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Abstract

In this thesis we present a classic result in the theory of mean curvature
flow, due to Ecker-Huisken. In particular, we discuss the behaviour of entire
graphs under the mean curvature flow. In their work, Ecker-Huisken proved
that, in the case of entire graphs, the flow exists for all time. Furthermore, if
the initial graph is asymptotically conical then, after suitable rescaling, the
flow converges to a self-similar expanding solution of mean curvature flow
with the same asymptotically conical behaviour.



to my uncle
who drew geometry on the sand
and took the forest with him



0 Introduction

A geometric flow is the gradient flow associated to a functional on a manifold
which has a geometric interpretation, usually associated with some extrinsic
or intrinsic curvature. They can be interpreted as flows on a moduli space
(for intrinsic flows) or a parameter space (for extrinsic flows).

These are of fundamental interest in the calculus of variations, and in-
clude several famous problems and theories. Particularly interesting are their
critical points.

Extrinsic geometric flows are flows on embedded submanifolds, or
more generally immersed submanifolds. In general they change both the
Riemannian metric and the immersion.

The mean curvature flow (M CF ) is an extrinsic geometric flow of
hypersurfaces in a Riemannian manifold (for example, smooth surfaces in 3-
dimensional Euclidean space). Intuitively, a hypersurface evolves under mean
curvature flow if the normal component of the velocity of which a point
on the surface moves, is given by the mean curvature of the surface.

For example, a round sphere evolves under mean curvature flow by
shrinking inward uniformly (since the mean curvature vector of a sphere
points inward). Except in special cases, the mean curvature flow devel-
ops singularities.

The most familiar example of mean curvature flow is in the evolution of
soap films. A similar 2-dimensional phenomenon is oil drops on the surface
of water, which evolve into disks (circular boundary).

Mean curvature flow is the generalization of curve-shortening flow to
n-dimensions. In the case of a compact hypersurface and under the restric-
tion that the enclosed volume remains constant (under scaling) we have the
surface tension flow. MCF extremalizes surface area, and minimal
surfaces are the critical points for the mean curvature flow

One important result (due to G. Huisken) is that compact, convex hyper-
surfaces converge to round points.



In this thesis we are mainly interested in the behaviour, under MCF', of
entire graphs. The main result is that:

Hypersurfaces that are initially Lipschitz and asymptotically conical converge
to expanding solitons.

In the first chapter we discuss the general theory of MCF and derive
MCF as the gradient flow of the area functional.

The second chapter is devoted to the computation of the evolution equa-
tions for the basic geometric quantities under MCF'.

In the third chapter we begin engaging particularly with entire graphs.
We prove the monotonicity formula which is the main tool for estimating
quantities such as the height, the gradient and the norm of the second funda-
mental form.

In the fourth chapter we prove that, starting with an embedding which
is an entire graph, the solution of M C'F exists for all time and the hypersur-
faces converge, as t — oo to a limit M

In the fifth and final chapter we talk about rescaling. We discuss how
the various quantities and operators scale and give the proof of our main
theorem.



1 Preliminaries

1.1 Hypersurfaces in the Euclidean space

We examine n-dimensional manifolds M immersed (but mostly embed-
ded) isometrically in R"*!. These are called hypersurfaces.

We will be interchanging between M and ¢ to denote the n-dimensional
manifold M immersed in R"™! by the immersion o:

M i> Rn+1

S0

Subsequently we will view M both as a subset of R"*! with the identifica-
tion M <> (M) C R™™! and as a n-dimensional Riemannian manifold
on its own with the metric g induced by the immersion ¢.

More accurately

(M,g) < (o(M),glean) C (R™, )

g:=¢g
& do(9) = glm
that is

(XY )y = (X,Y), = {dp(X),dp(Y))gy( = (dp(X), dp(Y))gars

isom

for every X,Y € TM. Sometimes we will write (-|-) instead of (-,-) for the
inner product

Identifying T'M with its (isometric) image under dy, we observe that for
every point ¢ = ¢(p) € p(M) the tangent space of R™*! at ¢ splits:

TR"™ =T,M & M*|,

where M|, is the one-dimensional subspace spanned by v/|, (line through ¢
with direction given by 7/|,, the unit normal at ¢).

For a p € M we cant think of the point p(p,t) = ¢ € R"™! as a
(n+1)-tuple
?(p7 t) = (3/1(1% t)v LERE) yn+1(p7 t))

where the scalars y; are the coordinates of the vector Z(t) € R**. Here
we view R"! as a vector space, and O its origin, rather than the ambient
FEuclidean space



We have
Dg(p,t) := (Dyi(p, 1), ..., Dyny1 (p, 1)) € R vt
and, after a choice of coordinates for a chart of M

Do(xq, ..., xn,t) = (Dyi(x1, ..oy Ty t), ooy Dypia (21, ooy Ty )

that is
0xy oxy Oz,
Do(xq,...,xn;t) = . . : T,M ~ T,R™"!
OYnt1 OYns1 OYnt1
0x; oxs Oz,

Since our objects of study will be families of n-dimensional hypersur-
faces
parametrized by ¢, we require at each ¢ that

dim[pi(M)] := rank[Dy|(-,t) =n

—
0
Stated differently: the row vectors 8_907 1 =1,...,n form a basis for the
L
domain of Dy which is T,M and the identification T, M = dp(1,M) suggests

that

dp d¢
T,M =span{ —1| , ...,
81’1 p 8% »

Adding the vector vy, we can complete this set to a basis for T, R™ .



1.2 The extrinsic geometry of a hypersurface in R""!

Choose a local chart (xy, ..., x,) for M. In this chart we have

J d\ 0Oy
which are vector fields of R™™! tangent to p(M), so
(considering ¢ to be an embedding)

_>
i
gij =

—>
dp

8xj>
]Rn+1

This will be widely used in the computations later.

axi

We also define the Second fundamental form of M

A(', ) = hljd:c’dx]

0%
hij o <V 8x23x3>
Rn+1

So the second fundamental form is clearly a symmetric (2,0)—tensor field
on M

where h;; is defined by

We express the Riemann curvature tensor of M; by means of its second
fundamental form using the Gauss equation:

0

Ry = ( V2 i_v2 i —
K 61’1

IOz, Y Oxy,

> = hikhﬂ — hilhjk =AxA
And the Codazzi equations give the symmetries of VA
vihjk = V]hzk - thzj

These imply the important Simons’ identity

Ahij == VzVJH + Hhilglshsj — ’A|2h”

See [4] for detailed discussion and proofs
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We also want the Gauss - Weingarten relations:

d¢
v 1
8%81:]- K 8xk ( )

= —h. ls 7
9 0,

0
+ hijV, a—le/

which essentially express the extrinsic geometry of M in terms of the intrinsic
geometry of M and the geometry of the ambient space R**!. In other words
the fact that: VM = VE""' — Ap.

We denote
X(M) : the set of all vector fields tangent to M,
X(M) : the set of all vector fields of R™™ attached to M

We call the next one "our favourite identity” because we will be using it
in great extent:

Afg= fAg+gAf+2(Vf Vg) (2)
for scalar functions on M and
A(S,T)y = (S,AT) + (S,AT) +2(VS,VT) (3)

for arbitrary tensors.

Last but not least we will be dealing with quantities that are functions of
space and time f(xy,...,z,;t). So we are interested in their spatial as well as
their temporal derivatives. We define the box operator

Of .= (%—A)f



1.3 First Variation of the Area

Given now an immersion ¢ : M — R""! of a hypersurface in R*™!, we
consider the Area functional

Area(yp) ::/ du:/ acr
M p(M)CRr+1

where p is the measure on M and L is the n-dimensional Lebesgue measure
for hypersurfaces of R

We will analyze the first variation of the Area functional, in other words
the first linear approximation of it.

We consider a variation of M as a one-parameter family of immersions

Yt - M — Rn+1

with t € (—¢,¢) and ¢y = ¢, such that, outside of a compact set K C M,
we have ¢;(p) = ¢(p) for everyt_€> (—e,€).

