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Introduction

The interaction between Operator Theory and Harmonic Analysis of locally
compact groups has occupied mathematicians since the very beginning of the
theory of operator algebras. One of the most important notions connecting
the two areas is the crossed product construction for locally compact group
actions by automorphisms on von Neumann algebras, originally introduced
by Murray and von Neumann in order to construct examples of factors of
type II or III. Since then, the notion of crossed product has been extensively
studied and successfully extended to other categories such as C*-algebras.
Over the last decades, crossed products have been introduced and studied
in the case of group actions on more general categories of operator spaces,
e.g. non-selfadjoint operator algebras, ternary rings of operators, operator
systems and even general operator spaces. For more details on these topics,

the reader is referred to the work of Katsoulis and Ramsey [29], Salmi and
Skalski [14], Amini, Echterhoff and Nikpey [!], Harris and Kim [21], Ng [39],
Hamana [19], Uuye and Zacharias [56] and Crann and Neufang [12].

The need of introducing appropriate crossed product type constructions
for group actions on general operator spaces is dictated by the fact that it
is often necessary to consider more relaxed operator space structures than
von Neumann algebras or C*-algebras, in order to formulate and study sev-
eral concepts from different areas of mathematics using operator theoretic
techniques (quantization).

Motivation and objectives

This thesis concentrates on crossed products arising from locally compact
group actions on dual operator spaces by w*-continuous completely isomet-
ric isomorphisms. In this case, there are (at least) two natural, yet generally
different, kinds of crossed products. Namely, for an action « of a locally com-
pact group G on a dual operator space X, we have a Fubini crossed product
X %7 G and a spatial crossed product X <G, such that Xx,G C X xZ G.

Informally speaking, the Fubini crossed product X x G is the appro-
priate object representing and also generalizing concepts from Harmonic
Analysis defined by fixed point properties, e.g. (jointly) harmonic operators
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and non-commutative Poisson boundaries. On the other hand, the corre-
sponding spatial crossed product X x,G consists of the ‘tractable’ elements
in X Ng G, in the sense of admitting an explicit representation in terms of
elements of X and translation operators. A very interesting problem con-
cerning harmonic operators is to find at least sufficient conditions so that
every operator, which is harmonic with respect to a family of measures on
G, can be explicitly described using only harmonic functions (with respect
to the same family) and translation operators.

Since this problem can be reduced (as we show in Chapter 4) to whether
a certain Fubini crossed product coincides with the corresponding spatial
one, the relation between Xx,G and X x7 G deserves to be studied more
thoroughly in a more general setting.

It is already known that Xx,G = X x7 G holds when X is a von
Neumann algebra (Digernes-Takesaki [53, Chapter X, Corollary 1.22]) or
more generally a W*-TRO (Salmi-Skalski [11]). However, for an arbitrary
dual operator space X, the equality X x,G = X Né—' G may fail even if the
action « is trivial.

On the other hand, Crann and Neufang [12] have recently proved that
if G has the approzimation property (AP) of Haagerup and Kraus, then
X oG = X x G holds for any dual operator space X and any G-action «
on X. They have also observed that the converse is true at least under the
assumption that the group G is inner amenable in the sense of Paterson [13]
(e.g. discrete).

The main objectives of the present dissertation can be summarized as
follows:

e Describe the relation between Xx,G and X x7 G for an arbitrary
G-action « on some dual operator space X and find necessary and
sufficient conditions for the equality X >,G = X xZ G.

e Prove that the converse of the theorem of Crann and Neufang men-
tioned above remains valid for arbitrary locally compact groups (i.e.
without the assumption of inner amenability).

e Apply the general theory developed in the setting of jointly harmonic
operators.

The key idea to achieve the first of the above objectives is to extend
the main aspects of the classical duality theory for crossed products of von
Neumann algebras by actions of locally compact groups to the setting of
dual operator spaces. To this end, we shall adopt the language of comodules
over Hopf-von Neumann algebras, since this provides a natural and effective
framework for the study of Takesaki-duality (see section 3.3) in the setting
of (not necessarily abelian) locally compact groups.

As for the second objective, i.e. the characterization of groups with the
approximation property in terms of crossed products, the main idea is to
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prove that the approximation property for a group G can be equivalently
translated into an algebraic condition (saturation) for the class of comodules
over the group (Hopf-)von Neumann algebra L(G). This will provide us with
a link between the approximation property and the duality theory developed
for the crossed products under discussion.

Last but not least, we will prove that jointly harmonic operators arise
naturally as the Fubini crossed product of jointly harmonic functions by
translation action, whereas the harmonic operators admitting an explicit
representation in terms of jointly harmonic functions and translation oper-
ators are realized as the spatial crossed product associated with the same
action. This fact will allow us to apply our general results in order to shed
some light on the problem of representability (in the above sense) of har-
monic operators.

Structure and results

The main body of this thesis is organized in four chapters. In this section
we summarize the content and basic results of Chapters 1 to 4. For the
definitions required for the summary of each chapter presented below, the
reader is referred to the respective chapter.

Chapter 1 Here we present the necessary mathematical background con-
cerning dual operator spaces. In particular, we recall the basic properties of
Fubini and spatial tensor products of dual operator spaces as well as tensor
product maps, since they constitute the basic tools for the study of comod-
ules over Hopf-von Neumann algebras and, in particular, crossed products.
Next we give a brief discussion on the concept of stable point w*-convergence
for nets of normal completely bounded maps on a von Neumann algebra.
This concept is crucial in order to establish the connection between comod-
ules over group von Neumann algebras and the approximation property of
Haagerup and Kraus. We close this chapter with a short review on the
von Neumann algebras L*°(G) and L(G) associated with a locally compact
group G.

Chapter 2 This chapter begins by introducing the basic notions concern-
ing Hopf-von Neumann algebras and their associated comodules in the dual
operator space framework. Our attention is focused on the notions of non-
degeneracy and saturation for comodules since these two notions play a
crucial réle in characterizing groups with the approximation property as
well as in extending the concept of duality for crossed products from the
category of von Neumann algebras to the context of dual operator spaces.

The main results of Chapter 2, concerning non-degeneracy and satura-
tion, are the following:
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Corollary 2.2.7. Let (M,A) be a Hopf-von Neumann algebra. If every
M -comodule is non-degenerate, then every M -comodule is saturated.

Proposition 2.2.9. For a Hopf-von Neumann algebra (M, A) the following
conditions are equivalent:

(a) Every M-comodule is saturated;

*

(b) For any M-comodule (X,a) and any x € X, we have x € M, -z ;

(c) There exists a net {w;} C My, such that w;-x — x in the w*-topology
for any M -comodule X and any x € X;

(d) There exists a net {w;} C M,, such that the net {(idys ® w;) o A} C
CB,(M) converges in the stable point-w*-topology to the identity map
idps.

The above prepare the ground for establishing the connection between
the approximation property (AP) of Haagerup and Kraus and properties of
comodules over group von Neumann algebras. Namely we get the next

Proposition 2.3.14. For a locally compact group G the following conditions
are equivalent:

(a) G has the AP;

(b) Every L(G)-comodule is saturated;

—_w*

(c) For any L(G)-comodule (Y,0) and anyy € Y, we havey € A(G) -y ;

(d) There exists a net {u;}ier in A(G) such that for any L(G)-comodule
(Y,6) and any y € Y we have that u; - y — y ultraweakly;

(e) Every L(G)-comodule is non-degenerate.

Furthermore, we show that the Hopf-von Neumann algebra L>°(G) ad-
mits only non-degenerate and saturated comodules, with no further assump-
tion on the group G.

Lemma 2.3.5. Every L>(G)-comodule is non-degenerate and saturated.
In particular, for any L*°(G)-comodule X and any x € X, we have that

zeLY(G) z

Chapter 3 We give the definitions for the Fubini and spatial crossed
products X x2 G and X x,G respectively for an L>°(G)-comodule (X, )
[12, 19, 44, 56], as well as their ‘dual’ analogues Y’ D<§: G and YxsG for an
L(G)-comodule (Y, 0) [19, 44, 3].



The spaces X x,G and X xZ G admit a natural L(G)-comodule structure
via the dual L(G)-action @ associated with o as well as an L(G)-bimodule
structure. Similarly, Y x{ G and Y'xsG become L*(G)-comodules via a
dual L*°(G)-action & and they are also L>(G)-bimodules.

A first analysis of the aforementioned structure yields the two first main
results of this chapter:

Corollary 3.1.9. For every L*°(G)-comodule (X,«) the Fubini crossed
product (X x2 G,Q) is a saturated L(G)-comodule and the spatial crossed
product (X x,G, &) is a non-degenerate L(G)-comodule.

Theorem 3.2.10. For every L(G)-comodule (Y,0) we have:
Y x{ G =YxsG.

It is worthwhile noticing that the proof of Theorem 3.2.10 relies firmly
on the fact that (Y x7 G,g) and (YQ(;G,S) are both non-degenerate and
saturated as L*°(G)-comodules (by Lemma 2.3.5). Also, Corollary 3.1.9
suggests that if the equality X x7 G = Xx,G is valid for some L>®(G)-
comodule (X, a), then (X xZ G,a) and (Xx,G, @) have to be both non-
degenerate and saturated L(G)-comodules (this happens when G has the
AP; Proposition 2.3.14).

For the rest of Chapter 3, we deal with the double crossed products
associated with an L*°(G)-comodule (X, «) and an L(G)-comodule (Y, 46),
namely

o (XxoG)x5G C (X >4'§ G) x5 G,
e (Y x4 G)QSG C (Y x5 G) NS]\: G,

7 or X thanks to Theorem

where the symbol X can be interpreted either as x
3.2.10.

Recall that, in the case of von Neumann algebra crossed products, the
original algebra can be recovered from its double crossed product at the cost
of tensoring by B(L?(G)) (Takesaki-duality). The key observation is that
this happens because the von Neumann algebra structure guarantees non-
degeneracy and saturation for W*-L(G)-comodules. In fact, it turns out
that non-degeneracy is equivalent to Takesaki-duality for spatial crossed
products, whereas saturation is equivalent to Takesaki-duality for Fubini
crossed products. This leads to the following two results, which summarize

Propositions 3.3.2, 3.3.3, 3.3.5 and 3.3.6.

Proposition. For any L™ (G)-comodule (X, ), the double crossed prod-
ucts (XxoG) x5 G and (X xL G) x4 G are both canonically isomorphic to
X®B(L*(G)).
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Proposition. For any L(G)-comodule (Y,0), there is a w*-continuous com-
plete isometry ¢: YOB(L?(G)) — YRB(L*(G))®B(L*(Q)), such that:

1. (Y,9) is non-degenerate if and only if
¢ (YR®B(L*(G))) = (Y x5 G) %;G;
2. (Y,0) is saturated if and only if
¢ (YOB(L*(G))) = (Y x5 G) x G.
A first application of the above duality results yields a more transparent

image of the relation between Xx,G and X x7 G for an L>°(G)-comodule
(X, a).

Corollary 3.3.7. For any L*(G)-comodule (X, a) we have:
(i) (X L G) x5 G = (Xx,G) x5 G;
(ii) Sat(XxoG,a) = Sat (X xJ G,a) =a (X x] G);
(iii) X xF G ={y € Xo@B(L*(Q)): A(G) -y C Xx,G},
where u -y = (idxgpr2q) ® v) © (ldx ® é¢)(y) for u € A(G) and
y € X®B(L*(G)).
(iv) Xx,G =span” {A(G)- (X xL G)}.

Theorem 3.3.8. Let (X,«a) be an L*™°(G)-comodule. Then, X x,G is the
largest non-degenerate L(G)-subcomodule of (X %7 G,Q). Also, X x7 G is
the smallest saturated L(G)-subcomodule of (X®@B(L*(G)),idx ® dg) con-
taining X XoG. In particular, the following conditions are equivalent:

(a) X xL G = Xx,G;
(b) (X %% G,Q) is a non-degenerate L(G)-comodule;
(c) (XXoG, Q) is a saturated L(G)-comodule.

As a second application of Takesaki-duality, we obtain a complete charac-
terization of locally compact groups with the approximation property (AP)
in terms of the crossed product functors.

Theorem 3.3.10. For a locally compact group G the following conditions
are equivalent:

(i) G has the AP;
(i) (Y x5 G) N? G = (Y x5 G)x5G, for any L(G)-comodule (Y,9);

(iii) X x% G = Xx,G, for any L>®(G)-comodule (X, q);

~
~ ~

(iv) (Y x5Q) ><|§:G, §) ~ (YRB(L*(G)),0) for any L(G)-comodule (Y, d);

~
N ~

() (Y x5 G)x3G, 8) ~ (YRB(L*(G)),6) for any L(G)-comodule (Y, 6).
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Chapter 4 In the last chapter, we give a new perspective on the concept of
jointly harmonic operators introduced by Anoussis, Katavolos and Todorov

[5, 6.

Recall the canonical representations of the group measure algebra M (G)
and the completely bounded multiplier algebra M4 A(G):

©: M(G) — CB(B(L*(Q))),

oWw)(T) = /GAdpS(T) dv(s), ve M(G), T € B(L*(Q))
and
©: M4 A(G) — CB(B(L*(G))),
Ow)(Asf) = u(s)Xsf, w€ MuA(G), s€G, feL®G).

For arbitrary families A C M(G) and X C M,A(G), we have the jointly
A-harmonic functions

H(A) == {f € L=(G) : O(u)(f) = [ for all p € A}
and the jointly A-harmonic operators
H(A) :={T € B(L*(GQ)) : O(u)(T) =T for all u € A},
as well as the jointly X -harmonic functionals
Hy :={T € L(G) : O(c)(T) =T for all o € X}
and the jointly X -harmonic operators
Hy :={T € B(L*(G)): O(c)(T) =T for all o € %}.

Note that the above subspaces of B(L?(G)) are not necessarily von Neu-
mann algebras. However, they are w*-closed subspaces of B(L?(G)) and
thus (concrete) dual operator spaces. Moreover, we have the obvious in-
clusions H(A) € H(A) and Hx C Hs. Also, note that H(A) is an L(G)-
bimodule, whereas Hy is an L>(G)-bimodule (because O(u) and O (o) are
normal bimodule maps on B(L?(G)) over L(G) and L*>(G) respectively).
Thus it is natural to ask whether the bimodules generated by H(A) and Hx
are sufficient in order to describe ﬁ(/l) and Hy; respectively, that is whether
the equalities

Bimy, ) (H(A)) = H(4), Bimpe(q)(Hs) = Hs (R)

hold for arbitrary A C M(G) and X C My A(G).
The key observation here is that 7 (A) coincides with ker ©(.J(A)), i.e.
the common kernel of the maps ©(h) for h € J(A), where J(A) = H(A),L C

A ~

L'(G) (the preannihilator of H(A)). Similarly, Hy = ker ©O(Jx) for Js =
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(Hs)L € A(G). Also, J(A) and Jx are closed (left) ideals of L!'(G) and
A(G) respectively.

We prove that there is a canonical isomorphism, preserving both the
L*>*(G)-comodule and the L>*(G)-bimodule structure, such that ker @(J ) ~
J+ ><§EG G and Bim e () (J+) ~ J+ K5, G for any closed ideal J of A(G) (see
Proposition 4.3.1).

Therefore, by an immediate application of Theorem 3.2.10 we obtain the
following, which summarizes Proposition 4.3.1 and Corollary 4.3.2.

Proposition. Let G be a locally compact group. For any closed ideal J of
A(G), it holds

ker ©(J) = Bimpoo(g)(J1) =~ J* x5, G.
In particular, for any family X C M4 A(G) we have
ﬁg‘ = BimLoo(G)(HZ) ~ HZ‘ X6 G.

The above extends [4, Theorem 3.2] and [5, Corollary 2.12], since our
proof (which is significantly less technical) does not assume second count-
ability of G as in [4, 5].

As a byproduct of the relations ker ©(J) = Bim 0o () (J ) ~ Jt %, G,
we obtain a characterization of those locally compact groups G, for which
every subcomodule of L(G) satisfies a ‘weak Takesaki-duality’ (saturation
condition), in the sense that we can recover any closed ideal J C A(G) as
(L(G)N Bime(G)(JL))L. More precisely, we get the next

Proposition 4.3.5. Let G be a locally compact group. Then, the following
conditions are equivalent:

(a) G has Ditkin’s property at infinity, i.e. for any u € A(G), it holds that
w e m”'”A(G)‘

(b) Every L(G)-subcomodule of (L(G),0¢) is saturated.

(c) Every L(G)-subcomodule of (L(G),da) is non-degenerate.

(d) For every closed ideal J of A(G), we have L(G)NBim () (J*) = J*.

This improves [4, Lemma 4.5] and answers a question raised by the
authors in [, Question 4.8].

Finally, we prove an analogous result (Proposition 4.3.7) for closed left
ideals J of L'(G), namely that

Bimy gy (J©) = J %06 G € J- 1) G = ker O(J).

This, in combination with the results of Chapter 3, allows us to describe in
more detail the relation between Bimp,)(J 1) and ker ©(.J) and, in particu-
lar, the relation between Bim gy (#H(A)) and H(A), for a family A C M(G),
by taking J = J(A).
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Proposition 4.3.8. For any closed left ideal J of L'(G), BimL(G)(JL) is
the largest non-degenerate L(G)-subcomodule of

(B(L?*(@)),d¢q) contained in ker ©(J), i.e.
Bimy ) (J4) = span® {O(u)(T) : u € A(G), T € kerO(J)}

and ker ©(J) is the smallest saturated L(G)-subcomodule of (B(L?*(Q)), é¢)
containing BimL(G)(Jl), i.e.

ker ©(J) = {T € B(L*(Q)) : (:)(u)(T) € BimL(G)(JL), Vu € A(G)}.
Thus, the following conditions are equivalent:

(a) Bim () (J*) = ker ©(J);

(b) (ker ©(J),d¢q) is a non-degenerate L(G)-comodule, i.e.

ker ©(.J) = span" {B(A(G))(ker O(J))};

(c) (BimL(G)(JJ-), 8q) is a saturated L(G)-comodule, i.e. if T € B(L*(G))
satisfies (:)(u)(T) € BimL(G)(Jl) Vu € A(G), then T € BimL(G)(JJ-).

Note that if G has the AP, then every L(G)-comodule is saturated.
Thus BimL(G)(JL) = kerO(J) for any left closed ideal J of L!'(G) and
thus Bimp,g)(H(A)) = H(A) for any A C M(G).

The equality Bimp,g)(J 1) = ker ©(.J) was originally shown by Anoussis,
Katavolos and Todorov [0] for the case where G is either abelian or compact
or weakly amenable discrete and for arbitrary locally compact groups with
the AP by Crann and Neufang [12].

The above analysis of the relation between Bimyg)(J*) and ker ©(J)
allows us now to introduce a condition on G, a priori weaker than the
AP, which also guarantees the validity of BimL(G)(JL) = ker©(J) and

Corollary 4.3.9. If every operator T € B(L?*(G)) satisfies
T € Bimpe) {O(u)(T) : ue AG)}, (1)

then ker ©(J) = BimL(G)(JL) for any closed left ideal J of L*(G). In par-
ticular, if condition (1) is satisfied for all T € B(L?(@)), then H(A) =
Bimp,q)(H(A)) for any family A C M(G).

Note that condition (1) is a priori much weaker than the AP. Indeed,
the AP implies that there is a net {u;} C A(G) such that

~

O(u;)(T) — T ultraweakly for all T € B(L*(G))
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and the net {u;} is independent of the choice of the operator T € B(L*(Q)).
On the other hand, condition (1) means that an operator 7' € B(L?(G)) can
be approximated in the ultraweak topology by linear combinations of the
form

ij(:)(uj)(T)yj, with uj; € A(G), Tj,Yj € L(G),
7=1

where now the choice of the functions u; and the translation operators x;
and y; may depend on the choice of that particular 7.

In fact, to the author’s knowledge, it is unknown whether there exist
groups failing condition (1).

Some of the main results of Chapters 2, 3 and 4 appear in the following
works of the author:

1. D. Andreou, Crossed products of dual operator spaces by locally com-
pact groups, Studia Mathematica 258 (2021), no. 3, 241-267.

2. D. Andreou, Crossed products of dual operator spaces and a char-
acterization of groups with the approximation property, (submitted)
arXiv.org:2004.07169 (2020)
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Yy mapoloa BlatelB) doYOAOUUACTE UE CTOUEWTA YLVOUEVO TOU TEO-
Xx0OTTOLY AT BPUCELS TOTUXY CUUTAY®OV OPAOWY OE OUIKOUS YWEOUS TEAEGTWV
HECK WH-GUVEXODY TAAPKC LOOUETELXDY IOOUOPPLOUDY. e qUTAV TNV TEPITTW-
on, uTdEy oLV (TOLAAYIOTOV) BUO PUGLOAOYIXE, v XL YEVIXE. BLOPOPETIXG, €O
CTOUPMOTOV YIVOUEVWY. EdixdTepa, yior War 0pdon o Yl TOTXd CUUTayoUg
ouddoag G og éva BUind yweo teheoTtwy X, opiletar éva oTAUPWTE Ywvouevo
Fubini X x2 G xou éva ywpixé (spatial) otavpwtd ywipevo X xoG, tétow
dote XxaG C X % G.

ATuno AGYTUC, T0 6TaUPWT6 Yvépevo Fubini X x4 G efvon to xatédhnho
AVTIXEIUEVO YLl TNV AVATAEAC TOOT), ARG xou YEVIXEUOT), EVvouwy and TNy Ap-
povixry Avéiuon mou opilovtan péow WoTRTwY otadepol onuelov, OTKg, Yia
TOEABELY UL, Ol and kowoU appuovikol TeAeotés (jointly harmonic operators) xou
o un petadetikd ovvopa Poisson. EE dhhou, 1o avtloTolyo ywexd oToupntd
Yvéuevo X X oG amoteheiton amd T aviyvelota ototyeio tou X X% G, dnhadh
exelval TOU PTopolV Vo avamapac Tardoly YenouoTouwvTas Uovo cTolyeio Tou
X xou TEAECTEG PETATOTIONG.

‘Eva e&oupetind evilapépoy TedBANuUo avapopxd e ToUG apUoVIXOUS TEAE-
o TéC ebvan 1) EUPECT) TOUAGYIOTOV XAV GUVINXWY, TEOXEWEVOL XAVE APUOVL-
%0¢ TEAEGTAC WG TPOG WLl OLXOYEVEL UETEPWY otV G Vo umopel var ovormopor-
otadel yenowonolwvTac Hovoy apuovixéc ouvaptioelc Tne G (wg tpog Ty Bla
owoyévelr) xat TEAEOTES petotomons. B¢’ doov, howmdy, autd to mnpdfinuo
avdryeton (6mwe delyvoule 610 xe@dhato 4) 6T0 XoTd TOCOV EVOL GUYXEXPWEVO
oTowPnTO Yvouevo Fubini cuunintel ye to avticTtolyo yweixd cToawpmtod Yi-
VOUEVO, 1) OYéon UETUE) TWY OTAVPWTOY Yvouévey X X oG xo X X7 G oile
vo pehetniel mo Sieodixd oe €va YEVIXOTERO ThaicLo.

Kegdhowo 1: Ewcaywyixd

Yy evomta 1.1 nopovaidlovton emheypévo Bépota and o [7, 14, 52] mou
apopoLy Pacixég évvoleg g Oewplac Xdpwv xou Alyefedyv Teheotwy. Xtny
emouevn evotnra 1.2, éyovtag we avagopés Tic [7, 14, 19, 20, 30, 31, 52, 55],
ouvoliloupe Tic Pacnéc ILdTNTES Tou Ywexol (spatial) TovuoTikol yivopévou
%o Tou TovuoToUL yvopévou Fubini yia Suixolc yopoug tehecT®Y, T onoleg
Yo yenotuonolficouue ota enoyeva. H evotnta 1.3 anotelel po oOvtour, ahhd
ETUEXT YL TOV OXOTO NG Tapovsas dutelfric, mopousiacn Tng €vvolug Tng
stable point-w*-cUyxhiong yia TAewe geaypévec wH-cuveyeic amewovioeic
olyeBpddv von Neumann [13, 22, 32]. Téhoc, otny evotnta 1.4, cuvodilovtar oL
Baoég WOLOTNTES TOTUXA CUUTOY WV OUAOWY, XM Xt TV BactX®Y aAYEBROY
von Neumann xot Banach nou opilovton anéd pia tomxd cuunayf opdda [15,

9 Y ) }'
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Kegdhowo 2: I'evixn Jewpla cuunpotinwy

Ye autd To xePIAa0, axoloudmvTac xuplwe TV opoloyia tou [19], aoyoho-
OUOOTE PE BUIXOUS YWEouS TEAes TMY Tou elvor cupmpdTuma (comodules) mdve
and dhyeBpec Hopf-von Neumann (ot Boowol opiopol divovtan otnv evétnta
2.1). Xtnv evotnta 2.2, opllouye tic évvolee kopeouérvo (saturated) xou un
expuhiouérvo (non-degenerate) yio ouumpdtuna. Ag’ evbe, delyvouue OTL av
xdde ouumpotumo wag dhyeBpac Hopf-von Neumann M etvor urn ex@uiicuévo,
161e xdde ouunpotuno TNe M elvon xopecuévo. Ag’ etépou, anodeixviouUE OTL
wo diyePeo Hopf-von Neumann M Swardéter pévo xopeopéva cuunpdTuna v
XL Yovov av 1) tautoTixy anexoévion idys mpooeyyiletan otny Ttomoloyio Tng
stable point-w*-clyxhione and aneixovioe g popghc (idy ® w) o A, 6mou
w € M, xou A 1o cuvywéuevo (comultiplication) tne M.

Yy evotnta 2.3, vl Wioe Tomxd oupnayy| ouddo G, TEpLypd@OouUE TNV
xavovix) Soury Hopf-von Neumann twv oiyeBedv L>®(G) xou L(G) [16, 19].
Katémy, anodewmvioupe 6t xde L°(G)-ouunpdtuno eivon Tautdypovo X0pe-
ouévo xan un exgpuiiopévo. Eni miéov, detyvoupe 6t xde L(G)-cuunpbdtuno
elva xopeopévo av xat uévov av xde L(G)-ouunpdtumo elvon pn ex@ulopévo
av xou uévov av 1 G éyel v mpooeyytotixd wiotnta (AP) xatd Haagerup-
Kraus [22].

