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,Q WKLV WKHVLV WKH PDLQ SUREOHP WKDW ZH VWXG\ LV WKH NQDSVDFN SUREOHP DQG LQ SDUWLFXODU
D JHQHUDOL]DWLRQ RI LW ZKLFK LV WKH SUHFHGHQFH FRQVWUDLQHG PLQLPXP NQDSVDFN SUREOHP�
,QLWLDOO\ ZH SUHVHQW WKH PLQLPXP NQDSVDFN SUREOHP ZLWK WKH LQWHQWLRQ WR LQWURGXFH
VRPH XVHIXO WHFKQLTXHV WKDW KHOS XV WR GHYHORS D SULPDO�GXDO DOJRULWKP IRU LW� $IWHU�
ZDUGV� RXU DWWHQWLRQ LV IRFXVHG RQ WKH SUHFHGHQFH FRQVWUDLQHG PLQLPXP NQDSVDFN SURE�
OHP� ZKLFK LV WKH NQDSVDFN SUREOHP ZLWK DQ H[WUD FRQVWUDLQW WKDW WKH FKRLFH RI HOHPHQWV
PXVW UHVSHFW DQ RUGHULQJ JLYHQ WKURXJK D SDUWLDO RUGHU� :H DUH VWXG\LQJ VRPH IRUPX�
ODWLRQV RI WKH SUREOHP WRJHWKHU ZLWK WKHLU SURSHUWLHV� 0RUHRYHU ZH GHYHORS D URXQGLQJ
DSSUR[LPDWLRQ DOJRULWKP IRU ��� 3&.3 DQG ZH SUHVHQW VRPH QHZ UHVXOWV IRU WKH 3&.3
ZLWK JHQHUDO PXOWLSOLFLW\ FRQVWUDLQWV� ,Q WKH HQG RI WKH 3&.3 FKDSWHU� DQ DOUHDG\ NQRZQ
LQDSSUR[LPDELOLW\ UHVXOW LV SUHVHQWHG D OLWWOH GLIIHUHQWO\� )LQDOO\� ZH VWXG\ WKH FDSDF�
LWDWHG FRYHULQJ LQWHJHU SURJUDPV DQG PRWLYDWHG E\ NQRZQ WHFKQLTXHV� ZH JLYH VRPH
UHVXOWV IRU WKH VSHFLDO FDVH RI ��� &,3�





ȈȊȃȅȌǾ

ȈĲȘȞ įȚʌȜȦȝĮĲȚțȒ ĲȠ țȪȡȚȠ ʌȡȩȕȜȘȝĮ ȝİȜȑĲȘȢ İȓȞĮȚ ĲȠ ʌȡȩȕȜȘȝĮ ĲȠȣ NQDSVDFN țĮȚ
İȚįȚțȩĲİȡĮ ȝȓĮ ȖİȞȓțİȣıȒ ĲȠȣ ıĲȘȞ ȠʌȠȓĮ ȣʌȐȡȤİȚ ȝȓĮ ȑȞȞȠȚĮ ʌȡȠĲİȡĮȚȩĲȘĲĮȢ ȦȢ ʌȡȠȢ
ĲȘȞ İʌȚȜȠȖȒ ĲȦȞ ĮȞĲȚțİȚȝȑȞȦȞ� ǹȡȤȚțȐ ʌĮȡȠȣıȚȐȗȠȣȝİ ĲȠ ʌȡȩȕȜȘȝĮ ĲȠȣ PLQLPXP
NQDSVDFN ȝİ ıțȠʌȩ ȞĮ İȚıȐȖȠȣȝİ țȐʌȠȚİȢ ȤȡȒıȚȝİȢ ĲİȤȞȚțȑȢ ȝİ ĲȚȢ ȠʌȠȓİȢ ȝʌȠȡȠȪȝİ ȞĮ
țĮĲĮıțİȣȐıȠȣȝİ SULPDO�GXDO ĮȜȖȠȡȓșȝȠȣȢ ȖȚĮ ĲȠ ʌȡȩȕȜȘȝĮ� ǶıĲİȡĮ� İıĲȚȐȗȠȣȝİ ĲȘȞ
ʌȡȠıȠȤȒ ȝĮȢ ıĲȠ ȖİȞȚțİȣȝȑȞȠ ʌȡȩȕȜȘȝĮ SUHFHGHQFH FRQVWUDLQHG PLQLPXP NQDSVDFN�
ĲȠ ȠʌȠȓȠ İȓȞĮȚ ʌĮȡȩȝȠȚȠ ȝİ ĲȠ NQDSVDFN ȝİ ĲȠȞ İʌȚʌȜȑȠȞ ʌİȡȚȠȡȚıȝȩ ȩĲȚ Ș İʌȚȜȠȖȒ ĲȦȞ
ĮȞĲȚțİȚȝȑȞȦȞ ʌȡȑʌİȚ ȞĮ ıȑȕİĲĮȚ ȝȓĮ ȑȞȞȠȚĮ ʌȡȠĲİȡĮȚȩĲȘĲĮȢ ʌȠȣ ȠȡȓȗİĲĮȚ ȝȑıȦ ȝȓĮȢ
ȝİȡȚțȒȢ įȚȐĲĮȟȘȢ� īȚĮ ĲȠ ʌȡȩȕȜȘȝĮ ĮȣĲȩ� ȝİȜİĲȐȝİ țȐʌȠȚĮ ȖȡĮȝȝȚțȐ ʌȡȠȖȡȐȝȝĮĲĮ
ȝĮȗȓ ȝİ ĲȚȢ ȚįȚȩĲȘĲȑȢ ĲȠȣȢ� ǹțȩȝĮ� țĮĲĮıțİȣȐȗȠȣȝİ ȑȞĮȞ ʌȡȠıİȖȖȚıĲȚțȩ ĮȜȖȩȡȚșȝȠ
ıĲȡȠȖȖȣȜȠʌȠȓȘıȘȢ ȖȚĮ ĲȠ ��� 3&.3 țĮȚ ʌĮȡȠȣıȚȐȗȠȣȝİ țȐʌȠȚĮ ȞȑĮ ĮʌȠĲİȜȑıȝĮĲĮ ȖȚĮ
ĲȠ 3&.3 ȖȚĮ ĲȘȞ ʌİȡȓʌĲȦıȘ ʌȠȣ ȝʌȠȡȠȪȝİ ȞĮ įȚĮȜȑȟȠȣȝİ țȐʌȠȚȠ ĮȞĲȚțİȓȝİȞȠ țĮȚ ʌȐȞȦ
Įʌȩ ȝȓĮ ĳȠȡȐ� ȈĲȠ ĲȑȜȠȢ ĲȠȣ 3&.3 țİĳĮȜĮȓȠȣ� ȑȞĮ ȒįȘ ȖȞȦıĲȩ ĮʌȠĲȑȜİıȝĮ țȐĲȦ
ĳȡȐȖȝĮĲȠȢ ʌĮȡȠȣıȚȐȗİĲĮȚ ȝİ ȜȓȖȠ įȚĮĳȠȡİĲȚțȩ ĲȡȩʌȠ� ȉȑȜȠȢ� ȝİȜİĲȐȝİ ĲĮ FDSDFL�
WDWHG FRYHULQJ ĮțȑȡĮȚĮ ʌȡȠȖȡȐȝȝĮĲȠȢ țĮȚ İȝʌȞİȣıȝȑȞȠȚ Įʌȩ ȖȞȦıĲȑȢ ĲİȤȞȚțȑȢ� įȓȞȠȣȝİ
țȐʌȠȚĮ ĮʌȠĲİȜȑıȝĮĲĮ ȖȚĮ ĲȘȞ İȚįȚțȒ ʌİȡȓʌĲȦıȘ ��� &,3�





&RQWHQWV

� ,QWURGXFWLRQ DQG 2XWOLQH �
��� $SSUR[LPDWLRQ $OJRULWKPV IRU 2SWLPL]DWLRQ 3UREOHPV � � � � � � � � �
��� 2XWOLQH RI WKH WKHVLV DQG RXU FRQWULEXWLRQV � � � � � � � � � � � � � � � �

� 7KH 0LQLPXP .QDSVDFN 3UREOHP �

� 7KH 3UHFHGHQFH &RQVWUDLQHG 0LQLPXP .QDSVDFN 3UREOHP ��
��� 'HILQLWLRQV DQG 1RWDWLRQV � � � � � � � � � � � � � � � � � � � � � � � � ��
��� 7KH 3&.3 SUREOHP DQG VRPH YDOLG IRUPXODWLRQV � � � � � � � � � � � ��
��� 3LWFK�1 LQHTXDOLWLHV � � � � � � � � � � � � � � � � � � � � � � � � � � � ��
��� 5RXQGLQJ DOJRULWKP IRU ��� 3&.3 � � � � � � � � � � � � � � � � � � � ��
��� 3&.3 ZLWK JHQHUDO PXOWLSOLFLW\ FRQVWUDLQWV � � � � � � � � � � � � � � ��
��� ,QDSSUR[LPDELOLW\ RI 3&.3 � � � � � � � � � � � � � � � � � � � � � � � ��

� &DSDFLWDWHG &RYHULQJ ,QWHJHU 3URJUDPV ��
��� ,QWURGXFWLRQ � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � ��
��� 5HVXOWV IRU WKH ��� &,3 � � � � � � � � � � � � � � � � � � � � � � � � � ��

� &RQFOXVLRQ DQG RSHQ SUREOHPV ��
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��� $SSUR[LPDWLRQ $OJRULWKPV IRU 2SWLPL]DWLRQ 3URE�
OHPV

,Q FRPSXWHU VFLHQFH� XVXDOO\ ZH KDYH WR GHDO ZLWK VRPH GLVFUHWH RSWLPL]DWLRQ SUREOHPV
IRU ZKLFK ZH VKRXOG ILQG D IHDVLEOH VROXWLRQ ZLWK WKH EHVW SRVVLEOH FRVW� )RU WKHVH NLQG
RI SUREOHPV� WKH LGHDO VLWXDWLRQ ZRXOG EH WR GHYHORS H[DFW DQG HIILFLHQW DOJRULWKPV�
:LWK WKH WHUPV H[DFW DQG HIILFLHQW DOJRULWKP� ZKDW ZH DFWXDOO\ PHDQ LV DQ DOJRULWKP
WKDW SURGXFHV WKH EHVW SRVVLEOH RXWFRPH DQG UXQV LQ SRO\QRPLDO WLPH RQ WKH LQSXW VL]H
UHVSHFWLYHO\� 8QIRUWXQDWHO\� IRU PDQ\ LQWHUHVWLQJ RSWLPL]DWLRQ SUREOHPV ZH FDQQRW H[�
SHFW WR DFKLHYH ERWK� DFFXUDF\ DQG HIILFLHQF\� XQOHVV 3  13� 7KHUHIRUH D FRPPRQ
DSSURDFK IRU WKLV NLQG RI SUREOHPV LV WR UHOD[ WKH UHTXLUHPHQW RI ILQGLQJ DQ RSWLPDO
VROXWLRQ DQG LQVWHDG� ZH MXVW WU\ WR ILQG D VROXWLRQ ZKLFK LV FORVH WR WKH RSWLPDO RQH�
+HQFH UDWKHU WKDQ GHYHORSLQJ DQ H[DFW DOJRULWKP� QRZ RXU DWWHQWLRQ LV IRFXVHG RQ WU\�
LQJ WR GHYHORS DQ DSSUR[LPDWLRQ DOJRULWKP IRU WKH VDPH SUREOHP�

,Q JHQHUDO DQ RSWLPL]DWLRQ SUREOHP KDV DQ REMHFWLYH YDOXH WKDW ZH ZDQW WR PD[LPL]H
RU PLQLPL]H� ZKLOH DW WKH VDPH WLPH D VHW RI FRQVWUDLQWV PXVW EH VDWLVILHG�

'HILQLWLRQ ���� $Q RSWLPL]DWLRQ SUREOHP LV D TXDGUXSOH (,� VRO� FRVW� JRDO) VXFK WKDW�

� I LV WKH VHW RI LQVWDQFHV�

� )RU DQ LQVWDQFH x ∈ I � sol(x) LV WKH VHW RI IHDVLEOH VROXWLRQV RI x�

� )RU DQ LQVWDQFH x ∈ I DQG D IHDVLEOH VROXWLRQ y ∈ sol(x)� WKH YDOXH costx(y) LV D
SRVLWLYH UHDO QXPEHU GHQRWLQJ WKH FRVW RI WKH VROXWLRQ�

� goal LV DQ RSHUDWRU ZKLFK LV HLWKHU PLQ RU PD[�

7KH JRDO RI DQ RSWLPL]DWLRQ SUREOHP IRU DQ LQVWDQFH x� LV WR ILQG DQ RSWLPDO VROXWLRQ�
7KDW LV� ZH ZDQW WR ILQG D y ∈ sol(x) VXFK WKDW�

costx(y) = goal{costx(y′) | y′ ∈ sol(x)}

)RU DQ RSWLPDO VROXWLRQ y� ZH GHQRWH DV OPT (x) = costx(y) WKH FRVW RI WKH RSWLPDO
VROXWLRQ IRU WKH LQVWDQFH x�

�
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$V WKH TXDOLW\ RI WKH VROXWLRQ LV PHDVXUHG LQ WHUPV RI WKH FRVW� RXU GHVLUH IRU DQ RS�
WLPL]DWLRQ SUREOHP LV WR EXLOG D IDVW DSSUR[LPDWLRQ DOJRULWKP ZKLFK IRU HYHU\ LQVWDQFH
RI WKH SUREOHP� SURGXFHV D VROXWLRQ ZLWK FRVW FORVH HQRXJK WR WKH RSWLPDO FRVW RI WKH
LQVWDQFH� 0RUHRYHU� LI WKHUH LV D SURRI WKDW HYHU\ WLPH WKH SURGXFHG VROXWLRQ LV ρ WLPHV
IDU DZD\ IURP WKH RSWLPDO RQH� WKHQ ZH VD\ WKDW WKLV DOJRULWKP LV D ρ�DSSUR[LPDWLRQ
DOJRULWKP�

'HILQLWLRQ ���� $ ρ�DSSUR[LPDWLRQ DOJRULWKP IRU DQ RSWLPL]DWLRQ SUREOHP LV D SRO\�
QRPLDO WLPH DOJRULWKP WKDW IRU DOO LQVWDQFHV RI WKH SUREOHP SURGXFHV D IHDVLEOH VROXWLRQ
ZKRVH YDOXH LV ZLWKLQ D IDFWRU RI ρ RI WKH YDOXH RI DQ RSWLPDO VROXWLRQ�

)RU H[DPSOH� OHWA EH D SRO\QRPLDO WLPH DOJRULWKP IRU D PLQLPL]DWLRQ SUREOHP� )RU
DQ LQVWDQFH x ZH GHILQH DV cost(A(x)) WKH FRVW RI WKH SURGXFHG VROXWLRQ E\ A� 7KHQ
LI IRU HYHU\ LQVWDQFH x LW KROGV WKDW cost(A(x)) ≤ ρ · OPT (x)� WKH DOJRULWKP A LV D
ρ�DSSUR[LPDWLRQ DOJRULWKP�

,Q WKLV WKHVLV ZH DUH JRLQJ WR IRFXV RQ PLQLPL]DWLRQ SUREOHPV DQG ZH ZLOO WU\ WR
H[SORUH DSSUR[LPDWLRQ DOJRULWKPV IRU WKHVH� $ YHU\ FRPPRQ DSSURDFK WKDW LV IROORZHG
LQ RUGHU WR GHYHORS DQ DSSUR[LPDWLRQ DOJRULWKP� LV WR XVH WKH WKHRU\ EHKLQG OLQHDU SUR�
JUDPPLQJ� 7KH VWUDWHJ\ KHUH LV WR IRUPXODWH WKH LQLWLDO RSWLPL]DWLRQ SUREOHP DV DQ
LQWHJHU SURJUDP DQG PDNH XVH RI LWV OLQHDU SURJUDPPLQJ UHOD[DWLRQ ZKLFK XVXDOO\ FDQ
EH VROYHG LQ SRO\QRPLDO WLPH� +RZHYHU� ZH DUH LQWHUHVWHG RQO\ LQ LQWHJHU VROXWLRQV
DQG WKXV� WZR FRPPRQ ZD\V WR HQG XS ZLWK DQ LQWHJHU VROXWLRQ DUH HLWKHU WR FRQYHUW
WKH OLQHDU VROXWLRQ WR DQ LQWHJHU RQH� RU WR FRQVWUXFW DQ LQWHJHU VROXWLRQ XVLQJ SULPDO�
GXDO DOJRULWKPV EDVHG RQ WKH GXDO RI WKH OLQHDU SURJUDP� ,Q DQ\ FDVH� ZLWK WKH VWDQGDUG
WHFKQLTXHV RI WKH OLQHDU SURJUDPPLQJ WKHRU\� RXU LQWHQWLRQ LV WR ERXQG WKH FRVW RI WKH
SURGXFHG LQWHJHU VROXWLRQ E\ ρ WLPHV RI WKH RSWLPDO OLQHDU FRVW� 7KH XQGHUO\LQJ UHDVRQ
LV WKDW WKLV YDOXH LV D ORZHU ERXQG RI WKH RSWLPDO LQWHJHU FRVW DQG XVXDOO\ WKH RQO\ RQH
WKDW ZH FDQ HIILFLHQWO\ FRPSXWH LQ RUGHU WR HVWLPDWH WKH DFFXUDF\ RI WKH DOJRULWKP�

$V ZH DUH IRFXVLQJ RQ PLQLPL]DWLRQ SUREOHPV� WKH UHODWHG LQWHJHU SURJUDPV WKDW ZH
IRFXV RQ� DUH WKH VR�FDOOHG FRYHULQJ LQWHJHU SURJUDPV RI WKH IROORZLQJ IRUP�

PLQLPL]H cTx
VXEMHFW WR Ax ≥ D

x ∈ Zn
+

ZKHUHA ∈ Zm×n
+ LV D QRQ�QHJDWLYH LQWHJUDO PDWUL[ ZLWK WKH YDOXH uij LQ LWV ith URZ DQG

jth FROXPQ� D ∈ Zm
+ LV D GHPDQG YHFWRU ZLWK HQWULHV Di� c ∈ Zn

+ LV D FRVW YHFWRU ZLWK
HQWULHV cj DQG d ∈ Zn

+ LV D PXOWLSOLFLWLHV YHFWRU ZLWK HQWULHV dj � 7KH YDOXHV RIm DQG n
GHQRWH WKH QXPEHU RI WKH FRQVWUDLQWV DQG WKH QXPEHU RI WKH YDULDEOHV UHVSHFWLYHO\ DQG
LQ WKH FDVH WKDW ZH KDYH PRUH WKDQ RQH FRQVWUDLQWV� ZH XVH WKH LQGH[ i IRU WKH FRQVWUDLQWV
DQG WKH LQGH[ j IRU WKH YDULDEOHV� ,I ZH DOVR DOORZ FRQVWUDLQWV RI WKH W\SH x ≤ d� ZH JHW
WKH FDSDFLWDWHG FRYHULQJ LQWHJHU SURJUDPV �&,3�� $OVR LQ PDQ\ FDVHV ZH DUH JRLQJ WR
ZRUN ZLWK D ��� &,3� ZKLFK LV D UHJXODU &,3 ZLWK WKH GLIIHUHQFH WKDW WKH YDULDEOHV xj DUH
RQO\ DOORZHG WR JHW WKH YDOXH ]HUR RU RQH� ZKLFK LV HTXLYDOHQW WR VD\ WKDW WKH PXOWLSOLFLW\
FRQVWUDLQW YHFWRU d LV D YHFWRU RI DOO RQHV�

*LYHQ DQ RSWLPL]DWLRQ SUREOHP DQG DQ LQWHJHU SURJUDP WKDW IRUPXODWHV LW� VRPH�
WLPHV LW LV QRW SRVVLEOH WR XVH DQ\ RI WKH NQRZQ WHFKQLTXHV RI WKH OLQHDU SURJUDPPLQJ
WKHRU\ LQ RUGHU WR FRQVWUXFW D ERXQGHG LQWHJHU VROXWLRQ� )RU HYHU\ LQVWDQFH RI WKH SURE�
OHP ZH ZRXOG OLNH WR ERXQG WKH FRVW RI WKH SURGXFHG LQWHJHU VROXWLRQ LQ WHUPV RI WKH
RSWLPDO OLQHDU FRVW� +RZHYHU� LI IRU HYHU\ DUELWUDULO\ ODUJH YDOXH WKHUH LV DQ LQVWDQFH

�
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VXFK WKDW WKH JDS EHWZHHQ LWV RSWLPDO LQWHJHU VROXWLRQ ZLWK LWV RSWLPDO OLQHDU VROXWLRQ LV
WKDW ELJ� WKH VWDQGDUG DQDO\VLV RI WKH FRVW IDLOV DQG ZH FDQQRW GHYHORS D ρ�DSSUR[LPDWLRQ
DOJRULWKP� 7KHUHIRUH IRU DQ LQWHJHU SURJUDP WKDW IRUPXODWHV DQ RSWLPL]DWLRQ SUREOHP�
D YHU\ LPSRUWDQW SURSHUW\ LV LWV LQWHJUDOLW\ JDS�

'HILQLWLRQ ���� &RQVLGHU DQ LQWHJHU SURJUDP P IRU DQ RSWLPL]DWLRQ SUREOHP ZLWK D VHW
RI LQVWDQFHV I � )RU DQ LQVWDQFH x ∈ I � OHW XV GHQRWH E\ OPTIP (x) DQG OPTLP (x) WKH
FRVW RI WKH RSWLPDO LQWHJHU VROXWLRQ RIP DQG WKH FRVW RI WKH RSWLPDO OLQHDU VROXWLRQ RI WKH
OLQHDU SURJUDPPLQJ UHOD[DWLRQ RI P � IRU WKDW LQVWDQFH UHVSHFWLYHO\� 7KH LQWHJUDOLW\ JDS
RI WKH LQWHJHU SURJUDPP LV HTXDO WR WKH YDOXHPD[x∈I

(
PD[

( OPTIP (x)
OPTLP (x) ,

OPTLP (x)
OPTOPT (x)

))
�

&RQVHTXHQWO\� D IRUPXODWLRQ ZLWK DQ XQERXQGHG LQWHJUDOLW\ JDS LV QRW YHU\ KHOSIXO
LQ RXU DWWHPSW WR GHYHORS D ρ�DSSUR[LPDWLRQ DOJRULWKP� 7R KDQGOH WKLV LVVXH WKRXJK� D
VROXWLRQ ZRXOG EH WR H[WHQG WKH LQWHJHU SURJUDP E\ DGGLQJ VRPH H[WUD YDOLG LQHTXDOLWLHV
ZKLFK LQWXLWLYHO\ DSSURDFK WKH XQGHUO\LQJ SUREOHP LQ D EHWWHU ZD\� DQG HYHQWXDOO\ WR
HQG XS ZLWK D QHZ LQWHJHU SURJUDP ZLWK D IL[HG LQWHJUDOLW\ JDS�

'HILQLWLRQ ���� )RU DQ LQWHJHU SURJUDP P D QHZ LQHTXDOLW\ LV YDOLG� LI HYHU\ IHDVLEOH
LQWHJHU VROXWLRQ RI P VWLOO UHPDLQV IHDVLEOH HYHQ DIWHU WKH DGGLWLRQ RI WKH QHZ LQHTXDOLW\
WR P �

