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Abstract This paper studies subjective priorities for
the data amounts in the processing of geopolitical data
accoding to Mazis I. Th., theoretical paradigm of
Systemic Geopolitical Analysis. After defining geopo-
litical plans and geopolitical focus sets, they are
introduced geopolitical preferences and geopolitical
management capacities. The geopolitical rational
choice is studied, as well as the geopolitical prefer-
ence-capacity distributions. Then, they are investi-
gated geopolitical contrasts of subjective priorities by
several geopolitical operators, and it is shown that
there are cores and equilibriums of geopolitical
contrasts, the study of which may provide useful
information.
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Introduction

In a recent paper, it has been documented a holistic
systemic geopolitical modeling by using two General
mathematical methods predicting geopolitical events
into a given geopolitical system (Daras and Mazis
2014). The starting point was to consider weighted
geopolitical indices and their measurements. A
weighted geopolitical index is a quantity which refers
exclusively to a geopolitical index at any point of the
space-time, endowed with an associated threshold
above and below which it is marked a geopolitical
change in the conduct of the geopolitical system. A
geopolitical measurement gives the value of a geopo-
litical index measured at some discrete time moments
and some geographic location points. If one is limited
within a given region of space-time, then the corre-
sponding set of weighted geopolitical indices over this
region is a universality of weighted geopolitical
indices. The distance between such a universality of
weighted geopolitical indices and a parameterized
surface which interpolates discrete points representing
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values of a geopolitical measurement can be consid-
ered as a measure for assessing the occurrence or not
of a geopolitical event. They have been proposed two
general frameworks for determining geographical
location points and time moments where it is expected
appearance of peculiar geopolitical events. The cor-
responding algorithmic formulations showed that the
prediction problem is reduced to two respective
classical nonlinear optimization problems.

A basic and reasonable question arises immediately
and may be constitute the central subject of discussion in
subsequent additional scientific studies. The question
relates to the subjectivity of geopolitical choices and
priorities: given that it is very doubtful whether the
considered set of weighted geopolitical indices could be
considered as exhaustive, one wonders if the above
prediction is ultimately reliable. Equivalently, if a
geopolitical operator considers a set of weighted
geopolitical indices and if another geopolitical operator
considers a different set of weighted geopolitical indices,
then how much the two predictions will differ or diverge?

The purpose of this paper is to study in depth this
question. The first part of the paper examines the case of
a single geopolitical operator. Obviously, a geopolitical
operator can choose or use only a numerical carrier
(value or/and amount of numerical data) for each
weighted geopolitical index. Thus, in “Geopolitical
plans” section, we will describe how through its
options, a geopolitical operator [processor] may prefer
to focus only on some choices. A geopolitical plan for
the geopolitical operator specifies the numerical carrier
of each weighted geopolitical index that the geopolitical
operator may take into account. Then, in “Geopolitical
preferences ” section, we will study the preferences of a
geopolitical operator. A geopolitical preference is the
relation that determines the geopolitical selectivity of
an operator. In order to establish a well such preference,
in “Weighted geopolitical systems and geopolitical
management capacities” section, we will show how a
geopolitical operator should associate a certain geopo-
litical significance in each weighted geopolitical index
and we consider the corresponding geopolitical rational
choice set, while in “Topology and neighboring
geopolitical preferences” section we will study the
topology of the space of geopolitical preferences and we
shall describe neighboring preferences of a given
geopolitical preference. Having regard to all these, in
the next “The lower hemi-continuity of the geopolitical
rational choice” section we will investigate the lower

hemicontinuity of the relation defining the set of all
geopolitical rational choices, and in “Mean geopolitical
rational choice” section we will deal with the concept of
the mean geopolitical rational choice for a set of
geopolitical operators. The second part of the paper is
devoted to the case of several geopolitical operators. In
this case, each of the operators has its own priorities and
preferences, and, after a brief introduction, we will see
that there are cores and equilibriums of contrasts, the
study of which may provide useful information (“The
geopolitical contrast core and the geopolitical contrast
equilibrium”, “Determinateness of geopolitical equi-
librium vectors” sections).

Rational choice of geopolitical sets
Geopolitical plans

Geo-politics (i.e., «geo-» (gaia [in Greek] = earth) and
politics (politiki [in Greek] = politics)) is the inves-
tigation of actions and influences of the Geography
(Human and Physical) to International Politics and
International Relations (Devetak et al. 2007; Mazis
2001, 2013; Toncea 2006).

In consistency to this definition, the Geopolitical
analysis of a Geographical System is characterized
by an uneven distribution of power and is defined to be
the geographical method that studies, describes and
predicts the attitudes and the consequences ensuing
from relations between the opposing and distinct
political practices for the re-distribution of power as
well as their ideological metaphysics, within the
[framework of the geographical complexes where these
practices apply (Mazis 2015b: 1063).

From a methodological point of view, it is
suggested the following approach (Mazis 2015a, b).

1Ist stage: Decoding the title of the topic

The title of the topic of a study of geopolitical analysis
(should) define(s) the facts and the objectives of our
problem. In particular it defines:

1. The boundaries of the Geographical Complex
which constitutes the geographical area to be
analyzed.

2. The (internal or external) space of the Complex
under study as a field of distribution or
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redistribution of power due to the activity of a
specific geopolitical factor.

3. The above-mentioned geopolitical factor, the
impact of which may affect the distribution of
power, within or outside this Geographical
Complex.

»Decoding the title of the Topic. Example

e Topic: “The Geopolitics of the Islamic movement
in the Greater Middle East”
o Analysis of the Title:

a. Identification of the boundaries of the Geograph-
ical/Geopolitical Complex The boundaries of the
Geographical/Geopolitical Complex are defined
by the term “Greater Middle East™.

b. The precise identification of the Space under
study The Space under study of this specific
Complex is the “interior” space of the Geo-
graphical/Geopolitical Complex of the
Greater Middle East and this is evident by
the use of “in”, i.e., “in the inside of...”,
“within the boundaries of...”.

c. Identification of the Geopolitical Factor The
designated Geopolitical Factor is the “Islamist
movement”.

2nd stage: ldentifying the boundaries
of the geopolitical systems under study

At this stage, we identify the boundaries of the
Geopolitical Systems within which we are going to
study the activity (or activities) of the Geopolitical
Factor defined in the title. There are three levels of
Systems defined according to the extent of the
geographic area they refer to:

1. Sub-systems that are subsets of the Systems.

2. The System that is the Geographical Complex
under investigation.

3. Supra-Systems, containing the main System under
study—as a subset along with other Systems that
may not concern the current analysis.

3rd stage: Defining the fields of influence
of the “geopolitical factor”

Once we have defined the three levels of Systems, we
should identify the fields of geopolitical influence of
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the “geopolitical factor” under study. In other words,
we should determine which combination of the four
“fields” or “geopolitical pillars” of the given “geopo-
litical factor” we are going to investigate, always
within the framework of the chosen Systemic scale
(e.g., on the level of “System” or on the level of
“Subsystems”).

In order to follow a rational order in the examination
of the influences of the Geopolitical Factor (GP) we
should start the investigation from the “Supra-systems”
level and continue with the “System” level. Such a
sequential order should prove that, in most cases, if the
analysis of the influences of the GP on the level of the
Sub-systems is completed, and if Sub-systems have
been correctly identified, the respective analysis on the
level of the whole System is also completed.

The Geopolitical pillars are as follows:

1. Defense/security

2. Economy

3. Politic

4. Culture and Information.

The aforementioned pillars are examined in terms
of power, e.g., economic power, political power, etc.

»Identifying the function of the Geopolitical factor
for the specific pillars of influence—Example

At this stage we are going to identify the geopo-
litical trends-dynamics for each designated Subsys-
tem. These trends are identified only and exclusively
in terms of “power”. They answer the following
questions:

a. The pillars (defense/security, economy, politics,
culture/information) where the “geopolitical fac-
tor” under study prevails (in our case the GF
“Islamist movement”) and by consequence
already determines or may determine their atti-
tude within the framework of each Sub-system.
This type of conclusion is defined as “positive
sub-systemic component of the trend power” of
the “geopolitical factor” in the “Interior of the
System”.

b.  Which pillars absorb the influence of the “geopo-
litical factor”, and by consequence, it does not
influence the whole attitude of the Sub-system.
This form of conclusion is defined as “zero sub-
systemic component power trend” of the “geopo-
litical factor” in the “Interior of the System”.
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4th stage: Synthesis

The term “synthesis” refers to the procedure through
which we can detect the Resultant Power Trend of the
given Geopolitical factor on whichever final systemic
scale (e.g., Sub-system, System or Supra-system
level).We must distinguish two cases.

e /st case In case we have detected and defined the
particular power components (of the geopolitical
factor at hand) on the Sub-system level, and our
objective is the Component of the System on the
systemic level, then the stage of synthesis begins
from the level of the System.

e 2nd case In case the component in question is on
the level of the Supra-system, then the stage of
Synthesis starts after the conclusion of the Anal-
ysis of the components of the individual Systems.
This means that the synthesis should start from the
level of Sub-systems, and we should then shape the
image of the components on the level of Systems,
and finally conclude with the identification of the
component on the level of Supra-system.

Sth stage: Conclusions

The last stage of the geopolitical analysis is that of
Conclusions. At this stage we must describe the
geopolitical dynamics, to which the “Component of
power” of the “geopolitical factor” under study,
subject to the attitude of the System examined, in the
context of the Supra-system.

We must stress that: At this stage of the study, as in
any other stage of the aforementioned geopolitical
analysis, we make no proposals.

1. At this stage, we discover: structures, actions,
functions, influences, forms and dynamics of the
geopolitical factor and we describe them.

2. We also describe how they affect the attitude of
the System. Proposals do not form part of a
Geopolitical Analysis. They are part of the Geo-
strategic approach which may be carried out, only
if asked and by exploiting the results of the
geopolitical analysis preceding (Mazis 2015a).

So, from an epistemological point of view, the
above proposed methodological approach of the
Systemic Geopolitical Analysis adopts the following
Lacatosian structure (Mazis 2015b):

e Definition of the fundamental axiomatic assump-
tions (Elements) of the hard core of the geopolit-
ical research program

e Definition of the auxiliary hypotheses (elements
[e]) of the protective belt of the geopolitical
research project

e The issue of the positive heuristics of the geopo-
litical research program

e The elements of the positive heuristics of the
geopolitical research program.

