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ABSTRACT

There are many Galois Theories throughout Mathematics. The
purpose of this dissertation is to intoduce the part of Grothendieck’s
Galois Theory for Schemes that is related to Artin’s Galois Theory of
finite field extensions; that is, Galois Theory of Finite Etale Algebras.

From early on, mathematicians had noticed the similarities the
Fundamental Theorem of Galois Theory and the Classification The-
orem of Covering Spaces share. Eventually, it was no other than
Grothendieck who understood their bond on a deeper level and
formulated a theory, Grothendieck’s Galois Theory for Schemes,
in which he succeeded to unify these two classification theorems.
Grothendieck’s theorem in its full generality classifies finite étale
coverings of a connected scheme using sets on which its étale funda-
mental group acts continuously. When seen from a field theoretic
point of view, the theorem classifies finite étale algebras of a field
using sets on which its absolute Galois group acts continuously. This
is the theorem we are pursuing.

The first chapter is dedicated to Artin’s Galois Theory for finite
Galois extensions as well as Krull’s Galois Theory for arbitrary (not
necessarily finite) Galois extensions. The understanding of Galois
Theory for infinite extensions is crucial for the understanding of
Grothendieck’s approach. It reveals that Galois groups have a natural
topology which makes them topological groups and this topology
plays an important role when the extension is infinite.

The second chapter is dedicated to Galois Theory for Coverings.
We study the important notions from Algebraic Topology that will
allow us to prove the strikingly similar, in a manner of speaking,
Classification Theorem for Covering Spaces. This similarity provides
motivation for Grothendieck’s Galois Theory for Schemes.

Finally, after realizing the similarities of the above classification
theorems, we introduce Galois Theory of Etale Algebras in the
third chapter as a generalization of Artin’s Galois Theory for finite
extensions. We also briefly treat Grothendieck’s Galois Theory for



Schemes in its full generality and its relation to Galois Theory of
étale algebras as a possible continouation of this thesis.

ITEPIAHYH

Yta Mardnuoatind umdpyouy ToArég Ocwpleg I'narouvd. Xxomog authg Tne
epyootog elvan va yeletrioel exclvo to xoupdtt tne Ocwplag I'nahoud
tou I'pdevtn yia Eyfuota 1o onolo yevixelel Ty xAaoix) Oswpla
I'xahoud Tou ‘ApTiv yio TETERUCUEVES ETEXTACELS TWHUATLY- aUTH ebvo 1
Oewplo 'noroud yia Etdh ‘Ahyefpec.

And voplc ou goinuotixol avtihouBavovtoucay TiC OPOLOTNTES TOU
Oeuehddoug Bewphuatoc e Oswploc I'nohoud xar Tou Oswperuatog
Toagwounone Xopwv Emxdivdne tne Ahyefeinric Tonoloyioc. Ev téhet,
ftav o I'rpddevtin exclvoc mou xatavonoe to deoud mou yolpdlovion
oe Poditepo eninedo xou Stinwoe TN Aeyouevr Oswpela I'vahoud tou
I'xpddevtin yio Xyfuota, évo dempnuo toaétvounong mtou evorolel to 500
nponyoLueva. H Oewplo I'vahoud yia Eyruota, otn yevixr Tng wopgy,
TagVoUEl TETEPUOUEVES ETAA ETUXOADPELC CUVEXTIXOV CYNUATWY UECH
TEMEQUOUEVWY GUVOAWY GTaL OToloL 1) ETAN VEUEALDOONG OB TOU Ty YUat-
To¢ Opa cuveyws. ‘Otav mpooeyyloouvue to Vemprnuo amd T oxomd
TWV ETEXTACEWY CWUATOY, TO Yewpnua autod Tadvouel eTdh dAyePpeg
EVOC OOUATOG PECW TEMEQUUEVYV GUVOAWY OTA OTOLOL 1) OTOAUTY] OB
I'xahoud Spor cuveyws. Autd elvon to Yedpnua mou Vélouue va Uehe-
THCOUUE.

To npwto xepdhoto acyoleiton ue tn Oewpeid I'vahoud Tou ‘Aptiy yia
TenepaoUéveg emextdoelg I'nahoud xadde xou pe T Oewplo I'tohoud tou
Kpouk yior tuyaieg (ot amopaitnta nenepacpéves) enextdoelc I'xahoud.
H xoatavénorn tne dnepne Ocwploc I'rahoud ebvar onuavtxr oyt povo
yiatl yenowwomoLeitol o EnoPEVa AnOTEAEOUATO, AANS xou YiaTl avadeL-
%«VOEL XATOLoL AETTEL UEV oNpovTiXd O onuela Tne Ocwplag I'taroud mou
OEV €0YOVTOL OTNV EMLPAVELN OTNV TENEQACUEVN TEpinTwon. Povepdvel
OTL ot opddeg I'nahoud pyovtan uoixd epodlacuéves ue uio Totoloyia
N omola TIC XAVEL TOTOAOYIXES OUABES Xou auTH Toug 1 doun elvon To
xhedl oty mepinTtwon Tou 1 eméxTaoT elvon dmelen.

To deltepo xepdrono aoyohreiton ye 1 Ocwpio I'vokouvd yia Xdpoug
Emxdiudne. Mehetdvto exelveg ol évvoiec tng Alyefeinric Tonoho-



yiog mou pog emtpénouy vo anodeiloupe to Oedpnua Talvounong twv
Xopwv Emxdiudne, 1o onolo eivan eZatpetind 6Uol0 XxATd xdmOol0 TEOTO
ue autd e Oswplag I'varovd. H opodtnta twv 600 Yewpnudtwy yog
Tpoolxovouel TNy Unapdn ulog evorolnuévng Yewplag.

Télog, 610 TPITO AEPINOUO BLUATUTTCOVETAL XL ATOOENVUETAL TO Oc-
oenua I'ahoud yior eTdA dAyefpeg xou UEAETETAL 1) OYECT TOU UE TN
xhaowny| Yewplo I'nahoud. dg Evavoua yio TEpalTépw UEAETT), oXLaY PO
poluEe TN Ocwpid I'nahoud Yo Lyuata 6Tn YEVIXTH TNG LOPPY| XAt OT1)
oyéon tne Ye tn Oswpla I'vokoud yio Etdh Adyeeec.
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A STRIKING SIMILARITY:
THE CLASSIFICATION THEOREMS

Galois Theory and Algebraic Topology may appear as
two unrelated disciplines but, as we shall see, there are
aspects of both theories which are closely related. The fol-
lowing chapters contain a quick exposition of Galois The-
ory and Algebraic Topology that focuses on two highly
important, and remarkably similar classification theo-
rems: the Fundamental Theorem of Galois Theory and
the Classification Theorem for Covering Spaces from Al-
gebraic Topology.



Go to the roots, of these calcula-
tions! Group the operations. Clas-
sify them according to their complex-
ities rather than their appearances!
This, I believe, is the mission of fu-
ture mathematicians. This is the
road on which I am embarking in
this work.

Evariste Galois (1811-1832).
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1 ARTIN'S GALOIS THEORY

r/’) e are going to devote this chapter to the study of Galois
@ Theory for field extensions. Our aim is not to provide a
systematic or complete exposition of the subject but merely

to set up the machinery needed in order to reach the Fundamental
Theorem of Galois Theory for both finite and infinite field extensions.
For this we assume a basic understanding of Abstract Algebra and
General Topology, material usually covered in corresponding courses.
The first twelve chapters of [10] and the first four of [29] are far more
than enough.

Let us first introduce what Galois Theory is about with a few
words.

For many centuries, one of the central problems in Mathematics
was finding the solutions of polynomial equations

flx)=ax"+...+mx+ap=0 (neN). (1.1)

Formulas that gave the solutions of (1.1) when the degree of f, de-
noted df, is 1 or 2 were found as early as the times of ancient
Babylonians (around 2000-1500 B.C.!), while analogous formulas for
the cases df = 3 and 4 were discovered by the 16 century.

All of these formulas had a common characteristic. They involved
the four basic operations +, —, x, + along with the extraction of
roots applied on the coefficients of the polynomial; for example the
roots of the general polynomial equation of degree df = 2,

ax>+bx+c=0,

are given by the well known formulas
—b+ Vb? — 4ac and —b —V/b?> —4ac
2a 2a '

Although not historically accurate, for simplicity we may assume at this point that
a, eCVi=1,...,n.
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In other words, it was realized that all polynomial equations of
degree of < 4 can be solved by radicals.

It was therefore natural to search for similar formulas when
df > 5 as well. As Mathematics advanced, mathematicians realized
that such formulas most likely did not exist and many attempted
proving it. It was Niels Henrik Abel (1802-1829) who eventually gave
a satisfactory proof of this fact for the general equation of degree
df = 5. But are there any special quintic equations that can be solved
by radicals? What about equations of higher degrees? Immediately,
the focus turned to find ways of deciding when an equation can be
solved by radicals. The final answer was given by Evariste Galois.

Galois” idea was to derive information about the polynomial by
studying the permutations of its roots. Although many mathemati-
cians before Galois had linked the polynomials” behavior to such
permutations, it was Galois who recognized that these permutations
form a group under composition and used this extra structure to
answer questions about the polynomial. He showed how informa-
tion about a polynomial f could be derived from the group G of
permutations of its roots and, as an application, gave an answer to
one of the biggest problems of his time: Eq. (1.1) can solved by radicals
if and only if the group G is solvable (using modern terminology).

His theory was proven to be most fruitful and over the years
evolved. It required the work of many mathematicians, an adequate
development of Group Theory and Field Theory (which was done
in the 19™ century) and a world ready for such an abstract theory
in order for Galois Theory to be formulated and established as we
know it.

The ideas of modern Galois Theory, whose father is considered
to be Emil Artin (1898-1962), trace back to Heinrich Martin Weber
(1842-1913) and Julius Wilhelm Richard Dedekind (1831-1916). But
it was Artin who managed to formulate the theory in the language
of fields and field extensions independently of its main application,
i.e. the solvability of polynomial equations by radicals.

Thus modern Galois Theory surpasses the scope of the original
theory. Instead of studying polynomials using permutations of
their roots, the focus is turned on how to use automorphisms to
derive information about field extensions. In this setting, the original
question about the solvability of (1.1) is translated into a question



about a specific field extension (the splitting field of the polynomial
over the field where its coefficients lie).

1.1 FIELD EXTENSIONS

FIELD EXTENSIONS AND THEIR DEGREES An extension of a field
k is just a bigger field E containing k or, more generally, containing
an isomorphic copy of k.

Definition 1.1.1. Let k be a field. A field extension of k is a field E
together with a field monomorphism i : k — E. We refer to the field
k as the base field and to E as the extending field.

Following the customary identification of k with its isomorphic
image i(k), we may think of k as a subfield of E and the monomor-
phism as the restriction idg|x. This is why we will usually denote a
tield extension as k < E or E/k, suppressing the monomorphism i
from the notation.

When we are given a mathematical structure, e.g. sets, groups,
fields, algebras, topological spaces, smooth manifolds etc., we do
not confine ourselves to the study of the structure alone, but we are
also interested in substructures and structure preserving maps.

In the theory of field extensions, a subextension or intermediate
field of an extension k < E is a field L such that k < L and L < E.
We use the notation k < L < E to denote a subextension L of k < E.

More often than not we encounter multiple fields, one extending
the other, i.e. multiple subextensions. For simplicity, we shall use
the shorter notation

k<L <L, <...<L,<E
and refer to such extensions as towers of fields.

Example 1.1.2. Q < R, R < Cand Q < C are all field extensions.
Q < R < Cis a tower of fields.

Example 1.1.3. All fields can be considered extensions over their
prime fields, i.e. over Q if their characteristic is 0 or over F; = Z/qZ
if their characteristic is ¢ > 0.

15
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| ARTIN'S GALOIS THEORY

Example 1.1.4. Let k be a field and x,...,x, be indeterminates.
We can form the ring of polynomial functions in 7 indeterminates
k[x1,...,x,] and its fraction field

k(x1,...,xn) = {M s f, g €klxq, .., xn], g(x1,...,x0) #0}.

Then k < k(x1,...,x,) is a field extension since k can be viewed as
the subfield of constant polynomials through the monomorphism

=aVack.

. a+0x1+...40x,
itk —k(xy,...,xp) a0 00 + ... 1 0x,
Remark 1.1.5. A natural question arises at this early stage: Why are
field extensions so important? On the one hand, as it turned out, great
mathematical problems of the antiquity such as the solvability of
polynomial equations and the impossibility of geometric construc-
tions by ruler and compass can be solved by translating them into
questions about field extensions and using the tools of field exten-
sions to solve the latter. On the other, field extensions are important
on their own in the Theory of Fields.
Along with fields, we are also interested in field homomorphisms.
Suppose that
¢:k—E

is a field homomorphism. Since ker ¢ < k is an ideal,*
ker ¢ = {0} or k.

Therefore either ¢ = 0 or ¢ is a monomorphism, i.e. k < E is a field
extension. That is, field extensions are the (non zero) morphisms in
the category of fields.

Given a field extension k < E, the extending field E has the
additional (rather trivial) structure of an k-vector space with external
multiplication given by the multiplication of E restricted to k, i.e.

kx E— E.

This vector space structure is fundamental to Field Theory; it is one
of the main tools we use to study the extension k < E.

The only ideals of a field k are 0 and k because any non zero ideal I contains a unit,
hence I = k.
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Definition 1.1.6. The degree [E : k| of the field extension k < E is
the dimension of E as an k-vector space, i.e. [E : k] = dimE. The
extension is called finite if [E : k] < co and infinite otherwise.

Example 1.1.7. Consider the tower of fields Q < R < C. It is
immediate that both [R : Q] and [C : Q] are infinite because Q is
countable while R and C are not.3

Example 1.1.8. On the other hand, [C : R] = 2; every complex
number is an R-linear combination of the set {1,i}.

Example 1.1.9. The extension k < k(x) has infinite degree. Every
polynomial is a finite k-linear combination of the linearly indepen-
dent set {1,x,x2,x3,...}.

Example 1.1.10. Lets see how we can use the vector space structure of
an extension, and more specifically its degree, to derive information
about the extension itself. We will show that [E : k] = 1 if and only
if E=k.

If E = k then {14} is an k-basis for E and therefore [E : k] = 1.
On the other hand, if [E : k] = 1 and, say, {u} is an k-basis for E
then 1z = ru forsomer € kandsou =r 1 =r~! € k. Now u € k
implies at once that E = k.

Proposition 1.1.11. Let k < L < E be a tower of fields. Then
[E:k|] =[E:L][L:k]

Proof. Let B = {a; :i € I} bean k-basis for Land let B’ = {b; : j € J}
be a L-basis for E; the set

B = {ﬂib]' (i€ I,je ]}

is an k-basis for E. We can see that B” spans E using the distributive
law and that any k-linear relation of its elements implies an L-linear
relation among the elements of B’, which is absurd. o

Using induction on n € N we can prove

Using a famous argument of Georg Ferdinand Ludwig Philipp Cantor (1845-1918),
a vector space with a countable basis over a countable field is necessarily countable.

17
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Corollary 1.1.12. If k < L1 < Ly < ... < L, < E is a tower of fields
then
[E:k] =[E:Ly]...[Ly: Ly][Lq:K].

Corollary 1.1.13. If k < L < E is a tower of fields, then k < E is finite if
and only if both k < L and L < E are finite.

CONSTRUCTING FIELD EXTENSIONS I: POLYNOMIALS We turn
to more examples of field extensions and, in particular, a way of
constructing field extensions using polynomials.

An important class of field extensions arise when trying to solve
polynomial equations. For example, x> + 1 = 0 cannot be solved in
the field R of real numbers but has two solutions in the extension C.

More generally, given a field k and some irreducible polynomial
p(x) € k[x], one may wonder whether there is some extension of k
that contains a root of p(x).

Example 1.1.14. Let k be a field and p(x) € k[x] an irreducible
polynomial of degree dp > 2 (so that not all roots of p are in k). We
can construct a field extension E of k that contains a root of p(x). The
motivating idea is simple: consider the polynomial ring in which
p(x) lives and force p(x) to be 0 by taking the quotient.

Take the polynomial ring kx|, its prime* ideal I = (p(x)) and
form the quotient ring

E = klx]/(p(x)) = k[x]/ L

E is a field that extends k. Since k[x] is a PLD., the ideal I is
maximal® and therefore E is a field.® To see that E extends k, restrict
the natural projection map 7 : k[x] — k[x]/I to k. The restriction 7|
is a ring homomorphism with 7t|¢(1) = 1 and ker 7t|; = {0} hence a
tield monomorphism.

To formally verify there is a root of p(x) (or of 7t|;(p(x)) to be
more precise) in E, take the element ¥ = x + I € k[x]/I and verify
that

p(X)=p(x)+I1=1=0€E.

4 A principal ideal of k[x] that is generated by an irreducible element is prime.
5 Prime ideals are maximal in P1.D.s.
6 If I is an ideal of a commutative ring R, then R/ is a field iff I is maximal.
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It would be of benefit to us if we could have an explicit descrip-
tion of the elements of E. Using the extra structure E has as an
k-vector space, we obtain a useful characterization of its elements as
follows. The set

B={1%%,. .8 Y ={L,x+L*+1..xP 1 +1}

is a basis of E over k.

B spans E. Indeed, k[x] is an Euclidean” domain with Euclidean
function the usual degree function d : k[x] = N : f — 9df. Using
Euclid’s algorithm, for every g € k[x] there are unique b,r € k[x]
such that

g=bp+r, oJr<adp.

Therefore, ¢+ 1= (bp+71) + I P iTe (B) since dr < dp.
Moreover, B is k-linearly independent. Any k-linear relation of the
form

Ay (P 4+ D+ +m(x+ 1) +ag(l+1)=0+1€E
among the elements of B yields a polynomial
w(x) = aap_lxa”’l +...+mx+a € k[x]

of degree < dp which is equal to 0 in k[x]|/I or, equivalently, a
polynomial of degree < dp which is divided by p which is absurd.
Therefore,

[E: k] =|B| =dp (1.2)
and
E=k[x]/I={bo+ 1%+ bo® +...+ by, %711 by € k}
= {bg —i—b1x+b2x2 —+ ... —|—bap,1xap71 +1: b€ k}.
Example 1.1.15. Take the field R and the irreducible polynomial
p(x) = x*> +1 € R[x] of degree dp = 2.8

By the example above, E = R[x]/(x? + 1) is a field extension of
R which contains a root of p(x). Moreover, E is spanned by

B={1,x+{(x*+1)}

7 Euclid of Alexandria (~ 300 B.C.).
8 The polynomial x? + 1 is irreducible since it has degree 2 and no real roots.
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and, as a result, [E : R] =2 and
E={a+b(x+1I):abecR}.

If we decide to just change the notation and seti := x+1 € E
(observe that x + I is the root of p(x) in E) then

E={a+b(x+1):abeR}~{a+bi:abeR}=C.
The formal way to do this is by constructing the field isomorphism
0c:E—=C:a+bx+1+a+bi

Thus we have constructed C in a very elegant, algebraic way.

ISOMORPHIC EXTENSIONS  We now make a short pause from our
examples to define a crucial notion.

Even in our first examples we came across two very different yet
isomorphic fields that both extend R, i.e. C and E = R[x]/(x? + 1).
Therefore it is only natural to consider both extensions R < E and
R < C to be the same from a field-theoretic point of view. This
notion of isomorphic field extensions is the one we want to define.

Definition 1.1.16. A morphism between two abstract field extensions
i1 : ki - Eyand ip : ko — E; is a pair of maps ¢ : E; — E
and T : ki — kp such that the following diagram commutes, i.e.
o il = il oT.

E; —— E

ilT Tiz

ki —— ko

The field extensions are called isomorphic if the maps ¢ and 7 are
field isomorphisms.

What this definition says is that an isomorphism of field ex-
tensions must preserve the structure of the extensions in question, i.e.
the base fields, the extending fields and the way they are related (the
monomorphisms).
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With the identification of k; with its isomorphic image i;(k;) < E;
(in which case i; = idE]. |k].), j = 1,2, the commutativity of the above
diagram gives

o(i1(x)) =i (t(x)) <= o(x) = 7(x) Vx € k1.
Hence we get the following equivalent definition.

Definition 1.1.17. Two field extensions k; < E; and k; < E; are
isomorphic if there is a field isomorphism 7 : k; — k; that can be
extended to an isomorphism ¢ : E; — E.

In many instances, such as Ex. 1.1.15, we will encounter the
simpler case when the extensions are over the same base field.

Definition 1.1.18. Two abstract field extensions iy : k — E; and
ip : k — Ej over the same field are called isomorphic if there is a field
isomorphism o : E; — Ej so that the following diagram commutes,
ie. oo il = iz.

E, —2— > E

\/

Although we could simply use the first definition and take T =
id; when two extensions are over the same field, the importance of
this special case dictates to formulate it separately.

In the case where we regard k as a subfield of both E; and E,,
the commutativity of the above diagram gives

o(i1(x)) =ix(x) < o(x) =xVx €k

That is, ¢ is a field isomorphism E; — E, that fixes k pointwise. In
this case we say that ¢ is an k-isomorphism from E; to E; (or in
the case where E; = E; = E, an k-automorphism of E) and we can
restate the previous definition as

Definition 1.1.19. Two field extensions k < E; and k < E; over the
same field are called isomorphic if there is an k-isomorphism o : E; —
E,.

21
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Lemma 1.1.20. Field extension isomorphism is an equivalence relation.

Example 1.1.21. The extensions R < C and R < E = R[x]/{x? + 1)
are isomorphic. If we define

c:E—-C:a+bx+I1+ a-+bi

as before, and
jiR=C:r—r+0i

to be the usual inclusion R < C then it is easily seen that the
diagram

E z C

N

R

commutes. Indeed,
o(nlg(r)) =c(r+1)=0c(r+0(x+1)) =r+0i=j(r)VreR.
Therefore, the extensions are isomorphic.

Field extension isomorphisms over the same field preserve all
the information of a field extension including the structure of the
extending fields as vector spaces over the base field.

Proposition 1.1.22. If Eq, E; are fields extending a field k and o : E; — Ej
is an k-isomorphism then o is a bijective k-linear transformation.

Proof. The bijection is immediate; the linearity is clear from the
corresponding commutative diagram. o

Corollary 1.1.23. If k < Eq and k < E; are isomorphic field extensions
over the same field then [E; : k] = [E; : k].

Lastly, before we continue with our examples we introduce the
concept of an automorphism of a field extension which will be
needed later.



Definition 1.1.24. Let k < E be a field extension. An automor-
phism of k < E is an isomorphism from k < E to itself, i.e. an
k-automorphism of E. The set of all k-automorphisms of E is de-
noted by Aut(E/k).

Using elementary Group Theory, it is immediate that

Lemma 1.1.25. If k < E be a field extension then Aut(E/k) is a subgroup
of Aut(E).

CONSTRUCTING FIELD EXTENSIONS 1I: FINITELY GENERATED EX-
TENSIONS  We continue with more examples and ways of con-
structing field extensions.

Given a fixed field extension k < E and a subset X of E, the
intersection of all subfields L of E that contain X U k is non empty
(E is such a field), and is a subfield of E.9 It is the smallest extension
of k with these properties and is denoted by k(X);

kX)= () L (1.3)
XUKCL<E
The elements of X are called the generators of the extension. A
field extension k < E is called finitely generated over k if there
is some finite subset X C E such that E = k(X). If there exists a
single element a € E such that E = k(a), then the extension is called
simple. Using (1.3) we can see that

Kab)= N L= () L=[ka]0) @

{a,b}UKCL<E {b}Uk(a)CL<E

and by induction that k(ay,...,a,) = k(ay,...,a,-1)(ay,); this sug-
gests that simple extensions act as building blocks for finitely gener-
ated extensions. Therefore, if we want to understand the structure
of finitely generated extensions, we should first understand the
structure of simple extensions.

Finitely generated extensions are the core of finite Galois Theory.
As we shall see, every finite extension is finitely generated.

Example 1.1.26. We can take the extension R < C and the element
i € C. Then R(7) is a simple extension. It is the smallest field in C
containing both R and i.

9 The intersection of any family of subfields of E is again a subfield of E.

23
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Example 1.1.27. To the same direction we can also take the extension
Q < R and the elements 77,v/2 € R. Then Q(\@, 7t) is the smallest
field C R that contains Q as well as 7 and V2.

Example 1.1.28. We will later see (Prop. 1.1.46) that every extension
of the form k < k[x]/(p(x)) constructed as in Ex. 1.1.14 is isomorphic
to a simple extension, generated by an element that satisfies some
extra properties. So finitely generated extensions generalize the
construction of Ex. 1.1.14.

So far we have no information about the structure of finitely
generated extensions.

Proposition 1.1.29. Let k < E be a field extension and a € E. Then
a
k(o) = { L8« (), ) € ki), g(a) 20}

Proof. Let Ly be the right hand side of the above equality. Ly is a
subextension of k < E such that a € Lj. Therefore

k()= () LCL.

{a}UKCL<E

On the other hand, Ly is obviously contained in every field L that
contains both k and a. Hence

L () L=k(a)
{a}UKkCL<E

The two inclusions imply the required equality. o

Corollary 1.1.30. Let k < E be a field extension and ay, . .., a, € E. Then

k(ay,..., an) = {M s f,g €klxy, ..., xn], g(aq,...,an) 750}.

Example 1.1.31. Now we know that

R() = {0 ) 5() € I, 500) # 0.

\\g,n) . f,8 € Qlxy, %2, g(V2, 1) # 0}.



But these descriptions do not depict accurately the structure of the
extensions. In particular, the form of the elements might not be as
complex as described in the previous propositions as the generator
may satisfy some polynomial equation. For example, the element

5430 —2i+1
i—1

€ R(i)

can be simplified to

15 '6_2' 1
Z +31,1_1 L (53 2y 1)(i— 1)

After studying simple extensions in more depth, we will be able to
get better descriptions of finitely generated extensions such as the
above.

ALGEBRAIC EXTENSIONS I As we said, the understanding of
tinitely generated extensions requires a very good grasp of their
building blocks, i.e. the simple extensions. In the general case, we
can classify all simple extensions k < k(a) up to isomorphism; their
structure depends on whether the generator 4 is algebraic or not.

Definition 1.1.32. Let k < E be a field extension and a € E. The
element a € E is said to be algebraic over k if there exists some
f(x) € k[x] such that f(a) = 0. An extension whose elements are all
algebraic is called an algebraic extension.

Example 1.1.33. The element i € C is the root of x> + 1 € R[x] hence
algebraic over R. In fact there is no point to commit ourselves to i.
Any complex number z = a + bi is the root of x> — 2ax + (a> + b?) €
R[x] hence algebraic over R. So R < C is an algebraic extension.

