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Summary

In this thesis we study, by means of rigorous numerical calculations by the layer-multiple-
scattering method, the optical properties of periodic plasmonic nanostructures and exam-
ine, among others, the possibility of assimilating them to equivalent homogeneous media
(metamaterials), focusing on the occurrence of negative refraction. We first study periodic
structures of metallic nanoshells, i.e., composite spherical nanoparticles in which, due to
their spherical shape, the fundamental plasmon mode, which manifests itself as a resonance
of electric type, is threefold degenerate. We then examine the optical response of periodic
structures of metallic nanorods, where the threefold degeneracy of the plasmon modes
is lifted due to the cylindrical shape, and of metallodielectric nanosandwiches, where hy-
bridization between the plasmon modes leads to a magnetic resonance. The possibility of a
successful homogenization of the above structures is at first investigated through the stan-
dard S-matrix retrieval method, which is based on the complex transmission and reflection
coefficients of a finite slab. Moreover, we propose a method to resolve the difficulties and
artefacts which appear in the calculation of effective permittivities and permeabilities for
thick slabs, based on the complex photonic band structure and the reflection coefficient
of the corresponding infinite and semi-infinite crystal, respectively. Application of the
method to periodic arrays of metallodielectric nanosandwiches shows that such structures
exhibit negative effective permeability that can be tuned within the frequency region of
the visible and near-infrared. We then develop a new method to determine local effective
electromagnetic parameters for the general case of anisotropic metamaterials, based on the
results of rigorous calculations of the complex photonic band structure and the reflectivity
of the semi-infinite crystal, valid for every angle of incidence. This method, which provides
strong intrinsic criteria to control the validity of the results, combined with an analysis of
isofrequency surfaces introduced for the first time in the framework of the layer-multiple-
scattering method, is applied to all of the above structures and shows that in any case the
occurrence of negative refraction is possible. In addition to the above, we develop an ex-
act method to calculate photonic surface states and show that, contrary to earlier claims,
the appearance of surface states, which are easily tunable, is possible in metallodielectric
photonic crystals, while their propagation length makes them useful for waveguiding ap-
plications. Moreover, we examine the optical response of periodic structures of metallic
nanorods, in the presence and absence of a supporting substrate, and show that such
structures support various types of collective plasmonic excitations, among which there
exist modes with zero and near-zero group velocity which amplify the evanescent waves
and allow for subwavelength imaging and waveguiding applications. We also calculate, by
means of full-electrodynamic calculations without any adjustable parameter, the disper-
sion diagrams of linear periodic chains of nanorods, and examine their dependence on the
geometrical characteristics of the structure (nanorod height and separation). The results
are compared to those obtained by the commonly employed coupled-dipole model and the
efficiency and limitations of the latter are discussed. Finally, we study the interaction of
active emitters, modelled as point dipoles, with single nanoparticles and periodic photonic
structures, using a Green’s function formalism.
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PerÐlhyh

Sthn paroÔsa diatrib  melet jhkan, me akribeÐc upologismoÔc mèsw thc mejìdou strwmati-
k c pollapl c skèdashc, oi optikèc idiìthtec periodik¸n plasmonik¸n nanodom¸n kai, metaxÔ
�llwn, exet�sthke h dunatìthta exomoÐws c touc me isodÔnama omoiogen  mèsa (metaôlik�),
esti�zontac sthn emf�nish tou fainomènou thc arnhtik c di�jlashc. Arqik� melet jhkan
domèc apì metallikoÔc nanofloioÔc. Prìkeitai gia sÔnjeta sfairik� swmatÐdia sta opoÐa,
lìgw tou sfairikoÔ touc sq matoc, h jemeli¸dhc plasmonik  kat�stash, pou ekdhl¸netai
wc suntonismìc hlektrikoÔ tÔpou, eÐnai tripl� ekfulismènh. Sth sunèqeia exet�sthkan pe-
riodikèc domèc metallik¸n nanokulÐndrwn, ìpou lìgw thc anisotropÐac o triplìc ekfulismìc
aÐretai, kai tèloc, domèc metallodihlektrik¸n nanos�ntouitc, sta opoÐa o ubridismìc metaxÔ
twn plasmonik¸n katast�sewn odhgeÐ sthn emf�nish magnhtikoÔ suntonismoÔ. H dunatì-
thta omoiogenopoÐhshc twn parap�nw dom¸n diereun jhke arqik� mèsw thc diadedomènhc
mejìdou antÐstrofhc skèdashc, pou basÐzetai stouc migadikoÔc suntelestèc an�klashc kai
dièleushc enìc peperasmènou plakidÐou tou ulikoÔ, kai prot�jhke mia mèjodoc �rshc twn
duskoli¸n kai asafei¸n ston upologismì isodÔnamhc epidektikìthtac kai diaperatìthtac
gia plakÐdia sqetik� meg�lou p�qouc, basismènh sth migadik  fwtonik  dom  zwn¸n kai
ston suntelest  an�klashc tou �peirou kai hmi�peirou krust�llou, antÐstoiqa. Gia ton
skopì autì, h mèjodoc strwmatik c pollapl c skèdashc epekt�jhke ¸ste na upologÐzei
apeujeÐac touc migadikoÔc suntelestèc an�klashc kai dièleushc apì peperasmèna plakÐdia,
all� kai ton suntelest  an�klashc sth diepif�neia metaxÔ miac hmi�peirhc fwtonik c dom c
kai enìc hmi�peirou omoiogenoÔc mèsou. H efarmog  thc mejìdou se periodikèc domèc apì
metallodihlektrik� nanos�ntouitc èdeixe ìti tètoiec domèc emfanÐzoun arnhtik  isodÔnamh
magnhtik  diaperatìthta sthn perioq  tou oratoÔ kai uperÔjrou. Sth sunèqeia anaptÔ-
qjhke mia nèa mèjodoc prosdiorismoÔ topik¸n hlektromagnhtik¸n suntelest¸n isodÔnamou
mèsou, pou isqÔoun gia prìsptwsh upì opoiad pote gwnÐa, sth genik  perÐptwsh anisotro-
pik¸n metaôlik¸n, basismènh sta apotelèsmata diexodik¸n upologism¸n thc migadik c fw-
tonik c dom c zwn¸n kai tou suntelest  an�klashc tou hmi�peirou krust�llou. H mèjodoc
aut , pou parèqei isqur� eswterik� krit ria gia ton èlegqo thc akrÐbeiac twn apotelesm�-
twn, se sunduasmì me mia an�lush twn epifanei¸n stajer c suqnìthtac tou krust�llou
pou eis qjh gia pr¸th for� sta plaÐsia thc mejìdou strwmatik c pollapl c skèdashc,
efarmìsthke se ìlec tic upì melèth domèc kai èdeixe ìti se k�je perÐptwsh eÐnai dunat 
h emf�nish arnhtik c di�jlashc. Pèran thc omoiogenopoÐhshc, anaptÔqjhke mia akrib c
mèjodoc upologismoÔ epifaneiak¸n katast�sewn se fwtonikoÔc krust�llouc kai deÐqjhke
ìti, se antÐjesh me ì,ti uposthrizìtan sth bibliografÐa, h Ôparxh epifaneiak¸n katast�se-
wn, pou m�lista rujmÐzontai eÔkola sth suqnìthta, eÐnai dunat  se metallodihlektrikoÔc
fwtonikoÔc krust�llouc, en¸ to m koc di�doshc aut¸n twn katast�sewn tic kajist� qr -
simec gia efarmogèc kumatod ghshc. Epiplèon, melet jhke h optik  apìkrish periodik¸n
diat�xewn metallik¸n nanokulÐndrwn, me kai qwrÐc upìstrwma, kai deÐqjhke ìti oi domèc
autèc uposthrÐzoun di�forouc tÔpouc sullogik¸n plasmonik¸n diegèrsewn, metaxÔ twn o-
poÐwn up�rqoun katast�seic mhdenik c kai sqedìn mhdenik c taqÔthtac om�doc pou mporoÔn
na axiopoihjoÔn se efarmogèc uperfak¸n kai kumatodhg¸n me periorismì se diast�seic mi-
krìterec tou m kouc kÔmatoc. UpologÐsthke epÐshc, me akribeÐc upologismoÔc kai qwrÐc
prosdiorÐsimec paramètrouc, h sqèsh diaspor�c se grammikèc alusÐdec nanokulÐndrwn kai h
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ex�rths  thc apì th gewmetrÐa thc upì melèth di�taxhc (Ôyoc kai apìstash nanokulÐndrwn).
Ta apotelèsmata sugkrÐjhkan me èna eurèwc qrhsimopoioÔmeno montèlo suzeugmènwn dipì-
lwn kai sun�qjhsan qr sima sumper�smata sqetik� me thn akrÐbeia kai touc periorismoÔc
tou montèlou. Tèloc, melet jhke h allhlepÐdrash energ¸n kèntrwn, pou perigr�fontai wc
shmeiak� dÐpola, me memonwmèna plasmonik� swmatÐdia kai periodikèc fwtonikèc domèc, me
b�sh ènan formalismì pou basÐzetai sthn teqnik  twn sunart sewn Green.
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To 1968 o Victor Veselago èdeixe ìti ìtan èna hlektromagnhtikì (HM) kÔma prospÐptei se
èna omoiogenèc mèso pou qarakthrÐzetai apì arnhtik  (sqetik ) dihlektrik  sun�rthsh, ε,
kai arnhtik  (sqetik ) magnhtik  diaperatìthta, µ, diajl�tai arnhtik� (me gwnÐa antÐjeth
apì aut  se èna mèso jetik¸n ε kai µ). Epiplèon, oi aktÐnec pou prospÐptoun se èna pla-
kÐdio pou qarakthrÐzetai apì ε = µ = −1 apì ta arister� esti�zoun se èna shmeÐo sta
dexi� tou plakidÐou [1]. Tètoia ulik� ìmwc den apant¸ntai sth fÔsh, en¸ thn epoq  tou
Veselago den  tan dunatì na prokÔyoun wc sunduasmìc diaforetik¸n sustatik¸n; en¸ h
fÔsh diajètei afjonÐa ulik¸n me arnhtik  dihlektrik  sun�rthsh, ìpwc eÐnai gia par�deigma
ta mètalla sthn perioq  tou uperÔjrou kai oratoÔ [2], den isqÔei to Ðdio gia th magnhtik 
diaperatìthta [3]. Sunep¸c, h ergasÐa tou Veselago, an kai endiafèrousa apì jewrhtik 
�poyh, agno jhke gia p�ra poll� qrìnia, mia kai anaferìtan se mia kajar� upojetik  pe-
rÐptwsh. Autì èmele na all�xei stic arqèc thc prohgoÔmenhc dekaetÐac, ìtan deÐqjhke gia
pr¸th for� ìti èna sÔnjeto ulikì, apoteloÔmeno apì anoiqtoÔc metallikoÔc daktulÐouc,
mporeÐ na parousi�zei sumperifor� antÐstoiqh aut c enìc isodÔnamou omoiogenoÔc mèsou me
arnhtik  magnhtik  diaperatìthta [4]. SÔntoma ex�llou oi anoiqtoÐ daktÔlioi sundu�sthkan
me metallik� sÔrmata gia na d¸soun èna mèso me arnhtik  dihlektrik  sun�rthsh kai magnh-
tik  diaperatìthta tautìqrona [5,6]. Empneusmènoc apì th doulei� tou Veselago, o Pendry
èdeixe to 2000 ìti èna plakÐdio apì ulikì me ε = µ = −1, o sqediasmìc tou opoÐou den
èmoiaze plèon exwpragmatikìc, ìqi mìno diajl� arnhtik� tic diadidìmenec sunist¸sec tou
pedÐou miac shmeiak c phg c, all� epiplèon enisqÔei tic fjÐnousec sunist¸sec, epitrèpontac
ton sqhmatismì enìc akriboÔc eid¸lou thc phg c, qwrÐc ap¸leiec, sthn �llh tou pleur� [7].
Me �lla lìgia, èna tètoio plakÐdio leitourgeÐ wc uperfakìc, me diakritik  ikanìthta pou
den periorÐzetai apì to m koc kÔmatoc.

Oi parap�nw ergasÐec purodìthsan mia èkrhxh ereunhtik c drasthriìthtac ston tomèa
twn sÔnjetwn HM ulik¸n. Tètoiou eÐdouc ulik�, twn opoÐwn oi idiìthtec diafèroun apì tic
idiìthtec twn sustatik¸n touc stoiqeÐwn, apokaloÔntai metaôlik�. S mera bèbaia, lìgw thc
ter�stiac an�ptuxhc pou gn¸rise o kl�doc ta teleutaÐa dèka qrìnia, o ìroc autìc anafèretai
kat� kÔrio lìgo se sÔnjeta sust mata pou parousi�zoun nèec prooptikèc elègqou twn HM -
kai se mikrìtero bajmì twn akoustik¸n [8�11] - kum�twn. Ta basik� qarakthristik� twn HM
metaôlik¸n eÐnai h arnhtik  gwnÐa di�jlashc, h antÐjeth sth ro  enèrgeiac fasik  taqÔthta,
kai to gegonìc ìti to hlektrikì pedÐo, E, to magnhtikì pedÐo, H, kai to kumat�nusma,
q, sunistoÔn èna aristerìstrofo sÔsthma [12]. Gi' autì kai qrhsimopoioÔntai suqn� sth
bibliografÐa oi ìroi ulik� arnhtikoÔ deÐkth di�jlashc kai aristerìstrofa ulik�.

'Opwc eÐpame, to basikì prìblhma pou prèpei na antimetwpisteÐ gia ton sqediasmì me-
taôlik¸n arnhtikoÔ deÐkth di�jlashc eÐnai h eÔresh ulik¸n me arnhtik  magnhtik  diape-
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ratìthta, eidik� sthn perioq  tou optikoÔ f�smatoc ìpou h magnhtik  diaperatìthta eÐnai
praktik� mon�da. Autì kajist� thn anaz thsh teqnhtoÔ optikoÔ magnhtismoÔ to jemeli¸dec
prìblhma ston kl�do twn optik¸n metaôlik¸n. Ektìc apì touc anoiqtoÔc daktulÐouc pou
anafèrame [4, 13�17], �llec domèc pou parèqoun teqnhtì magnhtismì eÐnai ta zeÔgh kommè-
nwn surm�twn [18, 19], metallik� sÔrmata [20, 21], suzeugmènec metallikèc lwrÐdec [22�25],
kai ta metallodihlektrik� nanos�ntouitc [26�30]. H emf�nish teqnhtoÔ magnhtismoÔ se
tètoiec domèc ofeÐletai sth dhmiourgÐa enìc brìqou hlektrikoÔ reÔmatoc, o opoÐoc odhgeÐ
se magnhtikì suntonismì. Stic optikèc suqnìthtec o brìqoc autìc ofeÐletai sth diègersh
plasmonik¸n katast�sewn, dhlad  sullogik¸n talant¸sewn twn eleÔjerwn hlektronÐwn
tou met�llou [31]. Enallaktik�, ta teleutaÐa qrìnia èqei deiqjeÐ ìti domèc pou perièqoun
stoiqeÐa uyhl c dihlektrik c sun�rthshc, ìpwc ta polaritonik� ulik�, odhgoÔn se arnhtik 
magnhtik  diaperatìthta sto upèrujro [32�34].

AparaÐthth proôpìjesh gia mia perigraf  me ìrouc isodÔnamou omoiogenoÔc mèsou, dhla-
d  gia mia epituq  omoiogenopoÐhsh tou sÔnjetou mèsou, eÐnai na briskìmaste sto legìmeno
ìrio tou meg�lou m kouc kÔmatoc, dhlad  to m koc kÔmatoc thc HM aktinobolÐac na eÐnai
polÔ megalÔtero tìso apì tic diast�seic twn domik¸n mon�dwn tou sÔnjetou mèsou ìso
kai apì tic metaxÔ touc apost�seic. Pèra apì to jewrhtikì endiafèron pou parousi�zei h
perigraf  enìc metaôlikoÔ me ìrouc isodÔnamou omoiogenoÔc mèsou, oi mèjodoi omoiogeno-
poÐhshc èqoun meg�lh praktik  axÐa, diìti dieukolÔnoun ton sqediasmì nèwn, sunjetìterwn
dom¸n. EpilÔontac kaneÐc, me opoiad pote axiìpisth tètoia mèjodo, to prìblhma thc al-
lhlepÐdrashc thc HM aktinobolÐac me èna aplì, sun jwc epÐpedo plakÐdio tou metaôlikoÔ,
lamb�nei isodÔnamec HM paramètrouc pou mporoÔn na qrhsimopoihjoÔn peraitèrw, se sÔn-
jetec domèc ìpou to omoiogenopoihmèno mèso mporeÐ gia par�deigma na eÐnai kampulwmèno,
  na apoteleÐ èna mìno apì ta epimèrouc sustatik� thc dom c. Di�forec mèjodoi omoioge-
nopoÐhshc fwtonik¸n dom¸n èqoun protajeÐ ta teleutaÐa qrìnia [35�41], all� anamfÐbola
oi dhmofilèsterec eÐnai oi aplèc mèjodoi Maxwell - Garnett [42] kai Bruggeman [43], ka-
j¸c kai h mèjodoc omoiogenopoÐhshc mèsw tou pÐnaka skèdashc S,   mèjodoc antÐstrofhc
skèdashc [44�47].

'Eqontac plèon sth di�jes  touc domèc pou mporoÔn na d¸soun teqnhtì magnhtismì,
kai jewrhtikèc mejìdouc gia thn perigraf  thc sumperifor�c aut¸n twn dom¸n me ìrouc
isodÔnamou mèsou, pollèc om�dec proq¸rhsan ston sqediasmì kai thn paraskeu  ulik¸n
pou emfanÐzoun arnhtik  di�jlash [48�50], me exèqousa th dom  diqtu¸n [51], h opoÐa proc
to parìn eÐnai kai h pio uposqìmenh gia thn paraskeu  pragmatik� trisdi�statwn (3D)
metaôlik¸n [52]. Par�llhla, proteÐnontai suneq¸c nèec, entupwsiakèc efarmogèc; ta HM
metaôlik� apoteloÔn ta basik� sustatik� ston nèo tomèa thc optik c metasqhmatism¸n
[53, 54], kÔrio apotèlesma thc opoÐac eÐnai ta mèsa optik c apìkruyhc [55, 56], mporoÔn na
qrhsimopoihjoÔn gia ton prosanatolismì thc HM aktinobolÐac [57], wc tèleia aporrofoÔnta
mèsa [58], wc kuklikoÐ polwtèc [59], wc mèsa pou emfanÐzoun hlektromagnhtik� epagìmenh
diaf�neia [60], kai bèbaia, ìpwc anafèrame, wc uperfakoÐ [61�65]. UperfakoÔc mporeÐ na
p�rei kaneÐc kai qwrÐc to mèso na qarakthrÐzetai apì arnhtik  dihlektrik  sun�rthsh kai
magnhtik  diaperatìthta tautìqrona, axiopoi¸ntac gia par�deigma thn uperbolik  sqèsh
diaspor�c enìc anisotropikoÔ mèsou [66,67], en¸ arnhtik  di�jlash kai estÐash mporoÔn na
d¸soun kai pio paradosiak� mèsa, ìpwc oi fwtonikoÐ krÔstalloi [68�71].

Oi fwtonikoÐ krÔstalloi eÐnai ulik� pou basÐzontai se periodik  epan�lhyh thc dihle-
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ktrik c sun�rthshc ston q¸ro. Kat' analogÐa me touc hmiagwgoÔc kai monwtèc, stouc
opoÐouc h periodik  epan�lhyh tou dunamikoÔ odhgeÐ se energeiak� q�smata stic katast�-
seic hlektronÐwn, h periodik  epan�lhyh thc dihlektrik c sun�rthshc odhgeÐ se q�smata
suqnot twn tou HM pedÐou [72, 73]. H basik  diafor� twn fwtonik¸n krust�llwn apì
ta metaôlik� èqei na k�nei me tic diast�seic twn domik¸n touc mon�dwn kai tic apost�seic
metaxÔ touc; en¸ gia na qarakthristeÐ mia dom  wc metaôlikì eÐnai aparaÐthto na isqÔei to
ìrio tou meg�lou m kouc kÔmatoc, se ènan fwtonikì krÔstallo oi sqetikèc diast�seic eÐnai
sugkrÐsimec me to m koc kÔmatoc. Kat� t' �lla, poll� apì ta qarakthristik� twn dÔo dom¸n
eÐnai koin�, gi' autì kai sth jewrhtik  melèth twn metaôlik¸n qrhsimopoioÔntai kat� kÔrio
lìgo oi mèjodoi pou eÐqan anaptuqjeÐ gia touc fwtonikoÔc krust�llouc. Tètoiec eÐnai h
mèjodoc epipèdwn kum�twn [74], h mèjodoc diakritopoÐhshc twn exis¸sewn tou Maxwell sto
pedÐo tou qrìnou [75]   twn suqnot twn [76, 77], h mèjodoc pollapl c skèdashc [78] kai h
mèjodoc diakrit¸n dipìlwn [79]. Mia mèjodoc pou diajètei ta pleonekt mata twn mejìdwn
pollapl c skèdashc, qwrÐc ìmwc na basÐzetai sthn upologistik� qronobìra an�ptuxh se
epÐpeda kÔmata, eÐnai h mèjodoc strwmatik c pollapl c skèdashc [80�82].

Sthn paroÔsa diatrib  qrhsimopoioÔme kai epekteÐnoume kat�llhla th mèjodo strwma-
tik c pollapl c skèdashc gia th melèth thc optik c apìkrishc sÔnjetwn periodik¸n HM
dom¸n (metaôlik¸n kai fwtonik¸n krust�llwn) pou leitourgoÔn sthn perioq  tou ora-
toÔ kai uperÔjrou. Sto Kef. 1 sunoyÐzoume ta basik� stoiqeÐa thc HM jewrÐac pou ja
qrhsimopoihjoÔn sthn upìloiph diatrib . Parousi�zoume merikèc basikèc diaforèc pou pro-
kÔptoun gia ulik� arnhtik c dihlektrik c sun�rthshc kai magnhtik c diaperatìthtac kai
dÐnoume idiaÐterh èmfash sthn an�lush anisotropik¸n ulik¸n. Sto Kef. 2 parousi�zoume
th mèjodo strwmatik c pollapl c skèdashc, sthn opoÐa prosjètoume th dunatìthta su-
nupologismoÔ mh topik¸n fainomènwn sthn optik  apìkrish twn memonwmènwn skedast¸n
kai ton upologismì idiot twn (suntelest c an�klashc, empèdhsh, epifaneiakèc katast�seic)
pou sqetÐzontai me th diepif�neia dÔo hmi�peirwn HM mèswn, enìc omoiogenoÔc kai enìc pe-
riodik� domhmènou. Epiplèon, eis�goume mia an�lush thc diajlastik c sumperifor�c enìc
krust�llou pou basÐzetai stic epif�neiec stajer c suqnìthtac. Sto Kef. 3 parousi�-
zoume dÔo idiaÐtera diadedomènec mejìdouc omoiogenopoÐhshc sÔnjetwn HM susthm�twn,
th mèjodo Maxwell-Garnett kai th mèjodo antÐstrofhc skèdashc (omoiogenopoÐhsh mèsw
tou pÐnaka skèdashc), tic opoÐec prosarmìzoume stic an�gkec twn efarmog¸n pou ja mac
apasqol soun, en¸ proteÐnoume trìpouc antimet¸pishc gnwst¸n problhm�twn pou autèc
parousi�zoun. Par�llhla proteÐnoume mia nèa, genikìterh mèjodo omoiogenopoÐhshc pou
parèqei austhr� eswterik� krit ria gia ton èlegqo thc akrÐbeiac twn apotelesm�twn. Sta
Kef. 4 - 6 axiopoioÔme ta parap�nw ergaleÐa gia th melèth nanodomhmènwn plasmonik¸n
susthm�twn, me domikèc mon�dec metallikoÔc nanofloioÔc, metallikoÔc nanokulÐndrouc, kai
metallodihlektrik� nanos�ntouitc, antÐstoiqa. Gia ìla ta sust mata exet�zoume thn optik 
touc apìkrish, pou kuriarqeÐtai apì th diègersh plasmonik¸n katast�sewn, kaj¸c kai th
dunatìthta omoiogenopoÐhs c touc me tic mejìdouc tou Kef. 3 kai thn emf�nish arnhtik c
di�jlashc. Epiplèon, sto Kef. 4 anafèroume gia pr¸th for� thn emf�nish epifaneiak¸n
fwtonik¸n katast�sewn se plasmonikoÔc krust�llouc, en¸ sto Kef. 5 exet�zoume th
dunatìthta sqediasmoÔ kumatodhg¸n metallik¸n nanokulÐndrwn, sugkrÐnontac ta apotelè-
smata twn akrib¸n arijmhtik¸n upologism¸n me èna diadedomèno montèlo allhlepidrìntwn
dipìlwn. Tèloc, anaptÔssoume ènan formalismì gia thn perigraf  thc allhlepÐdrashc enìc
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shmeiakoÔ dipìlou me periodik� domhmèno perib�llon kai parousi�zoume k�poia pr¸ta apo-
telèsmata gia thn allhlepÐdrash tou shmeiakoÔ dipìlou tìso me periodik� nanodomhmèno
metallodihlektrikì perib�llon ìso kai me memonwmèno metallikì swmatÐdio.



5

Kef�laio 1

StoiqeÐa hlektromagnhtik c jewrÐac

1.1 Oi exis¸seic tou Maxwell sthn Ôlh

To HM pedÐo perigr�fetai klassik� apì tic exis¸seic tou Maxwell sthn Ôlh, oi opoÐec, sto
sÔsthma mon�dwn SI, gr�fontai [83]

∇ ·D(r, t) = ρ(r, t) ∇ ·B(r, t) = 0

∇×E(r, t) = −∂B(r, t)

∂t
∇×H(r, t) =

∂D(r, t)

∂t
+ j(r, t) ,

(1.1)

ìpou D eÐnai h hlektrik  metatìpish, E to hlektrikì pedÐo, B h magnhtik  epagwg , H
to magnhtikì pedÐo, ρ h puknìthta (eleÔjerou) fortÐou, kai j h puknìthta (eleÔjerou)
reÔmatoc. H hlektrik  metatìpish kai h magnhtik  epagwg  sundèontai me to hlektrikì kai
to magnhtikì pedÐo mèsw katastatik¸n exis¸sewn, oi opoÐec eÐnai qarakthristikèc tou k�je
sust matoc, En gènei isqÔei

D = D [E,B]

H = H [E,B] .
(1.2)

Oi agkÔlec dhl¸noun ìti oi susqetÐseic mporeÐ na eÐnai sÔnjetec kai na exart¸ntai, gia
par�deigma, apì thn prohgoÔmenh istorÐa tou ulikoÔ (ustèrhsh)   na eÐnai mh grammikèc.
Wstìso, stic peript¸seic pou ja mac apasqol soun mìno h hlektrik  kai magnhtik  pìlwsh
tou ulikoÔ, P kai M, antÐstoiqa, eÐnai shmantikèc. 'Etsi, oi Ex. (1.2) paÐrnoun th morf 

D = ε0E+P

H =
1

µ0
B−M ,

(1.3)

ìpou ε0 eÐnai h hlektrik  epidektikìthta kai µ0 h magnhtik  diaperatìthta sto kenì. Stic
Ex. (1.3) h hlektrik  kai magnhtik  pìlwsh exart¸ntai apì to ulikì kai ta exwterik�
pedÐa. An jewr soume ìti oi exart seic autèc eÐnai grammikèc, tìte gia èna anisotropikì
mèso èqoume

D(r, t) = ε0

∫
V
d3r′

∫ +∞

−∞
dt′ ←→ε (r, t; r′, t′) ·E(r′, t′)

B(r, t) = µ0

∫
V
d3r′

∫ +∞

−∞
dt′ ←→µ (r, t; r′, t′) ·H(r′, t′) ,

(1.4)
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ìpou h qwrik  olokl rwsh gÐnetai se ìlo ton ìgko, V , tou ulikoÔ. H sqetik  dihlektrik 
sun�rthsh, ←→ε , kai h sqetik  magnhtik  diaperatìthta, ←→µ , eÐnai oi sunart seic apìkrishc
tou ulikoÔ, en gènei tanustèc deÔterhc t�xhc pou sundèoun thn hlektrik  metatìpish kai th
magnhtik  epagwg  me to hlektrikì kai to magnhtikì pedÐo, antÐstoiqa. Lìgw thc qronik c
omoiogèneiac prokÔptei

←→ε (r, t; r′, t′) =←→ε (r, r′, t− t′)
←→µ (r, t; r′, t′) =←→µ (r, r′, t− t′) .

(1.5)

Shmei¸noume ìti, lìgw thc arq c thc aitiìthtac, ←→ε (r, r′, t − t′) = ←→µ (r, r′, t − t′) = 0 gia
t < t′. An epiplèon jewr soume thn topikìthta twn pedÐwn, dhlad  ìti se k�je shmeÐo tou
q¸rou h hlektrik  metatìpish kai h magnhtik  epagwg  exart¸ntai mìno apì tic timèc twn
pedÐwn sto Ðdio shmeÐo tou q¸rou, prokÔptei

←→ε (r, t; r′, t′) =←→ε (r, t− t′)δ(r− r′)
←→µ (r, t; r′, t′) =←→µ (r, t− t′)δ(r− r′) .

(1.6)

Tèloc, jewr¸ntac ìti to mèso eÐnai isotropikì, oi tanustèc pou orÐsthkan sthn Ex. (1.4)
metapÐptoun se bajmwt� megèjh

←→ε (r, t; r′, t′) = ε(r, t− t′)δ(r− r′)
←→µ (r, t; r′, t′) = µ(r, t− t′)δ(r− r′) .

(1.7)

Apì thn Ex. (1.4), mèsw thc Ex. (1.7), prokÔptei

D(r, t) = ε0

∫ +∞

−∞
dt′ε(r, t− t′)E(r, t′)

B(r, t) = µ0

∫ +∞

−∞
dt′µ(r, t− t′)H(r, t′) .

(1.8)

Efarmìzontac sthn parap�nw exÐswsh ton metasqhmatismì Fourier [
∫ +∞
−∞ dt exp(iωt) . . .]

prokÔptei

D(r;ω) = ε0ε(r;ω)E(r;ω)

B(r;ω) = µ0µ(r;ω)H(r;ω) ,
(1.9)

ìpou

F(r;ω) =

∫ +∞

−∞
dω exp(iωt)F(r, t), F = D, B, E, H

f(r;ω) =

∫ +∞

−∞
dt exp(iωt)f(r, t), f = ε, µ .

(1.10)

Shmei¸noume ìti en¸ ta metasqhmatismèna pedÐa kai oi antÐstoiqec metasqhmatismènec su-
nart seic apìkrishc eÐnai migadikèc posìthtec, ta qwroqronik� pedÐa kai oi antÐstoiqec su-
nart seic apìkrishc eÐnai pragmatikoÐ arijmoÐ. Autì epib�llei touc periorismoÔc

F(r;−ω) = F∗(r;ω), F = D, B, E, H

f(r;−ω) = f∗(r;ω), f = ε, µ ,
(1.11)
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ìpou to sÔmbolo ∗ dhl¸nei migadik  suzugÐa. Lìgw thc grammikìthtac twn exis¸sewn
tou Maxwell, ìpwc prokÔptei apì tic Ex. (1.1), to sunolikì pedÐo mporeÐ na prokÔyei wc
grammikìc sunduasmìc monoqrwmatik¸n (mÐac suqnìthtac) pedÐwn (arq  thc epallhlÐac).
'Etsi arkeÐ na epilÔsoume tic exis¸seic tou Maxwell gia k�je monoqrwmatikì pedÐo thc
morf c

E(r, t) = Re[E(r) exp(−iωt)]
H(r, t) = Re[H(r) exp(−iωt)] .

(1.12)

Oi antÐstoiqec metasqhmatismènec exis¸seicMaxwell gia perioqèc tou q¸rou qwrÐc eleÔjera
fortÐa kai reÔmata gr�fontai

∇ · [ε(r;ω)E(r)] = 0 ∇ · [µ(r;ω)H(r)] = 0

∇×E(r) = iωµ0µ(r;ω)H(r) ∇×H(r) = −iωε0ε(r;ω)E(r) ,
(1.13)

ìpou gia eukolÐa èqoume paraleÐyei thn ex�rthsh twn parap�nw pedÐwn apì th suqnìthta.
EÔkola blèpoume ìti oi dÔo pr¸tec twn Ex. (1.13) prokÔptoun apì tic dÔo teleutaÐec
me efarmog  tou telest  ∇·. Sunep¸c, oi metasqhmatismènec kat� Fourier exis¸seic tou
Maxwell sunoyÐzontai stic

H(r) = − i

ωµ0µ(r;ω)
∇×E(r)

∇× 1

µ(r;ω)
∇×E(r) =

ω2

c2
ε(r;ω)E(r) ,

(1.14)

ìpou c = 1/
√
ε0µ0 h taqÔthta tou fwtìc sto kenì. H deÔterh twn Ex. (1.14) apoteleÐ thn

exÐswsh kÔmatoc gia to qwrikì komm�ti tou hlektrikoÔ pedÐou. An stic parap�nw exis¸seic
enall�xoume tic jèseic tou hlektrikoÔ kai magnhtikoÔ pedÐou, kai tic jèseic thc dihlektrik c
sun�rthshc kai magnhtik c diaperatìthtac, prokÔptei h antÐstoiqh exÐswsh kÔmatoc gia to
qwrikì komm�ti tou magnhtikoÔ pedÐou. An epiplèon jewr soume èna omoiogenèc kai isìtropo
mèso, sto opoÐo h dihlektrik  sun�rthsh kai h magnhtik  diaperatìthta eÐnai anex�rthtec
tou r, h kumatik  exÐswsh (1.14) gr�fetai

∇2E(r) + ω2ε0µ0εµE(r) = 0 , (1.15)

ìpou l�bame upìyh thn tautìthta (Aþ.6) tou Parart matoc Aþ kai thn pr¸th twn Ex. (1.13)
ìpwc diamorf¸netai se aut  thn perÐptwsh, ∇ · E(r) = 0. 'Ena pl rec sÔnolo lÔsewn thc
Ex. (1.15) apoteloÔn ta epÐpeda kÔmata

Eqp(r) = E0(q) exp(iq · r) , (1.16)

me E0(q) = E0(q) êp(q), ìpou ta êp(q), p = 0, 1, 2 sumbolÐzoun to aktinikì, polikì kai
azimoujiakì monadiaÐo di�nusma, antÐstoiqa, gia èna dedomèno kumat�nusma q, kai kajorÐzoun
thn pìlwsh (Sq. 1.1). Shmei¸netai ìti to di�mhkec kÔma ê0(q) = q̂ apoteleÐ lÔsh mìno
an ω = 0,   an εµ = 0, kai epomènwc den sunist� odeÔon kÔma. Gia tic egk�rsiec lÔseic
prokÔptei �mesa ìti q = ω

√
εµ/c. Shmei¸noume ìti, molonìti oi tetrimmènec diam keic lÔseic
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Sq ma 1.1: Topikì sÔsthma suntetagmènwn kai an�ptuxh tou kumatanÔsmatoc se sunist¸-
sec.

den upeisèrqontai sthn èkfrash enìc (egk�rsiou) HM kÔmatoc dedomènhc suqnìthtac ω ̸= 0,
apoteloÔn ousi¸deic majhmatikèc lÔseic thc kumatik c exÐswshc.

H arq  diat rhshc thc enèrgeiac gia HM pedÐa apaiteÐ o rujmìc metabol c thc HM
enèrgeiac se dedomèno ìgko sun ton rujmì ro c enèrgeiac apì thn epif�neia pou perikleÐei
autì ton ìgko na antistajmÐzetai apì to èrgo tou pedÐou mèsa ston dedomèno ìgko. An
èqoume mia katanom  fortÐwn kai reum�twn, o rujmìc paragwg c èrgou apì to HM pedÐo
an� mon�da ìgkou eÐnai E · j. Apì thn teleutaÐa twn Ex. (1.1) èqoume

E · j = E · (∇×H)−E · ∂D
∂t

. (1.17)

Qrhsimopoi¸ntac th dianusmatik  tautìthta (Aþ.10) kai thn trÐth twn Ex. (1.1), h Ex. (1.17)
gr�fetai

−E · j = ∇ · (E×H) +H · ∂B
∂t

+E · ∂D
∂t

= ∇ · S+
∂U

∂t
, (1.18)

ìpou S ≡ E×H kai U ≡ [E·D+H·B]/2. To bajmwtì mègejoc U sumbolÐzei thn puknìthta
enèrgeiac (an� mon�da ìgkou) tou HM pedÐou. To di�nusma S lègetai di�nusma Poynting
kai parist� th ro  enèrgeiac (enèrgeia an� mon�da epif�neiac an� mon�da qrìnou) kat� th
dieÔjuns  tou. Epomènwc, h posìthta ∇ · S dÐnei thn HM isqÔ pou ekrèei apì th mon�da
ìgkou. H Ex. (1.18) eÐnai gnwst  wc exÐswsh thc sunèqeiac   diat rhshc thc enèrgeiac
(je¸rhma Poynting).

H taqÔthta di�doshc twn HM kum�twn exart�tai, en gènei, apì th suqnìthta; èna mèso
sto opoÐo sumbaÐnei autì lème ìti emfanÐzei diaspor�. Sthn pragmatikìthta, ìla ta mèsa
parousi�zoun diaspor�, kai mìno se periorismèno eÔroc suqnot twn (  sto kenì) mporeÐ
h taqÔthta di�doshc tou kÔmatoc na jewrhjeÐ stajer . Epeid  kÔmata diaforetik¸n su-
qnot twn diadÐdontai me diaforetikèc taqÔthtec se èna mèso pou parousi�zei diaspor�, mia
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kumatomorf  pou prokÔptei wc apotèlesma epallhlÐac kum�twn diaforetik¸n suqnot twn
all�zei sq ma kaj¸c diadÐdetai sto mèso. H k�je sunist¸sa èqei th dik  thc fasik  taqu-
thta, en¸ ìlo to kumatopakèto kineÐtai me thn taqÔthta om�doc. Parak�tw ja anaptÔxoume
tic dÔo autèc taqÔthtec se èna aplì monodi�stato par�deigma.

Ac jewr soume èna HM kÔma dedomènhc suqnìthtac ω, to opoÐo diadÐdetai kat� th dieÔ-
junsh z: E(z, t) = E0 exp(i[qz−ωt])x̂ = Ex(z, t)x̂. H taqÔthta di�doshc thc epif�neiac pou
orÐzetai apì th sqèsh qz − ωt = staj. (isofasik  epif�neia) prokÔptei apì thn par�gwgo
thc jèshc wc proc ton qrìno

vp =
dz

dt
=
ω

q
. (1.19)

H taqÔthta aut  kaleÐtai taqÔthta f�shc. Se èna mèso me diaspor� h taqÔthta f�shc eÐnai
diaforetik  gia k�je suqnìthta lìgw thc ex�rthshc ω = ω(q). H genik  lÔsh gr�fetai

Ex(z, t) =
1√
2π

∫ +∞

−∞
dqA(q)ei[qz−ω(q)t] , (1.20)

ìpou to pl�toc A(q) perigr�fei tic idiìthtec thc upèrjeshc twn diaforetik¸n kum�twn kai
dÐnetai apì th sqèsh

A(q) =
1√
2π

∫ +∞

−∞
dzEx(z, 0)e

−iqz . (1.21)

H morf  thc sun�rthshc Ex(z, 0) kajorÐzei th morf  thc A(q), kai aut  me th seir� thc
kajorÐzei th morf  thc Ex(z, t). An jewr soume arqik� ìti Ex(z, 0) = exp(iq0z), tìte ja
èqoume A(q) =

√
2πδ(q−q0) kai Ex(z, t) = exp(i[q0z−ω(q0)t]). 'Ara, ìtan h Ex(z, t) parist�

èna epÐpedo kÔma sugkekrimènou kumat�rijmou q0, h Ex(z, t) parist� epÐshc èna epÐpedo kÔma,
to opoÐo exelÐssetai qronik� sÔmfwna me ton fasikì par�gonta exp(−iω(q0)t). An t¸ra
h Ex(z, 0) parist� èna kumatopakèto eÔrouc ∆z, h sun�rthsh A(q) den ja eÐnai plèon mia
sun�rthsh dèlta all� ja èqei èna eÔroc ∆q gÔrw apì ton kumat�rijmo q0.

Kaj¸c to kumatopakèto kineÐtai, oi sunist¸sec diaforetikoÔ kumat�rijmou kinoÔntai
me diaforetik  taqÔthta f�shc, sunep¸c to kumatopakèto teÐnei na all�xei th morf  tou.
An jewr soume ìti èqoume èna kumatopakèto me mikrì eÔroc kumat�rijmwn, mporoÔme na
anaptÔxoume th suqnìthta kat� Taylor gÔrw apì ton kentrikì kumat�rijmo

ω(q) = ω(q0) +
dω

dq

∣∣∣∣
q0

(q − q0) + . . . , (1.22)

ìpou krat same ìrouc mèqri pr¸thc t�xhc. Tìte h Ex. (1.20) gr�fetai

Ex(z, t) ≈
e
i

[
q0

dω
dq

∣∣∣
q0

−ω(q0)

]
t

√
2π

∫ +∞

−∞
dqA(q)e

i

(
z− dω

dq

∣∣∣
q0

t

)
q
. (1.23)

Me thn allag  metablht c z′ = z − dω
dq

∣∣∣
q0
t faÐnetai, sugkrÐnontac me thn Ex. (1.20) gia

t = 0, ìti to olokl rwma sthn Ex. (1.23) eÐnai Ðso me Ex(z
′, 0). 'Ara h Ex. (1.23) gr�fetai

Ex(z, t) ≈ Ex(z −
dω

dq

∣∣∣∣
q0

t, 0) e
i

[
q0

dω
dq

∣∣∣
q0

−ω(q0)

]
t
. (1.24)
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Sq ma 1.2: Di�dosh enìc palmoÔ me stajer  taqÔthta om�doc.

Apì thn teleutaÐa faÐnetai ìti o palmìc kineÐtai qwrÐc na all�zei h morf  tou, me taqÔthta
h opoÐa kaleÐtai taqÔthta om�doc,

vg =
dω

dq

∣∣∣∣
q0

. (1.25)

Gia na gÐnei kalÔtera katanohtìc o orismìc thc taqÔthtac om�doc ja exet�soume thn apl 
perÐptwsh enìc mèsou me grammik  sqèsh diaspor�c, ω(q) = vq, opìte vph = vg = v.
Jewr¸ntac èna arqikì gkaousianì kumatopakèto thc morf c Ex(z, 0) = exp(−[z2/2L2] +
iq0z), ìpou to eÔroc thc gkaousian c eÐnai thc t�xhc tou L, mèsw thc Ex. (1.21) to pl�toc
A(q) gr�fetai

A(q) =
1√
2π

∫ +∞

−∞
dz e−[(z

2/2L2)+i(q−q0)z] = L e−[(q−q0)
2L2/2] , (1.26)

opìte h qronik  exèlixh tou palmoÔ, b�sei thc Ex. (1.20), eÐnai

Ex(z, t) =
L√
2π

∫ +∞

−∞
dq e−[(q−q0)

2L2/2]eiq(z−vt) = e−[(vt−z)2/2L2] eiq0(vt−z) . (1.27)

Apì tic Ex. (1.26) kai (1.27) eÐnai fanerì ìti gia èna kumatopakèto eÔrouc ∆z me pl�toc
∆q ja isqÔei ∆z∆q = 8 ln 2. To pragmatikì mèroc thc Ex(z, t) eÐnai bolikì na grafeÐ sth
morf 

ReEx(z, t) = e−(1/2)[(vt/L)−(z/L)]2 cos(q0L[
vt

L
− z

L
]) (1.28)

kai parousi�zetai, gia q0L = 2π, sto Sq. 1.2 gia stigmiìtupa pou antistoiqoÔn se vt/L =
0, 1, 2, 3. EÐnai fanerì ìti o palmìc diadÐdetai me stajer  taqÔthta om�doc, (z/L)/(vt/L) =
1⇒ z/t = v.
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Jewr¸ntac èna epÐpedo kÔma thc morf c (1.16), apì tic exis¸seic tou Maxwell, Ex.
(1.14), prokÔptei ìti ta q, E kai H sqetÐzontai mèsw twn

q×E = µ0µ(ω)ωH

q×H = −ε0ε(ω)ωE .
(1.29)

Gia èna sunhjismèno mèso, me ε(ω) > 0 kai µ(ω) > 0, oi Ex. (1.29) deÐqnoun ìti ta q, E
kai H apoteloÔn èna dexiìstrofo sÔsthma. Sthn perÐptwsh ìmwc pou ε < 0 kai µ < 0,
ta q, E kai H apoteloÔn èna aristerìstrofo sÔsthma, kai to ulikì qarakthrÐzetai wc
aristerìstrofo ulikì. 1 Kat� th di�dosh enìc HM kÔmatoc se aristerìstrofo ulikì, to
kumat�nusma ( , gia perissìterh akrÐbeia, h k�jeth sth diaqwristik  epif�neia metaxÔ enìc
aristerìstrofou kai enìc dexiìstrofou ulikoÔ sunist¸sa tou) èqei antÐjeth for� apì aut 
se èna dexiìstrofo. Apì thn �llh, to di�nusma Poynting, apì ton orismì tou, S = E×H,
sqhmatÐzei p�nta èna dexiìstrofo sÔsthma me ta E kai H. Sunep¸c, se èna aristerìstrofo
ulikì ta dianÔsmata S kai q eÐnai antipar�llhla. Autì shmaÐnei ìti h taqÔthta f�shc,
pou ex orismoÔ èqei th dieÔjunsh tou kumatanÔsmatoc, eÐnai antipar�llhlh me to di�nusma
Poynting, kai �ra antipar�llhlh me thn taqÔthta om�doc.

1.2 H diepif�neia metaxÔ dÔo omoiogen¸n mèswn

Ac jewr soume t¸ra th diaqwristik  epif�neia metaxÔ dÔo hmi�peirwn omoiogen¸n mèswn, �1�
kai �2�, èstw sto epÐpedo x− y, ta opoÐa perigr�fontai apì topikèc sunart seic apìkrishc,
ε1(ω), µ1(ω) kai ε2(ω), µ2(ω), antÐstoiqa. Ja jewr soume èna epÐpedo kÔma pou diadÐdetai
apì to mèso �1�, to opoÐo eÐnai omoiogenèc kai isìtropo, proc to mèso �2�, pou mporeÐ na eÐnai
anisotropikì, ìpwc faÐnetai sqhmatik� sto Sq. 1.3.

Arqik� ja upojèsoume ìti kai ta dÔo mèsa eÐnai isìtropa. Se èna omoiogenèc kai isìtropo
mèso mporeÐ na anaptÔxei kaneÐc thn Ex. (1.15) se sunist¸sec (m = x, y, z), k�je mÐa apì
tic opoÐec apoteleÐ mia diaforik  exÐswsh Helmholtz

∂2Em

∂x2
+
∂2Em

∂y2
+
∂2Em

∂z2
+ ω2ε0µ0εµEm = 0 ,

pou epidèqetai lÔseic thc morf c exp(iqm), ìpou q2 = ω2ε0µ0εµ eÐnai o kumat�rijmoc.
Tìte h fasik  taqÔthta gr�fetai vp = ω/q = 1/

√
ε0µ0εµ ≡ c/n, ìpou n orÐzetai o deÐkthc

di�jlashc, n2 ≡ εµ. Sth diepif�neia twn mèswn �1� kai �2�, ta pedÐa ja eÐnai

E1 = E10 exp(iq1 · r) B1 = n1
q1 ×E1

q1

E
′
1 = E

′
10 exp(iq

′
1 · r) B

′
1 = n1

q
′
1 ×E

′
1

q1

E2 = E20 exp(iq2 · r) B2 = n2
q2 ×E2

q2
.

(1.30)

1Ja prèpei na shmei¸soume ìti o qarakthrismìc enìc ulikoÔ wc mèso me ε < 0, µ < 0 apoteleÐ mia
eurèwc diadedomènh sth bibliografÐa sÔmbash, pou sthn pragmatikìthta anafèretai sta pragmatik� mèrh
twn (en gènei migadik¸n) sunart sewn apìkrishc. Gia realistik� ulik� ta fantastik� mèrh twn ε kai µ
prèpei na eÐnai p�nta jetik�, diìti diaforetik� ja eÐqame enÐsqush kai ìqi apìsbesh enìc kÔmatoc sto ulikì.
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Sq ma 1.3: An�klash kai di�jlash sth diepif�neia dÔo omoiogen¸n mèswn, gia prospÐptonta
kÔmata pìlwshc TE (p�nw) kai TM (k�tw).

Stic parap�nw sqèseic o tìnoc sumbolÐzei anakl¸mena kÔmata, kai Ej0 eÐnai to pl�toc tou
hlektrikoÔ pedÐou sto mèso j. H parousÐa diaqwristik c epif�neiac sth jèsh z = 0 epib�llei
na èqoun ta pedÐa thn Ðdia qwrik  kai qronik  sumperifor� se aut  th jèsh. Epomènwc

(q1 · r)z=0 =
(
q

′
1 · r

)
z=0

= (q2 · r)z=0 ⇒ q1 sin θi = q
′
1 sin θr = q2 sin θt , (1.31)

apì ìpou, dedomènou ìti q1 = q
′
1 (kumat�rijmoi pou anafèrontai sto Ðdio mèso), paÐrnoume

θi = θr

q1 sin θi = q2 sin θt ,  ,

n1 sin θi = n2 sin θt ,

(1.32)

pou eÐnai o nìmoc tou Snell gia th di�jlash. Sthn parap�nw exÐswsh θi, θr, kai θt eÐnai
oi gwnÐec prìsptwshc, an�klashc, kai di�jlashc, antÐstoiqa. Sthn perÐptwsh pou to mèso
�2� qarakthrÐzetai apì ε2 < 0 kai µ2 < 0, to kumat�nusma ja prèpei, ìpwc eÐpame, na èqei
antÐjeth for� apì to di�nusma Poynting. Profan¸c kat� th dièleush apì to mèso �1� sto



Kef�laio 1: StoiqeÐa hlektromagnhtik c jewrÐac 13

mèso �2� to di�nusma Poynting den mporeÐ na all�xei for�, giatÐ autì èrqetai se antÐjesh me
thn aitiìthta, pou apaiteÐ h ro  enèrgeiac na apomakrÔnetai apì thn phg  (thn opoÐa èqoume
upojèsei sto mèso �1�). Epiplèon, h par�llhlh sth diaqwristik  epif�neia sunist¸sa tou
kumatanÔsmatoc diathreÐtai afoÔ to sÔsthma mènei analloÐwto se metatopÐseic sto epÐpedo
thc diaqwristik c epif�neiac. Sunep¸c autì pou all�zei sthn parap�nw an�lush (kai sto
Sq. 1.3) eÐnai h for� thc k�jethc sunist¸sac tou kumatanÔsmatoc, apì ìpou prokÔptei
ìti −π/2 < θt < 0. Tìte, sÔmfwna me ton nìmo tou Snell, afoÔ sin θt < 0, ja prèpei na
apod¸soume sto mèso �2� arnhtikì deÐkth di�jlashc.

Sta parap�nw jewr same ìti h dihlektrik  sun�rthsh kai h magnhtik  diaperatìthta
eÐnai pragmatikèc. Stic realistikèc peript¸seic ìmwc, oi sunart seic apìkrishc eÐnai mi-
gadikèc posìthtec, ε = Reε + iImε kai µ = Reµ + iImµ, me ta fantastik� touc mèrh na
perigr�foun tic energeiakèc ap¸leiec. Epiplèon, ta fantastik� mèrh twn ε kai µ eÐnai p�nta
jetik�, diìti diaforetik� ja eÐqame enÐsqush antÐ exasjènish tou kÔmatoc. 'Opwc eÐdame,
o deÐkthc di�jlashc orÐzetai apì th sqèsh n2 = εµ. Gia na epilèxoume poi� apì tic dÔo
rÐzec, n± = ±√εµ, eÐnai h swst  se aut  thn perÐptwsh, qrei�zetai na gr�youme ton deÐkth
di�jlashc se trigwnometrik  morf 

n =
√
|ε| |µ| ei(ϕε+ϕµ)/2 ≡ |n| eiϕn , (1.33)

ìpou |ε|, |µ| eÐnai ta mètra kai ϕε, ϕµ oi f�seic twn ε kai µ, antÐstoiqa, en¸ orÐsame |n| =√
|ε| |µ| kai ϕn = (ϕε + ϕµ)/2. DiakrÐnoume tìte tic akìloujec peript¸seic:

1. An ta ε kai µ brÐskontai sto pr¸to tetarthmìrio, dhlad  ta pragmatik� touc mèrh eÐnai
jetik�, èqoume 0 ≤ ϕε ≤ π/2 kai 0 ≤ ϕµ ≤ π/2, apì ìpou prokÔptei 0 ≤ ϕn ≤ π/2.
Tìte o deÐkthc di�jlashc brÐsketai sto pr¸to tetarthmìrio, èqei jetikì pragmatikì
mèroc, kai epilègoume th jetik  rÐza.

2. An ta ε kai µ brÐskontai sto deÔtero tetarthmìrio, dhlad  ta pragmatik� touc mèrh
eÐnai arnhtik�, èqoume π/2 ≤ ϕε ≤ π kai π/2 ≤ ϕµ ≤ π, apì ìpou prokÔptei π/2 ≤
ϕn ≤ π. Tìte o deÐkthc di�jlashc brÐsketai sto deÔtero tetarthmìrio, èqei arnhtikì
pragmatikì mèroc, kai epilègoume thn arnhtik  rÐza.

3. An èna ek twn ε kai µ brÐsketai sto pr¸to tetarthmìrio en¸ to �llo sto deÔtero,
èstw π/2 ≤ ϕε ≤ π kai 0 ≤ ϕµ ≤ π/2, tìte π/4 ≤ ϕn ≤ 3π/4 kai den mporoÔme na
gnwrÐzoume to prìshmo tou deÐkth di�jlashc mìno apì ta prìshma twn ε kai µ.

Sunep¸c blèpoume ìti ìtan ε, µ < 0 o deÐkthc di�jlashc eÐnai arnhtikìc, kai epiplèon, ìpwc
anafèrame sto tèloc tou Ed. 1.1, oi taqÔthtec f�shc kai om�doc eÐnai antÐjetec. Epiplèon,
eÐnai eÔkolo na apodeiqjeÐ ìti isqÔei kai to antÐjeto, ìti dhlad  h apaÐthsh oi taqÔthtec
f�shc kai om�doc na eÐnai antÐjetec se èna mèso ikanopoieÐtai ìtan

|ε|Reµ+ |µ|Reε < 0 , (1.34)

ìtan dhlad  ta pragmatik� mèrh twn ε kai µ eÐnai arnhtik� [84,85].
Epistrèfontac sto prìblhma tic diepif�neiac, oi sunoriakèc sunj kec pou prèpei na i-

kanopoioÔntai kat� th di�dosh enìc epÐpedou kÔmatoc apì to mèso �1� sto mèso �2� eÐnai h
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sunèqeia twn k�jetwn sunistws¸n twn D kai B, kai h sunèqeia twn efaptomenik¸n suni-
stws¸n twn E kai H. Lamb�nontac upìyh tic katastastikèc exis¸seicD = εE kai B = µH
oi sunoriakèc sunj kec gr�fontai [

ε1E1 + ε1E
′
1 − ε2E2

]
· ẑ = 0[

q1 ×E1 + q
′
1 ×E

′
1 − q2 ×E2

]
· ẑ = 0[

E1 +E
′
1 −E2

]
× ẑ = 0[

1

µ1
(q1 ×E1) +

1

µ1

(
q

′
1 ×E

′
1

)
− 1

µ2
(q2 ×E2)

]
× ẑ = 0 .

(1.35)

Sto shmeÐo autì ja prèpei na xeqwrÐsoume dÔo peript¸seic, pou antistoiqoÔn stic dÔo
basikèc pol¸seic: TE (Transverse Electric, egk�rsia hlektrik ), ìpou to hlektrikì pedÐo
eÐnai polwmèno k�jeta sto epÐpedo prìsptwshc, kai TM (Transverse Magnetic, egk�rsia
magnhtik ), ìpou to magnhtikì pedÐo eÐnai polwmèno k�jeta sto epÐpedo prìsptwshc (to
epÐpedo prìsptwshc orÐzetai apì to kumat�nusma kai to k�jeto sth diepif�neia monadiaÐo
di�nusma). Sthn perÐptwsh thc pìlwshc TE oi sunist¸sec tou kumatanÔsmatoc kai tou
hlektrikoÔ pedÐou eÐnai qj = (qj sin θj , 0, qj cos θj) kai Ej = (0, Ej , 0), antÐstoiqa. Anti-
kajist¸ntac ta dianÔsmata q kai E stic sunoriakèc sunj kec (1.35), kai qrhsimopoi¸ntac
ton nìmo tou Snell, katal goume sth sqèsh

q1
µ1
E1 cos θi −

q2
µ2
E1 cos θt =

q1
µ1
E

′
1 cos θi +

q2
µ2
E

′
1 cos θt = 0 , (1.36)

mèsw thc opoÐac mporoÔme na orÐsoume ton suntelest  an�klashc

r12(TE) ≡
E

′
1

E1
=

q1
µ1

cos θi − q2
µ2

cos θt
q1
µ1

cos θi +
q2
µ2

cos θt
=
µ2q1(TE)z − µ1q2(TE)z

µ2q1(TE)z + µ1q2(TE)z
, (1.37)

kai, dedomènou ìti E2/E1 = 1 + E
′
1/E1, ton suntelest  dièleushc

t12(TE) ≡
E2

E1
= 1 + r12(TE) =

2µ2q1(TE)z

µ2q1(TE)z + µ1q2(TE)z
. (1.38)

Parìmoia, sthn perÐptwsh thc pìlwshc TM ta pedÐa gr�fontai qj = (qj sin θj , 0, qj cos θj),
Bj = (0, Bj , 0), kai Ej = Ej(− cos θj , 0, sin θj). Antikajist¸ntac stic sunoriakèc
sunj kec (1.35), kai qrhsimopoi¸ntac ton nìmo tou Snell, katal goume sth sqèsh

E1 (q2µ1 cos θi − q1µ2 cos θt) = E
′
1 (q1µ2 cos θt + q2µ1 cos θi) , (1.39)

apì ìpou paÐrnoume ton suntelest  an�klashc

r12(TM) ≡
E

′
1

E1
=
q2µ1 cos θi − q1µ2 cos θt
q2µ1 cos θi + q1µ2 cos θt

=
ε2q1(TM)z − ε1q2(TM)z

ε2q1(TM)z + εq2(TM)z
, (1.40)
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kai ton suntelest  dièleushc

t12(TM) ≡
E2

E1
=

2q1µ2 cos θi
q1µ2 cos θt + q2µ1 cos θi

= 2

√
ε1
µ1

√
ε2µ2q1(TM)z

ε2q1(TM)z + ε1q2(TM)z
. (1.41)

Shmei¸noume ìti gia k�jeth prìsptwsh (θi = θr = θt = 0) oi suntelestèc an�klashc
kai dièleushc eÐnai Ðdioi kai gia tic dÔo pol¸seic, ektìc apì mÐa diafor� pros mou stouc
suntelestèc an�klashc. H diafor� aut  ofeÐletai sto ìti sthn perÐptwsh thc pìlwshc TM
oi par�llhlec sth diepif�neia sunist¸sec tou prospÐptontoc kai anakl¸menou hlektrikoÔ
pedÐou èqoun antÐjetec forèc.

Gia ton upologismì twn suntelest¸n an�klashc kai dièleushc apì èna peperasmèno
omoiogenèc kai isìtropo plakÐdio, p�qouc h, pou perigr�fetai apì dihlektrik  sun�rthsh ε2
kai magnhtik  diaperatìthta µ2, topojèthmeno an�mesa se dÔo (en gènei) diaforetik� mèsa
me ε1, µ1 kai ε3, µ3, qrei�zetai na efarmìsei kaneÐc tic sunoriakèc sunj kec (1.35) stic dÔo
diepif�neiec, lamb�nontac upìyh kai ìlec tic pollaplèc anakl�seic. Katal goume tìte stic
exis¸seic tou Fresnel [86]

r =
r12 + r23 exp(2iq2zh)

1 + r12r23 exp(2iq2zh)

t =
t12t23 exp(iq2zh)

1 + r12r23 exp(2iq2zh)
,

(1.42)

ìpou ta r12, r23, t12 kai t23, dÐnontai apì tic Ex. (1.37), (1.38) kai (1.40), (1.41) gia pìlwsh
TE kai TM, antÐstoiqa.

Ja genikeÔsoume t¸ra to prìblhma thc an�klashc kai di�jlashc apì diepif�neia, jew-
r¸ntac ìti to mèso �2� eÐnai anisotropikì kai perigr�fetai apì diag¸niouc tanustèc dihle-
ktrik c sun�rthshc kai magnhtik c diaperatìthtac,

←→ε =

 εx
εy

εz

 , ←→µ =

 µx
µy

µz

 . (1.43)

EpilÔontac kai p�li tic exis¸seic touMaxwell wc proc tic sunist¸sec tou hlektrikoÔ pedÐou
sto mèso �2� katal goume sto sÔsthma

− 1

µz

∂2Ex

∂y2
− 1

µy

∂2Ex

∂z2
+

1

µz

∂2Ey

∂y∂x
+

1

µy

∂2Ez

∂z∂x
− ω2

c2
εxEx = 0

− 1

µz

∂2Ex

∂y∂x
+

1

µz

∂2Ey

∂x2
+

1

µx

∂2Ey

∂z2
− 1

µx

∂2Ez

∂z∂y
+
ω2

c2
εyEy = 0

1

µy

∂2Ex

∂x∂z
+

1

µx

∂2Ey

∂y∂z
− 1

µy

∂2Ez

∂x2
− 1

µx

∂2Ez

∂y2
− ω2

c2
εzEz = 0 .

Apì to parap�nw sÔsthma eÐnai amèswc safèc ìti sthn perÐptwsh anisotropik¸n mèswn den
mporeÐ na grafeÐ mia kumatik  exÐswsh tÔpou Helmholtz kai, kat' epèktash, den mporeÐ na
oristeÐ ènac deÐkthc di�jlashc me ton sunhjismèno trìpo.
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Upojètontac kai p�li epÐpeda monoqrwmatik� kÔmata, E = E0 exp(iq · r), kai antÐstoiqa
gia ta D, B kai H, apì tic exis¸seic tou Maxwell prokÔptei amèswc ìti ta megèjh pou eÐnai
k�jeta sto kumat�nusma eÐnai taD kaiB, en¸ lìgw thc tanustik c morf c twn sunart sewn
apìkrishc ta E kai H den mporoÔn na jewrhjoÔn par�llhla se aut�. Qrei�zetai loipìn
idiaÐterh prosoq  ìtan efarmìzei kaneÐc tic sunoriakèc sunj kec sth diepif�neia twn mèswn
�1� kai �2�. Apì tic Ex. (1.14) kai (1.29) katal gei kaneÐc sth sqèsh

←→ε E = − c
ω
q×

[ c
ω
←→µ −1 (q×E)

]
⇒ q×

[←→µ −1 (q×E)
]
+
ω2

c2
←→ε E = 0. (1.44)

H sqèsh aut  odhgeÐ se èna sÔsthma tri¸n grammik¸n exis¸sewn wc proc tic sunist¸sec
tou hlektrikoÔ pedÐou(

εx
ω2

c2
−
q2y
µz
− q2z
µy

)
Ex +

qxqy
µz

Ey +
qxqz
µy

Ez = 0

qxqy
µz

Ex +

(
εy
ω2

c2
− q2x
µz
− q2z
µx

)
Ey +

qyqz
µx

Ez = 0 (1.45)

qxqz
µy

Ez +
qyqz
µx

Ey +

(
εz
ω2

c2
− q2x
µy
−
q2y
µx

)
Ez = 0 .

Prokeimènou to parap�nw sÔsthma na èqei mh mhdenik  lÔsh, ja prèpei h orÐzousa twn
suntelest¸n twn sunistws¸n tou hlektrikoÔ pedÐou na eÐnai mhdenik . Apì thn apaÐthsh
aut  katal gei kaneÐc sth sqèsh diaspor�c gia to anisotropikì mèso. Gia aplìthta, ja
perioristoÔme sthn epÐlush tou sust matoc gia tic dÔo basikèc pol¸seic.

Sthn perÐptwsh kum�twn TE, to hlektrikì pedÐo èqei mìno y sunist¸sa. Tìte to sÔ-
sthma (1.45) aplopoieÐtai sth morf 

εy
ω2

c2
− q2x
µz
−
q2(TE)z

µx
= 0 ⇒ ω2

c2
=

q2x
εyµz

+
q2(TE)z

εyµx
, (1.46)

pou eÐnai h sqèsh diaspor�c gia pìlwsh TE. Parìmoia, sthn perÐptwsh thc pìlwshc TM
to magnhtikì pedÐo eÐnai autì pou èqei mìno y sunist¸sa, en¸ to hlektrikì pedÐo kai to
kumat�nusma èqoun sunist¸sec x kai z. Tìte to sÔsthma (1.45) gÐnetai(

εx
ω2

c2
−
q2(TM)z

µy

)
Ex +

qxq(TM)z

µy
Ez = 0

qxq(TM)z

µy
Ex +

(
εz
ω2

c2
− q2x
µy

)
Ez = 0 , (1.47)

apì to opoÐo katal goume sth sqèsh diaspor�c gia kÔmata TM

ω2

c2
=

q2x
εzµy

+
q2(TM)z

εxµy
. (1.48)
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Sq ma 1.4: KumatanÔsmata (suneq  bèlh) kai taqÔthtec om�doc (diakekommèna bèlh) twn
diadidìmenwn sto mèso �2� kum�twn, gia èna kÔma pou prospÐptei apì to omoiogenèc kai isì-
tropo mèso �1� me jetik  sunist¸sa qx, se mia dedomènh suqnìthta. Sto aristerì di�gramma
to mèso �2� eÐnai isìtropo, me ε, µ > 0. Sto mesaÐo di�gramma to mèso �2� eÐnai anisotropikì,
me ìla ta stoiqeÐa twn tanust¸n (1.43) jetik�. Sto dexiì di�gramma to mèso �2� eÐnai aniso-
tropikì, me µz < 0 gia pìlwsh TE   εz < 0 gia pìlwsh TM. Oi katakìrufec diakekommènec
grammèc parèqoun th sunj kh diat rhshc thc par�llhlhc sunist¸sac tou kumatanÔsmatoc.
Se ìla ta diagr�mmata upojètoume ìti h suqnìthta aux�netai proc ta èxw.

'Opwc anafèrame, gia anisotropik� mèsa den mporeÐ na oristeÐ ènac deÐkthc di�jlashc
me ton sunhjismèno trìpo. Autì wstìso den shmaÐnei ìti den mporeÐ na parousiasteÐ to
fainìmeno thc arnhtik c di�jlashc se tètoia mèsa. AntÐjeta, èqei apodeiqjeÐ ìti, an se
èna anisotropikì mèso den èqoun ìlec oi sunist¸sec twn tanust¸n (1.43) to Ðdio prìshmo,
eÐnai dunatì na parousi�zetai arnhtik  di�jlash kai èna kÔma na diadÐdetai se autì to mèso
me taqÔthtec f�shc kai om�doc pou èqoun antÐjetec dieujÔnseic (opisjodiadidìmena kÔma-
ta) [87]. Tètoia mèsa apokaloÔntai sth bibliografÐa aìrista [88]. H an�lus  touc gÐnetai
mèsw thc sqèshc diaspor�c touc, Ex. (1.46) kai (1.48) gia pìlwsh TE kai TM, antÐstoi-
qa. Gia k�je suqnìthta mporoÔme, apì th sqèsh diaspor�c tou mèsou, na sqedi�soume tic
kampÔlec stajer c suqnìthtac, ω(q) = staj.. Sto Sq. 1.4 deÐqnoume tètoiec kampÔlec gia
treic qarakthristikèc peript¸seic: èna isìtropo mèso me ε, µ > 0, èna anisotropikì mèso
sto opoÐo ìlec oi sunist¸sec twn tanust¸n (1.43) eÐnai jetikèc, kai èna mèso sto opoÐo
mÐa apì tic sunist¸sec twn tanust¸n (1.43) eÐnai arnhtik . Epilègoume na parousi�soume
tic isodÔnamec peript¸seic µz < 0 gia pìlwsh TE kai εz < 0 gia pìlwsh TM, pou ja mac
apasqol soun xan� sta epìmena kef�laia. Sthn perÐptwsh tou isìtropou mèsou h sqè-
sh diaspor�c, q2x + q2z = ω2εµ/c2, antiproswpeÔei ènan kÔklo sto epÐpedo qx − qz. Sthn
perÐptwsh anisotropikoÔ mèsou (kai èstw pìlwshc TE) h sqèsh (1.46) antiproswpeÔei èl-
leiyh   uperbol , an�loga me ta prìshma twn sunistws¸n twn tanust¸n (1.43). 'Otan
èna kÔma me jetikèc sunist¸sec tou kumatanÔsmatoc qx kai qz prospÐptei sth diaqwristik 
epif�neia twn mèswn �1� kai �2�, h par�llhlh sth diaqwristik  epif�neia sunist¸sa tou ku-
matanÔsmatoc (qx) diathreÐtai. Sto Sq. 1.4 h sunj kh aut  parèqetai apì tic katakìrufec
diakekommènec grammèc. Oi tomèc aut c thc gramm c me thn kampÔlh stajer c suqnìthtac
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tou mèsou �2� prosfèroun se k�je periptwsh dÔo dunatèc epilogèc gia to kumat�nusma tou
diajl¸menou kÔmatoc. H epilog  tou pragmatikoÔ diajl¸menou kÔmatoc gÐnetai upologÐzon-
tac th dieÔjunsh thc taqÔthtac om�doc, pou eÐnai ex orismoÔ k�jeth stic kampÔlec stajer c
suqnìthtac kai kajorÐzei th ro  enèrgeiac. H ro  enèrgeiac thc diajl¸menhc aktÐnac ja
prèpei na apomakrÔnetai apì th diepif�neia, proc to mèso �2� (jetik  z sunist¸sa thc vg)
(arq  thc aitiìthtac) [87,89,90]. Epiplèon, apì tic dÔo kajètouc pou mporoÔme na fèroume
se k�je shmeÐo thc kampÔlhc stajer c suqnìthtac epilègoume, gia lìgouc aitiìthtac, aut 
pou deÐqnei proc aÔxousa suqnìthta (sto Sq. 1.4 èqoume upojèsei ìti p�nta h suqnìthta
aux�netai proc ta èxw, pq proc kÔklo megalÔterhc aktÐnac, pou eÐnai kai h pio sunhjismènh
perÐptwsh). Me ton trìpo autì, sto aristerì kai to mesaÐo di�gramma tou Sq. 1.4 prokÔ-
ptoun taqÔthtec om�doc me jetik  sunist¸sa x (jetik  di�jlash), en¸ sto dexiì di�gramma
prokÔptei taqÔthta om�doc me arnhtik  sunist¸sa x (arnhtik  di�jlash).

Jewr¸ntac t¸ra th diepif�neia twn mèswn �1� kai �2�, akolouj¸ntac thn Ðdia diadika-
sÐa efarmog c twn sunoriak¸n sunj kwn ìpwc sthn perÐptwsh tou isìtropou mèsou, kai
prosèqontac idiaÐtera na lamb�nontai swst� oi kajetìthtec twn sqetik¸n dianusm�twn,
katal goume stouc suntelestèc an�klashc kai dièleushc gia pìlwsh TE

r12(TE) ≡
E

′
1

E1
=
µxq1(TE)z − µ1q2(TE)z

µxq1(TE)z + µ1q2(TE)z
(1.49)

t12(TE) ≡
E2

E1
=

2µxq1(TE)z

µzq1(TE)z + µ1q2(TE)z
, (1.50)

kai gia pìlwsh TM

r12(TM) ≡
D

′
1

D1
=
εxq1(TM)z − ε1q2(TM)z

εxq1(TM)z + ε1q2(TM)z
(1.51)

t12(TM) ≡
D2

D1
=

2εxq1(TM)z
q2
q1

εxq1(TM)z + ε1q2(TM)z
. (1.52)

Shmei¸noume ìti, sthn perÐptwsh isìtropou mèsou, ta diag¸nia stoiqeÐa twn tanust¸n
dihlektrik c sun�rthshc kai magnhtik c diaperatìthtac eÐnai Ðsa (εx = εy = εz ≡ ε, µx =
µy = µz ≡ µ), kai oi Ex. (1.46) kai (1.48) an�gontai sthn apl  sqèsh diaspor�c q2 =
ω2εµ/c2, oi de Ex. (1.49), (1.50) kai (1.51), (1.52) an�gontai stic (1.37), (1.38), (1.40) kai
(1.41), antÐstoiqa.

1.3 UperfakoÐ arnhtik c di�jlashc

EÐnai gnwstì ìti h diakritik  ikanìthta enìc fakoÔ periorÐzetai apì to m koc kÔmatoc [86].
Apì th sqèsh diaspor�c tou omoiogenoÔc isìtropou mèsou, q2 = ω2εµ/c2, an jewr soume
wc �xona tou fakoÔ ton �xona z, prokÔptei amèswc ìti h sunist¸sa tou kumatanÔsmatoc

sth dieÔjunsh di�doshc eÐnai qz =
√
εµ(ω/c)2 − q2x − q2y , h opoÐa eÐnai pragmatik  gia q2x +

q2y < εµ(ω/c)2 kai fantastik  gia q2x + q2y > εµ(ω/c)2. H pr¸th perÐptwsh antistoiqeÐ se
diadidìmena kai h deÔterh se fjÐnonta kÔmata. Ja periorÐsoume thn an�lush, qwrÐc bl�bh
thc genikìthtac, kat� th dieÔjunsh x. 'Opwc eÐdame sto Ed. 1.1, èna kumatopakèto eÔrouc
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∆x èqei eÔroc ∆qx, me ∆x ' 2π/∆qx. 'Omwc ta diadidìmena kÔmata, pou sqhmatÐzoun to
eÐdwlo, eÐnai aut� gia ta opoÐa q2x+q

2
y < εµ(ω/c)2,  , sthn idanik  perÐptwsh ε = µ = 1 (sto

kenì), q2x + q2y < (ω/c)2. 'Ara, h mègisth aprosdioristÐa kat� ton �xona x eÐnai ∆qx = ω/c.
Sunep¸c

∆x ' 2π

∆qx
=

2πc

ω
= λ . (1.53)

O periorismìc autìc sth diakritik  ikanìthta tou fakoÔ den èqei na k�nei me thn kataskeu 
tou, all� me tic fusikèc arqèc leitourgÐac tou. Wstìso, apodeiknÔetai ìti èna plakÐdio apì
ulikì me ε = µ = −1 mporeÐ na dr�sei wc uperfakìc, qwrÐc ton parap�nw periorismì sth
diakritik  tou ikanìthta [7].