According to the Lakatosian meta-theoretical
approach, the hard core (fundamental assumptions)
constitutes the basic premise of a research program.
The hard core is protected by negative heuristics, in
short, by the rule that prohibits researchers to contra-
dict the fundamental ideas of a given research
program, i.e., with the hard core of the program (as
an attempt to address new empirical data which tend to
invalidate the theory). That being said, we believe
that:

1. The first fundamental axiomatic assumption (Ele-
ment 1), which constitutes the centre of the hard
core of the geopolitical research program, is that
all the characteristics of the above-mentioned
subspaces of the geographical complex are count-
able or can be counted, through the countable
results which they produce, e.g., the concept of
“democracy” of a polity (according to western
standards, since there are no other). This is a
concept identified as a Geopolitical Index within
the framework of the secondary causative “Polit-
ical Space”, as defined earlier, and can be
countable by means of a multitude of specific
results, which it produces in the society where this
form of political governance is applied. Such are
for example the number of printed and electronic
media in the specific society, the number of
political prisoners or their absence, the level of
protection of children of single-parent families,
the number of reception areas for immigrants and
density of the latter per m* etc. These figures are
classified, systematized and evaluated according
to their specific gravity concerning the function of
the figure to be quantified, and constitute the
Geopolitical Indices that we are going to present
and examine in detail below.

II. »The second fundamental axiomatic assumption
(Element 2) of the hard core of the systemic
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geopolitical program is that, within the framework
of the geographical area under study, there exist
more than two consistent and homogeneous Poles
which are also:

1. self-determined (as to “what” they consider
“gain” and “loss” for themselves), and also
in relation to their international environment;

2. hetero-determined, uniformly and identically
to their international environment which is
determined by the international actors that
dwell within them and their common sys-
temic relation is their characteristic. [...],
according to the Lakatosian meta-theoretical
approach, a research program has the protec-
tive belt of complementary hypotheses, i.e.,
proposals that are subject to control, adapta-
tion and re-adaptation, and that are replaced
when new empirical data come to light.

Moreover, given Lakatos’ dictum that “in the
positive heuristic of a program there is, right at the
start, a general outline of how to build the protective
belts” and that “a research program [is defined] as
degenerating even if it anticipates novel facts but does
so in a patched-up development rather than by a
coherent, pre-planned positive heuristic” (Lakatos
1970), we should proceed by formulating a (provi-
sional) definition of that protective belt for our
research program. Consequently, following the Laka-
tosian meta-theoretical paradigm, the protective belt
of the geopolitical research program should be
defined, complemented with the following auxiliary
hypotheses-elements:

1. (element [el]): First auxiliary hypothesis of
the protective belt of the geopolitical research
program: the size of the power is analyzed in
four fundamental entities (Defense, Economy,
Politics, Culture/Information), which in turn
are analyzed in a number of geopolitical
indices. These Geopolitical Indices, as already
mentioned, are countable or can be counted
and they are detected and counted in the
internal structures of the those Poles that each
time constitute the Sub-systems of the Geo-
graphical Complexes under geopolitical
analysis.

II. (element [e2]): Second auxiliary hypothesis of
the protective belt of the geopolitical research
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III.

Iv.

VI

program: the above Poles constitute funda-
mental structural components of an interna-
tional, and ever changing, unstable System.
(element [e3]): Third auxiliary hypothesis of
the protective belt of the geopolitical research
program: these Poles express social volitions
or volitions of the deciding factors that
characterize the international attitude of the
Pole. Consequently, these poles can be
national states, collective international insti-
tutions (e.g., international collective security
systems, international development institu-
tions, and international cultural institutions),
economic organizations of an international
scope (i.e., multinational companies, bank
consortia) or combinations of the above
which, however, present uniformity of action
within the international framework concerning
their systemic functioning.

(element [e4]): Fourth auxiliary hypothesis of
the protective belt of the geopolitical research
program: consists of the above-mentioned
“causal and causative” notions of the “Pri-
mary”, “Secondary” and “Tertiary Space”, as
well as their combinations (“Complete” and
«Special Composite Spaces”).

(element [e5] Fifth auxiliary hypothesis of the
protective belt of the geopolitical research
program is the premise that the international
system has a completely unsure, unstable and
changing structure.

(element [e6] Sixth auxiliary hypothesis of the
protective belt of the geopolitical research
program: systemic geopolitical analysis aims
to conclusions of “practicality”, shortly, of
some “theory of practice” (Aron 1967), i.e., to
the construction of a predictive model of the
trends of power redistribution and in no case to
“guidelines for action under some specific
national or “polarized” perspective. The latter
is nothing but the “geostrategic biased syn-
thesis”, not a “geopolitical analysis”. This
equals the use of the results (of the model of
power redistribution) of the geopolitical anal-
ysis and follows the stage of geopolitical
analysis. We must note that the “historicity”
of the elements of the research program is
represented by the cultural formations devel-
oping in the context of the fourth geopolitical
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pillar. Thus, their countability is possible in
the same way as is for the rest of the
geopolitical pillars that have a “qualitative
nature”, by means of the “geopolitical
indices” of the Cultural pillar.

At this stage we should not forget that replacing a
set of auxiliary assumptions by another set, is an intra-
program problem shift, since only the protective belt
and not the hard core is altered. The intra-program
problem shifts should be made in accordance with the
positive heuristics of the problem that is with a set of
suggestions or advices that function as guidelines for
the development of particular theories within the
program.

Further, we should also emphasize that, a key
concern of the Geopolitical Research Program is to
describe the suggestions to the researcher that will
determine the content of the positive heuristics of the
Program in question. Without them, it is impossible to
assess the progressivism of the Geopolitical analysis
according to the necessary “novel empirical content”
expected in our analytical spatial paradigm (model).

Given these necessary clarifications concerning the
elements of the positive heuristics of the geopolitical
research program, we define the following:

I.  The methodology of each theoretical approach
should remain stable until a possible detection
of continuous degeneration.

II. The requirement of predictive ability and the
expansion of the empirical basis of the theo-
retical approach should be maintained.

III. The empirical facts should constitute the final
measure for assessing competitive theoretical
approaches of the same set [research
program].

IV. The facts that have been used to test a
theoretical approach should not be the only
ones used for verifying this approach but, with
the progress of time of research, the testing of
the theoretical approach should be referred
also with facts that derive from the expansion
of the empirical basis of the given approach».
(Mazis 2015b).

We point out that a geopolitical analyst is a properly
informed geographer who conducts a geopolitical
analysis within the framework of a Geographical/
Geopolitical Complex. Below, without any risk of

confusion and for obvious reasons of adopting assim-
ilative generality and acceptable uniformity, we will
prefer to use the appellation “geopolitical operator”
instead of that of geopolitical analyst.

Hereafter, we are now in position to proceed to
necessary mathematical foundations and several
involved applications.

Let S be a geopolitical complex. A weighted
geopolitical index of the complex S at date t and
location (x,y, z)

( (J j ) .
gSj) = gsj) (ng/)y ~-~7P1(\€/57f>x7y72)

is a numerical function of the values of its N; intrinsic

properties (physical characteristics) (PE’?S, ey Pz(\i)/s)
into the system S, the date € R and the location
(x,y,2) € R? at which it is studied. It is assumed that
there are a sufficiently great number of distinguishable

weighted geopolitical indices of the complex S, say

(1) Q)

gS :gs (t1x7y7z)7

2 2

e =&t x,,2),
g =gl (t,x,y,2), €30

for any date t and any location (x,y,z).

Definition 2.1 Hereafter, for the value or/and the
amount of numerical data of a given weighted
geopolitical index gg) over a geopolitical S at a date
t and a location (x,y,z) we will use, without any

distinction and risk of confusion, the single term

. ier of o)
numerical carrier o gS .

Obviously, the numerical carrier, say d;, of a
weighted geopolitical index g(si) over S atadate t and a
location (x,y,z) can be expressed by a real number.

So, any unit vector

15, =10,...,0,1,0,...,0 | of R!
N—— ——

i—position

is identified with one unit of numerical carrier of
geopolitical weight index over the complex S, and the
linear space R‘*!, endowed with the corresponding
product Euclidean topology, is a continuous space of
numerical carriers of weighted geopolitical indices
over S.
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Definition 2.2 For a geopolitical operator M, a
geopolitical plan over the complex S specifies the
numerical carrier for each weighted geopolitical index
in S that M takes into account, as well as the
numerical carrier for this weighted geopolitical index
which he will make available. We shall use the
convention that the numerical carrier of a weighted
geopolitical index in S which is used by the geopo-
litical operator M is represented by a negative
number, while the numerical carrier over S which
has to be made available to the geopolitical operator
M is represented by a positive number. Then, every
geopolitical plan can be represented by an element

x = (di,da, ..., d11)
in the measurable space R“"'.

Remark 2.1 It is obvious that every element in R‘*!
can be interpreted meaningfully as a geopolitical plan.

It is assumed that for every geopolitical operator
M there is a nonempty closed subset

Xm

in R, which describes the set of all a priori possible
geopolitical plans over the complex S. Here a priori
possible means that, ignoring management acts, the
geopolitical operator can carry out the geopolitical
plan over the system S. More specifically, we have the
following.

Definition 2.3
i A geopolitical focus set or simply a focus set

£

over the geopolitical complex S is a nonempty
subset of the geopolitical plans over S which is
closed, convex and bounded from below.

ii Given a vector y € R“! and a compact subset
E C R, we denote by

£y:E
the compact set of all focus sets X such that

yeXand XNE #0.

Remark 2.2 A focus set over the system S will
typically belong to a discrete (not necessarily finite)
set in R,
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Geopolitical preferences

Definition 2.4 We say that a geopolitical operator
M selects the geopolitical plan x instead of the
geopolitical plan x’ if he wants to select x whenever
he is offered the alternatives x and x'.

The binary relation “selected” becomes a powerful
tool for modeling analysis if the behavior of the
geopolitical operators reveals a certain ‘consistency’
of choices.

Definition 2.5 A geopolitical selection preference,
or simply geopolitical preference, in the geopolitical
complex S is a pair (X, >) where

e X is afocus set over a system S and

e >~C X x X is a transitive and non-reflexive binary
relation on X such that - is open in X X X.

In what follows, instead of (x,y) €, we shall write
X =y
Thus,

X%y means (x,y) € #.

Sometimes it is convenient to represent a geopolit-
ical preference by an R-valued function.

Definition 2.6 Given a (X, >), a geopolitical pref-
erence representation in S is a continuous function
u : X — R such that

x >y if and only if u(x) > u(y).

Notation 2.1 It is well known that if E is a compact
subset of R, then the set P(E) of all nonempty
closed subsets of E together with the Hausdorff
distance 6 on E is a compact metric space. So, in
what follows we will always assume that

E is a compact subset of R*!
K(C P(E)) is a compact subset of focus sets
XCE.

o The set of all geopolitical preferences (¥X,>) in S
with X € & is denoted by

P = Pa.

o The set of geopolitical preferences (X, >) in S with
X € X, is denoted by
Py.k-
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Remark 2.3 Notice that the particular choice of E is
immaterial. To restrict in this way the “universe” of
focus sets X is no restriction for our analysis; however,
it simplifies the mathematical presentation, since the
set S will turn out to be compact.

It is easy to verify the following basic properties.

Proposition 2.1 To every geopolitical preference
(X,>) € P we associate the set

F:={(x,y) EEXE:x€X,yc Xandx#y}.
The set F is characterized by the following properties.

i. Fisaclosed subsetin E X E.

ii. {x €E:thereisaywith(x,y) € F} C K.
iii. (x,y) € Fimplies (x,x) € F and (y,y) € F.
iv. (x,y) € Fand (y,2) & F implies (x,z) & F.

