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Abstract

In this study we present the connection between the theory of Quantum
Nonlocality and the Operator Space Theory. Nonlocality refers to the study
of natural phenomena that violate the principle of locality in physics and
which, using the mathematical framework established by Bell, is reduced
to the study of the so-called Bell functionals. More specifically, defining the
classical and quantum value of such a function, certain inequalities arise,
called Bell inequalities. The study of nonlocality focuses on the cases in
which we have a violation of these inequalities, that is, when the quantum
value exceeds the corresponding classical one. Using tools from Banach
space theory and Operator Space Theory we correlate the values of Bell
functionals with specific norms in these spaces.

We begin with the study of norms in tensor products, specifically with
the injective and minimal tensor norms, which we then correlate with the
norms in the spaces of bounded and completely bounded bilinear forms.
We present some basic results of Operator Space Theory while we focus
our attention on specific operator spaces and their norms. Next we intro-
duce the sets of the classical and quantum probability distributions and
study the values of Bell functional when acting on these sets. We also dis-
cuss these values in the context of the so-called two-player games. These
values express the maximum expected value of the probability of winning
a game using either "classic" resources (classic value) or "quantum" re-

sources (quantum value).
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The class of games called XOR games highlights the connection between
the theory that studies the values of a game and its so-called violation of
the corresponding quantum value and Operator Space Theory, as we prove
that these values are now equal to injective and minimal tensor norms of
their associated tensors. In this context we also prove that Grothendieck’s
theorem provides an upper bound on the so-called violation, that is, on
the maximum possible deviation between classical and quantum value.
We then present a theorem that excludes the existence of such a bound in
the case of three-player games and therefore predicts an infinite possible
violation.

In the last chapters of this study we extend the connection we made, to
the more general two-player games class and show that the numbers of
"questions" and "answers" in such a game are upper bounds for the quan-
tum and classical value of the game. Finally, we discuss the quantification
of the phenomenon called entanglement through the Schmidt rank of a
Schmidt decomposition and show that the dimension of the state space is

an upper bound to the maximum violation of a Bell inequality.



Hepifinyn

Y mapovoa peAétn mapouotdloupe ) oxéorn petasu g KBaviopnxavi-
KNG Oswpiag g pn-torukontag Kat g Oewpiag Xwpwv Tedeotwv. H pn-
TOTUKOTNTA APOPA 0TI PEAETN PUOTIKOV PATVOLEVRV TIOU Ttapabialouv tnv du-
OlKI] apX1 NG TOIMKOTINTAG KAl 1] Oroid, KAvoviag XPnorn tou padnpatikou
mAaioiou 1ou €0soe o Bell, avayetal ot peAétn tov AeyOPEVOV OUVAPTHOO0EL-
6av Bell. ITo cuykekpipéva, opidoviag tn KAAOIKI KAl KBAVIIKY TP €EVOG
TETO0U OUVAPTNO0E180UG TIPOKUIIIOUV KATIOEG AVIOOTNTEG TTOU ovopddovial
avicotnteg Bell. H pedétn g pn-tormkotntag €0tiadel ot MEPUTIOOELS OTIS
ortoieg €xoupe napaBiaon (violation) tov avicotniov avtev, dndadn, otav 1
KBAVTIKT) TIr] SEMePVAEL TV aviiotolXn KAAoikt. Xpnotponooviag epyaieia
ano 1 Oswpia Xopov Banach kat i Oewpia Xopwv Tedeotov ouoyetidoupe
TS THEG TV ouvaptnooeldwv Bell pe ouykekpipéveg voppeg o€ autoug ToOUg
X®POUG.

HeKIVAPE P T PEAETN VOPHU®V O€ TAVUCTIKA YIVOHEVA, OUYKEKPIPEVA e
11§ injective kat minimal voppeg, T1g oroieg ot ouvéxela ouoyetioupe pe TG
VOPHES OTOUG XWPOUG TOV PPAYHEVEOV Kal TANP®S PPAYHEVOV H1YpaPIIKGOV
aneikovioewv. ITapoucidoupe oplopéva Baoika anotedéopata g dewpiag
X®OPWV TEAECTOV KAl £0TIAOUHE 0€ CUYKEKPIIEVOUSG XWPOUG X®POUG TEAECTROV
Kl 0TS VOPHEG TOUG. LTI OUVEXELA E10AYOUME TA OUVOAA TV KAAOIK®V KAl
KBaVIIKOV KATAVOu®V rifavotntag Kat PeAETdpe Tig Tipég mou naipvouv ta
ouvaptnooeidn Bell dpadviag oe autd ta ouvoda. Xulnrape emiong ya TG

TIHEG AUTEG OTO MAAIO10 TV AeYOPEVROV Aty VIOV Petadu duo nmatktov. Ot tipég



AUTEG EKPPAOUV TNV PEYIOTN PEOT TP NG TBavotntag vikng £Vog matyviou
Xpnolpomnolwviag £ite "KAAoKoUg” mopoug (KAaokr tiun) eite "kBaviikoug”
nopoug (KBaviKy Tiyar).

H xAdon naryviov iou ovopdadoviat XOR natyvia avadeikviet ) oxEon g
Yewpiag mou peAetdet TG TIHEG £VOG TTATYVIOU Kat tnv Aeyopevr) napabiaor tng
ano Inv aviiotoixn kK8avtikn Ty pe ) Oswpia Xopev Tedeotwv, kabwg aro-
dewkvuoupe 6T 01 TIpEG autég 1oouvtatl rmAéov pe injective kat minimal voppeg
TV EMAYOPEVOV TAVUOT®V. L€ AUTO T0 MAAIO10 arodelKvUoUE emmiong Ott 10
Yewpnpa tou Grothendieck 9¢tet éva dve @paypa otnv Asyopevn napabia-
on, 6ndadn, oty péyilotn Suvatr anokAion petadly KAAOIKLG Kal KBAVIKAG
Tung. ‘Enetta datuniovoupe eva Sempnpa rmou anokAegietl v vnapdn @pay-
Hatog OtnVv MePUTOI TRV MAYVIOV TPOV MAKIOV KAl OUVENIOG ITPOBAETEL
anelpn duvatr napabiaon.

Zta teAdevtaia Repddala g apouoag PEAEING EMEKTEIVOUPE T oUvOeon
ITOU KAvApe OtnVv eUpUTeEPn) KAAON matyviev §U0 naikiev Kat deiyvoupie ot ta
MANON eV "epTNOE®V’ KAl TOV “anavioe®v” o £éva TET010 Iaiyvio arote-
Aouv ave @pdaypata yia tov Aoyo g KBavIKNg KAl KAAOIKNG TG ToU mdl-
yviou. T¢dog, peAetdpe v IOCOTIKOIIOIN O] TOU (PATVOHEVOU TIOU Ovopddetat
entanglement piag katdotaong péow tou Schmidt rank piag avanapdaotaong
Schmidt kat eiyvoupe 611 1 61d0TA0T TOU XHPOU TOV KATACTACE®V ATIOTEAET

ave @paypa otn péylotn napabiaon plag avicotntag Bell.



Euyaptotieg

H mapovoa dimdeopatikn epyacia eknovOnke oto mAaiolo 1@v omoudav yla
Vv anokmorn tou Autdopatog Metarmmtuxiakov Xnioudwv pe e1dikeuon ota
Ocwpnuikd Mabnuatikd nou arovépet 1o Turpa Mabnpatukaev tou [Maver-
otnpiou ABnvov, pe Tppedr] ermrpornr) toug K.K. Anuntpn F'atdoupa, Teopyo
EAeubepaxn kat Apioteidn KataBolo.

®a 1Bela va euxaplotoe tov emBAénovia KAONyntr pou K. Anunipn
F'at¢oupa yia mv PorBeta tou, KaBwg Kat T0 OUVOAO NG TPTHEAOUG ETTITPOITNG
yla TV OUPHETOXI) TG O€ aUTr).

[6rattépwg, euxapilotw tov K. Apioteibn KataBoAo yia v kaboplotikn tou
oupBoAn kabwg 1 oAUTIUnN BorBeta Tou Kat 1o yvrjolo Pabnpuatiko tou evola-
@épov ouveBalav kabopilotikda otr dnpioupyia Kat 0AOKAN PO TG epyaciag
pou.

TéAog, 9¢A® va eUuXaplotriom TV OIKOYEVELA POU yla tr) otfpisn Toug, Tov
@i1Ao pou MixdAn yla v ouprnapdotaor) tou Kad' 0An 1) 61dpKeld 1oV oTIou-

80V pag kat v F'aBpiédda yia tnv unootjpidn g ta TeAeutaia avtd Xpovid.
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Introduction

In 1935 A. Einstein, B. Podolsky and N. Rosen [1] proposed an experiment
whose aim was to show that Quantum Mechanics (i.e. the description of
reality as given by the wave function) is not a complete physical theory.
The authors introduced a condition for the reality of a physical quantity;
a condition which they considered reasonable since its negation led to
a definition in which the reality of a physical quantity depends on the
measurement performed on its system. Such a criterion characterizes
what we call realism. The phenomenon predicted by their experiment,
i.e. the fact that when using two spatially separated particles sharing an
"entangled" state (as it was later called) one can produce an immediate
effect in one of them by just acting on the other one, is known as "spooky
action at a distance" and was considered impossible by the authors as it
violated the local realist view of causality. Locality is a principle that states
that an action at one point, to have an influence at another point, needs to
have something (e.g. particle or wave) to mediate the action between the
points'. The phenomenon underlying the aforementioned paradox, known
as Quantum entanglement is one of the most intriguing aspects of quantum
mechanics.

To resolve this supposed paradox, if one admits Quantum Mechanics as
a complete theory, it seems necessary to supplement the theory by addi-

tional variables, to which we do not have complete access, and hence to

ITogether with Relativity theory, such an influence is limited by the speed of light.



assume a "hidden variable" interpretation of Quantum Mechanics. How-
ever, in 1964, J. S. Bell [2] showed that the predictions of quantum theory
are incompatible with those of any physical theory satisfying the conditions
of a Local Hidden Variable model. Such a model proposes that there exists
a classical probability distribution to which we do not have complete ac-
cess and which models our uncertainty. In particular, Bell showed that the
assumption of a Local Hidden Variable model implies some inequalities, on
the set of correlations obtained in a certain measurement scenario, that
are violated by certain quantum correlations produced with an entangled
state. Those inequalities are since then called Bell inequalities and are
of great importance for the purposes of this study. The violations of Bell
inequalities is a phenomenon known as Quantum Nonlocality, because it
implies the existence of a quantum correlation which cannot be explained
by means of a Local Hidden Variable model of nature. From A. Aspect’s
experiments [3] in 1982, to the recent 2015 loophole-free experiment [4],
Bell’s work led to experimental verifications of such a counterintuitive phe-
nomenon, which provide evidence that nature does not obey the laws of
classical physics.

We shall now discuss the notion of locality by providing it with a math-
ematical definition and considering it in the case of a "Bell experiment".
In a typical "Bell experiment", two systems which may have previously in-
teracted, are now spatially separated and are each measured by one of
two distant observers, Alice and Bob. The spatial separation condition is
needed to ensure that Alice’s measurement cannot influence Bob’s mea-
surement and vice versa. Charlie, (a ‘referee’) prepares two particles, in
whatever way he wants and sends one of the particles to Alice and the
other one to Bob. Subsequently Alice performs a measurement and let x
denote the measurement she makes. Similarly Bob chooses to measure y.
Once the measurements are performed they yield outcomes a and b for Al-
ice and Bob respectively. In general, the outcomes a and b may vary, even
when the same choices of measurements x and y are made. We may thus
assume that they are governed by a probability distribution P(a, blx,y).
We further assume that Alice and Bob ‘Tespond’ according to probability



distributions Ps(alx) and Pg(bly). Let us also assume that Charlie can
prepare a similar pair of particles as many times as he wants. When such

an experiment is performed, it will be found, in general, that
P(a. blx,y) # Pa(alx)Pp(bly)

implying that the outcomes on both sides are not statistically independent
from each other. Even though the two systems may be separated by a
large distance, the existence of such correlations is nothing mysterious.
In particular, it does not necessarily imply some kind of direct influence
of one system on the other, for these correlations may simply reveal some
dependence relation between the two systems which was established when
they interacted in the past. Let us formalize now the idea of a Local Hidden
Variable theory. The assumption of locality implies that we should be able
to identify a set of past factors, described by some variables A, having a
joint causal influence on both outcomes, and which fully account for the
dependence between the outcomes a and b. Once all such factors have

been taken into account, we should be now be able to factorize :
P(a, blx, y, ) = Pa(alx, A)Pp(bly, )

The factorizability condition simply expresses the idea that we have found
a way of describing the fact that the probability of a only depends on the
past variables j and the local measurement x and not on the distant mea-
surement and outcome, and similarly for b. We further assume that the
variables jl, which take values in a set A, are characterized by a probabil-
ity distribution q(A). Combined with the above factorizability condition we

can thus write
P(a,blx.y) = f Py(alx, A)Pg(bly, Mq(A)di (0.0.1)
A

where we also implicitly assumed that the measurements x and y can be
freely chosen in a way that is independent of A, i.e., that q(Alx,y) = q(/).
This decomposition now represents a precise condition for locality in the

context of Bell experiments. It is now straightforward to prove that the
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predictions of quantum theory for certain experiments involving entangled
particles do not admit a decomposition of the form 0.0.1.

Indeed, let us assume for simplicity that there are only two measurement
choices for Alice and Bob x, y € {0, 1} and the same holds for their outcomes
a,be{-1,1}. Let {(axby) = }}, abP(a, b|x, y) be the expectation value of the
product ab for the measurement choices (x,y) and consider the following

expression
S ={apbo) +{aogb1) +{(a1bo) —(aib1) (0.0.2)

If the probabilities satisfy the factorizability condition of locality 0.0.1 then

we may write
<axby> = f(ax>ﬂ<by>ﬂq(ﬂ)dﬁ
where (ax) = )., aPa(alx, A) and (by)s = >}, bPp(bly. A) are the local expec-

tations that take values in [—1, 1]. Subsequently, if we replace the above

expressions to 0.0.2 we find that

S= f<%>ﬁ<b0>ﬂ +{ao)(bo)n + (a1} a{bo) s — (a1} a{b1) (A dA
Since (ay).(by) € [-1, 1] for all x,y we have that

(a0) 7(bo) 7+ (ao)a(bo)a + {a1)a{bo) s — {a1)a{b1)a
< [(boYa +(b1)al+ Kbo)a — (b1)l

= 2(bo) 7

<2,

a result that we will prove with in Section 3.1. Hence, we can see that
S<2 (0.0.3)

an inequality known as Clauser-Horne-Shimony-Holt (CHSH) inequality
[5].
Let us assume now that Nature is explained by quantum mechanics and

that the state formed by both particles is described by
_100)+[11)

lw) NG



This state is often called Einstein-Poldosky-Rosen (EPR) state. Here we
considered the Hilbert space C?®C? with the basis vectors

o-fo-{)

and the notation |ab) = |a) ® |b), where the above notation and notions will
be discussed throughout the next chapters of these notes.
We further assume the matrices Ag = 0y, By = L\/g”‘ Al =0, B; = L\/g"

to be our "measurements", where here we are using the standard notation

for the Pauli matrices:

We can then calculate:

1
(WlAo® Boly) = ———

V2

1

(YlAo®Bq|y) = —$
1

(YlA1 ® Boly) = _E
1

(YlA1 ® B1ly) = E

which leads us to

S = (|Ao ® Boly) + (¢lAo ® B1|w) +(wlA1 ® Boly) — (¢lA; ® By |w) = 2 V2
(0.0.4)

which is in contradiction with 0.0.3 and thus with the locality condition
0.0.1. This is the content of Bell’s theorem, establishing that quantum
theory (and any model reproducing its predictions) cannot be explained by
a Local Hidden Variable model.

We deem it necessary at this point to explain why the expression 0.0.4

is the quantum analogue of 0.0.2. In Quantum probability theory, the



expectation value of an observable X (selfadjoint operator) in the state

(positive operator of unit trace) p is defined [6] to be
Ey(X) = Tr(pX).

Thus, in the state p = |y)(y| the expected value of the observable A® B is
E,(A® B) = Tr((A® B)p), where it is an easy exercise to verify that Tr((A®
B)p) = (¢|A® Bly). Finally, note that the spatial separation condition of
Alice and Bob, is mathematically expressed by the tensor product model
of the two systems as it suitably reflects this idea.

Having established the historical background, we can now summarize
the main subject of this work as the following fundamental question in the
study of nonlocality:

Suppose M = (M) € R™™M (a Bell functional) is such that

sup <1, (0.0.5)

S My f (b (A
Xy

where the supremum is over all probability spaces A, probability measures
dj and functions ay, by : A — [-1,1].

How large can (a violation of the Bell inequality)

sup , (0.0.6)

> My (lAc® Bylw)
xy

be? Here the supremum is over Hilbert spaces H; and H,, states |w) €
H1®H2 and observables A, € B(H 1), By € B(Ho).

The connection of the theory of nonlocality with Banach space theory
arises with the observation that quantity 0.0.5 is precisely the injective
norm of the tensor M € £7(R)® £7'(R) or equivalently the norm of M when it
is viewed as a bilinear form £, X £7! — R. But what does the second quantity
0.0.6 correspond to? The answer to this question emerges from the theory
of operator spaces. Operator Space Theory provides us with the essential
terminology. The quantity 0.0.6 is precisely the minimal norm of the tensor
M or equivalently the completely bounded norm |||, of the associated

bilinear form. Thus, the fundamental question in the study of nonlocality



expressed above, finds a direct reformulation in terms of Operator Space

Theory as follows:

Suppose that M : & x II — R is such that ||[M]|| < 1.

How large can ||M||., be?

This interesting connection, introduced in 2008 by Perez-Garcia et al.[7],
has led to a number of exciting developments, with techniques of Operator
Space Theory used to derive new results in quantum information theory

and vice versa.

We will now briefly sketch the topics discussed in each chapter:

Chapter 0: We introduce the notations that will be used throughout this
work; notations that involve linear maps, matrices and isomorphisms and
at last Dirac’s famous Bra-ket notation that is widely used in quantum
information theory. Also we give definitions and examples of norms on the

space of matrices M.

Chapter 1: In the first section we introduce norms on the tensor prod-
ucts of vector spaces, Banach spaces, Hilbert spaces and operator spaces.
We state and prove many results concerning explicit forms of well known
tensor norms which are proven to fit perfectly in the study of nonlocality.
In the second section we introduce the basic notions of Operator Space
Theory. We focus on the completely bounded norms of operators and bi-
linear forms on certain operator spaces. We also discuss certain isometric
identifications between tensor products of operator spaces and the spaces
of bounded bilinear forms, connecting the injective tensor norm with the
operator norm of a bilinear form and the minimal tensor norm with the

completely bounded norm of a bilinear form.

Chapter 2: We begin with a brief introduction to correlation matrices
and their connection to the so-called correlation Bell functionals. Next we
introduce the sets of classical and quantum probability distributions, we

define the Bell functionals, the Bell inequalities and the violations of the



latter. We also define the notion of the classical and quantum values of a
game. In the last section we introduce the notion of a multiplayer game

and its values showing its tight connection with the Bell functionals.

Chapter 3: We deal with a special class of games, the XOR games.
We define the classical and quantum biases of an XOR game to which
we give explicit forms unveiling the tight connection of the theory of non-
locality to that of operator spaces, that is, we connect the classical and
quantum biases of a game to the injective and minimal tensor norms, re-
spectively. Also we prove the famous CHSH inequality and its violation
using the framework of operator norms. Next we discuss the impact of
Grothendieck’s fundamental theorem to the study of nonlocality. More
specifically we prove that Grothendieck’s inequalities set an upper bound
on the violations achieved in two player XOR games. Finally, we present
certain results concerning the case of three-player games XOR games and

which allow for unbounded violations.

Chapter 4: We extend the connection of the theory of nonlocality and
Operator Space Theory, to the case of general two-player games. As with
the XOR class , we give explicit form to the classical and entangled values of
those games again as the injective and minimal tensor norms, respectively,
of their associated tensors. We also prove that the numbers of "questions"
and "answers" in a game, provide upper bounds on the largest possible

violations of those games.

Chapter 5: In this last chapter, we quantify the notion of entanglement
through the Schmidt decomposition and the Schmidt rank connecting the
notion with the dimension of the state space. Finally, we give dimension
dependent bounds for the largest violations achievable by states having

Schmidt rank at most the dimension of the state space.



Notation and basic conventions

0.1 Notation

Throughout these notes, we use boldfont for finite sets as X,Y,A,B and
small capital letters X,Y,A,B for their cardinalities. The sets X,Y will usually
denote sets of questions, or inputs, to a game or Bell inequality, and A,B
will denote sets of answers, or outputs.

Write Bz for the n-dimensional complex ¢, space and Bg(R) for the real
one. Unless specified otherwise, the space C" will be endowed with the
Hilbertian norm and identified with Pg. We write Ball(X) for the closed unit
ball of the normed space X.

Given vector spaces X,Y and Z, L(X,Y) is the space of linear maps from
X to Y and we write L(X) for the space L(X,X). Idx € L(X) is the identity
map on X. B(XXY;Z) is the space of bilinear maps from XxY toZ. f Z=C
we just write B(X X Y). We write || - ||x for the norm on X. When we write ||x||
without explicitly specifying the norm we always mean the "natural" norm
on x: the Banach space norm if x € X or the operator norm if x € L(X,Y) or
XE€B(XXY;Z).

Given Banach spaces X,Y and Z, a linear map T € L(X,Y) is called
bounded if its norm ||T|| := sup{||Tx|ly : ||x|lx < 1} is finite. We denote B(X,Y)
the Banach space of bounded linear maps. Similarly, a bilinear map
Be B(XXY;Z)is called bounded, if || B|| := sup{||B(x, Yl : [Ix|lx . llylly <1} < oo

and we write B(X X Y; Z) for the space of such maps. If X is a Banach space

9
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we write X* = B(X,C) for its dual, and X* = L(X,C) for its algebraic dual.

We write My, for the set of n X m matrices with complex entries and
simply M}, for the case of m = n.

Given a Hilbert space H we may often use the following notation: P(H):
the set of all orthogonal projections in H, whose elements are called events,
O(H): the set of all selfadjoint operators in H, whose elements are called
observables, S(H): the set of positive operators with unit trace in H, whose
elements are called states, B.(H): the set of positive operators in H.

Let A be a Banach algebra with a unit. We usually denote its unit by
14.

The Kronecker delta is defined by:

6, = 0, if i+#j
1, if i=j

0.2 Matrices and operators

Given a complex vector space V and n € N, an n-tuple over V is an element
of the space V"' =V @&---®V, where we employ the vertical display of such

an element, that is, for v = (v;);L, € V",

U1
v= ,
Un
where v;€ Vforeachi=1,...,n.
0
Let e; =| 1; | denote the usual basis vectors of C" and V a complex vector

~

0
space. Then, we have the following linear identifications

VT=C'eV=Vve~Ch
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defined by

Vt=C'@V Vit=veCh

n n
UHZG{@Ui uHZvi@)ei.
i=1 i=1

Each linear map ¢ : V — W between complex vector spaces, defines a

linear map
Qn: Vo W"
®n(v) = (@(vp).

or equivalently

on=1d®e:C"®V - C"oW
e;®u; — ei®<p(ui).

Using more general indices, let S be an arbitrary set. We define an S-
tuple u = (ug)gses to be a function from S to V. Let VS denote the space of S-
tuples. Abijection of index sets f : S — &', determines a linear isomorphism
VS = VS via ug = u}(s).

To relate to the previous notation, we may use the integer n instead of
the set {1,...,n}. For example the space of n-tuples C1~™ will be denoted
by C". More specifically, let £ be an alphabet, i.e. a finite non empty set.
The complex space C* will be also viewed as C" for |[Z| = n. Fix a bijection
f:{1,...,n} > X and associate each function u € C* to a vector in C" whose
k-th entry is u(f(k)), for all ke {1,...,n}.