0
Defining the vector field X := % along M namely
t=0
0
P MR
ot

We see that X is zero outside K. We call such a field the infinitesimal gen-
erator of the variation .

Choose now normal coordinates around an arbitrary point p of M and

compute
O 90 [0\ [OX]0p N\ [ 0p]0X
atgw —o Ot \ Ox; 0/ |0 -\ Ox; Ox; Ox; | Ox;

0 ) 0 /oy 0%
= X224 — XY-2(x

x 0 | O 9 [O¢| 1 _ ork T

where X is the tangent component of the field X, regarded as a vector field
of R™. In (x) we used the Gauss-Weingarten relations (1).

Oy
8—%> — 2hi (X|v) 7



Letting w be the 1-form wy := <XT] ~>,Which acts on a vector field Y like
this:

wx(Y) = g(Dp(X7),Y) = (XY )puis
this formula can be rewritten as
0 Ow;  Ow;
agij » = alj —+ 637]- — QFZwk — Qhw <X|l/> = vin + iji — Qh” <X|V> .

Hence, using the formula: d;detA(t) = detA(t) - Trace[A™1 ()0, A(t)], we get

Vi det(gij)gijggi'hzo
d t ; — otJv
at e (gj) t:O 2
det(gi;)¢" (Viw + Vw — 2h; (X |v))

2

= \/ngj)(divXT — H (Xv).

If the Area of the immersion ¢ is finite, the same holds for all the ¢, as
they are compact deformations of ¢. Assuming that the compact K is
contained in a single coordinate chart, we have

0 0 n
. =5 / ,ut / \/det(g;;(t))dL

— Area(py)
ac"

ot

« Ot
_ /K (divXT — H (X|1))y/det(ge (1)) dL"

= /K (divX" — H (X|v) / H (X |v)

where we used the fact that X is zero outside K and in the last step
we applied the divergence theorem for X (or we could just ignore it as tan-
gential perturbations of ¢ as they don’t change the geometric picture of the
immersion).

Notice that all the integrals are well defined because we are actually
integrating on the compact set K.

If K is contained in several charts, the same conclusion follows from a
standard argument using a partition of unity.
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Proposition 1.1. The first variation of the Area functional depends only on
the normal component of the infinitesimal generator X = 8‘“ of the
variation @, precisely:

oo

gArea (1) /H (X|v)

Clearly the dependence is linear:

If vy is a family of embeddings such that

oYy

=X+)Y
o T

and ¢ and ) are families of embeddings with infinitesimal generators X
and Yrespectively, then

s, 0 x 9, v
a—Area(wt / H(X + XY|v)du = &Area(wt )+ )\aArea(got )

This can be: 1;(p) = ¥ (p) +t(X|, + \Y|,) considering 1(p) a point in R™ !
and X |, + Y|, a vector starting at ¢/(p). For M; smooth and ¢ small enough
we can be sure that 1), remains a smooth immersion.

Summarizing:

Area(-) : {¢;|1-parameter families of M — R™™'} — R

S0

%Area(-) : {X : vector fields along M} — R

Thus the linearization of the nonlinear Area functional is given by Propo-
sition 1.1 and in view of
1/> du

o= [, 1(z ()
]::X._>—/MH(V|X> dj = — (HV|X) 0

we can interpret the linear functional

as the ”"gradient” of Area:

VArea(:) .= F(-) = — (Hv| '>L2(M)

11



The last equation describes this linear functional as the inner product
with the vector field —Hr which (as a vector field along M) is an element of
the same domain. Regarding F as a covector field we see that F and —Hv
are dual and they act on vector fields in the same way. Now, as F is the
gradient of the Area functional, it must indicate the direction of steepest
decay. So, when looking for the perturbation that decreases the area the
most, we should consider the ones with infinitesimal generator given by the
field

—(VArea)" = —-F" = (Hv|-)" = Hv

This particular vector filed is determined exclusively by geometric prop-
erties of our the hypersurface and specifically on the extrinsic ones: the
mean curvature H and the unit normal v. So the flow it generates should
not depend on the parametrization of the surface at any time.

Remark 1. Two hypersurfaces that are reparametrizations of one an-
other have the same area (globally and locally). That means they give rise
to the same Area functional and hence to the same first variation
of 1it.

We can consider the motion of a hypersurface by minus this gradient, that
is, the mean curvature flow (next section). So, one looks at hypersur-
faces moving with velocity (%gpt) equal to Hv at every point. This means
choosing, among all the velocity functions with fixed L?(u)-norm equal to

( / uwH 2du) Y 2, the one such that the Area decreases most rapidly.

The above analysis gives an immediate characterization of the critical
points of the Area functional:

VArea(-) =0 < / H{(X|v)du=0
M
for every field X with compact support < H = 0 everywhere on M.

This is the well known definition of the so called minimal surfaces.

A second variation formula should indicate the direction in which VArea(-)
decreases and therefore Area approaches a critical point.

12



The Mean Curvature Flow

Definition 1. Let M™ be a hypersurface in R"*'. The mean curvature
flow of M is a family of immersions

o M — R tc]0,T)

satisfying the equation:

d

Ze(v3t) = H(p; v (4)
0

up to a sign, the field ﬁ := H(p, t)7(p, t) is independent of such choice.

(The declaration of a direction for the unit normal decides the sign of the
mean curvature scalar)

Recall that H = trace(h;;) and h;; = <1/

> so, even if v is defined

The equation (4) can be regarded either as a geometric equation in
the (n41)-dimensional Euclidean space or a system of n+1 scalar
equations

1.4 Mean curvature flow as the gradient flow of the
Area functional

The kernel of F is precisely the subspace of vector fields that are everywhere
perpendicular to v. These are the fields everywhere tangent to M

kerF = {X € (M) : XL1v} =% (M)

The orthogonal complement of the kernel [in X(M)] forms the set

T M) ={XeXM): X|v)={XeX(M): X =f v}

which can be identified with the set of all scalar functions on M

{f—7\f:M—>R}<<—>>{f:M—>R}

.|,/

13



So starting with an initial hypersurface and a 1-parameter family of deforma-
tions ¢; with infinitesimal generator X; we can compute the corresponding
infinitesimal variation of the Area

F(Xt) = - <HV|X>L2(M) = - <HV|XT>L2(M) = - <HV|fV>L2(M)

= —/MHfdut

where f(t;p) = (X3|v) (z (Xtlow)> V]ow) )y Rn+1> is the normal component
p

of X; and the only one that interests us because the others lie in kerF.

We are interested in the geometric properties of the evolving hyper-
surfaces, i.e. the properties that remain invariant under reparametrizations.
Here we prove that the flow is indeed a geometric flow (immersions that
differ by a reparametrization give the same flow).

Invariance under Tangential Perturbations

Proposition 1.2. If a family of immersions ¢ : M x [0, T) — R"*1 satisfies
the system of PDEs

0

aso(p, t) = H(p,t)v|ps + X(p,t)

with initial conditions
©(p,0) = ¢o(p)

where X is a time-dependent vector field of R™*! tangent on M,
more formally:

X(p,t) € Dpy(T,M) C T, (»nR"* vVt €[0,T),Ype M

Then, there exists a family vy, of reparametrizations (infinitesimally generated
by the tangent field X ) of the immersions ¢, which is satisfies the equation
of mean curvature flow.

A proof can be found in [3]. We only want to mention that the above
flow differs to the usual mean curvature flow only by a X; € T'M; = kerF
therefore induce the same variation to the Area functional and, hence, the
same geometric picture.

14



2 Evolution of geometric quantities

2.1 Evolution equations

Here we derive the equations describing how the basic geometric quantities
evolve. We assume that ¢ is an embedding of the smooth hypersurface M
into R™*! and that M moves by the mean curvature flow.