Kegdhowo 3: Jtavwpwtd Yivopeva

Y autd To EPAAO VEWPOUUE CTOAUPMTA YIVOUEVA BUIXMY YWEWY TEAECTOV.
‘Eotww éva L®(G)-ouunpétuno (X, a) xa éva L(G)-ovunpdtuno (Y,d). Ta
oTawpwTd yvéueve Fubini X x7% G xa Y x{ G opilovton we o otodepd onpela
AATOLOY HATAAANAWY BRUCEWY, EVK To AVTIOTOLY A YWEIXE OTUUEM T YIVOUEVA
X XaG xou YX5G opilovtar, 0 pev npdto we 1o w¥-xdewoté L(G)-dinpdtuno
Tou napdyeton and 1o a(X), To de deltepo we To wH-xhewotd L2 (G)-dinpbdtuno
mou mopdyeton amd 1o §(Y). Eniong, o pev XxaG xou X x7 G anoxtodv
douf| L(G)-oupnpotinou péoe tne duixfc dpdone @, o de Y XsG xu Y x{ G
anoxtoly Sou) L (G)-oupnpotinou yéow tne duixic dpdone s.

H Baouxd| pac déa eivan 611 10 X 1% G ebvan to ehdyioo xopeopévo L(G)-
ouumedTUTIO oL TERLEYEL TO X X oG, eV T0 X X oG elvon To UéYLoTOo Un exQUAL-
opévo L(G)-oupnpétuno mou epiéyetan 610 X X7 G. ‘Onee amodevioups, 1
(Bio cpy A Loy Vet xon yiat T L°(G)-oupmpdtuna Y X sG xon Y X T G xou emopévec
nwétnra Y KsG = Y x{ G elvan nédvra ahndnic, agol xdde L(G)-oupmpdTuno
elvol TAVTOTE XOPECUEVO AL 1) EXPUAICUEVO.

Yty ouvéyela, detyvouue OTL Wal ToTxd cuuTay e oudda G €yel TNy Tpo-
oeyywotixf wiotnta (AP) twv Haagerup-Kraus ov xou pévov av XXoG =
X x7 Gy xdde L°(G)-ouurpdtuno (X, a). H wa xatedduvon (sudl), mou
amodelydnxe opyixd and toug Crann xau Neufang [12] ypnowonoudvtog opxe-
TA TEYVIXA EMLYELPNUATA, TEOXVTTEL GUECH OIO TA OTOTEAECUOTA TOU €Y OUUE
avantOgel péypet otiypnc. o tv avtiotpogn xatediuvon, 1o Poacixd epyaheio
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Tou yenowornotolue elvar to e€c: Y éva L(G)-oupnpdtuno (Y, 0), €youue
(Y x5 G)x3G ~ YRB(L*(G)) av xou uévov av 10 Y elvon un expuliopévo,
evo (Y x5 G) Ng]: G ~ Y®B(L?*(Q)) av xou pdvov av 10 Y ebvon x0peopévo.
Enopévac, ov XxoG = X x4 G yio x69e L®°(G)-ouvurpéruno (X, a), téte
(Y x5 G) N? G = (Y x5 G)x5G v xdde L(G)-ouunpértuno (Y,d). Autd
onuaivel 6t xde xopeouévo L(G)-cuunpdtuno eivar xou U EXQUAOUEVO, TO
omofo, émwe Belyvouue pe évor amhéd emyelonua, cuvendyeton 6t xdde L(G)-
CULUTEOTUTO elval U1 eXPUAICUEVO, OnAadY), 6TL 1 G €xEL TNV TPOCEYYICTIXN
wiotnTa (AP).

Kegdhowo 4: Egappoyvég otnyv Appovixy Avdiuon

Y10 teleutado xEPAAALO, ATOBEVOOUPE OTL OL YMEOL TWY ATO XOWOU ppo-
vixav terectav H(A) xou Hy [0, 6] yio ovdaipeta utocivora A C M(G)
xon X C My A(G) Tautilovia aviioToya e T oToawpwtd yvopeva (Fubini)
H(A) ~ H(A) ] GruHy ~Hy M{G G, 6mouv H(A) ov A-oppovixéc cuvap-
woec oty L2(G) xou Hy ta X-appovixd cuvaptnooedn oty L(G). Tou-
TOYPOVAL, HEGW TWV (B1V 100LopEIoUdY éxouue H(A) X0 G =~ Bimpg)(H(A))
w HyXs, G~ Bimpeo (g (Hs).

Sov e@oappoyh Twv Topamdve YEVIXEDoUE anoteléopato Tov [4, D] yu
oaudadpetes (Oyt amapoutitwg delTepeS apliunotues) Tomxd cuumayelc opddec.
Enlong, amavtdye oto e€hc cpwtnua mou €decav ot Avolorng, Katdfohog xou
Todorov oo [1]: vyt noteg opddec G, wyer L(G) N Bimpeo gy (J1) = J*
v xdde xheotéd Wemdeg J e A(G); Téhog, Peioxovue ouvidrixee, a priori
acevéotepec g mpooeyyoTixAc WiotnTac (AP) twv Haagerup xou Kraus,
oL omolec e€aopaiillouv 6t n wootnta H(A) = Bimp,g)(H(A)) du woyder yio
xéde A C M(G), yevixebovtac avtiotoyyo anotedéopata twv [0, 12].
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Chapter 1

Preliminaries

1.1 Operator spaces

We begin by presenting some basic elements and notions from Operator
Space Theory and von Neumann Algebra Theory. The proofs of the results
stated in this section have been omitted since the topics selected here can
be found in many books such as [7, 14, 52].

For Hilbert spaces H and K, we denote by B(K, H) the space of bounded
operators from K to H. We also write B(H) for B(H, H).

We make the following notational convention. We denote the identity
map on X by idx (omitting the subscript X when implied by the context).
Also, we write 1, for the unit element of an algebra M (again omitting the
subscript if it is clear). In the special case M = B(H) for a Hilbert space
H, we write 1y :=idy = 1p(g)-

For positive integers m and n and a vector space V, we denote by
My, (V') the m x n matrices with entries in V. Also, we write M, (V) :=
My o (V) and My, p, := My, (C).

Suppose that X and Y are vector spaces and that u: X — Y is a linear
map. For a positive integer n, we write u,, for the associated map

This may also be thought of as the map idy;, ® v on the algebraic tensor
product M,, ® X. Similarly one may define wy, n: My, n(X) = My n(Y). If
each of the matrix spaces M, (X) and M, (Y) has a given norm || - ||,, and if
up is an isometry for all n € N, then we say that u is completely isometric,
or is a complete isometry. Similarly, v is completely contractive if each u,, is
a contraction. A map u is completely bounded if

[ellep := sup{[[[w(zij)lln = [[fzi]lln <1,V € N} < oc.

Compositions of completely bounded maps are completely bounded, and

1
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one has the expected relation
[wovlles < [ulleollv]lco-

If u: X — Y is a completely bounded linear bijection, and if its inverse is
completely bounded too, then we say that u is a complete isomorphism. In
this case, we say that X and Y are completely isomorphic.

If m,n € N, and K, H are Hilbert spaces, then M,, ,,(B(K, H)) inherits
a norm || - ||, via the natural algebraic isomorphism

My, n(B(K,H)) ~ B(K™, H™)

which becomes an isometry. Recall that H(™) is the Hilbert space direct
sum of m copies of H.

A concrete operator space is a norm closed linear subspace X of B(K, H),
for Hilbert spaces H, K (since B(K, H) C B(H @ K) it is enough to consider
the case H = K). An abstract operator space is a pair (X, {|| - ||ln}n>1),
consisting of a vector space X, and a norm on M,(X) for all n € N, such
that there exists a linear complete isometry u: X — B(K,H) for some
Hilbert spaces H and K. In this case we call the sequence {| - ||n}n>1 an
operator space structure on the vector space X. An operator space structure
on a normed space (X, | - ||) means a sequence of matrix norms as above,
but with || - | = || - 1.

Clearly subspaces of operator spaces are again operator spaces. We often
identify two operator spaces if they are completely isometrically isomorphic.

Operator space structures on vector spaces can be abstractly character-
ized by Ruan’s representation theorem.

Theorem 1.1.1 (Ruan). Suppose that X is a vector space, and that for
each n € N we are given a norm | - ||, on My(X). Then X is linearly
completely isometrically isomorphic to a linear subspace of B(H), for some
Hilbert space H if and only if the following conditions hold:

(R1) ||laxB|ln < |afll|z]|nllB] for all n € N and all o, € M,, and x €

(R2) For all x € M,,(X) and y € M,(X), we have

z 0
[ [

Conditions (R1) and (R2) are often called Ruan’s axioms.

If X, Y are operator spaces, then the space CB(X,Y) of completely
bounded linear maps from X to Y, is also an operator space, with matrix
norms determined via the canonical isomorphism

M,(CB(X,Y)) ~ CB(X, M,(Y)).
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Equivalently, if [u;;] € M, (CB(X,Y)), then

Twisllln = sup{ll[uwij(@r)]llnm « [21] € M (X)), [zl <1, m € N} (1.1)

where the matrix [u;;(zx)] is indexed on rows by ¢ and k and on columns
by j and [. Applying the above with n replaced by niN, to the space of
matrices My (M,(CB(X,Y))) = M,n(CB(X,Y)), yields

M, (CB(X,Y)) ~ CB(X, M (Y)) (1.2)

completely isometrically.
One can verify that the norms (1.1) define an operator space structure
on CB(X,Y) by a direct application of Ruan’s theorem.

1.1.1 Dual operator spaces

In the special case when Y = C, for any operator space X, we obtain
an operator space structure on X* = CB(X,C). The latter space equals
B(X, C) isometrically since any continuous functional ¢ on an operator space
X is completely bounded with ||¢]| = ||¢||b (see e.g. [7, 1.2.6]). We call X*,
viewed as an operator space in this way, the operator space dual of X. By
(1.2) we have

M, (X*) ~ CB(X, M,)

completely isometrically.

An operator space Y is said to be a dual operator space if Y is completely
isometrically isomorphic to the operator space dual X* of an operator space
X. We also say that X is an operator space predual of Y and we write X as
Y..

If H is a Hilbert space then the space T (H) of trace class operators on
H, i.e. the space of all ' € B(H) satisfying

|71 == tr|T| < o0

is a Banach space with respect to the trace class norm ||-||;. The trace tr is a
contractive functional on 7 (H), and via the dual pairing (S,7T) + tr(ST) it
is well-known that 7 (H)* ~ B(H) isometrically. In fact, regarding 7 (H) as
an operator space with the operator space structure it inherits as a subspace
of B(H)*, the latter isomorphism is completely isometric.

From the above it is clear that the product on B(H) is separately w*-
continuous. That is, if S; — S in the w*-topology on B(H), then S;T —
ST and T'S; — T'S in the w*-topology too. The w*-topology on B(H) is
also called the o-weak topology or the ultraweak topology. A linear functional
on B(H) is o-weakly continuous if and only if it is of the form

T — > (T&nk)
k=1
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for &, m € H with > 72, |€e]* and "2, [|mk|* finite.

So, we can identify B(H ), with the o -weakly continuous functionals on
B(H).

The class of w*-closed subspaces of B(H) for a Hilbert space H coincides
essentially with the class of dual operator spaces. More precisely we have

Proposition 1.1.2. Every w*-closed linear subspace of B(H) is a dual op-
erator space. Conversely, any dual operator space is completely isometrically
isomorphic, via a w*-w*-homeomorphism, to a w*-closed subspace of B(H),
for some Hilbert space H.

For this reason, in the sequel, the term ‘dual operator space’ will refer to
a w*-closed subspace of B(H) for some Hilbert space H since the properties
that we are mainly interested in are independent of the choice of the Hilbert
space H.

Also, for a w*-closed subspace X of B(H) an operator space predual X,
(not necessarily unique) is the space of all o-weakly continuous functionals
on X.

Remark 1.1.3. By appealing to the Krein-Smulian theorem, one may see
that if u: X — Y is a w*-continuous isometry between dual Banach spaces
X and Y, then u has w*-closed range and it is a w*-w*-homeomorphism
from X onto u(X).

Therefore, if X and Y are in addition dual operator spaces and u: X —
Y is a w*-continuous complete isometry, then u(X) is a dual operator space
(completely isometrically isomorphic and w*-w*-homeomorphic to X).

1.1.2 Von Neumann algebras

Let H be a Hilbert space. For a subset M of B(H) we denote by M’ the
commutant of M, that is the set

M':={T e B(H): TS=ST VS e M}.

We also denote by M” the commutant (M’)" of M’. Tt is clear from the
definition that M C M".

Moreover, one can see that M’ is always a subalgebra of B(H) which
contains the identity operator 1p. Furthermore, from the fact that the
multiplication is separately w*-continuous it follows that M’ is also a w*-
closed subalgebra of B(H).

If M is, in addition, selfadjoint, i.e. T* € M whenever T' € M, then M’
is selfadjoint too.

A unital selfadjoint subalgebra M of B(H), for a Hilbert space H, is
called a von Neumann algebra (acting on H) if M = M".
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Since commutants are w*-closed, any von Neumann algebra is w*-closed
and thus a dual operator space. The converse is also true for a unital self-
adjoint subalgebra of B(H); that is the well known von Neumann’s double
commutant theorem.

Theorem 1.1.4 (von Neumann). If M is a selfadjoint unital subalgebra of
B(H) for a Hilbert space H, then

Wt

M// — M
Thus the following conditions are equivalent:

(i) M is a von Neumann algebra, i.e. M = M";
(i) M is w*-closed in B(H).

1.2 Tensor products

In this section we discuss about the Fubini and spatial tensor product of
(dual) operator spaces as well as tensor product maps. These are necessary
tools in order to study crossed products of group actions on operator spaces.

For more details and the proofs of the results stated below, the reader
is referred to [7, 14, 19, 20, 30, 31, 52, 55].

For any Hilbert spaces H and K, there exists a unique inner product
(-]-) on the algebraic tensor product H ® K of H and K, such that for all
&1,€ € H and np,1m9 € K we have

(61 @ ml& @m2) = (&1]&2) (m|m2)-

We denote by H ® K the Hilbert space tensor product of H and K, that is
the completion of the algebraic tensor product H ® K with respect to the
above inner product.

Also, for any operators 77 € B(H) and Ty € B(K) there is a unique
bounded operator Ty € B(H ® K), such that

(To)(§®n) = (11§ @ (Ton), (€ H, neK.

We denote the operator Ty by 11 ® 1.

Let X and Y be respectively w*-closed subspaces of B(H) and B(K).
The spatial tensor product of X and Y denoted by X®Y is defined as the
w*-closed subspace of B(H @ K) spanned by the operators z ® y for z € X
and y € Y, that is

X®Y :=span" {z®y: z€ X, yc Y} C B(H®K).
In the special case when X = B(H) and Y = B(K), we have
B(H)®B(K) = B(H ® K).
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This follows from von Neumann’s double commutant theorem and Tomita’s
commutation theorem for tensor products of von Neumann algebras; see for
example [52, Chapter IV, Proposition 1.6 and Theorem 5.9].

Theorem 1.2.1 (Tomita). For any von Neumann algebras M and N we
have
(M&N) = M'@N".

For ultraweakly continuous functionals ¢ € B(H), and ¢ € B(K), the
linear mappings

¢ @idp): B(H) @ B(K) = B(K): a®bw ¢(a)b

and
idpr) ® - B(H)® B(K) — B(H): a®bw ¢(b)a

have unique ultraweakly continuous extensions to B(H ® K) (see e.g. [14,
Lemma 7.2.2]) which we denote also by ¢ ®id (k) and idg(gr)®1). Following
Tomiyama [55], we call ¢ ®id B(K) the right slice mapping induced by ¢ and
idp(m) ® ¢ the left slice mapping induced by .

We denote by ¢ ® 1 each of the compositions ¢ o (idg) ® ¢) and
Y o (¢ ®idp(k)) since they clearly coincide (because they coincide on the
elements of the form a ® b whose linear span is w*-dense in B(H ® K)).

The Fubini tensor product of X and Y is defined by

X®rY ={T € BH®K): (idpu) ®¢)(T) € X,
(¢ @idp))(T) €Y, V¢ € B(K)., Vo € B(H).}.

It is obvious from the definitions that, for any dual operator spaces X
and Y, we have

but the equality X®Y = X®#Y is not always valid. For example, if H is an
infinite dimensional Hilbert space, then there exists a dual operator space
X such that XQB(H)*™ # X®@rB(H)** [31].

However, it was proved by Tomiyama [55, Theorem 2.1] that for any von
Neumann algebras M and N we have

M&N = M&#N.

This is in fact equivalent to Tomita’s commutation theorem.

Recall that a von Neumann algebra M C B(H) is injective if there exists
a norm one projection from B(H) onto M (see e.g. [54, Chapter XV, §1,
Definition 1.2, Corollary 1.3]). It was shown by Kraus [30, Theorem 1.9]
that if M is an injective von Neumann algebra, in particular, if M = B(K)
for a Hilbert space K or M is abelian, then X@M = X®zM for any dual
operator space X.
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Note also that from the definition of Fubini tensor product it follows
easily that for w*-closed subspaces X; C B(H) and Y; C B(K), i = 1,2, we
have

(X1®rY1) N (Xe®rY2) = (X1 N Xo)@£(Y1 NY2).

Thus, combining this with Kraus’ theorem above, it follows that for dual
operator spaces X C B(H) and Y C B(K) we have

XB7Y = (X®B(K)) N (B(H)®Y). (1.3)

Let V and W be two operator spaces. For a positive integer n and an
element v € M, (V ® W) one can define

[l

an = f{{lal[[[of[wlA]: v = alv©w)s},

where the infimum is taken over all possible decompositions u = a(v ® w)f
with v € My, (V), w € Mp(W), o € My i, and B € My, for arbitrary
m,k € N.

The sequence {||u||an}n>1 defines an operator space structure on the
tensor product V @ W. The completion VEW of (V & W, || - [|a.1) is called
the projective operator space tensor product of V and W.

If X and Y are dual operator spaces with preduals X, and Y, re-
spectively, then there exist w*-homeomorphic completely isometric isomor-
phisms

X®7rY ~ (X.0Y,)* ~ CB(X,,Y) ~ CB(Y,, X). (1.4)

See, for example, [14, Corollary 7.1.5, Theorem 7.2.3].

For 1 = 1,2, let X; C B(H;) and Y; C B(K;) be dual operator spaces
and let ®: X7 — X5 and ¥: Y7 — Y5 be completely bounded w*-continuous
linear maps. Then, using (1.4) and the fact that X@B(H) = X®zB(H)
for any dual operator space X and Hilbert space H, one can define w*-
continuous completely bounded maps

P® idB(Ki) : X1®B(K;) — X2®B(K;),

idB(Hi) QR W: B(HZ)®Y1 — B(Hi)@YQ,

which are respectively the unique w*-continuous extensions of the linear
maps a ® b — ®(a) ® b and c® d — ¢ ® ¥(d). Namely, for x € X1®@B(Kj;)
and y € B(H;)®Y1, the elements (¢ ® idp(k,))(z) and (idpm,) ® ¥)(y) are
respectively uniquely determined by

(P ®@idpK;)) (@), f @ g) = (((f o ®) ®idp(K;))(2), 9),
for f € Xox, g € B(K;)s« and

((idpe,) © W) (y), h @ k) = ((idp,) @ (ko ¥))(y), h),
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for h € B(H])*, ke Yg*.

Also, one can see that the compositions (® ® idg(k,)) o (idp(H,) ® ¥)
and (idp(g,) ® ¥) o (® ® idp(x,)) coincide on X1®@7rY1 = (X1®B(K1)) N
(B(H1)®Y1) (recall (1.3)) and define a w*-continuous completely bounded
map into Xo® Y, which is the unique w*-continuous extension of the map
1 @ x9 — P(x1) @ U(x9) for 1 € X1, 2 € Xo. We denote this map by

PR V: X1®rY1 — Xo®FYs.
Furthermore, if ® and ¥ are completely isometric (respectively surjective
or completely contractive), then so is ® ® .
1.3 The stable point w*-topology

Let M be a von Neumann algebra and denote by C' B, (M) the w*-continuous
completely bounded maps on M. Also, let K be a separable infinite dimen-
sional Hilbert space. Following [13], we say that a net {7}} in CBs(M)
converges in the stable point-w*-topology to T' € CB,(M) if

(idp(x) ® Tj)(z) — (dp(k) ® T)(x) o-weakly for all x € B(K)®@M.

The following result [22, Proposition 1.7] states that the above conver-
gence is independent of the choice of the Hilbert space K. The proof is
based on an argument similar to that used in the proof of [32, Proposition

2.3]. For the convenience of the reader we have included this proof below.

Proposition 1.3.1 ([22], Proposition 1.7). Let M C B(H) be a von Neu-
mann algebra. A net {T;} in CB,(M) converges in the stable point-w*-
topology to T € CBy(M) if and only if, for any von Neumann algebra N,
(idy ® Tj) () — (idy @ T')(x) o-weakly for all z € NQM.

Proof. Let Tj, T € CBy(M) and suppose that, for some separable infinite
dimensional Hilbert space K7, we have that

(idp(x,) ® Tj)(z) — (idp(k,) ® T)(x) o-weakly Vo € B(K1)®M. (1.5)

In order to show that the same is true for any von Neumann algebra N in
place of B(K1), it suffices to prove it for N = B(K), where K is an arbitrary
Hilbert space.

If K is finite dimensional, then it is unitarily equivalent to a closed
subspace of K7 and thus the desired conclusion follows since we may consider
B(K) as a subspace of B(K1). Therefore, it remains to show the desired
convergence for infinite dimensional K.

So, let K be an infinite dimensional Hilbert space and w € (B(K)®M),.
Then, since w is a countable sum of vector functionals and each vector in K®
H is in the closed linear span of a countable number of basis vectors, there
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exists a projection p in B(K) with at most countably infinite dimensional
range, such that

(p®Da(p®1),w) = (z,w) for all z € B(K)RM. (1.6)

Let Ky denote the range of p and let wy denote the restriction of w to
B(Ky)®M. It follows from (1.6) that, for any =z € B(K)®M,

((idp(r) @ Tj)(2),w) = ((p @ V)(idp(x) @ Tj) () (p ® 1), wo)
= ((idp(xq) @ Tj)((p @ Dz(p © 1)), wo)

and the last quantity converges to ((idg(x,) ®T)((p® 1)x(p® 1)), wo) Which
by (1.6) is equal to {((idp(x) ® T')(z),w). This follows from (1.5) since Ky is
unitarily equivalent to a closed subspace of Kj. ]

1.4 Group algebras

In this section we present the von Neumann algebras usually associated with
a locally compact group and their basic properties. For the proofs of the
results stated in this section the reader is referred to [15], [16] [23], [46], [47].

Let G be a locally compact Hausdorff group. It is well known that
there exists a unique (up to multiplication by positive constant) non trivial
positive regular Borel meausure 1 on G, such that for any s € G and any
Borel subset A C G we have

p(sA) = p(A).

This is called a left Haar measure on G.
Also, there exists a continuous group homomorphism Ag: G — (0, 4+00)
satisfying
n(As) = Ac(s)u(A)

for any s € G and any Borel A C G. This is called the modular function of
G.

Let us denote du(s) by ds. Then, we have the following properties for
integration with respect to the Haar measure

d(ts) = ds,
d(st) = Ag(t)ds vVt € G,
ds™t = Ag(s)"tds.

From now on, G will denote always a locally compact Hausdorff group
with a fixed left Haar measure ds and modular function Ag.
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The space L!(G) of equivalence classes up to almost everywhere equality
of integrable complex functions on G is an involutive Banach algebra with
respect to the norm

1l = /G F)lds,  feLl(G)

and product (convolution) and involution respectively defined by
(=) = [ g

f*(s) = Ac(s)" f(s7h).

A locally null set is a Borel subset A of G such that, for any compact
subset K of G, the intersection AN K is of Haar measure zero. We say that
a property holds locally almost everywhere if it holds for any s € G exept
for a locally null subset of G.

For a measurable function f: G — C let

| flloo :=1nf{M >0: {se€ G:|f(s)| > M} is locally null}

be the essential supremum of f. If || f|lcoc < 00, then f is called essentially
bounded. Also, let L>°(G) be the space of equivalence classes up to locally
almost everywhere equality of essentially bounded measurable functions.

With respect to the norm || - ||o and equipped with the pointwise mul-
tiplication

(f9)(s) = f(s)g(s)  seG
and the involution given by complex conjugation

() =f(s) seaq,

L*°(G) is a unital C*-algebra (the unit given by the constant function 1).
This means that L°>°(G) is an involutive Banach algebra with the additional
property (the C*-property)

£ lloo = IfI5 f € LX(G).

Moreover, (L>®(G), ||+ ||so) is isometrically isomorphic to the dual Banach
space of (L*(G), | - ||1) via the isometric isomorphism

T: L>(G) — LY(G)*

T(6)(f) = /G f(&)d(s)ds,  beI¥(G), feLY(G).
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Recall that the space L?(G) of equivalence classes of square-integrable
functions, i.e. those functions £: G — C such that

mw=émw%<m

is a Hilbert space with respect to the inner product (-|-) given by
€ = [ eeiGids  &ne 2@

The linear map M: L®(G) — B(L?*(G)) defined by

(My&)(s) = d(s)é(s) ¢ € L™(G), £ € LX), s€G

is an isometric *-homomorphism, which is a homeomorphism with respect
to the o(L>®(G), L' (G))-topology and the ultraweak topology on B(L?(G)).

Because of the above, we will always identify L>°(G) with the von Neu-
mann subalgebra of B(L?*(G)) consisting of all multiplication operators M,
with ¢ € L>(G). Furthermore, in the following we supress the map M using
the same symbol for an element of L>°(G) and the repsective multiplicaton
operator.

Another important von Neumann algebra associated with the group G
is the left von Neumann algebra of G, that is the von Neumann algebra

L(G) = NG)" € B(LX(G))
generated by the left reqular representation
\: G — B(L*(@Q))

AE() =€(s71), €€ L@), s,teC

Note that A is a unitary representation, i.e. A is a strongly continuous
(the map s + A& is continuous for all ¢ € L?(G)) group homomorphism
into the group of unitary operators on L?(G).

As usual, for f € LY(G) we denote by

AP = [ s di

G

the unique (convolution) operator in B(L?(G)) satisfying
(el = [ FOgin de. e 126,

Such an operator exists since the map (£,1) — [ f(t)(A|n) dt is clearly

a bounded sesquilinear form on L?(G) x L%*(G). Moreover, A\(f) € L(G),
because if © € L(G)’, then A(f)x = 2A(f) and thus A(f) € A(G)" = L(G).
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Following Eymard [15] we denote by A(G) the space of those continuous
bounded functions u: G — C of the form

u(s) = (Asllm),  s€ @

for some ¢,m € L?(G). The set A(G) equipped with the pointwise multipli-
cation of functions and the norm

lull = it {g]lllnll = &n € L*(G), uls) = (A&lm) Vs € G}

is a Banach algebra (this is due to Eymard; see [15, Proposition (3.4)]),
called the Fourier algebra of G.