Given a vector space V and integers n, m we denote the vector space of
n X m matrices with entries from V by M, ,,(V). That is, an element v of
My m(V)is

Vi1 ... Uim

vnl cee Unm
or simply v = [v;;], where v;j€ Vioralll1<i<nand 1 <j<m.
We write My m(C) = My m and My, = My p.
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The matrix units

form a vector basis for My n,.

The identity matrix 1y, = I, of M, is given by
n

In= ZEi,i = (5iJ)§:j=1-
i=1

Using the matrix units we obtain the identifications

Mp(V)= M,V = VM, 0.2.1)
by
Mp(V)= M, ®V (0.2.2)
v=[v] ZEiJ@) Vi (0.2.3)
and
Mp(V) = VM, (0.2.4)
v=[vyle Y vy®Ey. (0.2.5)

Also, let a = [a;j] € M, and v € V and then the elementary tensor a® vp

is given by

n n
a®ug = Z aijEij®uvo = Z E;j®uvoa;j = [a;jvo].
ij=1 ij=1

Thus by 0.2.2, for example, an element u € M,(V) may be represented
as u=);A;®v; where A; € M,, and v; € V, i.e. as a linear combination with
matrix coefficients. Note that this is not a unique representation and it is
often convenient to use other such decompositions.

Let u € My, m(V) and v € My, 4(V), we define the direct sum u®v € Mpypm+q(V)
by

u O
udv= € Mn+p,m+q(V)-
0O v
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If we are given a € My, p, u € Mp (V) and b € My, we can define the matrix

product aub € M, 4(V) by

aub = [Z ai,kuk,lbl{j]
k1l

Equivalently, if v€ V and c € M), 4, we then have

1<i<p,1<j<q

a(c®v)b = alc;v]lb = [Zalkcklbld] acb®v.

Note that if we have a € My, b € M, and ¢ € M;,(My), using the identifi-
cation Mp,(M,) = M,,, ® M,, we obtain that

acb = (a®I,)c(b®1I,).

Consider now the space M,(Mq(V)), for V a complex vector space. An
element A € M,(Mqa(V)) of this space is of the form A = (A} =10 where
each A;j € My(V). This means that for all i,j=1,...,n, A;; = (ald.k.l)k,l:1 and
aij1 € Vforallij, k, . We can see now that by just deleting the parentheses
we obtain an element of M4(V). Also, if we set By = (Qyj i)}, =1 then we
get an element of M,,(V) and thus B= (Bk,l)k,l:1 is an element of My(M,(V)).
Again, deleting the extra parentheses gives us an element of M,q(V). Thus,

we get the isomorphisms
Mp(Ma(V)) = Ma(Mn(V)) = Mpa(V). (0.2.6)

With these identifications A, B are unitary equivalent elements of M,4(V).
In fact, the unitary is just a permutation matrix. Indeed, let A € M,(Mg(V))
be a matrix as above, then we can write A as an element of M,4(V) as
A= (CS,t)rSlyCézl and so cs ¢ = ;i where s=d(i—1)+kand t=d(j—1)+1. The
correspondence 7 : {1,...,n}x{1,...,d} — {1,...,nd} where (i k) = d(i —
1)+ k is a bijection and the same holds for the mapping (j,1) = d(j— 1)+ L
As for B, considered as an element of M;4(V) it is written B = (ds, t) _, and
then s=n(k—1)+iand t=n(l—-1)+j. Thus, we established an one—to—one
and onto correspondence between the rows and the columns of the two

matrices, i.e. a permutation.
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To see this more clearly, we consider for example the case of My(M3(V))

and M3(Ms(V)). The correspondence is the following:

aiin aine 43 daiz,1,1 ai2i12 ai21,3
ajlel1 aAil22 ai1.23 ai2s31 Ai1222 1223

[d1,1,3,1 A1,1,32 aA1,1,33] |4A1,2,3,1 A12,32 ai,2:3,3]

A = - r ’

az,i,1,1 Aaz,1,2 421,1,3 az,2,1,1 a22,1,2 422,13

az,1,3,1 02,122 021,23 a22,3,1 GA2222 A2223
[142,1,3,1 42,1,32 a2,1,33| [A22,3,1 42232 d2233]]

while

aiiir a2l aiiile a12,1,2 a1 a412,1,3
| A2,1,1,1 4d22,1,1| [42,1,1,2 Q42212 [G2,1,1,3 (2,2,1,3]
B= aplz1 a.22.1 ap122 41,222 a;123 d1,223

[a2,12,1 Q2221 |A2122 QG2222| [A2123 G2223)

ap131 adi23s:1 apls32 adAi1232 a;1,33 ad1,233

[|A2,1,3,1 4223,1| (42,132 42232 |42,1,3,3 G223:3]]

So, if we drop the parentheses we can see that B = PTAP where

© O —~ O O O
o - O O O O
- O O O O O

S O O O O +~
o O O O ~ O
© O O ~ O O

Given a linear map @ : V — W, we get the corresponding map

Pn : M (V) = Mp(W)
on(v) = [@(v))]

where v € [vj] € Mp(V), or equivalently

Pn(a®vo) = pn([aijvo]) = [@(aijvo)] = [aij@(vo)] = a® @(vo),
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where a = [a;;] € M, and vg € V. Thus,
Pon=1d®¢: MLV — M, @ W.

Let M,(L(V,W)) denote the space whose elements are n X n matrices of
linear maps, ¢ = [@;j] € My(L(V,W)), where each ¢;; € L(V,W). We can
regard such a matrix as a linear map from V to M,(W) and obtain an

isomorphism between those spaces as

Mp(L(V, W)) = L(V, Mp(W))

[pi] — (U > [fpiJ(U)])-

The associated map on the right-hand side is well defined since v = w
implies @;;(v) = ¢;j(w) for all i,j=1,...,n and thus [¢;;(v)] = [¢;j(w)]. Also,
letT:veEVEH [Till’].] € M, (W) be a linear map, then for each i,j we may define
the linear map Tj;: vEV > Tl.’j]. € W. This is also well defined, since Ti’jl. * Ti’j;

for some i,j implies T(v) # T(w) and consequently v # w.

0.3 Matrix norms

2

Since M, is a vector space of dimension n“, one can measure the size of a

matrix by using any norm on c, However, M, is not just a vector space;
it has a natural multiplication operation, and thus it seems necessary to

introduce a norm that takes advantage of this extra structure.

Definition 0.3.1. A function||-||: M, — R is a ring norm on My, if, for all A,
B € M, it satisfies the following:

1. ||All=0 and ||All=0 ifand only if A= 0
2. |lc- Al =|c|-||Al|, forallc e C
3. llA+ Bl < [|All+Bll

4. [|A-BlI < /|lAll-1|B]|
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The first four properties of a ring norm are identical to the axioms for a
norm. A norm on matrices that does not necessarily satisfy property (4) is
a vector norm on matrices. Here are some examples of norms on the space

M,, when treated as cr.

Definition 0.3.2. The ¢,-norm defined for A € M, by

n
1Al = ) layl
ij=1

is a ring norm.

Example 0.3.3. The {5-norm (Frobenius norm, Hilbert-Schmidt norm) de-
fined for A € M, by

n 1
Il = 1Tr(aa) = ( D jay?)”

ij=1
is a ring norm. We may also denote the Frobenius norm as ||All2. Note
that the Frobenius norm is just the Euclidean norm of A thought of as a
vector in C™. Since tr(AA™) is the sum of the eigenvalues of AA*, and these
eigenvalues are just the squares of the singular values oi(A) of A, we have

an alternative characterization of the Frobenius norm:

I1Ally = Vo1(4)2 +-- + op(A)2.
The singular values of A are the same as those of A*, so :
lAll2 = |A™]l2.

Example 0.3.4. The !,,-norm or maximum norm defined for A € M, by:

|Allmax := max |aiJ|-
1<ij<n

is a norm on the vector space My but it is not a ring norm. However n||A||max
is a ring norm.

Example 0.3.5. One can simply define the ¢,-norm for allp > 1 by

n 1

Il = )" lagr?)’”

ij=1
which is a norm on the vector space M, and of course for p = 1,2 it yields

the cases discussed above.
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Definition 0.3.6. Let || || be a norm on C". We define a norm||-|| on M;, by

IAll="sup [lAx]|".

llx("=1

and call it the ring norm induced by the vector norm ||-||’, or the operator

norm on M, or simply the induced norm when it is clear from the context.

Note that the supremum in the definition above is a maximum since
we deal with a finite dimensional vector space. Also, it is clear that the
norm defined above is just the norm of A € M,, if we see it as an operator
A € B(CM), for (C",]|-]|") thus it is no surprise that it satisfies the following

properties:

Proposition 0.3.7. The operator norm||-|| on My, induced by || -||" on C* has

the following properties:
L. Il = 1.
2. ||Ax]|" < ||All-||x]| for all A € M, and x € C".

3. ||| is a ring norm on Mj,.

A"
flxll”

4. ||All = supjyr<1 IAX]" = sup,.o
Proof. 1. Note that ||Iy, || = maxy=1 [lIn, || = max=; [Ix]I" = 1.

2. Let A be a matrix in M,,. The case x = 0 is obvious, so let x # 0. The
’
= = (Al lIxl” > |AX[".

element Tl is of norm one, thus ||A|| > HA

X _
llll

3. We will verify the four requirements. Obviously ||A]| > 0 and if A= 0,
then ||A|| = 0. Now if A # 0, then there exists an element x such
that Ax # 0 and so ||A]| > ||Ax||" > 0. For each c € C, we have that
llcAll = maxy llcAx]|"” = max Ic|[|Ax]|" = |c|||All. For every unit vector
x € C", we have that ||(A+ B)x||" = ||Ax + Bx||’ < ||Ax]||" +||Bx||" < ||Al|+||Bl|
and also that ||(AB)x||" = |A(Bx)||" < ||AlllIBx||" < ||Al|||Bl| which gives us

the desired assertions.
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4. Clearly we have sup,. |||x|| < [IAll < supyy <1 IAX]". Suppose that x #

””‘éc’ﬁl,l > ”lﬁc)ﬁl,l > ||Ax||" and this finishes our

0, and ||x|| < 1. Then sup, ..
proof.

O

Example 0.3.8. The maximum column sum ring norm is defined on My by

n
lAllcor := max > lay|
1gj<n =

where A = [a;;] € My,. This norm is induced by the ¢1-norm on C" and hence

it is a ring norm.

Example 0.3.9. The maximum row sum ring norm is defined on M, by

n

lAllro == max Z|aiJ|

=
where A = [a;;j] € My,. This norm is induced by the £.-norm on C" and hence
it is a ring norm.

Example 0.3.10. The spectral norm ||-||sn is defined on My, by:

lAlls, == max llAx]l2

lIxlll2=1

where x € C" and ||- || denotes the Euclidean norm. We will see that || -|lsn,

is induced by the Euclidean norm on C" and hence is a ring norm.

Example 0.3.11. The Schatten p-norms , for 1 < p < oo are defined by

g = (1)

and are ring norms. We denote the Schatten spaces by SE = (Mn,|[-]lp)- The
Schatten p-norm of a matrix A coincides with the ordinary {,-norm of the

vector of singular values of A, that is ,

lAlls; = (Tr((a*a)?) (Z |ol(A)|P)

This family includes the three most commonly used norms in quantum infor-

mation theory: the spectral norm, the Frobenius norm, and the trace norm.
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e p=1: (The trace norm)

The Schatten 1-norm is defined by
IAllsp := Tr( VA*A)

and it is called the trace norm. It is also equal to the sum of the singular

values of A.

e p=2: (The Frobenius norm)

The Schatten 2-norm defined by
3
IAll2 := (Tr(a"A))
is obviously the Frobenius norm defined in 0.3.3.

e p = o0 : (The spectral norm)

The Schatten co-norm, more commonly spectral norm, is defined by

Al := Omax(A)

the largest singular value of the matrix A. We set SL, := (My,,|| - ||) to be
the corresponding Schatten space. We can easily see, using the sin-
gular value decomposition of A, that || -||sn, is induced by the Euclidean
norm on C" and hence it is the operator norm already described in
0.3.10. Indeed, let A= VEW™ be such a decomposition , where V, W
are unitary, £ = diag(oy,...,0,) and oy > -+ > o, > 0. Using unitary

invariance and monotonicity of the Euclidean norm we have

sup ||Ax|ly, = sup ||VZW*x |2: sup ||2W*x

»
lIxllo=1 lIxll2=1 lIxlla=1

= sup |[Zylly = sup [[Zylly
(IWylla=1 lylla=1

< sup |lo1ylly =01 sup |lylly =01
lylla=1 llyllz=1

As for the converse, observe that ||Zeil||s = 01, so we conclude that

SUp|jyil,=11Axll2 = Omax(A).
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The spectral norm also has the property that
IAA" sz, = 14" Allsz, = [1A]Zn

for every A € Mj,.

From now on, we will drop the subscript of || - [|sn and denote it just || - ||

when it comes to M,,.

0.4 Bra-ket notation

Throughout this thesis, we will be using the Dirac Bra-ket notation, com-
monly used in quantum mechanics. It resembles another common nota-
tion in which: x € R" is a column vector, i.e. a nX 1 matrix. The transpose
xT is a row vector , or a linear functional on R", xy” is the outer product
of column vectors x and y, while x”y is their inner (scalar) product.

Dirac’s notation is quite similar. The vectors in a Hilbert space H, are
written as |y) (a ket vector) while the same vector but now seen as an
element of H* is written as |y)* and denoted by (| (a bra vector). The bra-
ket notation works seamlessly with standard operations on Hilbert spaces.
The action of a functional (| on a vector |x) is (¢|x), an alternative notation
for the scalar product (i, x) (recall that the inner product is defined to be
linear in the second argument). If A € B(H) and y € H then Aly) = |Ay)
and (Ay| = (Aly))" = (y|A*. Consequently the quantity (¢|Alw) can either
be read as (y/,Ay) or (A*y/, w) the equality of which is a consequence of
A.2.7.

Now let H; and H, be two Hilbert spaces, and w1, wo two vectors in Hj,
Hs, respectively. The operator |y )ws| : Hy — H) acts on x € Hs as follows

x B |1 Xalx) = (walx)|wr).

As for the space C™ we can represent bras and kets as :
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by

ba

by =1 .

bn
so the bra-ket (alb) equals matrix multiplication or simply the inner
product (A.2.1) on the space C" while the ket-bra |b){a| represents the
matrix multiplication of a column and a row, whose outcome is an nxXn
matrix or equivalently, a linear operator |b)(al: C" — C™. We denote the
standard basis in C" by {|1),...,|n)}, that is we set |i) = e; and of course
(il = €}. Also we set |ii) := [i)®]i). If also |u) € H; and |v) € H then |[u)®|v) €

H1®Ho which we may denote sometimes as |u)|v).
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Tensor norms and Operator space theory

1.1 Tensor norms

Let X, Y be two normed spaces. We will define norms on the tensor product
X®Y. It is natural to require from a "tensor norm" to be "submultiplica-
tive", i.e. to satisfy |[x®y|| < |[x|l/lyl. When a norm on XQ®Y satisfies

[x®yll < ||x||llyll we say that it is a subcross-norm, and when it satisfies

[lx® yll = ||x]|lly|]]| we call it a cross-norm.

Supposing that we have the subcross-norm condition, a typical element
u € X®Y may be represented as u =)', x;®y; where x; € X and y; € Y
for all i =1,...,n and consequently it will satisfy |[ul| < >;llxll|ly:ll, by the
triangle inequality. However, such a representation isn’t unique and thus

applying this for all such representations we obtain that,

< inf{ D Il = )" xi@ i)
i i

Motivated by the previous observations we have,

Definition 1.1.1. Let X,Y be two normed spaces. The projective norm is
the function ||-||, : X® Y — R, defined by

et =0t { 3 il = )" xi@ i)
i i

Joralue X®Y.

23
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The projective norm is indeed a cross-norm.

Proposition 1.1.2. Let X, Y be normed spaces. The projective norm||-||,, is

anormon X®Y and it satisfies

Ix®yll = llxIlyll
foranyxeX andyey.
Proof. See [8] Proposition 2.1. O

We denote by X ®; Y the tensor product of X and Y endowed with the
projective norm ||-||,. Unless the spaces X and Y are finite dimensional,
this space is not complete. We denote the completion of X® Y with the

projective norm by X&;,Y and call it the projective tensor product.

We shall now present a different approach to introducing a norm to the
tensor product of two normed spaces. We can view elements of X®Y as
bilinear forms on the product X* x Y*, where X* denotes the algebraic dual
of the normed space X. Namely, if u=};x;®y; € X®Y then the associated

bilinear form is defined to be
Bu(@.9) = ) o) w(yi)
i

for ¢ € X*, € Y*. Thus we have the canonical embedding
X®Y— B(X!xY").

Of course we have to verify that the above associated bilinear form is well
defined. Define first the bilinear mapping (x,y) — (Bx,y (@, w) > p(x) l//(y))
and then use the universal property (A.1.4) to yield the desired bilinear
form. When the spaces in question are duals, we have a much simpler
embedding. The element {1 = 3; ¢; ® y; € X*® Y* corresponds to the bilinear

form

Ba(x.y) = )| pi0wi(y)
i
for x € X and y € Y. Thus we have another canonical embedding

X'@Y! < B(XXY).
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Let u=2,;x®y; € X®Y, then restricting the associated bilinear form B,
to the product X* X Y* of the dual spaces, we obtain a bounded bilinear

form and thus we have the canonical algebraic embedding
XQ®Y— B(X*XY") (1.1.1)
Motivated by the above embedding we may now define the following

Definition 1.1.3. The injective norm||-|| on X®Y is defined by

lull, = SUP{

290w : 9 € Ball(X"). € Ball(Y*)}

where u=),;x;®Yy; € X®Y is any representation of u.

Again we denote by X®, Y the tensor product with the injective norm,
and unless the spaces are finite dimensional we take the completion X®.Y

which will be called the injective tensor product.

Remark 1.1.4. Note also that if u=),;x®y; € X®Y, we may replace the
balls Ball(X™) and Ball(Y™), in the definition of the injective norm, with norm-
ing sets.! Indeed, let A C Ball(X*) and B C Ball(Y*) be norming sets, then

llulle = sup{' D (P(Xi)l//(yi)| L@ €Ball(X"), y e Ball(Y*)}

= sup  sup |o( D xwwo)l=  sup |I> xaw(y)
weBall(Y*) peBall(X*) i weBall(Y*) || X
= su su (x)w(y;)| = su (X)) y;
weBalEY*) <peg Zi(P Dty q;egHZ Py Y

= sup{

Corollary 1.1.5. Since Ball(X) C Ball(X™") is a norming set we have that if
u=,0;9y; € X*QY", then

Z (P(Xi)l//(yi)| CpEAYE B}

lull, = sup{‘ Z (,Di(x)l//i(y)' : x € Ball(X), y € Ball(Y)} (1.1.2)

IRecall, that a subset A C Ball(X*) is called a norming set, if we have that [|x|| =
sup{|p(x)| : @ € A} for all x € X.
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Let us also note, that for u = }};x;® y; we can associate operators Ly :
X*—>Yand R,:Y" —> X by

Lu(@) = ) ¢y
Ru(w) = ) w(ydx:

for ¢ € X* and y € Y*. These operators have the same norm as the bilinear

form B, and thus this gives us two more formulas for the injective norm

lull = sup{ > oy
- o[ vaon

Proposition 1.1.6. If the normed spaces X,Y are finite dimensional, then

xS Ball(X*)}
Y

CYe Ball(Y*)}
X

we also have the canonical algebraic identification
BXXY)=2X"®Y". (1.1.3)

Proof. Indeed, let {e;} and {f;} be bases of X and Y respectively and let {e}}
and {f;"} be their dual bases. If B: X XY — C is a bilinear form such that

B(e;. fj) = by
for every i,j, then its associated tensor is given by

B=) byeof eX'aY". (1.1.4)
ij
Conversely, given an element x = ) ¢ ; X5 €5 ® fi" € X*®Y™, its natural action

on X XY is defined by X(e;.fj) = X5t Xs,c€5(e)fi (ff) = xij. O

Remark 1.1.7. For finite dimensional normed spaces X, Y, if we endow X ®

Y with the injective tensor norm, the isomorphism 1.1.3 becomes isometric
BXXY)=X"®.Y". (1.1.5)

and thus
IBIl = l|1Bllx*g,v*- (1.1.6)
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Proof. Let B: XxY — C be a bounded bilinear form and B the associated
tensor, as before. Then, by Corrolary 1.1.5 we have that

B

Z byje; (x) J;.*(y)‘ : x € Ball(X),y € Ball(Y)}

i
Z byjxy; Z Xicelc Z uif| < 1}
ij k l Y

X*®Y* SUP{

= sup{

=Bl

Sll
X

Proposition 1.1.8. Let X, Y be normed spaces, then

1. ||ulle < |lufl, foreveryue X®Y.

2. |x®ylle = lIxlllyll for every x e X, y €Y.

Proof. Assertion 1. follows from the definitions and the triangle inequality.
As for 2. using again triangle inequality we get ||[x® yl|. < [|x]||lyl| and Hahn-

Banach theorem, gives us linear functionals ¢ € X*,y € Y* such that ||¢|| =

1 = lyll. (o) = llx|l and w(y) = ||lyll. Hence, [x®yll. = [@()w(y)l = lIxlllyll. O

We will now consider the tensor product of operators. Let T: X — Y and
S:V — W, be linear operators between vector spaces. One can define the
linear operator T®S: X®V — Y® W by setting T® S(x® v) = T(x) ® S(v).

Endow the tensor product with a norm and we have the following:

Proposition 1.1.9. [etT: X — Y and S: V — W bounded, linear operators
between normed spaces. Then there is a unique bounded linear operator
T®,;S:X®,V— Y®,W such that (T®; S)(x®v) = T(x)® S(v) for every x € X,
y € Y. Furthermore, ||T ®; S|| = ||T||||S]|-

Proof. See [8] Proposition 2.3. O
as well as

Proposition 1.1.10. [etT: X —» Y and S: V — W bounded, linear operators
between normed spaces. Then there is a unique bounded linear operator
T®:S: X®.V — Y® W such that (T®. S)(x®v) = T(x)® S(v) for every x € X,
y € Y. Furthermore, ||T®, S|| = ||TI|||SI|-
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Proof. See [8] Proposition 3.2. O

Remark 1.1.11. [finadditionT: X —- Y and S: V — W are linear isometric
isomorphisms then so is T®. S : X®.,V — Y® . W.

Definition 1.1.12. Let H;,Hs be two Hilbert spaces. We male the (alge-
braic) tensor product H, ® Hs into a pre- Hilbert space as follows. Define

the inner product
(V1 @ W1, V2 ® Wo)ps 1= (U1, V2 )¢y, (W1, Wa)gy, . (1.1.7)
That is, if x = );v;Qw; and y = Ziv’i®w’i then

U = Y {01 ), (Wi, W),
ij

We denote by H 1 ®ns Ho or H 1 ® Ho the completion of the space (H1 @ Ho, || - ||ns).
where || - ||ns := V(. )ns and call it the Hilbert space tensor product.

Comment 1.1.13. (-, ), is a well defined inner product on the space H; ®Ho.

Proof. Fix (v, w;) € H; X H2 and note that by the universal property (A.1.4)

of the tensor product,
B:H1®Hy — C: 0@ wy = (U1, Ug)gy, (W1, Wa)gy,

induces a well defined linear form, such that, if u= }};x;®y; then B(u) =

2.i{v1. X9, - (w1, Y4, . Hence, we have that the map
= @y (0, Whs = B = D (01,303, - (Wi, Y,
i i

for v = v ®w, is well defined and linear.
Now let u=),;xQy; € Hi®H, and again by the universal property,

consider the following map

C.H@Hs > C:010w; — Z(Ul’xi>“]—(1 '<w1’yi>?{2
i
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which is again linear because of the complex conjugation. So, for v=}}; xj’ ®

/

Y;» C(v) = 2 (xj’ Xi)H, -(yj’.,yi>q42 is well defined and v +— C(v) is linear.
Hence, for every u=),;x;Qy; € H1®Ho,

D= D @Y (0 uns = D 05X, (Y,
J L

is anti-linear.

