#7% HELLENIC REPUBLIC
o

» National and Kapodistrian

4\% University of Athens

EST. 1837

National and Kapodistrian University of Athens
School of Science

Department of Physics
Faculty of Nuclear and Elementary Particle Physics

PhD Thesis

The contribution of decoherence in the dynamics of
open quantum spin chains

Ioannis Lyris

Supervisor: A. I. Karanikas
Athens, 2021



Contents

[1__Introductionl 5
2 Theoretical Background| 7
R1 Classical Mechanics| . . . ... ............ ... ... .. ..., 7
2.2  Canonical Quantization| . .. ... ... ... ... ... .......... 9
23 Timeevolutionl. . . . . ... ... ... ... ... .. ... .. ... 14
2.4 Correlation functionsl . . . . .. .. ... ... ... L L L 15
2.5 Examples of Hilbertspaces| . ... ... ... ... ... .. ........ 16
251 Theharmonicoscillator . . ... ....... ... ... . L. 16
252 Spin|. . . ... 18

2.6 Coherentstates| . . ... ... ... ... ... 0 0000000 20
.6.1 Bosonic coherentstates|. . . . ... ... ... ... L. 20

2.6.2 Fermionic coherentstates . . . ... ... ... ... ........ 21
2.6.3 Spin coherentstates| . . ... ... .. .. .. ... ... . ... 21

2.7 Open quantumsystems| . ... ........................ 22
Phase Transitions and Critical Phenomenal. . . . . . . ... ... ... .. 23

2.9 Heisenbergspinchains|. . . . . ... ... ... ... ... ...... 25
2.10 The Schwinger-Keldysh Formalism|. . . . . ... ... ..... ... ... 27
2.11 Feynman’s PathIntegral| . . . . . ... ... ... ... ... ... ... 28
2.12 Coherent-state pathintegrals| . . . .. ... ... ... ... ..., .. 32
2.13 Methods for the computation of quadratic path integrals in the continuum| 34
2.14 The generating functional| . . . . . ... .. ... ... ... ... ... 36
2.15 Path integrals in imaginary time and the Wick rotation| . . . . ... ... 38
.16 Inconsistencies of the continuum limit . . . . ... .......... ... 40
2.17 Proposals for the solution of theissues| . . . . . .. ... ... . ... ... 42
2.18 Geometric Quantization| . . . . . . . . . ... .. .. ... . e 45
2.19 WKB approximation| . . ... ... ... ... .. ... ... 0.0 53
[2.20 Faddeev-Jackiw method for path integrals over Majorana variables| . . . 54

Coherent state path integrals in the continuum via Geometric de-quantization| 55

3.1 Half-form quantization on 2D Kahler manifolds| . . . . . ... ... ... 56
3.2 Path integral construction in the continuum|. . . . . ... ... ... ... 59
3.3 Higher orders and interactions| . . . ... ... .. ... .......... 68




B.3.1 Higherorders| . . . ... ... ... .. ... ... . ... . ..., 68

B.32 Interactionsl . ... ... ... ... oo 75

4 Fermionic path integrals and correlation dynamics in an 1D XY system| 78
4.1 Spin systems through fermionic path integrals| . . . . .. ... ... ... 80
4.2 Time dependent correlations|. . . . .. ... ... ... ... ... 81
4.3 Drivencorrelations . . . ... ... ... ... o o 92

5 Reduced dynamics for bosonic and fermionic systems| 97
.1 The Reduced Generating Functional| . . . . ... ... ... .. ...... 98
.2  Computing the generating functional| . . . .. ... ... ... ...... 109

6 Epilogue 119
A" Connection with overcompleteness| 120
(B Obstruction results in quantization theory| 121
C Functional integration of H = —wS; - S, 122

[D The path integral representation of the fermion number sector decomposi- |

[_tionl 124
|[E Path integral formulation and the Schwinger-Keldysh formalism| 128
[F Calculations along the Keldysh Contour| 132
|G Calculation of equal time correlation functions| 134
[H Computation of the Influence Functional| 137
IL__The harmonic oscillator’s Green’s function| 141



Acknowledgments

I would like to thank my supervisor A. I. Karanikas for his guidance and support
during my years as a PhD candidate. I would also like to thank my colleague P. Lyk-
ourgias for our fruitful collaboration all these years, and finally thank my colleague

and friend E. Sagkrioti for all her great support.

This work was financially supported by the A. G. Leventis foundation in the form

of a three year scholarship.



Summary

In the present thesis the main goal is the construction of a consistent coherent-state
path integral formalism in the continuum limit, for use in the study of both closed and
open quantum systems. Under the scope of this study, the cases of bosonic, fermionic
and spin coherent-state path integrals are considered.

Bosonic and spin coherent-state path integrals are studied with the use of the theory
of geometric quantization. Using this formalism, and understanding how the identi-
fication of the continuum limit of coherent-state path integrals relates to the topic of
Kéhler quantization, it is possible not only to approach the problem of interest, but
also to gain new insight in the theory of Kédhler quantization. More specifically, the
correct continuum limit is proven to be identifiable through an inverse procedure to
that of geometric quantization, leading at the same time to the first physical argument
regarding the necessity of the metaplectic correction in the context of Kdhler quanti-
zation.

Fermionic coherent-state path integrals on the other hand are approached in a dif-
ferent context, in which the use of the Faddeev-Jackiw construction for constrained
systems acts as an intermediate step for the identification of the correct continuum
limit. The results of this approach are immediately applied in more complicated con-
tigurations, like the case of the spin-1/2 1D XY Heisenberg spin chain, with the goal
of showcasing their correctness. This leads to many interesting results regarding the
handling of correlation functions using this path integral formalism. The same for-
malism is later generalized in order to handle non-equilibrium dynamics, where the
aforementioned construction is applied for the case of a time dependent transverse
magnetic field, acting on the XY spin chain of interest.

With the use of these two approaches it becomes then possible to proceed with the
generalization and application of this formalism to the case of open quantum sys-
tems. Both cases of bosonic and fermionic systems are studied in this context, where
the analysis remains as general as possible. Later on, the limits of an isotropic interac-
tion and a Markovian environment are considered, in order to compare these results
to known analytical results appearing in the literature, and consequently showcasing

the correctness of these arguments.



1 Introduction

The Feynman path integral formalism is the most powerful tool for taking into account
quantum behaviour via classical computations [1,2]. Ideally suited for semiclassi-
cal calculations, the path integral machinery provides a variety of analytical methods
for studying the dynamics of quantum correlations in closed and open quantum sys-
tems [3,4]. The extension of path integration to the ordinary complex plane C through
the Glauber coherent states [5], to the complex non-flat manifold C through the su(2)
spin coherent states [6-8] and to fermionic systems through the fermionic coherent
states [3}9] has allowed for the application of path integral techniques to the study of
many-body systems [10,11]. These systems are of great interest for both condensed
matter physics and quantum information science, due to the fact that they naturally
support entangled states. Correlations in these states have a fundamental quantum
character, as they do not have a classical counterpart, and can serve both as the means
for understanding quantum phase transitions and as the main tool for quantum infor-

mation processing [12-14].

During the last years, there have been considerable advances in the study of the static
properties and the dynamics of closed many-body quantum systems, both at exper-
imental and theoretical level [15,[16]. However, despite these advances, the usage of
path integral techniques in the corresponding analysis is rather restricted. The main
reason is that, currently, there is no universally accepted way to define path integra-
tion on complexified spaces, spanned by the coherent state bases, for a general system
written in terms of bosonic, spin or fermionic operators [17-20]. When free from con-
ceptual and structural issues, path integrals over coherent states can provide a wide
variety of techniques, analytical and numerical, for the analysis of closed and open
quantum systems. In the current thesis a step is made towards this direction, where a
series of inconsistency-free methods are developed for the study of bosonic, spin and
fermionic systems through the use of coherent-state path integrals. Furthermore, this

method is generalized for the study of driven and open quantum systems.

The methods which shall be used in order for this to be achieved, differ tremendously

for the cases of bosonic/spin and fermionic coherent states. In the former cases, a se-



ries of state-of-the-art mathematical tools coming from the field of geometric quantiza-
tion will be necessary, since both bosonic and spin coherent-state path integrals can be
interpreted as phase-space path integrals over Kdhler manifolds [21]. Even though the
theory of quantization over symplectic manifolds is a very mathematically involved
topic, it will become apparent that the use of some specific results, not only allows
for the solution of the issues of bosonic variable coherent-state path integrals, but
also provides clarity to ambiguous topics in the field of Kdhler quantization [21-24].
More specifically, the presented methodology allows for the first mathematically strict
answer to the unanswered question regarding the necessity of the metaplectic correc-
tion. The case of fermionic coherent-state path integrals cannot be studied in such a
way though, since fermions do not accommodate a symplectic structure, which leads
to the need of a radically different procedure. The identification of such a procedure is
possible following some recent results regarding the consistent path integral quantiza-
tion of Majorana fermion systems [26]. A series of steps can then be proposed, leading
to the identification of well defined actions for use in complex fermion path integrals,
which are exactly the fermionic coherent-state path integrals. Both these solutions dif-
fer from the known ones [18-20,28,29], since the known methods either depend on
the discrete structure, a feature which is unattractive in the context of continuum path

integrals, or are extremely indirect.

The main body of the present thesis is comprised of two parts; the theoretical back-
ground, presented in section 2, and the methods and results, presented in sections
3,4 and 5. In section 2 all necessary theoretical tools are presented, regarding both
the canonical and the path integral formulation of quantum theory, while emphasis is
given on the issues appearing in coherent-state path integrals, as also on the existing
solutions. In section 3 an inconsistency-free method for the identification of the con-
tinuum limit for bosonic and spin coherent-state path integrals is presented, where a
method for the consistent identification of the continuum limit through the inversion
of the geometric quantization procedure is constructed. All results coming from this
method agree with the known results found in the bibliography [18-20], giving the
correct coherent-state path integrals. The strict phase-space path integral formulation
used in that context is also generalized and results for higher orders and interactions

are also presented. In section 4, fermionic coherent-state path integrals are addressed,



where the correct continuum limit is found via the corresponding Majorana fermion
one. In the same section this construction is used for the study of the 1D XY spin chain
model [30,31], allowing for the very simple computation of a series of known results.
These results act as non-trivial verifications for the consistency of the proposed pro-
cedure. This method is then generalized for the driven case, via the formulation of
a Schwinger-Keldysh path integral. In section 5, all aforementioned results for the
bosonic and fermionic coherent-state path integrals are used for the study of open
quantum systems, where a systematic and inconsistency-free formulation of the path
integral for composite systems is constructed. Even though this construction is ini-
tially general, it is later applied for the study of systems interacting with a Markovian
environment. More specifically, the examples of the bosonic and fermionic harmonic
oscillator cases are addressed in detail. Finally, a short epilogue follows, where a sum-
mary of the presented research, and its possible future directions, are presented. The
main text is accompanied by nine appendices, containing calculations and clarifica-

tions on specific topics related to chapters 3, 4 and 5.

2 Theoretical Background

Section summary

In this section, the main goal is the presentation of a comprehensive introduction to
the theory of quantization in both the canonical and path integral formulations. In this
context, great focus is given on the topic of coherent-state path integrals, which until
the time of writing still do not possess a definitive description at the time-continuous
limit, with the identification of such a description being the main topic of study in
some of the following sections. The construction of these integrals and details on their
issues in the continuum limit are extensively provided, as also are the necessary tools

for the use of these continuum structures.

2.1 Classical Mechanics

In the context of classical mechanics [32], a classical system is characterized by a quan-

tity with energy units called the Lagrangian function L, and more specifically its inte-



gral

tr
S = Ldt (2.1)
ti

which defines the action S. The action constitutes a functional of the trajectory a sys-
tem follows along its time evolution from an initial time £; to a final time f, where
the system trajectory is defined as the value of its corresponding fields at each time
t. If for a system the action is known, then the classical trajectory is defined as that
which makes the action static with respect to each field of the theory. More specifi-
cally, if the action is considered as a functional of a set of fields {¢(¢)}, and of their
time derivatives, then according to the stationary action principle, the solution to the

equation
3S(¢'(t),¢'(1),...) _
59 (F) =0 (2.2)

characterizes the classical trajectory. The symbol é denotes the functional differentia-

tion, which is defined with respect to the fields as

5¢i(t) _ g0 oyl
100 =o(t—t'). (2.3)

Here, 51'], is the Kronecker’s delta function, while §(t — t') is the Dirac delta distribu-

tion. By considering the value of the fields at times ¢; and ¢; equal to zero, or consid-
ering the case of periodic boundary conditions when this assumption is justified, and
the Lagrangian as a function only of the fields, their first derivatives, and possibly of

time itself, it is possible to reduce the equation (2.2) to a more analytical form

SL(¢' (1), ¢'(1), 1) d (ﬁ(sb"(ggjf(f;@%ﬂ) o (2.4)

5i(t) dt
In the present thesis all the Lagrangians which will be considered will contain only
derivatives up to the first order, and thus eq. is always valid.

In this Lagrangian formulation, for every field ¢*(¢) one can define its conjugate mo-

mentum 77;(t) as

O5(¢/ (1), ¢'()) (2.5)

)= 5g0)



This equation can then be inverted, with the use of a Lagrange transformation of the

Lagrangian, giving the Hamiltonian function

H(¢' (1), mi(t), 1) = ) ()¢ (8) — L@ (1), ¢ (1), 1), (2.6)

where 7 is the number of fields in the theory, and for which it can be proved that

¢j(t) — 5H(‘Pl(5(7tz?j/(§i(t)/t) (2.7)
and S
ﬁj(t) - _ (‘P(g;)]/(gz(t)/ t), (2.8)

which constitute Hamilton’s equations. Using these two equations it is possible to
study the time evolution of any function F of the fields and of their conjugate mo-

menta, since the time evolution can be found to be equal to

dE(t,¢'(t), mi(t)) _ OF(t,¢'(t), mi(t))
p = o +{F,H}, (2.9)

where {f, ¢} defines the Poisson bracket

(F,H} = (2.10)
3 (F(t, ¢ (1), (1)) H@(1), mi(t), 1) _ H(g (1), mi(t), 1) F(t, 4>i(t),m(t))> |
= ¢/ () i (t) ¢/ () i (t)

From this result it can be seen that the Hamiltonian function controls the time evolu-
tion of all quantities in a theory. Furthermore, any smooth function of the fields ¢ (t)
and their conjugate momenta 77;(t) is considered as a classical observable.

A very important example of a Poisson bracket is the one calculated between a field

¢'(t) and a conjugate momentum 77j(t) which gives

{¢'(), /(1)) = {m(t), m()} =0, {9'(t), m(t)} =4 (2.11)

2.2 Canonical Quantization

Even though the quantum theory is considered as the more fundamental viewing of

physical reality, due to the inability of defining it through a set of physical principles,
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it can be understood only through the process of quantizing a corresponding classical
theory. This quantization is possible through two seemingly equivalent methods; the
canonical quantization [33] and the functional or path integral quantization [3]]. Nev-
ertheless, canonical quantization will be mainly addressed in the first subsections of
the present thesis, not only because it historically precedes the path integral quantiza-

tion, but also because the latter can naturally be derived from it as will be later shown.

At the Hamiltonian level, the canonical quantization of a system is possible through
the replacing of the fields of a theory by their corresponding operators, acting linearly
on a Hilbert space, and of the Poisson brackets by commutation relations. However,
this procedure is not always well defined, since for more complicated functions of the
tields and their respective conjugate momenta it leads to mathematical inconsisten-
cies [22,34,35]. Nevertheless, it is a fact that in the simple case of the functions ¢’ (t)
and 77;(t) themselves, the quantization procedure can consistently be performed at the
operator level, by defining the corresponding operators ¢;(t), 7;(t) with the following

commutation relations:

¢ = [ Al =0, ¢, 7)) = ind'; (212)
The generalization of this commutator algebra is not straightforward though, as will
be argued later. Here, i = h/27 is the reduced Planck constant.
In this context, the states of a quantum system are expressed either as vectors ) of
a Hilbert space, or equivalently as wave-functions 1(x), which are locally functionﬂ
of the position ¥. The notation |¢p) is called Dirac’s notation for a state with name 1,

while the corresponding wave-function is connected to this vector through equation

$(x) = (&), (2.13)

which defines the inner product of the state vector |ip) with the vector |X) of the Hilbert
space, the latter signifying the position on a D-dimensional space with coordinates x¥,
u=1,...,D. Inthe case of the usual quantum mechanics considered here, the space is

considered to be the Euclidean D-dimensional flat space, and thus the aforementioned

lWave-functions are not functions per se, in a mathematical sense, but sections of a complex line
bundle. Nevertheless, details on this topic do not need to be addressed when the metric in the space of
fields ¢'(t) is flat, as in the case of the usual quantum mechanics on the Euclidean plane.

10



coordinate system holds globally. The symbol (2| = (|%))" defines the conjugate trans-
pose element to the vector |¥), which is defined through the symbol t. Moreover, the
set of position vectors {|X)} constitutes a complete orthonormal continuous basis of
Hilbert space, since

(T1|%2) = 6P (%1 — %), (2.14)

where 6P (¥; — ¥,) is the D-dimensional Dirac delta distribution, and there exists a
resolution of the identity

. D e s
1= IRDd x |X) (X]. (2.15)

It is easy to see then, that the inner product of two state vectors can be written as

Wle) = [, aPx (2)p(2), 2.16)

while the normalization is usually chosen to be

Wly) = [, dPxp(®)P = 1. 217)

It must be noted that the integral in eq. (2.17) converges only when the function (X)
is square-integrable on RP (ip(¥) belongs in £2), which is a very important require-

ment for the existence of a wave-function formalism.

In order to always have real eigenvalues, the quantum observables are defined as
Hermitian operators, where for an operator A, Hermitianicity is defined through the

inner product between two wave-functions (¢, ¢) as

(A, ¢) = (¢, Ap). (2.18)

Considering now the fields ¢ as the usual position coordinates x*, then the corre-
sponding conjugate momenta are none other than the physical momentum compo-
nents p,. Then, for the quantization of these quantities, the corresponding operators

acting on elements of the Hilbert space are known to be

Xtyp(x) = x'p(X), Puyp(R) = —ihd,p(%). (2.19)

The representation of quantum mechanics used above, in which the wave-functions

are considered as functions only of the position, is called the position representation.

11



With the use of the Fourier transformation of these wave-functions though, it is possi-
ble to relate this representation to the momentum representation in which the wave-

functions are only functions of the momenta.

The structures that have been referenced up to this point can be represented with
the use of a much more strict mathematical formalism, which will be analysed in sub-
section 2.18. In subsection 2.18 the method of Geometric Quantization is presented,
which provides a procedure for constructing the quantum equivalents of classical ob-
servable functions, and the results of which will be used in the section 3 of the present

thesis.

The generalization of canonical quantization for higher order operators was first at-
tempted by Dirac using a set of quantization constraints. According to these, a quanti-
zation map Q, taking classical observables (functions) to their corresponding quantum

observables (Hermitian operators), should have the following properties [22,34]

1. C-linearity: Q(rf + g) = rQ(f) + Q(g), r € C, f, g smooth functions.

2. Q(1) =1.

3. Hermitianicity with respect to the canonical inner product

[ @il = [ @R v, .20

where p(X) is the measure of integration over the manifold M on which the

quantum theory is defined.

4. Define a Lie-algebra homomorphism
[Q(), Q(8)] = inQI{f. &}). (221)

5. If{f1, fa, ..., fu} is a complete set of observable functions, then
{Q(f1),Q(f2),...,Q(fn)} is a complete set of observable operators.

It has been proved though [22,34] that it is impossible for all these constraints to hold
for a general complete set of classical observables, and thus it is usual for the last

two constraints to be weakened such that the map Q is restricted to act at least on a

12



closed Lie-subalgebra of observable functions. An example of such an inconsistency
is expressed by the Groenewold-Van Hove theorem [22,34] for the quantization of the

2D Euclidean phase space, which presents the following constraint

Theorem 1 (Groenewold-Van Hove theorem) There does not exist a consistent quanti-
zation map Q which maps the position (x) and momentum (p) observables to their respective
operators, and holds for polynomials of degree equal or higher than three, with respect to x and
p functions.

A loophole which may allow for the avoidance of this issue is that one may consider

eq. (2.21)) as perturbative with respect to the 7 parameter, and as such

[Q(), Q)] = inQ[{f, g}] + O(1?). (2.22)

Nevertheless, since the form the higher orders should possess is not known, neither
from a physical nor a mathematical viewpoint, one cannot use this equation for quan-
titative calculations, or for the study of quantum mechanics per se. In the context
of this thesis the possibility of quantizing classical observables up to the second or-
der using Dirac’s constraints will be considered as a fact, since it is allowed by the
Groenewold-Van Hove theorem. Using eq. it is easy to find then, that for the

position (x) and momentum (p) functions

Qx) =X, Q(p) =P,
(2.23)

Q) =% Q") =P, Qxp) =3 (XP+PX).

NI~

However, a different approach is needed for the canonical quantization of fermionic
operators, which appear naturally in the study of systems obeying the Fermi-Dirac
statistics. In such occasions, due to the states of identical fermions being antisymmet-

ric under the exchange of two particles

) 1) = —1[9) |¢), (2.24)

the operator algebra should be expressed through anticommutation relations. Thus,

relations are replaced by
(¢, ¢/} = {7, A} =0 {§', A} =ind’, (2.25)

13



with {, } denoting the anticommutator. In contrast to the bosonic case, canonical quan-
tization of fermionic operators does not present issues, since the anticommutative na-
ture of the quantities at the classical level as Grassmann variables, does not allow for
the construction of higher order classical observables with respect to a single variable.
Thus, in this case the knowledge of the quantization of the first orders is enough for

the complete understanding of the theory.

2.3 Time evolution

In analogy to classical mechanics, where the Hamiltonian function controlled the evo-
lution of a system [32], the time evolution in quantum mechanics is considered driven
by a Hermitian operator H defined as the Hamiltonian operator [33]. In this case,
the evolution of the system, i.e. of its states/wave-functions, is controlled by the

Schroedinger’s equatiorﬁ

. 0 -
i [p(t)) = H(t) (1)) . (2.26)
The solution of this equation gives the evolution of states with respect to time, being
of the form
. . i jtf dtH (¢
[W(t)) = Ultp t) [9(t)), Uty ti) = Te” , (227)

where T is the time ordering operator and

o hftfdtH)

:ni)(__) /tf/tn/n1 / A(tn)A(tyr) - - H(h)dhdt, ... dt, =
:g%(“> /tf// / H(ty—1)---H(ty)) dtydty .. . dt,

This foundation of quantum mechanics, through the evolution of the states of a sys-

(2.28)

tem, is called the Schroedinger picture. Besides this, there exist two more equivalent

ways to describe the time evolution, called the Heisenberg’s and Interaction pictures,

2This equation is known to be valid only for non-relativistic cases, with the Klein-Gordon and Dirac
equations being the relativistic equivalents for bosonic and spin-1/2 particles respectively.

14



where in the context of the present thesis only the former will be addressed. In Heisen-
berg’s picture, the states of the theory are considered constant, while the time evolu-

tion in transferred to the operators as
A(tp) = U (tf, 1) A(t) Ut s ), (2.29)

where

t ~
ﬁlz dtH(t)
V4

Ut(ty, 1) = Teh (2.30)

with T* being the anti-time ordering operator. Finally, it is easy to prove the property

Ut (ty, t2) = Ul(ta, 1). (2.31)

2.4 Correlation functions

The quantities that characterize the dynamic evolution of states are the transition am-
plitudes, while the ones characterizing the dynamic evolution of operators are their
correlation functions [33,36]. In the Schroedinger picture, for an initial state |1;), its
transition amplitude to a state |¢f) after a time interval t; —¢; is defined as the matrix

element
(WelU(ts, ti)|pr) - (2.32)

This quantity cannot be considered as an observable one, since it is complex in gen-
eral, and thus the corresponding physical quantity is its measure, which corresponds
to the probability amplitude of the state [¢;) transitioning to the state [¢p¢) after time
tr— ti.

In the Heisenberg picture, where the evolution is observed on the operators of the
theory, the n-point correlation functions are defined as the quantities measuring the
correlation between n-operators {A]-}, j =1,...n,during the time evolution from ¢; to
tras

1 (s te|T (ArL(t1) Aa(ty) - - - Au(tn)) Wi ti) - (2.33)

The initial and final states, characterizing the matrix element, are defined as |, t) ;; =
Ut (t,t;) |¢) and correspond to states on which the evolved operators under eq. (2.29)

15



act independently of time as

A(t) [ty = UM (1) A(L) [9), (2.34)

where |¢) is a time-independent state in the Heisenberg picture. The choice of these
states is made due to the fact that if a state |¢) is an eigenstate of a Heisenberg operator

P (t;) then the state |, t), is the eigenstate of the evolved operator i (t):

Pt [p) =) = ¢O) [, )y =l )y (2.35)

2.5 Examples of Hilbert spaces

Two very important Hilbert spaces that will be studied extensively in the context of

the present thesis are those of the harmonic oscillator and of spin systems.

2.5.1 The harmonic oscillator

The quantum harmonic oscillator’s evolution is driven by the Hamiltonian operator

A k o 1 4
H=(-X*+—-P). 2.36

(2 2m (2.36)
This operator constitutes an exact analogue of the corresponding classical Hamilto-
nian function, the canonical quantization of which is consistent under Dirac’s con-
straints. Here, the symbol m denotes the mass of the oscillating object while k defines
the oscillation constant. The study of this system can be performed much more eas-

ily through the definition of the creation and annihilation operators of the harmonic

4 Mmw [ N . mw [ I 4
= — - — = — —P 2.37
4 2h ( mwp>' “= on <X+mw )' (2:37)

which obey the commutation relation

oscillator

(2,87 =1, (2.38)

16



with w being the angular frequency. In the basis of these operators it is easy to see that

the Hamiltonian operator assumes the form
- a1
H=hw(da+ 5 ) (2.39)

Defining the vacuum state |0) as the state on which 4 |0) = 0, it is easy to see that
the state 47 |0), n € IN, constitutes an eigenstate of the operator 4" with eigenvalue

.I.

n. This indicates that one can define the number operator N = 44 and a countably

infinite basis {|n) } covering the Hilbert space, for which
aln) =vnn—1), atn)=vn+1ljn+1). (2.40)

This basis is orthonormal and complete, defining a resolution of the identity
1=Y|n)(n]. (2.41)
n=0

Since the states {|n)} are the eigenstates of the number operator, they also define the
quantized energy levels - modes - of the Hamiltonian (2.39). The nature of the eigen-
states of the harmonic oscillator through the aforementioned countably infinite basis
allows for the use of the same basis for the representation of single energy bosonic
degrees of freedom. In that case, the action of the operator N on a state |n) provides

the number of bosons 1, where |n) is the state of n identical bosons.

In analogy to the quantum harmonic oscillator, the Hilbert space of which has an
equivalent structure to that of a system with single energy bosonic degrees of free-
dom, it is possbile to define the fermionic quantum harmonic oscillator, of which the
Hilbert space is equivalent to that of a system with single energy fermionic degrees of

freedom. The fermionic harmonic oscillator is defined as
Ay =ho (Pt — ! (2.42)
f 2)7 )

where the creation and annihilation operators " and ¢ respectively are of fermionic
nature. As a result, the commutation relation (2.38)) is switched to the anticommuta-
tion relation {¢, '} = 1, while due to the nilpotency of fermionic operators: §" =

™ = 0 Vn > 1. This result leads to the construction of a two dimensional basis for

17



the fermionic Hilbert space {|1),|0) } where the elements correspond to the existence
or not of a fermionic degree of freedom. This basis is compatible with the Fermi-Dirac
statistics which do not allow for the simultaneous existence of two fermionic degrees
of freedom with the same characteristics. In the case of the bosonic oscillator there
was no such constraint, since bosons obey the Bose-Einstein statistics. The aforemen-
tioned fermionic basis is again orthonormal and complete, providing the resolution of
the identity

1=10) (0] + [1) (1]. (2.43)

The analogue of position and momentum operators in the fermionic case, i.e. the

Hermitian operators related to the complex ¢, ) ones, are the Majorana operators
N=h+9" R=i(#' =) (T} =i (2.44)

The case of more fermionic operators ¢;, i = 1,..., N, and their conjugates, can be

generalized naturally by introducing for each couple §;, {7 two Majorana operators

F2i—1 and J»;.

