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The main subject of this graduate thesis is the Yamabe problem, which is
about conformal deformation of Riemannian metrics to ones of constant scalar
curvature. In Chapter 1, we give an overview of the problem, as well as a solution
for the 2-dimensional case using methods of Riemann surfaces. In Chapter 2, we
give a review of the prerequisites, which are the classical theories of Riemannian
manifolds and elliptic PDEs, up to the point that they are usually treated in
graduate-level courses. Chapter 3, the main one in this thesis, systematically
treats the Yamabe problem. Section 3.1 shifts the problem to the value of the
Yamabe invariant, while Section 3.2 is concerned with the determination of this
value, completing the solution to the problem. Finally, Chapter 4 is a survey on
the spinorial Yamabe problem, which can be considered a first-order analogue
of the Yamabe problem and shares a lot of similarities.

Boowd avtixeipevo tng mopoloog SimAwuatixric epyaotag elvon to mpoBinua
Tou Yamabe, 10 ontolo agopd 0 cOUUop® Topauoeeemo wag uéTehc Riemann
o€ xdmoto. ue otodept| Baduwth xaumurdtnTa. Xto Kepdhato 1 xdvouyue uio ava-
oxOToT TOU TEOPBAYUATOS, Xt ETTAEOY ToEoUGLACouUE o ADoT) Tou TEoBARuATOg
Yl didoToom 2 yenotonodvtoag uevodoug emtpavelndy Riemann. Yto Kegdhowo
2 mapouctdlouue €V TAYEL TO TEOUTAUTOVUEVY, Ta omola efvar ol xhaowés Vew-
olec twv molhamhotAtwy Riemann ot TV eMETTIXOV Bloapopix®y ELIOWOENY
oelTEENC TAENG, PEYPL TO omnuelo mou auTtéc cuviiwe xahiTTovTon oe PadaTo
METOTUY L0V emmedou. Xto Kegdhawo 3, mou elvar 1o xvpldteEpo 08 auTh TNV
gpyaoia, aoyoroluaoTe cusTUATIXG PE TN AOoT Tou TeofBAAuaTog Tou Yamabe.
Yy Evétnra 3.1 petotoniCouye to medPAnua oty Ty Tng avaholintng Yam-
abe, eve) otnv Evotnta 3.2 aoy0holuaoTeE UE TOV TROGOIOPIoNS AUTHS TNG TYNS,
ohoxinewvovtag T Aor. Téhog, to Kegdhouo 4 amotehel yio avaoxdmiorn tou
“omvoploxol” mpofifuatoc Yamabe, to onolo unopel va dewpeniel we éva mpdtng
T8ENg avdhoyo Tou TeoPAruatog Yamabe xou polpdleton Ue auTO TOAAS %OV

Towelrc eletaotn emtponh: IL Novwidytng, A. Merde, I'. Mropumdtng
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Chapter 1

The Yamabe problem

In this introductory chapter we offer an overview of the Yamabe problem and
its historical development, as well as an outline of our presentation. We also
present an elegant solution of the 2-dimensional case using the theory of Rie-
mann surfaces.

1.1 Introduction

Let M be a smooth manifold and let g, g be Riemannian metrics on M. The
metric g is said to be conformal to g if there exists a smooth positive function
u € C°(M) such that § = ug. This relation will be denoted by § ~ ¢ and
it is obviously an equivalence relation. Likewise, a map between Riemannian
manifolds ¢ : (M,g) — (M,g) is said to be conformal if ¢*¢ = ug for some
u € CP(M). If ¢ is a diffeomorphism, the manifolds are said to be conformally
equivalent, denoted (M, g) ~ (M,§). The term conformal is synonymous to
angle-preserving, and thus being conformal is a geometrically profound prop-
erty. The field of conformal geometry is concerned with the study of conformal
transformations, as well as conformal invariants.

A conformal class G of M is an equivalence class of conformal metrics of
M. The conformal class of a given metric g will be denoted by

g :={ug:ueCT(M)}.

In the context of conformal geometry, manifolds are more appropriately equipped
with conformal classes rather than specific Riemannian metrics. Such a struc-
ture is called a conformal structure. If M is a smooth manifold and G is a
conformal class of M, the pair (M, G) is called a conformal manifold. At the
same time, given a conformal manifold (M, G) we often choose to work with a
specific representative g € G. In doing so, we are often interested in a choice
of representative that simplifies the underlying analysis and geometry. The
Yamabe problem is a problem of exactly that nature, in particular:

THE YAMABE PROBLEM: Given a compact conformal manifold (M, G), is it
possible to find a representative g € G such that the scalar curvature S, is
constant?

Why scalar curvature? Why not pursue the bolder claim of finding a rep-
resentative of constant sectional curvature, a significantly stronger assertion?
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Such a quest readily leads to failure, as the problem becomes heavily overdeter-
mined as dimension goes up. If n = dim M, the space of curvature-like tensors

has dimension {

3"
while the unknown function u offers only one degree of freedom. One can expect
to solve this problem for n = 2 however, since the above expression becomes
1 in that case. An elegant solution using complex geometry will be given in
Section 1.2. For n = 0,1 the problem is trivial. As of Ricci curvature, one
runs to similar problems. There are compact manifolds of dimension n = 3,4
that are known to be unable admit any Einstein metrics (i.e of constant Ricci
curvature) at all. This leaves us placing all our hopes on scalar curvature.

Thus the Yamabe problem becomes truly relevant in the case n > 3, which
we assume to be the case from now on, with the single exception of Section 1.2.
The answer to its question is yes, and it was given through the collective work
of several authors over the span of roughly 25 years. In 1960, Yamabe proposed
a solution using techniques of elliptic PDEs and calculus of variations. Unfortu-
nately, his proof contained a serious error, which was discovered by Trudinger in
1968. Trudinger salveged what he could of Yamabe’s original proof, at the cost
of a rather restrictive assumption. In 1976, Aubin complemented Trudinger’s
result, giving a positive answer to the problem in all cases where a suitable con-
formal invariant A(M, G) (called the Yamabe invariant, to be explained later)
is less than that of the standard sphere (S",¢g,), where g, denotes the round
metric. In particular:

2(n2 - 1)7

Theorem (Yamabe, Trudinger, Aubin). The Yamabe problem possesses a so-
lution for any compact conformal manifold (M, G) provided that A\(M,G) <
A(S™, go).

The standard sphere certainly has a metric of constant (sectional) curvature,
namely the standard one, and it is also relatively easy to show that in general
AMM,G) < A(S", go). This shifts the problem to determining the value of
Yamabe invariants, and in particular whether they assume the critical value
A(S™, go) or not. Aubin was also able to prove:

Theorem (Aubin). If (M, G) has dimension > 6 and is not locally conformally
flat, then \(M,G) < \(S", ¢o).

The remaining cases where resolved by Schoen in 1984, by introducing meth-
ods involving Green functions of the conformal Laplacian, as well as the positive
mass theorem, a result from the theory of general relativity that was found to
be unexpectedly relevant. He proved:

Theorem (Schoen). If (M, G) has dimension 3,4 or 5 or if it is locally con-
formally flat and not conformal to (S™, g.), then A\(M,G) < \(S", go).

This completes the solution of the Yamabe problem, as well as the histor-
ical introduction. The aim of this thesis is to explain these steps in detail, as
well as some additional developments. The main references are the article of
Lee & Parker [20], which is the first place to present a unified solution to the
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problem, as well as the book of Schoen & Yau [23|. Our presentation is aimed
towards a more clear, less coordinate dependent exposition of the source mat-
terial. Nevertheless, coordinates cannot be avoided entirely; the existence of
conformal normal coordinates is still essential for the proof. In this regard, we
have simplified the presentation by introducing conformal normal coordinates
earlier on, relying on more recent results by Giinther [13, 14| that exclude un-
necessary remainder terms that complicate the original source material. Proofs
are almost always given - some are merely outlined if judged to be too long and
technical to be of educational value - with the single exception of the positive
mass theorem, which is too involved to include here and far beyond our scope.

The prerequisites for following this presentation is familiarity with the the-
ory of Riemannian manifolds as well as the standard theory of elliptic PDEs,
both classical subjects that are usually treated in most curricula of graduate
mathematics. We review the required notions in Chapter 2, which we encourage
the reader to at least skim through, so as to become familiar with our notation.
The last section on the spinorial Yamabe problem would also make good use
of any prior knowledge of spin geometry, although an effort has been made to
keep it self-contained.

Chapter 3, the main one in this thesis, systematically treats the Yamabe
problem. Section 3.1 shifts the problem to the value of the Yamabe invariant,
while Section 3.2 is concerned with the determination of this value, completing
the solution to the problem.

Finally, Chapter 4 is a survey on the spinorial Yamabe problem, which can
be considered a first-order analogue of the Yamabe problem and shares a lot of
similarities. It is mostly based in the works of Ammann [4, 2, 3].

1.2 The case n =2

The 2-dimensional case admits a special, elegant treatment using results from
the theory of Riemann surfaces. These are 2-dimensional manifolds whose
charts are additionally required to have transition maps that satisfy the Cauchy-
Riemann equations. More precisely:

Definition 1.2.1. A Riemann surface (3,C) is a second countable Hausdorff
topological space ¥ that is locally homeomorhic to C, together with a set C of
such local homeomorphisms that satisty the following conditions:

1. The domains of the elements of C form an open cover of %,

2. Whenever z,w € Cand z : U - C, w : V — C, either UNV = & or
the transition maps z o w™! and w o 27! are both holomorphic in their
respective domains of definition.

If C is maximal with respect to inclusion, it is called a complex structure.

Of course, not every 2-dimensional real manifold is a Riemann surface, since
a holomorphic map is a special case of a smooth map. But given a surface with
a smooth real structure, can we expect to find a complex substructure? If the
manifold is orientable, the answer is yes, a result that is a consequence of the
existence of a special kind of coordinates.
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Definition 1.2.2. Let (M, g) be a 2-dimensional Riemannian manifold, and let
(z,y) be coordinates on an open set U. If there exists a u € C°(U) such that

g =u(dx ® de + dy ® dy),
the set of coordinates (x,y) is called isothermal.

In particular, if for any p € M there exist isothermal coordinates centered
at p, the manifold is locally conformally flat (see Section 3.1.4). Isothermal
coordinates always exist, for a classical proof see Chern [8]; note however that
the existence of conformal normal coordinates, proven here in Section 3.1.4, is
also equivalent to this for n = 2. It is easy to see that the transition maps
between isothermal charts are conformal. Moreover, on an orientable manifold
they can also be taken to be orientation-preserving by possibly changing a sign.
Holomorhic maps between open subsets of the complex plane are precicely the
orientation-preserving conformal maps, so isothermal coordinates readily define
a complex structure on any orientable surface.

In particular, simply connected surfaces are orientable, and thus admit the
structure of a Riemann surface. Then the Uniformisation Theorem applies:

Theorem 1.2.1 (Uniformisation Theorem). Every simply connected Riemann
surface is conformally equivalent to one of the three:

1. the complex plane C,
2. the unit disc D,
3. the Riemann sphere C.

These are equipped with the standard metrics of constant sectional curvature
K = 0,—1 and 1 respectively. This solves the Yamabe problem for simply
connected surfaces, and in fact the stronger version of sectional curvature.

The non-simply connected case easily reduces to the simply connected one:
just consider the universal cover 7 : > — ¥. If we equip ¥ with the pull-back
metric 7*g, then 7 : (3, 7%g) — (X, g) becomes a local isometry. Local isome-
tries preserve curvature, and the Uniformisation Theorem applies for (i, T™g).
This concludes the proof of the 2-dimensional Yamabe problem.

The Uniformisation Theorem was proven in 1907 by Poincaré [22]| and in-
dipendently by Koebe, who later gave several more proofs and generalisations.
For a modern proof, see Ahlfors [1].



Chapter 2

Preliminaries

In this chapter we review the notions and main results of Riemannian Geometry
and Elliptic PDEs that will be needed for the solution of the Yamabe problem.
Most of the results stated here are considered prerequisites for our presentation.
The confident reader may skip this chapter and/or refer later to it when needed.

2.1 Review of Riemannian geometry

All material reviewed here can be found in many excellent differential geometry
textbooks, see [19, 11, 16] to name a few.

2.1.1 Review of tensor algebra

First, we give a quick review of tensor algebra. Let V be a real vector space of
finite dimension n. A tensor of valence (k,[) over V' is an element of the tensor
product

V=V VeV V.

