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Abstract

In this thesis we provide a detailed proof of Israel’s uniqueness theorem of the
Schwarzschild solution [28] in the more general setting proven by Bunting and
Masood-ul-Alam [8]. The methods used in the proof of the generalized unique-
ness theorem has had an important impact in many later proofs such as higher
dimensional analogs of uniqueness theorems for the Schwarzschild solution [26], [21]
and the Riemannian Penrose inequality by Bray [7]. General relativity is the best
theory so far describing gravity together with Einstein’s equation which relates the
spacetime geometry to the matter distribution. One of the most important exact
solutions of Einstein’s equation is the Schwarzschild solution. It describes the ex-
terior gravitational field of a static, spherically symmetric body, it predicts several
phenomena of general relativity in our solar system and for a massive, spherical
body that has gravitationally collapsed it describes the spacetime in vacuum which
contains a singularity within a black hole.

After showing some facts for Lorentzian geometry and special relativity, we prove
Birkhoff’s theorem, that the Schwarzschild metric is the unique spherical solution
in vacuum, and describe the Kruskal coordinates which extends the Schwarzschild
metric to the whole spacetime with a singularity. Afterwards we show what are the
initial data for the well-posedness of the Einstein’s equation in vacuum and their
constraint equations. At last we prove that the Schwarzschild metric is the unique
static, asymptotically flat, vacuum spacetime with regular event horizon without
assuming that the event horizon is connected.
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Introduction

Before the formulation of general relativity, Newton’s model of the solar system could
predict precicely the trajectory of most planets. But the perihelion of Mercury was
falling behind its observed position at the rate of about 43 seconds of arc per century.
In 1915, Einstein completed his famous equation that binds together gravity and
the curvature of spacetime. Before a relativistic model of the solar system, he
eliminated the 43 seconds lag of the perihelion of Mercury. Some weeks later Karl
Schwarzschild had discovered the relativistic model outside an isolated, spherically
symmetric star and the first non-trivial exact solution of the Einstein equations [49].
Later it was called Schwarzschild metric. At the time, Schwarzschild, was serving in
the German army and was hospitalized by an illness that soon proved mortal ([37,
p. xv]). Later, it was discovered that massive stars which gravitationally collapse to
themselves, produces a black hole that can be described by the Schwarzschild model
with an event horizon at r = 2M. In 1923 Birkhoff proved that the only spherically
symmetric solution that can exist in a vacuum is the Schwarzschild metric without
assuming the metric being static [6]. This is called Birkhoff’s theorem. According
to Johansen and Ravndal in [29, p. 2], the theorem was discovered and published in
1921 with a different method by Jgrg Tofte Jebsen. At the time he was ill and died
in 1922. In 1969 Yvonne Choquet-Bruhat together with Robert Geroch showed the
well-posedness of the initial value problem for the Einstein equations globally. They
showed that for a given initial data, which satisfies the constraint equations, there
exists a unique maximal globally hyperbolic development.

In 1967, Werner Israel anounced the first black hole uniqueness theorem. He
proved that a certain class of static, asymptotically flat solutions of the Einstein
equations in a vacuum can only be the Schwarzschild solution. This result initiated
research on black hole uniqueness theorems which continues today ([42, p. 2]). After
a year he extended his result for static, electrovac spacetimes [27]. Meaning that
the only static spacetime satisfing his assumptions was the spherically symmetic
Reissner-Nordstrom solution. In the next years some of the assumptions of Israels
first proof was shown that they were not neccesary [23].

A new approach was introduced in 1986 for proving uniqueness of black holes
by Gary L. Bunting and A. K. M. Masood-ul-Alam in [8]. By using results from
the positive mass theorem, proved in 1979 [46] by Schoen and Yau, and Bartnik’s
n-dimensional positive mass theorem for spin manifolds, proved in 1986 [1], they
showed a generalization of Israel’s theorem in which the assumption of connected
event horizon was not necessary. This means that there cannot be more than one
black hole in a static, assymptotically flat, vacuum spacetime. This was done by
first constructing an appropriate conformal manifold to satisfy the conditions of the
positive mass theorem. Then by using the positive mass theorem from Bartnik,
they show that the starting manifold is conformally flat. Here, it is important to be
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noted that the metric needed for the positive mass theorem of Bartnik is required
to be of lower regularity than that of Shoen and Yau’s, this is essential for the proof
of Bunting and Masood-ul-Alam. After that, it can be shown that the conformally
flat metric of the manifold is spherically symmetric and thus the metric of the
spacetime is the Schwarzshild metric. The first geometric approach of constructing
the conformal manifold had the benefit that it didn’t need any assumptions on the
dimension of the manifold. So it has been used for higher dimensional proofs of
the same kind. The next part of the proof which uses conformal flatness to prove
spherical symmetry doesnt generalize that simply to higher dimensions because it
uses the Cotton tensor.

For a very insightfull presentation of the Schwarzschild metric, Israel’s proof,
Bunting and Masood-ul-Alam’s proof and black hole uniqueness theorems in higher
dimensions we refer the video lectures from ICTP School on Geometry and Gravity
[11], [12], [13], [14]. Also, for an extended description of the history of black hole
uniqueness theorems we refer the reader to [42].

The purpose of this thesis is to make an introduction to special and general
relativity with some of their important implications such as the Birkhoffs theo-
rem, the Kruskal diagram, which is used to better understand the singularities of
the Schwarzschild metric, and the Cauchy hypersurfaces. In the end we provide a
detailed proof of the generalized uniqueness theorem from Bunting and Masood-
ul-Alam using many important results from [1]. For that we first need to under-
stand some basic concepts of semi-Riemannian manifolds and the causal character of
Lorentzian geometry so that we can distinguish the possibilities that are presented
to us when using Lorentzian or Riemannian geometry.



Chapter 1

Semi-Riemannian Geometry

In Riemannian geometry we define the Riemannian metric as a symmetric, positive
definite, (0,2) tensor. In general relativity we use a generalization of the Riemannian
metric which is called semi-Riemannian metric (or pseudo-Riemannian metric).
In this section we will show some basic properties.

1.1 Scalar Product Spaces

Definition 1.1.1. Suppose V' is a finite dimensional vector space andb:V xV — R
15 a symmetric R-bilinear function.

1. If b(v,v) > 0 for v # 0 then it is called positive definite.

2. If b(v,v) >0 for allv € V then it is called positive semidefinite.
)
)

(

(
3. If b(v,v) <0 for v #0 then it is called negative definite.
4. If b(v,v) <0 for allv € V then it is called negative semidefinite.
(

5. If b(v,w) =0 for all w € V implies v = 0 then it is called nondegenerate.

Lemma 1.1.2. Suppose b is a symmetric covariant 2-tensor on a finite dimensional
vector space V. The following are equivalent:

(a) b is nondegenerate.
(b) For every nonzero v € V, there is some w € V' such that b(v,w) # 0.

(¢) The linear map b:V — V* defined by b(v)(w) = b(v,w) for allv,w € V is an
isomorphism.

Proof. (a) <= (b) is immediate.
(b) <= (c) because
Assume
kerb = {v € V : b(v)(w) = b(v,w) = 0 Yw € V}
imb={k € V*:bv)(w)=k(w)}

So we have (b) equivalent with Imb = V* and b(v)(w) = 0 only for v = 0 which
is equivalent to Kerb = {0}. So b is an isomorphism. O

1
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Remark 1.1.3. If b is a symmetric bilinear form on V' then for every W subspace
of V' the restriction b|(W x W) is again symmetric and bilinear. We will denote the
restriction as b|W

Lemma 1.1.4 (Polarization Identity). Suppose symmetric bilinear form. Then

b(v,w) = 1(b(v+w,v+w) —b(v —w,v—w))

4
1
= 5(()(7) +w,v + w) — b(v,v) — b(w,w))
For a base ey, ..., e, of V we denote b;; = b(e;, e;) which is the elements of the
metrix of b relative to the base ey, ..., e,. And since b is symetric we can write

b(z 'Uiei, Z wjej) = Z bijviwj

Lemma 1.1.5. /38, p. /7] A symmetric bilinear form is nondegenerate if and only
if its matriz relative to one basis is invertible.

Proof. Let eq,...,e, abasis of V and v € V. Then we have for all w € V
b(v,w)=0 <= b(v, Zwiei) =0
= Z w'b(v, e;)

<~  b(v,e) =0

for i = 1,...,n. the matrix (b;;) is symmetric and so
b(U, 62‘) = b(z vjej, 61') = Z bijvj

Thus b is degenerate if and only if there exist numbers v!, ..., v™ not all zero such
that .

> bigt!
for : = 1,...,n. But this is equivalent to the linear dependence of the columns of
(b;;) which is equivalent to (b;;) being singular. So b is nondegenerate if and only if
(b;;) is invertible. O

Definition 1.1.6. Suppose a vector space V' and a bilinear form b :V xV — R.
If b is nondegererate and symmetric then we call b scalar product and V scalar
product space.

One of the new phenomena that happens when we have a scalar product in
contrast to the inner product (positive definite) is that there exists vectors v # 0
which have b(v,v) = 0. These vectors are called null.

Example 1.1.7. [38, p. /8] Define the symmetric bilinear form b : R* x R*? — R by
b(v, w) = vyw; — vaws

The null vectors fill the lines 45 degrees of the azxes. For vectors v,w € Vand ¢ # 0
the quadratic forms b(v,v) = ¢, b(w,w) = —c are hyperbolas asymptotic to the null
lines.

Two vectors v,w € V are still defined orthogonal when b(v,w) = 0. But when
b is a scalar product we cannot imagine orthogonal vectors as vectors at 90 degrees
with each other.
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o Ifv € R? is a null vector then v L v.

o If (2,0),(0,y) € R? then (z,0) L (0,y).

o If (x,9), (y,x) € R? then (z,y) L (y,z)

Assume (V,b) is a scalar product space and W is a subspace of V', then
W ={veV:bvw) =0, Vwe W}

Another difference in scalar product spaces is that in general for a subspace
W C V we can have W + W+ £ V. For example let W = span{(1,1)}, then
Wt =w.

Lemma 1.1.8. [31, p. 41] If W is a subspace of a scalar product space V', then
1. dim W +dim Wt = dim V
2. (WHt=w
Proof. (1.) We define a linear map
® : V — W* such that ®(v) = b(v)|w
We have that
veker® <= b(v,w)=bv)(w)=0, for all w € W

So ker ® = W+, If ¢ € W* then there exists an extension ¢ € V such that gz~5|W = ¢.
Since b is isomorphic (see Lemma 1.1.2) there exists a v € V such that b(v) = ¢ and
from the restriction we have ®(v) = ¢ which implies that ® is surjective.

From the rank-nullity theorem we have that

dim V' — dimker & = dimim ¢
but we have shown that ker ® = W+, im® = W*, so
dimV —dimW* =dimW* =dimW = dimW +dimW* =dimV
(2.) We note that every w € W is orthogonal to every z € W+ by definition, so
W cWwhHt (1.1)
From the previous assertion we have

dimW +dim W+ =dimV

= dim W = dim(W+)*
dimW* + dim(W4)* = dim V} . m(W)

So this together with (1.1) we have W = (W+)+. O

We will call a subspace W C V nondegenerate if b|W is nondegenerate. Sub-
spaces of scalar product spaces are not necessarilly scalar product spaces. Some
subspaces are degenerate, for example a null vector z € V has span(z) degenerate
since if non zero wy, we € span(z) then

b(wy, wy) = b(az,fz) =0 Vwsy € span(z)
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Lemma 1.1.9. Suppose W C V is a subspace of a scalar product space. The
following are equivalent:

(a) W is nondegenerate
(b) Wnwt ={0}
(c) V=WeoWt
Proof. (a) <= (b): We write
WAWt={weW:bwk)=0VkeW}
and by definition
W nondegenerate <= (b(w,k) =0, Vk e W = w =0)
So it is immediate
W nondegenerate <= WNWLt=0
(b) <= (c): Its known that
dim(W + W) + dim(W N W) = dim W + dim W+
so WNW+ =0 if and only if
dim(W 4+ W) = dim W + dim W+ = dim V,
where the last equality is from Lemma 1.1.8, and this is equivalent with
WeWwt=v
O

Lemma 1.1.10. Suppose W C V of a scalar product space. Then W is non degen-
erate if and only if W is nondegenerate.

Proof. We use the previous Lemma and the fact that (W+)* =W

W+ nondegenetate <= V =W+a (WH)*
= V=Wrtew
<= W nondegenerate

]
A nondegenerate subspace can always be expanded to the nondegenerate space.

Lemma 1.1.11 (Completion of Nondegenerate Bases). [31, p. 41] Suppose V a
scalar product space and vy, ...,v; span a nondegenerate k-dimensional subspace in
V owith 0 < k < n. Then there exist vectors viy1,...,v, such that vi,... v, is a
nondegenerate basis for V.
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Proof. Let W = span(vy,...,v;) C V. Since k < n we have W+ # 0 nondegenerate
and Wt @ W =V from Lemma 1.1.9. We have W+ # 0 because if W+ = 0
nondegenerate then

{0teW =V = W=V

which is a contradiction from hypothesis. So because W+ is nondegenerate there
exists a vector vy; € W+ such that b(vgy1,ves1) # 0 and then (v, ..., vp, 1) span
a nondegenerate subspace. We repeat this to get vy, ..., v,. O

We define the norm of the vectors in a scalar product space (V,b) as
Jul = [b(u, u)['/?

since b(u,u) can be negative. We call v € V' a unit vector when |u| = 1 meaning
b(u,u) = £1. We can always find an orthonormal base to a scalar product space
similarly to a vector space with inner product.

Proposition 1.1.12. (Gram-Schmidt Algorithm for Scalar Products)[31, p. 42]

Suppose V an n-dimensional scalar product space. If (v1,...,v,) is a basis of V', then
there is an orthonormal basis (wy, ..., w,) with the property that span(wy, ..., wy) =
span(vy,...,vx) for each k=1,....n

Proof. We will prove it by induction.
Let wy = vy /|vq]. Since span(v;) is a nondegenerate subspace then |v| # 0.

Assume that we have an orthonormal base (wy,...,wy). We write
Z = Vk4+1 — i —b(vk+17wi)w'
* — b(wz, wl) !

We notice that b(w;,w;) = £1 and so z € V is nonzero, z L wy,...z L wy and
span(wy, ... wy, z) = span(vy, ..., Vg1)-

e b(w;,w;) = %1 since wy, ..., wy is an orthonormal base.
e z |l wy,...,z L wyg because
b b(v w;)
k-‘rl) 7
b(Z wl) =b| g1 — E Wi, W1
i=1 wl) w’L

k
Vi1 W;
b(Uk+1, wl Z L)b(b,, bl)

b(w;, w;)

= b<Uk+17 w1) b(Vry1, w1)

It is the same for every w;.

We need to exclude the possibility that z is a null vector. If b(z,z) = 0 then z L z,

but z L wy,...,z L wg. So z L span(wy, ..., w) and since z L z we have that
z L span(wy, ..., wy, z). But span(wy, ..., w, 2) = span(vy, ..., vxy1) which implies
z L span(vy,...,v,y1). This means that

b(z,v) =0, Vv € span(vy,..., V1)



Chapter 1. Semi-Riemannian Geometry 6

then by nondegeneracy of span(vy, ..., vgy1) we have that z = 0 which is a contra-
diction.
We complete the step of induction by writing

VA
W41 = m

O

Suppose eq,...e, is an orthonormal base for V. Then the matrix of b relative to
the base is diagonal and
b(ei, ej) = 5ij5j
where €; = b(e;,e;) = £1. After reordering the orthonormal base such that the
negative signs come first in the signature (eq,...,¢,).
Like in inner product spaces we can still write vectors by their orthonormal
expansion.

Lemma 1.1.13. Let (V,b) be an n-dimensional scalar product space. If ey,... e,
is an orthonormal base of V', then each v € V has a unique expression

v = Zsib(v, ei)e
such that e; = b(e;, €;).
Proof. We will show that
b(v — Zeib(v, ee,w)=0 YweV

then from nondegeneracy of V' we have the Lemma. It suffices to prove the above
for each element of the base eq,...,e€,.

b <v — Zfib(va ei)eéi, ej)

b(v,e;) = b b(v, e; el,ej>

(v,€5) —

(v,e5) — Ze v,e;)b(e;, €5)
(v,e5) —g;b(v, e;)b(ej, €5)
(v,¢;) — €5b(v, ¢))
(v, e5) —b(v,

€)

v,

CB

J

v, €

G“

v, €

b
b
b
b
0

]

Definition 1.1.14. Let V be a scalar product space and W a nondegenerate subspace
of V. We the orthogonal projection w:V — W to be the surjective linear map
such that m|yw+ = 0 and 7|y = idw. An orthonormal base (ey,...,ex) of W can
always be expanded to a basis for V', and so

k
= Z gib(v, e;)e
i=1

Definition 1.1.15. /38, p. 47] The index v of a symmetric bilinear form b on V
is the largest integer that is the dimension of a subspace W C V' on which b|W is
negative definite.
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Sometimes we will refer to the index v of the scalar product b of V' as the index
of V and we will write v = indV. The following Lemma tells us that the number
of negative signs in an orthonormal base and the largest dimension of a subspace in
which b is negative definite are equal and that they are independent from the choice
of orthonormal base. This property is sometimes called Sylvester’s Law of Inertia.

Lemma 1.1.16. [38, p. 51] Let V' be an n-dimensional scalar product space with

b scalar product. For any orthonormal basis ey, ..., e, of V the number of negative
signs in the signature (1, ...,&,) is the index v of V.
Proof. Suppose the first d numbers of the signature (1, ..., &,) have negative signs.

If b is definite then the proof is trivial.

Suppose 0 < d < n. Then the index v of b satisfies v > d by definition of the
index. Now we wish to show the opposite inequality. Suppose W is a subspace of
V such that b is negative definite on W and dim W = v. Let N be the subspace
of V such that N = span(ey,...,eq), so b is negative definite. Then we define the
orthogonal projection 7: W — N

If we show that 7 is injective then dim W < dim N and so we have v = d. To show
this, first we write w by its orthonormal expansion

d n
w=— Z b(w,e;)e; + Z b(w, e;)e;
i=1 i=d+1

To show 7 is injective, suppose m(w) = 0. So we can write
n
w = Z b(w, e;)e;
i=d+1
Then we compute

b(w, w) = b(w, Z b(w, e;)e;)

i=d+1

— Z b(w, e;)b(w, €;)

i=d+1

= Z b(w, e;)*

i=d+1
So b(w,w) > 0. But w € W and g is negative definite in W. So we have

b(w,e;) =0, forj>d
and since b is nondegenerate w = 0. Thus 7 is injective. [

These are important because for nondegenerate subspaces W we can find an
orthonormal base of V such that V = W + W+ and from the previous lemma
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Lemma 1.1.17. Let V be an n-dimensional scalar product space and W a nonde-
generate subspace. then

indV = indW + indW+*

Proof. Since W is a nondegenerate subspace we have shown that W+ is nondegener-
ate. Since W, W+ are scalar product spaces, they have orthonormal bases (ey, . . ., ey)
for W and (g1, ..., e,) for Wt with indexes indW,indW+. But (e, ...,ep,...,e,)
is an orthonormal base for V. Assume that the number of negative signs in the sig-
nature of W is d, of W+ is [ and of V is r. Then we have

indV =r =d+ 1= indW + indW+
O

The kind of maps which preserve the index of scalar product spaces are linear
isometries.

Definition 1.1.18. Assume scalar product spaces V' and V with scalar products b
and b . A linear map T : V — V is called linear isometry when:

e T preserves scalar products such that

b(Tv, Tw) = b(v,w) for all v,w €V

Remark 1.1.19. We notice that a linear isometry is necessarily injective, because
Tv=0 = bw,w)=0foralw = ov=0

Lemma 1.1.20. /38, p. 52] Suppose (V,b) and (V,b) scalar product spaces. Then
dimV = dimV and indV = indV f and only if there exists a linear isometry

T:V V.

Proof. (:>)78uppose orthonormal bases e1, ..., e, for V and é,...,&, for V. Since
indV =ind V', we have

b(ei, e;) = b(e;, ) forall i € {1,...,n}

Let T be a linear transformation such that Te; = ;. So this means B(Tei,Tej) =
b(e;, ej), which is a linear isometry. So for v,w € V' we have

v = E v'e; B

= b(Tv,Tw) = b(v,w)

(«=) Since T' is a linear isometry, if (ei,...,e,) is an orthonormal base of V/
then (Teq,...,Te,) is an orthonormal base of V. Hence
dimV = dim V'

and because from the linear isometry

b(Tei, T€Z> = b(ei, 61') = &;
we have equal number of negative signs of the signatures of V and V. Hence

indV =indV.
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1.2 Semi-Riemannian Metric

Riemannian metrics are symmetric tensor fields g € 7,°(M) such that on every point
p of M they are positive definite. We define the semi-Riemannian metric accordingly
for scalar product spaces.

Definition 1.2.1. Assume M a smooth manifold. If g € T9(M) is a symmetric
nondegenerate tensor field of constant index, then it is called metric tensor when
for each p € M, g, is a scalar product of T,M and has the same index for all p.

When a smooth manifold M has a metric tensor g it will be called semi-Riemannian
manifold. Since by definition the index v of the scalar product g, is the same for all
p we can sometimes simply say the index of M.

o If v =0 then M is a Riemannian manifold.

o If v=1, n > 2 then M will be called Lorentz manifold.

For the metric tensor g sometimes we will write equivalently g(v, w) = (v, w).

Example 1.2.2. In the Riemannian case one of the simplest examples of a flat
Riemannian manifold was the euclidean space R". For vectors vy, w, € T,R" it can
be defined a positive definite metric

(vp, wp) E v'w'

In the semi-Riemannian case one of the simplest examples of a flat semi- Riemannian
manifold is the Minkowsk: space R].. This is the Euclidean space with a metric
tensor g of index v such that:

E: 2: Y
(Up, wp) = — v'w' + viw
Jj=v+1

Remark 1.2.3. [t is not true that if we have an n-dimensional semi-Riemannian
manifold M with index v then every base of T,M containts v timelike vectors and
n — v spacelike vectors. We can see that in the Lorentzian case, the Minkowski space
R} has a base of vectors (1,0,0,0),(1,1,0,0),(1,1,1,0),(1,1,1,1). They are one
timelike vector, one null vector and two spacelike vectors.

We notice that, as was the case in scalar product spaces, there exists non-zero
vectors with positive, negative and zero length.

Definition 1.2.4. Suppose M is a semi-Riemannian manifold. Then for a vector
v, € T,M

o if (vy,v,) >0 foruv, #0 orifv, =0 then it is called spacelike,
o if (vy,v,) =0 forv, # 0 then it is called null,

o if (vy,v,) <0 forv, # 0 then it is called timelike.
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Remark 1.2.5. [38, p. 56] The set of all null vectors in T,M is called the nullcone
at p € M. The category into which a given tangent vector falls is called its causal
character. This terminology derives from relativity theory, and particularly in the
Lorentz case, null vectors are also said to be lightlike.

So on a semi-Riemannian manifold M we have a decomposition of the tangent
spaces T,,M, for every point p € M, in spacelike, null and timelike vectors. Lets see
again the Example 1.1.7 the Minkowski space R? with the metric tensor (v, w) =

—vtw! + v?w?. Assume a # 0 and a timelike vector v, such that (v,v) = —a®. So
(vh)?  (v?)?
(v,v) = —a> = —(')+)=-a? = i 1
We conclude that the timelike vectors with g(v,v) = —a? form rectangular hy-

perbolas with major semi-axis y-coordinate axis. Null vectors form their asymptotes
since g(w,w) = 0. And spacelike vectors u form rectangular hyperbolas with major
semi-axis the x-coordinate axis since for b # 0

<u,u> _ 62 — (u2>2 (ul)Q -1

The above are in contrast the Euclidean case since for (v,v) = a? the set of vectors
formed a circle. This may give us a hint that also the angles will be measured
differently. In a later section we will show that for timelike vectors in Lorentz vector
space the inverse Cauchy-Schwarz inequality holds.

A difference between Riemannian metric and semi-Riemannian metrics is that
we cant always induce a metric tensor to a submanifold from the ambient manifold.
Let M be a Riemannian manifold with metric ¢ and N a submanifold. For each
subspace T,N of T, M we can induce the metric i*(g), from the inclusion i : N < M,
to N which makes it a Riemannian manifold. But in the case of a nondegenerate
metric tensor g of M, i*(g) is not always a metric tensor because 7, N may not be
nondegenerate for some p € M or the index may not be the same for all p.

Definition 1.2.6. Suppose (M, g) is a semi-Riemannian manifold and N C M is a
submanifold such that we have the inclusion i : N — M. Ifi*(g) is a metric tensor
on N, then N s a semi-Riemannian submanifold of M.

1.3 Parallel Translation

Suppose (M, g) is a semi-Riemannian manifold and v : I — M a smooth curve.
Then a smooth map X : I — T'M, where T'M is the tangent bundle, is said to be
an element of X(y). X assigns to each ¢ € I a tangent vector to M at a(t). The
velocity 7/ is a vector field on v, as is the restriction Y, of any Y € X(M).

Proposition 1.3.1. [/1, p. 18] Let (M, g) be a semi-Riemannian manifold, I C R
be an open interval and v : I — M be a smooth curve. Then there is a unique

function

XHX/:%
dt
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such that X, X" € X(v). This map satisfies the following properties:

(X +bXy) = aX] + bX, (a,b € R) (1.2)
(fX) = (df/d) X + fX' (h € C=(1)) (1.3)

(V,) = Doy (V) teryex(m) (14
(d/dt)(X1, Xo) = (X7, Xo) + (X1, X3) (1.5)

For a vector field X on v when X is tangent to v, meaning X = 4/, we can write
X' = 1" and we call it the acceleration of v. We could try to define X’ = D, X and
7" = D, for X tangent to v, but this would not be entirely correct since X is not
a vector field of M but a vector field of 7. But it is correct to write X' = D)X
only at points 7(t9) where 7/(¢y) # 0 and some neighborhood of ¢.

In coordinates we write

X,:Z{ka ZF d(z’ 0'7 j}ak (1.6)

k

Definition 1.3.2. [41, p. 19] Let (M,g) be a semi-Riemannian manifold, I C R an
open interval and 7y : I — M a smooth curve. Then X € X(v) is parallel along ~
if and only if X' = 0.

Proposition 1.3.3. Let (M, g) be a semi-Riemannian manifold, I C R be an open
interval and v : I — M be a smooth curve. If to € I and § € Ty, M, then there is
a unique X € X(7y) such that X' =0 and X (to) = &.