The following theorem also proved by Eymard [15, Théoreme (3.10)]
states that the predual of L(G) can be identified with the Fourier algebra
A(G).

Theorem 1.4.1 (Eymard). For any operator T € L(G) there exists a unique
bounded functional ¢ € A(G)*, such that, if u € A(G) and u(s) = (A&|n)
for £,m € L*(G), then we have

(u, ¢r) = (T€|n).

The map T — ¢ is an isometric isomorphism from L(G) onto A(G)*
which is a homeomorphism with respect to the ultraweak topology on L(QG)
and the o(A(G)*, A(G))-topology; the ultraweakly continuous fuctionals on
L(G) (i.e. the elements of the predual L(G). of L(G)) are exactly those of
the form T — (u, ¢r) for u € A(Q).

Apart from the left regular representation A one may define the so called
right regular representation of G, that is the unitary representation

p: G — B(L*(@))

given by
(ps)(t) = Ag(s)/%€(ts) st € G, €€ LX(G).

The von Neumann algebra R(G) := p(G)” generated by the unitaries
ps, s € G, is called the right von Neumann algebra of G.

Using respectively the fact that L>°(G) is abelian and that for any s,t €
G we have Aspr = piAs, one can directly verify the relations L>°(G) C
L>*(G@)" and R(G) C L(G)'. In fact, these inclusions are actually equalities,
that is

L®(GQ) = L®(G), (1.7)

and
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The commutation relations (1.7) and (1.8) above follow from the com-
mutation theorem for left Hilbert algebras (see [17, 10.1] for the definition
of a left Hilbert algebra) according to which the left and right von Neumann
algebras associated to a left Hilbert algebra are commutant to each other;
see [17, 10.4 (2)].

Indeed, (1.7) follows from the commutation theorem [17, 10.4 (2)] since
L>®(G) N L*(G) with the operations of pointwise multiplication and com-
plex conjugation is a Hilbert algebra and the associated left and right von
Neumann algebras both coincide with L>(G).

Similarly, the space C.(G) of compactly supported continuous complex
functions on G is a left Hilbert algebra with the operations of convolution
and involution

(Exm)(s) = /G (it s)dt, € (s) = Aa(s) €D,

for &,m € C.(G) and s € G. In this case, the associated left and right
von Neumann algebras are L(G) and R(G) respectively. Hence (1.8) follows
again from [17, 10.4 (2)].

Note that for any s € G and ¢ € L>°(G) (regarded as a multiplication
operator) we have

A5¢A: = ls(bv ps¢p: = 7“5¢, (1'9)

where (I5¢)(t) := ¢(s71t) and (rs¢)(t) = ¢(ts) for t € G.

Hence, if the multiplication operator associated with ¢ € L*°(G) com-
mutes with L(G) (repsectively with R(G)), then ¢ is left (respectively right)
translation invariant and thus ¢ is (locally almost everywhere) a constant.
Therefore, using (1.7) and (1.8), we get

B(L*(G)) = (L*(G) UL(G))" = (L*(G) U R(G))". (1.10)

Moreover, from von Neumann’s double commutant theorem and (1.9) it
follows that (1.10) can be rewritten as

B(LX(G)) = span™ {L™(G)L(G)} = span” {LX(G)R(G)}..  (L11)

!We denote by AB the set {ab: a € A, b € B}, for any subsets A, B of some algebra.
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Chapter 2

General theory of comodules

2.1 Hopf-von Neumann algebras and comodules

Hopf-von Neumann algebras and the associated comodules generalize locally
compact groups and the associated dynamical systems (see e.g. Propositions
2.3.3 and 2.3.4) providing a natural framework for the development of a nice
duality theory for group actions on operator spaces even in the case where
the acting group is non abelian (see Section 3.3).

Here we list the basic definitions and properties regarding Hopf-von Neu-
mann algebras and comodules in the dual operator space setting. Our ter-
minology is based on that of [19] with the difference that we only consider
comodules in the category of dual operator spaces with w*-continuous com-
pletely contractive linear maps as morphisms.

Definition 2.1.1. A Hopf-von Neumann algebra is a pair (M, A), where M
is a von Neumann algebra and A: M — M®M is a w*-continuous unital
*_monomorphism, which is coassociative, i.e. it holds that

(A®idpy) o A= (idy ® A) o A.
Equivalently, the following diagram commutes
M —5 5 M&M
Al lA@idM
MEM MEL MEMEM
The map A is called the comultiplication of M.

Definition 2.1.2. Let (M,A) be a Hopf-von Neumann algebra. An M-
comodule is a pair (X, ) consisting of a dual operator space X and a w*-

continuous complete isometry a: X — X®rM which is coassociative over
A, i.e. it holds that

(a®idpy) ca = (iddxy ® A) o a.

15
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In other words, we have the commuting diagram
X —=—— X@rM

aJ/ J/a@ldM
XTrM BE2 XG MM

In this case, we say that « is an action of M on X or an M-action on X.
A w*-closed subspace Y of X is called an M-subcomodule of X if a(Y") C
Y®FrM. In this case we write Y < X and Y is indeed an M-comodule for
the action aly.
An M-comodule morphism between two M-comodules (X, «) and (Y, )
is a w*-w*-continuous complete contraction ¢: X — Y, such that

ﬁo¢:(¢®idM)oa.

An M-comodule morphism is called an M-comodule monomorphism (re-
spectively isomorphism) if it is a complete isometry (resp. surjective com-
plete isometry) and we write X ~ Y for isomorphic M-comodules.

If N is a von Neumann algebra, then an M-action 7: N — N®M on N
that is additionally a w*-continuous unital *-monomorphism will be called
a W*-M-action on N (or a W*-action of M on N) and (N,w) will be
called a W*-M-comodule. The terms W*-M-subcomodule, W*-M-comodule
morphism etc, are defined analogously.

If Y is any dual operator space, then the Fubini tensor product Y® M
becomes an M-comodule, called a canonical M-comodule, with the action

idy QRA: Y@]:M — Y@]:M@]:M.

More generally, for any dual operator space Y and any M-comodule
(X, a), the map idy ® a defines an M-action on the Fubini tensor product
Y®7X. Similarly, the map (idx ® o) o (e« ®idy) is an M-action on X®@rY
(where 0: M®rY — Y®zM is the flip isomorphism).

Remark 2.1.3. Let (M,A) be a Hopf-von Neumann algebra. Every M-
comodule (X, ) is isomorphic to an M-subcomodule of a canonical M-
comodule, which may be taken to be of the form (B(H)®M,idg)® A) for
some Hilbert space H.

Indeed, the image «(X) of X under the action « is an M-subcomodule
of the canonical M-comodule X® M, since we have:

(idx ® A) o a(X) = (a @ idar) 0 a(X) € a(X)EM
and « is an M-comodule isomorphism from X onto «(X) and thus
X ~a(X) < X®rM.

Furthermore, we may suppose that X is a w*-closed subspace of B(H) for
some Hilbert space H and thus X®@rM < B(H)®QM.
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Remark 2.1.4. For any Hopf-von Neumann algebra (M, A), the predual
M, of M with its Banach space structure and product defined by

wp= (W) ed,  wpe

becomes a Banach algebra. Indeed, using the coassociativity of A, for any
w, ¢, € M, we have

(Wo)v = ((wg) ®P) o A
[(w®@)oA)@ oA
(wWRdRY)o (A®idy)o A
(W®@@1)o (idy ® A)o A
=we((¢®y)oA)oA

= w(¢v)

thus the above product is associative. Also, the norm on M, is submulti-
plicative, i.e.

lwoll < [lwlllloll,  w, ¢ e M

since A is an isometry and ||w ® ¢|| < ||w]|||¢|| for any w, ¢ € M, (see for
example [11, Theorems 7.1.1 and 7.2.4]).
Similarly, an M-comodule (X, ) with the module operation defined by

w-zx=(dxy Qw)oa(x), weM, zeX

becomes an M,-Banach module (see [19, Lemma 2.3 (i)] for the details).
In fact, the M-subcomodules of X are exactly the M,-submodules of X
with respect to the above M,-module action (see [19, Lemma 2.3 (ii)]).
Also, a w*-continuous complete contraction ¢: X — Y between two M-
comodules X and Y is an M-comodule morphism if and only if ¢ is an
M,-module morphism (see [19, Proposition 2.2 and Lemma 2.3 (iii)]).

The notion of fixed points is of great importance in the study of comod-
ules of Hopf-von Neumann algebras and in the study of crossed products as
we will see in the next sections.

Definition 2.1.5. Let (X, a) be an M-comodule over a Hopf-von Neumann
algebra (M, A). The fized point subspace of X is the operator space

X={zeX: alz)=2® 1}

Note that X is obviously an M-subcomodule of X.

A very useful observation is the following: for an M-comodule (X, a)
and a dual operator space Y, the fixed point spaces of the M-comodules
(Y®rX,idy ® a) and (X®xY, (idxy ® o) o (& ® idy)) are given by

(Y@fX)idY@a — Y@fXa
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and
(Xg}_y)(idx(ga)o(a@idy) —_ XOC@]:Y

Furthermore, any M-comodule isomorphism ¢: X — Y between two
M-comodules (X, a) and (Y, 3) maps X® onto Y5,
Indeed, since o ¢ = (¢ ®id) o a, for any = € X% we get

B((z)) = (¢ ®id)(a(x))
= (¢p®id)(z®1)
=¢gzx)®1

that is ¢(z) € Y? and thus ¢(X*) C YP.
Conversely, if y € Y7, then since ¢ is onto there exists an € X such
that ¢(z) = y. Therefore, we have

and therefore a(x) = = ® 1, because ¢ ® id is an isometry (since ¢ is an
isometry too). This shows the inclusion Y# C ¢(X®).

Another important notion concerning actions of Hopf-von Neumann al-
gebras is commutativity of actions:

Definition 2.1.6. Let (M;,A;) and (M2, Az) be two Hopf-von Neumann
algebras and a1, as be actions of M; and My respectively on the same
operator space X. We say that o and as commute if

(0&1 (= idMQ) oQg = (idX X J) o (042 X idMl) oo,
where 0: Mo®@M; — M1QMs : © @y +— y ® x is the flip isomorphism.

The next lemma due to Hamana states that the fixed point space X¢
of a given comodule (X, a) becomes a comodule with respect to any other
action on X that commutes with a.

Lemma 2.1.7 ([19], Lemma 5.2). If ay and ay are respectively commuting
actions on the same operator space X (Definition 2.1.6) of two Hopf-von
Neumann algebras M1 and Mo, then the fized point subspace X! is an Ms-
subcomodule of (X, ), i.e. the restriction as|xe1 is an action of My on
X,
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2.2 Saturated and non-degenerate comodules

In this section we examine the notions of non-degeneracy and saturation for
general M-comodules for a Hopf-von Neumann algebra M. As we will see
in Section 3.3 these two notions are equivalent forms of Takesaki-duality for
the crossed products of comodules over L*(G) and L(G).

For the use of these two notions in the classical duality theory of crossed
products of von Neumann algebras the reader is referred to [35], [37], [38],

[45], [49], [50], [51] and [57].
The term saturation was introduced in [18] for W*-comodules, while the
term non-degeneracy was probably first used in [34, page 256].

Definition 2.2.1. Let (M,A) be a Hopf-von Neumann algebra acting on
a Hilbert space K and (X,a) be an M-comodule with X being a w*-
closed subspace of B(H) for a Hilbert space H. Then, (X,«a) is called
non-degenerate if

X®B(K) =span” {(1g ®b)a(z): z € X, be B(K)}.

Remark 2.2.2. Suppose that (M,A) and (X, a) are as in Definition 2.2.1
and let (Y, 5) be an M-comodule with Y being a w*-closed subspace of B(L)
for some Hilbert space L. If ¢: X — Y is an M-comodule isomorphism and
X is non-degenerate, then Y is non-degenerate too.

Indeed, since ¢: X — Y is a w*-bicontinuous completely isometric iso-
morphism, so is the map ¢ := ¢ ® id: XQB(K) — Y®B(K) and clearly 1
satisfies the following:

P((1g ®b)z) = (1 ® b)h(z), for any 2 € X®B(K) and b € B(K).

Also, since fo¢p = (¢p®id)oa and ¢(X) =Y it follows that ¥ («(X)) = B(Y).
Thus if X is non-degenerate, then so is Y.

In particular, the non-degeneracy of (X, «) does not depend on the
Hilbert space H on which X is represented.

Proposition 2.2.3. If (M,A) is a Hopf-von Neumann algebra acting on a
Hilbert space K and (X, «) is a non-degenerate M -comodule, then

X =span" {M, - X}.
Proof. Let ¢ € X, such that ¢(w-x) =0, for all w € M, and z € X. Then,
we have:
po(ldy @w)oa(r) =0, Ywe M, VzeX

= wo (¢p®idgr))oa(z) =0, Ywe M, Vo e X

= (¢ ®@idp)) ca(z) =0, VreX

= b(¢®idpy) calr) =0, Vbe B(K), Ve € X

= (¢ ®@1idpx)) ((1y ® b)a(z)) =0, Vbe B(K), Yz € X,

(z
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Since (X, ) is non-degenerate, the last condition implies that
(¢ ®@idp))(y) = 0 for any y € X@B(K),

thus ¢(z)1 = (¢ ® idpk))(z ® 1) = 0 for any z € X and hence ¢ = 0. So
the desired conclusion follows from the Hahn-Banach theorem. O

We do not know whether the converse of Proposition 2.2.3 above holds
for general Hopf-von Neumann algebras. However, it is true at least when
the Hopf-von Neumann algebra under discussion is either (L>°(G),aq) or
(L(G), 0¢) for alocally compact group G (see Section 2.3 for the definitions);
this follows from Lemma 2.3.5 and Corollary 2.3.8.

Definition 2.2.4. Let (M, A) be a Hopf-von Neumann algebra and (X, «)
be an M-comodule. The saturation space of (X, ) is the space

Sat(X, ) :={y € X@rM : (idx ® A)(y) = (a®idy)(y)}-

Obviously, a(X) C Sat(X,a). We say that (X, «) is saturated if a(X) =
Sat(X, a).

Proposition 2.2.5. Let (M, A) be a Hopf-von Neumann algebra and (X, «)
be an M -comodule. Then the following hold:

(i) The saturation space Sat(X,«) is an M -subcomodule of the canonical
M-comodule (X®@rM,idx @ A);

(ii) For the M.-module action on Sat(X,«) defined by the canonical M -
action idx ® A, we have M, - Sat(X, a) C a(X);
(iii) The M -comodule (Sat(X,a),idx ® A) is non-degenerate if and only if
(X, ) is non-degenerate and saturated.
Proof. (i) Let y € Sat(X,a). Then, (idy ® A)(y) = (a ® idy)(y) €
a(X)@rM C Sat(X,a)®@rM. Thus, Sat(X,«) is an M-subcomodule of
(X®rM,idx ® A).
(ii) Let w € M, and y € Sat(X, o). Since Sat(X,a) C X®xM, we have
that (idx ® w)(y) € X. Therefore, we get:

w-y = (idy ®idy ®w) o (idx ® A)(y)
= (idx ® idy ®w) o (@ idar)(y)
= ao(idx ®w)(y) € a(X),
thus M, - Sat(X, o) C o(X).

(iii) Suppose that (Sat(X,«a),idx ® A) is non-degenerate. Then, by
Proposition 2.2.3 and Proposition 2.2.5 (ii), it follows immediately that

Sat(X,a) = span” {M, - Sat(X,a)} C a(X),
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therefore Sat(X,a) = a(X), i.e. (X, ) is saturated. On the other hand,
(X, ) is isomorphic to (a(X),idx ® A), which is non-degenerate since
Sat(X, ) = a(X). Thus, (X, «) is non-degenerate.

Conversely, suppose that (X, «) is non-degenerate and saturated. Then,
since (X, o) ~ (a(X),idx ® A) = (Sat(X,a),idx ® A), it follows that
(Sat(X,a),idx ® A) is non-degenerate. O
Remark 2.2.6. Let (M, A) be a Hopf-von Neumann algebra and let (Y7, ;)
for i = 1,2 be two M-comodules. Also, let ¢: Y17 — Y5 be an M-comodule
isomorphism. Then, the map ¢ ® idy: Yi®rM — Yo®rM is an M-
comodule isomorphism for the canonical actions idy; ® A, i = 1,2. Fur-
thermore, ¢ ® idy; maps Sat(Y1,d1) onto Sat(Ys, d2). Therefore, saturation
is preserved by comodule isomorphisms.

Indeed, for any z € Y1® M, we have:

((Z5 &® 1dM)(x) € Sat(YQ, 52)

(02 @ idar) o (¢ @idar)(x) = (idy, ® A) o (¢ @ idps)(x)

((02 0 ¢) ®idpr)(x) = (¢ ®@ idps ®idyy) o (idy; ® A)(x)

[((¢p @idpr) 0 01) ®idp] (z) = (¢ ®idpyr @ idps) o (idy, @ A)(zx)
(¢ ®@idpy ®idps) o (01 ® idpr)(x) =

(¢ ®idpy ® idps) o (idy, ® A)(x)

> (01 @idpr)(2) = (idy, @ A)(x)

< z € Sat(Y1,d1).

—
<~
<~
<~

Since ¢ ® idys is onto Yo® M, the above equivalences show that it maps
Sat(Y7,01) onto Sat(Ys, d2).

The following corollary follows immediately from Proposition 2.2.5 (iii).

Corollary 2.2.7. Let (M,A) be a Hopf-von Neumann algebra. If every
M -comodule is non-degenerate, then every M -comodule is saturated.

Remark 2.2.8. Note that it does not follow from Corollary 2.2.7 or its proof
that any non-degenerate M-comodule is necessarily saturated and indeed
this is not true in general. For example, if G is a locally compact group,
then the group von Neumann algebra L(G) admits a comultiplication ¢ (see
Section 2.3 below). If in addition G fails the approximation property in the
sense of Haagerup-Kraus, then there exist non-degenerate L(G)-comodules
which are not saturated as well as saturated L(G)-comodules which are not
non-degenerate (see Proposition 2.3.14). More precisely, such examples arise
as crossed products of groups without the approximation property acting on
dual operator spaces (see Corollary 3.1.9 and Theorems 3.3.8 and 3.3.10).

The next result states that, for a Hopf-von Neumann algebra (M, A),
the condition that every M-comodule is saturated (which is an algebraic
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condition by definition) is equivalent to the existence of a (not necessarily
norm bounded) net {w;} in M,, such that, for any M-comodule (X, «), any
element x € X is the w*-limit of the net {w; - }, where the M,-module
operation on X is given by

(w,2) »w-z = (ldy @ w)(a(zx))

(Proposition 2.2.9). In particular, it follows that the net {w;} above is a weak
approximate unit for M, regarded as a Banach algebra with the product

(w, @) = wo = (wR¢)oA.

Proposition 2.2.9. For a Hopf-von Neumann algebra (M, A) the following
conditions are equivalent:

(a) Every M-comodule is saturated;

(b) For any M-comodule (X,«), any M-subcomodule Z of X and any
x € X, the following implication holds:

alx) € Z&rM = x € Z;

*

(¢) For any M-comodule (X,a) and any x € X, we have x € M, -z ;

(d) There exists a net {w;} C M,, such that w;-x — x in the w*-topology
for any M -comodule X and any x € X;

(e) There exists a net {w;} C M,, such that the net {(idp ® w;) o A} C
CB,(M) converges in the stable point-w*-topology to the identity map
idyy.

Moreover, if any of the above conditions is satisfied, then M, regarded
as a Banach algebra with the product induced by A has a (right) weak ap-
prozimate unit. That is, there exists a net {w;} C M,, such that

(r, ww;) — (z,w) for all w € M, and x € M.

Therefore, for any w € M, it holds that w € wM*”'”.

Proof. (a) = (b): Suppose that every M-comodule is saturated. Let
(X,a) be an M-comodule, Z an M-subcomodule of X and =z € X such
that a(z) € Z&xFM. By assumption, « restricts to an M-action on Z and
since a(z) € Z&®rM and (o ® id)(a(z)) = (id ® A)(a(x)) it follows that
a(r) € Sat(Z,a|z). But (Z,alz) is saturated by hypothesis and therefore
a(z) € a(Z). Thus, x € Z, because « is an isometry.

(b) = (c): Let (X,a) be an M-comodule and z € X and put Z :=

M, -z . Then, by Remark 2.1.4, it follows that Z is an M-subcomodule
of X since it is an M,-module by definition.
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Also, we have that a(z) € Z@zM. Indeed, by the definition of the
Fubini tensor product, the condition a(z) € Z&®rM is equivalent to the

following
w-r=(dow)(a(x)) € Z, Ywe M,

which is true by the definition of Z. Therefore, the assumption that (b)
*

holds implies that z € Z, that is € M, -z .
(¢) = (a): Suppose that (c) is true and take an M-comodule (Y, 3).
Consider the M-comodule (X, ) with X := Sat(Y, ) and o = idy ® A.

Then, by (c), it follows that z € M, 2" C M, -Sat(Y,8)" , for all z €
Sat(Y,3). But from Proposition 2.2.5 (ii), we have that M, - Sat(Y,3) C
B(Y) and therefore z € 5(Y), for all z € Sat(Y, ), that is (Y, ) is saturated.
(d) = (c¢): This is clearly obvious.
() = (d): Let (X,a) be an M-comodule with X being a w*-closed
subspace of B(H) for some Hilbert space H. First, observe that, for any
w € M,, we have the following:

(idx ® Py)ca=ao (idx ®w) o a, (2.1)

where @, := (idy ® w) o A.
Indeed, since

ao(idy ®w) = (idx ® idyr ® w) o (a ®idar),

and
(a®idpy) o= (idx ® A) o «,

we get:

(idy ®idy ® w) o (a®idps) o«
= (dx ®idy @ w) o (idx ® A) o«
= [idx ® ((idy @ w) 0o A)] o«

= (idx ® ®,) o a.

ao (idy ®w)oa

From Proposition 1.3.1 and the assumption that (e) holds it follows that,
for any © € X we have:

(idx ® ®y,)(a(x)) — a(x) ultraweakly,
because o(X) C X®@rM C B(H)®M. Thus, (2.1) implies that
ao (idx ® w;) o a(r) — a(zr) ultraweakly.

On the other hand, « is a w*-continuous isometry, therefore it is a w*-w*-
homeomorphism from X onto a(X) (recall 1.1.3) and thus

wi-x = (Idx ® w;) oa(z) — = ultraweakly.
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(c) = (e): Assume that, for any M-comodule (X, «) and any z € X,
we have that x € M, - xw*. Let H be a Hilbert space. Thus taking X =
B(H)®M and o = idgy) ® A yields that, for any 2 € B(H)®M, there
exists a net {w;} in M, which may depend on the choice of x, such that

(dp(a) ®idy ® wi) o (Idp(ay ® A)(z) — z ultraweakly.
Therefore, since

(idB(H) ®idyr @ w;) o (idB(H) ®A) = idB(H) ® ((idpr ® wi) o A)
=1idpH) ® Pu,,

where @, := (idys ® w;) o A for w € M,, it follows that for any Hilbert
space H and any x € B(H)®M there exists a net {w;} in M,, such that
(dpH) ® Pu,)(z) — o ultraweakly.

Now, consider a separable infinite dimensional Hilbert space K and let
F ={z1,...,2,} be afinite subset of B(K)®M. Then, x = 21®- - -Bx,, may
be viewed as an element of B(K(™)@M, where K™ is the direct sum of n
copies of K. Hence, applying the above argument for K ™ in place of H, we
get that there exists a net {w;} in M, such that (idpg ) ® Pu,)(2) —
ultraweakly and thus it follows that (idpx) ® ®u,)(y) — vy ultraweakly
for all y € F. Therefore, if F' is a finite subset of B(K)®M and M is an
ultraweak neighborhood of 0, then there is an element w(r o) € M., such
that

(idp(r) ® Pupo))(¥) EYy+ N, Vy € F.

So, the set of all pairs (F,91) becomes a directed set with the partial order
defined by (F1,91) < (F»,My) if F1 C F5 and Mo C My and it is clear that
(idB(r) ® Pupoy ) (y) —> y ultraweakly for all y € B(K)®M,

that is the net {®,,, } converges in the stable point-w*-topology to ids.
For the last statement of the proposition, note that if, for example,
condition (e) holds, then for any z € M and w € M, we have

(x,ww;) = (A(x),w @ w;) = ((idy @ wi)(Ax)),w) — (z,w).
Thus, since wh, is a linear subspace of M, (and hence convex), from the

Hahn-Banach theorem it follows that w € wM*”'H. O

The next two lemmas describe two basic ways of constructing new sat-
urated comodules.

Lemma 2.2.10. Let (M, A) be a Hopf-von Neumann algebra and (Y, 3) be a
saturated M -comodule. Then, (X®rY,idx ® B) is a saturated M -comodule
for any dual operator space X.
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Proof. Let X be a dual operator space. First we have to check that
(X®rY,idx ® ) is an M-comodule. Indeed, we have:

(idy ® B®idpy) o (idx ® B) = idx @ [(B@idy) o F]
=idy ® [(idy & A) o /3]
= (idX ®idy ® A) o (idX ® ,3)

Now, take z € Sat(X®rY,idx ® ). We have to prove that
z € (idy ® B)(X®rY) = XQ£B(Y).
Indeed, since z € Sat(X®rY,idx ® ) we have:
(idx ®idy ® A)(z) = (idx ® f @ idy)(2).
Therefore, for any w € X,, we get:
(®idy 015,000 (dx Bidy ©A)(2) = (WBidyz, 07,4101 x OFBidr) ()
that is
(idy ® A) o (w @ idyg,p)(2) = (B®idn) o (w @ idyg,pr)(2)-

Thus (w ® idyg, ) (2) € Sat(Y,8) = B(Y) for all w € X, and hence z €
XBrB(Y). 0

Lemma 2.2.11. Let My and My be two Hopf-von Neumann algebras and let
a1 and ag be actions of My and My respectively on the same dual operator
space X . Suppose that (X, ag) is a saturated Ma-comodule and that oy and
ag commute, i.e.

(1 ®1idpg,) 0o e = (idx ® 0) o (2 ® idpyy ) © a1,

where o: Mo®@M; — Mi@Ms : z®y — y Q x is the flip isomorphism.
Then, the fized point space (X, ag|xe1) is a saturated Ms-comodule.