Conversely, given such a set F, we obtain the
corresponding  geopolitical preference (X,>) € P
by setting

X={x€E:(x,x) € Fland > = (X x X)\F.

In order to investigate the behavior of the modeling
process, it is often required additional properties of the
geopolitical preferences. For this purpose, we will now
define some useful auxiliary subsets of P.

Definition 2.7 Let (X,>) € P be a given geopolit-
ical preference.

i (X,>) is said to be locally non-satiated in the
complex S if for each x € X and each neigh-
borhood U = U, of x there exists a x’ € XU
such that X’ = x. The set of all locally non-
satiated geopolitical preferences in P is denoted
by
Plns~

it (X,>) is said to be monotonic in Sif 0 <x<y
and x #y in X imply y > x. The set of all

monotonic geopolitical preferences in P is
denoted by

Poo-

iii (X, ) is said to be negatively transitive in S if
for every x,y,z € X with x#y and y ¥z we

have x 3 z. The set of all negatively transitive
geopolitical preferences in P is denoted by

P*.

For a geopolitical preference in P* one defines the
geopolitical indifference in S by

x~y if and only if x % yandy # x.

The indifference relation ~ on X is reflexive,
transitive and symmetric. The relation 3 is then
written as <. Obviously, the geopolitical indifference
< is reflexive, transitive and complete.

Definition 2.8 The indifference

(X, <) € P* is called:

geopolitical

i convex in the complex S if for every z € X, the
set {x € X : z < x} is convex and
ii  strongly convex in S if for every x ~x/, x # X/,
and every O<A<l it follows that
x4+ (1 —2)x = x.
iii  The set of all convex (strongly convex) geopo-
litical preferences in P* is denoted by

Weighted geopolitical systems and geopolitical
management capacities

To every weighted geopolitical index g(si> over S, there
correspond two numerical values: its weight w; and its
balancing evaluation b;. The concept of the weight of
the index gg) has already been introduced in
“Weighted geopolitical systems and geopolitical
management capacities” section. Regarding the con-
cept of balancing evaluation b;, this means that b; /b; is
the amount of available numerical carrier d; for the
weighted geopolitical index ggj ) in order to obtain one
unit of numerical carrier for the weighted geopolitical
index g(si),

Definition 2.9 Hereafter, for the weight or/and the
balancing evaluation of a given g(si> over a geopolitical
complex S, we will use, without any distinction and
risk of confusion, the single term geopolitical signif-

icance of gg).
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Obviously, a weighted geopolitical indexed system
in a complex S associates to every weighted geopo-
litical index gg) in S a real number p;, its geopolitical
significance. Thus p can be considered as an element
of R,

If a geopolitical operator M in S decides to
consider and use the weighted geopolitical system
with geopolitical significance p = (pl,pz,...,p[+1),
then any M’s choice of geopolitical plans x =
(di,...,dpy1) in his geopolitical focus set X is
further restricted. Indeed,

Definition 2.10 The weighted geopolitical system’s
value p - x of x cannot exceed a certain number C q, the
geopolitical management capacity of M in S.

The real number Cys represents the maximum
weighted value of a potential geopolitical manage-
ment by M. Thus, a geopolitical management capac-
ity Cpq in S'is typically a function of prevailing weights
for the weighted geopolitical indices. However, it will
be convenient to treat the geopolitical management
capacity as an independent argument.

Definition 2.11 Let M be a geopolitical operator,
with geopolitical focus set X and geopolitical man-
agement capacity Cpq in S. If M prefers a weighted
geopolitical system with geopolitical significance
p = (p1.P2,--Pey1), We define the set of geopolit-
ical management options of M in S by

B(X,Cpu,p) = {x = (dy,....dps1) € X
(P17P27 - ~7Pz+1) (di,da, .., dpyr) SCM}-

The geopolitical plan which actually is chosen in
the set of management options B(X, Crq, w) depends
directly on the geopolitical selection preferences.

Definition 2.12 Let M be a geopolitical operator,
with geopolitical selection preference (¥,>) and
geopolitical management capacity Cxq in S. If M
prefers a weighted geopolitical system with geopolit-
ical significance p in S, we define his geopolitical
rational choice set 20 = (X, -, Cpy,p) in S as the set
of maximal elements in the set of geopolitical
management options, i.e.

A(X, =, Cpm,p) = {x* = (x’l‘, ...,xzﬂ)
€ B(X,Cp,p) : thereisnox = (dy, ..., dey1)
€ B(X,Crq,p)withx > x"}.
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Consequently,

x* € WX, >,Cum,p) if and only if x
= x*impliesp - x > Cp.

Our next purpose will be to investigate how M’s
geopolitical rational choice set in S depends contin-
uously on his geopolitical preference (X,>), his
geopolitical management capacity Cy and weighted
geopolitical system with geopolitical significance p in
S.

Topology and neighboring geopolitical
preferences

The tastes of geopolitical operators are described by
geopolitical selection preferences. The intuitive con-
cept of “similar” tastes is therefore made precise
mathematically by a topology on the set P, of all
geopolitical selection preferences in the complex S.
From the geopolitical management point of view,
tastes can be qualified to be similar if they give rise to
similar choices in similar “geopolitical management
capacity- weighted geopolitical system” situations.
This is a necessary condition for any meaningful and
operational concept of similarity of tastes.

Surely, the discrete topology on P allows the
correspondences on the set of geopolitical rational
choices to have continuity properties. However, for
clear reasons, we want a topology which is metrizable
and separable or even compact.

Theorem 2.1

i The set P of geopolitical selection preferences
in the complex S endowed with the topology
T closea of closed convergence is compact and
metrizable.

ii A sequence (X,,>n),cn of geopolitical selec-
tion preferences in S converges to (¥X,>) in

(P7 Tclased) l.fand only lf

liminfy o {(x,y) € X, x X, : x ¥y}
= limsup,—.o{(x,y) € X,xX, : x £y}
= {(x,y) € ¥xX x/v}.

iii  The topology T ciosed Of closed convergence on
the set P of geopolitical selection preferences in
S is the coarsest topology on P which has the
property that the set {(¥,>,x,y) € Px
RAYXRM - x,y € Xandx £y} is closed.
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Proof

i

i It is well known that the set (R x R“"") of
all closed subsets of R x R‘*! endowed with
the topology T csea Of closed convergence is
compact and metrizable. In order to show that
(P, T cosea) is compact and metrizable, it suffices
to show that

“Pisaclosed subset of (R x R™, T ciysea)”.

In this direction, let us assume that

e (X,,>,),cn 18 a sequence in P and
e F is the closed limit of a sequence (F,)
where F, := {(x,y) € X,x¥, : x4y}

neN

We have to show that “the geopolitical selection
preference (X,>) belongs to F”, where X :=
{xe R : (x,x) € F}and = := (X x X)\F.In
other words, we have to show that

e X is a geopolitical focus set over a system S
(i.e., a nonempty subset of the geopolitical

space R*! which is closed, convex and
bounded from below) and

e >C X x X is a transitive and non-reflexive
binary relation on X such that > is open in

X x X.

To do so, observe that,
F, = limsup, ,«F, = F,

since liminf,—o

a. the set X is the closed limit of the sequence
(x”)nEN'

Further, the set X is nonempty, since every set X,
belongs to K. It follows that

b. the set X intersects a given compact set.
On the other hand, since every geopolitical focus
set X, is convex,

c. the closed limit X is a convex set.

Indeed, let x,y € X and 0<i<1. Since X =
liminf,—.-X,, there are sequences (x, € X,),n
and (y, € X,),cy converging to x and y respec-
tively. Since X, is convex, we have Ax,+
(1 = A)y, € ¥,. Consequently,

x4 (1= A)y € liminf,_. X, = X.

It is now easily seen that

d Xef

We show now that the geopolitical selection
preference >~ on X is non reflexive. Let x € X. Then
there is a sequence (x, € ¥,),cy converging to x.
Since >, is non reflexive, we have (x,,x,) € F,.
Hence (x,x) € F, since liminf,—..X, = X. Thus, we
have x  x.

Next, we show that the geopolitical selection
preference > on X is transitive. Let x > y and y > z.
To get a contradiction, let us assume that x 3 z, i.e.,
(x,2) € F. Since liminf,_,~F, = F there is a sequence
(%, 20) € Fy  with ()cn,zn)n:;o(x7 z). For n large

enough, we have (xn,y,) € Fn and (yu,2a) & F,
where (y, € X,),cy converging to y. Indeed, if this
were not true, it would follow that (x,y) €
limsupy—ooFy, = F or (y,z) € F, which contradicts
x > yand y > z. Hence, by transitivity of >, we obtain
(%n,24) & F, which constitutes a contradiction.

ii It is well known that, in a compact metrizable
space M endowed with the topology of closed
convergence, a sequence (F, C M),y of
closed subsets of M converges to a closed set
F C M with respect to the topology of closed
convergence in M if and only if
liminf, o F, = limsup,_,..F, = F. Applica-
tion for M = (P, T ciosea) proves the desired
assertion.

iii  Since (P, T ciosea) i @ compact space, every
separated coarser topology on P coincides with
T closea- Thus, it remains to show that the set
{(X,>,x,y) :x,y € Xandx # y} is closed in
(P, T ctosea) x R x R, Let
(X, >nyxn:yn)n__))oc(x7 >,x,y), where x,,y, €

X, and x,%y,. Hence (x,,y,) € F,, which
implies that

(x,y) € liminfy—ooF, = F,
ie,x,y € X and x ¥ y.

For later easy reference we state three immediate
consequences of Theorem 2.1.

Corollary 2.1 The correspondence (X, >-)—Xof P
into R is closed and lower semi-continuous.

Corollary 2.2 The set
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{(%,-,x,y) e Px R x R : x,y € Xand x =y}

is a Borel subset of P x R x R,

Corollary 2.3 Let (X,>) € P, x,y € X and x > y.
Then there are neighborhoods V, V. and V, of (¥, >)
in P, x and y in R, respectively, such that X' 'y,
forevery (X, =) e V,¥ e V,NnX andy € V,N¥X'.

In later chapters, it will—for technical measure
theoretical reasons—be important to know that the
four sets

Pumo(: the set of all monotonic geopolitical prefer-
ences in P),

P* (: the set of all negatively transitive geopolitical
preferences in P),

Pr (. the set of all convex (strongly convex)
geopolitical preferences in P*) and

Pi,( the set of all convex (strongly convex)
geopolitical preferences in P*)

are Borel subsets of the compact metrizable space P.
In that regard, it is easy to show the following result.

Proposition 2.2  The sets Py,, P*, PX and P%  are

sco
not closed Gs-sets in P, with closures different from P.