TV TV
k times [ times

This space can be identified with the space of multilinear functions

TV -V eVe - --®V >R
kt;:nes lt;rrnes

If {e1,...,e,} is a basis of V and {e!,... "} is the dual basis of V*, a basis
of @V is {e;, @+ ®e;, @ ®@--- @&}, so given such a choice of basis, any
(k,[)-tensor over V can be decomposed uniquely as’
T = T;lljllkeh ®- Qe @ NR--® el

If k = 0 then @V = ®'V*. We recall now a few important subspaces of
®@FV* that occur frequently in practice. First is the space A™V* of antisym-
metric (0, m)-tensors (or m-forms); its dimension is (n|m). We can multiply a
k-form and an [-form to obtain a (k + [)-form using the exterior product

(k+1)!
!

'We freely use the Einsten summation convention throughout the text, summing over
matching upper and lower indices.

nAf= Alt(n ® 0),
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where Alt is the projection of ®™V* onto A"V,

Alt(w)(v1, ... U) = % Z sgn(m)w(m(vy), ..., 7(vm)).

’ WGSm

Likewise we have S™V* the space of symmetric (0, m)-tensors, with the sym-
metrisation operation

Sym(@) (v, o) = 2 3 wlr(w), (o),

) WESm

which is a projection of @”V* onto S™V*. When working with indices, we have
the following notation:

w[ir--im] = Alt(w)il---im> w(h---im) = Sym(w)“lm

Note that it is also possible to (anti-)symmetrise only some of the components,
as in Tj ;i) etc. The symmetrisation and antisymmetrisation operations can also
be considered for upper indices (the arguments permuted in this case will be
covectors).

Another subspace, which is very central in the theory of curvature, is the
subspace S2A%V* of @1V*. This is the space of (0, 4)-tensors that are antisym-
metric with respect to the permutations (1) <> (2) and (3) > (4) and symmetric
with respect to (1,2) <> (3,4); its dimension is

n(n — 1)(n? —n—|—2)‘
8

It is not hard to construct elements of S?A%V* from 2-forms: if a, 8 € A2V*, it
suffices to consider the symmetric product

aOf=a® B+ X a.

Conversely, every element of S2A?V* is a linear combination of such symmetric
products. Given a T € S?A?V*, its Bianchi Symmetrisation is the average of
cyclic permutations of its first three arguments:

1
BTNX,Y, 2, W) = S(T(X,Y, 2,W) + T(Y, 2, X, W) + T(Z, X,Y, W),

It can be shown that b is a projection of S2A%2V* onto the subspace A*V*. Tt
follows that S?A*V* = ker(b) & A*V*, and we call Curv(V) := ker(b) the space
of curvature-like tensors over V. One way to construct curvature-like tensors is
by taking the Kulkarni-Nomizu product

A®B(X,Y,Z,W) = A(X,Z)B(Y,W) — A(Y, Z)B(X,W)

—A(X,W)B(Y, Z) + A(Y,W)B(X, Z)
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of two symmetric (0,2)-tensors A, B. The space of curvature-like tensors has
dimension

1
ﬁn2(n2 —1).

2.1.2 Review of Riemannian metrics

In what follows we denote by M a differentiable manifold of dimension n. Its
tangent and cotangent space at point p € M will be denoted by T, M and T;M
respectively. Then we have as usual the tensor bundles of valence (k,1),

O TM = || o T M.

pPEM

Tensor fields are defined to be the smooth sections of these tensor bundles, so
a (k,l)-tensor field is an element of I'(QFTM).

A Riemannian metric on M is a (0, 2)-tensor field g which defines pointwise
an inner product on TM (symmetric, positive definite). Then there is a canon-
ical way to extend this inner product to the other tensor bundles, by pairing
indices using the metric; for example the inner product on T*M is

g(n,0) = g"n,b;,

where g” denotes the inverse of g;;. Likewise, it is possible to convert vectors
to covectors and vice versa via the musical isomorphism b : TM — T*M,

(X)(Y) = g(X,Y),

and its inverse (denoted f£). This process is known as “raising” or “lowering”
indices, owing to the fact that

(X)) = gi; X7, (W) = g7w;.

A connection (or covariant derivative) on M is a directional derivative for
vector fields V : TM x T'(TM) — TM. The covariant derivative of the vector
field X along the tangent vector £ is denoted VX, and is locally of the form

k k k ¢iyd
(VﬁX) =X +Fij€XJ7

where T}, = (V5,0;)" are the Christoffel symbols of V. The torsion tensor of V
is defined to be the (1,2)-tensor field

T(X,Y)=VxY - VyX — [X,Y]

with local expression T} = I'}; — I'¥,. Then V is called torsion-free if T' = 0, or
equivalently if T'}; = T'%. Moreover, V is said to be compatible with the metric

if it satisfies the Leibniz rule
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To each Riemannian metric g corresponds a unique connection, called the
Levi-Civita connection, which is torsion-free and compatible with the metric.
It satisfies the Koszul formula

29(VxY, Z) = X(9(Y, 2)) + Y (9(X, Z)) = Z(9(X,Y))
g([Y, X],Z) - g([Xv Z],Y) - g([Y, Z]7X)

and its Christoffel symbols are

Tk — lgm{aglz‘ Og;; 09y }

oxi Ozt ox!

i 2

It is also possible to uniquely extend the connection for all tensor fields in a
manner such that Vu = du for v € C*°(M), V commutes with traces, and

V(T ®S)=(VI)®S+T®(VS)

for any tensor fields T, S. For example, the metric compatibility condition can
be rewritten as Vg = 0. In this context, a connection can be seen as a map

V :T(@FTM) — T(2F, ,TM).
In index notation, we set V, := Vj, and if T € I'(®FTM), denote

T = (V,T) 5

Ji-jisa Jiegue

Note that covariant differentiation can be performed multiple times, so we get
a map V™ : D(QTM) — T(®},,,TM) and likewise we encounter expressions
of the form

T (y

Jijiia1-am

i1 eig
T v“lT)jr--jz )

am

Each Riemannian manifold (M, g) is naturally equipped with the Rieman-
nian volume form, expressed locally as

wy = Qg(x)dz,

where Q,(z) = v/det g, and dz = dz' A- - -Adaz™ (here g,, is the matrix obtained
by expressing g in the z-coordinates). The associated Borel measure on M is

1g(B) = /ng-

The classical differential operators are now in order. Given u € C*°(M), the
gradient of u is the vector field

grad(u) = f(du) = ¢" (0;u)0;.
The divergence of a 1-form 0 € I'(T*M) is

div(0) := tr(VO) = g™0,y,
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and the Laplacian of a function v € C*°(M) is

. Ou

’l]_
Qq(x) O ()9 55

Au = div(du) =

These satisfy the divergence theorem

/M div(6) dp, = /6 6(v)doy,

where OM is the boundary of M (if any), o, is the induced surface measure on
OM that is obtained from the restriction of g on TOM and v is the outward
unit normal vector on OM, as well as the integration by parts formula

/ (du, dv) dp, = —/ uAvdy,,
M M

where M is a compact manifold without boundary. More generally, in a compact
manifold M without a boundary, the following integration by parts formula
holds for all appropriate tensor fields T, .S:

| T8y duy = [ (@0(98)) d

where the trace is with respect to the last two arguments.

2.1.3 Review of curvature

Let (M,g) be a Riemannian manifold with Levi-Civita connection V. The
curvature of (M, g) is then defined to be the (1, 3)-tensor field

R(X,Y)Z =[Vy,Vx]Z =V x)Z.
Locally, its components are given by
R = =TI, + T4 — oy + 0T
It satisfies the Bianchi identities
RX,Y)Z+R(Y,Z)X +R(Z,X)Y =0,

VxRY,Z, W)+ VyR(Z,X, W)+ VzR(X,Y,W) =0,
as well as the Ricci identity
R(X7 Y)Z = V;XZ - vg{,YZ7

where Vi v = VyVy — Vy, x is the second covariant derivative. Using the
metric, it is possible to turn the curvature into a (0, 4)-tensor field

R(X,Y,Z, W) =g(R(X,Y)Z,W),
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called the Riemann curvature, which enjoys, unsurprisingly, all the symmetries
of a curvature-like tensor, see Section 2.1.1.

The Ricci tensor Ric is obtained by taking the Ricci contraction ¢ of the
Riemann curvature, i.e by pairing arguments (2) and (4). Its components are

R;; = C(R)ij = gasz‘ajb-

Then the scalar curvature is obtained by further tracing over the remaining
arguments:

S := tr(Ric) = g Ry
The Weyl tensor is defined to be

W=R—-A®gy,
where A is the Schouten tensor
1 S
A= ic — ———
n—2{R1C z(n—1)g}’

while the traceless Ricci tensor (or Einstein tensor) is

S
E = Ric — —g.
n
Then we have the orthogonal decomposition

1
R=W&——E®g® gdg.
n—2

2n(n —2)

Given a 2-dimensional tangent plane II = span{X, Y} of T, M, we define its
sectional curvature
B R(X,Y,X)Y)
g<X7 X)g<Y7 Y) - g<X7 Y)Q’

K(I0)

which does not depend upon the choice of basis {X,Y}. Given a tangent line
L = span{ X} of T, M, we define its Ricci curvature

e -

which is again independent of the choice of the generating vector. It follows
that the manifold has constant sectional curvature « if R = $g® g, and constant
Ricci curvature p if Ric = pg. Metrics of constant Ricci curvature are also called
Einstein metrics, and satisfy £ = 0.

2.2 Review of elliptic PDEs

The material presented here is classical and is contained in standard references
such as [9, 12].
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2.2.1 Function spaces and embeddings

Let (M, g) be a Riemannian manifold with Levi-Civita connection V. We denote
by C*P(M) the space of all k times differentiable functions u on the smooth
manifold M with finite Sobolev norm

k
lullip =D IV ull,,
=0

where || - ||, stands for the standard L norm. The Sobolev space W*P(M)
is then defined to be the completion of C*P(M) with respect to the | - ||z,
norm. On a compact manifold, the elements of W*P (M) are precisely the ones
admitting weak derivatives up to order k with finite L” norm. Specifically, this
means that for every smooth differential operator D of order at most k and
u € WFP(M), there exists a function Du € LP(M) such that

/vDudug:/ uD*vdp, Yve C(M),
M M

where D* is the formal adjoint of D. Moreover, on compact manifolds, C*° (M)
is dense in W*P(M), and WHP(M) is independent of g.

Next we define the Holder space C**(M) for 0 < o < 1. This is the
collection of all functions u € C*(M) that have finite Hélder norm

k A o
lullore = 3 sup [Via] + sup 140 = Vuly)]
M

i=1 TF#Y |$ - y|a

9

where the last supremum is taken over all x,y such that y is contained in a
normal coordinate neighbourhood of z and V*u(y) is parallelly transported
from y to = along a radial geodesic in this neighbourhood.

These spaces are related via the Sobolev Embedding Theorem:

Theorem 2.2.1 (Sobolev Embedding Theorem). Let M be a compact Rieman-
nian manifold of dimension n (possibly with C* boundary). Then:

1. If

v

i
Q| =

3| =

then WHI(M) — L™(M).

2. (Rellich Lemma). If the previous inequality for the exponents is strict, the
embedding is compact.

3. If0<a<1and

IN
e
|
Q

I | =
3

then Wk4(M) — C%*(M).

In particular, W'P(M) < L"(M) for r < p*, where p* = np/(n — p) is the
critical Sobolev exponent, while the embedding is compact for r < p*.
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2.2.2 Important results for elliptic PDEs

Now we give a review of some of the most powerful tools that the theory of
elliptic PDEs has to offer. First is local elliptic regularity, which roughly states
that a weak solution of —Awu = f must also be a solution in the strong sense.
The same result can be extended globally in the case of a compact Riemannian
manifold.

Theorem 2.2.2 (Local Elliptic Regularity). Let Q C R™ be open and consider
the Laplacian A with respect to any metric on €, and suppose that v € L}, ()

loc
s a weak solution of —Au = f. Then the following statements are true:

1. If f € Wka(Q), then u € WF24(K) for any K CC Q, and if u € LI(R),
then

[ullwiszamy < CUfllwna@) + lullzo@)-

2. If f € C*(Q), then u € C**2%(K) for any K CC Q, and if u € C%¥(Q),
then

ullerrzory < Cfllera@y + Jullcoe@))-

Theorem 2.2.3 (Global Elliptic Regularity). Let M be a compact Riemannian
manifold with Laplacian A, and suppose that u € L} (M) is a weak solution of

loc
—Au = f. Then the following statements are true:

1. If f € Wr4(M), then u € W*24(M), and

lullwrrzaoany < O fllweaan + 1wl Loan)-
2. If f € CF*(M), then u € C**22(M), and

[ullor+2.aary < O flloramn + lullcosmn).

Next we recall the strong maximum principle for compact Riemannian man-

ifolds.