Proof. Since the actions a; and ag commute, X! is an Ms-subcomodule of
(X, az) by Lemma 2.1.7. Also, since (X, ap) is saturated, i.e. Sat(X, ag) =
ag(X), we get

Sat(X, ag|xer) = (X'®@rM) N Sat(X, az)
= (X"®rM) N az(X).
Thus it suffices to show that (X' ®@xrMs) Naz(X) C ag(X).
Take y € (X“®@xrMs) N ay(X). Then y = ag(x) for some z € X and

so we only need to prove that x € X% ie. ay(z) = 2 ® 1. Indeed, since
y € X ®xrM, it follows that

(idx ® o) o (1 ®@idap,)(y) =y ® 1
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and therefore

(e ®idp)(z®1) = (z)®1
—yol
= (idx ® 0) o (a1 ® idps, ) (v)
= (idx ® 0) o (1 ® idg, ) (2 ()
= (a2 ®@idyy, ) (a1(x)),

where the last equality follows from the commutativity of the actions a; and
ag. Since ag ® idyy, is an isometry it follows that aq(z) = = ® 1 and the
proof is complete. O

2.3 Group Hopf-von Neumann algebras

2.3.1 Notation and basic properties

Let G be a locally compact (Hausdorff) group with left Haar measure ds
and modular function Ag.

For any &,n € L?(G), we identify ¢ ® n € L*(G x G) with the func-
tion (s,t) — &(s)n(t), s,t € G. This identification yields an isomorphism
between the Hilbert spaces L?(G) ® L*(G) and L?(G x G).

Thus one also obtains a canonical (unital w*-continuous) *-isomorphism

B(L*(G))®B(L*(G)) = B(L*(G) ® L*(G)) ~ B(L*(G x G)),

which restricts to a *-isomorphism L*(G)RL>*(G) ~ L*°(G x G). That is,
for any f,g € L*>°(G) the above isomorphism identifies f ® g with the multi-
plication operator on L?(G xG) given by the function (s,t) > f(s)g(t), s,t €
G.

Consider the (fundamental) unitary operators on L?(G x G) defined by
the formulas

VG§(57 t) = g(til‘% t),
WG&(& t) = 5(87 St)a

UGS(Sv t) = AG(t)1/25(3t7 t)7

for ¢ € L*(G x G) and s,t € G.
The fact that Viz, W and Ug are unitaries (equivalently that they pre-
serve inner products) follows directly from the Fubini theorem (see [9, The-

orem 7.6.7, Lemma 9.4.2]) and the fact that the Haar measure satisfies
d(ts) = ds and d(st) = Ag(t)~'ds. For example, for £, € L2(G x G), we
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have

Vet Ven) = / / Vet (s, ) Van(snD) ds dt
- // €(t~1s, )t To.) ds di

= //g(s,t)n(s,t) dsdt  (d(t™'s) =ds)
= (&ln)-

Similarly we get that W and Ug are unitaries too.
Furthermore, using the commutation relations L>*(G)" = L*°(G) and
L(G) = R(G) (recall (1.7), (1.8)) one may see that

Vo € L(G)®L™(G), Wg € L*(G)®L(G), Ug € L (G)RR(G),

viewing Vi, Wg and Ug as elements of B(L?(G))®B(L?(G)).
The map ag: L®(G) = L®(G)®L*(G) defined by

aG(f) = VG*(f ® 1)VG5 f € LOO(G)7

is a comultiplication on L*(G). Note that ag(f) is the multiplication op-
erator on L?(G x G) given by the function

ag(f)(s,t) = f(ts), s, t €.

Also, one can check that ag is indeed a comultiplication by observing that
the co-associativity rule

(aG &® id) ocwag = (id® Ozg) oQg

is actually equivalent to the associativity of the multiplication on G (i.e.
(st)r = s(tr) for any s,t,r € G).
In addition, for any h,k € L'(G) and f € L>®(G), we have

{ag(f),h @ k) = (f,k*h),

where

(% h)(t) = /G k(s)h(s~ 1) ds, te G,

is the usual convolution on L(G).

Therefore the product defined by the comultiplication a on the predual
LYG) ~ L™®(Q)y, i.e. hk = (h®k)oag for h, k € L>®(G). (see Remark
2.1.4) coincides with the (opposite) convolution on L(G)

hk =kxh, Vh ke LYG).
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If o: B(L*(G))®B(L*(G)) — B(L*(G))®B(L*(G)) : »Q@y— y@z is
the flip isomorphism, then we have

ag(f) =ocoaa(f) =Uc(f@)Us,  f€L™(G).

Equivalently, o/, (f) is the multiplication operator on L?(G x G) given by the
function (s,t) — f(st) for s,t € G. Moreover, the above map oy, := 0o ag
is another comultiplication on L>(G) (called the opposite of ag).

Comment 2.3.1. There is no essential difference in working with either aq
or a; on L*(G). For instance, every (right) action a: X — X®L>*(G) of
(L>®(G), ag) on X is determined uniquely by the left action 5 := coa: X —
L>®(G)®X of (L*(G),ar) on X. By the term left action we mean that
satisfies the condition (ag ®id) o = (id® ) o B, which is clearly equivalent
to (ld® ag)oa = (a®id) o a using 8 = o o a and the definition of the flip
map o.

Similarly, the group von Neumann algebra L(G) is also a Hopf-von Neu-
mann algebra with comultiplication d¢: L(G) — L(G)QL(G) defined by

dg(z) =Wa(x @ 1)Wg, x € L(G).
This is indeed a comultiplication since, for any s € G, we have
Ic(As) = As ® Ag

and thus the composites (6g ® id) o §¢ and (id ® dg) o dg both map As to
As ® As ® Ag. Therefore (6 ® id) o dg = (id ® dg) o dg because L(G) =
span™ {\(G)}.

The pointwise product on A(G) coincides with that induced on the pre-
dual L(G). by the comultiplication dg of L(G) (see Remark 2.1.4), because:

(As, uv) = u(s)v(s) = s, u)(As, ) = (As ® A5, u @ v) = (0g(As), u @ v).

The definitions of ag and dg can be extended respectively to W*-
actions of the Hopf-von Neumann algebras (L*°(G), ag) and (L(G), ) on
B(L?(@)) still denoted by

ag: B(L3(G)) — B(L*(G)®L™(G)

and
dc: B(L*(G)) — B(L*(G))®L(G),
namely
ag(z) = Vi(z 1)V, z € B(L*(Q))
and

Salz) =Wh(x @ 1)Wg,  x € B(L*(Q)).
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We also have a W*-action of (L*°(G), ag) on B(L*(G)) induced by the
unitary Ug, namely

Ba: B(L*(G)) = B(L*(G))®L>(G),

Ba(x) = Ul(r ® 1)Ug, z € B(L*(Q@)).

Since L*(G)" = L*(G) and L(G)" = R(G) one can easily verify the
following

B(L*(G))* = R(G),

B(L*(G))’¢ = L®(G),

B(L*(G))% = L(G).
Let us prove, for example, the relation B(L?(G))*¢ = R(G). First,
since Vg € L(G)®L®(G) = (R(G)®L>®(G))" it follows that V(o @ 1)Vg =
ViVa(pr ®1) = py @ 1 and thus we have the inclusion R(G) C B(L*(@))*¢

We show now that B(L?(G))*¢ C R(G). Suppose that z € B(L*(G))%¢,
that is Vg(z ® 1) = (x ® 1)Vig. For any &, 7, ¢,v € C.(G), we have

<VG( DE@n)|e @) ={(z®@1)Va(§®@n)|¢ @)
DE@n)|Va(o®y)) = (Ve @n)l(z"¢) ®¢)
:>// x€)(s

) ds dt = //gt— (t)(x*¢)(s)U(t) ds dt

:>/</m§ (s >ds) WP dt =
- / < / E(t1s)(2*0)(s) d8> n(t)e(t) dt

= / a6 B(D) dt = / (€l Sty dt.

Therefore we get

(Ae(z€)[@) = (zhiklo) V€, ¢ € Ce(G), Vi€ G

and since C.(G) is dense in L?(G) it follows that )\, = Az for all t € G.
Thus z € L(G)" = R(G).

The relations B(L?*(G))%¢ = L*®(G) and B(L?*(G))%¢ = L(G) can be
proved similarly.

In the following, L*°(G) and L(G) will always be considered as Hopf-von
Neumann algebras with respect to ag and dg respectively.
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2.3.2 L*(G)-comodules

In this section we present two very interesting properties of the Hopf-von
Neumann algebra (L*°(G), o), which both generalize well known facts
about W*-dynamical systems.

The first is that the class of dynamical systems given by actions of G on
dual operator spaces by w*-continuous completely isometric automorphisms
coincides with the class of L*°(G)-comodules. Therefore, the notion of a
Hopf-von Neumann algebra and the associated comodules provide a natural
framework for the study of dynamical systems.

Secondly, we show that every L*°(G)-comodule is non-degenerate and
saturated (see Lemma 2.3.5 below). This is the key ingredient in the proofs
of some of our main results appearing in the following (see e.g. Proposition
3.2.9, Theorem 3.2.10 and Propositions 3.3.2 and 3.3.5).

Let us begin with some terminology. A G-dynamical system is a triple
(X,G,~) where X is a dual operator space and v: G — Aut(X) is a G-
action on X. That is v is a group homomorphism from G into the group
Aut(X) of w*-continuous completely isometric automorphisms of X, i.e.

Ys O V¢ = Vst Vs, teG
and for any w € X, and any x € X the function
s (ys(x),w), se€G,

is continuous. A w*-closed subspace Y of X is called G-invariant if y5(Y") C
Y for all s € G.

In the case where X is a von Neumann algebra, we will assume that, for
any s € GG, the automorphism -, is additionally a unital *~homomorphism.
Then, (X,G,7) is called a W*-dynamical system and - is called a W*-G-
action on X.

The proofs of the next three results, i.e. Lemma 2.3.2 and Propositions
2.3.3 and 2.3.4, are more or less standard at least in the context of W*-
dynamical systems (see for instance [16, Lemma 1/§13.1, §18.6]). However,
we have included these proofs (with some changes) for the reader’s conve-
nience and in order to make it clear that the validity of the statements does
not rely on the von Neumann algebra structure.

The following is needed for the proof of Proposition 2.3.3.

Lemma 2.3.2. If X is a dual operator space and F: G — X is a w*

continuous and norm-bounded function, then there exists a unique element
T € X®L*(G), such that

(T,w®h) = /G<F(s),w>h(s) ds, Yw € X,, Yh € LY(Q).
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Proof. Since L*°(G) is abelian we have
X@L®(G) = X®rL™(G) ~ (X.8L'(G))" ~ CB(X., L*(G)).
Consider the linear map ®: X, — L°°(G) defined by
P(w)=woF, weX,

and observe that ® is completely bounded since F' is norm-bounded. Hence,
since the isomorphism ¢: (X.®LY(G))* — CB(X,, L™(G)) is given by

<90(u)(w)7h> = <uvw ® h>7 we X, he LI(G)v u € (X*®L1(G))*a

it follows that there exists a unique element 7' € X®L®(G) ~ (X,QL'(G))*
such that, for any w € X, and h € L'(G), we have

(T, w®h) = (P(w),h) =(wo F,h) = /G(F(s),w>h(s) ds.
U

Proposition 2.3.3. Let (X, G, ) be a dynamical system. For every x € X
there is a unique element my(x) € X®L>(G) such that

(o (@), @ Y = /G('ys_l(x),w)h(s) ds, VweX., Vhe ING).  (2.2)

The map my: X — X®L™(G) is an L*(G)-action on X, i.e. m, is a w*-
continuous complete isometry and satisfies

(my ®idpec(@)) 0 Ty = (idx ® ag) o 7y (2.3)

Also, we have
X ={zxeX: y(z)=1, Vs G} (2.4)

and the L*(G)-subcomodules of X are exactly the G-invariant w*-closed
subspaces of X. Moreover, if X is a w*-closed subspace of B(H), then .,
satisfies the so called covariance relations, i.e.

T (75(2)) = (1 @ As) 7y (@) (1 @ NS, seqG, reX. (2.5)

Finally, if (X, G,~) is a W*-dynamical system, then (X, ) is a W*L>*(G)
-comodule.

Proof. For any x € X, the function s — ~,-1(z) is w*-continuous and
bounded by ||z|| and thus from Lemma 2.3.2 it follows that there is a unique
my(x) € X®L™(G) satisfying (2.2).

Using the definition of 7, i.e. (2.2), it follows easily that m, is w*-
continuous and completely isometric and if X is, in addition, a von Neumann
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algebra and each 7, is a *-automorphism of X, then 7, is moreover a unital
*_homomorphism.

We now show that (2.3) holds. Indeed, for z € X, w € X, and k,h €
LY(G), we have

(g ® g )y (2)), 0 ® h ® B) = (my(2), (0 ® B) 0.7y) @ B)
/w¢%<>>w®mm>d

// e ), wh(s)k(t) ds dt
// fyts ),w)h(s)k(t) ds dt
// o h(tLs)k(t) ds dt

and
(ldx ® ag)(my(2)),w @ h @ k) = (14(2),w ® (h ® k) o o)
= (my(z),w ® (hk))
(my (), w ® (K * h))

and the last two integrals are equal by Fubini’s theorem.
Next we prove (2.4), i.e. that for x € X we have

m(z)=2®1 <= v(x) =z VseG.
Indeed, if y5(x) = = Vs € G, then for any w € X, and h € L*(G) we have

(7 (), w0 @ h) = /(m,w>h(s) ds = (2, w0) (1, h) = (2 ® 1,0 ® h)

and thus 7 (z) = 2 ® 1. Conversely, if 7,(z) = z ® 1, then for any w € X,
and h € LY(G) we have

[0t @.wnts) ds = [wwpn(s) s

and hence the continuous and bounded function s + (75 (z),w) is almost
everywhere equal to the constant (x,w). Therefore, (y;!(x),w) = (z,w) for
all s € G and w € X, that is vs(x) = 2 for all s € G.

To prove (2.5), first note that, for h € L®(GQ), ~ L'(G), the element
ho Ad)s € L%°(G), regarded as an element of L!(G) can be written

(ho Ad\)(t) = h(st), teG
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and thus, for w € X, and h € L'(G), we have
(1 @A)y (2) (1 @ AJ1), w0 @ h) = (my(2),0 @ (h o Ad)y))
— [ it @) (o) di
G

= [ Gens@.m a
- / (o (), w)h(t) dt
G

= (my(75(2)), 0 @ h).

Finally, if Y is a G-invariant (w*-closed) subspace of X, then it is clear
from the definition of 7, that 7,(Y) C Y®L™(G). Conversely, if Y is
an L*®°(G)-subcomodule of (X,,), then L'(G)-Y C Y, where h -y =
(id ® h) o my(y) for h € LYG), y € Y. Now, for y € Y, h € L'(G) and
s € G, from (2.5) it follows

Ys(h-y) =7s((ld @ h) o my(y)) = (Id ® h) 075 0 ™y (y)

— ([d®h) (L& AT AT) = (48 (Ag(s)rdh) o (1)
— Ac(s)((rsh) -y) € ING) - Y C Y,

*

where r7sh(t) := h(ts). Thus v5(LY(G) -y) C Y and since y € LY(G) -y
(see Lemma 2.3.5 below), it follows that vs(y) € Y for any s € G. Hence Y
is G-invariant. O

Proposition 2.3.4. For any L>(G)-action a: X — XQL>®(G) on a dual
operator space X there exists a unique G-action v: G — Aut(X), such that
a = my. In particular, v, = alo(idy ® AdAs) o for s € G.

Proof. Suppose that X is a w*-closed subspace of B(H) for some Hilbert
space H.
First observe that the L*°(G)-action

ag: B(L*(G)) — B(L*(G))RL™®(G)
coincides with maqy, where
AdX: G — Aut(B(L*(G))),

AdN(T) = AT

Indeed, for x € R(G) we have ag(x) = z®1 = maqx(z). Also, for f € L*°(G)
and k,h € LY(G), by the definitions of w4y and ag, we have:

(maax(f), k ® by = /G A RYA() dt
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= /G </G f(ts)k(s) ds> h(t) dt = (ag(f), k@ h).
Thus we get that the L>°(G)-action
idy ® ag: X®B(L*(G)) = X®@B(L*(G))QL™(G)

is equal to Tiay@adx, Where (idx ® AdN)s(T) = (1g @ As)T(1g @ A\;1) for
s€Gand T € X®@B(L*(Q)).

Secondly, if an L°°(G)-comodule (Y, ) is isomorphic to an L*°(G)-
comodule of the form (Z, ), then § will be also of the form /. Indeed, if
¢: Y — Z is an isomorphism for the comodules (Y, 3) and (Z, 7, ), one can
take v, == ¢ L ovs0¢ for s € G.

Finally, since (X, ) is isomorphic to (a(X),id ® a) (see Remark 2.1.3)
which is an L>°(G)-subcomodule of (X®B(L?(G)),id ® ag) and since any
L*>*(G)-subcomodule is G-invariant (by Proposition 2.3.3), it follows from
all of the above, that o = m, where « is the G-action on X given by
vs=a to(idy ® Ad\s) oa, s € G.

For the uniqueness part note that if v and «' are two G-actions on X
with 7, = 7/, then using (2.5), for any € X and s € G, we have:

y(15(2)) = (1 @ M)y (2) (L ® A7) = (1 @A)y (2) (L @ A7)

=y (Ys(2)) = my(74(2))

and thus vs(x) = v,(z) since 7, is injective. Therefore v =+, O
Lemma 2.3.5. Every L°°(G)-comodule is non-degenerate and saturated.
In particular, for any L*°(G)-comodule X and any x € X, we have that
v e L(G) z
Proof. Let (X,a) be an L>°(G)-comodule with X a w*-closed subspace of
B(H) for some Hilbert space H.

By Remark 2.1.3, we have that «(X) is an L (G)-subcomodule of the
WH*-L*°(G)-comodule (N, §) with N = B(H)®L>*(G) and 8 = idpm) @ ag-

Consider the w*-continuous *-injections 71, m3: N — N®L>*(G) given
by:

(m(y),w ® f) = / (Ad(1y © A1) (y),w) £(5) ds,

G

(ralu)w® 1) = [ (AdlLn ® X)) ) 1(5) ds,

G
for y € N, w € N, and f € LY(G). It is easy to verify that for any y € N

we have:

m(y) = (1l @ VE)(y @ 1)1y @ Vg) = B(y);
m2(y) = (ln @ Va)(y @ 1)(1n @ V§).
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Therefore, since m1(a(X)) = B(a(X)) C a(X)RL>®(G), it follows that for
any s € G we have

Ad(1g ® A\JH)(a(X)) = a(X),

that is
Ad(lg @ M)(a(X)) = a(X), forall t € G

and thus
mo(a(X)) C a(X)RL>(G).

Hence, since 1y ® Vg € ClgQL(G)RL>®(G) and L>®(G) = L*(G), it
follows that both Ad(1g ® V) and Ad(1g ® Vig) map a(X)®L*(G) into
a(X)®L*(G) and so the restriction of Ad(1ly ® V&) to a(X)RL>®(G) is a
completely isometric automorphism of a(X)®L>*(G).

It follows from the above that the map 6: X®L>*(G) — X®L>(G)
defined by

0= (Oéil ® idLoo(G)) o Ad(1yg ® VC*J) o(a® idLoo(G))

is a well defined w*-continuous completely isometric automorphism of
X®L>*(G). Also, using the definition of 6, we get that

O(z®1) = a(z), reX

and

(g © fly) = (lu @ o(y),  fel™(G), ye XOL™(G).
Therefore, it follows that

XBLY(G) =span" {(1n ® f)a(w) : € X, f € L®(G)},

which using (1.11) implies that

X®B(L*(G)) =span” {(1g @ b)a(x) : z € X, be B(L*(G))},
that is (X, ) is non-degenerate.

So, we have proved that every L>°(G)-comodule is non-degenerate. Thus

it follows (from Corollary 2.2.7) that every L°°(G)-comodule is saturated

and non-degenerate.
Now, since every L% (G)-comodule X is saturated it follows (from Propo-

*
sition 2.2.9) that # € LI(G) -z forall z € X. O
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2.3.3 L(G)-comodules and the approximation property

In this section we study the class of L(G)-comodules with respect to the
notions of non-degeneracy and saturation.

First, we show that an L(G)-comodule (Y, ) is non-degenerate if and
only if Y is the w*-closed linear span of A(G) -Y, i.e. the converse of
Proposition 2.2.3 is true for the Hopf-von Neumann algebra (L(G), d¢).

Using the above result, it follows that every L(G)-comodule is saturated
if and only if every L(G)-comodule is non-degenerate, that is the converse
of Corollary 2.2.7 is valid for (L(G), dq).

For a Hopf-von Neumann algebra (M, A), recall that if any M-comodule
is saturated, then M, has a weak approximate unit (Proposition 2.2.9). We
prove here that the existence of an a priori stronger notion of approximate
unit in the Fourier algebra A(G) introduced by Haagerup and Kraus [22]
(see Definition 2.3.11) is necessary and sufficient in order to have that every
L(G)-comodule is saturated.

The next two results, that is Lemma 2.3.6 and Corollary 2.3.7, were
originally proved in [50] for W*-L(G)-comodules (see Lemma II.1.4 and
Corollary I1.1.5 in [50]). However, exactly the same arguments as in the
proofs of Lemma II.1.4 and Corollary I1.1.5 in [50] work for the case of
L(G)-comodules which are not necessarily von Neumann algebras. We have
included the proofs both for the sake of completeness and in order to make
it apparent for the reader that the von Neumann algebra structure is redun-
dant.

Lemma 2.3.6. Let 0: Y — Y®xL(G) be an L(G)-action on a w*-closed
subspace Y of B(H) for some Hilbert space H. For any y € Y and any
Ik € A(G) with compact support, we have

/ Ac(s) (Lr @ AJS((fak) - y) ds = (k) @ MAZL),  (26)

where fq(t) f(st) and the integral is understood in the w*-topology of

YRrL(G) ~ (Y.®A(G))".
Proof. First, observe that the function
G35 Ag(s) ™ (1y ® A)S((fok) - y) € YRFL(G)

is w*-continuous and has compact support because the function f.k is zero
outside the set (supp(f))(supp(k))~! which is compact. Therefore, the inte-
gral in (2.6) is well defined and represents a (unique) element of Y ®rL(G).
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Also, for any ¢ € Y, and any h € A(G), we have:
([ (e 1 & 2)0((1k) ) ds.o 1) =
= [ (0 @A) 1) 0@ WAG(s) ™ ds
= [ 6 )6 @ h)ac(s) ™ ds
= [ (e (1) )01 () ds
= [0tk ). )8 (5) s
= [ 6.0 (110G ds
(st [ (h1)kcle) " ds).

The integral [, (hf)skAc(s)™ ds is understood in the o(A(G), L(G))-
topology and defines a unique element b € A(G). For any t € G, we have:

b(t) = (A, b) = </\t,/(hf)skAG(s)_1 ds>

/G)\t,hf )L ds
:/Gh Ag(s)™t ds
:<Gh 1ds>k()

= (A(FAG), Wk(1),

thus b = (A(fAg'), h)k and the first chain of equalities may be continued
as follows

(6(y), 0 @ kYNAG ), h) = (k- y, $)(NAG ), )
= ((k-y) @ MAG'f), 0 ® h)
and the proof is complete. O

Corollary 2.3.7. If 6: Y — Y®rL(G) is an L(G)-action on a w*-closed
subspace Y of B(H) for some Hilbert space H, then for any y € Y and any
k € A(G), we have:

(k-y) @12 € span” {(1g @ X\s)0((hk) -y): s€ G, he AG)}, (2.7)
where k -y = (idy ® k)(6(y)), for k € A(G) andy €Y.
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Proof. From Lemma 2.3.6 it follows that
(k-y) @ MAG'f) € span™ {(1g @ Xs)6((hk) -z): s € G, h € A(G)} (2.8)

for any y € Y and any k, f € A(G) both with compact support. By [15,
Lemme (3.2)], we have that L!(G) contains a bounded approximate identity
of the form {Aél fi}icr, where f; € A(G) are functions of compact support.
Therefore, /\(Aa1 fi) — 1p2(q) ultraweakly and thus using (2.8), we get
(2.7) for k € A(G) with compact support. Since the functions in A(G) with
compact support are norm dense in A(G) (by [15, Proposition (3.26)]), we
get (2.7) for all k € A(G). O

Using the above we can prove that the converse of Proposition 2.2.3 is
true for the Hopf-von Neumann algebra (L(G), da).

Corollary 2.3.8. Let (Y,0) be an L(G)-comodule where Y is a w*-closed
subspace of B(H) for some Hilbert space H. Then, the following are equiv-
alent:

(i) Y =span* {h-y: he A(G), yeY};

(ii) (Y,6) is non-degenerate;
(iii) Y®B(L*(G)) = span™ {(1z®b)d(y)(1g®@c) 1 y € Y,b,c € B(L*(G))},
where h-y = (idy ® h)(8(y)), for h € A(G) and y € Y.

Proof. (iii) = (i): Let ¢ € Y4, such that ¢(h-y) =0, for all h € A(G) and
y € Y. Then, we have:
po(idy ® h)od(z) =0, Vhe AG), YyeY
— (¢ ®idpye) 0 3(x),h) =0, Vhe AG), VyeY
= (¢ ®idpx)) 0d(x) =0, VyeY
= b(¢ ®idpk))(0(x))c =0, Vbce B(K), VyeY
= (¢ ®@1dp)) (lg ®b)d(x)(1g ®c)) =0, Vb,c€ B(K), Vy €Y.

Since (iii) holds, the last condition implies that
(¢ ®@idpa))(2) =0, V2 € YBBLHG)),

thus ¢(y)1 = (¢ ®idp(r2(q)))(y ® 1) = 0 for any y € Y and hence ¢ = 0.
Thus the desired conclusion, i.e. condition (i), follows from the Hahn-Banach
theorem.

(ii) = (iii): This follows from the obvious inclusion

{1t ®b)d(y): y€Y, be B(L*(G))} C
C{1lg®b)sy)(lu®c): y€Y, bce B(L*G))}.
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(i) = (ii): Suppose that Y =span" {h-y: h € A(G), y € Y}. From
Corollary 2.3.7 above it follows that, for any z € Y, we have

2@ 1px() € A" {(Ly © )0() : be BI(G)), ye Y).
Therefore, for any z € Y and ¢ € B(L%(G)), we get that
2@ = (Ly @) (28 150() € 550" {(1n @ b)3(y) : be BILYG)), ye Y},

because the multiplication in B(H)®B(L?(G)) is separately w*-continuous.
Thus, we have that

Y®B(L*(G)) Cspan™ {(1g ®b)é(y) : be B(L*(G)), y €Y}

and thus we get that Y is non-degenerate since the reverse inclusion is
trivial. O

Comment 2.3.9. Note that, for an L(G)-comodule (Y, ¢), the subspace
Z :=span” {A(G) Y} CY

is the largest non-degenerate L(G)-subcomodule of Y.