The lower hemi-continuity of the geopolitical
rational choice

Proposition 2.3 Let p = (p,,ps,....Pry1) be the
geopolitical significance vector of the weighted
geopolitical  indexed  system  gs= (g(sl),ggz)7

(+1
g

%(%,CMJ)) = {x = (dl7 ...,dprl) eXx:
(P17P27~ ‘7pf+l) : (d17d27" ‘7df+1) SCM}

of geopolitical management options of a geopolitical

) over S. The defining relation B of the set

operator M in the complex S is closed in P x R x
R and lower hemi-continuous at every point

(X,Cu,p) € P x R x RAL,

Proof The defining relation B is the intersection of
the correspondence (X, = )— X of P into R“*! with the
correspondence (X, CM,p)r—>{x eR* :p.x< CM}
of Px R x R™! into R“!. Since both correspon-
dences are closed (Corollary 2.1), we infer that B is
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closed. To show the lower hemi-continuity of B, let us

defined by
B(X,C,p) = {x € X :p-x<Cx}. By assumption,
there is a vector x = (dy,...,dy) € %(%,CM,p)‘ Let

consider the relation B

(X,,,h,,(,’%),p,,) o be a sequence converging to

(X,>,Car,w) in P. By Corollary 2.1, the correspon-
dence (¥,>)—X of P into R“! is lower-semi-
continuous. Thus that there is a sequence
(x4 € X)), converging to x € X. Evidently, the strict
inequality w - x <Cy implies w, - x, <CSC1) for n large
enough. Hence, x, € ﬂ%(ffn, CE\'Q), pn> for enough large

n, which proves that the relation 9B is lower hemi-
continuous at (X,Caq,p). The convexity of the
geopolitical ~ focus set X  implies that
B(X,Cr,p) = Qé(%, Ca,p). The desired assertion
now follows, since the closure of a lower hemi-
continuous correspondence is also lower hemi-
continuous. O

Proposition 2.4  The defining relation N of the set
Q[(xa >'7CM7P) = {x* = (dh .. ‘7d€+l)

€ B(X,Cpm,p) : thereisnox = (dy, . ..,dp1)
€ B(X,Cp,p)withx = x"}

of geopolitical rational choices in the complex S is
nonempty and compact in P x R x R, Further, it is
lower hemi-continuous at every point (X, =,Ca,p) €
PxRxR! where the set B(X,Caq,w) of manage-
ment options of M is compact and X, C 4, p satisfy the
inequality

inf{p - X} < Cpy.

(Note that the assumption inf{p - X} <Cx cannot
be weakened to inf{p - X} <Cp4.)

Proof By Proposition 2.3, the defining relation B of
the set B(X,Caq,p) is closed and lower hemi-contin-
uous at every point (X,Caq,w) € P x R x R*!. Since
the set B(X, Caq,p) of management options of M is
compact and convex, the defining relation B of
B(X,Cr,p) is continuous at the point (¥X,Cq,p). Put

S =PxRxR",
By Theorem 2.1.iii and Proposition 2.3, the set
{(s,x,y) € @x R x R : x,y € B(s) and x#. .y}
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is closed in & x R’ x R*!. The desired assertion
follows as a direct application of the next well known
result. O

Lemma 2.1 Let f§ be a mapping of a metric space S
into the metric space T and let =, x € S, be an
irreflexive and transitive binary relation on f(x) with
the following property:

The set
{(x,y,2) €ESXT xT:y,z

€ B(x) and y# .z}
is closed inS x T x T

If the set B(x) is compact then the set W(x) of maximal
elements for =, in B(x) is nonempty and compact and
the mapping M is lower hemi-continuous at every
point x where [ is continuous.

Mean geopolitical rational choice
Geopolitical sectors

We consider a finite set

M

of geopolitical operators M, each of whom is
described by its geopolitical focus set X in the
complex S, his geopolitical preference > in S and his
geopolitical management capacity Cyy in S. We
introduce the map

s: M — P x R:M'—%(M) = (%M,>M,CM).

Notation 2.2 If M selects a weighted geopolitical
system  with  geopolitical  significance p =
(P1:P2,- - --Puy1) in S, then the geopolitical rational
choice set of a geopolitical operator M with
characteristics s(M) € P x R will be denoted by

A(s(M),p).

Thus, we are leaded to the following.

Definition 2.13 If each geopolitical operator M
selects the weighted geopolitical system with geopo-
litical significance p = (p;,p,,--.,Psy1) in the com-
plex S, the mean geopolitical rational choice of the
set M in § is given by

A(s,p) = ™| ZMeM M),p)
Here the notation |-| means cardinality of set.

If i denotes the normalized counting measure on
M, i.e.,

2(€) = [E]/IM]

for every subset € of M, it is immediately verified that

(s,p) = /M A(s(),p)dx

Clearly, the integral is defined for more general
mappings s and measures x. Indeed, we shall define
later “mean geopolitical rational choice” by this
formula in a more general situation. However, let us
first prepare and motivate this step of abstraction.

Definition 2.14 The image measure ¢ of y with
respect to the mapping s is called the geopolitical
preference-capacity distribution of the set M of
geopolitical operators in the complex S.

Thus,

o(B) = z(s7(B))

denotes the fraction of geopolitical operators in M
whose geopolitical characteristics belong to
BCPxR.

Definition 2.15 The marginal distributions

o onPand g® on R

are called the geopolitical preference distribution
and geopolitical capacity distribution in the complex
S, respectively.

Remark 2.5 The geopolitical preference-capacity
distribution in the complex S may or may not to be
the product of its marginal distributions, i.e., it is not
assumed that the geopolitical capacity distribution is
independent of the geopolitical preference distribution.

Notation 2.3 In some general cases, one is not
primarily concerned about the total geopolitical
rational choice of a small number of geopolitical
operators. Typically, one is interested in the total
geopolitical rational choice in S of all geopolitical
operators in a large society. In this case, it seems
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natural and convenient (for analytical reasons) to view
the geopolitical preference-capacity distribution g as
an atomless distribution' over the space of all
geopolitical characteristics P x R, that is as a distri-
bution satisfying

o(¥,-,Cm) = Ofor every (X,~,Capq) € P x R.

To view the distribution of operator’s characteris-
tics of a finite set M of geopolitical operators as an
atomless distribution means, strictly speaking, that the
“actual” distribution is considered as a distribution of
a sample of size M| drawn from a “hypothetical”
population. This statistical point of view is based on
the well-known fact that the sample distributions
converge with increasing sample size to the hypothet-
ical distribution. Naturally, it remains to show that the
geopolitical management aspects derived from the
“hypothetical” distribution (e.g., mean geopolitical
rational choice) do not differ essentially from the one
derived from the “actual” distribution.

There is another, probably deeper, reason why one
should consider atomless distributions of geopolitical
operator’s characteristics: the very fact that geopolit-
ical operators are not alike—which means in our
framework that the support of the geopolitical pref-
erence-capacity distribution is “spread over” the set
P x R can give rise to properties, for example of the
mean geopolitical rational choice in S, which would
not hold without the diversification of geopolitical
operator’s characteristics. To be more specific, if
geopolitical selection preferences, say in P*, are not
strongly convex in S, the mean geopolitical rational
choice in S for a set of geopolitical operators is, in
general, not unique. However, given a weighted
geopolitical system with geopolitical significance
vector p > 0, Proposition 2.4 guarantees that gener-
ically (i.e., for a topologically large subset of charac-
teristics (X,Ca)) the geopolitical rational choice set
in S has a small diameter. Thus, for a “widely spread”
distribution of geopolitical characteristics one can
hope that for “most” geopolitical operators the
geopolitical rational choice set in the complex S is
small. Of course, we do not claim here that a subset
which is large from a topological point of view (i.e.,

! A distribution g on P x [ is atomless if u(X, =, Caq) = 0 for
every (X,>,Cpm) € P X R.
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open and dense) is also large from a measure theoretic
point of view (i.e., the measure is concentrated on it).
Still, it may be possible—by properly restricting the
space of geopolitical preferences and strengthening its
topology—to characterize a class of atomless distri-
butions g such that the geopolitical rational choice set
is small or even unique for g—almost all character-
istics. These arguments, indeed, are extremely vague
and need clarification.

Just as an illustration, the reader will have no
difficulty in giving examples of “hypothetical” dis-
tributions ¢ on P* x R such that for every weighted
geopolitical system with geopolitical significance
vector p > 0, one has

o{t € P x R: U(t,p)is unique} = 1

but for every weighted geopolitical system with
geopolitical significance vector p > 0, there is a ¢ €
supp(9) such that (z,p) contains more than one
element. Consequently, given the weighted geopolit-
ical system with geopolitical significance vector p, the
mean geopolitical rational choice of a sample distri-
bution in S is unique, with probability one.

The assumption of atomless distributions of geopo-
litical operators’ characteristics (or of geopolitical
analyst’s characteristics), in particular, requires that
“many” geopolitical operators be involved. One may
focus attention to this aspect alone without assuming
that the geopolitical operators’ characteristics are
diversified. In the next Chapter, we shall particularly
emphasize this point. Therefore, we shall be quite brief
here. If there are “many” geopolitical operators, then
the geopolitical focus decision in the complex S of a
typical geopolitical operator will have only a “small”
influence on the total geopolitical rational choice in S.
It is clear that if we want to describe only this aspect,
namely, that the influence of an individual geopolitical
operator on collective actions is negligible, we do not
need that the distribution of geopolitical operators’
characteristics is atomless, but this distribution is
induced from a very “large” set of geopolitical
operators

The above discussion motivates the following

Definition 2.16 Let M be the set of all geopolitical
operators in the complex S.

i A geopolitical sector in the complex § is a
measurable mapping
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s:(M,A,v) - PxR

of a measure space (M, A, v), consisting of the
set M, a g-algebra A of subsets of M and a
(probability) measure v on \A, into the space
P x R of geopolitical characteristics such that
the mean geopolitical management capacity

/ CMOde
M

is finite.
ii A geopolitical sector in S is called

— simple, if the measure space (M,.A,v) is
simple, i.e., M is a finite set, A is the set of
all subsets of M, and v(&) = (|€]/|M])
whenever € C M;

— atomless, if the measure space (M, A, v) is
atomless, i.e., for every £¢c . A with
v(€) >0 there is a set K C & with
0<v(IC) <v(E);

— convex, if almost all geopolitical operators
of every atom of the measure space
(M, A,v) have convex geopolitical
preferences.

Remark 2.6  According to this definition, an atomless
geopolitical sector in S is always convex in S.

Notation 2.3 i The generic element in the set M of a
geopolitical sector in S is a geopolitical operator M
in S.

ii The geopolitical selection preference and geopo-
litical management capacity of a geopolitical operator
in S are denoted by

(M) = (), =s(m), Coan)-

iii If it is clear which mapping s is considered, we
shall write, as usually, shorter
(X =, Cm).-

iv The image measure

vos !

is called the preference-capacity distribution of the
geopolitical sector s : (M, A,v) — P x RinSandis
denoted by

05, or simply o.

v Given a weighted geopolitical vector w € R,
the integral

/ A(s(-),p)dv
M

is called the mean geopolitical rational choice of the
geopolitical sector s : (M, A,v) — P x Rin S. It is
denoted by

As,p).

The meaning and interpretation of a simple geopo-
litical sector and its derived concepts are clear and
need no comment.

