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H Diatrib  aut  afier¸netai sth mn mh tou agaphmènou mouTs�rli1.

1O Ts�rli (Charlie)  tan èna polÔ ìmorfo skul�ki pomer�nian.
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H paroÔsa diatrib  stoiqeiojet jhke me to prìgramma LATEX. H sug-graf  ègine me th bo jeia tou progr�mmato emacs (sto leitourgikì sÔsth-ma Suse Linux 11.1). H telik  hlektronik  morf  (PDF) dhmiourg jhke meto prìgramma pdflatex. Oi grafikè parast�sei èginan me th bo jeia twnprogramm�twn gnuplot kai Mathematica. H epexergas�a twn sqhm�twn kai osqediasmì tou exwfÔllou 1 ègine me to prìgramma xfig. 'Ola ta progr�mmatatwn prosomoi¸sewn èginan se gl¸ssa programmatismoÔ FORTRAN 77.

1Sto ex¸fullo apeikon�zetai h troqiak  sumperifor� kont� sthn perioq  m�a migadik�astajoÔ periodik  troqi� sthn tetradi�stath epif�neia tom  tou exadi�statou fasikoÔq¸rou enì trisdi�statou qamiltonianoÔ sust mato kont� se m�a Qamiltonian  diakl�dwsh
Hopf. 2



� 'Otan parathr¸ ti troqiè twn our�niwn swm�twn, den akoump¸ta pìdia mou sth gh; stèkomai d�pla ston �dio ton D�a kai tr¸wambros�a, thn trof  twn je¸n.�KlaÔdio Ptolema�o ( 108 - 178 m.Q) 2

2apì to bibl�o twn Boyer, C.B. & Merzbach, U.C., 1997, H Istor�a twn Majhmatik¸n,ekdìsei G.A. Pneumatikì, kef. 10. 3
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Euqarist�eH paroÔsa diatrib  pragmatopoi jhke ex olokl rou sto Kèntro Ereu-n¸n Astronom�a kai Efarmosmènwn Majhmatik¸n (KEAEM) th Akadhm�aAjhn¸n. Pr¸ta jèlw na euqarist sw jerm� thn Akadhm�a Ajhn¸n kai eidi-kìtera to kèntro Ereun¸n Astronom�a kai Efarmosmènwn Majhmatik¸n giath filoxen�a, thn paroq  grafe�ou, thn ulikoteqnik  upost rixh (apì prosw-pikì upologist  ew anal¸sima) kai thn en gènei prosfor� enì dhmiourgikoÔereunhtikoÔ perib�llonto.H dunatìthta parakoloÔjhsh se ebdomadia�a b�sh twn episthmonik¸n se-minar�wn pou diorgan¸nei to KEAEM, h èstw mikr  oikonomik  upost rixhmèsw programm�twn th Epitrop  Ereun¸n th Akadhm�a Ajhn¸n kaj¸ kaih en�sqush pou èlaba mèsw dwre¸n pro to KEAEM ìpw aut  th AE �El-lhnikì Kèntro EreÔnh Met�llou�, dhmioÔrghsan èna ereunhtikì perib�llonpou dieukìlune thn kajhmerin  mou enasqìlhsh me th diatrib  mou. Ep�shmou epètreye na l�bw mèro se sunèdria akìma kai sto exwterikì, ìpou e�qa thdunatìthta na parousi�sw th doulei� mou. Aisj�nomai meg�lh eugnwmosÔnhgia ìla aut�, idia�tera k�tw apì ti paroÔse oikonomikè sunj ke.Euqarist¸ jerm� kai apì kardi� ton Dr. P�no P�tsh, Dieujunt  Ereu-n¸n kai DieujÔnonta tou KEAEM, gia thn ep�bleyh th didaktorik  moudiatrib  kai th bo jeia pou mou prosèfere me k�je dunatì trìpo. Qwr� thnpolÔtimh bo jeia tou kai ton �peiro qrìno pou dièjese sto prìswpo mou denja mporoÔse na pragmatopoihje� aut  h didaktorik  diatrib . Anagnwr�zwìti par� to gegonì ìti, lìgw kwlum�twn tou nìmou den mporoÔse na e�naitupik� o kÔrio epiblèpwn th didaktorik  mou diatrib ,  tan ousiastik�autì pou epèbleye ìla ta st�dia aut  th èreuna se kajhmerin  b�sh.Euqarist¸ jerm� ep�sh ton kajhght  kai Akadhmaðkì k. Ge¸rgio Kon-tìpoulo, prìedro th Akadhm�a Ajhn¸n, gia to qrìno pou afièrwse stoprìswpo mou all� kai thn polÔtimh empe�ria kai gn¸sh pou mou metèdwse seìlh th di�rkeia th didaktorik  mou diatrib . H bo jeia tou  tan anekt�mh-th. Ton euqarist¸ diìti sunthre� m�a monadik  sthn Ell�da ereunhtik  om�dase jèmata Dunamik  Astronom�a, h opo�a èqei monadikì kÔro kai ter�stiaap qhsh diejn¸, mèsa sthn opo�a mpìresa na pragmatopoi sw th diatrib mou.Euqarist¸ ton k. A. Pinìtsh, Anaplhrwt  Kajhght  tou Panepisthm�ouAjhn¸n, gia th bo jeia tou, th sunergas�a pou e�qame maz�, ti ousiastikèepisthmonikè suzht sei all� kai gia to gegonì ìti e�qe thn kalosÔnh naanal�bei thn ep�bleyh th didaktorik  mou diatrib .Euqarist¸ ton k. D. Frantzesk�kh, Kajhght  tou Panepisthm�ou Ajh-n¸n, gia th bo jeia tou kai th summetoq  tou sthn trimel  epitrop  ep�bleyh6



th didaktorik ;i mou diatrib .Euqarist¸ ton Dr. Q. Eujumiìpoulo, Dieujunt  Ereun¸n, gia th bo jeiatou, ti suzht sei pou e�qame se jèmata th didaktorik  mou diatrib  kaiti ousiastikè jewrhtikè tou gn¸sei pou mou metèdwse. Ton euqarist¸idia�tera gia th bo jeia pou mou prosèfere sqetik� me to Qeimerinì Sqole�opou pragmatopoi jhke sthn La Plata, th Argentin , sto opo�o summete�qaton IoÔlio tou 2011 sto pla�sio th didaktorik  mou diatrib .Euqarist¸ ton Kajhght  tou Panepisthm�ou Patr¸n k. M. Braq�th giath bo jeia tou kai ti suzht sei pou e�qame se arket� episthmonik� jèmatasqetik� me th didaktorik  mou diatrib .Euqarist¸ ep�sh ton Kajhght  tou Panepisthm�ou Patr¸n k. An. MpoÔn-th gia ti suzht sei pou e�qame se di�fora jèmata th didaktorik  mou dia-trib .Euqarist¸ ton Epik. Kajhght  tou Panepisthm�ou Jessalon�kh k. Q.Skìko gia th bo jeia tou sta pr¸ta qrìnia twn metaptuqiak¸n mou spoud¸nkai ti suzht sei pou e�qame.Euqarist¸ thn Dr. M. QarsoÔla, Episthmonik  sunerg�th tou KEAEMgia ti suzht sei pou e�qame se jèmata th didaktorik  mou diatrib .Euqarist¸ ton Dr. K. Kalapojar�ko, ton Dr. G. LoÔke-Gerakìpoulo,ton Dr. P. TsoÔtsh kai ton Dr. I. Staurìpoulo kaj¸ kai tou upoy fioudid�ktore N. Del , E. Tsigar�dh kai A. PoÔrh gia ti pollè episthmonikèkai teqnikè suzht sei pou e�qame kat� th di�rkeia ektèlesh th didakto-rik  mou diatrib , kaj¸ kai ton f�lo, teqnikì tou KEAEM k. Man¸lhZoÔlia gia th bo jeia tou se poll� sq mata th paroÔsa diatrib  kai sedi�fora �lla teqnik� jèmata. Euqarist¸ ep�sh ìlou tou sunadèlfou touKEAEM gia thn euq�risth kai filik  atmìsfaira pou dhmioÔrghsan ìla aut�ta qrìnia, gia ti suzht sei pou e�qame sto kulike�o tou IIBEA kai touag¸ne mp�sket sto anoiqtì g pedo tou Pap�gou.Euqarist¸ jerm� kai apì kardi� ton k. P. Laskar�dh, Omìtimo Kajh-ght  tou Panepisthm�ou Ajhn¸n, gia th bo jeia tou sta pr¸ta qrìnia twnmetaptuqiak¸n mou spoud¸n, kaj¸ kai gia to ìti mou upèdeixe na p�w stonDr. P�no P�tsh gia na asqolhj¸ me thn èreuna. Ton euqarist¸ ep�sh giato ìti apotèlese aform  na agap sw thn astronom�a kai na asqolhj¸ maz�th.
7



