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Kef�laio 1PrìlogoOi aparijmhtikè anallo�wte gewmetrik¸n antikeimènwn ìpw ta polÔtopa, ta monoplektik�sumplègmata, ta kubik� sumplègmata k.o.k. parèqoun shmantikè plhrofor�e gia th melèthtwn antikeimènwn aut¸n. M�a jemeli¸dh aparijmhtik  anallo�wth e�nai to f -di�nusma, h i-ost  suntetagmènh tou opo�ou katagr�fei to pl jo twn pleur¸n di�stash i. 'Ena klasikìprìblhma se aut  thn perioq  e�nai o (merikì   olikì) qarakthrismì tou f -dianÔsmato thek�stote kl�sh gewmetrik¸n antikeimènwn. Oi plhrofor�e pou mpore� na apokom�sei kane�suqn� ekfr�zontai pio komy� mèsw tou h-dianÔsmato. Endiafèron ep�sh èqei parousi�sei otrìpo me ton opo�o metab�llontai oi aparijmhtikè anallo�wte ìtan to gewmetrikì antike�menoupodiaire�tai.To f -di�nusma twn monoplektik¸n polutìpwn èqei qarakthriste� pl rw, mèsw tou g-jewr mato (bl. [15, 16, 57℄). Antijètw, polÔ ligìtere plhrofor�e e�nai gnwstè gia ta
flag monoplektik� sumplègmata kai ta kubik� sumplègmata. O Stanley anèptuxe th jewr�a twntopik¸n h-dianusm�twn [59℄ gia na melet sei thn ep�drash twn upodiairèsewn sto h-di�nusma.Apèdeixe ìti to h-di�nusma aux�netai ìtan èna monoplektikì sÔmplegma upodiaire�tai hmigewme-trik�. M�a an�logh eikas�a gia to γ-di�nusma gewmetrik¸n upodiairèsewn flag monoplektik¸nsumplegm�twn diatup¸jhke apì tou Postnikov, Reiner kai Williams [51℄. H eikas�a aut  en-t�ssetai sta pla�sia tou genikìterou endiafèronto gia ta γ-dianÔsmata pou purodot jhke apìthn eikas�a tou Gal. H eikas�a tou Gal [41℄ e�nai èna an�logo tou genikeumènou jewr matok�tw fr�gmato (Generalized Lower Bound Theorem [57℄) kai anafèrei ìti to γ-di�nusma twn
flag monoplektik¸n omologik¸n sfair¸n e�nai mh arnhtikì. Qrhsimopoi¸nta mejìdou apì thjewr�a twn topik¸n h-dianusm�twn tou Stanley [59], o Ajanasi�dh [6℄ apèdeixe ti dÔo proa-naferje�se eikas�e gia k�poie eidikè peript¸sei kai dietÔpwse m�a isqurìterh eikas�a, pouanafèrei ìti to topikì γ-di�nusma k�je flag gewmetrik  upodia�resh tou monoplìkou e�nai mharnhtikì.Pèra apì aut� ta k�nhtra, sthn paroÔsa ereunhtik  ergas�a ma ¸jhse kai h apous�a pa-radeigm�twn apì th bibliograf�a pou aforoÔn upodiairèsei kubik¸n sumplegm�twn. ExoÔ kaiarqik� melet same th metabol  twn kubik¸n h-dianusm�twn upì kubik  barukentrik  upodia�re-sh. H eidik  aut  per�ptwsh epekt�jhke apì ton Ajanasi�dh [4℄, o opo�o melèthse ti kubikèupodiairèsei se èna pio genikì pla�sio. Apì thn �llh, h Ôparxh paradeigm�twn pou aforoÔntopik� h-dianÔsmata kai topik� γ-dianÔsmata  tan periorismènh. Sugkekrimèna, o Stanley [59℄apèdeixe ìti to topikì h-polu¸numo th barukentrik  upodia�resh tou monoplìkou e�nai �some th genn tria sun�rthsh dn(x) tou pl jou twn uperb�sewn sti metajèsei qwr� stajer�shme�a. Kat' analog�a, eme� meletoÔme m�a barukentrik  upodia�resh me efarmogè sthn apar�j-mhsh metajèsewn th uperoktaedrik  om�da. Aut  h upodia�resh, ìpw kai oi upodiairèseismhn¸n pou meletoÔme sth sunèqeia, epalhjeÔoun thn eikas�a tou Ajanasi�dh kai enisqÔoun1



2 Kef�laio 1. Prìlogothn pepo�jhsh gia thn isqÔ th.H dom  th diatrib  aut  èqei w ex . Sto Kef�laio 2 upenjum�zoume to apara�thtoupìbajro gia ta sumplègmata kai ti upodiairèsei tou, ta sm nh, ti metajèsei kai ti mhdiastauroÔmene diamer�sei. Ta upìloipa kef�laia perièqoun prwtìtupa apotelèsmata.To Kef�laio 3 antistoiqe� sthn Enìthta 4 tou [9℄ kai sto �rjro [10℄. 'Opw anafèrame  dh,e�nai gnwstì [59℄ ìti to topikì h-polu¸numo th barukentrik  upodia�resh tou monoplìkoue�nai �so me to polu¸numo metajèsewn qwr� stajer� shme�a dn(x). Qrhsimopoi¸nta aut  thnermhne�a, de�qnoume ìti e�nai γ-mh arnhtikì d�nonta sunduastikè ermhne�e gia tou suntele-stè tou ant�stoiqou γ-poluwnÔmou. Gia to polu¸numo metajèsewn qwri stajer� shme�a dBn (x)tÔpou B d�netai èna nèo sunduastikì tÔpo. Apì ton tÔpo autì prokÔptei �mesa ìti to dBn (x)diasp�tai sto �jroisma dÔo mh arnhtik¸n, summetrik¸n kai monìtropwn poluwnÔmwn, me kèntrasummetr�a pou diafèroun kat� 1/2 kai ètsi èqoume m�a nèa apìdeixh th monotrop�a tou. M�agewmetrik  ermhne�a, an�logh me aut  gia to dn(x) pou èqoume anafèrei pio p�nw, d�netai giaton èna apì tou ìrou aut  th di�spash. Aut  h ermhne�a ma odhge� se m�a monotropik di�spash tou poluwnÔmou Euler tÔpou B, th opo�a oi ìroi mporoÔn na ekfrastoÔn w pro topolu¸numo Euler tÔpou A. Ta di�fora polu¸numa di�spash pou or�zontai sto Kef�laio 3 me-letoÔntai ep�sh w pro anagwgikoÔ tÔpou, genn trie sunart sei, sunduastikè ermhne�ekai Ôparxh pragmatik¸n riz¸n.To Kef�laio 4 antistoiqe� sto megalÔtero mèro tou �rjrou [9℄. Se autì upolog�zetaito topikì h-di�nusma th upodia�resh smhn¸n kai apodeiknÔetai pw to ant�stoiqo topikì
γ-di�nusma e�nai mh arnhtikì. Qrhsimopoi¸nta mh diastauroÔmene diamer�sei tÔpou A kai
B, d�nontai sunduastikè ermhne�e gia ti suntetagmène tou topikoÔ h-dianÔsmato kai touant�stoiqou γ-dianÔsmato gia ta klasik� sust mata riz¸n.Tèlo, to Kef�laio 5 antistoiqe� sto �rjro [55℄. Se autì meletoÔme thn kubik  baru-kentrik  upodia�resh sdc(K) enì kubikoÔ sumplègmato K, pou or�zetai w èna an�logo thbarukentrik  upodia�resh enì monoplektikoÔ sumplègmato. D�nontai tÔpoi gia to braqÔkubikì kai to (makrÔ) kubikì h-di�nusma th sdc(K) sunart sei twn ant�stoiqwn tou K. ApìautoÔ prokÔptei ìti h summetr�a kai h mh arnhtikìthta aut¸n twn h-dianusm�twn, kaj¸ kai hÔparxh mìno pragmatik¸n riz¸n gia to braqÔ kubikì h-polu¸numo, diathroÔntai ìtan efarmo-ste� kubik  barukentrik  upodia�resh. Ep�sh, prosdior�zetai h asumptwtik  sumperifor� toubraqèo kubikoÔ kai tou kubikoÔ h-poluwnÔmou gia diadoqikè barukentrikè upodiairèsei tou
K. Kle�nonta ton prìlogo, ja  jela na euqarist sw ton epiblèponta kajhght  mou Qr stoAjanasi�dh gia thn anex�ntlhth upomon  tou kai th suneq  phg  èmpneush kaj� ìlh th di�rkeiath sunergas�a ma kai gia th diìrjwsh tou telikoÔ keimènou th diatrib . Ep�sh ja  jela naeuqarist sw tou Francesco Brenti, Mirkó Visontai kai Volkmar Welker gia k�poie qr simesuzht sei kai tou Ron Adin, Yuval Roichman, John Stembridge, Mirkó Visontai kai Volkmar
Welker gia qr sime upode�xei sth bibliograf�a.Kat� th di�rkeia ekpìnhsh aut  th diatrib   moun arqik� upìtrofo tou IdrÔmatoKratik¸n Upotrofi¸n KÔprou (Ianou�rio 2008 - Dekèmbrio 2010).Sth sunèqeia sugqrhmatodot jhka apì thn Eurwpaðk  'Enwsh (Eurwpaðkì Koinwnikì Ta-me�o - EKT) kai apì ejnikoÔ pìrou mèsw tou EpiqeirhsiakoÔ Progr�mmato ��Ekpa�deush kaiDia B�ou M�jhsh�� tou EjnikoÔ StrathgikoÔ Plais�ou Anafor� (ESPA) - Ereunhtikì Qrhma-todotoÔmeno 'Ergo: Hr�kleito II . Epèndush sthn koinwn�a th gn¸sh mèsw tou EurwpaðkoÔKoinwnikoÔ Tame�ou (Ianou�rio 2011 - IoÔnio 2013).



Kef�laio 2Eisagwg Aut  h enìthta xekin� kajor�zonta tou sumbolismoÔ pou ja qrhsimopoihjoÔn se aut th diatrib  kai upenjum�zonta basikoÔ orismoÔ gia ta monoplektik� sumplègmata, ti mo-noplektikè upodiairèsei kai ti aparijmhtikè tou anallo�wte. Sth sunèqeia g�netai m�aanaskìphsh twn sumplegm�twn smhn¸n kai oi upodiairèsei smhn¸n or�zontai tupik�. Aut  henìthta oloklhr¸netai me m�a suz thsh pou afor� ti metajèsei kai ti mh diastauroÔmenediamer�sei tÔpwn A kai B. Perissìtere plhrofor�e gia aut� ta jèmata mporoÔn na brejoÔnsta [17, 18, 38, 43, 53, 59, 60, 62, 67℄ kai sti anaforè pou up�rqoun se aut�.Ja sumbol�zoume me N to sÔnolo twn mh arnhtik¸n akera�wn. Gia k�je jetikì akèraio
n jètoume [n] := {1, 2, . . . , n} kai Ωn = {1,−1, 2,−2, . . . , n,−n}. Sumbol�zoume me |S| tonplhjikì arijmì, kai me 2S to sÔnolo ìlwn twn uposunìlwn, enì peperasmènou sunìlou S.2.1 Sumplègmata kai upodiairèsei2.1.1 Monoplektik� sumplègmataDedomènou enì peperasmènou sunìlou V , èna (afhrhmèno) monoplektikì sÔmplegma ((ab-
stract) simplicial complex ) sto sÔnolo V e�nai m�a sullog  ∆ uposunìlwn tou V tètoia ¸steh sunj kh F ⊆ G ∈ ∆ na sunep�getai ìti F ∈ ∆ (ìla ta monoplektik� sumplègmata se aut th diatrib  ja e�nai ex upojèsew peperasmèna). Ta stoiqe�a tou ∆ kaloÔntai pleurè (faces).H di�stash m�a pleur� F or�zetai w èna ligìtero apì ton plhjikì arijmì tou sunìlou F .H di�stash tou ∆ e�nai h mègisth di�stash twn pleur¸n tou kai sumbol�zetai me dim(∆). Oipleurè di�stash 0 kai 1 kaloÔntai korufè kai akmè, ant�stoiqa. M�a pleur� tou ∆ h opo�ae�nai megistik  w pro ton egkleismì kale�tai èdra (facet). To sÔmplegma ∆ kale�tai agnì
(pure) an ìle oi èdre tou èqoun thn �dia di�stash. To sÔmplegma ∆ kale�tai flag an k�jeelaqistik  mh pleur� tou èqei dÔo stoiqe�a. To merik¸ diatetagmèno sÔnolo twn pleur¸n (face
poset) F(∆) enì monoplektikoÔ sumplègmato ∆ e�nai to sÔnolo twn mh ken¸n pleur¸n tou
∆, merik¸ diatetagmèno me th sqèsh tou egkleismoÔ.To anoiktì �stro (open star) st∆(F ) m�a pleur� F ∈ ∆ e�nai h sullog  ìlwn twn pleur¸ntou ∆ pou perièqoun thn F . To link m�a pleur� F ∈ ∆ e�nai to uposÔmplegma tou ∆ pouor�zetai w link∆(F ) = {GrF : G ∈ ∆, F ⊆ G}. O periorismì (restriction) tou ∆ stosÔnolo V0 ⊆ V e�nai to uposÔmplegma tou ∆ pou apotele�tai apì ti pleurè pou perièqontaisto V0. 'Estw V1 kai V2 dÔo xèna metaxÔ tou, peperasmèna sÔnola. H (monoplektik ) sÔndesh
((simplicial) join) ∆1 ∗∆2 dÔo sullog¸n ∆1 kai ∆2 uposunìlwn twn V1 kai V2, ant�stoiqa,e�nai h sullog  twn sunìlwn th morf  F1 ∪ F2, ìpou F1 ∈ ∆1 kai F2 ∈ ∆2. H sÔndeshdÔo (  perissìterwn) monoplektik¸n sumplegm�twn e�nai ep�sh monoplektikì sÔmplegma. Todiataktikì sÔmplegma (order complex ) [17, Enìthta 9.3℄ [62, Enìthta 3.8℄ enì (peperasmènou)3



4 Kef�laio 2. Eisagwg 
Sq ma 2.1: 'Ena monoplektikì sÔmplegma kai h barukentrik  upodia�res  toumerik¸ diatetagmènou sunìlou Q or�zetai w to monoplektikì sÔmplegma twn alus�dwn (olik�diatetagmènwn uposunìlwn) tou Q.K�je monoplektikì sÔmplegma ∆ èqei gewmetrik  ulopo�hsh (geometric realization) ‖∆‖[17, Enìthta 9℄, monadik� orismènh mèqri omoiomorfismoÔ. 'Ole oi topologikè idiìthte  anallo�wte tou ∆ gia ti opo�e ja k�noume lìgo sth sunèqeia ja anafèrontai se autè tou

‖∆‖ [17, Enìthta 9.1℄. Gia par�deigma, lème ìti to ∆ e�nai monoplektik  mp�la (simplicial ball)an to ‖∆‖ e�nai omoiomorfikì me mp�la. To sÔnoro (boundary) m�a monoplektik  d-di�stathmp�la∆ e�nai to uposÔmplegma ∂∆ pou apotele�tai apì ìla ta uposÔnola twn (d−1)-di�statwnpleur¸n tou ∆ oi opo�e perièqontai se m�a akrib¸ èdra tou ∆. Lème eswterikì (interior)tou ∆ to sÔnolo ∆r∂∆ kai eswterikè pleurè (internal faces) ta stoiqe�a tou ∆r∂∆. HsÔndesh dÔo (  perissotèrwn) monoplektik¸n mpal¸n e�nai m�a monoplektik  mp�la th opo�ato eswterikì e�nai �so me th sÔndesh twn eswterik¸n aut¸n twn mpal¸n.'Ena �llo trìpo gia na oriste� h ènnoia th ��mp�la�� gia ta monoplektik� sumplègmatae�nai me th qr sh om�dwn omolog�a. 'Estw ∆ èna monoplektikì sÔmplegma di�stash d − 1.Lème ìti to ∆ e�nai m�a omologik  sfa�ra (homology sphere) (uper�nw enì s¸mato k) an giak�je F ∈ ∆, sumperilambanomènh kai th ken  pleur�, èqoume
H̃i(link∆(F ),k) =

{

k, an i = dim link∆(F )

0, alli¸,ìpou me H̃∗(Γ,k) sumbol�zoume thn anhgmènh om�da omolog�a tou Γ me suntelestè apì to
k. Lème ìti to ∆ e�nai m�a omologik  mp�la (homology ball) (uper�nw tou k) an up�rqei ènauposÔmplegma ∂∆ tou ∆, pou kale�tai to sÔnoro (boundary) tou ∆, ètsi ¸ste na isqÔoun taakìlouja: (a) to uposÔmplegma ∂∆ e�nai m�a (d − 2)-di�stath omologik  sfa�ra uper�nw tou
k kai (b) gia k�je F ∈ ∆, sumperilambanomènh kai th ken  pleur�, èqoume

H̃i(link∆(F ),k) =

{

k, an F /∈ ∂∆ kai i = dim link∆(F )

0, alli¸.To eswterikì (interior) tou ∆ or�zetai w int(∆) = ∆, an to ∆ e�nai omologik  sfa�ra kai w
int(∆) = ∆r∂∆, an to ∆ e�nai omologik  mp�la. An to ∆ e�nai omologik  mp�la di�stash
d − 1, tìte to ∂∆ apotele�tai apì ti pleurè twn (d − 2)-di�statwn pleur¸n tou ∆ pouperièqontai se m�a akrib¸ èdra tou ∆.2.1.2 Kubik� sumplègmataSumbol�zoume me Cd to sun jh d-di�stato kÔbo [0, 1]d ⊆ R

d. K�je polÔtopo sundua-stik� isìmorfo me to Cd kale�tai sunduastikì d-kÔbo (combinatorial d-cube). 'Ena kubikìsÔmplegma (cubical complex ) e�nai m�a peperasmènh sullog  K sunduastik¸n kÔbwn ston R
n,tètoia ¸ste (a) k�je pleur� enì stoiqe�ou tou K na an kei ep�sh sto K kai (b) h tom 



2.1. Sumplègmata kai upodiairèsei 5
Sq ma 2.2: 'Ena monoplektikì sÔmplegma kai h astrik  upodia�res  tou sthn akm  Fopoiond pote dÔo stoiqe�wn tou K na e�nai pleur� kai twn dÔo. Ta stoiqe�a tou K kaloÔntaipleurè (faces).To merik¸ diatetagmèno sÔnolo twn pleur¸n (face poset) F(K) tou kubikoÔ sumplègmato

K e�nai to sÔnolo twn pleur¸n tou, sumperilambanomènh kai th ken  pleur�, merik¸diatetagmèno me th sqèsh tou egkleismoÔ. To F(K) e�nai èna meet-hmisÔndemo. 'Eqei wel�qisto stoiqe�o thn ken  pleur� kai w �toma ti korufè tou K. Ta megistik� stoiqe�a tou
F(K) lègontai èdre (facets). H di�stash tou K, pou sumbol�zetai me dim(K), or�zetai w hmègisth di�stash twn pleur¸n tou.2.1.3 Upodiairèsei'Estw ∆ èna monoplektikì sÔmplegma. M�a (topologik ) monoplektik  upodia�resh ((topo-
logical) simplicial subdivision) tou ∆ [59, Enìthta 2℄ e�nai èna monoplektikì sÔmplegma ∆′ maz�me m�a apeikìnish σ : ∆′ → ∆ tètoia ¸ste na isqÔoun ta akìlouja gia k�je F ∈ ∆: (a) tosÔnolo ∆′

F := σ−1(2F ) e�nai èna uposÔmplegma tou ∆′ pou apotele� m�a monoplektik  mp�ladi�stash dim(F ); kai (b) to eswterikì tou ∆′
F e�nai �so me σ−1(F ). To uposÔmplegma ∆′

Fkale�tai periorismì (restriction) tou ∆′ sthn F . H pleur� σ(G) ∈ ∆ kale�tai forèa (support)th G ∈ ∆′. H upodia�resh ∆′ kale�tai hmigewmetrik  (quasi-geometric) [59, Orismì 4.1 (a)℄an den up�rqoun E ∈ ∆′ kai F ∈ ∆ di�stash mikrìterh apì dim(E), tètoie ¸ste o forèak�je koruf  th E na perièqetai sthn F . Epiplèon, h ∆′ kale�tai gewmetrik  (geometric) [59,Orismì 4.1 (b)℄ an up�rqei m�a gewmetrik  ulopo�hsh tou ∆′ h opo�a na upodiaire� gewmetrik�m�a gewmetrik  ulopo�hsh tou ∆, ìpw kajor�zetai apì th σ. 'Ole oi gewmetrikè upodiairèseie�nai hmigewmetrikè.ProqwroÔme sthn perigraf  dÔo diadedomènwn trìpwn upodia�resh enì monoplektikoÔsumplègmato ∆. To diataktikì sÔmplegma tou merik¸ diatetagmènou sunìlou twn pleur¸n
F(∆), pou sumbol�zetai me sd(∆), apotele�tai apì ti alus�de twn mh ken¸n pleur¸n tou
∆. Autì to sÔmplegma e�nai me fusiologikì trìpo m�a (gewmetrik ) monoplektik  upodia�reshtou ∆, h legìmenh barukentrik  upodia�resh (barycentric subdivision), ìpou o forèa m�aalus�da C mh ken¸n pleur¸n tou ∆ or�zetai w to mègisto stoiqe�o th C (bl. Sq ma 2.1).Dedomènh m�a pleur� F ∈ ∆ jètoume ∆′ = (∆rst∆(F )) ∪ ({v} ∗ ∂(2F ) ∗ link∆(F )), ìpou
v e�nai m�a nèa koruf  pou prost�jetai kai ∂(2F ) = 2FrF . To ∆′ e�nai èna monoplektikìsÔmplegma pou apotele� m�a monoplektik  upodia�resh tou ∆ kai kale�tai astrik  upodia�resh
(stellar subdivision) tou ∆ sthn F (bl. Sq ma 2.2).Upojètoume ìti ∆′

1 kai ∆′
2 e�nai monoplektikè upodiairèsei twn monoplektik¸n sumpleg-m�twn ∆1 kai ∆2, ant�stoiqa. H sÔndesh ∆′

1 ∗∆
′
2 e�nai me fusiologikì trìpo m�a monoplektik upodia�resh tou monoplektikoÔ sumplègmato ∆1 ∗ ∆2 an or�soume w forèa m�a pleur�

E1 ∪ E2 ∈ ∆′
1 ∗ ∆′

2 thn ènwsh twn forèwn twn E1 ∈ ∆′
1 kai E2 ∈ ∆′

2. Dedomènwn pleur¸n
F1 ∈ ∆1 kai F2 ∈ ∆2, o periorismì tou ∆′

1 ∗∆
′
2 sthn pleur� F1 ∪ F2 ∈ ∆1 ∗∆2 e�nai �so me

(∆1)F1
∗ (∆2)F2

.