Definition 1.1.34. If the element a € E is not algebraic over k then it
is said to be transcendental over k. An extension with transcendental
elements is called transcendental extension.

Example 1.1.35. The extension Q < Q(+/2, 77) is transcendental since
7T is transcendental over Q.*°

' For a proof of the transcendence of 7t see [30].
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Example 1.1.36. An important example of a transcendental extension
is k < k(x), where x is an indeterminate. As we shall see, this is the
only simple transcendental extension of k up to isomorphism.

CLASSIFYING SIMPLE EXTENSIONS Let k < E = k(a) be a simple
field extension (a2 € E) and

eq : k[x] — kla] : f(x) — f(a)

be the evaluation homomorphism. Note that e, is clearly onto.

If a € E is transcendental, then there is no ¢(x) € k[x] such that
g(a) = 0; in other words, kere, = {0}. By the 1% [somorphism
Theorem we have a ring isomorphism

k[x]/ kere, = k[x] ~ Ime, = kla].

Since k(x) and k(a) are the fields of quotients (which are unique
up to isomorphism) of k[x] and k[a] respectively, we get a field
isomorphism
5 ~ fx) . fla)
epk(x) = k(a): —=% — 22,
RO 7 s

This field isomorphism together with the two inclusions

. _ fx) _z+0x+0x*+... z
ll'k%k(x)'ZHg(x) S 140x+0x2+... 1 € kix)
. ' fl@) _z4+0a+0a*+... z
lz'k%k(a)“z}_)g(a) - 1+40a+0a2+... 1 € k(a)

make the corresponding diagram commute.

k(x) —— 5 k(a)
N, A

Thus we have proven the following.

Proposition 1.1.37. Let k be a field. k < k(x), where x is an indeterminate,
is the only simple transcendental extension of k up to isomorphism.
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If, on the other hand, a € E is algebraic over k then
{0} # kere, < k[x].

Hence kere, is generated by some non-zero element.™

Among all polynomials f that have a as a zero (i.e. f € kere,),
there exist some with minimum degrees (by the well-ordering prin-
ciple). Of all these we can choose a monic one."> This monic poly-
nomial, denoted by m(a, k)(x), such that m(a,k)(a) = 0 and whose
degree om(a, k) is the smallest among all the polynomials that have
a as root, is unique; if not, any other such polynomial w(x) would re-
sult in a non-zero polynomial m(a, k) — w with a as a root and degree
less that dm (because both m and w are monic) - a contradiction.

Definition 1.1.38. This polynomial m(a, k) is called the minimal
polynomial of a over k and it obviously depends not only on a but
on k as well.

Proposition 1.1.39. With the above notation, the minimal polynomial
m = m(a, k) € k[x]

(i) is irreducible
(ii) divides every polynomial g(x) € k[x] such that g(a) = 0.

Proof. (i) If not, then m(x) = fi1(x)f2(x) with df1,9f» < om. But
then m(a) = f1(a)f2(a) = 0 hence either fi(a) = 0or f,(a) =0
which contradicts the minimality of dm.

(ii) By Euclid’s Algorithm (and the minimality of dm), there exist
unique ¢, 7 € k[x] such that

g(x) =g(x)m(x) +r(x), or < om.
If  # 0 then g¢(a) = g(a)m(a) + r(a) = r(a) = 0 which again
contradicts the minimality of dm. Therefore r = 0 and m|g.

<

Corollary 1.1.40. With the above notation, kere, = (m(a, k)).

" k[x] is a P1D.
> Take one with minimum degree and divide it by its leading coefficient.

27
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Corollary 1.1.41. Let k < E be a field extension, a € E and m(x) € k[x]
a monic polynomial such that m(a) = 0. Then m = m(a, k) if and only if
m is irreducible.

Corollary 1.1.42. Let k < L < E be a tower of fields and a € E. Then
m(a, L) divides m(a, k). In particular om(a, L) < om(a, k).

Example 1.1.43. m(i,R) = m(i,Q) = x? + 1.
Example 1.1.44. m(v/2,Q) = x2 —2 = m(v/2,Q(n)).

Returning to the extension k < k(a). The evaluation homomor-
phism e, is a well defined ring epimorphism with kernel

kere), = (m(a, k)) = (m).

The 1 Isomorphism Theorem for Rings now gives a ring isomor-
phism

&)« klx]/ (m) ~ kla] : f(x) + (m) — f(a). (1.5)
However m is irreducible, so (m) is a maximal ideal of k[x], hence
k[x]/(m) is actually a field. That means that k[a] is also a field, i.e.
k[a] = k(a), and therefore k(a) ~ k[x]/(m(a, k)).

By the previous discussion, if k < k(a) is a simple extension with
a algebraic over k then k(a) is isomorphic to an extension of the form
k[x]/(p(x)) where p(x) is a monic irreducible polynomial in k|[x],
namely p = m(a, k).

We can show that the converse also holds. Given a field k and
an irreducible, monic polynomial p(x) € k[x], the quotient E =
k[x]/(p(x)) is a field extension of k that contains a root of p, namely
the element x = x+ [ € E (Ex. 1.1.14). Since p is monic and
irreducible, m(x, k) = p by Cor. 1.1.41. Therefore

klx]/{p(x)) = k[x]/ (m(X, k)) = k(X).

The restriction that p be monic is actually superfluous. For if p
is an irreducible polynomial in k[x] with leading coefficient a then
g(x) = a 'p(x) € k[x] is irreducible and monic and

(q(x)) = (p(x)).
Therefore
k[x]/{q(x)) = k[x]/{p(x)).

Thus we have proven
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Proposition 1.1.45. Let k be a field. The simple field extensions of k which
are generated by algebraic elements are exactly the fields k[x]/(p(x)) for
p(x) € k[x] irreducible polynomials.

Using now the data we have from Ex. 1.1.14 for the structure of
extensions of the form k[x]|/(p(x)), we can get a better description
of the elements of simple extensions with algebraic generators than
those provided by Prop. 1.1.29 and Cor. 1.1.30.

Corollary 1.1.46. Let k < E be a field extension and a € E an algebraic
element over k. Then [k(a) : k] = om(a, k) = om and

k(a) = {Co +c1a+ c2a2 +...+ cam_laamfl 1¢; € k}.

Proof. We already saw that k(a) = k[a]. Since m(a) = 0, we can
replace every power of a in some f(a) € k[a] which is greater than
om by powers < dm.

Moreover, the set B = {1,4,..., aam_l} is k-linearly independent.
Otherwise, any k-linear relation among the elements of B yields
a polynomial ¢ € k[x]| such that g(a) = 0 and dg < dm which is
absurd. o

Example 1.1.47. Consider the extension R < R(i). The element
i € C is algebraic over R with minimal polynomial m (i, R) = x> + 1
of degree 0 = 2. Therefore [R(i) : R] = 2 and

R(i) ~{a+bi: a,beR} =C.

Example 1.1.48. Now to the extension Q < Q(7,/2). Although

using the structure of simple extensions

Q(7,v2) = [Q(m)](v2) and Q(n1) = {f(n): f € Q(x)}

(x being an indeterminate), we can again have a better description of
the elements of the extension. Indeed, the element /2 is algebraic
over Q(7r) with minimal polynomial 7(v/2, Q(7r)) = x? — 2. Hence
[Q(7,v2) : Q(71)] =2 and

Q(r, v2) = [Q(m)] (V2) = {a+bv2:a,b € Q(r)}.
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INTRODUCING AN EXTENSION THEOREM Before continuing with
the study of algebraic extensions, we take the opportunity the clas-
sification of simple extensions gives us to start discussing extension
theorems. Our aim is to classify simple extensions up to isomorphism.

Suppose we begin with a field extension k < E and two elements
a,b € E. We can then form the simple extensions k(a) and k(D).
By definition, these are isomorphic if there is an k-isomorphism
between them.

Jk-isomorphism ?

k(a) S omompism L k(b)

If one element is algebraic and the other is transcendental then
the extensions cannot be isomorphic (the one is an infinite dimen-
sional vector space over k while the other has finite dimension; see
Cor. 1.1.23).

If both elements are transcendental then the extensions are iso-
morphic by Prop. 1.1.37.

So the interesting case is when both a and b are algebraic over k.

Example 1.1.49. The extensions R < R(i) and R < R(—i) are iso-
morphic through complex conjugation map z — z (which is an
R-isomorphism).

Counterexample 1.1.50. The extensions Q < Q(v/2) and Q < Q(~+/2)
are not isomorphic; they have different degrees.

By Prop. 1.1.45,
k(a) ~ k[x]/(m(a,k)) and k(b) ~ k[x]/(m(b,k)).

Therefore a sufficient condition would be (m(a,k)) = (m(b,k)).
Since both m(a, k) and m(b, k) are irreducible and monic, this condi-
tion is equivalent to m(a, k) = m(b, k). Therefore if a, b are roots of
the same irreducible polynomial then the extensions are isomorphic.
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Proposition 1.1.51. If k < E is a field extension and a,b € E algebraic
elements over k such that m(a, k) = m(b, k) then the extensions k < k(a)
and k < k(b) are isomorphic.

Proof. The required k-isomorphism is the composition
k(a) = k[x]/ (m(a,k)) = k[x]/ (m(b, k)) = k(b).
The details are easy to fill. o

Let us examine the general case where we have two different
extensions k1 < E; and k, < E; over isomorphic base fields with, say,
T : k1 — ky being the base field isomorphism.

Given « € E; and B € E; we can form the extensions k; <
ki(a) and ky < ka(B). We would like to know if these extensions
are isomorphic. Again the non-trivial case is when « and g are
algebraic over their respective base fields. In this case, the extensions
are isomorphic if we can extend the given isomorphism 7 to an
isomorphism ¢ between ki («) and k().

ki(w) 27> ka(p)

kf ——— Kk

Before proceeding, recall that if T : k1 — k; is a field homomor-
phism then 7 induces a ring homomorphism

T : ki[x] — ko[x Zax >—>ZT

and if 7 is bijective then so is T. Since

ki(a) ~ki[x]/(m(a, k1)), ko(B) = ko[x]/(m(B, k2))

and T : ki[x] — ky[x] is an isomorphism, a sufficient condition for
the extensions to be isomorphic would be T(m(a, k1)) = m(B, k2).
Indeed, if this is the case, then we can define

m

aid = (Z(f))(B) = Y_t(ai)p'.

i=1

7 i k(@) = ka(B) : fla) =

@m



32

| ARTIN'S GALOIS THEORY

This is a field isomorphism that makes the diagram

k(@) — ka(p)

d li

kj —— Kk

commute (here i and j are the canonical inclusions). Moreover
o(a) = B and oy, = 7, thatis, ¢ extends 7. Thus we have proven

Proposition 1.1.52 (Extension Theorem for simple extensions). Sup-
pose k1 < ki(a) and ky < ky(B) are algebraic simple extensions and
T : ki — ko is a field isomorphism such that T(m(a, k1)) = m(B, ka).
Then there exists an isomorphism o : ki(«) — ky(p) that extends T. In
other words, ki < kq(«) and ky < ko(B) are isomorphic.

ALGEBRAIC EXTENSIONS 11  Algebraic extensions are the core of
classical Galois Theory and from now on we focus solely on them; no
matter how interesting it is, the study of Galois Theory for arbitrary
extensions is far beyond the scopes of this dissertation.

Convention. Henceforth all extensions are assumed to be algebraic
unless explicitly stated otherwise.

So we need to put some extra effort into understanding algebraic
extensions better.

Proposition 1.1.53. A field extension is finite if and only if it is algebraic
and finitely generated over the base field.

Proof. (=) For a given finite extension k < E with [E : k] = n < oo,
and any z € E, the set

{1,z,2,2%,...,2"} CE

is k-linearly dependent since it contains n +1 > [E : k| elements.
That means we can find ay, . ..,a, € k, not all zero, such that

agl + mz + mz® + ...+ a,z" = 0.

Therefore z is the root of a9 + a;x + ... +a,x" € k[x] hence algebraic
over k.



1.1 FIELD EXTENSIONS | 33

Moreover, since [E : k] = n < oo, there exists an k-basis B =
{b1,...,b,} C E of E and thus

E={fiby+ ...+ fubu: fi € k}.

Now on the one hand k < k(B) < E by definition of k(B); so
k(B) C E. On the other hand,

for every extension L of k that contains B because

by +...+ f, b, €LVf,...,fu €k
fi b f fi,ee fi

ckCL €L ekCL €L
— —
€L €L

But E is an extension of k that contains . Therefore E C k(B) and
as a result E = k(B), i.e. E is finitely generated.

(<) If k < k(ay,...,a,) is algebraic then in particular all a; are
algebraic over k. Applying 1.1.12 to the tower of fields

k < k(al) < k(al,az) < < k(al,...,an),

we get
[k(ay,...,an) : k] = [k(ay,...,a0) : k(ay, ..., ay-1)]...[k(ay) : K]
1: [ (a];-- s Ap— 1)((1;1) :k(alﬂnran 1)] [ ( ) k]
116 om (an, k(ar,...,a,-1)) ...0m(ay, k)
1.1.42
< om(ap,k)...om(ay, k) < oo,
i.e. the extension is finite. o

Corollary 1.1.54. Every finite field extension is algebraic.

Corollary 1.1.55. Suppose k < E is a field extension and X a finite subset
of E. Every x € X is algebraic if and only if the extension k < k(X) is
algebraic.

Both hypotheses of 1.1.53 are essential for the converse. Exam-
ple 1.1.35 gives a finitely generated but not finite, transcendental
extension. Infinite algebraic extensions also exist.
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Counterexample 1.1.56. The extension
Q <A ={zeC: zisalgebraic over Q}

is a field extension which is by construction algebraic but not finite.*3

Consider the 7' root of some number, say 2, and adjoin it to Q.
We get the tower of fields Q < Q(\"@) < A. Since /2 is algebraic
over Q with minimal polynomial m = x" — 2 (it is irreducible by
Eisenstein’s'4 criterion), the degree of the simple extension will be
[Q(/2) : Q] = n. Therefore, from 1.1.11, we get

[A:Q) =[A:Q(V2)][Q(V2): Q) > n.
Since n € N was arbitrary, the degree of the extension is infinite.

Before closing this paragraph on algebraic extensions, we will
see how they behave under subextensions.

Proposition 1.1.57 (Transitivity of algebraic extensions). Given a
tower of fields k < L < E, the extension k < E is algebraic if and only if
both the extensions k < L and L < E are algebraic.

Proof. (=) Immediate.

(<) Leta € E. Since L < E is algebraic, we can find the minimal
polynomial

m(a,L) =x"+...+a1x +ap € L[x].

Consider the extension generated by the coefficients of m(a, L)
over k,
k < k(ll(), .. .,an,1) < L.

Since k < L is algebraic, so is k < k(ay, ..., a,-1) which is by
construction finitely generated over k, hence, by 1.1.53, finite

[k(ﬂo,. . .,Clnfl) k] < o0.

Moreover m(a, k) € k(ao,...,a,-1)[x], which means that a is
algebraic over k(ay, ...,a,-1) and, again by 1.1.53,

[k(ag, ..., an—1,a) : k(ag, ..., a,—1)] < oo.

3 An accessible proof that A is indeed a field can be found in [15].
14 Ferdinand Gotthold Max Eisenstein (1823-1852).
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Therefore, by 1.1.11,

[k(ao, ..., ay—1,a) : k] =[k(ao,...,an_1,a) : k(ag,...,a,-1)]
-[k(ao,. . .,an_l) : k] < 0.

Thus the extension is finite and by 1.1.54, algebraic. In particu-
lar a is algebraic over k.
o

CONSTRUCTING FIELD EXTENSIONS I1I: SPLITTING FIELDS For
a given polynomial f(x) € k[x], we constructed in 1.1.14 a field
extension that contains a zero of f. We can take one step further and
construct a field that contains all roots of a given polynomial.

Definition 1.1.58. A polynomial f(x) € k[x] splits over k if all roots
of f lie inside k. A splitting field for f is a minimal field over which

f splits.

Example 1.1.59. The polynomial x> + 1 € Q(x) does not split over
Q or R. It splits over C as well as over the smaller field Q().

Example 1.1.60. Suppose k < E is a field extension and let f(x) €
k[x] such that of = n. If f splits over E and ay,...,a, € E are its
roots, then k(ay, ..., a,) is by construction a splitting field of f.

Example 1.1.61. Q(i) is a splitting field of x> + 1 € Ql[x].

A famous theorem of Leopold Kronecker (1823-1891) states that
any polynomial has a splitting field.

Proposition 1.1.62 (Kronecker). If f(x) € k[x] is a non-zero polynomial,
then there exists a splitting field of f.

Proof. Using induction on df. The base case df = 1 holds trivially.
Assume that the theorem holds for all polynomials of degrees < n.
Given a polynomial f with df = n + 1, the construction in 1.1.14
gives an extension E containing a root a of f. In E we can write
f(x) = (x—a)g(x), 9g < n and apply the induction hypothesis on

g(x). o
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Example 1.1.63. Both C = R(i) and E = R[x]/(x? + 1) are splitting
fields of x> + 1 € R[x]. To begin with, x? + 1 splits over both fields.
On the one hand, any splitting field R < L < R(7) must contain
both R and i. By the minimality of R(i), we deduce that L = R(i).
On the other hand, for any splitting field R < L < E, Prop. 1.1.11
gives
2=[E:R]=[E:L][L:R].

But x2 + 1 does not split over R. Therefore, [L: R] > 1 (so [L: R] =
2) and [E : L] = 1 which means that E = L.

As we have already seen, the two fields are isomorphic. So in
this case, these two splitting fields of x> + 1 € R[x] are isomorphic.

Actually, any two splitting fields of a polynomial f(x) € k[x| are
isomorphic. Inspired by the extension theorem 1.1.52, we will prove
the result directly for the general case of two isomorphic base fields.

Proposition 1.1.64 (Extension Theorem for Splitting Fields). Let
T : ki — ko be a field isomorphism. If Ey is the splitting field of some
f(x) € ky[x] and E, is the splitting field of f = T(f) € ka[x] then there
is a field isomorphism o : Ey — Ej that extends T.

Proof. With induction on odf.

If of = 1 then k; is itself a splitting field of f and therefore, by
the minimality of splitting fields, k; = E;. Since T is an isomorphism,
f also splits in k; and again k» = E,. So the required extension of T
is itself.

Assume the theorem holds for all polynomials f(x) € k[x] of
degree df < m for some m € N.

Let f(x) € kq[x] be a polynomial of degree df = m and take p(x)
some monic, irreducible factor of f (it may be that p = f) of degree
dp > 2; p(x) has a root a in E; and p = T(p) has a root  in E;. By
1.1.52 there is an isomorphism ¢y that extends 7 to ki («).

(%1

ki(a) —— k2(P)

T T

kf —— Kk
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We now have that f(x) = (x —a)fi(x) € k(a)[x] and f(x) =
(x — B)f1(x) € k(B)[x] where fi = T(f1) and of; = df1 < m. By
the inductive hypothesis, E; is the splitting field of f; and E, is the
splitting field of ﬁ (any other splitting field L of f; contains both «
and the roots of fi; this means that it is a splitting field of f inside Eq
and by minimality L = E;; same for f;) and there is an isomorphism
o : E; = E; extending o7.

Ef, —— E

T T

(%

ki(a) —— ka(B)

Combining the two diagrams, we conclude that ¢ is an extension of
T. Therefore the extensions are isomorphic. o

Corollary 1.1.65. Let k be a field, f(x) € k[x] some polynomial and
Ey, E; two splitting fields of f. The extensions k < Ej and k < E; are
isomorphic. In particular, the splitting field of a polynomial f(x) is unique
up to isomorphism.

ALGEBRAIC cLOSURES  The results in the preceding paragraph can
be generalized in the sense that we can construct the splitting field
of any finite set of polynomials {f;(x) € F[x] : i = 1,2,...,n} by
carrying out the construction of Example 1.1.14 at most [} ;9f;
times.

Using Zorn’s Lemma™ we can take things one (huge) step further
and consider an extension E of a field k that not only contains the
roots of every polynomial f(x) € k[x], but also of every polynomial

g(x) € E[x].

Lemma 1.1.66. The following conditions are equivalent for a field k:
i) There are no algebraic extensions k C E.
ii) There are no finite extensions k C E.

iii) Every f(x) € k(x| splits over k.

5 Named after Max August Zorn (1906-1993).

37



38

| ARTIN'S GALOIS THEORY

iv) Every f(x) € k[x] has a root in k.
v) Every irreducible polynomial p(x) € k[x] has degree 1.

Proof. (i)=(ii): Immediate since every finite extension is algebraic.

(ii)=(iii): If some f € k[x] did not split, then we could construct
an extension E of k that contains a root of f. By construction this
would be a finite extension (of degree at most df).

(iii))=-(iv): Immediate.

(iv)=(v): If p(x) € k[x], then p has a root in k hence a linear
factor I(x) € k[x]. If p is irreducible then p =l so dp = 1.

(v)=(i): Suppose we have an algebraic extension k < E and
let a € E. By the hypothesis, m(a, k) has degree 1 so [k(a) : k] =
om(a, k) = 1. Therefore k(a) = k which means that a € k and thus
E=k o

Definition 1.1.67. A field that satisfies any of the above equivalent
conditions is called algebraically closed.

Example 1.1.68. By the Fundamental Theorem of Algebra, C is alge-
braically closed.

Example 1.1.69. The field A = {z € C : z algebraic over Q} is
algebraically closed. Indeed, suppose we have a finite (hence finitely
generated and algebraic) extension A < A(ay, ..., a,). The extension
Q < A is algebraic and, by Proposition 1.1.57, s0is Q < A(ay, ..., a,).
Therefore ay,...,a, € A by the definition of A which implies that
A=A(ay,...,a,).

Counterexample 1.1.70. Neither Q nor R are algebraically closed.
In both cases, the irreducible polynomial x? + 1 has degree 2.

Definition 1.1.71. Let k be a field. An algebraic closure k of k is an
algebraic extension of k that is algebraically closed.

Example 1.1.72. C is an algebraic closure of R. It is a finite, hence
algebraic, extension of R that is algebraically closed.

Counterexample 1.1.73. C is not an algebraic closure of Q because it
is not an algebraic extension.

Example 1.1.74. A is an algebraic closure of Q. It is by construction
algebraic and, as we saw, algebraically closed.
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Algebraic closures of arbitrary fields exist. As we mentioned, we
are going to need Zorn’s Lemma.

Lemma 1.1.75 (Kuratowski'®, Zorn). If (P, <) is a partially ordered set
so that every chain of P has an upper bound, then P has a maximal element.

We take Zorn’s Lemma as an axiom since it is equivalent to the
Axiom of Choice. The interested reader can consult [28].

Proposition 1.1.76. Suppose k is a field. Then an algebraic closure of k
exists.

Proof. For every non constant polynomial f(x) € k[x]|, we take an
independent variable x; and consider the polynomial ring R gener-
ated by all these variables over k. The ideal I = (f(xf) : f € k[x])
of R is proper. Otherwise we would find some g1,...,gx € R and
some fi,..., fm € I such that

gufi(xg) 4+ .. 4 gufm(xp,) = 1.

But each f; has a root, say ;. Evaluating at (xfl, e, xfm) = (ay,...,am),

we get 0 = 1 which is absurd.

Since the ideal I is proper, it is contained in a maximal ideal ],
i.e. I C ] C R. This is a standard result from Algebra that requires
Zorn’s Lemma. Take the set S of all proper ideals of R and show that
every chain has an upper bound, the union of its elements. Zorn’s
Lemma ensures the existent of a maximal element of S. It is easy to
see that this is the required ideal. The missing details are easy to fill.

Now ] is maximal so R/] is a field. Using the restriction of the
natural projection to F, i.e.

7T|k2k—>R/]

we can see that R/ ] is an extension of k. This extension contains a
root of every f(x) € k[x], namely xf + I, since

f(Xf) + I =1

16 Kazimierz Kuratowski (1896-1980) had indepedently proven this lemma a few
years before Zorn.
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We have constructed a field k1 = R/ that extends k and contains
a root for every irreducible polynomial of k[x]. With the same
arguments we can construct a tower of fields

k<ki<ky<ks<...<ks<...

such that k1 contains a root for every irreducible polynomial in
ki[x]. Their union

is clearly an extension of k. By construction, it contains the root of
every polynomial ¢ € E[x]. In other words, it is algebraically closed.
We can now take

k = {z € E : z algebraic over k}.

k is an algebraic extension of k that is algebraically closed. Thus we
have constructed an algebraic closure of k. o

Using Zorn’s Lemma again, it can be shown that

Proposition 1.1.77 (Extension Theorem for Algebraic Closures). Sup-
pose T : k1 — ky is a field isomorphism, Sy is a set of polynomials over k;
and Sy = T(S1) where T : ki[x] — ka[x] is the map induced by T. If Eq
is a splitting field of Sy and E, is a splitting field of Sy, then there is an
isomorphism ¢ : Ey — Ep extending T. In particular, algebraic closures
are unique up to isomorphism.

Furthermore, if a1 € Eq has minimal polynomial m = m(a, ki) and
ay € Ey is any root of T(m), then o can be chosen so that o(ay) = ap.

Proof. Consider the set
S={(L,0):L<E, 0:L—Ey:0 =1}
Then S # @ since (kq,7) € S and is partially ordered by defining
(L1,%) < (L, %) < L1 <Ly and |, = th.
If c = (L;, %) is a chain in S and we define L = |J L; and

19:L—>E2:19(x):191-(x) if x € L;
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then (L, 9) is an upper bound of c. By Zorn’s Lemma, there is a
maximal element (Lo, %) in S. By definition, Ly < E;. If Ly # Ej,
then there is some f; € S; that does not split over Ly. Take a root
a1 € E1\ Lo of f1, its minimal polynomial m; = m(ay, k1) and its
image my = T(my) and a root a, € E; of my. From the Extension
Theorem for simple extensions, T can be extended to an isomorphism
p: Lo(a1) — 9(Lo)(az). Then (Lo(a1),p) is an element of S which
is bigger that (Lo, 89), a contradiction. Therefore, Ly = E;. From the
Extension Theorem for splitting fields, d(E;) = Es. o

Corollary 1.1.78. Every algebraic field extension E of a field k can be
embedded in k.

Proof. The algebraic closure E of E is an algebraic closure of k as
well since k < E is algebraic; So there is an isomorphism f : E—k
and E is then embedded in k as E ~ f(E). o

CONSTRUCTING FIELD EXTENSIONS IV: COMPOSITUMS Having
defined algebraic closures, we obtain another way of constructing
field extensions that will be proved useful.