Theorem 2.2.4 (Strong Maximum Principle). Let M be a connected Rieman-
nian manifold with Laplacian A, and suppose that h is a non-negative smooth
function of M. If u € C*(M) satisfies (—A + h)u > 0 and attains a minimum
<0, then u is constant in M.

Last but not least, we state a result concerning removable singularities,
whose proof can be found in Lee & Parker [20]. For the sake of completeness
we include it here as well.

Theorem 2.2.5 (Weak Removable Singularities). Let U be an open subset of
the compact Riemannian manifold (M, g) and let p € U. Ifu € LY(U) for some
q > 2*/2 is a weak solution of (—A + h)u =0 in U\ p for h € L"*(U), then
(—A 4+ h)u =0 weakly in all of U.
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Proof. We need to show that —Awu 4+ hu = 0 holds in the weak sense in all of
U,ie

/(—uAv + huv)dp, =0 Yo e C(U).
U

Let B C U be a ball of small enough radius centered at p, and denote by e¢B
the ball centered at p with radius e-times that of B. Let n € C°(U) be a
cut-off function such that suppn C B and 7|g/; = 1. Define 7. = 7o J,, where
dc(x) = z/e in normal coordinates centered at p denotes the dilation by € about
p. Then suppn. C eB, and (1 —n.)v € C*(U \ p) for every v € C°(U). Since
—Au + hu = 0 away from p, it follows that

/(—uAv + huv) dp, = / (—uA(nev) + hunev) du,,
U

eB

and our task is to show that the RHS converges to zero as ¢ — 0.

By Hoélder’s inequality, hu is integrable and hence the second term goes to
zero as € — 0 by the dominated convergence theorem. For the first term note
that

A(nev) = vAne + 2(dn., dv) + n.Av,

and it is straightforward that |dn.| < C/e and |An| < C/e*. Therefore, if
1/p+1/g=1,1ie pand q are Hblder-conjugate exponents, we have

C
<5 [ luldn,
eB
< Ce 2 ul iy <B)

< CP2full,,

‘/ uA(nev) dpg
eB

so it follows that this goes to zero as € — 0 when ¢ > 2*/2, since n/p > 2 in
that case. This completes the proof. ]
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Chapter 3

Solution of the Yamabe problem

In this section we solve the Yamabe problem. This is done in two steps, and we
devote a separate section to each. Section 3.1 shifts the problem to the value
of the Yamabe invariant, while Section 3.2 is concerned with the determination
of this value, completing the solution to the problem.

3.1 Solution in terms of the Yamabe invariant

3.1.1 Yamabe’s approach

Given a conformal manifold (M, G), we will often choose to work with a Rie-
mannian manifold (M, g) where g € G. This has the advantage of reducing
the problem to the solution of a geometric partial differential equation, associ-
ated to which is a conformally invariant functional. This was Yamabe’s original
approach, the core of which remains intact until today despite the error that
occurred at a later step, which we will point out when the time comes.

The first step is to specify the way curvature changes under conformal trans-
formation of the metric. To this end, suppose that g is of the (convenient) form
g = e*g. It is straightforward to verify that in this case the connection trans-
forms as

VxY = VxY + (X0)Y + (Y0)X — g(X,Y) grad v,
and using this we get the transformation law for curvature, which reads
R(X,Y)Z = R(X,Y)Z + g(Vx gradv, Z)Y — g(Vy gradv, Z)X
+g(X, Z)Vy gradv — g(Y, Z)Vx gradv + (Yv)(Zv) X
— (Xv)(Zv)Y — g(grad v, grad v)(g(Y, Z) X — g(X, Z)Y)
+((Xv)g(Y; 2) = (Yo)g(X, Z)) grad v,

see for example Kiihnel [17]| for details. From this we can obtain the transfor-
mation laws for Riemann, Ricci and scalar curvature:

~ 1
R:ezvR—e2vg®(V2v—dv®dv+§|dv\2g), (3.1)

Ric = Ric — (n — 2)(V?0 — dv @ dv) — (Av + (n — 2)|dv]?)g, (3.2)
S=e25—2n—1eAv— (n—2)(n—1)e2|dv|. (3.3)
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To bring formula (3.3) in a form which is more manageable, we substitute e** =
u? =2, where 2* = 2n/(n — 2) is the critical Sobolev exponent. Straightforward
calculation then yields

§:u1_2*(—4n_

1
n_QAu—l—Su),

so if S is to assume the constant value A, it follows that the following PDE,
called the Yamabe equation, must be satisfied:

Du = Au* ", (3.4)

where D = —pA+ S, p=4(n—1)/(n—2) is the conformal Laplacian. To solve
the Yamabe problem A could assume any value, so this can be thought of as a
non-linear eigenvalue problem.

In terms of calculus of variations, Yamabe noted that equation (3.4) is es-
sentially the Euler-Lagrange equation associated to the functional Q : G — R,

_ fM S dpg
fg(M)?/%

To see this, note that there is an equivalent way to express Q as follows. Fixing
g € G, then if g = u* ~%g it is straightforward to check that du; = u? du, and

A(g) (3.5)

S §du§ ~ Ju v (—pAu + Su)u® dpg
(Jurdng)™ (fagw dug)”™
Jo (—pulu + Su?) dp,
[[ul]3-
so Q(7) = Qy(u) where Q, : CF°(M) — R,
Ey(w)

e

Q(9) =

9

0,(u) &) = [ (plauf +507) d (3.6)

Q and Q, are obviously different expressions of the same functional defined on
a conformal class, the first one being independent of a representative and the
second one depending on such a choice, but instead offering a more functional
analytic formulation.

The critical points of Q, are all functions v € C7°(M) for which the Gateaux
derivative

2 7
2%

a
dt|,_,

vanishes for all w € C*(M) = T,,C°(M). Explicitly,

Qy(u+ tw)

2 d d )
DI oty = 1l Bt 1)+ &yl + tolf
dt|,_, m

, (3.7)

4
2*

and it is a matter of straightforward calculations to show that
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d

—| Elu+tw) = 2/ (—pAu + Su)w dpg, (3.8)
dt|,_, M

— w4 tw|)3 = 2|ju SIQ*/ w? "l w dpy. (3.9)
dt|,_, M

Combining (3.7), (3.8) and (3.9), we get the final formula for the Gateaux
derivative

dt

Q, (u+tw) = — /M(Du gg(u>u2*_1>wdug, (3.10)

a UQ* B UQZ
lull3 [llz

t=0
so it follows that u is a critical point of Q, if and only if it is a solution of the

Yamabe equation

Du= "1 X=Eu)/||ul. (3.11)

2. for

Now note that by Hélder’s inequality we have | [,, Su®du,| < C|lu
some constant C' > 0, thus

_ Juloldul® + Su®)dpy [, Su® dpag

[[u I

_07

Qy(u)

2 2
2% 2%
so the Yamabe functional is bounded from below. We call its infimum the
Yamabe invariant, denoted by

AM,g) =inf{Qy(u) :u e C(M)} =inf{Q(g) : § ~ g} (3.12)

It is obvious that the Yamabe invariant is a conformal invariant, i.e. \(M, §) =
A(M, g) whenever g ~ g, so it makes sense to talk about the Yamabe invariant

AM,G) =inf{Q(g) : g € G} (3.13)

of the entire conformal class.

3.1.2 The subcritical problem

In view of the previous section, it has become apparent that if we can prove the
existence of a minimizer for the Yamabe functional Q,, then this would also be
a solution to the Yamabe equation and would therefore yield a solution to the
Yamabe problem. The standard approach would be to consider a minimising
sequence of Q, and then hope that, up to a subsequence, it converges to an
actual minimizer.

This direct approach fails due to the criticality of the exponent 2* than
appears in Q,. This can be mended by considering the subcritical problem and
then passing to the limit, but let us take a moment to see where the problem is.
Suppose {u;} C C°(M) is a minimising sequence of Qg, i.e. Qg(ur) — A(M, g)
as k — oo. We may assume that ||ug||2« = 1 for all £ € N by rescaling, since
Q,(ku) = Q4(u) for any x > 0. Then
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el = /M (dun + 2) d,

1 S
= /_)Qg(uk) + /M (1 - ;) ujy dpig

1
< ;Qg(uk) + Cllugl3-,

the last inequality being true for some C' > 0 due to Holder’s inequality. It
follows that {u} is bounded in W12(M), which is a Hilbert space. A well
known consequence of the Banach-Alaoglu theorem is that bounded subsets
of a Hilbert space are weakly precompact, see for example Folland [10], so
in particular there is a subsequence {uy,} of {us} that converges weakly to
an element v € W'2(M). It remains to be shown that u € C®(M). To
show that u is smooth would be a matter of elliptic regularity, but we face a
more fundamental problem: since the embedding W12(M) — L? (M) is not
compact (see the Rellich lemma in Section 2.2.1), we cannot conclude that the
subsequence can be chosen so that ||uy, ||« — 1, as in general there is no strong
convergence in L2 (M). In particular, we could have u = 0.

So it is clear that the problem is the critical exponent 2*. We try to get
around this difficulty by considering the subcritical problem first. Consider the
perturbed functional QY : C°(M) — R,

Eq(u)
Q¥ (u) = -2 (3.14)
! [l I3
for 2 < s < 2* and the perturbed Yamabe constant
(M, g) = inf{Q}(u) : u € CT(M)}. (3.15)

Likewise, one can show that the minimizers of Q5 that are normalised by [lul|s =
1 must satisfy the Euler-Lagrange equation

Du = Au*!, (3.16)

where we write Ay, = A\;(M, g) for brevity. In that case we have the following
regularity theorem.

Theorem 3.1.1. Suppose that u € WY2(M) is a weak solution of (3.16) for
some fized 2 < s < 2*. Suppose in addition that w € L"(M) for some r >
(s = 2)n/2. Then either u = 0 or u € C(M) and for any 0 < a < 1,
l|u||cza < C for some C' = C(M, g, ||, ||u])-

Proof. Rewriting Equation (3.16) we have that

—pAu = A\u — Su*, (3.17)

and since u € L" (M) it readily follows that Au € LY(M) for ¢ = r/(s—1). Using
global elliptic regularity (see Section 2.2.2), it follows that u € W*4(M). Now
applying the critical case of the Sobolev embedding theorem (see Section 2.2.1),
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we get that u € L™ (M) for 7' = nr/(ns —n — 2r), while our hypothesis ensures
that ' > r. Recursive application of this process then yields that v € W29(M)
for all ¢ > 1.

Considering the Holder space version of the Sobolev embedding theorem
with & = 2 and any 0 < o < 1, it follows that v € C%¥(M), and then the
Hélder space version of global elliptic regularity yields u € C*%(M), as well as
the desired estimate. Moreover, recursive application of global elliptic regularity
yields u € C®(M).

Finally, equation (3.17) implies that (—A + x)u > 0 for

k = max{0, (S — A\u*"?)/p}

Then one can apply the strong maximum principle to verify the positivity claim.
O

Since the hypothesis on the exponent r may seem somewhat technical or
ad hoc, let us mention two special cases that we are interested in. The first
one arises when we consider the subcritical problem and r = s < 2*, while the
second one arises when we consider the critical problem and s = 2* < r. We
will need to consider both of these cases in the sequel.

We are now in a position to prove the existence of smooth solutions in the
subcritical case. Note that since C°(M) is dense in WhH*(M) and Qf(u) is
independent of the sign of u, we may continuously and symmetrically extend
Qs from C°(M) to WH?(M) in a unique manner, which we will do from now
on without further mention.

Theorem 3.1.2 (Yamabe). For2 < s < 2*, there exists a solution u, € C(M)
of Du = A\, for which Q5(us) = As and |lugl|s = 1.

Proof. Consider a minimising sequence {u} C C7°(M) of Q; such that [|u[|s =
1 (such a choice can again be made due to homogeneity). Similar to the critical
case, it is straightforward to show that {u} is bounded in W?(M), and thus,
possibly up to a subsequence, it converges weakly in W1?(M) and strongly in
L5(M) to some u, € WH2(M).