6 Kef�laio 2. Eisagwg 
Sq ma 2.3: 'Ena kubikì sÔmplegma kai h kubik  barukentrik  upodia�res  touH ènnoia th omologik  upodia�resh [6, Orismì 2.2℄ genikeÔei thn ènnoia th topologik upodia�resh.Orismì 2.1.1. 'Estw ∆ èna monoplektikì sÔmplegma. M�a (peperasmènh, monoplektik )omologik  upodia�resh (homology subdivision) tou ∆ (uper�nw tou k) e�nai èna monoplektikìsÔmplegma ∆′ maz� me m�a apeikìnish σ : ∆′ → ∆ tètoia ¸ste na isqÔoun ta akìlouja giak�je F ∈ ∆: (a) to sÔnolo ∆′

F := σ−1(2F ) e�nai èna uposÔmplegma tou ∆′ pou apotele� m�aomologik  mp�la (uper�nw tou k) di�stash dim(F ); kai (b) to eswterikì tou ∆′
F e�nai �so me

σ−1(F ).O periorismì, o forèa, h gewmetrik  kai h hmigewmetrik  upodia�resh or�zontai ìpw kaisthn per�ptwsh th topologik  upodia�resh.En¸ gia ta monoplektik� sumplègmata d¸same to genikì orismì th upodia�resh kai dÔoepiplèon parade�gmata, sthn paroÔsa diatrib  ja anaferjoÔme mìno se m�a sugkekrimènh upo-dia�resh twn kubik¸n sumplegm�twn. 'Estw K èna kubikì sÔmplegma. H kubik  barukentrik upodia�resh sdc(K) tou K e�nai to sÔnolo ìlwn twn mh ken¸n kleist¸n diasthm�twn [F,G]sto merik¸ diatetagmèno sÔnolo F(K)r{∅}, merik¸ diatetagmèno me th sqèsh tou egklei-smoÔ. Me ton �dio trìpo or�zetai kai h kubik  barukentrik  upodia�resh enì monoplektikoÔsumplègmato, bl. Enìthta 3.6. 'Eqei apodeiqje� ([12, Enìthta 2.3℄) kai sti dÔo peript¸sei,ìti h kubik  barukentrik  upodia�resh enì sumplègmato maz� me to kenì sÔnolo apoteloÔn tomerik¸ diatetagmèno sÔnolo pleur¸n enì kubikoÔ sumplègmato. Sto Kef�laio 5 ja onom�-zoume kubik  barukentrik  upodia�resh tou K kai ja sumbol�zoume me sdc(K) autì to kubikìsÔmplegma (bl. Sq ma 2.3).2.1.4 Polu¸numa'Estw p(x) =
∑

k≥0 akx
k =

∑d
k=0 akx

k èna polu¸numo me pragmatikoÔ suntelestè. Jalème ìti to p(x) e�nai monìtropo (unimodal) (kai ìti èqei monìtropou suntelestè) an up�rqeide�kth 0 ≤ j ≤ d tètoio ¸ste ai ≤ ai+1 gia 0 ≤ i ≤ j − 1 kai ai ≥ ai+1 gia j ≤ i ≤ d − 1.'Ena tètoio de�kth kale�tai koruf  (peak). Lème ìti to polu¸numo p(x) e�nai logarijmik�ko�lo (log-concave) an a2i ≥ ai−1ai+1 gia 1 ≤ i ≤ d−1 kai ìti èqei eswterik� mhdenik� (internal
zeros) an up�rqoun de�kte 0 ≤ i < j < k ≤ d tètoioi ¸ste ai, ak 6= 0 kai aj = 0. Ja lèmeìti to p(x) e�nai summetrikì (symmetric) (kai ìti èqei summetrikoÔ suntelestè) an up�rqeiakèraio n ≥ d tètoio ¸ste ai = an−i gia 0 ≤ i ≤ n. Se aut  thn per�ptwsh or�zetai tokèntro summetr�a (center of symmetry) tou p(x) kai e�nai �so me n/2 (to kèntro summetr�ae�nai kal� orismèno efìson to p(x) e�nai mh mhdenikì).Ja lème ìti to p(x) èqei mìno pragmatikè r�ze an ìle oi migadikè tou r�ze e�nai prag-matiko� arijmo�. E�nai gnwstì (bl., gia par�deigma, [58℄) ìti an to p(x) èqei mìno pragmatikèr�ze kai mh arnhtikoÔ suntelestè, tìte to p(x) e�nai logarijmik� ko�lo kai monìtropo, qwr�eswterik� mhdenik�. To akìloujo je¸rhma, pou apode�qjhke pr¸ta apì ton Edrei [34], d�nei m�a



2.1. Sumplègmata kai upodiairèsei 7ikan  kai anagka�a sunj kh gia na èqei mìno pragmatikè r�ze èna polu¸numo me mh arnhtikoÔ,pragmatikoÔ suntelestè.Je¸rhma 2.1.2. ([34℄) 'Estw p(x) =
∑

k≥0 akx
k ∈ R[x] èna polu¸numo me ak ≥ 0 gia k�je

k ∈ N. An jèsoume ak = 0 gia ìlou tou arnhtikoÔ akèraiou k, tìte to p(x) èqei mìnopragmatikè r�ze an kai mìno an k�je upoor�zousa tou k�tw trigwnikoÔ p�naka (ai−j)
∞
i,j=0 e�naimh arnhtik .'Ena (mh mhdenikì) summetrikì polu¸numo p(x) ∈ R[x] mpore� na grafe� (me monadikì trìpo)sth morf 

p(x) = (1 + x)n γ

(

x

(1 + x)2

)

=

⌊n/2⌋
∑

i=0

γix
i(1 + x)n−2i (2.1.1)gia k�poio polu¸numo γ(x) =∑i≥0 γix

i. Lème ìti to p(x) e�nai γ-mh arnhtikì (γ-nonnegative)an γi ≥ 0 gia k�je i ≥ 0. E�nai �meso ìti k�je γ-mh arnhtikì polu¸numo e�nai monìtropo.Gia kl�sei γ-mh arnhtik¸n poluwnÔmwn pou emfan�zontai sth sunduastik  parapèmpoume tonanagn¸sth sta [21, 33, 50, 51℄ kai sti anaforè tou.2.1.5 Apar�jmhsh pleur¸n'Estw ∆ èna (d− 1)-di�stato monoplektikì sÔmplegma. Sumbol�zoume me fi(∆) to pl jotwn i-di�statwn pleur¸n tou ∆. M�a jemeli¸dh aparijmhtik  anallo�wth tou ∆ e�nai to
f -polu¸numo (f -polynomial), pou or�zetai w

f(∆, x) =

d−1
∑

i=0

fi(∆)xi.To h-polu¸numo (h-polynomial) tou ∆ or�zetai w
h(∆, x) =

d
∑

i=0

hi(∆)xi = (1− x)d
d
∑

i=0

fi−1(∆)

(

x

1− x

)i

,ìpou f−1(∆) = 1 ex orismoÔ. Gia th shmas�a twn h-poluwnÔmwn, o anagn¸sth parapèmpetaisto [60, Kef�laio II℄. Gia th sÔndesh ∆1 ∗∆2 dÔo monoplektik¸n sumplegm�twn èqoume h(∆1 ∗
∆2, x) = h(∆1, x)h(∆2, x).To topikì h-di�nusma m�a monoplektik  upodia�resh enì monoplìkou or�sthke sto [59,Orismì 2.1℄ w ex .Orismì 2.1.3. 'Estw V èna sÔnolo me n stoiqe�a kai Γ m�a monoplektik  upodia�resh toumonoplìkou 2V . To polu¸numo ℓV (Γ, x) = ℓ0 + ℓ1x+ · · ·+ ℓnx

n pou or�zetai w
ℓV (Γ, x) =

∑

F⊆V

(−1)n−|F | h(ΓF , x) (2.1.2)e�nai to topikì h-polu¸numo (local h-polynomial) tou Γ (w pro to V ). H akolouj�a ℓV (Γ) =
(ℓ0, ℓ1, . . . , ℓn) e�nai to topikì h-di�nusma (local h-vector) tou Γ (w pro to V ).To akìloujo je¸rhma sunoy�zei merikè apì ti kÔrie idiìthte twn topik¸n h-dianusm�twn(bl. Par�deigma 2.3, Jewr mata 3.2, 3.3 kai 5.2 kai Pìrisma 4.7 sto [59℄). Gia ton orismì thkanonik  upodia�resh parapèmpoume ton anagn¸sth sto [59, Orismì 5.1℄.



8 Kef�laio 2. Eisagwg Je¸rhma 2.1.4. (Stanley [59])(a) Gia k�je monoplektik  upodia�resh Γ tou monoplìkou 2V èqoume ℓ0 = 0 kai ìti, gia n ≥ 1,o arijmì ℓ1 e�nai �so me to pl jo twn eswterik¸n koruf¸n tou Γ.(b) Gia k�je monoplektik  upodia�resh ∆′ enì agnoÔ monoplektikoÔ sumplègmato ∆ èqoume
h(∆′, x) =

∑

F∈∆

ℓF (∆
′
F , x)h(link∆(F ), x). (2.1.3)(g) To topikì h-polu¸numo ℓV (Γ, x) e�nai summetrikì gia k�je monoplektik  upodia�resh Γtou monoplìkou 2V ; isodÔnama, èqoume ℓi = ℓn−i gia 0 ≤ i ≤ n, ìpou n = |V |.(d) To topikì h-polu¸numo ℓV (Γ, x) èqei mh arnhtikoÔ suntelestè gia k�je hmigewmetrik monoplektik  upodia�resh Γ tou monoplìkou 2V .(e) To topikì h-polu¸numo ℓV (Γ, x) èqei monìtropou suntelestè gia k�je kanonik  mono-plektik  upodia�resh Γ tou monoplìkou 2V .H summetr�a tou topikoÔ h-poluwnÔmou ma odhge� ston epìmeno orismì.Orismì 2.1.5. ([6℄) Dedomènh m�a monoplektik  upodia�resh Γ enì (n − 1)-di�statoumonoplìkou 2V , to topikì γ-polu¸numo (local γ-polynomial) ξV (Γ, x) = ξ0 + ξ1x + · · · +

ξ⌊n/2⌋x
⌊n/2⌋ tou Γ (w pro to V ) or�zetai monadik� apì thn ex�swsh

ℓV (Γ, x) = (1 + x)n ξV

(

Γ,
x

(1 + x)2

)

=

⌊n/2⌋
∑

i=0

ξix
i(1 + x)n−2i. (2.1.4)H akolouj�a ξV (Γ) = (ξ0, ξ1, . . . , ξ⌊n/2⌋) e�nai to topikì γ-di�nusma (local γ-vector) tou Γ (wpro to V ).To akìloujo l mma e�nai qr simo gia ton upologismì tou topikoÔ h-poluwnÔmou kai toutopikoÔ γ-poluwnÔmou monoplektik¸n sundèsewn.L mma 2.1.6. 'Estw V kai V ′ xèna metaxÔ tou, peperasmèna sÔnola. Gia ìle ti monople-ktikè upodiairèsei Γ tou 2V kai Γ′ tou 2V

′ èqoume ℓV ∪V ′ (Γ ∗ Γ′, x) = ℓV (Γ, x) ℓV ′(Γ′, x) kai
ξV ∪V ′ (Γ ∗ Γ′, x) = ξV (Γ, x) ξV ′(Γ′, x).Apìdeixh. 'Estw n = |V | kai n′ = |V ′|. Qrhsimopoi¸nta thn Ex�swsh (2.1.2), upolog�zoumeìti

ℓV ∪V ′ (Γ ∗ Γ′, x) =
∑

F⊆V

∑

F ′⊆V ′

(−1)|V ∪V ′|−|F∪F ′| h((Γ ∗ Γ′)F∪F ′ , x)

=
∑

F⊆V

∑

F ′⊆V ′

(−1)n+n′−|F |−|F ′| h(ΓF ∗ Γ′
F ′ , x)

=
∑

F⊆V

∑

F ′⊆V ′

(−1)n−|F | h(ΓF , x) (−1)n
′−|F ′| h(Γ′

F ′ , x)

= ℓV (Γ, x) ℓV ′(Γ′, x).



2.1. Sumplègmata kai upodiairèsei 9Apì autì to apotèlesma kai thn Ex�swsh (2.1.4) prokÔptei ìti
ξV ∪V ′ (Γ ∗ Γ′, x) = ξV (Γ, x) ξV ′(Γ′, x).Ant�stoiqe aparijmhtikè anallo�wte or�zontai kai gia ta kubik� sumplègmata. 'Estw Kèna (d − 1)-di�stato kubikì sÔmplegma. Sumbol�zoume me fi(K) to pl jo twn i-di�statwnpleur¸n tou K. To polu¸numo

f(K,x) =

d−1
∑

i=0

fi(K)xilègetai f -polu¸numo (f -polynomial) touK kai to di�nusma f(K) = (f0(K), f1(K), . . . , fd−1(K))
f -di�nusma (f -vector) tou K.To braqÔ kubikì h-polu¸numo (short cubical h-polynomial) tou K or�zetai sto [1℄ mèswth ex�swsh

h(sc)(K,x) =

d−1
∑

i=0

h
(sc)
i (K) xi =

d−1
∑

j=0

fj(K)(2x)j(1− x)d−1−j . (2.1.5)To di�nusma h(sc)(K) = (h
(sc)
0 (K), h

(sc)
1 (K), . . . , h

(sc)
d−1(K)) twn suntelest¸n autoÔ tou po-luwnÔmou lègetai braqÔ kubikì h-di�nusma (short cubical h-vector) tou K.Ta polu¸numa f(K,x) kai h(sc)(K,x) susqet�zontai mèsw twn exis¸sewn

h(sc)(K,x) = (1− x)d−1f

(

K,
2x

1− x

) (2.1.6)kai
2d−1f(K,x) = (x+ 2)d−1h(sc)

(

K,
x

x+ 2

)

. (2.1.7)Kat� sunèpeia, oi suntetagmène tou f(K) mporoÔn na ekfrastoÔn sunart sei twn ant�stoiqwntou h(sc)(K) kai ant�strofa mèsw twn exis¸sewn
fj(K) = 2−j

j
∑

i=0

(

d− 1− i

d− 1− j

)

h
(sc)
i (K) (2.1.8)kai

h
(sc)
i (K) =

i
∑

j=0

(

d− 1− j

d− 1− i

)

(−1)i−j2jfj(K). (2.1.9)To (makrÔ) kubikì h-di�nusma ((long) cubical h-vector) h(c)(K) = (h
(c)
0 (K), h

(c)
1 (K),

. . . , h
(c)
d (K)) tou K or�zetai sto [1℄ mèsw tou anagwgikoÔ tÔpou

h
(sc)
i (K) = h

(c)
i (K) + h

(c)
i+1(K), gia 0 ≤ i ≤ d− 1 (2.1.10)kai thn arqik  sunj kh h(c)0 (K) = 2d−1. To polu¸numo

h(c)(K,x) =

d
∑

i=0

h
(c)
i (K)xi



10 Kef�laio 2. Eisagwg lègetai (makrÔ) kubikì h-polu¸numo ((long) cubical h-polynomial) tou K.To braqÔ kai to makrÔ kubikì h-polu¸numo tou K susqet�zontai mèsw th ex�swsh
(1 + x)h(c)(K,x) = 2d−1 + xh(sc)(K,x) + 2d−1(−x)d+1χ̃(K), (2.1.11)ìpou

χ̃(K) = −1 +

d−1
∑

i=0

(−1)ifi(K) = −1 + f(K,−1)e�nai h anhgmènh qarakthristik  tou Euler gia to K. Oi suntetagmène tou h(c)(K) ekfr�zontaisunart sei twn ant�stoiqwn tou h(sc)(K) mèsw th ex�swsh
h
(c)
i (K) =

i−1
∑

j=0

(−1)i+j−1h
(sc)
j (K) + (−1)i2d−1, 1 ≤ i ≤ d. (2.1.12)Ta kubik� h-dianÔsmata tou K mporoÔn ep�sh na ekfrastoÔn sunart sei twn monoplektik¸n

h-dianusm�twn twn links twn koruf¸n tou K (aut� ta links e�nai monoplektik� sumplègmata);bl. [1, Je¸rhma 9℄.2.2 Sm nhOi anagn¸ste pou den e�nai exoikeiwmènoi me ta sust mata riz¸n, parapèmpontai sta [19,38, 44℄. 'Estw Φ èna peperasmèno sÔsthma riz¸n t�xh n, efodiasmèno me èna aplì sÔsthma
Π = {αi : i ∈ I}, ìpou I e�nai èna sÔnolo deikt¸n me n stoiqe�a, kai ant�stoiqo jetikì sÔsthma
Φ+. Jètoume Φ≥−1 := Φ+ ∪ (−Π). Gia J ⊆ I, to sÔnhje parabolikì uposÔsthma riz¸n
ΦJ klhronome� to epagìmeno jetikì sÔsthma Φ+

J = Φ+ ∩ ΦJ kai to ant�stoiqo aplì sÔsthma
ΠJ = {αi : i ∈ J}.To sÔmplegma smhn¸n (cluster complex ) ∆(Φ) eis qjh apì tou Fomin kai Zelevinskysto pla�sio twn algebrik¸n Y -susthm�twn [40℄. E�nai èna afhrhmèno monoplektikì sÔmplegmasto sÔnolo koruf¸n Φ≥−1. 'Otan to Φ e�nai krustallografikì, h sunduastik  tou ∆(Φ)kwdikopoie� ti enallagè smhn¸n sthn ant�stoiqh �lgebra smhn¸n peperasmènou tÔpou [39℄.M�a perilhptik  anafor� gia ta sumplègmata smhn¸n kai th sÔndes  tou me ti �lgebresmhn¸n up�rqei sto [38℄. Oi pleurè tou ∆(Φ) e�nai ta sÔnola pou apoteloÔntai apì amoiba�wsumbat� stoiqe�a tou Φ≥−1, ìpou h sumbatìthta e�nai m�a summetrik  dimel  sqèsh sto Φ≥−1pou or�zetai sto [40, Enìthta 3℄. Parapèmpoume ton anagn¸sth sta [40℄ [38, Enìthta 4.3℄gia ton akrib  orismì th sumbatìthta kai sullègoume sthn akìloujh prìtash ti idiìthtetou ∆(Φ) kai tou periorismoÔ tou ∆+(Φ) sto sÔnolo koruf¸n Φ+ pou e�nai qr sime giathn paroÔsa diatrib . To mèro (ii) exupakoÔetai sto [40, Enìthta 3℄ (bl. L mma 3.12 kaithn apìdeixh tou Jewr mato 1.10 sto �dio �rjro) kai [20, Enìthta 8℄. Ta upìloipa mèrhprokÔptoun �mesa apì ta apotelèsmata tou [40, Enìthta 3℄.Prìtash 2.2.1. (i) To sÔmplegma smhn¸n ∆(Φ) e�nai m�a (n− 1)-di�stath monoplektik sfa�ra.
(ii) To sÔmplegma ∆+(Φ) e�nai m�a (n− 1)-di�stath monoplektik  mp�la.
(iii) Gia J ⊆ I èqoume link∆(Φ)(−ΠJ ) = ∆(ΦJ).
(iv) Gia J ⊆ I, o periorismì tou ∆(Φ) sto sÔnolo koruf¸n (ΦJ)≥−1 e�nai �so me ∆(ΦJ) kaio periorismì tou ∆+(Φ) sto sÔnolo koruf¸n Φ+

J e�nai �so me ∆+(ΦJ).



2.2. Sm nh 11
α

2

3

2

α  +  α

α   +   α   +   α
1 3

α
1

α
3

2
α   +   α

21

Sq ma 2.4: H upodia�resh smhn¸n tÔpou A3

(v) An to Φ e�nai èna eujÔ ginìmeno Φ1×Φ2 susthm�twn riz¸n, tìte ∆(Φ) = ∆(Φ1)∗∆(Φ2)kai ∆+(Φ) = ∆+(Φ1) ∗∆+(Φ2).To sÔmplegma ∆+(Φ) èqei th dom  m�a (gewmetrik ) monoplektik  upodia�resh toumonoplìkou 2Π sto sÔnolo koruf¸n Π. Ja anaferìmaste se aut  thn upodia�resh w thnupodia�resh smhn¸n (cluster subdivision) pou sqet�zetai me to Φ kai ja th sumbol�zoume me
Γ(Φ). Dedomènh m�a jetik  r�za α ∈ Φ+, up�rqei èna monadikì sÔnolo J ⊆ I tètoio ¸steh α na e�nai jetikì grammikì sunduasmì twn stoiqe�wn tou ΠJ . Or�zoume w to forèa th
α to ΠJ kai gia E ∈ ∆+(Φ), or�zoume w σ(E) thn ènwsh twn forèwn twn stoiqe�wn th E.IsodÔnama, to σ(E) e�nai to mikrìtero sÔnolo ΠJ ⊆ Π tètoio ¸ste na isqÔei α ∈ Φ+

J gia k�je
α ∈ E.Prìtash 2.2.2. H apeikìnish σ : ∆+(Φ) 7→ 2Π or�zei m�a monoplektik  upodia�resh Γ(Φ)tou monoplìkou 2Π, th opo�a to topikì h-polu¸numo d�netai apì thn ex�swsh

ℓI(Γ(Φ), x) =
∑

J⊆I

(−1)|IrJ | h(∆+(ΦJ), x).Apìdeixh. Arke� na deiqje� ìti gia k�je J ⊆ I: (a) to σ−1(2ΠJ ) e�nai èna uposÔmplegma tou
∆+(Φ) to opo�o e�nai omoiomorfikì me mp�la di�stash |J |−1; (b) to σ−1(ΠJ ) e�nai to eswterikìaut  th mp�la; kai (g) σ−1(2ΠJ ) = ∆+(ΦJ). Pr�gmati, to (a) kai to (b) epibebai¸nounìti h σ or�zei m�a monoplektik  upodia�resh tou monoplìkou 2Π kai to (g) epibebai¸nei ìti operiorismì aut  th upodia�resh sthn pleur� ΠJ tou 2Π e�nai �so me ∆+(ΦJ). H ex�swshe�nai sunèpeia th teleuta�a prìtash kai tou OrismoÔ 2.1.3.To mèro (g) e�nai epakìloujo tou orismoÔ th apeikìnish σ kai th Prìtash 2.2.1 (iv)kai to mèro (a) e�nai epakìloujo tou (g) kai th Prìtash 2.2.1 (ii). Gia na epibebai¸soume to(b), mporoÔme na upojèsoume ìti J = I. Prèpei na de�xoume ìti to sÔnoro tou ∆+(Φ) e�nai �some thn ènwsh twn uposumplegm�twn ∆+(ΦJ), ìpou to J pa�rnei timè sta gn sia uposÔnolatou I. IsodÔnama, arke� na deiqje� ìti m�a (n− 2)-di�stath pleur� E tou ∆+(Φ) perièqetai sem�a monadik  èdra tou ∆+(Φ) an kai mìno an E ∈ ∆+(ΦJ) gia k�poio sÔnolo J ⊆ I me n − 1stoiqe�a. Autì e�nai sunèpeia twn (i) kai (iii) th Prìtash 2.2.1. Pr�gmati, to (i) sunep�getaiìti h pleur� E perièqetai se dÔo akrib¸ èdre tou ∆(Φ). To (iii) sunep�getai ìti to polÔ m�aapì autè perièqei m�a arnhtik  apl  r�za kai autì sumba�nei an kai mìno an h E ∈ ∆+(ΦJ) giak�poio sÔnolo J ⊆ I me n− 1 stoiqe�a.



12 Kef�laio 2. Eisagwg To h-polu¸numo tou ∆+(Φ) epidèqetai di�fore sunduastikè ermhne�e [7, Por�smata 7.4kai 7.5℄ [11, Pìrisma 1.4 kai Je¸rhma 1.5℄ me th qr sh diataktik¸n idewd¸n riz¸n, perioq¸nuperepipèdwn, troqi¸n om�dwn Weyl se peperasmènou tìrou, shme�wn plegm�twn kai mh dia-stauroÔmenwn diamer�sewn. Upolog�sthke epakrib¸ gia ìla ta an�gwga (krustallografik�)sust mata riz¸n sto [11, Enìthta 6℄. To akìloujo apotèlesma ja qrhsimopoihje� sthn Enì-thta 4.5 gia na upolog�soume to dex� mèlo th ex�swsh pou d�netai sthn Prìtash 2.2.2.L mma 2.2.3. ([11, Prìtash 6.1℄) Gia to h-polu¸numo tou ∆+(Φ) èqoume
h(∆+(Φ), x) =































































n
∑

i=0

1

i+ 1

(
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n− 1
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xi, an X = An

n
∑

i=0

(

n

i

)(

n− 1

i

)

xi, an X = Bn

n
∑

i=0

((

n

i

)(

n− 2

i

)

+

(

n− 2

i− 2

)(

n− 1

i

))

xi, an X = Dn,ìpou X e�nai o tÔpo Cartan-Killing tou Φ.Par�deigma 2.2.4. To sÔmplegma ∆+(Φ) kai h upodia�resh smhn¸n Γ(Φ) gia to sÔsthmariz¸n Φ tÔpou A3 apeikon�zontai sto Sq ma 2.4. Oi aplè r�ze α1, α2, α3 arijm jhkan metètoio trìpo ètsi ¸ste h α1 na e�nai orjog¸nia sthn α3.H upodia�resh Γ(Φ) trigwnopoie� to didi�stato monìploko 2Π se pènte didi�stata monìplo-ka, ta opo�a e�nai oi èdre tou ∆+(Φ). Up�rqei m�a eswterik  koruf , h α1 + α2 + α3. Oifore� twn α1 + α2 kai α2 + α3 e�nai �soi me {α1, α2} kai {α2, α3}, ant�stoiqa. O periorismìth Γ(Φ) sthn pleur� {α1, α2} tou 2Π e�nai m�a upodia�resh tou monodi�statou monoplìkou mem�a eswterik  koruf , thn α1 + α2.Parat rhsh 2.2.5. To sÔmplegma smhn¸n, kai kat� sunèpeia h ant�stoiqh upodia�reshsmhn¸n, or�zetai gia k�je prosanatolismì tou diagr�mmato Dynkin tou Φ; bl. [47℄ [52, Enìth-ta 7℄. To sÔmplegma smhn¸n twn [40℄ [38, Enìthta 4.3℄, pou pragmateuìmaste ed¸, antistoiqe�ston enallassìmeno prosanatolismì. SÔmfwna me thn [47, Prìtash 3.4℄ (bl. ep�sh [52, Prì-tash 7.3℄) kai ta apotelèsmata sth [47, Enìthta 6℄, to h-di�nusma tou jetikoÔ mèrou tousumplègmato smhn¸n kai tou topikoÔ h-dianÔsmato th ant�stoiqh upodia�resh smhn¸n denexart¸ntai apì ton ek�stote prosanatolismì.Oloklhr¸noume aut  thn enìthta me to akìloujo l mma, pou ja qrhsimopoihje� sthn apì-deixh tou Por�smato 4.1.3.L mma 2.2.6. An to Φ e�nai èna eujÔ ginìmeno Φ1 × Φ2 susthm�twn riz¸n, tìte Γ(Φ) =
Γ(Φ1) ∗ Γ(Φ2).Apìdeixh. To l mma prokÔptei apì thn Prìtash 2.2.1 (v) kai tou orismoÔ th upodia�reshsmhn¸n kai th sÔndesh dÔo monoplektik¸n upodiairèsewn.