Due to the previous proposition we can define a map called parallel translation.

Definition 1.3.4. Let (M, g) be a semi-Riemannian manifold. I C R be an open
interval with to,t; € I and v : I — M be a smooth curve. Suppose & € Ty\M and
X € X() such that X" =0 and X (ty) = £. Then the map

P T M = Ty M
such that P(§) = X (t1) is called parallel translation along v from ~(to) to v(t1)

Proposition 1.3.5. Let (M, g) be a semi-Riemannian, I C R be an open interval
and vy : I — M be a smooth curve. Suppose to,t; € I and p; = y(t;), i = 0,1. then
parallel translation along v from ~(ty) to vy(t1) is a linear isometry from T, M to

T, M.

Since parallel translation is a linear isometry of the tangent spaces then the
causal character of tangent vectors, curves, and submanifolds are preserved from
Lemma 1.1.20. Another map that preserves the causal character is the conformal
maps with positive conformal factor.

Definition 1.3.6. Suppose X € X(v) is parallel along v such that X = X'0,, and
v(to) = p,v(t1) = q. If the parallel translation from point p to point q along any
curve is just the canonical isomorphism

P(X'0,,|,) = X044

then we call it distant parallelism.
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Example 1.3.7. Assume we have the Minkowski space R, a smooth curve v and
a vector field X € X(v) parallel along . Since Minkowski space has Fk = 0, with
respect to the natural coordinates, from equation (1.6) we have

dx*
X =0 = Z—ak_o

It follows that X is parallel along v if and only if the X* are constants on v with
respect to the standard basis. So the parallel translations are distant parallelisms
since the vectors are constant along arbitrary smooth curves of the Minkowski space.
This means that the result does not depend on the curve. This is the case for Eu-
clidean and Minkowski space because the natural coodrinate vector fields are parallel
and hence so are their restrictions on any curve. This is not true in general for
other spaces.

We can use parallel transport in a very convinient way. Assume an orthonormal
basis ey, ..., e, for T,) M and then parallel transport the vectors e; along the curve
~v. By that we get the parallel vector fields Ei, ..., E, along v and because parallel
transport is a linear isometry we have that the parallel vector field is an orthonomal
basis for each y(t). For a vector field X (t) = X(t)E;(t) by taking its covariant
derivative along a curve we have
o X

dt
dX(t)
S dt

Ei(t) + X'(t)(Ei(t))

E;(t)

In conclusion we have that a vector field is parallel along ~ if and only if its compo-
nents are constant with respect to the frame (£;).

1.4 Geodesics

Definition 1.4.1. [41, p. 20] Let M, g be a semi-Riemannian manifold, I C R be
an open interval and v : I — M be a smooth curve. Then ~ is said to be a geodesic
if v = 0 or equivalently if v € X(v) is parallel.

Corollary 1.4.2. [38, p. 67] Let o', ..., 2™ be a coordinate system on U C M. A
curve vy in U is a geodesic of M if and only if its coordinate functions x* o~ satisfy

(zF o*y xo*y)dQ(:CJOfy)
F =0
Z =
for 1 <k <n. The above is sometimes called geodesic equation.

When the context is obvious we will use the abbreviation of the geodesic equation

d?(z%) e 2’ dz’ da’
de? U dt

2y

for 1 < k < n such that
= akon, T =TE(y)
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Proposition 1.4.3. Let (M, g) be a semi-Riemannian manifold, p € M and v €
T,M. Then there is a unique geodesic v : I — M with the properties that

e [ C R is an open interval such that 0 € I,
. 7(0) =0,

e [ is maximal in the sense that if o : J — M is a geodesic (with J an open
interval, 0 € J and o/(0) =0), then J C I and o = |;.

The geodesics in the previous proposition are called maximal geodesics or
geodesically inextendible. For a maximal geodesic  with initial velocity 7/(0) =
v we will frequently use the notation ~,.

Definition 1.4.4. Let (M, g) be a semi-Riemannian manifold and v : I — M be
a mazximal geodesic of M. If I = R then v is called complete geodesic. If all
mazimal geodesics the of semi-Riemannian manifold M are complete geodesics then
M is called complete.

So a complete geodesic is a curve v : I — M that if given an inicial velocity +/
then it doesnt stop. If we remove a point from a complete geodesic then it loses its
completeness since given an initial velocity it will stop for some ¢ € I.

Example 1.4.5. Suppose the Minkowski space R]. Since its Christofell symbols
vanish it easy to see that the geodesic equation becomes

d2z?

dt

=0

such that 1 <1 < n. So the components of the geodesics in the Minkowski space are
T (t) = tv' + p'

for all t and p*,v; € R. Meaning that the geodesics are straight lines
() =tv+p

and R? is a geodesically complete.

Note that if we remove a point from a comples space then it becomes not com-
plete. For example R \ {0} is not complete.

Remark 1.4.6. If v is a geodesic then

d
3 =00+ 00" =0
So (v',7') is constant.

Definition 1.4.7. Let M be a semi-Riemannian manifold, I C R be an open inter-
van and « be a curve in M. Then

o if (d/,a/) >0 and o' #0 or o/ =0 then « is called spacelike curve,

e if (o/,d/) <0 and o # 0 then « is called timelike curve,
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o if (o/,/) =0 and o/ # 0 then « is called null curve,
o if a is timelike or null then it is called causal curve.

An arbitrary curve « is not necessarilly any of the above, so it doesnt have
a causal character. This means that an arbitrary curve may have some spacelike
velocity vectors, some timelike velocity vectors and some null vectors for t € I. But
a geodesic v has one causal character of the above since 7/ is parallel and parallel
translation preserves the causal character of vectors.

1.5 Exponential Map

In the next Lemma we see that it is possible by increasing the velocity of the geodesic
to decrease the length of the interval that the geodesic is defined. Conversely, we
can decrease the interval that the geodesic is defined to increase the velocity of the
geodesic.

Lemma 1.5.1 (Rescaling Lemma). [31, p. 127] Suppose M is a semi-Riemannian
manifold and v : (=9,8) — M a geodesic such that v(0) = p and +'(0) = v. Then
the geodesic y.v for c € R;c > 0 is defined on the interval (—d/c,d/c) and

Vev (t> = 'Vv<0t)

This Leema makes it possible to define a very importan map for semi-Riemannian
and Riemannian geometry.

Definition 1.5.2. [31, p. 128] Suppose M a semi-Riemannian manifold and a
geodesic v : I — M such that v(0) = p and +'(0) = v. Let the subset D C TM be

D ={veTM :~, is defined on an interval containing [0, 1]}
The we define the exponential map exp : D — M by
exp(v) = 7u(1)

For each p € M we can define the exponential map exp,, as the restriction of exp to
the set D, = DNT,M.

We notice that the exponential map exp, carries lines through the origin of T, M
to geodesics of M through p since

exp,,(tv) = Y (1) = 74(t)

Proposition 1.5.3. For each p € M there exists a neighborhood U of 0 € T,M

such that the exponential map exp, is a diffeomorphism onto a neghborhood U of p
wmn M.

e Suppose S is a subset of a vector space. If v € S implies tv € S for all
0 <t <1 then S is called starshaped about 0.

e Suppose U and U are as in the proposition 1.5.3. Then if U is starshaped
about 0 (the zero section), then U is called normal neighborhood of p.
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Proposition 1.5.4. [38, p. 72] If U is a normal neighborhood of p € M, then
Jor each point q € U there is a unique geodesic o : [0,1] = U from p to q in U.
Furthermore o’(0) = exp,*(p) € U.

Definition 1.5.5. Suppose o is the geodesic of a semi-Riemannian manifold M,
where o(0) = p,o(1) = q and U a normal neighborhood of p € M. Let v =
exp;l(q) € U and p(t) = tv € U then the geodesic o(t) = exp, op, which lies in
U, is called radial geodesic.

Example 1.5.6. [38, p. 73] In the Example 1.4.5 we showed that the geodesics of the
Minkowski space with initial velocity v, € T,R? are the straight lines v(t) = tv + p.
So from the definition map we have that

expp(vp) =v(l)=v+p

We can express the exponential map exp, : T,R} — R} as the composition of the
canonical tsomorphism T,R} = R? and the translation x — p + x. This maps are
both diffeomorphisms and so we have that exp,, : T,R}, — R} is a diffeomorphism. If
T,R} has the usual metric tensor then the canonical isomorphism and the translation
are isometries, so exp, is also an isometry.

From that we also notice that since TR} is starshaped, then R} is a normal
neighborhood around all of its points.

Assume a semi-Riemannian manifold (M, g).
e For an orthonormal basis (b;) of T,M we define the basis isomorphism
B:R" = T,M
such that B(z!, ..., 2") = 2'l;.
e Around p we define U = exp,(V') the normal neighborhood of p
Then by combining the above we get a smooth coordinate map

¢=B"o(exp,|v) " : U —R"

T,M —5°  Re

¢

(exp, [v)™*

U

This coordinate map is called normal coordinate centered at p.

Proposition 1.5.7. (Uniqueness of Normal Coordinates)[31, p. 132] Let (M, g) be
a Riemannian or semi-Riemannian n-manifold, p € M and U be a normal neigh-

borhood of p. Then

1. For every normal coordinate chart on U centered at p, the coordinate basis is
orthonormal at p.
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2. For every orthonormal basis (b;) of T,M, there is a unique normal coordinate
chart (z*) on U such that
Oilp =
fori=1,....n
Proof. For (1). Suppose normal coordinate chart (U, ¢) centered at p such that
¢ = (x',...,2") and ¢(p) = 0. Then from the definition we have that

¢p=DB"o exp,, !
such that B : R — T,M is the basis isomorphism B(v',...,v") = v'b; where (b;)
is some orthonormal basis of T,,M. We notice that
d¢, ' = d(exp,)o o dBy
Because d(exp,)o = idr,» and B is a linear map we have

do, ' =

So for the coordinate basis of T, M we have
= de, (0, | s(p)=0) = B(0z,l0) = bs

which shows that the coordinate ba81s is orthonormal at p.

For (2). Suppose orthonormal basis (b;) on T,,M. We define the basis isomor-
phism B determined on the orthonormal basis (b;), then we can define a normal
coordinate map ¢ = B~ o exp, ! which satisfies

p:bi

as it was shown in (1),
Now to show the uniqueness, assume another normal coordinate chart

(5: B! oexp;1

Then we notice that

(;Boqﬁ’l = BiloengloeprOB =B 'oB

So ¢ o ¢! is a linear map and so d(¢p o ¢7') = gE o¢~!. We know that two the
coordinate charts ¢, ¢ are the same if and only if d(¢o ¢ ') = idgn. So from this we
have that

o=10
and so the normal coordinate chart centered at p is unique. O

Definition 1.5.8. /38, p. 129] An open set V in a semi-Riemannian manifold is
convex when V is a normal neighborhood of each of its points.

In particular for any tow points p,q € V there is a unique geodesic segment
»q - [0,1] = M from p to ¢ that lies entirely in V.

Definition 1.5.9. Ifp and q are points of a convex open setV and o, is the geodesic
inV from p = 0,,(0) to q = 0p4(1), the displacement vector pq is o,,,(0) € T,M.
An important fact is that local isometries of connected manifolds are completely

determined by their values and differentials at a single point.

Proposition 1.5.10. Let M and N be semi-Riemannian manifolds and M con-
nected. Suppose ¢, : M — N are local isometries. If for p € M we have

o(p) = ¥(p) and dé, = dib,, then ¢ =1 at every point in M.



Chapter 2

Lorentzian Geometry

2.1 Causality of Lorentzian Geometry

Definition 2.1.1. A scalar product space of index 1 and dimension n > 2 is called
Lorentz vector space.

Definition 2.1.2. /38, p. 141] Suppose V' is a Lorentz vector space with scalar
product g and W its a subspace.

o [f glw is positive definite, then W is said to be spacelike.
o If glw is nondegenerate of index 1, then W is timelike.
o [f glw is degenerate, then W is lightlike.

Similar to vectors in the tangent space, the category in which the subspaces fall
is called the causal character.

In Lemma 1.1.9 we showed that a subspace W of a scalar product space V is
nondegenerate if and only if its W= is nondegenerate if and only if V = W @ W+,
Here we make a similar argument by taking into account its causal character also.

Lemma 2.1.3. [38, p. 141] If z is a timelike vector in a Lorentz vector space V,
then the subspace z* is spacelike and V = span(z) @ z+.

From Lemma 1.1.8 we have that (W) = W, so from the above we have that

e IV is timelike if and only if W+ is spacelike,
o IV is lightlike if and only if W+ is lightlike.

For the spacelike subspaces all the properties of vector subspaces with inner
product are the same. For the timelike and lightlike we have some characteristic
properties.

Lemma 2.1.4. /38, p. 1/1] Let W be a subspace of dimension n > 2 in a Lorentz
vector space. Then the following are equivalent:

1. W is timelike, hence is itself a Lorentz vector space.

2. W contains two linearly independent null vector.

17
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3. W contains a timelike vector.

Lemma 2.1.5. /38, p. 142] For a subspace W of a Lorentz vector space the following
are equivalent:

1. W s lightlike, that is, degenerate.
2. W contains a null vector but not a timelike vector.

3. WNA=L\DO0, where L is a one-dimensional subspace and A is the nullcone

of V.

2.2 Timecones

We can now examine if there are analogue properties of timelike vector with the
spacelike vectors such as triangle inequality or the Cauchy-Schwarz inequality. First
we need to be able to distinguish two different sets of timelike vectors.

Definition 2.2.1. /38, p. 143] Let T be the set of all timelike vectors in a Lorentz
vector space V. Foru € T

Clu)={veT:(uv) <0}

is the timecone of V' containing u.

e The opposite timecone is

C(—u) =—C(u) ={v e T :(u,v) >0}

We have shown that ut is spacelike, so T = C(u) U C(—u).
We can distinguish when two timelike vectors are in the same timecone with the
following Lemma.

Lemma 2.2.2. [38, p. 143] Assume V is a Lorentzian vector space and the timelike
vectors v,w,u € V. Then v,w € C(u) or v,w € —C(u) if and only if (v,w) < 0.

Proof. We can assume that u is a unit timelike vector since C(u/|u|) = C(u).

From Lemma 1.1.12 there is an orthonormal base ey, eq,...,e, of V such that
ep = u. Soeq,...,e, € ut and by Lemma 2.1.3 ey, ..., e, are spacelike vectors.
Now we can write v = > _ v'e; for i € {0,1,...,n} and

(v,u) = (WVu+vle; + -+ v e, u)
= (VOu,u) + (vlep,u) + -+ + (V"e,, u)
vo(u u)
0

—v

If v € C(u), this implies with the above that v° > 0. We showed

e v € C(u) if and only if v° > 0,
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e v € —C(u) if and only if % < 0.

Let x = Y z'e; where 7 = x'e; + - - 2"

(x,x) = (Z z'e;, inei)
= ($0)2<u’ u> + (371)2(61, €1> 4+ ... 4 (xn)2<€m €n>
= — (@) + @) 4+ (@)

= —(2°)" + |7l

€n.

If z is timelike then

(x,7) <0 <= —(2")?+||z||3. <0
= () > ||z|Zn
= |2° > ||z]|pn (1)

Since we used equivalences, we showed
e 7 is timelike if and only if |2°] > || 7|z~

For v = vle; + ---v", and w = w'e; + - --w"e, we define the timelike vectors
v, W

Then we see that

(v, w) = (V°u + v, wu + W)gn
= 0%’ (u, u) + (U, 0)gn
= —UOUJO + <1_),U_J>Rn
We have shown that v,w timelike vectors if and only if [0°] > ||9||gn, |[w°| >
||w||gn. This together with Cauchy-Schwarz gives us
(0, @) re < 1|0l | D] < 0%

This means

(0, 0)pn < "W’ or (v, W)gr < —0W°

This shows that
e (v,w) <0 if and only if sign(v°) = sign(w).

Assume that v,w € C(u), then v°,w® > 0. So we have (v,w) < 0. Similar for
v,we —C(u).

Assume that (v, w) < 0. Then v° w" have the same sign and so v, w € C(u) or
v,w € —C(u). O

Also the timecones are convex sets. This is easy to see since for v,w € C(u) and
if a > 0,b > 0 not both zero then av 4+ bw € C(u) because

{av + bw, av + bw) = a*{v,v) + b*(w, w) + 2ab{v, w)
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From definition of timecone v, w are timelike and (v, w) < 0. This implies that
(av +bw,av +bw) <0 <= av+bw e C(u)

From Lemma 2.2.2 we have a way to characterize vectors in a timecone. From
that we showed that the timecones are convex so linear combination of timelike
vectors cant escape from them.

Now we show that for timelike vectors in a Lorentz vector space has some anal-
ogous properties with the inner product case.

Proposition 2.2.3. [38, p. 144] Let V be a Lorentz vector space and v,w € V are
timelike vectors. Then

1. the inverse Cauchy-Schwarz inequality holds
[(v, w)] = [vlfwl,
with equality if and only if v,w are collinear.

2. If v,w are in the same timecone of V,. there is a unique number ¢ > 0, called
the hyperbolic angle between v, w, such that

(v, w) = —|v[|w| cosh ¢
Proof. (1.) We write w = av + w, with @ € v*. So we have

= a*{av + W, av + W)
= a*(v,v) + (w0, w) + 2(v, w)
= a*{v,v) + (W, W) (2.1)

(w, w)

So

(v,w)? = (v, av + W)*

= (a{v,v) + (v, w))*

a*(v,v)?
= ((w, w) — (w, w)) (v, v)
= (w, w){v,v) — (w,w){v,v) (2.2)

where in the second from last equality we use (2.1). We know that w, v are timelike
vectors and w is a spacelike vector, so

(w, w)(v,v) >0

(@, @) (v,v) < 0} = (0w)" > (w,w)o,v) = ol

where the implication comes from (2.2).
If v,w € V are collinear it holds that

w, v collinear

1117

= (w, w)(v, v)
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(2.) From Lemma 2.2.2 if v,w € C(u) then (v,w) < 0 and so from (1.)

(v, w)

v

1
[ol|w]

From the equation
cosh? ¢ — sinh® ¢ = 1,

we have
coshop > 1
So for a unique ¢ > 0 we have
cosh ¢ = — (v, w)
|v][w]

m
Because the Cauchy-Schwarz inequality is backwards so is the triangle inequality.

Corollary 2.2.4. [38, p. 144] If v,w are timelike vectors in the same timecone then
ol + |w] < fv + w],
with equality if and only if v,w are collinear.

Proof. v,w are in the same timecone if and only if (v,w) < 0. From the inverse
Cauchy-Schwarz we have
[ollw] < =(v, w) (2.3)

hence
([o] + Jw])? = [v? + 2ol jw| + Jw]* < v = 2(v,w) + |w]? (2.4)

where the inequality holds from (2.3),

|U|2 - 2<U>w> + |w|2 = |<va>| - 2<U7w> + <w7w>
= —(v,v) — (w,w) — 2(v,w)
= —((v,v) + (w,w) + (v,w) + (v, w))
= —({(v,w+v) + (v + w,w))

=—(v+w,v+w)
= [{v+ w,v + w)| (2.5)
= |v+w|? (2.6)

where the Equation 2.5 holds since if v, w € C(u) then v +w € C(u).
So from (2.4) and (2.6) we have

(fol +wh)? < lv+wf = ol + |w] < Jv+wl

From the inverse Cauchy-Schwarz we have that v, w are collinear if and only if
|v||lw| = —(v,w). So the inequality in (2.4) becomes an equality and we have from
the same calculations

juf + [w] = v+ w|

and the inverse holds since we only used equalities. O



Chapter 2. Lorentzian Geometry 22

The above Corollary tells us that when we are in a timecone the shortest path
between two points is not a straight line anymore. In fact it will be longer to follow
a straight line than going around it.

Definition 2.2.5. Assume V' a Lorentz vector space.
o [fv eV isanull or timelike vector then we call it causal.

e Ifv is a timelike vector then C(v) is the set of all causal vectors w such that
(v,w) <0 and we call it the causal cone containing v.

Since we have shown that timecones are convex we consider if timelike curves
can change timecones. First some definitions that we will find useful

e A map a: [a,b] - M is a curve segment provided that it has a smooth
extension to an open interval containing a, b.

e A map f:[a,b] = M is a piecewise smooth curve segment provided there
is a partition a =ty <t; < --- <tpy1 = b of [a,b] such that each B is a
curve segment.

titivil
e Amap : I — M, with I being an open interval, is piecewise smooth provided
that for all a < b in I the restriction 3|, is piecewise smooth.

Another possibility arises for piecewise smooth curves, that is if they can change
timecones on a break t;.

e A piecewise smooth curve o : I — M is timelike if
(d(t),d'(t))y <0 Vtel

and for each break ¢;
(@ (t;), /() <0

2

where ¢, is from oy, ) and t; is from afy,, tiq.

So if a piecewise smooth is timelike then it cant change timecones at a break
t;. The next Lemma tells us if a curve is initially timelike then it stays in a single
timecone.

Lemma 2.2.6. [38, p. 146] Let p be a point of a Lorentz manifold M. Suppose that
B:10,b] = T,M is a piecewise smooth curve starting at 0 such that o = exp, o 3 is
timelike. Then 3 remains in a single timecone of T,M.

The analogous statement holds for causal curve and causal cone.

2.3 Time Orientation

From the definition of timecones we notice that for each tangent space we divide the
timelike vectors into two components. Also there is no intrinsic way to distinguish
them form each other. So we have to choose one of them. This is called choosing
a time orientation for a Lorentz scalar product space. When a Lorentz scalar
product space has a time orientation it is called time oriented Lorentz scalar
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product space. If we have chosen a time orientation then the timelike vectors that
belong to the specific timecone are called future oriented.

For example on a Lorentz scalar space (V, g) we can choose a time orientation if
we choose the timecone C(u). Then for timelike vectors v, if g(v,u) < 0 then v is
future oriented and if g(v,u) > 0 then v is past oriented.

Definition 2.3.1. [41, p. 10] Let (M, g) be a Lorentz manifold.

e A time orientation of (M, g) is a choice of time orientation of each scalar
product space (T,M, g,),p € M, such that the following holds. For eachp € M,
there is an open neighborhood U of p and a smooth vector field X on U such
that X, s future oriented for all ¢ € U.

e A Lorentz metric g on a manifold M is said to be time orientable if (M, g)
has a time orientation.

o A Lorentz manifold (M, g) is said to be time orientable if (M, g) has a time
orientation.

e A Lorentz manifold with a time orientation is called a time oriented Lorentz
manzfold.

Not all Lorentzian manifolds are time orientable. The Lorentizan manifolds that
admit a time orientation are called time orientable.

Example 2.3.2. Minkowsk: space RY is time-orientable by choosing as time-orientation

to be the one that containts the coordinate vector field 0, of the natural coordinates

ul, ... un.

We have the following Lemma to characterise time-orientability.

Lemma 2.3.3. [38, p. 145] A Lorentz manifold M is time orientable if and only if
there exists a timelike vector field X € X (M)

For Lorentizan manifolds there is no relation between orientability and time
orientability since we can find examples that admits either ones.

2.4 Riemannian and Lorentzian Geometry

An important difference between Riemannian and Lorentizan Geometry is that of
existence of metrics in a smooth manifold. In Riemannian geometry it is known that
every smooth manifold admits a Riemannian metric [31, p. 11]. This is not the case
in Lorentzian geometry. Not every smooth manifold can be made into a Lorentzian
manifold.

Proposition 2.4.1. /38, p. 149] For a smooth manifold M the following are equiv-
alent:

1. There exists a Lorentz metric on M.
2. There exists a time-rientable Lorentz metric on M.

3. there is a nonvanishing vector field on M.
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4. Either M is noncompact, or M is compact and has Euler number x(M) =0

Next we will see a local property of geodesics that changes from Riemannian
manifold to Lorentzian manifolds. First we define the arc length of a curve.

Definition 2.4.2. Suppose a semi-Riemannian manifold M and a piecewise smooth
curve segment o : [a,b] — M. Then the arc length of o is

L) - | o (5)1ds

In general we restrict our attention to curves which are either causal or spacelike
such that

e if a curve o is causal then the length is
L(o) = / v —g(o’,0")ds
e and if a curve o is spacelike then the length is

Lo) = [ Vala' s

Remark 2.4.3. The length of curves which change from timelike to spacelike is not
defined.

In Riemannian geometry it is known that locally the shortest length of a curve
between two points is on a radial geodesic.

Lemma 2.4.4. Suppose M be a Riemannian manifold. Let U be a normal neigh-
borhood of p. If ¢ € U then the radial geodesic segment (up to reparametrization)
o:[0,1] = U from p to q is the unique shortest curve in U from p to q.

This is reasonable as we see in the case of the Euclidean space where the radial
geodesics are straight lines and intuitively they are the shortest curves between two
points. In Lorentzian geometry this is not always the case since in Corollary 2.2.4
we showed that for timelike vectors inside a timecone the inverse of the triangle
inequality holds, meaning that the straight path is no longer the shortest path
between two points in a timecone. In fact locally inside a timecone the timelike
radial geodesics have the longest length between two points compared to the rest.

Proposition 2.4.5. Suppose M a Lorentzian manifold. Let U be a normal neigh-
borhood of p. If ¢ € U and there exists a timelike curve in U from p to q, then the
radial geodesic segment (up to reparametrization) o from p to q is the unique longest
timelike curve in U from p to q.

For complete Riemannian manifolds we have the Hof-Rinow theorem

Theorem 2.4.6 (Hopf-Rinow). /38, p. 138] For a connected Riemannian manifold
M the following conditions are equivalent:

1. As a metric space under Riemannian distance d, M is complete, which means
that every Cauchy sequence converges.
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2. There exists a point p € M from which M is geodesically complete, meaning
that exp,, 1s defined on the entire tangent space Ty .

3. M 1is geodesically complete.
4. Fvery closed bounded subset of M is compact.

But unfortunately for the semi-Riemannian case there isnt such a generalization
of the Hopf-Rinow theorem. In a semi-Riemannian manifold we can decompose its
completeness by looking at the causal character. Meaning that a semi-Riemannian
manifold can be spacelike complete (every maximal spacelike curve is complete),
null complete and timelike complete. If it is complete in all three categories
we say that the semi-Riemannian manifold is complete. There is an example of a
Lorentz surface which is null and spacelike complete but not timelike complete (sf
(38, p. 154] Example 5.43).