2.5.2 Spin

The algebra of spin generators Sy, éy and S, has the form

S, S) =i Y €Sk iLj=xyz (2.45)
k=x,,2

which is none other than the su(2) Lie-algebra, with €;; being the fully antisymmetric
tensor. The basis of the corresponding Hilbert space is constructed with respect to the
eigenstates of an su(2) element Sc generating a Cartan subalgebra, i.e. the maximal
Abelian subalgebra of su(2). This Cartan element is usually chosen to be the operator
S.. In a spin representation with value s it is possible to define a highest weight state
|s,s), which constitutes the eigenstate of Sc with the highest eigenvalue s, and define

the ladder operators S, and S_, obeying the following algebra

[Sc,5+] = +hSy, [S4,5 ] =2hSc. (2.46)
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These operators construct a (2s + 1)-dimensional basis {|s, j) } of the Hilbert space and

act as

Sclsjy =hils.j), Sclsj)=n(F)sEj+1)sj£l),  (@47)

where {|s, j)} is the eigenstates of S¢ with eigenvalue j in the spin-s representation of

su(2). In the case that S¢ = S, is chosen, the ladder operators adopt the form
Si =515, (2.48)

This basis is orthonormal and complete, and thus defines a resolution of the identity

S
1=Y Isj) (s ]l (2.49)
j=—s
For spin-1/2 it is easy to observe the similarity between the Hilbert spaces of spin
and fermionic degrees of freedom, since both are covered by a two dimensional basis.
This similarity is made formal through the Jordan-Wigner transformation [31] which

identifies the states |s, —1/2) = |1) and |s, +1/2) = |0) and defines the mapping

szé(”ﬂﬁ),
S, = % (lﬁﬁ —1,@), (2.50)
=o'

A similar mapping [31] can be used to identify the tensor product of the Hilbert space

of n fermion modes, with a lattice of n spin-1/2 degrees of freedom, and takes the

form
N R N
Sxi = Ek:l (E - ‘/kak) (’1"1 + 1/’1> ’
=TT (1 it ) (9! ) 251)
y 2 Pl 2 k k 1 1)

where ], §; are the creation and annihilation operators respectively of the I-th fermionic

mode, and §]~l, j = x,9,z, is the §j operator acting on the I-th subsystem, with [ =
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1,...,n. The product prefactors appearing in eq. (2.51) are necessary, since when re-
ferring to different subsystems, products of the quantities in the r.h.s. anti-commute
in the absence of these prefactors, while the quantities on the L.h.s. always commute.

This issue is solved through the inclusion of these extra factors.

2.6 Coherent states

The Hilbert spaces of bosonic, fermionic and spin systems allow for the definition of

an overcomplete basis, which is called the basis of coherent states [3,137].

2.6.1 Bosonic coherent states

In the case of bosonic degrees of freedom, the coherent states are defined with respect

to a complex number z as

z ~ © n
b4 :e_‘TeZ‘Z+ 0) = -5 2 |n , (2.52)
b

Iz

where the coefficient e~ 2 acts as a normalization. These states are the eigenstates of

the annihilation operator since
alz), =z|z),. (2.53)

The set {|z),}, with z € C, does not constitute an orthonormal basis, given that the

inner product of the coherent states can be found to be

2 ml?
2 2

plz2lz1), = tRn, (2.54)

but nevertheless constitutes an overcomplete basis, since it allows for the resolution

of the identity
A - 1 2
= E/Cd z|2), (. (2.55)

The integration measure above - and whenever integration is performed over the com-
plex plane - is denoted as d’z = J.dzdz = dRe(z)dIm(z). In this basis, the trace of any

operator can be calculated as

A 1 ~
trO = = | 42 . 2.
rO 7'(/(1 z,(z|O|z), (2.56)
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2.6.2 Fermionic coherent states

Coherent states can be similarly defined for fermionic systems using the fermionic
creation and annihilation operators, but this time with respect to a Grassmann variable
6. Grassmann variables are anticommuting variables, a property which leads - up to

an arbitrary normalization - to the following statements

1 1
=0, —= [do—0 — [deo=1, 257
where 0 is considered complex. The fermionic coherent states are then defined as
6) = e 7ef"010) = &% (j0) — 6 ]1)), (2.58)

while, in analogy to the bosonic case, they correspond to the eigenstates of the fermionic
annihilation operator since
P1o) =616). (2.59)

Their inner product can also be found to have the form
6,6 0,06 A
(02]01) = e "7 2 00, (2.60)

which again indicates the non-orthonormal nature of this basis. The overcompleteness

is again observed though the resolution of the identity that this basis allows

A 1 ~

i= / d6d6 |6) (6. 2.61)
Finally, in this case, the trace of any operator can be computed as

A 1 - ~
0 = — /dede (—6]016) . (2.62)

2.6.3 Spin coherent states

The Hilbert space of spin systems allows for the construction of the su(2) coherent

states

_ 1 25 _ 1 > (2s)! 2
o= e o~ e L e © R @9
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where the factor 1/ (1 + |z|?)* acts this time as the normalization, and s is the spin of
the corresponding representation. Once more, these states constitute an overcomplete,

non-orthonormal basis, with inner product

(1+2521)*
= 2.64
s<ZZ|Zl>s (1_|_ |21’2)5(1 T+ |Zz|2)s ( )
and resolution of the identity
R 25+ 1 dz
1 = ——5- 2.65
s2 T /C|Z>ss<z|(1_'_|z|2)2 ( )

The index S? in eq. symbolizes the space over which the integration is per-
formed, which is none other than the 2-Sphere. The canonical measure of integration
is then analogous to dz/(1 + |z|?)?, with z being the chart coordinate covering the
whole 2-Sphere, except of a point at |z| — oo. In this case, the trace of any operator

can be computed as

A~ 25+1 d?z A
= ) 2.
w0 === [ s o), (266)

2.7 Open quantum systems

Up to this point, the states were defined to be vectors of a Hilbert space. However, this
formulation cannot hold true for the case of open quantum systems. To allow for the
definition of mixed states and processes like decoherence, one needs to reformulate
quantum mechanics using the density matrix formalism [38,39], which treats the states
as operators. States that can equivalently be expressed as vectors |i), are called pure

states, and for these the corresponding density matrix is defined as

PPure = |1~P> <¢| . (2.67)

In the general case though, a density matrix p is defined to have the following proper-

ties:

1. pis positive,

2. trp =1,
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and in the case that the state f is pure, also trp> = 1. A very important example of a

mixed state is the thermal state .
e PH

OTh = , 2.68

OTh - (2.68)

which characterizes a quantum system in thermal equilibrium, and arises as the quan-

tum analogue of the classical canonical ensemble, with Z = tr [e‘lm ] being the parti-
tion function and f = 1/T the inverse temperatureﬂ In the density matrix formalism,
the expectation value of an arbitrary operator O, with respect to a system character-

ized by a state p, can be found to be

(O) = tr [p0] . (2.69)

2.8 Phase Transitions and Critical Phenomena

A phase transition [40] is a phenomenon observed when a thermodynamic system ap-
pears to change its physical behaviour, at a given point of its parameter space. During
a phase transition, certain properties of the medium change, often discontinuously, as
a result of the change of external conditions, such as temperature, pressure, or others.
Such phenomena are possible both in classical and quantum systems with examples
ranging from phase transitions between states of matter, to quantum condensations
such as the case of the Bose-Einstein condensate. A very important case is the one of
quantum phase transitions [41], which become apparent at the zero temperature limit
of specific quantum systems, and are immediately related to the entanglement prop-

erties of the ground-state.

Phase transitions are classified in two categories, of the first and of the second or-
der. First order phase transitions are characterized by the absorption or release of a
tixed, and typically large, amount of energy per volume. During such processes, the
temperature of the corresponding system will stay constant as more heat is added,
with the system remaining in a fixed-phase regime, in which some parts of the system
have completed the transition and others have not. Familiar examples are the melting

of ice or the boiling of water.

3The Boltzmann’s constant has been set here k = 1 for simplicity.
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On the other hand, second-order phase transitions, which are also known as "con-
tinuous phase transitions", are characterized by a divergent susceptibility, an infinite
correlation length, and a power law decay of correlations near criticality. The afore-
mentioned power law is a result of the theory becoming scale invariant at the critical
point. An example of such a transition is the quantum phase transition observed in
the XY spin chain, which will be addressed in the next subsection. Such transitions
are characterized by the Kibble-Zurek mechanism (KZM) or the adiabatic-impulse-
adiabatic approximation [42,43], which is based on the fact that the evolution of a sys-
tem through such a phase transition cannot be considered adiabatic near the critical
point, irrespectively of how slow the driving is. In such cases the evolution is con-
sidered initially adiabatic, becoming non-adiabatic near the critical point. The term
quantum denotes transitions connecting different quantum phases of matter, which is
the reason why these are in general observed at zero temperature. Such transitions are
accompanied by abrupt changes in the ground-state of a many-body system due to its
quantum fluctuations and thus, are immediately related to its entanglement proper-

ties.

The aforementioned singular behaviour of some quantities in a second-order phase
transition can be characterized by a set of critical exponents {«, 8,7,6,v,z,1,... }. The
two most relevant critical exponents in the context of the present thesis are the expo-
nent v, corresponding to the divergence of the correlation length ¢, and the dynamic
critical exponent z, corresponding to the divergence of the characteristic time 7. The
divergence of the correlation length is the main reason for the power law behaviour

of correlation functions near the fixed point, since

Ay

|x1_x2|k 4 kIAImZOI

(P1(x1)D2(x2)) ~

while it is also solely responsible for the singular contributions to thermodynamic
quantities. The divergence of the characteristic time scale can be easily understood
from that of the correlation length as 7 ~ ¢*. Models which present the same be-
haviour near criticality, and as a result share the same critical exponents, are said to

belong to the same universality class.
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2.9 Heisenberg spin chains

Heisenberg spin chains are quantum statistical models used both in the study of phase
transitions as also in quantum information processing. They represent models in
which spin degrees of freedom interact successively with each other, usually in a near-
est neighbour fashion. Considering now the case of spin-1/2, the general Hamiltonian

for an 1D chain of N + 1 such spins and only nearest neighbour interactions is

M=

I
—_

A=— [ac7 o’ + bo?! ]+1+caa + hoy]. (2.70)

]

Here, (7 , W = x,y,z are the Pauli matrices at the j-th point of the spin lattice, ] =
1,..,N + 1. In the Hamiltonian presented in eq. - 2.70) the last term has been included
in order to allow the interaction of the system with an external magnetic field / di-
rected along the z axis. Even though such models in general present many interesting
critical properties at the thermodynamic limit N — oo, as also strong connections to
2D Quantum Field Theories, in the case of finite N these are also deemed important

for the study of perfect quantum information transfer.

These models are in general named depending on the choice of the factors a, b and
c, i.e. the choice a # b # c defines the Heisenberg XYZ model, while the choice
a = b # c defines the Heisenberg XXZ model. A model which will be studied exten-
sively in the context of this thesis is the transverse field 1D XY model [30,31]

N 1+7r 1—7r
H = 2 > ]" ]"H + 5 (7] 0']+1 + ha (2.71)
j=1

where r measures the anisotropy between the x and y couplings. Atr = 0 one recovers
the isotropic XY limit, also known as the XX model, while at » = 1 the Ising limit is
recovered. All anisotropic models (0 < r < 1) belong to the same universality class,
i.e. the Ising class, whereas the isotropic XX model belongs to a different universal-
ity class [31]. XY models exhibit three phases: the oscillatory, the ferromagnetic and
paramagnetic phases. In contrast to the paramagnetic phase, which appears in the
h > 1 regime, the first two are ordered phases and appear for r> + h? < 1 (oscillatory)
and 72 + h? > 1, h < 1 (ferromagnetic).
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This model has a quantum second-order phase transition from its ferromagnetic to its
paramagnetic phase at 1 = 1, when it is studied in the thermodynamic limit N — co.
As referenced above, the behaviour of this model at the critical point differs between
the cases of ¥ = 0 and r # 0. In the case of the isotropic XX model, it is known that
the correlation length critical exponent is v = 1/2, and the dynamic critical exponent
is z = 2. On the contrary, for r # 0 the model belongs in the Ising universality class, in
which v = 1 and z = 1. It must be noted that even for r very close to, but not exactly

zero, the system still shows Ising behaviour.

As referenced in subsection 2.5, the spin-1/2 degrees of freedom can be very easily
mapped to fermionic degrees of freedom via the Jordan-Wigner transformation. This
method allows for a much more simple study of the quantum Hamiltonian (2.71),
but also presents a few new subtleties. One such subtlety arises after imposing peri-
odic boundary conditions for the chain, which are made formal through the constraint
UK]UK] = U]’\l,af , 1 = x,Y,z and not the intuitive choice (TK] = af . This is necessary,
since the latter choice would not return the correct spectrum and eigenstates for arbi-
trary N, when working with the fermionic degrees of freedom [31]. On the contrary,
the new constraint has two solutions, one being the case of odd number of fermions
and )11 = 1P and the other the case of even number of fermions and Py 1 = — ;.

Thus, for §'s that are periodic the fermion number is odd, whereas when these are

antiperiodic the fermion number is even.

It is easy to see then that the parity operator

N o N

P=T10-2¢;¢) =[], (2.72)

j=1 =1

is a symmetry of the Hamiltonian (2.71), and thus the Hilbert space of the model is
split in two sectors, corresponding to the even or odd number of fermions. To in-
corporate the aforementioned boundary conditions on the §; operators it is usually
preferable working with their Fourier transformations,

R 1 N-1

i = = Z—:o el Wi(m+b)(b), (2.73)
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where b = 0 for periodic §;’s and b = 1/2 for anti-periodic ¢);’s.

210 The Schwinger-Keldysh Formalism

In the case of non-equilibrium dynamics, some methods used in the equilibrium case
tail [44], and thus new methods need to be considered for the understanding of such
systems. This failure becomes apparent both in the breakdown of the conventional
Time-Ordered perturbation theory, as also in the inability of regaining information for
the dynamics through the Partition Function and its subsequent Wick’s rotation (see
subsection 2.15). An appropriate method for the study of systems out of equilibrium
is based on the definition of a time contour on the complex plane, along which pertur-

bation theory is indeed valid.

The Schwinger-Keldysh formalism [44-47], which is a basic tool for the study of sys-
tems out of equilibrium, refers to the construction of a specific path in the complex-
time plane for the system to follow, in order to compute expectation values of opera-
tors like the one in eq. as functions of time. Since the study can be performed
in the same fashion either in the Schroedinger or the Heisenberg picture, it suffices to
refer to the latter. Considering the time evolution performed only to the operators of
the system as O(t) = U (t,t;,)O(t;,,)U(t, t;,) with t;, being an initial reference time,
and the system initially being at a state ;, = p(t;,):

<O(t)> = tr [me(t)] = tr [pina+(t/ tin)o(tin)a(t/ tin)] . (2-74)

By introducing a new time instance T through the equation U (T, t;,,)U(T,t;,) = 1
and using the property U'(t1,t,) = U(ty, t1) eq. (2.74) can be brought to the following
form

(O(1)) = tr [in U (tin, T)U(T, )O(tin) U(t, tin)] - (2.75)

In the case that the system is initially in thermal equilibrium with inverse temperature

B and initial Hamiltonian H;,

(2.76)
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it is also possible to consider the operator e~PHin as an evolution operator U(t;, —

iB, tiy) with respect to a constant Hamiltonian H;, in the direction of imaginary time.

Then, by defining the partition function of the system as Z;,, = tr [e’fmm} eq. (2.74

further reduces to

A 1 ~ , ~ . A .
<O(t) > = Ttr [u(tin - 1[3/ tin) u(tinr T) U(T, t)o(tin) U(t, tin)] . (2-77)
mn
This result can be easily translated as the evolution of a system with respect to time
defined in the complex plane, where the specific path can be read from eq. (2.77) from

right to left:

e The system starts at time t;, 4 i0 and evolves above the real axis, until the time

instance t = t + i0, in which the operator O(t;,) acts.

e The system continues to evolve above the real axis until the time T, = T + 0.

The complete evolution above the real time axis defines the line L.

e The system evolves backwards in time below the real axis until it returns to the

initial time t;,,_ = t;, — i0. The evolution below the time axis defines the line L_.

e The system evolves parallel to the imaginary axis, from ¢;,_ to t;;,— —iB. The

corresponding line in the complex plane is defined as L B-

For simplicity and without loss of generality the choice t;, = —T will be used later, to
reduce the number of constants.

The complete path in the complex plane denotes the Keldysh contour, which is pre-
sented in figure (1) and is denoted as C, while the real part consisting only of the lines
Ly and L_ is denoted as P. Furthermore, the existence of the trace in eq. de-
fines periodic boundary conditions for the fields of the theory, in the case that these

are bosonic, and anti-periodic if these are fermionic.

211 Feynman'’s Path Integral

In addition to the canonical quantization presented in the previous subsections, it is
possible to construct a new method of quantization through the study of the corre-

lation function. This method is the so called Path Integral quantization [3,48], which
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Figure 1: The Keldysh Contour
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was firstly introduced by Feynman [1,2], who costructed the phase space path integral
in the Euclidean plane. In the following, his original construction is presented, for a
one-dimensional system with Hamiltonian operator H = ﬁpz + V(X), correspond-
ing to a particle of mass m moving in the presence of a potential V(X). The same

procedure directly generalizes to more dimensions.

By discretizing the time evolution of the correlation function (2.32)) in the Schroedinger

picture, with initial and final states being elements of the position basis {|x) }

fde gl —LeA(tj+ne)
|xl>—hm lim (xe|T [ e #"itme)y;), (2.78)

e—0N—o00 -
n=1

< |Teht

where (N + 1)e = t; — t;, and using the resolution of the identity in the space of
position and momentum between the infinitesimal time evolution operators, it is easy
to find [36]

NN dpi
(x¢|Te 77 |x,> =lim lim [l | . ] [l | /Oo 27th]

e—0N—00 k=1

(2.79)

N-1 _
X exp( Yolp —ka %) He(pr, xk)])r
k=0
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R 2
with xg = x;, xy = x5 and Hy(px, xx) = (xk, pr|H|xx, px) = % 1+ V(xt). This quantity

is considered to have a well defined continuum limit

x(tf)=xs
ot b A D D Y i — H 2.80
(xp|Te xi) = [ p xexp( = [ dtlpi—Ha(q,p)]),  (2:80)
x(t;)=x; f

where

N-1 i
/ Dx = lim lim [H / dx, (2.81)

e—0N—o00 i

and

Dp — lim lim | [T = dpe 2.82
[Pr=tmpm I TT [ 551 28

It must be noted that, even though the above measures of integration can be well de-
fined as integrals over the pathsﬂ this is not the case for path integrals over more
complicated structures, as is the case of path integrals over fields in quantum field
theories. In such cases, there exists an inability in defining a general functional mea-
sure for the integration, and thus the use of path integrals is not generally well defined
in a strict mathematical sense, despite the fact that it remains the usual practice. For
this reason, it is necessary to refer to the well defined discrete form seen in eq. (2.79),
for the handling of such cases. Nevertheless, this should also be the standard method
even when the continuum limit seems to be well defined, since the correct form of this
limit may be highly non-trivial and not immediately emerging from the discrete one,

as will be noted later.

The same construction can be used for the study of the correlation functions (2.33)
in the Heisenberg picture [36]. In what follows, the procedure in the 2D phase space
(1 spacial dimension) is presented, while the generalization to higher dimensions is

immediate. It is then possible to express the correlation function as

H(xp | T (X1 ()Xo (t2) -+ - Ku(tn)) |xi, by =

= <xf|CI(tf — tn)f(nl:[(tn — tnfl) cee )A(ll:[(tl — ti)|xi> ,

(2.83)

where the time ordering t,, > t,_1 > - -- > t; is considered, and the operators with no

time argument on the r.h.s. are defined at an arbitrary time ¢(. In this form, all physical

4This will also prove to be the case for all path integrals over well defined phase-spaces.
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quantities, i.e. the operators X, j = 1,...n, and the initial and final states |x;), |xf)
respectively, have been returned to the form they had at a reference time ty. In the
above relation, one can again perform the aforementioned discretization procedure
and use the resolution of the identity between the ordered exponentials, leading to

the following result
H{(xf, tf|T (X1(t1)Xa(t2) - - - Xu(tn)) |xi ti) gy =

i

x(tf)=xs t (2.84)
= [op [ Dxxtsttir)-xte (5 [ atlpd — Hala ) )
x(t)=x;

i

Since eq. has the same form for all choices of the time ordering of ty,...,t,,
this path integral by construction takes all possible time orderings into account. All
the above arguments can be trivially generalized for correlation functions of arbitrary
operators, that are functions of X and P. Due to arguments related to symplectic ge-
ometry, the path integral of eq. can again be considered well defined in the con-
tinuum. Nevertheless, caution should be exercised with its use, for the reason stated
previously. The most important characteristic of this result is that the fields x(¢;) now
appear as functions and not as operators, while the time ordering is included in the
construction itself. As will be pointed out later, the time-continuous form allows for
the use of classical methods for the calculation of quantum results, which is the most
desirable advantage this form has, in contrast to the discretized one. Since the use of
such functional methods can lead to enormous simplifications in complicated prob-
lems, the identification of the exact continuum limit of such quantities becomes very

important, and is a major topic of the present thesis.

The path integral construction analyzed above paved the way for the foundation of
path integral quantization, which was later implemented in both many-body systems
through Coherent-state path integrals [3-11] and Quantum Field theory/Statistical
Mechanics leading to the theory of the Renormalization Group [49)50]. In that context
and for all the cases encountered in the present thesis, path integration is considered

over a set of complex fields {¢;},i = 1,..., M and the functional integrals that will be
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calculated are of the following form

/

BC

M
HD@D@] exp {i / dt 2 $:(51i9 — Vij) o, } , (2.85)
i=1 ti i,j=1

where the index BC denotes the boundary conditions of the quantity the functional
integral corresponds to. In the previous quantity and from this point onward 7 is set
to it = 1 for simplicity. Such functional integrals will appear in the study of Coherent-

State path integrals.

2.12 Coherent-state path integrals

The aforementioned discretization procedure and the subsequent use of the resolution
of the identity with respect to a given basis can also be performed using coherent state

bases [3-11]. A correlation function in the space of coherent states can be discretized

in analogy to eq. (2.78) as

<zf|Te*ift AR,y lim lim (z(T ]’[ pieAltitne) |,y (2.86)

n=1
where (N + 1)e = tf — t;. Here, even though coherent states are denoted as |z), the
arguments do not necessarily refer to some specific case, but to all three aforemen-
tioned cases of bosonic, fermionic and spin coherent states. Using the resolution of
the identity in a coherent state basis, it is then easy to proceed with the discretization

procedure as

[ N . N-1 .
. . _ —ieH H —ieHy _
= lim lim |11 /(:u(zn,zn)] (ol Jzn) {zal e 2 [T (aneal e ) =
[N N-1
:éi_%l\gigqoo H/Cy(z,z)] (zflzn) (z1]z:) L_1 (Zpit|za) | X (2.87)

x ¢ le (EN= Hu(znZn41)+Hn (2n02f)+Ho(zi/21) )
7

where Hy, (2, Zu11) = (Zni1|Hnl|zn) / (zns1|zn), Hy = H(t; +ne) and u(z, 2) is the mea-

sure of integration of the corresponding set of coherent states. The usual parametriza-
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tion of this quantity can be performed through the introduction of two multiplicative

terms as
<Zf|ZN> (z1]zi) (zn+1l2N) (21]20)

z¢lz z1|z;) = , 2.88
< f| N>< 1‘ 1> <ZN+1|ZN> <Zl|ZO> ( )

where zo = z;, Zy+1 = Zf, and by redefining the path integral as
(zf|Te” 1 |2y = (2.89)

e—-0N—o00 =1

N N N )
= lim lim H/ 1(zn, Zn) H (Zyps1|zn) ¢~ i€ Xnso Hn(ZnZnin)
C :

where I's; = In {(z¢|zn) (21]2i) /(zn412n) (z1]20) } is the boundary term. This term
is not necessary for the construction per se, but plays a practical role, since it is crucial

in avoiding discontinuities in the classical paths during the calculations.

Even though the continuum limit of these quantities is not uniquely defined, due to
the asymmetry presented in the Hamiltonian term at the discrete level, it can still be
used for the qualitative study of systems. In the three cases of coherent states pre-
sented in subsection 2.6, the continuum form of the corresponding path integrals is

the following:

e For bosonic coherent states [3,5]]

2(ty) =z )
el e O 2 P20 | o Tix
teltity]

z(t)=z; (2.90)
; .
X exp (l/ " dr B (22 — zz) — HCI(Z,Z)} ),
£
with Ffi = % (‘Zf’z + |Zi‘2) — % (ZfZ(tf) + Z(ti)zi).
e For fermionic coherent states [3,9]
0(tr)=0;
. i ap 2
(6| Te ™" 0 gy = [ 1 fft)] e

o(t)=6; LIEltit] (2.91)



with T = 3 (|62 + [6;]%) — 5 (0760(t;) + 6(t:)6;), and |6]> = 66.

e For spin coherent states [6-8]

[/ dath s 25 +1 d2z(t
g Te i R0 | | R ORE PRV
teltit T (1+[z[?)
a(t)=z LtClits] (2.92)
t 55 =
X exp (i /t,-f dt [is—fz_i_ |Zz|i — Hg (Z,Z)} ),
. o (1+Zfz(tf))(1+2(ti)zi)
with Ffl = sln A+, P D)

As noted previously, the safest route when using these quantities is to always consider
them at the discrete level, where the Hamiltonian term has an asymmetric form. As
will be commented shortly, the use of these quantities in the continuum fails when it
comes to exact calculations, since the most logical choice of Hamiltonian symbol H,
is not the correct one. In this case, further corrections are needed, which must be iden-

tified through other methods.

Since in all cases presented above, path integration was performed over a set of com-
plex fields, for reasons of simplicity the symbol ¢ will be used instead of z and 6 when-
ever methods or arguments hold for all coherent state bases. Furthermore, the general
case of M such sets of complex fields ¢;, i = 1,..., M will be considered whenever
possible, since such cases will be encountered later, when more than one subsystems

are involved.
2.13 Methods for the computation of quadratic path integrals in the
continuum

Quadratic path integrals in the form of eq. (2.85) can be computed in the continuum [3]

through the calculation of the functional determinant of the operator ¢;;id; — V;;(t)

|

BC

T Do | ex i/tfdt%q_b'(é"ia Vi) b = ! (2.93)
LEPEPn &P, OOt = V)9 (7 Detlior — V()]

l i =1

where the operator acts on the space of differentiable functions, in the interval t &

[ti, t£], with the appropriate boundary conditions. In this form the I'y; factors are not
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included, since the boundary conditions have already been taken into account in the
structure of the function space on which the operator acts. Equation (2.93) is true
only for bosonic variables, since in the case that ¢;’s are Grassmann, the determinant
appears in the numerator. To compute this functional determinant the following prop-
erty can be used DetA = exp{TrlogA}, which is valid for an arbitrary kernel A. One
can then proceed by introducing the corresponding determinant of the free theory

Det [i0; — V(t)]
Det [lat]

Det [id; — V/(t)] = Det [idy] (2.94)

The quantity which needs to be calculated then is

Det [lat — V(t)]
Det [lat]

= exp {Trlog [io; — V(t)] — Trlog [i0:] } . (2.95)

From this point onward the symbol Tr denotes the functional trace over both time and
matrix indices, and the symbol tr denotes the trace over only matrix indices. Using

the identity

1 \% . .
one then finds’
Det[id; — V(1)] 1 70

It is easy to see that the previous quantity reduces to

Detgii [:ag(t)] = exp {— /01 dATEV (1) G (¢, t')} =

— exp {_/01 dAtr /:f dtV (£)Ga(t, t)},

where G, (t,1') is the Green'’s function satisfying the equation (id; — AV (t)) G, (t,t') =

(2.98)

16(t — ') with the appropriate boundary conditions at ¢; and ¢ - The calculation then
proceeds for each case by solving these Green’s equations and substituting the solu-
tions into eq. (2.98). The computation of the factor Det[id;] can be performed with

the use of dimensional regularization [3], but this determinant can be considered just

SWhile this equality holds true in the strict sense only for specific values of V (), it can be analytically
continued outside of its radius of convergence or, in the case that it is used for general V (), the result
can be regularized through appropriate methods.
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as a normalization, since its contribution does not contain information regarding the

potential V (¢).

214 The generating functional

The form given to the path integrals of subsection 2.12 allows for the definition of a

new quantity, the generating functional:

Zps, ¢i ] = (2.99)
Piltr)=ir r s ) ] oMo ] )
= [HD4’1'D471'] e flexp {1/ dt Y [¢iKijoj + Ji(£) i () + i) Ji(1)] } ,
I (=
¢ (t) =i
with Kj; = §;jid; — Vj; for the case of the previous subsection, and J;(t), Ji(t) being

external currents. Using this quantity it is possible to construct correlation functions

as
Pi(tr)=0jr
(SHZ iy M f —lfi
=057 )[(Pf fs)f(]t]) B [HD%D@] e ipu(tn) .. g1 (H)
n)e-- 1) 1j=0 (P]‘(ti):‘l’ji i=1 (2100)
M
X exp {z /t dt ) [iKije;]
i ij=1

and similarly for conjugate fields ¢; and mixed cases. The same procedure can be
used even if the initial action weighing the path integral is more complicated. It
must be noted that even if ¢; and ¢; are the projections of the operators ¢; and ¢!
respectively on a basis of states, the previous path integral is not necessarily equal to

1 @p e T (Pr(t)Pa(t) - - Pultn)) i, t;) , as will be shown later in the main text. On
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the contrary, it must be considered that
H A T (r(h)a(t) - - Pu(tn)) |1 b}y =

== (5]_1(21‘1)) ot (5Tn(§tn)> 2y 9 ”‘]—0 - (2100

' M - T tr M
- [I—{D(Pipq)i] e SIE(¢r1(tr)) - .- F(Pn(tn))exp {l/t dt Z [‘PiKij‘P]'} } ,

¢j(ti)=¢;i boowEl

where F ( 5.0
current [;(#;) and F(¢;(;)) the analogue for the function ¢;(t;). As will be made clear

) is a function of the functional derivatives with respect to the external

later, even though the choice F(¢;(t;)) = ¢;(t;) may work in the case of a real space, i.e.
where the fields X; are not complex, in the case of coherent states inconsistencies will
become apparent and will make the identification of the correct function F non-trivial.
Nevertheless, when no inconsistencies appear or in the case that these are resolved,
such functional differentiations can produce a large variety of quantum quantities. For
this reason, the generating functional of eq. can be expressed in a more practical

form through the change of variables

Pi(t) = (1) / avK; (1, (), (2102)
where for reasons of simplicity the case of periodic boundary conditions is presentedﬂ

Z[Per; ]| = (2.103)

= Z[Per; 0] / [HD@D@] exp{—z/ dt/tfdt Y T(OK () (t )}
(+)

ti i,j=1

®In this equation and from now on, the T i factor is dropped when considering periodic/anti-
periodic path integrals (partition functions), since the classical paths with periodic/anti-periodic
boundary conditions are continuous. On the other hand, this factor could be necessary when com-
puting such quantities as

—_ A —i -
z= [ n(e,d) (gTe 1 g,

in which case, depending on the method being used, it may or may not be needed in the calculation
of the matrix element. The upper symbol in & denotes the bosonic case while the lower denotes the
fermionic case.
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The abbreviation Per inside the Z functionals denotes the periodic boundary condi-
tions, while the symbol (+4) denotes the same at the level of the path integral. In a
more general case, boundary terms originating from the aforementioned change of

variables may appear, along with any pre-existing boundary term I's;.

