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Ilepiindn

Agol mpwta uneviupicoupe Baowd otoryeion g yewuetplag Riemann, da
xdvoupe o eloaywyy| ota Pacixd tng Yewplag BEATIOTNG PETAPORAS TéVW OE
mohhamidtnteg Riemann. To xpto anotélecua mou mopouctdleton eivan 1
loduvopion €VOg %4Tw  QEAYMATOS Yoo TNV xoumuAdTnTo Riccl pe v
K-xuptétnta tng oyetuxfc eviponiog, €Vol CUVIQTNOOEWDES TAVW GTO YWEO
TV AmONUTO GLVEY KV (S TPOC VOlg) UETpwY miavotnTac. Auth 1 ooduvaio
ETUTEETEL TOV OPLOUO EVOC XdTe QEAYUNTOS Yia TNV xopumuhotrta Ricci o
UETEIXOUC YWeoug UE PETPO, 6Tou 1) dour Riemann anouctdlet.

Abstract

After reminding some basic elements of Riemannian Geometry, we will make
an introduction to the basics of optimal transport theory on Riemannian
manifolds. The main result presented is the equivalence of a lower bound for
Ricci curvature with the K-convexity of the relative entropy, a functional on
the space of absolutely continuous (w.r.t. voly) probability measures. This
equivalence allows the definition of lower Ricci bounds on metric measure
spaces, where the Riemannian structure is absent.
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Chapter 1

Introduction

The purpose of this thesis is twofold. First of all, it is to present the subject
itself and cultivate a desire for further exploration and research. Secondly,
it is to stress the fact and remind to the reader (as well as myself) that
the combination of different areas of mathematics can yield fruitful results.
Moreover, the journey itself, in doing so, is an interesting experience, since it
can give a unique point of view of these areas. To be more precise, in our case,
we will develop (to some satisfying point) the theory of Optimal Transport,
assuming that we work on a riemannian manifold, hence we can use every
tool from Riemannian Geometry, so that we can generalize a lower Ricci
curvature bound on more abstract spaces. When we say "Ricci lower bound"
we mean that there exists a K € R such that Ric,(v, v) > (n — 1)Kg,(v, v)
Vo € M,v € T,M and write Ric(M) > (n — 1)K.

There are various reasons to try to extend notions of curvature from
smooth Riemannian manifolds to more general spaces. Let’s consider the
sectional curvature. It naturally controls the behavior of the distance along
geodesics. For instance, the lower bound sec(M) > K for K € R is equivalent
to that every geodesic triangle in M is "thicker" than the triangle with
the same side lengths in the 2-dimensional space form of constant sectional
curvature K, known as Toponogov’s theorem ([9]). It turns out, that this
triangle comparison condition also makes sense in slightly more general
spaces, the geodesic spaces. These spaces are just metric spaces in which
the distance between two points equals the minimum of the lengths of curves
joining the points. Geodesic spaces with "sectional curvature > K" are
called Alexandrov spaces and are deeply investigated from both geometric
and analytic viewpoints (|23], [27], [8]).



CHAPTER 1. INTRODUCTION 2

In view of Alexandrov’s work, it is natural to ask whether there are
metric space versions of other types of Riemannian curvature, such as Ricci
curvature. Since Ricci curvature is just the trace of sectional curvature, it
holds less information and controls only the behaviour of the measure vol,.
For example, one of the most important theorems in comparison Riemannian
geometry, Bishop-Gromov volume comparison theorem, asserts that a lower
Ricci curvature bound implies an upper bound of the volume growth. Also,
positive lower Ricci bounds provide upper bounds on the diameter of M, due
to Bonnet-Myers theorem. These two theorems give nice intuition of how
spaces with lower Ricci curvature bounds look like and will be proved in the
sequence, using Jacobi fields, just to capture the idea that Jacobi fields are
controlled by Ricci curvature. Although bounding Ricci curvature from below
is essential in many analytic applications, how to characterize such spaces
without using differentiable structure had been a long standing important
problem.

Our ultimate goal is to present a way to define a notion of Ricci curvature
on metric spaces, which will be independent of the Riemannian setting and
the dimension of the manifold, in the same fashion as with Alexandrov spaces.
But, in order to talk about volumes, a measure has to be included, therefore
introducing metric measure spaces. A first approach would be to "reverse"
the Bishop-Gromov theorem, or something slightly more general. The Bishop-
Gromov volume comparison theorem can be regarded as a concavity estimate
of Volé/ " along the contraction of a ball to its center, thus it is a special case
of the well known, Brunn-Minkowski inequality (BMI).

Moreover, this contraction can be seen as the transportation of the
measure of a ball to that of balls of smaller radii. This interpretation indicates
that the tools of Optimal Transport theory, whose object of study is the
optimal transportation of measures on metric measure spaces, should play a
key role in understanding Ricci curvature. This approach was pioneered by
Lott - Villani [22], von Renesse - Sturm [17] and Sturm [14], eventually leading
to the definition of the so-called CD(K, N) and RCD(K,N) (N € [0, +00])
spaces, which should be understood as metric measure spaces that satisfy
a lower Ricci curvature bound and upper dimension bound, in a measure-
theoretic sense. These spaces have been the object of intense research activity
over the last 10 years, leading to generalizations of many classical results in
Riemannian geometry involving lower Ricci curvature bounds, for instance
the theorem of Bonnet-Myers [15], the Splitting Theorem [16] and many more.

Our approach will follow Ohta’s (|21]) observation that we can prove BMI
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in the Euclidean case, using optimal transport between uniform distributions.
So it would be logical if we study optimal transport between probability
measures, in the general case. Since BMI and Ricci curvature both depend
on the dimension of the manifold, we must find an infinitesimal version of
BMI. After developing the main theory of optimal transport on Riemannian
manifolds, according to [30], we follow very closely the work of [31] in which
they prove an infinitesimal version of the BMI, called Jacobian inequality,
through the differentiation of the optimal transport map.

If the reader has never heard of optimal transport, they can visualize
the following problem: let’s say that we’re given a pile of sand with which we
must fill up a hole of the same volume (which we will assume it’s 1). Moving
the sand around requires some effort, which we wish to minimize overall.
It’s, literally, a problem of optimal transportation of sand. We will model
the sand and the hole by Borel probability measures pu, v defined on some
complete and separable metric measure spaces X and Y, respectively. We
denote these relations by p € 2(X) and v € 2(Y). The effort is modeled by
some measurable cost function ¢ : X xY — RU{+oco}. We shall model the
transport plan to be a measure 7 € Z(X x Y), so that dr(z, y) denotes
the mass transferred from location x to location y, with the natural constraint
that all the mass taken from point = coincide with du(z) and all the mass
transferred to point y coincides with dv(y). This is described by

[ dnte ) = duta), [ ara, ) = avty)
or, more rigorously,
T(AxY)=pu(A), =X x B)=wv(B)

for all Borel sets A C X, B C Y. Equivalently, we require that

/X @)+ dl)dn(z 5) = /X o(@)dpu(z) + /Y b(y)dvy)

for every ¢ € L'(11), ¢ € L'(v). We denote the set of measures m as above
by TI(u, v), which is always a non-empty set, since pu ® v € II(p, v), which
amount for the most inefficient transportation of sand, since any piece of sand
is distributed over the entire hole, proportionally to the depth, regardless of
its location. Kantorovich’s problem asks for minimization of the total
transportation cost:

S(m) = /X><Y c(x, y)dr(z, y)
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over € II(p, v). If a 7 € II(u, v) exists such that
F(7)= inf F(m)

e, v)

we will be calling it optimal transference plan.

Kantorovich’s problem is a relaxed version of the original optimal
transport problem, proposed by Monge in the 18 century, which is the same
as Kantorovich’s, except one thing: it is additionally required that no mass
be split. In terms of transference plans, it means that we ask for m to have
the special form:

dr(v, y) = drp(v, y) = dp(z)0r@) (y)

where ' : X — Y is a measurable map and J,, denotes the Dirac measure
on zo. The measure 7p is characterized by the property

| el imeta ) = [ clo Pla)dnte)

so that the total transportation cost takes the form

F(F) = . (np) = /X o(w, F(z))du(z).

Furthermore, the condition 7 € II(y, v) translates into:

/X (@) + o F(z))du(z) = /X o(@)du(z) + /Y (y)dv(y)

which turns into
/ Yo F(x)du(z / »(y)dv(y

for every 1 € L'(v) such that ¢ o F € L'(v). In terms of Borel sets, this
condition can be written as

v(A) = u(F~1(A)) = Fyp(A)
for any Borel set B CY. When
Fyp=v

is satisfied we will abusively write F' € II(u, v) and say that F pushes
forward w to v. Eventually, Monge’s problem asks for minimization of

S(F) = /X (, F(z))du(x)
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over all Borel maps F' € II(u, v).

These problems have been solved through the development of very
interesting and sophisticated tools in measure theory and convex analysis
and we redirect the reader to sources like [1], [2], [29] and [5] to learn more
about the classical approach. Here we will explore the topic in the case where
X and Y are compact subsets of a complete Riemannian manifold and g and
v are absolutely continuous with respect to vol, and compactly supported in
X and Y, respectively. We will solve Monge’s problem through a duality
technique, which is a common move in these types of problems. Moreover, we
will give an explicit form of the transport map F and find a way to
differentiate it. Its Jacobian will satisfy a change of variable formula and the
infinitesimal BMI we talked about earlier. Note that this inequality reflects
the relationship of optimal maps with volumes. It’s more or less obvious why
the Riemannian setting is beneficial. We need to find a way to "move in an
optimal way" but this is exactly what geodesics describe. Thus, it’s no
surprise that the map F' has something to do with the exponential map. In
fact, we shall find a special type of good function ¢, a c-concave function,
such that its gradient V(x) at x dictates in what direction and how much
we should move point z. As to why these functions are important as well as
do the job is based in the duality technique and will become clear later.

It turns out that this Jacobian inequality isn’t something that can be
generalized into a metric measure space. And that’s where relative entropy
comes into play, a functional on probability measures. In many areas of
science, entropy is considered to be a measure of information. In our case,
entropy holds information about the volumes. In particular, we will prove
that in case we have a uniform probability distribution p on A we will also
have

Ent(p) = —logvoly(A)

which shows that as the volume of A tends to 0 Ent blows up to +o0o but
as we get larger sets Ent becomes more and more negative. Also, we will
show that the more a measure is concentrated the bigger its entropy, i.e.
supp(p) € supp(v) = Ent(u) > Ent(r). From there, we will follow closely
the work in [17] and find an equivalent condition of lower Ricci bound,
without involving Riemannian structure. Our approach is in terms of a
geodesic space Wy := (P?(M), dy,) canonically associated to our manifold
M. Here, 22?(M) is the set of Borel probability measures that have finite
second moment:

/M d*(z, y)dp(y) < 400
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while dyy, is the so-called Wasserstein distance, which is defined to be

dW2(,u07 :ul) = \/ inf / d(l’, y)dﬂ(.’lﬁ, y)
w€l(po, 1) J prsc M

These spaces are called Wasserstein spaces and are well studied
([1], [2], [5], [29]), so we won't get into details, as we will drift off our main
subject. We will just mention, right now, that they are geodesic spaces
whenever M is a geodesic space (not even a manifold) and that its geodesics
are completely determined by the optimal transport along the geodesics of
M. We urge the reader to keep the last claim in mind while reading the
proof of the main theorem. If the reader wants to see a proof of this claim,
they can check any of the above references.

The key ingredient is the relation between entropy and the Jacobian
of the optimal transport map. If the Ricci curvature is bounded below by
(n — 1)K Bishop-Gromov volume comparison controls the Jacobian in a
way that produces the Jacobian inequality. This concavity estimate for the
Jacobian implies K-convezity for entropy. Let (X, d) be a geodesic space,
K € R a number and U : X — R a function. We say that U is K-convex
iff for every geodesic v : [0, 1] — X with U(v(0)),U(~(1)) < oo we have for
every t € [0, 1]:

U(t) < (1 =1)U((0)) +tU(v(1)) — %(1 — t)td*(7(0),(1))-

Here, we would like to make a convention. K-convexity on our space, Ws, will
have the additional requirement that the geodesic v has compactly supported
endpoints. On the other hand, we will perform optimal transport between two
uniform probability distributions to produce a geodesic on the Wasserstein
space between them. Then the K-convexity of entropy on this geodesic will
recover the lower Ricci bound (n — 1)K.

Since the very definitions of entropy and K-convexity are formulated
on (geodesic) metric measure spaces, with the absence of any Riemannian
structure we can have a definition for lower "Ricci curvature" bounds on such
spaces, called, more generally the curvature-dimension condition. We
persuade the reader to check [21], [28], [22] to see how much further one can
go with this condition.
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Riemannian Geometry

In this section we will recall the theory of Riemannian manifolds to some
extent, omitting the too well known facts or some proofs, but proving facts
that we use in our main work, which appear less frequently in standard
courses. The very last part is the most important, regarding the rest of the
text, and we pursue the reader to skip the in between, if they feel comfortable
with Riemannian geometry. We will use Einstein’s summation convention.
Namely, if in a term the same index appears twice, both as upper and a lower
index, that term is assumed to be summed over all possible values of that
index (usually from 1 to the dimension). For example,

CLibl = E aibl, Cl”klbilcj' = E CLUklbile
i

4,7,
2.1 Manifolds

A topological manifold is a second countable, Hausdorff topological space
such that each point in the space is contained in an open set which is
homeomorphic to some open set in R”. These homeomorphisms are called
(local) charts. A smooth manifold is a topological manifold equipped
with a collection of local charts (which is called an atlas), denoted by (U, ),
where U C M is an open set and ¢ is a homeomorphism to an open set in
R™ and the union of all U is M, such that the transition maps ¢; o goj’l :
0;(U;NU;) = ¢i(U; N Uj) are C™ for every pair of charts and the atlas is
maximal with the above properties.
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2.2 Vectors & Bundles

In every point € M we define the tangent space, a linear space over R,
which consists of tangent vectors to the manifold, arising as velocities of
curves that pass from the point x, interpreted as directions for directional
differentiation. If (U, ¢) is a chart around z, then the canonical basis of
T.M is denoted by {0; : ¢ = 1,2, ..., n} and its action is defined by

A(fop™)

oxt e
for f € C*°(U). The disjoint union of all the tangent spaces is called
tangent bundle, denoted by T'M on which the manifold induces a smooth
structure, making it a 2n-dimensional manifold. Each tangent space has a dual
space, denoted by T*M and called cotangent space, with canonical basis
{dx': i=1,2, ..., n} with the following action:

aif -

dz'(9;) = 0';
and their disjoint union, denoted by T M, is called cotangent bundle.
More generally, a (p, ¢) tensor is a linear form (bounded linear
functional) on ﬁ T, M x ﬁ T;M and their set is denoted by T}(T, M) with
1 1

canonical basis {dxi1 ® - ® d? ® 0, ® -+ ® ajq}il,,__,ip,jl,.._,jq where
u®@v(r, y) = u(z)v(y). The disjoint union of all T¢(T, M), v € M is denoted
by TIM, for short, and is called a tensor bundle, which is, of course, a
generalization of the (co)tangent bundle. Moreover, a smooth section (a
smooth right inverse of the projection function T, M > x) of TIM is called a
tensor field. In particular, if p = 0, ¢ = 1 we call it a vector field and if
p =1, g =0 we call it a covector field, a 1-form or, simply, a form.

2.3 Push forward & Pull back

The differential at x of a smooth function ¢ : M — N is the linear map
(Dp)g : TuM — Ty N which is defined by

(Dp)z(v)f =v(fowp), feC®(N)

Sometimes, (D¢),(v) is called the push forward of v by ¢.
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The pull back by ¢ on (p,0) tensors is the linear map
©* : T)(Typ(@)yN) — T)(T M) which is defined by

(@ T) (X1, -y Xp) = T((D@)e(X1), - -, (Dp)a(Xy))

If ¢ is a diffeomorphism, then ¢* : Ti,,) N — T, M is defined to be
(Dy); ', so that the pull back by ¢ on (p, q) tensors, ¢* : T4(T,N) —
TA(T, M), is defined from the above alongside with the rule *(T'® S) =

" (T) ® ©*(55).

2.4 Differential Forms & Integration

In order to define a convenient and coordinate-free way to integrate on
manifolds we need to introduce the concept of differential forms, i.e. anti-
symmetric, covariant tensors and their exterior derivatives. Every (p, 0)
tensor T' comes with an anti-symmetric multilinear functional:

1 :
A(T) (v, ...y vp) = 0 Z sign (o)1 (Vo(1)s - - -5 Vo(p))

where o runs over all permutations of {vq, ..., v,} C T,M (for z € M).
Taking all the stationary points of A, i.e. the anti-symmetric (p, 0) tensors,
we construct the fiber bundle of anti-symmetric p-linear functionals on TM:

NT*M :={T € T)M : A(T) =T}
with canonical basis {dz™ A --- Adz™ 14y < -+ < i,}, where

TAs:liﬁmA@®S)

iljg!
is the exterior product of T € A'T*M and S € NT*M. A section of
the above bundle is called a p-form, with the convention that the 0-forms
are smooth functions on M, C*(M). Also, this is why a covector is also
called a 1-form. Another operation, remaining to be defined, is the exterior
differentiation, which is a map d : APT*M — APTYT*M defined, in local
coordinates, by

df = 8, fda’
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if f € C>®(M) and by
dw = Z dws, .5, N Az A« Adz®

i< <ip

; — o N i
if w= Z¢1<-~.<z‘p Wiy i, dx A Adatr,

We are now ready to define integration (of differential forms) on a smooth
orientable manifold, i.e. all transition maps have positive definite Jacobian.
Let (U, ¢) be a chart and w a n-form on M such that w|y = fdx' A--- Adx™
for f € C*(U). We define

/w::/ foptda .. dx"
U (U)

Now, let {(U;, i)} be a family of local charts for M such that {(U;, n;)} is a
partition of unity. Then, as one expects, we define

Jem 2 e

Observe that, at this moment, integration is regarded as a linear functional
on the space of smooth functions. Once we provide the manifold with a
Riemannian metric, we shall choose a special form, the volume form, so that
the resulting integration will be compatible with the metric.