An atomless geopolitical sector in § is, in fact, a
more abstract concept. Its interpretation relies on the
analogy to the case of a simple geopolitical sector. It
describes a geopolitical sector in S with a very large set
of geopolitical operators—an uncountable infinite
set—where every individual geopolitical operator
has strictly no influence on the mean geopolitical
rational choice.

The o-algebra A has only been introduced for
technical reasons. Conceptually A should be consid-
ered—as in the case of a simple geopolitical sector—
as the set of all subsets of M.

Geopolitical preference-capacity distribution

One easily verifies (we shall prove a more general
result in Theorem 2.2 below) that the mean geopolit-
ical rational choice U(s,p) in the complex S only
depends on the geopolitical preference-capacity dis-
tribution ¢ = y o s~! in S, provided the geopolitical
rational choice sets (s(M),p) are convex in S. More
precisely, we obtain

QI(S,IJ) = QI(,p)dQ
PxR

However, in general, the mean rational geopolitical
choice in § depends on the geopolitical preference-
capacity distribution in S and on the number |M| of
geopolitical operators in M. We shall now show in
which situation the mean geopolitical rational choice
in S is determined by the geopolitical preference-
capacity distribution in S.

642



DISSERTATION LXIV

To prove the first result of this paragraph, we may
quote some auxiliary material with necessary
background.

Lemma 2.2 Let (Q,A,m) be a measure space
consisting of a set Q, a g-algebra A of subsets of Q
and a (probability) measure m on A.

i Let ¢ be a mapping with a measurable graph of
a measurable space T into R".

a. If h is a measurable function of T into
R", then the mapping w— () + h(®)
has a measurable graph.

b. Ifhis a measurable function of (Q,A,v)
into T, then the composition poh:
w—@(h(w)) has a measurable graph.

ii  Let ¢ be a mapping with a measurable graph of
(Q,A,m) into a complete separable metric
space Y and h a measurable mapping of Y into
a separable metric space M.

a. The mapping ho ¢ : o—h(p(w)) has
an (A x B(M))-analytic graph.”

b. If ¢ is a mapping with a measurable
graph of (Q,A,v) into R", then the
mapping
conv() : w—conv(p)(w)
has an (A x B")-analytic graph.

iii  Suppose Q is a topological complete space and
Y is another complete separable metric space. If
¢ is a mapping with a measurable graph of Q
into Y and u is a measurable function of Y into
R, then

a. the function

supu(p(+)) : Q@ — R: wo—supu(p(w))
:= sup{u(x) : x € p(w)}

is measurable and
b. the mapping

P Q=Y :w—{x€p(w):
u(x) = supu(p(w))}
has a measurable (analytic) graph.

2 B(M) denotes the Borel c-algebra generated by the open
subsets of M.
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c. If, in particular, Y = R", the graph of
the mapping conv() is measurable.

If (Q,A, m) is an atomless measure space and ¢
is a mapping with a measurable graph of
(Q,A,m) into R", then the following properties
hold.

a. The integral

/godm
Q

is a convex set in R".
b. Let X be a set in R". If p(w) := S for every
w € Q, then

/ @dm = conv(Y).
Q

If the mapping ¢ of (Q,A,m) into R" is closed-
valued and integrably bounded, then the
integral

/(pdm
Q

is a compact subset of R".

Let ¢ be a mapping with a measurable graph of
the measurable space (Q,A,m) into R". If
Jo # ¢(w), o € A, then

sup{p~x:x€ f(p}
= [sup{p - x:x € o(-)}

for every vector p € R".

Let ¢ be a mapping with a measurable graph of
the measurable space (Q,A,m) into R The
following hold.

cons(([[oam) = [ com (g)am.

In particular, if the measure space is atomless,
then

/godmz/conv (o) dm.
Q Q

Let ¢ be a mapping with a measurable graph of
a measurable space (T,3) into R" such that
¢(1) is closed convex and contains no straight
line whenever t € T. If h is a measurable
Sfunction of (Q,A,v) into T, then
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/(pOhdm:/<pd(m0h_l).
Q T

The mapping f : (@, x)—(w,x— h(w))
of @ x R" into Q x R" is (A ® B")-
measurable. Here B denotes the Borel
o -algebra on R generated by the open
subsets of R. Consequently, if G,
and G, are the graphs of ¢ 4 /1 and ¢,
respectively then
Goin=f"(G,) €A B".
Similarly, since the mapping g:
(0,x) — (h(w),x) of Q@ x R"into T’ x
R" is measurable, the graph Ggop =
¢ '(G,) is measurable.

The set G = {(w,x,2) € Qx Y X M :
x € o(w)andz = h(x)} belongs to
A® B(Y) ® B(M). Since the graph
G 18 Obtained by projecting the set
G on Q x M, and since Y is complete
separable metric space, we infer that
Ghog is an (A x B(M))-analytic graph
(Meyer 1966, p. 34).

Let

A= {(é]7"'7éﬂ+l) : 5120
and ZT: &= l}.

The mapping ¥ : @— @(®) X ... X
(p(w) X {(617 LA Cjn+1)} of (QvAvm)
into R""*D x A has a measurable
graph. The function 4 : (x1,..., X1,
ST Eur) Z?:Jr]] & x of
R*"+) %A into R" is continuous.
Since conv(p) =ho ¢, part iia
implies that the graph Gipn () is
analytic.

We have to show that for every ¢ € R
the set

iv
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Q" = {w e Q:supu(p(w)) > ¢}

belongs to A. Since

QE,“’) :projg{(w,x) € G, u(x) > c}
(G, is the graph of @) and since the
assumptions on ¢ and u imply that
{(w,x) € Gy 1 u(x) > c} €A® B(Y)
it follows from the Projection Theo-
rem that Q?) € A.

The second assertion now follows read-
ily. The function

(@, x) = u(x) — sup u(p(w))
is A ® B(Y)-measurable. Hence
V={(w,x)eQxY:

u(x) = supu(())} € A ® B(Y)
and consequently,
Gy =Gy |VEARB(Y).
Let

P (w) = {x € () : [x| <k}(k
=1,2,...).

One easily verifies that conv( phi(w))
= fj conv(@*(w)). Forevery v € R",
cos:ilder the mapping H, of Q into R":
Hy(w):={xeR"1v-x< supv-qok(w)},
By part iii.b, the function w+— supv -
¢*(w) is measurable, and hence the

graph of H, is measurable. Since
conv(¢*(w)) = N Hy(w), where D
veD

denotes a countable dense subset in
R", the graph of conv(¢*) (k=
1,2,...) is measurable, and hence the
graph of conv(¢) is measurable.

Let x;, x, € [¢@dm and 0<A<1. We
denote by £, the set of m-integrable
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functions f: Q — R" such that f(w) €
¢@() almost everywhere in Q. There are
integrable functions fi, f> € £, such that
x1 = [fidm and x, = [ fodm. From Lia-
punov’s Theorem, it follows that the set

{(/Efldm,/Efzdm) EIRZ”:EEA}

is convex. Since (0, 0) and (x;,x,) belong
to this set, there exists a set £ € A such
that

(1, Jxs) = (/Efldm,/Efzdm>.

Define the function f € £, by

_[h(w), fockE
flw)= {fz(w), ifo ¢ E.

Then, one easily verifies that
/f:ﬂxl +(1 —/1))62.

This shows that the integral fg @ dmisa
convex set in R".
b. From part (iv).a, it follows that

conv(Y) C / @ dm.
Q

On the other hand, it is easily proved, by
induction on the dimension of R”", that
Jof dm € conv(Y) for every f with
f(w) € Y, almost everywhere on Q. In
particular,

/ @ dm C conv(Y).
Q

Observe that, by Fatou’s lemma in n-dimension,
if (¢,)yen IS a sequence of mappings of
(Q,A,m) into R’ such that there exists a
sequence (gy),cn of functions of Q into R,
with the properties:

i)  ¢,(0) <gv(w), almost everywhere in
Q,

the sequence (g,) . is uniformly inte-
grable and the set {g,(w) : v € N} is
bounded almost everywhere in Q,

(i)

vi
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then

limsupyen (/ (pv> C /limsup‘,EN(qav).
Letting ¢@,=¢ (v€N), we have
limsupyen ([ @,) = @(w) since  @(w) is

closed. Thus, by the above remark, every
adherent point of [¢ belongs to [ ¢. This
proves assertion v.

The left-hand side is clearly at most equal to
the right-hand side. From part (iv), it follows
that the function o — sup{p ¢(w)} is A-mea-
surable. Since there is by assumption an
integrable selection for ¢, the right-hand side
is well defined (it may be +00).

Consider a real number o< [ s, where

s(o) = sup{p - p(w)}.

We have to show that there is a function f €
L, such that « <p - [f. For this we choose an
integrable selection & € £, and consider for
every integer v the truncated mapping

¢y(®) = {x € p(») : |x = h(w)| <V}

Clearly, the graph of ¢, is measurable. Hence,
by part (c), the function

sy(w) = sup{p - ¢, ()}

is measurable. It is also integrable, since A is
integrable. Since

(5(@))sen /" s(),

we obtain, by the Monotone Convergence
Theorem, that

I

Consequently, for v large enough, we have

a< [

Thus, there is an integrable function g of Q
into R such that

(x</gandg(w)<sv(a)), e Q.

Let
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Y(w) = {x € p,(@) : p-x>g(0)}.

Clearly y(w) # ¢(w), w € A, and the graph
of the mapping Y is measurable. Conse-
quently, by the Measurable Selection Theo-
rem, there exists a measurable selection f of i/,
and hence of ¢, which is even integrable.
Since g(w)<p-f(w) we obtain [g<p- [f
and consequently

cx<p~/f.

We prove the assertion by induction on the
dimension n of IK". Clearly the theorem holds
for n = 0. First we show that

[eomio)= [0
if and only if conv( / (p) - / 0.

If [conv(p)=¢, then [op=¢ and
conv( f (p) = ¢. To show the converse, we
assume that

[ convio) # 6.

(1)

Let f be an integrable selection of conv(g).
Let v € R" and v >> 0. Consider the set

V(@) ={x € p(@):v-x<v-f(w)}

Since f(w) € conv(p(w)), we have Y (w) # ¢
almost everywhere in Q. The graph of the
mapping V is measurable. Therefore, by the
measurable selection theorem, there exists a
measurable selection % of . Since f is
integrable, v>> 0 and ¢ is positive, the
selection 4 is integrable, and hence

[o#s

In the remainder of the proof of (vii), we shall
assume that [ ¢ # ¢. Next, we show that:

Conv( / (p) and / conv() o

have the same closure.

For every v € R", one obtains

sup<v~ / (p> gsup<v. / conv((p))
S/sup(V~<ﬂ)=sup<V~/<p)-

Indeed, the two inequalities are trivial and the
equality follows from (v). Hence, for every
veR", we have sup(v- [conv(ep))=
sup(v - conv([ @)), which proves property
(2), since the two sets are convex.

For every subset X of R" and every v € R" we
define

X' ={xeX:v-x=supv-X}.