2.3. Apar�jmhsh Metajèsewn 132.3 Apar�jmhsh MetajèsewnM�a met�jesh (permutation) enì peperasmènou sunìlou S e�nai m�a amfimonos manth apei-kìnish w : S → S. Sumbol�zoume me S(S) to sÔnolo ìlwn twn metajèsewn tou S kai jètoume
Sn := S([n]). 'Estw ìti to sÔnolo S = {a1, a2, . . . , an} èqei n stoiqe�a, ta opo�a e�nai olik¸diatetagmèna w a1 ≺ a2 ≺ · · · ≺ an. M�a met�jesh w ∈ S(S) mpore� na parastaje� w hakolouj�a (w(a1), w(a2), . . . , w(an)),   w h lèxh w(a1)w(a2) · · ·w(an),   w ginìmeno xènwnan� dÔo kÔklwn [62, Enìthta 1.3℄. H sun jh morf  ginomènou kÔklwn (standard disjoint cycle
notation) or�zetai apait¸nta (a) k�je kÔklo na e�nai grammèno me to megalÔtero (w prothn olik  di�taxh �) stoiqe�o tou pr¸to kai (b) oi kÔkloi na e�nai grammènoi se aÔxousa seir�(w pro th �) tou pr¸tou (dhl. megalÔterou) stoiqe�ou tou [62, sel. 23℄.Dedomènh m�a met�jesh w ∈ S(S), èna de�kth a ∈ S kale�tai upèrbash (excedance) th
w (w pro th �) an w(a) ≻ a kai ant�strofh upèrbash (inverse excedance) an w(a) ≺ a. Ode�kth ai ∈ S kale�tai k�jodo (descent) (ant�stoiqa, �nodo (ascent)) th w an i ∈ [n−1] kai
w(ai) ≻ w(ai+1) (ant�stoiqa, w(ai) ≺ w(ai+1)). Jètoume w(a0) ≺ w(ai) ≺ w(an+1) gia ìla ta
1 ≤ i ≤ n. M�a dipl  k�jodo (double descent) th w e�nai èna de�kth ai me 1 ≤ i ≤ n tètoio¸ste w(ai−1) ≻ w(ai) ≻ w(ai+1); m�a dipl  upèrbash (double excedance) th w e�nai ènade�kth 1 ≤ a ≤ n tètoio ¸ste w(a) ≻ a ≻ w−1(a). 'Ena anodikì tm ma (ascending run) th
w e�nai m�a megistik  akolouj�a {i, i + 1, . . . , j}, tètoia ¸ste w(ai) ≺ w(ai+1) ≺ · · · ≺ w(aj).'Ena apì arister� pro dexi� mègisto (left to right maximum) th w e�nai èna de�kth aj me
1 ≤ j ≤ n tètoio ¸ste w(ai) ≺ w(aj) gia ìla ta 1 ≤ i < j.To pl jo twn uperb�sewn (ant�stoiqa, ant�strofwn uperb�sewn, kajìdwn   anìdwn) th
w ja sumbol�zetai me exc(w) (ant�stoiqa, iexc(w), des(w)   asc(w)). To n-ostì polu¸numo
Euler tÔpou A [62, Enìthta 1.4℄ or�zetai apì tou tÔpou

An(x) =
∑

w∈S(S)

xexc(w) =
∑

w∈S(S)

xiexc(w) =
∑

w∈S(S)

xdes(w) =
∑

w∈S(S)

xasc(w). (2.3.1)Profan¸, aut� ta ajro�smata exart¸ntai mìno ton arijmì n kai ìqi apì to S   thn epilog th olik  di�taxh �.Oi prohgoÔmenoi orismo� isqÔoun eidikìtera gia th summetrik  om�da Sn (me th sun jhepilog  th di�taxh � pou prokÔptei jètonta ai = i gia 1 ≤ i ≤ n). Ja sumbol�zoumeme Dn to sÔnolo twn metajèsewn w qwr� stajer� shme�a (dhlad , qwr� de�kte i me thnidiìthta w(i) = i) sthn Sn. To polu¸numo metajèsewn qwr� stajer� shme�a (derangement
polynomial) or�zetai apì ton tÔpo

dn(x) =
∑

w∈Dn

xexc(w). (2.3.2)To polu¸numo autì, to opo�o melet jhke pr¸ta apì ton Brenti [22℄ sto pla�sio twn summe-trik¸n sunart sewn, èqei di�fore axiìloge idiìthte. Gia par�deigma, èqei summetrikoÔ kaimonìtropou suntelestè, ìpw anafèretai sthn Enìthta 3.2 (bl. ep�sh [22℄ [56, Enìthta 5℄[63℄) kai mìno pragmatikè r�ze [66℄. Mpore� ep�sh na ekfraste� w [22℄
dn(x) =

n
∑

k=0

(−1)n−k

(

n

k

)

Ak(x). (2.3.3)2.3.1 Proshmasmène metajèseiGia tou skopoÔ th diatrib  aut , e�nai katallhlìtero na or�soume m�a proshmasmènhmet�jesh (signed permutation) tou [n] w thn epilog  enì uposunìlou S = {a1, a2, . . . , an}



14 Kef�laio 2. Eisagwg tou Ωn tètoio ¸ste ai ∈ {i,−i} gia 1 ≤ i ≤ n kai m�a met�jesh w ∈ S(S). Ja ana-paristoÔme m�a tètoia met�jesh w w thn akolouj�a (w(a1), w(a2), . . . , w(an)),   w th lèxh
w(a1)w(a2) · · ·w(an),   w ginìmeno xènwn an� dÔo kÔklwn. Ja ma fane� qr simo na or�soumeth sun jh morf  ginomènou kÔklwn th w qrhsimopoi¸nta thn olik  di�taxh sto S pou e�naih ant�strofh aut  pou klhronome�tai apì th fusik  olik  di�taxh sto Z. Toioutotrìpw, oikÔkloi th w ja gr�fontai me to mikrìtero stoiqe�o tou pr¸to kai se fj�nousa seir� tou mi-krìterou stoiqe�ou tou. Ja lème ìti h w e�nai met�jesh qwr� stajer� shme�a (derangement)an den up�rqei a ∈ S ∩ [n] tètoio ¸ste w(a) = a. Ja sumbol�zoume me Bn to sÔnolo ìlwn twnproshmasmènwn metajèsewn tou [n] kai me DB

n to sÔnolo ìlwn twn metajèsewn qwr� stajer�shme�a sto Bn.Dedomènh m�a met�jesh w ∈ Bn, lème ìti o de�kth i ∈ {0, 1, . . . , n− 1} e�nai B-k�jodo
(B-descent) (ant�stoiqa, B-�nodo (B-ascent)) th w an w(ai) > w(ai+1) (ant�stoiqa, w(ai) <
w(ai+1)), ìpou w(a0) = 0 ex orismoÔ. To n-ostì polu¸numo Euler tÔpou B [23, Enìthta 3℄mpore� na oriste� w

Bn(x) =
∑

w∈Bn

xdesB(w) =
∑

w∈Bn

xascB(w), (2.3.4)ìpou me desB(w) sumbol�zoume to pl jo twn B-kajìdwn kai me ascB(w) to pl jo twn B-anìdwn th w ∈ Bn. SÔmfwna me ton Brenti [23, sel. 431℄, lème ìti o de�kth a ∈ S e�nai
B-upèrbash (B-excedance) th w an w(a) > a,   an −a ∈ [n] kai w(a) = a. Lème ìti o de�kth
a ∈ S e�nai ant�strofh B-upèrbash (inverse B-excedance) th w an w(a) < a,   an −a ∈ [n]kai w(a) = a. To pl jo twn B-uperb�sewn th w ja sumbol�zetai me excB(w) kai twnant�strofwn B-uperb�sewn me iexcB(w). Me autoÔ tou sumbolismoÔ, èqoume iexcB(w) =
excB(w

−1) kai (bl. Je¸rhma 3.15 kai Pìrisma 3.16 sto [23℄)
Bn(x) =

∑

w∈Bn

xexcB(w). (2.3.5)Sto Kef�laio 3 ja asqolhjoÔme kat� kìron me èna fusiologikì an�logo tou poluwnÔmou
dn(x) gia thn uperoktaedrik  om�da Bn, pou eis qjh kai melet jhke anex�rthta apì tou Chen,
Tang kai Zhao [31] kai apì ton Chow [32]. Or�zetai apì ton tÔpo

dBn (x) =
∑

w∈DB
n

xexcB(w) (2.3.6)kai kale�tai polu¸numo metajèsewn qwr� stajer� shme�a tÔpou B (derangement polynomial of
type B). AfoÔ excB(w) = iexcB(w

−1) kai h apeikìnish pou antistoiqe� m�a met�jesh w ∈ S(S)sthn ant�strof  th w−1 ep�gei èna automorfismì sto sÔnolo Bn pou diathre� ta stajer�shme�a, èqoume
Bn(x) =

∑

w∈Bn

xiexcB(w)kai
dBn (x) =

∑

w∈DB
n

xiexcB(w). (2.3.7)Gia parìmoiou lìgou, h (2.3.2) exakolouje� na isqÔei ìtan to sÔmbolo exc antikatastaje� meto sÔmbolo iexc.To polu¸numo dBn (x) èqei ti perissìtere apì ti kÔrie idiìthte tou dn(x). Gia par�-deigma, èqei mìno pragmatikè r�ze [31, 32℄, kai kat� sunèpeia èqei monìtropou (all� ìqisummetrikoÔ) suntelestè, kai ikanopoie� thn an�logh sqèsh
dBn (x) =

n
∑

k=0

(−1)n−k

(

n

k

)

Bk(x) (2.3.8)



2.4. Mh diastauroÔmene diamer�sei 15
5 6 7431 2 98Sq ma 2.5: H mh diastauroÔmenh diamèrish {{1, 5, 6}, {2, 4}, {3}, {7}, {8, 9}}th (2.3.3).2.4 Mh diastauroÔmene diamer�seiAut  h enìthta sunoy�zei ti ènnoie kai ta apotelèsmata apì th jewr�a twn mh diastau-roÔmenwn diamer�sewn pou emfan�zontai sto Kef�laio 4.To sÔnolo twn mh diastauroÔmenwn diamer�sewn (noncrossing partitions) tou {1, 2, . . . , n},pou ja sumbol�zoume me NCA(n), eis qjh kai melet jhke apì ton Kreweras [45℄. Apotele�taiapì ìle ti diamer�sei π tou sunìlou {1, 2, . . . , n} me thn akìloujh idiìthta: an a < b < c < de�nai tètoioi ¸ste na isqÔei ìti oi a, c perièqontai se èna mèro B th π kai oi b, d perièqontaise èna mèro B′ th π, tìte B = B′. 'Ena par�deigma mh diastauroÔmenh diamèrish gia

n = 9 apeikon�zetai sto Sq ma 2.5. MetaxÔ �llwn jemeliwd¸n apotelesm�twn, o Kreweras[45, Enìthta 4℄ apèdeixe ìti o plhjikì arijmì tou NCA(n) e�nai �so me ton n-ostì arijmì
Catalan 1

n+1

(

2n
n

) kai ìti
∑

π∈NCA(n)

xn−|π| =

n
∑

i=0

1

i+ 1

(

n

i

)(

n− 1

i

)

xi, (2.4.1)ìpou me |π| sumbol�zoume to pl jo twn mer¸n th π.Ja lème ìti èna mèro me èna stoiqe�o {b} th π ∈ NCA(n) e�nai emfwleumèno (nested)an up�rqei mèro th π pou perièqei arijmoÔ a kai c tètoiou ¸ste a < b < c; diaforetik�ja lème ìti to {b} e�nai mh emfwleumèno (nonnested). Sto par�deigma tou Sq mato 2.5 tomèro {3} e�nai emfwleumèno, en¸ to {7} den e�nai. Profan¸, m�a diamèrish π ∈ NCA(n) memh emfwleumèno mèro me èna stoiqe�o {b} kajor�zetai pl rw apì tou periorismoÔ th sta
{1, 2, . . . , b− 1} kai {b+ 1, . . . , n}, oi opo�oi e�nai ep�sh mh diastauroÔmene diamer�sei.Oi mh diastauroÔmene diamer�sei tÔpou B or�sthkan apì ton Reiner [53℄ w akoloÔjw.M�a diamèrish π tou sunìlou {1, 2, . . . , n}∪{−1,−2, . . . ,−n} lègetai Bn-diamèrish an isqÔounoi akìlouje sunj ke: (a) an to B e�nai mèro th π, tìte to −B (to sÔnolo pou prokÔpteiall�zonta ta prìshma twn stoiqe�wn tou B) e�nai ep�sh mèro th π; kai (b) up�rqei topolÔ èna mèro th π (pou, an up�rqei, lègetai mhdenikì mèro (zero block)) to opo�o giak�je stoiqe�o tou, i, perièqei kai to −i. H sqhmatik  anapar�stash m�a tètoia diamèrish [3,Enìthta 2℄ perièqei tou akèraiou 1, 2, . . . , n,−1,−2, . . . ,−n (me aut  th seir�) se m�a gramm kai tìxa p�nw apì th gramm  metaxÔ twn i kai j ìpote oi i kai j an koun sto �dio mèro Bth π kai kanèna �llo stoiqe�o tou B den up�rqei an�mes� tou. H Bn-diamèrish π lègetaimh diastauroÔmenh (noncrossing) an den up�rqoun tìxa pou na diastaur¸nontai se aut  thsqhmatik  anapar�stash. Sto Sq ma 2.6 apeikon�zetai èna par�deigma gia n = 7. To sÔnolotwn mh diastauroÔmenwn Bn-diamer�sewn ja sumbol�zetai me NCB(n).Ma endiafèrei h apar�jmhsh mh diastauroÔmenwn Bn-diamer�sewn qwr� mhdenikì mèro, wpro to pl jo twn mer¸n tou. To akìloujo l mma prokÔptei �mesa apì to [8, L mma 4.4℄,ìpw epishma�netai kai sthn apìdeixh tou Jewr mato 7.2 sto [54℄. Enallaktik�, h apìdeix tou prokÔptei eÔkola apì aut  tou [3, Je¸rhma 2.3℄.
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Sq ma 2.6: M�a mh diastauroÔmenh B7-diamèrishL mma 2.4.1. To pl jo twn diamer�sewn π ∈ NCB(n) oi opo�e den èqoun mhdenikì mèrokai èqoun sunolik� k zeÔgh mh mhdenik¸n mer¸n e�nai �so me (nk)(n−1

k−1

).Apìdeixh. H apìdeixh tou [3, Je¸rhma 2.3℄ de�qnei ìti oi diamer�sei π ∈ NCB(n) pou denèqoun mhdenikì mèro kai èqoun sunolik� k zeÔgh mh mhdenik¸n mer¸n e�nai se èna pro ènaantistoiq�a me ta zeÔgh (S, f), ìpou to S e�nai èna uposÔnolo tou {1, 2, . . . , n} me k stoiqe�akai h f : S → {1, 2, . . . } e�nai m�a apeikìnish th opo�a oi timè ajro�zoun sto n. Efìsonup�rqoun (nk) trìpoi na epilege� to S kai, gia k�je tètoia epilog , up�rqoun (n−1
k−1

) trìpoi naepilege� h f , to apotèlesma èpetai.Ja lème ìti èna mèro me èna stoiqe�o {b} th π ∈ NCB(n) e�nai emfwleumèno (nested)an up�rqei mèro th π pou perièqei èna stoiqe�o pou prohge�tai kai èna pou èpetai tou b sthgrammik  di�taxh 1, 2, . . . , n,−1,−2, . . . ,−n; diaforetik� ja lème pw to {b} e�nai mh emfw-leumèno (nonnested). Sto par�deigma tou Sq mato 2.6 up�rqei to mh emfwleumèno mèro meèna jetikì stoiqe�o {3} kai to emfwleumèno mèro me èna jetikì stoiqe�o {7}. M�a diamèrish
π ∈ NCB(n) me mh emfwleumèno mèro me èna jetikì stoiqe�o {b} kajor�zetai pl rw apì touperiorismoÔ th sta {1, 2, . . . , b− 1} kai {b+ 1, . . . , n} ∪ {−b− 1, . . . ,−n}, oi opo�oi e�nai mhdiastauroÔmene diamer�sei tÔpou A kai B, ant�stoiqa.



Kef�laio 3Polu¸numa metajèsewnqwr� stajer� shme�a kaibarukentrikè upodiairèsei3.1 Eisagwg  kai apotelèsmataTo kef�laio autì ereun� th sqèsh k�poiwn barukentrik¸n upodiairèsewn me ta polu¸numametajèsewn qwr� stajer� shme�a. Mèsw autoÔ tou susqetismoÔ, apodeiknÔetai h γ-mh arnhti-kìthta twn topik¸n h-poluwnÔmwn twn barukentrik¸n upodiairèsewn pou meletoÔme, kaj¸ kai�gnwste   gnwstè - all� me nèe apode�xei - idiìthte gia to polu¸numo metajèsewn qwr�stajer� shme�a kai to polu¸numo Euler tÔpou B.'Estw V èna sÔnolo me n stoiqe�a. Qrhsimopoi¸nta thn ermhne�a tou poluwnÔmou EulertÔpou A w to h-polu¸numo th barukentrik  upodia�resh tou monoplìkou, apodeiknÔetai ìti(bl. [59, Prìtash 2.4℄)
ℓV (sd(2

V ), x) = dn(x). (3.1.1)To akìloujo je¸rhma d�nei an�loge sunduastikè ermhne�e gia to ant�stoiqo topikì γ-polu¸numo.Je¸rhma 3.1.1. An (ξ0, ξ1, . . . , ξ⌊n/2⌋) e�nai to topikì γ-di�nusma th barukentrik  upo-dia�resh sd(2V ) tou (n− 1)-di�statou monoplìkou 2V , tìte o arijmì ξi e�nai �so me k�je ènaapì ta akìlouja:
(i) to pl jo twn metajèsewn w ∈ Sn me i anodik� tm mata kai kanèna anodikì tm mam kou èna,
(ii) to pl jo twn metajèsewn w ∈ Dn qwr� stajer� shme�a me i uperb�sei kai kam�a dipl upèrbash,
(iii) to pl jo twn metajèsewn w ∈ Sn me i kajìdou kai kam�a dipl  k�jodo, gia ti opo�eisqÔei ìti k�je apì arister� pro dexi� mègisto th w e�nai k�jodo.Eidikìtera, isqÔei ìti ξi ≥ 0 gia k�je 0 ≤ i ≤ ⌊n/2⌋.Gia ti pr¸te timè tou n èqoume: 17
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⌊n/2⌋
∑

i=0

ξix
i =



















































x, an n = 2, 3

x+ 5x2, an n = 4

x+ 18x2, an n = 5

x+ 47x2 + 61x3, an n = 6

x+ 108x2 + 479x3, an n = 7

x+ 233x2 + 2414x3 + 1385x4, an n = 8

x+ 486x2 + 9970x3 + 19028x4, an n = 9.Me to Je¸rhma 3.1.1 d�netai m�a sunduastik  apìdeixh gia th monotrop�a tou poluwnÔmou
dn(x) kai ètsi apant�tai m�a er¸thsh tou Brenti [22℄; bl. Parat rhsh 3.2.1. Epiprìsjeta,sumpera�noume ìti gia dedomèno n, to �jroisma twn suntelest¸n ξi e�nai �so me to pl jo twnmetajèsewn sthn Sn qwr� anodik� tm mata m kou èna. Tètoie metajèsei melet jhkan (seèna pio genikì pla�sio) kai aparijm jhkan apì ton Gessel [42, Kef�laio 5℄.'Opw diapist¸same met� th dhmos�eush tou �rjrou [9℄, to Je¸rhma 3.1.1 (iii) prokÔpteianex�rthta kai apì to [56, Je¸rhma 7.3℄. Mèqri th paroÔsa stigm , h apìdeixh tou jewr -mato autoÔ den èqei emfaniste� sth bibliograf�a. H mh arnhtikìthta twn arijm¸n ξi prokÔpteikai apì to gegonì ìti ta polu¸numa dn(x) (e�nai summetrik� kai) èqoun mìno pragmatikè r�ze[66℄. Enallaktik�, prokÔptei kai apì thn [6, Prìtash 6.1℄, ìpou apodeiknÔetai h mh arnhti-kìthta tou topikoÔ γ-dianÔsmato gia thn oikogèneia flag monoplektik¸n upodiairèsewn pouprokÔptoun apì thn tetrimmènh upodia�resh mèsw diadoqik¸n astrik¸n upodiairèsewn se akmè.Upenjum�zoume ìti to fusiologikì an�logo tou dn(x) gia thn uperoktaedrik  om�da Bn twnproshmasmènwn metajèsewn sumbol�zetai me dBn (x) kai or�zetai mèsw th Ex�swsh 2.3.6. Topr¸to kÔrio apotèlesm� ma gia to dBn (x) e�nai o akìloujo sunduastikì tÔpo.Je¸rhma 3.1.2. 'Eqoume

dBn (x) =
∑

(

n

r0, r1, . . . , rk

)

x⌊
k+1

2
⌋ dr0(x)Ar1(x) · · ·Ark(x) (3.1.2)gia n ∈ N, ìpou A0(x) = 0, d0(x) = 1 kai to �jroisma kuma�netai se ìla ta k ∈ N kai se ìleti akolouj�e (r0, r1, . . . , rk) mh arnhtik¸n akera�wn pou ajro�zoun sto n.O Chow [32, Enìthta 4℄ èdwse m�a epiplèon apìdeixh th monotrop�a tou dBn (x) ekfr�-zont� to w �jroisma mh arnhtik¸n monìtropwn poluwnÔmwn, pou or�zontai apì tautìthtesummetrik¸n sunart sewn. Apì to Je¸rhma 3.1.2 prokÔptei ìti to polu¸numo dBn (x) mpore� nagrafe� w �jroisma dÔo poluwnÔmwn me mh arnhtikoÔ, summetrikoÔ kai monìtropou suntele-stè, twn opo�wn ta kèntra summetr�a diafèroun kat� misì, kai me autì ton trìpo parèqei m�anèa apìdeixh th monotrop�a tou, ìpw ja exhg soume amèsw. Efìson to polu¸numo dBn (x)èqei bajmì n kai mhdenikì stajerì ìro, mpore� na grafe� me monadikì trìpo sth morf 

dBn (x) = f+n (x) + f−n (x), (3.1.3)ìpou ta polu¸numa f+n (x) kai f−n (x) èqoun bajmoÔ to polÔ n − 1 kai n, ant�stoiqa, kaiikanopoioÔn ti sqèsei
f+n (x) = xnf+n (1/x) (3.1.4)
f−n (x) = xn+1f−n (1/x) (3.1.5)



3.1. Eisagwg  kai apotelèsmata 19(bl., gia par�deigma, [13, L mma 2.4℄ gia autì to stoiqei¸de gegonì). Gia ti pr¸te timètou n èqoume
f+n (x) =































































1, an n = 0

0, an n = 1

3x, an n = 2

7x+ 7x2, an n = 3

15x+ 87x2 + 15x3, an n = 4

31x+ 551x2 + 551x3 + 31x4, an n = 5

63x+ 2803x2 + 8243x3 + 2803x4 + 63x5, an n = 6

127x + 12867x2 + 84827x3 + 84827x4 + 12867x5 + 127x6, an n = 7kai
f−n (x) =































































0, an n = 0

x, an n = 1

x+ x2, an n = 2

x+ 13x2 + x3, an n = 3

x+ 57x2 + 57x3 + x4, an n = 4

x+ 201x2 + 761x3 + 201x4 + x5, an n = 5

x+ 653x2 + 6333x3 + 6333x4 + 653x5 + x6, an n = 6

x+ 2045x2 + 42757x3 + 106037x4 + 42757x5 + 2045x6 + x7, an n = 7.Oi akìlouje plhrofor�e gia ta polu¸numa f+n (x) kai f−n (x) kai gia to dBn (x) aporrèoun apìthn Ex�swsh (3.1.2).Pìrisma 3.1.3. 'Eqoume
f+n (x) =

∑

(

n

r0, r1, . . . , r2k

)

xk dr0(x)Ar1(x) · · ·Ar2k(x) (3.1.6)kai
f−n (x) =

∑

(

n

r0, r1, . . . , r2k+1

)

xk+1 dr0(x)Ar1(x) · · ·Ar2k+1
(x) (3.1.7)gia n ∈ N, ìpou to �jroisma kuma�netai se ìla ta k ∈ N kai se ìle ti akolouj�e (r0, r1, . . . , r2k)(ant�stoiqa, (r0, r1, . . . , r2k+1)) mh arnhtik¸n akera�wn pou ajro�zoun sto n. Epiplèon, ta f+n (x)kai f−n (x) e�nai γ-mh arnhtik�, dhlad  up�rqoun mh arnhtiko� akèraioi ξ+n,i kai ξ−n,i tètoioi ¸ste

f+n (x) =

⌊n/2⌋
∑

i=0

ξ+n,i x
i(1 + x)n−2i (3.1.8)kai

f−n (x) =

⌊(n+1)/2⌋
∑

i=0

ξ−n,i x
i(1 + x)n+1−2i. (3.1.9)Eidikìtera, ta f+n (x) kai f−n (x) e�nai summetrik� kai monìtropa, me kèntra summetr�a sta n/2kai (n+ 1)/2, ant�stoiqa, kai to dBn (x) e�nai monìtropo me koruf  sto ⌊(n+ 1)/2⌋.
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Sq ma 3.1: H kubik  barukentrik  upodia�resh tou 2-monoplìkou kai h barukentrik  upodia�-resh th, K3To deÔtero kÔrio apotèlesm� ma gia to dBn (x) parèqei èna tÔpou B an�logo sth gewmetrik ermhne�a tou dn(x) w to topikì h-polu¸numo th upodia�resh sd(2[n]). Gia na to diatup¸sou-me, eis�goume ton akìloujo sumbolismì. Sumbol�zoume me Kn th monoplektik  barukentrik upodia�resh th kubik  barukentrik  upodia�resh tou (n − 1)-di�statou monoplìkou (toSq ma 3.1 de�qnei aut  thn upodia�resh gia n = 3). Ep�sh eis�goume ta mis� polu¸numa Euler

B+
n (x) =

∑

w∈B+
n

xdesB(w) (3.1.10)kai
B−

n (x) =
∑

w∈B−

n

xdesB(w) (3.1.11)gia thn om�da Bn, ìpou B+
n kai B−

n e�nai ta sÔnola twn proshmasmènwn metajèsewn m kou n mejetik  kai arnhtik , ant�stoiqa, teleuta�a suntetagmènh, kai jètoume B+
0 (x) = 1 kai B−

0 (x) = 0(to sÔnolo B+
n èqei emfaniste� sto pla�sio twn prwteuìntwn deikt¸n gia ti klasikè om�de