Lemma 2.1. The evolution equations for g, v, Tfj, A= h;;, and H are

0
° 2 i = QHhY
ot
0 VH
o 1 —
ot
0
° EFZ:VH*AjLH*VA:VA*A

Proof. The first one has been computed in Section 1.2, just substitute X
with Hr For the second, take

0= 25— 2 g
TP
— a sj + sj a
= Gis 8tg g atgzs
o . A
= Yis ;. - 2ths >
g 8tg g
= gisggsj — 2HNW
ot ¢

o |
= 29" = 29" HI = 2HI"

15



Evolution of the unit normal comes from:
ov|dp\ 0 9) 0 0y
E 8% N E 7 al‘z —\7 aaiﬂl
B 0 Op
B v 8$Z§
- < 8% >

as (v|v) =1 and

and because

lude that 2 e M7 S0 = v
we conclude tha 0t€ OE—

16



Now hang on for the terrible computation of the evolution of Christoffel
symbols:

0. {88 0 0 88}

i 9.
ot i+ = 0z, 0t M ar, 9t T oz, or Y

N
29 (%zzjgkl (%kgﬂ (%zzlg]k
1 0 0 0
= —9 {V]atgkl“‘vkatgjl Vlatgjk}

1 .(9 B o
+ g {atgkzrjl + atngF]k atg]zrkl

o . o0 . 90
+ Eglzrjk - Egjzrkl - Egjzrjl}

_lisg lzi +i,+i.
29 atgszg 8x]~gkl 8:Ek;gﬂ 8Ilgjk

1, 0 0 0
= §gl{vjatgkl+vkatgjl zagjk}

+ g“%gu% - g“%gsz%

= %gil{ngtgkl + ngtggl Vl%gjk}

= ¢{V(Hh) + Vi(Hhj) — Vi(Hhy)}

= —hiV;H — kN H + hj,NV'H — H(V;hj, + Vihl — V'hy,
=Ax«xVH+Hx«xVA

=AxVA

17



Lemma 2.2. The second fundamental form satisfies the evolution equation

0
ahij = Ahm — 2Hhilglshsj + |A|2h”

It follows that

P . ,
—h! = AW + |A|*H!
at 1 K3 + ’ ‘ 1)

%|A|2 = A|A]? - 2|VA]? +2|A*

and 5
—H = AH + H|A]?
T + HI[A]
Proof.
0 0 9%y
— Ry = =
ot ot (91:18%
0 0
< (8:6181:J>> N <§ Y 8x18xj>
1) 0%
: — H
< 8%33] > <V 8xiaxj>
@ O0*°H 0? 0%
@ H - H
8x23:]< vv) + < 8xixjy> <V 8xi8xj>
3) 0°H 0 1s 09 OH O¢
= — H — | hags=— s
or;x; <V ox; ( 9 0z, axl ax 0z,
eMT
4 O0°H ; 0% x OH
= — Hhyd"® k2
0r;x; g <V 0x;0x, Y Oxy,

= V,V;H — Hhyg"hs;.

1 Exchange of derivatives, 0,y = —VH, MCF

V) = é%@ﬂz«m5w>:2Q—w§:o

3

(1):
(2):{ 75V
(3):
(4): < (.. ) > = 0 and definition of h;;

Gauss - Weingarten again, for VH lower the index of 0,

122 )

There is Simmons’ identity for the Laplacian of A in coordinates:

Ahy; = V;V;H + Hhyg"he — |A]*hi;

18



Using this we easily get

0
8th = Ahij — 2Hhyg" hy; + | A hi;.
The other equations follow from straightforward computations, since
o0 .. .
—qg” =2HhY
ot?

2.2 Relations between 9, and V
We compute the commutator of spatial and temporal derivatives

Lemma 2.3. Temporal and spatial derivatives of a tensor T do mot com-
mute. Instead we have the formula

0 0
EVT VaT—i-T*A*VA (5)

Proof. We prove the lemma for a covariant tensor 7' = T;, ,, . The general
case is analogous, as it will be clear by the following computation:

0 0 91...1
av]Tzlzk = a ( 8% . ZF 0185 —1,0,0s 41 Zk)

s=1

O OTi i _ S O}y i Liasr it Zk: 0 (%)

Jis 1eds— 1,051 0k
Ton, o L ot 2o
a k
= Vj aﬂllk - Z (A * VA) 'Ll ds—1, l ’Ls+1 Ak
s=1

which is the formula we wanted.

In the last equation we just used the formula for the time derivative of
the Christoffel symbols. O

For the k’th covariant derivative of the (particularly interesting tensor)
second fundamental form we have the following formula

Proposition 2.4. [A formula for (2 — A) VFA]
0 K r
5 VA=AVIAL DT VPARVIAX VA
p+q+r=k

19



Proof. We will do induction on k. We already saw the case k& = 0 in the
elementary evolution equations. Now for the induction step suppose our
formula is true for £k — 1. We have, by the previous lemma:

0 o _ 0 k1 k—1
=V (AV’HA + Z VPA * VIA % v%) +VFTAxVAx A
p+g+r=k—1

— VAVF 1A+ Z VPAxVIA* V' A,

ptg+r=k

It would be nice if [V, A] was zero but in general this is not the case since
for any tensor T

[V,AIT = Rm x VT + V(Rm «T) = Rm x VT + VRm x T
Explicitly

VkAT — Ava = gij (VkaV]T — Vlv]va)
97 ([Vi, ViV, T + Vi([Vi, V7).

Recalling though that Rm = A x A, which is a form of the Gauss - Codazzi
equations, we can see that

[V,AIVF A= Ax Ax VVF A L V(A% A) « V1A

So all extra terms are of the form A * Ax V*A and Ax VA V1A and fall

in the summation. O

Proposition 2.5. [Evolution of |[V*A|] The following formula holds

%\v’%y? = AIVRAP = 2lVFAP + 3T VPARVIARV A= VEA (6)

ptatr=k

20



Proof. We compute
%Q(VkA, VFA) = 29(VF A, %VkA) 4 % «VEA 5« VEA
=29 (V’“A, AVFA+ Y VPAxVIAx vm) +(AxA)xVFAx VA

pt+g+r=k

=2 (V’“A, AV’“A) + Z 2g <V’“A, VPA % VIA x vm) +Ax AxVFAxV*A
pt+q+r=k
= AVFAP = 2lVMIAP + ) VFA«VPAxVIAx VA
ptq+r=k

In the last equation we used that

A(S,S) =2(S,AS) +2|VS|?
which we discuss in the appendix, and the fact that both
Yoy (va, VPA % VIA « V’“A) and Ax Ax VFAx VA
p+q+r=k

fall in the sum
Z VEA « VPA* VIA V' A

p+q+r==k
O]
If in this formula we substitute k = 0 we get
0
a|A|2 = AJAP? = 2|VA]? +2|A* < AJAP? + 241 (7)

Note the term of order four in the right side. We will soon find out that this
is annoying and we will come up with a way to neutralize it.

Proposition 2.6. If the second fundamental form of a closed, compact
hypersurface is bounded up to time T' < oo, then all its covariant deriva-
tives are also bounded up to time T.

21



Proof. From the previous proposition (2.5) we have

0
S VEAP = A[VFAR — [VEAP 4+ ) VPA R VIAX VAR VA
p+qgt+r=k
< A|VFAP +|VRAR - P(JA| VA, ..., [VFLA))
+ Q(|A|, VA, ..., V¥ 1A4]),

where P, Q are polynomials on |A|,|[VA|,... up to order (k —1).

This is because in the terms V*A x VPA x VIA x V" A there can only be
up to two occurrences of V¥A. We examine the two cases.

e If there are two, let’s say p = k, then it has to be ¢ = r = 0 and we
estimate

|Ax Ax VFAxVFEA| < |A]2- |[VFA]2

o [f there is only one we use the inequality

gem) < 5] 7 < E D
to get

VA VPA* VIA* VAl < |[VFA| - |[VPA % VIA % V" A|
IVFAPZ  |[VPA*VIA % V" AJ?
= 2 * 2

We will, proceed, once more, with induction on k, with equation (7) being
the case k = 0.