It remains to show that for every v € R" we
have

( / conv((p))vz (conv / (p)v.

Using the Measurable Selection Theorem, one
easily shows that if i is a mapping of (Q, A, m)
into R"” whose graph is analytic and [y # ¢,
then for every v € R” we have ([y)"# ¢ if
and only if

V¥ (w) # ¢palmost everywhere in Q and

foe(Js)

We want to apply this to the mappings ¢ and
conv(¢p). Since the graph of conv(¢p) is
analytic, but may not be measurable, we have
to use here the Measurable Selection Theo-
rem for analytic sets. (: if ¢ is closed-valued,
then conv(¢@) has a measurable graph, by part
(iii)(c)). Also one easily verifies that for every
nonempty subset X of R" one has (convX)'=
conv(X"). Consequently

(/conv((p))v:/(conv(qo))VZ/conv(rpv)
and analogously
conv(/ qo>v= Conv</ <P>v

con([ )
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Thus, it remains to show that:

/conv((pv) = conv (/ <p"). (3)

Since, by part (iii), the graph of the relation ¢
is measurable, it follows, from (1) that
[ conv(¢”) = ¢ if and only if [ ¢" = ¢. Thus
we may assume in the remainder of the proof
that

[o#0

Consider the hyperplane
H = {x € R" : v- x = 0}. There exists a coor-
dinate axis £, say the first, which is not
contained in H. We now consider the projec-
tion Q parallel to £ into H. Let & be the
function of Q into R" defined by
w+—h(w) :=x— Qx for some x € ¢'(w).
The function /4 is well-defined and measurable.
Clearly ¢"(®) = Q¢"(w) + h(w). One easily
verifies that

conv ( / qov) — conv ( JIEE h))
:conv</ Q(p”) +/h

/conv((pv) = /conv(Q(pV +h)

= /conv(Q(pV)-l-/h.

Hence, in order to prove (3) it suffices to prove
that

conv ( / Q(p“) - / conv(Qp"). @)

This follows from the induction hypothesis.
Indeed, the vectors Qes,...,Q¢, form a basis
for the hyperplane H (e; denotes the jth unit
vector in R"). With respect to this basis, the
mapping Q¢" becomes a mapping ¢" of Q into
IK"~!. The mapping ¢" is positive, since ¢ is
positive. Moreover, ¢” has a measurable
graph, since Q¢’ has a measurable graph.
Therefore, by induction hypothesis, we obtain

viii

conv( [ ¢*) = [conv(¢’). Let T denote the
linear and injective mapping of R"~! into R",
defined by 7((,, ..., () = ZJ- (jQe;. Clearly
Q¢"(w) = T ¢"(w). One easily verifies that

conv(To@p")=T

~zeon( [ )
com([ 7o)

Thus, we obtain (4).

It is well known that if f is a measurable
selection for ¢, then foh is a measurable
selection for ¢ o h. Therefore, the “change-of-
variable formula”” implies that
[ @d(moh™') C [ ohdm.Inorder to prove
the converse inclusion we have to show that
for every x € [@ohdm we can find an

conv(¢”)

integrable selection g € Lo, with x € f g
which is of the form: g = f o h, where f is a
measurable function of T into R". There exists
a measurable function f : T — R”" such that
g =foh if and only if g is h~!(3J)-measur-
able. Hence it remains to show that for every
g € Lo, there exists a h!(J)-measurable
selection of ¢ o h with the same integral. But
such a selection is easily found. Let
K = h~1(3). Consider the conditional expec-
tation EKg of g given the o-algebra K (the
conditional expectation is taken coordinate-
wise). By definition, EXg is a K-measurable
function of Q into R" and one has
[E*gdm = [ gdm. Thus we have only to
show that the function EXg is a selection for
@oh.Lety = ¢oh.Since g € L, we obtain
for every v € K" that infv - y(w) <v-g(w)
almost everywhere in Q.

By part i.b, the graph of i belongs to X @ B".
Recall that B denotes the Borel g-algebra on R
generated by the open subsets of R. Hence,
part ii implies that infv-y() is K,-

3 If M is a metric space, f is a measurable mapping of Q into M
and & is a measurable mapping of M into I, then his mo f~!-

integrable

if and only if hof is m-integrable and

Jyyhdm = [qhofdm.
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measurable, and thus is almost everywhere
equal to a K-measurable function. Conse-
quently, almost everywhere in Q, depending
on v, one obtains that

infv- (o) = (Einfv- V) (o
< (% ¥) (o) =v- ([E’Cg)(w).

Thus, if Q denotes a countable dense subset of
R”", we have shown that, almost everywhere in
Q, one has infv-y(w)<v- (E)(w), for
every v € Q. Since Y(w) is closed, convex and
contains no straight line, this implies that
almost everywhere in Q, it holds

(E*8)(0) € (o).

Theorem 2.2 For every geopolitical sector :
(M, A,v) = P xR in the complex S and every
weighted geopolitical system with geopolitical signif-
icance vector p > 0 in S, one has

i conv(A(s,p)) = conv([p, 5 A(-,p)dg), where

o=vos L

it If the geopolitical sector s is convex in S, then

the mean geopolitical rational choice set
A(s,p) in S is convex.

iii Ifinf{p - Xm} <Cm, a.e. in M, then the mean

geopolitical rational choice set W(s,p) in S is

nonempty and compact.

Proof

i Since, by Lemma 2.3.ii.a and Lemma 2.3.i.a,
the mappings 2A(-,p) and A(s(-),p) have both
measurable graph and since they are bounded
from below, we have

conv(/ QI(s(~),p)dv) = /conv(ﬂ(s(),p))dv
— [ comv(u(p)de

:conv/QI(-,p)dQ.

Indeed, the first and third equality follows from
Lemma 2.3.vii. The second equality follows
from the transformation formula of Lemma

2.3.viii, since, by Lemma 2.3.iii.c, the graph of
the mapping

conv(A(-,p))

belongs to B, (P x R) x B!,

ii It is easily seen that the measure space
(M, A, v) can be decomposed into a countable
union of atoms and an atomless part. Since on
atoms the geopolitical selection preferences are
convex, the geopolitical rational choice set is
also convex. Therefore, by Lemma 2.3.iv.a, the
mean geopolitical rational choice set (s, p) is
convex.

iii Itremains to show that [ (-,p)do is nonempty
and compact. Since

p > 0and X < Cpy,

¢-almost everywhere on P x R. The geopolit-
ical rational choice set (X, >, Caq,p) is none-
mpty almost everywhere. Thus, by the
Measurable Selection Theorem and Lemma
2.3.v, the integral [ A(-,p)dg is nonempty and
compact if the mapping 2(-,p) is integrably
bounded. To show this, one can assume without
loss of generality that 2 takes values only in
Rﬁ“. Then consider the function

V:PxR— R (X >,Cu)—
V(X,-,Cu) = (C—MC—M>
P Piya

Clearly A(X,>,Cr,p) < V(X,>,Cpr). Since,
by assumption, f Cmdo < oo, we conclude that
the function V is g-integrable. O

Geopolitical contrasting of subjective priorities
Introduction

In this chapter we study a simple form of geopolitical
management activity: the evaluation of subjective
priorities by several geopolitical operators. To this
end, let us consider a set Ml of geopolitical operators
M, each of whom is described by its geopolitical
focus set X over the complex S, his corresponding
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geopolitical preference > over S and his available
geopolitical carrier over S. Hence each geopolitical
operator is characterized by an element in the space
P x R,

A geopolitical contrasting of subjective priorities
is defined by a mapping

S: M — P x R

For reasons which will become clear later, we shall
also consider sets M of geopolitical operators which
are infinite. In the latter case, of course, the “totally
available geopolitical numerical carrier over S” is
infinitely large. To overcome the problems that this
creates, we shall replace then the concept of “fotally
available geopolitical numerical carrier in S” by that
of “mean available geopolitical numerical carrier
over S”.

The outcome of any geopolitical contrasting of
subjective priorities is a redistribution of the of
initially available geopolitical numerical carriers over
S. The analysis of a geopolitical contrasting, as
presented here, consists of specifying a certain class
of redistributions as possible outcomes. The actual
process by which the redistribution is accomplished is
not considered explicitly. Two equilibrium concepts
are analyzed: the cooperative concept and the non-
cooperative concept.

Let us consider first the cooperative concept. The
core of contrasting geopolitical subjective priorities
or the contrast core of the subjective choices for the
geopolitical priorities, which, in essence, consists in
all reallocations of numerical carriers over a complex
S, that cannot lead to improved conclusions originated
from reallocations of numerical carriers of other
groups.

Let us now turn to the non-cooperative concept. An
equilibrium of contrasting geopolitical subjective
priorities, or a contrast equilibrium of the subjective
choices for the geopolitical priorities, consists of a
redistribution of the available geopolitical numerical
carriers over S and a vector of geopolitical weights
such that no individual geopolitical operator acting
independently can improve upon his conclusions when
these geopolitical weights prevail. To say that certain
geopolitical weights prevail means that every geopo-
litical operator takes this geopolitical weighted data as
given (beyond his influence) and that there is a
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“program” where the geopolitical operators can use
any amount of data of every weighted geopolitical
index by using these geopolitical weights.

Below, in Proposition 3.1, it will be shown that
any geopolitical contrast equilibrium belongs to the
geopolitical contrast core. In order to study the
converse inclusion, we have to give a precise
meaning to the geopolitical concept of “pure
contrasting”, that is to say, a geopolitics where
the influence of every individual geopolitical oper-
ator is negligible. Or, in other words, a set of
geopolitical operators each of whom cannot influ-
ence the outcome of their collective activity but
certain interplays of whom can influence that
outcome. This leads logically to the concept of an
“atomless” geopolitics, also called geopolitics with
a “continuum of geopolitical operators.”

The essential result of this section, Theorem 3.1, is
the identity of the core of contrasting geopolitical
subjective priorities and the set of equilibrium allo-
cations for such an “atomless” geopolitics.

In order to understand more clearly the idea of an
“atomless” geopolitics, we shall show how such
geopolitics may be considered as a “limit” of a
sequence of finite geopolitics (see Proposition 3.2).
This fact, namely that one can treat an “atomless”
geopolitics as a limit, plays an essential role through-
out the paper.

Main definitions

In the context of pure contrasting, a geopolitical
operator is described by a point in the space P x R‘*!
the space of operators’ characteristics. In order to
simplify the presentation we shall often assume in this

chapter that

e the geopolitical focus set X over a complex S is
equal to the positive orthant Rﬂ“ and
e the vector

o

of available geopolitical numerical carrier is > 0.

With this formalism we are in position to give a more
rigorous definition for the concept of geopolitical
contrasting of subjective priorities.
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Definition 3.2

i

ii

iii

iv

A geopolitical contrasting of subjective pri-
orities & over the complex S is a measurable

mapping
3: (M, A,v) — P x RH!

of a measure space (M, A, v), consisting of the
set M, a g-algebra A of subsets of M and a
(probability) measure v on A, into the space
P x R of geopolitical operators’ character-
istics such that the mean available geopolitical
numerical carrier over §

/603(111
M

is finite (compare with Definition 2.16).