Tèlo, euqarist¸ tou gone� mou gia thn hjik  kai ulik  sumpar�stashpou mou prosèferan se ìlh th di�rkeia th didaktorik  mou diatrib . Qwr�autoÔ den ja ta e�qa katafèrei. Matja�o Katsan�kaAj na, Febrou�rio 2012
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Skopì kai per�lhyh th diatrib Skopì th paroÔsa diatrib  e�nai na susqet�sei ti tetradi�state (4D)domè pou br�skoume sthn perioq  twn periodik¸n troqi¸n sthn 4D epif�neiatom  enì trisdi�statou (3D) autìnomou qamiltonianoÔ sust mato gala-xiakoÔ tÔpou me thn troqiak  sumperifor� kont� se eustaje�   kont� sedi�fora e�dh ast�jeia aplè periodikè troqiè (apl� astaje�, dipl� asta-je�, migadik� astaje�). Ep�sh skopì th diatrib  e�nai h melèth thdunamik  sthn perioq  periodik¸n troqi¸n pollapl  periìdou (2 kai 7). Seèna 3D autìnomo qamiltonianì sÔsthma, èna basikì prìblhma pou antime-twp�zoume apotele� h apeikìnish twn tetradi�statwn (4D) epifanei¸n tom tou exadi�statou (6D) fasikoÔ q¸rou. Gia na xeper�soume to prìblhma au-tì qrhsimopoioÔme th mèjodo qr¸mato kai peristrof  (Patsis & Zachilas
1994).Sthn paroÔsa diatrib  melet same thn morfolog�a kai thn eust�jeia twnperiodik¸n troqi¸n twn 3D diaklad¸sewn th kentrik  oikogèneia periodi-k¸n troqi¸n pou onom�zetai x1 se dÔo peript¸sei tou 3D autìnomou qamilto-nianoÔ sust mato ma. To dunamikì tou sust mato ma sthn axisummetrik tou per�ptwsh apotele� kal  prosèggish tou dunamikoÔ tou galax�a ma (Mi-
yamoto & Nagai 1975).Melet same leptomereiak� thn dom  tou fasikoÔ q¸rou sthn perioq twn eustaj¸n periodik¸n troqi¸n tou sust mato ma. Qrhsimopoi samethn mèjodo qr¸mato kai peristrof  (Patsis and Zachilas 1994) gia na die-reun soume ti idiìthte twn anallo�wtwn tìrwn sthn 4D epif�neia tom ,sugkr�name ta apotelèsmata ma me prohgoÔmene melète kai perigr�yamethn morfolog�a twn peristrofik¸n tìrwn, all� kai twn swlhnoeid¸n tìrwn.Br kame troqiè kollhtikìthta sthn endi�mesh perioq  metaxÔ twn anallo�-wtwn tìrwn oi opo�oi perib�lloun ti 3D eustaje� periodikè troqiè. Idia�-tera qr simh gia thn galaxiak  dunamik  e�nai h sumperifor� twn qaotik¸ntroqi¸n oi opo�e pagideÔontai gia meg�lo qronikì di�sthma metaxÔ twn 4Dtìrwn. Br kame ìti uposthr�zoun kat� thn di�rkeia autoÔ tou qronikoÔ dia-st mato thn �dia dom  me aut n pou uposthr�zoun oi hmi-periodikè troqiègÔrw apì ti eustaje� periodikè troqiè, parousi�zonta ìmw m�a mikr aÔxhsh sthn diaspor� taqut twn. Katìpin oi pagideumène qaotikè troqièstou 4D tìrou diaqèontai ston fasikì q¸ro (Di�qush Arnold). Tèlo,br kame ìti oi swlhnoeide� tìroi den emfan�zontai sti 3D probolè th epi-f�neia tom  sthn axisummetrik  per�ptwsh tou qamiltonianoÔ sust matopou qrhsimopoi same.Melet same thn dunamik  sthn perioq  twn apl� kai dipl� astaj¸n perio-dik¸n troqi¸n sto 3D autìnomo qamiltonianì ma sÔsthma galaxiakoÔ tÔpou.9



Gia na optikopoi soume ti 4D epif�neie tom  qrhsimopoi same p�li thn mè-jodo qr¸mato kai peristrof . Diereun same thn dom  twn anallo�wtwnpollaplot twn ti opo�e br kame sthn perioq  twn apl� kai dipl� asta-j¸n periodik¸n troqi¸n sthn 4D epif�neia tom . Jewr same troqiè sthnperioq  twn oikogenei¸n x1v2, diakl�dwsh th x1, kai tou z-�xona (�xona pe-ristrof  tou sust mato ma). Kont� sto shme�o met�bash apì eust�jeiase apl  ast�jeia, sthn perioq  twn diakladizìmenwn apl� astaj¸n perio-dik¸n troqi¸n th x1v2 sunant same to fainìmeno th kollhtikìthta ìpouoi asumptwtikè kampÔle perièballan perioqè tou fasikoÔ q¸rou pou ka-talamb�nontan apì tou peristrofikoÔ tìrou pou up rqan sthn perioq .Gia meg�lutere timè th enèrgeia, makri� apì to shme�o diakl�dwsh, tashme�a twn qaotik¸n troqi¸n sqhm�tizan nèfh shme�wn me an�meixh qr¸matosthn 4D anaparastas  tou. Sthn per�ptwsh th dipl  ast�jeia, kont�sti periodikè troqiè th x1v2 , br kame nèfh shme�wn sthn 4D epif�neiatom . Se merikè peript¸sei dipl� astaj¸n periodik¸n troqi¸n pou an -kan sthn oikogèneia tou z-�xona mporèsame na optikopoi soume thn astaj anallo�wth pollaplìthta (astaj  idioepif�neia). Oi qaotikè troqiè kont�sti periodikè troqiè kolloÔsane se aut  thn epif�neia gia meg�la qroni-k� diast mata (th t�xh th hlik�a tou sÔmpanto kai parap�nw). MetaxÔtwn troqi¸n pou melet same br kame ìti oi troqiè pou e�nai kont� sti dipl�astaje� periodikè troqiè th x1v2 èqoun thn megalÔterh taqÔthta di�qu-sh. Oi troqiè kollhtikìthta oi opo�e br�skontai sthn perioq  twn apl�astaj¸n periodik¸n troqi¸n th x1v2 pou e�nai kont� sto shme�o diakl�dw-sh kai sthn perioq  twn dipl� astaj¸n periodik¸n troqi¸n tou z-�xona,èqoun metaxÔ tou sugkr�sime taqÔthte di�qush. Autè oi taqÔthte e�naipolÔ mikrìtere apì autè twn troqi¸n pou e�nai kont� sti apl� astaje�periodikè troqiè th x1v2 pou e�nai makri� apì to shme�o diakl�dwsh   twntroqi¸n pou e�nai kont� sti dipl� astaje� periodikè troqiè th x1v2 oiopo�e èqoun polÔ diaforetikè idiotimè.Katìpin melet same thn troqiak  sumperifor� sthn perioq  twn migadik�astaj¸n periodik¸n troqi¸n tou sust mato ma. Sto shme�o met�bash m�aoikogèneia periodik¸n troqi¸n apì eust�jeia se migadik  ast�jeia (gnwst w Qamiltonian  diakl�dwsh Hopf) oi tèsserei idiotimè twn eustaj¸n pe-riodik¸n troqi¸n metakinoÔntai ektì tou monadia�ou kÔklou, paramènontamigadikè. Sto shme�o autì oi periodikè troqiè g�nontai migadik� astaje�.Sthn paroÔsa diatrib  upolog�same troqiè sthn perioq  migadik� astaj¸nperiodik¸n troqi¸n, oi opo�e br�skontai kont� sto shme�o met�bash. Met�,apeikon�same ta shme�a twn troqi¸n sthn 4D epif�neia tom . Gia thn opti-kopo�hsh th 4D epif�neia tom  qrhsimopo�hsame thn mèjodo qr¸mato kai10