2.5 Riemannian Manifolds

Now let’s turn our focus on the Riemannian setting. On each tangent space
T,M, we assign a smooth (as a function of p), symmetric, positive definite
(0,2) tensor field g, : T,M x T, M — R. The smoothness can be interpreted as
follows: if X, Y are two smooth vector fields on an open subset U C M then
f(p) = g,(X,, Y,) is a smooth function on U. This assignment of an inner
product (-, -), := g,(-, ) on each T,M is called a Riemannian metric. If
(U, (x!, ..., 2™)) is a chart, we can represent the Riemannian metric locally as
follows: Let g;;(p) := (i, 9;),. Then for any smooth vector fields X = X0,
and Y =Y70; on U, (X, Y,), = gi5(p) X' (p)Y?(p), so we can write, locally,
g = g;;dx* @da’. It is clear that the matrix (g;;), which constitutes of smooth
functions, is symmetric and positive definite at any p. We denote its inverse
by (g"), so that g;jg’* = §;". If such metric exists we say that (M, g) is a
Riemannian manifold. It turns out that many metrics exist for a smooth
manifold.
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2.6 Lengths & Distance

We must give focus to the fact that g is not a distance metric, but it induces a
natural distance function on M. In order to define this distance, we first need
to define the length of a curve. Let 7 : [a, b — M be a smooth immersed
parametric curve in M. Then, for any ¢t € [a, b], ¥(t) := (dV)t(%‘t) is a
tangent vector in T, M. We shall always assume that the parametrization
is regular, i.e. 4(t) # 0 for all t. We define the length of v as

b
L0) = [ 60,50

and sometimes we’ll refer to it as the length functional. Due to the

well-known change of variable formula one easily checks that the length of

curve is independent of the choice of regular parametriazations, so that it is

well defined. Especially, the length remains the same through isometries,

which tells us that any regular curve can be reparametrized so that

(O = (@), ¥(t))4w = 1, through the inverse of the arc-length
t

function s(t) = / \/<‘y(7), Y(7))~(yd7. This parametrization is called the

arc-length paracllrnetrization. All of the above can be easily extended to
piecewise smooth curves in M.

We are ready to define the Riemannian distance function:

d(p, ) = inf{L(7) | v € Ty}

where I'p, := {v : [a, b] = M | v is piecewise smooth and y(a) = p, y(b) = q}.
Note that if M = R™ and g(-, -) = (-, -) is the standard inner product, we are
talking about the Euclidean distance.

Theorem. The Riemannian distance function makes M into a metric space.

Proof. Tt is easy to check that all of the conditions for a distance function are
met, except for that we must have d(p, q) > 0 for p # ¢. For this purpose we
take a chart (U, o) around ¢ with p ¢ U. We can apply a linear transform so
that ¢(q) = 0 and ¢(U) = B;(0). Let A > 0 (because of positive definiteness)
be the smallest eigenvalue of

7= "9

at all points in By/5(0) (in the sense that g(v, v) = A(v, v)). Let v be an
arbitrary curve starting from 0 = ¢(¢) and ending at some point on 05 5(0)
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and 7 be the first piece of y that sits totally in By /5(0) (except the endpoint),
reparametrized in [0, 1]. Then

Ly(7) = Ly(3) = / VG, 5e)dt >
5 / VAL = 2

Since any curve from p to ¢ must intersect ¢~ (9B ,2(0)) at some point, we
conclude that
2

d(p7 Q) > 7
as desired. O

>0

From the above proof we can deduce that any open set in a manifold
contains a metric open ball. If we show that the function f(-) := d(p, -) is
continuous in the manifold topology we have that:

Theorem. The metric topology on M coincides with the manifold topology
on M.

Proof. We shall prove that the above function f is continuous on M. Let
¢» be a sequence of points that converges to ¢, in the sense that for any k
there exists NV = N(k) such that for all n > N, ¢(¢,) € B1/x(0). By triangle
inequality, we have

So it suffices to prove that d(q, ¢,) —— 0. To this end, let (U, ¢) and g be
n—oo

exactly as in the previous proof and A be the greatest eigenvalue of g at all
points in By/5(0). Let

Tn 1[0, 1] = Bi(0),  Au(t) = teo(gn)
be the line segment from 0 = ¢(q) to ¢(g,). Then for n > N we have

/\/ fyn,fyndt<\/_/ (ny An)dt = VAL(F,) < %

Since (U, gy) is isometric to (B1(0), g), we conclude that

VA

Loy () = Ly(in) < 4=

where 7, := ¢ "1(%,) is a curve from ¢ to ¢,. It follows that d(q, ¢,) < \/TK for
all n > N. Thus f is continuous and the theorem is proved. O
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2.7 The Riemannian Measure

Using partitions of unity we can define the regular Borel measure on M
dvoly = y/det(g;;)dm

where m is the Lebesgue measure on R”. This definition is inspired by the
fact that for K a compact subset in some coordinate patch (U, ¢) such that
¢(K) is measurable, the quantity

/ \/det(gm) ogofldm
¢(K)

is independent of the choice of local charts and represents the volume of the
set K. We will integrate functions on M with respect to dvol, and every
widely known norm, such as L, norms will be defined by the obvious formula

][ == /M\f]pdvolg.

2.8 Connections & Curvatures

In order to differentiate vector fields we must "connect" nearby tangent spaces.
Therefore we define a connection as a bilinear map

V:TyM x TyM — Ty M

denoted by (X, Y) — VxY which satisfies the following properties:

1. fo+gyz = fVXZ +gVyZ

3. Vx(fY) = fVxY + X(f)Y
for every X, Y, Z € TyM and f, g € C°M. Tt can be proved that there
exists a unique correspondance which associates to a vector field X along a

smooth curve v : I — M another vector field along ~, denoted by %—f or more
frequently by X', called the covariant derivative of X along =, such that:



CHAPTER 2. RIEMANNIAN GEOMETRY 14

° %(X—I-Y):%%-%
o D(fX)=49X + fBX

o If X(t) = X(7(t)), for X € Ty M, then 2X = V. X

where X, Y are vector fields along v and f € C°°([). The third bullet makes
sense, since VY (p) depends on the value of X (p) and the values of X along
a curve, tangent to X at p, since part (3) of the definition allow us to show
that the notion of connection is actually a local notion. In articular, VxY(p)
depends only on X%(p), Y7(p) and the derivatives X (Y7)(p) of Y7 by X.
A well known theorem states that any Riemannian manifold has a unique
connection satisfying two more (good) properties:

(1) Symmetric: VxY — Vy X = [X| Y]
(2) Metric compatible: 4(X,Y) = (X', V) + (X, V)

where [, -] : Ty M x Tg M — T, M is the Lie bracket, defined by
(X, YI(f) = X(Y(f) = Y(X(S))

for every f € C"°°M. This connection is called the Levi-Civita connection
and we shall always use this by default.

The notion of connection is equivalent to the notion of parallel
transport along curves. Let’s call a vector field X along a curve
v : I — M parallel if X' =0. Let V; € T,4,)M for some t, € I. Then there
exists a unique parallel field V' along v, such that V (to) = V. This field is
what we call parallel transport along ~. It turns out that if we define a map

P TymM = ThegM

where P(v) = parallel transported v from v(t) to (o), then it is a linear
isometry. Also, if 7 is an integral curve, of a smooth vector field X, through
p, i.e. ¥(tp) = p and §(t) = X(v(t)) and Y is another smooth vector field

then one has p
V¥ () = o PO()
t=to

For a 1-form w define its covariant derivative with respect to a vector
field X as

(Vxw)(Y) = X(w(Y)) —w(VxY).
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Now, the connection can be extended on any (p, q)-tensor field as follows:
let Xy, ..., X, be vector fields and wy, ..., w, be 1-forms and T be a (p, q)-
tensor field. The covariant derivative of T with respect to X is defined
by

(VXT)<X1, ceey Xp, Wiy oy wq) = X(T(Xl, ey Xp, Wiy -y wq))
p
=Y T(Xy L VXX X wr e wg)
i=1
q
=Y T(Xy, . Xy wi -, Vs, wg)
j=1
If T is a smooth function f then Vxf = df(X), but when we write V f we

mean the vector field that satisfies df (X) = (V f, X).

Now, we can define the second covariant derivative. Let X, Y, Z be
smooth vector fields on M. by definition VZ is a (1, 1)-tensor field satisfying

(VZ)(Y) = Vy Z.

Hence
Vx[(V2)(Y)] = Vx(Vv2).

A differentiation should follow the Leibniz rule, so that we would get:
(Vx(V2)(Y) + (VZ)(VxY) = Vx(VyZ)

= (Vx(V2)(Y) = Vx(VyZ) — (VZ)(VxY) = Vx(VyZ) — Voy Z

and we define the second covariant derivative of a smooth vector field Z as a
(2, 1)-tensor field, denoted by V2Z and defined by

ViyZ = (Vx(V2)(Y) =Vx(VyZ) = Vv Z.

If T is a smooth function f, then V% y f := Hess f(X,Y) is called the
Hessian of f.

The Riemann curvature tensor is a (3, 1) tensor field defined by

R(X.Y)Z =V%yZ—-V3 xZ
=Vx(VyZ) = Vy(VxZ) = VixyZ
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for all vector fields X, Y, Z. It can also be written as a (4, 0) tensor field as
R(X,Y, Z, W) =g(R(X,Y)Z, W). The (2, 0) Ricci curvature tensor is
the trace of the curvature tensor:

Ric(X,Y) ZRX ei, e, Y)

for X, Y € T,M, where {e; | i =1, ..., n} is an orthonormal basis for T),M.
The scalar curvature is just the trace of the Ricci curvature tensor:

scal(M) = ZRic(ej, e;)
=1

and last, but not least, the sectional curvature of the plane II C T,M
spanned by X, Y € T,M is defined as

R(X, Y)Y, X)
sec(Il) =sec(X, Y) = .
D = el V) = X X097 — g(X VP
Observe that if {ej, ..., e,} is an orthonormal basis for 7,,M one has

Ric(e;, €;) E sec(ej, €;)

for 7 =1, ..., n. So Ricci curvature is like a mean of sectional curvatures in
every direction, so it has to have some relationship with volume. We will see
that this is the case through the Bishop-Gromov volume comparison theorem
and its consequences on optimal mass transport. Lastly, sectional curvature
is closely related to the curvature tensor since it holds most of its information
as one can see from the following:

Proposition. For all vector fields X, Y, Z, W on M

R(X,Y, Z, W) = K((X, W)Y, Z) — (Y, W)(X, Z)) & sec(M)

Il
=

where sec(M) = K means sec, = K for every p € M.

2.9 Geodesics & Exponential map

As usual a geodesic is a curve v on M which satisfies V7 = 0. This is
expressed in local coordinates as
d*x , dx? dz*
2T (o)) —
az IO
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where Fé-k denote the Christoffel symbols, defined by Vg, Ej, = Fé-k E;. This is
a system of second order, quadratic, nonlinear ordinary differential equations
and by standard theory of O.D.E., for any point p € M and v € T, M, there
exists a unique geodesic v : [0, tg] — M for some ¢y > 0, such that v(0) = p
and ¥(0) = v. If ¢y < oo, we consider the curve o(t) := y(tot). Clearly
7(0) = p and 40(0) = tov, while the curve is defined for ¢t € [0, 1] and
V.oJo = t5Vs3 = 0. Since v is an arbitrary vector, the theory of O.D.E. an
prove that there exists a maximal open set D, C T),M such that 0 € D, and
for each v € D,, there exists a unique geodesic 7 : [0, 1] — M, such that

70(0) = p and (0) = v.

This fact enables us to define the exponential map at p € M as a
map exp, : D, — M, defined by

exp,(v) = (1)

where 7 : [0, 1] — M is the geodesic with v(0) = p and §(0) = v. It
is obvious that exp,(tv) = 7(t) holds that gives the well known fact that
(Dexp,)o = ldr,p for the linear map (D exp,), : T, (T,M) — Texp,vM. Now,
the inverse function theorem states that exp, is a local diffeomorphism.

At each p € M find an open set D, C T,M such that exp, : D, —
exp,(D,) := U, is a diffeomorphism and call ¢, a normal neighbourhood

of p. If BZ(0) € V, then we call exp, B2(0) = B.(p) the normal (or
geodesic) ball with center p and radius €>0. Now, let {ey, ..., e,} be
an orthonormal basis for T,M, i.e. g,(e;, ;) = 0;;. Then the local chart
(Uy, exp, 1) is called local normal coordinates around p. It can be proved
that for any p € M there exists a neighbourhood W of p so that it is a normal
neighbourhood of each of its points, such neighbourhood is called totally
normal neighbourhood. If we consider a geodesic v : [0, 1] — B where
B is a geodesic ball with center v(0) = p. Then any other smooth curve §
that joins v(0) to (1) has the same or greater length, while equality holds
if and only if ([0, 1]) = 6([0, 1]). So geodesics minimize locally the length
functional. This property is not global, for example on the 2-dimensional
sphere any geodesic from the north pole stops being minimizing once it passes
the south pole. Later, using some variational calculus, we will talk about how
minimizing curves must be geodesics and that for every geodesic is minimizing
if we restrict their domain. It is a well known fact that in these coordinates
one has at p € M that g;;(p) = 6;; and I (p) = 0. In particular the Taylor
expansion at x = p gives

1
gij(x) = ;5 + gRiklj(p)xkxl +O(|z|)
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and
1
Riju(p) = §(aialgjk + 0;0kga — 0:0kg;1 — 0;0,ik)

which has as a consequence an estimate for the volume element
L. k.l 3
det(g;;) =1 — G Ricy(p)z*z" + O(|z[*)
which is a sign that Ricci controls more than just volumes, since

voly(B, (p)) = wnr (1 - —&fﬁp 2))7“2 +0(rP))

where B,(p) :={q € M | d(p, q) < r} and w, denotes the euclidean volume
of the unit n-ball. These two equations provide a geometric interpretation for
Ricci and scalar curvatures, while for the sectional curvature it can be proven
that, for unit vectors v, w € T, M with (non-oriented) angle 6 one has

cos?(6/2)

d(exp,(tv), exp,(tw)) = v/2(1 — cos 9)t<1 — sec(v, w)t* + O(t4)>

which tells us that the sectional curvatures infinitesimally measure the
tendency of geodesics to converge (>0) or diverge (<0).

2.10 Hopf-Rinow Theorem & Gauss’ Lemma

The manifolds of our work need to be complete as a metric space with respect
to the distance in order to exploit some useful properties of theirs, arising
from the well-known Hopf Rinow theorem:

Theorem (Hopf-Rinow). Let (M, g) be a Riemannian manifold with geodesic
distance d. The following are equivalent:

(i) M is a complete metric space

(ii) M is geodesically complete (i.e. geodesics ar defined on all of R)
(i4i) Ip € M such that exp, is defined on all of T,M

(iv) ¥p € M the exp, is defined on all of T,M

(v) Closed and bounded subsets of M are compact
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while any of the above implies that any two points can be joined by a minimizing
geodesic.

We will not prove the above theorem since its proof is enormous, out of our
focus field and anyone who’s interested can find it in multiple introductory
coursebooks, though we will refer to one extremely important tool that not
only is needed for the discussed proof but it is of separate interest at any rate.

Lemma (Gauss’ Lemma). Let u, v € T,M and ~(t) = exp,tv. Then
(D exD,)ur(v), (DX, = (v, )y

In particular, 4(t) is orthogonal to a smooth geodesic sphere centered at p
with radius d(p, (t)).

An immediate corollary of this lemma is that there exists € > 0 such that
exp,, is a diffeomorphism from the ball BZ(0) € T,M onto the normal ball
B.(p), while for any ¢ ¢ B.(p) there exists z € B.(p) such that

d(p, q) = d(p, z) +d(z, q) = e +d(, q).

Moreover, for any v € T,M the geodesic v : [0, ] — M, defined by ~(t) =
exp, tv, is minimizing. From now on, we will assume that any manifold M is
complete.

2.11 Conjugate Points & Cut Locus

In order to measure how broad is the region where exp, is a diffeomorphism we
define the injectivity radius at p € M, denoted by inj(p), as the supremum
of the radii of balls centered at 0 € T,M on which exp, is a diffeomorphism.
It can be proved, that inj as a function M — R is continuous. The infimum
of inj(p) over all p € M is called the injectivity radius of M. A kind of
element that exists beyond the injectivity radius at p is a conjugate point
of p: if there exists v € T, M such that ¢ = exp,v and the linear map
(Dexp,)y : Ty(T,M) — T, M has non-zero kernel, then ¢ is called a conjugate
point of p. If we consider the geodesic y(t) = exp,tv, t > 0. If ¢ = exp,, tov
is a conjugate point of p then ~ is not distance minimizing for ¢ € [0, to + €|
for every € > 0. That inspires the definition of the cut locus of p:

cut(p) := {exp,v € M | exp, tv is minimizing for ¢ € [0, 1]
but stops being for t € [0, 1 +¢] Ve > 0}
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Every point in ¢ € cut(p) is called a cut point of p. There is a
characterization of the cut locus which makes use of conjugate points:

Theorem. Suppose that y(to) is the cut point of p = v(0) along v. Then at
least one of the following holds:

(1) ~(to) is the first conjugate point of v(0) along ~y
(2) there exists a geodesic 6 # v from p to y(ty) such that L(5) = L(v)

Conversely, if one of the above is satisfied, then there exists T € (0, to] such
that v(7) is the cut point of p along .

