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Kef�laio 1

Apotelèsmata thc diatrib c

1.1 Mia anagwg  thc eikasÐac thc isotropik c

stajer�c

'Ena kurtì s¸ma K ston Rn lègetai isotropikì an èqei ìgko 1, kèntro b�rouc thn arq 

twn axìnwn, kai o pÐnakac adraneÐac tou eÐnai pollapl�sio tou tautotikoÔ pÐnaka: up�rqei

stajer� LK > 0 tètoia ¸ste ∫
K

〈x, θ〉2dx = L2
K

gia k�je θ sthn EukleÐdeia monadiaÐa sfaÐra Sn−1. ApodeiknÔetai ìti h afinik  kl�sh

k�je kurtoÔ s¸matoc K perièqei èna, ousiastik� monadikì, isotropikì kurtì s¸ma K̃.

Lème ìti to K̃ eÐnai h isotropik  jèsh tou K. H isotropik  jèsh paÐzei kentrikì rìlo

sthn melèth thc katanom c tou ìgkou twn kurt¸n swm�twn. 'Ena shmantikì par�deigma

dÐnei h eikasÐa tou uperepipèdou, èna apì ta pio gnwst� probl mata thc asumptwtik c

kurt c gewmetrÐac, to opoÐo rwt�ei an up�rqei apìluth stajer� c > 0 tètoia ¸ste

maxθ∈Sn−1 |K ∩ θ⊥| > c gia k�je n > 1 kai gia k�je kurtì s¸ma K ìgkou 1 ston

Rn pou èqei kèntro b�rouc to 0. To er¸thma autì tèjhke apì ton Bourgain [7], o opoÐoc

endiaferìtan gia Lp-fr�gmata gia ton megistikì telest  pou orÐzetai me b�sh tuqìn

summetrikì kurtì s¸ma. MporeÐ kaneÐc na elègxei ìti h eikasÐa tou uperepipèdou eÐnai

isodÔnamh me thn parak�tw eikasÐa:

EikasÐa thc isotropik c stajer�c. Up�rqei apìluth stajer� C > 0 tètoia ¸ste

Ln := max{LK : K isotropikì kurtì s¸ma ston Rn} 6 C.
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H eikasÐa aut  ègine eurèwc gnwst  apì to �rjro [46] twn V. Milman kai Pajor.

PerÐpou thn Ðdia epoq , o Ball èdeixe sto [2] ìti h ènnoia thc isotropik c stajer�c kai

h eikasÐa mporoÔn na diatupwjoÔn sthn gl¸ssa twn logarijmik� koÐlwn mètrwn. 'Ena

peperasmèno mètro Borel µ ston Rn lègetai logarijmik� koÐlo an, gia k�je λ ∈ (0, 1) kai

gia k�je zeÔgoc sumpag¸n uposunìlwn A,B tou Rn, isqÔei

µ(λA+ (1− λ)B) > µ(A)λµ(B)1−λ.

'Ena logarijmik� koÐlo mètro pijanìthtac µ ston Rn lègetai isotropikì an to kèntro

b�rouc tou brÐsketai sthn arq  twn axìnwn kai o pÐnakac adraneÐac tou eÐnai o tautotikìc

pÐnakac. Se aut n thn perÐptwsh, h isotropik  stajer� tou mètrou orÐzetai na eÐnai Ðsh

me

(1.1.1) Lµ := sup
x∈Rn

(
fµ(x)

)1/n
,

ìpou fµ eÐnai h puknìthta tou µ wc proc to mètro Lebesgue.

'Amesh sunèpeia thc klasik c anisìthtac Brunn-Minkowski eÐnai to gegonìc ìti h deÐ-

ktria sun�rthsh enìc kurtoÔ s¸matoc eÐnai h puknìthta (wc proc to mètro Lebesgue)

enìc logarijmik� koÐlou mètrou me sumpag  forèa. 'Opwc ja doÔme sto Kef�laio 3,

o orismìc thc isotropik c stajer�c gia ta logarijmik� koÐla mètra sumfwneÐ me ton

orismì pou d¸same gia thn isotropik  stajer� enìc kurtoÔ s¸matoc. Profan¸c, den

eÐnai swstì ìti ìla ta logarijmik� koÐla mètra èqoun sumpag  forèa, �ra ta isotropik�

kurt� s¸mata sqhmatÐzoun mia gn sia upokl�sh twn isotropik¸n logarijmik� koÐlwn mè-

trwn. ApodeiknÔetai ìmwc ìti, h genÐkeush thc eikasÐac thc isotropik c stajer�c sthn

megalÔterh kl�sh twn isotropik¸n logarijmik� koÐlwn mètrwn odhgeÐ se èna isodÔnamo

ousiastik� prìblhma - o lìgoc eÐnai ìti èqei anaptuqjeÐ kat�llhlh jewrÐa pou epitrèpei

thn {met�frash} kai metafor� epiqeirhm�twn kai apotelesm�twn apì thn kl�sh twn sw-

m�twn se ekeÐnh twn mètrwn kai antÐstrofa. GÔrw sto 1990, o Bourgain [8] apèdeixe ìti

Ln 6 c 4
√
n log n kai, to 2006, h ektÐmhsh aut  belti¸jhke apì ton Klartag [29] o opoÐoc

èdeixe ìti Ln 6 c 4
√
n.

Kentrikì rìlo sth melèth tou probl matoc, all� kai sth melèth �llwn problhm�twn

sqetik� me thn katanom  tou ìgkou sta kurt� s¸mata meg�lwn diast�sewn, paÐzei h

oikogèneia twn Lq-kentroeid¸n swm�twn. Gia k�je kurtì s¸ma K ìgkou 1   gia k�je

logarijmik� koÐlo mètro pijanìthtac µ ston Rn, orÐzoume ta Lq-kentroeid  s¸mata Zq(K)

  Zq(µ), q ∈ (0,+∞), mèsw thc sun�rthshc st rix c touc hZq(K)   hZq(µ), h opoÐa
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orÐzetai wc ex c: gia k�je y ∈ Rn,

(1.1.2) hZq(K)(y) := ‖〈·, y〉‖Lq(K) =

(∫
K

|〈x, y〉|qdx
)1/q

,

hZq(µ)(y) := ‖〈·, y〉‖Lq(µ) =

(∫
Rn
|〈x, y〉|qdµ(x)

)1/q

.

Ta s¸mata aut� emperièqoun plhroforÐa gia thn katanom  twn grammik¸n sunarthsoeid¸n

wc proc to omoiìmorfo mètro sto K   wc proc to mètro pijanìthtac µ. Ta Lq-kentroeid 

s¸mata eis qjhsan, me diaforetik  kanonikopoÐhsh, apì touc Lutwak kai Zhang sto [39],

all� sto [51] gia pr¸th for�, kai sto [52] argìtera, o PaoÔrhc qrhsimopoÐhse gewme-

trikèc idiìthtèc touc gia na p�rei akribeÐc plhroforÐec gia thn katanom  thc EukleÐdeiac

nìrmac wc proc to omoiìmorfo mètro se isotropik� kurt� s¸mata. Mia asumptwtik 

jewrÐa twn Lq-kentroeid¸n swm�twn �rqise na anaptÔssetai apì tìte kai moi�zei na sum-

badÐzei me ìlec tic sÔgqronec exelÐxeic se aut n thn perioq .

AfethrÐa aut c thc diatrib c eÐnai mia anagwg  thc eikasÐac thc isotropik c stajer�c

apì touc BritsÐou, Giannìpoulo kai PaoÔrh sto [24], oi opoÐoi èdeixan ìti to er¸thma an

h Ln eÐnai fragmènh apì mia stajer� anex�rthth apì thn di�stash n sqetÐzetai �mesa me

th melèth thc paramètrou

(1.1.3) I1(K,Z◦q (K)) =

∫
K

‖〈·, x〉‖Lq(K)dx

gia ta isotropik� kurt� s¸mata K. Genik�, an K eÐnai èna kurtì s¸ma ìgkou 1 me

barÔkentro to 0 ston Rn, tìte gia k�je summetrikì kurtì s¸ma C ston Rn kai gia k�je

q ∈ (−n,∞), q 6= 0, orÐzoume

(1.1.4) Iq(K,C) :=

(∫
K

‖x‖qCdx
)1/q

.

O sumbolismìc I1(K,Z◦q (K)) dikaiologeÐtai loipìn apì to gegonìc ìti h ‖〈·, x〉‖Lq(K)

eÐnai h nìrma pou ep�getai ston Rn apì to polikì s¸ma Z◦q (K) tou Lq-kentroeidoÔc

s¸matoc tou K (sto Kef�laio 2 parousi�zoume en suntomÐa thn basik  orologÐa apì thn

jewrÐa twn kurt¸n swm�twn kai sto Kef�laio 3 tic basikèc idiìthtec twn Lq-kentroeid¸n

swm�twn).

H anagwg  pou dÐnetai sto [24] kineÐtai sthn Ðdia gramm  me thn prosèggish tou

Bourgain gia to prìblhma sto [8]: o Bourgain apèdeixe to fr�gma Ln = O( 4
√
n logn)

xekin¸ntac apì thn anisìthta

(1.1.5) nL2
K 6 I1

(
K, (T (K))◦

)
,
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kai fr�ssontac thn posìthta I1
(
K, (T (K))◦

)
, ìpou o T ∈ SL(n) eÐnai ènac summetrikìc,

jetik� orismènoc pÐnakac me thn idiìthta to mèso pl�toc tou T (K) na ikanopoieÐ thn

w(T (K)) 6 c
√
n logn (h Ôparxh miac tètoiac grammik c eikìnac tou K exasfalÐzetai

apì thn ektÐmhsh tou Pisier gia th nìrma thc probol c Rademacher, blèpe [54]). To

apotèlesma tou [24] eÐnai to ex c:

Je¸rhma 1.1.1. Up�rqei apìluth stajer� ρ ∈ (0, 1) me thn ex c idiìthta: an κ, τ > 1,

gia k�je n > n0(τ) kai gia k�je isotropikì kurtì s¸ma K ston Rn pou ikanopoieÐ thn

anisìthta

(1.1.6) logN(K, tBn2 ) 6
κn2 log2n

t2
gia k�je t > τ

√
n logn,

èqoume ìti, an o q > 2 ikanopoieÐ tic

(1.1.7) 2 6 q 6 ρ2n kai I1(K,Z◦q (K)) 6 ρnL2
K ,

tìte

(1.1.8) L2
K 6 Cκ

√
n

q
log2n max

{
1,
I1(K,Z◦q (K))
√
qnL2

K

}
.

To Je¸rhma 1.1.1 mporeÐ na qrhsimopoihjeÐ gia na d¸soume �nw fr�gma gia thn Ln,

upì thn proôpìjesh ìti up�rqoun (κ, τ)-kanonik� isotropik� kurt� s¸mata K ston Rn,
dhlad  s¸mata pou ikanopoioÔn thn (1.1.6) gia èna zeÔgoc stajer¸n κ, τ , kai tautìqrona

èqoun {mègisth} isotropik  stajer�, dhlad  LK ' Ln. H Ôparxh tètoiwn swm�twn èqei

apodeiqjeÐ apì touc Dafn  kai PaoÔrh sto [14, Je¸rhma 5.7] (mia pl rhc apìdeixh dÐnetai

kai sto [24]).

Je¸rhma 1.1.2. Up�rqoun jetikèc stajerèc κ, τ kai δ > 0 tètoiec ¸ste: gia k�je

n ∈ N mporoÔme na broÔme isotropikì kurtì s¸ma K ston Rn me tic ex c idiìthtec:

(i) LK > δLn.

(ii) logN(K, tBn2 ) 6 κn2 log2n
t2 gia k�je t > τ

√
n logn.

Gia k�je isotropikì kurtì s¸ma K ston Rn, oi dÔo sunj kec thc (1.1.7) ikanopoioÔn-

tai gia q = 2, diìti I1(K,Z◦2 (K)) 6
√
nL2

K . Sunep¸c, to Je¸rhma 1.1.1 mac dÐnei

(1.1.9) L2
K 6 C1

√
n log2 n

gia k�je isotropikì s¸ma to opoÐo eÐnai epiplèon kanonikì. Dedomènou ìti, gia k�poiec

apìlutec stajerèc κ, τ kai δ > 0, up�rqoun (κ, τ)-kanonik� isotropik� kurt� s¸mata
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K ston Rn me LK > δLn, apì thn (1.1.9) èqoume �mesa èna �nw fr�gma ousiastik�

isodÔnamo me autì tou Bourgain: Ln 6 C2
4
√
n logn.

Autì ìmwc pou parousi�zei megalÔtero endiafèron eÐnai ìti h gn¸sh thc sumperifor�c

thc paramètrou I1(K,Z◦q (K)) ja mporoÔse na mac epitrèyei na qrhsimopoi soume polÔ

megalÔterec timèc tou q. Sundu�zontac ta prohgoÔmena dÔo jewr mata èqoume to ex c:

gia dosmèna q > 2 kai 1
2 6 s 6 1, èna �nw fr�gma thc morf c I1(K,Z◦q (K)) 6 C1q

s
√
nL2

K

gia ìla ta isotropik� kurt� s¸mata K ston Rn odhgeÐ sthn ektÐmhsh

(1.1.10) Ln 6
C2

4
√
n logn

q
1−s
2

.

K�poia apl� �nw kai k�tw fr�gmata, pou isqÔoun gia k�je isotropikì kurtì s¸ma K

ston Rn eÐnai ta ex c:

(i) Gia k�je 2 6 q 6 n,

(1.1.11) c1 max
{√

nL2
K ,
√
qn,R(Zq(K))LK

}
6 I1(K,Z◦q (K)) 6 c2q

√
nL2

K .

(ii) An 2 6 q 6
√
n, tìte

(1.1.12) c1 max
{√

nL2
K ,
√
qnLK

}
6 I1(K,Z◦q (K)) 6 c2q

√
nL2

K .

'Opwc eÐdame, opoiad pote beltÐwsh tou ekjèth tou q sto �nw fr�gma I1(K,Z◦q (K)) 6

cq
√
nL2

K ja odhgoÔse sto �nw fr�gma Ln 6 Cnα gia k�poion α < 1
4 . Mia eikasÐa eÐnai

ìti, sthn pragmatikìthta, isqÔei I1(K,Z◦q (K)) 6 c
√
qnL2

K , toul�qiston ìtan to q eÐnai

{mikrì}, gia par�deigma an 2 6 q �
√
n.

To er¸thma autì eÐnai h afethrÐa gia ta apotelèsmata pou perigr�foume sthn epìmenh

Par�grafo. K�poiec basikèc plhroforÐec gia thn gewmetrÐa tou Zq(K), ìtan q 6
√
n,

eÐnai  dh gnwstèc (blèpe Kef�laio 3): h aktÐna ìgkou kai to mèso pl�toc tou Zq(K)

eÐnai kai oi dÔo thc Ðdiac t�xhc
√
qLK . H gn¸sh ìmwc aut¸n twn paramètrwn den eÐnai

arket  gia na belti¸soume ta Ôp�rqonta �nw fr�gmata gia thn posìthta I1(K,Z◦q (K)).

Basik� erwt mata sqetik� me to akribèc asumptwtikì sq ma twn swm�twn Zq(K), thn

topik  touc dom  kai thn sumperifor� twn arijm¸n k�luyhc N(Zq(K), t
√
qLKB

n
2 ) kai

N(
√
qLKB

n
2 , tZq(K)) kaj¸c to t > 1 aux�nei, ja apotelèsoun to antikeÐmeno thc melè-

thc mac sth sunèqeia. H melèth aut  ja gÐnei sto genikìtero plaÐsio twn isotropik¸n

logarijmik� koÐlwn mètrwn.
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1.2 Apotelèsmata thc diatrib c

ToKef�laio 2 upenjumÐzei basikoÔc orismoÔc kai klasik� apotelèsmata thc asumptw-

tik c kurt c gewmetrÐac ta opoÐa qrhsimopoioÔntai suqn� se aut n thn diatrib .

Sto Kef�laio 3 eis�goume arqik� thn kl�sh twn logarijmik� koÐlwn mètrwn pi-

janìthtac, ta isotropik� logarijmik� koÐla mètra kai tic idiìthtec sugkèntrwshc twn

logarijmik� koÐlwn mètrwn pijanìthtac oi opoÐec prokÔptoun �mesa apì thn anisìthta

Brunn-Minkowski, tic opoÐec ekfr�zoume sthn morf  antÐstrofwn anisot twn Hölder

gia hminìrmec. Katìpin, orÐzoume thn oikogèneia twn Lq-kentroeid¸n swm�twn enìc iso-

tropikoÔ logarijmik� koÐlou mètrou µ ston Rn kai perigr�foume sunoptik� tic basikèc

idiìthtec thc oikogèneiac {Lq(µ) : q > 2}. AxÐzei ton kìpo na anafèroume ki ed¸ dÔo apì

autèc, pou paÐzoun idiaÐtera shmantikì rìlo sta epìmena:

(i) An fµ eÐnai h puknìthta tou µ wc proc to mètro Lebesgue, tìte fµ(0)1/n|Zn(µ)|1/n '
1.

(ii) Gia k�je 1 6 k < n kai gia k�je F ∈ Gn,k kai q > 1, èqoume

PF (Zq(µ)) = Zq(πF (µ)),

ìpou πF (µ) eÐnai h perij¸ria katanom  tou µ wc proc ton F , pou orÐzetai apì thn

sqèsh πF (µ)(A) := µ(P−1
F (A)) gia k�je Borel uposÔnolo tou F .

H pr¸th shmantik  efarmog  thc jewrÐac twn Lq-kentroeid¸n swm�twn eÐnai h anisìthta

tou PaoÔrh [51]: gia k�je isotropikì logarijmik� koÐlo mètro pijanìthtac µ ston Rn

isqÔei

µ({x ∈ Rn : ‖x‖2 > ct
√
n}) 6 exp

(
−t
√
n
)

gia k�je t > 1, ìpou c > 0 eÐnai mia apìluth stajer�. H anisìthta eÐnai sqedìn �mesh

sunèpeia tou ex c apotelèsmatoc: up�rqoun apìlutec stajerèc c1, c2 > 0 ¸ste, an µ

eÐnai èna isotropikì logarijmik� koÐlo mètro pijanìthtac ston Rn tìte

Iq(µ) 6 c2I2(µ)

gia k�je q 6 c1
√
n, ìpou h posìthta Iq(µ) orÐzetai, gia k�je 0 6= q > −n, wc ex c:

Iq(µ) =

(∫
Rn
‖x‖q2dµ(x)

)1/q

.
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Perigr�foume epÐshc thn apìdeixh enìc deÔterou apotelèsmatoc tou PaoÔrh [52], to

opoÐo epekteÐnei to prohgoÔmeno. An µ eÐnai èna isotropikì logarijmik� koÐlo mètro

pijanìthtac ston Rn tìte, gia k�je 1 6 q 6 c3
√
n isqÔei

I−q(µ) ' Iq(µ).

Eidikìtera, gia k�je 1 6 q 6 c3
√
n isqÔei Iq(µ) 6 cI2(µ), ìpou c > 0 eÐnai mia apìluth

stajer�. Apì thn anisìthta I−q(µ) ≤ cI2(µ), me q '
√
n, prokÔptei ìti an 0 < ε < ε0

tìte

µ({x ∈ Rn : ‖x‖2 < ε
√
n}) 6 εc4

√
n,

ìpou ε0, c4 > 0 eÐnai apìlutec stajerèc. Me �lla lìgia, ta apotelèsmata autoÔ tou

KefalaÐou dÐnoun mia ektÐmhsh gia thn sugkèntrwsh tou mètrou se ènan {ìqi kai tìso

leptì} daktÔlio gÔrw apì thn aktÐna
√
n: èqoume

µ({x ∈ Rn : c
√
n 6 ‖x‖2 6 C

√
n}) > 1− on(1),

ìpou 0 < c < 1 < C eÐnai apìlutec stajerèc. To kalÔtero gnwstì apotèlesma gia

thn sugkèntrwsh enìc isotropikoÔ logarijmik� koÐlou mètrou se ènan leptì daktÔlio

ofeÐletai stouc Guédon kai E. Milman. IsqÔei

(1.2.1) µ
(∣∣ ‖x‖2 −√n∣∣ > t

√
n
)
6 C exp(−c

√
nmin(t3, t))

gia k�je t > 0, ìpou C, c > 0 eÐnai apìlutec stajerèc.

Ta apotelèsmata thc diatrib c apodeiknÔontai sta epìmena trÐa Kef�laia. DÐnoume

ed¸ mia sÔntomh perigraf  touc kai k�poia sqìlia.

Sto Kef�laio 4 dÐnoume nèec plhroforÐec gia thn topik  dom  twn swm�twn Zq(µ)

kai ènan arijmì apì efarmogèc touc. To pr¸to mac basikì apotèlesma afor� tic probolèc,

di�stashc an�loghc tou n, twn kentroeid¸n swm�twn.

Je¸rhma 1.2.1. 'Estw µ èna isotropikì logarijmik� koÐlo mètro ston Rn. Stajero-
poioÔme 1 6 α < 2. Gia k�je 0 < ε < 1 kai gia k�je q 6

√
εn up�rqoun k > (1− ε)n kai

F ∈ Gn,k ¸ste

(1.2.2) PF
(
Zq(µ)

)
⊇ c(2− α)ε

1
2 + 2

α
√
q BF ,

ìpou c > 0 eÐnai mia apìluth stajer� (anex�rthth apì to α, to ε, to mètro µ, to q kai to

n). Epiplèon, gia k�je 2 6 q 6 εn up�rqoun k > (1− ε)n kai F ∈ Gn,k ¸ste

(1.2.3) PF
(
Zq(µ)

)
⊇ c1(2− α)ε

1
2 + 2

α

Lεn

√
q BF ⊇

c2(2− α)ε
1
4 + 2

α

4
√
n

√
q BF ,

ìpou c1, c2 > 0 eÐnai apìlutec stajerèc.
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H apìdeixh tou Jewr matoc 1.2.1 dÐnetai sthn Par�grafo 4.3. QrhsimopoioÔme to

je¸rhma tou Pisier gia thn Ôparxh α-kanonik¸n elleiyoeid¸n gia summetrik� kurt� s¸-

mata. Sundu�zoume autì to apotèlesma me tic gnwstèc idiìthtec twn Lq-kentroeid¸n

swm�twn kai me apotelèsmata apì to [19] gia thn perigegrammènh aktÐna twn tom¸n twn

α-kanonik¸n swm�twn. Shmei¸noume ìti to duðkì apotèlesma eÐnai �mesh sunèpeia thc

M∗-anisìthtac, diìti eÐnai gnwstì ìti to mèso pl�toc tou Zq(µ) eÐnai thc t�xhc thc
√
q:

an 2 6 q 6
√
n kai an ε ∈ (0, 1) kai k = (1 − ε)n, tìte o tuqaÐoc upìqwroc F ∈ Gn,k

ikanopoieÐ thn

(1.2.4) PF (Z◦q
(
µ)
)
⊇ c1

√
ε

√
q
BF

me pijanìthta megalÔterh apì 1− exp(−c2εn), ìpou c1, c2 > 0 eÐnai apìlutec stajerèc.

Sthn Par�grafo 4.4 suzht�me fr�gmata gia touc arijmoÔc k�luyhc thc EukleÐdeiac

mp�lac apì to Zq(µ). Sta [22] kai [23] apodeÐqjhke ìti an µ eÐnai èna isotropikì loga-

rijmik� koÐlo mètro ston Rn tìte, gia k�je 1 6 q 6 n kai gia k�je t > 1,

(1.2.5) logN
(
Zq(µ), c1t

√
qBn2

)
6 c2

n

t2
+ c3

√
qn

t
,

ìpou c1, c2, c3 > 0 eÐnai apìlutec stajerèc. Qrhsimopoi¸ntac to Je¸rhma 1.2.1 kai èna

apotèlesma apì to [38] exasfalÐzoume {kanonikèc} ektim seic gia touc duðkoÔc arijmoÔc

k�luyhc.

Je¸rhma 1.2.2. 'Estw µ èna isotropikì logarijmik� koÐlo mètro pijanìthtac ston

Rn. 'Estw 1 6 α < 2. Tìte, gia k�je q 6
√
n kai gia k�je

(1.2.6) 1 6 t 6 min
{√

q, c1(2− α)−1(n/q2)
α+4
2α

}
èqoume

(1.2.7) logN
(√
qBn2 , tZq(µ)

)
6 c(α)

n

t
2α
α+4

max

{
log

√
2q

t
, log

1

(2− α)t

}
,

ìpou c(α) 6 C(2−α)−2/3 kai c1, C eÐnai apìlutec stajerèc. Epiplèon, gia k�je 2 6 q 6 n

kai gia k�je

(1.2.8) 1 6 t 6 min

{
√
q, c2(2− α)−1Ln

(
n

q

)α+4
2α
}

èqoume

(1.2.9) logN
(√
qBn2 , tZq(µ)

)
6 c(α)L

2α
α+4
n

n

t
2α
α+4

max

{
log

2q

t2
, log

Ln
(2− α)t

}
,
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ìpou h c(α) eÐnai ìpwc parap�nw kai c2 eÐnai mia apìluth stajer�.

Parathr ste ìti, afoÔ Zq(µ) ⊇ Bn2 , endiaferìmaste na fr�xoume autoÔc touc arij-

moÔc k�luyhc ìtan to t brÐsketai sto di�sthma [1,
√
q]. AnalÔontac touc periorismoÔc sto

Je¸rhma 1.2.2 blèpoume ìti, gia k�je q 6 n3/7, h (1.2.7) isqÔei gia k�je t sto di�sthma

pou mac endiafèrei, kai to Ðdio isqÔei gia thn (1.2.9) efìson q 6
√
Lnn

3/4. Parìlo pou

autèc oi ektim seic den moi�zoun na eÐnai bèltistec, mporoÔme na sumper�noume apì autèc

ìti to Zq(µ), ìtan q 6 n3/7, eÐnai β-kanonikì kurtì s¸ma upì thn ènnoia tou jewr matoc

tou Pisier (gia k�poia sugkekrimènh tim  tou β). Sunèpeia autoÔ eÐnai èna �nw fr�gma

gia thn par�metro

M
(
Zq(µ)

)
=

∫
Sn−1

‖x‖Zq(µ) dσ(x).

JumhjeÐte ìti h duðk  anisìthta Sudakov twn Pajor kai Tomczak-Jaegermann (blèpe

p.q. [54]) dÐnei 2-kanonikèc ektim seic gia touc arijmoÔc k�luyhc N(Bn2 , tC) sunart sei

thc M(C), akribèstera mac exasfalÐzei ìti

logN(Bn2 , tC) 6 cn

(
M(C)

t

)2

gia k�je t > 1. Sthn Par�grafo 4.5 qrhsimopoioÔme antÐstrofa tic ektim seic arijm¸n

k�luyhc thc Paragr�fou 4.4 gia na d¸soume �nw fr�gmata gia to M(Zq(µ)).

Je¸rhma 1.2.3. 'Estw µ èna isotropikì logarijmik� koÐlo mètro ston Rn. Gia k�je

1 6 q 6 n3/7,

(1.2.10) M
(
Zq(µ)

)
6 C

(log q)5/6

6
√
q

.

Epiplèon, gia k�je q me L2
n log2 q 6 q 6

√
Ln n

3/4,

(1.2.11) M
(
Zq(µ)

)
6 C

3
√
Ln(log q)5/6

6
√
q

.

Parathr ste t¸ra ìti, an K eÐnai èna isotropikì kurtì s¸ma ston Rn me isotropik 

stajer� LK , tìte to mètro µK me puknìthta fµK (x) := LnK1K/LK (x) eÐnai isotropikì

kai, gia k�je q > 0, isqÔei Zq(K) = LKZq(µK). Qrhsimopoi¸ntac epÐshc to gegonìc ìti

M(K) 6 M(Zq(K)) gia k�je summetrikì kurtì s¸ma K kai gia k�je q > 0, mporoÔme

na qrhsimopoi soume ta prohgoÔmena fr�gmata gia to M(Zq(µK)) kai na d¸soume �nw

fr�gma gia to M(K) sthn isotropik  perÐptwsh.
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Je¸rhma 1.2.4. 'Estw K èna summetrikì isotropikì kurtì s¸ma ston Rn. Tìte,

M(K) 6 C
4
√
Ln(log n)5/6

LK 8
√
n

.

Autì eÐnai èna er¸thma pou mèqri prìsfata den eÐqe proselkÔsei idiaÐtero endiafèron.

O P. Balèttac, qrhsimopoi¸ntac mia k�pwc diaforetik  prosèggish [58], èqei deÐxei ìti

M(K) 6
C(log n)1/3

12
√
nLK

gia k�je isotropikì summetrikì kurtì s¸ma K ston Rn, ìpou C > 0 eÐnai mia apìluth

stajer�. Shmei¸noume ìti, apì thn �llh pleur�, up�rqoun di�forec proseggÐseic gia to

antÐstoiqo er¸thma sqetik� me to mèso pl�toc, oi ìpoÐec odhgoÔn sto �nw fr�gma

w(K) 6 Cn3/4LK

gia k�je isotropikì kurtì s¸ma K ston Rn. 'Omwc, to prìblhma autì paramènei epÐshc

anoiktì (blèpe [23] kai tic anaforèc ekeÐ).

KleÐnoume autì to Kef�laio me k�poiec prìsjetec parathr seic gia thn gewmetrÐa

twn kentroeid¸n swm�twn Zq(µ) kai twn polik¸n touc. DÐnoume k�tw fr�gmata gia thn

perigegrammènh aktÐna twn tom¸n touc � aut� m�lista iaqÔoun gia k�je 1 6 k < n kai

gia k�je F ∈ Gn,k. Lìgw duðsmoÔ, autèc oi ektim seic prosdiorÐzoun thn eggegrammènh

aktÐna twn tuqaÐwn probol¸n touc. DÐnoume epÐshc �nw fr�gmata gia tic paramètrouc

M−k(Zq(µ)) kai I−k(Zq(µ)).

AfethrÐa gia to Kef�laio 5 eÐnai mia polÔ gnwst  arq  thc asumptwtik c jewrÐac

kurt¸n swm�twn pou isqurÐzetai ìti apotelèsmata topikoÔ qarakt ra, pou perigr�foun

thn dom  twn tom¸n kai probol¸n enìc summetrikoÔ kurtoÔ s¸matoc C ston Rn mporoÔn

na {metafrastoÔn} se par�llhla apotelèsmata pou perigr�foun thn sqèsh tou C me tic

orjog¸niec eikìnec tou, U(C). Arket� apotelèsmata, ìpwc p.q. h global ekdoq  tou

jewr matoc tou Dvoretzky pou apodeÐqjhke apì touc V. Milman kai Schechtman sto

[48], uposthrÐzoun aut n thn arq . To {je¸rhma tou lìgou ìgkwn} mac dÐnei èna �llo

klasikì par�deigma. Oi Szarek kai Tomczak-Jaegermann [57], genikeÔontac prohgoÔmenh

doulei� tou Kashin [28] gia th monadiaÐa mp�la tou `n1 , apèdeixan ìti an C eÐnai èna

summetrikì kurtì s¸ma ston Rn tètoio ¸ste Bn2 ⊆ C kai |C| = αn|Bn2 | gia k�poion

α > 1 tìte, gia k�je 1 ≤ k ≤ n, o tuqaÐoc upìqwroc F ∈ Gn,k ikanopoieÐ me pijanìthta

megalÔterh apì 1− e−n thn

(1.2.12) Bn2 ∩ F ⊆ C ∩ F ⊆ (cα)
n
n−kBn2 ∩ F,
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ìpou c > 0 eÐnai mia apìluth stajer�. To global an�logo autoÔ tou isqurismoÔ eÐnai ìti,

me tic Ðdiec upojèseic, up�rqei U ∈ O(n) me thn idiìthta

(1.2.13) Bn2 ⊂ C ∩ U(C) ⊂ cα2Bn2 ,

ìpou c > 0 eÐnai mia apìluth stajer�. Me lÐga lìgia, to gegonìc ìti oi perissìterec

n/2-di�statec tomèc tou C eÐnai α2-isodÔnamec me thn EukleÐdeia mp�la metafr�zetai

sto gegonìc ìti h tom  tou C me thn tuqaÐa strof  tou, U(C), eÐnai èna kurtì s¸ma

α2-isodÔnamo me thn Bn2 .

Se autì to Kef�laio jewroÔme thn tom  tou C me to U(C), ìpou U ∈ O(n) eÐnai ènac

tuqaÐoc orjog¸nioc metasqhmatismìc tou Rn, kai endiaferìmaste kurÐwc gia thn mèsh tim 
tou ìgkou kai thn perigegrammènh aktÐna R(C ∩ U(C)) := max{‖x‖2 : x ∈ C ∩ U(C)}
tou C ∩ U(C). ArqÐzontac apì ton ìgko, eÐnai fanerì ìti |C ∩ U(C)| 6 1 gia k�je U ,

kai to par�deigma thc EukleÐdeiac mp�lac Bn2 ìgkou 1 deÐqnei ìti, se pl rh genikìthta,

den mporoÔme na perimènoume k�ti kalÔtero apì autì to tetrimmèno �nw fr�gma. Parìla

aut�, ja doÔme ìti, upì k�poiec fusiologikèc proôpojèseic gia to C, mporoÔme na d¸soume

upoekjetik� �nw fr�gmata gia thn mèsh tim 

EU |C ∩ U(C)| =
∫
O(n)

|C ∩ U(C)| dν(U)

ìpou ν eÐnai to mètro Haar sthn O(n). AfethrÐa mac eÐnai mia apl  oloklhrwtik  anapa-

r�stash aut c thc mèshc tim c: èqoume

(1.2.14)

∫
O(n)

|C ∩ U(C)| dν(U) =

∫
C

σ
(
Sn−1 ∩ 1

‖x‖2
C
)
dx,

ìpou σ eÐnai to analloÐwto wc proc strofèc mètro pijanìthtac sthn monadiaÐa sfaÐra

Sn−1. Sunep¸c, to prìblhma eÐnai na katano soume thn sumperifor� thc sun�rthshc

σ(Sn−1∩tC) gia mikrèc timèc tou t  , isodÔnama, thn sumperifor� thc sun�rthshc γn(αC)

gia α ' 1. MÐa par�metroc pou paÐzei basikì rìlo se ektim seic autoÔ tou tÔpou eis qjh

apì touc Klartag kai Vershynin sto [33]: ìrisan thn par�metro d(C) wc ex c:

d(C) := min

{
− log σ

({
x ∈ Sn−1 : ‖x‖C 6

M(C)

2

})
, n

}
.

Qrhsimopoi¸ntac to B-je¸rhma twn Cordero-Erausquin, Fradelizi kai Maurey [13], sthn

Par�grafo 5.4 apodeiknÔoume to ex c fr�gma.
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Je¸rhma 1.2.5. Up�rqei apìluth stajer� B0 > 0 ¸ste an C eÐnai èna summetrikì

kurtì s¸ma ìgkou 1 ston Rn me
√
nM(C) > B0 tìte

(1.2.15)

∫
O(n)

|C ∩ U(C)| dν(U) 6 e−cd(C),

ìpou c > 0 eÐnai mia apìluth stajer�.