peristrof . Br kame ìti ta shme�a sthn epif�neia tom  br�skontai se 2Dperiorismènou tìrou. Katìpin, diereun same thn dom  tou fasikoÔ q¸rousthn perioq  twn migadik� astaj¸n periodik¸n troqi¸n pou br�skontai makri�apì to shme�o met�bash. Sti peript¸sei autè br kame nèfh shme�wn sthn
4D epif�neia tom . H met�bash apì ton ènan tÔpo troqiak  sumperifor�ston �llo g�netai apìtoma.Met� melet same thn dom  tou fasikoÔ q¸rou sthn perioq  twn periodi-k¸n troqi¸n uyhl  periìdou tou sust mato ma. W par�deigma qrhsimo-poi same m�a eustaj  2-periodik  troqi� kai m�a eustaj  7-periodik  troqi�.Diereun same thn dom  twn pollapl¸n tìrwn, qrhsimopoi¸nta thn mèjodoqr¸mato kai peristrof , gÔrw apì ta shme�a twn periodik¸n troqi¸n sthn
4D epif�neia tom  kai epiprìsjeta melet same thn troqiak  sumperifor�sthn geitoni� twn sunod¸n apl� astaj¸n periodik¸n troqi¸n. Jewr¸ntal�ga shme�a twn troqi¸n sthn geitoni� aut¸n twn apl� astaj¸n periodik¸ntroqi¸n br kame èna sqhmatismì sthn 4D epif�neia tom , o opo�o e�nai seapeuje�a antisto�qish me autì pou parathre�tai se m�a z¸nh suntonismoÔ sthn
2D epif�neia tom  enì 2D autìnomou QamiltonianoÔ sust mato. Sthn pe-r�ptwsh ma ant� gia nhs�de eust�jeia èqoume peristrofikoÔ tìrou, en¸h qaotik  z¸nh pou sundèei ta shme�a th astajoÔ periodik  troqi� an-tikatast�jhke apì ènan 4D nhmatoeid  sqhmatismì. Gia perissìtere tomè,ta shme�a m�a troqi� sthn perioq  twn apl� astaj¸n periodik¸n troqi¸n,diaqèontai ston fasikì q¸ro kai sqhmat�zoun èna 4D nèfo shme�wn to opo�okatalamb�nei meg�lh perioq  tou q¸rou twn f�sewn perib�llonta thn pe-rioq  me tou peristrofikoÔ tìrou kai ton nhmatoeid  sqhmatismì. Thn �diadom  parathr same sthn perioq  ìlwn twn m-periodik¸n troqi¸n (me m=2 kai7) pou exet�same sto sÔsthma ma. Autì upodeiknÔei m�a genik  sumperifor�.Upolog�same tou ArijmoÔ Lyapunov peperasmènou qrìnou (LCN(t))troqi¸n th paroÔsa diatrib . Gia thn per�ptwsh twn organwmènwn tro-qi¸n sthn perioq  eustaj¸n periodik¸n troqi¸n (e�te aplè e�te pollapl periìdou), oi opo�e anaparist�nontan apì tìrou sthn epif�neia tom , o
LCN(t) sÔgline sto mhdèn (ìpw anamenìtan). Oi qaotikè troqiè sthn pe-rioq  twn astaj¸n periodik¸n troqi¸n (e�te aplè, e�te pollapl  periìdou)diakr�nontan se dÔo e�dh: ti troqiè kollhtikìthta kai ti troqiè pou ana-parist�nontan sthn epif�neia tom  apì nèfh shme�wn. Gia to pr¸to e�doqaotik¸n troqi¸n o LCN(t) sthn arq  meiwnìtan   parousi�ze di�fore dia-kum�nsei gia ìso qronikì di�sthma oi troqiè parèmenan se periorismèneperioqè tou fasikoÔ q¸rou. En¸ met� thn apom�krunsh twn troqi¸n apìautè ti perioqè o LCN(t) aux�notan mèqri na stajeropoihje� se m�a je-tik  tim . Gia to deÔtero e�do qaotik¸n troqi¸n o LCN(t) sÔgkline polÔ11



gr gora se m�a jetik  tim .Sto kef�laio 1 parousi�zoume m�a mikr  eisagwg  sta dunamik� sust ma-ta kai thn galaxiak  dunamik . Sto kef�laio 2 parousi�zoume to dunamikìtou sust matì kai ti troqiè. Ta kef�laia 3 kai 4 asqoloÔntai me thn dom tou fasikoÔ q¸rou sthn perioq  apl¸n periodik¸n troqi¸n kai thn dom  toufasikoÔ q¸rou sthn perioq  periodik¸n troqi¸n pollapl  periìdou ant�stoi-qa. Sto kef�laio 5 parousi�zoume ta apotelesmat� ma gia tou arijmoÔ
Lyapunov. Sto tèlo th diatrib  èqoume ta sumper�smata (kef�laio 6), to
abstract (kef�laio 7), thn bibliograf�a sthn agglik  kai ellhnik  gl¸ssa(kef�laia 8 kai 9) kai to par�rthma (kef�laio 10).Lèxei-Kleidi�: Q�o kai Dunamik� Sust mata, Galaxiak  Dunamik ,Dunamik  Astronom�a, Mh Grammik  Dunamik , Qamiltonian� Sust mata.
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1 Eisagwg Sto kef�laio autì ja analÔsoume merikè basikè ènnoie pou qrhsimopoioÔmesthn paroÔsa diatrib  apì th jewr�a twn dunamik¸n susthm�twn (upokef�-laio 1.1) kai th galaxiak  dunamik  (upokef�laio 1.2).1.1 Dunamik� sust mata1.1.1 Per� dunamik¸n susthm�twnW dunamikì sÔsthma or�zoume opoiod pote fusikì sÔsthma sto opo�o:1. h katastas  tou mpore� na prosdiorisje�, se k�poia orismènh qronik stigm , apì ti timè N metablht¸n x1, x2, ..., xN .2. h exèlix  tou d�netai apì èna sÔsthma N diaforik¸n exis¸sewn:
dx1

dt
= f1(x1, x2, ..., xN)

...

...
dxN

dt
= fN(x1, x2, ..., xN) (1)ìpou oi N metablhtè antiproswpeÔoun di�fore fusikè posìthte ìpwjèsei, taqÔthte, gwn�e, jermokras�e, pièsei k.l.p.A shmeiwje� pw den up�rqei k�poio periorismì w pro thn t�xh tousust mato. Ep�sh oi sunart sei fi mporoÔn na exart¸ntai kai apì tonqrìno t.'Ena dunamikì sÔsthma exel�ssetai sto N-di�stato q¸ro (x1, x2, ..., xN )pou kale�tai q¸ro twn f�sewn. H kat�stash tou sust mato se m�adosmènh qronik  stigm  mpore� na parastaje� apl� me èna shme�o ston q¸roautì. To shme�o autì exel�ssetai sto qrìno kai diagr�fei m�a pore�a h opo�aonom�zetai troqi� kai h opo�a prosdior�zetai pl rw apì N arqikè su-nj ke.E�nai dunatìn se k�poio dunamikì sÔsthma na up�rqei m�a sun�rthsh

I(x1, x2, ..., xN) twn x1, x2, ..., xN (  kai tou qrìnou t), th opo�a h tim  nae�nai stajer  gia k�je troqi�. Tìte mil�me gia èna olokl rwma tou du-namikoÔ sust mato. H qrhsimìthta enì oloklhr¸mato e�nai meg�lh, diìti13



lÔnonta thn ex�swsh I(x1, x2, ..., xN) = c w pro m�a metablht  kai anti-kajist¸nta thn sti upìloipe exis¸sei tou sust mato (1) mei¸noume thnt�xh tou sust mato se N−1. Eunìhto e�nai ìti, an èqoume N̄ -oloklhr¸mata
I1, ..., IN̄ tìte mei¸noume thn t�xh tou sust mato se N − N̄ .H troqi� gia thn opo�a isqÔei ~x(t) = ~x(t + T ) onom�zetai periodik troqi� me per�odo T . Oi periodikè troqiè diakr�nontai se eustaje� kaiastaje�. Sthn pr¸th per�ptwsh oi geitonikè troqiè paramènoun kont� sthperiodik  troqi�, en¸ sth deÔterh te�noun na apomakrunjoÔn me thn p�rodotou qrìnou.GÔrw apì m�a eustaj  periodik  troqi� oi troqiè, pou apomakrÔnontaiperiodik�, onom�zontai hmiperiodikè. Onom�zontai ètsi diìti qwr� na epi-strèfoun akrib¸ sto shme�o pou xek�nhsan, epanèrqontai kont� se autì metrìpo sqedìn periodikì. To sÔsthma kont� se m�a eustaj  periodik  troqi�sumperifèretai san oloklhr¸simo. Dhlad  gÔrw apì m�a eustaj  periodik troqi� up�rqei p�nta m�a nhs�da organwmènh k�nhsh.Sto shme�o autì ja d¸soume ton orismì toÔ anallo�wtou sunìlou tonopo�o ja qreiastoÔme argìtera:Orismì (anallo�wto sÔnolo): 'Estw S ⊆ ℜn èna sÔnolo, tìte: 1)(Dunamik� Sust mata) To S ja lème ìti e�nai anallo�wto se èna dunamikìsÔsthma ẋ = f(x) me x ∈ ℜn, an gia k�je x0 ∈ S èqoume x(t, x0) ∈ S giak�je t ∈ ℜ (ìpou x(0, x0) = x0). 2)(Apeikon�sei) To S ja lème ìti e�naianallo�wto se m�a apeikìnish xn+1 = g(xn) me xn+1 ∈ ℜn kai xn ∈ ℜn, an giak�je x0 ∈ S èqoume gn(x0) = g ◦ g... ◦ g