Chapter 3

Special Relativity

In this section we will see the consequences of the Lorentzian geometry in the flat
spacetime known as Minkowski spacetime. The differences between Minkowski and
Euclidean space have great impact on the physical explanations of several phenom-
ena. In the next sections we will try to showcase these differences. For this purpose
we briefly review some basic features of Newtonian space.

3.1 Newtonian Space and Time

Definition 3.1.1. /38, p. 159/ Newtonian space is a Euclidean 3-dimensional
space E, meaning its a Riemannian manifold isometric to (R?, (-, -)gn).

We dont define Newtonian space as simply R? because in nature there are no co-
ordinate axes and by choosing a coordinate system we can change where we place the
axes to take measurements. With the same reasoning we will define the Minkowski
spacetime.

Definition 3.1.2. A Newtontan particle is a curve o : I — E in Newtonian
space, with I an interval in Newtonian time.

Definition 3.1.3. A FEuclidean coordinate system for E is an isometry £ :
E — R3.

In Euclidean coordinates geodesics have affine coordinates z'(y(t)) = a't + ¥,
tangent vectors from parallel translations have the same components and the dis-
tance from p to ¢ is given by the usual Pythagorean formula

d(p,q) = (Z(fc"(q) - fci(zv))Q)l/2

3.1.1 Newtonian Space-Time

To define particles a propagating in time we can draw the graph {(¢,a(t))|t € I}.
For that reason we can think the particle moving in the plane R? = R x R. The next
definition doesnt have any physical meaning, we use it to show later the differences
in properties of the Minkowski spacetime.

Definition 3.1.4. Newtonian space-time is the Riemannian product manifold
R x E of Newtonian time and Newtonian space.

26
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e A point (t,x) € R x E is called an event.

e The natural projection T': R x E — R is the universal Newtonian clock which
measures the time interval between two events.

Instead of representing a particle by its equations of motions, we can represent
it by its worldline in R x F.

Definition 3.1.5. A wordline in Newtonian space-time is a one-dimensional sub-
manifold W such that T'|w is a diffeomorphism onto an interval.

Wordlines and particles are equivalent. If we have a particle a : I — FE, then its
graph {(t,a(t)) : t € I} is a wordline. Conversely, if we have a worldline W, then
we have the particle a = S o (T|w) ™'

In Newtonian mechanics

1. The speed of an object can attain arbitrarily high speeds.
2. The speed of light changes relative to the observer.

3. A particle is either at rest or not.

There have been experiments showing that the above are not necessarily true.
For example it has been known for 300 years that light travels in vacuum at very
high but finite speed. The first must be treated such that no material particle can
travel faster than the speed of light. We assume that the tangent directions of light
are constant of speed ¢ and so they determine a cone the tangent space of every
point in R x E. The material particles are required to have their tangent lines inside
this cone, and so their is speed is bellow c.

To get such cones we can change the sign of the time coordinate in the metric
tensor of R x E. Thus the cones become the nullcones and the Newtonian space-time
becomes the Minkowski spacetime.

3.2 Minkowski Spacetime

Definition 3.2.1. A connected, time-oriented, four-dimensional Lorentz manifold
1s called spacetime.

Definition 3.2.2. A Minkowski spacetime M is a spacetime that is isometric
to Minkowski RY.

e The time-orientation of the Minkowski spacetime is called the future, and its
negative is the past.

e A tangent vector in a future causal cone is called future-pointing or future-
directed.

e A causal curve is future-pointing if all its velocity vectors are future-pointing.

The point is Minkowski spacetime are still called events and particles are called
worldlines. But in contrast to R x E and R} there doesnt exist a canonical time
function. Meaning there is not an absolute time, but several.
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Definition 3.2.3. /38, p. 163] A material particle in M is a timelike future-
pointing curve a : I — M such that |a’(7)| = 1 for all T € I. The parameter T is
called the proper time of the particle.

So the material particle a has arc length parametrization. Which means we define
the proper time as the arc length of a timelike future-pointing curve = : [a,b] — M
with arbitrary velocity

r(t) = / 7 (w)

Proper time is the elapsed time that each particle experiences from the event
v(a) to v(b). Its like each particle comes equipped with a clock measuring its proper
time.

Definition 3.2.4. [38, p. 163] A lightlike particle is a future-pointing null geodesic
vyl — M.

Any particle § : I — M is a regular curve, and its () is a one dimensional
submanifold of M called the wordlline of 5.

Particles in M have mass, positive for material particles and necessarily zero for
lightlike particles.

A fundamental hypothesis in relativity is that light moves in geodesics and since
(.7 = 0 for lightlike particle we cannot parametrize by proper time.

A particle that is a geodesic is said to be freely falling. By saying free falling we
mean that something moves under the influence of gravity alone. Since Minkowski
spacetime is flat it means that special relativity is limited to situations where grav-
itation is negligible.

Definition 3.2.5. /38, p. 164] A Lorentz coordinate system in M is a time-
orientation-preserving isometry &€ : M — R{.

Lemma 3.2.6. Suppose (M, g) the Minkowski spacetime. Then a coordinate system
£: M — R* is Lorentz if and only if g;; = 0;;¢5, where e = (—1,1,1,1), and 9y, is
future-pointing.

Proof. Suppose the coordinate system (M, & = (2!, ..., 2™)) has the coordinate basis
(0,) and suppose the coordinate basis d,, of R{. We have that

So from isometry
<d€(aﬂfz)? df(aﬂ»R‘l‘ = <al”z7 aw]>M — <auz7 auj>R‘1‘ = <a:):17 aac]>M
< (Sija’:‘j = Gij

Let X is a future oriented timelike vector field, then d£(X) is also timelike vector
field since
(d§(X), d§(X),) = (X, X) <0

So we have

<d€(8xo)ad§(X)>R‘ll = <8:c07X>M <~ <8u07d£(‘X>>R‘11 = <8xon>M
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From Example 2.3.2 we know that ,, is future oriented in R} and from Lemma
2.2.2 that two timelike vectors remain in the same timecone if and only if their
scalar product is negative. So

(Oug, AE(X))pt <0 <= (04, X)m <0

if and only if 9, is in the same timecone with X if and only if 0,, is future oriented.
Since we used only equivalences, the converse is also true. O]

Lemma 3.2.7. Suppose (M, g) the Minkowski spacetime and (e;) is an orthonor-
mal basis of T,M such that ey is future pointing. Then there is a unique Lorentz
coordinate system & such that

a’cz‘ |p =G

for 0 <1 < 3.

Proof. This is immediate from Proposition 1.5.7. [

3.3 Minkowski Geometry

Since for Minkowski spacetime M we have an isometry ¢ : M — R, we have the
following properties:

1. For any points p,q € M there is a unique geodesic o such that o(0) = p and
o(1) = q. This is because we know that R} is a complete space, then from the
isometry we have that the Minkowski spacetime is also complete.

2. There is a natural isometry 7,M = T,M which is distant parallelism (see
Definition 1.3.6). Suppose that v is a smooth curve on M such that v(¢y) =
p,v(t1) = q, X € X(v) is parallel along v such that X = X'9,.. Let P :
T,M — T,M be the parallel translation of v on M and P : Ty — Tyq) be
the distant parallelism of ¢(y) on R}. Because we have an isometry ¢, we
know that (see [38, p. 91])

Podp=dgpoP <+= P=(d¢) ' oPods

T¢(P)Rzll L) T¢(q)Ril
ey déq
T,M —r M
So we have
dp ' o Podp(X) = do 1 (P(de(X)))
_ a6 (Pl6(X0,.,)
= X'dgp ' (P(d¢(0n,1,)))
(

= X'0,,

q
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This means that
P(X'0y,|p) = X'0x,1q

which tells us that P is a distant parallelism.

3. Each exponential map exp,, : T,M — M is an isometry. This is because from
the naturality of the exponential map (see [31, p. 130]), if ¢ : M — R is an
isometry then

¢ oexp, = expypy © dp, =—  exp, = o to eXPy(p) © APy

Ty R" __TPew pn

dop ¢t

TPMLM

From the above we conclude that M viewed from p is geometrically the same
as T,M viewed from 0. This tells us that instead of looking the causality of T, M
now we can look at the causality M itself. Since M is complete, for all p,q € M
the displacement vector pg = ¢’(0) (see Definition 1.5.9) is well defined. We want
to describe the displacement vector in terms of a Lorentz coordinate system. To do
that we notice that

exp,(pq) = q

We have that exp;(;)(gb(q)) = ¢(q) — ¢(p). Also 0(0) = p,o(1) = g, this implies
poo(0) = o(p),pooc(l) = ¢(q). Since ¢ is an isometry and o is a geodesic of
M, we know that ¢ o o is also a geodesic of R}. Suppose ¢(q) = X'e;|4(, and

d(p) = X'e;|4(p), then

pg = do~" o expy, 09(q)
= do ' (¢(q) — ¢(p))
=do ' (¢(q) — do ™ (o(p))

= ZXi(d¢_1(€i|¢(q)) - d¢_1(€i|¢(p)))
= X0y, - Xi@xi
= X'(q)s,(q) — X'(p)Oa, (p)

since we have shown in (2.) that there is a natural isometry T,,M = T, M which is
distant parallelism, we denote 0,,(q) = 0,(p), and so

_ ZXZ z )axl

We imagine pg as the vector with its start on p and its end on gq.

Definition 3.3.1. [38, p. 165] Suppose M is a Minkowski spacetime.
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For an event p € M we define
Z; = {q € M : pg is timelike an future-pointing}
to be the future timecone of p.
The boundary of the future timecone of p except p itself is
J\/;,Jr = aI;L ={q € M : pg is null and future-pointing}
and we call it the future lightcone of p.

The union of the future timecone of p and the future lightcone of p is called
the future causal cone of p

T; =TEUN;
Similarly, we define the past timecone of p as I, , the past lightcone of p
as N, and the past causal cone of p as J, .
The union of the past and future lightcones of p is called lightcone

N, =N UN,
If a point q is not an element of neither future or causal cone of p, then it is
called spacelike relative to p.

An event p can influence an event q if and only if there is a particle (material
or lightlike) from p to q.

From Lemma 2.2.6 and the the definition of influence it becomes evident why

the word causal has been used till now.

1. If there is an event p € M then the only events that can be influenced by p

are ¢ € J,F.

2. If there is an event p € M then the only events that can influence the event p

are q € jpf.

Thus if there is an event p € M then it cannot be influenced by events spacelike

relative to p and it cannot influence events spacelike relative to p. This is in contrast
to Newtonian space-time since for an event (¢, zo) € R X F the past and the future
fill the whole space-time except the hyperplane t = t,.

Definition 3.3.2. /38, p. 166] For p,q € M the number pq = |pg| > 0 is called the
separation between p and q.

In terms of a Lorentz coordinate system the separation is

3

pq = |—(2°(q) = 2°())” + D _(a(q) — 2/ (p))’

1
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Remark 3.3.3 (Physical Significance of Separation). [38, p. 166] Suppose M is a
Minkowski spacetime and p,q € M

1. If pq is timelike future-pointing, then pq is the elapsed proper time L(c) of the
unique freely falling material particle from p to q.

2. pq is lightlike if and only if pg = 0 if and only if there is a lightlike particle
through p and q.

3. If pq is spacelike, then pq > 0 is the distance from p to q as measured by
any freely falling observer orthogonal to pg (we will soon define what observer
means,).

We can now prove some trigonometry facts in Minkowski spacetime.
Lemma 3.3.4. [38, p. 166] Suppose op is spacelike and oq is timelike, then

1. If pq is lightlike and op L og then op = oq.

2. If op L oq and op = oq then pq is lightlike.

3. If pq s lightlike and op = oq then op L og.
Proof. By moving the pg to the point o we have

i = (X(q) = X (1)), = (X(g) = X(0) = X(p) + X(0))0h, = 61 — 0
and
(P4, py) = (04 — 0p, 04 — 0p)
= (04, 0q) + (op, op) — 2{0q, op)

From which we get
+pg® = —og® + op® — (04, op) (3.1)
(1) We have (pg, pg) = 0 and (0p, 0¢) = 0. From 3.1 we get

Op2 — 0(]2

(2) We have (op, 0g) = 0 and op* = 0g* so from 3.1
+pg® =0
(3) We have (pg, pg) = 0 and op = oq then from 3.1
(0, 0p) =0
O

Remark 3.3.5. The convention of writing the null cone at angle of 45 degrees comes
from the previous lemma, since for op = 0., and oq = 0,, we have from (2) that pg
15 lightlike.

We prove the corresponding Pythagorean formula and the corresponding orthog-
onal projections of an orthogonal triangle in the Euclidean space for the Minkowski
spacetime.
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Proposition 3.3.6. /38, p. 167] Let p,q be events in the same timecone of o and
such that op L pg. Then

1. 0¢® = op® — pqg>.
2. If ¢ is the hyperbolic angle between op and og, then
op = oq cosh ¢, pq = ogsinh ¢
Proof. We parallel translate pg to o and so we have
6 = b + i
Then
(04, 04) = (o + pi, op + pi)
= (0p, ob) + (pq, pa) + 2(0p, py)
But op L pg, which means

og* = op® — pg’
(2) Suppose

op oq
Uu=—, v=—

op oq

So
<O_i)7 02]) = <U T op,v - OQ)

= op - oq(u, v)

= —op - oq cosh ¢
and

(6. 1) = (o, b + )
= (0p, op) + (0p, P7)

By combining the previous two equations we have

op = oq cosh ¢
From (1)
oq® = op® — pg’
= oq” cosh? ¢ + pg*
and so

pg® = o’ (1 — cosh® ¢)
= 0g¢” sinh? ¢
And from the fact that ¢ > 0 we have sinh ¢ > 0 and so

pq = ogsinh ¢
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We have seen the properties of the Minkowski spacetime and its geometry. Now
we want to be able to make measurements of phenomenas relative to ourselves, the
observer. By comparing such measurements from one observer to the other we will
be able to see the differences that each observer experiences and on what they can
agree on.

When we say observer we mean a material particle of the Minkowski spacetime
M. For a Lorentz coordinate system ¢ the 2° axis of ¢ will be the worldline of a
freely falling observer w such that z°(w(t)) = ¢, meaning that the proper time of w is
t. The Lorentz coordinate system produces the measurements taken by an observer
w.

From Lemma 3.2.7 we see that for every freely falling observer w : I — M by
choosing a different orthonormal base on a point w(ty) there exists a unique Lorentz
coordinate system £. So for every freely falling observer there are many Lorentz
coordinate systems. When choosing one we will call it the associated Lorentz
coordinate system.

For a Minkowski spacetime M we cannot distinguish between the time and the
space with a natural way. What we can do is use the Lorentz coordinates to make
some observations.

Definition 3.3.7. Suppose M be a Minkowski spacetime with Lorentz coordinate
system &.
e We denote the coordinate slice x° = 0 by
Ey={q€ M :(0,2'(q),2°(q),2°(q)) € R}
which is a Buclidean space identified with R3.
e For each event p € M we call z°(p) the &-time of p.

e For each event p € M we call p= (' (p),z*(p), 23(p)) € R? the £-position of
p.

Suppose we have a : [ — M be a particle that is either material or lightlike. We
told before that each particle has an internal clock which measures the time that
it experiences it passes. By using the ¢-time ¢ = 2%(a(s)) of an event a(s) we can
paramitrize the &-position (z!(a(s)), z2(a(s)), z3(a(s))) by the &-time. So from the
measurements of a we get what the observer w observes of a. To do that we need
to show that 2° o a is a diffeomorphism.

0
M = de(a/> = (grad mo,a’)
ds
We see that
0 ij 81'0
grada” = Zg Oz Or; = Zgjéijaxj = —0Ox,
2,7 7
and so a . )
z’oaq
& (O]

but we know that @ is causal curve and future-pointing which means (0,,,a’) < 0.
This gives us
d(2° 0 a)

0
ds =
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Hence 2° o @ is a diffeomorphism of I onto an interval J C R. Let u: J — I be the

inverse function. As we wanted we have at £-time the &-position of a, which is
a(t) = (ztau(t), 2?au(t), 28au(t)).
The curve @ : J — R3 is called the {-associated Newtonian particle of a.

Remark 3.3.8. In general, unless said otherwise, we will denote the parameters t
and s by t = 2%(s) and s = u(t). We will write

dt  d(z%oa)
ds ds >0
and from the chain rule
da _ da/ds
dt — dt/ds

We can now check how the speed of lightlike and material particles change relative
to free falling observers. In the next Lemma we see that light has a constant speed
when measuring it relative to every free falling observer.

Lemma 3.3.9. Let M be a Minkowski spacetime and v : I — M be a lightlike
particle of M. Suppose £ is the Lorentz coordinate system of M, then the associated
Newtonian particle ¥ of v is a straight line in R3 and it has constant speed

_ |47

=1
dt

Proof. From definition of lightlike particle we have that v is a geodesic in M. So
£ oy is also a geodesic in R{, since £ is an isometry. Thus « can be expressed as

7'(v(s)) = a;s + b;
for i = 0,...,3. Hence its &-position
V(s) = (2" ((s)), 2% (7(5)), 2° (7(5)))

is a straight line in R3 and its reparametrization ¥(t), the associated Newtonian
particle of v, is a straight line in R®. We write

0 3 i
dy_dabor), | shdien),

ds ds p ds i
dt °Ld(zi o)
= gawo + Z 4 O,

i=1

We take the scalar product

dy dy, ,dy d(z'on), dy "L d(z07)
(o as) = (@0 +Zd—8d_a P e
dt > d(z’ 07 ' ory dt > d(ziony
= (g5 g0l + (2 Aoy 33 on)y, )y oy, 3o o)
i=1 =1 =1

(&) +i( “”)2
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Since dvy/ds is a null vector and dt/ds > 0, we have

dt

dt _ |47
ds

ds

so we have that the speed v of the associated Newtonian particle v is

_Jag/ds|
dt/ds

4y
dt

[]

In the next Proposition we show the formula of the speed v that the free falling
observer w measures of the material particle a and that it cant reach or surpass the
speed of light. Also we show the formula for the relation of the proper time of the
material particle and the time of the free falling observer.

Proposition 3.3.10. Let M be a Minkowsk: spacetime and a : I — M be a material
particle. Suppose & is the Lonrentz coordinate system of M. If @ is the associated
Newtonian particle of a, then

1. The speed of d is
= tanh ¢

da

v=|—

dt

where ¢ > 0 is the hyperbolic angle between o' = da/dT and the coordinate

vector Oy, of . Since v = tanh ¢ we have 0 < v < 1.

2. The time T of a and its E-time are related by

dt  d(z°oa) 1
dr dr cosh ¢

V1—0v2
The v and ¢ depend on T.

Proof. First we prove (2.). From hypothesis we have that o’ and 0,, are timelike
and future-pointing such that |a'| = |0,,] = 1. From Proposition 2.2.3 we have a
unique hyperbolic angle ¢ > 0 such that

<a/7aﬂco> = _|a/||a$0| cosh ¢
= —cosh ¢

meaning (a’, d,) = cosh¢ > 1 for ¢ > 0. Since

‘=Y (M),

we have 4 Az o a)
t r'oa
E == T == —(a’,@xo) = COSh¢ (32)
It is known that cosh® ¢ — sinh? ¢ = 1, so its easy to see
dt 1

= —(a', 0y,) = cosh ¢ =

/1 — tanh? ¢
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and since we will show tanh ¢ = v this proves (2.).
(1.) We compute the scalar product for a’

<a/’ a/> _ <Z Waﬂm Z W@xﬁ

_ Z d(:v(’ho a) d(x;: a) (00,0,

i3
_ Z d(z? o a)d(a’ o a)
B dr dr

5,']‘51'
4.

i=1

(Y, |
B dr dr
Because (a’,a’) = —1 we have
[ dt 2+ dal* da|* _ | (dt 2
dr dr| dr| dr
From equation (3.2)
da

=/ —1+ cosh?¢ = sinh¢ > 0

Thus the speed of the associated Newtonian particle @ is

dr

da| _|dd/dr| _ sinh¢
dt| dt/dr  cosho

= tanh ¢

With the free falling observer we can make the following remarks.
Remark 3.3.11. Let M be a Minkowski spacetime and w a free falling observer.

e For a associated Lorentz coordinate system & of w we have that the coordinate
hyperplane

E,={qe M : (t,z"(q),2%(q),2%(q)) € R}}

is perpendicular to w on the point w(t) € M because z°(w(t)) = t, they are
perpendicular in R and the isometry £. And so for all choices of €, x° is the
same and the events that w sees as simultaneous with w(t) are the events in
E,.

o From the definition of the observer, the associated Newtonian particle & is
contant. We will call Ey the restspace of w. Every E; can serve as a restspace
of w since we can project an event p € E; to and event q € E, such that pg is
parallel to w.
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o We notice that since w is the 2° coordinate axis and we have shown that distant
parallelism in R implies distant parallelism in M, we have that w' is distant
parallel to O0,,. In proposition 3.5.10 we found the speed of a by using its
hyperbolic angle with 0,,. Since parallel translation preserves angles we see
that ¢(7) is the hyperbolic angle between w' and a'. We will say the funtion
v = |d@/dt| is the speed of a relative to w and the function ¢ = tanh™' v is the
velocity parameter of a relative to w.

e [n proposition 3.3.10 we showed that
dt 1

dr V102

for 0 <wv < 1. From the above we notive that the faster the particle is moving
relative to the observer, the slower the particles clock T runs relative to the
observer’s clock t.

e [f pq is orthogonal to a freely falling observer w then p,q lie in a hyperplane
E; and so we have 2°(p) = 2°(q). This means that their separation is

5 1/2
pg = (Z(xj(p) - -Tj(Q))2>

This means that the distance between events makes sense when observers con-
sider the events simultaneous.

From the above we see that for two different obervers wq, ws which are nonparallel
they have different restspaces. This tells us that events p, ¢ € M can be simultaneous
for wy; but not for we and vice verca. This happens because pg can be orthogonal
to wy but not to ws and vice verca. So the concept of simultaneity is relative to the
observer.

We have seen the notion of speed relative to d,, and relative to an observer.
We can generalize it for material particles a and b by defining the instanteneous
velocity parameter as their hyperbolic angle ¢ of their velocities a/(o), b'(7) and the
instanteneous relative speed v = tanh ¢.

Supose b is a free falling particle, then the free falling observers that are parallel
to b consider him to be at rest. Other free falling observers can see him habing
constant speeds 0 < v < 1. But if ” # 0 then no freely falling observer considers b
to be at rest.

Example 3.3.12 (Relativistic Addition of Velocities). [38, p. 172] Assume we have
a space station « free falling in space where inside it there is a rocketship and inside
the rocketship there is a spaceman.

At the event p the rocketship [ leaves the space station by free falling with speed
vy > 0 relative to the space station «. At the event q the spaceman 7y ejects himself
into space while free falling with speed vy relative to the rocketship 5. We assume
~'is in the same plane with o and . For vs > 0 we mean forward, away from «
and vy < 0 means backward, towards . We want to find the speed v of spaceman
relative to a.

If @1 is the hyperbolic angle between o, 3" at the event p and ¢ is the hyperbolic
angle between B',~' at the event q, then vy = tanh ¢, and vy = tanh ¢o. By distant
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parallelism we parallel translate v from q to q, this tells us that b’ is between o and
~'. So from the additivity of hyperbolic angles ¢ = ¢1 + ¢s.
This implies

v = tanh ¢
= tanh(¢1 + ¢2)
. tanh ¢1 + tanh ¢2
1+ tanh ¢, tanh ¢

where the last equality is a well known hyperbolic equation. And so

B V1 + Vg
N 1+Uﬂ)2

The same holds if vo < 0.

So instead of the addition of speed in the Newtonian spacetime we have addition
of velocity parameters in the Minkowski spacetime.

Example 3.3.13 (The Twin Paradox). [38, p. 173] Assume there exists two twin
brothers Peter and Paul living in a spaceship free falling in space. On their 21st
birthday Peter decides to leave Paul to go on a journey. When Peter leaves he is
free falling with constant speed v = 24/25 relative to Peter, this is event o. After
free falling for 7 years of his proper time Peter turns and starts coming back sym-
metrically, this is event p. After free falling for another 7 years of his proper time
he arrives back to Paul, this is event q. We will see that upon arriving Peter is 35
years old, but Paul is 71 years old.

We draw a perpendicular from p which crosses the worldline of the spaceship at
x. From propositions 3.3.6 and 3.3.10

ox = op cosh ¢
B 7
(1 (24/25)2)172
=25

Since Peter turned symmetrically we have xq = 25. So the proper time for Paul that
has passed till Peter returned is

oq = or + xq = 20x = 50
And so Paul now is 71 years old.

Corollary 3.3.14. [38, p. 174] Let M be a Minkowski spacetime and o : [a,b] — M
be a material particle such that o(a) = p and o(b) = q. Then we have for its elapsed
time

AT =b—a <pq

with equality if and only if o is free falling.

Proof. This comes from the fact that M is a normal neighborhood of every point
p € M and from proposition 2.4.5. ]
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So free fall is the unique slowest way to go from one event to another in the
Minkowski spacetime.

From this chapter we see that the Minkowski spacetime has the possibility to
solve some problems with simple trigonometry, like we would in Newtonian space.
But from the hyperbolic nature of the geometry in the timecones of the Minkowski
spacetime some physical effects change. What allows us to put physics in this
geometric framework is what is called general covariance principle.

e All physical laws are independent of the choice of a particular coordinate
system. Equally this is expressed as, every equation of physical laws must be
written in terms of tensors.

3.4 Isometry Group of Minkowski Space

Suppose M a Minkowski spacetime and two Lorentz coordinate systems &,n. We
would like to determine what kind of maps are the coodrinate changes £~ on. This
maps will be the change of measurements between different observers in M. Since
&, n are isometries then the coordinate change is also an isometry and will preserve

the Minkowski metric. So to find this maps we need to describe the isometry group
of M.

Definition 3.4.1. Suppose M is a semi-Riemannian manifold. Its isometry group
I(M) with composition as its operation is

I(M)={¢: M — M|¢p isometry}

In general we know that the tangent space of a semi-Riemannian manifold with
index v is isometric to R?. So the isometry group I(R?) is important.

Lemma 3.4.2. Suppose M is a Minkowski spacetime and & : M — R} a Lorentz
coordinate system of M. Then the isometry group I(M) of M is isomorphic to the
isometry group I(R}) of RY.

Proof. We define a map F : I(M) — I(R}) such that F(¢) =&o¢po&t.
e Composition of isometries is an isometry, so F'(¢) € I(R})

e [t is a homomorphism since

e [t is injective since

F(¢) =idps = foqﬁof_l:idm
_— ¢ = f_l ¢} idR% Of =idy

And obviously is surjective. O
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From the previous Lemma we see that the isometry group of R} describes the
isometry group of the Minkowski spacetime M.