H sunj kh
√
nM(C) > B0 sto Je¸rhma 1.2.5 eÐnai m�llon fusiologik : parathr -

ste ìti an ekfr�soume ton ìgko tou C san olokl rwma se polikèc suntetagmènec kai

qrhsimopoi soume thn anisìthta Hölder tìte paÐrnoume

(1.2.16) vrad(C)M(C) > 1

me isìthta an to C eÐnai EukleÐdeia mp�la. An |C| = 1 tìte vrad(C) := (|C|/|Bn2 |)1/n '
√
n, to opoÐo shmaÐnei ìti ta s¸mata gia ta opoÐa isqÔei vrad(C)M(C) 6 B0 sqhmatÐzoun

mia m�llon periorismènh kl�sh swm�twn.

H apìdeixh tou Jewr matoc 1.2.5 dÐnetai sthn Par�grafo 5.2. To genikì �nw fr�gma

thc (1.2.15) exart�tai apì thn t�xh megèjouc thc d(C). DÐnoume k�poiec efarmogèc sthn

perÐptwsh pou to C eÐnai (kanonikopoihmènh) `np -mp�la. Suzht�me epÐshc k�poiec klassi-

kèc jèseic tou s¸matoc C apì aut n thn optik  gwnÐa. Mia endiafèrousa perÐptwsh eÐnai

aut  ìpou to s¸ma brÐsketai sthn isotropik  jèsh. Se aut n thn perÐptwsh, k�nontac

qr sh thc anisìthtac tou leptoÔ daktulÐou (blèpe p.q. [27]) paÐrnoume èna akìma �nw

fr�gma.

Je¸rhma 1.2.6. 'Estw K èna isotropikì kurtì s¸ma ston Rn. Tìte, eÐte LK 6 1  

(1.2.17)

∫
O(n)

|K ∩ U(K)| dν(U) 6 c1e
−c2
√
n,

ìpou c1, c2 > 0 eÐnai apìlutec stajerèc.

H apìdeixh deÐqnei m�lista ìti mporeÐ kaneÐc na epitÔqei thn Ðdia upoekjetik  ektÐmhsh

sto Je¸rhma 1.2.6 me thn upìjesh ìti LK > t, gia opoiond pote t >
√

2/π. H epilog  tou

t èqei epÐptwsh mìno sthn stajer� c2 (deÐte thn Prìtash 5.2.8 gia thn akrib  diatÔpwsh).

Parathr ste ìti h sunj kh tou Jewr matoc 1.2.6 eÐnai diaforetik : zht�me h isotropik 

stajer� LK tou K na eÐnai arket� meg�lh: LK > 1. H eikasÐa thc isotropik c stajer�c

rwt�ei an up�rqei apìluth stajer� c0 > 0 ¸ste LK 6 c0 gia ola ta isotropik� kurt�

s¸mata se opoiad pote di�stash � an autì eÐnai swstì, kai eidikìtera an isqÔei gia
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k�poia stajer� c0 < 1, tìte profan¸c o isqurismìc tou Jewr matoc 1.2.6 den parousi�zei

idiaÐtero endiafèron.

Gia na d¸soume k�tw fr�gmata gia ton |C ∩ U(C)| qrhsimopoioÔme stoiqei¸deic ani-
sìthtec gia arijmoÔc k�luyhc. M�lista, ta fr�gmat� mac isqÔoun gia k�je U ∈ O(n).

Sthn Par�grafo 5.1 deÐqnoume ìti, gia k�je % > 0 kai gia k�je U ∈ O(n) isqÔei

(1.2.18) |C ∩ U(C)| >
[

min{(4%)n/2N(C, %Bn2 ), (4/%)n/2N(%Bn2 , C)}
]−2

,

ìpou N(A,B) eÐnai o arijmìc k�luyhc tou A apì to B, dhlad  o mikrìteroc arijmìc

metafor¸n tou B pou apaitoÔntai gia na kalÔyoume to A. Katìpin, qrhsimopoi¸ntac

gnwst� apotelèsmata gia arijmoÔc k�luyhc paÐrnoume to ex c.

Je¸rhma 1.2.7. 'Estw C èna summetrikì kurtì s¸ma ìgkou 1 ston Rn. Gia k�je

U ∈ O(n) èqoume

(1.2.19) |C ∩ U(C)| > e−cnmin{w2(C)/n,nM2(C)},

ìpou c > 0 eÐnai mia apìluth stajer�. Eidikìtera, gia k�je 1 6 p 6 ∞ kai gia k�je

U ∈ O(n) èqoume

(1.2.20) |Bnp ∩ U(Bnp )| > e−cn,

ìpou c > 0 eÐnai mia apìluth stajer� kai Bnp eÐnai h {kanonikopoihmènh} `np -mp�la.

H ex�rthsh apì ta M(C) kai w(C) sto Je¸rhma 1.2.7 upodeiknÔei ìti gia na p�roume

k�poia mh-tetrimmènh plhroforÐa ja prèpei na jewr soume k�poia {kal  jèsh} tou s¸-

matoc C. DÐnoume k�poia apotelèsmata autoÔ tou tÔpou: An to C eÐnai se M -jèsh me

stajer� β tìte, gia k�je U ∈ O(n) èqoume |C ∩ U(C)| > e−2(β+1)n. 'Omoia, an to K

eÐnai èna isotropikì summetrikì kurtì s¸ma ston Rn tìte

(1.2.21) |K ∩ U(K)| > (cLK)−n

gia k�je U ∈ O(n), ìpou c > 4 eÐnai mia apìluth stajer�.

Sthn Par�grafo 5.3 upenjumÐzoume k�poia gnwst� apotelèsmata apì thn topik  je-

wrÐa twn q¸rwn peperasmènhc di�stashc me nìrma, ta opoÐa odhgoÔn se �nw fr�gmata

gia thn perigegrammènh aktÐna tou C ∩U(C). EÐnai genik� gnwstì ìti an diajètoume �nw

fr�gma gia thn perigegrammènh aktÐna thc tuqaÐac k-di�stathc tom c C ∩ F tou C ìpou

k > (1 − c0)n (gia k�poia mikr  apìluth stajer� c0 ∈ (0, 1)) tìte to Ðdio isqÔei gia thn

perigegrammènh aktÐna thc tuqaÐac tom c C ∩ U(C). Up�rqoun di�forec ekdoqèc autoÔ
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tou apotelèsmatoc. JumÐzoume tic isqurìterec kai pio prìsfatec (blèpe [21], [59], [37]).

Eidikìtera, sundu�zontac aut� ta apotelèsmata me thn M∗-anisìthta, paÐrnoume to ex c

polÔ genikì apotèlesma.

Je¸rhma 1.2.8. 'Estw C èna summetrikì kurtì s¸ma ston Rn. O tuqaÐoc U ∈ O(n)

ikanopoieÐ thn

R(C ∩ U(C)) 6 cw(C)

me pijanìthta megalÔterh apì 1− e−n, ìpou c > 0 eÐnai mia apìluth stajer�.

Sthn teleutaÐa par�grafo autoÔ tou KefalaÐou efarmìzoume ta prohgoÔmena apote-

lèsmata sta Lq-kentroeid  s¸mata Zq(µ) enìc isotropikoÔ logarijmik� koÐlou mètrou µ

ston Rn. H melèth twn tuqaÐwn strof¸n tou Zq(µ) apodeÐqjhke qr simh se prìsfatec

ergasÐec sqetik� me thn eikasÐa tou leptoÔ daktulÐou. H prìtash pou akoloujeÐ paÐzei

basikì rìlo se mia prìsfath ergasÐa twn Klartag kai E. Milman [32] h opoÐa belti¸nei

k�poiec apì tic ektim seic tou [27]: an 2 6 q 6
√
n tìte o tuqaÐoc U ∈ O(n) ikanopoieÐ

thn

Zq(µ) + U(Zq(µ)) ⊇ c√q Bn2

me pijanìthta megalÔterh apì 1 − e−cn. Qrhsimopoi¸ntac ta apotelèsmata thc Para-

gr�fou 5.3 kai tic ektim seic tou prohgoÔmenou KefalaÐou gia thn eggegrammènh aktÐna

twn tuqaÐwn probol¸n, di�stashc an�loghc tou n, tou Zq(µ), dÐnoume mia diaforetik 

apìdeixh aut c thc prìtashc. Me parìmoio trìpo mporoÔme na apodeÐxoume antÐstoi-

qo apotèlesma gia to polikì s¸ma Z◦q (µ) � autì eÐnai m�lista aploÔstero. H akrib c

diatÔpwsh eÐnai h ex c.

Je¸rhma 1.2.9. 'Estw µ èna isotropikì logarijmik� koÐlo mètro ston Rn. Gia k�je

q 6
√
n, o tuqaÐoc U ∈ O(n) ikanopoieÐ tic

Z◦q (µ) ∩ U(Z◦q (µ)) ⊆ c
√
nBn2 kai Zq(µ) ∩ U(Zq(µ)) ⊆ c

√
nBn2

me pijanìthta megalÔterh apì 1− e−n.

Sthn perÐptwsh tou Zq(µ), to Je¸rhma 1.2.5 odhgeÐ sthn akìloujh ektÐmhsh: 'E-

stw µ èna isotropikì logarijmik� koÐlo mètro ston Rn kai èstw 2 6 q 6
√
n. An

√
qM(Zq(µ)) > B1 tìte

(1.2.22)

∫
O(n)

|Zq(µ) ∩ U(Zq(µ))| dν(U) 6 e−c1n/q,
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ìpou B1, c1 > 0 eÐnai apìlutec stajerèc. To er¸thma na dojeÐ �nw fr�gma gia to

M(Zq(µ)) sqetÐzetai fusiologik� me thn anagkaÐa sunj kh gia thn (1.2.22). Autì  tan

èna apì ta basik� erwt mata pou melet same sto prohgoÔmeno Kef�laio.

Sto Kef�laio 6 sugkentr¸noume k�poiec parathr seic pou sundèontai �mesa me

thn anagwg  tou [24] gia thn eikasÐa thc isotropik c stajer�c. Melet�me mia parallag 

thc paramètrou I1(K,Z◦q ) h opoÐa mporeÐ na oristeÐ gia k�je zeÔgoc isotropik¸n kurt¸n

swm�twn: an K kai M eÐnai sumpag  sÔnola mètrou 1 ston Rn tìte, gia k�je q > 1,

orÐzoume thn posìthta

(1.2.23) Yq(K,M) :=

(∫
K

∫
M

|〈x, y〉|qdy dx
)1/q

.

OrÐzoume epÐshc Yq(K) := Yq(K,K). Oi Lutwak, Yang kai Zhang [41, Pìrisma 6.3] apè-

deixan ìti h posìthta Yq(K,M) elaqistopoieÐtai, an agno soume sÔnola mètrou 0, akri-

b¸c ìtan to K = E eÐnai elleiyoeidèc me kèntro to 0 kai toM = E◦ eÐnai to pollapl�sio

me ìgko 1 tou polikoÔ tou s¸matoc. Dedomènou ìti Yq(K,M) = Yq(T (K), T−∗(M))

gia k�je T ∈ SL(n), èpetai ìti: An K kai M eÐnai sumpag  sÔnola mètrou 1 ston Rn,
tìte Yq(K,M) > Yq(Bn2 ), ìpou Bn2 eÐnai h EukleÐdeia mp�la ìgkou 1 ston Rn. Aplìc

upologismìc deÐqnei ìti Yq(Bn2 ) ' √qn gia k�je 1 6 q 6 n kai Yq(Bn2 ) ' n gia k�je

q > n.

Zht�me mia antÐstrofh anisìthta sthn perÐptwsh pou ta K kai M eÐnai isotropik�

kurt� s¸mata ston Rn. Me �lla lìgia, endiaferìmaste gia thn t�xh megèjouc twn

posot twn

(1.2.24) Yq,n := max
K

Yq(K) kai Y ∗q,n := max
K,M

Yq(K,M)

sunart sei twn q > 1 kai n. Parathr ste ìti an K eÐnai èna isotropikì kurtì s¸ma

ston Rn tìte Y2(K) =
√
nL2

K . Oi ektim seic pou apodeiknÔontai sthn Par�grafo 6.1

sunoyÐzontai sto ex c:

Je¸rhma 1.2.10. 'Estw K èna isotropikì kurtì s¸ma ston Rn. Tìte,

(1.2.25) c1 max
{√

qn,
√
nL2

K , R
2(Zq(K)

}
6 Yq(K) 6 c2 max{q

√
n, q2}L2

K

gia k�je 2 6 q 6 n. Epiplèon, an 2 6 q 6
√
n, èqoume

(1.2.26) Yq(K) > c3 max{
√
nL2

K ,
√
qnLK , R

2(Zq(K))}
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Gr�foume B
n

1 gia thn kanonikopoihmènh `n1 -mp�la. Aplìc upologismìc deÐqnei ìti, gia

k�je 2 6 q 6 n,

(1.2.27) Yq(K) > cmax{√qn, q2}.

Sthn Par�grafo 6.2 perigr�foume èna par�deigma pou deÐqnei ìti h Ðdia sumperifor�

mporeÐ na emfanisteÐ akìma ki an perioristoÔme sthn kl�sh twn isotropik¸n kurt¸n

swm�twn pou eÐnai omoiìmorfa (wc proc thn di�stash) kont� sthn mp�la (h Ðdia kataskeu 

eÐqe qrhsimopoihjeÐ apì ton PaoÔrh sto [50]).

Je¸rhma 1.2.11. Gia k�je n > 1 up�rqei èna isotropikì kurtì s¸ma ek peristrof c

K ston Rn ¸ste dG(K,Bn2 ) 6 C kai gia k�je 2 6 q 6 n,

(1.2.28) Yq(K) ' min
{
n,max{√qn, q2}

}
,

ìpou c1, c2, c3 > 0 eÐnai apìlutec stajerèc.

Sthn Par�grafo 6.3 dÐnoume dÔo epiqeir mata pou odhgoÔn se �nw fr�gmata gia thn

Yq(K) sthn unconditional perÐptwsh. Gia to pr¸to, eis�goume mÐa par�metro Yq(K), gia

k�je kurtì s¸ma K ìgkou 1 ston Rn, wc ex c: Gia k�je y = (y1, . . . , yn) ∈ Rn jewroÔme

ènan telest  Ty : `n2 → `n2 tou opoÐou o pÐnakac eÐnai diag¸nioc kai èqei suntetagmènec

y1, . . . , yn. An yi 6= 0 gia k�je 1 6 i 6 n, gr�foume T y := (det(Ty))
− 1
n Ty. Katìpin, gia

k�je 1 6 q 6 n orÐzoume

(1.2.29) Yq(K) :=

(∫
K

(det(Ty))
q/n

Iqq (T y(K)) dy

)1/q

.

MporoÔme tìte na deÐxoume ìti, gia k�je 1 6 q 6 n èqoume

(1.2.30) Yq(K) 6 c1 (Iq(K) +R(Zq(K)) max{R(Zq(K)), R(Zlogn(K))}) ,

ìpou c1 > 0 eÐnai mia apìluth stajer�. Eidikìtera, an K eÐnai èna isotropikì kurtì s¸ma

ston Rn, gia k�je 1 6 q 6 n èqoume

(1.2.31) Yq(K) 6 c1 max
{√

nLK , qmax{q, log n})L2
K

}
,

ìpou c1 > 0 eÐnai mia apìluth stajer�.

Sthn perÐptwsh pou to K eÐnai unconditional kurtì s¸ma ston Rn, mporoÔme na

sugkrÐnoume tic Yq(K) kai Yq(K). Gia k�je 1 6 q 6 n,

(1.2.32) Yq(K) 6 c2
√
q Yq(K).

'Etsi, prokÔptei to ex c:
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Je¸rhma 1.2.12. 'Estw K èna unconditional isotropikì kurtì s¸ma ston Rn. Tìte,
gia k�je 1 6 q 6 4

√
n,

(1.2.33) Yq(K) 6 c
√
qn.

H deÔterh mèjodoc qrhsimopoieÐ isqur� èna apotèlesma tou Lata la apì to [34].

Je¸rhma 1.2.13. 'Estw K kai M isotropik� unconditional kurt� s¸mata ston Rn.
Gia k�je 1 6 q 6 n,

(1.2.34) Yq(K,M) :=

(∫
K

∫
M

|〈x, y〉|qdy dx
)1/q

6 c1(log n)
√
qn+ c2q

2.

Sthn teleutaÐa par�grafo tou KefalaÐou 6 sundèoume to prìblhma thc ektÐmhshc thc

posìthtac I1(K,Z◦q (K)) me touc arijmoÔc k�luyhc N(Zq(K), t
√
qLKB

n
2 ). Mia endiafè-

rousa parathrhsh eÐnai ìti ta kentroeid  s¸mata enìc isotropikoÔ unconditional kurtoÔ

s¸matoc K ston Rn ikanopoioÔn, gia k�je 2 6 q 6 n, thn polÔ isqur  anisìthta

(1.2.35) logN(Zq(K), ct
√
qBn2 ) 6

Cq log n

t2
,

gia k�je 1 6 t 6
√
q, ìpou c, C > 0 eÐnai apìlutec stajerèc.

EÐnai �gnwsto an antÐstoiqec ektim seic isqÔoun se genikìtero plaÐsio. K�nontac

ìmwc thn upìjesh ìti, gia k�poion 2 6 q 6 n, isqÔei

(1.2.36) logN(Zq(K), c1t
√
qLKB

n
2 ) 6

q

t2

gia k�je 1 6 t 6 R(Zq)/(c1
√
qLK), mporeÐ kaneÐc na deÐxei to ex c:

Je¸rhma 1.2.14. 'Estw K èna isotropikì kurtì s¸ma ston Rn. Upojètoume ìti h

(1.2.36) isqÔei gia k�poion 2 6 q 6 n. Tìte:

(i) An 2 6 q 6
√
n èqoume

(1.2.37) I1(K,Z◦q (K)) :=

∫
K

hZq(K)(x)dx 6 C
√
qnL2

K ,

kai

(ii) An
√
n 6 q 6 n èqoume

(1.2.38) I1(K,Z◦q (K)) :=

∫
K

hZq(K)(x)dx 6 Cq 4
√
nL2

K ,

ìpou C > 0 eÐnai mia apìluth stajer�.





Kef�laio 2

Basikèc ènnoiec

DouleÔoume ston Rn, o opoÐoc eÐnai efodiasmènoc me mia EukleÐdeia dom  〈·, ·〉. SumbolÐ-
zoume me ‖·‖2 thn antÐstoiqh EukleÐdeia nìrma, gr�foume Bn2 gia thn EukleÐdeia monadiaÐa

mp�la kai Sn−1 gia th monadiaÐa sfaÐra. O ìgkoc (mètro Lebesgue) sumbolÐzetai me | · |.
Gr�foume ωn gia ton ìgko thc Bn2 kai σ gia to analloÐwto wc proc orjog¸niouc me-

tasqhmatismoÔc mètro pijanìthtac sthn Sn−1. H pollaplìthta Grassmann Gn,k twn

k-di�statwn upoq¸rwn tou Rn eÐnai efodiasmènh me to mètro pijanìthtac Haar νn,k. Gia

k�je k 6 n kai F ∈ Gn,k sumbolÐzoume me PF thn orjog¸nia probol  apì ton Rn ston

F . EpÐshc, orÐzoume BF = Bn2 ∩ F kai SF = Sn−1 ∩ F . To n-di�stato mètro tou Gauss

γn eÐnai to Borel mètro pijanìthtac me puknìthta (2π)−n/2 exp(−‖x‖22/2).

Ta gr�mmata c, c′, c1, c2 klp. sumbolÐzoun apìlutec jetikèc stajerèc, oi opoÐec mporeÐ

na all�zoun apì gramm  se gramm . Opoted pote gr�foume a ' b, ennooÔme ìti up�rqoun
apìlutec stajerèc c1, c2 > 0 ètsi ¸ste c1a 6 b 6 c2a. EpÐshc, an K,D ⊆ Rn ja

gr�foume K ' D an up�rqoun apìlutec stajerèc c1, c2 > 0 ètsi ¸ste c1K ⊆ D ⊆ c2K.

2.1 Kurt� s¸mata

Kurtì s¸ma ston Rn eÐnai èna sumpagèc kurtì uposÔnolo C tou Rn me mh kenì eswterikì.
Lème ìti to C eÐnai summetrikì an {x ∈ C an kai mìnon an −x ∈ C}. Lème ìti to C èqei

kèntro b�rouc to 0 (  thn arq  twn axìnwn) an

(2.1.1)

∫
C

〈x, θ〉 dx = 0
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gia k�je θ ∈ Sn−1. H aktinik  sun�rthsh ρC : Rn \ {0} → R+ tou kurtoÔ s¸matoc C

me 0 ∈ int(C) orÐzetai wc ex c:

(2.1.2) ρC(x) = max{t > 0 : tx ∈ C}.

H sun�rthsh st rixhc tou C orÐzetai gia k�je y ∈ Rn wc ex c:

(2.1.3) hC(y) = max{〈x, y〉 : x ∈ C}.

Parathr ste ìti gia k�je θ ∈ Sn−1 isqÔei ρC(θ) 6 hC(θ). To mèso pl�toc tou C eÐnai h

posìthta

(2.1.4) w(C) =

∫
Sn−1

hC(θ) dσ(θ).

H perigegrammènh aktÐna tou C eÐnai h

(2.1.5) R(C) = max{‖x‖2 : x ∈ C}.

An to 0 eÐnai eswterikì shmeÐo tou C, gr�foume r(C) gia thn eggegrammènh aktÐna tou C

(ton megalÔtero r > 0 gia ton opoÐo rBn2 ⊆ C). H aktÐna ìgkou tou C eÐnai h posìthta

vrad(C) =

(
|C|
|Bn2 |

)1/n

.

To polikì s¸ma C◦ tou C orÐzetai na eÐnai to

(2.1.6) C◦ = {x ∈ Rn : 〈x, y〉 6 1 gia k�je y ∈ C}.

Basikèc idiìthtec tou polikoÔ s¸matoc eÐnai oi akìloujec:

(i) 0 ∈ C◦.

(ii) An 0 ∈ int(C), tìte (C◦)◦ = C.

(iii) Gia k�je θ ∈ Sn−1 isqÔei ρC◦(θ) = 1/hC(θ).

(iv) Gia k�je T ∈ GL(n) isqÔei (TK)◦ = (T−1)∗(K◦).

Gr�foume C gia to pollapl�sio ìgkou 1 tou kurtoÔ s¸matoc C ⊆ Rn, dhlad  C := C
|C|1/n .
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2.1.1 Basikèc anisìthtec

K�poiec basikèc anisìthtec gia ìgkouc kurt¸n swm�twn oi opoÐec ja fanoÔn qr simec

eÐnai oi akìloujec:

(a) H anisìthta tou Urysohn. An C eÐnai kurtì s¸ma ston Rn tìte

(2.1.7) w(C) >

(
|C|
|Bn2 |

)1/n

.

(b) H anisìthta Blaschke–Santaló. An C eÐnai summetrikì kurtì s¸ma ston Rn,   geni-

kìtera an to C èqei kèntro b�rouc to C, tìte

(2.1.8) |C| |C◦| 6 |Bn2 |2.

(g) H anisìthta twn Bourgain–Milman. Up�rqei apìluth stajer� 0 < c < 1 tètoia

¸ste: gia k�je n > 1 kai gia k�je kurtì s¸ma C ston Rn me 0 ∈ int(C) isqÔei

(2.1.9) |C| |C◦| > cn|Bn2 |.

H anisìthta aut  eÐnai gnwst  kai wc antÐstrofh anisìthta Santaló.

(d) H anisìthta twn Rogers–Shephard. An C eÐnai kurtì s¸ma ston Rn, tìte

(2.1.10) |C − C| 6
(

2n

n

)
|C|.

2.1.2 ArijmoÐ k�luyhc

'Estw A kai B dÔo kurt� s¸mata ston Rn. O arijmìc k�luyhc tou A apì to B eÐnai o

mikrìteroc fusikìc N gia ton opoÐo up�rqoun N metaforèc tou B twn opoÐwn h ènwsh

kalÔptei to A:

(2.1.11) N(A,B) = min
{
N ∈ N : ∃x1, . . . , xN ∈ Rn ¸ste A ⊆

N⋃
j=1

(xj +B)
}
.

Mia parallag  tou parap�nw arijmoÔ k�luyhc orÐzetai wc ex c:

(2.1.12) N(A,B) = min
{
N ∈ N : ∃x1, . . . , xN ∈ A ¸ste A ⊆

N⋃
j=1

(xj +B)
}
.

Apì ton orismì blèpoume ìti N(A,B) 6 N(A,B). MporoÔme epÐshc eÔkola na elèg-

xoume ìti N(A,B − B) 6 N(A,B). Eidikìtera, an to B eÐnai summetrikì kai kurtì,

tìte N(A, 2B) 6 N(A,B). Ja qrhsimopoi soume k�poiec basikèc idiìthtec twn arijm¸n

k�luyhc: an A,B,C eÐnai kurt� s¸mata, tìte:
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(i) N(A,B) 6 N(A,C) ·N(C,B).

(ii) N(A,C) 6 N(A,B) ·N(B,C).

(iii) N(A−A,B −B) 6 N(A,B)2.

(iv) N(A+B,B + C) 6 N(A,B) ·N(B,C).

(v) 2−n |A+B|
|B| 6 N(A,B). An to B eÐnai summetrikì, tìte N(A, 2B) 6 |A+B|

|B| .

(vi) |A|
|A∩B| 6 N(A,B).

'Estw A,B kurt� s¸mata me to B summetrikì. Gia k�je t > 0 orÐzoume

(2.1.13) St(A,B) = max{m ∈ N : ∃x1, . . . , xm ∈ A ¸ste ‖xi − xj‖B > t gia i 6= j}.

Apì ton orismì elègqoume eÔkola ìti

(2.1.14) N(A, tB) 6 St(A,B) 6 N(A, t2B).

Tèloc, ja qreiastoÔme dÔo basik� jewr mata gia arijmoÔc k�luyhc. To pr¸to eÐnai h

anisìthta tou Sudakov:

Je¸rhma 2.1.1 (Sudakov). An C eÐnai kurtì s¸ma ston Rn, tìte gia k�je t > 0

isqÔei

(2.1.15) N(K, tBn2 ) 6 2 exp
(
cn (w(C)/t)

2
)
,

ìpou c > 0 eÐnai apìluth stajer�.

To epìmeno je¸rhma duðsmoÔ gia touc arijmoÔc k�luyhc apodeÐqjhke apì touc Ar-

tstein, Milman kai Szarek [1].

Je¸rhma 2.1.2. Up�rqoun apìlutec jetikèc stajerèc α kai β tètoiec ¸ste gia k�je

n > 1 kai gia k�je summetrikì kurtì s¸ma C ston Rn

(2.1.16) N(Bn2 , α
−1C◦)

1
β 6 N(C,Bn2 ) 6 N(Bn2 , αC

◦)
β

O Milman (blèpe p.q. [44]) apèdeixe ìti up�rqei apìluth stajer� β > 0 me thn ex c

idiìthta: k�je kurtì s¸ma C ston Rn me kèntro b�rouc to 0 èqei grammik  eikìna C̃

tètoia ¸ste |C̃| = |Bn2 | kai

(2.1.17) max
{
N(C̃, Bn2 ), N(Bn2 , C̃), N(C̃◦, Bn2 ), N(Bn2 , C̃

◦)
}
6 exp(βn).
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Lème ìti èna kurtì s¸ma C pou ikanopoieÐ aut  thn ektÐmhsh eÐnai seM -jèsh me stajer�

β.

Argìtera, o Pisier [53] èdwse mia diaforetik  prossèggish se autì to apotèlesma, pou

dÐnei perissìterec plhroforÐec gia thn sumperifor� twn antÐstoiqwn arijm¸n k�luyhc.

H akrib c diatÔpwsh eÐnai h akìloujh.

Je¸rhma 2.1.3 (Pisier). Gia k�je 1 6 α < 2 kai k�je summetrikì kurtì s¸ma C ston

Rn up�rqei grammik  eikìna C̃ tou C tètoia ¸ste

max
{
N(C̃, tBn2 ), N(Bn2 , tC̃), N(C̃◦, tBn2 ), N(Bn2 , tC̃

◦)
}
6 exp

(
c(α)n

tα

)
gia k�je t > 1, ìpou h stajer� c(α) exart�tai mìno apì to α, kai c(α) = O

(
(2− α)−α/2

)
kaj¸c to α→ 2.

2.2 Q¸roi peperasmènhc di�stashc me nìrma

'Estw C summetrikì kurtì s¸ma ston Rn. H apeikìnish ‖ · ‖C : Rn → R+ me

(2.2.1) ‖x‖C = inf{t > 0 : x ∈ tC}

eÐnai nìrma ston Rn. O q¸roc (Rn, ‖ · ‖C) sumbolÐzetai me XC . AntÐstrofa, an X =

(Rn, ‖ · ‖) eÐnai ènac q¸roc me nìrma, tìte h monadiaÐa mp�la C = {x ∈ Rn : ‖x‖ 6 1} tou
X eÐnai summetrikì kurtì s¸ma.

OrÐzoume

M(C) :=

∫
Sn−1

‖θ‖Cdσ(θ).

Parathr¸ntac ìti ‖x‖C = hC◦(x) gia k�je x ∈ Rn blèpoume ìti M(C) = w(C◦) kai ìti

M(C)−1 6 vrad(C) 6 w(C) = M(C◦).

H anisìthta sto aristerì mèloc elègqetai eÔkola an ekfr�soume ton ìgko tou C san

olokl rwma me polikèc suntetagmènec kai qrhsimopoi soume tic anisìthtec Hölder kai

Jensen, en¸ h anisìthta sto dexiì mèloc prokÔptei �mesa apì thn anisìthta tou Urysohn.

H duðk  anisìthta Sudakov twn Pajor kai Tomczak-Jaegermann [49] dÐnei �nw fr�gma

gia touc arijmoÔc k�luyhc N(Bn2 , tC) sunart sei thc paramètrou M(C).

Je¸rhma 2.2.1 (Pajor-Tomczak). 'Estw C èna summetrikì kurtì s¸ma ston Rn. Gia
k�je t > 0,

logN(Bn2 , tC) 6 cn (M(C)/t)
2
,
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ìpou c > 0 eÐnai mia apìluth stajer�.

Ja qrhsimopoi soume epÐshc thn M∗-anisìthta:

Je¸rhma 2.2.2. 'Estw C èna summetrikì kurtì s¸ma ston Rn. Gia k�je 1 6 k 6 n,

o tuqaÐoc upìqwroc F ∈ Gn,k ikanopoieÐ thn

R(C ∩ F ) 6 c1

√
n

n− k
w(C)

me pijanìthta megalÔterh apì 1−exp(−c2(n−k)), ìpou c1, c2 > 0 eÐnai apìlutec stajerèc.

H pr¸th apìdeixh thc (2.2.2), me asjenèsterh ex�rthsh apì ton lìgo n
n−k , dìjhke

apì ton Milman sto [42], kai mia deÔterh apìdeixh dìjhke sto [43], me grammik  ex�rthsh

apì to n
n−k . To Je¸rhma 2.2.2 apodeÐqthke, se aut n thn bèltisth morf , apì touc Pajor

kai Tomczak-Jaegermann sto [49]. Tèloc, o Gordon [26] apèdeixe mÐa akìma pio akrib 

morf  thc anisìthtac, exasfalÐzontac ìti h tim  thc stajer�c c1 mporeÐ na upotejeÐ

(asumptwtik�) Ðsh me 1.

'Estw X,Y dÔo n-di�statoi q¸roi me nìrma. H apìstash Banach–Mazur tou X apì

ton Y orÐzetai wc ex c:

(2.2.2) d(X,T ) = inf{‖T‖ · ‖T−1‖ | T : X → Y grammikìc isomorfismìc}.

Se gewmetrik  gl¸ssa h apìstash Banach–Mazur perigr�fetai wc ex c: an X = XK kai

Y = XC (dhlad  oi monadiaÐec mp�lec twn X,Y eÐnai ta kurt� s¸mata K,C antÐstoiqa)

tìte o d(X,Y ) eÐnai o mikrìteroc d > 0 ¸ste

(2.2.3) C ⊆ T (K) ⊆ dC

gia k�poion antistrèyimo grammikì metasqhmatismì T tou Rn. EÐnai profanèc ìti d(X,Y ) >

1 gia k�je dÔo n-di�statouc q¸rouc, me isìthta an kai mìnon an oi q¸roi eÐnai isometrik�

isìmorfoi. 'Etsi, h apìstash Banach–Mazur metr�ei pìso diafèroun dÔo q¸roi apì to

na eÐnai isometrikoÐ.

Ektìc apì thn apìstash Banach-Mazur ja qrhsimopoi soume kai thn gewmetrik  apì-

stash dG(K,C) dÔo summetrik¸n kurt¸n swm�twn K kai C ston Rn. EÐnai o mikrìteroc

d > 0 gia ton opoÐo up�rqoun a, b > 0 me ab 6 d ¸ste

(2.2.4)
1

a
C ⊆ K ⊆ bC.

StajeropoioÔme mia orjokanonik  b�sh {e1, . . . , en} ston Rn. Ja lème ìti èna summetrikì
kurtì s¸ma C ston Rn eÐnai unconditional an h {e1, . . . , en} eÐnai 1-unconditional b�sh
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gia thn nìrma ‖ · ‖C pou ep�getai ston Rn apì to C: autì shmaÐnei ìti gia k�je epilog 

pragmatik¸n arijm¸n t1, . . . , tn kai gia k�je epilog  pros mwn εj = ±1 èqoume
∥∥ε1t1e1 +

· · ·+ εntnen
∥∥
C

=
∥∥t1e1 + · · ·+ tnen

∥∥
C
. Ja lème ìti to C eÐnai 1-summetrikì an gia k�je

epilog  pragmatik¸n arijm¸n t1, . . . , tn, kai gia k�je met�jesh σ tou {1, . . . , n} kai k�je
epilog  pros mwn εj = ±1 èqoume

∥∥ε1tσ(1)e1 + · · ·+ εntσ(n)en
∥∥
C

=
∥∥t1e1 + · · ·+ tnen

∥∥
C
.

Parapèmpoume ton anagn¸sth sta [16] kai [55] gia ta basik� stoiqeÐa thc jewrÐac

Brunn–Minkowski kai sta biblÐa [47] kai [54] gia thn topik  jewrÐa twn q¸rwn me nìrma.





Kef�laio 3

Logarijmik� koÐla mètra

pijanìthtac

Se autì to Kef�laio parousi�zoume sunoptik� ta basik� apotelèsmata thc jewrÐac twn

logarijmik� koÐlwn mètrwn pijanìthtac sta opoÐa qrhsimopoioÔntai ousiastik� ta ken-

troeid  s¸mata. Gia perissìterec plhroforÐec kai leptomereÐc apodeÐxeic parapèmpoume

ton anagn¸sth sto biblÐo [12].

3.1 Logarijmik� koÐla mètra pijanìthtac

SumbolÐzoume me Pn thn kl�sh ìlwn twn mètrwn pijanìthtac ston Rn ta opoÐa eÐnai apo-

lÔtwc suneq  wc proc to mètro Lebesgue. H puknìthta enìc mètrou µ ∈ Pn sumbolÐzetai

me fµ.

'Estw µ ∈ Pn. Lème ìti to µ èqei barÔkentro to x0 ∈ Rn an∫
Rn
〈x, θ〉 dµ(x) = 〈x0, θ〉

gia k�je θ ∈ Sn−1. IsodÔnama, an x0 = Eµ(x). H upokl�sh CPn thc Pn apoteleÐtai apì

ìla ta kentrarismèna µ ∈ Pn. Aut� eÐnai ta mètra µ ∈ Pn pou èqoun barÔkentro thn

arq  twn axìnwn. Dhlad , µ ∈ CPn an∫
Rn
〈x, θ〉dµ(x) = 0
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gia k�je θ ∈ Sn−1.