Sq ma 1.5: Arnhtik  di�jlash kai estÐash se èna plakÐdio me deÐkth di�jlashc n = −1

'Opwc faÐnetai sto Sq. 1.5, gia èna plakÐdio p�qouc h me ε = µ = −1 sto kenì, oi
aktÐnec miac shmeiak c fwtein c phg c se apìstash f < h apì thn arister  epif�neia tou
plakidÐou esti�zoun, lìgw arnhtik c di�jlashc, mÐa for� mèsa sto plakÐdio kai mÐa for� èxw
apì autì, se apìstash h− f sta dexi� tou. Epiplèon, ìpwc faÐnetai apì tic Ex. (1.42) gia
èna ulikì me ε = µ = −1, o suntelest c dièleushc eÐnai t = exp(−iqzh) kai o suntelest c
an�klashc r = 0, dhlad  ìlh h enèrgeia thc HM aktinobolÐac dièrqetai apì to plakÐdio
qwrÐc ap¸leiec apì an�klash. Epiplèon, èqei endiafèron ìti k�je diadidìmeno epÐpedo kÔma
- sunist¸sa tou sunolikoÔ kÔmatoc pou ekpèmpetai apì th shmeiak  fwtein  phg  - ufÐstatai
met� th dièleus  tou apì to plakÐdio mia allag  sth f�sh, −qzh, pou antistajmÐzei akrib¸c
th diafor� f�shc pou apokt� kat� th diadrom  tou sto perib�llon mèqri na ft�sei sthn
estÐa, qzf + qz(h− f), en¸ to pl�toc kai h pìlws  tou paramènoun profan¸c amet�blhta.
AntÐstoiqa, k�je fjÐnon kÔma - sunist¸sa tou sunolikoÔ kÔmatoc pou ekpèmpetai apì th
shmeiak  fwtein  phg  - ufÐstatai mia aÔxhsh sto pl�toc, exp(qzh), pou antistajmÐzei
akrib¸c thn exasjènis  tou kat� th diadrom  tou sto perib�llon mèqri na fj�sei sthn
estÐa, exp(−qzf) exp(−qz[h − f ]), en¸ h f�sh kai h pìlws  tou paramènoun profan¸c
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amet�blhtec. 'Etsi, se ènan tètoio fakì, ìlec oi sunist¸sec tou kÔmatoc, diadidìmenec
kai fjÐnousec, sumb�lloun sthn estÐa me to arqikì pl�toc, f�sh kai pìlwsh, ¸ste na
kataskeu�soun èna panomoiìtupo shmeiakì eÐdwlo. Sthn pr�xh bèbaia den eÐnai dunatì na
epiteuqjeÐ ulikì me Reε = Reµ = −1 akrib¸c, en¸ kai ta fantastik� mèrh twn ε kai µ ja
eÐnai di�fora tou mhdenìc. Sunep¸c h diakritik  ikanìthta enìc fakoÔ pou basÐzetai sthn
arnhtik  di�jlash ja periorÐzetai apì tic realistikèc sunart seic apìkrishc tou ulikoÔ, kai
ja eÐnai tìso kalÔterh ìso pio kont� brÐskontai autèc oi sunart seic sthn idanik  tim  −1.

1.4 LÔsh thc kumatik c exÐswshc se morf  sfairik¸n kum�twn

Sto upìloipo thc diatrib c ja mac apasqol sei h skèdash enìc epÐpedou kÔmatoc apì memo-
nwmèna swmatÐdia kai periodikèc diat�xeic tètoiwn swmatidÐwn. Gia thn antimet¸pish autoÔ
tou probl matoc, eÐnai bolikì na ekfr�soume th lÔsh thc kumatik c exÐswshc sth morf 
dianusmatik¸n sfairik¸n kum�twn. Aut  h morf  apodeiknÔetai pollèc forèc qrhsimìterh
se sÔnjetec gewmetrÐec (ìpwc autèc pou ja exet�soume sth sunèqeia). 'Ena pl rec sÔnolo
lÔsewn [91] thc Ex. (1.14) apoteloÔn ta diam kh (tetrimmènec lÔseic)

JLℓmq(r) =
1

q
∇ [jℓ(qr)Yℓm(r̂)] , HLℓmq(r) =

1

q
∇
[
h+ℓ (qr)Yℓm(r̂)

]
, (1.54)

kai ta egk�rsia sfairik� kÔmata

JHℓmq(r) = jℓ(qr)Xℓm(r̂), HHℓmq(r) = h+ℓ (qr)Xℓm(r̂) (1.55)

kai

JEℓmq(r) =
i

q
∇× jℓ(qr)Xℓm(r̂) =

i

q
∇× JHℓmq(r) ,

HEℓmq(r) =
i

q
∇× h+ℓ (qr)Xℓm(r̂) =

i

q
∇×HHℓmq(r) .

(1.56)

Oi lÔseic autèc ekfr�zontai sunart sei twn sfairik¸n sunart sewn Bessel kai Hankel,
jℓ(qr) kai h

+
ℓ (qr), antÐstoiqa (bl. Par�rthma Bþ), kai twn dianusmatik¸n sfairik¸n armo-

nik¸n, Xℓm(r̂), en¸ Yℓm(r̂) eÐnai oi sun jeic sfairikèc armonikèc (bl. Par�rthma Gþ). K�je
mÐa apì tic lÔseic (1.54), (1.55) kai (1.56) qarakthrÐzetai apì thn tim  tou q, touc deÐktec
thc stroform c ℓ, m, kai ton deÐkth P = L,E,H. Gia aplìthta qrhsimopoioÔme ton deÐkth
L (pou den ja prèpei na sugqèetai me ton deÐkth L pou qarakthrÐzei ta diam kh kÔmata)
gia na dhl¸noume sullogik� touc deÐktec Pℓm sthn perÐptwsh twn mh tetrimmènwn lÔsewn,
dhlad  gia P = E,H, ℓ = 1, . . . ,∞, m = −ℓ, . . . , ℓ. Shmei¸netai ìti oi lÔseic J parou-
si�zoun omal  sumperifor� se k�je shmeÐo, se antÐjesh me tic H oi opoÐec èqoun morf 
exerqìmenwn sfairik¸n kum�twn gia r →∞ kai apeirÐzontai sto r = 0.

Sth genik  perÐptwsh, to HM pedÐo se èna omoiogenèc mèso, gia dedomènh suqnìthta ω,
gr�fetai wc grammikìc sunduasmìc twn JL(r) kai HL(r) se aut  th suqnìthta

E(r) =
∑
L

[
a0LJL(r) + a+LHL(r)

]
, (1.57)
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ìpou èqoume paraleÐyei ton deÐkth q pou eÐnai pl rwc kajorismènoc gia èna egk�rsio HM
pedÐo se dedomènh suqnìthta, kai oi suntelestèc a0L, a

+
L eÐnai proc prosdiorismì. 'Estw

t¸ra èna (egk�rsio) epÐpedo kÔma thc morf c (1.16). Dedomènou ìti èna tètoio kÔma eÐnai
peperasmèno pantoÔ ston q¸ro, h polupolik  tou an�ptuxh se sfairik� kÔmata, sÔmfwna
me tic Ex. (1.55) kai (1.56), den mporeÐ par� na perièqei mìno tic jℓ(qr). Epomènwc

E0(r) =
∑
L

a0LJL(r) . (1.58)

Gr�foume touc suntelestèc a0L sth morf 

a0L = A0
L(q̂) ·E0(q) , (1.59)

me ta dianÔsmata A0
L(q̂) na orÐzontai sto epÐpedo twn ê1(q), ê2(q). Antikajist¸ntac sthn

Ex. (1.58) kai k�nontac qr sh tou anaptÔgmatoc [92]

exp(iq · r) = 4π
∑
ℓm

iℓjℓ(qr)Yℓm(r̂)Y ∗
ℓm(q̂) (1.60)

kaj¸c kai sqèsewn tou Parart matoc Gþ, katal goume stic ekfr�seic gia ta A0
L(q̂)

A0
Eℓm(q̂) =

4πiℓ (−1)m+1

ψℓ

×
{
i
[
αm
ℓ eiϕ Yℓ−m−1(q̂)− α−m

ℓ e−iϕ Yℓ−m+1(q̂)
]
ê1(q)

−
[
αm
ℓ cos θ eiϕ Yℓ−m−1(q̂) +m sin θ Yℓ−m(q̂)

+ α−m
ℓ cos θ e−iϕ Yℓ−m+1(q̂)

]
ê2(q)

}
= 4πiℓ (−1)m+1Xℓ−m(q̂)× q (1.61)

kai

A0
Hℓm(q̂) =

4πiℓ (−1)m+1

ψℓ

×
{[
αm
ℓ cos θ eiϕ Yℓ−m−1(q̂) +m sin θ Yℓ−m(q̂)

+ α−m
ℓ cos θ e−iϕ Yℓ−m+1(q̂)

]
ê1(q)

+ i
[
αm
ℓ eiϕ Yℓ−m−1(q̂)− α−m

ℓ e−iϕ Yℓ−m+1(q̂)
]
ê2(q)

}
= 4πiℓ (−1)m+1Xℓ−m(q̂) , (1.62)

ìpou θ kai ϕ eÐnai oi gwniakèc metablhtèc tou q kai ê1, ê2 eÐnai, jumÐzoume, to polikì kai
azimoujiakì monadiaÐo di�nusma, antÐstoiqa, pou eÐnai k�jeta sto q sto sfairikì sÔsthma
suntetagmènwn (bl. Sq 1.1). Stic parap�nw ekfr�seic èqoume jèsei

ψℓ =
√
ℓ (ℓ+ 1) (1.63)
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kai

αm
ℓ =

1

2
[(ℓ−m) (ℓ+m+ 1)]1/2 . (1.64)

Shmei¸noume ìti h sunist¸sa z tou kumatanÔsmatoc, qz, mporeÐ na eÐnai pragmatik    fan-
tastik . Sth deÔterh perÐptwsh to cos θ stic ekfr�seic twn Yℓm(q̂) (bl. Par�rthma Gþ)
antikajÐstatai apì to qz/q.
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Kef�laio 2

H mèjodoc strwmatik c pollapl c skèdashc

An�mesa stic mejìdouc pou èqoun anaptuqjeÐ gia th jewrhtik  melèth periodik¸n fwtoni-
k¸n dom¸n (bl. Eisagwg ), h mèjodoc strwmatik c pollapl c skèdashc (Layer-Multiple-
Scattering, LMS) [80�82] eÐnai idiaÐtera elkustik , lìgw twn poll¸n pleonekthm�twn pou
prosfèrei. EÐnai gr gorh kai akrib c upologistik�, diìti sundu�zei thn an�ptuxh se sfairi-
k� kÔmata gia thn perigraf  thc skèdashc apì memonwmèna swmatÐdia kai didi�statec (2D)
periodikèc domèc swmatidÐwn me thn an�ptuxh se epÐpeda kÔmata gia th skèdash metaxÔ dia-
doqik¸n epipèdwn apì skedastèc. Oi domèc pou mporeÐ na perigr�yei sunÐstantai apì 2D
epÐpeda omoiogen¸n plakidÐwn   periodik¸n diat�xewn sfairik¸n skedast¸n,   kai sundua-
smoÔc twn parap�nw, me mình proôpìjesh ta epÐpeda na èqoun thn Ðdia 2D periodikìthta. H
mèjodoc upologÐzei tìso touc suntelestèc an�klashc kai dièleushc peperasmènwn plakidÐwn
ìso kai th migadik  fwtonik  dom  zwn¸n enìc antÐstoiqou �peirou krust�llou. Prìsfata
h mèjodoc epekt�jhke prokeimènou na perilamb�nei kai mh sfairikoÔc skedastèc, anoÐgontac
nèouc drìmouc gia thn perigraf  kai ton sqediasmì fwtonik¸n dom¸n [93, 94]. Epiplèon,
epeid  h mèjodoc LMS epilÔei tic exis¸seic tou Maxwell sto pedÐo twn suqnot twn, eÐnai
idanik  gia thn perigraf  ulik¸n me diaspor�, ìpwc eÐnai gia par�deigma ta mètalla.

Sto parìn kef�laio parousi�zoume ekten¸c th mèjodo LMS, xekin¸ntac apì th skèdash
apì memonwmèno skedast , ìpou prosjètoume th dunatìthta melèthc sÔnjetwn, polustrw-
matik¸n sfairik¸n swmatidÐwn kai sunupologismoÔ thc epÐdrashc mh topik¸n fainomènwn
se sfairikoÔc skedastèc [95�98]. Sth sunèqeia exet�zoume thn pollapl  skèdash se èna
epÐpedo skedast¸n kai ton sunduasmì diadoqik¸n epipèdwn all�zontac b�sh an�ptuxhc twn
HM kum�twn, apì sfairik� se epÐpeda. DeÐqnoume p¸c me th bo jeia thc mejìdou LMS
mporeÐ kaneÐc na upologÐsei ìqi mìno touc migadikoÔc suntelestèc dièleushc kai an�klashc
apì peperasmèna plakÐdia, all� kai tic idiokatast�seic enìc epipèdou skedast¸n   sÔnjetou
plakidÐou. AkoloÔjwc parousi�zoume ton upologismì thc migadik c fwtonik c dom c zwn¸n
�peirou krust�llou, susqetismènhc me èna dedomèno krustallografikì epÐpedo, mèsw tou
pÐnaka skèdashc twn diadoqik¸n epipèdwn twn skedast¸n [81,82]. H migadik  fwtonik  dom 
zwn¸n mporeÐ na upologisteÐ kai mèsw tou pÐnaka met�bashc apì èna epÐpedo sto epìmeno,
mèjodoc pou prosfèrei epÐshc th dunatìthta upologismoÔ tou suntelest  an�klashc [40]
kai twn epifaneiak¸n katast�sewn (an up�rqoun) [99] tou antÐstoiqou hmi�peirou krust�l-
lou. Tèloc, eis�goume thn ènnoia twn epifanei¸n stajer c suqnìthtac, pou mporoÔn na
perigr�youn th diajlastik  sumperifor� tou krust�llou [100�102].
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2.1 Skèdash apì memonwmèno skedast 

Sthn paroÔsa diatrib  ja mac apasqol soun skedastèc me sfairik    kulindrik  summetrÐa.
To prìblhma thc skèdashc HM aktinobolÐac apì memonwmèna swmatÐdia an�getai ousiastik�
ston upologismì tou pÐnaka skèdashc, T, pou sundèei to pl�toc tou skedazìmenou me
autì tou prospÐptontoc ston skedast  kÔmatoc. Gia omoiogeneÐc sfairikoÔc skedastèc to
prìblhma èqei lujeÐ analutik� apì touc Mie [103] kai Debye [104]. Gia polustrwmatikoÔc
sfairikoÔc skedastèc mporoÔn kai p�li na upologistoÔn analutikèc lÔseic, oi opoÐec eÐnai
ìmwc polÔplokec, opìte eÐnai protimìtero na katafÔgei kaneÐc se epanalhptikèc mejìdouc
[95, 98, 105�107]. Tèloc, sthn perÐptwsh mh sfairik¸n swmatidÐwn o pÐnakac skèdashc
upologÐzetai arijmhtik� [93,94].

'Estw èna omoiogenèc swmatÐdio, topojethmèno sthn arq  tou sust matoc suntetagmè-
nwn, tou opoÐou h sqetik  dihlektrik  sun�rthsh, ε1, kai h magnhtik  diaperatìthta, µ1, en
gènei migadikèc sunart seic thc suqnìthtac ω, eÐnai diaforetikèc apì autèc tou perib�llon-
toc mèsou, ε kai µ, antÐstoiqa. 'Ena epÐpedo kÔma pou prospÐptei sto swmatÐdio gr�fetai
se anapar�stash sfairik¸n kum�twn sth morf  [Ex. (1.57)]

E0(r) =
∑
L

a0LJL(r) . (2.1)

To polupolikì an�ptugma tou skedazìmenou kÔmatoc perilamb�nei mìno sfairik� kÔmata
HL(r), epeid  aut� eÐnai pou èqoun asumptwtik  morf  exerqìmenwn sfairik¸n kum�twn:
h+ℓ (qr) ≈ (−i)ℓ exp(iqr)/iqr gia r →∞. 'Etsi gr�foume

Esc(r) =
∑
L

a+LHL(r) . (2.2)

To pedÐo ston q¸ro mèsa sto swmatÐdio ja perilamb�nei mìno sfairik� kÔmata pou èqoun
omal  sumperifor� sthn arq  twn axìnwn,

Ein(r) =
∑
L

ainL J
1
L(r) . (2.3)

Oi J1
L(r) prokÔptoun apì tic JL(r) [Ex. (1.55), (1.56)] antikajist¸ntac to q = ω

√
εµ/c me

to q1 = ω
√
ε1µ1/c. Gia par�deigma, sthn apl  perÐptwsh miac sfaÐrac aktÐnac S (bl. Sq.

2.1), ta pedÐa E0, Esc kai Ein gr�fontai analutik�

E0(r) =
+∞∑
ℓ=1

ℓ∑
m=−ℓ

[
i

q
a0Eℓm∇× jℓ(qr)Xℓm(r̂) + a0Hℓmjℓ(qr)Xℓm(r̂)

]
, (2.4)

Esc(r) =

+∞∑
ℓ=1

ℓ∑
m=−ℓ

[
i

q
a+Eℓm∇× h

+
ℓ (qr)Xℓm(r̂) + a+Hℓmh

+
ℓ (qr)Xℓm(r̂)

]
, (2.5)

kai

Ein(r) =
+∞∑
ℓ=1

ℓ∑
m=−ℓ

[
i

q1
ainEℓm∇× jℓ(q1r)Xℓm(r̂) + ainHℓmjℓ(q1r)Xℓm(r̂)

]
. (2.6)
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Oi suntelestèc a+L tou skedazìmenou kÔmatoc mporoÔn, en gènei, na ekfrastoÔn sunart sei
aut¸n tou prospÐptontoc mèsw tou pÐnaka skèdashc T

a+L =
∑
L′

TLL′a0L′ . (2.7)

H teleutaÐa sqèsh apoteleÐ ton orismì tou pÐnaka T, o opoÐoc, ìpwc faÐnetai sthn Ex.
(2.7), sth genik  perÐptwsh eÐnai mh diag¸nioc; gia skedastèc me sfairik  summetrÐa eÐnai
diag¸nioc wc proc P kai ℓ kai anex�rthtoc tou m.

Sthn perÐptwsh skedast¸n me sfairik  summetrÐa o upologismìc tou pÐnaka skèdashc
gÐnetai wc ex c: Efarmìzontac tic sunoriakèc sunj kec sunèqeiac twn efaptomenik¸n su-
nistws¸n twn pedÐwn sth diaqwristik  epif�neia, r = S (ìpou S h aktÐna thc sfaÐrac),

X∗
ℓm(r̂) ·Ein(r) = X∗

ℓm(r̂) ·Eout(r)

[r̂×X∗
ℓm(r̂)] ·Ein(r) = [r̂×X∗

ℓm(r̂)] ·Eout(r)

X∗
ℓm(r̂) ·Hin(r) = X∗

ℓm ·Hout(r)

[r̂×X∗
ℓm(r̂)] ·Hin(r) = [r̂×X∗

ℓm(r̂)] ·Hout(r) ,

(2.8)

me
Eout(r) = E0(r) +Esc(r) kai Hout(r) = H0(r) +Hsc(r) , (2.9)

katal goume se lÔseic thc morf c:

a+Pℓm = TPℓ a
0
Pℓm , (2.10)

ìpou

TEℓ =
jℓ(q1r)

∂
∂r [rjℓ(qr)] ε1 − jℓ(qr)

∂
∂r [rjℓ(q1r)] ε

h+ℓ (qr)
∂
∂r [rjℓ(q1r)] ε− jℓ(q1r)

∂
∂r

[
rh+ℓ (qr)

]
ε1

∣∣∣∣∣
r=S

(2.11)

THℓ =
jℓ(q1r)

∂
∂r [rjℓ(qr)]µ1 − jℓ(qr)

∂
∂r [rjℓ(q1r)]µ

h+ℓ (qr)
∂
∂r [rjℓ(q1r)]µ− jℓ(q1r)

∂
∂r

[
rh+ℓ (qr)

]
µ1

∣∣∣∣∣
r=S

. (2.12)

Sthn perÐptwsh meg�lwn metallik¸n sfair¸n, kai se perioqèc suqnot twn ìpou h di-
hlektrik  sun�rthsh tou met�llou eÐnai polÔ meg�lh kat' apìluth tim , to ìrisma twn
sunart sewn Bessel, qr, gÐnetai polÔ meg�lo kai oi jℓ(q1r) p�llontai taqÔtata sunart sei
tou r. Prokeimènou na upologÐsoume ton pÐnaka skèdashc, eÐnai bolikì na xanagr�youme
thn Ex. (2.11), qrhsimopoi¸ntac thn Ex. (Bþ.21), sth morf 

TEℓ =
ℓ (ε− ε1) jℓ(qr) + qrjℓ−1(qr)ε1 − q1rjℓ(qr) jℓ−1(q1r)

jℓ(q1r)
ε

ℓ (ε1 − ε)h+ℓ (qr)− qrh
+
ℓ−1(qr)ε1 + q1rh

+
ℓ (qr)

jℓ−1(q1r)
jℓ(q1r)

ε

∣∣∣∣∣∣
r=S

, (2.13)

kai, qrhsimopoi¸ntac thn asumptwtik  sqèsh (Bþ.23), na deÐxoume ìti jℓ−1(q1r)/jℓ(q1r) →
−i, opìte o pÐnakac skèdashc gia to hlektrikì komm�ti gÐnetai

TEℓ =
ℓjℓ(qr) (ε− ε1) + qrjℓ−1(qr)ε1 + iq1rjℓ(qr)ε

ℓh+ℓ (qr) (ε1 − ε)− qrh
+
ℓ−1(qr)ε1 − iq1rh

+
ℓ (qr)ε

∣∣∣∣∣
r=S

, (2.14)
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kai ìmoia gia to magnhtikì komm�ti,

THℓ =
ℓjℓ(qr) (µ− µ1) + qrjℓ−1(qr)µ1 + iq1rjℓ(qr)µ

ℓh+ℓ (qr) (µ1 − µ)− qrh
+
ℓ−1(qr)µ1 − iq1rh

+
ℓ (qr)µ

∣∣∣∣∣
r=S

. (2.15)

Sq ma 2.1: Skedastèc diafìrwn sqhm�twn se perib�llon pou perigr�fetai apì sunart seic
apìkrishc ε kai µ. Arister�: Mia omoiogen c sfaÐra aktÐnac S kai sunart sewn apìkrishc
ε1, µ1. Kèntro: Mia polustrwmatik  sfaÐra, apoteloÔmenh apì n = 1, 2, . . . , N omìkentra
str¸mata me aktÐnec Sn (SN ≡ S) kai sunart seic apìkrishc εn, µn. Dexi�: 'Enac skedast c
kulindrik c summetrÐac me sunart seic apìkrishc ε1, µ1.

Sthn perÐptwsh mikr¸n metallik¸n sfair¸n h dihlektrik  sun�rthsh tou met�llou mpo-
reÐ na exart�tai apì to kumat�nusma (mh topik  apìkrish). Tìte emfanÐzontai epiplèon
diam keic katast�seic tou HM pedÐou sto eswterikì thc sfaÐrac, gia ε1L(q, ω) = 0, ìpou
ε1L eÐnai h diam khc dihlektrik  sun�rthsh [108]. 'Ena aplì all� apotelesmatikì montè-
lo gia thn perigraf  tètoiac dihlektrik c sun�rthshc eÐnai to udrodunamikì montèlo (bl.
Par�rthma Dþ). Profan¸c, sthn perÐptwsh aut  h èkfrash gia to hlektrikì pedÐo sto
eswterikì thc sfaÐrac, Ex. (2.6), prèpei na all�xei ¸ste na sumperil�bei ènan diam kh ìro,
thc morf c (1/q1L)a

in
Lℓm∇[Yℓm(r̂)jℓ(q1Lr)], ìpou q1L = ω

√
ε1Lµ1/c o diam khc kumat�rij-

moc kai ainLℓm o kat�llhloc suntelest c, en¸ to magnhtikì pedÐo paramènei wc èqei. Stic
sunoriakèc sunj kec Ex. (2.8) prostÐjetai h

r̂ ·Eout(r̂) = r̂ ·Ein(r̂) . (2.16)

Tìte, to hlektrikì komm�ti tou pÐnaka skèdashc prokÔptei [109]

TEℓ = −
cLjℓ(qr) +

∂jℓ(q1Lr)
∂(q1Lr)

{
jℓ(qr)

∂
∂r [rjℓ(q1r)] ε− jℓ(q1r)

∂
∂r [rjℓ(qr)] ε1

}
cLjℓ(qr) +

∂jℓ(q1Lr)
∂(q1Lr)

[
h+ℓ (qr)

∂
∂r [rjℓ(q1r)] ε− jℓ(q1r)

∂
∂r

[
rh+ℓ (qr)

]
ε1
]
∣∣∣∣∣∣
r=S

, (2.17)

ìpou

cL = ℓ (ℓ+ 1)
jℓ(q1Lr)

q1Lr
jℓ(q1r) (ε1 − ε) . (2.18)
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Gia mia polustrwmatik  sfaÐra apoteloÔmenh apì n = 1, 2, . . . , N omìkentra str¸mata,
kajèna ek twn opoÐwn èqei aktÐna Sn (SN ≡ S) kai perigr�fetai apì dihlektrik  sun�rthsh
εn kai magnhtik  diaperatìthta µn (bl. Sq. 2.1), mporoÔme na efarmìsoume tic sunoriakèc
sunj kec sunèqeiac twn pedÐwn, Ex. (2.8), stic diadoqikèc diaqwristikèc epif�neiec, jewr¸n-
tac k�je for� ìti ta n pr¸ta str¸mata brÐskontai se perib�llon dihlektrik c sun�rthshc
εn+1. Tìte o pÐnakac skèdashc gia mia sfaÐra me ta n pr¸ta str¸mata se perib�llon dihle-

ktrik c sun�rthshc εn+1, T
(n)
Eℓ , sundèetai me autìn miac sfaÐrac me ta n−1 pr¸ta str¸mata

se perib�llon dihlektrik c sun�rthshc εn, T
(n−1)
Eℓ , mèsw thc sqèshc:

T
(n)
Eℓ =

A
(n,n+1)
E + T

(n−1)
Eℓ B

(n,n+1)
E

Γ
(n,n+1)
E + T

(n−1)
Eℓ ∆

(n,n+1)
E

∣∣∣∣∣
r=Sn

, (2.19)

ìpou:

A
(n,n+1)
E = jℓ(qnr)

∂

∂r
[rjℓ(qn+1r)] εn − jℓ(qn+1r)

∂

∂r
[rjℓ(qnr)] εn+1

B
(n,n+1)
E = h+ℓ (qnr)

∂

∂r
[rjℓ(qn+1r)] εn − jℓ(qn+1r)

∂

∂r

[
rh+ℓ (qnr)

]
εn+1

Γ
(n,n+1)
E = h+ℓ (qn+1r)

∂

∂r
[rjℓ(qnr)] εn+1 − jℓ(qnr)

∂

∂r

[
rh+ℓ (qn+1r)

]
εn

∆
(n,n+1)
E = h+ℓ (qn+1r)

∂

∂r

[
rh+ℓ (qnr)

]
εn+1 − h+ℓ (qnr)

∂

∂r

[
rh+ℓ (qn+1r)

]
εn .

(2.20)

Akrib¸c Ðdia eÐnai kai h èkfrash gia ton pÐnaka T
(n)
Hℓ , ìpou bèbaia o deÐkthc thc pìlwshc eÐnai

H antÐ gia E kai sth jèsh twn dihlektrik¸n sunart sewn, εn, εn+1, mpaÐnoun oi antÐstoiqec
magnhtikèc diaperatìthtec, µn, µn+1. Profan¸c, an k�poio apì ta str¸mata eÐnai arket�
leptì ¸ste na eÐnai pijan  h diègersh diam kwn kum�twn, aut  ja prèpei na lhfjeÐ upìyh
prosjètontac touc kat�llhlouc ìrouc sto hlektrikì pedÐo tou str¸matoc autoÔ; gia to
kentrikì str¸ma, ìpou to pedÐo prèpei na eÐnai peperasmèno, eÐnai arketì na prostejeÐ o

ìroc (1/q1L)a
(1)
Lℓm∇[Yℓm(r̂)jℓ(q1Lr)]. Gia opoiod pote �llo str¸ma ìmwc, ìpou up�rqoun

tìso eiserqìmena ìso kai exerqìmena sfairik� kÔmata, prèpei na prostejeÐ epiplèon ènac

ìroc thc morf c (1/qnL)a
(n)
Lℓm∇[Yℓm(r̂)h+ℓ (qnLr)]. O pÐnakac skèdashc upologÐzetai kai p�li

efarmìzontac tic sunoriakèc sunj kec, Ex. (2.8) kai (2.16), se k�je diepif�neia. Oi sqèseic
pou prokÔptoun eÐnai idiaÐtera makroskeleÐc kai eÐnai protimìtero h epÐlush na gÐnei arij-
mhtik� [106]. H akrib c morf  tou gia thn perÐptwsh metallikoÔ nanofloioÔ, ìpou èqoume
dÔo str¸mata ulik¸n me ta diam kh kÔmata na parousi�zontai sto metallikì (exwterikì)
str¸ma, parousi�zetai sto Par�rthma Eþ. Tèloc, sthn perÐptwsh mh sfairik¸n skedast¸n,
ìpwc autoÐ pou ja exet�soume sth sunèqeia, o upologismìc enìc pÐnaka skèdashc pou na
lamb�nei upìyh mh topik� fainìmena eÐnai idiaÐtera apaithtikìc [110, 111] kai xefeÔgei apì
ta ìria thc paroÔsac diatrib c. Ex�llou, oi domèc pou ja mac apasqol soun eÐnai arket�
meg�lwn diast�sewn ¸ste ta mh topik� fainìmena na mporoÔn na agnohjoÔn.

Sthn perÐptwsh mh sfairik¸n skedast¸n, kai sta plaÐsia thc paroÔsac diatrib c, o
pÐnakac skèdashc upologÐzetai arijmhtik�, me th mèjodo ektetamènwn sunoriak¸n sunjhk¸n
[112]. Apì to dianusmatikì je¸rhma Green, gia mia kanonik  epif�neia S1 pou perikleÐei
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ènan ìgko V1, eÔkola prokÔptei h parak�tw èkfrash sthn perÐptwsh pou to èna di�nusma

antikatastajeÐ apì tanust  deÔterhc t�xhc,
←→
B∫

V1

dV
[
a ·
(
∇×∇×

←→
B
)
− (∇×∇× a) ·

←→
B
]
=

−
∫
S1

dS
[
(n̂×∇× a) ·

←→
B + (n̂× a) ·

(
∇×

←→
B
)]

, (2.21)

ìpou n̂ to monadiaÐo di�nusma pou deÐqnei èxw apì ton ìgko V1. Efarmìzontac thn Ex.
(2.21) ston ìgko V1 = VEXT ektìc tou swmatidÐou gia to olikì hlektrikì pedÐo sthn Ðdia

perioq , me a = Eout(r) [= E0(r) + Esc(r)] kai
←→
B =

←→
G (r, r′;ω), ìpou

←→
G h sun�rthsh

Green sth b�sh sfairik¸n kum�twn, Ex. (�þ.47), katal goume sthn èkfrash∫
VEXT

d3r
{
Eout(r) ·

[
∇×∇×

←→
G (r, r′;ω)

]
− [∇×∇×Eout(r)] ·

←→
G (r, r′;ω)

}
=

(
−
∫
S∞

+

∫
S

)
dS
{
[n̂×∇×Eout(r)] ·

←→
G (r, r′;ω)

+ [n̂×Eout(r)] ·
[
∇×

←→
G (r, r′;ω)

]}
, (2.22)

ìpou VEXT o q¸roc ektìc tou swmatidÐou pou oriojeteÐtai apì thn epif�neia tou swmatidÐou,
S, kai thn epif�neia sto �peiro, S∞, kai n̂ to monadiaÐo di�nusma k�jeto topik� stic epif�-
neiec me kateÔjunsh proc ta èxw (se sqèsh me to swmatÐdio). Gia to olokl rwma sto �peiro
isqÔei Eout(r) = E0(r), efìson to exerqìmeno kÔma mhdenÐzetai sto �peiro. Efarmìzontac

thn Ex. (2.21) se ìlo ton q¸ro, gia a = E0(r) kai
←→
B =

←→
G (r, r′;ω), prokÔptei

εµ

c2
E0(r

′) =

∫
S∞

dS
{
[n̂×∇×E0(r)] ·

←→
G (r, r′;ω) + [n̂×E0(r)] ·

[
∇×

←→
G (r, r′;ω)

]}
,

(2.23)
ìpou efarmìsame epiplèon thn Ex. (�þ.16). 'Etsi, apì thn Ex. (2.22) katal goume sth
sqèsh

Eout(r
′) , r′ ∈ VEXT

0 , r′ ∈ VINT

}
= E0(r

′) +

∫
S
dS

{
iωµµ0 [n̂×Hout(r)] ·

←→
G (r, r′;ω)c2

−εµ

+ [n̂×Eout(r)] ·

[
∇×

←→
G (r, r′;ω)c2

−εµ

]}
, (2.24)

ìpou qrhsimopoi same thn Ex. (1.14) gia na eis�goume to magnhtikì pedÐo. Lìgw sunèqeiac
twn efaptomenik¸n sunistws¸n sthn epif�neia tou swmatidÐou isqÔei

n̂×Hout(r) = n̂×Hin(r)

n̂×Eout(r) = n̂×Ein(r) .
(2.25)

Apì thn Ex. (2.24) mèsw twn (2.25), (�þ.47) kai thc tautìthtac (Aþ.1) prokÔptei

E0(r
′) = −

∑
L

JL(r
′)iq

∫
S
dS n̂ ·

{
µ

µ1
[∇×Ein(r)]×HL(r)
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+Ein(r)×
[
∇×HL(r)

]}
, gia r′ ∈ VINT (2.26)

Esc(r
′) =

∑
L

HL(r
′)iq

∫
S
dS n̂ ·

{
µ

µ1
[∇×Ein(r)]× JL(r)

+Ein(r)×
[
∇× JL(r)

]}
, gia r′ ∈ VEXT , (2.27)

ìpou VINT o ìgkoc entìc tou swmatidÐou, en¸ h paÔla stic JL kai HL upodhl¸nei migadik 
suzugÐa pou efarmìzetai mìno sta gwniak� touc tm mata. Oi Ex. (2.26) kai (2.27) apoteloÔn
th mèjodo ektetamènwn sunoriak¸n sunjhk¸n, prosarmosmènh ston formalismì thc mejì-
dou LMS [93, 94]. Ousiastik� h mèjodoc ektetamènwn sunoriak¸n sunjhk¸n ègkeitai sthn
analutik  epèktash tou prospÐptontoc pedÐou entìc tou skedast . Arqik� upologÐzetai to
pedÐo entìc tou skedast  san sun�rthsh tou exwterik� prospÐptontoc antistrèfontac thn
Ex. (2.26), kai sth sunèqeia upologÐzetai to skedazìmeno kÔma sunart sei tou pedÐou mèsa
ston skedast  mèsw thc Ex. (2.27). SugkrÐnontac tic (2.26) kai (2.27) me tic (2.1) kai (2.2),
kai qrhsimopoi¸ntac thn Ex. (2.3), prokÔptoun oi exis¸seic gia ta pl�th twn kum�twn

a0L = −
∑
L′

Q0
LL′ainL′ (2.28)

kai
a+L =

∑
L′

Q+
LL′a

in
L′ , (2.29)

ìpou

Q0
LL′ = iq

∫
S
dS n̂ ·

{
J1
L′(r)×

[
∇×HL(r)

]
− µ

µ1
HL(r)×

[
∇× J1

L′(r)
]}

(2.30)

kai

Q+
LL′ = iq

∫
S
dS n̂ ·

{
J1
L′(r)×

[
∇× JL(r)

]
− µ

µ1
JL(r)×

[
∇× J1

L′(r)
]}

. (2.31)

Apì thn Ex. (2.7), mèsw twn (2.28) kai (2.29), prokÔptei oti o pÐnakac T mporeÐ na upolo-
gisteÐ apì th lÔsh tou sust matoc∑

L′′

TLL′′Q0
L′′L′ = −Q+

LL′ . (2.32)

An epiplèon qrhsimopoi soume tic Ex. (1.56) kai (1.14) mporoÔme na gr�youme

Q
0(+)
Eℓm;Eℓ′m′ =

q

q1
J 0(+)
Hℓm;Eℓ′m′ −

µ

µ1
J 0(+)
Eℓm;Hℓ′m′

Q
0(+)
Eℓm;Hℓ′m′ =

q

q1
J 0(+)
Hℓm;Hℓ′m′ +

µ

µ1
J 0(+)
Eℓm;Eℓ′m′

Q
0(+)
Hℓm;Eℓ′m′ = −

q

q1
J 0(+)
Eℓm;Eℓ′m′ −

µ

µ1
J 0(+)
Hℓm;Hℓ′m′

Q
0(+)
Hℓm;Hℓ′m′ = −

q

q1
J 0(+)
Eℓm;Hℓ′m′ +

µ

µ1
J 0(+)
Hℓm;Eℓ′m′ ,

(2.33)
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ìpou ta J 0(+)
LL′ dÐnontai apì tic ekfr�seic

J 0
LL′ = qq1

∫
S
dS n̂ ·

[
J1
L′(r)×HL(r)

]
J +
LL′ = qq1

∫
S
dS n̂ ·

[
J1
L′(r)× JL(r)

]
.

(2.34)

Ex�llou, to diaforikì gr�fetai [112]

dS n̂ = r2 sin θ

(
r̂− 1

r

∂r

∂θ
θ̂ − 1

r sin θ

∂r

∂ϕ
ϕ̂

)
dθdϕ . (2.35)

An kai h an�ptuxh tou HM pedÐou se dianusmatik� sfairik� kÔmata emperièqei �peirouc
ìrouc, prokÔptei ìti, an to mègejoc tou swmatidÐou eÐnai sugkrÐsimo me to m koc kÔmatoc,
ènac periorismènoc arijmìc sfairik¸n kum�twn, pou qarakthrÐzontai apì deÐkth stroform c
ℓ mikrìtero apì k�poia mègisth tim  ℓmax, eÐnai arketìc gia thn perigraf  tou skedazìmenou
pedÐou mèsw tou pÐnaka T. Wstìso, gia thn epÐlush thc Ex. (2.32) qrei�zetai na lhfjoÔn
upìyh stoiqeÐa pÐnaka mèqri ℓcut(≥ ℓmax). To gegonìc ìti to ℓcut aux�netai shmantik� kaj¸c
to sq ma tou swmatidÐou apoklÐnei apì th sfaÐra shmaÐnei ìti prokeimènou na upologistoÔn
me akrÐbeia ta stoiqeÐa tou pÐnaka T dedomènhc di�stashc qrei�zetai ènac meg�loc arijmìc
stoiqeÐwn twn pÐnakwn Q0 kai Q+. Profan¸c, gia sfairik� swmatÐdia isqÔei ℓcut = ℓmax.
Shmei¸netai ìti h Ex. (2.32) den prèpei na epilÔetai mèsw antistrof c tou Q0, diìti aut 
h diadikasÐa mporeÐ na eis�gei arijmhtikèc ast�jeiec. AntÐjeta, prèpei na jewreÐtai wc èna
sÔsthma grammik¸n exis¸sewn kai na epilÔetai, gia par�deigma, me th mèjodo Gauss me
èlegqo arijmhtik c uperqeÐlishc [113].

Sthn perÐptwsh swmatidÐwn kulindrik c summetrÐac (om�daD∞h [114]), isqÔei r = r(θ) r̂,
me r(π − θ) = r(θ) (bl. Sq. 2.1). Se aut  thn perÐptwsh, apì thn pr¸th twn Ex. (2.34),
mèsw sqèsewn tou Parart matoc Gþ, katal goume stic ekfr�seic

J 0
Eℓm;Eℓ′m′ = −

2πiδmm′

[
1− (−1)ℓ+ℓ′

]
ψℓψℓ′

∫ 1

0
d cos θ

m

sin θ

×
{
[qrh+ℓ (qr)]

′[q1rjℓ′(q1r)]
′ ∂ [Yℓm(θ)Yℓ′m(θ)]

∂θ

+
1

r

∂r

∂θ

{
ψ2
ℓ′jℓ′(q1r)[qrh

+
ℓ (qr)]

′ + ψ2
ℓh

+
ℓ (qr)[q1rjℓ′(q1r)]

′}Yℓm(θ)Yℓ′m(θ)

}

J 0
Eℓm;Hℓ′m′ = −

2πiδmm′

[
1 + (−1)ℓ+ℓ′

]
ψℓψℓ′

∫ 1

0
d cos θ q1rjℓ′(q1r)

×
{
[qrh+ℓ (qr)]

′
[
m2

sin2 θ
Yℓ′m(θ)Yℓm(θ) +

∂Yℓ′m(θ)

∂θ

∂Yℓm(θ)

∂θ

]
+

1

r

∂r

∂θ
ψ2
ℓh

+
ℓ (qr)Yℓm(θ)

∂Yℓ′m(θ)

∂θ

}

J 0
Hℓm;Eℓ′m′ = −

2πiδmm′

[
1 + (−1)ℓ+ℓ′

]
ψℓψℓ′

∫ 1

0
d cos θ qrh+ℓ (qr)
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×
{
[q1rjℓ′(q1r)]

′
[
m2

sin2 θ
Yℓ′m(θ)Yℓm(θ) +

∂Yℓ′m(θ)

∂θ

∂Yℓm(θ)

∂θ

]
+

1

r

∂r

∂θ
ψ2
ℓ′jℓ(q1r)Yℓ′m(θ)

∂Yℓm(θ)

∂θ

}

J 0
Hℓm;Hℓ′m′ = −

2πiδmm′

[
1− (−1)ℓ+ℓ′

]
ψℓψℓ′

∫ 1

0
d cos θ

m

sin θ

× qrh+ℓ (qr)q1rjℓ′(q1r)
∂ [Yℓm(θ)Yℓ′m(θ)]

∂θ
, (2.36)

ìpou o tìnoc stic agkÔlec upodhl¸nei parag¸gish wc proc to ìrisma (qr   q1r), Yℓm(θ) ≡
Yℓm(θ, ϕ = 0), kai r ≡ r(θ) eÐnai h apìstash enìc shmeÐou sthn epif�neia tou swmatidÐou apì
to kèntro, kat� th dieÔjunsh pou orÐzei h polik  gwnÐa θ. Oi J +

LL′ dÐnontai apì tic parap�nw
ekfr�seic antikajist¸ntac tic h+ℓ (qr) me tic jℓ(qr). AxÐzei na shmeiwjeÐ ìti, gia lìgouc arij-
mhtik c eust�jeiac, oi upologismoÐ b�sei twn Ex. (2.36) prèpei na gÐnontai qrhsimopoi¸ntac
tic tautìthtec m

sin θYℓm(θ) = −αm
ℓ cos θYℓm+1(θ) +m sin θYℓm(θ) − α−m

ℓ cos θYℓm−1(θ) kai
∂
∂θYℓm(θ) = αm

ℓ Yℓm+1(θ)− α−m
ℓ Yℓm−1(θ) (bl. kai Par�rthma Gþ).

O par�gontac δmm′ stic Ex. (2.36) shmaÐnei ìti h Ex. (2.32) sp�ei se anex�rthta
sust mata exis¸sewn gia k�je tim  tou m. Epiplèon, exaitÐac tou par�gonta [1± (−1)ℓ+ℓ′ ]
stic Ex. (2.36), ta stoiqeÐa twn pin�kwn Q0 kai Q+ gia PP ′ = EH,HE   EE,HH eÐnai
tautotik� mhdèn e�n ℓ + ℓ′ eÐnai ènac �rtioc   perittìc akèraioc, antÐstoiqa, sÔmfwna me
tic Ex. (2.33). Gi' autì kajèna apì ta proanaferjènta sust mata exis¸sewn mporeÐ na
anaqjeÐ peraitèrw se dÔo anex�rthta uposust mata. Shmei¸netai epÐshc ìti den qrei�zetai

na upologistoÔn ta Q
0(+)
Pℓm;P ′ℓ′m gia arnhtikèc timèc tou m diìti, sÔmfwna me tic Ex. (2.33)

kai (2.36), Q
0(+)
Pℓ−m;P ′ℓ′−m = (1− 2δPP ′)Q

0(+)
Pℓm;P ′ℓ′m.

O pÐnakac skèdashc swmatidÐwn me kulindrik  summetrÐa upologÐzetai, ìpwc eÐdame pa-
rap�nw, axiopoi¸ntac aut  th summetrÐa, se èna endogenèc sÔsthma suntetagmènwn tou
swmatidÐou, me ton �xona z kat� m koc tou �xona summetrÐac. Profan¸c, se èna diaforeti-
kì sÔsthma suntetagmènwn ( , isodÔnama, gia èna strammèno swmatÐdio sto arqikì sÔsthma
suntetagmènwn), gia ton upologismì tou pÐnaka skèdashc prèpei na qrhsimopoihjoÔn ka-
t�llhloi pin�kec strof c kat� gwnÐec tou Euler. An α, β, γ eÐnai oi gwnÐec tou Euler pou
metasqhmatÐzoun èna tuqaÐo sÔsthma suntetagmènwn sto endogenèc sÔsthma suntetagmènwn
tou swmatidÐou, o pÐnakac skèdashc dÐnetai apì thn

TPℓm;P ′ℓ′m′ =
ℓ∑

m1=−ℓ

ℓ′∑
m

′
1=−ℓ′

Dℓ
mm1

(α, β, γ)T 0
Pℓm1;P ′ℓ′m

′
1

Dℓ′

m
′
1m

′(−γ,−β,−α, ) , (2.37)

ìpou o T0 anafèretai sto endogenèc sÔsthma suntetagmènwn tou swmatidÐou. Sthn pa-
rap�nw exÐswsh Dℓ

mm1
(α, β, γ) = exp(−imα)dℓmm1

(β) exp(−im1γ), ìpou h dℓmm1
eÐnai h

sun�rthsh Wigner [112]

dℓmm1
(β) =

√
(ℓ+m)! (ℓ−m)! (ℓ+m1)! (ℓ−m1)!

×
∑
k

(−1)k [cos(β/2)]2ℓ−2k+m−m1 [sin(β/2)]2k−m+m1

k! (ℓ+m− k)! (ℓ−m1 − k)! (m1 −m+ k)!
, (2.38)
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me ta ℓ, m kai m1 na eÐnai akèraioi kai h �jroish gÐnetai stic timèc tou k pou odhgoÔn se mh
arnhtikoÔc par�gontec.

H perigraf  thc skèdashc apì èna swmatÐdio gÐnetai sun jwc me ìrouc enèrgeiac pou
sked�zetai   aporrof�tai apì to swmatÐdio. H energìc diatom  skèdashc (aporrìfhshc)
ekfr�zei th ro  enèrgeiac pou sked�zetai (aporrof�tai) apì ton skedast  proc thn prospÐ-
ptousa ro  enèrgeiac tou kÔmatoc an� mon�da epif�neiac. H prospÐptousa ro  enèrgeiac
ekfr�zetai apì th sunist¸sa tou dianÔsmatoc Poynting kat� th dieÔjunsh di�doshc thc
aktinobolÐac. Gia èna monoqrwmatikì kÔma, h mèsh tim  tou dianÔsmatoc Poynting se mÐa
perÐodo gr�fetai

< S(r) >=
1

2
Re[E(r)×H∗(r)] , (2.39)

en¸ h mèsh tim  thc isqÔoc pou dièrqetai apì mia epif�neia S′ mporeÐ na grafeÐ

P =

∫
S′
dS n̂· < S(r) > . (2.40)

Gia to epÐpedo prospÐpton kÔma h ro  enèrgeiac k�jeta sth dieÔjunsh di�doshc gr�fetai [83]

< S0 > ·q̂ =
1

2

√
εε0
µµ0
|E0|2 . (2.41)

H isqÔc thc skedazìmenhc aktinobolÐac prokÔptei apì thn olokl rwsh tou dianÔsmatoc
Poynting gia to skedazìmeno pedÐo p�nw sthn epif�neia S′ sfaÐrac pou perib�llei to sw-
matÐdio. Qrhsimopoi¸ntac tic Ex. (2.2), (1.14) kai ta Parart mata Bþ kai Gþ prokÔptei

Psc =
1

2
Re

∫
S′
dS r̂ · [Esc(r)×H∗

sc(r)] =
1

2q2

√
εε0
µµ0

∑
L

∣∣a+L ∣∣2 . (2.42)

Lìgw diat rhshc thc enèrgeiac, h isqÔc pou aporrof�tai apì to swmatÐdio ja isoÔtai me to
antÐjeto thc ro c enèrgeiac pou ekpèmpetai sunolik� apì thn epif�neia S′. H enèrgeia aut 
gr�fetai

Pout =
1

2
Re

∫
S′
dS r̂ · [Eout(r)×H∗

out(r)] = P0 + Psc − Pext , (2.43)

ìpou

P0 =
1

2
Re

∫
S′
dS r̂ · [E0(r)×H∗

0(r)] = 0 (2.44)

kai

Pext = −1

2
Re

∫
S′
dS r̂ · [E0(r)×H∗

sc(r) +Esc(r)×H∗
0(r)] =

= − 1

2q2

√
εε0
µµ0

∑
L

Re
(
a+L a

0∗
L

)
(2.45)

h enèrgeia pou sqetÐzetai me thn allhlepÐdrash tou prospÐptontoc me to skedazìmeno pedÐo
kai onom�zetai enèrgeia apìsbeshc. Lìgw thc arq c diat rhshc thc enèrgeiac ja isqÔei
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Pabs = Pext − Psc, dhlad  h enèrgeia apìsbeshc ekfr�zei th sunolik  enèrgeia pou parè-
qetai apì thn phg  tou eiserqìmenou kÔmatoc sto swmatÐdio. Apì tic Ex. (2.7) kai (1.59)
prokÔptei

σsc =
1

q2

∑
L

∣∣∣∣∣∑
L′

TLL′A0
L′;p

∣∣∣∣∣
2

σext = −
1

q2
Re
∑
L

(
A0

L;p

)∗∑
L′

TLL′A0
L′;p ,

(2.46)

ìpou o deÐkthc p ekfr�zei thn pìlwsh tou prospÐptontoc kÔmatoc [p = 1, 2 gia pìlwsh
TM kai TE, antÐstoiqa], en¸ h energìc diatom  aporrìfhshc eÐnai σabs = σext − σsc. EÐnai
xek�jaro ìti, ektìc apì thn perÐptwsh sfairik¸n skedast¸n, h energìc diatom  exart�tai
apì thn pìlwsh kai th dieÔjunsh di�doshc tou prospÐptontoc kÔmatoc. Gia skedastèc me
sfairik  summetrÐa (aktÐnac S), oi Ex. (2.46) aplopoioÔntai stic ekfr�seic

σsc =
2

(qS)2

∑
ℓ

(2ℓ+ 1)
(
|TEℓ|2 + |THℓ|2

)
σext = −

2

(qS)2

∑
ℓ

(2ℓ+ 1)Re (TEℓ + THℓ) .

(2.47)

Oi energèc diatomèc skèdashc kai aporrìfhshc emfanÐzoun suntonismoÔc stic suqnìth-
tec twn idiokatast�sewn tou swmatidÐou, ìpwc ja doÔme kai se sugkekrimèna paradeÐgmata.
Oi katast�seic autèc eÐnai mh mhdenikèc lÔseic tou HM pedÐou apousÐa exwterik c dièger-
shc. MporoÔn na prokÔyoun apì tic lÔseic thc Q0ain = 0, oi opoÐec antistoiqoÔn se, en
gènei migadikèc, idiosuqnìthtec ωi − iγi sto k�tw migadikì hmiepÐpedo, me antÐstoiqec idio-
lÔseic aini , en¸ ta pl�th tou exerqìmenou kÔmatoc ja gr�fontai se morf  dianÔsmatoc wc
a+i = Q+

i a
in
i . IsodÔnama, oi lÔseic autèc prokÔptoun mèsw thc T−1a+ = 0. Eis�gontac

th morf  thc lÔshc stic ekfr�seic thc energoÔ diatom c skèdashc prokÔptei ìti h energìc
diatom  skèdashc emfanÐzei, gia γi ≪ ωi, korufèc suntonismoÔ stic jèseic ωi.

2.2 JewrÐa pollapl c skèdashc

Ja jewr soume t¸ra èna sÔsthma apì mh allhlepikaluptìmenouc skedastèc, se omoioge-
nèc perib�llon, diatetagmènouc - periodik�   tuqaÐa - se jèseic Rn. Qrhsimopoi¸ntac tic
majhmatikèc tautìthtec [92]

exp(iq · r) = 4π
∑
ℓm

iℓjℓ(qr)Yℓm(r̂)Y ∗
ℓm(q̂). (2.48)

exp(iq |r− r′|)
|r− r′|

= 4πiq
∑
ℓm

jℓ(qr<)h
+
ℓ (qr>)Yℓm(r̂)Y ∗

ℓm(r̂′) , (2.49)

me r< ≡ min(r, r′) kai r> ≡ max(r, r′), mporoÔme na ekfr�soume ta exerqìmena bajmwt�
sfairik� kÔmata gÔrw apì th jèsh Rn′ wc eiserqìmena sth jèsh Rn, wc ex c [115]:

h+ℓ′ (qrn′)Yℓ′m′(r̂n′) =
∑
ℓm

Gℓ′m′;ℓm(Rnn′ ; q)jℓ(qrn)Yℓm(r̂n) (rn < Rnn′) , (2.50)
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ìpou Rnn′ = Rn − Rn′ , rn′ = r − Rn′ kai rn = r − Rn. Oi suntelestèc Gℓm;ℓ′m′ sthn
parap�nw èkfrash dÐnontai apì thn

Gℓm;ℓ′m′(Rnn′ ; q) = 4π
∑
ℓ′′m′′

(−1)(ℓ−ℓ′−ℓ′′)/2 (−1)m
′+m′′

Bℓm(ℓ′′m′′; ℓ′m′)

× h+ℓ′′(qRnn′)Yl′′−m′′(R̂nn′) , (2.51)

me

Bℓm(ℓ′′m′′; ℓ′m′) =

∫
dΩ Yℓm(r̂)Yℓ′−m′(r̂)Yℓ′′m′′(r̂) , (2.52)

ìpou me dΩ sumbolÐzoume thn olokl rwsh sth stere� gwnÐa. AntÐstoiqa, gia ta exerqìmena
dianusmatik� sfairik� kÔmata mporoÔme na gr�youme

HL′(rn′) =
∑
L

Ωnn′
LL′JL(rn) (rn < Rnn′) . (2.53)

Gia ton upologismì tou pÐnaka Ω proqwr�me wc ex c: Apì th sqèsh pou sundèei dÔo
egk�rsia sfairik� kÔmata [Ex. (1.56)] mporoÔme, dr¸ntac me ton telest  (i/q)∇× sthn
Ex. (2.53) gia P = H kai sugkrÐnontac me thn antÐstoiqh gia P = E na doÔme ìti
Ωnn′
Eℓm;Eℓ′m′ = Ωnn′

Hℓm;Hℓ′m′ kai Ωnn′
Eℓm;Hℓ′m′ = −Ωnn′

Hℓm;Eℓ′m′ . Sunep¸c, arkeÐ o prosdiori-

smìc twn Ωnn′
Hℓm;Hℓ′m′ , Ωnn′

Eℓm;Hℓ′m′ . EÔkola faÐnetai ìti

Ωnn′
Hℓm;Hℓ′m′ =

∫
dΩr̂nHHℓ′m′(rn′) ·X∗

ℓm(r̂n)

jℓ(qrn)
(2.54)

an l�boume upìyh tic Ex. (Gþ.33), (Gþ.37) kai (Gþ.38), kaj¸c kai ìti

Ωnn′
Eℓm;Hℓ′m′ = −

qrn
∫
dΩr̂nHHℓ′m′(rn′) · r̂nY ∗

ℓm(r̂n)

ψℓjℓ(qrn)
. (2.55)

Stic parap�nw ekfr�seic, to kÔma HHℓ′m′(rn′), pou exèrqetai apì th jèsh Rn′ , anaptÔs-
setai se bajmwt� eiserqìmena kÔmata wc proc tic di�forec jèseic Rn. Me th bo jeia
thc Ex. (2.50) kai thc èkfrashc twn dianusmatik¸n sfairik¸n armonik¸n se kartesianèc
suntetagmènec, Ex. (Gþ.27), paÐrnoume

HEℓ′m′(rn′) =
1

ψℓ′

∑
ℓ′′m′′

[
α−m′

ℓ′ Gℓ′m′−1;ℓ′′m′′(Rnn′ ; q) (x̂+ iŷ) +m′Gℓ′m′;ℓ′′m′′(Rnn′ ; q) ẑ

+ αm′
ℓ′ Gℓ′m′+1;ℓ′′m′′(Rnn′ ; q) (x̂− iŷ)

]
jℓ′′(qrn)Yℓ′′m′′(r̂n) . (2.56)

me to αm
ℓ na dÐnetai apì thn Ex. (1.64). Apì thn Ex. (2.54), mèsw thc (2.56), eÔkola

katal goume sthn

Ωnn′
Hℓm;Hℓ′m′ = Ωnn′

Eℓm;Eℓ′m′ =
1

ψℓψℓ′

[
2α−m

ℓ α−m′

ℓ′ Gℓ′m′−1;ℓm−1(Rnn′ ; q)

+ mm′Gℓ′m′;ℓm(Rnn′ ; q) + 2αm
ℓ α

m′
ℓ′ Gℓ′m′+1;ℓm+1(Rnn′ ; q)

]
. (2.57)
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Epiplèon, apì thn Ex. (2.55), mèsw twn (2.56) kai (Gþ.42), katal goume sthn èkfrash

Ωnn′
Eℓm;Hℓ′m′ = −

1

ψℓψℓ′

qrn
jℓ(qrn)

[
jℓ+1(qrn)F+

ℓ′m′;ℓm + jℓ−1(qrn)F−
ℓ′m′;ℓm

]
, (2.58)

ìpou

F+
ℓm;ℓ′m′ = 2α−m

ℓ γ−m′+1
ℓ′+1 Gℓm−1;ℓ′+1m′−1(Rnn′ ; q) +m ζm

′
ℓ′+1Gℓm;ℓ′+1m′(Rnn′ ; q)

−2αm
ℓ γ

m′+1
ℓ′+1 Gℓm+1;ℓ′+1m′+1(Rnn′ ; q)

F−
ℓm;ℓ′m′ = −2α−m

ℓ γm
′

ℓ′ Gℓm−1;ℓ′−1m′−1(Rnn′ ; q) +m ζm
′

ℓ′ Gℓm;ℓ′−1m′(Rnn′ ; q)

+2αm
ℓ γ

−m′

ℓ′ Gℓm+1;ℓ′−1m′+1(Rnn′ ; q) (2.59)

kai

γmℓ =
[(ℓ+m) (ℓ+m− 1)]1/2

2 [(2ℓ− 1) (2ℓ+ 1)]1/2
, (2.60)

ζmℓ =
[(ℓ+m) (ℓ−m)]1/2

[(2ℓ− 1) (2ℓ+ 1)]1/2
. (2.61)

Apì tic Ex. (2.51), (2.52) kai (2.59) èqoume

F+
ℓm;ℓ′m′ −F−

ℓm;ℓ′m′ = 4π
∑
ℓ′′m′′

iℓ−ℓ′−ℓ′′−1 (−1)m
′+m′′−1 h+ℓ′′(qRnn′)Yℓ′′−m′′(R̂nn′)

×
∫
dΩ Yℓ′′m′′(r̂)

{
2α−m

ℓ Yℓm−1(r̂)
[
γ−m′+1
ℓ′+1 Yℓ′+1−m′+1(r̂)− γm

′
ℓ′ Yℓ′−1−m′+1(r̂)

]
− mYℓm(r̂)

[
ζm

′
ℓ′+1Yℓ′+1−m′(r̂) + ζm

′
ℓ′ Yℓ′−1−m′(r̂)

]
− 2αm

ℓ Yℓm+1(r̂)
[
γm

′+1
ℓ′+1 Yℓ′+1−m′−1(r̂)− γ−m′

ℓ′ Yℓ′−1−m′−1(r̂)
]}

, (2.62)

kai me th bo jeia twn Ex.(Gþ.12), (Gþ.13), (Gþ.14) kai (Gþ.15), eÔkola prokÔptei h

F+
ℓm;ℓ′m′ = F−

ℓm;ℓ′m′ . (2.63)

'Etsi, apì thn Ex. (2.58), mèsw thc (2.63) kai thc (Bþ.19) prokÔptei

Ωnn′
Hℓm;Eℓ′m′ = −Ωnn′

Eℓm;Hℓ′m′ =
2ℓ+ 1

ψℓψℓ′

[
−2α−m′

ℓ′ γmℓ Gℓ′m′−1;ℓ−1m−1(Rnn′ ; q)

+ m′ζmℓ Gℓ′m′;ℓ−1m(Rnn′ ; q) + 2αm′
ℓ′ γ

−m
ℓ Gℓ′m′+1;ℓ−1m+1(Rnn′ ; q)

]
. (2.64)

Shmei¸noume ìti gia n = n′ ex orismoÔ Ωnn′
LL′ = 0.

'Etsi, èna exerqìmeno kÔma gÔrw apì th jèsh Rn′ ,
∑

L′ b
+n′

L′ HL′(r − Rn′), mporeÐ na

grafeÐ wc eiserqìmeno gÔrw apì th jèsh Rn,
∑

L b
′n
L (n′)JL(r−Rn), ìpou

b
′n
L (n′) =

∑
L′

Ωnn′
LL′b+n′

L′ . (2.65)



36 JewrÐa pollapl c skèdashc

To skedazìmeno apì to swmatÐdio sth jèshRn kÔma prosdiorÐzetai apì to olikì prospÐpton
se autì to swmatÐdio kÔma,

b+n
L =

∑
L′

Tn
LL′

a0nL′ +
∑
n′ ̸=n

b
′n
L′(n′)

 , (2.66)

me Tn
LL′ ta stoiqeÐa tou pÐnaka skèdashc (bl. Ed. 2.1) tou swmatidÐou sth jèsh Rn,

kai a0nL′ touc suntelestèc polupolik c an�ptuxhc gÔrw apì th jèsh Rn enìc exwterik�
prospÐptontoc kÔmatoc, ìpwc deÐqnoume sqhmatik� sto Sq. 2.2. Apì tic Ex. (2.65) kai
(2.66) ja èqoume

∑
n′L′

[
δnn′δLL′ −

∑
L′′

Tn
LL′′Ωnn′

L′′L′

]
b+n′

L′ =
∑
L′

Tn
LL′a0nL′ . (2.67)

Sq ma 2.2: To kÔma pou prospÐptei se ènan skedast  (�1�) isoÔtai me to �jroisma twn
kum�twn pou exèrqontai apì ìlouc touc upìloipouc skedastèc sun to exwterik� prospÐpton
kÔma.

An èqoume mia periodik  dom , pou orÐzetai apì ta dianÔsmata plègmatoc Bravais, Rλ,
kai ta mh jemeli¸dh dianÔsmata tα pou orÐzoun tic jèseic twn skedast¸n (e�n up�rqoun pe-
rissìteroi apì ènac) sth monadiaÐa kuyelÐda, o deÐkthc thc plegmatik c jèshc, n, antistoiqeÐ
ston sÔnjeto deÐkth λα. Oi idiokatast�seic tou krust�llou prosdiorÐzontai mhdenÐzontac
to exwterik� prospÐpton kÔma sthn Ex. (2.67), ki efìson autèc ikanopoioÔn to je¸rhma

Bloch, b+λ′α′

L′ = exp(iq · [Rλ′ −Rλ])b
+λα′

L′ , paÐrnoume thn katastatik  exÐswsh

det

[
δαα′δLL′ −

∑
L′′

Tα
LL′′Ωαα′

L′′L′(q)

]
= 0 , (2.68)

ìpou
Ωαα′
LL′ (q) =

∑
λ′

Ωnn′
LL′ exp(−iq · [Rλ −Rλ′ ]) , (2.69)
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to opoÐo den exart�tai apì to λ, kai

Ωnn′
LL′ =

1

v

∫
ZB
d3q exp(iq · [Rλ −Rλ′ ]) Ωαα′

LL′ (q) , (2.70)

me v ton ìgko thc pr¸thc z¸nhc Brillouin (ZB). Tìso ta Tα
LL′ ìso kai ta Ωαα′

LL′ (q) eÐnai
sunart seic thc suqnìthtac. 'Omwc ta Tα

LL′ exart¸ntai mìno apì tic idiìthtec tou enìc
skedast , en¸ ta Ωαα′

LL′ (q) exart¸ntai mìno apì th gewmetrÐa kai ta onom�zoume stajerèc
dom c, uiojet¸ntac thn orologÐa thc mejìdou KKR [116, 117] sto prìblhma thc hlektro-
nik c dom c zwn¸n periodik¸n stere¸n. O upologismìc twn stajer¸n dom c, pou arkeÐ na
gÐnei mìno mÐa for� gia èna dedomèno plègma, apaiteÐ sun jwc th qr sh teqnik¸n �jroishc
kat� Ewald [118], diìti to plegmatikì �jroisma ston eujÔ q¸ro sugklÐnei sun jwc arg�.
ExaÐresh apoteloÔn peript¸seic ìpou den up�rqoun diadidìmena kÔmata sto mhtrikì ulikì,
ìpwc se mètalla k�tw apì th suqnìthta pl�smatoc   se eteropolik� ulik� entìc tou pola-
ritonikoÔ q�smatoc, opìte oi diadìtec Ωnn′

LL′ fjÐnoun ekjetik� me thn apìstash |Rn −Rn′ |
kai tìte protim�tai h apeujeÐac �jroish ston eujÔ q¸ro.

Tèloc, shmei¸noume ìti, par� to gegonìc ìti h Ex. (2.68) perilamb�nei pÐnakec �peirwn
diast�sewn, se pragmatikoÔc upologismoÔc sugklÐnei gr gora me tic diast�seic twn pin�kwn
kai arkeÐ na apokìyoume ton deÐkth thc stroform c, ℓ, se k�poia sqetik� mikr  tim , ℓmax.
Sto gegonìc autì ofeÐletai en mèrei kai h apotelesmatikìthta twn mejìdwn pollapl c
skèdashc.

2.3 Didi�stath periodik  dom 

Sto upìloipo thc diatrib c ja exet�soume domèc pou par�gontai strwmatik�, èstw kat� th
dieÔjunsh z. EÐte melet�me peperasmènec, eÐte �peirec kat� aut  th dieÔjunsh domèc, basikì
sustatikì eÐnai èna sÔnjeto plakÐdio to opoÐo apoteleÐtai, sth genik  perÐptwsh, apì omoio-
gen   /kai anomoiogen  plakÐdia apì mh allhlepikaluptìmenouc skedastèc, diatetagmènouc
periodik� se èna   perissìtera epÐpeda me thn Ðdia 2D periodikìthta, par�llhla sto epÐpedo
x−y. Aut  h periodikìthta diadramatÐzei kentrikì rìlo sthn ìlh gewmetrik  perigraf  twn
susthm�twn. Ac xekin soume apì thn perÐptwsh enìc kai mìno epipèdou, sth jèsh z = 0,
me ta kèntra twn skedast¸n stic plegmatikèc jèseic enìc dedomènou 2D plègmatoc pou
orÐzetai apì ta dianÔsmata

Rn = n1a1 + n2a2 , (2.71)

me n1, n2 = 0,±1,±2,±3, . . ., kai me a1, a2 ta jemeli¸dh dianÔsmata sto epÐpedo x − y.
OrÐzoume to antÐstoiqo 2D antÐstrofo plègma wc ex c:

g = m1b1 +m2b2 , (2.72)

me m1,m2 = 0,±1,±2,±3, . . ., kai me ta jemeli¸dh dianÔsmata tou antÐstrofou plègmatoc,
b1, b2, na orÐzontai apì tic

bi · aj = 2πδij , i, j = 1, 2 . (2.73)
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Epeid , ìpwc eÐpame, oi domèc pou melet�me parousi�zoun 2D periodikìthta k�jeta sth
dieÔjunsh z, eÐnai bolikì na gr�foume thn par�llhlh sto epÐpedo x − y sunist¸sa tou
kumatanÔsmatoc enìc epÐpedou prospÐptontoc kÔmatoc wc

q∥ = k∥ + g′ , (2.74)

ìpou k∥ h par�llhlh sto epÐpedo kai anhgmènh sthn epifaneiak  z¸nh Brillouin (EZB) su-
nist¸sa tou kumatanÔsmatoc, kai g′ k�poio kat�llhlo di�nusma tou antÐstrofou plègmatoc
(2.72). Shmei¸noume ìti, me b�sh tic Ex. (2.73) kai (2.74), exp(iq∥ ·Rn) = exp(ik∥ ·Rn).
Sthn pr�xh, èqontac dedomèno to q∥, mporeÐ kaneÐc me diadoqikèc afairèseic di�forwn dia-
nusm�twn tou antÐstrofou plègmatoc (xekin¸ntac apì aut� me to mikrìtero m koc kai pro-
qwr¸ntac se ìlo kai megalÔterou m kouc tètoia dianÔsmata) na brei kat�llhlo di�nusma
g′, ¸ste to q∥ − g′ na brÐsketai mèsa sthn EZB.

'Ena epÐpedo kÔma pou prospÐptei sthn parap�nw epÐpedh di�taxh gr�fetai, epilègontac
wc arq  twn suntetagmènwn to kèntro enìc aujaÐreta epilegmènou skedast , sth morf 

Ein(r) = [Ein]
s′

g′p′ exp(iK
s′
g′ · r) êp′(Ks′

g′) , (2.75)

me s′ = +(−) gia prìsptwsh apì arister� (dexi�) tou epipèdou twn skedast¸n. Lamb�nontac
upìyh thn Ex. (2.74) gr�foume

K±
g′ ≡ k∥ + g′ ±

[
q2 −

(
k∥ + g′)2]1/2 ẑ , (2.76)

ìpou q = ω
√
εµ/c to mètro tou kumatanÔsmatoc sto mèso pou perib�llei touc skedastèc.

Sthn Ex. (2.75), ta êp′ antistoiqoÔn sthn polik  (p′ = 1, pìlwsh TM)   thn azimoujiak 
(p′ = 2, pìlwsh TE) sunist¸sa tou pedÐou, oi opoÐec profan¸c eÐnai k�jetec sto Ks′

g′ . Me
ton Ðdio trìpo orÐzoume, gia dedomèna ω kai k∥, to kumat�nusma Ks

g kai ta antÐstoiqa êp
gia opoiod pote g. 'Otan (k∥ + g)2 > q2 to antÐstoiqo kÔma fjÐnei ekjetik� sta dexi� tou
epipèdou gia s = +, kai sta arister� gia s = −, kai ta antÐstoiqa monadiaÐa dianÔsmata êp
gÐnontai migadik�. Pr�gmati, ta êp orÐzontai se kartesianì sÔsthma suntetagmènwn wc

ê1(K
s
g) = cos θ cosϕ x̂+ cos θ sinϕ ŷ − sin θ ẑ ,

ê2(K
s
g) = − sinϕ x̂+ cosϕ ŷ ,

(2.77)

me θ kai ϕ na dhl¸noun tic gwniakèc metablhtèc tou Ks
g (bl. kai Sq. 1.1). Shmei¸noume

ìti h sunist¸sa z tou Ks
g, K

s
gz, eÐnai pragmatik  e�n (k∥ + g)2 < q2 kai migadik  e�n

(k∥+g)2 > q2. Sthn teleutaÐa perÐptwsh ta cos θ kai sin θ sthn Ex. (2.77) antikajÐstantai
apì ta Ks

gz/q kai
∣∣k∥ + g

∣∣ /q, antÐstoiqa, me sunèpeia to ê1 na gÐnetai migadikì.
Gia èna prospÐpton sto epÐpedo twn skedast¸n kÔma thc morf c (2.75), to skedazìmeno

kÔma ja gr�fetai wc �jroisma exerqìmenwn sfairik¸n kum�twn me kèntra tic jèseic Rn twn
skedast¸n tou epipèdou, to kajèna apì ta opoÐa ja diafèrei apì to skedazìmeno apì ton
kentrikì skedast  (Rn = 0) kÔma mìno kat� ton fasikì par�gonta exp(ik∥ ·Rn), exaitÐac
thc 2D periodikìthtac thc dom c. 'Etsi, gr�foume

Esc(r) =
∑
Rn

exp(ik∥ ·Rn)
∑
L

b+LHL(rn) , (2.78)
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ìpou rn = r−Rn. Shmei¸noume ìti exp(i[k∥+g] ·Rn) = exp(ik∥ ·Rn) lìgw thc Ex. (2.73).

Oi suntelestèc b+L , pou sqetÐzontai me to skedazìmeno apì ton kentrikì skedast  kÔma,
prosdiorÐzontai apì to olikì prospÐpton se autìn kÔma, to opoÐo sunÐstatai apì to prospÐ-
pton epÐpedo kÔma kai apì to �jroisma twn skedazìmenwn apì ìlouc touc �llouc skedastèc
tou epipèdou kum�twn, E

′
sc(r). Autì mporeÐ na brejeÐ apì to Esc(r) afair¸ntac apì thn Ex.

(2.78) ton ìro pou antistoiqeÐ sto Rn = 0. Apì thn �llh, to E
′
sc(r) mporeÐ na anaptuqjeÐ

se �jroisma sfairik¸n kum�twn me kèntro thn arq  twn suntetagmènwn

E
′
sc(r) =

∑
L

b
′
LJL(r) , (2.79)

me touc suntelestèc b
′
L na dÐnontai apì th sqèsh

b
′
L =

∑
L′

ΩLL′(k∥)b
+
L′ . (2.80)

Ta ΩLL′ den eÐnai tÐpote �llo par� o metasqhmatismìc Fourier 1 gia k = k∥ twn diadot¸n

Ωnn′
LL′ [Ex. (2.70)] pou, jumÐzoume, exart¸ntai apì th gewmetrÐa tou epipèdou [bl. Ex. (2.71)]

kai, mèsw tou q, apì th suqnìthta kai ta optik� qarakthristik� tou mèsou pou perib�llei
touc skedastèc, en¸ den exart¸ntai apì thn epilog  tou memonwmènou skedast . OrÐzontac

Zℓ′m′
ℓm (q,k∥) ≡

∑
Rn ̸=0

exp(ik∥ ·Rn)Gℓm;ℓ′m′(−Rn; q) , (2.81)

ton metasqhmatismì Fourier twn Gℓm;ℓ′m′(−Rn; q) [Ex. (2.51) me Rnn′ → −Rn], kai me th
bo jeia twn Ex. (2.57) kai (2.64), paÐrnoume gia ta mh mhdenik� stoiqeÐa tou Ω

ΩHℓm;Hℓ′m′(k∥) = ΩEℓm;Eℓ′m′(k∥) =
1

ψℓψℓ′

[
2α−m

ℓ α−m′

ℓ′ Zℓm−1
ℓ′m′−1(q,k∥)

+ mm′Zℓm
ℓ′m′(q,k∥) + 2αm

ℓ α
m′
ℓ′ Z

ℓm+1
ℓ′m′+1(q,k∥)

]
,

ΩHℓm;Eℓ′m′(k∥) = −ΩEℓm;Hℓ′m′(k∥) =
2ℓ+ 1

ψℓψℓ′

[
−2α−m′

ℓ′ γmℓ Z
ℓ−1m−1
ℓ′m′−1 (q,k∥)

+ m′ζmℓ Z
ℓ−1m
ℓ′m′ (q,k∥) + 2αm′

ℓ′ γ
−m
ℓ Zℓ−1m+1

ℓ′m′+1 (q,k∥)
]
,

(2.82)

me ta ψℓ, α
m
ℓ , γ

m
ℓ , ζmℓ na dÐnontai apì tic Ex. (1.63), (1.64), (2.60) kai (2.61), antÐstoiqa. O

upologismìc tou pÐnaka Ω an�getai ston upologismì tou pÐnaka Z, pou eÐnai mia posìthta
gnwst  apì th jewrÐa perÐjlashc hlektronÐwn qamhl c enèrgeiac (Low Energy Electron
Diffraction, LEED). O arijmhtikìc upologismìc tou gÐnetai me qr sh teqnik¸n Ewald [119,
120]   me apeujeÐac �jroish sto eujÔ plègma se peript¸seic pou aut  sugklÐnei gr gora
(bl. sqetik  suz thsh sthn teleutaÐa par�grafo tou Ed. 2.2). Epiplèon, h akìloujh
idiìthta twn Zℓ′m′

ℓm (q,k∥) [120]

Zℓ′m′
ℓm (q,k∥) = 0, ektìc an ℓ+m+ ℓ′ +m′ : �rtioc, (2.83)

1Apì thn Ex. (2.69), paraleÐpontac touc deÐktec α, α′, tautÐzontac to λ me to n afoÔ èqoume ènan
skedast  an� plegmatik  jèsh, kai antistoiq¸ntac to Rnn′ sto −Rn.
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dieukolÔnei akìmh perissìtero touc upologismoÔc. Apì thn Ex. (2.83) mporeÐ kaneÐc na
sun�gei antÐstoiqec idiìthtec gia ta stoiqeÐa tou pÐnaka Ω. An apod¸soume ston deÐkth P
tic akèraiec timèc 1 kai 2 antÐ gia ta sÔmbola E kai H, antÐstoiqa, prokÔptei

ΩPℓm;P ′ℓ′m′(k∥) = 0, ektìc an P + ℓ+m+ P ′ + ℓ′ +m′ : �rtioc, (2.84)

Oi suntelestèc b+L , pou perigr�foun to skedazìmeno apì ton skedast  sthn arq  twn
suntetagmènwn kÔma , dÐnontai apì tic

b+L =
∑
L′

TLL′

(
a0L′ + b

′
L′

)
. (2.85)

Oi suntelestèc sto dexiì mèloc thc Ex. (2.85) perigr�foun to olikì prospÐpton ston
kentrikì skedast  kÔma. Oi a0L prokÔptoun apì to prospÐpton epÐpedo kÔma (2.75) mèsw
thc Ex. (1.59), kai oi b

′
L apì to pedÐo pou orÐzetai sthn Ex. (2.79). Sundu�zontac tic Ex.

