxag A €yel wuxpd deixtn xatdotaong, xi €10t T0 dvw Gedyud, TO
omolo e€apTtdTar amd auUTOY, efvan “xovtd” oTo xdTw gedyua. Koatd cuvéneia, ta
PEdyHATA TOU TEOXUTTOLY Ue ot T U€Vodo eivon ToAD xahéc mpooeyyioels

TV DAYOVILY 0ToLYElwY Tou avTioTedgou Tou A.
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Kegpdiawo 3

Extiunon tng otaywviou
CUVOETNCEWY TUVAXWY

Ye autd T0 xePdAo, TEocapuolouue xo cuyxetvouue ula pédodo mapexo-
Mg pe ) uédodo mou Bactletal 0ToUg xaVOVES aptlUNTIXAC OAOXAHEWGNS TOU
Gauss (single xau block) v v mpocéyyion ohdxhnerc e Swrywviov piog
ouvdptnone f evoc mivaxa A, dnhady tou mivaxa f(A). Xty ouvoia, yenot-
LOTOIWYTOG oWTES TIC PEVODOUC TPOXOTTOUY EXTIUNCELS VLol TNV TETEUYWVIXT)
vopet| x” f(A)x, x € RP, xou emhéyovtag 10 ddvuoua & vo ebvan 1) i-00TH
OTAHAY TOU TAUTOTIXOU TV, TUEdYOVTAL EXTIUYOELS YLl T QLY WVLaL G TotyEla
Tou mivaxa f(A). Ta anotehéopata ToU TopOUGLELOVTOL OE QUTO TO XEPIAAO
elvan pépog e epyaotag [35].

A¢ vnodéoouue 6L 0 doopévog mivaxag A € RP*P givon cuppeTeinds xou
ot ) ouvdptnor f elvon opokty xan opieton oto @doua Tou A. Ocwpolue T
paocuaTix? TapayovTonoinon tou nivaxa A, 1 onola diveton and tr oyéon
xou amoTEAEL Pootnd €pYARE(D Yiol THY VAT TUET TWY TROAVAPEPOUEVWY UEVOOWY,
TOU UaG ETITPENEL VOl EXPRAcOoulE ToV Tivoxa A we To dipotoua

p
A= E )\k’l)k’UZ,
k=1

omou A\ € R ol wioTipég Tou mivaxa A pe avtioToryo xavovixomonuéva 1oLo-
StavOopata vy. O mivaxag f(A) ebvan enione ouppetpdc [A8], ondte yia xdie
dwdvuopa € RP €youue

Az = Z Ar(vg, @), xa f(A)x = Z ) (v, ) vy
h=1 k=1

Enopévac, 1 tetpaywvind popet &’ f(A)x uropel vo exppactel k¢ 10 axbhou-
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Yo dipoloua
' f(A)z = f) (@, vr)”. (3.1)
k=1

H oyéon (3.1)) anotehel xhedi 1600 yio T péVodo e mopexBolfic 600 xau yia
Tig uedodoug apriunTnfic ohoxifpwong tou Gauss. Ewuotepa, otn pédodo
g mapexBolrc optloupe Tic porég Tou Tivaxa A g axohotlwe

cn = (x,A"x), n € R,

Ol OTIOLEC UTOEOVY VA YRapoLy cay alpolouaTta YenoUoToLOVTIS T oYEoT
v f(t) =", n € R. Kpatwvtac Aiyouc dpouc ota adpolopata twv conmv co,
1 xal Co, o onofa Yewpolue wg cuviixec TapeUBorAS, TEOXITTOUY EXTIUNCELS
Yoo TNV ETOUUNTY Oty Qo LOP@N.

Ané v dhhn mhevpd, expedloviag To dupotoua cav éva Riemann-
Stieltjes ohoxhpwua urmopel va extiundel u€ow TV xavoveY apriunTixic olo-
xhfpworng tou Gauss.

3.1 H p€dodog tng napexBoing otnv extiun-
on TNne Staywviou tou mivaxa f(A)
H tetpaywvid| popoh o’ f(A)x = (z, f(A)z) uropel va extiunlel péow g

OtXOYEVEWS EXTIATEWY EVOS Gpou mou éyel Tapoy Vel oty epyaoia [32] xou
dtveton amd T oyéon

er, = f (p”i—(l)) Co, P = Cz%, veR, ¢, =(x,Ax), neR. (3.2)

1

Topa, pnopolye vo extufoouye ) dtoy@vio tou mivaxa f(A) xou to amo-
Téheoua diveton 0TV axdroudn TEdTUCT).

IIpoTaon 3.1.
Eoww A € RP*P évag ovupetpikds rnivaxas. H dwydriog tov nivaka f(A)
pmopel va exnundel ané to oidvvoua d = [dy, ... ,d,| € RP, érov

p
dZ:f(p;/A”), pzz%, Si:ZAZZ-, i:1,2,...7p, veC. (33)
w k=1

H pérniotn nun vy, 1 = 1,2, ..., p, g napauétpov v ya tny ektiunon kdde
draydviov otoryeiov (f(A))y elvar

= log (/' ((f(A))ii)) — log A
t logs; —2log A;;

, (3.4)
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3.1. H MEOOAOY THY. [IAPEKBOAHY. STHN EKTIMHYH THY.
AIATONIOT TOTY IIINAKA F(A)

dedopévou ot n ovvdptnon f elvar avniotpéiun.
Aréoeién.
['o x = e;, ot anoutolueves ponée e oyéone (3.2)) etvou

co(e,») = eiTei = 1, Cl<ei) = GZTABZ‘ = A“’,
p
cole;) = el A%e; = Z A7 = s
k=1

xor el f(A)e; = (f(A))iu. AviixadiotdvTog Tic Topandve oyéoeg oTov TUT0
(3.2) maipvouye to Inroluevo.
Enfong, v plo avrioteéduun ouvdptnorn f €youue
di = (f(A)u = o Au) = (f(A))
= o A= (F(A)i)
-1 A)).
L T

' Aji
! ((f(A))n'))

= logp;" =log ( T

FH(fF(A)a)
log (A—)
R log p;
= y = 1Og (fil ((f(A))zz)) - 10g A”

log s; — 2log A;;
O

I[Mopatrenon 3.1.

Av n mapduetpos v efvar mpaypatikés aprduds kar n ovvdptnon f eivar jio-
vétovn, ToTe avdAoya e To mpdonuo Tou dayiriov ototyelov A, mpokUnTel n
povotovia twy ektipfiocwy d; ws ovvdptnon tou v, [32].

IMopatrenon 3.2.
Ocwpdvtas tov tino (B.3) ya f(t) =t~ éyovpe du ta daydria otoryela Tou

avtiotpdpov npooeyyilovtal and tn oyéon

1 S; P
-1 ~ _ —v o [ _ 2
(A )u ~d; = P _An" Pi = A?z" S; = kE—1 Aki'

Kdvovtag addayny petafAntng ka1 ovykekpipéva fdlovtas émov v to —v mpo-

kunter (A™Y); ~ pl——, dnAadr n aikoyévea ektiurioewy evés dpou yia ta

Aj;
drayvia otoryeia Tov A~ rou divetar otny Ilpdraon .

71



KE®AAAIO 3. EKTIMHYXH THY AIAI'QNIOT YTNAPTHYEQN
IIINAKQN

Apuduntixy] vhoroinor - IloAuntAoxoTn TN

‘Orwe unopolue va TopaTtnehicoule, o TOTog (3.3) eivar ebxoha vlorotioulog
xaL oL anottovyevol umohoytopol Va yivouv mokd yeryopa. O timog autog
uropet va vhonoinlel oe Stavuouatixh popey| (vectorized form) xat pe outdy
TOV TPOTO Yo ETLTAYUVIEL O GUVOAXGS UTOAOYIGUOC.

‘Ocov agopd oty UTOAOYLGTIXY TOAUTAOXOTNTA, 1) EXTIUNCTY) EVOS DLAYOVIOU
oTtotyelou, mou yivetar u€ow Tou TiTOL ([3.3), amoutel povo apriunTXés TEdlElg
e wEne O(p). Tty extiunon ohdxhnene tne Starywviou amoutodvtor O(p?)
aprdunTiég TEdeC.

3.2 Extiunoesig HECW T®V XaAVOVwLY apldun-
TxNS ohoxArpwong tou Gauss

3.2.1  Apuduntixy ohoxApwon single Gauss

Y€ aUTH TNV UTOEVOTNTA TEQLYPAPOUIE CUVOTTIXY TNV TROCEYYIOT) TV TETEA-
YOVIXOY JOROOY a:Tf(A)a: YETOWOTOLOVTISC TOUS XUVOVES dpldunTiXrc oho-
xhpwong tou Gauss xoa Tov aAydpwduo Lanczos mpoxewévou va extiuniel
ohOxATen 1 Slarydviog Tou Tivaxa f(A). To ddpoiopoa pmopet va Dewpriel
éva Riemann-Stieltjes ohoxhApwua tne popgrc

)\maz
[ rda,
Amin

6mou 1o Yétpo aN) efvon o xotd Turpoto otodepr) cUVAETNON TOL TEOGOLO-
ciletar and tov tTO

0, oav A< \uin,

CV()\) = i:1($,vi)27 ayv >‘j <A< )\j+1,

€:1($avi)2> oy )\max § A

Auté 1o Riemann-Stieltjes ohoxifpwua urnopel va npoceyyloTel yernoonot-
ovtag T pédodo apriuntixrc ohoxhfipwone tou Gauss [4, B8]. T to Aéyo
auto efvan avaryxaba 1 Tapaywyr plag axohoudiog oploywviny ToALwVIUWY
Tou pmopel va Yiver yprowonowvTag tov aryoprduo Lanczos.

Apuduntixy vhoroinoyn - IloAunAoxodTnTa

H mohumhoxotnta autol tou ahyoplduou e€aptdton and Ty TOAUTAOXOTNTA TOU
aryoplduou Lanczos, 1 onofa efvan tng télewc O(kp?), 6mou k etvon o aprdpdc
TWY ATUTOUPEVODY ETAVOAADEDY [22]. Adyo NG PUOTG aTHS NG wedodou,
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3.2. EKTIMHXEIY MEXQ TON KANONQN APIOMHTIKHY.
OAOKAHPQYHY. TOT GAUSS

aprdunTie vhonoinon yivetaw otolyelo pe ototyelo xat €tot ue wla emovdindm
auUTOV TOU OAYOPIUUOU UTOPOUUE VO EXTILHCOUUE HOVO EVa Blaymvio oTolyElo.
'Etot, 1 6uUYoAXY| TOAUTAOXOTITO TN EXTUNOTNS OMOXANENS TN Blaywviou Tou
nivaxa f(A) etvor tne téEng O(kp?).

3.2.2  Apuduntixn ohoxArjpwon block Gauss

e auTh TNV UTOEVOTNTA, TEQLYPAPOUUE TNV TEOGEYYIOT TwV ETMYUUNTOY Te-
TEAY WVIXDY HORPRY YLENOHOTOWWVTAS TOUS XAVOVES aptdUnTIXC OMOXATPWOTS
block Gauss.

‘Eotw A € RP*P évag cuypetende mivaxog xow X = [ Ty T2 - Ty, ] €
RP*? ye @; € RP*Y 4 = 1,2,...,q. H popo# X7 f(A)X propet va extprnet
yenouomolvtog Tov ahyoépiduo block Lanczos ot toug xavoveg apudurntixig
oloxhfpwong block Gauss. O Gene H. Golub xou Gérard Meurant €youv
extipfioet T popoh X7 f(A)X yenotponowwvioc tov ahybprdpo block Lanczos
ue uéyedog tou block ¢ = 2, [38]. Erniong, oty epyasia [9] epapuélouy toug
xavoveg aptiunuxfic oloxhipwone block Gauss yia yeyédn block ¢ > 2 oe
mivoseeg mou TnYdlouy and TV avaAucT BXTOWY Xt TN} Py avixr udino,.

Xpnowomoiwytag Toug xavoveg apuiuntixic ohoxifpworng block Gauss,
uropolpe va extipfioovue T popeh X7 f(A)X, dewpdvtac 0 gaopatind mo-
caryovtormoinoy tou mivaxa A = VAV,

Obtovioc R=X"V=[r; vy -+ 1, ] ERVP 7, e R i=1,2,...,p,
eluoote o V€on va Cavaypddouue Ty apyr Lopy| wg e€X¢

XTfAX = X'VfA)VTX =Rf(ANRT

A

= PO + o f o)y + 4 f)ry =D f(

To teheutaio dbpotopa unopel va Jewpniel wg €va ohoxhfpowua Riemann-
Stieltjes tng yopgrc ff F(A)da(N) e a(N) vaetvon évag ¢ X g Tivaxog UETpou ot
a, b etvon oL dxxpar TOL DG TALATOS TOL TEQLEYEL TG tOLOTIUES TOL A, [38]. Avuto
T0 0Aoxhpwua, To onofo elval €vag g X g CUUPETEIXOS Tiivaxag, UTopel Vo ExTL-
unUel yonolpoTotwvTag Toug xavovee aptiunuxhc ohoxifpworg block Gauss.
Avutol ov xavoveg ypnowwonowiy Ty Omapln Twv opdoywviwy ToOAUGYLUWY-
Tvdxwy mou oyetilovial Ye To PETpo a(A) xou TNV TapaywyY Tou mivoxo Ja-
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cobi yenowonowwvtag tov ahyopwuo block Lanczos, o onofog meptypdpeTon

otnv Evétna

Apuduntixy vhornoinor - IloAuntAoxoTnTA

H mohumhoxdtnta autol Tou ahyoplduou e€aptdton and THY TOAULTAOXOTNTA TOU
ahyopiduou block Lanczos, 1 onola etvan tne &ews O (k(2qp* + pg® + ¢*k?)),
omou k eivon 0 apiduds twv anoutoluevwy enavarfpewy. Ilapdho tou yenowo-
mooUvTan blocks, 1 dtadacta viomoinong yivetan ctotyelo ye otoryelo.

[ v extipnon ohdxdnene tne dtaywviou tou mivaxa f(A) uropolye va
Vewprioouvue Tig oTRES Tou Tivoxa X va ebvon ot 6TAREG Tou TawToTIX0U Tiva-
xa. Emiéyovtac tov mivaxa X ye autd 1oV TpOTO, UTOPOUUE TOUTOHYPOVA Vi
EXTIWAOOLUE Tol Pn-Otorywvior otovyela Tou mivaxa f(A). Xty mpaypotixdtn-
T, Ye wa povo extéheor autol Tou alyopiduou utogolue va utoloyicouue g
(¢ —1)g

2

XpnoworowwyTog Toug xavoves aptduntinfc ohoxhrfipwaong block Gauss xau
Tov alyopriuo block Lanczos ye uéyedog tou block g, 6mou g etvon dranpetng tng

Otorywwial o Totyelor xal un-Olarywviar ototyela.

0186 TaoTG P, 0 ApLIUoS TwY EXTEAECEWY auTo) TOu ahyoplduou etvar —. 'Etot, 1

ouVoAXT) ToAuThoxdTrTo ExTiunong ohdxAnenc tne Sorywviou tou mivoxo f(A)

etvar tre tewe O(k(2p® + p?q + pg*k?)). Te neplntwon nou n Sidotacy p Tou

mivoca ebvor TeeTog oo, TOTE Yo Vo SOCUEVO ¢ TEEYOUUE TOV alY6pWIUo

block Lanczos [1—91 —1 popéc v péyetog Tou block ¢ xon pla popd yia péyedog
q

Tou block oo ue 1o undiroino g dadpeong Tou p ue to g. T TopdderyUoL, oy
€youue ¢ = 2, 16TE Tl TEWTA p — 1 Brarywvia ototyela tpooeyyilovtal yenot-
uomownvtag tov aryoptduo block Lanczos xon 1o teheutaio dloywvio cTovyeto
mpooeyyiletar and tov akyderduo single Lanczos.

3.3 Aptduntixd ANOTEAECUATE

Y& auTh TNV EVOTNTA, Tapouctdlouye xdmota aptiunTixd TopadelyuaTa UE GXOTO
va ouyxpivoupe Ti¢ Tpoavagepieiceg neddooug autod Tou xe@ahaiou wg TEOS
TNy oxpiBeta xat 1o ypdvo extéheonc. Ot uToloyYIoUo!l TWV TUPASELYUATODY TRy -
watonowidnxay yenotporowwvtoe MATLAB (R2015a), 64-bit, oe unoloyiot
Intel Core i7, ye 16 Gb DDR4 RAM.

Ytoug mapaxdtw Ilivaxeg mapoucidloupe 10 Yéco oyeTind o@diua (mean
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3.3. APIOMHTIKA AIIOTEAEXMATA

relative error-MRE) yio 6hot o Starydviar otovyela to onolo optleta o¢

1S [(f(A))s = est(i)]
b T

omou est (1) ebvou pio extiunomn Tou Srorydviou ototyeiov (f(A))y to onolo Siveton
elte and v Ipdtaon yiou pbor Ty Tou v, 1) ool unopet va emieydel olu-
PWVOL UE TOL ATOTEAECUATA TNG €pYaoiog [32], 1) YENOWHOTOWWVTAS TOUG XAVOVES
apriunuixric ohoxifpwong tou Gauss.

Ye xadéva and o aprduntixd mapadelypata mou axohouvdolv Tapouctdlo-
vton 000 Ilivaxeg anoterecudtwy. NNy TemTN Yeouuh Twv Temtey IIvdxwy,
xatarypdpeton 1) oxplBeta tou emtuyydvetor ve ) uédodo tng mopexBornc. o
vty Ty T8ETN axpifetag, ol pédodor cuyxplvovTol WG TEOS TOV YEOVO EXTENE-
ong (oe devtepdhenta). Aedouévou bt ot uédodor Gauss propov vo ETLTHOUY
xohOtepn axpifela, tapouatdlouye évav devtepo llivaxa otov omoio divouue ta
YA TNEIC TIXE TwV ahyoptduwy Tou BEATIOVOUY TNV exTiunoy), To uéoa GyeTL-
%8 o@dhuaTo xod®E XAl TO YEOVO EXTEAECT.

IMopddewypa 3.1. O nivakag ovrdiakUuarorns.

Oewpolpe tov Tivoxa cuvdaxtuavone A = covariance(1600,1,1) mou
Tepypdgetar oty Evotnta O mivaxag autdg €yel delxtn xatdoTaong
k(A) = 1.1655e3. H Sarydviog 10U avTioTp6Q0U ToU TV GUVSLIXOUAVOTS,
Onhady| Tou mivora axplBetag, divel TAnpogopleg oyeTnd Ue TNV TOLOTHTA TWY Oe-
dopévewy oty Ttocotixoroinon g defoundtnroc. O otatioTinég npooeyyioelg
Yio auth Ty extiunon avantoydnxay otny epyacio [6].

Yrov THivaxa TopOVOLICOUUE TO UECO GYETIXO GOANUA %At TO YEOVO
EXTENEOTC YLl TNV EXTIUNGT TNG SLorywVIOU TOU AVTIOTEOPOU TOU TVaxa GUVDLA-
x0pavong. ‘Ocov agopd ot pédodo tng mapexBoinc, 1 TEOGEYYIOT, TOU ¥ TOU
TpoxUTTEL amd Ta anoteréopata ¢ epyacioc [32] etvor —9.8455e — 1, omdte
Vewpolue v = —1 o€ auTtd TO TURUDELY L.

Ye autov tov Ilivaxa BAEnouye 611 To UEGO OYETINO G@dhua Umopel va elvor
™ TN O(107) Yenowonowwvtoag T wEdodo g mapexPorrc. {dotdco, na-
eaTNEOVUE 6TL 0 YpOvVog exTéleong elvan xahOTEROC OE GUYXELOT UE TI¢ YeVdBOoUg
Tou Gauss. To yéco oyetino opdipa g dlag tdEng unopel va emiteuy Vet yon-
oworolvTag Tov akyoprduo single Gauss ye 1 — 8 emavarfderg xou tov block
Gauss pe 1 emavaindm, v peyédr tou block ¢ = 2 xaw ¢ = 4.
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I[TINAKQN
Méco oyetixd opdipa O(107%)

Médodocg | Xapaxtnplotixd | MRE | Xpobvog
TapeEXBoAY v=-—1 2.0641e-4 | 8.4059¢-3

single Gauss k=1 6.6699e-4 | 9.2968¢-1

k=2 2.2722e-4 | 1.8356€0

k= 1.4983e-4 | 4.4445€0

k=28 1.0288¢-4 | 7.1232¢0

block Gauss | ¢=2, k=1 | 2.9644e-4 | 1.2749¢0

g=4, k=1 1.3112e-4 | 6.2551e-1

Hivoxag 3.1: Extuovrtag 0 Slay@vio Tou avTioTpo@ou Tou Ttivaxa cuvila-
20UaAvVoTg.

Emniéov, otov Hivaxaﬁkénoups ot mepantépw Bedtinon Tng axpifetog
umopet va emtteuy Vel pe v addnon tou aptiuol twv exavakfibewy oToug dh-
yopiduoug, adld étol auddvetar xou 0 ypdvog extélectic Toug. Ilopatnpolue
eniong ot 1 pédodog tou block Gauss elvon o anodotue and Ty avticTol-
¥1 Tou single Gauss xat 6Tt umopoly vor An@doly xaAUTERES EXTIUYOES 600 TO
uéyedog g Tou block auvidveTon xan amoutolvTton Arydtepeg Lanczos emavolrbers.

Behtiwon tng axpifeiag

Médodoc | Xapaxtnplotind | MRE | Xpobvog
single Gauss k=10 7.9655e-5 | 8.7596€0
k = 50 4.0413e-7 | 4.3391el

block Gauss | ¢=5,k=10 | 1.8105e-9 | 3.6852¢0
qg=>50, k=8 | 2.8034e-9 | 9.9002¢-1

g =100, k=5 | 5.3669¢-10 | 6.6297¢-1

q =400, k =2 | 2.7435¢-10 | 3.5001e-1

g =400, k=3 | 1.0872¢-12 | 5.8034¢-1

ivaxag 3.2: Behtlworn tng axpiPelog yia v extiunom tng diaywviou Tou avti-
G TEOYOU TOU TVAXO CUVOLIXOUAVGT.

IMogdderypo 3.2. O nivakas Poisson.

Ocwpotue tov Tivaxo Poisson dwdotaong p = 1600, o omolog €yel delxtn
xotdotaons k(A) = 6.8062e2. Teptypapy| autol tou mivoxo urnopel vo Bpedef
otnv Evotnta 1.7 Do autéy tov mivaxa, exTipolye T daydvio Tou extetinol
Tivaxa, OnAadr T Srory@vio Tou mivoxa exp(A).
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3.3. APIOMHTIKA AIIOTEAEXMATA

Yrov ITivaxa ToROVCIALOVUE TO UECO OYETMO GQINIAL XL TOV YPOVO
extéheong Y Ty extiunon tng emduuntric dtaywviou. Emiéyouue tnv ma-
oduETEO v Tou amoute{ton oty PEYodo TN mapexPorric va loduTon Ye v = 1.5,
%o mpooeyyiletan and Ty T 1.2920, [32]. Xe autév tov Hivaxa Prénovye
ot 1 uévodog g mopexBolhc divel u€oo oyeTind Gpdhua NG TAENS O(1072).
H {dta 18N axpiBelag mpoxintel yenowonowwyvtag tov ahyopuuo single Gauss
ue 3 Lanczos eravohrieic xan tov block Gauss yto Sidqpopa pey€dn twv blocks.

Méco oyetixd opdhpa téine O(107%)
Médodoc | Xapaxtnplotind | MRE | Xpobvog
TaREXBOAY v=15 5.8909e-2 | 2.5288e-3

single Gauss k=3 3.0317e-2 | 1.6983e-1
block Gauss | ¢=2, k=3 | 1.8474e-2 | 4.6504¢-1
qg=4, k=3 | 1.0240e-2 | 3.3889¢-1

=5 k=2 9.0320e-2 | 2.2385e-1

=10, k=2 | 6.3070e-2 | 1.4032¢-1

q =120, k=2 | 4.9444¢-2 | 1.1417e-1

Mivoxag 3.3: Extipovtog tn dtorywvio tou exdetixot tou nivoxa Poisson.

AuZdvovtag tov aptiud twy enavoliPewy atoug ahyopiduoug Lanczos (sin-
gle xau block) propotue va Bektidoovue Ty oxpifela Twy anoteheopdTe, oy
2o €70l AEAVETAL XU TO UTOAOYLOTIXG x66T0¢. T amoTeAEOUATO TOU APOPOUY
autég Tig BedTidoelg mapouctdlovton otov Ilivaxa

Behtiwon tng axpifciag
Médodoc | Xapaxtnplotixd | MRE | Xpodvoc

single Gauss k=5 8.4888e-5 | 1.8483e-1
k=10 1.1232¢-13 | 3.1540e-1

k=15 2.0199e-15 | 4.6211e-1

block Gauss | ¢=2,k=05 4.6615e-5 | 6.0113e-1
g=5 k=5 1.8810e-5 | 4.4663¢-1

qg=10, k=5 | 8.1788¢-6 | 3.7403¢-1

q=20, k=5 | 2.8884¢-6 | 3.0043¢-1

Hivoxag 3.4: Bedtiwon tng wxplBetag yio Ty extiunon g dlywviou tou ex-
Yetixod Tou mivaxo Poisson.

Xpnoworowwvtoag ) wédodo block Gauss, napatnpolue 6Tt 660 10 peyedog
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q Tou block au&dveTon mpoxdnToUY Ayo xaibTepeg extiunoe. A&ilel va on-
uetwVet 6Tt To péyedog Tou block Tou ahyoptduou block Lanczos npénet va efvou
wxedTeRo 1) (oo ue 40, SLopopeTind OEV UTOPOUUE VoL AIBOUUE OmOTENEOUATY Yol
AaUTOV TOV Tivaxa. Autd ogelheTon 6TN) Doy auTol Tou Tivaxad, BEBoPEVOL OTL
etvow banded pe bandwidth 80. [evixd, yia banded nivaxec ye bandwidth s,
0 péyedog tou block mpénel va efvon wixpdtepo 1 {oo ye /2, dote ta anote-
Aéopara vo efvan axpll.