In the case of quadratic actions of the form

e A
S = /t dt Z (Pi((si]‘lat — Vl])(l)], (2.104)

i ij=1

the kernel Kl.;l appearing in eq. (2.103) is none other than the solution to the Green’s

equation
M
Y (670 — Vii(1)) Gie(t, ') = 636 (t — '), (2.105)
=

with the appropriate boundary conditions.

2.15 Path integrals in imaginary time and the Wick rotation

The path integral method can be used also for the study of thermal systems [3]. In such
systems, which are defined through the thermal state (2.68)), the partition function

7 =tr [e—ﬁ’ﬂ (2.106)

can be represented as a path integral with periodic/anti-periodic boundary condi-
tions, defined with respect to the imaginary time T = —ifif. The case of periodic
boundary conditions corresponds to bosonic systems, while the case of anti-periodic
conditions corresponds to fermionic ones. The result, found in the case of bosonic
coherent states has the form

z:/ I1 dzz—n(t) exp(—/oﬁdt B (ZZ—ZZ)-I—HCZ(Z,Z)]), (2.107)

() Lt€0A]

with the generalization to the fermionic and spin systems being straightforward. Again,
the 7 constant has been set equal to 1. As expected, one can also introduce external
currents as in the real-time case, the functional derivatives with respect to which, in

this case, provide the expectation values of operators. The results can be related to
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the corresponding real-time quantities through the Wick rotation, which will be in-
troduced in the next paragraph, and thus present an immediate relation between the
dynamic evolution of a system in real-time and the properties of the same system at

thermal equilibrium.

To see what such a change towards the real-time results provides, it is vital to see how
the partition function behaves in the zero-temperature limit. Considering the eigen-
states of the Hamiltonian constituting a complete and orthonormal basis, the partition

function can be expressed as
Z = (G.S.|e PH|G.S.) + (E1|le PHIEL) + ..., (2.108)

where the vector |G.S.) denotes the ground state of the system, which in this case is
considered non-degenerate and with energy Ey, while the vector |E,;) denotes the n-th
excited state with energy E,,. For B — oo, it is easy to see that

limZ = lim (e*’sEO +e PRI ) = lim e PFo (1 + e PE1—F) 4 ) ~

p—o0 p—o0 B—o0

(2.109)
~ e PFo = (G.S.|e PH|G.S.) .

In case of degeneracy in the ground state, the result at the zero-temperature limit
would just be generalized to an equiprobable mixture of all degenerate ground states.
In the result of eq. (2.109), one can see that with a simple change of variable p = iT
(h = 1), with T defining an imaginary time, the result becomes just a ground state -
ground state correlation function. Similarly, when taking the zero-temperature limit of
expectation values of operators, and after using this change of variables, their ground
state - ground state correlators are recovered. This method is a valid way to study the
dynamic properties of systems with specific Hamiltonians using their thermal proper-
ties at equilibrium. Nevertheless, when the evolution of a system is expressed through
non-equilibrium dynamics this equivalence breaks down, and the study of dynamics

needs to be performed using the Swinger-Keldysh formalism (see subsection 2.10).
The definition of the imaginary time can be made formal through the analytic con-
tinuation of time [51]] as

T = te'. (2.110)
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The constraint for this procedure to be valid is for the rotation of the time axis in the
complex plane - during the change of € - to not lead to singularities. This is true for
€ € [0, 7], and subsequently the choice T = it is possible. The use of the Wick rotation
is sometimes the best way to compute real world quantities, since there exist occasions
like in Quantum Field Theory, where the only way for the path integral to make sense

is in imaginary time, where the weight of the paths is real.

2.16 Inconsistencies of the continuum limit

As referenced previously, computations of path integrals in the continuum not always
lead to correct results [17-20]. To showcase this issue, the method presented in sub-
section 2.13 for the calculation of path integrals in the continuum will be addressed
again, in order to present the issue for all coherent state cases referenced previously.
For simplicity, the case of periodic boundary conditions will be studied, while similar

arguments can be used for the case of more general boundary conditions.

Consider the bosonic variable path integral

/ [lM[ qumq‘)i] ¢S 2.111)
=1

(+)

where S is the action characterizing the time evolution and ¢;, ¢;, i = 1,...N, are
the fields of the theory and their conjugates. In the case where the action can be
parametrized as
oo
S = /t dt Z {4)1'(51']'1815 — Vl])gb]} P (2112)
i Q=1
the calculation has been shown to be possible through the computation of the func-

tional determinant as

M ] 1 Det[io;]
. . ZS —_ t -
/ [11 DszD‘Pz] © " Detfio,] Det[io; — V]
& (2.113)
_ 1 e—trlog[iat—V]71+trlog[iat]71
Det[iat] .
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In the above equation, (id; — V)_1 = G is the Green’s function satisfying equation
(i0; — V) G(t — ') = (¢t — ') with periodic boundary conditions, while (9;) ' =
Go is the respective Green’s function for the free theory, with respect to which the
normalization is performed. The calculation in the continuum then takes as granted a

symmetric discrete form for the term involving V

N M N _ _
lim lim [H 1_[/ (Pz ns ¢1n)] exp <i Z [i‘Pinvn(Pin - V(¢i,n/ (Pi,n)])/ (2-114)

e—0N—00 0

(+)

where Vi, = (¢in+1 — ¢in) /€ is the lattice derivative, and p(¢; ., fi ) is the mea-
sure of integration in the space of ¢; and ¢; at time t = t; + ne. It is easy to see that
this is not the quantity under study in the case that the fields ¢; correspond to the

eigenvalues of coherent states, since the Hamiltonian term is of the asymmetric form

Hy (Zn/ Zn—i—l)-

Nevertheless, if one proceeds with the calculation of the coherent-state path integral
through the functional determinant, and thus assumes the above symmetric structure,
the results will be wrong. Furthermore, the same wrong results would be recovered if
one computes the discrete determinant of coherent-state path integrals with the sym-
metric discretization of eq. and then performs the limit N — oo. On the con-
trary, the correct result can be found by calculating the discrete determinant for the
asymmetric Hamiltonian term and then performing the limit N — oco. Three exam-
ples of the wrong results that this naive use of the symmetric calculation can lead to

are the following:

e In the study of the harmonic oscillator H = w (474 4 1/2) through bosonic co-
herent states, if the Hamiltonian symbol is chosen to be , (z| H |z), = w (|z]* + 1/2):

([ 2]l i) e
O Leettt ! ’

_ e—%w(tf—ti) i o iw(ty—t;) (n+%) £ i efiw(tffti)(n+%) — tr [e—i(tf—ti)w(ﬁ+ﬁ+1/2)] .
n=0 n=0

e In the study of the fermionic harmonic oscillator H = w ($*p — 1/2) through

fermionic coherent states, if the Hamiltonian symbol is chosen to be
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(0]H|0) = w (60 — 1/2)F}

/ 1 dz@% exp(i/titfdt E (éé—ée)—w(ée—%)]): (2.116)

(7) tE[ti,ff]

— 2029t cog (w 't ; ti) # 2cos (wtf 2_ ti) =tr [e_i(tf_ti)w(‘/;+‘/3_l/2)] .

e In the study of the spin operator wS, through spin coherent states, if the Hamil-

tonian symbol is chosen to be ,(z|H |z), = Switii
-
2\2 T -2 TR —
(4) Lteltity] o (1+]z]?) t; 1+ |z| 1+ |z|
— prwl(ti—t) i eliw(tr=t) i Piwlty=t) — 4 [efi(tffti)w@} . (2.117)

j=—s j=s

Even though these results differ from the correct ones just by a phase factor, for higher
order operators it is easy to see that the changes would be much more severe. It must
be emphasized again that if the same calculations were performed in the discrete level
using the original asymmetric form of the Hamiltonian symbol, and the subsequent
limit N — oo, the results would indeed be the correct ones. Even though the solution
to this issue is not obvious, the mistake which leads to it is clearly the wrong trans-
lation of the countably infinite product of integrals, in the original discretized path

integral, to an uncountably infinite one.

2.17 Proposals for the solution of the issues

Even though an immediate method for the solution of the inconsistencies of coherent-
state path integrals has not been invented until today, there have been attempts of at
least recovering the correct results through the study of the continuum limit. In this

subsection two such cases will be addressed [18-20,128,,29].

The first method attempts to solve the issues at the level of the computation of the

functional determinant, using the fact that the quantity G,(t,¢') in equation (2.98)

"The symbol (—) denotes the antiperiodic boundary conditions of the corresponding path integral.
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presents a discontinuity at the value t' = t. This can be seen from its exact form, since
the solution of eq. (id — AV (t)) G (t,t') = 6(t —t'), in the case of periodic boundary

conditions and for one set of complex fields ¢, ¢, is
tf -1
: . t
G/\(t, t/) — @(t . tl) . (1 - el/\fti V(t1)df1> 671/\-[” V(tl)dtll (2.118)

where the discontinuity appears due to the step function ®. This shows that differ-
ent choices for ©(0) lead to different results, with the Heaviside Theta prescription
©(0) = 1/2 leading to the wrong result presented in the previous subsection.

The proposal that has been made in this context [28,29], in order to recover the correct

result, is to take into account the discrete ancestor of the continuous Hamiltonian and
-1

t
A S vit)an

use the limit form G, (t,¢t) =i | 1 for t’ = tin eq. (2.98). This wa
q y

the calculation of the path integral yields the correct result and the correct answer for
the partition function is recovered.

Even though this prescription is enough to cure the inconsistences presented in the
computations of (2.115), and (2.117), which refer to quadratic path integrals,
this is not the case for less trivial systems such as the Bose-Hubbard model or the spin
system 52. In the context of fermionic systems, it is a fact that terms of higher orders
cannot appear, and thus one may argue that the problem has been solved. Neverthe-
less this is not true, since for more complex systems, where the classical Hamiltonian
may need further manipulations (e.g. a diagonalization), these are only possible -
and mathematically consistent - when the underlying discrete time lattice is symmet-
ric. This is due to the fact that the asymmetric discrete action is not invariant under
canonical transformations, a fact that contradicts the physical demand for the path in-

tegral to share this invariance with classical mechanics [3].

A less immediate procedure, which though circumvents the issue altogether, was pre-
sented in [[18,20]. In these works the Hamiltonian operator of a bosonic system under
study is firstly projected on an orthonormal basis interpreted as the set of position
and momentum eigenstates of the Hilbert space, before performing the discretization
procedure and the subsequent leap to the continuum limit. The resulting limit then,

being inheretly symmetric, yields a consistently defined classical action, which is a
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function of the corresponding position and momentum variables, identified as the
eigenvalues of the previous eigenstates. By virtue of invariance of classical mechanics
under canonical transformations, the system could then be returned to the space of
complex coordinates, which are then identified as the eigenvalues of the annihilation
and creation operators on the set of coherent states. This way, the correct action is
recovered, in the sense that the functional determinant computed with the use of the
symmetric slicing hypothesis (and thus of the Heaviside Theta ®(0) = 1/2 limit for
the discontinuity) leads to the correct result. For the case of the harmonic oscillator
A = w(ata+1/2), the correct Hamiltonian function for use in path integrals was
thus identified to be

Hyoym(2,2) = wlz|? (2.119)

The same technique was later generalized [19] for spin systems, where the Hamilto-
nian operator S, was mapped to a function of the the harmonic oscillator’s number
operator, restricted on a subset of the corresponding Hilbert space. The dimension of
this subset was chosen equal to the dimension of the representation of su(2) used in
the problem. This mapping was possible through the Holstein-Primakoff transforma-

tion [52], which for S, gives in the spin s representation of su(2)
S, =s—a'a. (2.120)

Using the respective position and momentum basis of this harmonic oscillator rep-
resentation, the correct continuum limit was again recovered. In the case of the wS,

operator, the correct Hamiltonian symbol for use in path integrals was found to be

(2.121)

1—1z*2 1
H,s (z,2) =w {s 2| ] .

+ —
1+ z]2 2
This indicated that the discretization procedure successfully reproduces the correct
continuum limit, when performed on a basis that leads to a symmetric discrete struc-
ture. This procedure, used both in bosonic and spins systems, was successfully imple-
mented for higher order Hamiltonian operators, where it again led to the recovery of

the correct results.
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2.18 Geometric Quantization

The classical and quantum formalisms, defined in the previous subsections, can be
described very naturally through the use of symplectic geometry and the theory of
vector bundles [21-24,53].

The mathematical formalism of classical mechanics [53] is based on the definition of
the phase space of a theory as a symplectic manifold M, i.e. a C*-manifold of even
number of dimensions 27, on which a non-degenerate closed 2-form w can be defined.
The properties of this space M allow always for the local identification of a set of co-
ordinates ' and p;, called the Darboux coordinates, which parametrize the 2-form w
as
n .
w=Y_dp;Ndq, (2.122)
i=1

withi = 1,...n. The vector fields ¢ on the manifold M, which preserve w along their
flow, are called Hamiltonian vector fields. The effect of a vector field’s flow on k-forms

is defined through the action of the Lie-derivative
Lew = (igd + dig) w, (2.123)

where d = (%) dx" is the exterior derivative and iz = Cﬂﬁ is the interior deriva-
tive with respect to a vector field ¢. In these equations it must be noted that dx# and
%, which can be found on the right of the exterior and the interior derivative respec-
tively, are nothing more than the coordinates of these quantities in the space of 1-forms

Q!'(M) and vector fields T' M respectively, and act on each other as

0 0
H_— —
dx oxV  oxV

dxlt = 61, (2.124)

The closedness of w: dw = 0, leads to a very important relation between the vector
tields that preserve w and the set of C*-functions on the manifold M, since from eq.
(2.123) it can be observed that to each Hamiltonian vector field ¢ corresponds a C*-

function H, and vice-versa:

45



It can be easily seen at this point that the definition of the Poisson bracket can be
naturally reproduced as the change of a function, with respect to time f, under the

flow of a Hamiltonian vector field ¢
of = Lef = &', f = w9, HO,f = {f, H}, (2.126)

where w™V is the inverse tensor of wyy, and the function f is not immediately de-
pendent on time. In the following the index # is dropped, and the inverse property is
identified by the upper position of the space indices. In the local set of Darboux coordi-
nates, the aforementioned quantity assumes the formod;f = )" ; <8qi fopH —0,iHdpH >
as expected. The general form of eq. has the advantage of not needing the use
of a local coordinate patch, parametrized as the "position” and "momentum" coordi-
nates, but allows for the study of more complicated phase-spaces, which as will be

emphasized later have very important roles in quantum mechanics.

For the construction of the quantum theory [21-24] the next step is the identification
of the proper formalism for the study of wave-functions and of the operators acting
on those. The intuitive idea that wave-functions are functions though proves not to be
mathematically consistent in the general case. This is due to the fact that the presence
of curvature on a manifold makes it necessary for all derivatives appearing inside the
operators (e.g. the momentum) to be substituted by their covariant analogues, the
latter acting by definition on sections of vector bundles [53]. The most formal way of
defining wave-functions is thus as sections of a C-line bundle over a manifold M. The
C-line bundle structure is simply the definition of a complex space C over each point
of a given manifold, and a section is a specific choice of element from the complex
space over each point. In the case where the manifold is symplectic, it is very easy to

define a proper inner product for the sections of the aforementioned bundle

(1, ¥2) = [ p(®¥i () ¥2(), (2.127)
with the measure of integration being the canonical symplectic induced one

(%) = % — Vdetwd?'x. (2.128)
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The Hermitianicity condition of an operator H in turn becomes
/ ' xy/ et [AY,) = / ' xv/detw | AY1]" Y. (2.129)

For the preservation of the covariance, in the case of a curved symplectic space, the

covariant derivative is defined as
Dy = 3y +iAy, (2.130)

where A is the symplectic potential, locally satisfying eq. w = —dA.

Since in the context of this formalism wave-functions can locally be considered as
functions of all the coordinates of the phase-space, they define a reducible represen-
tation of the quantum theory. In order to reduce the dimensions of the representa-
tions by half and in turn construct irreducible representations (e.g. the position and
momentum representations) one has to define a polarization for the wave-functions.
This polarization is performed through the choice of an n-dimensional sheet P of the
2n-dimensional phase space M, where the flow of vector fields ¢ oriented along P

preserve the polarized wave-functions
¢'D, Y = 0. (2.131)

In the case where M is chosen as the usual Euclidean phase space, a polarization
with respect to the momentum directions would provide the position representation
of quantum mechanics and vice-versa. In the case of complex manifolds, which will

be studied later, the polarization is performed along the antiholomorphic directions.

In the context of geometric quantization it is then possible to identify an operator

P(f) for all classical C*-functions f, of the form

P(f) = —i(¢"Dy +if). (2.132)

This operator acts on wave-functions and satisfies the weakened set of Dirac’s con-
straints presented in subsection 2.2, such that it is at least valid for a subset of the
space of smooth functions. Here, ¢ is the Hamiltonian vector field corresponding to
the function f, as defined in eq. (2.125). In the case where a real polarization is con-
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sidered, the Hermitianicity property of an operator does not hold after the choice of
polarization. To see this, one should consider the case of the aforementioned momen-
tum polarization. For the reduced phase-space, spanned only by the position coor-
dinates, the integration measure cannot remain Vwd"xd" p, since, if wave-functions
depend only on ¥, all inner products would diverge due to the integrations over the
momenta. Even though in the case of the Euclidean space the new measure over the
reduced phase-space can be chosen to be d"x, in a curved space, like the 2-Sphere,
the reduced phase-space would have a much more complicated measure of integra-
tion J(x#). This measure though would lack in general the properties of the canonical
measure of integration w/(2n)!. As a result, this would lead to the breakdown of

Hermitianicity
/ Jd" XYL (P(f)¥) / Jd"x(P(f)¥1)"¥s = i / Jd"x[9,E" + &40, In]]¥i ¥, (2.133)

For this reason the operator P(f) is called the pre-quantum one, at this point in the
construction. This issue can be avoided through the redefinition of wave-functions
not only as sections of a C-line bundle, but as a tensor product of such sections with

sections of the half-form bundle . The sections of the latter bundle have the property
0 ®o € Q(M), (2.134)

where (M) is the space of k-forms over a manifold M and 41,4, are elements of
the half-form bundle over the same manifold. Wave-functions are thus defined as

elements which are locally represented in the form
¥(x)1/J(x), (2.135)

with ¥ (x) being the old polarized wave-function and +/J(x) the new polarized half-
form contribution. The action of the operator, which is now defined as the quantum

one, is then found to be

QUAIY (x)\/J(x)] = [=i(Z" Dy +if ¥ (x) ]/ ] (x) — ¥ (x) Le\/ ] (x), (2.136)

Le\/1(x) = ( L4 ED ) T(x) (2.137)
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is the Lie-derivative with respect to the Hamiltonian vector field ¢ of the C*-function
f, acting on the half-form /J(x). The index y in the above equation corresponds to
the coordinates of the reduced phase-space only. The new term appearing in (2.136
containing the Lie-derivative, defines the metaplectic correction. This procedure is
considered mathematically and physically consistent, but is valid only in the case
where the vector field ¢, the flow of which drives the time evolution, preserves the

polarization, i.e. for a polarized vector field V € T'M/T'P:
L:V e T'M/T'P. (2.138)

If this condition is not met it is necessary to introduce further mathematical struc-
ture during the construction of the operator and its action, in the form of the BKS
kernels [21]. These, in theory, act by correcting the possible change made to the po-
larization, under the flow of a vector field . The topic of BKS kernels though falls
out of the scope of the present thesis, since geometric quantization will be used only
for the study of polarization preserving vector fields. Nevertheless, this construction
leads to the major result that path integrals can emerge naturally as limits of the BKS
construction. Such phase-space path integrals are defined through the lifting of the in-
tegration to the space of paths, with boundary conditions depending on the quantity

under investigation, and assume the form

T w™(xV(t)) eif:ifdt{A,,(xv(t))x”(t)—H(xv(t))}' (2.139)

BC i‘G[fz‘,i’f] (27’[)‘

Here, A, defines the symplectic potential on the manifold the classical action is de-

fined on, x" is a set of coordinates on the phase-space, and

w™(xV(t) w’;(nx)}? (2.140)

—) = lim ﬁ
(271)! N%oo].:1 (

teltitf]

is the functional measure. The path integral presented above corresponds to a func-
tional integral over the whole phase-space and not over a reduced one produced after
the choice of a polarization. The Hamiltonian function H in this formula represents
the classical observable that controls the evolution of wave-functions of the Hilbert

space, through the flow of its corresponding Hamiltonian vector field.

49



While in the case of real polarizations issues appear in the identification of a new well
defined measure J(x") for the reduced phase-space, the same is not true in the case of
complex polarizations. In the case of Kdhler manifolds [54], i.e. Hermitian manifolds
on which the Kéhler form is closed, one can keep using the old symplectic-induced
measure of integration of the complete phase-space, since the inner products continue
to converge even after the holomorphic polarization is applied. To understand this

statement an introduction to the theory of complex manifolds must be made.

A 2n-dimensional complex manifold M is a manifold on which, for each point p € M,
one can find an open neighbourhood which can be charted by a complex set of coor-
dinates {zi, Zi}, withi = 1,...,n. On such a manifold, both the space of vector fields
and the space of 1-forms are separated in disjoint unions of spaces, spanned by the
holomorphic and anti-holomorphic elements respectively. One can then easily define

a tensor ], acting on vector fields as

0 . 0 0 . d

Jooar = Tam vz = “oa (214D

which is called the almost complex structure. A Hermitian manifold is a complex
manifold, on which a metric g, can be defined on the coordinate patch around each

point p € M, and has the following compatibility property:
Sp(pX, JpY) = gp(X,Y), X, Y €T,M. (2.142)

Here, the index p is used to signify the local nature of this argument. Using this metric

one can also define the corresponding Kéhler form (), which acts on vector fields as
Op(X,Y) =gp(JpX,Y), X YeT,M. (2.143)

This 2-form has the important property that it provides a nowhere vanishing top-form
QON---NQ, (2.144)

where the index p has been dropped in order to denote that this property holds over

the whole manifold M. This top-form then is well-fit for use as a measure of integra-
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tion over the manifold M. It must be noted that a manifold with the aforementioned
properties is not necessarily symplectic, which is the case only when 4Q) = 0. Complex

manifolds on which a closed Kadhler form can be defined are called Kidhler manifolds.

To show why the holomorphic polarization does not lead to the need of a new mea-
sure of integration, it suffices to study the case of a 2-dimensional Kédhler manifold M.
On such a manifold, the holomorphic polarization is defined through equation

D:®(z,z) =0 = (% + iAz) d(z,2) =0, (2.145)

where the connection A is the symplectic potential on the underlying symplectic man-
ifold and ® a wave-function in the usual sense, i.e. a section of a C-line bundle.
The sign in front of A; must be such that this equation has a solution ®(z,z) =
¢p(z)exp [—Y(z,2)/2], where Y is a function with the property Re [Y(z,Z)] — +o0 suf-
ficiently fast for |z| — +o0. Then, a canonical inner product can be defined [24] for the

polarized wave-functions as

(@1,@2) = [ 9i(2)ga(2)e " n(z,2), (2.146)

again using the canonical measure of the 2-dimensional K&hler manifold y(z,z). The
aforementioned inner product defines a structure that coincides with a Bargmann
space of holomorphic functions on the complex plane, with measure ¢~ (%) %
This shows that complex irreducible representations of quantum mechanics can exist

without the introduction of the half-form structure.

Nevertheless, one could perform the same construction after introducing the half-
form structure, in which case the holomorphicaly polarized wave-functions are locally
of the form

D(z,2) = p(z)e V. (2.147)

Here, the polarization of the function part remained the same as before, and the con-
dition of holomorphic polarization for the half-form part was also taken into account.

The canonical inner product for this half-form improved structure is defined through

8In what follows, the symbol  with a and b differential forms of the same degree is the function for
which () x b =a.
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the BKS pairing [24]

(@1, ®,) = k /M ((q’f “ qu)(ZA,S)Z @ ©) ) " u(z,2), (2.148)

where k is a normalization constant. By substituting eq. (2.147) in (2.148) this expres-

sion simplifies to

dz NdzZ

m)z ‘Z/I(Z,Z), (2149)

(@1,®2) =k | gi(2)ga(z)e o) (

which once again coincides with a Bargmann space of holomorphic functions on the

complex plane, but this time with measure

_ 1
e—Y(Z,Z) <(‘1;Z(i’ Z)Z) : , (2150)

which in general may differ from the non half-form corrected result. In the case of
Kéhler manifolds, both structures - categorized by the inclusion or not of the half-
form structure - are mathematically consistent, and thus the inclusion or not of the
metaplectic correction in the construction of the quantum operators has more of a
physical than a mathematical significance. Even though it is considered that the meta-
plectic correction leads to more physically correct results [23], its significance has not
yet been quantitatively studied. As will be argued in section 3, this study can be eas-
ily performed through the application of geometric quantization in the construction

of coherent-state path integrals in the continuum.

To understand how the metaplectic correction contributes to the resulting operators, it
is essential to continue with the study of 2D Kéhler manifolds. In that case, if the holo-
morphic polarization is considered, the half-form part of the polarized wave-function

(2.147) can be chosen to be v/dz, since any extra coefficient can be absorbed in the

holomorphic function part ¢(z). As a result

LeVdz = %azgzx/@ (2.151)
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The action of the operator on the polarized wave-functions can then be expressed as

A

Q) (z2)] = =i (ED. +if + 3087 ) D(z,2) 215

By writing explicitly the form of the holomorphic wave-functions (2.147), one finds

the action of the quantum operator on the function part ¢(z) to be
A , i ,
Q(f)¢(z) = (—lézaz — 5 (9= +4iA;) &7 +f) o(z2). (2.153)

The metaplectic correction then appears in the action of Q(f) as the — %8262 contribu-

tion.

2.19 WKB approximation

The WKB (Wentzel-Kramers-Brillouin) approximation is commonly used in the con-
text of path integrals in order to compute the semiclassical approximation of quantum
quantities. In that context, one expands the action of the exponential, acting as the
weight of path integration, around its saddle point. Since this saddle point is identi-
tied by demanding the functional derivative of the action with respect to the fields to
be zero, the field solutions are exactly the classical configurations of the theory. Con-
sidering the fields ¢; - not necessarily complex - of a theory, this expansion then takes
the following form

5%S

S = Slgpu+ Lo

50 + ..., 2.154
5058, g, 700 (2.154)

Pi=0Pici

where ¢; = ¢;; + d¢;. Truncating the aforementioned expansion after the second term,

the path integral reduces to the form of a Gaussian one

S iS . 13 % ’ 0idg;
/Hngiel = it / [ I Dogie = ictiti=tic —
i P
* #ill=0 (2.155)
1
. 2 3
= €ZS|¢i:¢ichet 0°5 ,
5¢i5¢j Pi=ici
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where the negative exponent corresponds to the bosonic case and the positive expo-
nent to the fermionic one. When path integration is considered over a symplectic
phase-space, where the fields are the phase-space coordinates, there exist cases where
this approximation can truly be exact due to the path integral generalization of the
Duistermaat-Heckman theorem [55]. These are the cases where the Hamiltonian flow,
driving the evolution of a system, leaves the metric of the underlying phase-space
invariant, i.e. when the Lie-derivative of the metric with respect to the Hamiltonian
vector field is equal to zero [56]

Lzg=0. (2.156)

2.20 Faddeev-Jackiw method for path integrals over Majorana vari-
ables

The path integral representation of Majorana fermions has proved to be a highly non-
trivial problem, since their complicated canonical quantization does not allow for the
usual discretization construction. The proposal for the consistent path integral quanti-
zation was presented in [26], where the system of Majorana fermions was considered
as a constrained system of complex fermions. This was achieved by working at the
canonical level, in the Hilbert space generated by the fermionic operators ¢} and ¢,,
with the constraint () = ¢} — ¢, = 0 being applied. To make the transition from this
construction to the path integral representation of Majorana variables, the Faddeev-
Jackiw method was used.

The Faddeev-Jackiw formalism [25] for a constrained system - which will not be ad-
dressed further in the context of the present thesis - is a method for obtaining a clas-
sical theory, consistent with the algebra of the quantum problem. Once this classical
tield theory is obtained, quantization can then proceed via both path integral and
canonical quantization. In [26] the extension of this procedure to fermionic degrees of
freedom was used to achieve exactly this in the case of Majorana fermions, where the
correct Lagrangian, fit for use in path integration over real Grassmann variables, was
identified. This procedure led to the result that for the identification of the classical
Hamiltonian from the quantum one, it is enough just to substitute all Majorana oper-

ators 4; with their Grassmann variable Counterpartsﬂ As will be argued in section 4,

9This is in contrast to the complex fermion case, in which the action weighing path integration can’t
be identified that easily, similarly to the bosonic and spin cases (see subsections 2.16 and 2.17).
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a solution for the issues encountered in fermionic coherent-state path integrals can be

easily found through this result.