An allocation for the geopolitical contrasting
of subjective priorities & over S is an inte-
grable function

f:(M,A,v) - R*!

such that almost everywhere in M, the focus
vector f(M) belongs to the geopolitical focus
set of the geopolitical operator M.

An allocation f for the geopolitical contrasting
of subjective priorities & over S is called
attainable or a state of the contrasting < if

/ fdv = / 0o dv.
F(M) M

A geopolitical contrasting of subjective priori-
ties & over S is called

a. simple if the measure space (M, A,v) is
simple, i.e.

e M is a finite set,
e A is the set of all subsets of M and
o (&) = (|€]/IM]) whenever £ C M;

b. atomless if the measure space (M, A, v) is
atomless, i.e., for every £ € A with v(E)
there is a IC C € such that K € A and
0<v(IC)<v(E);

c. convex if almost all geopolitical operators
of every atom of the measure space
(M,.A,v) have convex geopolitical
preferences.

The geopolitical focus set, geopolitical selection
preference and totally available geopolitical numer-
ical carrier S of an operator M in M are denoted by

(M) = (X(S(M)), =aam1), 6(S(M))).

It is clear which geopolitical contrasting & is
considered, we will shorten this

(X(M), = a1, 6 (M) or (X pt, =, Op1)-

Definition 3.3
i.
Subsets of M belonging to A are called geopolit-
ical interplays.
ii.
The distribution of S, i.e., the measure

voS lonP x RH!

is called the geopolitical preference-availability
distribution of the geopolitical contrasting 3 and
is denoted by

ugor simply by u.

The meaning and interpretation of a simple geopo-
litical contrasting of subjective priorities and an
allocation for such a geopolitical contrasting are clear
and need no comment. If f is an allocation for the
simple geopolitical contrasting <, then f(M) denotes
the vector of geopolitical weights allocated to the
operator M and

1
/5dv = MZMGM oM

is the mean available geopolitical numerical carrier &
of the geopolitical contrasting & over S.

We emphasize that f ¢fdv does not mean the vector
of geopolitical weights allocated to an interplay &,
indeed, if & is a simple geopolitical contrasting of
subjective priorities, then

1
/gfdv =M256Af,
An atomless geopolitical contrasting of subjective

priorities is, in fact, a quite abstract concept. The
interpretation relies—for the time being—on analogy
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to the case of a simple contrasting. The key to a
rigorous interpretation will be given in Proposition 3.2
at the end of this section. As in the case of a simple
contrasting, /(M) denotes the vector of geopolitical
weights allocated to the geopolitical operator M. The
number v(€) is interpreted as the fraction of the
totality of geopolitical operators belonging to £. The
integral [ddv is the mean available geopolitical
numerical carrier ¢ of the geopolitical contrasting
over S. The g-algebra A of interplays is introduced for
technical measure theoretic reasons. As in the case of a
simple contrasting, there is no a priori restriction on
possible interplays. Since for an atomless measure
space (M, .A,v) the set M must be uncountably
infinite, we shall speak of a “continuum of geopolitical
operators” as the set of participants. The results of this
chapter provide a strong justification for considering
the atomless geopolitical contrasting of subjective
priorities as the proper mathematical formulation of
the traditional geopolitical concept of “pure contrast-
ing”, that is to say, a set of geopolitical operators, each
of whom cannot influence the outcome of their
collective activity but certain interplays of whom
can influence that outcome. The later concept is, in
fact, as abstract as the former, which has the decisive
advantage of being mathematically well defined.

A convex geopolitical contrasting of subjective
priorities has been defined in order to have a concise
way of referring to a geopolitical contrasting that is
either atomless or simple with convex geopolitical
preferences. From a formal point of view one might
also consider a measure space (M, .A,v) with atoms
and an atomless part. In terms of the interpretation
given earlier, one could consider a geopolitical atom
as a group of geopolitical operators which cannot split
up; either all of them join a interplay or none does so.
Note, however, that the mapping <, and also every
allocation f, must be constant on an atom. This means
that all geopolitical operators in the atom must have
identical characteristics and must receive the same
bundle in an allocation. This is so special a case that it
makes the interpretation of atoms as syndicates of little
geopolitical contrasting significance.

An alternative approach is to consider an atom as a
“big” geopolitical operator. In the framework of the
model under consideration “big” can only mean “big”
in terms of the available geopolitical numerical
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carriers. Thus, a geopolitical atom would be a
geopolitical operator who has infinitely more avail-
able geopolitical numerical carriers than any geopo-
litical operator in the atomless part. Now, the measure
v(IC) has a different interpretation. Formerly it
expressed the relative number of geopolitical opera-
tors in the geopolitical interplay /C, here it expresses
something like the relative size of the amount of
available geopolitical data of /C. Moreover the allo-
cation f(M) and the preferences > must also be
reinterpreted. The net result is far from clear.

The geopolitical contrast core and the geopolitical
contrast equilibrium

A state of geopolitical contrasting is clearly not in
equilibrium if one geopolitical operator or a group of
geopolitical operators could carry out decisions under
the current circumstances and arrive at a position
which is more advantageous to all members of the
group than the current state. The underlying notion of
geopolitical equilibrium is based on the behavioral
assumption that geopolitical operators want to
improve their position, and that to achieve a preferred
situation they are willing to cooperate. This notion of
equilibrium leads to the basic concept of the geopo-
litical contrast core of subjective priorities. In such a
case, the interplay of geopolitical operators can
improve upon a redistribution of the available geopo-
litical numerical carriers over S if the interplay, by
using the amount of geopolitical numerical carriers
available to it, can make each member better off. The
geopolitical contrast core of subjective priorities is
defined as the set of all redistributions that no interplay
can improve upon. Formally:

Definition 3.4 Let
I: (M, A,v) — P x RH!

be a geopolitical contrasting of subjective priorities
over the complex S. Let also f be an allocation for <.
The geopolitical interplay C € A can improve upon
the allocation f if there exists another allocation g for
S such that

@  g(M) = f(M), almost everywhere in the
interplay C,
(i) v(C)>0and f,gdv = [,ddv.
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The set of all attainable allocations for the geopolitical
contrasting < that no interplay in .A can improve upon
is called the core of contrasting geopolitical subjec-
tive priorities for <, or simply the geopolitical
contrast core for , and is denoted by

€(9).

The meaning of the definition of “improve” and
core of contrasting geopolitical subjective priorities is
clear for simple geopolitical contrasts. In the frame-
work presented here, all externalities of geopolitical
are excluded (i.e., geopolitical preferences do not
depend on the numerical carriers of the other geopo-
litical operators); the utility level of the members in an
interplay does not depend on actions taken by
operators outside the interplay. The core of geopolit-
ical contrasting expresses what interplays can or
cannot do for them, not what they can or cannot do
to their opponents. Therefore, we used the term “to
improve upon” and not “to block.”

We now introduce a different concept of equilib-
rium. Suppose the following hold.

(@)

° s

Every weighted geopolitical index g¢’ over S has a
geopolitical significance p;.

Every geopolitical operator in a geopolitical
contrasting considers this geopolitical signifi-

cance as given.

Then, the geopolitical operator M with characteristics
(X1, =M, Opq) considers only vectors of numerical
carriers in his set of geopolitical options
{x€ Xr :p-x<p-0rm} and chooses a most desired
vector in that set. If all these individually taken
decisions—decentralized through the geopolitical
significance system p—yield a situation where the
geopolitical rational choice set equals the total supply
we call that state of the geopolitical contrast equilib-
rium. This concept of equilibrium is based on the
behavioral assumption that geopolitical operators
consider the geopolitical significance system as given
and make their decisions independently of each other.
The only link between these individual decisions is the
geopolitical significance system. Formally:

Definition 3.5 An allocation f for the geopolitical
contrasting of subjective priorities S : (M, A,v) —
P x R and a geopolitical significance system p €
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R“! is said to be an equilibrium of contrasting
geopolitical subjective priorities for 3, or simply a
geopolitical contrast equilibrium for S, if the follow-
ing two conditions are satisfied.

i. f(M) e W Xr, =m,p - Oum,p) almost every-
——

Cm
where in M,
i.e.,f(M) is a maximal element for > 5 in the
set

B =B(X,Cum,p) = {x=(d1,. .., de11)
S X: (P17P27 . '7p[+l) : (d]adz’ .. '7df+1)
<Cm}

of geopolitical options of M.

ff(M)fdv = fM odv,
i.e., mean geopolitical rational choice equals
mean geopolitical data availability.

The allocation f for the geopolitical contrasting < is
called a contrasting allocation if there exists a weight

R such that (f,p) is an equilibrium of

vector p €
contrasting geopolitical subjective priorities for .
The set of all equilibriums of geopolitical subjective

priorities’ contrasting for < is denoted by
W(Y).

A geopolitical significance systemp € R“ is said

to be an geopolitical equilibrium of significance
levels or simply a geopolitical equilibrium vector for
the geopolitical contrasting < if there exists an
allocation f for & such that (f,p) is an equilibrium
of contrasting geopolitical subjective priorities for .
The set of all geopolitical equilibrium vectors for &
which are normalized, i.e.|p| = 1, is denoted by

().

Under what conditions is the behavioral assumption
that geopolitical operators adapt themselves to the
prevailing geopolitical significance system justified?
The obvious answer is the following: geopolitical
operators take weights as given if they have no
influence on them. This leads to an atomless geopo-
litical contrasting of subjective priorities. In that case,
one could ask what is special about the contrasting
allocations among the allocations that cannot be
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improved upon. We shall show that there is nothing
special; every deviation from a contrasting allocation
can be improved upon. That is to say, contrasting
allocations, and only they, belong to the core of
contrasting geopolitical subjective priorities, i.e.

WS) = €(Q).

One part of the identity is trivial:

Proposition 3.1 For every geopolitical contrasting
of subjective priorities S in S, we have

WS) C €Q).

Proof Letf € W(T) but f ¢ €(I). Thus, there is a
geopolitical interplay C € A, v(C) > 0, and there is
an allocation g such that

i g(M) =p f(M), almost everywhere in the
interplay C
ii. v(C)>0and fg(C) gdv = [, odv.

By i and the definition of a geopolitical contrasting
allocation, we obtain

p-6(M)<p-g(M) almost everywhere in C,
where p denotes an equilibrium weight associated
with f. Hence

p-/édv<p-/gdv,
c c

which contradicts ii.

The central result of this section is proved in the
following.