Definition 1.1.79. Given any field k and any two algebraic field
extensions L, M of k, we define their compositum LM to be the
smallest subfield of k that contains both L and M, i.e.

LM = L(M) = M(L) < k.

Similarly, we can define the compositum of any family {L;};c; of
algebraic extensions of k.

Obviously,

Lemma 1.1.80. The compositum of any family of algebraic extensions of k
is an algebraic extension of k.

and

Lemma 1.1.81. The compositum of any finite family of finite extensions of
k is a finite extension of k.
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Proof. Suppose L and M are two finite extensions of k. From the
previous lemma and Proposition 1.1.53, we need only show that their
compositum is finitely generated. Since both L and M are finite, they
are finitely generated; write L = k(ay,...,a;) and M = k(by,...,b,).
It is now immediate that LM = k(aj,...,4as,b1,...,b,). We proceed
with induction. o

1.2 THE GALOIS-ARTIN CORRESPONDENCE

The distinction, although artificial, between Field Theory and Galois
Theory is in the tools we use to study field extensions. Until now,
we have only used the theory of vector spaces. When Galois” ideas
are introduced into the theory of fields, richer and deeper results
are obtained.

In this section we define the Galois correspondence. We will see
how we can associate each field extension to a suitably chosen group
and what information can the latter give us about the extension.
This group will be the group of automorphisms of the extension
in question. So before we see how we can use it, lets state some
important results.

MORE ON k-AUTOMORPHISMS  Let us recall some definitions. Sup-
pose k < E be a field extension. An k-automorphism of E is a map
o € Aut(E) such that |y = idy. The k-automorphisms of E are
exactly the field extension isomorphisms from k < E to itself.

The set of all k-automorphisms of E, denoted by Aut(E/k), forms
a group under the usual composition of maps; it is a subgroup of
Aut(E) (Lemma 1.1.25).

For finite extensions, there is a rather straightforward way of
computing Aut(E/k).

Example 1.2.1. Consider the finite (hence finitely generated and al-
gebraic) extension k < E where E = k(X) for some finite subset
X ={way,...,a,} of E. Let 0 € Aut(E/k).
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Since o[, = idy, the map ¢ is determined solely by its action
on the elements of X. Indeed, using Cor. 1.1.30, for any x € E =
k(aq, ..., a,), we have

<f(1x1,...,1xn)> _ flo(ar),...,o(an))
gay,... an) g(o(ar),...,o(an))’

Since k < E is algebraic, every « € X is algebraic over k. If the
minimal polynomial of an element & € X over k is

ox)=0

m(x) =m(a,k)(x) =x"+...+a1x+ap € k[x],
then o (a) is just another root of m. Indeed,

m(a) _0:>a(m )) = (0)
ocla"+...+aa+ay) =0
o) +...+0(ay)o(a) +o(ag) =0
(a) +...+mo(a)+ap=0
= m(o(x)) = 0.

The roots of an irreducible polynomial are said to be conjugate. So
the image o(a) of some a € X under o € Aut(E/k) is a conjugate of
a.

Example 1.2.2. The only R-automorphisms of C = R(i) are the
identical map id¢ and complex conjugation z > Z.

It is now apparent that

Proposition 1.2.3. If k < E is a finite extension, then Aut(E/k) is also
finite.

Proof. Immediate since (i) every o € Aut(E/k) is determined by its
action on X, (ii) X is finite, (iii) o(«) is a conjugate of a for every
a € X and (iv) om(a, k) < oo and therefore o(a) can only take a
finite number of values. o

THE CORRESPONDENCE [t is time to describe the Galois correspon-
dence. Let k < E be a field extension. As we said, the group we
are going to use to study the extension is the group Aut(E/k) of
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k-automorphisms of E. The way we will pass from the extension to
the group and vice versa is the following.

We associate every intermediate field k < L < E with the group
Aut(E/L) of L-automorphisms of E. Using elementary Group The-
ory it is easy to deduce that Aut(E/L) is a subgroup of Aut(E/F).

Lemma 1.2.4. If L is a subextension of k < E then Aut(E/L) is a
subgroup of Aut(E/k).

In the opposite direction, we associate with each subgroup H <
Aut(E/k), the set

Fixg(H) = {x € E: 0(x) = x Yo € H}.

Using elementary properties of homomorphisms, it is easy to see
that the above set is a subextension of k < E.

Lemma 1.2.5. If k < E is a field extension and H is a subgroup of
Aut(E/k) then Fixg(H) is a subextension of k < E.

This establishes a correspondence between intermediate fields of
a field extension and subgroups of its k-automorphism group.

E Aut(E/k)
‘ Aut(E/e) ‘
L—sAut(E/L)
L H
‘ Fixg (e) ‘
Fixg (H)+H
k {ide}

Figure 1.1: The Galois-Artin Correspondence

Example 1.2.6. Let k < E be a field extension and G = Aut(E/k)
its k-automorphism group. To the field k we assign the subgroup
of G that fixes k which is, by definition, the whole group G. To the
field E we assign the subgroup of G that fixes E, which is the trivial
subgroup {idg} since idg is the only isomorphism E — E that fixes
E. Observe how the whole group is associated to the base field while
the trivial subgroup is associated to the extending field.
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The above example reveals a crucial property of the correspon-
dence.

Proposition 1.2.7. The Galois correspondence of a field extension
{subextensions L : k < L < E} & {subgroups H: H < Aut(E/k)}
as described above, is order reversing.

Proof. If L; < L, then given some automorphism o € Aut(E/L,)
that fixes L, pointwise, ¢ also fixes L1 C L, pointwise.

On the other hand, if H; < H, and some element a € E is
fixed by every automorphism 7 € H», then it is also fixed by every
automorphism v’ € H; C H,. o

Another important property which is an immediate consequence
of the definitions is

Proposition 1.2.8. If k < E is a field extension, then

H C Aut (E/ Fixg(H)) YH < Aut(E/k) and
L C Fixg (Aut(E/L)) VL:k< L<E.

BIJECTIVE GALOIS CORRESPONDENCES By its definition, the Ga-
lois correspondence is a correspondence between the set of subexten-
sions L of k < E that arise as fixed fields, i.e. L = Fixg(H) for some
H < Aut(E/k), and the set of subgroups H of Aut(E/k) that arise as
automorphism groups, i.e. H = Aut(E/L) for some k < L < E.

subextensions k < L < E : _, [ subgroups H < Aut(E/k) :
3H < Aut(E/k): L =Fixg(H)f ©~ |3k <L <E:H = Aut(E/L)

The next result suggests that this is a bijective correspondence, i.e.
the maps Aut(E/e) and Fixg(e) are mutually inverse.

Proposition 1.2.9. Let k < E be a field extension. With the above notation,
(i) If H= Aut(E/L) for some k < L < E then
H = Aut (E/ FixE(H)).

(ii) If L = Fixg(H) for some H < Aut(E/k) then
L = Fix (Aut(E/L)).
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Proof. (i) If H = Aut(E/L) for some subextension L of k < E then

H = Aut(E/L) = L C Fixg(H)
= Aut(E/L) 2 Aut (E/ Fixg(H))
= H D Aut (E/ Fixg(H))

and we already know that H C Aut (E/ Fixg(H)). The two
inclusions give H = Aut (E/ Fixg(H)).

(ii) Similarly, if L = Fixg(H) for some subgroup H < Aut(E/k)
then

L = Fixg(H) = H C Aut(E/L)
= Fixg(H) 2 Fixg (Aut(E/L))
= L D Fixg (Aut(E/L))

and we already know that L C Fixg (Aut(E/L)). The two
inclusions give L = Fix (Gal(E/L)).
o

Our main objective now is to examine to which extend the Galois
correspondence for an arbitrary field extension k < E is a bijective
correspondence between the set of all subextensions of k < E and
the set of all subgroups of Aut(E/k). In other words, to what extend
the maps Aut(E/e) and Fixg(e) are onto or, equivalently by Prop.
1.2.9, mutually inverse, i.e.

H = Aut (E/ Fixg(H)) VH < Aut(E/k) (1.6)

and
L = Fixg (Aut(E/L)) VL : k< L < E. (1.7)

In general these maps are not mutualy inverse. As we saw (Prop.
1.2.8), they satisfy the weaker conditions

H C Aut (E/ Fixg(H)) YH < Aut(E/k) (1.8)

and
L C Fixg (Aut(E/L)) VL:k < L <E. (1.9)

There are examples where these inclusions can be equalities as
shown below.
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Example 1.2.10. Consider the extension R < R(7) inside C. On the
one hand, G = Aut(R(i)/R) is a group of order 2 (Ex. 1.2.2). On
the other, by Ex. 1.1.10 and Prop. 1.1.11, the only intermediate
fields R < L < R(i) are L = R and L = R(i). Thus the Galois
correspondence associates

R=G and R(i) 2 {idg;)}
and the two inclusions are (rather trivially) equalities.
But there are also examples where the inclusions are strict.

Counterexample 1.2.11. A case where (1.8) might be strict is when
a given extension k < E has infinite degree. In this case we will see
in due time that the corresponding group Aut(E/k) is also infinite,
hence too big to be handled properly. In particular, Aut(E/k) has too
many subgroups! Indeed, as we shall see in Ex. 1.5.3, in this case not
every subgroup H of Aut(E/k) arises as an automorphism group,
i.e. there might not exist L such that k < L < E and H = Aut(E/L).
So if H is a subgroup that cannot arise as an automorphism
group of some intermediate field, then H C Aut (E/ Fixg(H)).

Counterexample 1.2.12. Consider the extension Q < Q(v/2). If ¢ €
Aut(Q(+/2)/Q) then ¢ is determined by its image ¢(+v/2) which is a
conjugate of v/2. But the conjugates of v/2 are all complex numbers
that are not in Q(+/2). Therefore, the group of automorphisms
Aut(Q(~+/2)/Q) is trivial, hence its fixed field is

Fixg 33 (Aut(Q(v2)/Q)) = Q(V2) 2 Q
and that shows that the inclusion (1.9) may also be strict.

Counterexample 1.2.13. There is another instance where (1.9) may
be strict, but for completely different reasons this time. Consider
the finite field F, and an indeterminate t. We can then form the
extension F < F(t). If we take the element t> € F(t), we can
further form the tower

Fy < Fa(t?) < Fa(t).

We will focus on the extension FF, (#?) < Fa(t).
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First of all, it is intuitively clear (but requires a long, technical
proof which we will avoid) that Fy(t) = [F2(#?)](t) and therefore
the extension is simple (every polynomial in t with coefficients in [,
can be viwed as a polynomial in ¢ with coefficients from [F,(#?) since
F, < Fz(t2) ; on the other hand, a polynomial in ¢ with coefficients in
[F5(#?) can be considered as a polynomial in ¢ using the distributive
law and grouping together all the t’s in every monomial).

The element ¢ does not belong in F»(#?) but is algebraic over
[F5(#2): the polynomial

m(x) = x* — 1* € [Fo(+*)][x]

is monic, of minimal degree such that m(t) = 0 € F»(#?) hence by
definition is the minimal polynomial of ¢ over F,(#?), i.e.

m(x) = m(t,Fa(t))(x).
Observe at this point that since we are inside [F», we have
m(x) = x> — 12 = (x — t)?

so the only root of m is t. We can now imagine where this leads us.

If o € Aut (F»(t)/F2(#?)) then o is determined by its action on
t and o (t) is a conjugate of ¢. But the only conjugate of ¢t is ¢ itself.
Therefore () = t and the automorphism group is again the trivial,
which means

Fix]Fz(t) [Aut (]Fz(t) /Fz(tz))] = Fz(t) 2 Fz(tz).

By the above examples it is apparent that the Galois correspon-
dence is not bijective in general. Our next plan is to understand why
it failed to be bijective in the above counterexamples and define for
which extensions the correspondence is actually bijective.

THE CORRESPONDENCE FOR FINITE EXTENSIONS If we try to
understand why

H = Aut (E/ Fixg(H)) YH < Aut(E /k) (1.6)

fails to hold for infinite extensions (1.2.11), we end up thinking if it
is due to the automorphism group being too big. So it is natural to
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wonder whether finite extensions suffice for such an equality. We
will see that the answer is yes.

If k < E is a finite field extension then, by Prop. 1.2.3, Aut(E/k)
is finite and so are its subgroups H and Aut (E/ Fixg(H)).

So we have two finite subgroups of Aut(E/k) for which we
already know that

H C Aut (E/ FixE(H)).
So it suffices to show that
|H| > | Aut (E/ Fixg(H))|.

We will proceed by finding an upper bound b for the cardinality
| Aut (E/ Fixg(H))| and we will then show that |H| = b.

Lemma 1.2.14 (Dedekind). Let ¢4,...,8%, : k — E be distinct field
monomorphisms. Then the 0;’s are linearly independent over E.

Proof. Suppose, for the contrary, that there are cy,...,c, € E not all
zero such that

et (x)+ ...+ cp0u(x) =0Vx € k.

Omitting the terms whose c¢; = 0 and rearranging the rest if neces-
sary, we get a minimal m < n such that

% (x)+...+cu(x) =0Vx ek (1.10)

and ¢; # 0 for all i = 1,...,m. Since the monomorphisms are
distinct, there is some xo € k such that ¢;(xg) # 02(x0). If we
multiply both sides of (1.10) by 91 (xo) we get

c191 (%)% (x0) + .- - + cnOm(x) %1 (x0) =0 Vx € k. (1.11)
Taking x = xox in (1.10) we have
191 (x0x) + ... 4+ O (x0x) =0 Vx € k
or, equivalently,

c101(x0) %1 (x) + ... + cmOm(x0) O (x) = 0 Vx € k. (1.12)
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Substracting (1.12) from (1.11) gives us

c191(x) (91(x0) — B1(x0)) + ... + cmBm(x) (91(x0) — Bm(x0)) =0
or, equivalently,

2t (x) (B1(x0) — B2(x0)) + - .. + B (x) (01(x0) — Bm(x0)) =0
which contradicts the minimality of m. o

Proposition 1.2.15. If k < E is a finite field extension then | Aut(E/k)|
is at most [E : k.

Proof. Since k < E is finite, so is Aut(E/k). Suppose that Aut(E/k) =
{01,...,0,} and that [E : k]| =m < n. If B= {ay,...,a,} is an k-
basis of E, the matrix

191 (al) 191 (az) 191 (am)

192(611) 192({12) ﬂz(am)
A= . . .. .

On(ar) Ou(a2) ... Ou(am)

has rank rank(A) < m < n. Therefore, its rows are linearly de-
pendent over k; so there are ¢;; € E, i = 1,...,n, not all zero, such
that Y/ cji%;(a;) = 0 for all j = 1,...,m. As a result, for every
X = Z}":l xja; € E (xj € F) we have

ZC]'Z'I%(X) = .Zcﬁﬂi (Z lelj) = .chi <x] 2191(61])>
i=1 i=1 j=1 i=1 j=1
:Z%<
j=1

chiﬁi(aj)) =0

i=1

so the ¢;’s are E-lineraly dependent which contradicts Dedekind’s
Lemma since the 9;’s are distinct monomorphisms E — E. Therefore,
| Aut(E/k)| < [E : k] o

The above, together with Cor 1.1.13, give us an upper bound for
| Aut (E/ Fixg(H))]|.

Corollary 1.2.16. Suppose k < E is a finite field extension and H is a
subgroup of Aut(E/k). Then | Aut (E/ Fixg(H))| < [E : Fixg(H)).
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Proposition 1.2.17. If E is a field and H is a finite subgroup of Aut(E)
then
|H| = [E : Fixg(H)].

Proof. Let
H={h=10,...,0}

and [E : Fixg(H)] = m. We will show that m < n and m > n cannot
happen.

Suppose m < n and {ay,...,a,} is a Fixg(H)-basis of E. The
homogenous system

191((11)9(?1 + ...+ ﬁn(al)xn =0

S (am)x1 + ...+ %u(am)x, =0

has m linear equations and n < m unknowns. Hence it has a non-
zero solution (y1,...,yn) € E", i.e.

O(a)yr+ ...+ % (a)y, =0 Vi=1,...,m
For an arbitrary x = 271:1 ciaj € E, cj € Fixg(H), we get

m m
() y1 4.+ O (X)yn =% (Z c]-a]-) y14...+ 0 (2 cja]-) Yn
=1

i=1
Z [01(aj)y1 + ...+ Bu(aj)ya] = 0.
=1

That is, the monomorphisms 91, ..., 9, are linearly dependent. But
this contradicts Dedekind’s Lemma. Therefore, m > n.

Suppose now that m > n and take again some Fixg(H)-lineraly
independent set of n + 1 elements, say {m,...,a,+1}. Once more,
we have a homogenous linear system

H(a)xi + ...+ 01 (ap41)Xp41 =0

ﬂn(al)xl +...+ ﬂn(an+1)xn+1 =0

with n equations and 7 4+ 1 > n unknowns. Hence it has a non-zero
solution. We can choose a solution (y1,...,¥,+1) € E" that has the
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fewest possible non-zero coordinates. Without loss of generality we
may assume that

Vi, ¥r 0, Yex1, oo Yny1 =0
for some 1 < r < n+1 so that we have
Oi(m)y1 + ...+ %)y, =0 Vi=1,...,n. (%)
For all ¢ € H we have
00;i(a1)H(y1) + ... +00i(a,)0(y,) =0 Vi=1,...,n.
or equivalently, since the map H — H : ¢; — 09, is a bijection,
Oi(a1)0(y1) + ...+ 0i(a,)0(y,) =0 Vi=1,...,n. (x%)
Multiplying (*) by ¢(a1) and (**) by 4; and substracting, we get
Y20(y1) = O(y2)y1]8i(a2) + ... + [yr8(y1) — B(yr)y1)]0i(ar) = O
foralli =1,...,n which contradicts the minimality of r. Therefore
yid(y) —yidy) =0 <= yy =0y, !) Vi=1...r

for all ¥ € H. That means we can find some zy,...,z, € Fixg(H)
and some k € E so that y; = kz; forall j=1,...,r. Then, fori =1,
(x) becomes

k
kzia1+ ...+ kzya, =0 é z101+...+za, =0

which contradicts the linear independence of {a,...,a,+1}. There-
fore m < n and we conclude that m = n. o

Corollary 1.2.18. For any finite field extension k < E and any subgroup
H of Aut(E/k),
H = Aut (E/ Fixg(H)).

Proof. We have H C Aut (E/ Fixg(H)) and

1.2.16 123
| Aut (E/ Fixg(H))| < [E:Fixg(H)] "2 |H| < oco.

Therefore H = Aut (E/ Fixg(H)). o
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GALOIS EXTENSIONS I It remains to examine the extensions for
which (1.7) holds. These extensions are called Galois extensions
because they naturally generalize the setting Galois used to work in,
to abstract fields.

Definition 1.2.19 (1st definition of Galois extensions). A field exten-
sion k < E is called Galois if

L = Fixg (Aut(E/L))

for every subextension L of k < E. In this case we write Gal(E/k)
for Aut(E/k) and call it the Galois group of the extension.

Example 1.2.20. The extension R < R(i) of Ex. 1.2.10 is Galois as
we already saw.

Counterexample 1.2.21. The extensions Q < Q(+v/2) and F»(#?) <
F»(t) of Ex. 1.2.12 and 1.2.13 respectively are not Galois.

This definition gives us no information on the structure of a
Galois extension and is in general hard to work with especially since
the defining condition (1.7) has to be checked for every intermediate
field L. We want to understand the structure of Galois extensions
better and see if we can simplify their definition. This is done in the
next section where we will see a number conditions equivalent to
(1.7) that will help us understand Galois extensions better.

1.3 GALOIS EXTENSIONS

GALOIS EXTENSIONS Il Turning our attention to
L = Fixg (Aut(E/L)) VL: k<L <E (1.7)

and why that failed to hold in 1.2.12 and 1.2.13 for L = k, we find
that, contrary to the previous discussion, the automorphism group
in both cases is too small and thus contains little information about
the field extension in the sense that it does not match its upper
bound set in Prop. 1.2.15:

| Aut(Q(v/2)/Q)| =1 < 3 =om(v2,Q) = [Q(V/2) : Q]
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and
| Aut (F2(t) /F(1))| =1 < 2 =am(t,F2(£2)) = [Fa(t) : Fo(#)).

Therefore it would be reasonable to suspect that if | Aut(E/L)| equals
[E : L] then (1.7) holds. In fact, the conditions

L = Fixg (Aut(E/L)) VL : k < L<E

and
|Aut(E/L)|=[E:L]VL: k< L<E

are equivalent for finite extensions.

Proposition 1.3.1. Suppose k < E is a finite extension and L is a subex-
tension, i.e. k < L < E. Then

L = Fixg (Aut(E/L)) iff |Aut(E/L)| = [E:L].

Proof. (=) Suppose L = Fixg (Aut(E/L)). Since Aut(E/L) is a
subgroup of the finite group Aut(E/k) (and therefore a finite
subgroup of Aut(E)), 1.2.17 implies that

| Aut(E/L)| = [E : Fixg (Aut(E/L))] = [E : L].

(<) For the contrary we assume that | Aut(E/L)| = [E : L]. By
1.2.17 again we have that
[E: L] =|Aut(E/L)| = [E : Fixg (Aut(E/L))].
Since, by (1.9), L C Fixg (Aut(E/L)), 1.1.11 gives us that
[E: L] = [E : Fixg (Aut(E/L))][Fixg (Aut(E/L)) : L] < o

=[E:L]

and therefore [Fixg (Aut(E/L)) : L] = 1 which means that
Fixg (Aut E/L ) = L.
o

Definition 1.3.2 (2nd definition of Galois extensions - finite case). A
finite field extension k < E is called Galois if

| Aut(E/L)| = [E : L] (1.13)

for every subextension L of k < E. In this case we write Gal(E/k)
for Aut(E/k) and call it the Galois group of the extension.
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Example 1.3.3. The extension R < R(i) of Ex. 1.2.10 is Galois
because, as we saw, Aut(R(7) /R) has only two elements (the identity
function z — z and the complex conjugation z — z) and therefore

| Aut(R(i)/R)| = 2 = am(i,R) = [R(i) : R].

Counterexample 1.3.4. In the beginning of this section we saw that
the condition (1.13) does not hold for the extensions Q < Q(v/2)
and [F5(#2) < F»(t) so these are not Galois.

But there is also a different path we can take to define Galois
extensions, one that reveals more about these extensions and how
their study arise naturally in Galois” work.

To give some motivation for the work that follows, lets see what
it means for a finite and simple extension to be Galois using the defi-
nitions we have formulated so far. Since simple algebraic extensions
are the building blocks of finite extensions, the next example will be
useful to generalize the ideas to arbitrary extensions.

Example 1.3.5. Suppose k < k(a) is a simple algebraic extension. We
saw in 1.2.15 that

| Aut(k(a)/k)| < [k(a) : k] = om(a, k).

If k < k(a) is Galois then |Gal(k(a)/L)| = [k(a) : L] for every
subextension L and in particular

| Gal(k(a)/k)| = [k(a) : k] = om(a, k). (1.14)

But we know that every o € Gal(k(a)/k) is determined by its action
on a and o(a) is a root of m(a, k). So by (1.14), there must be om(a, k)
distinct elements in Gal(k(a)/k) <= o(a) takes exactly om(a, k)
distinct values. In other words:

o every root of m(a, k) must lie in k(a) and
o there aren’t any repetitions, i.e. there are no multiple roots.

It is not hard to see that the converse also holds. If every root of
m(a, k) lies in k(a) and there are no multiple roots then

| Aut(k(a) /k)| = om(a,k) = [k(a) : k]

and the extension k < F(k) is Galois.
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NORMAL EXTENSIONS In the last example, we saw that if a finite
simple extension k < k(a) is Galois then all the roots of m(a, k)
are inside k(a). We give extensions with the suitably generalized
property a name.

Definition 1.3.6. A field extension k < E is normal if it is algebraic
and m(a, k) splits in E for every a € E.

Example 1.3.7. If k < E is an arbitrary field extension such that
[E : k] = 2, then the extension is normal. First of all, the extension is
finite hence algebraic. Let a € E \ k.'7 Since [E : k| = 2, from

[E:k] = [E : k(a)][k(a) : k]

we get E = k(a) and consequently om(a, k) = 2. The minimal
polynomial m = m(a, k) has a root in E and has degree 2 so it splits
over E. Since a was arbitrary, the extension is normal.

Example 1.3.8. The extension R < R(7) of Ex. 1.2.10 is normal since
[R(i) : R] = 2.

Counterexample 1.3.9. The extension Q < Q(+v/2) of Ex. 1.2.12 is
not normal. The two complex roots of m(v/2,Q) = x> — 2 are not in

Q.

Example 1.3.10. The extension k < ks is normal. Take some a € ksep
and m = m(a, k). If ai,...,a, are the roots of m in the algebraic
closure k of k, then every 4; is in kgep. For a; & ksep implies that a; is
not separable over k, i.e. m(a; k) is not separable which is absurd
since m(a;, k) = m.

Normal extensions have nice equivalent formulations that are
sometimes more appropriate to work with, depending on the con-
text.

Lemma 1.3.11. Let k < E be an algebraic extension. The following are
equivalent

i) Every irreducible polynomial p(x) € k(x| that has a root in E splits.

i1) E is normal over k.

17 The case a € k is trivial.
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iii) E is the splitting field of a set of polynomials over k.
iv) If T : E — E is a k-homomorphism then t(E) = E.

v) If k < Ly < E < Ly is a tower of fields and o : Ly — Lp is a k-
homomorphism, then o(L,) C E and we can find some T € Aut(E/k)
that extends o.

Proof. (i) = (ii) = (iii): It is immediate. Every minimal polyno-
mial is irreducible and E being normal over k implies that E is the
splitting field of {m(a, k) :a € E}.

(iii) = (iv): If E is the splitting field of some S C k[x] then so
is T(E) in E by the Extension Theorem for splitting fields. But then
both E and 7(E) are generated over k by the same roots. Hence
E =1(E).

(iv) = (v): Suppose k < L1 < E < Ly is a tower of fields and
o : Ly — Ly is a k-homomorphism. Since k < E is algebraic, so is
k < Ly and, therefore, so is k < 0(Lq) (any a = o(x) € o(Lq) is the
root of o[m(x,k)]). If we take

k' = {x € Ly : x is algebraic over k}

and its algebraic closure k’ then E, being a subextension of k < K,
can be embedded in kK’ so k' = E by the uniqueness of algebraic
closures. By the Extension Theorem for algebraic closures, there is
some p : k' — k' that extends o, i.e. p|;, = . Take

T=p|lg:E—K =L

By our hypothesis, T(E) = E so 0(L1) = p|,(L1) = ple(L1) =
T(L1) € 7(E) = E, T extends 0, and tlk = |k = idy; that is,
T € Aut(E/k).