H upokl�sh SPn thc Pn apoteleÐtai apì ìla ta �rtia (summetrik�) mètra µ ∈ Pn: to
µ lègetai �rtio an µ(A) = µ(−A) gia k�je sÔnolo Borel A ston Rn.

'Estw f : Rn → [0,∞) mia oloklhr¸simh sun�rthsh me peperasmèno, jetikì olokl -

rwma. 'Opwc sthn perÐptwsh twn mètrwn, to barÔkentro thc f orÐzetai wc ex c:

bar(f) =

∫
Rn xf(x) dx∫
Rn f(x) dx

.

Eidikìtera, h f èqei barÔkentro (  kèntro b�rouc) thn arq  twn axìnwn an∫
Rn
〈x, θ〉f(x) dx = 0

gia k�je θ ∈ Sn−1. Tìte lème kai ìti h f eÐnai kentrarismènh.

Orismìc 3.1.1. 'Ena mètro µ ∈ Pn lègetai logarijmik� koÐlo an gia k�je zeÔgoc mh

ken¸n sumpag¸n sunìlwn A,B ston Rn kai gia k�je 0 < λ < 1 isqÔei

µ((1− λ)A+ λB) > µ(A)1−λµ(B)λ.

Mia sun�rthsh f : Rn → [0,∞) lègetai logarijmik� koÐlh an

f((1− λ)x+ λy) > f(x)1−λf(y)λ

gia k�je x, y ∈ Rn kai gia k�je 0 < λ < 1.

'Estw f : Rn → [0,∞) mia logarijmik� koÐlh sun�rthsh me
∫
Rn f(x) dx = 1 (tìte

lème ìti h f eÐnai logarijmik� koÐlh puknìthta). Apì thn anisìthta Prékopa-Leindler

èpetai ìti to mètro µ pou èqei puknìthta thn f eÐnai logarijmik� koÐlo. 'Ena je¸rhma

tou Borell deÐqnei ìti, antÐstrofa, an µ eÐnai èna logarijmik� koÐlo mètro pijanìthtac

ston Rn me thn idiìthta µ(H) < 1 gia k�je uperepÐpedo H, tìte to µ eÐnai apolÔtwc

suneqèc wc proc to mètro Lebesgue kai èqei mia logarijmik� koÐlh puknìthta f , dhlad 

dµ(x) = f(x) dx.

ParadeÐgmata 3.1.2. (a) 'Estw K èna kurtì s¸ma ìgkou 1 ston Rn. OrÐzoume èna
mètro pijanìthtac µK ston Rn, jètontac

µK(A) = |K ∩A| =
∫
A

1K(x)dx

gia k�je Borel sÔnolo A ⊆ Rn. Apì thn kurtìthta tou K èpetai ìti h 1K eÐnai logarij-

mik� koÐlh sun�rthsh, �ra to µK eÐnai èna logarijmik� koÐlo mètro pijanìthtac.
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(b) Gia k�je c > 0, h sun�rthsh fc(x) = exp(−c‖x‖22) eÐnai �rtia kai logarijmik� koÐlh

ston Rn. 'Epetai ìti, gia k�je c > 0, to mètro

γn,c(A) =
1

I(c)

∫
A

exp(−c‖x‖22)dx

ìpou I(c) =
∫
Rn exp(−c‖x‖22)dx, eÐnai èna logarijmik� koÐlo mètro pijanìthtac. Eidikì-

tera autì isqÔei gia to tupikì mètro tou Gauss γn.

3.2 Isotropik� logarijmik� koÐla mètra

OrÐzoume arqik� thn isotropik  jèsh enìc kurtoÔ s¸matoc K kai thn isotropik  stajer�

LK san mi� analloÐwth thc afinik c kl�shc touK. Sthn sunèqeia, dÐnoume ènan pio genikì

orismì sto plaÐsio twn logarijmik� koÐlwn mètrwn.

3.2.1 Isotropik  jèsh enìc kurtoÔ s¸matoc

'Ena kurtì s¸ma K ston Rn lègetai isotropikì an èqei ìgko |K| = 1, eÐnai kentrarismèno

(dhlad  èqei barÔkentro thn arq  twn axìnwn), kai up�rqei mia stajer� α > 0 ¸ste

(3.2.1)

∫
K

〈x, y〉2dx = α2‖y‖22

gia k�je y ∈ Rn. Parathr ste ìti an to K ikanopoieÐ thn isotropik  sunj kh (3.2.1)

tìte ∫
K

‖x‖22dx =

n∑
i=1

∫
〈x, ei〉2dx = nα2,

ìpou xj = 〈x, ej〉 eÐnai oi suntetagmènec tou x wc proc k�poia orjokanonik  b�sh

{e1, . . . , en} tou Rn. EpÐshc, eÔkola elègqoume ìti an K eÐnai èna isotropikì kurtì

s¸ma ston Rn tìte to U(K) eÐnai epÐshc isotropikì gia k�je U ∈ O(n).

Den eÐnai dÔskolo na elègxoume ìti h isotropik  sunj kh (3.2.1) eÐnai isodÔnamh me

kajemÐa apì tic parak�tw sunj kec:

(i) Gia k�je i, j = 1, . . . , n,

(3.2.2)

∫
K

xixjdx = α2δij ,

ìpou xj = 〈x, ej〉 eÐnai oi suntetagmènec tou x wc proc k�poia orjokanonik  b�sh

{e1, . . . , en} tou Rn.
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(ii) Gia k�je T ∈ L(Rn),

(3.2.3)

∫
K

〈x, Tx〉dx = α2(trT ).

K�je kentrarismèno kurtì s¸maK ston Rn èqei mia jèsh K̃ pou eÐnai isotropik . Lème

ìti to K̃ eÐnai mia isotropik  jèsh touK. ApodeiknÔetai ìti h isotropik  jèsh enìc kurtoÔ

s¸matoc eÐnai monos manta orismènh (an agno soume orjog¸niouc metasqhmatismoÔc) kai

ìti prokÔptei san lÔsh enìc probl matoc elaqistopoÐhshc. An orÐsoume

(3.2.4) B(K) = inf

{∫
TK

‖x‖22dx : T ∈ SL(n)

}
tìte mia jèsh K1 tou K eÐnai isotropik  an kai mìno an

(3.2.5)

∫
K1

‖x‖22dx = B(K).

An K1 kai K2 eÐnai dÔo isotropikèc jèseic tou K tìte up�rqei U ∈ O(n) ¸ste K2 =

U(K1).

H prohgoÔmenh suz thsh deÐqnei ìti, gia k�je kentrarismèno kurtì s¸ma K ston Rn,
h stajer�

L2
K =

1

n
min

{
1

|TK|1+ 2
n

∫
TK

‖x‖22dx
∣∣ T ∈ GL(n)

}
eÐnai kal� orismènh kai exart�tai mìno apì thn grammik  kl�sh tou K. EpÐshc, an to K1

eÐnai isotropik  jèsh tou K tìte gia k�je θ ∈ Sn−1 èqoume∫
K1

〈x, θ〉2dx = L2
K .

H stajer� LK onom�zetai isotropik  stajer� tou K.

3.2.2 Isotropik� logarijmik� koÐla mètra

GenikeÔontac ton orismì tou isotropikoÔ kurtoÔ s¸matoc lème ìti èna mètro µ ∈ Pn eÐnai

isotropikì an èqei barÔkentro to 0 kai ikanopoieÐ thn isotropik  sunj kh

(3.2.6)

∫
Rn
〈x, θ〉2 dµ(x) = 1

gia k�je θ ∈ Sn−1. EÔkola elègqoume ìti an to µ ∈ Pn èqei barÔkentro to 0 tìte to µ

eÐnai isotropikì an kai mìno an gia k�je grammik  apeikìnish T : Rn → Rn,∫
Rn
〈x, Tx〉 dµ(x) = tr(T ),
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  isodÔnama,
∫
Rn xixj dµ(x) = δij gia k�je i, j = 1, 2, . . . , n. Parathr ste epÐshc ìti an

to µ eÐnai isotropikì, tìte ∫
Rn
‖x‖22 dµ(x) = n.

MporoÔme na elègxoume ìti k�je mh ekfulismèno kentrarismèno mètro µ ∈ Pn èqei mia

isotropik  eikìna ν = µ ◦ S, ìpou S : Rn → Rn eÐnai mia grammik  apeikìnish.

TeleÐwc an�loga, an f eÐnai mia logarijmik� koÐlh puknìthta me barÔkentro to 0 tìte

h f lègetai isotropik  an ∫
Rn
〈x, θ〉2f(x) dx = 1

gia k�je θ ∈ Sn−1. 'Ena logarijmik� koÐlo mètro pijanìthtac µ ston Rn to opoÐo

den fèretai apì uperepÐpedo eÐnai isotropikì an kai mìno an h puknìtht� tou fµ eÐnai

isotropik  logarijmik� koÐlh sun�rthsh.

Parat rhsh 3.2.1. SugkrÐnontac ton orismì tou isotropikoÔ kurtoÔ s¸matoc me

ekeÐnon tou isotropikoÔ logarijmik� koÐlou mètrou blèpoume ìti èna kurtì s¸ma K me

ìgko 1 kai barÔkentro to 0 ston Rn eÐnai isotropikì an kai mìno an h sun�rthsh LnK1 1
LK

K

eÐnai mia isotropik  logarijmik� koÐlh sun�rthsh.

Orismìc 3.2.2 (Genikìc orismìc thc isotropik c stajer�c). 'Estw f mia logarijmik�

koÐlh sun�rthsh me peperasmèno jetikì olokl rwma. Tìte, mporoÔme na orÐsoume ton

pÐnaka sundiakum�nsewn Cov(f) thc f wc ton pÐnaka me suntetagmènec

[Cov(f)]ij :=

∫
Rn xixjf(x) dx∫

Rn f(x) dx
−
∫
Rn xif(x) dx∫
Rn f(x) dx

∫
Rn xjf(x) dx∫
Rn f(x) dx

.

Parathr ste ìti an h f eÐnai isotropik  tìte o Cov(f) eÐnai o tautotikìc pÐnakac.

An f eÐnai mia logarijmik� koÐlh sun�rthsh me peperasmèno jetikì olokl rwma, h

isotropik  stajer� thc orÐzetai apì thn:

(3.2.7) Lf :=

(
supx∈Rn f(x)∫

Rn f(x)dx

) 1
n

[det Cov(f)]
1
2n .

EpÐshc, an µ eÐnai èna mh ekfulismèno peperasmèno logarijmik� koÐlo mètro ston Rn me

puknìthta thn fµ wc proc to mètro Lebesgue, tìte orÐzoume thn isotropik  tou stajer�

jètontac Lµ := Lfµ , dhlad 

(3.2.8) Lµ :=

(
‖µ‖∞∫

Rn fµ(x)dx

) 1
n

[det Cov(µ)]
1
2n ,
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ìpou

‖µ‖∞ := sup
x∈Rn

fµ(x)

kai Cov(µ) := Cov(fµ).

Me b�sh autìn ton orismì mporoÔme eÔkola na elègxoume ìti h isotropik  stajer�

Lµ eÐnai afinik� analloÐwth: èqoume Lµ = Laµ◦A kai Lf = Laf◦A gia k�je antistrèyimo

afinikì metasqhmatismì A tou Rn kai gia k�je jetikì arijmì a. ParathroÔme epÐshc ìti:

(i) O Orismìc 3.2.2 sumfwneÐ me ton orismì pou eÐqame d¸sei gia thn isotropik  sta-

jer� enìc kurtoÔ s¸matoc, me thn ènnoia ìti L1K = LK . 'Enac aplìc trìpoc gia

na to doÔme eÐnai na upojèsoume ìti to K eÐnai sthn isotropik  jèsh kai met� na

parathr soume ìti ‖1K‖∞ = 1,
∫
1K(x) dx = 1 kai Cov(1K) = L2

K I.

(ii) An µ eÐnai èna isotropikì logarijmik� koÐlo mètro ston Rn tìte
∫
fµ = 1 kai

Cov(µ) = I, ap' ìpou èpetai ìti Lµ = ‖µ‖1/n∞ . Epiplèon, afoÔ to µ èqei ex orismoÔ

barÔkentro to 0, mia anisìthta tou Fradelizi [15] exasfalÐzei ìti

f(0) 6 ‖f‖∞ 6 enf(0),

sunep¸c Lµ ' (fµ(0))1/n.

EÐnai sqetik� aplì na deÐ kaneÐc ìti oi isotropikèc stajerèc ìlwn twn isotropik¸n

logarijmik� koÐlwn mètrwn pijanìthtac eÐnai omoiìmorfa fragmènec apì k�tw, apì mia

stajer� c > 0 pou eÐnai anex�rthth apì thn di�stash: an f : Rn → [0,∞) eÐnai mia

isotropik  logarijmik� koÐlh puknìthta, tìte

Lf = ‖f‖1/n∞ > c,

ìpou c > 0 eÐnai mia apìluth stajer�.

3.2.3 ψα�ektim seic

Orismìc 3.2.3. 'Estw (Ω,A, µ) ènac q¸roc pijanìthtac kai èstw f : Ω → R mia

A-metr simh sun�rthsh. Gia k�je α > 1 orÐzoume thn ψα nìrma thc f wc ex c:

(3.2.9) ‖f‖ψα := inf

{
t > 0 :

∫
Ω

exp

(
|f(ω)|
t

)α
dµ(ω) 6 2

}
,

an fusik� up�rqoun t > 0 gia touc opoÐouc
∫

Ω
exp

(
|f(ω)|
t

)α
dµ(ω) 6 2.
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Oi ψα-nìrmec eÐnai mia upokl�sh thc oikogèneiac twn norm¸n Orlicz. K�je tètoia nìr-

ma orÐzetai apì mi� �rtia kurt  sun�rthsh Φ : R → [0,+∞) pou ikanopoieÐ tic Φ(0) = 0

kai limx→∞Φ(x) = +∞. Gia k�je tètoia sun�rthsh, h monadiaÐa mp�la tou antÐstoi-

qou q¸rou Orlicz apoteleÐtai apì ìlec tic A-metr simec sunart seic f gia tic opoÐec∫
Ω

Φ(f(ω))dω 6 1, h de nìrma opoiasd pote A-metr simhc sun�rthshc f gia thn opoÐa

to parap�nw olokl rwma eÐnai peperasmèno, eÐnai akrib¸c o mikrìteroc jetikìc arijmìc κ

gia ton opoÐon h f/κ an kei sth monadiaÐa mp�la tou q¸rou. Oi ψα-nìrmec, oi opoÐec mac

endiafèroun ed¸, eÐnai akrib¸c ekeÐnec oi nìrmec Orlicz pou antistoiqoÔn stic sunart seic

t ∈ R→ e|t|
α − 1.

To epìmeno L mma dÐnei mia isodÔnamh èkfrash gia thn ψα nìrma mèsw twn Lq-norm¸n.

L mma 3.2.4. 'Estw (Ω,A, µ) ènac q¸roc pijanìthtac. 'Estw α > 1 kai f : Ω → R
mia A-metr simh sun�rthsh. Tìte,

‖f‖ψα ' sup
p>α

‖f‖Lp(µ)

p1/α
,

ìpou oi stajerèc thc isodunamÐac eÐnai apìlutec stajerèc.

Orismìc 3.2.5. 'Estw µ ∈ Pn, α > 1 kai θ ∈ Sn−1. Lème ìti to µ ikanopoieÐ ψα

ektÐmhsh sthn dieÔjunsh tou θ me stajer� bα = bα(θ) an

(3.2.10) ‖〈·, θ〉‖ψα 6 bα‖〈·, θ〉‖2.

Lème ìti to µ eÐnai ψα-mètro me stajer� Bα > 0 an

(3.2.11) sup
θ∈Sn−1

‖〈·, θ〉‖ψα
‖〈·, θ〉‖2

6 Bα.

Qrhsimopoi¸ntac to L mma 3.2.4 blèpoume ìti to µ ikanopoieÐ ψα ektÐmhsh sthn dieÔ-

junsh tou θ ∈ Sn−1 me stajer� bα an

(3.2.12) ‖〈·, θ〉‖q 6 cbαq
1/α‖〈·, θ〉‖2

gia k�je q > α.

To epìmeno L mma dÐnei �llh mÐa perigraf  thc ψα-nìrmac.

L mma 3.2.6. 'Estw µ ∈ Pn kai èstw α > 1 kai θ ∈ Sn−1.

(i) An to µ ikanopoieÐ ψα-ektÐmhsh me stajer� b sthn dieÔjunsh tou θ tìte gia k�je

t > 0 èqoume µ({x : |〈x, θ〉| > t‖〈·, θ〉‖2}) 6 2e−t
a/bα .
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(ii) An µ({x : |〈x, θ〉| > t‖〈·, θ〉‖2}) 6 2e−t
a/bα gia k�poion b > 0 kai gia k�je t > 0

tìte to µ ikanopoieÐ ψα-ektÐmhsh me stajer� 6 cb sthn dieÔjunsh tou θ, ìpou c > 0

eÐnai mia apìluth stajer�.

To epìmeno basikì l mma tou Borell isqÔei sto genikì plaÐsio twn logarijmik� koÐlwn

mètrwn pijanìthtac.

L mma 3.2.7. 'Estw µ èna logarijmik� koÐlo mètro sthn kl�sh Pn. Gia k�je summe-

trikì kleistì kurtì uposÔnolo A tou Rn me µ(A) = α ∈ (0, 1) kai gia k�je t > 1 èqoume

(3.2.13) 1− µ(tA) 6 α

(
1− α
α

) t+1
2

.

Sunèpeia tou l mmatoc tou Borell eÐnai to gegonìc ìti k�je logarijmik� koÐlo mètro

µ ∈ Pn eÐnai ψ1-mètro (se k�je dieÔjunsh) me mia apìluth stajer�.

Je¸rhma 3.2.8. 'Estw µ ∈ Pn logarijmik� koÐlo. An h f : Rn → R eÐnai hminìrma

tìte gia k�je q > p > 1 èqoume(∫
Rn
|f |p dµ

)1/p

6

(∫
Rn
|f |q dµ

)1/q

6 c
q

p

(∫
Rn
|f |p dµ

)1/p

,

ìpou c > 0 eÐnai mia apìluth stajer�.

Parathr seic 3.2.9. (a) Oi sunart seic x 7→ |〈x, θ〉|, θ ∈ Sn−1, ikanopoioÔn tic

upojèseic tou Jewr matoc 3.2.8. Sunep¸c,

(3.2.14) ‖〈·, θ〉‖q 6 cq‖〈·, θ〉‖1

gia k�je θ ∈ Sn−1 kai q > 1, ìpou c > 0 eÐnai mia apìluth stajer�. 'Epetai ìti

(3.2.15) ‖〈·, θ〉‖ψ1
6 c‖〈·, θ〉‖1

gia k�je θ ∈ Sn−1. To gegonìc autì paÐzei polÔ basikì rìlo sta epìmena.

3.3 H eikasÐa thc isotropik c stajer�c

'Opwc eÐdame sto Kef�laio 1, to pr¸to basikì anoiktì prìblhma gia thn gewmetrÐa

twn logarijmik� koÐlwn mètrwn pijanìthtac eÐnai an up�rqei omoiìmorfo �nw fr�gma,

anex�rthto apì thn di�stash, gia tic isotropikèc stajerèc touc.
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EikasÐa 3.3.1. Up�rqei apìluth stajer� C > 0 ¸ste

LK 6 C

gia k�je n > 1 kai gia k�je kentrarismèno kurtì s¸ma K ston Rn. IsodÔnama, an K

eÐnai èna isotropikì kurtì s¸ma ston Rn tìte∫
K

〈x, θ〉2dx 6 C2

gia k�je θ ∈ Sn−1.

Genikìtera, up�rqei apìluth stajer� C > 0 ¸ste

Lµ 6 C

gia k�je n > 1 kai gia k�je kentrarismèno logarijmik� koÐlo mètro pijanìthtac µ ston

Rn. IsodÔnama, an f : Rn → [0,∞) eÐnai mia isotropik  logarijmik� koÐlh puknìthta,

tìte

f(0)1/n 6 C,

ìpou C > 0 eÐnai mia apìluth stajer�.

AfethrÐa thc EikasÐac 3.3.1 eÐnai h legìmenh eikasÐa tou uperepipèdou, h opoÐa rwt�ei

an k�je kentrarismèno kurtì s¸ma ìgkou 1 èqei toul�qiston mÐa tom  me (n−1)-di�stato

upìqwro h opoÐa na èqei ìgko megalÔtero apì mia apìluth stajer� c > 0. H sÔndesh

gÐnetai faner  apì to akìloujo je¸rhma.

Je¸rhma 3.3.2. 'Estw K èna isotropikì kurtì s¸ma ston Rn. Gia k�je θ ∈ Sn−1

èqoume
c1
LK

6 |K ∩ θ⊥| 6 c2
LK

,

ìpou c1, c2 > 0 apìlutec stajerèc.

Apì to Je¸rhma 3.3.2 gÐnetai faner  h sqèsh thc eikasÐac thc isotropik c stajer�c

me thn akìloujh:

EikasÐa 3.3.3 (eikasÐa tou uperepipèdou). Up�rqei apìluth stajer� c > 0 me thn

ex c idiìthta: an K eÐnai èna kentrarismèno kurtì s¸ma ìgkou 1 ston Rn tìte up�rqei

θ ∈ Sn−1 ¸ste

(3.3.1) |K ∩ θ⊥| > c.
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Upojètoume ìti h eikasÐa tou uperepipèdou isqÔei. An to K eÐnai isotropikì, to

Je¸rhma 3.3.2 deÐqnei ìti ìlec oi tomèc K ∩ θ⊥ èqoun ìgko fragmèno apì c2/LK . AfoÔ

h (3.3.1) prèpei na isqÔei gia toul�qiston èna θ ∈ Sn−1, sumperaÐnoume ìti LK 6 c2/c.

AntÐstrofa, apodeiknÔetai ìti an up�rqei apìluto �nw fr�gma gia thn isotropik  stajer�

tìte isqÔei h eikasÐa tou uperepipèdou.

'Etsi, h eikasÐa tou uperepipèdou rwt�ei, isodÔnama, an up�rqei apìluth stajer�

C > 0 me thn idiìthta

(3.3.2) Ln := max{LK : K isotropikì ston Rn} 6 C

gia k�je n > 1. O Bourgain apèdeixe sto [8] ìti Ln 6 c 4
√
n logn, kai o Klartag [29] èdwse

to fr�gma Ln 6 c 4
√
n. Mia deÔterh apìdeixh tou fr�gmatoc tou Klartag dÐnetai sto [31].

3.4 Lq-kentroeid  s¸mata

Orismìc 3.4.1. 'EstwK èna kurtì s¸ma ìgkou 1 ston Rn. Gia k�je q > 1 orÐzoume to

Lq-kentroeidèc s¸ma Zq(K) tou K na eÐnai to summetrikì kurtì s¸ma pou èqei sun�rthsh

st rixhc thn

hZq(K)(y) = ‖〈·, y〉‖Lq(K) =

(∫
K

|〈x, y〉|qdx
)1/q

.

Apì thn anisìthta Hölder eÐnai fanerì ìti an 1 6 p 6 q 6 ∞ tìte Zp(K) ⊆ Zq(K) ⊆
Z∞(K) := conv(K ∪ (−K)). Parathr ste ìti Zq(T (K)) = T (Zq(K)) gia k�je T ∈
SL(n) kai gia k�je q > 1. EpÐshc, èna kurtì s¸ma K pou èqei ìgko 1 kai barÔkentro to

0 eÐnai isotropikì an to Z2(K) eÐnai pollapl�sio thc monadiaÐac EukleÐdeiac mp�lac.

O orismìc epekteÐnetai fusiologik� sto plaÐsio twn logarijmik� koÐlwn mètrwn pija-

nìthtac. 'Estw f : Rn → [0,∞) mia logarijmik� koÐlh sun�rthsh me
∫
f = 1. Gia k�je

q > 1 orÐzoume to Lq-kentroeidèc s¸ma Zq(f) thc f na eÐnai to summetrikì kurtì s¸ma

me sun�rthsh st rixhc thn

hZq(f)(y) :=

(∫
Rn
|〈x, y〉|qf(x) dx

)1/q

.

AntÐstoiqa, an µ eÐnai èna logarijmik� koÐlo mètro pijanìthtac ston Rn, orÐzoume

hZq(µ)(y) :=

(∫
Rn
|〈x, y〉|q dµ(x)

)1/q

.

Parathr ste ìti an to µ èqei puknìthta fµ wc proc to mètro Lebesgue tìte Zq(µ) =

Zq(fµ).
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'Opwc kai sthn perÐptwsh twn kurt¸n swm�twn, to Zq(µ) eÐnai summetrikì kurtì

s¸ma kai èqoume Zq(T ◦ µ) = T (Zq(µ)) gia k�je T ∈ SL(n) kai gia k�je q > 1. Mia

kentrarismènh logarijmik� koÐlh puknìthta f eÐnai isotropik  an Z2(f) = Bn2 .

'Estw K èna kurtì s¸ma ìgkou 1 ston Rn. Tìte, apì to Je¸rhma 3.2.8, gia k�je

1 6 p < q èqoume

Zp(K) ⊆ Zq(K) ⊆ c1q

p
Zp(K),

ìpou c1 > 0 eÐnai mia apìluth stajer�. An to K èqei barÔkentro sto 0, tìte

Zq(K) ⊇ c2Z∞(K)

gia k�je q > n, ìpou c2 > 0 eÐnai mia apìluth stajer�. Autì prokÔptei apì thn anisìthta∫
K

|〈x, θ〉|qdx >
Γ(q + 1)Γ(n)

2eΓ(q + n+ 1)
max

{
hqK(θ), hqK(−θ)

}
,

h opoÐa isqÔei gia k�je θ ∈ Sn−1 kai gia k�je q > 1. Apì aut n blèpoume ìti an q > n

tìte

‖〈·, θ〉‖q ' max{hK(θ), hK(−θ)},

dhlad  Zq(K) ⊇ cZ∞(K).

Entel¸c an�logo apotèlesma isqÔei gia logarijmik� koÐla mètra: an µ eÐnai èna lo-

garijmik� koÐlo mètro pijanìthtac ston Rn me puknìthta f tìte gia k�je 1 6 p < q

èqoume

Zp(f) ⊆ Zq(f) ⊆ cq

p
Zp(f),

ìpou c > 0 eÐnai mia apìluth stajer�.

O asumptwtikìc tÔpoc thc epìmenhc Prìtashc (blèpe [52]) eÐnai polÔ qr simoc.

Prìtash 3.4.2. 'Estw f mia kentrarismènh logarijmik� koÐlh puknìthta ston Rn.
Tìte,

(3.4.1)
c1

f(0)1/n
6 |Zn(f)|1/n 6

c2
f(0)1/n

,

ìpou c1, c2 > 0 eÐnai apìlutec stajerèc.
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3.4.1 Perij¸riec katanomèc kai probolèc

Orismìc 3.4.3. 'Estw f : Rn → [0,∞) oloklhr¸simh sun�rthsh. 'Estw akèraioc

1 6 k < n kai èstw F ∈ Gn,k. H perij¸ria sun�rthsh πF (f) : F → [0,∞) thc f wc

proc F orÐzetai wc ex c:

(3.4.2) πF (f)(x) :=

∫
x+F⊥

f(y)dy.

Genikìtera, gia k�je µ ∈ Pn orÐzoume thn perij¸ria katanom  tou µ wc proc ton k-

di�stato upìqwro F jètontac

πF (µ)(A) := µ(P−1
F (A))

gia k�je Borel uposÔnolo A tou F . An to µ èqei (logarijmik� koÐlh) puknìthta fµ tìte

oi dÔo orismoÐ sumfwnoÔn. MporoÔme na doÔme ìti

fπF (µ) = πF (fµ)

sqedìn pantoÔ. Pr�gmati, gia k�je Borel uposÔnolo A tou F , èqoume

πF (µ)(A) = µ(P−1
F (A)) =

∫
fµ(x)1A(PFx) dx(3.4.3)

=

∫
F

∫
F⊥

fµ(x+ y)1A(x) dy dx,

apì to je¸rhma Fubini. Me mia allag  metablht c blèpoume ìti

πF (µ)(A) =

∫
A

(∫
x+F⊥

fµ(y) dy

)
dx =

∫
A

πF (fµ)(x) dx.

H epìmenh Prìtash perigr�fei k�poiec basikèc idiìthtec twn perij¸riwn katanom¸n.

Prìtash 3.4.4. 'Estw f : Rn → [0,∞) oloklhr¸simh sun�rthsh kai èstw F ∈ Gn,k.

(i) An h f eÐnai �rtia, tìte kai h πF (f) eÐnai �rtia.

(ii) 'Eqoume ∫
F

πF (f)(x) dx =

∫
Rn
f(x) dx.

(iii) Gia k�je metr simh sun�rthsh g : F → R èqoume∫
Rn
g(PFx)f(x) dx =

∫
F

g(x)πF (f)(x) dx.
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(iv) Gia k�je θ ∈ SF ,

(3.4.4)

∫
F

〈x, θ〉πF (f)(x)dx =

∫
Rn
〈x, θ〉f(x)dx.

Eidikìtera, an h f eÐnai kentrarismènh tìte, gia k�je F ∈ Gn,k h πF (f) eÐnai

kentrarismènh.

(v) Gia k�je p > 0 kai gia k�je θ ∈ SF ,∫
Rn
|〈x, θ〉|pf(x)dx =

∫
F

|〈x, θ〉|pπF (f)(x)dx.

Eidikìtera, an h f eÐnai isotropik , tìte kai h πF (f) eÐnai isotropik .

(vi) An h f eÐnai logarijmik� koÐlh, tìte kai h πF (f) eÐnai logarijmik� koÐlh.

AntÐstoiqa sumper�smata èqoume gia opoiod pote mètro µ ∈ Pn.

3.4.2 Probolèc tou Zq(f)

Mia basik  parat rhsh tou PaoÔrh sto [51] eÐnai ìti k�je probol  tou Lq-kentroeidoÔc

s¸matoc miac puknìthtac f sumpÐptei me to Lq-kentroeidèc s¸ma thc antÐstoiqhc perij¸-

riac puknìthtac thc f . H apìdeixh eÐnai �mesh efarmog  tou jewr matoc Fubini.

Je¸rhma 3.4.5. 'Estw f : Rn → [0,∞) puknìthta ston Rn. Gia k�je 1 6 k 6 n kai

gia k�je F ∈ Gn,k kai q > 1, èqoume

(3.4.5) PF (Zq(f)) = Zq(πF (f)).

Apìdeixh. Gia k�je q > 1 kai gia k�je θ ∈ SF , èqoume∫
Rn
|〈x, θ〉|qf(x)dx =

∫
F

|〈x, θ〉|qπF (f)(x)dx,

diìti 〈x, θ〉 = 〈PF (x), θ〉 gia k�je x ∈ Rn. IsodÔnama,

hZq(f)(θ) = hZq(πF f)(θ),

gia k�je θ ∈ SF , kai to sumpèrasma prokÔptei apì thn parat rhsh ìti hPF (Zq(f))(θ) =

hZq(f)(θ) gia k�je θ ∈ SF . 2
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'Estw f mia kentrarismènh logarijmik� koÐlh puknìthta ston Rn. Tìte, gia k�je

F ∈ Gn,k, h sun�rthsh πF (f) eÐnai mia kentrarismènh logarijmik� koÐlh puknìthta ston

F . MporoÔme loipìn na efarmìsoume thn Prìtash 3.4.2 gia thn πF (f). 'Epetai ìti

c1
πF (f)(0)1/k

6 |Zk(πF (f))|1/k 6
c2

πF (f)(0)1/k
.

Sundu�zontac aut n thn anisìthta me thn (3.4.5) èqoume apodeÐxei to ex c.

Je¸rhma 3.4.6. 'Estw f mia logarijmik� koÐlh puknìthta me bar(f) = 0 ston Rn.
Tìte, gia k�je 1 6 k < n kai gia k�je F ∈ Gn,k, èqoume

(3.4.6) c1 6 [πF (f)(0)]
1
k |PF (Zk(f))| 1k 6 c2,

ìpou c1, c2 > 0 eÐnai apìlutec stajerèc.

3.5 Ektim seic meg�lwn apoklÐsewn gia thn Eu-

kleÐdeia nìrma

H akìloujh anisìthta sugkèntrwshc apodeÐqjhke apì ton PaoÔrh sto [51].

Je¸rhma 3.5.1 (PaoÔrhc). 'Estw µ èna isotropikì logarijmik� koÐlo mètro pijanì-

thtac ston Rn. Tìte,

(3.5.1) µ({x ∈ Rn : ‖x‖2 > ct
√
n}) 6 exp

(
−t
√
n
)

gia k�je t > 1, ìpou c > 0 eÐnai mia apìluth stajer�.

H apìdeixh tou Jewr matoc 3.5.1 sundèetai me thn sumperifor� twn rop¸n thc su-

n�rthshc x 7→ ‖x‖2. Gia k�je q > 1 orÐzoume

Iq(µ) =

(∫
Rn
‖x‖q2dµ(x)

)1/q

.

'Opwc eÐdame, apì to l mma tou Borell èpontai oi parak�tw anisìthtec tÔpou Khintchine.

L mma 3.5.2. Gia k�je y ∈ Rn kai gia k�je p, q > 1 èqoume

‖〈·, y〉‖pq 6 c1q‖〈·, y〉‖p,

ìpou c1 > 0 eÐnai mia apìluth stajer�. EpÐshc, afoÔ h ‖x‖2 eÐnai nìrma, gia k�je p, q > 1

èqoume

Ipq(K) 6 c1qIp(K).
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Eidikìtera, èqoume

(3.5.2) Iq(µ) 6 c1qI2(µ)

gia k�je q > 2. O PaoÔrhc apèdeixe thn ex c anisìthta.

Je¸rhma 3.5.3 (PaoÔrhc). Up�rqoun apìlutec stajerèc c3, c4 > 0 me thn ex c i-

diìthta: an µ eÐnai èna isotropikì logarijmik� koÐlo mètro pijanìthtac ston Rn, tìte

(3.5.3) Iq(µ) 6 c4I2(µ)

gia k�je q 6 c3
√
n.

Apìdeixh tou Jewr matoc 3.5.1. Upojètontac ìti èqoume deÐxei to Je¸rhma

3.5.3, jewroÔme èna isotropikì logarijmik� koÐlo mètro pijanìthtac µ ston Rn. Apì

thn anisìthta tou Markov, gia k�je q > 2 èqoume

µ({‖x‖2 > e3Iq(µ)}) 6 e−3q.

Tìte, apì to L mma tou Borell paÐrnoume

µ({‖x‖2 > e3Iq(µ)s}) 6 (1− e−3q)

(
e−3q

1− e−3q

)(s+1)/2

6 e−qs

gia k�je s > 1. Epilègontac q = c3
√
n, kai qrhsimopoi¸ntac thn (3.5.3), blèpoume ìti

µ({‖x‖2 > c4e
3I2(µ)s}) 6 exp(−c3

√
ns)

gia k�je s > 1. AfoÔ to µ eÐnai isotropikì, èqoume I2(µ) =
√
n. Autì apodeiknÔei to

je¸rhma. 2

Prìgonoc tou Jewr matoc 3.5.3 eÐnai èna je¸rhma tou Alesker to opoÐo perigr�foume

sthn epìmenh enìthta.