Indeed, Z is clearly an L(G)-subcomodule of Y because it is an A(G)-
submodule of Y. Also, Z is non-degenerate by Corollary 2.3.7 (using a
similar argument as in the proof of the implication (i) = (ii) in Corollary
2.3.8). Finally, if Zy is a non-degenerate L(G)-subcomodule of Y, then
Zy =span" {A(G) - Zy} (by Proposition 2.2.3) and thus we have that

Zy = span” {A(G) - Zo} Cspan” {A(G)-Y} = Z.
Following [3], [11] and [22], we have the following definitions.

Definition 2.3.10. A complex-valued function u: G — C is called a multi-
plier for the Fourier algebra A(G) if the linear map my(v) = uv maps A(G)
into A(G). In this case, a straightforward application of the closed graph
theorem shows that m,, is a bounded operator. For a multiplier v we denote
by M,: L(G) — L(G) the adjoint map m;, of m,. The function wu is called
a completely bounded multiplier if M,, is completely bounded. The space of
all completely bounded multipliers is denoted by M4 A(G).

It is known (see e.g. [8]) that M4A(G) is a Banach algebra with the
norm ||u||ar,, = ||Mul|le and pointwise multiplication. Moreover, A(G) C
MpA(G) (see [8]) and My A(G) is the dual Banach space of the Banach
space Q(Q), which is defined to be the completion of L!(G) with respect to
the norm

I1£llg =sup{' [ somisyis|

W€ MaA(), lular, <1}
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Definition 2.3.11 (Haagerup-Kraus, [22]). We say that a locally compact
group G has the approximation property (or the AP) if there is a net {u; }ier
in A(G), such that u; — 1 in the o(M4A(G), Q(G))-topology.

Note that the approximation property is a weaker notion than amenabil-
ity since amenability means exactly that the Fourier algebra A(G) has a
(norm) bounded approximate identity (see [30]).

For more details on completely bounded multipliers and the approxima-
tion property see for example [¢], [11] and [22].

We will need the following theorem due to Haagerup and Kraus (see [22,
Theorem 1.9]).

Theorem 2.3.12 (Haagerup-Kraus). For a locally compact group G, the
following conditions are equivalent:

(i) G has the AP;

(ii) There is a net {u;} C A(G), such that the net {M,,} C CB,(L(G))
converges in the stable point-w*-topology to dr)-

Remark 2.3.13. Observe that for any u,h € A(G) and y € L(G) we have:

(Mu(y), h) = (y, mu(h))
y, hu)
sa(y), h @)

(v,
=
=
= ((idr(q) @u) o da(y), h),

therefore

M, = (idpq) ®u)odg, forallu € A(G). (2.9)

Proposition 2.3.14. For a locally compact group G the following conditions
are equivalent:

(a) G has the AP;
(b) Every L(G)-comodule is saturated;

(c) For any L(G)-comodule (Y,6), any L(G)-subcomodule Z of Y and any
y €Y, we have that 6(y) € Z&xL(G) implies y € Z;

(d) For any L(G)-comodule (Y,0) and anyy € Y, we havey € A(G) -y ;

(e) There exists a net {u;}icr in A(G) such that for any L(G)-comodule
(Y,0) and any y € Y we have that u; - y — y ultraweakly;

(f) Every L(G)-comodule is non-degenerate.
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Proof. The equivalence of conditions (a) to (e) follows immediately from
Proposition 2.2.9, Theorem 2.3.12 and the relation (2.9). The implication
(f) = (b) follows from Corollary 2.2.7 whereas the implication (d) = (f)
follows from Corollary 2.3.8. O

Remark 2.3.15. According to Proposition 2.3.14, if G has the AP, then
every L(G)-comodule is saturated and non-degenerate.

On the other hand, if G does not have the AP, then Proposition 2.3.14
guarantees the existence of L(G)-comodules which are not saturated and
the existence of L(G)-comodules that are not non-degenerate. However, the
author does not know of any example of a group G (necessarily without
the AP), such that there exists a single L(G)-comodule which is neither
saturated nor non-degenerate.
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Chapter 3

Crossed products

3.1 Crossed products of L>(G)-comodules

Before we proceed to the study of crossed products of L>°(G)-comodules,
let us recall some known results from the theory of crossed products of von
Neumann algebras.

Let M be a von Neumann algebra and let v: G — Aut(M) be a W*-
G-action on M, i.e. a group homomorphism from G to the group of unital
w*-continuous *-automorphisms of M, such that the function

Go>s—ns(x)eM

is w*-continuous for any z € M. Then, by Proposition 2.3.3, we have a
WH-L>°(G)-action a: M — M®L>*(G) given by

(a(z),w® f) = /G<’ys1(x),w>f(s) ds, €M, we M, fecL(G).

Recall that the fixed points of the action v are exactly the fixed point
subspace M, that is an x € M satisfies a(x) = x®1 if and only if y5(z) = =
for all s € G (see Proposition 2.3.3).

The (usual) crossed product M x, G (or M x G) is defined as the von
Neumann subalgebra of M®B(L?(G)) generated by (M) and C1®L(G),
which by von Neumann’s double commutant theorem is given by

M x4 G = (a(M) U (CIRL(G)))".

According to the Digernes-Takesaki theorem (see for example [53, Chap-
ter X, Corollary 1.22]) we have that M x,G is equal to the fixed point algebra
of the W*-G-action 8 on M®@B(L?(G)) defined by

Bs =7s ® Adps, s€G.

43



44 CHAPTER 3. CROSSED PRODUCTS

Moreover, (see also [3%] page 9) the W*-L>°(G)-action corresponding to
the G-action 8 = v ® Adp, which we denote by &, is given directly by a via
the formula:

a = (idM X AdUé) o (idM X 0') o (a X idB(LQ(G)))

where o is the flip isomorphism on B(L?(G))®B(L?*(G3)), i.e. o(r ®@y) =
y ® x. Therefore, the Digernes-Takesaki theorem may be rephrased as

M x, G = (MBB(LX(G)))".

Taking into consideration all of the above, Hamana [19] suggested Def-
initions 3.1.1 and 3.1.3 below. However, for the sake of consistency, our
terminology and symbols are slightly different from Hamana’s (see Remark
3.1.5).

Definition 3.1.1. For an L*°(G)-comodule (X, «), we define the map
a: X®B(L*(G)) — X®B(L*(G))®L>(G)
by
a= (idX & AdUé) o (idX ® 0') o (Oz & idB(LQ(G)))v
where o is the flip isomorphism on B(L?(G))®@B(L*(G)).

a®id (L2(G

X@B(LX(G)) ——4 XBL®(G)BB(L*(G))
\\ lid x Q0o

\ X®B(L*(G)®L>(G)
lid x ®AdU,

TP X®B(LA(G))BL®(G)

The next result is essentially the same as [19, Lemma 5.3 (i)] with the
appropriate modifications since Hamana considers on L*(G) the (opposite)
comultiplication oo and uses the right group von Neumann algebra R(G)
instead of L(G) as the dual object of L*>°(G).

Proposition 3.1.2 (Hamana [19]). If (X, «) is an L*™(G)-comodule, then o
is an L®°(Q)-action on X®@B(L?*(Q)) which commutes with the L(G)-action
idy ® ¢ on X@B(L?*(Q)).

Proof. By Remark 2.1.3 we may suppose that X is a w*-closed subspace
of a von Neumann algebra N of the form N = B(H)®L>*(G) for some
Hilbert space H and « = ¢|x, where ¢ = ldp(m) ® ag. Then obviously
a = Elxzp(12(q)) and € is a W*-L>(G)-action on N®B(L*(G)). Since € is
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a w*-continuous *-monomorphism, the latter fact can be easily verified by

checking the relation
(§® idLoo(G)) o= (idy ® idB(L2(G)) ®ag)oE

on the generators of N®@ B(L?(G)), that is on the elements of the form z®1,
I91®fand 1®1® A for z € N, f € L%°(G) and s € G, because B(L?(Q))
is generated by L(G) and L*°(G).

Thus, in order to prove that & is an L°°(G)-action on X®B(L?(G)), we
only need to show that £(X®@B(L*(G))) € X®B(L*(G))®L>®(G). Indeed,

we have

(c @ idp(12(e) (XBB(LA(@))) € XBL®(Q)EB(L(G))
and thus

(idx ® 0) o (e ® id g(r2(q))) (XBB(L*(G))) € X®B(L*(G))®L™(G).

Since Ug € R(G)®L*®(G) and X@B(L*(G))®L®(G) is a
Cly®B(L?*(G))®L>®(G)-bimodule, we get:
(idx ® AdUE) o (idx ® o) o (¢ ® idp(12(c))) (X@B(L*(G)))
C X®B(L*(Q))®L>®(G).
On the other hand, in order to prove that a and idx ® dg commute,
it suffices to verify that idg(g) ® idp~(g) ® d¢ and € commute, where & =
idp() ®ag. Because € and id () ®id () ® b act identically on the first

factor B(H), we only need to prove that idj-~(q) ® dg and ag commute,
that is:

(ag ®@idpg)) o (Idp=~(q) ® 6c) = (3.1)
:(idLoo(G) & idB(LQ(G)) ®o)o (idLoo(G) ® g ® idLoo(G)) o ag

Let S denote the unitary on L?*(G) ® L?*(G) with S(é ® n) = n ® £. Thus,

the flip isomorphism o on B(L*(G))®B(L?*(G)) is written as 0 = AdS. If

a € L*®(G) and b € B(L*(@)), then by applying the left and right hand
sides of (3.1) on a ® b, we get respectively:

(ag ®idpg)) o (Idr=~ () ® 6c)(a @ b) =
AM1eUze)(leSe(Vielal)(lesSe)(1olos) (3.2)
leWio)aebolol)

and

(idLoo(G) (%) idB(LQ(G)) X U) o (idLoo(G) X 56‘ X idLoo(G)) o d\é(a X b) =
Ad1®leS)1eWie)(1loleS)(lelUszol)(1eS®1)  (3.3)
(Veelel)(leSe)(ae®b®1®1)
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Consider the unitaries in the square brackets in (3.2) and (3.3):
A=(1eU1)(1eS)(Viel1le)(1oS®1)(1e1eS) (1o Wi ®1)
and
B = (1915)(1eW;e1)(191eS)(10U4s®1)(10591) (VAR1®1) (10S®1).
Then, (3.1) is equivalent to
A(a@bR1®1)A* = B(a®b®1®1)B*, for all a € L®(G) and b € B(L*(Q)),
which in turn is equivalent to the condition:

A*B € L®(G)®C18B(L*(G))®B(L*(Q)).
The last condition is verified by computing
A*B=1®1 VS € C1®CI1®B(L*(G))®@B(L*(G)).
O

Definition 3.1.3. Let (X, a) be an L*°(G)-comodule. The Fubini crossed
product of X by « is defined to be the L(G)-comodule (X x G, @), where

X x7 G = (X8B(LX(G)))*

and

a = (idx ® 6¢)|xurq-
The L(G)-action a: X x% G — (X x% G)®@7rL(G) is called the dual action

of a.

By Proposition 3.1.2 and Lemma 2.1.7 we get that (X x G, @) is indeed
an L(G)-subcomodule of (X®B(L?*(G)),idx ® éq).

Definition 3.1.4. Let (X, a) be an L*>(G)-comodule and suppose that X
is a w*-closed subspace of B(H) for some Hilbert space H. The spatial
crossed product of X by « is defined to be the space

X3,G =5pan” {(1g @ A)a(z)(1g @ N) : s,t € G, z € X}
C B(H)®B(L*(@)).
Note that Definition 3.1.4 is naturally dictated by the fact that if M
is a von Neumann algebra, 7 is a G-action on M and « is the W*-L>®(G)-
action on M corresponding to v as above, then the crossed product M x,G is

equal to the w*-closed C1®L(G)-bimodule generated by a(M). This follows
immediately from the well known covariance relations (recall (2.5)):

a(vs(2)) = (1@ A)a(z) (1@ N\, s€G, z€ M.
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Remark 3.1.5. From the discussion above, it follows that if (M, «) is a
W*-L®(G)-comodule, then M x7 G = Mx,G = M x,G, where M x,G =
((M) U (CI®L(G)))" is the usual von Neumann algebra crossed product.
Interestingly, we will prove later that this is not true in general for arbitrary
L*°(G)-comodules unless G has the approximation property of Haagerup
and Kraus (see Theorem 3.3.10).

Note that if (X, «) is an L>°(G)-comodule with « trivial, that is a(z) =
z®1 for all ¥ € X, then for # € X and b € B(L?(G)) we have

alr®b) = (Idxy ® AdU) o (idx ® 0) o (a® idB(Lz(G)))(l‘ ® b)

idy ® AdUZ) o (idy @ 0)(z @ 1 ©b)
idy ® AdUZ)(z @ b@ 1)
idx ® Bg)(r ®b)

o~ o~ o~ o~

and thus & = idxy ® Bg. Since B(L?(G))%¢ = L(G) it follows that

X %} G = (X®B(L*(@)))"
~ (XBB(LA(G) ¥
= X@7(B(L*(@)))%
= X®rL(G)
This actually explains the term ‘Fubini crossed product’ which was first used
in [56]. We should note here that Hamana had already considered the notion
of Fubini crossed products in [19] but he did not use the same term.

On the other hand, it is obvious that Xx,G = X®L(G) when « is
trivial and thus the term ’spatial crossed product’ is similarly justified.

Also, for a locally compact group (even in the discrete case) it is not
necessarily true that X®@L(G) = X®@rL(G) for any dual operator space X.
Indeed, if we take GG to be any discrete group failing the approximation prop-
erty (for example G = SL(3,Z), see [33]), then, by [22, Theorem 2.1], it fol-
lows that there is a dual operator space X such that X®@L(G) # X®@rL(G).
Therefore, in this case, the equality X x7 G = X,G is not valid for
all L>°(G)-comodules (X, a) in contrast to the von Neumann algebra case.
Thus the distinction between Fubini and spatial crossed products seems to
be necessary in the setting of general dual operator spaces.

It was shown by Crann and Neufang [12] that if G is a locally compact
group with the AP, then X x G = X%,G for any L>®(G)-comodule (X, a)
[12, Corollary 4.8]. We warn the reader that Crann and Neufang consider
G-invariant subspaces of von Neumann algebras instead of general L*>(G)-
comodules, but this is not restrictive at all. Indeed, every L*°(G)-comodule
is isomorphic to a subcomodule of a W*-L>°(G)-comodule (see Remark 2.1.3
and Proposition 3.1.8), that is, a G-invariant subspace of a von Neumann
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algebra, since every W*-L>°(G)-action comes from a pointwise G-action as
pointed out above.

Also, in [12] Crann and Neufang define the Fubini crossed product of a
G-invariant subspace X of a von Neumann algebra M using an appropriate
operator valued weight (see [12, Definition 3.1]). However, their definition
is equivalent to Definition 3.1.3. Indeed, from [12, Proposition 3.2] it follows
that the Fubini crossed product of X in the sense of Crann-Neufang is the
intersection

(M x4 G) N (XRB(LA(Q))).

Since M x, G = (M®B(L*(G)))® (by the Digernes-Takesaki theorem), it
follows that the above intersection is equal to (X®B(L?(G)))® that is the
Fubini crossed product X xZ G according to Definition 3.1.3.

Later, using a generalized version of Takesaki-duality and its relation
with the AP, we will give an alternative proof of the aforementioned result
of Crann and Neufang (i.e. [12, Corollary 4.8]), avoiding the use of operator
valued weights. Moreover, we are going to prove that its converse is also
true (see Theorem 3.3.10).

Remark 3.1.6. Let H, K be Hilbert spaces, X C B(H) be a w*-closed
subspace and b, ¢ € B(K). Then, we have

(1 ®@b)(X®B(K))(lg ® c) C X®B(K).
As a consequence, if (X, «) is an L*°(G)-comodule, then
X%,G C X®B(LA(@)),

because a(X) C X®L>®(G) C X®@B(L*(Q)).

Also, if in addition Y is a w*-closed subspace of B(L) for some Hilbert
space L and ¢: X — Y is a w*-continuous completely bounded map, then
¢®idpky: X®B(K) — Y®B(K) is a w*-continuous B(K )-bimodule map
in the sense that

(6 ® dp0) (1 ® a)a(1 © 1) = (11 ® )(6 © id o)) (@) (1 ),
for all a, b € B(K) and z € X®B(K).

Proposition 3.1.7. Let (X, ) be an L*>°(G)-comodule and suppose that X
is a w*-closed subspace of B(H) for some Hilbert space H. Then, X x7 G
is an L(G)-bimodule, i.e.

(1g @ \)y(lg @ \) € X x7 G, s,;te@G, ye X xl @

and
a(X) C X %! G.
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Therefore, we have:
X%,G C X x2 G.

Furthermore, a(Xx,G) C (XxoG)@rL(G), that is XxoG is an L(G)-
subcomodule of (X <% G, Q).

Proof. Let s € G and y € X x2 G. Then, by Remark 3.1.6 we have that
(1g @ A\s)y € XR@B(L*(G)) and a(y) = y ® 1, by Definition 3.1.3. Also, by
Remark 3.1.6, we have that

(@ ®@idpr2(a)) (1 @ As)y) = (g ® 1p2(qy @ As) (@ @ idpr2a)) (v)-

Thus, we have:

a((lg ® A)y) =
= (idx ® AdUg) o (idx ® o) o (a @ idp(r2(e))(1g ® As)y)
= (idx ® AdUg) o (idx ® 0) (1g ® 12y © As) (@ @ idpr2(c)) (%))
= [(idp(m) ® AAUE) o (idpy @ 0)(1g @ 112y @ As))] aly)
= [z UL 1E @ X ® 1126))(1r @ Ug)] (y ® 112(c)
= (1m0 @A)y @ 112(q),

where the third equality above follows from the fact that (idp ) ® AdUE) o
(idp() ® o) is a *-homomorphism and thus multiplicative, while the last
equality is because Ug € R(G)®L*(G) and R(G) = L(G)'. Therefore,
(1g ® A\s)y € X x G. Similarly, we get y(1g @ \) € X x2 G forallt € G
and y € X xZ G.

On the other hand, if x € X, then:

a(a(z))

(idx ® AdUg) o (idx ® o) o (a ® idp(r2(e))) ((z))

(idx ® AdU¢) o (idx ® o) o (idx ® ag)(a(x))

(idx ® AdUZ) o (idx ® als)(a(x))

=(1ln@Ug) 1y @ Ug)(a(r) @ 112(¢)) (1 @ Ug)(1y @ Ug)
= a(r) ® 112g),

because ay; = 0o ag and ag(f) =
subsection 2.3.1). Hence, a(X) C X x
Finally, for x € X and s € G, we have

a((lg @ As)a(x))

( ® 1)UE, for all f € L>®(G) (see

(idp() ® 6c)(1a ® As)a())

(idp() ® 6c)(1r @ As))(idpm) ® dc)(a(z))

(1m ® 50( $)(1m @ We)(a(z) ® 1)) (1 ® We)
(1 @ As ® As)(a(z) @ 112(q)),
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because 1y @ Wg € Cly®L>®(G)®L(G) commutes with a(z) ®@ 172q) €
B(H)® L*(G)&Cl2(g). Therefore, we get:

a((1r © A)a(@)) = (1n ® Aa(z)) ® A,
and it follows that a(Xx,G) C (X x,G)@rL(G). O

The next result proves that, for any L>°(G)-comodule X, both the Fubini
crossed product and the spatial crossed product are unique up to comodule
isomorphisms and thus independent of the Hilbert space on which X is
represented.

Proposition 3.1.8 (Uniqueness of crossed product). Let (X, a) and (Y, )
be two L>°(G)-comodules and suppose that X andY are w*-closed subspaces
of B(H) and B(K) respectively. Let ®: X — Y be an L>®(G)-comodule
isomorphism.

Then the map ¥ := ® ®idp(12(q)): X®B(L*(G)) = YR®B(L*(G)) is an
L>®(G)-comodule isomorphism from (X®@B(L?*(G)),a) onto
(Y®B(LA(G)), B), which maps X x G onto YN?G and X xoG onto Y xgG.
Also, \I’|X>4FG is an L(G)-comodule isomorphism from (X . G,a) onto
(Vx5 e ﬁ) and V| x5 is an L(G)-comodule isomorphism from (X xoG, @)
onto (Y)dﬁG,,@).

Furthermore, U is an L(G)-bimodule map, i.e. Y((1g®@As)x(1lg®@A)) =
(1 @ Xs)¥(2)(1x ® N\t), for all s,t € G and x € XRB(L*(G)).

Proof. First, since ® is a comodule morphism we have that fo® = (P®id)oa
and hence:

BO\I/

id® AdU&) o (id® o) o (B®1id) o (P ®id)
id® AdUG) o (id® o) o (8o ®) ®id)
) g)el
)

(

(

(id ©@ AdUE) o (id @ o) o [((® @ id) 0 o) @ id]
(id® AdUg) o (id @ o) o (® ®id ® id) o (a @ id)
= (

= (

(¢

¢ ®id®id) o (id® AdU&) o (id® o) o (a ® id)
¥ ®id) o a.

Thus ¥ is an L*(G)-comodule isomorphism from (X®B(L*(G)),a) onto
(Y®B(L*(@)), B) This implies that ¥ maps the fixed point subspace X X
G of a onto the fixed point subspace Y N‘g G of 8. On the other hand, the
relation f o ® = (P ® id) o v yields that

V(X)) = (@ @id)((X)) = B(2(X)) = B(Y)

and since V¥ is an L(G)-bimodule map (see Remark 3.1.6) it follows that ¥
maps X XoG onto Y xgG. It remains to show that

BO\P:(\IJ(X)id)o
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Indeed:
Bo¥ = (idy ® i) o (€ ®idp(r2(cy)
= ((D ® idB(LZ(G)) ® ldL(G)) (@] (ldX ® (SG)
= (‘1’ X ldL(G)) o Q.
O

Corollary 3.1.9. For any L*>*(G)-comodule (X, ) the Fubini crossed prod-
uct (X x2 G, Q) is a saturated L(G)-comodule and the spatial crossed product
(X XoG, @) is a non-degenerate L(G)-comodule.

Proof. Suppose that X is a w*-closed subspace of B(H) for some Hilbert
space H and let K := H ® L*(G).

First we show that (X x,G, @) is a non-degenerate L(G)-comodule. We
have that (Xx,G)®B(L*(G)) is a C1x®@B(L*(G))-bimodule. Thus, since
A(XXaG) C (XxaG)R5L(G) C (XxoG)RB(L?*(R)), we have the inclu-

(XX,G)@B(L*(@)) Dspan™ {(1x @ b)a(y) : b e B(L*(Q)), y € Xx,G}.

For the reverse inclusion, observe that for any s,t € G, x € X and
b € B(L?*(Q)), we have

(g @ Xs)a(x)(1g @ M) @b =
= (1 @ 12y @ DA AT (L @ As)a(e)(1g ® Ar)) @ Ast)
= (15 ® 1r2(6) ® bAZ) (L ® As ® As) (@) @ 1r2(q)) (L ®@ A ® Ay)
= (11 ® 1126 © WA (idpgan) © 66) (L ® Aal@) (1 & Ar))
— (1l ® Lz © bAZ)E((Lr © Aa(@) (L @ M),

simce

(dp(r) ®0¢)(1n ®As) = 1p @ As ® As and (idp) ® ) (a(r)) = a(z) @ 1.

Therefore, we get
(lg @ Xs)a(x)(1lg @ M) @b e

e span™ {(1x @ 0)aly) : ¢ € B(LA(Q)), y € XH.G}.

Since (X x,G)®B(L%(G)) is in the w*-closed linear span of the elements
of the form ((1g ® A\s)a(z)(1g ® A)) ® b, we obtain the desired inclusion
and so (X' x,G, @) is non-degenerate.

For the Fubini crossed product, note that by Lemma 2.2.10 the L(G)-
comodule (X®B(L?(G)),idx ® dg) is saturated, because (B(L*(G)),dq)
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is saturated (see Remark 3.3.4). Also, the actions & and idxy ® dg on
X®B(L*(G)) commute by Proposition 3.1.2. Thus, it follows from Lemma

2.2.11 that (X xZ G, Q) is saturated, because X xZ G = (X@B(LQ(G)))az
and @ = (idx ® 0¢)|x«F¢ by definition. O

Proposition 3.1.10. For any L*°(G)-comodule (X, ), we have
(X %7 Q)% = (X3,G)% = a(X) = Sat(X, a) = (XSL®(G))°.
Proof. We prove first that Sat(X,a) = (X@LOO(G))a. Indeed, for any x €
X®L>*(G), we have:
2 € (XRL®(G))" < ax)=2x1
<= (ldx ® AdUg;) o (idx ® o) o (a ®idgr2(g)))(T) =2 @1
— (a®idr=(g)(z) = (dx ® o) (1g @ Ug)(z ® 1)(1g @ Ug))
— (a®idr=(g)(z) = (idx ® ag)(z)
< 1z € Sat(X, a).
For the fourth equivalence above we used the fact that
ooag(f)=Ua(f ®1)Uq

for any f € L*(G). -

Now, we prove that (X xZ G)* = (X®L*(G))”. Indeed, since the
actions idx ® dg and @ commute (see Proposition 3.1.2) and & = (idx ®
6c)| x w7 it follows:

XN]:G

id x ®J
(XEB(L(@))") Xt

((
( (XBB(LA(G )ldx®‘5‘?)a
(

Xar (BIA(@))"
= (XFL¥(G)"

The last equality follows from the fact that B(L?*(G))% = L>®(G).
By Lemma 2.3.5 we have that Sat(X,a) = a(X) and thus we get

(X %7 G)¥ = a(X) = Sat(X, a) = (XBL®(G))°.
So it remains to show that (X%,G)® = a(X). Indeed, since (X *,G, Q)
is an L(G)-subcomodule of (X xZ G,a) it follows that
(XX.G)® = (X xT G)¥ N (XX,G)
= a(X) N (X x,G)
= a(X),

since a(X) C X x,G. O
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3.2 Crossed products of L(G)-comodules

Here we consider the analogues of the Fubini and the spatial crossed products
in the category of L(G)-comodules.

The main and most interesting difference between L>°(G)-comodules and
L(G)-comodules is that for any L(G)-comodule (Y, ) the associated Fubini
and spatial crossed products are equal without any further assumption on
the group G or the space Y (Theorem 3.2.10). The reason behind this is
that the Fubini and the spatial crossed product of an L(G)-comodule admit a
natural L*°(G)-comodule structure and thus they are always non-degenerate
and saturated by Lemma 2.3.5. This will be clear from the use of Lemma
2.3.5 in the proof of Proposition 3.2.9 below, from which Theorem 3.2.10
follows.