Finally, note that for every v = }; xj’ ® yJ’. the map

u= > 68y (v, ) x8Yns = Y ( D UK X, (U Udp,) = D (6 @Y, s
i i VR J
is linear because )’ j(xj’ ® yJ’. ,Whs := 2; Bj(w) and all BJ’ swere linear. Thus, we
proved that (v, u) — (v, u)ys is a well defined, linear in the second argument
hermitian form.
We shall now proceed to the positive definite part. Let u= )", ;®y; €
H1®H9 and also let {e, : k=1,...,m} be an orthonormal basis of the

-

subspace span{y; : i = 1,...,n} C Hs. Then, there exist elements {Siche, €

H such that, u= ;" §® ey and thus,
(W ns = " (Gie: G, (i),
Kl
= Z(fk,ﬁ)wl - O 1
Kl
= > (& 8,
i

= > lI&l3,, > 0.
k

From this expression we also have that (u, u)ps =0 & Zkllfkllg{1 =0 and
consequently, u= >, 0® ¢, = 0.
O

Remark 1.1.14. [t is easy to verify that the norm induced by the inner

product || - ||,s is a cross-norm. Indeed, for h; € H;, i=1,2:

I ®hallf, = (i ® hg, hy ® haYps = (hu, b gy, Cha, hodgy, = lIhullZ, lIR2ll7, -
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Remark 1.1.15. Note that H, ® Ho = Hy ®2 H; isometrically, via the map
h®k— k®h.

Proposition 1.1.16. Let T : H —» H and S: K — K be bounded, linear
operators between Hilbert spaces. Then there is a unique bounded linear
operator T® S : H@yK — H®2K such that (T® S)(h® k) = T(h)® S(k) for
every h € H, k € K. Furthermore,

~

TS| =TS

2. (T1+AT5)®S =T ®S+ AT, ® S).

SV]

. TR(S1+AS)=TRS; + ATRSy).

N

(T 881 )(Te®S2) = (T T2) ®(S1Sz).
5. (T®S)" =T*®S".
Where A€ C, T; € B(H,;) and S; € B(K;) for Hilbert spaces H;,K;, i = 1,2.

Proof. Define the bilinear map b : H XK — H®K by (h,k) — (Th)® (Sk).
By the universal property of the algebraic tensor product there is a unique
linear map, which we denote by T® S such that T®S: He®K — H®K and
(T®S)(h®k) = b(h, k) =(Th)®(Sk). First we prove the boundedness on the
algebraic tensor product H®%K and then extend to H ®; K by density.
Let x=Y1,®y; € H®K, and set L =span{y;: i=1,....n} CK. Then
there exists an orthonormal basis {e, : k=1,...,m} of L for which we have
x =Y, hk®e for some uniquely determined {h}; ; € H. Hence, it holds
that:
m m m
1) he@erdlg = " Chue hudgy (e enae = D il -
=1 I l=1 =1

Now define the linear map T®Idg as above and note that

2 m 2 m
2
=D The@er| =D T2, <
hs k=1 hs k=1

m m
2 2 2 2
<IITIP D Al = ITIP 1) hie® el
k=1 k=1

(T@1d)( ) hic® ex)
k=1




31

Thus T®Idg is bounded and so is Idg; ®S if we do the same, hence T® S =
(T ®Idg)(Idyy ®S) extends to a bounded linear operator on H®;K. We
already proved that ||T®S|| < ||T|||S|| and if we pick arbitrary h € H and
k € K such that ||h|lgy = 1 and ||k|lg = 1 then also ||h®k||,s = 1 and thus
IT®SI 2 (T®S)(h® Klns = (TR & (SK)llns = ITRll4¢lISKllgc. Hence taking
supremum over all such h and k, we have that ||T® S|| = ||T]|| - ||S]|.

As for the algebraic properties 2), 3), 4) and 5), it’s easy to see that
they hold when restricted to H ®K and hence they are valid on the space
H ®9 K by continuity. |

Definition 1.1.17. Consider now two operator spaces X C B(H) and Y C
B(K) for H, K some Hilbert spaces. Then their minimal (spatial) tensor
product is defined to be the completion of their algebraic tensor product
with the norm induced by B(H ®2;K) as we established in the previous

proposition, through the inclusion:
X®Y C B(H®:K)
ie. weset XQminY :=X® Y™ to be the minimal tensor product.

We denote the norm by || - ||, and call it the minimal tensor norm. The

Banach space X ®pin Y is obviously an operator space.

For the notions of operator spaces refer to Section 1.2. For now, an
operator space X is a subspace of B(H) for some Hilbert space H. For
such a subspace, the operator norm on B(H) induces a sequence of matrix
norms ||-||g on Mg(X). Also a map T : X — Y between operator spaces,
induces the maps Tq : Mg(X) — Mq(Y) defined by Tu([xi;]) = [T(x;)] for
every d > 1. The map T will be called completely bounded if the norm
ITlcp := supy || Tall is finite, completely isometric if every Ty is isometric and

a complete isomorphism if every Ty is an isomorphism.

Remark 1.1.18. Let H,K be two Hilbert spaces. If T : H — K is an isom-
etry, then the linear map ur : B(H) — B(K) defined by ur(x) = TxT" is
completely isometric. Moreover, if T : H — K is a surjective isometry, then

ur : B(H) - B(K) is a completely isometric isomorphism.
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Proof. Note first that ur is an isometry; indeed for all x € B(H) we have
I TXT™|| g5y < lIxll () and also [Ixllgy = 1T TXT Tl gy < IT*ITXT || g5 I T1| =
ITXT*|| g%, for T is an isometry, i.e. T*T =1dy and ||T]| = 1.

Now observe that T induces an isometry Ty from £(H) to £5(K) such
that (ur)n(y) = ThyT;, for any y € Mp(B(K)) = B(£5(K)). Since (ur)y is of the

same form as ur and n was arbitrary, then ur is a complete isometry. 0O

Proposition 1.1.19. If X C B(‘H) is an operator space, then we have the

following completely isometric identification
Mn(X) = Mn®minX- (1.1.8)

Proof. First of all, note that M, = B(BIZ‘), so the minimal tensor norm on
M, ®min X is the norm induced by B(£;®;H) and the norm on Mu(X) is
the one induced by B(Z(H)). We already know that Mp(X) = M, ® X alge-
braically so we will prove that B(2® H) = B(£5(H)) completely isometri-
cally and that the restriction of the map that makes the latter isomorphism
completely isometric is the one that identifies the first one.

Indeed, we have that &5(H) = £} ®; H isometrically by

S: O(H) - By H
(h) = Z e;®h;

and the adjoint S* acts on elements of £J®; H by S* : (1)) ®h = (u;h). Thus,
by Remark 1.1.18, the map us : B(3(H)) — B(&5®2 H) defined by us(x) =
SxS* is a completely isometric isomorphism. Now, let x = [x;;] € Mp(X) C
Mn(B(H)) = B(£5(H)) then us([x;]) = S[x;]S™ € B(&5®2 H) and recall that
the algebraic identification M,(X) = M, ® X is done via the map o : [x;;] —

Z.Ei j®Xij. Then for every elementary tensor u®h € & ®y H where
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u= ()L, €& it holds that:
us([x;])(u®h) = S[x;1S" (u®h)
urh 2 x1,(wh)
=S[xll @ [=S :
unh Zj Xn j(uih)
= Zei®ZXiJ(LLJ'h)
i J
= Z eiu; ® x;j(h)
1)
= > Eij(wex(h)
1)
= > Eij@x(u®h) = o([x)(ush).
i
Therefore they can both be completely isometrically identified with the

same subspace of B(Bg ®oH) = B(BIZ‘(?( )) and the algebraic identification
Mp(X) = M, ® X is completely isometric. O

Remark 1.1.20 (Associativity of the minimal tensor product). Let X C
B(H), Y C B(K) and Z C B(L) be operator spaces. Clearly

(H2K)®2 L2 H@(K®2L) = HRy K9 L.
Hence by Remarlk 1.1.18 we have completely isometrically
(X ®min Y) ®min Z= X®min (Y ®min Z) = X®min Y®min Z.

Remark 1.1.21 (Commutativity of the minimal tensor space). Let X C
B(H), Y C B(K) be operator spaces. Since we have H Q9K = K @9 H, again

by Remarlk 1.1.18 we have completely isometrically
X®min Y= Y®minX
viaxXVY - Yy x.

Remark 1.1.22 (Injectivity of the minimal tensor norm). Let E; C E; C B(H)
and G; C Go C B(K) be operator spaces so that E1 ® G; € E5 ® Go. Then for

any x € E; ® G; we have

”x”El@minGl = ||x||E2®minG2 :
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Consider now a Hilbert space H. Let H,, C H be an n-dimensional sub-
space and Py, : H — H, the orthogonal projection. Using an orthonormal
basis we can identify 4, with the n-dimensional Hilbert space £ and con-
sequently B(H,,) = M, and recall that M ®min Y = M,(Y). Let v: B(H) —
B(Hy) = M, be the map a +— Py aly, and C, the collection of all such
mappings with H,, arbitrary n-dimensional. Also let X C B(H), Y C B(K)
be operator spaces. Then it is easy to show that forany x=);a;®b; € XQY

we have

Wlxg,y = sup |3 vaeb (1.1.9)

neN,veCn Mn(Y)

Indeed, we may write

Il = sup{| (t. xs)| : 5.t € Ball(H @ %)}.

By density, we restrict the supremum to H ® K and for some finite dimen-
sional subspace H, C ‘H, we have s,t € H,®K. Hence, if v is the map

defined above, we write

(t,xs) = <t, (Z a® bl-)s> = <t, (Z v(a)® bi)s>

thus we have that

Wlxe,y < sup [ @@b

neN,veC, Ma(Y)
The reverse inequality is obvious thus we obtain the relation (1.1.9).

This shows that the norm on X ®;,;; Y does not depend on the particular
embedding of Y but rather on the "abstract" operator space structure of Y.

Using the same arguments we can obtain the same for X.

Proposition 1.1.23. Let u: X — Y be a c.b. map between operator spaces.
Then for any other operator space G the mapping Idg®u : G®X —- G®Y
extends to a bounded operator between the spaces G Q@min X and GQmin Y.
Moreover, if we denote by ug : GQ®min X = G®min Y the extension of Idg®u

we have

llullep = supllugll = sup [lugllcn
G G

where the suprema run over all possible operator spaces G.
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Proof. First, observe that by picking G = M, we immediately confirm that
sup [lugll = llullep -
G

To prove the reverse inequality, assume that G C 8(K) and apply the rela-
tion (1.1.9) to G®min X and G®in Y, hence we see that

= sup
neN,veC,

D vla)@u(by)

i

(IdG®u)(Z a; ® b;)

GOminY Mn(Y)

Thus forall x=),;a;®b; € G®X, neN and ve C,,

1> vtay @ uib

tn( ) v(a) @ by)

<l|lu
oy <l

> vaeb

Ma(Y) ‘ Ma(X)

Therefore we have that

I(I1de @) () lmin < llttllep [IXllmin

and consequently supg |lug|| < ||ullop. Finally, since G is arbitrary, we can

replace it with M,(G) and use the identification
Mn(G®minX) = Mn(G) ®min)(

it follows that

sup [lugl| = sup[|ugllcp -
G G

O

Proposition 1.1.24. Let X;,X5,Y;.Ys be operator spaces and u; € CB(X1, Y1)
and ug € CB(Xs,Y2), then u; ® ug continuously extends by density to a com-

pletely bounded map
U ®uy : X1 @mninXo — Y1 ®min Yo.

Moreover, we have

iy ® ugllep, = llurllep lluzllep -
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Proof. Decompose u; ® ug = (u; ® Idy,)(Idx, ®u) and then it follows from
Proposition 1.1.23 that

I @ alep, < ||y ®1dy, ||, |[Tdx, @u2)|| ) = luaallen l1uzlcp -

For the converse , recall that for every x; € X; and xp € X5 we have ||x; ® X || in =
Ix1llx, [Ix%2llx, and then [ju; ® ug|lcp 2 [[u|l|lug|l. If we repeat this but now for

Idy, ®u; and Idyg, ®ug and take the supremum over all n,d we obtain
sug||<IdMn®u1>®ade®uz>|| > (| llep llizlep -
n,

Taking advantage of associativity and commutativity and of course of the

identification M,, ® My = M4 we can also obtain
[|(1dpg, ®ur) ® (d g, ®uo)|| , = [[Tdnt, R ® 1)),
where again by the previous Proposition it holds
|[1dpt, ®(t1 ® uz)”Cb <l @ uzllep -
O

Remark 1.1.25. [fu; : X; — Y] and uy : Xo — Y9 are completely isometric
isomorphisms then u; @ us : X1 Qmin Xo — Y1 ®min Yo is a completely isometric

isomorphism as well.

Now we are ready to generalize the property of the minimal tensor norm

seen in equality (1.1.9).

Proposition 1.1.26. Forany x =) a;®b; € X® Y we have

Iollin = sglp{jjz o(a) @by

Furthermore

) e CBX, Mp),||vllep < 1} (1.1.10)

sl = sup{HZ (@) ® w(by) Mnm} (1.1.11)

where the supremum runs over n,m > 1 and all pairs of v € Ball(CB(X, M,,))
and w € Ball(CB(Y, M)).
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Proof. By Proposition (1.1.23) we have that |[v®Idy|| <||v||,. Thus, for each
n>1 and v € Ball(CB(X, M,))

(V@ Idy)(X)Ipg, (v) < lv@Idy|||Ixlmin
< ”Uch”x”min

< xllmin

Consequently

i > sup{HZ wa)@by veCBE My, lbile, < 1}
n

Mn(Y)

The converse inequality comes from formula (1.1.9) again. As for the asser-
tion 1.1.11, it suffices to use commutativity of the minimal tensor product

and apply equality (1.1.10) again.

Grothendieck introduced the notion of "reasonable" tensor norm which
in the case of Banach spaces corresponds to the following: A tensor norm
a assigns to each pair (X,Y) of Banach spaces, a norm ||-[[xg,y on the
algebraic tensor product X®Y so that X®,; Y can become a Banach space
and such that

1. ais reasonable: e<a<mn

2. asatisfies the metric mapping property : For Banach spaces X,Y,Z W
and T€ L(X,Y), S € L(Z, W) the following holds

IT®S: X®.Z — Y®, W| <|TIIS|

In particular € and © are the "extreme" reasonable tensor norms.

If X, Y are finite dimensional vector spaces, then motivated by the iden-
tification X®Y = (X*® Y*)* we may define the following. Given a tensor
norm a we define its dual tensor norm a*, for every pair of finite dimen-

sional Banach spaces X,Y

ltllxeo. v = sup{ K o) lollxg,y < 1)
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Recall that the duality between X® Y and X*® Y* works in the following
way: if u=;xQy;€eXQ®Y and v=),;¢;®y; € X*®Y" then (i, v)) =
2ij D) wi(yo)

We will need to consider another tensor norm which is very important
for the purpose of these notes, as we may verify later. Let X, Y be Banach

spaces, define the yy tensor norm of z€ X®Y by

o= ot { s (ilweol?) s (3 1yenl®)’)

2=2%®Yi \ x*eBall(X*) " =} yreBall(Y") =)

One can check that y, defines indeed a tensor norm, its dual will be
denoted y;.

We will now prove a lemma that will turn out to be very useful for this
study. Recall that (83)* = £¥.

Lemma 1.1.27. Let z€ CN®CV. Its y, tensor norm for the space I ® tN is

given by
0, ex = inf{ suplusclysuplludly : 71 = (G vo) |
ke l
where z = Y. zi 1€ ® e and wy, vy are vectors insome C' forallk,1=1,...,N

Proof. Let ||z||?10\</)®y2 v = d, for every &> O there exist (x)i_, and (yyi_, in N
such that
n 1 1
sup (Z]|x*(xi)|2)2 sup (Ziy*(yi)|2)23d+s
x*eBall(?)) =1 yreBall(f)) =1

n

—

and z =} ,x®y;. We have that x; = legzlxi(k)ek and y; = Z{\Ll yi(De;
where {ej}i is the canonical basis in CV and hence

r r

r N N N
z= in®yz = Z(in(k)ek)éb(z vi(Der) = Z (in(k)yi(l))ekébez
i=1 k=1 =1

i=1 kl=1 i=1

r
i=1’

of C" and for zj; := (U, v1), we obtain z = };; zi, 1€ ® €. Now observe that

||uk||2:(2|xi(k>|2)%:(Z|<ek,xi>|2) < sup (D) IxFe0]?)
i i=1

i=1 x*eBall(®Y) =1

so if we set uy = (xi(k));_; and v = (y«(D) these sequences are elements

D=
D=
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for every k=1,...,N. Applying the same for every v; leads to

sup [|uyllg suplluilly < d +e
K l

Hence, it suffices to prove that d < sup,.||uxllo sup; ||vills. Suppose that z; =

(uy, vy) for sequences wy = (u;(k)); and v; = (v(1)) in C" for some r. Then we

can write
N N r r N N
z= Z Z e e = Z (Z ui(k)vi(l))ek®ez = Z(Z ui(k)ek)®(z vz(l)ez)
Iel=1 Il=1 i=1 i=1 k=1 =1

By defining x; = Zﬁgzl ui(k)ei and y; = 21111 vi(De; for every i=1,...,N we
have z = }}; x;® y;. Moreover,

n n

sp (3 100 2)* <sup( ), e |?)? =s?cp(;|ui<k>|2) = supllusl

x*eBall(?)) =1 i=1

N=

since every x* € BJIV is written as x* = ijj*ej’.k with }; |xj*| <1, where {ej }is
the dual basis {e;}. Using the same arguments for (y;); we deduce that

n n

sup (D 1x"G)[?)* sup (Ziy*(yi)lz)%sa;pnuknzsgpnvzuz

x*eBall([JIV) i=1 y* eBall(fIIV) i=1

Nj=

which completes the proof.

O

This lemma provides us with a very simple and useful formula for the y;

tensor norm on the space lﬂlV ©)e BIIV (©).

Corollary 1.1.28. The y, tensor norm for the space BIIV ® BIIV is given by

N
2, 2t w)
ij=1

”z”pll\[@y;ell\l = sup{ creN,u,v € Ball(Cr)}

where z = }}). 1z 1€k Q €.

Proof. Recall first that (BIIV )" = N, so we write the elements w € /Y ® ¢

— yN @ ot ; YN oo 2ec NN i
as w= Zk,l:l wi, e, ®e,. Hence, if we let z = Zu:lzldel@ej €@y, its

dual action on w gives us ({(z, w)) = ZZZI zijw;j. If we now let an r € N,
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— (37 r P
wij = <ui,vj> , ||w||€g®yzl)é\é <1 where u;,v;€C" forall i,j=1,...,N and recall

the definition of the dual tensor norm, we obtain that
N

PIEACEY

ij=1

2
Finally, note that we can restrict the supremum above to the case where

u;, v; are unit vectors, and "forget" about w. This can be done by setting

’

— Uu; , — .
Ui = oo, and U; = supy [[tllz vy 0

Note that the same arguments apply to the case where our spaces are
real and thus the same formulas hold. In fact, if we choose a tensor z
with real, non-negative coefficients z;; € R then we can just restrict the

supremum to the case where the unit vectors are real:

Remark 1.1.29. Let z = Z]ig.:l zje;®@ e € Y (R)® Y (R), where z;; € R are
such that z;; > 0 forallij=1,...,N. Then,

Il |211V ©ey, £(©) = Izl |e11\’ ®)ey; £ R®)

Proof. Obviously ||z|| f]l\f(R)®V§ R <zl ZIIV(C)®V2* ) As for the reverse part,
let r € N, and w;,v; € Ball(C") and denote [u] := )} _, |ui(k)|ex € Ball(R"),
'vj| = e }vj(k)1 e € Ball(R") for all i,j=1,...,N. Now write

N N r
D zg(my)| = | D) 2y ) wuk)
ij=1 ij=1 k=1

=<

r

< 37y ) Il |y |
ij=1 k=1

N

=D, zyluil- I
ij=1

N

creN,uy,v € Ball(Rr)}
ij=1

< sup{

and thus the assertion is proved. |
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1.2 Operator spaces

In this Section, we introduce all the basic notions as well as the results
needed from Operator space theory. For a more in depth discussion of the

subject we refer to the standard literature [9], [10] and [11].

1.2.1 Operator space structures

Definition 1.2.1. A (concrete) operator space is a subspace X C B(H) for

some Hilbert space H.

For any such subspace, the operator norm on 8(H) induces a sequence
of matrix norms |||l on Mg(X) which will be called an operator space
structure (0.s.s.). To see how this is done, let A be a C*—algebra and My(A)
the d X d matrices with entries from A. We’ll denote a typical element of
Ma(A) by [a] .

There is a natural way of making My(A) into a *-algebra. Namely, for
[a;;] and [by;] in Mg(A) we set

d
[ai;]-[bij] = [Z ai,kka]
=1

and
[aij]* = [ajfi]

Apart from being a *-algebra, Mu(A) can also become a C -algebra by
introducing a norm on it. Let’s start with the most basic of all C"-algebras,
B(H), the bounded linear operators on a Hilbert space H. Let H'? denote
the direct sum of d copies of H, then there is a natural norm and inner
product on HD that makes it into a Hilbert space. Namely

2
h
= [ull2, +---+1lhall?,
ha H(D
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and
hy Iy
< A > =(hy, k)¢ + -+ {ha ka)w
HD
ha) \ka
where
hi) [l
e HY
ha) \kq

This Hilbert space is also often denoted l’g(?{ ). As we will see, it is useful
to regard elements of H (d) as column vectors.
There is a natural way to regard an element of My(B(H)) as a linear

operator on H@, by using the ordinary rules for matrix products. That is,

we set
hy J('1:1T1J(hj)
(Tip)| : |:= :
ha)  \ZE, Tay(hy)
hy
for T = (T;;) in Mg(B(H)) and | : |in HD.
ha

Equivalently, this corresponds to the action of Mq® B(H) on C{®H de-

termined by

A®T)(u®h)=Au®Th

where A€ My, T € B(H), ueC9d and h e H.
It is easy to see that every element of My(B(H)) defines a bounded linear

operator on H' (@) with the operator norm

d

”(TiJ)”Md(gg(«H)) = ||(TiJ)

J=

d 2 .1 d
2 . 9
BHD) = SUP{(Z‘ w) Ty € 7{’.24 Iyl < 1}
i= =

and that this correspondence yields a one-to-one *-isomorphism between
the spaces My(B(H)) and B(H ) | Indeed, if we pick (h)) J‘.izl e H'Y such

T;,i(hy)
1
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that Zd ) ||h||ﬁ <1, then

d

Z

d 2
(S,

2
3 il I

d
Jj=1
d
j=1

IA

IA
%@ I 1 s

> Il | Sl

J

NI PHILTN

i=1 j=1

||T-~ ?

M=

J

...
11
—

Thus,
2 2
”(TiJ)HfB(w(d)) < Z 1Tl
ij=1
so every matrix in My(B(H)) gives a well defined bounded linear map on
B(HD). Conversely given a T € B(H'D) one obtains a matrix (T; j) in
My(B(H)) by setting

Ty = VTV
where
0
ViiH->HY .his|h
0

and |h|=h®e; is the column with h in the j-th row and zero elsewhere.
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On the other hand,

hy
Vj*:ﬂ(d)—>?{: f e h
ha

Now if we let ¢ : Mq(B(H)) — B(HP) denote the map through which we
interpreted the matrices as bounded linear operators, we can see that
¢((Tyj)) = T. Thus the identification My(8(H)) = B(HD) gives us a norm
that makes My(8(H)) into a C"-algebra.