7KH SXUSRVH RI DGGLQJ YDOLG LQHTXDOLWLHV� DVVXPLQJ ZH ZRUN ZLWK D PLQLPL]DWLRQ
SUREOHP� LV EHFDXVH ZH ZRXOG OLNH WR PDNH LQIHDVLEOH YHU\ FKHDS OLQHDU VROXWLRQV LQ
WHUPV RI WKH FRVW� EXW DW WKH VDPH WLPH WR PDLQWDLQ DOO WKH SUHYLRXV IHDVLEOH LQWHJHU
VROXWLRQV� 7KH QHZ UHVXOWLQJ LQWHJHU SURJUDP B LV WKHQ D YDOLG UHOD[DWLRQ DQG LWV OLQHDU
UHOD[DWLRQC LV DOVR D YDOLG OLQHDU UHOD[DWLRQ RI WKH LQLWLDO LQWHJHU SURJUDPA� 7KH UHDVRQ
WKDW ZH QHHG WR PDLQWDLQ DOO WKH IHDVLEOH LQWHJHU VROXWLRQV� LV EHFDXVH ZH DFWXDOO\ ZDQW
WR PDLQWDLQ WKH RULJLQDO RSWLPDO LQWHJHU VROXWLRQ� DV WKLV ZRXOG LPSO\ WKDW WKH RSWLPDO
OLQHDU VROXWLRQ RI C LV VWLOO D ORZHU ERXQG RI WKH RULJLQDO RSWLPDO LQWHJHU VROXWLRQ RI A�
7KHUHIRUH� DVVXPLQJ WKDW ZH FRXOG GHYHORS D SRO\QRPLDO WLPH DOJRULWKP WKDW FRQVWUXFWV
D IHDVLEOH LQWHJHU VROXWLRQ IRU WKH RULJLQDO PLQLPL]DWLRQ SUREOHP� ZLWK FRVW ρ WLPHV WKH
FRVW RI WKH RSWLPDO OLQHDU VROXWLRQ RIC� ZH FRXOG DSSO\ WKH VWDQGDUG DQDO\VLV RI WKH FRVW
DQG SURYH WKDW WKH DOJRULWKP LV LQGHHG D ρ�DSSUR[LPDWLRQ DOJRULWKP� )XUWKHUPRUH� VXFK
DQ DOJRULWKP ZRXOG SURYH WKDW WKH LQWHJUDOLW\ JDS RI B LV DW PRVW ρ� EHFDXVH WKH FRVW RI
WKH RSWLPDO LQWHJHU VROXWLRQ RI B LV D ORZHU ERXQG RI WKH RSWLPDO LQWHJHU FRVW RI A�

)XUWKHU EDFNJURXQG RQ DSSUR[LPDWLRQ DOJRULWKPV FDQ EH IRXQG LQ >��@� >��@� $OO WKH
SUREOHPV WKDW ZH DUH VWXG\LQJ DUH 13�KDUG� DQG WKLV LV WKH UHDVRQ WKDW ZH DUH LQWHUHVWHG
LQ GHYHORSLQJ DSSUR[LPDWLRQ DOJRULWKPV IRU WKHP� %DFNJURXQG LQ WKH WKHRU\ RI 13�
KDUGQHVV DQG FRPSXWDWLRQDO LQWUDFWDELOLW\ FDQ EH IRXQG LQ >�@�

��� 2XWOLQH RI WKH WKHVLV DQG RXU FRQWULEXWLRQV
3UREOHPV 6WXGLHG� ,QLWLDOO\ LQ WKH VHFRQG FKDSWHU� ZH VWXG\ WKH PLQLPXP NQDSVDFN
SUREOHP� ,Q WKLV SUREOHP ZH DUH JLYHQ D VHW RI HOHPHQWV ZLWK D YDOXH DQG D FRVW IRU
HDFK RQH� DQG ZH DUH DVNHG WR VHOHFW WKH PLQLPXP� LQ WHUPV RI WKH FRVW� VXEVHW RI HOH�
PHQWV VXFK WKDW� WKH VXP RI WKHLU YDOXHV FRYHU D VSHFLILHG GHPDQG� ,Q WKH WKLUG FKDSWHU�
ZH VWXG\ D JHQHUDOL]DWLRQ RI WKH PLQLPXP NQDSVDFN SUREOHP ZKLFK LV WKH SUHFHGHQFH
FRQVWUDLQHG PLQLPXP NQDSVDFN SUREOHP �3&.3�� 7KH LQSXW DQG WKH JRDO LQ WKH 3&.3
SUREOHP LV WKH VDPH DV LQ WKH PLQLPXP NQDSVDFN SUREOHP ZLWK DQ H[WUD UHVWULFWLRQ� ,Q
WKH LQSXW ZH DUH DOVR JLYHQ D SDUWLDO RUGHU RQ HOHPHQWV� DQG HYHU\ IHDVLEOH VROXWLRQ PXVW
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UHVSHFW WKH SDUWLDO RUGHU� QDPHO\� LQ RUGHU WR SLFN DQ HOHPHQW ZH PXVW ILUVW SLFN DOO LWV
SUHGHFHVVRUV ZLWK UHVSHFW WR WKH SDUWLDO RUGHU� ,Q WKH IRXUWK FKDSWHU ZH VWXG\ WKH &,3
SUREOHP LQ ZKLFK ZH PXVW VDWLVI\ QRW RQO\ RQH FRQVWUDLQW EXW D VHW RI WKHP� JLYHQ E\ D
PDWUL[�

3UHYLRXV :RUN� 7KH PLQLPXP NQDSVDFN SUREOHP ZDV VWXGLHG E\ &DUU HW DO� >�@
DQG WKH\ GHYHORSHG D 2�DSSUR[LPDWLRQ URXQGLQJ DOJRULWKP IRU WKH SUREOHP� XVLQJ WKH
NQDSVDFN FRYHU LQHTXDOLWLHV� /DWHU RQ� &DUQHV DQG 6KPR\V >�@ GHYHORSHG D IDVWHU 2�
DSSUR[LPDWLRQ SULPDO�GXDO DOJRULWKP IRU WKH PLQLPXP NQDSVDFN SUREOHP� 7KLV SULPDO�
GXDO DOJRULWKP LV WKH EDVH IRU WKH SULPDO�GXDO DOJRULWKPV WKDW ZHUH GHYHORSHG E\ 0F�
&RUPLFN HW DO� LQ >��@� ZKHUH WKH\ VWXGLHG WKH 3&.3 SUREOHP� 7KH LQWHJUDOLW\ JDS
RI WKH IRUPXODWLRQV IRU WKH 3&.3 SUREOHP� HYHQ ZLWK WKH NQDSVDFN FRYHU LQHTXDOLWLHV
FDQ EH XQERXQGHG� )RU WKLV UHDVRQ� WKH\ LQWURGXFHG WKH SUHFHGHQFH NQDSVDFN FRYHU
LQHTXDOLWLHV ZLWK WKH KHOS RI ZKLFK WKH\ GHYHORSHG D w(P)�DSSUR[LPDWLRQ SULPDO�GXDO
DOJRULWKP IRU WKH ��� FDVH� WKDW LV� ZKHQ HDFK HOHPHQW FDQ EH SLFNHG DW PRVW RQH WLPH�
+HUH P LV D SDUWLDO RUGHU WKDW GHILQHV WKH RUGHULQJ RI WKH VHOHFWLRQ DQG w(P) LV WKH VL]H
RI WKH PD[LPXP DQWLFKDLQ LQ P � )RU WKH 3&.3 SUREOHP ZLWK JHQHUDO PXOWLSOLFLW\ FRQ�
VWUDLQWV� LQ ZKLFK HDFK HOHPHQW FDQ EH SLFNHG PRUH WKDQ RQH WLPH� 0F&RUPLFN HW DO�
>��@ SUHVHQW D SVHXGR�SRO\QRPLDO DOJRULWKPZLWK DSSUR[LPDWLRQ UDWLR HTXDO WRw(P)·∆�
ZKHUH ∆ = PD[j dj LV DQ XSSHU ERXQG RQ WKH PXOWLSOLFLW\ YDULDEOHV DQG WKH\ VWDWH WKDW
LW UHPDLQV RSHQ WR ILQG DQ DOJRULWKP ZLWK VWURQJO\ SRO\QRPLDO ERXQGV� 0RUHRYHU WKH\
JLYH DQ LQDSSUR[LPDELOLW\ UHVXOW� ZKLFK VD\V WKDW WKH 3&.3 SUREOHP GRHV QRW DGPLW
37$6 XQGHU VWDQGDUG FRPSOH[LW\ DVVXPSWLRQV� )RU WKH ��� &,3 SUREOHP� )XMLWR >�@ DQG
&DUU HW DO� >�@ SURYLGH f �DSSUR[LPDWLRQ DOJRULWKPV� ZKHUH f LV WKH PD[LPXP QXPEHU
RI QRQ�]HUR FRHIILFLHQWV LQ D URZ RI WKH PDWUL[ RI WKH FRQVWUDLQWV� ,Q >��@ WKRXJK� WKH\
SUHVHQW DQ (f − f−1

m )�DSSUR[LPDWLRQ SULPDO�GXDO DOJRULWKP� ZKLFK KDV VOLJKWO\ EHWWHU
UDWLR EXW WKH\ SD\ DQ H[WUD O(n2) IDFWRU LQ WKH WLPH FRPSOH[LW\� +HUH n DQGm DUH WKH
QXPEHU RI WKH YDULDEOHV DQG FRQVWUDLQWV UHVSHFWLYHO\�

2XWOLQH DQG RXU &RQWULEXWLRQV� ,Q WKH VHFRQG FKDSWHU ZH SUHVHQW UHVXOWV IURP WKH
OLWHUDWXUH IRU WKH PLQLPXP NQDSVDFN SUREOHP� ,Q WKH WKLUG FKDSWHU ZH IRFXV RQ WKH
3&.3 SUREOHP� DQG LQ WKH EHJLQQLQJ ZH VWXG\ WKH IRUPXODWLRQ RI 0F&RUPLFN HW DO�
>��@ ZLWK WKH LQWHQWLRQ WR XQGHUVWDQG LWV SURSHUWLHV� $IWHUZDUGV� ZH VWXG\ D VOLJKWO\
GLIIHUHQW IRUPXODWLRQ IRU WKH 3&.3 SUREOHP DQG ZH GHYHORS D w(P)�DSSUR[LPDWLRQ
URXQGLQJ DOJRULWKP IRU WKH ��� FDVH� ,Q 6HFWLRQ ��� ZH SUHVHQW D SRO\QRPLDO DOJRULWKP
ZLWK VWURQJO\ SRO\QRPLDO DSSUR[LPDWLRQ UDWLR� )LQDOO\ LQ WKH HQG RI WKH WKLUG FKDSWHU
ZH SURYLGH D PRUH GHWDLOHG SURRI IRU WKH LQDSSUR[LPDELOLW\ UHVXOW RI WKH 3&.3 SURE�
OHP >��@� 7KH ODVW FKDSWHU LV GHYRWHG WR WKH FDSDFLWDWHG FRYHULQJ LQWHJHU SURJUDPV DQG
VSHFLILFDOO\ WR WKH ��� FDVH� 7KHUH� ZH JLYH VRPH UHVXOWV DQG REVHUYDWLRQV ZKLFK DUH
UHODWHG WR WKH )XMLWR DQG &DUU HW DO� OLQHDU SURJUDPPLQJ UHOD[DWLRQV DQG DOJRULWKPV�

/HW XV H[SODLQ LQ GHWDLO RXU FRQWULEXWLRQV LQ WKLV WKHVLV� LQ RUGHU WR KHOS WKH UHDGHU
WR GLVWLQJXLVK WKHP IURP WKH SUHYLRXV ZRUN� 7KH ILUVW UHVXOWV FRPH IURP 7KHRUHP ����
/HPPD ��� DQG &RUROODU\ ���� 7KHUH ZH SURYH WKDW WKH IRUPXODWLRQ RI 0F&RUPLFN
HW DO� >��@ IRU WKH 3&.3 SUREOHP KDV LQWHJUDOLW\ JDS HTXDO WR Ω(w(P))� 7KLV UHVXOW
VKRZV WKDW HYHU\ DOJRULWKP EDVHG RQ WKLV IRUPXODWLRQ FDQQRW KDYH PXFK EHWWHU UDWLR
WKDQ WKHLU w(P)�DSSUR[LPDWLRQ SULPDO�GXDO DOJRULWKP� 1H[W� LQ 7KHRUHP ��� ZH VWXG\
D VOLJKWO\ VLPSOHU IRUPXODWLRQ WKDQ WKH RQH ZKLFK ZDV VXJJHVWHG E\ 0F&RUPLFN HW DO�
>��@ DQG LQ 7KHRUHP ��� ZH SURYH WKDW LQ WKH ZRUVW FDVH WKH WZR IRUPXODWLRQV KDYH WKH
VDPH UDWLR� $OVR LQ /HPPD ��� ZH VKRZ WKDW WKH FRPELQDWLRQ RI WKH WZR IRUPXODWLRQV LV
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XQQHFHVVDU\� DV WKH VLPSOHU RQH WKDW ZH VXJJHVW� LV LPSOLHG E\ WKH RQH VXJJHVWHG DW >��@�
,Q WKH QH[W VHFWLRQ� /HPPD ��� VKRZV D XVHIXO SURSHUW\ RI WKH IRUPXODWLRQV ZKLFK LV WKDW
WKH IHDVLEOH PLQLPDO VROXWLRQV LQ WHUPV RI WKHLU FRVW� KDYH D VSHFLILF VWUXFWXUH� 8VLQJ
WKDW OHPPD� WKURXJK /HPPD ��� DQG 7KHRUHP ���� D QHZw(P)�DSSUR[LPDWLRQ URXQGLQJ
DOJRULWKP IRU WKH ��� 3&.3 SUREOHP LV SUHVHQWHG� ,Q WKH 6HFWLRQ ���� D VHW RI UHVXOWV LV
SUHVHQWHG XQWLO ZH UHDFK LQ WKH PDLQ UHVXOW RI 7KHRUHP ���� ZKLFK VD\V WKDW WKHUH H[LVWV
DQ O(PLQ{|U |, w2(P)})�DSSUR[LPDWLRQ SULPDO�GXDO DOJRULWKP IRU WKH JHQHUDO 3&.3
SUREOHP ZLWK PXOWLSOLFLW\ FRQVWUDLQWV� 7KLV VROYHV WKH RSHQ SUREOHP VWDWHG E\ >��@�
DERXW ZKHWKHU WKHUH H[LVWV DQ DOJRULWKP IRU WKH JHQHUDO 3&.3 SUREOHP ZLWK VWURQJO\
SRO\QRPLDO ERXQGV� $V UHJDUGV WKH LQDSUR[LPDELOLW\ RI WKH 3&.3 SUREOHP� ZH IOHVK
RXW WKH GHWDLOV RI WKH SURRI RI 7KHRUHP � >��@ �FI� WKH SURRI RI 7KHRUHP ������ )LQDOO\
LQ WKH ODVW FKDSWHU� LQ 7KHRUHP ��� ZH SURYH WKDW WKH DOUHDG\ NQRZQ DOJRULWKP RI )XMLWR
IRU WKH ��� &,3 SUREOHP� KDV D EHWWHU DSSUR[LPDWLRQ UDWLR ZKLFK LV HTXDO WR f − f−2

m �
7KH VDPH UHVXOW LV DOVR SURYHG LQ 7KHRUHP ��� ZLWK WKH SULPDO�GXDO DOJRULWKP WKDW ZH
GHYHORS IRU WKH ��� &,3 SUREOHP DQG LW LV EDVHG RQ WKH &DUU HW�DO UHOD[DWLRQ� 7KLV UDWLR
LV VOLJKWO\ ZRUVH WKDQ WKH (f − f−1

m ) RI >��@� EXW FDQ EH DFKLHYHG ZLWKRXW WKH H[WUD
O(n2) IDFWRU LQ WKH WLPH FRPSOH[LW\� +RZHYHU EHFDXVH RI /HPPD ��� WKH ERXQG RI WKH
DOJRULWKPV LV DOPRVW WLJKW�

�
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7KH NQDSVDFN SUREOHP LV RQH RI WKH PRVW VWXGLHG SUREOHPV LQ FRPELQDWRULDO RSWLPL]D�
WLRQ DQG XVXDOO\ LQ WKH OLWHUDWXUH LW LV SUHVHQWHG DV DPD[LPL]DWLRQ SUREOHP LQ WKH SDFNLQJ
YDULDQW� ,Q WKLV VHFWLRQ WKRXJK� ZH DUH JRLQJ WR IRFXV RQ WKH PLQLPL]DWLRQ YHUVLRQ RI LW�
LQ WKH FRYHULQJ YDULDQW� ZLWK WKH LQWHQWLRQ RI SUHVHQWLQJ VRPH WHFKQLTXHV WKDW KDYH EHHQ
GHYHORSHG DQG XVHG IRU WKLV SUREOHP� EXW FRXOG EH DSSOLHG IRU RWKHU SUREOHPV DV ZHOO�

,Q WKH PLQLPXP NQDSVDFN SUREOHP ZH DUH JLYHQ VRPH HOHPHQWV ZLWK D FRVW DQG D
YDOXH IRU HDFK RQH DQG DOVR D VSHFLILHG GHPDQG� 7KH JRDO RI WKH SUREOHP LV WR VHOHFW WKH
PLQLPXP FRVW VHW RI HOHPHQWV VXFK WKDW WKHLU WRWDO YDOXH LV DW OHDVW WKH GHPDQG� )RUPDOO\
OHW U EH D VHW RI HOHPHQWV� c : U → Z+ DQG u : U → Z+ EH WKH FRVW DQG WKH YDOXH
IXQFWLRQV UHVSHFWLYHO\ DQGD EH WKH VSHFLILHG GHPDQG� 7KHQ WKH JRDO LV WR ILQG D VXEVHW
RI HOHPHQWV S ⊆ U � VXFK WKDW

∑
e∈S u(e) ≥ D� ZKLOH PLQLPL]LQJ WKH VXP

∑
e∈S c(e)�

6LQFH WKH SUREOHP LV 13�KDUG >�@ ZH VKRXOG QRW H[SHFW WR EXLOG D SRO\QRPLDO DOJRULWKP
RQ LWV LQSXW VL]H� EXW ZH VKRXOG UDWKHU DSSURDFK LW LQ D GLIIHUHQW ZD\� ,Q WKH UHVW RI WKLV
FKDSWHU ZH DUH JRLQJ WR SUHVHQW WKH VWHSV� LQ RUGHU WR EXLOG DQ 2�DSSUR[LPDWLRQ DOJRULWKP
IRU WKH SUREOHP�

,QVWHDG RI IXQFWLRQV� ZH FRXOG YLVXDOL]H c DQG u DV YHFWRUV� ZKHUH WKHLU ith FRPSR�
QHQW ci DQG ui FRUUHVSRQGV WR WKH FRVW DQG WKH YDOXH RI WKH HOHPHQW i ∈ U UHVSHFWLYHO\�
+HQFH LW EHFRPHV REYLRXV WKDW WKH PLQLPXP NQDSVDFN LV D VSHFLDO FDVH RI &,3� EHFDXVH
ZH FDQ IRUPXODWH DQ LQVWDQFH RI WKH PLQLPXP NQDSVDFN DV D &,3 LQVWDQFH�

PLQLPL]H
∑

i∈U

ci · xi

VXEMHFW WR
∑

i∈U

ui · xi ≥ D

x ∈ {0, 1}|U | (PKP )

DQG xi = 1 LI DQG RQO\ LI WKH HOHPHQW i ∈ U KDV EHHQ VHOHFWHG�
ȉKH IRUPXODWLRQ (PKP ) LV ZKDW ZH FDOO WKH QDWXUDO LQWHJHU SURJUDP IRU WKHPLQLPXP

NQDSVDFN� +RZHYHU ZLWK WKLV IRUPXODWLRQ WKHUH LV DQ LPSRUWDQW REVWDFOH WR DSSO\LQJ WKH
VWDQGDUG WHFKQLTXHV RI WKH OLQHDU SURJUDPPLQJ WKHRU\� 7KLV LVVXH KDV WR GR ZLWK WKH
LQWHJUDOLW\ JDS� ZKLFK LW KDSSHQV WR EH XQERXQGHG� $FWXDOO\ WKH LQWHJUDOLW\ JDS RI WKLV
IRUPXODWLRQ FDQ EH DV ODUJH DV WKH GHPDQG D� DV VWDWHG LQ /HPPD ���� DQG DV D UHVXOW

�



RQH FDQQRW GHYHORS DQ DSSUR[LPDWLRQ DOJRULWKP ZLWK FRQVWDQW JXDUDQWHH EDVHG RQ WKLV
IRUPXODWLRQ�

/HPPD ���� >�@ 7KH LQWHJUDOLW\ JDS RI (PKP ) FDQ EH DV ODUJH DV WKH GHPDQG D�

3URRI� /HW WZR HOHPHQWV e1, e2 DQG D VSHFLILHG GHPDQGD� 7KH FRVWV DQG WKH YDOXHV RI
WKH HOHPHQWV DUH HTXDO WR�

c(e1) = 0, u(e1) = D − 1

c(e2) = 1, u(e2) = D

7KH FRUUHVSRQGLQJ LQWHJHU SURJUDP IRU WKLV LQVWDQFH ZRXOG EH WKH IROORZLQJ�

PLQLPL]H x2

VXEMHFW WR (D − 1) · x1 +D · x2 ≥ D

x1, x2 ∈ {0, 1}

:H FDQ REVHUYH WKDW LQFOXGLQJ WKH ILUVW HOHPHQW LQ RXU VROXWLRQ GRHV QRW LQFUHDVH WKH
FRVW RI WKH VROXWLRQ EXW LQFUHDVHV WKH WRWDO YDOXH� DQG WKXV LW LV DOZD\V EHQHILFLDO WR SLFN
WKLV HOHPHQW� +RZHYHU� WKHUH LV D UHVLGXDO GHPDQG WKDW ZH PXVW FRYHU DQG WKLV LV HTXDO
WR RQH� ,Q WKH LQWHJHU YHUVLRQ ZH PXVW QHFHVVDULO\ SLFN WKH VHFRQG HOHPHQW DV ZHOO�
JHWWLQJ DQ LQWHJHU VROXWLRQ ZLWK WRWDO FRVW HTXDO WR RQH� 2Q WKH RWKHU KDQG� DV WKH YDOXH
RI WKH VHFRQG HOHPHQW LV HTXDO WRD� LQ WKH OLQHDU YHUVLRQ ZH DUH DOORZHG WR VHOHFW RQO\
D IUDFWLRQ RI 1

D RI WKH VHFRQG HOHPHQW LQ RUGHU WR FRYHU WKH UHVLGXDO GHPDQG� DQG HQG XS
ZLWK D OLQHDU VROXWLRQ ZLWK WRWDO FRVW HTXDO WR 1

D � &RQVHTXHQWO\ WKH FRVW RI WKH RSWLPDO
LQWHJHU VROXWLRQ LV D WLPHV ODUJHU WKDQ WKH FRVW RI WKH RSWLPDO OLQHDU VROXWLRQ DQG WKXV
WKH LQWHJUDOLW\ JDS RI WKH DERYH IRUPXODWLRQ FDQ EH DV ODUJH DV WKH GHPDQGD�

,Q RUGHU WR KDQGOH WKLV LVVXH DQG PDNH XVH RI WKH WHFKQLTXHV IURP WKH OLQHDU SUR�
JUDPPLQJ WKHRU\� &DUU HW DO� >�@ LQWURGXFHG WKH VR�FDOOHG NQDSVDFN FRYHU LQHTXDOLWLHV�
7KHVH LQHTXDOLWLHV DUH H[WUHPHO\ XVHIXO� EHFDXVH QRW RQO\ WKH\ VWUHQJWKHQ WKH OLQHDU
SURJUDPPLQJ UHOD[DWLRQ� UHGXFLQJ WKH LQWHJUDOLW\ JDS WR WKH FRQVWDQW WZR� EXW DOVR WKH\
KHOS XV WR GHYHORS 2�DSSUR[LPDWLRQ DOJRULWKPV IRU WKH PLQLPXP NQDSVDFN SUREOHP�
)XUWKHUPRUH� NQDSVDFN FRYHU LQHTXDOLWLHV DUH QRW UHVWULFWHG RQO\ WR WKLV SUREOHP� EXW
WKH\ FDQ DOVR EH DSSOLHG WR PDQ\ RWKHU RSWLPL]DWLRQ SUREOHPV� LQFOXGLQJ WKH JHQHUDO
&,3 SUREOHP�

/HW XV QRZ GHILQH WKH NQDSVDFN FRYHU LQHTXDOLWLHV DQG WU\ WR JLYH DQ LQWXLWLRQ IRU WKH
UHDVRQV WKDW WKH\ DUH SRZHUIXO DQG WKH\ UHGXFH WKH LQWHJUDOLW\ JDS� &RQVLGHU D PLQLPXP
NQDSVDFN LQVWDQFH ZLWK HOHPHQWV IURP U � GHPDQGD DQG u EH WKH YHFWRU RI YDOXHV� )RU
D VXEVHW RI HOHPHQWV A ⊆ U � ZH GHQRWH E\�

D(A) = PD[{D −
∑

i∈A

ui, 0}

WKH UHVLGXDO GHPDQG WKDW ZH PXVW FRYHU LI ZH KDYH DOUHDG\ SLFNHG DOO WKH HOHPHQWV IURP
A� :H NQRZ WKDW HYHU\ IHDVLEOH VROXWLRQ x VDWLVILHV WKH FRQVWUDLQW

∑
i∈U ui · xi ≥ D�

)RU D VXEVHW RI HOHPHQWV A ⊆ U � OHW XV VSOLW WKH SUHYLRXV FRQVWUDLQW LQWR WZR VXPV DV

�
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IROORZV�
∑

i∈U\A

ui · xi +
∑

i∈A

ui · xi ≥ D ⇔

∑

i∈U\A

ui · xi ≥ D −
∑

i∈A

ui · xi ⇒

∑

i∈U\A

ui · xi ≥ D(A)

7KH ILUVW WZR FRQVWUDLQWV DUH HTXLYDOHQW� DQG WKH ODVW RQH LV ZHDNHU WKDQ WKH RWKHU WZR
EHFDXVHD(A) DVVXPHV WKDW HDFK HOHPHQW ZKLFK LV SDUW RI A KDV EHHQ IXOO\ VHOHFWHG� ,I
ZH ZRXOG DGG WKH ODVW LQHTXDOLW\� DOO WKH SUHYLRXV IHDVLEOH OLQHDU VROXWLRQV ZRXOG VWLOO
UHPDLQ IHDVLEOH DQG VR WKH LQWHJUDOLW\ JDS ZRXOG QRW EH UHGXFHG� 7KH NH\ REVHUYDWLRQ
KHUH� LV WKDW DV ZH DUH RQO\ LQWHUHVWHG LQ LQWHJHU VROXWLRQV� LI WKH YDOXH RI DQ HOHPHQW LV
ODUJHU WKDQ WKH UHVLGXDO GHPDQG� WKDW LV� LW KROGV WKDW ui > D(A)� ZH FRXOG VHW ui HTXDO
WR D(A) IRU WKLV FRQVWUDLQW ZLWKRXW FXWWLQJ RII DQ\ LQWHJHU VROXWLRQ� ZKLOH DW WKH VDPH
WLPH PD\EH ZH ZRXOG ORVH VRPH OLQHDU VROXWLRQV� ,W LV LPSRUWDQW DW WKLV SRLQW WR UHPLQG
XV WKDW D(A) LV D QRQ�QHJDWLYH QXPEHU� ,QWXLWLYHO\� E\ VHWWLQJ WKH FRHIILFLHQWV RI WKH
OHIW KDQG VLGH WR DV VPDOO DV SRVVLEOH� ZH DUH IRUFLQJ WKH YHFWRU x WR JHW KLJKHU YDOXHV�
FORVHU WR RQH� DQG WKXV YHU\ VPDOO OLQHDU VROXWLRQV EHFRPH LQIHDVLEOH� UHGXFLQJ WKDW ZD\
WKH LQWHJUDOLW\ JDS� 7KH WUDQVIRUPDWLRQ RI WKH YDOXHV IRU D VXEVHW RI HOHPHQW A ⊆ U �
ZLOO EH GHQRWHG DV�

ui(A) = PLQ{ui, D(A)}

DQG LW FDQ EH WKRXJKW DV WKH HIIHFWLYH YDOXH RI DQ HOHPHQW JLYHQ WKDW WKH HOHPHQWV LQ
A DUH SDUW RI WKH VROXWLRQ� 7KH QHZ VWUHQJWKHQHG LQWHJHU SURJUDP IRU WKH PLQLPXP
NQDSVDFN LV�

PLQLPL]H
∑

i∈U

ci · xi

VXEMHFW WR
∑

i∈U\A

ui(A) · xi ≥ D(A), ∀A ⊆ U

x ∈ {0, 1}|U | (PKP1)

7KH FODLP LV WKDW WKH LQWHJHU SURJUDP (PKP1) IRUPXODWHV WKH PLQLPXP NQDSVDFN
SUREOHP� 7KH ILUVW WKLQJ WKDW ZH VKRXOG GR LV WR SURYH IRUPDOO\ WKDW LQGHHG WKH NQDSVDFN
FRYHU LQHTXDOLWLHV DUH YDOLG LQHTXDOLWLHV DQG DV D UHVXOW (PKP1) LV D YDOLG UHOD[DWLRQ RI
(PKP )� ,Q RUGHU WR SURYH WKLV� IURP WKH GHILQLWLRQ RI D YDOLG LQHTXDOLW\� ZH VKRXOG SURYH
WKDW HYHU\ IHDVLEOH LQWHJHU VROXWLRQ RI (PKP ) UHPDLQV IHDVLEOH DIWHU WKH DGGLWLRQ RI WKH
QHZ H[WUD LQHTXDOLWLHV DQG WKXV� LW LV DOVR IHDVLEOH WR (PKP1)�

/HPPD ���� >�@ 7KH IRUPXODWLRQ (PKP1) LV D YDOLG UHOD[DWLRQ RI (PKP )�

3URRI� /HW x EH DQ LQWHJHU IHDVLEOH VROXWLRQ IRU DQ LQVWDQFH RI WKH PLQLPXP NQDSVDFN
ZLWK VXSSRUW YHFWRU S = {i | xi = 1}� ,W LV WUXH WKDW

∑
i∈S ui ≥ D� /HW XV DVVXPH

WKDW WKHUH LV D VXEVHW A ⊆ U VXFK DV WKH FRUUHVSRQGLQJ LQHTXDOLW\ LV QRW VDWLVILHG E\ x�
)RU WKLV VXEVHW A� LW PXVW EH WUXH WKDW D(A) = D −

∑
i∈A ui > 0 DQG WKH XQVDWLVILHG

LQHTXDOLW\ ZLOO ORRN OLNH�
∑

i∈U\A

ui(A) · xi < D(A) ⇒
∑

i∈S\A

ui(A) < D(A)

�



)RU HDFK i ∈ S \ A� WKH YDOXH ui FDQQRW EH JUHDWHU RU HTXDO WR D(A)� EHFDXVH ui(A)
ZRXOG EH HTXDO WR D(A) DQG WKH LQHTXDOLW\ ZRXOG EH VDWLVILHG� &RQVHTXHQWO\� LW KROGV
WKDW ui < D(A) DQG VR ui(A) = ui� +HQFH WKH VXP LV HTXDO WR�

∑

i∈S\A

ui(A) =
∑

i∈S\A

ui < D(A) ⇒
∑

i∈S\A

ui +
∑

i∈A

ui < D

%XW WKHQ� ∑

i∈S

ui ≤
∑

i∈S\A

ui +
∑

i∈A

ui < D

ZKLFK FRQWUDGLFWV WKH IDFW WKDW x LV DQ LQWHJHU IHDVLEOH VROXWLRQ RI (PKP )� 7KHUHIRUH x
PXVW VDWLVI\ DOO WKH H[WUD NQDSVDFN FRYHU LQHTXDOLWLHV DQG VR� (PKP1) LV D YDOLG UHOD[�
DWLRQ RI (PKP )�

$V D QH[W VWHS� ZH VKRXOG VKRZ WKDW(PKP1) LV LQGHHG PRUH SRZHUIXO IRUPXODWLRQ
WKDQ WKH QDWXUDO IRUPXODWLRQ (PKP )� $ ZD\ WR VKRZ VRPHWKLQJ OLNH WKDW� LV E\ GHYHO�
RSLQJ DQ DSSUR[LPDWLRQ DOJRULWKP ZLWK D FRQVWDQW JXDUDQWHH� &DUU HW DO� >�@ GHYHORSHG
WKH EXFNHWLQJ DOJRULWKP ZKLFK LV D URXQGLQJ 2�DSSUR[LPDWLRQ DOJRULWKP� DQG SURYHG
WKDW WKH LQWHJUDOLW\ JDS RI (PKP1) DW DW PRVW 2� 0RUHRYHU WKH\ JDYH DQ LQILQLWH IDPLO\
RI LQVWDQFHV ZLWK JDS DW OHDVW 2− 2

|U | � DQG SURYHG WKDW WKH LQWHJUDOLW\ JDS RI (PKP1) LV
YHU\ FORVH WR 2� 7KHUHIRUH XVLQJ WKLV IRUPXODWLRQ� ZH VKRXOG QRW H[SHFW WR GHYHORS DQ
DSSUR[LPDWLRQ DOJRULWKP ZLWK EHWWHU FRQVWDQW JXDUDQWHH WKDQ 2� DQG VR WKHLU ERXQG LV
DOPRVW WLJKW�

+RZHYHU LQ WKLV VHFWLRQ� RXU DWWHQWLRQZLOO EH IRFXVHG RQ WKH 2�DSSUR[LPDWLRQ SULPDO�
GXDO DOJRULWKP WKDW ZDV GHYHORSHG E\ &DUQHV DQG 6KPR\V >�@ ZKLFK LV DOVR EDVHG RQ
WKH IRUPXODWLRQ (PKP1)� WKXV LW FDQ DOVR EH XVHG LQ RUGHU WR SURYH VLPLODU UHVXOWV IRU
WKH LQWHJUDOLW\ JDS RI WKH IRUPXODWLRQ� &RQVLGHU WKH OLQHDU UHOD[DWLRQ RI (PKP1)�

PLQLPL]H
∑

i∈U

ci · xi

VXEMHFW WR
∑

i∈U\A

ui(A) · xi ≥ D(A), ∀A ⊆ U

x ≥ 0

DQG WKH GXDO RI WKLV OLQHDU SURJUDP�

PD[LPL]H
∑

A⊆U

D(A) · y(A)

VXEMHFW WR
∑

A⊆U : i/∈A

ui(A) · y(A) ≤ ci, ∀i ∈ U

y(A) ≥ 0, ∀A ⊆ U

7KH DOJRULWKP IROORZV WKH SULPDO�GXDO VFKHPD� 7KH DOJRULWKP LQLWLDOO\ VWDUWV ZLWK D
IHDVLEOH GXDO VROXWLRQ DQG DQ LQIHDVLEOH SULPDO LQWHJHU VROXWLRQ DQG WULHV WR FRQVWUXFW D
IHDVLEOH SULPDO LQWHJHU VROXWLRQ ZLWKRXW YLRODWLQJ WKH IHDVLELOLW\ RI WKH SURGXFHG OLQHDU
GXDO VROXWLRQ� 7KLV LV GXH WR WKH IDFW WKDW ZH ZRXOG OLNH WR ERXQG WKH FRVW RI WKH SULPDO
LQWHJHU VROXWLRQ LQ WHUPV RI D FRQVWDQW IDFWRU RI WKH FRVW RI WKH OLQHDU GXDO VROXWLRQ� DV WKLV
LV HQRXJK LQ RUGHU WR SURYH WKDW WKH DSSUR[LPDWLRQ DOJRULWKP KDV D FRQVWDQW JXDUDQWHH�

7KH DOJRULWKP LQLWLDOO\ VHWV S = ∅ DQG y = 0� ZKHUH S LV WKH VHW RI WKH FKRVHQ
HOHPHQWV DQG y LV WKH GXDO YHFWRU� $V ORQJ DV WKH VHW S LV DQ LQIHDVLEOH SULPDO LQWHJHU

��
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VROXWLRQ� ZH LQFUHDVH WKH GXDO YDULDEOH y(S) DV PXFK DV SRVVLEOH XQWLO D FRQVWUDLQW LQ WKH
GXDO OLQHDU SURJUDP EHFRPHV WLJKW� /HW i EH WKH HOHPHQW IRU ZKLFK WKH FRUUHVSRQGLQJ
LQHTXDOLW\ LQ WKH GXDO OLQHDU SURJUDP EHFRPHV WLJKW� 7KHQ ZH DGG i WR WKH VHW S DQG WKH
VDPH SURFHVV LV UHSHDWHG� 7KH SVHXGRFRGH RI WKH DOJRULWKP $OJRULWKP � LV SUHVHQWHG
EHORZ�

a 4 ∅- v 4 y

r?BH2 U.UaV = y �� %a% I MV &
AM+`2�b2 vUaV mMiBH � /m�H +QMbi`�BMi #2+QK2b iB;?i 7Q` Bi2K B
a 4 a ∪ &B'

'

`2im`M Ua- vV

7KH SURRI WKDW WKH DOJRULWKP LV LQGHHG D 2�DSSUR[LPDWLRQ DOJRULWKP IROORZV IURP
WKH WZR QH[W OHPPDV� ,Q WKH ILUVW OHPPD ZH SURYH WKDW WKH DOJRULWKP DOZD\V ILQGV D
IHDVLEOH SDLU (S, y)� DVVXPLQJ WKDW WKHUH LV RQH� DQG LQ WKH VHFRQG OHPPD ZH SURYH WKDW
WKH FRVW RI WKH VHW S LV DW PRVW WZR WLPHV ODUJHU WKDQ WKH FRVW RI y� SURYLQJ LQ WKDW ZD\
WKDW WKH DOJRULWKP KDV DQ DSSUR[LPDWLRQ IDFWRU RI 2�

/HPPD ���� >�@ )RU D IHDVLEOH PLQLPXP NQDSVDFN LQVWDQFH� WKH SULPDO�GXDO SDLU (S, y)
ZKLFK LV SURGXFHG E\ WKH DOJRULWKP LV IHDVLEOH�

3URRI� /HW S EH WKH FXUUHQW VHW LQ D VWHS RI WKH DOJRULWKP� 7KH DOJRULWKP LQFUHDVHV WKH
GXDO YDULDEOH y(S) DV PXFK DV SRVVLEOH XQWLO D FRQVWUDLQW i EHFRPHV WLJKW� 7KH YDULDEOH
y(S) GRHV QRW SDUWLFLSDWH LQ DQ\ LQHTXDOLW\ i ∈ S DQG VR� IRU HYHU\ SUHYLRXV HOHPHQW WKDW
DOUHDG\ EHORQJV WR S� WKH FRUUHVSRQGLQJ LQHTXDOLW\ WKDW KDV EHFRPH WLJKW LV QRW DIIHFWHG�
7KHUHIRUH LQ WKH FDVH WKDW WKH FXUUHQW VHW S LV QRW \HW D IHDVLEOH VROXWLRQ� ZH FDQ SURFHHG
ZLWK y(S) EHFDXVH LW SDUWLFLSDWHV RQO\ LQ LQHTXDOLWLHV ZKHUH WKH FRUUHVSRQGLQJ HOHPHQW
LV QRW \HW LQFOXGHG LQ S�

/HPPD ���� >�@ 7KH SULPDO�GXDO DOJRULWKP KDV DQ DSSUR[LPDWLRQ IDFWRU RI 2�

3URRI� /HW (S, y) EH D IHDVLEOH SDLU� ZKHUH S LV WKH VHW RI HOHPHQWV WKDW WKH DOJRULWKP
KDV SLFNHG DQG y LV WKH GXDO YHFWRU WKDW WKH DOJRULWKP KDV SURGXFHG� 7KH WRWDO FRVW RI S
LV HTXDO WR�

cost(S) =
∑

i∈S

ci =
∑

i∈S

∑

A⊆U : i/∈A

ui(A) · y(A)

ZKHUH WKH ODVW HTXDOLW\ KROGV EHFDXVH WKH DOJRULWKP KDV SLFNHG HOHPHQWV IRU ZKLFK WKH
FRUUHVSRQGLQJ LQHTXDOLW\ LV WLJKW� :H ZRXOG OLNH WR ERXQG WKH FRVW RI RXU VROXWLRQ� E\
VRPH IDFWRU WLPHV WKH FRVW RI WKH GXDO VROXWLRQ y� +HQFH ZH FDQ UHDUUDQJH WKH VXPV LQ
RUGHU WR JHW VRPHWKLQJ VLPLODU WR WKH FRVW IXQFWLRQ RI WKH GXDO OLQHDU SURJUDP�

cost(S) =
∑

A⊆U

∑

i∈S\A

ui(A) · y(A) =
∑

A⊆U

y(A) ·
∑

i∈S\A

ui(A) (1)

1RZ ZH ZLOO WU\ WR ERXQG WKH VHFRQG VXP� /HW l EH WKH ODVW HOHPHQW VHOHFWHG E\ WKH
DOJRULWKP� %HFDXVH RI WKH ZD\ WKH DOJRULWKP VHOHFWV HOHPHQWV� y(A) > 0 LPSOLHV WKDW
A ⊆ S\{l}� DQG VR ZH FDQ IRFXV RXU DWWHQWLRQ RQO\ LQ WKHVH VSHFLDO VXEVHWV RI HOHPHQWV�
0RUHRYHU LW PXVW EH WUXH WKDW� ∑

i∈S\{l}

ui < D

��



EHFDXVH RWKHUZLVH WKH DOJRULWKP ZRXOG KDYH VWRSSHG HDUOLHU� 7KHUHIRUH DV ui(A) =
PLQ{ui, D(A)}� ZH FDQ FRQFOXGH WKDW IRU D IL[HG A ⊆ U � VXFK WKDW y(A) > 0� LW KROGV
WKDW�

∑

i∈S\A

ui(A) =
∑

i∈(S\{l})\A

ui(A) + ul(A) ≤

∑

i∈(S\{l})\A

ui + ul(A) =

∑

i∈S\{l}

ui −
∑

i∈A

ui + ul(A) <

D −
∑

i∈A

ui + ul(A) = D(A) + ul(A) ≤

2 ·D(A)

$V D FRQVHTXHQFH� IURP (1) ZH JHW WKDW IRU WKH FRVW RI S LW KROGV WKDW�

cost(S) ≤ 2 ·
∑

A⊆U

y(A) ·D(A)

DQG DV WKH FRVW RI D IHDVLEOH GXDO VROXWLRQ LV D ORZHU ERXQG RI WKH RSWLPDO SULPDO LQWHJHU
VROXWLRQ� WKH DOJRULWKP KDV DQ DSSUR[LPDWLRQ IDFWRU RI 2�

7R VXP XS� FRPELQLQJ WKH WZR SUHYLRXV OHPPDV� IRU D IHDVLEOH LQVWDQFH RI WKH PLQ�
LPXP NQDSVDFN WKH SULPDO�GXDO DOJRULWKP SURGXFHV D IHDVLEOH SDLU (S, y) VXFK WKDW WKH
FRVW RI S H[FHHGV DW PRVW WZR WLPHV WKH FRVW RI y� $V D FRUROODU\� EHFDXVH WKH FRVW RI
D GXDO VROXWLRQ LV D ORZHU ERXQG RI WKH FRVW RI WKH RSWLPDO SULPDO OLQHDU VROXWLRQ� ZH
REWDLQ WKDW IRU WKH (PKP1)� LWV RSWLPDO LQWHJHU VROXWLRQ LV DW PRVW WZR WLPHV ODUJHU WKDQ
LWV RSWLPDO OLQHDU VROXWLRQ� 7KXV WKH LQWHJUDOLW\ JDS RI (PKP1) LV DW PRVW WZR�

��
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��� 'HILQLWLRQV DQG 1RWDWLRQV

,Q WKLV VHFWLRQ ZH DUH JRLQJ WR JLYH VRPH XVHIXO GHILQLWLRQV DQG QRWDWLRQV WKDW ZLOO EH
XVHG ODWHU� &RQVLGHU D SDUWLDOO\ RUGHUHG VHW P = (U, +)� ZKHUH U LV D VHW RI HOHPHQWV
DQG + LV DQ RUGHU UHODWLRQ IRU SDLU RI HOHPHQWV� 7ZR HOHPHQWV i, j ∈ U DUH FRPSDUDEOH
LI i + j RU j + i KROGV DQG LQFRPSDUDEOH RWKHUZLVH� $ VXEVHW A ⊆ U RI HOHPHQWV LV
FDOOHG D FKDLQ LI IRU HYHU\ SDLU RI HOHPHQWV i, j ∈ A LW KROGV WKDW i, j DUH FRPSDUDEOH�
/LNHZLVH� D VXEVHWA ⊆ U RI HOHPHQWV LV FDOOHG DQ DQWLFKDLQ LI IRU HYHU\ SDLU RI HOHPHQWV
i, j ∈ A LW KROGV WKDW i, j DUH LQFRPSDUDEOH� 7KH VL]H RI WKH PD[LPXP DQWLFKDLQ ZLOO EH
XVHG DV D JXDUDQWHH LQ RXU DSSUR[LPDWLRQ DOJRULWKPV DQG ZLOO EH GHQRWHG DV w(P)�

$ VXEVHW A ⊆ U LV FDOOHG DQ LGHDO LI IRU HYHU\ HOHPHQW i ∈ A LW LV WUXH WKDW DOO WKH
HOHPHQWV j ZLWK WKH SURSHUW\ j + i DUH DOVR SDUW RI A� ,Q RWKHU ZRUGV� IRU DQ LGHDO A�
i ∈ A DQG j + i LPSOLHV j ∈ A� $Q LGHDO A LV DOVR VDLG WR EH FORVHG XQGHU P � )RU D
SDUWLDO RUGHU P WKH VHW RI DOO WKH LGHDOV RI P ZLOO EH GHQRWHG DV L(P)�

:H GHILQH P(A) = (U \ A, +) IRU DQ LGHDO A ∈ L(P) WR EH WKH SDUWLDO RUGHU P
UHVWULFWHG WR WKH HOHPHQWV WKDW GR QRW EHORQJ WR A DQG PLQ P(A) = {i ∈ U \ A | !j ∈
U \A VXFK WKDW j ≺ i} WR EH WKH VHW RI PLQLPDO LWHPV RI WKH SDUWLDO RUGHU P(A)� 7KHVH
QRWDWLRQV ZLOO EH XVHIXO ODWHU� DV IRU D VHW S ZKLFK ZLOO QRW EH \HW D IHDVLEOH VROXWLRQ� ZH
ZLOO QHHG WR SLFN DQ H[WUD HOHPHQW LQ RUGHU WR XSGDWH WKH VHW S� 7R NHHS WKH VHW S FORVHG
XQGHU P � D PLQLPDO HOHPHQW VKRXOG EH FKRVHQ ZLWK UHVSHFW WR P(S) RU LQ RWKHU ZRUGV
DQ HOHPHQW IURP WKH VHW PLQ P(S)�

)LQDOO\� IRU DQ LGHDO A ∈ L(P) DQG DQ HOHPHQW j ∈ U \ A� ZH GHILQH Xj(A) =
{i ∈ U \ A | i + j ∧ i ∈ PLQ P(A)} DV WKH VHW RI HOHPHQWV WKDW DUH VLPXOWDQHRXVO\
PLQLPDOV RI P(A) DQG FRPSDUDEOH ZLWK WKH HOHPHQW j� 7KLV VHW RI HOHPHQWV ZLOO EH
XVHG ODWHU� ZKHQ ZH ZLOO SURMHFW WKH YDOXH RI WKH HOHPHQW j XQLIRUPO\ RQWR WKH PLQLPDO
DQG FRPSDUDEOH ZLWK LW� LWHPV ZLWK UHVSHFW WR P(A)� ZLWK WKH DLP WR DGG QHZ YDOLG
LQHTXDOLWLHV�

��
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��� 7KH 3&.3 SUREOHP DQG VRPH YDOLG IRUPXODWLRQV
,Q WKH PLQLPXP NQDSVDFN ZH FDQ FKRRVH WKH HOHPHQWV LQ DQ DUELWUDU\ RUGHU� $ SRVVLEOH
H[WHQVLRQ RI WKLV SUREOHPZRXOG EH WR DGG WKH UHVWULFWLRQ WKDW WKH FKRVHQ HOHPHQWV VKRXOG
UHVSHFW D VSHFLILF RUGHU� 7KLV LV WKH SUHFHGHQFH FRQVWUDLQHG PLQLPXP NQDSVDFN SUREOHP
�3&.3� DQG LV GHILQHG DV IROORZV� /HW U EH D VHW RI HOHPHQWV� c : U → Z+ DQG
u : U → Z+ EH WKH FRVW DQG WKH YDOXH IXQFWLRQV UHVSHFWLYHO\� D EH WKH VSHFLILHG
GHPDQG DQGP EH D SDUWLDO RUGHU� 7KHQ WKH JRDO LV WR ILQG D VXEVHW RI HOHPHQWVS ⊆ U WKDW
PLQLPL]HV WKH VXP