Since L¥(M) < L*(M), it follows that

lim Su? dpy = / Su? dpg,
M M

k—o00

while weak convergence in W12(M) and the Cauchy-Swartz inequality imply

| grad, ug|? dpy = kl;m /g(gradg uy, grad, u) dpg
M 0

1/2 1/2
< liminf (/ | grad, g | d,ug) (/ | grad, |2 d,ug)

and so



20 Chapter 3. Solution of the Yamabe problem

Q3 (uy) = / (I grad, u,* + 52) dp,
M

k—o0

< lim inf/ (| grad, ug|® + Sug) dpg
M
- Jim Qi(m) = A

But then A, is defined so that Q(us) > A, therefore Qf(u,) = As and wu;
is a non-zero minimizer, since |lusl|s = 1. Since (3.16) is the Euler-Lagrange
equation of Qy, it follows that u, is a weak solution that is in L°(M), so by
Theorem 3.1.1 we also have u, € C°(M). O

Back to the Yamabe problem, we want to consider the limit s — 2*. In
particular, our goal is to investigate under what assumptions, if any, does u;
converge to an actual smooth, positive solution of the Yamabe equation (3.4)
with A\ = A(M,g). The error in Yamabe’s proof was to assume that the se-
quence ug is uniformly bounded as s — 2%, which may be false in general. The
subtlety of this question will be further explored in the subsequent sections.
The following useful lemma regarding the limit behaviour of Ay is a good start
and an indication that such expectations are plausible.

Lemma 3.1.3 (Aubin). If p,(M) = 1, then s — |\s| is a non-increasing
function of s € [2,2*]. If, in addition, we have that \(M, g) > 0, then s — A4
s continuous from the left.

Proof. First, we show that s — |)\s| is non-increasing. Due to Holder’s in-
equality and the fact that u,(M) = 1, for every u € C*°(M) we have that
[ulls < |lulls whenever s < s’. For any s,s’, the functionals Q; and Q;’ are
related by

Ay

Q3 (u). (3.18)

Consequently, we have that [Ay| < |As| for s < &', which proves the claim.

If As < 0 for some s € [2,2*], we can choose a function u € C*°(M) such
that Q3(u) < 0. It follows from (3.18) that Ay < Q% (u) < 0 for any s’ € [2,2"].
Therefore, if A(M, g) > 0, then Ay > 0 for all s € [2,2*] as well.

Now we prove the continuity claim. Given e > 0, by the definition of A
there is a function u € C*°(M) such that Q;(u) < A, +¢/2. Since s — |lul[, is
continuous, it follows from (3.18) that for all &' < s that are sufficiently close
to s, Q5 (u) < Q:(u) + €/2, and thus

As <Ay € Q5 (u) < A +e,

hence \y — X\, as s’ — s7. O

Note that in the context of conformal geometry we can always choose g so
that p,(M) = 1, possibly by multiplying with a positive constant.
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3.1.3 Sharp Sobolev inequality and A(S", g)

In this section we explore the unexpected connection between two seemingly
very different things, namely the sharp Sobolev inequality of R™ and the Yamabe
problem of the standard sphere (S™,¢g,). As stated in the introduction, the
Yamabe invariant

d ul? 2)
)\(Snago) = inf fS"(pl gra ou‘ +u *) m
ueCP(S) (fgn w2 d,U,O)Q/Q

turns out to be the key for the solution of the general case.

Let n = (0,...,0,1) denote the north pole of S* C R™"*!, It is well known
that S” \ n can be covered by a single chart using the stereographic projection
o :S"\ n — R” whose components are given by
Ti

%
0 (T, Ty Tpg1) = ——.
1 — Tnp+1

Its inverse, i.e the parametrisation y : R" — §" \ n, is given by

27" 4 )
<71<nmn

_ 1 =1 zf?
1z T

1 n n
Wz, o net(x, . 2" = ————.
X ( ) X +1( ) 1+ |$|2
Let g, and gg denote the standard metrics of S® and R" respectively. Then it
follows by straightforward calculations that

4

X"go(x) = Wgo(x)v r € R"

A similar argument for the antipodal stereographic projection excluding the
south pole n’ proves that (S", g,) is locally conformally flat, which means that
its metric is locally conformal to a flat metric. Since the Weyl tensor as a
(1, 3)-tensor is conformally invariant®, it follows that W, = 0.

Since (S", ¢o) is locally conformally flat, the structure of its conformal diffeo-
morphisms is locally determined by the conformal diffecomorphisms of (R™, go).
There is a well known rigidity theorem, originally dew to Liouville, which gives
a precise description of these transformations; they are the Mobius transforma-
tions.

Theorem 3.1.4 (Conformal Liouville Theorem). Let n > 3 and ¢ : U — ¢(U)
be a conformal diffeomorphism from the open set U C R™ to its image. Then ¢ is
a composition of similarities (translations, rotations, reflections and dilations)
and 1nversions.

For a proof of this beautiful result, see Blair [7]; also Schoen & Yau [23].
Now, the round sphere is invariant under rotations and reflections, so these
conformal maps are not interesting. Neither is inversion, since it amounts to
the transition maps between the two charts obtained by stereographic projection

! This follows directly from the definition of the Weyl tensor (see Section 2.1.3) and the
transformation formulas of Section 3.1.1.
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from either pole. So what we are left with are the translations 7, : R" — R"™,
m(z) =x — b,

as well as the dilations ¢, : R® — R",

Y

[e%)
S
=
I
QR

where b € R™ and a > 0. For reasons that will become apparent in the sequel,
putting

n—2

wio) = (%)

X' go(w) = ui " (2)go(x),  03X"go = uy *(2)g0(w/a). (3.19)

An obvious choice of constant scalar (and sectional) curvature of the sphere

is of course the round metric g,. We now prove the following rigidity theorem
regarding metrics of constant scalar curvature within the conformal class of g,.

we have

Theorem 3.1.5. Let g € g, and suppose that g has constant scalar curvature.
Then g has constant sectional curvature.

Proof. First we show that ¢ is an Einstein metric. Working with ¢ as the back-
ground metric and since g, ~ g, it follows that g, = €?/ g for some f € C(S").
Substituting ¢/ = 42 and using the conformal transformation formula (3.2)
for Ricci curvature, we obtain

1 dul?
Ric, = Ric + —((n —2)V?u — (n — 1)Mg - Aug).
u

u

Since g, is of constant curvature, it is FKinstein and hence

n —

E +

2 1
(V2u+ ~Aug) = E, = 0.
u n

Now, the Einstein tensor is traceless, meaning that tr, £ = (E,g) = 0 in
[(@9TS™), so integration by parts (see Section 2.1.2) yields

/ W B dp, :/ W(E, B dp,
= —(n—2) /(E Vu + %Aug> ditg
=—(n—2) /n<E, V2u) dpg
=(n—2) /Sn(trg VE,Vu)du, = 0.

Since u > 0, this implies that £ = 0 and ¢ is indeed an Einstein metric.
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In addition, W = 0 since the round sphere is locally conformally flat and
g =~ go. Since the scalar curvature S is a constant by assumption, using the
orthogonal decomposition formula for curvature (see Section 2.1.3) we conclude
that ¢ is of constant curvature. ]

As a consequence we get the following corollary regarding the structure of
minimizers.

Corollary 3.1.6. If the Yamabe functional of (S", go) attains its infimum, then
the infimum s attained by every metric of the form ¢*kg, where Kk > 0 and
¢ (S",90) — (S, 90) is a conformal diffeomorphism, and those are the only
metrics that attain it.

Proof. Since minimizers have constant scalar curvature, it follows from the the-
orem that they must have constant sectional curvature. Hence the minimizers
are isometric to constant multiples of the round metric g,. This means that if
g € §o is a minimizer, there exists k > 0 and a diffeomorphism ¢ : S* — S”
such that g = ¢*kg,. In particular ¢ : (S",¢9,) — (S", go) is a conformal dif-
feomorphism. Since the Yamabe invariant is a conformal invariant, the claim
follows. ]

Proving the existence of a minimizer is a more delicate issue. It requires a
renormalisation argument to treat the potential blow-up of the functions {us}
constructed in the proof of Theorem 3.1.2 as s — 2*. Here we offer a schetch
of the proof, the complete version of which can be found in Lee & Parker [20].

Theorem 3.1.7. The Yamabe functional of (S™, g,) attains its infimum.
Sketch of proof. We summarise the proof in steps.

1. Consider the family of functions {u,} C C$°(S") as in Theorem 3.1.2.
Possibly composing with a rotation, we may assume that maxgn us; =
us(n’) for every s. If the sequence is unifomly bounded, elliptic regularity
and the Arzella-Ascoli Theorem imply that u, converges to an actual
minimizer as s — 2.

2. If maxgn us — 00 as s — 2%, we may renormalise the sequence using
the dilations d, so that the resulting sequence v, is such that maxg» vy, =
vs(n’) = 1. Using the transformation properties of the conformal Lapla-
cian D, one can show that ||vs][12 < C||lus||1,2. Hence {v,} is bounded in
WH2(S") and consequently in L? (S"), and v, — v in W12(S") for some
v € Wh2(S™), possibly up to a subsequence.

3. It is easy to show that {vs} is bounded in L] (S™ \ n) for any r > 1 and
consequently, using local elliptic regularity (see Section 2.2.2), we conclude

that {v,} is bounded in C.%(S" \ n). By considering an exhaustion of
S™\ n by compact subsets and appealing to the Arzella-Ascoli Theorem
once more, a diagonal argument shows that v € C?(S" \ n), while the

possibility of a singularity at n remains.
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4. The Yamabe invariant A := A(S™,g,) is certainly non-negative by its
definition, and thus A\; — A as s — 2* in view of Lemma 3.1.3. Then one
can show that Dv = fv* ~! for some f € C?(S™\ n) such that 0 < f < A.
As a consequence, the singularity at N is removable (see Section 2.2.2)
and the same equation holds weakly in all of S*. Then direct calculations
imply that Q, (v) = A.

5. The proof is finished by showing that v is positive and smooth. In view
of Theorem 3.1.1, it suffices to show that u € L"(S") for some r > 2%,
This is done by considering a perturbation of the conformal Laplacian of
the form D, = D —nAv? =2, where 7 is a cut-off function supported in a
sufficiently small neighbourhood of n. The operator D : W24 — L4 is
bijective, and 71 controls the operator norm of the perturbation, so it can
be chosen so that D), remains bijective. In this way we can prove that
v € W24(S™) C L"(S") for some suitable ¢ and r > 2*.

This completes the proof. O

Now we turn to the relationship between the sharp Sobolev inequality and
the spherical Yamabe invariant. In what follows, for u € C*°(S™) denote by
7 € C°(R™) N W,*(R") the weighted pull-back @ = 4u; x*u.

Theorem 3.1.8 (Sharp Sobolev Inequality). The inequality

A
/ | grad u|? do > —( |u
n P\ Jrn

holds for all u € Wy*(R™), where A = X(S", g,). The constant is sharp and
attained only by constant multiples and translations of the functions u, defined
previously.

2/2
z da;> (3.20)

Proof. By definition, we have

fSn (p’ grado UP _'_ u2> d/’LO
2% d,uo)Q/z*

The integrals are unaffected if we remove the north pole, and since S" \ n is
conformally flat, we get

A=AS",9,) = inf
( g ) ueclvg(gn) (fSn ’u

grad u|? dx
A d(l]) 2/2* ’

A= inf »p fR”
ueC'>(S7) (f]Rﬂ ’ﬂ

Since C*°(R™) N Wy (R™) is dense in W, *(R™), it follows that A/p is indeed the
best constant in (3.20). The exact form of the minimizers is a direct consequence
of Corollary 3.1.6. O

The exact value of the best Sobolev constant is actually known to be

Op = )

n(n — 2)po(S"1)*"
4
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see for example Schoen & Yau [23]| and also Talenti [24], where the best constant
is determined for the general L” version of the Sobolev inequality. In view of
Theorem 3.1.8, we obtain the precise value of the spherical Yamabe invariant,
which is

A(S", g0) = nn — 1)po(S"1)*/".

To conclude this section, we provide the following lemma regarding the as-

symptotic L? . behaviour of the minimizers as a — 0, which will be useful on

several occasions in the sequel.

Lemma 3.1.9. Let k > —n, and for ¢ > 0 define
I(a) := / lz[*u?(z) dz, a > 0.
Be(0)

Then as a — 0, the following statements hold:
1. If k <n—4, then I(a) ~ a**2,
2. If k =n —4, then I(a) ~ a"2log1/a,
8. Ifk >n—4, then I(a) ~ a" 2.

Proof. Passing to polar coordinates and then changing variables r = a& we have

€ a n—2 e . e/a £n+k—1
I(a) = —_ PR dr = —————dt.
0= (@tm) e [ e

Now note that for £ > 1 we have £2 < 1+£2 < 2€2. This implies that, for a < ¢,

e/a
[(CL) ~ ak—i—? (C(n,k) +/ €—n+k+3 df),
1

and finishing the proof is a matter of straightforward calculations. ]

3.1.4 Some aspects of conformal geometry

As we saw in the previous section, the standard sphere is locally conformally
flat, and this has been the key for proving the relation between the best Sobolev
constant o, of R" and A(S",g,), as stated in Theorem 3.1.8. In general, a
Riemannian manifold (M, g) is locally conformally flat if for every point p € M
there is a chart (U,z) such that p € U and there is a positive function u €
C(U) so that

g=u(dr' @ dx' + - +da" ® da™).