(v) = (i): Take an irreducible polynomial p(x) € k[x] and a
root a € E of p. Then we have the tower

k<k(a) XELE

and we can find another root b € E of p(x) and a k-homomorphism
o : k(a) — E such that o(a) = b (define f(a) *> f(b) for all f(a) €
k(a)). By our hypothesis, o(k(a)) C Esob € E and p splitsin E. ¢
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As a property of great interest, following 1.1.57, we also want to
know how normality behaves under subextensions.

Proposition 1.3.12. Let k < L < E be a tower of fields. If k < E is
normal, then so is L < E.

Proof. From 1.1.57, L < E is algebraic. And if m(a, k) splits in E then
so does m(a, L) since m(a,L)|m(a, k) and k[x] is a U.ED. o

SEPARABLE EXTENSIONS We also saw that if k < k(a) is a Galois
extension then m(a, k) has no multiple roots in k(a). We will, as
before, generalize this property to arbitrary extensions.

Definition 1.3.13. An irreducible polynomial p(x) € k[x] is called
separable over k if it has no repeating roots in its splitting field.
A polynomial f(x) € k[x] is separable over k if every one of its
irreducible factors is separable. Otherwise, f is called inseparable.

Definition 1.3.14. An element a € E of an algebraic field extension
k < E is a separable element over k if m(a, k) is separable over k. A
separable extension is an algebraic field extension whose elements
are all separable. Again an element that is not separable is called
inseparable and an extension with inseparable elements is called
inseparable extension.

Remark 1.3.15. An easy way to see if a polynomial is separable or
not is by using the derivative criterion. For any polynomial

f(x) =aux" + a, X"V 4 ax 4 ag
we define its formal derivative the usual way, namely
f(x) = napx 1+ (n—1a, x>+ ... +ay.
It is easy to see now that f(x) is separable if and only if (f,f') = 1.

Example 1.3.16. Every extension over a field of characteristic zero
is separable. Suppose k < E is an extension with char(k) = 0 and
leta € E. If m = m(a, k) had a multiple root b then m(b) = 0 and
m'(b) = 0. But m is also the minimal polynomial of b since it is
irreducible; the relation m’(b) = 0 contradicts the minimality of dm.
Therefore m is separable.
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Example 1.3.17. The extension R < R(i) of Ex. 1.2.10 is separable
since ch(R) = 0.

Counterexample 1.3.18. The field extension F,(#?) < F»(t) of Ex.

1.2.13 is inseparable. As we saw, the minimal polynomial
m(t,Fa(t?)) (x) = x* — 2 = (x — t)?

has a double root. Observe that in this example, the characteristic is
positive.

Example 1.3.19. Suppose k is a field and k is the algebraic closure of
k. We define the separable closure k., of k to be the compositum
of all simple separable extensions of k in k. Obviously, ks, is a
separable extension of k.

It should come as no surprise that we want to study separability
under subextensions.

Proposition 1.3.20. For a tower of fields k < L < E, if k < E is separable
then sois L < E.

Proof. From 1.1.57, L < E is algebraic; if the roots of m(a, k) are all
simple then so are the roots of m(a, L) since m(a,L)|m(a, k). o

GALOIS EXTENSIONS 111 We are ready to give the last and most
important definition of Galois extensions.

Using the new terminology we now have, we restate the result
of Ex. 1.3.5: a simple algebraic extension is Galois if and only if it is
normal and separable. 1t is not a surprise that this result also holds for
arbitrary extensions.

First let’s see how the transitivity results for algebraic, normal
and separable extensions allow us to simplify the first definition of
Galois extensions we gave.

Proposition 1.3.21. Let k < E be an algebraic extension. The following
are equivalent

(i) k = Fixg (Aut(E/k)).

(ii) The extension k < E is both normal and separable.
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Proof. (i) = (ii): We will show that an arbitrary a € E is normal and
separable. Take its minimal polynomial m = m(a, k). If {ay,...,a,}
are the roots of m in E, the set S = {oa; : ¢ € Aut(E/k)} is finite
and the polynomial

fx) =] (x—o(a;)) € E[x],
where the product is taken over the distinct elements of S, is
fixed by any element of Aut(E/k). So the coefficients of f lie in
Fixg (Aut(E/k)) = k. We thus deduce that m|f so m splits over k
and has no multiple roots.

(ii) = (i): If k < E is separable, then E is contained in k.
In that case every o € Aut(ks,/k) satisfies o(E) C E. Indeed, the
extension is normal hence every a € E is normal and ¢(a) is a root
of m(a, k) and thus ¢(E) C E.

We will show that every element not in k is moved by some
automorphism. Given any 4 € E \ k we can find an element
o € Aut(ksp/k) with o(a) # a since ks, is normal. But if o
preserves E, the restriction o|g € Aut(E/k) and o|g(a) # a. So
Fixg (Aut(E/k)) =k o

Now the above proposition enables us to restate the first defini-
tion of a Galois extension without the universal quantifier.

Corollary 1.3.22. An algebraic extension k < E is Galois if and only if
k = Fixg (Aut(E/k)).
Proof. (=) Immediate from the definition. Take L = k.

(<) If k = Fixg (Aut(E/k)) then the proposition tells us that k < E
is normal and separable. By the transitivity results, sois L < E
for every intermediate field L of k < E and therefore, by the
proposition again, L = Fixg (Aut(E/L)) for every intermedi-
ate field L.

o

Definition 1.3.23 (3rd definition of Galois extensions). A field exten-
sion k < E is called Galois if

k = Fixg (Aut(E/k)).

In this case we write Gal(E/k) for Aut(E/k) and call it the Galois
group of the extension.
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For finite extensions we can still use the second equivalent defi-
nition and again, as a consequence of the previous proposition, we
can drop the quantifier as well.

Once more, using the proposition and the transitivity results we
have the most important result of this section.

Corollary 1.3.24. An algebraic extension k < E is Galois if and only if it
is normal and separable.

Proof. Immediate from Prop. 1.3.21 and Cor. 1.3.22. o

Definition 1.3.25 (4th definition of Galois extensions). A field exten-
sion k < E is called Galois if it is both normal and separable. In this
case we write Gal(E/k) for Aut(E/k) and call it the Galois group
of the extension.

Example 1.3.26. The extension R < R(7) of Ex. 1.2.10 is Galois.

Example 1.3.27. The separable closure ks, of k is a Galois extension
of k. By its definition, it is the maximal Galois extension of k in the
sense that any other Galois extension of k is contained in k).

Counterexample 1.3.28. The extension Q < Q(+v/2) of Ex. 1.2.12 is
not normal hence not Galois.

Counterexample 1.3.29. The extension F»(#?) < Fa(t) of Ex. 1.2.13
is not separable hence not Galois.

In view of the last definition, we finish with the last transitivity
result (essentially a rephrasing of 1.3.12 and 1.3.20).

Corollary 1.3.30. If k < L < E is a tower of fields and k < E is Galois,
then sois L < E.

Convention. From now on, when we refer to an automorphism group
as Galois group we will always mean that the extension is Galois.

1.4 THE FUNDAMENTAL THEOREM

We have reached the first important classification theorem, the Fun-
damental Theorem of Galois Theory for finite Galois extensions. We
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will focus only on the part of the Fundamental Theorem that con-
cerns the Galois correspondence since it is the correspondence we are
mainly interested in.

Theorem 1.4.1 (Fundamental Theorem of Galois Theory for finite
extensions). For a finite Galois extension k < E, the Galois-Artin corre-
spondence

{L: k< LLE}={H: H<Gal(E/k)}

is bijective, i.e. the maps Aut(E/e) and Fixg(e) are mutual inverses, and
order reversing.

Proof. Immediate from Proposition 1.2.7, Corollary 1.2.18 and Corol-

lary 1.3.24. o

Having established a bijective correspondence, the remaining
part illustrates of the theorem how we can derive information about
the extension using its Galois group and the Galois correspondence.

Theorem 1.4.2 (Fundamental Theorem of Galois Theory for finite
extensions; part 2). If L is a subextension of a finite Galois extension
k < E, then L < E is Galois and

[E:L] = |Gal(E/L)| and [L:k] = [Gal(E/k): Gal(E/L)].

Moreover, the extension k < L is normal if and only if Gal(E/L) is a
normal subgroup of Gal(E/k). In that case

Gal(L/k) ~ Gal(E/k)/ Gal(E/L).

Proof. L < E is Galois from 1.3.30. Therefore, from the definition of
finite Galois extensions, we have

[E:L] = |Gal(E/L)|
and, using Prop. 1.1.11, we get

[E:F] |Gal(E/F)|

L+ F = 2] = [Gal(E/D))

= [Gal(E/F) : Gal(E/L)]

where the last equality is Lagrange’s'® theorem for finite groups.

BJoseph-Louis Lagrange (1736-1813)
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For the second assertion it is not hard to show that
cGal(E/L)o! = Gal (E/c(L)) (1.15)
for all o € Gal(E/F). Indeed, given T € Gal(E/L) and x € L,
(cto 1) (0(x)) = (¢1)(x) = 0(x) Vo € Gal(E/F)
sooGal(E/L)o~! C Gal (E/c(L)). Similarly,
o 'Gal(E/o(L))o C Gal (E/o'o(L)) = Gal(E/L)

which proves (1.15).

Suppose now that the extension F < L is normal. To show that
Gal(E/L) is a normal subgroup of Gal(E/F), it suffices to show that
o(L) = L for all o € Gal(E/F) since we would then have

rGal(E/L)o "2 Gal (E/o(L)) = Gal(E/L).

Given ¢ € Gal(E/F) and a € L, o(a) is a root of m(a, F) which is
in L since F < L is normal. So ¢(L) C L. But ¢ is injective and the
extensions are all finite. Hence o(L) = L.

For the contrary, suppose the extension F < L is normal. In that
case, the restriction map

o|; : Gal(E/F) — Gal(L/F) :0— 0|

is a well defined group homomorphism. The kernel of this homo-
morphism is

ker = {oc € Gal(E/F) : o|p =id.} = Gal(E/L).

So Gal(E/L) < Gal(E/F). Furthermore, the map e|; is surjective
by the Isomorphism Extension Theorem. Therefore, by the First
Isomorphism Theorem for Groups,

Gal(L/F) ~ Gal(E/F)/ Gal(E/L).
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1.5 KRULL'S GALOIS THEORY

GALOIS CORESPONDENCE FOR INFINITE EXTENSIONS  Let us now
drop the finiteness assumption. Suppose k < E is a possibly infinite
but still algebraic field extension and consider the Galois correspon-
dence

{subextensions k < L < E} & {subgroups H < Aut(E/k)}.

E Aut(E/k)
‘ Aut(E/e) ‘
L—Aut(E/L)
L H
‘ Fixg (e) ‘
Fixg (H)«H
k {ide}

Proposition 1.2.7 did not assume any finiteness, so the correspon-
dence is order reversing even for infinite extensions. Furthermore, the
inclusions

H C Aut (E/ Fixg(H)) VH < Aut(E/k) (1.8)

and
L C Fixg (Aut(E/L)) VL:k<L<E (1.9)

are still valid since they are independent of the degree of the exten-
sion too.

Our aim once more is to examine for which extensions k < E,
Aut(E/e) and Fixg(e) are mutually inverse, i.e. for which extensions
the relations

H = Aut (E/ Fixg(H)) VH < Aut(E/k) (1.6)

and
L:FixE(Aut(E/L)) VL:k<L<E (1.7)

hold. We have already seen that (1.7) holds if and only if the exten-
sion is normal and separable and both normality and separability
are defined independently of the degree of an extension. So we turn
our focus to (1.6).
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THE GALOIS GROUP OF AN INFINITE EXTENSION We saw in Cor.

1.2.18 that when k < E is a finite extension, Aut(E/k) is also finite
and (1.6) holds.

But when we drop the finiteness assumption, the theory breaks.

First of all, Aut(E/k) is no longer finite. To prove this, we first need
a variant of the Primitive Element Theorem. The proof we present is
taken from [5].

Proposition 1.5.1 (The Primitive Element Theorem). If k < E is a
finite separable extension, then there is some element v € E such that
E = k(7).

Such an element 7 is called a primitive element, hence the name of
the theorem.

Proof. Since k < E is finite, there are m € Nand ay,...,a, € E such
that E = k(ay,...,am).

If k is finite then so is E and it is easy to check that any generator
7 of the cyclic group E* will do.

If k is infinite we proceed with induction on m. Suppose E =
k(a,b) and that m(a, k) and m(b, k) have roots a = ay,...,a, and b =
bi,...,bs in some extension of E (such extension can be constructed
using Prop. 1.1.62 twice in a row). Using the separability of a and
b we can prove that v = a + Ab is a primitive element for all A € k
except when

which are finitely many exceptions in an infinite field. The inductive
step is now immediate. o

Proposition 1.5.2. If k < E is an infinite Galois extension then Gal(E /k)
is also infinite.
Proof. If G = Gal(E/k) were finite, say |G| = n for some n € N, then
" = idg for all ¢ € G, which implies that

o(a") =0"(a) =idg(a) =a Va € E. (1.16)

Therefore, if a € E then (using the fact that a is algebraic over k since
k < E is Galois)
[k(a) : k]| =om(a,k) <n
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because if dm(a, k) > n, any ¢ € G acting on m(a, k)(a) = 0 yields a
monic polynomial which is zero at 2 and whose degree is smaller
than om(a, k) (any power of a greater than n becomes less than n
from (1.16)) - a contradiction. But if [k(a) : k] < n for all a € E, then
we can choose an element ap € E whose degree over k, [k(ag) : k] =
mp < n is maximal among the degrees of elements of E. In that case
we can prove that E = k(ap). Indeed, if not, there would be some
by € E \ k(ap). Looking at the tower of fields

k < k(ao) < k(&lo, b()) < E

we conclude that k < k(ap, bp) is separable (since k < E is Galois,
hence separable and using 1.3.20). Moreover, [k(ag) : k] = myg
maximal and finite, and since by is algebraic over k, it is also algebraic
over k(ap). That means, using 1.1.53, that k(ap) < k(ao, bo) is also of
finite degree. From 1.1.11, we conclude that

[k(ﬂg, bg) :k] = [k(ao,bo) 2k(a0)”k(a0) Zk] > my

But from the primitive element theorem, as k < k(ao, by) is separable
and finite, there exists some 7y € E such that k(ag, bp) = k(7). The
above arguments imply that

k() = k] > mo

which contradicts the maximality of my among the degrees of ele-
ments of E. Therefore E = k(ap); under these circumstances, E is a
finitely generrated, algebraic extension of k, hence finite over k - a
contradiction. o

Our informal discussion in 1.2.11 should have prepared us to
understand why infinite Galois groups do not behave well; they
have too many subgroups so not every subgroup can arise as an
automorphism group of some intermediate field.

Counterexample 1.5.3. Consider the extension
Q < Q(\/i/\/g/\/g/\/?,\/ﬁ,...) - E

constructed by adjoining the roots of all equations of the form
x?> — p = 0 where p is a prime number. It is easy to see that Q < E



1.5 KRULL'S GALOIS THEORY |

is normal (by definition) and separable (we are in characteristic 0),
hence Galois. So (1.7) holds. It is in (1.6) where the correspondence
breaks because Aut(E/e) is not onto, i.e. not every subgroup can
arise as an automorphism group. Let’s see why.

We will focus on extensions of Q of degree 2 inside E, i.e.
quadratic number fields inside E. It is not hard to see what a
quadratic number field looks like in general. If [L : Q] = 2 then
L # Q and we can find some a € L\ Q. From

[L:Q(a)][Q(a) : Q] = [L: Q] =2,
we can deduce that L = Q(a). Therefore
2=[L:Q]=[Q(a): Q] =9dm(a, Q)

so m(a,Q) = x%+d or, equivalently, a = V/d for some square-free
d € Q. The converse also holds; namely, any field of the form
Q(vd) with d € Q square-free, is an algebraic number field. So
there are countably many quadratic number fields, hence countably
many quadratic number fields inside E.

By Theorem 1.4.2, any quadratic field L is mapped through
Aut(E/e) to a subgroup Gal(E/L) of index

(Gal(E/Q) : Gal(E/L)] = [L: Q] =2

in Gal(E/Q) and only quadratic number fields can be mapped to
subgroups of Gal(E/Q) of index 2.

But, any o € G = Gal(E/Q) is determined by its action on the
square roots and, since o'(,/p) is also a root of m(,/p, Q) = x> — p,
we have

o(\/p) = £/p V prime p.

We can therefore deduce that, as groups, G ~ [~ Z,. Indeed the
map

o : 2 — Gal(E/Q)
i=1

(@)Z1 = o o(Vpi) = (Z1)"pi,
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where p; is the i-th prime number, is easily seen to be a group
isomorphism. So G is uncountable.” Moreover, G is an infinite
dimensional vector space over Z,, which implies that its dual space
Homy, (G, Z,) is uncountable.>® The kernels of all these (uncount-
ably many) linear functionals are subgroups of G of index 2. So we
have uncountably many subgroups of G of index 2.

Since there only countably many extensions of Q of degree 2
inside E but uncountably many subgroups of G of index 2, Aut(E/e)
cannot be onto and (1.6) cannot hold.

So when the extension is infinite, its Galois group is also infinite
and the Galois correspondence may not be bijective as the previous
example suggests. A natural question to ask is whether there are
infinite Galois extensions for which the correspondence is bijective.
We shall see that answer is no.

We therefore need to find a way to distinguish among the sub-
groups that can arise as Galois groups and the subgroups that cannot.

This is done by defining a topology on Gal(E/k), the Krull topol-
ogy,*" which distinguishes between “good” and “bad” subgroups.
In particular, the subgroups that are closed with respect to the Krull
topology will be exactly those which arise as Galois groups.

Convention. For the rest of this section, fix k < E a (possibly infinite)
Galois extension and G = Gal(E/k) its Galois group. We define

L={L: k<L<E, [L:k] <ooandk < L Galois}

to be the set of subextensions L of k < E for which k < L is a finite
Galois extension and

N={N<G: N=Gal(E/L), L€ £}

to be the set of subgroups of G that can arise as Galois groups of
subextensions L € L.

9 Another famous argument of Cantor says that the set of all binary sequences is

uncountable (its cardinality equals the continuum); see [28].

20f V is an infinite dimensional vector space over a field F and V* is its dual space,

then dimp V* > dimp V; see [2].

2 Named after Wolfgang Krull (1899-1971) who was the first to develop the theory

for infinite Galois extensions in [20].
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Proposition 1.5.4. The set
B={oN:oceG NeN}
constitutes a basis for a topology T on Gal(E/k).

Proof. In other words, we need to show that the set

T = {UU’iNiZ 0; € G, NGN}
i€l

constitutes a topology on G. Obviously @,G € 7. For the latter

consider any arbitrary extension L € £ with Galois group N =

Gal(E/L) € N and write

G=JoN.
ceG

Moreover, it is apparent that the union of an arbitrary family of
elements of 7 is again in 7. It remains to show that given a finite
number of elements of T, their intersection also lies in 7. It suffices
to prove our claim for only two elements of 7. From the set-theoretic
equality

(U UiNi) N {UnN; | =U(@N:ngN;))

iel j€J ij
and the fact that 7 is closed under unions, it suffices to prove that
o1N1 NNy € T for any two elements of B. In fact we will prove
that this intersection lies in B C 7. Observe that if T € 09 N; N> N,
then
N1 NN, = TN1 NN, = (N1 N Np) € B

since N; NN, € N. Indeed, if
N; = Gal(E/Ly) and N, = Gal(E/Lp), L1, L, € L
then Gal(E/LiLp) = N1 N N; since
p e NNNNy <= pl|r, =id and p|z, =id
<= L; C Fixg(p) and L, C Fixg(p)
= L1L, C Fixg(p) <= p € Gal(E/LiLy)

which completes the proof (F < LiL; is again a finite, Galois exten-
sion). o
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Definition 1.5.5. The topology 7 defined in the previous proposition
is called the Krull topology.

Example 1.5.6. The Krull topology of a finite Galois extension is the
discrete topology; that is, every subgroup of its Galois groups is
both open and closed.?* Indeed, if k < E is finite with Galois group
G then E € £ and Gal(E/E) = {idg} € N. Therefore

{c} =0 Gal(E/E) € B Vo € G.

That is, every singleton is open (and in particular basic); hence every
subset of G is clopen.

The converse of the above claim also holds.

Lemma 1.5.7. The Krull topology is discrete if and only if the extension is
finite.

Proof. See [3], Proposition 3.12.8. o

We will now prove our claim that the closed subsets of G in the
Krull topology are exactly those that can arise as Galois groups of
subextensions.

This result and the above lemma imply that there are no infinite
Galois extensions for which (1.6) holds.

Proposition 1.5.8. If H C G then Gal(E/ Fixg(H)) = H, the closure of
H in the Krull topology.

Proof. To simplify the notation, set H' = Gal(E/ Fixg(H)). In order
to prove that H = H' we need to show two inclusions. For the
inclusion H C H’, we need only prove that H'’ is closed. Indeed,
we have already established that H C H " which implies that HC
H’; therefore, if we prove that H’ is closed then H' = H’ and the
inclusion H € H’ becomes H C H’ which is exactly what we want.
To prove that H' is closed take some 0 € G \ H'. Now

c€G\H = JaeFixg(H): o(a) #a

22 A set that is both open and closed with respect to some topolgy is called clopen.
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Take some L € £ such thata € L and set N = Gal(E/L) € N. The
set 0N is a basic open set containing ¢ and is disjoint from H’ since

T(a) =avVtr € Nandot(a) =0(a) #a

Therefore, G\ H' is open, hence H' is closed. For the other inclusion,
H' C H,set L = Fixg(H) and let c € H and N € N. If K =
Fixg(N) € £ and Hy = {7|x : T € H} < Gal(K/k), then, since

Fixg(Hp) = Fixg(H) N K = LNK,

the Fundamental Theorem for the finite Galois extensions implies
that Hy = Gal(K/KNL). Now ¢ € H', so ¢|;, = id; and o|x € Hp.
Therefore, there is some T € H such that 7|x = ¢|x. Thus o' €
Gal(E/K) = N, so T € cN N H. In other words, every basic open
neighborhood oN of o € H' meets H, so ¢ € H. o

From the above proposition, the Galois correspondence between
{subextensions k < L < E} = {closed subgroups H < Aut(E/k)}

is bijective. Hence we have proved the analogue of Theorem 1.4.1
for infinite extensions.

Theorem 1.5.9 (Fundamental Theorem of Galois Theory for infinite
extensions; Krull). If k < E is a (possibly infite) Galois extension, the
correspondence

{L: k< L<KE}={H: H<Gal(E/k), H closed}

is bijective, i.e., the maps Aut(E/e) and Fixg(e) are mutual inverses, and
order reversing.

Proof. Immediate from Proposition 1.2.7, Corollary 1.2.18 and Propo-
sition 1.5.8. o

We can also establish an analogue of Theorem 1.4.2.

Theorem 1.5.10 (Fundamental Theorem of Galois Theory for infinite
extensions, Krull; part 2). If L is a subextension of k < E, then L < E is
Galois and if H = Gal(E/L) then

|G:H| < o0 <= Hisopen <= [L:k| < o0
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and in that case, |G : H| = [L : k]. Moreover, the extension k < L is

normal (hence Galois) if and only if Gal(L/k) is a normal subgroup of
Gal(E/k). In that case

Gal(L/k) ~ Gal(E/k)/ Gal(E/L)

If we endow Gal(E/k)/ Gal(E/L) with the quotient topology then the
above isomorphism is a homeomorphism.

We must note however, that in order to prove the second part of
the Fundamental Theorem we need more information on the Krull
topology. In particular we need

Proposition 1.5.11. The set G endowed with the Krull topology is Haus-
dorff, compact and totally disconnected.

The proofs of these propositions are given in the next paragraph.
A last remark is in order before we proceed.

Remark 1.5.12. Krull’s Galois Theory is a generalization of the Galois
Theory for finite extensions. If k < E is a finite Galois extension then
the Krull topology on Gal(E/k) is the discrete topology; hence every
subgroup is clopen and we retrieve Theorems 1.4.1 and 1.4.2.

PROFINITE TOPOLOGICAL GROUPS The previous discussion of
infinite Galois Theory is somewhat elementary and probably raises
more questions than it answers. One might wonder for example
how did we come up with the Krull topology or even why did we
use topology to begin with.

To see how our work in infinite Galois Theory comes naturally;,
we need the notion of a profinite topological group. For a more elab-
orate study of profinite groups and how they are related to Galois
Theory we refer the reader to [16].

Definition 1.5.13. A topological group is a group G endowed with
a topology such that the maps

:GxG—>G:(gh)—~gh and 1:G—>G:grr g !

are continuous. A homomorphism of topological groups is a group
homomorphism that is also continuous.
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Thus a topological group is a group that is also a topological
space for which the group structure and the topology are compatible
in the sense described above and a homomorphism of topological
groups is a map that respects both the group structure and the

topology.

Example 1.5.14. If k < E is a Galois extension, Gal(E/k) endowed
with the Krull topology is a topological group.

If the extension is finite, so is Gal(E/k) and therefore its Krull
topology is the discrete topology. Hence the maps (g, 1) — g¢h and
¢+ ¢! are (trivially) continuous.

The interesting case is when k < E is infinite. Suppose (g,h) €
G X G and take a basic open neighborhood gh Gal(E/L) of gh. Then,
the basic open neighborhood gGal(E/L) x hGal(E/L) of (g,h) is
contained in gh Gal(E/L) through the map (g, 1) — gh. The element
(g, h) was arbitrary, therefore (g, 1) — gh is continuous.

Similarly, if ¢ € G and ¢ !Gal(E/L) is a basic open neigh-
borhood of ¢g~!, then the open neighborhood ¢Gal(E/L) of g is
contained in ¢~! Gal(E/L) through the map g +— ¢~!. The element
¢ was arbitrary, therefore g — ¢! is also continuous.

Proposition 1.5.15. A subgroup of topological group is a topological
group.

Proof. Let G be a topological group and H < G. Recall from Gen-
eral Topology that the restriction of a continuous map is continuous.
Therefore the restrictions |y : Hx H — G and ~!|y : H — G are
continuous. But since H is a subgroup of G, their range is H, i.e.
|lu:HxH— Hand ~!|y : H— H so H is a topological group. ¢

Proposition 1.5.16. The product G = [],ca Ga of a family {Ga}aca of
topological groups is a topological group when endowed with the product

topology.