(2.80) kai (2.85), paÐrnoume

∑
L′

[
δLL′ −

∑
L′′

TLL′′ΩL′′L′(k∥)

]
b+L′ =

∑
L′

TLL′a0L′ . (2.86)

H Ex. (2.86) prosdiorÐzei touc suntelestèc b+L tou skedazìmenou apì to epÐpedo twn ske-
dast¸n kÔmatoc, Ex. (2.78), sunart sei twn suntelest¸n a0L tou prospÐptontoc. Me b�sh
thn Ex. (1.59) gr�foume touc a0L sth morf 

a0L = A0
L;p′(K

s′
g′) [Ein]

s′

g′p′ , (2.87)

me ta A0
L na dÐnontai apì tic Ex. (1.61) kai (1.62). ExaitÐac thc grammikìthtac twn Ex.

(2.86) oi suntelestèc b+L mporoÔn na grafoÔn sth morf 

b+L = B+
L;p′(K

s′
g′) [Ein]

s′

g′p′ , (2.88)

kai ètsi to sÔsthma twn (2.86) an�getai stic

∑
L′

[
δLL′ −

∑
L′′

TLL′′ΩL′′L′(k∥)

]
B+

L′;p′(K
s′
g′) =

∑
L′

TLL′A0
L′;p′(K

s′
g′) . (2.89)

JumÐzoume ìti oi s′, p′, kai g′ eÐnai par�metroi pou qarakthrÐzoun to prospÐpton kÔma.
Oi Ex. (2.89) apoteloÔn grammikì sÔsthma me �peiro pl joc exis¸sewn, to opoÐo sthn
pr�xh epilÔetai eis�gontac mia mègisth tim , ℓmax, gia th stroform  kai apokìptontac ìla
ta anaptÔgmata sthn anapar�stash twn sfairik¸n kum�twn mèqri aut  thn tim . 'Etsi,
h di�stash tou sust matoc gÐnetai 2ℓmax(ℓmax + 2). An epiplèon qrhsimopoi soume thn
idiìthta (2.84) twn ΩLL′ , h opoÐa isqÔei kai gia ta stoiqeÐa TLL′ sthn perÐptwsh skedast¸n
kulindrik c summetrÐac, to sÔsthma an�getai se dÔo anex�rthta sust mata

∑
o′

[
δoo′ −

∑
o′′

Too′′Ωo′′o′

]
B+

o′;p′(K
s′
g′) =

∑
o′

Too′A
0
o′;p′(K

s′
g′)



Kef�laio 2: H mèjodoc strwmatik c pollapl c skèdashc 41

∑
e′

[
δee′ −

∑
e′′

Tee′′Ωe′′e′

]
B+

e′;p′(K
s′
g′) =

∑
e′

Tee′A
0
e′;p′(K

s′
g′) , (2.90)

ìpou o deÐkthc o(e) arijmeÐ ta stoiqeÐa pÐnaka pou antistoiqoÔn se P+ℓ+m: perittì (�rtio)
akèraio upì thn ènnoia pou anafèrjhke parap�nw. H di�stash kajenìc apì ta epimèrouc
sust mata eÐnai ℓmax(ℓmax + 2).

To skedazìmeno kÔma, pou dÐnetai sthn Ex. (2.78) se morf  anaptÔgmatoc se dianusma-
tik� sfairik� kÔmata wc proc ta kèntra twn skedast¸n, mporeÐ me th bo jeia thc

∑
Rn

exp(ik∥ ·Rn)h
+
ℓ (qrn)Yℓm(r̂n) =

∑
g

2π(−i)ℓ

qA0K
+
gz
Yℓm(K̂s

g) exp
(
iKs

g · r
)

(2.91)

(bl. Par�rthma Zþ) na grafeÐ wc �jroisma epÐpedwn kum�twn me Ðdia ω kai k∥,

Es
sc(r) =

∑
gp

[Esc]
s
gp exp(iK

s
g · r)êp(Ks

g) , (2.92)

ìpou s = +(−) gia z > 0 (z < 0). Shmei¸noume ìti ta Ks
g sthn Ex. (2.92) èqoun thn

Ðdia suqnìthta ω kai to Ðdio k∥ me to prospÐpton kÔma. AntistoiqoÔn se perijl¸menec
dèsmec (diaforetik¸n dianusm�twn g) epÐpedwn kum�twn, me Ðdia ìmwc ω kai k∥. H Ex.
(2.92) ekfr�zei to skedazìmeno kÔma wc epallhlÐa enìc pl jouc apì perijl¸menec dèsmec
(Ks

g) apì tic opoÐec mìno ekeÐnec pou antistoiqoÔn se pragmatikì K
s
gz perigr�foun odeÔonta

kÔmata. Oi suntelestèc sthn parap�nw exÐswsh dÐnontai apì tic

[Esc]
s
gp =

∑
L

∆L;p(K
s
g)b

+
L , (2.93)

ìpou

∆Eℓm(Ks
g) =

2π (−i)ℓ

qA0K
+
gzψℓ

{
i
[
α−m
ℓ eiϕ Yℓm−1(K̂

s
g)− αm

ℓ e
−iϕ Yℓm+1(K̂

s
g)
]
ê1(K

s
g)

−
[
α−m
ℓ cos θ eiϕ Yℓm−1(K̂

s
g)−m sin θ Yℓm(K̂s

g)

+αm
ℓ cos θ e−iϕ Yℓm+1(K̂

s
g)
]
ê2(K

s
g)
}

=
2π(−i)ℓ

qA0K
+
gz

Xℓm(K̂s
g)× ê1(K

s
g) , (2.94)

∆Hℓm(Ks
g) =

2π (−i)ℓ

qA0K
+
gzψℓ

{[
α−m
ℓ cos θ eiϕ Yℓm−1(K̂

s
g)−m sin θ Yℓm(K̂s

g)

+αm
ℓ cos θ e−iϕ Yℓm+1(K̂

s
g)
]
ê1(K

s
g)

+i
[
α−m
ℓ eiϕ Yℓm−1(K̂

s
g)− αm

ℓ e
−iϕ Yℓm+1(K̂

s
g)
]
ê2(K

s
g)
}

=
2π (−i)ℓ

qA0K
+
gz

Xℓm(K̂s
g) , (2.95)
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me ta θ kai ϕ na dhl¸noun kat� ta sun jh tic gwniakèc metablhtèc tou Ks
g, en¸ A0 =

|a1 × a2| eÐnai h epif�neia thc jemeli¸douc kuyelÐdac tou plègmatoc pou perigr�fetai apì
thn Ex. (2.71). Sta K±

g to +(−) isqÔei gia z > 0 (z < 0), kai to K±
gz mporeÐ na eÐnai

pragmatikì   fantastikì. Sth deÔterh perÐptwsh to cos θ stic sun jeic ekfr�seic gia
tic Yℓm(K̂±

g ) antikajÐstatai apì to K±
gz/q. Ed¸ prèpei na tonÐsoume ìti, me b�sh tic Ex.

(2.88) kai (2.93), ta pl�th [Esc]
s
gp exart¸ntai apì to prospÐpton epÐpedo kÔma mèsw twn

suntelest¸n B+
L;p′(K

s′
g′). AutoÐ upologÐzontai apì thn Ex. (2.89), me ta A0

L;p′(K
s′
g′) na

dÐnontai apì tic Ex. (1.61) kai (1.62). JumÐzoume ìti o deÐkthc s′ = +(−) perigr�fei èna
epÐpedo kÔma pou prospÐptei sto epÐpedo twn skedast¸n apì arister� (dexi�).

Ac upojèsoume ìti èna epÐpedo kÔma thc morf c (2.75) prospÐptei sto epÐpedo twn
skedast¸n apì ta arister�. Tìte to dierqìmeno kÔma (prospÐpton + skedazìmeno), sta
dexi� tou epipèdou, gr�fetai sth morf 

E+
tr(r) =

∑
gp

[Etr]
+
gp exp(iK

+
g · r) êp(K+

g ), z > 0, (2.96)

me

[Etr]
+
gp = [Ein]

+
g′p′ δpp′δgg′ + [Esc]

+
gp = S++

gp;g′p′ [Ein]
+
g′p′ (2.97)

kai to anakl¸meno, sta arister� tou epipèdou, sth morf 

E−
rf(r) =

∑
gp

[Erf ]
−
gp exp(iK

−
g · r) êp(K−

g ), z < 0, (2.98)

me

[Erf ]
−
gp = [Esc]

−
gp = S−+

gp;g′p′ [Ein]
+
g′p′ , (2.99)

Oi sqèseic (2.97) kai (2.99) eÐnai sthn ousÐa sqèseic orismoÔ twn stoiqeÐwn pÐnaka S++
gp;g′p′ ,

S−+
gp;g′p′ pou perigr�foun th dièleush kai an�klash, antÐstoiqa, gia èna epÐpedo kÔma pou

prospÐptei sto epÐpedo apì ta arister�. UpologÐzontai apì tic Ex. (2.97) kai (2.99) qrh-
simopoi¸ntac thn (2.93) kai thn (2.88) gia s′ = +. Parìmoia orÐzoume ta stoiqeÐa S−−

gp;g′p′

tou pÐnaka dièleushc kai ta stoiqeÐa S+−
gp;g′p′ tou pÐnaka an�klashc gia èna epÐpedo kÔma pou

prospÐptei sto epÐpedo twn skedast¸n apì ta dexi� [b�zoume s′ = − stic Ex. (2.75) kai
(2.88)]. 'Etsi, èqoume telik�

Sss′
gp;g′p′ = δss′δpp′δgg′ +

∑
L

∆L;p(K
s
g)B

+
L;p′(K

s′
g′) . (2.100)

H fusik  diadikasÐa pou upodhl¸noun oi pÐnakec autoÐ parousi�zetai sqhmatik� sto Sq.
2.3. EÔkola mporeÐ na apodeiqjeÐ h sqèsh summetrÐac

S−s−s′

gp;g′p′ = (−1)p+p′ Sss′
gp;g′p′ . (2.101)

'Opwc anafèrame, basikì qarakthristikì thc mejìdou LMS eÐnai ìti oi domèc pou peri-
gr�fei oikodomoÔntai strwmatik�, kat� m koc thc dieÔjunshc z. Ta di�fora stoiqeÐa pou
apartÐzoun mia tètoia dom  (peperasmènh   �peirh) mporeÐ na eÐnai epÐpeda skedast¸n se
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Sq ma 2.3: PÐnakec dièleushc kai an�klashc gia èna epÐpedo skedast¸n.

omoiogenèc perib�llon mèso, epÐpedec diaqwristikèc epif�neiec metaxÔ diaforetik¸n omoio-
gen¸n mèswn,   omoiogen  plakÐdia. To kajèna apì aut� ta stoiqeÐa qarakthrÐzetai apì
touc dikoÔc tou pÐnakec skèdashc, touc opoÐouc sundu�zoume kat�llhla gia na perigr�youme
th skèdash apì th sÔnjeth strwmatik  dom . Gi' autì ton lìgo eÐnai bolikì na ekfr�soume
ta epÐpeda kÔmata sta arister� (dexi�) enìc epipèdou skedast¸n wc proc èna shmeÐo sta
arister� (dexi�) tou epipèdou pou orÐzetai apì to di�nusma jèshc Al (Ar) wc proc thn arq 
twn suntetagmènwn, kai apì to di�nusma −dl (dr) wc proc to kèntro tou epipèdou. 'Etsi, èna
kÔma sta arister� tou epipèdou ja gr�fetai sth morf 

∑
gpE

s
gp exp(iK

s
g · [r−Al]) êp(K

s
g)

kai èna kÔma sta dexi� tou epipèdou sth morf 
∑

gpE
s
gp exp(iK

s
g · [r−Ar]) êp(K

s
g).

Oi pÐnakec pou sundèoun to pl�toc tou prospÐptontoc me ta pl�th tou anakl¸menou
kai dierqìmenou kÔmatoc, an aut� ta kÔmata ekfrastoÔn se sqèsh me ta parap�nw topik�
shmeÐa anafor�c, prokÔptoun apeujeÐac apì touc antÐstoiqouc pÐnakec S. SumbolÐzontac
touc nèouc autoÔc pÐnakec me Q paÐrnoume

QI
gp;g′p′ = S++

gp;g′p′ exp(i[K
+
g · dr +K+

g′ · dl])

QII
gp;g′p′ = S+−

gp;g′p′ exp(i[K
+
g · dr −K−

g′ · dr])

QIII
gp;g′p′ = S−+

gp;g′p′ exp(−i[K
−
g · dl −K+

g′ · dl])

QIV
gp;g′p′ = S−−

gp;g′p′ exp(−i[K
−
g · dl +K−

g′ · dr]) .

(2.102)

H fusik  shmasÐa twn parap�nw pin�kwn eÐnai h Ðdia me aut  twn antÐstoiqwn pin�kwn S, kai
apì ed¸ kai sto ex c ja touc gr�foume se sumpag  morf  wc: QI, QII, QIII kai QIV. Aut 
h graf  uponoeÐ thn akìloujh allhlouqÐa sth deiktodìthsh twn stoiqeÐwn twn pin�kwn
aut¸n: g11, g12, g21, g22, . . .. O deÐkthc g jewrhtik� ekteÐnetai mèqri to �peiro, sthn
pr�xh ìmwc krat�me gmax to pl joc dianÔsmata tou antÐstrofou plègmatoc (aut� me to
mikrìtero mètro) opìte oi pÐnakec Q apoktoÔn diast�seic 2gmax × 2gmax.
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2.4 Omoiogenèc plakÐdio

Se realistikèc peript¸seic, oi di�forec domèc anaptÔssontai p�nw se èna upìstrwma, en¸
arketèc forèc paremb�llontai omoiogen  umènia. EÐnai loipìn aparaÐthto h mèjodoc LMS
na mporeÐ na perigr�yei, ektìc apì periodikèc domèc, kai omoiogen  plakÐdia wc stoiqeÐa miac
sÔnjethc dom c.

'Estw èna omoiogenèc plakÐdio, pou sumbolÐzetai wc mèso j = 2, p�qouc h, k�jeta ston
�xona z, metaxÔ dÔo diaforetik¸n mèswn, j = 1 sta arister� kai j = 3 sta dexi� tou. Oi
HM idiìthtec twn tri¸n mèswn kajorÐzontai, kat� ta gnwst�, apì tic sqetikèc dihlektrikèc
sunart seic, εj , kai magnhtikèc diaperatìthtec, µj . ExaitÐac thc summetrÐac metafor�c
par�llhla stic epif�neiec, to kumat�nusma enìc epÐpedou kÔmatoc sto mèso j gr�fetai sth
morf  q±

j = q∥ ± [(ω/c)2εjµj − q2
∥]
1/2 ẑ, me to +(−) na upodhl¸nei èna kÔma diadidìmeno

proc ta dexi� (arister�) kat� m koc thc dieÔjunshc z e�n (ω/c)2εjµj > q2
∥, kai èna kÔma

pou fjÐnei sta dexi� (arister�) e�n (ω/c)2εjµj < q2
∥. AnaptÔssoume ta kÔmata arister� apì

to plakÐdio wc proc to kèntro A1 = (0, 0, 0) sthn arister  epif�neia kai ta kÔmata dexi�
apì to plakÐdio wc proc to kèntro A3 = (0, 0, h) sth dexi� epif�neia. Mia diaqwristik 
epif�neia metaxÔ dÔo diaforetik¸n hmi�peirwn mèswn antimetwpÐzetai wc eidik  perÐptwsh
twn parap�nw, me h = 0 kai A1 = A3 = (0, 0, 0).

To hlektrikì pedÐo pou antistoiqeÐ se èna epÐpedo prospÐpton kÔma gr�fetai sth morf 

Ein(r) = [Ein]
s′

p′ exp(iq
+
j · [r−Aj ]) êp′ , (2.103)

me s′ = +, j = 1 na antistoiqeÐ se kÔma prospÐpton apì ta arister�, kai me s′ = −, j = 3
se kÔma prospÐpton apì ta dexi�. To dierqìmeno kÔma mporeÐ na grafeÐ sth morf 

Etr(r) = [Etr]
s
p exp(iq

+
j · [r−Aj ]) êp , (2.104)

me s = +, j = 3 gia prìsptwsh apì ta arister� kai s = −, j = 1 gia prìsptwsh apì ta
dexi�. Kat' analogÐa ja èqoume kai to anakl¸meno kÔma

Erf(r) = [Erf ]
s
p exp(iq

+
j · [r−A0]) êp , (2.105)

me s = −, j = 1 gia prìsptwsh apì ta arister� kai s = +, j = 3 gia prìsptwsh apì ta dexi�.
Ta pl�th twn kum�twn aut¸n sqetÐzontai me autì tou prospÐptontoc mèsw twn exis¸sewn
tou Fresnel (bl. Ed. 1.2), oi opoÐec, qrhsimopoi¸ntac ton sumbolismì thc mejìdou LMS,
gr�fontai

[Etr]
+
p = N++

p δpp′ [Ein]
+
p′ [Etr]

−
p = N−−

p δpp′ [Ein]
−
p′

[Erf ]
−
p = N−+

p δpp′ [Ein]
+
p′ [Erf ]

+
p = N+−

p δpp′ [Ein]
−
p′ ,

(2.106)

me

N++
p = t23(p)t12(p) exp(iq2zh)

[
1− exp(iq2zh)r21(p)r23(p)

]−1

N+−
p = r32(p) + t23(p)r21(p)t32(p) exp(iq2zh)

[
1− exp(iq2zh)r21(p)r23(p)

]−1

N−+
p = r12(p) + t21(p)r23(p)t12(p) exp(iq2zh)

[
1− exp(iq2zh)r21(p)r23(p)

]−1

N−−
p = t21(p)t32(p) exp(iq2zh)

[
1− exp(iq2zh)r21(p)r23(p)

]−1
,

(2.107)
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ìpou p = 1, 2 gia pìlwsh TM kai TE, antÐstoiqa, kai

tjj′(1) =
2qjz
√
εj′µj′

√
εj
µj

εj′qjz + εjqj′z
, tjj′(2) =

2qjzµj′

µj′qjz + µjqj′z

rjj′(1) =
εj′qjz − εjqj′z
εj′qjz + εjqj′z

, rjj′(2) =
µj′qjz − µjqj′z
µj′qjz + µjqj′z

.

(2.108)

Gia thn perigraf  sunjetìterwn dom¸n, stic opoÐec to omoiogenèc plakÐdio (  h dia-
qwristik  epif�neia) sundu�zontai me epÐpedo(a) skedast¸n kajorismènhc 2D periodikìth-
tac, eÐnai bolikì na gr�youme thn par�llhlh sunist¸sa tou kumatanÔsmatoc sth morf 
q∥ = k∥ + g, me g k�poio di�nusma tou antÐstrofou plègmatoc. EpÐshc, gia lìgouc pou
exhg same sto tèloc thc prohgoÔmenhc enìthtac, ta kÔmata sta arister� tou plakidÐou prè-
pei na ekfr�zontai wc proc to shmeÐo pou orÐzetai apì èna di�nusma −dl apì to A1 kai ta
kÔmata sta dexi� tou plakidÐou wc proc to shmeÐo pou orÐzetai apì èna di�nusma +dr apì
to A3 (bl. kai Sq. 2.3). 'Etsi, ta stoiqeÐa twn pin�kwn dièleushc kai an�klashc wc proc
aut� ta shmeÐa gr�fontai

QI
gp;g′p′ = δgg′δpp′N

++
p exp(i[K+

3g · dr +K+
1g′ · dl])

QII
gp;g′p′ = δgg′δpp′N

+−
p exp(i[K+

3g · dr +K−
3g′ · dr])

QIII
gp;g′p′ = δgg′δpp′N

−+
p exp(−i[K−

1g · dl −K+
1g′ · dl])

QIV
gp;g′p′ = δgg′δpp′N

−−
p exp(−i[K−

1g · dl +K−
3g′ · dr]) ,

(2.109)

me K±
jg = k∥ + g ± [(ω/c)2εjµj − (k∥ + g)2]1/2ẑ.

2.5 SÔnjeto plakÐdio

'Ena sÔnjeto plakÐdio apoteleÐtai apì peperasmèno pl joc stoiqeÐwn, ìpou to k�je stoiqeÐo
mporeÐ na eÐnai èna epÐpedo apì skedastèc (Ed. 2.3),   mia epÐpedh diaqwristik  epif�neia
  omoiogenèc plakÐdio (Ed. 2.4). JumÐzoume ìti an dÔo diadoqik� epÐpeda brÐskontai se
diaforetik� perib�llonta mèsa, pou diaqwrÐzontai me epÐpedh epif�neia, tìte aut  ja prèpei
na jewrhjeÐ xeqwrist� san èna epiplèon stoiqeÐo pou ja prokalèsei sked�seic. Oi pÐnakec
dièleushc kai an�klashc, Q, gia èna zeug�ri apì diadoqik� stoiqeÐa, èstw �1� kai �2�, upolo-
gÐzontai sundu�zontac touc pÐnakec Q(1) kai Q(2) twn dÔo stoiqeÐwn, ìpwc faÐnetai sto Sq.
2.4. Ed¸ prèpei na tonÐsoume ìti, an kai h epilog  twn dl kai dr gia to k�je stoiqeÐo eÐnai wc
ènan bajmì aujaÐreth, prèpei na eÐnai tètoia ¸ste to shmeÐo wc proc to opoÐo anaptÔssontai
ta kÔmata metaxÔ twn diadoqik¸n stoiqeÐwn na eÐnai koinì, dhlad  Ar(1) = Al(2). EÔko-
la apodeiknÔetai, lamb�nontac upìyh ìlec tic pollaplèc sked�seic kai ajroÐzontac �peirec
seirèc, ìti [81]

QI = QI(2)
[
I−QII(1)QIII(2)

]−1
QI(1)

QII = QII(2) +QI(2)QII(1)
[
I−QIII(2)QII(1)

]−1
QIV(2)

QIII = QIII(1) +QIV(1)QIII(2)
[
I−QII(1)QIII(2)

]−1
QI(1)

QIV = QIV(1)
[
I−QIII(2)QII(1)

]−1
QIV(2) .

(2.110)
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'Oloi oi pÐnakec anafèrontai bèbaia sta Ðdia ω kai k∥. UpenjumÐzoume ìti ta kÔmata sta
arister� kai ta dexi� tou zeÔgouc twn stoiqeÐwn anaptÔssontai wc proc to shmeÐo pou
orÐzei to di�nusma jèshc −dl = dl(1) apì to kèntro tou aristeroÔ stoiqeÐou kai dr = dr(2)
apì to kèntro tou dexioÔ stoiqeÐou, antÐstoiqa. H Ðdia diadikasÐa mporeÐ profan¸c na
qrhsimopoihjeÐ gia ton upologismì twn pin�kwn dièleushc kai an�klashc apì trÐa diadoqik�
stoiqeÐa, sundu�zontac touc pÐnakec tou zeÔgouc twn dÔo stoiqeÐwn me autoÔc tou trÐtou.
Me autì ton trìpo mporoÔme na broÔme touc pÐnakec skèdashc enìc sÔnjetou plakidÐou pou
apoteleÐtai apì opoiond pote (peperasmèno) arijmì stoiqeÐwn.

Sq ma 2.4: Upologismìc twn pin�kwn Q enìc sÔnjetou plakidÐou apì autoÔc twn memonw-
mènwn stoiqeÐwn tou.

Gia èna peperasmèno plakÐdio fwtonikoÔ krust�llou pou oikodomeÐtai me epan�lhyh me-
g�lou arijmoÔ panomoiìtupwn sÔnjetwn monadiaÐwn plakidÐwn mporeÐ na qrhsimopoihjeÐ mia
teqnik  diadoqikoÔ diplasiasmoÔ tou megèjouc tou sust matoc, pou epitrèpei ton gr go-
ro kai apotelesmatikì upologismì twn pin�kwn skèdashc pou qarakthrÐzoun to sunolikì
sÔsthma. Ac upojèsoume ìti èqoume 2M (M = 0, 1, 2, . . .) diadoqik� monadiaÐa plakÐdia.
'Eqontac upologÐsei touc pÐnakec Q tou enìc monadiaÐou plakidÐou, oi antÐstoiqoi pÐnakec
gia èna zeug�ri diadoqik¸n tètoiwn plakidÐwn upologÐzontai me ton trìpo pou perigr�foun
oi Ex. (2.110). Sth sunèqeia, qrhsimopoi¸ntac wc mon�dec touc pÐnakec Q tou zeugarioÔ,
upologÐzontai oi pÐnakec Q gia tèssera diadoqik� monadiaÐa plakÐdia, kai ètsi, diplasi�zon-
tac to pl joc twn monadiaÐwn plakidÐwn se k�je st�dio, prokÔptoun telik� oi pÐnakec Q
gia ìlo to plakÐdio tou krust�llou. An autì to plakÐdio eÐnai embaptismèno se diaforetikì
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omoiogenèc mèso, qwrÐc aporrìfhsh, h skèdash sthn arister  kai dexi� epif�neia lamb�netai
upìyh jewr¸ntac tic epif�neiec autèc wc epiprìsjeta stoiqeÐa skèdashc. AxÐzei na shmeiw-
jeÐ ìti to (hmi�peiro) mèso sta arister� tou plakidÐou tou krust�llou mporeÐ na diafèrei
apì autì sta dexi� tou.

SunoyÐzontac, gia èna epÐpedo kÔma [Ein]
+
g′p′ exp(iK

+
(L)g′ · [r − AL]) êp′(K

+
(L)g′), pou

prospÐptei apì ta arister� enìc (sÔnjetou) plakidÐou, brÐskoume to anakl¸meno kÔma∑
gp [Erf ]

−
gp exp(iK

−
(L)g · [r − AL]) êp(K

−
(L)g) sta arister� tou plakidÐou, kai to dierqì-

meno
∑

gp [Etr]
+
gp exp(iK

+
(R)g · [r − AR]) êp(K

+
(R)g) sta dexi� tou, me touc deÐktec (L) kai

(R) na dhl¸noun posìthtec pou anafèrontai sta hmi�peira mèsa sta arister� kai dexi� tou
plakidÐou, antÐstoiqa. ToAL (AR) eÐnai to kat�llhlo shmeÐo anafor�c sta arister� (dexi�)
tou plakidÐou. 'Eqoume

[Erf ]
−
gp = QIII

gp;g′p′ [Ein]
+
g′p′ (2.111)

[Etr]
+
gp = QI

gp;g′p′ [Ein]
+
g′p′ , (2.112)

ìpou o pÐnakac Q perigr�fei ìlo to plakÐdio, sumperilamb�nontac kai tic exwterikèc tou
epif�neiec, an up�rqoun.

'Eqontac upologÐsei to dierqìmeno kÔma, Ex. (2.112), kai to anakl¸meno kÔma, Ex.
(2.112), gia to dedomèno prospÐpton kÔma, mporoÔme na broÔme touc suntelestèc dièleushc,
T , kai an�klashc, R, gia to (peperasmèno) plakÐdio tou krust�llou. O suntelest c T
(R) orÐzetai wc to phlÐko thc ro c tou dierqìmenou (anakl¸menou) kÔmatoc proc th ro 
tou prospÐptontoc kÔmatoc. Oloklhr¸nontac to di�nusma Poynting p�nw se ìlo to epÐpedo
x − y (sthn pr�xh arkeÐ h olokl rwsh na gÐnei sthn epif�neia thc monadiaÐac kuyelÐdac)
sthn kat�llhlh k�je for� pleur� tou plakidÐou, kai lamb�nontac th qronik  mèsh tim  gia
mia perÐodo T = 2π/ω, èqoume

T =

∑
gp [Etr]

+
gp

(
[Etr]

+
gp

)∗
K+

(R)gz

[Ein]
+
g′p′

(
[Ein]

+
g′p′

)∗
K+

(L)g′z

µL
µR

(2.113)

R =

∑
gp [Erf ]

−
gp

(
[Erf ]

−
gp

)∗
K+

(L)gz

[Ein]
+
g′p′

(
[Ein]

+
g′p′

)∗
K+

(L)g′z

, (2.114)

ìpou to sÔmbolo ∗ dhl¸nei, kat� ta gnwst�, migadik  suzugÐa. Sthn perÐptwsh pou se
opoiod pote str¸ma tou plakidÐou èqoume ap¸leiec lìgw aporrìfhshc, o suntelest c a-
porrìfhshc, A, tou plakidÐou, ja prosdiorÐzetai apì thn apaÐthsh diat rhshc thc enèrgeiac,

A = 1− T −R . (2.115)

Tèloc, o suntelest c apìsbeshc tou plakidÐou orÐzetai wc o arnhtikìc fusikìc log�rijmoc
tou suntelest  dièleushc, − ln T .

O pÐnakac S orÐzetai en gènei sth jewrÐa skèdashc wc o pÐnakac pou metasqhmatÐzei to
eiserqìmeno pedÐo sto exerqìmeno kai, gia to sÔnjeto plakÐdio, sthn anapar�stash epÐpedwn
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kum�twn, dÐnetai apì tic sqèseic

S++
gp;g′p′ = exp(−i[K+

(R)g ·AR −K+
(L)g′ ·AL]) Q

I
gp;g′p′

S+−
gp;g′p′ = exp(−i[K+

(R)g ·AR −K−
(R)g′ ·AR]) Q

II
gp;g′p′

S−+
gp;g′p′ = exp(−i[K−

(L)g ·AL −K+
(L)g′ ·AL]) Q

III
gp;g′p′

S−−
gp;g′p′ = exp(−i[K−

(L)g ·AL −K−
(R)g′ ·AR]) Q

IV
gp;g′p′ ,

(2.116)

gia dedomèna ω kai k∥. Oi fasikoÐ par�gontec stic Ex. (2.116) proèrqontai apì to gegonìc
ìti ìla ta kÔmata prèpei na anafèrontai sthn Ðdia koin  arq  suntetagmènwn. H diat rhsh
thc ro c upagoreÔei o S na eÐnai monadiakìc, en¸ h arq  thc aitiìthtac epib�llei oi idiotimèc
tou S na eÐnai analutikèc sunart seic sto �nw migadikì hmiepÐpedo twn suqnot twn [121].
MporoÔn ìmwc na up�rqoun pìloi sto k�tw hmiepÐpedo, sta shmeÐa ωi− iγi, γi ≥ 0, ìpou ωi

eÐnai h idiosuqnìthta kai γi o antÐstrofoc qrìnoc zw c thc antÐstoiqhc kat�stashc. Tètoioi
pìloi, me γi ≪ ωi, antistoiqoÔn se katast�seic suntonismoÔ kai èqoun idiaÐtero fusikì en-
diafèron. Oi idiosuqnìthtec endeqìmenwn dèsmiwn katast�sewn upologÐzontai xeqwrist�,
apì th sunj kh Ôparxhc entopismènou pedÐou qwrÐc exwterik  diègersh. QwrÐzontac to sÔn-
jeto plakÐdio se èna aristerì (L) kai èna dexiì (R) komm�ti, wc proc thn perioq  entopismoÔ,
h sunj kh aut  mac odhgeÐ sthn katastatik  exÐswsh

det
[
I−QII(L)QIII(R)

]
= 0 . (2.117)

2.6 Migadik  fwtonik  dom  zwn¸n �peirou krust�llou

'Enac �peiroc 3D krÔstalloc oikodomeÐtai wc allhlouqÐa panomoiìtupwn monadiaÐwn plaki-
dÐwn, par�llhlwn sto epÐpedo x − y, pou ekteÐnontai se ìlo ton q¸ro (apì z → −∞ èwc
z → +∞) (Sq. 2.5). An h Ex. (2.71) perigr�fei to 2D plègma tou monadiaÐou plakidÐou,
kai to a3 eÐnai to di�nusma pou mac metafèrei apì èna shmeÐo tou N -ostoÔ plakidÐou se èna
isodÔnamo shmeÐo sto (N + 1)-ostì monadiaÐo plakÐdio, tìte ta {a1,a2,a3} apoteloÔn èna
sÔnolo jemeliwd¸n dianusm�twn tou krust�llou.

Sthn perioq  metaxÔ tou N -ostoÔ kai tou (N +1)-ostoÔ monadiaÐou plakidÐou, to pedÐo,
me dedomèna ω kai k∥, èqei th morf 

E(r) =
∑
gp

{
E+

gp(N) exp(iK+
g · [r−Ar(N)]) êp(K

+
g )

+E−
gp(N) exp(iK−

g · [r−Ar(N)]) êp(K
−
g )
}
. (2.118)

Oi suntelestèc Es
gp(N) sqetÐzontai me touc Es

gp(N + 1) mèsw twn idiot twn skèdashc
tou monadiaÐou plakidÐou sÔmfwna me tic sqèseic

E−
gp(N) =

∑
g′p′

QIV
gp;g′p′E

−
g′p′(N + 1) +

∑
g′p′

QIII
gp;g′p′E

+
g′p′(N)

E+
gp(N + 1) =

∑
g′p′

QI
gp;g′p′E

+
g′p′(N) +

∑
g′p′

QII
gp;g′p′E

−
g′p′(N + 1) ,

(2.119)
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Sq ma 2.5: Oi pÐnakec Q gia mia (hmi)�peirh periodik  fwtonik  dom 

ìpou Q eÐnai oi pÐnakec dièleushc kai an�klashc tou monadiaÐou plakidÐou.
'Ena genikeumèno kÔma Bloch orÐzetai apì thn idiìthta

Es
gp(N + 1) = exp(ik · a3) Es

gp(N) , (2.120)

ìpou

k = (k∥, kz(ω;k∥)) . (2.121)

Me dedomèno to k∥, to kz eÐnai mia en gènei migadik  sun�rthsh tou ω, pou prosdiorÐzetai
wc ex c: Antikajist¸ntac thn Ex. (2.120) sto aristerì mèloc twn (2.119) paÐrnoume(

QI QII

0 I

)(
E+(N)

E−(N + 1)

)
= exp(ik · a3)

(
I 0

QIII QIV

)(
E+(N)

E−(N + 1)

)
, (2.122)

ki efìson (
I 0

QIII QIV

)−1

=

(
I 0

−
[
QIV

]−1
QIII

[
QIV

]−1

)
(2.123)

prokÔptei (
QI QII

−
[
QIV

]−1
QIIIQI

[
QIV

]−1 [
I−QIIIQII

] )( E+(N)
E−(N + 1)

)
= exp(ik · a3)

(
E+(N)

E−(N + 1)

)
, (2.124)

h opoÐa sunist� èna prìblhma idiotim¸n. Sthn Ex. (2.124), o pr¸toc ìroc apoteleÐ ton pÐna-
ka skèdashc, S, tou �peirou krust�llou. H antÐstoiqh exÐswsh gia th skèdash hlektronÐwn
apì atomik� epÐpeda diatup¸jhke apì ton McRae [122,123]. Ta E± eÐnai pÐnakec-st lec me
pl joc stoiqeÐwn 2gmax. O parap�nw orismìc twn E± upodhl¸nei kai ton trìpo deikto-
dìthshc twn stoiqeÐwn, pou eÐnai o Ðdioc me autìn pou qrhsimopoieÐtai gia touc pÐnakec Q
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(Ed. 2.3). Gia dedomèno ω kai k∥ upologÐzontai 4gmax to pl joc timèc tou kz apì tic i-
diotimèc [grammènec sth morf  exp(ik · a3)] tou pÐnaka S, diast�sewn 4gmax × 4gmax. Oi
timèc kz(ω;k∥) pou prokÔptoun me autì ton trìpo, gia pragmatikì ω kai dedomèno k∥, o-
rÐzoun 4gmax kampÔlec diaspor�c ston q¸ro tou migadikoÔ kz, pou ìlec mazÐ sunistoÔn
th migadik  fwtonik  dom  zwn¸n tou �peirou krust�llou pou sqetÐzetai me to dedomèno
krustallografikì epÐpedo.

Sq ma 2.6: Oi anhgmènec z¸nec ston q¸ro twn k pou antistoiqoÔn sta krustallografik�
epÐpeda (001) kai (111) tou plègmatoc fcc (arister�) kai oi antÐstoiqec EZB (dexi�). Gia
lìgouc sÔgkrishc parousi�zetai kai h sumbatik  ZB tou fcc (skiasmènec perioqèc arister�).
Oi skiasmènec perioqèc dexi� eÐnai ta mh anagwgÐsima tm mata twn antÐstoiqwn EZB.

S' autì to shmeÐo axÐzei na shmei¸soume ìti h dom  zwn¸n emfanÐzei periodikìthta pa-
r�llhla sto epÐpedo x − y, ìpwc prokÔptei apì thn Ex. (2.119). Pr�gmati, h antika-
t�stash tou k∥ me to k∥ + g metonom�zei touc suntelestèc qwrÐc na all�zei th morf 
thc kumatosun�rthshc. Epiplèon, epeid  oi idiotimèc thc Ex. (2.124) eÐnai thc morf c
exp(ik · a3), timèc tou kz pou diafèroun kat� akèraio pollapl�sio tou 2π/a3z antistoi-
qoÔn sto Ðdio kÔma Bloch, me sunèpeia na èqoume periodikìthta sth dom  twn zwn¸n k�-
jeta sto epÐpedo x − y. MporoÔme kat� sunèpeia na epilèxoume thn anhgmènh z¸nh tou
k ston antÐstrofo q¸ro wc ex c: (k∥,Rekz) me to k∥ = (kx, ky) na ekteÐnetai se ìlh thn
EZB tou dedomènou krustallografikoÔ epipèdou, kai me − |b3| /2 < Rekz ≤ |b3| /2, ìpou
b3 ≡ 2π (a1 × a2)/[a1 · (a2 × a3)] = 2π/a3z ẑ, en¸ |a1| ≡ a0 (bl. Sq. 2.6). Ed¸ axÐzei
na shmeiwjeÐ ìti ìtan up�rqei epÐpedo katoptrik c summetrÐac pou sqetÐzetai me thn upì
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melèth krustallografik  epif�neia, oi lÔseic (kÔmata Bloch) thc Ex. (2.124) emfanÐzontai
se zeÔgh: kz(ω;k∥) kai −kz(ω;k∥). Mia kampÔlh diaspor�c me dedomèno k∥ mporeÐ na eÐnai
pragmatik  (me thn ènnoia ìti to kz eÐnai pragmatikì) se k�poiec perioqèc suqnot twn, kai
migadik  (me thn ènnoia ìti to kz eÐnai migadikì) gia ω ektìc twn perioq¸n aut¸n. ProkÔptei
ìti gia dedomèna ω kai k∥, kamÐa,   sthn kalÔterh perÐptwsh lÐgec apì tic 4gmax idiotimèc
thc Ex. (2.124) dÐnoun pragmatikì kz(ω;k∥) kai oi katast�seic pou antistoiqoÔn se autèc
eÐnai diadidìmenec katast�seic Bloch ston sugkekrimèno �peiro krÔstallo. Oi upìloipec
idiotimèc thc (2.124) dÐnoun migadikì kz(ω;k∥) kai ta kÔmata pou antistoiqoÔn se autèc eÐnai
fjÐnonta, me pl�toc pou fjÐnei ekjetik� sth jetik    arnhtik  dieÔjunsh tou z. Se antÐjesh
me ta diadidìmena kÔmata, ta fjÐnonta kÔmata den èqoun fusik  upìstash ston �peiro krÔ-
stallo; apoteloÔn ìmwc anapìspasto komm�ti twn fusik¸n lÔsewn tou HM pedÐou se ènan
hmi�peiro krÔstallo (pou ekteÐnetai apì to z = 0 mèqri to z → ∞)   se èna peperasmèno
plakÐdio tou krust�llou. Gia par�deigma, h apìsbesh enìc kÔmatoc me dedomèno k∥, pou
prospÐptei se plakÐdio tou krust�llou p�qouc D, me suqnìthta mèsa se perioq  ìpou den
up�rqoun diadidìmenec lÔseic gia to dedomèno k∥, prosdiorÐzetai apì to fjÐnon kÔma pou
antistoiqeÐ sto kz me to mikrìtero kat� mètro fantastikì mèroc, qI. Me �lla lìgia, to
pl�toc tou kÔmatoc eÐnai an�logo tou exp(−qID).

H pl rhc eikìna gia th sunhjismènh dom  zwn¸n suqnot twn apaiteÐ th gn¸sh twn
kampul¸n diaspor�c me pragmatikì kz gia k�je tim  tou k∥ sto mh anagwgÐsimo tm ma thc
EZB; sto upìloipo mèroc thc EZB oi kampÔlec diaspor�c prosdiorÐzontai me epiqeir mata
summetrÐac. Oi kampÔlec diaspor�c pou brÐskoume me autì ton trìpo mporoÔn p�nta na
susqetistoÔn me autèc pou prosdiorÐzontai sth sunhjismènh ZB (bl. Sq. 2.6). K�ti tètoio
ìmwc den eÐnai aparaÐthto, afoÔ h fusik  ermhneÐa twn apotelesm�twn eÐnai Ðdia kai stic dÔo
perigrafèc. Epiplèon, o trìpoc parousÐashc thc dom c zwn¸n pou anaptÔxame sto parìn
ed�fio parousi�zei saf  pleonekt mata sthn an�lush peiram�twn dièleushc, sta opoÐa h
sunist¸sa k∥ eÐnai to mègejoc pou diathreÐtai. Mia perioq  suqnot twn sthn opoÐa den
up�rqoun diadidìmena kÔmata gia to dedomèno k∥ sunist� èna q�sma suqnot twn gia autì
to k∥. E�n se mia perioq  suqnot twn den up�rqoun diadidìmena kÔmata gia k�je tim  tou
k∥, tìte h perioq  aut  qarakthrÐzetai wc apìluto q�sma suqnot twn.

2.7 Hmi�peiroc krÔstalloc

Sto prohgoÔmeno ed�fio axiopoi same ton pÐnaka skèdashc, S, o opoÐoc sundèei to skeda-
zìmeno me to prospÐpton kÔma se ènan �peiro krÔstallo kai orÐzetai mèsw twn Ex. (2.119).
Oi sqèseic autèc mporoÔn na xanagrafoÔn sth morf 
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∑
g′p′

QI
gp;g′p′E

+
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(2.125)
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apì thn opoÐa prokÔptei o pÐnakac metafor�c, M, pou sundèei ta pedÐa sta arister� kai ta
dexi� enìc epipèdou tou krust�llou [40](

E+(N + 1)
E−(N + 1)

)
=

(
QI −QII

[
QIV

]−1
QIII QII

[
QIV

]−1

−
[
QIV

]−1
QIII

[
QIV

]−1

)(
E+(N)
E−(N)

)
. (2.126)

Qrhsimopoi¸ntac to je¸rhma Bloch, Ex. (2.120), odhgoÔmaste se èna prìblhma idiotim¸n
gia ton pÐnaka M, antÐstoiqo me autì thc Ex. (2.124)(

QI −QII
[
QIV

]−1
QIII QII

[
QIV

]−1

−
[
QIV

]−1
QIII

[
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)(
E+(N)
E−(N)

)
= exp(ik · a3)

(
E+(N)
E−(N)

)
.

(2.127)

O pÐnakac an�klashc tou hmi�peirou krust�llou, gia dedomèna ω kai k∥, mporeÐ na
upologisteÐ apì ta idiodianÔsmata, f , tou pÐnaka M, wc ex c: Oi idiokatast�seic Bloch
katat�ssontai arqik� an�loga me to an diadÐdontai (  fjÐnoun) kat� th jetik    arnhtik 
dieÔjunsh tou �xona z. Aut  h kat�taxh gÐnetai �mesa gia ta fjÐnonta kÔmata, sÔmfwna
me to prìshmo tou Imkz. Gia ta diadidìmena kÔmata (Imkz = 0) exet�zetai h dieÔjunsh thc
ro c enèrgeiac, h opoÐa prosdiorÐzetai apì thn posìthta [124]

EV =
∑
gp

(k∥+g)
2
<q2

(∣∣f+gp∣∣2 − ∣∣f−gp∣∣2)− 2Im
∑
gp

(k∥+g)
2
>q2

f+gp
[
f−gp
]∗

, (2.128)

ìpou fsgp eÐnai ta stoiqeÐa tou ek�stote idiodianÔsmatoc. 'Opwc anafèrame sta prohgoÔmena
ed�fia, sthn pr�xh krat�me ènan peperasmèno arijmì, gmax, dianusm�twn tou antÐstrofou
plègmatoc (aut� me to mikrìtero mègejoc), opìte paÐrnoume 4gmax idiotimèc kai antÐstoiqa
idiodianÔsmata. Ta mis� antistoiqoÔn se katast�seic diadidìmenec kat� th jetik  dieÔjunsh
(z > 0) kai ta �lla mis� se katast�seic diadidìmenec kat� thn arnhtik  dieÔjunsh (z < 0),
wc apotèlesma thc summetrÐac qronik c antistrof c. OrÐzoume ènan pÐnaka idiodianusm�twn,
F, di�stashc 4gmax×4gmax, wc ex c: Oi pr¸tec 2gmax st lec tou perièqoun ta idiodianÔsma-
ta pou antistoiqoÔn se jetik� diadidìmenec katast�seic (+) kai oi epìmenec 2gmax st lec
perièqoun ta idiodianÔsmata pou antistoiqoÔn se arnhtik� diadidìmenec katast�seic (−). O
pÐnakac autìc èqei mia apl  fusik  shmasÐa: Prob�llei ton q¸ro twn jetik� kai arnhtik�
diadidìmenwn idiokatast�sewn Bloch, V+ kai V−, antÐstoiqa, sthn arqik  b�sh epÐpedwn
kum�twn, dhlad  (

E+(0)
E−(0)

)
=

(
F++ F+−

F−+ F−−

)(
V+

V−

)
. (2.129)

Ex orismoÔ, k�je idiokat�stash diadÐdetai ston krÔstallo qwrÐc na all�zei kat�stash kai,
apì thn �llh, gia ènan hmi�peiro krÔstallo den up�rqei pÐsw epif�neia gia na anakl�sei tic
jetik� diadidìmenec katast�seic Bloch. Sunep¸c, h kat�llhlh sunoriak  sunj kh gia th
skèdash HM aktinobolÐac pou prospÐptei se ènan hmi�peiro fwtonikì krÔstallo apì èna
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hmi�peiro omoiogenèc mèso eÐnai V− = 0 [125]. Aut  h sunj kh, ìtan efarmosteÐ sthn Ex.
(2.129), odhgeÐ sthn

E+(0) = F++V+

E−(0) = F−+V+ ,
(2.130)

kai kat� sunèpeia,
E−(0) = F−+

[
F++

]−1
E+(0) ≡ R∞E+(0) , (2.131)

pou orÐzei ton pÐnaka an�klashc, R∞, enìc hmi�peirou fwtonikoÔ krust�llou. O suntele-
st c an�klashc tou hmi�peirou krust�llou, R∞, upologÐzetai mèsw tou pÐnaka R∞ kat'
analogÐa me thn Ex. (2.114).

Me b�sh ton pÐnaka metafor�c mporeÐ kaneÐc epÐshc na anazht sei epifaneiakèc katast�-
seic, entopismènec sth diepif�neia metaxÔ enìc hmi�peirou omoiogenoÔc mèsou (sta arister�)
kai enìc hmi�peirou fwtonikoÔ krust�llou (sta dexi�). H sunj kh Ôparxhc tètoiwn epifa-
neiak¸n katast�sewn eÐnai h Ôparxh exerqìmenwn kum�twn apousÐa prospÐptontoc kÔmatoc.
Autì shmaÐnei ìti sto sÔsthma (2.130) ja prèpei na up�rqoun exerqìmenec katast�seic Blo-
ch, V+ ̸= 0, gia mhdenikì eiserqìmeno pedÐo, E+(0) = 0. Tìte h pr¸th twn Ex. (2.130)
gÐnetai [99]

F++V+ = E+(0) = 0 , (2.132)

pou ikanopoieÐtai ìtan
det
[
F++

]
= 0 . (2.133)

2.8 Epif�neiec stajer c suqnìthtac

Mia endiafèrousa perigraf  twn optik¸n idiot twn enìc fwtonikoÔ krust�llou, h opoÐa
parèqei tic timèc tou kumatanÔsmatoc se k�je dunat  dieÔjunsh sthn anhgmènh z¸nh k se
mia sugkekrimènh suqnìthta kai, ìpwc perigr�yame sto Ed. 1.2, prosfèrei plhroforÐec
gia th diajlastik  sumperifor� tou krust�llou, dÐnetai apì tic epif�neiec stajer c su-
qnìthtac, ω(k) = staj.. Oi epif�neiec autèc eÐnai an�logec me tic gnwstèc apì th Fusik 
Stere�c Kat�stashc epif�neiec Fermi [126]. Sto Sq. 2.7 parousi�zoume mia tètoia epi-
f�neia stajer c suqnìthtac gia ènan fwtonikì krÔstallo plègmatoc fcc apì metallikoÔc
nanofloioÔc, ton opoÐo blèpoume wc epallhlÐa epipèdwn (111), sthn anhgmènh z¸nh k pou
sqetÐzetai me to epÐpedo (111) (bl. Sq. 2.6), gia mia qamhl  suqnìthta ìpou o krÔstalloc
mporeÐ se kal  prosèggish na jewrhjeÐ wc omoiogenèc kai isìtropo mèso. H epif�neia eÐnai
sqedìn sfairik , ìpwc anamènetai gia èna tètoio mèso; se èna omoiogenèc kai isìtropo mèso
oi epif�neiec stajer c suqnìthtac eÐnai sfairikèc, me aktÐna pou aux�netai ìso aux�netai h
suqnìthta, ìpwc prokÔptei apì th sqèsh diaspor�c ω = cq/

√
εµ.

H diajlastik  sumperifor� tou krust�llou mporeÐ na sunaqjeÐ apì tic epif�neiec staje-
r c suqnìthtac me thn akìloujh diadikasÐa. Katarq�c, lìgw thc summetrÐac thc epif�neiac
wc proc ton �xona z, mporoÔme, qwrÐc bl�bh thc genikìthtac, na periorÐsoume thn an�lush
se mia probol  thc epif�neiac se k�poio epÐpedo tou q¸rou k, èstw kx − kz, kai na melet -
soume thn prìsptwsh sthn x − y epif�neia tou krust�llou. Sto dexiì mèroc tou Sq. 2.7
parousi�zetai h probol  thc epif�neiac stajer c suqnìthtac tou krust�llou sto epÐpedo
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Sq ma 2.7: Arister�: Epif�neia stajer c suqnìthtac fwtonikoÔ krust�llou fcc apì metal-
likoÔc nanofloioÔc sthn anhgmènh z¸nh k pou antistoiqeÐ sto krustallografikì epÐpedo
(111) tou plègmatoc fcc (bl. Sq. 2.6), gia mia suqnìthta sthn opoÐa o krÔstalloc mporeÐ
na jewrhjeÐ se kal  prosèggish wc omoiogenèc kai isìtropo mèso. Dexi�: Diagr�mmata
kumatanusm�twn sto epÐpedo kx − kz (ky = 0) gia ton Ðdio krÔstallo. Sto aristerì di�-
gramma parousi�zetai h kampÔlh stajer c suqnìthtac ston aèra kai sto dexiì h antÐstoiqh
kampÔlh ston krÔstallo. H orizìntia diakekommènh gramm  parèqei th sunj kh diat rhshc
thc par�llhlhc sunist¸sac tou kumatanÔsmatoc sth diadikasÐa skèdashc. Ta suneq  bèlh
paristoÔn to prospÐpton (skoÔro gkri), anakl¸meno (anoiqtì gkri) kai diajl¸meno (maÔro)
kumat�nusma sta di�fora mèsa. Me diakekommèna bèlh k�jeta stic kampÔlec stajer c su-
qnìthtac deÐqnoume tic antÐstoiqec taqÔthtec om�doc. Ta lept� kìkkina bèlh antistoiqoÔn
se kumatanÔsmata kai taqÔthtec om�doc diajl¸menou kÔmatoc gia ta opoÐa h sunist¸sa kx
diathreÐtai all� parabi�zetai h aitiìthta. Sto perij¸rio parousi�zetai h eikìna an�klashc
kai di�jlashc ston pragmatikì q¸ro.

kx − kz, mazÐ me thn antÐstoiqh kampÔlh stajer c suqnìthtac tou perib�llontoc mèsou,
èstw tou aèra. Profan¸c h kampÔlh stajer c suqnìthtac tou aèra einai kÔkloc monadiaÐac
aktÐnac. Sto dexiì mèroc tou Sq. 2.7, me maÔro qr¸ma sumbolÐzontai ta tm mata ekeÐna thc
kampÔlhc stajer c suqnìthtac tou krust�llou pou antistoiqoÔn se kÔmata diadidìmena kai
ston aèra, en¸ me gkri qr¸ma sumbolÐzontai ta tm mata thc kampÔlhc pou antiproswpeÔoun
kÔmata fjÐnonta ston aèra. 'Otan èna kÔma prospÐptei apì ton aèra sthn epif�neia x − y
tou krust�llou, h par�llhlh sthn epif�neia sunist¸sa tou kumatanÔsmatoc (kx, èqontac
jewr sei ky = 0), diathreÐtai. H sunj kh aut  parèqetai sto Sq. 2.7 apì thn orizìntia
diakekommènh gramm . Oi tomèc aut c thc gramm c me thn kampÔlh stajer c suqnìthtac tou
aèra prosdiorÐzoun to kumat�nusma tou prospÐptontoc (kz > 0) kai anakl¸menou (kz < 0)
kÔmatoc. AntÐstoiqa, oi tomèc thc par�llhlhc gramm c me thn epif�neia stajer c suqnì-
thtac tou krust�llou parèqoun dÔo pijanèc epilogèc gia th diajl¸menh aktÐna. Gia na
kajoristeÐ poi� apì tic dÔo eÐnai h pragmatik  diajl¸menh aktÐna, prèpei na upologisteÐ
h dieÔjunsh thc taqÔthtac om�doc, vg = ∇kω(k). H taqÔthta om�doc kajorÐzei th ro 
enèrgeiac tou kÔmatoc; den eÐnai aparaÐthta par�llhlh me to kumat�nusma, eÐnai ìmwc ex
orismoÔ k�jeth sthn epif�neia stajer c suqnìthtac kai deÐqnei proc th for� aÔxhshc thc
suqnìthtac. Epiplèon, h ro  enèrgeiac thc diajl¸menhc aktÐnac ja prèpei na apomakrÔnetai
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apì th diepif�neia, proc to eswterikì tou krust�llou (arq  thc aitiìthtac) [87,89,90]. Me
ton trìpo autì katal goume ìti, sto Sq. 2.7, to kumat�nusma thc diajl¸menhc aktÐnac
eÐnai autì pou èqei jetik  kz (kai fusik� jetik  kx) sunist¸sa kai sumbolÐzetai me qon-
tr  maÔrh gramm . Sto perij¸rio tou Sq. 2.7 deÐqnoume kai thn antÐstoiqh eikìna ston
pragmatikì q¸ro, ìpou pr�gmati faÐnetai mia jetik� diajl¸menh aktÐna, me gwnÐa di�jlashc
lÐgo mikrìterh apì th gwnÐa prìsptwshc, ìpwc anamènetai gia èna mèso pou mporeÐ se kal 
prosèggish na jewrhjeÐ omoiogenèc kai isìtropo, me deÐkth di�jlashc lÐgo megalÔtero thc
mon�dac.
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Kef�laio 3

OmoiogenopoÐhsh periodik¸n fwtonik¸n dom¸n

'Opwc anafèrame sthn eisagwg , jemeli¸dec prìblhma sth melèth twn metaôlik¸n apoteleÐ
h omoiogenopoÐhsh miac periodik c dom c, h dunatìthta perigraf c thc dhlad  wc isodÔnamo
omoiogenèc mèso. H HM apìkrish fwtonik¸n krust�llwn kai optik¸n metaôlik¸n mporeÐ
na perigrafeÐ, en gènei, mèsw tanust¸n dihlektrik c sun�rthshc kai magnhtik c diapera-
tìthtac pou exart¸ntai apì th suqnìthta, ω, kai to kumat�nusma, q [127]. Mia tupik 
fwtonik  dom  apoteleÐtai sun jwc apì mia periodik  di�taxh skedast¸n se èna omoioge-
nèc perib�llon mèso [72, 73]. An to m koc kÔmatoc tou HM pedÐou einai polÔ megalÔtero
apì tic diast�seic twn skedast¸n kai tic apost�seic metaxÔ touc, eÐnai dunatì na mporeÐ
na efarmosteÐ mia prosèggish topikoÔ isodÔnamou mèsou, me isodÔnamec HM paramètrouc
pou mporeÐ na exart¸ntai apì th suqnìthta, all� eÐnai anex�rthtec apì to kumat�nusma.
Se ènan krÔstallo kubik c summetrÐac oi treic kÔrioi �xonec eÐnai fusik� isodÔnamoi. Kat�
sunèpeia perimènei kaneÐc o krÔstalloc na eÐnai isotropikìc (sto ìrio tou meg�lou m kouc
kÔmatoc), kai h optik  tou apìkrish na perigr�fetai apì bajmwt  dihlektrik  sun�rthsh
kai magnhtik  diaperatìthta, εeff(ω) kai µeff(ω), antÐstoiqa. Ta pr�gmata eÐnai profan¸c
diaforetik� gia krust�llouc qamhlìterhc summetrÐac, ìpou tanustikèc, kai ìqi bajmwtèc
isodÔnamec HM par�metroi eÐnai aparaÐthtec. Ta teleutaÐa qrìnia, to prìblhma thc omoio-
genopoÐhshc anisotropik¸n krust�llwn èqei anadeiqjeÐ wc basikì ereunhtikì antikeÐmeno,
mia kai poll� apì ta proteinìmena metaôlik� eÐnai anisotropik� [87�89,128�134].

Q�rh sthn aplìtht� touc, hmistatikèc jewrÐec isodÔnamou mèsou ìpwc oi jewrÐec Ma-
xwell - Garnett [42] kai Bruggeman [43], kaj¸c kai epekt�seic aut¸n gia uyhlìterec suqnì-
thtec [135], qrhsimopoioÔntai eurèwc gia thn omoiogenopoÐhsh fwtonik¸n dom¸n. Wstìso,
parìti tètoiec proseggÐseic eÐnai arket� akribeÐc gia k�poiec peript¸seic, suqn� apotugq�-
noun teleÐwc,   den mporoÔn kan na efarmostoÔn. Sqèseic kleistoÔ tÔpou gia thn isodÔnamh
dihlektrik  sun�rthsh fwtonik¸n krust�llwn sto ìrio tou meg�lou m kouc kÔmatoc èqoun
exaqjeÐ sta plaÐsia tou upologismoÔ fwtonik c dom c zwn¸n me th mèjodo epipèdwn kum�-
twn [35�37]. H prosèggish aut  mporeÐ na qeiristeÐ domèc me monadiaÐa kuyelÐda tuqaÐac
gewmetrÐac kai kat� sunèpeia na perigr�yei optik  anisotropÐa. Wstìso, upofèrei apì ta
sun jh meionekt mata twn mejìdwn epipèdwn kum�twn, ìpwc h arg  sÔgklish sthn perÐ-
ptwsh dom¸n me sqetik� uyhl  antÐjesh dihlektrik¸n sunart sewn, en¸ h epèktas  thc
pèra apì to hmistatikì ìrio den eÐnai eÔkolh. H optik  apìkrish enìc tuqaÐou periodikoÔ
plègmatoc skedast¸n, sth dipolik  prosèggish, mporeÐ na perigrafeÐ apì tanustèc isodÔ-
namhc dipolik c polwsimìthtac pou exart¸ntai apì th suqnìthta kai to kumat�nusma [136],
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oi opoÐoi, sto ìrio tou meg�lou m kouc kÔmatoc (hmistatikì ìrio), odhgoÔn se kat�llhlec
genikeÔseic thc exÐswshc Clausius - Mossotti [136, 137]. O upologismìc topik¸n isodÔ-
namwn HM paramètrwn gia plègmata hlektrik¸n kai magnhtik¸n dipìlwn èqei suzhthjeÐ
kai apì touc Simovski kai Tretyakov [138]. 'Allec mèjodoi pou èqoun protajeÐ eÐnai h o-
moiogenopoÐhsh dÔo bhm�twn, ìpou k�je sustatikì thc sÔnjethc dom c exomoi¸netai me
isodÔnamo mèso prin lhfjoÔn oi isodÔnamec par�metroi gia th sunolik  dom  wc mèsoc ìroc
twn omoiogenopoihmènwn sustatik¸n [38], mia mh grammik  mèjodoc pou axiopoieÐ ton pÐnaka
metafor�c [139], mia mèjodoc pou exomoi¸nei ta sustatik� thc sÔnjethc dom c me hlektrik�
reÔmata [140], kai mia mèjodoc pou basÐzetai se majhmatik  parembol  stic sunist¸sec tou
HM pedÐou [141]. Apì thn �llh, o Silveirinha anèptuxe mia genik , autosunep  mèjodo o-
moiogenopoÐhshc, pou mporeÐ na perigr�yei tuqaÐa mh magnhtik� metaôlik� mèsw mh topik¸n
isodÔnamwn paramètrwn [39, 142], en¸ prìsfata prot�jhke kai mia mèjodoc pou upologÐzei
tanustikèc isodÔnamec paramètrouc, en gènei exart¸menec apì to kumat�nusma, apì pr¸tec
arqèc [41]. Wstìso, prokeimènou na eÐnai pragmatik� qr simh se praktikèc efarmogèc, mia
mèjodoc omoiogenopoÐhshc ja prèpei na parèqei tanustèc isodÔnamwn HM paramètrwn pou
den exart¸ntai apì thn pìlwsh kai th dieÔjunsh di�doshc tou kÔmatoc [138]. Peraitèrw
prosp�jeiec se aut  thn kateÔjunsh èqoun pragmatopoihjeÐ ta teleutaÐa qrìnia [143�145].
Mia apì tic dhmofilèsterec mejìdouc wstìso, par� tic adunamÐec thc, eÐnai h mèjodoc antÐ-
strofhc skèdashc,   mèjodoc omoiogenopoÐhshc mèsw tou pÐnaka skèdashc S [44�47], kaj¸c
kai belti¸seic   genikeÔseic thc [146�149].

Ja xekin soume to kef�laio parousi�zontac thn apl  mèjodo omoiogenopoÐhshcMaxwell
- Garnett sthn perÐptwsh isotropik¸n kai anisotropik¸n susthm�twn. Sth sunèqeia ja pa-
rousi�soume th mèjodo omoiogenopoÐhshc peperasmènou plakidÐou mèsw antÐstrofhc skèda-
shc, sqoli�zontac tic adunamÐec thc, exhg¸ntac thn proèleush afÔsikwn dom¸n suntonismoÔ
stic isodÔnamec HM paramètrouc pou prokÔptoun, kai proteÐnontac trìpouc antimet¸pishc
twn problhm�twn aut¸n. Tèloc, ja parousi�soume mia nèa mèjodo omoiogenopoÐhshc pou
mporeÐ na perigr�yei exÐsou kal� isotropik� kai anisotropik� metaôlik�, basismènh sth mi-
gadik  fwtonik  dom  zwn¸n tou �peirou krust�llou kai ton suntelest  an�klashc sth
diepif�neia metaxÔ tou hmi�peirou krust�llou kai tou omoiogenoÔc perib�llontoc mèsou. H
mèjodoc aut  èqei to pleonèkthma ìti exet�zei thn apìkrish tou krust�llou gia prìsptwsh
upì opoiad pote gwnÐa, en¸ parèqei isqur� eswterik� krit ria gia ton èlegqo thc akrÐbeiac
twn upologismènwn isodÔnamwn HM paramètrwn [40].

Prokeimènou na parousi�soume tic mejìdouc omoiogenopoÐhshc me susthmatikì trìpo,
eÐnai aparaÐthto na exet�soume èna sugkekrimèno par�deigma. Ja jewr soume ènan �peiro
krÔstallo fcc apì metallikoÔc nanofloioÔc, kaj¸c kai peperasmèna plakÐdia autoÔ. H o-
ptik  apìkrish twn metallik¸n nanofloi¸n ja exetasteÐ diexodik� sto epìmeno kef�laio.
Gia tic an�gkec tou parìntoc kefalaÐou eÐnai arketì na anafèroume ìti prìkeitai gia sÔn-
jeta sfairik� metallodihlektrik� swmatÐdia, apoteloÔmena apì ènan dihlektrikì pur na,
aktÐnac S1, pou perigr�fetai apì dihlektrik  sun�rthsh ε1 kai magnhtik  diaperatìthta µ1,
kalummèno apì ènan metallikì floiì p�qouc C (ètsi ¸ste h sunolik  aktÐna tou sÔnjetou
swmatidÐou na eÐnai S = S1 + C) me dihlektrik  sun�rthsh ε2 kai magnhtik  diaperatìthta
µ2, ta opoÐa emfanÐzoun 2ℓ-polikoÔc suntonismoÔc hlektrikoÔ tÔpou lìgw diègershc pla-
smonik¸n katast�sewn sth metallik  epif�neia. Se ì,ti akoloujeÐ, ja jewroÔme ìti to
metallikì ulikì perigr�fetai ikanopoihtik� apì th dihlektrik  sun�rthsh Drude [126] (bl.
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kai Par�rthma Dþ)

ε2(ω) = 1−
ω2
p

ω (ω + iτ−1)
, (3.1)

ìpou ωp eÐnai h suqnìthta pl�smatoc tou met�llou kai τ o qrìnoc apokat�stashc twn
eleÔjerwn hlektronÐwn, o opoÐoc perigr�fei thn aporrìfhsh sto mètallo, en¸ µ2 = 1. 'Otan
qrhsimopoioÔme th dihlektrik  sun�rthshDrude eÐnai bolikì na ekfr�zoume th suqnìthta se
mon�dec ωp kai to m koc se mon�dec c/ωp. Shmei¸noume ìti, gia mia tupik  tim  ~ωp ≈ 10eV,
to c/ωp antistoiqeÐ se perÐpou 20nm.

3.1 Fwtonik  dom  zwn¸n

Ja exet�soume ènan fwtonikì krÔstallo plègmatoc fcc, to opoÐo oikodomoÔme wc epallhlÐa
epipèdwn (001) apì metallikoÔc nanofloioÔc. Oi metallikoÐ nanofloioÐ apoteloÔntai apì
ènan pur na dioxeidÐou tou puritÐou (SiO2) (ε1 = 2.13 [150], µ1 = 1) aktÐnac S1 = 0.7c/ωp

kalummèno apì metallikì floiì p�qouc C = 0.3c/ωp, ètsi ¸ste h sunolik  aktÐna twn na-
nofloi¸n eÐnai S = c/ωp. Gia ta epÐpeda (001) paÐrnoume apìstash plhsièsterwn geitìnwn
a0 = 3c/ωp. Tìte h plegmatik  stajer� eÐnai a = a0

√
2 = 3

√
2c/ωp, en¸ h apìstash

metaxÔ twn diadoqik¸n epipèdwn (001) eÐnai d = a0
√
2/2. AgnooÔme skìpima thn aporrì-

fhsh sto metallikì ulikì, jètontac τ−1 = 0 sthn Ex. (3.1), ètsi ¸ste h fwtonik  dom 
zwn¸n na èqei safèc nìhma. Sto aristerì di�gramma tou Sq. 3.1 deÐqnoume th fwtonik 
dom  zwn¸n tou krust�llou k�jeta sthn epif�neia (001) (dieÔjunsh [001]). Shmei¸netai
ìti h epif�neia (001) eÐnai epÐpedo katoptrik c summetrÐac tou krust�llou kai kat� sunè-
peia oi z¸nec emfanÐzontai se zeÔgh: kz(ω,k∥) kai −kz(ω,k∥). Gia ton lìgo autì, sto Sq.
3.1 deÐqnoume mìno tic z¸nec gia jetikì kz. Se qamhlèc suqnìthtec paÐrnoume mia dipl�
ekfulismènh grammik  sqèsh diaspor�c, ìpwc anamènetai apì thn egk�rsia fÔsh tou HM
pedÐou gia di�dosh se omoiogenèc isodÔnamo mèso. Se uyhlìterec suqnìthtec emfanÐzon-
tai epÐpedec z¸nec, sqedìn qwrÐc diaspor�, pou proèrqontai apì katast�seic epifaneiak¸n
plasmonÐwn twn nanofloi¸n. ExaitÐac thc allhlepÐdrashc an�mesa stic ektetamènec kai
tic epÐpedec z¸nec Ðdiac summetrÐac anoÐgoun q�smata suqnot twn, ta opoÐa ja apokaloÔme
q�smata ubridismoÔ, kat' analogÐa me ton gnwstì apì thn hlektronik  dom  twn met�llwn
ubridismì s−d [126]. O ubridismìc eÐnai isqurìteroc sthn perÐptwsh thc qamhlìterhc se su-
qnìthta z¸nhc dipolikoÔ suntonismoÔ, lìgw thc sqetik� megalÔterhc qwrik c èktashc twn
antÐstoiqwn katast�sewn, kai kat� sunèpeia to antÐstoiqo q�sma èqei megalÔtero eÔroc.

Sto aristerì di�gramma tou Sq. 3.1, ektìc apì tic sunhjismènec z¸nec suqnot twn
(pragmatikèc idiotimèc kz), parousi�zoume kai tic grammèc pragmatik c suqnìthtac gia mi-
gadikèc idiotimèc kz pou antistoiqoÔn stic dipl� ekfulismènec z¸nec. Oi grammèc autèc
apoteloÔn thn analutik  sunèqeia twn zwn¸n sto migadikì epÐpedo kz [151]. Up�rqei �-
peiroc arijmìc tètoiwn zwn¸n, all�, se mia perioq  q�smatoc, h migadik  z¸nh kat�llhlhc
summetrÐac (dipl� ekfulismènh sthn perÐptws  mac) me to mikrìtero kat� mètro fantastikì
mèroc eÐnai aut  pou kajorÐzei th di�dosh ( , pio swst�, thn exasjènish) twn HM kum�-
twn se èna peperasmèno plakÐdio tou krust�llou kat� th sugkekrimènh dieÔjunsh. Gia ton
lìgo autì, sto Sq. 3.1 deÐqnoume sthn perioq  tou q�smatoc th dipl� ekfulismènh z¸nh
me to mikrìtero kat� mètro fantastikì mèroc (sqediasmèno stic skiasmènec perioqèc) se
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Sq ma 3.1: Aristerì di�gramma: H migadik  fwtonik  dom  zwn¸n enìc krust�llou fcc,
plegmatik c stajer�c a = 3

√
2c/ωp, pou oikodomeÐtai wc epallhlÐa diadoqik¸n epipèdwn

(001) apì metallikoÔc nanofloioÔc me pur na SiO2, p�qouc C = 0.3c/ωp kai aktÐnac S =
c/ωp, ston aèra, kat� th dieÔjunsh [001]. Oi qontrèc kai leptèc grammèc antiproswpeÔoun
tic dipl� ekfulismènec kai mh ekfulismènec z¸nec, antÐstoiqa. Sthn perioq  tou q�smatoc
deÐqnoume th migadik  z¸nh me to mikrìtero kat� mètro fantastikì mèroc se k�je suqnìthta;
to fantastikì touc mèroc parousi�zetai me suneqeÐc grammèc stic skiasmènec perioqèc, en¸
to pragmatikì touc mèroc parousi�zetai me diakekommènec grammèc sth leuk  perioq . Oi
estigmènec grammèc paristoÔn th sqèsh diaspor�c pou prokÔptei apì to montèlo Maxwell -
Garnett, Ex. (3.9) (bl. epìmeno ed�fio). Dexi� diagr�mmata: Oi suntelestèc dièleushc kai
an�klashc gia k�jeth prìsptwsh se èna plakÐdio apoteloÔmeno apì okt¸ epÐpeda (001) tou
krust�llou (maÔrec suneqeÐc grammèc), kaj¸c kai o antÐstoiqoc suntelest c an�klashc gia
ton hmi�peiro krÔstallo (gkri diakekommènh gramm ).

k�je suqnìthta. Se qamhlèc suqnìthtec h sqetik  z¸nh eÐnai aut  pou qarakthrÐzetai apì
Rekz = π/d, en¸ se uyhlìterec aut  pou èqei Rekz = 0.

Sto dexiì tm ma tou Sq. 3.1 parousi�zoume touc suntelestèc dièleushc kai an�klashc
gia k�jeth prìsptwsh se èna plakÐdio tou krust�llou apoteloÔmeno apì okt¸ epÐpeda (001)
nanofloi¸n, kaj¸c kai ton suntelest  an�klashc tou antÐstoiqou hmi�peirou krust�llou.
O suntelest c dièleushc, se antiparabol  me th qamhlìterh se suqnìthta z¸nh, parousi�-
zei tic gnwstèc talant¸seic Fabry - Perot [86] pou ofeÐlontai se pollapl  skèdash stic
epif�neiec tou plakidÐou. H perÐodoc aut¸n twn talant¸sewn antistoiqeÐ se kzd/π = 1/8,
ìpwc ja perimèname gia to dedomèno p�qoc tou plakidÐou (anoiqtoÐ kÔkloi sto aristerì tm -
ma tou Sq. 4.1). Stic perioqèc twn qasm�twn, kaj¸c kai se perioqèc suqnot twn ìpou
up�rqoun mìno mh ekfulismènec z¸nec, o suntelest c dièleushc eÐnai praktik� mhdenikìc
lìgw thc egk�rsiac fÔshc tou prospÐptontoc HM kÔmatoc; èna prospÐpton kÔma ufÐstatai
olik  an�klash. Shmei¸noume ìti o suntelest c an�klashc tou hmi�peirou krust�llou den
emfanÐzei talant¸seic Fabry - Perot diìti den up�rqei pÐsw epif�neia pou na prokaleÐ tic
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pollaplèc sked�seic.

3.2 H prosèggish Maxwell-Garnett

An�mesa stic mejìdouc omoiogenopoÐhshc sÔnjetwn susthm�twn, exèqousa jèsh katèqoun,
kurÐwc lìgw thc aplìtht�c touc, oi proseggÐseic Maxwell - Garnett [42] kai Brugge-
man [43]. Kai oi dÔo mèjodoi perigr�foun th sÔnjeth dom  me ìrouc isodÔnamhc dihle-
ktrik c sun�rthshc, εeff , pou den exart�tai rht� apì to mègejoc   to sq ma twn epimèrouc
sustatik¸n all� mìno apì to posostì tou ìgkou pou katalamb�nei to k�je sustatikì
kai th dihlektrik  tou sun�rthsh. Prìkeitai gia hmistatikèc jewrÐec, kai h akrÐbei� touc
periorÐzetai se domèc me epimèrouc sustatik� polÔ mikrìtera apì to m koc kÔmatoc thc
prospÐptousac aktinobolÐac.