Weyl; bl. [14, sel. 613℄).Je¸rhma 3.1.4. To polu¸numo f+n (x) e�nai �so me to topikì h-polu¸numo th monoplekti-k  upodia�resh Kn (eidikìtera, to f+n (x) èqei mh arnhtikoÔ, summetrikoÔ kai monìtropousuntelestè). Epiplèon, gia n ∈ N èqoume
f+n (x) =

n
∑

k=0

(−1)n−k

(

n

k

)

B+
k (x) (3.1.12)kai

f−n (x) =

n
∑

k=0

(−1)n−k

(

n

k

)

B−
k (x). (3.1.13)Ja jèlame na epishm�noume ìti to Je¸rhma 3.1.4 kai oi mèjodoi twn [6, 59℄ ma od ghsan naupoyiastoÔme ìti h Ex�swsh (3.1.2) isqÔei. 'Ontw, prokÔptei apì tou sqetikoÔ orismoÔ kail�gh akìmh prosp�jeia (bl. Enìthta 3.6) ìti to topikì h-polu¸numo th upodia�resh Kn e�nai�so me to dex� mèlo th Ex�swsh (3.1.12). Ereun¸nta th summetr�a autoÔ tou poluwnÔmoukai k�poie anagwgikè sqèsei gia autì kai gia to dBn (x) (bl. Enìthta 3.7), mpore� kane� nade�xei ìti to topikì h-polu¸numo th upodia�resh Kn e�nai �so me to f+n (x), ìpw or�zetai apìth di�spash (3.1.3). 'Ena tÔpo pou ekfr�zei th metabol  tou topikoÔ h-dianÔsmato m�a



3.2. To topikì γ-di�nusma th barukentrik  upodia�resh 21monoplektik  upodia�resh tou monoplìkou met� apì peraitèrw upodia�resh [6, Prìtash 3.6℄(bl. ep�sh Prìtash 3.5.3) mpore� na qrhsimopoihje� gia na prokÔyei h Ex�swsh (3.1.6). Autìsunep�getai ìti h Ex�swsh (3.1.7), kaj¸ kai h Ex�swsh (3.1.2), isqÔoun ep�sh.H dom  kai ta �lla apotelèsmata autoÔ tou kefala�ou èqoun w ex . H Enìthta 3.2 apo-deiknÔei to Je¸rhma 3.1.1. H Enìthta 3.3 apodeiknÔei to Je¸rhma 3.1.2 kai to Pìrisma 3.1.3.D�nontai m�a apìdeixh tou Jewr mato 3.1.2 me th qr sh amfimonos manth apeikìnish, ka-j¸ kai m�a pou qrhsimopoie� genn trie sunart sei, kai upolog�zontai oi ekjetikè genn triesunart sei twn f+n (x) kai f−n (x). H Enìthta 3.4 d�nei m�a sunduastik  ermhne�a gia tou sun-telestè twn poluwnÔmwn aut¸n. H Enìthta 3.5 apodeiknÔei ti kÔrie idiìthte tou sqetikoÔtopikoÔ h-dianÔsmato, m�a gen�keush tou skeptikoÔ p�sw apì to topikì h-di�nusma pou ei-s qjh sto [6, Enìthta 3℄ (kai, se m�a diaforetik  morf , sto [49℄), kai sumpera�nei m�a idiìthtamonoton�a gia ta topik� h-dianÔsmata. Aut� ta apotelèsmata diatup¸jhkan qwr� apìdeixhsto [6℄. W par�deigma (pou qrhsimopoie�tai se m�a apì ti apode�xei tou Jewr mato 3.1.4),upolog�zetai to sqetikì topikì h-di�nusma th barukentrik  upodia�resh. H Enìthta 3.6d�nei dÔo apode�xei gia to Je¸rhma 3.1.4. 'Ena pr¸to b ma gia autè ti apode�xei e�nai hermhne�a tou B+
n (x) w to h-polu¸numo tou monoplektikoÔ sumplègmato Kn (Prìtash 3.6.1).Dedomènh aut  th ermhne�a, h m�a apìdeixh qrhsimopoie� th jewr�a twn (sqetik¸n) topik¸n

h-dianusm�twn, ìpw suzht jhke nwr�tera, en¸ h �llh qrhsimopoie� anagwgikè sqèsei kaigenn trie sunart sei.H Enìthta 3.7 melet� ta polu¸numa B+
n (x) kai B−

n (x). ApodeiknÔetai ìti isqÔei m�a apl sqèsh metaxÔ twn dÔo (L mma 3.7.1). Qrhsimopoi¸nta thn ermhne�a tou w to h-polu¸numotou monoplektikoÔ sumplègmato Kn kai th jewr�a twn topik¸n h-dianusm�twn, apodeiknÔetaièna aplì tÔpo gia to B+
n (x) (kai kat� sunèpeia, èna gia to B−

n (x) kai èna gia to polu¸numo
Euler Bn(x)) sunart sei tou poluwnÔmou Euler An(x) (Prìtash 3.7.2). Qrhsimopoi¸nta autìton tÔpo, apodeiknÔetai ìti ta polu¸numa B+

n (x) kai B−
n (x) èqoun mìno pragmatikè r�ze, �rae�nai monìtropa kai logarijmik� ko�la, kai ètsi prokÔptei m�a nèa apìdeixh th monotrop�atou Bn(x). D�nontai anagwgikè sqèsei kai genn trie sunart sei gia ta polu¸numa B+

n (x)kai B−
n (x), ìpw ep�sh kai gia ta f+n (x) kai f−n (x), kai prokÔptei m�a tr�th apìdeixh gia toJe¸rhma 3.1.4.3.2 To topikì γ-di�nusma th barukentrik  upodia�re-shPr¸ta anafèroume dÔo ergale�a apì th sunduastik  twn metajèsewn pou ja qrhsimopoih-joÔn sthn apìdeixh tou Jewr mato 3.1.1. Ja sumbol�zoume me En to sÔnolo twn metajèsewnth Sn gia ti opo�e k�je arister� pro dexi� mègisto e�nai k�jodo.K�jodoi kai uperb�sei. Dedomènh m�a met�jesh w ∈ Sn, mporoÔme na gr�youme th

w se sun jh morf  ginomènou kÔklwn (bl. Enìthta 2.3). Sumbol�zoume me φ(w) thn akolouj�a(  lèxh) pou prokÔptei ìtan afairejoÔn oi parenjèsei apì tou kÔklou th w, jewroÔmenhw met�jesh sthn Sn. Gia par�deigma, an n = 9 kai w = (5 2 4)(6 1)(8)(9 7 3) se sun jhmorf  ginomènou kÔklwn, tìte φ(w) = (5, 2, 4, 6, 1, 8, 9, 7, 3) e�nai h met�jesh sthn S9 h opo�aapeikon�zei to 1 sto 5, to 2 ston eautì tou, to 3 sto 4 k.o.k. IsqÔoun oi akìlouje idiìthte(jum�zoume ìti sumbol�zoume me Dn to sÔnolo twn metajèsewn qwr� stajer� shme�a sthn Sn):(a) h apeikìnish φ : Sn → Sn e�nai amfimonos manth,(b) φ(Dn) = En,
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Sq ma 3.2: H met�jesh w = (7, 3, 1, 5, 6, 9, 8, 2, 4) ∈ E9(g) gia w ∈ Sn kai 1 ≤ i ≤ n èqoume ìti o de�kth i e�nai ant�strofh upèrbash th w an kaimìno an o de�kth (φ(w))−1(i) e�nai k�jodo th φ(w).Ja sumbol�zoume me φ̂ : Dn → En thn amfimonos manth apeikìnish pou ep�getai apì th φ stosÔnolo Dn.H dr�sh Foata-Schützenberger-Strehl. Ja qreiastoÔme thn akìloujh parallag  thdr�sh Foata-Schützenberger-Strehl sti metajèsei; bl., gia par�deigma, [36, Enìthta V.1℄[35, 37℄. Gia perissìtere efarmogè aut  th kataskeu  parapèmpoume ton anagn¸sth sta[21, 51℄.'Estw w = (w1, w2, . . . , wn) m�a met�jesh sto sÔnolo En, ìpou wi = w(i) gia 1 ≤ i ≤ n.Jètoume w0 = 0 kai wn+1 = n + 1. Upenjum�zoume ìti m�a dipl  k�jodo (ant�stoiqa, dipl �nodo) th w e�nai èna de�kth 1 ≤ i ≤ n tètoio ¸ste wi−1 < wi < wi+1 (ant�stoiqa,
wi−1 > wi > wi+1). Dedomènh m�a dipl  anìdou   m�a dipl  kajìdou i th w, or�zoume thmet�jesh ψi(w) ∈ Sn w ex : An to i e�nai dipl  �nodo th w, tìte ψi(w) e�nai h met�jeshpou prokÔptei apì th w metakin¸nta to wi metaxÔ twn wj kai wj+1, ìpou j e�nai o megalÔterode�kth pou ikanopoie� ti anisìthte 1 ≤ j < i kai wj > wi > wj+1 (parathroÔme ìti ènatètoio de�kth up�rqei, efìson w ∈ En kai kat� sunèpeia o i den e�nai arister� pro dexi�mègisto th w). Parìmoia, an to i e�nai dipl  k�jodo th w, tìte ψi(w) e�nai h met�jeshpou prokÔptei apì th w metakin¸nta to wi metaxÔ twn wj kai wj+1, ìpou j e�nai o mikrìterode�kth pou ikanopoie� ti anisìthte i < j ≤ n kai wj < wi < wj+1 (parathroÔme ìti ènatètoio de�kth up�rqei, efìson wn+1 = n + 1). Gia to par�deigma tou Sq mato 3.2 èqoume
ψ4(w) = (7, 5, 3, 1, 6, 9, 8, 2, 4) kai ψ7(w) = (7, 3, 1, 5, 6, 9, 2, 4, 8). AfoÔ oi timè sta arister�pro dexi� mègista den all�zoun kat� th met�bash apì to w sto ψi(w), èqoume ψi(w) ∈ En kaisti dÔo peript¸sei.KaloÔme dÔo metajèsei sto En isodÔname (upì th dr�sh Foata-Schützenberger-Strehl sto
En) an h m�a prokÔptei apì thn �llh efarmìzonta m�a akolouj�a apeikon�sewn th morf  ψi.Af netai ston anagn¸sth na elègxei ìti autì or�zei m�a sqèsh isodunam�a sto En kai ìtik�je kl�sh isodunam�a perièqei èna monadikì stoiqe�o qwr� diplè kajìdou. Epiplèon, an hmet�jesh w ∈ En den èqei diplè kajìdou kai èqei k diplè anìdou, tìte h kl�sh isodunam�a
O(w) th w èqei 2k stoiqe�a kai akrib¸ (kj) apì aut� èqoun j kajìdou parap�nw apì th w,



3.3. Apìdeixh tou kÔriou tÔpou gia to dBn (x) 23ètsi ¸ste
∑

u∈O(w)

xdes(u) = xdes(w)(1 + x)k = xdes(w)(1 + x)n−2des(w). (3.2.1)Apìdeixh tou Jewr mato 3.1.1. Xekin¸nta apì thn (3.1.1) br�skoume ìti
ℓV (sd(2

V ), x) =
∑

u∈Dn

xexc(u) =
∑

u∈Dn

xiexc(u) =
∑

u∈En

xdes(u),ìpou h teleuta�a isìthta qrhsimopoie� thn idiìthta (g) gia thn apeikìnish φ̂ : Dn → En. Ajro�-zonta thn (3.2.1) se ìle ti kl�sei isodunam�a th dr�sh Foata-Schützenberger-Strehl sto
En pa�rnoume

∑

u∈En

xdes(u) =
∑

w∈Ên

xdes(w)(1 + x)n−2des(w),ìpou me Ên sumbol�zoume to sÔnolo twn metajèsewn w ∈ En qwr� dipl  k�jodo. Apì tiprohgoÔmene isìthte kai th (2.1.4) sumpera�noume ìti to ξi e�nai �so me to pl jo twn metajè-sewn w ∈ Ên me des(w) = i kai pa�rnoume thn ermhne�a (iii) tou jewr mato. Aut  maz� me thnidiìthta (g), efarmosmènh sthn apeikìnish φ̂ : Dn → En, sunep�gontai ìti to ξi e�nai ep�sh �some to pl jo twn metajèsewn qwr� stajer� shme�a w ∈ Dn me i ant�strofe uperb�sei kaiqwr� de�kth j pou na ikanopoie� thn anisìthta w(j) < j < w−1(j). Pern¸nta sthn ant�strofhmet�jesh w−1 odhgoÔmaste sthn ermhne�a (ii) tou jewr mato.Tèlo, gia na elègxoume thn isìthta metaxÔ (i) kai (ii), ergazìmaste me kajodik� (ant� meanodik�) tm mata. ParathroÔme ìti h apeikìnish φ̂ : Dn → En ep�gei m�a amfimonos manthapeikìnish apì to sÔnolo twn metajèsewn qwr� stajer� shme�a w ∈ Dn pou den èqoun dipl upèrbash sto sÔnolo twn metajèsewn sthn Sn qwr� kajodik� tm mata m kou èna. Epiplèon,to pl jo twn uperb�sewn tètoiwn w e�nai �so me to pl jo twn kajodik¸n tmhm�twn th φ̂(w)kai h apìdeixh èpetai.Parat rhsh 3.2.1. H monotrop�a tou poluwnÔmou metajèsewn qwr� stajer� shme�a apo-de�qjhke pr¸ta apì ton Brenti [22, Pìrisma 1℄, o opo�o z thse kai m�a sunduastik  apìdeixh[22, sel. 1140℄. M�a tètoia apìdeixh dìjhke apì ton Stembridge [63, Pìrisma 2.2℄. To Je-¸rhma 3.1.1 parèqei akìmh m�a sunduastik  apìdeixh (gia m�a pio isqur  prìtash). Efìsonh barukentrik  upodia�resh sd(2V ) e�nai m�a kanonik  upodia�resh tou 2V , h monotrop�a toupoluwnÔmou metajèsewn qwr� stajer� shme�a prokÔptei ep�sh apì thn (3.1.1) kai to [59,Je¸rhma 5.2℄.3.3 Apìdeixh tou kÔriou tÔpou gia to dBn (x)Aut  h enìthta parèqei dÔo apode�xei gia to Je¸rhma 3.1.2 pou qrhsimopoioÔn m�a amfimo-nos manth apeikìnish kai genn trie sunart sei, ant�stoiqa, kai sumpera�nei to Pìrisma 3.1.3.W par�pleuro apotèlesma th deÔterh apìdeixh, upolog�zontai oi ekjetikè genn trie su-nart sei twn f+n (x) kai f−n (x).Pr¸th apìdeixh tou Jewr mato 3.1.2. Sumbol�zoume me Cn th sullog  twn akolouji¸n (σ0,
σ1, . . . , σk), ìpou k ∈ N kai σi ∈ S(Si) gia 0 ≤ i ≤ k, oi opo�e èqoun ti ex  idiìthte: (a)h akolouj�a (S0, S1, . . . , Sk) e�nai m�a asjen  diatetagmènh diamèrish tou [n] me Si mh ken� gia
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1 ≤ i ≤ k kai (b) h σ0 e�nai m�a met�jesh tou S0 qwr� stajer� shme�a. Ja perigr�youme m�aèna pro èna antistoiq�a ϕ : DB

n → Cn tètoia ¸ste
iexcB(w) = iexc(σ0) +

k
∑

i=1

f(σi) + ⌊
k + 1

2
⌋ (3.3.1)gia k�je w ∈ DB

n , ìpou (σ0, σ1, . . . , σk) = ϕ(w) kai o arijmì f(σi) antiproswpeÔei ta des(σi)  
asc(σi), ìtan o arijmì i e�nai �rtio   perittì, ant�stoiqa. Dedomènh aut  th antistoiq�a,qrhsimopoi¸nta th (2.3.7) kai upenjum�zonta ìti up�rqoun ( n

r0,r1,...,rk

) asjene� diatetagmènediamer�sei (S0, S1, . . . , Sk) tou [n] pou ikanopoioÔn ti isìthte |Si| = ri gia 0 ≤ i ≤ k,pa�rnoume
dBn (x) =

∑

(

n

r0, r1, . . . , rk

)

x⌊
k+1

2
⌋
∑

σ0∈Dr0

xiexc(σ0)





k
∏

i=1

∑

σi∈Sri

xdes(σi)





=
∑

(

n

r0, r1, . . . , rk

)

x⌊
k+1

2
⌋ dr0(x)Ar1(x) · · ·Ark(x)kai h apìdeixh èpetai.Gia na or�soume th ϕ, jewroÔme m�a met�jesh w ∈ DB

n qwr� stajer� shme�a kai th sun -jh morf  se ginìmeno kÔklwn C1C2 · · ·Cm th w (bl. Enìthta 2.3.1). Up�rqei èna de�kth
j ∈ {0, 1, . . . ,m} tètoio ¸ste ìla ta stoiqe�a twn kÔklwn C1, C2, . . . , Cj na e�nai jetik�kai to pr¸to (mikrìtero) stoiqe�o tou Cj+1 na e�nai arnhtikì. Or�zoume w σ0 to ginìmenotwn C1, C2, . . . , Cj kai w S0 to sÔnolo ìlwn twn stoiqe�wn pou emfan�zontai se autoÔ toukÔklou, opìte h met�jesh σ0 ∈ S(S0) den èqei stajer� shme�a. Oi enapome�nante kÔkloi
Cj+1, . . . , Cm sqhmat�zoun, ìtan afairejoÔn oi parenjèsei, m�a lèxh u th opo�a to pr¸tostoiqe�o e�nai arnhtikì. Aut  h lèxh diasp�tai me monadikì trìpo se ginìmeno u = u1u2 · · · ukupolèxewn ui ètsi ¸ste gia 1 ≤ i ≤ k, ìla ta stoiqe�a th ui na e�nai arnhtik� an o de�kth ie�nai perittì kai jetik� an o i e�nai zugì. Or�zoume w Si to sÔnolo twn apìlutwn tim¸n twnstoiqe�wn th ui kai w σi ∈ S(Si) th met�jesh pou antistoiqe� sth lèxh ui. Gia par�deigma,an n = 9 kai w = (3 7)(1 4)(−5 9 − 2)(−8 − 6) se sun jh morf  ginomènou kÔklwn, tìte
σ0 = (1 4)(3 7) se morf  ginomènou kÔklwn, k = 3 kai σ1 = (5), σ2 = (9), σ3 = (2, 8, 6), wakolouj�e. Jètoume ϕ(w) = (σ0, σ1, . . . , σk) kai af noume ston anagn¸sth na epibebai¸seiìti h apeikìnish ϕ : DB

n → Cn e�nai kal� orismènh kai amfimonos manth.Gia na epibebai¸soume thn (3.3.1), èstw w ∈ DB
n me ϕ(w) = (σ0, σ1, . . . , σk) kai u =

a1a2 · · · ap h lèxh pou or�sthke sthn prohgoÔmenh par�grafo. Tìte, ex orismoÔ th sun joumorf  se ginìmeno kÔklwn kai th ant�strofh B-upèrbash, o de�kth a ∈ Ωn e�nai m�aant�strofh B-upèrbash th w an kai mìno an o a e�nai m�a ant�strofh upèrbash th σ0,  
a = ai gia k�poio de�kth 1 ≤ i < p me ai > ai+1,   a = ap. Sunep¸, h Ex�swsh (3.3.1)èpetai.Gia th deÔterh apìdeixh tou Jewr mato 3.1.2 jètoume

A(t) :=
∑

n≥1

An(x)
tn

n!
=

et − ext

ext − xet
(3.3.2)kai (bl. [22, Prìtash 5℄)

D(t) :=
∑

n≥0

dn(x)
tn

n!
=

1− x

ext − xet
, (3.3.3)



3.3. Apìdeixh tou kÔriou tÔpou gia to dBn (x) 25ìpou d0(x) = 1. Upenjum�zoume ìti (bl. [31, Je¸rhma 3.3℄ [32, Je¸rhma 3.2℄)
∑

n≥0

dBn (x)
tn

n!
=

(1− x)ext

e2xt − xe2t
, (3.3.4)ìpou dB0 (x) = 1.DeÔterh apìdeixh tou Jewr mato 3.1.2. Sumbol�zoume me Sn(x) (ant�stoiqa, me S+

n (x) kai
S−
n (x)) to dex� mèlo th (3.1.2) (ant�stoiqa, twn (3.1.6) kai (3.1.7)), ètsi ¸ste Sn(x) =
S+
n (x) + S−

n (x) gia n ∈ N. Upolog�zoume ìti
∑

n≥0

S+
n (x)

tn

n!
=

∑

k, ri≥0

xk dr0(x)
tr0

r0!
Ar1(x)

tr1

r1!
· · ·Ar2k(x)

tr2k

r2k!

=
∑

n≥0

dn(x)
tn

n!

∑

k≥0

xk





∑

r≥1

Ar(x)
tr

r!





2k

=
D(t)

1− x(A(t))2kai paromo�w ìti
∑

n≥0

S−
n (x)

tn

n!
=

∑

k, ri≥0

xk+1 dr0(x)
tr0

r0!
Ar1(x)

tr1

r1!
· · ·Ar2k+1

(x)
tr2k+1

r2k+1!

=
∑

n≥0

dn(x)
tn

n!

∑

k≥0

xk+1





∑

r≥1

Ar(x)
tr

r!





2k+1

= D(t) ·
xA(t)

1− x(A(t))2kai sumpera�noume ìti
∑

n≥0

Sn(x)
tn

n!
= D(t) ·

1 + xA(t)

1− x(A(t))2
.Sundu�zonta ti prohgoÔmene exis¸sei me ti (3.3.2) kai (3.3.3) pa�rnoume, met� apìk�poiou �mesou algebrikoÔ upologismoÔ, ìti

∑

n≥0

Sn(x)
tn

n!
=

(1− x)ext

e2xt − xe2t
=
∑

n≥0

dBn (x)
tn

n!kai h apìdeixh èpetai.Apìdeixh tou Por�smato 3.1.3. 'Opw kai sth deÔterh apìdeixh tou Jewr mato 3.1.2, sumbo-l�zoume me S+
n (x) kai S−

n (x) to dex� mèlo twn (3.1.6) kai (3.1.7), ant�stoiqa.To Je¸rhma 3.1.2 de�qnei ìti dBn (x) = S+
n (x) + S−

n (x) gia k�je n ∈ N. Apì thn idiìthtath summetr�a An(x) = xn−1An(1/x) kai dn(x) = xn dn(1/x) tou poluwnÔmou Euler kai toupoluwnÔmou metajèsewn qwr� stajer� shme�a gia thn Sn sumpera�noume ìti ta S+
n (x) kai

S−
n (x) ikanopoioÔn ti (3.1.4) kai (3.1.5), ant�stoiqa. Apì th monadikìthta th idiìthta pou



26 Kef�laio 3. Metajèsei qwr� stajer� shme�aor�zei ta f+n (x) kai f−n (x) prokÔptei ìti f+n (x) = S+
n (x) kai f−n (x) = S−

n (x) gia k�je n ∈ N.Autì apodeiknÔei ti Exis¸sei (3.1.6) kai (3.1.7).H γ-mh arnhtikìthta twn f+n (x) kai f−n (x) prokÔptei apì ti Exis¸sei (3.1.6) kai (3.1.7)kai th γ-mh arnhtikìthta twn An(x) kai dn(x) (bl. Prìtash 3.3.1 sth sunèqeia). H teleuta�aprìtash sto pìrisma èpetai apì ti (3.1.8) kai (3.1.9).AfoÔ ta polu¸numa An(x) kai dn(x) èqoun mh arnhtikoÔ kai summetrikoÔ suntelestèkai mìno pragmatikè r�ze, mporoÔme na gr�youme
An(x) = (1 + x)n−1 γn

(

x

(1 + x)2

) (3.3.5)kai
dn(x) = (1 + x)n ξn

(

x

(1 + x)2

) (3.3.6)gia k�poia polu¸numa γn(x) kai ξn(x) me mh arnhtikoÔ suntelestè. Gia autoÔ tou sunte-lestè e�nai gnwstè akribe� sunduastikè ermhne�e (bl., gia par�deigma, [36, Je¸rhma 5.6℄kai Enìthta 3.2). Oi Exis¸sei (3.1.6), (3.1.7), (3.3.5) kai (3.3.6) sunep�gontai sunduasti-koÔ tÔpou gia ta polu¸numa ξ+n (x) =
∑

ξ+n,ix
i kai ξ−n (x) =

∑

ξ−n,ix
i, me suntelestè pouemfan�zontai sto Pìrisma 3.1.3, tou opo�ou katagr�foume sthn akìloujh prìtash.Prìtash 3.3.1. 'Eqoume

f+n (x) = (1 + x)n ξ+n

(

x

(1 + x)2

) (3.3.7)kai
f−n (x) = (1 + x)n+1 ξ−n

(

x

(1 + x)2

)

, (3.3.8)ìpou
ξ+n (x) =

∑

(

n

r0, r1, . . . , r2k

)

xk ξr0(x) γr1(x) · · · γr2k(x) (3.3.9)kai
ξ−n (x) =

∑

(

n

r0, r1, . . . , r2k+1

)

xk+1 ξr0(x) γr1(x) · · · γr2k+1
(x), (3.3.10)me ta ajro�smata sti prohgoÔmene exis¸sei na kuma�nontai sti �die timè ìpw kai stiExis¸sei (3.1.6) kai (3.1.7), ant�stoiqa, kai ξ0(x) = 1, γ0(x) = 0.Gia ti pr¸te timè tou n èqoume