The Definitions 3.2.1 and 3.1.3 below follow [19] with slight changes in
terminology and symbols for the sake of consistency.

Definition 3.2.1. For an L(G)-comodule (Y, 0), we define the map
5: YRB(L*(G)) = YRFB(L*(Q)@rL(G)

by

d = (idy ® AdWg) o (idy ® o) o (6 ® idB(LQ(G))),
where o is the flip isomorphism on B(L?(G))@B(L*(G)).
=72 08idp2(a) 1= — 72
Y®B(L*(G)) ————= Y®r(L(G)®B(L*(G)))
\\\ J}dy@o’
Y®7(B(L*(G))BL(G))
lidy@AdWG

B L
T X@r(B(L(G)BL(G))

The next proposition, essentially the same as [19, Lemma 5.3 (ii)], is the
analogue of Proposition 3.1.2 for L(G)-comodules. Note that the proof is
the same as that of Proposition 3.1.2 with the appropriate modifications.

Proposition 3.2.2 (Hamana [19]). For an L(G)-comodule (Y,d), the map
§ is an L(G)-action on YRB(L*(G)) commuting with the L>®(G)-action
idy ® Bg on YRB(L*(G)).

Proof. By Remark 2.1.3 we may suppose that Y is a w*-closed subspace
of a von Neumann algebra N of the form N = B(H)®L(G) for some
Hilbert space H and 6§ = ¢|y, where ¢ = idpy) ® dg. Then obviously

6 = Elysn2(c)) and € is a W*-L(G)-action on N®B(L*(G)). Since £ is
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a w*-continuous *-monomorphism, the latter fact can be easily verified by
checking the relation

(§® idL(G’)) og = (ldy ® idB(LQ(G)) ®0G)oE

on the generators of N@ B(L?(G)), that is on the elements of the form z® 1,
I®1®fand 1®1®ps for z € N, f € L°(G) and s € G, because B(L?*(Q))
is generated by R(G) and L>®(G).

Thus, in order to prove that 0 is an L(G)-action on Y®B(L%(G)) =
Y®£B(L*(G)), we only need to show that

E(Y®rB(L*(G))) C Y®rB(L*(G)®rL(G).
Indeed, we have

(e ®idpr2(q)) (Y®FB(L*(@))) C YR£L(G)®rB(L*(G))

and thus
(idy @) o (e ® idp(p2(c) (Y EFBL*(G))) € YE£B(L*(G))EFL(G).

Since W € L®(G)®L(G) and YR7B(L*(G))®7rL(G) is a
Cly®@B(L?*(G))®L(G)-bimodule, it follows that

(idy ® AdWg) o (idy ® o) o (¢ ® idp(z2(cy)) (Y ®#B(L*(G)))
C Y@rB(L*(G))@rL(G).

On the other hand, in order to prove that § and idy ® Bg commute,
it suffices to verify that idgm) ® idg(q) ® B¢ and € commute, where € =
idp(g) ® 0. Because € and idp(p) @ idp (@) ® Be act identically on the first

factor B(H ), we only need to prove that idj ) ® B¢ and 5 commute, that
is:

(66 ® idpoe(c) © (idp ) © Ba) = (3.4)

=(idL(¢) ® idpr2(q)) ® 0) © (idr(@) ® B ®idye)) © 6
Let S denote the unitary on L?(G) ® L*(G) with S(é ® 1) = n ® £. Thus,
the flip isomorphism o on B(L?(G))®B(L*(G)) is written as 0 = AdS. If

a € L(G) and b € B(L*(G)), then by applying the left and right hand sides
of (3.4) on a ® b, we get respectively:

(55 ® idLoo(G)) o (1dL(G) ® BG)(G ® b) =
Ad[1oWeo)(1eSe)(Wieleo)(1eoSel)(1e19S) (3.5)
1IeUst)j(e@b®1®1)
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and

(idpq) ® idpra(a)) @ 0) o (idy) ® Be @ idq)) © dala® b) =
AM(101e9)(1eUse )10l S)(leWeo)10S®1)  (3.6)
Weelel)(leSe)j(e@be1®1)

Consider the unitaries in the square brackets in (3.5) and (3.6):
A=(1Wee1)(1Se ) (Weelewl)(1eSel) (1ol S)(1eUs®1)
and
B = (191®95)(1eU4®1)(10125) (1eWeel) (1S®1)(Wae1e1) (1o S®1)
Then, (3.4) is equivalent to
Ala®b®1®1)A* = Bla®b®1®1)B*, for all a € L(G) and b € B(L*(G))
and this is equivalent to the following condition:

A*B € R(G)®C1®B(L*(Q))®B(L*(G)),

which is true since a computation shows that A*B acts identically on the
first two variables, i.e.

A*B € C18C18B(L*(G))®B(LA(G)).
O

Definition 3.2.3. Let (Y,d) be an L(G)-comodule. The Fubini crossed
product of Y by § is defined to be the L*°(G)-comodule (Y x7 G, §), where

Y I G = (YEB(LA(@)))°

and R
6 := (idx ® Ba)lywze-

The L®(G)-action §: Y xF G — (Y xI G)BL®(G) is called the dual action
of 4.

-~

By Proposition 3.2.2 and Lemma 2.1.7, (Y l><§: G,¢) is indeed an L*°(G)-
subcomodule of (Y®B(L?*(G)),idy ® Bg).

Definition 3.2.4. Let (Y, ) be an L(G)-comodule and suppose that Y is
w*-closed in B(K) for some Hilbert space K. The spatial crossed product
of Y by ¢ is defined to be the space

Y56 :=span” {(1x ® f)o(y)(1xk ®g) : f,g € L®(G), ye Y}
C B(K)®B(L*(@)).
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Proposition 3.2.5. Let (Y, ) be an L(G)-comodule and suppose that'Y is
a w*-closed subspace of B(K) for some Hilbert space K. Then, Y Mg: G is
an L>®(G)-bimodule, i.e.

(k@ ly(lxk®g) €Y x§ G,  f,ge L®(G), yeY x§ G
and §(Y) CY xI G. Therefore, we have:
Yx;GCY xL G.

In addition, §(Y®sG) C C (YxsG)RL>®(G), that is Y xsG is an L*°(G)-
subcomodule of (Y xI G, (5)

Proof. Let f € L*°(G) and y € Y D<5 G. Then, by Remark 3.1.6 we have

that (1x ® f)y € Y@B(L(G)) and d(y) = y ® 1, by Definition 3.2.3. Also,
by Remark 3.1.6, we have that

(6 @idpr2e))((1x ® fly) = (1k @ 112(q) ® )0 @ idpr2(ay)) (Y)-
Thus, it follows:
0((1a ® fy) = (idy ® AdWg) o (idy ® o) o (6 @ idp(12(a)) (1x @ £)y)
= (idy ® AdWg) o (idy ® 0) ((1x ® 12(c) © f)(6 @ idpr2(cy) (v))
= [(idp(x) ® AdWg) o (idp(x) © o) (1 ® 112y @ £))] 6(y)
=[xk @We)(1k © f @ 112(6)(1xk @ WE)] (¥ ® 12c))

=1k ® fly® 12,

where the third equality above holds since (idp(x) ® AdWg) o (idpx) ® o)
is a *~homomorphism and thus multiplicative, while the last equality is true
because W € L*(G)®L(G) and thus W (f @ 1)WE = f @ 1. The fourth

equality follows from the assumption §(y) = y ® 1. Therefore,
(1[( ®f)y cyY [><5]:G

Similarly, we get y(1x ® g) € Y xéf Gforall ge L*(G) andy €Y l><5 G.
On the other hand, if x € Y, then:

5(5(x))

(idy ® AdWg) o (idy ® o) o (6 ® idp(r2(c)))(6(2))
(idy ® AdWg) o (idy ® o) o (idy ® d¢)(d(x))
(idy ® AdWg) o (idy ® dg)(d(x))

=1k @ We)(1xk @ W5)(0(z) @ 112(q)) (1x @ We)(1x @ W)
6(z) @ 1r2(c),

where the third equality holds because 0 0dg = dg. Hence, §(Y) C Y I><5]: G.
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Let x € Y and f € L*®(G). Since Bg(z) = z® 1 for any z € L(G) and
d(r) € YRrL(G), it follows that (idpx) ® Be)(d(r)) = 6(z) ® 1. Thus we
get:

S(1x ® 1)3(x)) = (idpee) © fa)((1x © )b()
= (1x @ Ba(f))(dpx) ® Ba)(6(x))
= (Ix @ Ba(f)(6(x) @1) € (Y x;G)RLZ(G),
because Ba(f) € L®(G)®L>®(G) and §(z) € YXsG. Therefore (YX5G,d)

~

is an L>(@)-subcomodule of (Y x7 G, 4). O

Proposition 3.2.6 (Uniqueness of crossed product). Let (Y,0) and (Z,¢)
be two L(G)-comodules and suppose that Y and Z are w*-closed subspaces
of B(H) and B(K) respectively. Let ®:Y — Z be an L(G)-comodule iso-
morphism.

Then the map ¥ := ® @ idp(2(c)): YOB(L*(G)) = Z&B(L*(G)) is an
L(G)-comodule isomorphism from (Y@B(Lz(G)),g) onto
(Z®B(L*(G)), &), which maps Y x§ G onto Z xI G and Yx5G onto Zx.G.
Also, \II|Y><§:G is an L>®(G)-comodule isomorphism from (Y x7 G, 6) onto
(ZxIG,€) and V|y+,q is an L (G)-comodule isomorphism from (Zx;G, 5)
onto (Zx.G,E).

Moreover, ¥ is an L>=(G)-bimodule map, i.e. V((1g ® flz(ly ® g)) =
(1x @ f)¥(z)(1x ® g), for all f,g € L®(G) and x € YRB(L*(G)).

Proof. First, since ® is a comodule morphism we have that eo® = (®d®id)od
and hence:

oV =(d® AdWg)o (ild® o) o (e ®id) o (P ®id)

= (ld®@ AdWg) o (id® o) o ((e0®) ®id)

= (id®@ AdWg) o (id® o) o [((P ®id) 0 0) ®1id]
=(ld® AdWg)o (id®o) o (P ®id®id) o (6 ®id)
=(P®id®id) o (id ® AdWg) o (id® o) o (6 ® id)
= (

U ®id)od
and thus ¥ is an L(G)-comodule isomorphism from (Y®@B(L*(G)), §) onto
(Z®B(L*(G)),2). This implies that ¥ maps the fixed point subspace Y x{ G

of ¢ onto the fixed point subspace Z x7 G of &.
On the other hand, the relation € 0 ® = (® ®id) o § yields that

Y(5(Y)) = (2 @id)(6(Y)) = e(®(Y)) = &(Z)

and since VU is an L*°(G)-bimodule isomorphism (see Remark 3.1.6) it follows
that ¥ maps Y xsG onto Zx.G.
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Finally, we have
EoV = (idz ® Bg) o (P ®@idpr2(q))
= (P ®@1idp(r2(q) ®idr=(q) ° (idy ® Bg)
= (¥ @ idgee(q)) © 0.
O
Note that until now everything seems to work in complete analogy to the

case of L*°(G)-comodules. However, from now on the differences between
L*>°(G)-comodules and L(G)-comodules will start to become apparent.

Proposition 3.2.7. For any L(G)-comodule (Y,0) we have:

5(Y)C (Y x G)° = Sat(Y,8) = (YE£L(G))’.
Proof. Since §(Y') C Sat(Y, ) is obvious (see Definition 2.2.4) we only have

to show the equalities (Y xJ G)§ = Sat(Y,0) = (Y@;L(G))(S. Suppose that
Y is a w¥-closed subspace of B(H) for some Hilbert space H.

We prove first that Sat(Y,d) = (Y@]:L(G))é. Indeed, for any z €
Y®xL(G), we have:

€ (YOrL(@))’ < d(z)=2®1
< (ldy ® AdWg) o (idy ® 0) o (6 @ idp(r2(g)))(z) =2 ® 1
— (®idye))(z) = (dy ®0) (1ng @ W) (z @ 1)(1n ® Wg))
= (d@idyg)(r) = (idy ®@0) o (idy @ dg)(x)
— (0@idye)(z) = (idy ® dg)(z)
<~ z € Sat(Y, ),

where for the fourth equivalence above we used the fact that o o d¢ = dg
since 0 (As) = A\s ® Ag for all s € G.

It remains to prove that (Y xJ G)6 = (Y@]:L(G))‘;. Indeed, since the
actions idy ® B¢ and 0 commute (see Proposition 3.2.2) and ¢ = (idy ®
/BG)|Y[><5}'G it follows that:

N ~\ idy ®Bg
v o7 o) = (vesur@)’)

~ ((veB2e) )’
= (Y& (B(L2(@))’ G)g

= (YBFL(G))’.
The last equality follows from the fact that B(L?*(G))%¢ = L(G). O
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Remark 3.2.8. We denote by A the operator A € B(L*(G)) given by
AE(s) = Aa(s) ' 2¢(s™h),  s€G, e L*(@).

One can see that A is clearly a selfadjoint unitary, such that AR(G)A = L(QG)
and more precisely, we have:

ApiA = N, ted.
Indeed, for any s,t € G and ¢ € L%(G), we have:
(ApeA&)(s) = Ac(s) "2 (peA&) (s ™)
= Ag(s) 7 PAc ()P (A8)(s7 )
= Ag(s7 ') 2AG(s7H) TV 2 (T s) = Mg(s).
Also, we put
Wy = (1 ® A)WG,

that is
WaL(s,t) = Ag(t)™V2¢(s,st™Y) st e @G, € e LG xG).

Note that Wx € L®(G)®B(L?*(G)), because Wg € L®(G)RL(G) and Wy
satisfies
UaWrS = We,

where S¢(s,t) = £(t, s) is the flip operator on L?(G x G).
Indeed, for £ € L?(G x G), we have

(UaWaSE) (s, t) = Ag(t)V2(WaSE)(st, 1)
= Ag(t) 2 Aq(t)"/2(SE) (st, stt™ ")
= S&(st,t) = &(s, st) = Wg&(s,t).

Proposition 3.2.9. Let (Y,0) be an L(G)-comodule and suppose that'Y is
a w*-closed subspace of B(H) for some Hilbert space H. Then we have:

Y x{ G = span®’ {(C1H®L°°(G)) (Y x§ G)‘s} :

~

Proof. First put K := H ® L*(G) and X := Y x{ G. Then (X,0) is
an L%°(G)-subcomodule of (B(K),«a), where a := idgy) ® Bg: B(K) —
B(K)®L™(G).

Consider the L (G)-actions

a, @: B(K)®B(L*(G)) — B(K)®B(L*(G))®L>*(G)
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defined by
a= (idB(K) ® AdUg) o (idB(K) ®o)o(a® idB(LQ(G)))

and
o= (idB(K) X U) o (a (%) idB(LQ(G)))'

Recall the unitary Wy with Wa&(s,t) = Ag(t)~1/2¢(s, st™1) and put
W =15 @ Waj.
Since Wy € L>®(G)®@B(L*(Q)), it follows that

W e Cly®L>®(G)®B(L*(G)) C B(K)®B(L*(G)).

Claim: The w*-continuous *-automorphism
AdW: B(K)®B(L*(G)) — B(K)®B(L*(G))

is an L>°(G)-comodule isomorphism from (B(K)®B(L?*(G)),a) onto
(B(K)®B(L*(@)), &), that is:

ao AdW = (AdW@ldLoo(G)) o Q. (37)

Proof of the Claim: In order to prove (3.7) we show first the following
a(W) =W @12q) 1k @UE). (3.8)

Let S € B(L?*(G))®B(L?(G)) denote the flip operator, i.e. S(E®n) =n®E
and thus AdS = o. For any a € B(H) and b,c € B(L*(G)) we have:

ala®b®c) = (idpx) ®0)(a(a®b) @c)
= (ldB(K) & O')(CL & BG(b) ® C) = (ldB(K) ® 0')((1 & (Ué(b & 1)UG> & C)
=111l )(e2b®1lc)(l1oUc®1)(1®1®S5) =

(1®1S)(1eU;i21)(101®8)(a®b@c®1) (1010 5)(1eUq®1)(1®1®.S5)
therefore we get

a(W) = (1e1e5)(1eU:21)(101e5)(W®1)(19125)(1eUa®1) (1812.5)
= (1e15)(1eUL®1)(101xS5)(1eWr®1)(191eS5)(1eUa®1)(1818.S)
and thus (3.8) is equivalent to the following

1S Us)(1aS) (Wael)(1S)(Usg®1)(1eS)=Wrel)(1Us),

which can be easily checked by computation. Thus (3.8) is proved.
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Now (3.7) follows from (3.8) since, for any T € B(K)®B(L?*(G)), we
have
(@o AdW)(T) = &(W)d(T)d(W)*
=WehleUg)a(T)(1e Ug)(W' 1)
= (AdW ®idpee () o (idpx) ® AdUG) o a(T)
(AdW ® ldLoo Q) ) o Oé(T)

Thus the Claim is proved.
By Corollary 2.3.5, (X, «) is non-degenerate, that is:

XBB(LX(G)) = span" {(CLxBB(LA(G)))a(X)}
and therefore we get:
XBB(I(G)) C span®" {(CLxBL™(G))(CLLBL(G))a(X)}
C span” {(C1xBLY(G)(X =7 G},

since B(L?(G)) = span" {L>(G)L(G)} and (C1x®L(G))a(X) € Xx,G
C X xZ G.

Since W € Cly®L>®(G)®@B(L*(G)) and X is a C1y®L*>®(G)-module,
we have that AdW maps X®B(L?(G)) onto itself and therefore we get:

X®B(L*(G)) = W(X®B(L*(G)))W*
C span” {W(C1lg@L®(G)W*W (X x. G)W*}.

Also, X®@B(L?(@)) is an L*°(G)-subcomodule of both (B(K)®B(L?*(G)), @)
and (B(K)®B(L*(G)), @) and thus it follows from (3.7) and the Claim that
the restriction of AdW to X®B(L?(G)) is an L*(G)-comodule isomorphism
from (X®B(L?*(G)),a) onto (X®@B(L*(G)),a). Therefore, it maps the
fixed point subspace X x2 G = (X®B(L*(G)))® onto (X®B(L2(G))) =
X“@B(L*(G)).

On the other hand, we have

W (C1KBL®(G)W* C CLyBL®(G)BB(LA(G)),
since W € Clg®@L>®(G) ®B(L?*(G)). Therefore, it follows that:
X®B(L*(G)) C span* {(C1p®L™(G)BB(L(G)))(X“BB(L(G)))}
C (spam™ {(C14BL*(G))X*}) GB(LA(G)).
Since the reverse inclusion is obvious we get that

XBB(IX(G)) = (span™ {(CLyBL™(G)) X)) BBUA(G))
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and therefore X = span" {(Cly®L>®(G))X}, that is:

Y xf G =span"’ {(ClH®L°O(G)) (Y xF G)5} :

Now, we are able to prove the following important theorem.

Theorem 3.2.10. For every L(G)-comodule (Y,d) we have:
Y xf G =YxsG.

Proof. Since YXsG C Y x7 G it suffices to prove that Y x{ G C YxsG.
Suppose that Y is a w*-closed subspace of B(H) for some Hilbert space H
and consider the following W*-L(G)-action on B(H)®B(L?*(G)):

e == idpgn ® d¢: B(H)®B(L*(G)) — B(H)®B(L*(G))®L(G)
that is
c(x)=(lgaW)(z21)(1lg ® W), =€ B(H)®B(L*(Q))
For any x € Sat(Y,d) and f € L*°(G) we have:
e((lg @ fz) = (dpm) ® 6¢) (1 ® f)z)
= (1 ® f ® 112q))(dpm) ® ) ()
=(1lu @ f® 1) (0 ®@idye))(v),

where the last equality is obtained by the definition of Sat(Y, ).
Since Sat(Y,d) C Y®rL(G), it follows that

(0 @ide))(z) € 6(Y)RFL(G) C (YXsG) @ L(G)

and thus (1g ® f @ 12(5))(0 ® idy))(z) € (YXsG)®@FL(G), because
(YxsG)®@rL(G) is a Cly®L>®(G)RL(G)-bimodule since Y x5G is in turn
a Cly®L>(G)-bimodule.

Thus we have proved that ¢ maps span" {(C1y®L>(G))Sat(Y,§)} into
the Fubini tensor product (Y'x;G)®rL(G) and so Proposition 3.2.9 and
Proposition 3.2.7 imply that

e (Y x§ G) C (YKsG)®£L(G)
that is
(Y x§ G)®C1 C (1 ® We) (YR:G)R7L(G)) (1g @ WE).

Now, note that 17 @ Wg € C1yRL*®(G)RL(G) and (Y xsG)®rL(G) is
a Cly®L>(G)®L(G)-bimodule. Therefore we get that

(Y x§ G)®C1 C (Y)sG)®rL(G)
and thus Y x7 G C Yx5G. O
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Theorem 3.2.10 allows us to simplify our notation:

Definition 3.2.11. For an L(G)-comodule (Y,d), we will write ¥ x5 G
instead of Y x7 G or Yxs5G (since they coincide).

3.3 Duality theory and applications

The following theorem was first proved by Takesaki for abelian groups [51].
The general case (i.e. for arbitrary locally compact group) was later proved
independently in [35], [37], [19] and [50].

Theorem 3.3.1 (Takesaki-duality). Let (M, «) be a W*-L*>(G)-comodule
and (N, 6) be a W*-L(G)-comodule. The map (idy @ AdVg)o(a®idpr2(g)))
defines a W*-L*>°(G)-comodule isomorphism

(MEB(L(G)),8) = (M 30 G) x5 C.a)

and the map (idy @ AdWy) o (6 ® idp(r2(q))) defines a W*-L(G)-comodule
isomorphism

(NBB(LA(G)), 3) ~ <(N x5 G) xg(;ﬁ) .

Recall that an L>°(G)-comodule (X, «) is non-degenerate and saturated
(by Lemma 2.3.5). Using the non-degeneracy we will obtain the Takesaki-
duality for the spatial crossed product, i.e.

(X%aG) x5 G~ XRB(L*(Q)),

whereas the saturation of (X, a) yields the corresponding result for the Fu-
bini crossed product, that is

(X x} G) x5 G ~ X@B(L*(Q))

(see Propositions 3.3.2 and 3.3.5 below).
The same ideas can be used to show that an L(G)-comodule (Y,¢) is
non-degenerate if and only if

(Y x5 G) %3G ~ YRB(L*(G)),
whereas (Y, 6) is saturated if and only if
(Y x5 G) xf G~ Y@B(L*(G))

(see Propositions 3.3.3 and 3.3.6).

As a consequence we get two of the main results of this chapter. The
first one (Theorem 3.3.8) states that for a fixed L°°(G)-comodule (X, «)
the equality X x7 G = Xx,G holds if and only if (X x G,@) is non-
degenerate if and only if (X oG, @) is saturated. The second one (Theorem
3.3.10) states that the locally compact group G has the AP if and only if
X %2 G = Xx,G holds for any L>®(G)-comodule (X, a).
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3.3.1 Duality for spatial crossed products

Here we show that Theorem 3.3.1 can be directly generalized for double
spatial crossed products of L*°(G)-comodules and non-degenerate L(G)-
comodules (non-degeneracy is necessary) using similar arguments as in the
case of crossed products of von Neumann algebras. Compare, for example,
the proof of Theorem 3.3.1 presented in [38, Chapter I, Theorems 2.5 and
2.7).

Proposition 3.3.2. Let (X,a) be an L>®(G)-comodule and consider the
map
7: X®@B(L*(G)) — X®B(L*(G))®B(L*(Q@)),

defined by 7 := (idx ® AdVg) o (a ® idpr2(q))). Then, 7 is an L>(G)-

comodule isomorphism from (X®B(L?*(G)),a) onto ((XXaG) x5 G, A),
where 0 = a = (idx ® dg)|x%,c- In addition, © satisfies
T(XXoG) = 0(X X G).

Proof. Suppose that X is a w*-closed subspace of B(H) for some Hilbert
space H and let K := H® L*(G). Since (X, ) is non-degenerate (by Lemma
2.3.5) and

B(L*(G)) = span” {L*(G)L(G)} = span" {L(G)L*(G)}
we have:
XBB(LA(G)) = pan™ { (C1yBL™(G))(ClyBL(G))a(X) (C14BL(G))
(C1la®L™(G))}
= span” {(C1lz®L®(G))(XXaG)(C1g@L>®(G)}.  (3.9)
On the other hand, by the definition of the crossed product, we have:
(XXoG) x5 G = span” {(C1xRL>®(G))6(XXoG)(C1lxkRL®(G)} (3.10)

Since the map 7 is clearly a w*-continuous complete isometry, by the equal-
ities (3.9) and (3.10), in order to prove that 7 is an L°°(G)-comodule iso-
morphism onto (X X,G) x5 G, it suffices to verify the following conditions:

(X X0G) = 0(X X G), (3.11)
T((1® fly) =1®1 f)r(y), for fe€L®(G)andy e X®B(L2((G))a |
3.12

and R
dor=(r®id)oa (3.13)

For any z € X and s,t € G we have:

(12 A)a(@)(1® A)) = (id ® AdVg) (0 @ id)((1© Aa(z) (1 & A)))
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= ({[d®AdVe) (1@ 1@ X)) (a®id)(a(z)(1®1® \))
= (1d®AdVe) (1@ 1@ X)(id ® ag)(a(z) 1@ 1@ X))
=(1eVe)1®1®X)(id® ag)(a(z)(1®@1® M) (1@ VE)
=10Ve) 1212 X)(1@ Vi) (a(z) 1)1 Ve) (11 ) (1@ VE) =
(1SWES)(101@Xs) (10SWeS) (a(z)@1) (10 SWES) (101 (10 SWeS)

= (10SWE) 1A 1) (1@ WeS)(a(z)@1) (10 SWE) (1A ®1) (10 WaS)
=191 2X)(129)(a(z)®1) (1R S) (1N \)(1®S)
= (12X @ Xs)(a(z) @ 1)1 @ N\ @ N\p)
1

= (i[d®66)((1 @ As)a(z)(1 @ Ar))

and thus the equality (3.11) is proved.
On the other hand, for any f,g € L>®(G) and y € X®B(L*(Q)), we
have:

(1@ fly(l®g)) = (id® AdVg) o (e ®id)((1 ® fy(1® g))
=(1d®AdVe)(101® flla®id)(y)(1®1®yg))
=(1eVe)(lele e Vo)r(y)(le Ve)(1eleg)(l1e Ve)

=(lelef)ry)(1oley),

because Vi € L(G)®L>(G) and therefore it commutes with 1® f and 1®g.
Hence we have proved (3.12).
Since (X, ) is non-degenerate, we have

X®B(L*(@)) = span” {(C1p®L®(G))(CLly@L(G))a(X)}.