We have three important corollaries produced by this theorem:

e g € cut(p) & p € cut(q)
e ¢ ¢ cut(p) = there exists a unique minimizing geodesic joining p to ¢

e Vp € M cut(p) is closed

It is immediate that
inj(p) = d(p, cut(p))

but what about the points that realize this distance? Suppose ¢ € cut(p)
such that d(p, ¢) = inj(p). Then at least one of the following is true:

(1) q is a conjugate point of p along a minimizing geodesic joining p to ¢

(2) There exist exactly two minimizing geodesics 7;, ¥2 joining p to ¢. In
addition, 41 (l) = 42(1) and [ = d(p, q)

2.12 Variations & Jacobi Fields

A variation of a smooth curve v is a smooth map f: (—¢, ¢) x [0, 1] = M
so that f(0,t) = ~(t) (we use 0 and 1 instead of a and b for simplicity).
Sometimes we write v(t) = f(s, t). Observe that %(3, t) = As(t). We
will call V(t) := g—J;(O, t) the variational field of f along . A proper
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variation is a variation that doesn’t move endpoints, while a variation is
called geodesic if v, is a geodesic for every s € (—¢, ¢). It is an immediate
consequence of the definitions that

Dof DIf
ds Ot  dt Os
where d%, % denote the covariant differentiation along curves. From the

energy functional
IR
B0 =5 [ Bt
0

we get the first variation of energy formula:

0 = [, v+ Q)50 - (V0 5(0)

which proves that the functional’s critical points are exactly the geodesics
and from the second variation of energy formula:

dQ;zES(JS) (0) = — / (V(£), V(1) + R(V, 4)3(1))dt

t=1

+ [, viey + TV, 56
we get that for a sufficiently small interval a geodesic will be a minimizing one,
i.e. it minimizes the distance between its endpoints. That’s why sometimes
we will refer to the distance function as geodesic distance. Note that this
is the case because a curve minimizes the length functional if and only if it
minimizes the energy functional and it has constant speed. It can be proved
that an alternative form of the second formula is the following

dQ;E;Js)(O) _ /0 (VI(t), V!(£)) — (V(t), RV, 4)4(t))dt

+ (Vv V (1), (1))

t=1
t=0

from which, the definition of the index form of a geodesic is inspired:

xvyi= | X, Y1) = RIX. 4, 4, V)0t

t=1

— [(X'(1), Y ()]

t=0

_/0 (X"(1) + R(X, 4)3(t), Y (1)) dt
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where X, Y are smooth vector fields along 7. Note that I is symmetric and
bilinear and if the variation is proper the last terms in the first two formulas
vanish and in particular

dzgs(gs)(o) — IV, V) = _/0 (V(@), V") + R(V, #)%(t))dt

which inspires, in turn, the definition of the Jacobi fields along geodesics.
These are smooth vector fields J along a curve ~ satisfying

J'(t) + R(J(t), ¥(t))¥(t) = 0.
Note that if X is a Jacobi field then

106 y) =[x, vy~

which means that the index form is determined by the information on the
endpoints. Actually one sees easily that X is a Jacobi field if and only if
I(X,Y) =0 for all Y that are zero on their endpoints. Consider the set of all
smooth fields along a geodesic v that vanish at their endpoints and denote it
by V. The index form is closely related to conjugate points in the sense that

(1) ~v(0) has no conjugate point along v < [ > 0 on V

(2) (1) is the first conjugate of v(0) along vy < I > 0on V and I(X, X) =0
for some X € V

(3) v(0) has a conjugate point midway along v < I(X, X) < 0 for some
XeV

The index form can help us see that Ricci curvature controls more than
just volumes:

Theorem (Bonnet-Myers Theorem). Let (M, g) be a geodesically complete
Riemannian manifold whose Ricci curvature satisfies Ric(M) > (n — 1)K for
a K > 0. Then M is compact and its diameter is bounded by

diam M < S

VK

Proof. Let p, ¢ € M and ~y : [0, 1] — M a minimizing geodesic joining p to q.
Suppose that
L:=L(y) >

=
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where L is the length functional. Complete e; := @ into an orthonormal
basis {e1, ..., e,} of T, M and consider their parallel translation {e;(t)} along

~v. For i =2, ..., n define
Vi(t) = sin(mt)e;(t)
which has the property that V;(0) = V;(1) = 0. Then

1 1
I(V;, Vi):—/o Vi, V'"4+R(V;, »y)»'y>dt=/0 sin?(7t) (72 —1?Rey, e;, e;, €1))dt

and by summing over ¢ we get

1
0

S Vi) = / sin2(m) ((n — 1)1 — 12 Ricy (e, e1))dt
<(n-1) /1 sin?(mt)dt(7* — I’K) < 0

so that I(V;, V;) < 0 for some j > 2. Thus, there exists ¢y, € (0, 1) such that
v(to) is conjugate to p along . Therefore 7 is not minimizing, which is a
contradiction. ]

Let’s turn our focus on Jacobi fields that are important since they describe
the derivative of the exponential map:

Proposition. Let p € M and u, v € T,M. Consider the geodesic vy(t) =
exp,tv and V' the Jacobi field along v such that V(0) = 0 and V'(0) = u.
Then

(D exp,)w(tu) = V().

We say "the" with confidence because of the lifesaving theory of O.D.E., once
again. Note that §(¢) and t7(t) are Jacobi fields along ~. The first one has
derivative zero but vanishes nowhere, while the second one is zero if and only
if ¢t = 0. For this reason we mainly consider Jacobi fields that are normal to

Y.

Jacobi fields contribute to the search of conjugate points. If v is a
geodesic whose endpoints are conjugate, then a non trivial Jacobi field along
7 exists such that it vanishes at its endpoints. Also, if v : [0, 1] - M is a
geodesic joining p to ¢ which are not conjugate then for vy € T,M, vy € T, M
we can find a unique Jacobi field .J along 7 such that J(0) = vy and J(1) = v;.
This leads to the following
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Corollary. Let v : [0, 1] — M be a geodesic in M™ and let J+ be the space
of Jacobi fields with J(0) =0 and J'(0) L 4(0). Let {Jy, ..., Jo_1} be a basis
of J+. If y(t), t € (0, 1] is not conjugate to y(0), then {Ji(t), ..., Jo_1(t)}
is a basis for the orthogonal complement ((t))* C ToumM of #(t).

We shall close this paragraph by producing a useful formula for computing
volume of a manifold. When a geodesic ball does not intersect the cut-locus
of its center, we can use the exponential map and associated Jacobi fields to
construct such a formula. The formula below seems to make the matter wors
by getting Jacobi fields involved. Howevr, the differential equations satisfied
by Jacobi fields make the formula useful.

Proposition. Let M be a complete Riemann manifold. Suppose the ball
B, (p) does not intersect the cut-locus of p. For each unit vector v € T,M, let
{e1, ..., en_1, v} be an orthonormal basis of T,M. Then

volg(B,(p)) = / /O ' V/det A(t)dtdv

S§n—1

where
n—1

A(t) = ((Ji(t)v Jj(t)m))

and J; is the Jacobi field along (t) = exp,(tv) with J;(0) = 0 and J;(0) = e,
i=1,...,n—1 and dv is the canonical volume element of S*~1, regarded as
the unit sphere of T,M .

3,j=1

Proof. Since the ball B,.(p) does not intersect the cut-locus, we will use the
inverse exponential map exp, 1 as the local chart ¢ in the definition of the
volume form. Let {ej, ..., e,—1, v} be an orthonormal basis of T,M. Every
point q € B,(p) is represented in this chart by the coordinates (z!, ..., z")
such that ¢ = exp,(z'e; + 2%e; + --- + 2"v). For any fixed t € [0, r], let
q = exp,(tv), which s not a conjugate point of p. Hence (Dexp,): is
nonsingular and

{(Dexp,)wer, ..., (Dexp,)wen—1, (Dexp,)wv}

is a basis of T, M. In fact it is the local basis {0, ..., 0,}, since for any
smooth function f € C*(B,(p)), one has

exp,(tv + se;) | f = [(Dexp,)wei] f
s=0

d
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by definition. But, along the geodesic v(t) = exp,(tv), the Jacobi field J;
with J;(0) =0 and J/(0) =e¢;,t =1, ..., n — 1, has the form

Ji(t) = (D exp,)we;

while, by the chain rule, we have (D exp,),v = 7'(t). Hence

(Ol . Ouly) = {%w), SN} 7’(15)}

is the canonical basis of T, M. In the local chart henerated by exp, 1 the
coordinates of ¢ in the spherical system are (v, s), where v is regarded as an
element in S"~!. Therefore the volume element of ¢, under this local chart is

dvoly = /det((3;, 0;))da’ ..da" = \[det((Ji(1), J;(1)))dtdv

where dv is the canonical volume element of S*~!, regarded as the unit sphere
of T,M. After integration, we obtain

voly(B, /Sn 1/ Vdet((Ji(t), J;(1)))dtdv.

]

Let’s see an example. Denote by MX the space of constant sectional
curvature equal to K and let J be a Jacobi field along v that is normal to 7.
Then, the Jacobian equation becomes

J'(t)+ KJ(t)=0
which has as a solution, with initial conditions J(0) = 0, J'(0) = w(0):

J(t) = tsng(t)w(t)

where )
sin(vV Kr)
—_— , K>0 ,0<r< %
vVKr vK
sng(r) =<1 , K=0 ,r>0
h(v—K
sinh (vV—Kr) CK<0 ,r>0
L v—Kr
with
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and w(t) is a parallel field along v which has unit length and is normal to
7. Note that the upper bound is natural and no generality is lost, due to
Bonnet-Myers theorem. Moreover, denoting by Vi ,,(r) the volume of a ball
of any center and radius r, we have

Vin(r / / " s () dtdv = a,_ 1/ " Lsn (t)dt
sn—1 0

where a,,_; is the area of S*~ .

2.13 Bishop-Gromov  Volume Comparison
Theorem

In this section we will formulate and prove the well-known Bishop-Gromov
volume comparison theorem. Given a unit vector v € T, M, we fix a unit
speed minimal geodesic v : [0, {] — M with 4(0) = v and an orthonormal
basis {ej, ..., e,_1, v} of T, M. Now, we consider the geodesic variations

fi: (=€, €) x [0, ] = M of v, defined by

fi(s, t) := exp, (t(v + se;))
fort =1, ..., n— 1. Next, we introduce their respective Jacobi fields along

v:
Ofi

5 (0> 1) = (Dexpy)u(te:) € Th

fori =1,...,n—1. Note that J;(0) = 0 and J/(0) = e; while the Gauss

lemma asserts that g,(J;, ¥) = 0 and, hence, ¢,(J/, ) = 0, since J; are Jacobi

fields along the geodesic . Since v is minimal, () isn’t conjugate to z,

for t € (0, 1), and thus {3J1(t), ..., +J,—1(t), ¥(t)} is the canonical basis of
Ty»yM. We define an (n — 1) x (n — 1) matrix U(t) = (uw(t))fj_:ll such that

JI(t) = Z;le w;;J;(t), for t € (0, 1). Also, define two more (n —1) x (n — 1)
matrices, which happen to be symmetric:

n—1

Lemma. Let U, A, R be the above matrices. Then

(i) Ricy(§(t)) = tr(R() A (1))
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(i) UA = AUT and 2U = A A"

(iii) U is also symmetric and tr(U?) > (ZU)Q
Proof. (i) Let C = (c;;)i'/2; be a matrix such that {Z;L;ll Cij (t)Jj(t)}é__ll is
an orthonormal basis of (%(¢))*. Then .
Ricyn (1) = 3 (Rlesg (0. A0, (b))
= tr(C()R()CT (1))
= tr(R()A()C(t)A)CT (1))
= tr(R(t) A (1)

since CACT = I, by construction.

(i7) Observe that

n

UA

1 n—l
Wik (Ji, Jj)~

1

>
Il

1,j=1

(
(<zum ))
(6 29:)

and similarly AU" = <<Ji, i)y ) ~, so that

m=1

n—1

1,j=1

A =UA+ AU,
Differentiating along the geodesic v gives

D

(s T3y = Ui T ) = L Ty = (s T,

= —(R(J;, Y)Y, Jj>v + (Ji, R(de)% =0

and, since J;(0) = 0, J{(0) = e; we have that (J], J;), = (J;, Jj),. Thus
UA = AUT and A’ = 2U A, which proves our claim.
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(7i1) Define a map

© - exp, ({ (U—I—ZSZQ) telo, ], \si\<5}> —R

so that p(exp, (t(v + 3217 sie;))) = t. Hence

Vs, 1) = (s, )

and since %, % commute we have that
(1) = 20, 1) = T90(1(0)) = V0 V(1)) = Hess, 0 4(0)
i ds Ot ds wvY = V@ Ve = y(t) P
so that U(t) is the matrix representation of the symmetric (1, 1)-tensor
Hess, () ¢ with respect to the basis {Ji, ..., J,_1} of (§)*. Therefore, U is
also symmetric and if A, ..., A,_1 are its eigenvalues, the Causchy-Schwartz

inequality shows that

which is what we wanted to show. O

A lower Ricci bound yields an important differential inequality which
plays a crucial role in proving the Bishop-Gromov comparison theorem

Proposition. If Ric(M) > (n — 1)K for a K € R then
[(det A)UZWD}” < —K(det A)Y/2D)

and thus /det A(t)/t" "' snls 1 (t) is a non-increasing function of t.

Proof. Using Jacobi’s formula for the derivative of the determinant and the
second part of the previous lemma the chain rule yields

1
2(n —1)

(det A)V/2=D tr Y.

[(det A)Y/2=D]" = (det A) /2071 det A tr(A'A™Y)

n—1
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Differentiating once more, the third part of the lemma gives

1
(n—1)2

(det A)V2=D(tr 12 + trUd').

[(det A)!/2=1]" = (det A)20=D (tr 1f)? + ﬁ(de‘c A0 g

T
Making use of 2/ = A’A™" once again and taking into account that
J! = —R(Ju A
we deduce that

/_1 " —1_1 I A-1\2
U = SAAT = S(AAT
1

= 5(-2R + WUAUT) AT — 2U*
= RA '+ UPAAT — 242
= —RA - U?

Taking trace on U?+U’ = —R.A ™" the first part of the previous lemma yields
trif* + trUd’ = — Ric,(¥)

and thus

[(det A)/2=10]" < (det A)Y2 D (60 U2 + trld)

n—1

_ _Ricw(ﬁ) (det A)1/2(n71)
n—1
< —K(det A)l/z(”_l).

Recall that sng are such that the function y(t) := tsnk(t) is the solution
of the differential equation y” + Ky = 0, y(0) = 0, ¢/(0) = 1. Taking into
account that y, det A > 0, this means that

[(det A)1/20-1]"
(det A)1/2(n=1)

IN

y"
Y

= [(det ATy — (det A2y < 0

BT
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[(detA)l/zn 1} (detA)l/zn 1)y < (det.A( ))1/271 1) <0

1/2(n—1)
N ((det A) ) <0
Yy

which means that (det A4)/2("=Y /4 is non increasing. But, since the operation
x — 2" ! preserves ordering we have that

det A(t)/t" ' snls (1)

is a non-increasing function of ¢ O]

Now we can formulate and prove the Bishop-Gromov comparison theorem:

Theorem (Bishop-Gromov). Assume that Ric(M) > (n—1)K holds for some
K € R. Then we have, foranyxeMandO<r<R(< 2fK>0)

voly(B,()) _ Vicalr)
volg(Br(x)) = Vikn(R)

where Vi n(r) = apn— 1f0 snK t)dt is the volume of a ball of radius r in the

space form of constant sectzonal curvature equal to K. Thus the function
volg (B (x))/ Vi n(r) is non-increasing in r. Moreover, it tends to 1, as r — 0.

Proof. Following our previous conversation, setting

A (t) = [gu 1 /det A(t)dv and S(t) = ¢"*snf () we have

Volg(Br(:c))/O t" e (t)dt = /;zf dt/ S(t dt+/gf dt/S
:/5®ﬁ/5@ﬁﬁ/%@ﬁ/8@ﬁ
/S dt/ﬂf dt+/¢2f dt/S

— voly(Ba(x)) / £11 0= (¢) dt

0

Multiplying with the volume of the unit ball a,,_; we get

volg (B, (2))Vin(R) > volg(Br(x))Vica(r)
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so that the function voly(B,(z))/Vikn,(r) is non-increasing in r. Lastly, in
normal coordinates we have

n scal
voly(B, () (1= g + O

lim = =1
= Vi) (1 kg ()
and the theorem is proved. O

2.14 Volume Distortion Coefficients

We would like to measure how much the volume of a ball changes as we
transport it along geodesics. To this end, we define a notion of barycenter to
play the role of (1 —¢)z + ty. For fixed ¢ € [0, 1] define the locus of points
lying partway between z and y € M:

Zi(z,y):={z€ M |dz, z) =td(x,y) &d(z, y) = (1 —t)d(z, y)}

If we're given a unique minimizing geodesic v : [0, 1] — M, then Z;(z, y) =
{7(t)}, as one can see. The above definition extends to sets X, Y C M by
taking the union for each point. Namely:

Y):UZt(x,y), (X, y): Uthy

yey zeX

Zt(X7 Y) = U Zt<x7 y)
zeX
yey

Now, for a ball B.(y) C M and ¢ € (0, 1], we define the volume distortion
coefficients

Ut(l', y) — lim VOlg(Zt(x7 BT<y)))
=0 voly(Bir(y))
for which we shall prove that exists and is positive, when y ¢ cut(z), by
linking it with the differential of the exponential map Y (t) = (D exp,)wn
and the Hessian of the distance function H(t) = Hess, di(t) /2 where 7 is the
minimal geodesic joining = to y:

Proposition. Fiz x, y € M with y ¢ cut(z) and let v(t) := exp,(tv) be the
minimal geodesic joining x toy. Then, fort € (0, 1]
det Y(t)

Ty (D) " detY ()Y (1) >0

vz, y) =
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and fort € [0, 1)
Y (t)(H(t) — tH(1))
1-—1

v1—¢(y, ) = det

Proof. Observe that since exp, is a local diffeomorphism for small enough r
the set D, := exp,'(B,(y)), for y ¢ cut(z), is open and contains v thus we
can find a small neighbourhood of v inside it that we can scale proportionally
to r in order to put D, inside. Thus D, shrinks nicely to v € T,M. The
map Gi(u) := exp,(tu) is a local diffeomorphism between a neighbourhood
of v and a neighbourhood of «(t) and maps D, onto Z;(z, B,(y)), as long
as B.(y) Ncut(x) = 0. Also, note that (DG;), = tY(t) and so, a change
of variables, along with Lebesque’s differentiation theorem ([7]) (since D,
shrinks nicely to v) gives:

det(tY (1)) = det(DG)), = lim volg(Zi(x, Br(y)))

volg(D,)
since det Y (¢) > 0 (changes continuously, while Y (0) = I). Thus, for t =1
one has
volg (B, (y))

detY(1) = li
et V() = lim = D))

hence
det Y(t) ~ lim VOlg(Zt(xa B.(y))) = v (z, y)
detY (1) rs0 t"voly(Bo(y)
since lim vol <Btr( )

750 T vol, (B (y)

Observe that (DGy),(u) = tY (t)u = (D exp, ) (tu) which is Jacobi field
along v, so tY (t)Y (1) 'u will also be a Jacobi field along v, as a linear
combination of Jacobi fields along . But, since y ¢ cut(x), Jacobi fields
along v : x — y are determined by their endpoints, which in this case are 0 and
u for t = 0 and t = 1 respectively. So the first equality can by reformulated
as: if A(t) (= tY(t)Y(1)7!) is the unique matrix with Jacobi fields as its
columns (expressed at an orthonormal frame parallel transported along ~)

such that A(0) =0 and A(1) = I then

A(t)

for t € (0, 1]. Therefore, if B(t) (= A(1 —t)) is the unique matrix of Jacobi
fields along « such that B(0) = I and B(1) = 0, then

B(t)
1—1t

vi—¢(x, y) = det
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fort € [0, 1). Fix u € T, M and consider the following geodesic variation of
v:
f(t, s) :=exp, (— Vdi(t)(x)/2 + s(H(t) — tH(1))(w)).