First we will turn our attention on the linear isometries of I(R}).

For 0 <v <nand v,w € R?,

e the signature matrix is the diagonal matrix € = J;;¢, such that
gg=+=¢g,=—1 and e, =-=¢,=1,
Since it is diagonal with units in it, we have ¢! = & = &'

e the scalar product of R} is written equally as

(v,w) =ev-w

e the set of all matrices g € GL(n,R) such that

(gv, gw) = (v, w)

is denoted by O,(n) and it is called semiorthogonal group. This is the
same as the set of all linear isometries of R}. Since O, (n) is a closed set and
a subgroup of GL(n,R) then it is a Lie subgroup of GL(n,R) and Lie group
by itself.

Lemma 3.4.3. [38, p. 234] Suppose g € M,,(R). The following are equivalent:
1. g € Oy(n).
1

2. ¢¢ =egle.

3. The columns (rows) of g form an orthonormal base for R} on which the first
v vectors are timelike.

4. g sends an orthonormal base of R? to an orthonormal base.

Proof. (1.) <= (2.) For g relative to an orthonormal base we have that the adjoint
relative to the dot product is ¢g*. For all v, w € R”

(gv, gw) = (v,w) <= egu-guv=c-w (3.3)
= glegu-gv=-cv-w (3.4)
<~ glegv=-cv (3.5)
— gleg=c¢ (3.6)
— g¢'=cglc (3.7)

(1.) < (4.) We know that linear isometries send orthonormal bases to or-
thonormal bases and from Lemma 1.1.20 we know that it also preserves the index
of the scalar product space.

(4.) <= (3.)
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e (For columns)

Let uy,...,u, € R" is the natural base and g : R” — R" is a linear operator.
Then guy, ..., gu, are the columns of g since

glug) = guy, = Z i (u);

The columns guy, . .., gu, are orthonormal relative to R} if and only if uy, ..., u,
is are orthonormal relative to R? and g sends them to an orthonormal base.

e (For rows)

From (2.) we have
ge0,(n) <= ¢ €0,n)

and so it holds for the rows if and only if it holds for the columns.
O

From the previous Lemma we notice that it is necessary for the timelike vec-
tors in the matrix g € O,(n) to appear first or else g wont be an element of the
semiorthogonal group.

Example 3.4.4. Let the orthogonal unit vectors (0,1),(1,0) € R? and the matrix

(01

7=\1 0
we notice that g is not an element of O,(n) even though (0,1) orthonormal spacelike
and (1,0) orthonormal timelike. This happens because of the order of the collumns.

e If v =0 or v = n then Oyp(n) = O,(n) = O(n) which is the orthogonal
group of all linear isometries of the Euclidean space R™.

e If n > 2 then O;(n) is called the Lorentz group of all linear isometries of
the Minkowski space RY.

Lemma 3.4.5. For 0 < v <mn the Lie groups O,(n) and O,_,(n) are isomorphic.

Proof. For GL(n,R) we have the Lie group automorphism C,, : GL(n,R) — GL(n,R)
such that
Colg) = ogo™

where, for I, the identity matrix with ¢ number of units in its diagonal,

— 0 ]q
=5, 9)
By taking the restriction to O, (n) it suffices to show that elements of O, (n) are sent
to elements of O,,_,(n) by C,.

Let g € O,(n). From Lemma 3.4.3 we have that the first v columns of ¢ are
timelike orthonormal vectors and the rest n — v are spacelike orthonormal vectors.
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For example we notice that for 1 < j < v columns relative to an orthonormal base
e; € RZ

(gijei, gijei) = -1 < _Zgi?j + Z g5 =—1
i=1

1=v+1
n 14
2 2 _
— - Z gij+zgij_1
i=v+1 i=1

Similarly, for the v +1 < 7 < n columns

(gijei, gijei) =1 = — ngj + Z g5 =1
=1

i=v—+1
n v
2 2
Y DY B
i=v+1 =1

From the above is evident that by interchanging the first v rows with the last n — v
rows we will get the spacelike and timelike columns interchanged, but that leaves
them in the wrong position since we need the timelike vectors to be the first n — v
for it to be an element of O,_,(n). And so after the permutation of the rows by
interchanging the v columns with the last n — v columns we will have what we want.

More speciffically
. 0 Infz/
7=\ 0

This is a permutation matrix and so its inverse equals its transpose

L (0 1
o =\, 0

For permutation matrix P we have that Pg permutates the rows and gP permutates
the columns. And so we have that

o 0_—1 _ 0 [TL—I/ gll - 91" 0 Il/
99 =\, o : -1 \u_, o
gn1 ' YGnn
Ju+)(w+1) Je+)w+2) - e+n e+l 0 G+l
Jw+2)(wv+1) Jw+2)(wv+2) - Jw+2n Je+2)1 0 G2
= Gu(v+1) In(v+2) T Gnn dn1 T Gnv
J1(v+1) J1(v+2) T Jin J11 T J1v
Gu(v+1) Ju(v+2) T Gun gv1 T Guv
and so C,(g) € O,y (n). O

Lemma 3.4.6. [38, p. 235] The Lie algebra 0,(n) of O,(n) is the subalgebra of
gl(n,R) consisting of all S for which S* = —eSe. Such S have the form

a x
b))’

where a € o(v),b € o(n —v), and x in an arbitrary v X (n — v) matriz.
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Since from the orthogonal group dimo(v) = v(v —1)/2, then for the semiorthog-
onal group we have
n(n —1)

2

From the previous Lemma for S € 0,(n), we have S* = —¢Se which implies

dim O, (n) = dimo,(n) =

(Sv,w) =eSv-w = (eSv)w
= v'Sew = v'(—eSe)ew
= —v'eSw = —(ev)' Sw

= —cv-Sw = —(v, Sw)

This is equivalent with (Sv,w) = —(v, Sw) for all v,w € R?. So all the elements of
0,(n) are the skew adjoint linear operators on R.

Example 3.4.7. The orthogonal group O(2) describes the rotations and the re-
flections of two vectors in a circle in R?. We could see that by taking the polar
coordinates of two vectors ui,us; € R? and then rotating them by an angle 0. This
was the linear map with the matrix

cosf) —sind
(sin& cosf )
then from the determinant map, since it is continouous, we have that O(n) is dis-
joint. Its components are O (2) which is the set of rotations in R* and O~ (2) which
is the set of a reflaction and rotations in R2.
The corresponding group is the semiorthogonal group O1(2). We can similarly

take the hyperbolic coordinates of two vectors vectors similarly and then turn them
by an angle 6. This will produce a linear map with matrix

coshf sinh@

sinhf coshd
This kind of matrices are called boosts of R?. Here each a € 0y(2) will send each
hyperbola (v,v)y =1 and (v,v) = —1 to itself but in the process it may reverse one

of its branches or even both. This choices give us the decomposition of O1(2) into 4
disjoint open subsets. The set preserving all branches is the set of all boosts.

So the orthogonal group O(n) and the semiorthogonal group O,(n) have two
main differences

1. O(n) is compact since it is closed and bounded in gl(n,R) = R” but O, (n)
is not compact since it is unbounded in R, For example the elements of the
form

cosh¢p sinh¢ 0
sinh¢ cosh¢ 0
0 I 0

constitutes an unbounded set on R™".

2. O(n) has two components, but O, (n) has four components.
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For g € O,(n) we observe that by keeping the timelike components of a vector
v € R" unchanged we can rotate the spacelike part of it just as we would in O(n).
For example by the element

I, 0 0 0
0 cosf) —sinf 0
0 sinf cosf 0
0 0 0 L 42

To define the components of the semiorthogonal group first we will check the
matrix g € O,(n) by its block matrices. Let 0 < v < n such that R? = RV x R"™".

Then for g c OV(TL) we have
( )
b gs

such that gr is ¥ X v matrix and gs is (n — v) X (n — v) matrix. We will call
gr : RV — R” the timelike part and gs : R"™” — R" — v the spacelike part.

Definition 3.4.8. For 0 <v <n and g € O,(n) we will say that

e it preserves time-orientation when det gr > 0,

e it reverses time-orientation when det gr < 0,

e it preserves space-orientation when det gg > 0,

e it reverses space-orientation when det gg < 0.

And so the decomposition of O,(n) to its components is the following
Definition 3.4.9. For g € O,(n)

e g € OfT(n) if and only if it preserves time and space orientation,

e g € Of (n) if and only if it preserves time-orientation and reverses space-
orientation,

e g € O,;7(n) if and only if it reverses time-orientation and preserves space-
orientation,

e g€ O, (n) if and only if it reverses time and space orientation.
From Lemma 3.4.3 we have
d'=ecg7le = gegt=¢

and from that (det g)?> = 1. As in the case of orthogonal matrices, every semiorthog-
onal matrix has determinant £1. It can be shown that Of* U O, ~, Oft U O},
and Of* U O, * are subgroups of O,(n) (see Corollary 9.7 from [38]). We have the
special semiorthogonal group

SO, (n) =0 (n)UO, (n) ={g € 0,(n) :detg =1}

And so
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e g€ O/t UO; " is the linear isometry that preserves orientation,
e g€ Of"UO is the linear isometry that preserves time-orientation,
e g€ O UO, " is the linear isometry that preserves space-orientation.

We have seen the linear isometries of R form the subgroup O, (n) of the isometry
group I(R?). Another isometry of R? are the translations 7}, : R} — R} such that
x € R” and T,(v) = z +v. We have

o I ol =Ty, =1T,0T,,
L4 TO = idR'{}u

o (T,)'=T_,.
The set T(R?) of all translations of R} is an abelian subgroup of I(R}) and it
is isomorphic to R" via the F' : T(R?) — R" such that F(7,) = x. Now we prove

that the semiorthogonal isometries and the translations are the only isometries of
the semi-euclidean space.

Proposition 3.4.10. /38, p. 240] Each isometry of R? has a unique expression as
T,og, withx € R} and g € O,(n). Furthermore, T,ogoT,oh =T, 4, 0g0h.

Proof. Claim: If ¢ : R — R” is an isometry such that ¢(0) =0, then ¢ € O,(n).

Proof of Claim. Since ¢ is an isometry, then d¢g is a linear isometry. We have the
canonical linear isometry T, R} = R7. So for canonical isometry F': ToR} — R"v
we can find a linear isometry g : R” — R” by writing ¢ = F od¢pg o F~!. Then
dgo = d¢y, so from Proposition 1.5.10 we have that ¢ = g. [

Suppose ¢ € I(R}) and z = ¢(0) € R?. We see that (T_, o ¢)(0) = 0, so from
the previous claim we have that T, 0 ¢ = g for some ¢ € O,(n). And so ¢ =T, 0g.
For uniqueness suppose T, o g = T}, o h, then

v = (T:09)(0) = (T, 0 h)(0) =y

and so
T,og=T,0h <= g=h

For the last assertion, for all v € R} we have
(goTy)(v) = g(y +v) = 9(y) + g(v) = Tyy9(v)
and so g o T, = Ty, o g. From that

TyogoTyoh=T,oTyyogoh=T, gqyog0oh
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The multiplication rule that we proved shows that the translation subgroup

T(R?) is normal in I(R?) since for all g € O,(n) and T, € T(R?)
T,ogoT,=Tigyog g loT,0g= Totg 0Ty € T(RY)

By making I(R}) into a smooth manifold we can define a diffeomorphism f :
R™"x O,(n) — I(R?) such that f(x,g) = T,o0g, from that [(R”") is a Lie group. The
dimension of the set of isometries of the Minkowski space is
n(n+1)

2

I(R?) for 0 < v < n has four components and for v = 0, n it has two components.
Definition 3.4.11. /38, p. 240]

e I(R?) is called semi-Euclidean group.

dim I(R})) = dimR" + dim O, (n) =

o [(R™) is called Fuclidean group.

e [(R}) is called Poincare group or inhomogeneous Lorentz group.

3.5 Poincare Group of Minkowski Spacetime

Now that we told some of the properties of the semi-Euclidean group I(R”) we can
see what kind of map are the coordinate changes of the Minkowski spacetime M.
From Lemma 3.4.2 we have [(M) = I(R}). The Poincare group I(R{) has dimension

44 +1
dim I(R}) = % =10
and the Lorentz group O;(4) has dimension
44 -1
dim O, (4) — % _6

From Proposition 3.4.10 we know that isometries of the Poincare group g € I(R})
are the combination of

e translations, for example T, (v) = = + v

e rotations in the spacelike directions, for example

1 0 0 0
0 cosf —sinf 0
0 sinf cosf O
0 0 0 1

e and boosts, for example

coshg sinhg 0 0
sinh¢ cosh¢ 0 0
0 0 10
0 0 0 1

which can be thought as rotations between space and time directions.

Elements of the Lorentz group g € O;(4) have detg = +1 and can preserve
or reverse the time and space orientations of vectors. For example if we reverse
the time-orietation we will change the timecone which we define the future directed
vectors.
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General Relativity

4.1 Einstein Equations

General relativity is the extension of special relativity. It gives gravity the meaning
as the curvature in the spacetime. General relativity follows these principles:

e Equivalence principle: One cannot distinguish locally between constant
acceleration and constant gravitational field. This implies the inertial mass
and the gravitational mass are equal.

e Freely falling particles follow timelike geodesics and photons follow null geodesics
in the spacetime.

e General covariance: All physical laws written as equations must be inde-
pendent from a choice of a coordinate system. This means that all physical
laws must be written in terms of tensors.

Now we need equations that will tell us how the metric of the spacetime depends
from the distribution of matter. For a spacetime (M, g) this equation is the Einstein
equation:

1
Ric — iRg = 81T (4.1)

where Ric is the Ricci tensor, R is the Ricci scalar and T is the energy-momentum
tensor. The energy-momentum tensor is a 2-covariant symmetric tensor which is
divergence free and depends on the matter model. This means that in vacuum, in
the absence of mass, we have T' = 0.

We notice that in vacuum, by taking the trace of (4.1) we have:

1

Ric — ~Rg = 0

ic 5 g
R=0

— Ric=0
We say that the Einstein vacuum equations are:
Ric =0 (4.2)
Minkowski spacetime is the trivial solution of the Einstein vacuum equations.

48
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Remark 4.1.1. From now on we will use the Einstein summation notation to
denote sums in indices. This is done for simplicity. The summation notation tells
us that when the same index is on top and on bottom then is is a sum. For example
in a 3-dimensional Riemannian manifold (M, g) the vector field X € X(M) will be
written as

3
i=1
or the Ricci scalar ,
R=7Y ¢'R;=g"R

ij=1

4.2 The Schwarzschild Metric

One of the most important exact solutions of the Einstein equations is the Schwarzschild
metric

2M oM\
g=— (1 — —) dt* + <1 — —) dr? + r? dQ? (4.3)

r r
where

dQ? = d#? + sin? 0 d¢?

is the metric of the 2-round sphere and M is the mass of the body. Schwarzschild
spacetime is a model of a universe containing a single star, where the star is spher-
ically symmetric and static.

Definition 4.2.1. A spacetime is called spherically symmetric if its isometry
group has a subgroup G which is isomorphic to SO(3) and the orbits of G are two-
spheres.

A spherically symmetric spacetime is a spacetime where its metric is invariant
under rotations.

Definition 4.2.2. A spacetime is called static if it admits a timelike Killing vector
field which is orthogonal to a spacelike hypersuface of M.

Killing vector fields are vector fields such that their flow is a family of isome-
tries. Which means that their flow leaves the metric invariant. Since in the static
case the Killing vector field is orthogonal to a spacelike hypersuface, the spacelike
hypersurfaces are the level sets of {t = ¢} which propagate in the flow of the Killing
vector field. Since the metric is invariant under the flow, the components do not
depend on the t-parameter and since they are orthogonal to ¥J; they dont have cross
terms dt da’.

We notice that for » — oo the metric components approach the components of
the Minkowski spacetime in spherical coordinates. We say that this kind of metric
is asymptotically flat. This definition is made precise in Definition 6.0.5.

By computing the geodesics of the Schwarzschild metric we can find many inter-
esting results such as the perihelion precession and the bending of light. For more
details we refer to [50, p. 136] and [38, p. 372].

In the next sections we will present two important facts about the Schwarzschild
metric. One is that in vacuum it is the only possible spherically symmetric metric
and for r = 0,2M it has singularities.



Chapter 4. General Relativity 50

4.3 Birkhoff Theorem

This presentation for the proof of Birkhoff’s theorem is based on [10, p. 197] which
we refer to for more details.

Theorem 4.3.1. For a spacetime (M, g) in vacuum, Ric = 0, the unique spherically
symmetric metric is the Schwarzschild metric.

Proof. First we will show that from the geometry of the spherically symmetric space-
time, the metric takes the form:

g = dr?(u,v) + r*(u,v) dQ*(0, ¢)

and after that by plugging in the Einstein’s vacuum equations we will get the
Schwarzschild spacetime.

An equivalent definition for the spherically symmetric spacetime is that it has
three Killing vector fields that are the same as those on the 2-round sphere S2. This
Killing vector fields are:

X =0y
Y = cos 0y — cot 0sin @0,
Z = —sin ¢0y — cot cos @0,

It can be shown that:

X,Y]=2
Y, 7] = X
Z,X] =Y

Hence the above Killing vector fields describe an involutive distribution D on
the spacetime. We have the following theorem from [32, p. 502]

Theorem 4.3.2 (Global Frobenius Theorem). Let D be an involutive distribution
on a smooth manifold M. The collection of all maximal connected integral manifolds
of D forms a foliation of M.

Since the integral manifolds of D are the 2-spheres and we have a folliation of
the spacetime by 2-spheres S? except the origin.

Now we want to give the spacetime coordinates (u,v,0,®) such that for v =
c1,v = ¢y constants each sphere can be specified by (c1,¢o,0,¢) and the metric g
takes the form

g(er, c2,0,0) = f(c1, ) dQ? (4.4)

and for 0 = c3,¢ = ¢4
g(u,v,c3,¢4) = dTQ(u,v) (4.5)

Assume a point p € S, where S, is a sphere. Assume S, has the coordinates
(0, ¢). At each point ¢ € S, let the set O, be the set of geodesics which pass throught
q and their tanget vectors at ¢ are orthogonal to S,. O, is a two-dimensional subspace
which is orthogonal to S,. Let the one-dimensional subgroup I, which leave the
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point ¢ fixed. Then I, leaves any vector perpendicular to S, at ¢ fixed and O is left
invariant by 1.

Next let m € S,, N O,, then we notice that O, is orthogonal to both S,, and S,.
By connecting the points ¢, m with a unique geodesic we assign the same coordinates
(0,¢) of S, to Sp,.

Assume XY € T,M such that span(X,Y) = 7,0,. Then any other sphere
will be connected with a unique orthogonal geodesic such that its tangent vector is
uX+vY € T,M. By doing the same for every point p € S, we assign the components
of uX 4+ vY to be the coordinates (u,v).

So we have for the spacetime M the coordinates (u, v, 0, ¢) and the metric satisfies
(4.4), (4.4) with no cross terms between (u,v) and (6, ¢), for example df du.

We concluded that spherical symmetry gives us the metric

9 = Guu(u,v) du® + gy (u, v) (du dv + dv du) + gy (u, v) dv? + r*(u, v) dQ?

where

dQ? = db#? + sin? 6 d¢?

We change coordinates to (u,r). If r was a function of v alone, then we would
change to (v,r). The metric becomes:

g = Guu(u,r) du? + Gur(u, ) (dudr + dr du) + g (u, ) dr? +r2d0?

Now we want to eliminate the cross terms du dr by changing to a suitable coordinate
system (¢,7) and give to the metric the form

m(t,r)dt* + n(t,r) dr® + r? dQ?
If ¢(u,r) was such a function then

ot ot
dt—%dujLEdr

ot\? ot\ [ ot ot\>
2 _ (O 2 ot ot ot 2
dt® = (0u> du” + (8u> (07“) (dudr + drdu) + (87“) dr
So we would need
AN at\ (ot o\’
m(%) du® + 2m (%) (5) dudr + (E) m-+n
AN

hence the following equations must be satisfied
(2 (2
ou) \ar) — 9"

ot\?
o m+n = gy,

and

dr? + r2d0?
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Now the metric can be written as:
m(t,r)dt* +n(t,r)dr* +r*dQ?

By comparing to the simplest spherically symmetric spacetime, the Minkowski, we
take the first term to be negative. Then we assume f(¢,7), g(t,r) such that:

g = —e2I 42 4 20t d4p2 4 12 402 (4.6)
Now we need to compute the Christoffel symbols of g. For simplicity we denote
O =0, O=0 ,00=0, 0y=0

Lemma 4.3.3. The non-zero Christoffel symbols of the metric g in equation (4.6)
are

1
I5, =0f I}, = 0w I3, = —sinfcosf
1
Y == Hguw I, = —re v s, ==
. 0
L — 2wy Il — _pe—2vgin24 3. — ¢
00— ¢ VS 33 re s 227 Ging

Proof.

1
[0 = 59(” (Qogio + Gogio — O1900)

1
= 5900(230900 - 30900)

1

P 008
29 0900

— (e o))

= %6_2f2(80f)62f
=oof

1
Fgl = 5901 (Oog1 + 01901 — O1go1)

1

= 5900(80910 + 01900 — ogor)
1 _

- 5(_6 2 (01(—€*))

= %e_2f262f81f

=0 f
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1
F(l)l = 5900@1910 + 01910 — Oog11)
1
= 5 (=) (=0pe™)
= é(—e_Qf)(—Zﬁowem)
= ez(w_f)ﬁgw
1 I
Loo = 59 (Gog10 + 90910 — O1600)
1 _ w
= ) (D))

= —%6_2w(—261f€2f)

— e2<f’w)81f

1
Ftl)l = 5911@0911 + 01901 — 01901)
1,
= e 2W(pH 2w
¢ (Goe™)

1
= 56_2“’2801062“’

= a(]w

1
Iy = 5911(31911)
1
—_ 567211)(816211))

1 2
= Ze w99 2w
26 1we

= alw

1
F52 = 5911(262912 - 01922)
1
= e (=)
1
= 56_2“’(—27“)

= —re

1
[y, = 5911(283913 — 01933)
1
= 567211)(—81(7‘2 sin?0))
1
= 56_2“’(—27" sin? 0)

= —rgin?fe= 2V
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1
F%z = 5922(31922 + 02G12 — 02012)

1
I3, = 5922(253923 — 02933)

_ %M(—@(r? sin? 0))

1
= 57“_2(—2 cos 0 sin Or?)

= —sinfcosf

1
F?S = 5933(81933 + 03013 — 03613)

1
= —r ?sin"20(9,(r*sin” 9))

1
= —r2sin"202rsin®0

) 1 5.
Fg:a = 5935(32933 + 05923 — 03023)
1
= 57"_2 sin~2 0(827“2 sin® 0)

= 57“’2 sin~? #2r? sin 6 cos 6

cos 6

sin @

Next we need to compute the Riemman tensor.

Lemma 4.3.4. The non-zero coefficients of the Riemann tensor for the metric g in
equation (4.6) are:
Roy,® = &0 [(0gw)? + 0w — dofdow] + [=0Ff — (91f)* + Drwd f]

Ryz3’ = —re 2" sin® 00, f
0_ —2f
Rys55 = —re ?f sin® 00yw

R1221 - T€_2w81w
R 1 _ —2w 3,42 00
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Proof. We use the fact that the coefficients of the Riemann tensor in local coordi-
nates are:

Rl = oy, — 0T + T, — ThT
We begin the computations.
Rono = aOP(l)l - 811181 + Fﬁfgm - ngr(im
= a0(‘52(111_]0)8010) — o f + F(l)lrgo + Fhrgl - FSIF% - F(l)lr(l)l
= 2(0yw — 0o )X Doyw — 2 DoRw + 92 f — 2D ywd, f
— OwwdLf + (01f)* + rwe”™ D ogw
— e2(w=1) [—2(8010)2 + 200 fOow — Oaw — Oywdy f + 81w80w] + [8%]“ — Qrwo wo f + (81]“)2}
= X [—(Oow)? + Do fOow — Ogw| + [ f — Oywor f + (O f)?]
= =D [(Oow)? + Jgw — 0o foow| + [—0Lf — (O1f)* + Orwdi f]

R0220 - 801182 - a2F82 + F%Fgm - F(T)%Fgm
= 11%21ﬂ81

= —re 2o, f

R0330 = aOng - 33F83 + F%Fgm - Fgépgm
= T30, + 3510,

= —re ?“sin? 00, f

R1220 - 81F22 - 62F(1)2 + F%F?m - F71n2r(2)n~0
- F%211(1)1 - F%2F(2)2
= —re 202w

= —re 2 qw

R1330 - (9ng3 - 33F(1)3 + Fg‘f%l_‘(l]m - F%Fgm
= Tl + T30, — T,
= —re 2" sin? 0> gyw

= —re 2 sin? 9,w

R1221 = 811_‘;2 - 82F12 + F%F}m - F%F%m
= a1(_7"6_21”) + F%QFh - P%2F52
1
= —e " + 2r0ywe " + (—re Y ow) — —(—re*)
r
=re 20w

R1331 = alré:% - 83Fi3 + nglzr%m - IWITZLSF;m
= 81(_7“6_210 sin® 0) + Fil’)SF%l + F§37112 - F?z’ar:l’,s

9w - ow - ow - I o .
= —e 2sin? 0 4 2roywe 2 sin? 0 — re " sin? 00,w + —re 2% sin? 6
r

= —e 2g5in? 0 + rojwe 2 sin® 0 + e sin 0

= re 2 sin? 00w
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= 82(— sin 6 cos 9) + F33F§1 + 12,5, — 5,15,

1 6

= —cos? 0 +sin?f + (—re *sin? §)~ — s (—sinf cos )
r  sind

=sin?f — e *sin? §

= sin? 0(1 — e 2¥)

[]

Lemma 4.3.5. The non-zero coefficients of the Ricci tensor of the metric g in the
equation (4.6) are:

2
Roo = = [(9ow)” + 0w — By fopw] — eI [—%‘ — (@) + Owd f — ;alf]
2
Rll = 62(w7f) [(8011))2 + Ggw — aof(%w} + {—8?]‘ — (Glf)2 + 81w81f + ;8lw}

2
ROl = —80w
r

Ryy = e 2 [r(Byw — O f) — 1] + 1
R33 = sin2 QRQQ

Proof. The Ricci tensor is defined
Ri; = Rkijk = gkakijm

We begin the computations.