Sthn apl  perÐptwsh miac sullog c apì sfairik� swmatÐdia, aktÐnac S kai dihlektrik c
sun�rthshc ε1 se omoiogenèc perib�llon dihlektrik c sun�rthshc ε, h sun jhc exÐswsh
Maxwell - Garnett eÐnai

εeff − ε
εeff + 2ε

= f
ε1 − ε
ε1 + 2ε

, (3.2)

ìpou f eÐnai o lìgoc kat�lhyhc twn sfair¸n, dhlad  to kl�sma tou ìgkou pou katalamb�-
noun oi sfaÐrec proc ton sunolikì ìgko thc sÔnjethc dom c. Sthn exÐswsh aut  mporeÐ na
katal xei kaneÐc xekin¸ntac apì th sqèsh Clausius - Mosotti [2],

εeff − ε
εeff + 2ε

=
f

S3
α , (3.3)

ìpou α eÐnai h hlektrik  dipolik  polwsimìthta twn sfair¸n, lamb�nontac thn tim  thc
polwsimìthtac sto hlektrostatikì ìrio,

α =
ε1 − ε
ε1 + 2ε

S3 . (3.4)

Mia epituq c epèktash thc prosèggishc Maxwell - Garnett basÐzetai sth qr sh thc h-
lektrik c kai magnhtik c dipolik c polwsimìthtac pou prokÔptei apì th jewrÐa skèdashc
Mie [135]. PaÐrnontac thn hlektrik  polwsimìthta

α = i
3S3

2 (q1S)
3TE1(ω) , (3.5)

ìpou TE1 eÐnai to dipolikì hlektrikì stoiqeÐo tou pÐnaka skèdashc T, h Ex. (3.3) gÐnetai

εeff =
(q1S)

3 − 3ifTE1(ω)

(q1S)
3 + 3

2 ifTE1(ω)
, (3.6)

kai antÐstoiqa gia th magnhtik  diaperatìthta,

µeff =
(q1S)

3 − 3ifTH1(ω)

(q1S)
3 + 3

2 ifTH1(ω)
, (3.7)
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ìpou TH1 eÐnai to dipolikì magnhtikì stoiqeÐo tou pÐnaka skèdashc T.
Sthn perÐptwsh twn metallik¸n nanofloi¸n pou mac apasqoloÔn sto par�deigma pou

exet�zoume, eÐnai eÔkolo na deÐxei kaneÐc ìti, paÐrnontac gia to TE1 to ìrio tou meg�lou m -
kouc kÔmatoc, h Ex. (3.6) an�getai se mia prosèggish Maxwell - Garnett dÔo bhm�twn, ìpou
arqik� upologÐzetai mia energìc dihlektrik  sun�rthsh, εs, omoiogenopoi¸ntac ta sÔnjeta
metallik� swmatÐdia,

εs − ε2
εs + 2ε2

=

(
S1
S

)3 ε1 − ε2
ε1 + 2ε2

(3.8)

kai sth sunèqeia h εs qrhsimopoieÐtai gia ton upologismì thc εeff apì th sqèsh

εeff − ε
εeff + 2ε

= f
εs − ε
εs + 2ε

. (3.9)

Qrhsimopoi¸ntac tic Ex. (3.8) kai (3.9) katal goume se mia analutik  èkfrash gia thn
isodÔnamh dihlektrik  sun�rthsh εeff(ω), ìpou perièqontai mìno oi dihlektrikèc sunart -
seic twn epimèrouc sunistws¸n thc sÔnjethc dom c kai oi sqetikoÐ lìgoi kat�lhyhc, kai h
opoÐa èqei sumperifor� suntonismoÔ gÔrw apì thn idiosuqnìthta twn dipolik¸n plasmoni-
k¸n katast�sewn. AntÐjeta, lìgw thc hlektrik c fÔshc twn suntonism¸n twn metallik¸n
nanofloi¸n, h Ex. (3.7) dÐnei µeff = 1. Dedomènou ìti den up�rqoun ap¸leiec lìgw apor-
rìfhshc, h εeff einai pragmatik  kai èqei asumptwtik  sumperifor�, paÐrnontac arnhtikèc
timèc se mia perioq  dÐpla sthn asÔmptwto. Se aut  thn perioq  den mporoÔn na up�rqoun
diadidìmenec katast�seic tou HM pedÐou kai èqoume èna q�sma suqnot twn, mèsa sto opoÐo
o kumat�rijmoc, k = ω

√
εeffµeff/c, eÐnai kajar� fantastikìc (Rek = 0). 'Opwc faÐnetai sth

fwtonik  dom  zwn¸n tou pragmatikoÔ krust�llou, Sq. 3.1, oi kurÐarqec fjÐnousec kata-
st�seic kont� sto p�nw ìrio tou q�smatoc antistoiqoÔn ìntwc se Rekz = 0. Kat� sunèpeia,
h morf  thc sqetik c perib�llousac kumatosun�rthshc Bloch [exp(−Imkzd)] eÐnai sumbat 
me tic fjÐnousec katast�seic tou isodÔnamou kat� Maxwell - Garnett mèsou sthn perioq 
thc arnhtik c εeff . AntÐjeta, se qamhlìterec suqnìthtec mèsa sto qasma oi kuri�rqec fjÐ-
nousec katast�seic, pou proèrqontai apì katastrofik  sumbol  mèsw pollapl c skèdashc
sto periodikì plègma skedast¸n, antistoiqoÔn se Rekz ̸= 0, kai tètoia kÔmata den mporoÔn
na perigrafoÔn apì th jewrÐa Maxwell - Garnett. Epiplèon, prokeimènou na eis�gei kaneÐc
makroskopikèc sunart seic εeff(ω) kai µeff(ω), ja prèpei to m koc kÔmatoc mèsa sto ulikì
na eÐnai polÔ megalÔtero apì to mègejoc thc monadiaÐac kuyelÐdac. Sunep¸c, h prosèggish
gÐnetai ligìtero akrib c se ènan fwtonikì krÔstallo ìtan to kumat�nusma Bloch k plh-
si�zei sta �kra thc ZB. Autì faÐnetai sto Sq. 3.1, ìpou sugkrÐnoume th sqèsh diaspor�c
ston pragmatikì krÔstallo me aut  pou prokÔptei apì thn prosèggish Maxwell - Garnett.

Sthn perÐptwsh mh sfairik¸n swmatidÐwn, kai kurÐwc sthn perÐptwsh metallik¸n na-
nodÐskwn kai nanokulÐndrwn pou ja mac apasqol soun sta epìmena kef�laia, lìgw thc
anisotropÐac twn swmatidÐwn h isodÔnamh dihlektrik  sun�rthsh kai h isodÔnamh magnhtik 
diaperatìthta eÐnai tanustèc. H jewrÐa Maxwell - Garnett pou perigr�yame parap�nw u-
pologÐzei bajmwtèc isodÔnamec paramètrouc kai eÐnai profan¸c anepark c. Sthn perÐptwsh
nanokulÐndrwn, prosanatolismènwn, qwrÐc bl�bh thc genikìthtac, me ton �xon� touc kat� th
dieÔjunsh z, mia diadedomènh prosèggish eÐnai na upojètei kaneÐc ìti oi nanokÔlindroi èqoun
�peiro Ôyoc kai na efarmìzei tic antÐstoiqec 2D jewrÐec Maxwell - Garnett   Bruggeman,
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sÔmfwna, gia par�deigma, me th sqèsh [133,152]

εeff(∥) = ε+
fε (ε1 − ε)

ε+ (1− f) (ε1 − ε)L∥

εeff(z) = fε1 + (1− f) ε ,
(3.10)

ìpou o deÐkthc ∥ sumbolÐzei sullogik� tic isodÔnamec dieujÔnseic x kai y, kai L eÐnai o
par�gontac apopìlwshc,

L∥ =
1

2
− 1

3

(
2π

λ
S

)2

− 2

9

(
2π

λ
S

)3

i . (3.11)

Sthn teleutaÐa sqèsh, λ eÐnai to m koc kÔmatoc thc prospÐptousac aktinobolÐac kai S h a-
ktÐna thc diatom c tou kulÐndrou. Oi jewrÐec autèc apotugq�noun profan¸c na problèyoun
suntonismoÔc sth sunist¸sa εeff(z) thc dihlektrik c sun�rthshc. Sunep¸c, eÐnai aparaÐthth
h qr sh genikeÔsewn thc jewrÐac Maxwell - Garnett pou na lamb�noun upìyh to pepe-
rasmèno m koc twn nanokulÐndrwn [153]. 'Eqei apodeiqjeÐ arijmhtik� ìti, sthn perÐptwsh
twn nanokulÐndrwn, all� kai twn nanodÐskwn pou ja mac apasqol soun sth sunèqeia, autì
pou èqei pragmatik� shmasÐa eÐnai o lìgoc thc diamètrou, D, proc to Ôyoc, H, kai ìqi to
akribèc sq ma tou swmatidÐou. Ta swmatÐdia aut� proseggÐzontai tìte ikanopoihtik� apì
elleiyoeid , me Ðdio mègejoc kai prosanatolismì [154]. H isodÔnamh dihlektrik  sun�rth-
sh miac sÔnjethc dom c elleiyoeid¸n dihlektrik c sun�rthshc ε1 se omoiogenèc perib�llon
dihlektrik c sun�rthshc ε dÐnetai apì thn [155]

εeff(i) − ε
εeff(i) + 2ε

=
f

3

ε1 − ε
ε1 + Li (ε1 − ε)

=
4πf

V
αi , (3.12)

ìpou o deÐkthc i anafèretai ston �xona, x, y,   z, V eÐnai o ìgkoc tou elleiyoeidoÔc, en¸
f , α kai L eÐnai kat� ta gnwst� o lìgoc kat�lhyhc, h polwsimìthta, kai o par�gontac
apopìlwshc, antÐstoiqa. 'Eqei deiqjeÐ wstìso ìti h Ex. (3.12) odhgeÐ se lanjasmèna
apotelèsmata ìtan Li ≃ 0   Li ≃ 1, kai èqei protajeÐ h akìloujh enallaktik  morf  [156]

εeff(i) − ε
ε+ Li (εeff − ε)

= f
ε1 − ε

ε+ Li (ε1 − ε)
. (3.13)

Stic parap�nw exÐswsh, o par�gontac apopìlwshc dÐnetai apì th sqèsh [2]

Lx = Ly (≡ L∥) =
1− Lz

2

Lz =
1− e2

e2

[
1

2e
ln(

1 + e

1− e
)− 1

]
,

(3.14)

ìpou e2 = 1−D2/H2.
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3.3 OmoiogenopoÐhsh plakidÐou me th mèjodo antÐstrofhc skèda-
shc

H mèjodoc omoiogenopoÐhshc enìc sÔnjetou plakidÐou apoteloÔmenou apì (periodik�) dia-
tetagmènouc skedastèc mèsw antÐstrofhc skèdashc,   mèjodoc omoiogenopoÐhshc mèsw tou
pÐnaka skèdashc S, eÐnai mia apì tic dhmofilèsterec mejìdouc upologismoÔ isodÔnamwn HM
paramètrwn [44,45,47]. 'Opwc eÐdame, o pÐnakac S metasqhmatÐzei to prospÐpton sto exerqì-
meno pedÐo; h morf  tou, akolouj¸ntac ton formalismì thc mejìdou LMS, eÐnai aut  thc Ex.
(2.116). H basik  idèa thc mejìdou eÐnai ìti èna upojetikì omoiogenèc plakÐdio, p�qouc h,
mimeÐtai to anomoiogenèc sÔnjeto plakÐdio upì thn ènnoia ìti, se arket� makrin  apìstash,
oi dÔo domèc par�goun to Ðdio exerqìmeno pedÐo. Autì den shmaÐnei ìti oi isodÔnamec HM
par�metroi, εeff kai µeff , pou upologÐzei kaneÐc perigr�foun to kumatikì pedÐo mèsa sthn
pragmatik  anomoiogen  dom , sthn opoÐa se k�je suqnìthta to pedÐo èqei morf  Bloch kai
ìqi epÐpedou kÔmatoc. Wstìso, oi isodÔnamec par�metroi ja prèpei na eÐnai tètoiec ¸ste
kai ta dÔo kÔmata na upakoÔoun sthn Ðdia sqèsh diaspor�c kai, kat� sunèpeia, na èqoun
thn Ðdia taqÔthta om�doc (kai f�shc). Profan¸c, aut  h parat rhsh èqei nìhma mìno an
sth dedomènh suqnìthta up�rqei mÐa kai monadik  kat�stash Bloch. Epiplèon, prokeimènou
na mporeÐ na efarmosteÐ mia perigraf  omoiogenoÔc isodÔnamou mèsou, ja prèpei to m koc
kÔmatoc sto perib�llon mèso na eÐnai polÔ megalÔtero apì tic diast�seic twn swmatidÐ-
wn kai th metaxÔ touc apìstash sto periodikì plègma. H apaÐthsh aut  exasfalÐzei ìti
ja up�rqei mÐa mìno diadidìmenh kat�stash tou skedazìmenou HM pedÐou, gia g = 0, pou
antistoiqeÐ se exerqìmena kÔmata (anakl¸menec kai diajl¸menec aktÐnec). 'Olec oi �llec
sunist¸sec tou kumatikoÔ pedÐou (perijl¸menec aktÐnec) ja eÐnai fjÐnousec. Wstìso, an
kai o periorismìc sto tm ma tou pÐnaka S, Ex. (2.116), me g = 0 eÐnai arketìc gia na p�rei
kaneÐc to skedazìmeno pedÐo makri� apì èna peperasmèno plakÐdio thc dedomènhc dom c, en
gènei prèpei na upologÐzetai olìklhroc o pÐnakac S, ¸ste na lamb�netai upìyh h allhle-
pÐdrash metaxÔ diadoqik¸n epipèdwn, pou lamb�nei q¸ra mèsw tou kontinoÔ pedÐou, se èna
plakÐdio apoteloÔmeno apì pollapl� epÐpeda. Apì thn �llh, ìtan to upì melèth plakÐdio
diajètei èna par�llhlo epÐpedo katoptrik c summetrÐac, ìpwc sumbaÐnei me to epÐpedo (001)
tou krust�llou pou exet�zoume sto par�deigm� mac, kai h optik  tou apìkrish se k�jeth
prìsptwsh eÐnai anex�rthth thc pìlwshc, dÔo stoiqeÐa tou pÐnaka S, ta S++

01;01 kai S+−
01;01,

eÐnai arket� gia thn perigraf  thc skèdashc. Tìte ta stoiqeÐa aut� antistoiqoÔn stouc
migadikoÔc suntelestèc dièleushc kai an�klashc, t kai r, antÐstoiqa, kai o pÐnakac S paÐrnei
thn apl  morf 

S =

(
t r
r t

)
. (3.15)

Dedomènou ìti gia lìgouc diat rhshc thc ro c o pÐnakac S eÐnai monadiakìc, oi idiotimèc tou,
t+ r kai t− r, gr�fontai

t+ r = exp(i2δ+) , t− r = exp(i2δ−) , (3.16)

ìpou δ+, δ−, eÐnai oi fasikèc metatopÐseic thc skèdashc, oi opoÐec eÐnai pragmatikèc sunar-
t seic thc suqnìthtac.

Sth genik  perÐptwsh, to proc omoiogenopoÐhsh plakÐdio brÐsketai metaxÔ dÔo omoioge-
n¸n mèswn, �1� kai �3�, pou perigr�fontai apì emped seic z1, z3, kai deÐktec di�jlashc n1,
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n3, antÐstoiqa, ìpou h empèdhsh enìc omoiogenoÔc mèsou orÐzetai wc z =
√
µ/ε. Antistrè-

fontac tic exis¸seic tou Fresnel [Ex. (1.42)] gia èna isodÔnamo omoiogenèc plakÐdio pou
perigr�fetai apì deÐkth di�jlashc neff kai empèdhsh zeff paÐrnoume (gia k�jeth prìsptw-
sh) [30]

zeff = ±

√
(r − 1)2 − t2√

(r + 1)2 z23 − t2z21
z1z3 (3.17)

kai

tan(β/2) = ±i
√

(r − 1 + t) [z3 (r + 1)− tz1]√
(r − 1− t) [z3 (r + 1) + tz1]

, (3.18)

antÐstoiqa, ìpou β = ωneffh/c. Gia èna plakÐdio ston aèra oi parap�nw exis¸seic aplo-
poioÔntai stic [44]

zeff = ±

√
(r − 1)2 − t2√
(r + 1)2 − t2

(3.19)

kai

tan(β/2) = ±i

√
r2 − (1− t)2

r2 − (1 + t)2
, (3.20)

antÐstoiqa. To prìshmo thc empèdhshc stic Ex. (3.17) kai (3.19) kajorÐzetai apì thn
apaÐthsh Rezeff > 0, pou isqÔei gia èna ulikì me ap¸leiec. Epiplèon, prokeimènou na
exasfalisteÐ ìti to exerqìmeno kÔma ja fjÐnei ekjetik�, prèpei Imneff > 0, pou kajorÐzei
to prìshmo stic Ex. (3.18) kai (3.20). Qrhsimopoi¸ntac tic Ex. (3.16), oi Ex. (3.19) kai
(3.20) gr�fontai stic enallaktikèc morfèc

zeff = ±

√
tan δ+
tan δ−

(3.21)

kai
tan(β/2) = ±i

√
tan δ+ tan δ− , (3.22)

antÐstoiqa. H isodÔnamh dihlektrik  sun�rthsh kai h isodÔnamh magnhtik  diaperatìthta
tou plakidÐou prokÔptoun apì tic sqèseic εeff = neff/zeff kai µeff = neffzeff . Sto shmeÐo
autì ja prèpei na epishm�noume ìti, epeid  h mèjodoc antÐstrofhc skèdashc basÐzetai sthn
antistrof  twn exis¸sewn tou Fresnel, pou perigr�foun th skèdash gia prìsptwsh upì
sugkekrimènh gwnÐa, oi antÐstoiqec isodÔnamec par�metroi isqÔoun mìno gi' aut  th gwnÐa.
H mèjodoc anaptÔqjhke gia thn apl  perÐptwsh thc k�jethc prìsptwshc [44], en¸ prìsfata
epekt�jhke gia prìsptwsh upì tuqaÐa gwnÐa [146].

Epistrèfontac sto par�deigma pou exet�zoume, dedomènou ìti jewroÔme ton krÔstallo
fcc san epallhlÐa apì NL epÐpeda (001), ta ìria k�je epipèdou mporoÔn na orisjoÔn se
apìstash d/2 apì to kèntro tou, sta arister� kai ta dexi� tou epipèdou twn skedast¸n,
opìte to p�qoc k�je epipèdou mporeÐ na jewrhjeÐ Ðso me d. Me autì ton trìpo exasfalÐzetai
ìti h empèdhsh gia di�fora p�qh h = NLd tou isodÔnamou plakidÐou eÐnai stajer , ìpwc
faÐnetai sto Sq. 3.2. Aut  eÐnai mia aparaÐthth sunj kh prokeimènou na mporoÔme na



66 OmoiogenopoÐhsh plakidÐou me th mèjodo antÐstrofhc skèdashc

Sq ma 3.2: Pragmatikì kai fantastikì mèroc tou isodÔnamou deÐkth di�jlashc kai thc iso-
dÔnamhc empèdhshc gia plakÐdia apoteloÔmena apì èna (anoiqtèc gkri suneqeÐc grammèc), dÔo
(gkri diakekommènec grammèc) kai okt¸ (skoÔrec gkri estigmènec grammèc) epÐpeda (001) tou
krust�llou metallik¸n nanofloi¸n pou exet�zoume. H maÔrec suneqeÐc grammèc deÐqnoun
ta apotelèsmata gia ton antÐstoiqo �peiro krÔstallo. Sta ènjeta deÐqnoume megejÔnseic
twn antÐstoiqwn diagramm�twn se perioqèc idiaÐterou endiafèrontoc.

apod¸soume timèc stic paramètrouc εeff kai µeff pou na perigr�foun to ulikì anexart twc
p�qouc [44,45,47]. Prèpei na shmeiwjeÐ ìti h empèdhsh, ìpwc upologÐzetai apì tic Ex. (3.19)
  (3.21), mporeÐ na parousi�zei afÔsikec domèc suntonismoÔ gÔrw apì tic suqnìthtec twn
suntonism¸n Fabry-Perot, ωi, ìpwc deÐqnoume sto Sq. 3.2. Autèc oi domèc, pou aux�nontai
an�loga me ton arijmì twn epipèdwn pou sunjètoun to metaôlikì, èqoun parathrhjeÐ se
pollèc ergasÐec [45, 157], alla mìno prìsfata dìjhke ermhneÐa thc proèleus c touc [147,
149]. H parousÐa tètoiwn dom¸n stic sugkekrimènec jèseic tou f�smatoc exhgeÐtai wc
akoloÔjwc: Stic jèseic ωi isqÔei t = 1 kai r = 0,  , isodÔnama, tan δ+(ωi) = 0 kai
tan δ−(ωi) = 0. Sunep¸c, kont� stic suqnìthtec ωi mporoÔme na gr�youme tan δ+(ω) ∼=
A1(ω − ωi) + A2(ω − ωi)

2 kai tan δ−(ω) ∼= B1(ω − ωi) +B2(ω − ωi)
2, ìpou ta A1, A2, B1

kai B2 eÐnai kat�llhloi suntelestèc an�ptuxhc, kai apì thn Ex. (3.21) paÐrnoume

z2eff
∼=
A1

B1
+

(
A2

B1
− A1B2

B2
1

)
(ω − ωi) , (3.23)

dhlad  h zeff ja prèpei na metab�lletai omal� me th suqnìthta gÔrw apì tic jèseic ωi.
Wstìso, stouc pragmatikoÔc upologismoÔc, lìgw arijmhtik¸n anakribei¸n (  peiramatik¸n
sfalm�twn), oi rÐzec twn tan δ+(ω) kai tan δ−(ω) mporeÐ na eÐnai elafr¸c diaforetikèc, gia
par�deigma tan δ+(ωi +∆ωi) = 0 kai tan δ−(ωi) = 0. Wc apotèlesma, sthn perÐptwsh aut 
emfanÐzetai sto an�ptugma thc z2eff(ω) ènac epiplèon, mh analutikìc ìroc, t�xhc 1/(ω−ωi),
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gÔrw apì th jèsh ωi, pou odhgeÐ stic èntonec autèc domèc se èna omoiogenèc upìbajro, ìpwc
faÐnetai sto Sq. 3.2. Oi domèc autèc mporoÔn na afairejoÔn arijmhtik� [149],   èqontac
wc odhgì thn empèdhsh tou hmi�peirou krust�llou, z∞ = z1(1 + r∞)/(1 − r∞) ìpou r∞
eÐnai o migadikìc suntelest c an�klashc tou hmi�peirou krust�llou. 'Opwc exhg same sto
Ed. 3.1, o suntelest c an�klashc tou hmi�peirou krust�llou den emfanÐzei talant¸seic
Fabry-Perot, kai kat� sunèpeia h z∞ eÐnai apallagmènh apì tètoiec analhjeÐc domèc, ìpwc
deÐqnoume sto Sq. 3.2 [158].

Sq ma 3.3: Pragmatikì kai fantastikì mèroc thc isodÔnamhc dihlektrik c sun�rthshc kai
magnhtik c diaperatìthtac gia plakÐdia apoteloÔmena apì èna (anoiqtèc gkri suneqeÐc gram-
mèc), dÔo (gkri diakekommènec grammèc) kai okt¸ (skoÔrec gkri estigmènec grammèc) epÐpeda
(001) tou krust�llou metallik¸n nanofloi¸n pou exet�zoume. Oi maÔrec suneqeÐc grammèc
deÐqnoun ta apotelèsmata gia ton antÐstoiqo �peiro krÔstallo.

O prosdiorismìc tou isodÔnamou deÐkth di�jlashc eÐnai suqn� asaf c lìgw twn pol-
lapl¸n kl�dwn thc sun�rthshc efaptomènhc pou emfanÐzetai stic Ex. (3.20)   (3.22). Gia
èna plakÐdio mikroÔ p�qouc, kai eidik� gia èna kai monadikì epÐpedo skedast¸n, sun jwc
upeisèrqetai ston upologismì mìno o jemeli¸dhc kl�doc. Gia paqÔtera plakÐdia wstìso, oi
an¸teroi kl�doi mporeÐ na brÐskontai arket� kont� metaxÔ touc, k�nontac thn epilog  tou
kat�llhlou kl�dou dÔskolh [44�46], en¸ o prosdiorismìc tou isodÔnamou deÐkth di�jlashc
mporeÐ na peripleqjeÐ perissìtero apì pijanèc asunèqeiec lìgw twn suntonism¸n. Gia na
antimetwpÐsoume autì to z thma eis�goume ton deÐkth di�jlashc pou prokÔptei apì th mi-
gadik  fwtonik  dom  zwn¸n tou antÐstoiqou �peirou krust�llou, c(Rekz + iImkz)/ω, wc
odhgì gia thn epilog  tou kat�llhlou kl�dou, eidik� sthn perÐptwsh plakidÐwn meg�lou
p�qouc. Sto Sq. 3.2 deÐqnoume ton isodÔnamo deÐkth di�jlashc gia plakÐdia apoteloÔmena
apì èna, dÔo, kai okt¸ epÐpeda nanofloi¸n tou krust�llou pou exet�zoume, mazÐ me ton
antÐstoiqo deÐkth di�jlashc pou prokÔptei apì th migadik  fwtonik  dom  zwn¸n tou Sq.
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3.1. EÐnai fanerì ìti h sÔgklish sta apotelèsmata tou �peirou krust�llou gÐnetai polÔ
gr gora,  dh gia lept� plakÐdia.

Sto Sq. 3.3 parousi�zoume thn isodÔnamh dihlektrik  sun�rthsh, εeff , kai thn isodÔnamh
magnhtik  diaperatìthta, µeff , ìpwc upologÐzontai apì tic zeff kai neff gia plakÐdia enìc, dÔo,
kai okt¸ epipèdwn nanofloi¸n, kaj¸c kai gia ton �peiro krÔstallo. Ektìc apì ton isqurì
suntonismì thc isodÔnamhc dihlektrik c sun�rthshc pou anamèname lìgw thc fÔshc twn
skedast¸n, parathroÔme kai ènan �antisuntonismì� sthn isodÔnamh magnhtik  diaperatìthta.
H sumperifor� aut  eÐnai susthmatik  kai èqei parathrhjeÐ kai apì �llouc [44,45,47,159].
Epiplèon, parìti o krÔstalloc apoteleÐtai apì domikèc mon�dec pou den aporrofoÔn, me
pragmatikèc sunart seic apìkrishc, h mèjodoc omoiogenopoÐhshc tou pÐnaka S odhgeÐ se
mh mhdenik� fantastik� mèrh, tìso gia thn εeff ìso kai gia thn µeff , sthn perioq  tou
suntonismoÔ. Wstìso, h mèjodoc h Ðdia exasfalÐzei ìti oi timèc twn εeff kai µeff eÐnai tètoiec
¸ste h aporrìfhsh na eÐnai mhdenik  gia k�je plakÐdio, se k�je suqnìthta. Kat� k�poion
trìpo, den eÐnai dunatì na ikanopoihjeÐ h apaÐthsh to isodÔnamo plakÐdio na anapar�gei
akrib¸c ta f�smata dièleushc kai an�klashc tou pragmatikoÔ plakidÐou tou metaôlikoÔ me
pragmatikèc sunart seic εeff(ω) kai µeff(ω). Gia na epiteuqjeÐ aut  h apaÐthsh qrei�zetai na
l�bei kaneÐc sunart seic me Imεeff > 0 kai Imµeff < 0, dhlad  k�poiec eikonikèc ap¸leiec pou
exisorropoÔntai apì eikonik  enÐsqush. Profan¸c, autèc oi timèc prokÔptoun k�je for�
gia to dedomèno p�qoc plakidÐou, dedomèna qarakthristik� tou prospÐptontoc kÔmatoc, klp,
kai kat� sunèpeia oi εeff kai µeff den èqoun to nìhma realistik¸n sunart sewn apìkrishc.

3.4 OmoiogenopoÐhsh �peirou krust�llou

'Ena omoiogenèc mèso, isotropikì   anisotropikì, perigr�fetai apì kat�llhlec sqèseic dia-
spor�c (pou, ìpwc eÐdame sto Ed. 1.2 mporeÐ na eÐnai diaforetikèc an�loga me thn pìlwsh),
en¸ h prìsptwsh HM aktinobolÐac sthn epif�neia enìc hmi�peirou tètoiou mèsou perigr�-
fetai apì kat�llhlouc suntelestèc an�klashc. Oi sqèseic autèc exart¸ntai en gènei apì
th gwnÐa prìsptwshc. Gia na jewrhjeÐ ìmwc mia periodik  fwtonik  dom  wc pragmati-
k� omoiogenèc mèso, ja prèpei oi isodÔnamec HM par�metroi pou thn perigr�foun na eÐnai
anex�rthtec apì th gwnÐa.

H mèjodoc omoiogenopoÐhshc me b�sh ton �peiro krÔstallo [40] basÐzetai sta parak�tw
b mata: Pragmatopoi¸ntac upologismoÔc thc migadik c fwtonik c dom c zwn¸n gia ènan
�peiro krÔstallo kai tou suntelest  an�klashc gia ton antÐstoiqo hmi�peiro krustallo,
gia pollèc timèc tou k∥ kat� m koc poll¸n dieujÔnsewn sthn EZB tou krust�llou kai
gia tic dÔo pol¸seic, TE kai TM, paÐrnoume èna pl joc dedomènwn pou anafèrontai ston
pragmatikì krÔstallo. Ta dedomèna aut� ja prèpei na ikanopoioÔn tic sqèseic diaspor�c
kai tou suntelest  an�klashc tou omoiogenoÔc mèsou me to opoÐo jèloume na exomoi¸sou-
me ton krÔstallo. Gia ton lìgo autì pragmatopoioÔme prosarmogèc twn dedomènwn stic
antÐstoiqec analutikèc exis¸seic. 'Ena tètoio par�deigma prosarmog¸n deÐqnoume sto Sq.
3.4 gia ton fwtonikì krÔstallo metallik¸n nanofloi¸n pou exet�zoume. To plègma fcc
eÐnai to pio isotropikì apì ta gnwst� krustallografik� plègmata, en¸ kai oi skedastèc
èqoun sfairik  summetrÐa. Perimènoume loipìn ìti o krÔstalloc autìc ja sumperifèretai,
mèqri k�poia perioq  suqnot twn, se kal  prosèggish wc omoiogenèc kai isìtropo mèso,
kai ja ikanopoieÐ th sqèsh diaspor�c ω = cq/

√
εeffµeff kai tic sqèseic gia ton suntelest 
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Sq ma 3.4: KampÔlec prosarmog c (suneqeÐc grammèc) se dedomèna (anoiqt� sÔmbola) gia th
sqèsh diaspor�c (arister� diagr�mmata) kai ton suntelest  an�klashc (dexi� diagr�mmata)
tou fwtonikoÔ krust�llou metallik¸n nanofloi¸n pou exet�zoume, sthn perioq  grammik c
sqèshc diaspor�c (ω = 0.20ωp) (p�nw diagr�mmata) kai sta ìria tou fwtonikoÔ q�smatoc
(ω = 0.35ωp) (k�tw diagr�mmata). Ta maÔra kai gkri sÔmbola antistoiqoÔn stic pol¸seic
TM kai TE, antÐstoiqa.

an�klashc (1.37) kai (1.40). Oi sqèseic autèc eÐnai bolikì na xanagrafoÔn wc sunart seic
tou q∥,

q2(TE)z =
ω2

c2
εeffµeff − q2∥

q2(TM)z =
ω2

c2
εeffµeff − q2∥

(3.24)

kai

r12(TE) =
µeff
√
εµ ω2/c2 − q2∥ − µ

√
εeffµeff ω2/c2 − q2∥

µeff
√
εµ ω2/c2 − q2∥ + µ

√
εeffµeff ω2/c2 − q2∥

r12(TM) =
εeff
√
εµ ω2/c2 − q2∥ − ε

√
εeffµeff ω2/c2 − q2∥

εeff
√
εµ ω2/c2 − q2∥ + ε

√
εeffµeff ω2/c2 − q2∥

(3.25)

H fwtonik  dom  zwn¸n tou krust�llou parousi�sthke sto Sq. 3.1. Sthn perioq 
thc grammik c sqèshc diaspor�c perimènoume o krÔstalloc na sumperifèretai me polÔ kal 
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prosèggish wc omoiogenèc mèso. Pr�gmati, sta p�nw diagr�mmata tou Sq. 3.4 blèpoume
ìti gia suqnìthta 0.20ωp, pou an kei se aut  thn perioq , h prosarmog  twn dedomènwn
twn akrib¸n upologism¸n stic analutikèc exis¸seic (3.24) kai (3.25) eÐnai exairetik . An-
tÐjeta, sth suqnìthta 0.35ωp, pou antistoiqeÐ sta ìria thc ZB kai polÔ kont� sto q�sma,
o krÔstalloc den mporeÐ na perigrafeÐ me ìrouc topik¸n sunart sewn apìkrishc kai oi
prosarmogèc twn dedomènwn stic analutikèc exis¸seic apotugq�noun. Apì th diadikasÐa
prosarmog c paÐrnoume tèsseric timèc se k�je suqnìthta gia to ginìmeno εeffµeff , kaj¸c
kai apì mÐa tim  gia tic memonwmènec paramètrouc εeff kai µeff . Me autèc katastr¸noume èna
sÔsthma èxi exis¸sewn wc proc touc agn¸stouc εeff kai µeff , to opoÐo epilÔoume arijmhtik�
me mia deÔterh (mh grammik ) diadikasÐa elaqÐstwn tetrag¸nwn, gia na katal xoume stic
isodÔnamec HM paramètrouc pou deÐqnoume sto Sq. 3.5. H taÔtish twn tess�rwn anex�r-
thtwn tim¸n gia to ginìmeno εeffµeff pou prokÔptoun apì thn pr¸th diadikasÐa prosarmog c,
kaj¸c kai h poiìthta ìlwn twn prosarmog¸n, posotikì mètro thc opoÐac eÐnai h mèsh tupi-
k  apìklish, h opoÐa sto sq ma parousi�zetai se logarijmik  klÐmaka se apoqr¸seic tou
gkri, apoteloÔn isqur� eswterik� krit ria gia ton èlegqo thc akrÐbeiac twn upologismènwn
isodÔnamwn paramètrwn.

Sq ma 3.5: Isodunamec HM par�metroi (to pragmatikì kai fantastikì touc mèroc sumbo-
lÐzetai me suneqeÐc kai diakekommènec grammèc, antÐstoiqa) gia ton krÔstallo metallik¸n
nanofloi¸n pou exet�zoume. H tupik  apìklish twn diadikasi¸n prosarmog c parousi�zetai
stic skiasmènec perioqèc se logarijmik  klÐmaka. Stic maÔrec perioqèc oi isodÔnamec HM
par�metroi den èqoun nìhma. Oi leptèc �sprec kai kìkkinec grammèc deÐqnoun tic isodÔnamec
paramètrouc pou prokÔptoun apì th mèjodo Maxwell - Garnett kai th mèjodo antÐstrofhc
skèdashc gia plakÐdio okt¸ epipèdwn nanofloi¸n, antÐstoiqa.
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Ta pleonekt mata thc mejìdou pou perigr�yame parap�nw eÐnai poll�. H mèjodoc mporeÐ
na perigr�yei, exÐsou kal�, tìso isotropikèc ìso kai anisotropikèc domèc (ìpwc ja doÔme kai
sta epìmena kef�laia). EpÐshc, mporeÐ na prosdiorÐsei topikèc isodÔnamec HM paramètrouc,
jewr¸ntac ìti èna upojetikì omoiogenèc mèso ja èqei thn Ðdia optik  sumperifor� me ton
pragmatikì krÔstallo, upì thn ènnoia ìti afenìc h di�dosh tou fwtìc se opoiad pote dieÔ-
junsh mèsa sta dÔo mèsa ja upakoÔei stic Ðdiec sqèseic diaspor�c kai afetèrou ìti èna kÔma
pou prospÐptei sta dÔo mèsa upì opoiad pote gwnÐa ja dÐnei ton Ðdio suntelest  an�klashc.
ApaiteÐtai sunep¸c h tautìqronh ikanopoÐhsh meg�lou arijmoÔ exis¸sewn, megalÔterou apì
ton arijmì twn paramètrwn proc prosdiorismì, gegonìc pou jètei austhr� krit ria gia ton
èlegqo thc akrÐbeiac twn apotelesm�twn. Ta krit ria aut� m�lista posotikopoioÔntai, mèsw
thc tupik c apìklishc twn diadikasi¸n prosarmog c. AntÐstoiqec mèjodoi, pou ìmwc basÐ-
zontai mìno se dedomèna gia ton suntelest  an�klashc [144],   th sqèsh diaspor�c [160],
kai sunep¸c sthn perÐptwsh anisotropik¸n ulik¸n qrei�zetai na upojèsoun gnwstèc k�-
poiec apì tic paramètrouc pou upeisèrqontai, èqoun epÐshc parousiasteÐ prìsfata. Tèloc,
ja prèpei na shmei¸soume ìti, ìpwc kai sthn perÐptwsh thc omoiogenopoÐhshc me th mèjodo
antÐstrofhc skèdashc, oi par�metroi pou upologÐzontai den perigr�foun to akribèc pedÐo
mèsa ston pragmatikì krÔstallo, to opoÐo èqei morf  Bloch kai ìqi aploÔ epÐpedou kÔma-
toc. Fusik�, gia na mporeÐ na efarmosteÐ h mèjodoc omoiogenopoÐhshc, ja prèpei na up�rqei
mÐa monadik  kat�stash Bloch, kai na briskìmaste sto ìrio tou meg�lou m kouc kÔmatoc,
ètsi ¸ste na up�rqei mÐa mìno diadidìmenh kat�stash tou anakl¸menou pedÐou, gia g = 0.
'Olec oi �llec sunist¸sec tou HM pedÐou, pou antistoiqoÔn se perijl¸menec aktÐnec, ja
prèpei na eÐnai fjÐnousec.
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Kef�laio 4

Periodikèc domèc metallik¸n nanofloi¸n

Oi metallikoÐ nanofloioÐ eÐnai sÔnjeta sfairik� swmatÐdia, apoteloÔmena apì ènan dihle-
ktrikì pur na diamètrou merik¸n dek�dwn nanomètrwn kalummèno apì ènan leptì metallikì
floiì p�qouc merik¸n nanomètrwn. Ta swmatÐdia aut� qarakthrÐzontai apì entupwsiakèc
optikèc idiìthtec, ìpwc eÐnai o isqurìc entopismìc tou topikoÔ HM pedÐou kai h enÐsqush
thc aporrìfhshc, idiìthtec pou phg�zoun apì th diègersh entopismènwn plasmonik¸n ka-
tast�sewn [31]. Ta f�smata twn plasmonik¸n katast�sewn twn metallik¸n nanofloi¸n
eÐnai polÔ pio ploÔsia apì aut� twn antÐstoiqwn omoiogen¸n metallik¸n swmatidÐwn [161],
diìti mporoÔn na diegerjoÔn tautìqrona plasmonikèc katast�seic swmatidÐou (entopismènec
sthn exwterik  epif�neia tou floioÔ) kai koilìthtac (entopismènec sthn eswterik  epif�-
neia tou floioÔ), oi opoÐec allhlepidroÔn metaxÔ touc dÐnontac ubridikèc katast�seic, se
qamhlìterec (katast�seic tÔpou swmatidÐou) kai se uyhlìterec (katast�seic tÔpou koilì-
thtac) suqnìthtec [162, 163]. Epiplèon, oi suqnìthtec twn ubridik¸n aut¸n katast�sewn
mporoÔn na rujmistoÔn kat� boÔlhsh, metab�llontac to p�qoc tou metallikoÔ floioÔ  /kai
to dihlektrikì ulikì tou pur na [164].

Q�rh kurÐwc sthn eÔkolh rÔjmish thc suqnìthtac twn plasmonik¸n katast�sewn, oi
metallikoÐ nanofloioÐ èqoun brejeÐ sto epÐkentro tou endiafèrontoc kat� thn teleutaÐa
dekaetÐa kai èqoun protajeÐ arketèc mèjodoi gia thn paraskeu  touc [164�168]. Memo-
nwmènoi nanofloioÐ, all� kai mikrèc sugkentr¸seic tètoiwn swmatidÐwn, èqoun axiopoihjeÐ
se poikÐlec efarmogèc, ìpwc sullog  thc hliak c aktinobolÐac [169], enÐsqush thc ek-
pomp c laser [170], enÐsqush tou fjorismoÔ [171, 172], wc nanokeraÐec [173], se iatrikèc
efarmogèc [174�176], en¸ eujÔgrammec alusÐdec metallik¸n nanofloi¸n mporoÔn na qrhsi-
mopoihjoÔn wc kumatodhgoÐ [177, 178]. Ta pr�gmata gÐnontai akìma pio endiafèronta ìtan
axiopoihjeÐ h periodikìthta. 2D plègmata metallik¸n nanofloi¸n èqoun paraskeuasteÐ me
di�forec teqnikèc [179�181], kai h optik  touc apìkrish èqei melethjeÐ [182�185], en ì-
yei entupwsiak¸n efarmog¸n wc upostr¸mata gia thn epifaneiak  enÐsqush thc skèdashc
Raman [186�188]   thc kbantik c sumbol c [189], wc nanokeraÐec [190], se biologikèc e-
farmogèc wc anosoprosdiorismoÐ [191],   wc sust mata pou emfanÐzoun hlektromagnhtik�
epagìmenh diaf�neia [192]. Prìsfata ex�llou èginan b mata kai proc thn paraskeu  3D
krust�llwn metallik¸n nanofloi¸n [193], susthm�twn pou mporoÔn na emfanÐsoun fwtonik�
q�smata [97,194�196]. Tèloc, eterodomèc apoteloÔmenec apì dÔo   perissìtera eÐdh metal-
lik¸n nanofloi¸n parousi�zoun meg�lo arijmì fwtonik¸n katast�sewn se mikr  perioq 
suqnot twn, pou proèrqontai apì tic katast�seic twn epÐ mèrouc sustatik¸n thc eterodom c
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kai mporoÔn na axiopoihjoÔn, gia par�deigma, wc domèc euruzwnik c aporrìfhshc [97,98].
Par� ta ploÔsia kai eÔkola rujmÐsima sth suqnìthta optik� f�smat� touc, kai to me-

g�lo endiafèron pou èqoun proselkÔsei, oi metallikoÐ nanofloioÐ den èqoun axiopoihjeÐ
idiaÐtera ston sqediasmì optik¸n metaôlik¸n, an kai h pijanìthta arnhtik c di�jlashc se
3D domèc tètoiwn swmatidÐwn ja mporoÔse na èqei sunaqjeÐ apì sqetik� diagr�mmata zw-
n¸n [196]. Mèqri prìsfata, oi mìnec melètec se aut  thn kateÔjunsh  tan apì touc Alù
kai Engheta, oi opoÐoi melèthsan èna sÔnjeto metallodihlektrikì sfairikì swmatÐdio gia
efarmogèc optik c apìkruyhc [197], kai apì touc Giannìpapa kai Vitanov, pou èdeixan ìti
èna epÐpedo tètoiwn metallik¸n nanofloi¸n me mia prosrofhmènh atèleia mporeÐ na odhg -
sei se estÐash tou fwtìc me diakritik  ikanìthta mikrìterh apì to m koc kÔmatoc [198].
Sto parìn kef�laio melet�me thn optik  apìkrish 2D kai 3D periodik¸n dom¸n metallik¸n
nanofloi¸n. Xekin�me exet�zontac thn optik  apìkrish memonwmènwn nanofloi¸n, kaj¸c
kai thn enÐsqush fjorismoÔ pou autoÐ mporoÔn na prosfèroun. Sth sunèqeia analÔoume
diagr�mmata dièleushc/aporrìfhshc 2D plegm�twn, kai th fwtonik  dom  zwn¸n enìc 3D
krust�llou, me b�sh th jewrÐa om�dwn [97]. AkoloÔjwc diereunoÔme th dunatìthta exo-
moÐwshc tètoiwn dom¸n me omoiogenèc (isotropikì   anisotropikì) mèso, tìso me th mèjodo
antÐstrofhc skèdashc [147] ìso kai me th mèjodo tou �peirou krust�llou [40], all� kai
to endeqìmeno emf�nishc arnhtik c di�jlashc [102]. Tèloc, deÐqnoume, gia pr¸th for�, ìti
eÐnai dunat  h emf�nish epifaneiak¸n fwtonik¸n katast�sewn, kai m�lista me shmantikì
m koc di�doshc, se 3D fwtonikoÔc krust�llouc metallik¸n nanofloi¸n [99].

4.1 Skèdash apì memonwmèno nanofloiì

Sto parìn ed�fio ja exet�soume thn optik  apìkrish memonwmènwn metallik¸n nanofloi¸n,
apoteloÔmenwn apì ènan pur na SiO2, aktÐnac S1 kai dihlektrik c sun�rthshc ε1 = 2.13
(µ1 = 1), kalummèno apì ènan metallikì floiì p�qouc C, h dihlektrik  sun�rthsh tou
opoÐou, ε2, jewroÔme ìti perigr�fetai apì to montèlo Drude [Ex. (3.1), bl. kai Par�rthma
Dþ], kai µ2 = 1. Tìte sunolik  aktÐna tou swmatidÐou, to opoÐo jewroÔme ìti brÐsketai ston
aèra (ε = µ = 1), eÐnai S = S1 + C, ìpwc faÐnetai sqhmatik� sto Sq. 4.1.

'Otan HM aktinobolÐa prospÐptei se ènan metallikì nanofloiì, diegeÐrontai tautìqrona
plasmonikèc katast�seic swmatidÐou kai koilìthtac, entopismènec sthn exwterik  kai thn
eswterik  epif�neia tou metallikoÔ floioÔ, antÐstoiqa, oi opoÐec ekdhl¸nontai wc koru-
fèc suntonismoÔ sthn energì diatom  skèdashc tou swmatidÐou. Autì faÐnetai sto p�nw
di�gramma tou Sq. 4.1, ìpou èqoume agno sei tic ap¸leiec lìgw aporrìfhshc jètontac
τ−1 = 0 sthn Ex. (3.1), gia ènan nanofloiì me aktÐna S = c/ωp kai p�qoc C = 0.3c/ωp.
Oi katast�seic autèc allhlepidroÔn metaxÔ touc, se mia eikìna an�logh thc gnwst c apì
th moriak  fusik  dhmiourgÐac ubridik¸n troqiak¸n, odhg¸ntac se ubridikèc plasmonikèc
katast�seic, hlektrikoÔ 2ℓ-polikoÔ tÔpou, se qamhlìterec (katast�seic tÔpou swmatidÐou)
kai uyhlìterec (katast�seic tÔpou koilìthtac) suqnìthtec [162, 163]. Aux�nontac thn po-
lupolik  t�xh, ℓ, oi idiosuqnìthtec twn plasmonik¸n katast�sewn tÔpou swmatidÐou kai
tÔpou koilìthtac plhsi�zoun metaxÔ touc, odhg¸ntac se èna puknì, sqedìn suneqèc f�sma.
An bèbaia l�boume upìyh thn aporrìfhsh sto metallikì ulikì, jètontac τ−1 ̸= 0 sthn Ex.
(3.1), mìno oi dipolikèc kai tetrapolikèc katast�seic, pou èqoun mikrìterouc qrìnouc zw c,
epizoÔn sthn energì diatom  skèdashc (kai ekdhl¸nontai kai wc korufèc suntonismoÔ sthn
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Sq ma 4.1: Sqhmatik  anapar�stash enìc metallikoÔ nanofloioÔ aktÐnac S, apoteloÔme-
nou apì ènan pur na SiO2 aktÐnac S1 kai ènan metallikì floiì p�qouc C, ston aèra. P�nw
di�gramma: Energìc diatom  skèdashc (kanonikopoihmènh sth gewmetrik  diatom ) gia ènan
metallikì floiì me S1 = 0.7c/ωp kai C = 0.3c/ωp, èqontac agno sei tic ap¸leiec lìgw
aporrìfhshc jètontac τ−1 = 0 sthn Ex. (3.1). MesaÐo di�gramma: Energìc diatom  skè-
dashc (suneqeÐc grammèc) kai aporrìfhshc (estigmènec grammèc) (kanonikopoihmènec sth
gewmetrik  diatom ) gia ton Ðdio metallikì nanofloiì, lamb�nontac upìyh thn aporrìfhsh
jètontac sthn Ex. (3.1) τ−1 = 0.002ωp kai τ−1 = 0.01ωp, timèc kat�llhlec gia ton �rguro
kai ton qrusì, antÐstoiqa. K�tw di�gramma: Metabol  thc jèshc twn dipolik¸n plasmo-
nik¸n suntonism¸n me to p�qoc tou floioÔ, paÐrnontac upìyh (maÔrec suneqeÐc grammèc)
  agno¸ntac (gkri diakekommènec grammèc) thn epÐdrash twn mh topik¸n fainomènwn, gia
stajer  aktÐna tou swmatidÐou, S = c/ωp.

energì diatom  aporrìfhshc). Oi an¸terec polupolikèc katast�seic èqoun qrìnouc zw c
megalÔterouc apì ton qrìno apokat�stashc twn eleÔjerwn hlektronÐwn kai prolabaÐnoun
na aporrofhjoÔn pl rwc. Autì faÐnetai kajar� sto mesaÐo di�gramma tou Sq. 4.1, ìpou
deÐqnoume tic energèc diatomèc skèdashc kai aporrìfhshc gia dÔo timèc tou τ−1, 0.002ωp

kai 0.01ωp, timèc kat�llhlec gia ton �rguro (Ag) kai ton qrusì (Au), antÐstoiqa, ìpwc
prokÔptei apì prosarmog  thc Ex. (3.1) se sqetik� peiramatik� dedomèna [199].

H allhlepÐdrash metaxÔ twn plasmonik¸n katast�sewn tÔpou swmatidÐou kai tÔpou
koilìthtac, kai oi sunepagìmenec metatopÐseic twn ubridik¸n katast�sewn sth suqnìthta,
eÐnai isqurìterec ìso pio leptìc eÐnai o metallikìc floiìc, lìgw thc megalÔterhc epik�lu-
yhc twn pedÐwn, kai eÐnai pio èntonec gia tic dipolikèc katast�seic lìgw thc megalÔterhc
qwrik c èktashc twn pedÐwn. H allhlepÐdrash twn dipolik¸n plasmonik¸n katast�sewn
parousi�zetai sto k�tw di�gramma tou Sq. 4.1. ApousÐa allhlepÐdrashc metaxÔ twn jeme-
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liwd¸n plasmonik¸n katast�sewn, dhlad  gia polÔ mikr  aktÐna tou dihlektrikoÔ pur na,
h dipolik  plasmonik  kat�stash tÔpou swmatidÐou brÐsketai se suqnìthta 0.508ωp (th su-
qnìthta dipolikoÔ plasmonikoÔ suntonismoÔ miac omoiogenoÔc metallik c sfaÐrac aktÐnac
c/ωp) kai h dipolik  plasmonik  kat�stash tÔpou koilìthtac se suqnìthta 0.696ωp (th
suqnìthta dipolikoÔ suntonismoÔ miac mikr c sfairik c koilìthtac SiO2 aktÐnac c/ωp se
mètallo). Kaj¸c to p�qoc tou floioÔ mei¸netai, oi dÔo katast�seic stadiak� apwjoÔntai.
Oi idiosuqnìthtec autèc mporoÔn na upologistoÔn analutik� apì th jèsh twn pìlwn tou
pÐnaka skèdashc se k�je perÐptwsh. 'Etsi, gia mia mikr  metallik  sfaÐra se perib�llon
dihlektrik c sun�rthshc ε èqoume [2]

ωℓ = ωp

√
ℓ

ℓ+ (ℓ+ 1) ε
, ℓ = 1, 2, · · · (4.1)

en¸ gia mia mikr  koilìthta se mètallo paÐrnoume [200]

ω̄ℓ = ωp

√
ℓ+ 1

(ε1 + 1) ℓ+ 1
. (4.2)

Sthn perÐptwsh polÔ lept¸n metallik¸n floi¸n h mèsh eleÔjerh diadrom  twn hlektro-
nÐwn eÐnai polÔ mikrìterh apì ì,ti sto mètallo. Autì mporeÐ na lhfjeÐ upìyh prosjètontac
sth dihlektrik  sun�rthsh Drude ènan epiplèon ìro aporrìfhshc [201],

τ−1
S = τ−1 +

1

2

(
3

π

)1/3 vF
C

, (4.3)

ìpou vF eÐnai h taqÔthta Fermi tou met�llou; gia ton qrusì vF = 0.00467c [126]. Apì
thn �llh, kai ta mh topik� fainìmena, pou sqetÐzontai me th diègersh diam kwn kum�twn
ston nanofloiì kai mia dihlektrik  sun�rthsh pou exart�tai apì to kumat�nusma, mporeÐ na
eÐnai epÐshc shmantik�. O pio eÔkoloc trìpoc na lhfjoÔn upìyh eÐnai sta plaÐsia tou aploÔ
all� apotelesmatikoÔ udrodunamikoÔ montèlou, sÔmfwna me to opoÐo h diam khc dihlektrik 
sun�rthsh dÐnetai apì th sqèsh (bl. Par�rthma Dþ)

εL(q, ω) = 1−
ω2
p

ω2 − 3
5v

2
Fq

2 + iωτ−1
, (4.4)

en¸ h egk�rsia dihlektrik  sun�rthsh diathreÐ thn apl  topik  morf  thc, Ex. (3.1) [83,202].
H sqèsh diaspor�c gia ta diam kh kÔmata pl�smatoc prokÔptei apì thn apaÐthsh εL(qL, ω) =
0, sÔmfwna me tic exis¸seic touMaxwell, en¸ o pÐnakac skèdashc tou metallikoÔ nanofloioÔ
upologÐzetai ìpwc perigr�yame sto Ed. 2.1.

'Opwc faÐnetai me suneqeÐc grammèc sto Sq. 4.1, ta mh topik� fainìmena odhgoÔn se
metatìpish twn dipolik¸n plasmonik¸n suntonism¸n tÔpou koilìthtac proc megalÔterec
suqnìthtec, se sumfwnÐa me hmistatikoÔc upologismoÔc [203], en¸ oi antÐstoiqoi plasmoni-
koÐ suntonismoÐ tÔpou swmatidÐou mènoun praktik� anephrèastoi. Autì exhgeÐtai wc ex c:
Sthn perioq  k�tw apì th suqnìthta pl�smatoc to di�mhkec pedÐo eisqwreÐ ston nanofloiì
mìno me th morf  fjÐnontwn kum�twn, me m koc di�doshc an�logo tou ImqL, pou mei¸netai
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ìso proqwr�me proc qamhlìterec suqnìthtec. Wstìso, autì to fjÐnon pedÐo tropopoieÐ
to pedÐo sto eswterikì tou nanofloioÔ, prokal¸ntac th mikr  metatìpish sth suqnìthta
suntonismoÔ. Sthn perioq  twn qamhl¸n suqnot twn twn dipolik¸n suntonism¸n tÔpou
swmatidÐou h dieÐsdush tou diam kouc pedÐou eÐnai profan¸c polÔ mikr  se sÔgkrish me th
qwrik  èktash aut¸n twn katast�sewn suntonismoÔ, kai h allhlepÐdras  touc praktik�
amelhtèa. AntÐjeta, sthn perioq  twn plasmonik¸n katast�sewn tÔpou koilìthtac h allh-
lepik�luyh me to di�mhkec pedÐo eÐnai polÔ megalÔterh, mia kai to pedÐo autì èqei megalÔtero
m koc di�doshc se uyhlìterec suqnìthtec. Epiplèon, kaj¸c to p�qoc tou floioÔ aux�netai,
o entopismìc twn katast�sewn tÔpou koilìthtac sthn eswterik  epif�neia tou nanofloioÔ
gÐnetai entonìteroc, kai kat� sunèpeia h allhlepÐdras  touc me to di�mhkec pedÐo gÐnetai
akìmh isqurìterh.

4.2 EnÐsqush ekpomp c fjorismoÔ kont� se metallikì nanofloiì

EÐnai gnwstì ìti h aujìrmhth ekpomp  enìc diegermènou energoÔ kèntrou, pou mporeÐ na
eÐnai gia par�deigma èna �tomo, mìrio,   kbantik  koukkÐda, exart�tai ìqi mìno apì ta eg-
gen  qarakthristik� tou energoÔ kèntrou all� kai apì to perib�llon, diìti autì mporeÐ na
tropopoi sei shmantik� tic katast�seic tou HM pedÐou pou kajorÐzoun th met�bash tou
energoÔ kèntrou sth jemeli¸dh kat�stash. 'Hdh apì to 1946 o Purcell èdeixe ìti o rujmìc
aujìrmhthc apodiègershc pou sqetÐzetai me tic metapt¸seic thc magnhtik c rop c pur nwn
sthn perioq  twn radiosuqnot twn mporeÐ na auxhjeÐ kat� pollèc t�xeic megèjouc an to
sÔsthma suzeuqjeÐ me kat�llhlo HM anthqeÐo [204]. Argìtera, mia seir� prwtoporiak¸n
peiram�twn mètrhshc tou qrìnou zw c diegermènwn morÐwn kont� se epÐpedec epif�neiec
eugen¸n met�llwn èdeixe ìti se meg�lec apost�seic apì thn epif�neia o qrìnoc zw c me-
tab�lletai periodik� lìgw fainomènwn sumbol c, en¸ teÐnei monìtona sto mhdèn kaj¸c to
mìrio plhsi�zei sthn epif�neia epeid  h enèrgeia metafèretai sto mètallo qwrÐc na aktino-
boleÐtai sto perib�llon [205�207]. O rujmìc aut c thc metafor�c enèrgeiac parousi�zei
mègisto sthn idiosuqnìthta twn epifaneiak¸n plasmonÐwn tou met�llou, ta opoÐa allhle-
pidroÔn me to kontinì pedÐo tou ekpompoÔ kai prokaloÔn isqur  metafor� enèrgeiac sto
mètallo [208]. EkteneÐc melètec èdeixan ìti epif�neiec pou uposthrÐzoun entopismènec kai
diadidìmenec plasmonikèc katast�seic, ìpwc epÐpedec, traqeÐec, kai periodik� diamorfwmènec
metallikèc epif�neiec, apoteloÔn kat�llhla upostr¸mata gia thn enÐsqush tou fjorismoÔ.
Ex�llou, h entupwsiak  prìodoc pou èqei shmeiwjeÐ ta teleutaÐa qrìnia sthn kat� boÔ-
lhsh diamìrfwsh epifanei¸n se nanoskopik  klÐmaka dieurÔnei shmantik� tic dunatìthtec
enÐsqushc tou fjorismoÔ [209].

H epÐdrash twn swmatidiak¸n plasmonÐwn ston rujmì apodiègershc morÐwn kont� se
metallikì nanoswmatÐdio èqei melethjeÐ jewrhtik� [109, 210]. Wstìso, oi sÔgqronec exe-
lÐxeic se teqnikèc optik c kontinoÔ pedÐou katèsthsan dunat  th dienèrgeia peiram�twn, me
diakritik  ikanìthta sthn klÐmaka tou nanomètrou, se memonwmèna mìria pou allhlepidroÔn
me kal¸c qarakthrismèna antikeÐmena nanoskopik¸n diast�sewn [211, 212] kai prok�lesan
peraitèrw leptomereÐc jewrhtikèc melètec memonwmènwn stoiqeiwd¸n ekpomp¸n kont� se na-
noswmatÐdia   akÐdec [213�215]. 'Oson afor� th diadikasÐa tou fjorismoÔ, èqei gÐnei plèon
katanohtì ìti ta swmatidiak� plasmìnia prokaloÔn shmantik  enÐsqush tou diegeÐrontoc
topikoÔ pedÐou kai drastik  allag  tou rujmoÔ ekpomp c aktinobolÐac. Tautìqrona, h
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jèrmansh Joule tou metallikoÔ ulikoÔ eis�gei ènan epiplèon dÐaulo diarro c enèrgeiac; o
antagwnismìc aut¸n twn mhqanism¸n prosdiorÐzei an èqoume telik� aÔxhsh   meÐwsh tou
fjorismoÔ se di�forec jèseic tou fjorÐzontoc morÐou [211]. Epomènwc, metallik� nanosw-
matÐdia me plasmonikoÔc suntonismoÔc pou mporoÔn na rujmistoÔn entìc miac eureÐac perio-
q c suqnot twn, ìpwc eÐnai oi metallikoÐ nanofloioÐ, prosfèroun entupwsiakèc prooptikèc
gia èlegqo thc ekpomp c fjorismoÔ apì energ� kèntra ìpwc �toma [216], (bio)mìria [217],
  kbantikèc koukkÐdec [218,219]. Prìsfata peir�mata gia ènan ekpompì qamhl c kbantik c
apìdoshc kont� se metallikì nanofloiì èdeixan ìti h enÐsqush tou fjorismoÔ belti¸netai
ìso aux�netai h ikanìthta skèdashc tou swmatidÐou en¸ tautìqrona rujmÐzetai o plasmoni-
kìc suntonismìc proc to m koc kÔmatoc ekpomp c tou fjorÐzontoc kèntrou [220]. Apì thn
�llh, o rujmìc apodiègershc enìc ekpompoÔ se di�forec jèseic mèsa kai èxw apì ènan metal-
likì nanofloiì èqei epÐshc melethjeÐ, all� mìno gia èna sugkekrimèno m koc kÔmatoc [106].
Sto parìn ed�fio anaptÔssoume mia susthmatik  mèjodo upologismoÔ twn rujm¸n dièger-
shc kai apodiègershc enìc ekpompoÔ kont� se metallikì swmatÐdio mèsw hlektrodunamik¸n
upologism¸n akribeÐac.

Sto ìrio tou meg�lou m kouc kÔmatoc (to m koc kÔmatoc thc orat c kai upèrujrhc
aktinobolÐac eÐnai perÐpou treic t�xeic megèjouc megalÔtero apì tic diast�seic tou ekpom-
poÔ) h allhlepÐdrash tou ekpompoÔ me to exwterikì pedÐo perigr�fetai apì th Qamiltonian 
Ĥint = −p̂ · Ê, dhlad  apì ènan ìro sÔzeuxhc thc hlektrik c dipolik c rop c tou ekpompoÔ
me to exwterikì pedÐo. SÔmfwna me ton qrusì kanìna tou Fermi o rujmìc diègershc eÐnai
an�logoc tou tetrag¸nou tou mètrou tou stoiqeÐou pÐnaka thc Ĥint metaxÔ thc arqik c kai
telik c kat�stashc. Se èna omoiogenèc perib�llon dihlektrik c sun�rthshc ε kai magnhti-
k c diaperatìthtac µ, qwrÐc skedastèc, o ekpompìc diegeÐretai apì to prospÐpton pedÐo Ein.
'Otan sto perib�llon up�rqei èna swmatÐdio, to sunolikì pedÐo pou diegeÐrei ton ekpompì,
Et, eÐnai to �jroisma tou exwterik� prospÐptontoc kai tou skedazìmenou apì to swmatÐdio
pedÐou. Upojètoume ìti o skedast c epidr� sto topikì diegeÐron pedÐo kai sthn ekpempì-
menh aktinobolÐa all� ìqi stic metab�seic tou ekpompoÔ, ton opoÐo antimetwpÐzoume wc èna
klassikì hlektrikì dÐpolo sth jèsh rd me dipolik  rop  p par�llhlh sto Ein. K�tw apì
to kat¸fli koresmoÔ o rujmìc diègershc enisqÔetai lìgw thc parousÐac tou skedast  kat�
ènan par�gonta

ηexc =
|p ·Et(rd)|2

|p ·Ein(rd)|2
. (4.5)

To sunolikì pedÐo pou eÐnai upeÔjuno gia th diègersh tou ekpompoÔ apoteleÐtai apì to
exwterik� prospÐpton pedÐo sun to skedazìmeno apì to swmatÐdio. Gia sfairik� swmatÐdia,
aktÐnac S, to prospÐpton kai to skedazìmeno pedÐo dÐnontai apì tic Ex. (2.4) kai (2.5),
antÐstoiqa. Sthn eidik  perÐptwsh pou ja exet�soume, ìpou to dÐpolo brÐsketai se jèsh
rd = rdẑ apì to kèntro sfairikoÔ skèdast  kai tìso h dipolik  rop  tou dipìlou ìso kai
to prospÐpton hlektrikì pedÐo eÐnai epÐshc prosanatolismèna kat� th dieÔjunsh z (bl. Sq.
4.2), eÐnai eÔkolo na deÐxoume, qrhsimopoi¸ntac sqèseic twn Pararthm�twn Bþ kai Gþ, ìti o
rujmìc diègershc tou dipìlou gr�fetai

ηexc = π

∣∣∣∣∣
+∞∑
ℓ=1

{
iℓ+1

qexcrd

√
ℓ (ℓ+ 1) (2ℓ+ 1)

[
jℓ(qexcrd) + TEℓh

+
ℓ (qexcrd)

]
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×
[
Yℓ−1(

π

2
, 0)− Yℓ1(

π

2
, 0)
]}∣∣∣∣∣

2

, (4.6)

ìpou qexc = ωexc
√
εµ/c o kumat�rijmoc sth suqnìthta diègershc, ωexc, kai TEℓ to hlektrikì

komm�ti tou pÐnaka skèdashc tou sfairikoÔ swmatidÐou, Ex. (2.11)   (2.19) gia omoiogen   
polustrwmatik  sfaÐra, antÐstoiqa.

Gia thn perigraf  thc diadikasÐac aujìrmhthc apodiègershc jewroÔme kai p�li ton ek-
pompì wc èna shmeiakì dÐpolo, to opoÐo t¸ra sunist� mia phg  HM aktinobolÐac. 'Ena
hlektrikì dÐpolo p sth jèsh rd, se omoiogenèc perib�llon dihlektrik c sun�rthshc ε kai
magnhtik c diaperatìthtac µ, pou talant¸netai me suqnìthta ω (en gènei diaforetik  apì
th suqnìthta diègershc), ep�gei mia exwterik  pìlwsh P(r, t) = Re[p δ(r− rd) exp(−iωt)].
To HM pedÐo tou talantoÔmenou dipìlou èqei thn Ðdia suqnìthta, ω, kai to qwrikì tou
komm�ti dÐnetai apì tic exis¸seic tou Maxwell, Ex. (1.14), ìpwc diamorf¸nontai parousÐa
thc phg c,

Hd(r) = −
i

ωµµ0
∇×Ed(r)

c2

εµ
∇×∇×Ed(r) = ω2Ed(r) +

ω2

εε0
p δ(r− rd) .

(4.7)

H deÔterh twn (4.7) epilÔetai mèsw thc sun�rthshc Green,
←→
G (r, r′) [Ex. (�þ.47)]

Ed(r) = −
ω2

εε0

←→
G (r, rd) p . (4.8)

Shmei¸noume ìti sthn perÐptws  mac mporoÔme na agno soume ton ìro r̂r̂ δ(r− r′)/ω2 sthn
èkfrash thc sun�rthshc Green, Ex. (�þ.47). Tìte to hlektrikì pedÐo tou dipìlou mporeÐ
na grafeÐ se morf  sfairik¸n kum�twn me suntelestèc d0Pℓm = iq3HPℓm(rd) · p/εε0, gia
r < rd, kai se morf  sfairik¸n kum�twn me suntelestèc d+Pℓm = iq3JPℓm(rd) · p/εε0, gia
r > rd. H skèdash apì to swmatÐdio par�gei èna deutereÔon kÔma, opìte to sunolikì pedÐo,
Et, apoteleÐtai apì to pedÐo tou dipìlou sun to skedazìmeno apì to swmatÐdio, pou dÐnetai
apì thn Ex. (2.5).

O rujmìc me ton opoÐo to talantoÔmeno dÐpolo q�nei enèrgeia mporeÐ na upologisteÐ
apì th ro  enèrgeiac pou aktinoboleÐtai apì to sÔsthma dipìlou-skedast  sto perib�llon
kai th ro  enèrgeiac pou aporrof�tai apì ton skedast . O rujmìc apodiègershc mèsw
aktinobolÐac, Γr, prokÔptei upologÐzontac to di�nusma Poynting kai oloklhr¸nontac th ro 
enèrgeiac apì thn epif�neia miac meg�lhc sfaÐrac pou perikleÐei to dÐpolo kai ton skedast .
Sthn perioq  aut  to sunolikì pedÐo, Et, èqei th morf  exerqìmenwn sfairik¸n kum�twn
me suntelestèc a+Pℓm, pou dÐnontai apì thn Ex. (2.10), lamb�nontac bèbaia upìyh ìti to
prospÐpton ston skedast  pedÐo eÐnai to ekpempìmeno apì to dÐpolo. Tìte h aktinoboloÔmenh
isqÔc prokÔptei

Pr =
1

2q2

√
εε0
µµ0

∑
Pℓm

∣∣a+Pℓm

∣∣2 , (4.9)
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kai Γr = Pr/~ω. ApousÐa skedast¸n, h isqÔc pou aktinoboleÐtai apì to dÐpolo prokÔptei
apì thn Ex. (4.9) jètontac a+Pℓm = d+Pℓm. Tìte

P0r =
cq4p2

12πεε0
√
εµ

. (4.10)

Sthn eidik  perÐptwsh pou exet�zoume (E ∥ p ∥ rd ∥ ẑ), prokÔptei

Pr

P0r
=

3

2

1

q2r2d

+∞∑
ℓ=1

ℓ (ℓ+ 1) (2ℓ+ 1)
∣∣jℓ(qrd) + TEℓh

+
ℓ (qrd)

∣∣2 . (4.11)

'Omoia, o rujmìc apodiègershc mèsw diadikasÐwn pou sqetÐzontai me tic ap¸leiec ston ske-
dast , Γabs = Pabs/~ω, prokÔptei apì th ro  eiserqìmenhc enèrgeiac sthn epif�neia tou
skedast . Oloklhr¸nontac to di�nusma Poynting se mia epif�neia pou perikleÐei ton ske-
dast , all� ìqi to dÐpolo, paÐrnoume

Pabs = −
1

2q2

√
εε0
µµ0

∑
Pℓm

{
|TPℓ|2 +Re

[
TPℓ d

0∗
Pℓm

]}
, (4.12)

h opoÐa, sthn perÐptws  mac, aplopoieÐtai sthn

Pabs

P0r
= −3

2

1

q2r2d
Re

+∞∑
ℓ=1

ℓ (ℓ+ 1) (2ℓ+ 1)
[
TEℓ + |TEℓ|2

]
h+ℓ (qrd) . (4.13)

Apì thn �llh, h sunolik  isqÔc pou ekpèmpei to dÐpolo upologÐzetai wc h ro  enèrgeiac
apì mia epif�neia pou perikleÐei to dÐpolo all� ìqi ton skedast . EÐnai eÔkolo na deÐxei
kaneÐc ìti aut  isoÔtai me to �jroisma thc aktinoboloÔmenhc kai aporrofoÔmenhc isqÔoc
pou upologÐsthkan parap�nw.

O sunolikìc rujmìc apodiègershc tou ekpompoÔ, apousÐa skedast , eÐnai to �jroisma
twn rujm¸n apwlei¸n lìgw aktinobolÐac kai lìgw �llwn aitÐwn, Γ0r kai Γ0nr, antÐstoiqa. O
rujmìc Γ0nr anafèretai stouc endogeneÐc mhqanismoÔc apwlei¸n tou ekpompoÔ, pou mporeÐ na
eÐnai diadikasÐec poll¸n fwtonÐwn, diadikasÐec �meshc metafor�c hlektronÐwn, klp, kai den
exart�tai apì to perib�llon. H eswterik  kbantik  apìdosh twn ekpomp¸n orÐzetai wc q0 =
Γ0r/(Γ0r+Γ0nr). Jewr¸ntac ìti h parousÐa tou skedast  eis�gei ènan prìsjeto mhqanismì
apodiègershc, mèsw aporrìfhshc, h kbantik  apìdosh gÐnetai q = Γ0r/(Γ0r +Γ0abs +Γ0nr).
Axiopoi¸ntac ton orismì tou q0 paÐrnoume

q =
Γr/Γ0r

Γr/Γ0r + Γabs/Γ0r +
(
q−1
0 − 1

) =
Pr/P0r

Pr/P0r + Pabs/P0r +
(
q−1
0 − 1

) , (4.14)

Ta Pr/P0r kai Pabs/P0r èqoun upologisteÐ apì tic Ex. (4.9), (4.10) kai (4.12) [  tic (4.11)
kai (4.13)], en¸ to q0 eÐnai qarakthristikì gia k�je ekpompì. Dedomènou ìti oi diadikasÐec
diègershc kai apodiègershc den ephre�zoun h mÐa thn �llh, mporoÔme na tic antimetwpÐzoume
anex�rthta. Tìte o sunolikìc rujmìc enÐsqushc (  meÐwshc) tou fjorismoÔ dÐnetai apì th
sqèsh

ηt = ηexc
q

q0
. (4.15)
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AxÐzei na shmeiwjeÐ ìti oi rujmoÐ apodiègershc eÐnai polÔ megalÔteroi gia prosanatolismì
tou dipìlou sthn aktinik  dieÔjunsh (ìpwc sto par�deigma pou exet�zoume) apì ì,ti sthn
efaptomenik . Autì ofeÐletai sto ìti to kontinì pedÐo enìc dipìlou se mia dedomènh a-
pìstash eÐnai dÔo forèc isqurìtero kat� m koc thc dipolik c rop c apì ì,ti k�jeta se
aut n.

Sq ma 4.2: Rujmìc diègershc (anoiqtèc gkri estigmènec grammèc), kbantik  apìdosh (gkri
diakekommènec grammèc) kai fjorismìc (maÔrec suneqeÐc grammèc) sunart sei thc apìstashc
tou ekpompoÔ apì omoiogen  sfaÐra qrusoÔ aktÐnac 40nm (arister�) kai apì metallikì
nanofloiì thc Ðdiac aktÐnac, me pur na SiO2 aktÐnac 32.7nm kai perÐblhma argÔrou p�qouc
7.3nm (dexi�).

Sto aristerì di�gramma tou Sq. 4.2 parousi�zoume ton rujmì diègershc, th kbantik 
apìdosh kai ton fjorismì sunart sei thc apìstashc enìc dipìlou apì mia sfaÐra qrusoÔ,
aktÐnac 40nm, ston aèra. To dÐpolo diegeÐretai se m koc kÔmatoc λexc = 532nm kai ekpèm-
pei se m koc kÔmatoc λexc = 560nm, timèc pou qarakthrÐzoun to mìrio thc rodamÐnhc 6G. Gia
th dihlektrik  sun�rthsh tou qrusoÔ qrhsimopoioÔme tic peiramatikèc timèc twn Johnson
kai Christy [199]. H aktÐna thc sfaÐrac èqei epilegeÐ ¸ste o dipolikìc plasmonikìc suntoni-
smìc thc na brÐsketai kont�, all� ìqi akrib¸c sta m kh kÔmatoc diègershc kai apodiègershc
(516nm). H jèsh tou dipìlou kai o prosanatolismìc tìso tou dipìlou ìso kai tou hle-
ktrikoÔ pedÐou èqoun epilegeÐ ¸ste na epitugq�netai h mègisth enÐsqush tou fjorismoÔ, h
opoÐa, jewr¸ntac eswterik  kbantik  apìdosh q0 = 1, eÐnai perÐpou Ðsh me 2.5 se apìstash
20nm apì thn epif�neia thc sfaÐrac, ìpwc faÐnetai sto sq ma [214]. 'Opwc suzht same sto
prohgoÔmeno ed�fio, h aporrìfhsh ston qrusì eÐnai polÔ megalÔterh apì ì,ti ston �rguro,
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kai �ra perimènoume na mporeÐ na epiteuqjeÐ shmantikìterh enÐsqush tou fjorismoÔ kont�
se mia sfaÐra argÔrou. 'Omwc h dipolik  plasmonik  kat�stash miac antÐstoiqhc sfaÐrac
argÔrou brÐsketai se polÔ mikrìtero m koc kÔmatoc, ∼ 360nm. Prokeimènou na th fèroume
sthn perioq  mhk¸n kÔmatoc pou mac endiafèrei axiopoioÔme th dunatìthta rÔjmishc thc jè-
shc twn suntonism¸n pou prosfèroun oi metallikoÐ nanofloioÐ. Jewr¸ntac ènan nanofloiì
argÔrou, sunolik c aktÐnac 40nm, me pur na SiO2 aktÐnac 32.7nm, o dipolikìc plasmonikìc
suntonismìc tÔpou swmatidÐou brÐsketai akrib¸c sta 516nm. Sto dexiì di�gramma tou Sq.
4.2 parathroÔme ìti pr�gmati, gia èna tètoio swmatÐdio h enÐsqush tou fjorismoÔ eÐnai perÐ-
pou mÐa t�xh megèjouc megalÔterh, kai autì gia megalÔtero eÔroc apost�sewn tou dipìlou
apì thn epif�neia tou nanofloioÔ.