ξ+n (x) =































































1, an n = 0

0, an n = 1

3x, an n = 2

7x, an n = 3

15x+ 57x2, an n = 4

31x+ 458x2, an n = 5

63x+ 2551x2 + 2763x3, an n = 6

127x + 12232x2 + 46861x3, an n = 7



3.4. M�a sunduastik  ermhne�a 27kai
ξ−n (x) =































































0, an n = 0

x, an n = 1

x, an n = 2

x+ 11x2, an n = 3

x+ 54x2, an n = 4

x+ 197x2 + 361x3, an n = 5

x+ 648x2 + 4379x3, an n = 6

x+ 2039x2 + 34586x3 + 24611x4, an n = 7.De gnwr�zoume k�poia sunduastik  ermhne�a gia tou suntelestè twn ξ+n (x) kai ξ−n (x).Apì th deÔterh apìdeixh tou Jewr mato 3.1.2 kai thn apìdeixh tou Por�smato 3.1.3prokÔptoun oi akìloujoi tÔpoi gia ti ekjetikè genn trie sunart sei twn f+n (x) kai f−n (x).Prìtash 3.3.2. 'Eqoume
∑

n≥0

f+n (x)
tn

n!
=

ext − xet

e2xt − xe2t
(3.3.11)kai

∑

n≥0

f−n (x)
tn

n!
=

x(et − ext)

e2xt − xe2t
. (3.3.12)Apìdeixh. Parathr same sthn apìdeixh tou Por�smato 3.1.3 ìti f+n (x) = S+

n (x) kai f−n (x) =
S−
n (x). Sunep¸, h prìtash èpetai apì tou tÔpou sth deÔterh apìdeixh tou Jewr mato 3.1.2me �mesou algebrikoÔ upologismoÔ.3.4 M�a sunduastik  ermhne�aAut  h enìthta d�nei m�a sunduastik  ermhne�a gia tou suntelestè twn f+n (x) kai f−n (x)epekte�nonta thn pr¸th apìdeixh tou Jewr mato 3.1.2, pou d�netai sthn Enìthta 3.3.JewroÔme m�a proshmasmènh met�jesh w ∈ S(S), ìpou S = {a1, a2, . . . , an} ìpw sthnEnìthta 2.3.1. Sumbol�zoume me mw to el�qisto stoiqe�o tou S w pro th fusiologik  olik di�taxh pou ep�getai apì to Z kai jètoume B∗

n = {w ∈ Bn : w(mw) > 0}.Prìtash 3.4.1. 'Eqoume
f+n (x) =

∑

w∈DB
n ∩B∗

n

xexcB(w) (3.4.1)kai
f−n (x) =

∑

w∈DB
n rB∗

n

xexcB(w) (3.4.2)gia k�je n ≥ 1.Apìdeixh. Ja qrhsimopoi soume thn idèa th pr¸th apìdeixh tou Jewr mato 3.1.2. Do-smènh m�a w ∈ DB
n me ϕ(w) = (σ0, σ1, . . . , σk), parathroÔme ìti o arijmì k e�nai �rtio ankai mìno an to teleuta�o stoiqe�o sth sun jh morf  se ginìmeno kÔklwn th w e�nai jetikì.Epomènw, h Ex�swsh (3.1.6) kai to epiqe�rhma th apìdeixh tou Jewr mato 3.1.2 de�qnounìti

f+n (x) =
∑

xiexcB(w),
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n gia ta opo�a to teleuta�o stoiqe�o sthsun jh morf  se ginìmeno kÔklwn e�nai jetikì. AfoÔ to stoiqe�o autì isoÔtai me w−1(mw),pa�rnoume

f+n (x) =
∑

w∈DB
n : w−1(mw)>0

xiexcB(w) =
∑

w∈DB
n : w(mw)>0

xiexcB(w−1) =
∑

w∈DB
n ∩B∗

n

xexcB(w).H Ex�swsh (3.4.2) èpetai apì ti (3.4.1) kai (2.3.6),   me th qr sh parìmoiou epiqeir mato.3.5 To sqetikì topikì h-di�nusmaAut  h enìthta anakale� ton orismì tou sqetikoÔ topikoÔ h-poluwnÔmou m�a monoplekti-k  upodia�resh, pou eis qjh sthn [6, Enìthta 3℄ kai, anex�rthta (se èna pio genikì pla�sio),sto [49℄, kai exasfal�zei merikè apì ti kÔrie idiìthtè tou (oi perissìtere apì autè dia-tup¸jhkan qwr� apìdeixh sthn [6, Enìthta 3℄). Ep�sh, ed¸ upolog�zetai to sqetikì topikì
h-polu¸numo th barukentrik  upodia�resh tou monoplìkou (Par�deigma 3.5.2). Autì o u-pologismì ja qrhsimopoihje� sthn Enìthta 3.6. Se aut  thn enìthta ja stajeropoi soume ènas¸ma k kai ja ergastoÔme me thn ènnoia th omologik  (ant� th topologik ) monoplektik upodia�resh uper�nw tou k.Orismì 3.5.1. ([6, Enìthta 3℄) 'Estw Γ m�a omologik  upodia�resh enì (n− 1)-di�statoumonoplìkou 2V , me apeikìnish upodia�resh σ : Γ → 2V , kai èstw E ∈ Γ. To polu¸numo

ℓV (Γ, E, x) =
∑

σ(E)⊆F⊆V

(−1)n−|F | h(linkΓF
(E), x) (3.5.1)e�nai to sqetikì topikì h-polu¸numo th Γ (w pro to V ) sthn pleur� E.ParathroÔme ìti to ℓV (Γ, E, x) an�getai sto topikì h-polu¸numo ℓV (Γ, x) gia E = ∅.Par�deigma 3.5.2. 'Estw Γ = sd(2V ) h barukentrik  upodia�resh enì (n − 1)-di�statoumonoplìkou 2V kai E = {S1, S2, . . . , Sk} m�a pleur� th Γ, ìpou S1 ⊂ S2 ⊂ · · · ⊂ Sk ⊆ V e�naimh ken� sÔnola. Ja de�xoume ìti

ℓV (Γ, E, x) = dr0(x)Ar1(x)Ar2(x) · · ·Ark(x), (3.5.2)ìpou r0 = |VrSk| kai ri = |SirSi−1| gia 1 ≤ i ≤ k (me th sÔmbash S0 = ∅).Upenjum�zoume apì thn Enìthta 2.1.3 ìti o forèa th E sth Γ d�netai apì thn apeikìnish
σ(E) = Sk. Kat� sunèpeia to dex� mèlo th (3.5.1) e�nai èna �jroisma p�nw se ìla ta Sk ⊆
F ⊆ V . O periorismì ΓF e�nai h barukentrik  upodia�resh tou monoplìkou 2F kai to linkth E se autì ton periorismì ikanopoie� linkΓF

(E) = ∆0 ∗ ∆1 ∗ · · · ∗ ∆k, ìpou ∆i e�nai tomonoplektikì sÔmplegma ìlwn twn alus�dwn uposunìlwn tou V pou perièqoun gnhs�w to
Si−1 kai perièqontai gnhs�w sto Si, gia 1 ≤ i ≤ k, kai ∆0 e�nai to monoplektikì sÔmplegmaìlwn twn alus�dwn uposunìlwn tou V pou perièqoun gnhs�w to Sk kai perièqontai gnhs�wsthn F . W apotèlesma autoÔ, èqoume

h(linkΓF
(E), x) = h(∆0, x)h(∆1, x) · · · h(∆k, x)

= A|FrSk|(x)Ar1(x)Ar2(x) · · ·Ark(x).Pollaplasi�zonta aut  thn ex�swsh me (−1)d−|F |, ajro�zonta p�nw se ìla ta Sk ⊆ F ⊆ Vkai qrhsimopoi¸nta th (2.3.3) pa�rnoume thn (3.5.2).



3.5. To sqetikì topikì h-di�nusma 29To k�nhtrì ma gia thn eisagwg  tou sqetikoÔ topikoÔ h-poluwnÔmou proèrqetai apì thnakìloujh prìtash (gia èna �llo k�nhtro, bl. [49, Enìthta 3℄).Prìtash 3.5.3. ([6, Prìtash 3.6℄) Gia k�je omologik  upodia�resh Γ tou monoplìkou 2V kaik�je omologik  upodia�resh Γ′ th Γ èqoume
ℓV (Γ

′, x) =
∑

E∈Γ

ℓE(Γ
′
E, x) ℓV (Γ, E, x). (3.5.3)Sth sunèqeia, epibebai¸noume ìti to polu¸numo ℓV (Γ, E, x) ikanopoie� dÔo apì ti kuriìtereidiìthte tou ℓV (Γ, x) kai sumpera�noume m�a idiìthta monoton�a gia ta topik� h-dianÔsmata.Aut� ta apotelèsmata diatup¸jhkan qwr� apìdeixh sthn [6, Parat rhsh 3.7℄.Je¸rhma 3.5.4. 'Estw V èna sÔnolo me n stoiqe�a.(a) To sqetikì topikì h-polu¸numo ℓV (Γ, E, x) èqei summetrikoÔ suntelestè, dhlad  isqÔei

xn−|E| ℓV (Γ, E, 1/x) = ℓV (Γ, E, x), (3.5.4)gia k�je omologik  upodia�resh Γ tou monoplìkou 2V kai k�je E ∈ Γ.(b) To sqetikì topikì h-polu¸numo ℓV (Γ, E, x) èqei mh arnhtikoÔ suntelestè gia k�jehmigewmetrik  omologik  upodia�resh Γ tou monoplìkou 2V kai k�je E ∈ Γ.Apìdeixh. (a) AkoloujoÔme ta b mata th apìdeixh tou [4, Je¸rhma 4.2℄. Qrhsimopoi¸ntathn Ex�swsh (3.5.1) kai thn [4, Prìtash 2.1℄, br�skoume ìti
xn−|E| ℓV (Γ, E, 1/x) =

∑

σ(E)⊆F⊆V

(−1)n−|F | xn−|E| h(linkΓF
(E), 1/x)

=
∑

σ(E)⊆F⊆V

(−x)n−|F | h(int(linkΓF
(E)), x).Isqurizìmaste ìti

h(int(linkΓF
(E)), x) =

∑

σ(E)⊆G⊆F

(x− 1)|F |−|G| h(linkΓG
(E), x),gia k�je E ∈ Γ. Dedomènh aut  th ex�swsh, sumpera�noume ìti

xn−|E|ℓV (Γ, E, 1/x) =
∑

σ(E)⊆G⊆F⊆V

(−x)n−|F | (x− 1)|F |−|G| h(linkΓG
(E), x)

=
∑

σ(E)⊆G⊆V

(−x)n−|G| h(linkΓG
(E), x)

∑

G⊆F⊆V

(

1− x

x

)|F |−|G|

=
∑

σ(E)⊆G⊆V

(−x)n−|G| h(linkΓG
(E), x) (1/x)n−|G|

= ℓV (Γ, E, x).Gia na apode�xoume ton isqurismì, parathroÔme ìti to sÔmplegma linkΓG
(E) diasp�tai sthnènwsh twn eswterik¸n twn linkΓF

(E) gia σ(E) ⊆ F ⊆ G. AfoÔ
(1− x)−|G| h(linkΓG

(E), x) =
∑

A∈linkΓG
(E)

(

x

1− x

)|A|
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(1− x)−|F | h(int(linkΓF

(E)), x) =
∑

A∈int(linkΓF
(E))

(

x

1− x

)|A|

,sumpera�noume ìti
(1− x)−|G|h(linkΓG

, x) =
∑

σ(E)⊆F⊆G

(1− x)−|F |h(int(linkΓF
(E)), x)gia k�je σ(E) ⊆ F ⊆ G. O isqurismì prokÔptei efarmìzonta antistrof  Möbius [62,Prìtash 3.7.1℄.(b) H eidik  per�ptwsh E = ∅ e�nai isodÔnamh me to mèro (iii) tou [6, Je¸rhma 3.3℄(ousiastik�, me to mèro (d) tou Jewr mato 2.1.4). H genik  per�ptwsh èpetai apì to epiqe�-rhma sthn apìdeixh tou [4, Je¸rhma 5.1℄ (pou genikeÔei autì th apìdeixh tou [59, Je¸rh-ma 4.6℄), ìpou se aut  thn apìdeixh antikajistoÔme to ∆ me to linkΓ(E), ton arijmì d me ton

n − |E| = dim linkΓ(E) + 1 kai to e me thn t�xh n − |σ(E)| tou diast mato [σ(E), V ] stosÔndesmo twn uposunìlwn tou V .Gia ta polu¸numa p(x), q(x) ∈ R[x] gr�foume p(x) ≥ q(x) an h diafor� tou p(x) − q(x)èqei mh arnhtikoÔ suntelestè.Pìrisma 3.5.5. Gia k�je hmigewmetrik  omologik  upodia�resh Γ tou monoplìkou 2V kaik�je hmigewmetrik  omologik  upodia�resh Γ′ th Γ, èqoume ℓV (Γ′, x) ≥ ℓV (Γ, x).Apìdeixh. To dex� mèlo th (3.5.3) an�getai sto ℓV (Γ, x) gia E = ∅. Oi upìloipoi ìroi sto�jroisma e�nai mh arnhtiko� apì ta Jewr mata 2.1.4 (d) kai 3.5.4 (b) kai h apìdeixh èpetai.3.6 M�a gewmetrik  ermhne�aAut  h enìthta or�zei tupik� th monoplektik  upodia�resh Kn kai d�nei dÔo apode�xeigia to Je¸rhma 3.1.4, h m�a apì ti opo�e qrhsimopoie� th jewr�a twn (sqetik¸n) topik¸n h-dianusm�twn (sugkekrimèna, thn Prìtash 3.5.3) kai h �llh qrhsimopoie� genn trie sunart sei.'Estw ∆ èna monoplektikì sÔmplegma. H kubik  barukentrik  upodia�resh tou ∆, pou sum-bol�zetai me sdc(∆), or�zetai w to sÔnolo ìlwn twn mh ken¸n kleist¸n diasthm�twn [F,G]sto merik¸ diatetagmèno sÔnolo pleur¸n F(∆), merik¸ diatetagmèno me th sqèsh tou egklei-smoÔ. E�nai epakìloujo twn [65, Je¸rhma 6.1 (a)℄ kai [62, Ex�swsh (3.24)℄ ìti to diataktikìsÔmplegma, èstw ∆′, th sdc(∆) e�nai omoiomorfikì me to ∆. Epiplèon, to ∆′ e�nai me fu-siologikì trìpo m�a monoplektik  upodia�resh tou ∆; o forèa m�a pleur� tou ∆′ e�nai tomègisto stoiqe�o tou megalÔterou apì ta diast mata th ant�stoiqh alus�da diasthm�twn tou
F(∆). Ja sumbol�zoume me Kn to diataktikì sÔmplegma th sdc(2

[n]), opìte to sÔmplegma
Kn e�nai m�a monoplektik  upodia�resh tou monoplìkou 2[n] (bl. Sq ma 3.1 gia thn per�ptwsh
n = 3). Epishma�noume ìti h upodia�resh Kn e�nai h eidik  per�ptwsh N = 1 m�a upodia�reshtou monoplìkou pou emfan�sthke sto [30, sel. 414℄.H akìloujh prìtash e�nai èna basikì b ma kai gia ti dÔo apode�xei tou Jewr mato 3.1.4pou d�nontai se aut  thn enìthta.Prìtash 3.6.1. 'Eqoume h(Kn, x) = B+

n (x) gia n ∈ N.Apìdeixh. To merik¸ diatetagmèno sÔnolo sdc(2
[n]) apotele�tai apì ìla ta diast mata thmorf  [A,B], ìpou ∅ 6= A ⊆ B ⊆ [n], merik¸ diatetagmèna me th sqèsh tou egkleismoÔ. Gia



3.6. M�a gewmetrik  ermhne�a 31na d¸soume m�a diaforetik  perigraf  autoÔ tou merik¸ diatetagmènou sunìlou, jewroÔme toakìloujo merik¸ diatetagmèno sÔnolo (Pn,�). Ta stoiqe�a tou Pn e�nai ta uposÔnola tou
Ωn ta opo�a perièqoun toul�qiston èna jetikì arijmì kai to polÔ èna arijmì apì k�je sÔnolo
{i,−i} gia i ∈ {1, 2, . . . , n}; h merik  di�taxh e�nai ant�strofo egkleismì. ParathroÔmeìti h apeikìnish ϕ : sdc(2

[n]) → Pn pou or�zetai jètonta ϕ([A,B]) = A ∪ (−([n]rB)), e�naiisomorfismì merik¸ diatetagmènwn sunìlwn. Sunep¸, mporoÔme na taut�soume to sÔmplegma
Kn me to diataktikì sÔmplegma tou Pn.Gia S = {s1, s2, . . . , sk} ⊆ {0, 1, . . . , n − 1} me s1 < s2 < · · · < sk, or�zoume αPn

(S)na e�nai to pl jo twn alus�dwn F1 ≺ F2 ≺ · · · ≺ Fk sto Pn tètoie ¸ste |Fi| = n − sigia i ∈ {1, 2, . . . , k}. H apeikìnish αPn
: 2[n] → N e�nai to flag f -di�nusma tou Pn; bl. [62,Enìthta 3.13℄. Oi alus�de tou Pn pou aparijmoÔntai apì ton arijmì αPn

(S) e�nai se ènapro èna antistoiq�a me ta stoiqe�a w ∈ B+
n gia ta opo�a DesB(w) ⊆ S. Pr�gmati, dedomènhm�a tètoia alus�da, to ant�stoiqo stoiqe�o tou sunìlou B+

n apotele�tai apì ta stoiqe�a tou
[n]r{|s| : s ∈ F1} se aÔxousa seir�, akoloujoÔmena apì aut� tou F1rF2 se aÔxousa seir� kaioÔtw kajex , akoloujoÔmena telik� apì ta stoiqe�a tou Fk se aÔxousa seir�.Upenjum�zoume ìti to flag h-di�nusma βPn

: 2[n] → Z tou Pn or�zetai w
βPn

(S) =
∑

T⊆S

(−1)|SrT | αPn
(T ),gia S ⊆ [n],   isodÔnama, w

αPn
(S) =

∑

T⊆S

βPn
(T )gia S ⊆ [n]. AfoÔ o arijmì αPn

(S) aparijme� ti proshmasmène metajèsei w ∈ B+
n gia tiopo�e DesB(w) ⊆ S, efarmìzonta thn arq  tou egkleismoÔ - apokleismoÔ prokÔptei ìti oarijmì βPn

(S) aparijme� ti proshmasmène metajèsei w ∈ B+
n gia ti opo�e DesB(w) = S.To apotèlesma èpetai apì aut  thn ermhne�a anakal¸nta [62, Enìthta 3.13℄ ìti

hk(Kn) =
∑

S⊆[n],|S|=k

βPn
(S).H pr¸th apìdeixh tou Jewr mato 3.1.4 bas�zetai sto gegonì ìti to sÔmplegma Knmpore� na jewrhje� w upodia�resh th barukentrik  upodia�resh sd(2[n]). Gia na exhg -soume ton trìpo me ton opo�o epitugq�netai autì, jewroÔme to akìloujo pla�sio. 'Estw

V = {v1, v2, . . . , vd} èna sÔnolo, olik¸ diatetagmèno w v1 < v2 < · · · < vd. Upenjum�-zoume ìti me sdc(V ) sumbol�zoume to merik¸ diatetagmèno sÔnolo twn diasthm�twn tou V thmorf  [vi, vj ] = {vi, vi+1, . . . , vj} gia 1 ≤ i ≤ j ≤ d, merik¸ diatetagmèno me th sqèsh touegkleismoÔ. Sumbol�zoume me Γ to diataktikì sÔmplegma tou sdc(V ), pou apotele�tai apì ìleti alus�de tètoiwn diasthm�twn. Gia m�a tètoia alus�da G ∈ Γ, or�zoume σ(G) na e�nai tosÔnolo ìlwn twn �nw fragm�twn twn diasthm�twn sthn G. 'Etsi èqoume m�a kal� orismènhapeikìnish σ : Γ → 2V .L mma 3.6.2. Upì ti prohgoÔmene upojèsei kai tou prohgoÔmenou sumbolismoÔ, hapeikìnish σ : Γ → 2V prosd�dei sto Γ thn idiìthta th gewmetrik  upodia�resh tou 2V . Topl jo twn edr¸n tou Γ e�nai �so me 2d−1, ìpou d e�nai to pl jo twn stoiqe�wn tou V .Apìdeixh. 'Estw ΣV èna gewmetrikì (d − 1)-di�stato monìploko oi korufè tou opo�ou e�naiepigegrammène me ta uposÔnola tou V = {v1, v2, . . . , vd} pou perièqoun mìno èna stoiqe�o. Jakataskeu�soume m�a gewmetrik  monoplektik  upodia�resh (trigwnismì) ΓV tou ΣV th opo�a
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Sq ma 3.3: H upodia�resh Γ gia d = 3oi korufè ja e�nai epigegrammène (me m�a èna pro èna antistoiq�a) me ta kleist� diast matath olik  di�taxh V , ètsi ¸ste: (a) ta diast mata pou perièqoun èna stoiqe�o na epigr�founti korufè tou ΣV , (b) to shme�o me epigraf  èna di�sthma I = [vi, vj ] ∈ sdc(V ) pou perièqeiperissìtera apì èna stoiqe�a na br�sketai sto sqetikì eswterikì th akm  tou ΣV th opo�ata �kra èqoun epigraf  {vi} kai {vj} kai (g) oi pleurè th ΓV na antistoiqoÔn se alus�dediasthm�twn (bl. Sq ma 3.3 gia thn per�ptwsh d = 3).Efarmìzoume epagwg  sto d. O trigwnismì ΓV e�nai èna monadikì shme�o gia d = 1 kaio trigwnismì enì eujÔgrammou tm mato me èna eswterikì shme�o (me epigraf  {v1, v2}) gia
d = 2. Upojètoume ìti d ≥ 3 kai jètoume U = Vr{vd} kai W = Vr{v1}. Epilègoume tamonìploka ΣU kai ΣW w ti pleurè tou ΣV sundi�stash èna oi opo�e antistoiqoÔn sta U kai
V kai, qrhsimopoi¸nta thn epagwgik  upìjesh, tou trigwnismoÔ ΓU kai ΓW aut¸n twn dÔomonoplìkwn pou èqoun ti idiìthte (a), (b) kai (g) w pro ta olik� diatetagmèna uposÔnola
U kai W tou V , ant�stoiqa. Profan¸, mporoÔme na epilèxoume autoÔ tou trigwnismoÔ naèqoun ton �dio periorismì sthn pleur� ΣU ∩ ΣW tou ΣV . Sth sunèqeia epigr�foume me V ènatuqa�o shme�o p sto sqetikì eswterikì th akm  tou ΣV me �kra pou èqoun ti epigrafè
{v1} kai {vd} kai or�zoume ΓV na e�nai h sullog  pou apotele�tai apì ìla ta monìploka sto
ΓU ∪ΓW kai tou k¸nou aut¸n me koruf  p. Af noume ston anagn¸sth na epibebai¸sei ìti otrigwnismì ΓV èqei ti idiìthte (a), (b) kai (g) kai ìti ulopoie� m�a afhrhmènh monoplektik upodia�resh tou 2V me ti apaitoÔmene idiìthte.Upenjum�zoume ìti h upodia�resh Kn apotele�tai apì ìle ti alus�de diasthm�twn thmorf  [A,B], ìpou ∅ 6= A ⊆ B ⊆ [n]. Or�zoume w forèa m�a tètoia alus�da C tosÔnolo twn �krwn twn diasthm�twn th C kai parathroÔme ìti autì to sÔnolo e�nai m�a alus�dasto merik¸ diatetagmèno sÔnolo F(2[n]) twn mh ken¸n uposunìlwn tou [n] kai kat� sunèpeiaan kei sth barukentrik  upodia�resh sd(2[n]). Efarmìzonta to L mma 3.6.2 sti alus�de
V ∈ sd(2[n]) sumpera�noume ìti h Kn e�nai m�a upodia�resh th sd(2[n]) kai ìti o periorismìaut  th upodia�resh se m�a mh ken  pleur� V ∈ sd(2[n]) di�stash d − 1 èqei akrib¸ 2d−1èdre.L mma 3.6.3. 'Estw Γ m�a hmigewmetrik  monoplektik  upodia�resh tou (d − 1)-di�statoumonoplìkou 2V . An o periorismì ΓF èqei akrib¸ 2dim(F ) èdre gia k�je mh ken  pleur� Ftou 2V , tìte

ℓV (Γ, x) =

{

xd/2, an o d e�nai �rtio
0, an o d e�nai perittì.