IMopdderypo 3.3. O nivakas Heat flow.

Ye autd 1o TapdderyUa, Yewpolue tov mivaxa Heat flow didotaong p = 1600
ue u = 0.2, 6nwg neprypdgetar oty Evétnta . Oa EXTUNCOUUE T7) DLy WVLO
Tou hoyapluou tou mivaxa Heat flow. Ta armoteréoyota mou mpoxintouv
xatoypdpovtar otov Ilivaxa H extwoduevn T tng mopoétpou v Tou
yeewlopooTe yia T uéYodo e mapexBolrc elvon —5.4236e — 1, [32], o éto
emAgyoupe v = —0.5. H pédodog tng moapexBohric divel UEco oyeTnd opdhua
e éénc O(1072).

Méoco oyetixd opdhpa tédEne O(107%)
MéGodoc | Xapaxtnelotind | MRE | Xpobvog
TopEXSOMY v=-0.5 3.5675e-3 | 6.5691¢-4

single Gauss k=2 1.4895e-3 | 1.1073e-1

Hivaxag 3.5: Extipovtag 0 dtayovio tou hoyopldpou tou mivoxa Heat flow.

Yrov Ilivaxa ToRUTNEOVUE OTL 0 ahyoptiuog single Gauss emituyydvet
UECO OYETXO CQIMI TNE TAENG O(107H) e yeror 10 Lanczos enavaridewy.
Ytov block odybprduo, T0 oYETING GPIAUN UELWVETAL OG0 aUEdveETAL To YEyedog
Tou block. Autéc o nivaxog etvor exiong block tpwdtarywviog xon xatd cuvEeLa
banded ye bandwidth 80. 'Etot, 1o uéyedoc tou xdde block mpénel va efvon
uxeotepo amd 40.

Behtiwon tng axpifeiag
Médodoc | Xapaxtnplotind | MRE | Xpobvog
single Gauss k=10 2.2324e-14 | 3.1853e-1
block Gauss | ¢ =25, k=10 | 4.8949¢-15 | 1.8203¢0
g=10, k=10 | 3.7721e-15 | 2.2397¢0

Hivaxag 3.6: Beitinon tng axplBetag yia tny extipnon tng darywviou tou Ao-
yoplduou tou mivosca Heat flow.
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Kegpdhawo 4

Extiunon tou yiwvopévou f(A)b

‘Eotw évac Swrywviowoe (diagonalizable) nivaxag A € RP*P xou pio opody
ouvdptnor f mou oplleton ot0 Qdoua tou Tivaxa A. Xe autd To xeQIAO,
Topdyoude exTNoE Yoo T dpdon Tou mivoxo f(A) mhve oe éva Sidvucua
b € R?, dmhadh) to ywouevo f(A)b, ywplc Tov avolutixd unohoyioud tou miva-
xo. f(A). Tw to Moyo autd, yenowornotolue T wéVodo tne mapexBolic Yo
TNV TOEUYWYT| DLUVUCUATIXWY EXTINOEWY EVOE, DUO X0t TELOY OpWY YL TNV
nocotna f(A)b. "Eyovtac extiunost 10 yivouevo auto, e@opuéloule TiC Topa-
yOeloeg exTACES e OXOTO TNV TPOGEYYLIOT TNG YEVIXS HOPYTC XTf(A)Y,
omou XY € RP*™ givon “block dtaviopata” pue m < p othreg. Ta amo-
TEAEOUATA TTOU TOEoLGAovTaL G aUTO To Xe@dhato efvon U€pog Tng epyaoiog
[55].

4.1 Awvuopoatixéc extipoec yia To f(A)b

Oewpotiye Tov dSlrywviowo nivaxa A € RP*P o omoloc rapayovtonoteitar oly-
pwvo pe ) oyéon (1.21) oc e&hc
A=QAQ7Y,

omou ot mivaxeg (), A meprypdgoviar oty Evotnta Mo pla doouévn ou-
véptnon f mou opileton oo @dopa tou A, o mivaxac f(A) € CP*P unopel va
ex@paoTel we

f(A) = QF(NQ™ =D f(\)asd;

[o %dde axéparo 7 € Z xar éva ddvucpa b € RP, unopolye va opicoue Tic
Stavuopatixéc pomég (vector moments) v, € RP tou mivaxa A ¢

v, = A"b.
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Kdle eloodog v,; g dtavuopatixfic poniic Ve UTOREL Vo ExPpacTel w¢ TO -
x6houdo dipoloua

vy =elv,=el ATb = Z Ni(ei, q;)(4;,b Z)\ra] B, (4.1)

7j=1

6mou ay; = (e;,q;), B; =(4;,b), 4, =1,2,...,p.

H Swvuopatixt| pon) ouvdetnone (function vector moment) ve € CP tou
mivaxor A optletan we

Vg = f(A)b
[ Tig elo6doug vy, @ = 1,2,. .., p, TG BLAVUOUATIXAC POTAS CUVIRETNONG Vi,
€Y OUUE

v = e} f(A)b = Zf )(ei, q;)(@;, b Zf )i (4.2)

Mia mpocéyyion g ve Umopel va tpox il ywpelc Tov UTOAOYIOUS TNG To-
cayovtoroinong tou mivaxa A. Ac xpatfcoupe k dpouc oto dldpolopa (4.2)),
Onhadmn

Vr1 Zl?zl f(%‘j,l)dj,lﬁ:ﬁl Zk_ f(g\j 1)
vee | 2| o > i1 f(>\j,2)04j,2ﬁj,2 _ | 2= f()\j 2)1m; 43)

Ufp Zj L f(A Jp)% pﬁjp Z?:l f(S‘J p)Mjp

Ot dyvwoTot )\J P XU My = ozj Zﬁj i UTopOULY Vo TPOGOLoPLeTONY ﬂewpwvwg ¢

cuvifixeg mapeuBolrc T oyéon 1-} Y10 OLAPOPES UN-UEVTIXEC TWES TOU T,
OnAadN

Ur,1 >N @185 Zzzl(é‘jl)rmjul
v | | o | B Satia || Saaud ez |
k% s B ko5 vrs
Urp Zj:l()‘jm) pBip Zj:l()‘j,p) Mjp

4.1.1 AVUOUATIXES EXTIUNOELS EVOE OpOL

Egopuolovrag to adpoiopata tne oyéone (.3) vy k = 1, xéde eicodog tne
OLVUCUOTIX NG POTG CUVEETNOTS Vi UTOREL VoL TpooEY Yo TEl and

Uf,i =~ f(xl,i)ml,h 1= ]-727 R 2
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4.1. ATANTYXMATIKEY. EKTIMHYEIYX I'TA TO f(A)b

OTOU Ol AYYROoTOL 5\171-, my,; Tpoodloplloviar amod Tic ouVIrxe TapeUSoing 1)
yoor =0,1,2, onhoadt

Vo, =~ M4,
U1, )\l,iml,i x~ Al,iUO,ia

N2 =~ N2
Vg, =~ )\Mmu ~ )\171-’1}0’1‘.

Advovtag o mapandve Lo T EELOMOEWY, UTOPOUUE VoL TAPOUYE TOV AXOAOU-
Yo ouurayr TOTO yioL To Ag

- : o 1
A= vd o 0, 5 =0, g hi=12.p (4.5)
[apatnpodye 6t o1 oyéon (4.5) av to j wdper onowdhnote wyadur| T,
ONhadh j = v + 10, autd odnyel xou TdAL TNV (Bror T Aq ;.

Hpdryyortt, yio j = v + 19, oy let

7+i5—1v1—2(7+i6)vv+i5 _ (7711,1‘)7”6_1(;\1,1-7711,1)1_27_%6(;\2 5 )7+i5 _ ;\

Vo,i 1, 2, 1,iM1,i Li-

Enopévwe, unopolue vo mapdyoude Uio OlXOYEVELD DLOYUOUATIXGY EXTIUACEWY
evog bpou (one-term vector estimates) ¢, yio T Sravuopatixy pony| GUVEETN-
oNg V.

ITpotoaon 4.1.

1. Mia oikoyéraa dwrvopatikdy eknupnoewy €vés dpov {¢,, z € C} ya
™ dwavvopatiky) porn) ovvdptnong ve Otvetal and

0.i=f (vS;lv;QZUSJ) voi, 2€C, i=1,2,...,p. (4.6)

2. H owkoyéveia 01avvouatikdy eKTiuioewy eveg dpov 1kavomolel T

oxéon
i =1 (p) v, 2 €C, (4.7)
Vo,i
onou p; = U(]ﬂ;l)gﬂ'/vii kar vov1; 0, yiai=1,2,...,p. Avvy; =01
1
v1; = 0, unopolue va epapudoovue tn oyéon yiaz=1nz= 3
avtioorya.
Anéoeén.

1. Avtixadiotedvtag Tic Tiég Tou Ap; ot OyéoT v, f(A1,)vo,, TpOXOTTEL O
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KE®PAAAIO 4. EKTIMHYH TOY I'INOMENOTY f(A)b

¢ _ z—1_ 1-2z =~ ’ .
TomoC ¢, = f (voZ vy UQZ) Vo,i, Yiexdde ¢ =1,2,...,p.
2. Ioye
VEVE . 0y
z—1,1-2z, 2 - 0,iY2,3 1,7
Pzi = f (UOz Uy J Uy 7,) Vo,i = f ( 2z Vo,i
Ui Yo
z
o V0,iV2,i V1 . 2 Ul
=f : voi = | 9 V0,is
v} i Vo,i Vo,i
, _ 2 ’ _ z U1,
oTou p; = Uoﬂ-vg,i/vl,i. Onéte, v, = f (m s > Vo4- O

H owoyévela SLavUoUOTIX®Y EXTIUACEWY EVOS 0p0U ¢, eLopTdTtar and o
nopduetpo 2 € C. To axdhoudo huua mpocdopier Ty Umaplr PEATIOTOV
WOV (Zopt)i, @ = 1,2,...,p, mou odnyoly oe oxplfh) extiunon xdde eoddou
NG DLAYUOUATIXNG POTTG CUVAETNONG Vi.

Aqupa 4.1.
Forww A € RP*P éyag daywvioos nivaxas, f uia avtiotpédiun ovvdptnon
Kai p; = Vo,V2,/ V3 ;-

1. Av p; # 1, i = 1,2,...,p, vndpyer pia BéAniotn nury (Zoe); 1 omola

otvetal and
(17 (2)2)
- Ay (4.8)

log(ps)
TETOI WOTE P(2,,),,i Olvel Ty akpipn T s vy,

Zopt)i =

2. Av p; = 1 tdte n BéAnwotn uipn (zopt); pmopel va eivar kdle pryadikds
apruds, onkadn p.; =vs;, V2 € C, i =1,2,...,p.

Arédoeén.
1. T xdde i = 1,2,...,p, woylel

Zo Zo Ulz v K
(p(Zopt)i vf7 gf( ( pt ) Ufl:>f( ( pt) ) :L

Vo,i Vo,i
(zopt)ivlvi _ -1 Ufl (Zopt) _ r—1 vai ani
== =p =)
Vo,i Vo,i Vo,i /) Vi
— Vfi V0.1
log (f ' ( L L)
Vo, V1,i ’ 2
= , OTOU p; = VgV /vy, # 1.

2. Av p; = 1, t61€ 1 o)éon 1} YedpeTon wg . ; = f <U1’i) vo,i, 1N omola
Vo,
H

etvan aveldpTnTn amd Ty mapduetpo z € C.
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4.1. ATANTYXMATIKEY. EKTIMHYEIYX I'TA TO f(A)b

Xpnoworowwvtag v avioétnta Cauchy-Schwarz, unopolye vo mdpouue
éva ppdrypa yioe xdle BENTIoTH TN (Zope )i 1) OTOl0L SiveTon 610 oxdroudo AL

Aqppa 4.2.

FEoww A € RP*P évag daywrinuog mivakas kar f pia avéovoa mpayuatiki
ovvdptnon. Av vy; > 0, vi; > 0 ka1 p; > 1 ©ote éva dvew gpdypa ya
Bérniotn tipn (zop); Otvetar and

g (72 (@il 101

Voyi /) Vi

Y

(o)s < log(p:)

¢ Z Z. z z. V4
drov Kk(Q) eivar o deiktng Katdotaong tov mivaka twy 161001V VOHdTLY ToU A,
Q, ka1 p(A) etvar n gacuatixrj axtiva tov A.

Andédeén.
Ioyter 6t ||f(A)]l2 < K(Q) - f(p(A)) A8, oek. 102]. Xernowpwomoudviag tny
aviootnta Cauchy-Schwarz, €youue
vri = (e, f[(A)b) < |(ei, fF(A)B)] < llesl| - [[f(A)bl| < [IF (A2 - bl
< K(Q) - f(p(A)) - [b]].
Agot vy; > 0 xon f ebvon pior ad€ovoa cuvdptrnor, £youpe
1 [ Vi _ b
() <5 (k0@ sty 1)
Vo,i Vo,
AoyBdvovrag undd ot vy ; > 0, éyoupe

() e < (@) plptay - 2 2

Voi/) Vis Voi /) Vi

= tag (£ (22) 222 < tog (17 (@) oty 21) )
g (7 (1@ - (ot - L2 122)

= (Zopt)i < , apol p; > 1.

IMopatrenon 4.1.
Av n owvdptnon f elvar pOivovoa, ta vy, v1,; Oev elvar ka1 ta 6Vo Detikd kai
T0 p; €lvar efte peyaditepo efte pkpdtepo tou 1, tére éva mapdpow anotédeopa

pe avté tov Anjupatog pnopel va mpokiier.
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KE®PAAAIO 4. EKTIMHYH TOY I'INOMENOTY f(A)b

IMopatrenon 4.2.

Av o mivakas A €lvar kavovikés (normal), tpokUntear kaAUtepo gpdyua ya tn
pértiotn tipn} (zopt )i Xvykexpipéra, wyve k(Q) = 1, ki éror dev elvar ava-
yKkaiog 0 UmoAoyiouos touv mivaka twy 101001avvoudtoy Q.

211 CUVEYEL, ATOBELXVIOLUE TN OYE0T METAEY TNG BLavuoUaTXAS ExTiunong
evOg 6pou Yo 2z = 0 Ye TNy exTiunon ToU TEOXUTTEL YONOLOTOWVTAS TOUS Xa-
VOVEG UN-CUUPETEING aptdunTXhg ohoxAfipworng Gauss xot ToV UN-GUUUETEXO
ahybpriuo Lanczos ye pla povo emavdhndy, [B38]. Luyxexpyuéva, n axdhouidn
TeOTAoT) Loy VEL Yo xdde Tivaxa.

ITpotaom 4.2.

Forw A € RP*P éyag un-ovupetpixds nivaras. Kdle ovoryelo tng dwavvoua-
TIKNS €KTIUNONS Po 100UTAL e THY €KTIUNOT) TOU TPOKUTTEL YPNOTHOTOWIY TAS
Y un-ovppetoikn apiunukn okokAnpwon Gauss kar Tov UnN-OCUHUETPIKS
akydpiipo Lanczos pe pia emavddnpn ya tn Sypaujuxs popery el f(A)b, v-
rotérovtas éu (e;,b) # 0.

Arédoeén.
Egapuéloupe tov Un-cupuetend alyopriuo Lanczos pe apytxd Staviopoto u =

xou 0 = e; [38, oeh. 43], to onolo xxavomowly T oyéon (4, u) = 1.

(ei7 b)
Kpatavtog pla enovdhndn autod tou akyopiduou, o tivaxag Jacobi J; €yet éva
1 i
uévo otovyeto, dnpadt) J; = [ T Au | . Ioyler, a"Au = e Ab = Ui
(e:,b) Vo,i

Emoyévec,

el f(A)b = (e;,b)f(0TAu) = vy, f (

U1, / .
’2) = Yo, Yo x&0e ¢ = 1,2,...,p.
Vo,i

H owoyéveia Twv BlavucspaTix®y eXTWACE®Y EVOC OpOU ¢, TOU EYEL TEO-
xOer mapéyet axplBr) tpoaéyylon oe nepinTtwon Tou ot BENTIOTES TES (Zopt)i,
i =1,2,...,p, umopoly va mpoodloplotoly a priori. Ipoxewévou va Cerepa-
otel auTh 1) duoxohio xpaTduE TEPLOGOTECOUS Gpoug oTa alpolouata O
TEOYWEAUE GTNV TARAYWYY| EXTIUNOEWY TEPIGGOTEPMY OOWV.

4.1.2  AlVUOUATIXES EXTIUNOELS 6VO OpwYV

Eogopudlovrag o adpoiopara (4.3) yioa k = 2, xdde elcodog tne dravuoyatixhc
POTHC GUVAPTNONG Vi UTOPEL Vo TpocEYYIOTEL ATtd

Uy f(5\1,i)7”7’t1,i + f(:\Q,i>m2,i7 1=1,2,...,p,
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4.1. ATANTYXMATIKEY. EKTIMHYEIYX I'TA TO f(A)b

OTOU oL AYVWOoTOL Aj;, My, § = 1,2, mpocdopilovial YenolHOTOWWVTIS WS
ouvirixeg mopepPorrc tic (4.4) v r =0,1,2.

ITpotoaon 4.3.
Or duavvopanikés ekupnoas ovo dpwy (two-term wvector estimates) yia ©g
OV VO HATIKES POTES Vi 1KavoTOOVY TNV €lowon 01agopwy Ocutépas Tdéng,
onkadn

Un+1,i — TiUny + qiUn—1: = 0, n e Z, (49)

émov r; = 5\1,1- + 5\2,1- eC, q = 5\1,1-5\2,1- € C, yia kde 1 =1,2,...,p.

Anédeén. . .
Toyler vny1,s = (A1) g + (Ag)" iy

TiUni = (Ari + A2i) (A1) "M + (Ng)"may) =
— () +1,5 X () ~ Yo () ~ ) +1,%
= (A1) g+ Ai(Aag) Moy + Ao (A1) "M 4+ (Aei)™ gy,
7 3 5 1~ 3 1~ A ~ I 3in =
Givn—1 = (A1) (ALs)" M + (Ae)™ o) = Aoi(Aa) "M + Ay 1.
Xpnowomoiovtog T Topamdve oyéoels, BAEmouue Ot 1) eélowor Blapopy
Unt14 — TiUni + ¢iUn—1,; = 0 txavomoleitaL. ]
BOewpolye 10 oloTNUA ECIOWCEWY
Upa1,i — TiUni + QiVn—1; = 0, Untoyki — TiVnti4ki + QiVntki = 0, N,k € Z.
H Adon tou cuothuatog diveton amod

Un—1,iVn+2+ki — Unt1,iUntki
’]”,L — n ¥n K3 n r¥n 27 (410)

Un—1,iUn4+14k,;i — Un,iUntki

Un,iUn+2+4ki — Un+1,iUn+1+k,i

Un—1,iUn+1+k,i — UniUn+k,i

Enfong, yia xdde i = 1,2,...,p, éyouue

< i+ /17 — g
A = -

2
i — /T —4q
L A (4.12)

ot )\QZ' =
’ 2

H Adon tou cuctpatog Twv avtiotolywy cuvinxay TageuBolnig dlvetar and
Toug ToToug, Yl xde 1 = 1,2, ..., p,

- 1 5 < 5

my; = f@\z,ﬂ/oﬂ‘ - Ul,i): >\1,i 7é /\Q,m (4-13)

20— Al
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KE®PAAAIO 4. EKTIMHYH TOY I'INOMENOTY f(A)b

- 1 < 5 <
mzi = f(vlﬂ' — )\171'1)071‘), /\LZ' 7é )\271‘. (414)
Ao — A1
(lc anotélecpa, Talpvouue ulo OO YEVEL DLUVUCUATIXGWY EXTUCE®Y BU0 OpwY
On e YL TN DLAVUOUATIXT, QOTH GUVERTNOTS Vi 1) oTola divEToL oTNY axdrouin
TEOTAOT).

ITpbtaom 4.4.
Mia owoyéveia dravvopatikdy eknurocwy 600 dpwy {Gn i, n,k € Z} ya
dlvvouanikn ponn ovvdptnong v Oivetar and

(@n,k)z = f(j\l,i)ml,i + f(S\Q,i)mQ,ia n, k S Za Z = 17 2a sy Dy (415)

omov 5‘172‘: 5\271‘, mi,; Kar mg,; opilortar and tig oyéoes (f4.12|), (f4.13|), 44.141)
avtioTorya.

IMogathenon 4.3.
O¢rovpe (Pni)i = (Un—1,Vk414)/(Vnivei), © = 1,2,...,p. Av ya kdroiw 1,

wyet 6t vy_1; = Uik = 0 A (Punsr)i = 1 1 r? = 4q;, téte n oxéon
Oev UTopel va 0i0el EKTIUNOTES Yia TN CUYKeKPIérn emAoyn tou Lelyous Twy
napapétpor (n, k). Avn =k =1, majprovue (pr1)i = (vo,iv2,4)/vi,; o omoio
efval {00 pe To p; TOU YPNOIHOTOLEITAl OTIS OlaVUOUATIKES €EKTIUNOTEIS €V6G OpoL.

4.1.3 ALVUOUIATIXES EXTIUNOELS TELOV Op®YV

Kpatovrag tpeig dpoug ota adpolopota 1) x&0e elcodog NG dlavuoHaTIXC
POTHG OUVAETNOTG Vi TpooEYYI(ETOL aTd

Vs f(j\lz)mlz + f(j\m)ﬁlm + f(S‘S,i)mS,ia 1=1,2,...,p,

OTOU oL AYVWGTOL A, My, § = 1,2,3, mpoodioplloviar yenollonotwyTtos wg

ouvdfxec napepBorfic tic (4.4) ywr =0, 1,2.

ITpotaom 4.5.

O1 davvopatikés exnpunioeas tpidy dpwv (three-term vector estimates) yua tg
OV VOUATIKES POTES Vy tkavoToloVy TNy e€lowon Oagopdv tpitng tdéns, on-
Aaon

Upt2,i — SiUnt1i + tiVn; — §iVp—1,; = 0, n € Z,

dmov
8; = 5\1,i+5\2,z‘+5\3,i7 t; = 5\1,2'5\2,2'+;\1,i/~\3,i+/~\2,i:\3,i Kai g; = :\1,1:\2,1':\3,@ (4.16)
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Aréoeién. ) ) 3

Ioylel vyy0; (Al,i)n+2m1,i + (>\2,i)n+2mz,i + ()\3,1‘)””77”63,17

8iUn+t1,i = (5\1@ + 5\2,1’ + 5\3,1')((5\1,1')"“7%171' + (5\27i)n+1m2,i + (5\3,i)n+1m3,i) =
= (M) " P2+ Aa(Ae) "M 4+ Aa(As) T 4+ Aaa(A) " mg s +
+(>\2,i>n+2m2,i + )\2,i()\3,i)n+1m3,i + )\3,i()\1,i)n+1ml,i + )\3,i<)\2,i)n+1m2,i +

+(5\3,z)n+2m3,i,

LiUni = (:\11:\21 + :\1,1:\3,1 + 5\21:\31)((5\12)nm11 + (5\21)n77~12z + (5\3z)nm32) =
= 5\2,1'(5\1,1')"+1m1,i + 5\1,i(5\2,i)n+1m2,i + 5\115\21<;\31)nm3z + 5\3,i(5\1,i)n+1m1,i +
+5\1,i5\3,i(5\2,i)nm2,i + ;\l,i(;\3,i)n+1m3,i + :\21:\31(:\10”7”7%11 + 5‘3,2‘(5\2,i)n+1m2,i +

Fhai(Ag0) g,

9iVn—1; = (5\1,2‘5\272‘5\3@‘)((:\l,i)n_lml,i + (:\Q,i)n_lmli + (5\3,1‘)”_177&3,1‘) =
= AoiAgi (A1) "M 4+ A1idsi(Aei) "M + A1 idei(As ) s .

Xpnowomoiovtog T Topamdve oyéoels, BAEmoude Ot 1) e€lowor Blapopy
Upt2,i — SiUnt1i + tiUn; — §iUp—1,; = 0 txavornoteito. ]

[ var Bpolue Ti¢ mapapéteoug s;,t;, g; dewpolue 0 cUoTNA ECIOWCEWY,
v n, k.l €7,
Up42i — SiUnt1i + LiUni — GiUn—1, = 0,
Untk43, — SiUntk424 + tiVntkt14 — GiUnyki = 0,

Untttd,i — SiUnte4+3i + 6iUnter2i — GiVnsrt1,i = 0.

H Mo npoéxude yenoworowdviag to Symbolic Math Toolbox Tou MATLAB.
YToug TapAYOUEVOUS GUUPBOAXS TOUTOUG XAVOUE XUTIAANAES ATAOTOLRGELS o
TEMXE TAPAUE TIC oxxOhOLIES GYEaeLS.