3.5.1 ψ2-ektÐmhsh gia thn EukleÐdeia nìrma

To je¸rhma tou Alesker isqurÐzetai ìti h EukleÐdeia nìrma, san sun�rthsh orismènh se

èna isotropikì kurtì s¸ma, ikanopoieÐ ψ2-ektÐmhsh.
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Je¸rhma 3.5.4. 'Estw K èna isotropikì kurtì s¸ma ston Rn. An f(x) = ‖x‖2, tìte

‖f‖Lψ2 (K) 6 c
√
nLK ,

ìpou c > 0 eÐnai mia apìluth stajer�.

Ja qrhsimopoi soume to ex c l mma.

L mma 3.5.5. 'Estw K èna kurtì s¸ma ìgkou 1 ston Rn me barÔkentro sto 0. Gia

k�je q > 1, (∫
Sn−1

∫
K

|〈x, θ〉|qdxdσ(θ)

)1/q

'
√
q

√
n+ q

(∫
K

‖x‖q2dx
)1/q

.

Apìdeixh. Gia k�je q > 1 kai gia k�je x ∈ Rn elègqoume ìti

(3.5.4)

(∫
Sn−1

|〈x, θ〉|qdσ(θ)

)1/q

'
√
q

√
n+ q

‖x‖2.

Apl  efarmog  tou jewr matoc tou Fubini oloklhr¸nei thn apìdeixh. 2

Apìdeixh tou Jewr matoc 3.5.4. ArkeÐ na deÐxoume ìti gia k�je q > 1 isqÔei(∫
K

‖x‖q2dx
)1/q

6 c1
√
q
√
nLK

ìpou c1 > 0 eÐnai mia apìluth stajer�. GnwrÐzoume ìti gia k�je θ ∈ Sn−1∫
K

|〈x, θ〉|qdx 6 cq2q
qLqK .

Oloklhr¸nontac sthn sfaÐra paÐrnoume∫
Sn−1

∫
K

|〈x, θ〉|qdxdσ(θ) 6 cq2q
qLqK .

Qrhsimopoi¸ntac kai to L mma 3.5.5 blèpoume ìti(∫
K

‖x‖q2dx
)1/q

6 c3q

√
n+ q

q
LK 6 c4

√
q
√
nLK ,

an upojèsoume ìti q 6 n. Apì thn �llh pleur�, sthn perÐptwsh pou q > n, qrhsimo-

poi¸ntac to sqetik� aplì fr�gma R(K) 6 (n+ 1)LK gia thn perigegrammènh aktÐna tou

K, paÐrnoume (∫
K

‖x‖q2dx
)1/q

6 c5nLK 6 c5
√
q
√
nLK .
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Sundu�zontac ta parap�nw paÐrnoume to zhtoÔmeno. 2

Me efarmog  thc anisìthtac Markov blèpoume ìti up�rqei apìluth stajer� c > 0 me

thn ex c idiìthta: an K eÐnai èna isotropikì kurtì s¸ma ston Rn tìte

|{x ∈ K : ‖x‖2 > c
√
nLKs}| 6 2 exp(−s2)

gia k�je s > 0.

3.5.2 H anisìthta tou PaoÔrh

Gia thn apìdeixh ja qreiasteÐ pr¸ta na eis�goume k�poiec paramètrouc oi opoÐec mac

epitrèpoun na melet soume se b�joc thn oikogèneia twn Lq-kentroeid¸n swm�twn tou µ.

'Estw C èna summetrikì kurtì s¸ma ston Rn. OrÐzoume k∗(C) ton megalÔtero fusikì

k 6 n gia ton opoÐon

µn,k

({
F ∈ Gn,k :

w(C)

2
‖x‖2 6 hC(x) 6 2w(C)‖x‖2, x ∈ F

})
>

n

n+ k
.

H di�stash k∗(C) prosdiorÐzetai pl rwc apì tic paramètrouc w(C) kai R(C).

Je¸rhma 3.5.6 (Milman–Schechtman). Up�rqoun c1, c2 > 0 ¸ste

c1n
w(C)2

R(C)2
6 k∗(C) 6 c2n

w(C)2

R(C)2

gia k�je summetrikì kurtì s¸ma C ston Rn.

Gia k�je p 6= 0 orÐzoume

wp(C) =

(∫
Sn−1

hpC(θ)σ(dθ)

)1/p

.

Parathr ste ìti to w1(C) = w(C) eÐnai to mèso pl�toc tou C. Oi par�metroi wp

melet jhkan apì touc Litvak, Milman kai Schechtman sthn ergasÐa [36].

Je¸rhma 3.5.7. Up�rqoun stajerèc c1, c2, c3 > 0 ¸ste gia k�je summetrikì kurtì

s¸ma C ston Rn na isqÔoun ta ex c:

(i) An 1 6 q 6 k∗(C) tìte w(C) 6 wq(C) 6 c1w(C).

(ii) An k∗(C) 6 q 6 n tìte c2
√
q/nR(C) 6 wq(C) 6 c3

√
q/nR(C).

EpÐshc, apì ton orismì thc paramètrou k∗(C) paÐrnoume:
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Je¸rhma 3.5.8. Up�rqoun c1, c2 > 0 ¸ste: an 1 6 k 6 k∗(C) tìte o tuqaÐoc F ∈ Gn,k
ikanopoieÐ thn

c1w(C)BF ⊆ PF (C) ⊆ c2w(C)BF

me pijanìthta megalÔterh apì 1/2.

Oi q-ropèc thc EukleÐdeiac nìrmac wc proc to µ sundèontai me ta Lq-kentroeid  s¸mata

tou µ mèsw tou epìmenou L mmatoc, to opoÐo eÐnai apl  epanadiatÔpwsh tou L mmatoc

3.5.5.

L mma 3.5.9. 'Estw µ èna logarijmik� koÐlo mètro pijanìthtac ston Rn. Gia k�je

q > 1 èqoume

wq(Zq(µ)) = an,q

√
q

q + n
Iq(µ)

ìpou an,q ' 1.

Kentrikì rìlo sthn doulei� tou PaoÔrh paÐzei h epìmenh par�metroc.

Orismìc 3.5.10. 'Estw µ èna logarijmik� koÐlo mètro pijanìthtac me barÔkentro to

0 ston Rn. OrÐzoume
q∗(µ) = max{q > 2 : k∗(Zq(µ)) > q}.

Ja qreiastoÔme èna k�tw fr�gma gia to q∗(µ). To fr�gma pou ja d¸soume exart�tai

apì thn ψ1-sumperifor� twn grammik¸n sunarthsoeid¸n wc proc to µ. JumhjeÐte ìti an

µ eÐnai èna logarijmik� koÐlo mètro pijanìthtac me barÔkentro to 0 ston Rn tìte

Zq(µ) ⊆ Cq Z2(µ)

gia k�je q > 2. Eidikìtera, an to µ eÐnai isotropikì, paÐrnoume

(3.5.5) R(Zq(µ)) 6 Cq R(Z2(µ)) = Cq

gia k�je q > 2.

L mma 3.5.11. Up�rqoun apìlutec stajerèc c1, c2 > 0 me thn ex c idiìthta: an µ

eÐnai èna logarijmik� koÐlo mètro pijanìthtac me barÔkentro to 0 ston Rn tìte, gia k�je

n > q > q∗(µ),

c1R(Zq(µ)) 6 Iq(µ) 6 c2R(Zq(µ)).
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Apìdeixh. 'Estw n > q > q∗(µ). Apì ton orismì tou q∗(µ) èqoume q > k∗(Zq(µ)), kai

apì to L mma 3.5.7 (ii) paÐrnoume

c3

√
q

n
R(Zq(µ)) 6 wq(Zq(µ)) 6 c4

√
q

n
R(Zq(µ)).

T¸ra, apì to L mma 3.5.9 èqoume

wq(Zq(µ)) = an,q

√
q

q + n
Iq(µ).

Autì apodeiknÔei ton pr¸to isqurismì. Gia ton deÔtero, qrhsimopoioÔme thn (3.5.5) kai

to gegonìc ìti R(Z2(µ)) = 1 an to µ eÐnai isotropikì. 2

Prìtash 3.5.12. Up�rqei apìluth stajer� c > 0 me thn ex c idiìthta: an µ eÐnai èna

logarijmik� koÐlo mètro pijanìthtac me barÔkentro to 0 ston Rn tìte

q∗(µ) > c
√
k∗(Z2(µ)).

Apìdeixh. Jètoume q∗ := q∗(µ). Apì to L mma 3.5.7 (i), to L mma 3.5.9, thn anisìthta

Hölder kai thn parat rhsh ìti I2(µ) = w2(Z2(µ)) (h opoÐa elègqetai eÔkola) paÐrnoume

w(Zq∗(µ)) > c1wq∗(Zq∗(µ)) = c1an,q∗

√
q∗

n+ q∗
Iq∗(µ) > c1an,q∗

√
q∗

n+ q∗
I2(µ)(3.5.6)

= c1an,q∗

√
q∗

n+ q∗

√
nw2(Z2(µ)).

Me �lla lìgia,

(3.5.7) w(Zq∗(µ)) > c2
√
q∗w(Z2(µ)).

AfoÔ R(Zq∗(µ)) 6 Cq∗R(Z2(µ)), qrhsimopoi¸ntac ton orismì tou q∗ kai to Je¸rhma

3.5.6 gr�foume

q∗ + 1 > k∗(Zq∗(µ)) > c3n

(
w(Zq∗(µ))

R(Zq∗(µ))

)2

(3.5.8)

> c3n
c22q∗
C2q2

∗

w2(Z2(µ))

R2(Z2(µ))
= c5

k∗(Z2(µ))

q∗
.

'Etsi, katal goume sthn q∗(µ) > c
√
k∗(Z2(µ)) gia k�poia (apìluth) stajer� c > 0. 2

Parathr ste ìti an to µ eÐnai isotropikì tìte k∗(Z2(µ)) = n. 'Etsi, paÐrnoume to

ex c:
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Pìrisma 3.5.13. Up�rqei apìluth stajer� c > 0 me thn ex c idiìthta: gia k�je

isotropikì logarijmik� koÐlo mètro pijanìthtac µ ston Rn,

q∗(µ) > c
√
n.

Orismìc 3.5.14. 'Estw µ èna logarijmik� koÐlo mètro pijanìthtac me barÔkentro to

0 ston Rn. EpekteÐnoume ton orismì tou Iq(µ), epitrèpontac arnhtikèc timèc tou q, me ton

profan  trìpo: gia k�je q ∈ (−n,∞), q 6= 0, orÐzoume

Iq(µ) :=

(∫
Rn
‖x‖q2dµ(x)

)1/q

.

To basikì apotèlesma aut c thc paragr�fou eÐnai èna deÔtero je¸rhma tou PaoÔrh

[52] to opoÐo tautìqrona apodeiknÔei to Je¸rhma 3.5.3, �ra kai to Je¸rhma 3.5.1.

Je¸rhma 3.5.15. 'Estw µ èna logarijmik� koÐlo mètro pijanìthtac me barÔkentro to

0 ston Rn. Gia k�je akèraio 1 6 k 6 q∗(µ) èqoume

I−k(µ) ' Ik(µ).

Eidikìtera, to Je¸rhma autì deÐqnei ìti gia k�je k 6 q∗(µ) èqoume Ik(µ) 6 CI2(µ),

ìpou C > 0 eÐnai mia apìluth stajer�. Autìc akrib¸c  tan o isqurismìc tou Jewr matoc

3.5.3.

Gia thn apìdeixh tou Jewr matoc 3.5.15 ja qreiastoÔme to B-je¸rhma twn Cordero-

Erausquin, Fradelizi kai Maurey [13].

Je¸rhma 3.5.16. 'Estw K èna summetrikì kurtì s¸ma ston Rn. Tìte, h sun�rthsh

t 7→ γn(etK)

eÐnai logarijmik� koÐlh sto R.

Ja qreiasteÐ epÐshc na orÐsoume mÐa akìma par�metro, pou ja paÐxei ton rìlo thc

k∗(C) se sqèsh me tic arnhtikèc ropèc.

Orismìc 3.5.17. 'Estw C èna summetrikì kurtì s¸ma ston Rn. OrÐzoume

d∗(C) = min

{
− log σ

({
x ∈ Sn−1 : hC(x) 6

w(C)

2

})
, n

}
.
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H par�metroc d∗ orÐsthke sto [33], ìpou epÐshc apodeÐqthke ìti h d∗(C) eÐnai p�nta

megalÔterh apì k∗(C): an C eÐnai èna summetrikì kurtì s¸ma ston Rn. Tìte,

d∗(C) > ck∗(C),

ìpou c > 0 eÐnai mia apìluth stajer�. Gia thn apìdeixh autoÔ tou isqurismoÔ parathroÔme

ìti, apì thn sfairik  isoperimetrik  anisìthta,

σ({x ∈ Sn−1 : |hC(x)− w(C)| > tw(C)}) 6 exp(−ct2k∗(C))

gia k�je t > 0. Epilègontac t = 1/2 èqoume to zhtoÔmeno.

Je¸rhma 3.5.18. Gia k�je 0 < ε < 1
2 èqoume

σ({x ∈ Sn−1 : hC(x) < εw(C)}) < (c1ε)
c2d∗(C) 6 (c1ε)

c3k∗(C),

ìpou c1, c2, c3 > 0 eÐnai apìlutec stajerèc.

To Je¸rhma 3.5.18 èqei san sunèpeia tic akìloujec antÐstrofec anisìthtec Hölder.

Pìrisma 3.5.19. 'Estw C èna summetrikì kurtì s¸ma ston Rn. Tìte, gia k�je

0 < q < c1d∗(C),

c2w(C) 6

(∫
Sn−1

1

hqC(x)
dσ(x)

)−1/q

6 c3w(C).

Me �lla lìgia, gia k�je 0 < q < c1d∗(C) isqÔei

w−q(C) ' w(C).

Apìdeixh. H dexi� anisìthta prokÔptei eÔkola apì thn anisìthta Hölder. Gia thn arister 

anisìthta qrhsimopoioÔme olokl rwsh kat� mèrh se sunduasmì me tic ektim seic tou

prohgoÔmenou jewr matoc. 2

Eidikìtera, afoÔ d∗(C) > ck∗(C), èqoume p�nta to ex c.

Je¸rhma 3.5.20. 'Estw C èna summetrikì kurtì s¸ma ston Rn. Tìte, wq(C) '
w−q(C) gia k�je 1 6 q 6 k∗(C).

Apìdeixh. Apì to je¸rhma twn Litvak, Milman kai Schechtman èqoume wq(C) ' w(C)

gia k�je q 6 k∗(C). Apì to Je¸rhma 3.5.19 paÐrnoume w−q(C) ' w(C) gia k�je q <

k∗(C). Sundu�zontac ta parap�nw èqoume to sumpèrasma. 2

MporoÔme t¸ra na per�soume sthn apìdeixh tou Jewr matoc 3.5.15, h opoÐa basÐzetai

se dÔo tautìthtec:
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Prìtash 3.5.21. 'Estw f mia logarijmik� koÐlh puknìthta me barÔkentro to 0 ston

Rn kai èstw 1 6 k < n ènac jetikìc akèraioc. Tìte,

(3.5.9) I−k(f) = cn,k

(∫
Gn,k

πF (f)(0)dνn,k(F )

)−1/k

,

ìpou

cn,k =

(
(n− k)ωn−k

nωn

)1/k

'
√
n.

Apìdeixh. 'Estw 1 6 k < n. Tìte, èqoume∫
Gn,k

πF (f)(0) dνn,k(F )

=

∫
Gn,n−k

πE⊥(f)(0) dνn,n−k(E)

=

∫
Gn,n−k

∫
E

f(y) dy dνn,n−k(E)

=

∫
Gn,n−k

(n− k)ωn−k

∫
SE

∫ ∞
0

rn−k−1f(rθ) dr dσE(θ) dνn,n−k(E)

=
(n− k)ωn−k

nωn
nωn

∫
Sn−1

∫ ∞
0

rn−k−1f(rθ) dr dσ(θ)

=
(n− k)ωn−k

nωn

∫
Rn
‖x‖−k2 f(x) dx =

(n− k)ωn−k
nωn

I−k−k (f).

'Epetai ìti

I−k(f) =

(
(n− k)ωn−k

nωn

)1/k
(∫

Gn,k

πF (f)(0) dνn,k(F )

)−1/k

.

Elègqontac ìti cn,k =
(

(n−k)ωn−k
nωn

)1/k

'
√
n oloklhr¸noume thn apìdeixh. 2

Prìtash 3.5.22. 'Estw C èna summetrikì kurtì s¸ma ston Rn kai èstw 1 6 k < n

ènac jetikìc akèraioc. Tìte,

(3.5.10) w−k(C) '
√
k

(∫
Gn,k

|PFC|−1dνn,k(F )

)− 1
k

.
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Apìdeixh. Qrhsimopoi¸ntac thn anisìthta Blaschke-Santaló kai thn antÐstrofh anisìthta

Santaló, gr�foume

w−1
−k(C) =

(∫
Sn−1

1

hkC(θ)
dσ(θ)

)1/k

(3.5.11)

=

(
1

ωk

∫
Gn,k

ωk

∫
SF

1

‖θ‖k(PFC)◦
dσ(θ)dνn,k(F )

)1/k

=

(∫
Gn,k

|(PF (C))◦|
|Bk2 |

dνn,k(F )

)1/k

'

(∫
Gn,k

|Bk2 |
|PF (C)|

dνn,k(F )

)1/k

,

ap' ìpou èpetai to sumpèrasma. 2

'Estw t¸ra f mia logarijmik� koÐlh puknìthta me barÔkentro to 0 ston Rn. JewroÔme
ènan akèraio 1 6 k < n kai k�poion F ∈ Gn,k. Apì to Je¸rhma 3.4.6, èqoume

1

|PF (Zk(f))|1/k
' πF (f)(0)1/k.

Sundu�zontac tic prohgoÔmenec dÔo Prot�seic paÐrnoume to ex c.

Je¸rhma 3.5.23. 'Estw f mia logarijmik� koÐlh puknìthta me barÔkentro to 0 ston

Rn. Gia k�je akèraio 1 6 k < n èqoume

w−k(Zk(f)) '
√
k

(∫
Gn,k

πF (f)(0)dνn,k(F )

)− 1
k

kai

(3.5.12) I−k(f) '
√
n

k
w−k(Zk(f)).

Apìdeixh tou Jewr matoc 3.5.15. JumhjeÐte ìti, gia k�je 1 6 k < n,

(3.5.13) wk(Zk(µ)) '
√
k/n Ik(µ).

Apì thn �llh pleur�, apì thn (3.5.12) blèpoume ìti

w−k(Zk(µ)) '
√
k/n I−k(µ).
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Jètoume k0 = bq∗c, ìpou q∗ = q∗(µ). Tìte,

(3.5.14) k∗(Zk0(µ)) ' k∗(Zq∗(µ)) > c1q∗ > c1k0.

Apì to Je¸rhma 3.5.20 èqoume

(3.5.15) w−k(Zk0(µ)) ' wk(Zk0(µ))

gia k�je 1 6 k 6 c2k∗(Zk0(µ)), kai h (3.5.14) deÐqnei ìti h (3.5.15) isqÔei gia k�je k 6

c3q∗(µ). Jètontac k1 = bc3q∗(µ)c ' k0, kai qrhsimopoi¸ntac to gegonìc ìti Zk0(µ) '
Zk1(µ), paÐrnoume

(3.5.16) w−k1(Zk1(µ)) ' wk1(Zk1(µ)).

EÐnai t¸ra fanerì ìti I−k1(µ) ' Ik1(µ) kai afoÔ k1 ' q∗(µ) blèpoume ìti h q 7→ Iq(µ)

eÐnai {stajer } gia ta 1 6 |q| 6 cq∗(µ). 2

Apì to Je¸rhma 3.5.15 prokÔptei mia ektÐmhsh gia to mètro mikr c mp�lac, an qrhsimo-

poi soume thn anisìthta tou Markov kai to gegonìc ìti q∗(µ) > c
√
n gia k�je isotropikì

logarijmik� koÐlo mètro pijanìthtac µ.

Je¸rhma 3.5.24. 'Estw µ èna isotropikì logarijmik� koÐlo mètro pijanìthtac ston

Rn. Tìte, gia k�je 0 < ε < ε0 èqoume

µ({x ∈ Rn : ‖x‖2 < ε
√
n}) 6 εc

√
n,

ìpou ε0, c > 0 eÐnai apìlutec stajerèc.

Apìdeixh. 'Estw 1 6 k 6 q∗(µ). Gr�foume

µ({x ∈ Rn : ‖x‖2 < εI2(µ)}) 6 µ({x : ‖x‖2 < c1εI−k(µ)})

6 (c1ε)
k 6 εk/2,

gia k�je 0 < ε < c−2
1 kai k 6 q∗(µ). AfoÔ q∗(µ) > c2

√
n, èpetai to sumpèrasma me

ε0 = c−2
1 kai c = c2/2. 2

3.6 H eikasÐa tou leptoÔ daktulÐou

'Estw µ èna isotropikì logarijmik� koÐlo mètro pijanìthtac ston Rn. Apì ta apotelè-

smata tou PaoÔrh, me q '
√
n, prokÔptei mia ektÐmhsh tou mètrou se ènan {ìqi kai tìso

leptì} daktÔlio gÔrw apì thn aktÐna
√
n: èqoume

µ({x ∈ Rn : c
√
n 6 ‖x‖2 < C

√
n}) > 1− on(1),
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ìpou 0 < c < 1 < C eÐnai apìlutec stajerèc.

H eikasÐa tou leptoÔ daktulÐou eÐnai to er¸thma an up�rqei apìluth stajer� C > 0

me thn ex c idiìthta: gia k�je n > 1 kai gia k�je isotropikì logarijmik� koÐlo mètro µ

ston Rn isqÔei

σ2
µ := Eµ(‖x‖2 −

√
n)2 6 C2.

Apì mia tètoia anisìthta ja proèkupte polÔ isqurìterh ektÐmhsh tou mètrou se ènan

{leptì} daktÔlio gÔrw apì thn aktÐna
√
n. To kalÔtero gnwstì apotèlesma ofeÐletai

stouc Guédon kai E. Milman. Pollèc apì tic idèec thc apìdeixhc basÐzontai se proh-

goÔmenec douleièc tou Klartag (pou  tan o pr¸toc pou èdwse asjenèsterh all� genik 

ektÐmhsh) kai tou Fleury.

Je¸rhma 3.6.1. 'Estw µ èna isotropikì logarijmik� koÐlo mètro ston Rn. IsqÔei

(3.6.1) µ
({
x :
∣∣ ‖x‖2 −√n∣∣ > t

√
n
})

6 C exp(−c
√
nmin(t3, t))

gia k�je t > 0, ìpou C, c > 0 eÐnai apìlutec stajerèc. Eidikìtera,

(3.6.2)
√

Varµ(‖x‖2) 6 Cn1/3.

Apì to Je¸rhma 3.6.1 prokÔptei mia ektÐmhsh meg�lwn apoklÐsewn h opoÐa sumplh-

r¸nei thn anisìthta tou PaoÔrh.

Je¸rhma 3.6.2. 'Estw µ èna isotropikì logarijmik� koÐlo mètro ston Rn. IsqÔei

(3.6.3) µ
(
{x : ‖x‖2 > (1 + t)

√
n}
)
6 exp(−c

√
nmin(t3, t))

gia k�je t > 0, ìpou c > 0 eÐnai mia apìluth stajer�.

Apì to Je¸rhma 3.6.1 prokÔptei epÐshc mia ektÐmhsh gia to mètro se mikrèc mp�lec.

Je¸rhma 3.6.3. 'Estw µ èna isotropikì logarijmik� koÐlo mètro ston Rn. IsqÔei

(3.6.4) µ
(
{x : ‖x‖2 6 (1− t)

√
n}
)
6 exp

(
−c1
√
nmin

(
t3, log

c2
1− t

))
gia k�je t ∈ (0, 1), ìpou c1, c2 > 0 eÐnai apìlutec stajerèc.

'Ola ta parap�nw jewr mata eÐnai sunèpeiec tou ex c jewr matoc to opoÐo afor� thn

sumperifor� thc sun�rthshc q 7→ Iq(µ) kai eÐnai sto Ðdio pneÔma me ta apotelèsmata thc

prohgoÔmenhc paragr�fou.
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Je¸rhma 3.6.4. 'Estw µ èna isotropikì logarijmik� koÐlo mètro ston Rn. An 1 6

|q − 2| 6 c1n
1/6 tìte

(3.6.5) 1− C |q − 2|
n1/3

6
Iq(µ)√
n

6 1 + C
|q − 2|
n1/3

,

kai an c1n
1/6 6 |q − 2| 6 c2

√
n tìte

(3.6.6) 1− C
√
|q − 2|
n1/4

6
Iq(µ)√
n

6 1 + C

√
|q − 2|
n1/4

.

3.7 'Ogkoc twn kentroeid¸n swm�twn kai isotro-

pik  stajer�

H perigraf  pou d¸same gia thn sumperifor� twn arnhtik¸n rop¸n thc EukleÐdeiac nìrmac

wc proc èna isotropikì logarijmik� koÐlo mètro µ ston Rn deÐqnei ìti

(3.7.1) I−q(µ) ' I2(µ) =
√
n gia k�je 0 < q 6 q∗(µ).

'Omwc, se antÐjesh me tic jetikèc ropèc Iq(µ) oi opoÐec, ìpwc eÐdame, den paramènoun

sugkrÐsimec me thn I2(µ) ìtan to q gÐnei megalÔtero apì q∗(µ), h sumperifor� twn an-

tÐstoiqwn arnhtik¸n rop¸n den eÐnai gnwst , kai m�lista, h (3.7.1) mporeÐ na isqÔei gia

k�je jetikì q meqri to n− 1. To er¸thma autì, sthn pragmatikìthta eÐnai isodÔnamo me

thn eikasÐa tou uperepipèdou, ìpwc apèdeixan oi Dafn c kai PaoÔrhc sto [14] eis�gontac

mia �llh par�metro, pou gia k�je δ > 1 dÐnetai apì thn

(3.7.2) q−c(µ, δ) := max
{

1 6 q 6 n− 1 : I−q(µ) > δ−1I2(µ) = δ−1
√
n
}
,

kai metr�ei pìso meg�lo eÐnai to eÔroc thc (3.7.1) an epitrèyoume ex�rthsh twn stajer¸n

apì to δ. Oi Dafn c kai PaoÔrhc apèdeixan ìti

(3.7.3) Ln 6 Cδ sup
µ

√
n

q−c(µ, δ)
log
( en

q−c(µ, δ)

)
gia k�je δ > 1. 'Edeixan epÐshc ìti, an isqÔei h eikasÐa tou uperepÐpèdou. dhlad  an

isqÔei h (3.3.2), tìte ja èqoume

(3.7.4) q−c
(
µ, δ0

)
= n− 1
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gia k�poio δ0 ' 1 kai gia k�je isotropikì logarijmik� koÐlo mètro µ ston Rn. Parath-
r ste ìti, apì thn (3.7.1), gnwrÐzoume  dh ìti

(3.7.5) q−c
(
µ, δ1

)
> q∗(µ) > c1

√
n,

ìpou oi δ1 > 1 kai c1 > 0 eÐnai apìlutec stajerèc.

Sthn sunèqeia suzht�me k�tw fr�gmata gia thn aktÐna ìgkou twn Lq-kentroeid¸n

swm�twn. Apì to [40] gnwrÐzoume ìti, gia k�je 1 6 q 6 n,

(3.7.6) |Zq(µ)|1/n > c2
√
q/nL−1

µ

gia k�poia apìluth stajer� c2 > 0. Sto [31] oi Klartag kai E. Milman orÐzoun mia

klhronomik  parallag  thc paramètrou q∗(µ) wc ex c:

(3.7.7) qH∗ (µ) := n inf
k

inf
E∈Gn,k

q∗(πEµ)

k
,

ìpou πEµ eÐnai to perij¸rio mètro tou µ wc proc ton E, kai gia k�je q 6 qH∗ (µ) dÐnoun

èna k�tw fr�gma gia ton ìgko twn swm�twn Zq(µ):

(3.7.8)
∣∣Zq(µ)

∣∣1/n > c3
√
q/n

ìpou c3 > 0 apìluth stajer�. UpenjumÐzoume ìti, an to µ eÐnai èna isotropikì logarijmi-

k� koÐlo mètro tìte to Ðdio isqÔei gia ìla ta perij¸ria mètra tou. 'Etsi, gia k�je upìqwro

E ∈ Gn,k, èqoume ìti q∗(πEµ) > c1
√
k. Apì autì èpetai ìti, gia ìla ta isotropik� lo-

garijmik� koÐla mètra µ isqÔei qH∗ (µ) > c1
√
n. Shmei¸ste epÐshc ìti, gia ekeÐna ta mètra

gia ta opoÐa èqoume q∗(µ) '
√
n, h par�metroc qH∗ (µ) epÐshc den xepern� èna stajerì

pollapl�sio thc
√
n. 'Omwc, to fr�gma (3.7.8) mporeÐ na isqÔei kai gia megalÔterec timèc

tou q ∈ [1, n], ìpwc apodeÐqjhke apì thn BritsÐou sto [60]. 'Orise mia parallag  tou

q−c(µ, δ) wc ex c:

qH−c(µ, δ) := n inf
k

inf
E∈Gn,k

q−c(πEµ, δ)

k

gia k�je δ > 1, kai èdeixe ìti

(3.7.9)
∣∣Zq(µ)

∣∣1/n > c4δ
−1
√
q/n

gia k�je q 6 qH−c(µ, δ). Fusik�, exakoloujoÔme na èqoume

(3.7.10) qH−c(µ, δ1) > c1
√
n
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gia k�poio δ1 ' 1 apì thn (3.7.5) kai ton orismì tou qH−c(µ, δ1). Proc to parìn, stic apo-

deÐxeic ìpou qrhsimopoioÔme k�tw fr�gmata gia ton ìgko twn Lq-kentroeid¸n swmatwn,

h mình sugkekrimènh ektÐmhsh pou èqoume meqric stigm c gia tic paramètrouc qH∗ (µ)  

qH−c(µ, δ), �ra autì pou mporoÔme na qrhsimopoi soume stic ektim seic mac, eÐnai ìti ìlec

touc èqoun t�xh toul�qiston
√
n ìtan to µ eÐnai èna isotropikì logarijmik� koÐlo mètro

ston Rn.



Kef�laio 4

GewmetrÐa twn

Lq-kentroeid¸n swm�twn

4.1 Eisagwg 

Skopìc mac se autì to Kef�laio eÐnai na d¸soume nèec plhroforÐec gia thn topik  dom 

twn kentroeid¸n swm�twn Zq(µ) enìc isotropikoÔ logarijmik� koÐlou mètrou µ ston Rn.
Ta apotelèsmata perigr�fthkan sto Kef�laio 1. Anafèroume sunoptik� ta basikìtera

apì aut�:

(i) To pr¸to apotèlesma afor� tic probolèc, di�stashc an�loghc tou n, twn ken-

troeid¸n swm�twn. 'Estw µ èna isotropikì logarijmik� koÐlo mètro ston Rn.
StajeropoioÔme 1 6 α < 2. Gia k�je 0 < ε < 1 kai gia k�je q 6

√
εn up�rqoun

k > (1− ε)n kai F ∈ Gn,k ¸ste

PF
(
Zq(µ)

)
⊇ c(2− α)ε

1
2 + 2

α
√
q BF ,

ìpou c > 0 eÐnai mia apìluth stajer� (anex�rthth apì to α, to ε, to mètro µ, to q

kai to n). H apìdeixh autoÔ tou apotelèsmatoc dÐnetai sthn Par�grafo 4.3, ìpou

parousi�zoume kai k�poiec parallagèc tou.

(ii) Sthn Par�grafo 4.4 suzht�me fr�gmata gia touc (duðkoÔc) arijmoÔc k�luyhc thc

EukleÐdeiac mp�lac apì to Zq(µ). Qrhsimopoi¸ntac to prohgoÔmeno apotèlesma

kai èna je¸rhma apì to [38] exasfalÐzoume {kanonikèc} ektim seic gia touc duðkoÔc
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arijmoÔc k�luyhc: 'Estw µ èna isotropikì logarijmik� koÐlo mètro pijanìthtac

ston Rn. 'Estw 1 6 α < 2. Tìte, gia k�je q 6
√
n kai gia k�je

1 6 t 6 min
{√

q, c1(2− α)−1(n/q2)
α+4
2α

}
èqoume

logN
(√
qBn2 , tZq(µ)

)
6 c(α)

n

t
2α
α+4

max

{
log

√
2q

t
, log

1

(2− α)t

}
,

ìpou c(α) 6 C(2−α)−2/3 kai c1, C eÐnai apìlutec stajerèc. Parìlo pou h ektÐmhs 

mac den moi�zei na eÐnai bèltisth, mporoÔme na sumper�noume apì aut n ìti to Zq(µ),

ìtan q 6 n3/7, eÐnai β-kanonikì kurtì s¸ma upì thn ènnoia tou jewr matoc tou

Pisier (gia k�poia sugkekrimènh tim  tou β).

(iii) Sunèpeia aut¸n twn ektim sewn eÐnai èna �nw fr�gma gia thn par�metro

M
(
Zq(µ)

)
=

∫
Sn−1

‖x‖Zq(µ) dσ(x).

Sthn Par�grafo 4.5, metaxÔ �llwn, paÐrnoume to ex c �nw fr�gma. 'Estw µ èna

isotropikì logarijmik� koÐlo mètro ston Rn. Gia k�je 1 6 q 6 n3/7,

M
(
Zq(µ)

)
6 C

(log q)5/6

6
√
q

.

(iv) An K eÐnai èna summetrikì isotropikì kurtì s¸ma ston Rn, qrhsimopoi¸ntac ta

fr�gmata gia to M(Zq(µK)) mporoÔme na d¸soume �nw fr�gma gia to M(K): gia

par�deigma, apodeiknÔoume ìti

M(K) 6 C
4
√
Ln(log n)5/6

LK 8
√
n

.

KleÐnoume autì to Kef�laio me k�poiec prìsjetec parathr seic gia thn gewmetrÐa

twn kentroeid¸n swm�twn Zq(µ) kai twn polik¸n touc. DÐnoume k�tw fr�gmata gia thn

perigegrammènh aktÐna twn tom¸n touc � aut� m�lista isqÔoun gia k�je 1 6 k < n kai

gia k�je F ∈ Gn,k. Lìgw duðsmoÔ, autèc oi ektim seic prosdiorÐzoun thn eggegrammènh

aktÐna twn tuqaÐwn probol¸n touc. DÐnoume epÐshc �nw fr�gmata gia tic paramètrouc

M−k(Zq(µ)) kai I−k(Zq(µ)).
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4.2 Di�metroc twn tom¸n α-kanonik¸n swm�twn

AfethrÐa mac eÐnai to Je¸rhma 2.1.3 tou Pisier: Gia k�je 1 6 α < 2 kai gia k�je

summetrikì kurtì s¸ma K ston Rn up�rqei grammik  eikìna K̃ tou K tètoia ¸ste

max
{
N(K̃, tBn2 ), N(Bn2 , tK̃), N(K̃◦, tBn2 ), N(Bn2 , tK̃

◦)
}
6 exp

(
c(α)n

tα

)
gia k�je t > 1, ìpou h stajer� c(α) exart�tai mìno apì to α, kai c(α) = O

(
(2− α)−α/2

)
kaj¸c to α → 2. 'Ena s¸ma K̃ pou ikanopoieÐ to sumpèrasma tou Jewr matoc 2.1.3

lègetai α-kanonikì s¸ma. Gia ta α-kanonik� s¸mata isqÔei mia isqur  morf  thc antÐ-

strofhc anisìthtac Brunn-Minkowski. M�lista, gia thn apìdeix  thc qreiazìmaste mìno

thn kanonikìthta twn arijm¸n k�luyhc N(K, tBn2 ).