Its variational field V (t) := 2L(¢, s) is a Jacobi field along  and

Os
g_é(t, §) = Y (1)(H(t) — tH(1))(u)

by the chain rule. Since V(0) = Y(0)H(0)u = [u = w and V(1) = 0 we
conlude that B(t) = Y (t)(H(t) — tH(1)) and the theorem is proved. O

The previous characterization of v; together with the Bishop’s comparison
theorem leads to an estimate of v; in terms of Ricci curvature:

Corollary. Assume that Ric(M) > (n— 1)K throughout M for some K € R.
Then for x,y € M with y ¢ cut(x) and t € (0, 1) one has

vz, y) > (%)nl

and equality holds when M has constant sectional curvature equal to K.

Proof. Let ~(t) = exp,(tv) be the minimal geodesic joining x to y as before.
Since «y is minimal and y ¢ cut(x) the Ricci bound yields:

Ric, o (4(t), 7(t)) = Klvl;
where |§(t)|y@) = |v|» = d(x, y). Recall from the last section the matrix
n—1
A(t) = (), 500 )

ij=1

where 1J;(t) = (Dexp,)w(e;) is the i™ column of an (n — 1) x (n — 1)
matrix ) (¢) with respect to the basis {ey, ..., e,_1} of (v)* which we parallel
transport along ~, that satisfies

vo = (o)

It’s casy to see that YYT(t) = 5.A(t) and thus

det Y (t) = |v|, det Y(¢) = gj—h\/det A(t).
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Now, the Bishop’s comparison theorem asserts that
t +— (det Y(t))(snK(t|v|x))_(”_1)

is a non-increasing function of ¢ € (0, 1]. Thus

det Y (t) st (o)) )"
o=ty (o)

Now, if M has constant sectional curvature then computing, as in the previous
section, the Jacobi fields that make up Y (¢) we get equality. ]

2.15 Superdifferentiability of the Distance
Function

A function f: M — R is called Lipschitz continuous on M if there exists
a non-negative constant K such that for every x, y € M one has

|f(x) = f(y)] < Kd(z, y)

and locally Lipschitz if it is Lipschitz continuous in every compact subset
of M. One example of a locally Lipschitz map is the distance function itself,
restricted to the one variable, with constant KX = 1. An other one would be
the square of the distance function, also restricted to the one variable:

Lemma. For every y € M the function dz := d*(-, y) is locally Lipschitz on
M.

Proof. Fix y € M and let K C M be a compact set. Compactness gives an
upper bound D for d,. Let x, z € K. Then, the triangle inequality gives us:

2|dy(x) — dy(2)| = |d*(z, y) — d(z, y)d(z, y) + d(z, y)d(z, y) — d*(z, y)|
< |d(z, y)lld(z, y) — d(z, y)| + |d(z, y)||d(z, y) — d(z, y)]
< Dd(z, z) + Dd(z, z)
=2Dd(zx, z)
which gives:
|d2(z) — d2(2)| < Dd(z, z), for every z, z € X

therefore, d is Lipschitz on K. Since K was arbitrary we have that d; is
locally Lipschitz. O]
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In this last section we will explore when d, := d(-, y) is differentiable or
not and give a characterization of cut points in terms of its differentiability.
Firstly, we shall establish that its differentiability points are quite a few:

Theorem (Rademacher’s Theorem, Riemannian case). Let (M, g, d) be any
smooth connected Riemannian manifold with geodesic distance d. Any function
f M — R which is locally Lipschitz, is differentiable volg-almost everywhere
and its gradient Vf : M\ Ny — TM is a Borel map, where volg(Ns) = 0.

Proof. We will not prove the Euclidean case, which appears in many textbooks,
such as [6], which we closely follow in the second part of the proof.

Fix p € M and normal coordinates n : U — R"™ centered at
p =n"10), so that g;;(p) = d;;. We know, that for the largest eigenvalue of

0" [(gij ()i ]v which

e quadratic form g.(-, -) we have A(x) veTaM (v, v)

is continuous, since the coefficients g;;(z) depend continuously on these
coordinates. So, there is a smaller neighbourhood of z, let’s say V' C U, in
which we can bound A by a finite positive number k and we can have that

9z(v, v) < k{v, v)

for all x € V and v € T, M. We choose an ¢ > 0 small enough, so that
B-(0) c n(V) and set W := n~!(B.(0)). If we show that f is differentiable
volg-almost everywhere on W then we can extend this result to M, since a
connected Riemannian manifold is locally compact and second countable,
thus it can be covered by countably many such neighbourhoods.

The geodesic distance between x, y € W is bounded by the length of the
path a(t) := 71 ((1 — t)n(z) + tn(y)), so one has:

dle,9) < [ \6(0) aO)acde < Vi) = nla)

after combining &'(t) = n'(y) — n'(x) with our previous bound on the metric.
So, the function ¢ := f on~! is also locally Lipschitz, since f is assumed to
be:

lp(u) — ()| = |fon " (u) — fon(v)] <
< Lyd(n~'(u), 7' (v)) <
S Lf\/E|u - U|
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for u, v € B.(0).

By the (Euclidean) Rademacher’s theorem it follows that ¢ is
differentiable m-almost everywhere on B.(0) (m is the Lebesgue measure).
Now, if we call

Ny :={x € M : f is not differentiable at x}
N, :={z € R" : p is not differentiable at z}

one has:
volg(Ny N W) = / det(gij) o n~tdm <
n(Ny)NBe(0)
< Cm(n(Ny) N B:(0))
= Cm(N, N B.(0))
=0
where the inequality comes from the fact that the integrated function is
continuous on B,(0) and the quality n(/N;) = N,, is a simple exercise:
v €n(Ny) & Jr € Ny : f is not differentiable at x = 7' (v) &
& ¢ = fon tis not differentiable at v <
S veN,

since 7 is a local diffeomorphism. We deduce that f is differentiable
vol,-almost everywhere on W, hence volg-almost everywhere on M.

For the second part we will follow [6] very closely. After extending
¢ = fon~! continuously to all of R, they observe that its upper derivative:

ﬁy@(ﬂ?) = lim sup (,O(J} + t’U) — @(‘T)

k=500 [4]€(0,1/k)NQ t

in direction v € R" is expressed as a limit of suprema of continuous functions,
hence Borel. Similarly the lower derivative D, ¢ is also Borel as the only
difference is an infimum in the place of the supremum. Thus, the directional
derivative D, is a Borel function on the set of full measure where D, = D, .
In particular, the n partial derivatives 0;p are Borel, as is

F,:={x € BZ(0) | Doy = D,y = v'9;}.

In [6] they show that ¢ is differentiable on any countable intersecction NF,,
over a dense set of directions v; € 9B7(0). Outside F,, differentiability fails,
so V¢ must be Borel. Clearly g*9;p is also Borel on NF,, and gives the
coordinates of Vf on U \ Ny. We conclude that V f is a Borel map. [
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As we see d, is differentiable almost everywhere and Vd_ is a Borel map.
The next step would be to check under what circumstances it is differentiable.
Consider a totally normal neighbourhood W of x. Every y € W is joined to
x by a unique minimizing geodesic . This uniqueness is what forces di to be
differentiable at = = exp,, ¥(0):

Proposition. Ify, x € M are joined by a unique minimizing geodesic, then
d2/2 is differentiable at x and

V(dy/2)(x) = —(exp,) ' (y).

Proof. Let « : [0, 1] — M be the minimizing geodesic connecting y = ~(0)
with = = (1) parametrized with consant speed. We compute dz’s derivative
by linearizing exp, around the origin and exp, around +(0):

dy(exp, v) = d*(y, exp,(exp, " exp, v))
= |exp, " (exp, v)[;
= [3(0) + (D exp, ")o(D exp,)ov + of[v])|*
= [3(0)[; + g,(3(0), (D exp, )3 ) 1v) + o([vl.)[?
—dQ(y, exp, 7(0)) + 2{¥(1), v) + o(|v])
dy () + (29(1), v) + o(Jv].)
where we exploited Gauss’ Lemma along with (D exp,)s(0)7(0) = §(1). So,

dividing by 2 gives V(d?/2)(z) = #(1) Taking in mind that (5(15) y(1—1)is
"the same" geodesic we can deduce that

Y(1) = —(exp,) ' ()

and the statement is proved. O

What happens if we don’t have uniqueness? We must introduce a new
notion. A function ¢ : M — R is said to be superdifferentiable at zec M
with supergradient p € T, M if

p(exp, v) < () + (P, V)2 + o(|v[s)
holds for small v € T, M where |v], = \/(v, v), and o(A)/A 229 0. The set
of all such pairs (p,z) € TM is denoted by Oy and is called the
superdifferential of ¢. Note that, when we say p € dp(x), we actually
mean the above inequality. Changing the prefix "super" with "sub" we are
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talking about the reverse inequality, which is expressed by q € Jp(x), where
Jyp is the subgradient of ¢.

Note that, if ¢ is both super- and sub-differentiable, then it is
differentiable at = and

p=q= Vy(z)
since, in this case, we have for small v € T, M:

(P—q, v)s +o(|v]z) >0

so that, if we take v = s(q — p) for small s we have:

o(|S 5—0
—m—qb+%%D20£5m—qu=0¢p=q

and, of course,

plexp, v) = ¢(2) +(p, v)o +o([v]z) = ¢(2) + (Vip(2), v)0 + o|v]2).

An example, to grasp the above idea, would be ¢ : R — R, p(x) = ||,
which is differentiable for x # 0 and

550|:z:<0 = Q(;O|:c<0 = {_1}

590|x>0 = 0plz>0 = {1}
but, at x = 0, B
9p(0) = 0 and 9 (0) = [—1, 1]
To see why this is true, observe that p € 9p(0) < |v| < pv for v small, but

if we take v, = % we see that such p doesn’t exist. On the other hand

q € 0p(0) & |v| > pov for v small & p € [—1, 1].
It’s natural to expect that a chain rule for supergradients must hold:

Lemma. Let o : M — R and f : R — R have supergradients p € Op(x) and
A € Oy f, respectively, at some point x € M. If f is non-decreasing then

A-pedfop(r)

Proof. Note that the superdifferential of f is a subset of TR =R, so A is a
real number.
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Since f is superdifferentiable at ¢(x) with supergradient A, definition
yields:

plexp, v) < () + (P, v)s + o(|v])
flo(x) + ) < fo(x)) + Ne +0(e)

for small v, €. Since f is non-decreasing, combining the above inequalities for
= (p, v)z + o(|v|.) (observe that ¢ — 0 as |v|, — 0) we have:

f(e(@) +(p, v)o + o(|v]2))
f((x) +Mp, v)a + Mo([v]e) + o((p, v)e + o([v]2))
fle(x)) + (Ap, v)a + o(Jv]:)

f(p(exp, v)) <

IN ]

since

o((p, V) + o(|v]a)) _ o((p, v)e + 0(|v]2)) (P, V) + 0f[0]2)

ol ool
=22 () o)
< % (Ipla+ 2 )

thus o({p, v), + 0(|v_]$)) = o(|v];) and, since Ao(|v|,) + o(|v|z) = o(|v|s), we
conclude that Ap € 0f o p(x). O

Now, we can give a general result regarding the differentiability of df/:
Theorem. For everyy € M, dZ/Q 15 superdifferentiable at any x € M, with
supergradient B

Y(1) € 0(dy/2)(x)
where v : [0, 1] = M is a minimizing geodesic from y = v(0) to x = ~(1). In

particular, it is differentiable around any x ¢ cut(y).

Proof. Let x € M and ~ : [0, 1] — M be a minimizing geodesic from y = (0)
to x = (1), parametrized with constant speed. Take z € W to be any point
lying on v near the endpoint = (1). Applying the previous proposition to
z instead of y yields
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as the chain rule dictates, since d,(x) = \/2(d?/2)(z). The triangle inequality
gives us:
d(y, exp, v) < d(y, z) + d(z, exp, v)
= d(y, z) +d(z, 2) + (Y(1)/[Y(D) [z, v) + o(Jvl.)
= d(y, =) + (Y(1)/[F(D)le, v) + of|vlz)

so that d, = |/2(d2/2) is superdifferentiable at x. Applying the one-sided
chain rule with ¢ = d, and f(r) =r?/2, r > 0 we get:

¥(1) = d(y, x) - 3(1)/IF(D)ls € 0f o p(x) = 0(dy/2)(x)

and that completes the proof, since the second part was proved earlier. [J

We end the section with a characterization of the cut locus of a point,
which we’ll definitely use later. The cut locus cut(y) consists of two kinds
of points: (7) those connected to y by multiple minimizing geodesics and (1)
those which are conjugate to y but do not fall into class (i). As we’ve just
seen, in case (i), first order differentiability of dz /2 fails, but it doesn’t, in
case (ii). Although, case (i7), is exactly where second order differentiability
must fail:

Proposition. At every x € cut(y) we must have:

o dy(exp,v) /2 + dj(exp, (—v))/2 — 2d(x) /2
inf - — 00
0<|v|e<1 [v|?

Proof. We treat each case separately:

Case (i): There exist two distinct minimal geodesics joining x and y, thus
there also exist two distinct supergradients py, p2 € 9(d2/2)(x). Let N € N
and v € T, M be a small vector and assume, without loss of generality, that
(p1 —p2,v) < 0 (if that’s not the case, replace p; < pa2).
Superdifferentiability gives:

d2(exp,v)/2 < d2(x)/2 4 (p1, v) + o(|v]s)

and
dz(expm(—v))/2 < df/(x)/Q + (p1, —v) + o(|v|,)
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so that:

& (exp, v)/2 + d2(exp, (—v))/2 — 202(x) /2

v]2
< < B v> o(jvl) | 1
< P1—DP2, 77 ) +
|,U|z x |U|I |U‘UC

but the term in the brackets can be made negative, since oltle) 4 ) ag

|v]a

|v]. — 0 and the fraction outside would blow up, so that the infimum diverges
to —oo, for small v.

Case (27): Only one minimal geodesic joins = to y, but they’re conjugate
points, hence, some non-zero normal Jacobi field along this geodesic vanishes
at both endpoints. Assume that there exists a constant C' > 0 such that:

d;(exp, v)/2 + dj(exp,(—v)) /2 — 2d}(x) /2

lim inf —2
v—0 |U ’%

> —C

and let y(t) := exp,(tu) be the minimal geodesic joining = = v(0) to y = y(1).
Let Y(t) be a non-zero normal Jacobi field along 7 vanishing at 0 and 1. By
scaling the overall size of the manifold and the vector field independently, it
costs no generality to normalize the length of the geodesic so that d(z, y) =
|ul, = 1 and take v := Y”(0) to be a unit vector. Let Z; be a parallel vector
field along v with Z;(0) = Y'(0) = v and let Z(t) := (1 —t)Z1(t). Fixe >0
small enough such that:

2
——+1(Z, 7)< -C
€
where I denotes the index form along v, and for this £ consider
Y.(t) =Y (t) +eZ(t)

which is a normal field along 7, satisfying Y.(0) = ev and Y.(1) = 0. Now,
introduce the following variation of the geodesic ~:

Vs(t); = f(s, 1) == exp, ) (sYe(?))

for s close to 0. The curve ~, joins the point exp,(sev) to y. From Hiolder’s
inequality gives:

%d2(expw(8€v), y) < %(/01 !'Y's(t)H(t))Q < %(/01 Ws(’f)\i(w) = E(s)
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where F is the energy functional of the curve 7,. Note, that for s = 0, since
v is a minimizing geodesic, there is equality above. So, now, our assumption
gives:
E E(—s)—2FE(0
lim inf (5) + E(=s) )
5—0 (es)?

> _C

while, on the other hand, since s — f(s, t) is a geodesic, for fixed ¢, we have
Vs%(s, t) = 0 and thus:

d*E(7s)
ds?