A Un,iUn+k,iUn+0+4,i — UniUn4-0+1,iVUn+k+3: — Untk,iUn+042,iUn42,i 4
_—
w;

w;

Un+1,iUn+k,iUn+0+4,; — Un+1,iUn+04+1,iUn+k+3,i — Un+k,iUn+0+43,iUn+2 i
w;

w;
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Untk41,iUn4041,i0Un+2,i — Untk+1,iUn—1,iUn40444 T Unt642,iVn—1,iVUn+k+3,i (4 17)
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VUntk42,iUn40+41,iVn42 — Untk+2,iUn—1,iVn+t445 + Unte43,:Vn—1,iVntk+3, (4 18)
, .
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UniUn4-k+2,iUn+04+4,i — UniUn4443,iUn+k+3,i = Un+1,iUn+k+1,iUn+044,i

g; = +
w;
1 Un41,iUn+0+2,iUn+k+3,i T Untk+1,iUn+043,iUn+2,i — Un+k+2,iUn+0+2,iUn+2,i ( 4 19)
w; ’ '
4
OTOU
Wi = UniUntk,iVUnt0434 — UniVUntk+2,iV0n+0414 — Unt1,iVndk,iVUnted24 T

FUn41,iVn4k+1,iVn40414 — Untk+1,iVn+43,iVn—1,i T Untk+2,iVn042,iVn—1-

Or t0mot yio Ti¢ TUPOETEOUS A1, Ao XU Az, TOU YOV TEoxUDEL AOVOVTaS
oupPolixd to cvotrnua Twv edlowoewy (4.16), etvor ot axdloudot:

_ 2
Ay = si o (Ap)i 4 3t; — 7 _9—2/33-1/2, [ _ 3t; — 57 +27°/3(A,)} ’
3 3-243 7 3.223(4,) (Ap)i

< s (A 3t; — s? s 3t; — 52 +272/3(A4,)2\°
by = -t pJt ? 7 9 2/33 /2, [ 7 i )i
20 = 3 T3 0453 T 3] 22/3(A,); + ) ;

S; 512 — 3tl

X'L:-Bz o )
= Bty ),

(4.22)

1/3
omou (A,)i = (27gi + 3v/3\ /M3 — 1257 — 18L,gi5; + 2792 + 4gis? — Otys; + 2s§>

1/3
2 2\ 3 3
9i s s2 o tisi g t; s 58
B)i=[Z - Si oty T a2 S0
xau (By) 2 6+\/(27 6+2) +(3 9) T o7

H hoon tou cuctipatog twv avtiotolywy cuvinxoy nopepfolrrg, diveton and
TouC TUTOUC

Vo — )\Q,ivu - )\3,1'@1,1‘ + )\2,1‘)\3,1'00,1‘
mi;

T ) ()

Vo — /\l,ivl,i - /\B,ivl,i + /\l,i/\S,iUO,i

Y e k) (e k)

(4.23)

(4.24)
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Va2, — )\1,1"01,1' - )\2,1"01,1' + )\1,1')\2,1'?10,@'

(5\1,1' - 5\3,z‘> </~\2,i - :\3,1)

‘Etot, ymopolue va 0nuioupyicouUE Uid OO YEVEL DLUVUCHATIXWY EXTIUNOEWY
TOLOY OPWY P, 1 ¢ YO TH) DLAVUOUATIXT] POTY) GUVAPTNOTS Ve 1) OTtola BlveTan 6TV
axohovln TpdTaoT).

ms; =

(4.25)

ITpbtoaon 4.6.
Mia oiwcoyévaa dwavvouatikdy ekuurjocwy iy opwv {Pnre, n,k, 0 € L}
yia tn dayvopatiky porn owvdptnong vi Oivetar and

(Prke)i = f(j\lz)mlz + f(5\21)m21 + f(5\3z)m327 n,k,l € Z, (4.26)

éTov ;\171', 5\27,-, 5\3,“ M1, Mo, Ma,; Tpooodiopilortal and Tovg TUTOUS ,
(4.21), (4.22), (4.23), (4.24), (4.23) avtiororya ka1 i =1,2,...,p.

IMopatrenon 4.4.
Ay yw kdnow i, wylel 6Tt Vpi1; = Untki2i = Untetsi = 0 1) (Puntk)i

(Prseron_1)i = (Pn+k+1n+£+1) =1, tére n oxéon (-) dev urmopel va dooe
EKTIUNHTES Y1a T TUYKERPILEVT) em/\oyn tov tapapuétpwr (n, k, 0).

4.2 ALAVUCUIATIXES EXTIUNOELS YL TN LOE-
e X' f(A)Y
Ocwpolye TN YEVIXT Lop®Y

X F(AYY, (4.27)
omou A € RP*P givon évag daywviowog wivaxag, X = [ Ty Ty ... Xy },
Y = [ Y, Ys - Y, } € RP*™ etvor “block davopata” ue m <K p othreg

xou f etvan pio opaky} cuvdptnon mou optletar 6o Qdcua Tou mivaxa A. e
QUTY TNV EVOTNTA, AVATTOGGOUPE EXTNCELS YId TNV TURATAVG YEVIXY| LOR®Y
LIOVETOVTAUS TIG DIVUCUATIXEG EXTIUNOELS TOU €YOUY TEOXOYEL YId TO YIWVOUEVO
f(A)b, 6nwe autée TeptypdPoVTOL TUPUTEVE.

Y oedvi BiAtoypagpla, untdpyouv UEJodoL Yia TNY TROGEYYLOY TNG HORYHC
XTf(A)Y7 6mou o wivaxoc XTY etvar TATpOUS TAENG (full rank). Ytc epyo-
ofec [27, B8], neprypdpeton pio npocéyyion extiunone e wopwiic X1 f(A)Y rou
Baotleton o xavoveg aprduntinyic ohoxhfipwaorng block Gauss xar block anti-
Gauss. Ta opyxd “block Sraviopoata” meénet va etvor dropdoywvia (biorthogo-
nal), dnhady Xy =1, 1) OtaopeTind Toe “block draviopata” X, Y unopolv
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Vo Yivouy 510pU0YOVIA YENCLOTOIWYTIS TNV TopaYovIoTolnon 1otalouowny Ti-
uov. H mpotewvéuevr pédodog unopel va egopuocTtel yio xdle emioyr Twy
X, Y xou dev eivon amapaitnto vo ebvar ¥ var yivouv dlopdoydvia.

A¢ exgpdoouye hotndy Ty emuunty Lopet we axorotiwg

XTf(A)Y = XTf(A)[% Yy - ym]
= XT[f(A)yl f(A)y, ... f(A)ym}

[opatneotue 6t xdde ywopevo f(A)y;, ¢ = 1,2,...,m, unopel va extyunief
YETOUOTIOLOVTOS TIC OIXOYEVEIES DLUYUOUATIX®Y EXTIUHCEWY EVOS, BUO Xt ToL-

oV 6pwv @, (4.6), Gnr (4.15) o @ pe (4.26), avtiotorya. Muyxexpuéva,

UTOQOUUE VO DLUTUTIGOUUE TNV axdAoulT) TpoTao,.

ITpbtaom 4.7.

Orkoyéreies 01avvopHaTIKQY eKTIUNOEwY €v6S, 000 Kal Ty dpwy Yia Tt Hopen
XTf(A)Y umopodv va rpoxtpour extiucvtag kdde eivodo X7 f(A)y;, pe ug
OV VO UATIKES €XTIUNOEIS €v0G, U0 Kal TPV dpwy XTop,, XT@,M, XTgﬁnJM
avtioTorya.

4.3 AptunTtixd ATOTEAECUATA

Y roloyloTixy TOAUTTAOXOTTTA

H umohoyioTix?, ToAUTAOXOTNTA TWY BLAVUCUATIXWY EXTWACE®Y Y TNV TO-
oot f(A)b nopouodleton otov IMivoxa [1.1]  Suyxexpwéva, n owoyévew
SLOVUGUATIXGY EXTWNACEDY EVOC 6pou @, Yo TV mocdtnta f(A)b anoutel tov
UTOAOYIOUG HOVO BU0 YIVOUEVLY TVAxwY-Blavuoudtwy (matrix-vector prod-
ucts - mvp’s). Emnkéov, 1 TOAUTAOXOTATO TWY OLXOYEVELDY BLOVUGUATIXMY
eXTUNRCEWY 000 OpWY Py kXL TEIOV 6pWY Py k¢ ECUPTATUL ATO TNV TYLY| TOV
TOUPUUETEMY TOU ATATOUVTAL YL TNV €Qoappoy Y| Touc. H utohoyio iy toAutho-
AOTNTA TNG OOYEVELAS DLAVUCUATIXMY EXTYACEWY TEUWY OpWY @y, 1 ¢ EfvaL TG
w4Znc O (up?), 6mov p=max{n +k+ 3,n + { + 4}, v x&de nuxvéd (dense)
mivoxa A Sidotaong p. Ye nepintworn nou o doouévog mivaxag etvon banded ue
bandwidth s, 1 TOAUTAOXOTHTA AUTWY TWY DWAVUCUATIXGDY EXTWACEWY ElVaL TNS

w6Ene O (sp).

90



4.3. APIOMHTIKA AIIOTEAEXMATA

’ [Mivoscae A | f(A)b ‘

©z Pk O o0
dense O2p*) | O((n+k+2)p*) | O(up?)

banded | O (2sp) | O((n+k+2)sp) | O (usp)

Hivoxag 4.1: Troloyotxr TOATAOXOTNTU TWY OLUVUCUATIXGDY EXTIACEWY Yo
10 Ywouevo f(A)b.

H umohoyioTixr) TOAUTAOXOTNHTA TWV DLAVYUCUATIXGY EXTIAGEWY Yo T1) Hop-
of XTF(A)Y, pe X,V € RP*™ 1 < m < p, e€aptdton and 10 m xou 1) T8N
¢ etvon O (mp?). ‘Otav o doouévog mivaxag A eivon banded pe bandwidth s, 7
nolvmhoxdtnra ebvon e t@Ene O (msp). Ov anoutolueves oprduntixée npdlelc
rapovaidloviar otov livaxa .

| Mivoxog A | XTFAY |
XTQOZ XT@n,k XT@?L,IC,Z

dense | O (2mp?) | O (m(n+k+2)p?) | O (mup?)
banded | O (2msp) | O (m(n+k+2)sp) | O (mpusp)

Hivoxag 4.2: TroloyoTx) TOATAOXOTNTU TWY OLUVUCUATIXGY EXTIACEWY Yid
™ yevixh poper; X1 f(A)Y.

11 oLVEYEL, TOPOUGIALOVUE aEXETA aptiunTixnd Topadelypota Tou detyvouy
TNV AnOO0CT| TWY TAPUYOUEVWY OWXOYEVELWY DIAVUCHUATIXWY EXTIUACEWY TOCO
Y1t 10 ywvéuevo f(A)b boo xon v poph X7 f(A)Y. ‘Ohot o1 utoloyiopol
Eywvay yenoonoidviag to utohoyoxd toxéto MATLAB (R2015a), 64-bit,
oe unohoylotr Intel Core i7, yue 16 Gb DDR4 RAM.

Ye Oho T TopadEly T, TopOoUGIALOUPE TVOXES OTOUS OTOI0UG XaTarypdpe-
TOL TO GYETLIXO GPAAUL Yia Tig TapayUeloeg davuouatixé extroes. H axpBric
T npoodlopileton ue Tov unohoyioud tou mivoxa f(A) yenowonoidvTag €tot-
ueg ouvaptroelc Tou MATLAB, 6nw¢ “expm”, “sqrtm”, “logm” x.o. H cuvdp-
Tron Tpootou tou Tivaxa A utoloyileton and Tov TOTo sign(A) = A(A?)712,
Ye 6o axorouvdoly, ue rand(p, 1) dnhdvouue éva Tuyaio Brdvuouo uRxous p
ue YeTixd oTouyeto T onofa TPoEpyovIaL Amd TNV OUOLOUOLPY XATUAVOUT| XL UE
randn(p, 1) dnh@dvouue éva Tuyaio Sidvuoua URXous p ToU TEOEPYETAL Und TNV
xovovixt) xatavour. Télog, cuuBoiilouye pe 1 to ddvuoud UHxous p Tou €yel
Olo Tou Ta otovyela foo ue 1.
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Mapddevypa 4.1. Awvvouartikés exnupnoes evés dpov ya wo f(A)b.

Oewpolye TovV GUUUETEXO, JeTxd optouévo xar oploywwio mivaxa A =

2 iy
BT B dudotac = 700, 6mov o B €yel atovyeia B;; = sin .
e X X 7V p+1 (p + 1)

O mivoxag B uroget va Bpedel oty MATLAB gallery xou xahetton ue tnv eviohn
B = gallery('orthog’,700), [68]. Eotww b éva Sidvuopa wixoug p = 700 to
omolo mpoépyetar and Ty xovovixy| xatavops. Extipodye to ywouyevo f(A)b
YL TRELC OLUPORETIXEC CUYVUPTACEL f, YENOWOTOIWYTIS TNV OlavUCHOTIXY| €-
xtiunomn evég 6pou . Aol o mivaxag A etvar opdoyowiog, 1 BEATIOTN TN
yioo Ty mapdueTpeo ebvan 2 = 0. Ilpdxettan yiot ENEXTACT) TOU ATOTEAECUATOS TTOU
vrdpyer oty epyacio [34, Hapathenon 4]. To anotehéopata nopouctdlovon
otov Mivaxa 3

’ ouvdptnon f(A) ‘ At ‘ exp(A) ‘ VA ‘
| Syet. Sgdhuo | 8.6856e-17 | 1.3646¢-15 | 5.4705¢-15 |

Hivaxag 4.3: Xyetixd o@dhpota yio v extiunon tou f(A)b yenowonowdvtog
1) StavuopaTixt| exTiUneT EVOS Gpou .

Mapdderypa 4.2. Aavvopanixés exnprioeg 6o dpwv ya to AY?b,

Ocwpolye Tov urn-cuuueteixd mivaxo A = dw256B oidotaong p = 512
TOU TEOEpYETAL antd TPOBAYUUTA NAEXTEOPAYYNTIOUOL X Eyel emthey Vel and
™ oulhoyy mvdxwy SuiteSparse Matrix Collection [23]. O nivoxac autéc
elvan Slarywviotuog ue detixée wiotyéc xou xahrc xatdotaong (k(A) = 3.7328).
Extipolye tny nocdtnta AY2b yia 800 OlopopeTd draviouata b. Emthéyouue
10 TPpGTO Bidvuopa b vo tpoépyeTan and TV ouoldpopen xatavour; (deltepn
oTHAT TOU Hivocxcx %o TO OEUTEPO DIAVUCUA VoL TROERYETOL UTO TNV XAVOVIXT)
xotovoun (tpitn othin Tou Iivaxa . H npocéyyion autov Twv T0GoTHTWY
EYIVE [UE YPY|ON) TNG OLXOYEVELNS DLAVUGHATIXWY EXTYNCE®Y 000 6wV Py, &
Yo SLdpopeg TWES TV TapoéTewy 1 xar k. To anotedéoporta tapouctdlovtan
otov Tivosco 4

‘Onwg ynopolue va topatnpricouue otov Ilivaxa YPTCUWLOTOLOVTIG TNV
OWOYEVELYL DLAVUGHATIXWY EXTINCE®Y 000 0pWYV P, 1, YL OLAPOPES TWIES TWV Ta-
CUUETEWY N, K, UTOROUUE VoL ETUITUYOUUE OYETIXY GQOIALTA TS TAENG 0(10_3)
H O(107%). Ty tehevtada ypopph autod tou Iivaxa xotaypdoetor To péoo
oyeTx6 o@dhya (mean relative error - MRE) twv exturioewy yio tic Sidgpopeg
TIEC TWV TOPAUETPWY N, K.
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(n, k) Lyet. Lpdhua LyeT. Lpdhua
’ b =rand(512,1)] | [b = randn(512,1)]
(1.0) 9.9679¢-4 777554
(1.1) 1.9075¢-3 1.1618¢-3
(1,3) 3.6696e-3 1.3892e-3
(1,-2) 3.6671c-4 8.3626¢-4
(0,4) 3.5097e-3 4.4683e-3
MRE 2.0901e-3 1.7266e-3

Hivoxag 4.4: Extyoviag tny nocotnta Al/2p v Tov mivaxa A = dw256B
OLdoTAGNE P = 512 YENCILOTOLOVTAUS TNV OLXOYEVELL DLUYUCUATIXOY EXTIAGEWY
000 0pWY Yl BLAPORES THES TV TUQUUETOWY 1 X K.

IMapdderypa 4.3. Awwvvopatikés exnproes wpidv dpwy ya o exp(A)b.

Ocwpotue Tov wivaxa Poisson didotacng p = 1600 o omolog neprypdpeton
oty Evotnra . Yuyxexpwéva, Yewpolpe tov mivaxa A »¢ Tov TohhamAd-
oloud tou mivaxa Poisson pe 0.02, mou unopel va tpoxder ue v EVIOAY Tou
MATLAB A = 0.02 x gallery('poisson’, 40), [68]. Enione, emhéyouue 800 Bio-
popeTixd dtavicpata b. Ocwpolye To didvucua b WoTE 1) i—00TH ElGodo¢ TOU
b vo 1ooUton Ye TNV eganTouévn Tou avtiototyou Seixtn 4, dnhadh b; = tan(i),
i=1,2,...,p (dedtepn oTHAN TOU Hivocm(. To debtepo ddvuopa b mpoée-
YETOL amd Ty ouotopopen xatavopr (teitny othin tou Iivaxo [4.3)).

Extgotyue ty nocdtrta exp(A)b yio autd ta 0o daviouata b. H extiun-
OY] AUTOY TWV TOCOTATWY EYEL YIVEL YETOLOTOLOVTIS TNV OXOYEVELX OLUYUOUA-
TIXWV EXTWACEWY TELOY 0pWY P s ¢ Y10t DLAPOPES TYIES TV TUQUUETOWY
n, k xau £. To anoteréopata mapovaidloviar otov Iivoxa .

‘Orwe propolye va tapatneicouue otov Iivona YETCUOTOLOVTOG TNV
OWOYEVELL DLUYUCUATIXMY EXTIUAGEWY TOLWY 60OV P, 1 ¢ Yo OUPORES THIES TWV
TORUPETEWY N, K, £, ETTUYYEVOUUE IXAVOTOTIXE GYETIXY CPAMNINTA. SUYXE-
APUWIEVDL, TOL OYETIXA GQIAUATH TOU TEoxOTTOUY elvan TG Tadng 0(10_10) Ol
O(1078), av 1o apyxd ddvucya b etvar Tuyado | b; = tan(i), i = 1,2,...,p,
avtioTotya.
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(n, k, ) LyeT. Eq)d().\poc Yyet. Ypdhua
T [b; = tan(i)] | [b = rand(1600,1)]
(1,0,0) | 1.6454¢-6 1.6563¢-10
(1,2,0) | 2.867Le4 5.8612¢-5
(1,0.3) | 4.0753¢-8 6.7314¢-6
(1,2.5) | 1.9537¢-6 4.5347¢-6
(1,2,3) | 9.2279¢2 1.5779¢-5

Hivoxag 4.5: Extip@vtog 1o yvouevo exp(A)b yia tov nivaxa Poisson dtdoto-
orng p = 1600 yenotLOTOLMVTAUS TNV OLXOYEVELX DLUVUCUATIXGY EXTILCEWY TEI-
OV OpWY Lol DIAPORES TIES TwY TopaéTowy n, k xon L.

Mopddevypo 4.4. f(A)b: Xbyrpion twv davvouatikdy ektipfioewy 6o kai
TPIOV Cpawv.

Y€ AUTO TO TUPAOELYUM, CUYXPIVOUUE T1 CUUREPLPORE TWV OLOYUOUATIXGDY
eXTUNOEOY 000 Xat TPy dpwv. EWxdtepa, extpolue tny nosdtnta f(A)b yia
OLdpopeg emAOYEC Tvaxwy A, davuoudtov b xou cuvaptioewy f. Extwolue
v noaotnta f(A)b yenowonowwytag tn Slavuouatixy extiunon 600 6pwy G
XL TN DLAYVOUATIXT| EXTIUNCT TEIOY 0pWY P1,0,0-

Aoxiudlouye tov wivoca KMS ddotaong p = 800 ue » = 0.2, o onolog
neptypdgeton oty Evétnra [1.7  Exniong, dewpolue tov Staywviowo mivoxa
A € R300300 16y omofou ta oroyeta etvar opolbuoppa xotaveunuéva, [58].
Autéc o rmivaxag ebvon un-oupuetpde xaw adplotoc (indefinite) pe pryodixée
woTPES. Mmopolue Vo XUTAGKEVAGOUUE AUTOV TOV TVAXOL YETCLLOTOLMYTAS
v evtorr; tou MATLAB A = rand(300)/100.

O ddhot mivaxeg mou yernowonotinxay €youy emtheydel and 1 cuiloy
Tvdxwy SuiteSparse Matrix Collection [23]. Ou nivaxec ex1 (Un-cupuetpixoc)
xou Chem97ZtZ (ouppetpindc) etvon Saywviowor ye didotaon p = 216 xou
p = 2541 avtictorya. O Tedeutaiog mivaxag mou doxwudotnxe eivor o Tre-
fethen_500 o omolog elvon cuppeTeinde, Vetind opouévog, ddctaorg p = 500.
To aroteréopata magovoidlovtan otov Ilivaxa Yuynexpluéva, oTig 0o
tehevtaleg othheg tou livona AATAYPAPOUUE TA OYETIXA CPIAUUTA TOU
TEOXUTTOUY YENOWOTOIWYTC T OLVUOUATIXT) EXTUNOT) 000 0pwy P1 o X0t TN
OLVUCUOTLXY) EXTIUNGY) TELOY GpWY @1 0,0 AVTIGTOLY AL

Yov Mivaxa .6, mopatnpolue i n Slavuouotins| extiunom tetdv dpwv
©1,0,0, ETLTUY Y AVEL XANDTEQA OYETUY CPIAUATA EV GUYXRICEL UE TT) DLAVUOUATIXT)
exTiunon 6o Gpwv P .
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’ Mivoeoc A \ Sudvuopo b \ ouvdptnon f(A) \ P10 \ ©1,0,0 ‘
KMS(800,0.2) | rand(300,1) Tog(A) 1.8984¢-2 | 8.2507e-4
KMS(800,0.2) | randn(800, 1) VA 1.3775¢-3 | 4.8433¢-5
rand(300)/100 | rand(300,1) exp(A) 3.0348¢-2 | 5.8355¢-8
rand(300)/100 1 VA 1.3289¢-2 | 1.3277¢-2

erl 1 exp(A) 2.4133e-8 | 8.3008e-12

erl randn(216, 1) exp(A) 5.3671e-7 | 2.8318e-11
Chem97Zt7 1 VA 7.2613e-3 | 6.4037e-3
Trefethen_500 | randn(500,1) log(A) 6.8993¢-3 | 6.0093¢-3
Trefethen 500 | rand(500,1) sign(A) 4.1969¢-4 | 6.4524e-4

Hivoxag 4.6: Extuovtag thy nocétnta f(A)b YENOULOTOLOVTOC TIG OXOYEVELEG
OLUVUGUOTIXWY EXTIUAGEWY BUO %ot TPLOY GpWV.

[Mopdderypo 4.5. Mia epappoyri tou AY2b.

Ocwpole tov mivoxo cuvdlaxiuavone A = covariance(p, o, 5) Sidotoong
p = 2000 yia Sidpopeg TWES TwV Tapauétewy a, S € R. Ileprypagpr autod tou
nivaxa uropet va Ppedel otny Evotnra[l.7] Y taniotxd, éva and 1o mo ou-
vihopéva tpoBifuata etvar 1 derypatorndia and pla toAuvuetaBinth Gaussian
XoTovoUT) Ue VeTxd oplopévo mivaxa ouvdloxuavone A, [20]. Xe avtd to tpo-
BhAuara, epgoviletal To YIVOUEVO AY2b 6700 b = randn (2000, 1). E)éyyouue
T CUUTIEQLPORA TV OLAVUCUATIXWY EXTWACEWY P10 XA P1,0,0 Yid OLEPOLOUG
Tivaxeg ouvdloacOpavong. Ta armotedéopata mapoucidlovtar otov Iivaxa .
‘Onwe pmopolue va BOUUE, 1) CUUTEQLPOPY TWY EXTIUARCEWY Efvar oyeddY (OLa
YLt Toug TVAXES CUYDLIXOUAVOTS TOU DOXUWACUUE %ot ToL avTioTOLY A OYETXE
o@dhuaTo efvat avorotnTixd.

’ (o, B) ‘ P10 ‘ $1,0,0 ‘
(1,1) | 9.8098¢e-4 | 2.3706e-4
(1/2,4) | 1.2601e-4 | 1.0777e-5

Mivoxag 4.7: Lyetind oQINIATO TWY DUVUCUATIXWOY EXTYHOENDY 000 Xl TEIWY
OPWY YOl TO YIVOUEVO AY2b yio mivoeg CLUVOLIXVUAVOTC.
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Mopdderypo 4.6. Exupdvas t poper X' exp(A)Y, XTY = I,,.

Oewpolye Tov dtaywviowo nivaxa A = rand(300)/100, o onofog teprypdpe-
ot oo Tapddevypo [E.4] Extyuodue ) popeh

X exp(A)Y,

6mou X = [ e, 2e; + e, } € R2 o V = | e — %eQ, %e2 e
R3O0 XTY = [, [58]. Tlpoxewévou vo extiumdel oauth 1 popeh, yernot-
LOTOLOVUE TIC dtavuopatixéc extiufioeic X1 @, xow X7 G 10 (4.26)), yio
OL8POPES TWES TV avTioTOLY WY TUpAUETPWY. To OYETINE CPIAYUTA AUTWY TWY
exThoewy xataypdgovio otov Ilivaxa [f.8 ‘Onwe napatnpolue oe autdv tov
ivoxa, ymopolue va emtdyoulue avorotntixy| axp{Bela yerowonowyTag eite
TNV OXOYEVELN SLOYUOUATIXGY EXTIUCEWY 800 6pwv EITE TNV OIXOYEVELXL Dlayu-
OUATIXWY EXTWHCEDY TELOY 6pwV. 26TOCO, 1) OLXOYEVELNL TWY OLOVUCUOTIXGWY
EXTWACEWY TEIWY OpwVY UTopel Vol emTOYEL XUADTEQU ATOTEAECUAUTA. JUYXEXQL-
UEVa, 1) TAEY TWV OYETIXWY CQUAUATWY Yid XTgbn’k etvar O(107°) %o N T4EN
TWY GYETIGY GQohpdTev Yot X TPy, 1 o xupaiveton petadd O(107%) xon O(1077).

| X' Pk | X Pt |
(n, k) | Eyet. Soddhua || (n,k,0) | Xyet. Lodhuo
(1,0) | 4.6408¢-5 (1,0,0) | 9.0910e-9
(1,1) 9.0938e-5 (1,—4,0) 4.7983e-6
(1,2) | 8.3419¢-5 (1,0,1) | 2.5599¢-8
(1,3) 8.3175e-5 (1,0,2) 2.5774e-8
(1,7) | 8.3169¢-5 (1,7,3) | 1.6071e-6

ITivaac 4.8: Tyetnd opdhparo yioo Ty extiunon e popohc X7 exp(A)Y ue
A unrouppetoxd wivoxa xon XTY = I,

Mopddevypa 4.7. Exuudvras ) popeny X1 f(A)Y, XTY # I,,.