3 Coherent state path integrals in the continuum via Ge-

ometric de-quantization

Section summary

In this section, bosonic variable path integrals will be studied, as is the case for bosonic
and spin systems, where with the use of geometric quantization it will be possible to
identify the correct continuum limit. Details on the topic of Kidhler quantization are
also extensively studied, with great focus given on the importance of the metaplectic
correction in quantization theory. This section is based on the works presented in
[57,58].

Section introduction

Before proceeding, it is necessary to understand that the issues inherited at the con-
tinuum limit are reflected only on the Hamiltonian term, since the kinematical one,
being a consequence of the inner product (see eq. (2.89)), is independent of the slicing
procedure; it depends only on the choice of the basis. On the contrary, the Hamilto-
nian term not only depends on this procedure, but also, its discrete form, which is
not always symmetric with respect to the time slicing [3], does not translate uniquely
to the continuum. Such an asymmetric structure cannot be invariant under canonical
transformations - as should be the case with classical mechanics - and consequently
does not represent the discrete form of a well defined classical Hamiltonian. As a re-
sult, the continuum limit should not be confused with a classical action and any direct
calculation using functional techniques cannot be considered as legitimat In order
to identify this limit with a classical action, strict conditions must be met to ensure
its validity in the context of Hamiltonian mechanics. In appendix A the dependence

of this limit on the slicing procedure is addressed. Furthermore, as has been shown

19Quantum field theory methods based on the computation of a functional determinant necessarily
imply a symmetric underlying discrete structure.
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in [18-20] and referenced in subsection 2.17, the correct continuum limit can be recov-
ered if the discretization procedure leads to a symmetric discrete form, since each slice

is invariant under canonical transformations in its own right.

In the present section this issue is approached from the point of view of half-form
quantization, allowing for a more formal understanding of the continuum limit. As
explained in subsection 2.18, path integrals emerge naturally in the study of geometric
quantization as limits of the BKS construction [21]. This procedure leads to mathemat-
ically well defined phase-space path integrals, which share a lot of common traits with
the ones constructed through the usual path integral construction [59-68]. Neverthe-
less, there has been no consideration of using geometric quantization to confront the
inconsistencies plaguing the latter. This task is undertaken here, where a map is iden-
tified with the use of half-form quantization, taking operators to their corresponding
correct Hamiltonian symbols for use in coherent-state path integrals. For this reason,
the contribution of the metaplectic correction to all results is extensively studied and
its necessity in the context of path integration is proved. This section is accompanied
by two appendices: in appendix A a series of comments regarding the dependence of
the continuum limit on the slicing procedure is presented; in appendix B some known
no-go theorems that have been proved in the context of quantization theory are ad-

dressed.

3.1 Half-form quantization on 2D Kiahler manifolds

As mentioned in subsection 2.18, geometric quantization defines a procedure through
which one can identify the formal structure of the Hilbert space constructed over a
given symplectic manifold, while providing at the same time a consistent quantiza-
tion map for the classical observables. In the case of Kdhler manifolds it was further
argued how the formalism of the Hilbert space did not necessarily need the introduc-
tion of half-forms, but nevertheless that this was also possible. The quantum operator
corresponding to a classical observable function f, identified under the context of half-

form quantization, was then found to be

A

Q) = ~i60: — 1 (3. +4iA:) &+ f, B.1)
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where ¢# = w9, f is the Hamiltonian vector field corresponding to the smooth func-
tion f. In this form, the operator acts only on the holomorphic function ¢(z) of
the half-form corrected polarized wave-functions and is Hermitian [24] under
the inner product (2.148). The presence of the half-form formalism can be seen from
the inclusion of the metaplectic correction term —49.¢% of eq. . In the context of
geometric quantization of Kdhler manifolds this correction, even if not mathematically
necessary, appears to be needed in order to construct the desirable quantum mechan-
ics, even in the simple case of the harmonic oscillator [23].

A very strict constraint this construction must adhere to refers to the Hamiltonian vec-
tor field ¢, the flow of which induces the action of the respective operator. This field
must preserve the polarization [21-24], i.e. its Lie Derivative acting on any polarized

vector field P = ¢(z) % must lie in the space of polarized vector fields
Lz (P) = [¢,P] = (¢*0:¢ — ¢9.¢%) 9, Vz e C, (3.2)

with the coefficient of the antiholomorphic direction —¢d.¢* being equal to zero. Thus,
it suffices to have
9.¢% = 0. (3.3)

If this condition is not met the operator is not legitimate, since the preservation of the
polarization is a strict condition for the validity of the whole procedure. In the case
where polarization is not preserved, one needs to include further structure during the
construction, provided by the BKS kernels [69]. It must be also noted that the proce-
dure leading to is expected to hold only for operators which contain derivatives
up to the first order, since only these are linearly related to vector fields. In subsec-
tion 3.3 it will be argued that the extension of this procedure to higher powers of such
operators can be performed with the use of functional techniques, without the intro-

duction of extra mathematical structure.

In the case of Kdhler manifolds, two maximally symmetric spaces, the 2D Euclidean
plane and the 2-Sphere, have proved to be of fundamental importance in the study
of physical systems. These manifolds appear in the study of bosonic [70] and spin
systems [71]72] respectively, while the complex coordinates used to chart them enter

as the complex variables in the definitions of the coherent states. The relation of these

57



systems with the aforementioned symplectic manifolds arises naturally in both cases,
since the same algebra is shared both at the level of the generators of the quantum

algebra and of the isometries over the respective manifold.

The main idea, advocated in the next subsection, is to consider the quantum oper-
ator as known and use eq. as a first order differential equation with respect to
the function f. In this case, the condition is required to be fulfilled by the Hamil-
tonian vector field corresponding to the function f, both if the function is considered
connected to the operator through half-form and simple quantization, i.e. with and
without the metaplectic correction. This way the aim is to understand how the action
of that operator is represented as a classical observable on a given symplectic man-
ifold and use this reasoning to identify the correct Hamiltonian symbol, weighing
time-continuous coherent-state path integrals. The choice of the symplectic structure
during this procedure, along with the necessity of the metaplectic correction, are ad-
dressed in detail in the next subsection, where the connection of the aforementioned
results with the definition of the continuum limit of path integration is explicitly stud-
ied. Even though, the significance of the metaplectic correction has been argued exten-
sively [23] in the context of canonical quantization, with the aforementioned inverse

procedure the aim is to prove its unavoidable necessity in the context of path integrals.

It must be emphasized that in the proposed procedure the fundamental quantities will
be the quantum operators, and thus no pre-existing knowledge is considered regard-
ing the classical observables and their corresponding vector fields. For this reason,
by considering a specific operator and reversing half-form quantization, the Hamilto-
nian vector field corresponding to the identified classical observable, could prove not
to preserve the polarization. This is not the case in original half-form quantization,
where functions were considered as the fundamental quantities, and thus all functions
were chosen initially to share this property. In that case, the final operators differed

depending on the inclusion or not of the half-form structure.
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3.2 Path integral construction in the continuum

In this subsection it will be showcased how half-form quantization can be used to
identify the correct continuum limit for the Hamiltonian symbol appearing in path
integrals. To connect geometric quantization with the usual Dirac bra/ket notation
the set of coherent states |z) has to be expressed through their more abstract mathe-
matical definition [24]. These are elements of the Hilbert space, the inner product of
which with an arbitrary state |¢) gives the value of the corresponding holomorphic

wavefunction at a point z
¢(z) = (zl¢) . (34)

This definition allows eq. (2.149) to be rewritten as

(@1, ) = m{ [ 1) (2l (%)zuw)}m 69

through which the resolution of the identity can be formally defined

dz N dz\ 2
_k/ 12) (z] e Y2 (VZ(;\,Z;) u(z,z). (3.6)

The existence of the resolution of the identity allows for the use of coherent states
during the discretization of - real or imaginary - time evolution, through which the
path integral representation of the generating functional or the partition function is
constructed [3}70-72] as shown in section 2. Sets of coherent states were presented for
both the cases of bosonic and of spin systems in subsection 2.6 and possess very inter-
esting physical properties as states of each Hilbert space. In this subsection though, it
will be more appropriate to express these in their not normalized, holomorphic form,
for reasons that will become apparent later. In the bosonic case then, the holomorphic

coherent states have the following form [3]

ot > z"
20y = e J0) = n), (3.7)
b L v
with resolution of the identity [64,65,67]
fig, = 5 — / 12) {0 @) 1z1e P gz & d, (3.8)

59



where the upper index (0) denotes the lack of normalization. Similarly, for a spin sys-
tem in the highest weight s representation of su(2), the corresponding overcomplete

set of coherent states [37] is given by

5 s 250 17
PRETS rs,s>=j_z_s{(5_ e P 69)

where the resolution of the identity is [56,65]

A 25 + 1 —2sln[1+|z\ ] dZ A\ dZ
= -_— . 1
A A+ P72 (3.10)

It is easy to see though, that using the definitions of the normalized coherent states

(2.52) and (2.63)

172 &
|z), =" ZO f!n> (3.11)
1 @) TE
=t 2 e < 12

j=—s
the resolution of the identity in both systems, presented in egs. (2.55) and (2.65), takes

the form
i~ [ 002 |2); 6, 313)

where pt(f) (z,2) ~ w) (z,Z)zzdz A dz is the canonical measure of integration, on the
2D Euclidean plane for bosonic systems and on the 2-Sphere for spin systems. The
index j = b, s signifies the bosonic and the spin coherent states respectively and will
be dismissed in the following segment for simplicity. Furthermore, in what follows
the measure will be denoted as d?z, = dz A dz, in order to simplify the integral ex-

pressions.

As mentioned in subsection 2.16, the discrete construction of a path integral is in-
deed well defined, as long as it is considered as a product of countably infinite terms.
Considering the case of the partition function, the usual slicing procedure [3,[70] was

shown (see eq. (2.89)) to lead to the following result

A fz'ftf dtA N N H(z
tr |Te "t = lim lim /Hy(zj,z] [1zjwlz)e —ieH(Zj41.7) (3.14)
j=0

e—0N—o =0
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where .
(zj+11Hj|z))
(zj11lzj)

is the discrete form of the Hamiltonian symbol weighing the paths, |zy11) = |z0) is

H(ZjJrl,Zj) = +O(€)

the periodicity condition and H j is the Hamiltonian operator at time t = €. Neverthe-
less, the standard assumption lime_o (zj41|Hjlzj) / (zj41|2j) — (z|H|z) was shown
not to produce correct results [17,18]. In the approach presented in this section, the
limit of the aforementioned countably infinite product to an uncountably infinite one
is demanded to be well defined in the context of Hamiltonian mechanics, a demand
which is vital for the existence of a consistent time-continuous path integral. Next, this
demand can be quantified by requiring the continuum limit of the discrete expression
to coincide with the mathematically well-defined phase-space path integral pro-
duced as the result of geometric quantization (see eq. (2.139)). The partition function
is then defined to be of the form [21,555]

i
tr [Te g ‘”H] — (3.15)

tE[ti,ff]

= [N | TT @2t /detlwtato) 2 | £ @ E0w0-nE00),
(+)

where A, defines the symplectic potential of the manifold, on which the classical ac-

tion is defined, x* = {z,z} is the set of complex coordinates, and

N
2 - ; 2 _
IT 4 zA(t)\/det||w(z(t),z(t))|| = I\gznoond zjny/detw(zj, Zj) (3.16)
tE[ti,tf] j=0

is the functional measure. The Hamiltonian function H in this formula represents
the classical observable that controls the evolution of wave-functions of the Hilbert
space, through the flow of its corresponding Hamiltonian vector field. At this point
it is important to note that the discrete structure which supports the integral (3.15) is
symmetric by construction. The “normalization factor” A/ comes from the fact that the

. . _ . N _ .. .

measure of integration [, s /] u(z(t),z(t)) = I\lllglo 1% 1(zj,Z;), originating from

(3.14), may not match perfectly with the symplectic structure appearing in the actionE

n the sense that ji(z,2) # w(z,z) = —dA.
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and can be modified as

N uz(t),2 22zt =
M0, 2(0)) =~k ||d22 ¢detu DO

= N \/det||(z(t), 2() ||z (1),

in order to bring forth the canonical measure of the symplectic manifold. This match-
ing becomes necessary when one wants to perform semi-classical calculations at the
continuum limit. If this factor is constant, it can just be factored out, as in the case of

bosonic and spin systems [55] where

Nj = lim H Ns = lim HS+51/2 - (3.17)

N%oo N—o0

respectively. Otherwise, this factor must be implemented to the action as a functional
determinant similarly to the Faddeev-Poppov procedure of non-Abelian Gauge theo-
ries [49]. Formula will be the formal definition of a time-continuous coherent-
state path integral.

The first step in the construction, before changing the point of view to geometric quan-
tization, is the identification of the symplectic manifold over which the path integra-
tion occurs. The symplectic potential A, defining the underlying symplectic structure
in the continuum limit (3.15), can be easily found from the limit of the countably infi-

nite product of inner product terms in eq. (3.14) as

t
FatA, (z(1),2(8) 5 ()
lim lim Ziiq|zj) = ¢ i ARG, . 3.18
€—0 N~>00H ]+1| I ( )
This limit can be easily seen to be well defined, since it is independent of the slicing
procedure. At the same time, the symplectic potential A can be interpreted as an emer-
gent connection on the curved classical manifold, since it dictates how the time slices

are sewed together at the continuum limit.

Due to the interpretation of the continuum limit of (3.14) as (3.15), the limit of the
Hamiltonian term is now expected to represent the classical observable, the quanti-

zation of which generates the time evolution of wave-functions on the manifold with
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symplectic potential A. Formally, for operators represented as first order differen-
tial ones and which correspond to polarization preserving Hamiltonian vector fields,
this limit should be the smooth function f satisfying eq. (3.I). The inclusion of the
metaplectic correction in this equation will prove to be the only ingredient needed to
correct the problematic Hamiltonian symbols encountered in the literature, making
eq. computationally true and not an "up to a phase" proportionality, or worse in

the case of higher order operators.

To proceed, the classical function appearing in eq. can be defined as the inverse
of Q acting on the operator H, while the operators for which this procedure is valid
are defined as Q! de-quantizable. The continuum limit of the Hamiltonian symbol
can then be defined for the set of Q! de-quantizable operators (labelled by the index
d.g.) as

lim lim Hyg (Zj11,2) = Q7' (Hag ) (2(4), 2(1)). (3.19)

€—0N—o0
It must be noted that if eq. is to be used, the representation of an operator as a dif-
ferential one should be identified though its action on the purely holomorphic form of
the coherent states, i.e. when these are not normalized. This operator representation
is not expected to be a representation in the Lie-algebra sense, since the coordinate
induced forms these operators take are just the result of their specific action on the
corresponding set of coherent states. It is also easy to see that the Hamiltonian sym-
bol corresponding to the identity operator is trivially Q~'(1) = 1 over all symplectic

manifolds.

This procedure is not expected to be valid when the Hamiltonian vector field cor-
responding to an operator does not preserve the polarization, i.e. for operators that
do not belong in the set of Q! de-quantizable ones. This case will not be discussed in

the context of this thesis.

Bosonic coherent states

The identification (3.18) in the basis of bosonic coherent states yields the follow-
ing result

Ayt = é(zz —z3). (3.20)
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This identifies the symplectic potential of the induced classical mechanics to be
A= %(Zdz — zdz). The coordinate induced forms for the annihilation and creation
operators on the Kdhler manifold ar

. . d
0|2} =z12)Y and 4t |z) o 2){ (3.21)
respectively, while for the number operator
ita12)© =22 12y0) (3.22)
b oz '7'b

Plugging these into equation (3.1) it is easy to find the respective smooth functions

O lz)=2 O! <%> =z (3.23)
and 5
Q! (ZE) = |z|* - % (3.24)

which indeed are known to provide correct results [3,18] when used as classical Hamil-
tonians in the respective time-continuous coherent-state path integrals. More specifi-
cally, through this method the result of [18], presented in eq. (2.119), was reproduced.
In all considerations a symmetric underlying discrete structure is implied. In this ex-
ample, the metaplectic correction contributed only in the case of the number operator,
appearing as the extra —% term in eq. . In the opposite point of view, it is con-
sidered [23] that the correct quantum physics for the observable |z|? are provided by
the operator z% + 3 and not by zaa—z. This is based on arguments related to the zero
point energy of the harmonic oscillator and the commutator algebra appearing after
the quantization. Nevertheless, no direct or mathematically robust argument could be
given until now, regarding why the correction should be included. In this example it
was proved that the de-quantization procedure gives such a reason, since this correc-
tion was vital for the computationally exact mapping between the canonical and path

integral quantization of this system.

For the bosonic system at hand, the canonical to path integral de-quantization map-

ping is thus possible for all the generators of the algebra. Due to the linearity of this

12These forms can be found explicitly by acting with the operators on the set of coherent states, and
as explained previously do not constitute a representation of the operator algebra.
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map it is possible to also deduce the correct Hamiltonian symbol corresponding to

any linear function of the previous three operators
E(k,1,m,d) = ka'a +1a+ ma® + di, (3.25)
where k,I,m,d € C. This is found to be

Q' (F(k1,md)) =k (|z|2 — %) +1z+mz+d. (3.26)

As expected, if the metaplectic correction is not taken into account, these results be-
come the expectation values of the respective operators in the coherent-state basis,

which if used in time-continuous path integration lead to wrong results [17,(18,20].

Spin coherent states

For the spin coherent states (3.9), the corresponding construction defines the kinematic

term [71),72] B .
ECE:

R 3.27

i
1+(z]2
forms of the su(2) generators S,, S, and S; in the highest weight s representation, can

which identifies the connection as A®) = s (zdz — zdz). The coordinate induced

be found from their action on the coherent states to be

s @ [1=2 0 0
Sxl|z)y’ = { 55 +sz} 1z)s ", (3.28)
A 0 1 +ZZ d . 0
Sy \z>§ ) = [z 3, —zsz] ]z>£ ), (3.29)
A 0
$.12)0 = [_zg +s} ENE (3.30)

For these operators now eq. (3.1) can be used to compute the corresponding classical
Hamiltonians.

Plugging S in eq. (3.1) one can easily find

1—z2 1

T (3.31)

N
Q7 (5:) =s15zp 2
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After this result, the partition function for the simple system H = w$, assumes the

following form

Z—tr [e—imz] — (3.32)
T g {2002z ((1-E0P 1
:NS/ H 2si (t)z elfO dt{ls 1+z(1)]2 w<51+lz(t)2+2)}_
AL TR

The measure of integration is constructed such that

za (1) S | %z,
Ns [4 T 2SZ(1+| e (Ao /(1+|z]-|2)2 (3.33)

te[0,T) j=0

and gives the canonical measure of integration coming from the coherent states. Note
that, the discrete form of the integral (3.32) is again defined through the symmetric
slicing |z|? < Zjzj, as it was also in the bosonic case. The integration in is easily
performed [18] with the use of the WKB approximation (see subsection 2.19), yielding
the correct result Z = Y7 e Tl = sin[wT(s + 1/2)]/sin[wT/2]. In this example
the WKB approximation returned the complete result, since the Hamiltonian vector
field corresponding to the S, operator is an isometry, and thus the approximation is
exact due to the generalization of Duistermaat-Heckman theorem. The metaplectic
correction, appearing as the —I—% term in eq. , was once again exactly the term
needed for the correct partition function to be recovered. It must be emphasized that

this result coincides with the result found in [19] and presented in eq. (2.121).

For the S, and S, operators one finds

A A zZ+z z
.34
01 (8 =517 (334)
A_1/a . z—Z B E
Q (S]/) - ZSl + ’2’2 Z2/ (335)

which, due to the metaplectic correction, correspond to classical observables with po-
larization changing Hamiltonian vector fields. This fact renders them untrustworthy
for use. Once again, if no metaplectic correction is taken into account, the usual spin
coherent-state expectation values of the previous operators are retained, which are
known though to provide wrong results [17,[18]. Nevertheless, it is interesting that the

not half-form corrected results indeed lead to polarization preserving Hamiltonian

66



vector fields, even though they are wrong for use in path integration. The problematic
metaplectic correction appearing in eqs. (3.34) and (3.35) can be traced back to the
de-quantization of the operator S +, since the linear combination 5. =8 X — i§y admits

no correction.

From egs. (3.23), and it can be deduced that if the classical observable
of a quantum operator corresponds to a polarization preserving vector field (with and
without its metaplectic correction) then the corrected observable can be used as the
Hamiltonian term in the corresponding time-continuous path integral. In the context
of path integral quantization thus, the metaplectic correction appears to be a consistent
and immediate way to arrive at correct results in the continuum, making its impor-
tance unambiguous. However, in cases like , , where the polarization is not
preserved, the procedure fails and no useful information can be gained for the contin-

uum limit without the introduction of extra mathematical structure.

At this point a comment is in order. It is interesting to see that the study of the resolu-

tion of the identity on the 2-Sphere would give through the use of eq.

dz Ndz

r|z|2. (3-36)

g =K [ 2)0 O)fale 2

If this expression is demanded to coincide with the one appearing in eq. (3.10), the
function in the exponent should be Yo = 2 (s + %) In (1+ |z[?). If one had made
the connection with geometric quantization at this level of structure, i.e. during the
construction of the functional measure, a natural choice would be to identify Y
as above. Taking into account that Y is also defined through the solution of eq.
one would then get, for the underlying symplectic structure, the 1-form A’ =
(s + %) ﬁ(zdz — zdz), which differs from the connection A that appears in eq.
(327). As can be readily checked, the use of A’ instead of A in eq. yields a
Hamiltonian function which leads to a wrong result for the partition function (3.32).
As a consequence, the symplectic structures defined from the functional measure and
those defined from the kinematic term of the action differ in the half-form corrected
construction. This was not the case with bosonic path integrals for which both sym-
plectic structures coincide. Nevertheless, in the procedure proposed in the present

thesis, the symplectic structure must be necessarily defined through the kinematic
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term, since this way it is immediately related to the classical mechanics defined by the

action.

Returning to the topic at hand, it was shown that for the proper de-quantization of the
Sy and §y operators, extra structure is needed during the construction of the contin-
uum path integral, since neither correspond to polarization preserving vector fields.
While this is indeed a drawback, it is not totally unexpected, since during the path
integral construction a choice has been made for the operator S, to act as the genera-
tor of the Cartan subalgebra of the su(2) algebra. From that point onward, a specific
representation of su(2) was used, with respect to which the coherent states were con-
structed. This issue can be bypassed for any operator that is a constant linear com-
bination of the spin operators over R, by defining through it a new generator of the

Cartan subalgebra and using it as a redefined S_.

This formal redefinition is possible through the rotation
H=a$, + b§y +¢S, = wSA;, a,b,c € R, (3.37)

where w = Va2 + b2 + 2. Any functional integration then proceeds the same way
as with the usual S, operator, by considering a path integral constructed in the basis
of the SA; induced coherent states. It must be noted that spin-1/2 systems can also
be addressed through fermionic path integrals [73], for which a procedure for the

identification of the correct continuum limit will be presented in section 4.

3.3 Higher orders and interactions

3.3.1 Higher orders

The generalization of the previous results for some higher order operators can pro-
ceed with no need of additional mathematical structure, since the rigorous formal-
ism of functional integrals allows for power reducing manipulations. Through these,
path integration naturally defines a more general de-quantization map, which pro-
vides the proper Hamiltonian symbols for operators that are not necessarily Q! de-

quantizable. By definition, this map is expected to share a lot of common traits with
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the inverse of a consistent - under Dirac’s constraints - quantization map [22} 34].
These similarities and possible differences will be addressed in depth, while details
on Dirac’s constraints and no-go theorems in quantization theory can be found in ap-

pendix B.

So far, a consistent de-quantization procedure has been proposed, which maps first
order differential operators to their respective Hamiltonian symbols through the ac-
tion of Q1. Nevertheless, if path integration is to be considered as a useful technique
for actual systems, a generalization of this procedure to include higher order opera-
tors and interactions must be defined. This procedure can be initially defined through
the action of a more general de-quantization map Q~!, this time taking arbitrary op-
erators to their respective Hamiltonian symbols in the continuum

lim lim H(Zj1,z)) = Q Y(HA(z(t),2(1))). (3.38)

€—0 N—oo

The action of this map on Q~! de-quantizable operators is defined as in the previous
subsection
Q MNag =07, (3.39)

where Q! is the de-quantization map constructed via half-form quantization. Never-
theless, the action of Q! on higher order operators cannot be understood that simply
through geometric quantizatiorﬁ and for this reason the corresponding study will be
performed with the use of functional techniques. While in the definition of Q! the
exponent —1 was used, in analogy to the case of Q~, it is not guaranteed that there
exists a corresponding unique quantization map Q such that (Q~1)~! = Q. Thus,
the map Q! is not considered to be invertible and the —1 exponent is used only as
an index to suggest its de-quantization property. In the same context the map Q!
is neither considered to be necessarily linear on the space of operators, since during
the usual slicing procedure the Hamiltonian symbol may acquire non-trivial contribu-
tions from commutator terms. In the following, the action of Q~! on polynomials of

Q™! de-quantizable operators will be extensively studied.

In what follows, all arguments will refer strictly to constant Hamiltonian operators

BUnless one introduces extra mathematical structure.
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and thus for simplicity the time ordering operator T is dropped from the expres-
sions. The functional identity which will be used to identify the Hamiltonian symbol

in higher orders is

tr [eiimz} ~ tr [/ Dge{ﬁfg a2 +i [ dtgﬁ}] _ /DCeijifoT dte2, [ei I dtgH] (3.40)
and its generalization for an arbitrary positive integer power k

e o] < e P ) o

~ [/ Dgl/ DCZ/ DC“:F“(’T”{E%‘f%Cg}wiiJﬁTd*<51+§2>H+Jzdet(éﬁ@)Hk11,

both of which are valid for an operator H which has a complete set of eigenstates.

Through recursive use of eq. (3.41), it is easy to prove the power mapping property
. . ~\k
Q7! (AY) = (7' (1)), keN, (3.42)

for all constant Hermitian Q! de-quantizable operators H. This provides the Hamil-
tonian symbol corresponding to the operator H in time-continuous coherent-state
path integration. More specifically, starting with tr [e_iTHk} and lowering the power
of the operator to its first order, through the recursive use of eq. (3.4I), one can map the
trace involving the first order operator to its path integral representation in the way
showcased in subsection 3.2. Then, one easily arrives at eq. (3.42), after integrating out
the auxiliary fields ¢;. This result can be generalized for the case of time dependent
Hamiltonians, when the time dependence factors out as H(t) = f(t)H, where H is a

constant Hermitian operator and f(t) is a real smooth function.

Moving to the case of linear combinations of operators, where the de-quantization
of each one is considered known independently, one cannot be sure that Q! will act
linearly on these and for a deeper understanding of its behaviour more sophisticated
methods should be considered. Nevertheless, linearity is true for the case when all
operators appearing in the linear combination commute, since the previous construc-

tion can proceed independently for each operator. This property can be checked by
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studying the action of Q! on the quantum operator
H=Y ci(a'a)", cu€R, (3.43)

the de-quantization of which according to the previous arguments gives

AA N ) 1\"
Hy=Q (chaa )ZZCn <|Z| _E) . (3.44)

n=0

In cases like this, the factors ¢, can be considered time dependent, since the operators
do not mix and continue to commute at all times. For the sake of simplicity though,
these will be considered constant in the following. The calculation of the partition

function
5 _ /Dz el Jo dr(bzz=2)-TLoen(ll-1)"), (3.45)

where
[D*z(t) =N [ {Hte[O,T] idzz(t)} = hm HN 0 7 | d%zj, proceeds then by introduc-
ing the identity [74-77]]

1= / DLo[C / DC / Doe—i Jy ArT-I2P) (3.46)
in eq. (3.45). As a result, the partition function (3.45) can be recasted into the form
Z= / De / Doe~t o #H(et+E0e(E-8)" ) p (g, o), (3.47)

where
/DZZelfo dt(l z2—2z)+0|z|? ) (348)
(++)

The last integral can be calculated by standard means [3], giving

F(g,0)=Ym lfo dto(m+3) and consequently
7 — i /Dg/D(TerOTdt(U(gm%)+Zy_ocn(§%)n) (349)
m=0
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The integration over the field ¢ yields the functional delta 6[¢ —m — %] and thus fixes

the { variable to the values m + %, leading to

Z=Y e iThiocun” (3.50)

m=0

which is the correct result.

At this point an important observation is in order. In the aforementioned construc-
tion, no consideration regarding the ordering was made. This is because the choice of
the continuum limit depends only on the de-quantization of the first order operator,
which is performed through eq. (3.1). If in the previous example a different ordering
was initially used for the operator (3.43) (normal, anti-normal or Weyl) the resulting
continuum limit arising from the aforementioned procedure would again provide the
correct Hamiltonian symbol for use in each case. This is a result of the preservation
of the Q! de-quantizable operators’ commutation properties at the level of the path
integral, since the property

(aa* - a*a) z) = |z) (3.51)

leads to

o1 (aa*) — 0! (a* a) 1. (3.52)
It is easy to understand then, that the process of expressing the Hamiltonian (3.43))
with respect to the operators 44", and then mapping it through Q! (aa%) = |22+
commutes with the process of mapping the initial form with Q! (afa) = |z|? — ].
Thus, the aforementioned construction naturally provides the correct and uniquely

defined Hamiltonian symbol for each case, at the continuum limit of path integration.