4.3 Didi�stata plègmata nanofloi¸n

Ja jewr soume t¸ra èna tetragwnikì plègma, pou orÐzetai apì ta dianÔsmata a1 = a0(1, 0, 0)
kai a2 = a0(0, 1, 0), me plegmatik  stajer� a0 = 3c/ωp, metallik¸n nanofloi¸n me pur na
SiO2 aktÐnac S1 = 0.7c/ωp kai metallikì perÐblhma p�qouc C = 0.3c/ωp, ston aèra, ìpwc
sqhmatik� faÐnetai sto Sq. 4.3. Proc to parìn ja deqtoÔme ìti den up�rqoun ap¸leiec,
jètontac τ−1 = 0 sthn Ex. (3.1). H di�taxh twn nanofloi¸n se epÐpedo èqei wc apotèlesma
thn �rsh tou (2ℓ+1)-ploÔ ekfulismoÔ twn katast�sewn suntonismoÔ tou memonwmènou na-
nofloioÔ, lìgw thc allhlepÐdrashc metaxÔ touc. Gia k∥ = 0 oi katast�seic tou sust matoc
èqoun th summetrÐa twn mh anagwgÐsimwn anaparast�sewn thc om�dac D4h: X1, X2, X3,
X4, X5, X1′ , X2′ , X3′ , X4′ , X5′ [96, 97]. SÔmfwna me mia an�lush basismènh sth jewrÐa
om�dwn [114, 221], mia dipolik  kat�stash an�getai se mÐa kat�stash summetrÐac X4′ kai
mÐa X5′ , en¸ mia tetrapolik  se mÐa X1, mÐa X2, mÐa X3 kai mÐa X5. Qrhsimopoi¸ntac ton
probolikì telest  brÐskoume ìti èna epÐpedo kÔma pou diadÐdetai k�jeta sto epÐpedo twn
nanofloi¸n (k∥ = 0) dÐnei mh mhdenik  probol  mìno stic anaparast�seic summetrÐac X5

kai X5′ kai kat� sunèpeia mìno katast�seic tou epipèdou me autèc tic summetrÐec mporoÔn
na diegerjoÔn apì èna exwterik� prospÐpton kÔma. Oi katast�seic diaforetik c summetrÐac
eÐnai anenergèc; prìkeitai gia dèsmiec katast�seic tou sust matoc pou fjÐnoun ekjetik�
sto mhdèn kaj¸c apomakrunìmaste apì to epÐpedo twn nanofloi¸n. Autèc oi anenergèc
katast�seic antistoiqoÔn se pìlouc tou pÐnaka skèdashc S ston pragmatikì �xona suqno-
t twn. AntÐstoiqa, oi optik� energèc katast�seic summetrÐac X5 kai X5′ antistoiqoÔn se
pìlouc sto k�tw migadikì hmiepÐpedo suqnot twn, me to fantastikì mèroc tou pìlou na
prosdiorÐzei to antÐstrofo tou qrìnou zw c thc antÐstoiqhc kat�stashc suntonismoÔ. Gia
par�deigma, h dipolik  kat�stash plasmonÐwn tÔpou swmatidÐou enìc memonwmènou nano-
floioÔ dÐnei mÐa dèsmia kat�stash summetrÐac X4′ se suqnìthta 0.409ωp kai mÐa kat�stash
suntonismoÔ X5′ se suqnìthta ω1 = 0.353ωp me antÐstrofo qrìno zw c γ1 = 0.043ωp. 'O-
moia, h tetrapolik  kat�stash plasmonÐwn tÔpou swmatidÐou dÐnei treic dèsmiec katast�seic
se suqnìthtec 0.449ωp (X2), 0.466ωp (X1) kai 0.469ωp (X3), kai mÐa kat�stash suntonismoÔ
X5 sth suqnìthta ω2 = 0.452ωp me antÐstrofo qrìno zw c γ2 = 0.0012ωp. AntÐstoiqa,
h dipolik  kat�stash plasmonÐwn tÔpou koilìthtac enìc memonwmènou nanofloioÔ dÐnei mÐa
dèsmia kat�stash summetrÐac X4′ se suqnìthta 0.857ωp kai mÐa kat�stash suntonismoÔ X5′

se suqnìthta ω̄1 = 0.840ωp me antÐstrofo qrìno zw c γ̄1 = 0.044ωp. 'Omoia, h tetrapoli-
k  kat�stash plasmonÐwn tÔpou koilìthtac dÐnei treic dèsmiec katast�seic se suqnìthtec
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0.780ωp (X3), 0.776ωp (X1) kai 0.761ωp (X2), kai mÐa kat�stash suntonismoÔ X5 sth su-
qnìthta ω̄2 = 0.764ωp me antÐstrofo qrìno zw c γ̄2 = 0.040ωp. Aux�nontac thn polupolik 
t�xh, ìpwc kai sthn perÐptwsh twn memonwmènwn nanofloi¸n, oi idiosuqnìthtec twn pla-
smonÐwn tÔpou koilìthtac kai tÔpou swmatidÐou plhsi�zoun h mÐa thn �llh, odhg¸ntac se
èna puknì, sqedìn suneqèc f�sma idiokatast�sewn [97].

Sq ma 4.3: P�nw: Suntelest c dièleushc gia k�jeth prìsptwsh se èna tetragwnikì plèg-
ma, plegmatik c stajer�c a0 = 3c/ωp, apì metallikoÔc nanofloioÔc me pur na SiO2 aktÐnac
S1 = 0.7c/ωp kai metallikì perÐblhma p�qouc C = 0.3c/ωp, ston aèra, agno¸ntac thn a-
porrìfhsh. Mia pio leptomer c eikìna twn dÔo pr¸twn suntonism¸n parousi�zetai sto
perij¸rio, mazÐ me thn kampÔlh prosarmog c sthn Ex. (4.17) (gkri estigmènh gramm ). K�-
tw: Suntelestèc dièleushc (suneqeÐc grammèc) kai aporrìfhshc (diakekommènec grammèc)
gia k�jeth prìsptwsh sto Ðdio plègma an lhfjeÐ upìyh h aporrìfhsh apì to mètallo jè-
tontac sthn Ex. (3.1) τ−1 = 0.002ωp (skoÔrec gkri grammèc) kai τ−1 = 0.01ωp (anoiqtèc
gkri grammèc), timèc kat�llhlec gia ton �rguro kai ton qrusì, antÐstoiqa.

Sto p�nw tm ma tou Sq. 4.3 parousi�zoume ton suntelest  dièleushc apì èna epÐpedo
nanofloi¸n qwrÐc aporrìfhsh gia k�jeth prìsptwsh. To f�sma dièleushc qarakthrÐzetai
apì domèc suntonismoÔ di�forwn tÔpwn (suntonismoÐ tÔpou Fano), oi opoÐoi proèrqontai apì
tic antÐstoiqec katast�seic suntonismoÔ twn memonwmènwn nanofloi¸n. ApodeiknÔetai [151]
ìti oi domèc suntonismoÔ tou suntelest  dièleushc kont� sthn perioq  suqnot twn miac
yeudodèsmiac kat�stashc perigr�fontai ikanopoihtik� apì th sqèsh

T ≈ 1

2

[
1 +

(ω − ων)
2 − γ2ν

(ω − ων)
2 + γ2ν

cosϕ− 2γν (ω − ων)

(ω − ων)
2 + γ2ν

sinϕ

]
, (4.16)

ìpou ων − iγν h jèsh enìc pìlou tou pÐnaka S sto k�tw migadikì hmiepÐpedo suqnot twn
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kai ϕ mia f�sh, h opoÐa jewreÐtai perÐpou stajer  kont� sthn perioq  tou suntonismoÔ kai
perigr�fei pl rwc th morf  tou suntelest  dièleushc. Sthn perÐptwsh pou up�rqei ènac
arijmìc i = 1, 2, · · · yeudodèsmiwn katast�sewn se mia sqetik� mikr  perioq  suqnot twn,
o suntelest c dièleushc mporeÐ na perigrafeÐ ikanopoihtik� apì th sqèsh [222]

T ≈ cos2 (±δ1 ± δ2 ± · · · − ϕ) , (4.17)

ìpou ϕ eÐnai mia perÐpou stajer  f�sh pou perièqei to tm ma twn fasik¸n metatopÐsewn pou
den sqetÐzetai me ton suntonismì, en¸ ta δi, pou sqetÐzontai me ton suntonismì, dÐnontai apì
tic

sin δi =
γi[

(ω − ωi)
2 + γ2i

]1/2
cos δi = −

ω − ωi[
(ω − ωi)

2 + γ2i

]1/2 , i = 1, 2, · · · .
(4.18)

Gia par�deigma, mèqri th suqnìthta 0.5ωp, ìpou emfanÐzontai ìpwc proanafèrjhke dÔo
plasmonikèc katast�seic suntonismoÔ: ω1 = 0.353ωp, γ1 = 0.043ωp kai ω2 = 0.452ωp,
γ2 = 0.0012ωp, o suntelest c dièleushc dÐnetai me kal  akrÐbeia apì ton tÔpo T = cos2(δ1+
δ2 − ϕ) me ϕ = 181.1◦, ìpwc faÐnetai sto Sq. 4.3.

Sto k�tw tm ma tou Sq. 4.3. parousi�zoume touc suntelestèc dièleushc kai aporrìfh-
shc an lhfjeÐ upìyh h aporrìfhsh apì to metallikì ulikì tou swmatidÐou jètontac sthn
Ex. (3.1) τ−1 = 0.002ωp kai τ−1 = 0.01ωp, timèc kat�llhlec gia ton �rguro kai ton qrusì,
antÐstoiqa. ParathroÔme ìti, se sÔgkrish me thn perÐptwsh ìpou den up rqe aporrìfhsh,
oi èntonec korufèc suntonismoÔ sto f�sma dièleushc, pou proèrqontai apì katast�seic me
meg�lo qrìno zw c, q�nontai lìgw thc aporrìfhshc kai ousiastik� mìno h dipolik  kai h
tetrapolik  kat�stash ekdhl¸nontai sto f�sma dièleushc. AntÐstoiqa, sto f�sma aporrì-
fhshc emfanÐzontai korufèc suntonismoÔ stic perioqèc suqnot twn aut¸n twn plasmonik¸n
katast�sewn.

4.4 Migadik  fwtonik  dom  zwn¸n �peirou krust�llou

Ja exet�soume t¸ra ènan krÔstallo fcc, apì touc Ðdiouc metallikoÔc nanofloioÔc pou
perigr�yame sto prohgoÔmeno ed�fio, ton opoÐo jewroÔme wc epallhlÐa epipèdwn (001),
pou orÐzontai apì ta jemeli¸dh dianÔsmata a1 = a0(1, 0, 0) kai a2 = a0(0, 1, 0), ìpwc
faÐnetai sqhmatik� sto Sq. 4.4. PaÐrnoume a0 = 3c/ωp, opìte h plegmatik  stajer� tou
fcc eÐnai a = 3

√
2c/ωp, en¸ h apìstash metaxÔ twn diadoqik¸n epipèdwn eÐnai d = a0

√
2/2,

kai agnooÔme skìpima thn aporrìfhsh apì to mètallo jètontac τ−1 = 0 sthn Ex. (3.1)
ètsi ¸ste h fwtonik  dom  zwn¸n na ermhneÔetai me saf  trìpo. Sto p�nw di�gramma
tou Sq. 4.4 deÐqnoume th fwtonik  dom  zwn¸n tou krust�llou k�jeta sthn epif�neia
(001). H summetrÐa twn zwn¸n kat� m koc aut c thc dieÔjunshc (∆1,∆2,∆1′ ,∆2′ ,∆5)
eÐnai aut  thc om�dac C4v [114]. Oi z¸nec ∆1,∆2,∆1′ ,∆2′ eÐnai mh ekfulismènec, en¸ oi ∆5

eÐnai dipl� ekfulismènec. Shmei¸netai ìti h epif�neia (001) tou krust�llou eÐnai epÐpedo
katoptrik c summetrÐac tou krust�llou kai kat� sunèpeia oi z¸nec emfanÐzontai se zeÔgh:
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kz(ω,k∥) kai −kz(ω,k∥). Gia ton lìgo autì, sto sq ma deÐqnoume mìno tic z¸nec gia jetikì
kz. Se qamhlèc suqnìthtec paÐrnoume mia grammik  sqèsh diaspor�c, summetrÐac ∆5, ìpwc
anamènetai gia di�dosh se omoiogenèc isodÔnamo mèso [196]. Se uyhlìterec suqnìthtec h
dom  twn zwn¸n qarakthrÐzetai apì epÐpedec z¸nec, sqedìn qwrÐc diaspor�, pou proèrqontai
apì katast�seic epifaneiak¸n plasmonÐwn twn nanofloi¸n. ExaitÐac tou ubridismoÔ an�mesa
stic ektetamènec kai tic epÐpedec z¸nec Ðdiac summetrÐac anoÐgoun q�smata suqnot twn. O
ubridismìc eÐnai isqurìteroc sthn perÐptwsh thc z¸nhc dipolikoÔ suntonismoÔ, lìgw thc
sqetik� megalÔterhc qwrik c èktashc twn antÐstoiqwn katast�sewn, kai kat� sunèpeia to
antÐstoiqo q�sma èqei megalÔtero eÔroc.

Sq ma 4.4: 'Enac fwtonikìc krÔstalloc fcc metallik¸n nanofloi¸n apoteloÔmenwn apì
pur na SiO2 aktÐnac S1 = 0.7c/ωp kai metallikì perÐblhma p�qouc C = 0.3c/ωp, pou qtÐ-
zetai wc epallhlÐa diadoqik¸n epipèdwn (001), ìpwc orÐzontai apì ta jemeli¸dh dianÔsmata
a1 = a0(1, 0, 0) kai a2 = a0(0, 1, 0). P�nw diagr�mmata: H fwtonik  dom  zwn¸n tou kru-
st�llou, plegmatik c stajer�c a = a0

√
2 = 3

√
2c/ωp, qwrÐc aporrìfhsh, ston aèra, kat�

th dieÔjunsh [001]. Oi qontrèc kai leptèc grammèc paristoÔn tic dipl� ekfulismènec kai mh
ekfulismènec z¸nec, antÐstoiqa. DÐpla sto di�gramma zwn¸n deÐqnoume kai ton suntelest 
dièleushc gia èna plakÐdio tou krust�llou apoteloÔmeno apì okt¸ epÐpeda (001). K�tw
diagr�mmata: H fwtonik  dom  zwn¸n tou krust�llou gia k∥ = π/α0(0.24, 0.18), kai o
antÐstoiqoc suntelest c dièleushc gia prìsptwsh TM (maÔrh gramm ) kai TE (gkri gram-
m ) polwmènou fwtìc me q∥ = π/α0(0.24, 0.18) se plakÐdio apoteloÔmeno apì okt¸ epÐpeda
(001) tou krust�llou.

Sto dexiì mèroc tou Sq. 4.4 deÐqnoume ton suntelest  dièleushc gia k�jeth prìsptwsh
(k∥ = 0) se èna plakÐdio apoteloÔmeno apì okt¸ epÐpeda (001) tou krust�llou. 'Opwc
analÔsame sto Ed. 3.1, o suntelest c dièleushc parousi�zei tic gnwstèc talant¸seic
Fabry-Perot, me periodo kzd/π = 1/8, pou anapar�goun tic dipl� ekfulismènec z¸nec tou
krust�llou. 'Omoia me ta Sq. 4.1 kai 4.3, gia an¸terhc t�xhc polÔpola oi suntonismoÐ tou
suntelest  dièleushc (ìpwc kai oi z¸nec suqnot twn) pukn¸noun, odhg¸ntac stadiak� se
èna sqedìn suneqèc f�sma.



86 Migadik  fwtonik  dom  zwn¸n �peirou krust�llou

O arijmìc twn zwn¸n pou faÐnontai sto Sq. 4.4 eÐnai o anamenìmenoc apì ton ekfulismì
twn suntonism¸n twn memonwmènwn nanofloi¸n. Gia par�deigma, ìpwc faÐnetai kalÔtera sto
Sq. 4.5, se suqnìthta 0.42ωp oi dipolikèc katast�seic tÔpou swmatidÐou twn memonwmènwn
nanofloi¸n dÐnoun mia tripl� ekfulismènh kat�stash (summetrÐac Γ15) gia k∥ = 0, h opoÐa
kat� m koc thc dieÔjunshc [001] qwrÐzetai se mÐa dipl� ekfulismènh kai mÐa mh ekfulismènh
z¸nh. H pr¸th, pou antistoiqeÐ se katast�seic polwmènec sto epÐpedo x − y kai èqei
summetrÐa ∆5, ubridopoieÐtai me tic z¸nec summetrÐac ∆5 tou isodÔnamou mèsou gia na d¸sei
tic z¸nec∆5 pou faÐnontai sto sq ma. H deÔterh, summetrÐac∆1, antistoiqeÐ se katast�seic
polwmènec kat� th dieÔjunsh z kai den mporeÐ na diegerjeÐ se k�jeth prìsptwsh lìgw thc
egk�rsiac fÔshc tou HM pedÐou. 'Omoia, oi tetrapolikèc katast�seic tÔpou swmatidÐou
dÐnoun mÐa tripl� ekfulismènh (Γ25′) kai mÐa dipl� ekfulismènh (Γ12) kat�stash gia k = 0,
oi opoÐec qwrÐzontai se mÐa z¸nh ∆2′ kai mÐa ∆5, kai mÐa z¸nh ∆1 kai mÐa ∆2 kat� m koc thc
dieÔjunshc [001], antÐstoiqa. Q�smata suqnot twn anoÐgoun wc apotèlesma tou ubridismoÔ
metaxÔ thc ektetamènhc z¸nhc isodÔnamou mèsou kai twn zwn¸n summetrÐac ∆5.

Sq ma 4.5: Megèjunsh tou diagr�mmatoc zwn¸n tou Sq. 4.4 gia k∥ = 0, sthn perioq 
suqnot twn twn dipolik¸n kai tetrapolik¸n plasmonik¸n katast�sewn tÔpou swmatidÐou
kai tÔpou koilìthtac. Sto di�gramma zwn¸n, ektìc apì tic sunhjismènec z¸nec suqnot twn
(pragmatikì kz) deÐqnoume kai tic grammèc pragmatik c suqnìthtac gia migadikèc idiotimèc
kz pou antistoiqoÔn stic dipl� ekfulismènec z¸nec (to fantastikì touc mèroc sqedi�zetai
stic skiasmènec perioqèc me suneqeÐc grammèc en¸ to pragmatikì stic leukèc perioqèc me
diakekommènec grammèc; h migadik  z¸nh me to mikrìtero kat� mètro fantastikì mèroc se
k�je suqnìthta sqedi�zetai me maÔrh gramm ). Me leptèc maÔrec, gkri, kai kìkkinec grammèc
parist¸ntai oi mh ekfulismènec z¸nec summetrÐac ∆1, ∆2, kai ∆2′ , antÐstoiqa. DÐpla sta
diagr�mmata zwn¸n parousi�zetai o suntelest c apìsbeshc.
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Oi mh ekfulismènec z¸nec kat� m koc thc dieÔjunshc [001] proèrqontai apì asjen  al-
lhlepÐdrash metaxÔ twn antÐstoiqwn dèsmiwn katast�sewn tou HM pedÐou, entopismènwn
se diadoqik� epÐpeda (001) skedast¸n. Prokeimènou na deÐxoume ta parap�nw, anazhtoÔme
idiokatast�seic tou HM pedÐou gia k∥ = 0 se èna plakÐdio apoteloÔmeno apì NL = 8 epÐpe-
da nanofloi¸n, qrhsimopoi¸ntac thn Ex. (2.117). Sthn perioq  suqnot twn k�je miac apì
autèc tic z¸nec paÐrnoume okt¸ idiosuqnìthtec, oi opoÐec, an sqediastoÔn sunart sei tou
anhgmènou kumat�rijmou kz = κπ/(NL+1)d, κ = 1, 2, · · · , NL, anapar�goun tic antÐstoiqec
kampÔlec diaspor�c tou �peirou krust�llou, ìpwc faÐnetai me anoiqtoÔc kÔklouc sto Sq.
4.5 gia th qamhlìterh mh ekfulismènh z¸nh, ∆1. H z¸nh aut , optik� anenerg  gia k∥ = 0,
epizeÐ gia k∥ ̸= 0, opìte kai suzeÔgnutai me èna prospÐpton kÔma tou Ðdiou k∥, odhg¸ntac
se metr simo suntelest  dièleushc. Pr�gmati, kat� m koc miac tuqaÐac dieÔjunshc ìlec oi
z¸nec an koun sthn tautotik  anapar�stash thc tetrimmènhc om�dac [114], kai kat� sunè-
peia diegeÐrontai, toul�qiston jewrhtik�, apì èna kat�llhlo prospÐpton kÔma opoiasd pote
pìlwshc. Gia par�deigma, ìpwc faÐnetai sta k�tw diagr�mmata tou Sq. 4.4, kont� sta ìria
tou q�smatoc, gia k∥ = π/a0(0.24, 0.18), akìma kai sthn perioq  ìpou up�rqei mÐa mìno
z¸nh (apì 0.344ωp mèqri 0.349ωp), tìso h pìlwsh TE ìso kai h TM dÐnoun shmantikì sun-
telest  dièleushc. AntÐjeta, h mh ekfulismènh z¸nh sthn perioq  suqnot twn apì 0.386ωp

èwc 0.417ωp suzeÔgnutai kat� kÔrio lìgo me TM polwmèno prospÐpton fwc kai o sunte-
lest c dièleushc gia TE polwmèno fwc se aut  thn perioq  suqnot twn einai amelhtèoc.
Aut  h epilektik  diègersh ermhneÔetai apì to gegonìc ìti h en lìgw z¸nh antistoiqeÐ sthn
anenerg  kat� th dieÔjunsh [001] z¸nh ∆1, h opoÐa proèrqetai apì dipolikèc katast�seic
tÔpou swmatidÐou pou sqetÐzontai me talant¸seic eleÔjerwn hlektronÐwn kat� th dieÔjunsh
z. Profan¸c autèc oi katast�seic diegeÐrontai mìno apì èna hlektrikì pedÐo pou èqei mh
mhdenik  sunist¸sa sth dieÔjunsh z, �ra mìno apì TM polwmèno fwc. Fusik�, se èna
plègma nanofloi¸n sqhmatÐzontai sullogikèc plasmonikèc katast�seic, h perigraf  twn
opoÐwn me b�sh tic antÐstoiqec polupolikèc katast�seic twn memonwmènwn nanofloi¸n einai
mìno kat� prosèggish swst . Gi' autì kai h sÔzeuxh thc z¸nhc aut c me TE polwmèno fwc
eÐnai amelhtèa, all� ìqi tautotik� mhdenik .

Sto Sq. 4.5, ektìc apì tic sunhjismènec z¸nec suqnot twn (pragmatikì kz), deÐqnoume
kai tic grammèc pragmatik c suqnìthtac gia migadikèc idiotimèc kz pou antistoiqoÔn stic
dipl� ekfulismènec z¸nec. 'Opwc eÐpame, oi grammèc autèc apoteloÔn tic analutikèc pro-
ekt�seic twn pragmatik¸n zwn¸n sto migadikì epÐpedo kz. H migadik  z¸nh kat�llhlhc
summetrÐac (∆5 sthn perÐptws  mac) me to mikrìtero kat� mètro fantastikì mèroc sthn pe-
rioq  enìc q�smatoc sqedi�zetai me maÔro qr¸ma kai kajorÐzei th dièleush enìc kÔmatoc apì
èna peperasmèno plakÐdio tou krust�llou se aut  thn perioq  suqnot twn; gia dedomènh
tim  tou k∥ paÐrnoume ln T (ω) = −2dNLImkz(ω) + staj.. Autì parathreÐtai pr�gmati sto
Sq. 4.5, ìpou deÐqnoume ton suntelest  dièleushc se logarijmik  klÐmaka (apìsbesh) gia
èna kÔma pou prospÐptei k�jeta se èna plakÐdio tou krust�llou apì NL = 8 epÐpeda (001).
Sthn perioq  tou pr¸tou q�smatoc, k�tw apì th suqnìthta 0.362ωp h dièleush kajorÐzetai
apì th migadik  z¸nh sta dexi� tou diagr�mmatoc kai p�nw apì aut  th suqnìthta apì th
z¸nh sta arister� tou diagr�mmatoc. AntÐstoiqa, sto q�sma pou ekteÐnetai apì 0.803ωp mè-
qri 0.869ωp h dièleush kajorÐzetai apì th dexi� migadik  z¸nh mèqri th suqnìthta 0.838ωp

kai apì thn arister  migadik  z¸nh p�nw apì aut  th suqnìthta.
Oi domèc suntonismoÔ ston suntelest  dièleushc tou plakidÐou sthn perioq  0.441ωp
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èwc 0.461ωp kai 0.751ωp èwc 0.772ωp, dhlad  stic perioqèc twn qasm�twn ìpou oi dipl�
ekfulismènec z¸nec me to mikrìtero kat� mètro fantastikì mèroc eÐnai migadikèc me pragma-
tikì mèroc Rekz ̸= 0, 1 - kai �ra oi antÐstoiqec kumatosunart seic Bloch èqoun mh mhdenikì
pragmatikì mèroc - ofeÐlontai se plasmonikoÔc suntonismoÔc entopismènouc gÔrw apì ta
memonwmèna epÐpeda, pou allhlepidroÔn asjen¸c metaxÔ touc. AxÐzei na shmeiwjeÐ ìti oi
suntonismoÐ tou plakidÐou emfanÐzontai se suqnìthtec kat� m koc thc gramm c pragmatik c
suqnìthtac pou antistoiqoÔn se Rekzd/π = κ/(NL + 1), κ = 1, 2, . . . , NL, ìpou NL = 8
eÐnai o arijmìc twn epipèdwn tou plakidÐou, ìpwc faÐnetai me kÔklouc sto Sq. 4.5 gia th
z¸nh metaxÔ 0.751ωp èwc 0.772ωp.

4.5 Arnhtik  di�jlash kai fjÐnonta kÔmata

Mia endiafèrousa perigraf  tou fwtonikoÔ krust�llou pou melet same sto prohgoÔme-
no ed�fio, h opoÐa prosfèrei tautìqrona plhroforÐec gia th diajlastik  sumperifor� tou,
mporeÐ na gÐnei mèsw twn epifanei¸n stajer c suqnìthtac, ω(k) = staj., gia k�poiec qa-
rakthristikèc suqnìthtec, ìpwc suzht jhke sto Ed. 2.8. Sto Sq. 4.6 parousi�zoume
tètoiec epif�neiec, kaj¸c kai tic probolèc touc sto epÐpedo kx − kz. Shmei¸noume ìti gia
k∥ = (kx, 0), 0 < kx < π/a0, dhlad  kat� m koc thc dieÔjunshc ΓX thc EZB (bl. Sq.
2.6), oi idiokatast�seic tou hlektrikoÔ pedÐou mporoÔn na taxinomhjoÔn wc �rtiec   perittèc
wc proc an�klash sto epÐpedo x− z, kai diegeÐrontai apì TM   TE polwmèna prospÐpton-
ta kÔmata, antÐstoiqa. Sto Sq. 4.6 oi kampÔlec stajer c suqnìthtac pou sqetÐzontai me
tic �rtiec kai perittèc katast�seic parousi�zontai sthn perioq  suqnot twn metaxÔ 0.10ωp

kai 0.34ωp, dhlad  k�tw apì to q�sma [diagr�mmata (a) kai (b)]. To skiasmèno orjog¸nio
antiproswpeÔei thn probol  thc anhgmènhc z¸nhc k sto epÐpedo kx − kz. Oi maÔrec kai
gkri grammèc antistoiqoÔn se kÔmata pou diadÐdontai   fjÐnoun sto perib�llon mèso (aè-
ra), antÐstoiqa. Kaj¸c h suqnìthta aux�netai, oi kampÔlec stajer c suqnìthtac gia tic
perittèc katast�seic metatrèpontai stadiak� apì elleÐyeic se uperbolèc, en¸ oi antÐstoiqec
kampÔlec gia tic �rtiec katast�seic diathroÔn th jetik  touc kampulìthta. Oi antÐstoiqec
3D epif�neiec stajer c suqnìthtac parousi�zontai, gia plhrìthta, sto p�nw misì thc a-
nhgmènhc z¸nhc k, sth suqnìthta 0.34ωp. To k�tw misì twn epifanei¸n eÐnai summetrikì
kai den qrei�zetai na parousiasteÐ. Sto Sq. 4.6(g) parousi�zoume parìmoiec kampÔlec
stajer c suqnìthtac, kaj¸c kai thn antÐstoiqh 3D epif�neia se suqnìthta 0.40ωp, sthn
perioq  metaxÔ 0.395ωp kai 0.410ωp ìpou, ìpwc anafèrame nwrÐtera, up�rqei mìno mÐa, mh
ekfulismènh z¸nh, �rtia wc proc an�klash wc proc to epÐpedo x− z. Shmei¸noume ìti aut 
h perioq  suqnot twn einai kont� sto ìrio perÐjlashc gia kÔmata pou prospÐptoun apì ton
aèra. Me b�sh ton sumbolismì pou qrhsimopoioÔme, ta perijl¸mena kÔmata ja emfanÐzon-
tan wc maÔra tm mata twn kampul¸n stajer c suqnìthtac pou proèrqontai apì geitonikèc
anhgmènec z¸nec k. Sunep¸c, h mh ekfulismènh aut  z¸nh eÐnai h uyhlìterh se suqnìthta
z¸nh gia thn opoÐa paÐrnei kaneÐc mÐa kai monadik  diajl¸menh aktÐna.

'Opwc eÐpame, up�rqei mia sten  perioq  suqnot twn, apì 0.33ωp mèqri to q�sma, ìpou
oi kampÔlec stajer c suqnìthtac pou antistoiqoÔn stic perittèc katast�seic gÐnontai uper-
bolikèc se ìlo to m koc twn maÔrwn tmhm�twn touc. To gegonìc autì upodhl¸nei ìti ja
parathreÐtai to fainìmeno thc arnhtik c di�jlashc ìtan TE polwmèno fwc prospÐptei apì
ton aèra sthn epif�neia (001) tou krust�llou me q∥ = k∥ = (kx, 0) upì opoiad pote gwnÐa.
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Sq ma 4.6: KampÔlec stajer c suqnìthtac sto epÐpedo kx−kz (ky = 0) gia ton krÔstallo
metallik¸n nanofloi¸n tou Sq. 4.4, susqetismènec me (a) tic �rtiec kai (b) tic perittèc
katast�seic, gia suqnìthtec pou aux�nontai apì to kèntro proc ta èxw (oi suqnìthtec
parousi�zontai sto aristerì perij¸rio se mon�dec ωp). To skiasmèno orjog¸nio parist�
thn probol  thc anhgmènhc z¸nhc k se autì to epÐpedo. Mìno ta maÔra tm mata twn
kampul¸n antistoiqoÔn se kÔmata diadidìmena kai èxw apì ton krÔstallo. Gia plhrìthta,
oi antÐstoiqec 3D epif�neiec parousi�zontai sto p�nw misì thc anhgmènhc z¸nhc k, sth
suqnìthta 0.34ωp. (g) KampÔlec stajer c suqnìthtac pou sqetÐzontai me th monadik ,
�rtia z¸nh sthn perioq  suqnot twn pou faÐnetai sto dexiì perij¸rio (se mon�dec ωp). Oi
suqnìthtec aux�nontai apì èxw proc to kèntro. H antÐstoiqh 3D epif�neia parousi�zetai
gia plhrìthta sto p�nw misì thc anhgmènhc z¸nhc k, sth suqnìthta 0.40ωp.

Gia na to epibebai¸soume akoloujoÔme th diadikasÐa upologismoÔ thc taqÔthtac om�doc
tou diajl¸menou kÔmatoc pou perigr�yame sto Ed. 2.8, sth suqnìthta 0.34ωp. Kat� thn
prìsptwsh HM aktinobolÐac se mia epif�neia tou krust�llou h par�llhlh sthn epif�neia
sunist¸sa tou kumatanÔsmatoc, kx sthn perÐptws  mac (èqontac jewr sei ky = 0), diath-
reÐtai. Sto Sq. 4.7 h sunj kh aut  parèqetai apì tic orizìntiec diakekommènec grammèc.
Oi tomèc aut¸n twn gramm¸n me tic kampÔlec stajer c suqnìthtac tou aèra (oi kÔkloi sta
arister� diagr�mmata) kajorÐzoun to prospÐpton (jetikì kz) kai to anakl¸meno (arnhtikì
kz) k�je for� kÔma, en¸ oi tomèc touc me tic kampÔlec stajer c suqnìthtac tou krust�llou
(dexi� diagr�mmata) parèqoun se k�je perÐptwsh dÔo pijan� kumatanÔsmata gia ta diajl¸-
mena kÔmata. Prokeimènou na prosdiorÐsoume ta pragmatik� diajl¸mena kÔmata se k�je
perÐptwsh upologÐzoume th dieÔjunsh thc taqÔthtac om�doc, vg ≡ ∇kω(k), h opoÐa kajo-
rÐzei th ro  enèrgeiac tou kÔmatoc. 'Opwc anafèrame sto Ed. 2.8, h taqÔthta om�doc den
eÐnai aparaÐthta par�llhlh sto kumat�nusma, all� eÐnai ex orismoÔ k�jeth sthn epif�neia
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Sq ma 4.7: Diagr�mmata kumatanusm�twn sto epÐpedo kx−kz (ky = 0) gia tic �rtiec (a) kai
perittèc (b) katast�seic sth suqnìthta 0.34ωp, kai gia tic �rtiec katast�seic sth suqnìth-
ta 0.40ωp (g), gia ton krÔstallo tou Sq. 4.4. Sta arister� diagr�mmata parousi�zontai oi
kampÔlec stajer c suqnìthtac ston aèra kai sta dexi� oi antÐstoiqec kampÔlec ston krÔ-
stallo. H orizìntia diakekommènh gramm  parèqei th diat rhsh thc par�llhlhc sunist¸sac
tou kumatanÔsmatoc sth diadikasÐa skèdashc. Ta suneq  bèlh paristoÔn to prospÐpton
(skoÔro gkri), anakl¸meno (anoiqtì gkri) kai diajl¸meno (maÔro) kumat�nusma sta di�-
fora mèsa. Me diakekommèna bèlh k�jeta stic kampÔlec stajer c suqnìthtac deÐqnoume
tic antÐstoiqec taqÔthtec om�doc. Ta lept� kìkkina bèlh antistoiqoÔn se kumatanÔsmata
kai taqÔthtec om�doc diajl¸menwn kum�twn gia ta opoÐa h sunist¸sa kx diathreÐtai all�
parabi�zetai h aitiìthta.

stajer c suqnìthtac. Apì ta diagr�mmata tou Sq. 4.6 brÐskoume poi� apì tic dÔo pijanèc
k�jetec dieujÔnseic odhgeÐ se aÔxousa suqnìthta kai eÐnai sunep¸c h swst  dieÔjunsh thc
taqÔthtac om�doc. Epiplèon, to diajl¸meno kÔma ja prèpei na apomakrÔnetai apì th diepi-
f�neia twn dÔo mèswn, proc to eswterikì tou krust�llou, dhlad  na èqei jetik  sunist¸sa
z thc vg (arq  thc aitiìthtac) [87,89,90]. 'Etsi, sthn perÐptws  mac epilègoume wc diajl¸-
meno kÔma autì me th jetik  sunist¸sa x thc vg gia tic �rtiec katast�seic [Sq. 4.7(a)], kai
autì me thn arnhtik  x sunist¸sa thc vg gia tic perittèc katast�seic [Sq. 4.7(b)]. Me �l-
la lìgia, gia k∥ kat� m koc thc dieÔjunshc ΓX thc EZB, o krÔstalloc parousi�zei jetik 
(sunhjismènh) di�jlash gia TM polwmèna prospÐptonta kÔmata kai arnhtik  di�jlash gia
TE polwmèna kÔmata, prospÐptonta upì opoiad pote gwnÐa, sth suqnìthta 0.34ωp. Wstì-
so, ìpwc suzht same sto prohgoÔmeno ed�fio, gia k∥ kat� m koc miac tuqaÐac dieÔjunshc
thc EZB, tìso ta TE ìso kai ta TM polwmèna kÔmata suzeÔgnuntai se shmantikì bajmì
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kai me tic dÔo z¸nec sth dedomènh suqnìthta, odhg¸ntac se dÔo diajl¸menec aktÐnec, mÐa
jetik� kai mÐa arnhtik� (diplojlastikìthta). Arnhtik  di�jlash qwrÐc diplojlastikìthta
gia k�je gwnÐa prìsptwshc paÐrnoume se suqnìthta 0.40ωp, ìpou, ìpwc anafèrame, up�rqei
mÐa kai monadik  z¸nh. H z¸nh aut  diegeÐretai mìno apì TM polwmèno fwc, dra wc fÐltro
pol¸sewn, kai mporeÐ na axiopoihjeÐ se sqetikèc efarmogèc. H suz thsh gia ton prosdiori-
smì thc diajl¸menhc aktÐnac eÐnai an�logh me thn prohgoÔmenh perÐptwsh kai parousi�zetai
sto Sq. 4.7(g), me th mình diafor� ìti t¸ra to diajl¸meno kumat�nusma èqei dieÔjunsh
pou apomakrÔnetai apì ton krÔstallo.

Mèqri stigm c agno same tic ap¸leiec lìgw aporrìfhshc sto metallikì ulikì. H re-
alistik  migadik  dihlektrik  sun�rthsh twn met�llwn mporeÐ na lhfjeÐ upìyh jètontac
τ−1 ̸= 0 sthn Ex. (3.1). To fantastikì mèroc thc dihlektrik c sun�rthshc Drude metatrè-
pei ìlec tic z¸nec se migadikèc, upì thn ènnoia ìti ìla ta kumatanÔsmata apoktoÔn èna mikrì
fantastikì mèroc pou lamb�nei upìyh tic ap¸leiec. Jewr¸ntac τ−1 = 0.002ωp, pou anti-
stoiqeÐ ston �rguro, to fantastikì mèroc tou kzd/π gia tic z¸nec pou mac apasqoloÔn eÐnai
p�nta mikrìtero apì 0.015, apì to opoÐo sun�getai èna m koc di�doshc thc t�xhc twn dèka
plegmatik¸n stajer¸n kat� th dieÔjunsh di�doshc. Autì shmaÐnei ìti mìno sqetik� lept�
plakÐdia, apoteloÔmena apì lÐga 2D epÐpeda nanofloi¸n, mporoÔn na fanoÔn qr sima se
praktikèc efarmogèc sqetizìmenec me arnhtik  di�jlash kai uperfakoÔc. Oi ap¸leiec lìgw
aporrìfhshc mporoÔn na meiwjoÔn peraitèrw metab�llontac tic gewmetrikèc paramètrouc
tou sust matoc, ìpwc gia par�deigma to p�qoc tou metallikoÔ floioÔ [223].

Prokeimènou èna plakÐdio fwtonikoÔ krust�llou na mporeÐ na axiopoihjeÐ se efarmogèc
uperfak¸n ja prèpei na mporeÐ na metafèrei ta fjÐnonta kÔmata sthn �llh tou pleur� qwrÐc
exasjènish, sthn perioq  suqnot twn pou emfanÐzetai arnhtik  di�jlash. Autì epitugq�-
netai, en gènei, mèsw epÐpedwn epifaneiak¸n katast�sewn   idiokatast�sewn plakidÐou, an
up�rqoun [90]. Sto k�tw di�gramma tou Sq. 4.8 parousi�zoume thn probol  thc fwtonik c
dom c zwn¸n tou krust�llou stic grammèc summetrÐac thc EZB pou sqetÐzetai me thn epif�-
neia (001) (Sq. 2.6). Oi skiasmènec perioqèc antistoiqoÔn se perioqèc katast�sewn tou HM
pedÐou; gia k�je suqnìthta se skiasmènh perioq , gia to dedomèno k∥, up�rqei toul�qiston
mÐa diadidìmenh HM kat�stash ston �peiro krÔstallo. Oi leukèc perioqèc antistoiqoÔn se
q�smata suqnot twn gia to dedomèno k∥. Profan¸c, apìluto q�sma up�rqei ìtan mia leuk 
perioq  suqnot twn ekteÐnetai se ìla ta k∥. H gn¸sh twn katast�sewn me k∥ sto trÐgwno

ΓXM thc EZB kai 0 ≤ kz ≤ π/d eÐnai arket  gia mia pl rh perigraf  ìlwn twn katast�-
sewn tou �peirou krust�llou. Oi katast�seic me k∥ sthn upìloiph z¸nh k upologÐzontai
b�sei thc summetrÐac. Me maÔrec suneqeÐc grammèc deÐqnoume tic z¸nec idiokatast�sewn
enìc plakidÐou apoteloÔmenou apì tèssera diadoqik� epÐpeda (001) tou krust�llou, en¸ oi
diakekommènec grammèc sumbolÐzoun ton k¸no fwtìc. EÐnai fanerì ìti emfanÐzontai tìsec
z¸nec tètoiwn idiokatast�sewn ìsoc kai o arijmìc twn epipèdwn pou sunistoÔn to pla-
kÐdio. Oi idiokatast�seic autèc sunodeÔontai apì shmantik  aÔxhsh sto sqetikì stoiqeÐo
tou pÐnaka dièleushc, t00(≡ S++

01;01) [90], ìpwc deÐqnoume sto p�nw di�gramma tou Sq 4.8,
ìpou sqedi�zoume to megalÔtero kat� mètro stoiqeÐo tou pÐnaka dièleushc gia èna plakÐdio
apoteloÔmeno apì okt¸ epÐpeda (001), mazÐ me to sqetikì di�gramma zwn¸n tou �peirou
krust�llou, sthn perioq  p�nw apì to q�sma ubridismoÔ, gia k∥ = π/a0(0.6, 0). Oi idiosu-
qnìthtec twn katast�sewn plakidÐou, ωκ, κ = 1, 2, . . . , NL (NL = 8), prokÔptoun apì tic
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Sq ma 4.8: P�nw: Fwtonik  dom  zwn¸n tou krust�llou tou Sq. 4.4 gia k∥ = π/a0(0.6, 0)
(arister�) kai to mètro tou megalÔterou stoiqeÐou tou pÐnaka dièleushc, t00, gia èna plakÐ-
dio tou krust�llou apoteloÔmeno apì okt¸ epÐpeda (001). K�tw: Probol  thc fwtonik c
dom c zwn¸n tou krust�llou sthn EZB thc epif�neiac (001) kat� m koc twn dieujÔnsewn
summetrÐac pou faÐnontai sto Sq. 2.6. Oi skiasmènec perioqèc antistoiqoÔn se diadidìme-
nec katast�seic tou HM pedÐou kai oi leukèc se q�smata. Me maÔrec suneqeÐc grammèc
parousi�zoume tic sqèseic diaspor�c twn idiokatast�sewn enìc plakidÐou apoteloÔmenou
apì tèssera epÐpeda (001) tou krust�llou. Oi diakekommènec grammèc paristoÔn ton k¸no
fwtìc ston aèra.

jèseic twn megÐstwn tou t00, kai ta shmeÐa (kz;κ, ωκ), me kz;κ = κπ/(NL+1)d, anapar�goun
to di�gramma zwn¸n me arket� kal  akrÐbeia ìpwc faÐnetai me anoiqtoÔc kÔklouc sto sq ma.
Oi upologismoÐ mac èdeixan ìti h akrÐbeia thc sumfwnÐac sth suqnìthta metaxÔ twn idioka-
tast�sewn tou plakidÐou kai tou diagr�mmatoc zwn¸n tou �peirou krust�llou belti¸netai
drastik� aux�nontac ton arijmì twn epipèdwn, ìpwc ex�llou anamènetai. Tèloc, axÐzei na
anaferjeÐ ìti sthn perioq  suqnot twn k�tw apì to q�sma emfanÐzontai okt¸ z¸nec idio-
katast�sewn plakidÐou gia èna plakÐdio tess�rwn epipèdwn, tèsseric gia k�je mÐa apì tic
z¸nec se aut  thn perioq . Se praktikèc efarmogèc, gia na petÔqei kaneÐc ikanopoihtik 
apeikìnish miac phg c monoqrwmatik c aktinobolÐac, eÐnai protimìtero na up�rqoun tètoiec
idiokatast�seic kont�, all� ìqi akrib¸c sth suqnìthta endiafèrontoc, giatÐ diaforetik� h
enÐsqush twn fjÐnontwn kum�twn eÐnai tìso shmantik  ¸ste na jol¸nei h eikìna [90]. Apì
thn �llh pleur�, se efarmogèc ègqrwmhc apeikìnishc epijumeÐ kaneÐc meg�lo arijmì tètoiwn
idiokatast�sewn, ìso gÐnetai pio kont� metaxÔ touc [65]. Se k�je perÐptwsh, o arijmìc kai
oi jèseic twn idiokatast�sewn peperasmènou plakidÐou mporoÔn na rujmistoÔn me kat�llhlh
epilog  tou p�qouc tou plakidÐou.
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4.6 OmoiogenopoÐhsh anisotropikoÔ krust�llou

Prokeimènou na efarmìsoume th jewrÐa omoiogenopoÐhshc pou proteÐname sto Ed. 3.4 se mia
pio endiafèrousa, anisotropik  perÐptwsh, ja jewr soume ènan anisotropikì krÔstallo apì
touc Ðdiouc metallikoÔc nanofloioÔc pou melet same kai sta prohgoÔmena ed�fia. H mona-
diaÐa kuyelÐda tou tetragwnikoÔ krust�llou pou ja exet�soume parousi�zetai sto Sq. 4.9.
QtÐzoume ton krÔstallo wc epallhlÐa diadoqik¸n tetragwnik¸n epipèdwn x− y, me plegma-
tik  stajer� a0 = 3c/ωp, pou qwrÐzontai apì apìstash d = 6c/ωp kat� th dieÔjunsh z. H
migadik  fwtonik  dom  zwn¸n tou krust�llou, pou upologÐsthke agno¸ntac proc to parìn
tic ap¸leiec lìgw aporrìfhshc (τ−1 = 0), parousi�zetai epÐshc sto Sq. 4.9. Gia k∥ = 0,
dhlad  kat� m koc thc dieÔjunshc [001], oi z¸nec èqoun th summetrÐa twn mh anagwgÐsimwn
anaparast�sewn thc shmeiak c om�dac C4v: ∆1, ∆2, ∆1′ , ∆2′ , pou eÐnai monodi�statec, kai
∆5, pou eÐnai didi�stath. 'Olec oi z¸nec pou faÐnontai sto p�nw di�gramma tou Sq. 4.9
èqoun summetrÐa ∆5 kai eÐnai dipl� ekfulismènec. Kat� m koc k�poiac �llhc dieÔjunshc thc
anhgmènhc z¸nhc k, pou mènei amet�blhth stic pr�xeic summetrÐac miac mikrìterhc shmeiak c
om�dac pou den perièqei mia didi�stath mh anagwgÐsimh anapar�stash, ìlec oi z¸nec eÐnai
mh ekfulismènec, ìpwc faÐnetai sto k�tw di�gramma tou Sq. 4.9 gia k∥ = π/a0(0.16, 0.08).
Autì to q¸risma twn dipl� ekfulismènwn zwn¸n prèpei na lhfjeÐ upìyh jewr¸ntac èna
kat�llhlo anisotropikì mèso. Prèpei na shmeiwjeÐ ìti, austhr�, autì to q¸risma sumbaÐnei
akìma kai se ènan kubikì krÔstallo. Wstìso, se aut  thn perÐptwsh h anisotropÐa eÐnai
praktik� amelhtèa, se sumfwnÐa me thn upìjesh enìc omoiogenoÔc isotropikoÔ mèsou, se
qamhlèc kai endi�mesec suqnìthtec (bl. Ed. 3.4).

Ta diagr�mmata zwn¸n tou upo melèth fwtonikoÔ krust�llou, sthn perioq  suqnot -
twn pou mac endiafèrei, qarakthrÐzontai apì eureÐec z¸nec ektetamènwn katast�sewn kai
stenèc z¸nec entopismènwn katast�sewn pou proèrqontai apì asjen  allhlepÐdrash twn
dipolik¸n plasmonik¸n katast�sewn tÔpou swmatidÐou twn memonwmènwn nanofloi¸n. H
allhlepÐdrash metaxÔ aut¸n twn zwn¸n odhgeÐ sto �noigma qasm�twn ubridismoÔ. Mèsa
sta q�smata den up�rqoun diadidìmenec katast�seic tou HM pedÐou kai oi pragmatikèc z¸-
nec suneqÐzoun analutik� sto migadikì epÐpedo kz. Sthn perioq  enìc q�smatoc, h z¸nh me
to mikrìtero kat� mètro fantastikì mèroc tou kz eÐnai aut  pou kajorÐzei th di�dosh twn
HM kum�twn sth sugkekrimènh dieÔjunsh, kai parousi�zetai stic skiasmènec perioqèc tou
Sq. 4.9. Profan¸c, o suntelest c an�klashc tou hmi�peirou krust�llou gÐnetai mon�da
sthn perioq  tou q�smatoc.

O krÔstalloc pou jewr same èqei monoaxonik  summetrÐa, opìte oi kat�llhloi tanustèc
isodÔnamwn HM paramètrwn, Ex. (1.43), ja aplopoioÔntai sth morf 

←→ε =

 εeff(∥)
εeff(∥)

εeff(z)

 , ←→µ =

 µeff(∥)
µeff(∥)

µeff(z)

 . (4.19)

en¸ oi sqèseic diaspor�c (1.46) kai (1.48) gÐnontai:

q2∥

εeff(∥)µeff(z)
+

q2(TE)z

εeff(∥)µeff(∥)
=
ω2

c2
(4.20)
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Sq ma 4.9: H jemeli¸dhc kuyelÐda enìc tetragwnikoÔ fwtonikoÔ krust�llou metallik¸n
nanofloi¸n me a0 = 3c/ωp kai d = 6c/ωp. Arister� diagr�mmata: H migadik  dom  zwn¸n
tou krust�llou gia k∥ = 0 (p�nw di�gramma) kai k∥ = π/a0(0.16, 0.08) (k�tw di�gramma).
Me qontrèc kai leptèc grammèc parousi�zoume tic dipl� ekfulismènec kai mh ekfulismènec
z¸nec, antÐstoiqa. Stic perioqèc twn qasm�twn parousi�zoume tic migadikèc z¸nec me to
mikrìtero kat� mètro fantastikì mèroc; to pragmatikì touc mèroc parousi�zetai me dia-
kekommènec grammèc kai to fantastikì stic skiasmènec perioqèc. Dexi� diagr�mmata: O
antÐstoiqoc suntelest c an�klashc tou hmi�peirou krust�llou.

gia pìlwsh TE, dhlad  an to hlektrikì pedÐo eÐnai k�jeto ston optikì �xona z, kai

q2∥

εeff(z)µeff(∥)
+

q2(TM)z

εeff(∥)µeff(∥)
=
ω2

c2
(4.21)

gia pìlwsh TM, dhlad  an to magnhtikì pedÐo eÐnai k�jeto ston optikì �xona, kai q∥ =
(qx, qy). AntÐstoiqa, oi suntelestèc an�klashc sth diepif�neia metaxÔ tou hmi�peirou fw-
tonikoÔ krust�llou kai enìc hmi�peirou omoiogenoÔc mèsou sunart sewn apìkrishc ε kai µ,
Ex. (1.49) kai (1.51), gr�fontai

r12(TE) =

√
εµω2/c2 − q2∥ − µ

√
(εeff(∥)/µeff(∥))(ω2/c2)− q2∥/(µeff(∥)µeff(z))√

εµω2/c2 − q2∥ + µ
√

(εeff(∥)/µeff(∥))(ω2/c2)− q2∥/(µeff(∥)µeff(z))
(4.22)

kai

r12(TM) =

√
εµω2/c2 − q2∥ − ε

√(
µeff(∥)/εeff(∥)

)
(ω2/c2)− q2∥/(εeff(∥)εeff(z))√

εµω2/c2 − q2∥ + ε
√(

µeff(∥)/εeff(∥)
)
(ω2/c2)− q2∥/(εeff(∥)εeff(z))

(4.23)

gia TE kai TM pìlwsh, antÐstoiqa.
Pragmatopoi¸ntac susthmatikoÔc upologismoÔc thc migadik c dom c zwn¸n tou �peirou

krust�llou kai tou suntelest  an�klashc tou hmi�peirou krust�llou kat� m koc poll¸n
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Sq ma 4.10: KampÔlec prosarmog c twn sqèsewn diaspor�c tou �peirou krust�llou kai
tou suntelest  an�klashc tou hmi�peirou krust�llou, pou upologÐzontai me akribeÐc u-
pologismoÔc mèsw thc mejìdou LMS, gia ton fwtonikì krÔstallo tou Sq. 4.9, stic Ex.
(4.20), (4.21) kai (4.22), (4.23), antÐstoiqa, sthn perioq  twn grammik¸n sqèsewn diaspor�c
(ω = 0.20ωp) (p�nw diagr�mmata) kai p�nw apì to q�sma (ω = 0.43ωp) (k�tw diagr�mmata).
Ta maÔra kai gkri sÔmbola anafèrontai stic pol¸seic TE kai TM, antÐstoiqa.

dieujÔnsewn pou antistoiqoÔn se diaforetik� shmeÐa q∥(= k∥), sthn perioq  suqnot twn
pou mac endiafèrei, paÐrnoume èna sÔnolo dedomènwn pou ja prèpei na ikanopoioÔn tic sqè-
seic (4.20)-(4.23). Pr�gmati, se perioqèc suqnot twn èxw apì to q�sma h prosarmog  twn
Ex. (4.20)-(4.23) sta dedomèna twn upologism¸n einai exairetik , ìpwc faÐnetai sto Sq.
4.10. Apì tic prosarmogèc stic sqèseic diaspor�c paÐrnoume timèc gia ta µeff(∥)/µeff(z),
εeff(∥)/εeff(z), kai εeff(∥)µeff(∥) (dÔo timèc), en¸ apì tic prosarmogèc stouc suntelestèc an�-
klashc paÐrnoume timèc gia ta µeff(∥)µeff(z), εeff(∥)εeff(z), kai εeff(∥)/µeff(∥) (dÔo timèc). 'Etsi
katastr¸noume èna sÔsthma okt¸ exis¸sewn gia touc tèsseric agn¸stouc, εeff(∥), εeff(z),
µeff(∥), kai µeff(z), to opoÐo epilÔoume me mia deÔterh (mh grammik ) diadikasÐa elaqÐstwn
tetrag¸nwn. Wc posotikì krit rio gia thn akrÐbeia twn prosarmog¸n se k�je suqnìthta
uiojetoÔme thn antÐstoiqh tupik  apìklish. H ex�rthsh twn upologismènwn isodÔnamwn HM
paramètrwn apì th suqnìthta parousi�zetai sto Sq. 4.11 mazÐ me thn antÐstoiqh tupik 
apìklish se logarijmik  klÐmaka. Ektìc apì thn perioq  tou q�smatoc, ìpou oi isodÔnamec
par�metroi q�noun th fusik  shmasÐa touc [138] kai oi diadikasÐec prosarmog c apotugq�-
noun teleÐwc (bl. Ed. 3.4), kai polÔ kont� sta q�smata ìpou den isqÔei h perigraf  me
ìrouc topik¸n isodÔnamwn sunart sewn apìkrishc, stic upìloipec perioqèc upologÐzontai
tanustèc isodÔnamhc dihlektrik c sun�rthshc kai magnhtik c diaperatìthtac me ikanopoih-
tik  akrÐbeia. H anisotropÐa sth dihlektrik  sun�rthsh, εeff(∥)− εeff(z), megal¸nei apì 0.07
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Sq ma 4.11: Tanustèc isodÔnamwn HM paramètrwn (ta pragmatik� kai fantastik� touc
mèrh parousi�zontai me suneqeÐc kai diakekommènec grammèc, antÐstoiqa) gia ton fwtonikì
krÔstallo tou Sq. 4.9. H tupik  apìklish twn diadikasi¸n prosarmog c stic di�forec
suqnìthtec parousi�zetai me apoqr¸seic tou gkri se logarijmik  klÐmaka. Stic maÔrec
perioqèc oi isodÔnamec HM par�metroi q�noun to nìhm� touc.

se qamhlèc suqnìthtec mèqri na gÐnei thc t�xhc tou 100 plhsi�zontac to q�sma. AntÐjeta,
h anisotropÐa sth magnhtik  diaperatìthta, µeff(∥)−µeff(z) paramènei mikrìterh tou 0.02 se
ìlo to eÔroc suqnot twn pou mac endiafèrei, ìpwc anamenìtan.

4.7 Epifaneiakèc katast�seic se krust�llouc metallik¸n nano-
floi¸n

H pijanìthta entopismoÔ HM katast�sewn sthn epif�neia enìc hmi�peirou fwtonikoÔ kru-
st�llou diereun jhke jewrhtik� apì polÔ nwrÐc, apì touc Meade et al. [224], oi opoÐoi
èdeixan ìti tètoiec katast�seic ja prèpei na up�rqoun p�nta gia k�poion termatismì k�je
epif�neiac tou krust�llou, en¸ sth sunèqeia h Ôparxh epifaneiak¸n fwtonik¸n katast�-
sewn epibebai¸jhke kai peiramatik� [225]. Empneusmènoi apì autèc tic ergasÐec, polloÐ
ereunhtèc parousÐasan arijmhtikèc melètec twn epifaneiak¸n katast�sewn se 2D kai 3D
fwtonikoÔc krust�llouc, basismènoi kurÐwc sthn prosèggish tou uperplègmatoc [226�232],
en¸ exet�sthke kai h ex�rthsh twn epifaneiak¸n katast�sewn apì ton termatismì thc epif�-
neiac [233,234]. To endiafèron gia ta epifaneiak� kÔmata anajerm�njhke prìsfata, se sqè-
sh tìso me thn Ôparxh �yeudoplasmonÐwn� (spoof plasmons) se di�trhtec epif�neic tèleiwn
agwg¸n [235,236], ìso kai me thn pijan  emf�nish emprosjodiadidìmenwn kai opisjodiadidì-
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menwn fwtonik¸n katast�sewn Tamm kai Shockley [237�239], en¸ prot�jhke kai meg�loc
arijmìc pijan¸n efarmog¸n tètoiwn katast�sewn se 2D kai 3D fwtonikoÔc krust�llouc.
'Otan emfanÐzontai se dihlektrikoÔc fwtonikoÔc krust�llouc, ta epifaneiak� kÔmata mpo-
roÔn na jewrhjoÔn wc apotelesmatikoÐ antikatast�tec twn epifaneiak¸n plasmonÐwn se
leptèc metallikèc epif�neiec, lìgw twn polÔ mikrìterwn apwlei¸n touc [240, 241]. Epiplè-
on, epifaneiakèc katast�seic mporoÔn na diegerjoÔn qrhsimopoi¸ntac perijlastikèc epif�-
neiec kai na rujmistoÔn ¸ste na eujugrammÐzoun to fwc pou exèrqetai apì ènan kumatodhgì
fwtonikoÔ krust�llou [242�247]. Epiprìsjeta, oi epifaneiakèc katast�seic proselkÔoun
idiaÐtero endiafèron sto pedÐo twn fwtonik¸n metaôlik¸n, diìti mporoÔn na metafèroun tic
fjÐnousec sunist¸sec tou prospÐptontoc kÔmatoc sthn �llh pleur� enìc plakidÐou pou
emfanÐzei arnhtik  di�jlash qwrÐc ap¸leiec, dieukolÔnontac ton sqediasmì uperfak¸n me
diakritik  ikanìthta mikrìterh tou m kouc kÔmatoc [90,248,249], en¸ mporoÔn na rujmistoÔn
¸ste na èqoun antÐjetec taqÔthtec f�shc kai om�doc [250]. Prìsfata, oi Ishizaki kai Noda
parat rhsan peiramatik� epifaneiakèc katast�seic se 3D fwtonikoÔc krust�llouc [251],
anoÐgontac èna nèo drìmo gia ton qeirismì twn fwtonÐwn. Tèloc, tètoiec katast�seic a-
namènetai na paÐzoun shmantikì rìlo sthn enÐsqush ekmpomp c fjorismoÔ enìc shmeiakoÔ
dipìlou kont� se fwtonikì krÔstallo.

Parìti oi fwtonikèc katast�seic se 2D - kai se mikrìtero bajmì 3D - dihlektrikoÔc
fwtonikoÔc krust�llouc èqoun melethjeÐ ekten¸c ta teleutaÐa eÐkosi qrìnia, den isqÔei to
Ðdio gia touc metallodihlektrikoÔc krust�llouc. Oi Zhang et al. [193] anèferan ìti tètoiec
katast�seic den eÐnai eÔkolo na entopistoÔn se 2D krust�llouc metallik¸n kulÐndrwn, lì-
gw thc ap¸jhshc tou HM pedÐou apì thn epif�neia pou prokaleÐ to metallikì ulikì, an
kai den apèkleisan entel¸c aut  thn pijanìthta. Melèthsan dÔo diaforetikoÔc metallo-
dihlektrikoÔc krust�llouc pou apoteloÔntan apì tetragwnik� plègmata �peirwn se m koc
kulÐndrwn, eÐte amig¸c metallik¸n eÐte kalummènwn me èna dihlektrikì str¸ma. To mètallo
antimetwpÐsthke tìso wc tèleioc agwgìc ìso kai wc ulikì pou perigr�fetai apì th dihle-
ktrik  sun�rthsh Drude, h opoÐa paÐrnei isqur� arnhtikèc timèc sthn perioq  endiafèrontoc.
Xekin¸ntac apì ènan fwtonikì krÔstallo dihlektrik¸n kulÐndrwn, pou uposthrÐzei epifa-
neiakèc katast�seic, prosèjesan stadiak� oloèna kai paqÔterouc metallikoÔc kulÐndrouc
sto kèntro k�je dihlektrikoÔ kulÐndrou kai eÐdan ìti oi epifaneiakèc katast�seic stadiak�
exafanÐzontai me thn aÔxhsh thc aktÐnac tou metallikoÔ kulÐndrou. Sunep¸c, mèqri prìsfa-
ta den up rqe k�poia ergasÐa pou na anafèrei thn Ôparxh epifaneiak¸n katast�sewn se 3D
metallodihlektrikoÔc fwtonikoÔc krust�llouc. Sto ed�fio autì ja deÐxoume ìti 3D krÔ-
stalloi metallik¸n nanofloi¸n uposthrÐzoun tètoiec katast�seic [99]. EÐnai axioshmeÐwto
ìti, en¸ sun jwc oi epifaneiakèc katast�seic eis�gontai eÐte termatÐzontac thn epif�neia
se kat�llhlo shmeÐo [224, 233] eÐte prosjètontac mia epifaneiak  atèleia [252, 253], sthn
perÐptwsh krust�llwn metallik¸n nanofloi¸n pou ja exet�soume h epif�neia eÐnai saf¸c
orismènh, diìti tètoioi krÔstalloi paraskeu�zontai me mejìdouc autoorg�nwshc.

Ja xekin soume exet�zontac ènan krÔstallo fcc metallik¸n nanofloi¸n aktÐnac S =
c/ωp kai p�qouc C = 0.3c/ωp , to metallikì mèroc twn opoÐwn perigr�fetai apì th dih-
lektrik  sun�rthsh Drude, qwrÐc aporrìfhsh katarq�c. Epilègoume plegmatik  stajer�
a = 2.1

√
2c/ωp, pou antistoiqeÐ se sfairik� swmatÐdia sqedìn se epaf . AnazhtoÔme epi-

faneiakèc katast�seic entopismènec stic epif�neiec (001) kai (111) tou krust�llou. Su-
nep¸c, sta plaÐsia thc mejìdou LMS, qrei�zetai na oikodom soume ton krÔstallo me dÔo
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Sq ma 4.12: Fwtonik  dom  zwn¸n (arister� diagr�mmata) enìc krust�llou fcc (a0 =
2.1c/ωp) metallik¸n nanofloi¸n me S = c/ωp kai C = 0.3c/ωp, kat� m koc thc dieÔjunshc
ΓX (p�nw) kai thc dieÔjunshc ΓL (k�tw), kai h probol  thc sthn EZB thc epif�neiac (001)
(p�nw) kai (111) k�tw, kat� m koc twn dieujÔnsewn summetrÐac tou Sq. 2.6. Oi skiasmènec
kai leukèc perioqèc sumbolÐzoun katast�seic kai q�smata, antÐstoiqa. Oi kìkkinec grammèc
sta q�smata paristoÔn tic epifaneiakèc katast�seic, en¸ oi maÔrec diakekommènec grammèc
ton k¸no fwtìc ston aèra.

diaforetikoÔc trìpouc: wc epallhlÐa diadoqik¸n epipèdwn (001) kai (111), me apìstash
plhsièsterwn geitìnwn a0 = 2.1c/ωp. Ta diadoqik� epÐpeda (001) kai (111) qwrÐzontai apì
apìstash d = a/2 kai d = a

√
3/3, antÐstoiqa.

Sta arister� diagr�mmata tou Sq. 4.12 deÐqnoume th fwtonik  dom  zwn¸n tou krust�l-
lou kat� m koc twn dieujÔnsewn ΓX kai ΓL (bl. Sq. 2.6). Oi grammikèc, dipl� ekfulismènec
z¸nec pou paÐrnoume se qamhlèc suqnìthtec allhlepidroÔn me tic epÐpedec z¸nec pou pro-
èrqontai apì tic dipolikèc kai tetrapolikèc plasmonikèc katast�seic tÔpou swmatidÐou twn
memonwmènwn nanofloi¸n, stic jèseic ∼ 0.3ωp kai ∼ 0.4ωp, antÐstoiqa, kai wc apotèlesma
anoÐgoun q�smata ubridismoÔ. DÐpla sta diagr�mmata zwn¸n deÐqnoume tic probolèc thc
fwtonik c dom c zwn¸n sthn EZB thc antÐstoiqhc epif�neiac kat� m koc twn dieujÔnsewn
summetrÐac tou Sq. 2.6. Kat� ta sun jh, oi skiasmènec perioqèc antiproswpeÔoun diadidì-
menec katast�seic tou HM pedÐou, en¸ oi leukèc q�smata. Me kìkkinec suneqeÐc grammèc
mèsa sta q�smata deÐqnoume tic sqèseic diaspor�c twn epifaneiak¸n katast�sewn, en¸ oi
maÔrec diakekommènec grammèc paristoÔn ton k¸no fwtìc ston aèra. Autèc oi katast�seic,
pou proèrqontai apì fainìmena sumbol c ston fwtonikì krÔstallo [193, 224], brÐskontai
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Sq ma 4.13: Probol  thc fwtonik c dom c zwn¸n krust�llwn fcc (a0 = 2.1c/ωp) apì
omoiogeneÐc metallikèc sfaÐrec aktÐnac S = c/ωp (p�nw di�gramma) kai apì metallikoÔc
nanofloioÔc aktÐnac S = c/ωp kai p�qouc C = 0.1c/ωp (k�tw di�gramma) sthn EZB thc
(001) epif�nei�c touc, kat� m koc twn dieujÔnsewn summetrÐac pou faÐnontai sto Sq. 2.6.
Oi skiasmènec kai leukèc perioqèc sumbolÐzoun katast�seic kai q�smata, antÐstoiqa. Oi
kìkkinec grammèc sta q�smata paristoÔn tic epifaneiakèc katast�seic, en¸ oi maÔrec diake-
kommènec grammèc ton k¸no fwtìc ston aèra.

èxw apì ton k¸no fwtìc, kai mèsa se q�sma tou fwtonikoÔ krust�llou, eÐnai dhlad  prag-
matikèc epifaneiakèc katast�seic pou fjÐnoun ekjetik� tìso ston krÔstallo ìso kai ston
aèra. Parousi�zei endiafèron to gegonìc ìti se k�poiec apì tic kampÔlec diaspor�c pa-
rathroÔme tm mata me arnhtik  klÐsh, pou mporoÔn na susqetistoÔn me opisjodiadidìmena
epifaneiak� kÔmata, me antÐjetec taqÔthtec f�shc kai om�doc [250].

Kat� m koc dieujÔnsewn uyhl c summetrÐac thc EZB pou sqetÐzetai me thn epif�neia
(001) oi epifaneiakèc katast�seic mporoÔn na qarakthristoÔn wc �rtiec   perittèc wc proc
an�klash se sqèsh me kat�llhlo k�jeto epÐpedo katoptrik c summetrÐac. Gia par�deigma,
kat� m koc thc dieÔjunshc ΓX oi katast�seic gÔrw apì th suqnìthta 0.28ωp eÐnai �rtiec,
en¸ autèc gÔrw apì tic suqnìthtec 0.35ωp kai 0.42ωp eÐnai perittèc wc proc thn an�klash
wc proc to epÐpedo x−z. 'Omoia, kat� m koc thc dieÔjunshc ΓM oi katast�seic gÔrw apì th
suqnìthta 0.35ωp eÐnai �rtiec wc proc thn an�klash wc proc to antÐstoiqo k�jeto epÐpedo.
Kat� m koc �llwn dieujÔnsewn thc EZB thc epif�neiac (001), ìpwc kai gia k�je dieÔjunsh
thc EZB thc epif�neiac (111), den up�rqoun tètoia epÐpeda katoptrik c summetrÐac kai ènac
qarakthrismìc twn epifaneiak¸n katast�sewn me b�sh th summetrÐa den eÐnai efiktìc.
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Sq ma 4.14: P�nw di�gramma: Megèjunsh tou p�nw diagr�mmatoc tou Sq. 4.12 sthn pe-
rioq  thc z¸nhc �1�, kai oi sqèseic diaspor�c twn epifaneiak¸n katast�sewn peperasmè-
nwn plakidÐwn tou upì exètash krust�llou, apoteloÔmenwn apì dÔo, tèssera, kai okt¸
epÐpeda nanofloi¸n (leptèc suneqeÐc, diakekommènec, kai estigmènec grammèc, antÐstoiqa),
upologismènec me thn Ex. (2.117). K�tw di�gramma: To m koc di�doshc twn epifaneiak¸n
katast�sewn tou p�nw diagr�mmatoc.

Prokeimènou na exet�soume th dunatìthta rÔjmishc aut¸n twn epifaneiak¸n katast�se-
wn sth suqnìthta pragmatopoi same susthmatikoÔc upologismoÔc metab�llontac to p�qoc
tou floioÔ twn memonwmènwn skedast¸n, krat¸ntac th sunolik  touc aktÐna kai thn a-
pìstash plhsièsterwn geitìnwn stajerèc. Sto Sq. 4.13 parousi�zoume thn probol  thc
fwtonik c dom c zwn¸n sthn EZB thc epif�neiac (001), kai tic antÐstoiqec epifaneiakèc ka-
tast�seic, gia tic oriakèc peript¸seic polÔ lept¸n metallik¸n nanofloi¸n me C = 0.1c/ωp

(kai S1 = 0.9c/ωp), kai omoiogen¸n metallik¸n sfair¸n me aktÐna S = c/ωp. H metabol 
tou p�qouc twn floi¸n èqei wc basikì apotèlesma th metatìpish twn plasmonik¸n katast�-
sewn, kai twn qasm�twn pou proèrqontai apì autèc, sth suqnìthta [97]. Gia par�deigma, h
jèsh thc z¸nhc �1� tou Sq. 4.12 kumaÐnetai apì ∼ 0.15ωp gia ton krÔstallo lept¸n nano-
floi¸n mèqri ∼ 0.35ωp gia ton krÔstallo twn omoiogen¸n metallik¸n sfair¸n. Parousi�zei
endiafèron to gegonìc ìti, en¸ ta epimèrouc q�smata pou sqetÐzontai me tic dipolikèc pla-
smonikèc katast�seic tÔpou swmatidÐou diathroÔn thn Ðdia morf  kai to mègisto eÔroc touc
aux�netai mìno kat� 25%, ta q�smata pou sqetÐzontai me tic tetrapolikèc plasmonikèc ka-
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tast�seic tÔpou swmatidÐou dieurÔnontai drastik� se ìlh thn èktash thc EZB kaj¸c to
p�qoc tou metallikoÔ floioÔ megal¸nei, mèqri pou sqhmatÐzetai èna apìluto q�sma. AxÐzei
epÐshc na anaferjeÐ ìti, se antÐjesh me thn anafor� [193], ìpou oi epifaneiakèc katast�seic
parathroÔntai mìno ìtan to metallikì ulikì tou fwtonikoÔ krust�llou eÐnai kalummèno apì
èna dihlektrikì str¸ma, sthn perÐptws  mac oi epifaneiakèc katast�seic epizoÔn akìma kai
gia krust�llouc omoiogen¸n metallik¸n sfair¸n. H parousÐa tou metallikoÔ ulikoÔ den
apokleÐei thn emf�nish epifaneiak¸n katast�sewn se ènan fwtonikì krÔstallo, upì thn
proôpìjesh ìti h dihlektrik  sun�rthsh tou met�llou den paÐrnei isqur� arnhtikèc timèc
sth sqetik  perioq  suqnot twn. Epiplèon, oi upologismoÐ mac èdeixan ìti h gewmetrÐa tou
krust�llou eÐnai epÐshc idiaÐtera shmantikìc par�gontac; gia par�deigma, oi epifaneiakèc
katast�seic stadiak� q�nontai kaj¸c aux�noume thn plegmatik  stajer�, dhlad  kaj¸c
mei¸noume ton ìgko kat�lhyhc twn nanofloi¸n.

Oi sqèseic diaspor�c twn epifaneiak¸n katast�sewn sta sq mata 4.12 kai 4.13 upolo-
gÐsthkan gia ton hmi�peiro krÔstallo, sÔmfwna me thn Ex. (2.133). MporoÔme ìmwc na
tic upologÐsoume kai me b�sh thn Ex. (2.117), jewr¸ntac bèbaia peperasmèna plakÐdia tou
krust�llou, mia mèjodoc pou èqei  dh qrhsimopoihjeÐ gia th melèth epifaneiak¸n katast�-
sewn se fwnonikoÔc krust�llouc [254]. Profan¸c, gia èna peperasmèno plakÐdio paÐrnoume
dÔo kampÔlec diaspor�c, kont� metaxÔ touc se suqnìthta, pou antistoiqoÔn se epifaneiakèc
katast�seic entopismènec stic dÔo epif�neiec tou plakidÐou. Kaj¸c o arijmìc twn epipèdwn
pou sunistoÔn to plakÐdio aux�netai, h allhlepÐdrash metaxÔ twn dÔo aut¸n katast�sewn
gÐnetai asjenèsterh kai ta apotelèsmata sugklÐnoun sthn kampÔlh pou qarakthrÐzei ton
hmi�peiro krÔstallo. Autì faÐnetai sto Sq. 4.14 gia th z¸nh �1� tou Sq. 4.12, gia plakÐdia
apoteloÔmena apì dÔo, tèssera, kai okt¸ epÐpeda (001) nanofloi¸n. 'Eqei endiafèron ìti h
sÔgklish eÐnai taqÔterh kat� m koc thc dieÔjunshc XM, gegonìc pou deÐqnei ìti se aut  thn
perÐptwsh oi epifaneiakèc katast�seic eÐnai perissìtero entopismènec, ìpwc epibebai¸noume
upologÐzontac to antÐstoiqo b�joc dieÐsdushc.