Before proving that, recall from General Topology that if {X, }sca
is a family of topological spaces, then X = [],c 4 X, endowed with
the product topology is a topological space. X (with projections 7, :
X — X,) has the universal property that for every other topological
space Y and every family f, : Y — X, of continuous maps, there is
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a unique continuous map f : Y — X so that the following diagram
commutes.

X =Tlses Xa
L |
y = ; X,

Proof. First of all, recall from Group Theory that G = [],c4 G is a
group with multiplication defined componentwise, i.e.

(gﬂ)aEA : (ha)aeA = (ga : ha)ueA-

To show that - : G x G — G is continuous take Y = G x G and
fa to be the composition

Ty X 7Ty

GxG *“5"G, x G, - G,

in the universal property of the product topology. Then - is the
unique map f, hence continuous.

f=-///’

Ttq

TTa X T,

GxG ™% G, xG, —*> G,

~_ 5

Similarly, to prove that ! : G — G is continuous take Y = G
-1
and f, to be the composition G =% G, = G,.

G
1 //7

—— .
f= et T
////

rad -1

] a

G G, G,
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We are not interested in topological groups in general but rather
in a spacial kind of topological groups, profinite groups.

Definition 1.5.17. An inverse system of topological groups is a
pair of families ({Gq}aca, {¢} }a<bea) indexed by some directed set>3
(A, <), where {G,},ca is a family of topological groups and for
every a < b € A, ¢, is a continuous group homomorphism G, — G,
such that

i) ¢7 =idg,
ii) ¢? = ¢fot foralla <b<c € A.
We shall write (G,, (pg) for an inverse system of topological groups.

Definition 1.5.18. Suppose (G,, ¢}) is an inverse system of topolog-
ical groups. The inverse limit of the system is the subset of the
product [T,c 4 Ga consisting of sequences (g,) such that ¢} (g5) = a
for all a < b. The inverse limit is usually denoted by lglGa.

Lemma 1.5.19. If (Gg, ¢} ) is an inverse system of topological groups, then
the inverse limit 1<iLnGa is a subgroup of [1,c 4 Ga.

Proof. First of all, @Ga # @. Indeed, (e;)qeca € ﬁg‘lGa since ¢ :

Gy — G, is a group homomorphism and therefore sends e, — e, for
every a < b.
Furthermore, for every (g,), (h,) € limG,,

(8a) - (ha) ' = (ga) - (hy) = (a-ha!) € h;nca
because for every a < b,
P5(g0 -1y ") = 95(80) - 95y 1) = @5(80) - 95 (m) " = gl "
Therefore @Ga < [iea Ga- o
Corollary 1.5.20. The inverse limit leGa is a topological group.

Proof. Immediate from Propositions 1.5.15 and 1.5.16, and the previ-
ous lemma. o

23 Recall that a directed set is a partially ordered set (A, <) with the property that
for every a,b € A there is some ¢ € A such thata < cand b < c.
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Profinite topological groups are a special kind of inverse limit.

Definition 1.5.21. The inverse limit of a system of finite topological
groups (endowed with the discrete topology) is called a profinite
(topological) group.

Corollary 1.5.22. Profinite groups are topological groups.

Example 1.5.23. Every finite topological group G is profinite. Just
take (Gg, ¢}) to be (G,idg).

Example 1.5.24. The Galois group Gal(E/k) of a Galois extension
k < E is a profinite group.

If the extension is finite then so is Gal(E/k) and the assertion
follows from the previous example.

Suppose the extension is infinite. The pair (£, C) is a directed
set. Indeed, for every L;, L, € L, their compositum L3 = LiL; € £
(fori =1,2, L; is a finite Galois extension of k, so it is generated by
a finite set S; of elements whose minimal polynomials are separable
and split over k; L3 is then generated by S; U S, and therefore Lz € £)
and Ll g L3, Lz g L3.

For every L € L take the finite group Gal(L/k) endowed with the
discrete topology and for every L; C L, € L consider the restriction
homomorphism

11 Gal(Ly/k) — Gal(Ly/k) : o+ o1, Vo € Gal(Ly/k).

Thus we have an inverse system (Gal(L/ k),cp[L;) of topological
groups. We will show that

Gal(E/k) = liénGal(L/k),

that is, they are isomorphic as groups and homeomorphic as topo-
logical spaces.
Define

8 : Gal(E/k) — lim Gal(L/k)
o— (o|r)Lec-

The map ¢ is obviously well defined.
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¢ is also a group homomorphism since

ot = (o71)]L-

We will show that the kernel of ¢ is trivial so ¢ is injective.

Suppose ¢ € Gal(E/k) such that o|; = id; for all L € £. Then

o = idg. Indeed, for every x € E take the splitting field Ly of m(x, k).

It is immediate that Ly € £. The hypothesis |, = id;, implies
that o(x) = 0|, (x) = x. The element x € E was arbitrary, therefore
g = idE.

To show that ¢ is surjective take some (71) € 1i£1 Gal(L/k) and
define

c:E—E:o(x)=1,(x) Vx € E.

It is a trivial procedure to show that o € Gal(E/k) and, by its
definition, ¢(c) = (o|.) = (11).

¥ is continuous and open. The basic open sets of Gal(E/k) are
of the form oN where N = Gal(E/L) € N for some L € £ and
o € Gal(E/k). The topology of l(iglGal(L/ k) is, by definition of
the product and the subspace topology, the smallest topology that
contains the sets 77, ! ({t}) where L € £, 7y : Gal(E/k) — Gal(L/k)
is the usual projection (restriction) and T € Gal(L/k). We compute

0 (m({t})) = {0 € Gal(E/k) : 0|1 = T}
= {0 € Gal(E/k) : 0 extends T to E}
= |J oGal(E/L)

reGal(E/k)

which is a union of open sets in Gal(E/k), hence open. So ¢ is
continuous. Moreover,

19(0'N) = {(UTH)HGE : TH|L = ideL}
= {(th)pec : o 'tulL = idpar}

= {(t0)Her : TH|L = O|HNE}

=y ({ele})

so the image of a basic open set is open in li&n Gal(L/k). Therefore

¥ is open.
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The Krull topology has some nice properties which can now be
almost immediately derived.

Recall from General Topology that a space X is called compact
if every open cover of X has a finite subcover, Hausdorff*+ if for
every x,y € X there are open sets V,, V, such that x € Vy, y € V,
and Vy NV, = @, and totally disconnected if its only connected
components are the singletons. It is immediate that every finite space
equipped with the discrete topology is compact, Hausdorff and totally
disconnected. The not (at all) obvious results we will need are

i) Any product of compact spaces is compact.>>
ii) Any product of Hausdorff spaces is Hausdorff.
iii) Any product of totally disconnected spaces is totally disconnected.

iv) The subspace of a compact space need not be compact; for
example [0, 1] is compact while (0,1) is not. However, a closed
subspace of a compact space is compact.

v) The subspace of a Hausdorff space is Hausdorff.
vi) The subspace of a totally disconnected space is totally disconnected.

vii) If f,g: X — Y are continuous maps and Y is Hausdorff, then the set

{xeX: f(x) =g(x)}
is a closed subset of X.

Lemma 1.5.25. @Ga is a closed subset of [1,c 4 Ga-

Proof. Write limG, as
H

limG, = {(ga) € [1Ga: ¢i(gp) = ga Vb > a}

acA

= m{(gﬂ) € H Ga : ¢y 0 7p(86) = Ta(8a) }

b>a acA
and apply (vii) for f = ¢ o 71, and ¢ = 71, as continuous functions
[Lica Gi — G l<iLnGu is then closed as the intersection of closed
subsets of [],c4 Ga. o

24 Named after Felix Hausdorff (1868-1942).
25 This is Tychonoff’s theorem, named after Andrey Nikolayevich Tikhonov (1906-

1993).
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Corollary 1.5.26. The Galois group of an extension k < E endowed with
the Krull topology is a compact, Hausdorff and totally disconnected space.

We can now prove the second part of the Fundamental Theorem
of infinite Galois Theory.

Theorem 1.5.27 (Fundamental Theorem of Galois Theory for infinite
extensions, Krull; part 2). If L is a subextension of k < E, then L < E is
Galois and if H = Gal(E/L) then

|G:H| < o0 <= Hisopen <= [L:k] < o0

and in that case, |G : H| = [L : k]. Moreover, the extension k < L is
normal (hence Galois) if and only if Gal(L/k) is a normal subgroup of
Gal(E/k). In that case

Gal(L/k) ~ Gal(E/k)/ Gal(E/L)

If we endow Gal(E/k)/ Gal(E/L) with the quotient topology then the
above isomorphism is a homeomorphism.

Proof. Suppose [G : H] = m < oo. If the left cosets of H in G are
{H,¢1H,...,gnH} then

G\H: |_|ng
i=1

which is a finite union of closed subsets of G. Indeed, H = Gal(E/L)
is closed as the Galois group of some subextension and the map

'|{gi}><H : {81} X H—>gH§ Gh'—)glh

is bijective and continuous as the restriction of a continuous map.
Therefore g;H is closed for every i =1,...,m. Thus G \ H is closed
which implies that H is open.

Suppose now that H is an open subgroup of G. Then idg € H so
there is some basic open neighborhood N = Gal(E/S) e N, S € L,
so that idg € N < H. In that case,

N < H = Fixg(H) < Fixg(N)
— Fixg (Gal(E/L)) < Fixg (Gal(E/S))

=L since E/L is Galois =S since E/S is Galois

— L <S
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and since S € N, that is, S is finite over k, so is L.

Lastly, suppose that [L : k] < co. Take Ef to be the splitting field
of all the minimal polynomials of the generators of L over k. Then
Efc Land k <L < Ef <E.Set N = Gal(E/Ef) € N. Similarly to
the proof of the fundamental theorem for finite extensions, the map

Ok, : Gal(E/k) — Gal(Ef/k) : 0 — 0|,

is a surjective (from Lemma 1.3.11) group homomorphism with
ker ¥g, = N. From the 1st Isomorphism Theorem we have

Gal(Ef/k) ~ Gal(E/k)/ Gal(E/Ef) = G/N.

The inclusion L < E¢ now implies that N = Gal(E/Ef) < Gal(E/L) =
H and therefore

(G: H] < [G:N] = |G/N| = | Gal(E;/K)|

and | Gal(Ef/k)| < oo since k < Ey is finite. In particular, using
the Isomorphism Theorems for Groups, Lagrange’s theorem, the
fundamental theorem of Galois theory for finite extensions and the
multiplicativity of the degrees, we get

_ IG/N| _ [Ef:K]

(6 H) = [6/N: H/N) = (27— )

=[L:k].

Suppose H <1 G. We will show that k < L is a Galois extension.
It is obviously separable by the transitivity of separable extensions.
It remains to show that it is normal. Leta € L\ k and m = m(a, k)
be its minimal polynomial. k < E is Galois; let b € E be another root
of m. We will show that b € L. From the Isomorphism Extension
Theorem, there is some o € Gal(E/k) such that c(a) = b. Since

H <1 G, we have 010 € H for every T € H. Therefore
— — -1 — —
T(b)=10(a)=0 ¢ 10 (_a )=o(a)="D.
€Gal(E/L) €L

In other words, b € Fixg(H) = Fixg (Gal(E/L)) = L.
For the contrary, suppose that k < L is Galois. Then

0:G=Gal(E/k) — Gal(L/k) : 0 — 0|
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is a surjective group homomorphism with ker ¢, = H < G (using
analogous arguments as before, when we defined 9¢,).
By the 1st Isomorphism Theorem, there is an isomorphism

v:G/H = Gal(E/k)/ Gal(E/L) — Gal(L/k).

We will show that v is a homeomorphism.
The basic open sets of Gal(L/k) as a subspace of G are

B = {rGal(L/K)}

where k < K < L with k < K being a finite Galois extension and
T € Gal(L/k). For every such basic open set, Gal(E/K) € N since
E € L and therefore

0! (tGal(L/K)) = o Gal(E/K)

for some ¢ € Gal(E/k) that extends 7. So ¢ is continuous.

Moreover, ¢ is closed. Indeed, G is compact and Gal(L/k) is
Hausdorff (because G is), so any closed subset of the compact G
is compact and is therefore mapped through the continuous ¢ to
a compact subset of the Hausdorff space Gal(L/k). Recall from
General Topology that any compact subset of a Hausdorff space is compact
and the assertion follows.

Now it follows at once that the isomorphism

v:G/H = Gal(E/k)/ Gal(E/L) — Gal(L/k)

induced by ¢ is a homeomorphism by the definition of the quotient
topology on G/ H. o



[...] geometry is the art of reasoning
well from badly drawn figures; how-
ever, these figures, if they are not
to deceive us, must satisfy certain
conditions; the proportions may be
grossly altered, but the relative posi-
tions of the different parts must not
be upset.

Jules Henri Poincaré (1854-1912).



2 THE CLASSIFICATION OF
COVERING SPACES

- rem we are pursuing focuses on the interplay between two
@ fundamental notions of Algebraic Topology: covering spaces
and fundamental groups. Covering spaces’ first appearance was in
the works of Georg Friedrich Bernhard Riemann (1826-1866), in the
theory of analytic functions of a complex variable. Fundamental
groups on the other hand, which were introduced by Poincaré in his
monumental paper “Analysis Citus” [31] (the starting point of Alge-
braic Topology), were initially used as a tool to classify topological
spaces.

@ imilar to that of Galois Theory, the next classification theo-

Despite their different origins, the two concepts share a deep
connection. One of the aspects of this connection is the main theme
of this chapter: for certain topological spaces, we can determine and
classify up to isomorphism all of their possible covering spaces using
subgroups of their fundamental group. Sounds familiar? It should!

Our aim again is not a thorough investigation but a quick de-
velopment of some basic notions that will help us reach the next
classification theorem. We therefore assume the same familiarity
with Abstract Algebra and General Topology as the previous chapter.
Some elementary notions regarding parameterizations of curves are
also assumed to be known.

21 THE FUNDAMENTAL GROUP

INTRODUCTION  The theory of the fundamental group provides a
way of reducing difficult topological problems into simpler, algebraic
ones. This is done by associating each topological space with an
appropriately chosen group, the fundamental group of the space.
Then, certain problems concerning the space can be translated into
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problems concerning the fundamental group which are in some
cases more tractable.

Fundamental groups can also be used to study continuous func-
tions. Every continuous function between two topological spaces
induces a group homomorphism between their respective funda-
mental groups. Again, studying the induced homomorphism can
tell us a lot about the function.

From this perspective, fundamental groups constitute powerful
tools in the study of topological spaces. Unfortunately, we will not
see them in action. This section contains only some basic definitions
and calculations of fundamental groups in a few, very simple cases;
just the absolute essentials for what follows.

Convention. For the rest of this chapter we denote the closed unit
interval [0,1] C R as I. To avoid repetition, we will occasionally refer
to topological spaces simply as spaces and we will interchange among
the terms function, map and mapping. To save words, all subsets of R”
are assumed to have the usual topology induced by the Euclidean
metric for all n € N.

Before continuing, we recall a result from Topology which we
will soon have to invoke.

Lemma 2.1.1 (Glueing Lemma). Suppose that X and Y are topological
spaces such that X = A U B for some closed subsets A,B C X. If
f:A— Yandg: B — Y are continuous functions such that f(a) = g(a)
forall a € AN B, then the mapping

h:X—=Y: h(x):{f(x)' 1:fx€A
g(x), 1fx€B

is also continuous.
Proof. Let C be a closed subset of Y. Since
nH(C) = f(C)UgTH(O),

and f, g are continuous, f~1(C) U g~1(C) is also closed in X and so
is h=1(C). Therefore, & is continuous. o



HOMOTOPY CLASSES OF LooPs Let X be an arbitrary topological
space. A path in X is a continuous mapping f : I — X. The point
f(0) is called the initial point of the path and f(1) its terminal;
together they are the endpoints of the path. If the endpoints of a
path coincide, that is f(0) = f(1) = x( for some xy € X, then f is
called a closed path or a loop (based) at xo.

If f: I — X is a path, its image f(I) is a (topological) curve in
X which we will denote by Cy. We must be careful not to confuse a
path f : [ — X with the curve Cy. A path is a parameterization of the
curve C r while C f is just a set of points in X.

X

O rrm

Figure 2.1: A path is a parameterization of the curve Cy

Example 2.1.2. Let X be a topological space and xop € X. The
constant path or constant loop at xj is defined to be

Cxo: I = X :cy(s) =x9 Vs € L.

Example 2.1.3. Let f : I — X be a path. We define its inverse path,
denoted by f~1, to be

LT —=X:f1(s)=f(1—5s).

Note that f and f~! parameterize the same curve Cy = C f1in X yet
they are different parameterizations of C; hence distinct paths; f~1
traverses Cy in the opposite direction of f, from f(1) to f(0).
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X

+ F
N /
t=1 f— — — —
't:-'tz Fo—-—. —————
t='t1 ————————————
£-0 5 s
§=0

Figure 2.2: Homotopy as a deformation of paths

Definition 2.1.4. A homotopy of two paths fy, f1 : I — X whose
endpoints coincide is a continuous map

F:IxI—X
such that
E(s,0) = fo(s) Vsel
F(s,1) = fi(s) Vsel (2.1)
F(0,1) = fo(0) = A(0) VEel |
F(LY) = fo(1) = A1) Vel

In particular, a homotopy between two loops fo, f1 : I — X based at
xo € X is a continuous function F : I x I — X such that

F(s,0) = fo(s) Vsel
F(s,1) = fi(s) Vsel (2.2)
F(0,t) =F(1,t) =x¢ Vtel

If a homotopy exists, the paths are called homotopic. We use the
notation fp ~ f; to indicate that fo and f; are homotopic, or F : fo ~
f1 if we want to refer to the homotopy F as well.
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We can think of the second coordinate ¢ as representing time
and the homotopy as a continuous (with respect both to s and t)
deformation of path fj to path f;. The first two conditions say that
at t = 0 we begin with fy and, continuously deforming it, we obtain
f1 att = 1; at any given time ty € I, fop has been deformed to
ft, = F(s,to) : I — X. The last two conditions ensure that, during
the deformation, the endpoints remain fixed.

Example 2.1.5. Let X be R" for some n € N. Any two paths
fo, f1 : I = X whose endpoints match are homotopic. The required
homotopy is the linear homotopy

L:IxI—X: L(s,t)=(1—=1)fo(s) +tfi(s)

which moves each point fy(s) € Cy, continuously along the straight
line that connects it with f;(s). It is immediate that the function L is
continuous (using the algebra of continuous functions) and satisfies
all conditions of (2.1).

In particular, given some point xy € X, all loops in X based at xg
are homotopic.

Figure 2.3: A linear homotopy of paths in R?
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Counterexample 2.1.6. Suppose X is the usual punctured plane R? \
{(0,0)}. In this case, there exist non homotopic loops because of the
hole at (0,0). Indeed, the loop

f:I— X:s— (cos(2ms),sin(27s))

based at (1,0) (for which Cf = S') is not homotopic to the constant
loop c¢(y,0). Intuitively, any continuous deformation from S! to €(1,0)
requires the path f to pass through the origin, which is not in X.

Lemma 2.1.7. Homotopy is an equivalence relation.

Proof. The map F(s,t) = f(s) is a homotopy from f to itself and
if F(s,t) is a homotopy from f to g then G(s,t) = F(s,1—1t) is a
homotopy from g to f. Lastly, given homotopies F : f ~ g and
G : g ~ h, the mapping

H(s ) = {F(S,Zt), te|

G(s,2t—1), tel3,

(=)
—_— N

]
]

is a homotopy H : f ~ h. All these functions satisfy conditions (2.1)
and are continuous; in particular, H is continuous by the glueing
lemma 2.1.1. o

4

We denote the equivalence class of f under ~ as [f] and call it
the homotopy class of f. So, by definition

f~g = [fl=1l

When there is no danger of confusion however, we shall denote the
homotopy class of f with the same symbol f, i.e. [f] = f.

THE FUNDAMENTAL GRouP Given two pathsin X, f,g: 1 = X,
we define their product f - ¢ = fg to be the path

f(2s), se0,3]
g(2s—1), sel}1]

=]

fg:l—X: (fg)(S)Z{

which is just the first path followed by the second, both traversed
in double speed so that the domain of their product can be I. Let’s
consider the spacial case where both f and g are loops based at
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the same basepoint. In that case the map fg is continuous (by the
glueing lemma 2.1.1) with the property that f¢g(0) = fg(1), hence a
loop. We can extend this definition to the case of homotopy classes.
We define the product of two homotopy classes of loops as

[f1lg] = [f8]- (2:3)

This is a well defined binary operation as the next lemma suggests.

Lemma 2.1.8. Given four loops in X such that [fo] = [f1] and [go] = [¢1],
we have [fo][go] = [f1][g1]-

Proof. Given homotopies F : fo ~ f1 and G : go ~ g1, the mapping

F(2s,t), telo,}
H:I><I—>X:H(s,t):{(s) €l i]

is continuous by the glueing lemma 2.1.1 and satisfies conditions
(2.2); it is a homotopy H : fogo ~ f181- o

Let X be a topological space, xg € X and let 711 (X, x9) denote the
set of all homotopy classes loops based at xo, i.e.

(X, x0) = {[f]| f: 1= X: f(0) = f(1) = x0}.

The previous lemma assures that the product defined in (2.3) is a
well defined binary operation on 771 (X, x).

Proposition 2.1.9. The set 1t1(X, xo) is a group under the product of
loops as defined in (2.3).

Proof. First, we must prove associativity:

for all [f], [g], [1] € m1(X, x0). The mapping

f(&), s € [0, 5]
F(s,t) = q g(4s —t —1), s e [H, H2]
]

4
h(¥:52), se[H21
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is a homotopy F : (fg)h ~ f(gh). As for the identity element, it is
easy to see that the constant loop on xg plays this role, i.e.

[ex]Uf] = fllew] = f] <= [exf] = [fen] = [f]

— CxofoConf

for all [f] € m1(X, xp). Indeed, the map

Xo, s€0,4]
1

G:IxI—X: G(s,t):{

is a homotopy G : ¢y, f ~ f (the other homotopy is similar). It
remains to check for inverses. Recall that the inverse of a loop f is
the loop f~1(s) = f(1 — s). The reason we called the loop f(1 —s)
the inverse of f is that

AT = lew] = FNS] = T =len] = F7 1]
= flf ~en ~ffT

for all [f] € 1;1(X, x0). In other words, [f]~! = [f!]. Indeed, the
function

| o [rasten), sefol]
H:IxI—X: H('t)_{f((Z—Zs)(l—t)), se[%,i}

is a homotopy H : ff~! ~ ¢y, (the other homotopy is again simi-
lar). As with previous proofs, the verification of conditions (2.2) is
straightforward and continuity is a simple application of the glueing
lemma 2.1.1. o

o

Definition 2.1.10. The group 71(X, xo) is called the fundamental
group of X based at xo.

Example 2.1.11. Let X be R" and xy € X arbitrary. By Ex. 2.1.5,
any two loops based at x( are homotopic. In particular, every loop
based at xp is homotopic to the constant loop cy, and therefore
m1(X, x0) = {[cx,] }, the trivial group.

Definition 2.1.12. A topological space X is called simply connected
if it is path connected and has trivial fundamental group.

Example 2.1.13. R"” is a simply connected space for all n € N. In
particular, R is simply connected.



Figure 2.4: R and helix H over S!

THE FUNDAMENTAL GROUP OF THE CIRCLE The next calculation
will serve as a first (yet informal) encounter with covering spaces.

Example 2.1.14. We are going to calculate the fundamental group
of the circle S' C R? based at xo = (1,0) (we will later see that the
choice of basepoint is actually irrelevant).

Consider the map

g :R—S": x— (cos(2mtx),sin(27tx)) Vx € R.

To have a geometric image of this map (Fig. 2.4), we can factor it as
q = 1t oh where

h:R— HCR?:t— (cos(2mt),sin(27t), t)
is the usual parametrization of the helix H and
m:R3 =S CR?: (x,y,2) — (x,y)

is the usual projection onto the first two coordinates.

This map has two crucial properties which will help us calculate
11(S?, x0) (and whose proof will be given in the next section in a
much broader context).
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1. (Lifting of paths) For every path f : I — S~1 and every Xy € R
with ¢(Xo) = xo, there is a unique path f : I — R such that
g o f = fand f(0) = Xp. Such a path is called a lift of f.

Having established that liftings of paths exist and are unique, we
can define the degree of a loop. Let f be a loop in S! based at x.
Since

9 (x0) = 471(1,0) = Z,

the lifting property guarantees that for every k € Z there is a unique
lift of f whose initial point is k. In particular, there is a unique lift of
f that starts at 0 € Z. We will denote this lift as fo We define the
degree of the loop f to be f = f,(1), i.e. the terminal point of f,.
Note that

) =002 g =0 = K1) eq (x) =7,

hence df € Z. From the uniqueness of fo, the degree of a loop is
well defined.

Our plan now is to extend this definition to homotopy classes of
loops. We can define a degree function as above,

9:m(SY, %) = Z: [f] — fo(1),

but this time we cannot say for sure that this map is well defined.
We must ensure that homotopic maps have the same degree. This
where the second property comes into play.

2. (Monodromy Theorem) If f,g: I — S! are two homotopic paths
(f ~ g) of S! and f, g are two of their lifts in R with the same

initial point f(0) = £(0), then (1) = g(1).

It is now obvious that 0 is a well defined map. In fact we have
everything we need. This map is actually a group isomorphism!
dis 1-1. If af # g <= fo(1) # (1) then f cannot be
homotopic to g. If it were, by the monodromy theorem we would
have f,(1) = go(1).
d is onto. For every k € Z, the loop

fi: I = R:t > (cos(2kmt),sin(2kmt))
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Figure 2.5: Lifting the loop that goes around the circle twice

has degree k. Indeed, it is immediate ~tha’c fkj I - R:tw ktis alift
of fy whose initial point is 0 and so f; = (fx)o. Therefore

of = (fido(1) = fu(1) = k.

d is a group homomorphism. We must show that

JA([f]lg]) = alf] +algl-

Indeed, it is easily seen that

o {fo(ZS)/ s €0,5]

fg= ]

fo(1) +80(2s =1), s

(=)
S
— NI

7

N[—=

is a lift of fg whose initial point is 0, so fg = (fg)o. Therefore

a([f11g]) = afg] = (f8)o(1) = fg(1) = fo(1) +&(1) = 3[f] +3g]

and, as a result,
(St xo) ~ Z.
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THE CHOICE OF BASEPOINT Before we continue we must address
the elephant in the room.

Given a topological space X with |X| > 2 and two distinct
elements x # y € X, we can form the fundamental groups 71 (X, x)
and 71(X,y). Is there any relation between these groups? Does it
matter which point do we choose? These are the questions we want
to answer.