To mopddetypo autd elvar TUEOPOW UE EVA TOQADELYUO TOU UTHEYEL OTNY
epyooio [58]. 'Eotw A € R100X100 gy 5 CUUMETELXOC, VeTIXd 0plouévoc Tivaxag
UE LOATEYOUGES OOTWES GTO OLAG T [2,4]. Mmropolue va dnutoupyficouye
auTtéY Tov Thvaxa ypnotwonowwviac Tt oyéon A = QDQT, énou D ebvar o
ooy wviog Tvoxag Tou TERLEYEL TIC D0oUEVES WtoTIES Tou A xan Q) elvon €vag
oploymviog ivaxag mou uropet va tpoxidel pe Ty eviohr tou MATLAB @) =
orth(randn(p,p)). Mac evdiogéper 1 extiunon tne popeiic X' f(A)Y, brou
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D 1
X = |: 3617 562 + e3 :| c R100X2 xor Y = e + 5637 e; + es c R100><2,

X1y £ I, Aoxwdloupe téooeplg daupopeTiés ouvapthoec f.  llpooey-
YiCouue auTH TN PopPY| UE TN YPNON TWV BLVUOUATIXWY EXTIUACEWY XT@LO
xor X7 P100. Kotaypdgpouye tor avtio oo oyetind o@dhuota Yiol TV Tpocéy-
yion e popwtic X7 f(A)Y otov Hivoxa . ‘Onwe mapatneolue 68 aUTOY TOV
ITivoxot, UmopoUUE VoL ETITOYOUPE LXAVOTOUNTIXG. GYETIXA COANUIATA YONOULOTOL-
OVTOG AUTEC TIC OLUVUCUATIXES EXTIUNACELS.

’ f(A) H XT@l,o ‘ XT@l,O,o ‘
A1 [12.6614e-4 | 2.7289¢-5
exp(A) || 1.1694e-3 | 9.8659¢-6
log(A) || 5.8018¢-5 | 2.7359¢-6
VA | 1.0499¢-5 | 3.3539¢-7

Hivoxag 4.9: Yyetind opdhuata yioo TNV exTiuncn e Hopghc XTfAY ue A
oUUPETEID, VeTixd opropévo mhvaxa xon XY # I,

YOyxpLon pe dhAeg pedbddoug

11 CUVEYEL, CUYXPIVOUUE T1) CUUTERLPORE TWVY BLAVUCUITIXWY EXTIUCEWY TOU
éxouv Tpoxdet yia To Ywvopevo f(A)b xon ) popwh) X1 f(A)Y pe tn pédodo
TN¢ TopeXBoAAC U avTioToLYES EXTWACELS Tou UTdpyouy ot dtedvr BiSAloypa-
plor. LUYXEXPUIEVYL, CUYXEIVOUUE TIC TROTEWVOUEVES EXTIUACELS YId TNV TOGHTY-
o f(A)b pe autég mou mpoxinTouy yenowonotwvTas 1 wédodo Arnoldi [48] ¥
uiot Tohuvuuxr, Tpocéyyion mou Teptypdpeton otny epyaoia [20]. Exione, ou-
yxplvouue Ti¢ Topaydeloeg exTUACE Yo TN LopoT XTfAY ue avtioTotyeg
extrioelc mou BaciCovtar oe xavovee aptiuntixfic ohoxifpwone block Gauss
xot anti-Gauss.

O aryoprduog block Gauss xau anti-Gauss nou yenoionoteitar oto Hapddery-
uo [4.10) neprypdpeton oty epyaoio [27] xou o xddwoac MATLAB urdpyer oty
lotooeAida http://bugs.unica.it /~gppe/soft /#blgaussexp.

IMapddevypa 4.8. f(A)b: H uédodog Arnoldi - H j1éfodos tng maperBolig.

2 qUTO TO TUPADELY A, CUYXPIVOUUE TIC TPOTEWVOUEVES DIUVUCUATIXES EXTL-
uroec Yo to ywvouevo f(A)b pe tic avtiotolyec mpooeyyioeic Tou TpoxinTOUY
yenouomoivtog Tov ahyoetduo Arnoldi. Ta anoteréouarta divovton otov Iiva-
PR 2o oL TVOXES o EYOUY YpenotloTotnUel TEQLYPdPOVTOL GTH TUQUTAVE
ropadetypata. XupBoriloupe Ye kq Tov aptdud TV amoaToUUEVKDY ETAVOAADENDY
Arnoldi dote va emtiyouue oyeTind o@dipata Blag Tdlewe Pe Ta avtioTolya
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OYETUE COANIAT TWV DLOYUOUATIXGDY EXTWACEWY TEIOY 00wV P100. Onwg
ToRUTNEOVUE o€ auTéY Tov Tlivaxa, o aprdudg twv enavarfdewy Arnoldi eup-
Tdron amd Tov mhvoar A, evoETnd avapepouye OTL o mivaxas dw256 5 ypetdle-
Tow POVO 3 EMAVAAPELS EVEK 0 TV GUVDLIOUAVOTS (covariance matrix) ue
Tapapéteous a = 8 = 1 amoutel 14 emavarfec wote va emiteuydel 1 (do Ta
wepBetag pe 1 uédodo tne mupexBohrc.

nivaxac A ‘ b ‘ f(A) ‘ Arnoldi ‘ $1,0,0 “speedup”
exl rand | exp(A) | 1.8002e-12 (k, = 6) | 1.0731e-11 1.2
exl randn | VA | 3.0297e-2 (k, = 10) | 2.9920e-2 2
dw256B randn | log(A) | 2.1910e-2 (k, = 3) | 6.0449¢-2 0.6
covariance(100,1,1) | randn | VA | 2.1202e-4 (k, = 14) | 2.3245¢-4 2.8
KM S(100,0.2) randn | exp(A) | 3.6915e-6 (k, =5) | 1.4288¢-6 1

[ivaxac 4.10: Extyuevtoc to yivouevo f(A)b yenoworowdvtog T Slavuouati-
x) extiunom TeLdY dpwy ot Ti¢ TpoceyYioelg ye T wévodo Arnoldi.

Qot600, olilel va onpeiwdel 6L 1 pédodog Arnoldi yropel va emtidyet xo-
Aotepeg extiunoels xadag o aptiudg Ty enavarfbewy auidvetal oAAd €Tol
augdveTton xou 1 TohumAoxotnTa. MNtnyv tedevtafa othHAN Tou ITivaxa Ol
Taypdpouue To “speedup”, 1o omoio oplletar w¢ TO TNRAIXO TOU apLiuoy TKV
AmotTOVUEVWY mVvp’s TN¢ Teocéyyiorng Arnoldi, dnhadh k, mvp’s, mpog Tov o-
evud Ty mvp’s TG exTUNONS P1,0,0, ONAXDY 5 mvp’s. H avaypapduevn Ty
expdlel To “speed up” g uedédou NG TULEXBONYS.

Mopdderypa 4.9. f(A)b: Holvwruuikés ekniprioes - Aavvopatikés exti-
pHnoe.

Y€ auTO TO TUPADELYUA, CUYXEIVOUUE T1 CUUREQLPORE TWV OLUYUCUATIXGDY
EXTIWACEWY UE Wio Tohuwvuuxy Tpocéyylon g nocotntac f(A)b y oup-
UETEIXOUS X VeTixd oplouévoug mivaxeg, 1 onola eyt otnv epyacia [20].
Ewbuotepa, extipolpe to ywvouevo f(A)b, v 6o Spopetinés ouvaptrhoels f,
ue b = randn(p, 1), yenotponotdvtag tn Stoavuopotixt| extipnon 000 bpwv 1
XL TV} DLVUOUOTIXY) EXTIUNCY TEWOV 0pwY P100. Emedr) to ddvuoua b etvan
TUY 0, TEEYOUUE BEXU PORES TOV ahYOPLIUO YId TOV UTOAOYIOUO TV P10, $1,0,0
%o UTOAOYILOUUE TO UECO OYETIXG OYIAUO. LUYXEIVOUUE To ATOTEAEGUATOL olU-
TOV TWV DUVUCHATIXWY EXTACEWY UE TA AVTIGTOLY O OYETIXA OQIAIATO TOU
xatarypdpovrton otoug Iivaxeg 6.1 xaw 6.4 oty epyaocto [20], yro xdmotouc oUU-
weTEw00g xon YeTixd oplouévoug mivaxeg and tn culhoyy| mvdxwy SuiteSparse
Matrix Collection, [23].
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’ mivaxoag A \ f(A) \ TOAUWY. TEOGEYYLON \ P10 \ 1,00 ‘
Trefethen_2000 | log(A) 1.8060e-4 3.3217e-3 | 3.1668¢e-3
plbuckle log(A) 1.0433e-2 6.9828¢-2 | 5.4545¢-2
plbuckle VA 2.87e-4 6.8554e-2 | 3.1275e-2
nasal824 VA 1.26e-3 1.2821e-1 | 9.5264e-2
nasal824 log(A) 2.6332e-2 1.4220e-1 | 1.3022¢-1

Mivaxag 4.11: Extiwdvtac tny tocétnro f(A)b yenotponoudvtog Tic dtavuouo-
TG EXTWAHOELG 000 X0 TRIWY Op®Y %ot Wio TOAUWYUUIXY TEOGEYYIoN).

‘Onwe umopolye Vo do0UE GToV Hivaxa 1 TROTEWOUEVT) UEVODOC ToREX-
Bohfic xou 1 TOANVWYUPIXT| TEOGEYYLOT), UTOPOLUY VoL ETTOYOUY GYEDGY TNV (OLa
TEE N opiBetag, ahhd 1 mohuwvuux tpooéyyion aratel k, = 200 enoavakieig
Yo autolg Toug mivaxes. Téhog, alilel va onuetwdel 6Tt auTH 1 TOAUGYLULXY
TEOGEYYION UTopel Vo emTOYEL TOA) IXAVOTOTIXES EXTIUNOELS YOl TO YIWOUEVO
exp(A)b, alugpwva e to anoteréopato tou napovctdloviar atny epyacio [20].

Mopddetypa 4.10. X7 f(A)Y: Apidunuikn odoxAripwon Gauss/anti-Gauss

- Aavvopanikés extiunoe.

Extotye t popof X7 exp(A)Y, érnou X = [ e, 2e;+ 3e, ] € Rrx?

2 1

Y =| e — 562’ 562 } € RP*2, yornowonowwvrog optduntixh ohoxhfpw-

on block Gauss xou anti-Gauss xou Ty mpotevéuevy p€dodo tne TapeXBORYS.
Aoxdloupe 500 TVOAES Yo VO GUYXPIVOUNE T1) CUUTERLPOPS TWV ToQIY OUE-
VWV EXTIPACEWY. LUYXEXPUEVA, D0XUWALOUUE TOV UN-GUUUETEXO, Slaywvicluo
nivaxa rand(300)/100, o omoloc meprypdpeton oto Iopdderyua X0t TOV
ouuueTexd mivoxa A = QDQT ve xopLoUEVES IBOTYIES TOU TEQLYPAPETOL
oto Hopdderypa[t.7 Ta anotehéoupata nagouctdlovrar otov Hivaxa .12} Ytig
TapeviEoelg autol Tou Ilivaxa xataypdpeTon 0 ypdvog EXTEAECTS OE BeUTEROAE-
nta. ‘Onee unopolue va 60UUE and To ATOTEAEGUATA TOU TUPOUGLALOVTOL GTOV
Hivocxoc emTUY Ydvouue io dixann oxplBetar xon e Tig U0 ueEBGOOUS, A 7
axpiBeta eaptdTon copng and Tov mivoxa. H npocéyyion mou Bacileton otny a-
evdunteh ohoxhfpwon Gauss xon anti-Gauss urnopel yevixd vo emtiyet oaxpl3els
EXTWOELS OE OLVTOUO Yeovixd ddotnua. H npotewvouevn uetodog napexBohng
uropet va emthyel dixaleg EXTIUNCEL O GUYXPIoWO YpOVO EXTENEDTS.
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| rmhvaxog A | block (anti) Gauss | X"¢10 XT¢100 |
3.1969¢e-6 3.0993e-4 5.0143e-9
rand(300)/100 | 1g 610563 sec] | [1.1209¢-2 sec] | [9.5020e-3 sec]
1.8063e-6 1.1683e-3 5.9752e-6
_ T
A=QDe [9.2280¢-3 sec] [4.3060e-3 sec| | [9.4030e-3 sec]

Mivoxag 4.12: Extiuovtag T popgt XTfAY YETOWOTOIOVTS TS OLXO-
YEVEIEC DLOUVUCUOTIXWY EXTIUACEWY 0U0, TEIWY 6pwy xat TNV aptduntixy, oho-
xMpwon block Gauss/anti-Gauss.
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Kegpdhawo 5

Extilunomn tng YEVIXELVUEVYNC
CLUVAETNONG OLACTAVPWUEVNG -

emuxVpwong (GCV)

H yevixeupévn ouvdptnon Swotavpwuévne-emixlowong (generalized cross - val-
idation (GCV) function) eivon évor podnuatixd epyodeio mou yprotuonoteitol
eLPEwS 0E TOAAG TpofAfuoTa Tou Tydlouy amd TNy Tepoyh TNg AprunTing
Avddvorng, e Ytatiotinic x.o. O oxpi3ric utohoyionde auThC TG cuVdp-
NoNg elvon EPIXTOC LOVO oE TRoPAAUATH XEH DIdCTACNC, CUVETWS XEivET
avaryxato 1 extiuncy| g, Xe autd TO xEQAAUO TUPEYOUUE EXTIUACELS YLl TN
OLVEETNOY AUTY| YETOWOTOWWVTAS TN W00 TNg TapexBolrc xar To Ocprnua
tou Hutchinson. To anoteléouata mou mapoucidlovior o autd TO xEGAROLO
elvan pépoc e epyaotac [56].

YupPoropodeg 5.1.
Xdpw ovvropias, n yevikevuérn ovvdptnon owaotavpwpérng - emklpwons a
aroxaAeiar ovvdptnon GCV.

H ocuvdptnon auty| etofjydn and toug Craven xon Wahba to 1979 otny
epyooia [21] xou diveton and tov tHno
|Az, — b|”
(Tr(I, — Au))2

Vi) = (5.1)
omouv A € RP*™ ebvan o mivoxag ouvteheotwy xot b € RP elvor To Sidvuoua
otadep®y bpwv, Tou TEPIEYEL EVa dYVWGTO opdhua e € RP, tou ypouuxol ou-
otiuotoc Az = b (= beyaer + €). Eminiéov éyoupe A, = A(ATA+pl,) AT,
x, = (ATA+ pl,,) P ATb %o p etvon ) mopdpetpog xavovixoroinore. H pédo-
60¢ GCV Baotletan oe ctatioinéc Yewphoei, dnhady 6Tt uio xah? Tiur g
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KE®AAAIO 5. EKTIMHYXH THY I'ENIKEYMENHY. ¥ TNAPTHYHX.
ATAYXTAYPOMENHY. - EINIKYTPOYHY. (GCV)

TopoETEOU xavovixomoinong Vo meeEnet Vo TpoBAEdel Tig THES DEDOPEVWY TTOU
Aetmouv.  Auth 1 wédodog efvon pla pédodog mpoBiedne 1 omolo mpaypotele-
TAL TNV EAUYLOTOTOMGT) TOU TRPOBAETOUEVOU UEGOU TETEUYWVIXOU GOIAIAUTOS
(predictive mean-square error) ||Az,, — begact||, 6TOU begaer €V T0 dyvdGTO
Stdvuopa mou Bev meptéyel opdhua, [44] cen. 184].

Yty epyooio [67] o Wahba €deiZe 6w av ixavonoteitar 1 Stoneprt cuvihxn
Picard xou o $6pufoc etvon heuxde (white noise), 1 tiur Tne napogéTpou xavovi-
xomoinong i mou ehaytotonotel Ty avauevouevr Tl tne V(u) eivan xovtd ot
Veom ehayloTou TNG AVAUEVOUEVNS THING TOU TEOBAETOUEVOU UEGOU TETROY WVL-
%00 6QEANUaTOC || ALy, — begaet||. Emouévoc, 1 ehaytotonoinon e ouvdptnong
GCV ¢ npog 1 odnyel otny extiunon tng TapauéTpou XaVoviXoToineTg.

5.1 Xvuvaptnon GCV xa Siypouuixes poe-
PES
H cuvdptnon GCV unopel loodivaua vo ypagel Ue Yp1oT Ory popuuLX®y Lop@mYy.

Yuyxexpiéva, otny epyocia [57] mapovotdotixay to oxdhovda arotehéopara.

Aqupa 5.1.
Ioyvea éu I, — A, = u(AA" + ul,) L.

Andéoaén.
‘Eyouue 6t
(AAT + ulp) "N (AAT + ) = 1,
= (AAT 4+ ul,)PAAT + p(AAT + ul,) "t =1,
= u(AAT + pul) ' =1, — (AAT + pul,)tAAT. (5.2)
AvuxoioTdvTog TNV ToUTOTNTA

(AAT + ul) 'A= A(ATA + ul,,) ™!

ot oyéon (0.2) mpoxintel 1o {nToyevo. O
Aqppa 5.2.

loyve éu || Az, — b||> = ub" [1(AAT + ul,) 2] b= 126" (AAT + pul,)~2b.
Ardoeén.

‘Eyouue 6t

|4z, — b]]* = (Az, — b)" (Az, — b)
— [A(ATA + L) "ATb —b)" [A(ATA 4 pl,) " AT —b] . (5.3)
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H toutétno tou Afuparoc
I, — A(ATA + pul,)) AT = p(AAT 4 pl,)

uropet va yenotworounlel xat to de&i péhog tng 1} amhomoteltan xon yYpdpeTon
¢ g
| A, — blJ? = BT (AAT + pul,) b,

O
"Etou, détovtac B = AAT+u]p, o tUTo¢ ¢ cuvdptnong GCV urmopet
VoL YRUQEL UE TN YPNOT DY QUUUIXWY LORPOY WS EEAS

b" B~2b

@B P .

Vip) =

5.2 Extiunon tng cuvdptnone GCV
‘Eyovtag exgpdoet tn ouvdptnon GCV ue ) Porleia drypoixtdy Loppwy,

UTOPOUUE VO TEOYWEHICOUUE OTNV EXTIUNGT, TN LUYXEXEUEVA,

e o apuluntrc g cuvdptnong GCV, dnAady| 1 tetpaywviny| pope bTB*Zb,
Yo extiundel ue ) yerion ™ uevddou tne TapexBoAtc,

e o Tapovouao g Tng cuvdptnong GCV nou mepieyet to Tr(B~') Yo exti-
unvel ue 80o tpémoug. O mpwtog Paciletar oto Ocwprnua Tou Hutchinson
xon T uEY0d0 TNE TUPEXPBOAAC XaL 0 DEVTECOC GTNV EPAUPUOYT TOU TOTOU

B3).
Ac¢ apyloouyue v Teply pdPoulE aVIAUTIXG TOY TPOTO EXTIUNOTC TNG CUVALTNOTG

GCOV.

5.2.1 Extignon tov tetpaynvixdy poppdy ! B iz,
qg=1,2

Aodévtoc evoc mivaxa A € RP*™ Bétoupe tov nivaxa B = AAT +ul, € RP*?,
0 omolog efvol GUUHETEXOC xou VETXS 0ptouévoc.

o xdde axépono n xon xdde didvuoua © € RP, uropolue vo oploouue Ti¢ pomég
Tou Tivaxa B € RP*P (¢

cn = cn(B,x) = (x, B"x),
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ATAYXTAYPOMENHY. - EINIKYTPOYHY. (GCV)

XL TS POTES TOU Tivaxa AAT ¢
=s,(AAT = AAT™ Z
Sn = Sn( ) = (x,( )"x), n €.
Or pomég s, ToU Thvoxa AAT o ot POTES ¢, TOU Tivaxo B cuvdéovian pe T
oy€on mou TopouctdleTal oTNY axdloulT) TEOTACT).

ITpbtaom 5.1.
O1 potés ¢, 1kavomoolv tn oyéon

" /n
Cp = Z (k)uksn_k, n € N. (5.5)
k=0

I'a aprnTicols axepaiovs, o1 porés tov rivarxa B ikavorowolv tn oyéon

= n+k—-1\ _, _
c_, = Z(—l)k( i >,u s, n €N, (5.6)

k=0
n!

drov (3) = Kl(n — k)

€ivar 0 01wy UHIKGS CUVTEAEDTIS.

Anédoeén.
Mropotue va anodeiloupe ot

ATty =3 (1) ATyt = (1) aaary

k=0

YETOUWOTOLOVTS TO DwVUIIXO Jewpnua yia TVAXES TOU ETUXOVKDVOUY (com-
municated matrices). "Etot, woylet

2T (AAT + ul,)"x = x” <§n: (Z) u’“(AAT)”—k> T =

Qe E (o

Emniéoyv, yrmopolue vo amodellouye 1 YEVIXEUOT] TOU SlwVUUX0oU VWP UAUTOS
YLl AEVNTIX0UE UXEPAULOUS GE LORPQY) TVEXWY, ONAUOY

= k —
(AAT 4 ul)" Z (" * ) R AATYE,
—0
nou cuyxhiver yia [|AAT || < p. ‘Etor amodexvietor o tomog (5.6). O
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ITpotaon 5.2.
O1 ponés s, umopoly va ypagoly otn Hopen
y (AAT)2x, av n evar dpriog,
Sn = HynH y OTOV Y, = T T\ n=1 , ,
AT (AAY) Z x, av n elvar mepiTTdg,
ka1 katd ouvvérea s, > 0.

Aréoeién.
Loyoe ||y,

yly, = T [(AAT)3)T(AATY 2 = 2T (AAT)2 (AAT) e = T (AAT)"x = s,,.

12 = ylry,. Av o aprdude n etvar dptiog, éyoue

Ouolwg, av o apududg n ebvar TeptTTOg, €)0UNE

n—1 n—1

yny, = ' [(AAT)"T |TAAT(AAT)"T @ = 27 (AA")"T (AAT)(AAT)"T o =

=zl (AAT)"z = s,,.

]

Ocewpolue N gaopatx napayovionoinon (1.1) tou cuupetpxol mivono
B € RP*P you €10t oL poTéC ¢, UmopoUv Vo EXPEACTOLY w¢ opoloyota xou
APATWVTAS Alyoug 6poUg TEOXUTTOUY 0L aXOAOUTES OLXOYEVELES EXTIUNCEWY.

Extiwuroeig evég dgou

ITpotaon 5.3.

’ Z z 7 Z Z T -2 /
H owcoyéveia extipnoewy €vis dpov yia tny tetpaywvikn popen ' B2z Oive-
Tal awd tov TUTO

fo = 8072 (51 + uso) ™ 2 (sy + 2usy + pPsg)?, veC (5.7)

ka1 1kavorolel T oyéon

s so(s2 + 2us1 + p2so)

fo=p—"—, p=
(814 pso)? (81 + so)?
EmmAéov, vndpyer pta tiun vy ya tnr rapduetpo v € C n ornola dfvetar and
Tov TUTO

log ( Sg )
= ] sl e ) Ly
2log p (814 ps0)?
TETOIL DOTE f,,f = c_y. Avtr) n tiun vy Ua avagépetar ws n Pértiotn tiun ya
Ty napduetpo v.
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Arédoeén.
Aoufdvovtac unédw ta anoteréopata and v epyaoio [32], uio ouxoyévelo
EXTIUACEWY EVOC GpOU Yl TNV TeETPayVIXH Lopeh &l B~2x etvar 1) axdhoudn

f,=c 2, veC. (5.9)
Xpnowornowwvtag v Ilpbracr yon =0,1,2, éyouue
Co = S0, C1 = S1 + 1Sy, Co = So + 2us1 + p*so. (5.10)

Yuvdudlovtog tic oyéoec (5.9)) xou , TROXUTTEL 1) OXOYEVELL EXTIUNCEWDY
mou divetan and tn oyéon (5.7).
Emniéov, €youue

fl/ — 53721/({91 + /L80>4V72<82 + 2#51 4 lu280)721/
so" (514 pso)™ 53

(2 + 2ps1 + (1250)% (514 pso)?

o ( (51 + pso)? )QV ) 50
— \so(s2 + 2us1 + p?s0) (s1+ pso)?
o, S ,  so(s2 +2us1 + psg)
(81 + pso)?’ P (81 + ps0)?

Hapoduota oyéon yia TNV EXTUNGCT TNG TETEAYWVIXHS HOPPNS xT B~ 'x dive-
TaL oY) axOAoulT) TEOTACT).
IIp6taom 5.4.
Mia owcoyérveaia extyunioewy evds dpov yia tny TETPaywyikn Hopen Bz
otvetar ard tov tUTO

e, = sp V(51 + pso)™ (s + 2usy + pPsg) Y, veC (5.11)
ka1 1kavorolel T oyéon

v S0 solsat 2ps+ (s)
1+ pso’ (s1+ pso)?
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H pé\niotn tiun ya tny napduetpo v elvar

2
i G R RE RS
- So(s s s
v, — C-1(S1 T HSo L p= 0(S2 K51 2M 0 £, (5.12)
log p (s1+ pso)

T€TOI WOTE €, = C_j.
Anédeln.
Anodemvietar 6mwe 1 Hpdtaon O
Adqupa 5.3.

Forw x € R?, y = Be € R? ka1 L = Y ;.. (Y —z;1)°. Fow €
évas mpaypatikds apripds étowg bdote 0 < ¢ < 1. Av L € [0,¢€), tdte o1
PEATIOTES TIHES Yia TIS TapapéTpous Twy eKTIUNoEewY €viS dpou Tpooeyyilovtal
and ve ~ —1 ka1 vy >~ —3/2.

Andédeén.

H rautétnta Lagrange umopet vo ex@pactel og Hopgy| Slovuoudtwy wg e€hg

2
lzlPllyl® = (z.9)* = > (wy; —zu)°.
1<i<j<n
[ %dde Sdvuopo & € RP xou éva didvuoua y € RP 1tng yopgrc ¥y = Bz,
€Y OUNE

1 lyl*— (2, y)* = |=|*|| Bz|*~ (=, Bx)* = ||=|*(Bx, Bx)—(x, Bx)* = coca—c].