Note that for n = 2 these are the isothermal coordinates, see Definition 1.2.2.
While such coordinates always exist for surfaces, this is certainly not the case
for n > 3. Since the Weyl tensor - as a (1,3)-tensor field - is a conformal
invariant, every locally conformally flat manifold must have W = 0, which is
not always the case. In fact we have the following characterisation theorem,
generally known as the Weyl-Schouten Theorem.
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Theorem 3.1.10 (Weyl-Schouten). Let (M, g) be a Riemannian manifold of
dimension n.

1. If n =3, (M,g) is locally conformally flat if and only if
VA(X;Y],Z)=0
for all X,Y,Z € T(TM), with A being the Schouten tensor?.
2. If n >4, (M, g) is locally conformally flat if and only if W = 0.

Local conformal flatness is a very useful property in the context of conformal
geometry, as it allows us to locally carry out calculations exactly as in the
Euclidean space R™. There is a weaker notion than local conformal flatness
that retains much of this functionality:

Definition 3.1.1. The Riemannian manifold (M, g) is said to be locally confor-
mally volume preserving if every p € M belongs to a normal coordinate chart
(U, %) of a metric g € g so that duz = dZ. Such coordinates are called conformal
normal coordinates.

Intrinsically, the definition means that the Jacobian of the exponential map
expg is 1 for some g € g. While local conformal flatness is a quite rigid require-
ment, the locally conformally volume preserving condition is not rigid at all.
In fact, every Riemannian manifold is locally conformally volume preserving as
the following theorem shows.

Theorem 3.1.11 (Conformal Normal Coordinates). Let (M, G) be a conformal
manifold and let p € M. Then there are a metric g € G and normal coordinates
(U,z) of g so that x(p) =0 and

1
dpg =dz, S =0(af), —AS(P)=W(P)P

A weaker version of this that is nonetheless sufficient for solving the Yamabe
problem is given in Lee and Parker [20], where dp, = (1+O(|z|™))dz and m € N
is arbitrary. The strong version stated above is due to Giinther [13, 14], who
proves this in an analytic as well as a C*® setting. Below we give an outline of
Giinther’s proof for the smooth/analytic case.

Sketch of proof. Since the issue is local in nature, we may work in a ball B :=
Br(0) € R™ (with the correspondence p = 0) equipped with a background
metric g, and then look for a conformal metric § = ug accompanied by a
set of normal coordinates x for that metric with the desired properties. As
polynomials are dense in C*°(B)?, it suffices to work with analytic functions.
The proof is given in steps.

2For the definition of the Schouten tensor, see Section 2.1.3

3Density is with respect to the weak C'*°-topology, which is generated by the finite rank
C*-norms evaluated in relatively compact subsets; it is a consequence of the Stone-Weierstrass
Theorem
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1. Suppose that § = ug and 7 are as desired. Then for v = |7|?,

dv|2 =40, Agv=2n.

These two relations characterise v as the square distance function with
respect to § = ug. Since u is still unknown, we will instead work in
normal coordinates x of the background metric ¢ and opt to solve the
resulting system of partial differential equations for « and v. These are

Dy (u,v) := g aa;}z % —4uv =0 (3.21)
(3.22)

together with the initial conditions
u(z) =1+ 0(|z)), wv(x) = |z]* +O(|z]*). (3.23)

. The partial differential operators D and Ds are both non-linear and there-

fore we cannot apply standard elliptic theory to the system. Equations
(3.21) and (3.22) can be rewritten as

Ly(u,v) = Ly(u,v) — Dy(u,v) =: Py(u,v) (3.24)
Lo(u,v) = Lo(u,v) — Do(u,v) =: Py(u,v), (3.25)

where L;(u,v) is the linearisation of D;(u,v) with respect to the triple
(g u,v) = (69,1,r%) for i = 1,2:

Li(u,v) := 42'0v /01" — 4v — dr*u (3.26)
Ly(u,v) := Agv + (n — 2)2'0u/0z" — 2nu. (3.27)

. Since we assume analyticity, we will work with polynomials. Let P,,[z]

denote the set of homogeneous polynomials of order m in z. We consider
the non-homogeneous problem

Li(u,v) = fi,  La(u,v) = fa, (3.28)

where f; and f, are homogeneous polynomials that will later be deter-
mined by iteration. To this end we need the following “analytic regularity”
lemma.

Lemma 3.1.12 ([14], Satz 1). Suppose that fi € Ppio[z] and fo € P[]
with coefficients

fi= ) fax® fo= ) faat.

loo|l=m+2 |a|=m
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Then, for m > 4, there exist homogeneous polynomials v € Pp,1o[z] and
u € Pplz] with coefficients

v = E V%, U= E Ue L™

|a|=m—+2 |a|=m

that satisfy the equations (3.28), as well as the estimates

NN O ST RES SUTH) (3.2

|a|=m |a|=m—2 |a|=m

C
S lual < (D0 124w Y 1A). (3.30)
|a|=m |a|=m—2 |a|=m

If m =3 and u = u;x', v also satisfies Agv = 8 fy, as well as the estimate

n

> vl < O Juil + 0 1721). (3.31)

|or|=3 i=1 |o|=3

The constant in all estimates is uniform and independent of m.

. Given u, v satisfying the required initial conditions, we denote the asymp-

totic expansions of Pj(u,v), i = 1,2 by

Pi(u,v) =Y pia®, Py(u,v) =Y pla®

|laf>4 o[ >2

and attempt to solve the problem using the power series method (it is
easy to check that lower order terms vanish). The condition

Ay Z pir® =8 Z pLa®
|a|=3 |ar|=1

holds trivially, therefore all estimates of Lemma 3.1.12 apply recursively.
What remains is to show that the power series of u and v converge in a
neighborhood of zero.

. To this end define

Nm::max{(m+2) Z |va|,Z|ua|}.

|a|=m+2 la]=1
By induction one can show that

N <Co( D0 NN+ > NibV;).

i+j<m+1 i+j=m
i,j#0
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Next we define the complex power series ¥(z) = > >~ N,,z™ via the
equation

No+ Co((9(z) = No) + (24 22+ - - )0?(2)) = ¥(2),

and one can show that N,, < N,, and that the inverse of ¢ — N is analytic
with non-vanishing derivative in a neighborhood of zero. It follows that
the same is true for ¢, and the power series of v and v are absolutely
convergent.

This proves the existence of solutions wu,v for the system (3.21)-(3.22)
together with the initial conditions (3.23). The desired coordinates can
then be obtained by exponential mapping.

6. Properties S = O(|z]?) and —AS(p) = |W(p)|?/6 are a consequence of
Q;(Z) = 1, for details see Lee & Parker [20].

This completes the proof. ]

Note that the construction of the conformal factor in the proof is subject
to the initial conditions u = 1 + u;z* + O(|x|?). This means that the resulting
locally conformally volume preserving metric is not unique; one can get the
required properties and still maintain a lot of freedom. This fact is nevertheless
irrelevant in the sequel.

3.1.5 Resolution in terms of \(S", g,)

It is a fact of crucial importance that A\(S",g,) is actually an upper bound
for the Yamabe invariant of any other conformal manifold - compact or non-
compact. This is a consequence of the fact that the minimizers u, of the Sobolev
inequality are concentrated at zero as a — 0 and can be approximated by
compactly supported functions. Then one can use conformal normal coordinates
to obtain a test function whose Yamabe quotient approximates A(S", ¢, ) as close
as we wish as. Geometrically, note that this corresponds to blowing up a small
neighborhood to a sphere.

Theorem 3.1.13 (Aubin). Let (M, G) be a conformal manifold of dimension
n > 3. Then A(M,G) < A(S"™, g,).

Proof. Let n € C*(R™) be a radially symmetric cut-off function such that
suppn C By(0) and 7|, ) = 1, and denote by n. = 1 o J. the dilation of 7
by a factor € > 0. Then 1. € C°(R") satisfies suppn. C Bac(0), 7|B.0) = 1
and gradn. = e ! gradn o d,. If u, is a minimizer of the Sobolev quotient as in
Theorem 3.1.8, consider the compactly supported approximation ug . = 7cu,.

Recall that u, satisfies the equality p| grad u,||3 = Aljua||3 and

n—2 n
a Tz a 2
Uq () = (W) , gradug(r) = —(n — 2) (m) 2

the gradient being obtained by straightforward calculation.
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Our goal is to use uq,. as a test function whose Yamabe quotient can get
arbitrarily close to A. The role of € is to make the support of u, . small enough
to fit into a conformal normal coordinate chart of (M, G), and taking a — 0
should take care of the rest. We estimate

/ pl grad ug |*dx = / p(n?| grad ug|® + 2ncuq (grad 1., grad u,)
+ u?| grad n |?) dx
< / pl grad u,|* dz + C(e)a" 2,

and in addition, by the sharp Sobolev inequality (3.20) and Taylor expanding,

2
9

/ ] gradua\zdm = Alju,

2/2*
< A(/ u? d:zc—l—/ u? dm)
B.(0) R™\B:(0)

< Alvaellz + Oc(a™).

Moreover, for 0 < a < € we have the lower estimate

9 > Cl

|Ua,ell2 > HUaXBa(O)

Taking e sufficiently small, we may regard u,.(x) as a function of some
conformal normal coordinates (U, z) of (M, G) as in Theorem 3.1.11. Note that
in normal coordinates, for r = |z| one has ¢(0,,0,) = 1, thus the gradient of
Uq, 1s unaffected due to radial symmetry. Then by the previous estimates the
Yamabe quotient of v, is

Qy(ug) <A+ Cle)a" >+ C Su? _dx
o{to) (€ Bac0) (3.32)

<A+ Cle)a™ .
for 0 < a < e < 1. Taking a — 0 yields the conclusion. O]

In order to proceed we need the following variant of the sharp Sobolev
inequality for compact Riemannian manifolds. In this case the best value o,
of the Sobolev constant of R™ can be approximated as close as we wish, at the
cost of an additional L? term.

Theorem 3.1.14 (Aubin). Let (M,g) be a compact Riemannian manifold.
Then for every € > 0 there is a constant C(e) > 0 such that the inequality

onllu

5 <(1+e) [ |grad,ul’ duy + Cle) / u?® dp, (3.33)
M M

holds for all w € C*°(M).

Proof. Let € > 0 and assume an open cover of M consisting of normal coordinate
charts {(Up, p) }pemr centered around each p, respectively, such that the metric
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and local volume density satisfy |g;;(x) — 6;;(z)| < € and |Qy(z) — 1| < € in Up
for all P. Then we may pass to a finite subcover {(Uy,xy)}}",, and assume a
partition of unity subordinate to that cover, which we write in the form {2 }7 |
and 300, op = 1.

Then, for u € C*(M),

2 = |lu’

| u 2+ /2

22 = || Y et <) gt
k=1 24/2 p=1
m m 2/2*
=S towulle =3 ([ Tl dy)
k=1 k=1 Uk
k—

2/2*
< <1+e)2/2*2(/ (U)|goku|2* dx) .
Tk (Uk

1

Applying the sharp Sobolev inequality of R™, we obtain

(/ ‘SOkU
z(Uk)

2/ 4
2 dx) < — / | grad pul* do
On Jay,(Uy)

(1+¢)?

Un Uy

< | grad, ppuf? dug.

and subsequently

| grad, wrul? = @F| grad, ul? + 2pru(grad, @i, grad, u) + u?| grad, @x|*
< (14 e)pi| grad, ul” + (1 + 1/€)u?| grad, e[,

where in the last step we have used the Cauchy-Schwartz inequality as well as
the inequality 2ab < ea® + b?/e. Summing up, we obtain the conclusion. Note
here that the constant C(€) depends also on the dimension as well as the chosen
partition of unity. O

It is worth noting that C'(€) — oo as € — 0, so as we get closer to the sharp
Sobolev constant the collateral L? term blows up. Nevertheless, this fact will
be of no consequence to the sequel, and we are in fact in a position to state
and prove the main result of this section, which is the existence of a solution of
the Yamabe problem provided that the Yamabe invariant does not attain the
critical value A(S", go).

Theorem 3.1.15 (Yamabe, Trudinger, Aubin). Let (M, g) be a compact Rie-
mannian manifold. Let {us} be the sequence of normalised subcritical solutions
constructed in Theorem 3.1.2. Then a subsequence converges uniformly to a
minimizer v € C°(M) of the Yamabe functional, i.e

Q,(u) = AN M,g), Du=\M,g)u* ",

provided that \(M, g) < A(S™, o). In particular, in this case the metric u? =2

g has constant scalar curvature.

g €
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Proof. Without loss of generality we may assume that p,(M) = 1. Let A\ =
MM, g), A= A(S™, go) for brevity. The proof consists of two parts. In the first
part we prove that the condition A < A implies that the sequence is uniformly
bounded in L™ (M) as s — 2* for some r > 2*, in view of Theorem 3.1.1. In the
second part we use the first part in conjunction with the Arzela-Ascoli theorem
and Lemma 3.1.3 to complete the proof.