Now given a C -algebra A, we can choose a one-to-one *-representation
of A on some Hilbert space H so that A can be identified as a C'-
subalgebra of B(H). This allows us to identify My(A) as a *-subalgebra of
My(B(H)) and it is now straightforward to verify that under this represen-
tation My(A) becomes a C*—algebra.

At this point, recall the isomorphisms 0.2.6 that we established in Sec-
tion 0.2. In the case of C*—algebras these isomorphisms have the inter-
esting property of preserving norm and positivity. Indeed, let A be a ol
algebra, then the operation, through which we pass from M,(Mg(A)) to
Mg(Mn(A)) is a permutation and the identified elements of the latter spaces
are unitary (permutation) equivalent elements of the C*—algebra Mpa(A).

Thus, it is a *-isomorphism which we will refer to as the canonical shuffle.

The canonical shuffle will play an important role since, as a *-isomorphism,
it is isometric and maps positive elements to positive elements.

Tensor product notation is widely used throughout these notes, we
therefore consider it appropriate to understand the canonical shuffle in
this "language". Again we will show that Mp(Mq(A)) = Mg(Mp(A)) via a
x-isomorphism. Note first that M,,(:A) and M, ® A are *-isomorphic via the
map [a;;] — 221:1 E;;® a;j, where {E;;} are the matrix units in M,. If we

also let {F;;} be the matrix units in My, then the set
(Ey®Fc:ij=1....n kl=1....d)

is a basis for the *-algebra M, ® My. Observe now that M,, ® My and Mg ® My,
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are *-isomorphic via the map
Z Ay j i, 1 Eij ® Fie 1 Z Aij i 1Fic1 ® Eij.
il il
and since M,(Mgy) and My(M,,) are also *-isomorphic, our assertion follows

from the sequence of #-isomorphisms:

Mn(Ma(A)) = Mn(Mg ® A)
=M, ®(Mg®A)
= (MhQMg)®A
= (Mg®M,)QA
= My ® (M, ®A)
= Ma(Mn ® A) = Ma(Mn(A)).

So if we consider A € M,(My(A)) then its image under the above string of

x-isomorphisms is an element B of My(M,(A)) with the same norm as A.

So far we defined the notion of a concrete operator space and proved that
its inclusion in a B(H) yields a sequence of matrix norms on the space
M4(X). Ruan’s theorem provides an alternative definition of an operator
space as a complex vector space V equipped with a sequence of matrix

norms (Mg(V),||-|lq) satisfying two requirements that we will see shortly.

Definition 1.2.2. An abstract operator space is a (complex) vector space V

together with a sequence of matrix norms ||-||,, on Mp(V) such that

v )

o M2 |laubl|q < ||allllull.|bl

o MI = lu® wlle+a = max{|jullc. [[wlla}

c+d

Jorallue M.(V) , we My(V), withc,d>1 and a € Mg, b € M q.

Conditions M1 and M2 are often called Ruan’s axioms. Ruan’s theorem
asserts that these conditions characterise operator space structures on a

vector space.
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Theorem 1.2.3 (Ruan [12]). Any abstract operator space is "completely”
isometrically isomorphic to a concrete operator space, i.e. if (V. {||-||4:d > 1})
is an abstract operator space, then there exists a Hilbert space H and a
linear map J : V — B(H) such that, for every d > 1 and v = [v;;] € Mg(V),

In fact, the matrix norms on B(H) satisfy Ruan’s axioms.
Proposition 1.2.4. The o.s.s. on B(H) satisfies Ruan’s axioms.

Proof. Recall that if T; € B(H;) and sup;||Ti|| < oo then T = @iTi defines a
bounded linear operator on ‘H = P, H; such that

Tl ) = S‘J%P”TJ“B(WJ)

Then M1 follows as a special case.
As for M2 notice that, if a € Mg, b€ M.q and u € M.(B(H)) then aub
corresponds to (a®Idgy))u(b®Idgy)) and thus

llaubl| = [[(a®Idgz))u(b@Idgq)ll <
< lla®ldgy lllulle[[b@Idg g, | = llallllull. bl

where the equality in the end comes from the fact that, if H,K are Hilbert
spaces, T € B(H) and S € B(K) then the operator

T®RS: HRK —> HRK

satisfies
IT® S| =TI

(See Proposition 1.1.16). O
A sequence of matrix norms satisfying Ruan’s axioms, equivalently the

inclusion of X into B(H), which yields such a sequence, is called an oper-

ator space structure (o0.s.s.) on X.
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Remark 1.2.5. Notice that, given any such structure (Mg(X), || |lq):

1. It follows from M1 that the mapping

u O
ur ud0 =

is an isometry from Mg(X) into Mg+1(X)
2. From M2 we see that, if u € Myg(X) and a € Mg unitary then
laull < llull = lla*aul| < [la®||- llaul| = [laul|.

By symmetry the same applies to right multiplication, and we conclude
that we may permute rows and columns of u without affecting its norm
since such an operation corresponds to multiplication on the left or right

by a permutation matrix (which is unitary).

3. Combining the above observations we deduce that adding (or dropping)
rows of zeros and columns of zeros does not change the norm of a
matrix of operators. To see this, note that, through permutations, we
can suppose all the zero rows are at the bottom and all zero columns
at the right of the matrix. But then Ruan’s axioms tell us that the norm

is unchanged if we remove those zero rows and columns.

Remark 1.2.6. If X is an operator space, then via the canonical shuffle we

see that the algebraic identifications
Mp(Ma(X)) = Ma(Mn(X)) = Mna(X)
are isometric.

Remark 1.2.7. Let a;,...,a, and by,...,b, be in B(H). Let a € M (B(H))
be the matrix that has ay, ..., a, as its first column and zero elsewhere, and
b € M, (B(‘H)) the one that has by, ..., b, as its first row and zero elsewhere.

That is, we have

ay
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Then

n 3 n 3

lall =) afa Ibil =\ > bib (1.2.1)

=1 B(H) i=1 B(H)

Moreover, we have ||bal| < ||bl|||al|, and hence
n 3 n 3
Zbiai < Zbibf Zafai
‘ =1 BH) =1 B(H)

More generally, for any x = [x;j] € My (8(H)) we have ||bxal| < ||bl|||x]|||all and

hence

1 1
n 2 2

D bib}

i=1

11l pg, BH))
BIH)

n
3
> aie

i=1

> bixyay|| <
i,j

An o.s.s. on a normed space is not unique.

B(H)

Example 1.2.8. The space 05(C) can be endowed with two o.s.s.’s called
R, and C,.

Proof. The space £,(C) = £, can be viewed as a subspace R, of M, via the
map e; = Ej;=[1)(i|,i=1,...,n, which means that every column vector u € Pg
can be interpreted as a matrix A, that has that vector as its first row and
zero elsewhere. To see this more clearly, consider an element u € £5, then

the operation is the following:

1251
u=|: EBSHAu:(uI un]eMn.
O
Un

It’s easy to see that ||ull; = [|Ayll, so the embedding is isometric. Note that
the norm on M;, we considered is the spectral norm || -||gn .

On the other hand, we can also use the map e; — E;; =|i){1],i=1,...,n,
and identify £, with the subspace Cy of M,,. Through this map every u € &5
maps to a matrix B, with that vector as its first column and zero elsewhere.
Namely,

251 251
u=|:|efh»By=|: (O |€Mpn

Un Un
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Again, we can verify that ||ully = ||Byl|-

An element A € My(R,) is a d X d matrix whose entries are n X n matrices
that are zero except for their first row. Alternatively, if we use the canonical
shuffle, A can be seen as an n X n matrix whose first row is made of d X d

matrices Ay,...,Ap and all other entries are zero. Namely,
A ... Ap
A= O € M,(Mg), where Aj,...,A;€ Mjy.

Then, via Remark 1.2.7 we see that

1
n 2

n
Allyr,y = || Ar® 1) =|> A
=1 Ma(Rn) =1 Ma
Similarly, for My(C,,), we have
1
n n 2
Al = [ D AreliX1 =D A
=1 Ma(Cn) =1 Mg

Through these two expressions we see that the two o.s.s.’s defined on £}
can be very different. Consider for example the space B%. Now compute the

two norms defined above for the element A = Z?:l liXl|l®e; € Mz(l’%). It’s

easy to verify that
1
2 2 )
lAlyry = || D EnEp|| =1lkl? =1
i=1
while . .
2 2 2
2 0
IAllvy(cy) = || ) EaEal| = = V2.
>(C2) ; i1t 0 0

The following simple lemma will be used very often in these notes.

Lemma 1.2.9. Let X be an operator space. Then for every natural number

N we have the following isometric identifications

NX) =2 N @, X = N @in X (1.2.2)
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Where tY.(X) is the space CN ®X equipped with the norm

N

Z e; Q Xx;

i

= sup |lxillx

R(X)
Proof. The first identification follows easily from definition of the injective

tensor norm. Indeed, for z = Z]iv ei®x; € !N ® X we have that

N
= sup{ Z p(e)x;

N
= sup{ ) o0

= sup Ixllx
1,...N

N

Z e; QX

i

cpe Bau((zfjo)*)}
X

€

Tpe Ball(l’llv)}
X

where ¢(i) is the i-th coefficient of the vector ¢. Indeed, let ¢ € Ball(l’llV ),
then

N
Z o(i)x;

N
< > lollklx
X i

N
< Z |<p(i)|sgp|lxi||x
14

< S‘%P||Xi||x
14

and for the reverse inequality note that

N
Z o(i)x;

foralli=1,...,N, since ¢; = (6ji)j eBall(BIIV) foralli=1,...,N, (where 6}= 1
if j=i1and O if not ).

To verify the identification V(X)) = N ®,in X, recall the isometric embed-
ding £ < B(f)) as diagonal operators and let X C B(H) for some Hilbert

space H. Thus the minimal tensor norm of an element z = Zliv ei®x; €N ®X

Lpe Ball(eﬁv)} > lxillx
X

sup {

is given by

N

Zei®xi

i

= = Sl}P||Xi||x-
1

N
Dl x

Pg@minx B(EIQV(H))
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Where the last equality follows from the fact that the diagonal operator
Z{V liXi|®x; € B(BIZV (H)) has operator norm given by

N

(D lixtex)n)

1

N

Dl x

4

Mhllegero < 1),

= sup{
0 (H)

BEY(H))
for which we have that, for all h = (hi){.\i L € Ball(l’IZV (‘H)) :

N 2
‘ (2. lixt®xi)n)

= [|eahoi vz,
£ (H) 2

M= 1=

I
—

2
i el

2 2
< D Il g, 1112,

U
N
2 2
< (suplxillx) Il Full,
t i=1

< (sup|lxillx)®.
1

Now if we take the supremum over all such (hi)li\i 1€ Ball(l’g (H)) we obtain

the inequality
N
D lixilex
i BUY(H)

As for the reverse inequality, pick any h € Ball(H{) andj=1,...,N, and note
that we have e;®@h € Ball(l’g (H)), hence

< SQP||Xi||X-
14

N N 2
Dliex > (D lxilox)(e@h)
i BN (H)) i &) (H)
. 2
- H(‘S{xjh){il o (H)
= [xgnlly

and by taking the supremum over all such h € Ball(H) we obtain

N
D lixilex

> [sllc

B(EY (H))
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for every j=1,...,N which completes the proof. m|

Example 1.2.10. Another example of a space with "natural” o.s.s., besides
B(H) itself, is L = (C",|| - ||l), whose o.s.s. is obtained by using the map
e; — E; = |i)(il], i.e., the embedding of an element of !, as the diagonal of
an n-dimensional matrix, which is an isometric identification of £%, with a
subspace of B(?)). Namely, through the embedding £y, — B(f;) where we
map u— Dy and ||Dy|| = [[ulle = sup|ul.

Through this embedding, which we already used in the previous Lemma,
!t becomes an operator space and consequently, gets its o.s.s.. Indeed,
by the previous lemma, the commutativity of the minimal tensor norm and
Remark 1.1.19 we have that

N (My) = 0N ®min Mg = My ®min £ = Ma(2Y,)

isometrically for all d € N. Thus, we obtain the sequence of norms

n
DA = sup A,
i=1

Mqa(s)

In the “isometric” theory of Banach spaces, two Banach spaces X,Y are

identified if they are isometrically isomorphic, i.e. there exists a bounded

linear map T : X — Y which is an isomorphism and ||Tx|| = ||x|| for each
x € X. However, in the case of operator spaces we need morphisms that
keep track of the extra information gained by the sequence of matrix norms
defined by the o.s.s..

Definition 1.2.11. Let X,Y be operator spaces and T : X — Y a linear map

between them. Also let T4 denote the linear map
Ta : Ma(X) = Ma(Y)
[ugjlij = [Tl
for each d € N, then:

o ||T||cp :=supy || T4ll is called the completely bounded norm.
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e If also ||T||cp < oo then T is called completely bounded. The set of all

completely bounded maps from X to Y with the above norm, is called
the space of all c.b. maps from X to Y and is denoted by CB(X,Y).

e AmapT:X — Y is called a complete isometry if each T, is an isometry.

Moreover T is called a complete contraction if || Tl < 1.

e Two operator spaces X, Y are said to be completely isomorphic when-

ever there exists a linear isomorphism T : X — Y such that T and T~}

are c.b.

e Two operator spaces X, Y are said to be completely isometrically isomor-

phic or just completely isometric whenever there exists a linear isomor-
phism T : X — Y such that Ty is an isometry for alld > 1 (or, equiva-
lently, that satisfies ||Tllcy = IT e = 1).

e For C*—algebras A, B a linear map T : A — B is called completely
positive if Tq(x) is a positive element of My(8B) for every d and every
positive element x € Mg(A). If also A,B have units then T is called
unital if T(14) = 1g.

Notice that the case d =1 is just T: X — Y, since 1 X 1 matrices of X
are just elements of X. So trivially if T is completely bounded, it is also
bounded and if T is completely positive then it is also positive; similarly for
a complete isometry. In general "completely"” stands for a property that Ty
enjoys for every d.

We will also make use of the tensor notation for such linear maps. That
is, if we identify Mq(X) with My ®X via the linear map that sends each [v;;]®
X € Mg ®X to the matrix [v;jx] € Mq(X), then since Ty([vyjx]) = [T(vyjx)] =
[vi;T(x)], the map Ty is identified with Idy,, ®7T, where Idy, is the identity
map on My.

However it is not necessarily true that a bounded map between operator
spaces is completely bounded, an isometry is a complete isometry and
that a positive map is completely positive. Indeed, consider the following

examples.
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Example 1.2.12. The transpose map T : R, — C,,, between the spaces R,

and C,, introduced in Example 1.2.8, is isometric but not completely isomet-
ric.
Proof. Let T : R, — C, denote the transpose map, whose action is the fol-
lowing: let u;,...,u, € C
u
ul oo Un .
Au:[ )eRnHT(Au):Bu: 0O |€Ch
O
Un
We know that ||T(Ay)|| = [lully = [|Aull, where u = (w;);, € &5 and hence T
is isometric. Recall also (see Example 1.2.8) that elements A € Mg(Rp)
and B € Mq(Cp) can be written as A=} 1' | A;®|1)(il and B= } ;" Bi®[i)(1]

respectively, for A;, B; € Mg, and have norms given by

n n 3
Allyr, = || A1) =D A
=1 Ma(Ry)  N1i=1 My
and .
n n 2
1Blv(c,y = ‘ D BioliX1 = ‘ > BB
=1 Ma(Cr) =1 Mg

So, if we consider the element A= )" | E;; ®|1)(i| € Mq(Ry), where E;; are
the matrix units in My, then Ty acts on A giving the element Ty(A) =

1 Ei1®]i)(1] € Mg(Cp), namely,

Eq 1

A:( 1,1 i1 nJ]I—)Td(A): O
O
En,l
Now,
1 1 1
n 2 n 2 n 2 1
Ay = || Y EaEL| =D EuBul =D Eu| =iz, =1
i=1 My i=1 My i=1 My
while

1 1 1
2 2 2

= Vn.

Mg

I Ta(Pllvy(c,) =

n n
2. FiEa 2B
' i=1

i=1

n
Z E. Ei;
i=1

Mg Mg
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Therefore, ||Ta(A)llpyc,) # 1Allmyr,) » and then T is isometric but not com-

pletely isometric.

O

Example 1.2.13. Let{E; J}%le denote the matrix units on M. LetT : My — My
again denote the transpose map. We shall see that T is a positive map but
not completely positive. It is easy to verify that the transpose of a positive

matrix is positive. So T is positive. Now consider Ty, : Mo(Ms) — My(Ms) and

[Ell E12):
E2y Eoo

note that

— O O
o © O O
o O© O O
— O O

is positive, but

S = O O
o O ~ O
— O O O

is not positive. Thus T is a positive map but not completely positive.

Example 1.2.14. We shall now consider the case of a bounded but not com-
pletely bounded map. To this end, consider a separable, infinite-dimensional
Hilbert space H with a countable, orthonormal basis { ei};~,. Every bounded,
linear operator A on H defines an oo X co matrix [{e;, Aej)]. Define then a map
T : B(H) — B(H) by the transpose with respect to the basis. Then T will be
an isometry, but ||T4|| > d, i.e. it is a bounded but not completely bounded

map.

Proof. Note that we can write T(A) = JA*J for every A € B(H), where J €
B(H) is the conjugate linear map such that J(x) =J(3;{e;, x) e;) = Zimei.
Note also that J is an isometry since lIx|I? = 2o l(ei x) |2 = ||J(x)||? for ev-
ery x € H and clearly J2 = Idy. Thus we can easily verify that for every
A€ B(H), ||JA*J|| = ||A|| which means that T is also isometric.
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Now let {E; J}Z‘]T:l be the matrix units on H and fix an integer d € N. The

matrix units E;; are defined on the basis by

e; if Ik :j
E; j€k =
0 if k#j.
It also holds that E;;Ey,; = 6jE;; and E; = T(Eij) = Ej;. Sofor A= [Ej,i]l?f].:l €
M4(8B(H)), which is the element whose (i j)th entry is the matrix E;;, it

holds that ||A]| = 1. Indeed,

IAI? = [|[aa*| = (B - 1B = || (Bl - [Eq|
d
= [ZEk,iEj,k]‘
k=1
d
= [Z 6ijEx ]
k=1
d d
= diag(ZEk,k) = ZEk,k =1
k=1 k=1
However,

ITaAIP = ITE 0| = 1B

= ||[Eij] [Eyyl”*
= Bl Lyl
= taEyll| = ]

Where from the equalities above we conclude that ||[El- J]” = d and thus
ITq(A)|| = d. Therefore || Tyl > d. a

We will now prove a very standard proposition that will be used often,

but first we need the following lemma.

Lemma 1.2.15. Let A be a C -algebra with unit and a € A. Then,

1 a
lal<1e|™ >0
a* 1lg

(meaning that it is positive in My (A)).
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Proof. Represent A on a Hilbert space H through the map n: A — B(H)
and set n(a) = A. If ||A]| < 1, then for all x, ye H

x| |1 A}lx
<( ][ \ )[ )>=<x,X>+<x,Ay>+<Ay,x>+<y,y>
Y 1)y

> |IxII* = 2NAll- lyll - bl + 11yl = (bl = 1lylh* = 0

Conversely, if [|A|| > 1, then there exist vectors x,y € H such that (Ay, x) <

—1 so the above inner product will be negative. O

Proposition 1.2.16. Let A,B be C -algebras with units T : A — B be a

completely positive and unital map. Then,
ITllen = 1Tl = 1

Proof. For any unital map, it holds that, 1 = ||[T(14)|| < ||TI| < ||T|cp - As for
the converse suppose that we have x € My(A) such that ||x|| < 1. From the

lemma above we deduce the positivity of

(lMd(fo

. ] € My (Mg(A))
x 1pq(A)

and from the fact that T is completely positive and unital we conclude that

v,y X 1yvys) Talx)

x 1p,(70) Ta(x)* 1py®)
is a positive element of Ma(Mqy(8)). Use the lemma again to conclude that
|[Ta(x)|| < 1, and so ||T4|| < 1 for every d € N. Thus ||T||cp < 1. O

1.2.2 Dual spaces

We shall now provide an o.s.s. to the dual of an operator space X, namely,
X* = B(X,C). The goal is to introduce an appropriate norm to the space
Mq(X*). First though, we are going to need the following results from

operator space theory.

Proposition 1.2.17. Let X be an operator space and T : X — Mg be a linear
map. Then ||Tllc» = [|Tall.
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Proof. See [11] Proposition 2.2.2. O

Corollary 1.2.18. Let X be an operator space and ¢ : X — C be a linear
map. Then |@llch = |9l

Remark 1.2.19. As we’ve already seen, completely bounded maps are
bounded, so for operator spaces X, Y we have that, CB(X,Y) C B(X,Y).
Houwever, as we see in Corollary 1.2.18, in the case of linear functionals the

converse is also true, so
X*=8B(X,C)=CB(X,C) (1.2.3)
Finally, using the isomorphism
Mp(CB(X,Y)) = CB(X, Mp(Y)) (1.2.4)
(@] @ (x = [oy10) 1= [py(0)) (1.2.5)

we define the sequence of norms on M,(CB(X,Y)) to be

l@gllln := IPllcam vy = sup{ll@g(a)lllnm : [xia] € Ball(Min(X)), m € N
(1.2.6)
making the identification M,(CB(X,Y)) = CB(X, Mp(Y)) isometric. The se-
quence of matrix norms (M,(CB(X,Y)),| - ||,,) satisfy the conditions M1 and
M2 and thus by Ruan’s theorem turns C8(X,Y) into an operator space.
In particular, the case of Y = C yields an o.s.s. for the topological dual of
an operator space X. As we already saw X* = CB(X,C), so X" is an operator

space called the operator space dual of X.

One can also consider the tensor notation to get a simpler realisation
of the associated c.b. map. We know that My ® X* = My(X™); the previous
identification associates a ¢ = }; a;® x;' € Mq(X*) to the map T? given by

Ma(X") = CB(X. Ma) (1.2.7)
¢'—>(T¢:UHZXT(U)ai) (1.2.8)
i
This leads to the sequence of norms

@l sy = ITllep - (1.2.9)
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But since T? : X — Mg, by Proposition 1.2.17 we have

l@llauxsy = ITSNN (1.2.10)

An interesting fact about the duality of operator spaces is that they turn
the canonical inclusion map to the second dual into a complete isometry.

Recall that the canonical inclusion 7: X< X** is specified by its action:

X (f € X" 1[x](f) :f(x))

Proposition 1.2.20. If X C B(H) is an operator space, then the canonical
inclusion
T: X—> X"

is completely isometric.

Proof. Fixan ne€N and [x;;j] € M,(X). Then [1(x;;)] € M(X™). Recall relation
(1.2.6)
(G, =sup{|[[zGa) e, : Uil € Ball(M (X)) m € N}
= sup{ | Uit : U] € Ball(Min(X7)), m € N}

<[l

Now since ||[I(Xi J)]”n equals the supremum above and M,(X*) = CB(X, M;;,)

we can see that

(x|, = sup{[|F eI, :f € Ball(CBX. M), m € N

hence it suffices to prove the following claim:

Given n €N, £ > 0 and [x;;] € Mr(X), there exists an integer m € N and a
completely contractive u : X — M, such that ||[u(x1~ J)]” > ||[xi J]” —e.

Proof. As we know, if X C B(H), then [x;j] € Ma(X) C B(H™); thus we

can write its norm as

el = SUP{‘ <[xu]y, Z>' RIAS Ball(?—{(”))},
So if we are given an ¢ > O there exists y, z € Ball({""V) such that

'<[xiJ]y,Z>) > ||Exil]],, - e
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If y = (yx) and z = (z,), where yy, zi € H then this inequality becomes
5 )
i.j

Now let K = span{yi,...,Yn,Z1,...,2,} in H. Since K is finite dimensional

> il - -

there is an isometric *-isomorphism 7 : 8(K) — M,;, where m = dim(K). We
know from the theory of C*—algebras that m is completely isometric. Let
Pk : H — H the projection onto K and T : B(H) — B(K) the map T(x) =
Pkgx|g which we can verify is also completely contractive. Let u=moT

and note that u is completely contractive too. We have <[T(xi Dy, z> =
iy <T(xij)yj’zi>, so

e, = | > (T z)
ij

= 'Z <PKxinj’ Zi>
ij

since both y; and z; belong to K. Thus,

=| 22 ()
i

> L], -

g, = ltmcreapl], = iTeapill, = | > (xijys. z)
ij

Corollary 1.2.21. Let X be a finite dimensional operator space. Then,
Mp(X) = Mp(X™)

isometrically for all n € N, via the canonical inclusion 1t : X — X** (which is

an isomorphismy).