Thus it remains verify (3.13) for elements of the form y = (1 f)(1®As)a(z),
where f € L*°(G), s € G and z € X. Indeed, we have

a((1® fHl®As)a(x)) = (d® AdUS) o (id® o) [(a ®id)((1 @ fAs)a(x))]
=(Id®@AdUS) o (Id® o) [(1®1® fA)(id @ ag)(a(zx))]
= ([d®AdU;) [(1® fAs®1)(id ® AdUg)(a(z) ® 1)]
=([d®AdULH)(1® fe1)(id® AdUS) (1@ As @ 1)(a(z) ® 1)
= (1®Ba(f)1@ A @1)(a(r)®1)
and therefore we get
(m®id)oa((1® f)(1® As)a(z)) =

= (r@id)(1® fa(f) (1 ©As @ 1)(a(z) @ 1))
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=(1®1®Ba(f)) (r(1® As
=11 (N1 @ As)a(z) ®1)
= (12 1@ Ba(£)I((1 @ A\s)a(x)))
= ([d®id ® Be) (1 @ 1 ® f)i((
= (i[d®id® Be)(1@ 1@ f)m((

=dom((1® f)(1® As)a(z)).

~—
2
8
=
&
—_
~

—_ =

O]

Proposition 3.3.3. Let (Y, ) be an L(G)-comodule and consider the map
7: Y®B(L*(G)) = Y®B(L*(G))®B(L*(Q)),

given by = (idy ® AdW}) o (0 ® idg(z2(qy)). Then, 7 satisfies
(Y x5 G) =8(Y x5 G)
and the following conditions are equivalent:

(i) (Y,9) is non-degenerate;

(ii) The map w is an L(G)-comodule isomorphism from (YRB(L3(QG)),9)
onto the double spatial crossed product ((Y x5 G)xoG, @), where a =
§ = (idy ® Ba)lyxsa-

Proof. Suppose that Y is a w*-closed subspace of B(H) for some Hilbert
space H and put X :=Y x5 G.
We claim that, for any s,t € G, f,g € L*°(G) and y € Y, we have:

(1© o)L @ gps)) = (118 A)a((1® iy (1o g) 1o 1 : As>.)
3.14

In order to prove (3.14), first observe the following:

WA & p WK = Wa(1 @ p ) WWA(1 & f)WR
=1 AN)We(l®p)WE(1 @ A)WAS(f ® 1)SW)
= (1@ A)(1® p)WeWaE(1 @ A)WaSsa(f)SWi
=1 A)(1®p) (1@ ANWASWE(f @ 1)WaSW;
= (1@ MUS(f ®1)Uq
= (1®M)Ba(f)

and similarly Wi (1 ® gps)W5 = Ba(9)(1 ® As). Also, we have

a(6(y)) = (id ® Be)(8(y)) = d(y) © 1.
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Thus we get:
(1@ pef)o(y) (1@ gps)) =

= (1@ Wa)(6@id)((1 @ ptf)d(y)(1 @ gps))(1 @ Wpx)
=(1@Wa)(1A®1®pf)(06®id)(6(y))(1 ® gps)(1 @ WK)
=1 WaA)(1®1®pf)(id®dc)(0(y))(1®1® gps)(1® Wy)
=(1eWa)(1e1@pf)1eWs)(0(y) @ 1)1 We)(l® 1w gps)(1 o Wy)
(1WA 12pf)1eWH1212A)(E(y)@1)(1e10A)(1e Ws)
(1®1®gps)(1® Wy)

=(1@WA)(1®1@pf)(1eWi)(6(y) @1)(1eWi)(lelegps)(le Wy)

=(1®1eA)[(I[d® Be)(1® fo(y)(1®g)](1®1® A)

=121 X)a((1® H)iy)10g9)101® A)

and hence (3.14) is proved. The equality 7(X) = a(X) follows easily from
(3.14).
(i) = (ii): Suppose that (Y, ) is non-degenerate. Since

B(L*(@)) = span* {R(G)L®(G)} = span" {L>(G)R(G)},
we have
Y®B(L*(G)) =span” {(Cly®B(L*(G)))3(Y) (C1y®B(L*(G)))}

=span™ {(1@ pf)3(y)(1 @ gps)) :s,t € G, frg € LP(G), ye Y}
(3.15)
Clearly, the equality 7(Y®B(L?(G))) = Xx4G follows from (3.14) and
(3.15). It remains to prove that 7 is an L(G)-comodule isomorphism from
(YRB(L*(G)),d) onto (Xx,G, @) . Since 7 is completely isometric and
onto X X,G, it suffices to prove that

dom(z) = (r®id)od(x), Vze YRB(LAG)). (3.16)
Since (Y, ) is non-degenerate, we have
Y®B(L*(G)) = span” {(Cly®B(L*(Q)))s(Y)}

and thus we only have to verify (3.16) for z = (1®p:f)d(y), where t € G, f €
L>*(G) and y € Y. Indeed, this follows immediately from the calculations
below:

aom((1®pif)o(y))

a((1@1e X )a((1® f)i(y)))
[(Tel@A)a((1@ f)o(y)] @ M
[(T@1@A)m(1® f)é(y)] @ A
(1@ pef)o(y)) @ Ae

= (m@id)([(1 @ pef)o(y)] © Ar)
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and on the other hand we have

5((1 @ pef)o(y))

(id ® AdWg o) o (6 @id)((1® pif)o(y))

(id® AdWg 0 0) (1 ® 1 ® pif)(id @ 66)(5(y)))
(d® AdWe)(1®@pef @1) [6(y) @ 1]
(
(
[

1@ Walpe @ DYWE) (1@ Wa(f @ HYWE)(S(y) ® 1)
1@p@M)(1® f@1)(iy) ®1)
(1@ pef)o(y)] @ A

(ii) = (i): Recall that (X x,G, @) is non-degenerate for any L*°(G)-
comodule (X, a) by Corollary 3.1.9. Therefore, ((Y'x5G)xoG, @) is always

non-degenerate and since it is isomorphic to (Y®B(L?*(G)),4) (by assump-
tion), it follows that (Y®B(L?(G)),d) is non-degenerate too. That is:

Y®B(L*(G))®B(L*(G)) = span” {No(Y®B(L*(G)))N},

where N := CIH@Cle(G)@B(LQ(G)). Also put M = Cly®B(L?*(G))
®B(L?(G)). Thus, we get:

Y®B(L*(G))®B(L*(G)) =
= span” {N(1y ® WeS)(0 ® idp(r2(ay) (YOB(LA(G)))(1y © SWE)N}
C span™ {M(6(Y)®B(L*(G))) M}
C (spﬁw*{(C1H®B(L2(G)))5(Y>(CII@B(LQ(G)))}) ®B(L*(G))
and therefore
Y®B(L*(G)) = span" {(Clg®B(L*(G)))8(Y)(Cla@B(L*(G)))},

which means that (Y, J) is non-degenerate (by Corollary 2.3.8). O

3.3.2 Duality for Fubini crossed products

As already mentioned, Fubini crossed products were first considered by
Hamana [19, Definition 5.4] for comodule actions of L>°(G) on complete op-
erator spaces (not necessarily dual operator spaces). That is, in Hamana’s
context an L*(G)-comodule is a norm closed subspace of B(H) for some
Hilbert space H with a complete isometry a: X — X®zL>(G) satisfying

(a®id)oa = (ld® ag) o a.

Since at least one factor is w*-closed, Fubini tensor products and tensor
product maps are still well behaved in this context (see [19, Section 1]).
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Moreover, Hamana proved (see [19, Proposition 5.7]) that, for a pair
(X, @) as above, (X x% G) xZ G is canonically completely isometrically iso-
morphic to X®@zB(L?(G)) if and only if X is G-complete (see [19, Definition
5.5]).

On the other hand, it is not hard to see that an L°°(G)-comodule is
G-complete in the sense of Hamana ([19, Definition 5.5]) if and only if X
is saturated. In our context, all L°°(G)-comodules are assumed to be dual
operator spaces with w*-continuous comodule actions and thus they are
saturated (i.e. G-complete) by Lemma 2.3.5. Therefore, Proposition 3.3.5
below is an immediate consequence of [19, Proposition 5.7] and Lemma 2.3.5.
However, we have included a full proof of Proposition 3.3.5 for the sake of
completeness.

Also, using the same idea in the case of L(G)-comodules, we get Propo-
sition 3.3.6.

Remark 3.3.4. Let (M, A) be a Hopf-von Neumann algebra with M acting
on a Hilbert space K. If Zj is an M-subcomodule of an M-comodule (Z, 3),
then clearly we have

Sat(Zo, B|z,) = (Zo®@rM) NSat(Z, B) = (Zo®B(K)) N Sat(Z, B).

The first equality follows from Definition 2.2.4 and the fact that Zj is a
subcomodule of Z, whereas the second one holds since Sat(Z, 5) C Z® M
and Zo@rM = (Zo@B(K)) N (Z&xrM).
If, in addition, Z is saturated, then Zy will be saturated if and only if
B(Zy) = (Zo®@xrM) N B(Z) or, equivalently, 8(Zy) = (Zo®@B(K)) N B(Z).
Hence, for any L*(G)-subcomodule Xy of an L*°(G)-comodule (X, av),
we have

a(Xo) = (Xo@B(L*(G))) Na(X),

because all L*°(G)-comodules are saturated (see Lemma 2.3.5).

On the other hand, an L(G)-comodule may fail to be saturated, e.g. if
G fails the AP (see Proposition 2.3.14). However, it is known that every
W*-L(G)-comodule is saturated (see e.g. [50, Proposition II.1.1]). Thus, if
Y is an L(G)-subcomodule of a W*-L(G)-comodule (NN, §), then Y will be
saturated if and only if

(YY) = (Y®rL(G))NI(N)

or, equivalently,
5(Y) = (Y®B(L*(G))) N §(N).

Proposition 3.3.5 (Hamana [19]). Let (X, ) be an L*°(G)-comodule and
let
7: X®B(L*(G)) — X®B(L*(G))®B(L*(G))
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be the map 7 = (idx ® AdVg) o (a ® idp(r2(q))). Then, 7 is an L=(G)-

comodule isomorphism from (X®B(L*(Q)),a) onto ((X xL G) x5 G, 0),
where § = a = (idx ® 0¢)|xwrq- In addition, m satisfies

(X x[ G) =0 (X %] G).

Proof. By Remark 2.1.3 and Remark 2.2.6 we may assume that (X, «) is
an L% (G)-subcomodule of some W*-L>°(G)-comodule M, i.e. M is a von
Neumann algebra such that X is a w*-closed subspace of M and « extends
to a W*-L*°(G)-action on M, which we still denote by « for simplicity.
Also, the map 7 extends to the map (idy ® AdVg) o (o ® idg(12(a))) Which

gives the L*°(G)-comodule isomorphism between ((M Xo G) Xg G, é) and
(M®RB(L?(Q)),a). It follows that 7 is an L>°(G)-comodule monomorphism
from (X®B(L*(G)),d) into (X®B(L*(G))®B(L*(G)), idx ® idp(r2(q)) ®

Ba)-
Thus it suffices to show that 7 maps X®B(L?(G)) onto (X %7 G) xsG.
First observe that

=
h
/—S
8

and thus
(X % G)BB(LX(C)) = [(XBBLA(G))) N (M %0 O)] BBL*(C))

= (X®B(L*(G))®B(L*(G))) N [(M x, G)®B(L*(Q))] .

From the above equality and since 7(M®@B(L?(G))) = (M x, G) x5 G (by
Theorem 3.3.1) we get:

3)

Therefore, the equality
T (X®B(L*(G))) = (X x] G) x5 G
is equivalent to

* (XBB(LA(G))) = (XBB(LA(G)EB(LXG))) N (M®B<L2<G>>() -
3.17
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Since
7 (XBB(L(G))) = (1@ Va)(a(X)EBLAG))(1 & V)

and
r (MEB(LA(G)) = (1® Vo) (a(MTBLAG) (1 @ V),

the equality (3.17) is equivalent to

or equivalently,
a(X) = (X®B(L*(Q))) Na(M),

which is true by Remark 3.3.4.
For the last statement, note that since 7 is a comodule isomorphism it
maps the fixed point subspace X x7 G = (X®@B(L*(G)))% onto the fixed

point subspace ((X x7 G) x5 G)? = Sat(X x G,a) = a(X x G) (recall
Proposition 3.2.7 and Corollary 3.1.9). O

Proposition 3.3.6. Let (Y, ) be an L(G)-comodule and consider the map
7: Y®B(L*(G)) — Y®B(L*(G))®B(L*(G))

given by m = (idy ® AdWy) o (§ @ idp(r2(q))). Then, the following are
equivalent:

(i) (Y,0) is saturated;

(ii) The map 7 is an L(G)-comodule isomorphism from (Y®@B(L3(QG)),0)
onto the double Fubini crossed product ((Y x5 G) x? G, @), where
a =6 =(idy ® Ba)lyx,c-

Proof. By Remark 2.1.3 and Remark 2.2.6 we may assume that (Y,J) is an
L(G)-subcomodule of some W*-L(G)-comodule N, i.e. N is a von Neumann
algebra such that Y is a w*-closed subspace of N and ¢ extends to a W*-
L(G)-action on N, which we still denote by ¢ for simplicity. Also, the map
7 extends to the map (idy ® AdWy) o (§ ®idp(z2(¢))) which gives the L(G)-

comodule isomorphism between ((N x5 G) x5 G, g) and (N®B(L3(@)),0)

(see Theorem 3.3.1). It follows that 7 is an L(G)-comodule monomorphism
from (Y®B(L*(G)),6) into (YRB(L*(G))®B(L*(G)), idy ® idp(2(q)) ®
da).
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Thus it suffices to show that 7 maps Y®B(L?(G)) onto (Y x5 G) xL G
if and only if (Y, 4) is saturated.
First observe that

Y 15 G = (YBB(LA(Q)))

— (YBB(LA(G))) N (NEB(L2(@)))’°

= (Y®B(L*(G))) N (N x5 G)
and thus
Y x5 G)®B(L*(G)) =
= [(Y®B(L*(G®))) N (N x5 G)] ®B(L*(G))
= (Y®B(L*(G)®B(L*(G))) N [(N x5 G)@B(L*(G))] .
From the above equality and Theorem 3.3.1 we get:

~~

(Y x5 @) %I G = (Y x5 Q) BB(LA(G)))"

= (YEB(LX(G)EB(LX(G))) N [(N x, G) BBLA(G))]
= (Y®B(L*(G))®B(L*(G))) N [(N x5 G) x5 G]
= (Y®B(L*(G))®B(L*(@))) N7 (N®B(L*(Q))) .
Therefore, the equality
T (Y®B(L*(G))) = (Y x5 G) x. G
is equivalent to
T (Y®B(L*(G))) = (Y®B(L*(G))®B(L*(G))) N (N®B(L*(G))) .

(3.18)
Since

T (YR®B(L*(G))) = (1© Wa)(6(Y)®B(L*(G)))(1 ® W)
and

7 (NEB(LX(G))) = (1@ W)(S(NJEB(LX(G)))(1 © W3),
the equality (3.18) is equivalent to

J(Y)BB(L*(G)) =
— [YEW; (BUAG)PB(IXG)) W] N (B(NEB(LA(G)))
= (Y®B(L*(G))®B(L*(G))) N (§(N)®B(L*(G)))
= [(Y®B(LX(G)) N 6(N)]| ®B(L*(G)),

W
N

or equivalently,
§(Y) = (Y®B(L*(G))) N3(N),

which, by Remark 3.3.4, is true if and only if (Y, J) is saturated. O
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3.3.3 Applications of duality theory

The next simple corollary essentially states that, for an L°°(G)-comodule
(X, a), the saturation space of the spatial crossed product X x,G is isomor-
phic to the Fubini crossed product X x7 G.

Corollary 3.3.7. For any L*>(G)-comodule (X, ) we have:
(i) (X L G) x5 G = (Xx,G) x5 G;
(ii) Sat(XxaG,a) = Sat (X x] G,a) =a (X x] G);
(iii) X xF G ={y e X®B(L*(Q)): A(G) -y C Xx,G},
where u -y = (idxgpr2(a) ® w(dx ® éc)(y) for u € A(G) and
y € X®B(L*(Q)).
(iv) Xx,G =span” {A(G) - (X xZ G)}.

Proof. Statement (i) is an obvious consequence of Propositions 3.3.2 and
3.3.5.
For statement (ii), we have

Sat (XK@, a) = (XHaG) x5 G)°

23]

= ((X N‘gj G) Xa G)
= Sat(X % G, q)
=a (X %} G),

where both the first and the third equalities follow from Proposition 3.2.7,

the second equality follows from statement (i) and the fourth equality holds

because (X x7 G,a) is a saturated L(G)-comodule by Corollary 3.1.9.

In order to show (iii), observe that an element y € X®B(L?(G)) satisfies
u-y € XxoG for all u € A(G) if and only if
(dxzBr2(q) @ w)((idx ®dc)(y)) € XXoG
for all u € A(G). This is equivalent to
(idx ® 6¢)(y) € (XXaG)RFL(G)) Na(XDB(L*(G))) = Sat(X oG, a) =
=a(X x} G) = (idx ® 6¢)(X %7 G),

which in turn is equivalent to y € X x7 G, because idx ® d¢g is injective.
Hence (iii) is proved.

Finally, from (iii) it follows that A(G) - (X xJ G) € X%,G and thus
span” {A(G) - (X xL G)} € X%,G. On the other hand, since Xx,G is a
non-degenerate L(G)-comodule (see Corollary 3.1.9), by Proposition 2.2.3,
we get

X,G =span” {A(Q) - (XX,G)} Cspan” {A(G) - (X xI @)}
and thus (iv) holds. O



74 CHAPTER 3. CROSSED PRODUCTS

Theorem 3.3.8. Let (X,«a) be an L*™(G)-comodule. Then, X x,G is the
largest non-degenerate L(G)-subcomodule of (X x7 G,Q). Also, X x7 G is
the smallest saturated L(G)-subcomodule of (X®@B(L*(G)),idy ® dg) con-
taining X XoG. In particular, the following conditions are equivalent:

(a) X xL G = X%,G;
(b) (X x7 G,Q) is a non-degenerate L(G)-comodule;
(c) (XxaG,Q) is a saturated L(G)-comodule.

Proof. Recall that (Xx,G,a) is non-degenerate and (X x% G, Q) is satu-
rated by Corollary 3.1.9.

Let Y be an L(G)-subcomodule of (X®@B(L*(G)),idx ® dc).

If Y is non-degenerate and Y C X xZ G, then by Corollaries 2.3.8 and
3.3.7 we have

Y =span” {A(G) Y} Cspan” {A(G) - (X x) @)} = Xx,G.

On the other hand, if Y is saturated and X x,G C Y, then again Corol-
lary 3.3.7 yields that

a(X x Q) = Sat(X%,G,a) C Sat(Y,idx ® dg) = (idx ® 6g)(Y)

that is (idx ® 6¢)(X %L G) C (idx ® §¢)(Y) and therefore X xZ G C Y.
Thus the first statement of the theorem is proved and so the equivalence
of conditions (a), (b) and (c) is obvious. O

Lemma 3.3.9. (i) For any L(G)-comodule (Y,0), the saturation space
(Sat(Y,0),idy ® d¢) is a saturated L(G)-comodule;

(ii) If every saturated L(G)-comodule is non-degenerate, then G has the
AP.

Proof. (i) Take an L(G)-comodule (Y, 0) and suppose that Y is a w*-closed
subspace of B(K) for some Hilbert space K. Since (Y, ) ~ (§(Y),idy ® dg)
(see Remark 2.1.3), it follows that

(Sat(Y,0),idy ® dg) ~ (Sat (6(Y),idy ® d¢) ,idsyy ® da)

(by Remark 2.2.6) and thus (again by Remark 2.2.6) it suffices to prove that
(Sat (6(Y),idy ® dg) ,ids(y) ® d¢) is saturated. Indeed, by Remark 3.3.4,

we have:
Sat (6(Y),idy ® dg) = (idB(K) ® 0c)(B(K)®L(G)) N (0(Y)RrL(G)).

Now, observe that (idpx) ® dc)(B(K)®L(G)) is a W*-L(G)-subcomodule
of (B(K)®L(G)®L(G),idp(k) ® idrq) @ dc), hence it is saturated. Also,
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since (L(G),d¢) is saturated (as a W*-L(G)-comodule), §(Y)@xL(G) is a
saturated L(G)-subcomodule of (B(K)®L(G)RL(G),idpxyzLq) @ 6¢) by
Lemma 2.2.10. Therefore, the desired conclusion follows from the fact that
the intersection of saturated subcomodules is clearly saturated too.

(ii) If every saturated L(G)-comodule is non-degenerate, then from (i)
it follows that, for any L(G)-comodule (Y,0), (Sat(Y,d),idy ® dg) is non-
degenerate and thus (Y, d) is non-degenerate by Proposition 2.2.5 (iii). Hence
every L(G)-comodule will be non-degenerate which means that G has the
AP (see Proposition 2.3.14). O

We are now in position to prove the following functorial characterization
of locally compact groups with the approximation property (Theorem 3.3.10)
in terms of the crossed product functors. This result along with Proposition
2.3.14 complement recent work of Crann and Neufang [12, Theorem 4.1 and
Corollary 4.8].

Theorem 3.3.10. For a locally compact group G the following conditions
are equivalent:

(i) G has the AP;
(i) (Y x5 G) Ngf G = (Y x5 G)x5G, for any L(G)-comodule (Y, 6);

(i) X xF G = Xx,G, for any L>®(G)-comodule (X, a);

(iv) (Y x5QG) ng, 5\) ~ (Y®B(L3(Q)),0) for any L(G)-comodule (Y,6);

(v) (Y x5 G)x3G, 25\) ~ (Y®B(L3(Q®)),0) for any L(G)-comodule (Y,5),
where the isomorphism in both (iv) and (v) is (idy ® AWy )o(0®idg(12(qy))-

Proof. The implication (iii) = (ii) is obvious and the implication (i) =
(iii) is a direct consequence of Proposition 2.3.14 and Theorem 3.3.8. Also,
the equivalences (i) <= (iv) <= (v) follow immediately from Propositions
2.3.14, 3.3.3 and 3.3.6. Therefore, it suffices to prove that (ii) implies (i).

Assume that condition (ii) is satisfied. Then, every saturated L(G)-
comodule is non-degenerate. Indeed, if (Y, ¢) is a saturated L(G)-comodule,
then Proposition 3.3.6 yields that

(Y x5 G)35G = (Y x5 G) xf G = n(YBB(L*(G))),

where 7 = (idy ® AdWj) o (6 ®idg(z2())) and thus (Y, d) is non-degenerate
by Proposition 3.3.3.

Therefore, condition (ii) implies that all saturated L(G)-comodules are
non-degenerate and thus G has the AP by Lemma 3.3.9 (ii). O
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Chapter 4

Applications to Harmonic
Analysis

In this chapter we investigate the relation between crossed products of dual
operator spaces and the jointly harmonic operators defined by Anoussis,

Katavolos and Todorov in [5, (] as a natural generalization of the harmonic
operators introduced in [25] by Jaworski and Neufang and in [11] by Neufang
and Runde.

Let p be a probability measure on G. A function f € L*°(G) is called
p-harmonic if it is a fixed point of the map P,: L*°(G) — L*°(G) given by

(Buf)(s) = /G £(st) du(t). (4.1)

That is, a function f € L>(G) is p-harmonic if P, f = f.

Harmonic functions have played an important role in the study of random
walks on discrete groups and in harmonic analysis of locally compact groups
(see [17]). The non commutative analogue (quantization) of this concept
can be obtained either by passing from functions to operators, i.e. from
elements of L>°(G) to elements of B(L?(G)) (see [25, 42]), or by replacing
L>®°(G) with L(G) (see [10, 11]).

4.1 Representations of M(G) and M4,A(G)

Before we proceed in describing (jointly) harmonic operators and their con-
nection to crossed products, it is important to understand how the action
of a measure y on L>®(G) via the map P, can be extended to B(L*(G)).
Let M(G) be the measure algebra of G, that is the set of regular complex
Borel measures on GG. This is a Banach algebra with respect to the product
given by the usual convolution of measures. Recall that, for u,v € M(G),

7
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the convolution p * v is the element in M (G) satisfying

| r@) dsni@) = [ ) dut) avte

for every bounded Borel function f on G. As usual, we identify L'(G) with
the ideal of M(G) consisting of all absolutely continuous measures with
respect to the Haar measure. For more details on M (G) see e.g. [9, Section
9.4].

Also, M (G) has a natural dual operator space structure since it is isomet-
rically isomorphic to Cy(G)* (by the Riesz-Markov-Kakutani representation
theorem).

There exists a w*-w*-continuous completely isometric representation

©: M(G) = CB,(B(L*G))),
with

o) (T) = /GAdpS(T) dv(s), veM(G), T € B(L*Q)),

the integral being understood in the w*-topology.

Observe that, for every pu € M(G), the map ©(u) is a w*-continuous
L(G)-bimodule map on B(L?(G)) mapping L>(G) onto itself (since L°°(G)
is translation invariant). In fact, for any f € L>°(G), we have

o) (/) = /G £(st) du(t)

and thus O(u) extends the map P, by (4.1). For more details on the repre-
sentation © the reader is referred to [18], [10], [12] and [15].

On the other hand, M., A(G) has also a natural operator space structure
via the identification u € M43A(G) — M, € CB(L(G)) (recall Definition
2.3.10). Again, there is a w*-w*-continuous representation [12, Theorem
4.3]

@: MpA(G) — CBU(B(L2(G))),

such that for any u € M A(G), s € G and f € L*°(G) we have

O(u)(Asf) = u(s)As f

and each O (u) is a completely bounded w*-continuous L>(G)-bimodule map
on B(L?(G)) extending the completely bounded multiplier M,: L(G) —
L(G).

Note that © is the non commutative analogue of © since if G is an abelian
group with dual group G, then A(G) ~ LY(G) and M4 A(G) ~ M(G).
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4.2 Harmonic operators

For p € M(G) (not necessarily a probability measure) let H(u) be the space
of p-harmonic functions, i.e.

H(p) :={f € L7(G) : Pu(f) = [}

Since P, is the restriction of the map ©(u) on L*°(G), Jaworski and
Neufang [25] defined the u-harmonic operators as the space

H(w) == {T € B(L*(@)) : O(u)(T) =T}

thus extending the notion of harmonicity in a non commutative setting.