L mma 4.2.1. 'Estw γ > 1, α > 0 kai èstw K1, . . . ,Km summetrik� kurt� s¸mata

ston Rn ta opoÐa ikanopoioÔn thn

N(Kj , tB
n
2 ) 6 exp

(γn
tα

)
gia k�je 1 6 j 6 m kai gia k�je t > 1. Tìte,

(4.2.1) |K1 + · · ·+Km|1/n 6 Cγ
1
αm1+ 1

α |Bn2 |1/n.

Apìdeixh. ParathroÔme ìti

N(K1 + · · ·+Km, tmB
n
2 ) = N(K1 + · · ·+Km, tB

n
2 + · · ·+ tBn2 )

6
m∏
j=1

N(Kj , tB
n
2 ) 6 exp(γnm/tα)

gia k�je t > 1. 'Epetai ìti

|K1 + · · ·+Km|1/n 6 tm exp(γm/tα)|Bn2 |1/n.

Epilègontac t = (γm)1/α paÐrnoume to zhtoÔmeno. 2

Ja qreiastoÔme epÐshc thn akrib  morf  thc M∗-anisìthtac (blèpe [26] kai [45]): An

A eÐnai èna summetrikì kurtì s¸ma ston Rn kai an ε, δ ∈ (0, 1), tìte èqoume

R(A ∩ F ) ≤ w(A)

(1− δ)
√
ε
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gia ìlouc touc F se èna uposÔnolo Ln,k thc Gn,k pou èqei mètro νn,k(Ln,k) > 1 −
c1 exp(−c2δ2εn), ìpou k = b(1 − ε)nc kai c1, c2 > 0 eÐnai apìlutec stajerèc. Mia polÔ

gnwst  efarmog  thc M∗-anisìthtac (blèpe p.q. [18, Je¸rhma 2.1]) isqurÐzetai ìti an

r > 0 eÐnai h lÔsh thc exÐswshc

(4.2.2)
w(A ∩ rBn2 )

r
=

1

2

√
ε,

tìte h tupik  b(1− ε)nc-di�stath kentrik  tom  tou A èqei perigegrammènh aktÐna mikrì-

terh apì r (me pijanìthta megalÔterh apì 1− exp(−cεn)).

H basik  parat rhsh aut c thc Paragr�fou, h opoÐa ousiastik� emfanÐzetai sto [19],

eÐnai h ex c: an A eÐnai èna summetrikì kurtì s¸ma ston Rn tou opoÐou oi arijmoÐ k�luyhc

N(A, tBn2 ) eÐnai α-kanonikoÐ gia k�poion α > 0, tìte mporoÔme na p�roume �nw fr�gma

gia thn di�metro twn tuqaÐwn tom¸n tou A di�stashc an�loghc tou n.

Je¸rhma 4.2.2. 'Estw γ > 1, α > 0 kai èstw A èna summetrikì kurtì s¸ma ston Rn

to opoÐo ikanopoieÐ thn

N(A, tBn2 ) 6 exp
(γn
tα

)
gia k�je t > 1. Tìte, gia k�je ε ∈ (0, 1) o tuqaÐoc upìqwroc F ∈ Gn,b(1−ε)nc ikanopoieÐ
thn

R(A ∩ F ) 6 Cγ
1
α /ε

1
2 + 1

α ,

me pijanìthta megalÔterh apì 1 − c1 exp(−c2εn), ìpou c1, c2, C > 0 eÐnai apìlutec sta-

jerèc.

Apìdeixh. 'Estw ε ∈ (0, 1) kai èstw k = b(1− ε)nc. OrÐzoume r > 0 mèsw thc exÐswshc

w(A ∩ rBn2 ) =
1

2

√
ε r.

Apì thn akrib  pijanojewrhtik  morf  thcM∗-anisìthtac (blèpe parap�nw), gnwrÐzoume

ìti up�rqei uposÔnolo Ln,k thc Gn,k pou èqei mètro νn,k(Ln,k) > 1−c1 exp(−c2εn), ¸ste

w(A ∩ F ) 6 R(A ∩ F ) 6 r

gia k�je F ∈ Ln,k. QrhsimopoioÔme to ex c apotèlesma apì to [10]: An X = (Rn, ‖·‖) eÐ-
nai ènac n-di�statoc q¸roc me nìrma, me monadiaÐa mp�laW , kai anM =

∫
Sn−1 ‖x‖ dσ(x)

kai b eÐnai h mikrìterh jetik  stajer� gia thn opoÐa isqÔei ‖x‖ 6 b‖x‖2 gia k�je x ∈ Rn,
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tìte up�rqoun fusikìc s 6 C(b/M)2 kai s orjog¸nioi metasqhmatismoÐ U1, . . . , Us ∈ O(n)

¸ste
M

2
Bn2 ⊆

1

s

s∑
i=1

Ui(W
◦) ⊆ 2M Bn2 .

Efarmìzoume autì to apotèlesma gia to s¸ma W := (A∩ rBn2 )◦. Parathr ste ìti b = r

kai M(W ) = w(A ∩ rBn2 ) =
√
εr/2, �ra mporoÔme na broÔme s 6 c3

ε kai orjog¸niouc

metasqhmatismoÔc U1, . . . , Us, ¸ste

(4.2.3)
1

4

√
ε rBn2 ⊆

1

s

s∑
i=1

Ui(A ∩ rBn2 ) ⊆
√
ε rBn2 .

OrÐzoume A1 = 1
s

∑
Ui(A ∩ rBn2 ). MporoÔme t¸ra na d¸soume �nw fr�gma gia to r

qrhsimopoi¸ntac to L mma 4.2.1. Profan¸c, ta s¸mata Ui(A ∩ rBn2 ) ikanopoioÔn thn

N
(
Ui(A ∩ rBn2 ), tBn2

)
6 N(A, tBn2 ) 6 exp

(γn
tα

)
gia k�je t > 1, �ra

1

4

√
ε r 6

(
|A1|
|Bn2 |

) 1
n

6 c4γ
1
α s

1
α .

Autì apodeiknÔei ìti

R(A ∩ F ) 6 r 6 c5γ
1
α /ε

1
2 + 1

α

me pijanìthta megalÔterh apì 1− c1 exp(−c2εn). 2

4.3 Probolèc twn Lq-kentroeid¸n swm�twn

Skopìc mac eÐnai na d¸soume k�tw fr�gmata gia thn eggegrammènh aktÐna twn probol¸n,

di�stashc an�loghc tou n, twn Zq(µ) kai Z◦q (µ). JewroÔme 1 6 k 6 n − 1 kai tuqaÐo

upìqwro F ∈ Gn,k. 'Ena �nw fr�gma gia thn perigegrammènh aktÐna tou Zq(µ) ∩ F , �ra
kai èna k�tw fr�gma gia thn eggegrammènh aktÐna tou PF (Z◦q (µ)), prokÔptei apì thn

M∗-anisìthta kai to gegonìc ìti w(Zq(µ)) ' √q ìtan 2 6 q 6 q∗(µ).

Prìtash 4.3.1. 'Estw µ èna isotropikì logarijmik� koÐlo mètro ston Rn. An 2 6 q 6

q∗(µ) kai an ε ∈ (0, 1) kai k = b(1 − ε)nc, tìte o tuqaÐoc upìqwroc F ∈ Gn,k ikanopoieÐ

thn

(4.3.1) R
(
Zq(µ) ∩ F

)
6
c1
√
q

√
ε

  isodÔnama PF
(
Z◦q (µ)

)
⊇ c2

√
ε

√
q
BF

me pijanìthta megalÔterh apì 1− c3 exp(−c4εn), ìpou ci eÐnai apìlutec stajerèc. 2
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ApodeiknÔoume an�loga �nw fr�gmata gia thn R(Z◦q (µ) ∩ F ), F ∈ Gn,k. H idèa thc

apìdeixhc proèrqetai apì to [30] (deÐte tic telikèc parathr seic aut c thc paragr�fou).

Xekin�me me thn akìloujh �mesh sunèpeia tou Jewr matoc 4.2.2.

Pìrisma 4.3.2. 'Estw A èna summetrikì kurtì s¸ma ston Rm. Upojètoume ìti γ > 1,

α > 0, kai E eÐnai èna elleiyoeidèc ston Rm me thn idiìthta

N(A, tE) 6 exp
(γm
tα

)
gia k�je t > 1. Tìte, gia k�je ε ∈ (0, 1) up�rqei F ∈ Gm,b(1−ε)mc ¸ste

A ∩ F ⊆ cγ 1
α ε−( 1

2 + 1
α )E ∩ F,

ìpou c > 0 eÐnai mia apìluth stajer�.

Prìtash 4.3.3 ({mikrèc} timèc tou q). 'Estw µ èna isotropikì logarijmik� koÐlo

mètro ston Rn. 'Estw 1 6 α < 2. Gia k�je 0 < ε < 1 kai gia k�je q 6
√
εn up�rqoun

k > (1− ε)n kai F ∈ Gn,k ¸ste

PF
(
Zq(µ)

)
⊇ c(2− α)ε

1
2 + 2

α
√
q BF .

Apìdeixh. JumhjeÐte apì thn (3.4.5) ìti gia k�je 1 6 m 6 n kai gia k�je H ∈ Gn,m
èqoume

PH(Zq(µ)) = Zq(πH(µ)).

GnwrÐzoume epÐshc ìti, an ν eÐnai èna isotropikì logarijmik� koÐlo mètro ston Rm, tìte

|Zq(ν)|1/m > c
√
q/m

gia k�je q 6
√
m. 'Epetai ìti

(4.3.2) |PH(Zq(µ))|1/m > c1
√
q/m

gia k�je H ∈ Gn,m kai gia k�je q 6
√
m. StajeropoioÔme 1 6 α < 2 kai jewroÔme èna

α-kanonikì M -elleiyoeidèc E tou Zq(µ), dhlad  èna elleiyoeidèc me thn idiìthta

max
{
N
(
Zq(µ), tE

)
, N
(
E, tZq(µ)

)}
6 ec(α)n/tα

gia k�je t > 1, ìpou c(α) 6 C(2− α)−α/2.

'Estw 0 < λ1 6 · · · 6 λn ta m kh twn axìnwn tou E, kai èstw {u1, . . . , un} mia

orjokanonik  b�sh pou antistoiqeÐ sta λj . Gia k�je 1 6 m, s 6 n orÐzoume

Hm := span{u1, . . . , um} kai Fs = span{us+1, . . . , un}.
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AfoÔ E ∩Hm = PHm(E), èqoume

N
(
PHm

(
Zq(µ)

)
, t(E ∩Hm)

)
6 N

(
Zq(µ), tE

)
6 ec(α)n/tα ,

�ra

(4.3.3) |PHm(Zq(µ))|1/m 6 ec(α)n/(tαm)|BHm |1/m(tλm).

Epilègoume t = (c(α)n/m)1/α. Upojètontac ìti q 6
√
m, apì tic (4.3.2) kai (4.3.3)

paÐrnoume

(4.3.4) λm >

(
m

c(α)n

)1/α√
q.

Sth sunèqeia jewroÔme 0 < ε < 1 kai jètoume s = b εn2 c. 'Eqoume

N
(
E ∩ Fs, tPFs

(
Zq(µ)

))
6 N

(
E, tZq(µ)

)
6 ec(α)n/tα 6 e2c(α)(n−s)/tα ,

gia k�je t > 1.

T¸ra, qrhsimopoioÔme to je¸rhma duðsmoÔ twn Artstein-Avidan, Milman kai Sza-

rek [1]: Up�rqoun apìlutec stajerèc a kai b > 0 ¸ste gia k�je di�stash n kai gia k�je

summetrikì kurtì s¸ma A ston Rn na isqÔei

N(Bn2 , a
−1A◦)

1/b
6 N(A,Bn2 ) 6 N(Bn2 , aA

◦)
b
.

'Epetai ìti

N(Z◦q (µ) ∩ Fs, tE◦ ∩ Fs) 6 N
(
E ∩ Fs, atPFs

(
Zq(µ)

))b
6 ec1(α)(n−s)/tα .

Efarmìzoume to Pìrisma 4.3.2 gia to s¸ma Z◦q (µ)∩Fs (me γ = c1(α)) kai brÐskoume ènan

upìqwro F tou Fs, di�stashc k > (1− ε/2)(n− s) > (1− ε)n, ¸ste

Z◦q (µ) ∩ F ⊆ C
√

2− α ε 1
2 + 1

α

E◦ ∩ F,

ap' ìpou paÐrnoume

(4.3.5) PF
(
Zq(µ)

)
⊇ c
√

2− α ε 1
2 + 1

αPF (E).

Apì thn (4.3.4) èqoume

E ∩ Fs ⊇ λs+1BFs ⊇ c
√

2− α ε1/α√q BFs ,
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me thn proôpìjesh ìti q 6
√
εn. Tìte,

PF (E) = PF
(
PFs(E)

)
= PF (E ∩ Fs) ⊇ c

√
2− α ε1/α√qPF (BFs)

= c
√

2− α ε1/α√qBF .

Sundu�zontac ton teleutaÐo egkleismì me thn (4.3.5) oloklhr¸noume thn apìdeixh. 2

Prìtash 4.3.4 ({meg�lec} timèc tou q). 'Estw µ èna isotropikì logarijmik� koÐlo

mètro ston Rn. 'Estw 1 6 α < 2. Gia k�je 0 < ε < 1 kai gia k�je 2 6 q 6 εn up�rqoun

k > (1− ε)n kai F ∈ Gn,k ¸ste

PF
(
Zq(µ)

)
⊇ c1(2− α)ε

1
2 + 2

α

Lεn

√
q BF ⊇

c2(2− α)ε
1
4 + 2

α

4
√
n

√
q BF .

Apìdeixh. Efarmìzoume to Ðdio perÐpou epiqeÐrhma, mìno pou antÐ gia ta k�tw fr�gmata

(5.4.7), (3.7.9) gia thn aktÐna ìgkou twn Lq-kentroeid¸n swm�twn qrhsimopoioÔme thn

(3.7.6). 'Etsi, paÐrnoume

(4.3.6) |PH(Zq(µ))|1/m >
c1
Lm

√
q/m

gia k�je H ∈ Gn,m kai gia k�je q 6 m. OrÐzoume touc upoq¸rouc Hm, Fs ìpwc sthn

apìdeixh thc Prìtashc 4.3.3 kai jewroÔme èna α-kanonikì M -elleiyoeidèc E tou Zq(µ).

Aut n thn for�, upojètontac ìti q 6 m, apì tic (4.3.6) kai (4.3.3) paÐrnoume

λm >
1

Lm

(
m

c(α)n

)1/α√
q.

Sth sunèqeia, stajeropoioÔme ε ∈ (0, 1), jètoume s = b εn2 c kai jewroÔme tuqìn q 6 εn/2.

'Opwc prohgoumènwc, brÐskoume ènan upìqwro F tou Fs, di�stashc k > (1−ε/2)(n−s) >
(1− ε)n, ¸ste

PF
(
Zq(µ)

)
⊇ c
√

2− α ε 1
2 + 1

αPF (E)

kai

PF (E) = PF
(
PFs(E)

)
⊇ PF (λs+1BFs) ⊇

c
√

2− α
Ls

ε1/α√q BF .

AfoÔ s ' εn kai Lεn 6 C 4
√
εn, èpetai to sumpèrasma. 2

GnwrÐzoume ìti an K eÐnai èna isotropikì summetrikì kurtì s¸ma ston Rn, tìte

PF (K) ⊇ PF
(
Zq(K)

)
gia k�je q > 0. JumhjeÐte epÐshc ìti to mètro µK me puknìthta LnK1K/LK eÐnai isotropikì

kai Zq(K) = LKZq(µK). Epilègontac q = εn kai efarmìzontac thn Prìtash 4.3.4 me

µ = µK paÐrnoume:
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Pìrisma 4.3.5. 'Estw K èna summetrikì isotropikì kurtì s¸ma ston Rn. Gia k�je

1 6 α < 2 kai gia k�je 0 < ε < 1 up�rqoun k > (1− ε)n kai F ∈ Gn,k ¸ste

PF (K) ⊇ LKPF
(
Zq(µK)

)
⊇ c(2− α) ε

3
4 + 2

α 4
√
nLK BF .

Parat rhsh 4.3.6. K�poiec parallagèc tou PorÐsmatoc 4.3.5 èqoun  dh emfanisteÐ

sthn bibliografÐa. Sto [58] apodeiknÔetai mia isqurìterh ektÐmhsh me diaforetik  mèjodo:

an K eÐnai èna summetrikì isotropikì kurtì s¸ma ston Rn tìte, gia k�je 0 < ε < 1,

up�rqei upìqwroc F tou Rn me dimF > (1− ε)n ¸ste

PF (K) ⊇ cε3/2
4
√
n

log n
LKBF ,

ìpou c > 0 eÐnai mia apìluth stajer�. Parìmoio apotèlesma, me kubik  ex�rthsh apì

to ε, emfanÐzetai sto [4]. To epiqeÐrhm� mac sqetÐzetai me ekeÐno sto [30] ìpou, me thn

prìsjeth upìjesh ìti Ln 6 C gia k�je n > 1, h Ôparxh k�poiou F ∈ Gn,b(1−ε)nc me

PF (K) ⊇ cε3
√
nBF

exasfalÐzetai gia ìla ta isotropik� kurt� s¸mata K ston Rn kai ìla ta 0 < ε < 1. Me

aut n thn upìjesh, to epiqeÐrhm� mac ja odhgoÔse sthn PF (K) ⊇ c(2 − α)ε
α+2
α
√
nBF

gia k�je 1 6 α < 2.

Parat rhsh 4.3.7. H Prìtash 4.3.3 kai h Prìtash 4.3.4 exasfalÐzoun thn Ôparxh

miac b(1 − ε)nc-di�stathc probol c tou Zq(µ) me meg�lh eggegrammènh aktÐna. 'Omwc,

apodeiknÔetai sto [21] ìti, gia k�je µ ∈ (0, 1) kai gia k�je 0 < s < 1/(2− µ), h mègisth

eggegrammènh aktÐna twn bµnc-di�statwn probol¸n kai h tuqaÐa eggegrammènh aktÐna twn
bsµnc-di�statwn probol¸n enìc summetrikoÔ kurtoÔ s¸matoc K ston Rn diafèroun to

polÔ kat� mÐa stajèr� pou exart�tai mìno apì ta µ kai s. Pio sugkekrimèna, an a(λ,K)

eÐnai h mègisth (kai an b(λ,K) eÐnai h {tuqaÐa}) eggegrammènh aktÐna miac bλnc-di�stathc
probol c tou K tìte(

cµ
(
1− s(2− µ)

)
1− sµ

√
1− µ

)
a(µ,K) 6 b(sµ,K)

gia k�je n > n0(µ, s). Qhsimopoi¸ntac autì to gegonìc mporoÔme na deÐxoume ekdoqèc

twn apotelesm�twn aut c thc paragr�fou gia tic tuqaÐec probolèc tou Zq(µ). Epeid  h

ektÐmhsh thc mègisthc eggegrammènhc aktÐnac mac arkeÐ gia ta apotelèsmata twn epomènwn

paragr�fwn, den parousi�zoume tic akribeÐc diatup¸seic.
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4.4 ArijmoÐ k�luyhc

Qrhsimopoi¸ntac thn Prìtash 4.3.3, gia k�je isotropikì logarijmik� koÐlo mètro µ ston

Rn mporoÔme na deÐxoume k�poiec ektim seic gia touc arijmoÔc k�luyhc N(
√
qBn2 , tZq(µ)).

Autèc ja prokÔyoun apì èna je¸rhma epèktashc pou apodeÐqjhke sto [38]:

L mma 4.4.1. 'Estw K,L summetrik� kurt� s¸mata ston Rn kai ac upojèsoume ìti

L ⊆ RK. 'Estw F ènac upìqwroc tou Rn me dimF = n −m kai èstw 0 < r < t < R.

Tìte, èqoume

(4.4.1) N(L, tK) 6 2m
(

2R+ t

t− r

)m
N
(
PF (L),

r

2
PF (K)

)
.

Gia thn apìdeixh tou L mmatoc 4.4.1 qreiazìmaste èna pio genikì apotèlesma.

L mma 4.4.2. 'Estw L,L1, L2 uposÔnola tou Rn. 'Estw E ènac upìqwroc tou Rn kai

èstw P : Rn → Rn mia probol  me kerP = E. Tìte,

N(L,L1 + L2) 6 N(P (L), P (L1)) N((L− L− L1) ∩ E,L2).

Apìdeixh. Jètoume N1 := N(P (L), P (L1)). Tìte, apì ton orismì, up�rqoun z1, . . . , zN1 ∈
P (L) tètoia ¸ste

P (L) ⊂
N1⋃
i=1

(zi + P (L1)) .

Gia k�je x ∈ L epilègoume i(x) 6 N1 kai yx ∈ P (L1) tètoia ¸ste

P (x) = zi(x) + yx.

Katìpin, gia k�je 1 6 i 6 N1 epilègoume zi ∈ L tètoio ¸ste P (zi) = zi kai gia k�je

y ∈ P (L1) epilègoume y ∈ L1 tètoio ¸ste P (y) = y. T¸ra, gia k�je x ∈ L orÐzoume

v(x) = zi(x) + yx ∈ zi(x) + L1 kai w(x) = x− v(x).

Jètoume Ti := L− L1 − zi. Tìte, w(x) ∈ Ti(x) gia k�je x ∈ L kai

P (w(x)) = P (x)− P (v(x)) = P (x)− zi(x) − yx = 0.

Sunep¸c, w(x) ∈ E gia k�je x ∈ L. 'Ara, w(x) ∈ Ti(x) ∩ E kai gia k�je x ∈ L

x = w(x) + v(x) ∈ Ti(x) ∩ E + zi(x) + L1.
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'Epetai ìti

L ⊂
N1⋃
i=1

(
Ti ∩ E + zi(x) + L1

)
.

AfoÔ

N(Ti ∩ E,L2) 6 max
z∈L

N ((L− L1 − z) ∩ E,L2) 6 N((L− L− L1) ∩ E,L2),

èqoume to sumpèrasma. 2

Apìdeixh tou L mmatoc 4.4.1. Qrhsimopoi¸ntac to L mma 4.4.2 me L1 = rK, L2 =

(t− r)K, kai paÐrnontac up' ìyin thn summetrÐa twn K kai L, paÐrnoume

N(L, tK) 6 N(P (L), rP (K)) N((2L+ rK) ∩ E, (t− r)K).

Gia ton pr¸to ìri qrhsimopoioÔme to gnwstì fr�gma N(A,B) 6 N(A, (1/2)B). Gia ton

deÔtero ìro, qrhsimopoi¸ntac pr¸ta thn upìjesh ìti L ⊂ RK gr�foume

N((2L+ rK) ∩ E, (t− r)K) 6 N((2R+ r)K ∩ E, (t− r)K).

EÐnai tìte �meso ìti

(4.4.2) N((2R+ r)K ∩ E, (t− r)K) 6

(
1 +

2(2R+ r)

t− r

)m
6 2m

(
2R+ t

t− r

)m
,

kai èpetai to sumpèrasma. 2

Parat rhsh 4.4.3. Enallaktik�, ja mporoÔsame na qrhsimopoi soume èna parìmoio

apotèlesma twn Vershynin kai Rudelson (blèpe [59, L mma 5.2]): An K eÐnai èna sum-

metrikì kurtì s¸ma ston Rn me K ⊇ δBn2 kai an PF (K) ⊇ BF gia k�poion F ∈ Gn,k,
k > (1− ε)n, tìte

N(Bn2 , 4K) 6 (C/δ)2εn.

O anagn¸sthc mporeÐ na elègxei ìti efarmìzontac autì to apotèlesma sthn jèsh tou

L mmatoc 4.4.1 ja paÐrname to Ðdio fr�gma me autì pou dÐnei h Prìtash 4.4.4 pou ako-

loujeÐ.

Prìtash 4.4.4. 'Estw µ èna isotropikì logarijmik� koÐlo mètro ston Rn. Upojètoume
ìti q 6

√
n. Tìte, gia k�je 1 6 α < 2 kai gia k�je

(4.4.3) 1 6 t 6 min
{√

q, c2(2− α)−1(n/q2)
α+4
2α

}
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èqoume

max
{

logN
(√
qBn2 , tZq(µ)

)
, logN

(√
qZ◦q (µ), tBn2

)}
6 c(α)

n

t
2α
α+4

max

{
log

√
2q

t
, log

1

(2− α)t

}
,(4.4.4)

ìpou c(α) 6 C(2− α)−2/3.

Apìdeixh. ParathroÔme ìti, afoÔ Bn2 ⊆ Zq(µ), oi timèc tou t pou mac endiafèroun ft�noun

mèqri thn
√
q. StajeropoioÔme ε ∈ (0, 1), jètoume k = (1 − ε)n kai jewroÔme tuqìnta

F ∈ Gn,k. Efarmìzontac to L mma 4.4.1 gia ta s¸mata
√
qBn2 kai Zq(µ) me R =

√
q kai

r = t/2 blèpoume ìti, gia k�je 1 6 t <
√
q,

(4.4.5) N
(√
qBn2 , tZq(µ)

)
6

(
c1
√
q

t

)εn
N

(
√
qBF ,

t

4
PF
(
Zq(µ)

))
.

An q2 6 εn tìte h Prìtash 4.3.3 deÐqnei ìti, gia k�je 1 6 α < 2, up�rqei F ∈ Gn,k,

k = (1− ε)n, ¸ste PF (Zq(µ)) ⊇ c2(2− α)ε
1
2 + 2

α
√
qBF . 'Etsi, katal goume sthn

(4.4.6) N
(√
qBn2 , tZq(µ)

)
6

(
c3
√
q

t

)εn
N
(
BF , c4t(2− α)ε

1
2 + 2

αBF

)
.

Sto tèloc epilègoume ε ' [(2−α)t]−
2α
α+4 (o periorismìc [(2−α)t]

2α
α+4 6 cn/q2 qrei�zetai

se autì to shmeÐo�parathr ste ìti, an p.q. q 6 n3/7, autì mac epitrèpei na jewr soume

opoiad pote tim  tou t mèqri thn
√
q). Me aut n thn epilog  tou ε, apì thn (4.4.6)

paÐrnoume

(4.4.7) logN
(√
qBn2 , tZq(µ)

)
6 c(α)

n log(2q/t2)

t
2α
α+4

.

Autì apodeiknÔei to �nw fr�gma gia ton pr¸to arijmì k�luyhc sthn (4.4.4) upì ton

periorismì t > c1(2− α)−1 (diìti o (2− α)t ' εα+4
2α prèpei na eÐnai mikrìteroc apì 1).

Sto di�sthma 1 ≤ t ≤ c(2− α)−1 qrhsimopoioÔme thn anisìthta

(4.4.8) N
(√
qBn2 , tZq(µ)

)
6 N

(√
qBn2 , c1(2− α)−1Zq(µ)

)
N
(
Zq(µ), c−1

1 (2− α)tZq(µ)
)
.

Parathr¸ntac ìti o teleutaÐoc arijmìc k�luyhc fr�ssetai apì
(
1 + c(2− α)−1t−1

)n
kai

k�nontac stoiqei¸deic upologismoÔc oloklhr¸noume thn apìdeixh gia ton pr¸to arijmì

k�luyhc sthn (4.4.4).

To fr�gma gia ton deÔtero arijmì k�luyhc sthn (4.4.4) èpetai �mesa apì to je¸rhma

duðsmoÔ gia touc arijmoÔc k�luyhc. 2

Qrhsimopoi¸ntac thn Prìtash 4.3.4 antÐ gia thn Prìtash 4.3.3 paÐrnoume thn ex c:
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Prìtash 4.4.5. 'Estw µ èna isotropikì logarijmik� koÐlo mètro ston Rn. Upojètoume
ìti 2 6 q 6 n. Tìte, gia k�je 1 6 α < 2 kai gia k�je

(4.4.9) 1 6 t 6 min

{
√
q, c2(2− α)−1Ln

(
n

q

)α+4
2α
}

èqoume

max
{

logN
(√
qBn2 , tZq(µ)

)
, logN

(√
qZ◦q (µ), tBn2

)}
6 c(α)L

2α
α+4
n

n

t
2α
α+4

max

{
log

√
2q

t
, log

Ln
(2− α)t

}
,(4.4.10)

ìpou c(α) 6 C(2− α)−2/3 kai c1, c2, C > 0 eÐnai apìlutec stajerèc.

Apìdeixh. AkoloujoÔme thn Ðdia diadikasÐa me aut n thc prohgoÔmenhc apìdeixhc, kai h

mình diafor� eÐnai ìti t¸ra paÐrnoume upìyin to gegonìc ìti, gia k�je ε ∈ (0, 1), èqoume

Lεn 6 cLn gia k�poia apìluth stajer� c. Parathr ste ìti se aut n thn perÐptwsh

mporoÔme na jewr soume opoiod pote t mèqri thn
√
q an perioristoÔme se ekeÐna ta q ta

opoÐa den xepernoÔn thn
√
Lnn

3/4. 2

Parat rhsh 4.4.6. An den qrhsimopoi soume thn monotonÐa thc Ln all� protim sou-

me to fr�gma Lεn 6 4
√
εn, katal goume se èna �nw fr�gma thc morf c

(4.4.11)
C

(2− α)
4α
α+8

n
2α+8
α+8 log q

t
4α
α+8

gia to max{logN
(√
qBn2 , tZq(µ)

)
, logN

(√
qZ◦q (µ), tBn2

)
}. 'Eqoume ètsi kalÔtero ekjèth

tou t gia k�je α, ìmwc oi periorismoÐ thc apìdeixhc mac anagk�zoun na koit�xoume mìno

ta t sto di�sthma

(4.4.12) c(2− α)−1 4
√
n 6 t 6 c(2− α)−1n

2α+8
4α

q
α+8
4α

(p�li to t mporeÐ na ft�sei mèqri thn
√
q an, gia par�deigma, q 6 n6/7). Se autì to

di�sthma, to teleutaÐo �nw fr�gma gia touc arijmoÔc k�luyhc eÐnai kalÔtero mìno an h

Ln sumperifèretai {�sqhma} wc proc to n.

4.5 'Anw fr�gma gia to M(Zq(µ))

Gia na qrhsimopoi soume tic ektim seic arijm¸n k�luyhc pou apodeÐxame sthn prohgoÔ-

menh par�grafo ¸ste na d¸soume �nw fr�gma gia to M(Zq(µ)), qrhsimopoioÔme thn di�-

spash Dudley–Fernique (blèpe p.q. [17, §2.5.2]). JewroÔme to summetrikì kurtì s¸ma
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K :=
√
qZ◦q (µ) kai, gia k�je 1 6 j 6 log q, jewroÔme ton arijmì k�luyhcN(K, 2−jRBn2 ),

ìpou R = R(K) 6
√
q. Up�rqei Nj ⊆ K me |Nj | = N(K, 2−jRBn2 ) ¸ste, gia k�je

x ∈ K na mporoÔme na broÔme v ∈ Nj me ‖x − v‖2 6 2−jR. Jètoume N0 = {0} kai

Zj = Nj −Nj−1. Tìte, èqoume:

L mma 4.5.1. 'Estw K summetrikì kurtì s¸ma ston Rn. Gia k�je m ∈ N kai gia k�je

x ∈ K up�rqoun z1, . . . , zm, wm me zj ∈ Zj ∩ 3R
2j B

n
2 kai wm ∈ R

2m Bn2 ¸ste

(4.5.1) x = z1 + · · ·+ zm + wm,

ìpou R = R(K) eÐnai h perigegrammènh aktÐna tou K.

Apìdeixh. 'Estw x ∈ K. Apì ton orismì tou Nj , mporoÔme na broÔme yj ∈ Nj , j =

1, . . . ,m, tètoia ¸ste

‖x− yj‖2 6
R

2j
.

Gr�foume

x = (y1 − 0) + (y2 − y1) + · · ·+ (ym − ym−1) + (x− ym).

Jètoume y0 = 0 kai wm = x − ym, zj = yj − yj−1 gia j = 1, . . . ,m. Tìte, ‖wm‖2 =

‖x− ym‖2 6 R/2m, kai zj ∈ Nj −Nj−1 = Zj . EpÐshc,

‖zj‖2 6 ‖x− yj‖2 + ‖x− yj−1‖2 6
R

2j
+

R

2j−1
=

3R

2j
.

Tèloc, x = z1 + · · ·+ zm + wm, ìpwc jèlame. 2

Je¸rhma 4.5.2 ({mikrèc} timèc tou q). 'Estw µ èna isotropikì logarijmik� koÐlo

mètro ston Rn. Gia k�je 1 6 α < 2 kai gia k�je

(4.5.2) 1 6 q 6 c(2− α)−2/7n
α+4
3α+8 ,

èqoume

(4.5.3) M
(
Zq(µ)

)
6 C(2− α)−1/3

√
max

{
log q, log(2− α)−1

}
q

α
2α+8

,

ìpou C > 0 eÐnai mia apìluth stajer�. Eidikìtera, gia k�je 1 6 q 6 n3/7,

(4.5.4) M
(
Zq(µ)

)
6 C

(log q)5/6

6
√
q

.
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Apìdeixh. Jètoume K =
√
qZ◦q (µ). Qrhsimopoi¸ntac to L mma 4.5.1, gia k�je m ∈ N

kai gia k�je x ∈ K mporoÔme na broÔme (zj)j6m ⊂ Zj ∩ 3R
2j B

n
2 kai wm ∈ R

2mB
n
2 ¸ste

x = z1 + · · ·+ zm + wm. Gia k�je θ ∈ Sn−1 èqoume

(4.5.5) |〈x, θ〉| 6
m∑
j=1

|〈zj , θ〉|+ |〈wm, θ〉|.

Gr�foume z = z/‖z‖2 gia k�je z 6= 0. Tìte,

w(K) =

∫
Sn−1

max
x∈K
|〈x, θ〉| dσ(θ)(4.5.6)

6
m∑
j=1

∫
Sn−1

max
z∈Zj

|〈θ, z〉| dσ(θ) +

∫
Sn−1

max
w∈2−mRBn2

|〈w, θ〉| dσ(θ)

6
m∑
j=1

3R

2j

∫
Sn−1

max
z∈Zj

|〈θ, z̄〉| dσ(θ) +
R

2m

6
m∑
j=1

c3R

2j

√
log |Zj |√
n

+
R

2m
,

ìpou qrhsimopoi same to ex c:

L mma. Gia k�je u1, . . . , uN ∈ Sn−1 isqÔei

(4.5.7)

∫
Sn−1

max
j6N
|〈θ, uj〉| dσ(θ) 6 c3

√
logN√
n

.

Apì ton orismì twn Zj kai apì thn Prìtash 4.4.4 paÐrnoume

(4.5.8) log |Zj | 6 log |Nj |+ log |Nj−1| 6 c(α)n

(
2j

R

) 2α
α+4

max
{

log q, log(2− α)−1
}
,

ìpou upojèsame ìti R/2m > 1 kai c(α) 6 C(2−α)−
2α
α+4 . Eis�gontac aut n thn anisìthta

sthn (4.5.6) sumperaÐnoume ìti

w(K) 6
c5

(2− α)
α
α+4

R
4

α+4

√
max

{
log q, log

1

2− α

} ∑
j6m

1

2
4j
α+4

+
R

2m
(4.5.9)

6
C

(2− α)
α
α+4

q
2

α+4

√
max

{
log q, log

1

2− α

}
,

an to m eÐnai arket� meg�lo ¸ste na isqÔei R/2m ' 1. Apomènei na parathr soume ìti

w(K) =
√
qw
(
Z◦q (µ)

)
=
√
qM
(
Zq(µ)

)
,
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�ra

M
(
Zq(µ)

)
6

C

(2− α)
α
α+4

√
max

{
log q, log(2− α)−1

}
q

α
2α+8

.