1. Let 0 > 0. Multiplying the equation Du, = A\uf~! by u!*% and integrat-
ing by parts we obtain

/M p(grad, u, (1 + 20)u? grad, us) djig + /M Su2)

= /\S/ ust dp,.
M

Setting v, := ul*?, it follows that

142 .
1107 52)/ P|gradgvs|2dug—/ (A02us™2 — Sv?) dp,.
M

Then the Riemannian version of the Sobolev inequality (3.33) implies

5 < (1+6)/ \gradgvs|2dug+0(e)/ v2 du,
M

(1+5>2A/ 2 52 / 2
<1 us”
< (1+¢) 720 dug + C(e,9) Mvsdug,

so by Holder’s inequality and the fact that A = po,,, it follows that

onl|vs

2 (14+0)% A 2
2 < (1655 v sll3 sl 2 + Cles 0)vs]l5-

HUS

Since p,(M) = 1 and 2 < s < 2*, it follows that (s — 2)n/2 < s and
|lus||(s—2)n/2 < ||us||s = 1, and consequently

(1- 0+ 92 i < 06 o)

For § sufficiently small we have 2(1 + §) < 2*, so

2(146
loally = luslls 1) < llusll30 =1

as s — 2*. In addition, we observe that ||vs]|3. = |lus]| 1362*, so if we can
prove that the constant of the LHS can be manipulated to be positive by

adjusting ¢ and €, we are done.

We distinguish two cases. If A < 0, Lemma 3.1.3 implies that A\, < 0 for all
s and the conclusion follows. If, on the other hand, we have A > 0, s — A
is non-increasing and continuous from the left, so there is an sy < 2* such
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that 0 < Ay < A;; < A whenever sy < s < 2*. Hence by choosing ¢ and e
small the constant remains positive.

2. Since the sequence {us} is uniformly bounded in L"(M) for some r > 2*
as s — 2%, by Theorem 3.1.1 it is also uniformly bounded in C%*(M) for
0 < a < 1. Then the Arzela-Ascoli theorem implies that a subsequence
converges uniformly in C?(M) to a function u € C?(M). Therefore u
must satisfy
Du=\u>""  Qyu) =\,

where A\* = lim,_,o« A; and the equation holds in the strong sense. If
A > 0, Lemma 3.1.3 implies that A* = A. If A < 0, by the same theorem
5 — A is non-decreasing and hence A\* < A. But since A = inf Q,, it
follows that A\* = X in that case as well.

Finally, Holder’s inequality and Fatou’s Lemma imply

|lull2s > lim |Jus||ls = 1,

s—2%*
so in particular we have u # 0. Then we apply Theorem 3.1.1 one last
time to conclude that v € C(M).

This completes the proof. O

It is an interesting fact that, among compact manifolds, the critical value
A(S", go) is actually only ever attained by the standard sphere, arguably the
most perfectly symmetric of all geometric objects, and so the Yamabe prob-
lem possesses a solution for every compact manifold. This fact is anything
but straightforward to prove, and will be explored in Section 3.2, using the
complementary methods of Aubin and Schoen.

3.2 Chasing Yamabe invariants

3.2.1 The casen>6 and W # 0

Following the same reasoning as in Theorem 3.1.13, Aubin was also able to prove
that A(M, G) < A(S™, go) for all compact conformal manifolds (M, G) that are
not locally conformally flat and have dimension > 6. This is, in essence, the easy
case which can be obtained without extra effort directly from the framework
we have developed so far. We have deliberately chosen to introduce conformal
normal coordinates earlier in our presentation than Lee & Parker [20], as this
simplifies several of the proofs in Section 3.1.5, and allows us to present this
result without additional modifications.

Theorem 3.2.1. Let (M, G) be a compact conformal manifold of dimension
> 6, and suppose that the Weyl tensor is not identically zero. Then \(M,G) <
AS", Go). In particular, there is a metric g € G of constant scalar curvature.

Proof. Let p € M be such that W(p) # 0, and g € G, (U, z) conformal normal
coordinates with respect to g centered at p as in Theorem 3.1.11. Let u,, be
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the test function constructed in the proof of Theorem 3.1.13. Then all we need
to do is to examine the estimate (3.32) more carefully, and in particular the last
term

/ Sul  dx < / Su? dz + C(e) / u? da
Bac(0) B.(0) Rac(0)

< / Su? dx 4+ C(e)a™ 2.
<(0)

The second term is of the same order as estimate (3.32), so it offers no additional
advantage. But we are going to show that the first term is negative and of
lower order as a — 0, which is just what we need to dominate the positive
contributions of higher order and bring the Yamabe quotient below the critical
value.

Taylor expanding near p we see that

1S

and furthermore*

o929 o ¢ 0?8 -
—— i dr = —— ‘2 doyd
/;6(0) &U@xﬂ (p)l’ x ua T /0 /%”%T) 8%23333 (p).’lf g ua ooar

= C/ AS(p)|z|*u2 dz
Bc(0)

——CWE) [ o

Be(0)

so in view of Lemma 3.1.9,

_ [ A=C(OW(p)a’ + Oc(a’), n>6
Qy(tlac) = { A — C(OIW(p)2a*log 1 /a + O.(a®), n =

as a — 0. This completes the proof. O]

3.2.2 The case n € {3,4,5},orn>6and W =0

The resolution of the remaining cases involve the construction of a global test
function using the Green function of the conformal Laplacian. The resulting
test metric has zero scalar curvature away from the blow-up area. First we
recall the notion of a Green function.

Definition 3.2.1. Let (M, g) be a compact Riemannian manifold and D be a
smooth linear differential operator in M. A Green function of D at p € M is a

4Here we use the following fact: if A is a symmetric n x n matrix, then

/ (Az,z) dx = C(n)tr A.
Sn—1
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function I', € C*°(M \ p) satisfying DI', = ¢, in the sense of distributions, i.e

/ IpD*udp, =u(p) YVue C*(M),
M

where D* is the formal adjoint of D. Likewise, a Green kernel is a symmetric
mapping (p,q) — I'(p,q) that is C* off the diagonal and T'(p,-) is a Green
kernel at p.

The existence of Green functions and kernels for an operator D is invaluable
in the study of non-homogeneous problems involving D. For example, it is
straightforward to verify that the convolution

I flq) = /M I(p. )/ (0)dpsy(p), P €M

is a solution of Du = f in the sense of distributions, provided that the integral
makes sense. We are particularly interested in the Green functions of the con-
formal Laplacian, so a natural starting point is the Laplace-Beltrami operator.
In particular we have the following classical result, for a proof see Aubin [5].

Theorem 3.2.2 (Green kernel for —A). Let (M, g) be a compact Riemannian
manifold of dimension n > 3. Then there exists a Green kernel of —A, such
that for all u € C*(M)

u(p) = Mg(lM) /A IU(q) dpg(q) — /M ['(q, p)Au(p) diy(q). (3.34)

Moreover, T 1s bounded from below and satisfies the estimates
T(p.q)| < Cd(p.a)""?,  |V,I(p,q)| < Cd(p,q)""",

IV2L(p,q)| < Cd(p,q) ™"

Since I' is bounded from below, I'(p, q) > ¢ for some ¢ € R. It follows that
I' — cis a positive Green kernel for —A. The existence of a positive Green kernel
is of central importance in problems involving the Laplacian. In fact, we can
extend this result for the conformal Laplacian, provided that S > 0. Theorem
3.1.15 covers the case A(M, g) < 0, so this is sufficient for our purposes.

In Section 3.1.3 we used stereographic projection to pull back the round
metric g, of S to a metric of R™ that is conformal to the standard metric -
namely x*g, = uf*_Qgg - effectively transferring the spherical problem to Eu-
clidean space, which has zero scalar curvature. It follows that

%k 2-2*
go =0 ul Yo,

so in view of the Yamabe equation the conformal factor u?~% must satisfy

Du;' = 0. Moreover, note that the new metric is singular at the north pole
n. In fact, closer investigation reveals that u;' is just a multiple of the Green
function of D at n.

This procedure is not restricted to S™. Given any compact Riemannian
manifold (M, g) with A(M,g) > 0 and a point p € M, constant multiples of
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the metric T2 ~2g - with T'p being the Green function of D at p - all have
zero scalar curvature in the non-compact manifold M \ p. This motivates the
following definition.

Definition 3.2.2 (Stereographic projection). Let (M, g) be a compact Rieman-
nian manifold such that (M, g) > 0. Moreover, let p € M and I'y, denote the
Green function of D at p. The stereographic projection of (M, g) from p is the
natural map o : (M \ p,g) — (M, §), where

M=M\p, §=G27%, Gp=p(n-—2)u(S"")Tp. (3.35)

So the image of a stereographic projection is always a non-compact manifold
with zero scalar curvature. In fact, more is true: it is asymptotically flat.
Before we give the definition of asymptotic flatness, let us fix some notation on
asymptotic behaviour. For a tensor field 7', we write T'= O™ (r") whenever

T=0@"), VT=00"" Vke{l,...,m}.
In particular, we write O’ for O', O” for O? and so forth.

Definition 3.2.3. A non-compact Riemannian manifold (M, g) is said to be
asymptotically flat of order 7 > 0 if it admits a decomposition M = My U M,
where M is compact and M, is a neighbourhood of co with the property that
there exist R > 0 and coordinates z : My, — R™\ Bg(0) such that

9= 1+0"(|z[7))="g.
In that case, we call the coordinates z asymptotic coordinates of M of order 7.

To prove the asymptotic flatness of the stereographic projection, we need
the following estimates for the Green function of the conformal Laplacian.

Theorem 3.2.3. Let G, = p(n — 2)uo(S"1)T'p as in Definition 3.2.2, and let
(U, x) be a conformal normal coordinate chart centered at p. Then G possesses
the asymptotic expansion

Gp = ||~ 2( +ZSO1€ ) + clog |z| + O"(1), (3.36)

where i, € Pilx] for k=4,...,n and c is a constant that can be taken to be 0
if n is even.

In particular, if n = 3,4, or 5 or if (M, g) is locally conformally flat at p,
the asymptotic expansion is

Gy = Fm A+ 0" (|a]). (3.37)

"nQ

where m is a constant.
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Sketch of proof. Switching to conformal normal coordinates (U, z) centered at
p and then passing to polar coordinates (r, &) with r = |z|, we have

n—1

g=dr@dr+ ) gapds® ®ds’,

a,Bf=1

where go3 := g(0¢o,0¢s). In these coordinates the Riemannian volume form is
wy = dx = r"tdr A d€, thus the Laplacian has the form

10,0 < 9 .50
A, = Tn_lar” 15 + Z —— g —.
In view of this formula, it is evident that the Laplacian A, acts on radial
functions centered at p the same way as the Euclidean Laplacian Ay. Moreover,
since gog = O”(r?), it follows that g*# = O"(r=2).

Recalling the fact that Agr?™" = (n — 2)16(S"1)dp and since S = O”(r?),
straightforward calculation reveals that

D(Gp —r*") = O"(r*™™), (3.38)

so the problem now is to examine the remainder term. If n € {3,4,5} the
remainder is O(r~1). Since r=' € LY(U) for ¢ < n, by local elliptic regularity
we have that G, — r?™" € W24(U), and then the Sobolev embedding theorem
implies that G, — r*™" € C%*(U) for 0 < @ < 6 — n, and the expansion (3.37)
follows. If (M, g) is locally conformally flat at p, things are even simpler since
we can choose g;; = d;;, and consequently D(Gp — r*™™) = 0 and Gp, — r*™" €
C>*(U), as a consequence of local elliptic regularity.

The general expansion (3.36) requires a closer investigation of the remainder,
and we omit it as it will not be needed in the sequel, for more details see Lee
& Parker [20] or Schoen & Yau [23]. O

A fact of key importance for the resolution of the remaining cases of the
Yamabe problem is that the constant m in the above expansion is non-negative
and becomes zero if and only if (M, g) is conformally equivalent to the standard
sphere (S™, g,). We have chosen the symbol m since this quantity turns out to
be closely related to the concept of mass in general relativity, and the positivity
of m is then a consequence of the positive mass theorem, for a summary see Lee
& Parker [20].