Agol L € [0,€), toyler 6L coeg — ¢ =~ 0 = ¢oca =~ & xou 1 aviobTNTY
Cauchy-Schwarz oy 0et oyeddv cav wwdétnra. 'Etor, 1o x propel va npooey-
yioet Eva WodLdvucua Tou Tivaxa B xot €6Tw ot A efvar 1) avic toyn Wt
OewpwvTag 6Tt To T elval T0 i—00TO WIdLIYUoUA TOU B %ot antd T1) QaouoTixy
napayovionoinon tou nivaxa B, dnhadh B = UAUT, éyoupe

Ch1 T BF1g mTUAkJrl UTCB (UTm)TAk+1 (UTZB) eTAk+1ei pLan

= = = ~ ¢ = = )\
C x” BFx xTUNUTx (UTw)TA’“(UT:z:) el Are; Ak

CQCO Clel CoCp
~ AL 21 B ~ 20,

0 1 A C% C%
log(cg/cic.1) log(1/p)  —log(p)

C1C_1q 1
Onote, €youue ~ )\ - =1 xa
TOTE, €YOUY 2 3

AL Vp = o~ = = —1.
2
, log(caco/ci) — log(p) log(p)
Emnlong, woyle
3
c C_q1 €y CoCy €y CLClC & cacaq a a a (1)
5 = - (= Y = — .
C_2Cq C_o9C_1C1C C_1 Cpy Ca Co C1C_1 Cy Cg C2 C2 CpCa CpCa CoCa P
log(ct/c_oc?)  log(1/p)? 3
Omnorte, €youvue vy = (co/ ) ~ (1/p) = ——. O

2log(p) 21log(p) 2
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ITopopa 5.1.
Av p ~ 1 tbre v, >~ —1 ka1 vy =~ —3/2.

Aréoeén.

Agol oybel p~ 1= coea = & = coea — & = L € [0,¢61).
‘Etot, wavornoteiton 1 unddeon tou Auuartog xou Ve ~ —1, vy =3/2. O

14 ’ ? 2
E%’CLV.‘Y]O'E:LQ 000 »ou TELLWY 0pwY

H etpoywvixt| popoh &’ B, g = 1,2, propel va extiundet ypnotuotoldyiog
ular oxoyévelo exTiufoEwy 800 6pwV €, ) Tou diveTol amd TOV ToEUXdTw TOTO,
[32]

5 71749 2 —q 2
ent =l g | + 15 Y|, n,k €Z, (5.13)
OTOU
2 CQlQ—Cl 2 Cl—C()ll Ti\/r2—4t
|a1| = l l ) |a2| = l l ) lLQ = ) ll 7£ l27
27— U 27— U 2
- Cn—1Cn+2+k — Cn+1Cn+k = CnCni2+k — Cnt1Cntltk
= , = .
Cn—1Cn+1+k — CnCntk Cn—1Cn+1+k — CnCntk

O potég ¢, divovta and
_ {ZZO (D prsnr, n=0,1,2,...
Cp =

Yoo (D s m= 2,

Mia xahyy emhoy?) Yo To (edyog Twv mopaétpwy n, k € Z Yo propoloe
va. gfvon pxpol axéponot aprduol WOTE 0 UTOAOYIOUOS TWY POTIGY YA YNV omouTe
TOMES aptdunTIXéC TRACELS XU TO UTOAOYIOTIXG x60T0¢ var efvon younho. T
10 AOYo autd, Vétouye n = 1, k = 0 xau mpocoupuéloupe Tov TOTO YL TNV
extiunom €19 0TV axdrouty) TpodTUOY).

ITpbtaon 5.5.
Mia extiunon 8bo dpwv ya tny tetpaywviknh popen €' Bz, ¢ = 1,2, efvai

éro =1 "an]? + 1y % asl?, (5.14)
omou
ly — — 5ol +/r2 — 4t
|041|2 = 20 (Sl +M80)7 ’042|2 - S %0 = % 1, lig= L, b 7& 527
lo =1 o — 14 ’ 2
2
S0S3 — S1S S$1S3 — S
TZLI;‘FQH, t:—13 §—|-ﬂ7'—lu2
SpS2 — 57 SpS2 — 57
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Aréoeién.
Ané v Tpdraon b.0] v n = 0, 1,2, 3, éyoupe

Co = So, C1 = S1+ 180, Co = So+2us1 + 1*So, €3 = S3+ 32 + 3p”s1 + 1’ so.
Ondte,

cocs — o€ Sols3 + 3usy + 3pPsy 4 pPso) — (s2 + 2181 + pso) (51 + pso)

Coca — So(S2 + 2us1 + w?sg) — (s1 + pso)?
S0S3 — 8182 + 2USSe — 2US? S80Sz — 5152
= ) = 2 + 2:“7
5052 — 57 S0S2 — S7
T ¢y _ (s1+pso)(s3 + 3psy + 3p?s1 + p’so) — (s2 + 2ps1 + piso)?
coCy — C3 So(so + 2181 + p2sg) — (s1 + pso)?
5183 — s% — US1S2 — uQS% + ,u23082 + 1SoS3 8183 — s% 9 S0S3 — S189
- 2 = s T 5
S0S2 — 57 S0S2 — 51 S0S2 — 57
2
§183 — S 5183 — S
= —_;—l—u?—i-,u(r—Q,u):—_;—i-,ur—uz.
SpS2 — 57 5082 — S

Avtxohotdviag Tic ponée ¢y xon ¢ and 1 ayéon (5.5), mpoxintel o ToROC
v o |agl?, i =1, 2. O

Axohoudwvtag ) dradixaocta mou Teptypddaue oty TroevotnTa Yo
TNV TORAY YT DLVUCUATIXOV EXTIUNCEWY TELOY 6pwVY Yo To Yvouevo f(A)b,
TEOXUTTEL 1) AXOAOUVT| OXOYEVEL EXTIUNCEWY TELOY GPWY YL TNV TETEOY WVIXT)
wopyf & Bz, ¢ = 1,2,

Enne = 1 |? + 15 an)® + 3% as|?, n, kL €Z, (5.15)
OTOU

Co — lgCl — l301 + lglgcg
(h=lL)(h—1)

|041|2 =

¢y — licy — lzer + lilze

(h—=l)(a—13)

|0€2’2 = -

. Co — l101 — l2C1 + lllQCO
(h—=1l)(—15)
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2
o= 3 Ap i 3t — 5° 9-2/33-1/2 3t — s + 272/314129
! 3 3.213 " 3.22/34, A, ’
2
. A, N 3t — §? L g23g1/2 3t — 5%+ 2’2/3/112,
273 3.218 " 3.22534, A, ’
s s2—3t
l, = B +-
K 3t 9B, '

1/3
A, = (279 + 3v/3\/45 — 1257 — 18lgs + 27g2 + dgs® — Ots + 233) ,
1/3

2 2\ 3 3

g s 3 ts g t s S

B =|2Z2-2 2 _ 247 - -
r—\2 6+\/(27 6+2)+(3 9) i

CnCntkCntt+4 — CnCnit+1Cn+k+3 — Cnt+kCnt+2Cn+42 1
w
+Cn+k+1cn+€+lcn+2 — Cntk+1Cn—1Cnte+a T Cpnyp12Cn—1Cnik+3
w

Y

Cn+1Cn+kCntt+4 — Cn+1Cn4-4+1Cn+k+3 — Cn+kCn444+3Cn4-2

t= +
w
+Cn+k+20n+£+lcn+2 — Cntk+2Cn—1Cnte+4 + Cn+€+3cn—lcn+k‘+3,
w
g= CnCn4k+2Cn+0+4 — CnCnii43Cn+k+3 — Cnt+1Cn+k+1Cnt04+4 i
w
+Cn+10n+£+20n+k+3 + Cntk+1Cn44+43Cn+2 — Cn+k+20n+é+2Cn+27

w

W = CnCntkCntt+3 — CnCntk+2Cn+6+1 — Cnt1CntkCntt+2 T Cnt1Cntk+1Cnte+1 —

—Cptk+1Cn04+3Cn—1 + Cnik12Cn1e42Cn—1-

Or potég ¢, divovtar and

T (utsnk, n=0,1,2,..
n Zzi()(_l)k(_nzk_l)/ﬁn_kska ne=.. . —2 1.
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5.2.2 Extiunorn tou {yvoug Tou avIleoTeopou

Ye auth) TV uToevHTNTY, Yo EXTIUACOVUE TO (VoS TOu aVTIo TROWOU TOL Tvaxd
B!, 1o ornofo eupavileTon otov mapovouao T g cuvdptnone GCV. H extiun-
on ot unopel va yiver pe dvo tpomouc. O mpdtog Tponog Pacileton oe évay
oToyaoTd exTUNTh 0 onolog avantiydnxe and tov Hutchinson, [51]. YXto
Afupo avapépoupe autd To amotéhecua. O deltepog TEOTOC exTiunomg
ToU {yvoug yivetaw UEGW NG EQupUoYNS Tou TOTOU Yoo TNV extiunon g
drarywviou Tou B xou xatd cuvéneia Tou emrduunTol fyvouc.

A¥ppa 5.4. [Hutchinson 1990, [51]]
FEorw A évag p X p ouupietpikds tivaiag pe pun-undevid fyvos. Eotw U uia
owakpiTr) tuyaia petapAntn n orola wajprer tués £1 pe mbavétnta eppdvions
1/2kaéotwou=[u - wu, ]T éva didvvopa e p aveédptnra Ocfyuata aro
ty U. Téte n tetpaywvikn poperi u’ Au efvar évag apepdAnrros extipuntis
tov fyvous tou A kai var(u’ Au) = 2 Z a?j.

i#]

H viorolnon tou Afuuorog amoutel €var delypo Tuy WY BLYUCUITODY
ue ototyelo 1 ye mdoavétnra eypdvione 1/2. Eotww N 10 péyedoc autod
Tou delypatog. 'Evag evahlaxtixdg tpémog EMAoYHS TwV SlaVUCUATOY T; TE-
orypdopetan oty epyacio [31]. Xuyxexpruéva, ta Svbopata &; emhéyovion vo
elvor ot oThheg mvdxwy Hadamard.

H péon tyh twv tetpayovixdy woppey F(xz;) = (x;, B 'x;) = z] B,
elvor Evag eXTWNTAS Yo TO {yVog Tou avTioTpdpou Tou Tiivaxa B xou diveton and

Zé\il F(zi)

T =S (5.16)
Ipoxewévou va unohoyiooupe tov extiuni T yia To {yvoc Tr(B™1), elvor o-
TOEATNTO VoL EXTUWHOOUPE TIC TETRAYOVIXES Woppés Flx;), 1 =1,2,...,N. H
extiunon auth Vo Yivel U yprion TwV OLXOYEVELDY EXTWNOEWY EVOS, 80O o
TELOY OpwY, OTLC aUTES Eyouy meprypagel oty TroevotTnTa . Atiler va
onuewwdel 6t oty epyacio [42] yenotpomoteiton autdc 0 extiunthc npooeyyilo-
vTog ®die TETPUY WVIXT| LOPPT) UE YPHOT TWV XAVOVKY apuiUNTIXNS OMNOXATROGCTS
tou Gauss.

YupPorcuog 5.2.
O1 extiuntés mov rpokUntovr ya to fyvos Tr(B1) ypnoporowdrtas tig exti-
pnoes evég, ovo kar tpidv dpwy Ja ovpBolilovtar ue Ty, Tz, Ts, avtiotoya.

AouBdvovtag todpa umod Ty e Lopey Tou mivaxa B uropolue va
Tpocapuocouue T oyéon (3.3) xou vo extyuioouue xdde Braydvio otoryeio
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tou B7L. Yuyxexpéva, Yétovtog A = AAT o mivoxag B exgpdleton g
B = A+ pl,. ¥tny npdtact mou axohoudel xataypdpouue 10 AnoTEAECUOL.

ITpbtaom 5.6.
To fyvog tou tivaka B™' umopef va exniundel and

Tr(B™') ~ Y d; (5.17)

hS]

1 ; . .
orov d; = p; " = ,pi:%,si:ZAii+2uAii+u2Ka1V€R.
Aii + o (An‘ + M) k=1

Anéoeaén.

An+p Ar Aup

. A Ao + A
Botw B — [Bz‘j} =A+ul, = 21 22. 2 2p
Apl APQ cee App + 12

Kdéde dayovio otoyelo (B™1);; unopet va extiundel ond ) oyéon (3.3) ue
f(t) =t n onota yiveton
1 1
di = p7V— = p7¥ = , VER,
P Bi; P A+ 1

6ToU
Si S;
Pi=Fs = 5 o
B (Au‘ + M)

p
— 2 A2 29 A 2 )
Si_ZBki_Au‘i‘Agi-i-"'—O—(Al-l-—i—u) 4+ .o+ A%
k=1

pr

p
:ZAzi—FZuAM—l—,uQ, 1=1,2,...,p.
k=1

p
Emouévee, To {yvog tou mivoxa B! umopet v extunel and E d;.
i=1

]

5.2.3 Extiunon tng nopopé€tpou xavovixonoinong

'Eyovtag extyfioet ¢ tocdTnTEC ToU eu@avilovTton 6ToV aptiun Ty xaL OTOV To-
covouucs 1 g ouvdptnong GCV umopolue va dnuroupyicouue tpoceyyioels
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YL THY TOEGUETEO XAVOVIXOTOINoNG [t ENAYIC TOTOLOVTOS TIg ooy detoeg exti-
UACEL. XTIC Topoxdtw TEOTAoE xou oTo avtioTorya moplouata divovton to
ATOTEAECUATA TTOU TEOXOTTOLY.

ITpotaon 5.7.
Mia extiunon evés épov yia tn ovvdptnon GCV eivar
~ fu
Vilp) = =, 5.18
) =7 (5.18)
émov n f, dtvetar and T oxéon (5.7).
IIopiopa 5.2.

H evég dpov GCV extiunon iy ywa tnv napdpetpo kavovikomoinons (i oivetai
ané

fin = argmin (ﬁ(u)) :

6mou n Vi(p) biverar and wov timo .

ITpbtaom 5.8.

Mia extiunon ovo dpwv ya tn ovvdptnon GCV efvar
Vali) = 75

omov 1 €, Olvetar anoé tn oxéon e q=2.

IIopiopa 5.3.

H 600 épwv GCV extiunon fia yia tny mapduetpo kavovikomoinons ji oivetai
ané

(5.19)

Y

o
6mou n Va(p) biverar and wov timo .
ITpbtaon 5.9.
Mia extiunon tpidv dpewv yia tn ovvdptnon GOV elvai

> Crkf

% = —=, 2.20

3(1) 7 (5.20)

OTOU 1) €y, ¢ OlVETAL ATO TN OXYEON pHeq = 2.

IIopiopa 5.4.
H i dpwv GOV extiunon fis yia thy napdpetpo kavovikonoinong (i 6ivetai
ard

fis = axgmin (Va(u))

I

drov n V() divetar and tov timo :
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5.3 Aidotnua EUTICTOCLVYS YA TN CLUVAE-
tnon GCV

Ye auth TNV evOTNTa Vo XUTAGKEUAGOUPE €VoL DIAOTNU EUTIGTOGOVNS VLol TN
ouvdptnorn GCV. Ilepiocdtepec mhnpogopieg oyeTixd UE TOV TPOTO XATAOHEVTS
SLICTNUATWY ePmioToovne uropoly vo Beedolyv oto Bifhio [T0]. Apyixd, Va
TOEAYOUPE GEdyUaTo Yo Tov aptdunth tng ouvdptnone GCV, dnhad yio tny
TETPAY WVIXY] HOPYT b’ B—2b. ‘Eretta, AayPdvovtag undduy 6Tt t0 fyvog Tou
nivaxa B extipdton and plo péorn T, uotetdvToe 1oV 6ToyaoTid extiunt
Tou Hutchinson, unopolue va xotaoxeudcoupe Eva SIAo TN EPTOTOOUVNS VLo
T0 Tr(B_l). Yuvdualovtag auTtd To AnOTEAECUATO TEOXUTTEL EVOL OLAC TN
EUToTOCUVNC Yo T ouvdptnon GCV.

5.3.1 @pdypota yia TNY TETEAY WVIXH open bl B%b

ITp6taom 5.10.
H tetpaywviii popen b B2b gpdooetar og €€nig

L - Ll
Y-S (b, B7%b) < o (5.21)

OTOU Appin, Amaz €101 1) €Ady10Tn ka1 n uéyrotn wionun tov nivakae B avtiotor-

xa.

Anéoaén.

[ pla gdivouoa cuvdptnon f, woyter [32]

b"f(B)b
b'b

D f(z) = 272, éyouue

f(Amax) S S f(>\mm) = Hb”Qf(Amaz) S be(B)b S Hsz.f()\mm)

|1b]? - |b]?
A2 S(b’B 2b)§)\2' :

]

Aopfdvovtog unddy tn oyéon avdueoa ot U€Vodo g TupeXBoMAS xot 6T
oradtxacto mou Pacileton oty dprduntixr ohoxAfipwor tou Gauss yio extiunon
Suypoppxv woppwy [32] B4], tpoxtnter 1o axdhouto xdtw @edyua.

ITp6taon 5.11.
H wetpaywrikn popeni (b, B=2b) gpdooetar wg €€Rg

é10 < (b,B7%), (5.22)
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dTov é1 o efvar n extiunon dvo dpwv ya Ty tetpaywriky poper (b, B=2b) mou
dtvetar and T oxéon (5.14).

Anédeén.

H ropdywyog tétaptne té&nc e ouvdptnone f(z) = 272 etvon f® = 120275
1 omolo efvor Yetnr). Kotd ouvéreia, 1 extiunorn 800 dpwv €1 ebvon xdtw
(pedypa Yio TNV TETpaywViXT wopoh b B~2b, [32]. O
‘Eva dve @pdypa Yoo TY TETRAY0VIXT Lop®T| BveTal Gty axdhoudn TedTacT).
ITpotaon 5.12.

Bra gpdyua yia tny tetpaywvixr) popeh b B~2b civai
|b]”
p*(B)’
dmov ko (Q) elvar o delktTng Katdotaong tov wivaka twy 1B0davvoudTRY, @, Kal
p(B) etvar n paouatiky axtiva tov B.

Anéoeaén.
Ioyvet 6t || f(B)|l2 < k2(Q) - f(p(B)) [A8, oeh. 102]. Ia f(x) = 22, éyouye

(b, B7%b) < £(Q) (5.23)

1
ou | B72|, < RQ(Q)m. Xenowonotwvrag Ty avio6tnta Cauchy-Schwarz,
p
€Y OVUE
(b, B~*b) < |(b, B7°b)| < [[b]| - [|1B7b]| < [[B]]* - | B*]| < HbHinz(Q)pg(B)-
[

5.3.2  AdoTtnpa epnictochvne v to Tr(B™1)

Youpwva ye o Oewenuo tou Hutchinson to fyvog evéde mivoxa, xan otny me-
elmtwomn mou Pag EVOLIPEREL To (Vo Tou avTIo TEOGOoL Tou Tivaxa B, umopel va
extunUel pe ) péon T TETPAYWVIX®Y Pop@ay. OToTE, UTopOoUUE VoL XoTa-
OXEVACOUPE éva DidoTNUa eumioToolvne yia T Yewpntixh twh tou Tr(B~1).
'Etot, éva 100(1 — a)% Sidotnpa eumiotooivne Yo to Tr(B™1) ebvou

Pr <TT(B_1) € (T— \/iﬁza/g,7+ \/iﬁza/z)) —l-a, (529

omou N etvor to péyedog Tou DElYUUTOC TV TUY®Y dlavucudtwy x;, T eivou
T UECT) TWY| TOV TETPAYWVIX®Y YopPoY Tou efvar 1 extiunon mou €youue Peel
Yo T0 fyvoc Tr(B™1), s elvon 1 Tumnd ambxhon Twy TETRAYWIIXAY LOpOOY, &
elval TO ETUINEDD OMUAVTIXOTNTUC XA 2o/ EIVAL 1) xploWn TIUA TNC TUTLXAS XOVO-
VXS XATAVOUTG, ONAaDY| TO dve a/2 nocoouaio oTMUElo TNG TUTLXAS XOVOVIXT|S
xotavourc N(0,1).
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Kataoxeun dlactipatog ewmiotoolvng yia tn cuvdetnorn GCV
And  oyéon (5.24) woyder n oxdhovdn oviodtnTo e miavétnta 1 — a

! < ! < ! (5.25)
S —1 S . ’
T4——p ., Tr(BY) p__5_ .
VN & vVIN 2

- ‘F ~ 7 o~ 7
AapBdvovtac unodhy 6T V() = = omou F = f, fién i 1 €nkp COUOWYAL UE TIC

oyéoec (5.18), (5.19)), (5.20) xou yenowonoidvTaC 10 BIdoTHUN EUTIOTOCHYNC
1

Yol TO , UTOPOUUE Vo TapdyoulE TO axdAouto DIACTARA EUTIGTOGUVNS

v ) ouvdptnon GCV V(i)

Pr|V(u e > F =1—a. (5.26)

20 2
(7 gwe) (7= 7w)

5.4 Aptduntixd anoTeAECUATA

5.4.1 Ilpocb6LoploUdE TNG TARPAUETEPOU XAVOVIXOTO-
inonc

H GCV extiunom i Tng napauétpou xavovixoroinong i etvan 1 V€on ehayictou
NG EXTIUWUEVNS CGLVARTNONG f/(,u) oL OlveTon amd (]5.18[), (]5.19 1 (]5.20[).
H npotewobuevn puédodog urmoroyilel Ti¢ ponég s, xan UETE yio xdle Ty Tng
TORUUETEOU XAVOVIXOTOINONE TOU AVAXEL GTO TAEYUO TOU £YOUUE EMAEEEL YPEL-
dletan wovo pio amhi avtixatdo Toom auths e s otous throug (5.7)),
1 . ‘Etot, 1 tolumhoxdtnta 0ev ennpedleton and Tov apridud Twv GrUElwy
TOU TAEYUATOC TOU f1 X0t AUTO 0BNYel e yeryopn uloroinoy tng yedooou.

LyeTiHd PE TO TAEYUA TWV TYWOV TNG TURUUETEOU [1, GTNY TEOCEYYLOT YOG U-
detolue 10 TAEY P Tou EpLypdpeTar oTo Aoyiouxd tou P.C. Hansen, [45]. H
AATAGAEVY) aUTOY ToU TAEYUaTog Pacileton o GUUTAYY| LOP®T TNG TARAYOVTO-
noinone Walouo®y Ty (compact singular value decomposition). Ewuxdre-
o0, TO TAEYHOL Y10 TO p Umopel var tpoadloplo tel we [Max(Cmin, 16€0maz ), Omaz,
omou € efvon T0 “EPhov” TNG UNYAVAS, Tmin, Tmax VL 1) EAGYLO TN X0 1 UEYIOTY)
widlovoa Tiur Tou mivaxa A avtiotorya.
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5.4.2 YrnolhoyioTixy] TOAUTAOXOTNTA

H extiunon e ouvdptnone GCV anoutel v npocéyyion N + 1 tetpoyw-
VIXWV HOROGY, oLYrEXpUEVa Tou aptiuntd tng ouvdptnone GCV xau twv N
TETPAYWVIXWY LOPYWY GTOV Topovoacth Tne. H umohoytotixr moAumhoxdtn-
To Yo g moparyUeloEG OWOYEVELES EXTIUNCEWY VLol TNV TETEAYWVIXY| LORGY
"Bz, ¢ = 1,2, eLuptdton and Tov UTOAOYIOUS TWY OTIGY S, TOU Tivoxa
AAT. O UTOAOYLOUOS TOU Ttvoa AAT €yet TolumhoxotnTa xuPixic Tagng,
YLl UTO DEY CUVIOTATOL. L TNV TROCEYYIOT| HoG, AUTES oL poTég utohoyilovTo
yenowonowwvtog Ty Ipdtoon Luynexpéva, o xdle cony| s, TEETEL Vo
uToAOYIGOUUE N MVP’S X ulol VOPUX, ETOUEVKS 1) TOAUTAOXOTNTA lvol TETEA-
ywvixh. H unohoylo T ToAUTAOXOTHTA TWV TOpUYOUEVODY EXTIUACEWY Yid TNV
TETPAY WVLXT] ORGP ' B~ 1z, ¢ = 1,2, napoucidletar otov [ivonca .

Eidixdtepa, 1) 01XOYEVELNL EXTIUACEWY EVOC 6POU YLOL TNV TETRAY WVLXT] LOP®Y
' Bz, ¢ = 1,2, anatel Tov utohoyioud pévo dlo mvp’s. Emmhéov, n
TOAUTTAOXOTNTA TNG OWXOYEVELS EXTUHCEWY DUO GRWY €y, 1 XUL TPLOY OPWY €y k¢
eCopTATAL AT TNV THLY) TV TUPUUETEMY TOU ATOUTOUVTOL Y10 TNV EQUOUOYT) TOUS.

H umohoyiotix| TOAUTAOXOTITO YL TNV OWXOYEVELNL EXTUHOEWY TEUWY HOWY
En e Evon e 8Ene O (cp?), 6mou ¢ = max{n +k + 3,n 4+ + 4}, yio x&de
muxv6 (dense) mivaxo A odoTaong p. Xe repintwaon mou o dedouEvog mivaxag
etvor banded ye bandwidth s, n mohumhoxétnTa AUTOY TV eExTUNCEWY Elvou
e 6éne O (sp). Hopatnpolue 61t 0 cuVOMXES dpIUOC TWY UTAUTOVUEV®Y
mvp’s efvon aveldeTnTog amd 1 BidoTACT TOU TEOBAAUATOSC BOXWAC.

| Tivaxag A | ' Bz, ¢g=1,2 |

one-term two-term three-term
dense O@2p*) | O((n+k+2)p*) | O(cp?)

banded O2sp) | O((n+k+2)sp)| O(esp)

Mivoxag 5.1: TrohoyioTixr] TOMTAOXOTNTO TRV EXTWACEWY YLOL TNV TETRUYW-
vt popoh &' B9z, ¢ = 1,2.