Oi ap¸leiec lìgw aporrìfhshc, tic opoÐec mèqri t¸ra agno same, lamb�nontai upìyh
jètontac τ−1 = 0.002ωp sthn Ex. (3.1). Tìte h Ex. (2.133) ikanopoieÐtai sto k�tw
migadikì hmiepÐpedo thc suqnìthtac, gia ω − iγ, ìpou γ > 0 eÐnai o antÐstrofoc qrìnoc
zw c thc kat�stashc. Oi qrìnoi zw c, pollaplasiasmènoi epÐ thn antÐstoiqh taqÔthta
om�doc, vg = dω/dk, kat� m koc miac dedomènhc dieÔjunshc, parèqoun to m koc di�doshc,
lp, thc kat�stashc. Sto Sq.4.14 deÐqnoume to m koc di�doshc gia th z¸nh �1� tou Sq.
4.12. EÐnai fanerì ìti, akìma kai gia aut  thn arket� epÐpedh z¸nh, to m koc di�doshc pou
prokÔptei mporeÐ na eÐnai mèqri kai 25a0. Parìmoioi upologismoÐ gia pio ektetamènec z¸nec
epifaneiak¸n katast�sewn dÐnoun m kh di�doshc mèqri kai 80a0, gegonìc pou kajist� autèc
tic katast�seic endiafèrousec se sqèsh me efarmogèc metafor�c fwtonÐwn. Aut� ta m kh
di�doshc eÐnai thc t�xhc merik¸n mikromètrwn, th stigm  pou gia ta epifaneiak� plasmìnia se
mia epÐpedh epif�neia argÔrou to m koc di�doshc kumaÐnetai apì 10− 100µm sto oratì, kai
aux�netai mèqri to 1mm kaj¸c plhsi�zoume thn perioq  thlepikoinwni¸n sta 1.5µm [255].
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Kef�laio 5

Periodikèc domèc metallik¸n nanokulÐndrwn

H optik  apìkrish metallik¸n nanokulÐndrwn peperasmènou (sugkrÐsimou me th di�metro thc
diatom c touc) Ôyouc èqei melethjeÐ ekten¸c ta teleutaÐa qrìnia lìgw twn monadik¸n idio-
t twn touc, pou proèrqontai apì th diègersh plasmonik¸n katast�sewn diafìrwn tÔpwn.
Lìgw tou kulindrikoÔ touc sq matoc, o triplìc ekfulismìc thc kÔriac dipolik c plasmo-
nik c kat�stashc se èna antÐstoiqo sfairikì swmatÐdio (bl. Kef. 4) aÐretai kai mporoÔn
na parathrhjoÔn katast�seic pou sqetÐzontai me talant¸seic eleÔjerwn hlektronÐwn eÐte
kat� m koc eÐte k�jeta ston �xona tou nanokulÐndrou [256�258]. Oi katast�seic autèc mpo-
roÔn eÔkola na rujmistoÔn se èna meg�lo eÔroc suqnot twn, metab�llontac ta gewmetrik�
qarakthristik�   to dihlektrikì perib�llon twn metallik¸n nanokulÐndrwn,   kai to Ðdio
to metallikì ulikì [259�263]. Ta pr�gmata gÐnontai akìma pio endiafèronta ìtan aut� ta
swmatÐdia plhsi�zoun metaxÔ touc kai allhlepidroÔn. O plasmonikìc ubridismìc odhgeÐ se
polÔ plousiìtera f�smata gia zeÔgh   mikrèc sullogèc nanokulÐndrwn [264�267], en¸ h
di�tax  touc se periodik� plègmata prosfèrei th dunatìthta sunduasmoÔ twn plasmonik¸n
katast�sewn twn memonwmènwn swmatidÐwn me elegqìmenh allhlepÐdrash metaxÔ twn sw-
matidÐwn [268�270]. IdiaÐtero endiafèron parousi�zoun plègmata sta opoÐa oi �xonec twn
nanokulÐndrwn eÐnai par�llhloi, k�jeta se èna upìstrwma, diìti tètoiec domèc kataskeu�-
zontai eÔkola me qhmikèc   lijografikèc mejìdouc [271�275] kai brÐskoun polu�rijmec e-
farmogèc. Gia par�deigma, tètoia plègmata prokaloÔn shmantik  enÐsqush tou HM pedÐou
kai qrhsimopoioÔntai wc upostr¸mata gia epifaneiak  enÐsqush thc skèdashc Raman [276].
Epiplèon, se sÔgkrish me touc memonwmènouc metallikoÔc nanokulÐndrouc, ta plègmata eÐnai
pio euaÐsjhta stic allagèc tou deÐkth di�jlashc tou perib�llontoc kai �ra idiaÐtera qr sima
wc bioaisjht rec [277]. 'Otan oi nanokÔlindroi tou plègmatoc plhsi�zoun metaxÔ touc, to
HM pedÐo sugkentr¸netai sth dihlektrik  endoplegmatik  perioq  [272, 278], sthn opoÐa
sqhmatÐzontai diam kh st�sima kÔmata [279] kat' analogÐa me tic plasmonikèc koilìthtec
suntonismoÔ. Ekmetalleuìmenoc thn isqur  anisotropÐa touc, mporeÐ kaneÐc na sqedi�sei
fÐltra pol¸sewn [280], en¸ upì sugkekrimènec proôpojèseic h anisotropÐa odhgeÐ se arnh-
tik  di�jlash   autoeujugr�mmish [101, 133, 152, 281]. H qr sh plegm�twn nanokulÐndrwn
epitrèpei ex�llou ton sqediasmì uperfak¸n, diìti ta plasmìnia metadÐdontai mèsw twn me-
tallik¸n swmatidÐwn, metafèrontac thn enèrgeia kat� m koc twn nanokulÐndrwn, se arket�
meg�lec apost�seic, kai suzeÔgnuntai me sumbatikèc optikèc diat�xeic par�gontac thn eikì-
na [63]. Sta plaÐsia aut c thc idèac prot�jhke ìti 3D krÔstalloi metallik¸n nanokulÐndrwn
mporoÔn na prosfèroun meg�la m kh di�doshc kai leitourgÐa se eureÐa perioq  suqnot twn,
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dÐnontac ètsi th dunatìthta sqediasmoÔ fak¸n me diakritik  ikanìthta mikrìterh tou m kouc
kÔmatoc kai ègqrwmh apeikìnish [65].

Sto parìn kef�laio ja exet�soume thn optik  apìkrish periodik¸n dom¸n metallik¸n
nanokulÐndrwn. Xekin�me parousi�zontac mia susthmatik  melèth, basismènh sth jewrÐa
om�dwn, ìlwn twn plasmonik¸n katast�sewn se ènan memonwmèno nanokÔlindro. Sth sunè-
qeia diat�ssoume tètoiouc nanokulÐndrouc se 2D plègmata kai deÐqnoume ìti oi jèseic twn
plasmonik¸n katast�sewn twn plegm�twn exart¸ntai apì èna pl joc paramètrwn, ìpwc
eÐnai to Ôyoc tou kulÐndrou kai h plegmatik  stajer�, prosfèrontac me autì ton trìpo
th dunatìthta rÔjmishc twn plasmonik¸n katast�sewn se mia eureÐa perioq  pou kalÔptei
ìlo to oratì kai to eggÔc upèrujro [270]. Ex�llou, oi katast�seic suntonismoÔ kai oi
idiokatast�seic tètoiwn plegm�twn mporoÔn na axiopoihjoÔn gia thn enÐsqush thc ekpomp c
fjorismoÔ enìc energoÔ kèntrou. AkoloÔjwc melet�me th fwtonik  dom  zwn¸n enìc exa-
gwnikoÔ krust�llou kai th dunatìthta omoiogenopoÐhs c tou me mia aplousteumènh ekdoq 
thc mejìdou tou Ed. 3.4. Oi epif�neiec stajer c suqnìthtac tou krust�llou deÐqnoun
ìti o krÔstalloc autìc parousi�zei entupwsiakèc diajlastikèc idiìthtec [101]. Tèloc, exe-
t�zoume tic idiìthtec kumatodhgoÔ grammik¸n periodik¸n alusÐdwn tètoiwn nanokulÐndrwn,
upologÐzontac sqetik� diagr�mmata diaspor�c, tìso me th mèjodo LMS ìso kai me to eu-
rèwc qrhsimopoioÔmeno montèlo suzeugmènwn dipìlwn, kai ex�goume sumper�smata gia ta
ìria akrÐbeiac tou teleutaÐou.

5.1 Skèdash apì memonwmèno nanokÔlindro

Oi optikèc idiìthtec memonwmènwn metallik¸n nanokulÐndrwn èqoun melethjeÐ apì arketèc
ereunhtikèc om�dec [261, 262, 282�284]. 'Ena shmantikì sumpèrasma eÐnai ìti autì pou kat�
kÔrio lìgo kajorÐzei to m koc kÔmatoc suntonismoÔ eÐnai o lìgoc diamètrou/Ôyoc (D/H),
kai ìti metab�llontac autì ton lìgo mporeÐ kaneÐc na metatopÐsei touc dipolikoÔc plasmo-
nikoÔc suntonismoÔc se ìlo to oratì f�sma. To m koc kÔmatoc tou kurÐarqou diam kouc
(susqetismènou me talant¸seic eleÔjerwn hlektronÐwn kat� m koc tou �xona tou kulÐn-
drou) suntonismoÔ enìc memonwmènou nanokulÐndrou aux�netai sqedìn grammik� me ton lìgo
diamètrou/Ôyoc tou swmatidÐou. EÐnai endiafèron ìti o suntonismìc autìc emfanÐzetai se m -
kh kÔmatoc polÔ megalÔtera apì aut� miac idanik c dipolik c keraÐac misoÔ m kouc kÔmatoc
(H = λ/2). Autì exhgeÐtai wc ex c: Stic optikèc suqnìthtec o aplìc nìmoc klim�kwshc tou
m kouc kÔmatoc, H = λ/2, katarrèei, diìti h prospÐptousa aktinobolÐa den ufÐstatai plèon
tèleia an�klash apì th metallik  epif�neia. AntÐjeta, to pedÐo dieisdÔei mèsa sto mètallo,
diegeÐrontac epifaneiakèc plasmonikèc talant¸seic. Sunep¸c, stic optikèc suqnìthtec mia
keraÐa den antapokrÐnetai sto exwterikì m koc kÔmatoc, λ, all� se èna energì m koc kÔma-
toc, λeff , to opoÐo exart�tai apì tic idiìthtec tou ulikoÔ [285]. H diatÔpwsh tètoiwn nìmwn
klim�kwshc se plasmonik� sust mata èqei proselkÔsei meg�lo ereunhtikì endiafèron ta
teleutaÐa qrìnia [267, 286]. Oi perissìterec melètec èqoun epikentrwjeÐ stouc dipolikoÔc
suntonismoÔc, en¸ ta an¸terhc t�xhc polÔpola èqoun proselkÔsei saf¸c ligìtero endiafè-
ron [258,262,270]. Sto ed�fio autì ja parousi�soume mia pl rh kai emperistatwmènh melèth
ìlwn twn plasmonik¸n suntonism¸n twn nanokulÐndrwn, basismènh sth jewrÐa om�dwn.

En gènei, èna memonwmèno swmatÐdio uposthrÐzei katast�seic suntonismoÔ tou HM pedÐ-
ou stic jèseic twn pìlwn twn idiotim¸n tou pÐnaka skèdashc sto k�tw migadikì hmiepÐpedo
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Sq ma 5.1: Energìc diatom  skèdashc (maÔrec suneqeÐc grammèc) kai aporrìfhshc (gkri
diakekommènec grammèc) gia ènan metallikì nanokÔlindro ston aèra, gia TM (arister� dia-
gr�mmata) kai TE (dexi� diagr�mmata) polwmèno fwc pou prospÐptei me gwnÐa θ = 45◦ wc
proc ton �xona tou kulÐndrou, ìpwc faÐnetai stic sqhmatikèc apeikonÐseic. Sta p�nw dia-
gr�mmata o nanokÔlindroc, diamètrou D = 2S = c/ωp kai Ôyouc H = 2.5c/ωp, perigr�fetai
apì th dihlektrik  sun�rthsh Drude, Ex. (3.1), me τ−1 = 0, pou shmaÐnei ìti h energìc
diatom  aporrìfhshc eÐnai mhdenik . Sta k�tw diagr�mmata qrhsimopoioÔntai oi peiramati-
kèc timèc gia th dihlektrik  sun�rthsh tou argÔrou [199] gia ènan nanokÔlindro me di�metro
20nm kai Ôyoc 50nm.

thc suqnìthtac kai kont� ston pragmatikì �xona. Gia mh sfairikoÔc skedastèc, o pÐnakac
skèdashc eÐnai mh diag¸nioc sth b�sh sfairik¸n kum�twn kai kat� sunèpeia den eÐnai dunatì
na katat�xei kaneÐc tic idiotimèc tou me b�sh thn pìlwsh kai ton deÐkth thc stroform c.
Parìti oi plasmonikèc katast�seic èqoun sun jwc mia kurÐarqh pìlwsh kai ènan 2ℓ-polikì
qarakt ra [262], akrib c tètoioc qarakthrismìc mporeÐ na gÐnei mìno me b�sh th jewrÐa
om�dwn [287]. Oi di�forec katast�seic èqoun th summetrÐa twn mh anagwgÐsimwn anapara-
st�sewn thc kat�llhlhc shmeiak c om�dac, pou sthn perÐptwsh swmatidÐwn me kulindrik 
summetrÐa eÐnai h D∞h [114]. Mia dedomènh kat�stash diegeÐretai mìno an to hlektrikì
pedÐo tou prospÐptontoc fwtìc èqei mh mhdenik  probol  ston kat�llhlo mh anagwgÐsimo
upìqwro. Gia par�deigma, èna epÐpedo HM kÔma pou prospÐptei upì gwnÐa θ (0 < θ < π/2)
wc proc ton �xona tou nanokulÐndrou (ton opoÐo paÐrnoume kat� th dieÔjunsh z) mporeÐ na
diegeÐrei katast�seic summetrÐac A1u, A2g, E|m|g, E|m|u ∀m an eÐnai polwmèno k�jeta ston
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�xona tou swmatidÐou (pìlwsh TE), kai katast�seic summetrÐac A1g, A2u, E|m|g, E|m|u ∀m
an eÐnai polwmèno sto epÐpedo prìsptwshc, pou orÐzetai apì ton �xona tou swmatidÐou kai
to kumat�nusma (pìlwsh TM).

Idiosuqnìthta
(se mon�dec ωp) SummetrÐa KurÐarqoc qarakt rac

* 0.2989 A2u Hlektrikì dÐpolo
0.4747 A1g Hlektrikì tetr�polo
0.5024 E1g Hlektrikì tetr�polo/16-polo

* 0.5044 E1u Hlektrikì dÐpolo
0.5377 E2g Hlektrikì tetr�polo
0.5546 A2u Hlektrikì dÐpolo
0.5936 A1g Hlektrikì tetr�polo
0.6187 A2u Hlektrikì dÐpolo
0.6345 E1g Hlektrikì tetr�polo/16-polo
0.6377 A1g Hlektrikì tetr�polo
0.6385 E1u Hlektrikì dÐpolo/okt�polo/32-polo

* 0.6439 E1u Hlektrikì dÐpolo
0.6449 E1g Hlektrikì tetr�polo/16-polo
0.6501 A2u Hlektrikì dÐpolo
0.6585 A1g Hlektrikì tetr�polo
0.6737 E2g Hlektrikì tetr�polo
0.6927 E2g Hlektrikì tetr�polo

PÐnakac 5.1: Plasmonikèc katast�seic enìc memonwmènou metallikoÔ nanokulÐndrou (D =
c/ωp, H = 2.5c/ωp), pou perigr�fetai apì th dihlektrik  sun�rthsh Drude qwrÐc apor-
rìfhsh, ston aèra. O asterÐskoc dhl¸nei tic katast�seic me sqetik� mikrì qrìno zw c,
dhlad  touc eurÔterouc suntonismoÔc [270].

Sto Sq. 5.1 parousi�zoume tic energèc diatomèc skèdashc kai aporrìfhshc, kanoniko-
poihmènec sth gewmetrik  diatom , gia ènan memonwmèno metallikì nanokÔlindro ston aèra.
Sta p�nw diagr�mmata o kÔlindroc perigr�fetai apì th dihlektrik  sun�rthsh Drude, Ex.
(3.1), qwrÐc aporrìfhsh (τ−1 = 0), kai èqei di�metroD ≡ 2S = c/ωp kai ÔyocH = 2.5c/ωp.
Sthn perÐptwsh aut  profan¸c h energìc diatom  aporrìfhshc mhdenÐzetai tautotik�. 'Ena
eiserqìmeno kÔma pìlwshc TM   TE prospÐptei upì gwnÐa θ = 45◦ wc proc ton �xona
tou kulÐndrou kai diegeÐrei meg�lo arijmì swmatidiak¸n plasmonik¸n katast�sewn, ìpwc
faÐnetai sto sq ma. Oi idiosuqnìthtec, h summetrÐa kai o kurÐarqoc qarakt rac twn ka-
tast�sewn aut¸n parousi�zontai ston PÐnaka 5.1. H plasmonik  kat�stash pou ja mac
apasqol sei kat� kÔrio lìgo sta epìmena ed�fia eÐnai h kat�stash summetrÐac A2u sth su-
qnìthta 0.2989ωp. H kat�stash aut  èqei kuri�rqo hlektrikì dipolikì qarakt ra kai mporeÐ
na perigrafeÐ, se mia aplopoihmènh eikìna, wc kat�stash pou proèrqetai apì talant¸seic
twn eleÔjerwn hlektronÐwn kat� m koc tou �xona tou nanokulÐndrou. Gi' autì suqn� ja thn
anafèroume wc th (jemeli¸dh) diam kh plasmonik  kat�stash. Sta k�tw diagr�mmata tou
Sq. 5.1 deÐqnoume antÐstoiqa apotelèsmata gia ènan pragmatikì nanokÔlindro apì �rguro,
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me diast�seic D = 20nm kai H = 50nm, ston aèra. Gia th dihlektrik  sun�rthsh tou ar-
gÔrou qrhsimopoioÔme tic peiramatikèc timèc twn Johnson kai Christy [199], pou lamb�noun
upìyh tic ap¸leiec lìgw aporrìfhshc. EÐnai fanerì ìti, sthn perioq  pou mac endiafèrei,
mìno oi dipolikoÔ tÔpou katast�seic mikrìterou qrìnou zw c epibi¸noun kai emfanÐzontai
stic energèc diatomèc skèdashc/aporrìfhshc. Oi katast�seic swmatidiak¸n plasmonÐwn
me qrìno zw c megalÔtero apì ton qrìno apokat�stashc twn eleÔjerwn hlektronÐwn sto
mètallo q�nontai lìgw thc aporrìfhshc.

5.2 Didi�stata plègmata nanokulÐndrwn

JewroÔme èna exagwnikì epÐpedo, me plegmatik  stajer� a0 = 70nm, nanokulÐndrwn apì
�rguro, diamètrou D = 20nm kai Ôyouc H = 50nm, sto opoÐo prospÐptei TM polwmèno
fwc upì gwnÐa θ = 45◦, ìpwc faÐnetai sqhmatik� sto Sq. 5.2. Arqik� jewroÔme ìti oi
nanokÔlindroi brÐskontai ston aèra, qwrÐc upìstrwma. H allhlepÐdrash metaxÔ twn pla-
smonik¸n katast�sewn twn memonwmènwn nanokulÐndrwn dhmiourgeÐ sullogikèc plasmonikèc
katast�seic tou epipèdou, oi opoÐec ekdhl¸nontai wc korufèc sto f�sma apìsbeshc. Se
k�jeth prìsptwsh,   se prìsptwsh TE polwmènou fwtìc upì gwnÐa, h jemeli¸dhc diam khc
kat�stash profan¸c den diegeÐretai, diìti se autèc tic peript¸seic to hlektrikì pedÐo tou
prospÐptontoc kÔmatoc talant¸netai k�jeta ston �xona twn nanokulÐndrwn. AntÐjeta, èna
TM polwmèno, prospÐpton upì gwnÐa kÔma diegeÐrei tìso egk�rsiec ìso kai diam keic sul-
logikèc katast�seic. H kuriìterh koruf  sto f�sma apìsbeshc antistoiqeÐ stic jemeli¸deic
dipolikoÔ qarakt ra diam keic katast�seic, ìpwc faÐnetai me maÔrec suneqeÐc grammèc sto
Sq. 5.2. Oi egk�rsiec dipolikèc katast�seic, kaj¸c kai katast�seic pou antistoiqoÔn se a-
n¸terhc t�xhc polÔpola, emfanÐzontai wc mikrìterec korufèc se uyhlìterec suqnìthtec. H
jèsh thc jemeli¸douc diam kouc koruf c exart�tai shmantik� apì ton lìgo diamètrou/Ôyoc
twn nanokulÐndrwn kai apì th metaxÔ touc apìstash. Prokeimènou na exet�soume thn e-
x�rthsh aut , parousi�zoume sto k�tw mèroc tou Sq. 5.2 f�smata apìsbeshc gia TM
polwmèno fwc, prospÐpton upì gwnÐa θ = 45◦ se plègmata nanokulÐndrwn Ôyouc H = 50,
100, kai 150nm, me metablht  plegmatik  stajer�. Sta dexi� �kra twn tri¸n diagramm�twn,
dhlad  gia meg�lh plegmatik  stajer�, h optik  apìkrish twn plegm�twn eÐnai parìmoia me
aut  twn antÐstoiqwn memonwmènwn nanokulÐndrwn, kai o dipolikìc diam khc suntonismìc
metatopÐzetai taqÔtata proc qamhlìterec suqnìthtec aux�nontac to Ôyoc tou nanokulÐn-
drou. Kaj¸c h plegmatik  stajer� mei¸netai kai oi nanokÔlindroi plhsi�zoun metaxÔ touc,
h allhlepÐdras  touc odhgeÐ se shmantik  metatìpish tou diam kouc dipolikoÔ suntonismoÔ
se megalÔterec suqnìthtec, en¸ oi jèseic twn upìloipwn suntonism¸n den ephre�zontai
shmantik�. Gia polÔ mikrèc plegmatikèc stajerèc oi diam keic kai egk�rsioi suntonismoÐ
emfanÐzontai stic Ðdiec suqnìthtec kai den mporeÐ na apodojeÐ saf c qarakt rac stic sul-
logikèc plasmonikèc diegèrseic. EÐnai entupwsiakì ìti h jèsh thc jemeli¸douc diam kouc
dipolik c plasmonik c kat�stashc mporeÐ na rujmisteÐ se èna meg�lo eÔroc suqnot twn,
pou ekteÐnetai apì to upèrujro wc to uperi¸dec, kalÔptontac ìlo to oratì f�sma, metab�l-
lontac apl� tic gewmetrikèc paramètrouc, me touc pio yhloÔc nanokulÐndrouc na prosfèroun
megalÔterec dunatìthtec rÔjmishc thc suqnìthtac. En gènei, yhlìteroi nanokÔlindroi, oi o-
poÐoi paraskeu�zontai me enapìjesh met�llou se por¸dh upostr¸mata oxeidÐou tou argilÐou
(Al2O3) kai èqoun melethjeÐ jewrhtik� kai peiramatik� [278,280], parousi�zoun plousiìtera
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f�smata me perissìterec korufèc plasmonik¸n katast�sewn.

Sq ma 5.2: P�nw di�gramma: F�smata apìsbeshc gia exagwnik� plègmata (a0 = 70nm)
nanokulÐndrwn apì �rguro (D = 20nm, H = 50nm), ìpwc faÐnontai sqhmatik� sto ènjeto,
gia TM (arister� diagr�mmata) kai TE (dexi� diagr�mmata) polwmèno fwc pou prospÐptei
upì gwnÐa θ = 45◦. Oi maÔrec suneqeÐc, gkri diakekommènec, kai anoiqtèc gkri estigmènec
grammèc anistoiqoÔn se plègmata ston aèra, se upìstrwma SiO2, kai se upìstrwma ITO,
antÐstoiqa. K�tw diagr�mmata: F�smata apìsbeshc gia TM polwmèno fwc pou prospÐptei
upì gwnÐa θ = 45◦ se exagwnik� plègmata, plegmatik c stajer�c a0, nanokulÐndrwn apì
�rguro me di�metro D = 20nm kai Ôyoc H = 50nm (aristerì di�gramma), 100nm (mesaÐo
di�gramma) kai 150nm (dexiì di�gramma).

Ta f�smata apìsbeshc pou melet same mèqri t¸ra antistoiqoÔn se exagwnik� epÐpeda
nanokulÐndrwn ston aèra. Sthn pr�xh ìmwc p�nta up�rqei èna upìstrwma p�nw sto opoÐo
anaptÔssontai oi periodikèc domèc. Lamb�nontac upìyh to upìstrwma, parathroÔme sto p�-
nw mèroc tou Sq. 5.2 ìti emfanÐzetai mia prìsjeth koruf  suntonismoÔ, h opoÐa ekdhl¸netai
kai gia tic dÔo pol¸seic kai metatopÐzetai proc qamhlìterec suqnìthtec kaj¸c aux�netai
h dihlektrik  sun�rthsh tou upostr¸matoc. Gia èna upìstrwma SiO2 (εSiO2 = 2.13), h
koruf  aut  emfanÐzetai sta 3.07eV kai o diam khc dipolikìc suntonismìc metatopÐzetai
elafr� proc qamhlìterh suqnìthta, en¸ gia èna upìstrwma oxeidÐou tou indioÔqou kassÐte-
rou (ITO) (εITO = 3.6) h koruf  aut  katebaÐnei sta 2.75eV kai ekdhl¸netai wc ènac ¸moc
sthn kÔria diam kh koruf  suntonismoÔ. SusthmatikoÐ upologismoÐ èdeixan ìti h koruf 
aut  mporeÐ na apodojeÐ se epifaneiakì suntonismì, ìpwc ja suzhthjeÐ kai sto epìmeno
ed�fio. Sth diepif�neia metaxÔ enìc epipèdou nanokulÐndrwn kai enìc dihlektrikoÔ mèsou
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mikr c dihlektrik c sun�rthshc ìpwc o aèrac, aut  h kat�stash suntonismoÔ emfanÐzetai
se arket� uyhlèc suqnìthtec, èxw apì thn perioq  pou melet�me. Kaj¸c h dihlektrik  su-
n�rthsh tou upostr¸matoc aux�netai, o suntonismìc autìc metatopÐzetai proc qamhlìterec
suqnìthtec kai allhlepidr� me tic upìloipec katast�seic tou sust matoc, ìpwc faÐnetai
sto Sq. 5.2.

Sq ma 5.3: F�smata apìsbeshc gia èna exagwnikì plègma, plegmatik c stajer�c a0 =
70nm, nanokulÐndrwn apì �rguro me di�metro D = 20nm kai Ôyoc H = 50nm, qwrÐc
upìstrwma, ston aèra, sthn perioq  thc jemeli¸douc diam kouc plasmonik c kat�stashc,
gia fwc prospÐpton me kumat�nusma k∥ = (kx, 0), ìpou to kx kalÔptei ìlh th dieÔjunsh ΓK
thc EZB (Sq. 2.6). Sth maÔrh perioq , èxw apì ton k¸no fwtìc, parousi�zoume th sqèsh
diaspor�c twn idiokatast�sewn tou epipèdou ìpwc upologÐzontai apì thn Ex. (2.67).

Sto Sq. 5.3 parousi�zoume f�smata apìsbeshc gia èna epÐpedo nanokulÐndrwn argÔ-
rou (a0 = 70nm, D = 20nm, H = 50nm) qwrÐc upìstrwma, ston aèra, gÔrw apì thn
idiosuqnìthta thc jemeli¸douc diam kouc plasmonik c kat�stashc, gia fwc pou prospÐ-
ptei me kumat�nusma k∥ = (kx, 0), 0 ≤ kx ≤ 4π/3a0, dhlad  kat� m koc thc dieÔjunshc

ΓK thc EZB tou Sq. 2.6. Aux�nontac to kx h par�llhlh ston �xona twn nanokulÐndrwn
sunist¸sa tou hlektrikoÔ pedÐou megal¸nei, kai kat� sunèpeia oi diam keic plasmonikèc ka-
tast�seic diegeÐrontai isqurìtera, odhg¸ntac se yhlìterec korufèc suntonismoÔ sto f�sma
apìsbeshc. Sth maÔrh perioq  tou Sq. 5.3, èxw apì ton k¸no fwtìc, h leuk  kampÔlh
antiproswpeÔei th sqèsh diaspor�c twn sullogik¸n idiokatast�sewn tou epipèdou, ìpwc
upologÐzontai apì thn Ex. (2.67). Autèc oi plasmonikèc katast�seic eÐnai entopismènec sto
epÐpedo twn nanokulÐndrwn kai den diegeÐrontai apì èna exwterik� prospÐpton kÔma. Makri�
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apì to epÐpedo èqoun th morf  fjÐnontoc kÔmatoc kai den suzeÔgnuntai me mia diadidìmenh
kat�stash tou HM pedÐou; h orm  kai h enèrgeia twn fwtonÐwn den mporoÔn na diathrhjoÔn
tautìqrona. Oi suqnìthtec aut¸n twn katast�sewn mporoÔn na rujmistoÔn ¸ste na ka-
lÔyoun ìlo to oratì kai mèroc tou uperÔjrou metab�llontac tic gewmetrikèc paramètrouc
thc dom c, kai idiaÐtera to Ôyoc twn nanokulÐndrwn. EÐnai epÐshc axioshmeÐwth h emf�nish
perioq¸n epÐpedhc sqèsh diaspor�c, sthn perioq  kumat�rijmwn 0.22 < kxa0/2π < 0.26,
kai sthn perioq  0.45 < kxa0/2π < 0.666. Tètoiec katast�seic mhdenik c (kai sqedìn mh-
denik c) taqÔthtac om�doc mporoÔn na fanoÔn shmantikèc se efarmogèc kumatod ghshc kai
uperfak¸n [63,65,288,289].

5.3 EnÐsqush ekpomp c fjorismoÔ kont� se epÐpedo metallik¸n
nanokulÐndrwn

'Opwc suzht same sto Ed. 4.2, h aujìrmhth ekpomp  enìc diegermènou energoÔ kèntrou
ephre�zetai shmantik� apì to perib�llon tou. Sto Ed. 4.2 exet�same thn allhlepÐdrash
enìc tètoiou energoÔ kèntrou, to opoÐo antimetwpÐzetai klassik� wc èna shmeiakì dÐpolo,
me memonwmèno metallikì swmatÐdio. ExÐsou shmantik  mporeÐ na eÐnai kai h allhlepÐdrash
enìc dipìlou me mia epif�neia, kai idiaÐtera me èna periodik� domhmèno plakÐdio. H ekpom-
p  enìc dipìlou kont� se monodi�statec strwmatikèc dihlektrikèc domèc èqei perigrafeÐ
klassik� mèsw apl¸n upologism¸n me b�sh ton pÐnaka metafor�c [290]. Prìsfata ex�llou
parousi�sthke mia leptomer c perigraf  thc aujìrmhthc ekpomp c enìc dipìlou kont� se
tètoiec domèc, tìso me klassik  ìso kai me kbantomhqanik  an�lush twn fainomènwn [291],
en¸ mia antÐstoiqh melèth gia èna dÐpolo kont� se 2D kai 3D kumatodhgoÔc puritÐou èdeixe
ìti parousi�zetai shmantik  enÐsqush thc aujìrmhthc ekpomp c se meg�lo eÔroc suqnot -
twn [292]. Sto parìn ed�fio anaptÔssoume ton formalismì gia th melèth thc allhlepÐdrashc
enìc dipìlou me 2D kai 3D fwtonikèc domèc, dihlektrikèc   metallodihlektrikèc, kai deÐ-
qnoume èna par�deigma enÐsqushc thc aujìrmhthc ekpomp c gia èna dÐpolo topojethmèno
kont� se èna epÐpedo metallik¸n nanokulÐndrwn.

'Opwc kai sthn perÐptwsh memonwmènwn swmatidÐwn, h allhlepÐdrash enìc energoÔ kèn-
trou me mia periodik  fwtonik  dom  mporeÐ na perigrafeÐ me ikanopoihtik  akrÐbeia klassik�.
To HM pedÐo enìc talantoÔmenou dipìlou dÐnetai, ìpwc eÐdame kai sto Ed. 4.2, apì th sqèsh

Ed(r) = −
ω2

εε0

←→
G (r, rd) p , (5.1)

ìpou p eÐnai h hlektrik  dipolik  rop  enìc dipìlou sth jèsh rd, pou talant¸netai me ku-

klik  suqnìthta ω se perib�llon dihlektrik c sun�rthshc ε, kai
←→
G o tanust c Green. Sta

plaÐsia thc mejìdou LMS eÐnai bolikì na jewr soume ìti to epÐpedo x−y sto opoÐo brÐske-
tai to shmeiakì dÐpolo apoteleÐ èna apì ta epÐpeda apì ta opoÐa oikodomeÐtai mia strwmatik 
dom  (kat� th dieÔjunsh z), kai kat� sunèpeia na qrhsimopoi soume th sun�rthsh Green se
anapar�stash epÐpedwn kum�twn, Ex. (�þ.31). Tìte to hlektrikì pedÐo tou dipìlou gr�fetai

E±
d (r) =

iq2p

2ε0ε

∫
d2q∥

(2π)2
exp(iq± · [r− rd])

q+z
[(p̂ · ê1) ê1 + (p̂ · ê2) ê2] , (5.2)
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ìpou q± = q∥ ±
√
q2 − q2∥ ẑ me q∥ = (qx, qy). Lamb�nontac upìyh kai th 2D periodikìthta

twn epipèdwn pou sunjètoun th fwtonik  dom , gr�foume kat� ta gnwst� q∥ = k∥ + g kai
mporoÔme na periorÐsoume thn olokl rwsh sthn Ex. (5.2) sthn EZB. Tìte paÐrnoume

E±
d (r) =

iq4pd
2ε0ε

∫
EZB

d2k∥

(2πq)2

∑
gp

[Ed]
±
gp exp(iK

±
g · [r− rd]) êp(K

±
g ) , (5.3)

ìpou

[Ed]
±
gp =

p̂ · êp(K±
g )

K+
gz

, (5.4)

kai

K±
g = k∥ + g ±

√
q2 −

∣∣k∥ + g
∣∣2 ẑ . (5.5)

Sto par�deigma pou ja exet�soume parak�tw to dÐpolo brÐsketai sta arister� enìc sÔnjetou
plakidÐou, se jèsh rd = −dl, ìpwc faÐnetai sqhmatik� sto Sq. 5.4, en¸ jewroÔme ìti to
perib�llon mèso sta arister� kai ta dexi� tou plakidÐou eÐnai to Ðdio. Tìte to pl�toc
k�je sunist¸sac epÐpedou kÔmatoc pou sunist� to sunolikì diadidìmeno proc ta dexi� tou
plakidÐou kÔma dÐnetai apì th sqèsh

[Etr]
+
gp =

∑
g′p′

QI
gp;g′p′ [Ed]

+
g′p′ , (5.6)

en¸ to pl�toc k�je sunist¸sac epÐpedou kÔmatoc pou sunist� to sunolikì diadidìmeno proc
ta arister� tou plakidÐou kÔma dÐnetai apì thn

[Etr]
−
gp = [Ed]

−
gp +

∑
g′p′

QIII
gp;g′p′ [Ed]

+
g′p′ , (5.7)

ìpou QI kai QIII oi pÐnakec dièleushc kai an�klashc tou plakidÐou [Ex. (2.110)], antÐstoiqa.
H sunolik  aktinoboloÔmenh proc ta dexi� kai ta arister� isqÔc upologÐzetai oloklhr¸non-
tac to di�nusma Poynting se èna epÐpedo x− y sta dexi� tou plakidÐou kai èna epÐpedo x− y
sta arister� tou dipìlou, antÐstoiqa (bl. kai Sq. 5.4). Tìte paÐrnoume

P+
tr =

3P0

8πq

∫
EZB

d2k∥
∑
gp

∣∣∣∣∣∣
∑
g′p′

QI
gp;g′p′

p̂ · êp′(K+
g′)

K+
g′z

∣∣∣∣∣∣
2

ReK+
gz (5.8)

P−
tr =

3P0

8πq

∫
EZB

d2k∥
∑
gp

∣∣∣∣∣∣ p̂ · êp(K
−
g )

K+
gz

+
∑
g′p′

QIII
gp;g′p′

p̂ · êp′(K+
g′)

K+
g′z

∣∣∣∣∣∣
2

ReK+
gz , (5.9)

ìpou èqoume kanonikopoi sei me thn isqÔ pou ekpèmpei to dÐpolo se omoiogenèc perib�llon,
Ex. (4.10). Tìte h sunolik  aktinoboloÔmenh isqÔc eÐnai Ptr ≡ P+

tr + P−
tr . 'Omoia, h arqik�

ekpempìmenh isqÔc apì to dÐpolo upologÐzetai oloklhr¸nontac to di�nusma Poynting se
èna epÐpedo x− y metaxÔ tou dipìlou kai tou plakidÐou, opìte paÐrnoume

P+
in =

3P0

8πq

∫
EZB

d2k∥
∑
gp


∣∣∣∣∣ p̂ · êp(K+

g )

K+
gz

∣∣∣∣∣
2

−

∣∣∣∣∣∣ p̂ · êp(K
−
g )

K+
gz

+
∑
g′p′

QIII
gp;g′p′

p̂ · êp′(K+
g′)

K+
g′z

∣∣∣∣∣∣
2
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× ReK+
gz

− 3P0

4πq

∫
EZB

d2k∥
∑
gp

Im

 p̂ · êp(K+
g )

K+
gz

∑
g′p′

QIII
gp;g′p′

p̂ · êp′(K+
g′)

K+
g′z

∗ ImK+
gz

≡ Pin,r + Pin,nr . (5.10)

Sthn parap�nw sqèsh o pr¸toc ìroc perièqei mìno diadidìmena kÔmata kai sqetÐzetai me
metafor� enèrgeiac mèsw tou makrinoÔ pedÐou, en¸ o deÔteroc perièqei mìno fjÐnonta kÔmata
kai sqetÐzetai me metafor� enèrgeiac mèsw tou kontinoÔ pedÐou. Se ìlec tic oloklhr¸seic
qrei�zetai prosoq  gia thn apofug  pijan¸n pìlwn tou K+

gz gia k�poia tim  tou k∥.

Sq ma 5.4: Sqhmatik  anapar�stash thc allhlepÐdrashc dipìlou me epÐpedo metallik¸n na-
nokulÐndrwn. Aristerì di�gramma: F�smata apìsbeshc gia èna tetragwnikì plègma, pleg-
matik c stajer�c a0 = 3c/ωp, nanokulÐndrwn diamètrou c/ωp kai Ôyouc 2.5c/ωp, qwrÐc upì-
strwma, ston aèra, gia k∥ kat� m koc twn dieujÔnsewn summetrÐac tou Sq. 2.6. Sth maÔrh
perioq , èxw apì ton k¸no fwtìc, parousi�zontai oi sqèseic diaspor�c twn idiokatast�sewn
tou epipèdou. MesaÐo di�gramma: Sunolik  aktinoboloÔmenh isqÔc apì to sÔsthma dÐpolo-
epÐpedo nanokulÐndrwn, gia èna dÐpolo sta arister� tou epipèdou, se apìstash 0.05c/ωp

apì thn epif�neia enìc nanokulÐndrou. To dÐpolo eÐnai polwmèno k�jeta (maÔrh suneq c
gramm )   par�llhla (gkri diakekommènh gramm ) sto epÐpedo twn nanokulÐndrwn. Dexiì
di�gramma: H sunolik  isqÔc pou sqetÐzetai me to kontinì pedÐo.

Wc par�deigma jewroÔme èna tetragwnikì plègma metallik¸n nanokulÐndrwn, h dih-
lektrik  sun�rthsh twn opoÐwn perigr�fetai apì th sun�rthsh Drude, Ex. (3.1), me
τ−1 = 0.002ωp, tim  kat�llhlh gia ton �rguro. To fantastikì mèroc thc sun�rthshc
Drude exasfalÐzei thn apofug  pìlwn kat� tic oloklhr¸seic stic Ex. (5.8)-(5.10). Oi me-
tallikoÐ nanokÔlindroi èqoun di�metro D = c/ωp kai Ôyoc H = 2.5c/ωp, en¸ h plegmatik 
stajer� eÐnai a0 = 3c/ωp. JewroÔme èna dÐpolo sth jèsh rd = (0, 0, rd) sta arister� tou
epipèdou, me rd = 1.3c/ωp, dhlad  se apìstash 0.05c/ωp apì thn epif�neia enìc nanokulÐn-
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drou, ìpwc faÐnetai sqhmatik� sto Sq. 5.4. To dÐpolo mporeÐ na talant¸netai par�llhla
  k�jeta ston �xona twn nanokulÐndrwn. Sto Sq. 5.4 parathroÔme mia shmantik  enÐsqush
tìso thc isqÔoc pou aktinoboleÐtai apì to sÔsthma dipìlou-epipèdou ìso kai aut c pou
paramènei desmeumènh sto sÔsthma, sthn perioq  suqnot twn thc dipolik c plasmonik c
kat�stashc pou sqetÐzetai me talant¸seic eleÔjerwn hlektronÐwn k�jeta ston �xona twn
nanokulÐndrwn (0.44ωp−0.50ωp). H enÐsqush aut  ofeÐletai sth meg�lh puknìthta fwtoni-
k¸n katast�sewn se aut  thn perioq  suqnot twn, ìpwc faÐnetai apì tic korufèc sto f�sma
apìsbeshc kai tic antÐstoiqec kampÔlec diaspor�c èxw apì ton k¸no fwtìc. H enÐsqush
aut  parathreÐtai kai gia touc dÔo prosanatolismoÔc tou dipìlou diìti to hlektrikì pedÐo
tou dipìlou mporeÐ na diegeÐrei autèc tic plasmonikèc katast�seic kai stic dÔo peript¸seic,
ìpwc faÐnetai apì thn Ex. (5.2). AntÐjeta, èqei endiafèron ìti den parathreÐtai enÐsqush thc
aktinoboloÔmenhc enèrgeiac sthn perioq  thc jemeli¸douc diam kouc dipolik c kat�stashc.
Se aut  thn perioq , h enèrgeia pou ekpèmpetai apì to dÐpolo suzeÔgnutai kurÐwc mèsw
tou kontinoÔ pedÐou me tic idiokatast�seic tou epipèdou, oi opoÐec den eÐnai diadidìmenec sto
perib�llon. 'Etsi, parathreÐtai meg�lh enÐsqush thc enèrgeiac pou sqetÐzetai me to kontinì
pedÐo, h opoÐa ìmwc den aktinoboleÐtai makri� apì to epÐpedo. H enÐsqush aut  eÐnai me-
galÔterh ìtan to dÐpolo eÐnai prosanatolismèno par�llhla ston �xona twn nanokulÐndrwn,
ìpwc anamènetai apì thn Ex. (5.2). Epiplèon, parathreÐtai mia mikroÔ Ôyouc eureÐa koruf 
sthn perioq  tou suntonismoÔ sto f�sma apìsbeshc pou sqetÐzetai me th jemeli¸dh diam -
kh plasmonik  kat�stash (0.35ωp - 0.40ωp). Sthn perioq  aut  to megalÔtero mèroc thc
enèrgeiac pou ekpèmpetai apì to dÐpolo epÐshc den aktinoboleÐtai, all� aporrof�tai.

5.4 Migadik  fwtonik  dom  zwn¸n �peirou krust�llou

Ac jewr soume t¸ra ènan �peiro 3D krÔstallo pou oikodomeÐtai wc epallhlÐa diadoqik¸n
exagwnik¸n epipèdwn x − y apì nanokulÐndrouc pou perigr�fontai apì th dihlektrik  su-
n�rthsh Drude, Ex. (3.1), agno¸ntac tic ap¸leiec proc to parìn jètontac τ−1 = 0, me
di�metro D = c/ωp kai Ôyoc H = 2.5c/ωp. Ta diadoqik� epÐpeda diat�ssontai me ton �xona
twn nanokulÐndrwn kat� th dieÔjunsh z, ìpwc faÐnetai sqhmatik� sto Sq. 5.5, kai orÐzontai
apì ta dianÔsmata a1 = a0(1, 0, 0) kai a2 = a0(1/2,

√
3/2, 0), en¸ h met�bash apì to èna

epÐpedo sto �llo gÐnetai mèsw tou dianÔsmatoc a3 = d(0, 0, 1). PaÐrnoume a0 = d = 3c/ωp,
timèc pou exasfalÐzoun sqetik� isqur  allhlepÐdrash metaxÔ twn nanokulÐndrwn, en¸ oi
diam keic kai egk�rsiec plasmonikèc katast�seic eÐnai arket� apomakrusmènec.

Sto aristerì di�gramma tou Sq. 5.5 parousi�zoume th migadik  fwtonik  dom  tou kru-
st�llou kat� m koc thc dieÔjunshc [001], dhlad  gia k∥ = 0. H summetrÐa twn zwn¸n
kat� m koc aut c thc dieÔjunshc eÐnai aut  thc om�dac C6v [114]. Se qamhlèc suqnìthtec
paÐrnoume mia grammik  sqèsh diaspor�c, summetrÐac E1 (dipl� ekfulismènh), ìpwc anamè-
netai gia di�dosh se èna omoiogenèc energì mèso pou qarakthrÐzetai apì deÐkth di�jlashc
anex�rthto apì th suqnìthta. Akìmh, emfanÐzontai epÐpedec z¸nec pou proèrqontai apì
tic plasmonikèc katast�seic twn memonwmènwn nanokulÐndrwn pou allhlepidroÔn asjen¸c
metaxÔ touc. Kat� m koc thc dieÔjunshc [001], sthn perioq  suqnot twn pou mac apasqo-
leÐ, up�rqei mia dipl� ekfulismènh z¸nh summetrÐac E1, pou proèrqetai apì tic plasmonikèc
katast�seic summetrÐac E1g twn memonwmènwn nanokulÐndrwn (bl. Ed. 5.1). H z¸nh aut 
allhlepidr� me thn ektetamènh z¸nh tou isodÔnamou mèsou odhg¸ntac se èna stenì q�sma
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Sq ma 5.5: Sqhmatik  anapar�stash tou exagwnikoÔ fwtonikoÔ krust�llou metallik¸n
nanokulÐndrwn pou exet�zoume. Oi kÔlindroi eÐnai diatetagmènoi me ton �xon� touc kat�
th dieÔjunsh z, kai èqoun di�metro D = c/ωp kai Ôyoc H = 2.5c/ωp, en¸ oi plegmatikèc
stajerèc eÐnai a0 = d = 3c/ωp. Aristerì di�gramma: H migadik  fwtonik  dom  zwn¸n tou
krust�llou kat� th dieÔjunsh [001]. To pragmatikì mèroc twn migadik¸n zwn¸n parousi�-
zetai me diakekommènec grammèc, en¸ to fantastikì touc mèroc sqedi�zetai sth skiasmènh
perioq . Oi qontrèc kai leptèc grammèc sumbolÐzoun dipl� ekfulismènec kai mh ekfulismènec
z¸nec, antÐstoiqa. Dexiì di�gramma: Suntelest c apìsbeshc fwtìc pou prospÐptei k�jeta
se èna plakÐdio apoteloÔmeno apì okt¸ epÐpeda (001) tou krust�llou.

ubridismoÔ gÔrw apì th suqnìthta 0.46ωp. Epiplèon, parousi�zontai dÔo mh ekfulismènec
epÐpedec z¸nec summetrÐac A1, gÔrw apì tic suqnìthtec 0.36ωp kai 0.47ωp, pou proèrqontai
apì tic plasmonikèc katast�seic summetrÐac A2u kai A1g twn memonwmènwn nanokulÐndrwn,
antÐstoiqa. Autèc oi mh ekfulismènec z¸nec den allhlepidroÔn me th z¸nh tou energoÔ
mèsou kai, epÐshc, den diegeÐrontai apì èna exwterik� prospÐpton kÔma. Proèrqontai apì
asjen  allhlepÐdrash metaxÔ dèsmiwn katast�sewn tou HM pedÐou entopismènwn gÔrw apì
ta diadoqik� epÐpeda (001) tou krust�llou. Pr�gmati, oi idiosuqnìthtec enìc plakidÐou
apì NL = 8 tètoia epÐpeda nanokulÐndrwn, gia k∥ = 0, sqediasmènec san sunart seic tou
anhgmènou kumat�rijmou kz = κπ/(NL + 1)c, κ = 1, 2, . . . , NL, (NL = 8), anapar�goun
tic antÐstoiqec kampÔlec diaspor�c tou �peirou krust�llou, ìpwc faÐnetai me anoiqtoÔc
kÔklouc sto Sq. 5.5.

Pèra apì tic sunhjismènec z¸nec suqnot twn (pragmatikì kz), sto Sq. 5.5 parousi�-
zoume kai tic grammèc pragmatik c suqnìthtac gia migadikèc idiotimèc kz, pou ìpwc eÐpame
apoteloÔn thn analutik  sunèqeia twn sunhjismènwn zwn¸n sto migadikì epÐpedo kz. H
gramm  pragmatik c suqnìthtac thc kat�llhlhc summetrÐac (E1 sth sugkekrimènh perÐptw-
sh) me to mikrìtero kat� mètro fantastikì mèroc tou kz se mia perioq  q�smatoc suqnot twn
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Sq ma 5.6: Arister� diagr�mmata: Migadik  fwtonik  dom  twn zwn¸n summetrÐac Q1 (p�-
nw) kai Q2 (k�tw) gia ton krÔstallo tou Sq. 5.5 kai k∥ = π/a0(0.2, 0). Dexi� diagr�mmata:
F�smata apìsbeshc gia TM (p�nw) kai TE (k�tw) polwmèno fwc pou prospÐptei se èna
plakÐdio apì okt¸ epÐpeda (001) tou krust�llou me q∥ = π/a0(0.2, 0).

kajorÐzei thn exasjènish twn kum�twn se aut  thn perioq . H apìsbesh enìc peperasmènou
plakidÐou tou krust�llou, apoteloÔmenou apì NL epÐpeda (001), eÐnai

− ln T (ω) = 2dNL |Imkz(ω)|+ staj. , (5.11)

gia dedomènh tim  tou k∥. Sto dexiì di�gramma tou Sq. 5.5 parousi�zetai h apìsbesh enìc
plakidÐou tou krust�llou apoteloÔmenou apì NL = 8 epÐpeda (001), se k�jeth prìsptwsh.
AxÐzei na shmeiwjeÐ ìti, pèra apì thn isqur  apìsbesh sthn perioq  tou q�smatoc, gÔrw
apì th suqnìthta 0.46ωp, parathreÐtai kai mÐa deÔterh koruf  apìsbeshc, sth suqnìthta
0.49ωp, dhlad  se perioq  diadidìmenwn katast�sewn tou �peirou krust�llou. H koruf 
aut  paramènei praktik� amet�blhth metab�llontac to p�qoc tou plakidÐou, se antÐjesh me
ì,ti anamènetai apì thn Ex. (5.11), pou problèpei grammik  aÔxhsh thc apìsbeshc me to
p�qoc tou plakidÐou sto q�sma. EÐnai epÐshc axioshmeÐwto ìti sthn pragmatikìthta h koruf 
aut  eÐnai dipl . H koruf  aut  apodÐdetai se epifaneiakì suntonismì, ìpwc suzht jhke
kai sto Ed. 5.2, kai oi dÔo kl�doi thc sqetÐzontai me suntonismoÔc stic dÔo epif�neiec tou
plakidÐou, pou allhlepidroÔn asjen¸c metaxÔ touc.

Sta arister� diagr�mmata tou Sq. 5.6 parousi�zoume th migadik  dom  zwn¸n tou kru-
st�llou gia k∥ = π/a0(0.2, 0). Gia k∥ = (kx, 0), 0 < kx < 4π/3a0, dhlad  kat� m koc thc

dieÔjunshc ΓK thc EZB, h shmeiak  om�da tou kumatanÔsmatoc eÐnai h C1h kai oi idiokata-
st�seic tou hlektrikoÔ pedÐou mporoÔn na taxinomhjoÔn wc �rtiec (Q1)   perittèc (Q2) wc
proc thn an�klash sto epÐpedo x−z. SÔmfwna me th jewrÐa om�dwn, mia dipl� ekfulismènh
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z¸nh summetrÐac E1 (gia k∥ = 0) qwrÐzetai gia k∥ = (kx, 0) se mÐa z¸nh summetrÐac Q1

kai mÐa summetrÐac Q2. 'Omoia, mia z¸nh summetrÐac A1 dÐnei mÐa z¸nh Q1, ìpwc faÐnetai
sta arister� diagr�mmata tou Sq. 5.6. 'Ena TM   TE polwmèno HM kÔma pou prospÐptei
se èna peperasmèno plakÐdio diadoqik¸n epipèdwn (001) tou krust�llou me k∥ = (kx, 0)
diegeÐrei z¸nec summetrÐac Q1   Q2, antÐstoiqa, kai mèsw aut¸n diadÐdetai sto �llo �kro
tou plakidÐou. Stic perioqèc twn qasm�twn, ìpou den up�rqoun diadidìmenec katast�seic
Bloch, o suntelest c dièleushc kajorÐzetai apì th migadik  z¸nh kat�llhlhc summetrÐac
me to mikrìtero kat� mètro fantastikì mèroc: to pl�toc tou kÔmatoc mei¸netai ekjetik�
mèsa sto q�sma me suntelest  exasjènishc an�logo tou |Imkz(ω)| aut c thc z¸nhc, ìpwc
deÐqnoume sto dexiì mèroc tou Sq. 5.6.

5.5 OmoiogenopoÐhsh �peirou krust�llou

O krÔstalloc pou exet�same sto prohgoÔmeno ed�fio èqei monoaxonik  summetrÐa, kai ana-
mènoume ìti gia arket� meg�la m kh kÔmatoc se sÔgkrish me thn plegmatik  tou stajer� ja
mporeÐ na perigrafeÐ me tanustèc isodÔnamhc dihlektrik c sun�rthshc kai isodÔnamhc magnh-
tik c diaperatìthtac, Ex. (4.19). Dedomènou ìti o krÔstalloc den perièqei k�poio stoiqeÐo
pou ja mporoÔse na odhgeÐ se magnhtikì suntonismì, dikaiologoÔmaste na jewr soume ìti
µeff(∥) = µeff(z) = 1, (h akrÐbeia thc prosèggishc ja sqoliasjeÐ parak�tw). Sunep¸c, h
diadikasÐa omoiogenopoÐhshc pou perigr�yame sto Ed. 3.4, an�getai ston upologismì twn
sunistws¸n tou tanust  isodÔnamhc dihlektrik c sun�rthshc, εeff(∥) kai εeff(z), mìno, kai
�ra mporoÔme na efarmìsoume mia pio aplopoihmènh ekdoq  thc.

Oi sqèseic diaspor�c (4.20) kai (4.21) gia th di�dosh enìc kÔmatoc kuklik c suqnìthtac
ω kai kumatanÔsmatoc q se èna isodÔnamo omoiogenèc monoaxonikì mèso, jewr¸ntac ìti
µeff(∥) = µeff(z) = 1, aplopoioÔntai stic

q2∥ + q2(TE)z = εeff(∥)
ω2

c2
(5.12)

kai
εeff(∥)

εeff(z)
q2∥ + q2(TM)z = εeff(∥)

ω2

c2
, (5.13)

gia tic pol¸seic TE kai TM, antÐstoiqa, ìpou q∥ = (qx, qy) kat� ta gnwst�. Pragma-
topoi¸ntac prosarmogèc elaqÐstwn tetrag¸nwn se zeÔgh dedomènwn sqèshc diaspor�c,
(q2∥, q

2
z), pou upologÐzoume me th mèjodo LMS kat� m koc poll¸n dieujÔnsewn di�doshc

kai gia tic dÔo pol¸seic, stic Ex. (5.12) kai (5.13), tic opoÐec xanagr�foume san grammikèc
exis¸seic tou q2(TE)z   q

2
(TM)z sunart sei tou q

2
∥, paÐrnoume dÔo timèc gia to εeff(∥) apì touc

stajeroÔc ìrouc twn exis¸sewn aut¸n, kaj¸c kai to phlÐko εeff(∥)/εeff(z) apì thn prosar-
mog  sthn Ex. (5.13). PaÐrnontac ton mèso ìro twn dÔo tim¸n gia to εeff(∥) mporoÔme sth
sunèqeia na upologÐsoume to εeff(z) apì to phlÐko εeff(∥)/εeff(z). H poiìthta twn kampul¸n
prosarmog c, pou posotik� perigr�fetai apì thn tupik  apìklish, kaj¸c kai h sumfwnÐa
metaxÔ twn dÔo tim¸n gia to εeff(∥) pou upologÐzontai anex�rthta gia tic dÔo pol¸seic, parè-
qoun austhr� krit ria gia thn akrÐbeia thc upìjeshc enìc omoiogenoÔc monoaxonikoÔ mèsou
pou perigr�fetai apì tic upologismènec isodÔnamec topikèc HM paramètrouc. Prìsfata
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Sq ma 5.7: IsodÔnamec dihlektrikèc sunart seic εeff(∥) kai εeff(z) gia ton krÔstallo metal-
lik¸n nanokulÐndrwn tou Sq. 5.5, upologismènec me prosarmogèc elaqÐstwn tetrag¸nwn
se dedomèna sqèshc diaspor�c, gia pollèc dieujÔnseic di�doshc, stic exis¸seic (4.20) kai
(4.21). H tupik  apìklish twn diadikasi¸n prosarmog c parousi�zetai me apoqr¸seic tou
gkri se logarijmik  klÐmaka. Ta apotelèsmata twn jewri¸n isodÔnamou mèsou, Ex. (3.12)
kai (3.13), parousi�zontai me diakekommènec kai estigmènec grammèc, antÐstoiqa.

ex�llou prot�jhke mia parìmoia mèjodoc, kat� thn opoÐa oi isodÔnamec HM par�metroi
prokÔptoun apì prosarmog  peiramatik¸n dedomènwn gia pollèc gwnÐec prìsptwshc stic
Ex. (5.12) kai (5.13) [160]. H ex�rthsh twn εeff(∥) kai εeff(z) apì th suqnìthta, ìpwc upo-
logÐsthke me thn parap�nw diadikasÐa, faÐnetai sto Sq. 5.7, mazÐ me thn antÐstoiqh tupik 
apìklish. Sthn perioq  tou q�smatoc oi diadikasÐec prosarmog c apotugq�noun teleÐwc
sthn perioq  ìpou h z¸nh me to mikrìtero fantastikì mèroc èqei Rekz = 1 (kai �ra èqoume
migadikoÔc suntelestèc stic exis¸seic diaspor�c), ìpwc ex�llou anamènetai mèsa sto q�-
sma [138,293], kai den parousi�zoume tic upologismènec paramètrouc (maÔrh perioq ). 'Otan
wstìso to pragmatikì mèroc thc sqetik c z¸nhc eÐnai Rekz = 0, oi suntelestèc twn sqèse-
wn diaspor�c eÐnai pragmatikoÐ, h diadikasÐa omoiogenopoÐhshc douleÔei arket� kal� kai ta
apotelèsmata parousi�zontai sto Sq. 5.7. H tupik  apìklish twn prosarmog¸n eÐnai epÐshc
arket� meg�lh kai kont� sta ìria thc ZB, pou shmaÐnei ìti mia perigraf  tou krust�llou me
ìrouc topik¸n isodÔnamwn paramètrwn eÐnai amfisbht simh kai se aut  thn perioq , ìpwc
ja perimèname. Shmei¸noume ìti, efarmìzontac thn pl rh diadikasÐa omoiogenopoÐhshc pou
perigr�yame sto Ed. 3.4 gia orismènec qarakthristikèc suqnìthtec, epibebai¸same ìti h
prosèggish µeff(∥) = µeff(z) = 1 isqÔei me meg�lh akrÐbeia.
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Sto Sq. 5.7, ektìc apì thn isodÔnamh dihlektrik  sun�rthsh pou upologÐzetai apì th
mèjodo omoiogenopoÐhshc �peirou krust�llou, deÐqnoume kai ta apotelèsmata thc prosèg-
gishc Maxwell - Garnett, sÔmfwna me tic Ex. (3.12) kai (3.13), me par�gonta apopìlwshc
Lz = 0.14, kai L∥ = 0.43, ìpwc prokÔptei gia touc sugkekrimènouc nanokulÐndrouc apì thn
Ex. (3.14). 'Opwc faÐnetai sto sq ma, h Ex. (3.12) dÐnei apotelèsmata plhsièstera se aut�
thc mejìdou omoiogenopoÐhshc pou perigr�yame apì ì,ti h Ex. (3.13). Wstìso, kamÐa apì
tic dÔo jewrÐec den lamb�nei upìyh thn akrib  gewmetrÐa tou sust matoc, kai pio polÔploka
kai akrib  montèla, ìpwc to montèlo allhlepidrìntwn dipìlwn [294], anamènetai na dÐnoun
kalÔterh sÔmptwsh me ton akrib  upologismì.

5.6 Arnhtik  di�jlash kai autoeujugr�mmish

To kuriìtero qarakthristikì twn isodÔnamwn dihlektrik¸n sunart sewn pou upologÐsth-
kan sto prohgoÔmeno ed�fio (bl. Sq. 5.7) eÐnai o suntonismìc thc εeff(z) sthn perioq  gÔrw
apì th suqnìthta 0.25ωp. Sthn perioq  aut  h εeff(z) arqik� aux�netai asumptwtik� kai sth
sunèqeia gÐnetai arnhtik , mèqri kai to q�sma, en¸ h εeff(∥) paramènei jetik  kai metab�l-
letai arg� me th suqnìthta. 'Opwc eÐdame sto Ed. 1.2, tètoia mèsa apokaloÔntai aìrista
kai epitrèpoun thn emf�nish kum�twn me antÐjetec taqÔthtec f�shc kai om�doc. Parìti gia
ω ∼= 0.3ωp to m koc kÔmatoc sto kenì eÐnai mìno perÐpou 7 forèc megalÔtero apì thn pleg-
matik  stajer�, h diadikasÐa omoiogenopoÐhshc pou akolouj same dÐnei axiìpistec topikèc
isodÔnamec paramètrouc, me tupik  apìklish mikrìterh tou 1%. H asun jisth diajlastik 
sumperifor� gia thn opoÐa prodiajètei h isodÔnamh dihlektrik  sun�rthsh epalhjeÔetai apì
akribeÐc hlektrodunamikoÔc upologismoÔc, ìpwc ja doÔme parak�tw.

ExaitÐac thc monoaxonik c summetrÐac tou krust�llou pou exet�zoume, mporoÔme, qwrÐc
bl�bh thc genikìthtac, na jèsoume ky = 0 kai na exet�soume tic pio eÔkolec sto qeirismì
kampÔlec stajer c suqnìthtac antÐ gia tic pl reic 3D epif�neiec. Sto Sq. 5.8 parousi�-
zoume tètoiec kampÔlec, ω(k) = staj., sto epÐpedo kx − kz, gia tic katast�seic summetrÐac
Q1 kai Q2, sthn perioq  suqnot twn metaxÔ 0.15ωp kai 0.35ωp. EÐnai fanerì ìti kaj¸c h
suqnìthta aux�netai kai plhsi�zei sthn perioq  ìpou h omoiogenopoÐhsh dÐnei arnhtik  suni-
st¸sa εeff(z), oi kampÔlec stajer c suqnìthtac gia th summetrÐa Q1 metab�llontai stadiak�
apì elleÐyeic se eujeÐec grammèc kai sth sunèqeia uperbolèc, en¸ gia th summetrÐa Q2 para-
mènoun sqedìn sfairikèc, ìpwc anamènetai gia èna mèso me jetik  sunist¸sa εeff(∥). Sto Sq.
5.8 parousi�zoume gia plhrìthta kai tic antÐstoiqec 3D epif�neiec stajer c suqnìthtac gia
ω = 0.30ωp, mèsa sthn anhgmènh z¸nh k. H epif�neia pou antistoiqeÐ se katast�seic tÔpou
TM eÐnai pr�gmati uperbolik , ìpwc anamènetai. Kat� ta sun jh, ta gkrÐza tm mata twn
epifanei¸n kai twn kampul¸n sumbolÐzoun perioqèc tou k∥ pou antistoiqoÔn se fjÐnonta
kÔmata sto perib�llon mèso (aèra).

Gia na exhg soume th fusik  shmasÐa twn epifanei¸n stajer c suqnìthtac pou parou-
si�same parap�nw, akoloujoÔme th diadikasÐa an�lushc pou parousi�same sto Ed. 2.8, gia
ky = 0, se dÔo suqnìthtec idiaÐterou endiafèrontoc: ω = 0.25ωp (p�nw di�gramma sto Sq.
5.9) kai ω = 0.30ωp (k�tw di�gramma sto Sq. 5.9). Apì th stigm  pou oi katast�seic sum-
metrÐac Q2, pou diegeÐrontai apì TE polwmèno fwc, den parousi�zoun idiaÐtero endiafèron,
periorÐzoume thn an�lus  mac stic katast�seic summetrÐac Q1, oi opoÐec diegeÐrontai apì
TM polwmèno fwc. Sto p�nw di�gramma tou Sq. 5.9 blèpoume ìti se suqnìthta 0.25ωp
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Sq ma 5.8: KampÔlec stajer c suqnìthtac sto epÐpedo kx−kz (ky = 0), gia tic katast�seic
summetrÐac Q1 (arister�) kai Q2 (dexi�), stic suqnìthtec pou faÐnontai sto perij¸rio (se
mon�dec ωp), auxanìmenec apì to kèntro proc ta èxw, gia ton krÔstallo tou Sq. 5.5. To
skiasmèno orjog¸nio sumbolÐzei thn probol  thc anhgmènhc z¸nhc k se autì to epÐpedo.
Mìno ta maÔra tm mata twn kampul¸n antistoiqoÔn se diadidìmena kÔmata ston aèra. Gia
plhrìthta parousi�zoume antÐstoiqec 3D epif�neiec stajer c suqnìthtac se suqnìthta
0.30ωp, mèsa sthn anhgmènh z¸nh k.

h kampÔlh stajer c suqnìthtac eÐnai par�llhlh ston �xona kx gia ìlec tic timèc tou kx
pou antistoiqoÔn se exwterik� prospÐptonta kÔmata, ìpwc anamènetai kai apì th morf  thc
sunist¸sac thc isodÔnamhc dihlektrik c sun�rthshc εeff(z) (Sq. 5.7), pou apoklÐnei asum-
ptwtik�. Autì shmaÐnei ìti, sthn perÐptwsh aut , gia k�je gwnÐa prìsptwshc, h taqÔthta
om�doc, kai kat� sunèpeia h ro  enèrgeiac tou diajl¸menou kÔmatoc ja deÐqnei proc thn Ðdia
kateÔjunsh, th jetik  dieÔjunsh z. Autì to fainìmeno apokaleÐtai autoeujugr�mmish [295]
kai eÐqe  dh parathrhjeÐ gia 2D kai 3D dihlektrikoÔc fwtonikoÔc krust�llouc [296�298],
all� ìqi gia metallodihlektrikoÔc. Wc fainìmeno mporeÐ na axiopoihjeÐ ston sqediasmì o-
loklhrwmènwn optik¸n kuklwm�twn kai se parìmoiec efarmogèc [299]. Apì thn �llh, sthn
perioq  suqnot twn apì 0.30ωp mèqri perÐpou 0.35ωp pou anoÐgei to q�sma, h arnhtik  klÐsh
twn kampul¸n stajer c suqnìthtac odhgeÐ se arnhtik  di�jlash twn TM prospÐptontwn
kum�twn, ìpwc faÐnetai sto k�tw di�gramma tou Sq. 5.9 gia suqnìthta 0.30ωp. AxÐzei epÐ-
shc na shmeiwjeÐ ìti, lìgw thc morf c twn kampul¸n stajer c suqnìthtac, sthn perioq 
suqnot twn apì 0.25ωp mèqri perÐpou 0.32ωp, ìpou up�rqoun diadidìmenec katast�seic ston
krÔstallo (pragmatikì, mh mhdenikì kz) gia k�je kx mèsa sthn anhgmènh z¸nh k (bl. Sq.
5.8), kÔmata opoioud pote kx, eÐte diadidìmena eÐte fjÐnonta ston aèra, suzeÔgnuntai me mia
z¸nh kai gÐnontai diadidìmena kÔmata ston krÔstallo.
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Sq ma 5.9: Diagr�mmata kumatanusm�twn sto epÐpedo kx − kz (ky = 0) gia tic katast�seic
summetrÐac Q1 se suqnìthta 0.25ωp (p�nw) kai 0.30ωp (k�tw), gia ton krÔstallo tou Sq.
5.5. Sta arister� diagr�mmata parousi�zontai oi kampÔlec stajer c suqnìthtac ston aèra
kai sta dexi� oi antÐstoiqec kampÔlec ston krÔstallo. H orizìntia diakekommènh gramm 
parèqei th sunj kh diat rhshc thc par�llhlhc sunist¸sac tou kumatanÔsmatoc sth dia-
dikasÐa skèdashc. Ta suneq  bèlh paristoÔn to prospÐpton (skoÔro gkri), anakl¸meno
(anoiqtì gkri), kai diajl¸meno (maÔro) kumat�nusma sta di�fora mèsa. Me diakekommèna
bèlh k�jeta stic kampÔlec stajer c suqnìthtac deÐqnoume tic antÐstoiqec taqÔthtec om�doc.
Ta lept� kìkkina bèlh antistoiqoÔn se kumatanÔsmata kai taqÔthtec om�doc diajl¸menwn
kum�twn gia ta opoÐa h kx sunist¸sa diathreÐtai all� parabi�zetai h aitiìthta.

'Opwc èqoume suzht sei, prokeimènou èna plakÐdio fwtonikoÔ krust�llou na mporeÐ na
axiopoijeÐ se efarmogèc uperfak¸n ja prèpei na mporeÐ na metafèrei ta fjÐnonta kÔmata
qwrÐc apìsbesh sthn �llh tou pleur�, sthn perioq  pou emfanÐzei arnhtik  di�jlash. Au-
tì gÐnetai mèsw epÐpedwn epifaneiak¸n katast�sewn   katast�sewn plakidÐou. Sto Sq.
5.10 deÐqnoume thn probol  thc fwtonik c dom c zwn¸n tou krust�llou stic dieujÔnseic
summetrÐac thc EZB thc epif�neiac (001). Kat� ta gnwst�, oi skiasmènec perioqèc anti-
proswpeÔoun diadidìmenec katast�seic kai oi leukèc perioqèc q�smata. Me suneqeÐc maÔrec
grammèc deÐqnoume sto sq ma tic idiokatast�seic enìc plakidÐou apì okt¸ diadoqik� epÐpeda
(001) tou krust�llou, ìpwc upologÐsthkan apì thn Ex. (2.117). Oi katast�seic autèc su-
nodeÔontai apì shmantik  enÐsqush tou sqetikoÔ stoiqeÐou tou pÐnaka dièleushc, t00, kai sth
sugkekrimènh perÐptwsh eÐnai paroÔsec se ìlh thn perioq  suqnot twn ìpou parousi�zetai
arnhtik  di�jlash. Kaj¸c o arijmìc twn epipèdwn aux�netai, oi kampÔlec diaspor�c aut¸n
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Sq ma 5.10: Probol  thc fwtonik c dom c zwn¸n tou krust�llou tou Sq. 5.5 sthn EZB
thc epif�neiac (001) kat� m koc twn dieujÔnsewn summetrÐac tou Sq. 2.6. Me maÔrec su-
neqeÐc grammèc parousi�zoume tic sqèseic diaspor�c twn idiokatast�sewn enìc plakidÐou
apoteloÔmenou apì okt¸ epÐpeda (001) tou krust�llou. Oi diakekommènec grammèc pari-
stoÔn ton k¸no fwtìc ston aèra.

twn katast�sewn plhsi�zoun metaxÔ touc, mèqri, gia plakÐdia meg�lou p�qouc, na kalÔyoun
ìlh th skiasmènh perioq  tou Sq. 5.10. Profan¸c, metab�llontac kat�llhla to p�qoc tou
plakidÐou, mporeÐ kaneÐc na l�bei tètoiec katast�seic se ìpoia suqnìthta apaiteÐtai apì tic
efarmogèc.

Prokeimènou na exet�soume ton rìlo twn apwlei¸n lìgw aporrìfhshc, tic opoÐec mèqri
t¸ra agnooÔsame, jètoume sthn Ex. (3.1) τ−1 ̸= 0, opìte ìlec oi z¸nec gÐnontai migadikèc.
PaÐrnontac τ−1 ∼= 0.01ωp (qrusìc), to fantastikì mèroc twn zwn¸n pou mac apasqìlh-
san gÐnetai mikrìtero   Ðso tou 0.04, apì ìpou prokÔptei èna m koc di�doshc perÐpou 8
plegmatik¸n stajer¸n kat� th dieÔjunsh di�doshc. AntÐstoiqa, paÐrnontac τ−1 ∼= 0.002ωp

(�rguroc), to m koc di�doshc gÐnetai thc t�xhc twn 30-40 plegmatik¸n stajer¸n, pou shmaÐ-
nei ìti peperasmèna plakÐdia tou krust�llou mporoÔn pr�gmati na axiopoihjoÔn se praktikèc
efarmogèc.

5.7 KumatodhgoÐ grammik¸n alusÐdwn metallik¸n nanokulÐndrwn

Periodikèc grammikèc alusÐdec metallik¸n nanoswmatidÐwn proselkÔoun diark¸c auxanìme-
no endiafèron apì tìte pou oi Quinten et al. èdeixan gia pr¸th for� ìti tètoiec domèc
mporoÔn na leitourg soun wc kumatodhgoÐ me diakritik  ikanìthta mikrìterh tou m kouc
kÔmatoc [300]. H HM enèrgeia metafèretai kat� m koc tètoiwn alusÐdwn k�tw apì to ìrio
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thc perÐjlashc, q�rh sth diègersh sullogik¸n plasmonik¸n katast�sewn pou proèrqontai
apì touc plasmonikoÔc suntonismoÔc twn memonwmènwn nanoswmatidÐwn, en¸ to HM pedÐo
paramènei entopismèno sth dihlektrik  perioq  metaxÔ twn swmatidÐwn [301�303]. Epiplèon,
oi alusÐdec metallik¸n nanoswmatidÐwn mporoÔn na suzeuqjoÔn me dipolikoÔc ekpompoÔc
kai na dr�soun wc apotelesmatikèc phgèc fwtonÐwn [304], en¸ o sqhmatismìc katast�sewn
talantwt  epitrèpei thn apeikìnish me diakritik  ikanìthta mikrìterh tou m kouc kÔma-
toc [289]. Ex�llou, èqontac wc afethrÐa tètoiec eujÔgrammec alusÐdec, mporeÐ kaneÐc na
proqwr sei ston sqediasmì kai th melèth sunjetìterwn optik¸n stoiqeÐwn, ìpwc gwnÐec
kai diakìptec [305], diplèc alusÐdec [306�308],   tmhmatik� eujÔgrammec alusÐdec [309].

Di�forec mèjodoi èqoun qrhsimopoihjeÐ gia th jewrhtik  melèth twn optik¸n idiot twn
tètoiwn alusÐdwn, ìpwc gia par�deigma h jewrÐa skèdashc Mie [300,310], h mèjodoc pepera-
smènwn diafor¸n sto pedÐo tou qrìnou [311], h dunamik  an�lush twn idiokatast�sewn [312],
h mèjodoc pollapl c skèdashc [313], kai h mèjodoc thc sun�rthshc Green [314, 315]. H
pio dhmofil c prosèggish wstìso basÐzetai sthn upìjesh ìti ta nanoswmatÐdia mporoÔn
na exomoiwjoÔn me shmeiak� allhlepidrìnta dÐpola. Autì to aplì montèlo suzeugmènwn
dipìlwn uiojet jhke gia pr¸th for� gia ton upologismì thc sqèshc diaspor�c miac grammi-
k c periodik c alusÐdac metallik¸n nanosfair¸n sto hmistatikì ìrio [316], kai apok�luye
thn Ôparxh dÔo diaforetik¸n katast�sewn kumatodhgoÔ: mia dipl� ekfulismènh kat�stash
sthn opoÐa oi dipolikèc ropèc twn sfair¸n talant¸nontai k�jeta sthn alusÐda, kai mia mh
ekfulismènh, ìpou oi dipolikèc ropèc talant¸nontai kat� m koc thc alusÐdac. SÔntoma pa-
rousi�sthkan belti¸seic tou montèlou, lamb�nontac gia par�deigma upìyh an¸terhc t�xhc
polÔpola, paramènontac wstìso sthn hmistatik  prosèggish [317]. O Citrin [318], kai oi
Weber kai Ford [319],  tan oi pr¸toi pou èlaban upìyh ta pl rh qronik� exart¸mena pedÐa
twn talantoÔmenwn dipìlwn, gia �peirec kai peperasmènec alusÐdec, antÐstoiqa, kai para-
t rhsan allhlepÐdrash twn katast�sewn kumatodhgoÔ me ton k¸no fwtìc. Me autì ton
trìpo upologÐsthkan diagr�mmata diaspor�c migadik c suqnìthtac sunart sei pragmatikoÔ
kumat�rijmou gia �peirou m kouc alusÐdec metallik¸n nanosfair¸n, lamb�nontac upìyh ta
fainìmena ustèrhshc kai thn apìsbesh lìgw aktinobolÐac [320, 321], ta opoÐa sugkrÐjh-
kan me antÐstoiqec peiramatik� prosdiorismènec sqèseic diaspor�c [322]. An�logh melèth
èqei parousiasteÐ kai gia katast�seic kumatodhgoÔ pou proèrqontai apì touc tetrapolikoÔc
plasmonikoÔc suntonismoÔc twn sfair¸n [323].