(0) =1(Y:, Y7)
=1Y,Y)+2I(Z,Y)+*[(Z, Z)
=2I(Z,Y)+E(Z, Z)

since Y is a Jacobi field vanishing at endpoints, hence I(Y,Y) = 0.
1

Additionally, 1(Z, Y) = [(Z(t), Y’(t)>] — —|vf2 = —1. Thus,
0

d>E(vs
d; )(O) =-2c+*1(Z, Z) > -C
2
s ——+1(Z, Z)Z—%Z—C
€ £

which contradicts the choice of €. Hence, the given infimum diverges to —oo
in both cases. O



Chapter 3

Optimal Transport

A classical approach to solve Kantorovich’s problem is to turn it into a
dual problem, which will be easier, hopefully. Let’s describe a little bit the
duality, without getting into details. If one’s desire is more details we redirect
the reader to [1], [2], [5], [29]. Recall that Kantorovich’s problem asks for
minimization of the total transportation cost:

S(m) = /X Yc(:v, y)dr(z, y)

over 7 € II(p, v). Now, for a non-negative measure m on X x Y one has

0, ifmell(y,v
sup [ [otus [var—[ o +w<y>dw] - { W v)
o, peL! | JX Y XxY 400, otherwise

Hence we can remove the constraints on 7 if we add the previous sup to
inf cr(u,n) & (), since if they are satisfied nothing has been added and if
they are not one gets 400 which will be avoided by the minimization. Now a
minimax theorem by Rockafella ([10]) lets us write

igf{/cdw+w /Xgod,u+/y¢du—/xxy go(x)—i—w(y)dﬂ]}

= sup [/chdu+/y¢dv+igf/my6(x? y) — () —w(y)dW]

Since 7 is non-negative the last term is 0 if p(z) + ¥(y) < c(x, y) for all
(z, y) € X xY and —oo otherwise. This leads to the dual problem in which

43
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we need to maximize the quantity:

J(, ) rz/xwdu+/y¢dv

over all p € L'(u), v € L'(v) such that p & ¢ < ¢, where p ® ¥(z, y) :=
() +(y)-

Similarily we deduce a dual problem for Monge’s problem. We will
solve this problem in the case where X, Y C M are compact, u, v are
probability measures, compactly supported on X and Y, respectively and
c(z, y) = d*(z, y)/2, since it suffices for our purpose and has the advantage
of following the work of McCann ([30]). We will denote by X CC M an open

subset of M with compact closure X.

Our test functions can be limited to continuous functions, so we define:

Lip.:={(p, ¥) e C(X) x CY) | ¢ D¢ < ¢}

and begin our journey to maximize J over Lip, and provide a solution to
Monge’s problem. As to why this restriction works, the answer is a special
class of functions, which have many helpful properties that we will exploit.
For example, if they are not infinite, they have the same modulus of continuity
with the cost function.

3.1 c-transforms & c-concave functions

Let X, Y C M be compact. The c-transform of a function ¢ : X — Ris a
function ¢¢: Y — R defined as:

P(y) = infic(z, y) — (@)}

for every y € Y. We define the c-transform, ¢ : X — R, of a function
¥ :Y — R in a similar fashion as:

Y¥(z) = inf{c(z, y) — v (y)}

for every z € X. Moreover, we say that a function ¢ defined on X is
c-concave if there exists ¢ such that ¢ = ¢ and we denote their set by
7¢(X,Y). Similarly for functions ¢ defined on Y, as for their set, it will
be denoted by Z¢(Y, X). In what follows we will be omitting the proofs for
functions ¢ : Y — R as the arguments will be symmetrical. Not all functions
have the property of being c-concave:
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Proposition. For any ¢ : X — R we have ¢ > ¢ and o is the smallest
c-concave function greater than p. Equality holds if and only if ¢ is c-concave.

Proof. Let x € X. Since

P°(y) = inf{e(z, y) = 9(2)} < e(@, y) — o(@)

one gets:
p*(a) = inf{c(z, y) —¢“(y)} = inf{c(z, y) =z, y) + (@)} = ()
yey yey
hence p“ > ¢. Now, take a c-concave ¢ = x¢ > . Then one has

X = yiglfv{C(-, y) —x“(y)} < ;161;{0(-, y) —o(y)} = ¢

so that y < x* < ¢° and by the same argument ¢ = xy¢ > ¢©“ > .
Now, if ¢ = ¢ = (¢°)¢, then p(z) = inf ey {c(z, y) — ¢°(y)}, thus ¢ is
c-concave. Conversely, let ¢ = (¢ for some function ¢ : Y — R. Then one has

p¢ = (% > ( so that p°° < (¢ = ¢ by the same argument used before twice
and since the reverse inequality always holds we have established equality. [

This repeated technique used in the above proof, that c-transforms reverse
the inequality, when combined with the result itself gives us a

Corollary. For any ¢ : X — R

Proof. On the one hand

while on the other hand
(SOC)CC Z (’OC :> (pCCC 2 ()08

so that ¢ = ¢°. O]
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For ¢ € Z¢(X, Y) there exists some 1 : Y — R such that
p() = ¢(x) = inf{c(z, y) — ¥(y)}-
yey

If ¢ is not bounded from above, then we will be taking infimum on arbitrarily
large negative numbers, so that ¢ = —oo. If it is and at least one y € M
exists such that ¢(y) € R then ¢(x) would be finite. But if we have ¢ = —o0,
then p(z) = +oo for every x € M, so that ¢ = +00.

If we focus on functions who are bounded from above and not identically
—oo the modulus of continuity of their c-transform will be completely
determined by the cost function:

Proposition. Any c-concave ¢ € I¢(X,Y), not identically infinite, is
Lipschitz continuous on X.

Proof. Let ¢ > 0 and z, z € X. By definition, there exists a y € Y such
that ¢(z) + & > c(z, y) — ¢°(y), while p(z) < c¢(z, y) — ¢°(y) holds trivially.
Subtracting these two inequalities, the Lipschitz continuity of ¢ with constant
D, yields:

o(x) = ()] < le(z, y) = c(z, y)| + & < Dd(z, 2) + ¢

where D is the upper bound of d, on X. Ase > 0 and z, 2 € X was arbitrarily
chosen we have that 1) is Lipschitz, with Lipschitz constant < D. O

From now on, we will be talking only for not identically infinite c-concave
functions.

Corollary. In view of Rademacher’s Theorem, any c-concave function ¢ €
19X, Y), where X CC M, is differentiable volg-almost everywhere on X
and its gradient s a Borel map.

Observe that, from the definition of c-transform one has:
p(x) +(y) < o) +c(z, y) — p(z) < c(x, y)
for every x € X and y € Y. We can get a criterion for equality:

Theorem. Let X CC M open and Y compact as always. Let x € X such
that ¢ € I°(X, Y) is differentiable at. Then

p(2) +¢°(y) = clz, y) <= y = exp,(=Vip(z))
Moreover V(x) = V(d;/2)(x).
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Proof. (=) Suppose that a y € Y is given such that equality holds. Then,
one has

(2, y) = (2) = ¢°(y) 2 0= ¢z, y) = p(z) = ¢"(y)
for every z € X. For d’(z)/2 = ¢(z, y) one has

dy(exp, v)/2 = c(exp, v, y) > c(z, y) — p(a) — ¢“(y) + p(exp, v) + ()
= ¢z, y) — () + p(exp, v)
= c(z, y) — ¢(x) + o(z) + 9:(Veo(z), v) + o([vs)
= dy(2)/2 + g.(Vip(2), v) + o(|v].)
since ¢ is differentiable at x. It follows that dz /2 has subgradient
Vp(x) € Q(dZ/Q)(x) at z. On the other hand, we’ve already shown that d§/2

has supergradient 4(1) € 8(d2/2)(x), for a minimizing geodesic y connecting
y = (0) with z = y(1). Thus d/2 is differentiable at  and

V(z) =4(1) = V(d;/2)(x) = —(exp,) "' ()
= y=-exp,(—Vo(z))

and we’re done.

(<) We have now established that, for our fixed z € X, there exists at
most one point y € Y such that the equality holds. We have to show that
there exists at least one such y. The c-concavity hasn’t played its role yet.
From compactness, the infimum

p*(x) = inf{c(, y) — ¢"(y)}

is attained at some point y € Y. Since ¢ = ¢, the same point produces the
equality in question. But our previous argument shows y = exp,(—V(x))
and the statement is proved. O

3.2 Duality

If (p, ¥) € Lip,, since ¢ is continuous and X is compact, its c-transform ¢°
is finite-valued, hence Lipschitz continuous. Additionally, the definition of
c-transform gives ¢ @ ¢© < ¢ so that (@, ¢°) € Lip,.. On the other hand, for
every x € M one has

(¢, ) € Lip, = ¢¥(y) < c(z, y) — p()

= P(y) < inf {e(z, y) — (2)} = ¥*(y)



CHAPTER 3. OPTIMAL TRANSPORT 48

hence

J(p, ) = /M o(@)dpu(z) + /M b(y)du(y)
< /M o(@)dp(x) + / S ()duly) = T(p, ¢°)

M
We’ve just proven:

Lemma. If (o, ¥) € Lip,, then (¢, ¢°) € Lip, and J(p, ¥) < J(p, ¢°).

Observe that the symmetry ¢ <> ¢ lets us apply the same arguments
and get that (¢°, ¢) € Lip, and J(p, ¥) < J(¢¢, ). Applying them once
more with respect to ¢, as before, we conclude that (¢¢, ) € Lip, and

J(p, ¥) < J(W°, ) < T, ).

We will prove that the duality problem admits a solution among the
c-concave functions:

Proposition. If u, v are Borel probability measures on M such that X and
Y contain their support, respectively, then there exists some o € T¢(X,Y),
such that

J(p, ¢°) = max J(u, v).

(u,v)€ELip,

Proof. Choose a sequence (¢, ¥,) € Lip, such that
J(pn, ¥n) = sup  J(u, v).

(u, v)€Lip,
According to the previous proposition, J(¢¢, 1<) also tends to
sup J(u, v) in Lip.. Observe that, because pu(X) = v(Y) = 1, the

(u, v)€ELip,
sequence

(Un, Vn) = (U, — Yn(2), U35+ Un(2))
for some fixed z € M, is in Lip. and has J tend to its supremum. From
before, we know that wu, and v, will have the same modulus of continuity.
Also, for every n € N,

|un(2)| = |un(2) — un(2)| < Dd(z, 2) < D?
and
[oa() = | inf {e(@, y) = un(2)}] < [e(w, y)| + D?
D? 3

< — 4+ D*="D?
=5t 2



CHAPTER 3. OPTIMAL TRANSPORT 49

because the c-transform of any constant is just its negative. As the above
equicontinuous families of functions are uniformly bounded though X and Y
respectively, the Ascoli-Arzela theorem (|4]) extracts a subsequence (uy,,, vy,,)
that converges pointwise to some (ug, vo) € Lip.. Since the measures are
finite we can apply the Dominated Convergence theorem ([7]) and get

J(ug,,, vx,) = J(ug, vo)

so that
J(ug, vo) = sup J(u,v) = max J(u, v)
(u,v)€Lip,, (u,v)€Lip,

and, hence, J(v§, v5%) = J(ug, vg), by maximality. Setting ¢ := v§ completes

cce Cc
the proof, as v§™ = v§. O

3.3 Monge’s problem & McCann’s Theorem

Now we can choose a c-concave ¢ such that (¢, 1) = (¢, ¢°) € Lip,
maximizes J(p, ¥) = [ 2 P+ | 1 Ydv. We have shown that such functions
are both Lipschitz, so Vo : X — R is defined p-almost everywhere on X and
is a Borel map, as Rademacher’s Theorem shows. For Monge’s problem, we
obviously have:

J(u, v) = /M u(w)du(x) + /M o(T(2))du(x)

< [ clo T)duto)
M
= J(T)
for any (u, v) € Lip, and T" € II(u, v). Since both sides are finite one has:
sup  J(u, v) = J(p, ¢°) < inf / c(x, T(x))du(x)
(u,v)€Lip, T (p,v) J pr

for some ¢ € Z¢(X, Y). As one can see the only obstacle is the inequality

p(r) + ¢ (T(x)) < c(x, T(x))

but we have shown that p(z) + ¢°(y) = c(z, y) <= y = exp,(—V(z))
which proposes an idea for the minimizer. In particular, if we set
F(z) := exp,(—Ve(x)) for every x at which ¢ is differentiable we get from
Rademacher’s Theorem that it is a Borel map. All we need to show is that
F € TI(u, v) since then, the almost-everywhere equality will turn all the
above inequalities into equalities. We can see that this is exactly the case:
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Proposition. The map F(z) = exp,(—Vy(z)) pushes u forward to v, i.e.
F e Il(n, v). As a consequence, Monge’s problem admits a solution.

Proof. In order to show that F' € II(u, v) it suffices to check that, for every
feCM), [, fdv= [, fd(Fyup) . For this purpose, let f € C(M), zyp € X
where ¢ is differentiable and define perturbations

@
pe(r) = ye(e) = inf{c(z, y) — "(y) —ef(y)}

for x, y € M and |e|] < 1. Since the above are continuous, the compactness of
Y assures us that the infimum is attained. For ¢ = 0 it is attained uniquely
at y = exp,,(—Ve(z9)) = F(x), according to our previous theorem, so for
small enough ¢, it must be attained at some nearby point y. = F(zo) + d(¢)
where 0(¢) =% 0. To see why this is true, set 9(y) = c(T(x0), y) — ¢“(y) and
91m(y) = c(T(20), y) —¢°(y) — + f(y) and take a sequence y;/, € argmin gy ,.
Because of compactness, there exists a subsequence which converges to some
point yo. But, this point must be T'(zy) because g1/n(Y1/n) < g1/n(y) for every
y € Y and, since f is continuous and Y is compact, the uniform convergence
of g1/, to g will give us g(yo) < g(y) for every y € Y. Thus

c(wo, F(w0)) — ¢ (F(20)) — ef(ye) < we(w0) < c(z0, y) — ¢°(y) —ef(y)

for all y € M. Setting y = F'(xo) the continuity of f gives us

pe(r) = ¢(x) —ef(F(x)) + ole)

for p-almost every z € X. Since J(pe, ¥.) attains its maximum at € = 0, a
simple application of the dominated convergence theorem yields:

0= — J(QO57 we)—J(% ¢)

J(‘Psa ws) = lim

de|._q e—=0 €
—lim [ P2 gDolu—l—/ fdv
e—0

/ foqu+/de
—— [ saE+ [ far

so that Fizp = v is established by the Riesz representation theorem ([6]),
since f € C(M) was arbitrary. O
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We will now gather these results and prove this map’s uniqueness. As
we've already said this whole work is by McCann ([30]) in which he generalized
Brenier’s theorem ([18], [19], [20]). In order to make it easier for us to refer
to the following theorem, we will name it "McCann’s Theorem".

Theorem (McCann’s Theorem). Let (M, g) be a Riemannian manifold with
two Borel probability measures p << volg and v on M such that X and
Y contain their support, respectively. Then, there exists a c-concave ¢ €
Z¢(X,Y), such that the map

F(x) := exp,(=Ve(z))

s the unique minimizer of the Monge’s transportation problem, among all
Borel maps that push p forward to v (modulo discrepancies on sets of zero
p-measure).

Proof. Our previous conversation is enough proof of existence. We will prove
uniqueness in two steps:

e First, suppose that G € II(u, v) is also a minimizer of Monge’s problem,
so it satisfies O(G) = J(p, ¢°), hence

/M o, G(x)) — o) — ¢*(Glx))dpx) = 0.

Since (¢, ¢°) € Lip. the integrand is non-negative, thus
o(x) + ¢°(G(x)) = ¢(z, G(x)) holds p-almost everywhere on X and the
criterion for this equality yields G(z) = F(x) pu-almost everywhere on
X.

e Now, if u = u® is another c-concave function maximizing J for which
the map G(z) = exp,(—Vu(z)) is in II(p, v), then G is also a minimizer
of Monge’s problem and our previous argument shows that G and F
must be equal p-almost everywhere on X.

]

Corollary. In view of the previous theorem with the extra demand that
v << volg, one has:

F e 1l(v, p) where F(y) := exp, (—Ve“(y))

and satisfies F(F(z)) = x p-a.e. on X and F(F(y)) =y v-a.e. onY.
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Proof. Denoting ¢ := ¢ we shall exploit the symmetry p <> v and (¢, ¢°) <
(¢, ¥°). We know that ¢ is differentiable on domV1 where v(domV) = 1,
s0 Fiyp = v implies U := domVpN F~(domV1) is a Borel set of full measure
pu(U) = 1. For x € U we have that

c(F(x), ) = p(F(x)) — () = ez, F(z)) — ¢°(F(r)) — ¢(x) =0

Since F(z) € domV1 we must have

T = exXpp(y)(—VY(F(2)))

thus x = F(F(x)) on U, which means p-a.e. on X. It follows that given any
continuous function f € C(M) we have

/M fd(Fyv) = /M FEW))dv(y) = /M S (F())))dp(x) = /M f(@)dp(z)

so that F € II(v, ). By a symmetric argument we have that

V :=domVy N F~!(domV)

is a Borel set of full measure v(V') = 1 and similarly F'(F(y)) =y v-a.e. on
Y. O

3.4 c-superdifferential of a c-concave function

A c-concave function is not necessarily differentiable everywhere and thus the
mass transport map F' is not defined everyhwere. However for fixed x € X,
the Lipschitz continuity of ¢° on the compact set ¥ C M guarantees that
some y € Y provides equality in ¢(z) + ¢°(y) < ¢(z, y). This motivates a,
possibly multivalued, extension of F' to all of X:

Definition. Let X, Y C M be compact sets. For Z¢(X, V) and x € X, the
c-superdifferential of ¢ at x is the non-empty set

Iv(x) ={y €Y | p(z) + ¢°(y) = c(z, y)}
=y eY [Vze€ X ¢(2) <p(x) +cly, 2) —c(z, y)}

It is an extension of F' in the following sense: if ¢ € Z¢(X, Y') is differentiable
at © € X CC M, then 0°p(z) = {F(x)} = {exp,(—Ve(x))}.
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Recall the definition of the superdifferential at z:
dp(z) = {p € T.M | p(exp, v) < ¢(2) + gu(p, v) + o(|v],), v € T, M small}
and observe their relationship:

Proposition. Let (x, y) € X XY where X CC M open andY C M compact
and ¢ € I°(X,Y). If p € T,M satisfies exp,(—p) = y and |p| = d(z, y),
then

y € 0%(x) = p € 0p(x).