5.4.3 Apuduntixd napadsiypota

YN ouvéyela, TapouctdlouUE aEIIUNTIXE TUPADELYUAUTO OTA OTOLN Y PN OULOTOL0-
bue tic GOV exturioeig evog dpou fip xou 0600 Gpwv [l Yo TNV TUPAUETEO
xavovixoroinong p. Aoxudlouue xdnola mtpolAfuata mou €youy emhey Vel a-
16 to naxéto “Regularization Tools” tou Hansen, [45]. Kaléva anéd avtd o
TeoBAAuoTa Tapdyel évay mhvoxa A xon pla Aon . Ye xdie mepinTtwon, uno-
hoyiloupe 10 Bdvuoua b wote b = Ax. To datopayuévo ddvuoua by, € RP
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urohoyileton and TN oyéon

o
)

byer = b+ el

(5.27)

omou o etvar 10 doouévo eninedo Yoplfou xat e € RP etvor o Gaussian Y6pufog
ue uéon T undév xan Swomopd éva, [28]. To Sdvuouo e mopdyetor ye TNV
evtoAY| Tou Matlab e = randn(p,1).

Yt axdhouda mapadelypata, 1 extiunon tne ouvdptnong GCV V() ulo-
TOURUNXE YENOWOTOWWVTAS EITE TIC EXTWNAGES EVOC Gpou f, X e, 1) TIC EXTI-

UoES 000 OpwY €19. Ot ivaxeg mou emiowilovrw O€ oUTH TOL TEOPAAUATOL tX0-

2 2
vorolov Ty unddeor tou Ioplouatog|s. 1] onrady| p = so(s2 + 251 + 17s0) ~

(s1+ pso)?
1, s, = (b, (AAT)"b), Ol TOPAUETEOL YIa TIC EXTWHOELS EVOC Gpou elvar vy =
—3/2 v tov apiuntr xat v, = —1 ylo TOV TUROYOUAOTH TN OUYARTNONG

GCV. Ye oha ta mopadetypoto Yewpolue to uéyedog defyyatog N = 50 yia
10 Oewpnuo tou Hutchinson. Eniong, n axpBfc tuh tng ouvdptnong GCV
vrohoylo THXe yenotuonousvtag to taxéto tou Hansen, [45]. ‘Okot o1 utohoyt-
opol éywvav yenowonotdviagc MATLAB (R2015a), 64-bit, oe unohoyioty| Intel
Core i7, ye 16 Gb DDR4 RAM.

IMogdderypo 5.1. Xpdovog extédeorns.

Oewpotue Tov Tomo, Eva TedBAnua doxhg OLodWdoTATYG Topoypapiag, TO
omolo enione doxdletar oTNV gpyacia [28]. To oxf]poc epgaviCel To ypévo
exTENEOTC (OE BEVTEPORETTA) WC GUVEPTNGT TOU PeYEDOLS TOU TPOBAAUTOC Yiat
TOV TPOGOOPIOUS TNG TUPAUETEOL xavovixomoinong . Ewdixdtepa, o ypovog
EXTENEOTIC AVAPERETAL OTNY EAAYLOTOTOINGT) TWV EXTIUHCEWY EVOS Xt 500 GpwV.
Xenoworowiye 20 (ypdonuo ota aptotepd) xou 100 (ypdepnuo ota 8eid) onueia
TOU TAEYHATOC,

‘Onwg umopolue va BoUUE OTo Gy xa oL dvo exTiufoe ebva To-
MO Ypriyopeg, ahhd 1 extiunom evog Opou elvan axdun mo yeryoen and Tnv
extiunom oo Gpwv. O ypdvog extéheong ennpedletar u6vo amd 1o péyedog
ToU TEOBAAUATOC X0t amd ToV aptdud TwY onueiwy Tou TAEYUATOS Xou deV e€up-
Téron amd to eninedo Yoplfou. Ye autd To Tapddetyua, Yewpolue To eninedo
YoplPou o = 1073,
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20 grid points 100 grid points

161

14

12r

10

QN & o ®

b ——— r——

256 529 1024 2025 4096 256 529 1024 2025 4096

Yo 5.1: Xpdvog extéreong (o€ Beutepbhenta) WS GLYAETNOT TOL YeYEDoUg
TOU TROPBAAUATOS YIo TNV TEOCEYYLOTN TNG TAPUUETPOU XAVOVIXOTOINOTS Yo TO
TeoBAnua doxwrc Tomo.

IMopdderypo 5.2. To mpdpAnua dokiung Baart.

Ye autd To TapdderyUa, doxtudloupe o TEOBANUY doxylrc Baart ye mivonca
A yeyédoug 1000 x 1000. Autéd to mpdBinua TpoxUnTeL and TN dlaxpltoToinom
¢ ohoxhnpuTnhc egiowong Fredholm mpitou eidoug. Apyixd, eréyyouue To
TeOBANUa ywelc Vopulo xau otr cuvéyela tpoclétouue Vopuo o = 1077, Moc
EVOLUPEQREL 1) TEOCEYYLOT TNG TWNAC TNG TUPUUETEOU XUYOVIXOTONGNS [1 Yid To
000 auTd TEOBAAUTOL.

Luyxexpuéva, oo ypoupruaTta .4, amewoviCouue e xdxxwo “a-
otépt (x)7 tn Véon tou ehoyloTOU XaL XUTOYEAPOLYE TNV TUY| TNS ToEAUETPOU
AAVOVIXOTOINONG f4 1) OTIO{oL TPOXVTTEL EAUYIO TOTOWOVTUS TNV oxXpU3Y| CUVAETY-
on GCV, v extiunon evog 6pou xar tny extiunorn 800 6pwy Tng cuVAETNoTNS
GCV, avtioTouya.

s GCYV function, minimum at p = 1.2268e-014 s GCYV function, minimum at p = 9.8228e-014
107 T T T 10° T T T

10°L
10| | 1070
3 00| | E
s 10 =
1075] | 1075]

0%}

005 o = 0 s Clen o = n s
10 10 10 10 10 10 10 10 10 10
i i

Yyfue 5.2: Ehaytotonolnon tne axplBoic ouvdptnone GCV yia to mpofBhn-

o yoplc V6puBo (aptotepd ypdonua) xau pe VopuBo (Beli ypdonua) yia to
TeOBANUa doxwrc Baart.
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10°

10|

1078

V()

10|

10|

100

0%

One-term estimate for the GCV function, min at p = 1.1302e-010

10

10°

One-term estimate for the GCV function, min at p = 1.2859e-011

V()

.
107 107 10° 10° 10°
n

Yyfue 5.3: Ehayiotonoinor tng extiunong evog 0pou yia 10 TedBAnua ywels

VopuPo (aptotepd ypdpnua) xon ue Vépufo (Beli ypdonua) yia to mEOBANUL
doxuric Baart.

10°
10° +
107

072k

V(W)

10
107
1074

10722 -15
10

Two-term estimate for the GCV function, min atpy = 2.8558e-012
T T T

10|

10°

Two-term estimate for the GCV function, min atp = 4.7158e-012
T T T

107

1072

Syfuo 5.4: Ehaytotonoinon tng extiunong 6Vo dpwy Yo o medlinuo ywelc

VopuBo (aptotepd ypdonua) xau ue 96puBo (Be€l ypdgnua) Yo T0 TEOBANUA
ooxuuric Baart.

‘Onwe PAETOVUE OTA TARATEV®D GYTULOTA, 1) THT TNS TUPUUETEOU XAVOVIXOTO-
NoNe YENOLHOTOUWVTAS TIC EXTIAGELS EVOS Xt 000 bpwv Efvar TOAD x0vVTd 0TV
T Tou 1 mou AauBdveTtar elayioToTolmvTag TNV axpld) cuvdptnon GCV. H
vopuol Tou 6pdhpaTog || — || xataypdpetar otov Mivoxa 5.2l ‘Onwe naporn-
eolue o€ autoy tov Iivaxa, 1 towdtnta g Aong &, ebvon apxeTd LxavorotnTxy
oYL woOvo Yo To TEOBANUA Ywelc VopuPo ahhd xa yia To avTicTor o TEOBATU
ue Vopufo.

120



5.4. APIOMHTIKA AIIOTEAEXMATA

eopbs MIHIE | Metovos | | el
Baart GCV-One | 1.1302¢-10 | 6.2320e-2
(1000,0) GCV-Two | 2.8558¢-12 | 5.9482¢-2
Exact GCV | 1.2268¢-14 | 3.8809¢-1

Baart GCV-One | 1.2859¢-11 | 6.0436¢-2
(1000,1077) GCV-Two | 4.7158e-12 | 5.9925¢-2
Exact GCV | 9.8228¢-14 | 6.2214¢-2

Mivoxag 5.2: Tapduetpot mou yopaxtneiCouy to apriunTind Topadelyuota Twy

oYY xa

IMopdderypo 5.3. Aidotnua eumortootvns yia tn ovvdptnon GCV.

Oewpolue 1o TEOBATa doxiunc Spikes pe mivaxa A ueyédoug 800 x 800,
ywele v mapovoia Yoplflou. Ye autd To TUddErYUd, EAEYYOUUE TNY UTOTENE-
OUATIXOTITO TOU BLo6 TAUATOG EUTLo TooUYNS Yia T ouvdptnor GCV. Yuyxexpet-
uéva, Yewpotpe o = 0.01 xou xataoxevdlovue éva 99% Sido Tnua euTIo TOGHVNG
[L,U] vy 1 cuvdpTtnon GCV. I Btdpopeg THES TNG TARPUUETEOU XAVOVIXOTO-
inong i, umohoyiloupe 0 ouvdptnon GCV V(i) xaw v extipnon evéc dpou
¢ ouvdptnong GCV f/l(,u), ue oxomd Vo utohoyioouue To andhuTo GPIAU
V() — Vi(p)|- Ta amoteréoparta mapouotdlovior otov Tivana ‘Onwe
UTOPOUUE Vo TapaTNEHoOUUE o€ auTtév Tov Ilivoxa, to ufxo¢ tou droc Thua-
Tog eumoT0oUVNG unopet vo Yewpniel Eva dve gpdypa Yio To an6AuTo Gpdhpa
V() = Vi(p)l.

L on V| Vi) [L,U] | U—L [[V(p) —Vi(p)l ]
510 7 | 5.254673¢-11 | 4.309219¢-10 | [4.3130e-11, 2.1174¢.9] | 2.0743¢-0 | 3.7838¢-10
107 | 2.632498¢-10 | 3.531500¢-10 | [2.1000¢-10, 1.4375¢-8] | 1.4165¢-8 | 8.090Te-11
5107 | 2.751742¢-0 | 1.093766¢-9 | [4.3682¢-10, 6.4343¢-0] | 6.0475¢-0 |  1.6580¢-0
10T | 8.051378¢-9 | 1.132330e-0 | [1.2109¢-10, 2.1564¢-8] | 2.1443¢-8 | 6.9190¢-9

Mivaxag 5.3: Tpooéyyion tou anéhutou cpddpatoc |V (i) — Vi(p)| péow tou
OLUGTAUATOS EUTIGTOGOVNS YL To TEOBAnua doxiurc Spikes.

2Ovodr Twv anoTeAecUATWY

e Ou t0moL TV exTUNcEWY Efvar E0X0AN VAOTIOACLUOL UE YUUNATY, TOAUTAO-
©OTITOL X yperdlovtan uévo Alya mvp’s.
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e O ouvohixdg apiude Twv anaTodUEVwY mvp’s dev ennpedletar and To
uéyedog tou mivaxo xol ETOUEVMS O UTOAOYIOUOS Elval TOAD Yo7 Yopog
ooeOUT) Ao Yol TEOPAAUATA UEYSANG Hhipoag.

o Ot mpotewvdueveg GOV extiunoelc tTng TORAUETEOU XaVOVIXOTONo S [t
elvot TOAD Yp7YOpES ot ol pOTES S, TOU amatToLyTUL ot YEYodo Tng
napexBoric etvon aveldpTnTeg amd To 1 xou eTouévwg dEV ypetdleTar va
unoloyilovtan yio xdde T TOU TAEYUOTOC.

e O ypovoc extéheong eivan aveldptnTog and to eninedo Yoplfou.
o I VYéon ehayiotou fi tng extmuevne GCV cuvdptnong f/(u) Topéyet ula
IXAVOTIOINTLXT] EXTIUNOT TG TAPUUETOOU XOYOVIXOTOINCTE TOU ETUXURWYVE-

T EAEYYOVTAS TNV TOWOTNTA TN AIGNS T OE OLdpopa BLoXELTd XAXWS
TonoveTnuéva mpohiuata, To onola tapouaidlovton oty Evétnta .

122



Kegpdhawo 6
Eoapuoyeg

6.1 Avdivomn ouxTOLYV

H avdhuor dixtiov €yet modég eqapuoyéc oty xadnuepv Lor. Xapoxtrpotl-
oTxd napodelypata eivon Sixtua and Ty xovwviohoyia (T.y. xovwvixd Sixtua),
TEYVOLOYIXE X0t TAPOMOpLaxd dixTua (T.y. TO BLodixTUO, XOoWVWVIXE BixTuo k-
Anhenidpaonc), Brohoyxd dixtua (m.y. dAANAETIBPAOES TROTEVMY) X TOMG
axbun [54].

Efvar cuyvd evdlagepoy var umopoUue Vol avory VwpIGOUUE ToUg OTUaVTIX0Ug
x0uPoug evog dixtlou 1) va e€axpBoouue TN euxoiio YETABacTc avdueca
otoug x6pPouc. AUTéEG 0L TOGOTNHTES UTOPOLY Vo TpoadloptaToUY UTohoyilovtag
TIC OLYPOUUULXES HORGES :BTf(A)y, 6mou A eivor o mivaxac yerrvioorg (adjacency
matrix) mou avanaplotd To Yedpnua Tou dxtiou, f elvon uio opody| cuvdptnon
xou ¢, Y ebvon xotdhhnhor emAEYUEVAL DlavOGUOTAL.

6.1.1 Boaowéc évvolec

H avdhuon dixtdwy amoutel 10 yprhon evvoiwy and ) Jewpla ypagpnudtwy,
Yooty dhyeBpa, aprduntixd avdhuon xon unohoyioTixt|, guowy| [111, 27]. Tla-
e dTw, TopalEToVUE xdrotoug Buctxolc oplonols and T Vewplo Ypupnudtwy.

e 'Evo ypdenua G eivon éva ahvolo and x6uPouc (xopugéc) V' pe mhidog
x6ppwv |V| = p xou mhevpéc £ = {(1,7) : 1,5 € V'}.

e 'Evo ypdonuo eivan pn-katevdurdpervo (undirected graph) ov o mheupée
elvar pn-ootetorypévo Lebyn tov x0uBwy xou katevduvduero (directed)
av o Ledyn ebvor Statetaryuéva (oL mheupée Eyouv pia xatedduvon).

e 'Evoc mepiratog (walk) urhxouc k oto ypdonua G eivar ula axohoutdio
AOUPOY V1, Va, . .., Upy1 TETOWOL OGTE (V;,Vi41) € E yio xdlde 1 <4 < k.
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‘Evo govorndtt (path) eivan évac mepinatoc ywplc enavohopPavouevous
x6uoug.

o Evoc kAeiotds mepinarog (closed walk) efvon évac nepinatog mou exwvd
X0l TEAELOVEL 0ToV {Blo xépfo.

o KukAog (cycle) eivon évag xhetotde Tep{naTog Ywels emovolouBavouevoug
x0uSoug.

o Kde ypdonua unopel va avanapactade! ye Evay nivaxa. O nivaxag yeit-
vioone (adjacency matrix) evog Sixtbou ye ypdonuo G diveton and

1, av umdpyel TAEVPA TOU EVOVEL TOUS XOUPBOVS T XL J,

A= (A;), Aii =

(4ij), 4y 0, oM.
O wivoscag yertvioong A € RP*P mou cuvdéeton Pe €var un-xateutuvouevo
Yedgpnua G etvon ouuuetewds. And TNy dAln TAeued, o Tivoncag yertviaong
eVOC xaTELHIUVOUEVOU YRUPHUATOS Efval UN-CUUHETEIXAC.

Ao¥évtog evog yeydiou yeapruatog, eivon ouyvd yerowo vo eEdyoupe
apLdunTIXEC TOCOTNTES VLol VoL TERLY pAPoUE XxaJOMXES WLOTNTES TOU YRUPTiLd-
TOC, OTIWE 1) ONUAVTIXOTNTA EVOC CUYXEXEWEVOU xOUBoU 1| 1) euxohla YeTdBaong
and Tov éva xouo oTov dhho. Aev eivon Uoxoho va dolye 6TL Yoo m > 1, To
otoyelo (A™);; Tou A™ 16olTan Ye Tov aptdud TWY TERITATWY URXOUS M TOU
Eextvolv amd tov x6uBo i xau xataiiyouv otov xoufo j [27]. Kdnowor axdua
ornuavTixol oplopof eivar ot axdroudor 111, 27].

o O Baduds (degree) evoc xopBou i etvan (A1), ue 1 =[1,1,--- 1T (Bnha-
07) T0 dUpoloU TV GTOLYEIWY TNG 4-00TNC YPauUhg Tou Ttivaxa A), eivar
EVaL UETEO YLOL TN OTUAVTIXOTNTA TOU xOpSou i.

o H kevtpixétnra f—uvnoypagniuatos (f-subgraph centrality) tou xépSou
i, elvan To Brary@vio otoryeio (f(A)), To onoio elvan éva aZiémoTo Pétpo
YL T OTUAVTIXOTNTO ToU XOpfou i
LUYHEXPWEVA, O THO ONUAVTIXOS XOUSB0¢ OE €val OlxTuo unopel va Yewpr-
Vel wg 0 x0uPog Y TN UEYARDTERT) XEVTPIXOTNTA f-UTOYLUPHUATOS.

o H f—emkowwria (f-communicability) avéueca otouc xéuPouc i xa j,
dtveton amd o atowyelo (f(A))s; xou tocotixonotel Ty euxolio ueTdBaong
AVAUECO GTOUS XOUBOUS 1 XL J.

O ouvapthioeig mvdxwy, ol omoleg alloAoYolV TNY XEVIEWOTNTA f- UTO-
Yeopruatog, eivon to extetind Tou mivoxa A, exp(A), xou o mivaxag resolvent
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(I, — aA)™!, 6mou o A elvar o wivaxac yerrvioone tou ypagfuatoc, [11, 25]. O
mivoxag (resolvent) etva
(I, —aA) ™' =1 +aA+a*A* + - +ad"AF + ... :ZakAk,

k=0

1
6mou 0 < a < —— xou p(A) elvon 1 Qaouaties axtivo tou mivaxa A. To @pdy-

p(A)
wortor NG mopapeteou a eéacpaiiCouy étL o mivaxag I — aA ebvon avtioTeéduuog
AU OTL 1) YEWUETEIXY| OELRd oLYXAIVEL GTOY avT{oTEOYO.

o H xertpikdrnra vnoypagripacog (resolvent subgraph centrality) tou x6y-
Pou i ebvor to Saydvio ororyelo ((I, — ad) ™).

e H emxowwria vnoypagriparos (resolvent subgraph communicability) ue-
Tl TV x6uPwy i xou j ebvon o otowyeto ((I, — aA)™t);;.

Fevixevpévn ocuvvdetnorn nivaxa (Generalized matrix function)

‘Eotww o nivaxag A € R™™ ye t8&n r. O YEVIXEUPEVES CUVARTHCELS TUVAXWY
(generalized matrix functions) eivot eTeXTAGES TOU OPLOPOY TWV GUVIPTAOEWY
TVEXOV Yt Un-TeTparywvixole (rectangular) mivoxesg xou opytxd UEAETHOMXOY
an6 toug Hawkins xou Ben-Israel 1o 1973 oty epyaoia [46]. Ac dewprioouye
1) ouunaYT) TapayovToToinoT Wialoucwy TW®Y Tou Tivoa A, Snhadh A =
U.X. VI Téte, n yevixeuuévry ouvdptnon mivaxo f© @ R™*™ — R™X™ zoy
avTioTotyel oTr) cuvdpTron f opileTal we

FA) = U f(2)V]

orou f(2,) = diag(f(o1), f(o2),..., f(o,)) xow oy i =1,...,r eivor ov 1réalou-
oec téc Tou A [3] 46].

[Mpboputec UEAETEC EMXEVTOWVOVTAL OE EXTIUACELS TOGOTHTWY ToL GYETCo-
VTOL UE TIC YEVIXEUUEVEG CUVUPTHOELS TIVAXWY TOU eupavilovTor oTny avdAuo
OLXTOOY. LUYXEXPWEVA, DIVETUL EUgacT) GTNV exTUNCT LETEPWY TOU divouy TAn-
P0PORIEC GYETINS UE XATELVUVOUEVAL YRAUPAUATI, YPNOLOTOLOVTIS aptdunTixy
ohoxMpwaorn tou Gauss xou T Srywvionoinon (bidiagonalization) Golub-
Kahan [2], B]. Xouowva ue tny epyocio [3] éyouue

2L fe(A)x =y g(AT Az, (6.1)

6mou g(t) = (V) fF(VE) v y = AT 2.

Enopévwe, exTiuioels Yo Tr Oly Qo sy Lopph 2T fe(A)x UTOQOUY Yo ETLTEYU-
Y000V UE TNV TEOGEYYIOY TOCOTHTWY TNS HOPYTS yTg(ATA)a:. Yuvhdelg emt-
hoyéc v Th) ouvdptnon f ebvon elte f(t) = sinh(t) K f(t) = at(1 — (at)?)~?
6mou a € (0,0,,L,) XU Opmay ebvar 1) péytotn Widlouoa T tou mivaxa A, [3].

’ Y max

?
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6.1.2 AptdunTtixd anoTEAECUAT

Y1 ouvéyeta, TopaéToude aptdunTind mopadelyuaTo oTa onold EXTWOUUE To-
o6tnTEG oL eugavilovion oty avdiuot dixtimyv. O exTipfoeg autés oTrn-
eiCovtar oty Vewpla mou €yel neprypagel ota Kegdhano [2] xan

IMopddewypo 6.1. Extiunon tng kevpikdtntas kal tng €mkowwviag vro-
Ypagrpazos.

XpnowomowwvTag T EXTWACELS Yol TN OLypouulxy) poppt ' A~y mou
éyouv meptypagel oto Kegdhowo [2], nalpvoupe exTWACE Yo TNV XEVTPIXOTNTA
unoypagriuotog (resolvent subgraph centrality) xot tnv emxowvwvia urnoypa-
gAuartoc (resolvent subgraph communicability). Yt axéhouda aprduntixd
anoTeAEouaTa VEWPOUUE TNV TUPAUETPO a = 0.85/Amazs OTOU Apae €bvon n
uéytotn wotun tou A, [11] 25].

Apyixd, dewpolye tov mivoxa yerrviaong ca-GrQe and tny ouyddo Snap
g ouhoYHc mvdxwy SuiteSparse Matrix Collection, [23]. O nivoxog autog
etvar WOWGwY, CUUPETEIXOS xou €yel BidoTaot p = 5242, ‘Ouwg, o mivaxag
B =1,—aA, ye A = ca-GrQgc, etvon avtiotpéduaog xou €yet SeixTn xaTdoTAGTC
k(B) = 2.2378el. Erione, dewpolye tov mivaxa yerrvioorne pref didotoaong
p = 4000. Autdc o mivaxog avTITPOCWTEVEL GUVOEDEPEV UTASL YpUpUAT,
etvan ouUUETEXOS xou umopet va Beedel 6to toolbox CONTEST tou MATLAB,
[64]. O deixtne xotdotaone tou mivaxa B = I, — aA, ye A = pref, e
k(B) = 1.2043¢l.

Ytoug mapoxdte Ilivexeg exTylolue TNV XEVIPIXOTNTA UTOYQAPTHUATOC Xt
TNV EMXOVWVIA UTOYRUPHUATOS YENOUOTOIWVTAC TIC EXTINATELS €VOS OpoU €,
xa 0Lo OpwV €, Tou divovial and TIC OYEOELS Ol , avtioTtorya. [a
o pn-Saydvia otoryeta (I, — ad)™1);; mou mocotxonoWwHY THY ETXOVLVIX
UTOYRAUQHUATOS YENOLLOTOWOUUE T OYEOT xou JETA TI¢ mpoavagepVeioeg
EXTWACELS €, XU €,. EdixdTeEpa, EXTIHOOUE TNV XEVTPIXOTNTA UTOYEAUPHUATOS
ToU x6pBou 5 tou mivaxa ca-GrQc pe o tur 1.0003 (Llivoncag XL Ty
EMXOWVWVIA UTOYRAPHUATOC UETAE) TwV xo0uBwy 1 xou 17 tou mivaxa pref ye

ey Tty 2.0418e — 1 (ITivoag [6.2)).

~

€2
0

és |
| 0

| eo | ews | @ | e | es | €o é1
| 3.4721e-4 | 3.4835e-5 | 1.2055¢-7 | 3.4595e-5 | 1.7347e-4 | 2.2197e-16 [ 0 |

Hivoxag 6.1: Yyetind cQIAPATE TWV EXTWACE®Y TNG XEVIPOTNTAC UTOYEA-
@uatog Tou xopuBou 5 Tou mivaxa ca-GrQc ddctaong p = 5242.
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o [ o [ e | & | & | & | & |
| 7.2989¢-1 | 4.4738¢-1 [ 5.9324e-5 | 3.2726¢-1 | 4.2900e-1 | 4.8159¢-1 | 5.1084e-1 |

ITivocog 6.2: Xyetind GQIAIAT TWV EXTIUACENY TN ETLXOVOVING UTOYRUpTUO-
T0¢ PETACD TV xOuBwvy 1 xou 17 Tou mivaxa pref didoTaong p = 4000.