︸ ︷︷ ︸

n

(x0) ∈ S gia k�je n.An èna anallo�wto sÔnolo S èqei thn dom  dianusmatikoÔ upìqwrou   thndom  epif�neia   thn dom  pollaplìthta (uperepif�neia) tìte onom�zetaianallo�wto upìqwro   anallo�wth epif�neia   anallo�wth pollaplìthta(uperepif�neia) ant�stoiqa.GÔrw apì m�a astaj  periodik  troqi� èqoume diaforetik  sumperifor� apìaut  pou parathroÔme sthn perioq  m�a eustajoÔ periodik  troqi�. Sthnper�ptwsh aut  èqoume thn Ôparxh anallo�wtwn pollaplot twn (invariant
manifolds).Gia th melèth twn dunamik¸n susthm�twn mporoÔme na qrhsimopoi soumedÔo prosegg�sei:1. Analutik  jewr�a: ProspajoÔme na apode�xoume di�fore idiìthte toudunamikoÔ sust mato (fusik� upì orismène proupojèsei),qrhsimopoi¸nta analutik� majhmatik�.2. Arijmhtik� peir�mata: MeletoÔme ti idiìthte enì dunamikoÔ sust -14



mato me arijmhtikoÔ upologismoÔ.Sthn paroÔsa diatrib  ja qrhsimopoi soume arijmhtik� peir�mata.1.1.2 Qamiltonian� sust mataTa sust mata pou ja ma apasqol soun sthn paroÔsa diatrib  e�nai ta legì-mena qamiltonian� sust mata. Ta qamiltonian� sust mata e�nai m�a eidik kathgor�a dunamik¸n susthm�twn. 'Ena qamiltonianì sÔsthma qarakthr�zetaiapì orismène epiplèon idiìthte:
• O arijmì di�stash tou q¸rou twn f�sewn e�nai N = 2n, ìpou n = oibajmo� eleujer�a tou qamiltonianoÔ sust mato. Oi metablhtè tou,

2n to pl jo, e�nai: x1, x2, ..., xn, y1, y2, ..., yn, ìpou ta yi = ẋi isoÔntaime ti parag¸gou twn xi w pro to qrìno.
• E�nai pl rw orismèno apì th monadik  sun�rthsh twn 2n metablht¸n

H(x1, ..., yn) pou kale�tai qamiltonian  (h opo�a mpore� na exart�tai kaiapì to qrìno t).Oi basikè diaforikè exis¸sei twn metablht¸n tou e�nai:
dxi

dt
=

∂H

∂yi

dyi

dt
= −∂H

∂xi (2)oi exis¸sei autè onom�zontai kanonikè exis¸sei   exis¸sei Ha-
milton (bl. p.q. Scheck 1994 §2.14). An se èna qamiltonianì sÔsthmah qamiltonian  den perièqei to qrìno pèran twn metablht¸n (x1, ..., yn)m�a sun�rthsh I(x1, ..., yn) ja thn onom�zoume olokl rwma an paramèneistajer  kat� m ko k�je troqi�. Dhlad :

dI

dt
=

n∑

i=1

(
∂I

∂xi

dxi

dt
+

∂I

∂yi

dyi

dt
) = 0 (3)h ex�swsh aut  lìgw twn exis¸sewn Hamilton g�netai:

dI

dt
=

n∑

i=1

(
∂I

∂xi

∂H

∂yi
− ∂I

∂yi

∂H

∂xi
) = 0 (4)15



H posìthta:
[I, H ] =

n∑

i=1

(
∂I

∂xi

∂H

∂yi
− ∂I

∂yi

∂H

∂xi
) (5)onom�zetai agkÔlh Poisson metaxÔ twn sunart sewn H kai I(bl. p.q.

Scheck 1994 §2.31). Epomènw to olokl rwma I ikanopoie� th sqèsh:
[I, H ] = 0 (6)Sthn prohgoÔmenh sqèsh an jèsoume I = H èqoume [H, H ] = 0 epomè-nw h qamiltonian  apotele� èna olokl rwma (olokl rwma th enèr-geia). 'Ara èqoume:
dH

dt
= 0 (7)epomènw:

H(x1, ..., yn) = Ej (8)ìpou Ej stajer�. H idiìthta aut  shma�nei ìti se k�je troqi� m�a apìti 2n metablhtè tou e�nai desmeumènh apì ti upìloipe 2n − 1 mèswth prohgoÔmenh sqèsh. Autì sunep�getai ìti h di�stash tou q¸routwn f�sewn mei¸netai kat� 1. To gegonì autì, gia mikr� n, mpore� naqrhsimopoihje� ousiastik� gia thn plhrèsterh katanìhsh th dunamik tou sust mato.1.1.3 Jewr�a tou Tr�tou Oloklhr¸mato'Otan èna sÔsthma e�nai kont� sthn oloklhrwsimìthta3, mporoÔme naqrhsimopoi soume mejìdou diataraq¸n gia na broÔme proseggistik�oloklhr¸mata, ta opo�a isqÔoun gia meg�la qronik� diast mata. Su-n jw aut� ta oloklhr¸mata èqoun thn morf  tupik  dunamoseir�.Oi seirè autè sun jw apokl�noun, all� mporoÔn na d¸soun polÔ ka-l� apotelèsmata an krat soume ìrou mèqri k�poia sugkekrimènh t�xh(Poincaré 1893).3'Ena qamiltonianì sÔsthma N bajm¸n eleujer�a onom�zetai oloklhr¸simo an èqei Nanex�rthta oloklhr¸mata (Ii me i = 1, ..., N), ta opo�a br�skontai se enèlixh ([Ii, Ij ] = 0,
∀i, j). 16



Tupik� oloklhr¸mata gia poluwnumikè qamiltonianè sunart sei dì-jhkan pr¸th for� apì ton Whittaker (Whittaker 1937 Ch. XVI §196-
205), o opo�o ta onìmase adelfik� oloklhr¸mata. 'Ena olokl rwmaautoÔ tou e�dou e�nai to tr�to olokl rwma to opo�o anaptÔqjhke apìton Contopoulos (1960, 2002 §2.3.1) kai to opo�o èqei pollè qr simeefarmogè sthn galaxiak  dunamik .An h qamiltonian  sun�rthsh H èqei thn morf  m�a dunamoseir�, mpo-re� na g�nei kat�llhlh allag  suntetagmènwn ètsi ¸ste h H na xekin�apì ìrou deutèrou bajmoÔ:

H = H(2) + H(3) + H(4) + ... (9)me
H(2) =

n∑

λ=1

1

2

(

y2
λ + ω2

λx
2
λ

)

=
n∑

λ=1

1

2
ωλ

(

q2
λ + p2

λ

) (10)Oi metablhtè (xλ, yλ) kai (qλ, pλ) e�nai kanonikè (ikanopoioÔn ti exi-s¸sei Hamilton) kai sundèontai apì ti sqèsei:
qλ =

√
ωλxλ, pλ =

yλ√
ωλ

(11)Oi metablhtè (qλ, pλ) mpore� na e�nai migadikè. Sthn kat¸terh pro-sèggish h qamiltonian  H(2) anaparist� n suzeugmènou talantwtè mesuqnìthte ωλ. Se aut  thn prosèggish èqoume:
Φ(2) = Iλ =

1

2
(q2

λ + p2
λ) (12)e�nai oloklhr¸mata th k�nhsh. 'Etsi ja jewr soume tupik� oloklh-r¸mata th morf 

Φ = Φ(2) + Φ(3) + Φ(4) + ... (13)jewr¸nta ìti oi suqnìthte ωλ e�nai grammik� anex�rthte. An krat -soume sto olokl rwma Φ mèqri ìrou t�xh r ja èqoume èna polu¸numobajmoÔ r
Φ̄(r) = Φ(2) + Φ(3) + ... + Φ(r) (14)17



Oi sunart sei Φ(3), Φ(4), ... upolog�zontai b ma-b ma ìpw fa�netai pa-rak�tw.Apì th stigm  pou to Φ e�nai olokl rwma th k�nhsh èqoume ìti hpar�gwgo w pro to qrìno e�nai mhdèn (blèpe upokef�laio 1.1.2) Φ̇ =
[Φ, H ] = 0.An qrhsimopoi soume ti seirè (9) kai (13) gia ta H kai Φ mporoÔmena xeqwr�soume tou di�forou ìrou sti agkÔle Poisson:

[H(2), Φ(2)] + ([H(3), Φ(2)] + [H(2), Φ(3)]) + ... = 0 (15)o pr¸to ìro e�nai deutèrou bajmoÔ, o deÔtero kai o tr�to e�nai tr�toubajmoÔ k.l.p. An jèsoume tou ìrou �diou bajmoÔ �sou me to mhdèn jaupolog�soume diadoqik� ti sunart sei Φ(2), Φ(3), .... Pio sugkekrimènah Φ(2) e�nai èna olokl rwma th qamiltonian  H(2) deutèrou bajmoÔkai èqei thn morf  th sqèsh (12). To tupikì olokl rwma Φ sugkl�neimìno se orismène peript¸sei.E�nai gnwstì apì to KAM je¸rhma (Kolmogorov 1954, Arnold 1963,
Moser 1962, Arnold 1978 p.399-415), ìti an èna sÔsthma n bajm¸neleujer�a e�nai sqedìn oloklhr¸simo, tìte gia meg�lo arijmì arqik¸nsunjhk¸n oi troqiè br�skontai p�nw se anallo�wte epif�neie oi opo�-e e�nai topologik� isodÔname me n-di�statou tìrou.Oi anallo�wtoi tìroi mporoÔn na anaparastajoÔn asumptwtik� qrhsi-mopoi¸nta ta tupik� oloklhr¸mata Φ. An�mesa se dÔo dedomènoutìrou up�rqoun astaje� periodikè troqiè se suntonismì kai kont�se autè up�rqei q�o. An oi suntonismo� auto� e�nai meg�lh t�xh,tìte oi qaotikè perioqè e�nai polÔ mikrè kai ta tupik� oloklhr¸-mata isqÔoun gia meg�lo qronikì di�sthma (ekjetik� meg�la qronik�diast mata-Nekhoroshev 1977) se meg�lo mèro tou fasikoÔ q¸rou.'Ena apì ta jèmata th paroÔsa diatrib  e�nai h melèth th dom  twnanallo�wtwn tìrwn se èna qamiltonianì sÔsthma tri¸n bajm¸n eleu-jer�a kaj¸ kai h dunamik  sumperifor� qaotik¸n troqi¸n oi opo�-e pagideÔontai sthn perioq  anallo�wtwn tìrwn gia meg�la qronik�diast mata prin thn diaqus  tou se megalÔterh perioq  tou fasikoÔq¸rou.
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1.1.4 Epif�neie Tom To prwtoporiakì èrgo pou èbale ta jemèlia th sÔgqronh jewr�atwn dunamik¸n susthm�twn e�nai to tr�tomo èrgo tou H.Poincaré : “Les
méthodes nouvelles de la mécanique céleste” (1892). M�a apì ti pioapotelesmatikè kai praktikè mejìdou pou prote�nei o Poincaré e�-nai h mèjodo th epif�neia tom  (surface of section). Perilhptik� hmèjodo èqei w ex :'Estw ìti meletoÔme èna disdi�stato (2D) prìblhma se kartesianè sun-tetagmène. Tìte o q¸ro twn f�sewn èqei di�stash 4 (4D) èstw(x, y, ẋ, ẏ). Me to olokl rwma th enèrgeia H(x, y, ẋ, ẏ), mporoÔme naelatt¸soume, ìpw èqoume proanafèrei, th di�stash tou q¸rou kat�m�a kai ètsi èqoume èna q¸ro me di�stash 3 (3D) (an lÔsoume p.q. wpro ẏ, tìte o q¸ro twn f�sewn ja e�nai (x, y, ẋ)). 'Estw ìti mporoÔmena or�soume m�a disdi�stath analutik  epif�neia, mèsa se autìn ton q¸-ro, ètsi ¸ste k�je troqi� tou sust mato na tèmnei thn epif�neia aut toul�qiston m�a for� entì enì orismènou qronikoÔ diast mato, ar-koÔntw meg�lou kai p�ntote me thn �dia for� (p.q. èstw to hmiep�pedo(P) y = 0, me ẏ > 0 sto Sq. 1). Tìte h epif�neia aut  (to hmiep�pedo(P) ) onom�zetai epif�neia tom . An u0 e�nai to arqikì shme�o m�a tro-qi� parathroÔme ti diadoqikè tomè u0, u1, ..., un, un+1, th troqi� meautì to ep�pedo. Fusik� mporoÔme na p�me kai pro ta p�sw ston qrìnome ant�jeth for� kai na broÔme ti tomè, u0, u−1, u−2, ....An t¸ra èqoume èna trisdi�stato prìblhma se kartesianè sunteta-gmène. Tìte o q¸ro twn f�sewn èqei di�stash 6 (6D) (x, y, z, ẋ, ẏ, ż).Me to olokl rwma th enèrgeia H(x, y, z, ẋ, ẏ, ż), mporoÔme na elat-t¸soume, ìpw èqoume proanafèrei, thn di�stash tou q¸rou kat� m�akai ètsi o q¸ro twn f�sewn ja èqei di�stash 5 (p.q. an lÔsoume wpro ẏ tìte o q¸ro twn f�sewn ja e�nai t¸ra (x, y, z, ẋ, ż)). H te-tradi�stath epif�neia y = 0, me ẏ > 0, e�n tèmnetai apì k�je troqi�tou sust mato toul�qiston m�a for� entì enì orismènou qronikoÔdiast mato, arkoÔntw meg�lou kai p�ntote me thn �dia for� e�nai m�aepif�neia tom .Oi periodikè troqiè perigr�fontai sthn epif�neia tom  apìamet�blhta shme�a (fixed points). M�a periodik  troqi� pollaplìthta1 sthn epif�neia tom  ja antiproswpeÔetai me èna shme�o. Me tonìro pollaplìthta ennooÔme ton arijmì tom¸n me thn epif�neia tom (epif�neia y = 0 me ẏ > 0) pou qrei�zetai m�a periodik  troqi� gia19



+

Π

Sq ma 1: Epif�neia tom . H jetik  for� or�zetai pro ta k�tw.na kle�sei. Oi periodikè troqiè pollaplìthta 1 (aplè periodikètroqiè) qrei�zontai m�a tom  me thn epif�neia tom  (epif�neia y = 0 me
ẏ > 0) gia na kle�soun. Genik� oi periodikè troqiè pollaplìthta nqrei�zontai n tomè me thn epif�neia tom  (epif�neia y = 0, me ẏ > 0)gia na kle�soun.To kÔrio antike�meno th diatrib  mou e�nai h melèth th dom  tou q¸-rou m�a 4D epif�neia tom  enì 3D qamiltonianoÔ sust mato pouperigr�fei èna peristrefìmeno galaxiakì dunamikì. Sugkekrimèna jaexet�soume to prìblhma sth geitoni� m�a eustajoÔ, m�a apl� asta-joÔ, m�a dipl� astajoÔ kai m�a migadik� astajoÔ periodik  troqi�(gia tou orismoÔ blèpe upokef�laio 1.1.6). Ep�sh ja melet soumeth dunamik  sth geitoni� periodik¸n troqi¸n pollaplìthta ≥ 2.Mèqri t¸ra gia na parastaje� h dom  th tetradi�stath epif�neia thtom , èqoun qrhsimopoihje� 4 mèjodoi:1. Probolè se disdi�stata ep�peda. Sthn 4D epif�neia to-m  jewroÔme m�a trisdi�stath epif�neia p.q. thn (x, z, ẋ). Katìpinthn prob�loume se disdi�state epif�neie p.q thn (x, ẋ) ,(z, x) kai

(z, ẋ) (Contopoulos & Barbanis 1989, Skokos et al. 1996, 1997,
1999, Contopoulos 2002 §2.11.11, Skìko 1997).20



2. Stereoskopikè probolè sq mato sthn 4D epif�-neia tom . Sthn 4D epif�neia tom  jewroÔme m�a trisdi�sta-th epif�neia p.q. thn (x, z, ẋ). Me aut  th mèjodo pa�rnoume dÔodiaforetikè probolè, k�je m�a apì ti opo�e antistoiqe� sthnoptik  gwn�a enì apì tou dÔo ofjalmoÔ. Apeikon�zoume ta dÔosq mata diadoqik� lamb�nonta upìyh thn apìstash twn ofjal-m¸n kai blèpoume to sq ma (Froeschlé 1970, Martinet & Magnenat
1981, Contopoulos et al. 1982).3. H mèjodo twn stigmiotÔpwn. Sthn 4D epif�neia tom jewroÔme m�a trisdi�stath epif�neia p.q. thn (x, z, ẋ). Sthn mè-jodo aut  par�goume disdi�stata sq mata gia di�fore timè thtr�th di�stash. Apì th metabol  twn disdi�statwn sqhm�twnsan sun�rthsh th tr�th di�stash antilambanìmaste th dom th epif�neia (Froeschlé 1970, 1972).4. H mèjodo qr¸mato kai peristrof . Sthn 4D epif�-neia tom  jewroÔme m�a trisdi�stath epif�neia p.q. thn (x, z, ẋ).To trisdi�stato autì sq ma to peristrèfoume me th bo jeia logi-smik¸n pakètwn sthn ojình tou upologist  blèponta to apì ìleti pleurè. Epiplèon me th bo jeia tou qr¸mato parist�noumethn tètarth di�stash th epif�neia th tom  (Patsis & Zachi-
las 1994). Aut  th mèjodo ja qrhsimopoi soume sthn paroÔsadiatrib .1.1.5 H Qamiltonian  tou sust mato.Sthn paroÔsa diatrib  ja melet sw èna sÔsthma me dunamikì Φ(x, y, z)se kartesianè suntetagmène to opo�o prosegg�zei to dunamikì tou Ga-lax�a ma (blèpe par�grafo 2.1). To sÔsthma peristrèfetai gÔrw apìton z-�xona me gwniak  taqÔthta Ωb. To basikì sÔnolo upologism¸nèqei g�nei me Ωb = 60km/s/kpc. SÔmfwna me prìsfate melète aut e�nai h tim  th peristrof  th r�bdou tou Galax�a ma pou èqei akt�naper�pou 3kpc (Englmaier & Gerhard 1999). H qamiltonian  enì 3D pe-ristrefìmenou sust mato per� ton �xona z perigr�fetai se kartesianèsuntetagmène apì thn parak�tw sqèsh:

H(x, y, z, ẋ, ẏ, ż) =
1

2
(ẋ2 + ẏ2 + ż2) + Φ(x, y, z) − 1

2
Ω2

b(x
2 + y2) (16)21



Sthn paroÔsa ergas�a thn arijmhtik  tim  th Qamiltonian  ja thsumbol�zoume me Ej (stajer� Jacobi) kai ja anaferìmaste se aut nw h �enèrgeia�.To energì dunamikì Φeff or�zetai w ex  :
Φeff (x, y, z) = Φ(x, y, z) − 1

2
Ω2

b(x
2 + y2) (17)opìte h Qamiltonian  pa�rnei thn morf :

H(x, y, z, ẋ, ẏ, ż) =
1

2
(ẋ2 + ẏ2 + ż2) + Φeff (x, y, z) (18)Thn epif�neia Φeff (x, y, z) = Ej, ìpou Ej h enèrgeia enì astèra,thn onom�zoume epif�neia mhdenik  taqÔthta (zero-velocity

surface). H taqÔthta enì astèra mhden�zetai p�nw sthn epif�neiaaut . An briskìmaste sto ep�pedo z = 0 tou galax�a tìte h kampÔ-lh Φeff (x, y, 0) = Ej onom�zetai kampÔlh mhdenik  taqÔthta(zero-velocity curve (CZV)). H taqÔthta enì astèra mhden�zetaip�nw sthn kampÔlh aut . An jewr soume y = 0, gia k�je Ej < EL(ìpou EL h stajer� Jacobi sta shme�a isorrop�a L4, L5) or�zoume stoep�pedo (Ej, x) tèsseri timè tou x, summetrikè w pro ton x = 0�xona, an h Φ(x, y, z) e�nai summetrik  w pro x. Kat� autìn ton trì-po or�zoume m�a kampÔlh pou d�detai apì thn (18) gia z = y = 0 kai
ẋ = ẏ = ż = 0, thn opo�a onom�zoume ep�sh kampÔlh mhdenik  taqÔ-thta (CZV). H kampÔlh aut  diaqwr�zei ti perioqè pou epitrèpetai hk�nhsh, apì autè pou apagoreÔetai.1.1.6 Eust�jeia periodik¸n troqi¸nEpilÔonta ti exis¸sei k�nhsh tou sust matì ma, mporoÔme nabroÔme periodikè kai mh periodikè lÔsei (troqiè). Oi periodikè tro-qiè ma epitrèpoun na katano soume th basik  dunamik  sumperifor�se èna montèlo. Apì autè, oi pio shmantikè gia thn katanìhsh twn pa-rathroÔmenwn dom¸n stou galaxiakoÔ d�skou (r�bdwn kai speir¸n)anamènetai na e�nai oi eustaje�, diìti pagideÔoun èna meg�lo arijmìhmiperiodik¸n troqi¸n gÔrw tou. O upologismì th eust�jeia twnperiodik¸n troqi¸n se qamiltonian� sust mata 3 bajm¸n eleujer�a ba-s�zetai sth mèjodo tou Broucke (Broucke 1969, Hadjidemetriou 1975).'Estw ìti èqoume m�a periodik  troqi� se m�a dosmènh tim  th enèrgeia:22



H(x, y, z, ẋ, ẏ, ż) = Ej (19)Oi arqikè sunj ke: x0, y0, z0, ẋ0, ẏ0, ż0 epalhjeÔoun thn prohgoÔmenhex�swsh. LÔnonta thn ex�swsh (19) w pro ẏ0 kai pa�rnonta p�-nta y = 0 me ẏ > 0, or�zoume m�a apeikìnish (apeikìnish Poincaré)
T : ℜ4 → ℜ4 ston 4D q¸ro (x, z, ẋ, ż) h opo�a e�nai monadik  (Abraham
& Marsden 1978 p.525). H apeikìnish T sundèei to arqikì shme�o
P (x0, z0, ẋ0, ż0) me to epìmeno shme�o P (x1, z1, ẋ1, ż1) p�nw sthn epi-f�neia tom . H apeikìnish T d�netai apì exis¸sei th morf :

x1 = g1(x0, z0, ẋ0, ż0)

z1 = g2(x0, z0, ẋ0, ż0)

ẋ1 = g3(x0, z0, ẋ0, ż0)

ż1 = g4(x0, z0, ẋ0, ż0) (20)Profan¸ oi parap�nw sqèsei gia thn periodik  troqi� pou ma endia-fèrei gr�fontai:
x0 = g1(x0, z0, ẋ0, ż0)

z0 = g2(x0, z0, ẋ0, ż0)

ẋ0 = g3(x0, z0, ẋ0, ż0)

ż0 = g4(x0, z0, ẋ0, ż0) (21)An sth sunèqeia diatar�xoume l�go thn periodik  troqi� dhlad  an p�-roume m�a geitonik  troqi� me arqikè sunj ke: x0+∆x0, z0+∆z0, ẋ0+
∆ẋ0, ż0 + ∆ż0. Tìte èqoume:

x0 + ∆x1 = g1(x0 + ∆x0, z0 + ∆z0, ẋ0 + ∆ẋ0, ż0 + ∆ż0)

z0 + ∆z1 = g2(x0 + ∆x0, z0 + ∆z0, ẋ0 + ∆ẋ0, ż0 + ∆ż0)

ẋ0 + ∆ẋ1 = g3(x0 + ∆x0, z0 + ∆z0, ẋ0 + ∆ẋ0, ż0 + ∆ż0)

ż0 + ∆ż1 = g4(x0 + ∆x0, z0 + ∆z0, ẋ0 + ∆ẋ0, ż0 + ∆ż0) (22)23



An anaptÔxoume ti sqèsei (22) kat� Taylor ja èqoume me thn bo jeiatwn sqèsewn (21):
x0 + ∆x1 = x0 +

∂g1

∂x
∆x0 +

∂g1

∂z
∆z0 +

∂g1

∂ẋ
∆ẋ0 +

∂g1

∂ż
∆ż0 + ...

z0 + ∆z1 = z0 +
∂g2

∂x
∆x0 +

∂g2

∂z
∆z0 +

∂g2

∂ẋ
∆ẋ0 +

∂g2

∂ż
∆ż0 + ...

ẋ0 + ∆ẋ1 = ẋ0 +
∂g3

∂x
∆x0 +

∂g3

∂z
∆z0 +

∂g3

∂ẋ
∆ẋ0 +

∂g3

∂ż
∆ż0 + ...

ż0 + ∆ż1 = ż0 +
∂g4

∂x
∆x0 +

∂g4

∂z
∆z0 +

∂g4

∂ẋ
∆ẋ0 +

∂g4

∂ż
∆ż0 + ... (23)ìpou ∂gi/∂x, ∂gi/∂z, ∂gi/∂ẋ, ∂gi/∂ż, i = 1, ..., 4 upologismèna sto (x0, z0, ẋ0, ż0).An krat soume ìrou mèqri pr¸th t�xh kai jèsoume:

∂gi

∂x
= ai1

∂gi

∂z
= ai2

∂gi

∂ẋ
= ai3

∂gi

∂ż
= ai4

i = 1, ..., 4 (24)to sÔsthma gr�fetai me th morf  pin�kwn w ex :







∆x1

∆z1

∆ẋ1

∆ż1








=








a11 a12 a13 a14

a21 a22 a23 a24

a31 a32 a33 a34

a41 a42 a43 a44















∆x0

∆z0

∆ẋ0

∆ż0








(25)opìte èqoume:
~ξ = A~ξ0 (26)24



ìpou ~ξ0 e�nai to di�nusma st lh twn arqik¸n diataraq¸n apì thn perio-dik  troqi�, ~ξ e�nai to di�nusma twn apokl�sewn th geitonik  troqi�sthn pr¸th tom  me thn epif�neia tom  kai A e�nai o monìdromo p�naka
4 × 4 th apeikìnish T .H prohgoÔmenh ex�swsh ekfr�zei ti apokl�sei apì thn periodik  tro-qi� sthn pr¸th tom  me to y = 0 me ẏ > 0, sunart sei twn arqik¸ndiataraq¸n.Profan¸ thn apeikìnish T mporoÔme na thn efarmìsoume p�li sto sh-me�o P (x1, z1, ẋ1, ż1), opìte to epìmeno shme�o P (x2, z2, ẋ2, ż2) ja d�netaiapì ton tÔpo:








∆x2

∆z2

∆ẋ2

∆ż2








= A2








∆x0

∆z0

∆ẋ0

∆ż0








(27)'Ara kai to n-ostì shme�o ja mpore� na doje� apì thn parak�tw sqèsh:







∆xn

∆zn

∆ẋn

∆żn








= An








∆x0

∆z0

∆ẋ0

∆ż0








(28)H qarakthristik  ex�swsh tou A e�nai :
det(A − λI) = 0 (29)ìpou I o monadia�o p�naka 4 × 4. 'Eqoume dhlad :

λ4 + aλ3 + βλ2 + γλ + δ = 0 (30)opìte
p(λ) = λ4 + aλ3 + βλ2 + γλ + δ (31)e�nai to qarakthristikì polu¸numo. Gia tou suntelestè tou qara-kthristikoÔ poluwnÔmou èqoume:

a = −(a11 + a22 + a33 + a44) = −tr(A) (32)25



β = | a11 a12

a21 a22
| + | a11 a13

a31 a33
| + | a11 a14

a41 a44
| + | a22 a23

a32 a33
| + | a22 a24

a42 a44
|

+| a33 a34

a43 a44
|(33)

γ = −(A11 + A22 + A33 + A44) (34)
δ = det(A) (35)kai Aii e�nai oi el�ssone or�zouse 3 × 3 tou p�naka A.O upologismì twn suntelest¸n twn exis¸sewn (32 - 35) g�netai, afoÔpr¸ta upologistoÔn ta stoiqe�a aij tou p�naka A (Zaqe�la 1988) kat�ton akìloujo trìpo.Prosjètoume m�a mikr  diataraq  ǫ (= 10−9) sthn arqik  tim  x0 thperiodik  troqi� kai upolog�zoume thn kainoÔrgia aut  troqi� èwìtou tm sei xan� to ep�pedo y = 0 me ẏ > 0 .Tìte èqoume amèsw ta tèssera pr¸ta stoiqe�a tou A, aij , i = 1, ..., 4kai j = 1:

a1j =
x1 − x0

ǫ

a2j =
z1 − z0

ǫ

a3j =
ẋ1 − ẋ0

ǫ

a4j =
ż1 − ż0

ǫ (36)Sthn sunèqeia krat�me to arqikì x0 kai prosjètoume thn �dia diataraq 
ǫ sto z0 th periodik  troqi�. Upolog�zoume thn nèa aut  troqi� èwìtou tm sei to ep�pedo y = 0 me ẏ > 0.Apì ton upologismì autì pa�rnoume �lla tèssera stoiqe�a tou A, ta
aij me i = 1, ..., 4 kai j = 2 p�li mèsw twn sqèsewn (36):26



'Opw e�nai eunìhto, h �dia diadikas�a ektele�tai diatar�ssonta kat� ǫto ẋ0 ètsi upolog�zoume ta: aij me i = 1, ..., 4 kai j = 3. En¸ sthsunèqeia diatar�ssonta to ż0 upolog�zoume ta: aij , i = 1, ..., 4 kai
j = 4.O monìdromo p�naka ikanopoie� th sumplektik  idiìthta (Arnold 1978
p.225, Arnold & Givental 2000):

AT JA = J (37)ìpou AT o an�strofo p�naka tou A kai J o parak�tw 4× 4 p�naka :
J =








0 0 −1 0
0 0 0 −1
1 0 0 0
0 1 0 0








(38)O p�naka J pou or�sjhke mpore� eÔkola na diapistwje� ìti plhre� tiparak�tw idiìthte:
J−1 = −J = JT (39)

J2 = −I (40)ìpou JT o an�strofo p�naka tou J .Sthn sqèsh (37) an pollaplasi�soume kai ta dÔo mèlh arister� me J−1ja èqoume:
J−1AT JA = J−1J (41)dhlad :

J−1AT JA = I (42)'Ustera pollaplasi�zoume kai ta dÔo mèlh apì dexi� me to A−1 kaibr�skoume ìti:
J−1AT J = A−1 (43)27



Epomènw oi p�nake AT kai A−1 e�nai ìmoioi kai sÔmfwna me gnwstìje¸rhma th Grammik  Àlgebra (Andread�kh 1991 kef.6) oi idiotimètou A−1 e�nai �die me ti idiotimè tou AT . E�nai ep�sh gnwstì apìth grammik  �lgebra ìti oi idiotimè enì p�naka A e�nai �die me tiidiotimè tou an�strofou p�naka AT kai ant�strofe me ti idiotimè touantistrìfou p�naka A−1 (Andread�kh 1991 kef.6). 'Ara telik� apì thsqèsh (43) katal goume sto sumpèrasma ìti to sÔnolo twn idiotim¸ntou p�naka A,
Λ = {λ1, ..., λ4} (44)e�nai �so me to sÔnolo twn idiotim¸n tou p�naka A−1, {λ−1

1 , ..., λ−1
4 }.Sunep¸ oi idiotimè tou monìdromou p�naka A taxinomoÔntai kat� a-nt�strofa zeÔgh {λ1, λ

−1
1 , λ2, λ

−1
2 }.Met� upolog�zoume to qarakthristikì polu¸numo tou p�naka A w pro

λ−1 kai jewroÔme thn ant�stoiqh qarakthristik  ex�swsh:
(

1

λ4
) + a(

1

λ3
) + β(

1

λ2
) + γ(

1

λ
) + δ = 0 (45)Pollaplasi�zoume kai ta dÔo mèlh th prohgoÔmenh sqèsh me λ4:

1 + aλ + βλ2 + γλ3 + δλ4 = 0 (46)Opìte katal goume se èna qarakthristikì polu¸numo w pro λ, f(λ):
f(λ) = 1 + aλ + βλ2 + γλ3 + δλ4 (47)Ta qarakthristik� polu¸numa p(λ) kai f(λ) èqoun bajmì 4 ìso dhlad e�nai h di�stash tou p�naka A. SÔmfwna me gnwst  prìtash th gram-mik  �lgebra (Andread�kh 1991 kef.6) to kajèna apì aut� ta qara-kthristik� polu¸numa e�nai to el�qisto polu¸numo (dhlad  to qara-kthristikì polu¸numo pou èqei to mikrìtero bajmì). 'Omw e�naignwstì ìti to el�qisto polu¸numo gia k�je p�naka e�nai monadikì (A-ndread�kh 1991 kef.6). Epomènw ta polu¸numa p(λ) kai f(λ) e�nai�sa. Exiswnont� ta èqoume ti sqèsei:

28



δ = 1

γ = a (48)Dhlad  h or�zousa tou monìdromou p�naka A lìgw th (35) e�nai �sh meth mon�da. To qarakthristikì polu¸numo p(λ) pa�rnei thn parak�twmorf :
p(λ) = λ4 + aλ3 + βλ2 + aλ + 1 (49)kai h qarakthristik  ex�swsh ja e�nai:

λ4 + aλ3 + βλ2 + aλ + 1 = 0 (50)Prohgoumènw apode�xame ìti oi idiotimè tou p�naka A e�nai {λ1, λ
−1
1 , λ2, λ

−1
2 },oi opo�e apoteloÔn lÔsei th qarakthristik  ex�swsh. 'Ara to po-lu¸numo tet�rtou bajmoÔ sto aristerì mèlo th (50) mpore� na grafte�san ginìmeno dÔo poluwnÔmwn deutèrou bajmoÔ ìpou to èna polu¸nu-mo ja èqei r�ze ti λ1 kai λ−1

1 kai to �llo polu¸numo ti λ2 kai λ−1
2 .Dhlad  to èna polu¸numo ja èqei w �jroisma riz¸n to λ1 + 1/λ1 kaiw ginìmeno to 1, en¸ to �llo ja èqei w �jroisma riz¸n to λ2 + 1/λ2kai w ginìmeno to 1. Epomènw h (50) gr�fetai :

(λ2 − (λ1 +
1

λ1
)λ + 1)(λ2 − (λ2 +

1

λ2
)λ + 1) = 0 (51)An jèsoume:

b1 = −(λ1 +
1

λ1

)

b2 = −(λ2 +
1

λ2

) (52)tìte èqoume: 29



(λ2 + b1λ + 1)(λ2 + b2λ + 1) = 0 (53)Met� apì pr�xei h prohgoÔmenh sqèsh g�netai:
λ4 + (b1 + b2)λ

3 + (b1b2 + 2)λ2 + (b1 + b2)λ + 1 = 0 (54)Exis¸nonta ti (49) kai (54) èqoume:
b1 + b2 = a

b1b2 = β − 2 (55)Opìte katal goume ìti ta b1 kai b2 e�nai lÔsei m�a deuterob�jmiaex�swsh:
x2 − ax + β − 2 = 0 (56)�ra:

b1,2 =
a ±

√
∆

2
(57)ìpou

∆ = a2 − 4(β − 2) (58)Ta b1 kai b2 onom�zontai de�kte eust�jeia.Apì ti sqèsei (52) èqoume :
λ1 +