For the time being let us investigate the asymptotic behavior of the stereo-
graphic projection (M, g). To this end, we introduce inverted conformal normal
coordinates as follows. Let p € M and let (U, z) be conformal normal coordi-
nates centered at p. Putting z = x/|z|? on U \ p, the induced vector fields

are -
O _ 1 (5 2N 0
0z 22\ |22 ) Oxd
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U\ p will play the role of the neighborhood of infinity of M that we are looking
for. Setting v, = |2|"2Gp = 1+ O(|z|), in the above coordinates we evaluate

g= Gf:*Qg
- 75)*_2’Z|4g(8zi7 azﬂ)dzz ® de
*— 2 i 2 . . ‘

=221+ O"(|2))(d2t @ d2t + - + d2" @ d2"),

where we have used the fact that g(9x,0y) = 0y + O”(|z|?) in normal coordi-
nates. In addition, if (M, g) is locally conformally flat at p, the we may take
G(Oyr,0p1) = Oy and the O”(|z|7?) term is redundant. Combining this with the
assymptotic expansion of vy, in view of Theorem 3.2.3, we conclude that:

Corollary 3.2.4. Let (M, G) be the stereographic projection of the Riemannian
manifold (M, g) from p € M. Then, in inverted conformal normal coordinates
z =x/|x|* in a punctured neighbourhood of p, § has the assymptotic expansion

G=7 1+ 0" (| ) (d' @dt + -+ d2" @d2"),  (3.39)

where v, = |x["2Gyp.
In particular, if n = 3,4 or 5, or (M, g) is locally conformally flat at p, g
has the assymptolic expansion

g=1+0"(|zP")(d' @dz' + -+ +d2" @ d2"),
and 1s thus aymptotically flat of order n — 2.

We are now in a position to give the proof of the solubility of the Yamabe
problem in the remaining cases.

Theorem 3.2.5. Let (M, g) be a compact Riemannian manifold of dimension
n > 3, not conformally equivalent to (S", g,). If n = 3,4 or 5 or if (M,q) is
locally conformally flat, then AN(M,qg) < A(S™,¢o). In particular, the Yamabe
problem possesses a solution in those cases.

Proof. The main idea of the proof is to construct a global test function with
zero scalar curvature away from the reference point p using the stereographic
projection. We examine the case where n > 6 and (M, g) is locally conformally
flat at p. In this case, we may choose flat conformal normal coordinates (U, x)
in a neighbourhood of p, i.e g;; = d;;, while the Green function with pole at p
has the expansion .
Gp = W+m+a(m),

where a(z) = O"(|z|) as x — 0 and m > 0 by the positive mass theorem.

Recall the minimizers of the Sobolev quotient wu, which we introduced in
Section 3.1.3, as well as the test functions u,. = 7.u, used in the proof of
Theorem 3.2.1. We modify these local test functions into global ones, in the
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spirit outlined above, to be

uq (), x| <e
Uge =4 Go(Gp(x) —near(z)), € <lz| <2,
apGp(z), |z| > 2¢

where ag = ap(a, €) is chosen so that @, . is a Lipschitz continuous function in
M, and therefore 4, . € W'?(M). In particular, aq is given by

ag = (" +m)! <L> = 0.(a"7).

a?+ €2

We proceed with estimating the energy of 4, .. We break this estimate into two
parts, the internal one in B, = {|z| < €} and the external one in the exterior of
B..

For the exterior estimate we obtain

Eonline) = [ (plerad i+ S22, d
M\B.
- / ag(p| grad Gp|* + SGZ) du
M\ Bz,
[ dplemad(Gr — na) P+ (G — )
36\326
= / ag(p| grad Gp|? +SG12))dug
M\B.
+f bl mxad(1)]" — g G, 12 (1)) iy
Be BQE

Since a = O”(|z]) and | grad Gp| < C|z|'™™, it follows that the second term is
< Cea?. As for the first term, integrating by parts and taking into account that
DGp = —pAG, + SGp, = 0 away from P, we obtain

oG
| aolaad GoP 4 5G3) duy =t [ G2 d,
M\ B, OB, v

Regarding the interior estimate, we proceed much like the case of the local
test function in the proof of Theorem 3.2.1. Since S = 0 in B,, it follows that

gint (ﬂa,e) = / (p’ grad /&GGP + Sai,e) dlu'g
= / p| grad u,|? dz

:n(n—2)p/ ufdm%—p/ ua%dao
. OB, al/

2
*

o " o 2 ou,
<n(n-—2)p u; dx u, dr) +p Ug—— doy
€ € aBG ay
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2

" o B Ju,
< A(S", g) ;. dr )] +p Ug—— doyg.
Mo op. OV

In addition, similar to the proof of Theorem 3.2.1, for a < e <1 we have that

/ @z du, Z/ u? dr > C(e).
Mo B.

We now turn our attention to the boundary terms on dB,. For |z| = ¢, by
straightforward calculation we see that

o (0~ (" 4 me ) + O(E),
ua% = —(n—2)ai (e + 2me' ") + O ").

Finally, it follows that

E () < A", go)||tia,c

“ v P ov

> +Cea3+/

0B

(u % -G 8Gp) doy,

and consequently
Q,(tige) < AS™, go) — Cle)(m — €)a" > + o.(a™?).

Choosing first ¢ < m and then a < e small enough yields the conclusion.

The case n € {3,4,5} is very similar. The expansion of the Green function
is identical, and the main difference is that since no local conformal flatness is
assumed, in conformal normal coordinates we instead have g;; = d;; + O(|z|?)
and S = O(|z|*). These changes only contribute higher order terms which are
of no consequence to the conclusion. O

This completes the solution of the Yamabe problem. B
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Chapter 4

The spinorial Yamabe problem

4.1 Introduction

Let (M,g,0) be a compact Riemannian spin manifold of dimension n > 2.
Then for (M, g,o0) there is an associated, canonically defined Dirac operator
D, : I'(XM) — I'(XM), ie a first-order, self-adjoint elliptic operator whose
square is of Laplace type, acting on sections of the associated spinor bundle
YM (spinor fields). D, possesses a discrete real spectrum {\f}%° ; of the form

C00 A <A <0=c=0< A <-or < AT = 00,

while the multiplicity of the zero eigenvalue, i.e the dimension of ker ®, is known
to be a conformal invariant. The eigenvalues are of course dependent on the
metric g.

A problem which is directly related to the Yamabe problem is to minimize
(resp. maximize) the value of the first positive eigenvalue A\ (D,) (resp. the
first negative eigenvalue A\; (®,)) whithin a given conformal class G. To see the
connection, note that in 1986 Hijazi was able to prove that for n > 3 the lower
bound N , n

N@F >
holds, where A{(D,) is the first eigenvalue of the conformal Laplacian D, =
—pA, + S,. On the other hand, the definition of the Yamabe invariant implies
that

/\I(DQ)

M (Dg)ﬂg(M)z/n > AN(M, g),

so combining these we obtain the lower bound

NE(D,) g (M) > ¢ A(M. g)

4(n—1)

provided that the Yamabe invariant is positive. From our discussion so far it is
obvious that the right hand side is conformally invariant, so this suggests that
the quantity in the left hand side is the appropriate one to study in the setting
of conformal geometry. Note that in this context one can choose p, (M) = 1, so
minimizing this quantity with that assumption also minimizes |\ (D,)|. With
this in mind, set

)\—i—

min



42 Chapter 4. The spinorial Yamabe problem

Studying this functional, i.e the existence and regularity of minimizers, is known
as the SPINORIAL YAMABE PROBLEM, and it can be though of as a first-order
analogue of the classical Yamabe problem.
Indeed, the similarities are many. Note that by definition we have \f. > 0.
It can actually be shown that
)\+

min

(M,G,0) >0,
and just as with the Yamabe problem,

)‘r—;in(M7 G7 U) S )\I—’I—lin(Sn7 9o, UO)'
Moreover, the infimum is attained within a generalised conformal class enlarged
by some singular metrics provided that

)\+

min(M7 G7 J) < Ar—i_lin(gn? Yo, UO)'

These results were established by Ammann [4, 2, 3], on whom our presentation
is based.

4.2 A rough outline of spin geometry

While a complete account of the classical theory of spinors is well beyond the
scope and time restrictions of this thesis, we offer a review of the basic notions
with the hope that the reader will feel comfortable with what will follow, or
that they would perhaps feel motivated to study the material in further detail
themselves. The lecture notes by Bér |6], by which this outline was inspired,
is an excellent place to continue; see also the notes by Hijazi [15]. For a more
comprehensive treatment, there is also the standard reference of Lawson &
Michelsohn [18].

Clifford algebras and the spin group. Let V be a vector space of dimen-
sion n, equipped with a symmetric, non-degenerate bilinear form g. The Clifford
algebra of (V,g) is the quotient

Cl(V,g) :=T°V/I(V,qg),

where

™V ::@T,?V, I(V,g) = (v®@v+g(v,v)l:veV).
k=0

Note that by the polarisation identity the quotient relation implies the relation
VRWF+wRv=—-2¢g(v,w)l

in Cl(V,g). The algebra multiplication ® will instead be denoted by - within
the Clifford algebra. Moreover, if {e1,...,e,} is a g-orthonormal basis, a basis
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of CI(V, g) is given by
{ef*---emm ay,...,a, € {0,1}},

which implies that dim C1(V, g) = 2". By lifting the antipodal map — Idy, we
obtain a natural Zs-grading

CL(V,g) = CI°(V, g) & C1'(V, g),

where the direct summands are the even and odd elements respectively. Note
that €2 = —1, so Cl(n) can be thought of a generalisation of the complex
numbers in higher dimensions. In fact, CI(1) = C and Cl(2) = H.

The standard Clifford algebra in n elements is Cl(n) := CI(R", go), which is
generated by the standard orthonormal basis of R", together with the relations

€; €j + €j € = —251]

Then for v € R™\ 0, the Clifford relation implies v* = —|v|?1, so in particular
R"™\ 0 C CI*(n). Moreover, if v € S""! C R", then v~! = —v. The spin group
in n elements is the multiplicative subgroup of even spherical elements, i.e

Spin(n) = {vy -+ vam 1 v; € S" 1 m € Ny}
Straightforward calculation reveals that if v € S"7!, then v - w-v™' = —(w —
2(v,w)v) is a reflection, hence the adjoint map Ad,(w) = v-w - v~ ! is the
opposite of a reflection along the hyperplane v*. As a matter of fact Ad :
Spin(n) — SO(n) is a double covering, i.e we have the following short exact

sequence
1 — Zy — Spin(n) Ad, SO(n) — 1.
In the words of Michael Atiyah, spin geometry is the square root of geometry,

which is a reflection of just this fact. Spin(n), like SO(n), is a Lie group of the
same dimension, which is

%n(n —1).

For example, Spin(1) = Z, and Spin(2) = U(1).

Spinors and spin structures. Let Cl(n) := Cl(n) ®g C denote the complex-
ification of the real Clifford algebra Cl(n). For even n = 2m, the standard basis
of C?™ will be denoted {ey, €1, ..., €m,ém}. We switch to the complex basis

1 1

fori=1,...,m. Putting w := 2z, - - - Z,,, let

Yom = span{zf - 29" @ ay, ... a, € {0,1}} = C*".
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Then we have a representation Cl(2m) — End(Xs,,) obtained by Clifford mul-
tiplication (which is actually a complex algebra isomorphism), as well as a de-
composition of 3y, = X3 @Y, into positive and negative chirality subspaces.
The restriction o9, : Spin(2m) — GL(Xa,,) is called the spinor representation.
Note that oy, is chirality-preserving and hence not irreducible. Owing to this
we obtain two sub-representations o, : Spin(2m) — GL(X3,). The properties
of the Clifford multiplication imply that it is skew-symmetric with respect to
vector multiplication, i.e

<U'§07¢>:_<%U'¢>a UGR2m7 3071/}622m

Subsequently this implies that if v € S*™~!, ¢ — v- ¢ is unitary, and hence oy,
is a unitary representation.

For n = 2m — 1, note first that the map R* — C1°(2m), v + v - egy, in-
duces an algebra isomorphism Cl(2m — 1) = C1°(2m). We define the spinor
space Mg, 1 := Yg.., on which Cl(2m — 1) acts with via the aforementioned
identification. Restricting on the spin group we obtain the representation
Oom—1 : Spin(2m — 1) — GL(Xg,,—1), which is again unitary.

So, to summarise, we have constructed unitary representations o,, : Spin(n) —
U(2,) of dimension dim ¥,, = 2["/2 where [-] denotes the integer part. The ele-
ments of 3, are called spinors, and elements of the spin group may be identified
with their unitary action on spinors.