Ytouc Hivaxec xou xoctocypdc(psrou TO GYETIXO GPIAUO TWV EXTUNCEWY
TV {NToluEvwyY Tocotitey. Xtov Iivaxa , TOQUTNEOVUUE OTL YL DIAPORES
TWES TN TORUUETEOU IV UTOROVUE VO ETITUYOUPE IXUVOTOUTIXNO OYETXO Q-
oL, YETOWOTOLOVTIC TIC EXTIUOELS EVOC xat BU0 bpwyv. EddTepa, T0 oyYETIXNG
o@dhpa g extiunong e, v v = 1 ebvon tng tééng (9(10_7), AR T OYETI-
%8 GdAIaTA VIOl TG EXTWACELS 000 Opwv elvar ToAD wxpdTepa. Ernlong, otov
ITivonca TOQUTNEOVUE OTL TO OYETXO GPIAA Yiot TNY EXTIUNGT EVOS OPOL
e, Yl v = 2 ebvar tng tdéng (9(10_5). Avtiera, ot extufioeic dVo dpwv elvor
MYOTEQO XOVOTOINTIXES, OTWS GoEVETAL oo ToL avT{oToLY o OYETIXA QAT
ou efvan e tEne O(1071).

IMopdderypo 6.2. Ilpoooiopiojids onpavtikétepwy képupwy o€ diKkTuo.

O ornuovtixdtepog xoufoc oe €va dixtuo unogel vo mpoodloploTel uToAo-
yiCovtag Tn Sty @vio Tou mivoxa f(A) %o oTn ouvéyela evToTi{ovTag 10 OeixTn
TOU OLVUGUATOC TOU AVTIOTOLYEl GTO PEYUAUTEQO Gtolyelo. e autd To mo-
oddetypa, exTylolpe ohdxhnen T dtaymvio tou wivoxa resolvent (I, — aA)™!
UE TURAUETEO a = 0.85/Anazs YETIOWOTOLOYTIS TIC EXTNOES TOU €Y0UV TEQL-
Ypagel oto Kegpdhao

Y1ov Hivocxocnpoa&opiloupe TOUG ONUAVTIXOTEROUS xOUfoug oTa dlxTud
email, autobahn, internet, nou avtinpocwnedouy TEayUaTINS dixTUX UEYEANS
dudotaone [27], yenowwomowdvtag tov mivaxa resolvent. tn debtepn oTHAN
autol Tou Ilivoxa xataypdpeTton 0 GuVoAxdS aprlude Twv xOUBwY, dNANDY| 1
dwdotaom p g avtioTotyou mivoxa yertvioong. O Tpelg TeheuTalec GTAHAES TOU
Hivaxaeycpavilouv TOV YpOVOo eXTENEOTC (OE BEUTEPONETTA) YIl TOV TRPOGOL0-
PLOUG TOU CNUAVTIXOTEPOL XOUBou yenoluoTowvTag T1 uEY0d0 g mapexBohng
xaw g pedodoug apriuntixric ohoxipwone Gauss (single xou block).

To yapaxtnpioTind v pedodwy tou Gauss emthéyovial ETCL WOTE VAL ETI-
TUYYGVETOL 7] ULXEOTERT DUVATY UTOAOYIG TIXY) TOAUTAOXOTNTA. LUYXEXPWIEVA,
emAéyoupe k = 2 xouPBoug xon 1o péyedog ¢ tou xde block va elvon (oo ue
TOV EAGYLOTO Dtoup€tn Tng ddotaong p. H didotaon p tou dixtbou internet
elvar mpwtog aprudg. I'a autd to dixTuo yenoworowiton v Twr g = 2. O-
oov agopd ot uédodo e mapgexPolrc epapudlovpe tov tino (3.3). H wwA
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TNG AMUTOUUEYNG TopapéTeou etvan v = —1, axoroudwvtag to Iloptopa 4 g
epyooioc [32].
, , CNUAVTIXOTEQOC Xobvoc
Abcuo | KépPor " x0ufog ° apexBoln | SingléJ Gauss | Block Gauss
email 1133 105 3.0255¢e-3 2.5456e-1 1.9332¢-1
autobahn | 1168 693 3.3218¢-3 3.1138e-1 6.6705¢-1
internet | 22963 4 5.8657¢e-1 4.1855¢4 5.6162¢4

Hivoxag 6.3: O ypdvog exteheong (o€ SeuTEPOAETTA) Y10l TOV TPOGIOPIGUS TOU
ONUAVTIXOTEQOU xOUBOU GE TpayUaTXd BixTua PEYIANS DLdoTAOTC.

6.2  Aloxpltd xoxws TonoYeTnUEVA TEOBANUO-
<o (discrete ill-posed problems)

6.2.1 Ocswpntixd ntAaiolo
OewEOLYE TO YEoUUIXO CUOTTUA
Ax = b,

6mou A € RP*™ (p > m) eivon 0 tivoxag twy ouVTEAEa oY, b € RP 10 Sidvuoya
TV otalepwy Gpwv xar & € R™ 1 {ntobuevr Abor tou cucthuoatos. ‘Otay
o mivaxag A €yel Toh) yeydho BeixTn xotdoTaons ouvendyetar 6Tt xdmotes (A
bhec) ov eliomoeic etvon aprdunTind ypouuxd elaptnuévec. Luyvd o peydhog
Ot xotdoTaoTg Tpoxaheltar amd Eva “havidaouévo” polnuatind LoviEho 1o
orolo Yo €npene va Tponomotnlel TpoTod unoloyioTel ulo aprdunTiny Tou Ao
Madnuotixd epyareio, 6mwe 1 tapayovronoinon wialovadky ey (SVD), uro-
eolv va evtomicouy autéc T Ypouuxé eCapTiioelg xau €tol va BeAtuwiel To
LOVTELO xan Vo 00Ny NUoLUE OE VA TROTOTOMNUEVO GUC TN UE VXA TTOU €Y EL
AANOTERO BEXTY) XATAGTAGNC. AUTO TO TEPOTOTOINPEVO GUGTNUO UTOREL VoL ETL-
el ue g xhaowée apriuntixéc uedodouc, [41].

261600, UTdEyOLY XUTNYORlEC TEOBANUATWY Yiot T OTOlo O TVAUXC CUVTE-
AECTOVY elvar TEdypaTt TOAD xS XATACTAOTS, ONAadY auTr 7 WLoTNTA Efvan
UEpog NG wovreromoinong tou mpoBifuatoc. ‘ETol, ot xhacixég TEYVIXES NS
oo ‘AlyeBpac 8ev umopoly Vo €QuplocToly xat 1 aprdunTxy| exiiuon
yiveTon ouyvd oA dUoxoln. H avtuetdnion autold Tou eldoug Twy YRouULX@Y
Lo TNUTLY eCopTdTar and To eldog TNE xoxng xatdoTaong Tou Tivaxa A. Mio
onuavtixy 1é4ln meoPAnudtwy mou epgavieton ouyvd 6T EQapUoYES Elvar Ta
Sraxpttd xaxde tonodetnuéva npofBifuata (discrete ill-posed problems).
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(DISCRETE ILL-POSED PROBLEMS)

To mpoPhAuato autd TEOXOTTOUY AmO T1) SLUXEITOTOMNOT) TWY XUXWS TOTO-
Vetnuévey tpolAnudtey 6mng ol ohoxhnpuntixés edlonaotelg Fredholm npdrou
eldouc. Xe auth Ty mepinTwon Gheg ot widlovoeg TWES Tou Tivaxa A @iivouy
oto undév xou 1 Sroxplth ouvdrxy tou Picard wovornoweiton, [43, 44]. Aedo-
uévou 6Tt Oev UTdpyEL XEVO UETALD TV 1Bloucny TW®Y, BeV Eyel vonua 1
aprdunTie Tgn yiow autolg Toug mivores. T'or autd T mpoAfpata, 0 6Ty 0g
etvan vo Bpedel pla toopponio yetadd e vopuac utohoinwy (residual norm) xou
e vopuoc tne hone, [44].

H yodnpotin povieronoinon autod tou €ldoug Twv Tpofinudtony elivon pla
OUYXEXQUIEVT] xNAOT) TEOPANUATWY EAXYIOTOY TETRUYWVOLY TNG LOPPYIS

min ||Az — b||?, (6.2)

@ER™

omou o mivaxag A € RPX™ €yel wdlovoeg Tipéc Tou @uivouy oTo Undév xa
elvor TOAD %oxfg XATAGTACNG. LUy v, AOYw TV GQIAUATWY GTROYYUAELOTS
2€00C KO TWY CPUAUITWY TOU UTARYOUY GToL DEDOUEVA, TETOWOL TVOXES €Y OUY
TAen TAEN PE TNV auo TNEY| LadnuaTier Evvola xot To TROBANUY TV E LYo TwY
TETEAY WVGWY dev ebvan xax®¢ TOTOVETNUEVOD UE TNV XhACIXT) EVVOLXL TOU
Hadamard. Qotéco, e€axoloudel va eivon doxun 1 opoloyior Slaxpitd xoxehg
TonoveTnuéva TPolARUUTA, ETEWDY) TOAAES antd TIC DUCKOMES AUTWY TWV TPO-
Brnudtwy magouctdloviar xo 6 TEOPAAUATY TNG HOPPNS . Enfong, Ta
TeOBAAUATH AUTE LY VA TEOXUTTOUY 6TAY dtaxplToToteiton €val UTOXE(PEVO Xa-
«©®¢ TOTOVETNUEVO TEOBANUA Yiol TOV UTOAOYIOHO TNE aptiunuixhc Tou Aorg,
[43].

To dudvuoua b € RP repiéyet éva dyvwoto opdhua e € RP. 'Ectw beyoer T0
Gy vewoTo dldvuoud To onofo BEV TEPLEYEL TO GQAAUIA, ONAXDY, b = begaer + €. H
axeric Abor Tou TEOBAUATOSC EAUY{OTWY TETPAYOVWY T1G TORAUTEVL LORPTS
(6.2) eivon

Lezact = ATbezact'
Eloutiag opwe tng Ymopdng tou dyvwoTou cgdidatos e 61o didvuoua b xay
NG MEYAANG Vopuag TOu At 1 Abor Tou TEoPBAfuatog , 1 omola etvan
ATb = xopee + Ale, TEQLEYEL TO TQIAUL Afe xo TpoxTixd Oev efvon plar xo-
A mpoaéyyion e oxpBolc AMoNS Tegpact, [28)].

Mia xohOteprn TEOGEYYION TNG AIOTNG Tegacr MTOREL VA TROXUYEL AbVOVTOQ
eva dAho TEdBANua To omolo elvar xovtd 6TO APy aAAd hydtepo “tuaicn-
107 670 o@dhua e mou umdpyel 6to b. Autdc o TEdTOg v YVWGTOC WG
AAVOVIXOTOLNGT) (regularization). Mio ané Tic mo Swdedopévec petddouc xa-
vovixorolnong etvar 1 xavovixornoinon Tikhonov. H amiolotepn popgh g
elvol 1) AVTIXUTAG TUOT, TOU dEytx0U TEOBANUATOS ue to oxohovdo Towi-
AOTIONUEVO TEOBATUA EAAY (O TWY TETPAYOVWY

min {[|[Az —b* + pl]*}, (6.3)
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6mou 1 napduetpoc 1 > 0 ovoudletar TapdueTEoc xavovixonoinorg (regular-
ization parameter). H AUom tou mowixomoinuévou mpofifuatoc eloyiotwy
tetpaydvey (6.3)) diveton and tov tino

x, = (ATA+ ul,) ' A"b. (6.4)

‘Orwc ebvar gavepd 1 Ao eCUPTATOL OO TV TORAPUETPO XAVOVIXOTOMOTNS
fo. Mioxahd) emhoy| yio quThy TNV TpdUeTeo Yo 001y HiOEL OE XUAY TROGEY YION
¢ axeBolc Aorg. ‘Evag tpémog emhoyic authg TN mopopéToou elvon HEow
¢ ehaylotonoinong tne ouvdptnone GCV 1 onofo divetan ond tov tomo (5.1)
xou €yel extyundel oto Kepdhoro

IMogathenon 6.1.

Mia dAAn 61adedouévn pédodog kavovikomoinons yia tn AVomn twy Olakpitey Ka-
kS Torodetnuévwy mpopAnudrwy eivar n Truncated SVD (TSVD). H péBodog
avty kpatd T k peyaditepes 101dlovoes tipés tov mivaka A kar o1 vnédoimes
m — k 10wdlovoes Tiués Uewpolvrar ioeg pe to undév. ‘Eotw Y € R™™ o
dwayviog Tivakag mov mepiéyel avtég Tig 10idlovoes Tiués. Mnopolue twpa va
optoovpe tov mivaka Ay = US VT tdéng k. Or mpooeyyiotinés Aoeig e
pédodo TSVD bivovtar and tov timo

; F ulb
mk:Akb:ZU—Uj, ]{,’:1,2,...,7"7
j=1 7/

omov r efvar n) tdén tov rivaxa A. Xe avtr) tn uédodo to k efvar n tapduetpos
kavovikomoinong, [49].

6.2.2 AptdunTtixd anoTeAECUAT

Y1n ouvéyela, mapadétoupe aptdunTd mapadelyuato oo onofa AOvouue Bta-
%€p1Td xoxws TomoveTnuéva TpoAruaTa eTAEYUEVY and To maxeto “Regular-
ization Tools” tou Hansen, [45]. Ilepiocdtepec hentopépeiec oyetixd Ye Tov
TEOTO XATACKEUHC TV TROBANUITLY uropoly va Beedolv oty Troevotnta
L.43l

H Aoon twv npofAnudtwy autey yivetal Uéow Tou avtioTolyou Towixo-
TONPEVOL TROBAAUATOS EANY{CTWY TETPAYOV®Y . H twn g nopapetpou
AAVOVIXOTOINGTS 1 TPoaBlopllETan PECL TNG EAXyIOTOTOINONG TN axELBol¢ GU-
véptnone GOV xar 1wv exTipfcewy evog xou 000 6pwv. Luyxexpuéva, yen-
owornotovue ¢ GCV extufoec evog pou fip xou 800 dpwy fig (e n = 1,
k = 0) nou divovton oto Hoployara WO Ov amoutoOUEVES TUPAUETEOL
OTIC EXTWNCELS EVOC Opou elvon vy = —3/2 xu v, = —1, xadodg ov mivoxeg
AUTWYV TV TEOBANUATOY xavoTooly Ty utddeon tou loployatog OTWC
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€y oupe HoT avagégel otny Evotnta . H axeiBric tur) tng ouvdptnone GCV
vrohoyiletan yenotponowwvtag to Toxéto Tou Hansen, [45]. H TOLOTNTA TWV
Moewy x; aZtoloyeitar utoloyilovtag T vépua tou o@dluatoc || — ;.

Ye Ol o mapadelypota Yewpolue 1o uéyedog detyyatogc N = 50 yia 10
Ocopnua Tou Hutchinson, extég and to teleutaio mopddetyyo oto onolo yen-
owornotiooaue N = 100. To miéyuo mou yernoonoteital Yo TNV TUPIUETEO
p meprypdpetar oty Yroevotnta [5.4.1) ‘Ohot ov unohoyiouol €yvay ypenoiuo-
nowwvtac MATLAB (R2015a), 64-bit, oe unoloytoth Intel Core i7, pye 16 Gb
DDR4 RAM.

IMopddewypa 6.3. Ta mpopfAnuata dokiung Tomo kar Heat.

Ye autd To TapddetyUa, doxwdloupe Tta mpoPAfuata Tomo xou Heat ye
mivoscar A peyédoug 100 x 100 xou to eninedo YoplPou elvar o = 1073 xou 0 =
1074 avtiototya. To mpofBinua doxwrc Heat mpoxintet and tny avtiotpoon
eliowon VepudTnrog. Lta ypaphuata oyedidlouye TV axpBh Ao
x TV TpoBAnudtwy xou Ty extiunon evoc bpou (oploTepd ypupruata) i Ty
extiunon dVo dpwy (8eid ypaphuata) yioo T Abon . H xatdhhnin emhoyn
NG TUPUUETPOU XAVOVIXOTIOINONG [t UTOREl Yar 0dNyNoEL oe Uit LxavomoTixy
Moo @, 71 omola elvoar TOAY xovtd oty apyixn| Aon @, OTWS UTOPOUUE Vo
doUUE o€ auUTd Ta Ypapruato xou otov Iivoxa OTOV OTO{0 XUTAYQAPETAL 1)
vépuo Tou o@dluatos |l — @,

W
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Yyfua 6.1: Abon tou tpolBifuatog doxiurc Tomo ue T yphom TwV EXTIUACEWY

EVOC %ol BUO HPWV.
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Eyhue 6.2: Aborn tou mpofifuatog doxuric Heat ye tn yerion twv extiufoswy

£VOS xat 800 HEWV.

HPOBX?;?;;)OXLHY]C MéﬁOSOQ I Hx N qu
Tomo GCV-One | 8.2879¢-4 | 3.1328¢-1
(100,1073) GCV-Two | 3.9349¢-6 | 5.5987¢-1
Exact GCV | 3.7321e-3 | 3.6006e-1

Heat GCV-One | 1.0389¢-7 | 4.8332¢-2
(100,107) GCV-Two | 2.3073e-8 | 6.1547¢-2
Exact GCV | 2.2734¢-4 | 5.9325¢-1

ivoxag 6.4: Tlopduetpot mou yopuxtrneiCouv To aprdunTind ToQadelyUoTa TWY

Yeapnudtwy [6.1] xou 6.2}

IMopddewypa 6.4. Ta mpofAnuaca doxiurs Baart kar Phillips.

Y€ QUTO TO TUPABELY A, CUYXPIVOUUE TOL ATOTEAEGUATA TOU TROXVUTITOUY YT
CLLOTIOWWVTAS TIG Ttapary VElOES OLXOYEVELES EXTWACEWY UE TA AVTIG TOLY oL ATOTE-
Aopata mou uTdpyouy oto Kegdhato 15 oto Pifho twv Golub xa Meurant,
[38]. Xuyxexpwéva, Soxwdlovye ta mpoBhfuoate Baart xou Phillips pe te-
Teaywvix6 mivaxa A Sdotaorng 100 xou 200, avtiotorya. Xtov Iivoxa
xotarypdgouye Ty extipnon GCV v to 1, 10 unéhoino by, — Az, (to didvu-
ouat by, dtvetan ané ) oyéon (5.27)) xou tn vépuo Tou opdhuatoc |l& — x|,
‘Onwe napatneolye o autov tov Ilivaxa, 1 motdtnta 1wV extiphoewy eap-
Tdron and To eninedo YoplBou 0. 26T6C0, Ol EXTIUACE YA TNV TOPAUETEO
xavovixorolnong efvar xohés. Xuyxptvovtoag to anoteréoupata tou Tlivaxa
ue to amoteréopata otoug Ilivaxeg 15.10 xou 15.12 oo [38] oed. 327, 331], 1w
omola €youv TpoxOYEL YpnotonolwYTIS T UEYOD0US TOU TEPLYPdPOVTOL OTIG
epyaotee [19] xon [42], BAémouye 6Tt 1 TotdTN T TV AoELY efvar oYed6V (Do
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Hedphrua | ; e — A, =l
(p) GCV-One | GCV-Two | GCV-One | GCV-Two | GCV-One | GCV-Two
Baart 1077 | 2.855718e-12 | 2.044066e-12 | 2.6298¢-7 | 2.6290e-7 | 5.8582¢-2 | 5.7744e-2
(100) 107% | 5.286602¢-9 | 2.291529¢-9 | 2.4339¢-5 | 2.4205e-5 | 6.4653e-2 | 6.37H4e-2
1073 | 2.291529¢-9 | 1.174044e-9 | 3.1809e-3 | 3.1809e-3 | 5.6132e-1 | 5.9153e-1

1071 | 4.646328¢-8 | 6.491280e-8 | 2.8115e-1 | 2.6879¢-1 | 5.1292¢0 7.4336¢€0

Phillips | 1077 | 7.338751e-7 | 3.036678¢-7 | 1.8031e-6 | 1.4264e-6 | 7.3570e-4 | 7.4559¢-4
(200) 1075 | 1.474286e-5 | 2.272868¢-4 | 1.5585e-4 | 3.0357e-4 | 5.5019¢-3 | 7.8508e-3
1073 | 9.404826¢-5 | 7.157553e-4 | 1.4791e-2 | 1.5077¢-2 | 2.0590e-1 | 6.7724¢-2

1072 | 9.326777e-4 | 1.122007¢-4 | 1.3631e-1 | 1.3517e-1 | 5.7666e-1 | 1.3282¢0

1071 | 1.729768¢-3 | 3.859297c-4 | 1.4218¢0 1.4536€0 2.5851e0 7.4383e0

Mivoxag 6.5: Ta npoAfuata doxiurc Baart xou Phillips yio dtdgpopa enineda
Yopvou o.

IMopddewypa 6.5. To npdPAnua dokiuns Shaw.

Ye auTd TO TORADELYHA, CUYXPIVOUUE TY) CUUTERLPORE TG TEOTEWVOUEVNG
ued6dou pe pla pédodo mou Bacileton oty pepixr ddlaywvionoinan (bidiago-
nalization), n onola neprypdpeton otny epyooia [57]. Xuyxexpyéva, doxudlou-
ue to meoBAnua Shaw pe mivoxa A yeyédoug 200 x 200 yio Sidpopa enineda
YoptBou 0. Xtov Iivaxa roapouctdlovye v extiunon GCV yw v na-
OOUETEO XAVOVIXOTIOMONG f1 X0 TIC AVTIOTOLYES VOPUES CQOAIGTODV || — ]|
Yuyxetvovtag autd tor amoteAEoUaTo Ue To avTioTOLY o TOU ToRoUCLdloVTUL OTOV
Mivaxa 5.1 tne epyaoioc [57], napatnpotye 1 ot tapaydeioec GCV exturoeic
YL TV TORAPUETEO XAVOVIXOTOINGNE 1 €ivol TOAD XOVTY X UTOPOUY VA ETLTEL-
Y900V tavonomtixég npoceyyioel.

1 [z — |
7 GCV-One | GOV-Two | Exact GOV | GOV-One | GCV-Two | Exact GOV
102 4.648693¢-6 7.676470e-6 7.008714e-4 2.4151e0 5.0564¢€0 7.7344e-1
104 1.579728¢-8 2.381715e-6 6.251839¢-7 | 3.9144e-1 | 6.1598e-1 4.4459¢-1
107% | 5.793231¢-9 2.124513e-9 3.785969e-7 | 3.3267e-1 | 2.7528e-1 4.5536¢-1
10=% | 3.991690e-10 | 1.147620e-12 | 2.045106e-10 | 2.6640e-1 | 1.0418e-1 2.6010e-1
10719 | 2.750381e-11 | 8.214432¢-13 | 2.417275¢-10 | 2.2266¢-1 9.3875¢-2 2.6201e-1
10712 | 3.250896¢-11 | 6.949720e-13 | 8.214432¢-13 | 2.2792¢-1 | 9.0655¢-2 9.3922¢-2

[ivaxac 6.6: To

TeOBANua doxtung Shaw didctacng 200 yia Sudpopa enineda

YopvBou o.

IMopdderypo 6.6. IlpofAnuata dokiung peydins odotaorng.

Ocwpolye TECoERU DLAPORETIXNS TEOPBAAUUTA doXiurg UEYSANS OtdoTaong
ue ddpopa enineda YoplBou 0. Ewdwdtepa, Jewpolue 1o mpoBinue douxnig
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Phillips Sidotaone p = 3000 xor p = 10000 pe ¥6pufo o = 107°, t0 TpdPBAn-
wot Tomo dtdotacne p = 10000 ue o = 107%, 7o TeoPBhnua Baart dudotaorg
p = 15000 pye 0 = 107% xa to wpdBhnua Heat Sidotaone p = 20000 pe
o= 1073, Ttov Iivaxa AVAUPEQOUUE TNV TUT TNS TAPUUETROU XUVOVIXOTO-
tnong 1 xou TN vopua ToU GHAMIATOC TNG TARAYOUEVNS AUGTIC YETCLLOTOLWMYTAS
TIC EXTWAOELS EVOS 1) 800 Opwy. TTagatnpolue étt y GCV extiunon tne nopa-
UETpoU xavovixomolnong p etvar ToAD txavomonTixe, ool 1 vopUd Tou o@dh-
watog ||z — x| elvon apxetd wxpnh. AZiler va onuewwdel 6t 0 TotdTTYL TIC
Aoomg @, 0ev eCopTdTon and TNV OLAGTAOT TOU TROPBAAUATOS BoXIAC.

bR o doxtunc

(p.0) Mévodoc L |l — .
Phillips GCV-One | 9.5202¢-7 | 8.1020e-3
(3000,1079) GCV-Two | 5.1542e-6 | 3.2307e-3
Exact GCV | 1.6812¢-3 | 1.7508e-2

Phillips GCV-One | 7.7961e-8 | 6.6911e-2

(10000,107°) GCV-Two | 1.0254e-6 | 4.2442¢-3
Exact GCV | 1.1201e-3 | 1.5003e-2

Tomo GCV-One | 4.0425e-5 | 5.1220e-1
(10000,10~%) GCV-Two | 5.2334e-7 | 2.2169¢-1
Exact GCV | 4.9637e-4 | 6.0263¢-1

Baart GCV-One | 2.9667e-11 | 6.1209¢-2
(15000,1079) GCV-Two | 1.0473e-12 | 5.7591e-2
Exact GCV | 1.3162¢-6 | 1.3940e-1

Heat GCV-One | 4.8599¢-6 | 1.3017e-1
(20000,1073) GCV-Two | 2.9431e-6 | 1.1307e-1
Exact GCV | 8.6606e-4 | 9.3654e-1

Hivaxag 6.7: Extwrosic GCV vy 10 p oo tpoPfifuate oxuhc UEYAANS Ot
doTaong.

6.3 Xratiotixn: leopuixd povieho maAiv-
6pouNoNS
6.3.1 Ocswpntixd ntiaiclo

Ye dtdpopa TEOBAAUNTA TG LTUTIOTXNAG UG EVOLUPEREL 1) TUUTOYLOVY) MEAETT
000 1| TEPLOCOTEQWY UETUBANTWY, YLl VO TEOCDLOPIGOUUE UE TOWV TEOTO O
vetahntéc autée oyetiCovton yetall toug. O xAddog TNg LTATIGTIXAC TOU
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e¢etdler T oyéon petadh dUOo 1| TEPLOGOTEPWY PETUBANTWY UE AMWTEPO OXOTO
Y TROBAedT) ulog and auTéS YEok TV IAAGY, AEYETOL AVIAUCT| TUAVOROUNCTS
(regression analysis).