For the study of general Hamiltonian operators that are products of equal powers of
a and 4" or linear combinations of such terms, the correct mapping can then be identi-
tied by firstly rewriting the Hamiltonian in the form of and then de-quantizing
it as showcased above. This argument can be generalized even more, to state that
whenever a Hamiltonian operator can be parametrized as a polynomial of a Hermi-
tian Q~! de-quantizable one, the mapping to the continuum limit can be performed
linearly using eq. (.42). In the case of the harmonic oscillator, this argument can
thus be applied for the study of higher powers of the general Hermitian operator
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A = kata+ ca+ca* +d, where k,d € R and ¢ € C, which is indeed a Q! de-

quantizable operator.

Summarizing the results up to this point, for the bosonic case the action of the de-

quantization map Q! on operators of the form

F=Y1, (ka* A+ ca+cat + d) ) (3.53)
n=0
was identified to be
. N 1 "
0 (F) = Y 1, [k (|.z|2 _ E) b +c‘Z+d] , (3.54)
n=0

providing the corresponding Hamiltonian symbols in the continuum. Here, k,d € R
and ¢ € C are constant, but the [, € R factors can in general be time dependent
Vn =1,...,N. More formally, it was shown that for the aforementioned k,d € R and

c € C, the map Q! takes elements linearly, from the set
N{") = spany { (ka'a +ca +ca* +d) "> o} (3.55)
to elements of the set

Nc(lb):spank{{k (|Z|2—%> —|-CZ—|—EZ+d:| ‘TZZO}- (3.56)

When acting on the subset of operators , Q7! can be seen to be invertible. Fur-
thermore, its inverse shares a lot of similarities with a quantization map subjected to
Dirac’s constraints and as long as it only connects with (3.55), it does not violate
any no-go theorems presented in quantization theory [22,34]. It must be noted that
while operators of the form correspond to a large class of physical systems, they
still span a relatively restricted set. However, extensions of this set may be possible
through different functional methods downgrading the complexity of quantum oper-

ators, or the inversion of more general geometric quantization methods.

In the case of spin systems, the classical Hamiltonian corresponding to the gener-
ator S, in the highest weight s representation of su(2) appears in (3.31). The de-

quantization of its higher powers can be identified again, through the recursive use
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of eq. (3.41). In the functional integration formalism the action of Q! can then be

identified, this time taking elements linearly from the set
N[;S) = spany {$”|n > 0} (3.57)

to elements of the set

N = span sﬂJr1 n\n>0 (3.58)
ol = Spang 1+|Z|2 7 = ’ .

providing the correct Hamiltonian symbols. The validity of these symbols will be
checked through a highly non-trivial example in the next subsection. As expected, act-
ing on the subset of operators , Q~lisinvertible and its inverse acting on the cor-
responding subset of functions is again valid under Dirac’s constraints [22,34],

since the algebra in both subsets is Abelian.

The aforementioned compatibility of the inverse of Q! with Dirac’s constraints was
expected due to the method used for its construction. To clarify this statement, some
important steps in the aforementioned procedure must be addressed. At the level of
algebra generators, the identification of the Hamiltonian symbol proceeded through
the inversion of eq. , where for the quantum operator Q the following property
holds

[Q(f). Q)] =iQ({f.8}), (3.59)
for all the consistently de-quantizable cases studied, i.e. for the operators O =a,at
a%a and S,. This property is one of Dirac’s constraints for the canonical quantization
of classical observables. It is known that cannot hold for general sets of quan-
tizable classical functions {f, g, ... }, since the inclusion of higher order classical ob-
servables in many occasions leads to inconsistencies [22,34,35]. When the observables
commute this property is trivially true, since both the Poisson brackets and the com-
mutation relations of all elements in eq. are zero. In the previous cases, all the
operator/function subsets connected through the general de-quantization map Q!
(3.55)/(3.56) and (3.57)/(3.58), shared this property. These subsets were identified by

solving eq. (3.1) for a first order operator with respect to its classical observable and

generalizing this result for higher powers through functional methods. This proce-

dure produced Abelian subsets on which Q! is invertible and (Q ') ! satisfies eq.
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(3.59), making it compatible with Dirac’s constraints. Nevertheless, even though geo-
metric quantization provided an invertible map for the above examples, Q! may not

be invertible in general and thus bare no relation to an inverse theory of quantization.

3.3.2 Interactions

Through the previously proposed methods it is also possible to study some very gen-
eral classes of interactions analytically. These are the cases involving linear combina-
tions of tensor products of operators, which can be simultaneously de-quantized and

used as Hamiltonian symbols in functional integrals. Such systems appear in the form

N
Ot =Y w000 . o0k (3.60)
I=1
where OV represents the operator of the j-th system participating in the I-th interac-

tion term.

To approach such systems, it is firstly necessary to understand how the map Q!
acts on tensor products of operators. Any consistent path integration map, providing
the Hamiltonian symbols in the continuum limit, should map operators acting on dif-
ferent Hilbert spaces independently. This property can be derived naturally from the
discretization construction. By definition then, Q! has this property which quantita-

tively is expressed as

A

Q1 (Hl ® Hz) =91 (Hl) Q! (Hp) . (3.61)

Then, regarding operators of the form , the map Q! acts on these as
N
Qfl @ — le,1 (f’jll Qfl @l2 . Qfl @lk , (362)
(Ou) = L™t (0) @7 (0%) - 07 (9)

as long as all N operators corresponding to each subsystem can be simultaneously de-
quantized. Of course, this is trivially true when all N operators commute. In bosonic
systems, the previous arguments allow for the consistent study of interaction terms

between k subsystems of the form:

1. Interactions where all subsystems take part through a single first order operator
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and its powers:

O _ % w @, (kja}aj +cjdj + cjaT + djﬁ) -
L (3.63)

wl,k]-,d]- € R, Cj e C.

Here, the index j refers to the subsystems, [ to the interaction term and nj € N
is the power of the j-th subsystem operator in the /-th interaction term. The

parameters kj, d; and c; are considered constant, but w; may be time-dependent.

2. Interactions where at least one subsystem takes part through different, but si-
multaneously de-quantizable operators:

Obos) _ p(1) ®d}!‘ﬁj L E@ ® 4 E@x ®&;r + 1O i

int2 (3.64)

]'.

Here, the index j refers to the subsystem with the aforementioned property, and
& (1), £G) ¢ R, F (2) € C are functions of the operators of all the other subsystems,

which also have to be simultaneously de-quantizable.

In the same fashion, in spin systems one can study interactions of the form

, N
Hlpin) _ lezs?f @8 @ @8, meN, (3.65)

int
1

where all the indices have the same meaning as in the aforementioned bosonic case.

In this context, the operator g’c" identifies the m-th power of a generator of the j-th
]

subsystem’s Cartan subalgebra, where §Cj can be decomposed as (3.37). The path in-

tegral construction then proceeds as if considering SA? — SAZ; in a rotated frame.
]

To showcase the validity of this mapping, the general N-system interaction Hamil-

tonian containing S, operators up to a power k will be studied

k1 kN
He= Y - Y coaySai®@---®@5N, (3.66)

a1:1 IIIN:1
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where aj € N, Ejlil kj = k and c4,..4y € R. For this operator the de-quantization

procedure leads to

k1 A
HY (1z1],..., Jan)) = @ (Z Z Cay.an S -®S§fﬁ) = (3.67)

611—1 aN= 1
Y Y <ﬁ+ N (e )"
a;=1 an=1 e 1+ ‘21’2 1+ ‘ZNP

The calculation of the partition function

N ivN T ZiZi—2i% g
_ / (H Dzy(21)> el Zi:1 fO di’{ZS 14z ‘2 l (|Zl|/"'/|zN|)}’ (368)
i=1

(+)

S d’z
where [D?u(z) = Ns [ {Hte[o 7] 2szﬁ} hm H]N() =1 (1+|Z'jf‘2)2,proceeds

again by introducing the identity [74-77]

(i) (552
1-|z; 2

_ / <f{pg> / (f{Dm) eifOTdt‘”(gi(Slllzﬁﬁé))

in eq. (3.68). As a result, the partition function (3.68) can be recasted into the form

Z= / (ﬁm,) / (ﬁpai> ¢ E o (et H G )ﬁF (07, (3.70)
i=1 =1

i=1

(3.69)

where
. Z;Z;—2;% 1- \z|
F(Zi,07) = /D2 lf" dt{lsl P ( LA )} (3.71)
and
) SO o
Hl (gll---/CN) = Z Z Cal...aNCf---Cl\?’. (3.72)
11121 {ZN:1
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The last integral can be calculated by standard means [19,29,/56|65] and the result

reads F({;,07) = Y- eimi Jy 4t Jeading to
s s N N
Z= Y / 11D / [P | » (3.73)
mi=-—s mN=—s=S i=1 i=1

N
X exp [—iZ/OTdf <Ui (¢i —my) + HY) (@1,---,51\7))] :
i—1

Finally, the integrations over the fields o; yield N functional delta distributions ¢ [{; — m;],

tixing the {; variables to the values m; and thus give

S S . k k a a
Z= Y o Y o TEnmr Ry Gy (3.74)

mp=—s§ myN=—=§

which is the correct result.

4 Fermionic path integrals and correlation dynamics in
an 1D XY system

Section summary

In this section, the case of fermionic path integrals is considered, and the results and
methods are based on the work [73]. For such integrals neither the symplectic method
presented in section 3, nor the leap through Hermitian operators presented in sub-
section 2.17 generalize, since Grassmann manifolds do not allow for a symplectic de-
scription and the canonical quantization of the real Majorana operators is not straight-
forward. Thus, a different approach should be considered. This will be the use of the
result found through the Faddeev-Jackiw procedure, which was presented in subsec-
tion 2.20. This construction is later applied to the case of an 1D XY spin chain, with

both constant and time-dependent transverse magnetic fields.
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Section introduction

To show how this construction is possible, the known example of the simple fermionic

oscillator will be presented

. O |

A=w (qﬁb—z), (4.1)
which is connected to the spin Hamiltonian H = —w$, via the Jordan-Wigner trans-
formation. The partition function in this case can be trivially computed without any

reference to path integration: tr [e_ﬁH } = eWB/2 4 ¢=wB/2 = 2cosh (wp/2), as refer-

enced in section 2.

By introducing the Majorana operators of eq. (2.44), the Hamiltonian assumes
the form H; = —i%4291. The construction of the corresponding path integral pro-
ceeds then via the Faddeev-Jackiw method and dictates [26] the form H,; = —i% 7,71
for the classical function which weighs the path integration, with {7, 7;,} = 0. The in-
tegral constructed in this way represents the partition function of the system as a path
integral over real Majorana Grassmann variables. It is then an inevitable demand
for this integral to be connected with the corresponding integral over complex Grass-
mann variables through the canonical transformation y; = { + {, —i2 = { — . This
approach yields the Hamiltonian Hy; = w({ as the proper weight for the integration

over fermionic paths
_ prz.
7 = /DgDCexp {— / 52 dt¢ (07 + w) g} (4.2)
) )

It is worth noting that for the above mentioned canonical transformation to be valid,
the discretization prescription underlying the continuous form must be the symmet-

ric one (,,{y N—> . Thus, for the calculation of the above integral one must use the
—00

symmetric limit value G, (0) = 3 — (1 + ¢P'¥) ! for the Green’s function in (2.98). In

this way, the correct result is produced.

The calculation presented above can be summarized in a simple proposal: in order
to use the path integral formalism for a system, the quantum Hamiltonian of which
is given in terms of fermionic creation and annihilation operators, the first step is to

rewrite it in terms of Majorana operators. By replacing these with the corresponding
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real Grassmann variables, according to the Faddeev-Jackiw procedure, one then gets
the well defined, unique action for the real Grassmann variable path integral. Finally,
the canonical change of variables to complex Grassmann fields provides the classical
Hamiltonian that must weigh the paths over fermionic coherent states. This whole
construction fixes the discrete ancestor of the continuous expressions to be the sym-

metric one.

4.1 Spin systems through fermionic path integrals

To demonstrate the general form of the quantum Hamiltonians of interest, consider

the spin Hamiltonian

A=-

M-

S s & 7 Y oZ 0% g%
[”J‘TJ' T+ i 0 + 607014+ RiCy |- (4.3)

j=1

By applying the Jordan-Wigner transformation (2.51), the Hamiltonian operator

can be re-expressed in terms of fermionic creation and annihilation operators as
a S o ot 5 ot P st
H=-), [a]‘ (8 =93) (81 +dysa) +05 (90— d) (97 +95) +
j=1
o (1= 297d;) (1 - 208 0dy0 ) + by (1-26]9) } . (4.4)
Introducing the Majorana operators
Foj-1 = EZ’; +¢j, —ifj= lﬁf — i {9} =ik (4.5)
the Hamiltonian (4.3) assumes the form
A N
H=1)_(ai¥2iF2j+1 + bjT2jr292j-1 + icj¥oj—1%2iF2j+1¥2j42 + hiFaj—172j) - (4.6)
j=1
Using the Faddeev-Jackiw procedure one can now identify the classical Hamiltonian

weighing the functional integral over Majorana variables, by replacing the Majorana

operators with classical real Grassmann variables ;. By changing these back to the
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complex Grassmann variables via the canonical transformation
Yoi-1=Cj+ i —iri=0C—Ci {CiC}t =1{0i0}=1{3lk} =0, (4.7)

the Hamiltonian weighing the functional integral over complex Grassmann variables

is recovered

N
Hy =Y |a; (Gir + i) (G =) +b; (G + &) (1 — Cja) —
=1
— 4¢;|3i 1P| [ + 2] 2512 (4.8)

which is also the Hamiltonian weighing the corresponding fermionic coherent-state
path integral. In the present section, the focus will be on the dynamics of ground
state correlators in a spin-chain system described by the XY model. Besides the exact
evaluation of correlators’ time-dependence, some known results, that have been eval-
uated by different means, shall be recovered, in order to perform a series of non-trivial
checks regarding the proposed procedure. As a concrete example, a simple calculation

pertaining to the two-spin system H = —wS; - S is presented in appendix C.

4.2 Time dependent correlations

The study of entanglement in 1D, spin-1/2 chain models, is of great interest not only
in the field of condensed matter physics, but also in quantum information science,
where entangled states are of fundamental importance in information processing.
As explained in subsection 2.9, the XY model is a well-known and exactly solvable
model that exhibits a quantum phase transition. This transition signals the onset of
long-range correlations in the ground state of the system, and is of purely quantum
mechanical nature, as it is connected to the entanglement properties of the ground
state [12-14]. Thus, the XY model constitutes the ideal stage for the application of the
aforementioned path integral formalism, which in turn provides very practical tools

for the study of the dynamics of vacuum correlation functions.

The couplings in the anisotropic XY model are defined [12-14] to be a; = (1 +7)/2,

bj = (1—r)/2and h; = h, ¢; = 0V}, while the spin chain is considered to have an even
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number of sites N and periodic boundary conditions for the spin interactions. Thus,

the Hamiltonian (4.8) reads as follows

N

Hxya = Y [r (§iCj+1 — §ili41) + (GiTie1 — {ijs) +2hE;T] - (4.9)

j=1

For the purposes of this chapter it is natural to introduce Grassmann sources, redefin-

ing the generating functional as

- p/2 N o AR _
Z[]] = /DgDCeXP {—/ dt [ CiCi+ Hxya —1Y_(Jig; + Cil;) } (4.10)
(=) e =1 /=1
The functional derivatives of this integral generate the expectation values of operators
as
CIZL_| it (i )ilm) @)
0Jp(12)0]a(T1) J=0 b c

Here T signifies the time ordering of the operators, which is implied by the path inte-
gral procedure, and the index ¢ denotes the connected part of the expectation values.
This equation is not true though when b = 2 and 17, = 7y simultaneously since, when
all indices (time and site) are equal, one should expect similar issues as those appear-
ing during the identification of the correct classical Hamiltonian weighing the path
integration. To identify the correct way to handle such cases, it is enough to under-

stand how the simple spin operators of the original system are mapped in this context.

Spin-spin correlators of the form (Ulf"af >C = (U{XU}S ) — (o) <(7][3 ), (&, B = x,y,z) are

physically quite important as they probe the entanglement content of the ground
state [12]. Such types of correlators can be produced by applying on the generating
integral (4.10) the appropriate functional derivatives:

A

(T (o ()of (m)))_ = Df(2)D} (w)InZ[])] . (4.12)

To determine the form of these operations one can begin from the defining relation

(o) = %ﬁ)tf (efﬁH(t/?*,l/?)U]?C(l/}ﬂlp)) , (4.13)
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where the operators (7}-"(1/3*, ) are expressed through the Jordan-Wigner transforma-
tion The next step is to interpret eq. as a path integral over fermionic
coherent states. In the standard formulation, presented in section 2.16, the operator
of =1 - 2§74 is interpreted by the classical function 1 — 2{;;, while the Faddeev-
Jackiw approach, presented in section 4.1, yields the function —2¢;{;. Since the (7]:2
operator enters non-trivially in each and every spin correlation function, it is evident
that the two prescriptions produce different results. Given that the static correlation
functions for the XY model are known, they can serve as a criterion for distinguishing
between the two approaches. In the following, it is proved that the correct results are

produced through the Faddeev-Jackiw construction, which yields
x| pre-5@0 (TT20.2. ) (7
(o) = 75y | PEPEe S (TT26de ) (G4,
() =
o pee-50 (Taze | (2
o) = 75y | PP (T2 ) (G- ), (@14
(-) k=
(07) = L/pnge—S(é,G)g.g.
" Z(B) o
(=)
Thus, the operations in eq. are defined as

) B j—1 52 0 0
Dj(r) = (Ezﬁk(r)ﬂk(ﬂ) <5If(T) " 5_1'(T)> ,

DY(1) =i ﬁz & N 15
TG TR @) ) \gi(x) - oTi(D) )

z o 52 _

Di() = 25 ysr o)

This result also indicates the correct prescription for the equal time fermionic correla-

tion functiond™ to be

NN _ &InZ[]] 1
(@ (D) a(T)), = RGIAC)) o + §5ab- (4.16)

4For spin-1/2 the spin operators $ u and Pauli matrices 0y, 4 = x,y, z, are related through the equa-
tion §l4 = ay/Z.

5Tn the case that both operators are holomorphic or antiholomorphic the equal time/site limit is
trivially 0, due to the nilpotency of fermionic operators.
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If the ground state of the system is unique, eq. produces at the limit § —
oo the ground state expectation value of the operator. In the case of degeneracy,
the zero-temperature limit projects on an equiprobable mixture of the degenerate
ground states. At the limit B — oo and after the Wick rotation T — it the operation
(4.12) generates the time dependent, two-point connected, vacuum correlation func-
tion (T <af(t2)(7]b(t1)> >C [51]. The study of the static entanglement entropy has been
based [12}13] on the equal time version of the above defined correlation functions.
In the current section the aforementioned path integral technique will be used to in-
vestigate the dynamics of ground-state correlation functions, while a series of known

results will be confirmed.

To deal with path integration weighted by ([@.9), the usual [12414}31] tactic of sepa-
rating the Hilbert space of the system into two independent sectors (see subsection
2.9), corresponding to periodic (odd fermion number) or anti-periodic (even fermion
number) boundary conditions for the fermionic degrees of freedom, will be followed.
Consequently, this also allows for the path integral study of each sector independently,
as explained in detail in appendix D. In the following, the case of anti-periodic condi-
tion {n4+1 = —{; will be studied, which is defined through the Fourier transform of
the Grassmann fields (see eq. for the operator analogues)

— — LNzl eiZWn(er%)]'/\m_ (4.17)
\/N m=0 \/N m=0
In turn, this is connected to a chain of even number of fermions. For the sector corre-
sponding to the odd fermion number case, the change m + 1/2 — m is required [31].
It must be noted that expectation values found with the use of sector specific generat-
ing functionals (as is the case in the following), which correspond to the independent
contribution of a given sector, are valid only for operators that preserve the sectors.
Further details on the sector representation in the context of path integrals can be
found in appendix D. From now on, the upper indices (e)/(0) are used to denote

quantities representing the even/odd fermion number sectors respectively.

Inserting (4.17) in (4.9), the classical Hamiltonian corresponding to the generating
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functional of the even sector Z(¢)[]] adopts the form

0 _N&E e
Hyy = Y. Hu', (4.18)
m=0

- kyn, —il
HE =2 (e enomt) ( il ) ( S )

where the following abbreviations have been used

27T 1 .27 1
kyy =h— cosw (m + 5) Ly = rsmﬁ (m + z) . (4.19)

The crucial observation here is that the interactions connect only the fields ¢,, with ¢,
and CN_p—1, and the fields c,, with ¢, and cny_,,—1. Thus, the generating functional

can be factorized as

N/2-1
zOy = 11 z2, (4.20)

m=0

Zf(ff) U] = DC_mDCmDEme,1DCN,m,1e_Sf(5)U],
(-)
where
B/2

Sf,f) [J] = /—ﬁ/z dT{ (Cmm + EN—m—16N—m-1) + H,Sf)— (4.21)

— i (AmCm + CmAm + AN—m—1CN—m—1 + EN—m—1AN—m—1) }

The Hamiltonian H,(f ), defined in (4.18), can be easily diagonalized through a unitary

Bogoliubov transformation

(e) _ €m0 + [ cosby, isinfy,
Hu' = Um( 0 —en ) U, U = ( isinf,, cosf, |- (4.22)

In this expression

2 2
Em = 2\/(h — cos% (m + %)) + (rsin% (m + %)) (4.23)

s 27T 1
rsImgy (m + §>

h—coszwn <m+ %)

and

tan (260,,) =

(4.24)
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By making the change of variables

Cm _ Cm
( CN-m—1 ) = Un ( C_N—m—l ) ’ (4'25)

the action (4.21) can then be written in the following form

(@) p/2 _ . .
Sm'[J] = /5/2 AT (mDmtm — ifimtm — mbm) , (4.26)
where
— Cm _ a’[ + €m 0
Mm = ( ngmfl )/ Dm — ( 0 aT — €y ) (427)
and
fm = ( Am —AN-m-1 ) Uip- (4.28)

Before proceeding, it is worth noting that the change of variables (4.25) (and the subse-
quent diagonalization) is permitted by the symmetric form of the discrete time lattice
structure which defines the path integral. On the contrary, if the asymmetric discrete

form had been kept, this change would not be possible. Written in this form, the inte-
grals in (4.20) can be easily calculated.

In the limit § — oo, the generating functional (4.20) becomes

2] = 729 [0]exp {— [~ e [7 arpo)Ga(r - r')um<r’>}, (4.29)
with »
Gm:D,#:(Gm ?)>
0 Gy
and

G;Sj)(T — ) =0(t—1)e (TTem, G;Sf)(T — )= -0t — 1)e ("~Dem_ (4.30)

The Green’s function G,(J), which propagates the m modes, has been chosen to obey

casuality: G(*)(t —1/) = 0 for T — 7/ < 0. Itis, in fact, the antiperiodic function
G,(n+)(r —7) = [@(T -7)—-(1+ eﬁem)_l} e~ (T=T)ém at the limit § — co. The ad-
vanced function G,(n_) (t — ') propagates the N — m — 1 conjugate modes backwards,

and obeys the boundary condition G,(ﬂ_) (t—1') =0for T — 17 > 0. As expected, it is
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the B — oo limit of the antiperiodic Green’s function
G,(ﬂ_)(r — 1) = [(1 - eﬁ“:’")_1 -0t - T)] e~(T=Tem Note that, according to the
aforementioned prescription, the ® function appearing in (4.30) is the Heaviside step

function, for which ©(0) = 1/2. In eq. (4.29), the system’s partition function A% 0],

corresponding to the even fermion number sector, appears as a normalization factor.
The path integral computation of this quantity can be found in appendix D, where the
known result [78] is recovered. Nevertheless, as long as one is interested in the study
of a single sector (the even one in this case), this factor proves to be irrelevant in the

computation of (T (Pf () Pa(71)) >£e).

By acting with the functional derivatives on the generating functional (4.29), it is an
easy task to compute the following expressions, that are the basis for all correlation

functions in the even sector:

(7 (i) = @31
1 N-1

=3 Z o R (m+3)(b-a) (COS29mG,s1+)(T2 —1)+ sinZOmG,(n_)(Tz - T1)> ,
m=0

(& (it dalm) ) = 43)

c

N-1 .
_ _% Y oW (mtd)(b-a) (cos29mG;§1+)(T1 — ) + i, Gl (1 — TZ)) ’
m=0

(T ($3(2)pi(m)) = (433)

(F () a(1))) ) = (434)
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Note that, by interchanging 7y, 2 and 4, b in and comparing the result with
it can be seen that (T (1/3;,(772)1[3;(71)»56) = —(T (lﬁ;(rl)zﬁb(rz)))ie), which is antici-
pated due to the fermionic nature of the operators. Furthermore, it is easy to see that

(T (llA)b(TZ)l/}a(Tl))>£€)* = (T* (lﬁ;f(rl)lﬁg(rz)»ge) In the equal time case, due to eq.

(4.16), the correlation functions 1i and 1) receive an extra +%5ﬂb contribution.

Due to the quadratic nature of the Hamiltonian at hand, these correlation functions
contain all the information needed for the analysis of the system. As a first exam-
ple the transverse magnetization (0*) of the even sector is presented, which is a site-

independent quantity due to the translational invariance of the system

sy(e) _p MZON] | NS o 435
<U > 5]](1')5]](7,') ]:0 N mZ_:O COS( m) ( )

At the thermodynamic limit N — oo this result reduces to the full expectation value

of the operator, coinciding with the known [79] result

o 17 |h — cos¢|
o) = 7T/0 d('b\/(h — cos¢)2 + (rsing)?’

(4.36)

which confirms that the correct functional operations representing the spin operators
are those given in eq. (4.15). From the physical point of view, more interesting is the

connected time dependent correlation function

. 54 nZ|[]]
¢ 3(w)dTi(w)6T(m)dTk(n) |y’

(T (cF()oi(n))) (437)

where in order to find the real time result, one just needs to perform the Wick rotation
T — it. The calculation of the even sector contribution to the correlator (4.37) is then

quite simple and yields the following result:

. (e)
(F ()i (1)) = Al = 1) + Bi(lt2 — 1)), (4.38)
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where in the last expression the following abbreviations are used

N-1 o N-1
Al(lt]) = {% ) e~ lten cos2,,cos (cpml)} {N Y. e~ llensin?,,cos (pul) v,

1= ’ 27 1
B;(|t]) = N Y. e~ IMlengin2g, sin () b, P = ~ (m—l— 2) (4.39)
m=0

By taking into account that G4 (0) = ~G.) (0) = 1/2 and setting r = 1, for reasons

of comparison, the static result is recovered

(07,09 = —5(Z(-1), (1) = kR(I) = R(I +1), (4.40)

with

cos(¢pml) _ 1 d‘P cos(¢l) | (@A1)
— oSy )2 + sin®¢y, \/(h — cos¢)? + sin’¢

N—>oo7'[ 0

N
ﬁg\/(h

which in the thermodynamic limit again represents the complete correlation function.
Despite the fact that the result (4.40) has been known for a long time [79@ it was
re-derived here because it is a strong indication that the correct way to define path

integration over fermionic coherent states is through the Faddeev-Jackiw method.

For a further check, at the thermodynamic limit N — oo, the functions (4.39) form-
ing the correlator (4.38) adopt the following form

e iltl(e(p)+e(¢")

x [e(¢) + 2(h — Coscp)] le(¢') — 2( - cos<]) ")] cos(¢l)cos(¢'1), (4.42)
lltl Jrele)) o
Bi(|t]) = / / 47,) singsing’sin(¢l)sin(¢'l).