∑
e∈S c(e) DQG WKH WZR IROORZLQJ FRQVWUDLQWV DUH VDWLVILHG� 7KH ILUVW

FRQVWUDLQW LV WR VDWLVI\ WKH GHPDQG� QDPHO\�
∑

e∈S u(e) ≥ D DQG WKH VHFRQG FRQVWUDLQW
LV WR UHVSHFW WKH SDUWLDO RUGHU� WKDW LV� ZKHQHYHU ZH FKRRVH DQ HOHPHQW e� DOO WKH HOHPHQWV
EHORZ RI e ZLWK UHVSHFW WR P PXVW DOVR EH SDUW RI WKH VROXWLRQ�

7KLV SUREOHPZKLFK LV D JHQHUDOL]DWLRQ RI WKHPLQLPXPNQDSVDFN FDQ DOVR EHZULWWHQ
DV DQ LQWHJHU SURJUDP� 7KH DGGLWLRQDO FRQVWUDLQW UHODWHG WR WKH SDUWLDOO\ RUGHU FDQ EH
GHVFULEHG LQ WKH IROORZLQJ ZD\� )RU HYHU\ HOHPHQWV i, j VXFK WKDW i + j ZLWK UHVSHFW WR
P � LW PXVW EH WUXH WKDW xi ≥ xj � 7KXV WKH QDWXUDO ZD\ WR ZULWH WKH ��� 3&.3 SUREOHP
DV DQ LQWHJHU SURJUDP LV WKH IROORZLQJ RQH�

PLQLPL]H
∑

i∈U

ci · xi

VXEMHFW WR
∑

i∈U

ui · xi ≥ D

xi − xj ≥ 0, ∀i + j

x ∈ {0, 1}|U |

,Q WKH FDVH WKDW P LV DQ DQWLFKDLQ� WKH LQWHJHU SURJUDP UHSUHVHQWV WKH FODVVLFDO PLQLPXP
NQDSVDFN SUREOHP� DQG IURP /HPPD ��� WKH LQWHJUDOLW\ JDS ZLOO EH XQERXQGHG� +RZ�
HYHU ZH DUH DOORZHG WR DGG WKH YDOLG NQDSVDFN FRYHU LQHTXDOLWLHV DQG HQG XS ZLWK WKLV
VWUHQJWKHQHG LQWHJHU SURJUDP�

PLQLPL]H
∑

i∈U

ci · xi

VXEMHFW WR
∑

i∈U\A

ui(A) · xi ≥ D(A), ∀A ⊆ U

xi − xj ≥ 0, ∀i + j

x ∈ {0, 1}|U | (PPCKP )

1HYHUWKHOHVV DV VWDWHG LQ 3URSRVLWLRQ �� HYHQ WKLV VWUHQJWKHQHG IRUPXODWLRQ KDV DQ XQ�
ERXQGHG LQWHJUDOLW\ JDS ZKLFK LV VSHFLILFDOO\ Ω(|U |)�

3URSRVLWLRQ �� >��@ )RUPXODWLRQ (PPCKP ) KDV DQ XQERXQGHG LQWHJUDOLW\ JDS�

3URRI� &RQVLGHU DQ LQVWDQFH RI 3&.3 ZLWK n LWHPV DQG GHPDQGD = 1� $OO WKH YDOXHV
ui RI WKH HOHPHQWV DUH HTXDO WR 1� 7KH FRVW RI WKH ILUVW HOHPHQW c1 LV HTXDO WR n DQG WKH
FRVWV RI WKH RWKHU HOHPHQWV DUH HTXDO WR 1� 7KH SDUWLDO RUGHU LV D FKDLQ RI OHQJWK n ZLWK
1 + 2 + · · · + n�

7KHQ WKH RSWLPDO LQWHJHU VROXWLRQ KDV WR EX\ WKH ILUVW HOHPHQW DW FRVW n GXH WR
WKH SDUWLDO RUGHU FRQVWUDLQWV� +RZHYHU� WKH OLQHDU VROXWLRQ VHOHFWV WKH VROXWLRQ YHFWRU
( 1n , . . . ,

1
n ) ZLWK VROXWLRQ FRVW

n
n + n−1

n < 2�

��
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0F&RUPLFN HW DO� >��@ LQ RUGHU WR KDQGOH WKLV LVVXH LQWURGXFHG WKH VR�FDOOHG SUHFH�
GHQFH FRQVWUDLQHG NQDSVDFN FRYHU LQHTXDOLWLHV ZKLFK EHKDYH DOPRVW LQ WKH VDPH ZD\ DV
WKH NQDSVDFN FRYHU LQHTXDOLWLHV EXW WKH\ DUH QRZ IRFXVHG RQO\ RQPLQLPDO LWHPV� 7KDW LV
EHFDXVH WKH VROXWLRQV WKDW ZH DUH LQWHUHVWHG LQ� VKRXOG EH FORVHG XQGHU WKH SDUWLDO RUGHU�
7KH SUREOHP ZLWK WKH NQDSVDFN FRYHU LQHTXDOLWLHV LV WKDW WKH\ UHGXFH WKH JDS EHWZHHQ
WKH OLQHDU DQG WKH LQWHJHU VROXWLRQV ZKLFK DUH QRW QHFHVVDULO\ FORVHG XQGHU WKH SDUWLDO
RUGHU� DQG VR WKH GLVWDQFH EHWZHHQ WKH FORVHG OLQHDU DQG LQWHJHU VROXWLRQV FDQ VWLOO EH
DUELWUDU\ ODUJH� 7R HOLPLQDWH WKH YHU\ FKHDS OLQHDU VROXWLRQV� ZH VKRXOG VRPHKRZ IRUFH
WKH VROXWLRQ YHFWRU x WR VHW DV KLJK YDOXHV DV SRVVLEOH WR WKH HOHPHQWV WKDW VKRXOG EH VH�
OHFWHG LQ RUGHU WR JHW D FORVHG VROXWLRQ XQGHU WKH SDUWLDO RUGHU DQG WKLV LV H[DFWO\ WKH LGHD
EHKLQG WKH SUHFHGHQFH FRQVWUDLQHG NQDSVDFN FRYHU LQHTXDOLWLHV� $VVXPLQJ WKDW DQ LGHDO
A ∈ L(P) LV QRW \HW D IHDVLEOH VROXWLRQ� WKHVH FRQVWUDLQWV IRUFH XV WR SLFN D PLQLPDO
HOHPHQW EHFDXVH RQO\ LQ WKLV FDVH WKH SURGXFHG VROXWLRQ ZLOO UHPDLQ FORVHG� $V UHJDUGV
WKH DSSUR[LPDWLRQ IDFWRU� LQWXLWLYHO\ DV WKH LQHTXDOLWLHV DUH EXLOW XSRQ WKH SDUWLDO RUGHU�
WKH LQWHJUDOLW\ JDS QRZ ZLOO EH ERXQGHG LQ WHUPV RI P DQG VSHFLILFDOO\ DV ZH ZLOO VHH
ODWHU� IURP WKH YDOXH w(P)�

/HW XV H[SODLQ QRZ PRUH IRUPDOO\ KRZ WKHVH LQHTXDOLWLHV ORRN OLNH� &RQVLGHU DQ
LGHDO A ∈ L(P) DQG OHW D(A) = PD[{D −

∑
i∈A ui, 0} EH WKH UHVLGXDO GHPDQG WKDW

ZH PXVW FRYHU� ,I D(A) > 0� WKHQ WR XSGDWH A WRZDUGV D IHDVLEOH VROXWLRQ� ZH PXVW
QHFHVVDULO\ SLFN DQ HOHPHQW IURP WKH VHW PLQ P(A) DQG WKLV LGHD FRXOG EH GHVFULEHG E\
WKH YDOLG LQHTXDOLW\�

∑

i∈PLQ P(A)

xi ≥ 1 �����

+RZHYHU DV WKH\ ZULWH LQ >��@� WKHVH LQHTXDOLWLHV GR QRW GLVWLQJXLVK EHWZHHQ PLQLPDO HO�
HPHQWV ZKLFK HQDEOH XV WR VHOHFW D ODUJH DPRXQW RI YDOXH DQG PLQLPDO HOHPHQWV ZKLFK
GR QRW KDYH DQ\ VXFFHVVRUV� DQG WKLV LV ZK\ WKH\ LQWURGXFH D VOLJKWO\ GLIIHUHQW VHW RI
LQHTXDOLWLHV� 1HYHUWKHOHVV� HYHQ LI WKH LQHTXDOLWLHV WKDW WKH\ VXJJHVW LQ >��@ DSSHDU DV
PRUH SRZHUIXO� ZH ZLOO VKRZ ODWHU WKDW LQ WKH ZRUVW FDVH WKH\ DFWXDOO\ KDYH WKH VDPH
JXDUDQWHH ZLWK WKH LQHTXDOLWLHV ������ 7KH VXJJHVWHG SUHFHGHQFH NQDSVDFN FRYHU LQ�
HTXDOLWLHV ZRUN DOLNH� EXW LQ WKH ULJKW KDQG VLGH LQVWHDG RI 1� ZH KDYH WKH UHDO UHVLGXDO
GHPDQG D(A)� +RZHYHU D SUREOHP WKDW DULVHV KHUH LV WKDW LQ RUGHU WR NHHS WKHVH LQ�
HTXDOLWLHV YDOLG� ZH VKRXOG DOVR PDNH XVH RI WKH YDOXHV RI WKH HOHPHQWV� EXW DV ZH VXP
RQO\ RYHU WKH PLQLPDOV LWHPV PLQ P(A)� ZH VKRXOG VRPHKRZ LQFOXGH WKH YDOXHV RI WKH
RWKHU HOHPHQWV LQ RXU VXP DV ZHOO� 7KHUHIRUH� IRU DQ LGHDO A ∈ L(P) DQG DQ HOHPHQW
i ∈ PLQ P(A) WKH\ GHILQH LQ >��@�

ui(A) = PLQ
{
ui(A) +

∑

j:i≺j

uj(A)

|Xj(A)| , D(A)
}

WR EH WKH YDOXH RI DQ HOHPHQW SOXV DOO WKH XQLIRUPO\ VKDUHG YDOXHV RI WKH HOHPHQWV DERYH
LW DVVXPLQJ WKDW ZH SURMHFW WKH YDOXHV RI HDFK HOHPHQW j ∈ (U\A)\PLQ P(A) XQLIRUPO\
LQ WKH VHW RI HOHPHQWVXj(A)� $JDLQ� DV ZH DUH LQWHUHVWHG RQO\ LQ LQWHJHU VROXWLRQV� WKH
FRHIILFLHQWV WKDW H[FHHG WKH ULJKW KDQG VLGH FDQ EH FURSSHG DQG EHFRPH HTXDO WRD(A)�
7KH UHVXOWLQJ VWUHQJWKHQHG LQWHJHU SURJUDP WKDW RFFXUV E\ DGGLQJ WKHVH LQHTXDOLWLHV LV

��
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WKH IROORZLQJ RQH�

PLQLPL]H
∑

i∈U

ci · xi

VXEMHFW WR
∑

i∈PLQ P(A)

ui(A) · xi ≥ D(A), ∀A ∈ L(P)

x ∈ {0, 1}|U | (PPCKP1)

DQG WKH GXDO RI WKH OLQHDU UHOD[DWLRQ LV�

PD[LPL]H
∑

A∈L(P)

y(A) ·D(A)

VXEMHFW WR
∑

A∈L(P): i∈PLQ P(A)

ui(A) · y(A) ≤ ci, ∀i ∈ U

y(A) ≥ 0, A ∈ L(P) (DPCKP1)

%DVHG RQ WKLV (PPCKP1) IRUPXODWLRQ� LQ >��@ WKH\ GHYHORS D w(P)�DSSUR[LPDWLRQ
DOJRULWKP IRU WKH ��� 3&.3� 0RUHRYHU LQ /HPPD � RI >��@� WKH\ JLYH D IDPLO\ RI LQ�
VWDQFHV ZLWK WKH SURSHUW\ WKDW WKH FRVW RI WKH SURGXFHG GXDO OLQHDU VROXWLRQ LVw(P) WLPHV
VPDOOHU WKDQ WKH FRVW RI WKH SURGXFHG SULPDO LQWHJHU VROXWLRQ� DQG VR WKH ERXQG RI WKH
DOJRULWKP LV WLJKW� +RZHYHU VRPHRQH FRXOG DUJXH WKDW PD\EH LW LV SRVVLEOH WR GHYHORS
DQRWKHU DOJRULWKP ZLWK EHWWHU DSSUR[LPDWLRQ IDFWRU EDVHG RQ WKLV IRUPXODWLRQ� ,Q WKH
WZR QH[W UHVXOWV WKRXJK ZH SURYH VRPHWKLQJ VWURQJHU IRU WKH IRUPXODWLRQ LWVHOI� DQG ZH
VKRZ WKDW WKLV LV QRW SRVVLEOH�

7KHRUHP ���� 7KHUH LV DQ LQILQLWH IDPLO\ RI LQVWDQFHV RI 3&.3� VXFK WKDW WKH JDS EH�
WZHHQ WKH RSWLPDO LQWHJHU VROXWLRQ RI (PPCKP ) ZLWK WKH RSWLPDO OLQHDU VROXWLRQ RI WKH
OLQHDU UHOD[DWLRQ RI (PPCKP1) LV Ω(w(P))�

3URRI� &RQVLGHU D SDUWLDO RUGHU ZLWK 2n HOHPHQWV FRQVLVWLQJ RI n SDUDOOHO FKDLQV HDFK
RI OHQJWK WZR� 7KH YDOXHV DQG WKH FRVWV RI WKH ERWWRP OD\HU DUH GHILQHG DV (∀i)(1 ≤
i ≤ n) : u1

i = c1i = 1� 7KH YDOXHV DQG WKH FRVWV RI WKH WRS OD\HU DUH GHILQHG DV
(∀i)(1 ≤ i ≤ n) : u2

i = c2i = n
2 � /HW XV FRQVLGHU D 3&.3 LQVWDQFH ZLWK D = n

2 �
)RU WKH LQWHJHU VROXWLRQ RI (PPCKP ) ZH FDQ HLWKHU FKRRVH DQ HOHPHQW e2i IURP WKH

WRS OD\HU RU QRW� ,Q WKH ILUVW FDVH WKRXJK� ZH PXVW DOVR FKRRVH WKH HOHPHQW e1i ZKLFK LV
ORFDWHG EHORZ RI e2i � EHFDXVH WKH VROXWLRQV PXVW EH FORVHG XQGHU WKH SDUWLDO RUGHU� 7KH
FRVW RI WKH VROXWLRQ LQ WKLV FDVH ZLOO EH DW OHDVW n

2 + 1� +RZHYHU� LQ WKH VHFRQG FDVH ZH
FDQ FKRRVH n

2 HOHPHQWV RQO\ IURP WKH ERWWRP OD\HU� JLYLQJ XV D IHDVLEOH LQWHJHU VROXWLRQ
ZLWK FRVW OPT = n

2 � ZKLFK LV DOVR WKH RSWLPDO LQWHJHU VROXWLRQ IRU (PPCKP )�
/HW XV QRZ FRQVLGHU D VROXWLRQ IRU WKH OLQHDU UHOD[DWLRQ RI (PPCKP1)� 6HW (∀i)(1 ≤

i ≤ n) : x1
i = 2

n , x2
i = 0� ,QLWLDOO\ ZH ZLOO VKRZ WKDW x LV D IHDVLEOH VROXWLRQ IRU WKH

OLQHDU UHOD[DWLRQ RI (PPCKP1)�
,Q WKH PDWWHU RI FRQVWUDLQWV� HDFK VXEVHW A FDQQRW FRQWDLQ DQ\ HOHPHQW IURP WKH WRS

OD\HU� 7KLV LV EHFDXVH ZH DUH LQWHUHVWHG RQO\ LQ LGHDOV� DQG LI A FRQWDLQV DQ HOHPHQW e2i
IURP WKH WRS OD\HU� LW PXVW DOVR FRQWDLQ WKH FRUUHVSRQGLQJ HOHPHQW e1i ZKLFK LV ORFDWHG
EHORZ RI e2i � %XW WKHQ D(A) < 0 DQG WKH FRUUHVSRQGLQJ FRQVWUDLQW ZLOO EH WULYLDOO\
VDWLVILHG� EHFDXVH D(A) ZLOO EH VHW HTXDO WR ]HUR EDVHG RQ LWV GHILQLWLRQ� )RU WKH VDPH
UHDVRQ� VXEVHW A FDQQRW FRQWDLQ n

2 RU PRUH HOHPHQWV IURP WKH ERWWRP OD\HU� EHFDXVH
RQFH DJDLQ D(A) ZLOO EH HTXDO WR ]HUR� 7KHUHIRUH WKH RQO\ FRQVWUDLQWV WKDW ZH VKRXOG

��
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FKHFN IRU VDWLVILDELOLW\� DUH WKH RQHV ZKRVH WKH FRUUHVSRQGLQJ VXEVHW A FRQWDLQV OHVV
WKDQ n

2 HOHPHQWV IURP WKH ERWWRP OD\HU�
&RQVLGHU DQ DUELWUDU\ VXEVHW A WKDW FRQWDLQV WKH LQGLFHV RI HOHPHQWV RQO\ IURP WKH

ERWWRP OD\HU� ZLWK VL]H OHVV WKDQ n
2 � WKDW LV� |A| < n

2 � 7KH FRUUHVSRQGLQJ FRQVWUDLQW ZLOO
EH WKH IROORZLQJ�

∑

1≤i≤n: i/∈A

u1
i (A) · x1

i +
∑

1≤i≤n: i∈A

u2
i (A) · x2

i ≥ D(A)

+RZHYHU IURP WKH GHILQLWLRQ RI ui(A)� LW KROGV WKDW (∀i)(1 ≤ i ≤ n) : u1
i (A) =

u2
i (A) = D(A) DQG WKH FRUUHVSRQGLQJ FRQVWUDLQW LV HTXLYDOHQW WR�

∑

1≤i≤n: i/∈A

x1
i +

∑

1≤i≤n: i∈A

x2
i ≥ 1 ⇔

∑

1≤i≤n: i/∈A

2

n
+

∑

1≤i≤n: i∈A

0 ≥ 1 ⇔

(n− |A|) · 2
n

≥ 1 ⇔

|A| ≤ n

2

$QG VLQFH |A| ≤ n
2 � WKH FRUUHVSRQGLQJ FRQVWUDLQW ZLOO EH VDWLVILHG� $V D UHVXOW� DOO WKH

FRQVWUDLQWV DUH VDWLVILHG DQG WKH VROXWLRQ x LV D IHDVLEOH RQH� 7KH FRVW RI WKH IUDFWLRQDO
VROXWLRQ x LV HTXDO WR�

cost(x) =
n∑

i=1

x1
i · 1 +

n∑

i=1

x2
i ·

n

2
⇒

cost(x) = n · 2
n
· 1 + n · 0 · n

2
⇒

cost(x) = 2

7KHUHIRUH IRU WKH JDS LW KROGV WKDW�

OPT

cost(x)
=

n
2

2
=

n

4

$QG HTXLYDOHQWO\ ZH FDQ VD\ WKDW WKH JDS LV Ω(n)� $V WKH ZLGWK RI WKH SDUWLDO RUGHU
LV HTXDO WR n� WKDW LV� w(P) = n� ZH FDQ FRQFOXGH WKDW WKH JDS EHWZHHQ WKH RSWLPDO
LQWHJHU VROXWLRQ RI (PPCKP ) ZLWK WKH RSWLPDO OLQHDU VROXWLRQ RI WKH OLQHDU UHOD[DWLRQ RI
(PPCKP1) LV Ω(w(P))�

/HPPD ���� 7KH LQWHJUDOLW\ JDS RI (PPCKP1) LV Ω(w(P))�

3URRI� &RQVLGHU WKH VDPH LQVWDQFH RI 3&.3 DV EHIRUH� %DVHG RQ WKH SUHYLRXV WKHRUHP�
LW VXIILFHV WR VKRZ WKDW WKH RSWLPDO LQWHJUDO VROXWLRQ RI (PPCKP1) IRU WKDW LQVWDQFH
FDQQRW KDYH FRVW OHVV WKDQ n

2 �
/HW DVVXPH WKH RSSRVLWH� WKDW WKHUH LV D IHDVLEOH LQWHJHU VROXWLRQ xZLWK FRVW OHVV WKDQ

n
2 � %\ S = {i | xi = 1} ZH GHQRWH WKH VXSSRUW YHFWRU RI x� %HFDXVH RI WKH FRVW RI
S� ZH FDQ FRQOXGH WKDW S FDQQRW FRQWDLQ DQ\ HOHPHQW IURP WKH WRS OD\HU DQG DOVR PXVW

��
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FRQWDLQ OHVV WKDQ n
2 HOHPHQWV IURP WKH ERWWRP OD\HU� 2WKHUZLVH WKH FRVW RI WKH VROXWLRQ

ZRXOG EH HTXDO WR n
2 RU PRUH� FRQWUDGLFWLQJ RXU DVVXPSWLRQ�

)URP WKH FRQVWUXFWLRQ� S LV DQ LGHDO DQG VR WKH FRUUHVSRQGLQJ FRQVWUDLQW IRU A = S
PXVW EH VDWLVILHG� 6LQFH HDFK HOHPHQW RI A KDV YDOXH HTXDO WR RQH DQG DOVR |A| < n

2 �
LW LV WUXH WKDW D(A) > 0� +RZHYHU LQ WKH FRUUHVSRQGLQJ FRQVWUDLQW� WKH OHIW VLGH RI WKH
LQHTXDOLW\ VXPV XS WR ]HUR DV ZH KDYH SLFNHG HOHPHQWV RQO\ IURP WKH VHW S� 7KHUHIRUH
WKH LQHTXDOLW\ LV QRW VDWLVILHG DQG VR x FDQQRW EH D IHDVLEOH LQWHJHU VROXWLRQ�

&RQVHTXHQWO\ WKH RSWLPDO LQWHJHU VROXWLRQ RI (PPCKP1) IRU WKDW LQVWDQFH KDV FRVW
DW OHDVW n

2 DQG WKH LQWHJUDOLW\ JDS RI (PPCKP1) LV Ω(w(P))�

7KHUHIRUH WKH WZR UHVXOWV DERYH� WHOOV XV WKDW ZH FDQQRW XVH WKLV IRUPXODWLRQ� LQ
RUGHU WR GHYHORS DQ DOJRULWKP ZLWK JXDUDQWHH EHWWHU WKDQ Ω(w(P))� )XUWKHUPRUH IURP
WKH IDPLO\ RI WKH LQVWDQFHV WKDW ZH KDYH XVHG� ZH FDQ DOVR FRQFOXGH WKDW WKH ERXQG LV
Ω(|U |) DV ZHOO� 7KLV ERXQG LV VWURQJHU DV LW LV DOZD\V WUXH WKDW w(P) ≤ |U |� +HQFH ZH
FDQ DUULYH DW WKH IROORZLQJ FRUROODU\�

&RUROODU\ ���� 7KH LQWHJUDOLW\ JDS RI (PPCKP1) LV Ω(|U |)�

��� 3LWFK�1 LQHTXDOLWLHV
,Q WKLV VHFWLRQ ZH DUH JRLQJ WR LQYHVWLJDWH WKH VLPSOHU LQHTXDOLWLHV IRU WKH 3&.3 SURE�
OHP� 7KHVH LQHTXDOLWLHV DUH DOVR FDOOHG SLWFK�1 LQHTXDOLWLHV >�@� )RUPDOO\ DQ LQHTXDOLW\
RI WKH IRUP

∑
i∈U ui · xi ≥ D LV RI SLWFK 1 LI DQG RQO\ LI� HYHU\ ui LV DW OHDVWD� ,Q RXU

FDVH� WKH YDULDEOH D DQG DOO WKH ui ZLOO EH HTXDO WR RQH�
7KHVH VLPSOHU LQHTXDOLWLHV ZHUH DOVR PHQWLRQHG LQ WKH SUHYLRXV VHFWLRQ ������ 7R

UHFDS� FRQVLGHU DQ LGHDO A ZKRVH UHVLGXDO GHPDQG D(A) KDV QRW \HW FRYHUHG� 7KHVH
LQHTXDOLWLHV GR QRW WDNH LQWR FRQVLGHUDWLRQ WKH YDOXHV RI WKH HOHPHQWV� EXW SLFN DQ\ HOH�
PHQW IURP WKH VHW PLQ P(A)� 7KLV LGHD FDQ EH ZULWWHQ DV D OLQHDU LQHTXDOLW\ E\ VD\LQJ
WKDW WKH VXP RI WKH HOHPHQWV i ∈ PLQ P(A) VKRXOG EH DW OHDVW RQH� 7R VLPSOLI\ WKH
QRWDWLRQV EHORZ� OHW XV GHILQH WKH VHW L′(P) = {A ∈ L(P) | D(A) > 0} RI DOO LGHDOV
ZKRVH UHVLGXDO GHPDQG ZLWK UHVSHFW WR A LV QRW \HW FRYHUHG�

7KH UHVXOWLQJ LQWHJHU SURJUDP LV WKH IROORZLQJ�

PLQLPL]H
∑

i∈U

ci · xi

VXEMHFW WR
∑

i∈PLQ P(A)

xi ≥ 1, ∀A ∈ L′(P)

x ∈ {0, 1}|U | (PPCKP2)

$QG WKH GXDO RI WKH OLQHDU UHOD[DWLRQ RI (PPCKP2) LV GHILQHG DV�

PD[LPL]H
∑

A∈L′(P)

y(A)

VXEMHFW WR
∑

A∈L′(P): i∈PLQ P(A)

y(A) ≤ ci, ∀i ∈ U

y(A) ≥ 0, ∀A ∈ L′(P) (DPCKP2)

(YHQ WKRXJK ZH KDYH DOUHDG\ JLYHQ WKH LQWXLWLRQ WKDW WKH QHZ LQWHJHU SURJUDP LV D
YDOLG UHOD[DWLRQ IRU 3&.3� WKH QH[W WKHRUHP LV D IRUPDO SURRI�

��
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7KHRUHP ���� (PPCKP2) LV D YDOLG UHOD[DWLRQ IRU 3&.3� WKDW LV� DQ\ LQWHJHU IHDVLEOH
VROXWLRQ LQ (PPCKP ) LV IHDVLEOH LQ (PPCKP2)�

3URRI� /HW XV FRQVLGHU DQ LQWHJHU IHDVLEOH VROXWLRQ x RI (PPCKP )� /HW XV DOVR FRQVLGHU
DQ DUELWUDU\ LGHDOA ∈ L(P)� VXFK WKDWD(A) > 0� :H ZLOO VKRZ WKDW WKH FRUUHVSRQGLQJ
FRQVWUDLQW RI A LQ (PPCKP2) ZLOO EH VDWLVILHG�

6LQFH x LV IHDVLEOH LQ (PPCKP )� ZH NQRZ WKDW
∑

i∈U\A ui(A) · xi ≥ D(A)� $V
x LV DQ LQWHJHU VROXWLRQ WKHUH PXVW H[LVW DQ i ∈ U \ A VXFK WKDW xi = 1� RWKHUZLVH
WKH VXP ZLOO EH ]HUR� 0RUHRYHU� VLQFH x PXVW EH FORVHG XQGHU P � WKHUH PXVW H[LVW DQ
i ∈ U \ A ZKLFK LV PLQLPDO LQ P(A)� RU LQ RWKHU ZRUGV i ∈ PLQ P(A)� VXFK WKDW
xi = 1� $V D UHVXOW x VDWLVILHV WKH FRUUHVSRQGLQJ FRQVWUDLQW LQ (PPCKP2) ZKLFK LV WKH∑

i∈PLQ P(A) xi ≥ 1 DQG WKXV x LV D IHDVLEOH LQWHJHU VROXWLRQ LQ (PPCKP2)�

$V (PPCKP2) LV D YDOLG UHOD[DWLRQ IRU WKH 3&.3� HYHU\ IHDVLEOH GXDO OLQHDU VROXWLRQ
RI DPCKP2 JLYHV D ORZHU ERXQG RQ WKH RSWLPDO LQWHJHU VROXWLRQ RI 3&.3� 7KHUHIRUH�
ZH FRXOG UXQ WKH JUHHG\ $OJRULWKP �� XVLQJ WKLV QHZ IRUPXODWLRQ DQG HQG XS ZLWK D
IHDVLEOH (S, y) SDLU� 7KH SURRI RI IHDVLELOLW\ IROORZV WKH VDPH ORJLF DV LQ /HPPD � RI
>��@� ,Q WKH QH[W WKHRUHP� ZH SURYH WKDW LQ WKH ZRUVW FDVH WKH JDS IRU WKLV IHDVLEOH SDLU
LV DW PRVW w(P)�

7KHRUHP ���� 7KH FRVW RI D VROXWLRQ WKDW LV IRXQG E\ WKH JUHHG\ $OJRULWKP � XVLQJ WKH
(PPCKP2) IRUPXODWLRQ� LV DW PRVW w(P) ·OPT �

3URRI� /HW (S, y) EH D IHDVLEOH SDLU� ZKHUH S LV WKH VHW RI HOHPHQWV WKDW WKH DOJRULWKP
KDV SLFNHG DQG y LV WKH GXDO YHFWRU WKDW WKH DOJRULWKP KDV SURGXFHG� 7KH WRWDO FRVW RI S
FDQ EH HYDOXDWHG DV IROORZV�

cost(S) =
∑

i∈S

ci =
∑

i∈S

∑

A∈L′(P): i∈PLQ P(A)

y(A)

=
∑

A∈L′(P)

y(A)
∑

i∈S ∩ PLQ P(A)

1

=
∑

A∈L′(P)

y(A) · |S ∩PLQ P(A)|

≤ PD[A∈L′(P){|S ∩PLQ P(A)|} ·
∑

A∈L′(P)

y(A)

≤ w(P) ·
∑

A∈L′(P)

y(A)

≤ w(P) ·OPT

$V D UHVXOW� WKH SUHYLRXV WKHRUHP VKRZV WKDW LW LV QRW QHFHVVDU\ WR XVH WKH PRUH
FRPSOH[ LQHTXDOLWLHV LQ RUGHU WR GHYHORS Dw(P)�DSSUR[LPDWLRQ SULPDO�GXDO DOJRULWKP�
8QIRUWXQDWHO\� WKH VLPSOHU SLWFK�1 LQHTXDOLWLHV RI WKH IRUP

∑
i∈PLQ P(A) xi ≥ 1, ∀A ∈

L′(P) ZRXOG EH UHGXQGDQW LQ WKH PPCPK1 DV WKH\ DUH LPSOLHG IURP WKH LQHTXDOLWLHV RI
WKH IRUP

∑
i∈PLQ P(A) ui(A) · xi ≥ D(A), ∀A ∈ L(P)� DQG VR E\ DGGLQJ WKHP WR WKH

(PPCKP1) ZLOO QRW VWUHQJWKHQ LW�

/HPPD ���� ,QHTXDOLWLHV RI WKH IRUP
∑

i∈PLQ P(A) xi ≥ 1, ∀A ∈ L′(P) DUH UHGXQGDQW
LQ WKH PPCPK1�

��
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3URRI� &RQVLGHU D IHDVLEOH OLQHDU VROXWLRQ x DQG DQ LGHDO A VXFK WKDW D(A) > 0� /HW
XV DVVXPH WKDW x VDWLVILHV WKH FRUUHVSRQGLQJ LQHTXDOLW\�

∑

i∈PLQ P(A)

ui(A) · xi ≥ D(A)

EXW LW GRHV QRW VDWLVI\ WKH FRUUHVSRQGLQJ VLPSOHU LQHTXDOLW\�
∑

i∈PLQ P(A)

xi ≥ 1

%HFDXVH D(A) LV SRVLWLYH� WKLV ZRXOG LPSO\ WKDW x GRHV QRW VDWLVI\ WKH LQHTXDOLW\�
∑

i∈PLQ P(A)

D(A) · xi ≥ D(A)

)URP WKH GHILQLWLRQ RI ui(A)� ZH NQRZ WKDW ui(A) ≤ D(A) DQG WKXV� ZH FDQ FRQFOXGH
WKDW� ∑

i∈PLQ P(A)

ui(A) · xi ≤
∑

i∈PLQ P(A)

D(A) · xi < D(A)

ZKLFK FRQWUDGLFWV RXU LQLWLDO DVVXPSWLRQ�

)URP WKH SUHYLRXV OHPPD� ZH FDQ XQGHUVWDQG WKDW E\ DGGLQJ WKH VLPSOHU SLWFK�1
LQHTXDOLWLHV WR WKH (PPCKP1)� WKH LQWHJUDOLW\ JDS LV QRW UHGXFHG� EXW LQ WKH ZRUVW FDVH
ERWK W\SHV RI LQHTXDOLWLHV VHHP HTXLYDOHQW�

+RZHYHU DV >��@ H[SODLQV LQ 7KHRUHP �� LQ WKH FDVH WKDW IRU HDFK HOHPHQW DQG HDFK
LGHDO WKH WRWDO YDOXH ZKLFK LV SURMHFWHG WR DQ HOHPHQW ZLWK UHVSHFW WR WKH LGHDO A LV
ERXQGHG E\ WKH UHDO YDOXH RI WKH HOHPHQW ZLWK UHVSHFW WR A PXOWLSOLHG E\ D FRQVWDQW α�
WKDW LV� DVVXPLQJ WKDW�

ui(A) ≤ α · ui(A)

KROGV IRU HYHU\ A ∈ L(P) DQG i ∈ PLQ P(A)� WKHQ WKH SULPDO�GXDO DOJRULWKP FRQ�
VWUXFWV D VROXWLRQ RI FRVW DW PRVW 2α · OPT � 7KH UHDVRQ LV WKDW LQ WKH DQDO\VLV RI WKH
FRVW� WKH YDOXH ui(A) FDQ EH UHSODFHG E\ WKH YDOXH α · ui(A) DQG DV ui(A) ≤ ui� ZH
FDQ DQDO\]H WKH FRVW VLPLODUO\ ZLWK WKH FDVH RI WKH PLQLPXP NQDSVDFN SUREOHP ZLWKRXW
WKH SUHFHGHQFH FRQVWUDLQWV� :LWKRXW WDNLQJ LQWR DFFRXQW WKH YDOXHV RI WKH HOHPHQWV DQG
XVLQJ RQO\ WKH VLPSOHU SLWFK�1 LQHTXDOLWLHV� LW LV XQOLNHO\ WR JHW D VLPLODU UHVXOW� 7KDW
LV EHFDXVH LQ WKH FDVH WKDW P LV DQ DQWLFKDLQ� 3&.3 UHGXFHV WR WKH PLQLPXP NQDSVDFN
SUREOHP� DQG FKRRVLQJ HOHPHQWV LQ DQ DUELWUDU\ ZD\ ZLWKRXW WDNLQJ LQWR FRQVLGHUDWLRQ
WKH YDOXHV� LV QRW HIIHFWLYH LQ WHUPV RI WKH DSSUR[LPDWLRQ IDFWRU� 7KHUHIRUH LQ WKLV FRQ�
WH[W WKH SUHFHGHQFH NQDSVDFN FRYHU LQHTXDOLWLHV VHHP VWURQJHU WKDQ WKH VLPSOHU SLWFK�1
LQHTXDOLWLHV�

��� 5RXQGLQJ DOJRULWKP IRU ��� 3&.3
:H KDYH DOUHDG\ VDLG WKDW IRU WKH ��� 3&.3� 0F&RUPLFN HW DO� >��@ GHYHORSHG D SULPDO�
GXDO w(P)�DSSUR[LPDWLRQ DOJRULWKP� ,Q WKLV VHFWLRQ WKRXJK� ZH DUH JRLQJ WR DSSO\ D
VLPSOH URXQGLQJ WHFKQLTXH WKDW ZDV DOVR XVHG E\ &DUU HW DO� >�@ IRU WKH ��� &,3 SUREOHP�
LQ RUGHU WR GHYHORS D URXQGLQJ DOJRULWKP ZLWK WKH VDPH DSSUR[LPDWLRQ IDFWRU w(P)�
(YHQ WKRXJK WKHUH LV QR SURJUHVV LQ WHUPV RI WKH DSSUR[LPDWLRQ JXDUDQWHH� PD\EH LQ WKH
IXWXUH WKURXJK URXQGLQJ WHFKQLTXHV ZH FRXOG JHW EHWWHU UHVXOWV IRU WKH 3&.3 SUREOHP�
,QLWLDOO\ OHW XV SUHVHQW D YHU\ XVHIXO OHPPD IRU WKH GHYHORSPHQW RI WKH DOJRULWKP�

��
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/HPPD ���� /HW x EH DQ LQWHJHU IHDVLEOH VROXWLRQ RI (PPCKP1) ZKLFK LV QRW FORVHG
XQGHU P � 7KHQ WKHUH LV DQ LQWHJHU IHDVLEOH VROXWLRQ y LQ (PPCKP1) ZKLFK LV FORVHG
XQGHU P DQG WKH FRVW RI y LV OHVV WKDQ WKH FRVW RI x�

3URRI� /HW XV FRQVLGHU DQ LQWHJHU IHDVLEOH VROXWLRQ x RI (PPCKP1) ZLWK VXSSRUW S =
{i | xi = 1} DQG DOVR DQ LQLWLDOO\ HPSW\ VHW A = ∅�

:H ZLOO DXJPHQW WKH VHW A DV IROORZV� $W HDFK VWHS� ZH SLFN DQ HOHPHQW IURP WKH
VHW PLQ P(A) ZKLFK LV DOVR SDUW RI WKH VROXWLRQ VHW S� 7KDW LV� ZH SLFN DQ HOHPHQW
i ∈ PLQ P(A) ∩ S DQG XSGDWH A = A ∪ {i}� $V x LV QRW FORVHG XQGHU P � WKHUH PXVW
EH D VWHS k IRU ZKLFK WKH SUHYLRXV LQWHUVHFWLRQ LV HPSW\ DQG OHW Ak EH WKH FXUUHQW VHW
IRU WKLV VWHS� Ak LV DQ LGHDO EHFDXVH DW DQ\ SUHYLRXV VWHS XQWLO k ZH KDYH DXJPHQWHG
WKH VHW RQO\ E\ PLQLPDO LWHPV DQG VR� WKHUH H[LVW D FRUUHVSRQGLQJ FRQVWUDLQW IRU WKH VHW
Ak LQ WKH (PPCKP1)� +RZHYHU� WKH OHIW VLGH RI WKH FRUUHVSRQGLQJ FRQVWUDLQW VXPV WR
]HUR EHFDXVH QRQH RI WKH PLQLPDO HOHPHQWV RI P(Ak) EHORQJ WR S� 7KHUHIRUH� DV x LV
DQ LQWHJHU IHDVLEOH VROXWLRQ RI (PPCKP1)� LW PXVW EH WUXH WKDW D(Ak) ≤ 0�

:H FDQ QRZ EXLOG RXU QHZ LQWHJHU IHDVLEOH VROXWLRQ y E\ VHWWLQJ yi = 1 LI DQG RQO\
LI i ∈ Ak� 7KH FRVW RI y LV LQGHHG OHVV WKDQ WKH FRVW RI x EHFDXVH WKH VXSSRUW Ak RI y LV
D SURSHU VXEVHW RI WKH VXSSRUW S RI x� )LQDOO\� DV y VDWLVILHV WKH GHPDQG DQG LV FORVHG
XQGHU WKH SDUWLDO RUGHU� LW LV D IHDVLEOH LQWHJHU VROXWLRQ RI (PPCKP ) DQG KHQFH� D IHDVLEOH
LQWHJHU VROXWLRQ RI (PPCKP1) DV ZHOO�

:LWK WKH KHOS RI WKLV OHPPD� ZH FDQ QRZ SURFHHG ZLWK WKH DOJRULWKP� 7KH PDLQ LGHD
RI WKH DOJRULWKP LV WR VROYH WKH OLQHDU UHOD[DWLRQ RI (PPCKP1) DQG VHW HDFK YDULDEOH xi

RI WKH OLQHDU VROXWLRQ YHFWRU WR 1 LI DQG RQO\ LI xi ≥ 1
w(P) � +RZHYHU ZH PXVW HQVXUH

WKDW WKH OLQHDU VROXWLRQ ZLOO EH FORVHG XQGHU P � DV ZH ZDQW WR EH VXUH WKDW WKH SURGXFHG
LQWHJHU VROXWLRQ ZLOO EH FORVHG DV ZHOO� 7R KDQGOH WKLV SUREOHP� ZH FDQ HLWKHU DGG WKH
SRO\QRPLDOO\ PDQ\ QDWXUDO FRQVWUDLQWV RI (PPCKP ) WKDW DOORZ RQO\ FORVHG VROXWLRQV RU
XVH LGHDV IURP WKH SUHYLRXV OHPPD� DQG WKLV LV ZKDW ZH ZLOO HYHQWXDOO\ GR�

$QRWKHU ELJ REVWDFOH LV WKDW WKH OLQHDU UHOD[DWLRQ RI (PPCKP1) KDV H[SRQHQWLDOO\
PDQ\ FRQVWUDLQWV� $ YHU\ XVHIXO LGHD WKDW ZDV LQWURGXFHG E\ >�@ DQG ODWHU DOVR XVHG E\
>��� ��@� LV WR XVH WKH HOOLSVRLG PHWKRG DQG DW HDFK LWHUDWLRQ WR VDWLVI\ D VXEVHW RI WKH
FRQVWUDLQWV� (YHQWXDOO\ ZH HQG XS ZLWK D UHOD[HG OLQHDU VROXWLRQ� ZKLFK LV RI FRXUVH
D ORZHU ERXQG RQ WKH RSWLPDO LQWHJHU VROXWLRQ� ,Q RXU FDVH ZH ZLOO VHSDUDWH RYHU RQH
LQHTXDOLW\ ZKLFK FDQ EH IRXQG LQ SRO\QRPLDO WLPH�

&RQVLGHU D FDQGLGDWH OLQHDU VROXWLRQ x̂ DQG OHW XV QRZ GHVFULEH WKH LQHTXDOLW\ WKDW ZH
ZLOO XVH LQ WKH VHSDUDWLRQ RUDFOH� 7KH SURFHGXUH LQ RUGHU WR ILQG RXW WKH SURSHU FRQVWUDLQW
LV VLPLODU ZLWK WKH SUHYLRXV OHPPD� ,Q SDUWLFXODU� ZH VWDUW IURP DQ HPSW\ VHWA = ∅ DQG
DV ORQJ DV WKHUH LV DQ HOHPHQW i ∈ PLQ P(A) ZLWK x̂i ≥ 1

w(P) � ZH DXJPHQW WKH VHW A E\
LQVHUWLQJ LQ LW WKH HOHPHQW i� WKDW LV� WKH VHW A LV XSGDWHG WR A = A ∪ {i}� ,Q WKH FDVH
WKDW QR VXFK HOHPHQW H[LVWV ZLWK WKH SUHYLRXV SURSHUWLHV� ZH VWRS WKH SURFHGXUH� 7KH
FRQVWUXFWHG A LV DQ LGHDO� DQG VR WKH FRUUHVSRQGLQJ LQHTXDOLW\�

∑

i∈PLQ P(A)

ui(A) · x̂i ≥ D(A)

LV SDUW RI WKH (PPCKP1) IRUPXODWLRQ� 7KLV LV WKH LQHTXDOLW\ WKDW ZH JLYH WR WKH VHSDUDWLRQ
RUDFOH IRU WKH FDQGLGDWH VROXWLRQ x̂� &OHDUO\ WKLV SURFHGXUH RI ILQGLQJ VXFK D FRQVWUDLQW
UXQV LQ SRO\QRPLDO WLPH� 7KLV LV DQ LWHUDWLRQ RI WKH DOJRULWKP DQG DV ORQJ DV x̂ GRHV QRW
VDWLVI\ WKH LQHTXDOLW\� WKH HOOLSVRLGPHWKRG FRQWLQXHV E\ VXJJHVWLQJ D QHZ OLQHDU VROXWLRQ
DQG UHSHDWLQJ WKH ZKROH SURFHGXUH RI FRQVWUXFWLQJ WKH FRUUHVSRQGLQJ FRQVWUDLQW� ,Q WKH
FDVH WKRXJK WKDW x̂ VDWLVILHV WKH FRQVWUXFWHG LQHTXDOLW\� WKH DOJRULWKP VWRSV� /HW XV GHQRWH

��
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E\ x̄ WKH ILQDO FDQGLGDWH VROXWLRQ x̂ZKLFK ZDV XVHG E\ WKH DOJRULWKP LQ WKH ODVW LWHUDWLRQ�
$OVR OHW Ā EH WKH ILQDO FRQVWUXFWHG VHW ZKLFK ZDV FRQVWUXFWHG IRU WKH ILQDO FDQGLGDWH
VROXWLRQ x̂� 7KH QH[W OHPPD VKRZV D SURSHUW\ IRU x̄ DQG Ā UHVSHFWLYHO\�

/HPPD ���� 7KH VROXWLRQ x̄ LV D ORZHU ERXQG RQ WKH RSWLPDO LQWHJHU VROXWLRQ RI WKH
3&.3 LQVWDQFH� $OVR LW KROGV WKDW D(Ā) ≤ 0�

3URRI� 7KH VROXWLRQ x̄ LV D ORZHU ERXQG RQ WKH RSWLPDO LQWHJHU VROXWLRQ RI WKH 3&.3
LQVWDQFH EHFDXVH LW LV PLQLPL]HG RYHU D VXEVHW RI FRQVWUDLQWV RI D OLQHDU SURJUDPPLQJ
UHOD[DWLRQ RI WKH 3&.3�

/HW XV VXSSRVH RQ WKH FRQWUDU\ WKDW D(Ā) > 0� %HFDXVH WKH DOJRULWKP VWRSSHG�
WKH FRUUHVSRQGLQJ FRQVWUDLQW IRU WKH LGHDO Ā PXVW EH VDWLVILHG IURP WKH ILQDO VROXWLRQ x̄�
7KXV LW PXVW KROG WKDW� ∑

i∈PLQ P(Ā)

ui(A) · x̄i ≥ D(Ā)

8QGHU WKH FRQGLWLRQ WKDW WKH LQVWDQFH LV IHDVLEOH� WKH OHIW KDQG VLGH PXVW KDYH DW OHDVW
RQH YDULDEOH� EHFDXVH RWKHUZLVH DOO WKH HOHPHQWV RI WKH LQVWDQFH ZLOO KDYH EHHQ LQFOXGHG
LQ WKH VROXWLRQ DQG VWLOO WKH GHPDQG ZLOO QRW EH FRYHUHG� +HQFH LW VKRXOG KROG WKDW�

∑

i∈PLQ P(Ā)

ui(Ā) · x̄i <
∑

i∈PLQ P(Ā)

ui(Ā) · 1

w(P)
≤

∑

i∈PLQ P(Ā)

D(Ā) · 1

w(P)
≤ D(Ā)

ZKLFK LV D FRQWUDGLFWLRQ� EHFDXVH ZH KDYH DVVXPHG WKDW x̄ VDWLVILHV WKLV FRQVWUDLQW� $V
D UHVXOW� WKH UHVLGXDO GHPDQG D(Ā) FDQQRW EH SRVLWLYH�

:LWK WKH SUHYLRXV OHPPD ZH FDQ QRZ SURFHHG LQ WKH QH[W WKHRUHP� ZKHUH ZH ZLOO
VKRZ WKDW ZH FDQ FRQVWUXFW D IHDVLEOH LQWHJHU VROXWLRQ y ZLWK FRVW DW PRVW w(P) WLPHV
WKH FRVW RI x̄�

7KHRUHP���� 7KHUH H[LVWV Dw(P)�DSSUR[LPDWLRQ URXQGLQJ DOJRULWKP IRU WKH ��� 3&.3�

3URRI� 5XQ WKH SUHYLRXV DOJRULWKP DQG VHW yi = 1 LI DQG RQO\ LI i ∈ Ā� 7KH VROXWLRQ y
LV FORVHG XQGHU P DQG IURP /HPPD ��� WKH VROXWLRQ y VDWLVILHV WKH GHPDQG� 7KHUHIRUH
y LV DQ LQWHJHU IHDVLEOH VROXWLRQ� 0RUHRYHU WKH FRVW RI y LV DW PRVW w(P) WLPHV WKH FRVW
RI x̄ EHFDXVH ZH KDYH VHW yi = 1 RQO\ LI x̄i ≥ 1

w(P) � 7KHUHIRUH DV x̄ LV D ORZHU ERXQG
RQ WKH RSWLPDO LQWHJHU VROXWLRQ RI WKH 3&.3 LQVWDQFH� ZH FDQ FRQFOXGH WKDW WKH FRVW RI
WKH VROXWLRQ y LV DW PRVW w(P) WLPHV WKH FRVW RI WKH RSWLPDO LQWHJHU VROXWLRQ�

&RQVHTXHQWO\ IURP WKH DERYH WKHRUHP ZH FDQ FRQFOXGH WKDW WKHUH H[LVWV D URXQGLQJ
DOJRULWKP IRU WKH ��� 3&.3 SUREOHPZLWK WKH VDPH DSSUR[LPDWLRQ IDFWRU ZLWK WKH SUHYL�
RXV SULPDO�GXDO DOJRULWKP� ZKLFK LV HTXDO WR w(P)� WKH VL]H RI WKH PD[LPXP DQWLFKDLQ�

��� 3&.3 ZLWK JHQHUDO PXOWLSOLFLW\ FRQVWUDLQWV
7KH SUHYLRXV DOJRULWKPV WKDW ZH KDYH GLVFXVVHG� VROYH WKH 3&.3 SUREOHP RQO\ IRU WKH
��� FDVH� )RU WKH NQDSVDFN SUREOHP ZLWKRXW SUHFHGHQFH FRQVWUDLQWV ZH FDQ H[WHQG WKH
UHVXOWV IRU JHQHUDO PXOWLSOLFLW\ FRQVWUDLQWV DV ZHOO >�@� >��@� +RZHYHU IRU JHQHUDO PXOWL�
SOLFLW\ FRQVWUDLQWV ZLWK D SDUWLDO RUGHU� EDVHG RQ WKH 3URSRVLWLRQ � RI 0F&RUPLFN HW DO�
>��@ D PRGLILHG DOJRULWKP ZRXOG IDLO WR JLYH XV D ERXQGHG DSSUR[LPDWLRQ UDWLR� ,Q WKHLU
3URSRVLWLRQ � IRU WKH JHQHUDO PXOWLSOLFLW\ FRQVWUDLQWV� WKH\ VXJJHVW D SVHXGR�SRO\QRPLDO
DOJRULWKP ZLWK DSSUR[LPDWLRQ UDWLR HTXDO WR w(P) ·∆� ZKHUH∆ = PD[j dj LV DQ XSSHU

��
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ERXQG RQ WKH PXOWLSOLFLW\ YDULDEOHV� $V WKH\ ZULWH� LW LV DQ RSHQ SUREOHP WR SURYLGH
VWURQJO\ SRO\QRPLDO ERXQGV IRU WKLV SUREOHP� (YHQ WKRXJK D SRO\QRPLDO DOJRULWKP
ZLWK WKH VDPH DSSUR[LPDWLRQ UDWLR VHHPV WR H[LVW E\ XVLQJ WKH PRGLILHG DOJRULWKP� LQ
WKLV VHFWLRQ ZH SUHVHQW D SRO\QRPLDO DOJRULWKP ZLWK VWURQJO\ SRO\QRPLDO ERXQGV DQG
VSHFLILFDOO\ ZLWK DSSUR[LPDWLRQ UDWLR HTXDO WR O(PLQ{|U |, w2(P)})�

)RUPDOO\ WKH 3&.3 SUREOHP ZLWK JHQHUDO ERXQGV FDQ EH GHVFULEHG DV DQ LQWHJHU
SURJUDP DV IROORZV�

PLQLPL]H
∑

i∈U

ci · xi

VXEMHFW WR
∑

i∈U

ui · xi ≥ D

xi − xj ≥ 0, ∀i + j

xi ≤ di, ∀i ∈ U

x ∈ Z|U |
+

7KH QH[W OHPPD LV DQ DX[LOLDU\ OHPPD WKDW ZLOO EH XVHG ODWHU RQ� LQ RUGHU WR ERXQG
VRPH VXPV�

/HPPD ����� &RQVLGHU D ILQLWH SDUWLDOO\ RUGHUHG VHW P VXFK WKDW HDFK HOHPHQW KDV D
YDOXH vi� 'HQRWH E\ α WKH XSSHU ERXQG RI HYHU\ SRVVLEOH VXP RI HOHPHQWV RI D FKDLQ�
7KHQ� WKH VXP RI WKH YDOXHV RI DOO WKH HOHPHQWV RI P LV DW PRVW a · w(P)�

3URRI� )URP 'LOZRUWK
V WKHRUHP >�@� WKHUH LV D FKDLQ GHFRPSRVLWLRQ {S1, . . . , Sw(P)}
RI VL]H HTXDO WR w(P)� 7KH WRWDO VXP RI HOHPHQWV FDQ EH ERXQGHG LQ WKH IROORZLQJ ZD\�

∑

i∈P
vi ≤

∑

Sj :FKDLQ RI P

∑

i∈Sj

vi ≤
∑

Sj :FKDLQ RI P
a ≤ a · w(P)

1RZ ZH DUH JRLQJ WR SUHVHQW DQ O(w2(P))�DSSUR[LPDWLRQ SULPDO�GXDO DOJRULWKP
IRU WKH 3&.3 SUREOHP ZLWK d ≥ 1� ,Q WKH SUHYLRXV IRUPXODWLRQV� ZH ZHUH IRFXVLQJ
RQ WKH PLQLPDO LWHPV DQG HDFK QRQ PLQLPDO LWHP ZRXOG SXVK LWV YDOXH WR WKH PLQLPDO
HOHPHQWV ZKLFK ZHUH FRPSDUDEOH ZLWK LW� 7KH LGHD QRZ LV WR EH DEOH WR SLFN DW HDFK
LWHUDWLRQ DQ\ LWHP DQG QRW RQO\ WKH PLQLPDOV� ,Q RUGHU WR NHHS WKH VROXWLRQ FORVHG XQGHU
WKH SDUWLDO RUGHU� ZKHQ DQ HOHPHQW LV FKRVHQ� ZH IRUFH WKH SURJUDP WR SLFN DOO WKH RWKHU
HOHPHQWV WKDW DUH EHORZ LW ZLWK UHVSHFW WR WKH SDUWLDO RUGHU� :LWK WKLV LGHD LQ PLQG� OHW
XV JLYH WKH IROORZLQJ GHILQLWLRQV�

ci =
∑

j)i

cj

D(A) = D −
∑

i∈A

di · ui

ui(A) = PLQ
{ ∑

j)i ∧ j /∈A

uj(A), D(A)
}

��
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7KH QHZ YDOLG UHOD[DWLRQ WKDW ZH VXJJHVW LV WKH IROORZLQJ RQH�

PLQLPL]H
∑

i∈U

ci · xi

VXEMHFW WR
∑

i∈U\A

ui(A) · xi ≥ D(A), ∀A ∈ L(P)

xi ≥ 0, ∀i ∈ U (PPCKP3)

DQG WKH GXDO RI WKH OLQHDU UHOD[DWLRQ LV�

PD[LPL]H
∑

A∈L(P)

y(A) ·D(A)

VXEMHFW WR
∑

A∈L(P): i∈U\A

ui(A) · y(A) ≤ ci, ∀i ∈ U

y(A) ≥ 0, A ∈ L(P) (DPCKP3)

$Q LQWHUHVWLQJ REVHUYDWLRQ KHUH LV WKDW WKHUH DUH QRPXOWLSOLFLW\ FRQVWUDLQWV LQ WKH IRU�
PXODWLRQ� +RZHYHU WKH DOJRULWKP WKDW ZH GHYHORS UHVSHFWV WKH PXOWLSOLFLW\ FRQVWUDLQWV
DQG DV WKH IRUPXODWLRQ LV D YDOLG UHOD[DWLRQ IRU WKH SUREOHP� ZH FDQ DSSO\ WKH VWDQGDUG
DQDO\VLV RI WKH FRVW� 0RUHRYHU WKH FRVW IXQFWLRQ RI WKH QHZ IRUPXODWLRQ FRXOG EH SURE�
OHPDWLF EHFDXVH LQ WKH FRVW RI HDFK HOHPHQW i� WKH FRVW RI HYHU\ HOHPHQW ZKLFK LV EHORZ
RI i LQ WKH SDUWLDO RUGHU� LV DOVR LQFOXGHG� 1HYHUWKHOHVV� WKH IROORZLQJ OHPPD VKRZV
WKDW IRU HDFK IHDVLEOH VROXWLRQ RI WKH 3&.3� ZH FDQ ILQG D IHDVLEOH VROXWLRQ RI WKH QHZ
IRUPXODWLRQ ZLWK D FRVW WKDW LV ODUJHU RQO\ E\ D IDFWRU RI w(P)�

/HPPD ����� /HW x2 EH D IHDVLEOH VROXWLRQ IRU 3&.3� 7KHQ WKHUH H[LVWV D IHDVLEOH VR�
OXWLRQ x1 RI (PPCKP3) VXFK WKDW cost(x1) ≤ w(P) · cost(x2)�

3URRI� 6HW x1
i = x2

i −PD[i≺j x2
j � 7KH VROXWLRQ x1 LV IHDVLEOH LQ WKH (PPCKP3) EHFDXVH

IRU HDFK HOHPHQW i� WKH FRUUHVSRQGLQJ YDOXH ui KDV EHHQ FRXQWHG DW OHDVW x2
i WLPHV� 7KH

UHDVRQ LV WKH IROORZLQJ� ,QGXFWLYHO\ ZLWK EDVH FDVH WKH PD[LPDO HOHPHQWV� FRQVLGHU IRU
DQ HOHPHQW i� WKH HOHPHQW k = DUJPD[i≺j x

2
j � )URP WKH LQGXFWLYH K\SRWKHVLV� uk KDV

EHHQ FRXQWHG DW OHDVW x2
k WLPHV� DQG IURP WKH WUDQVLWLYH UHODWLRQ RI WKH SDUWLDO RUGHU DQG

WKH GHILQLWLRQ RI u� WKH ui KDV EHHQ FRXQWHG DW OHDVW x2
k WLPHV DV ZHOO� +HQFH E\ VHWWLQJ

x1
i DV WKH GLIIHUHQFH x2

i −x2
k� WKH ui LV FRXQWHG LQ WRWDO DW OHDVW x2

i WLPHV� DQG WKLV SURYHV
WKH IHDVLELOLW\ RI x1 LQ WKH (PPCKP3)� )RU WKH FRVW RI x1 LW KROGV WKDW�

cost(x1) =
∑

i∈U

x1
i · ci =

∑

i∈U

x1
i ·

∑

j:j)i

cj =

∑

j∈U

cj ·
∑

i:j)i

x1
i ≤

∑

j∈U

cj · x2
j · w(P) =

w(P) · cost(x2)

7R H[SODLQ WKH UHDVRQ WKDW WKH LQHTXDOLW\ KROGV� FRQVLGHU IRU D IL[HG HOHPHQW j WKH UH�
VWULFWHG SDUWLDO RUGHU WKDW FRQWDLQV RQO\ WKH HOHPHQWV i VXFK WKDW j + i� $VVXPLQJ WKDW

��
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WKH YDOXH RI HDFK HOHPHQW i LQ WKLV SDUWLDO RUGHU LV HTXDO WR x1
i � WKHQ IURP WKH FRQVWUXFWLRQ

WKH VXP RI HDFK FKDLQ LV DW PRVW x2
j � 7R SURYH WKLV� OHW XV IROORZ WKH VDPH LQGXFWLYH DUJX�

PHQW DV ZH GLG EHIRUH ZLWK WKH IHDVLELOLW\ RI x1� &RQVLGHU IRU DQ HOHPHQW j� WKH HOHPHQW
k = DUJPD[j≺i x

2
i DQG DVVXPH WKDW XQWLO WKH HOHPHQW k� WKH PD[LPXP VXP IURP k XQWLO

D PD[LPDO HOHPHQW� LV DW PRVW x2
k� %\ VHWWLQJ x1

j DV WKH GLIIHUHQFH x2
j−x2

k� WKH PD[LPXP
VXP RI D FKDLQ VWDUWLQJ IURP j WR D PD[LPDO HOHPHQW� LV DW PRVW x2

j � DQG WKLV FRQFOXGHV
RXU DUJXPHQW� 7KHUHIRUH IURP /HPPD ���� LW KROGV WKDW

∑
i:j)i x

1
i ≤ x2

j · w(P)�

7KHUHIRUH ZH FDQ FRQFOXGH WKDW IRU DQ LQVWDQFH� WKH FRVW RI WKH RSWLPDO VROXWLRQ RI
WKH (PPCKP3) LV DW PRVW w(P) WLPHV ODUJHU WKDQ WKH FRVW RI WKH RSWLPDO VROXWLRQ RI WKH
3&.3�

&RQVLGHU WKH IROORZLQJ SULPDO�GXDO DOJRULWKPZKLFK LV UXQQLQJ RYHU WKH (DPCKP3)
GXDO OLQHDU SURJUDP� 7KH LGHD LV WR NHHS WUDFN RI WZR VHWV RI HOHPHQWV� WKH VHW S FRQWDLQV
DOO WKH HOHPHQWV WKDW ZH ZLOO SLFN DQG WKH VHW S′ FRQWDLQV DOO WKH HOHPHQWV WKDW WKHLU
FRUUHVSRQGLQJ LQHTXDOLW\ KDV EHFRPH WLJKW� )URP WKH VROXWLRQ x WKDW LV SURGXFHG� ZH
UHWULHYH DQRWKHU IHDVLEOH VROXWLRQ x1 ZLWK WKH VDPH ORJLF WKDW ZH DSSOLHG LQ /HPPD �����
7KLV LV EHFDXVH WKH FRVW RI WKH ILQDO VROXWLRQ x2 WKDW ZH DUH LQWHUHVWHG LQ� FDQ EH ERXQGHG
IURP WKH FRVW RI x1 ZKLFK FDQ EH ERXQGHG E\ WKH SURGXFHG GXDO OLQHDU VROXWLRQ y�

S = ∅, y = 0

r?BH2 U.USV = y �� %S% I MV &
AM+`2�b2 y(S) mMiBH � /m�H +QMbi`�BMi #2+QK2b iB;?i 7Q` Bi2K B
S = S ∪ {j | j # i}
S′ = S′ ∪ {i}
xi = di

'

G2i A #2 2[m�H iQ S rBi?Qmi i?2 2H2K2Mib r?B+? r2`2 BMb2`i2/ BM
S BM i?2 H�bi Bi2`�iBQMX lT/�i2 xl iQ #2 2[m�H iQ i?2 KBMBKmK
p�Hm2 bm+? i?�i ul(A) +Qp2`b i?2 `2bB/m�H /2K�M/-
r?2`2 l Bb i?2 BM/2t Q7 i?2 H�bi BMb2`i2/ 2H2K2Mi BM i?2 b2i S′X

x1
i = PD[{xi −PD[i≺j xj , 0}

x2
i = PD[i#j xj

7KHRUHP ����� 7KHUH H[LVWV D w2(P)�DSSUR[LPDWLRQ SULPDO�GXDO DOJRULWKP IRU WKH
3&.3 ZLWK d ≥ 1�

3URRI� $IWHU WKH H[HFXWLRQ RI WKH DOJRULWKP ZH HQG XS ZLWK DQ LQWHJHU IHDVLEOH VROXWLRQ
x2� DV LW LV UHODWHG WR S� 7KH FRVW RI x2 FDQ EH ERXQGHG E\ WKH FRVW RI x1 LQ WHUPV RI WKH
(PPCKP3)� EHFDXVH ZH FDQ XVH WKH SURRI RI /HPPD ����� WR VKRZ WKDW WKH FRUUHVSRQG�
LQJ FRVWV KDYH EHHQ FRXQWHG DW OHDVW WKH VDPH WLPHV� +RZHYHU QRWH WKDW ZLWK WKH VDPH
DUJXPHQW ZH FDQ VKRZ WKDW x1 LV IHDVLEOH LQ WKH (PPCKP3)� HYHQ LI LW LV QRW QHFHVVDU\
LQ WKH DQDO\VLV RI WKH FRVW� /HW S1 = {i | x1

i > 0} EH WKH VXSSRUW YHFWRU RI x1� 7KH FRVW
RI x2 FDQ EH HYDOXDWHG DV IROORZV�

cost(x2) ≤ cost(x1) =
∑

i∈S1

x1
i · ci =

��
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∑

i∈S1

x1
i ·

∑

A∈L(P): i/∈A

ui(A) · y(A) =

∑

A∈L(P)

y(A) ·
∑

i∈S1\A

x1
i · ui(A) =

∑

A∈L(P)

y(A) ·
( ∑

i∈S1\A ∧ i +=l

x1
i · ui(A) + x1

l · ul(A)
)
=

∑

A∈L(P)

y(A) ·
(( ∑

i∈S1\A ∧ i +=l

x1
i ·

∑

j)i ∧ j /∈A

uj(A)
)
+ x1

l · ul(A)
)
=

∑

A∈L(P)

y(A) ·
(( ∑

j /∈A ∧ ∃i∈S1\A\{l}:j)i

uj(A) ·
∑

i∈S1\A\{l}:j)i

x1
i

)
+ x1

l · ul(A)
)
≤ (1)

∑

A∈L(P)

y(A) ·
(( ∑

j /∈A ∧ ∃i∈S1\A\{l}:j)i

uj(A) · dj · w(P)
)
+ x1

l · ul(A)
)
≤ (2)

∑

A∈L(P)

y(A) · (w(P) ·D(A) + 2 ·D(A)) =

(w(P) + 2) ·
∑

A∈L(P)

y(A) ·D(A) ≤

(w(P) + 2) ·OPT ≤ (3)

O(w2(P)) ·OPT

,Q LQHTXDOLW\ (1)� FRQVLGHU WKH UHVWULFWHG P IRU D IL[HG HOHPHQW j� 7KHQ WKH VXP RI
WKH YDOXHV RI HOHPHQWV RI D FKDLQ LV DW PRVW dj � DQG VR ZH DSSO\ /HPPD ����� )URP
WKH ODVW VWHS IRU WKH xl YDULDEOH� ZH FDQ FRQFOXGH WKDW (x1

l − 1) · ul(A) < D(A)� DQG VR
LQHTXDOLW\ (2) IROORZV� $OVR LQHTXDOLW\ (3) KROGV� EHFDXVH RI /HPPD �����

/HW XV QRZ SUHVHQW WKH O(|U |)�DSSUR[LPDWLRQ SULPDO�GXDO DOJRULWKP IRU WKH 3&.3
SUREOHPZLWK JHQHUDO PXOWLSOLFLW\ FRQVWUDLQWV� &RQVLGHU WKH IROORZLQJ YDOLG IRUPXODWLRQ
RI WKH SUREOHP� ZKLFK LV WKH VDPH ZLWK (PPCKP3)� EXW QRZ LQVWHDG ZH DUH PDNLQJ XVH
RI WKH UHDO YDOXHV RI WKH HOHPHQWV�

PLQLPL]H
∑

i∈U

ci · xi

VXEMHFW WR
∑

i∈U\A

ui(A) · xi ≥ D(A), ∀A ∈ L(P)

xi ≥ 0, ∀i ∈ U (PPCKP4)

DQG WKH GXDO RI WKH OLQHDU UHOD[DWLRQ LV�

PD[LPL]H
∑

A∈L(P)

y(A) ·D(A)

VXEMHFW WR
∑

A∈L(P): i∈U\A

ui(A) · y(A) ≤ ci, ∀i ∈ U

y(A) ≥ 0, A ∈ L(P) (DPCKP4)

7KHRUHP ����� 7KHUH H[LVWV DQ O(|U |)�DSSUR[LPDWLRQ SULPDO�GXDO DOJRULWKP IRU WKH
3&.3 ZLWK d ≥ 1�

��
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3URRI� :H FDQ UXQ WKH SUHYLRXV DOJRULWKP ZLWK RU ZLWKRXW WKH ODVW SUXQLQJ VWHS� 7KH
SURGXFHG VROXWLRQ x2 LV IHDVLEOH WR WKH 3&.3 ZLWK d ≥ 1 DQG LWV FRVW LV ERXQGHG E\
WKH FRVW RI x1 LQ WHUPV RI WKH (PPCKP4)� +RZHYHU WKH FRVW RI x1 LV DW PRVW WZR WLPHV
ODUJHU WKDQ WKH FRVW RI WKH SURGXFHG GXDO OLQHDU VROXWLRQ EHFDXVH WKH DQDO\VLV LV VLPLODU
WR WKH RQH LQ /HPPD ���� IRU WKH NQDSVDFN ZLWKRXW SUHFHGHQFH FRQVWUDLQWV� 7KHUHIRUH
LW KROGV WKDW�

cost(x2) ≤ cost(x1) ≤ 2 ·OPT

8QIRUWXQDWHO\ /HPPD ���� LV QRW DSSOLFDEOH KHUH EHFDXVH WKH QHZ IRUPXODWLRQ XVHV WKH
UHDO YDOXHV RI WKH HOHPHQWV� ,Q WKLV VLWXDWLRQ� D IHDVLEOH VROXWLRQ RI 3&.3 LV IHDVLEOH
LQ WKH (PPCKP4) ZLWK FRVW DW PRVW |U | WLPHV ODUJHU WKDQ EHIRUH� 7KH UHDVRQ LV WKDW
WKH FRVW RI HDFK HOHPHQW i ZLOO EH LQFOXGHG LQ DW PRVW |U | HOHPHQWV DERYH LW� DQG DOVR
HYHU\ HOHPHQW DERYH i FDQ EH VHOHFWHG DW PRVW di WLPHV� 7KXV ZH FDQ FRQFOXGH WKDW
OPT ≤ |U | ·OPT � &RQVHTXHQWO\ IRU WKH FRVW RI x2 LW LV WUXH WKDW�

cost(x2) ≤ O(|U |) ·OPT

$Q LQWHUHVWLQJ REVHUYDWLRQ LV WKDW WKH SURGXFHG x1 VROXWLRQ LV QRW QHFHVVDULO\ D IHD�
VLEOH VROXWLRQ RI WKH (PPCKP4)� EXW WKLV GRHV QRW FDXVH XV DQ\ SUREOHP� 7KLV LV EHFDXVH
ZH DUH LQWHUHVWHG LQ WKH x2 VROXWLRQ DQG DV WKH SURGXFHG GXDO OLQHDU VROXWLRQ UHPDLQV IHD�
VLEOH LQ WKHDPCKP4� ZH DUH DEOH WR DSSO\ WKH XVXDO DQDO\VLV RI WKH OLQHDU SURJUDPPLQJ
WKHRU\�

(YHQWXDOO\ FRPELQLQJ WKH WZR WKHRUHPV DERYH� ZH FDQ JHW WKH PDLQ IROORZLQJ UHVXOW
ZKLFK JLYHV XV VWURQJO\ SRO\QRPLDO ERXQGV IRU WKH JHQHUDO 3&.3 SUREOHP�

7KHRUHP ����� 7KHUH H[LVWV DQO(PLQ{|U |, w2(P)})�DSSUR[LPDWLRQ DOJRULWKP IRU WKH
3&.3 SUREOHP ZLWK JHQHUDO PXOWLSOLFLW\ FRQVWUDLQWV�

��� ,QDSSUR[LPDELOLW\ RI 3&.3
0F&RUPLFN HW DO� >��@ DOVR SURYHG DQ LQDSSUR[LPDELOLW\ UHVXOW IRU WKH ��� 3&.3 ZKLFK
FDQ EH VHHQ DV D ORZHU ERXQG IRU WKH SUREOHP� $SSDUHQWO\ DV ��� 3&.3 LV D VSHFLDO FDVH
RI WKH 3&.3� WKLV ORZHU ERXQG LV LQKHULWHG WR WKH JHQHUDO FDVH DV ZHOO� ,Q WKHLU SURRI�
WKH\ SUHVHQW D UHGXFWLRQ IURP WKH GHQVHVW k�VXEJUDSK WR WKH l�(,6 DQG IURP l�(,6 WR WKH
3&.3� DQG EHFDXVH .KRW >��@ VKRZHG WKDW WKHUH LV QR 37$6 IRU WKH GHQVHVW k�VXEJUDSK
XQOHVV 13 ⊆ ∩ε>0%37,0((2n

ε

)� WKH\ FRPH WR WKH FRQFOXVLRQ WKDW 3&3. GRHV QRW
DGPLW D 37$6 XQOHVV 13 ⊆ ∩ε>0%37,0((2n

ε

)� +RZHYHU LQ WKHLU SURRI RI 7KHRUHP
�� VRPH GHWDLOV DUH PLVVLQJ� ,Q JHQHUDO WKH SURRI FDQ KHOS XV WR EXLOG DQ LQWXLWLRQ DERXW
WKH GLIIHUHQFHV RI WKH 3&.3 ZLWK WKH VLPSOH NQDSVDFN SUREOHP WKDW PDNHV WKH ILUVW RQH
KDUGHU WKDQ WKH VHFRQG RQH� )RU WKHVH WZR UHDVRQV� ZH GHFLGHG WR SUHVHQW WKH SURRI RQFH
DJDLQ� ZLWK PLQRU FKDQJHV WKDW ZLOO EH SRLQWHG RXW� )LUVW RI DOO� OHW XV GHILQH WKH WZR
QHZ SUREOHPV WKDW ZLOO EH XVHG LQ WKH SURRI�

'HILQLWLRQ ����� 'HQVHVW k�VXEJUDSK LV D PD[LPL]DWLRQ SUREOHP� LQ ZKLFKZH DUH JLYHQ
D JUDSK G = (V,E) DQG D SDUDPHWHU k DQG ZH DUH DVNHG WR VHOHFW D VXEVHW RI YHUWLFHV
S ⊆ V � VXFK WKDW |S| ≤ k DQG WKH QXPEHU RI HGJHV LQ WKH LQGXFHG VXEJUDSK G[S] LV
PD[LPL]HG�

'HILQLWLRQ ����� l�(,6 LV D PLQLPL]DWLRQ SUREOHP� LQ ZKLFK ZH DUH JLYHQ D JUDSK G =
(V,E) DQG D SDUDPHWHU l DQG ZH DUH DVNHG WR VHOHFW D VXEVHW RI HGJHV S ⊆ E� VXFK WKDW
|S| ≥ l DQG WKH QXPEHU RI YHUWLFHV LQ WKH LQGXFHG VXEJUDSK G[S] LV PLQLPL]HG�

��
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7KH DLP RI WKH SURRI LV WR UHGXFH DQ LQVWDQFH RI WKH GHQVHVW k�VXEJUDSK SUREOHP WR D
3&.3 LQVWDQFH� $Q LVVXH KHUH WKRXJK� LV WKDW WKH GHQVHVW k�VXEJUDSK LV D PD[LPL]DWLRQ
SUREOHP� ZKLOH WKH 3&.3 LV D PLQLPL]DWLRQ SUREOHP� +RZHYHU� LQVWHDG RI WU\LQJ WR
VHOHFW YHUWLFHV LQ RUGHU WR PD[LPL]H WKH QXPEHU RI LQGXFHG HGJHV� ZH FRXOG WU\ WR VHOHFW
HGJHV LQ RUGHU WR PLQLPL]H WKH QXPEHU RI LQGXFHG YHUWLFHV DQG WKH QHZ SUREOHP WKDW
DULVHV LV H[DFWO\ WKH l�(,6� ,Q 7KHRUHP � RI >��@ WKH\ JLYH D VLPSOH UHGXFWLRQ IURP
DQ l�(,6 LQVWDQFH WR D 3&.3 LQVWDQFH ZLWK WKH VDPH FRVW� ZKLFK PHDQV WKDW WKHVH WZR
SUREOHPV FDQ EH VHHQ DV HTXLYDOHQW� 7KHUHIRUH� LW LV VXIILFLHQW WR SURYH WKDW LI ZH KDG D
37$6 IRU l�(,6� WKHQ ZH ZRXOG DOVR KDYH D 37$6 IRU WKH GHQVHVW k�VXEJUDSK�

7KHRUHP ����� �7KHRUHP � >��@� )RU DQ\ ε > 0� DQ (1+ε)�DSSUR[LPDWLRQ DOJRULWKP IRU
l�(,6 FDQ EH XVHG DV DQ (1−2 · ε)�DSSUR[LPDWLRQ DOJRULWKP IRU WKH GHQVHVW k�VXEJUDSK�

3URRI� /HW D FRQVWDQW ε > 0 DQG D (1 + ε)�DSSUR[LPDWLRQ DOJRULWKP MB IRU WKH l�(,6
SUREOHP� )RU DQ LQVWDQFH RI GHQVHVW k�VXEJUDSK� ZKLFK LV D JUDSK G = (V,E) DQG D
SDUDPHWHU k� ZH H[HFXWH WKH DOJRULWKP MA DV DSSHDUV LQ WKH SVHXGRFRGH� DQG ZH FDOO
DV D VXEURXWLQH WKH DOJRULWKPMB �

ff `2bmHi biQ`2b i?2 b2H2+i2/ 2/;2b
`2bmHi 4 ∅

7Q` UH 4 y H I4 %1% H Y4 RV &
`mM MB rBi? ;`�T? G �M/ T�`�K2i2` l
H2i S #2 i?2 BM/m+2/ p2`iB+2b �M/
G[S] #2 i?2 BM/m+2/ bm#;`�T?

r?BH2 U%a% = FV &
TB+F p2`i2t u rBi? i?2 KBMBKmK /2;`22
rBi? `2bT2+i iQ G[S]

mT/�i2 S = S \ u
'

H2i E′ #2 i?2 2/;2b Q7 i?2 7BM�H G[S]

B7 U%`2bmHi% I %E′%V &
`2bmHi 4 E′

'
'

`2im`M `2bmHi

/HW l∗ EH WKH RSWLPDO VROXWLRQ FRVW IRU WKH LQSXW LQVWDQFH (G, k) RI WKH GHQVHVW k�
VXEJUDSK� 7KHQ IRU l = l∗� WKH IRU�ORRS RI WKH SVHXGRFRGH ZLOO FDOO MB DQG LW ZLOO
UHWXUQ D VXEVHW RI YHUWLFHV S� ,I k∗ LV WKH RSWLPDO VROXWLRQ FRVW RI WKH LQVWDQFH (G, l∗)
IRU WKH l�(,6� WKHQ DVMB LV DQ (1 + ε)�DSSUR[LPDWLRQ DOJRULWKP� WKH VL]H RI S ZLOO EH
ERXQGHG DV�

|S| ≤ (1 + ε) · k∗ ≤ (1 + ε) · k
&RQVHTXHQWO\� WKH ZKLOH�ORRS RI WKH SVHXGRFRGH ZLOO HUDVH DW PRVW ε·k YHUWLFHV� LQ RUGHU
WR SURGXFH LQ WKH HQG D VXEVHW RI k YHUWLFHV� 7KHUHIRUH� ZH VKRXOG SURYH WKDW WKH ILQDO
QXPEHU RI HGJHV DIWHU WKH GHOHWLRQ RI IHZ YHUWLFHV� LV YHU\ FORVH WR WKH RSWLPDO l∗�

7R SURFHHG ZLWK WKLV LGHD� OHW XV LQLWLDOO\ PHQWLRQ VRPH LPSRUWDQW REVHUYDWLRQV WKDW
DUH XVHIXO IRU WKH DQDO\VLV� )LUVWO\� DIWHU WKH H[HFXWLRQ RI MB ZLWK SDUDPHWHU l� WKH

��
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SURGXFHG VROXWLRQ FDQ FRQWDLQ H[DFWO\ l HGJHV� DV LW LV QRW KHOSIXO WR VHOHFW PRUH WKDQ
l� 6HFRQGO\� IRU D YHUWH[ u ZLWK WKH PLQLPXP GHJUHH LQ D JUDSK G = (V,E)� LW LV WUXH
WKDW�

deg(u) ≤
∑

v∈V

deg(v) · 1

|V | =
2 · |E|
|V |

+HQFH WKH GHJUHH RI DOO WKH HUDVHG YHUWLFHV ZLOO EH VPDOOHU WKDQ WKH DYHUDJH GHJUHH RI
WKH FXUUHQW LQGXFHG VXEJUDSK� DQG HDFK LQGXFHG VXEJUDSK ZLOO FRQWDLQ DW PRVW l∗ HGJHV
DQG DW OHDVW k YHUWLFHV� 7KXV WKH GHJUHH RI HDFK GHOHWHG YHUWH[ ZLOO EH ERXQGHG E\ WKH
YDOXH 2·l∗

k � 7KHUHIRUH ZKHQ MA ZLOO UXQ ZLWK l = l∗� WKH QXPEHU RI WKH HUDVHG HGJHV
ZLOO EH ERXQGHG DV�

l∗ − |E′| ≤ 2 · l∗

k
· ε · k = 2 · l∗ · ε ⇒

|E′| ≥ l∗ · (1− 2 · ε)

7KH VL]H |result| RI WKH ILQDO HGJHV ZLOO EH WKH PD[LPXP RYHU DOO WKH LWHUDWLRQV� DQG
VR WKH FRVW RI WKH SURGXFHG VROXWLRQ RI WKH DOJRULWKP ZLOO EH DW OHDVW (1 − 2 · ε) WLPHV
WKH FRVW RI WKH RSWLPDO VROXWLRQ� )LQDOO\ DV MA UXQV LQ SRO\QRPLDO WLPH LQ WKH LQSXW
VL]H� LW LV DQ (1− 2 · ε)�DSSUR[LPDWLRQ DOJRULWKP IRU WKH PD[LPL]DWLRQ SUREOHP GHQVHVW
k�VXEJUDSK�

)URP WKH SUHYLRXV WKHRUHP DQG WKH GLVFXVVLRQ DERYH ZH FDQ FRQFOXGH WKDW 3&3.
GRHV QRW DGPLW D 37$6 XQOHVV 13 ⊆ ∩ε>0%37,0((2n

ε

) DQG VR E\ H[WHQGLQJ WKH PLQ�
LPXP NQDSVDFN SUREOHP WR WKH SUHFHGHQFH FRQVWUDLQHG NQDSVDFN SUREOHP� XQGHU WKH
SUHYLRXV DVVXPSWLRQ ZH HQG XS ZLWK D KDUGHU SUREOHP�

7KH LQWXLWLRQ WKDW 3&.3 LV KDUGHU WKDQ WKH PLQLPXP NQDSVDFN� FRPHV IURP 7KHR�
UHP � RI >��@ ZLWK WKH UHGXFWLRQ WKDW WKH\ JLYH IURP DQ LQVWDQFH RI l�(,6 WR DQ LQVWDQFH RI
3&.3� ,Q SDUWLFXODU� 3&.3 KDV WKH DGYDQWDJH WKDW WKURXJK WKH SDUWLDO RUGHU ZH FDQ PD�
QLSXODWH HOHPHQWV WKDW UHSUHVHQW WZR GLIIHUHQW HQWLWLHV� LQ RXU FDVH YHUWLFHV DQG HGJHV�
7KXV ZH FDQ IRUFH RXU SURJUDP WR SLFN WKH LQGXFHG YHUWLFHV IRU HYHU\ VHOHFWHG HGJH�
XVLQJ D FRQVWUDLQW RI W\SH u + e ⇔ u ∈ e�

��
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��� ,QWURGXFWLRQ
7KLV FKDSWHU LV GHYRWHG WR WKH FDSDFLWDWHG FRYHULQJ LQWHJHU SURJUDPV �&,3� DQG HVSH�
FLDOO\ WR WKH FDVH WKDW ZH DUH DOORZHG WR SLFN HDFK HOHPHQW DW PRVW RQFH� /HW XV UHFDOO
WKDW D &,3 KDV WKH IROORZLQJ IRUP�

PLQLPL]H cTx
VXEMHFW WR Ax ≥ D

x ≤ d

x ∈ Zn
+

%\ f ZH ZLOO GHQRWH WKH PD[LPXP QXPEHU RI QRQ�]HUR FRHIILFLHQWV LQ D URZ RI A DQG
E\ α WKH GLODWLRQ� ZKLFK LV WKH PD[LPXP QXPEHU RI FRQVWUDLQWV WKDW DQ\ YDULDEOH RFFXUV
LQ� %\ ��� &,3 ZH ZLOO GHQRWH WKH VSHFLDO FDVH RI WKH &,3� ZKHUH WKH XSSHU ERXQGV dj
DUH HTXDO WR RQH� /HW N EH WKH VHW RI HOHPHQWV� M EH WKH VHW RI FRQVWUDLQWV DQG n� m
WKHLU VL]HV UHVSHFWLYHO\� 7KHQ D ��� &,3 LQVWDQFH FDQ EH ZULWWHQ DV IROORZV�

PLQLPL]H
∑

j∈N

cj · xj

VXEMHFW WR
∑

j∈N

uij · xj ≥ Di, ∀i ∈ M

xj ∈ {0, 1}, ∀j ∈ N

0DQ\ LQWHUHVWLQJ RSWLPL]DWLRQ SUREOHPV FDQ EH IRUPXODWHG DV D &,3� 7KHUHIRUH WKH
UHVXOWV DQG WKH WHFKQLTXHV WKDW KDYH EHHQ GHYHORSHG IRU WKH &,3� FDQ DOVR EH XVHG IRU
WKHVH VSHFLDO FDVHV� ,W LV ZRUWK PHQWLRQLQJ WKRXJK� WKDW WKLV LV QRW WULYLDO IRU WKH 3&.3
SUREOHP DV WKH QDWXUDO LQWHJHU SURJUDP WKDW IRUPXODWHV LW� FRQWDLQV FRQVWUDLQWV RI WKH
IRUP xi − xj ≥ 0 ZLWK QHJDWLYH FRHIILFLHQWV� DQG WKLV QRW DOORZHG WR WKH &,3�

)XUWKHUPRUH &,3 LQKHULWV DOO WKH ORZHU ERXQGV RI WKHVH VSHFLDO FDVHV DQG DV D UHVXOW
&,3 LV QRW RQO\ 13�FRPSOHWH� EXW DOVR WKHUH LV QR (f − 1− ε)�DSSUR[LPDWLRQ DOJRULWKP
IRU DQ\ IL[HG ε > 0 >�@ DQG QR o(OQm)�DSSUR[LPDWLRQ DOJRULWKP >��@� XQOHVV 3  13�

��
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7KHVH ORZHU ERXQGV DULVH IURP WKH KDUGQHVV RI WKH 6HW &RYHU SUREOHPZKLFK LV D VSHFLDO
FDVH RI ��� &,3� ZKHUH DOVR WKH YDOXHV uij DUH HLWKHU ]HUR RU RQH�

ǿQ WKHPDWWHU RI DSSUR[LPDWLRQ IDFWRUV EDVHG RQ URZV RIA� IRU WKH ��� &,3 FDVH� &DUU
HW DO� >�@ E\ DGGLQJ WKH NQDSVDFN FRYHU LQHTXDOLWLHV IRU HDFK FRQVWUDLQW� GHYHORSHG DQ f �
DSSUR[LPDWLRQ URXQGLQJ DOJRULWKP DQG )XMLWR >�@ DQ f �DSSUR[LPDWLRQ SULPDO�GXDO DOJR�
ULWKP� XVLQJ DOVR WKH NQDVSDFN FRYHU LQHTXDOLWLHV� $OVR IRU WKH ��� &,3 FDVH� 7DND]DZD
HW DO� DW >��@ DQG >��@� VOLJKWO\ LPSURYH WKH DSSUR[LPDWLRQ IDFWRU E\ SUHVHQWLQJ DQ
(f − f−1

m )�DSSUR[LPDWLRQ SULPDO�GXDO DOJRULWKP DQG DQ f2�DSSUR[LPDWLRQ SULPDO�GXDO
DOJRULWKP UHVSHFWLYHO\� ZKHUH f2 LV WKH VHFRQG ODUJHVW QXPEHU RI QRQ�]HUR FRHIILFLHQWV
LQ D URZ RIA� ,Q WKH FDVH RI WKH JHQHUDO PXOWLSOLFLW\ FRQVWUDLQWV �d > 1�� ZH FDQ DFKLHYH
DQ (f +1)�DSSUR[LPDWLRQ URXQGLQJ DOJRULWKP� XVLQJ WKH EXFNHWLQJ DOJRULWKP IURP >�@�
$FFRUGLQJ WR >��@� ERWK SDSHUV >�� �@ FODLP DQ f �DSSUR[LPDWLRQ DOJRULWKP IRU WKH JHQ�
HUDO &,3 ZLWK d > 1 ZLWKRXW D SURRI� DQG WKHUH LV QRW DQ\ VWUDLJKWIRUZDUG PHWKRG RI
H[WHQGLQJ WKHLU WHFKQLTXHV WR WKH JHQHUDO FDVH� +HQFH DW >��@� WKH\ LQWURGXFH WKH VR�
FDOOHG ρ�URXQGDEOH FRQVWUDLQWV� ZLWK WKH KHOS RI ZKLFK WKH\ SUHVHQW DQ f �DSSUR[LPDWLRQ
URXQGLQJ DOJRULWKP IRU WKH JHQHUDO &,3� )RU DSSUR[LPDWLRQ IDFWRUV EDVHG RQ FROXPQV RI
A� .ROOLRSRXORV DQG <RXQJ >��@ DOVR XVLQJ WKH NQDSVDFN FRYHU LQHTXDOLWLHV� GHYHORSHG
DQ O(OQα)�DSSUR[LPDWLRQ DOJRULWKP IRU WKH JHQHUDO &,3 FDVH� ZKLFK LV EHVW SRVVLEOH
XQOHVV 3  13�

��� 5HVXOWV IRU WKH ��� &,3

,Q WKH UHVW RI WKLV FKDSWHU� PRWLYDWHG E\ WKH LGHDV IURP 7DND]DZD HW DO� DW >��@� ZH
ZLOO SUHVHQW UHODWHG UHVXOWV� 7KH LPSURYHG SULPDO�GXDO (f − f−1

m )�DSSUR[LPDWLRQ DOJR�
ULWKP DW >��@ IRU WKH ��� &,3� VROYHV O(n2) VXESUREOHPV RI ��� &,3 LQVWDQFHV ZLWK WKH
SULPDO�GXDO DOJRULWKP RI )XMLWR >�@ �3'�� )ROORZLQJ D YHU\ VLPLODU ORJLF ZLWK WKHP LQ
WKH DQDO\VLV RI WKH FRVW� ZH SURYH LQ WKH QH[W WKHRUHP WKDW WKH SULPDO�GXDO DOJRULWKP
E\ )XMLWR LV DFWXDOO\ DQ (f − f−2

m )�DSSUR[LPDWLRQ DOJRULWKP� +HQFH WKH DSSUR[LPDWLRQ
IDFWRU RI WKH DOJRULWKP LV VOLJKWO\ EHWWHU WKDQ f � ZLWKRXW WKH QHHG RI WKH H[WUD O(n2)
IDFWRU LQ WKH WLPH FRPSOH[LW\�

7R EH DEOH WR SUHVHQW WKLV UHVXOW� OHW XV ILUVW LQWURGXFH VRPH XVHIXO QRWDWLRQV DQG WKH
UHOD[DWLRQ WKDW )XMLWR XVHG IRU KLV SULPDO�GXDO DOJRULWKP� )ROORZLQJ WKH QRWDWLRQV WKDW
ZH XVHG EHIRUH IRU D ��� &,3 IRUPXODWLRQ� OHW A ⊆ N EH D VXEVHW RI HOHPHQWV� 7KHQ
E\ M(A) = {i ∈ M | Di(A) > 0}� ZH GHQRWH WKH VHW RI FRQVWUDLQWV WKDW DUH QRW \HW
VDWLVILHG DIWHU VHOHFWLQJ DOO WKH HOHPHQWV RI A� $OVR IRU HYHU\ j ∈ N \A� ZH GHQRWH E\
Uj(A) =

∑
i∈M(A)

uij(A)
Di(A) � WKH VXP RI WKH HIIHFWLYH YDOXHV RI WKH HOHPHQW j IURP DOO

WKH DFWLYH FRQVWUDLQWV� GLYLGHG E\ WKH UHVLGXDO GHPDQG RI HDFK FRQVWUDLQW� 7KH GLYLVLRQ
LV IRU VLPSOLILFDWLRQ UHDVRQV� DV ZH ZRXOG SUHIHU WR KDYH WKH YDOXH 1 DW WKH ULJKW KDQG
VLGH RI WKH LQHTXDOLW\ FRQVWUDLQWV�

7KH OLQHDU UHOD[DWLRQ RI )XMLWR ZKLFK LV D YDOLG UHOD[DWLRQ IRU WKH ��� &,3 FDQ EH
ZULWWHQ DV IROORZV�

PLQLPL]H
∑

j∈N

cj · xj

VXEMHFW WR
∑

j∈N\A

Uj(A) · xj ≥ |M(A)|, ∀A ⊆ N

xj ≥ 0, ∀j ∈ N

��
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DQG WKH GXDO OLQHDU SURJUDP RI LW� LV WKH IROORZLQJ RQH�

PD[LPL]H
∑

A⊆N

|M(A)| · y(A)

VXEMHFW WR
∑

A⊆N : j /∈A

Uj(A) · y(A) ≤ cj , ∀j ∈ N

y(A) ≥ 0, ∀A ⊆ N

7KHUHIRUH QRZ� ZH FDQ SURFHHG ZLWK WKH QH[W WKHRUHP IRU WKH DSSUR[LPDWLRQ IDFWRU
RI 3'�

7KHRUHP ���� /HW DQ LQVWDQFH RI ��� &,3 ZLWK f ≥ 2� 7KH FRVW RI WKH SURGXFHG VROXWLRQ
x E\ 3' LV DW PRVW a = f − f−2

m WLPHV WKH FRVW RI WKH RSWLPDO LQWHJHU VROXWLRQ�

3URRI� /HW S = {j ∈ N | xj = 1} EH WKH VXSSRUW YHFWRU RI x� DQG y EH WKH GXDO VROXWLRQ
ZKLFK LV SURGXFHG E\ 3'� )RU WKH FRVW RI x LW KROGV WKDW�

cost(x) =
∑

j∈N

cj ·xj =
∑

j∈S

cj =
∑

j∈S

∑

A⊆N : j /∈A

Uj(A)·y(A) =
∑

A⊆N

y(A)
∑

j∈S\A

Uj(A)

7R SURYH WKDW cost(x) ≤ a · OPT � LW VXIILFHV WR VKRZ WKDW IRU DQ\ A ⊆ N VXFK WKDW
y(A) > 0� LW KROGV WKDW�

∑

j∈S\A

Uj(A) ≤ a · |M(A)|

%HFDXVH WKHQ ZH ZRXOG FRQFOXGH WKDW�

cost(x) =
∑

A⊆N

y(A)
∑

j∈S\A

Uj(A) ≤
∑

A⊆N

y(A) · |M(A)| · a ≤ a ·OPT

%\ WKH GHILQLWLRQ RI Uj(A) LW IROORZV WKDW�

∑

j∈S\A

Uj(A) =
∑

j∈S\A

∑

i∈M(A)

uij(A)

Di(A)
=

∑

i∈M(A)

∑

j∈S\A

uij(A)

Di(A)

/HW l EH WKH ODVW HOHPHQW WKDW WKH DOJRULWKP SLFNV� 7KHQ EHFDXVH RI WKH ZD\ 3' EXLOGV
WKH GXDO VROXWLRQ� y(A) > 0 LPSOLHV WKDWA ⊆ S \ {l} DQG IURP WKH GHILQLWLRQ RIM(A)�
IRU WKHVH A ZH NQRZ WKDW�

M(S \ {l}) ⊆ M(A)

7KHUHIRUH IRU VXFK D IL[HG A� ZH FDQ VSOLWM(A) LQ WZR SDUWVM(S \ {l}) DQGM(A) \
M(S \ {l})� DQG DV D FRQVHTXHQFH�

∑

j∈S\A

Uj(A) =
∑

i∈M(S\{l})

∑

j∈S\A

uij(A)

Di(A)
+

∑

i∈M(A)\M(S\{l})

∑

j∈S\A

uij(A)

Di(A)

)RU WKH VHFRQG SDUW RI WKH VXP� EHFDXVH uij(A) ≤ Di(A)� LW LV WUXH WKDW IRU DQ\ i ∈
M(A) \M(S \ {l})� ∑

j∈S\A

uij(A) ≤ f ·Di(A)

��
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DQG DV Di(A) > 0� LW KROGV WKDW�

∑

j∈S\A

uij(A)

Di(A)
≤ f �����

)RU WKH ILUVW SDUW RI WKH VXP� ZH FDQ QRWLFH WKDW WDNLQJ DOO WKH HOHPHQWV H[FHSW WKH ODVW
RQH LV QRW HQRXJK WR VDWLVI\ WKH FRQVWUDLQWV ZKLFK LV SDUW RIM(S \ {l})� +HQFH� LW PXVW
EH WUXH WKDW IRU DQ\ i ∈ M(S \ {l})�

∑

j∈S\A

uij(A) =
∑

j∈(S\{l})\A

uij(A) + uil(A)

≤
∑

j∈(S\{l})\A

uij + uil(A)