Sthn pragmatikìthta, o upologismìc sqèsewn migadik c suqnìthtac sunart sei prag-
matikoÔ kumat�rijmou eÐnai pio kat�llhloc gia alusÐdec peperasmènou m kouc, ìpou kaneÐc
diegeÐrei mia sugkekrimènh talantoÔmenh kat�stash, pou qarakthrÐzetai apì pragmatik  sta-
jer� di�doshc, kai parakoloujeÐ thn exasjènis  thc me ton qrìno, thn opoÐa perigr�fei to
fantastikì mèroc thc antÐstoiqhc migadik c idiosuqnìthtac. Sthn perÐptwsh twn kumatodh-
g¸n apì thn �llh, èna HM kÔma dedomènhc pragmatik c suqnìthtac diegeÐrei katast�seic
kumatodhgoÔ pou diadÐdontai me migadik  stajer� di�doshc [310]. Wstìso, prìsfata deÐqth-
ke ìti oi dÔo autèc proseggÐseic odhgoÔn se Ðdia apotelèsmata an sumperilhfjoÔn phgèc
enÐsqushc [324], oi opoÐec suqn� sumperilamb�nontai se metallodihlektrik� sust mata gia
na exisorrop soun tic ap¸leiec [325].

En¸ oi grammikèc periodikèc alusÐdec metallik¸n nanosfair¸n [300, 316, 320], nano-
floi¸n [178],   nanokulÐndrwn me ton �xon� touc par�llhlo sto upìstrwma [303,306] èqoun
melethjeÐ diexodik�, antÐstoiqec domèc metallik¸n nanokulÐndrwn me ton �xon� touc k�je-
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to ston upìstrwma den èqoun melethjeÐ, par� to meg�lo ereunhtikì endiafèron pou èqoun
proselkÔsei, kai parìti to montèlo suzeugmènwn dipìlwn qrhsimopoi jhke prìsfata gia th
melèth twn optik¸n idiot twn 2D plegm�twn tètoiwn swmatidÐwn [294]. Sto ed�fio autì
ja melet soume tètoiec alusÐdec qrhsimopoi¸ntac tìso th mèjodo strwmatik c pollapl c
skèdashc ìso kai to montèlo suzeugmènwn dipìlwn, parousÐa kai apousÐa upostr¸matoc,
kai ja sqoli�soume tic adunamÐec tou montèlou.

To hlektrikì pedÐo se jèsh r = rr̂ apì èna shmeiakì dÐpolo, me dipolik  rop  p, pou
talant¸netai me kuklik  suqnìthta ω se èna dihlektrikì perib�llon sqetik c dihlektrik c
sun�rthshc ε (kai magnhtik c diaperatìthtac µ = 1), upojètontac qronik  ex�rthsh thc
morf c exp(−iωt) eÐnai [83]

E(r) =

[
(1− iqr)

3 (r̂ · p) r̂− p

r3
+ q2

p− (r̂ · p) r̂
r

]
exp(iqr) , (5.14)

ìpou q = ω
√
ε/c. Aut  h morf  tou hlektrikoÔ pedÐou lamb�nei pl rwc upìyh ta fainìmena

ustèrhshc.
Ac jewr soume mia �peirh eujÔgrammh alusÐda, èstw kat� ton �xona x, apì isapèqontec

metallikoÔc nanokulÐndrouc, me apìstash ax metaxÔ touc, prosanatolismènouc k�jeta sthn
alusÐda. Sthn perioq  suqnot twn kont� sth jemeli¸dh diam kh dipolik  plasmonik  kat�-
stas  touc, oi nanokÔlindroi mporoÔn na exomoiwjoÔn me shmeiak� dÐpola pou talant¸nontai
kat� m koc tou �xona twn nanokulÐndrwn. O suntonismìc twn nanokulÐndrwn perigr�fetai
ikanopoihtik� apì thn ex�rthsh tou diam kouc stoiqeÐou tou tanust  polwsimìtht�c touc,
αz(ω), apì th suqnìthta. 'Opwc anafèrame sto Ed. 3.2, oi nanokÔlindroi mporoÔn na
perigrafoÔn se kal  prosèggish wc elleiyoeid , opìte h sqetik  polwsimìthta gr�fetai

αz(ω) =
V

4π

ε1(ω)− ε
ε+ Lz[ε1(ω)− ε]

, (5.15)

ìpou V eÐnai o ìgkoc tou nanokulÐndrou, ε1 h dihlektrik  sun�rthsh tou met�llou, kai
0 < Lz < 1 o diam khc par�gontac apopìlwshc. An kai up�rqoun analutikèc ekfr�seic gia
thn apopìlwsh enìc elleiyoeidoÔc [Ex. (3.14)], gia lìgouc sÔgkrishc me ta apotelèsmata
upologism¸n me b�sh thn peiramatik  dihlektrik  sun�rthsh tou met�llou eÐnai protimìtero
na ton upologÐsoume apì thn apaÐthsh o pìloc thc αz(ω) na brÐsketai sthn Ðdia suqnìthta
me thn idiosuqnìthta thc diam kouc dipolik c plasmonik c kat�stashc tou nanokulÐndrou.

H epagìmenh dipolik  rop  se ènan nanokÔlindro thc �peirhc alusÐdac isoÔtai me thn
hlektrik  polwsimìtht� tou epÐ to topikì hlektrikì pedÐo, to opoÐo, apousÐa exwterikoÔ
pedÐou, apoteleÐtai apì ta pedÐa pou dhmiourgoÔn ìloi oi upìloipoi nanokÔlindroi. Sthn
perÐptws  mac, pou oi nanokÔlindroi eÐnai diatetagmènoi k�jeta sthn alusÐda kai to r̂ deÐqnei
kat� m koc thc alusÐdac, r̂ · p = 0. Epomènwc, gia ton n-ostì nanokÔlindro h epagìmenh
dipolik  rop  eÐnai

pn = αz(ω)
∑
m̸=n

[
− (1− iq |n−m| ax)

pm

|n−m|3 a3x
+ q2

pm

|n−m| ax

]
eiq|n−m|ax . (5.16)

Upojètontac mia morf  Bloch gia tic dipolikèc ropèc, pm = pn exp(ikx[m−n]ax), ìpou kx
eÐnai h sunist¸sa tou kumatanÔsmatoc kat� m koc thc alusÐdac, h Ex. (5.16) odhgeÐ sth
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sqèsh diaspor�c

1 + 2
αz(ω)

a3x

∞∑
m=1

(
1

m3
− iqax

1

m2
− q2a2x

1

m

)
cos (kxmax) e

iqmax = 0 . (5.17)

Ta �peira ajroÐsmata sthn Ex. (5.17) mporoÔn na ekfrastoÔn sunart sei twn polulog�-
rijmwn, LiN (z) =

∑∞
m=1 z

m/mN [326], kai h Ex. (5.17) na grafeÐ sth morf 

1 +
αz(ω)

a3x
Σ (ω, kx) = 0, (5.18)

me

Σ(ω, kx) =
[
Li3(e

i(q−kx)ax) + Li3(e
i(q+kx)ax)

]
−

− iqax

[
Li2(e

i(q−kx)ax) + Li2(e
i(q+kx)ax)

]
−

− (qax)
2
[
Li1(e

i(q−kx)ax) + Li1(e
i(q+kx)ax)

]
. (5.19)

H Ex. (5.18) epilÔetai arijmhtik� kai upologÐzei migadikèc idiosuqnìthtec gia dedomènec
timèc tou kx. AxÐzei na anaferjeÐ ìti h diadikasÐa epÐlushc eÐnai idiaÐtera euaÐsjhth stic ar-
qikèc sunj kec. Sun jwc qrhsimopoioÔntai wc arqikèc sunj kec proseggistikèc analutikèc
lÔseic sto hlektrostatikì ìrio (q → 0) [324]. EmeÐc wstìso ja qrhsimopoioÔme wc arqi-
kèc sunj kec tic akribeÐc lÔseic pou prokÔptoun apì th mèjodo LMS, oi opoÐec apoteloÔn
exairetikèc arqikèc sunj kec gia tic lÔseic thc Ex. (5.18).

Se ì,ti akoloujeÐ ja jewroÔme grammikèc periodikèc alusÐdec �peirou m kouc apì na-
nokulÐndrouc argÔrou, prosanatolismènouc me ton �xon� touc k�jeto sthn alusÐda, eÐte
eleÔjerouc ston aèra eÐte p�nw se k�poio upìstrwma. Tètoiec alusÐdec mporoÔn na pa-
raskeuastoÔn me afethrÐa th diadikasÐa pl rwshc twn pìrwn tou Al2O3 me mètallo pou
akoloujeÐtai suqn� gia thn paraskeu  2D plegm�twn, eÐte qrhsimopoi¸ntac kat�llhlec
m�skec kat� thn paraskeu , eÐte afair¸ntac mhqanik� ìsec seirèc nanokulÐndrwn apaiteÐ-
tai apì to 2D plègma [275]. 'Opwc perigr�yame sto Kef. 2, h mèjodoc LMS perigr�fei
me akrÐbeia 2D   3D periodikèc domèc. Gia na perigr�youme monodi�stata sust mata, ì-
pwc oi grammikèc alusÐdec pou mac apasqoloÔn ed¸, eÐnai anagkaÐo na katafÔgoume se mia
- eurèwc qrhsimopoioÔmenh sta plaÐsia �llwn upologistik¸n mejìdwn - prosèggish uper-
plègmatoc, jewr¸ntac orjog¸nia 2D plègmata me th mÐa touc plegmatik  stajer�, èstw
ay, polÔ megalÔterh apì thn �llh, ax. Ex�llou aut  h prosèggish antapokrÐnetai kalÔ-
tera stic peiramatik� pragmatopoi simec domèc [302, 303]. SÔmfwna me thn anafor� [313],
sthn prosèggish uperplègmatoc oi optikèc idiìthtec miac memonwmènhc grammik c alusÐdac
prokÔptoun  dh ìtan h apìstash metaxÔ diadoqik¸n alusÐdwn eÐnai perÐpou dÔo forèc mega-
lÔterh apì thn apìstash twn swmatidÐwn mèsa sthn alusÐda. Oi upologismoÐ mac èdeixan
ìti gia plegmatik  stajer� ay perÐpou pènte forèc megalÔterh thc ax h optik  apìkrish
twn plegm�twn paramènei praktik� amet�blhth. Sto Sq. 5.11 parousi�zoume mia sqhmatik 
perigraf  twn dom¸n pou ja exet�soume. Se ì,ti akoloujeÐ, ja jewroÔme ìti to perib�llon
mèso einai o aèrac, kai ja qrhsimopoioÔme gia th dihlektrik  sun�rthsh tou argÔrou tic
peiramatikèc timèc twn Johnson kai Christy [199].
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Sq ma 5.11: Sqhmatik  anapar�stash twn dom¸n grammik¸n periodik¸n alusÐdwn metal-
lik¸n nanokulÐndrwn pou exet�zoume. P�nw arister�: Sqèsh diaspor�c thc jemeli¸douc
plasmonik c kat�stashc kumatodhgoÔ gia mia grammik  alusÐda, me plegmatik  stajer�
ax = 75nm, nanokulÐndrwn argÔrou (D = 20nm,H = 50nm) prosanatolismènwn me ton
�xon� touc k�jeto sthn alusÐda, ston aèra. Mèsa ston k¸no fwtìc (èxw apì th maÔrh
perioq ) parousi�zoume antÐstoiqa f�smata apìsbeshc. P�nw dexi�: Ex�rthsh tou fanta-
stikoÔ mèrouc twn idiosuqnot twn twn katast�sewn kumatodhgoÔ tou aristeroÔ sq matoc
(p�nw) kai to antÐstoiqo m koc di�doshc (k�tw). K�tw arister�: H antÐstoiqh sqèsh dia-
spor�c gia nanokulÐndrouc me D = 20nm kai H = 100nm, se apìstash ax = 75nm. Se
ìla ta diagr�mmata, oi suneqeÐc kai estigmènec grammèc antistoiqoÔn se upologismoÔc me th
mèjodo LMS kai to montèlo suzeugmènwn dipìlwn, antÐstoiqa.

Sth maÔrh perioq  tou p�nw aristeroÔ diagr�mmatoc tou Sq. 5.11, èxw apì ton k¸no
fwtìc, parousi�zoume th sqèsh diaspor�c gia mia grammik  periodik  alusÐda nanokulÐn-
drwn argÔrou me di�metro D = 20nm kai Ôyoc H = 50nm, me apìstash ax = 75nm metaxÔ
touc, ìpwc upologÐsthke apì thn Ex. (2.68). Mèsa ston k¸no fwtìc parousi�zoume ta
sqetik� f�smata apìsbeshc. H estigmènh gramm  parist� thn antÐstoiqh sqèsh diaspo-
r�c upologismènh me to montèlo suzeugmènwn dipìlwn, sÔmfwna me thn Ex. (5.18). EÐnai
fanerì ìti oi dÔo kampÔlec sumfwnoÔn polÔ kal� sthn perioq  èxw apì ton k¸no fwtìc,
k�ti anamenìmeno, afoÔ to basikì krit rio isqÔoc tou montèlou, o lìgoc thc aktÐnac twn
swmatidÐwn proc th metaxÔ touc apìstash na eÐnai mikrìteroc tou 1/3 [319], ikanopoieÐtai,
an kai gia mh sfairik� swmatÐdia h aktÐna den eÐnai saf¸c orismènh. Mèsa ston k¸no fwtìc
wstìso ta apotelèsmata den sumfwnoÔn ikanopoihtik�. Se aut  thn perÐptwsh oi katast�-
seic den eÐnai entopismènec all� aktinoboloÔn sto perib�llon, kai h idiosuqnìtht� touc den
sumfwneÐ apìluta me thn koruf  tou suntonismoÔ sto f�sma apìsbeshc. 'Opwc kai na 'qei,
h ex�rthsh twn suntonism¸n apìsbeshc apì ton kumat�rijmo sto Sq. 5.11 èqei thn Ðdia
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morf  me sqetikèc peiramatikèc kampÔlec gia parìmoiec domèc [327].

Sto p�nw dexiì di�gramma tou Sq. 5.11 sugkrÐnoume ta fantastik� mèrh twn idiosu-
qnot twn, ta opoÐa parèqoun ton antÐstrofo qrìno zw c twn katast�sewn, upologismèna
me tic dÔo mejìdouc. EÐnai safèc ìti, parìti ta fantastik� mèrh twn idiosuqnot twn sum-
fwnoÔn me polÔ kal  akrÐbeia, to montèlo suzeugmènwn dipìlwn upoektim� ta fantastik�
mèrh, parèqontac kat� sunèpeia kai polÔ megalÔtera m kh di�doshc, lp, ìpwc aut� prokÔ-
ptoun apì to ginìmeno thc taqÔthtac om�doc, vg = dω/dkx, epÐ ton antÐstrofo qrìno zw c
(k�tw dexiì di�gramma sto Sq. 5.11). Aut  h upoektÐmhsh twn apwlei¸n eÐnai susthmatik ,
ìpwc epibebai¸same mèsw upologism¸n gia di�forouc sunduasmoÔc twn sqetik¸n gewme-
trik¸n paramètrwn, kai apokalÔptei thn adunamÐa tou montèlou suzeugmènwn dipìlwn na
perigr�yei me akrÐbeia thn pragmatik  katanom  tou pedÐou kai thn apìkrish twn nanoku-
lÐndrwn. Sunep¸c, se grammikèc alusÐdec metallik¸n nanokulÐndrwn oi ap¸leiec mporeÐ na
eÐnai shmantikèc kai qrei�zetai na antimetwpÐzontai idiaÐtera prosektik� [328]. AxÐzei akìma
na shmeiwjeÐ ìti, ìpwc faÐnetai sto Sq. 5.11, en¸ kont� sta ìria tou k¸nou fwtìc to m koc
di�doshc eÐnai thc t�xhc poll¸n plegmatik¸n stajer¸n, makri� apì aut� gÐnetai praktik�
amelhtèo, ìpwc anamènetai gia katast�seic epÐpedhc sqèshc diaspor�c.

Sq ma 5.12: P�nw di�gramma: Sqèsh diaspor�c thc jemeli¸douc plasmonik c kat�stashc
kumatodhgoÔ gia mia grammik  periodik  alusÐda, me plegmatik  stajer� ax = 50nm, nano-
kulÐndrwn argÔrou (D = 20nm,H = 50nm) prosanatolismènwn me ton �xon� touc k�jeto
sthn alusÐda, qwrÐc upìstrwma. Mèsa ston k¸no fwtìc (èxw apì th maÔrh perioq ) parou-
si�zoume antÐstoiqa f�smata apìsbeshc. K�tw di�gramma: H antÐstoiqh sqèsh diaspor�c
lamb�nontac upìyh èna upìstrwma SiO2. H estigmènh gramm  deÐqnei th sqèsh diaspor�c
pou upologÐzetai apì to montèlo suzeugmènwn dipìlwn jewr¸ntac èna perib�llon mèso di-
hlektrik c sun�rthshc ε̄ = 1.56 kai h diakekommènh gramm  ton k¸no fwtìc se autì to
mèso.



Kef�laio 5: Periodikèc domèc metallik¸n nanokulÐndrwn 127

Ta apotelèsmata tou p�nw tm matoc tou Sq. 5.11 deÐqnoun ìti to aplì montèlo su-
zeugmènwn dipìlwn perigr�fei ikanopoihtik� kontoÔc nanokulÐndrouc se sqetik� meg�lec
apost�seic metaxÔ touc. Autì saf¸c den isqÔei gia nanokulÐndrouc megalÔterou Ôyouc
se pio mikrèc apost�seic, pou eÐnai kai eukolìtero na paraskeuastoÔn. SusthmatikoÐ u-
pologismoÐ me stajer  th di�metro twn nanokulÐndrwn, D = 20nm, kai th metaxÔ touc
apìstash, ax = 50nm, kai metablhtì to Ôyoc touc, apì 25 mèqri 100nm, èdeixan ìti oi
sqèseic diaspor�c pou upologÐzontai me to montèlo suzeugmènwn dipìlwn arqÐzoun na apo-
klÐnoun shmantik� apì tic akribeÐc ìtan to Ôyoc twn nanokulÐndrwn gÐnetai megalÔtero twn
∼ 30nm. Aut  h parat rhsh xekajarÐzei ìti sthn perÐptwsh mh sfairik¸n swmatidÐwn ìlec
oi diast�seic touc, kai ìqi mìno to mègejìc touc kat� th dieÔjunsh thc alusÐdac, prèpei na
eÐnai mikrìterec apì thn plegmatik  stajer� prokeimènou to montèlo suzeugmènwn dipìlwn
na dÐnei axiìpista apotelèsmata. Sto k�tw mèroc tou Sq. 5.11 deÐqnoume ta sqetik� apo-
telèsmata gia nanokulÐndrouc Ôyouc H = 100nm. Sthn perÐptwsh aut  h apìklish eÐnai
entupwsiak , me thn kampÔlh diaspor�c pou upologÐzetai me to montèlo na kalÔptei mia
eureÐa perioq  sto oratì kai to upèrujro, en¸ o akrib c upologismìc dÐnei mia sten  z¸nh
sto oratì.

Tèloc, èqei endiafèron na melet soume thn epÐdrash tou upostr¸matoc, to opoÐo up�r-
qei p�nta stic realistikèc peript¸seic, stic katast�seic kumatodhgoÔ twn alusÐdwn pou
exet�same. Tètoiou eÐdouc domèc, p�nw se dihlektrik�   metallik� upostr¸mata, èqoun
melethjeÐ sto pareljìn [327, 329], kai èqei deiqjeÐ ìti h parousÐa tou upostr¸matoc tro-
popoieÐ shmantik� tic optikèc idiìthtec thc dom c. 'Enac basikìc periorismìc tou montèlou
suzeugmènwn dipìlwn eÐnai ìti den mporeÐ na perigr�yei to upìstrwma. Mia prìtash eÐnai
na jewreÐ kaneÐc èna diaforetikì perib�llon mèso gia ta nanoswmatÐdia, me dihlektrik  su-
n�rthsh ε̄, pou apoteleÐ ton mèso ìro twn dihlektrik¸n sunart sewn tou perib�llontoc
kai tou upostr¸matoc [330]. Mia tètoia perigraf  wstìso anafèretai se èna diaforetikì
sÔsthma ìpou, gia par�deigma, profan¸c, o k¸noc fwtìc eÐnai metatopismènoc, en¸ pijanèc
epifaneiakèc katast�seic kai suntonismoÐ pou mporeÐ na emfanistoÔn lìgw thc diepif�neiac
ìpwc eÐdame sto Ed. 5.2, agnooÔntai. Sto Sq. 5.12 sugkrÐnoume ta diagr�mmata diaspor�c
gia alusÐdec plegmatik c stajer�c ax = 50nm, nanokulÐndrwn diamètrou D = 20nm kai
Ôyouc H = 50nm eÐte eleÔjerec eÐte p�nw se èna upìstrwma SiO2 (εSiO2 = 2.13), upologi-
smèna me thn Ex. (2.117). H parousÐa tou upostr¸matoc metatopÐzei tic idiosuqnìthtec thc
alusÐdac kat� perÐpou 0.2eV. Upojètontac èna perib�llon mèso dihlektrik c sun�rthshc
ε̄ = 1.56 to montèlo suzeugmènwn dipìlwn uperektim� shmantik� aut  th metatìpish, ìpwc
faÐnetai sto k�tw di�gramma tou Sq. 5.12. San apotèlesma, en¸ apousÐa upostr¸matoc ta
apotelèsmata twn dÔo mejìdwn sumfwnoÔn ikanopoihtik�, h apìklis  touc ìtan prostejeÐ
to upìstrwma eÐnai meg�lh.
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Kef�laio 6

Periodikèc domèc metallodihlektrik¸n nanos�ntouitc

MetaxÔ twn di�forwn nanodom¸n pou èqoun diereunhjeÐ ta teleutaÐa qrìnia anazht¸ntac
(teqnhtì) optikì magnhtismì sthn perioq  tou oratoÔ, idiaÐtero endiafèron parousi�zoun
ta metallodihlektrik� nanos�ntouitc, zeÔgh omoaxonik¸n metallik¸n nanodÐskwn pou qwrÐ-
zontai apì èna dihlektrikì q¸risma, lìgw twn eÔkola rujmÐsimwn plasmonik¸n suntonism¸n
touc. Melètec polustrwmatik¸n dom¸n me enallassìmena str¸mata Au-SiO2 èdeixan ìti oi
isquroÐ plasmonikoÐ suntonismoÐ mporoÔn na rujmistoÔn metab�llontac to p�qoc twn dihle-
ktrik¸n strwm�twn [26]. Epiplèon, èqei deiqjeÐ ìti, ìtan se èna zeÔgoc nanodÐskwn qrusoÔ
se gewmetrÐa s�ntouitc me èna dihlektrikì q¸risma metaxÔ touc prospÐptei èna epÐpedo kÔma
kat�llhlhc suqnìthtac sto oratì, prokaleÐtai shmantik  enÐsqush tou magnhtikoÔ pedÐou
an h apìstash metaxÔ twn dÐskwn eÐnai optik� mikr . To fainìmeno autì perigr�fetai wc
ènac magnhtikìc dipolikìc suntonismìc [27, 331, 332], kai mporeÐ na enisqujeÐ akìmh peris-
sìtero se periodik� plègmata [30], eidik� an axiopoihjeÐ kai to fainìmeno thc perÐjlashc
mèsw kat�llhlhc epilog c thc plegmatik c stajer�c [333]. H susthmatik  an�lush 2D
plegm�twn apì nanos�ntouitc Au-SiO2-Au se upìstrwma èdeixe mia sumperifor� dipl¸n
suntonism¸n stic optikèc suqnìthtec, pou proèrqontai apì ton plasmonikì ubridismì. O
bajmìc HM sÔzeuxhc sta sust mata aut� mporeÐ na elegqjeÐ apì ton lìgo diamètrou/Ôyoc
twn nanodÐskwn [28, 29], en¸ o sunduasmìc tètoiwn nanos�ntouitc me meioÔmenh di�metro
se sqhmatismì puramÐdac odhgeÐ se euruzwnikì teqnhtì magnhtismì [334]. Tètoiec domèc
mporoÔn na paraskeuastoÔn me qr sh sÔgqronwn mejìdwn autoorg�nwshc kai lijografÐ-
ac [26,28,335,336], kai prosfèroun entupwsiakèc dunatìthtec elègqou thc allhlepÐdrashc
aktinobolÐac-Ôlhc. Epiprìsjeta, se antÐjesh me metaôlik� pou qrhsimopoioÔn wc domikèc
mon�dec metallikèc nanor�bdouc [22], anoiqtoÔc daktulÐouc [17], metallik� sÔrmata [21],
  zeÔgh kommènwn surm�twn [18, 19], ta opoÐa leitourgoÔn upì sugkekrimènh pìlwsh tou
HM pedÐou, ta plègmata metallodihlektrik¸n nanos�ntouitc, lìgw thc kulindrik c summe-
trÐac twn domik¸n touc mon�dwn, eÐnai polÔ pio isotropik� kai prosfèroun th dunatìthta
sqediasmoÔ metaôlik¸n pou den exart¸ntai apì thn pìlwsh.

Oi swmatidiakèc plasmonikèc katast�seic twn memonwmènwn nanodÐskwn tou nanos�n-
touitc allhlepidroÔn metaxÔ touc, odhg¸ntac se mÐa summetrik  kai mÐa antisummetrik  ka-
t�stash, kat' analogÐa me ton sqhmatismì desmik¸n kai antidesmik¸n ubridik¸n troqiak¸n
sta diatomik� mìria [162]. Upì aut  thn optik  gwnÐa, ta metallodihlektrik� nanos�ntouitc
sunistoÔn mia nèa t�xh plasmonik¸n �meta-morÐwn�. Sth summetrik  touc optik  kat�sta-
sh ta eleÔjera hlektrìnia tou met�llou talant¸nontai en f�sei stouc dÔo dÐskouc. Sthn
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antisummetrik  kat�stash ta hlektrìnia talant¸nontai me antÐjetec f�seic, odhg¸ntac se
ènan brìqo reÔmatoc nanometrik¸n diast�sewn, pou antistoiqeÐ se magnhtikì suntonismì
kai eÐnai shmantikì sustatikì ston sqediasmì metaôlik¸n arnhtikoÔ deÐkth di�jlashc sto
oratì kai eggÔc upèrujro [25,337,338]. Tètoia metallodihlektrik� nanos�ntouitc èqoun me-
lethjeÐ jewrhtik� me qr sh hlektrodunamik¸n prosomoi¸sewn me thn prosèggish diakrit¸n
dipìlwn [26] kai th mèjodo peperasmènwn diafor¸n sto pedÐo tou qrìnou [27�29].

Sto parìn kef�laio exet�zoume thn optik  apìkrish periodik¸n dom¸n metallodihle-
ktrik¸n nanos�ntouitc. AnalÔoume ton plasmonikì ubridismì kai ton trìpo me ton opoÐo oi
idiìthtec tou sÔnjetou swmatidÐou prokÔptoun apì autèc twn sustatik¸n tou. Sth sunèqeia
exet�zoume exagwnik� plègmata tètoiwn nanos�ntouitc wc proc th dunatìthta exomoÐws c
touc me isodÔnamo omoiogenèc mèso me th mèjodo antÐstrofhc skèdashc (Ed. 3.3), kai thn
emf�nish eÔkola rujmÐsimou se suqnìthta magnhtikoÔ suntonismoÔ [30]. Prosjètontac sta-
diak� perissìtera tètoia epÐpeda, to èna p�nw apì to �llo, sqoli�zoume th sÔgklish twn
isodÔnamwn HM paramètrwn me to p�qoc tou plakidÐou stic antÐstoiqec timèc gia ton �peiro
krÔstallo [158]. Tèloc, melet�me th fwtonik  dom  zwn¸n enìc tètoiou �peirou krust�l-
lou kai th dunatìthta exomoÐws c tou me anisotropikì isodÔnamo mèso me th mèjodo tou
Ed. 3.4, kaj¸c kai diagr�mmata stajer c suqnìthtac pou deÐqnoun ìti o krÔstalloc mporeÐ
na emfanÐzei arnhtik  di�jlash lìgw thc anisotropÐac tou [100].

6.1 Plasmonikìc ubridismìc se èna metallodihlektrikì nanos�n-
touitc

H optik  apìkrish twn metallik¸n nanodÐskwn qarakthrÐzetai apì swmatidiakoÔc plasmo-
nikoÔc suntonismoÔc . Sto aristerì tm ma tou Sq. 6.1 parousi�zoume thn energì diatom 
skèdashc kai aporrìfhshc, kanonikopoihmènec sth gewmetrik  diatom , gia ènan metalli-
kì nanodÐsko ston aèra, ston opoÐo prospÐptei TM polwmèno fwc upì gwnÐa θ = 45◦ wc
proc ton �xon� tou (ton opoÐo paÐrnoume kat� th dieÔjunsh z). Sto p�nw di�gramma o
metallikìc nanodÐskoc perigr�fetai apì th dihlektrik  sun�rthsh Drude, Ex. (3.1), qwrÐc
aporrìfhsh (τ−1 = 0), kai èqei di�metro D = 5c/ωp kai p�qoc H = c/ωp. Profan¸c se
aut  thn perÐptwsh h energìc diatom  aporrìfhshc eÐnai mhdenik . Sto sq ma faÐnetai h
diègersh tri¸n plasmonik¸n katast�sewn. Oi korufèc stic suqnìthtec 0.293ωp, 0.402ωp,
kai 0.465ωp, sqetÐzontai me plasmonikèc katast�seic pou antistoiqoÔn sem = ±1, m = ±2,
kai m = ±3, antÐstoiqa (bl. sqetik  suz thsh sto Ed. 5.1). 'Olec autèc oi katast�seic
eÐnai hlektrikoÔ tÔpou, kai èqoun kat� kÔrio lìgo dipolikì, tetrapolikì, kai oktapolikì
qarakt ra, antÐstoiqa. Sto k�tw di�gramma tou Sq. 6.1 deÐqnoume thn energì diatom 
skèdashc kai aporrìfhshc gia ènan nanodÐsko apì �rguro, gia th dihlektrik  sun�rthsh
tou opoÐou qrhsimopoioÔme tic peiramatikèc timèc twn Johnson kai Christy [199], diast�sewn
D = 100nm kai H = 20nm. EÐnai fanerì ìti sthn perioq  suqnot twn pou mac endiafèrei
mìno o qamhlìteroc se suqnìthta, dipolikoÔ tÔpou suntonismìc epizeÐ sthn energì diatom 
skèdashc. Oi an¸terec plasmonikèc katast�seic, pou èqoun megalÔterouc qrìnouc zw c se
sqèsh me ton qrìno apokat�stashc twn eleÔjerwn hlektronÐwn tou met�llou, aporrofoÔn-
tai kai ekdhl¸nontai wc suntonismoÐ sthn energì diatom  aporrìfhshc.

Se èna metallodihlektrikì nanos�ntouitc h allhlepÐdrash metaxÔ twn plasmonik¸n ka-
tast�sewn twn memonwmènwn nanodÐskwn dÐnei wc apotèlesma dÔo nèec ubridikèc katast�-
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Sq ma 6.1: Arister�: Energìc diatom  skèdashc (maÔrec suneqeÐc grammèc) kai aporrìfh-
shc (gkri diakekommènec grammèc) gia ènan metallikì nanodÐsko ston aèra, gia TM polwmèno
fwc pou prospÐptei me gwnÐa θ = 45◦ wc proc ton �xona tou dÐskou. Sto p�nw di�gram-
ma o nanodÐskoc, diamètrou D = 2S = 5c/ωp kai p�qouc H = c/ωp, perigr�fetai apì th
dihlektrik  sun�rthsh Drude, Ex. (3.1), me τ−1 = 0, pou shmaÐnei ìti h energìc diatom 
aporrìfhshc eÐnai mhdenik . Sto k�tw di�gramma qrhsimopoioÔntai oi peiramatikèc timèc
gia th dihlektrik  sun�rthsh tou argÔrou [199], gia ènan nanodÐsko me D = 100nm kai
H = 20nm. Dexi�: Plasmonikìc ubridismìc se èna metallodihlektrikì nanos�ntouitc kai
h ex�rthsh twn migadik¸n idiosuqnot twn thc summetrik c (maÔrec suneqeÐc grammèc) kai
antisummetrik c (gkri diakekommènec grammèc) kat�stashc apì thn apìstash twn dÔo me-
tallik¸n nanodÐskwn, me b�sh to montèlo suzeugmènwn dipìlwn. To mètallo perigr�fetai
apì th dihlektrik  sun�rthsh Drude me τ−1 = 0.1ωp.

seic, mÐa summetrik , se uyhlìterec suqnìthtec, sthn opoÐa to hlektrikì pedÐo talant¸netai
en f�sei stouc dÔo dÐskouc, k�jeta ston �xon� touc, kai mÐa antisummetrik , se qamhlìterec
suqnìthtec, ìpou to hlektrikì pedÐo stouc dÔo dÐskouc talant¸netai me antÐjetec f�seic.
Aut  h antÐjeth apì thn anamenìmenh eikìna, ìpou h summetrik  kat�stash emfanÐzetai se
uyhlìterh suqnìthta kai h antisummetrik  se qamhlìterh, exhgeÐtai wc ex c: Oi talant¸-
seic eleÔjerwn hlektronÐwn pou sqetÐzontai me touc dipolikoÔc suntonismoÔc hlektrikoÔ
tÔpou stouc memonwmènouc nanodÐskouc mporoÔn na exomoiwjoÔn me armonikoÔc talantw-
tèc, stouc opoÐouc oi dun�meic epanafor�c exart¸ntai apì thn katanom  fortÐou. Se èna
zeug�ri nanodÐskwn prosanatolismènwn me touc �xonèc touc par�llhla ston �xona pou e-
n¸nei ta kèntra touc h katanom  fortÐou odhgeÐ se asjenèsterec dun�meic epanafor�c gia
thn antisummetrik  kat�stash (bl. Sq. 6.1) kai isqurìterec gia th summetrik . Sunep¸c
h idiosuqnìthta thc antisummetrik c kat�stashc brÐsketai qamhlìtera kai thc summetrik c
uyhlìtera apì ì,ti se ènan memonwmèno nanodÐsko. O plasmonikìc ubridismìc se aut  thn
perÐptwsh mporeÐ na analujeÐ me b�sh to aplì montèlo suzeugmènwn dipìlwn. 'Opwc eÐdame
sto prohgoÔmeno kef�laio, to hlektrikì pedÐo se apìstash r = rr̂ apì èna shmeiakì dÐpolo,
dipolik c rop c p, pou talant¸netai me kuklik  suqnìthta ω se perib�llon dihlektrik c
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sun�rthshc ε, upojètontac qronik  ex�rthsh thc morf c exp(−iωt), eÐnai

E(r) =

[
(1− iqr)

3(r̂ · p)r̂− p

r3
+ q2

p− (r̂ · p)r̂
r

]
exp(iqr) , (6.1)

ìpou q = ω
√
ε/c. Gia èna zeÔgoc shmeiak¸n dipìlwn, p1 kai p2, me apìstashR metaxÔ touc,

apousÐa exwterikoÔ pedÐou, to pedÐo se k�je dÐpolo eÐnai to pedÐo exaitÐac tou �llou dipìlou.
H epagìmenh dipolik  rop  se k�je dÐpolo dÐnetai apì to ginìmeno thc polwsimìtht�c tou,
α∥(ω) (ìpou, jumÐzoume, me ∥ sumbolÐzoume sullogik� tic isodÔnamec sunist¸sec x, y), epÐ
to pedÐo. Sunep¸c oi katast�seic tou sust matoc me p1 ∥ p2 kai R ⊥ p1,2 (h di�taxh se
èna nanos�ntouitc) prokÔptoun apì to grammikì sÔsthma omoiogen¸n exis¸sewn

f(ω,R)p1 + g(ω,R)p2 = 0

g(ω,R)p1 + f(ω,R)p2 = 0 ,
(6.2)

ìpou

f(ω,R) =
(
1− iqR− q2R2

)
exp(iqR)

g(ω,R) =
R3

α∥(ω)
.

(6.3)

Profan¸c to sÔsthma (6.2) èqei mÐa summetrik  (p1 = p2) kai mÐa antisummetrik  (p1 = −p2)
lÔsh, gia f(ω,R) + g(ω,R) = 0 kai f(ω,R)− g(ω,R) = 0, antÐstoiqa. Oi exis¸seic autèc
exasfalÐzoun thn Ôparxh mh mhdenik c lÔshc tou sust matoc (6.2), kai oi rÐzec touc sto
k�tw migadikì hmiepÐpedo thc suqnìthtac orÐzoun tic idiosuqnìthtec thc summetrik c kai
antisummetrik c kat�stashc, antÐstoiqa. Sto dexiì di�gramma tou Sq. 6.1 parousi�zoume
thn ex�rthsh twn idiosuqnot twn twn dÔo katast�sewn apì thn apìstash R metaxÔ dÔo
metallik¸n nanodÐskwn, diamètrou 5c/ωp kai p�qouc c/ωp, jewr¸ntac ìti h polwsimìtht�
touc perigr�fetai apì thn

α∥(ω) =
V

4π

ε1(ω)− ε
ε+ L∥[ε1(ω)− ε]

. (6.4)

Gia aplìthta jewroÔme dihlektrik  sun�rthsh Drude, me τ−1 = 0.1ωp, ¸ste na lhfjoÔn
upìyh pl rwc oi ap¸leiec lìgw aporrìfhshc kai aktinobolÐac. Gia ton par�gonta apopìlw-
shc L∥ sthn Ex. (6.4) epilègoume tim  L∥ = 0.08585, ¸ste na tairi�zei me thn upologismènh
idiosuqnìthta,

√
L∥ωp = 0.293ωp, tou qamhlìterou se suqnìthta dipolikoÔ plasmonikoÔ

suntonismoÔ. Sto Sq. 6.1 faÐnetai kajar� mÐa antisummetrik  kat�stash qamhlìterhc kai
mÐa summetrik  kat�stash uyhlìterhc suqnìthtac. Gia meg�lec apost�seic metaxÔ twn
dÐskwn oi idiosuqnìthtec twn dÔo katast�sewn teÐnoun se aut n enìc memonwmènou nanodÐ-
skou, en¸ ìso oi dÐskoi plhsi�zoun kai h allhlepÐdras  touc aux�netai tìso perissìtero
oi dÔo idiosuqnìthtec apwjoÔntai.

6.2 Didi�stata plègmata kai arnhtik  magnhtik  diaperatìthta

JewroÔme exagwnik� plègmata, plegmatik c stajer�c a0, apì nanos�ntouitc Ag-SiO2-Ag se
upìstrwma qalazÐa (quartz) (εquartz = 2.13, µquartz = 1), ìpwc autì pou faÐnetai sqhmatik�
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sto Sq. 6.2. Sta plaÐsia thc mejìdou LMS èna tètoio plègma sqedi�zetai wc sundua-
smìc tri¸n diadoqik¸n epipèdwn kat�llhlwn nanodÐskwn. Gia th dihlektrik  sun�rthsh tou
argÔrou qrhsimopoioÔme tic peiramatikèc timèc twn Johnson kai Christy [199], en¸ gia to
dioxeÐdio tou puritÐou paÐrnoume εSiO2 = 2.13.

Sq ma 6.2: Sqhmatik  anapar�stash enìc exagwnikoÔ plègmatoc nanos�ntouitc Ag-SiO2-
Ag se upìstrwma qalazÐa. P�nw di�gramma: F�smata apìsbeshc gia k�jeth prìsptwsh
se exagwnik� plègmata, plegmatik c stajer�c a0 = 250nm, apì nanos�ntouitc Ag-SiO2-
Ag diamètrou D = 100nm kai p�qouc twn dÐskwn argÔrou H1 = H3 = 20nm. To p�-
qoc tou qwrÐsmatoc SiO2 metab�lletai apì H2 = 20nm (maÔrh suneq c gramm ) se 40nm
(skoÔra gkri diakekommènh gramm ), 80nm (gkri estigmènh gramm ) kai 160nm (anoiqt 
gkri diakekommènh-estigmènh gramm ). K�tw di�gramma: F�smata apìsbeshc gia k�je-
th prìsptwsh se exagwnik� plègmata apì nanos�ntouitc Ag-SiO2-Ag me D = 100nm,
H1 = H3 = 20nm kai H2 = 40nm. H plegmatik  stajer� metab�lletai apì 170nm (maÔrh
suneq c gramm ) se 200nm (gkri diakekommènh gramm ) kai 250nm (anoiqt  gkri estigmènh
gramm ).

Prokeimènou na melet soume ton ubridismì metaxÔ twn swmatidiak¸n plasmonik¸n kata-
st�sewn twn dÔo nanodÐskwn sto nanos�ntouitc, krat�me stajer  th di�metro (D = 100nm)
kai to p�qoc touc (H1 = H3 = 20nm), kai metab�lloume to p�qoc tou dihlektrikoÔ qw-
rÐsmatoc, H2. Epilègontac plegmatik  stajer� a0 = 250nm h allhlepÐdrash metaxÔ twn
nanos�ntouitc tou plègmatoc eÐnai praktik� amelhtèa. Ta f�smata apìsbeshc gia k�jeth
prìsptwsh parousi�zontai sto p�nw di�gramma tou Sq. 6.2. Gia polÔ leptì dihlektri-
kì q¸risma to f�sma apìsbeshc emfanÐzei mÐa mìno koruf , h opoÐa ousiastik� eÐnai o
plasmonikìc suntonismìc enìc plègmatoc apl¸n metallik¸n nanodÐskwn p�qouc 40nm. An-
tÐjeta, ìtan h apìstash metaxÔ twn dÔo dÐskwn eÐnai arket� megalÔterh (tupik� megalÔterh
twn 10nm), ta f�smata qarakthrÐzontai apì dÔo diakritèc korufèc. Aux�nontac to p�qoc
tou dihlektrikoÔ qwrÐsmatoc, h uyhlìterhc suqnìthtac koruf  metatopÐzetai se mikrìterec
suqnìthtec, en¸ h qamhlìterhc suqnìthtac koruf  metatopÐzetai proc megalÔterec suqnì-
thtec kai gÐnetai pio isqur . Ta apotelèsmata aut� sumfwnoÔn me sqetik� peiramatik�
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dedomèna gia memonwmèna nanos�ntouitc [26, 28] kai ermhneÔontai wc ex c: H dom  dipl c
koruf c sto f�sma apìsbeshc proèrqetai apì thn asjen  allhlepÐdrash twn antÐstoiqwn
ubridik¸n plasmonik¸n katast�sewn twn memonwmènwn nanos�ntouitc. H metatìpish sth
suqnìthta eÐnai megalÔterh gia thn antisummetrik  kat�stash, se sumfwnÐa me ta apotelè-
smata tou montèlou suzeugmènwn dipìlwn tou Sq. 6.1. Epiplèon, ìpwc faÐnetai sto Sq.
6.1, en¸ to fantastikì mèroc thc idiosuqnìthtac thc summetrik c kat�stashc paramènei
praktik� stajerì, h idiosuqnìthta thc antisummetrik c kat�stashc apomakrÔnetai taqÔta-
ta apì ton pragmatikì �xona proc to k�tw migadikì hmiepÐpedo thc suqnìthtac, pou shmaÐnei
drastik  meÐwsh tou qrìnou zw c aut c thc kat�stashc kaj¸c h apìstash metaxÔ twn na-
nodÐskwn mei¸netai. Epiplèon, h allhlepÐdrash metaxÔ twn nanos�ntouitc sto plègma, pou
aux�netai kaj¸c mei¸noume thn plegmatik  stajer�, ekdhl¸netai me isqurìterec se èntash
kai metatopismènec se suqnìthta korufèc sto f�sma apìsbeshc, ìpwc faÐnetai sto k�tw
di�gramma tou Sq. 6.2.

Sthn perÐptwsh twn epÐpedwn dom¸n pou melet�me, gia th qr sh tou montèlou suzeug-
mènwn dipìlwn tou Ed. 6.1 apaiteÐtai o upologismìc tou pedÐou gia èna dedomèno dÐpolo
p0, o opoÐoc perilamb�nei èna �peiro �jroisma se ìla ta upìloipa dÐpola pn stic jèseic
Rn ̸= 0. Lìgw thc periodikìthtac thc dom c, h par�llhlh sto epÐpedo twn nanos�ntouitc
kai anhgmènh sthn EZB tou dedomènou 2D plègmatoc sunist¸sa tou kumatanÔsmatoc, k∥,
diathreÐtai. Lamb�nontac upìyh to je¸rhma Bloch, pn = p0 exp(ik∥ ·Rn) kai upojètontac
ìti oi suntonismoÐ twn memonwmènwn nanos�ntouitc mporoÔn na perigrafoÔn pl rwc apì su-
nart seic hlektrik c   magnhtik c polwsimìthtac, katal goume se mia katastatik  exÐswsh
pou dÐnei tic migadikèc idiosuqnìthtec tou sust matoc gia dedomèno k∥ [339,340]. En gènei,
paÐrnei kaneÐc dÔo sqetik� stenèc z¸nec katast�sewn suntonismoÔ, ω(k∥), gÔrw apì tic idio-
suqnìthtec thc antisummetrik c kai summetrik c kat�stashc, antÐstoiqa, tou memonwmènou
nanos�ntouitc. Oi katast�seic pou antistoiqoÔn se k∥ = 0 eÐnai autèc pou diegeÐrontai se
k�jeth prìsptwsh. Mei¸nontac thn plegmatik  stajer� thc dom c, h auxanìmenh isqÔc thc
sÔzeuxhc odhgeÐ se megalÔtero eÔroc z¸nhc [341] kai kat� sunèpeia se antÐstoiqh metatìpi-
sh thc ω(0), pou ermhneÔei tic metatopÐseic twn koruf¸n suntonismoÔ sto k�tw di�gramma
tou Sq. 6.2. AxÐzei na shmeiwjeÐ ìti, en¸ oi allhlepidr�seic kontinoÔ pedÐou paÐzoun ton
kurÐarqo rìlo sth sÔzeuxh twn plhsièsterwn geitìnwn gia mikrèc plegmatikèc stajerèc, oi
allhlepidr�seic me pio apomakrusmènouc geÐtonec mporeÐ na eÐnai epÐshc shmantikèc [320].

Prokeimènou na d¸soume mia posotik  perigraf  thc magnhtik c fÔshc tou antisumme-
trikoÔ suntonismoÔ sta plègmata pou exet�zoume, katafeÔgoume sthn omoiogenopoÐhsh twn
plegm�twn me th mèjodo antÐstrofhc skèdashc. H isodÔnamh dihlektrik  sun�rthsh, εeff ,
kai magnhtik  diaperatìthta, µeff , upologÐzontai me antistrof  twn exis¸sewn tou Fresnel,
lamb�nontac upìyh to upìstrwma, ìpwc perigr�yame sto Ed. 3.3. Gia k�jeth prìsptwsh,
h isodÔnamh empèdhsh kai o isodÔnamoc deikthc di�jlashc prokÔptoun apì tic sqèseic

zeff = ±

√
(r − 1)2 − t2√

(r + 1)2 z23 − t2z21
z1z3 (6.5)

kai

tan(β/2) = ±i

√
(r − 1 + t) [z3 (r + 1)− tz1]
(r − 1− t) [z3 (r + 1) + tz1]

, (6.6)
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Sq ma 6.3: Arister� diagr�mmata: To pragmatikì (suneqeÐc grammèc) kai fantastikì (estig-
mènec grammèc) mèroc thc isodÔnamhc dihlektrik c sun�rthshc, εeff (p�nw), kai magnhtik c
diaperatìthtac, µeff (k�tw), gia èna exagwnikì plègma, plegmatik c stajer�c a0 = 200nm,
apì nanos�ntouitc Ag-SiO2-Ag diamètrou D = 100nm me p�qh H1 = H3 = 20nm kai
H2 = 40nm, se upìstrwma qalazÐa. Dexiì di�gramma: Arnhtik  magnhtik  diaperatìthta
sunart sei thc plegmatik c stajer�c exagwnik¸n plegm�twn twn parap�nw nanos�ntouitc.

antÐstoiqa, ìpou β = ωneffh/c, me h to p�qoc tou isodÔnamou omoiogenoÔc plakidÐou. Oi
deÐktec �1� kai �3� anafèrontai sto perib�llon mèso (aèra) kai to upìstrwma, antÐstoiqa.
To prìshmo thc Ex. (6.5) kajorÐzetai apì thn apaÐthsh Rez2 > 0, pou prèpei na isqÔei se
èna ulikì me ap¸leiec. Epiplèon, gia na exasfalisteÐ h ekjetik� fjÐnousa sumperifor� tou
exerqìmenou kÔmatoc, prèpei na isqÔei Imβ > 0, apaÐthsh pou kajorÐzei to prìshmo thc
Ex. (6.6). H isodÔnamh dihlektrik  sun�rthsh kai magnhtik  diaperatìthta tou plakidÐou
dÐnontai tìte apì tic εeff = neff/zeff kai µeff = neffzeff .

Sto Sq. 6.3 deÐqnoume tic isodÔnamec HM paramètrouc pou upologÐsthkan me autì
ton trìpo gia èna exagwnikì plègma, plegmatik c stajer�c a0 = 200nm, apì nanos�n-
touitc Ag-SiO2-Ag diamètrou D = 100nm, me p�qh H1 = H3 = 20nm kai H2 = 40nm,
se upìstrwma qalazÐa. Wc p�qoc tou isodÔnamou omoiogenoÔc plakidÐou eÐnai logikì na
jewr soume to sunolikì p�qoc twn nanos�ntouitc, h = 80nm, an kai �llec epilogèc me
h > 80nm den tropopoioÔn shmantik� ta apotelèsmat� mac. Sto Sq. 6.3 parathroÔme ènan
isqurì suntonismì sth magnhtik  diaperatìthta, sthn perioq  suqnot twn thc antisumme-
trik c kat�stashc, kai ènan antÐstoiqo suntonismì sth dihlektrik  sun�rthsh, sthn perioq 
thc summetrik c kat�stashc. Oi suntonismoÐ autoÐ sunodeÔontai apì mikroÔc antisuntoni-
smoÔc thc �llhc sun�rthshc apìkrishc, ìpwc suzht same sto Ed. 3.3. Sthn perioq  metaxÔ
2.05eV kai 2.18eV h magnhtik  diaperatìthta eÐnai arnhtik , me tim  pou ft�nei mèqri to
−1.77, en¸ antÐstoiqa h dihlektrik  sun�rthsh gÐnetai arnhtik  sthn perioq  metaxÔ 2.50eV
kai 2.97eV. Oi arnhtikèc autèc timèc, wstìso, sunodeÔontai apì arket� isqurèc ap¸leiec, me
to fantastikì mèroc tou isodÔnamou deÐkth di�jlashc na paÐrnei timèc mèqri kai 2.5. Prèpei
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bèbaia na tonisteÐ xan� ìti oi par�metroi pou upologÐzontai me aut  th mèjodo den mporoÔn
na jewrhjoÔn par�metroi pou qarakthrÐzoun to ulikì, all� m�llon to dierqìmeno kÔma,
kai anafèrontai se prìsptwsh upì sugkekrimènh gwnÐa (k�jeth prìsptwsh sthn perÐptws 
mac) se plakÐdio sugkekrimènou p�qouc. Ta antÐstoiqa f�smata dièleushc qarakthrÐzontai
apì dÔo topik� el�qista, mèqri 4% kai 0.5%, kont� stic suqnìthtec suntonismoÔ thc anti-
summetrik c kai summetrik c kat�stashc, antÐstoiqa. 'Opwc anamènetai, stic jèseic autèc
paÐrnoume enisqumènh aporrìfhsh, thc t�xhc tou 40% kai 16%, antÐstoiqa.

Sto dexiì di�gramma tou Sq. 6.3 deÐqnoume to pragmatikì mèroc thc isodÔnamhc ma-
gnhtik c diaperatìthtac, Reµeff , sunart sei thc plegmatik c stajer�c twn exagwnik¸n
plegm�twn pou perigr�yame pio p�nw, sthn perioq  ìpou Reµeff < 0. 'Opwc anafèrame
 dh, mei¸nontac thn plegmatik  stajer� h allhlepÐdrash metaxÔ twn nanos�ntouitc gÐne-
tai isqurìterh, dÐnontac pio èntonouc suntonismoÔc kai pio arnhtikèc timèc thc Reµeff se
eurÔterh perioq  suqnot twn.

6.3 Migadik  fwtonik  dom  zwn¸n �peirou krust�llou

JewroÔme t¸ra ènan �peiro fwtonikì krÔstallo wc epallhlÐa exagwnik¸n epipèdwn nano-
s�ntouic, twn opoÐwn to metallikì mèroc perigr�fetai apì th dihlektrik  sun�rthsh Drude,
Ex. (3.1), qwrÐc aporrìfhsh (τ−1 = 0) proc to parìn. Oi metallikoÐ dÐskoi èqoun di�metro
D = 5c/ωp kai p�qoc H1 = H3 = c/ωp, en¸ to dihlektrikì q¸risma (SiO2) èqei p�qoc
H2 = 2c/ωp. Sunep¸c H = H1 +H2 +H3 = 4c/ωp eÐnai to sunolikì p�qoc twn nanos�n-
touitc. Se k�je epÐpedo, ta nanos�ntouitc eÐnai diatetagmèna se exagwnik� plègmata pou
orÐzontai apì ta dianÔsmata a1 = a0(1, 0, 0) kai a2 = a0(1/2,

√
3/2, 0), me a0 = 10c/ωp, en¸

to di�nusma a3 = (a0/2, a0
√
3/6,H) mac metafèrei apì to èna epÐpedo sto epìmeno, ¸ste h

sunolik  apìstash metaxÔ diadoqik¸n epipèdwn na eÐnai d = H. Mia sqhmatik  eikìna thc
parap�nw dom c faÐnetai sto Sq. 6.4.

H migadik  fwtonik  dom  zwn¸n tou krust�llou kat� m koc thc dieÔjunshc an�ptux c
tou (dieÔjunsh [001]), sthn perioq  suqnot twn mèqri kai ton antisummetrikì suntonismì,
parousi�zetai sto Sq. 6.4. Se qamhlèc suqnìthtec paÐrnoume mia dipl� ekfulismènh gram-
mik  sqèsh diaspor�c, ìpwc anamènetai gia di�dosh se omoiogenèc mèso. H z¸nh aut 
allhlepidr� me th sten  dipl� ekfulismènh z¸nh pou proèrqetai apì tic antisummetrikèc
katast�seic twn memonwmènwn nanos�ntouitc kai wc apotèlesma anoÐgei èna q�sma ubdri-
dismoÔ. Sthn perioq  tou q�smatoc, ìpou den up�rqoun diadidìmenec katast�seic tou HM
pedÐou, oi z¸nec suneqÐzoun analutik� sto migadikì hmiepÐpedo kz [151]. Sthn perioq  aut 
deÐqnoume tic sqèseic diaspor�c gia migadikèc timèc tou kz pou antistoiqoÔn stic dipl� ek-
fulismènec z¸nec. H z¸nh pou èqei se k�je suqnìthta to mikrìtero kat� mètro fantastikì
mèroc eÐnai aut  pou kajorÐzei th di�dosh tou fwtìc ston krÔstallo kat� m koc thc dedomè-
nhc dieÔjunshc, kai parousi�zetai me maÔro qr¸ma. Tètoiec migadikèc zwnec èqoun melethjeÐ
sto pareljìn gia thn perigraf  thc hlektronik c dom c zwn¸n krustallik¸n stere¸n [342],
kai upakoÔoun se mia seir� apì endiafèronta jewr mata, ìpwc gia par�deigma ìti eÐnai aÔ-
xousec me th suqnìthta, ta opoÐa efarmìzontai kai stic fwtonikèc z¸nec. Shmei¸noume ìti,
an l�boume upìyh tic aporrof seic jètontac mh mhdenikì antÐstrofo qrìno apokat�stashc
sthn Ex. (3.1), ìlec oi z¸nec apoktoÔn èna (mikrì) fantastikì mèroc kai shk¸nontai sto
migadikì epÐpedo kz.



Kef�laio 6: Periodikèc domèc metallodihlektrik¸n nanos�ntouitc 137

Sq ma 6.4: Sqhmatik  anapar�stash tou fwtonikoÔ krust�llou metallodihlektrik¸n na-
nos�ntouitc pou exet�zoume, kai h fwtonik  dom  zwn¸n tou kat� m koc thc dieÔjunshc
[001], agno¸ntac tic ap¸leiec lìgw aporrìfhshc. Ta tm mata twn (dipl� ekfulismènwn)
migadik¸n zwn¸n me to mikrìtero kat� mètro fantastikì mèroc sthn perioq  tou q�smatoc
parousi�zontai me qontrèc maÔrec grammèc. Oi leptèc grammèc paristoÔn tic probolèc aut¸n
twn zwn¸n sto epÐpedo ω − Rekz. DÐpla sto di�gramma zwn¸n deÐqnoume ton suntelest 
an�klashc gia k�jeth prìsptwsh se èna plakÐdio apì okt¸ (001) epÐpeda tou krust�llou
(lept  gramm ), kaj¸c kai ton suntelest  an�klashc tou hmi�peirou krust�llou (qontr 
gramm ).

Sto Sq. 6.4 dÐpla sto di�gramma zwn¸n deÐqnoume ton suntelest  an�klashc gia k�-
jeth prìsptwsh se èna peperasmèno plakÐdio tou krust�llou apoteloÔmeno apì okt¸ epÐ-
peda apì nanos�ntouitc, kaj¸c kai ton antÐstoiqo suntelest  an�klashc gia ton hmi�peiro
krÔstallo. O suntelest c an�klashc tou peperasmènou plakidÐou emfanÐzei tic gnwstèc
talant¸seic Fabry-Perot lìgw pollapl¸n anakl�sewn stic epif�neiec tou plakidÐou. H
perÐodìc touc antistoiqeÐ se kzd/π = 1/8, ìpwc anamènetai gia to sugkekrimèno p�qoc. O
suntelest c an�klashc tou hmi�peirou krust�llou, ìpwc suzht same se prohgoÔmena ke-
f�laia, den emfanÐzei tètoiec talant¸seic diìti den up�rqei pÐsw epif�neia gia na prokalèsei
pollaplèc anakl�seic. Sthn perioq  tou q�smatoc den up�rqoun diadidìmenec katast�seic
tou HM pedÐou, to opoÐo ufÐstatai olik  an�klash kai o suntelest c an�klashc gÐnetai
Ðsoc me th mon�da.

6.4 OmoiogenopoÐhsh plakidÐwn kai �peirou krust�llou

Sto Ed. 6.2 efarmìsame th mèjodo antÐstrofhc skèdashc tou Ed. 3.3 gia na upologÐsoume
tic isodÔnamec paramètrouc enìc exagwnikoÔ plègmatoc apì nanos�ntouitc qrhsimopoi¸ntac
th realistik  dihlektrik  sun�rthsh tou argÔrou. Prokeimènou na exet�soume th sumperi-
for� plakidÐwn megalÔterou p�qouc, pou apoteloÔntai apì perissìtera tou enìc epÐpeda,
axiopoi¸ntac ìla ta ergaleÐa beltÐwshc thc mejìdou pou anaptÔxame sto Ed. 3.3 (migadik 
dom  zwn¸n, suntelest c an�klashc hmi�peirou krust�llou), all� kai na genikeÔsoume thn
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Sq ma 6.5: Migadik  fwtonik  dom  zwn¸n tou krust�llou tou Sq. 6.4 sthn perioq  tou
q�smatoc kai o suntelest c apìsbeshc gia k�jeth prìsptwsh se plakÐdia apoteloÔmena
apì èna (anoiqt  gkri suneq c gramm ), dÔo (gkri diakekommènh gramm ) kai okt¸ (skoÔra
gkri estigmènh gramm ) (001) epÐpeda tou krust�llou.

perigraf  gia èna opoiod pote mètallo, ja katafÔgoume sth dihlektrik  sun�rthsh Drude
kai ton krÔstallo pou parousi�same sto Sq. 6.4. Sthn perÐptwsh aut  oi diast�seic twn
swmatidÐwn kai oi apost�seic metaxÔ touc eÐnai arket� mikrìterec apì to m koc kÔmatoc sto
kenì ¸ste na èqei nìhma mia mèjodoc omoiogenopoÐhshc (20c/ωp / λ < ∞), en¸ epiplèon
up�rqei mÐa mìno kurÐarqh kat�stash Bloch, ìpwc faÐnetai sto Sq. 6.4. Dedomènou ìti
h apìstash metaxÔ twn diadoqik¸n epipèdwn, d, eÐnai Ðsh me to p�qoc twn nanos�ntouitc,
H, eÐnai logikì na jewr soume to H wc to p�qoc enìc isodÔnamou omoiogenoÔc plakidÐou
apoteloÔmenou apì èna epÐpedo. Me ton Ðdio trìpo jewroÔme ìti to p�qoc enìc plakidÐou
apì NL epÐpeda ja eÐnai HNL = 4NLc/ωp.

Efarmìzoume th mèjodo antÐstrofhc skèdashc gia plakÐdia apoteloÔmena apì èna, dÔo,
kai okt¸ epÐpeda tou krust�llou. 'Opwc èqoume suzht sei sto Kef. 3, kat� ton upo-
logismì tou isodÔnamou deÐkth di�jlashc up�rqei as�feia ston prosdiorismì tou swstoÔ
kl�dou miac pleionìtimhc sun�rthshc, thc efaptomènhc. Gia plakÐdia apoteloÔmena apì è-
na epÐpedo sun jwc prèpei na epilegeÐ o jemeli¸dhc kl�doc. Aux�nontac ton arijmì twn
epipèdwn, wstìso, oi an¸teroi kl�doi mporeÐ na upeisèljoun kai autoÐ. Epiprìsjeta, pija-
nèc asunèqeiec lìgw tou suntonismoÔ mporeÐ na k�noun thn kat�stash pio polÔplokh. Oi
duskolÐec autèc aÐrontai an qrhsimopoi soume wc odhgì ton deÐkth di�jlashc pou ex�getai
apì to di�gramma migadik c fwtonik c dom c zwn¸n tou antÐstoiqou �peirou krust�llou,
neff = c(Rekz + iImkz)/ω, pou upologÐzetai me saf neia. 'Eqei endiafèron ìti sthn perioq 
tou q�smatoc to pragmatikì mèroc tou deÐkth di�jlashc metab�lletai klimakwt�, ìpwc faÐ-
netai sto Sq. 6.6, kai antÐstoiqec korufèc emfanÐzontai sto Imneff , ìsec kai ta epÐpeda apì
ta opoÐa apoteleÐtai to plakÐdio. Autèc oi domèc, pou èqoun parathrhjeÐ kai apì �llouc [47]
sqetÐzontai me suntonismoÔc mèsa sto q�sma [147, 151]. Fusik�, den mporoÔn na apotelè-
soun katast�seic tou HM pedÐou gia ton �peiro krÔstallo; se èna peperasmèno plakÐdio
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Sq ma 6.6: Pragmatikì kai fantastikì mèroc tou isodÔnamou deÐkth di�jlashc kai thc i-
sodÔnamhc empèdhshc gia plakÐdia apoteloÔmena apì èna (anoiqtèc gkri suneqeÐc grammèc),
dÔo (gkri diakekommènec grammèc) kai okt¸ (skoÔrec gkri estigmènec grammèc) epÐpeda (001)
tou krust�llou tou Sq. 6.4. H suneq c maÔrh gramm  deÐqnei ta apotelèsmata gia ton antÐ-
stoiqo �peiro krÔstallo. Sta ènjeta deÐqnoume megejÔnseic twn antÐstoiqwn diagramm�twn
se perioqèc idiaÐterou endiafèrontoc.

ìmwc mporoÔn na up�rqoun wc fjÐnonta kÔmata kai odhgoÔn se suntonismoÔc me megalÔterh
èntash stic epif�neiec tou plakidÐou kai mikrìterh sto mèso tou. AxÐzei na shmeiwjei ìti au-
toÐ oi suntonismoÐ emfanÐzontai se suqnìthtec pou antistoiqoÔn se Rekzd/π = κ/(NL +1),
κ = 1, 2, . . . , NL, ìpou NL eÐnai o arijmìc twn epipèdwn tou plakidÐou. Autì faÐnetai kajar�
sto Sq. 6.5, ìpou parousi�zoume th migadik  fwtonik  dom  zwn¸n tou krust�llou mazÐ
me ton suntelest  apìsbeshc gia plakÐdia apoteloÔmena apì èna, dÔo, kai okt¸ epÐpeda,
esti�zontac sthn perioq  tou q�smatoc. Dedomènou ìti h mèjodoc omoiogenopoÐhshc mèsw
tou pÐnaka S orÐzei tic isodÔnamec paramètrouc ètsi ¸ste na anapar�getai akrib¸c to f�sma
dièleushc, autoÐ oi suntonismoÐ entìc tou q�smatoc ekdhl¸nontai wc xeqwristèc domèc ston
deÐkth di�jlashc. Kaj¸c prostÐjentai epÐpeda gia na qtisteÐ o �peiroc krÔstalloc, oi domèc
autèc plhsi�zoun metaxÔ touc kai gÐnontai ligìtero èntonec, odhg¸ntac ston omalì deÐkth
di�jlashc pou prosdiorÐzetai apì to di�gramma zwn¸n tou �peirou krust�llou. Oi domèc
autèc profan¸c gÐnontai akìma pio  piec ìtan lhfjeÐ upìyh kai h aporrìfhsh.

Apì thn �llh, ston upologismì thc isodÔnamhc empèdhshc, zeff , twn plakidÐwn pou exet�-
zoume, emfanÐzontai afÔsikec domèc suntonismoÔ stic jèseic twn suntonism¸n Fabry-Perot,
ìpwc faÐnetai sto Sq. 6.6. Oi domèc autèc ofeÐlontai sto p�qoc tou plakidÐou, kai sug-
kekrimèna stouc suntonismoÔc Fabry-Perot, ìpwc exhg same sto Ed. 3.3. Prokeimènou na
apallagoÔme apì autèc tic domèc katafeÔgoume sthn isodÔnamh empèdhsh tou hmi�peirou
krust�llou, pou prokÔptei apì ton antÐstoiqo migadikì suntelest  an�klashc apì th sqè-
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Sq ma 6.7: IsodÔnamh dihlektrik  sun�rthsh kai magnhtik  diaperatìthta gia plakÐdia apo-
teloÔmena apì èna (anoiqtèc gkri suneqeÐc grammèc), dÔo (gkri diakekommènec grammèc), kai
okt¸ (skoÔrec gkri estigmènec grammèc) epÐpeda apì nanos�ntouitc, kaj¸c kai oi antÐstoiqec
sunart seic apìkrishc gia to �peiro metaôlikì (maÔrec suneqeÐc grammèc), agno¸ntac (p�nw
diagr�mmata)   lamb�nontac upìyh (k�tw diagr�mmata) tic ap¸leiec lìgw aporrìfhshc.

sh z∞ = z(1 + r∞)/(1 − r∞), ìpou z eÐnai h empèdhsh tou perib�llontoc. Profan¸c, h
z∞ den emfanÐzei tètoiec domèc, mia kai den up�rqei pÐsw epif�neia gia na dhmiourg sei tic
pollaplèc anakl�seic stic opoÐec ofeÐlontai oi suntonismoÐ Fabry-Perot.

Sto Sq. 6.7 deÐqnoume tic isodÔnamec dihlektrikèc sunart seic, εeff , kai magnhtikèc dia-
peratìthtec, µeff , ìpwc prokÔptoun apì ta zeff kai neff (εeff = neff/zeff kai µeff = neffzeff),
gia plakÐdia p�qouc enìc, dÔo, kai okt¸ epipèdwn apì nanos�ntouitc, kaj¸c kai gia to �peiro
metaôlikì, tìso apousÐa aporrìfhshc ìso kai jewr¸ntac mia sqetik� meg�lh tim  gia ton
antÐstrofo qrìno apokat�stashc, τ−1 = 0.025ωp. ParathroÔme èntonouc suntonismoÔc
sthn isodÔnamh magnhtik  diaperatìthta, pou eÐnai to apotÔpwma tou teqnhtoÔ optikoÔ
magnhtismoÔ, sunodeuìmenouc apì antisuntonismoÔc sth dihlektrik  sun�rthsh. EÐnai en-
diafèron ìti oi isodÔnamec par�metroi sugklÐnoun taqÔtata me to p�qoc tou plakidÐou, kai
 dh èna plakÐdio apì dÔo epÐpeda sumperifèretai san to �peiro metaôlikì. Tèloc, axÐzei
na anafèroume ìti oi isodÔnamec par�metroi pou upologÐsthkan eÐnai anex�rthtec apì thn
pìlwsh (dedomènhc thc k�jethc prìsptwshc), ìpwc anamènetai apì th summetrÐa thc dom c.

Sthn pragmatikìthta, o krÔstalloc pou exet�zoume den mporeÐ na jewrhjeÐ isotropi-
kìc, all� èqei monoaxonik  summetrÐa. Kat� sunèpeia, gia mia akribèsterh perigraf  thc
optik c apìkris c tou ja prèpei na upologistoÔn tanustikèc kai ìqi bajmwtèc isodÔnamec
HM par�metroi, thc morf c (4.19). 'Opwc perigr�yame kai sta prohgoÔmena kef�laia, mèsw
prosarmog¸n elaqÐstwn tetrag¸nwn se dedomèna gia th migadik  dom  zwn¸n tou �peirou
krust�llou kai ton suntelest  an�klashc tou hmi�peirou krust�llou stic Ex. (4.20) (4.21)
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Sq ma 6.8: Tanustèc isodÔnamhc dihlektrik c sun�rthshc kai magnhtik c diaperatìthtac
gia ton krÔstallo tou Sq. 6.4, upologismènoi me th mèjodo omoiogenopoÐhshc �peirou
krust�llou. Me suneqeÐc kai estigmènec grammèc deÐqnoume to pragmatikì kai fantastikì
mèroc k�je stoiqeÐou twn tanust¸n, antÐstoiqa. H tupik  apìklish thc diadikasÐac pro-
sarmog c pou upeisèrqetai sthn omoiogenopoÐhsh parousi�zetai se logarijmik  klÐmaka, se
apoqr¸seic tou gkri.

kai (4.22), (4.23) antÐstoiqa, upologismèna kai gia tic dÔo katast�seic pìlwshc kai gia pol-
lèc gwnÐec, paÐrnoume timèc gia tic paramètrouc µeff(∥)/µeff(z), εeff(∥)/εeff(z), εeff(∥)µeff(∥) (dÔo
timèc), µeff(∥)µeff(z), εeff(∥)εeff(z), kai εeff(∥)/µeff(∥) (duo timèc). Apì autèc tic timèc katastr¸-
noume èna susthma okt¸ exis¸sewn gia tic tèsseric timèc εeff(∥), εeff(z), µeff(∥), kai µeff(z),
to opoÐo epilÔoume me mia deÔterh diadikasÐa prosarmog c, gia na p�roume tic isodÔnamec
paramètrouc pou deÐqnoume sto Sq. 6.8. Sthn eidik  perÐptwsh thc k�jethc prìsptwshc,
ta mìna stoiqeÐa twn tanust¸n isodÔnamhc dihlektrik c sun�rthshc kai magnhtik c diapera-
tìthtac pou upeisèrqontai eÐnai ta εeff(∥) kai µeff(∥), ta opoÐa, ìpwc ja perimèname, èxw apì
to q�sma sumfwnoÔn kal� me touc antÐstoiqouc upologismoÔc me th mèjodo antÐstrofhc
skèdashc gia peperasmèna plakÐdia. Mèsa sto q�sma, ìpwc èqoume pei, oi isodÔnamec par�-
metroi q�noun to nìhm� touc kai oi diadikasÐec prosarmog c apotugq�noun teleÐwc, en¸ h
tupik  apìklish eÐnai meg�lh kai kont� sta ìria thc ZB ìpou h perigraf  me ìrouc topik¸n
sunart sewn apìkrishc eÐnai amfÐbolh.

6.5 Arnhtik  di�jlash

Parìti ta apotelèsmata thc diadikasÐac omoiogenopoÐhshc me b�sh ton �peiro krÔstallo
eÐnai amfÐbolhc akrÐbeiac sthn perioq  apì 0.2ωp mèqri kai to q�sma (skoÔra gkri skiasmè-
nh perioq  sto Sq. 6.8), to basikì qarakthristikì pou qr zei peraitèrw an�lushc eÐnai o
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suntonismìc thc µeff(z), h opoÐa paÐrnei (mikrèc) arnhtikèc timèc akrib¸c prin to q�sma, en¸
ta upìloipa stoiqeÐa twn tanust¸n dihlektrik c sun�rthshc kai magnhtik c diaperatìthtac
eÐnai jetik�, sumperifor� pou qarakthrÐzei ta aìrista mèsa (bl. Ed. 1.2). Anamènoume loi-
pìn ìti se aut  thn perioq  suqnot twn o krÔstalloc ja sumperifèretai wc aìristo mèso
kai ja emfanÐzei arnhtik  di�jlash. Gia na epibebai¸soume aut  th sumperifor� upologÐ-
zoume tic epif�neiec stajer c suqnìthtac, gia tic katast�seic me pìlwsh tÔpou TE kai TM,
se suqnìthta 0.219ωp. Sto Sq. 6.9 faÐnetai ìti, en¸ gia pìlwsh tÔpou TM h epif�neia
stajer c suqnìthtac eÐnai elleiyoeid c, ìpwc anamènetai apì thn Ex. (4.21) gia èna mèso
me jetik� ta ginìmena εeff(∥)µeff(∥) kai εeff(z)µeff(∥), gia pìlwsh tÔpou TE h epif�neia staje-
r c suqnìthtac, an kai den eÐnai tèleio uperboloeidèc, èqei wstìso arnhtik  kampulìthta.
Sto sq ma, kat� ta sun jh, me anoiqtì gkri qr¸ma sumbolÐzoume tic perioqèc tou k∥ pou
antistoiqoÔn se fjÐnonta kÔmata sto perib�llon (aèra).

Sq ma 6.9: P�nw: Epif�neiec stajer c suqnìthtac tou fwtonikoÔ krust�llou tou Sq.
6.4 se suqnìthta 0.219ωp, mèsa sthn anhgmènh z¸nh k, gia tic katast�seic me pìlwsh
tÔpou TM (arister�) kai tÔpou TE (dexi�). K�tw: Diagr�mmata kumatanusm�twn sto
epÐpedo kx − kz (ky = 0) gia tic katast�seic me pìlwsh tÔpou TM (p�nw) kai tÔpou
TE (k�tw), se suqnìthta 0.219ωp. Sta arister� diagr�mmata parousi�zontai oi kampÔlec
stajer c suqnìthtac ston aèra kai sta dexi� oi antÐstoiqec kampÔlec ston krÔstallo. Oi
orizìntiec diakekommènec grammèc parèqoun th diat rhsh thc par�llhlhc sunist¸sac tou
kumatanÔsmatoc sth diadikasÐa skèdashc. Ta suneq  bèlh paristoÔn to prospÐpton (skoÔro
gkri), anakl¸meno (anoiqtì gkri) kai diajl¸meno (maÔro) kumat�nusma sta di�fora mèsa.
Me diakekommèna bèlh k�jeta stic kampÔlec stajer c suqnìthtac deÐqnoume tic antÐstoiqec
taqÔthtec om�doc. Ta lept� kìkkina bèlh antistoiqoÔn se kumatanÔsmata kai taqÔthtec
om�doc diajl¸menwn kum�twn gia ta opoÐa h kx sunist¸sa diathreÐtai all� parabi�zetai h
aitiìthta.