Ry = Rkook = R1001 + R2002 + R3003

1 1
Rygg" = 9 Ry

= g" Riont
= 91130110
= QllgozRonl
= 91190030110
Similarly
R2002 = 922900]%02207 R3003 = 933900R0330
So

Roo = goo [9"" Rop,” + 9% Rogs” + 97 Ry
= —e* [e72 (271 ((0p2) + Ogw — Do fOow) + (=01 f — (01 f)* + Drwd. f))
+ 7 (—re O f) + 12 sinT? 0(—re > sin® 60, f)]
= —¢ Hw=h)2w=1) [(aow) + 0w — 80f(90w} — 22 [ 32f — (O f)* + 81w01f]
+ e le 2o f +r et e, f

= — [(Qow)* + Gw — dofopw] — I | =8} f — (1) + Drwdr f — %alf
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Rii = Rigy" = Ry’ + Ryy)” + Ry

R2112 = 92132111
= 92232112
= 922R1221
= 92291ZR122l
= 922£711R1221
Similarly
Ra® = ¥ Ra11s = g% Rizs = ¢°° 911 Ryss'

which gives us

Riy = Ryy," 4+ 9291 Ryg' + 9711 Rys5'
— 2(w=f) [(8010)2 + 0w — 50faow} + [—a%f — (0uf)* + alwalﬂ

+ 22 re 29w + r 2 sin "2 fe*¥re 2V sin? A0, w

— 2(w=1) [(3011))2 + (9310 _ aofaow} + [—812f —(Ouf)* + 81w81f2r_181w]

Ry = kak = R2012 + R3013
And also
Rogi® = ¢ Rap12 = 9% Riaao = 92900 R122°
R3013 = 93333013 = 93331330 = 933900R1330
Hence
Roy = goo [97° Rygy” + 9% Ry35°)

= —e* [r?(—re ¥ gyw) + r?sin > 6(—re”* sin® 9yw)]

= —¢?f [—T_le_Zfﬁow — 7‘_16_2f80w}

= —ao'w
r

Ry = kak = R(3222 + R1221 + R3223

and

Raos® = g% Ragos = 9% Rozzo = g% gaa Ryss”
Hence
Ry = R0220 + R1221 + 933922R2332

= —re o f +re 0w+ r *sin % Or?sin? (1 — e ")
= e 2V [r(Oyw—0of) —1]+1
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R33 = Rk33k
= Ro330 + R1331 + R2332
= —re ?“sin? 00, f + re”** sin® 00w + sin? O(1 — e 2*)
=sin’ 6 [re > (Oyw — O f) + 1 — e ]
=sin’6 [e* ((Ow — O f)r — 1) + 1]
= sin2 (9R22
O

No we use the Einstein equations in vacuum R;; = 0. First we have
Ryy=0 — aow =0
Hence

o2 = 0 Qo [e?“(r(Ow —01f) —1)+1] =0

e_2wr(8001w — 0001]”) =0
B0 f = 0

L

So we have that

w = w(r)
f=Fk(r) + h(t)

So the metric
g= _€2f(t,7‘) dt2 + 62w(t,r) d7"2 + 7“2 dQQ

becomes

g= _€2k(r)€2h(t) dt2 + eQw(r) d7’2 + 7,2 dQQ

—2e 20w [r((Oyw — OLf) — 1)] + e 2“0p(r(Orw — O1f)) =0

by redifining the time coordinate such that dt — e~"® d¢, we have the static metric

g = _6214,‘(7’) dt2 + 629(7") dr? + 7,,2 dQQ

(4.7)

The metric is the same but now w and k depend only on r. So from the previous
lemmas and by the same calculations we have that for the g static metric in equation

(4.7) the non-zero Christoffel symbols are:

Iy, = 0ik [y = —re " I3, = —sinfcosf
1
Ty, = 2k k I3, = —re” *sin?0 I, = .
5 cosf

1
I =o0w I}, = - [y = )
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The non-zero coefficients of the Riemann tensor are:

Ry " = —0ik — (01k)* + Oywd k
Ryoy’ = —1e 201k

Ryss’ = —re 2" sin? 00, k

Ryt = re 0w

Ry35' = re”*sin® 00w

And the non-zero coefficients of the Ricci tensor are:

2
Roo = 2579 192k + (01 k)2 — 01w k + ~Onk

Ru = —afl{? — (81k)2 -+ 81w81k + %alw

Rgg = 6_2w [r(alw — (9lk) — 1] +1
R33 = Sin2 9R22

Again using the Einstein equations in vacuum we write:

MRy + Ry =0 = %((xk +ow) =0
= k+w="C
Set the constant zero by rescaling t — e~“t. So
k=—w (4.8)
Also

Ry =0 = e [r(0iw—0ok)]—e®+1=0
— e [r(—=0ik —0k)] —e*+1=0
—  —2e¥r0k—e+1=0
—  F2rok+1)=1
=  Oi(re**) =1
— ref=r-C
— =1 g (4.9)

Hence from equations (4.8), (4.9) and
g=—ed* + e dr? 412 dO?
we have:

-1
g=- <1—&) dt® + (1—&) dr? +r? dQ?
r r

where Rg is called the Schwarzschild radius and we set Rg = 2M.
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4.4 Kruskal Extension

In the Schwarzschild metric

2M oM\
g:—(l—T)dt2+(1—T) d702+7“2d§22,

according to [50, p. 148], for any static equilibrium configuration the region r < 2M
will be within the matter-filled star. So examining what is happening for » = 2M or
r = 0 in the Schwarzschild metric is irrelevant to the study of the gravitational field
of a static star. But stars with massive bodies will undergo gravitational collapse
and the study of the region r < 2M becomes relevant.

We notice that for » = 0, r = 2M the metric diverges to infinity. Because
the metric coefficients are coordinate dependent it is possible that we can fix the
divergent terms by a coordinate change. For example polar coordinates in a plane

ds® = dr? + 12 d6?

becomes degenerate on ¢? = r~2. The definition of a singularity in a spacetime is
not an obvious one and may be defined differently (we refer to chapter 9 of [50]).
To check when something is wrong we can see when does the curvature becomes
infinite. But since its components are coordinate dependent we check one of the
various scalar quantities of the curvature. Some examples are

_ v vpo TAT uv
R=g¢"R,,, R""R,,, Ru,R°"R,,

If any of them diverges to infinity, then on that point on the manifold we will say
that we have a singularity.

By direct calculations it can be shown that:

48 M*

uvpo _
R Rpe = ]

So r = 0 has a singularity but not r = 2M.

In our study of the singularites we will use only the part of the Schwarzschild

oM oM\

because of the spherical symmetry.
We check the null geodesics of the Schwarzschild for 6,1 =constant

oM oM\ ! oM oM 2\ !
—(1——)dt2+(1——> 4 =0 —s (1——)dt2:(1——> a0
T T T T
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Assume geodesic y(A\) = (¢(\), (M), ¢1, ¢2), then

oy dv' dr?
A). A (\) = — g =
-1
— —i2<1——2 +7‘«2(1——2M) =0
r T

which gives us

dt (M (de A
dr r dr)  \r—2Mm

T
t_i/r—QMdr+C

Suppose ' = r — 2M and dr’ = dr, which implies

,r/+2M
t=+ / — dr’

hence

,
=4 / 1+ 2]\,4 dr’
r
=+ [r—2M + 2Mlog(r —2M) + C4] + C
Also
log(r — 2M) = log <2M (ﬁ - 1))
— log(2M) + log (ﬁ - 1)
So we have

’
t=+|r+2Mlog (5+-—1)]
r+ og Wi + CYy
where Cy = C' % (log(2M) + C7). We also write it as
t::|:7’*+02

This is called Regge-Wheeler tortoise coordinate r* and is defined by

7"*:7’—|—2M10g(ﬁ—1)



Chapter 4. General Relativity 62

which satisfies:

dr* 1 1
7= (2= (o)
(Hﬁ 1)
()
1= 557
()
[
_(1—%>1

So if we changed coordinates with respect to r* we would have:
2M
g= (1 — —) (= dt* + dr*) +r?dQ?
r
which eliminates the singularity at » = 2M but pushes the surface to infinity since
r* = —o0.
We define the null coordinates u, v such that:

u=t—r"

v=t+r"

We write the metric as

oM oM\ !
gz—(l——)dt2+(1——) dr?
T T
-2
- (-2 (dﬂ_(lﬂ) drz)
T T

—1 —1
du:dt—<1—%) dr, dv:dt—k(l—%) dr

r r

Also

and

T T

—1 —1
:dt2—2(1—ﬂ> dtdr—k(l—%) dr?
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—1 —1
=dt®’ +2 (1—%) dtdr + (1—ﬂ> dr?

r

We notice that

and we see that r = r(u,v), defined by

r+2Mlog (S 1) =" = 20

2M 2
From the above we will again change the metric by:
r v—u r r v—u
Mo (1 1) == U T (1)
e (g T ot 8 \anr AM
r/2M <L o > _ (v—u)/4M
— 1 =
e S e
. 2AM L eewyan e 2M
r r
— . ( . %) _ _e(vfu)4Mefr/2M%
r r

Hence we have
(v—u)/4M€—r/2M% du dw

g=—e€
’
Suppose
U= _e—u/4M
V= 611/4M
then )
AU = e du AM AU = e /"M gy
1 = v/4M
dV = _ev/4M do AM AV =e dv

AM
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So the metric is
32M3677‘/2M

r

g= AU AV

and there is no more a singularity at » = 2M, meaning in U = 0,V = 0. Now
we can extend the region of the Schwarzschild metric in U, V' coordinates such that
r > 0. The signularity at » = 0 doesn’t disappear because of

Rabcd Rabcd(o) = 0

With the next transformation we will have the desired Kruskal coordinates. Suppose

r- U+V)
2
¥ - (V-0)
2
where
2
T:dU+dV 472 — (dU +dV)
2 — 4
_ . 2
2 4
Hence

—dU? —dV? 4+ dV? + dU? _2dudvV 2dUdV

—d7T? +dX? =
+ 4 4 4

=—dUdV

and so the full metric takes the form:

—r/2M
g = 32035 (= dT? 4+ dX?) 4 17(d6° + sin® 0 dg?)
such that
X2_T2: (U_V>2 o (U+V)2

4 4

B U2+V2-U?2-V2-20V -2UV

B 4

=-UV

_ e—u/4Mev/4M

_ e(vfu)élM

_ 67"‘/2M

_ er/QMelog(ﬁ—Q
T
Y 1) r/2M
(ZM ‘

1 1
arctanh(z) = 5 log ( + I)

l1—=x

It is known that
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hence

T 1+ %
2arctanh (}):10g<1_%>
1 X+T
T8\X T
V-U | U+V
_+_
2 2
1o -V
61}/4M
_10g<6_u/4M)
— log (e(v+u)/4M)
_vtu
CAM
1
- 2M

We have shown that for the Kruskal metric

efr/2M

g = 32M? (—dT? +dX?) +r?d0? (4.10)
T
The following equations hold
T
——1) r2M _ X2 T 411
<2M ‘ (4.11)
¢ T+X (T
— =1 = 2tanh — 4.12
oM~ 8 (X—T) o (X) (4.12)

where 7 is defined by equation (4.11). If r > 0 then X? — 7% > —1. For points
X =4, T = C5 we have spheres and for r = 0 we have singularities

X?’=7T?-1 = X=+4+VT2-1

To better understand the causal character that the Kruskal diagram has, we can
look at the figure 4.1.
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Figure 4.1: The Kruskal diagram in coordinates (T, X) is divided in the regions I,
II, IIT, TV. The singularities for » = 0 are in the regions II, III. The horizon is for
r=2M, t =+oc and r =2M, t = —o0.

From [50, p. 155] we have the following remarks:

the singularities for » = 0 where pushed to the regions II and III.
The region for r > 2M was pushed to the region I.

An observer falling radially from region I once he crosses X = T to region II
he will stay there and in finite proper time he will fall to the X = /T2 — 1
singularity. All the light signals sent from him will remain in region II. For
the reason described, region II is called a black hole.

An observer in region III must have originated from the singularity X =
—+/T? — 1 and within finite time must leave region I. This region represents
the time reversal of region II and it is called a white hole.

Light signals from region I cannot cross to region IV because they will fall to
region II, the black hole.



Chapter 5

Cauchy Hypersurfaces

For the well-posedness of the Cauchy problem, the solution for the Einstein equa-
tions, we need well defined initial data. For that we need the following.

Definition 5.0.1 (Cauchy Hypersurfaces). [17, p. 6] Assume (M, g) is a spacetime
manifold. Then a Cauchy hypersurface is a complete spacelike hypersurface ¥ in M
such that every causal curve through any point p € M intersects > at exactly one
point.

Definition 5.0.2. [17, p. 6] A spacetime admitting a Cauchy hypersurface is called
globally hyperbolic.

An important result about the Cauchy hypersurfaces is the following Lemma.

Lemma 5.0.3. [/, p. 4] Let M be a (C*-)spacetime which admits a C"-Cauchy
hypersurface S, r € {0,1,...,k}. Then M is C"-diffeomorphic to R x S and all the
C"-Cauchy hypersurfaces are C" diffeomorphic.

According to [43], Geroch in [20] proved that if a Cauchy hypersurface exists
then the spacetime is globally hyperbolic and, conversely:

Theorem 5.0.4. If M is globally hyperbolic, there exists a continuous function
t: M — R such that:

1. t s strictly increasing on any future-directed causal curve

2. Each level set S, :=t7(a) is a Cauchy hypersurface Va € R.

Geroch proved this theorem by considering the time function ¢ as

- (4

for a (suitable) finite measure on M.

From this result we have the existence of a time function ¢ which gives as topo-
logical Cauchy hypersurfaces. What wasnt known was the existence of a smooth
function that its level sets are smooth spacelike Cauchy hypersurfaces.

This was proven by Bernal and Sanchez, speciffically, according to [4, p. 2] they
showed

1. Any globally hyperbolic spacetime admits a smooth spacelike Cauchy hyper-
surface S.

67
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2. Besides the existence of a time function, there exists a ”temporal” function,
i.e. smooth with timelike gradient.

3. Any globally hyperbolic spacetime admits a smooth splitting M = R x S with
Cauchy hypersurfaces slices {¢y} x S orthogonal to V¢ and that M is isometric
to R x S.

One can look for the detailed proof in [3] and [5].

5.1 341 Splitting

Let (M, g) be a globally hyperbolic spacetime, we define a smooth time function
t : M — R and the diffeomorphism ¢ : M — R x ¥ where each level set »; is
diffeomorphic to ¥y and ¥ is a Cauchy hypersurface. So we have a folliation of M
with leaves 3.

We define the lapse function

We notice that for X € 7,3,
g9(Vt, X) = di(X) = X(t)[z, =0

and so Vt L X.. So V measures the normal separation between the leaves >.. We
define the vector field
T=-V*.Vt

which is orthogonal to X.. From that we have

1 Vit
T=-VVi=—-——e0—Vi=———r
Vi T T g v

and

Vi
T =g — —1
g(T,Vt) =g (g(Vt, w),Vt)

The vector fields T, Vt are on opposite cones. We choose T to be the future directed
timelike vector field and Vt to be the past directed. Also

T(t) = —V?Vt(t)
_ Vi)
-~ g(Vt, Vi)
SO
1
- g(Vt, Vi)
=1

g(Vt, Vi)

We assume the integrals curves of T" are parametrized by .
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ot
TR
oz
0" ot _
O\ Ox*
ot
~ =1
o\
t=A+c

bl

where c¢ is constant. So the integral curves of T" are orthogonal curves to the
level sets ¥; and they are parametrized by t. The flow ¢, of T' takes the leaves of
the foliation to another leave by ¢, (%;) = X,

We assume the unit normal

N=V"IT.

Its a unit normal since

g(N,N) = V?¢(T,T)
= V2V*g(Vt, Vt)
= V?¢(Vt, Vt)
1
= ——— t,Vt
ma Vt)g(V , Vt)
=1

Also for N* = %i:, where s is arc length, we have

00t _ 005 05
ot ds Ot ot

which implies

Os s s

Nt — NrZ2 -2
o v 5 VT

And so the integral curves of N are the same with the integral curves of T but
instead they are parametrized by arc length.
So for 0, = T we have that

T = N*

Joo = g(at, at)
= V*g(Vt, Vi)

=7 (i) 47V
A VA

and

gio = —V?g(Vt,0;) =0
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where the last equation holds since 0; € T,%,; for some p € M, t € R. For induced
metric g(t) of ¥;, the metric g is

g=-V’dt?+73
Notice that V, g both depend from ¢.

5.2 Initial Value Problem

The Einstein equations can be written as
. 1
Ric — §Rg = 8rT

where T is the energy-momentum tensor. The solution of the Einstein equation is
the metric g of a spacetime M.

For the well-posedness of the Einstein equation we need a set of initial data.
According to Christodoulou [17, p. 22]

"initial data for the Einstein equations consist of a pair (gij, ki;) where g;; is a
Riemannian metric and k;j is a 2-covariant symmetric tensor field on the 3-manifold
M, which is to be identified with the initial hypersurface Xo. Once we have a solution
(M, g) with M = [0,T] x Xy and Xg = M, then g,;, ki; shall be, respectively, the 1st
and 2nd fundamental form of X9 = {0} x 3o in (M, g).”

From Choquet-Bruhat and Geroch [15] we have the following result

Theorem 5.2.1. [43, p. 8] Let (X, g) be a (connected) Riemannian 3-manifold, and
k a symmetric two covariant tensor which satisfies the compatibility conditions of a
second fundamental form (Gauss and Codazzi equations). Then there exist a unique
spacetime (M, g) satisfying the following conditions:

1. ¥ — M, consistenly with g, k (i.e. g = gl etc.).
Vacuum: Ric =0 (this can be extened to more general T').

Y is a Cauchy hypersurface of (M, g).

Mazimality: if (M’,q") satisfies (1)-(3), then it is isometric to an open subset
of (M, g).

As the previous theorem stated, for it to hold, the initial data needs to satisfy
some constraint equations which are derived from the Gauss and Codazzi equations.
Also the initial data have the evolution equations of g. Next we will find the con-
straint and evolution equations that hold for the initial data of a spacetime in a
vacuum.

5.3 Constraint Equations of the Einstein Equa-
tions in Vacuum
In general, unless otherwise specified, when writing latin indices we will mean the

spatial indices (i.e. 4,7,k € {1,2,3}) and the greek indices will mean the spacetime
indices (i.e. p,v, A € {0,1,2,3}).



71 5.3. Constraint Equations of the Einstein Equations in Vacuum

5.3.1 First and Second Variation of the Metric
Proposition 5.3.1. Let (M, g) be a spacetime such that M = [0, 7] x Xy where
= —V2di* + 7,

g(t) is the induced metric on ¥y and V' is the lapse function. Then the first vari-
ation equation is
95,
ot
where k;j is the second fundamental form.

Proof. Suppose

0 0
ot’ ox’
The unit normal to ¥, is
N =V'T,

and the second fundamental form is
kij = (VEN, Ej).
So we have
T(gi;) = VN (E;, E;) =V (VN Ei, Ej) + (Ei, VNE)))
First we compute
VnE; =VgN + [N, E|

=VpgN + [V‘lT, Ez]

=V N+V ' T,E]+ [V L E]|T

=VgN—E(VHT

And so
(VvEi, Ej) = (VN - E(V T, Ej)

<VEN E> Ei(V-OAT, E)

= (VgN, Ej)
With the above 9

5195 = 2V ki;

[

Proposition 5.3.2. Let (M, g) be a spacetime such that M = [0, 7] x Xy where

= —VZd* + 7,

g(t) is the induced metric on ¥; and V is the lapse function. Then the second
variation equation is
Ok;;
815
where k;; is the second fundamental form, V is the covariant derivative instrinsic
over ¥y and Roi; = R(E;, Eo, Ej, Ey) on the coordinate frame field (Ey, Es, Es) and
Ey = V=19, being the future directed unit normal on ¥;.

= VY,V + VE ki + V Ro,
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Proof. Suppose

0 0

ot’ oxt
The unit normal to X, is

N=V'T

and the second fundamental form is

kij = (VEN, Ej) .

() VE17J>

(

<VE1(V 1T ,E;)

(V2E,(V)(T,E;) + V' (VE,T, E;))

(v <vE T Ej))

(VTVeT E) +V VeV T, E)) + VT (Vi T, V1 E))

= -V 2T(V)(VET,E) +V ' (VyVET,E;) + (Vg,T,VrE;)]

= -V IINWV)(Vg,(VN),E;) + V' (VyV T, E;) + (Vg,T,VrE;)]

= -V INWV)(Vg,(V)N,E;) + (VVgN,E)+ V' (VrVET, E;) + (Vg T,VrE;)]
~N(WV)kij + V[V VT, E;) + (VE,T,VrE;)]

T
T
T
T
T

We have shown that
T(kij) = —N(V)ki; + V-t (VeVET E;) + (VgT,VrE;)] (5.1)
Denote
A=(VyVgT, Ej>, B = (VgT, VTEj)
SO we can write
T(kij) = =N(V)ki; + V' [A+ B] (5.2)
First we will compute B. We know that
[E;,T| =VgT—VrE;
and

So we have

B = (VT ,VrE;)

= (VgT,Vg,T)

= <v (VN),Vg,(VN))
(N, Vg, (VN))+V{(VEN, Vg (VN))
[E;(V)(N,N)+ V{(N,Vg,N)| +V [E;(V)(N,VgN) +V(VgN,VgN)]
= —E;(V)E;(V)+ E{(V)V{(N,Vg,N) + VE;(V)(N,VgN)+V?*(VgN,VgN)
= —E;(V)E;(V)+V?*(VEN,Vg,N)

(V)E;(V)+ V*(Vg,N, g™ ki Emn)
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The last equation comes from the fact that
Vi, N = tk(E;, Ej)
And so we have
B=—-E,(V)E;(V)+ V2k’§”kim (5.3)
Now we compute A.
=(VrVgT, E;))
= (R(T,E))T + Vg, V7T + Ve T)

= (R(T, E)T, E;) + (Vg ,VoT, E;)
=V?(R(N,E;)N, E;) + <VEiV(VN)(VN>7Ej>

Denote
C=(VeVun(VN),E;)

So we can write

A = VQROZ‘OJ' + C (54)

Now we compute C'.

= (Ve Vyn(VN), Ej)
(V (VVN(VN)) Ej)
(Ve
(Ve
= (£

V)N + V*VyN], E;)
V)N) + Vg, (V*VyN), E;)
( ) ( )N+ VE(N(V))N + (Ve N)VN(V), E;)
+ (E;(V*)VNN + V?VE, VN, E))
=VN(WV)(VgN,E;) +2VE;(V)(VNN, E;) + V2 (Vg VxN, E;)
=VN(V)kij +2VE;(V)(VNN, E;) + V? (Vg VxN, E;)

And so we have

C=VN(V)kiy;+2VE;(V)(VNxN,E;) + V? (Vg VNN, E;) (5.5)

Next we have to compute VyN.

VNN = Vyap(VIT)
=V IVp(VIT)
=V N TV HT +V~'VsT)
=V Y -V OTV)T +V2V;T
=-VI3T(V)T +V T§,E,

1
0o = 5905 (Eogos + Eogso — Esgoo)
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We know that ¢°% = 0 for 8 # 0, so

1
oo = 5900 (Eogoo + Eogoo — Eogoo)
1 _
- v B

1
- §V722VE0(V)

=V 1E(V)
For k=1,2,3and f=0,...,3

1
Ty = 59% (Eogos + Eogso — Esg00)

We know ¢*° = 0, so we must have 8 # 0. We write equivalently

1
Tho = 59“ (Eogor + Eogio — Eigoo)

But go; =0

1
Fgo = §gkl(—Elgoo)

— ——gklE[(—V2)

1
= §2nglEl(V)

= V"' E,(V)
We have shown that
Lo =V 'Ey(V), Tg=Vg"E(V)
together with the previous computation of VN we have
VNN = -V 3T(V)T + VT, E,
= -V 3E(V)Ey+ V2V EN(V)Ey + V2V g E(V)E,
= V_lgklEl(V)Ek

=V IVV

We have shown

VNN =V'VV (5.6)
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Now we substitute (5.6) to (5.5)

Q
Il

VN(V)ki; +2VE(V)V ' M E(V)gi; + V2 (VE (V'VV), E))

N(V)kyy + 2E:(V)E(V)8; + V2 [E(V ) (VV.Ej) + VT (Vi (VV), E;)]
(V) = VAV 2E(V)g"Ei(V)gr; + V (Ve (VV), Ej)

V)+V (Vg (1dV), E;)

= =

E

J

=

(V

I
S S S < <SS << <<
\_/\_/\_/\_/\_/S\_/\_/\_/\_/\_/

S

V)E;(V) + VEE;V — B (V)I'LV
V)E;(V)+ VV,V,;V

 + )

= VN(V)kij + Ei(V)E;(V) + V [(§(Vi,(dV)) , Ey)]
kij + E;(V)E;(V) + V {§ [V, (Ex(V)da")], E;)

=VNV)ki; + Ei )+ V (¢ [(B:E(V) — E((V)TY) da*] , E;)
=VN(V)ki; + E(V)E;(V) + V(" (E;E,(V) — E(V)T},) E)
=VN(V)ki; + E(V)E;(V) + V [¢"E:E,(V) gy — " E\(V)T,g15]

+( )

i( )

)E;(
VE;(
VE;(
V)E;(V

VE;(
VE;(
VE;(

(

+
!

Now we substitute C' to (5.4).
A =V?Ryi; + VN(V)kij + E;(V)E;(V) + VV,V,;V (5.7)
Now we substitute both (5.7) and (5.3) to (5.2).