For the induction, we assume that all the covariant derivatives of A up to
order k — 1 are bounded up to time 7', so the polynomials P and Q are also
bounded, say by the (nonnegative numbers) C' and D respectively. Thus

0
SIVEA[ < AIVRAR + CIVRAR + D
By the maximum principle, this implies

d
%‘VkA‘gnax < C|VkA‘$na:c +D (8)

22



For any time t, the quantity
V¥ Alpag = VFA(p; -
[VEA] maz|VEA(p; )|
is a time-dependent function. We can call
u(t) == |V*Alpaw 1 [0,T) = R

Then (8) becomes the ordinary differential inequality v’ < Cu+ D imposing
an exponential bound on u. Integrating now over the (finite) interval [0, T")
implies that u is bounded up to time T. O]

A proof for the maximum principle can be found in [3].
Later in Section 3 we prove an alternative for entire graphs which will
be our basic tool as the ordinary maximum principle is only applicable
in the compact case.
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3 Estimates for entire graphs

Our main object of study will be entire graph hypersurfaces. Because
these are non-compact, the standard maximum principle doesn’t work and
we need to develop another method, the Monotonicity formula. We then
proceed with some estimates that will be important in the next chapters. We
estimate the height, ”gradient” and all the derivatives of the curvature
(|V™A]) and obtain bounds for all time.

3.1 Entire graphs

We come now to our main object of study, which is entire graphs. These
are hypersurfaces that are graphs of functions f : R — R"*! defined in the
entire R".

Fix a unit vector w € R and a hyperplane II orthogonal to w. We de-
clare an origin O on II. We define the height of M; with respect to the
hyperplane II by

u = (y,w)
Remark 2. We want to clarify that w and y,+1 differ by a choice of coordi-

nates of R+

u=u(@) = (F(0),w) = (Y1, s Ynr ) (@1, oy W)

which wn general is different from y,.1. So, working in coordinates we will
have
M3p=zx5y=p()c R

where x and y are interpreted as coordinates.
We will be using u instead of the last coordinate of ¢ in the y;— base of R"*1
because it is geometrically defined and hence coordinate invariant.

In the following we shall identify the image ¢(p,t) of a point p € M and
its coordinate vector y = ¢(p, t).
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3.2 The Monotonicity formula

Our basic tool will be the Monotonicity formula. We are forced to develop
such a technology because the classic Maximum principle doesn’t apply on
non-compact domains.

For a fixed point (yo,tp) € R™™ we define the "backward heat kernel”
p = p(z,t) by

plo) = (4t = 0) " Pean (R TAD) i

y = ¢(x) such that

{yo—y, H)  1](yo —y)lIQ)

LV
PmT0PTP T —t) 4ty 1)

dt
One can find in [3] how this implies the monotonicity formula

L __/
dt Mtp /’Lt_ Mtp

where dp; is the measure on M; and 7 = t; — t. Proceeding as in [2] or [3]
we obtain more generally for a function f = f(z,t) on M that

d d 1 B
pr Mtfpdﬂt—/Mt (@f—ﬁf)Pdﬂt—/MtfP‘H‘f'Z(y—yo)

Remark 3. If % fMp = 0 then the manifold shrinks to yy. In fact, in this
situation we have a shrinking soliton.

1
H+ —(y—yo)"

dut...
5 i 9)

2

dp-. (10)

All integrals are finite and integration by parts is permitted for the sur-
faces and functions we are going to consider in the sequel.

Corollary 3.1. Suppose the function f = f(x,t) satisfies the inequality

d —
(——A)fgﬁ-w (11)
dt
for some vector field o, where V denotes the tangential gradient on M. If
ap = sup |a| < oo for somet; >0, then
MX[O,h]
supf < supf
M, Mo

for all t € [0,t4].
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Proof. Let k := sup,, f and define fi(-,t) = max (O, f(,t)— k) We aim to
prove that V¢ € [0,¢1] : fx(-,t) = 0, so that

f(,t) <k =supf, vVt € [0, ]

Mo

which is what we want.

Note that, by definition,

fe(p,0) = max(O, f(p,0) — k:) =0 Vpe M,

since k 1= sup,,, > f(p,0) Vp € My. So we have the result for t = 0 and we
want to "push it” through time.

From (11) and our favourite identity (2) for fZ, we derive

d —
(E — A) f2<2f.d -V -2V

Using Young’s inequality (with ¢ = v/2) we obtain that
1)? 1
shia Vi < () Bl + VIIVAPR < gRed + AVAP

d 1
(5 -8) 1 = qatst

We may now employ (10) with f? instead of f and choose t, > t, and xq
arbitrary in the definition of p to conclude

d 1
E/ﬁmMs;ﬁ/ﬁmm

since fZp > 0. If we now call

ﬂw:/ﬁmm

the previous inequality yields the ordinary differential inequality

F(#) < %a%F(t)
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which, integrated over [0,¢] for any ¢ in the finite interval [0, ¢;] yields

F(t) < F(0)e”

F(-,0) = 0= F(0) = 5 fu(-,0)?pdpy = 0

and as [’ is non-negative it must be zero for all time implying
fk('? t)de,Ut =0
M,

this completes the proof since, by definition, p > 0.

27



3.3 Height estimates

We need to ensure that our manifold doesn’t escape to infinity.

Recall that the height of M, is defined by

u = (y,w)

and observe
Ap=Ay=Hvr = Ay,w) = (Hv,w)

Since w is fixed in both time and space we have

d

Lemma 3.2. i) The function ny = my(x,t) := |y|* + 2nt satisfies

d
mz(a—A)mZO

ii) The function ny defined by
ma(x,t) =1+ |y|* — u® + 2nt

satisfies for any p > 0

d _ _
(% —~ A) ns = —p(p— 1)| Va5~ + 2pmh " [ Vul?

Proof. Because of mean curvature flow we have

d — 2 (y. HV) + 2
= (y, Hv) + 2n

and the first identity then follows from
—
Amy =23 - Ap+2|Ve|* = 2(y, Hv) + 2n

because

dp . Op
2 _ _ drt. ——dz’
Vol" =g9(Ve, V) =g (axi ', o, x )

0 ;0 . o
=9 8x~'d$’%'dﬁ = 99" =1tr(g) =n
i J
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Now by (12) and our favourite identity (2)

d
LA 2 = —2|Vu)?
(dt )“ Vel

we have using (i)

d _ 2

Now we use a more general form of our favourite identity (2) that is

AfP =Te(V2f?) = Tr (V(pfplvf)>
= Tr (p(p ~ D)V VS +pfp‘1V2f)
=pp = D ZIVIP +pffTAf (14)
we compute

d Ap_dp AP
(a— )f—%f— /

d
= pfp_laf —pp = DV = pffIAS

d
=—p(p = DIV +pfr (Ef - Af)

where substituting f with 7o and using (13) we have the result. O

Our motivation for the above choices for n; and 7y comes from the obser-

vation that /|y|> — u? measures the distance dist(O, z) where x € II above
which y = p(z) € M C R"! is graphed.

From now on we will call by the same symbol both x € M and y = ¢(x) €
@(M). It is totally confusing but it is used in the literature.

Definition 2. We say that some quantity Q “grows at most polynomaially in

space” with degree p if the @ < C («/ ly|? — u2>p for some C >0

Now we assume that u(-,0) grows at most polynomially in space and we
show that u(-,t) satisfies the same polynomial growth estimate.

My grows at most polynomially =- the same holds for M,
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Proposition 3.3. If for some ¢y < co,p > 0, the inequality
u? < eo(l+[yf* —u?)?

is satisfied on My, i.e. fort =0 then for allt > 0
p
u? < ¢ (1 +yl =+ (2n +4(p — 1)t)) ,

where u = u(x,t).

Proof. Notice that the desired inequality, for ¢ = 0 is the give one. Again, we
will use our basic tool to prove that this initial bound is preserved through
time. For this we introduce the new function

n=n(z,t):=1+y> —u’ + (2n+4(p— 1))75
Observe that
u? < conf < uPn P < ¢

and compute the evolution equation for u?n=?:

d
(% - A) w'n P = =207 |Vul® — p(p + 1)n PV u?