Recall from General Topology that a space X is called path
connected if for every two points x,y € X there is path v : I — X
that connects them, i.e. 7(0) = x and (1) = y. A space X is called
connected if we cannot find two nonempty, disjoint, open subsets
of X whose union is X. Connectedness is a weaker condition that
path connectedness. Every path connected space is connected but the
converse does not hold; the most famous counterexample perhaps is
the topologist’s sine curve

clpa{x xsin(1/x) : 0 < x < 1}
which is connected but not path connected.

Proposition 2.1.15. Let X be a path connected space, xo,yo € X and
v : I — X a path such that (0) = xo and (1) = yo. Then, the map

p:m(X,x0) = m(X,yo0) : [f] = (V] [flv]

is a group isomorphism.

Figure 2.6: The basepoint is irrelevant in a path connected space
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Proof. 1 is a group homomorphism since

w(lf]lg]) = w(lfel) =
= [V A (81 = 9 D((8))-

It is straightforward that

=,
L
iy
o9,
=
I
=
L
=
=)
=

P~ s m(X,y0) = m(X,x0) : [f] = (V][]

is also a homomorphism and a two sided inverse of ¢. Therefore ¥
is an isomorphism. o

Counterexample 2.1.16. The hypothesis that X is path connected
is essential. Consider for example the space X = S' UY C R?
where Y = {(0,0)}. For any x € S' we have 71;(X,x) ~ Z while

(X, (0,0)) =~ {1}.

For spaces that are not path connected, the fundamental group
loses its power since, depending on the choice of the basepoint,
there can be more than one non isomorphic fundamental groups. It is
therefore natural in Algebraic Topology to restrict our attention to
path connected spaces only.

Convention. For the rest of the chapter we will restrict our attention
to path connected (hence connected) spaces only, whose funda-
mental group is unique up to isomorphism. All topological spaces
are therefore assumed to be path connected unless explicitly stated
otherwise.

THE INDUCED HOMOMORPHISM  Let us see now how we can study
continuous maps using fundamental groups.

Consider two topological spaces X, Y and a continuous mapping
between them 1 : X — Y. Suppose that x € X and y € Y are two
points such that i(x) = y. We use the notation

h:(X,x)— (Y,y)

to denote such a situation. If f : I — X is an arbitrary path in X

then the composition

1Lxhy
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is a path in Y since both & and f are continuous. In particular, if f is
a loop based at x then h o f is a loop based at hi(x) = y. Therefore,
the function / induces a map h. between the fundamental groups
(X, x) and 11 (Y,y) defined as

he (X, x) = m(Y,y) s [f] = [hof]
Proposition 2.1.17. The induced map h. is a group homomorphism.

Proof. The map h, is well defined. Indeed, if [f] = [g] € mi (X, x)
and F : f ~ g is a homotopy, then hF is a homotopy hF : hf ~ hg. It
is continuous since & and F are, and satisfies conditions (2.2) because
F does. Moreover,

he([f]-18) = ha([f - 8]) = [ho (f-8)] = [hOf hog]
= [hofl-[hogl = ha([f]) - h(g])
so h, is a group homomorphism. o

Two immediate yet crucial properties of the induced homomor-
phism are the following.

Lemma 2.1.18. If X is a topological space and x € X then

(de)* = idnl(X,x)'

Lemma 2.1.19. If hy : (X,x) = (Y,y) and hy : (Y,y) — (Z,z) are
continuous functions between spaces then

(hl © hZ)* = hl* o hys.
These two properties imply the next extremely important result.

Corollary 2.1.20. The fundamental group is a topological invariant, i.e.
homeomorphic spaces have isomorphic fundamental groups.

Proof. If h : (X,x) — (Y,y) is a homeomorphism, then there is a
homeomorphism ! : (Y,y) — (X, x) such that hh~! = idy and
h~1h = idx. Using the above two properties on these relations we
get

h*_lh* = idnl(X,x) and h*h*_l = id7T1(Y,y)'

So h, is a group homomorphism with inverse (h,)~! = (h71),,

hence an isomorphism. o



Counterexample 2.1.21. The converse does not hold. For example,
both R and {r} (r € R) have trivial fundamental groups, yet they
are certainly not homeomorphic (just compare their cardinalities).

2.2 COVERING SPACES

COVERING SPACES We now define the second of the two central
objects of our study, covering spaces. As with fundamental groups,
we will restrict our attention only to the absolute essentials for what
follows.

Definition 2.2.1. Let X be a topological space. A covering space (or
simply a covering) of X is a pair (X, 7) consisting of a topological
space X along with a continuous and surjective function n : X — X
so that every x € X has an open neighborhood U, that is evenly
covered, that is, a neighborhood whose inverse image 1~ !(Uy)
can be written as a disjoint union of (open) subsets {V,},ca of X
each homeomorphic to U, through pn, ie. nly, : Vo, — Uy is a
homeomorphism for every a € A.

We call X the base space and 7 the covering map. The sets V,
are called the sheets of Uy,. When there is no danger of confusion,
we will denote a covering (X, 7) simply as X.

Convention. As with all topological spaces so far, covering spaces are
also assumed to be path connected (hence connected). Thus we do
not have to worry when considering their fundamental group.

Before looking at some examples of coverings, lets see an impor-
tant property of covering maps.

Recall from General Topology that a local homeomorphism
between two spaces ¢ : X — Y is a map such that for every x € X
there is an open neighborhood V; of x so that ¢(Vy) is open in Y and
$lv, : Ve — ¢(Vy) is a homeomorphism. Every local homeomorphism is a
continuous and open map.

Lemma 2.2.2. Every covering map is a local homeomorphism.

Proof. If p : X — X is a covering and ¥ € X, then, by the definition
of a covering map, x = p(X) € X has an open neighborhood U,
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such that p~}(Uy) = | e a Vo, where each V, is homeomorphic to
U, through 7. Choose a € A such that x € V,. Then V, is an open
neighborhood of X, 2(V;) is homeomorphic to U, hence open in X,
and n|y, is a homeomorphism. o

Example 2.2.3. If X is a topological space, (X,idx) is (trivially) a
covering space of X.

Example 2.2.4. If h : Y — X is a homeomorphism between topological
spaces, then (Y, h) is a covering of X.

Example 2.2.5. The set of real numbers R with the function
g :R—S": t— (cos(2mt),sin(27t)) Vt € R

is a covering of S'.

Indeed, ¢ is onto and continuous since cos and sin are. Further-
more, the sets
(x,y) €S': x>0}
(x,y) €S': x < 0}
(x,y) €S':y >0}
(x,y) €S':y <0}

I

X,

! such that

In other words, for every t € R there is an open neighborhood U; (for
some i = 1,2,3,4) such that t € U; and ¢! (U;) is a disjoint union
of open subsets of R. It is immediate that ¢ |y, is a homeomorphism
foreveryi=1,2,3,4.
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Example 2.2.6. An important class of coverings are obtained via
group actions. We say that a group G acts on a topological space X
if G acts on the set X and the action is compatible to the topology
of X in the sense that for each ¢ € G, the permutation pe : X — X
of X induced by g is continuous. In that case, G acts on X via
homeomorphismes, i.e., the permutation representation of the action
is
p: G — Homeo(X) : g — pg.

Indeed, for any g € G, we know from the general theory of group
actions that p, is bijective and, by the definition of a group acting on

a topological space, continuous. The map p,-1 is also bijective and
continuous and

Pg O Pg-1 = Pg-10pg = idx.
Therefore p, is a homeomorphism of X.

We say that the action is properly discontinuous if every x € X
has an open neighborhood V; such that g1V, N g2V, = @ for every
g1 # g2 € G. In that case the stabilizer of every element is trivial
and therefore action is faithful.

Since G acts on the set X, the orbits of X are a partition of X into
disjoint sets. We denote by X /G the set of orbits of X under G. We
give X /G the quotient topology induced by the projection

m:X—X/G:x— O(x)

where O(x) = {gx : ¢ € G} is the orbit of x € X. In other words,
the topology of X/G is

%6 ={V C X/G:n }(V) C X open}.

If the action of G on X is properly discontinuous, then (X, 7t) is a cov-
ering of X/G. The map 7t is by definition surjective and continuous
since X/G was given the quotient topology. It is also open. Indeed,
for each open subset U of X, the set

1 (n(U)) = {x € X:n(x) € n(U)}
={xeX:0(x) =0(y) for some y € U}
={rxeX:x=gyforsomey € Uand g € G}
= UJsgu=psU)

8€G geG
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is a union of open subsets of X (U is open and p; a homeomorphism)
hence open in X. But X/G has the quotient topology so 7(U) is
open in X/G.

It remains to show that every element in X/G has an open
neighborhood U whose inverse image 7! (U) is a disjoint union
of open subsets of X each homeomorphic to U. Take an orbit
in O € X/G and some element x € X which belongs in it, i.e.
O = O(x). Take the neighborhood V of x described in the definition
of a properly discontinuous action. Since 7 is open, U = 7(Vy) is
open and it is the required open neighborhood of O(x) in X/G.
Indeed,

mH(mn(Ve) = || V&
g€G

which is a union of open subsets of X that is disjoint because the
action is properly discontinuous. Furthermore, each gV, is homeo-
morphic to U = 7t(Vy) through the restriction

7t|gv, : gV — m(Vy).

Indeed, each 74y, is continuous and open as the restriction of the
continuous function 7t in the open subset gV, of X; it is clearly
surjective and, since the action is properly discontinuous, injective
as well. So 7t|gy, is a homeomorphism.

The above examples suggest that a space X can have more than
one covering. So the natural question to ask is whether we find all
possible coverings of a topological space, up to isomorphism.

COVERING SPACE ISOMORPHISMS  But first things first. We must
define what we mean when we say that two covering spaces are
isomorphic.

Definition 2.2.7. Let (X1, 71) and (X, 72,) be two coverings of a
space X. A morphism from (Xi,p1) to (X2, 12) is a continuous
map ¢ : X; — X that makes the following diagram commute, i.e.

1220¢ = mni.



2.2 COVERING SPACES | 101

X Xo

X

A morphism ¢ of covering spaces as above is called an isomorphism
if there is a morphism ¢ : X; — Xj such that ¢ = idy and

¢ = idyg .

¢
— T

\_/

\ P /

71 12
X

We write (}?1,721) = ()?2, 722) or simply X1 & X, to indicate that the
two coverings are isomorphic. An isomorphism from a covering
space to itself is called a deck transformation or, more charmingly,
a Deckbewegung (in the German literature).

X X,

Example 2.2.8. Let X, Y be arbitrary but homeomorphic spaces and
h:Y — X a homeomorphism. The coverings (Y, ) and (X,idx) of
X are isomorphic. Indeed, if we take ¢ = h in the definition then
the diagram

¢=h

N

X

Y X

obviously commutes.
The following results are immediate.
Lemma 2.2.9. Covering space isomorphism is an equivalence relation.

Lemma 2.2.10. A morphism of covering spaces is an isomorphism if and
only if it is a homeomorphism.

Lemma 2.2.11. Suppose X is a topological space. The set of deck trans-
formations A(X, 12) of a covering space (X, 12) of X form a group under
composition.
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LIFTING PROPERTIES We will now see that the two crucial prop-
erties we used to calculate the fundamental group of the circle (Ex.
2.1.14) are consequences of the fact that (R, g ) is a covering of S'.

Definition 2.2.12. Let X, Y be two sets, ()?,p) a covering of X and
F:Y — X a continuous function. A lift (or lifting) of F in X is a
map

F:Y—>X

that makes the following diagram commute.

>

n

-

F 7
P
.

<~

>

Y —
F

For the rest of this section fix X an arbitrary topological space,
xo € X and (X, ) an arbitrary covering of X,

We are primarily interest at two kinds of lifts at this point. Lifts
of paths (where Y = I) and lifts of homotopies (where Y = I x I).
Before proving the main results, let us recall a lemma from General
Topology that we are going to need.

Lemma 2.2.13 (Lebesgue’s’ Number Lemma). Suppose X is a compact
metric space and U is an open cover of X. Then there is some § > 0 so that
every subset of X with diameter less than 0 is contained in an element of U.

Proposition 2.2.14 (Lifting of Paths). For every path f : I — X and
every Xo € X with n(%o) = xo, there is a unique lift f : T — X of f such
that (0) = .

Proof. Let f : I — X be a path and ¥ € X an element such that
n(Xy) = x. We are going to construct f step by step. By definition
of the covering space, for every x € X we can find an open subset
U, of X such that x € U, and

= U

acA

' Named after Henri Léon Lebesgue (1875-1941)
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where {V,},c4 is a disjoint family of open subsets of X so that
nlv, : Vo = Uy is a homeomorphism for every a € A. So {Uy : x €
X} is an open cover of X and consequently, since f is continuous,
{f~Y(Uy) : x € X} is an open cover of I. But I is compact. From
Lebesgue’s Lemma, we can find a partition

O=s50<s51<5p<...<s_1<s=1
of I = [0,1] such that
[si,5i01] € f 1 (Uy) <= f([si,5i41]) C Uy for some x € X

foralli=0,1,...,k— 1. Now we can define fon each [s;, s;11]. We
define _
f(0) =X

and if f(s;) € V, for some a € A, for some x € X, then
f(s) = (nlv) ! (f(s)) Vs € (si,sit1]-

Since nly, is a homeomorphism, f is continuous on [s;,s;,1] for
every i = 0,1,...,k — 1 hence, by the glueing lemma, continuous
on I. The fact that f is a lift of f is immediate from the way we
constructed it.

It remains to show that f is unique. Let f1, f2 be two lifts of f
starting at Xo. We will show that fi(s) = fa(s) Vs € I. We have

£1(0) = %o = f2(0)
and if fi(s) = fa(s) for every 0 < s < s; then f1(s) = fo(s) for every
s; < s < sj1q. Indeed, if
fils) = (nlv) M (f()) Vs € (sirsit]
and N
fa(s) = (nlv,) 7 (f(5) Vs € (si,5i41]
then a = b since both fi([s;,si11]) and fz([SNl, si+1]) are connected,

the family {V, },c4, is disjoint and fi(s;) = f2(s;). o

Proposition 2.2.15 (Lifting of Homotopies). For every homotopy F :
I? — X with F(0,0) = x and every Xy € X with p(Xo) = xo, thereis a
unique lift F : I*> — X such that F(0,0) = Xo.
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Proof. The proof is similar to that of the previous proposition. We
first define

F(0,0) = %.
By the previous proposition, we can extend F on I x {0} and {0} x I.
Now, as before, we can extend F on I2 by defining it step by step in
rectangles of the form [t;, ;1] X [s;,5;4+1]. Uniqueness is also proven
using similar arguments. o

An immediate corollary is the second crucial property we used
in Ex. 2.1.14.

Corollary 2.2.16 (Monodromy Theorem). If f,g : I — X are two
homotopic paths (H : f ~ g) of X and f, § are two of their lifts in X such
that £(0) = g(0) = xo, then f(1) = g(1).

Proof. By the homotopy lifting property, there is a unique lift H of
H such that H(0,0) = x. It is immediate that both f and H(s,0)
are lifts of f starting at xq so

f(s)=H(s,0) Vs eI
by the path lifting property. Similarly

3(s)=H(s,1) Vs € L.
Now H(1,t) is a lift of the constant path CH(1,) Starting at H(1,0).
As a lift of a constant path, H (1,t) is itself constant, so

H(1,t) = H(1,0) Vt € I.

Therefore, f(1) = H(1,0) = H(1,1) = g(1). ©

2.3 GALOIS THEORY OF COVERINGS

We have all the tools we need to state our next classification theorem
which concerns fundamental groups and covering spaces. As we
mentioned, a topological space can have more than one covering and
a natural question we can ask is whether there is a way to determine
all possible coverings of a given space. It turns out that for topo-
logical spaces that satisfy some nice (not too restrictive) conditions,
there is a way to find all possible coverings using subgroups of their
fundamental groups.
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THE CORRESPONDENCE  We must first establish a correspondence
between the coverings of a space and the subgroups of its funda-
mental group.

Let X be a topological space, xo € X and (X, 72) a covering of X.
For every element Xy € 27 1(xp) we have a continuous function

n: (X, %) — (X, x)
which induces a map
n. (X, %) — m(X, xo).
Proposition 2.3.1. The indunced map 1. is a group monomorphism.

Proof. We have already seen that p. is a group homomorphism. It
remains to show that p, is 1-1.
If [f],[8] € m(X,Xp) such that

nlfl = p.[8) < IH:pf~ng,
then, by the homotopy lifting property 2.2.15,
A0 f~§ = [fl=13)
Therefore n, is indeed 1-1. o
Thus, for path connected spaces, we obtain a correspondence

{(path connected) coverings of X} = {subgroups of (X, x¢) }
)? = T (f(, J?o)

where X € pfl (x0). This correspondence is not well defined though.
For a choice Xy # X1 € n~(xo), 72*(7'[1(5(, Xo)) # 72*(7'[1(5(, X1)) in
general.

Recall from Group Theory that two subgroups Hy, H; of a group
G are said to be conjugate if there is some element ¢ € G such that
g‘lHOg = H;. We will see that the subgroups Hy = n. (7‘[1()?, 370))
and H; = p.(m(X,%1)) of G = m1(X, xo) are conjugate.

X is path connected. If ¥ : I — X is a path from X to X7,
ie. ¥(0) = xp and (1) = x1, then po7y : I — X is path from
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2(7(0)) = n(xo) = xo to 2(7(1)) = 12(x1) = xp, that is, a loop in X
based at xp. Choose g = [po 7] € G = m1(X, xp).
It is immediate that ¢ 'Hog C Hj. Indeed, for any element
n:(f] € Ho = p.(m(X, %)),
7 pdfl - [pedl =1ro®) ] [nofl- o
=l(ro(3 ") (nof) - (no7)]
=[no(7 '[9
=n([7 f 7)) € Hy = p. (m(X, 7))

[poYy

since 7! f 7 is a loop based at x;.

Similarly, gH; g_l C Hy which implies that H; C g_lHO g. There-
fore ¢~'Hyg = H; and so the subgroups Hy and H; of G are indeed
conjugate.

Moreover, if H = s~ 'Hps is a subgroup conjugate to Hy in G,
where s € (X, x0), then, from the path lifting property, there is a
lift 5: I — X of s with §(0) = Xp. It is immediate from the discussion
above that

H = n. <7Tl (ng(l)))

Thus, for path connected spaces, we have a well defined correspon-
dence

{coverings of X} & {conjugacy classes of subgroups of 71 (X, x¢) }
)N( — 7'1,’1()?, )70)

We set out to understand for which (path connected) topological
spaces the above correspondence is a bijection between the set of
all coverings of the given space and the set of all subgroups of its
fundamental group.

UNIQUENESS First, we examine whether the correspondence is
injective.

If we want to decide whether two coverings of an arbitrary space
are isomorphic, we need to find continuous maps ¢, 1 as described
in Definition 2.2.7. Since both )N(l and }?z are coverings, the maps
¢ and ¥ can be considered as liftings of 11 and 1, respectively.
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X, X1
S m N
5{1 — X X — )?2

n1 2

So far we have seen liftings of paths and homotopies but the
maps 11, 722 are neither paths nor homotopies. We want to find some
necessary and sufficient conditions for liftings of covering functions
to exist. The first step is to examine conditions under which liftings
of arbitrary maps exist.

Recall from General Topology that a space is called locally path
connected if for every y € Y and every open neighborhood N, of y,
there is a path connected open set U, such that y € U, C N,,.

Proposition 2.3.2. Suppose X is a topological space, fix an element xy € X
and let n : (X, %) — (X, x0) be a covering of X. Moreover, let Y be a
path connected and locally path connected topological space, yo € Y and
Y : (Y, y0) — (X, x0) a continuous map.

(Yoy0) —= (X, x0)

A lift ¢ of  exists if and only if
lIJ* (7-[1 (Y/ yO)) - s (7-[1 (55/ 550)) .
Furthermore, if such ¥ exists, it is unique.

Proof. (=) The one direction is simple and we only need 2.3.1. If
such lift exists, we obtain the following commutative diagram

1 (56/ 550)

y |-

1 (Y, yo) 5 m1(X, xo)
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which implies that

P (m1(Y, y0)) = nale (11 (Y, 10))] € pa(mi(X, Xo)).

(<) For the contrary, suppose that 9. (711(Y, o)) C 1. (m1 (X, %))
Define

lﬁ: (Y,yo) — (X,XO)

as follows. For each y € Y take a path f, : I — Y in Y that starts at
fy(0) =y and ends at f,(1) = y; such a path exists since Y is path
connected. Then

1y 4 x

is a path in X that starts at ¢f,(0) = ¢(yo) = xo. From the path
lifting property, there is a unique lift

W; 1= X,
ie. 7377?]? = ¢ fy, that starts at @E(O) = Xo. Define

P (Y,50) = (X, %0) : P(y) = $fy(1).

First we must show that this map is well defined. Suppose that
«,f: I — Y are two homotopic paths, say H : « ~ f that start at
a(0) = B(0) = yo and end at a(1) = B(1) = y. Then pH : Ppa ~ Pp
and by the Modoromy Theorem, pa(1) = B(1). So choosing a path
hotopic to f, does not affect 1. Next let a,f: I — Y be two (not
necessarily homotopic) paths that start at «(0) = B(0) = yp and end
at (1) = B(1) = y. Then the product

o

a(2s), s €|

1
2]
B l(2s—1)=p(2—-2s), s€] i

aﬁl:I%Y:aﬁl(s):{ |

7

NI—

is a loop based at #f~1(0) = (1) = yo. By the hypothesis,

Pu(@Bp™) € pe(m(X, %0)).

In other words, there is an element of 71; ()Af, Xo) that is send to af !
through 1, i.e. a class of loops in X based at X that are lifts of the
homotopy class of f~!. Since ¢, is a homomorphism,

P (™) = (@) (B)
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and the product of the lifts of 1. («) and . (8) ! is a lift of .. (uc,B‘l)
i.e. a loop based at Xo; therefore, the lifts of 1. (a) and 1. (8) ! must

have the same endpoints and so must the lifts of .. («) and ¥..(B).

In other words, the lifts pa and @/3 of Yo and 1P respectively, have
the property
pa(0) = pp(0) and ya(l) = pB(1).
Therefore, ) is well define.

Obviously ¢ is a lift of i since
D=y

nP(y) = nyfy ph() " p(w).

It remains to show that ¢ is continuous. Take some open set U C
X and some y € ¢~ (U). In this case U is an open neighborhood of
¥(y). We will show that ¢~ (U) C Y is open by showing that there
is an open neighborhood of y that is contained in ¢~ (U).

( )ﬂll)fy Pfy

1 is open so n2(U) is an open neighborhood of 2 (¥ (y)) = ¥(y).

Consider the open neighborhood Ul/, of ¥(y) in the definition of a
covering space and take U’ = Uy, n(ll)

Note that since Uy, is evenly covered, so is U’ (if the sheets of
Uy, are {Z,} then the sheets of U’ are {Z, N Uy, })- Therefore, if
pfl( ") = Uqea Va then, since ¢(y) € U’, there is some a € A such
that ¢(y) € V,. Take W = UNV,. W is by its definition an open
neighborhood of §(y).

Using again the fact that 7 is open, 2(W) C X is open and since
i is continuous, Y~ ! (2(W)) is open in Y. Obviously y € ¥~ (n(W))
since P(y) = n(¥(y)) € n(W). Note that p(W) C p(U) C p(U')
and p(W) is therefore evenly covered since n(U’) is.

We now use the fact that Y is locally path connected. So there is

some path connected open set V C Y such thaty € V C ¢~ 1(n(W)).

Finally, we claim that ¢(V) C U. Clearly the element §(y) of
$(V) isin U. Let y’ € V. Since V is path connected, there is a path
f:I—V fromy toy'. By definition,

P = 9fy(1) = 9f(1)
where @Jf is the unique lift of the path ¢ f that starts at ¢(yy). Now
F) SV =9f(I) S (V) S p(W) = f € p ' (p(W)).
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But as we mentioned, (W) is evenly covered, say n(W) = U;e; W;,
with the W;’s being disjoint and for some k € |, W = W;. Since

¥f(0) = ¢(y) € W, this implies that lﬁjz(l) =¢(y) € W C U

Therefore $(V) C U, hence y € V C ¢~ 1(U). So ¢ is indeed
continuous. o

Note that Y was also assumed to be locally path connected.

Convention. From now on, all coverings are assumed to be locally
path connected as well.

Recall however that if f : X — Y is a local homeomorphism then
X is locally path connected if and only if f(X) is. Since covering maps
are surjective local homeomorphisms, restricting our attention to
locally path connected coverings means that we consider locally
path connected base spaces as well.

Therefore we assume that all topological spaces are locally path
connected.

Corollary 2.3.3. Suppose X is a topological space and fix some xy € X.
An isomorphism ¢ between two coverings p1 : (X1,%1) — (X, x0) and
n2: (Xp,X2) — (X, x0) such that ¢(X1) = Xy exists if and only if

p1 (11 (X1, 1)) = 24 (11(X2, %2))
If such an isomorphism exists, it is unique.

Proof. Take (}?, Xo) = (}?1,3?1) and (Y, yo) = (}?2, X») in the previous
proposition to find liftings ¢ and ¢ of 121 and 1, respectively. These
are the required isomorphisms. o

The above criterion, however useful, is only concerned with the
existence of a specific isomorphism; the one which preserves the
given basepoints. What about the existence of an isomorphism in
general?

Corollary 2.3.4. Let X be a topological space and xo € X. Two coverings
(X1,121) and (X3, 12) of X are isomorphic if, and only if, for any two

elements X, € X1 and X, € X, such that 21(X1) = n2(X2) = xo, the sub-
groups p1. (711(Xq, %1)) and p. (m2(Xo, %2)) of 1 (X, xo) are conjugate.
Proof. Immediate from the above Corollary and the fact that chang-

ing the basepoint of a covering space amounts to going to a conjugate
subgroup of 1 (X, xp). o
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EXISTENCE We now come to the existence part of the correspon-
dence. We want to examine if the correspondence is surjective; that
is, given a (path connected and locally path connected) space X,
some element xy € X and a conjugacy class of subgroups of 111 (X, x¢),
is there a (path connected and locally path connected) covering
(X, ) of X so that . (71(X, %)) belongs to the given conjugacy
class for some Xy € 271 (x0)?

Example 2.3.5. The conjugacy class to which the whole group be-
longs is

{gm(X,x0)g ™" : g€ m(X,x0)} = {m(X,x0)}

This case is trivial; the required covering is (X, idx) or, more gener-
ally, (Y, h) where h : Y — X is a homeomorphism. This covering is
called the trivial covering of X. Note that from Corollary 2.3.4, the
trivial covering is unique up to isomorphism.