16The sign difference in  is due to the sign difference of the magnetic field used in the Hamiltonian
of the cited paper.
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The integrations in eq. (4.42) can then be reorganized as follows:

L7 —iltle(p)+i 2(h — cos
At =y [ dge i) {HM} y

2(h€(¢) ¢') 4
" g e—iltle@) ity |1 _ 2Ut—cos¢’)
L {1 @) }
and )
1 /= _ 1 SING
_ |1 iltle(¢)+ilg SIP
Bi(|f]) = [n/_ﬂd(pe e(@} . (4.44)

By using the continuum version of eq. (4.24): tan(26(¢)) = sing/ (h — cos¢), it is easy
to find that

cos(20(¢)) = 2(h — cosp)/e(¢p), sin(20(¢)) = 2sing/e(¢) (4.45)

and consequently

. 1 m L 2
<T <0']Z_H(t2)0']z(t1)>>c = |:E /nd¢gll¢l|t|€(¢):| —

L, (446)

1 /7 S 2 1 (7 o
_ {E /_nd(l)ezlqﬁ1|t|€(4’)cos(29(¢))} _ {E /_ndcpezl(pz|t|e(¢)sin(29(¢))

This result coincides with the zero-temperature limit of the exact result that has been
found by Th. Niemeijer [80]. Here, €(¢) is the continuum limit of the discrete energy

€m

e(p) = 2\/(h — cos¢p)? + (rsing)?. (4.47)

As it is obvious, the correlator and consequently the entanglement, disappear at
the limit ¢ — oo due to strong oscillations. However, this argument does not hold at
the critical point, where | — cos¢| = A << 1 and ¢ ~ A. Thus, the time after which
correlations are strongly diminished scales as t ~ 1/A. Even though the result of eq.
was produced for the even fermion number sector, the corresponding result for
the odd sector could be immediately recovered through the change m + % — m. An
important note is that while this method takes advantage of the sector separation pre-
sented in eq. of appendix D, it remains valid only for operators that preserve
the sector. For operators that do not have this property though this method should be
modified, in order to include the possible sector interpolation (as for example in the

case where the expectation value of the single (7]?‘ operator is considered).
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It is also easy to compute the real time correlator of the Majorana operators (4.5)
iBpo(t2, t1) = (T (F2p(t2)20-1(11))) - (4.48)

Inserting the Wick rotated correlators (4.31)-(4.34) into eq. (4.48), one gets the even

sector, real time correlator
By (12, ) = = Y e (m42) () 2ibnemil—tilen, (4.49)

which at the thermodynamic limit N — co reduces to the complete correlation func-

tion
1 2r ) . )
Bi(t) = Bpa(ta, 1) = _E/ dpeP=20P)=iltle(@) | —p—q, t=t)—t. (4.50)
0

In this expression, the function 6(¢) is defined as

arctan- 2 cosp > 0,
26(9) = { rsing ’ (4.51)
arctan;— + 7 h — cos¢ < 0.
For the XX model (r = 0) and |h| < 1 the integral (4.50) simplifies to
Bi(t) = L /Zn dpe'?sign(cosp — h)e~2IHllcosp—hl —
l 27 Jo
U .
_ LM dpePcos [2t(h — cos)], (4.52)
T J =y
where ¢, is defined through the equation cos¢y, = h.
The evaluation of this integral yields the result
2 & sin [(I + k)¢y] T
= — 2 2ht — k— 4.
Bi(t) =~ Y J(@) g cos(ht kz), (4.53)

k=—o0

with i being the Bessel functions. For the static case, one does not have to take into
account eq. and repeat all computations, since when identifying the weighted
quantity corresponding to T (925 (t)§24_1(t)), through the Faddeev-Jackiw prescrip-
tion, all extra 1/2 contributions cancel, giving the function 7o, (t)y2,—1(t). Thus, the
limit t; = t; of eq. can be performed trivially, in which case only the k = 0 term
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survives, giving

Buoey(t) = 2 20000), (4.54)

Here, the abbreviation used for the equal time correlation function is Byg ¢, (t) = Bpa(t, ).
At the vicinity of the critical value & = 1 one can then find ¢}, ~ v/2A where A =
1 —h — +0. This value sets the scale after which strong oscillations diminish correla-
tions. Thus, the correlation length behaves as ¢ ~ A"~ AT giving the correspond-
ing critical exponent v = 1/2 [41]. As |t| — oo, the correlator goes to zero as

B; ~ |t| 7172, except for the critical vicinity where it oscillates as
2 .
B(t) ~ Esm(gbhl)cos(ZtA). (4.55)

The time scale after which correlations are turned off due to the strong oscillations
can easily be seen from the last equation being: t ~ A~! ~ ¢2. Consequently, the
dynamic critical exponent defined through equation t ~ ¢* is z = 2 [42]. Therefore,
the entanglement entropy is expected [12-14] to scale as S ~ %logg ~ %logt at the

critical vicinity.

4.3 Driven correlations

In this subsection the case of a time dependent transverse field i = h(t) that drives
the evolution of an XY spin chain will be considered. For the quantum Ising model
(r = 1) and for a field linearly dependent on time, the entanglement dynamics have
been extensively studied [15,(16, 81-83], mainly by numerical methods. The present
work is a contribution to the analytical methods available for the study of spin systems

out of equilibrium. The quantities of interest are of the form

A

(T (O111(t1)O2p1(t2) - - - Onm(tn)))

tr [,ﬁinT (OlH(tl)OZH(tZ) T ONH(tN))] ’

(4.56)

where p;, = p(t;,) is the initial density matrix of the system at time t;, and O, (t,) is

a Heisenberg operator at time £,;:

.t 1YY (4
Ot (tn) = U(tin, ta)On(tin) Ut ), Ut t5,) = Te i HE, (4.57)
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In the following, the system is assumed to be initially in thermal equilibrium of tem-
perature f3 A

A e~ BHin

Pin = 7 (B)’ (4.58)
where Z;,(B) is the partition function with respect to H;,. In this expression, the sym-
bol Hj, identifies the Hamiltonian operator at time t;,,, where the magnetic field has
its initial value h;,, = h(t;;). By taking the zero temperature limit § — oo, and as long
as the ground state is unique, the density matrix reduces to p;, = |0;,,) (0;,|. If the
ground state though isn’t unique, the zero-temperature limit produces an equiprob-
able mixture of degenerate states. In the following, the case of interest is that of two
Heisenberg operators O; = ¢ and O, = 1,, where the 4 and b indices indicate the

fermionic modes.

To deal with the out-of-equilibrium dynamics of the system, the expectation value

of the Heisenberg operator ] (t,)§a(1) is re-expressed in the following form:

Gualp3t2,11) = tr |P(tan) B} (12) Pa(t1) ]| ©(t2 — t1) — tr [ (tin)da(t1) B} (12) | ©(t1 — 12) =

<

= tr [p(tin) (tin, t2) P (tin) U (L2, tl)lpa(tin)a(tlrtin)} O(ty —t1)—

= tr | (i) Ut 1) (tin) U (11, 22) B (i) O (12, ) | (1 — 1), (459)

for t; # t1, with © being the Heaviside Theta function. The — symbol in the above
equation is a consequence of the fermionic nature of the operators, while, as will be

made clear in section 5, in the bosonic case it would be replaced by a + symbol.

The forward-backward time structure of such correlators has been examined a long
time ago through the Schwinger-Keldysh formalism [3,45-47] presented in subsection
2.10. The basic ingredient of this formalism is that the time variable is defined on the
complex plane along a time-closed contour P, which encircles the real t axis, running
from t;,; = t;, +i0to t;,— = t;;, — i0. The contour consists of two straight lines. The
tirst one, denoted as L, joins the points ¢;, + i0 and T + i0, where T is an arbitrary
time instance, up to which the evolution of the system is considered. Along this line
the time variable is denoted as ¢.. The second line joins the points T — i0 and t;,, — i0.

Along this line, defined as L_, time is denoted as t_. In the case of thermal initial
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states this contour can be further extended by a complex time line, running parallel
to the imaginary axis, from t;,_ to t;,_ — i, where B is the inverse temperature of the
corresponding thermal state. This third line on the complex time plane is denoted as
Lg, while the extended contour as C. A natural ordering arises in this configuration
(as did already in P) since times along L are before times along L_, which also are

considered to be before times along Lg (see Fig. (T)).

The introduction of the resolution of the identity in the space of coherent states |{),
between the operators in eq. (4.59), leads to the re-writing of the correlation function

(4.59) as a series of matrix elements
Gralpitart) = [ 202 (=1p(tin) 0 Fua (8 Gitast1) (4.60)

where

Fpq <5//5;t2/ t1> = (5’!3('51';4, )le( ) (tZItl)lPa( zn) (tlz zn)l@ (tz_tl)_
- <5/|a(tin/ )q}a( zn) (tlrtZ)lI]b( m) (tZ/ m)|€> (tl - t2)/

which can be handled through the path integral method according to the rules pre-

(4.61)

sented in section 4.1. Here, the vector symbol denotes the set of all degrees of freedom
for the system. Leaving the details for appendix E - where both the cases of bosons
and fermions are considered - the path integral form of the aforementioned correlation

function is found to be

Gualpi 1) = 5 [ D) el oD, i), e

1
Zin (,B) ()
which allows for the definition of the Keldysh contour generating functional for the

out-of-equilibrium expectation values

Z[]] = Zinl(ﬁ) /DZZ(tC)eiftdtc[iij—HXYcz5 ] i o dtc]C— lfcdfcéf (4.63)

This integral has been constructed in exactly the same way as the corresponding imag-
inary time generating functional presented in section 4.1. In the present case, the
time variable runs along the Keldysh contour C, where the fields {(t+) = .+ (t) are

treated as independent. The magnetic field is considered to be the same along L-:
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hy(t) = h_(t), while along Lg it retains its initial value h;,. This way, correlation
functions can be retrieved via functional differentiation of eq. (4.63). Without loss of

generality, for the rest of this section it is considered that t;,, = —T.

Apart from the complications of the Schwinger-Keldysh formalism, the calculation
proceeds by following the same steps as in the imaginary time case. It must be noted
that once again the study will be performed on the even fermion number sector of the
system. The basic calculational difficulty then resides in the fact that both the eigen-
values €, and the matrix Uy, that diagonalizes the Hamiltonian in eq. , become
time dependent quantities, due to the time dependence of the magnetic field. As a

consequence, the extra off-diagonal contribution along the P contour
u;l;llatp Um — _émo—x,

. 2r . [2m 1 21 (4.64)
Om = —h—zmsm {W (m + E)} = —h%sm(pm (r#0)

appears in the kinematic term of the Keldysh analogue of (4.26)), a fact that makes the
calculation more involved. However, due to the quadratic nature of the action, the
calculation can be carried out.

The generating functional in eq. (4.20) is then transcribed to the Keldysh language as

N/2-1

290 = TT 200, 2500 = [ DDV, (4:65)
"= =)
with
5511 = [ dtc [m (Do = 600™) s — ot — ] (4.66)
Here, the operator D,, is the real time version of the corresponding operator in eq.
@2 |
D _ ( 01, —Oem(tc) - +(3_:m o) ) (4.67)

The generating functional can be calculated exactly, according to the Keldysh contour

algebra rules presented in appendix F, and the result reads as follows

7917 = 7% [0]exp [—i /C dtc /C dt’cﬂm(tc)ém(tc,t’C)ym(t’C)], (4.68)
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where the Green’s function Gy, is defined as the antiperiodic solution of the Green’s
equation

along the contour C. The solution to this equation and the computation of the normal-

ization factor of eq. are presented in appendix G.

Regarding Gy, it is shown that it can be expressed as

Gm = G + My, (4.70)

where M,, is a convergent series in 6,,, which can be systematically computed order
by order
My, = G0 G + O (951) : 4.71)

Here, G,, is the antiperiodic Green’s function satisfying the equation D,,G,, = 1 over
C, the solution to which can be found in appendix F. Now, all the needed correlation
functions can be deduced through the corresponding functional differentiations, as

for example is the case of

&)
c B 5]b(t2+)5]_a(t1+) ]:0,

(T (9 (2)9a(1))) (472)
which, as noted in section 4.1, receives an additive factor in the limit where t, = t;
and b = a simultaneously. In the following, the equal time case will be considered.
The contribution of the even fermion number sector to the equal time correlator, up to

the first order in 8,,, is then found to be

2n

Aty () i N —i%F (m+3)(b—a)
(W (1) ¢a(t)), = ToN Y et imte X (4.73)
m=0
. 1 .
X tr([(ll + GOm0 )G ] (1, 1) |cos (20, () )07 — sin(20m(t))ay} ) + E(Sb“ + O(62).
The case of a magnetic field h = h(wt) was further examined in appendix G, in the

limit T — oo and B — oo, where it was proved that at the adiabatic limit, the contri-

bution of My, = G0, Gy + O(02) in eq. (4.73) is strongly suppressed as w — 0. In
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this case, the dominant term in eq. (4.73) is the one coming from G, and thus

: N-1
N " (e) w—0 I 27 (1Y (h—a . 1
BP0 "= 5 X T o 200(1) te[Gut )] + 300 =,
1= % () (0-0) 1
5 ON m:oe N\ cos (260, (1)) + E(Sba’ (4.74)

where the property G (tc, t-) = —GF)(t,, tc) was used. From this result it is easy
to also compute the even sector expectation value of the Heisenberg operator o7 (t),
as (07(t)), = 1 =2 (P (£)Pi(t)).. A comparison with the results obtained for a time-
independent field in eqs. and (4.35), leads to the conclusion that at the adiabatic
limit the main change in the correlation function is the replacement 6,, — 6,,(t). How-
evet, as proved in appendix G, this statement holds only away from the critical region
|h — 1| ~ O(w'/?). In that neighbourhood, irrespective of how slow the driving is,
the contribution of M,, in eq. becomes equally important to that of G,;. This
is in accordance with the so-called Kibble-Zurek mechanism (KZM) or the adiabatic-
impulse-adiabatic approximation [42,43]], presented in subsection 2.8. It is easy to see
then that, even if the evolution of the system is considered adiabatic away from the
critical point, when near that point the evolution becomes non-adiabatic, as the energy
gap changes with a rate comparable to the energy gap itself: |i|/|h — 1| ~ O(w!/?).

In such a case, the entanglement entropy is expected [16] to behave as S >~ %logzé.

5 Reduced dynamics for bosonic and fermionic systems

Section summary

In this section, a path integral method for the study of dynamics of bosonic and
fermionic systems embedded in thermal quantum environments will be presented.
The methodology will be presented simultaneously for the bosonic and fermionic
cases, since the differences in the context of path integrals are remarkably subtle. It
must be noted that an analogous methodology to the fermionic one can be also used
for the study of spin-1/2 systems, which relate to fermionic systems via the Jordan-

Wigner transformation [31]. This section is based on the upcoming work [84].
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5.1 The Reduced Generating Functional

In order to study the reduced dynamics of a system S, coupled to a thermal environ-
ment E, the compound system will be considered to be driven by the usual quantum
Hamiltonian

A= Hs® Ir + I ® He + H(t). (5.1)

In the following, it will be taken as granted that all the parts of the total Hamilto-
nian are expressed in terms of the corresponding creation and annihilation (bosonic
or fermionic) operators: Hs = Hg(a%,a), He = IqE(ZAJJr,lAO), A, = Hy(a', a; E*,ZA?). Here,
the notation 4 and 4" is used to denote the operators of the system, and the notation b
and b* to denote the operators of the environment.

For the analysis, the following physical picture shall be adopted: Up to a moment ¢;,,
the environment and the system are independent of each other (H 1(t < tiy) =0) and
the initial density operator can be expressed in the product form p = pr ® ps. Further-
more, prior to the moment t;,,, the environment will be assumed to be in equilibrium
at a temperature T = 1/, meaning that pr = e PHE/Z(B), with Zg(B) being the
corresponding partition function. No prior information is considered regarding the

system’s initial state, but this specific topic will play an important role later.

After the initialization of the interaction, the two interacting systems become entan-
gled and the evolution of the subsystem is in general highly non-trivial. To probe it,

the objects of interest are again going to be averages of the form:
Gi(,-T) (pit2, 1) = (T (ﬁfs(tz)ﬁjs(fl))>p = tr [ﬁ(fin)f <@3Ls(t2)ﬁjs(t1)ﬂ : (5:2)

In this expression a;5(t) is a Heisenberg operator that refers to the subsystem at a spe-
cific time f, the subscript i is a site/space or mode index, p(t;;,) = P, is the initial
density operator of the compound system, T is the time ordering operator and the
trace operation refers to both the environment’s and the subsystem’s degrees of free-
dom. In this subsection the formalism will be kept as general as possible, in order to
present the structure of the method, leaving for appendices E, H and I the details of
the calculations, and skipping for the next subsection the discussion of the examples
of the bosonic and the fermionic harmonic oscillators. The generalization to n point

correlators is, at least in principle, straightforward.
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By writing the Heisenberg operators in eq. as
.t 1707 ( 4! ~ it ragevi n ~
fjs(t) = {TJF@I Ji AL )} s (tin) {Te i AH )} = U(tin, t)aisU(t, tin),  (53)

where T is the anti-time ordering operator, it is easy to proceed exactly as in the case

of subsection 4.3 and express the correlator in the following form:

Gi (p1ta, 1) Tr[ in) s (£2 a]s(tl)}(@(tz—tl)iTr[ﬁ( s (1)afs (12) | O — 1) =

I
ﬁ

inr t2)l (b O (12, 1) (13 ) U1, ) | © (12 — 1)

[ﬁ( zn) (tu1/t )a]S( zn)tj(tlth) zS( zn)tj(tZ/ zn)] ()(tl _‘t2)/ (5-4)

for t; # t;, with © being the Heaviside Theta function. In the 4+ symbol appear-
ing above and in what follows, the upper symbol corresponds to the bosons and the
lower to fermions. Once again, the Keldysh contour parametrization will be used to

construct the appropriate path integral.

To analyse correlators of the type it is possible again to express them as path
integrals over the space spanned by the bosonic or fermionic coherent states. In the
following, the notation |Zs) = [z1,...) = ®jes |zj) and ITe) = 103,...) = ®Ruek |Cu)
will be used for the overcomplete bases pertaining to the subsystem and the environ-
ment respectively. For the composite system the notation |Z) = |Zs, {g) = |Zs) ® |{E)

will be used, while the completeness will be expressed in the abbreviated form:

- dz;d dc,d
[#212) 21 =] [ B 12 e TT [ 2% 10 @ =1 65)

jes ueE

with d?z = dRe(z)dIm(z) for z of bosonic nature and d?z = dzdz for z of Grassmann

one. In this basis, the correlator (5.4) can be written as

Gij(p;t2, 1) = / PZd27 (+7)p(ti)|Z') Fy <Z’, Z:ty, tl) ) (5.6)
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where

=

Fi]’ <Z/,Z} to, t1> = <Z’|Cl(tin, ) 15( m)a(tz, tl)lljs( m)fl(tl, m)|Z> @(tz — tl):I:

+ <z/|a(tinr )a]S( m)a(tl/ t2) zS( m)a(tZ/ tm)|z> ®(t1 - t2)-

(5.7)

In appendix E it was proved that the last amplitude can be interpreted as a path inte-

gral over the Keldysh contour P (see fig. (I))) as follows:

Fi]'(zl, Z; tz, tl) = (58)

N
N

p(tin-)= . .
~ Tinins(Z2!,2)+i [odtp|i(Zp-Zp—Zp-Zp)—H(Zp,Z
_ / DZZp(tp)e i ( ifp P[ p-Zp—Zp-Zp)—H(Zp, P)} (t2_|_)Zp](t1+)

ZP(tinJr):z

The time variable tp, that parametrizes the paths under integration, is defined along
the P contour, at the end of which the boundary conditions are set. The factor in the

last integral is defined as

Lo 1/ . _ 1 B
Cin_ine(Z',Z;Zp, Zp) = 5 (|Z/|2ﬂL |Z|2> ~5 (Z/ Zp(tin_) + Zp(tin,) - Z) =
(5.9)

= Fzsnf zn+(§ Z E zZ )+FE in—f—(C_// 5; C_P/ 51’)/

and corresponds to the usual boundary term, used for the consistent calculation of
coherent-state path integrals, with the two terms of the second line referring to the
contribution of the subsystem and the environment respectively. In appendix E the
result was further modified, for the case where Z corresponded to an isolated
thermal system, in order to represent an evolution not only along the contour P, but
also extended on a line Lg parallel to the imaginary axis. In the present case though,
only the environment will be considered being initially in a thermal state, and thus

this extension is impossible for all degrees of freedom.
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By inserting eq. into eq. (5.6), the latter can be recasted as follows,

G (st t) = [z (+21ps(t)|2)

Zp(

/ DZ . m+(§ ZE ""lfpdtP[Z Zp: ZP ZP Zp)— HS(EPIZP)} % (510)
m+

X Zpi(t2+)zpj(t1+)IE [Zp(tp), Zp(tp)] = Giji s (0512, 1),

where the last factor
Ie [Ep(to), Z(te)] = [ @6 (L]pe(tin)|T) 511)

Tinint (05:0p.0p)+i [ dtp 5(EP'C;P*CéP'fP)*HE(Ep,fp)*Hl(EP,ZP)

/ D2Cp(tp)e
gP(tszr) C

corresponds to the influence functional of the Feynman-Vernon’s technique and in-
corporates the influence of the environment on the correlation function. By following
the same steps, similar expressions can be derived for all correlation functions of the

subsystem. Thus, it is useful to define the reduced generating functional

Zs[, ]| = / P2d?2 (£7]ps (1) |2 X (5.12)
EP(tinf)*? o

% ,DZ—»P(tP)e—rin,,er(f Z§ +l fpdtp[l Zp Zp Zp Zp) Hs(gp,Zp :| 1detp(fZ E T) %
Zp(tiny)=2

with the help of which all correlation functions of the system, G;; .+, can be derived
through the appropriate functional differentiations. Note that the fields Zp(f+) =
Z4(t) and Zp(t—) = Z_(t) are independent fields and must be integrated separately.
The r.h.s. notation for these fields is meant to signify the complex-time line (L4 or L_

respectively) on which they are supported on.

The matrix element of the thermal environment’s density matrix, appearing in eq.

(5.11), can again be expressed as a path integral with respect to fields parametrized
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along the lower imaginary axis, running from t;,_ to t;,_ — i, as

(E£C\Pe(tin)|l) = (5.13)
(tin——ip)== . - s s .

. 1 / Dzz (t )efrﬁ,inf (@,5’,§i,n,§im)+i ftii:: P dtim %(gzm 'gim 7§im 'gim)fHE (gimlgim)

- ZE(,B) ) ) m\*1m 7
é(tinf):g/
where
= = - 1 - -, 1/=2 > . = -,
Tg,in— (2, ¢ Cims Cim) = 5 <|C|2 + |C/|2> ) (C “Cim (tin — iB) + Cim (tin—) - C’) . (5.14)

Combining the expressions (5.11) and (5.13) one then arrives at a path integral parametrized
along the Keldysh contour C (see Fig. (1))

I [Zp(tp), Zp(tp)] = (5.15)

_ 1 /ng’c(tc)ei Jedtc [iEC‘ZC_HE(EOgc)]_ifp dtPHI(?P/zP).
Ze(B) .

The subsript (£) on the path integral denotes the periodic or antiperiodic boundary
conditions, induced by the trace operation for bosonic and fermionic systems respec-
tively. Regarding the integral over P alone, which appears in the exponential of the
previous equation, the symbol Zp has been used (and subsequently Zp and 7 p) for the
tields. This is just a choice of notation, in order to show that the degrees of freedom
contained in the last integral of the exponential are only those over P, and thus it is
considered (¢ (tp) = {p(tp). Path integration of eq. is thus performed with re-
spect to {¢, which is parametrized along the whole Keldysh contour C. This will also
be the case for the fields of the subsystem S, in the case that its initial state is consid-

ered thermal with some temperature Bs.

Regarding the matrix element (+Z|gs(t;,)|Z') appearing in egs. (5.10) and (5.12), and

considering the case where the system was not initially in a thermal statﬂ this matrix

7Such a thermal case allows for this matrix element to be represented as an imaginary time evolu-
tion. In that case, this term together with the path integral over P can be sewed, in order to provide a
periodic/anti-periodic path integral on a complete Keldysh contour Cg

Zs[],J] ~ /Dzzc(fc)eifCS el Ze—Hs e 20| fpdtp (T 20+ ) Ig [Zp(tp), Z(tp)],
(£)
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element is bound to provide a function f(+Z,Z') = (+Z|ps(tiy)|Z’) of Z and Z’. This

results to the reduced generating functional simplifying to

Zs[I. 7 = / Pzd?2! f(+3,7) x (5.16)
Zp(tin_)=+7 . - S

v Dzzp(tp)efl"mf,m(f'zf;fpfp)ﬂ [p dtP[%(EP‘_’P*EP _’P)*HS(EP/_‘P)} —i [pdtp (T Zp+2p )
ZP(tin+):Z

X Ig [Ep(tp),f(tp)] ,

which represents a path integral over fields parametrized only over P. A case which
can enormously simplify calculations is when the initial state of the system is consid-
ered pure and of the form []ics ® [0;), for which f (£Z,Z/) = 1. In that case,
becomes a path integral over the whole complex phase-space, from the initial Keldysh
time t;,,; to the final instance t;,_. This property will be used extensively in the fol-
lowing, while the methodology for recovering results for other initial states will be

addressed in detail.

Up to this point, the analysis has been completely general, except for the product form
that has been adopted for the initial density operator. In general, a closed-form result
for the influence functional is not possible. However, the embodiment of the en-
vironment in a path integral with periodic/anti-periodic boundary conditions offers
a variety of techniques for a systematic approximation of the environment’s influence
on the system. In the present investigation, the environment and its interaction with
the system will be considered to correspond to a solvable model. More specifically, the
environment will be assumed to be simulated by a collection of bosonic/fermionic os-

cillators

A Aga 1

_ t

He =Y E, (byby + E) : (5.17)
uekE

with the operators lAﬂy and 19; denoting the annihilation and creation operators respec-
tively, of the environment modes. The methodology would be similar to the presented
one for any other choice of quadratic Hamiltonian corresponding to the environment.
In the case that higher order Hamiltonians are considered, for which though a consis-

tent continuum limit must first be identified, the same methodology could be gener-

similar to the path integral pertaining to the environment in eq. (5.15).
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alized at least at the semiclassical level. The interaction term H; is chosen to be of the

linear form

- A 2

A= Y (gmb 0+ g0 by>. (5.18)
jES,UEE

The influence functional (5.15)) for the bosonic and fermionic Hamiltonians presented

above can then be parametrized as

I [Zp(tp), Zp(tp)] =
1 . (5.19)
— | | D2 ( ot Jedte[iCep-Cen—Eneplen—Tulou— CC;M]

where the following abbreviation has been used for the interaction term r,(tc) =
Yjeszcj(tc)gju(tc), with the understanding that gj,(tc) = 0 along the imaginary
part Lg of the Keldysh contour. In the last equation, the classical function Hp =
ek Enuy, which represents the quantum Hamiltonian at the level of path
integration, has been constructed according to the rules derived in sections 3 and 4,
for the bosonic and fermionic cases respectively. Due to its quadratic structure, the
functional integral can be calculated exactly. Leaving the details of the calcula-

tion for appendix H, here it is enough to quote the result

Ie [gp(tp),fp(tp)} =

= Cplex [ /dtp/ dtp Y zZpi(tp)Apji(tp — tp)zpi(th)

jkes

] (5.20)

with the kernel Ap ji(tp — tj) being non-local in both time and space indices
-1 ) ,
Apji(tp —tp) = ) &}u8ku [@)P(tp —tp) — (1 ﬂFeﬁEﬂ) } e~itr=th)Ex  (521)
uckE

and Op(tp — t’,) being the step function defined with respect to the Keldysh contour
P g P p y

P. The normalization constant Cz' = C;'Z;(B) is also computed in appendix H.

Thus, the generating functional (5.16) for the reduced correlators can be written in
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the following form

E(t =7
ZslI.J) = Gz / d2zd% f(+£2,7' / D2Zp(tp)e Tin-int EZ2p2p)HiS(Ep2r) (5 20)

P (t111+)

where the action weighing path integration is

= i = 3 = o
Zp) Z/Pdtp [i(ZP'ZP—ZP Zp) — Hs(Zp )} + (5.23)
N -
+1/ dtp/ dtp Z Zpj(tp)Ap ik (tp — tp)zpk(tp) /dtp (Jizpj + 2pi];) -
jk=1 j=1

It is easy to see that the introduction of the Ap j factor, originating from the integra-
tion of the environmental degrees of freedom, leads to two inter-related results: the
first one is that the initially independent fields Zp(t) = Z (t) and Zp(t—) = Z_(t) are
now connected. The second one is that the kernel leads to the appearance of a
non-zero imaginary part in the action (5.23), which signals the onset of diffusion for

the system.

If the system’s Hamiltonian is quadratic and diagonalizable, the generating functional
can now, in principle, be calculated. In such a case, the system’s connected correlation
functions G;; .+ (p; t2, 1) can be systematically derived by applying the proper func-

tional derivatives on the generating functional, where as an example

-

$InZ([], ]|
6Ji(t14)0];(t2+) | 1=

T
Gl-(j Npita 1) = Gijr 4 (0312, h1) = F (5.24)
Furthermore, when the Hamiltonian is not diagonalizable, the generating functional
(5.22) can be used as the basis of a systematic perturbative approach to the system’s
dynamics. For reasons of comparison and for the sake of practical calculations, the in-
fluence functional (5.20) is re-represented, in appendix H, in terms of the conventional

time notation.

In the equal time and index case eq. (5.24) accepts an extra —1/2 factor in the case of
fermionic systems as stated in section 4 [73] and an +1/2 factor in the case of bosonic

systems; the latter case will be confirmed through an example later on. In both cases,

105



these extra £1/2 factors come exactly from the identification of the correct functions
corresponding to the operators at the continuum limit, now though at the level of path
integrated quantities and not at the level of the action. In the present construction, the

equal time limit of the system’s reduced correlation function (5.10) becomes then

G ity t) = [ dPzd2! (2|ps (b)) x

Zp(

/ DZZP (tp)e Tin_in+ (2 Z2p2 -prdtp[l Zp-Zp—Zp-Zp)— Hs(gpffp)} % (5.25)

X (ij(t+)2pk(t+) + %éjk) IE [EP(tP);ZP(tP)} 7

which leads to the need of an extra i%éjk factor for the computation of connected cor-
relation functions, after the application of the appropriate functional derivatives on

the generating functional.

At this point, it is important to present the method for handling the f(+Z,Z') term.
Starting with the case of the initial state ps(t;,) = [Ljes ® |0;) (0}, it is easy to see that
the reduced generating functional (5.22) simplifies tremendously, since f(+Z,7) = 1,

to the form
O] = ¢! / D22p(tp)elSErap), (5.26)

where the action weighing the path integral remains the same. The path integral pre-
sented above has simplified, and now can be computed as an integral over the whole
space of fields zp and Zp, from the instance t;,, to the instance ¢;,_ on the Keldysh
contour P. The boundary term is not present in this case, since the path integral in
this form does not present any specific boundary conditions at t;,,; or t;,_. The choice
of such an initial state for the system can in many cases be ideal, especially when the
time scales in which one is interested in are typically large, and thus the initial condi-
tions are not expected to have an impact. More importantly though, this choice can
also serve as a first step for the computation of correlation functions for a system with
initial state 0s(tin) = [Tjes ® |1;) (n|, where n; is the number of particles in the j — th

subsystem.
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In the case of the initial state ps(tiy) = [Tjes ® |1;) (n)| it is easy to compute

f#,2) = (-5 ] (zjz;.)"j , (5.27)

= (_1)21‘65 ”j(fbjl /dZZdZZ/H (zjz’.> " / 'Dzzp(tP)e_rinf,in+(EIIE;EP/_‘P)"_I‘S(EP/ZP).