— 2pn PP | Vul? — 4(p — D)pn P~
— 4pn P uNVu - Vi

Using Young’s inequality we obtain
[Apn P u V- V| < 2077 |Vul® + 2p*u®n P Vi),

Let us call ¢; := %

Now observe that V,;u = (e;,w) implies
Vi =2 (60 z — {z,0) w)

because (we identify x and y again)
aQTZ‘

=2(y,e;) —2(e;, (Y, w) w)
= (e y — (y,w) )

Vi =2 (1. 55 ) =2 () en
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which yields
[V < 4n.

as

IVnl* = 29(Vin, Vn)
=4(e;,y — (Y, w)w) (e, y — (Y, w) w)
<Ay —(y.w)w) - (y — (Y, w)w)
<Ay — (y,w)*
= 4|y — u?)
< dn

(think geometrically)
Thus we derive:

i— A)uPn™? <0
dt -

and the result follows from corollary (3.1).
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3.4 Gradient estimates

To ensure that M, stays a graph for all times we have to estimate v := (v, w)
from below or equivalently
vi= (r,w) "

from above. One can consider v to indicate whether M is ”graphable”. Let
A = h;; be the second fundamental form.

Lemma 3.4. The quantity v satisfies the evolution equation

(1 — A) v=—|APPv — 20 Vu]h
dt

Proof. Recall that, for any function f and any p € R

A DI ppi (LA
(E_ >f =—plp = DIV +pf <£— >f

1

Substituting p = —1 and f = v~ = (v, w) we get

d d _ _ o[ d
(F-0)v=(@-2) " =-avsrr - (g -a)
A

f
— —2|V(v )2 =02 <% - ) (v, w)

d
= —2v!|Vou)? — 02 < <—— A) V,w>
dt

= —207'|Vu]? = v* (JAPPv,w)
= 20| Vou]? —v| A

Because Av = —VH — |A]*v and 4v = —VH O
Remark 4 (v > 0).
v = (w) < |y w| =1
=v={(rw) '>1>0

Since all the terms in the right of the above equality are non positive we
can apply corollary (3.1) to conclude with

Corollary 3.5. If v is bounded at time t = 0, it remains bounded by the
same constant for all time.
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The following proposition proves that polynomial bounds for the gradient
function v are preserved.

Proposition 3.6. If for some ¢; < oo,p > 0, we have
v<a(l+ [yl —u®)
at time t = 0, then for all t > 0 the inequality
v <e(1+ |y]* —u? + 2nt)?

holds for v = v(z,t)
Proof.
d _ d _ [ d _
<£—A> vy’ =wv <%_A> ny" +ny" (%_A> v+ 2V, P Vo
= —|APvny” — 2071 [Vu|*n,”

—w <p(p +1)|Vna*n, P2 - 2pn5p_1|Vv|2)

— 2y~ V- Vi

and the term —2p77§_1VU - Vny cannot beat the negative terms so the right-
hand side is non-positive. This is because

[2p1, 7 Vo - V| = 2]V20~ 2, PP %ﬁpvl/anp/QW§1V772‘
Young 1 2 —p 1 5 o2 )
< 20 VolPn" 4 gptun " Vil
with p > 0. -
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3.5 Curvature estimates

Not all hypersurfaces that are entire graphs behave the same way under the
mean curvature flow. In this section we prove that, under condition (15) the
surfaces "flatten out” as t — oo. We cannot conjecture the same for graphs
violating this condition, as there are specific counterexamples. There exist
stable minimal graphs that are non-flat (see [5]). These will be equilib-
rium points of the mean curvature flow.

From now on we shall only consider the case of linear growth (proposition
(3.6) with p = 0), i.e. we assume that for some fixed constant ¢; > 1 the
inequality

v<e (15)
holds everywhere on M. Corollary 3.5 then ensures that (15) remains valid

for all t > 0.

To guarantee longtime existence of a solution for the mean curvature flow,
it is crucial to obtain a priori bounds for the second fundamental form
on M;. In Theorem 3.10 we derive uniform estimates for the curvature, and
all its derivatives, that allow us to prove the existence of a longtime smooth
solution to the flow for sufficiently good initial data M,.

Lemma 3.7. The curvature satisfies the inequality
d
(% - A) |APv* < =207 'Vu - V (JA]0?).

Proof. From Section 2, Lemma 2.2, 3rd equation for | A| and Kato’s inequality
(|V]A]| = [VA]) we have:

(% — A) |A]> = —2|VA]* +2|A*

< —2|VIA|[* +2/4*

Using our estimates for the derivatives of v (see gradient estimates, Lemma
3.4) and our favourite identity we have:

<% — A) v? = —2|A*? — 6|Vu? (16)
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And again by our favourite identity we have:

2
(% - A) AP? < 2| |4l v - 6[TuPIAR — 29]AR - Ve? (17)

Which we want to be < 0, only the last term is bothering us. To confront it,
Young’s inequality could be a firs idea. Unfortunately, if we simply try the
Young inequality we would end up with

2
_OV|AP - VP < ‘V|A|2‘ 4 Ve??
for which nothing can be done.

We examine this annoying term using the wonderful trick which is not only
Young inequality, but also splitting the terms (which will also be used later)

So we split in two:
—2V|A]? - Vv? = =VI|A|? - Vo? — 4|A[uV|A| - Vo

And treat each term differently.

%
We want to make V(| A|?v?) appear multiplied by a vector & in order to use
the corollary (3.1)
Thus we compute:

V(|A*0?) = |A]PVo? + 0*V|A?
We would also like in (17) to exploit the term
—6|Vol|A
So we might consider taking the inner product of V(] A|?v?) with Vv? to get:
V(|APv?) - Vo? = |APPVo? - Vo? + 02 V]A]? - Vo?

= |A]P|VV?|? + v*V|AJ? - Vo2

= |Al*|20Vv]? + VvV |A]? - Vo?

= 4| APV*|Vu|? + 0*V|A]? - Vo2
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We are now in position to handle the inner product term of unknown
sign, in (17)

Splitting 2V |A|? - Vo? in two terms:

o V|A]? - Vv? = v 2V(JA]20?) - Vo2 — 4] AP Vu|?

o V|A]?-Vu? =2|A|V|A| - 20Vv = =2 (—V2v)V|A] - (V2| A|) Vv
Where the strange 4/2 is introduced so that Young can help us once more.
We now derive for (17):
_OV|APR - VP = —(U—2 V(|APv?) - Vot — 4|A|2|Vv|2> +2( = V2u)VIA| - (V2|A) Vo

Voung < —(u—Qv(|A\2U2) Vol — 4\A|2|vu|2) + 20| VI A||* + 2 ARVl
= 02V (|A]Pv?) - Vo? + 202| VA + 6| A2 Vo

So (17) becomes:

(1 - A) |A[P0? < =2|V|A|[*0? - 6|Vul?|A]? — 2V |A[? - Vo?

dt
< 2VHAPY? — 6| VoA — v T2V (JA]P0?) - Vo
+ 202HAT + 6lAPIOT
= —v VYV (|4)0?) - Vo?
= —20"'Vu - V(|A]*?)

which gives the result. O]

Corollary 3.8. If M, is a smooth solution of the mean curvature flow with
bounded gradient and bounded curvature on each M, then there is the a pri-
ori estimate

sup| Al*v? < sup|A|*0?.
Mo

My

Proof. We use Vv = A along with the Cauchy - Schwartz inequality to
compute

|Vou| = |U_2 (Vr,wy| < U_2|VV| w| = ’U_2|A| = v|Vu| < |A|v.