Ye xdde mpoPhnua mavdpdunong dtaxpivouue cuvidwe dUo eldr ueTaSAn-
v, Tig aveldptntes (independent variables) xa tic e€aptnuévec (dependent,
response variables). Aveldptnrec petafhntéc eivon exeiveg oTIc omoleg umo-
eolue vo divouue pla cuyxexpwévn Twr 1 Tolpvouv TWES TOU UTOPOUUE Vo
TopaTnENooUUE ahhd Oyt vor ehéylouue. H eloptnuévn petafBinTy avrovaxid
T0 anotéleoya YETOPOAGY oTig aveldptntee uetaintée, [71].

‘Orwe avagépaue Topamdve, 0 OTOY0¢ TNC UEAETNG EVOC YRUUMXO) UO-
VTEAOU TAVOROUN oG (Vewpla TONNATTAY|G Tcoc)\WSpépnong) etvar 1 TEOPBAEd
(prediction) pioc petaBinthc v ue Bdon ta otoyela mou Brodétouvue yio Evar
G0OVORO GAAWY UETUBANTOV L1, Ta, . . ., Tq. 2TO XAACKO YROPUXO LOVTEAD, 1 ¥
Vewpeiton 6Tt anoteel plor Tuyaio UETUBANTH (UE CUYXEXPIEVES OTATIO TIXES 1OL-
HTNTES) Mot OTL TEPLEYEL EVAL YPUUUIXO XOUUSTL TTOU YENOWOTOLEL TIC UETOBANTES
T1,T2, ..., Tq Xl VoL TUYOLO GPIAUL €, BNAUDT

Yy = b2y + Paxo + - + Baza + €.
XpnowomoiwyTog 1 aveldpTnTES TUPATNRNOEL, TU{pVOUUE
y1 = iz + Pexia + -+ BaTia + €,
Y2 = Pixor + Porag + - - + By + €2,
Yo = Brixpr + BoTpe + -+ + BaTng + en.

‘Etol 10 ypauuixd yoviého mahvdpduncne pmopel va ypagel otny Godivoun
HOQRGT| TVAXWY

y=X3+e, (6.5)
r11 T12 ... T1d
To1 T2 ... T2d
6mou X = ) o ) € R4 (n > d) elvor o mivaxag oyedioopol
Tnl Tp2 ... Tpd
(design matrix), y = [ 1 ¥2 - ¥n }T € R" elvar to didvuopa amdxpione
(response vector), € = [ € € - €, }T € R” elvar to ddvuoua Twv -
VEEAOTNTWY X0t Lo6VoumY Tuyaiwy ogoludtey (independent and identically
distributed (iid) random errors), émou €; ~ N(0,02) yia xdde i = 1,2,....n
xou 3 = [ B P2 - Ba }T € R? eivan T TOEAUETPOG-OLEVUCUA TUAVOROUT-

omg mou EMVUPOVUE Vo EXTLUNCOUUE.
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‘Evag t1pbm0¢ extiunong twy cUVIEAEGTOY TOL Yovtéhou, dnAadY| Tou Ota-
voouatog B ebvon 1 uédodog ehayiotwy tetpaydvwy. H extiunon twv cuvidwy
ehaylotwy teTpaydvewy (ordinary least squares (OLS)) tou TEOXUTTEL
ehaytotonoidviag 1o ||y — X B2 %o dtveton amd

Bors = (XTX)"'XTy.

Av o mivoxac XTX etvor 18wy xow xodde to OLdvuoua andxplong Y etvor
“UOAUCUEVO” UE €Val dYVWoTo oQdAa, Aaudvoupe uTody To ToWIXOTOINPEVO
TeOPANUA ehayloTwY TETPAYOVLY TNG LOPYNS

: 2 2
ﬁHéIRT}l{Hy—XBH + w8l (6.6)

70 ontolo e€apTdTon amd Uiot XoTdAANAY ETAEYUEVT) T TNG TUROUETEOU f1. TNV
epyooio [37] arodelydnxe 611 10 Sidvuoua B txavorolel pio owoyéveta ridge
exTuRoEwY Tou eCopTdTon ané pio TapdUETPO 1, N omola xaAeitoar puIUGTIXY
nopduetpoc (tuning parameter) oe autd to npoPfifuata. H owoyévewr ridge
EXTWAOEWY Yo To 3 diveton amo

N

Bu) = (XTX +puly) ' X"y,

H anoteleopatixdtnTa Tng AVOTG TWV TOWIXOTOUUEVKY ENXYIOTWY TETRAYOVWY
eCopTdTar amd TNV XATIAANAY EMAOYT NG pUUMCTIXG TUPUUETEOU [t xo™S
odnyel oty Moy, ToU 0wWoTOV OTATIOTXNO) YOVTELOU.

‘Onwg xar 6Ny eNLAUGT TWV SLUXPLTMY XAXMS TOTOVETNUEVDY TPOLANUATWY
Tou meptypdpnxay oty Evotnta 0 TEOGOLOPIGHOS TNG PLIMC TIXNG Topo-
uETpou i1, yivetow péow tng uedodou GCV. Aaufdvovtag unddiy Toug cupSol-
opole Tou Ypauuxol govtéhou nakvdpbunone (6.5)), n ouvdptnon GCV
YedpETL W

y' By
(Tr(B~1))*

6mov B = XXT + ul, € R™™ xau Xf:ivou 0 TVOXOC 0X8§Laop00. Oa yernot-
UOTOGOUPE TiC EXTRGELS EVOS bpou Vi () xaw 600 dpwy Va(i) Yo Tr cuvdp-

mon GCV nou divovton and toug thmoue (5.18)) xau (5.19) avtiotowya, yio Ty
extiunom g puio TixAg TapaUETEOY L.

Vip) = (6.7)

6.3.2 Melétn npocopolwong

Ytny axéhoudr) uehétn mpocopoinong, YewpolUe T0 GTUTIOTIXG UOVTEND UE
vPnhd cuoyetiouévoug mopdyovteg (high correlated covariates), 6mou 6hot
€youv TNV Bt dtodpavor.  AuTH 1 XAAOT) TIVAXWY TEQIYPAPETUL AVUAUTIXE
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oty Evotnta Aopfdvouye Eeywplotd UTOPY TIC TEGITTWOELS OTOV TO UOo-
vtého dev mepiéyel otadepd dpo (intercept) xou tny tepintwon pe otadepd opo.
A¢ Zextviooude v TEQLYPAPOUPE OVIAUTIXG TO HOVTELD TTou Vol UEAETACOUUE.

Vs 7 Vd 7 7
[Ipocopowdvoupe 100 datasets mou amotelodvToL and N TUPATNENOELS O
TO GTATIOTINO YOVTEAO

y=XB+e,
6mov X = [ Ty To - Xq ]nxd, elvor o mivaxag oyedLcGUol %ot oL GTHAEG
TOU T3, 1 = 1,...,d ebvan ol TopdYoVTES TOU 0xXOAOUVOLY TNV XAVOVIXY| XATAVO-

uh N(0,0°1,). To didvuopa TV SQUNIETOY €51 EVOL XAVOVIXE XUTAVEUNUEVO
wc N (0, 1,,) xou B ebvon évar Tuyada entheyuévo d x 1 didvuopo. Ltny neplntomon
TOL TO PoVTELOD TEREYEL oTadepd Gpo dAa Ta GTotyEld TNE TEWTNEG OTARNE TOU
mivoxa oyedtacuol etvon foa e Eva. ‘Etot, o povtéio ye otaldepd 6po Ha €yel
™ pop@ i

y=XB+e,
6mou X = [ 1 X } xon 0 Tivaxag X €yEl TIC IOLOTNTES ToU €Y OUUE Teptypdibel
TOEATAVW.
[Ma 6l Tar Tpocouotwuéva Tapadelypota, 1 cuviing extiunon Twy elayloTwy
tetpay@vwy (OLS) dev eivon ixavomomntiny| xau €10t Y pnotonololue TV eAayt-
0 TOTO{NGY TOU AVTIGTOLYOU TOWLXOTOWUEVOU TEOBAARATOC .

Yroug llivaxeg mou axohoudolv, mapouctdlouue Ta ATOTEAECUATI TG E-
©TUNONG NG TMUPAUETEOU TTUAVOROUNCTS B YL OLdpopES DLUG TUCES TWV Ti-
Véxwv oyedacuol X 1 X. To TAEYUA TOU YENOLHOTOLELTAL Yio TNV TUPdUETEO
p meprypdgetan oty Troevotnta [p.4.1} ‘Odot ov unodoyiouol Eywvay yenouo-
rowvtac MATLAB (R2015a), 64-bit, oe unoloyioth Intel Core i7, ue 16 Gb
DDR4 RAM.

Y1ig mpidteg othheg Twv Lvdnwy anewoviCeton 1) Soncduavon o2 v piciele
Yoviwv x;, 1 = 1,...,d. H dcdyoavon etvan lon pe 0.25 xou 1 0TI tepintwoetg
mou e€etdloupe. Xtn detitepn oThHAN xoTaypdpovTon ol Yéodol Tou yeNouLo-
ToLOVTOL. Buyrexptuéva, ot pédodor mou mapouctdlouue efvon ol axdroudeg.

- Exact GCV
H yédodog auty urnoloyilel tov timo tne ouvdptnone GCV ue Bdon
v tapayovtonoinan walovodv Ty (SVD) xou uropel va Peedef oo
noxéto tou Hansen, [45].

- GCV-One
H pédodog auth ﬁaailsjw oty extiunom evog bpou trg ouvdptnone GCV
xou uhomotel tov tomo Vi (p) (ue vy = —3/2 xan v, = —1) ou diveton and

™ oyéon (5.18).
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- GCV-Two
H pédodog auth ﬁaailefou oty extiunon dYo bpwv trg ouvdetnong GCV
xon vhorotel Tov tomo Va(u) (ue n =1, k = 0) mou divetar and tn oyéon
(5.19).

- GCV-One(e)
Auth 1 pédodog vhomoel tov tino (5.7)) yio tov aprunth (ue vy = —3/2)

xou Tov Tomo (5.17) yio Tov mopovopaot] (Ue v = —1) e EXTWMUEYYC
ouvdptnong GCV.

- GCV-T1
H pédodoc GCV-T1 vhomotel tov tiTO Yo Tov aprdunti (ve vy =
—3/2) xou Tov TR0 Y10l TOV TOQOVOUACTY) (mou unohoyilet W3S
T0 fyvog Tou Tivaxa B! ve Bdom TiC WBOTWES TOV) TNG EXTULMUEVNC
ouvdptnong GCV.

Yny Tl xon oTNY TETAPTY OTHAN 1) MEOT) TN TS EXTWOUEVNG PUIOTL-
XAC TAUPOUETEOL [t xat 1) Péon Tu) ToU avTioTotyou anatoluevou ypeovou (oe
Sa:urspé)\emoz) xoTarypdpovTon. LNy TEUNTY oTAAY Ty IIvdxey areixovileton
0 ouvteheoTic emttdyuvone (speedup factor - SF) o onolog exppdletan w¢

SF — timeexact GCV .
tlmemethod

H mowdtnta e Aborng B o&LOAOYELTAL UE TOV UTOANOYIGHO TOU UEGOU TETEO-

Ywvixol ogdhuatoc (MSE(B)) tou mopayduevou extiunt B(u), mou unoko-
viletow and tov TUNO

MSE(B) = E[|IB - B’

xou epgaviletar TNV TEAeUTAi GTHAY TV TIVAXWY.

Téhog, afilel vo onueiwiel 6Tt Adyw TNE xATaoXELVTC TOU TiVaXA GYEBLAGHOU
xo GUYAEXPWEVAL 0pol oL TtapdyovTég Tou x5 ~ N (0, o’l,),i=1,...,d, 1 ou-
OYETION T TWVY TPy OVIWY divetor and Tov axorloudo THTOo, Tou £yl EXPEIUCTEL

ue T PorRdela vopuoy,

w,’TG’Jj

r = cor(x;, x;) = i,j=1,...,d, i #J.

[ESTIEA

Yroug Ilivaxeg mou mapouctdlovue mapoxdtw Vewpolye B cucyETion TwV
Tapayoviwy on ue r = 0.999 % r = 0.8.
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e YuoyETion nopayoviwy: r = 0.999.

| o | Médodoc | p | Xpévoc | SF | MSE(B) |
Exact GCV | 5.9094e-1 | 2.1902¢-2 - 6.1124e-1
GCV-One 1.6985¢-1 | 6.5967e-4 | 33.2014 | 7.9650e-1
0.25 GCV-Two 2.4755e-1 | 7.8833e-4 | 27.7828 | 7.1166e-1
GCV-One(e;) | 1.5732¢-1 | 6.4923¢-4 | 33.7353 | 8.9493¢-1

GCV-T1 3.7213e-1 | 6.4480e-4 | 33.9671 | 6.3205e-1
Exact GCV | 9.8921e-1 | 2.1828¢-2 - 5.2153e-1

GCV-One 3.5394e-1 | 6.5243e-4 | 33.4565 | 6.3445e-1
1 GCV-Two 5.4247e-1 | 7.7464e-4 | 28.1783 | 6.0732e-1
GCV-One(e;) | 3.1464e-1 | 6.4788¢-4 | 33.6914 | 6.9532¢-1

GCV-T1 6.0041e-1 | 6.4452¢-4 | 33.9819 | 5.8731e-1

Hivaxac 6.8: Anotehéopata yia mivoxa oyedaouol Xigoxe-

‘ o? ‘ Médodog ‘ 1] ‘ Xpbvog ‘ SF ‘ MSE(B) ‘
Exact GCV | 4.8973e-1 | 2.2012¢-2 - 5.7386e-1
GCV-One 1.9091e-1 | 6.6933e-4 | 32.8866 | 6.3990e-1
0.25 GCV-Two 1.6315e-1 | 7.9069e-4 | 27.8390 | 7.1962¢-1
GCV-One(e;) | 1.5732¢-1 | 6.5424¢-4 | 33.6451 | 7.6961e-1

GCV-T1 1.9575e-1 | 6.5123e-4 | 33.8007 | 6.1154e-1
Exact GCV | 7.9510e-1 | 2.2276e-2 - 4.2876¢-1

GCV-One 3.8709¢-1 | 6.7665e-4 | 32.9210 | 4.8686e-1
1 GCV-Two | 3.3948¢-1 | 7.8507¢-4 | 28.3745 | 5.2634e-1
GCV-One(e;) | 3.1464e-1 | 6.7398¢-4 | 33.0514 | 5.9400e-1

GCV-T1 3.4296e-1 | 6.5760e-4 | 33.8747 | 5.1230e-1

Tivoxag 6.9: Anotehéoyata yia mhvoxa oyedlaouol Xigoxr.

| o | Médodoc |  u | Xpovoc | SF | MSE(B) |
Exact GCV | 7.7571e-1 | 2.2405e-2 - 6.4085¢-1
GCV-One 2.4896e-1 | 7.0932¢-4 | 31.5866 | 8.4998e-1
0.25 GCV-Two 3.1470e-1 | 8.3219e-4 | 26.9229 | 8.0412e-1
GCV-One(e;) | 2.2305e-1 | 6.9186e-4 | 32.3837 | 8.8405¢e-1

GCV-T1 4.3276e-1 | 6.7824e-4 | 33.0340 | 7.3860e-1
Exact GCV 1.1968 | 2.2003e-2 - 5.7760e-1

GCV-One 4.9860e-1 | 7.2376e-4 | 30.4010 | 6.3504e-1
1 GCV-Two | 6.0885¢-1 | 8.4788e-4 | 25.9506 | 6.2630e-1
GCV-One(e;) | 4.4609e-1 | 7.1976e-4 | 30.5699 | 6.6019¢e-1

GCV-T1 8.6180e-1 | 6.8156e-4 | 32.2833 | 6.1625¢-1

Hivaxac 6.10: Arotehéopata yia mivoxa oyedaouol Xagox1o-
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‘ o? ‘ Médodog ‘ L ‘ Xpdvog SF ‘ MSE(B) ‘
Exact GCV | 8.2269¢-1 | 2.2978¢-2 - 5.8908¢-1
GCV-One | 2.5850e-1 | 7.3364e-4 | 31.3205 | 7.4309¢-1
0.25 GCV-Two | 2.3462e-1 | 8.4738¢-4 | 27.1165 | 7.8261e-1
GCV-One(e;) | 2.4305e-1 | 7.1754e-4 | 32.0233 | 7.5029¢-1

GCV-T1 3.2299e-1 | 7.1289¢-4 | 32.2322 | 7.0848e-1
Exact GCV 1.0864 | 2.4547e-2 - 5.0989¢-1

GCV-One | 5.6537e-1 | 7.9805¢-4 | 30.7587 | 5.2467e-1
1 GCV-Two | 4.7612e-1 | 9.0637¢e-4 | 27.0828 | 5.7095¢-1
GCV-One(e;) | 4.9609¢-1 | 7.6773e-4 | 31.9735 | 5.6362¢-1

GCV-T1 5.8887¢-1 | 7.6251e-4 | 32.1924 | 5.2109¢-1

Hivaxag 6.11: Amoteréoyarta yia mivoxa oyedaouol Xogoxii-

‘ o? ‘ Médodoc ‘ 1 Xpdvog SF ‘ MSE(B) ‘
Exact GCV 1.7715 3.1048e-2 - 7.1281e-1
GCV-One 5.7176e-1 | 1.3580e-3 | 22.8630 | 7.7552¢-1
0.25 GCV-Two 6.1393e-1 | 1.6853¢-3 | 18.4228 | 7.6790e-1
GCV-One(e;) | 4.9975e-1 | 1.3125e-3 | 23.6556 | 7.1332¢-1

GCV-T1 5.1352e-1 | 1.2928e-3 | 24.0161 | 7.6367¢-1
Exact GCV 1.1616 3.1412e-2 - 4.6203e-1

GCV-One 1.2054 1.4547e-3 | 21.5935 | 4.5642¢-1

1 GCV-Two 1.0778 | 1.6780e-3 | 18.7199 | 4.5627e-1
GCV-One(e;) | 9.9950e-1 | 1.3913e-3 | 22.5774 | 4.4783¢-1
GCV-T1 1.0270 | 1.3852e-3 | 22.6769 | 4.4318e-1

Mivoxag 6.12: Anotehéoyata Yo mhvoxa oyediaoldod Xigooxso-

o? Médodoc I Xpbvoc SF | MSE(B) |
Exact GCV 1.8936 | 3.2574e-2 - 5.6198e-1
GCV-One 6.3770e-1 | 1.5241e-3 | 21.3726 | 6.3129e-1
0.25 GCV-Two 5.4290e-1 | 1.6693e-3 | 19.5136 | 6.6779e-1
GCV-One(e;) | 5.1823¢-1 | 1.4244¢-3 | 22.8686 | 6.7509¢-1

GCV-T1 7.1158e-1 | 1.4119e-3 | 23.0710 | 5.9354e-1
Exact GCV 1.2869 | 3.0653e-2 - 4.1756e-1

GCV-One 1.2892 | 1.4788e-3 | 20.7283 | 4.1266e-1

1 GCV-Two 1.0651 | 1.6059e-3 | 19.0877 | 4.1567e-1
GCV-One(e;) | 1.0275 | 1.4561e-3 | 21.0514 | 4.2801e-1
GCV-T1 1.1766 | 1.4214e-3 | 21.5654 | 4.0983e-1

Hivoxag 6.13: Anoteréoyata yia mivoxa oyedlaoldol Xigooxs1-
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6.3. XTATIYTIKH: TPAMMIKO MONTEAO ITAAINAPOMHYHY.

e Yuoyétion nopayoviwy: = 0.8.

‘ o? ‘ Médodoc ‘ I ‘ Xpovog SF ‘ MSE(B) ‘
Exact GCV | 3.1543 | 2.2041e-2 - 5.5065e-2
GCV-One 3.2712 | 7.2141e-4 | 30.5527 | 5.4415e-2
0.25 GCV-Two 3.5971 | 8.3102¢-4 | 26.5228 | 5.3680¢e-2
GCV-One(e;) | 3.2199 | 7.1922¢-4 | 30.6457 | 5.3107e-2
GCV-T1 3.1839 | 7.1885e-4 | 31.2930 | 5.4831e-2
Exact GCV | 6.3403 | 2.2181e-2 - 1.7219¢-2
GCV-One 6.5940 | 7.2469¢-4 | 30.6076 | 1.7213e-2
GCV-Two 6.5750 | 8.4031e-4 | 26.3962 | 1.7155e-2
GCV-One(e;) | 6.3087 | 7.1954e-4 | 30.8266 | 1.6540e-2
GCV-T1 6.3403 | 7.1901e-4 | 30.8494 | 1.7219e-2

[Tivoxag 6.14: Anotehéopota Yo mivoxa oyedaouol Xagoxio-

‘ o? ‘ Médodog ‘ 1] ‘ Xpovog ‘ SF ‘ MSE(B) ‘
Exact GCV | 3.1543 | 2.2495¢-2 - 5.4595e-2
GCV-One 3.2429 | 7.3401e-4 | 30.6467 | 5.4102e-2
0.25 GCV-Two | 3.1913 | 8.4230e-4 | 26.7066 | 5.4389%¢-2
GCV-One(e;) | 3.1543 | 7.2888¢-4 | 30.8624 | 5.4595¢-2

GCV-T1 3.1543 | 7.2821e-4 | 30.8908 | 5.4595e-2
Exact GCV | 6.3087 | 2.2701e-2 - 1.5374e-2

GCV-One 6.5586 | 7.3395e-4 | 30.9299 | 1.5306e-2
1 GCV-Two | 6.4671 | 8.4093¢-4 | 26.9951 | 1.5331e-2
GCV-One(e;) | 6.3087 | 7.3198¢-4 | 31.0131 | 1.5374e-2

GCV-T1 6.3087 | 7.2735e-4 | 31.2106 | 1.5374e-2

[ivoxag 6.15: Anotehéopota Yo mivoxa oyediouol Xogoxii-

YOvodn twv anoteAecudTny

o H exniucdpern tiun wns pvduiotiknig tapapérpou p.

H w# tou p oty Exact GCV ebvar ) Véomn ehayiotou tng . X
GCV-One 1 GCV-Two n | Tou p etvan 1) 9€om ehaylotou g 1
™ . O TWéc Tou 1 Sopépouy xat €Tol eoTIdCoVUE oTNY eRiTEVEn
evog ouyxplowou uEoou TETEAYWYLIXOU GQIAIATOS, DNhadT Vo ETITOY0U-
UE éval €GO TETpAYWYIXG GOIAUA TNE (Blog TdENg pe o extiunoT moho
wixpdTepnc mohumhoxdtntag (Tetpaywvixy T6En) and tov Yewpntixd uto-
hoyioud (xuPuxy| Té€n).

A~

o To uéoo tetpaywriké opdipa MSE(3).

Etvar onuavtind vo tovicouye 6Tt 6e GAEG TIC TPOGOUOUMGELS ETLTEDY VXY
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KE®AAAIO 6. EPAPMOI'EX

A~

ptnvéc Noeig ye MSE(B) e Sag tEnc ue tov oxpiBr) urohoylopd
mou Oetyver Tt ot pédodol extiunong unopel vou elvon TEOTWOTERES Yol TOV
TeoGdloploud TNe puipoTixc Tapopéteou. Koo 1 dtobuavor audvel
T0 MSE(B) o€ Hhec Tic YEVOOOUC UELWVETOL.

O xpdvos extéheons kar o owvtedeotns emndyvvons (speedup factor -
SF).

Hapatneolue 6Tt ot pédodot extiunomg etvar ToAD o YpRYOpES antd 1OV o-
%3] umoloyioud tng cuvdptnong GCV (6T avauévoue arnd ™ Uelwon
™me nokun)\oxérmag). O SF anewoviCer auty| 1) dlagopd. Exiong, uro-
EOLUE Vo TapaTnEhooupe 0Tt ot uédodot extiunong mou otneilovia oTic
EXTIWAOEC €VOC Gpou (Bnhadr) oo GCV-One, GCV-One(e;) xou GCV-
T1) éyouv tov udmhétepo ouvtedeoth emtdyuvone (Ewe xan 33% Yy
OPLOUEVEC TEPITTMOGELS) EVE n GCV-Two emituyydvet eniong xahd puiuo.

To yedornua anetxoviler Tov ypovo extéleans (o€ BeuTepdAENTA) WC
cuvdptnoy Tou aEWUoY TWY TUPATNERCEWY YL TNV ENLAUGT TOu TEo-
Priuatog Twv ehayloTOY TETEUAYWVOY. NUYXEXQUEVY, VEWEOUUE TEVTE
mivoxeg oyedtaopot X ddotaong nx 10 yian = 100, 300, 500, 1000, 2000.
Or pédodot mou aretxoviCovtar etvon 1 Exact GCV xan ot pédodot extiun-
ong GCV-One xar GCV-Two. Biénoupe 61t autég ot uédodot €youv oye-
00V yeauux| cupneptpopd. O GCV-One xou GCV-Two emtuyydvouy e-
EapeTIXd YR1YOpo Ypovo exTéREoNC xan o€ oUyxplor pe Ty Exact GCV
€youv ouvteleo T emtdyuvone uéyet 32%.

—*— ExactGCV | |
— — —GCV-One
GCV-Two | |

0.045

0.04 -

0.035
0.03

002k —k— T

0.02 -

Execution time

0.015

0.01 -

0.005

oF

-0.

.005 ! ! !
100 300 500 1000 2000
Number of observations

Eyfuo 6.3: Xpdvoc extéheons (o€ SEUTEROAETTA) W GUVARTNOT TOU dEIIUOY
TORATNENOEWY Yld TNV €XIAUCT, TOU TPOBAAUITOC TwVY EAUYIOTOY TETRAYOVWY.
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