Tèloc, gia na p�roume thn (4.5.4), jètoume α = 2− 1
log q . 2

'Estw K èna isotropikì summetrikì kurtì s¸ma ston Rn. Efarmìzoume to Je¸rhma

4.5.2 gia to isotropikì logarijmik� koÐlo mètro µK , to opoÐo èqei puknìthta LnK1K/LK ,

me q = n3/7 (aut  eÐnai h bèltisth epilog  gia ton skopì autì) kai paÐrnoume:

Je¸rhma 4.5.3. 'Estw K ⊂ Rn isotropikì kai summetrikì. Tìte,

M(K) 6 C
(log n)5/6

LK 14
√
n
.

Qrhsimopoi¸ntac thn Prìtash 4.4.5 antÐ gia thn Prìtash 4.4.4, paÐrnoume epÐshc to

ex c:

Je¸rhma 4.5.4. 'Estw µ èna isotropikì logarijmik� koÐlo mètro ston Rn. Gia k�je

1 6 α < 2 kai gia k�je

(4.5.10) 1 6 q 6 c1(2− α)−1/3 L
2α

2α+4
n n

α+4
2α+4 ,

èqoume

(4.5.11) M
(
Zq(µ)

)
6 C(2− α)−1/3 L

α
α+4
n

√
max

{
log q, logLn(2− α)−1

}
q

α
2α+8

,

ìpou c1, C > 0 eÐnai apìlutec stajerèc. Eidikìtera, gia k�je q to opoÐo ikanopoieÐ thn

Ln log q 6 q 6
√
Ln n

3/4,

(4.5.12) M
(
Zq(µ)

)
6 C

3
√
Ln(log q)5/6

6
√
q

kai, gia k�je isotropikì summetrikì kurtì s¸ma K ston Rn,

M(K) 6 C
4
√
Ln(log n)5/6

LK 8
√
n

.

Parat rhsh 4.5.5. 'Omoia, qrhsimopoi¸ntac thn Parat rhsh 4.4.6 antÐ gia thn Prì-

tash 4.4.4, blèpoume ìti, gia k�je 1 6 α < 2, gia k�je

(4.5.13) c1(2− α)−2
√
n 6 q 6 c2(2− α)−1/3n

2α+8
3α+8 ,
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èqoume

(4.5.14) M
(
Zq(µ)

)
6 C(2− α)−2/5 4

√
n

2α
α+8

√
log q

q
α
α+8

,

ìpou c1, c2 kai C > 0 eÐnai apìlutec stajerèc, kai, gia k�je
√
n log n 6 q 6 n6/7,

(4.5.15) M
(
Zq(µ)

)
6 C

10
√
n(log n)9/10

5
√
q

.

Sunep¸c, gia k�je isotropikì summetrikì kurtì s¸ma K ston Rn,

M(K) 6 C
(log n)9/10

LK 14
√
n

.

4.6 'Allec parathr seic

Se aut n thn teleutaÐa par�grafo sugkentr¸noume orismènec prìsjetec parathr seic

gia thn gewmetrÐa twn kentroeid¸n swm�twn Zq(µ).

1. Eggegrammènh aktÐna twn probol¸n. Pr¸ta dÐnoume k�tw fr�gmata gia

tic posìthtec R(Zq(µ) ∩ F ) kai R(Z◦q (µ) ∩ F ). Sthn pragmatikìthta isqÔoun gia k�je

1 6 k < n kai k�je F ∈ Gn,k. Lìgw duðsmoÔ, autèc oi ektim seic (sunduazìmenec me thn

Prìtash 4.3.3) prosdiorÐzoun thn eggegrammènh aktÐna twn PF (Z◦q (µ)) kai PF (Zq(µ)).

To shmeÐo ekkÐnhshc eÐnai h akìloujh prìtash apì to [19].

Prìtash 4.6.1. 'Estw A èna summetrikì kurtì s¸ma ston Rn. Upojètoume ìti up�rqei
γ > 1 tètoioc ¸ste

N(Bn2 , tA) 6 exp
(γn
tp

)
gia k�je t > 1. Gia k�je δ ∈ (0, 1) kai k�je F ∈ Gn,bδnc èqoume

w(A ∩ F ) >
cδ1/p

γ1/p
.

Apìdeixh. Jètoume k = bδnc kai jewroÔme tuqìnta F ∈ Gn,k. Qrhsimopoi¸ntac thn

upìjesh kai to je¸rhma duðsmoÔ gia touc arijmoÔc k�luyhc blèpoume ìti h probol 

PF (A◦) tou A◦ ston F ikanopoieÐ thn

N
(
PF (A◦), tBF

)
6 N(A◦, tBn2 ) 6 exp

(
γk

δtp

)
,
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gia k�je t > 1. Efarmìzoume to Je¸rhma 4.2.2 me W = PF (A◦), n = k kai ε = 1/2.

Up�rqei H ∈ Gk,bk/2c(F ) gia ton opoÐo

PF (A◦) ∩H ⊆ cγ1/p

δ1/p
BH .

PaÐrnontac polik� ston H blèpoume ìti PH(A ∩ F ) ⊇ cδ1/p

γ1/p BH .

UpenjumÐzoume t¸ra ìti, an C eÐnai èna summetrikì kurtì s¸ma ston Rm kai an L

eÐnai ènac s-di�statoc upìqwroc tou Rm, tìte M(C ∩ L) .
√
m/sM(C) (blèpe [20,

Par�grafoc 4.2]). Epomènwc, jètontac C = (A ∩ F )◦ kai L = H, paÐrnoume

w(A ∩ F ) = M
(
(A ∩ F )◦

)
>

1√
2
M
(
(A ∩ F )◦ ∩H

)
=

c√
2
w
(
PH(A ∩ F )

)
>
c′δ1/p

γ1/p
,

pou eÐnai to zhtoÔmeno. 2

Je¸rhma 4.6.2. 'Estw µ èna isotropikì logarijmik� koÐlo mètro ston Rn. Upojètoume
ìti q 6

√
n. Tìte, gia k�je 1 6 α < 2, 0 < δ < 1 kai gia k�je F ∈ Gn,bδnc èqoume

R
(
Zq(µ) ∩ F

)
> w

(
Zq(µ) ∩ F

)
> c

(2− α)δ
α+4
2α(

log 1
2−α

)α+4
2α

√
q.

Apìdeixh. Apì thn prìtash 4.4.4 gnwrÐzoume ìti

logN
(√
qBn2 , tZq(µ)

)
6 c(α)

n

t
2α
α+4

max

{
log

√
2q

t
, log

1

(2− α)t

}
,

ìpou c(α) 6 C(2− α)−2/3. Epomènwc, mporoÔme na efarmìsoume thn Prìtash 4.6.1 me

(4.6.1) γ = c(α)
max{log q, log 1

2−α}√
qp

kai p = 2α
α+4 . 2

'Ena parìmoio epiqeÐrhma efarmìzetai kai gia to Z◦q (µ). AfoÔM(Z◦q (µ)) = w(Zq(µ)) '
√
q gia k�je q 6

√
n, apì thn duðk  anisìthta Sudakov èqoume

logN
(
Bn2 , t

√
qZ◦q (µ)

)
6
cn

t2

gia k�je t > 1. Efarmìzontac thn Prìtash 4.6.1 me γ = cq kai p = 2 paÐrnoume:
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Je¸rhma 4.6.3. 'Estw µ èna isotropikì logarijmik� koÐlo mètro ston Rn. Upojètoume
ìti q 6

√
n. Tìte, gia k�je 1 6 α < 2, 0 < δ < 1 kai gia k�je F ∈ Gn,bδnc èqoume

R
(
Z◦q (µ) ∩ F

)
> w

(
Z◦q (µ) ∩ F

)
>
c
√
δ

√
q
.

2. 'Anw fr�gma gia to M−k(Zq(µ)). 'Estw C èna summetrikì kurtì s¸ma ston

Rn. Gia k�je p 6= 0, orÐzoume

(4.6.2) Mp(C) :=

(∫
Sn−1

‖θ‖pCdσ(θ)

)1/p

.

Oi Litvak, Milman kai Schechtman apèdeixan sto [36] ìti an b eÐnai h mikrìterh stajer�

gia thn opoÐa isqÔei h ‖x‖ 6 b‖x‖2 gia k�je x ∈ Rn, tìte

max

{
M(C), c1

b
√
q

√
n

}
6Mp(C) 6 max

{
2M(C), c2

b
√
q

√
n

}
gia k�je p ∈ [1, n], ìpou c1, c2 > 0 eÐnai apìlutec stajerèc. Eidikìtera,

(4.6.3) Mp(C) 'M(C)

ìtan p 6 k(C) := k∗(C
◦). Oi Klartag kai Vershynin ìrisan sto [33] thn par�metro

d(C) = min

{
− log σ

({
x ∈ Sn−1 : ‖x‖ 6 M(C)

2

})
, n

}
kai parat rhsan ìti to d(C) eÐnai p�nta megalÔtero tou k(C). To basikì touc apotelèsma

sumplhr¸nei thn (4.6.3) dÐnontac plhroforÐec gia tic arnhtikèc timèc tou p: 'Eqoume ìti

(4.6.4) M−p(C) 'M(C)

gia k�je 0 < p 6 d(C).

'Estw µ èna isotropikì logarijmik� koÐlo mètro ston Rn. AfoÔ to M−p(Zq(µ)) eÐ-

nai profan¸c mikrìtero apì to M(Zq(µ)), stìqoc mac eÐnai na d¸soume �nw fr�gmata

gia autèc tic posìthtec kai na ta sugkrÐnoume me aut� thc Paragr�fou 4.5. Ja qrhsi-

mopoi soume to epìmeno L mma apì to [52], to opoÐo eÐnai anadiatÔpwsh thc Prìtashc

3.5.22.

L mma 4.6.4. 'Estw C èna summetrikì kurtì s¸ma ston Rn. Gia k�je akèraio 1 6

k < n,

(4.6.5) M−k(C) '

(∫
Gn,k

vrad
(
PF (C◦)

)−k
dνn,k(F )

)−1/k

.
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Prìtash 4.6.5. 'Estw µ èna isotropikì logarijmik� koÐlo mètro ston Rn. Gia k�je

2 6 q 6
√
n kai k > q2 log2 q èqoume

(4.6.6) M−k
(
Zq(µ)

)
6
c log3 q
√
q

(n
k

)3/2

.

Apìdeixh. Epilègoume α = 2− 1
log q . Apì thn apìdeixh thc Prìtashc 4.4.4 blèpoume ìti

an t ≤ √q kai
q2

(log q)2/3
t2/3 6 n

tìte

N
(√
qZ◦q (µ), tBn2

)
6 exp

(
c1
n(log q)2/3

t2/3
log

2q

t2

)
.

ìpou c1 > 0 eÐnai mia apìluth stajer�. Epomènwc, gia k�je akèraio 1 6 k < n kai k�je

F ∈ Gn,k èqoume

√
q |PF (Z◦q (µ))|1/k 6 t|Bk2 |1/kN

(√
qPF

(
Z◦q (µ)

)
, tBF

)1/k

6 t|Bk2 |1/k exp

(
c1
n(log q)2/3

kt2/3
log

2q

t2

)
.

Epilègontac t ' (n/k)3/2 log3 q sumperaÐnoume ìti

( |PF (Z◦q (µ))|
|Bk2 |

)1/k

6
c log3 q
√
q

(n
k

)3/2

,

kai to zhtoÔmeno èpetai apì to L mma 4.6.4. 2

ShmeÐwsh. AfoÔ Zq(µ) ⊇ Bn2 , èqoume to profanèc �nw fr�gmaM−k(Zq(µ)) 6 1 gia k�je

1 6 k < n. 'Ara, h ektÐmhsh thc Prìtashc 4.6.5 eÐnai mh tetrimmènh gia k > n log2 q/q1/3.

Parat rhsh 4.6.6. 'Omoia, xekin¸ntac apì thn Prìtash 4.4.5 kai mimoÔmenoi thn

apìdeixh thc Prìtashc 4.6.5 paÐrnoume thn akìloujh Prìtash.

Prìtash 4.6.7. 'Estw µ èna isotropikì logarijmik� koÐlo mètro ston Rn. Gia k�je

2 6 q 6 n kai gia k�je k > L
2/3
n q èqoume

(4.6.7) M−k
(
Zq(µ)

)
6
cLn√
q

(n
k

)3/2

.
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Upì to prÐsma thc (4.6.4) èna fusiologikì er¸thma eÐnai na d¸soume k�tw fr�gmata

gia to d(Zq(µ)). Autì giatÐ, an to d(Zq(µ)) eÐnai arket� meg�lo ¸ste na mporoÔme na

qrhsimopoi soume thn Prìtash 4.6.5   thn Prìtash 4.6.7, tìte ja mporoÔsame na èqoume

endeqomènwc kalÔterh plhroforÐa kai gia to M(Zq(µ)). Autì pou gnwrÐzoume eÐnai èna

k�tw fr�gma gia to k(Zq(µ)) kai to k(Z◦q (µ)) sto di�sthma 2 6 q 6 q∗(µ). Gia k�je

2 6 q 6 q∗(µ) èqoume

(4.6.8) min
{
k
(
Zq(µ)

)
, k
(
Z◦q (µ)

)}
>
c1n

q
,

ìpou c1 eÐnai mia apìluth stajer�.

Gia na to doÔme autì, upenjumÐzoume ìti Bn2 ⊆ Zq(µ) ⊆ c2qBn2 , �ra

R
(
Zq(µ)

)
6 c2q kai R

(
Z◦q (µ)

)
6 1.

Tìte, qrhsimopoi¸ntac thn w(Zq(µ)) ' √q paÐrnoume

k∗
(
Zq(µ)

)
> c3n

w2
(
Zq(µ)

)
R2
(
Zq(µ)

) > c4n
q

q2
=
c4n

q
.

EpÐshc, qrhsimopoi¸ntac to gegonìc ìti w(C◦)w(C) > 1 gia k�je summetrikì kurtì s¸ma

C, kai lamb�nontac upìyin mac thn w(Zq(µ)) ' √q, blèpoume ìti w(Z◦q (µ)) > c/
√
q gia

k�je 2 6 q 6 q∗(µ), �ra

k∗
(
Z◦q (µ)

)
> c5n

w2
(
Z◦q (µ)

)
R2
(
Z◦q (µ)

) >
c6n

q
.

3. Ektim seic gia mikrèc mp�lec. Se aut n thn teleutaÐa upoenìthta perigr�-

foume mia prosèggish pou odhgeÐ se ektim seic gia ton ìgko thc tom c twn kentroeid¸n

swm�twn me {mikrèc mp�lec}. EÐnai bolikì na kanonikopoi soume ton ìgko, kai na jewr -

soume to Zq(µ) antÐ tou Zq(µ). UpenjumÐzoume ìti an q 6
√
n tìte |Zq(µ)|1/n '

√
q/n,

epomènwc

Zq(µ) '
√
n/q Zq(µ).

Tìte, w(Zq(µ)) '
√
n/qw(Zq(µ)) '

√
n, pou mac dÐnei

logN
(
Zq(µ), sBn2

)
6 c1n

(
w
(
Zq(µ)

)
s

)2

6
c2n

2

s2
.

QrhsimopoioÔme to akìloujo ([14], L mma 5.6).



78 · Gewmetria twn Lq-kentroeidwn swmatwn

L mma 4.6.8. 'Estw C èna kentrarismèno kurtì s¸ma ìgkou 1 ston Rn. Upojètoume
ìti, gia k�poio s > 0,

(4.6.9) rs := logN(K, sBn2 ) < n.

Tìte,

I−rs(K) 6 cs.

Apìdeixh. 'Estw z0 ∈ Rn tètoio ¸ste |K ∩ (−z0 + sBn2 )| > |K ∩ (z + sBn2 )| gia k�je

z ∈ Rn. It followc that

(4.6.10) |(K + z0) ∩ sBn2 | ·N(K, sBn2 ) > |K| = 1.

Jètoume q = rs. Tìte, qrhsimopoi¸ntac thn anisìthta tou Markov, ton orismì tou

I−q(K + z0) kai thn (4.6.9), paÐrnoume

|(K + z0) ∩ 3−1I−q(K + z0)Bn2 | 6 3−q < e−q = e−rs 6
1

N(K, sBn2 )
.

Apì thn (4.6.10) èpetai ìti

|(K + z0) ∩ 3−1I−q(K + z0)Bn2 | < |(K + z0) ∩ sBn2 |,

kai autì deÐqnei ìti

3−1I−q(K + z0) 6 s.

AfoÔ to K èqei barÔkentro to 0, h anisìthta tou Fradelizi deÐqnei ìti I−k(K + z) >
1
eI−k(K) gia k�je 1 6 k < n kai gia k�je z ∈ Rn. Gia na to doÔme autì, qrhsimopoi¸ntac
thn Prìtash 3.5.21 gr�foume

I−k(K + z) = cn,k

(∫
Gn,k

|(K + z) ∩ F⊥| dνn,k(F )

)−1/k

>
cn,k
e

(∫
Gn,k

|K ∩ F⊥| dνn,k(F )

)−1/k

=
1

e
I−k(K).

Autì apodeiknÔei to l mma. 2

QrhsimopoioÔme t¸ra to L mma 4.6.8 gia to Zq(µ) kai paÐrnoume:

Prìtash 4.6.9. 'Estw µ èna isotropikì logarijmik� koÐlo mètro ston Rn. An 2 6

q 6
√
n tìte

I−r
(
Zq(µ)

)
6
c3n√
r

gia k�je 1 6 r 6 cn.
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Apì thn anisìthta Markov èqoume thn akìloujh ektÐmhsh gia mikrèc mp�lec:∣∣∣∣{x ∈ Zq(µ) : ‖x‖2 6 εI−r
(
Zq(µ)

)}∣∣∣∣ 6 εr.





Kef�laio 5

TuqaÐec strofèc

'Estw C èna summetrikì kurtì s¸ma ìgkou 1 ston Rn. Gr�foume ‖ · ‖C gia th nìrma pou

ep�getai apì to C ston Rn kai sumbolÐzoume me M := M(C) kai me w(C) thn mèsh tim 

aut c thc nìrmac sthn monadiaÐa sfaÐra kai to mèso pl�toc tou C antÐstoiqa. Se autì

to Kef�laio jewroÔme thn tom  tou C me to U(C), ìpou U ∈ O(n) eÐnai ènac tuqaÐoc

orjog¸nioc metasqhmatismìc tou Rn, kai endiaferìmaste kurÐwc gia thn mèsh tim  tou

ìgkou kai thn perigegrammènh aktÐna R(C ∩ U(C)) := max{‖x‖2 : x ∈ C ∩ U(C)} tou
C ∩ U(C).

5.1 K�tw fr�gmata gia ton ìgko

'Estw C èna summetrikì kurtì s¸ma ìgkou 1 ston Rn. Gia na d¸soume k�tw fr�gma gia

ton ìgko tou C ∩ U(C) qrhsimopoioÔme èna aplì epiqeÐrhma pou basÐzetai se ektim seic

gia arijmoÔc k�luyhc. JumhjeÐte ìti o arijmìc k�luyhc N(A,B) enìc s¸matoc A apì

èna �llo s¸ma B eÐnai o mikrìteroc fusikìc N gia ton opoÐon up�rqoun N metaforèc tou

B h ènwsh twn opoÐwn kalÔptei to A. Qreiazìmaste k�poiec stoiqei¸deic anisìthtec gia

arijmoÔc k�luyhc, oi opoÐec mporoÔn, gia par�deigma, na brejoÔn sto [54, Kef�laio 7].

Prìtash 5.1.1. (a) An C eÐnai èna kurtì s¸ma kai L eÐnai èna summetrikì kurtì s¸ma

ston Rn, tìte

(5.1.1) 2−n
|C + L|
|L|

6 N(C,L) 6 2n
|C + L|
|L|

.
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(b) An ta C kai L eÐnai kai ta dÔo summetrik�, tìte

(5.1.2) |C| 6 N(C,L)|C ∩ L|.

Qrhsimopoi¸ntac aut� ta ergaleÐa mporoÔme na d¸soume k�tw fr�gma gia ton |C ∩
U(C)| to opoÐo m�lista isqÔei gia k�je U ∈ O(n). Apì thn (5.1.2) prokÔptei ìti

(5.1.3) 1 = |C| 6 N(C,U(C)) |C ∩ U(C)|.

Gia na ektim soume ton N(C,U(C)), gia k�je % > 0 gr�foume

(5.1.4) N(C,U(C)) 6 N(C, %Bn2 )N(%Bn2 , U(C)) = N(C, %Bn2 )N(%Bn2 , C).

Apì thn �llh pleur�,

(5.1.5) N(%Bn2 , C) 6 2n|%Bn2 + C| 6 (4%)nN(C, %Bn2 ),

an qrhsimopoi soume thn (5.1.1) kai to gegonìc ìti |C| = |Bn2 | = 1. 'Epetai ìti

(5.1.6) N(C,U(C)) 6 (4%)n
[
N(C, %Bn2 )

]2
,

kai me ton Ðdio trìpo elègqoume ìti

(5.1.7) N(C,U(C)) 6 (4/%)n
[
N(%Bn2 , C)

]2
,

Sundu�zontac autèc tic anisìthtec, paÐrnoume:

L mma 5.1.2. 'Estw C èna summetrikì kurtì s¸ma ìgkou 1 ston Rn. Gia k�je % > 0

kai gia k�je U ∈ O(n) isqÔei

(5.1.8) |C ∩ U(C)| >
[

min{(4%)n/2N(C, %Bn2 ), (4/%)n/2N(%Bn2 , C)}
]−2

.

MporoÔme na fr�xoume touc arijmoÔc k�luyhc N(C, %Bn2 ) kai N(%Bn2 , C) mèsw thc

anisìthtac tou Sudakov kai thc duðk c thc (blèpe p.q. [54]). JumhjeÐte ìti Bn2 '
√
nBn2 ,

�ra

N(C, %Bn2 ) 6 exp(c1w
2(C)/%2) kai N(%Bn2 , C) 6 exp(c1%

2n2M2(C)),

ìpou c1 > 0 eÐnai mia apìluth stajer�. Epilègontac % = 1 kai paÐrnontac upìyin mac to

gegonìc ìti min{w(C)/
√
n,
√
nM(C)} > c2, ap' ìpou blèpoume ìti

4n 6 exp(c3nmin{w2(C)/n, nM2(C)}),

sumperaÐnoume to ex c.
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Prìtash 5.1.3. 'Estw C èna summetrikì kurtì s¸ma ìgkou 1 ston Rn. Gia k�je

U ∈ O(n) èqoume

(5.1.9) |C ∩ U(C)| > e−cnmin{w2(C)/n,nM2(C)},

ìpou c > 0 eÐnai mia apìluth stajer�.

MporoÔme na efarmìsoume thn Prìtash 5.1.3 stic kanonikopoihmènec mp�lec Bnp ,

1 6 p 6 ∞. Oi gnwstèc ektim seic gia ton ìgko |Bnp | thc Bnp deÐqnoun ìti an 1 6 p 6

2 tìte Bnp ' n1/pBnp . Apì thn �llh pleur�, ‖x‖p 6 n
1
p−

1
2 ‖x‖2, ap' ìpou paÐrnoume

M(Bnp ) 6 n
1
p−

1
2 . Sunep¸c,

M(Bnp ) 6 cn−
1
pM(Bnp ) 6 c/

√
n.

Epiplèon, an 2 6 p 6∞ kai an q eÐnai o suzug c ekjèthc tou p, tìte Bnp ' n1/pBnp , �ra

w(Bnp ) 6 cn
1
pw(Bnp ) = cn

1
pM(Bnq ) 6 cn

1
pn

1
q−

1
2 = c

√
n.

Sundu�zontac ta parap�nw blèpoume ìti

min{w2(Bnp )/n, nM2(Bnp )} 6 c

gia k�je 1 6 p 6 ∞, ìpou c > 0 eÐnai mia apìluth stajer�. T¸ra, h Prìtash 5.1.3 mac

dÐnei:

Prìtash 5.1.4. Gia k�je 1 6 p 6∞ kai gia k�je U ∈ O(n) èqoume

(5.1.10) |Bnp ∩ U(Bnp )| > e−cn,

ìpou c > 0 eÐnai mia apìluth stajer�.

Mia deÔterh efarmog  tou L mmatoc 5.1.2 prokÔptei sthn perÐptwsh pou to C eÐnai

se M -jèsh. O Milman (blèpe p.q. [44]) apèdeixe ìti up�rqei mia apìluth stajer� β > 0

¸ste k�je summetrikì kurtì s¸ma C ston Rn na èqei mia grammik  eikìna C̃ ìgkou 1 h

opoÐa ikanopoieÐ tic

(5.1.11) max
{
N(C̃, Bn2 ), N(Bn2 , C̃)

}
6 exp(βn).

Lème ìti èna kurtì s¸ma C pou ikanopoieÐ aut n thn anisìthta brÐsketai se M -jèsh me

stajer� β. Efarmìzontac to L mma 5.1.2 paÐrnoume:
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Prìtash 5.1.5. 'Estw C èna summetrikì kurtì s¸ma ìgkou 1 ston Rn. An to C eÐnai

se M -jèsh me stajer� β tìte, gia k�je U ∈ O(n) èqoume

(5.1.12) |C ∩ U(C)| > e−2(β+1)n.

Tèloc, upojètoume ìti to K brÐsketai sthn isotropik  jèsh. QrhsimopoioÔme to ex c

l mma (blèpe [12, Par�grafoc 3.2]): An K eÐnai èna isotropikì kurtì s¸ma ston Rn

tìte, gia k�je t > 0,

(5.1.13) N(K, tBn2 ) 6 exp

(
cnLK
t

)
,

ìpou c > 0 eÐnai mia apìluth stajer�. Eidikìtera,

(5.1.14) N(K,LK B
n

2 ) 6 ecn.

'Omwc tìte, apì thn (5.1.6) èqoume

(5.1.15) N(K,U(K)) 6 (4LKe
2c)n

kai apì to L mma 5.1.2 paÐrnoume to ex c:

Prìtash 5.1.6. 'Estw K èna isotropikì kurtì s¸ma ston Rn. Tìte,

(5.1.16) |K ∩ U(K)| > (c1LK)−n

gia k�je U ∈ O(n), ìpou c1 > 4 eÐnai mia apìluth stajer�.

5.2 'Anw fr�gmata gia ton ìgko

Ta �nw fr�gmata pou ja d¸soume gia thn EU |C ∩ U(C)| ja basistoÔn sto L mma 5.2.2

to opoÐo eÐnai sunèpeia tou jewr matoc Fubini kai tou akìloujou l mmatoc (blèpe p.q.

[33]). Gia thn akrÐbeia, ta epìmena dÔo apotelèsmata isqÔoun gia k�je astrìmorfo s¸ma.

L mma 5.2.1. An A eÐnai èna astrìmorfo s¸ma ston Rn tìte

1
2 σ
(
Sn−1 ∩ 1

2A
)
6 γn(

√
nA) 6 σ(Sn−1 ∩ 2A) + e−cn.

Apìdeixh. Gr�foume σr gia to analloÐwto wc proc strofèc mètro pijanìthtac sthn

rSn−1. Gia thn arister  anisìthta parathroÔme ìti, afoÔ to A eÐnai astrìmorfo,

γn(
√
nA) > γn(2

√
nBn2 ∩

√
nA)(5.2.1)

> γn(2
√
nBn2 )σ2

√
n(2
√
nSn−1 ∩

√
nA)

= γn(2
√
nBn2 )σ

(
Sn−1 ∩ 1

2A
)
.
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Apì thn anisìthta tou Markov èqoume

γn({x : ‖x‖2 > 2
√
n}) 6 1

4n

∫
Rn
‖x‖22dγn(x) =

1

4
,

�ra

γn(2
√
nBn2 ) = 1− γn({x : ‖x‖2 > 2

√
n}) > 3

4
.

Autì apodeiknÔei ìti

σ
(
Sn−1 ∩ 1

2A
)
6 2γn(

√
nA).

ParathroÔme t¸ra ìti

√
nA ⊆

(
1
2

√
nBn2

)
∪ C

(
1
2

√
nSn−1 ∩

√
nA
)

ìpou, gia k�je Θ ⊆ 1
2

√
nSn−1, sumbolÐzoume me C(Θ) ton jetikì k¸no pou par�getai

apì to Θ. 'Epetai ìti

γn(
√
nA) 6 γn

(
1
2

√
nBn2

)
+ σ√n

2

(
1
2

√
nSn−1 ∩

√
nA
)
.

T¸ra,

σ√n
2

(
1
2

√
nSn−1 ∩

√
nA
)

= σ(Sn−1 ∩ 2A),

kai apeujeÐac upologismìc deÐqnei ìti

γn
(
ρ
√
nBn2

)
6

(
ρ
√
n√

2π

)n
|Bn2 |,

gia k�je 0 < ρ 6 1. 'Epetai ìti

γn
(

1
2

√
nBn2

)
6 e−cn,

gia k�poia apìluth stajer� c > 0. 2

L mma 5.2.2. 'Estw C èna astrìmorfo s¸ma ston Rn. Tìte,

(5.2.2)

∫
O(n)

|C ∩ U(C)| dν(U) 6 2

∫
C

γn

(
2
√
n

‖x‖2
C

)
dx.
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Apìdeixh. Qrhsimopoi¸ntac basikèc idiìthtec tou mètrou Haar ν sthn O(n) mporoÔme na

ekfr�soume thn mèsh tim  tou |C ∩ U(C)| wc ex c:∫
O(n)

|C ∩ U(C)| dν(U) =

∫
O(n)

∫
Rn
χC(x)χC(Ux) dx dν(U)

=

∫
Rn
χC(x)

∫
O(n)

χC(Ux) dν(U) dx

=

∫
C

ν({U ∈ O(n) : Ux ∈ C}) dx

=

∫
C

ν({U ∈ O(n) : ‖x‖2U(x/‖x‖2) ∈ C}) dx

=

∫
C

σ

({
θ ∈ Sn−1 : θ ∈ 1

‖x‖2
C
})

dx

=

∫
C

σ

(
Sn−1 ∩ 1

‖x‖2
C

)
dx.

Apì to L mma 5.2.1 paÐrnoume

(5.2.3) σ
(
Sn−1 ∩ 1

‖x‖2C
)
6 2γn

(
2
√
n

‖x‖2
C

)
kai èqoume to sumpèrasma. 2

Apl  sunèpeia tou L mmatoc 5.2.2 eÐnai h epìmenh prìtash.

Prìtash 5.2.3. Up�rqei apìluth stajer� α0 > 0 me thn ex c idiìthta: an C eÐnai èna

summetrikì kurtì s¸ma ìgkou 1 ston Rn tìte

(5.2.4)

∫
O(n)

|C ∩ U(C)| dν(U) 6 γn(α0C) + e−n.

Apìdeixh. Jètoume ρn = e−1ω
−1/n
n . Tìte, èqoume∫

C∩ρnBn2
γn

(
2
√
n

‖x‖2
C

)
dx 6 |C ∩ ρnBn2 | 6 |ρnBn2 | = e−n.

Apì thn �llh pleur�, an x ∈ C \ ρnBn2 tìte

2
√
n

‖x‖2
6

2
√
n

ρn
= 2e

√
nω1/n

n .

Sunep¸c, ∫
C\ρnBn2

γn

(
2
√
n

‖x‖2
C

)
dx 6 γn(α0C),
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ìpou α0 = sup
n

2e
√
nω

1/n
n ∼ 2e

√
2πe. 2

Lìgw thc Prìtashc 5.2.3, autì pou qrei�zetai eÐnai na ektim soume to γn(tC). 'Enac

trìpoc eÐnai na qrhsimopoi soume thn par�metro dr(C). Gia k�je r > 1 jètoume

dr(C) = min

{
− log σ

({
x ∈ Sn−1 : ‖x‖C 6

M(C)

r

})
, n

}
.

'Ena apì ta basik� apotelèsmata sto [33] eÐnai h ex c anisìthta.

Je¸rhma 5.2.4. Gia k�je r > 1 kai gia ε = 1
32r2 èqoume

(5.2.5) γn(ε
√
nM(C)C) 6 (c1ε)

c2(r)dr(C) 6 (c1ε)
c3(r)k(C),

ìpou c1 > 0 eÐnai mia apìluth stajer� kai c2(r), c3(r) ' 1
log(8r) .

Gia lìgouc plhrìthtac ja skiagraf soume thn apìdeixh tou Jewr matoc 5.2.4. To

basikì ergaleÐo eÐnai to B-je¸rhma twn Cordero-Erausquin, Fradelizi kai Maurey [13]:

an C eÐnai èna summetrikì kurtì s¸ma ston Rn tìte h sun�rthsh

t 7→ γn(etC)

eÐnai logarijmik� koÐlh sto R. 'Amesh sunèpeia eÐnai h anisìthta

γn(aλb1−λC) > γn(aC)λγn(bC)1−λ

gia k�je a, b > 0 kai λ ∈ (0, 1). QrhsimopoioÔme autì to gegonìc me ton ex c trìpo.

Gr�foume m = med(‖ · ‖C) gia ton mèso Lévy thc ‖ · ‖C sthn Sn−1. Apì thn anisìthta

tou Markov èqoume

m

2
6
∫
{θ:‖θ‖C>m}

‖θ‖C dσ(θ) 6M(C).

EÐnai epÐshc gnwstì ìti, antÐstrofa, M(C) 6 c0m gia k�poia apìluth stajer� c0 > 0.

H parat rhsh aut  ja qrhsimopoihjeÐ sto tèloc thc apìdeixhc.

OrÐzoume D = m
√
nC. Apì to L mma 5.2.1 kai ton orismì tou mèsou Lévy èqoume

(5.2.6) γn(2D) >
1

2
σ(Sn−1 ∩mC) >

1

4
.
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Apì thn �llh pleur�, qrhsimopoi¸ntac p�li to L mma 5.2.1, blèpoume ìti

γn( 1
4rD) 6 σ

(
Sn−1 ∩ m

2r
C
)

+ e−cn(5.2.7)

= σ
(
{θ ∈ Sn−1 : ‖θ‖C 6

m

2r
}
)

+ e−cn

6 σ

(
{θ ∈ Sn−1 : ‖θ‖C 6

M(C)

r
}
)

+ e−cn

6 2e−c1dr(C),

ìpou c1 > 0 eÐnai kat�llhlh apìluth stajer�. MporoÔme na upojèsoume ìti 0 < ε <
1

32r2 kai katìpin efarmìzoume to B-je¸rhma gia to s¸ma D, me a = ε, b = 2 kai λ =

log(8r)/ log 2
ε . 'Etsi paÐrnoume

(5.2.8) γn(εD)
log(8r)
log(2/ε) γn(2D)1− log(8r)

log(2/ε) 6 γn( 1
4rD).

Parathr ste ìti log(8r)
log(2/ε) <

1
2 , �ra γn(2D)1− log(8r)

log(2/ε) > 1
4 . Sundu�zontac tic (5.2.6), (5.2.7)

kai (5.2.8) blèpoume ìti

(5.2.9) γn(εD) 6
(

8e−c1dr(C)
) log(2/ε)

log(8r)

6 (c2ε)
c3(r)dr(C),

ìpou c3(r) = c3
log(8r) gia k�poia apìluth stajer� c3 > 0. Autì apodeiknÔei thn (5.2.5). 2

Sundu�zoume thn Prìtash 5.2.3 me to Je¸rhma 5.2.4.