Proof. Let (z, y) € X x Y such that y € 9°p(x). Then

§0<Z) < (p(]]) + C<Z7 y) - C(l‘, y)

holds for every z € X. We know that p € 9(d2/2)(z), thus for z = exp, v we
have:

C(eXme, y) - C(ZE, y) S gx(pa U) + 0(|U|1‘)
for small v € T, M. Combining the above we get

pexp, v) < ¢(7) + g-(p, v) + o(|v]2)

which means p € Jp(x). O

3.5 Semi-concavity

It turns out that c-concave functions are only a part of a much more general
class of functions admitting non-empty superdifferentials. Moreover, these
functions admit a Hessian almost everywhere, known as Alexandrov’s Theorem
in the Euclidean case and Bangert’s Theorem in the Riemannian case. These
are the semi-concave functions:

Definition. Let U C M open. A function ¢ : U — R is semi-concave
at x € U if there exists a convex normal neighbourhood B,(z) € M and
a smooth function h : B.(z) — R such that ¢ + h is geodesically concave
thoughout B, (z), i.e. (¢+h)o~y is concave for any geodesic 7 : [0, 1] — B,(z).
Obviously, ¢ is said to be semi-concave on U if it is semi-concave at each
point x € U.
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3.6 Hessian of semi-concave functions

Definition. Let ¢ : U — R be semi-concave on an open set U C M. We say
that ¢ admits a Hessian Hess, ¢ := H at x € U if ¢ is differentiable at x
and there exists a self-adjoint operator H : T, M — T, M satisfying

sup  |Ppou— Vo(x) — Hu| = o(|v].)

u€dyp(exp, v)

for small v € T, M, where P, , : Texp oM — T, M denotes the parallel
transport on y(t) := exp, tv.

This definition coincides with the usual one for smooth functions. To
understand intuitively the existence of Hessian note that it is equivalent to
the existence of a second order Taylor expansion for ¢ around z:

plexp, ) = pla) + 9:(Vip(x), v) + 500 (Hv, v) + of|ol2)

Let us formulate Alexandrov-Bengert Theorem where its proof is omitted
because of computational complexity and divergency of our subject, but
we redirect the reader to [24| for the Euclidean case and to [26] for the
Riemannian case.

Theorem (Alexandrov-Bengert). FEvery semi-concave function ¢ : U — M
on an open set U C M admaits a Hessian almost everywhere on U.

The observation enabling us to exploit the theory of semi-concave
functions is that every c-concave function is also semi-concave, which we will
prove only after establishing uniform semi-concavity for the squared distance
function as a special case. In order to do so, we need a local characterization
of semi-concavity:

Proposition. Let ¢ : U — R be a continuous function and fix xqg € U.
Assume that there exists a neighbourhood V' of xy and a positive constant C'
such that for every x € V and v € T, M one has

sy PLOPL0) + plexpul(—r0)) — 26(a)

<C

Then ¢ is semi-concave at x.
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Proof. The function h := dZ  is smooth around x, and has Hess,, h = 2I. So
there exists a neighbourhood W of zy such that H = Hess, h > I for every
x € W. Set ¢ := ¢ — Ch and take a convex neighbourhood B C V. NW
centered at xy. Now, every x € B and v € T, M satisty

Y(exp, (rv)) + Plexp, (=rv)) — 2¢(z)

lim sup 5 <0
r—0 r
To see why this is true we can take |[v|, = 1, since C" := |v[,C is also a

positive constant that bounds hypothesis’ lim sup from above, so we could
work with that. Now, since —H < —I the Taylor expansion of h gives us

Ylexp, (rv)) + Plexp, (=rv)) — 2¢(x)

lim sup 5 <
r—0 r
— -2
< lim sup p(exp,(rv)) + w(eipm( rv) —2p(z) an(Hov, v) <
r—0 r

<C —-Cy¢,(Hv,v) < C—Cg(v,v)=C—-Clv|, =0

Now let v : [0, 1] — M be a geodesic contained in B and set f(t) :=
¥(y(t)). The function f : [0, 1] — R is continuous. Applying the previous
inequality to x = y(t) with v = 4(t) we get

o L5 7)1 =) =271

<0
r—0 2

for every t € (0, 1), which implies concavity for f: let o, t; € [0, 1] and
s € (0, 1). Translating f by the affine function g(s) = (f(t1) — f(to)s + f(to)
we can assume f(to) = f(t1) = 0 without affecting the above inequality, at
all. So the problem is reduced at showing that f|,,+) > 0. To the contrary,
suppose that f has a negative minimum f(¢) > 0 at ¢t € (to, t1), so for small
enough r one has

f+r)+ [t —r) = 2f()

2

2f(t)gf(t+r)+f(t—r):>lims(§1p .

>0

which is a contradiction. Since ty, t; € [0, 1] were arbitrary, f is concave
on [0, 1]. Therefore 9 is geodesically concave on B, which tells us that ¢ is
semi-concave at xg. O

Taking advantage of this charaterization we can prove:

Corollary. For every x € X, y € Y, where X, Y C M are compact sets, di
1S semi-concave at x.
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Proof. Since M is complete, every point x € X is linked to every point y € Y
be a minimizing geodesic. Since X and Y are compact, the union of all such
minimizing segments is a closed and bounded, therefore compact. Thus, one
can find a uniform lower bound —k < 0 for sectional curvatures on this set.

As before we can take an arbitrary unit vector v € T, M. Now, let
x € X, y € Y linked by a minimizing geodesic vy, parametrized by arc-length,
with |4(t)| = 1 for every t € [0, l]. Denoting [ := d(z, y) and letting v(¢) to
be the parallel transport of v along v we introduce the vector field along ~:
sinh(VE(l —t))
sinh(v/kl)

that satisfies X (0) = v and X (I) = 0. Take a variation of the geodesic ~:

() = expy i (rX (1))

that satisfies 7,.(0) = exp,(rv) and v,(l) = y. Now Hélder’s inequality gives
us:

X(t) :=a(t)v(t), a(t):=

l 2 l
Blewara) < ([ 100 Oodt) <t [ 100 0B e = 1EG,)
0 0

where F is the energy functional of the variation. For r = 0 we have equality
d2(x) = E(70), since 7 = 7o is a constant-speed minimizing geodesic, thus:

d, (exp, (rv)) + dy (exp, (—rv)) — 2dy(2) _ E(y) + E(y-) = 2E(%)

r2 - r2

Since r — ~,(t) is a geodesic for each ¢, the second variation formula gives us:

1dPE(y,)
2 dr?

_ / X' = R(X (1), 7(t), X (1), 4(t))dt

r=0

- / (@(1)? — (a(t)PR(PY (1), A1), BT (8), (t))dt
< / (& (1)) + K(a(t))?dt
= sinh 2 (Vkl)k /l cosh(2Vk(t — 1)))dt

= SinhZ(\/El)g sinh(2V/kl)

~ Vkeosh(VEl)
= —sinh(\/El) — Vk coth(Vkl)
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after some calculations with our usual trigonometric identities, where the
inequality came from the bound on sectional curvature. Remember that
I = d(z, y) and by denoting h(t) := 2v/kt coth(v/kt) we have proven that:

. d;(exp,(rv)) + di(exp,(—rv)) — 2d;(2)
lim sup 2 — Y
r—0 r

< h(d(z, y)) < C

for some positive constant C' which exists as an upper bound of h o d(z, y)
since it is a continuous function on a compact set and d > 0. Now, the
previous proposition gives us what we want: dz is semi-concave at . 0

Now, we are in a position to prove that c-concavity implies semi-concavity:

Theorem. Let X CC M be open and Y C M be compact. Every c-concave
function ¢ € I¢(X,Y) is semi-concave on X. Hence, it admits a Hessian
almost everywhere on X.

Proof. Fix x € X. The continuity of ¢° on the compact Y C M provides us
with a y € 0°(x), such that

plexp, v) < p() + dy(exp, v)/2 — dy() /2

for every small v € T, M which implies

lim Supgp(expx(w)) - @(e);pz(_m])) — 20p(x)
r—0 r
< g 200+ s, (o) 2
r—0 r

<

Uniform semi-concavity of the squared distance function together with the
characterization of semi-concavity yields the result. Then the Alexandrov-
Bangert theorem provides ¢ with a Hessian almost everywhere on X. O]

3.7 Differentiating the Optimal Transport Map

Let’s turn our focus again on the c-superdifferential 99 C X x Y of a ¢ €
Z¢(X, Y), which provides a multivalued extension of F(z) = exp,(—Vp(z))
to points x € X where ¢ is not differentiable. The next proposition uses this
to define a differential dF}, for such optimal maps F'. From the chain rule for
smooth fucntions, it is much expected that this differential should involve the
derivative of the exponential map and the Hessian of .
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Proposition. Fiz X CC M open and Y C M compact. Let ¢ € I¢(X,Y)
and set F(z) = exp,(—=Vp(2)). Fiz a point © € X where ¢ admits a
Hessian and set Y := (Dexp,) vy and H = Hess,d;/2. Also, define
dF, : T,M — T,M by dF, :=Y (H — Hess, ). Then:

(i) y = F(z) ¢ cut(x) and H — Hess, ¢ > 0
(i1) Asu — 0 in T, M: sup v — dF,(u)], = o(|ul.)

exp,, v€I°p(exp, u)
[v]y=d(y, exp,, v)

Proof. (i) Since ¢ admits a Hessian at x € X, it is differentiable there and
0°(z) = {F(x)} = {y}. Thus, for every z € X one has:

p(2) < p(x) + dy(2)/2 = dy(x)/2
which, for z = exp,(fu), gives:

p(exp, (1v)) + p(exp,(—rv)) — 2¢(x)

_ B, (r0)/2 + Blexp,(—10)/2 — 2AE(x)/2)

r2

which provides a lower bound of the right hand side, as |u|, — 0, since the
left hand side tends to g,(Hess, p(u), u). We have shown that if x € cut(y)
the right hand side is unbouded from below, so it must be the case that
x ¢ cut(y), or equivalently y ¢ cut(z).

For the positive definiteness, set

h(z) = dy(2)/2 — ¢(2)

and observe that Vh(z) = 0 at « ¢ cut(y) and that it has a minimum at
z =

p(2) < p(x) + dy(2)/2 — dy(2)/2
& dy(2)/2 — o(x) < dy(2)/2 = ¢(2)
< h(z) < h(z)
Since = ¢ cut(y) the Taylor expansion at x gives

g-(Hess, h(u), u) >0

hence H — Hess, ¢ > 0.
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(i) Fix a unit tangent vector u € T, M and set x4 := exp,(su), which for
small s doesn’t belong to cut(y). Since ¢ is continuous and X is compact,
there exists a y, € 0°(x,). Let uy € T, M such that y, = exp, u,, with
us = d(x, ys) and set w, := ug + de(xs)/Q so that

ys = exp, (—Vd;(x4)/2 + w,)

From the relationship between c-superdifferential and superdifferential we get
that —us € 0p(xs), since ys € 0°p(xs). This means that —w, € O(—h)(zs),
where h = d; /2 — ¢ as before, which implies

P, swws = s Hess, h(u) + o(s)

by Hessian’s definition, since P, 4, and Hess, are linear and Vh(x) = 0. We
define three geodesic variations:

fi(t, s) :== exp,, (t Vd2 (xs) ))
fa(t, ) P, (£( Vd2 (z5)/2 + wy))
g(t, 5) = exp, (t(—de( )/2 + Px,suws))
and let
Ji(t) = %’;1@ 0), Jo(t):= %’;2@ 0)

dg d
V(t) : Os (t 0) (D epr)t(—Vdfl(m)/m (tEL:OPx,suws>

= t(D exp, )i~ vaz(x)/2) (Hess; h(u))

be their respective variational fields. The fields V' and J := J, — J; are Jacobi
fields along the geodesic joining x to y, since J; and Js are such Jacobi fields
and the Jacobi equation is linear. For their respective initial values we have
that J(0) = %]y — Z=|5 = 0 and obviously V(0) = 0, since g doesn’t move

ds
the initial point. Also, V'(0) = Hess, h(u), while

oy = 2| (22 _%h
T =5 s:o( ot ot )(0, °)
D
—|  (Dexp,,)o(—=Vdi(zs)/2+w, + Vdi(z,)/2)
ds|,_,
_D
- ds sszs

where % denotes the covariant differentiation along a curve. Let e;(0), i =
1,...,n be an orthonormal basis for T,M and let ¢;(s), i = 1,...,n be its
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parallel transport to T, M, hence £e; = 0. Then we can write w, = w'(s)e;(s)

and P, ,,ws = w'(s)e;(0) for some smooth functions w’. Computing gives:

D D - dw’
JO0)= 2| w= = i()es(s)) = 22 (0)es (0
O=2| w=g] @eu) =G oe0)
d - d
= 7 ! i = 7 szu s
T W)= | P
= Hess, h(u)

Thus V = J. In particular V(1) = J(1) which means
d
ds

since fi(1, s) is constant and equal to y (x5 ¢ cut(y)). Now, since Vh(z) =0

we, eventually, get

4
ds ls=0

ys = (D esz)—Vdg(x)/z(HGSSx h(u))

s=0

Ys = (Dexp,)-vp(w)(Hess, h(u)) = Y (H — Hess, ) (u) = dF,(u)

and by computing the Taylor expansion of exp, Y(ys) at s = 0 we have:

Ys = exp, (3% :Oys + 0(3)) = exp, (sdF(u) + o(s))

S

where the error term is independent of v as we have already shown. Therefore,
if v, € T,,M is the shortest vector such that y, = exp,(vs) we must have

v — dFy,(su)], = o(s)

since exp, is a local diffeomorphism and the proof is complete. n

Having established an almost everywhere notion for the differential dF,
of an optimal map F': M — M, we can deduce some useful properties that
we expect a differential to behold. For this purpose, let p, v << vol, be two
compactly supported measures on X, Y CC M, respectively, and denote their
densities by f and g, respectively. Fix ¢ € Z¢(X, Y) that induces F : X — Y
defined by F(z) = exp,(—Vp(z)) which pushes p forward to v. Recall that,
since ¢° € Z°(Y, X) and v is absolutely continuous, we can define an almost
everywhere inverse of the optimal map F', that pushes v forward to u, by
F(y) = exp, (—V¢©(y)). Introduce the sets of full measure

E, = {x € X | Hess, ¢ exists}
Ey :={y €Y | Hess, ¢° exists}
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and note that the maps F and F are well-defined on them, respectively. For
r € E, we set, as before, Y, = (Dexp,)_vy@) and H, = Hess, d%(z) and
dF, = Y,(H, — Hess, ). Similarly, for y € E_, define Y, = (D exp,) _vee(y)
and H, = Hess, d%(y) and dF, = Y,(H, — Hess, ¢). The first part of the
previous proposition states that F'(z) ¢ cut(z) and H, — Hess, ¢ > 0 and
we can say the same thing for £ and y in the place of F' and x, respectively.

Now, define the following sets:

E, ={x € E,| H, —Hess, p >0}
Ege:={y € B, | H, — Hess, ¢ > 0}

and . .

Q:={zeE,| F(x) € Ey}
For z € E},, the linear map dF, : T,M — Tr)M is a bijection, since Y is
injective when exp,(—V(z)) ¢ cut(z). The same is true for y € E, and

the map dF,. We are in a position to derive an inverse function theorem for
optimal maps:

Theorem. Let v € E, such that F(z) € E,.. Then

(a) (dF,)™" = dFpe)
(b) x €
(c) detdF, >0

(d) w(E,) = p() = 1

Proof. Fix u € T,M. Let x4 = exp,(su) for small s and y; € M such that
Ys € 0°p(ws). If vy is the smallest vector of T, M such tht y, = exp, v, the
second part of the previous proposition gives v, = sdF,(u)+o(s). Applying the
same argument for ° at F(z) we get su = dFp(pyvs+o(s) = sdFpyd Fyuto(s)
which gives

o(s)

dﬁ’p(x)deu =UuU+ —
S

for small s. Taking s — 0 shows that dF F(z) is a left inverse to dF, and,
similarly, one can show that it is also a right inverse. Thus (dF,)™" = dFp()
and x € E,, F(x) € E,, so that x € Q. Also, since dF}, is invertible,
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we also have that det dF, > 0, since Y has positive determinant (it varies
continuously; at zero is 1) and H — Hess, ¢ > 0. We can now write

Q={zecE, | F(r) € E,}

and so

= n(E,NF 7 (Ey)) =1
since pu(F1(Ey)) = (E ) 1 = u(E, ) which results from the absolute
continuity of the measures. [

A second property would be the equivalence of algebraic and geometric
Jacobians:

Theorem. Let x € Q2. Then 0°p(B,(z)) shrinks nicely to F(z) when r — 0
and

Vol [0 0B, (1))
8 VoL, [B, (o)

= det dF,

Here, shrinks nicely to y means that there exist R(r) 2% 0 and a € R

independent of r such that (i) 0°%(B.(x)) C Bgru(y) and (i)
volg[0°p (B, (2))] > avols[Brw(y)].