Example 2.3.6. The other extreme case, the conjugacy class of the
trivial subgroup,

{g{1}g™": g e m(X,x0)} = {1},

is not only non-trivial but, as we shall see, it is fundamental to our
study. In this case we search for a covering of X whose fundamental
group is trivial. Since we have limited ourselves to path connected
spaces, we search for a simply connected covering of X.

Definition 2.3.7. A simply connected covering of a space X is called a
universal cover.

Example 2.3.8. (R, ) is a universal cover of S'.
An immediate consequence of Corollary 2.3.4 is that

Proposition 2.3.9. If the universal cover of a space exists, it is unique up
to covering space isomorphism.

The reason it is called universal cover is justified by the following
results.

Proposition 2.3.10. If (X1, 71) and (Xz, 1P2) are two locally path con-
nected coverings of a space X and ¢ X1 — Xy is a morphism of covering
spaces, then (X1, ¢) is a covering of Xo.
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Corollary 2.3.11. If (Y, q) is a universal cover of X and (X, ) is any
other covering then there is a morphism of covering spaces ¢ : Y — X and
(Y, ¢) is a covering of X.

Since the above results are of no immediate interest to us, we
refer the reader to the bibliography. The important thing to note is
that the universal cover covers every other covering, hence its name.

We will see that if X has a universal cover, we can use it to
construct coverings whose fundamental groups belong to any given
conjugacy class of subgroups of 711(X, xg). Thus the first step is to
determine which spaces have a universal cover.

Definition 2.3.12. A topological space X is called semilocally simply
connected if for every x € X we can find an open neighborhood
U, of x so that every loop in U, is homotopic to a constant loop
or, equivalently, if the inclusion i : Uy — X induces the trivial
homomorphism i : 771 (Uy, x) — 711 (X, x).

Proposition 2.3.13. Suppose X is a path connected, locally path connected
space. Then X has a universal cover if and only if it is semilocally simply
connected.

Proof. (=) The one direction if fairly simple. If (Y, ¢ ) is a universal
cover of X and x € X, then the neighborhood U, of x described in
the definition of a covering space is the required neighborhood in
the definition of a semilocally simply connected space.

(«<=) For the contrary, fix some xg € X. Define

Y = {[f] : f is a path in X starting at xo},

that is, Y is the set of all homotopy classes of paths strarting at
xo € X, and
4 = X:[f] = allf]) = F(1),

i.e., g sends each homotopy class of paths starting at xo to the
common terminal point. Observe that ¢ is surjective since X is path
connected.

Let us define a topology on Y. Since X is locally path connected
and semilocally simply connected, we can find a basis

B:{Ui:iel}
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for the topology of X consisting of path connected sets such that
iv + (U, x) — m(X,x) is trivial. For every [f] € Y and every
U € B with f(1) € U, define

Uy = {[g] € Y : [g] = [f][7] for some pathy : I — U : 7(0) = f(1)}.

The elements of U are paths that first traverse f or some homotopic
path of f, and then some path in U which starts at f(1). The set

B'={Us:[fleY, UeB:f(1) e U}

is a basis for a topology on Y. Indeed, for any two Uy, Ve and any
h € UrNVg, h(1) € UNV. Find a basic open set W € B with the
property h(1) € W C UNV. Then W, C U;N V.

Before continuing, lets establish two important properties of
the map ¢. First of all, for every [f] € Y and every U € B with
f(1) € U, the restriction

q/|uf2Uf—>u

is bijective. If [g], [1] € Uy such that q|u,([g]) = g|u,([h]) then
[g] = [h]. Indeed,

8], [h] € Uy = [g] = [f]fi] and [h] = [f][f2]
for some fi, f : I — U with f1(0) = £,(0) = f(1). So if

9lu ([8]) = alu ([h) = ¢(1) =h(1) = A1) = f2(1)

in which case we have two paths f1, f> : I — U with the same ends.
Given that i, : 711 (U;, x) — m1(X, x) is trivial, [f1] = [f2] so [g] = [H]
and 4|y, is injective. Moreover, every U is path connected, so for
every x € U, there is a path f3 : I — U from x to f(1) € U. Then
the image of [g] = [f][f3] € Uy through gy, is x and therefore q/[u,
is surjective.

Secondly, it is clear that if U € B and x € U then

9 H(U)= U Uy, (2.4)
AEA

where the union is taken over all path classes [f,] in X from xg to x.
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Given these results, we can show that ¢ is a local homeomor-
phism. Take some [f] € Y and the open neighborhood Uy of [f]
for some U € B with f(1) € U. Now gy, is bijective, therefore
q/(Uy) = g|u,(Uy) = U is open in X. It remains to show that ¢y,
is a homeomorphism. We showed that is bijective. From (2.4) ¢ is
continuous, hence so is the restriction q|uf. Lastly, any open subset
V of Uy is also open in Y since Uy is open in Y; so it can be written
as a union of sets Ve, € B’ with Ve C Uf. Therefore, using the fact
that q,]uf is injective,

9lu, (V) = glu, (U Vg) =Ualuy, (Vo) = Ual,(Vy) =UV
g

8 8 8

which is open in X. To summarize, g |y, is bijective, continuous and
open, hence a homeomorphism. The choice of [f] € Y was arbitrary,
therefore ¢ is a local homeomorphism.

We now show that Y is connected. In particular we will show
that there is a path from [cy,] € Y to any [f] € Y. Let [f] € Y. For
every s € I define

fo: I =Y fs(t) = f(st).
It is immediate that fo = cy, and f; = f. The required path is then
F:I1—=Y:s—[fs]

which starts at F(0) = [fo] = [cx,] and ends at F(1) = [f1] = [f]. We
only need to show that F is continuous, that is, for every s € [ and
every open basic neighborhood Uy, of f; there is an open interval J;
open in I such thats € J; C I and F(J1) C Uy,. Take any s € [ and
any open basic neighborhood Uy, of f;. In particular U is a basic
open neighborhood of f;(1). Since f; is a path, hence continuous,
and U is an open neighborhood of fs(1), there is an interval ], open
in I such that1 € [, C I and f;(J2) € U. This interval is also the
required interval ;.

Finally, it remains to show that Y is simply connected, that is
m1(Y, [cx,]) is the trivial subgroup. Through the induced monomor-
phism

s 11(Y, [cx,]) = (X, x0),
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1 (Y, %) is isomorphic to g (71(Y, [cx,])) which is the stabilizer
of [cy,] for the action of 711(X, x9) on g ~!(xp). Let’s compute this
stabilizer. Suppose [f] € 71(X, xo) such that

[fllexo] = F(1) = [ex]

where F is a path in Y starting at [cy,] and ending at [cy,]. So F is
the constant path which is the lift of the constant path ¢y, in X. ¢

The above proposition suggests one last restriction we must
impose if we want to have a bijective correspondence; that is, we
must require spaces to be semilocally simply connected.

Proposition 2.3.14. Let X be a topological space which is path connected,
locally path connected and semilocally simply connected and xo € X. Then
for any conjugacy class of subgroups of 7w1(X, xo) there exists a covering
of X whose fundamental group belongs to the given class.

Proof. Suppose (Y, q ) is the universal cover of X; since the universal
cover is unique up to isomorphism, we can take Y to be the space
constructed in the previous proposition. Take any conjugacy class of
m1(X, xp) and a subgroup H < 711 (X, xp) that belongs to the given
class.

Define a relation ~C Y X Y as

[f] ~ 18] <= f(1)=g(1) and [f]lg]™" € H.

The fact that H is a subgroup implies that ~ is an equivalence
relation. Indeed, [f] ~ [f] since f(1) = f(1) and [f][f] ' = [ff!] =
[cx,] € H so ~ is reflexive. Additionally, if [f] ~ [¢] then f(1) = g(1)
and [f][g] ! € H. Since H is a subgroup, [g][f] | = ([f][g] 1) €
H as well so [g] ~ [f]. Finally, given that [f] ~ [g] and [g] ~ [/]
we have f(1) = g(1) = h(1) and [f][k]* = [fl[g] M[g][h] * € H
because both [f][g] ! and [g][l] ! belong in H and H is a subgroup
of 701 (X, xo).

Take the quotient space Yy = Y/ ~ endowed with the quoetient
topology induced by the projection 77 : Y — Y/ ~, whose elements
we shall write as [[f]], and the map py induced by g, i.e.

pu: Yu — X [[f]] = f(1).
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Y s Y=Y/~

g=nHoT lpH
X

We will show that (Y, 2p) is a covering of X and that

2us (11 (Y, v0)) = H

for some yp € Y.

First of all, the fact that (Yg, 217) is a covering of X is immediate
since (Y, g ) is a covering of X and ¢ = pp7t. Since ¢ is a continuous
surjective map and g = pg7T, 1y is also continuous and surjective.
Following the proof of the previous proposition, we can show that
every x € X has an evenly covered neighborhood U, through np.
The only thing to note is that [[f]] = [[g]] if and only if [[f7]] = [[g7]]
for some path 7 : I — U, starting at f(1) = g(1). This immediate

from the fact that [£][g]~1 = [f]F7][7]1[¢] "
Lastly, pa« (711 (Ya, y0)) = H. Indeed, take yo = [[cy,]] € Yy and

obsverve that [f] € pu. (m1(Yn, yo)) if and only if [f] = [y o f] for
some [f] € 7t1(Yz, yo). By definition, f is a lift of f in Yy that starts
at yo = [[cx]] and ends at [[f]] since [pg o f] = [f]. So the image
of fis f, aloop in X, if and only if [[f]] = [[cx,]] if and only if, by

definition, [f][cy,] ! = [f] € H. o
We have arrived at the next classification theorem.

Theorem 2.3.15 (Classification of Covering Spaces; part 1). If X is
path connected, locally path connected and semilocally simply connected
topological space and xo € X, then there is a bijective correspondence

{ path connected, }_} { conjugacy classes of }

locally path connected
covering spaces of X subgroups of 711 (X, x0)

}N( — 7'L'1(§Z, f())

between path connected and locally path connected coverings of X and
conjugacy classes of subgroups of 71(X, xo).

Proof. Immediate from Corollary 2.3.4 and Proposition 2.3.14. ¢
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Observe the similarity of this theorem to Theorem 1.5.9. We can
also prove an analogue of Theorem 1.5.10.

Definition 2.3.16. A covering space (X,72) of X is called a Galois
cover if for every xg € X and every ¥1,X; € n~!(xo) there is some
o € A(X,n) such that o(x7) = X5.

The name “Galois cover” comes from the similarity of the notions
discussed to the notions of Galois Theory.

Recall from Group Theory that given a group G and a subgroup
H < G, the normalizer of H in G is

N(H) = {g€ G:g 'Hg = H}.

Theorem 2.3.17 (Classification of Covering Spaces; part 2). Suppose X
is a path connected, locally path connected and semilocally simply connected
space and 1 : (X, %) — (X, xo) a path connected, locally path connected
covering of X. Set H = p. (nl(}N(, X0)). Then

i) The covering is Galois if and only if H is normal in G = 111 (X, xo).

ii) A(X,p) is isomorphic to N(H)/H, where N(H) is the normalizer
of Hin G.

iii) If (X, 12) is Galois then A(X, 1) is isomorphic to G/H. In particular,
A(Y,q) is isomorphic to G; here (Y, ) is the universal cover of X.

Proof. i) By the definition of the correspondence, the conjugacy
class of H is exactly {p.(m(X,%)) : ¥ € p~'(x0)}. Therefore
H < G if and only if the above set is the singleton {H} if
and only if ﬂ*(nl()N(, X)) = 72*(7'[1(55, X»)) for every X1,%; €
n~1(xp) if and only if, by Proposition 2.3.2, there is some ¢ €
A(X,p) such that ¢(¥;) = %, for every ¥1,%, € n~'(xg) which
is the definition of the covering space being Galois.

ii) Define
®:N(H) = A(X,n)

as follows. For each [g] € N(H), take a lift g of g starting at
Xo and set ¥; = g(1). Since ¢ is a lift of g, Xo, X1 € 2 '(x0) and
therefore

[gleg(H)

p(m(X, 7)) = [ H[gl H.
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From Proposition 2.3.2, there is some 0y € A(X, n) with 0g(%) =
x1. Set ¥([g]) = oy. Obviously ¢ is well defined since the choice
of X7 depends only on the homotopy class [g].

8 is a group homomorphism. Suppose [g], [f] € N(H) and §, f
are the lifts of ¢ and f respectively starting at Xo. Take their
images og, 07 € A(X,n). Since g(1) = X1 = g¢(Xo) = 0¢f(0),

we can define the path g - (0 o f) which is a lift of g - f. Indeed,
~ = ~ ~ pOUg:p ~
n@-(ggof))=nf-plogef) = g nf=g-f

j

g % 2
N
X

The endpoint of the lift g - (oy o f) of gf is

g-(0g0 /(1) = 0z 0 f(1) = 0307 (%0) = 045(%0)-
Therefore 0yr = 0,07 and ¢ is actually a homomorphism.
¢ is onto. Let o € A(X,p) with ¢(%) = X. Take a path
g : 1 — X from Xy to X;. The composite 2 o g is a loop in X
based at xp since pg(0) = n(Xp) = xo = p(x1) = pPg(1). We
will show that [g] € N(H), in which case ¢([g]) = ¢ according
to the definition of . Since 0(Xp) = X7 and gisaliftof g =pog
from Xy to X1, we have

(X)) =H and p.(m(X,5)) = g Hg)
Therefore [¢]"'H[g] = H and [g¢] € N(H) as desired.
Lastly, we will compute the kernel of ¢. We have

[g] e kerd & 0y =idg & 3(0) =3(1) & X =11
& the lift g of g is a loop based at Xy
< [¢g] € Imp, = H.

Therefore ker 8 = H and the assertion follows from the First
Isomorphism Theorem.
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iii) Immediate from the above and the fact that the universal cover
corresponds to the trivial subgroup.
o






Part Il

THE UNIFYING CONTEXT:
GROTHENDIECK'S GALOIS THEORY

The similarity of the classification theorems of Galois
Theory and Algebraic Topology indicate some sort of
connection between them. Indeed, there is a deeper
bond between them and it was Alexander Grothendieck
(1928-2014) who understood and formulated it in his
Séminaire de Géométrie Algébrique (SGA1, [12]). Grothendi-
eck, inspired by the classification of covering spaces,
established a similar classification theorem for schemes
from which he deduced the classification theorems we
have seen so far as special cases! His theory, known as
Galois Theory for Schemes or Grothendieck’s Galois Theory,
provides a context within Algebraic Geometry in which
Galois Theory and Algebraic Topology can be studied.



The introduction of the cipher 0
or the group concept was general
nonsense too, and mathematics was
more or less stagnating for thou-
sands of years because nobody was
around to take such childish steps.

Alexander Grothendieck.



GROTHENDIECK'S GALOIS
THEORY

aving seen that the classification theorems of Galois The-
i ' g ory and Algebraic Topology are remarkably similar, our

next step is to formulate the context in which the can be
unified, that is, Grothendieck’s Galois Theory. We are particulary
interested in how classical Galois Theory can be studied through
Grothendieck’s approach.

We begin by first establishing the relevant notions from Category
Theory. We then proceed to look at Galois Theory is seen from
Grothendieck’s perspective. Lastly, following a short discussion on
schemes and other relevent notions from Algebraic Geometry, we
state the main theorem of Grothendieck’s Galois Theory in its full
generality and see how it is related to Galois Theory as well. Unfor-
tunately our study ends there. The interested reader who wishes
to see a proof of this deep theorem and its relation to Algebraic
Topology can consult the bibliography.

This chapter’s exposition is of course faster and more advanced
than the previous. Although we will state the relevant definitions
and results from Category Theory and Algebraic Geometry we are
going to need, we assume the reader has a good understanding of
both principles.

3.1 CATEGORY THEORY ESSENTIALS

CATEGORIES Category Theory was introduced by Samuel Eilen-
berg (1913-1998) and Saunders MacLane (1909—2005) in their paper
“General theory of natural equivalences” [11] for their foundational
work on Algebraic Topology and Homological Algebra. Since then,
Category Theory has evolved far beyond the context in which it was
initially intended to be used. Our study of Category Theory is of
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course much more limited. In this section we introduce only some of
the fundamental notions of Category Theory we are going to need
and see how they relate to our work so far.

Definition 3.1.1. A category C consists of

e A collection obj(C) whose elements are called objects. We shall
use the letters A, B, C, ... to denote objects. We write A € C
instead of A € obj(C) to indicate that A is an object in C.

e A collection M which is a union of the form

M¢ = |J Mor¢(A,B)
A,BeC

where for every A,B € C, Mor¢(A, B) is a collection whose
elements are called morphisms from A to B. We shall use the
letters f,g,h,... to denote morphisms. We write f : A — B or

AL B to indicate that f € Mor¢ (A, B). The object A is called
the domain of f and the object B the codomain of f.

e For every A,B,C € C, a law of composition
o : Mor¢ (A, B) x Mor¢(B,C) — Mor¢(A,C)
(f8)—gof=gf
So that

i) The compositions are associative; that is, for every set of objects
and every set of arrows between them

AL chp

we have that h(gf) = (hg)f.

ii) For every object A € C, there is a morphism 14 € Mor¢ (A, A),
called the identity morphism on A, such that

laf=f and gla =g

for every morphism f whose codomain is A and every morphism
g whose domain is A.



Definition 3.1.2. Let C, D be two categories. We say that D is a
subcategory of C if

i) The objects of D are objects of C, i.e. obj(D) C obj(C).

ii) For every two objects A, B € D, Morp(A, B) C Mor¢(A, B) and
the identity mapping of A in D is the identity mapping of A in
C.

iii) Composition in D is the composition in C.

This abstract definition becomes clear with the first examples
of categories which reveal that categories come up in every area of
Mathematics.

Example 3.1.3. The most famous example is the category Set of sets
whose objects are sets and morphisms are the function between sets.

Familiar examples from Algebra include the category Grp of
groups whose elements are groups and morphisms are group ho-
momorphisms, the category Ab of abelian groups whose objects are
abelian groups and morphisms are group homomorphisms, the
category Rng of rings whose objects are rings and morphisms are
ring homomorphisms, the category Vecy of vector spaces over a field k
whose objects are vector spaces over k and morphisms are k-linear
maps between them and the category RMod (resp. Modg) of left
(resp. right) modules over a ring R whose objects are left (resp. right)
R-modules and morphisms are R-linear maps between them.

Familiar examples fom Analysis include the category Top of topo-
logical spaces whose objects are topological spaces and morphisms are
the continuous maps, the category of measurable spaces whose objects
are measurable spaces and morphisms are measurable functions
between them and the category of metric spaces whose objects are
metric spaces and morphisms are distant preserving functions.

An example from Geometry is the category of smooth manifolds
whose objects are smooth manifolds and morphisms are C* maps.

Example 3.1.4. The category of fields whose objects are fields and
non-zero morphisms are the field extensions.
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Example 3.1.5. Suppose k is a field. A k-algebra A is a ring that
is also a k-vector space and the ring structure and vector space
structure are compatible in the sense that

r(ab) = (ra)b = a(rb) Vr €k, Va,b € A.

A map f : A — B between two k-algebras is called an k-algebra
homomorphism if it is an k-linear ring homomorphism. The dimen-
sion of a k-algebra is just its dimension as a k-vector space.

For example, every field extension of k can be viewed as a k-
algebra; the compatibility condition is just a combination of commu-
tativity and associativity of multiplication.

We can then form the category of k-algebras whose objects are
k-algebras and morphisms are k-algebra homomorphisms.

Of particular interest will be the subcategory Sep, of separable
tield extensions of k (which can also be viewed as k-algebras).

Example 3.1.6. The category Top, of pointed topological spaces whose
objects are pairs of the form (X, x) where X is a topological space
and x € X and morphisms are the continuous maps that preserve
the basepoint, i.e. f: (X,x) = (Y,y).

Example 3.1.7. Let G be a group. Recall that a G-set is a set X
equipped with a (left) G-action and a function f : X — Y between
two G-sets is called a G-map if f(gx) = gf(x) for all g € G and
x € X. We can then form the category of G-sets whose objects are
G-sets and morphisms are G-maps.

Example 3.1.8. Let G be a topological group and X a G-set that is also
a topological space. We say that the action of G on X is continuous
if the map G x X — X is continuous. We can form the category
G-set of sets equipped with a continuous G-action. The morphisms
in this category are the continuous G-maps.

For our study, of particular interest is the subcategory G-set;
of finite sets equipped with a continuous G-action and continuous
G-maps among them as well as the subcategory G—set} of finite sets
equipped with a continuous and transitive G-action and continuous
G-maps among them.
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The above categories are more or less familiar and we can surely
think many more examples of categories whose objects are mathe-
matical structures and morphisms are structure preserving maps.
But the concept of a category is much more general.

Example 3.1.9. If (X, <) is a partially ordered set, then X can be con-
sidered as a category. The objects of this category are the elements
x € X and for every x,y € X the morphisms from x to y are

{(x,y)}, ifx<y
Q, otherwise.

Mor(x,y) = {

Example 3.1.10. Suppose k < E is a Galois extension. The lattice of
all subextensions of k < E is a partially ordered set with

Li<L, < L1 CL, Vk<L, L, <E

hence a category. When L; < L, the morphism L, (Ll—'I>J2) L, can be
considered to be the inclusion map. We shall denote this category
by &£.

Example 3.1.11. Suppose again that k < E is a Galois extension.
Similarly to the previous example, the lattice of all closed* subgroups
of Gal(E/F) can be viewed as a category. We shall denote this
category by % .

Example 3.1.12. Let (X, Tx) be a topological space. The lattice of
open subsets of X partially ordered by inclusion is a category.

Definition 3.1.13. Two objects A, B in a category C are called iso-
morphic if there are morphisms f : A — B and g : B — A such that

gf =1 and fg = 1p.

FUNCTORS  The philoshophy of Category Theory is, roughly speak-
ing, that maps are more important than structures. It is therefore
natural to consider maps between categories.

Definition 3.1.14. Suppose C, D are two categories. A (covariant)
functor F : C — D consists of

Of course we could have considered all subgroups of Gal(E/k) but for our purposes,
we restrict ourselves to closed subgroups.
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e Amap F : 0bj(C) — obj(D) that sends objects A of D to objects
F(A) of D.

e Amap F: Mg — Mp that sends for every A, B € C, every
morphism f : A — B to a morphism F(f) : F(A) — F(B).

So that

i) For every composable pair f, g of morphisms in C,
F(go f) =F(g) o F(f).
ii) For every object A € C,

F(14) = 1p(a).

The above definition says that (covariant) functors preserve the
structure of a category, i.e. they preserve objects, the way the objects
are related (morphisms), the composition and identity morphisms.
But there is another kind of map between categories that also pre-
serves these. Only this time, the relation among the objects of C (the
morphisms) are preserved in a “different” way.

Definition 3.1.15. Suppose C, D are two categories. A contravariant
functor F : C — D consists of

e Amap F : 0bj(C) — obj(D) that sends objects A of D to objects
F(A) of D.

e Amap F: Mg — Mp that sends for every A, B € C, every
morphism f : A — B to a morphism F(f) : F(B) — F(A).

So that

i) For every composable pair f, ¢ of morphisms in C,
E(gof) = F(f) o F(g).
ii) For every object A € C,

F(14) = 1p(a).



Let us see some examples of functors we encountered so far.

Example 3.1.16. Let F < E be a Galois extension and Gal(E/F) its
Galois group. The map

Gal(E/e) : &L — %

is contravariant functor; it reverses the inclusions which are the
morphisms in each category. Similarly,

Fixg(e) : #H — &£
is also a contravariant functor.

Example 3.1.17. Consider the category Top,,,q, . of path connected,
pointed topological spaces and the category Grp of groups. The
map

- Toppath,* — Grp

that sends each path connected, pointed topological space (X, xg) to
its fundamental group 771(X, x¢) and each continuous function

f (X, x0) = (Y, y0)

to the induced group homomorphism

m(f) = fi : m(X, x0) = m(Y, yo)

is a covariant functor.

EQUIVALENT CATEGORIES The most crucial notion we want to
define is when two categories are considered the same from the
categorical point of view.

Definition 3.1.18. A functor F : C — D is essentially surjective if
for every object B of D there is an object A of C such that F(A) ~ B.

The above definition is self evident. An essentially surjective
funtor is... essentially surjective! Since category theory does not
distinguish among isomorphic objects, essential surjecivity is exactly
the notion we need; it implies that the functor maps the classes of
isomorphic objects in C onto the classes of isomorphic objects in D.

129



130

Definition 3.1.19. A (covariant) functor F : C — D is called fully
faithful if for every Ay, A» € C, F : Mor(A, B) — Mor(F(A), F(B))
is bijective. We can similarly define the notion of a fully faithful
contravariant functor.

Definition 3.1.20. Two categories C, D are called equivalent (resp.
antiequivalent) if there is a fully faithful, essentially surjective co-
variant (resp. contravariant) functor F : C — D.

Example 3.1.21. The category of subextensions of a Galois extension
k < E is antiequivalent to the category of subgroups of Gal(E/k),
when both categories are viewed as posets.

Example 3.1.22. The category of path connected, locally path con-
nected coverings of a path connected, locally path connected ans
semilocally simply connected topological space X is antiequivalent
to the category of subgroups of its fundamental group 711 (X, xp).

DIRECT LIMITS  Another important notion from Category Theory
which we will need when studying schemes is that of a direct limit.

Remark 3.1.23. Those with background in Category Theory will
notice that what we called an inverse limit is what in Category
Theory is usually called a limit and the direct limits we will now
discuss are usually called colimits. The discussion that follows about
the existence and uniqueness of direct limits ensures the existence
and uniqueness of inverse limits by invoking the Duality Principle.

Definition 3.1.24. Let C be a category and (A, <) an ordered set.
An inductive system in C (indexed by A) is a covariant functor
A : A — C. Equivalently, an inductive system is a family (Ax)iea
of objects in C together with a family cpt t Ay, — Ay, VAL < A, of
morphisms that satisfy the following conditions.

i) ¢} =ida, VA € A, and

i) ¢)2 0P}l = ¢yl VA1 < Az < Aa.
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M
9,1
— A,

A2

3 AA

Ay

1

3

We shall write (A,, gb/A\;) for an inductive system as above, omitting
the indexes when there is no danger of confusion.