Example 1.2.22. Duality allows us to introduce a natural o.s.s. on the
space 0} as the dual of I5,: Let A= }; A;®e; denote an element of My(87) =
CB(l5,, Mg), where {e;}}" , is the basis of £] dual to the usual basis {e;}} | of
I, and A; € My. Then by identifying again as in the relation 1.2.7 using the

analogous map with 1.2.8 we have

Ma®(L5)" = CB(ly,. Ma)
A (TA N O g ZAil)i)
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where v € 82, is written as v = Y,}}_, vkek. Then again ||T4||ep = ||T4 || where

T4 = Idp, ®T* : Ma(2L) — My

ZBi®eil—>ZBi®Ai
i i

So we have

.ZA{@G?
i

— ] = sup

1Al Mgy =

Mq(2})

TQ(Z Bi®e;) =1

. Z Bi ® e;
Mp 1T Ma(2)

ZBi@Ai ZBi@)ei
i i

= sup; ||Billy, as we saw in example 1.2.10, we

=1

= Sup{ :
Md2 Ma(%,)

and since ||ZiBi ® ei”Md(ggo)

conclude that:

:mmM@wmme

Md2

Al = sup

ZBi®Ai
i

1.2.3 Bilinear forms and tensor products

As in the case of linear maps between operator spaces, we would like to
introduce some of the notions to bilinear forms.
Let X, Y be two operator spaces and B: X XY — C a bilinear form. For

every d € N define a bilinear operator

Ba : Mg(X) X Mg(Y) = Mg
(a®x,b®y)— B(x,y)a®b

For every a,b€ My, x € X, y€ Y. We say that B is completely bounded if its

completely bounded norm is finite

IBllcp := sup[|Ball < co
deN
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more specifically

sup||Bgll = sup{lle(A,B)lll\,Id2 :deN,AeBall(M;y(X)), B € Ball(Mgy(Y))}.
deN
We denote by CB(X X Y) the space of all completely bounded bilinear forms

from X XY, equipped with the c.b. norm.

The natural one-to-one correspondence between bilinear forms and ten-
sor products will play an important role throughout this thesis. It is ob-

tained through the identifications
B(XXY)=(X®Y)" B(XXY)=LX.Y"
B (xey - Blxy) B (T (T4 = Bx.y)

and if the spaces X, Y are finite dimensional, one has the natural algebraic
identification (1.1.3)

BXXY)=2X"®Y".

where the latter identification or can be made isometric by introducing the
injective norm (Definition 1.1.3) for normed spaces X, Y.

Recall that the injective norm of z€ X®Y is defined by

lzllxe,y := sup{‘((z,x”‘@y*)) :x* eBall(X"),y" € Ball(Y*)},

and thus, if X, Y are finite dimensional, then (Remark 1.1.7) for every

bilinear form B: X XY — C, we have
IBIl = lIBllx*g,v*

where B € X*®Y* is the tensor associated to the bilinear form B, given by
B=73,;Ble.f)e} ®f €X' ®Y".

The correspondence can be extended to the case of operator spaces,
through the minimal tensor norm (Definition 1.1.17). However one may
use the equivalent definition which we derived in Proposition 1.1.26: Let

z€ X®Y, then the minimal tensor product of z will be

|zl x@, Y = Sl;PHZHX@mde (1.2.11)
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where

2l x@ming v = sup{ll(T@ S)(z)llMd2 : T € Ball(CB(X, My)), S € Ball(CB(Y, Md))}
(1.2.12)

With this definition, it is now easy to verify that whenever X and Y are finite
dimensional we have another isometric identification between the space of

bilinear forms and the tensor product of duals.

Remark 1.2.23. Let X, Y be finite dimensional Banach spaces, then if we en-
dow X*® Y™ with the minimal tensor norm and B(X X Y) with the completely
bounded norm, the identification B(X XY) = X*® Y* becomes isometric:

CBXXY) =X " Qnin Y™ (1.2.13)

and thus

IBllch = 1Bl x+ @y - (1.2.14)

Proof. Note first that since X is finite dimensional we canonically isometri-
cally identify it with X™ (it is reflexive) and thus we also identify isometri-
cally Mg(X) with My(X*™) by Corollary 1.2.21. Thus, if a®x € My(X), recall
that from the correspondence in identification 1.2.7, its norm can obtained

from the c.b. norm of the associated map
P €X' T(p) = ax(¢) = ap(x) € My.

Hence, [la® x|ly,x) = ||Ta®x||cb.

Nowletd > 1, x = )} i ® x5 € Ball(My(X)) and y = >} bi®y; € Ball(My(Y))
where aj,b; € Mg, x; € X and y; € Y. For each k,l we have that x; =
i€ (e and yp = 3 J}*(yl) )f;» then if we denote by SZiP®UI the associated
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map to y = ) bj®y; we have

Bd(z aje ® Xy, Z bl®y1)
ke l Mo
— Z bl-J( Z e}k(xk)ak) ® ( ij*(yl)bl)
i R ]

= ‘Z biJ(TZkak@xk(ef)) ® (SZI b’®yl(];~*))
ij

Z B(Xie, yp)aic ® by
ol

a2

d

Md2

= ||(T2k W®Xe @) g1 bl®yl)(B)

|Md2

A

<||B

X*®mindY*
Taking the supremum over all d > 1 and x € Ball(Mg(X)), y € Ball(My(Y))
we obtain ||B|., < ||B|

X*®minY*'
As for the reverse inequality, notice that by the correspondence 1.2.7

again we identify a map T € CB(X*, My) with an element }}; a;® T; € Mg(X™)
and again see it as an element of My(X) which implies that we can write
each T; = Y e (Tyex = X Ti(e,)ex and consequently >;a;®T; = },;a; ®
(Xk Ti(ep)ex). All these identifications are isometric, thus we can proceed
as follows: For d > 1, T € Ball(CB(X*,Mg)) and S € Ball(CB(Y™, My))

1Ball 2 [Ba Y o (" Tiepen). > o (Y 7))
i Tc 7 1

= Z B(ek,fl)( Z aiTi(e;;)) ® ( Z bjSJ'Ul*))
el i J

> bri(T(ED) @ (SK)
k1l

Md2

= H(T@S)(B)

Md2

Since d > 1 and the operators T € Ball(CB(X™*, Mg)) and S € Ball(CB(Y™, My))

were arbitrary we finally have

IBlle» > || B|

X*Qmin Y™’



and hence the equality is proved.
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Correlation matrices, Bell functionals and

games

2.1 Correlation matrices

Let us consider again the Alice and Bob scenario discussed in the Intro-

duction. We can generalize to the case of more than two measurements,

that is, Alice can perform N different measurements A;,...,Ay and simi-
larly Bob performs By, ..., By, each with possible outcomes +1. Let us also
write

yxy = E[AxByl, forevery xy=1,....N (2.1.1)

Here, E[A,By] denotes the expected value of the product of the outputs of
Ay and B4y for every x, y.

Definition 2.1.1. The matrices y = (yx,y)g y=1" where yyy = E[AxBy] for all

x,y=1,...,N are called correlation matrices.

In a Local Hidden Variable model of Nature, correlation matrices are of

the form
Yy = fA Ax(ABy (M) dP(A) (2.1.2)

where (A,P) is the "hidden" probability space, and if we fix one of these
states j1€ A, Ax(A) = +1or— 1 and similarly for By(A), for every x,y. We

67
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call these matrices, classical correlation matrices and denote by Ly the set
of classical correlation matrices of size N. Note that the elements of Ly
are those matrices whose entries E[A,By] given by the expected value of
the product of the outcomes of the binary measurements A, and By when
we describe the corresponding measurement procedure by using a Local
Hidden Variable model as we did in the Introduction.

It is straightforward to verify that each classical correlation matrix is a
convex combination of elements of the form (txsy)g y=1 where t, = +1 and

sy = =1, for every x,y=1,...,N. Thus,
Ly = Conv{(txsy)ﬁyzl ‘te=%1,sy==x1, forevery xy= 1,...,N}

Hence, Ly is a polytope in RV,

In Quantum Information Theory, a measurement process on a bipar-
tite system usually involves two finite dimensional Hilbert spaces H1,Ho
corresponding to Alice and Bob respectively, and a state p € S(H1H5).
Furthermore, each of Alice’s measurement outputs A, is described by the
positive operators {Ey,Id —Ey} C B, (H ® H2) where E, is the operator asso-
ciated with the output 1 while Id —E, is associated with -1; similarly Bob’s
outcomes By, are described by {Fy,Id —F,} C 8. (H ® H2) with F,, associated
with 1 and Id—F, with -1. Then, if Alice and Bob perform measurements

Ay and By, the corresponding table of probabilities is the following:

Tr ((EX®Fy)p) is the probability of outputs 1 and 1
Px.y) = Tr ((Ex ®(Id —Fy))p) is the probability of outputs 1 and -1

Tr (((Id —E,) ®Fy)p) is the probability of outputs -1 and 1

Tr (((Id -E,)®(d —Fy))p) is the probability of outputs -1 and -1

So we can compute

Yxy = E[AxBy] =[P(1, 1|x,y) + P(-=1,-1|x,y)] - [P(-1, 1|x, y) + P(1,— 1|x, y)]
= Tr((Ex ® Fy +(Id—Ey) ® (Id —Fy) — Ex ® (Id —Fy)) — (Id —E,) ® Fy)p)
=Tr(((1d —2E,) ® (Id-2F,))p)
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Note also that if we write A, = Id -2E,, this is a selfadjoint operator of
norm [|Ay|| < 1 and every selfadjoint operator ||A|| < 1 can be written as
Ay =1d-2E, where E, is a positive operator of norm less than or equal to
one (see Section 3.1). Similarly, if we write B, = Id-2F for every y, we

reach the following definition.

Definition 2.1.2. We say thaty = (yx,y)ﬁ y=1 s aquantum correlation matrix

if there exist selfadjoint operators Ay, ...,Ay and By, ..., By acting on Hilbert
spaces H and Hy respectively, with maxy{||Axll. ||By||} <1 and a state p
acting on H1®H 4, such that

Yxy = Tr((Ax®By)p) Jorevery x,y=1,...,N.
We denote by Qy the set of quantum correlation matrices of order N.

The extreme points of the set of states S(H) are called pure states. These
extreme points are exactly the rank-one projections of the form |yw){y|.
Indeed, just note that any positive, trace-one operator p admits a spectral
decomposition of the form p = }7_; Ai|u;){w;| where A; > 0 are its eigenvalues
and {u;} is an orthonormal set of its eigenvectors, };!_, A; = 1 since its a
trace equals to one and r = rank(p). However we will often refer to a unit
vector |y) itself as a pure state or a state vector.

As we will see, in the definition of the set quantum correlation matrices,
the states can always be assumed pure. This comes as a consequence of

the process called state purification. Namely,

Definition 2.1.3 (Purification). Let p € S(H) be a state. There exists a unit
vector |y) € H®H', where H' is simply an auxiliary Hilbert space, such
that Trqp (lw)(yl) := Idy Tr)(|yw){yl|) = p. We say that the vector |y) in the
extended Hilbert space, is a purification of the state p.

Such a purification indeed exists:

Remark 2.1.4. The states in the Definition 2. 1.2 the states can be purified.
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Proof. In order to obtain such a purification, suppose that we have a state

p € B(H). Being positive, p admits a spectral decomposition
r
p= ) Mlug)ul
i=1

where A; > 0 and })}_; A; = 1, since p has trace one. Then a purification of

p is given by

r

W)= VAl e lw)
i=1
where |y) € H®H’ and the auxiliary Hilbert space H’ is of dimension
r. Finally, if we further replace the selfadjoint operator ||A|| < 1 with A :=
A®ldg, we obtain an operator acting on the extended Hilbert space H @ H’
that is also selfadjoint and ||A|| =||A|| and such that

Tr(Ap) = Tr (Aly)(yl)

So the probabilities are preserved, and hence by increasing the dimension
of the original Hilbert space, we can restrict our attention to the case of

pure states. O
As in the case of Ly, we can see that Qy is also convex.

Proposition 2.1.5. The set Qy of quantum correlation matrices is convex.

Proof. Indeed, let y,y’ € Qy and t € [0,1]. Then, y,y = Tr(Ax®Byp) and
Viy =Tr (A;C®B’yp’), where Ay, A}, By, By.p,0’ are operators on H as in the
definition and we will show that ty+ (1 —t)y’ € Qy. To this end, we define

the following elements

to 0 0 0
. (A o) . (B, © 000 O
x = , y = and p=
0 A, 0 B, 000 0
0 0 0 (1-t)
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where Ax,By are selfadjoint operators of norm lower than or equal to one,

p is a state. Observe that

B, O

Ae O A®B e P ©
Ax@By:[ox A’]®By:( XQ ) A’®B]: ’ B, O

X X y O A;@( y
0 B,

Ax® By 0] , o
U o AwB,
O A, ®By 0
0 A,®B
So we conclude that
Tr(AX®By,5) = tTr(Ax®Byp)+(1 - t)Tr(A;@»B’yp’)

for every x,y=1,...,N and this finishes the proof. O

It is not hard to verify that Ly C Qy, in fact we prove a similar result in
Remark 2.2.10.

We shall now move towards the so called Bell inequalities. Every ma-
trix M = (Mx,y)g y=1 € Mpn(R), defines a functional M acting on the set of

correlation matrices by means of the duality:

N
M, y)) = Z Miy.yYxy

x,y=1
We call correlation Bell functional any matrix M = (Mx,y)y y=1 with real coef-

ficients. To any such matrix M = (Mx,y)f y=1 We can associate an inequality

N
Z M, y¥Yxy

x,y=1

< (M)

where

N
Z My yyxy| iV = (Vx,y)gyzl € LN}

x,y=1

(M) := sup{

= sup{

N
Z My ytxSy| - tx =x1,sy =1, forevery x, y}
x,y=1
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is called the classical value of M. Here, the last inequality follows by
convexity of the set Ly .

A (correlation) Bell inequality is an upper bound on the quantity w(M). Ac-
tually, we have already seen a Bell inequality. Indeed, the CHSH inequality
derived in 0.0.3 in the Introduction, corresponds, using this framework, to

the Bell functional:
1 1
M=

where, as we showed, there exists a certain quantum correlation matrix

y € Qy for which

N
D Meyyey=2V2.

x,y=1
In such a case, we say that the correlation y violates the corresponding
correlation Bell inequality or that we have a Bell inequality violation.

We can also define the quantum value of a Bell functional M as

N
Z My, yYx.y

x,y=1

@ (M) := sup{ ty= (Yx,y)g,yzl € QN}'

We will be studying these values throughout these notes due to their
significance for the theory of nonlocality. In the next section we extend
the notions discussed into a more general context, however, many of the

results can be also applied to the case of correlation matrices.

2.2 Quantum nonlocality: The general case

We have already encountered Bell functionals in the previous Section. As
we saw, a correlation Bell functional was a functional acting on correlation
matrices. In order to fully unveil the connection between the theory of
nonlocality and that of operator spaces we need to extend these notions,
starting by establishing the more general sets of conditional distributions.
Given finite sets X and A denote by P(A|X) the set

P(AIX) = [P = (P(alx)), o eREX : Vx €X, Z P(alx) = 1

acA
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In the case of bipartite conditional distributions we will use notation P(AB|XY)
instead of P(AXB | XXY).

Definition 2.2.1 (Bell functional). A Bell functional is simply a linear form

on RABXY " Any such functional is specified by a _family of coefficients M =
(M)‘jf’é’)x,y;a,b € RAXBXXXY qnd its action on P(AB|XY) is given by

P € P(AB|XY) — o(M:P) := Z MZPP(a, blx,y) €R. 2.2.1)

x.y;ab
We will refer to X and A (respectively, Y and B) as the number of inputs
and outputs to and from the first (respectively, second) system acted on by
the Bell functional.
A Bell inequality is an upper bound on the largest value that expression
2.2.1 can take when restricted to the subset of P(AB|XY) consisting of
classical conditional distributions which correspond to the convex hull of

product distributions:

Definition 2.2.2. We define the set of Classical probability distributions to
be

Po(ABIXY) = Conv(PAXQ(bly)xyan : P € PAIX).Q € PBID)|.

It follows from the definition that Po(AB|XY) is a closed convex set of
RABXY

Definition 2.2.3 (Bell inequality). Let M be a Bell functional. A Bell inequality

is an upper bound on the quantity

(M) = sup |w(M; P)|. (2.2.2)
PePc(AB|XY)

We refer to w(M) as the classical value of the functional M.

The second value associated to a Bell functional is its quantum value

(or entangled value), which corresponds to its supremum over the subset
of P(AB|XY) consisting of those distributions that can be implemented

locally using measurements on a bipartite quantum state:
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Definition 2.2.4. We define the set of Quantum probability distributions to
be

Po(AB|XY) = {(<¢|A§§®Bg|w>)x vyt AEN.Yllcsg, 0o = 1,42, BY € BT,

ZA;‘ - ZBZ = Idea, Y(x, ) eXxY}
a b

The constraints A € 8,(CY), ¥, A% = Idca for every x, correspond to
the general notion of measurement called positive operator-valued measure

(POVM) in quantum information.

Definition 2.2.5 (POVM). A positive operator-valued measure on a Hilbert
space H is a set (L} | € B(H) with L; > 0, for every i and ¥, L; = Idy.

It has been quite a problem for many years, whether the set of quantum
probability distributions (Definition 2.2.4) is closed or not, it is now known
that in certain cases it is not! (See [13], [14]).

The notion of a POVM is actually closely related to the theory of operator

spaces, in fact we will prove the following result.
Proposition 2.2.6. Let {A“¢ }‘;‘:1 be a POVM on CY, then the linear map
T: 02 - My

eq— A%

is completely positive and unital and thus by Proposition 1.2.16, it holds
that ||T||, = 1. Conversely, any completely positive unital map T : I2 — My
defines a POVM.

First we are going to need the following Lemma

Lemma 2.2.7. If x = [x5] € M, is a positive matrix and a € 8 is a positive
element of a C* algebra, then x® a = [xjja] is a positive element of the C*
algebra M, (8).

Proof. Observe that the the matrix x® a = [xja] is just the matrix product

[xij]diag(a) (where diag(a) € M,(8B) has a in each diagonal entry and zeroes
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elsewhere). Note, that these two matrices commute. Now, there exists b €
B, such that b?> = a and so diag(b)2 = diag(a). Thus diag(b) also commutes

with x and therefore
[xijldiag(a) = [x;g]diag(b)2 = diag(b)[xyj]ldiag(b)

which is a positive element of the C* algebra M,(8), since it is of the form

cuu®c = (cu)(cu)* where ¢ = diag(b) and [x,5] = uu” since it is positive.

We can now proceed to the proof.

Proof. (Proposition 2.2.6) Notice first that if x = (xg) € 4 then x = Y xq€q
and thus the map is defined as T(x) = ), x;A%. This map is clearly positive,
because x € /4 is positive iff all its coordinates x, are non-negative.

We claim that T is completely positive.

Indeed, suppose x € M,(P2) is positive; we have to prove that Typ(x) €
M,(My) is positive. We may write x = Z‘gzlxa ® e, where e, € P4 are the
elements of the usual basis and x,; € M,,.

Then

A A
Tr(x) = (Idy, ®T)(x) = Z X ®T(eg) = Zxa®Aa
a=1 a=1
and so it suffices to prove that each term x, ® A% is positive which is indeed
verified by the Lemma above. Finally, we have that T, is positive for all
n € N and thus T is completely positive. The unital part comes easily since
Ya€a=1p and consequently T(1,0) = T(Xq€a) = g T(€a) = 2q A% =1g. O

Remark 2.2.8. In fact the following result of Stinespring holds: A positive
linear map from any abelian unital C* algebra C(X) into any C* algebra is
necessarily completely positive (the proof uses partitions of the identity, see
[9], Theorem 3.11).

With the definition of the set Po(AB|XY) that we have,

Definition 2.2.9. The entangled value of M is defined as

o (M) = sup  |w(M;P)|
PeP(AB|XY)
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Remark 2.2.10. Every classical probability distribution is also a quantum

one, namely:
Pc(AB|XY) C Po(AB|XY)
and as consequence, it holds in general that
(M) < &"(M).

Proof. Let P € Pc(AB|XY) be an arbitrary element. Then there exists a K €

N and {t } , with t; >0, ZK_lt =1suchthat P= Z i(Pi(alx)Qi(bly))x b
Usa,

(Zi:1 tPi(alx)Q! (bly))x b For every a € A and x € X we set
P!(alx) O

P(alx) = Pi(alx) € Mk

O PX(alx)

and also, for every beBand yeY

Q' (bly) O
Q(bly) = Q'(bly) € My
O Q" (bly)
Clearly, for every xe X and y €Y, {P(alx)} and {Q(bly)}, define POVM'’s on
CK. Consider the vector |y) = \/_ lity e CK®CK. This is a pure state,
indeed:

K K K
llwll = <Z \/?i|ii>,z \/?111]>> = Z \/E\/E<ei®ei,ej®ej>
— = =
—Z\/E\/_ el,ej el,ej Zt‘_l
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Finally, note that (P(alx)® Q(bly)lw) = 3; V&P(alx)e; ® Q'(bly)e; and
thus, foreach a €A, xeX ,beBand yeY

(YA(P(alx)® Q(bly))w) = <Z Vie®e. «/Epi<a|x>ei®9‘<b|y>ei>

Jj i

- Z Vi \/E<ej,Pi(a|x)ei> <ej, Qi(bly)ei>
ij
= Z thl(CllX)Ql(bly)

So we have

x,y;a, x,y;a,b'

K
P=( ) tPakgQi(bly) . =((wl(P(ax)@Qbly)iy))
i=1

O

Hence we always have that w(M) < @*(M). We say that we have a Bell
inequality violation when the inequality is strict: when we have an M such
that w(M) < @*(M). The existence of such Bell functionals shows that the

set of quantum conditional distributions is strictly larger than the classical

one.

2.2.1 Connection with correlation matrices

According to the definition of the sets P¢(AB|XY) and Pg(AB|XY), we
can understand the setting of correlation Bell functionals studied in the
previous section as a particular case of the setting considered in this sec-
tion. More specifically, let us consider the situation where A=B ={-1, 1}
and X =Y ={1,...,N} and compute the correlations of a given probability
distribution P € P(AB|XY). That is, for every x,y we have

Yxy = E(axby) = P(1, 1|x,y) + P(-1,-1|x,y) — P(-1, 1|x,y) - P(1,- 1|x, y)

where we can see that the set of correlation matrices (yx,y))lg y=1 Written in
this form coincides with the set of classical correlation matrices £y when
we restrict to P € P¢(AB|XY) and also coincides with the set of quantum

correlation matrices Qy when we restrict to P € Po(AB|XY).
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2.3 Multiplayer games

Let’s begin with the simple two-player one-round games G = (X,Y,A,B, , V),
which are specified by finite sets X,Y,A,B, a probability distribution 7w :
XXY — [0,1], and a payoff function V : XXYXAXB — [0,1]. One could
think of the game as the following process: Suppose that there are two
players, Alice and Bob. The finite sets X and Y represent the questions
addressed to Alice and Bob respectively, and the finite sets A and B rep-
resent the answers that Alice and Bob give, respectively, according to the
questions given to them. The questions are addressed to the players by
a referee, who is selecting the pairs of questions (x,y) € XXY according
to the distribution . During the game Alice and Bob are separated in
the sense that they are so far away that information, which travels at a
finite speed, cannot be exchanged between them until they produce the
answers. That is, they cannot communicate with each other and come up
with a mutual strategy. This is a one-round game: the game begins, the
players are provided with a pair of questions, they give their answers back
and the referee declares that the players "win" the game with probability
V(a, b, x, y); alternatively we may say that the players are attributed with a
"payoft" V(a, b, x,y) for their answers. The players give their answers using
a probabilistic "strategy", which is an element of P(AB|XY). The value
of the game is the highest probability with which the players can win the
game, where the probability is taken over the choice of questions accord-
ing to the distribution m, each players’ strategy and the payoff function.
Alternatively, the value of the game can be interpreted as the maximum
expected payoff than can be achieved by the players.