=
∑

j∈S\{l}

uij −
∑

j∈A

uij + uil(A)

< Di −
∑

j∈A

uij +Di(A)

= Di(A) +Di(A) = 2 ·Di(A)

DQG DV Di(A) > 0� LW KROGV WKDW�

∑

j∈S\A

uij(A)

Di(A)
≤ 2 �����

)URP ����� DQG ����� ZH REWDLQ WKDW�
∑

j∈S\A

Uj(A) ≤
∑

i∈M(S\{l})

2 +
∑

i∈M(A)\M(S\{l})

f

= 2 · |M(S \ {l})|+ f · (|M(A)|− |M(S \ {l})|)
= |M(S \ {l})| · (2− f) + f · |M(A)|

6LQFH WKH VHW S \ {l} LV DQ LQIHDVLEOH VROXWLRQ� LW LV WUXH WKDW |M(S \ {l})| ≥ 1� $OVR IRU
DQ\ A VXFK WKDW y(A) > 0� LW LV WUXH WKDW 1 ≤ |M(A)| ≤ m� 7KHUHIRUH IRU f ≥ 2� ZH
ILQDOO\ REWDLQ WKDW�

∑

j∈S\A

Uj(A) ≤ 2− f + f · |M(A)|

= (f − f − 2

|M(A)| ) · |M(A)|

≤ (f − f − 2

m
) · |M(A)|

= a · |M(A)|

$QG DV D UHVXOW ZH FDQ FRQFOXGH WKDW 3' LV DQ (f− f−2
m )�DSSUR[LPDWLRQ DOJRULWKP�

6RPHRQH FRXOG DUJXH WKDW ZH FDQ DSSO\ D PRUH FRPSOLFDWHG DQDO\VLV LQ WKH 3'
DOJRULWKP DQG JHW D EHWWHU DSSUR[LPDWLRQ JXDUDQWHH� ,Q WKH QH[W OHPPD WKRXJK� ZH VKRZ
WKDW LW LV SRVVLEOH IRU WKH 3' WR UHWXUQ DQ LQWHJHU VROXWLRQ ZLWK FRVW RI H[DFWO\ f − f−1

m

��
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WLPHV WKH FRVW RI WKH GXDO VROXWLRQ y WKDW LV SURGXFHG E\ WKH DOJRULWKP� 7KXV ZLWK
WKH VWDQGDUG DQDO\VLV� WKDW ZH FRPSDUH WKH LQWHJHU VROXWLRQ FRVW ZLWK WKH GXDO VROXWLRQ
FRVW� ZH VKRXOG QRW H[SHFW WR JHW EHWWHU DSSUR[LPDWLRQ IDFWRU WKDQ f − f−1

m � ZLWK WKLV
IRUPXODWLRQ DQG WKH 3' DOJRULWKP�

/HPPD ���� $Q LQWHJHU VROXWLRQ IRXQG E\ 3' FDQ KDYH FRVW RI H[DFWO\ f − f−1
m WLPHV

WKH FRVW RI WKH GXDO VROXWLRQ y ZKLFK LV SURGXFHG E\ WKH DOJRULWKP�

3URRI� /HW WKH IROORZLQJ LQILQLWH IDPLO\ RI LQVWDQFHV� IRU ZKLFK DOO WKH FRQVWUDLQWV DUH
VLPLODU H[FHSW RQH�

PLQLPL]H
∑

j∈N

xj

VXEMHFW WR
∑

j∈N

n · xj ≥ n, ∀i ∈ (M \ {m})

∑

j∈N

xj ≥ n

xj ∈ {0, 1}, ∀j ∈ N

7KH FRUUHVSRQGLQJ GXDO RI WKH OLQHDU UHOD[DWLRQ RI )XMLWR LV WKH IROORZLQJ RQH�

PD[LPL]H
∑

A⊆N

|M(A)| · y(A)

VXEMHFW WR
∑

A⊆N : j /∈A

Uj(A) · y(A) ≤ 1, ∀j ∈ N

y(A) ≥ 0, ∀A ⊆ N

7KH DOJRULWKP VWDUWV E\ LQFUHDVLQJ y(∅)� )RU HYHU\ j ∈ N LW KROGV WKDW Uj(∅) = m −
1+ 1

n DQG KHQFH WKH YDOXH RI y(∅) ZLOO EH VHW HTXDO WR 1
m−1+ 1

n
� $OO WKH GXDO FRQVWUDLQWV

ZLOO EHFRPH WLJKW� (YHQ WKRXJK WKH DOJRULWKP ZLOO QRW WHUPLQDWH XQWLO LW JDWKHUV DOO
WKH HOHPHQWV� y(∅) ZLOO EH WKH RQO\ GXDO YDULDEOH ZKLFK ZLOO KDYH D QRQ�]HUR YDOXH�
7KHUHIRUH WKH FRVW RI WKH GXDO VROXWLRQ y ZKLFK ZLOO EH SURGXFHG� ZLOO EH HTXDO WR�

∑

A⊆N

|M(A)| · y(A) = m · y(∅) = m

m− 1 + 1
n

7KH FRVW RI WKH LQWHJHU VROXWLRQ ZKLFK LV DOVR WKH RSWLPDO RQH ZLOO EH HTXDO WR n DQG
WKXV WKH UDWLR ZLOO EH HTXDO WR�

n
m

m−1+ 1
n

=
n · (m− 1 + 1

n )

m
=

n ·m− n+ 1

m
= n− n

m
+

1

m

2EVHUYLQJ WKDW f = n� ZH FDQ FRQFOXGH WKDW WKH GLIIHUHQFH EHWZHHQ WKH FRVW RI WKH
LQWHJHU VROXWLRQ DQG WKH GXDO VROXWLRQ ZKLFK DUH SURGXFHG E\ WKH 3' DOJRULWKP LV H[DFWO\
HTXDO WR�

f − f

m
+

1

m
= f − f − 1

m

��



���� 5(68/76 )25 7+( ��� &,3

7KH LQWHJHU SURJUDP RI )XMLWR >�@ LV D UHOD[DWLRQ RI WKH LQWHJHU SURJUDP RI &DUU HW DO�
QRW RQO\ LQ WKH VHQVH WKDW LW GRHV QRW FXW RII WKH LQWHJHU IHDVLEOH VROXWLRQV� EXW DOVR LW GRHV
QRW HOLPLQDWH DQ\ IHDVLEOH VROXWLRQ DW DOO� 7KDW LV� WKH FRQYH[ SRO\WRSH RI WKH IHDVLEOH
VHW RI WKH OLQHDU SURJUDP RI &DUU HW DO� LV D VXEVHW RI WKH FRQYH[ SRO\WRSH RI WKH IHDVLEOH
VHW RI WKH OLQHDU SURJUDP RI )XMLWR� 7KHUHIRUH� IURP 7KHRUHP ��� ZH FDQ FRQFOXGH WKDW
WKH LQWHJUDOLW\ JDS RI WKH IRUPXODWLRQ RI &DUU HW DO� LV DW PRVW f − f−2

m � 0RUHRYHU�
DV ZH KDYH DOUHDG\ PHQWLRQHG� &DUU HW DO� >�@ GHYHORSHG DQ f �DSSUR[LPDWLRQ URXQGLQJ
DOJRULWKP IRU WKH ��� &,3� ,Q WKH QH[W WKHRUHP WKRXJK� ZH DSSO\ WKH VDPH LGHDV ZH
XVHG IRU WKH DOJRULWKP RI )XMLWR� EXW WKLV WLPH ZH GHYHORS DQ (f − f−2

m )�DSSUR[LPDWLRQ
SULPDO�GXDO DOJRULWKP XVLQJ WKH IRUPXODWLRQ RI &DUU HW DO�

7KHRUHP ���� /HW a = f − f−2
m DQG DQ LQVWDQFH RI ��� &,3� 7KHQ WKHUH H[LVWV DQ

a�DSSUR[LPDWLRQ SULPDO�GXDO DOJRULWKP XVLQJ WKH IRUPXODWLRQ RI &DUU HW DO�

3URRI� )RU DQ LQVWDQFH RI ��� &,3� WKH IRUPXODWLRQ RI &DUU HW DO� LV WKH IROORZLQJ RQH�

PLQLPL]H
∑

j∈N

cj · xj

VXEMHFW WR
∑

j∈N\A

uij(A)

Di(A)
· xj ≥ 1, ∀A ⊆ N ∀i ∈ M(A)

xj ∈ {0, 1}, ∀j ∈ N

7KH GXDO RI WKH OLQHDU UHOD[DWLRQ RI WKH DERYH LQWHJHU SURJUDP LV�

PD[LPL]H
∑

A⊆N

∑

i∈M(A)

yi(A)

VXEMHFW WR
∑

A⊆N : j /∈A

∑

i∈M(A)

uij(A)

Di(A)
· yi(A) ≤ cj , ∀j ∈ N

yi(A) ≥ 0, ∀A ⊆ N ∀i ∈ M(A)

7KH DOJRULWKP ZLOO SURGXFH D (x, y) SDLU VROXWLRQ� ZKHUH x LV D SULPDO LQWHJHU VROX�
WLRQ DQG y LV D GXDO OLQHDU VROXWLRQ VXFK WKDW WKH FRVW RI x LV DW PRVW a WLPHV WKH FRVW RI y�
7KH DOJRULWKP ZLOO IROORZ WKH XVXDO SURFHGXUH RI SULPDO�GXDO DOJRULWKPV� VWDUWLQJ ZLWK
S = ∅ DQG UHSHDWHGO\ LQFUHDVLQJ WKH VROXWLRQ VHW S� :KLOH WKH DOJRULWKP LV VWLOO UXQQLQJ
DQG WKH VHW S LV QRW \HW D VROXWLRQ� ZH LQFUHDVH XQLIRUPO\ DOO WKH yi(S) IRU DOO i ∈ M(S)�
XQWLO D GXDO FRQVWUDLQW EHFRPHV WLJKW� 7KHUHIRUH IRU D VSHFLILF A ⊆ N � LW ZLOO KROG WKDW
IRU DOO i ∈ M(S)� DOO WKH yi(A) ZLOO EH HTXDO� DQG WKLV YDOXH ZLOO EH GHQRWHG DV y(A)�
/HW S = {j ∈ N | xj = 1} EH WKH VXSSRUW YHFWRU� )RU WKH FRVW RI x LW KROGV WKDW�

cost(x) =
∑

j∈N

cj · xj =
∑

j∈S

cj =
∑

j∈S

∑

A⊆N : j /∈A

∑

i∈M(A)

uij(A)

Di(A)
· yi(A)

=
∑

A⊆N

∑

i∈M(A)

yi(A)
∑

j∈S\A

uij(A)

Di(A)
=

∑

A⊆N

∑

i∈M(A)

y(A)
∑

j∈S\A

uij(A)

Di(A)

=
∑

A⊆N

y(A)
∑

i∈M(A)

∑

j∈S\A

uij(A)

Di(A)

��
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)URP 7KHRUHP ���� ZH NQRZ WKDW�

∑

j∈S\A

Uj(A) =
∑

j∈S\A

∑

i∈M(A)

uij(A)

Di(A)
=

∑

i∈M(A)

∑

j∈S\A

uij(A)

Di(A)

DQG WKLV YDOXH LV ERXQGHG E\�

∑

j∈S\A

Uj(A) ≤ a · |M(A)|

7KHUHIRUH ZH FDQ ERXQG WKH FRVW RI x E\�

cost(x) ≤
∑

A⊆N

y(A) · |M(A)| · a ≤ a · cost(y)

7KH ODVW LQHTXDOLW\ KROGV EHFDXVH IRU HDFK i ∈ M(A)� ZH LQFUHDVH XQLIRUPO\ WKH FRUUH�
VSRQGLQJ yi(A)� DQG VR�

cost(y) =
∑

A⊆N

∑

i∈M(A)

yi(A) =
∑

A⊆N

∑

i∈M(A)

y(A) = y(A) · |M(A)|

&RQVHTXHQWO\ WKLV UHVXOW LPSOLHV WKDW WKH IRUPXODWLRQ RI )XMLWR LV QRW QHFHVVDU\ LQ
RUGHU WR DFKLHYH WKH SUHYLRXV UHVXOWV IRU WKH ��� &,3�

��
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,Q WKLV WKHVLV� RXU PDLQ JRDO ZDV WR LQYHVWLJDWH WKH 3&.3 SUREOHP WRJHWKHU ZLWK WKH
IRUPXODWLRQ WKDW 0F&RUPLFN HW DO� >��@ VXJJHVWHG� ,Q WKH WKLUG FKDSWHU� LQLWLDOO\ ZH
LQYHVWLJDWHG WKH LQWHJUDOLW\ JDS RI WKH IRUPXODWLRQ DQG ZH SURYHG ZLWK /HPPD ����
WKDW LW LV Ω(w(P))� +HQFH� LQ RUGHU WR LPSURYH WKH JXDUDQWHH IRU WKH 3&.3 SUREOHP�
ZH VKRXOG XVH VRPH QHZ LGHDV� $ GLIIHUHQW IRUPXODWLRQ ZDV DOVR VWXGLHG XVLQJ WKH
VLPSOHU SLWFK�1 LQHTXDOLWLHV DQG LQ 7KHRUHP ��� ZH SURYHG WKDW LQ WKH ZRUVW FDVH WKH
WZR IRUPXODWLRQV DUH HTXLYDOHQWO\ VWURQJ� $OVR D QHZ URXQGLQJ w(P)�DSSUR[LPDWLRQ
DOJRULWKP IRU WKH ��� 3&.3 SUREOHP ZDV GHYHORSHG� ,Q 6HFWLRQ ���� ZH VWXGLHG WKH
3&.3 SUREOHP ZLWK JHQHUDO PXOWLSOLFLW\ FRQVWUDLQWV DQG ZLWK 7KHRUHP ���� ZH SURYH
WKDW WKHUH H[LVWV DQ DOJRULWKP ZLWK VWURQJO\ SRO\QRPLDO ERXQGV� VRPHWKLQJ ZKLFK ZDV
DQ RSHQ TXHVWLRQ DW >��@� ,Q WKH HQG RI WKH WKLUG FKDSWHU� D PRUH GHWDLOHG SURRI RI WKH
DOUHDG\ NQRZQ LQDSUR[LPDELOLW\ UHVXOW IRU WKH 3&.3� LV DOVR JLYHQ� )LQDOO\ LQ WKH IRXUWK
FKDSWHU� ZH VWXGLHG WKH &,3 SUREOHP DQG VSHFLILFDOO\ WKH ��� FDVH DQG ZH SUHVHQWHG
VRPH UHVXOWV UHODWHG WR WKH )XMLWR DQG &DUU HW DO� OLQHDU SURJUDPPLQJ UHOD[DWLRQV�

,Q WKH VHFRQG FKDSWHU ZH GHVFULEHG WKH PLQLPXP NQDSVDFN SUREOHP IRU WKH FDVH WKDW
WKH HOHPHQWV FDQ EH VHOHFWHG DW PRVW RQFH DQG ZH SUHVHQWHG UHVXOWV IURP WKH OLWHUDWXUH
>�@� >�@� ,QWHUHVWLQJO\� WKH PLQLPXP NQDSVDFN SUREOHP FDQ EH HDVLO\ H[WHQGHG WR WKH
JHQHUDO FDVH ZLWK PXOWLSOLFLW\ FRQVWUDLQWV >�@� >��@� DQG WKH DSSUR[LPDWLRQ DOJRULWKPV
PDLQWDLQ WKH VDPH DSSUR[LPDWLRQ IDFWRU� ZKLFK LV LQ RXU FDVH HTXDO WR 2� +RZHYHU WKLV
JHQHUDOL]DWLRQ IURP WKH ��� FDVH WR WKH JHQHUDO PXOWLSOLFLW\ FRQVWUDLQWV LV QRW D WULYLDO
SURFHGXUH IRU WKH 3&.3 SUREOHP� 7KLV SUREOHP ZDV VWXGLHG E\ 0F&RUPLFN HW DO� >��@
DQG WKH\ VWDWH WKDW LW LV DQ RSHQ SUREOHP WR SURYLGH DQ DOJRULWKP ZLWK VWURQJO\ SRO\QR�
PLDO ERXQGV� ,Q WKH WKLUG FKDSWHU� ZH GHVFULEHG D ZD\ WR DFKLHYH VWURQJO\ SRO\QRPLDO
ERXQGV� EXW WKH TXHVWLRQ UHPDLQV ZKHWKHU ZH FDQ DFKLHYH VRPHWKLQJ EHWWHU� IRU H[DP�
SOH WR UHSODFH w2(P) ZLWK w(P) LQ 7KHRUHP ����� )XUWKHUPRUH WKH JDS EHWZHHQ WKH
ORZHU DQG XSSHU ERXQGV IRU WKH 3&.3 SUREOHP LV ODUJH� HYHQ IRU WKH ��� FDVH� DQG VR
LW ZRXOG EH LQWHUHVWLQJ HLWKHU WR SURYLGH D VWURQJHU ORZHU ERXQG WKDQ WKH RQH WKDW VD\V
WKDW WKHUH LV QR 37$6 RU WR GHYHORS DQ DOJRULWKP ZLWK DSSUR[LPDWLRQ IDFWRU EHWWHU WKDQ
w(P)�
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>�@ 'DQLHO %LHQVWRFN� <XUL )DHQ]D� ,JRU 0DOLQRYLü� 0RQDOGR 0DVWUROLOOL� 2OD 6YHQV�
VRQ� DQG0DUN =XFNHUEHUJ� CC2Q LQHTXDOLWLHV ZLWK ERXQGHG FRHIILFLHQWV DQG SLWFK
IRU WKH PLQ NQDSVDFN SRO\WRSH

� ,Q� 'LVFUHWH 2SWLPL]DWLRQ ������� S� �������

>�@ 7LP &DUQHV DQG 'DYLG 6KPR\V� CC3ULPDO�GXDO VFKHPD IRU FDSDFLWDWHG FRYHULQJ
SUREOHPV

� ,Q� ,QWHUQDWLRQDO &RQIHUHQFH RQ ,QWHJHU 3URJUDPPLQJ DQG &RPEL�
QDWRULDO 2SWLPL]DWLRQ� 6SULQJHU� ����� SS� ���±����

>�@ 5REHUW '&DUU� /LVD.)OHLVFKHU� 9LWXV - /HXQJ� DQG&\QWKLD$3KLOOLSV� CC6WUHQJWK�
HQLQJ LQWHJUDOLW\ JDSV IRU FDSDFLWDWHG QHWZRUN GHVLJQ DQG FRYHULQJ SUREOHPV

�
,Q� 3URFHHGLQJV RI WKH HOHYHQWK DQQXDO $&0�6,$0 6\PSRVLXP RQ 'LVFUHWH $O�
JRULWKPV� ����� SS� ���±����

>�@ 5REHUW 3� 'LOZRUWK� CC$ GHFRPSRVLWLRQ WKHRUHP IRU SDUWLDOO\ RUGHUHG VHWV

� ,Q�
&ODVVLF 3DSHUV LQ &RPELQDWRULFV� 6SULQJHU� ����� SS� ���±����

>�@ ,ULW 'LQXU� 9HQNDWHVDQ *XUXVZDPL� 6XEKDVK .KRW� DQG 2GHG 5HJHY� CC$ QHZ
PXOWLOD\HUHG 3&3 DQG WKH KDUGQHVV RI K\SHUJUDSK YHUWH[ FRYHU

� ,Q� 6,$0 -RXU�
QDO RQ &RPSXWLQJ ���� ������� SS� ����±�����

>�@ 7RVKLKLUR )XMLWR� CC2Q FRPELQDWRULDO DSSUR[LPDWLRQ RI FRYHULQJ ��� LQWHJHU SUR�
JUDPV DQG SDUWLDO VHW FRYHU

� ,Q� -RXUQDO RI FRPELQDWRULDO RSWLPL]DWLRQ ��� �������
SS� ���±����

>�@ 0LFKDHO 5� *DUH\ DQG 'DYLG 6� -RKQVRQ� &RPSXWHUV DQG LQWUDFWDELOLW\� :� +�
)UHHPDQ DQG &RPSDQ\� �����

>�@ 'DYLG 6� -RKQVRQ DQG .� $� 1LHPL� CC2Q NQDSVDFNV� SDUWLWLRQV� DQG D QHZ G\�
QDPLF SURJUDPPLQJ WHFKQLTXH IRU WUHHV

� ,Q� 0DWKHPDWLFV RI 2SHUDWLRQV 5H�
VHDUFK ��� ������� SS� �±���

>�@ 5LFKDUG0�.DUS� CC5HGXFLELOLW\ DPRQJ FRPELQDWRULDO SUREOHPV

� ,Q�&RPSOH[LW\
RI FRPSXWHU FRPSXWDWLRQV� 6SULQJHU� ����� SS� ��±����

>��@ 6XEKDVK .KRW� CC5XOLQJ RXW 37$6 IRU JUDSK PLQ�ELVHFWLRQ� GHQVH N�VXEJUDSK�
DQG ELSDUWLWH FOLTXH

� ,Q� 6,$0 -RXUQDO RQ &RPSXWLQJ ���� ������� SS� ����±
�����

>��@ 6WDYURV *� .ROOLRSRXORV DQG 1HDO (� <RXQJ� CC$SSUR[LPDWLRQ DOJRULWKPV IRU
FRYHULQJ�SDFNLQJ LQWHJHU SURJUDPV

� ,Q� -RXUQDO RI &RPSXWHU DQG 6\VWHP 6FL�
HQFHV ���� ������� SS� ���±����

>��@ 6� 7KRPDV0F&RUPLFN� %ULWWD 3HLV� -RVp 9HUVFKDH� DQG $QGUHDV:LHU]� CC3ULPDO�
�GXDO DOJRULWKPV IRU SUHFHGHQFH FRQVWUDLQHG FRYHULQJ SUREOHPV

� ,Q� $OJRULWK�
PLFD ���� ������� SS� ���±����
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>��@ 'DYLG 3ULWFKDUG DQG'HHSDUQDE &KDNUDEDUW\� CC$SSUR[LPDELOLW\ RI VSDUVH LQWHJHU
SURJUDPV

� ,Q� $OJRULWKPLFD ���� ������� SS� ��±���

>��@ 1DWWKDZXW 6DPSKDLERRQ DQG <� <DPDGD� CC+HXULVWLF DQG H[DFW DOJRULWKPV IRU WKH
SUHFHGHQFH�FRQVWUDLQHG NQDSVDFN SUREOHP

� ,Q� -RXUQDO RI RSWLPL]DWLRQ WKHRU\
DQG DSSOLFDWLRQV ����� ������� SS� ���±����

>��@ <RWDUR 7DND]DZD DQG 6KLQML0L]XQR� CC$ ��DSSUR[LPDWLRQ DOJRULWKP IRU WKHPLQ�
LPXP NQDSVDFN SUREOHP ZLWK D IRUFLQJ JUDSK

� ,Q� -RXUQDO RI WKH 2SHUDWLRQV
5HVHDUFK 6RFLHW\ RI -DSDQ ���� ������� SS� ��±���

>��@ <RWDUR 7DND]DZD� 6KLQML 0L]XQR� DQG 7RPRQDUL .LWDKDUD� $Q LPSURYHG DSSUR[�
LPDWLRQ DOJRULWKP IRU WKH FRYHULQJ ��� LQWHJHU SURJUDP� :RUNLQJ 3DSHU �������
'HSDUWPHQW RI ,QGXVWULDO (QJLQHHULQJ DQG (FRQRPLFV� �����

>��@ /XFD 7UHYLVDQ� CC1RQ�DSSUR[LPDELOLW\ UHVXOWV IRU RSWLPL]DWLRQ SUREOHPV RQ ERXQGHG
GHJUHH LQVWDQFHV

� ,Q� 3URFHHGLQJV RI WKH WKLUW\�WKLUG DQQXDO $&0 V\PSRVLXP RQ
7KHRU\ RI FRPSXWLQJ� ����� SS� ���±����

>��@ 9LMD\ 9� 9D]LUDQL� $SSUR[LPDWLRQ DOJRULWKPV� 6SULQJHU 6FLHQFH 	 %XVLQHVV 0H�
GLD� �����

>��@ 'DYLG 3� :LOOLDPVRQ DQG 'DYLG %� 6KPR\V� 7KH GHVLJQ RI DSSUR[LPDWLRQ DOJR�
ULWKPV� &DPEULGJH 8QLYHUVLW\ 3UHVV� �����
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