Kef�laio 6: Periodikèc domèc metallodihlektrik¸n nanos�ntouitc 143

Dedomènou ìti oi epif�neiec stajer c suqnìthtac eÐnai kat� prosèggish summetrikèc,
mporoÔme, qwrÐc bl�bh thc genikìthtac, na jèsoume ky = 0 kai na exet�soume tic antÐstoiqec
kampÔlec stajer c suqnìthtac sto epÐpedo kx−kz. 'Otan to fwc prospÐptei sthn epif�neia
x − y tou krust�llou me q∥ = k∥ = (kx, 0), h par�llhlh sthn epif�neia sunist¸sa tou
kumatanÔsmatoc (kx) diathreÐtai. Sto Sq. 6.7 thn apaÐthsh aut  deÐqnoun sqhmatik� oi
orizìntiec diakekommènec grammèc. Oi tomèc touc me thn kampÔlh stajer c suqnìthtac tou
aèra orÐzoun ta kumatanÔsmata tou prospÐptontoc kai anakl¸menou kÔmatoc, en¸ oi tomèc
touc me thn epif�neia stajer c suqnìthtac tou krust�llou parèqoun, gia k�je kat�stash
pìlwshc, dÔo pijanèc epilogèc gia to kumat�nusma tou diajl¸menou kÔmatoc. Prokeimènou
na kajorÐsoume poi� apì tic dÔo eÐnai h swst  lÔsh se k�je perÐptwsh, upologÐzoume kat�
ta gnwst� th dieÔjunsh thc taqÔthtac om�doc. 'Etsi, sto Sq. 6.9 epilègoume wc diajl¸meno
to kÔma pou èqei jetik  sunist¸sa x thc vg gia tic katast�seic pìlwshc tÔpou TM (jetik 
di�jlash), kai autì me arnhtik  sunist¸sa x thc vg gia katast�seic pìlwshc tÔpou TE
(arnhtik  di�jlash).
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SunoyÐzontac, melet same thn optik  apìkrish plasmonik¸n fwtonik¸n krust�llwn apì me-
tallikoÔc nanofloioÔc, metallikoÔc nanokulÐndrouc kai metallodihlektrik� nanos�ntouitc
mèsw hlektrodunamik¸n upologism¸n akribeÐac me th mèjodo strwmatik c pollapl c skèda-
shc, kai exet�same th dunatìthta exomoÐws c touc me omoiogen  metaôlik� pou emfanÐzoun
to fainìmeno thc arnhtik c di�jlashc. AnalÔontac th diadedomènh mèjodo omoiogenopoÐhshc
mèsw tou pÐnaka skèdashc S peperasmènwn plakidÐwn ermhneÔsame thn proèleush afÔsikwn
dom¸n suntonismoÔ pou emfanÐzontai suqn� stic isodÔnamec HM paramètrouc pou ex�gontai
apì aut n, idiaÐtera gia plakÐdia meg�lou p�qouc, kai proteÐname safeÐc kai apotelesma-
tikoÔc trìpouc antimet¸pishc aut¸n twn problhm�twn me b�sh tic idiìthtec tou �peirou
krust�llou. AnaptÔxame mia nèa, apotelesmatik  mèjodo omoiogenopoÐhshc isotropik¸n
all� kai anisotropik¸n fwtonik¸n krust�llwn, basismènh se akribeÐc upologismoÔc twn
idiot twn tou �peirou krust�llou. Oi isodÔnamec HM par�metroi pou upologÐzontai eÐnai
tètoiec ¸ste na anapar�goun akrib¸c ìqi mìno touc suntelestèc an�klashc tou ulikoÔ,
all� kai tic sqèseic diaspor�c tou, gia k�je pìlwsh kai k�je gwnÐa prìsptwshc. H mè-
jodoc diajètei austhr� eswterik� krit ria elègqou thc akrÐbeiac twn apotelesm�twn, ta
opoÐa mporoÔn na ekfrastoÔn kai posotik�. EpekteÐname th mèjodo strwmatik c polla-
pl c skèdashc ¸ste na sumperil�bei th dunatìthta upologismoÔ tou pÐnaka skèdashc T
polustrwmatik¸n sfairik¸n swmatidÐwn, me mh topikèc diorj¸seic, kai tou suntelest  a-
n�klashc tou hmi�peirou krust�llou. H mèjodoc upologismoÔ tou suntelest  an�klashc
tou hmi�peirou krust�llou epitrèpei par�llhla kai thn anaz thsh epifaneiak¸n katast�-
sewn. Epiplèon, eisag�game mia mèjodo an�lushc twn epifanei¸n stajer c suqnìthtac pou
parèqei qr simec plhroforÐec gia thn optik  apìkrish miac periodik c dom c, kai idiaÐtera
th diajlastik  thc sumperifor�.

Oi periodikèc domèc metallik¸n nanofloi¸n qarakthrÐzontai apì ploÔsia f�smata eÔko-
la rujmÐsimwn sth suqnìthta plasmonik¸n katast�sewn, pou antistoiqoÔn se suntonismoÔc
hlektrikoÔ tÔpou. Tètoiec domèc mporoÔn na exomoiwjoÔn me isotropik�   anisotropik� me-
taôlik�, twn opoÐwn h dihlektrik  sun�rthsh parousi�zei suntonismì, kai emfanÐzoun to
fainìmeno thc arnhtik c di�jlashc en¸ tautìqrona droun wc fÐltra pìlwshc. Epiplèon,
uposthrÐzoun pl joc epifaneiak¸n fwtonik¸n katast�sewn me shmantikì m koc di�doshc.

Oi periodikèc domèc metallik¸n nanokulÐndrwn qarakthrÐzontai apì f�smata sta opoÐ-
a kuriarqeÐ h diam khc dipolik  plasmonik  kat�stash kai perigr�fontai ikanopoihtik� wc
monoaxonik� isodÔnama omoiogen  mèsa. EmfanÐzoun arnhtik  di�jlash se meg�lo eÔroc
suqnot twn, all� kai to fainìmeno thc autoeujugr�mmishc. O sunduasmìc thc arnhtik c
di�jlashc me epÐpedec z¸nec katast�sewn plakidÐou epitrèpei ton sqediasmì uperfak¸n,
en¸ grammikèc periodikèc alusÐdec tètoiwn nanokulÐndrwn mporoÔn na axiopoihjoÔn wc ku-
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matodhgoÐ se diast�seic mikrìterec apì to m koc kÔmatoc.
Oi periodikèc domèc metallodihlektrik¸n nanos�ntouitc diajètoun dÔo ubridikèc plasmo-

nikèc katast�seic pou proèrqontai apì thn allhlepÐdrash twn plasmonik¸n katast�sewn
twn metallik¸n nanodÐskwn. Se peperasmèna plakÐdia apì nanos�ntouitc h antisummetrik 
kat�stash odhgeÐ se optikì magnhtismì, pou ekdhl¸netai wc suntonismìc thc magnhtik c
diaperatìthtac, h opoÐa gÐnetai arnhtik  se meg�lo eÔroc suqnot twn. Tètoia plakÐdia eÐnai
polÔ pio isotropik� apì �llec domèc pou emfanÐzoun teqnhtì magnhtismì, kai den ephre�-
zontai apì thn pìlwsh, en¸ oi isodÔnamec HM par�metroi sugklÐnoun polÔ gr gora me to
p�qoc tou plakidÐou. Epiplèon, ènac �peiroc krÔstalloc tètoiwn nanoswmatidÐwn mporeÐ na
parousi�zei kai arnhtik  di�jlash, lìgw anisotropÐac kat� th dieÔjunsh oikodìmhs c tou.
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Par�rthma Aþ

Dianusmatikèc tautìthtec

Ta eswterik� kai exwterik� ginìmena gia touc pijanoÔc sunduasmoÔc tess�rwn dianusm�twn,
a, b, c kai d dÐnontai apì tic sqèseic

a · (b× c) = b · (c× a) = c · (a× b) (Aþ.1)

a× (b× c) = (a · c)b− (a · b) c (Aþ.2)

(a× b) · (c× d) = (a · c) (b · d)− (a · d) (b · c) . (Aþ.3)

H dr�sh twn telest¸n ∇· kai ∇× se èna di�nusma   se sunduasmì dÔo dianusm�twn   enìc
dianÔsmatoc kai enìc bajmwtoÔ megèjouc ψ perigr�fetai apì tic tautìthtec

∇×∇ψ = 0 (Aþ.4)

∇ · (∇× a) = 0 (Aþ.5)

∇× (∇× a) = ∇ (∇ · a)−∇2a (Aþ.6)

∇ · (ψa) = a · ∇ψ + ψ∇ · a (Aþ.7)

∇× (ψa) = ∇ψ × a+ ψ∇× a (Aþ.8)

∇ (a · b) = (a · ∇)b+ (b · ∇)a+ a× (∇× b) + b× (∇× a) (Aþ.9)

∇ · (a× b) = b · (∇× a)− a · (∇× b) (Aþ.10)

∇× (a× b) = a (∇ · b)− b (∇ · a) + (b · ∇)a− (a · ∇)b . (Aþ.11)
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Par�rthma Bþ

Sunart seic Bessel

H exÐswsh Laplace gia bajmwt� pedÐa, ∇2F (r) = 0, epidèqetai se kulindrikèc suntetagmènec
lÔseic thc morf c F (r) = Fν(x) exp(±qz + iνϕ), ìpou r = (ρ, ϕ, z) to di�nusma jèshc se
kulindrikèc suntetagmènec, x = qρ, kai Fν(x) h aktinik  lÔsh, pou dÐnetai mèsw thc exÐswshc
Bessel,

F
′′
ν (x) +

1

x
F

′
ν(x) +

(
1− ν2

x2

)
Fν(x) = 0 , (Bþ.1)

ìpou o tìnoc sumbolÐzei parag¸gish wc proc to ìrisma thc sun�rthshc. H Ex. (Bþ.1) eÐnai
mia grammik  diaforik  exÐswsh deÔterhc t�xhc kai èqei, gia sugkekrimènh tim  tou ν, dÔo
grammik� anex�rthtec lÔseic. Gia mh akèraiec timèc tou ν dÔo grammik� anex�rthtec lÔseic
eÐnai oi sunart seic Bessel pr¸tou eÐdouc t�xhc ±ν

J±ν(x) =
(x
2

)±ν
∞∑
s=0

(−1)s

s!Γ(s± ν + 1)

(x
2

)2s
. (Bþ.2)

Gia akèraiec timèc tou ν = n isqÔei

J−n(x) = (−1)n Jn(x) , (Bþ.3)

kai mia deÔterh grammik� anex�rthth lÔsh eÐnai h sun�rthsh Bessel deÔterou eÐdouc,

Nν(x) =
Jν(x) cos(νπ)− J−ν(x)

sin(νπ)
, (Bþ.4)

h opoÐa upologÐzetai oriak� gia ν → n. Apì ìlec tic dunatèc lÔseic thc Ex. (Bþ.1) mìno h
sun�rthsh Bessel pr¸tou eÐdouc den apeirÐzetai sto x = 0. Oi sunart seic morf c Bessel
plhroÔn tic anagwgikèc sqèseic

Fν−1(x) + Fν+1(x) =
2ν

x
Fν(x) (Bþ.5)

Fν−1(x)− Fν+1(x) = 2F
′
ν(x) . (Bþ.6)

Oi sunart seic Bessel pr¸tou eÐdouc mporoÔn na upologistoÔn kai apì tic oloklhrwtikèc
ekfr�seic

Jν(x) =
1

π

∫ π

0
dϕ cos(x sinϕ− νϕ) (Bþ.7)
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=
1

πiν

∫ π

0
dϕ exp(ix cosϕ) cos(νϕ) (Bþ.8)

=
1

2πiν

∫ 2π

0
dϕ exp(i[z cosϕ+ νϕ]) , (Bþ.9)

en¸ ikanopoioÔn tic ajroistikèc tautìthtec

∞∑
n=−∞

Jn(x) =

∞∑
n=−∞

J2
n(x) = 1 (Bþ.10)

kai

exp(ix cosϕ) =

∞∑
n=−∞

inJn(x) exp(inϕ) . (Bþ.11)

H exÐswsh Helmholtz gia bajmwt� pedÐa, ∇2F (r) + q2F (r) = 0, epidèqetai lÔseic thc
morf c F (r) =

∑
ℓm fℓ(qr)Yℓm(r̂), ìpou Yℓm(r̂) eÐnai oi sfairikèc armonikèc (bl. Par�rthma

Gþ), me to r̂ na dhl¸nei thn ex�rthsh tou dianÔsmatoc r apì tic gwnÐec θ, ϕ stic sfairikèc
suntetagmènec, kai fℓ(qr) eÐnai to aktinikì tm ma twn lÔsewn thc exÐswshc Helmholtz[

1

r2
∂

∂r

(
r2
∂

∂r

)
+ q2 − ℓ (ℓ+ 1)

r2

]
fℓ(qr) = 0 , (Bþ.12)

 , isodÔnama,

f
′′
ℓ (x) +

2

x
f

′
ℓ(x) +

[
1− ℓ (ℓ+ 1)

x2

]
fℓ(x) = 0 (Bþ.13)

me x = qr, an ekfr�soume ton telest  ∇2 se sfairikèc suntetagmènec. H Ex. (Bþ.13) èqei,
gia sugkekrimènh tim  tou ℓ, dÔo grammik� anex�rthtec lÔseic. Gnwstèc morfèc tètoiwn
lÔsewn eÐnai oi sfairikèc sunart seic Bessel, Neumann, kai Hankel pr¸tou   deÔterou
eÐdouc, pou dÐnontai antÐstoiqa apì tic

jℓ(x) =

√
π

2x
Jℓ+1/2(x) = (2x)ℓ

∞∑
s=0

(−1)s (s+ ℓ)!

s! (2s+ 2ℓ+ 1)!
x2s (Bþ.14)

nℓ(x) =

√
π

2x
Nℓ+1/2(x) = 2 (−2x)−ℓ−1

∞∑
s=0

(−1)s (s− ℓ)!
s! (2s− 2ℓ)!

x2s (Bþ.15)

h+ℓ (x) = jℓ(x) + i nℓ(x) (Bþ.16)

h−ℓ (x) = jℓ(x)− i nℓ(x) , (Bþ.17)

kai oi opoÐec suqn� apokaloÔntai sullogik� sfairikèc sunart seic Bessel. Apì ìlec tic
lÔseic, mìno h jℓ(x) den apeirÐzetai sto x = 0. Gia ìlec tic sfairikèc sunart seic Bessel
isqÔoun oi anagwgikèc sqèseic

xf ′ℓ(x) = ℓfℓ(x)− xfℓ+1(x) (Bþ.18)

(2ℓ+ 1) fℓ(x) = xfℓ−1(x) + xfℓ+1(x) (Bþ.19)

xfℓ−1(x) = xf
′
ℓ(x) + (ℓ+ 1) fℓ(x) (Bþ.20)
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(2ℓ+ 1) f ′ℓ(x) = ℓfℓ−1(x)− (ℓ+ 1) fℓ+1(x) . (Bþ.21)

Suqn� eÐnai qr simh eÐnai kai h orÐzousa Wronski,∣∣∣∣jℓ(x) nℓ(x)

j
′
ℓ(x) n

′
ℓ(x)

∣∣∣∣ = 1

x2
. (Bþ.22)

H asumptwtik  sumperifor� twn sfairik¸n sunart sewn Bessel (x≫ 1) eÐnai

jℓ(x≫ 1) ∼ 1

x
sin(x− ℓπ

2
) (Bþ.23)

nℓ(x≫ 1) ∼ −1

x
cos(x− ℓπ

2
) (Bþ.24)

h+ℓ (x≫ 1) ∼ (−i)ℓ+1 e
ix

x
(Bþ.25)

h−ℓ (x≫ 1) ∼ iℓ+1 e
−ix

x
, (Bþ.26)

en¸ gia mikr� orÐsmata (x≪ 1) isqÔoun oi

jℓ(x≪ 1) ∼ xℓ

(2ℓ+ 1)!!
(Bþ.27)

nℓ(x≪ 1) ∼ −(2ℓ− 1)!!

xℓ+1
. (Bþ.28)
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Par�rthma Gþ

Sfairikèc armonikèc

Oi sfairikèc armonikèc, Yℓm(r̂), apoteloÔn to gwniakì tm ma twn lÔsewn thc exÐswshc
Helmholtz kai ikanopoioÔn th diaforik  exÐswsh

∇2Yℓm(r̂) =

[
1

r2
∂

∂r

(
r2
∂

∂r

)
− L2

r2

]
Yℓm(r̂) =

= −L2

r2
Yℓm(r̂) = −ℓ (ℓ+ 1)

r2
Yℓm(r̂), (Gþ.1)

ìpou L eÐnai o telest c thc stroform c,

L = −i (r×∇) = i

(
θ̂

1

sin θ

∂

∂ϕ
− ϕ̂

∂

∂θ

)
L2 = − 1

sin θ

∂

∂θ

(
sin θ

∂

∂θ

)
− 1

sin2 θ

∂2

∂ϕ2
,

(Gþ.2)

kai to ìrisma r̂ dhl¸nei thn ex�rthsh tou dianÔsmatoc r apì tic gwnÐec θ kai ϕ stic sfairikèc
suntetagmènec. Oi Yℓm(r̂) dÐnontai apì thn èkfrash

Yℓm(r̂) = (−1)m
√

2ℓ+ 1

4π

(ℓ−m)!

(ℓ+m)!
Pm
ℓ (cos θ)eimϕ, (Gþ.3)

me ℓ = 0, 1, . . ., m = −ℓ,−ℓ + 1, . . . , ℓ − 1, ℓ kai Pm
ℓ (cos θ) ta prosarthmèna polu¸numa

Legendre

Pm
ℓ (x) =

1

2ℓℓ!

(
1− x2

)m/2 dℓ+m

dxℓ+m

(
x2 − 1

)ℓ
, x = cos θ (Gþ.4)

gia m > 0, en¸ gia m < 0 orÐzontai apì thn

P−m
ℓ (x) = (−1)m (ℓ−m)!

(ℓ+m)!
Pm
ℓ (x). (Gþ.5)

Apì tic parap�nw prokÔptei

Y ∗
ℓm(r̂) = (−1)m Yℓ−m(r̂), (Gþ.6)
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kai
Yℓm(−r̂) = (−1)ℓ Yℓm(r̂) (Gþ.7)

Yℓm(θ = 0, ϕ) =

√
2ℓ+ 1

4π
δm0. (Gþ.8)

Oi Yℓm(r̂) plhroÔn tic sqèseic orjogwniìthtac kai plhrìthtac∫
dΩ Yℓm(r̂)Y ∗

ℓ′m′(r̂) = δℓℓ′δmm′ (Gþ.9)

∑
ℓm

Yℓm(r̂)Y ∗
ℓm(r̂′) = δ

(
r̂− r̂′

)
, (Gþ.10)

me to dΩ na sumbolÐzei olokl rwsh sth stere� gwnÐa, to je¸rhma �jroishc sfairik¸n
armonik¸n

ℓ∑
m=−ℓ

|Yℓm(r̂)|2 = 2ℓ+ 1

4π
, (Gþ.11)

mia seir� sqèsewn pou sundèoun armonikèc di�forwn t�xewn

cos θYℓm(r̂) = ζmℓ+1Yℓ+1m(r̂) + ζmℓ Yℓ−1m(r̂) (Gþ.12)

eiϕ sin θYℓm(r̂) = 2
[
γ−m
ℓ Yℓ−1m+1(r̂)− γm+1

ℓ+1 Yℓ+1m+1(r̂)
]

(Gþ.13)

e−iϕ sin θYℓm(r̂) = 2
[
γ−m+1
ℓ+1 Yℓ+1m−1(r̂)− γmℓ Yℓ−1m−1(r̂)

]
(Gþ.14)

m cot θYℓm(r̂) = −
[
αm
ℓ e

−iϕYℓm+1(r̂) + α−m
ℓ eiϕYℓm−1(r̂)

]
, (Gþ.15)

kaj¸c kai tic

∂Yℓm(r̂)

∂θ
= αm

ℓ e
−iϕYℓm+1(r̂)− α−m

ℓ eiϕYℓm−1(r̂) (Gþ.16)

= iψℓ Xℓm,ϕ(r̂) (Gþ.17)

∂Yℓm(r̂)

∂ϕ
= im Yℓm(r) (Gþ.18)

= −iψℓ sin θ Xℓm,θ(r̂) . (Gþ.19)

Tèloc, isqÔei

∇ [fℓ(qr)Yℓm(r̂)] = fℓ(qr)∇Yℓm(r̂) + qf
′
ℓ(qr)Yℓm(r̂) r̂

= iψℓ
fℓ(qr)

r

[
Xℓm,ϕ(r̂)θ̂ −Xℓm,θ(r̂)ϕ̂

]
+qf

′
ℓ(qr)Yℓm(r̂) r̂. (Gþ.20)

Stic parap�nw sqèseic

ψℓ =
√
ℓ (ℓ+ 1) (Gþ.21)

αm
ℓ =

1

2
[(ℓ−m) (ℓ+m+ 1)]1/2 (Gþ.22)
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γmℓ =
[(ℓ+m) (ℓ+m− 1)]1/2

2 [(2ℓ− 1) (2ℓ+ 1)]1/2
(Gþ.23)

ζmℓ =
[(ℓ+m) (ℓ−m)]1/2

[(2ℓ− 1) (2ℓ+ 1)]1/2
, (Gþ.24)

kaiXℓm,θ(r̂), Xℓm,ϕ(r̂) eÐnai oi sunist¸sec twn dianusmatik¸n sfairik¸n armonik¸n, Xℓm(r̂),
pou orÐzontai apì thn

ψℓXℓm(r̂) = LYℓm(r̂) ≡ −ir×∇Yℓm(r̂) . (Gþ.25)

Ex orismoÔ, X00(r̂) = 0 , en¸ gia ℓ ≥ 1

ψℓXℓm(r̂) =
[
α−m
ℓ cos θeiϕYℓm−1(r̂)−m sin θYℓm(r̂) + αm

ℓ cos θe−iϕYℓm+1(r̂)
]
θ̂

+ i
[
α−m
ℓ eiϕYℓm−1(r̂)− αm

ℓ e
−iϕYℓm+1(r̂)

]
ϕ̂ (Gþ.26)

= α−m
ℓ Yℓm−1(r̂) (x̂+ iŷ) +mYℓm(r̂) ẑ+ αm

ℓ Yℓm+1(r̂) (x̂− iŷ) . (Gþ.27)

Apì tic L2Yℓm = ℓ(ℓ+ 1)Yℓm kai L2L = LL2 ja isqÔei L2Xℓm(r̂) = ℓ(ℓ+ 1)Xℓm(r̂). Apì
tic Ex. (Gþ.25) prokÔptei ìti

X∗
ℓm(r̂) = (−1)m+1Xℓ−m(r̂), (Gþ.28)

Xℓm(r̂)× r̂ = Xℓm,ϕ(r̂) θ̂ −Xℓm,θ(r̂) ϕ̂ = − ir∇Yℓm
ψℓ

, (Gþ.29)

kai

r̂× [Xℓm(r̂)× r̂] = Xℓm(r̂). (Gþ.30)

H dr�sh twn telest¸n ∇× kai ∇· stic Xℓm(r̂) perigr�fetai apì tic

∇×Xℓm(r̂) =
1

r

[
iψℓYℓm(r̂) r̂−Xℓm,ϕ(r̂) θ̂ +Xℓm,θ(r̂) ϕ̂

]
=

1

r
[iψℓYℓm(r̂) r̂−Xℓm(r̂)× r̂]

=
i

ψℓ

[
ψ2
ℓ

r
Yℓm(r̂) r̂+∇Yℓm(r̂)

]
(Gþ.31)

kai

∇ ·Xℓm(r̂) = 0, (Gþ.32)

en¸ me th bo jei� touc prokÔptoun oi

∇× fℓ(x)Xℓm(r̂) = q

{
iψℓ

fℓ(x)

x
Yℓm(r̂) r̂−

[
f

′
ℓ(x) +

fℓ(x)

x

]
Xℓm(r̂)× r̂

}
(Gþ.33)

∇ · [fℓ(x)Xℓm(r̂)] = 0 (Gþ.34)

∇2 [fℓ(x)Xℓm(r̂)] = −∇× [∇× fℓ(x)Xℓm(r̂)] = −q2fℓ(x)Xℓm(r̂), (Gþ.35)
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me x = qr. Gia thn teleutaÐa qrhsimopoi same th sqèsh

∇{∇ · [fℓ(x)Xℓm(r̂)]} = ∇ [∇fℓ(x) ·Xℓm(r̂) + fℓ(x)∇ ·Xℓm(r̂)] =

= ∇ [∇fℓ(x) ·Xℓm(r̂)] = 0. (Gþ.36)

Oi dianusmatikèc sfairikèc armonikèc plhroÔn tic sqèseic orjogwniìthtac∫
dΩ Xℓm(r̂) ·X∗

ℓ′m′(r̂) = δℓℓ′δmm′ (Gþ.37)

∫
dΩ Xℓm(r̂) · [r̂×X∗

ℓ′m′(r̂)] = 0, (Gþ.38)

apì ìpou prokÔptei∑
ℓm

{
A(1)

ℓm(r)Xℓm(r̂) +A(2)
ℓm(r) [r̂×Xℓm(r̂)]

}
= 0⇒

A(1)
ℓm(r) = A(2)

ℓm(r) = 0 . (Gþ.39)

Tèloc, mporeÐ na deiqjeÐ ìti∫
dΩ Xℓm(r̂) · ∇ [fℓ(r)X

∗
ℓ′m′(r̂)] = 0, (Gþ.40)

kai me th bo jeia twn Ex. (Gþ.9) kai (Gþ.27) ìti∫
dΩ Yℓm(r̂)X∗

ℓ′m′(r) =
δℓℓ′

ψℓ

[
δm+1m′α−m′

ℓ′ (x̂− iŷ)+

+ δmm′m ẑ+ δm−1m′αm′
ℓ′ (x̂+ iŷ)

]
(Gþ.41)

kai ∫
dΩ Yℓm(r̂)Y ∗

ℓ′m′(r̂) r̂ = δm+1m′
(
−γm+1

ℓ+1 δℓ+1ℓ′ + γ−m
ℓ δℓ−1ℓ′

)
(x̂− iŷ) +

+ δm−1m′
(
γ−m+1
ℓ+1 δℓ+1ℓ′ − γmℓ δℓ−1ℓ′

)
(x̂+ iŷ) +

+ δmm′
(
ζmℓ+1δℓ+1ℓ′ + ζmℓ δℓ−1ℓ′

)
ẑ. (Gþ.42)
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Par�rthma Dþ

To udrodunamikì montèlo

'Ena aplì montèlo pou perigr�fei ikanopoihtik� th sumperifor� twn met�llwn se meg�lo eÔ-
roc suqnot twn eÐnai to montèlo pl�smatoc [31,126]. H basik  upìjesh tou montèlou eÐnai
ìti to mètallo apoteleÐtai apì èna omoiogenèc aèrio eleÔjerwn hlektronÐwn, puknìthtac n,
to opoÐo kineÐtai se èna omoiogenèc upìbajro jetikoÔ fortÐou pou dhmiourgoÔn ta iìnta. To
dunamikì tou plègmatoc kai oi allhlepidr�seic metaxÔ twn hlektronÐwn allhloexoudeter¸-
nontai. AntÐjeta, mporeÐ na jewrhjeÐ ìti ta kÔria qarakthristik� zwn¸n sunupologÐzontai
qrhsimopoi¸ntac thn energì m�za, m, twn hlektronÐwn. Me efarmog  exwterikoÔ pedÐou ta
hlektrìnia arqÐzoun na talant¸nontai. Par�llhla, up�rqei apìsbesh, h opoÐa ofeÐletai se
sugkroÔseic me ta iìnta, suqnìthtac 1/τ . To mègejoc τ onom�zetai qrìnoc apokat�stashc
tou aerÐou eleÔjerwn hlektronÐwn. To eÔroc thc isqÔoc tou montèlou gia ta alkalik� mè-
talla ekteÐnetai mèqri to uperi¸dec. AntÐjeta, sta eugen  mètalla, lìgw twn metab�sewn
twn hlektronÐwn metaxÔ zwn¸n pou lamb�noun q¸ra sthn orat  perioq  tou f�smatoc, h
isqÔc tou montèlou periorÐzetai.

Gia aplìthta, ja exet�soume mìno tic uyÐsuqnec talant¸seic pl�smatoc, agno¸ntac thn
kÐnhsh twn iìntwn. H kÐnhsh twn hlektronÐwn mporeÐ na perigrafeÐ mèsw thc puknìthtac,
n(r, t), kai thc mèshc taqÔthtac, v. H kÐnhsh tou hlektronikoÔ aerÐou perigr�fetai apì tic
exis¸seic kÐnhshc thc udrodunamik c [83]

∂n

∂t
+∇ · (nv) = 0

∂v

∂t
+ (v · ∇)v = − e

m
(E+ v ×B)− v

τ
− 1

mn
∇p ,

(Dþ.1)

ìpou p eÐnai h pÐesh tou hlektronikoÔ aerÐou, en¸ o ìroc v/τ anafèretai stic sugkroÔseic
twn hlektronÐwn me ta iìnta. ApousÐa exwterik c diègershc to hlektronikì aèrio brÐsketai
se kat�stash isorropÐac kai h puknìtht� tou, n = n(0), eÐnai stajer  ston q¸ro. Ja
exet�soume t¸ra mikrèc apoklÐseic apì thn kat�stash isorropÐac, n = n(0) + n(1), pou
ofeÐlontai se exwterik  diègersh. Oi grammikopoihmènec exis¸seic kÐnhshc paÐrnoun th
morf 

∂n(1)

∂t
+ n(0)∇ · v = 0

∂v

∂t
+

e

m
E+

1

mn(0)
∂p(1)

∂n(1)
∇n(1) = −v

τ
.

(Dþ.2)
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H pr¸th eÐnai h exÐswsh sunèqeiac, en¸ h deÔterh gr�fetai

∂v

∂t
+

e

m
E+

β2

n(0)
∇n(1) = −v

τ
, (Dþ.3)

ìpou v(r, t) eÐnai to pedÐo taqut twn pou diamorf¸netai ìtan apoklÐnoume apì thn isorropÐa
(shmei¸noume ìti sthn kat�stash isorropÐac den èqoume hlektrikì reÔma, dhlad  h taqÔthta
tou reustoÔ eÐnai pantoÔ mhdenik ), kai

β2 =
1

m

∂p(1)

∂n(1)
. (Dþ.4)

'Etsi, h exÐswsh pou perigr�fei thn kÐnhsh twn hlektronÐwn kai h exÐswsh sunèqeiac gr�-
fontai sunart sei thc metatìpishc, x, apì th jèsh isorropÐac wc

∂2x

∂t2
= − e

m
E− 1

τ

∂x

∂t
− β2

n(0)
∇n(1)

∂n(1)

∂t
+ n(0)∇ ·

(
∂x

∂t

)
= 0.

(Dþ.5)

Upojètontac ìti ta pedÐa kai oi metatopÐseic èqoun th morf  epÐpedwn kum�twn, ∼ exp(i[q ·
r− ωt]), lamb�noume gia ta pl�th

− ω2x0 = −
e

m
E0 −

i

τ
ωx0 − i

β2

n(0)
q n

(1)
0

− iωn
(1)
0 + n(0) ω q · x0 = 0 ,

(Dþ.6)

kai, sundu�zontac tic dÔo teleutaÐec sqèseic,

ω2x0 =
e

m
E0 −

i

τ
ωx0 + β2q (q · x0) . (Dþ.7)

AnalÔontac ta dianÔsmata x0 kai E0 se mÐa par�llhlh kai mÐa k�jeth sth dieÔjunsh tou
kumatanÔsmatoc sunist¸sa, èqoume

x⊥ =
e

m

1

ω (ω + iτ−1)
E⊥

x∥ =
e

m

1

ω2 − β2q2 + iωτ−1
E∥ .

(Dþ.8)

H metatìpish twn hlektronÐwn ep�gei makroskopik  pìlwsh tou ulikoÔ, P = −nex, opìte

P⊥ = − ne2

mω (ω + iτ−1)
E⊥

P∥ = −
ne2

m (ω2 − β2q2 + iωτ−1)
E∥ .

(Dþ.9)
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SugkrÐnontac tic sqèseic autèc me thn D = ε0E + P ≡ ε0εE katal goume sth (sqetik )
dihlektrik  sun�rthsh

ε⊥ = 1−
ω2
p

ω (ω + iτ−1)

ε∥ ≡ εL = 1−
ω2
p

ω2 − β2q2 + iωτ−1
,

(Dþ.10)

ìpou ωp = ne2/(ε0m) eÐnai h suqnìthta pl�smatoc tou aerÐou eleÔjerwn hlektronÐwn. H
pr¸th eÐnai h gnwst  exÐswsh Drude.

Gia ton prosdiorismì thc paramètrou β jewroÔme adiabatik  diadikasÐa,

p(0) + p(1)[
n(0) + n(1)

]γ =
p(0)[
n(0)

]γ ⇒ p(0) + p(1) ≃ p(0)
[
1 +

n(1)

n(0)

]γ
⇒ p(1) = n(1)γ

p(0)

n(0)
,

opìte
∂p(1)

∂n(1)
= γ

p(0)

n(0)
. (Dþ.11)

Se èna ekfulismèno aèrio eleÔjerwn hlektronÐwn p(0) = 2n(0)EF /5, ìpou EF = mV 2
F /2

h enèrgeia Fermi, opìte β2 = γV 2
F /5, me VF thn taqÔthta Fermi. H tim  tou γ exart�tai

apì ton arijmì twn bajm¸n eleujerÐac, f , sÔmfwna me th sqèsh γ = (f + 2)/f . Sthn
perÐptws  mac anaferìmaste se èna trisdi�stato aèrio eleÔjerwn hlektronÐwn. Wstìso, h
tim  f = 3 antistoiqeÐ se polÔ qamhlèc suqnìthtec, ìpou h tuqaiìthta twn sugkroÔsewn
epitrèpei pragmatik� kÐnhsh kai stic treic diast�seic. Se uyhlèc suqnìthtec tal�ntwshc h
kÐnhsh ekteleÐtai ousiastik� sth dieÔjunsh tou exwterikoÔ hlektrikoÔ pedÐou, kai epomènwc
f = 1 [343]. 'Etsi paÐrnoume β2 = 3V 2

F /5 gia ω ≫ τ−1, pou eÐnai h perÐptwsh pou mac
apasqoleÐ ed¸, en¸ β2 = V 2

F /3 gia ω ≪ τ−1. Tìte h diam khc dihlektrik  sun�rthsh
(Dþ.10) gÐnetai

εL(q, ω) = 1−
ω2
p

ω2 − (3/5)V 2
F q

2 + iωτ−1
. (Dþ.12)
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Par�rthma Eþ

PÐnakac skèdashc metallikoÔ nanofloioÔ me mh

topikoÔc ìrouc

JewroÔme ènan metallikì nanofloiì apoteloÔmeno apì ènan dihlektrikì pur na aktÐnac S1,
pou perigr�fetai apì dihlektrik  sun�rthsh ε1 kai magnhtik  diaperatìthta µ1, kai èna
metallikì perÐblhma p�qouc C, pou perigr�fetai apì antÐstoiqec sunart seic apìkrishc,
ε2 kai µ2, se perib�llon me epidektikìthta ε kai diaperatìthta µ. H sunolik  aktÐna tou
swmatidÐou eÐnai profan¸c S = S1 + C. An to metallikì perÐblhma eÐnai arket� leptì, ja
ekdhl¸nontai mh topik� fainìmena, mèsw thc diègershc diam kwn kum�twn kai miac diam kouc
dihlektrik c sun�rthshc εL. Efarmìzontac stic dÔo diaqwristikèc epif�neiec, metaxÔ tou
dihlektrikoÔ pur na kai tou metallikoÔ floioÔ, kai metaxÔ tou floioÔ kai tou perib�llontoc,
tic sunoriakèc sunj kec (2.8) kai (2.16) paÐrnoume gia to magnhtikì komm�ti tou pÐnaka
skèdashc

THℓ =
jℓ(qr)Jℓ(q2r)µ− jℓ(q2r)Jℓ(qr)µ2 + T

(1)
Hℓ

[
jℓ(qr)Hℓ(q2r)µ− h+ℓ (q2r)Jℓ(qr)µ2

]
jℓ(q2r)Hℓ(qr)µ2 − h+ℓ (qr)Jℓ(q2r)µ+ T

(1)
Hℓ

[
h+ℓ (q2r)Hℓ(qr)µ2 − h+ℓ (qr)Hℓ(q2r)µ

]
∣∣∣∣∣
r=S

,

ìpou èqoume orÐsei J(qr) ≡ (∂/∂r)[rjℓ(qr)], H(qr) ≡ (∂/∂r)[rh+ℓ (qr)], en¸ T
(1)
Hℓ eÐnai o

pÐnakac skèdashc tou eswterikoÔ str¸matoc (miac sfaÐrac aktÐnac S1 kai sunart sewn
apìkrishc ε1 kai µ1 se perib�llon sunart sewn apìkrishc ε2 kai µ2). AntÐstoiqa, to
hlektrikì komm�ti tou pÐnaka skèdashc dÐnetai apì th sqesh a+Eℓm = TEℓa

0
Eℓm, ìpou

a+Eℓm

{
idℓ (q2S1) (qLS1)

2 (q2S) jℓ(q1S1)h
+
ℓ (qS)

[
h+ℓ (q2S)F1 − jℓ(q2S)F2

]
ε1−

− (qLS1)
4 (q2S)

2 h+ℓ (qS)G2

[
h+ℓ (q2S)F1 − jℓ(q2S)F2

]
ε−

− dℓ (q2S1)
2 (qLS) [jℓ(q1S1)]

2 h+ℓ (qS)C2 ε
2
1−

− i (q2S1) (qLS1)
2 (q2S) (qLS) jℓ(q1S1)h

+
ℓ (qS)G2C2 εε1−

− i (q2S1) (qLS1)
2 (q2S) (qLS) jℓ(q1S1) T2D

[
h+ℓ (q2S)G1 − jℓ(q2S)G2

]
ε1+

+ (qLS1)
4 (q2S)

2 h+ℓ (qS)F2

[
h+ℓ (q2S)G1 − jℓ(q2S)G2

]
ε
}
=

= a0Eℓm

{
−idℓ (q2S1) (qLS1)2 (q2S) jℓ(q1S1)jℓ(qS)

[
h+ℓ (q2S)F1 − jℓ(q2S)F2

]
ε1+

+ (qLS1)
4 (q2S)

2 jℓ(qS)G2

[
h+ℓ (q2S)F1 − jℓ(q2S)F2

]
ε+
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+ dℓ (q2S1)
2 (qLS) [jℓ(q1S1)]

2 jℓ(qS)C2 ε
2
1

+ i (q2S1) (qLS1)
2 (q2S) (qLS) jℓ(q1S1)jℓ(qS)G2C2 εε1+

+ i (q2S1) (qLS1)
2 (q2S) (qLS) jℓ(q1S1) T2N

[
h+ℓ (q2S)G1 − jℓ(q2S)G2

]
ε1−

− (qLS1)
4 (q2S)

2 jℓ(qS)F2

[
h+ℓ (q2S)G1 − jℓ(q2S)G2

]
ε
}
,

ìpou

cℓ = ℓ (ℓ+ 1) jℓ(q1S1) (ε2 − ε1)
dℓ = ℓ (ℓ+ 1)h+ℓ (q2S) (ε2 − ε)
C2 = h+ℓ (q2S)Jℓ(q2S)− jℓ(q2S)Hℓ(q2S)

T1N = jℓ(q1S1)Jℓ(q2S1) ε1 − jℓ(q2S1)Jℓ(q1S1) ε2
T1D = jℓ(q1S1)Hℓ(q2S1) ε1 − h+ℓ (q2S1)Jℓ(q1S1) ε2
T2N = h+ℓ (q2S)Jℓ(qS) ε2 − jℓ(qS)Hℓ(q2S) ε

T2D = h+ℓ (q2S)Hℓ(qS) ε2 − h+ℓ (qS)Hℓ(q2S) ε

F1 = (qLS1)T1N

[
h+ℓ (qLS)j

′
ℓ(qLS1)− jℓ(qLS)h+

′

ℓ (qLS1)
]
+

+cℓjℓ(q2S1)
[
jℓ(qLS1)h

+
ℓ (qLS)− h

+
ℓ (qLS1)jℓ(qLS)

]
F2 = (qLS1)T1D

[
h+ℓ (qLS)j

′
ℓ(qLS1)− jℓ(qLS)h+

′

ℓ (qLS1)
]
+

+cℓh
+
ℓ (q2S1)

[
jℓ(qLS1)h

+
ℓ (qLS)− h

+
ℓ (qLS1)jℓ(qLS)

]
G1 = (qLS1)T1N

[
h+

′

ℓ (qLS)j
′
ℓ(qLS1)− j

′
ℓ(qLS)h

+′

ℓ (qLS1)
]
+

+cℓjℓ(q2S1)
[
jℓ(qLS1)h

+′

ℓ (qLS)− h+ℓ (qLS1)j
′
ℓ(qLS)

]
G2 = (qLS1)T1D

[
h+

′

ℓ (qLS)j
′
ℓ(qLS1)− j

′
ℓ(qLS)h

+′

ℓ (qLS1)
]
+

+cℓh
+
ℓ (q2S1)

[
jℓ(qLS1)h

+′

ℓ (qLS)− h+ℓ (qLS1)j
′
ℓ(qLS)

]
,

me ton tìno na upodhl¸nei parag¸gish wc proc to ìrisma thc sun�rthshc, en¸ èqoume
qrhsimopoi sei kai thn Ex. (Bþ.22).
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Par�rthma �þ

H sun�rthsh Green

Sthn perÐptwsh pou to upì melèth sÔsthma den parousi�zei diaspor� [ε(r;ω) = ε(r),
µ(r;ω) = µ(r)], oÔte ap¸leiec [ε(r), µ(r) ∈ ℜ], h kumatik  exÐswsh (1.14), gia to qw-
rikì mèroc tou hlektrikoÔ pedÐou, mporeÐ na grafeÐ sth morf 

c2
1√
ε(r)
∇× 1

µ(r)
∇× 1√

ε(r)

√
ε(r) E(r) = ω2

√
ε(r) E(r) . (�þ.1)

OrÐzontac

Λ(r) = c2
1√
ε(r)
∇× 1

µ(r)
∇× 1√

ε(r)
(�þ.2)

h Ex. (�þ.1) gr�fetai

Λ(r)
√
ε(r) E(r) = ω2

√
ε(r) E(r) . (�þ.3)

H teleutaÐa den eÐnai par� mia exÐswsh idiotim¸n tou telest Λ(r) me idiodianÔsmata
√
ε(r) E(r)

kai idiotimèc ω2. O Λ(r) eÐnai ènac grammikìc tanustikìc (deÔterhc t�xhc) diaforikìc te-
lest c pou dra ston q¸ro Hilbert twn tetragwnik� oloklhr¸simwn dianusmatik¸n sunar-
t sewn. To eswterikì ginìmeno dÔo opoiwnd pote tètoiwn sunart sewn, v kai w, orÐzetai
wc

(v,w) =

∫
V
d3r v∗(r) ·w(r) . (�þ.4)

O Λ̂ eÐnai ermitianìc, dhlad 
(v,Λw) = (Λv,w) . (�þ.5)

Gia thn apìdeixh thc Ex. (�þ.5) arkeÐ kaneÐc na qrhsimopoi sei ton orismì tou eswterikoÔ
ginomènou kai na ektelèsei tic oloklhr¸seic kat� mèrh, mhdenÐzontac touc epifaneiakoÔc
ìrouc me kat�llhlh epilog  twn sunoriak¸n sunjhk¸n. Efìson o telest c Λ(r) eÐnai ermi-
tianìc, oi idiotimèc tou ja eÐnai pragmatikèc, en¸ oi antÐstoiqec idiosunart seic ja apoteloÔn
mia pl rh kai orjokanonik  b�sh. Autèc oi dÔo idiìthtec ekfr�zontai mèsw twn exis¸sewn∑

α

|C0|2
√
ε(r) E∗

α;i(r)
√
ε(r′) Eα;i′(r

′) = δii′δ
(
r− r′

)
, (�þ.6)

∑
i

∫
V
d3r |C0|2 ε(r)E∗

α;i(r)Eα′;i(r) = δαα′ , (�þ.7)
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ìpou o deÐkthc α qarakthrÐzei tic idiotimèc kai ta idiodianÔsmata tou Λ̂ kai C0 eÐnai o sunte-
lest c kanonikopoÐhshc.

Axiopoi¸ntac ton sumbolismì Dirac h exÐswsh idiotim¸n Ex. (�þ.3) gr�fetai

Λ̂ |α⟩ = ω2
α |α⟩ , (�þ.8)

en¸ oi idiìthtec plhrìthtac kai orjokanonikìthtac paÐrnoun th morf ∑
α

|α⟩⟨α| = Î (�þ.9)

kai

⟨α
∣∣α′⟩ = δαα′ , (�þ.10)

ìpou Î eÐnai o tautotikìc telest c. Qrhsimopoi¸ntac thn anapar�stash |ir⟩ ≡ |i⟩ ⊗ |r⟩
(ìpou i sunist¸sa dianÔsmatoc kai r di�nusma jèshc) gia thn probol  twn dianusm�twn tou
q¸rou Hilbert, èqoume

⟨ir |α⟩ = |C0|
√
ε(r) Eα;i(r) (�þ.11)

kai

⟨ir
∣∣∣Λ̂∣∣∣ i′r′⟩ = Λii′(r)δ

(
r− r′

)
, (�þ.12)

me thn teleutaÐa na antanakl� to gegonìc ìti o Λ̂ eÐnai topikìc telest c. Axiopoi¸ntac thn
plhrìthta kai orjokanonikìthta thc anapar�stashc |ir⟩ ,

∑
i

∫
V
d3r |ir⟩⟨ir| = Î , (�þ.13)

⟨ir
∣∣i′r′⟩ = δii′δ(r− r′) , (�þ.14)

mporeÐ na deiqjeÐ apeujeÐac ìti oi Ex. (�þ.8), (�þ.9) kai (�þ.10) dÐnoun tic Ex. (�þ.3), (�þ.6) kai
(�þ.7), antÐstoiqa.

H epÐlush thc diaforik c kumatik c exÐswshc tou HM pedÐou sthn perÐptwsh perÐplokwn
sunoriak¸n sunjhk¸n   exwterik c diègershc aplopoieÐtai shmantik� qrhsimopoi¸ntac th
sun�rthsh Green. Se telestik  morf , h sun�rthsh Green pou antistoiqeÐ ston telest 
Λ̂, sunart sei miac migadik c metablht c z, orÐzetai apì thn exÐswsh(

z − Λ̂
)
Ĝ (z) = Î , (�þ.15)

h opoÐa, sthn anapar�stash |ir⟩ paÐrnei th morf ∑
i

[zδi′′i − Λi′′i(r)]Gii′(r, r
′; z) = δi′′i′δ(r− r′) . (�þ.16)

ìpou Gii′(r, r
′; z) ≡ ⟨ir

∣∣∣Ĝ(z)∣∣∣ i′r′⟩.
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An |α⟩ eÐnai mia pl rhc kai orjokanonik  b�sh idiosunart sewn tou Λ̂, kai ω2
α oi antÐ-

stoiqec idiotimèc, mporoÔme na gr�youme

Ĝ(z) =
∑
α

|α⟩⟨α|
z2 − ω2

α

, (�þ.17)

pou eÐnai h legìmenh fasmatik  anapar�stash tou telest  Green. Sthn parap�nw èkfrash
skopÐmwc antikatast same to z me z2 gia na aplopoi soume tic sqèseic pou prokÔptoun sth
sunèqeia. Sthn anapar�stash |ir⟩ h Ex. (�þ.17) gr�fetai

←→
G (r, r′; z) =

∑
α

|C0|2
√
ε(r) Eα(r)

√
ε(r′) E∗

α(r
′)

z2 − ω2
α

, (�þ.18)

ìpou h par�jesh dÔo dianusm�twn uponoeÐ tanustikì ginìmeno, dhl. (ab)ij = aibj . Apì
thn Ex. (�þ.18) eÐnai fanerì ìti h sun�rthsh Green eÐnai analutik  sto migadikì epÐpedo z,
ektìc apì ekeÐna ta shmeÐa tou jetikoÔ �xona twn pragmatik¸n arijm¸n pou tautÐzontai me
tic idiotimèc tou Λ̂.

H qronoexart¸menh sun�rthsh Green, h opoÐa qrhsimeÔei idiaÐtera sthn perÐptwsh pou
jewroÔme exwterikèc diegèrseic, prokÔptei wc ex c: Apì tic Ex. (1.1), mèsw twn (�þ.3) kai
(�þ.2), gia thn perÐptwsh pou oi sunart seic apìkrishc parousi�zoun mìno qwrik  ex�rthsh,
katal goume sthn kumatik  exÐswsh pou ikanopoieÐ to hlektrikì pedÐo

∂2

∂t2

[√
ε(rt) E(r, t)

]
+Λ(r)

[√
ε(r) E(r, t)

]
= 0 . (�þ.19)

'Etsi, h sun�rthsh Green pou diasfalÐzei qronik  ustèrhsh tou apotelèsmatoc wc proc to
aÐtio (aitiìthta) orÐzetai mèsw twn exis¸sewn

−
[
∂2

∂t2
+Λ(r)

]
←→
G (r, r′; t− t′) =

←→
I δ(r− r′)δ

(
t− t′

)
, (�þ.20)

←→
G (r, r′; t− t′) = 0 gia t < t′ . (�þ.21)

H metasqhmatismènh kat� Fourier sun�rthsh Green orÐzetai mèsw thc exÐswshc

←→
G (r, r′; t− t′) = 1

2π

∫ +∞

−∞
dω
←→
G (r, r′;ω) exp(−iω[t− t′]) . (�þ.22)

Shmei¸netai ìti prokeimènou na diasfalisteÐ h arq  thc aitiìthtac ja prèpei h apofug 
twn pìlwn thc qronoanex�rththc sun�rthshc Green [Ex. �þ.17] na gÐnei jewr¸ntac ìti h
suqnìthta perièqei èna apeirostì fantastikì mèroc (ω → ω+ iϵ). H diadikasÐa aut  den ja
dhl¸netai rht� all� ja uponoeÐtai sto ex c.

Jèloume na upologÐsoume th sun�rthsh Green gia èna omoiogenèc kai isìtropo mèso
dihlektrik c sun�rthshc ε kai magnhtik c diaperatìthtac µ. Se aut  thn perÐptwsh h Ex.
(�þ.1) gr�fetai

c2

εµ
∇×∇×E(r) = ω2E(r) . (�þ.23)
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Ja basistoÔme sth fasmatik  anapar�stash, Ex. (�þ.18), afoÔ pr¸ta prosdiorÐsoume to
sÔnolo twn idiodianusm�twn

√
ε Eα(r), kaj¸c kai to perieqìmeno tou deÐkth α sthn exÐswsh

idiotim¸n (�þ.23). Arqik� jewroÔme wc idiodianÔsmata epÐpeda kÔmata, egk�rsia kai diam kh,
ta opoÐa sunistoÔn mia pl rh kai orjokanonik  b�sh. O deÐkthc α, pou qarakthrÐzei tic
idiotimèc kai idiosunart seic, upodhl¸nei ed¸ thn pìlwsh p = 0, 1, 2 tou HM kÔmatoc kai
to kumat�nusm� tou, q. TonÐzoume pwc ta epÐpeda kÔmata den qarakthrÐzontai apì thn
tim  thc suqnìthtac: gia dedomènh tim  tou q = q ê0(q), ta diam kh kÔmata (p = 0)
antistoiqoÔn se idiosuqnìthta mhdèn kai ta egk�rsia (p = 1, 2, gia pìlwsh TM kai TE,
antÐstoiqa) se idiosuqnìthta cq/

√
εµ. Sumperasmatik�, gr�foume tic idiosunart seic sthn

adiastatopoihmènh morf 

C0
√
εV Eqp(r) = êp(q) exp(iq · r) , (�þ.24)

ìpou V o ìgkoc tou sust matoc kai C0 stajer� kat�llhlwn diast�sewn ¸ste to [C0
√
εV ]−1

na ekfr�zei to mètro tou epipèdou kÔmatoc. Oi sqèseic plhrìthtac kai orjogwniìthtac
prèpei na tropopoihjoÔn ¸ste na sumperil�boun th sunèqeia twn idiotim¸n kaj¸c kai ton
ekfulismì (kÔmata pou èqoun to Ðdio q, all� diaforetik� q̂ kai p). H met�bash apì thn
�jroish se diakrit  metablht , ìpwc uponoeÐtai stic exis¸seic (�þ.6) kai (�þ.7), mporeÐ na
metatrapeÐ se �jroish sth suneq  metabl th q kai th diakrit  metablht  p. H �jroish
sth suneq  metablht  q ja gÐnei me b�sh thn antistoiqÐa

∑
q → [V/(2π)3]

∫
d3q, ìpou V o

qarakthristikìc ìgkoc tou sust matoc pou melet�me. 'Etsi oi Ex. (�þ.6) kai (�þ.7) paÐrnoun
th morf 

V

(2π)3

∫
d3q |C0|2 ε

∑
p

E∗
qp,i(r)Eqp,i′(r

′) = δii′δ(r− r′) (�þ.25)

kai ∑
i

∫
d3r |C0|2 εE∗

qp,i(r)Eq′p′,i(r) =
(2π)3

V
δpp′δ(q− q′) , (�þ.26)

antÐstoiqa. Oi parap�nw sqèseic eÐnai polÔ eÔkolo na apodeiqjoÔn gia ta epÐpeda kÔmata an
l�bei kaneÐc upìyh tic anaparast�seic δ(r−r′) = (2π)−3

∫
d3q exp(iq·[r−r′]),  , isodÔnama,

δ(q− q′) = (2π)−3
∫
d3r exp(i[q− q′] · r), thc sun�rthshc δ tou Dirac.

Apì thn Ex. (�þ.18), mèsw thc Ex. (�þ.24), prokÔptei h parak�tw èkfrash gia th
sun�rthsh Green sthn anapar�stash epÐpedwn kum�twn

←→
G (r, r′;ω) =

∫
d3q

(2π)3

2∑
p=0

êp(q)êp(q)
exp(iq · [r− r′])

ω2 − ω2
pq

. (�þ.27)

'Omwc isqÔei
∑2

p=0 êp(q)êp(q) =
←→
I kai

∑2
p=1 êp(q)êp(q) =

←→
I − q̂q̂. 'Etsi prokÔptei

←→
G (r, r′;ω) =

1

ω2

∫
d3q

(2π)3
qq−

←→
I κ2

q2 − κ2
exp(iq · [r− r′]) , (�þ.28)

ìpou κ = ω
√
εµ/c.

EÐnai qr simo na epexergastoÔme thn èkfrash thc sun�rthshc Green sthn perÐptwsh
pou jewr soume ìti up�rqei mia protimhtèa dieÔjunsh sto sÔsthma, p.q. o �xonac an�ptuxhc
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z twn periodik¸n dom¸n sta plaÐsia thc mejìdou LMS. Se aut  thn perÐptwsh gr�foume
q = q∥ + qz ẑ, opìte h Ex. (�þ.28) metasqhmatÐzetai sthn èkfrash

←→
G (r, r′;ω) =

ẑẑ

ω2
δ(r− r′) +

1

ω2

∫
d2q∥

(2π)2
exp(iq∥ · [r∥ − r′∥])

×

{[
q∥q∥ −

←→
I κ2 +

(
κ2 − q2∥

)
ẑẑ
] ∫ ∞

−∞

dqz
2π

exp(iqz[z − z′])
q2∥ + q2z − κ2

+
(
q∥ẑ+ ẑq∥

) ∫ +∞

−∞

dqz
2π

qz exp(iqz[z − z′])
q2∥ + q2z − κ2

}
, (�þ.29)

UpologÐzontac me th bo jeia tou l mmatoc Jordan [92] ta dÔo oloklhr¸mata wc proc qz
(bl. epÐshc Par�rthma Zþ), brÐskoume

←→
G (r, r′;ω) =

ẑẑ

ω2
δ(r− r′) +

i

2ω2

∫
d2q∥

(2π)2

exp(iq∥ · [r∥ − r′∥] + i
√
κ2 − q2∥ |z − z

′|)√
κ2 − q2∥

×
[
q∥q∥ +

(
κ2 − q2∥

)
ẑẑ+ sgn(z − z′)

√
κ2 − q2∥

(
q∥ẑ+ ẑq∥

)
− κ2

←→
I
]
.

(�þ.30)

AxÐzei na shmeiwjeÐ ìti, gia z = z′, sthn Ex. (�þ.30) upeisèrqetai to
∫ +∞
−∞ dqzqz/(q

2
∥+q

2
z−κ2)

to opoÐo oriak� isoÔtai me mhdèn kai epomènwc h Ex. (�þ.30) isqÔei kai se aut  thn perÐptwsh
[sgn(z − z′) = 0]. H sun�rthsh Green gia thn perÐptwsh z ̸= z′, pou endiafèrei sun jwc,
gr�fetai sthn pio suneptugmènh morf 

←→
G (r, r′;ω) =

i

2ω2

∫
d2q∥

(2π)2
exp(iq± · [r− r′])√

κ2 − q2∥

[
q±q± − κ2

←→
I
]
, (�þ.31)

ìpou to q± = q∥ ±
√
κ2 − q2∥ ẑ antistoiqeÐ se z ≷ z′.

Sth sunèqeia ja ekfr�soume th sun�rthsh Green sth b�sh twn sfairik¸n lÔsewn thc
Ex. (�þ.23), h opoÐa eÐnai qr simh sthn perÐptwsh pou endiaferìmaste na exet�soume domèc
apoteloÔmenec apì mh allhlepikaluptìmenouc sfairikoÔc skedastèc. Gia dedomèno kumat�-
nusma q oi diam keic sfairikèc idiosunart seic me antÐstoiqh idiosuqnìthta mhdèn eÐnai

C0
√
εV ELℓmq(r) =

1

q
∇[fℓ(qr)Yℓm(r̂)] , (�þ.32)

me fℓ(qr) ènan opoiod pote grammikì sunduasmì twn jℓ(qr) kai h
+
ℓ (qr). Oi egk�rsiec sfai-

rikèc idiosunart seic me antÐstoiqh idiosuqnìthta cq/
√
εµ eÐnai

C0
√
εV EEℓmq(r) =

i

q
∇× [fℓ(qr)Xℓm(r̂)] . (�þ.33)

kai
C0
√
εV EHℓmq(r) = fℓ(qr)Xℓm(r̂) . (�þ.34)



168 H sun�rthsh Green nanofloioÔ me mh topikoÔc ìrouc

Kai p�li, ìtan oi sfairikèc idiosunart seic gr�fontai sthn parap�nw morf  ja anaferìma-
ste se autèc wc adi�statec idiosunart seic, kat' analogÐa me tic Ex. (�þ.24).

Oi idiosunart seic sthn anapar�stash epÐpedwn kum�twn sundèontai me autèc sthn ana-
par�stash sfairik¸n kum�twn wc ex c

Eqp(r) =
∞∑
ℓ=0

ℓ∑
m=−ℓ

aq̂pLℓmqE
0
Lℓmq(r) +

∞∑
ℓ=1

ℓ∑
m=−ℓ

[
aq̂pEℓmqE

0
Eℓmq(r) + aq̂pHℓmqE

0
Hℓmq(r)

]
.

(�þ.35)
Epeid  èna epÐpedo kÔma eÐnai pantoÔ peperasmèno, ta E0

Pℓmq(r) stic Ex. (�þ.35) dÐnontai apì
tic Ex. (�þ.32), (�þ.33), kai (�þ.34) me fℓ(qr) = jℓ(qr). Oi mh mhdenikoÐ suntelestèc sthn Ex.
(�þ.35) dÐnontai apì tic

aq̂0Lℓm = 4πiℓ−1Y ∗
ℓm(q̂)

aq̂1Hℓm = −aq̂2Eℓm = 4πiℓX∗
ℓm2(q̂)

aq̂2Hℓm = aq̂1Eℓm = 4πiℓX∗
ℓm3(q̂) ,

(�þ.36)

me tic gwniakèc sunist¸sec twn dianusmatik¸n sfairik¸n armonik¸n na prosdiorÐzontai apì
tic Ex. (Gþ.25) kai (Gþ.27).

Ja ekfr�soume t¸ra th sun�rthsh Green sunart sei twn sfairik¸n kum�twn apì thn
Ex. (�þ.27) wc ex c. AnaptÔssoume ta epÐpeda kÔmata se sfairik� mèsw twn Ex. (�þ.35) kai
(�þ.36) kai oloklhr¸noume se ìlec tic stereèc gwnÐec Ωq̂, qrhsimopoi¸ntac tic analutikèc

ekfr�seic gia ta C0
√
εV E0

Pℓmq(r) [Ex. (�þ.32)-(�þ.34)] kai tic idiìthtec orjogwniìthtac
(Gþ.9), (Gþ.37), kai (Gþ.38), opìte paÐrnoume

←→
G (r, r′;ω) =

2

πω2

∫ ∞

0
dq

{ ∞∑
ℓ=0

ℓ∑
m=−ℓ

∇ [jℓ(qr)Yℓm(r̂)]∇′ [jℓ(qr′)Y ∗
ℓm(r̂′)

]
+

κ2

κ2 − q2
∞∑
ℓ=1

ℓ∑
m=−ℓ

{
∇× [jℓ(qr)Xℓm(r̂)]∇′ ×

[
jℓ(qr

′)X∗
ℓm(r̂′)

]
+ q2jℓ(qr)Xℓm(r̂)jℓ(qr

′)X∗
ℓm(r̂′)

}}
. (�þ.37)

Shmei¸noume ìti prokeimènou na l�boume swst� upìyh mac touc apeirismoÔc pou upeisèrqon-
tai ston upologismì thc sun�rthshc Green ja prèpei na anaptÔxoume tic upì olokl rwsh
posìthtec wc èqoun kai na mhn enall�xoume thn parag¸gish me thn olokl rwsh. Oi dÔo
pr¸toi ìroi thc Ex. (�þ.37) anaptÔssontai wc ex c (bl. par�rthma Gþ)

∇ [jℓ(qr)Yℓm(r̂)]∇′ [jℓ(qr′)Y ∗
ℓm(r̂′)

]
= q2j

′
ℓ(qr)j

′
ℓ(qr

′)Yℓm(r̂) r̂ Y ∗
ℓm(r̂′) r̂′

+ qj
′
ℓ(qr)jℓ(qr

′)Yℓm(r̂) r̂ ∇′Y ∗
ℓm(r̂′)

+ qjℓ(qr)j
′
ℓ(qr

′)∇Yℓm(r̂)Y ∗
ℓm(r̂′) r̂′

+ jℓ(qr)jℓ(qr
′)∇Yℓm(r̂)∇′Y ∗

ℓm(r̂′) (�þ.38)

kai

∇× [jℓ(qr)Xℓm(r̂)]∇′ ×
[
jℓ(qr

′)X∗
ℓm(r̂′)

]
=

ℓ (ℓ+ 1)

rr′
jℓ(qr)jℓ(qr

′)Yℓm(r̂) r̂ Y ∗
ℓm(r̂′) r̂′
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+
1

r
jℓ(qr)

[
qr′jℓ(qr

′)
]′
Yℓm(r̂) r̂ ∇′Y ∗

ℓm(r̂′)

+ [qrjℓ(qr)]
′ 1

r′
jℓ(qr

′)∇Yℓm(r̂)Y ∗
ℓm(r̂′) r̂′

+
[qrjℓ(qr)]

′ [qr′jℓ(qr
′)]′

ℓ (ℓ+ 1)
∇Yℓm(r̂)∇′Y ∗

ℓm(r̂′) ,

(�þ.39)

ìpou o tìnoc uponoeÐ parag¸gish wc proc to ìrisma thc antÐstoiqhc sfairik c sun�rthshc
Bessel   Hankel. Antikajist¸ntac tic Ex. (�þ.38) kai (�þ.39) sthn (�þ.37) prokÔptei

←→
G (r, r′;ω) =

2

πω2

∫ ∞

0
dq

{ ∞∑
ℓ=0

q2jℓ+1(qr)jℓ+1(qr
′)

ℓ∑
m=−ℓ

Yℓm(r̂) r̂ Y ∗
ℓm(r̂′) r̂′

+

∞∑
ℓ=1

∂[qjℓ(qr)jℓ(qr
′)]

∂q

ℓ∑
m=−ℓ

[
ℓ

rr′
Yℓm(r̂) r̂ Y ∗

ℓm(r̂′) r̂′ +
1

r
Yℓm(r̂) r̂ ∇′Y ∗

ℓm(r̂′)

+
1

r′
∇Yℓm(r̂)Y ∗

ℓm(r̂′) r̂′
]
+

q2

κ2 − q2
∞∑
ℓ=1

ℓ∑
m=−ℓ

{ℓ (ℓ+ 1)

rr′
jℓ(qr)jℓ(qr

′)Yℓm(r̂) r̂

× Y ∗
ℓm(r̂′) r̂′ + [qrjℓ(qr)]

′ 1

r′
jℓ(qr

′)∇Yℓm(r̂)Y ∗
ℓm(r̂′) r̂′ +

[qrjℓ(qr)]
′[qr′jℓ(qr

′)]′

ℓ (ℓ+ 1)

× ∇Yℓm(r̂)∇′Y ∗
ℓm(r̂′)

}
+

∞∑
ℓ=1

{
jℓ(qr)jℓ(qr

′) +
κ2

κ2 − q2
[qrjℓ(qr)]

′[qr′jℓ(qr
′)]′

ℓ (ℓ+ 1)

}

×
ℓ∑

m=−ℓ

Yℓm(r̂) r̂ Y ∗
ℓm(r̂′) r̂′

}
. (�þ.40)

H olokl rwsh sto pr¸to �peiro �jroisma mporeÐ na gÐnei me qr sh thc tautìthtac [83]∫ ∞

0
dqq2jℓ(qr)jℓ(qr

′) =
π

2r2
δ(r − r′) . (�þ.41)

Gia to deÔtero �jroisma parathroÔme ìti h upì olokl rwsh sun�rthsh gr�fetai san par�-
gwgoc miac sun�rthshc h opoÐa mhdenÐzetai sta ìria olokl rwshc. H olokl rwsh gia ta
upìloipa �peira ajroÐsmata mporeÐ na gÐnei me qr sh twn parak�tw tautot twn∫ ∞

0
dqjℓ(qr)jℓ(qr

′) =
π

2 (2ℓ+ 1)

rℓ<

rℓ+1
>

, (�þ.42)

∫ ∞

0
dqq2

jℓ(qr)jℓ(qr
′)

κ2 − q2
= −iπκ

2
jℓ(κr<)h

+
ℓ (κr>) , (�þ.43)

∫ ∞

0
dqκ2

[qrjℓ(qr)]
′[qr′jℓ(qr

′)]′

κ2 − q2
= −πℓ (ℓ+ 1)

2 (2ℓ+ 1)

rℓ<

rℓ+1
>

−
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− i
πκ

2
[qr<jℓ(qr<)]

′ [qr>h+ℓ (qr>)]′ , (�þ.44)

me r< = min(r, r′), r> = max(r, r′), ìpwc mporoÔme na deÐxoume me migadik  olokl rwsh
(mèsw tou l mmatoc Jordan), kai∫ ∞

0
dqq2

jℓ(qr) [qr
′jℓ(qr

′)]′

κ2 − q2
= −iπκ

2

{
jℓ(κr)

[
κr′h+ℓ (κr

′)
]′
Θ(r′ − r)

+ h+ℓ (κr)
[
κr′jℓ(κr

′)
]′
Θ(r − r′)

}
, (�þ.45)

ìpou h Θ(x) eÐnai sun�rthsh monadiaÐou b matoc,

Θ(x) =


0 , gia x < 0
1
2 , gia x = 0

1 , gia x > 0

. (�þ.46)

Me b�sh ta parap�nw to an�ptugma thc sun�rthshc Green sth b�sh dianusmatik¸n sfai-
rik¸n kum�twn paÐrnei th morf 

←→
G (r, r′;ω) =

−i
ω2

(
ω2εµ

c2

)3/2∑
L

[
HL(r)JL(r

′)Θ(r − r′) + JL(r)HL(r
′)Θ(r′ − r)

]
+

r̂r̂

ω2
δ(r− r′) , (�þ.47)

ìpou orÐsame thn pr�xh EPℓm(r) = (−1)fEPℓ−m(r), me f = m an P = E kai f = m +
1 an P = H. H pr�xh aut , ìpwc orÐsthke, isodunameÐ me thn efarmog  thc migadik c
suzugÐac mìno sta gwniak� tm mata twn dianusmatik¸n sfairik¸n kum�twn. Lìgw thc∑

m Yℓm(r̂)Y ∗
ℓm(r̂′) =

∑
m Y

∗
ℓm(r̂)Yℓm(r̂′), h migadik  suzugÐa sthn Ex. (�þ.37) mporeÐ na

efarmosteÐ eÐte sthn Yℓm(r̂), eÐte sthn Yℓm(r̂′). Sunep¸c, sthn Ex. (�þ.47) h paÔla mporeÐ
na mpei eÐte sth dianusmatik  sfairik  sun�rthsh tou r, eÐte se aut  tou r′, gegonìc pou
odhgeÐ sthn ermitianìthta tou telest  Green. Tèloc, shmei¸noume ìti epeid  sthn Ex.
(�þ.23) ta ε kai µ mporoÔn na metaferjoÔn sto deÔtero mèloc kai na enswmatwjoÔn sthn
idiotim , èqoume èna ermitianì prìblhma kai gia migadikèc timèc twn stajer¸n ε kai µ, opìte
h èkfrash (�þ.47) isqÔei kai se autèc tic peript¸seic.
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Par�rthma Zþ

Allag  b�shc kum�twn

Gia thn apìdeixh thc sqèshc∑
Rn

exp(ik∥ ·Rn)h
+
ℓ (qrn)Yℓm(r̂n) =

∑
g

2π (−i)ℓ

qA0K
+
gz
Yℓm(Ks

g) exp(iK
s
g · r) (Zþ.1)

xekin�me apì thn èkfrash thc sun�rthshc Green gia thn exÐswsh Helmholtz gia bajmwt�
pedÐa, (∇2 + q2)F (r) = 0. H sun�rthsh Green sth fasmatik  anapar�stash gr�fetai

←→
G (r, r′;κ) = lim

ϵ→0

1

V

∑
q

exp(iq · [r− r′])

(κ+ iϵ)2 − q2
. (Zþ.2)

Pern¸ntac apì ton diakritì q¸ro q ston suneq  ja èqoume

←→
G (r, r′;κ) =

1

(2π)3
lim
ϵ→0

∫
d3q

exp(iq · [r− r′])

(κ+ iϵ)2 − q2

=
1

(2π)3
lim
ϵ→0

∫
d2q∥

∫
dqz

exp(iq · [r− r′])

(κ+ iϵ)2 − q∥2 − q2z

= − 1

(2π)3
lim
ϵ→0

∫
d2q∥

exp(iq∥ · [r− r′]∥)

2
√
κ2 − q2∥

∫
dqz exp(iqz[z − z′])

×

 1

qz −
√

(κ+ iϵ)2 − q2∥
− 1

qz +
√

(κ+ iϵ)2 − q2∥

 , (Zþ.3)

ìpou o deÐkthc ∥ dhl¸nei sullogik� tic sunist¸sec x, y enìc dianÔsmatoc. UpologÐzontac
me th bo jeia tou l mmatoc Jordan ta dÔo oloklhr¸mata sthn agkÔlh 1, brÐskoume

←→
G (r, r′;κ) =

i

2(2π)2

∫
d2q∥

exp(iq± · [r− r′])√
κ2 − q2∥

, (Zþ.4)

1DiakrÐnoume tic peript¸seic z − z′ > 0 kai z − z′ < 0 kai, epilègontac san diadrom  olokl rwshc to

�nw kai k�tw hmikÔklio �peirhc aktÐnac, èqoume suneisfor� apì ton jetikì
√

(κ+ iϵ)2 − q2∥,   arnhtikì

pìlo, −
√

(κ+ iϵ)2 − q2∥, antÐstoiqa.
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ìpou

q± = q∥ ±
√
κ2 − q2∥ ẑ , +(−) gia z − z′ > 0(< 0) . (Zþ.5)

Epeid  ta r, r′ eÐnai aujaÐreta mporoÔme na epilèxoume to r′ sto epÐpedo x− y, ¸ste h Ex.
(Zþ.5) na isqÔei gia th sÔmbash +(−) gia z > (<)0. Qrhsimopoi¸ntac tic Ex. (2.48) kai
(Gþ.8) h Ex.(Zþ.4) ja gÐnei

←→
G (r, r′;κ) =

1

2π

∑
ℓm

(−i)ℓ+1 jℓ(κr
′)Y ∗

ℓm(r̂′)

∫
d2q∥

exp(iq± · r)√
κ2 − q2∥

Yℓm(q̂±) . (Zþ.6)

'Omwc h sun�rthsh Green gia r′ > r (efìson ta r, r′ eÐnai aujaÐreta) dÐnetai apì thn èkfrash
[bl. Ex. (2.49)]

←→
G (r, r′;κ) = −exp(iκ |r− r′|)

4π |r− r′|
= −iκ

∑
ℓm

jℓ(κr
′)h+ℓ (κr)Yℓm(r̂)Y ∗

ℓm(r̂′). (Zþ.7)

Me sÔgkrish twn dÔo teleutaÐwn sqèsewn, kai ekmetalleuìmenoi thn orjogwniìthta twn
sfairik¸n armonik¸n, Ex. (Gþ.9), paÐrnoume

h+ℓ (κr)Yℓm(r̂) =
(−i)ℓ

2πκ

∫
d2q∥

exp(iq± · r)√
κ2 − q2∥

Yℓm(q̂±) , (Zþ.8)

apì ìpou, gia r→ rn, èqoume

∑
Rn

exp(ik∥ ·Rn)h
+
ℓ (κrn)Yℓm(r̂n) =

(−i)ℓ

2πκ

∫
d2q∥

Yℓm(q̂±)√
κ2 − q2∥

×
∑
Rn

exp(i[k∥ ·Rn + q± · rn]) . (Zþ.9)

'Omwc, epeid  rn = r−Rn, me Rn sto epÐpedo x− y, me th bo jeia thc Ex. (Zþ.5) ja isqÔei∑
Rn

exp(i[k∥ ·Rn + q± · rn]) = exp(iq± · r)
∑
Rn

exp(i[k∥ − q∥] ·Rn) , (Zþ.10)

kai lìgw thc ∑
Rn

exp(i[k∥ − q∥] ·Rn) =
(2π)2

A0

∑
g

δ(k∥ − q∥ + g) , (Zþ.11)

oi Ex. (Zþ.9) kai (Zþ.10) dÐnoun gia q± → Ks
g th zhtoÔmenh sqèsh, Ex. (Zþ.1). H Ex. (Zþ.11)

mporeÐ na apodeiqteÐ xekin¸ntac apì th sqèsh [126]

∑
Rn

exp(ik ·Rn) =

{
N, k = g
0, k ̸= g

= N
∑
g

δkg , k: diakritì , (Zþ.12)
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ìpou Rn kai g, eÐnai dianÔsmata tou eujèoc kai tou antÐstrofou plègmatoc, antÐstoiqa, N
eÐnai to pl joc twn plegmatik¸n shmeÐwn, kai δkg to dèlta tou Kronecker, opìte ja eÐnai∑

k

δkg = 1 . (Zþ.13)

An per�soume apì ton di�krito q¸ro k ston suneq , h teleutaÐa sqèsh paÐrnei th morf 

V

(2π)3

∫
d3k(δkg)suneq. = 1 . (Zþ.14)

'Omwc gnwrÐzoume ìti ∫
d3kδ(k− g) = 1 , (Zþ.15)

opìte me sÔgkrish twn dÔo teleutaÐwn paÐrnoume

(δkg) suneq. =
(2π)3

V
δ(k− g) . (Zþ.16)

'Etsi, apì thn teleutaÐa kai lamb�nontac upìyh ìti V = NV0, ìpou V0 o ìgkoc thc jeme-
li¸douc kuyelÐdac, h Ex. (Zþ.12) gr�fetai

∑
Rn

exp(ik ·Rn) =
(2π)3

V0

∑
g

δ(k− g) . (Zþ.17)

H parap�nw apìdeixh aforoÔse èna 3D sÔsthma. AntÐstoiqa mporeÐ kaneÐc na doulèyei kai
stic dÔo diast�seic, opìte ja p�rei thn Ex. (Zþ.11), me thn antistoÐqish k→ k∥ − q∥.
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[150] M. Bass (Ed.), Handbook of Optics, 3rd Edition (McGraw-Hill, 2010).

[151] G. Gantzounis and N. Stefanou, Phys. Rev. B 72, 075107 (2005).

[152] Y. Liu, G. Bartal, and X. Zhang, Opt. Express 16, 15439 (2008).
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H  παρούσα  έρευνα έχει συγχρηματοδοτηθεί  από την Ευρωπαϊκή Ένωση
(Ευρωπαϊκό Κοινωνικό Ταμείο - ΕΚΤ) και από εθνικούς πόρους μέσω του
Επιχειρησιακού  Προγράμματος «Εκπαίδευση και Δια Βίου Μάθηση» του
Εθνικού Στρατηγικού Πλαισίου Αναφοράς (ΕΣΠΑ) 
Ερευνητικό  Χρηματοδοτούμενο  Έργο:  «Ηράκλειτος ΙΙ.  Επένδυση στην
κοινωνία της γνώσης μέσω του Ευρωπαϊκού Κοινωνικού Ταμείου».
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