Multiplayer games are the sub-class of Bell functionals M such that

all the coefficients M,’i'; are non-negative and satisfy the normalization
condition Zx’y;a,ngf = 1. Indeed any game induces a Bell functional
chl”f; = n(x,y)V(a, b,x,y) for every a,b,x,y. This connection allows us now
to extend the definitions of classical and entangled values given earlier, to

the corresponding quantities for games. More specifically, given a game G,



we define
w(QG) = sup Z (x,y)V(a, b, x,y)P(a, b|x, y)
PEPC(ABIXY) | o p
@ (G):=  sup D nley)Via b,x.y)P(a blx.y)
PEPQ(ABIXY) |\ oy
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(2.3.1)

(2.3.2)

The values above are precisely the highest probability of winning the game

G when the players are allowed to use classical resources in the first case

and quantum resources in the second case.

Conversely, any Bell functional with non-negative coefficients that sat-

isfies the normalization condition, can be made into a game by setting

(X Y) = Dab Mff,’yb and V(a,b,x,y) = Mg’!f’/n(x, y).
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XOR games

3.1 Prologue

XOR games are the simplest and more comprehensible class of two-player
one-round games that are interesting from the point of view of Quantum
Nonlocality. The characteristic properties of XOR games provide us with
numerous results that underline the connection of nonlocality with the
theory of Banach space tensor products and operator space tensor prod-
ucts.

Two-player XOR games correspond to the restricted family of games
for which the answer alphabets A and B are binary. More specifically,
A =B ={0,1} and the payoff function V(a, b,x,y) depends only on x,y
and the parity' of a and b. We will restrict our attention to functions
of the form V(a, b, x,y) = %(1 +(=1)%®P%%) for some cy, € {0, 1}, where a®b
is the "Exclusive or" (XOR) 2. We will further restrict to the case where
X=Y={1,...,N}, but the general situation is completely analogous.

In general, a strategy for the players is specified by an element P €
P(AB|XY) which gives the probability that Alice and Bob answer a and

b when they are asked questions x and y respectively. Given one such

'In Boolean algebra, a parity function is a Boolean function whose value is 1 if and

only if the input vector has an odd number of ones.
2The Exclusive or (XOR), denoted by p® g, is the logical operation : p®q= (pA-q)V

(=pA Q).
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strategy the value achieved by P in G can be expressed as

N
®(GiP)= ) ) m(xy)V(a b,x.y)P(a,blx )

x,y=1a,b
N 1 +(_1)a®b€chy
= > ) nlxy) P(a, blx, )
2
x,y=1a,b
1 N
=5%5 Zn(x, Y)(—1)*¥[P(0,0lx, y)+P(1,1lx, y)—P(0,1|x, y)—P(1,0lx, y)].
x,y=1

This last expression motivates the introduction of the bias of an XOR game,
B(G;P) :=20(G;P)—1€[-1,1],

a quantity that will prove more convenient to work with than the value of

the game. Hence,

Definition 3.1.1. Let G be a two-player XOR game, then its bias is defined
to be

B(G;P) :=20(G;P)—1
N

= Z (x, y)(—1)*¥[P(0,0lx, y) + P(1, 1lx,y) — P(0, 1|x,y) — P(1,0lx, y)]
x,y=1

Optimizing over classical strategies, we obtain the classical bias 8(G) of
an XOR game:
B(G):= sup  |B(G;P)|

PeP:(AB|XY)

N
- S (x, y)(=1)%¥(P(0lx) — P (1]x))(P?(0ly) - P?(1|y)
PIEP(AIX;TIE%P(BW) X;IE x4 ( X X )( y y )

With the above definition of the classical bias, one can obtain the following

simpler form:

Proposition 3.1.2. Let G be a two-player XOR game, then its classical bias
is given by

N

B(G) = sup
AeBall(2Y.(R)), BeBall(2Y,(R))

TE(X, y)(_ l)cxyAxBy

’

x,y=1
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where A € Ball(#Y (R)) is in the unit ball of Y. (R), that is, A = (A,) € RN and
lAlleo < 1.

Proof. To verify the above equality, note first that the quantity A, := P'(0|x)—
Pl(1]x) is indeed in Ball(?Y (R)) since P!(0|x)+P!(1jx)=1forall 1 < x < N.
So the classical bias B(G) is smaller that the quantity on the right-hand
side. As for the reverse inequality, let A € Ball(#Y,(R)). For each A, € R with

|Ax| < 1 we can write A, = AXZH - I_ZAX where we have that A,(0) := A"ZH >0,
A(l):= 1_2A" >0 and Ax(0)+A,(1) = 1 which confirms the equality between
the suprema since (Ayx(a))xq € P(A|X). O

To the game G, we may associate a bilinear form, which we also denote
by G : N ([R)x N (R) — R (slightly abusing the notation), defined on basis
elements by G(eyx,ey) = m(x,y)(—=1)>v. Let also G be the associated tensor

defined in 1.1.4, namely,

N
G= Z m(x y)(-1) e, ®e, € N R)® IV (R).
x,y=1
Thus, the classical bias we defined above can be related to the norm of
the associated bilinear form and the injective tensor norm of its associated

tensor:

Corollary 3.1.3. Let the XOR game G be associated with the bilinear form
G € B(IN(R)x IN(R),R) and the tensor G € Y (R)® &Y (R), then

B(G) = “G”gg(gg\fo(R)xgé\é(R)) . (3.1.1)

Moreover, by relation 1.1.6 we also have

B(G) = ||G||efl\’(R)®€elf(R)' (3.1.2)

The corollary above marks our first connection between the theory of
games and that of Banach spaces and allows us to compute the bias of a
game in terms of tensor norms. Note that the norm in 3.1.1 is taken over
the real Banach spaces Y (R). In case we need to consider the complex

ones, we have the following result.
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Lemma 3.1.4. Let G € B(!Y(R) x Y (R)) be a real bilinear form. Then,

IGlg e @y < IGlsecxescy < V2IGse @)
Moreover, for each inequality, there exists a G for which it is an equality.

The first inequality in the lemma is obvious; for the second one, see [15].
A bilinear form, for which the second inequality becomes an equality is the
following:

1
GensH : (ex. ey) - Z(—l)’my (3.1.3)

for all x,y € {0,1}. This bilinear form corresponds to the famous CHSH
inequality that we already encountered in the Introduction, and for which
Quantum Mechanics predicts a noticeable violation. We shall deal with this
violation later after having established an explicit form for the entangled
bias of an XOR game.

Let’s consider first the entangled bias of an XOR game by means of
Definition 3.1.1 :

B(G):= sup  |B(G;P)|
PePo(AB|XY)

N
= sup D iy~ 1u(yl(A2- AY) e (B - By )lw| -
d;llyll=1.{AZ}.{BLIPOVM's | x,y=1
Where the supremum above is taken over integers d, unit vectors |y) €
Cc!e®C? and POVM’s on C9.
Similarly to the classical bias, we can relate the entangled bias to a

certain operator space norm, namely:

Proposition 3.1.5. Let G be a two-player XOR game, then its entangled

bias is given by

N
ﬂ*(G)=SUP{ > e y)(-1)A® B, }

x,y=1

where the supremum is taken over all integers d € N and selfadjoint elements

A,B e N (My) of norms less than or equal to 1.
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Proof. Fix an integer d and a unit vector |y) € Cd. If we set Ay = AS —A}(
then this is selfadjoint since A2, Al are selfadjoint. Also, Id > A%+ Al > A%,
for both a = 0,1 since A¢ positive, which leads us to (h,A%h) < ||h|* for
each h e CY. By Proposition A.2.32, taking the supremum over all ||h|| = 1
assures us that ||Afj|| = SUP||p=1 1(h,A§‘h)| < 1. Hence,

N
B(G)< sup { D M Y= 1) (PlA Byly) }
d:llyll=1,A.BeBall(tl(Mq)):Ax=A%.By=B;, \ | x,y=1

To prove the reverse inequality, let A, be a selfadjoint element in My with
||Axll £ 1 and notice that we can write A, = (A, +1d)/2 - (Id—-A,)/2. Now set
A% = (A, +1d)/2 and Al = (Id-A,)/2 and observe that they add up to the
identity and they are positive: Indeed, let h € cd,

o\ [ Actld) | 1 1
<h,Axh> = <h, = h) =5 (Rhy+ S (hAh).
If (h. Ach) > O then, (h, A%h) > 0. If (h. Ach) <0, then —(h, Ach) = (b, Ach)| <
Ihl[?2 = (h, h). In a similar fashion we see that AL > 0 and thus we get the

equality.
Finally, we have that

N

n( y) (=D (yl(AR - Ay) 8 (B - BY)lw)
x,y=1

sup
d:|y)eBall(CI®CY) {A%}.{B)}POVM's

N
(Wl ) mley)(=1)*YA®Byly)

x,y=1

= sup {
d:|lyll=1.A.BeBall(t}(My)):Ax=A%.B,=B;,

N
= sup Z (x, y)(—1)YA,® By||.
d:A,BeBall(£l,(Mq)):Ax=A%.By=B;, || x,y=1
where the last equality comes from the fact that if A, and By, are selfadjoint
operators on €Y, then Ax® By is selfadjoint on cdeC? and consequently so
is 2N o1 M6 Y)(=1)vA, ® By, O

Note that in order to compute the entangled bias of an XOR game, we

have to take the supremum over selfadjoint operators. However, if we use
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the map

0O A
A
A* O

which associates every operator A € B(H) to a selfadjoint one in My (B(H))
with the same norm and take advantage of the "freedom" the unrestricted
dimension provides us with, we can prove that the supremum is left un-

changed. Indeed the assertion follows from this lemma.

Lemma 3.1.6. Let ¢,y € R for all x, y in some finite sets, we define

D cy(ElA®BI&)

xy

a:= sup{ :deN,Ay,By€ Ball(B(l’g)), e Ball(l’%@i’g)}

Then, a can be achieved by taking the supremum only over selfadjoint oper-

ators.

Proof. Since the space is finite dimensional, the sup is attained (it is a
max). So, there exist an integer d € N, operators Ay, By € Ball(B(f‘zl)) and
vectors &, & € Ball(l’%@fg) so that

Z Cx,y(fl |Ax ®By|§2>

xy

a=

Note first that we can pick ||& ]| = [|&]| = 1. Indeed just let & = % and check
that

, , 1 1
az | ) (GBS | = e | Dl GilA @ BG) | > a
XY Xy
Now we rewrite
a=|> ca(ElA®Bl&) | = [l ) cayAc®By&) | = K& ITd&)]
Xy XYy

where I'c := 3, CxyAx ® By. We also write (§|Tc|&) = e®[(&T|&)] and so
we get [(§1| &) = (& ITcl&). Also define

s 0 Dy

s 0 E

E =€ 2By E,:= v
E, O
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obviously D, has the same norm with A, and E, with By but also the same

holds for D;, and E; because applying a permutation and using Ruan’s

axioms gives ||ch|| = max{||Dy||, ||D)*C }=

El=2ix®y; € l’g@l’g and & = ijj®wj € 2‘21®Bg are unit vectors then

0 0 Z; Wwj
/ — ® E B2d ®B2d / — 7 ® J E B2d® Bzd
. Z‘ (Xi) [yi] . = Z o) lo) 7

J

|IDx|l = ||Ax|l. If we suppose now that

are also norm one VeCtOI‘S, in fact we have
&l = (&. &)
SN HE)
7 \0) {oJ/\{0o) o
= 2 (7 z){wiw)
ij

=(&. 5
=&l =

and of course ||§{|| =||&|l. Now observe that

<§1|Dx®Ey|§2> = Z <Xi®yi|Dx®Ey|Zj® wj> = Z <x1’ xzj><y1’E w_]>

ij ij

oS T Sl
S
L)

yl E wj>

Z

= <§1|Dx ®Ey|§2>
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and if we sum for all x’s and y’s and multiply by the coefficients ¢, we

obtain

D CafElIDLOEIE) = > calGID®E &) = ) caféile A ®BI&)

Xy Xy XYy

= (&1le™ )" cqAc®Byl&) = (Gl " Tdl&) = (& ITd&) = a
xy

Again, for any XOR game G recall its associated bilinear form
G e BN (R)x N (R),R)

defined by G(ey,ey) = m(x,y)(—1)>¥ and its associated tensor

N
G= ) meyl-1ve@ey e R (R),
x,y=1

and so we end up with the following result:

Corollary 3.1.7. Let G be a two-player XOR game, then its entangled values

is given by

B(G) = ||G”cb(£’§£,(©)><£{,\[,(©)) ) (3.1.4)

and by the identity 1.2.14 we also have
B (G) = G 3.1.5

Proof. Indeed, by the previous lemma we have that

N
BG)=  sup { > e y)(-1)A@ B, }

d:A,BeBall(£l, (M) \ [|x,y=1
so by the isometric identifications 13{,‘{, (Mg) = l’ivo ®min Mg = Md(l’ﬁ) we can see
that this is exactly the completely bounded norm of its associated bilinear

form.
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Let’s return now to the CHSH inequality. This corresponds, in a more
general fashion than the original inequality, to the value of the classical
bias B(Gcush) = ||GCHSH||3(1;§0(R)X43§O(R),R) where Gepsn(ex, ey) = i(—l)XAy for
x,y €{0, 1}. Thus,

1

B(Gehsh) = sup

1
Z(—l)xAyAxBy
Ax.ByeBall(R)

x,y=0

1
= sup _(AOBO +AoB1 +A1Bg _AIBI)
A4 |By|<1.xy=0.1 | &
1
=7 sup |AoBo + AoBi| +|A1Bo — A1 By

4 |Axl.|By|<1.x,y=0,1
Proposition 3.1.8 (CHSH). The CHSH inequality states that
1
B(Gensn) < 7"
In fact, we have an equality, since we can chose Ay = B, =1 for all x, y.
The inequality above follows from the lemma:

Lemma 3.1.9. For any four numbers a,b,c,d € [—1,1], the following in-

equalities hold
1. latc/<1l+xac
2. labxcb|<1+ac
3. |ab—cb|+|ad+dc| <2
Proof. 1. Since 1+ ac > 0 for every a,c € [-1, 1], the claim is equivalent to
latc®=a?+c?+2ac<(1+ac)®=1+a%c®+2ac

and this is equivalent to

a?(1-c)<1-¢2

which is true since 1-c? > 0. Moreover, equality holds iff a = 1 i.e. iff

a = +1, equivalently, iff c = +£1 since we can replace a with c.
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2. For every b€ [—-1, 1] we have
lab+chb|=|bllatc|<|axc|<1xac

from 1).

3. For every a,b,c,d € [-1, 1], using 2) above we have

lac—bc|<1-ac

lad +dc| < 1+ ac
adding those two gives us the desired inequality. i

The CHSH inequality states that classical bias of the XOR game cor-
responding to the bilinear form Gcpysy is at most % However, quantum

mechanics predicts a noticeable violation
B (Gensn) = V2/2.

We first prove Tsirelson’s bound, namely

B (Gensn) <

*|%

Recall that the quantum bias is given by

1
—(A()@Bo +Ap®B1+A;1®By—A; ®Bl>

*
B (Gensh) = sup
d;Ax,By€eBall(Mg),x,y=0,1

where the supremum can be restricted to selfadjoint operators.

Here is the original proof of Tsirelson [16]:

Proposition 3.1.10. Let Ay, A, By, By be selfadjoint operators of norm less
than or equal to 1, such that [Ay, By| = 0 for every x,y = 0,1. Then

AoBo +AoB; + A1 Bo— A1B; <2V21d
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Proof. Let Ag,A1,Bg,B; be as in the statement then

AoBo+AoB; +A1By—A1B; = %(A%+A%+B%+B%)
\58 H((V2+ 1)(A0 ~ Bo)+ A~ By
\/58 1((‘/§+ 1)(Ap—B1)—-A; - 0)2
\/5 1 2
S ((V2+1)(A; +Bo) + A + By
\/58 1((‘/§+1)(A1+Bl) A — 31)2
L\/_AO+A2+BO+82)
<2+21d

O

If we are given selfadjoint operators Ag,A;, By, B; of norm lower than
or equal to 1, then the operators Ao ®Id,A; ®Id,Id®By,Id®B; satisfy the

requirements of the previous proposition and hence,
140 ® Bo + Ao ® By + A1 ® By — A1 ® By || < 2 V2

which shows Tsirelson’s bound.
However, in order to obtain a violation we have to prove the equality. For
this, we will use this definition of the quantum bias:

1

1
Z(_l)XAy<U/|Ax®By|U/> :
x,y=0

K
B (Gensn) = sup
d:A,BeBall(t%,(My)):Ax=Ay.By=B;,

So, if we recall the relation 0.0.4 that we derived in the Introduction, this

leads us to

. 1
B (Gensn) 2 Z‘<W|AO®BO|1//>+<U/|AO®BI|1//>+<l//|A1 ® Bolw) — (ylA ®Blll//>'
1 1 1
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Finally, 8(Gchsh) < % < ‘/75 = B*(Gchsha) and hence the bell functional Geysy
serves as a "witness" to the fact that quantum conditional distributions are

strictly more than the classical ones, i.e.
Pc(AB|XY) C Po(AB|XY).

Also, recall that the value of a game G classical or quantum, is the
maximum probability that Alice and Bob win against the referee, for some

particular strategy. Thus, in the CHSH game we see that

=0.75

i.e. the probability is at most 0.75 using classical resources, while

* 1 2
£G) =—+£z0.853
2 2 4

1
GJ*(G) = 5 +

i.e. the probability is at most approximately 0.853 using "quantum" re-

sources.

To conclude the prologue, we observe that there is no difference of sub-
stance between the viewpoints of Bell functionals and of games. Indeed,
we turned XOR games into Bell functionals and used the framework of the
latter to come to conclusions concerning the values of the games. However
this correspondence goes both ways, to any tensor G € BIIV ® BIIV with real co-
efficients that satisfies the normalization condition }, | Gxy } =1, we may
associate an XOR game by defining n(x,y) = 1 Gy | and (—=1)% = sign(Gy,y).
In particular, any Bell functional M : £Y x fN — R can, up to normalization,

be made into an equivalent XOR game.

3.2 Grothendieck’s theorem as a fundamental

limit of nonlocality

In his "Résumé" [17] Grothendieck proved a theorem that he called “Théo-
reme fondamental de la théorie des espaces métriques". That theorem

plays an important role in the study of Quantum Nonlocality as it provides
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us with an upper bound on how large the violation of a bipartite Bell in-
equality can be. Tsirelson was the first to point out this connection. For
an extensive discussion of the Grothendieck’s theorem and its generaliza-
tions, we refer to the survey [18] . As for our case, recall the explicit form
that we gave to the y; tensor norm for the space #(C)®£Y(C) (see 1.1.28)

N N
Z Cxyex ® ey = sup{ Z CxyQx by | :d €N, ay, by € Ball(Cd)}
x,y=1 x,y=1

N N
o ®y;fl

where, without loss of generality, we can restrict the supremum on d to
d <N and a,-by = <dx, by>. Also, we define the real V; tensor norm for the

space ?Y(R)®£¥(R) similarly. Grothendieck’s theorem states the following.

Theorem 3.2.1 (Grothendieck’s inequality). There exist universal constants
KE and Kg such that for any integers N.M and C; e RN@RM, ¢, e CN@CM,

R
. ||Cl||efl"(R)®y§ﬂlW(R) < KgllCilly@ye )

C
¢ IGlyee, o < KelCllyepaic

The precise values of KE and Kg are unknown, although it is known that

C R n
1< K: < Kr < ~ 1.782
7% T 9(log(1+ V2))

Recalling the relation between the classical bias and the injective tensor

norm (3.1.2), namely,
B(G) = ||G||£11V(R)®€€11V(R)

already gives us a hint on how to proceed, that is, relating the entangled
bias (which equals to the minimal tensor norm by 3.1.5) to the y; tensor
norm. It is Tsirelson again, who made that crucial observation. Tsirelson
[16] further showed that the inequality above becomes an equality for the
case of real tensors G. We will present here a proof based on Tsirelson’s

argument in his original work.
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Let G the associated tensor of a game G, then

| G Ne, 0N — Sup GWAX@By
L5 g:A,, ByeBall(Mg(C)) xy
_ sup Z Gy (WA ® Bylw)
d;|1//)eBall((Cd ®Cd),AX,By€Ball(Md(C)) Xy

We have the following observation:
Proposition 3.2.2. Let G be a two-player XOR game and G its associated

tensor, then

G G

[N Qmin eN S Sup
1 1 deN,ay,byeBall(R?)

N
Z nyax-by =

fll" (R)®V§ 4”1" R)"
x,y=1

Proof. Fix an integer d € N, and let |y) € Cd®Cd be a unit vector and ma-
trices Ay, By € Ball(My(C)) for every x,y. Observe that the vectors

lay) = A, ®1d|y) € C1®CY and |by) = Id®By|y) € CI0C?

satisfy <ax, by> = (YlAx®By|y). It is clear that these vectors are in the unit
ball of C*®CY. However, they could be complex vectors. The key point
is that we know that (|A,® Byly) € R due to the fact that Ay, By can be

chosen to be selfadjoint. So, if we define
|dy) = Re(lax))®Im(lay)) and |by) = Re(lby)) ®Im(|by))
we obtain real unit vectors such that
Ay - By = <dx, 5y> = Re((ax, by>) = <ax, by>

Finally, note that |a,) € CleCd =~ C® and thus |y ) € RY @RY = dez, SO we

take advantage of the unrestricted dimension and obtain the inequality. O

Definition 3.2.3. A family of n X n selfadjoint unitary matrices that an-
ticommute will be called a family of Clifford unitaries. That is, a set of
matrices {X,...,Xm} is a family of Clifford unitaries if X; = X;, Vi=1,...,m
and X;X; = —-X;X;, Vi #j.
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Example 3.2.4. Such a set indeed exists. Let
0 1 1 O
X = , Z=
[1 O) [O - 1)

0o -1
XZ:( ) and ZX =-XZ

so we have

1 O

This is a set of m = 2 Clifford unitaries. We will now construct a set of m > 2

such matrices. We set

Ci=Z3L® QI €®?;1M2
Co=X®ZRAL® QI €® My

Ci=0 X®Ze®[ kL c® M

Then we have that C; = C; and C? =1d for all i = 1,...,m and also notice

that if i< j

CiCi=X’® - ®X’R®ZX®X® - ®X®L® - ®h
CiCi=X?® - ®X’®XZ@X® ®X®L® - ®h

hence C;C; = —C;C; whenever i # j. Note that all the C}s are real matrices,
so C; = CI. To conclude, we can choose m such real matrices, each in

®21M2 = Mom.

Theorem 3.2.5. Let a, by € R4 with |lay]| < 1 and ||by|| <1 foral x,y =
1,...,N, then there exists an integer n € N , a state |y) € Ball(C"®C") and
observables Ay, By € Ball(M,,) such that ay - by = (@|Ax® By|ly). In particular

the dimension is n = 2% and the state is maximally entangled.