Finally, a spin structure on a Riemannian manifold (M, g) of dimension n
is a principal Spin(n)-bundle Spin(M) which is a double cover o : Spin(M) —
SO(M) of the orthonormal frame bundle SO(M) that is equivariant with re-
spect to the double covering Ad : Spin(n) — SO(n) outlined in the previ-
ous paragraph. A Riemannian spin manifold is then a triple (M, g,o). The
spinor bundle of (M, g, o) is defined to be the associated vector bundle ¥ M :=
Spin(n) X,, X,, on which the spin group acts via the unitary representation. It
caries a natural Hermitian metric (-,-), inherited by g¢; the pair will be denoted
by (XM, g). Sections of XM are called spinor fields. It is worth noting here
that not every manifold can admit a spin structure, and if it does, it need not
be unique.

The classical Dirac operator. For each Riemannian spin manifold (M, g, o)
there is an associated canonically defined connection V> : T'(XM) — ['(T*M ®
Y M) which is metric with respect to the standard spinor Hermitian form, i.e

X{p,0) = (V. ¥) + (0, V3U),
and which is also compatible with the Levi-Civita connection V of (M, g), i.e
V(Y -Y)=VxY -+ Y - V3.

The superscript -> will be dropped from now on when there is no risk of confu-
sion. The classical Dirac operator of (M,g,0), ®,: I'(XM) — I'(XM) is then
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given by the composition

T(SM) S T(T*M ® M) 5 T(TM @ SM) 25 p(sMm),
where § = fi; is the musical isomorphism and the last mapping is Clifford mul-
tiplication. Choosing a local orthonormal frame {ey, ..., e,}, we have the local
expression

n
Dgp =Y e Ve,
i=1
D, is a first-order elliptic self-adjoint differential operator, whose square is
Laplace type (i.e has principal symbol 2(D2)(&) = —[£|?). It possesses a real,
discrete, symmetric with respect to zero spectrum, converging to +oo. By
standard elliptic theory, each eigenvalue has finite multiplicity.
We now examine the regularity of solutions of the Dirac equation D¢ = .

Theorem 4.2.1 (Elliptic regularity for the Dirac operator). Let (M, g,0) be
a compact Riemannian spin manifold, and suppose that ¢p € WFI(XM). If
o € WHY(EM) is a weak solution of D,p = 1, then ¢ € WF14(SM) and
there is a positive constant C' = C(M, g,0) such that

HSOHWHM(EM) < C(’WHW’W(ZM) + H7Tker©g(90)HLq(2M)),
where Ty, 5 the L*-orthogonal projection onto the kernel of D,.

The C*-version of this is entirely analogous.

4.3 The conformally invariant functional

Like the Yamabe problem, the spinorial Yamabe problem admits a variational
formulation. Constructing the conformaly invariant functional is not straight-
forward; although the Dirac operator is, in a sense to be described, conformally
invariant, its square is not, and this indicates that we should abandon the
idea of a quadratic form, as was the case with the Yamabe problem which was
second-order. Moreover, we are interested in a functional which is bounded,
since we need to establish a relationship between extremals of the functional
and minimizers of \!. (M, g,0). First we note the following.

Theorem 4.3.1 (Conformal transformation formula for the Dirac Operator).
Let g = u?g for some u € C(M). Then there is an isomorphism of vector
bundles F : (XM, g) — (XM, g) which is a fiber-wise isometry, such that

D,F () = F(um 02D /%), (4.2)

For a self-contained proof see Hijazi [15], note however that the result is origi-
nally due to Hitchin. It is convenient to define

o= F(u D2y,
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and implicitly make the identification (¢, g) = (¢, ). Then it is a matter of
straightforward calculations to show that

Dy = u" D,

and moreover 3
<¢7 95>§ - ul—n<¢7 30>97 Wg = unwg‘
This implies that the top-form

(D, ) g wy

is conformally invariant (with the above identification in mind). It is also
straightforward to verify that the quantities ||9||zr(sar,g) and |Dgt0||Lo(uarg) are
conformally invariant if and only if p = 2* := 2n/(n—1) and ¢ = 21 := 2n/(n+1)
respectively!.

While it might be tempting to define a functional using the simpler quantity
| - lr2* (s0,g), it turns out that choosing the seminorm [|D, - HLQT(EMy) offers
more freedom and leads to Euler-Lagrange equations that can be more easily
manipulated for our purposes. For reasons that are similar to the ones that
occurred when treating the classical Yamabe problem, for ¢ € [27,2] we define
the family of functionals Q% : W'4(XM) \ ker ©, — R given by the quotient

fM Db, ) gdpug
||©g¢||Lq (ZM,g)

To check that this is well-defined, let p be the Holder-conjugate of ¢, i.e 1/p +
1/¢ = 1. Because of the embedding W¢ < L% < [P, the nominator is
integrable by Hoélder’s inequality, and the denominator is positive and finite by
definition. Moreover, the self-adjointness of ®, ensures that chz is real.

Now let ¢ € WH(XM) \ ker®,. Since QI(¢Y + ) = Qi(tp) for any
Vrer € ker D, we may assume without loss of generality that ¢ € (ker®,)".
Then Theorem 4.2.1 implies ||[¢||wrasmrg) < Cl|Dg¥| Lasmr,g), and therefore

Qs(¥) = (4.3)

190 Lam.g) 191 Lo (201,9)
1Dl 2a(sarg)

|Q4(¥)] < <C,

SO Qg is bounded. Let
q._ o q
)\g ‘= sup Qg.
Chosing an eigenspinor ¢ to a positive eigenvalue of D, as a test spinor, we
readily see that A\! > Qf(v) > 0.

Given a conformal class G, there is a closely related functional outlined in
Section 4.1, namely J : G — R,

J(g) = AT(QQ)NQ(M)I/nv Ami (M,G,0) :=infJ. (4.4)

min

!Note that 2* is the fractional Sobolev exponent of order s = 1/2; in general it is p* :=
np/(n — sp). 21 is then the Holder-conjugate of 2*
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T (M, g,o) will be given shortly;
for the time being let us first give some properties of the values AJ.

The relationship between quantities A7 and AE

Lemma 4.3.2 (Properties of \!). The function q — X!, q € 2T, 00) is contin-
uous from the right and

If, moreover, py,(M) =1, then q — N} is non-increasing.

Proof. Continuity and monotonicity are proven in a manner which is entirely
analogous to Lemma 3.1.3. As for the claim \? = 1/A{(D,), one has to simply
use the spectral theorem: for ¢ = Y, _, oy, direct computation yields

Q2) = Tzt
! > kez A}
This is maximized in the direction of the first positive eigenspinor ¢;", and the
claim follows. O
Theorem 4.3.3. There holds \2' = 1/\}. (M, g,0).

Proof. Since )\f; is conformally invariant by construction, we have that for any
g € g with (M) = 1,

N =22 > 02 =1/ (D;),

therefore A2' > 1/\F. (M, g, 0).

For the opposite inequality, let ¢, € T'(3M) be such that Qf; (he) > /\f;T —€
and ||®g1/JE||L21(EM’g) = 1, and we may assume that D 1. is non-vanishing (up
to a small perturbation, which may be done without loss of generality). Setting

= |1D,0s’ " g, we caleulate pg, (M) =1 and |D,.10|,. = 1. Therefore

Qf,* (1) = Q5 (1) = Q (1) < X3, < 1/AT(Dy) = 1/AL, (M. 5,0).
Taking € — 0 yields the conclusion. ]

With that settled let us turn our attention to the Euler-Lagrange equations
of Q1. The critical points ¢ € Wha($M) of Qf are the ones for which the
Gateaux derivative

d

il Qq(w+ tp) =

)
Hggwl\m(wg)/ v 199l Tatzang)

D4t D1, D)

vanishes for all ¢ € W4(XM). Hence a maximizer ¢ of Q17 that is normalised
by HggTPHq(EM,g) = 1 must satisfy

Qg()‘g|©g¢|q_2@g¢ - 1/}) =0. (4-5)

This is the Euler-Lagrange equation associated with Qf, which is fully non-
linear, but we can actually do better. Since for any x # 0 and Yy, € ker ®, we



48 Chapter 4. The spinorial Yamabe problem

have QI(KY) + Yier) = QI(¢), there is a lot of room to manipulate the equation.
Note that elliptic regularity implies that Ag\@gw|q_29gw —1) is smooth. Setting
Py i= M|D |77 D g1, we see that Dgihy = Dy1) and therefore ¢y € WHI(XM),
1D g1 || Lazarg) = 1. Moreover, direct calculation yields

Dgthr = (APl P24y, (4.6)
and further substituting ¢ := 11/ A¢ yields the equation
XDy = P2, (4.7)

which is equivalent to (4.5) and (4.6), while one can check by direct calculation
that ¢ is still a maximizing spinor of Qf. Finally, note that for ¢ = 21 the
equation becomes

D0 = Mel* 20, A=\ (M, g,0). (4.8)
Now if D,1 is non-vanishing, ¢ is non-vanishing. setting g := |¢|¥("Vg,

we calculate |¢|; = 1 and pg(M) = 1, and moreover

LN (5) = X2 2 Q2(p) > Q21 (p) = Q2'(9) = A2 = 1/, (M. 5.0).
Since by definition we have A\, (M, g,0) < A\ (D;), it follows that § is a mini-
mizer of J : g — R. Note that by a simple rescaling argument the same is true
for the metric § := |D ¥/ g,

If, on the other hand, ¢ is a smooth minimizer of 7 : G — R and % is
an eigenspinor to A\ (D,), then ¢ is a maximizer of QEJT. Thus we have estab-
lished a correspondence between maximising solutions of (4.8) and minimizers

of \f. (M,g,0).

min

4.4 QOverview of main results

There are striking similarities between the spinorial and the classical Yamabe
problem. One basic difference is the absence of a maximum principle for solu-
tions of the Dirac equation, and therefore one does not get the positivity and
nice regularity properties of solutions to the Yamabe equations. The situation
can be amended if one looks for solutions in an enlarged conformal class modi-
fied to include some “almost smooth” metrics. In any case, one can show that,
similar to the classical Yamabe problem, there is the following upper bound
with respect to the standard round spin sphere (S, g,, 0,)%.

Theorem 4.4.1 (Ammann). Let (M, g,0) be a compact Riemannian spin man-
ifold of dimension n >3, orn =2 and ker ®, # {0}. Then

+
)\min

(M,§,0) < At (S", oy 00).

min

2The sphere S™ is diffeomorphic to Spin(n+1)/ Spin(n), and carries a natural spin structure
Spin(n+1) — S™, with o, : Spin(n+1) — SO(S™, go) given in a more or less obvious manner
(for a detailed construction, see the Appendix section of [21])
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Sketch of proof. The proof is given by the construction of a suitable Aubin-type
spinor, which is given as a linear combination of Killing fields and essentially
corresponds to blow-ups by standard round spin spheres, as was the case with
the classical Yamabe problem. O

To describe the enlarged conformal class within which one should look for
solutions, set C’Slnf‘g(]\/[) = {ue C(M):ue C®M\u'0)), suppu = M}.
These functions are smooth except from their zero-set, which is of measure zero,
were they are at least C1®. The enlarged conformal class of a metric ¢ is then
defined to be

g={u" Vg :u>0uecCy (M)}

sing

An important fact is that enlarging the conformal class in such a manner does
not change the value of \T. i.e

inf 7 =inf J.
g g

Then we have a result that resolves the problem in terms of the criticality of
A which is very similar to Theorem 3.1.15.

Theorem 4.4.2 (Ammann). Let (M, g,0) be a compact Riemannian spin man-
ifold of dimension n > 2, and suppose that
AT

min

(M., g,0) < A\hin(S", Go,s 00).-
In that case:

1. There is a spinor field p € CL% (M) such that

sing

Dy = ANel” 0, A=A

(M7g7 U)’
normalised by ||p||2» = 1.

2. There is a generalized conformal metric g € g such that pz(M) =1 and

(M7g7 O-)

Sketch of proof. As with the classical Yamabe problem, we consider the family
of functionals Q? for ¢ > 2f. In direct analogy, these are subcritical and pos-
sess maximizers o, € LI(XM) satisfying (4.7) and ||¢ql/zr(zrg) = 1, and the
question is to investigate the limit ¢ — 27. A suitable regularity result then
reveals that {¢,} is uniformly bounded in C**(XM) as ¢ — 27, and hence
uniformly bounded in C**(X M) in view of the C'*-version of Theorem 4.2.1.
The Arzela-Ascoli theorem and Theorem 4.3.2 then imply that ¢, converges to
a solution ¢ satisfying (4.8) which is a maximizer of ng with [|¢|[2» = 1.

The second statement is a direct consequence of the first. Given such a
spinor field ¢, set g = ]90\4/(”_1)9, and the discussion of the previous section
implies the required properties. [
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