Since |A] and v are bounded, so is v™!|Vv]|, and we can proceed using corol-
lary (3.1) with a = —2v™"'Vu O
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Here we will discuss the boundedness of the derivatives of any order
of A

Proposition 3.9. If the second fundamental form of an entire graph is
bounded up to time T, then all its covariant derivatives are also bounded up
to time T

Proof. Exactly as in Section 2, Proposition 2.6. Only, we cannot use the
maximum principle here, we use Corollary 3.1 instead. O]

Proposition 3.10. Let M; be a smooth solution satisfying (15). Then for
each m € N there is a constant C(m) depending only on c1, n and m (cy is
the linear bound of v) such that

VAR < C(m) (18)

Proof. The proof is based on a form of recursion, like the one we saw in
Proposition (2.6) of Chapter 2
To establish the case m = 0 we compute from Lemma 3.7

(% — A> (2t|A]P0* + 0%) < =207 'Vu - V(2t|A]*0?) — 6|Vu]?
< —207'Vu - V(2t|AP0? + 0?).
Again Corollary (3.1) yields that the estimate
2t|Al*0? < &2
holds uniformly on M;. We now proceed by induction on m in a way similar

to that in Chapter 2, Proposition (2.4).

We have for arbitrary [ > 0 the inequality

(% . A) (tl+1|vl+1A|2) S —2tl+1‘vl+1A‘2 + (l + 1)tl’VlA|2

C(Ln)t " VAV A [VFA| V' A
i+j+k=l

Suppose (18) is established up to (m — 1). Then we estimate
N VA VA VRA VA

i+j+k=l
< Ctl—l—l Z 75—1—1’/2—j/2 |va’ |VZA’ < Ctl/2 Ztk/2|va| ‘VZA|
i+j+k=l k<l
<O tHvRAP
k<l
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with constants C' depending only on [, n and ¢;.

The last inequality has a tricky point, let’s examine this using

(x) tPVEA < HPIVIA| = PIVEAPIVIAL < VAP
=t vhap {k =1}

For k <[ we split the sum in two

* not *
t2y HRTRA| VA £y VR ALV A
k<l k<l
<L-HVIAP 4+ vEAP
k<l

< (I+1)- VAP
Thus we obtain for all [ < m the inequality
d
S A (VAR < —opHt i 42 kITk A2
(dt )( VIAP) < =26V |+0k§<; V*A]

Which yields a recursive argument as follows:

d
——A tm—f—l mA2 <_2tm+1 m+1A2 tk k;AQ
(5-2) Grwmar) < e o St

d
k<m-—1

Adding enough (k;) of the second inequality to the first gives

d
(@_ A) (tm+1|va|2 + k;ltm|Vm_1A|2)
< uMH VAP 4 Oyt VRAP

k<m-—1
< O tvRAP

k<m-—1

38



and the order of the right hand side has decreased by one. Let’s do recursion!
We can continue this process choosing each time ko, k3, ...k,,.1 such that
finally

d
(a _ A) (tm+1|va|2 + kltmyvm_lAP + thm—vam—QAP N

otk P VAP + kat|APP) < [VOAP? = ClAP (19)
And how do we deal with |A[??

We have from equation (16) of Lemma 3.7

d
(— — A) v? = —2|A*? — 6|V
dt

< —2|A]20?
< —2|A)?

(remember: v > 0).
So we can use v? to fight |A|2.

Adding enough (k,,+1) of this inequality to (19) we end up with

d
(E — A) (™Y AP 4+ AP +0%) <0

and using Corollary 3.1 we obtain

tH VAR VT AP 4+ AP 0P < C

uniformly in time as C' depends only on the order m and the initial cur-
vature and gradient bounds.

The result follows since t™|[V™ LAI2 + ... + t|A|* + v > 0. O
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4 Longtime existence and Convergence

Here we prove that, as long as the second fundamental form tensor is bounded, |}
the flow cannot develop a singularity.

Theorem 4.1. Suppose ¢; is a smooth solution of the mean curvature flow
in the interval [0,T) with T" < oo. If |A| is bounded for t € [0,T) then T
cannot be a singular time.

Proof. Since 0yp = H - 7, with 7/ : unit we have:

lp(p,t) — @(p,s)| =

/S el 5>d5‘ - / H, §>7d5‘ < / '\ (p,©)lde

for every 0 < s <t < T This is because H is the trace of the bounded tensor
A so there exists C' < oo such that |H(p,t)| < C Vt<T

(The terms in | - | are integrals of vector quantities but this doesn’t affect the
validity of our calculations)

This inequality says that ¢; converges. Let’s see why:

Using our favourite Cauchy sequence {t,} we obtain:

lo(,tn) — @ tm)| S Cltn —tim] <€

for ng large enough and m > n > ng

For example:

Therefore the sequence ¢,, :== ¢(-,T —1/n) is Cauchy in the (Banach) space
C(M,R™1) and thus converges to a o1 as n — +oo. That is ¢; converges,
as t — T, to a function ¢ of unknown (yet) features. We will prove that
pr is a C*° embedding but, for now, we can only know that it is continuous
as the uniform limit of the continuous functions ¢;(-).

Let’s examine the properties of this limit map (which essentially is the embed-
ding of the limit manifold (Mr, g7) in R™™!) and justify the writing ¢; — @7
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At this point we want to remind the reader that we are looking at M,’s
as Riemannian submanifolds of R"*! with the identifications, for all ¢ > 0 :

My :={p(M)} — R™!

isom

To be more precise M; := {p;(-) : (M, g;) — (R"™' g)}

isom

so 4(+) evolves according to the evolution of g, on M

and isometric embedding means that g|y, = g
: e
We will show that M; = Mrp

We will prove simultaneously that ¢ is C® and 9%p, — 0%¢r for each
k € N in the compact sense. We will deduce this applying the Ascoli-Arzela
theorem on the family {0, (-)}i>o for each k. For this we only need every
such set Si to be equibounded that is:

where C} depends on T', which we will be proving subsequently.
Just a word before we go on: the inequalities are uniform in time as we
saw, but also in space:

0" u(p)| < Cr, VE<T, VpeM

in other words:

10" o( oo < Ck VE<T

where by || - || We mean the supremmum over all p € M

The tricky point is that our hypersurfaces are not compact so we take
closed balls B, centered at the origin with increasing radii and cover all of
R™. In each such ball we can use the Ascoli - Arzela theorem.

For each 0 <t < T and each p € M, there is a ball B,,) such that

lakgot(p)\ <Cy Vt<T, Vpé€ B, (p)

Proving for each k that ‘5k90t‘ < (O} VYVt < T (on every compact set)
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To do so we will compare these k’'th derivatives of the C*° maps ¢; :
M — R""! to the respective k’th covariant derivatives which are bounded
as we know. (In fact they decrease to zero)

This means that we need to bound some tensor quantities so let S; be
a tensor on M,;. What does it mean that S; is bounded? It means that
1Stlgry < C. A question arises: if we have such a bound for ¢ = 0 can we
hope to maintain it during the evolution?

To answer this we observe that there are two distinct evolving quantities,
namely: S; and g;. So let’s at first consider a simpler case where the tensor
is merely a fized vector v € T,M (in the sense of v := v, = (Dypy)(v) €
T+ (M)) and look at the evolution of its norm |v|yy.

(Note that v does not vary with time. It appears changing only be-
cause its image under the immersions vary. It is an extrinsic viewpoint:

vy’s differ inside R"™! but they are the images of the same vector v € T, M)

We compute:

dl _— agijvivj _ —2Hh;jv"’ |A|2|U|3(t) <0
R T T P T P
Ylg(e) Ylg() Ylg()
Because H = (A, id) < |Allid,| = n|A]

Cauchy—Swchartz
—2Hhv'v? < 2H|A||v]?* < 2n| A |v)?

Integrating we get, for every 0 < s <t <T"

t
</
S

v 2
which implies: —CT < loglv:% < CT, that is

g(s)

|U‘52;(t)

[Vl

log

d
d_§l09|v|§(5)d§‘ <C(t—-s)<C-T

02T < Jul2y < Jul2e"

g(s

and suggests that, up to time 7', all the norms are equivalent.
Specially for s =0

’U|52;(t) < |U|3(0)€CT
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And letting t — T we conclude that |v]y,y < |v]y0)e“?/? for any arbitrarily
chosen v € T,M.