3.6. M�a gewmetrik  ermhne�a 33Apìdeixh. Upenjum�zoume ìti to pl jo twn edr¸n tou monoplektikoÔ sumplègmato ∆ e�nai�so me thn tim  tou h-poluwnÔmou h(∆, x) gia x = 1. Sunep¸, jètonta x = 1 sthn Ex�swsh(2.1.2) kai qrhsimopoi¸nta thn upìjesh gia thn upodia�resh Γ, br�skoume ìti
ℓV (Γ, 1) = (−1)d +

d
∑

k=1

(−1)d−k

(

d

k

)

2k−1 =

{

1, an o d e�nai �rtio
0, an o d e�nai perittì.To apotèlesma èpetai apì ta mèrh (g) kai (d) tou Jewr mato 2.1.4.Pr¸th apìdeixh tou Jewr mato 3.1.4. Sumbol�zoume me ℓ+n (x) to topikì h-polu¸numo th u-podia�resh Kn. Gia na upolog�soume autì to polu¸numo, ja efarmìsoume thn Prìtash 3.5.3gia Γ′ = Kn kai Γ = sd(2[n]). 'Estw E = {S1, S2, . . . , Sk} m�a pleur� tou Γ me k stoiqe�a, ìpou

S1 ⊂ S2 ⊂ · · · ⊂ Sk ⊆ [n] e�nai mh ken� sÔnola. 'Eqoume  dh epishm�nei ìti o periorismì Γ′
Eikanopoie� ti upojèsei tou L mmato 3.6.3. Kat� sunèpeia, apì to L mma 3.6.3 èqoume

ℓE(Γ
′
E , x) =

{

xk/2, an o k e�nai �rtio
0, an o k e�nai perittì. (3.6.1)To sqetikì topikì h-di�nusma tou Γ upolog�sthke sto Par�deigma 3.5.2. Sunep¸, upì topr�sma twn (3.6.1) kai (3.5.2), h Prìtash 3.5.3 de�qnei ìti

ℓ+n (x) =
∑

(

n

r0, r1, . . . , rk

)

xk/2 dr0(x)Ar1(x) · · ·Ark(x),ìpou to �jroisma kuma�netai se ìlou tou �rtiou k ∈ N kai se ìle ti akolouj�e (r0, r1, . . . ,
rk) mh arnhtik¸n akera�wn pou ajro�zoun sto n. Apì aut  thn ex�swsh kai thn (3.1.6) prokÔpteiìti ℓ+n (x) = f+n (x) kai h pr¸th prìtash tou Jewr mato 3.1.4 èpetai.Af noume ston anagn¸sth na epibebai¸sei ìti h upodia�resh Kn mpore� na prokÔyei apìthn tetrimmènh upodia�resh tou monoplìkou mèsw diadoqik¸n astrik¸n upodiairèsewn. Autìsunep�getai ìti h Kn e�nai m�a kanonik  upodia�resh. O isqurismì ìti to polu¸numo f+n (x)èqei mh arnhtikoÔ, summetrikoÔ kai monìtropou suntelestè èpetai apì ti kÔrie idiìthtetwn topik¸n h-poluwnÔmwn [59℄ (bl. Je¸rhma 2.1.4). H Ex�swsh (3.1.12) e�nai epakìloujotou ìti f+n (x) = ℓ+n (x), th Ex�swsh (2.1.2) pou or�zei ta topik� h-polu¸numa kai th Prìta-sh 3.6.1. Dedomènou ìti dBn (x) = f+n (x) + f−n (x) kai Bn(x) = B+

n (x) +B−
n (x) gia k�je n, hEx�swsh (3.1.13) e�nai sunèpeia twn (2.3.8) kai (3.1.12).Gia th deÔterh apìdeixh tou Jewr mato 3.1.4 ja qreiastoÔme ti ekjetikè genn triesunart sei twn B+

n (x) kai B−
n (x), oi opo�e ja upologistoÔn sthn Enìthta 3.7.DeÔterh apìdeixh tou Jewr mato 3.1.4. Sumbol�zoume me ℓ+n (x) kai ℓ−n (x) to dex� mèlo twn(3.1.12) kai (3.1.13), ant�stoiqa. Apì thn Prìtash 3.6.1 kai th (2.1.2) prokÔptei ìti to ℓ+n (x)e�nai �so me to topikì h-polu¸numo th Kn. Kat� sunèpeia, arke� na de�xoume ìti ℓ+n (x) = f+n (x)kai ℓ−n (x) = f−n (x) gia k�je n. Apì ton orismì twn ℓ+n (x) kai ℓ−n (x) kai thn Prìtash 3.7.7pa�rnoume

∑

n≥0

ℓ+n (x)
tn

n!
= e−t

∑

n≥0

B+
n (x)

tn

n!
=

ext − xet

e2xt − xe2tkai
∑

n≥0

ℓ−n (x)
tn

n!
= e−t

∑

n≥0

B−
n (x)

tn

n!
=

x(et − ext)

e2xt − xe2t
.To apotèlesma èpetai apì autè ti exis¸sei kai thn Prìtash 3.3.2.



34 Kef�laio 3. Metajèsei qwr� stajer� shme�a3.7 M�a di�spash tou poluwnÔmou Euler tÔpou BAut  h enìthta melet� th di�spash tou poluwnÔmou Euler Bn(x) se �jroisma twn B+
n (x)kai B−

n (x). Pr¸ta, parathroÔme ìti up�rqei m�a apl  sqèsh metaxÔ twn dÔo prosjetèwn.Sth sunèqeia, qrhsimopoi¸nta th jewr�a twn topik¸n h-dianusm�twn kai ta apotelèsmata thEnìthta 3.6, apodeiknÔetai m�a sqèsh metaxÔ tou B+
n (x) kai tou poluwnÔmou Euler An(x)(Prìtash 3.7.2). Apì aut  th sqèsh, sun�getai ìti ta B+

n (x) kai B−
n (x) èqoun mìno pragma-tikè r�ze (Pìrisma 3.7.5), �ra ìti e�nai monìtropa kai logarijmik� ko�la, kai prokÔptei m�anèa apìdeixh th monotrop�a tou Bn(x). Tèlo, d�nontai epagwgikè sqèsei kai genn triesunart sei gia ta polu¸numa B+

n (x) kai B−
n (x). Autè ma odhgoÔn se epagwgikè sqèseikai genn trie sunart sei gia ta polu¸numa f+n (x) kai f−n (x) kai se m�a akìmh apìdeixh touJewr mato 3.1.4.Upenjum�zoume ìti ta B+

n (x) kai B−
n (x) or�zontai apì ti (3.1.10) kai (3.1.11). Gia tipr¸te timè tou n èqoume

B+
n (x) =



















































1, an n = 0

1, an n = 1

1 + 3x, an n = 2

1 + 16x+ 7x2, an n = 3

1 + 61x+ 115x2 + 15x3, an n = 4

1 + 206x + 1056x2 + 626x3 + 31x4, an n = 5

1 + 659x + 7554x2 + 11774x3 + 2989x4 + 63x5, an n = 6kai
B−

n (x) =



















































0, an n = 0

x, an n = 1

3x+ x2, an n = 2

7x+ 16x2 + x3, an n = 3

15x+ 115x2 + 61x3 + x4, an n = 4

31x+ 626x2 + 1056x3 + 206x4 + x5, an n = 5

63x+ 2989x2 + 11774x3 + 7554x4 + 659x5 + x6, an n = 6.Me aut� ta dedomèna, prokÔptei fusiologik� to akìloujo l mma.L mma 3.7.1. 'Eqoume B−
n (x) = xnB+

n (1/x) gia n ≥ 1.Apìdeixh. Dedomènh m�a proshmasmènh met�jesh w = (w(a1), w(a2), . . . , w(an)) ∈ Bn,ìpou o sumbolismì e�nai ìpw sthn Enìthta 2.3.1, jètoume −w := (−w(−a1),−w(−a2), . . . ,
−w(−an)) ∈ Bn. H epagìmenh apeikìnish ϕ : B+

n → B−
n pou or�zetai w ϕ(w) = −w e�naiamfimonos manth. Epiplèon, gia k�je w ∈ B+

n , èna de�kth i ∈ {0, 1, . . . , n−1} e�nai B-�nodoth w an kai mìno an o de�kth i e�nai B-k�jodo th ϕ(w) kai to l mma èpetai.Gia na apode�xoume thn proanaggelje�sa sqèsh metaxÔ B+
n (x) kai An(x), ja qrhsimopoi -soume thn kataskeu  th r-ost  upodia�resh akm¸n ∆〈r〉 enì monoplektikoÔ sumplègmato

∆. Parapèmpoume ton anagn¸sth sta [25, 26℄ gia ton orismì kai thn istor�a aut  th upodia�-resh kai anakaloÔme ta akìlouja gnwst� apotelèsmata. Pr¸to, o periorismì ∆
〈r〉
F th ∆〈r〉sthn F èqei akrib¸ rdim(F ) èdre gia k�je mh ken  pleur� F ∈ ∆. DeÔtero, sundu�zonta to[26, Pìrisma 6.8℄ me to [25, Pìrisma 1.2℄, pa�rnoume ton tÔpo

h(∆〈r〉, x) = Er

(

(1 + x+ · · · + xr−1)d h(∆, x)
) (3.7.1)



3.7. M�a di�spash tou poluwnÔmou Euler tÔpou B 35
Sq ma 3.4: H barukentrik  upodia�resh tou didi�statou monoplìkou kai h deÔterh upodia�reshakm¸n th, K ′

3gia to h-polu¸numo th upodia�resh ∆〈r〉, ìpou d − 1 e�nai h di�stash tou ∆ kai Er e�nai otelest  poluwnÔmwn (  genikìtera, tupik¸n dunamoseir¸n) pou or�zetai w
Er





∑

k≥0

ckx
k



 =
∑

k≥0

crkx
k = c0 + crx+ c2rx

2 + · · · .To Sq ma 3.4 de�qnei th deÔterh upodia�resh akm¸n th barukentrik  upodia�resh tou didi�-statou monoplìkou.Prìtash 3.7.2. 'Eqoume B+
n (x) = E2 ((1 + x)nAn(x)) gia k�je n ≥ 1.Apìdeixh. JewroÔme thn upodia�resh Kn kai th deÔterh upodia�resh akm¸n K ′

n th baruken-trik  upodia�resh sd(2[n]) (bl. Sq mata 3.1 kai 3.4 gia thn eidik  per�ptwsh n = 3). Efar-mìzonta th (2.1.3) gia ∆′ = Kn kai K ′
n, ant�stoiqa, kai ∆ = sd(2[n]) pa�rnoume

h(Kn, x) =
∑

F∈∆

ℓF ((Kn)F , x)h(link∆(F ), x),

h(K ′
n, x) =

∑

F∈∆

ℓF ((K
′
n)F , x)h(link∆(F ), x).AfoÔ kai oi dÔo periorismo� (Kn)F kai (K ′

n)F èqoun akrib¸ 2dim(F ) èdre gia k�je mh ken pleur� F ∈ ∆, èpetai apì tou prohgoÔmenou tÔpou kai to L mma 3.6.3 ìti h(Kn, x) =
h(K ′

n, x). Sundu�zonta aut  thn isìthta kai thn Prìtash 3.6.1 pa�rnoume B+
n (x) = h(K ′

n, x)gia k�je n ≥ 1. H Ex�swsh (3.7.1) sunep�getai ìti
B+

n (x) = E2 ((1 + x)nh(∆, x)) = E2 ((1 + x)nAn(x))gia n ≥ 1 kai h apìdeixh èpetai.Parat rhsh 3.7.3. Ja jèlame na euqarist soume ton Mirkó Visontai pou ma plhrofì-rhse ìti èna tÔpo parìmoio me autìn th Prìtash 3.7.2 mpore� na prokÔyei apì to [2,Je¸rhma 4.4℄, gia to opo�o d�netai m�a sunduastik  apìdeixh sto [46℄.Ja qrhsimopoi soume to akìloujo l mma gia na sumper�noume thn Ôparxh mìno pragmatik¸nriz¸n gia ta B+
n (x) kai B−

n (x).L mma 3.7.4. 'Estw p(x) èna polu¸numo me pragmatikoÔ suntelestè kai èstw r èna jetikìakèraio.(a) An to p(x) èqei monìtropou suntelestè, to �dio isqÔei kai gia to Er(p(x)).



36 Kef�laio 3. Metajèsei qwr� stajer� shme�a(b) An to p(x) èqei mh arnhtikoÔ kai logarijmik� ko�lou suntelestè kai den èqei eswterik�mhdenik�, to �dio isqÔei kai gia to Er(p(x)).(g) An to p(x) èqei mìno pragmatikè r�ze, to �dio isqÔei kai gia to Er(p(x)).Apìdeixh. To mèro (a) e�nai tetrimmèno kai to mèro (b) af netai w �skhsh. Gia to mèro (g)jètoume p(x) =
∑

k≥0 akx
k kai parathroÔme ìti o p�naka (ari−rj)

∞
i,j=0 e�nai èna upop�nakatou (ai−j)

∞
i,j=0. Kat� sunèpeia, k�je upoor�zousa tou prìterou e�nai ep�sh upoor�zousa touÔsterou kai to apotèlesma èpetai apì to Je¸rhma 2.1.2.Pìrisma 3.7.5. Ta polu¸numa B+

n (x) kai B−
n (x) èqoun mìno pragmatikè r�ze gia k�je

n ≥ 1. E�nai monìtropa me korufè sta ⌊n/2⌋ kai ⌊(n + 1)/2⌋, ant�stoiqa, gia k�je n ≥ 2.Apìdeixh. H pr¸th prìtash èpetai apì to L mma 3.7.1, thn Prìtash 3.7.2 kai to gegonììti to polu¸numo Euler An(x) èqei mìno pragmatikè r�ze gia n ≥ 1, mèsw tou mèrou (g)tou L mmato 3.7.4. H deÔterh prìtash èpetai apì to L mma 3.7.1, thn Prìtash 3.7.2 kai togegonì ìti to polu¸numo (1 + x)nAn(x) èqei summetrikoÔ kai monìtropou suntelestè kaibajmì 2n− 1, mèsw tou mèrou (a) tou L mmato 3.7.4.Parat rhsh 3.7.6. AfoÔ isqÔei Bn(x) = B+
n (x) + B−

n (x), to Pìrisma 3.7.5 ekfr�zei topolu¸numo Euler Bn(x) w �jroisma dÔo monìtropwn poluwnÔmwn me korufè pou diafèrounto polÔ kat� èna. Aut  h di�spash de�qnei ìti h monotrop�a tou Bn(x) e�nai sunèpeia thmonotrop�a tou An(x) (bl. Prìtash 3.7.2 kai L mma 3.7.1). Gia thn apìdeixh th monotrop�atou Bn(x) mèsw γ-mh arnhtikìthta, bl. [50, Prìtash 4.16℄. Gia m�a ex�swsh pou susqet�zei tapolu¸numa Euler tÔpwn A, B kai D, bl. [64, L mma 9.1℄.Ja d¸soume t¸ra epagwgikè sqèsei kai genn trie sunart sei gia ta B+
n (x) kai B−

n (x).Prìtash 3.7.7. 'Eqoume
B+

n (x) = 2(n − 1)xB+
n−1(x) + 2x(1− x)

dB+
n−1

dx
(x) + Bn−1(x) (3.7.2)gia k�je n ≥ 1,

∑

n≥0

B+
n (x)

tn

n!
=

et(ext − xet)

e2xt − xe2t
(3.7.3)kai

∑

n≥0

B−
n (x)

tn

n!
=

xet(et − ext)

e2xt − xe2t
. (3.7.4)Apìdeixh. 'Estw w = w(a1)w(a2) · · ·w(an−1) ∈ Bn−1 m�a proshmasmènh met�jesh, parist�me-nh w lèxh. Gia i ∈ {1, . . . , n}, ja sumbol�zoume me wi (ant�stoiqa, w−i) thn proshmasmènhmet�jesh sto Bn pou prokÔptei apì th w eis�gonta to n (ant�stoiqa, to −n) metaxÔ twn

w(ai−1) kai w(ai). Gia 1 ≤ i ≤ n − 1 èqoume wi ∈ B+
n (ant�stoiqa, w−i ∈ B+

n ) an kai mìnoan w ∈ B+
n−1. Apì thn �llh, wn ∈ B+

n kai w−n ∈ B−
n gia k�je w ∈ Bn−1. Epiplèon, gia

1 ≤ i ≤ n− 1 èqoume
desB(w±i) =

{

desB(w), an i− 1 ∈ DesB(w)

desB(w) + 1, an i− 1 /∈ DesB(w)kai gia i = n èqoume desB(wn) = desB(w). Sunep¸, upolog�zoume ìti
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B+

n (x) =
∑

σ∈B+
n

xdesB(σ) =
n−1
∑

i=1







∑

w∈B+

n−1

xdesB(wi) + xdesB(w−i)






+

∑

w∈Bn−1

xdesB(wn)

= 2
∑

w∈B+

n−1

(

desB(w)x
desB(w) + (n− 1− desB(w))x

desB(w)+1
)

+ Bn−1(x)

= 2(n − 1)
∑

w∈B+

n−1

xdesB(w)+1 + 2(1 − x)
∑

w∈B+

n−1

desB(w)x
desB(w) + Bn−1(x)

= 2(n − 1)xB+
n−1(x) + 2x(1 − x)

dB+
n−1

dx
(x) + Bn−1(x),to opo�o apodeiknÔei thn (3.7.2). Sth sunèqeia isqurizìmaste ìti

B+
n (x)

(1− x)n
=
∑

i≥0

((2i + 1)n − (2i)n) xi, (3.7.5)gia k�je n ≥ 1. Dedomènou ìti B+
0 (x) = 1, h Ex�swsh (3.7.3) prokÔptei apì ton isqurismì me�mesou upologismoÔ. Gia na apode�xoume thn (3.7.5), sumbol�zoume me an(i) to suntelest tou xi sto an�ptugma th rht  sun�rthsh B+

n (x)/(1 − x)n w dunamoseir�. Diair¸nta thn(3.7.2) me (1− x)n kai qrhsimopoi¸nta thn isìthta
d

dx

(

B+
n−1(x)

(1− x)n−1

)

=

dB+
n−1

dx
(x)

(1− x)n−1
+ (n− 1)

B+
n−1(x)

(1− x)n
,br�skoume ìti

B+
n (x)

(1− x)n
= 2x

d

dx

(

B+
n−1(x)

(1− x)n−1

)

+
Bn−1(x)

(1− x)n
.Exis¸nonta tou suntelestè tou xi sta dÔo mèlh th prohgoÔmenh isìthta kai qrhsimo-poi¸nta to [23, Je¸rhma 3.4 (ii)℄, pa�rnoume an(i) = 2ian−1(i) + (2i + 1)n−1. O isqurismìèpetai me epagwg  sto n.H Ex�swsh (3.7.4) èpetai apì thn (3.7.3) kai to L mma 3.7.1. Enallaktik�, prokÔptei apìthn (3.7.4) kai ton tÔpo gia thn ekjetik  genn tria sun�rthsh tou Bn(x) [23, Je¸rhma 3.4 (iv)℄.Me aut� ta dedomèna, sumpera�noume epagwgikè sqèsei gia ta f+n (x) kai f−n (x).Prìtash 3.7.8. Gia n ≥ 2 èqoume

f+n (x) = (2(n − 1)x− 1) f+n−1(x) + 2x(1− x)
df+n−1

dx
(x) + 2(n − 1)x f+n−2(x) + dBn−1(x).



38 Kef�laio 3. Metajèsei qwr� stajer� shme�aApìdeixh. Qrhsimopoi¸nta thn Ex�swsh (3.1.12), upolog�zoume ìti
f+n (x) =

n
∑

k=0

(−1)n−k

(

n

k

)

B+
k (x)

=

n
∑

k=1

(−1)n−k

(

n− 1

k − 1

)

B+
k (x) +

n−1
∑

k=0

(−1)n−k

(

n− 1

k

)

B+
k (x)

=

n
∑

k=1

(−1)n−k

(

n− 1

k − 1

)

B+
k (x) − f+n−1(x).Antikajist¸nta gia B+

k (x) to dex� mèlo th (3.7.2), jètonta
Sn(x) = 2x

n
∑

k=1

(−1)n−k (k − 1)

(

n− 1

k − 1

)

B+
k−1(x)kai qrhsimopoi¸nta th (2.3.8), pa�rnoume

f+n (x) = Sn(x) + 2x(1 − x)
n
∑

k=1

(−1)n−k

(

n− 1

k − 1

)

dB+
k−1

dx
(x)

+
n
∑

k=1

(−1)n−k

(

n− 1

k − 1

)

Bk−1(x) − f+n−1(x)

= Sn(x) + 2x(1 − x)
df+n−1

dx
(x) + dBn−1(x) − f+n−1(x).Tèlo, qrhsimopoi¸nta thn Ex�swsh (3.1.12), upolog�zoume ìti

Sn(x) = 2x

n
∑

k=1

(−1)n−k k

(

n− 1

k − 1

)

B+
k−1(x) − 2x

n
∑

k=1

(−1)n−k

(

n− 1

k − 1

)

B+
k−1(x)

= 2x
n
∑

k=1

(−1)n−k k

(

n

k

)

B+
k−1(x) − 2x

n−1
∑

k=1

(−1)n−k k

(

n− 1

k

)

B+
k−1(x)

− 2x f+n−1(x)

= 2nx
n
∑

k=1

(−1)n−k

(

n− 1

k − 1

)

B+
k−1(x) − 2(n− 1)x

n−1
∑

k=1

(−1)n−k

(

n− 2

k − 1

)

B+
k−1(x)

− 2x f+n−1(x)

= 2(n − 1)x f+n−1(x) + 2(n − 1)x f+n−2(x)kai h apìdeixh èpetai.Ja sumbol�zoume me a+n,k, a−n,k kai dBn,k tou suntelestè tou xk sta f+n (x), f−n (x) kai dBn (x),ant�stoiqa. Oi akìlouje epagwgikè sqèsei mporoÔn na exaqjoÔn apì thn Prìtash 3.7.8 kaito [31, Pìrisma 4.3℄.
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a+n,k = (2k − 1)a+n−1,k + 2(n − k)a+n−1,k−1 + 2(n − 1)a+n−2,k−1 + dBn−1,k (3.7.6)kai
a−n,k = (2k − 1)a−n−1,k + 2(n − k)a−n−1,k−1 + 2(n − 1)a−n−2,k−1 + dBn−1,k−1. (3.7.7)Apìdeixh. H Ex�swsh (3.7.6) prokÔptei apì ton tÔpo th Prìtash 3.7.8 exis¸nonta tousuntelestè tou xk. AfoÔ a−n,k = dBn,k − a+n,k, h Ex�swsh (3.7.7) èpetai apì thn (3.7.6) kai thnepagwgik  sqèsh gia tou suntelestè dBn,k pou d�netai sto [31, Pìrisma 4.3℄.Tr�th apìdeixh tou Jewr mato 3.1.4. 'Opw kai sth deÔterh apìdeixh, sumbol�zoume me ℓ+n (x)kai ℓ−n (x) ta dexi� mèlh twn (3.1.12) kai (3.1.13), ant�stoiqa, kai parathroÔme ìti ℓ+n (x)+ℓ−n (x) =

dBn (x) kai ìti to ℓ+n (x) e�nai �so me to topikì h-polu¸numo th upodia�resh Kn. Exait�a aut th ermhne�a, èqoume ℓ+n (x) = xnℓ+n (1/x) apì to Je¸rhma 2.1.4 (g). Oi apode�xei th Prìta-sh 3.7.8 kai tou Por�smato 3.7.9 de�qnoun ìti oi suntelestè twn ℓ+n (x) kai ℓ−n (x) ikanopoioÔnti (3.7.6) kai (3.7.7), ant�stoiqa. AfoÔ a−n,k = dBn,k − a+n,k, mporoÔme na epanadiatup¸soumethn (3.7.6) w
a+n,k = 2ka+n−1,k + 2(n − k)a+n−1,k−1 + 2(n − 1)a+n−2,k−1 + a−n−1,k.Antikajist¸nta to k me to n − k se aut  thn isìthta kai qrhsimopoi¸nta th summetr�a

a+n,k = a+n,n−k prokÔptei ìti
a−n−1,k = a−n−1,n−k.IsodÔnama, èqoume a−n,k = a−n,n−k+1 gia ìla ta n kai k kai, lìgw autoÔ, isqÔei ℓ−n (x) =

xn+1ℓ−n (1/x) gia ìla ta n ∈ N. H monadikìthta twn idiot twn pou or�zoun ta f+n (x) kai
f−n (x) de�qnei ìti ℓ+n (x) = f+n (x) kai ℓ−n (x) = f−n (x) gia ìla ta n ∈ N.'Eqoume epibebai¸sei ìti ta polu¸numa f+n (x) kai f−n (x) èqoun mìno pragmatikè r�ze gia
2 ≤ n ≤ 10. Kat� sunèpeia, h akìloujh eikas�a prokÔptei fusiologik�.Eikas�a 3.7.10. Ta polu¸numa f+n (x) kai f−n (x) èqoun mìno pragmatikè r�ze gia k�je n ≥ 2.