Theorem 3.1 Let S: (M, A,v) — Py, x R be
an atomless geopolitical contrasting of subjective
priorities in S with [ ddv >> 0. Then

W(F) = €(Q).
Proof By Proposition 3.1, it is enough to show that
f€C€(Q) implies f € W(S). Consider for every
geopolitical operator M € M, the sets
<m (f) ={x€ Xy :x=pmf(M)}andh(M)
= (= () = oM} {0)-
Since the measure space (M,.A4,v) is atomless, the

integral [bdv is a convex subset in R"!. Since
0 € [Ddv, it is clear that
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/I)dv £

We now claim that [ hdv( K = {0}. Assume to
the contrary that there is an integrable function /4 in the
set Ly, of all integrable selections of b, (that is of the set
of all v-integrable i : M — R“! which have the
property that h(M) € h(M) almost everywhere in
M.), with [bdv<O. Then the interplay C =
{M € M : h(M) # 0} can improve the allocation f
with the allocation

J bdv
v(C) "

Indeed, v(C) > 0, g(M) > f(M) for every M € C
and [, gdv = [, ddv. Consequeny, there exists a

8(M) =bH(M) +6(M) —

hyperplane separating the two convex sets f hdv and
R, je., there is a vector p € R*!, p>0, p #0,
such that

0<p-zforeveryz e /bdv. (35)

The graph of the mapping ) is measurable. Indeed the set
G = {(£7>ax7y) € Pmo X Ri+1 X Rfrl LX - y}

is a Borel setin P, x R} x R{. Now the graph of
the mapping M — h(M)\{0}, i.e., the set

{(M,x) € M x R x+ (M) = f(M)}

is equal to ™' (G) where b is a mapping of M x R‘*!

into M x R x R“! defined by
b(M)x) = (x/\/lv =M, X+ 5(M)vf(M))

Clearly the mapping ) is measurable, and hence the
graph of [ is measurable. Therefore it follows

i e [ranP 2= / infrep() P - xdv.

Consequently, we obtain from (5) that
0< [infp-bdv. Since by definition the set h(M)
contains 0, we clearly have inf p - h(M) <0. Hence, it
follows that, almost everywhere in M,
inf p - hH(M) = 0. Thus, we have shown that

almost everywhere inM, p - 6(M) <p
- x for every x

=mf(M). (6)
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It follows from (6) that almost everywhere in M,
p-o(M) =p-f(M).

Indeed, first we obtain from (6) that p - 6(M) <p-
f(M) almost everywhere in M. Now, if p-
o(M)<p - f(M) for a set of geopolitical operators
with positive measure, then we obtain

p~/5dv<p~/fdv7

which contradicts [ ddv = [ fdv. Since by assumption
fédv > 0 and since p >0, p # 0, we surely have
viMeM:p-5(M) >0} > 0. But for a geopoliti-
cal operator M with positive income, i.e.,
p-o(M) >0, property (6) implies that
SM) € A(X, =1, p - 00 (M), p). Indeed, for x €
R with p-x<p-5(M), it follows from (6) that
X# pf (M). Since in the case p - 5(M) > 0 for every
X € Rﬁ*' with p - x = p - 6(M) is limit of a sequence
(x,) with p-x,<p-0(M), the continuity of the
preference relation >, implies x3 ,.f(M). Thus
f(M) is a maximal element for 3, in the set of
geopolitical ~management options {x € I]'\P[fl :
p-x<p-6(M)}. This, together with the monotony
of preferences, implies that p > 0. Hence f(M)
belongs to the geopolitical rational choice set
WX, =P Om(M),p) even in the case p-
d(M) = 0 since, by (6), the vector 6(M) belongs to
the set of geopolitical management options which in
this case is equal to {0}. This proves that (f,p) is an
equilibrium of contrasting geopolitical subjective
priorities for 3. O

Determinateness of geopolitical equilibrium
vectors

In this section we will investigate the existence of
geopolitical equilibrium vectors for a geopolitical
contrasting of subjective priorities S over the com-
plex S with particular emphasis on the case where the
geopolitical selection preferences are not assumed to
be convex. Clearly, the classical assumption of convex
preferences cannot simply be dropped. Indeed, in a
geopolitical contrasting of subjective priorities, where

the influence of a certain individual operator cannot be
neglected, the convexity of his preferences is essential
in proving the existence of geopolitical equilibrium
vectors. The extreme case, where the geopolitical
contrasting of subjective priorities is atomless, is
particularly simple (see Theorem 3.2 below). For an
atomless geopolitical contrasting of subjective prior-
ities, mean geopolitical rational choice set is convex
(Proposition 2.5), and therefore a standard fixed-point
argument can be applied. In the case of a simple
geopolitical contrasting of subjective priorities with
non-convex preferences, the mean geopolitical
rational choice set may be non-convex.

The results of this section will show very clearly the
important role which the number of participants in a
geopolitical contrasting of subjective priorities plays
Sor the existence of geopolitical equilibrium vectors if
preferences are not convex. Proposition 2.2 and its
corollaries show that the geopolitical equilibrium
vectors depend in a continuous way on the data which
define the geopolitical contrasting of subjective
priorities.

Let us introduce some notation. We shall write

WA(t,p) =A| X, -,p-0,p
t

(instead of =(X,=,p-9)€P x [RHlandp c R”').

Consequently, the mean geopolitical rational choice
set of a geopolitical contrasting of subjective priorities

I (M, A,v) — P x R*, given the geopolitical

equilibrium vector  p, is denoted by
u(S,p) = [A(S(),p)dv. Given I and p, the
mapping

(M, Av) - P xR

(S (M) = (Xsm), = MsP - S )
defines a geopolitical sector in the complex S. With the
Notation 2.3(v) of “Mean geopolitical rational
section, we clearly have
u(S,p) = A(S?, p). However, the sets

/ u(t,p)dog and/ u(-,-,p)dog
PxR! PxR

choice”
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may well be defined; only their convex hulls are
identical.
It is easy to prove the following.

Proposition 3.2 If the sequence (3,),cn of geopo-
litical contrasting of subjective priorities converges in
distribution to the geopolitical contrasting of subjec-
tive priorities S and if lim,_.p, =p, then the
sequence (i‘s’;l")n on Of geopolitical sectors in the
complex S converges in distribution to the geopolit-

ical sector SP in the complex S.

Before giving the main result on the existence of
geopolitical equilibrium vectors for a geopolitical
contrasting of subjective priorities & over the complex
S, we need some preparatory material.

Definition 3.6 Let S be a geopolitical contrasting of
subjective priorities S over the complex S. For every
weighted geopolitical system with geopolitical signif-
icance vector p = (pl,pz, .. .,pul), we define the
mean excess geopolitical rational choice Z(p) by

Z(p) =u(,p) —/(5dv.

As it is readily seen, a geopolitical significance

vector p* = (p]ﬂp;, .. .,p}fH) is a geopolitical equi-
librium vector for a geopolitical contrasting of
subjective priorities & over the complex S if
0 € Z(p*). The existence of geopolitical significances
for the geopolitical contrasting S therefore depends on
properties of the mean excess geopolitical rational
choice relation Z. The relevant properties of Z are

summarized in the following.

Proposition 3.3 Let &: (M, A,v) — Py x RE!
be a geopolitical contrasting of subjective priorities
over the complex S with [ ddv > 0. Then the mean
excess geopolitical rational choice mapping Z has
the following properties.

i. Z is homogeneous of degree zero (i.e., for
every p > 0 and . > 0 one has

Z(p) = Z(’p))-

ii. For every weighted geopolitical system with
geopolitical  significance vector p = (p,,
P2s--Pey1) >0 and z€ Z(p) one has
p-z=0.

655

iii ~ The mapping Z is compact-valued, bounded
from below and upper hemi-continuous.”*

iv. If  the (" =
(pﬁ")pg"), e pé'jZl))neN of strictly positive
geopolitical significance vectors converges to
P which is not strictly positive, then

{0 v 6 o

for n large enough.

sequence

Proof Property i follows immediately from the
definition of the set Z(p). Since geopolitical prefer-
ences are monotonic, we have p -x =p - 6(M) for
every x € A(I(M),p). This clearly implies property
ii. Let now p > 0. Then there is a neighborhood U of
P consisting of strictly positive vectors. For any fixed
M € M, the mapping p — u(I(M),p) is closed at p.
Further, there is an integrable real function 4 of M
such that

[W(I(M),p)| < h(M) whenever M € M andp € Uy,

e.g.,
)= ! 5(M
Cmin{p;:p € Upi=1,2,..,0+1}

(M -

Thus, the mapping p — u(S,p) is closed at p. Since
the correspondence u(S, ) is bounded on the neigh-
borhood Uy of p, it follows that u(S, ) is compact-
valued and upper hemi-continuous at p. This clearly
implies property iii. Finally, property iv follows from
the fact that the geopolitical preferences are assumed
to be monotone and [ ddv > 0. O

The following Proposition is the fundamental
mathematical result in geopolitical contrasting equi-
librium analysis.

Proposition 3.4 Let Z be a mapping of

4 A relation ¢ of the metric space M into the metric space N is
said to be upper hemi-continuous at x € M if ¢(x)#¢ and if for
every neighborhood U, (,) of ¢(x) there exists a neighborhood
U, of x such that ¢(U,) C Upy. A relation y of the metric
space M into the metric space N is said to be lower hemi-
continuous at x € M if y(x)#y and if for every open set G in N
with ¥(x) () G #  there exists a neighborhood U, of x such
that ¥(Uy) () G # v
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intA = int{p = (p,.py.....pry,) € R}
o+1
: Zi:l pi= 1}
into [F-Ezjl which has the properties ii, iii and iv of

Proposition 3.3. Then there exists a vector p* > 0
such that

0 € convZ(p*)(= the convex hull of Z(p*)).
Proof For any n > /{, we set
An = {p = (p17p27" '7p/) € Ri :

r 1
S pi=landp;> ~Vi= 1,2,...,e}.
= n

Applying the fixed point theorem to the map

A, — RC: p+—convZ(p), we infer the existence of
vectors

P = (ot

" = (Z(1n>z(2’1)7 . .,z(/)) €R’

.,pgm) € A, and

such that
z(n) c convZ (p('l)) and (7)
p-z" <Ofor every p € A, (n>1). (8)

It suffices to show that z(") = 0 for some n. Without
of generality, we can assume that the sequence

(p("> = (pg'l)pgl), .. .,pﬁ"))) o is convergent, say
n

limy—xp™ =p € A. One may claim that p > 0.
Otherwise, it would follow that Zf;l z,@ > 0 for n
large enough, which contradicts (8). Since p > 0, it
follows that z") = 0 for n large enough.

Indeed, let 72 be such that intA; contains p. Clearly,
we have p(”) -z = 0, and, since for n large enough,
p<"> € intA;, it follows, from (8), that z™ = 0. O

As an immediate consequence of Propositions 3.3
and 3.4, we have the following result.

Theorem 3.2 Let S: (M, A,v) — Py, X [Ri be a
geopolitical contrasting of subjective priorities over

the complex S with f 0dv > 0. Then there exists an
equilibrium (f,p*) of geopolitical contrasts for <,
with p* > 0.

Proof It suffices only to note that the mean geopo-

litical rational choice set A(S,p*) is convex
(Theorem 2.2). O

Corollary 3.1 The geopolitical contrast core is
nonempty for every convex geopolitical contrasting

of subjective priorities S : (M, A,v) — P, X Rﬂ
over the complex S with [ ddv > 0.
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