Proof. Write ay = (ax(1),...,ax(d)) and by = (by(1),...,by(d)) and so we

have a, - by = Z?zl ax(i)by(i). Now pick d Clifford unitaries, as constructed
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above, {Cy,...,Cq} € M, (actually n = 29) and set A, = Zflzl ax()C;, By =
2?21 by(i)C;. Obviously A} = Ay, BZ = By and

d d
AZ= ) adDad)CiC = Y ad®?CE+ ) (adDax() - adDa(i)CC = llad*1d
ij=1 i=1 i<j
hence A)% <Id so that [|As|| < 1. The same applies for every B,. Now note
that

d d
ABy = ) ax(Dby(NCC = ) axDby(DCCT + ) aDby(NCC]
ij=1 i=1 i#]

and also that Tr(CiCj) = Tr(CjCi) and since C;C; = —C;C; we have that
Tr(CiCj) = 0 whenever i # j. Taking into account that C; = C! we obtain

d d d

Tr(AB]) = Tr[z ax(i)by(i)c%) = > adby()Tr(d) = n- > adD)by(D).
i=1 i=1 i=1

Finally, pick the maximally entangled state y, = # 2, li) e C"®C" and

observe that

1
<7~//n|Ax ® Byan) = E Tr (AXBZ) .

Hence,

d

1
aeby = ) ax()by() = —Tr(AcBy) = (nlAx® Bylym).
i=1

We thus reached the following conclusion:

Corollary 3.2.6. Let G be a two-player XOR game and G its associated
tensor, then

G G

N @min ) o (R)@V; NR)

Combining the correspondence between the tensor norms and biases,
as expressed by the relations 3.1.2 and 3.1.5 with Grothendieck’s funda-

mental inequality gives us the following results for nonlocality.
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Corollary 3.2.7. Let G be a two-player XOR game. The largest bias achiev-

able by entangled players is bounded as follows

B(G) <KGR(@G).
Recall that the CHSH violation predicts a violation of size

B*(Gcrsn)

= V2~1.414 < 1.782
B(Gcush)

which is close to being optimal.

Tsirelson’s characterization of the entangled bias leads to a quantitative
understanding (see section 5.1) of the amount of entanglement needed to
play optimally, in an XOR game. That is, using that the supremum in the
entangled bias is achieved by unit vectors ay, by of dimension d < N, Propo-
sition 3.2.5 says that an optimal strategy for the players can be achieved
by observables of dimension 2¢ together with a maximally entangled state
of the same dimension. It is worth noting that Tsirelson’s original version
actually uses Clifford matrices of dimension 2l4/2] 3 which can be con-
structed using the Pauli matrices. For such a construction and proof of

the result see [19].

3.3 Three-player XOR games: Unbounded vio-

lations

Grothendieck’s fundamental theorem, together with the correspondence
established in the previous section, between the classical and entangled bi-
ases of a two-player XOR game, and the bounded and completely bounded
norm of the associated bilinear form, respectively, sets an upper bound
on how large the violation of an XOR game between two players, can be.

Motivated by this crucial result for nonlocality, and its potential extension

3Where for every positive real number r, | r| denotes the largest natural number z such

that z<r.
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in the tripartite case, Perez-Garcia et al. [7] proved that in the case of

three-player XOR games, the following result holds:

Theorem 3.3.1. For every integer n, there exists an N and a trilinear form
n2 2 2
T: 2" @02 ®02 — C such that

Il 2, |T®1dy, ®1da, ®1day|| = QVR)IITI|

ON2 -

N2 2 N2
2 B2 x12 xpZ

cb(ego”2 xP2" " xp

By f(n) = Q(g(n)) we mean that for large n values, f(n) is at least a con-
stant multiple of g(n). One can verify that we can extend the connections,
made for bilinear forms, between the bounded and completely bounded
norms and the injective and minimal tensor norms, respectively, to the
case of multilinear forms. This means that the separation between the
injective and the minimal tensor norms can be interpreted as the absence
of a tripartite generalization of Grothendieck’s inequality. Furthermore,
J.Briét and T.Vidick improved the above result by giving a much more
explicit construction ( Theorem 3.3.1 only guarantees its existence ) of a
family of three-player XOR games which achieve a large quantum-classical
gap. Here is the result, that improves the parameters, stated in terms of

the biases of three-player XOR games.

Theorem 3.3.2 ([20]). For any integer n and N = 2" there exists a three-

player XOR game Gy, with N? questions per player, such that
* _5
B (Gn) = Q(VNlog™2 N)B(Gy).
Moreover, there is an entangled strategy which achieves a bias of
Q(VNlog™3 N)B(Gw).

uses an entangled state of local dimension N per player, and in which the

players observables are tensor products of n Pauli matrices.

Thus these results imply that tripartite Bell inequalities can be violated
by unbounded amounts in quantum mechanics. Both theorems extend to
any number k > 3 of players, giving a violation of order Q(n%), where Q

ignores polylogarithmic factors, i.e. Q(h(n)) = Q(h(n) logk(h(n)) for some k.
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Nevertheless, the violations cannot grow arbitrarily fast, as J.Briét and
T.Vidick [20] also proved, it cannot exceed the product of the square roots

of the dimension of each space.

Proposition 3.3.3. If G is a r-player XOR game in which at least r-2 of the

players have at most Q possible questions each, then

B(G) < O(NQ)B(G).
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Measuring nonlocality via tensor norms

In the previous chapter, we explored the class of XOR games and especially
their convenient connection between the biases of the games and certain
Banach space and operator space norms. The goal now is to extend these
connections for the general setting of two-player games, further demon-
strating that operator spaces provide a natural framework for the study
of their nonlocal properties. Finally, in the last section we describe some
upper and lower bounds on the maximum ratio "/, both for the case of

games and of Bell functionals.

4.1 Two-player games

Given a two-player game G = (X,Y,A,B,,V), a classical strategy for the
players is described by an element of Pc(AB|XY) (see 2.2.2), that is, the
convex hull of the set of product distributions, where A and B denote the
sets of answers and X and Y the sets of questions. For simplicity we
assume that A=B={1,...,K} and that X =Y ={1,...,N}. In this senario
we can denote the classical and quantum sets of distributions by P¢(K|N)
and Pq(K|N) respectively .

The normalization condition sup, »,|P(alx)| < 1 suggests the introduc-

tion of the space Pivo(flf).

!Many authors use instead the notation Cj,(N, K) and Cy(N. K).

101



102

Definition 4.1.1. The Banach space &Y (tX) is defined as (CN,||-[lw.1)
equipped with the norm

[(Rec sl , = sup NZ IR(x, @)

In fact, the correspondence between bilinear forms and tensors invites

us to consider the dual space (l’g’,(l’[f))* = Bllv (PK),

Definition 4.1.2. The Banach space EIIV (PK) is the space (CME, || - || 1.c0), Where

N

[ReeaDsally = ), sup IRGe.

If we now recall the definition of Bell functionals and their action on
classical conditional distributions, we see that a game can be interpreted
as a bilinear form G : 2{,!,(1)’1‘) X l)g’,(ﬂf) — C defined by

G(P.Q)= ) GiPP(x.@)Q(y.b).

x,y;a,b

where Gf}ﬁ = n(x,y)V(a, b, x,y), while its norm is given by

Gl =sup{| > G&Px.@)QW.B)| : IPleoy < LIIQlw1 <1} (4.1.1)
x,y;a,b

So it’s natural to consider the associated tensor
G= ) Giecwe))®(e 06 € (K)o ) (X)
x,y;a,b

which according to the relation 1.1.6 satisfies

IIGIl = ||G||511V(g§o)®€gll\f(g§o)-

Here, {el} , denotes the canonical basis in BN and {e 4 }JK denotes the
canonical ba51s in X,

While formula 4.1.1 and the definition of the classical value of a game G
(see 2.3.1)

o(G) := sup Z Gy bP(a b|x, y)
PePC(ABIXY) | yab
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make it clear that &(G) < ||G||, the equality between these quantities does
not hold in general since the space Bivo(l’[f) allows for elements with complex
coefficients. Note that this could indeed happen for general Bell functionals

M; however, for the case of a game G these quantities coincide.
Proposition 4.1.3. Given a two-player game G,
o(G) = ||G .
(@) = |Gy 0,305,

Proof. As we know ||G|| = ||G||2ll\l(3£{0)®€ﬂl\l(3£{o) and we can easily verify that
®(G) < ||G]|. Thus, it suffices to prove that ||G|| < @(G). So let P,Q such
that [|P||e.; < 1,1|Qlle,1 £ 1 and write

Z Gy P(x. a)Q(y.b) | < Z GZIP(x. ) |Q(y. b)| < o(G)

x,y;a,b x,y;a,b

where the last inequality follows from the fact that ||(|P(x, a)I)x,a”oo L ST,
||(|Q(y, b)l)y,b”OO , £ 1 and that G has non-negative coefficients. O

Remark 4.1.4. One might object that, in the last inequality, we used el-
ements (P(x,a))xq € l’{,\l,(flf) that satisfy the condition sup, >, ,|P(x,a)l <1
instead of },,|P(x,a)| = 1 for every x, as the definition of conditional dis-
tributions dictates. However, we can fix this inconvenience by proving the

Jollowing:

IGIl=sup{| > GELP(xa)Q(y.b)| : > IP(xa)l=1,) 19y, b) = 1,¥xy]
a b

x,y;a,b

Proof. Let (P(x,a))xa and (Q(y.b))y,» be non zero elements of BIDVO(PIf), such
that sup, >, |P(x, @)l < 1 and sup, 3., |9(y. b)| < 1. We set My := 3, |P(x, @),
MyQ := 3,1Q(y. b)| and note that ML < sup, >« |P(x,a)l <1 and also MyQ <
sup, 25 |Q(y. b)l < 1. If we also define P'(x,a) = #lP(x, a)eR, Q(y,b) =
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ﬁ |Q(y, b)| € R, then obviously >, P’ (x,a)=1and };, @ (y, b) = 1. Now write
Y

1 1
Z Gy P(x, &)Q(y, b) Z MyQMfoé’:jWP(x, a)mQ(y, b)
X y

x,y;a,b x,y;a,b
1 1
QAP ~ab
< D, MYM{GE - 5 |P(x ) ~ 519 D)
x,y;a,b X Yy
= > MIMEGEEP (x. )@ (y.b)
x,y;a,b
< Z Gy P (x. )9 (y, b)
x,y;a,b

Where the desired assertion follows from the fact that G, P’ and Q" have

non-negative coeflicients. O

We proceed to analyze quantum strategies for the players, i.e. the set
Pqo(AB|XY) (see 2.2.4 ), and their relation to the completely bounded norm
of G: Bi\’o(l’lf) X B{Yo(l’}f) — C. Towards this end, we need to introduce an o.s.s
for the space Bf,vo(flf). Using the o.s.s. of l’f introduced in 1.2.22 together

with Lemma 1.2.9 one can verify that

,d>1 (4.1.2)
Ma(25)

D T¢@(ev®eq)
xX,a

= sup
MoKy ¥

ZTS@ea
a

defines a suitable o.s.s. on Bivo(l’[f). Moreover, a corresponding o.s.s. can
be placed on lev USE (Pﬁvo(flf))* using duality.

Remark 4.1.5. With the above structures in hand we may express the

completely bounded norm of G as
Gl ex e et e = SUP 16 @ 1da, @1dny|| g o ) peraev e s ) 4-1-3)

= sup Z Gfé’é’Tf@SZ (4.1.4)

x,y;a,b M@
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where the supremum is taken over all integers d > 1 and matrices T, SE € My
such that

max {

Z TE® (ex® eq)

x,a

, ZSE@(ey@)eb) }Sl.

Ma(eN, (%)) || y.b Ma(eN,(25))

Using the completely isometric correspondence described in 1.2.14, this

norm coincides with the minimal norm of the associated tensor G

1Gllenen; cetyem ety = NGl ety )

Similarly to the classical value case, it turns out that the entangled value of
a two-player game has the "desired" property to equal the minimal tensor

norm of the corresponding tensor.
Proposition 4.1.6. Given a two-player game G,
@ (G) = lIGllpy (28 it 25

Proof. Recall first the definition of the entangled value of G

@ (G) = sup Y. GewlAL® Blly)
d.|lyll=1{A¢}{BSYPOVM’s | x.y;a.b
= e 2, A e
d{AYABYIPOVM's || x.y:a.b .y
d2

We will show that it equals the completely bounded norm of the associ-
ated bilinear form, and consequently, the minimal tensor product of its

associated tensor.

o @ (G) <IGllcnen oy o)) -

Given a family of POVM’s {A)‘C‘}éf:1 in My, it suffices to prove that for every
x=1...,N

=1.

D Al®(ec®eq)
xa Ma(2(25))
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According to the equality 4.1.2, this will follow from the fact that
||ZaA§‘®ea||Md(2K) = 1, for every x. Indeed, define the map T* : X — My, by
1

T :velf » Z(ea,v)Af{‘eMd
a
and recall from 1.2.9 that
ZAff@ea
a

Finally, the map T* satisfies T*(e,) = AZ and so ||T¥||y, = 1 by Proposition
2.2.6 . Using the same arguments for Bob’s POVM {BS }{;1 we deduce that

= ||TX : [‘{(0 - Md”cb
Mg (%)

@"(G) < |Gl e et £y -
It remains to show the reverse inequality:
o @(G) 2 [|Gllen(ey o), o))

By the supremum in 4.1.4, given an € > O, there exists an integer d > 1,

matrices T, SE € My satisfying

<1, ZSE@(eyéDeb) <1
Mq(2N(25)) y.b M (2N, (25))

Z TE®(ex®eq)
x,a
and unit vectors |u), |v) € CY®C? such that

§ ,b b
x,y;a,b

As we already discussed, the condition
<1

= sup
Ma (25 (25))

D Te®(ex®eq)
x,a

ZTﬁ@ea
a

Mg (25)

is equivalent to
||TX 0K Md”cb <1 forevery x,

where T*(e,) = T for every a. The same bound applies to the operators
SE. However the operators T, SE are not necessarily positive or even
Hermitian. In order to recover a proper quantum strategy, we appeal to

the following.



107

Theorem 4.1.7. Let A be a C*—algebra with unit and let T : A — B(H) be
completely bounded. Then there exist completely positive maps y; : A —
B(H), with ||ly;| = |T|lp for i = 1,2 such that the map ¥ : A — My (B(H))
given by

\I,(a):[wl(w T(a)), WA

T"(a) wa(a)

is completely positive. Moreover, if ||T||., < 1 then we may take y, , W9 to be

unital.

Theorem 4.1.7 is a direct consequence of [9, Theorem 8.3.], where the
same statement is proved but with the map ¥ replaced by the map 7:
Mo (A) — Ma(B(H)) given by

((a b)) _ (wl(a) T(b) )

e a7\ r© wa@)

In fact, the complete positivity of 7 is equivalent to the complete positivity
of ¥ [9, Exercise 8.9].

In our setting, A = X and since this is an abelian C*—algebra, a map
T : tX — B(H) is completely positive if and only if it is positive, that is, T(a) €
B(H) is positive for every positive element a € £X. For every x=1,...,N,
we apply Theorem 4.1.7 to the map T* : X — My defined previously, and
find completely positive and unital maps . : £X — My, i = 1,2 such that
the map W, : X — My(My) defined by

1 X
‘I’x(a)=( vla) T (a)), ac X

(T¥)"(a) w2(a) *

is completely positive. Similarly, for every y=1,...,N, we define SV : /X —
Mg and find completely positive and unital (pliJ 08— My, i=1,2 and D, :

X — My(My). Since these maps are positive, the element

F= ) Gi¥x(ea)®Dy(er) € Ma(Ma) ® Ma(Ma)
x,y;a,b
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is also positive. Assume that |u) = };x;®y; and [v) = };z;® w; and con-

<\ (v 0) (o
sider the unit vectors @t = ;| |® Y e c2d02 and b= il |® €

0 0 zj) \W;
C21®C24, we have that

~ 7~ O S |
(ul Y GEETE@SHI) | = KEINB) < KEII@)2 Kol1o)12
x,y;a,b

1
2

= [l ) GEyie@penlwy| |l Y. GEEyE(ea) ® pllen)lv)
x,y;a,b x,y;a,b

N=

< o' (G)

where the first inequality follows from the Cauchy-Schwartz inequality and
the positivity of the element I' and the second from the fact that the maps
W ¢y, are completely positive and unital, for every x,y=1,...,Nand i=1,2

and thus by the converse part of Proposition 2.2.6 they define POVM’s. O

4.2 Bounds on the largest violations achievable
in two-player games

As we mentioned previously, the results discussed in Section 4.1 can be
analogously stated and proved in the general case where G=(X,Y,A,B, 1, V)
without assuming the same number of inputs and outputs for Alice and
Bob. In particular, given one such game where X,Y,A,B are the cardinalities

of X,Y,A, B respectively, we will have

“’(G):||G||ef(eéo)®ee{(eg) and w*(G):”G”e{f@g)@mme{@g) (4.2.1)

where

G= ) Gilec®eq)®(e,@e,) e R¥ QR QR @R,

x,y;a,b
Considering here this general context is interesting because it will allow us
to study the dependence of the upper bounds on the quantity "/ as a

function of the parameters X,A,Y,B.
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The proof of the following proposition is a good example of the application
of estimates from the theory of operator spaces to bounds on the entangled

and classical values of a multiplayer game.

Proposition 4.2.1. The following inequalities hold for any two-player game
G:

1. ®(G) < min{X.v}o(QG)
2. ©*(G) <K VAB o(G)
where Kg is the complex Grothendieck constant.

Proof. The proof of each item is based on a different way of bounding the

norm of the identity map
1d®Id : 65(02)®c 07 (£2) — 0¥ (02) ®muin 2} (25) (4.2.2)

Using the relations 4.2.1, any such bound implies the same bound for the
ratio "/ w.

1. Without loss of generality we may assume that X <Y. Recall also that
V(2K = (CM || ]I} o). The identity map defined above can be decomposed

as the sequence
(00 ®e 0 (02) = 0 ®e 07 (02) = 0 ®rnuin £ (82) = 87 (88) ®min 0] (8)

where all arrows correspond to the identity. By Lemma 1.2.9 it follows that

the second arrow has norm 1. For the first arrow we write
Idxa®cIdys : 8 (¢4) @ £} (23) — 1 @ 07 (20)
the corresponding identity map. Proposition 1.1.10, tells us that
|1dxa ®c Idysl| = |[Idxa : £5(24) — £X8|||1dys : 8 (¢5) — 2] (2B)||

and since it is clear that ||[Idyg|| = 1 it suffices to check the norm of Idxa.

Let (zxq) € C*A with ||(zx,a)||1’OO = 2 SUp, |Zxal = 1, it is clear that ||(zx,a)||oo =
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SUP, ¢ |Zxal € Xsup,lzeal = 1. Hence, ||IdXA L X (04) - BfoA” < 1. Now lets

move on to the third arrow. Let’s also denote the third arrow by
IdXA ®min IdYB : BigA ®min P{(BOBO) - f‘i(([)?o) ®min B{(Bg)
Again, Proposition 1.1.24 tells us that
ITdxa ®min Idyslle, = [[1dxa : £5° — 6 (EL)|, [dys = &7 (22) — & (@),

and since it is clear again that ||IdYB L0y (85) — Bf(l’f;)”cb =1, we will ex-
amine the norm ||IdXA XA B)f(l";‘o)ncb = supy ||Ide®IdXA||. Let d € N, and

recall that
|[clar, @dxal| = suptlieallyg,px ey,  ldllygyeny = 1)
Suppose that u= 3, ,A2® (ex® eq) € Mg(eX) with
”u”Md(g{.gA) = SUP”A;” =1 (4.2.3)
xX,a
Recall also (1.2.9) that
_ _ u . pX _ u
etlyggqex oy = Netllygyqexenysy = [T 2620 = Mall ,, = [ Tal, ,
where
T :01®Uvy ZA;‘ex(vl)ea(vz)
xX,a
Thus we need to compute the operator norm of the map

Ty = Idy, ®T" : Ma(P5(8)) > Mgz

Suppose that we have Y, 4 Exa®ex® eq € Mq(£5(#1)) with norm

Z Exa®eq

a

=1
Mqa(24)

= sup
Ma(25(81))

ZEX,a®ex®ea

x,a

which we defined in Example 1.2.22 to be

> Exa®eq
a

= sup
Ma(e})

sup Z Exa®Bqa
x a

Md2
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where the supremum runs all over x € X and matrices {Bg}q € Mg such
that sup,, ||Bqll < 1. Finally,

Ide ®Tu(Z Ex’a ® (ex ® ea)) = Z Ex,a ®Ag
x,a Md2 x,a Md2
<3| Dot
X a Md2
< Xsupsup ZEx,a@)Ba =X
X {Ba}|| G M

where we used that {A¢}, C My satisfy sup,, ||A§§|| < 1 which is true by relation
4.2.83.
To complete the proof, just compose all the three maps to get the desired

estimate.
2. The proof of the second item makes use of the Fourier transform

N
TNZCN%CN, TN:ejl—)Ze%jkek Vi=1,...,N
k=1

Note that the inverse map is
1 N 2mi
Fy':CV—CV, TglzejH—Ze_Tkek Vj=1,....N
N

Then, the identity map 4.2.2 can be decomposed as
3 L L
B )@ 0y (28) = 5@ 0 = B @i (1F = 5 (8%) Oran 8] (82)
where

1 = (Idx®TA)®(Idy®TB),
o = Id
13 = (Idx®F, @ (dy ®F5").

3/2 and

Here the norms of the first and the third maps are at most (AB)
(AB)"! respectively. Indeed, we can verify that the following estimates hold

|+ 68 — o|| < N3/2 and ||Fyt: 6 — o8| < N1
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. ||7:N N 311V|| < N3/2 . Suppose that ||x||,, = sup; |xj| = 1 and denote
77]6(()() = Zjl\il xje%ﬂc the coefficients of its image under the transform

Fn(x), for each k=1,...,N. So, we have that

N

ol = 3 7o) € V(Y o) "
k=1 I;VI .
2N sl?)
I\i:l
< VN, |]
Jj=1

where inequality (cs) follows from the Cauchy-Schwarz inequality

and (p) is due to the Lemma 4.2.2 that we prove later.

. ”?1\_71 : 211\’ - Pivo” < N~!: This is quite clear since 2ilxl =1 implies that

1 N 2ka 1 N 1
N 2,5 T =g k=g
=1 =1

75" Gl = sup

Finally, the first map (Idx ®F4)® (Idy ®7 ) indeed has norm at most (AB)3/2
due to the metric mapping property of the e-norm, the third map

(Idx ®F , H® (dy F 5 1Y has norm less than or equal to (AB)~! because of
the metric mapping property of the minimal tensor norm and the fact that
the c.b. norm of the Fourier inverse equals its operator norm (see Theorem
3.9 [9]). Finally, Grothendieck’s theorem says that the second map has

norm at most Kg. Composing the three estimates proves the assertion. O

Lemma 4.2.2. Let{e;j:j=1,...,N} be the usual o.n.basis ofl’lzv and consider

the linear map
1 &
T:TN:BJZV—)BQIZQJI—)I}:: WZG)]kek, j: 1,...,N

where o := exp(%).
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The map ¥ is a unitary operator, and hence it preserves the ¢ norm. To
see this, it is enough to verify that the family {fj} is orthonormal (hence it will

be a basis ofl’g).

Proof. Indeed, we have

N N

1 ; - 1 o

O?J;"):N § <w]kek,w’kek'>=ﬁ E U A
ol =1 P

This is 1 if j=j. And if j # ., then, writing e for @ ~ we have

1 & 1
S WOARE YT,
Nk=1 Nk:l
because @w; # 1 and
N
(l—wl)Zw’f:wl—a)IlV“ =0
k=1

since ®; is an N-th root of unity.

Here is the matrix of Fy wrt {e¢;:j=1,...,N}

@ > oVl 1
G ot 1
1
VN
N1 : 1
1 2(N-1) 1



114



Entanglement in nonlocal games

The study of multiplayer games in quantum information theory is moti-
vated by the desire to develop a quantitative understanding of the nonlocal
properties of entanglement. In the previous chapters we focused on the
ratio of the entangled and classical values of games as a measure of non-
locality. In this chapter we refine the notion by investigating how other
measures of entanglement such as Schmidt rank or entropy of entangle-
ment, are reflected in the properties of nonlocal games. In the first section
we establish a more firm ground for the understanding of the notion of
entanglement while in the next section we provide upper bounds for the

ratio ®*/w as a function of the Schmidt rank of the entangled state.