40 Kef�laio 3. Metajèsei qwr� stajer� shme�a



Kef�laio 4To topikì h-di�nusmath upodia�resh smhn¸n4.1 Eisagwg  kai apotelèsmataTo kef�laio autì esti�zei se èna par�deigma upodia�resh tou monoplìkou me axioshme�wtesunduastikè idiìthte, thn upodia�resh smhn¸n. Ta kÔria apotelèsmat� ma upolog�zoun totopikì h-di�nusma th upodia�resh smhn¸n, exasfal�zonta sunduastikè ermhne�e gia taklasik� sust mata riz¸n me th qr sh sunduastik  mh diastauroÔmenwn diamer�sewn. Epiplèon,ja de�xoume ìti to topikì γ-polu¸numo èqei mh arnhtikoÔ suntelestè gia ìle ti upodiairèseismhn¸n. Upenjum�zoume ìti me Γ(Φ) sumbol�zoume thn upodia�resh smhn¸n pou sqet�zetai meto sÔsthma riz¸n Φ = ΦI t�xh n.Ja gr�foume
ℓI(Γ(Φ), x) =

n
∑

i=0

ℓi(Φ)x
igia to topikì h-polu¸numo th Γ(Φ) kai ℓI(Φ) = (ℓ0(Φ), ℓ1(Φ), . . . , ℓn(Φ)) gia to ant�stoiqotopikì h-di�nusma. 'Opw apode�qjhke sthn Prìtash 2.2.2, to ℓI(Γ(Φ), x) d�netai apì thnex�swsh

ℓI(Γ(Φ), x) =
∑

J⊆I

(−1)|IrJ | h(∆+(ΦJ), x). (4.1.1)Ta apotelèsmata tou [59℄, pou anafèrontai sto Je¸rhma 2.1.4, sunep�gontai ìti to ℓI(Γ(Φ), x)èqei mh arnhtikoÔ kai summetrikoÔ suntelestè gia k�je sÔsthma riz¸n Φ.To pr¸to apotèlesm� ma prosdior�zei to topikì h-polu¸numo th upodia�resh Γ(Φ) wex .Je¸rhma 4.1.1. An ℓI(Γ(Φ), x) =∑n
i=0 ℓi(Φ)x

i e�nai to topikì h-polu¸numo th upodia�re-sh smhn¸n Γ(Φ), pou sqet�zetai me èna an�gwgo sÔsthma riz¸n Φ t�xh n kai tÔpou Cartan-
Killing X , tìte o arijmì ℓi(Φ) e�nai �so me:

• to pl jo twn diamer�sewn π ∈ NCA(n) me i mèrh, ètsi ¸ste k�je mèro tou π me ènastoiqe�o na e�nai emfwleumèno, an X = An,
• to pl jo twn diamer�sewn π ∈ NCB(n) qwr� mhdenikì mèro kai i zeÔgh mh mhdenik¸nmer¸n, ètsi ¸ste k�je mèro tou π me èna jetikì stoiqe�o na e�nai emfwleumèno, an

X = Bn,
• n− 2 forè to pl jo twn diamer�sewn π ∈ NCA(n− 1) me i mèrh, an X = Dn.41



42 Kef�laio 4. Upodiairèsei smhn¸nEpiplèon, to ℓI(Γ(Φ), x) e�nai �so me


















































(m− 2)x, an X = I2(m)

8x+ 8x2, an X = H3

42x+ 124x2 + 42x3, an X = H4

10x+ 29x2 + 10x3, an X = F4

7x+ 63x2 + 125x3 + 63x4 + 7x5, an X = E6

16x+ 204x2 + 644x3 + 644x4 + 204x5 + 16x6, an X = E7

44x+ 748x2 + 3380x3 + 5472x4 + 3380x5 + 748x6 + 44x7, an X = E8.Ja gr�foume ξI(Φ) = (ξ0(Φ), ξ1(Φ), . . . , ξ⌊n/2⌋(Φ)) gia to topikì γ-di�nusma th upodia�re-sh Γ(Φ), ètsi ¸ste
ℓI(Γ(Φ), x) =

⌊n/2⌋
∑

i=0

ξi(Φ)x
i(1 + x)n−2i. (4.1.2)To deÔtero apotèlesm� ma upolog�zei epakrib¸ tou arijmoÔ ξi(Φ) (kat� sunèpeia, mèswth Ex�swsh (4.1.2), kai tou arijmoÔ ℓi(Φ)).Je¸rhma 4.1.2. An Φ e�nai èna an�gwgo sÔsthma riz¸n t�xh n kai tÔpou Cartan-Killing

X kai an ξi(Φ) e�nai oi arijmo� pou or�zontai monadik� mèsw th (4.1.2), tìte ξ0(Φ) = 0 kai
ξi(Φ) =
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, an X = An
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n

i
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)

, an X = Bn

n− 2
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(

2i− 2

i− 1

)(

n− 2

2i− 2

)

, an X = Dngia 1 ≤ i ≤ ⌊n/2⌋. Epiplèon,
⌊n/2⌋
∑

i=0

ξi(Φ)x
i =



















































(m− 2)x, an X = I2(m)

8x, an X = H3

42x+ 40x2, an X = H4

10x+ 9x2, an X = F4

7x+ 35x2 + 13x3, an X = E6

16x+ 124x2 + 112x3, an X = E7

44x+ 484x2 + 784x3 + 120x4, an X = E8.H Prìtash 4.2.1 (ant�stoiqa, h Prìtash 4.3.1) anafèrei ìti ìtan X = An, (ant�stoiqa, X =
Bn), oi arijmo� ξi(Φ) aparijmoÔn diamer�sei π ∈ NCA(n) (ant�stoiqa, diamer�sei π ∈ NCB(n)qwr� mhdenikì mèro) pou den èqoun mèro me èna stoiqe�o, w pro to pl jo twn mer¸n tou.'Otan to Φ e�nai krustallografikì, to sÔmplegma smhn¸n ∆(Φ) mpore� na ulopoihje� wto sunoriakì sÔmplegma enì monoplektikoÔ kurtoÔ polutìpou [29℄. Sumpera�noume ìti to
Γ(Φ) e�nai m�a kanonik  (gewmetrik ) upodia�resh tou monoplìkou 2Π. Sunep¸, apì to [59,



4.2. To sÔsthma riz¸n An 43Je¸rhma 5.2℄ (bl. ep�sh Je¸rhma 2.1.4 (e)) prokÔptei ìti to topikì h-di�nusma tou Γ(Φ) e�naimonìtropo, dhlad  ℓ0(Φ) ≤ ℓ1(Φ) ≤ · · · ≤ ℓ⌊n/2⌋(Φ). To akìloujo pìrisma tou Jewr ma-to 4.1.2 exasfal�zei èna pio isqurì apotèlesma.Pìrisma 4.1.3. Gia k�je sÔsthma riz¸n Φ to topikì γ-di�nusma tou Γ(Φ) e�nai mh arnhtikì,dhlad  isqÔei ìti ξi(Φ) ≥ 0 gia k�je de�kth i.4.2 To sÔsthma riz¸n AnH akìloujh prìtash e�nai to kÔrio apotèlesma aut  th enìthta. 'Opw kai sthn proh-goÔmenh enìthta, Φ = ΦI e�nai èna peperasmèno sÔsthma riz¸n t�xh n. Sumbol�zoume me D(Φ)to di�gramma Dynkin tou Φ kai taut�zoume to sÔnolo koruf¸n tou D(Φ) me to sÔnolo deikt¸n
I pou perièqei n stoiqe�a. Shmei¸noume ìti oi mh diastauroÔmene diamer�sei qwr� mèrh me ènastoiqe�o kai dedomèno arijmì mer¸n, pou emfan�zontai ed¸, melet jhkan kai aparijm jhkan apìton Kreweras [45, Enìthta 5℄.Prìtash 4.2.1. Gia to sÔsthma riz¸n Φ tÔpou An isqÔoun ta akìlouja:

• o arijmì ℓi(Φ) e�nai �so me to pl jo twn diamer�sewn π ∈ NCA(n) me i mèrh, tètoie¸ste k�je mèro th π me èna stoiqe�o na e�nai emfwleumèno,
• o arijmì ξi(Φ) e�nai �so me to pl jo twn diamer�sewn π ∈ NCA(n) oi opo�e den èqounmèro me èna mìno stoiqe�o kai èqoun sunolik� i mèrh.Epiplèon, èqoume ton tÔpo

ξi(Φ) =



















0, an i = 0

1

n− i+ 1
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n

i
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n− i− 1

i− 1

)

, an 1 ≤ i ≤ ⌊n/2⌋.

(4.2.1)
Gia ti pr¸te timè tou n èqoume

n
∑

i=0

ℓi(Φ)x
i =































































0, an n = 1

x, an n = 2

x+ x2, an n = 3

x+ 4x2 + x3, an n = 4

x+ 8x2 + 8x3 + x4, an n = 5

x+ 13x2 + 29x3 + 13x4 + x5, an n = 6

x+ 19x2 + 73x3 + 73x4 + 19x5 + x6, an n = 7

x+ 26x2 + 151x3 + 266x4 + 151x5 + 26x6 + x7, an n = 8kai
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⌊n/2⌋
∑

i=0

ξi(Φ)x
i =



















































0, an n = 1

x, an n = 2, 3

x+ 2x2, an n = 4

x+ 5x2, an n = 5

x+ 9x2 + 5x3, an n = 6

x+ 14x2 + 21x3, an n = 7

x+ 20x2 + 56x3 + 14x4, an n = 8.To di�gramma Dynkin D(Φ) e�nai èna monop�ti sto sÔnolo koruf¸n I. Gia eukol�a stosumbolismì, jètoume I = {1, 2, . . . , n}, ìpou ta i kai i+1 e�nai geitonik� sto D(Φ) gia 1 ≤ i ≤
n− 1.Apìdeixh th Prìtash 4.2.1. Gia na upolog�soume to dex� mèlo th (4.1.1), epikentrwnìmastesto h(∆+(ΦJ), x). To L mma 2.2.3 kai h Ex�swsh (2.4.1) de�qnoun ìti

h(∆+(ΦI), x) =
∑

π∈NCA(n)

xn−|π|. (4.2.2)Gia tuqa�o J ⊆ I èqoume m�a di�spash se eujÔ ginìmeno ΦJ = Φ1 × · · · ×Φk an�gwgwn uposu-sthm�twn Φ1, . . . ,Φk. Ta diagr�mmata Dynkin twn Φ1, . . . ,Φk e�nai oi sunektikè sunist¸setou diagr�mmato pou prokÔptei apì to D(Φ) afair¸nta ti korufè tou IrJ . AfoÔ to D(Φ)e�nai èna monop�ti qwr� pollaplè akmè, k�je Φi e�nai kai p�li èna sÔsthma riz¸n tÔpou
A. Sumbol�zonta me pi thn t�xh tou Φi kai qrhsimopoi¸nta thn Prìtash 2.2.1 (v) kai thnEx�swsh (4.2.2) br�skoume ìti

h(∆+(ΦJ), x) = h(∆+(Φ1) ∗ · · · ∗∆+(Φk), x) =
k
∏

i=1

h(∆+(Φi), x)

=

k
∏

i=1

∑

π∈NCA(pi)

xpi−|π| =
∑

π∈NCA(J)

xn−|π|,ìpou me NCA(J) sumbol�zoume to sÔnolo twn diamer�sewn π ∈ NCA(n) gia ti opo�e isqÔeiìti gia k�je a ∈ IrJ , to {a} e�nai èna mh emfwleumèno mèro th π me èna stoiqe�o. OprohgoÔmeno upologismì kai h Ex�swsh (4.1.1) sunep�gontai ìti
n
∑

i=0

ℓi(Φ)x
i =

∑

J⊆I

(−1)|IrJ |
∑

π∈NCA(J)

xn−|π|. (4.2.3)M�a apl  efarmog  th arq  egkleismoÔ - apokleismoÔ de�qnei ìti to dex� mèlo th Ex�swsh(4.2.3) e�nai �so me to �jroisma twn xn−|π|, ìpou h diamèrish π ∈ NCA(n) trèqei sto sÔnolo twndiamer�sewn gia ti opo�e k�je mèro me èna stoiqe�o e�nai emfwleumèno. Autì to apotèlesmakai to gegonì ìti ℓi(Φ) = ℓn−i(Φ) apofèroun thn epijumht  ermhne�a gia ton ℓi(Φ).Gia na apode�xoume thn proteinìmenh ermhne�a gia tou arijmoÔ ξi(Φ) prèpei na de�xoumeìti
n
∑

i=0

ℓi(Φ)x
i =

⌊n/2⌋
∑

i=0

mi x
i(1 + x)n−2i, (4.2.4)



4.3. To sÔsthma riz¸n Bn 45ìpou mi e�nai to pl jo twn diamer�sewn π ∈ NCA(n) me i mèrh, pou den èqoun mèro meèna stoiqe�o. Sumbol�zoume me NCA
0 (n) to uposÔnolo tou NCA(n) pou apotele�tai apì timh diastauroÔmene diamer�sei twn opo�wn k�je mèro me èna stoiqe�o e�nai emfwleumèno. O-r�zoume m�a sqèsh isodunam�a sto NCA(n) jewr¸nta dÔo diamer�sei π1 kai π2 isodÔnamean up�rqei m�a èna pro èna antistoiq�a f apì to sÔnolo twn mer¸n th π1 pou èqoun pe-rissìtera apì èna stoiqe�a sto sÔnolo twn mer¸n th π2 pou èqoun perissìtera apì ènastoiqe�a ètsi ¸ste gia k�je mèro B th π1 me perissìtera apì èna stoiqe�a, ta sÔnola Bkai f(B) na èqoun to �dio el�qisto kai to �dio mègisto stoiqe�o. Gia par�deigma, h diamèrishsto Sq ma 2.5 e�nai isodÔnamh me tèsseri mh diastauroÔmene diamer�sei, dhlad  me ton eau-tì th kai ti diamer�sei {{1, 5, 6}, {2, 3, 4}, {7}, {8, 9}}, {{1, 6}, {2, 3, 4}, {5}, {7}, {8, 9}} kai

{{1, 6}, {2, 4}, {3}, {5}, {7}, {8, 9}}.Af noume ston anagn¸sth na elègxei ìti o periorismì aut  th sqèsh or�zei m�a sqèshisodunam�a sto sÔnolo NCA
0 (n) kai ìti k�je kl�sh isodunam�a mèsa sto NCA

0 (n) perièqei m�amonadik  diamèrish π0 qwr� mèrh me èna stoiqe�o. Epiplèon, gia thn kl�sh isodunam�a O(π0)m�a tètoia diamèrish π0 ∈ NCA
0 (n) èqoume
∑

π∈O(π0)

x|π| = xi(1 + x)n−2i,ìpou i e�nai to pl jo twn mer¸n tou π0. Ajro�zonta ti prohgoÔmene exis¸sei p�nw seìle ti diamer�sei π0 ∈ NCA
0 (n) qwr� mèrh me èna stoiqe�o, pa�rnoume thn (4.2.4).Tèlo, h Ex�swsh (4.2.1) e�nai sunèpeia th isìthta ξi(Φ) = mi kai twn apotelesm�twntou [45, sel. 344℄, pou aparijmoÔn ti mh diastauroÔmene diamer�sei qwr� mèrh me èna stoiqe�okai dedomèno arijmì mer¸n.4.3 To sÔsthma riz¸n BnAut  h enìthta apodeiknÔei thn akìloujh prìtash gia thn per�ptwsh X = Bn.Prìtash 4.3.1. Gia to sÔsthma riz¸n Φ tÔpou Bn isqÔoun ta akìlouja:

• o arijmì ℓi(Φ) e�nai �so me to pl jo twn diamer�sewn π ∈ NCB(n) qwr� mhdenikìmèro kai i zeÔgh mh mhdenik¸n mer¸n, gia ti opo�e isqÔei ìti k�je mèro me èna jetikìstoiqe�o e�nai emfwleumèno,
• o arijmì ξi(Φ) e�nai �so me to pl jo twn diamer�sewn π ∈ NCB(n) pou den èqounmhdenikì mèro   mèro me èna stoiqe�o kai èqoun sunolik� i zeÔgh mh mhdenik¸n mer¸n.Epiplèon, èqoume ton tÔpo

ξi(Φ) =



















0, an i = 0

(

n

i

)(

n− i− 1

i− 1

)

, an 1 ≤ i ≤ ⌊n/2⌋.

(4.3.1)Gia ti pr¸te timè tou n èqoume
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n
∑

i=0

ℓi(Φ)x
i =











































2x, an n = 2

3x+ 3x2, an n = 3

4x+ 14x2 + 4x3, an n = 4

5x+ 35x2 + 35x3 + 5x4, an n = 5

6x+ 69x2 + 146x3 + 69x4 + 6x5, an n = 6

7x+ 119x2 + 427x3 + 427x4 + 119x5 + 7x6, an n = 7kai
⌊n/2⌋
∑

i=0

ξi(Φ)x
i =



















































2x, an n = 2

3x, an n = 3

4x+ 6x2, an n = 4

5x+ 20x2, an n = 5

6x+ 45x2 + 20x3, an n = 6

7x+ 84x2 + 105x3, an n = 7

8x+ 140x2 + 336x3 + 70x4, an n = 8.To di�gramma Dynkin D(Φ) e�nai èna monop�ti sto sÔnolo koruf¸n I = {1, 2, . . . , n} mem�a dipl  akm . Upojètoume ìti ta i kai i + 1 e�nai geitonik� sto D(Φ) gia 1 ≤ i ≤ n − 1 kaiìti h dipl  akm  sundèei ti korufè n− 1 kai n.Apìdeixh th Prìtash 4.3.1. M�a apìdeixh me parìmoia epiqeir mata ìpw aut  th Prìta-sh 4.2.1 mpore� na doje� w ex . Sumbol�zoume me NCB
+(n) to sÔnolo twn diamer�sewn

π ∈ NCB(n) pou den èqoun mhdenikì mèro. Gia na upolog�soume to dex� mèlo th (4.1.1),meletoÔme to polu¸numo h(∆+(ΦJ), x) gia J ⊆ I. Ta L mmata 2.2.3 kai 2.4.1 de�qnoun ìti
h(∆+(ΦI), x) =

∑

π∈NCB
+(n)

xn−‖π‖, (4.3.2)ìpou to ‖π‖ antiproswpeÔei to pl jo twn zeug¸n twn (mh mhdenik¸n) mer¸n th π. Gia tuqa�o
J ⊆ I isqurizìmaste ìti

h(∆+(ΦJ), x) =
∑

π∈NCB
+(J)

xn−‖π‖, (4.3.3)ìpou me NCB
+(J) sumbol�zoume to sÔnolo twn diamer�sewn π ∈ NCB

+(n) gia ti opo�e isqÔeiìti gia k�je a ∈ IrJ , to {a} e�nai èna mh emfwleumèno mèro th π me èna jetikì stoiqe�o.Dedomènh th (4.3.3), h ermhne�a twn ℓi(Φ), gia 1 ≤ i ≤ n − 1, èpetai apì m�a efarmog  tharq  tou egkleismoÔ - apokleismoÔ, ìpw kai sthn per�ptwsh tou tÔpou A.H apìdeixh th (4.3.3) prokÔptei ìpw kai th ant�stoiqh ex�swsh sthn apìdeixh thPrìtash 4.2.1 an oi korufè n−1   n den an koun sto J . Diaforetik� èqoume {n−1, n} ⊆ Jkai to epiqe�rhma pou qrhsimopoi jhke sthn apìdeixh th Prìtash 4.2.1 tropopoie�tai wex . 'Estw b to mègisto stoiqe�o tou IrJ . Tìte to sÔnolo {b+1, . . . , n} apotele� to sÔnolokoruf¸n tou diagr�mmato Dynkin m�a apì ti sunektikè sunist¸se, èstw Φk, tou ΦJ .Aut  h sunist¸sa e�nai tÔpou B, en¸ k�je m�a apì ti Φ1, . . . ,Φk−1 e�nai tÔpou A. Epiplèon,gia π ∈ NCB
+(J), o periorismì th π sto {b + 1, . . . , n} ∪ {−b − 1, . . . ,−n} e�nai m�a mhdiastauroÔmenh diamèrish tÔpou B, en¸ o periorismì th sto sÔnolo pou or�zoun oi korufètou diagr�mmato Dynkin kajenì apì ta Φ1, . . . ,Φk−1 e�nai m�a mh diastauroÔmenh diamèrish



4.4. To sÔsthma riz¸n Dn 47tÔpou A. Kat� sunèpeia, h Ex�swsh (4.3.3) èpetai me parìmoio upologismì ìpw th ant�stoiqhex�swsh sthn apìdeixh th Prìtash 4.2.1, qrhsimopoi¸nta ti Exis¸sei (4.2.2) kai (4.3.2).Gia th deÔterh prìtash, prèpei na antikatast soume th sqèsh isodunam�a sto NCA(n)me aut  sto NCB
+(n), pou or�zetai w ex . Upojètoume ìti h diamèrish π ∈ NCB

+(n) èqeiemfwleumèno mèro me èna jetikì stoiqe�o {b}. Se aut  thn per�ptwsh, up�rqei èna monadikìmèro B ∈ π tètoio ¸ste an antikatastajoÔn ta mèrh B,−B, {b} kai {−b} th π apì tien¸sei B ∪ {b} kai (−B) ∪ {−b} na prokÔyei m�a mh diastauroÔmenh diamèrish π′ ∈ NCB
+(n).H apaitoÔmenh sqèsh isodunam�a sto NCB

+(n) or�zetai w h leptìterh sqèsh isodunam�a wpro thn opo�a oi diamer�sei π kai π′ e�nai isodÔname gia ìla ta zeÔgh (π, b). Gia par�deigma,h diamèrish sto Sq ma 2.6 e�nai isodÔnamh me akrib¸ m�a �llh mh diastauroÔmenh diamèrish,th opo�a to {5, 6, 7,−4} e�nai èna mèro. H apìdeixh suneq�zei ìpw kai sthn per�ptwsh toutÔpou An me mìno as mante diaforopoi sei; oi leptomèreie af nontai ston anagn¸sth.Tèlo, gia na sumper�noume thn Ex�swsh (4.3.1) epiqeirhmatologoÔme ìpw kai sthn apìdei-xh tou L mmato 2.4.1. H apìdeixh tou [3, Je¸rhma 2.3℄ de�qnei ìti oi diamer�sei π ∈ NCB(n)qwr� mhdenikì mèro, qwr� mèrh me èna stoiqe�o kai me i zeÔgh mh mhdenik¸n mer¸n e�nai seèna pro èna antistoiq�a me ta zeÔgh (S, f), ìpou S e�nai èna uposÔnolo tou {1, 2, . . . , n} me istoiqe�a kai f : S → {2, 3, . . . } e�nai m�a sun�rthsh me timè pou ajro�zoun sto n. Profan¸,to pl jo aut¸n twn zeug¸n d�netai apì to dex� mèlo th (4.3.1) kai h apìdeixh èpetai.4.4 To sÔsthma riz¸n DnAut  h enìthta apodeiknÔei to akìloujo mèro twn Jewrhm�twn 4.1.1 kai 4.1.2.Prìtash 4.4.1. Gia to sÔsthma riz¸n Φ tÔpou Dn èqoume:
ℓi(Φ) = (n− 2) · # {π ∈ NCA(n− 1) : |π| = i}

=



















0, an i = 0

n− 2

i

(

n− 1

i− 1

)(

n− 2

i− 1

)

, an 1 ≤ i ≤ nkai
ξi(Φ) =



















0, an i = 0

n− 2

i

(

2i− 2

i− 1

)(

n− 2

2i− 2

)

, an 1 ≤ i ≤ ⌊n/2⌋.Gia ti pr¸te timè tou n èqoume
n
∑

i=0

ℓi(Φ)x
i =























2x+ 6x2 + 2x3, an n = 4

3x+ 18x2 + 18x3 + 3x4, an n = 5

4x+ 40x2 + 80x3 + 40x4 + 4x5, an n = 6

5x+ 75x2 + 250x3 + 250x4 + 75x5 + 5x6, an n = 7kai
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⌊n/2⌋
∑

i=0

ξi(Φ)x
i =































2x+ 2x2, an n = 4

3x+ 9x2, an n = 5

4x+ 24x2 + 8x3, an n = 6

5x+ 50x2 + 50x3, an n = 7

6x+ 90x2 + 180x3 + 30x4, an n = 8.EÔkola prokÔptei apì thn Prìtash 4.4.1 m�a sunduastik  ermhne�a gia tou arijmoÔ ξi(Φ);bl. [51, Enìthta 11.3℄. Wstìso de gnwr�zoume m�a pou na sun�dei me ti ant�stoiqe twn Pro-t�sewn 4.2.1 kai 4.3.1 gia tou tÔpou An kai Bn.O akìloujo sumbolismì kai to aparijmhtikì apotèlesma ja qrhsimopoihjoÔn sthn apì-deixh th Prìtash 4.4.1. Ja gr�foume
Cn(x) :=

∑

π∈NCA(n)

x|π|−1 =
∑

π∈NCA(n)

xn−|π| =
n
∑

i=0

1

i+ 1

(

n

i

)(

n− 1

i

)

xikai
F (x, t) :=

∑

n≥1

Cn(x) t
n = t+ (1 + x) t2 + (1 + 3x+ x2) t3 + · · · . (4.4.1)Tìte (bl., gia par�deigma, [51, Ex�swsh (11)℄ kai [61, 'Askhsh 6.36℄) èqoume

F (x, t) = xt F 2(x, t) + (1 + x)t F (x, t) + t. (4.4.2)Epigr�foume ti korufè tou diagr�mmato DynkinD(Φ) me ta stoiqe�a tou I = {1, 2, . . . , n}ètsi ¸ste oi korufè i kai i+1 na e�nai geitonikè sto D(Φ) gia 1 ≤ i ≤ n− 3, en¸ h n− 2 nae�nai geitonik  me ti n− 1 kai n.Apìdeixh th Prìtash 4.4.1. 'Estw ℓn(x) := ℓI(Γ(Φ), x) =
∑n

i=0 ℓi(Φ)x
i gia n ≥ 4. O pro-teinìmeno tÔpo gia tou arijmoÔ ℓi(Φ) e�nai isodÔnamo me thn ex�swsh

ℓn(x) = (n− 2)xCn−1(x). (4.4.3)O tÔpo gia tou arijmoÔ ξi(Φ) èpetai apì aut  kai ton gnwstì tÔpo (bl. [51, Prìtash 11.14℄)gia to γ-polu¸numo tou Cn(x). Sunep¸, arke� na apode�xoume thn (4.4.3).Kat� arq�, epanadiatup¸noume to dex� mèlo th (4.1.1) w ex . Gia 1 ≤ r ≤ n, jasumbol�zoume me Jr th sullog  ìlwn twn uposunìlwn J ⊆ I ta opo�a perièqoun ta stoiqe�a
{1, 2, . . . , r − 1} all� den perièqoun to r. Qrhsimopoi¸nta thn Prìtash 2.2.1 (v) kai thnper�ptwsh tou tÔpou An apì to L mma 2.2.3, br�skoume ìti

∑

J∈Jr

(−1)|IrJ | h(∆+(ΦJ), x) =































− ℓn−1(x), an r = 1

−Cr−1(x) ℓn−r(x), an 2 ≤ r ≤ n− 3

0, an r = n− 2,

Cn−2(x)− Cn−1(x), an r = n− 1,

−Cn−1(x), an r = n.W epakìloujo, h Ex�swsh (4.1.1) mpore� na epanadiatupwje� w
ℓn(x) = h(∆+(ΦI), x) − ℓn−1(x) −

n−3
∑

r=2

Cr−1(x) ℓn−r(x) + Cn−2(x) − 2Cn−1(x).