Also, Jaworski and Neufang [25, Proposition 6.3] proved that H(u) can
be realized as a crossed product (generalizing work of Izumi for discrete
countable groups [21]). More precisely, they proved that if G is second count-
able and y is a probability measure, then H(x) and H(u) admit a certain von
Neumann algebra product, generally different from that of B(L*(G)), such
that H(u) is the crossed product of H(u) by the left translation action of
G. Note that H(p) is indeed a left translation invariant subspace of L*°(G)
since it is the set of fixed points of the w*-continuous L(G)-bimodule map
P,.
On the other hand, Chu and Lau [10], replacing L>*(G) with L(G)
and probability measures with normalized positive definite functions in the
Fourier-Stieltjes algebra B(G) (see [15] for more details on B(G)), intro-
duced and studied another non commutative analogue of harmonicity. In
particular, for a normalized positive definite function o € B(G) they defined
the o-harmonic operators in L(G) as the space

Ho ={T € L(G): 0-T=T},

where o - T is the operator in L(G) ~ A(G)* defined by (o - T,u) = (T, uc)
for all u € A(G) (note that A(G) is an ideal in B(G) [15] and thus A(G)o C
A(G)). They proved that H, is a von Neumann subalgebra of L(G) ([10,
Proposition 3.2.10]).

Note that H, is indeed the non commutative analogue of H(u) since,
if G is abelian with dual group @, then there are isometric isomorphisms
L(G) ~ L”((A?) and M4A(G) = B(G) ~ M((A?) (implemented respectively
by the Fourier and Fourier-Stieltjes transforms).

The definition of H, obviously makes sense for any o € M4 A(G) since
A(G) is an ideal of M A(G). Moreover, since M, is the adjoint of the map
u+ ou on A(G), for any T € L(G), u € A(G) and 0 € M4 A(G), we have

(0 - T,u) = (T,uo) = (My(T),u) = (B(0)(T), u),

i.e. o-T = O(c)(T) and thus the M, A(G)-module action on L(G) extends to
the whole of B(L?(G)) via the representation © of M4A(G) on B(L?(Q)).
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This led Neufang and Runde [11] to define the o-harmonic operators in
B(L*(G) by ~
H, :={T € B(L*(G)): ©(o)(T) =T}.

They also proved that, under certain hypotheses, ﬁg is the von Neumann
algebra generated by L*°(G) and H, (see [11, Theorem 4.8]). That is the
analogue of the result of Jaworski and Neufang.

It should be noted that all of the above have been extended and unified
in the locally compact quantum group setting by Junge, Neufang and Ruan
in [26] and by Kalantar, Neufang and Ruan in [27].

On the other hand, Anoussis, Katavolos and Todorov [5, (] have also
extended the concept of harmonic operators, but towards a different direc-
tion. More precisely, instead of considering harmonic operators with respect
to a single element in M(G) or M A(G), they studied operators which are
harmonic with respect to any element of an arbitrary subset of M(G) or
My A(G).

For an arbitrary family A C M(G) (not necessarily consisting of proba-
bility measures), we have the jointly A-harmonic functions

H(A):={f € L>®(G): O(u)(f)=fforall pe A}
and the jointly A-harmonic operators
H(A) := {T € B(L*(G)): O(u)(T) =T for all y € A}.

Similarly, for a family X' C M4A(G), they define the jointly X-harmonic
functionals

Hy :={T € L(G) : O(c)(T) =T for all o € X}
and the jointly X’-harmonic operators
Hy = {T € B(L*(Q)): O(0)(T)=T for all o € X}.

Note that jointly harmonic operators with respect to arbitrary subsets
of M(G) or M A(G) may not admit a von Neumann algebra structure.
Let us fix some additional notation. For a subset U C B(L*(G)) we let

Bimpeo(g)(U) := span" {zTy: x,y € L®(G), T € U}
and
Bimy,q)(U) :=span" {zTy: z,y € L(G), T € U},

i.e. the w*-closed sub-bimodules of B(L?(G)) over respectively L>(G) and
L(G) generated by U. N

It was proved by Anoussis, Katavolos and Todorov in [5] that Hy =
Bimpeo(g)(Hy) for any family X' C M A(G) at least in the case where G
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is a locally compact second countable group thus generalizing the result of
Neufang and Runde [11, Theorem 4.8].

Similarly, in [6], for a locally compact group G (not necessarily second
countable), the authors showed that H(A) = Bimp,)(H(A)) for any fam-
ily A € M(G), when G is either abelian or compact or weakly amenable
discrete. This was recently generalized by Crann and Neufang [12] for any
locally compact group with the AP.

In the sequel, we will prove that, for any locally compact group G and
arbitrary families A C M(G) and ¥ C M4 A(G), the spaces H(A) and Hy
respectively arise as Fubini crossed products of the dual operator spaces
H(A) and Hyx;, whereas the associated spatial crossed products of H(A) and
Hsx can be respectively identified with the bimodules Bimp, ) (#H(4)) and
Bimye(q) (Hyx). This provides a more conceptual perspective of jointly har-
monic operators, which could possibly be extended to the setting of locally
compact quantum groups. The advantage of this approach is that the re-
alization of jointly harmonic operators as Fubini crossed products does not
require the use of a von Neumann algebra product (perhaps different from
that on B(L?(G))) or imposing some additional condition on the group G.

As applications, we generalize the aforementioned results of [5] and [12].
In particular, we give an alternative (less technical) proof of the equality
H » = Bimy (g (Hyx), removing the assumption that G is second countable.

Also, we show that the equality #(A) = Bim (@) (H(A)) holds for any family
A C M(G) at least when G satisfies a condition a priori weaker than the
AP.

Finally, we prove that, for a locally compact group G, the equality
BimLoo(G)(JL) N L(G) = J* holds for any closed ideal J of A(G) if and
only if G has Ditkin’s property at infinity [28, Remark 5.1.8 (2)] thus an-
swering to a question raised by the authors in [1] (see [, Question 4.8]).

4.3 Crossed products and harmonic operators
For subsets A C M(G) and B C M4A(G) we let
kerO(A) := ﬂ{ker Oa): ac A}

and similarly

ker O(B) := [ {ker O(b) : be B}.
Also, for families A C M(G) and X' C M4 A(G) let

J(A) :=spanihx i —h: he LX(G), pe A} H@

and

I-llace

Jyx :=span{uc —u: u € A(G), o € X}
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Then, clearly, J(A) is a closed left ideal in L!(G) and Jy; is a closed ideal
in A(G), such that

H(A) = J(A)F and Hy = J5,

H(A) = ker O(J(A)) and Hy = ker O(Jx).

Therefore, the study of jointly harmonic operators leads naturally to the
study of ideals of L'(G) and A(G) and their annihilators respectively in
L>*(G) and L(G). For this reason, let us begin with a short discussion on
ideals and annihilators.

Suppose that (M,A) is a Hopf-von Neumann algebra and recall that
its predual M, has a natural Banach algebra structure with respect to the
product given by the preadjoint of A, that is

wgf):(w@qﬁ)OA, Cd,(bGM*

Note that a closed subspace I of M, is a right ideal of M, if and only if
its annihilator in M, i.e. the space

It*={zeM: (z,w)=0, Ywe I},
is an M-subcomodule of (M,A), that is A1) C I"®zM. Indeed, by

the definition of Fubini tensor product, the inclusion A(I+) C I*®£M is
equivalent to

(id @ w)(A(z)) € I+ forall z € I, w e M,,
equivalently
(z,pw) = ([d @ w)(A(z)),¢) =0 forallz eIt we M, ¢el,

which, by the Hahn-Banach theorem, is equivalent to ¢w € I for all w € M,
and ¢ € 1.

Similarly, a w*-closed subspace X of M is an M-subcomodule of M if
and only if its preannihilator in M,, i.e. the space

X, ={weM,: (z,w) =0, Vo € X},
is a right ideal of M,. Thus the M-subcomodules of a Hopf-von Neumann

algebra M are in a one to one correspondence with the right ideals of M,
by taking annihilators and preannihilators.
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4.3.1 Ideals of A(G) and Hs

Let J be a closed ideal of the Fourier algebra A(G) and let J* be its an-
nihilator in L(G). As we already explained, J* is an L(G)-subcomodule of
(L(G),d¢g), that is 6g(J*) € JL®#L(G). In fact, every L(G)-subcomodule
of (L(G),d¢q) arises in this way by taking its preannihilator in A(G).

According to the next result (Proposition 4.3.1), for any closed ideal
J of A(G), the spaces BimLoo(G’)(JJ_> and ker ©(.J) coincide since they are
both canonically isomorphic to the crossed product J+ xg. G of the L(G)-
comodule (J*,g). Thus we obtain an alternative proof of [/, Theorem 3.2]
as well as [5, Corollary 2.12], which is less technical and does not rely on
the second countability of G.

Proposition 4.3.1. The w*-continuous *-monomorphism
®: B(L*(G)) — B(L*(G))®B(L*(G))

defined by

O(T) = SWE(T © 1)WeS, T € B(L*(Q)), (4.2)
is an L°°(G)-comodule isomorphism from (B(L*(G)), Ba) onto (L(G) X,
G,0q). Also, if J is a closed ideal of A(G), then

®(Bimpo(q)(J5)) = J s, G
and R
D(ker O(J)) = J* xi. G.
Therefore, Bim 0o () (J+) = ker o(J).
Proof. First note that
B(\s) = SWE, @ DIWeS = S @ As)S = Ay @ As = 6 (As),

for any s € G.
Also, since 6g(f) = f® 1 for any f € L>®(G) we get:

O(f) =SWa(f@)WeS =5(f®1)S =11 f,

for all f € L*(G).

From the above calculations it is obvious that ®(Bimpeg)(J5)) =
Jt s, G. Also, ®(B(L*(G))) = L(G) x5, G, because B(L%(G)) is the w*-
closed linear span of L>°(G)L(G).

Since B(L*(G)) = span™ {L>=(G)L(G)}, in order to prove that ® is an
L*°(G)-comodule isomorphism with respect to the L°°(G)-actions Bg and
idp(r2(q)) @ Be it suffices to verify the equality

(idp(r2(q)) ® Ba) o ®(z) = (® ®idp=(q)) © Ba(z)
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for x = As, s € G, and for x = f € L*°(G). Indeed, for s € G and
f € L™®(G), we have:

(idp(r2(q)) ® Ba) o ®(As) = (idp(r2(a)) @ Ba)(As @ As)
=X A®1
—o(\) @1
— (B 2id) (A @ 1)
= (P ®id)(Ba(As))

On the other hand, since ®(g) = 1 ® g for all g € L*°(G) it follows that
(P®id)(y) = 1@y for any y € L>®°(G)RL>*(G). Therefore, when f € L>®(G)
we get:

(idp(r2(q)) ® Ba) o ©(f) = (idprL2(a)) ® Ba)(1 ® f)
=1® fBa(f)
= (® ®id e () (Ba(f)),

because Sa(f) € L*°(G)RL>*(G).

It remains to show that ®(ker O(J)) = J+ Kafc G. To this end, one first
observes the following:

O(u) = (u®idp2(gy) o ®, for all u € A(G). (4.3)
Indeed, if s € G and f € L>®(G), then we have:

O(u)(fAs) = uls)fAs

and hence (4.3) follows because B(L?(G)) = span" {L®(G)L(G)}.



4.3. CROSSED PRODUCTS AND HARMONIC OPERATORS 85

Next, we get:

JEwT G = (JL®B<L2(G)))5G
= (L(G)®B(LXG )))‘5Gm(JL®B(L2(G)))

= (L(G) x5, G) N (JRB(L ))

—{T e ®(BIX@)): (dow)(T) e J*, Yw e BLX(G)). |

={T € (B(L*(@))) : ((i[d®@w)(T),u) =0, Yw € B(L*(G))s, Yu € J}
={T € ®(B(L*(Q))): {(u®id)(T),w) =0, Yw € B(L*(G))s, Yu € J}
={T € ®(B(L*(@))): (u®id)(T)=0, Yue J}

= ®(ker 6(J)),

where the last equality follows from (4.3). Thus J* |><th G = O(ker O(J)).
Finally, since J=+ I><5]:G G = J+%;.G (by Theorem 3.2.10), it follows that
Bim o () (J ) = ker O(J). O

The next corollary follows immediately from Proposition 4.3.1.

Corollary 4.3.2. For any family X C M4A(G) we have that Hy is an
L(G)-subcomodule of L(G) and

ﬁg = BimLoo(G’)(HE) ~ Hy X5, G.

Corollary 4.3.3. For any closed ideal J of A(G) the following are equiva-
lent:

(i) (J*,6c) is a saturated L(G)-comodule;

(it) L(G) N Bimpe(g)(J) = J*.
Proof. Let J be a closed ideal of A(G). By Proposition 4.3.1 we get that
(Bim oo () (J 1), Bg) is an L>(G)-comodule, which is isomorphic to the
L>®(G)-comodule (J* x;, G, 6/5) via the isomorphism ® (4.2). Therefore,
® maps the fixed point subspace (BimLoo(G)(JL))BG onto (J* X, G)JG =
Sat(J+, ) (see Proposition 3.2.7 and Theorem 3.2.10). Also,

(Bimpo (g (J1))P¢ = B(L*(G))"¢ N Bimpoo(gy(J75)
= L(G) N Bimpee()(J )
therefore ®(L(G) N BimLoo(G)(JL)) = Sat(J*,6¢g). Since J* C L(G), we

have ®(J+) = §g(J+) and thus (J+, dg) will be a saturated L(G)-comodule
if and only if L(G) N Bimyeo g (J5) = J*. O
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In [1] Anoussis, Katavolos and Todorov proved that if A(G) admits an
approximate unit (not necessarily bounded), then

L(G) NBimpe(g)(J*1) = J*

for any closed ideal J of A(G) [{, Lemma 4.5]. They asked whether the
same conclusion holds for an arbitrary group G. Clearly, from Corollary
4.3.3, this question is equivalent to asking whether every L(G)-subcomodule
of (L(G),d¢) is saturated. Using this point of view, we prove below (Propo-
sition 4.3.5) that a condition which is a priori weaker than the existence of a
(possibly unbounded) approximate unit in A(G) is necessary and sufficient.
This improves |1, Lemma 4.5].

Definition 4.3.4. Let G be a locally compact group. Following [28, Remark
5.1.8 (2)], we say that G has Ditkin’s property at infinity (or property Do),
if

we AGQ" vue A@G).
Also, following [15], we say that an element x € L(G) satisfies condition (H)
if

*

zeAG) -z
Although the equivalence between statements (a) to (c) in the next result
is already known (see e.g. [15]), we have included its proof for the sake of
completeness.

Proposition 4.3.5. Let G be a locally compact group. Then, the following
conditions are equivalent:

(a) G has property De.

(b) Every x € L(G) satisfies condition (H).

(¢) For any x € L(G) and h € A(G), if h-x =0, then (z, h) =0.

(d) For any L(G)-subcomodule Y of (L(G),dq) and any x € L(G) we have

da(z) e YRFL(G) <= z €Y.

(e) Every L(G)-subcomodule of (L(G),dq) is saturated.
(f) Every L(G)-subcomodule of (L(G),dq) is non-degenerate.
(9) For every closed ideal J of A(G), we have L(G)mBimLoo(G)(JL) =Jt

Proof. (b) = (a): Suppose that every element in L(G) satisfies condition

(H) and that there exists u € A(G), such that u ¢ A(G)uH'H. Then, there

exists x € L(G), such that (z,u) # 0 and (x,vu) = 0, for all v € A(G). This
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means that (v-z,u) = 0, for all v € A(G) and since x satisfies condition (H)
it is implied that (z,u) = 0, a contradiction.

(¢) = (b): Suppose that for any x € L(G) and h € A(G), h -z =
0 implies that (xr, h) = 0. If there exists an x € L(G), such that = ¢
A(G) - :EW*, then there must be an h € A(G), such that (z, h) # 0 and
(u-z, h) =0, for any u € A(G). But (u-z,h) = (z, hu) = (z,uh) = (h-z,u),
therefore we get that (h-z,u) = 0, for all u € A(G) and thus h-z = 0, which
implies that (x,h) = 0, by hypothesis. Hence, we have a contradiction.

(a) = (c): Assume that G has D, and there exist z € L(G) and
h € A(G), such that h-z = 0 and (z,h) # 0. Then, (h-z,u) = 0, for all
u € A(G), that is (x,uh) = 0, for all u € A(G). But, since G has D,
we have that there is a net (u;) in A(G), such that u;h — h. Therefore,
(x,h) = lim(z,u;h) = 0, which is a contradiction.

() = (d): Let Y be an L(G)-subcomodule of (L(G),dq) and let = €
L(G), with d¢(z) € Y®rL(G). Then, by the co-associativity of dc, we have
that (0¢ ®@idrq))(dc(z)) = (idy ® dg)(dg(x)). Thus, dg(x) € Sat(Y,dg) =
0c(Y), since Y is saturated. Therefore, € Y, because d¢ is isometric.

(d) = (b): Take an z € L(G) and put Y := A(G) - z Then, Y is
clearly a subcomodule of (L(G),d¢) (because it is an A(G)-submodule) and
dcg(z) € YRrL(G). Indeed, if not, then there must be h, u € A(G), such
that (y,u) =0, for all y € Y, and (0g(x),u®h) # 0. But (0g(x),u®h) #0
implies that (h-x,u) # 0, while v annihilates Y and h-x € Y by definition,
which is a contradiction. Therefore, dg(z) € Y®rL(G) and (d) implies that
reY.

(b) = (f): This follows immediately from Corollary 2.3.8.

(f) = (e): Suppose that every L(G)-subcomodule of (L(G), d¢g) is non-
degenerate. Let Y be an L(G)-subcomodule of L(G). If we put

Vi ={r € L(G): AG) -z CY},

then clearly Y7 is an L(G)-subcomodule of L(G) which contains Y. Further-
more, it is clear by the definition of Y7 that

56(Y1) = (YErL(G)) N 6a(L(G)) = Sat(Y, bc).
Since Y] is non-degenerate by assumption, we get that
Vi =span” {A(G)-V1} CY

and therefore Y = Y7, that is Y is saturated because dg (Y1) = Sat(Y, dq).
(e) <= (g): This follows from Corollary 4.3.3 since the map J + J* is

clearly a bijection between the set of all closed ideals of A(G) and the set of
all L(G)-subcomodules of (L(G),dq). O
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Remark 4.3.6. Note that if G has the AP, then clearly G has property
D«,. However, to the author’s knowledge, whether there exist groups failing
property Dy, is still open.

Also, Proposition 4.3.5 implies that a closed ideal J of the Fourier
algebra A(G) can be recovered from Bimje(gy(J'), i.e. the map J
BimLoo(G)(J 1) is one to one, at least when G has property Ds. It is un-
known whether the injectivity of this map follows without assuming property
Dyo.

4.3.2 Ideals of L'(G) and H(A)

Suppose that J is a closed left ideal of L!(G) with annihilator J* C L®(G).
Recall that the product induced on L'(G) by the comultiplication ag of
L*°(@G) is given by the opposite convolution:

kh=(k®h)oag=hxk  hkeLYQ)

and thus ag(J+) € JY®L>®(G), that is J* is an L>°(G)-subcomodule of
L>®(@), since J is a right ideal with respect to the above product on L(G).

Proposition 4.3.7. The w*-continuous *-monomorphism
¥: B(L*(G)) — B(L*(G))®B(L*(Q))
given by
U(T) = Vioa(T)Va = VEWEHT @ 1)WeVe, T € B(L*(G))

is a W*L(G)-comodule isomorphism from (B(L*(G)),dq) onto
(L®(G) X Gyag). Also, for any closed left ideal J of LY(G), we have

Y(Bimpy)(J1) = I XaG
and
U(ker O(J)) = J* =7 G.
Proof. First, one has to verify

V(f) = ac(f), fel™(G) (4.4)

and
UAs)=1®Ns, seQG. (4.5)

Indeed, for f € L*°(G) and s € G, we have respectively
U(f) =Vada(f)Va =Va(f @ 1)V = aa(f)

and
U(As) = VA @ X))V = SWGS(As ® Xs)SWES
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Obviously, since B(L?(G)) = span" {L>®°(G)L(G)}, (4.4) and (4.5) imply
that ¥(B(L*(G))) = L®(G) Xag G and ¥ (Bimy,g)(J1)) = J*Xa, G, for
any closed left ideal J of LY(G).
Also, we have
O/zEO\I/ = (‘P@ldL(G)) 0 ¢

ag o V(fAs) = (id ® 6g)(aa(f(1® As)) = (aa(f) @ (1@ As @ As)

= ‘Il(f/\s) ® As = (\IJ @ ld)((f)‘s) ® )\s) = (\IJ X id)(éG(fAs))a

for any s € G and f € L>(G) and therefore, ¥ is a W*-L(G)-comodule
isomorphism from (B(L*(G)),d¢) onto (L*°(G) X G, aG).
It remains to show that W(ker ©(J)) = J+ NfG G. Indeed, note that
L F L=n(T2 Fove
J= x5, G = (J-®B(L*(G)))*
= (L®(G)®B(L*(G)))*¢ N (J*®B(L*(G)))
— (I%(G) ag G) N (JBB(LAE)),

—~~

(
)

—~

since (L®(G)®B(L*(G)))*¢ = (L*®°(G)XaG) by the Digernes-Takesaki
theorem. Therefore if y € L®°(G) %o, G, then

€ Jt %l G < (h®idp2cy)(y) =0, Vh € J.

~—

Since ker @(J ) is the intersection of the kernels of the maps O(h) for h €
J and J+ x7_ G is the intersection of the kernels of the maps (h®idg(2(q)))
restricted to the image of ¥ for h € J, it suffices to prove that

Observe that for f € L*(G) and h € LY(G), we have O(h)(f) = fu, where
= [ h(s)[f(ts)ds. Therefore, for any k € L*(G),
(©M)(f), k) = (fn,k) / fr@®)k(t)dt = / / k(t)dsdt
GxG

= {aa(f),h @ k) = (h@id)(ac(f)), k) = (h@id)(¥(f)), k)
that is ©(h)(f) = (h ®id)(¥(f)) for all f € L>®(G).
Thus, since for any y € L(G) we have

O(h)(fy) = O(h)(f)y

and

(h@id)(¥(fy)) = (h@id)(¥(f)(1®y)) = (h@id)(¥(f))y,

(4.6) follows from the w*-continuity of ©(h) and (h ® idg(r2(g))) o ¥ and
the fact that B(L?(G)) = span" {L>°(G)L(G)}. O
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By Proposition 4.3.7 above, for any closed left ideal J of L' (G), the L(G)-
bimodules Bimp, g (J 1) and ker ©(J) are, in addition, L(G)-subcomodules
of (B(L*(@)), é¢) and respectively canonically isomorphic to J-X4,G and
Jt x” . G- Therefore, we can describe the relation between Bimp,q)(J 4
and ker ©(J) using Corollary 3.3.7 and Theorem 3.3.8.

First, note that the A(G)-module action on B(L?(G)) induced by ¢ is

A~

given by the representation O, i.e. for any u € A(G) and T € B(L*(G)), we
have

O(u)(T) = (idp(r2(cy @ u)(6c(T)) = u - T. (4.7)

Indeed, since the maps ©(u) and (id ® u) o d¢ are both w*-continuous ex-
tensions of M,: L(G) — L(G) (recall Remark 2.3.13), we only need to
show that (id ® u) o d¢ is an L°°(G)-bimodule map. This is true because
B(L*(@))% = L>°(G) and thus we have

(id®@u) o dg(fT) = (id@u)((f ® 1)dc(T)) = f(id ©@ u)(da(T)),
for any f € L>®(G) and T € B(L?*(QG)).

Proposition 4.3.8. For any closed left ideal J of L'(G), BimL(G)(Jl) is
the largest non-degenerate L(G)-subcomodule of
(B(L*(G)),6¢) contained in ker ©(J), i.e.

Bimy ) (J4) = span™ {O(u)(T) : u € A(G), T € kerO(J)}

and ker ©(J) is the smallest saturated L(G)-subcomodule of (B(L*(Q)),éc)
containing Bimy,c(J 1), i.e.

ker ©(J) = {T € B(L*(G)) : O(u)(T) € BimL(G)(JL), Yu € A(G)}.
Thus, the following conditions are equivalent:
(a) Bimpg)(J1) = ker ©(J);
(b) (ker ©(J),d¢c) is a non-degenerate L(G)-comodule, i.e.
ker ©(.J) = span™ {O(A(G)) (ker 6(J))};
(¢) (Bimp g (J 1), 0¢) is a saturated L(G)-comodule, i.e. if T € B(L*(G))
satisfies ©(u)(T) € Bimy ) (J4) Yu € A(G), then T € Bimp gy (J™b).

Proof. The proof follows immediately by combining Proposition 4.3.7 with
Corollary 3.3.7 and Theorem 3.3.8, since

O(u)(T) = (idp(r2(ay © u)(6a(T)) = u- T,

for any u € A(G) and T € B(L*(G)) as noted above (see (4.7)). O
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Corollary 4.3.9. If every operator T € B(L?*(Q)) satisfies
T € Bimp) {O()(T) : ue AG)}, (4.8)

then ker ©(J) = BimL(G)(JJ-) for any closed left ideal J of L*(G). In par-
ticular, if condition (4.8) is satisfied for all T € B(L2(@)), then H(A) =
Bimp,q)(H(A)) for any family A C M(G).

Proof. Suppose that condition (4.8) is satisfied for any operator in B(L?(G))
and let J be a closed left ideal of L(G). If T € B(L%(G)) satisfies O (u)(T) €
BimL(G)(JL) for all u € A(G), then clearly T' € BimL(G)(Jl) by (4.8). Thus
the equivalence of (a) and (c¢) in Proposition 4.3.8 yields that ker ©(J) =
BimL(G)(JJ-).

Also, if A € M(G) and (4.8) holds for any operator in B(L?(G)), then

we have
H(A) = ker ©(J(A)) = Bimp g (J(A)F) = Bimp ) (H(A)).
O

Remark 4.3.10. Condition (4.8) means that we can recover the operator
T € B(L*(G)) from its images under the maps ©(u) for v € A(G) by multi-
plying with elements of L(G) and taking w*-limits and linear combinations.

Note that from Proposition 2.3.14 it follows that if G has the AP, then
there exists a net (u;);cr in A(G), such that

~

O(u;)(T) = u; - T — T, ultraweakly for all T € B(L*(Q)).

This condition is a priori stronger than (4.8). Therefore, Corollary 4.3.9
generalizes [12, Theorem 5.5, which states that ker ©(J) = BimL(G)(JL)
for any closed left ideal J of L'(G) if G has the AP.
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