T(kij) = —N(V)kij + V' [V?Roio; + VN(V)ky; + E;(V)E; (V)]
+ [VViViV 4+ —E(V)E;(V) + V2K ki)
N(V)/{JU + VR()ioj + N(V)kw + Vk;nk‘zm
+ V Roioj + VE kim

5.3.2 Gauss and Codazzi Equations

Theorem 5.3.3 (Gauss Equation). /38, p. 100] Let (M, g) be a semi-Riemannian
manifold and (M, q) be a semi-Riemannian submanifold of M. Then for allW, XY, Z €
X(M), the following equation holds:

R(W,X,Y,Z) = R(W,X.,Y, Z) — ((W, Z), (X, Y)) + (L(W,Y), (X, Z))

Assume W, XY, Z € TPM and NV € T),M is a timelike unit vector normal to M.
Then from theorem 5.3.3

RW,X,Y,Z) =R(W,X,Y,Z) — (I(W, Z), (X, Y)) + (I(W,Y),I(X, 2))
(W, X,Y, Z) — (k(W, Z)N, k(X,Y)N) + (k(W,Y)N, k(X, Z)N)

= R(W,X,Y, Z) + k(W, 2)k(X,Y) — k(W,Y)k(X, Z)

R
=R

And so in coordinates the Gauss equation is:

Rimji = Eimjl + kitknj — Kijkmi (5.8)
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Theorem 5.3.4 (Codazzi equation). [38, p. 115] Let (M, g) be a semi-Riemannian
manifold and (M,q) be a semi-Riemannian submanifold of M. Then for all W, X,Y €
X(M), the following equation holds:

(RW, X)Y)*t = -V (I(X,Y) + I(Vw X, Y) + I(X, Vi Y)
+ Vx(I(W,Y)) —I(VxW,Y) — I(W,VxY)

Suppose W, X, Y, N € X(M), then from theorem 5.3.4

R(W,X,Y,N) = (=Vu (I
+(V

(X,Y)+I(Vy X, Y) + (X, Vi Y), N)
C(I(W,Y)) = (T W, Y) — (V5 Y, W), N)
= (-Vw(k(X, ) )+ E(Vw X, Y)N + k(X, Vi Y)N, N)
+(Vx(k(WY)N) = k(VxW.Y)N = k(W,VxY)N,N)
—(V (k’)(X Y)N,N) 4+ Vx(k)(W,Y) (N, N)
—< ) [V (B)(X,Y) = Vx (k) (W, Y)]
Sofor W =E;, X=F;, Y =E,, N=V"19 we have the Codazzi equation in

coordinates:
Riij = kjm;'i - kim;j (59)

We remind that ¢°* = 0 for k € {1,2,3} and ¢ = —1 on the frame field
(Ela E27 E37 N)
We take the trace of the Gauss equation (5.8) in respect to the hypersurface ¥,

9" Rimji = —Rij + kakmig™ — kijk,,™ (5.10)
We notice that
ngRimjl = _gmlRimlj
= —g" Rij + QOZRiOlj + ngRimOj + gooRiOOj

= —Ry; + 9" Rioo;
= —Ri; — Rioo;

Together with equation (5.10) the trace of the Gauss equation becomes
Rij + Ripo; = +F1j kzlkl + kijk,,"
Taking the second trace on the hypersurface we have
97 Rij + ¢" Roijo = R — Kk, + k' k,™ = R—¢"Roo+ g Rosjo = R — K}k, + k' .k,
gOOROO = —g" RiOOj - gOJROOOj - gloRz‘ooo = _gZ]Rz‘OOj
because of the antisymmetry of the first two and the last two indices of the Rieman-
nian metric. So we get in coordinates
R+ 2Ry =R — KK, + Kk,

and in invariant form

R+ 2Ric(N,N) = R — |k|> + (trk)?
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where |k[? = kK.
For the Codazzi equation (5.9) we take the trace on the hypersurface
gijiij = gjmkjm;i - gjmkim;j
but ' '
Rio = ¢’ Rijmo + 9" Ripoo = " Rijmo
So in coordinates
Ro; = k7 — 0;(k)
and in invariant form
Ric(N,-) = divk — dk
We have proven the equations
R+ 2Ric(N,N) = R — |k|* + (trk)?
Ric(N,-) = divk — dk

By imposing the Einstein equations in a vacuum we have the constraint equa-
tions

R— k> + (trk)* =0 (5.11)
divk —dk =0 (5.12)

So the initial data (k,g) on a spacetime (M, g), which has the decomposion from
the spatial hypersurfaces (X, g(t)), need to satisfy the above constraint equations
and the time evolution equations from propositions 5.3.1, 5.3.2:

0

0

5.4 Static Spacetime

Assume a static spacetime (M, g) where
g=-V?dt* +37

static means that V' and g dont depend from ¢. Because of this independence we
observe that spatial hypersurfaces ¥, of the static spacetimes are totally geodesic.
This happens because the first variation equation (5.13) and the second variation
equation (5.14) become

kij = 0
Vi + VRoi; =0

and the Gauss equation (5.8) similarly become

Rimjl - Rimjl
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Proposition 5.4.1. Let (M, g) be a static spacetime in vacuum and
g=-V?*dt* +7

Then the following equations hold:

Rij =V 'V
AV =0
where the bar above the operators are the induced on the hypersurface ;.
Proof. We observe that
Ry, = gaﬁRaWB

= QOﬁROMVB + gaORauuo + gkle;U/l + gOORO;WO
= gkle;wl + QOORO,LWO

So we have the equations

Rij = gkleijl - RO@'jO
Roo = ¢" Ryonn

From the second variation equation we have that
Rioor = V'V

By taking the trace we get -
Ryo =V 'AV

and together with the Einstein equation in vacuum we have

AV =0
We showed before that

Rij = gkleijl - ROijO
together with the Gauss equation in static spacetime we have
Ry = gklﬁkijl — Roijo = Ry = Eij — Roijo
— }_%ij = Rij + V_l‘/;ij
= Ry=VVy



Chapter 6

Uniqueness of Asymptotically
Euclidean Static Vacuum
Spacetime

In this chapter we will prove the following theorem:

Theorem 6.0.1. The exterior Schwarzschild solution is the only maximally extended
static, vacuum, asymptotically Fuclidean spacetime with reqular, compact black-hole
boundary.

In 1967, this theorem, with more assumptions, was first proved by Israel in [28].
In 1986, Gary L. Bunting and A. K. M. Masood-ul-Alam proved the above gener-
alization of Israel’s theorem in [8]. According to [42, p. 18] they introduced a new
approach by using results from the positive mass theorem [46] which was proved by
Schoen and Yau in 1979. In 1986 Bartnik, prior to Bunting and Masood-ul-Alam’s
paper, generalized the positive mass theorem in n dimensions with the hypothesis
of spin manifolds in [1]. Bunting and Masood-ul-Alam didn’t use the assumption
that the intersection of the event horizon with the closure of a t =constant hyper-
surface is connected, which proves that there doesn’t exist multiple black holes in
an asymptotically Euclidean, static, vacuum space-time.

The proof can be decomposed in three parts. First part proves a suitable asymp-
totic expansion for the metric g of the three manifold and the lapse function V. The
second part proves some of the facts needed to use the positive mass theorem and the
third part constructs the suitable manifold using all the previous parts and finally
uses the positive mass theorem to prove the theorem.

We assume a static space-time with metric

tg = —V2(2")dt* + gup(27) dz da®

for a = 1,2, 3, where V' is the lapse function and ¢ is the Riemannian metric of the
t =constant hypersurfaces.
Let X be the t = 0 slice. We assume the following

e V>0o0n X,
e V=00n0x =%\,

e Y is a spacelike oriented manifold,

79
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e the boundary 9% is compact C?,
e g and V are smooth in ¥ and C? on X.

We will denote the connected components of the boundary 93 with (0%);. Since
the boundary is compact, we have that the number of (9%); is finite.
We know that the extrinsic curvature of ¥ is zero in M, but it follows that:

e 0% has extrinsic curvature zero in X
e |[VV|? are positive constants on each connected component of 9%.

We have shown in proposition 5.4.1 that the Einstein field equations in static
vacuum take the form

AV =0 (6.1)
Ric(g)ab = V_l‘/;ab
for a,b € {1,2,3}.

Remark 6.0.2. To show that the second fundamental form of (0%); in ¥ is zero
and that |VV|? is a positive constant on each 0% we do the following:
The static equation (6.2) can be equally be written as:

V Ric(g) = Hess(V)

Since V= 0 in the boundary, we have that Hess(V') = 0 in the boundary. We also
have

Vx([VV]?) =2(VxVV,VV)
= 2HessV (X, VV)

Hence on (0%); we have
VX(|VV|2) =0

which implies that |VV| is a positive constant on (0%);.
From [40, p. 91] we have that

——HessV(X,Y) (6.3)

where X,Y € T(0X); and k is the second fundamental form on (0%);. Then from
equation (6.3) and the static equation (6.2) we have

V Ric(g) = |VV|k (6.4)
So for k to be zero we need |VV| # 0 in (0X);. Assume the orthogonal vector field

\A%
N=—_
VvV

from which we have

N(V) =[VV|
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on the boundary (0%);. We have just shown that N(V') =constant in the boundary,
hence it is sufficient to show that N(V) # 0 in a point p € (0X);. We have that
V € C%(X), —V has a mazimum in (0X); and from the static equation (6.1) AV = 0,
then from Hopf’s maximum principle [19, p. 347] we have that

NV)lp=N(=V)|, >0

where p € (0%);, but N (V') is also a positive constant on the whole boundary. Hence
N(V') # 0 on the whole boundary and so from equation (6.4) we have that the second
fundamental form k = 0 in the boundary.

We assume that the spacetime (M, *g) is asymptotically Euclidean ([8, p. 2]).

Definition 6.0.3 (Asymptotically Euclidean Manifold). There exists a compact set
K C X such that ¥\ K is diffeomorphic to R*\ B1(0) where B1(0) is the closed unit
ball centered at the origin. With respect to the standard coordinate system (y®) in
R? we have on X\ K

Gab = 5ab + hap (65)
v=1-" 1y (6.6)
[yl '
such that for |y|* — oo
oh b ov
h — —1 a _ —9 _ _9 v _ _3
a = O(yl ), o O(lyl™), v=0(y|™), o O(ly1™)

For some A >0 and 4 < q < +©

0 hgy
Oy oyt

0%v
Oy oyt

€ LT, ,(R*\ By(0)), € LT, 5(R*\ By(0))

The constant m is positive and is called the mass of (3, g).

Definition 6.0.4. [1, p. 663] The weighted Lebesgue space L1, for 1 < ¢ < oo,
and weight § € R are the spaces of measureable functions in L (R™\ {0}), such
that the norm is defined by

1
q
</ |u|?r 04" d:c) , D<o
lullos = § \Jem (o)

ess SupRn\{o}(T_6|U|)a p =00

18 finite.
The weighted Sobolev space Wf’q is defined by

k
lullegs =D 1D7ullgs-
n=0

From [1, p. 675] we have a more general definition which is called asymptoti-
cally flat. This definition is the following
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Definition 6.0.5 (Asymptotically Flat Manifold). A smooth n-dimensional man-
ifold (M, g) with Riemannian metric g € W,2U(M) for some n < q < +oc is said
to be asymptotically flat if there is a compact K CC M such that M \ K has a
structure of infinity:

There is R > 1 and for Er = R™\ Br(0) a C* diffeomorphism ® : M\ K — Eg
which satisfies:

1. (D.g)ij is uniformly equivalent to the flat metric §;; on Eg, so that there is a
A > 1 such that

ATER < (D9)y(2)€°€ < A€
for all v € Eg, & € R,

(P.g)ij — 0 € WEH(ER)

for some decay rate T > 0.

We will now prove that the conditions of asymptotically Euclidean implies the
conditions of asymptotically flat manifold.

1. Asymptotic Euclidean implies first condition of asymptotic flatness:
Jap 1s uniformly equivalent to the flat metric d4.

Proof. For y € K, g4 is continuous and positive definite on a compact set

Gar ()€ >0 for 0# € € R?

If |n| =1, let F: K x S? such that F(y,n) = ga(y)n®n® > 0. Then F > 0 in the
compact set and it has a minimum

Fly,n)>Fy>0 = gu(y)n®n® > Fy for n® = %

= gu(y)E* > RlE)? for ££0

and it a maximum F}
9an(y)E°E" < Fy|€P
If ye M\ K then y € R3\y for suitable R

Gab = 6ab + h(zln hab = O(|y|71)
which implies

9ab€€" = |€]7 + hap€®€’

We have the inner product of matrices tr(BTA) = (B, A), so for symmetric matrices
(B, A) = tr(BA) which gives us the norm

1B = tx(B*)"?
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Assume the matrix with components P,;, = £%¢? and tr(P?) = Y, (P?), then
(Pz)aa - Z Pabea
b
_ Z fagbgbfa
b
= (&7
b
= (£)%[¢P?
From that we have

(PP =) kP& =1 = |P|=te(P)? =g

so from Cauchy-Schwarz
R €| < lhas] - €[
It follows

19a6€°E"] = |[€])* + hang®¢|
<€)7 + |has| €]

From the definition of asymptotically Euclidean manifold we have

<«

|ha&“€°| < — €7
Yl
which implies
u C
9ar€€" < €] + m|§|2

Similarly

g€ = [€* — |nll¢]*
C
in

for |y| > R. We choose |y| > R’ > R such that C/R’ < 1/2. From that
a¢b > 1 2

C
s < (1+ 3 ) 6P < e < 2P

NNV

And so we get
1
SI€* < guge” < 20¢f?

for suitable R’ where |y| > R’

A usefull Lemma that we will use in general is the following:
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Lemma 6.0.6. Suppose a function f: Er — R where Er = R3\ By and By is an
open ball of radius R. If f(x) = O(|z|™*) as |x| = oo for k > 0, then f € L?,(ER),
forO< A<k and4 < q < +o0.

Proof.

S 4r< O .
/ e 3da:<(]/ a3k g
Er B
:CI/ |x|q(k—k)—3dx
Eg

+00
= CQ/ pA=Ra=1 qp
R

where in the 3rd line we substituted spherical coordinates and denoted Cy = C} f dQ
for the angle coordinates. The above converges for 0 < A < k. So we have proven
that

[fllg,—x < o0
when A € (0,k). O

2. Asymptotic Euclidean implies second condition of asymptotic flat-
ness:

Proof. From the asymptotically Euclidean hypothesis and Lemma 6.0.6 we have for
0<r<1

hay = O(lyl™) = llhabllg—r < +o00

B = |hapl1,9—r < +00
Oihay = O(ly1®) = [|0khasllg—r1 < +<>o} '

This means that hy, € WE’f(ER) for0 <7< 1. O

Remark 6.0.7. Together with D*h,, € LY, ,(ER) we have
hay € WE’T(I(ER)
for T € (0,1).
From [46] we have the following corollary of the positive mass theorem.

Theorem 6.0.8. [8, p. 2] Let (N,v) be a complete oriented three dimensional Rie-
mannian manifold which is asymptotically euclidean in the sense that N is topologi-
cally Fuclidean outside a compact set and the metric v satisfies the decay condition

2c
Yab = (1 + m) 5ab + agp

aa = O(ly| ™),

where
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as |y| — oo and for some X >0 and 4 < ¢ < +00

82aab q 3

By L%, 5(R”\ By(0))
If the scalar curvature of ~y is nonnegative and the mass ¢ = 0, then (N,~) is
isometric to R with the standard euclidean metric.

One of the important features of the positive mass theorem is that it gives as a
precise meaning of mass as the divergence from the Euclidean space.

6.1 Asymptotic Form of the Metric and the Lapse
Function

In this section we prove a series of Lemmas with the goal to gain a suitable form
for the asymptotic expansion of the metric ¢ and the lapse function V' which is in
proposition 6.1.11. Most of the following Lemmas uses the previous ones for their
proofs.

First we need to change the coordinate system to harmonic coordinates.

Definition 6.1.1. [16, p. 90] Local coordinates {z'} are called harmomnic coordi-
nates if each coordinate function x' is harmonic:
Az' =0
We notice that
ALL’i = gjk (@(’%xl - ka]&lxz)

= % (930}~ T5))

= —gjkrz'k
and so for harmonic coordinates it holds that

g =0 (6.7)

Now we will choose an asymptotic coordinate system (x®) harmonic relative
to the metric A = V2g such that the components of g and the function V have
better decay properties than before. This is achieved by the following proposition
of Bartnik:

Proposition 6.1.2. [1, p. 19] Suppose that (M, g) has a structure of infinity & with
decay rate n > 0, so (P.g — J) € WE;?(ER) for some ¢ > n,R > 1, and that the
Ricci tensor of (M, g) satisfies

Ric(g) € LY, (M) for some nonexceptional T > 1

Then there is a structure of infinity © defined by coordinates harmonic near infinity
which satisfies (0.9 — 6) € W>4(Eg,), for some R, > R.

We have already showed that h,, € WE’,‘,](ER) for 0 < n < 1 and that the
manifold has a structure of infinity. We need to show the condition for the Ricci
tensor. First we conformally change the metric to give the conditions needed.
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Lemma 6.1.3. Let g be the metric and V' the lapse function of the static, asymp-
totically Euclidean spacetime . If A = V?g and U =log V. Then

AU =0
Ric(A)g = 2U Uy

Proof. First we will calculate equation 6.8

1 .
A\U = ——0; (A" /|A|U,
VIA] ( )
Where AY = V~2¢% for |A| = det A
A=Vl =Vgl = VIA=VV]gl

and (9JU = V‘lﬁjV. Then

AU =

o (V297 gV V1o,V
(9”7 /1910;V)

\/—
V3\/_

V3AV
=0

The change of metric is conformal so the Ricci curvature becomes (from [45, p. 184])

AllogV?) 1
(log )+

1
RiC(A)ab = R(Q)ab - 5(10%”‘/ ) .ab + —(log V2) (log VZ);b - 9 1|Vlog V2|2 Gab

4(

— (log V).o, + (log V).a(log V)., — [A(log V) + |V 1og V|?] gab

We have
V;ab V;a‘/;b
(logV);ab: % - V2
AV \VV|2
A(l
(logV) = =7 = 5
VV|?
|ViogV|* = | T
and so
. ‘/;ab ‘/;ab ‘/;a‘/;b ‘/;a‘/;b AV
Ric(A).op = AT + V2 + vz Ty Ja
=20,U,

Now we can show the following lemma:

Lemma 6.1.4. Ric(A)y € LY, (M) for some T > 1.
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Proof.
Ric(N)ap = 2U,Uy = 2V 2V, Vy,
where
m 2 a 3
V=1 m+0(|y! ) = Va——wy +O(ly| ™)
, 1 m ., _ m _
Rie(A)y = 2 <‘W’ L o(yl 3)) (—Wﬁ L o(yl 3))

(14 O(!y\Q))Q o+ 0l )]

|y
m2 m3
-9 _yayb+ +O y6:|
[Iy\ﬁ ly|Tyay® (™)
2
m° _
= 2Wy y* +O(ly|™°)
=O(ly|™)

where in the second equality we use the Taylors expansion of 1/(1 — z). So from
lemma 6.0.6 we have that for A <4 and n <71 < 2

Ric(A)a € L, (M) =  Ric(A)gy € L%, (M)
]

Now from proposition 6.1.2 we have that there exists an asymptotic coordinate
system (z%) harmonic relative to A such that A,, components of the metric A satisfy

Aab - 6ab + Hab (610)
where
Mo = Oz "), Olley = O(|2|7?)
and for 7 € (1,2)

OOy, € LY ,(R*\ B3(0))

From equation (6.7) and lemma 6.1.3 we have

N 2
ANU=0 = A% ( afaaUa:b - F’;bakU) -0
. 0*U
Aab —
- (mamb) 0

Lemma 6.1.5. [16, p. 92/ In harmonic coordinates, the Ricci tensor is given by

—ZRZ‘]' = A(gz‘j) + Qij(g_17 ag)

where A(g;;) denotes the Laplacian of the component g;; and @) denotes a sum of
terms which are quadratic in the metric inverse g—' and its first derivatives Og.
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Proof.
Rjk = qukq
= aqr?k: - 3jF3k + F?kng o szrgp
The last two terms will be absorbed by @ since they will be quadratic in ¢! and
dg. For the first two terms we have
1 . 1 ..
OgL), = 5 104(9™) Digur + Orgyr = Orgin)] + 59" (409 + 0aOkgjr — 0y0rgin)]
1 1
Oilaw = 5 105(9") (ugir + Ogqr — Orgae)] + 59" [(9;049kr + 0iOkgar — 90r9qr)]
where again the first terms in the above equations are absorved in (). So we have
—2Rji, = 9" (=0,0k9jr + 040 gjk + 0jOkgqr — 050rgqr) + Q (6.11)
We want to show that
—2Rjr = Algje) — 9" 0k (T,955) — 9 0;(I°gs) + Q (6.12)

because if the above holds then
—2Rji, = A(gjk) — 9" Ok(L'5,955) — 97 0;(Igsr) + Q

= A(gjr) — 8k(quFngsj) - aj(gquZr*QSk) + a(gqr)rzrgsj +0; (qu)FZTgsk +Q
where the last terms are absorved from (), and the second and third terms are zero

from the necessary condition of the harmonic coordinates (6.7). And so the equation
holds

—2R;, = Alg;e) + Qg™ 09)
Now we will open the first three terms in equation (6.12) to show that it is the same
equation as (6.11). We will do the computation in normal coordinates.

A(gje) — 97 (T5,955) — 97 0;(T5,95) = 97 (040098 — 95;0k(T5,) — 905 (T5,) ]

1
g” aqargjk - §gsjak (gSl<aqg7"l + a7’gql - al))

1

- §gsk8j (gSl (8qgrl + 87"gql - 8lgqr))

We will ignore the first term ¢9"0,0, g, since it is one of the terms that we need in

equation (6.11)

1
_égqr (gsngl [akaqgrl + ak&"gql - akalgqr] + gstSZ [aqugrl + ajargql - ajalgqr])
1

= _§gqr ([akgqgrj + Ok0rgqj — a’faqur] — g7 [ajaqgrk + 00, gqr — 8j@kgqr])

we reverse the indices ¢, r since its in a sum

1
= —59(” [2010,94; + 200, 9k — 2050;9gr) = —97 (040, gr; + 050, Ggr — 050k Gqr)

which is rest of the terms in equation (6.11). O
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From lemma 6.1.5 we have

- o 0
RZC(A)Z']' 2 kl@ A a Azg + Qz] (A 8‘/\)
UL Y I S W

Oxi Oz 2" Oxk Ozl

. 02, oU oU
ab 1) _
- A <8x“3$b> —A5 o T @A, 04)

In the proof of Theorem 4.3 in [1, p. 22|, says that from an observation of in [48]
we have the expansion in harmonic coordinates

]\ij = 6ij + Aij|.l’|_1 + O(‘JI|_T> (613)
for 7 > 1 and A;; constant matrix.
We will prove that A;; = 0, by using the harmonicity condition

Lemma 6.1.6. If we have an asymptotic expansion
Aij = i + Aylz[ 7+ O(|| ™)
in harmonic coordinates, then A;; = 0.

Proof. From harmonic coordinates we have

Al

but first we need to calculate |A| and AY. We have
Aij = 0ij + €Ay + O(lz| ™)
= 0 + Efbi

where ¢ = |z|™1) wi; = Aij + O(]z|77*1). We write the determinant as

|/~\’ = 5ijk/~\1i[\2j/~\3k
where ¢ is the levi-civita symbol [10, p. 24]

+1, if ijk is an even permutation of 123
gijk = § —1, if ijk is an off permutation of 123
0, otherwise

We have
|/~\| = €ijkA1iA2jA3k
9% (61; + ep) (625 + ptog) (Os + Episn)
= % (51;09;031 + £ (111402031 + Haj01:03% + f3k01:025)) + O(€®)
= 4 e(eB gy + 3 pg; + e pzi) + O(e?)

=1+ 8(/111 + 22 + ,u33) + 0(82)
= 1 +etr(p) + O(e?)
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But = A+ O(|lz|7™*), e = |z,
Al =1+etr (A+O(lz| ™) + O(e?))

trA
— 1+ 2L 02| 7) + 02| 2)

|z]

But 7 > 1, and so

IA| = 1+%+O(]z\ ) (6.14)

for 7 € (1,2). We also have

A7 =5 — Ay + O(?) (6.15)

From the harmonicity condition
AF=0 = —p, ( |A|Majxk> ~0
Al
— 0 ( |]\|Awajk) =0
— 9, (x/XAJ) —0 (6.16)

From 6.14

From Taylor expansion

t
\/1+t:1+§+0(t2), for [t| <1

assuine

trA
t=—+0(z|"
0 )

So we have from the above

trA —T
\M—Hzl -+ 0 )

o . A;
Al = §ii — | T+O(|x|_7)

Now we continue equation (6.16)
0; (\/ |/~\|/~W> =0 = 0, [( ;A| + O(|z|~ T)) <(5” ZT + O(|z|~ T)>} =0
= 0 {(5’7 57—

|
trA Ay
O(|z|™7
A (5~trA A

el Tl
ol |:c|)+a( (7)) =0
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We observe that
trA Aij

Y2l al

x| 7) = Ol ™), 5 ) =0l

But 7+ 1 > 2 for 7 € (1,2), so both terms must be zero.