Proof. Fix x € Q and set y = F(z). For z € M let B?(0) denote the
ball of radius r centered at the origin 0 € T,M and set ¢; = ||dF;|| and
o := ||dF || where || - || is the operator norm. We shall prove that for every
e > 0 there exists 0 > 0 such that for every r < § one has

exp, ((1 + 601)’1dF$Bf(O)) C 0% (B,(z)) C exp, ((1 + scg)deBf(O))
thus, for
S(r) = (ea(1 +ec1)) " (=% 0)

and
R(r) :==ci(l+ec)r ( LmaN 0)

one has, for small enough 7, in normal coordinates:

BS(r)(y) = €XpP, (Bg(r)(o))
C exp, ((1 4 ec1)~'dF,BE(0))
C p(By(z))
C exp, ((1 4 ec2)dF, BE(0))
C exp, (B?{(r)(())) = BR(r) (y)
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where the first inclusion is due to the fact that for w € Bg(r)(()) one has
|dE (14 ecy)w)|, < |[dE (14 eer)|w], < ca(1+ec)S(r) =7
while the last inclusion is due to the fact that for v € B?(0) one has
|dFv|y, < ||dF|| - |v|e < err

Observe that
Bsi(y) € 0°¢(B(r)) C Brer)(y)

is exactly what we need in order to show that 0°p(B,(z)) shrinks nicely to y.
In particular, the rightmost inclusion indicates that we’re halfway there. For
the other half, the leftmost inclusion gives us:

- volg[0°p(B,(2))] - volg[Bs(r (y)] _ Sr)\"
71~a0 VOlg [BR(T)(y)] = 71"H0 VOlg [BR(r) (y)] (R(T))
1 5—>0\
T (I +ec)"(1+eco)n !

which means that for every a € (0, 1) one has

volg[0°p (B, ()] > arvoly [ Brer (y)]

thus 0°(B,(x)) shrinks nicely to y = F'(x). Moreover, the inclusions to be
proven allow us to calculate the Jacobian of F', since letting ¢ — 0, in normal
coordinates, one gets

i Yole (0°0(By(2)) . Volgn[exp, (0%(B:(2)))]
r—0  volg(B,(x)) r—0 Volg~ (BZ(0))

.. Vol (dF, B} (0))

~ 20 Volga (B2(0))

= detdF,

since detdF, > 0 as we’ve shown at the previous theorem. Thus, it only
remains to prove the inclusions.

For a given € > 0, there exists 9 > 0 such that for every u € T, M with
lul, < 9, if v € T,M such that |v|, = d,(exp,v) and exp,v € Ip(exp, u),
then
v — dFy(u)ly < elul,
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. So, for r < 4, pick u € B¥(0) and, if v is as above, then

v — dFy(u)|, <elul, <er =v—dF,(u) € eBY(0)
= v € dF,(u) +eBY(0)
= v € dF,(u+ edF, ' BY(0))
= v € (14 ¢ecy)dF,B;(0)

where the last conclusion came from the fact that for w € BY(0) one has
-+ 2P wly < Jul, + elldF | - Jwly < (1+ cea)r

and that dF; is linear. Now, since u € By (0) and exp, v € 0°p(exp, u) were
arbitrary, exponentiation yields the second desired inclusion:

0%p(B,(r)) C exp, ((1+ eco)dF,BE(0))

On the other hand, taking v € dF,'BY(0) and r small enough such
that |ul, < cr < § then the shortest vector v € T, M: exp,v € 0°%(exp, u)
satisfies

v — dFy(u)], <eluly < ecor = v —dF,(u) € ecaBY(0)
= v € dF,(u) + ecaBY(0)
= v € (14+¢ec2)BY(0)

since dF,(u) € BY(0). Again, exponentiation yields:

¢ (exp, (dF,'BY(0))) C exp, ((1+ec2)BY(0))

while, applying the same argument to ¢© at y = F'(x), yields, for small enough
7
0°¢°(exp, (dF,B2(0))) C exp, ((1 + €c1)BF(0))

since (dFp(y))~! = dF, as we've shown at the previous theorem. Replacing r
with (1 4 ecy)r we get

0°¢°(exp, ((1 +ec1) 'dF,BF(0))) C exp, (BF(0)) = B,(x)
and, since A C 0°%(0°%°(A)), we get:
exp, ((1+ec)) 'dF,Br(0)) C 0°%(B,(x))

which is the first desired inclusion. O
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A third property would be the Jacobian identity:

Theorem. There exists a Borel set K C X of full yu-measure such that, at
each x € K, ¢ admits a Hessian, thus F(z) ¢ cut(z), and

f(2) = g(F(x)) det dF,, # 0

Proof. We set
K :=Qn{f#0}NnLeb(f)N F*(Leb(g))

where Leb(h) denotes the set of Lebesgue points of the function h. The set
was put in the definition of K to ensure that a Hessian of ¢ exists. The other
three sets are needed for proviing the identity. However, every single one of
them has p-full measure. We have already checked that ;(€2) = 1 and since
f, g € L*(M, vol,) are density functions they are non-zero volg-a.e. and have

Lebesgue points volg-a.e.. Now, absolute continuity of measures and that fact
that u(F~'(Leb(g))) = v(Leb(g)) gives us u(K) = 1.

In order to prove the Jacobian identity, fix x € K. Since z is a Lebesgue
point of f, F(x) is a Lebesgue point of g and 0°(B,(z)) shrinks nicely to
F(x) we have that

. (B(x)) - v(0%(B,(x)))

f(l') - }}_I)% VOlg(Br(I)) and Q(F(I)) - rl_I)I(l] volg(GCgo(BT(x)))
invoking the Lebesgue differentiation theorem (|7]). Fix z € B,(x) at which ¢
is differentiable. Then F'(z) € 0°(z) and since z was (almost) arbitrary we
have that F'(B,(x)) C 0°%(B,(x)) and their difference consists of points on
which ¢ is not differentiable. Since ¢ is differentiable vols-a.e. the absolute
continuity of v gives

v(0°(B,(x))) = v(F(B,(2))) = v(F~(B:(2)))) = u(B,(x))
where F is the almost everywhere inverse of F, that pushes v forward to .
Thus

o(F(z)) = lim —1Br(2))

20 Vol (00 (B, (7))
and by taking into account the previous theorem we get:
o W(B(2))
T8 = I o, (B, (@)
o H(B@) vl (@ (By(@))
" Vol (00 (B, (7)) voly(By ()
= g(F(z))det dF,

and the identity is proved. O]
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From now on, we will be denoting by J(x) the quantity det dF, and we
will be calling it the Jacobian of F at x. As a byproduct of the previous
theorem we derive the fourth and last property, a change of variables formula:

Corollary. If U : [0, +00) = R U {+0o0} is a Borel map with U(0) = 0, then
flx
| vty = [ v( 52 @)
M K J(x)
where either both integrals are undefined or both take the same value in R.

Proof. Since U(0) = 0 and Fgp = v << vol, we have that:

| vtstwavl, - /{} U(‘ng”dww
S
yur
- v (3) o

x)dvolg(x)
since K C F~1({g > 0}) and pu(K) = 1. O

3.8 Optimal interpolating maps

In what follows we shall investigate the family of maps

Fi(x) = exp,(=tVe(z))

which interpolate along geodesics from the identity map = = Fy(z) to the
optimal map y = Fi(x) = F(x). Ultimately, we wish to extend the properties
of F' for every t € (0, 1) and this is accomplished after proving that the
set of c-concave functions is star shaped in some sense. Then, McCann’s
theorem implies that F} is the optimal map pushing ;1 << vol, forward to
pr = (Fy)xp. However, if we want the preceding results to hold we shall
also show that p; << vol,. We begin with the star-shapedness of c-concave
functions:
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Lemma. Fizt € [0, 1] and compact sets X, Y C M. If p € I¢(X, Y) then

tp € T(X, Z(X, Y)).

Proof. The lemma is trivial for ¢ = 0 and ¢ = 1, since 0 € Z¢(X, X) and
to € ¢ X, Y). Therefore, fix t € (0, 1) and y € Y. We'll treat a spacial
case first, that of dZ/Q. Let z € X and z € Z(x, y). The triangle inequality
alongside the arithmetic-geometric mean inequality gives, for every m € M

and any € > 0:

) +d(z, y))?

)+ d*(z, y) + 2d(m, 2)d(z, y)

)+ d%(z, y) + 24/ (e71d%(m, 2))(ed?(z, y))
)+ d*(z, y) + e dP(m, 2) + ed?(2, y)

Hdi(m, 2) + (1+e)d*(z, y)

and by choosing ¢ = t/(1 —t) we get:

1
d2<m7 y) < _dz(m7 Z) + 1—_td2(z7 y)

1
_ 2 _ 1\2 42

= %d2(m, 2)+ (1= t)d*(z, y)

= td*(m, y)/2 < d*(m, 2)/2 +t(1 — t)d*(x, y)/2

since z € Z;(z, y). Note that m = = produces equality, since d(zx, z) =
td(z, y). We define v, : Z;(X, y) — R as follows: if z € Z;(X, y) then there
exists © € X such that z € Z;(z, y), so the function

Uy(e) = —t(1—1) inf {d(x)/2}

z€Z¢(z,y)

is well defined. Since the above inequality is true for every x € X we have,

for every z € Z,(X, y):

td*(m, y)/2 < d*(m, 2)/2 — ¢y (2)
= tdi(m)/2 <c(m, z) — 1y (2)

= tdz(m)/Q < inf {e(m, 2) — ¢, (2)}

ZGZt(X, y)

but, since equality is achieved if m € X, we must have:

t2@)/2= _inf {e(z, ) (=)

ZEZt(va)
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for € X, so that td; /2 € IT°(X, Z,(X, y)).
Now take a ¢ € 7% X, Y'). Then ¢ = ¢ gives:
p(z) = inf{c(z, y) = ¢*(y)}
= to(r) = inf{tc(z, y) — t"(y)}
yey
=inf inf {c(z, 2) —¥y(2) — to(y)}

yeY zeZ4(X,y)

_ g {( 29— inf {wy<z>+wc<y>}}

2€Z4(X,Y)
2€Z¢(X,y)

and define ¢ : Z;(X, Y) — R as follows: for z € Z;(X, Y) there exists y € Y’
such that z € Z;(X, y). Define 9, as before and set:

C(z) = inf {y(2) +1e°(y)}

which is well defined. We have found a function ¢ : Z;(X, Y) — R such that
o) = _int _{elz, 2) — ¢(2))

ZEZt()(7 Y

which means tp € Z¢(X, Z,(X, Y)). O

We establish two immediate corollaries. One is about Hessian semi-
positivity relating distance functions:

Corollary. Let v(t) = exp,(tv) be the minimal geodesic joining v € M to
v(1) € cut(x). The self-adjoined operator H(t) —tH(1), defined on T,M by
H(t) := Hess, dgf(t)/Q, is positive semi-definite.

Proof. Since v(t) € Z(z, y) we get:

2 (m, )2 < d2(m, 4(5)/2 + (1 — d(, y)/2
& p(m) ::di(t) (m)/2 —td2(m)/2 4+ t(1 — t)d;(x)/2 > 0

for every m € M, with equality being achieved at m = x. So ¢ is non-negative
and attains the minimum value 0 = (). From the Taylor expansion of ¢ at
m = x we get that g,(Hess, ¢(v), v) > 0 for every v € T, M. ]

While the other one is about the optimality of the interpolant map:
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Corollary. Let 1 << volg be a Borel probability measure which is compactly
supported in X CC M andY C M compact. Fiz p € I¢(X,Y), t € [0, 1]
and set

Fy() := exp,(~1Vp(x))
for x € X. The map F; coincides with the optimal map pushing p forward to
pe = (Fy)gp.

Proof. We saw that ty is c-concave, since tp € Z¢(X, Z;(X,Y)). From
Rademacher’s Theorem, we have that Fy(x) is defined p-almost everywhere
(n << voly) on X and Fy(z) € Z;(X,Y) which is a compact set, since X
and Y are and distance function is continuous. The map pushes p to u; by
construction, so that we also have that j; is compactly supported in Z;(X, Y).
McCann’s Theorem uniqueness gives the desired optimality among all maps
pushing p forward to py. O

In order to show p; << voly we need the interpolant map to be injective:

Lemma. Let X CC M be open and Y C M compact. Fix ¢ € I°(X,Y)
and t € (0, 1). If Fy(z1) = Fi(x2) at two points x1, x5 € X, at which ¢ is
differentiable, then x1 = .

Proof. 1f z1, x5 € X are two points of differentiability for ¢, with Fy(z,) =
Fi(z9) := z, then z € Z;(x1, 11) N Zy(x2, y2), where y; := Fi(x;), i € {1, 2},
for simplicity. This is true, since, for ¢ € {1, 2}, z;, 2, y; all lie on the
minimizing geodesic t — Fy(z;). For the distance between x1, y, and 3, 11
the triangle inequalities gives us:
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which we square and sum, to get a parallelogram inequality:

d*(z1, y2) + d* (29, y1) < d* (21, 2) + d*(2, yo) + d*(z2, 2) + d*(z, 11)

+ 2d(xq, 2)d(z, yo) + 2d(x2, z)d(z, Y1)

= (d*(x1, 2) + d*(2, 1)) + (d*(29, 2) + d*(2, y2))
+2d,,dy, (2) + 2d,,d,, (2)

= (d(zy, 2) +d(z, 11))* + (d(z2, 2) +d(2, y2))?
+ 2(dy, dy, + dyydy, — dy,dy, — dyydy,)(2)

= (d(z1, y1))? + (d(z2, 32))?
— 2(dy, — duy)(dy, — dy,)(2)

= d*(x1, y1) + d* (2, v2)
— 2(d(z1, 2) — d(@2, 2))(d(y1, 2) — d(ye, 2))

= d*(21, y1) + d* (22, y2)
—2t(1 = t)(d(z1, 1) — d(22, y2))*

< & (21, 1) + d¥ (2, y2)

where in the equalities we used the fact that z € Z;(z1, y1) N Zy(x2, y2).
On the other hand, since y; € 0°(x1) and yo € 0°@(x5), we have that:
p(x2) < (1) + c(@2, 1) — c(@1, 1)
p(x1) < @(x2) + c(31, Y2) — (@2, Y2)

respectively. Adding them and multiplying by 2, gives:

d*(z1, y2) + d* (22, y1) > d*(x1, y1) + d* (22, yo)

which contradicts the parallelogram inequality, unless equalities hold
everywhere. The equalities concerning the triangle inequalities tell us that z
separates x1, xo from yi, yo, while all five points are lying on the same
geodesic.  The equality concerning the last inequality tells us that
d(x1, y1) = d(z2, y2), so that:

d(xy, x9) = d(1, 2) — d(22, 2) = td(x1, y1) — td(z2, y2) =0
d(yr, y2) = d(z, y1) = d(z, y2) = (1 = )d(21, y2) = (1 = 1)d(2, y2) = 0

concluding that 1 = x5 and y; = ys. O

Now, fix u, v << voly compactly supported, in fixed open sets X, Y CC
M, and choose ¢ € Z¢(X, Y) such that F := Fy € TI(u, v), where Fy(z) =
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exp,(—tVy(z)). Recall the sets
E, = {x € X | Hess, ¢ exists}

EW ={x € E, | Hess, (df,(x)/Q - 90) > 0}

where the latter has full measure (since p, ¥ << volg) and the maps F' and
F; are well defined on both of them. Also, for x € E, one has F(x) ¢ cut(z),
therefore Fy(z) ¢ cut(x). Now, consider the following set:

E,:={x € B, | Hess, (7o) — t) > 0}
which has, also, full measure, since Ep C E,. Indeed, observe that
Hess, (d%t(z)/Z — tp) = Hess, (d%t(z)/Z - td%(w)/Q + td%@)/Q — tp)
= H(t) —tH(1) 4+ tHess, h

where H(t) = Hess, d%t(z)/Q and since H(t) —tH(1) > 0, Hess, h > 0, we
conclude that

E, C B = 1= p(E,) < p(By) = p(By) =1

Let K C E, be a compact set and denote by K’ := F,(K) its image though
F;. The injectivity of interpolant tells us that the map F; : K — K’ is
a bijection. The star-shapedness of c-concave functions yields a first order
Taylor expansion for F} at each x € K C Et, hence F; is continuous. Therefore,
F; : K — K’ is a homeomorphism as a continuous bijection from a compact
to a Hausdorff space. Moreover, setting Y'(t) := (D exp,)_¢vy (), the fact that
K C Et tells us that the derivative

(dFy), =Y (t)(H(t) — t Hess, ¢)
has positive Jacobian det(dF;),, thus it’s invertible, for every = € K.

It will prove helpful to impose a Lipschitz control of the inverse
interpolant:

Lemma. For every x € K, there exists a constant k, > 0 such that
d(Fy(z), Fi(2)) > k.d(z, 2)

for every z € K.
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Proof. Assume that there exists a sequence xj such that

A(F(e), i) < d(, o)

which we can assume, by taking a subsequence, that converges to some z € K.
By continuouity and injectivity of F; we must have z = x and so z;, — x. Let
up € T, M and wy, € Ty, ()M be the smallest vectors for which z;, = exp, uy
and Fy(z)) = expp,(,) Wk, so that

1
dF,(2) (€XPp, 2) Wk) < Edr(epr uy)

which means that |wy|p, ) = o(|uk|s) (We will omit the subscripts for clarity).
Now, the first order Taylor expansion asserts

wi = (dF3)z (ur)| = offu)

but, on the other hand, since (dF}), is invertible, we have that
N(@F)| - Jul < [(dF}), (u)]

which gives

_ w ol |u
0 < ||(aF):Y| < el olus)
|Uk| |Uk|

which is a contradiction. ]

—0

Finally, we are in a position to prove the absolute continuity of the
interpolant measure:

Theorem. If i, v << vol, are as above, then for each t € (0, 1):
My << VOlg

where p, = (Fy) ypt.