Prìtash 5.2.5. Up�rqei apìluth stajer� B0 > 0 me thn ex c idiìthta: an r > 1 kai

C eÐnai èna summetrikì kurtì s¸ma ìgkou 1 ston Rn me
√
nM(C) > B0r

2 tìte, gia k�je

r > 1,

(5.2.10)

∫
O(n)

|C ∩ U(C)| dν(U) 6 e−
c

log(8r)
dr(C)

ìpou c > 0 eÐnai mia apìluth stajer�.

Apìdeixh. Apì to Je¸rhma 5.2.4 gnwrÐzoume ìti an 0 < ε < 1
c2r2

tìte

γn(εM(C)
√
nC) 6 (c1ε)

c2(r)dr(C).

Jètoume ε = α0√
nM(C)

. An
√
nM(C) > max{c1e, c2r2}α0 tìte paÐrnoume

γn(α0C) 6 e−
c3

log(8r)
dr(C).

To apotèlesma prokÔptei apì thn Prìtash 5.2.3. 2
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Parat rhsh 5.2.6. MporoÔme na d¸soume mia enallaktik  ektÐmhsh sunart sei thc

eggegrammènhc aktÐnac

(5.2.11) r(C) = sup{r > 0 : rBn2 ⊆ C}

tou s¸matoc C. Aut n thn for� basizìmaste se mia anisìthta twn Lata la kai Olesz-

kiewicz [35] (h apìdeixh thc opoÐac qrhsimopoieÐ kai p�li to B-je¸rhma): 'Estw A èna

summetrikì kurtì s¸ma ston Rn me eggegrammènh aktÐna r = r(A) kai γn(A) 6 1/2.

Gia k�je 0 6 ε 6 1 èqoume

(5.2.12) γn(εA) 6 (2ε)r(A)2/4γn(A).

QrhsimopoioÔme autì to apotèlesma wc ex c: èstw ìti C eÐnai èna summetrikì kurtì s¸ma

ìgkou 1 ston Rn me
√
nM(C) > B0 kai d(C) > B0. Elègqoume ìti to A = m

√
n

8 C èqei

mètro γn(A) 6 1
2 , �ra, gia k�je 0 < ε < 1

2e paÐrnoume γn(εA) 6 2e−r
2(A)/4. Parathr ste

ìti εm
√
n

8 = α0 an epilèxoume ε = 8α0√
nm

. An
√
nm > 16eα0 tìte paÐrnoume

γn(α0C) 6 2e−r
2(A)/4 = 2e−nm

2r2(C).

Apì thn Prìtash 5.2.3 paÐrnoume telik� EU |C ∩ U(C)| 6 exp(−cnm2(C)r2(C)). Para-

thr ste ìmwc ìti nm2(C)r2(C) 6 4nM2(C)r2(C) ' k(C) 6 c′d(C).

Parat rhsh 5.2.7. JumhjeÐte ìti gia k�je summetrikì kurtì s¸ma C ìgkou 1 ston

Rn èqoume

√
nM(C) >

√
n

(
|Bn2 |
|C|

)1/n

=
√
nω1/n

n ∼
√

2πe.

Sunep¸c, h sunj kh
√
nM(C) > B0 den ikanopoieÐtai apì ekeÐna ta s¸mata gia ta opoÐa

M(C)vrad(C) ' 1.

'Ena par�deigma mac dÐnei h EukleÐdeia mp�la Bn2 ìgkou 1. 'Omwc, se aut n thn perÐptwsh

èqoume |Bn2 ∩ U(Bn2 )| = 1 gia k�je U ∈ O(n). Me �lla lìgia, an epijumoÔme èna mh

tetrimmèno (ekjetik� mikrì) �nw fr�gma gia thn mèsh tim  tou |C ∩ U(C)| tìte eÐnai

aparaÐthto na epib�loume k�poia sunj kh sto C. 'Etsi, h sunj kh
√
nM(C) > B0

moi�zei polÔ fusiologik .

Sto par�deigma tou kÔbouQn =
[
− 1

2 ,
1
2

]n
èqoume

√
nM(Qn) '

√
log n, �ra h Prìtash

5.2.5 efarmìzetai. EÐnai ìmwc eukolìtero na upologÐsoume to γn(α0Qn) apeujeÐac kai
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met� na efarmìsoume thn Prìtash 5.2.3. Gr�fontac Φ(t) = 1√
2π

∫ t
−∞ e−s

2/2ds gia thn

sun�rthsh katanom c thc tupik c kanonik c tuqaÐac metablht c, èqoume

γn(α0Qn) = (2Φ(α0/2)− 1)n = e−δ0n,

ìpou to δ0(α0) > 0 orÐzetai mèsw thc exÐswshc 2Φ(α0/2)−1 = e−δ0 . Sto [33] apodeiknÔ-

etai ìti c1n
1−c1r−2

6 dr(Qn) 6 c2n
1−c2r−2

gia k�je r > 1. Sunep¸c, qrhsimopoi¸ntac

thn Prìtash 5.2.5 me r ' 4
√

log n, ja paÐrname thn ektÐmhsh

(5.2.13) EU |Qn ∩ U(Qn)| 6 e−cn
1−δ

gia k�je δ > 0 kai gia k�je n > n0(δ). An�logh kat�stash emfanÐzetai gia k�je

2 < q < ∞. 'Eqoume dcq (B
n
q ) > Cqn gia k�poiec stajerèc cq, Cq > 0 pou exart¸ntai

mìno apì to q. 'Etsi, paÐrnoume èna �nw fr�gma gia thn EU |Bnq ∩ U(Bnq )| thc morf c

exp(−n1−δ) gia k�je 0 < δ < 1, ìtan toul�qiston ta q kai n eÐnai arket� meg�la. Kalì

eÐnai na sugkrÐnei kaneÐc aut� ta �nw fr�gmata me to k�tw fr�gma pou dÐnei h Prìtash

5.1.4.

Sthn epìmenh par�grafo efarmìzoume thn Prìtash 5.2.5 gia ta kentroeid  s¸mata

Zq(µ) enìc isotropikoÔ logarijmik� koÐlou mètrou µ ston Rn.

H prìtash pou akoloujeÐ dÐnei èna enallaktikì epiqeÐrhma gia na fr�xoume thn EU |K∩
U(K)| sthn perÐptwsh pou to K eÐnai èna isotropikì kurtì s¸ma ston Rn.

Prìtash 5.2.8. 'Estw K èna isotropikì kurtì s¸ma ston Rn. Upojètoume ìti LK =

(1 + δ)
√

2/π gia k�poion δ > 0. Tìte,

(5.2.14)

∫
O(n)

|K ∩ U(K)| dν(U) 6 c1e
−c2(δ)

√
n,

ìpou c1 > 0 eÐnai mia apìluth stajer� kai c2(δ) ' min{1, δ3}.

Apìdeixh. Upojètoume ìti LK >
√

2/π, kai gr�foume LK = (1 + δ)
√

2/π gia k�poion

δ > 0. JewroÔme ε ∈ (0, 1) to opoÐo ja epilèxoume na exart�tai kat�llhla apì to δ. Apì

thn anisìthta leptoÔ daktulÐou gnwrÐzoume ìti an

(5.2.15) A :=
{
x ∈ K :

∣∣ ‖x‖2 −√nLK ∣∣ 6 ε
√
nLK

}
,

tìte

(5.2.16) |A| > 1− C1 exp(−c2ε3
√
n),
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arkeÐ to n na eÐnai arket� meg�lo. Jètoume ρ = ε
√
nLK . An Kρ = K ∩ ρBn2 , apì thn

(5.2.16) gnwrÐzoume ìti |Kρ| 6 C1 exp(−c2ε3
√
n). Tìte,

(5.2.17)

∫
Kρ

γn

(
2
√
n

‖x‖2
K

)
dx 6 |Kρ| 6 C1 exp(−c2ε3

√
n).

Apì thn �llh pleur�,

(5.2.18)

∫
K\Kρ

γn

(
2
√
n

‖x‖2
K

)
dx 6 |K \Kρ| γn

(
2

(1− ε)LK
K

)
,

kai

(5.2.19) γn(aK) 6

(
a√
2π

)n
|K|

gia k�je a > 0, �ra∫
K\Kρ

γn

(
2
√
n

‖x‖2
K

)
dx 6

(
2

(1− ε)
√

2πLK

)n
(5.2.20)

=

(
1

(1− ε)(1 + δ)

)n
6 C2e

−c3 min{1,δ}n,

an epilèxoume ε < min{1, δ}/3. 'Epetai ìti

(5.2.21)

∫
O(n)

|K ∩ U(K)| dν(U) 6 c1e
−c4(δ)

√
n

me c4(δ) ' [min{1, δ}]3. 2

5.3 'Anw fr�gmata gia thn perigegrammènh aktÐ-

na

'Estw C èna summetrikì kurtì s¸ma ìgkou 1 ston Rn. Se aut n thn par�grafo upen-

jumÐzoume en suntomÐa gnwst� epiqeir mata ta opoÐa odhgoÔn se �nw fr�gmata gia thn

perigegrammènh aktÐna R(C ∩ U(C)) thc tom c tou C me tic tuqaÐec strofèc tou, U(C).

Prìtash 5.3.1. An R(C ∩E) 6 r gia k�je E se èna uposÔnolo thc Gn,n/2 me mètro

megalÔtero apì 1/2 tìte up�rqei U ∈ O(n) ¸ste R(C ∩ U(C)) 6
√

2r.
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Apìdeixh. QrhsimopoioÔme èna klassikì epiqeÐrhma pou ofeÐletai ston Krivine (blèpe

[54]   [45]). Apì thn upìjesh gnwrÐzoume ìti up�rqei E ∈ Gn,n/2 ¸ste

(5.3.1) ‖y‖C >
1

r
‖y‖2

gia k�je y ∈ E kai gia k�je y ∈ E⊥. Gr�foume P1 = PE kai P2 = PE⊥ . Tìte, èqoume

I = P1 +P2 kai orÐzoume U = P1 −P2 ∈ O(n). 'Estw x ∈ Rn kai gr�foume x = x1 + x2,

ìpou x1 = P1(x) kai x2 = P2(x). Tìte,

‖x1 + x2‖C + ‖x1 − x2‖C > 2 max{‖x1‖C , ‖x2‖C} >
2

r
max{‖x1‖2, ‖x2‖2}

>

√
2

r

√
‖x1‖22 + ‖x2‖22 =

√
2

r
‖x‖2.

Autì shmaÐnei ìti

(5.3.2) ‖x‖C + ‖x‖U−1(C) >

√
2

r
‖x‖2,

  isodÔnama,

(5.3.3) 2conv(C◦ ∪ U(C◦)) ⊇ C◦ + U(C◦) ⊇
√

2

r
Bn2 .

Pern¸ntac sta polik� s¸mata oloklhr¸noume thn apìdeixh. 2

H epìmenh parat rhsh eÐnai ìti h Ôparxh miac p.q. 3n/4-di�stathc tom c me fragmènh

perigegrammènh aktÐna sunep�getai ìti oi tuqaÐec n/2-di�statec tomèc èqoun thn Ðdia

idiìthta. Tìte, mporoÔme na efarmìsoume thn Prìtash 5.3.1 kai na broÔme U ∈ O(n) me

R(C ∩ U(C)) 6 c3r.

Prìtash 5.3.2. An R(C∩F ) 6 r gia k�poion F ∈ Gn,3n/4 tìte ènac tuqaÐoc upìqwroc
E ∈ Gn,n/2 ikanopoieÐ thn

R(C ∩ E) 6 c1r

me pijanìthta megalÔterh apì 1− e−c2n.

Apìdeixh. To gegonìc autì parathr jhke sta [21], [59] kai amèswc met�, se akribèsterh

morf , sto [37]: ekeÐ apodeÐqjhke ìti an C eÐnai èna summetrikì kurtì s¸ma ston Rn,
kai an 1 6 k < m < n kai µ = n−k

n−m , tìte upojètontac ìti R(C ∩ F ) 6 r gia k�poion

F ∈ Gn,m èqoume ìti o tuqaÐoc upìqwroc E ∈ Gn,k ikanopoieÐ thn

R(C ∩ E) 6 r
(
c2
√

n
n−m

) µ
µ−1
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me pijanìthta megalÔterh apì 1− 2e−(n−k)/2, ìpou c2 > 0 eÐnai mia apìluth stajer�.

Upojètoume ìti R(C ∩F ) 6 r gia k�poion F ∈ Gn,m, ìpou m = 3n/4. Efarmìzontac

to parap�nw me k = n/2 (kai µ = 2) oloklhr¸noume thn apìdeixh. 2

MporoÔme m�lista na apodeÐxoume to an�logo thc Prìtashc 5.3.1 gia ton tuqaÐo

U ∈ O(n) an qrhsimopoi soume to akìloujo je¸rhma twn Vershynin kai Rudelson [59,

Je¸rhma 1.1]: Up�rqoun apìlutec stajerèc c0, c1 > 0 me thn ex c idiìthta: an C kai

D eÐnai dÔo summetrik� kurt� s¸mata ston Rn me tomèc di�stashc toul�qiston k kai

n− c0k antÐstoiqa, twn opoÐwn h perigegrammènh aktÐna fr�ssetai apì 1, tìte o tuqaÐoc

U ∈ O(n) ikanopoieÐ thn R(C ∩ U(D)) 6 c
n/k
1 me pijanìthta megalÔterh apì 1 − e−n.

Jètontac D = C kai k = n/2 paÐrnoume to ex c.

Prìtash 5.3.3. An

rC := min{R(C ∩ F ) : dim(F ) = d(1− c0/2)ne}

tìte R(C ∩ U(C)) 6 c2rC me pijanìthta megalÔterh apì 1− e−n wc proc U ∈ O(n).

'Amesh sunèpeia thc Prìtashc 5.3.3 eÐnai mia ektÐmhsh gia thn R(C∩U(C)) sunart sei

tou mèsou pl�touc w(C). Apì thn M∗-anisìthta (2.2.2) gnwrÐzoume ìti rC 6 c3w(C).

'Etsi, èqoume:

Prìtash 5.3.4. 'Estw C èna summetrikì kurtì s¸ma ston Rn. O tuqaÐoc U ∈ O(n)

ikanopoieÐ thn

R(C ∩ U(C)) 6 cw(C)

me pijanìthta megalÔterh apì 1− e−n, ìpou c > 0 eÐnai mia apìluth stajer�.

5.4 Efarmogèc sta kentroeid  s¸mata twn loga-

rijmik� koÐlwn mètrwn

UpenjumÐzoume ìti an µ eÐnai èna logarijmik� koÐlo mètro pijanìthtac ston Rn, to Lq-
kentroeidèc s¸ma Zq(µ), q > 1, tou µ eÐnai to summetrikì kurtì s¸ma me sun�rthsh

st rixhc

(5.4.1) hZq(µ)(y) :=

(∫
Rn
|〈x, y〉|qdµ(x)

)1/q

.

Parathr ste ìti to µ eÐnai isotropikì an kai mìno an èqei barÔkentro thn arq  twn axìnwn

kai Z2(µ) = Bn2 . Apì thn anisìthta Hölder prokÔptei ìti Z1(µ) ⊆ Zp(µ) ⊆ Zq(µ) gia
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k�je 1 6 p 6 q < ∞. AntÐstrofa, qrhsimopoi¸ntac to l mma tou Borell (blèpe [47,

Par�rthma III]), elègqoume ìti

(5.4.2) Zq(µ) ⊆ cq
p
Zp(µ)

gia k�je 1 6 p < q. Eidikìtera, an to µ eÐnai isotropikì, tìte R(Zq(µ)) 6 cq. Apì ta

[51] kai [52] gnwrÐzoume ìti oi ropèc

(5.4.3) Iq(µ) :=

(∫
Rn
‖x‖q2dx

)1/q

, q ∈ (−n,+∞) \ {0},

thc EukleÐdeiac nìrmac wc proc èna isotropikì logarijmik� koÐlo mètro µ ston Rn eÐnai

isodÔnamec me thn I2(µ) =
√
n gia ìla ta 2 6 |q| 6 q∗(µ), ìpou

(5.4.4) q∗(µ) := max
{
q 6 n : k∗

(
Zq(µ)

)
> q
}
.

An to µ eÐnai isotropikì, tìte q∗(µ) > c1
√
n. Gia k�je q ∈ [2, q∗(µ)] gnwrÐzoume ìti

(5.4.5) w
(
Zq(µ)

)
' √q kai |Zq(µ)|1/n 6 c2

√
q/n.

Apì thn �llh pleur�, sto [31] oi Klartag kai E. Milman orÐzoun mia {klhronomik }

parallag 

(5.4.6) qH∗ (µ) := n inf
k

inf
E∈Gn,k

q∗(πEµ)

k
,

thc paramètrou q∗(µ) kai apodeiknÔoun ìti

(5.4.7)
∣∣Zq(µ)

∣∣1/n > c3
√
q/n

gia k�je q 6 qH∗ (µ), ìpou c3 > 0 eÐnai mia apìluth stajer�. AfoÔ q∗(πEµ) > c1
√
k gia

k�je E ∈ Gn,k, èqoume qH∗ (µ) > c4
√
n. 'Etsi, èqoume prosdiorÐsei thn aktÐna ìgkou tou

Zq(µ) gia k�je q 6
√
n.

5.4.1 Tom  tuqaÐwn strof¸n � ektÐmhsh gia ton ìgko

Arqik� efarmìzoume ta apotelèsmata thc prohgoÔmenhc paragr�fou (Prìtash 5.2.5)

sta kentroeid  s¸mata Zq(µ) enìc isotropikoÔ logarijmik� koÐlou mètrou µ ston Rn.
Fusiologik�, qreiazìmaste èna k�tw fr�gma gia thn d(Zq(µ)). Ja qrhsimopoi soume to

gegonìc ìti

d(Zq(µ)) > c1k(Zq(µ)) = c1k∗(Z
◦
q (µ)).



5.4 Efarmogec sta kentroeidh swmata twn logarijmika koilwn metrwn · 95

Upojètontac ìti 2 6 q 6
√
n èqoume

(5.4.8) w(Z◦q (µ)) = M(Zq(µ)) >

(
|Bn2 |
|Zq(µ)|

)1/n

>
c2√
q
,

en¸ apì ton egkleismì Bn2 = Z2(µ) ⊆ Zq(µ) sumperaÐnoume ìti R
(
Z◦q (µ)

)
6 1. 'Epetai

ìti

(5.4.9) d(Zq(µ)) > c1k∗
(
Z◦q (µ)

)
> c4n

w2
(
Z◦q (µ)

)
R2
(
Z◦q (µ)

) >
c5n

q
.

EÐnai bolikì na kanonikopoi soume ton ìgko, kai na jewr soume to Zq(µ) sthn jèsh tou

Zq(µ). JumhjeÐte ìti an q 6
√
n tìte |Zq(µ)|1/n '

√
q/n, �ra

Zq(µ) '
√
n/q Zq(µ).

Tìte,

(5.4.10) M(Zq(µ)) '
√
q/nM(Zq(µ)).

MporoÔme t¸ra na efarmìsoume thn Prìtash 5.2.5.

Prìtash 5.4.1. 'Estw µ èna isotropikì logarijmik� koÐlo mètro ston Rn kai èstw

2 6 q 6
√
n. An

√
qM(Zq(µ)) > B1 tìte

(5.4.11)

∫
O(n)

|Zq(µ) ∩ U(Zq(µ))| 6 e−c1n/q,

ìpou B1, c1 > 0 eÐnai apìlutec stajerèc. 2

Apì thn �llh pleur�, h (5.4.5) deÐqnei ìti w(Zq(µ)) '
√
n/qw(Zq(µ)) '

√
n. Sune-

p¸c, h Prìtash 5.1.3 mac dÐnei to ex c:

Prìtash 5.4.2. 'Estw µ èna isotropikì logarijmik� koÐlo mètro ston Rn kai èstw

2 6 q 6
√
n. Gia k�je U ∈ O(n) èqoume

(5.4.12) |Zq(µ) ∩ U(Zq(µ))| dν(U) > e−c2n,

ìpou c2 > 0 eÐnai mia apìluth stajer�. 2
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5.4.2 Tom  tuqaÐwn strof¸n � eggegrammènh kai perige-

grammènh aktÐna

Pern�me t¸ra sthn perigegrammènh aktÐna tou Zq(µ)∩U(Zq(µ)). To basikì mac ergaleÐo

eÐnai mia (aploÔsterh ekdoq ) tou apotelèsmatoc apì to Kef�laio 4 gia tic probolèc,

di�stashc an�loghc tou n, twn kentroeid¸n swm�twn.

L mma 5.4.3. 'Estw µ èna isotropikì logarijmik� koÐlo mètro ston Rn. Gia k�je

0 < ε < 1 kai gia k�je q 6
√
εn up�rqoun k > (1− ε)n kai F ∈ Gn,k ¸ste

(5.4.13) PF
(
Zq(µ)

)
⊇ c1ε2√q BF ,

ìpou c1 > 0 eÐnai mia apìluth stajer�.

Ja efarmìsoume to Je¸rhma 5.3.3 gia na d¸soume �nw fr�gma gia thn aktÐna tou

Zq(µ) ∩ U(Zq(µ)) kai tou Z◦q (µ) ∩ U(Z◦q (µ)) gia ton tuqaÐo U ∈ O(n). AfoÔ to mèso

pl�toc tou Zq(µ), 2 6 q 6
√
n, eÐnai thc t�xhc thc

√
q, mporoÔme na qrhsimopoi soume

thn M∗-anisìthta: an ε ∈ (0, 1) kai k = (1 − ε)n, tìte o tuqaÐoc upìqwroc F ∈ Gn,k
ikanopoieÐ thn

(5.4.14) R(Zq(µ) ∩ F ) 6
c2
√
q

√
ε

me pijanìthta megalÔterh apì 1 − exp(−c2εn), ìpou c1, c2 > 0 eÐnai apìlutec stajerèc.

Epilègontac k = n/2 blèpoume ìti ta s¸mata C = D = c3√
qZq(µ) èqoun tomèc diast�sewn

toul�qiston n/2 kai (1 − c0/2)n antÐstoiqa, h aktÐna twn opoÐwn fr�ssetai apì 1 (gia

ton skopì autì arkeÐ na epilèxoume thn stajer� c3 > 0 arket� mikr ). Tìte, apì to

Je¸rhma 5.3.3 paÐrnoume R(Zq(µ) ∩ U(Zq(µ))) 6 c4
√
q me pijanìthta megalÔterh apì

1− e−n.
'Omoia, apì to L mma 5.4.3 gnwrÐzoume ìti

(5.4.15) R(Z◦q (µ) ∩ F ) 6
c2

ε2√q

gia ton tuqaÐo F ∈ Gn,(1−ε)n. Efarmìzontac aut n thn parat rhsh me k = n/2 blèpoume

ìti ta s¸mata C = D = c3
√
qZ◦q (µ) èqoun tomèc diast�sewn toul�qiston n/2 kai (1 −

c0/2)n antÐstoiqa, h aktÐna twn opoÐwn fr�ssetai apì 1 (gia ton skopì autì arkeÐ p�li

na epilèxoume thn stajer� c3 > 0 arket� mikr ). Tìte, apì to Je¸rhma 5.3.3 paÐrnoume

R(Z◦q (µ) ∩ U(Z◦q (µ))) 6 c4/
√
q me pijanìthta megalÔterh apì 1− e−n.

SunoyÐzoume ta parap�nw sto akìloujo je¸rhma.
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Je¸rhma 5.4.4. 'Estw µ èna isotropikì logarijmik� koÐlo mètro pijanìthtac ston

Rn. Gia k�je 2 6 q 6
√
n, o tuqaÐoc U ∈ O(n) ikanopoieÐ tic

(5.4.16) Zq(µ) + U(Zq(µ)) ⊇ c1
√
qBn2 kai Z◦q (µ) + U(Z◦q (µ)) ⊇ c1√

q
Bn2 ,

  isodÔnama,

(5.4.17) Z◦q (µ) ∩ U(Z◦q (µ)) ⊆ c2
√
nBn2 kai Zq(µ) ∩ U(Zq(µ)) ⊆ c2

√
nBn2

me pijanìthta megalÔterh apì 1− 2e−n.





Kef�laio 6

H par�metroc Yq(K,M)

Se autì to Kef�laio sugkentr¸noume k�poiec parathr seic pou sundèontai �mesa me thn

anagwg  tou [24] gia thn eikasÐa thc isotropik c stajer�c. Melet�me mia parallag 

thc paramètrou I1(K,Z◦q ) h opoÐa mporeÐ na oristeÐ gia k�je zeÔgoc isotropik¸n kurt¸n

swm�twn.

6.1 H par�metroc Yq(K,M)

An K kai M eÐnai sumpag  sÔnola mètrou 1 ston Rn tìte, gia k�je q > 1, orÐzoume thn

posìthta

(6.1.1) Yq(K,M) :=

(∫
K

∫
M

|〈x, y〉|qdy dx
)1/q

.

Sthn perÐptwsh K = M jètoume gia aplìthta Yq(K) := Yq(K,K). AfethrÐa tou erw-

t matoc pou melet�me eÐnai èna apotèlesma twn Lutwak, Yang kai Zhang [41, Pìrisma

6.3]: h posìthta Yq(K,M) elaqistopoieÐtai, an agno soume sÔnola mètrou 0, akrib¸c

ìtan to K = E eÐnai elleiyoeidèc me kèntro to 0 kai to M = E◦ eÐnai to pollapl�sio

me ìgko 1 tou polikoÔ tou s¸matoc. Dedomènou ìti Yq(K,M) = Yq(T (K), T−∗(M)) gia

k�je T ∈ SL(n), to apotèlesma mporeÐ na diatupwjeÐ sthn akìloujh morf :

An K kai M eÐnai sumpag  sÔnola mètrou 1 ston Rn, tìte Yq(K,M) >

Yq(Bn2 ), ìpou Bn2 eÐnai h EukleÐdeia mp�la ìgkou 1 ston Rn.
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Aplìc upologismìc deÐqnei ìti Yq(Bn2 ) ' √qn gia k�je 1 6 q 6 n kai Yq(Bn2 ) ' n gia

k�je q > n.

Zht�me mia antÐstrofh anisìthta sthn perÐptwsh pou ta K kai M eÐnai isotropik�

kurt� s¸mata ston Rn. An gr�youme IK [n] gia thn kl�sh twn isotropik¸n kurt¸n

swm�twn ston Rn, to prìblhma eÐnai na prosdioristeÐ h t�xh megèjouc twn posot twn

(6.1.2) Yq,n := max
K∈IK[n]

Yq(K) kai Y ∗q,n := max
K,M∈IK[n]

Yq(K,M)

sunart sei twn q > 1 kai n. Parathr ste ìti an K eÐnai èna isotropikì kurtì s¸ma ston

Rn tìte Y2(K) =
√
nL2

K .

Xekin�me me k�poia �nw fr�gmata. Apì ton orismì tou Zq(K) eÐnai fanerì ìti

(6.1.3) Yq(K) =

(∫
K

∫
K

|〈x, y〉|qdy dx
)1/q

=

(∫
K

hqZq(K)(x) dx

)1/q

.

AfoÔ hZq(K)(x) 6 R(Zq(K))‖x‖2, paÐrnoume

(6.1.4) Yq(K) 6 R(Zq(K))

(∫
K

‖x‖q2dx
)1/q

= R(Zq(K))Iq(K).

QrhsimopoioÔme t¸ra to epìmeno l mma, to opoÐo eÐnai ousiastik� isodÔnamo me to basikì

apotèlesma tou [51] (blèpe Je¸rhma 3.5.3 kai L mma 3.5.11).

L mma 6.1.1. 'Estw K èna kentrarismèno kurtì s¸ma ìgkou 1 ston Rn. Gia k�je

2 6 q 6 n,

(6.1.5) Iq(K) ' max{I2(K), R(Zq(K))}.

Prìtash 6.1.2. 'Estw K èna kentrarismèno kurtì s¸ma ìgkou 1 ston Rn. Tìte,

(6.1.6) Yq(K) 6 cR(Zq(K)) max{I2(K), R(Zq(K))}

gia k�je 2 6 q 6 n. Eidikìtera, an to K eÐnai isotropikì, tìte

(6.1.7) Yq(K) 6 cmax{q
√
n, q2}L2

K

gia k�je 1 6 q 6 n, ìpou c > 0 eÐnai mia apìluth stajer�.

Apìdeixh. H genik  ektÐmhsh (6.1.6) eÐnai �mesh sunèpeia tou L mmatoc 6.1.1 kai thc

(6.1.4). Sthn isotropik  perÐptwsh gnwrÐzoume ìti I2(K) =
√
nLK kai ìti R(Zq(K)) 6

cqLK gia k�poia apìluth stajer� c > 0. 2

To epìmeno L mma deÐqnei ìti h mèsh tim  thc posìthtac Yq(K,U(K)) ikanopoieÐ èna

�nw fr�gma to opoÐo eÐnai m�lista kalÔtero apì to �nw fr�gma pou zht�me gia thn Yq(K).
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L mma 6.1.3. 'Estw K èna kentrarismèno kurtì s¸ma ìgkou 1 ston Rn. Gia k�je

2 6 q 6 n,

(6.1.8)

(∫
O(n)

Y qq (K,U(K)) dν(U)

)1/q

6 C
√
q/nI2

q (K),

ìpou C > 0 eÐnai mia apìluth stajer�.

Apìdeixh. Gr�foume∫
O(n)

Y qq (K,U(K)) dν(U) =

∫
O(n)

∫
K

∫
U(K)

|〈x, y〉|qdy dx dν(U)

=

∫
K

∫
K

∫
O(n)

|〈x, Uy〉|qdν(U) dy dx

=

∫
K

∫
K

‖y‖q2
∫
O(n)

|〈x, U(y/‖y‖2)〉|qdν(U) dy dx

=

∫
K

∫
K

‖y‖q2
∫
Sn−1

|〈x, θ〉|qdσ(θ) dy dx

= cqn,q

∫
K

∫
K

‖y‖q2‖x‖
q
2dy dx

= cqn,qI
2q
q (K),

ìpou cn,q '
√
q/n. Autì apodeiknÔei to L mma. 2

Sthn isotropik  perÐptwsh, to L mma 6.1.3 odhgeÐ sthn ex c genik  ektÐmhsh.

Prìtash 6.1.4. 'Estw K èna isotropikì kurtì s¸ma ston Rn. Gia k�je 2 6 q 6 n,

(6.1.9)

(∫
O(n)

Y qq (K,U(K)) dν(U)

)1/q

6 C max{√qn, q2
√
q/n}L2

K ,

ìpou C > 0 eÐnai mia apìluth stajer�.

Pìrisma 6.1.5. 'Estw K èna isotropikì kurtì s¸ma ston Rn. Gia k�je 1 6 q 6
√
n

up�rqei Aq ⊆ O(n) me ν(Aq) > 1− e−q tètoio ¸ste

(6.1.10) Yq(K,U(K)) 6 C
√
qnL2

K

gia k�je U ∈ Aq.
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Pern�me t¸ra se k�tw fr�gmata. Apì to apotèlesma twn Lutwak, Yang kai Zhang

gnwrÐzoume ìti h Yq(K) elaqistopoieÐtai ìtan to K eÐnai mp�la. PaÐrnoume ètsi to ex c

k�tw fr�gma: gia k�je kentrarismèno kurtì s¸ma K ìgkou 1 ston Rn kai gia k�je

2 6 q 6 n,

(6.1.11) Yq(K) > c
√
qn.

Sthn isotropik  perÐptwsh endiaferìmaste gia k�tw fr�gmata sta opoÐa na emfanÐzetai

kai h isotropik  stajer� tou s¸matoc. SunoyÐzoume ta apotelèsmat� mac sthn epìmenh

Prìtash.

Prìtash 6.1.6. 'Estw K èna isotropikì kurtì s¸ma ston Rn. Gia k�je 2 6 q 6 n,

(6.1.12) Yq(K) > cmax
{
Iq(K)LK , R

2(Zq(K)
}
.

An 2 6 q 6
√
n, tìte

(6.1.13) Yq(K) > cmax{
√
nL2

K ,
√
qnLK , R

2(Zq(K))}.

Apìdeixh. QrhsimopoioÔme trÐa apl� epiqeir mata. Gia to pr¸to den qrei�zetai na upo-

jèsoume ìti to K brÐsketai sthn isotropik  jèsh. MporoÔme na gr�youme

Yq(K) =

(∫
K

hqZq(K)(x) dx

)1/q

=

(∫
K

max
z∈Zq(K)

|〈x, z〉|qdx
)1/q

> max
z∈Zq(K)

(∫
K

|〈x, z〉|qdx
)1/q

= max
z∈Zq(K)

hZq(K)(z)

= (R(Zq(K)))
2
.

Mia deÔterh prosèggish eÐnai h ex c: apì thn anisìthta tou Hölder èqoume

(6.1.14) Yq(K) >
∫
K

hZq(K)(x) dx >
n

n+ 1

1

|Z◦q (K)|1/n
,

ìpou h teleutaÐa anisìthta eÐnai apì to [46, Pìrisma 2.2(a)]. Katìpin, apì thn anisìthta

Blaschke-Santaló paÐrnoume

(6.1.15) Yq(K) > c1n|Zq(K)|1/n > c2
√
qnLK

gia k�je 2 6 q 6
√
n, diìti |Zq(K)|1/n > c

√
qnLK se autì to di�sthma tim¸n tou q,

ìpwc èqoun deÐxei oi Klartag kai E. Milman sto [31]. To trÐto epiqeÐrhma qrhsimopoieÐ
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thn anisìthta tou Hölder: gr�foume

Yq(K) =

(∫
K

hqZq(K)(x) dx

)1/q

>

(∫
K

hqZ2(K)(x) dx

)1/q

=

(∫
K

‖x‖q2L
q
K dx

)1/q

= Iq(K)LK .

Autì oloklhr¸nei thn apìdeixh. 2

Parathr¸ntac ìti to pr¸to epiqeÐrhma sthn apìdeixh thc Prìtashc 6.1.6 den exart�tai

apì thn jèsh tou s¸matoc, mporoÔme na sundu�soume thn anisìthta Yq(K) > cR2(Zq(K))

me thn Prìtash 6.1.2 kai na katal xoume se ènan asumptwtikì tÔpo gia thn Yq(K) sto

di�sthma q∗ 6 q 6 n.

Pìrisma 6.1.7. 'Estw K èna kentrarismèno kurtì s¸ma ìgkou 1 ston Rn. Tìte, gia
k�je q∗(K) 6 q 6 n,

(6.1.16) Yq(K) ' (R(Zq(K)))
2
.

SunoyÐzoume ta apotelèsmata aut c thc paragr�fou sto ex c:

Je¸rhma 6.1.8. 'Estw K èna isotropikì kurtì s¸ma ston Rn. Tìte,

(6.1.17) c1 max
{√

qn,
√
nL2

K , R
2(Zq(K)

}
6 Yq(K) 6 c2 max{q

√
n, q2}L2

K

gia k�je 2 6 q 6 n. Epiplèon, an 2 6 q 6
√
n, èqoume

(6.1.18) Yq(K) > c3 max{
√
nL2

K ,
√
qnLK , R

2(Zq(K))}

6.2 'Ena par�deigma

Gr�foumeB
n

1 gia thn kanonikopoihmènh `n1 -mp�la. EÐnai gnwstì ìti LBn1 ' 1 kai ‖〈·, ei〉‖q '
q, ap' ìpou èpetai ìti R(Zq(B

n

1 )) ' q. Tìte, h Prìtash 6.1.6 deÐqnei ìti to kalÔtero ge-

nikì �nw fr�gma pou mporoÔme na perimènoume gia thn Yq(K) eÐnai max{√qn, q2}L2
K :

Prìtash 6.2.1. 'Estw K = B
n

1 . Tìte, gia k�je 2 6 q 6 n,

(6.2.1) Yq(K) > cmax{√qn, q2}.