0; (5” trd Aij) =0 = 49, (%> — 0; (Ajj|z]) = 0

2lz| |z 2|z|
L trA . QIi
= =Y 20' + A;i— =10
a2 TP
trA ,
— %ﬂ‘sﬁ = Ay’
for all z € R3.
Suppose r = ¢! = (1,0,0).
trA ; trA Ay =0, j#1
Aij — _5ij r=0 = Alj —— =0 = trA
2 51] All = -, ] =
2
Similarly,
trA trA
Agg = —, Az = —
22 5 33 5
From the above
trA trA
AH + A22 + A33 = 3% = trd = 31‘7 — trA =0

and together with the fact that A;; = Ay; = As; = 0 for j # 1 we have that

A=0

So equation (6.13) becomes

Awp = 8y + O(|2|™™) (6.17)

Remark 6.1.7. A usefull calculation that we will use is the following

1 1
O <W> On <\/(y1 y2)2 + @3)2)”
(

B i
— 0, (") + WD) + (v*))) *

n 1
- —— (2y"6} + 2962 + 2y°62
2 ((yM)2 + (y2)2 + (y3)2)" ( )
_ n 1 2 a
T Ty Y
ya

G
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Lemma 6.1.8. The U =logV can be written as

o _m o Gl
I

+u (6.18)
where ¢, are constants and
u=O0(|z|™"), Ouu=O0(z|"7"?), 0.0,uc L% LI(R*\ Bg(0))
Proof. From equations (6.8) and (6.17), for A € (1,2) we have:
A= 0 = U+ O(la] ) = 0
=  ApU =—-0(|z| U

Where the operator Ay is the Euclidean Laplacian. We denote My, = O(|z|~*) so
we can write

AEU’ = - abU;ab

First we write

0*U 0 (1 8V)

9r9zb 9z \ V Oz
1 1 0*V
where o2V 0?
_ = —2 A o 7 — - -
V — O(1>, aav - O(‘l’| )’ axaaxb O<|LE” ) + al’aal'b
and
0%v

q
O0xe0xb € Lis
v=0(z[?), 0.0=0(z"%), 9.0 € Li_4(R>\ Bs(0))
Hence we have
|ARU| = |MD*U|
C C

— ‘l’|4+>‘ |(L’|3+>‘

C
+ |$|/\]D2v|
From lemma 6.0.6 we have
¢ q ¢ q
W - L—k? W - Ll

for | <4+ X and k£ < 3+ A. Substituting for [ =4 + 7 and k = 3 + 7 we have that
the above holds for 7 < A. For the third term we check for what exponents is it in
L,

[t popal o = [ D2opal o
Er Eg
Suppose —w — A¢ = (7 +3)g— 3

w=-T¢—3¢+3—-—Nq¢ = Tqg=—-w-—-3¢—A+3
— (< -—-w-—3¢—A\+3<2q
= —qb+N+3<w<—qd+N)+3
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so for suitable choice of w we have:
/ D20[Te[ M < 400 —> |2 D e L.,
Eg

Hence
AgU € LZT_;»,

for 7 < A\
We now prove that the first two terms in equation (6.18) are harmonic:

First term:

m 1
AE (—) == m82 —
|| Mzl
A
i
)
TP
A A
3
_3 xr X 9
|2[? ||3
-0

Second term:

where
o Ap(caz®) =0

o O)(Ca®) = cu0rx® = €05 = C)

10 3
N2[z[F ~ ox \ |af

_15x’\m)‘ 9
I
15 9
EEE
6

EER

hence

Wi RY 6
35 () = 2o o'
s xXr

|z[?
=0
From the above we have that
U:—ﬂ+%+u — AEU:—AE<E)+AE(%)+AEU
x| |z || 2]
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And so

AgUel?! 5 = Apuel! , = |Apulog—rs3<+00

From [1, p. 667] we have the following Theorem

Theorem 6.1.9. Suppose that ¢ is nonexceptional, 1 < p < oo, and s is a
non-negative integer. Then the map

A W;+2’p — WP,
is an isomorphism and there is a constant C' = C(n,p,0,s) such that
[ullst2.p6 < CllAU|sp 52

We call § € R nonexceptional if § e R\ {k € Z:k#—1,-2,...,3 —n}.
From the above Theorem, for s =0 and 6 = —7 — 1, we have

[ull2,q,-r—1 < CllAulfo,g—r—3 < +00
From that we have our first estimate needed for the Lemma:
ZD2U €<LZT_3
For the first derivative we will need from [1, p. 664] the following results
Theorem 6.1.10. Ifu € Wf’p, such that 0 <a <k —n/p <1, then

ullse < Clullips (6.19)

where the weighted Holder norm is defined by

—d+a ulxr) —uly
[ufl o = sup | (v/1+ |2[?)~""(x) sup Lﬁ”
) reR™ 4|$_y|S\/W |I’ _ y|

+ sup {(v/1 + [2]?)~[u(2)[} (6.20)

z€eR™

For Er we have

we W' (Er) = DueW" ,(ER)

—7—1
and from the above theorem for 0 < a <1 —3/¢ <1 and g > 4 we have
[Dul|goe < CllDullyg—r—2 < +00

which gives us
C

| Du(z)| < P

hence we have the desired estimate for the first derivative of «

| Du(z)] = O(|=[7?) (6.21)
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We also have
o Clz =yl

|Du(a:) - Du(Z/)’ = |$|T+2+a

(6.22)

We cant use the theorem for k£ = 0 because of the limitation for choosing a.
From the continuity of Du we can use the mean value theorem for

E=te+ (1 —1t)x
such that ¢t € (0,1). So we have

u(e) — u(zo)| = [Du(&)(x — wo)| < |Du(§)]|z — wo|
Now from equations (6.21), and (6.22)

Cl¢ — x| C
— _ <
IDu(E)] = 1Du() - Dule) + Du(o)] < T4 2
But
€ —z|=|te + (1 —t)zg — x| = |(1 — t)xg — (1 — t)z| < |z — 20|
Therefore

|Du(é)| = |Du(€) — Du(z) + Du(z)| < Clz —ml* O

— |I.|T+2+a |$|T+2

But we have

Cla—wol* _ Clal +lmol)* _ C ( w)“

14+
|x|7+2+a - |z|7+2+a — |ZL‘|T+2 |$|

We notice for |z| — +o00

(1+M) —1

Then for |z| > R,

and so 50
IDue)] < 5
Hence
ule) = ula)] € g7mgle = oo
And so

5C
< 2|$|T+2 |£L’ x[)] + ’U(l’o)’

= T 2z + Ju(zo)|



Chapter 6. Uniqueness of Asymptotically Euclidean Static Vacuum Spacetime 96

Since as |z| = 400

5C|$0|
s |u(xo)| = fu(zo)]
then for |z| > Ry
< —
s+ ule) < Jluta)

hence for R = max(Ry, Ry), |z| > R

5C 3

u(z)] < St + §|U(1’0)|

The later holds for |zo|, |x| > R, then

lim |u(zo)| =0
|zo| =400

because u is uniform continuous (bounded derivative) and integrable we have that
for |zo| — 400 we get the desired estimate for |z| > R

or differently

]

Now we will give the metric ¢ and the lapse function V' the desirable form and
decay conditions using the previous results.

Proposition 6.1.11. Let (M,%g) be a static, vacuum, asymptotically Euclidean
spacetime with a metric

tg = —V2At* 4 gop da® dad

Then the spatial part of the metric g, and the lapse function V' can be written, in
harmonic coordinates {x®} while |x| — +o0, as

2m
Gab = (1 + H) dab + Hap

m m?  c,z®

Ve=lo g
DT R

+u

where, for T € (1,2),
Hap = O(|2|77),  DHap = O(|2[777"),  D*Hap € LI _,(ErR,)

and
uw=0(lz| 77", Du=O(|z|7"?), D*u=L" 4(Eg,)
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Proof. In the previous steps we have used the transformation A = V?2g, we proved
for harmonic coordinates the equation (6.17) and (6.18).

1
A= VQg — g= WA
From U = log V' we have
2

U
V:eU:1+U+7—|—...

Assume )
- U
V=U-+ 7

where we ignore terms O(U?). From equation (6.18) we have
U=0(zI") = V=0()
Thus
1
(1+ V)2

where the second equality comes from

i (=) =2 (S

from (6.17) we have

g= A:(1—2V+3V2+0(V3)>A

A=1+0(z]™)
where 7 € (1,2). Lets denote m = O(|x|~"), then
g= (1 — oV 4302 4 0(\x|—3)) (1+7)
- (1_V+3v2) (1+7)
=1-2V+3V2+ 7 -2V +3Vr
We notice that
7= Ol AV = O], 7V = Olfal 7

S0
g=1-2V+47—-2Vr+3V24+0(|z| 72

which means
Gab = (1 —2V + 3‘72> Oab + Tap — 2V7Tab

_ (1 _ov + 3172) Sup + (1 _ 2\7) Tob

Denote
M= (1—2v+3v2)
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Substituting V = U + U?/2 we have

2\ 2
M = (1—2U—U2+3<U+U7)>

2
=1-2U — U? + 3U? (g+1>

U2
=1—-2U - U?+3U? (1+U+T>
=1-—2U—U?+3U?
=1-—2U +2U?

where we discarded terms O(|z|~3). Substituting (6.18)

2m CqT® 1 /—m cz® 2
M=1+— -2 —2u+-——-— +u

x| faf? 2\ [z [f?
2 " Y
— gl —2u+2(—ﬂ+cxg —|—u>
z[ [ [ |l
2 . a 2 . a . a
_1+_m_20x3_2u+2(22_cx4 m _cm4 N
=[] > 2| E -
(caz®)?  cux® m CqT® 9
5 FU— T Ut —utu
] |z E

where v = O(|z|7"71), for 7 € (1,2). So from the above after checking the decaying
terms we have

2 2¢,
M=1+"0 200 oy 2 4 O(|2| 72
z| |zl ||
Substituting M back to g, we have
2m  2c,x®  2m? A
Gap = (1+———3+—2—2u) Sab + (1 — 2V) 70
- ||
2m 2c,2%  2m? A
= (1+—) 5ab+7rab+ <— 3 +—2) 5ab+uaab_2V7Tab
|z| || ||
where
Ca" m? -2 ’ —r—1
(—2 P + 2W> dab = O(|z|77),  udep — 2V e = O(|2] )
and so

2
Gab = <1 + _m> dab + Hap
]
where Hq, = O(|z|77). Working similarly as before from

U2
V=1+U+7
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and (6.18)
T DL L +1( m | Gt )2
=1-— ut - —— u
x| [xf3 2\ x| fzf3
m m? N Co® N
— 4+ 4
x| 20x*  [xf?
where
u=0(lz| ")

]

We observe that the decay conditions of Lemma 6.1.11 does not match the decay
conditions for the positive mass theorem 6.0.8. From [1, p. 680] we have the following
Theorem which tells us that the mass of a manifold is independent of the structure
of infinity.

Theorem 6.1.12. [1, p. 682] Let (®,x),(V,z2) be two structures of infinity for
(M, g) satisfying the mass decay conditions with decay rates 1,1, respectively,
S0

1
7 =min{r,n} > E(n —2)
Then the mass of M for both structures of infinity are well defined and equal.

Definition 6.1.13. The mass decay conditions for a manifold M and asymptotic
structure ® are

1
(B.g —0) € W4(ER,)

for some Ry > 1, ¢ >n and 7 > 1/2(n — 2),

R(g) € L'(M)
In the last section we will show that the mass decay conditions hold.

Remark 6.1.14. In section 6 of [1, p. 689] says that the positive mass theorem,
written there, in n dimensions holds for complete, asymptotically flat n-dimensional
spin manifolds satisfying the mass decay conditions and having non-negative scalar
curvature. Since all 3-dimensional oriented manifolds are spin manifolds, the posi-
tive mass theorem holds also for the decay conditions of 6.1.11. We observe that the
conditions here need the metric to be of lower reqularity than in the positive mass
theorem stated in Theorem 6.0.8 where the metric is smooth.

We can prove that the m constant in the metric g4, for |z| — +o0 is equal to
the ADM mass.

Lemma 6.1.15. If we have the metric of a 3-manifold

2
Gab = (1 + _m) 5ab + Hab

]
being the same as in Lemma 6.1.11, then

MADM =1m
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Proof. We have the derivative of gy, being

2max*
Jabe = — 3 6ab + hab;c
||
Assume n® = z%/|x|
1 . "
Muspy = —— lim (gab;b - gbb;a)n d¥

16T R—+oco Sk

1 2ma® 2ma”®
= — lim / ﬂéab + hab'b + ﬂébb — hbb‘a n®dX¥
167 Rt Jg, \ JoP ST |

1

. . 2m b b . a 1 . ]
— ERI—EEOO /SR RS (_1’ n’ + 3zn )dZ + 6 Rl—lgloo . (habb — hppa) n* dX

Let Mapy = 1) + I, where

o 1 : 2m b b a, a
[1—EREI£OO/9Rﬁ(—$n+3xn)dE
We have
a, .a 2
oo _ ) P
|| ||
and

These gives us

1 2
L=— 1l / " (“R+3R)dz
S

- 167 R—1>I—lr-loo ﬁ

2m

1
— lim (2R) dX

- 167 R—+o0 R3 Sk
1

) 2m 2
= Ton gl 2Rppdnh

=m

and

1
L] = — lim
167 R—+o00

1
< — l h/a - h a a dz
- 167 Rj)rJIrloo SR| bib| = |Ppsal [0

1 ) 2C
167 R—+oo |z|7H!
C R?

= — lim
87T R—+00 S1 RT+1

]
87 R—l>r—lr-loo R™1

=0

/ (hab;b - hbb;a) n®dX
SR

dX

dQ2

47

for 7 > 1.
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6.2 Conditions Needed for the Positive Mass The-
orem

In this section we prove some Propositions that are needed to use the positive mass
theorem. Starting with the zero scalar curvature.

Proposition 6.2.1. Let ¥y = b? (1 & V)4 g, where b2 is a positive constant and V, g
are C?. Then *v has zero scalar curvature.

Proof. Suppose the metric transformation § = Q2g, we notice that for f = logQ
then the transformation is the same as § = ¢*/g. From [31, p. 217] we have

R=0Q7%(R—4Af —2[df]?)

where R is the scalar curvature of g and R is the scalar curvature of g. From Einstein
equations in vacuum we know that R = 0, so we need to calculate Af and |df ]f]

Af = Wa (9 V/Iglons )

_ Taa <gab\/EQ—1abQ>

= 10002 + ——=0710, (4" Tglh0
- g o)

= —¢®07%29,00,Q + QTAQ
and
|df]> = (df,df)

=(VL,Vf)
= 9 (9"°00f Ob, g™0.f Oa)
= 9" 0, fO.f 9(Op, D)
= 9ab5§aaf6cf
= ¢®0729,00,Q

From Af, |df|? and the equation for R.

R=Q7R 4072 [-¢"Q720,00,Q + Q' AQ] — 20722 20,Q0,Q
= Q2R — 4077 AQ + 2¢"°Q 719,090,
= Q2R — 4Q73AQ + 2074 VQ[? (6.23)

Now we need to calculate AQ and |[VQ? for Q = Q(V).

VO = 79,00,
a0

d<}
__ ab
=g —8 V_dV 8(,

o ,
(dV) VY]
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and

AQ = g
— g™ (8,0, — T%,0.9)

do do
= g, (—&,v) — T80V

dv
d2Q dQ dQ
_ gade RV OV + gab—aaabv —T¢,9%0, VW
d2Q dQ .
= d—wwvy? + 779 ® 19,0,V —T¢,0.V]
d2Q ,  dQ
= +—A
e VVIE+ avV
d2Q
a! VYT

Now we substitute |[VQ[?, AQ and R = 0 to equation (6.23)

R=0R—4073AQ + 2074 V]
A% <dQ

which gives us

2 2
R=-20"%VV|? 29@ - (Q)

dv? dv

Now suppose

Q=0b1+V)?

we notice that

d d d
—— (b1 V) =b—+2(14+V
dVdV(( ) dv ( )
— 2
and
d0 2 )
— ) = (2b(1 %
(§7) =ea=v)
So we have

~

2 2
R=—2071VV|? DL (@)

dv?2 dVv

= 207V [(20)2 (1 £ V) — (26(1 £ V)]
=0
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Assume that b* = 1/16.

Proposition 6.2.2. ™y = (1/16)(1 + V)*g is asymptotically euclidean with mass
zero.

Proof.

m m2 c,r® 4
1+ =(2—-— e
+V) ( |ﬂ+ﬂﬂf*m3+0

We remind that v = O(|z|7"!) for 7 € (1,2). Assume k = O(|z|™%) and { =2 + k.

Then ) ,
(14 V) = (2—ﬁ+k) - (g—ﬂ)
|| |z

o (=44 0(ja])

e (=2+Fk

e =8+ 0(a?)

o (*=16+0(|z|7)

m\* s m o m? m3  m?
( ——) — 4 4C (——)+6C gl
|z] |z

|z [?

— (1 - Tm—”r + O(|x|_2)) ((1 + %) Oab + Hab)
_ (1—%) (1+?T_nf)5ab+ (1—%)%1)

4 2
- (1_£) 5ab+Hab

|2
= 5ab + Hab

where Hq, = O(]z]™7). So

[ apsl = O]

So from the definition of ADM mass

1 a
Imass| = |ﬁ/g (+7ab;b - +7bb;a)” d¥|
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we take the estimates

1 )
pmass] < g im0 ] 48

2C

< — lim 2|7 dY
2C

= — lim R71R2/ dQ
]_67T R—+o0 Sy

= g lim R
2 R—+o00

which is zero for 7 > 1 as needed. O

Proposition 6.2.3. The second fundamental form of (0%); in the Ty metrics are
given by
Ay = (8w F Py, k=12

2y metric on (0%); induced from %y, and w; = |VV|* evaluated at (0X); are
positive constants and the second fundamental forms are with respect to the inward
(or outward) pointing vectors of the manifold with metric .

Proof. We have g = Q%g, Q = Q(V) and

vV vV
iz =T ap
w; w;

N=-—

are the unit normals of (0Y); in the § metric and the g metric respectively.
The second fundamental form on the § metric on (0X); is by definition

We notice that

and from that we have

SAJ(@EJ-N, Ey) = Q_lﬁ(@Eﬂl, Ey) + ﬁ(”@EjQ_l, Ey)
= Q_lg(@Ej,r%Ek)
= Qg(@Ejn, Ex)

From [31, p. 217] we have for g = ¢*Ug
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VxY =VxY + X(U)Y +Y (U)X — g(X,Y)VU
— VxY + X(log Q)Y + Y (log )X — ¢(X,Y)V(log Q)

so we have

@Ejn = Vg,n+ E;(logQ)n +n(log Q) E; — g(E;, N)V(log )
= Vg,n+ E;(log Q)n + n(log Q) E;

We calculate the terms seperately

1
aj(log Q) = ﬁﬁjﬂ
1dQ
“aavd
and

\VA%4

n(log Q) = —W(log Q)
w;
g0,V 9 (log Q)

w’L
g’“lﬁkV&V dQ2 1
i g
w;
CVV(V) dQ

MRS o
wil/2 dVv

dQ
— —Q_l
n(V)dV
= @Q_lg(n, VV)

no we can calculate the second fundamental form

- dQ dQ2
Qg(VEjn, Ek) =0 g(VEjn, Ek) + Q_lwaj‘/g(n, Ek) + Q_lﬁg(n, VV)g<EJ, Ek)
_pdQ .
= Q[A(9)];, + 9 Wg(n, VV) g
meaning
. _3dQ .
[A@) = QLA+ Qg0 TV )i

We know the second fundamental form in the boundary (9%); of the metric g is
zero and the lapse function V' is zero, so 2 = %.



Chapter 6. Uniqueness of Asymptotically Euclidean Static Vacuum Spacetime 106

Also
Ao d ((1£V)?
v dv 4
1
=451+ V)
4!
2
and

g(n,VV) =n(V)

vV (V)
YV
gio,Vo;vV

YV
B IVV |2
VY]
= —|VV]

%

= —w

We conclude

. 42 .
[A(g)]jk: = i?(_wil/z)ngk

= £8(—w,")

2

]

Proposition 6.2.4. ~y compactifies the infinity: If P is the point at infinity, then
there is a W4 extension of ~y to ¥ U {P}.

Proof. From the equations in lemma 6.1.11 we have
1 4
= (= ) 1= V)g
Vab (16) ( ) Gab
1 m  m?  cua® * 2m
=\ 7= —_—— 1 T 5(1 a
(i) (i~ — ) {5 ) o)
o mt . m Cq® +v|m| * 1+2m P
-~ \ 16zt 20z |z|Pm  m x| )7 o

We remind that for 7 € (1,2)

v=0(2[""), Ha=O(|z]77)

which implies that

Assume that
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where A = O(1), 7 = O(|z|™!), k = v|z|/m.

(A —m)t =M — 47 + 16M% 7% — 4Ar® 4 7

where
M =0(1), Xr=0(z""), Xr*=0(z7?), I’=0(z7), =*=0(z|™)
we ignore the terms A3, 7# and we write

(A —m)t =\ — 4N + 167 %7

we have the equations

N =142k + K
=1+2k+0(z]™)

N =143k +3k* 4+ &3
=143k +O(|z| ™)

M =144k + 16k> + 4k> + k*
=1+4k+0O(]z|™)

So
(A —m)t =1+ 4k — 4(1 + 3k)7 + 16(1 + 2k)7°
=1+ 4k — 47 — 12kw + 1672 + 16 - 2k7?
=1+ 4k — 47 + 1672
Therefore

(A —m)* {(1+T_”T) 5ab+7-[ab} = (14 4k — 47 + 167°) KlJr?—nr) 6ab+Hab:|

= (e e (e ) o (1 g £ 1omt (15 o

+ (1 44k — 47 4 167%) Hyy
2m 8k 8 1672 - 2
( M gy SE g BT e +u)5ab+
Jo| |z |z ||
+ (1 + 4k — 47167%) Hap
2m |z|v |z|om m Ca® m
1 4 8 44— 4 — 3
( THl T Tl T ] el 2l
m? 2me,x® (cq

1 +1 1
o T + 195 * 500

4 4(1 “ aa
(1+ |x|v+8v_ Call —|-80x>5ab+(1+4/€—47T+167T2)Hab
m

jxPm ]’

2

CaZ™m

-8

a2
) >5ab+(1+4k—47r+167r2) Hap

and so

4 a a
Vab = S Oap — 4ﬂ5ab + 4@5@ +Ha | + 8£5ab + (800 — 47 Hap)
m|z|? m |

16| |
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where we denote
lI/ab — (4 ‘jj:] ab T Hab) (I)ab = (8U§ab - 4:71'7‘[@1;)

The above equation becomes

m cox®
- = ——= ) [0 —4—— a4 O v, 8
Yab (16|x|4){ 0 e T e T

a

= Sap + Pp (6.24)

s.t. for 7 € (1,2)
Vop = O(|2]77), Py =O(Jz|77"), DPqy = O(|2]7)

and
D*®,, € LY (R*\ Bs(0)) (6.25)
Now we take the coordinate transformation
a xa
2= —
|z |?
from which we have ]
2| =— = %= za]z\’z
||
and
Ox* 2 0|z
— 5 -2 a__
0zb 12 |23 02°
2% 2
= Ou|2| 7% — 22"
|2[3 2]2]
b
_ (5ab‘z‘72 2%

2]

2%2b _
= (5ab — 2—|Z|2) |Z’ 2

This transformation is called inversion of the sphere because it reflects the points

of the open ball inside the sphere to points outside of the sphere while keeping

the points in the sphere the same. We use this because we want to check the

neighborhood around zero, instead of checking the neighborhood around infinity.
For the coordinate change we will need

We denote for simplicity
e (e (120
e ) o

c,x® c,x®
M=1-4-2 82
mla T
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where .4 = O(|z|7772) as |z| = +oo and ®.q = O(]2|™!) as |z| — 0. This implies
g = O(l2™)

So the equation (6.24) becomes

m4
B = ——)|Md, Yo+ P,
Yab (16‘1”4) [ b+ b+ b]

which after the transformation we have

4,14 a,c b,d
—y = (M) [Meq + Weg + Doyl <5ac_ 2%) ((5bd _ QZ_Z) 12~

16 E |22

m* 202° 2P0
= A M 6ac_2_ 5 —2— 56 \P, (I)/ dadb
(16){ ( \z|2)(’”’ rzwz) e } o

but we notice

22%2¢ 27024 40004 9a,d 22024
(5ac - —> <5bd — —> Ocd = (5ad5bd + Obd 5ad>

2] |22 B
(s +4z“zblz\2 22920 22020
S\ |2[* 2> [
:5ab

and so the above equation becomes
m* CaT® CaT®
Y= o= ) [ap — 4= 0ap + 80y + Wy + L, | d2®d2? 6.26
v= (35) [t + S+ W |0t 20

We know that D2® € L?__,(R*\ Bs3(0)), but we dont know about D?®. This is
what we are going to find out.
We can see that

D.® = D.xD,®
= O(|2[*)O(|=[""*)
= 0(|2]")

and
D20 = D, (D.xD,)
(D) D0+ (D.a)? Dt

D2z = O(]2[ ™)

D?xD,® = O(|z|" !

and D,z = O(|z|7%). From these we have
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(D.x)? Dyy® = O(|2| ™) Dy @
where D,,® € L?__,.

[ i< [ (DkD.l+ |DatPlDat) d:
|z|<e |z|<e
< C/ (|Z|T_1 + |z|_4|Dm@|) dz
|z|<e

= [ (el D) e
|z|<e

1
= [ (el T D2 dia
|z[>1/e ||

+oo +oo
s%/ MWWWHMﬁ/IWHw%Mm
1/e /e

where the last we changes to spherical coordinates and then we used

1 1 d d
=g = lPdel= o (<70 ) = -0

|| [z |z[? |z |*
We have that
D20 € L, 4(R*\ B5(0)) — | D2®|7|2| 13 dz < +oo
R3\ Bz(0)

We take our attention on the two terms of the last inequality.

o First term:

+o0o
/ r—q('r—l)—4 dr = C,r,—q(T—l)—3 +o0
1/e
1/e

which is finite for ¢ > 4

—q(t1—-1)-3<0 = —qr-1)<3 = 7>1

e Second term:

+o0 +oo
|l pzepale = [ e optalda
1/e /e
— / |$|4q7677q73q+3’x‘(f+3)q73‘D§q)’q dx
|z|>1/e
= / |x|q(1_T)_3|x|(T+3)q_3|D§<I>|q dur
lz|>1/e

We denote

1
—k=q(1-7)-3<0 = J|z|>1/e = |x—k§

(1/)f
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and so

+oo
[l ipzepaiel = [ a9l da
1

/e |z|>1/¢e

< sk/ |x|Q(T+3)_3|DiCI>|qu
|z|>1/¢e

< +00

Using Lemma 6.0.6 for &', D,®" and 7 € (1,2) we have

197124 = @[l + 1 D] + [ D@4 < +o0

we work similarly for the other terms of ~v,,. We define the metric ~* such that

v ="9(z), on{z:0<]|z| <e}
4
= m—5ab dz*dz®, at P
16

and from the previous results we have that
e WA(B.(P))

where B.(P) ={z:0< |z| <e}UP. O

6.3 Doubling of the 3-manifold and Proof of the
Main Theorem

We begin with the 3-dimensional spatial manifold (3, g) with the assumptions in

the start of the current section and the metric in the asymptotic form of Proposition
6.1.11.

2| = o0 |z| — oo

m >0 m > 0

(0%); (0X)it1

Figure 6.1: The 3-dimensional spacelike slice (X, g) for {¢ = 0} such that: if S is
compact then its asymptotically Euclidean on the set ¥\ S with constant positive
mass, it has compact boundary (9X);, the metric g and the lapse function V are
smooth on ¥ and C? on ¥, V is positive in ¥ and zero on (9%);.

We have the following Theorem from [32, p. 224]:

Theorem 6.3.1. Let M and N be smooth n-manifolds with nonempty boundaries,
and suppose h : ON — OM 1is a diffeomorphism. Let M U, N is a topological
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manifold (without boundary), and has a smooth structure such that there are reqular
domains M', N' C M Uy, N diffeomorphic to M and N, respectively, and satisfying

M'UN' =Mu,N, M' NN =0M' = 0N’

If M and N are both compact, then M U, N is compact, and if they are both con-
nected, then M U, N s connected.