So the limit norm is equivalent to the finite ones as well.

The most important consequence of such equivalence is that we can use
any of the (finite time) norms to bound a tensor at t = T. So without loss
of generality we will simply write | - | in our estimates.

Now by the evolution equation for the Christoffel symbols (to compare tensor
and coordinate expressions as we are working extrinsically) we see that

t T
I I —Th(©|ds < C Ax VAl < C+ DT
il < sl + [ grb©|aescer [ asvagesos

for some constants depending only on the initial hypersurface. This passes
to the limit and we have

IT5(T)| < C+ DT

Thus, after fixing a (any local chart, we see the Christoffel symbols are uni-
formly bounded in time. This implies for every tensor S,
a8
a(L'Z‘

where we take the partial derivative of the scalar part of the tensor S for
instance

- |vi5|\ <] (20)

08

VS dr' @ () +S® V(..

That means, the derivatives in coordinates differ by the relative covariant
ones by eqibounded terms. So if a tensor is bounded then its coordi-
nate derivative is bounded iff the respective covariant derivative is
bounded.

In the rest of the proof, for simplicity, we will denote by O the coordinate
derivatives and by V the covariant ones

As the time derivative of the Christoffel symbols is a tensor of the form
Ax VA, we have

0,0°T | = [0°0,T%;| < |0°(A = VA,
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([0, 0;] = 0 as ordinary derivatives)
hence, by induction on the order s and integration as above, one can show
that |0°I'};] < C for every s € N

We provide here the induction step, namely:
0°TE| = |0°(A* VA)| < C = |0° (A= VA)| = [o°T'TE| < C
To see this we estimate:

0T (A% VA)| = |0(0°Ax VA)|
=[0(0°(A* VA)) —=V(0°AxVA) + V(8*(A = VA))|
< |0(0°Ax VA) = V(0°(A* VA))| + |V(0°(A* VA))|
by(20) < C1|0°(Ax VA)[ + Cy
by inductive hypothesis < C1C + Co
(the tensor quantities are considered bounded and we want to bound the
partials)

Then, again by induction, the following formula relating the iterated co-
variant and coordinate derivatives of the tensor S holds:

VS| — |0°5]| < |V*S — 99
S s—1
<> ) rr.omets <y |9t
=1 ji+..+ji+k<s—1 k=1

This implies that if a tensor has all its covariant derivatives bounded, also
all the coordinate derivatives are bounded. In particular this holds for the
tensor A, that is, |[0*A| < C). Moreover, by induction, as V¥g = 0 all the
coordinate derivatives of the metric tensor g are equibounded.
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Working in compact sets, we ensure that || is bounded and |0y¢| = |e;| =
1, then by the Gauss - Weingarten relations,

Pp=T0p+ Av, Ov=Ax0yp

we get
|ak§0’ — Z k—2 ak 2— ZF@ZJrlSO‘i‘Z ak 2— zAaz
= )
k—2 k—2
orrize < CY 07|+ CY |02 A0 (A )|
=0 =0

sl < GZraZw T CZW (A% dp)| + C

< CZ|8Z+1¢| + CZ

OPAx 0% 0 | + E’

i=1 p+q+7“ 1—1
—4 4—1
o glioa<C < CZ]@’“@\ + CZ Yo lot ’ +C
—1 r=0
k—2 k—2
<OY |0+l +CY |0 +C
=0 =1
k—1
<O [0
=0

(only caring about the boundedness of constants)

This gives the tool for an (obvious) induction argument which yields
|0%¢| < O} time independent
for t € [0,T), in all compact subsets of M.

By the Ascoli - Arzela theorem we see that for every ¢ € [0,7) the limit

wi(c) = or()

is in C2° and conclude that o7 : M — R™"! is a C°° embedding.
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We can do the same computations with d,¢ and find out that
;05 ] < Cun

and smoothly pass to the limit. So the convergence is also C* in time. Thus
the domain extends to the temporal boundary of M x [0,T") and lin%got(-) =
t—

or(-)-

Now by the short time existence theory we can "restart” the flow past
time 7" which contradicts to its maximality. O]
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5 Asymptotic behavior

In this section we study the behavior of solutions M, for large times ¢ in the
case of linear growth. For simplicity we shall additionally assume that the
initial surface My has bounded curvature. We saw in Proposition 3.10 that
the surfaces M; "flatten out” as t — oo, and if they do not diverge to oo (e.g.
if u is bounded in time), then they must converge to a plane.

However, in general the surfaces do diverge to infinity, in fact at speed
proportional to ¢~/2, and Proposition 3.10 does not yield any information
about their global shape.

To study the global shape of M, for t — oo we will now rescale the surfaces
in such a way that they do not diverge to infinity. We then examine the
properties of the rescaled manifolds and retain a bound on their curvature.

5.1 Rescaling

We define ]

V2t +1

where the new ”"time” variable s is given by

P(s) = p(t) (21)

1
s = §log(2t +1), se€l0,+00)

The basic geometric quantities rescale as follows:

(G W (R S WA W
Jij (91‘,‘7 8!L‘j V2t +1 61’1‘7 &rj 2t + 1gzg

P jomoep\ 1 v oop\_ 1
Yo\ Ox Oz [ 2t + 1\ O Oy ) 2t +1 Y
H=§"hij =2t + 1g7hy; = V2t + 1H

_ _ 0p
v =v because {VJ_—, || = 1}
aiL'k

Notice that we adopted another convention for h;; than previously. This will
help with the proofs that follow throughout this last chapter. We cite here
the corresponding formulae affected by this convention.
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0 0
—v = —VH becomes au =VH

ot
%hzj = Ahzj + QHhilglshsj — |A|2hw

° %H:AH+H|A\2
The MCF equation doesn’t change

The normalized equation then becomes
d ~
—o=H 5 22
i (22)

Indeed

g (—) )
Os dt M\V2t+1
(2t +1)2Hv — (2t + 1) %9
2t 41 )

((2t—|— DY2Hy — ?)
= HV—gp

The estimates from Proposition 3.3, Corollary 3.5,Corollary 3.8 and
Proposition 3.10 translate to estimates for the rescaled embedding

az(‘ra S) < 50(1 + ‘g|2 - 17“2(‘%7 8))7
O(z,s) <c
|f~1|2($,8) < ¢,

with constants depending only on the initial bounds for the respective quan-

tities on M,.

Indeed:

L)) = ———u(y(x).s)  (23)

a(y(z),s) = (J,w) = Vo) V2t +1

¢ Notice that we count in the new time scale: s instead of ¢ ¢




So the rescaled height estimate is

1
~2 2
2t+1
1
2 2
< T 100(1 + |y|* —u® + 2nt)
t—oo — CO(” + |g’2 - ’L~L2)

The new gradient estimate:

O(z,8) = (P,w) = {(r,w)  =uv(r,s) <

since V = v
As for the rescaled curvature:

|1‘~1|2 - 5(1217 121) - ijgililijﬁkl

1 2
-0 (g ) 9t
= (2t + 1)|AJ?
o + 1
= AP
/
< (242
(ap<e) = < + ¥>C2
(t—00) < CIQ

For the rescaled surfaces, M, = $,(M) we then establish the following result
concerning asymptotic convergence.

Theorem 5.1. Suppose My satisfies the linear growth condition (15) and
has bounded curvature. If in addition the estimate

(y,v) < 03(1 + |y|2)1_6 (24)

is walid on My for some constants cs, & > 0. Then the solution M of the
normalized equation (22) converges for s — oo to a limiting surface My,
satisfying the equation

(9,v) = H (25)

We refer the reader to [1] for an explicit counterexample proving that condi-
tion (24) is indeed necessary.
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The result follows from the estimate

T )22 . 22
sup (H <y’~1/> )1?: S e—,@g sup (H <y7 V> )11:
i, (1+algP) iy (1+ alyl?)