Definition 3.1.25. Suppose (A,, 4)1‘;) is an inductive system in C.
The direct limit of the system is a pair (A, (¢r)ren) where A € C
and ¢, € Morc(Ay, A), VA € A, if the following conditions hold.

i) ¢, OCPQ; =¢r, VA <A
9

N
A

Ay,

Ay,

ii) For every pair (B, §,), where B € C and ¢, € Mor¢(A,, B),
VA € A, such that ¢, o cpt = ), VA1 < Ay, there is unique
h € Mor¢ (A, B):

hogy =1y, YAEA

¢!
Ay, 12 Ay,
N %
A
I/JA] h i IID)LZ
\
B

We shall use the shorter notation (A, ¢, ) for a direct limit.

Proposition 3.1.26. If the inductive system (A,, 4)?\‘;) in C has direct
limit (A, ¢, ), then this is uniquely determined up to isomorphism.
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Proof. Suppose (A, (pr)rea) and (B, (Pa)rea) are two direct limits.
Because (A, ¢, ) is a direct limit and ¢, make the big triangle of the
previous diagram commute, 3!% : A — B such that

hopy =1, VA € A.

Similarly, (B, ¢,) is a direct limit, so 3!%' : B — A such that
Wopy=¢r VAEA.

Hence (W' oh)o ¢y = ¢, VA € A.

M
P
Ay, 2 Ay,
N
A
(P)‘l (P/\Z
A

In the above diagram, applying the definition of the direct limit
for A, we get that 3! : A — A with (o) = ¢), VA € A. Since
laopy = (Woh)opy = ¢pp, VA € A, we have that W' oh = 14.
We can similarly prove that hoh’ = 1p. Therefore A and B are
isomorphic. o

Proposition 3.1.27. In the category Set of sets, every inductive system

indexed by a directed set (A, <) has direct limit.

Proof. Let (A, <) be a directed set and (A,, (pt) an inductive system
of sets. Take the disjoint union

Ll Ax

AEA

and define relation ~ as follows. For every a; € A, C LUA, and
a; € Ay, C UA,

a| ~ ay < dA > A, Ag (l)//tl(al) = 4);\‘2(&2).

The relation ~ is obviously reflexive and symmetric. It is transitive
as well. Indeed, if

A)\] Sayp~ap A)\z and A/\z D day~as A)\3
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then there are A > Ay, Ay and u > Ay, A3 such that

V(m) = ¢32(a2) and )2 (a2) = ¢ (a3).

Since (A, <) is directed, there is k > A, u (hance k > A1, A3) and we
compute

¢p'(a1) = ¢ o ¢} (a1) = @ 0 )2 (a2) = ;2 (a2) = ¢} © P2 (a2)
= 9} o 91 (a3) = ¢ (a3)
that is, a; ~ a3. Therefore ~ is an equivalence relation.

Set
A= |_| Ayl ~

AEA

and if
g: | |A—=A:am [d
AEA

is the canonical projection, then define
4>A:q]AA:AA—>A:a>—>[a]VAEA.
The pair (A, ¢,) is the required direct limit. Indeed,

i) For every A1 < Ay and every a; € A,, we have a1 ~ ¢ﬁ;(a1)
(take A = Ay > Aq, Ap) so

Pr, 0 P) (a1) = [@))(a1)] = [a1] = ¢, (a) <> Pr, 0P} = Pa,.

ii) If (B, : Ay — B) is a pair where B € C and ¢,, og{;ﬁi =P,
for every Ay < Ay then we have the following commutative
diagram.

Ap, Ay,
NS
A
28 In? ¥
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Every [a] € A is the image of some a € A, through ¢ . Define
h:A— B:h([a]) = ¢a(a).

The map h is well defined. Indeed, if [a;] = [a2] where a; € A,,,
ay € Ay, then there is some A > Ay, A, with cpﬁl (a1) = j\‘z(az).

A/\1 ) A)\z
\%1 47
Ay
lﬂ/\l lp/\l 4’)\2
B

Therefore

h([a]) = Pr, (a1) = a0 9y (a1) = Pp © P)*(a2)
= Py, (a2) = h([az]).

From its definition, & makes the diagram

¢!
Ay, 12 Ay,
N L
A
¥y ! P22
\
B

commute and is unique with this property.

<

Remark 3.1.28. Direct limits in other familiar algebraic categories
also exist. For example, direct limits of groups and rings exist. In
the category Rng of rings for instance, if [a,,], [21,] € A such that
ay, € Ay, and a,, € A),, we find some A3 > A1, A; and define

[a)u] + [a)\z] = [4’% (a)ll) + (P//E (aM)]

[an] - [a2,] = 932 (an,) - 932 (a,))-
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It is easy to check that the above binary operations make A into a
ring. The case for groups is similar.

3.2 GROTHENDIECK'S FORMULATION OF GALOIS
THEORY

Grothendieck’s Galois Theory for Schemes is a generalization of
classical Galois Theory. In this section we will see how classical
Galois Theory is seen from Grothendieck’s point of view.

Classical Galois Theory classifies subextensions of a Galois exten-
sion k < E. The first generalization of Grothendieck’s approach is
to classify all separable extensions of k by considering the extension
k < ksep-

First we need a lemma.

Lemma 3.2.1. Suppose G is a topological group and X is a finite G-set
equipped with the discrete topology. Then the action is continuous if and
only if stabg (x) is an open subgroup of G for all x € X.

Proof. (=) Suppose that the action G x X % X is continuous. For
every x € X take the composition

GHRGoxXxS X

where iy : G - G x X : ¢ — (g, x) is the canonical injection. i,
is obviously continuous and by hypothesis so is 6. Therefore their
composite J o iy is continuous as well. For every x € X,

stabg(x) ={¢g€G:gx=x} ={g€G:6(g,x)=x}
={8€G:(0oix)(g) =x} = (0oix) ' ({x})

which is open since {x} is an open subset of the discrete space X.
(«=) For the contrary, suppose that the stabilizers of all elements
are open subgroups of G. Let xg € X. Now {x} is an open subset of
the discrete space X and its preimage through the action 6~ ({xo})
is
s ({xo}) ={(gx) eGxX:gx=x0} = | | Uy

xeX
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where
Uy ={(g,x) e Gx{x}:gx=x0} C G x {x}.

Observe that Uy, = stabg(xp) X {xo}. This is a union of open
subsets of G x X. Indeed, each U, is either empty or, if there is some
(hy,x) € Uy that is some hy € G such that hyx = xy then we can
show that U, and stabg(xg) are homeomorphic.

For this, define

¥ : stabg(xg) — Uy : g — (ghy, x).
Observe that

Q1 = g2 € stabg(xg) & g1hy = @y & (g1hy, x) = (§2hy, X)
& 0(g1) = 8(g2)

therefore ¢ is well defined and injective.
¥ is surjective as well. Let (i, x) € Uy so that W'x = xo. Then
Wh! € stabg(xp). Indeed, hyx = xo implies that h;1xg = x. There-
fore h'h;'xg = W'x = x¢. It is now immediate that ¢(h'h;!) = (I, x).
The open subsets of Uy C G x {x} are of the form U x {x}
where U is an open subset of G. Suppose U x {x} is an open subset
of U,. Then

71U x {x}) = {g € stabg(x0) : () = (ghx,x) € U x {x}}
= {g € stabg(xg) : gh € U}
= {g € stabg(xp) : g € Uh™ '} = stabg(xg) N UL,

But it is immediate that the all (left and right) cosets of U are
homeomorphic to U through the map

U—gU:x— gx

using the definition of a topological group. Therefore 9~ 1(U x {x})
is open in stabg(xg) and ¢ is continuous.

Lastly, it is easy to see that ¢ is also open, hence a homeomor-
phism. Indeed, if V' C stabg(xg) is open, then ¢(V) = Vh, x {x}
which is open in U, by the above discussion and the definition of
the product topology.
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To sum up, we have shown that §71({x0}) is a union of open
subsets of G x X, hence open. Since the inverse images preserve
unions, ¢ reverses open sets to open sets. Thus the action ¢ is
continuous as required. o

Now onto the classification theorem.

Theorem 3.2.2 (Fundamental Theorem of Galois Theory in terms of
separable algebras). Let k be a field and G = Gal(ksp/k) its absolute
Galois group. The category Sep, of finite separable k-algebras is antiequiv-
alent to the category G-set} of finite sets equipped with a continuous and
transitive G-action. Galois extensions of k give rise to G-sets that are
isomorphic to finite quotients of G.

Proof. We are going to break the proof of the above theorem into
smaller parts. First we define a functor

F = Homy (0, ksep) : Sepy — G—set}

as follows. F sends a finite separable k-algebra L to Homy (L, ksep),
the set of all k-algebra homomorphisms from L to ks, and each
morphism of separable k-algebras ¢ : L1 — L; to

F(¢) : Homy (Lo, ksep) — Homk(Ll,ksep) :

We will show that this is an essentially surjective, fully faithfull,
contravariant functor.

Obviously Homy (L, ksgp) is a finite set; if, using the primitive
element theorem, we write L = k(a) for some separable element
a € L, then the cardinality of Homy (L, ks.,) equals dm(a, k).

The absolute Galois group G = Gal(ksep/k) acts on Homy (L, ksep)
by compositions. That is,

Gal(ksep/k) x Homy (L, ksep) — Homy (L, ksep) : (0, f) — oo f. (3.1)

The fact that the above map defines an action is immediate. Indeed,

if L i) Ksep 5 Ksep A ksep then (coT)o f = go(To f) since the
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composition of functions is associative, and if L i> Ksep id) ksep then
ido f = f. We must show that the action is continuous. For this we
need theprevious lemma.

For every f € Homy (L, ksp) we compute

stabg(f) = {0 € Gal(ksep/k) rof = f}
= {0 € Gal(ksp/k) : cf(L) = f(L)}
= {0 € Gal(ksp/k) : v fixes f(L)}

— Gal(ksep/ f(L))-

Now k < L is a finite separable extension and f € Homy (L, ksep).
Therefore k < f(L) is also a finite separable extension. From the
Fundamental Theorem of Infinite Galois Theory,

[f(L) : k] < 0o <= Gal(ksp/f(L)) = stabg(f) is open.

Using the previous Lemma on the finite set Homy (L, ksp) and the
topological group G, the action is continuous.

The next step is to show that the action described in (3.1) is
transitive.

Suppose f,g € Homy (L, ksp). Since L is a separable extension
of k, L = k(a) for some separable element a € L from the Primitive
Element Theorem. By the Extension Theorem, there is some ¢ € G
such that o(f(a)) = g(a) since both f(a) an g(a) must be roots of
m(a, k). Since f,g are determined by their images f(a) and g(a)
respectively, that means that we can find some ¢ € G such that
ocf = g, i.e. the action is transitive.

It is now immediate that F is a contravarinat functor.

Recall from Group Theory that if X is a transitive G-set then X
and G/ stabg(x) are isomorphic as G-sets for any x € X. Therefore
Homy (L, ksep) is isomorphic to the left coset space of some open
subgroup of G. If k < I is Galois, this coset space is a quotient of G
by a normal subgroup from Infinite Galois Theory.

We will show that the functor F is essentially surjective.

Suppose S is a finite set equipped with a continuous and transi-
tive G-action and s € S. Since S is finite and the action is continuous,
stabg(x) is open in G. Let

L = Fix,,, (stabg(s)) <= stabg(s) = Gal(ksep/L).
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From Infinite Galois Theory, since stabg(x) is open, k < L is a finite
extension. Obviously it is also separable. We will show that the
G-sets S and Homy (L, k) are isomorphic.
Define
¢ : Homg (L, ksep) —+ S

as follows. Since Homg (L, ksp) is transitive, ¢ is uniquelly deter-
mined by its value on some random f € Homg(L, ks.p). Take f to
be the canonical inclusion i : L — ksp, and define

¥(i) =s = ¥(ci) =0s VYoeG.
Observe that

stabg(i) ={c € G:oi=i}={ce€ G:0(L) =L}
= Gal(ksep/L) = stabg(s).

Therefore

0i=Ti T loi =i T ‘o € stabg(i)

& 17l € stabg(s) © 7 los =5 & 05 = Ts.

So ¢ is well defined.
Since both S and Homy (L, k) are transitive G-sets, the above
observation yields an isomorphism of G-sets

Homy (L, ksep) ~ G/ stabg (i) = G/ stabg(s) ~ S.

Therefore the functor F is indeed essentially surjective.

Lastly, the functor F is fully faithful.

Suppose L, M are two finite separable extensions of k. We must
show that the map

F : Morsep, (L, M) — MOfG-set; (Homy (M, ksep ), Homy (L, ksep ) )
(L5 M) — E(¢)
is bijective. Recall that

F((I)) : Homk(M, ksep) - HOl’l’lk(L, ksep) : F((P) (f) = f © 4)

(M keep) > (LS ML ko).
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F is obviously injective; if ¢ # ¢ € Morsep, (L, M), that is ¢(x) #
P(x) for some x € L, then fo¢p # foip for any f : M — kep
such that f(¢(x)) # f(¥(x)), i.e. F(¢) # F(y). Such f always

exists. It remains to show that F is surjective. Take some 7 €
MorG_setff ( Homy (M, ksep), Homy (L, ksep)) . Since both Homy (M, ks, )

and Homy (M, ksep) are transitive G-sets, y is determined by the im-
age v(f) of some (any) f € Homy (M, ksp). Moreover,

o €stabg(f) = of = f = y(cf) = 7(f)
= o7(f) =1(f) = o e stabs(7(f))
= stabg(f) C stabg(y(f)).

Taking the fixed fields of these subgroups we have

Fix,,, (stabg(v(f)) € Fixy,,, (stabg (f))-

As we have already seen,

stabg(f) = and stabg(y(f)) = Gal(ksep/v(f)(L)).
Therefore we have

Fixg,, (Gal(ksep/ f(M))) = v(f)(L) € f(M) = Fix,, (Gal(ksp/7f(L)))

Take f~1 : f(M) — M to be the inverse of f. Then f~1o(f) €
Mory (L, M),

Y(f)

L 2(F)(L) € F(M) C ke -

-1

— M,

and obviously F(f~!v(f)) = 7 as G-maps since they agree on f.
The final assertion follows from Infinite Galois Theory. o

Grothendieck’s formulation however does not stop there. It
generalizes the context and classifies étale k-algebras by considering
sets on which G acts continuously but not neccesarily transitively.

Definition 3.2.3. A k-algebra L is called étale if it is isomorphic to a
finite direct product of separable extensions of k.

Example 3.2.4. Every separable extension of k is an étale k-algebra.
In particular, every Galois extension of k is étale.
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In view of the above definition, we can form the category Et;
whose objects are étale k-algebras and morphisms are k-algebra
homomorphisms. We can also form the category FEt; of finite étale
k-algebras and k-algebra homomorphisms. Now Grothendieck’s
formulation Galois Theory is the following.

Theorem 3.2.5 (Grothendieck’s formulation of Galois Theory). Let
k be a field and G = Gal(ksep/ k) its absolute Galois group. The category
FEt; of finite étale k-algebras is antiequivalent to the category G-sety of
finite sets equipped with a continuous G-action.

Proof. The most part of the proof has already been done in the
previous theorem. We again define a functor

F = Homy([J, ksp) : FEt, — G-sety

as before. Namely, F sends each étale k-algebra A =[]}, L; to the
set Homy (A, ksp) and each morphism of étale k-algebras ¢ : A — B
to F(¢) defined as before.

The first thing to note is that

n
Homk(A/ ksep) = |_| Homk(Liz ksep) (3-2)
i=1

since each f € Homy (A, ksp) induces an injection of exactly one of
the L;’s into ksp. Indeed, any injection of a product of more than
one separable extensions of k into ks, €.g. L; X Lj, will produce
zero divisors, e.g. (1,0) and (0, 1), which is absurd.

Since each Homy (L;, ksep) is finite, so is their finite dfisjoint union
Homy (A, ksp). The absolute Galois group G acts on Homy (A, ksep)
by compositions as before and this action is continuous by the same
arguments as before.

Thus F is again a contravariant functor.

The second thing to note is that the action is not transitive. In
fact, Homy (L;, ksep) are the G-orbits (the transitive G-subsets) of
Homy (A, ksep)-

The fact that F is essentially surjective stems from the decom-
position (3.2) of Homy(A, ks,) into a disjoint union. Any f €
Homy (A, ksep) belongs to some Homy (L;, ksep) and we use the ar-
guments of the previous theorem.
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To prove that F is fully faithful, we must note one last thing.
If A =TIiL; Li and B = JiL; K; are two étale k-algebras, the set
Morgg, (A, B) can be decomposed into a union of sets of the form
Morsep, (Li, Kj). We again apply the same arguments as before. o

Remark 3.2.6. If instead of k < ks, we consider an arbitrary exten-
sion k < E, then we have that the category of finite k-algebras that are
products of finite separable subextensions of k < E is antiequivalent
to the category of finite sets equipped with a continuous Gal(E/k)-
action. In particular, separable extensions correspond to transitive
Gal(E/ k)—sets and Galois extensions to finite quotients of Gal(E /k).

3.3 GALOIS THEORY FOR SCHEMES

Grothendieck developed schemes as a generalization of varieties
which, in classical Algebraic Geometry, are defined as sets of solu-
tions of systems of polynomial equations. Indeed, every variety is a
special kind of scheme. Our aim in this section to define schemes
and other related notions which we need in order to formulate the
last classification theorem.

To keep this dissertation short, we need to assume the reader is
already familiar with the language of Algebraic Geometry. The first
two parts of [39] should provide a good background for what is to
follow.

THE SPECTRUM OF A RING

Definition 3.3.1. We define the spectrum of a ring R, denoted by
Spec(R), to be the set of all prime ideals of R, i.e.

Spec(R) = {p : p prime ideal of R}.
Now we make Spec(R) into a topological space.

Proposition 3.3.2. Suppose R is a ring and let Spec(R) be its spectrum.
Define
V(a) = {p € Spec(R) : p D a}.

Then
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i) V(0) = Spec(R) and V(R) = @.

ii) For every collection {a;}ic of ideals of R,
V() =V(Ja).
icl iel

iii) For every two ideals a,b of R,

V(a)UV(b) =V(anhb).

Proof. The first assertion is immediate; every prime ideal contains
the zero ideal whilst there are no prime ideals containing R.
For the second assertion observe that

pe(\V(a) < peV(y) Viel < p2Daq Viecl
iel
—= p2Ju = peV([Jwm).
iel iel
For the last assertion, if p € V(a) U V(b) then p contains either
one of them and therefore contains their intersection a N b; hence
p € V(anb). On the other hand, if p € V(aNb) but a  p then there
is some a € a\ p. Choose b € b. Since a, b are ideals, ab € anb C p
and p is prime. Therefore, b € psob C pand p € V(b) C V(a)U
V(b). o

Corollary 3.3.3. With the hypotheses of the previous proposition, Spec(R)
is a topological space whose closed sets are of the form V(a) with a < R.

Definition 3.3.4. The topology described above is called the Zariski
topology.>

The open subsets V(a)° of the Zariski topology are denoted by
D(a). For every f € R, we define

V(f) = {p € Spec(R) : f € p} C Spec(R).

Since V(f) = V((f)), V(f) are closed subsets of Spec(R). Therefore
their complements

D(f) = V(f)* = {p € Spec(R) : f & p} C Spec(R)

Named after Oscar Zariski (1899-1986) who was the first to introduce it.
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are open subsets in Spec(R); these are called distinguished open
sets. They are called distinguished because they form a basis for the
Zariski topology. Indeed, for every ideal a of R,

V(a) = ( V(f) = D(a) = |J D(f).
fea fea

PRESHEAVES AND SHEAVES The idea of Algebraic Geometry is to
study geometric objects using appropriately chosen algebraic ones.
This is where Sheaf Theory comes into play and provides a way
to assign algebraic objects such as groups and rings to topological
spaces (which are geometric objects).

Definition 3.3.5. Let (X, Tx) be a topological space. A presheaf of
sets over X is a pair of families

({P(U) }yuery, {1V : P(U) = P(V)}vcuer,)

where for each U € tx, P(U) is a set and for each V C U € 71x
rth: P(U) — P(V) is a function called restriction map such that

i) rl =idy forall U € 1 and
ii) il =rjyorlf foral W C V C U € tx.

We will write (P(U), r}) for a presheaf as above, to keep the notation
clean and short.

Example 3.3.6. The prototypical example we have to bear in mind is
the presheaf of smooth functions. Let M be a smooth manifold and
Tm be its topology. For each U € ) let

C*(U)={f:U—R: f smooth},
and for every V C U € 1x,
ey —=c(V): fflv
u

be the usual restriction map. Then (C*(U),ry ) is a presheaf of sets.

Example 3.3.7. Let (X, Tx) be a topological space. For every U € tx
let
C(U)={f:U— R: f continuous},
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and for every V C U € 1x,

e) = Cc(V): fe flv

be the usual restriction map. Then (C(U),rY) is a presheaf of sets,

called the presheaf of continuous functions.

Example 3.3.8. Let (X, Tx) be a topological space. For every U € tx
let
B(U) ={g:U — R: gbounded},

and for every V C U € 1x,

o B(U) — B(V): g+ glv

be the usual restriction map. Then (B(U),rY) is a presheaf of sets,

called the presheaf of bounded functions.

Remark 3.3.9. Equivalently, a presheaf of sets can be defined as a
contravariant functor

F: (Tx,é) — Set

whose domain is the poset (7x, <) with the partial order given by
UKV <= VCU.

It is easy to see that every presheaf of sets induces such a functor
F that sends each U € 1x to P(U) and each morphism (U, V) to r¥};
the axioms of a presheaf ensure that # is a functor.

And conversely, any contravariant functor F : (1x, <) — Set
induces a presheaf (F(U),F(V,U)); the axioms of a functor ensure
that this is indeed a presheaf of sets.

So when we speak of a presheaf F of a space, we refer to the
functor F.

As with the above example, the sets P(U) of a presheaf are
usually sets of functions defined on the open subset U and r!! are
then the usual restriction maps.

It is a common occur for the sets P(U) to have extra algebraic
structure (such as rings or algebras). The relevant definition is given
below.

Definition 3.3.10. Let (X, Tx) be a topological space. A presheaf of
rings is a contravariant functor & : (7x, <) — Rng.
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Definition 3.3.11. If (X, 7x) is a topological space, x € X, and
F = (P(U),rY) is a presheaf (either of sets or of rings) over X,
then the stalk of F at x is the direct limit of the inductive system
(P(U),r})vcuene indexed by the open neighborhoods N? of x.

Note that the open neighborhoods of x, ordered by inclusion, is
a directed set, so the limit exists and is unique.

The presheaf of smooth functions has additional structure than
plays an important role in the theory of smooth manifolds. In
particular, if two smooth functions defined on an open set U agree on every
element of an open cover of U, then they are equal. Another important
property is the glueing lemma for smooth maps; if U in an open set in X
and we have smooth functions defined on the elements of an open cover so
that they agree when their domains overlap, then we can glue them together
and obtain a smooth function defined on U.

We are thus led to the following definition.

Definition 3.3.12. Let (X, 7x) be a topological space and (P(U), r¥)
a presheaf of sets over X. The presheaf (P(U),r}) is called a sheaf
if for every U € tx and every open cover {U;}c; of U the following
conditions hold.

i) If f,g € P(U) such that f|y, = g|y, for every i € I then f = g.

. . , uj

ii) If f; € P(U;) for every i € I such that rﬁ;muj (fi) = rujmuj (fj) for
every i,j € I with U; N U; # @ then there is some f € P(U)
such that rﬁi (f) = fiforeveryiec I

Example 3.3.13. Thepresheaf of smooth functions is of course a sheaf
of sets. The presheaf of continuous functions is also a sheaf of sets.

Counterexample 3.3.14. The presheaf of bounded functions is not a
sheaf. Condition (ii) is not satisfied.

Definition 3.3.15. Similarly to the previous definition, we can define
a sheaf of rings. We shall denote a sheaf of rings of a topological
space X as Ox.

RINGED SPACES AND SCHEMES
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Definition 3.3.16. A ringed space is a pair (X, Ox) where X is a
topological space and Oy is a sheaf of rings over X. A locally ringed
space is a ringed space whose stalks Oy . are local rings.3

Definition 3.3.17. A morphism of ringed spaces
f:(X,0x) = (Y,Oy)
is a continuous map f : X — Y such that the induced map
fe: Ox(U) = Ox(fH(W))

is a ring homomorphism for every U € Ty. A morphism of locally
ringed spaces is a morphism of ringed spaces that also respects the
maximal ideals, i.e. f, sends maximal ideals to maximal ideals.

Example 3.3.18. We now come to the most important example. As
we saw, the spectrum Spec(R) of a ring R is a topological space
endowed with the Zariski topology. We will now construct an sheaf
of rings (P(U), ) over Spec(R). For every distinguished open set
D(f) of Spec(R) define P(D(f)) to be the localization of R at the
multiplicative set of all functions that do not vanish outside of V(f).
This is a sheaf of rings called the structure sheaf, it is denoted by
Ospecr and (Spec(R), Ospecr) is a locally ringed space. For a detailed
proof that this is actually a sheaf of rings, see [39], Theorem 4.1.2.

Definition 3.3.19. Let R be a ring. The ringed space consisting of the
spectrum Spec(R) of R with the Zariski topology and the structure
sheaf, (Spec(R), Ospecr), is called an affine scheme. A morphism of
affine schemes is just a morphism of locally ringed spaces.

Definition 3.3.20. Suppose R is a ring. A scheme is a locally ringed
space (X, Ox) such that every x € X has an open neighborhood U
so that (U, Ox|y) is an affine scheme.

A morphism of schemes is just a morphism of locally rigned
spaces.

In view of the above definition, we have the category Sch of
schemes whose objects are affine schemes and morphisms are the
morphisms of affine schemes.

Recall from Ring Theory that a (commutative) local ring is a ring that has a unique
maximal ideal.
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Definition 3.3.21. A morphism 72 : X — X of schemes is called finite
étale if there is a open cover of open affine subsets {Spec(A;) }ics of
X such that 27! (Spec(4;)) is of the form Spec(B;) for some étale
A;-algebra. If 1 is surjective, then (X, 1) is a finite étale cover

We can think of finite étale morphisms as generalization of local
homeomorphisms and finite étale coverings as generalization of
covering spaces. Thus, we can form the category of finite étale
coverings over a scheme X, denoted by FEtx.

The main theorem concerning schemes and étale coverings is the
following. The interested reader can consult the bibliography for a
proof.

Theorem 3.3.22 (Galois Theorem for Schemes). Let X be a connected
scheme, i.e. a scheme that is connected as a topological space. Then there is
a profinite group G uniquely determined up to isomorphism such that the
category FEtx of finite étale coverings of X is equivalent to the category
G-sety of finite sets on which G acts continuously.

To retrieve Grothendieck’s formulation of Galois Theory we
must take X = Spec(k) and the profinite group is the absolute
Galois group of k. The the finite étale coverings are exactly the étale
k-algebras.
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