We use Theorem 6.3.1 to glue ¥ along its boundaries (90X); with itself. We
denote for simplicity ¥ the copy of ¥ which we glue together. In ¥ LIS we glue the
points in the boundaries using the identity maps id; : (9%); — (9%);, we denote the
adjunction space as ¥ = ¥ Uyq X, (9%); Uiq (0%); = (9X%); and the quotient map
7: YUY — X. Suppose the collar neighborhoods of (9%); and (9%);, are the sets
U c ¥ and U C ¥ respectively. From that we have the diffeomorphisms

£ (0%); x [0,1) = U, f7 o (0%); x [0,1) = U

Let U; = U;" Uy U and @; : U;" WU, — (9%); x (—1,1) be

(2

@(l‘) . (pv x?))’ r = fi+(p7 l’g) € Ui+
l B (p7 —56'3), T = fz‘i(pa x3) S Uz'i

From that we can define the homeomorphism @ (U UU;) = (0%); x (—1,1). Tt
can be shown that 7(U;" L U,") and 7(int¥ L intX) are topological manifolds. From
the above, the smooth charts of ¥ outside the glued boundaries are

(7(W), o n rw))

where (W, 1) are smooth charts of intY or intY. The charts around the glued collar
neighborhoods are

(@7 (U, ¢ 0 Dl 1)
where ¢ are smooth charts of (9%); x (=1, 1).

Figure 6.2: The chart of the collar neighborhood around the boundaries (0%); and
(0%);

This produces a smooth doubled manifold (3, g). For more details about
the above statements we refer to the proof of theorem 9.28 in [32]. The manifold
produced by attaching manifolds along their boundaries is smooth, but this isnt true
for the functions attached to it e.g. the metric tensor and the lapse function. In
fact we will see that they may lose some degree of smoothness.
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In 3 we define V= -V < 0on ¥ and V = 0 on (9%),. Because (9%); is totally
geodesic in 3 and N (V') =constant for each i we will show that the metric is C**' on
(0%);. For V because V =V = 0 on (9%); it is continuous on the doubled manifold
and also C*! on (9%);.

So we have the doubled manifold (%, §) such that

. - g, in X . V., inX
Y=XU2X, g=<_ -, V=<¢. =
g, inX V, inX

|x| — oo |x| — oo

|Z] — oo || — oo

Figure 6.3: The doubled manifold (X, §) such that: ¢,V are C! in the the glued
boundaries.

Now we transform conformally the metric such that:

V=09
where the conformal factor is:
14+V)?
5. =12V
This gives us manifold (N, ~v*) where
N=NtUN- T =9y mNT
T T v =¢2g N

We have shown in Lemma 6.2.4 that we can compactify N~ in N by adding a
point of infinity P. From that we get a manifold N U {P}. Thus we extend the
metric *y to a metric v that includes the point P as we did in Lemma 6.2.4 where
on a neighborhood around P, v is W?24.

N=NtTUN", = {_+7 - Q%?’ . Ni

v'=¢>g, in N U{P}
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|z| — oo |z| — oo

NU{P}\ K

Figure 6.4: The manifold (N U {P},~) such that: N7 is asymptotically Euclidean
on a set N U {P} with zero mass, the metric v is C*!' on the glued (9%);, (9%);,
N~ is compactified with a point of infinity P and v is W24 in a neigbourhood of P.

In Proposition 6.2.2 we proved that the metric 7y has asymptotically Euclidean
structure and mass zero in |x| — oo outside a compact set. Now we can prove that
in fact (N U {P},~) is a complete manifold in contrast to the original (X, g).

Proposition 6.3.2. The Riemannian manifold (N U {P},~) is complete.
Proof. First we will need the following Theorem:

Theorem 6.3.3. [22, p. 222] Let M be a Riemannian manifold which is C*. Then
M is complete with respect to g if and only it supports a proper C3 function f such
that:

|V f| < constant

The idea of the proof is that we will construct proper functions as the theorem
states and then by gluing them we will have the desired outcome.

First we look on the upper half (N, 7y). Assume a function f: N*\ K — R
such that

f(z) =log(r(z))

where r(z) = /(21)2 4 (22)2 4 (2%)2, K is compact and ¢(N* \ K) = Ep from the
structure of infinity that we proved in Proposition 6.2.2. We remind that the metric
on N\ K takes the form

T = 0i + Mg
where H;; = O(|z|™7) for 7 € (1,2). Then
Vf(@)]* =470 f(2)0;f (x)
= "970,(log(r(x)))0; (log(r()))
but
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hence

1L
V()] = +7”W$Z$J

1 1 o
= 09 + —HY

[t [t
and because
(0922l = |zf*,  [HYa2'2!| = O[T
we write
IV f(@)]* =[]+ O(l=[77%)
which for |x| — oo it goes to zero and so

Vi) <C

We also have the following Theorem [31, p. 175]:

Theorem 6.3.4. Suppose (M, g) is a connected Riemannian manifold, S C M is
arbitrary, and f : M — [0,00) is the distance to S, that is,

f(x) = dy(x,5) = inf{dy(x,p) : p € S}
for all z € M. If f is smooth on some open subset U C M \ S, then
V=1

on U.

Suppose the function

r(z) = d(z, U (05%);)
we notice that f(NT\ K) = [log R, +00) and r(K) = [0, R]. We change the domain
of r with the compact subset S such that f(N*\ S3) = [2R,4+00), r(S1) = [0, R]
and R = d(P,U;(0%%);). We want to find a function
z, z€l0,R]
k(z) = { plx), o€ (R, e
logz, € [e*f 400

such that p is suitable to make k£ € C?. So we want p to satisfy the conditions:

p(R) = R p(e*) =

PR =1 P = e 2n
p"(R) =0 p”(eQR) — —4R
p///(R) =0 p///(€2R) — —GR

We choose a polynomial p(z) = a7z +- - -+aq to satisfy the above conditions. To see
that the coefficients exist such that the polynomial satisfies the above conditions we
need the determinant of the system to be nonzero. The determinant is an analytic
function and so it has at most countable roots. If R is a root of the determinant
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then we can choose a different R. The gradient of the polynomial is bounded and
|z| is a proper function as the rest. So we have that

r(z), res

k(z) = q p(lz]),  z€8\S5
log|z|, € Nt\S,

which is proper C® on N U {P} and has bounded gradient.
[

After gluing the manifold (X, g) along its boundaries (9X); we made the double
manifold (3, §), where we claimed that the metric § and the lapse function V' are
C1!in a neighborhood of (9%%);. We prove that claim in the following proposition.

Proposition 6.3.5. The metric v of N U{P} and the lapse function V are C%' in
a neighborhood U; of (0%F);.

Proof. First we want to use a suitable metric representation. In a neighborhood
of the attached boudaries we use a coordinate system where the coordinate curves
(z', 22, t) are unit geodesics such that they cross orthogonally the level sets of x®.
This coordinates are called semigeodesic coordinates (or else Gaussian coordi-
nates). From [31, p. 183] we have the following:

Proposition 6.3.6. Let (M, g) be a Riemannian n-manifold and (z*) are the semi-
geodesic coordinates on an open set U C M. Then the metric can be written as:

g = (dz")* + gw(2*, ..., 2") dz" da®

As can be seen from the corollary, from semigeodesic coordinates we have an
orthogonal decomposition of the metric tensor. We use this on a neighborhood of
(0%%); to get:

v = (dz®*)? 4+ Yap(27, 2°, 2°) d2* da®

where a,b = 1,2 and 7, is the metric of the attached boundaries. Because of the
conformal tranformation v = ¢%§ and 3, = 0 for a = 1,2 we notice that:

Y=9019 = (sa=0
—  g=p(z', 2% 2°)(dz®)? + Gup (2, 2, 2°) dz® da®
where a,b = 1,2, p is some unknown function and g, is the metric tensor on the
attached boundaries. Following the same computations as in proposition 5.3.1, with
small changes because of the spatial metric, we have the first evolution equation of
the metric gg
J . .
93 Jab = 2p[A(9)]

where [A(g)] is the second fundamental form in the boundary. But as we have shown
in Remark 6.0.2, we have that the second fundamental form on the boundary inside
Y is zero. And so 5

@gab == 0 (627)

In 3 the metric § in a coordinate chart of U; can be written as:
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Gapo ;1 0 7" = Gap 0 D7 (2)
where ¢ o ®; is the chart of the collar neighborhood. Hence

. &) gaboé_l(ﬂfl,iﬂg,wg), forx e UT
Gab © ¥; = ~
Gab © (I)fl(l‘h L2, —$3)7 forx e U™

SO Jab(1, T2, x3) on U™ is even in x3. Then for ¢ € ¥ and ¢ = ¢ o o

O | = = (G0 @ 0 67)

a_xggab O3

¥(q)
0
= a_xggab <(I>_1($1, $2,$3)>

q

¥(q)

For U*, U~ we denote the partial derivative on the

Assume hy, = ga o d1.
.sh—(0) respectively. Hence

boundary 0,,h(0), O

h —h
axg h+(0) = lim ab(xl’ t2, ZL’3) ab(ml, L2, 0)
a?g—}(]Jr xg
hay (1, T, —3) — hap(21, T2,
Oy h_(0) = Tim [erlTLT2 =Ts) = hay(@r, 2, 0)
$3—>07 xS
— lim hab(‘xlv X2, I3) - hab(flfl, Ta, 0)
0+ —T3

——.(0)

This holds when 9,,h, (0) = d,,h_(0) = 0 which we have from (6.27). So h € C"*
meaning that g € C*.
For the second derivative we notice that

@Iza$3h+<0) = _aziamh— (O)
for i = 1,2. So h € C* if 8,,0,,h(x1,2,0) = 0, which is not necessary true.
We have the following Theorem:

Theorem 6.3.7. [19, p. 29/] Let U be open and bounded, with OU being C*. Then
f:U — R is Lipschitz continuous if and only if f € Whe°(U).

Because g outside of (9X%); is smooth, we have that 9,0,g € L>°(U;) and so

0, eWE® — 9,5eC™ — geC"!

loc

Similarly for V we have

voé—l(az)—{ Vod ! (zy,5,15), z€UT

—Vod~ Yoy, 29, —23), €U

Suppose L = V o &1, We have that L(xy,29,23) on U~ is odd in x3. By defining
similarly the partial derivatives 0, L4 (0), Op,_(0) We have that

a$3L+(O) = afl'SL* (0)
0,02, L4 (0) = —0,,0,, L (0)
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but again 9,,0,,V (21, s, 0) is not necessary zero. So V€ C' and

0,0,V €eL® = 9VeW™ — 9Vvel™” — Vel

loc
Hence the conformal transformation
(1+£v)*
~ 16 Y
tells us that ~ is also 'L,

Corollary 6.3.8. v € W2/(N U {P}).

Proof. From proposition 6.3.5 we have that v € C! in a neighborhood of the glued
boundaries (9X%);. Then from the definition of the Holder space we have

yelO — ~eC', + eC' [ is Lipschitz

So we have
7' Lipschitz = ~ € Wh™®
hence
17 11,00 = 17 lloe + 117" lloo
So we have
Y'el*® = ~'elLl,
Hence we have v € W24, O

In remark 6.1.14 we said that the positive mass theorem for n-manifolds requires
lower regularity for the metric than smoothness in all derivatives because of the
mass decay conditions (Definition 6.1.13).

The first condition of the mass decay conditions is that there exists an asymp-
totical flat structure ® such that v € W?4(Eg). We have shown that the metric v
is asymptotically Euclidean which satisfies the condition.

The second condition is that Ricci scalar is integrable on the manifold. In Propo-
sition 6.2.1 we showed that the Ricci scalar is zero for a metric 4= = b(1 & V)?g
But the proof required y to be C? and A,V = 0 which requires V' to be C?. We have
shown that v, V' in a neighborhood of the compactified point P and a neighborhood
around (0XF); are C11. Also in N U {P} \ K where K is a compact set, v is not
smooth. So we need to prove that the Ricci scalar at those neighborhoods is L' so
that the second condition of the mass decay conditions is satisfied.

Proposition 6.3.9. R € L'(N U{P}) where R is the Ricci scalar in the metric 7.

Proof. We have dy, is the Riemannian density. Suppose the covering of N U {P}
by W, open sets with the smooth charts (W;, ¢;). Let a partition of unity ; in W;
such that:

R|d / P R|d
/NU{P}| =3 Y eRR| dp,
—Z/ DR o ¢t - |y/det ;| dot da? da?
’L(W

because dji, = |w,|, where w, is the Riemannian volume form.
Suppose the sets
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e U is a neighborhood of (9%%),
e B.(P) is a neighborhood of the compactified point P,
e NU{P}\ K is a neighborhood of the infinity such that:
O (NU{P}\K)— Eg
is a diffeomorphism for R > 0.

From Proposition 6.2.1 we have that R = 0 except in the neighborhoods above. If
P € W1NW, then we choose ¢ > 0 such that B.(P) C ¢;(W;) or B.(P) C ¢iy1(Wis1).
Since R =0 in ¢;(W;) \ B:(P) for j =i or i + 1, we have:

/ |R|d:“7:/ (¢ 0 @1 |\/det%j|dx dz? da?
Nu{P} Q(NU{P})
+/ (20 ¢5") - |- |y/det ;| do' dz® da?
<(P)
+/ (30 ¢35") |- |\/det ;| da' d2® da?
$3(UE)

We have ¢ o ¢; ' < 1. Also y/det,;; in B.(P), ¢3(U*) is bounded
Vij € oYl = Vij € C' = det Yij € Cc°

hence it is bounded in ¢3(UE), B.(P).
We will prove that det;; is bounded in Fg.
We have that

Cy Cy
iy 6@ < T 8 ij < —
h/] ]l — ’I"T | 7J| — ‘x’T+1

hence v;; = 0;; + A;; where

&
Al < —L
| Jl = ’$‘T
Then suppose v;; = 0;; + |2| 7" A;; where
A T T Cl
|Aij| = |27 Ayl < |z = Ch
]
For |z| > p, where r = (2C)"/7, suppose
G ]
7~ 2
then .
. A 1 1
Iy =1 {1-{ -1 I < ST
=] =
[z] ||
From geometric-arithmetic inequality, for x1,..., 2, >0
Tt

“xlxn<
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where in 3-dimensions

X1+ Ty + X3 3
3

T1X2T3 < (

Because v is symmetric, positive definite matrix we have using its eigenvalues

(det7)§<@)3 = det(l—i—i)S —tr(H"%)

|7 3

3+ trA

|=["

3

defining the inner product of matrices (4, B) = tr(A- B) we have || A|| = (tr(A?))Y/2,
and so from Cauchy-Schwarz:

trA = (1,4) < 1] - | 4] = V3ix(A)"* < V3,

Hence for |z| > p we have

3|

det(y) < (1 + \/503> <y

Because det(7) is bounded in the required sets, we have
/ |R|dpu, <Cy / |R(x)| do' dz? da®
NU{P} Ep
+ Cs / |R(x)| do' da? dz®
=(P)

+ Cs / |R(x)| da' da? dz®
b3(U*)

e In ¢3(U*) we know that R is not continuous, but it is continuous in ¢5(U™), ¢3(U ™),
which means

/ Rl < ¢
¢3(UT)

/ Rl < Cs
¢3(U™)

hence
/ |R| < C7+ Cy
¢3(U*)
e In B.(P) we have shown that 7;; € W24, which means fora <1—3/¢ <1

D’Yij c Wl’q — D’}/” € CO,a - Yij c Cl’a
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Hence v,;, Dv;; € C* are bounded in B.(P). From equation (6.11) in lemma

6.1.5 we have:

—2Rj, =" (_aqak'}/jr + aq6r7jk + ajak'qu - 8j8,xqu) + Q('Y_17 8’)/)

=7 ' %Py +Q(y )

(6.28)

where v~! % 9%y are contractions of 71, 9%y and Q(y~1, ) are quadratic

terms in v~ 1, 9. Because v, 97y are bounded we have:

|R| < |y % 0] + Cy < Ci10]0*v] + Cy

Hence

/ IRl < Cuo / 92| + Co| B.(P)|
<(P) B.(P)

From Holder inequality

1/¢* 1/q
L= ) )
=(P) B:(P) < (P)

yEWH(B(P) = [10°Yll1e(p.(py < +00

But we have

and so

/ |IR| < Cpy
<(P)

In E, we have that v;; € W>(E,) for 7 € (1,2). And from the Ricci scalar
equation (6.28) we notice that we have shown that the terms are bounded

except the terms with 9%y and (9)?. So

Rl < Cu, ( / ra%maw)
E, E,

To show that these terms are bounded in F, we will use that:

/ ]027]q|x|(7+2)q_3<+oo
[ lorllal 07 < o
|z]>p

For the first the term 9%y:

[ il= [l
|lz[=p lz|=p

1

< </ w‘q*>q : </ wq|827|q)q
lz|>p [z[>p
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where ¢* = ¢/(¢ — 1) and we want

wq |l'| (74+2)q —_ w = |‘Z.|T+273/q
hence N
q
(/ wq|827|q> < 400
|z|>p
For w7
w ' =TT
e (asi ey
= |z| T
So we have
/ w_q* :/ |x|—(7+2)ﬁ+q%1
lz|>p lz[>p
:47r/ e T
P
We need
q 3 q
) —2>1 = 2))——— >3+ ——
(1 + )q—l = T+ )q—l +q—1
-1 3 3 3
— r42>3 -4 2_3_2,°

(L) (L o)
|z[=>p |z[>p

where ¢* = (¢/2)* and we want:

g ’(‘r+1)q73 ’ (7+1)—

w2 = |x = w=|zx

hence

1
</ wglé?’y\q) ' < 4o
|lz|=p

.
For w=9 :
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So we need
2—q{(ﬂ)——}—zn — —q{+1——}>3
q—2 q q—2 q
3 3 -2
- T+1——>—(q—)
q 2 q
3 2 3 3
= T+1>-|1-—-)+-==
2 q q 2
— >1
T
Hence
|R| < Ci3
E,

We have shown that

/ R(2)| < Cua, / R(z)| < Cn, / R(z)| < Crs
¢3(Ui) E(P) Ep

hence together with the previous results we have for the Ricci scalar that:
/ |Rldp, < Cyy = ReLY(NU{P})
NU{P}

]

Proof of the main theorem 6.0.1. We have constructed the smooth 3-manifold
(N U{P},~) such that the metric is conformally related to § metric by

(1+ V)4§]

7T T 16

We remind that the metric § is the metric of the double manifold ¥ such that
3 g, inX%
IV s

We have proven the following facts:

e N U{P} is complete by Proposition 6.3.2.

The metric v is asymptotically Euclidean and has zero mass by Proposition
6.2.2.

The metric v is I/Vlicq by Corollary 6.3.8.

e The Ricci scalar is zero for v,V € C? by Proposition 6.2.1.

The mass decay conditions, from Definition 6.1.13, are satisfied by Proposition
6.3.9.
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With the above, the positive mass theorem 6.3 from [1, p. 690] tells us that
there exists an isometry between (N U {P},v) and (R?,4), where ¢ is the standard
Euclidean metric. Hence the 3-manifold (3, g) is conformally flat with the metric

_ 16
g_(1+V)4

We orthogonally decompose (3, g) by taking the level sets of the lapse function V/
and then extending it by following orthogonally the flow of VV/|VV[2. So in the
coordinates (V,z!, z?) the metric becomes

for 4,7 = 1,2 and g;; is the induced metric on the level sets of V.
We notice, for a,b =1,2,3 that

IVV 2 = "9,V o,V

2
=g¥+> gv0.VoV

j=1

But in the level set with coordinates (z', 2%) we have V' =constant. So

1

VVP?P=¢" = = =
| | g 933 vV

Hence by denoting W?2 = |[VV|? and for i, j = 1,2, we get:
g=W=2dV?+7g,; da’ da’ (6.29)

For dimension n > 4 we know that the the Weyl tensor is identically zero if
and only if the metric metric is conformally flat. But for dimension n = 3 the Weyl
tensor is zero for every manifold ([31, p. 218]). Thus it doesnt give us a suitable
condition for conformal flatness in 3-dimensions. For a 3-dimensional manifolds we
have that the metric is conformally flat if and only if the Cotton tensor is zero
([31, p. 220]). The Cotton tensor is:

1
C1abc - Rab;c - Rac;b + Z(gacR;b - gabR;c)

Lemma 6.3.10. Using the static equations of the spacetime (M, g) in vacuum

AV =0
Rab = V_l‘/;ab

The Cotton tensor can take the form:
C(abc = V72 [2‘/;ca‘/;b - 2‘/;(117‘/;0 + ‘/;bmv;mgca - V;cmv;mgba]
Proof. We remind that V.., = Vi,. First we compute the terms of the Cotton tensor

Rab;c = (Vﬁl‘/;ba> c = _V72‘/;c‘/;ba + Vﬁl‘/;bac

)

Rac;b - _V_Q‘/;bv;ca + V_lvgcab
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Also
R=g"Ry = g“bV_lV;ab =V AV =0

So
Cape = V_I(V;bac—‘/;mb) - V_Q(V;cv;ba - V;bv;ca)

But we have the Ricci identity [31, p. 206]
‘/;bac - ‘/;cab = Rbcamv;m

and that the Riemann tensor in three dimensions is defined by ([23, p. 56]):

1
Rbcam - _Rbagcm + Rbmgca - Rcmgba + Rcagbm - iR(gbmgca - gbagcm)

= V_l(_‘/;abgcm + ‘/;bmgca - ‘/;cmgba + ‘/;cagbm)
since the Riccl scalar is zero. So

Cabc = VﬁZ(_‘/;abV;c + ‘/;bmv;mgca - V;cmv;mgba + ‘/;ca‘/;b o ‘/?C‘/;ba + V;b‘/;ca)
= V_2(2‘/;ca‘/;b - 2‘/;ab‘/;c + V;bmv;mgca - ‘/Qcmv;mgba)

Using Lemma (6.3.10), the following equation can be derived ([23, p. 58]):
| )
Cape 0™ = AWV (307 + WO (W) (W2)7) (6.30)

where a,b,c =1,2,3 and 7,7 = 1,2

Yij = W<Hij - %gin>7
such that H;; is the second fundamental form on the level sets, H is the trace of
H;;, 1i;/W is the trace-free part of H;; and g is the induced metric on the level sets
of V. For the rest of the proof whenever we write tensors with indices 7, 5 we will
mean that 7, 7 = 1,2, which means that the tensors are on the level sets.
Since we have shown that g is conformally flat, we have from (6.30)

Vij =0, (W?),; =0

meaning

1
(Hy = 595H) =0, W;=0

in coordinates (V,z!, 2%). Hence W is a function of V only. Now we change coordi-
nates such that U = log V. For equation (6.29) we have:

W2dv? = |VU|2dU?

W =eV|VU|
dv? = AU

For the rest of the rest of the proof we denote W = |VU|, and so we have

g=W2dU% + gi; da* da?
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such that 4, j = 1,2 and g,; is the induced metric in the level sets of U.
The above are tensor equations, so we have that W is a function of U only and

1

We need the equations from [30, p. 90]

49,

=2W'H,; .32
R— H?>+ Hy;HY =0 (6.33)
dH .
— 4+ H,;HY = 34
W+ Hi 0 (6.34)
dw
= _H .
T (6.35)

where R is the scalar curvature of the level sets of U.

e From equation (6.35) we have that H is a function of U only.
e From equation (6.34) we have that H;; H" is a function of U only.

e From equation (6.33) we have that R is a function of U only.

From the last statement we have that the level sets of U have constant scalar
curvature.
From equations (6.31) and (6.32) we have that:

47,5
dU
where W' H is a function of U only. We write f(U) =W 'H, so

=W™'Hg,; (6.36)

dg;;

dU = f(U)gz] EESS gzg<U) — gij(UO)ero f(u)du

Denote v
7"2<U) — erO f(u)du

From theorem 1 in [30, p. 89] we have that
S, =U"*(c)~5?

for || sufficiently small. In two dimensions it is known that the scalar curvature is
two times the Gaussian curvature ([31, p. 250]). Since the level sets are diffeomorphic
to spheres, we have that the scalar curvature is positive somewhere on the level set
([31, p. 279]). But we have shown that the level sets have constant scalar curvature,
so they are isometric to two dimensional spheres of r radius. We assume that for a
value ¢ some S, is the round sphere S?. Let the level set of Uy be from that value,
so we have

g = g,; da’ dz’ = r*(d6* + sin? 0 dg?)

where
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From H;; = (1/2)Hg,; we have
|
HyHY = 5H? (6.37)

So equations (6.37) and (6.33) gives us:

— 1 — 1
R—H2+§H2:0 = R:§H2
2 1
— —_— = —H2
r2 2
4
> }J2 = —2
r
2
— H=- (6.38)
T
Also
- dr
2U:fé](WlH)du or S W2
r*(U) = e’vo == T r
N 2dr H
—_— = —7
au W
dr 1
= H=2W—-
dUr
We denote
4
AU
So we have the equation:
/
H=2w" =2wr (6.39)
r

where R = logr. Using equation (6.39) together with equation (6.35) we have

W 4+ 2WR =0 = 2WW +4W?*R' =0
= (W) +4R'W? =0

Now equation (6.39) gives us:
H2
H=2WR = o= W2(R')?
1
— WQ(R/)2 = ﬁ
where the in the last equation we used that H = 2/r from (6.38). And so W,r are
determined from the equations:

(W?2) +4R'W? =0 (6.40)

2_ 1

W3(R')? = (6.41)

2
From Morse theory [35, p. 15] we have that if there is no critical value of U in
[c1, ¢2], then the level sets S., and S., are diffeomorphic. So we have proven:
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Proposition 6.3.11. [30, p. 92/ If all ¢ € [c1,co] are regular values of U and
any S, is a sphere, then U™Y[(c1,c2)] is diffeomorphic to S x R and the metric in
U (c1, )] is

W=2dU? 4 r*(d6? + sin® 0 dp?)

where (U) and W(U) are determined up to constants from equations (6.40) and
(6.41).

This tells us that the metric g is spherically symmetric. It follows that the
metric g in the static spacetime M is also spherically symmetric. So from Birkhoffs
theorem we have that the only spherically symmetric spacetime in vacuum is the
Schwarzschild metric.

O

Remark 6.3.12. In the proof of this section we didnt use any arguments involving
the dimension of the time slice 3 up until the point where we used the Cotton tensor.
In fact the whole construction of doubling an asymptotically Fuclidean time slice in
static, vacuum spacetime can be generalized in higher dimensions. Again using the
positive mass theorem for spin manifolds to prove that the metric of the time slice
is conformally flat. After that it needs different arguments to proceed. We refer to
the papers [26] and [21] for the proofs.

In 2017 Schoen and Yau proved the positive mass theorem in n-dimensions with-
out the assumption of spin manifolds ([47]).
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