5.1 Quantifying entanglement

In this section we will briefly present some of the notions concerning the
formalization and the quantitative understanding of entanglement. For a
more extensive approach we refer to [21] and [22].

In quantum probability theory, states are the positive operators of unit
trace on a Hilbert space H. The space of all states is often denoted by S(H).
States are also called density operators or even density matrices. The
extreme points of this space are the one-dimensional projections, which
are called pure states. For any unit vector |u), the operator |u){u| is a one-

dimensional projection. Up to multiplication by a scalar of unit modulus,
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the unit vector |u) is uniquely determined by the pure state |u)(u| and
hence we often refer to |u) itself as the pure state. Note that |u){u| is an
operator of unit trace, usually called the density operator corresponding to
the state |u). We first state and prove an important property of pure states
in a bipartite Hilbert space H,®Hp. We may also denote by O(H) the set

of selfadjoint operators on ‘H which we also call observables.

Theorem 5.1.1 (Schmidt Decomposition). Every pure state |¢) € HaQHp

d
k=1’

min{dim(H »),dim(Hp)}, and two orthonormal sets {|¢7‘£)} CHp and {Iz,u‘;f ) C
7’(}3 as,

can be written in terms of non-negative real coefficients { A} where d =

d
Wy =) Aoy

k=1
where Zﬁzlﬂi =1.

Proof. Write dy = dim(H 4) and dg = dim(H g) and assume that dy > dg. We
can write a vector |y) € H,®H g in terms of orthonormal bases as

da,dp

ly) = Z a;jlia)|jg)

ij=1
Let E = [a;;] € Mg, q, be the corresponding matrix, then, by singular value
decomposition, there exist unitaries U € Mg,, V € Mg, and a positive di-
agonal X € My, whose entries { ﬂk}zil are the singular values of E, such
that

Thus,

ly) = Z Uj jc A jlia)liB)

ij.k

dp
= > Aol
k=1
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where the vectors {|(p‘£)} consitute an orthonormal set in H, and {|z//‘;f)}
in Hp due to the fact that U,V are unitary. Moreover, since |y) is unit
vector, the corresponding matrix has Frobenius norm equal to one: ||E||; =

ZiJ-laiJ|2 = 1 which in turn implies that Zkﬁi = 1. O

Remark 5.1.2. In fact, for a vector |y) € H,®H g we write
r
W)= Ay
=1

where r = rank(E) is the rank of the corresponding matrix, since rank(E) =
rank(X), where the latter equals the number of non zero diagonal entries of
2.

Definition 5.1.3 (Partial trace). Let H,H g be Hilbert spaces. The partial

trace over Hpg is the map
Tro, = qu.[A QTr: B(HA)RB(Hpg) = B(Ha)

Its action is given by

Try,(A® B) = A(Tr(B))

Sor A€ B(H ) and B € B(H ). Similarly, we define the partial trace over H 5
as Trgy, := Tr®ldg,.

Given a density operator pag € Hap := Ha®Hp, the reduced state or
marginal state on H 4 denoted as p,, is obtained by tracing over Hpg : pa =
Trp(oap). Similarly we obtain the reduced state on Hp : pg = Tra(oap)-

Now, consider the marginals of a pure state |w) € Hap. It is a simple
exercise to show that the marginals of |¢) are not pure in general, they are

mixed states.

Lemma 5.1.4. The reduced states of the density operator |w){y| correspond-
ing to the pure state |y) = 3}_, Milo)w?) are given by

pa= ) Ao pn= ) AWRIWE
k=1 k=1
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Proof. Note first that

WXyl = Ao ol R uy)
Il

and also that Trg = Id4 ® Tr where its action on product operators is given
by Trp(T®S) = (Tr(S))T. Hence,

pa=Trp(p)(l) = > AcilgeX el Tr(wp)wP)
Il

= > AcleXofl- (wRly?)
Il

= Zﬂkﬂm‘;x(pﬁ h

—Zﬁ |PicX @

where we used the fact that Tr (|u){v|) = (v|u). O

Thus, the marginals of a pure state are no longer pure, they are mixed
states, contrary to the classical case, where the marginals of the extreme
points of the set of joint distributions are in fact extreme points of the
set of distributions over the individual sample spaces. This important
departure from classical probability theory, leads naturally to the notion
of entanglement.

According to the Schmidt decomposition, to any pure state |¢), we can
associate a probability distribution {A2,..., A%}.

The Shannon entropy of a classical probability distribution p={p,..., pk}

is defined as

H(p) = - Z pilogpi.
1<i<k,p;>0

Analogously, the von Neumann entropy of a quantum state p is defined

as
S(p) := H(/(p)).

where A(p) is the vector of eigenvalues of p. The von Neumann entropy can

be also expressed as

S(p) = =Tr(plogp).
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where plogp refers to the operator obtained by extending the function

tlogt, ift>0
St =
0, ift=0

to the case of positive semidefinite operators by defining the map

S(1) = Zf (M)Ex
=1

where jli are the eigenvalues and Ej are projections on the eigenspace
according to the spectral theorem.

Now, given a joint distribution over two sample spaces A,B, the Shannon
entropy of the joint distribution is always greater than the Shannon entropy
of the marginals, that is, H(AB) > H(A). But in quantum systems, while
the pure states of a joint system will always have zero entropy, it is not the
case in general for their reduced states will have non-zero entropy. Indeed,
for a pure state |y) in a joint system Hap we have S(|y)(w|) = 0, whereas
for the marginals S(pa) = S(pB) = — 2, kﬂi logﬂi. In fact, for pure states of
two systems, A and B, the entropy of the reduced density matrix of either
A or B is a measure of entanglement.

Furthermore, for a bipartite pure state |y), the Schmidt decomposition
provides a way of quantifying the deviation of |y) away from a product
pure state. The number of product states in the Schmidt decomposition
and the relative weights assigned to the different product states, quantify

the entanglement of state |y).

Definition 5.1.5 (Schmidt rank). Given a bipartite pure state |y) € Hap
with a Schmidt decomposition |y) = Y}, ﬂk|¢£ >|l//1;f ,

1. The number r of non-zero coefficients Ay is defined to be the Schmidt
rank of the state |y).

2. A bipartite pure state |y) is said to be entangled if it has Schmidt rank

greater than one.

3. S(pa) (= S(pp)) is a measure of the entanglement of the pure state |y).
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If a pure state p € H ap is not entangled, i.e. it is written as p = [w){y|
with |) = |p1)®|ws). So, the Schmidt rank is r = 1 and also /A; = 1, which
means that S(ps) = S(pop) = 0 and thus the von Neumann entropy is indeed
a legitimate way to distinguish between entangled and not entangled pure
states.

For a d-dimensional space, the von Neumann entropy of any state is
bounded from above by logd. Therefore, the maximum entanglement of a

bipartite pure state |w) € H ap is logmin(da, dp).
Remark 5.1.6. Ifd = min(da, dg), the maximally entangled state in H sp

is

d
wa) = %;mm@

where {|ia)} and {|ig)} are orthonormal bases in H 4 and H g respectively.

5.2 Dimension-dependent bounds for two-player

games

To study the Schmidt rank, for any Bell functional M and integer d, define

oy(M)=sup| > MEXylAL® Blly)
x,y;a,b
where the supremum is taken over all r < d, vectors |y) € Ball(C"®C")
and families of POVM’s {A¢}, and {BS}b in M;. Clearly (03(M))q forms an
increasing sequence that converges to @*(M) as d — co. Thus, the quantity
@y (M)
sup
M (M)

expresses the largest violation of a Bell inequality achievable by states of
Schmidt rank at most d. In this section we describe known bounds for this

quantity.

Proposition 5.2.1. Let G a two-player game and M a Bell functional then
Joreveryd=>1,
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1. 03(G) <d w(G),
2. oz(M) <2d o(M).

Proof. 1. Consider families of POVM’s {Ag}, 4, {BZ}U!b in Mgz and a pure
state |y) € cleCd. By the Schmidt decomposition, we can write |y) =
Siecy Al @iy ® lyic) where 3 17l* = 1. Thus,

> Gab<w|Aa®Bb|w>—Zﬂkﬂl D GEX oAt o) wilBYly)

x,y;a,b x,y;a,b

<dmax| > GEodAle)(wilBylyy| (6.2.1)
’ x.y;a.b

where the inequality above comes from the fact that |Z K, lﬂkﬂ1| <d. In-
deed, recall that ||x||; < Vn|x]ly, for all x € R", so for x = (ﬂk)ﬁ:1 we have
that |Zk,1ﬁkﬂl| = |Zkﬂk|2 < dY | Ak? and since Zk=1|ﬂk|2 =1 we have
the assertion. Now fix I, [ and an x € X and note that

> ondagion] < > [(oAlion |? | (@dAlien |2
a a

<( D [<ouagion | )%(Z [(pilAlion| )

=1

where the first two inequalities follow from the positivity of the {AZ} and the
Cauchy-Schwarz inequality while the equality in the end comes from the
fact that again each A¢ is positive and add up to the identity, },,A¢ =1d

and the set {@y} is orthonormal. Indeed, check that
D Kodadion | = > (odadion = (il Y Allow) = llgidl” = 1
a a a

Applying the same arguments for Bob’s POVM and using that G has non-

negative coefficients, we get that for every I, [,

D GEXorAlo)(widBly) | < > GEY [(olalion | [<wdBllwy | < o(G)
x,y;a,b x,y;a,b



122

Together with 5.2.1, this proves the first estimate.
2. For the second estimate, proceed as above to obtain again 5.2.1. It

thus suffices to show that for every Ik, 1

3 MEX @Al p) widBEly) | < 20(0)

x.y;a,b

Fix I, 1 and decompose the rank-one operator p = |p){@k| as p = p1 + {02,
where pj, j = 1,2 are selfadjoint operators with ||pJ|| s < 1. This follows from
the fact that the operator p has one non-zero singular value and that ||p|| =
Omax(©) = 1, so ||P||s‘1’l =1 and as a consequence ||pj||s(11 < ||p||snli = 1. By the
spectral theorem for the Hermitian operators pj;, each p; can be expressed
as pj = ZS 1a][)d)(]dl where a] €eR, Z 1 |a’| <1 and [f’) } is an orthonormal
basis of C¢ for j = 1,2. Now observe that {@i|A%|@;) = Tr(A% @) ¢xl) and
thus, by linearity of the trace,

d d
(plafion = > AL +1 ) (AL,

s=1 s=1

Hence,

2 d
> MEX oAl wil By ZZ| D M EAUD Wl BYlwy

x,y;a,b Jj=1s=1 x,y;a,b

<2  sup Z MZPP(alx)(yic| Byl
PePc(AB|XY) xy,ab

where in the last inequality we used that (P(alx))x.a = ((fIAZlf))x.q is a clas-
sical probability distribution for every unit vector |f). Since the coefficients

M. ;‘5 are real, then for every P € Pc(AB|XY), the operator 3. .. M,‘Z’j P(alx)Bg
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is a selfadjoint operator in My. So for any P € P¢(AB|XY), its norm satisfies

> MEPP(ax) Bl | = [(wid Y MELP(alx)BYlun)
x,y;a,b x,y;a,b

IA

Z MZPP(alx)B]
x,y;a,b

= sup | > MEPP(ako(yiBYlw)
lp)eBallC?) | xyra,b

< o(M).
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Appendix A

A.1 Tensor products

We present here the definition and the main theorem concerning tensor
products of vector spaces. For proof of the following results see [23]. For a
different approach see [24].

Let E, F and M be complex vector spaces. Let also ¢ : EXF - M a

bilinear map.

Definition A.1.1. We say that E and F are ¢-linearly disjoint if the following
holds:

Let {x1,...,xn} be a finite subset of E, and {y;,...,yn} a finite subset of F,

satisfying
n
Z (xi.yi) = 0.
i=1
Then, if x1,..., Xxn are linearly independent, y, =--- = yn =0,
and ifyy,...,yn are linearly independent, x; =---=x, =0 .

Definition A.1.2. A tensor product of E and F is a pair (M, ¢), consisting of

a vector space M and a bilinear map ¢ : EXF — M such that:
1. The image of E X F under ¢, spans the space M.
2. E and F are ¢-linearly disjoint.
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We will first prove the existence of the tensor product and the well-
known "universal property" which states that tensor products are unique
up to isomorphisms. Let’s see first an equivalent definition of the ¢-linearly

disjointness.

Proposition A.1.3. Let E, F and M vector spaces and ¢ a bilinear map from

E X F into M. Then the following are equivalent”
1. E and F are ¢-linearly disjoint

2. Let {xi}?:1 and {y;} Jml be linearly independent sets of vectors in E and

F respectively. Then {@(x;,y;)}i; are linearly independent vectors in M.

Theorem A.1.4. Let E,F be two vector spaces.

1. (Existence) There exists a tensor product of E and F.

2. (Universal property) Let (M, ¢) be a tensor product of E and F. Let G be
any vector space, and b : EX F — G any bilinear map. There exists a

unique linear map B : M — G such that the following diagram

ExF —2 s ¢
X‘BT
M

is commutative.

3. (Uniqueness) If (M1, ¢1) and (Ms, ¢9) are two tensor products of E and
F, there exists a linear isomorphism n _from M; into My such that the

JSollowing diagram

is commutative.
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The tensor product of E and F will be denoted by E® F and the bilinear
map @ of EXF into E® F will be denoted by

(x.y > x®y

rather than ¢.

Remark A.1.5. To rephrase the universal property, if G is a vector space
and b : EXF — G a bilinear map, then there exists a unique linear map
B:EQ®F — G such that B(x®y) = b(x, y). That is, the space of bilinear maps
EXF — G is isomorphic to the space of linear maps EQF — G:

B(EXF,G)=L(E®F,G).

A.2 Operator theory

Definition A.2.1 (Inner product). Let V be a vector space over the field C.
An inner product on ‘V is a map

LY VxVYV->C
such that:

1. It is linear in the second argument:
(X Ay1 +uye) = Kx, Y1) + pdx, yo)

SJorallx,y;,ys € Vand A, ueC

2. It is Hermitian:

xy) =(y,x)

Jorallx,yeV

3. It is positive definite:
(x,x)>0

Jor all x € V with equality if and only of x = 0.
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Definition A.2.2. IfH is a complex vector space and (-, -) is an inner product
on H, then we call the pair (H,{-,-)) a pre-Hilbert space. A pre-Hilbert

space becomes a normed space with the norm induced by the inner product
1
-l := )2

Definition A.2.3. A complete pre-Hilbert space is called a Hilbert space.

Example A.2.4. The space C" equipped with the inner product {(x,y) :=
2.1 Xy; is a Hilbert space, equipped with the Euclidean norm ||x||g := Vix, x)=

i1 x|, When referring to C" we will usually mean (C", || -|l3) which will
be also denoted by &5 = (C",|-[l2).

Example A.2.5. IfH,H, are Hilbert spaces, then so is H,®H o with inner
product

<(Ul ’ 02)1 (wl ’ w2)>7‘{1 OHo = <U1 ’ wl>(/‘{1 + <U25 w2>7‘{2
Similarly H, ®Ho becomes a Hilbert space, with inner product
(V1 ® V2, W1 @ Wa g, @A, = (U1, W1 )y, * (U2, Wa)gy,
and taking the completion as we already discussed in Section 1.1.

Remark A.2.6. Note that if T € B(H,Hs) where H1,H- Hilbert spaces,

IT|| = sup{||Tx]l2 : x € Ball(#1)}
= sup{|{y, Tx)s | : x € Ball(H),y € Ball(H>)}

Theorem A.2.7 (adjoint). Let H,,Hs be two Hilbert spaces and T : H; —
Hy be a bounded operator, then there exists a unique bounded operator
T* : H; — Ho such that

(T X2, x1), = (X2, TX1 )
Sorall x; € Hy, xo € Ho

The operator T* : H; — Hj is called the adjoint of T and it is a bounded
operator for which ||T*|| = ||T]|.
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Remark A.2.8. When T = T", then T is called selfadjoint or Hermitian.

Definition A.2.9 (Involution). Let A be a complex algebra. We call involution

a map A— A: a— a* with the following properties :

1. (a+ Ab)* = a* + Ab*
2.a%=a
3. (ab)* = b*a*

foreacha,be Aand A€ C

We call such an algebra a *-algebra.
Remark A.2.10. The map A+ A* on B(H) is an involution.

Definition A.2.11. A Banach algebra A, is an associative algebra equipped

with a norm, such that

lloc - yll < el - [yl

Jor all x,y € A and that is also a complete space (Banach) with respect to

that norm.

Definition A.2.12 (C*—algebra). Let (A, *) be a Banach algebra with involu-
tion. We say that (A, *) is a C*—algebra if its norm satisfies the c” -property:

2
lla*all =llall”.

Definition A.2.13. A linear map ¢ : A — B, between C*—algebras is called a
x-homomorphism if it preserves the products and the adjoints. If in addition

@ is a bijection, it is called *-isomorphism.

Proposition A.2.14. If ¢ : A — B is an injective *-homomorphism between

Cs-algebras, then ¢ is isometric.

Proposition A.2.15. IfH is a Hilbert space, then B(H) is a C"-algebra.
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Let A and B be two #-algebras. One can make their algebraic tensor

product A®P a *-algebra, by defining the operations
(a®b)(c®d) =ac®bd

and
(a®b)*=a*®b*

for all a,ce A and b,d € B.
If we also equip A®P with a norm |||, that satisfies the C*—algebra

axioms
2
lxyll, < Nl 1yl el = 1xdly

for all x,y € A®SB, then the completion with respect to such a norm, of the
algebraic tensor product A®B is a C*—algebra, which we denote by ﬂ@)yB
or A®,B or simply A®B whenever it is clear from the context what we

mean.

Remark A.2.16. Let (E,(:,-)), (F,{-,-)) be two finite dimensional pre-Hilbert
spaces and let also {e1,...,en} CE and {f1,...,fi} € F be two orthonormal
bases. Then,

B(E,F) = My n(C).

Indeed, every linear map T : E — F defines a matrix|[a;;] € M. »(C) by setting
a;j = (fi. Te;) and every matrix A = [a;;] defines an operator T : E — F by
acting on column vectors of coefficients with matrix multiplication, that is: if

X = Z?:l x;e; € E, then Ta(x) = }“:1 y;f; where

U1 X1 2 }-121 ap jXj
=layl| : |=
Uk Xn| [ X5 e
Corollary A.2.17. Let M,(C) be the space of n X n matrices, we define the
selfadjoint of a matrix A = [a;;] € My, to be A* = [a;;]. Then by the above
lemma

B(C",C") = My(C).
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Moreover, the isomorphism preserves linearity, multiplication and the ad-

Jjoints .

Corollary A.2.18. As ) = (C",||-|ly) is a Hilbert space, then B(£)) is a c*-
algebra. Using the identification M,(C) = B(C") we conclude that M,(C)
is also a C*—algebra if we use the induced operator norm on matrices.
More specifically the operator norm induced by the Euclidean norm, i.e.,

the spectral norm (0.3.10).

Definition A.2.19 (Trace). Let H be finite dimensional Hilbert space with
dim(H) = n. We define the Trace of an operator T : H — H, to be the trace of
its matrix representation. That is, if T defines a matrix [Ty;] by Ti; = {e;|Tle;).
then its trace is defined by

n

Tr (T) :=Tr([Tyyl) = ) (eilTles).

i=1

Note that the definition of the trace does not depend on the choice of basis.

Remark A.2.20. A ||-||-closed subalgebra A C B(H) is a C*—algebra iffitis
selfadjoint, i.e., is it satisfies A€ A= A* € A.

Theorem A.2.21 (Gelfand-Naimark). Every C -algebra A is isometrically
*_isomorphic to a closed C*-subalgebra of a B(H) for some Hilbert space H,
i.e., there exists a Hilbert space H and a map n : A — B(H) that preserves

the algebraic structure and the norm.

Definition A.2.22. Suppose A is a Banach algebra with a unit 1. An
element x € A is called invertible if there exists an x~ ! € A such that xx~! =
x~1x = 1. We denote the set of these x by Inv(:A).

Definition A.2.23 (Spectrum). Suppose A is a Banach algebra with a unit

1 and an element x € ‘A. The spectrum o(x) of x is the set

o(x):={Ae€C: A1 —-x¢Inv(A)).
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Definition A.2.24. I[fAisa C*—algebra and a € A then:
1. Ifa*a = aa®, then a is called normal.
2. Ifa = a”, then a is called selfadjoint.

3. If also A has a unit 1, an x € A is called unitary ifa*a =1 and aa™ =
1.

4. Ifa=a" and o(a) C Ry, then a is called positive.

Remark A.2.25. [fAis a C*—algebra, we may write a > 0 whena € A is
positive. We also say a> b fora,be Aifa—beA,.

Remark A.2.26. Denote by A, the set of all positive elements of A. One

can see that A, ={b*b: b e A} and it is also a norm-closed cone.

Definition A.2.27. 1. We say that an operator A € B(H) is a positive
operator, if (x, Ax) > 0 for every x € H. We denote the set of all positive
operators on ‘H by B, (H).

2. If also A,B € B,(H), we write A > B if (x,Ax) > (x,Bx) for all x € H,
that is, if A— B € B, (H).

Theorem A.2.28. Let H be a Hilbert space and M C H a closed subspace.
Then,

H=MoM" .

So, for every x € H we write x = Py(x) + Py1(x), where Py(x) € M and
Pyi(x) € M*+. The map Py : H — H is a bounded linear operator called

the projection on M.

Proposition A.2.29. An operator P € B(H) is a projection if and only if it
satisfies P = P? = P*.

Proposition A.2.30. An operator U € B(H) is unitary (i.e. UU* = U* = 1dg)

if and only if U is isometric and surjective.

Theorem A.2.31. Let T € B(H). The following properties are equivalent:
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1. Tis a positive operator
2. There exists B € B(H) positive, such that T = B>
3. There exists S € B(H), such that T = S*S
4. T=T* and o(T) C R,
Proposition A.2.32. If T € B(H) is selfadjoint, then
ITIl = sup{l<h. Th)| : [|h]| = 1}

Theorem A.2.33 (Spectral theorem). Let H be a finite dimensional Hilbert
space and T € B(H) be a normal operator. Then, there exist a positive
integer m, distinct 1,...,An € C and nonzero projections Ey,...,Ey, € B(H)
with 37 | Ej = Idg such that,

m
T= ZﬂkEk.
k=1

Each scalar i is an eigenvalue of T and Ej. is the projection operator onto

the eigenspace corresponding to the eigenvalue f.

Theorem A.2.34 (Spectral decomposition). Let H be an n-dimensional
Hilbert space and T € B(H) a normal operator. Then, there exist an or-

thonormal basis {|yi)}i._, of H such that

T= " AlpiXwid
k=1

where {A1,--- An} are the eigenvalues of T.

Remark A.2.35. Note that in the spectral decomposition of a selfadjoint
operator T, the eigenvalues { i} are real. Moreover, if the operator is positive,

then its eigenvalues are non-negative.

Theorem A.2.36 (Singular value decomposition). Let A € M, ,; be a matrix
with complex coefficients, let g = min{n, m} and suppose that rank(A) =r.
Then,
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There exist unitary matrices V € M, and W € My, such that

A=VXIW,
where
2 if m=n,
5 [Eq O] S Mn,m lvf m>n,
2q
€ Mnm if m<n,
0

in which X is the diagonal matrix

(03] 0
Zq =

0 o

where 0y 220, >0=0p41 =" = 0.

If we order the non-zero eigenvalues of the positive matrix A*A as A41(A*A) <
--- < A(A*A), then the parameters oy,..., 0, are exactly the positive square
roots of these eigenvalues. That is, o; = VA;(A*A) foralli=1,...,r. The

scalars o1,..., 0, are called the singular values of A.
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