Proof. Let t € (0, 1) and A C M a Borel set. Invoking the regularity of
measure p we can find an increasing sequence of compact sets K; C E;, such
that

1—+00

u(UK> = lim p(K;) = p(Ey) =1
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so that, for any Borel set A one has

pu(A) = u(F,H(A)) = p ( UE@)n Ki)) <D u(FTH(A) N K.
i=1 i=1
In order to show that ;1; << vol, we must consider a Borel set A satisfying
volg(A) = 0 and show that ,(A) = 0, but, according to the above, we only
need to show that u(F, '(A) N K;) = 0 for every i. However, we know that
<< voly, therefore it suffices to show that vol,(F, *(A) N K;) = 0 for every
7. To sum up, we need to prove:

voly(A) = 0 = (F})x voly |x(A) = 0

where A is a Borel set and K C E, is compact. In other words, we need to
show that if K C E} is compact, then the restriction (F})4 vol, | is absolutely
continuous on K’ := F}(K), with respect to vol,. The previous lemma asserts

that K = U K. where

k>0

Ky ={z e K |VzeK, dF,(z), F\(2)) > ~d(z, 2)}.

which are closed sets, since F; is continuous, hence compact. But, the map
F, : Ky — K|, := F,(K}) has Lipschitz continuous inverse F; ', by the
definition of K, hence K}, is compact as well. Recall that the injectivity
radius inj : M — [0, co) is a continuous function ([3], Prop. 10.37). Hence, it
attains a minimum on the compact Kj; U K7, let’s call it ro > 0. Now, since

x| =

KUK, € | Ba(2)

Z€I<ku[(]/C

we can use compactness to find m € N and 2z, ..., z, € K; U Kj, such that

m
Ky UK, € B (2).

i=1
The continuity of the metric tensor g implies the continuity of the functions
gi; on every normal neighbourhood B, (z;) (the reader must not be confused
by the fact that ¢ is used abusively as indexes of sums, unions and their terms
and is different from the index of g;;). Hence, the function y/det(g;;) is also
continuous on every normal neighbourhood B,,(z;) and consequentially on
the compact sets (K U Kj) N Bro(2;) € By (2) attaining a minimum a; > 0
and a maximum b;. Hence

.....
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on all of K U K. If we take A > 0, 2 € Kj, U K} and 0 < r < % such that
B,(z) C K} U Kj, we have

am(B;(0)) < volg(B,(2)) < bm(B7(0))

so that
aX"m(B;(0)) < volg(Ba(2)) < bA"m(BZ(0)).

Combining the above we deduce, that for any A > 0, z € K, U K}, and
0 <r < % such that B,.(z) C K} U K}, one has

volg (B (2)) < CyA" volg (B, (2))

where C, 1= g The Lipschitzian character of F;' implies, immediately, that
for every 0 <r < %2 and v € K,

FH(By(x)) € By (F ()
so that

VOlg(Et_l(Br(x))) < VOlg(Bkr<Ft_l($)))
< Cyk" volg(B,(F; ' (2)))
< C2E" voly(B,(x))

where the last inequality is a product of the previous calculations and the
fact that the Lebesgue measure is invariant under translation.

If U C K, is open, for any x € U consider an 7, < min{%, 22} such that
B, (z) CU. Now, we can write U as

U=JB.(

zeU

and the well-known Vitali’s covering lemma ([25], [7], [6]) provides us with
countable many points x; € U such that

=1 i=1

where the balls are chosen from the family above and are disjoint, which, in
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turn, gives

volg( ) < Z volg (F7 ! (Bsy, (7))

< C k" Z voly(Bs,, (7))

=1

= C’2 5k)" Zvol v (27)

= C2(5k)" vol, <UBTZ ;c)

< C2(5k)" volg(U).

Now, let ¢ > 0 and A C K, be any Borel set. The regularity of measure
provides us with an open A C U C K, such that vol,(U) < voly(A) + ¢.
Combining the above we have

voly(Fy'(A)) < voly(F,H(U))
< C2(5k)" voly (U)
< C§(5k)”(volg(A) +¢€)
and letting ¢ — 07 we conclude
volg(FH(A)) < C,ponvolg(A)

for any Borel set A C K}, where C,, > 0 is some constant independent of
the choice of A.

Now, let A C M be any Borel set of zero measure, i.e. vol;(A) = 0.
Observe that

(Fy) volg | e (A) = vol(F,(A) N K)

— vol, < U@ n Kk)>

keN
< voly(F (AN Kj))
keN
<Y Connvolg(AN K}
keN

< Z Cyn volg(A) = 0.

keN
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Hence, (F})4vol, |k is absolutely continuous with respect to vol,, which
implies, as we argued before, that ;; << vol, and the proof is complete. [

Since, now, s, is absolutely continuous and tp € Z¢(X, Z,(X, Y)) for any
t €10, 1] and p € Z°X, Y) there exists a set of full measure for pu, K; C X,
such that ¢ has a Hessian at each x € Ky, f(x) # 0 and the Jacobian identity
holds:
fe=foo Fy-Ji

where Ji(x) := det(dFi), = detY(t)(H(t) — tHess, ) as above and
dur = fidvoly (note that pg = p). A change of variables formula is just an
immediate...

Corollary. IfU : [0, +00) — R U {+o0} is a Borel map with U(0) = 0, then

/M U(fi(2))dvoly(z) = /K | U( i 8) Jy(x)dvoly(z)

where either both integrals are undefined or both take the same value in R.

3.9 Convexity of the Jacobian

Now, we can prove some sort of convexity for Jz/ ", known as the Jacobian
inequality, which will prove very useful as it projects the fact that Ricci
curvature controls the optimal mass transport.

Proposition. Fiz X CC M open, Y C M compact and a c-concave function
¢ € I°(X,Y) so that for each t € [0, 1] the map F, : X — Z,(X,Y) is
defined by Fy(z) = exp,(—tV(2)). If ¢ admits a Hessian at © € X, then
Y(t), H(t) exist and the Jacobian Ji(x) at x satisfies:

J/M@) > (1= Ool(F(z), ) + toy"(z, F(z))JY"(z)
where ' = Fy, J = J;.
Proof. Let x € X be the point at which ¢ admits a Hessian. Then F(z) ¢

cut(x) and since VdQF(I)(x)/Q = V() we have d(z, F(z)) = |Vo(x)|.
so that Fi(x) ¢ cut(xz) for t € [0, 1]. Thus Y (t) = (Dexp,)_ivy() and
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H(t) = Hess, d7, (»y/2 are both well defined. The inequality is trivial for ¢ = 1,
so fix t € [0, 1) and write

H(t) — tH(1)

Ji(z) = det Y () det [(1 —t) 1—¢

+ ¢(H(1) — Hess, @] .

The matrices H(t) — tH(1) and H(1) — Hess, ¢ are symmetric, while their
positive definiteness has been established by the "triangle inequality" for d?/2
and the c-concavity of ¢, respectively. Moreover, differentiating the Jacobi’s
formula for the derivative of the determinant on the set of symmetric positive
definite matrices yields

1
Hess 4 detl/”(X, X) = 3 detl/”(A)(trQ(A_lX) — ntl"(A_QXQ)) <0

due to the Cauchy-Schwartz inequality, after we diagonalize A~1X, which we
can do since both matrices are symmetric and one of them is positive definite.
Now, the concavity of det’/™ yields

Y(@)(H(t) —tH(1))

/(@) = (1 —t) det/" + tdet™ Y (¢)(H(1) — Hess, ¢)

1—t
> (1—t)det!/" Y(t)(Hit)__t tH{L) | tdet”" Y ()Y (1) J}/"(x)

= (1 - tyo}(F(x), ) + tv," (@, F(2)) ]V ()

since t — Fi(z) is the minimal geodesic linking = to F(z). O



Chapter 4

Ricci Curvature vs. Entropy

In this last chapter we will define the entropy functional, explore it a bit and
use it to characterize lower Ricci bounds.

4.1 Entropy

The relative entropy is defined as a functional on Z2?(M) by

dv dv
1 dvol if 1 Ent
Ent() — /M Jvol, og dvol, vol, , if v << voly & Ent,(r) < oo

400 , otherwise
where by Ent, (v) < co we mean [, [dfo”lg log dfo”lghdvolg < 0.

We will prove the two properties of entropy we talked about in the
introduction. It gives us a nice picture of how entropy behaves.

Lemma. Let A C M be a Borel set and ji, v << volg be probability measures

such that
XA

Yo volg(A)

is the normalized uniform distribution on A and supp(u) C A. Then

volg

(1) Ent(v) = —logvoly(A)
(17) Ent(p) > Ent(v)

78
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Proof. (i) A simple calculation yields:

Ent(z/):/ XA log XA dvolgy =
M

volg(A) "~ volg(A)

1
= Vol (4) /A 0 — log vol,(A)dvol, =
= —logvol,(A).

(7) Since logt <t — 1, for t > 0, plugging in ¢t = o, for z, y >0, yields

y—ylogy <z —ylogu.

Since dj(’flg, d\(/ioylg are probability densities, putting them in the place of y and

x, respectively, and integrating on A gives:

d
Ent(p)z/ a log XA dvolg

4 dvolg 7 volg(A)
dp
= —log volg(A) /A dvolgdvolg

= Ent(v) - u(A)
= Ent(v).

4.2 Main Theorem

In this last section we will gather all our knowledge and tools developed in
the previous sections and finally prove an equivalence of lower Ricci bounds
with entropy’s K-convexity. We urge the reader to read the introduction (or
at least the last parts of it) to recall the definition of K-convexity and some
conventions made about it. Before we state and prove the main theorem we
will stress the fact that the functions sng, defined as

.
sin(v Kr)

—_— , K>0 ,0<r<-=X
vVEKr VK

sng(r)=4¢1 , K=0 ,r>0
sinh(\/—Kr)

, K <0 ,r>0
| Ry
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with
sng(0) =1
are playing an important role in our transition from the infinitesimal BMI,

the Jacobian inequality, to the K-convexity of entropy, by proving convexity
for a function related to sng, that will come up later:

Lemma. Letr € (0, \/%) if K >0 and r > 0 otherwise. The function

K
A(r) :=logsng(r) + ET2

satisfies
A(r) < (1 =M1 = t)r) + tA(tr)

for every t € [0, 1].
Proof. Since, for t = 0,1 is obvious, let t € (0, 1). We observe that, since
(1 —¢)t > 0, the inequality in question is equaivalent to

AM(I=t)r) = A(r)  A(tr) — A(r)
=0 —1 =1 =0

which we can achieve through calculus’ mean value theorem, if we show that
N(r) <0 for every r. We will check that this is true for different values of
K. However, if we define the function \(r) := /\(\/%7) one easily sees that

N(r) <0< N(r) <0. So we might assume that K =0, 1, —1, without loss
of generality.

o If K =0, then N (r) =0 <0.

e If K =1, then for r € (0, 7) we have

2

A(r) =logsin(r) — logr + %

and
N(r) = cosT _1+i

sinr r 3

Then N(r) <0< 3rcosr — 3sinr + r?sinr < 0. We define two new
functions:

f(r) =3rcosr — 3sinr + r’sinr

g(r) =rcosr —sinr
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and with basic calculus we see that:

N(r) <0« f(r)<0=f(0) <
& firn<oe

: 0
& r(reosr —sinr) < 0 &5
<9

/

(r) <0=yg(0) &
S¢((r)<0s
& —rsinr <0

which is true for r» € (0, ) (the second and fifth equivalence is due to
the fact that f'(r) =0 r=0<4¢'(r) =0).

e If K = —1 the calculations are somewhat similar:

N(r) <0< 3rcoshr — 3sinhr — r?sinhr < 0 <

: 0
& r(sinhr — rcoshr) < 0 &2

< sinhr —rcoshr <0<
& —rsinhr <0

which is, again, true for r > 0.

O

This last theorem would signify the end of our journey. We follow the proof
of [17]:

Theorem. For any smooth complete Riemannian manifold M and K € R we
have the following equivalence:

Ric(M) > K <= Ent(-) is K-convex on Ws.

Proof. First assume that Ric(M) > (n — 1)K, where K € R is such that
K = (n— 1)K, and let t — p; : [0,1] — 2%(M) be a geodesic. We observe
that if Ent(pg) = 400 or Ent(u1) = +oo then Ent(y;) < 400 and the
statement will be true. So we can assume that Ent(su), Ent(u,) < oo and
consequentially pig, p1 << vol,. Thus p is the unique geodesic connecting u
and py given by py = (Fy)4p0 where Fy(x) = exp,(—tVp(z)) and ¢ c-concave.
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The change of variables formula yields

dpue dpit
Ent(u,) = 1 dvol
ut(pe) /M dvol, °dvoly ®

dpo dpio
- 1 —log J; )dvol
/M dvol, ( %8 dvol, BT )T
= Ent(u) — / log J; dpg
M
and from this we can deduce:

(1 —1) Ent(uo) + t Ent(p1) — Ent(z)
=(Ent(po) — Ent(u:)) — t(Ent(p0) — Ent(p1))

:/ lothd,uo—t/ log J1 dpg
M M

:/ log J; —tlog Jy dpy
M

Due to the fact that logarithm is an increasing concave function, the Jacobian
inequality yields:

log Ji(z) > nlog [(1 — t)oy }(Fi(2), @) + tv,"" (x, Fu(2)) 3y" ()]
> n[(1—t)log vig(Fl(a:), ) + tlog (v(z, Fi(z)) Jl(:c))l/n]
= (1 —t)logvi_¢(Fi(z), z) + tlogv(z, Fi(x)) + tlog J;(z)
Since Ricci curvature is bounded from below by K we can bound the volume
coefficients from below, too. Thus
log Ji(z) — tlog Ji(x)
> (1 —t)logvy_(Fi(x), x) + tlog vz, Fi(z))
sng((1 —t)d(F (), x))>"—1 (snK(td(m, Fl(x)))>"_1
>(1—-t)lo +tlo
> (- oes (RS 8 Sz, B(2)
n—1)[(1—t)logsng((1 — t)d*) + tlogsnk(td*) — log sn(d”)]
(n—1)K

v

vV

t1 - t)d(x, Fi(2))

%t(l Oz, Fy(x)

v

where d* := d(z, Fi(z)) and the last inequality followed from the fact that

(I —t)logsng((1 —t)r) + tlogsnk(tr) — logsng(r) — %t(l —t)r?

= (1 =M =t)r) +tA(tr) = A(r) >0
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forallt € [0, 1] and r € (0, \/LE) (no generality is lost due to the Bonnet-Myers

theorem and the fact that sinhr > 0 for 7 > 0), where A(r) = log sng (r)+%572,
as we showed earlier. Thus

(1 —t)Ent(uo) + t Ent(uy) — Ent(u) = /Mlog Ji(z) — tlog J1(x)dpo(z)

t(1 —t)d*(x, Fi(z))dpo(x)

t(l - t)d‘z/I/Q(ILLO7 /’l’l)

v
bo| R S
l\DlNz

hence the K-convexity of Ent(-) is proved.

Now, let’s attack the converse statement. For this purpose suppose, on
the contrary, that there exist p € M, a unit vector e; € T, M and some ¢ > 0
such that Ric,(eq,e1) < K —¢. Complete e; to an orthonormal basis of T,M,
{e1, ..., ey}, such that
R(CZ’, 61)61 = k‘iei

where k; = sec(eq, €;), 1 =1, ..., n. Thus

Zk‘l = Ricp(el, 61) S K — E&.

i=1

Consider a large normal ball around p and take §, » > 0 so that it includes
Ap := Bs(exp,(—re1)) and A, := Bs(exp,(re1)). Define n numbers:

2

@::5{1+%(1@+%)], i=1,....n

and choose small enough r and 0 so that the ellipsoid

n 2
Ayjp 1= exp, ({U e T,M : Z (%) < 1})
i=1 ¢

will also be included in the large normal ball. Now since the geodesic that
connects the centers of Ay and A; passes through p we have that fy(%) € Ay
for each minimizing geodesic v : [0,1] — M with v(0) € Ao, 7(1) € 4;. In
order to check that, parallel translate the basis {e1, ..., e,} along the geodesic
joining the centers of Ay, A; and Taylor expand v at p. Let uq, p1, v be
the normalized uniform distributions in Ay, A; and A,/ respectively. From
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the first property we proved for entropy and a local calculation on normal
coordinates we have

Ent (1) = —log voly(A4g) = —logw, — nlogd + O(§?)

Ent(u;) = —logvoly(4,) = —logw, —nlogd + O(§?)

Ent(v) = —logvolg(A1/2) = —logw, — Zlog 6 +0(8%)

i=1

where w,, = Volg(B;(0)). From the definition of §; one has

n n 2
Z‘leogéz-:.Z{logé—l—log (1+%(k¢z+%>>}

n 2
g;{logé—i-%(kri—%)}
=nlogd + — (Zk—l— )

2

< nlogé —(f(——)
< nlog —|—2 5

hence )

Ent(v) > —logw, —nlogd — —<K— 5) + O(6?%).

Since the optimal mass transport from g to g (with respect to dyy,) is along
geodesics of M, we must have that supp(j1/2) € A1/, and the second property
we proved for entropy yields

Ent(p1/2) > Ent(v).
Combining the above we have:
Ent(u/2) — 5 Eﬂt(ﬂo) 5 Ent(ul)
2
r _ ¢ 2
Q(KT 2><+(X5)
_ TRy Zﬁ +0(8?)

> —

ﬁl\) [N}

———k+fﬁ—fk+OW)
2 4 2
since K = 0(6%) and O(6?) + O(82) = O(6?). Choosing § << 7 small
enough such that
€ 2

0(52) > —gr & > %5

3



CHAPTER 4. RICCI CURVATURE VS. ENTROPY 85

we get
1 1
Ent(ury2) — 5 Ent(po) — 5 Ent(um)

r? . ¢ 5% -
> — K+ -1r?— =K+ O(8
2= + TS + O(6%)

r? . ¢ 5% -
>——K+-r— —K

TR T

2 2

We observe that for small enough 6 << r << 1 such that we’re working on
normal coordinates we have

0 <2r—20 <dw,(uo, p1) < 2r+20

since we have probability measures. Now, we distinguish two cases:

e If K > 0 we have

(=%
[

OO| Nzoo| Nzl\')l ﬁw

>
+
=
3,
|

|

=

(2r — 26)?

v
I

d%/I/Q (Moa /1’1)

Oolxx

since —= < 0.

e If K <0 we have

Nzoo| lel o

3 52 -

=

(2r + 20)?

> — gda@(ﬂo, 141)

since —% > 0.

Thus

1 1 K
Ent(p1/2) > 5 Ent(uo) + 5 Ent(m) — gd%@(ﬂo, f11)

which is a contradiction, since entropy is K-convex. O
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