Ja perigr�youme èna par�deigma pou deÐqnei ìti h Ðdia sumperifor� mporeÐ na emfani-

steÐ akìma ki an perioristoÔme sthn kl�sh twn isotropik¸n kurt¸n swm�twn pou eÐnai

omoiìmorfa (wc proc thn di�stash) kont� sthn mp�la.
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Je¸rhma 6.2.2. Gia k�je n > 1 up�rqei èna isotropikì kurtì s¸ma ek peristrof c

K ston Rn ¸ste dG(K,Bn2 ) 6 C kai gia k�je 2 6 q 6 n,

(6.2.2) Yq(K) ' min
{
n,max{√qn, q2}

}
,

ìpou C > 0 eÐnai mia apìluth stajer�.

Apìdeixh. ApodeiknÔetai sto [50] ìti up�rqoun an, Rn '
√
n kai bn ' 1/

√
n ¸ste to

kurtì s¸ma ek peristrof c

(6.2.3) K = {y = (x, u) : |u| 6 Rn, ‖x‖2 6 an − bn|u|}

na eÐnai isotropikì. Tìte, mporoÔme na deÐxoume ìti c1
√
nBn2 ⊆ K ⊆ c2

√
nBn2 (me �lla

lìgia, dG(K,Bn2 ) 6 c2/c1) kai ‖〈·, en〉‖ψ2 > c3 4
√
n, ìpou c1, c2, c3 > 0 eÐnai apìlutec

stajerèc. Ja ektim soume thn Yq(K) gia k�je 2 6 q 6 n.

Sto [50, L mma 3.2] apodeiknÔetai ìti an 0 < s 6 c4
√
n, tìte

(6.2.4) P
(
{(x, u) : |u| > s}

)
> c5 exp(−c6s),

ìpou c4, c5, c6 > 0 eÐnai apìlutec stajerèc. 'Estw q 6 c4
√
n. Epilègontac s = q sthn

(6.2.4) blèpoume ìti

(6.2.5) Rq(Zq(K)) > ‖〈·, en〉‖qq > qqP
(
{(x, u) : |u| > s}

)
> c5e

−c6qqq,

�ra, R(Zq(K)) > c7q. 'Epetai ìti R(Zq(K)) ' q. PaÐrnontac upìyin mac kai to gegonìc

ìti R(K) 6 c7
√
n, sumperaÐnoume ìti

(6.2.6) w(Zq(K)) ' √q , R(Zq(K)) ' min{q,
√
n}.

Exet�zoume pr¸ta thn perÐptwsh 2 6 q 6
√
n. Efarmìzontac to apotèlesma twn

Litvak, Milman kai Schechtman [36] sto Zq(K) èqoume

(6.2.7) wr(Zq(K)) ' max{w(Zq(K)),
√
r/nR(Zq(K))} ' max{√q, q

√
r/n}

gia k�je 1 6 r 6 n. 'Epetai ìti wn/q(Zq(K)) ' √q. Qrhsimopoi¸ntac to epiqeÐrhma thc

apìdeixhc tou [36, Prìtash 3.1] paÐrnoume ìti, gia k�je 1 6 t 6 c8R(Zq(K))/
√
q ' √q,

(6.2.8)

σ
(
{θ ∈ Sn−1 : hZq(K)(θ) > c9t

√
q}
)
> exp

(
− c10nqt

2

R2(Zq(K))

)
> exp

(
−c11nt

2

q

)
.
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Apì thn sfairik  isoperimetrik  anisìthta,

(6.2.9)

σ
(
{θ ∈ Sn−1 : hZq(K)(θ) > c9t

√
q}
)
6 exp

(
− c12nqt

2

R2(Zq(K))

)
6 exp

(
−c13nt

2

q

)
.

JewroÔme thn sun�rthsh g := hZq(K)(θ) gia θ sthn monadiaÐa sfaÐra tou span{ei, en},
1 6 i 6 n − 1. ParathroÔme ìti h g parousi�zei el�qisto sto ei, katìpin eÐnai aÔxousa

mèqri na p�rei thn mègisth tim  thc sto en klp. AfoÔ to K eÐnai s¸ma ek peristrof c,

autì sunep�getai ìti to sÔnolo Ct,q := {θ ∈ Sn−1 : hZq(K)(θ) > c9t
√
q} èqei apl 

perigraf : eÐnai èna {diplì kap�ki} sthn Sn−1. 'Ara, up�rqei s := s(q, t) ¸ste

(6.2.10) Ct,q := {θ ∈ Sn−1 : |〈θ, en〉| > s}.

Apì thn gnwst  ektÐmhsh exp(−ns2) gia to mètro tou C(en, s) = {θ ∈ Sn−1 : |〈θ, en〉| >
s}, kai k�nontac qr sh twn (6.2.8) kai (6.2.9). blèpoume ìti s ' t/

√
q. Sunep¸c, gia

k�je 1 6 t 6 c14
√
q, sumperaÐnoume ìti

(6.2.11) Ct,q ' {θ ∈ Sn−1 : |〈θ, en〉| > t/
√
q}.

Me �lla lìgia, an |〈θ, en〉| > t/
√
q tìte hZq(K)(θ) > c15t

√
q. Sthn sunèqeia, orÐzoume

(6.2.12) At,q := {(x, u) ∈ K : |u| > c16t
√
n/q} kai B := {z ∈ K : ‖z‖2 > c0

√
n},

ìpou h c0 ' 1 epilègetai ètsi ¸ste

(6.2.13) |B| = 1− exp(−n).

Qrhsimopoi¸ntac thn (6.2.4) kai to gegonìc ìti ‖〈·, en〉‖ψ1
' 1, blèpoume ìti, gia k�je

1 6 t 6 c17
√
q,

(6.2.14) exp
(
−c17

√
n/qt

)
6 |At,q| 6 exp

(
−c18

√
n/qt

)
.

'Estw z ∈ At,q ∩ B. AfoÔ ‖z‖2 6 c2
√
n, blèpoume ìti to θz := z/‖z‖2 ikanopoieÐ thn

|〈θz, en〉| > c20t/
√
q, �ra, hZq(K)(θz) > c21t

√
q. AfoÔ to z an kei kai sthn B, paÐrnoume

(6.2.15) hZq(K)(z) = ‖z‖2hZq(K)(θz) > c0c21t
√
qn.

EpÐshc, oi (6.2.13) kai (6.2.14) deÐqnoun ìti, gia 1 6 t 6 c22
√
q,

(6.2.16) exp
(
−c23

√
n/qt

)
6 |At,q ∩B| 6 exp

(
−c24

√
n/qt

)
.
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MporoÔme na gr�youme Yq(K) ' D1 +D2, ìpou

(6.2.17) D1 =

(∫
K\At,q

hqZq(K)(x)dx

)1/q

kai D2 =

(∫
At,q

hqZq(K)(x)dx

) 1
q

.

DÐnoume pr¸ta to �nw fr�gma gia thn Yq(K). Lìgw thc (6.2.11), mporoÔme na anti-

strèyoume to epiqeÐrhma pou qrhsimopoi same gia thn (6.2.15). 'Etsi, blèpoume ìti an

z ∈ K \At,q tìte hZq(K)(z) 6 c25t
√
q‖z‖2. Autì deÐqnei ìti

(6.2.18) D1 6 c25t
√
q

(∫
K

‖x‖q2dx
)1/q

6 c26t
√
qn.

Apì thn �llh pleur�, an t
√
n

q
√
q > C1 tìte, efarmìzontac thn anisìthta Cauchy–Schwarz

paÐrnoume

D2 6 |At,q|
1
2q

(∫
At,q

h2q
Zq(K)(z)dz

)1/q

6 e
−c27 t

√
n

q
√
q

(∫
K

h2q
Zq(K)(x)dx

) 1
2q

6 c28e
−c27C1Yq(K) 6

1

2
Yq(K)

arkeÐ na epilèxoume thn apìluth stajer� C1 > 0 arket� meg�lh. Sundu�zontac ta para-

p�nw blèpoume ìti an max{C1q
3/2/
√
n, 1} 6 t 6 c29

√
q, tìte

(6.2.19) Yq(K) 6 c30t
√
qn.

Autì shmaÐnei ìti, gia k�je 2 6 q 6
√
n,

(6.2.20) Yq(K) 6 c31 max{√qn, q2}.

Pern�me t¸ra sto k�tw fr�gma gia thn Yq(K). ParathroÔme pr¸ta ìti gia k�je x ∈ Rn

kai gia k�je 2 6 q 6
√
n èqoume hZq(K)(x) > c32

√
q‖x‖2. 'Ara, mporoÔme na gr�youme

(6.2.21) Yq(K) > D1 > c32
√
q

(∫
K\At,q

‖z‖q2dz

)1/q

.
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Upojètoume ìti q 6 n
1
3 kai epilègoume t ' 1, arket� meg�lo. Tìte,

√
n 6

(∫
K

‖z‖q2dz
)1/q

6

(∫
K\At,q

‖z‖q2dz

)1/q

+

(∫
At,q

‖z‖q2dz

)1/q

6

(∫
K\At,q

‖z‖q2dz

)1/q

+ e
−c27 t

√
n

q
√
q

(∫
K

‖z‖2q2 dz
)1/q

6

(∫
K\At,q

‖z‖q2dz

)1/q

+

√
n

2
.

Epistrèfontac sthn (6.2.18) blèpoume ìti

(6.2.22) Yq(K) > c32
√
q

(∫
K\At,q

‖z‖q2dz

)1/q

>
c32

2

√
qn.

Tèloc, upojètoume ìti q > n
1
3 kai epilègoume t ' q

√
q√
n
. Katìpin, qrhsimopoioÔme to D2

san k�tw fr�gma: qrhsimopoi¸ntac tic (6.2.15) kai (6.2.16), gr�foume

Yq(K) > D2 >

(∫
At,q∩B

hqZq(K)(z)dz

)1/q

> |At,q ∩B|
1
q c0c21t

√
qn

> c0c21t
√
q
√
ne
−c23 t

√
n

q
√
q > c33q

2.

Sundu�zontac ta dÔo k�tw fr�gmata, blèpoume ìti gia k�je 1 6 q 6
√
n,

(6.2.23) Yq(K) > c34 max{√qn, q2}.

AfoÔ Yq(K) ' n gia k�je q >
√
n, h apìdeixh eÐnai pl rhc. 2

6.3 H unconditional perÐptwsh

'Ena summetrikì kurtì s¸maK ston Rn lègetai unconditional an (met� apì ènan grammikì

metasqhmatismì mporoÔme na upojèsoume ìti) h sun jhc orjokanonik  b�sh {e1, . . . , en}
tou Rn eÐnai 1-unconditional b�sh gia thn ‖ · ‖K : gia k�je epilog  pragmatik¸n arijm¸n

t1, . . . , tn kai gia k�je epilog  pros mwn εj = ±1,

(6.3.1)
∥∥ε1t1e1 + · · ·+ εntnen

∥∥
K

=
∥∥t1e1 + · · ·+ tnen

∥∥
K
.
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Tìte, eÔkola elègqoume ìti mporoÔme na fèroume to K sthn isotropik  jèsh me ènan

diag¸nio telest . EÐnai epÐshc sqetik� eÔkolo na deÐxoume ìti h isotropik  stajer� tou

K ikanopoieÐ thn LK ' 1. To �nw fr�gma prokÔptei p.q. apì thn anisìthta Loomis-

Whitney (blèpe epÐshc to [5], ìpou apodeiknÔetai ìti L2
K 6 1/2).

Gia k�je isotropikì s¸ma K eis�goume mÐa par�metro Yq(K) thn opoÐa ja qrhsimo-

poi soume gia na d¸soume �nw fr�gma gia thn Yq(K) sthn unconditional perÐptwsh.

H par�metroc Yq(K). Gia k�je y = (y1, . . . , yn) ∈ Rn jewroÔme ènan telest 

Ty : `n2 → `n2 tou opoÐou o pÐnakac eÐnai diag¸nioc kai èqei suntetagmènec y1, . . . , yn.

Parathr ste ìti ‖Ty‖HS = ‖y‖2 kai ‖Ty‖op = ‖y‖∞. Parathr ste epÐshc ìti gia k�je

x, y ∈ Rn èqoume

(6.3.2) ‖Ty(x)‖22 =

n∑
i=1

x2
i y

2
i .

Epiplèon, an yi 6= 0 gia k�je 1 6 i 6 n, gr�foume T y := (det(Ty))
− 1
n Ty.

Orismìc 6.3.1. 'Estw K èna isotropikì kurtì s¸ma ston Rn. Gia k�je 1 6 q 6 n

orÐzoume

(6.3.3) Yq(K) :=

(∫
K

(det(Ty))
q/n

Iqq (T y(K)) dy

)1/q

.

Ja apodeÐxoume èna genikì �nw fr�gma gia thn Yq(K).

Prìtash 6.3.2. 'Estw K èna isotropikì kurtì s¸ma ston Rn. Tìte, gia k�je 1 6

q 6 n èqoume

(6.3.4) Yq(K) 6 c1 (Iq(K) +R(Zq(K)) max{R(Zq(K)), R(Zlogn(K))}) ,

ìpou c1 > 0 eÐnai mia apìluth stajer�.

Apìdeixh. Arqik� parathroÔme ìti, gia k�je y ∈ Rn me yi 6= 0, 1 6 i 6 n,

(6.3.5) R(Zq(Ty(K))) 6 ‖y‖∞R(Zq(K)).
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Qrhsimopoi¸ntac thn Iq(K) ' max{I2(K), R(Zq(K))} gr�foume

Yq(K) =

(∫
K

(det(Ty))
q/n

Iqq (T y(K))dy

)1/q

6 c

(∫
K

(det(Ty))
q/n

max{Iq2 (T y(K)), R(Zq(T y(K)))q} dy
)1/q

6 c

(∫
K

(det(Ty))
q/n (

Iq2 (T y(K)) +R(Zq(T y(K)))q
)
dy

)1/q

6 c

(∫
K

(det(Ty))
q/n (‖T y‖qHS + ‖T y‖qopR(Zq(K))q

)
dy

)1/q

= c

(∫
K

(
‖Ty‖qHS + ‖Ty‖qopR(Zq(K))q

)
dy

)1/q

= c

(∫
K

‖y‖q2dy +R(Zq(K))q
∫
K

‖y‖q∞dy
)1/q

6 c

[
Iq(K) +R(Zq(K))

(∫
K

‖y‖q∞dy
)1/q

]
.

To l mma pou akoloujeÐ oloklhr¸nei thn apìdeixh. 2

L mma 6.3.3. 'Estw K èna isotropikì kurtì s¸ma ston Rn. Tìte, gia k�je 1 6 q 6 n,

(6.3.6)

(∫
K

‖y‖q∞dy
)1/q

6 cmax{R(Zq(K)), R(Zlogn(K))},

ìpou c > 0 eÐnai mia apìluth stajer�.

Apìdeixh. Upojètoume pr¸ta ìti q > log n. AfoÔ

(6.3.7) ‖y‖q∞ 6
n∑
i=1

|〈y, ei〉|q,

èqoume

(6.3.8)

∫
K

‖y‖q∞ 6
n∑
i=1

hqZq(K)(ei) 6 n max
16i6n

hqZq(K)(ei).

AfoÔ n1/q 6 e, paÐrnoume

(6.3.9)

(∫
K

‖y‖q∞dx
)1/q

6 e max
16q6n

hZq(K)(ei) 6 eR(Zq(K)).
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Katìpin, upojètoume ìti 1 6 q 6 log n. Apì thn anisìthta tou Hölder,

(6.3.10)

(∫
K

‖x‖q∞dx
)1/q

6

(∫
K

‖x‖logn
∞ dx

)1/ logn

eR(Zlogn(K)),

ìpou h teleutaÐa anisìthta prokÔptei apì thn (6.3.9) me q = log n. 2

Pìrisma 6.3.4. 'Estw K èna isotropikì kurtì s¸ma ston Rn. Tìte, gia k�je 1 6 q 6

n,

(6.3.11) Yq(K) 6 c1 max
{√

nLK , qmax{q, log n})L2
K

}
,

ìpou c1 > 0 eÐnai mia apìluth stajer�.

Apìdeixh. QrhsimopoioÔme to gegonìc ìti Iq(K) ' max{I2(K), R(Zq(K))} 6 I2(K) +

R(Zq(K)) 6
√
nLK + R(Zq(K)). To sumpèrasma prokÔptei apì thn Prìtash 6.3.2 an

jumhjoÔme to gegonìc ìti R(Zq(K)) 6 cqLK . 2

6.3.1 Pr¸to �nw fr�gma

Sthn perÐptwsh pou to K eÐnai unconditional kurtì s¸ma ston Rn, mporoÔme na sugkrÐ-

noume tic Yq(K) kai Yq(K).

L mma 6.3.5. 'Estw K èna unconditional kurtì s¸ma ìgkou 1 ston Rn. Tìte, gia k�je
1 6 q 6 n,

(6.3.12) Yq(K) 6 c2
√
q Yq(K).

Apìdeixh. AfoÔ to K eÐnai unconditional, efarmìzontac thn anisìthta tou Khintchine

blèpoume ìti

Yq(K) =

(∫
{−1,1}n

∫
K

∫
K

∣∣∣∣∣
n∑
i=1

εixiyi

∣∣∣∣∣
q

dy dx dε

)1/q

6 c
√
q

∫
K

∫
K

∣∣∣∣∣
n∑
i=1

x2
i y

2
i

∣∣∣∣∣
q/2

dy dx

1/q

= c
√
q

(∫
K

∫
K

‖Ty(x)‖q2dx dy
)1/q

,
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k�nontac qr sh kai thc (6.3.2). Parathr ste ìti |{y ∈ K : det(Ty) = 0}| = 0, �ra, gia

ìla ta �lla y ∈ K mporoÔme na gr�youme

(6.3.13)

(∫
K

‖Ty(x)‖q2dx
)1/q

= (det(Ty))
1
n Iq(T y(K)).

Autì apodeiknÔei to L mma, apì ton orismì thc Yq(K). 2

Prìtash 6.3.6. 'Estw K èna unconditional isotropikì kurtì s¸ma ston Rn. Tìte,

gia k�je 1 6 q 6 n,

(6.3.14) Yq(K) 6 c3
√
q (Iq(K) +R(Zq(K)) max{R(Zq(K)), R(Zlogn(K))}) .

Apìdeixh. 'Amesh sunèpeia thc Prìtashc 6.3.2 kai tou L mmatoc 6.3.5. 2

Pìrisma 6.3.7. 'Estw K èna unconditional isotropikì kurtì s¸ma ston Rn. Tìte,

gia k�je 1 6 q 6 4
√
n,

(6.3.15) Yq(K) 6 c
√
qn.

Apìdeixh. JumhjeÐte ìti an 1 6 q 6 4
√
n tìte Iq(K) 6 CI2(K) 6 C1

√
n kai

(6.3.16) max{R(Zq(K)), R(Zlogn(K))} 6 C2 max{q, log n} 6 C3
4
√
n.

Katìpin, efarmìzoume thn Prìtash 6.3.6. 2

6.3.2 DeÔtero �nw fr�gma

'Estw K kai M dÔo unconditional isotropik� kurt� s¸mata ston Rn. DÐnoume èna

deÔtero �nw fr�gma gia thn Yq(K,M), qrhsimopoi¸ntac to ex c apotèlesma tou Lata la

apì to [34]. Sthn epìmenh Prìtash, µ eÐnai to ekjetikì mètro ginìmeno, me puknìthta

(6.3.17) dµ(x) =
1

2n/2
exp(−

√
2‖x‖1) dx.

Je¸rhma 6.3.8 (Lata la). 'Estw K èna isotropikì unconditional kurtì s¸ma ston Rn.
Gia k�je summetrikì kurtì s¸ma C ston Rn kai gia k�je q > 1,

(6.3.18)

(∫
K

hqC(x)dx

)1/q

6 c1

∫
Rn
hC(x)dµ(x) + c2 sup

y∈C

(∫
K

|〈x, y〉|qdx
)1/q

,

ìpou c1, c2 > 0 eÐnai apìlutec stajerèc. 2
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Epilègoume C = Zq(M). EÐnai gnwstì (apì to [6]) ìti an y ∈ Rn kai fy(x) = 〈x, y〉, tìte
gia k�je q > 2,

(6.3.19) ‖fy‖Lq(M) 6 c
√
qn‖y‖∞,

ìpou c > 0 eÐnai mia apìluth stajer�. Me �lla lìgia,

(6.3.20) hZq(M)(y) 6 c
√
qn‖y‖∞.

Tìte,

(6.3.21)

∫
Rn
hZq(M)(x)dµ(x) 6 c

√
qn

∫
Rn
‖x‖∞dµ(x).

Gia k�je i 6 n èqoume

(6.3.22)

∫
Rn
|xi|dµ(x) =

√
2

∫ ∞
0

te−
√

2tdt =
1√
2
.

AfoÔ ‖x‖∞ = max16i6n |xi| kai to µ eÐnai logarijmik� koÐlo, paÐrnoume

(6.3.23)

∫
Rn
‖x‖∞dµ(x) 6 c3 log n.

Apì thn �llh pleur�,

sup
y∈Zq(M)

(∫
K

|〈x, y〉|qdx
)1/q

6 R(Zq(K)) sup
y∈Zq(M)

‖y‖2

= R(Zq(K))R(Zq(M)) 6 c4q
2.

Qrhsimopoi¸ntac to je¸rhma tou Lata la paÐrnoume to ex c:

Je¸rhma 6.3.9. 'Estw K kaiM isotropik� unconditional kurt� s¸mata ston Rn. Gia
k�je 1 6 q 6 n,

(6.3.24) Yq(K,M) :=

(∫
K

∫
M

|〈x, y〉|qdy dx
)1/q

6 c1(log n)
√
qn+ c2q

2.

6.3.3 H par�metroc I1(K,Zq(K))

KleÐnoume aut n thn Par�grafo me èna �nw fr�gma gia thn posìthta I1(K,Zq(K)).
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Prìtash 6.3.10. 'Estw K èna isotropikì unconditional kurtì s¸ma ston Rn. Tìte,

(6.3.25)

∫
K

‖x‖Zq(K)dx 6 c
√
n/q

gia k�je 1 6 q 6 n/ log2 n, ìpou c > 0 eÐnai mia apìluth stajer�.

H apìdeixh ja basisteÐ sto ex c.

L mma 6.3.11. 'Estw K èna isotropikì unconditional kurtì s¸ma ston Rn. IsqÔei,

(6.3.26) Zq(K) ⊇ cZq(Qn)

gia k�je q > 1, ìpou c > 0 eÐnai mia apìluth stajer�.

Apìdeixh. 'Estw ε1, ε2, . . . , εn anex�rthtec kai isìnomec ±1 tuqaÐec metablhtèc, orismènec

se ènan q¸ro pijanìthtac (Ω,F ,P), me katanom  P(εi = 1) = P(εi = −1) = 1
2 . Gia k�je

θ ∈ Sn−1, qrhsimopoi¸ntac to gegonìc ìti toK eÐnai unconditional, thn anisìthta Jensen

kai thn arq  thc sustol c, èqoume

‖〈·, θ〉‖Lq(K) =

(∫
K

∣∣∣∣∣
n∑
i=1

θixi

∣∣∣∣∣
q

dx

)1/q

=

(∫
Ω

∫
K

∣∣∣∣∣
n∑
i=1

θiεi|xi|

∣∣∣∣∣
q

dx dP(ε)

)1/q

>

(∫
Ω

∣∣∣∣∣
n∑
i=1

θiεi

∫
K

|xi| dx

∣∣∣∣∣
q

dP(ε)

)1/q

=

(∫
Ω

∣∣∣∣∣
n∑
i=1

tiθiεi

∣∣∣∣∣
q

dP(ε)

)1/q

>

(∫
Qn

∣∣∣∣∣
n∑
i=1

tiθiyi

∣∣∣∣∣
q

dy

)1/q

= ‖〈·, (tθ)〉‖Lq(Qn),

ìpou ti =
∫
K
|xi| dx ' LK ' 1 kai tθ = (t1θ1, . . . , tnθn). JumhjeÐte ìti

(6.3.27) ‖〈·, θ〉‖Lq(Qn) '
∑
j6q

θ∗j +
√
q

 ∑
q<j6n

(θ∗j )2

1/2

(blèpe [3]). AfoÔ ti ' 1 gia k�je i = 1, . . . , n, paÐrnoume

(6.3.28) ‖〈·, θ〉‖Lq(K) > ‖〈·, (tθ)〉‖Lq(Qn) > c‖〈·, θ〉‖Lq(Qn),

kai autì apodeiknÔei to l mma. 2



114 · H parametroc Yq(K,M)

Parat rhsh 6.3.12. EÐnai gnwstì ìti

(6.3.29) Zq(Qn) ' √qBn2 ∩Bn∞.

Sunep¸c,

(6.3.30) ‖x‖Zq(Qn) ' max

{
‖x‖2√
q
, ‖x‖∞

}
.

'Amesh sunèpeia èÐnai h

(6.3.31)

∫
K

‖x‖Zq(K)dx .
1
√
q

∫
K

‖x‖2dx+

∫
K

‖x‖∞dx 6 c1
√
n/q + c2 log n.

Tìte, upojètontac ìti q 6 n/ log2 n paÐrnoume thn Prìtash 6.3.10.

6.4 ArijmoÐ k�luyhc tou Zq(K)

Se aut n thn teleutaÐa par�grafo deÐqnoume thn sqèsh twn ektim sewn gia touc arijmoÔc

k�luyhc N(Zq(K), t
√
qLKB

n
2 ) me to arqikì prìblhma thc diatrib c pou zhtoÔse �nw

fr�gmata gia thn posìthta I1(K,Z◦q (K)). Xekin�me me thn unconditional perÐptwsh.

Prìtash 6.4.1. 'Estw K èna isotropikì unconditional kurtì s¸ma ston Rn. Tìte,

gia k�je 2 6 q 6 n,

(6.4.1) logN(Zq(K), ct
√
qBn2 ) 6

Cq log n

t2
,

gia k�je 1 6 t 6
√
q, ìpou c, C > 0 eÐnai apìlutec stajerèc.

Apìdeixh. Oi Bobkov kai Nazarov èqoun apodeÐxei sto [6] ìti

(6.4.2) hZq (x) 6 max{√q, qhBn1 (x)}

gia k�je x ∈ Rn. Me �lla lìgia,

(6.4.3) Zq(K) ⊆ c1conv(
√
qBn2 , qB

n
1 ).

'Epetai ìti

(6.4.4) N(Zq(K), 2c1t
√
qBn2 ) 6 N

(
Bn1 ,

t
√
q
Bn2

)
gia k�je 1 6 t 6

√
q. Ja ektim soume autoÔc touc arijmoÔc k�luyhc qrhsimopoi¸ntac

èna apotèlesma tou Schütt [56].
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L mma 6.4.2. An log n 6 k 6 n tìte up�rqoun x1, . . . , x2k ∈ Rn ¸ste

(6.4.5) Bn1 ⊆
2k⋃
j=1

(xj + rn,kB
n
2 ), (

ìpou

(6.4.6) rn,k '
√

log(n/k + 1)

k
.

Me b�sh to L mma, an

(6.4.7)

√
log(n/k + 1)

k
6

t
√
q
,

tìte h (6.4.4) mac dÐnei ìti logN(Zq(K), ct
√
qBn2 ) 6 Ck. Katìpin, eÔkola elègqoume ìti

o k0 = q logn
t2 ikanopoieÐ thn (6.4.7) gia k�je n, q kai t. 2

ShmeÐwsh. An t >
√
q tìte N(Zq(K), ct

√
qBn2 ) = 1 diìti R(Zq(K)) 6 q.

Gia thn genik  perÐptwsh, ac upojèsoume ìti isqÔei h ex c

Upìjesh. StajeropoioÔme 2 6 q 6 n kai upojètoume ìti

(6.4.8) logN(Zq(K), c1t
√
qLKB

n
2 ) 6

q

t2

gia k�je 1 6 t 6 R(Zq)/(c1
√
qLK), ìpou c1 > 0 eÐnai mia apìluth stajer�.

Prìtash 6.4.3. Me aut n thn upìjesh èqoume:

(i) An 2 6 q 6
√
n tìte

(6.4.9) I1(K,Z◦q (K)) :=

∫
K

hZq(K)(x)dx 6 C
√
qnL2

K ,

kai

(ii) An
√
n 6 q 6 n tìte

(6.4.10) I1(K,Z◦q (K)) :=

∫
K

hZq(K)(x)dx 6 Cq 4
√
nL2

K ,

ìpou C > 0 eÐnai mia apìluth stajer�.
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Apìdeixh. Gr�foume R gia thn perigegrammènh aktÐna tou Zq(K). MporoÔme na upojè-

soume ìti R > 2c1
√
qLK . Alli¸c, èqoume Zq(K) ⊆ 2c1

√
qLKB

n
2 , �ra

(6.4.11)

∫
K

hZq(K)(x)dx 6 2c1
√
qLK

∫
K

‖x‖2dx 6 2c1
√
qnL2

K .

'Estw j0 o megalÔteroc fusikìc arijmìc gia ton opoÐo 2j0 6 R
c1
√
qLK

. Gia k�je 1 6 j 6 j0

èqoume

(6.4.12) nj := logN(Zq(K), (R/2j)Bn2 ) 6
c2122jq2L2

K

R2
.

MporoÔme na broÔme èna uposÔnolo Nj tou Zq(K) ¸ste |Nj | = nj kai

(6.4.13) Zq(K) ⊆
⋃
y∈Nj

(y + (R/2j)Bn2 ).

OrÐzoume N0 = {0} kai, gia k�je 1 6 j 6 j0,

(6.4.14) Wj = Nj −Nj−1 = {y − y′
∣∣ y ∈ Nj , y′ ∈ Nj−1}.

Tèloc, jètoume Zj = Wj ∩ (2R/2j)Bn2 . ParathroÔme ìti

(6.4.15) log |Zj | 6 nj + nj−1 6
c222jq2L2

K

R2
.

Qreiazìmaste thn ex c parallag  tou L mmatoc 4.5.1.

L mma 6.4.4. Gia k�je x ∈ Zq(K) kai gia k�je 1 6 m 6 j0 mporoÔme na broÔme

zj ∈ Zj , j = 1, . . . ,m kai wm ∈ (R/2m)Bn2 ¸ste

(6.4.16) x = z1 + · · ·+ zm + wm.

T¸ra, gia k�je x ∈ K kai gia k�je 1 6 m 6 j0, gr�foume

hZq(K)(x) = max
y∈Zq(K)

|〈y, x〉| 6
m∑
j=1

max
z∈Zj

|〈z, x〉|+ max
w∈(R/2m)Bn2

|〈w, x〉|

6
m∑
j=1

3R

2j
max
z∈Zj

|〈z, x〉|+ R

2m
‖x‖2,
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ìpou z eÐnai to monadiaÐo di�nusma sthn dieÔjunsh tou z. Parathr¸ntac ìti
∫
K
‖x‖2dx 6

√
nLK kai qrhsimopoi¸ntac to parap�nw, blèpoume ìti

I1(K,Z◦q (K)) 6
m∑
j=1

3R

2j

∫
K

max
z∈Zj

|〈z, x〉|dx+
R

2m

∫
K

‖x‖2dx

6
m∑
j=1

3R

2j

∫
K

max
z∈Zj

|〈z, x〉|dx+
R

2m
√
nLK .

T¸ra, qrhsimopoioÔme to ex c l mma.

L mma 6.4.5. An θ1, . . . , θN ∈ Sn−1, tìte

(6.4.17)

∫
K

max
16i6N

|〈x, θi〉| dx 6 c3LK logN,

ìpou c3 > 0 eÐnai mia apìluth stajer�.

Apìdeixh. GnwrÐzoume ìti ‖〈·, θi〉‖ψ1 6 bLK gia k�je i = 1, . . . , N , ìpou b > 0 eÐnai mia

apìluth stajer�. Apì ton orismì thc ψ1-nìrmac kai thn anisìthta tou Markov, gia k�je

t > 0 èqoume

Prob

(
x ∈ K : max

16i6N
|〈x, θi〉| > t

)
6

N∑
i=1

Prob (x ∈ K : |〈x, θi〉| > t)

6 2N exp (−t/(bLK)) .

Tìte, gia opoiod pote A > 0 mporoÔme na gr�youme∫
K

max
16i6N

|〈x, θi〉|dx =

∫ ∞
0

Prob

(
x ∈ K : max

16i6N
|〈x, θi〉| > t

)
dt

6 A+

∫ ∞
A

Prob

(
x ∈ K : max

16i6N
|〈x, θi〉| > t

)
dt

6 A+ 2N

∫ ∞
A

exp (−t/(bLK)) dt.

Epilègontac A = 4bLK(logN) paÐrnoume∫ ∞
A

exp (−t/(bLK)) dt = 4bLK(logN)

∫ ∞
1

exp(−4s logN)ds

6 4bLK(logN)

∫ ∞
1

exp(−4s logN)ds

6 4bLK(logN) exp(−2 logN)

∫ ∞
1

e−sds

6 4bLK(logN)N−2,
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ìpou qrhsimopoi same to gegonìc ìti h anisìthta

exp(−4s logN) 6 exp(−2 logN) · e−s

isqÔei gia k�je s > 1. 'Epetai ìti∫
K

max
16i6N

|〈x, θi〉|dx 6 CLK(logN)

me C = 8b. 2

Sundu�zontac to L mma 6.4.5 me thn (6.4.15) paÐrnoume

I1(K,Z◦q (K)) 6 c4LK

m∑
j=1

R

2j
22jq2L2

K

R2
+

R

2m
√
nLK

= c4LK

m∑
j=1

2jq2L2
K

R
+

R

2m
√
nLK

6 c5LK

(
2mq2L2

K

R
+

R

2m
√
n

)
.

To �jroisma elaqistopoieÐtai an epilèxoume B := R/2m ètsi ¸ste

(6.4.18)
q2L2

K

B
= B
√
n,

dhlad ,

(6.4.19) B =
qLK
4
√
n
.

DiakrÐnoume dÔo peript¸seic:

Pr¸th perÐptwsh: Upojètoume ìti B > c1
√
qLK . Autì isqÔei an

(6.4.20) q > c21
√
n.

Tìte, mporoÔme na epilèxoume m ètsi ¸ste R/2m ' B, �ra

(6.4.21) I1(K,Z◦q (K)) 6 c6LKB
√
n 6 Cq 4

√
nL2

K .

DeÔterh perÐptwsh: Upojètoume ìti B 6 c1
√
qLK . Autì isqÔei an

(6.4.22) q 6 c21
√
n.
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Tìte, epilègoume ton megalÔtero dunatì m. 'Eqoume R/2m ' √qLK kai autì odhgeÐ sto

fr�gma

(6.4.23) I1(K,Z◦q (K)) 6 c6LK

(
q3/2LK +

√
qnLK

)
6 C
√
qnL2

K ,

diìti q3/2 = q
√
q 6 c7

√
qn. 2
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