=) - -
] Zp(tin+):Z

Even though the I';,_;,, (Z,Z;Zp,Zp) term is included in the above integral, it exists
for calculational reasons only, since with its use the classical orbits become continu-
ous. Nevertheless, the path integral defined here corresponds to a path integral from
the initial variables Z, Z at tine to the final variables 7/, Z" at t;,,_, even if the classi-
cal orbit used for the calculation satisfies only the initial constraint for the holomor-
phic variable, and the final constraint for the anti-holomorphic one. Thus, the vari-
ables z; = Zp;(t,) and z} = zpj(tin—) can easily be identified with the action of the

functional derivatives +i—2— and i2—, respectively, on the zero-particle initial

O] (tin ST (tin—
state generating functionalj(. This]iva}z, it becomes possible to compute correla-
tion functions for more complicated initial configurations, using boundary functional
derivatives on the zero-particle initial state generating functional Z éo) [T,]j] This spe-
cific methodology will be addressed in more detail after the computation of the zero-

particle result.

There are some simplifying assumptions that can be made in the following, according
to the physical problem of interest. The first one refers to the coupling strengths g;,,.
A rather common choice is to consider them as equal both in magnitude and phase
for all sites: Vj € S : gj, = v, p € E. In this way, the presence of the environment
induces interactions all over the system’s range. The structure of the environment can

be then specified by its spectral density

D(E) = Y_ |7u|*0(E — Ey). (5.29)
ueE

107



At the continuum limit, the usually adopted form [39] for this function reads as fol-
lows pyn

D(E) = AE <E_c> e /B, (E>0). (5.30)
where A is a dimensionless coupling constant, and E, is an exponential cut-off. De-
pending on the value of 7, the environment is classified as sub-ohmic (0 < n < 1),
ohmic (n = 1) and super-ohmic (n > 1) [39]. The second simplification, which is
mandatory for the Lindblad equation, refers to the case of a Markovian environment.
To quantify the Markovian limit, the fields corresponding to the system can be rede-
fined in eq. as zpj(tp) — zpj(tp)e s, where eg ~ 1/7s sets the shortest time
scale 75 that characterizes significant changes in the system. In this way, the kernel
is recasted to the form

1 ‘ ,
p(te,tp) = Y |yl {QP p—tp) — <1 F eﬂEﬂ) } e~ i(tp—tp)(Eu—es) —
he (5.31)

« -1 ..
= / dED(E) |:9P(tp —tp) — (1 :Fe/iE) 1 e~ i(tp—tp)(E—es)
0

which now is a scalar with respect to the field indices, due to the equal coupling
strength choice. The Markovian environment corresponds to the case in which the
system’s time scale 75 is much larger than the corresponding environmental charac-
teristic scale ¢ and, consequently, the environmental memory effects are absent. This
is a natural expectation when the environment is stochastic and much larger than
the system itself. In appendix H it is taken into account that, at the aforementioned
Markovian limit, integrands like the one appearing in eq. can be assumed to be
very fast decaying functions of the time difference, thus allowing for the expansion
zpj, (') =~ zpj, (t) + O(t — t'). The functional (5.20) then assumes the form

I [Zp(tp), Zp(tp)] = CEleXP{—/ dfp/ dtp Y zpi(tp)Ap(tp — th)zpe(tp) |, (5.32)
jkes

where

Ap(ty —t,) = Mpd(t—1t), wv=+—, (5.33)
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- —i5E+r(1—b), A__ =iSE+T (1—19),
2 2 (5.34)

A_|__ — —Fb, A_+ — 1" (1 - b)

and

I =27D(e,), 6E = Pr. / AE—— DE) - 1

— T (5.35)

Here, §(t — ') is the conventional delta function, which connects to the contour delta

function on P (see appendix H) as 6(t — ') = dp(t4 — t/,) = —dp(t— —t_).

By using the influence functional (5.32), and restoring the fields that have been rescaled,
the generating functional (5.22) simplifies through the replacement of the kernel Ap
with A p.

In the next subsection the present methodology is developed for all quadratic and
diagonalizable Hamiltonians, and its application is presented on the characteristic ex-

amples of the bosonic and fermionic harmonic oscillators, as a proof-of-concept.

5.2 Computing the generating functional

The zero-particle initial state generating functional

Proceeding with the case of the zero-particle initial state, the Hamiltonian operators

under consideration will be of the following form

Hs =

TMZ

a! Kjdy + Hy + C, (5.36)

Jk=1

where the term H,; is defined to include all higher order terms, which are bound to
lead to non-linearities in the equations of motion. It is easy to see that the classical

Hamiltonian corresponding to the operator (5.36) is

Hse= ) z]K]kzki Z i+ Hy(Z,2) +C, (5.37)
jkes ]eS

where the quadratic term was identified according to the rules defined in sections 3

and 4 [18-20,26,27,73], and a classical function H,;; must in general also be consistently
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identified for the higher order terms. Considering C = :F% Yjes Kjj for simplicity, it
is easy to see that the zero-particle initial state generating functional, for the system’s

reduced correlation functions, simplifies to the following form
Orn=¢; / D?2p(tp)elSErr), (5.38)

where the action weighing path integration is

S(Zp, 2Zp) / dtp [Zpj(tp) (i6x0t, — Kji)zpi(tp) — Hu(Z,2)] + (5.39)
N -
+l/ dtp/dtp Z Zp; (tp Ap]k )Zpk(t%) —/Pdtpz (]ij]'-l-Zp]‘]j) .
jk=1 j=1

At the Markovian limit, the only change in the above result is the substitution of the Ap
kernel by the Ap one of eq. . It is easy to see that the real contribution of the iAp
term produces a shift to the energy scales of the system, which appears in both equal
site and interaction quadratic terms, in some cases even leading to the appearance of
interactions between degrees of freedom that initially were not communicating. At
the Markovian limit this shift was computed explicitly in the previous section, and it
was found to be the contribution of the —JE term of eq. to all entries of the K
matrix. Proceeding with the Markovian case, and in order to consistently take into

account the energy shift, the renormalized matrix K can be defined, with elements
(R)
OE terms. Thus, the action now can be seen to be of the form

= Kjj — 0E, as also the A}, kernel representing the initial Ap kernel without the

E Z / dfp E 15 katp — K](lf))Zpk(fp) — Hnl (g, 2)} + (5.40)

+z/dtp/dtp ): Zp;i(tp)Ap(tp — tp)zpr(tp) /dtpz (Jizpj + 2pj];) -

jk=1

In the action above, the A}, kernel includes only the diffusion effect of the environ-

ment, and all dynamic effects have been included in the renormalized matrix K (R),

It is a known fact that in the case of a non-zero H,(Z,Z) term the equations of mo-
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tion corresponding to this specific action adopt the following non-linear form

(96,05 — Kix) 24 (tp) — 0z, Hu +1i ) /dtPA]k —th)zf (tp) = Ji(tp)  (5.41)
kes

(iatp5]'k +Kj ) (tp :Eaz]Hnl 12 / dt%zf{l tp Ak] tP tp) = —]_]'(tp), (5.42)
kes

which in general can be solved only perturbatively with respect to J. This allows for
the computation of the classical solutions as series of J and f, which afterwards can be

used at the semiclassical level to produce semiclassical correlation functions.

For the computation of the zero-particle initial state reduced correlation functions it
is also possible to proceed with the use of the Effective Action F z Z,Z] [3,99], which
is defined as the Legendre transformatlon of the generating functional of connected
correlation functions W [ T7 = zan [] 7:

Ozz=7z+z.T-wO[7. 1. (5.43)

In the above definition of the Effective action the fields Z and Z are the background
tields, which at the semiclassical limit are equal to the classical configurations of the
physical fields. The Effective action is usually used in order to compute 1-Particle
Irreducible Feynman diagrams, but it also simplifies tremendously the calculations of

connected two-point functions, since the property

5.44
52 (tp)0z(th)  0z;(tp) (5-44)
combined with
2 /
@T) /0wy 5W 77 _ Oz(tp)
+iGYT) (tp, 1) = — ) 5.45
G (tetp) 61,(tp)51k(t33) 5J;(tp) 64
leads to
(52F Z,Z]
G(CT) ty, t 5.46
5z](tp)(szk(t;,) =T (tp: tp), (546)

. . ()
where G;;'T) (tp, ) = (T (d; (t p)ﬁk(t%)> ) " is the 2-point connected correlator for the
P
system. Similar methods can be also used for the computation of higher order con-

nected correlation functions.
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At the aforementioned semiclassical limit the Effective action reduces to the form

—»

; . (Z%)
z zZ] =S(Z,z +itrlog | ————+——~ (5.47)
Z2) =5z73)| & [(52]( Doze(t) |/
where 71 has been set to i = 1. In the quadratic case though, which will be the case
under study in the following, the second term reduces to a constant which is absorbed

by the measure of path integration.

In the following, the case of a quadratic and diagonalizable Hamiltonian will be pre-
sented, since it serves as a prime example for the structure of the approach. For this
case it is possible to redefine the fields using a unitary transformation U, which diag-

onalizes the matrix K(R)
K®) = (DU, Dy = €M oy (5.48)

(R)

Here, €; are the renormalized eigenvalues, which include the contribution coming
from the energy shift. Through a redefinition of the fields as 77; = } cs U;kzk and
i = Ykes Zkflkj, the reduced Effective action can be then brought to the very simple

form

(0) [ﬂp,ﬂp /di’pZi]p] tp latP (-R))Upj(tp)—l- (5.49)
jES

+l/ dtP/ dtp Z 7pi(tp)Ap(tp — tp)npi(tp),
jk=1
thus leading to the identification of the following Green’s equation for the reduced

2-point connected correlation function of the 77 and 7 fields

Y / dip [ (i1, — ")) ddp(tp — Ep) + iBb(tp, Ep) | Lua(Fo, th) = 6udp(tp — ),

< (5.50)
where Ly (fp, tp) = :FiGIEIC; D (fp, t). These equations call for some explanations. As
already discussed these equations can be easily solved. The functions A’,, which are
present exclusively due to the interaction with the environment, are responsible for
the decoherence and dissipation effects induced on the system’s evolution. From this

point of view, the corresponding terms share a lot of similarities with the dissipator
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function in the Lindblad equation. It must be noted however, that eq. is not
equivalent to the Lindblad equation in many aspects. First of all, eq. holds even
if memory effects are present for a non-Markovian environment, alas with the A% ker-
nel now being the real part of ; the imaginary part is considered again absorbed
inside the renormalized energies. Secondly, its corresponding Green’s equation yields
the full time-dependent correlator and not its equal-time version only, as would be the
case if we had relied on the Lindblad equation alone.

It must be also noted that even though the renormalized energy parametrization above
appears to be the most physical one, it is still a valid choice to work with and diagonal-
ize the initial non-renormalized Hamiltonian. This just means keeping the initial iAp
kernel, containing both real and imaginary contributions, and not including the —6E
factor to the Hamiltonian prior to its diagonalization. This may sometimes simplify
calculations, as will be the case presented later in the example. The method which will
now be followed can hold in an analogous form even in the case of non-Markovian

dynamics [100].

It is easy to see how equation (5.50) can be solved, using the corresponding Fourier
transformations for all elements of the Green’s operator

© dk _; !
Lz’j(tP/ t%) _ B Ee—lk(tp—tp)Lg;Pp,(k), (5.51)

where the indices P, P’ take the values +/— depending on which of the lines Ly and
L_ the element L;; is supported on, in each case. The appropriate solution for this
Green's equation has to satisfy the constraint L(t;,,tp) = 0 at the initial instance
tin+, where the boundary conditions for the holomorphic propagating fields would be
considered in the classical equations of motion. This constraint must be set even if no
boundary condition exists for the field 7, as is the case in this configuration, in order
to consistently define the Green’s function in the Keldysh contour P. Nevertheless,
the propagator identified via the Fourier transformation may differ from the desirable

one up to a solution of the homogeneous equation and must be modified accordingly.

Finally, even though the reduced 2-point connected correlation function can be easily
computed via the above arguments for a zero-particle initial state, it is also important

=

to present the generating functional Z éo) [7,]] in its final form, at least for the quadratic
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case. This is because the ZéO) [7,7] functional can then be used for the construction of
the non-zero-particle initial state generating functionals as stated in subsection 5.1. To
do this, it suffices to compute the classical configurations for the 7j and 7 fields, which

are found to be the following

7 = /Pdt%L]‘k(tP,f%))\k(f%)I i} :/Pdt%}\k(f%)ij(f%z tp), (5.52)

with A = 3 jes l:[]-k Ji and /_\j =Y kes ]_kl:[,jj being the redefined currents after the di-
agonalization. Thus, by perturbing the action (5.23) - with H,;(Z,Z) = 0 - around its
classical configuration, one can identify the resulting zero-particle initial state reduced

generating functional for the system’s correlation functions to be

Zéo) [fj] ~ exp [—i Y. / dtp / dtpA;(tp)Lix(tp, t;))\k(tg,)] ) (5.53)
jkes’P P

The similarity symbol used above identifies the existence of a series of irrelevant nor-

malization terms. The use of this generating functional allows now for the study of

zero and non-zero particle initial states, in the latter case through the use of appropri-

ate boundary functional derivatives on (5.53), as discussed in the previous subsection.

In order not to burden the text, the application of these functional derivatives will be

showcased in the context of the following example.

The harmonic oscillator case

In this subsection the aforementioned method will be applied for the cases of the
bosonic and fermionic harmonic oscillators, coupled to a Markovian environment,
since this setup can serve as the ideal example for testing the presented methodology.
It will be made apparent that by using the above theoretical tools, one can consistently
compute all correlation functions for the system, and at the equal time limit recover
exactly the results that have been found with the use of the Lindblad equation. The
Hamiltonian operator corresponding to the dynamics of the harmonic oscillator is

given as

. 1
HA=¢ (a*a + E) , (5.54)

where the energy scale € is the unique scale of the system, and thus it is also the energy

€s with respect to which the Markovian approximation is performed. The classical
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Hamiltonian can be easily identified then to be
Hg = €zz, (5.55)
and thus the Green’s equation reduces to the following form
/Pdfp [(iatp — e®N)op(tp — Fp) + iAp(tp, fp)] L(p, tp) = op(tp — tp), (5.56)

where L = FiG(©T) and e(R) = € — JE(€). The solution to this Green’s equation along

the Keldysh contour P is found in appendix I to be the following

L(tp,tp) = L(tp,tp) + Lyom(tp, tp), (5.57)
where
L(ty,t,) = —i®(t — tl)e—ie<R)(t—t’)—r(t—t’)/z 4 pe— i€ (t=)=T|t=1'|/2 (5.58)
L(t_,t,) = —i(1 — b)e~ie™ (t=t)=TIt=¥1/2 (5.59)
L(t_, ) = i@t — t)e €W ()T =)/2 4 jpo—ie® (t=t)-Tlt=¥|/2 (5.60)
L(ty, t) = ibe— e (=) -Tlt=¥1/2) (5.61)
and

+I( ¢
Lhom(th t%) = —ibe ( (562)

In this result, the Ly, (tp, tp) term is the solution of the homogeneous analogue of
the Green'’s equation (5.56), which is found by the constraint for the Green’s function
L(tp, tp) to vanish as its first argument goes to t;,. Note that, by ignoring the presence
of the environment (b = 0, I' = 0) the zero temperature limit of the correlators appears.
It is easy to compute then the correlation functions of the system where, as an example,

the time ordered case is presented

NV (©0) lenZéo) L
(7 (a (fz)ﬂ(fl))>p = F ) ]_0—i1L++(f1,f2), (5.63)

which, as noted in subsection 5.1, admits an extra additive F1/2 factor when the time

instances are equal. It is very interesting to study this equal time limit, which then
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gives

iz 11 F(—t)

S - —=—|1—¢e" 5.64
P T 57(t)6] (¢+) ]:0:F2 efeF1 ‘ 664

This result shows that the mean occupation number is initially (t = t;,) zero, as the
system begins from its vacuum state. When the system becomes coupled to a finite
temperature environment, particles from the environment can be absorbed by the sys-
tem and emitted back. This transaction leads, at t — oo, to a mean occupation num-
ber which is equal to (ef¢ F1) _1, meaning that the system becomes thermalized, ap-
proaching the temperature of the environment. If this temperature is zero, (4*2) = 0

as the system remains in its ground state.

It is also straightforward to consider the case of the initial state being ps(t;,) = |1) (1],
in which case the corresponding generating functional can be easily related to the

zero-particle initial state one as

.:"l

&

—

SETICASE) (9 3T () ] in )
=[z‘L<tin_,tm+>+ Jate [ depL it o)Lt b ) 00) 69| 20T = 565

9 9 O[T~ OO ifpdtr oty )L (0) —

=

= 1 [Ldtn [ atpL s )L 05, )T (00)| 2007

Thus, all the 2-point connected correlation functions can be computed from the log-

arithm of this generating functional. As an example we present here the equal time

result
oy - ST 1
(@*(ha(t)), FSTEaT () T2
Sz 1
% F 5 = Lltin t4)L(t4 tins ) = (5.66)

1
— o T(t=tin) _ pT(t=tin)
e + Fer1 [1 e } .

The same result can be easily found using the Lindlad equation [88]], thus showcasing

the validity of the presented procedure. Nevertheless, the most important advantage
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of the above method is that it further allows for the computation of unequal-time cor-

relation functions.

It is simple to also tackle the generalization of the above system to the case of N
initially de-coupled harmonic oscillators, with equal energy €. In this case, as was
commented in the previous subsection, it is simpler to work with the initial Hamil-
tonian and use the complex iA kernel instead of the purely imaginary one iA’. This

leads to the equation for the propagator (5.50) reducing to the form

Y. /Pdfp [(i01, — €) 0j0p(tp — Fp) +iAp(tp, Tp)] Lit(Fp, tp) = 6;0p(tp — tp). (5.67)
kes

The A kernel here is the initial one found in 1) The simplification of using this

parametrization is that by summing the N differential equations one gets
/Pdfp [(i9s, —€) 6p(tp — Fp) + iNAp(tp, Tp)] LN (tp, th) = dp(tp — th),  (5.68)

where LN (tp, tp) = Ljes Lix(tp, tp). In the previous Green’s function no site index is
used, since it is a site independent quantity. At this point it can be seen that by adding
the real part of iNAp to the energy of the system, the corresponding Green’s equation
becomes equivalent to , with the substitutions I' — NI and 6E — NJE. Thus, the
value of LN (tp, t,) follows accordingly. Substituting the value of Yjes Lix(Ep, tp) in
eq. lb with the solution LV (¢p, t) leads to the following result for the propagator

of the fields zj over the P contour
Lij(tp, tp) = GO (tp, tp)d;; — iF(tp, t}), (5.69)

where
GO (tp, th) = —i@p(tp — t}p)eetr=1p) (5.70)

is the free propagator for a field of the system and
F(tp,th) = / dtlp/ dtypG O (tp, t1p)Ap(t1p — tap) LN (tap, th) (5.71)
P P

is the complete contribution of the environment. Using the result of eq. (5.69) it is
possible then to compute many quantities corresponding to the system of N initially

independent harmonic oscillators in the vacuum state. As an example, the resulting
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expectation value of the number operator of each subsystem is presented

g @0 11 _=NT(t—t;)
<a-(t)”1(t)>p T NefeF1l 1—e ' (5.72)

This showcases the very interesting result that even though the harmonic oscillators
start as independent, they end up thermalizing as a unique harmonic oscillator due to
their interaction with the environment. It must be noted that correlation functions for
non-zero-particle initial states can again be identified using the appropriate generating
functionals constructed via boundary functional derivatives of the zero-particle initial

state one.

118



6 Epilogue

In the present thesis, the main goal was the construction of a consistent coherent-state
path integral formalism, which could provide, in a direct way, the correct continuum
functional integrals for finite quantum systems. Even though this undertaking was
entirely successful in the context of fermionic coherent-state path integrals, it led only
to a partial solution in the bosonic and general spin cases. Nevertheless, in the latter
case, the presented construction was enough to provide a definite answer regarding
the need for the metaplectic quantization in Kdhler manifolds, a topic in mathematical
physics which, for decades now, hasn’t received a straightforward answer.

The consistency of the aforementioned formalism allowed not only for the application
of the coherent-state path integral formalism in driven and open quantum systems,
but proved to significantly simplify their study. More specifically, the application on
the driven XY chain in subsection 4.3 led to highly non-trivial results with tremen-
dously little effort, such as the manifestation of the Kibble-Zurek mechanism. Fur-
thermore, the application of the formalism in open quantum systems proved not only
to be possible, but also to provide new tools such as the differential relations between
the generating functionals of systems with different initial states and the easily solv-
able Green’s equations pertaining to the connected two point correlation functions,

which proved to be the generalization of the Linblad equation.

At this point, two future directions can be understood to be of major importance. The
first one is the understanding of the geometric de-quantization theory for the cases
of operators corresponding to non-polarization-preserving Hamiltonian vector fields.
For this, the formalism should touch on the topic of BKS kernels, which though is a
highly non-trivial topic, due to the inability of providing a closed solution for all oper-
ators. In the case that progress is made in that sense, many major results are expected
to be presented in the context of quantization theory. The second direction is to pro-
ceed with the application of the existing formalism on more complicate systems, such
as Heisenberg spin chains coupled to a thermal environment, which would provide

important insight in the physics of such systems.
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A Connection with overcompleteness

The dependence of the continuum limit on the discretization procedure can be easily
verified from the simple case of the quantum harmonic oscillator. As indicated in the
main text, the standard discretization procedure in the space of coherent states leads
to the classical Hamiltonian H, = |z|?> + 1, which in turn gives the wrong value for

e—iT(n+1)

the partition function Z = Y7, . Using a different manipulation where, for

each slice, a symmetric form
e et = 5ori / |zj>e_leH£I(Z/'ZJ)dzzj (zj] (A.1)

is considered, the partition function can be expressed as

e ..
Z = ijIio 5= d2z; (zj11|2)) e~ "M, where |zy41) = |z9). For each slice it is now
possible to employ the Fock resolution of the exponential operator, from which the

HZZ of this construction can be found. Equation
_ieh 1 —icH
(arle P lz) = o [ (zlz)) e Mz (z|z) (A2)

can be solved, up to the first order in €, through the choice of the Ansatz Hgl = Alz; >+
Bz; + Cz; + D, giving the factors to be

A=1, B=0, C=0, D=—-. (A.3)

Thus, using the usual convergence rule zj; ~ z; + €V,z;, the continuum limit of
the classical Hamiltonian can be found to be Hgl = |z]-|2 — % The calculation of the
partition function in the continuum, with the use of this weight, yields the wrong
result Z = Y02 qe 1", It is interesting that both methods not only lead to wrong
results, but also to results that differ from each other. Inconsistencies such as these
have been observed only in cases where overcomplete sets of states are used during
the construction. On the contrary, in the usual Feynman procedure, the continuum

limit appears to be uniquely defined [3].
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B Obstruction results in quantization theory

Along the lines of quantization theory a great number of no-go theorems have been
proved, defining very strict bounds for the subsets of observables which can be consis-
tently mapped to operators. In this context, consistency is defined as the compatibility
of a mapping under the maximum possible number of Dirac’s quantization constraints
presented in subsection 2.2 of the main text. As mentioned there, it has been proved
impossible keeping all of these properties at the same time, with the last two usu-
ally being weakened, such that the map is restricted only to a subspace of observable
functions. Groenewold-Van Hove theorem for the 2D Euclidean plane [22,34] (see
subsection 2.2) and its generalization for the 2-Sphere [35] give the two simplest cases

of this obstruction.

The proof for this theorem is very simple for the case of the 2D Euclidean phase space,
and can be summed up in only a few lines. Let Q be a homomorphism between the
algebras of classical observables and operators - as indicated in (2.21) - acting on the
space of smooth functions in the usual way: Q(1) = I, Q(x) = X and Q(p) = P.
Through the use of one can identify the action of this map on second order
operators

Q) =R Q) =P Qap) = 5 (XP+PX), B1)
which is found to be unique. Up to this point the subsets of observables and their
operator images are closed and thus Q is indeed a homomorphism. On the contrary,
the extension of this subset through the inclusion of higher order observables fails to

remain consistent. To show this, firstly one has to extend the previous calculation and

compute

(B.2)

—_

(2P 4+ PRY),  Qp?) = 5 (RP+ P°X).

These results do not behave well under the closedness condition, since the calculation
of {x3,p>} and {x%p, xp?} through [2.21] gives rise to a false equality

[X2P + PX?%, XP?, PX?]. (B.3)
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This result renders the higher order generalization of the map Q invalid. Thus, the
maximal quantizable subalgebra of the space of observables, containing the subset

1,x,pY,is {1,x,p,x%, v%, x wittheﬁned from the previous mappings.
p p p=,xp p pping

Through the canonical transformation

z= L(x +ip), zZ= (B.4)

V2

this can be rephrased, such that the maximal quantizable subalgebra of observables

1 .
ﬁ(x —ip),

containing {1,z,z} is {1, z,z,2%, 2%, 2z}, mapping these observables 1-1 to the subset of
operators

1
{1, a,a%,a%,a%, 4% + 5} . (B.5)

The generalization of Groenewold’s theorem for S? is also presented, albeit without

the proof, since it is highly more involved [35]:

Theorem 2 (Groenewold’s theorem for S?) Let Sy, S, S3 be observable functions on the
2-Sphere satisfying {S;,S;} = Y3 €ijkSk- Then, the maximal Poisson subalgebra on the
2-Sphere, which contains {1, S1, Sz, S3}, and can be consistently quantized, is just that gen-
erated by {1, 51, Sy, S3} itself.

A A
= =

C Functional integration of H=-wS;-5,

In this appendix, a simple system described by the Hamiltonian A = —wS; - S, is
considered, using the method presented in section 4. The partition function of this

system is known to be
Z =tr [e‘ﬁﬁ] — o 3pw/4 | 3pbw/4, (C.1)

Using the Jordan-Wigner transformation, the Hamiltonian at hand assumes the form

i (51 ) () + (9 (30 0)
(C.2)
+(1-29t9) (1-208) |
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which in terms of Majorana operators reads as

A, . A A A A A A A
H=ir (9293 + a1 — i919293%4) - (C.3)

According to the Faddeev-Jackiw quantization scheme, the classical function entering

the Majorana path integral representation is the classical counterpart of (C.3)

W .
Hpy = iz (Y273 + Yar1 — i71727374) (C4)

which in turn translates to the complex Grassmann variables as

H= -2 (06 +0b +2allelP). (C€5)

Thus, the integral to be evaluated is

g
2 _ = [ 2 dtig; /2 _ _
z= |11 [pgpge ~4 few [‘; [, (gl'c;z+gza+z|clyzyczyz)]. (C6)
)

It is convenient to perform a change of variables, induced through the unitary trans-

(8)=v( )G, ©

After this change, the integral (C.6) is recasted to the form

formation

B
2 ) = 2 dTii; w [B/2
Z= H/D’?]’Dﬂje E exp [2/ﬁ/sz(WﬂZ—\772’2+2\’71\2\772!2)]- (C8)
=1 -
(=)

It is easy now to perform the integration over the first Grassmann field

B/2 w
Z1 = /Dﬁﬂ?mexp {—/ P dTij <ar 5 w”72’2) '71} =

_ e I
_2cosh( 7 T3 7ﬁ/2d1’|172] . (C.9)

To arrive at the last result, the symmetric prescription for the underlying lattice struc-

ture was considered. By inserting eq. (C.9) into eq. (C.8), the correct quantum result
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is recovered

N

B

— g dtinann — [ % AT (9c+w) i

Z = ePo’* [ DijyDipe - +e P/t [ DijyDipe - =
=) (=)

= ¢ 3pw/4 4 3pbw/4 (C.10)

D The path integral representation of the fermion num-

ber sector decomposition

In this appendix details regarding the sector separation in the context of path integrals
are presented. In this context, the partition function pertaining to the even sector of
the 1D XY spin chain, appearing in eq. (4.29), is computed.

In the main text, path integration was only considered over the even fermion num-
ber sector. This was allowed by the sector separation of the Hilbert space, which can
also be easily observed in the context of path integration. When considering the par-
tition function, its functional integral form can be separated in two independent path
integrals, each one of which is defined with respect to fields abiding under the corre-
sponding fermionic boundary conditions

Z=tr [e‘ﬁﬁ] = %tr[(fl + el )= BHY 4 %tr[(fl — ™) BHY] = 7(0) L 700 (D.1)

Here, N = Z}\Izl @;1,13] is the number operator expressed in the space of fermionic de-
grees of freedom, and the parity operator P = ]‘[}\]:1 (T]:Z = ¢V s a symmetry of the
model. This symmetry leads to the separation of the Hilbert space in two independent
sectors, corresponding to the eigenvalues +1 of P respectively. Eq. can then eas-
ily be transcribed to the path integral language, with the constraint that the 1 + el
factors are absorbed in the functional measures, in order to be taken into account dur-
ing all subsequent functional integrations. The same argument can further be used
when considering expectation values of operators which preserve the sectors, where

as an example the complete correlation function of T (¥} (72) (1)) can be computed
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as

A . z)  S2nz@[] z©)  §2nz©)[]]
T (P} (©2) . = _ _ D.2
@ (@), = Z | o 7 G, ©?
In the main text the study focused only on the first term, where
NV () $MnZO]]]
(@B, = G, -

which can also provide the result for the corresponding (T (¢} (%) ¢a(11)) )Eo) factor
through the change of m 4+ 1/2 — m in the Fourier transformation . In the ther-
modynamic limit N — oo, both these factors are expected to reduce to the full correla-
tion function. Nevertheless, the decomposition of the generating functionals is
valid only in the case that the operator under study preserves the sector. In the oppo-

site case a different approach should be considered.