4.5. Apìdeixh twn sugkentrwtik¸n apotelesm�twn 49Sunep¸, qrhsimopoi¸nta epagwg  sto n, arke� na apodeiqje� ìti
h(∆+(ΦI), x) = (n− 2)xCn−1(x) + (n− 3)xCn−2(x)

+

n−3
∑

r=2

(n− r − 2)xCr−1(x)Cn−r−1(x) − Cn−2(x) + 2Cn−1(x) (4.4.4)gia n ≥ 4. 'Estw ìti sumbol�zoume me Rn(x) to dex� mèlo th Ex�swsh (4.4.4) kai me Sn(x)to �jroisma pou emfan�zetai eke�. ProkÔptei eujèw apì thn (4.4.1) ìti
∑

n≥4

Sn(x) t
n = xt3F (x, t)

∂F

∂t
(x, t) − xt2F 2(x, t).Qrhsimopoi¸nta thn (4.4.2), ìpw ep�sh kai thn ex�swsh pou prokÔptei apì aut  paragwg�-zonta w pro t, mporoÔme na epanadiatup¸soume thn prohgoÔmenh ex�swsh w

∑

n≥4

2Sn(x) t
n = 2(1 + x)t2F (x, t) + 2t2 − 3t F (x, t) + (t2 − t3 − xt3)

∂F

∂t
(x, t).Exis¸nonta tou suntelestè tou tn sta dÔo mèlh th anwtèrw ex�swsh, sumpera�noume ìti

2Sn(x) = (n− 4)Cn−1(x) − (n− 4)(1 + x)Cn−2(x)kai lìgw autoÔ ìti
Rn(x) = (n− 2)xCn−1(x) +

n

2
Cn−1(x) + (

n

2
− 1)(x− 1)Cn−2(x).H Ex�swsh (4.4.4) èpetai me euje� upologismoÔ apì ton tÔpo gia to h(∆+(ΦI), x), pou d�netaigia thn per�ptwsh tou tÔpou Dn sto L mma 2.2.3, kai thn prohgoÔmenh èkfrash gia to Rn(x).Autì oloklhr¸nei thn apìdeixh th prìtash.Parat rhsh 4.4.2. Fusiologik� prokÔptei to er¸thma gia m�a apìdeixh th Prìtash 4.4.1,pio sumbat  me to pneÔma twn ant�stoiqwn gia ti Prot�sei 4.2.1 kai 4.3.1.4.5 Apìdeixh twn sugkentrwtik¸n apotelesm�twnAut  h enìthta d�nei apode�xei gia ta Jewr mata 4.1.1 kai 4.1.2 kai to Pìrisma 4.1.3.Apìdeixh twn Jewrhm�twn 4.1.1 kai 4.1.2. Oi peript¸sei X ∈ {An, Bn,Dn} kalÔptontai apìti Prot�sei 4.2.1, 4.3.1 kai 4.4.1. Gia X ∈ {F4, E6, E7, E8} oi proteinìmenoi tÔpoi èpontaiapì thn (4.1.1) me analutikoÔ upologismoÔ, pou qrhsimopoioÔn ton tÔpo gia to h(∆+(Φ), x)pou d�netai sto [11, Enìthta 6℄. Mènei na sqoli�soume ti peript¸sei twn tÔpwn I2(m), H3kai H4.Gia tou tÔpou I2(m) kai H3, èpetai apì th jewr�a twn topik¸n h-dianusm�twn (bl. Je¸-rhma 2.1.4 (g)) ìti ξI(Γ(Φ), x) = tx, ìpou t e�nai to pl jo twn eswterik¸n koruf¸n tou Γ(Φ).'Eqoume t = m−2 gia X = I2(m) kai t = 8 gia X = H3 (bl. [20, Sq ma 2℄   Parat rhsh 4.5.1)kai oi proteinìmenoi tÔpoi èpontai. 'Estw X = H4. Apì ti (4.1.1), (4.1.2) kai to gegonì ìti

ξ0(Φ) = ℓ0(Φ) = 0 pa�rnoume
ξ1(Φ)x(1 + x)2 + ξ2(Φ)x

2 =
∑

J⊆I

(−1)|IrJ | h(∆+(ΦJ), x).



50 Kef�laio 4. Upodiairèsei smhn¸nJètonta x = 1 sthn prohgoÔmenh isìthta, pa�rnoume
4ξ1(Φ) + ξ2(Φ) =

∑

J⊆I

(−1)|IrJ | N+(ΦJ), (4.5.1)ìpou me N+(Ψ) sumbol�zoume to pl jo twn edr¸n tou ∆+(Ψ) (isodÔnama, to pl jo twnjetik¸n smhn¸n gia to sÔsthma riz¸n Ψ). To dex� mèlo th (4.5.1) mpore� na upologiste�eÔkola (isoÔtai me 208), qrhsimopoi¸nta ti [40, Prìtash 3.9℄ kai Prìtash 2.2.1 (v). AfoÔo arijmì ξ1(Φ) = ℓ1(Φ) isoÔtai me to pl jo twn eswterik¸n koruf¸n tou Γ(Φ), èqoume
ξ1(Φ) = 42 (bl. Parat rhsh 4.5.1). Apì thn Ex�swsh (4.5.1) upolog�zoume ξ2(Φ) = 40.Apìdeixh tou Por�smato 4.1.3. To Je¸rhma 4.1.2 de�qnei ìti to pìrisma isqÔei ìtan to Φ e�naian�gwgo. H genik  per�ptwsh èpetai apì ta L mmata 2.1.6 kai 2.2.6.Parat rhsh 4.5.1. 'Epetai apì ta apotelèsmata tou [59, Enìthta 2℄ (bl. ep�sh Je¸rh-ma 2.1.4 (g)) ìti o arijmì ℓ1(Φ) = ξ1(Φ) e�nai �so me to pl jo twn eswterik¸n koruf¸n tou
Γ(Φ). Autè oi korufè e�nai akrib¸ oi jetikè r�ze tou Φ me forèa �so me Π (isodÔnama, oijetikè r�ze pou den an koun se kanèna parabolikì gn sio uposÔsthma riz¸n ΦJ). To pl jotwn riz¸n aut¸n upolog�sthke apì ton Chapoton [28] kai epidèqetai èna komyì, omoiìmorfotÔpo; bl. [28, Prìtash 1.1℄. Ja  tan endiafèron na brejoÔn omoiìmorfe ermhne�e   tÔpoi giatou arijmoÔ ℓi(Φ)   ξi(Φ) gia �lle timè tou i. De gnwr�zoume k�poia apl  kleist  èkfrashgia tou arijmoÔ ℓi(Φ) sti peript¸sei tÔpou An kai Bn.'Eqoume epibebai¸sei ìti ta topik� h-polu¸numa twn upodiairèsewn smhn¸n mèqri kai dek�-tou bajmoÔ èqoun mìno pragmatikè r�ze. Kat� sunèpeia, e�nai fusiologikì na eik�soume thnakìloujh prìtash.Eikas�a 4.5.2. To polu¸numo ℓI(Γ(Φ), x) èqei mìno pragmatikè r�ze gia k�je sÔsthmariz¸n Φ.



Kef�laio 5To kubikì h-di�nusma th kubik barukentrik  upodia�resh5.1 Eisagwg To parìn kef�laio e�nai en mèrei empneusmèno apì to �rjro [24℄. Se autì to �rjro, oi Brentikai Welker meletoÔn to metasqhmatismì tou h-dianÔsmato enì monoplektikoÔ sumplègmato
∆ upì barukentrik  upodia�resh. Ekfr�zoun ti suntetagmène tou h-dianÔsmato th baru-kentrik  upodia�resh tou ∆ w mh arnhtikoÔ akèraiou grammikoÔ sunduasmoÔ aut¸n tou
h-dianÔsmato tou ∆. Eidikìtera, de�qnoun ìti h summetrikìthta kai h mh arnhtikìthta tou
h-dianÔsmato diathroÔntai upì barukentrik  upodia�resh. Epiprìsjeta, apodeiknÔoun ìti anto h-di�nusma tou ∆ e�nai mh arnhtikì, tìte to h-polu¸numo th barukentrik  upodia�reshtou ∆ èqei mìno pragmatikè r�ze.EÔloga prokÔptei to er¸thma kat� pìso isqÔoun parìmoia apotelèsmata gia mh mono-plektik� sumplègmata. MeletoÔme to metasqhmatismì tou braqèo kubikoÔ kai tou kubikoÔ
h-dianÔsmato enì kubikoÔ sumplègmato K upì kubik  barukentrik  upodia�resh. Ta kÔ-ria apotelèsmat� ma ekfr�zoun ti suntetagmène tou braqèo kubikoÔ kai tou kubikoÔ h-dianÔsmato th kubik  barukentrik  upodia�resh sdc(K) tou K w mh arnhtikoÔ grammi-koÔ sunduasmoÔ twn suntetagmènwn tou ant�stoiqou h-dianÔsmato tou K (Jewr mata 5.2.2kai 5.3.1). Apì autè ti ekfr�sei sumpera�noume ìti h summetrikìthta kai h mh arnhtikìthtatou braqèo kubikoÔ kai tou kubikoÔ h-dianÔsmato, ìpw ep�sh kai h Ôparxh mìno pragmatik¸nriz¸n gia to braqÔ h-polu¸numo, diathroÔntai upì kubik  barukentrik  upodia�resh. Ep�shmeletoÔme thn asumptwtik  sumperifor� tou braqèo kubikoÔ kai tou kubikoÔ h-poluwnÔmouupì diadoqikè kubikè barukentrikè upodiairèsei (Por�smata 5.2.8 kai 5.3.5).5.2 To braqÔ kubikì h-di�nusmaAut  h enìthta melet� to braqÔ kubikì h-polu¸numo tou kubikoÔ sumplègmato sdc(K)w pro th mh arnhtikìthta, th summetrikìthta kai thn Ôparxh mìno pragmatik¸n riz¸n. E-p�sh exet�zei thn asumptwtik  sumperifor� tou braqèo kubikoÔ h-poluwnÔmou th n-ost epanalambanìmenh kubik  barukentrik  upodia�resh tou K, kaj¸ to n te�nei sto �peiro.Se aut  kai sthn epìmenh enìthta, to K sumbol�zei èna (d− 1)-di�stato kubikì sÔmplegma.Gia na ekfr�soume to braqÔ kubikì h-di�nusma tou kubikoÔ sumplègmato sdc(K) w proautì tou K, prèpei pr¸ta na prosdior�soume th sqèsh metaxÔ twn ant�stoiqwn f -dianusm�twn.51



52 Kef�laio 5. Kubik  barukentrik  upodia�reshPrìtash 5.2.1. Ta f -dianÔsmata twn K kai sdc(K) susqet�zontai w ex :
fi(sdc(K)) = 2i

d−1
∑

j=i

(

j

i

)

fj(K), i = 0, . . . , d− 1. (5.2.1)Apìdeixh. Upenjum�zoume ìti k�je i-di�stath pleur� tou sdc(K) antistoiqe� se èna kleistìdi�sthma [x, y] t�xh i sto merik¸ diatetagmèno sÔnolo twn pleur¸n tou K. Gia na aparij-m soume aut� ta diast mata, parathroÔme ìti up�rqoun fj(K) trìpoi gia na epilèxoume m�apleur� y tou K dosmènh di�stash j. AfoÔ k�je tètoia pleur� e�nai èna sunduastikì j-kÔbo, up�rqoun 2i
(

j
i

) trìpoi na epilege� m�a pleur� x tou y sundi�stash i. Katal goumesto sumpèrasma ìti up�rqoun 2i
(j
i

)

fj(K) diast mata [x, y] t�xh i sto merik¸ diatetagmènosÔnolo pleur¸n tou K me dim(y) = j. Ajro�zonta se ìla ta j ≥ i, pa�rnoume thn (5.2.1). �Je¸rhma 5.2.2. Ta braqèa kubik� h-dianÔsmata twn K kai sdc(K) susqet�zontai w ex :
h
(sc)
i (sdc(K)) =

d−1
∑

j=0

B(d, i, j)h
(sc)
j (K), i = 0, . . . , d− 1, (5.2.2)ìpou oi suntelestè B(d, i, j) e�nai mh arnhtiko� rhto� arijmo�, pou d�nontai apì th genn triasun�rthsh

d−1
∑

i=0

B(d, i, j)xi =
1

2d−1
(3x+ 1)j(x+ 3)d−1−j . (5.2.3)Apìdeixh. H Ex�swsh (5.2.1) mpore� na epanadiatupwje� w

f(sdc(K), x) = f(K, 1 + 2x), (5.2.4)ìpou f(K,x) kai f(sdc(K), x) e�nai ta f -polu¸numa twn K kai sdc(K), ant�stoiqa. Qrhsimo-poi¸nta ti (2.1.6) kai (2.1.7), mporoÔme na gr�youme thn (5.2.4) sth morf 
2d−1h(sc)(sdc(K), x) = (x+ 3)d−1h(sc)

(

K,
3x+ 1

x+ 3

)

, (5.2.5)ètsi ¸ste
h(sc)(sdc(K), x) =

1

2d−1

d−1
∑

j=0

h
(sc)
j (K)(3x+ 1)j(x+ 3)d−1−j .To apotèlesma prokÔptei exis¸nonta tou suntelestè tou xi sta dÔo mèlh aut  th isìth-ta. �'Ena di�nusma (a0, a1, . . . , an−1) ∈ R

n kale�tai mh arnhtikì (ant�stoiqa, summetrikì) an
ai ≥ 0 (ant�stoiqa, ai = an−1−i) gia k�je 0 ≤ i ≤ n− 1.Pìrisma 5.2.3. An to K èqei mh arnhtikì braqÔ kubikì h-di�nusma, tìte to �dio isqÔei kaigia to sdc(K).Apìdeixh. Apì thn Ex�swsh (5.2.3) prokÔptei ìti oi suntelestè B(d, i, j) e�nai mh arnhtiko�gia ìla ta 0 ≤ i, j ≤ d− 1. Kat� sunèpeia, to pìrisma prokÔptei apì thn (5.2.2). �Pìrisma 5.2.4. An to K èqei summetrikì braqÔ kubikì h-di�nusma, tìte to �dio isqÔei kaigia to sdc(K).



5.2. To braqÔ kubikì h-di�nusma 53Apìdeixh. Antikajist¸nta to x me 1/x sthn (5.2.3) kai pollaplasi�zonta me xd−1, prokÔpteiìti
B(d, i, j) = B(d, d− 1− i, d − 1− j).Upojètoume ìti to h(sc)(K) e�nai summetrikì, ètsi ¸ste na isqÔei ìti h(sc)d−1−j(K) = h

(sc)
j (K)gia ìla ta 0 ≤ j ≤ d− 1. Tìte

h
(sc)
d−1−i(sdc(K)) =

d−1
∑

j=0

B(d, d− 1− i, j)h
(sc)
j (K)

=
d−1
∑

k=0

B(d, d− 1− i, d− 1− k)h
(sc)
d−1−k(K)

=

d−1
∑

k=0

B(d, i, k)h
(sc)
k (K) = h

(sc)
i (sdc(K))kai sunep¸ to h(sc)(sdc(K)) e�nai ep�sh summetrikì. �Pìrisma 5.2.5. To braqÔ kubikì h-polu¸numo tou K èqei mìno pragmatikè r�ze an kaimìno an isqÔei to �dio kai gia to sdc(K).Apìdeixh. O isqurismì prokÔptei eÔkola apì thn (5.2.5). Af noume ti leptomèreie stonanagn¸sth. �Par�deigma 5.2.6. Gia to sunoriakì sÔmplegmaK tou tridi�statou kÔbou èqoume h(sc)K (x) =

8(1+x+x2). Autì to polu¸numo èqei jetikoÔ suntelestè kai dÔo mh pragmatikè migadikèr�ze. Apì ta Por�smata 5.2.3 kai 5.2.5, prokÔptei ìti to �dio isqÔei kai gia to braqÔ kubikì
h-polu¸numo tou sdc(K). Autì to par�deigma èrqetai se ant�jesh me autì pou isqÔei gia tibarukentrikè upodiairèsei twn monoplektik¸n sumplegm�twn (bl. [24, Je¸rhma 3.1℄).Sumbol�zoume me sdnc (K) thn n-ost  epanalambanìmenh kubik  barukentrik  upodia�resh tou
K. IsodÔnama, èqoume sd0c(K) = K kai sdnc (K) = sdc(sd

n−1
c (K)) gia n ≥ 1. To braqÔ kubikì

h-polu¸numo tou kubikoÔ sumplègmato sdnc (K) èqei thn akìloujh apl  èkfrash, sunart seitou braqèo kubikoÔ h-poluwnÔmou tou K.Prìtash 5.2.7. Ta braqèa kubik� h-polu¸numa twn K kai sdnc (K) susqet�zontai w ex :
h(sc)(sdnc (K), x) =

(

(2n − 1)x+ 2n + 1

2

)d−1

h(sc)
(

K,
(2n + 1)x+ 2n − 1

(2n − 1)x+ 2n + 1

)

. (5.2.6)Apìdeixh. H prìtash èpetai apì thn (5.2.5) me epagwg  sto n. �Apì to akìloujo pìrisma prokÔptei ìti ìle oi migadikè r�ze tou braqèo kubikoÔ h-poluwnÔmou tou sdnc (K) sugkl�noun sto −1 kaj¸ n→ ∞.Pìrisma 5.2.8. Gia d ≥ 2, èqoume ìti
1

2n(d−1)
h(sc)(sdnc (K), x) → fd−1(K) (x+ 1)d−1suntelest  pro suntelest , kaj¸ n → ∞. Eidikìtera, to braqÔ kubikì h-polu¸numo tou

sdnc (K) èqei jetikoÔ kai monìtropou suntelestè gia ìla ta arket� meg�la n.



54 Kef�laio 5. Kubik  barukentrik  upodia�reshApìdeixh. H pr¸th prìtash èpetai me euje� upologismoÔ apì thn (5.2.6) kai to gegonì ìti
h(sc)(K, 1) = 2d−1 fd−1(K). H deÔterh prìtash èpetai apì thn pr¸th kai thn eurèw gnwst idiìthta monotrop�a twn diwnumik¸n suntelest¸n. �Parat rhsh 5.2.9. De gnwr�zoume k�poio par�deigma kubikoÔ sumplègmatoK gia to opo�oto h(sc)(K) na e�nai mh arnhtikì kai to h(sc)(sdc(K), x) na mhn e�nai monìtropo.5.3 To kubikì h-di�nusmaAut  h enìthta apodeiknÔei apotelèsmata gia to kubikì h-di�nusma tou kubikoÔ sumplèg-mato sdc(K) an�loga me aut� th Enìthta 5.2 gia to braqÔ kubikì h-di�nusma.Je¸rhma 5.3.1. Ta kubik� h-dianÔsmata twn K kai sdc(K) susqet�zontai w ex :

h
(c)
i (sdc(K)) =

d
∑

j=0

C(d, i, j)h
(c)
j (K), (5.3.1)ìpou oi suntelestè C(d, i, j) e�nai mh arnhtiko� rhto� arijmo�, pou d�nontai apì th genn triasun�rthsh

d
∑

j=0

d
∑

i=0

C(d, i, j)xiyj =
1

1 + x
(1 + xd+1yd) +

xy

2d−3

(x+ 3)d−1 − (3x+ 1)d−1yd−1

x+ 3− (3x+ 1)y

+
x

2d−1(1 + x)
((x+ 3)d−1 + (3x+ 1)d−1yd). (5.3.2)Apìdeixh. Dedomènou ìti h(c)0 (K) = h

(c)
0 (sdc(K)) = 2d−1, h Ex�swsh (5.3.1) isqÔei gia i = 0an jèsoume C(d, 0, 0) = 1 kai C(d, 0, j) = 0 gia 1 ≤ j ≤ d. Autì sumfwne� me thn (5.3.2),afoÔ gia x = 0 to dex� mèlo an�getai sto stajerì polu¸numo me tim  1. Qrhsimopoi¸nta ti(2.1.10), (2.1.12) kai (5.2.2), upolog�zoume ìti gia 1 ≤ i ≤ d

h
(c)
i (sdc(K)) =

i−1
∑

k=0

(−1)i+k−1 h
(sc)
k (sdc(K)) + (−1)i 2d−1

=
i−1
∑

k=0

(−1)i+k−1
d−1
∑

j=0

B(d, k, j)h
(sc)
j (K) + (−1)i 2d−1

=
i−1
∑

k=0

(−1)i+k−1
d−1
∑

j=0

B(d, k, j)(h
(c)
j (K) + h

(c)
j+1(K)) + (−1)ih

(c)
0 (K)

=
d
∑

j=0

C(d, i, j)h
(c)
j (K),ìpou

C(d, i, 0) =

i−1
∑

k=0

(−1)i+k−1B(d, k, 0) + (−1)i (5.3.3)kai
C(d, i, j) =

i−1
∑

k=0

(−1)i+k−1(B(d, k, j) +B(d, k, j − 1)) (5.3.4)



5.3. To kubikì h-di�nusma 55gia 1 ≤ j ≤ d, me B(d, k, d) = 0 gia ìla ta k. Qrhsimopoi¸nta thn (5.2.3), upolog�zoume ìtigia 1 ≤ j ≤ d− 1

d
∑

i=0

C(d, i, j)xi =

d
∑

i=0

i−1
∑

k=0

(−1)i+k−1(B(d, k, j) +B(d, k, j − 1))xi

=
d−1
∑

k=0

(−1)k−1(B(d, k, j) +B(d, k, j − 1))(−x)k+1 1− (−x)d−k

1 + x

=
1

1 + x

(

x

d−1
∑

k=0

B(d, k, j)xk + (−x)d+1
d−1
∑

k=0

B(d, k, j)(−1)k

+ x
d−1
∑

k=0

B(d, k, j − 1)xk + (−x)d+1
d−1
∑

k=0

B(d, k, j − 1)(−1)k

)

=
1

2d−1(1 + x)
(x(3x+ 1)j(x+ 3)d−1−j + (−x)d+1(−2)j2d−1−j

+x(3x+ 1)j−1(x+ 3)d−j + (−x)d+1(−2)j−12d−j).Sunep¸
d
∑

i=0

C(d, i, j)xi =
x(3x+ 1)j−1(x+ 3)d−1−j

2d−3
. (5.3.5)Me parìmoiou upologismoÔ, sumpera�noume ìti

d
∑

i=0

C(d, i, 0)xi =
1

1 + x

(

x(x+ 3)d−1

2d−1
+ 1

) (5.3.6)kai
d
∑

i=0

C(d, i, d)xi =
1

1 + x

(

x(3x+ 1)d−1

2d−1
+ xd+1

)

. (5.3.7)Apì autè ti exis¸sei mporoÔme na ex�goume to sumpèrasma ìti oi C(d, i, j) e�nai mh arnhtiko�rhto� arijmo� gia ìla ta 0 ≤ i, j ≤ d. Pollaplasi�zonta ti Exis¸sei (5.3.5), (5.3.6) kai(5.3.7) me yj gia 1 ≤ j ≤ d − 1, j = 0 kai j = d, ant�stoiqa, kai ajro�zonta se ìla ta jkatal goume sthn (5.3.2). �Pìrisma 5.3.2. An to K èqei mh arnhtikì kubikì h-di�nusma, tìte to �dio isqÔei kai gia to
sdc(K). �Pìrisma 5.3.3. An to K èqei summetrikì kubikì h-di�nusma, tìte to �dio isqÔei kai gia to
sdc(K).Apìdeixh. 'Opw kai sthn apìdeixh tou Por�smato 5.2.4, arke� na deiqje� ìti C(d, d−i, d−j) =
C(d, i, j) gia k�je 0 ≤ i, j ≤ d. Autì prokÔptei apì thn (5.3.2) antikajist¸nta ta x kai y me
1/x kai 1/y, ant�stoiqa, kai pollaplasi�zonta me xdyd. �Parat rhsh 5.3.4. De gnwr�zoume par�deigma kubikoÔ sumplègmato K me mh arnhtikìkubikì h-di�nusma gia to opo�o na isqÔei ìti to h(c)(sdc(K), x) den èqei mìno pragmatikè r�ze.



56 Kef�laio 5. Kubik  barukentrik  upodia�reshPìrisma 5.3.5. Gia d ≥ 2, èqoume ìti
1

2n(d−1)
h(c)(sdnc (K), x) → fd−1(K)x (x+ 1)d−2 (5.3.8)suntelest  pro suntelest , kaj¸ n→ ∞. Eidikìtera, an (−1)d−1χ̃(K) ≥ 0, tìte to kubikì

h-polu¸numo tou sdnc (K) èqei mh arnhtikoÔ kai monìtropou suntelestè gia ìla ta arket�meg�la n.Apìdeixh. AfoÔ to sdc(K) e�nai m�a upodia�resh tou K, èqoume χ̃(sdc(K)) = χ̃(K) (aut h isìthta prokÔptei ep�sh apì thn (5.2.4) jètonta x = −1). Sunep¸, efarmìzonta thn(2.1.11) sto sdnc (K), èqoume
(1 + x)h(c)(sdnc (K), x) = 2d−1 + xh(sc)(sdnc (K), x) + 2d−1(−x)d+1χ̃(K). (5.3.9)Diapist¸noume ìti an (−1)d−1χ̃(K) ≥ 0, tìte h(c)d (sdnc (K)) = (−2)d−1χ̃(K) ≥ 0. To apotèle-sma prokÔptei apì thn (5.3.9) kai to Pìrisma 5.2.8. �
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