(26)
which we derive for all ¢ < ¢ with some constants a > 0,3 > 0 depending

only on €,n,c; and cs.

The right supremmum is finite on every compact subset of M,. This im-
plies, in particular, exponentially fast convergence on compact subsets

Remarks

i) In view of the interior estimates in Proposition 3.10 the conclusion of The-
orem 5.1 remains valid for Lipschitz initial data provided condition (24) is
satisfied for some ¢y > 0.

i) Any initial surface My given by ¢y : M — R""! satisfying (25) gives
rise to an expanding selfsimilar solution of the mean curvature flow in the

sense that
Y = V2t + 1o

d 1
“o) =H
()

Theorem 5.1 then says that M; becomes asymptotically selfsimilar.

satisfies

In the one-dimensional case an example for ” curves of constant shape” evolv-
ing from a corner was numerically obtained by Brakke in [6]. It is an open
problem to understand and possibly classify solutions of equation (25). We
show in the appendix that the equation

<pL = —Hv

(characterizing contracting selfsimilar solutions of the mean curvature flow)
has only trivial solutions in the class of entire graphs of polynomial growth.
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We begin the proof of the theorem with the following lemma.

Lemma 5.2. The quantity (y,v) satisfies the evolution equation

(5 -8) o) = 1P o) + 21

Proof. Remember that y = ¢(x)
From the equation (d/dt)v = VH we compute

o0y = (Hvw) + (g, V)

dt
=H + (y,VH)
while
Ap,v) = (Ap,v) + (p, Av) +2(Vp, Vv)
x =H—(p,|APv —VH) - 2H
=—H - ’A‘Z <9071/> + <907VH>
So

(%—A) (y,v) = H+ (y, VH) + H + |A]* (y,v) — (y, VH)

=2H + |A] (y,v)

(x): (Vo, V)=V M —(Ap,v) = —H

We can now show that up to a time-dependent factor, condition (24) is
preserved for all s > 0. n

Lemma 5.3. Suppose My satisfies the assumptions of Theorem 5.1. Then
on M, we have the estimate

(7,v)" < C(s)(L+ [g1*)"°

with a constant depending on s and cs.
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Proof. Since the constant in the estimate is allowed to depend on time it is
sufficient to look at the unnormalized flow. From the previous lemma we
infer

(5 -8) o =200 (5~ 8) 1) = 209w P

= 2|A]* (y, )" + 4H (y,v) — 2|V (y,v) [
<C((yw)+1) =2V W (@)
Because we consider |A]? < C, therefore H < C, and using Young on

4H (y,v) < 2H?+ 2 (y,v)* we get

2(V2H)(V2 (y.v)) < 2H? +2(y,v)"

(C+1) {y,v)* +2C +2
ciz@eny = C(y,1)* +1)

2 (y,v)* |AP? + 4H (y,v) < 2C (y,v)* +2C + 2 (y, )’
<9

92



From now on we denote all constants depending only on ¢, and s by C.
We now write f = (y,v), multiply the above equation by a test function p
and estimate

(%—A)ﬁp p( (fP+1) - 2|Vf|2)+f2(——A)p 2(Vf,Vp)

—p<cf +C—2|Vf\2) g (——A) (V1Y)

= f2p(0 +p! (i - A)) +Cp—=2p|Vf? =2(Vf,Vp)

dt
-1 d 2
Young_(c+p <d__A))f p+Cp

Choosing p = 1~ where 7, = 1 + |2|> 4+ 2nt we derive from Lemma 3.2,

s (3-9)e
(- 1) - 2T+ () (L T

= —(6—1)(6 = 2)[Vm [P ?
< (0 sinced <1

Furthermore,
PV = = MV < 4 - 9 <4
since |Vn|? < 4n;.

Altogether we conclude

<% —A>f2p <C(fp+1)

such that by Corollary 3.1, f2p can at most grow exponentially in time.
This implies the result. Let’s see this for the rescaled flow:

f2p§ et :> f2 S pfleft

33



i.e.
(y,v)* < e ' (1 +[yl* + 2n8)'
1-6
evarrts =2+ 1) (5,)? < C(t) (1 F 2t )G+ 2nt>
1-6
((zt +1)[§[2 + 2nt + 1)
2+ 1
o i 1-5
& G <P +e0)

& (5.0)° < O(t)

]

Lemma 5.4. The normalized quantity H — (g,v) satisfies the evolution equa-

tion
(% - A) (= @w)) = (1A =1)( - v (28)

Proof. We first compute

Af =39V, f =2t +1)g"Vif = (2t + 1)Af
-1
0 ds 0 0

Of = (2t + 1)0f

Very helpfully then

for any f.
From the evolution of H (see chapter 2) and Lemma 5.2 we compute the
identities

The computation, recalling that H=+2t+1H , 1s

OH = (2t + 1)0v2t + 1H
= (2t +1)(V2t + 10H + HOV?2t + 1)
= H|AP(2t + 1)32 + H(2t + 1)Y/?
= H|AP?+H (29)
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Furthermore

O (g,v) = (2t + 1)O2t + 1)V (y, )
= (2t + 1)[(2t+ )"0y, v) + (y,v) O2t + 1)71/2]
= (2t + 1)V 0y,v) — (2t +1) - (2t +1)73/2
= (2t +1)- 2t + )72 AP (y,v) +2H — (2t + 1) ()

= ’A|2<y,y>—|—21€[—<g,y>

[
Proof of the main theorem
From (28) we infer The normalized gradient © satisfies the equation
(4 8)e— (o)
= (2t +1) ( — AP - 6|Vv|2)
—|AP0? - 6|VD|2

g

Observe in the last equality that

[y ———
I ot41" ¥
for vectors but
| lg=@t+1) |,

for covectors, such as Vo
We may then proceed exactly as in the proof of Lemma 3.7 (split and Young)

to obtain for f? = (lfI —{g,v) )202 the inequality
d 1
TRV <2 -2V VR
s

Multiplying by a test function p we compute

<d%_A>pf < —2pf*—2p07 Vi - Vf? (30)

+ f? (——A) —2Vp - Vf?
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Now let 0 < & < ¢ and define p(7,s) = 15 1(§)e* with 7,(7) = 1 + «|j|?
where «, f are small positive constants to be determined later. Then the
normalized equation (22) implies

d - i
(% - A) e = —2a(|7])* + n)

and therefore p

<E—A)p§ (8 +2(1 - e)(an+1))p (31)

Moreover, (same trick as in 3.7)
—2p07 VO -V —2Vp V2=
—2(07'Vo - p'Vp) - V(fp) (32)
+ 2|Vl f2pt + 220 bV D - Vp.
k

and we obtain from |V, |* < 4an, the estimate

IVp| < 2a'%p.
Combining now (30),(31) and (32) and using the fact that |Vo| < |A[0?
(which is scale invariant) we derive for g = f?p the inequality

(%—A)ggﬁ-Vg—I—(5+ca1/2—25)g

where £ = —2(6*1V0 + p*1Vp) (which is clearly bounded) and ¢ depends
on c¢q,co and n. Choosing then «, 8 suitably small depending on ¢ and ¢ we
see that

d -
(d——A)géé-Vg

S

for all s > 0. Lemma (5.3) ensures that g vanishes at infinity (because
f? does since § < 1) and enables us to apply the 3.1 to conclude that g
is uniformly bounded by its initial data. This proves estimate (26) and
completes the proof of Theorem 5.1.

6 Appendix

Proposition 6.1. If M is an entire graph of at most polynomial growth
satisfying the equation o+ = Hv or equivalently

<<:07 V> =H
then M 1is a plane.
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Proof. This equation gives V,;H = <90, Bi:m> h; and hence

Av = |APv + 20 Vol + <g0, 8i> Viv.
€T

—|x|?

We multiply this equation by p = e™2
to

which after integration by parts leads

/ |APvpdp + 2/ v VulPpdu = 0,
M M
thus implying the result. O
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