Regarding the partition function (D.I), the path integral computation becomes a bit
more involved when considering each sector separately, exactly due to the 1 + el
factors which must be taken into account during all calculations. Considering the
case of Z(¢), the computation of the corresponding functional integral can proceed us-
ing two methods. The first one is to continue with the aforementioned construction
and compute the functional determinants of the operators d + €, restricted to the
Hilbert space spanned by the even sector. This procedure though is far more involved
than the following one, which amounts to taking into account the projection factor by

including it in the Hamiltonian of the system and not by absorbing it into the measure.

In the main text the Z(¢) term was studied, in which the Hamiltonian is restricted
only on the even fermion number sector. This allowed for the use of the Fourier trans-
formations and the subsequent Bogoliubov transformation, which diagonalized
the Hamiltonian function as given in eq. . For the functional derivation of Z(¢)

one then has to compute two functional integrals corresponding to tr [e‘ﬁH (e):| and to
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tr [ei”N e PH <e>} . The first trace can be immediately found to be

4
fzﬁ dTﬁmDmﬂm
/ DifnDijme 4 , (D4)

(=)

o] =T

in analogy to the main text. This integral differs from the normalization of (4.29),
which needs to be computed, since in eq. the computation of the functional
determinant has no sector constraint. The even sector constraint will be taken into
account through the calculation of the second trace. The computation proceeds then

as usual [3] giving
107 _ T
tr [eiﬁH ] = ] 2cosh(Ben/2). (D.5)
m=0
For the second trace, it is far more simple to perform the Fourier and the subsequent

Bogoliubov transformations on the operators lﬁj of the quantum Hamiltonian, instead

of performing them in the fields of the path integral. This leads to the very simple

rewriting of the parity operator P = ¢™ in the space of the ¢,, Bogoliubov modes
N/2-1
p— ezr[ j= 11/7 ¥ _ emzN setem H (1 _ 2@;@m> (1 — Z@L—m—ICAN—m—1> =
=0
" (D.6)
N/2-1 L . . CN_1 44 -
=TT (1-2808n) (1= 280 rbnm1) = e Enmb Ehbn = oint.
m=0
At the same time, the Hamiltonian operator of the even sector assumes the form
10 -y e (gre 1
HY = -z, D.7
mZ—:O Em (6m€m 2) (D.7)

with €, given in eq. (4.23). The transition to path integration then proceeds smoothly

by combining the operators Nq and A in a single exponential,
. N ‘BH(E) Nil 2t & Nil 2t 2 1
e e =exp{Imn — € —— )%=
P K b L en (E16n 3

e {48 (o) (501

(D.8)
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which is possible since [N ()] = 0, and define a new Hamiltonian operator
N-1
F~y 2. Y 1
j=(C (e - if) (g* G — —) . (D.9)

It is easy to see that by mapping the trace of this operator to its path integral represen-

tation one ends up with

— Ifl(e) / N/2 1 ./2 dTanmﬁm
tr [e p ] — 7% /quDnme ~2 , (D.10)

where the matrix Dj, is now defined as

I p
D), = ( 0 9 —em + i ) : (D.11)

This path integral can be computed with the usual method [3] leading to
o g N1 , , N-1
tr [e—ﬁH } — ™7 ] <eﬁem/2—m/2 + e—ﬁem/2+m/2> = [ 2sinh (Bew/2). (D.12)
m=0 m=0

The complete Z(¢) can then be recovered as

4G % <tr [e—ﬁﬁ(”] ttr [e—ﬁﬁ“’]) - (D.13)

1 /N1 N-1
=3 (H 2cosh (Ben/2) + [ | 2sinh (ﬁem/2)>
m=0 m=0

and coincides with the known result [30]. The computation of Z(°) can be performed

using the same method, giving
@y~ L (TT T
0 _ . .
ZY(B) = 5 (ml_lo 2cosh (Bem/2) ml_lo 2sinh (ﬁem/2)> , (D.14)

with m +1/2 — m. It is easy to see that in both of these results the second factor
becomes irrelevant in the thermodynamic limit N — oo, where egs. (D.13)) and (D.14)

become equal

N—oo N—oo

N—
lim 2 (g) = lim Z(9(B) = % 1;[ 2cosh(Ben/2). (D.15)
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Since for finite N the generating functionals in the even and the odd sectors are weighted
by different normalization factors, as seen in eq. , this normalization has to be
taken into account for the complete correlation function. Nevertheless, these factors
prove to be irrelevant when one is interested in the study of a single sector, as pointed

out in the main text.

E Path integral formulation and the Schwinger-Keldysh

formalism

In this appendix, eqs. (4.62) and (5.8) of sections 4 and 5 of the main text will be de-

rived.

The main idea is to consider a set of degrees of freedom - denoted Z - which may
correspond to an isolated system, as in section 4, or may be separated to system and
environment ones, as in section 5. Since the construction of the formalism initially
does not depend on this specific nature of the degrees of freedom, the following for-
mulation will proceed as generally as possible and specific cases will be considered

only when necessary.

The first step towards these proofs is to interpret [18,20] the coherent-state basis matrix
elements of the time evolution operator as in eqgs. (2.90), (2.91)

= =

A N Z(t ):Z Lo . oty (35 33\ o
(Zp|U(ty, ta)| Z2) :/ W 25, Tt at[§(72-72)-Ha(22)] ED)

= = 4

Z(ta)=2,

with

T}, = (|Zb|2 + |Za|2) — % (Zﬁ(tb) + i(ta)za) : (E.2)

N =
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The key identity which shall be used then, is the one that refers to the measure of

integration in coherent-state path integrals:

Z(te)=2.
/dZZb / D27 b+lﬁ dtL(Z,2) D27 (e ~Tpoti [P dtL(Z,Z") _
(E.3)
= D2Z(t)e Tt A ED),
Z(t))=2

This identity, which can be easily proved using the discrete version of the relevant

integrals, represents the fundamental property of the time evolution operator
Ute, ty)U(ty, ta) = Ulte, ta), ta <ty <t (E.4)

translated in the language of coherent-state path integrals.

This identity can then be applied repeatedly if the first term of eq. (4.61)) - and in

the more general case - is written in a form parametrized along the Keldysh contour:

F2h) (Z’, Zita, t1> -
= (Z'|U(tin—, T-)U(Ty, b2 )af (tin) Ut2, 1) (i) Uty tin s )| Z) O(ty — 1) =
= [ @2y [ #2, [ @252\t T\ Za) (Za (T 12| 22) X (E5)
X (Zolaf (tin)U(tas, t1)8i(tin) | Z0) (Za|U(t14, tins )| Z) ©O(tr — 1),

where an arbitrary time instance T has been introduced, which will act as the limit

between the time and anti-time ordered phases of the time evolution of the system.

By interpreting each one of the factors as a path integral, the following expression can
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then be found:

i(Ty)=23 - z('fz+):§2 L
v / DQﬁ(t+) —Tpp+i ft dt_L(7,i) / DZE(tJF)e r21+zft dt4 L(k, )I_c (t2+)k]-(t1+) «
i(ta)=2 k(tiy)=2Z4
Mh)=2 . .
x / DR (b, )e vt H s AN g, gy, (E.6)
X(tin+):z
The combining identity (E.3) can be then applied along the Keldysh contour P to arrive

at the result

Fffpfl)(z Zita ty) = (E.7)

=

- / D27 (tp)e Tinine i JpdtpLEEEA) 7, (1) ) Zi(11)O (1 — ).
Z(tin-'r):z
Following the same reasoning, the second term in eqs. (4.61) and (5.7) can also be

parametrized along the contour P to get

B2, Zib,0) = (E-8)

= (Z'U(tin—, T)U(Ty, 1) (tin) U (tr 4, t20)a] (£ U (24, tin )| Z) O (11 — 1),
which can be represented as a path integral of the form

Fi§t1>t2) (Z/, Z} t, tl) _ (E.9)
i(tin—)zi/
= / Dzz(tp)e_ri"*/iHHfP dtPL(E'Z'g'QZi(t2+)Z]'(t1+)®(t1 —b).

=

Z(tinJr):Z

The exponential factor appearing in the last expression assumes the standard form:

1/ . . 1 /= L= L
Tinins =5 (IZP+1Z'2) =5 (Z(tn) - Z+ 27" Z(t ). (B10)
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By combining then egs. (E.7) and (E.9), eq. of the main text is recovered, in which

case the fields Z; and Z; correspond only to a specific subsystem.

In the following segment of the present appendix, the degrees of freedom Z are con-
sidered corresponding to an isolated thermal quantum system of inverse temperature
B, which is the case of subsection 4.3. This allows for the extension of the P contour by
a straight line, denoted Lg, running parallel to the imaginary axis from ¢, to t;,  —ip.
This differs from the case analyzed in section 5, where the degrees of freedom are sep-
arated to system and environment ones and the procedure may be generalized such

that only the environment is in a thermal state.

In the following, the case of subsection 4.3 is addressed, yet in more generality, since
both cases of bosons and fermions are considered. Furthermore, the symbol Z is re-
tained for the fields, despite that in sections 4 and 5 different symbols may be used
to denote each specific case. In the case that the initial state of the system is con-
sidered isolated and thermal with inverse temperature f, the first matrix element of
eq. [@.60), corresponding to the density matrix, can also be written as a path integral.

More specifically, its corresponding path integral form

(£Z|p(tin)|Z) = (E.11)
1 i(ti”_iﬁ):ii ot —iB [-(:'_-, —2..) = o }
_ D2Z . e—rlj0+ijfil’;17i0 dtim, % 17—-77 _Hin,cl(Z/Z) )
Zo®) P
Z(t;,—i0)=2'

is such that, the paths are parametrized along the lower imaginary axis, running from
tin —i0 to t;, — iB. Here and in the following, the upper symbol in £ denotes the
bosonic case, while the lower denotes the fermionic one. The reason for the unconven-
tional parametrization of eq. is that, combining all the path integral expressions
in eq. and using the identity (E.3), one gets a functional integral parametrized
along the Keldysh contour C (see fig. (1))

i [odtc [iiZ—HXyCl(i,Z)]

Gij(pit2, 1) = #(ﬁ) /Dzz(tc)e Zi(t24)Zj(h1).  (E12)
(£)
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The parametrization in this integral has been defined along the Keldysh contour and
can be read from expressions and (E.8), beginning from the right end: in the case
of eq. (t2 > t1) the contour begins from the point ¢, 4+ i0 and continues till the
point t; +i0 = t;, , where the operator 4;(t;) acts. Then, it continues till the point
tr + 10, where the operator ﬁ}f (t2) acts and afterwards proceeds to a point T + i0 com-
pleting the contour part above the real axis, which in its entirety is denoted as L.
Afterwards, the contour continues along the line L_, which joins the points T — i0 and
tin — 10, below the real axis. Finally, the contour continues parallel to the imaginary
axis, joining the point t;, — i0 with t;, — ip, with the corresponding contour line de-
noted Lg. The trace operation in eq. induces the periodic/anti-periodic bound-
ary conditions, which are symbolically denoted as (%) in the path integral. These
boundary conditions are responsible for the disappearance of the boundary terms that
appear in each of the individual integrals. This is an important simplification, as will
be confirmed both in subsection 4.3 and in section 5, where in the latter the more gen-
eral case of a system coupled to a thermal environment is addressed. The case of eq.
(t1 > tp) follows naturally. In eq. one can also find the corresponding
generating functional, through which all correlation functions can be produced, with
an example being the two point functions

22)]

1 - i i77— _
Gielpitarh) = 7z | DPZtc)e Jete| 220022 7,0, )2,(1), €13)
m
()

where u,v = +, —.

F Calculations along the Keldysh Contour

For calculations along the Keldysh contour, it is important to take into account the
natural ordering defined on it. In this context, it is natural to introduce the contour
step function @ (fc — ti-), which becomes 1 only when the time instance ¢ follows the
time instance t- along the Keldysh contour C. More specifically, it is easy to see that
along Ly: Oc(ty — 1t ) =0, (t—t')=0(t—t'),along L_: Oc(t_- —t_) = O__(t —
t') = ©(t' —t), while after a Wick rotation t;,, = t;, —iT one gets Oc(tiy, — t,,) =

@(t — 7’), along the imaginary axis Lg. In accordance, the contour delta function
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dc(tc — tp) can be easily derived through equation

LLatertselte — te) = fte). (F1)

This equation gives that dc(tc — t-) is zero when the time instances f¢ and ¢ belong
in different points of C, while c(t4 —t) = 6(t —t'), éc(t- —t_) = —6(t — ') and
dc(tim —t,,) = i6(T — T'). As expected, the following distribution property holds:

0:.Oc(tc — te) = c(tc —tp). (F2)

Using these rules for the algebra, one can study integrals like the ones in eq.
exactly like their real time analogues, just by substituting all functions/distributions
appearing along the way with their Keldysh contour equivalents. This procedure,
used specifically for the integrals in (4.65), leads to the result (4.68). A strict method
to derive this algebra is presented in appendix H, where the empirical procedure of
subsection 4.3 is performed more strictly for the calculation of the influence functional
(5.15), along the Keldysh contour.

As a concrete example for the use of the aforementioned algebra, the solution to the
Green’s equation (4.69) without the 6,, term follows. This Green’s function will prove
very useful in the main text

( idy, — em(tc) 0 ) < G4 (te, 1) 0

' - =16c(tc —t).  (F3)
0 10t + €m(tc) 0 G )(tC/t/c) > clte~tc

According to the conventions used here for the magnetic field, the energy does not
distinguish the L and L_ lines and thus €,,(t+) = €,(f—), while it remains constant
along the imaginary axis €, = € (hj,). The function G,(;r), which propagates the
modes (¢ being the field symbol used in section 4), obeys the antiperiodic boundary
conditions and assumes the form

.t
—i t,CC dtlen(tl)

-1
Gr(rj)(tCr tc) = —i {@c(tc —te) — <1 - eﬁem(hin)) } e (F.4)

The corresponding function for the N — m — 1 modes, which again obeys the antiperi-

odic boundary conditions assumes the form

t
1 Cdtlen(tL)

6 (tcute) = =i | (1 een) ™ (i —10)| L )
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These functions, at the zero-temperature limit, are the Keldysh analogues of the func-

tions Gl in eq. (4.30) of the main text. Finally, it is easy to see that Gy (tc,tp) =

—G;(11+)(t'(7, tc).

G Calculation of equal time correlation functions

In this appendix one can find the proofs for the basic relations of subsection 4.3.

The normalization factor of eq. can be expressed in the form
7$910] = Det (D, — 6,,0%) = Det (Dy,) Det (1 — Ky), (G.1)

with K, = Gméma"EgI and thus

N/2-1
z@0) = z\? (p) ( [] Det(1- Km)> , (G.2)

m=0

with Zée)(‘B) = ZI(Z)([%) = [IN/27'Det(Dy,). In the previous equation the Green’s
function G, has been introduced, satisfying eq. D,,G, = 1, the solution of which was
found in appendix F. Repeating the arguments of appendix D, the first factor in eq.
(G.2) is immediately found to be

1 N-1 N-1
ZéE)(‘B) =5 { [ ] 2cosh (Bewm (hin) /2) + ] | 2sinh (ﬁem(h,-n)/Z)} . (G.3)
m=0 m=0

For the calculation of the second term one can rewrite
Det (1 — K;y) = Det (1 — AKw) |,_,/ (G4)

in order to take advantage of the fact that the Det (ﬂ — AKy,) can be expanded as a

convergent power series with respect to A [85]

[ee]

Det (1 — AKy) = ¥ nla,ﬁ’"w, (G.5)

18Tn index notation .
(K(tc —t£))" b = (Gm(tc —t£))" ¢ (6%) pOm(t0).
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with

TrK, n—1
TrK2, TtK, n-—2

a,(im) = (—1)"det . . . : , n>1 (G.6)
TrK? TeK'~! . . TrK,

and ap = 1. In this expression, the trace symbol denotes tracing over time and matrix
indices:

Tr (... :tr/cdtc (el (. )k :/Cdtcz<tc|(...)aa|tc>. (G.7)

This series is convergent V A as long as K, is well behaved, i.e. when ||K;,||*> < oo,
which is true for the Keldysh contour as long as B < c0c and T < oo. In any case
though, one can compute the result in the region where the series converges and then
analytically continue it outside of it. Thus, each order can be systematically under-
stood from this expansion as a series in powers of 8,,. It can be easily confirmed that
TrK%;’_l =0,v=1,2,.... Thus, in the coefficients only the even powers of K,
contribute. Taking then the limit of A = 1, the functional determinant can be brought

to the form

Det (ﬁ — Km) = exp {logDet (ﬁ — Km)} =

(TrK;)z) +.. ” -G8

N —

1 1
= exp {log [1 — ZTrK2, — = ( TrK3, —
2 4
1 1
= exp {—iTrKi — L—LTrKﬁ1 — ... } .

As a result, the normalization factor (G.1) can be recasted to the form

Z©[0] = 2 (B)e~ 2 Zn=o En, (G.9)
where
En = %TrK,Zn - }ITrKi 4. (G.10)

Regarding the solution to the Green’s equation

it can be seen that
G, Ky = Gpbuo?, (G.12)
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which can be easily handled using the Hemholtz technique [86]. Through this tech-

nique, G, can be interpreted in the following form:

G = Det(T (2 k|b ) G, (G.13)

(m)

where the coefficients bk

eq. (G.6).

can be found by substituting TrK};, — TrK]}, — K}, in a,(cm) of

(m)

To express this result in the form of a single sum, the abbreviation A, "’ can be used
for the term involving all terms of the form KX, TrK!, for which k 4+ I = n. The previous

result can then symbolically be written as the expansion

(ee]

G =Y AlGy = G + My, (G.14)
n=0

Considering the case of a magnetic field # = h(wt), one can easily estimate the con-

tribution of the terms My, = K;,Gy + O(62,), by performing the rescaling wtc — tc.

Since the function 6,, appears always tied to a time integration (in the expansions of

1} and ), the rescaling leaves intact the combination |- dtcO,(tc) at the limit

B — oo and T — oco. Thus, the frequency w appears only in the exponential factors of

the Green’s functions ad)]

exp( // dtie(te ) — exp< // dtie( tC)/w) . (G.15)

In the B — oo limit then, one can use the following identity repeatedly

exp( /, dtle(tl)/ ) — _-%a exp( // dtle( tc)/w> (G.16)

and perform the necessary partial integrations, in all terms appearing inside M;,. As-
suming that the boundary terms go sufficiently fast to zero as T — oo, this method
leads to a series expansion in powers of w, which justifies the conclusion presented in
the main text, that the contribution of M,, in eq. is suppressed at the adiabatic

limit. However, this argument fails if ftfc dtle(tl) ~ w — 0. This can only hap-
C

9The limits of integration appear unchanged, since the corresponding time variables have also been
rescaled.
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pen when the driven system approaches its critical neighbourhood: in the region of
width 0t ~ w'/2, where € ~ | — 1| ~ w'/?, the exponential factor in (G.15) is almost

constant and the adiabatic expansion is not valid, in accordance to the KZ mechanism.

H Computation of the Influence Functional

In this appendix the integral

It [£:(tp), Z5(tp)] = [ DAtc)e e Je et Bibibi—binn i) (1)

1
Ze(B) .

is calculated.

Calculations along the C contour can be understood by introducing the parametriza-
tion

tc=tc(A), A€[0,1], tc(0)=tiny, tc(l) =ty —iB, (H.2)
which allows for the change of variable

/Cdtc(...) - /01 dric(..)). (H.3)

By performing the change of variables to the A variable, the action in eq. (H.1) adopts

the following form

1 ) o |
Sg = /0 dA (lzya)\gy — chyCygy — tcg}ﬂ’y — tcfygy) . (H.4)

Due to the quadratic form of the Hamiltonian, the integral can be exactly calculated
just by minimizing the relevant action, leading to the following equations of motion
for the fields {, and {,,

The corresponding solutions with periodic/anti-periodic boundary conditions assume

the form

1 _ 1 - ,
g — /0 AN Gy (A, A )i (W )ru(V), TP = — /O dN' Gu(A, A )ic(A)7u(A),  (HL6)
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where the Green’s functions G, and G, propagating the {,, and ,, modes are defined
through the equations

(i9y — Ec(A)E,) Gu(A,A) = 8(A = A"),  (ida + Ec(A)E,) Gu(A,A) = 6(A — 7). (H.7)

The solutions of eqs. (H.7) with periodic/anti-periodic boundary conditions can be
found to be

_1 . / 4 "
Gu(A,N) = —i [6(/\ A - (1 :FeﬁEu> } e~ iEu i Vi), (FL8)

71 . "4 1
Cu(A,N) = —i [(1 ¥ eﬁEu) N — A)] e~ En [y N"ic(\") (H.9)

Performing then the changes of variables {;, — C;Cl) + 1y, §y — g’ﬁf” + 71, in the
integral (H.1), where n(0) = £n(1), 1(0) = £7(1), one finds

It [Zo(tp), Z:(tp)] = Cgle ' Luee frdA f) ANt (A)7u (N Gu (AN (V)i (V) (H.10)

where C;' = C;'Z;(B) and

ijl — /’Dzn(tc)eizyeE fcdtcﬁ;t(tc)(iatC—Ey)”y(tC) —
(£)

(H.11)

= 1—[ [Det (iatc — Ey)] Fl_ H e:Fﬁ% (1 T e_.BEV):Fl
HeE UEE

is the normalization factor. One can see that the return to the variables tc = tc(A)

leads to the Keldysh contour Green'’s functions

_ P /
Gu(tc te) = —i |@c(tc —tc) — (1 F eﬁ’*) e~ Eulte=tc), (H.12)

_ [ -1 i . /
Gulte, tl) = —i | (1FePEr) ~ —Oc(t- —tc)| e Erlteto), (H.13)
H C C

where the contour step function is defined as
Oc(tc —tc) = Oc (tc(A) —tc(V)) = O(A =), (H.14)

coinciding with the Keldysh contour ® presented in appendix H. As a result, the cor-
responding Keldysh contour delta distribution is defined accordingly.
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With respect to the natural time indices t¢, the influence functional then becomes

Ir [E(tp),f(tp)] _ Cgle* Yikes Jpdtp fpdt%Zsj(fP)Aj,k(tPlt%)Zsk(t%), (H.15)
with
71 . ,
Dik(tp,tp) = ) 8jusku [@c(fp —1tp) — (1 + eﬁEﬂ) ] e i(tp=tp) B, (H.16)
ueEE

The integrals in the last exponential are only over the P contour due to the couplings

8ku and gj, being zero in the Ly line and coming only from the interaction terms.

Restoring the parametrization along the contours allows for the definition of the fol-

lowing quantities

wu(t) = Y &juzi(t+) = Y giuzjiv (1), yult) = Y &juzi(t-) = Y gjuzj— (1),

jE€S jE€S jE€S jes

(H.17)
Wy = /L+ dte"rw, (1), Gu = /L dte'ry,(t),

where the contour parametrization of the lines L and L_ is absorbed into the defini-
tion of the complex fields z (and their conjugates), such that the fields z and z_ are

defined only over L and L_ respectively. It is then easy to find

Ig [Z(tp), Z(tp)] = Ci' [T exp [ - /_o:o dt /_too dt’wy(t)e—i(f—t’)Euwy(t’)} X

ueEE

x [Texp —/_oo dt/t dt’yy(t)ei(ff')lfuyy(t’)} X (H.18)

uEE
X Hexp_—]? w +—|y~y+wy|zl
uek I (1 ePPr)

Furthermore, in order to perform the Markovian approximation, the rescaling zs;(tp) —
zs;(t p)e~'é!P may be performed on the system’s fields, where € sets the shortest time
scale s ~ 1/€; that characterizes significant changes to the system. As pointed out in
the main text, it is useful to consider an isotropic interaction of the environment with
the subsystem’s degrees of freedom, with g;, = 7, and define the spectral density
for the environment as D(E) = Y,cg |7y 26(E — E,;), which can later be extended in
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the continuum limit. The integrals can then be easily studied in the Markovian limit,
where the integrands can be assumed to be very fast decaying functions of the time
difference [87-89], thus allowing for the expansion zg;, (t') ~ zs;, (t) + O(t —t). In
the same context, the integration over the ¢’ variable, acting only on the Green'’s func-
tion of the environment, can be further extended from —oo to +o0 [39], again by taking
into account the speed of its oscillations. The integrals in eq. can then be eas-
ily computed, where in the first two lines the integral representation of the Heaviside
step function, and the Sokhotski-Plemelj theorem of complex calculus can be used to
tind

[ t . , [}
2/ dt/ dt'wy(t)eﬂ(t*t )Eﬂwy(t’) ~ (—i(SE—i—g)/ dt| Yz () 2 (H.19)
peg’ = J=e T~ jes
Z/ dt t dt'g, (£)e By (1) (i5E+g)/ dt| Y z_(t) 2 (H.20)
HEEY —® % jes
with ()
© D(E
I =27D(e;), OF = Pr. /0 dEF—, (H.21)
while for the rest of the terms
Y Gy = —T / at Y- 2 (0)z(t), (H.22)

~ = |2 00
ZE |(y1V;eZUgy|) = I'b(es) /_ dt ) (24(t) —2-j(1)) (z4x () — 2 k(1)) (F.23)
pe

where b(e;) = (1F eﬁes)_l.
Combining all previous results it can be seen that

Ig [Z(tp),Z(tp)] = (H.24)

s [Ta (2 10y (A7 20 ) (20)]

j.keSs
with
. 1 . 1
A+_|_ = —i0E+T (5 — b(es)) , A__ =10E+T (E - b(es))

Ay = —Tb(es), A4 =T(1—b(es)).

(H.25)
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It is useful to re-express this result along the P contour, by writing

[on gtz o (520 ) (24) -
S a0 g0 o (S8 ) (20)
]l (H.26)

which allows for the use of the time parametrization z;(t ), z;(t- ) instead of the field

parametrization z (), z_;(t) respectively. The A kernel is then given as
Aty —t,) =DAwd(t—t), wv=+-, (H.27)

where in this case the delta distribution is the usual one, which refers only to the real
coefficients of tp and t% and differs from the Keldysh contour delta defined in (F.1).
The result (H.24) then reduces to the form

It [Z(tp), Z(tp)] = éElexp[_ [ e [ at; L 2030~ f)altp) |- (29
jkes

I The harmonic oscillator’s Green’s function

In this appendix we present the solution to the equation
/Pdltp [(iatp — G(R)) (Sp(tp - fp) + Z'A%(tp, fp)] ip(fp, t%) = (Sp(tp - t;;) (L.1)

We use here the notation L instead of simply L for the Green’s function, in order to
note that the solution identified using the Fourier transformation method may need
an extra contribution from a solution of the homogeneous equation, to provide the

appropriate propagator. By introducing the Fourier transforms

= © dk _i(to_i) 7
Lo(tn,th) = [ oo MmO, k), (1.2)
we can analyze eq. along the branches of the Keldysh contour to find that
(k—e)LE (k) +iTbLE (k) =1, (k—e )LE (k) +iT(1—-b)LE, (k) =0, .
(k—e )LE_(k) +iT(1 =b)LE _(k) = -1, (k—e)LE_(k) +iTbLE_(k) = 0.
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In these equations we used the abbreviations

e =e® T (% — b) , e =e®4ir (% - b) =e,. (L4)

The system’s (L.3) equations can be easily solved, giving

. k—e_ - JT(1-0
Ly (k) = D Loy (k) =—i ( D ),
(L5)
_ k—ey . .. .Th
L——(k) -~ p L+—(k) = 15,
with
D= (k—ki)(k—k), ke :eiig. (L6)

By taking the inverse Fourier transforms of these results we find
Lp(ts, ) = Loy () = —iO(t — t')e eV ) "TU=1)/2 4 jpe-ie®(t=t)-Tlt=/2 (1 7y

Lp(t_,t,) =L o (t,t') = —i(1 — b)e e t=t)-Tlt=¢/2 (1.8)
+

i (tf ) i ( ) _ _Z~®(tl _ t)e—ie(R)(t—t')—l"(t’—t)/Z + ibe—ie(R)(t—t’)—l"\t—t’\/2 (L9)

Lp(ty, b)) = Lo (t,#) = ibe @™ =) Tlt=¢1/2, (1.10)

To identify then the true Green’s function, one needs to add a solution Ly, (tp, tp) of
the homogeneous analogue of to the above result, in such a way that L(t;,,+, tp) +
Lyom(tint, tp) = 0. This function can be identified, through the above constraint and

by imposing its continuity at the arbitrary time instance +T, to be of the form

!/

—P—t—P) —ie®) (tp—th,)

+r in
Liom (tp, th) = —ibe ( 2 (1.11)

The true Green'’s function over the Keldysh contour P is thus given as

L(tp, tp) = L(tp, th) + Liom(te, th). (L12)
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