1

λ1

= −b1 (59)en¸ isqÔei:
λ1

1

λ1

= 1 (60)30



omo�w:
λ2 +

1

λ2
= −b2 (61)kai isqÔei:

λ2
1

λ2
= 1 (62)opìte ta dÔo zeug�ria idiotim¸n (λ1, 1/λ1) kai (λ2, 1/λ2) e�nai lÔsei twnexis¸sewn:

x2 + b1x + 1 = 0 (63)
x2 + b2x + 1 = 0 (64)ant�stoiqa. Ta dÔo zeug�ria lÔsewn (λ1, 1/λ1) kai (λ2, 1/λ2) twn exi-s¸sewn (63) kai (64) ant�stoiqa d�nontai apì thn parak�tw sqèsh:

λ1,
1

λ1
=

−b1 ±
√

b2
1 − 4

2

λ2,
1

λ2
=

−b2 ±
√

b2
2 − 4

2 (65)M�a troqi� qarakthr�zetai san eustaj  (S) ìtan ìle oi idiotimètou monìdromou p�naka th apeikìnish e�nai diakekrimène kai migadikèkai br�skontai p�nw ston monadia�o kÔklo tou migadikoÔ epipèdou (Ar-
nold 1978 p. 227- Sq. 2). 'Opw fa�netai apì ti sqèsei (57), (58),(65) autì sumba�nei ìtan: ∆ > 0 kai |bi| < 2 me i = 1, 2.H met�bash apì thn eust�jeia sthn ast�jeia sumba�nei ìtan ∆ = 0  ìtan |b1| < 2, |b2| = 2   |b2| < 2, |b1| = 2. Ast�jeia èqoume ìtan ∆ < 0  ìtan ∆ > 0 all� |bi| > 2 gia toul�qiston ènan apì tou de�kte i  kai gia tou dÔo. Analutikìtera thn ast�jeia th qwr�zoume se tre�kathgor�e (Contopoulos & Magnenat 1985):31
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Sq ma 2: Anapar�stash sto migadikì ep�pedo twn idiotim¸n gia thn per�ptwshth eust�jeia.1. An ∆ > 0 kai |b1| > 2, |b2| < 2   |b1| < 2, |b2| > 2, tìte h troqi�qarakthr�zetai apl� astaj  (U). Sthn per�ptwsh aut  oidÔo idiotimè tou monìdromou p�naka th apeikìnish e�nai migadikèkai br�skontai p�nw ston monadia�o kÔklo, en¸ oi �lle dÔo e�naipragmatikè kai e�nai e�te jetikè, e�te arnhtikè (Sq. 3).2. An ∆ > 0 kai |b1| > 2 kai |b2| > 2, tìte h troqi� ma qarakthr�zetaidipl� astaj  (DU). Sthn per�ptwsh aut  kai oi tèsseri i-diotimè tou monìdromou p�naka th apeikìnish e�nai pragmatikè.Oi idiotimè mpore� na e�nai e�te kai oi tèsseri jetikè, e�te kai oitèsseri arnhtikè, e�te oi dÔo jetikè kai oi �lle dÔo arnhtikè(Sq. 4).3. An ∆ < 0, tìte h troqi� ma qarakthr�zetai migadik� astaj (∆)(Contopoulos & Magnenat 1985, Pfenniger 1985a,b, Zaqe�la1988, Zachilas 1993). Sthn per�ptwsh aut  kai oi tèsseri idio-timè tou monìdromou p�naka th apeikìnish e�nai migadikè kaibr�skontai ektì tou monadia�ou kÔklou (Sq. 5). H kathgor�a au-t  th ast�jeia e�nai polÔ shmantik  kaj¸ emfan�zetai mìno sesust mata tri¸n (  perissìterwn) bajm¸n eleujer�a (Contopou-
los 1986b, Skokos 2001). Sthn per�ptwsh th migadik  ast�jeiaoi idiotimè λ1 kai λ2 e�nai metaxÔ tou migadik� suzuge� λ1 = λ̄232



(Sq. 5). All� kai oi idiotimè 1/λ1 kai 1/λ2 e�nai metaxÔ toumigadik� suzuge� 1

λ1

= ¯( 1

λ2

) (Sq. 5).Sthn perioq  m�a astajoÔ periodik  troqi� mporoÔme na or�soumetou ex  anallo�wtou upìqwrou ston fasikì q¸ro th 4D apeikìni-sh Poincaré pou melet�me (Wiggins 2003 p.40-41):
– O upìqwro pou par�getai apì ta idiodianÔsmata (dÔo sthn pe-r�ptwsh th migadik  kai dipl  ast�jeia - èna sthn per�ptwshth apl  ast�jeia) ta opo�a antistoiqoÔn sti idiotimè tou mo-nìdromou p�naka oi opo�e br�skontai entì tou monadia�ou kÔklou.O upìqwro autì e�nai o eustaj  anallo�wto upìqwro.
– O upìqwro pou par�getai apì ta idiodianÔsmata (dÔo sthn pe-r�ptwsh th migadik  kai dipl  ast�jeia - èna sthn per�ptwshth apl  ast�jeia) ta opo�a antistoiqoÔn sti idiotimè tou mo-nìdromou p�naka oi opo�e br�skontai ektì tou monadia�ou kÔklou.O upìqwro autì e�nai o astaj  anallo�wto upìqwro.
– O upìqwro pou par�getai apì ta idiodianÔsmata (dÔo sthn per�-ptwsh th apl  ast�jeia) ta opo�a antistoiqoÔn sti idiotimètou monìdromou p�naka oi opo�e br�skontai p�nw ston monadia�okÔklo. O upìqwro autì e�nai o kentrikì anallo�wto upì-qwro.Oi lÔsei tou susthmatì ma sugkl�noun pro thn periodik  troqi�p�nw ston eustaj  upìqwro, apokl�noun p�nw ston astaj  kai pa-rousi�zoun adi�forh eust�jeia (gia thn opo�a qrei�zontai mh grammiko�ìroi gia thn perigraf  th) p�nw ston kentrikì upìqwro.Oi upìqwroi auto� apoteloÔn thn topik  (grammik ) prosèggish twnant�stoiqwn anallo�wtwn pollaplot twn (uperepifanei¸n). Thn mona-dikìthta kai thn Ôparxh th eustajoÔ kai astajoÔ pollaplìthta eg-gu�tai to je¸rhma eustajoÔ (astajoÔ) pollaplìthta (Meyer, Hall

& Offin 2009 §8.6). Thn Ôparxh (all� ìqi thn monadikìthta) th kentri-k  pollaplìthta eggu�tai to je¸rhma th kentrik  pollaplìthta(Abraham & Marsden 1978 p. 526).
33
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Sq ma 3: Anapar�stash sto migadikì ep�pedo twn idiotim¸n gia thn per�ptwshth apl  ast�jeia.
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Sq ma 4: Anapar�stash sto migadikì ep�pedo twn idiotim¸n gia thn per�ptwshth dipl  ast�jeia.
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Sq ma 5: Anapar�stash sto migadikì ep�pedo twn idiotim¸n gia thn per�ptwshth migadik  ast�jeia. 35



1.1.7 Je¸rhma Krein - Moser. Trìpoi met�bash apìthn eust�jeia sthn ast�jeia.'Opw e�dame sthn par�grafo 1.1.6 up�rqoun basik� tre� trìpoi met�-bash apì thn eust�jeia sthn ast�jeia. Parastatik� ja gr�foume:1. Apì S → U .2. Apì S → DU (oriak  per�ptwsh).3. Apì S → ∆.SÔmfwna me ton orismì pou d¸same, m�a periodik  troqi� e�nai eustaj ìtan ìle oi idiotimè tou p�naka A br�skontai ston monadia�o kÔ-klo. Ast�jeia ja prokÔyei ìtan upì thn ep�drash k�poia diataraq oi idiotimè tou monìdromou p�naka metatopistoÔn ektì tou monadia�oukÔklou.Or�zoume to eswterikì ginìmeno dÔo dianusm�twn w, p w( Zaqe�la 1988, Qatzhdhmhtr�ou 1989):
< w, p >= i(Jw, p) (66)ìpou: i =

√
−1 kai J =








0 0 −1 0
0 0 0 −1
1 0 0 0
0 1 0 0








en¸ (, ) e�nai to sunhjismènoeswterikì ginìmeno dÔo dianusm�twn.'Estw λ (|λ| = 1) m�a idiotim  pollaplìthta ρ kai èstw Vλ o ant�stoiqoidiìqwro.Orismì(Yakubovich and Starzhinskii 1975 vol.1 chapt.III §1.2):1. An < w, w >> 0, ∀w ∈ Vλ & w 6= 0, tìte h λ onom�zetai idiotim pr¸tou e�dou.2. An < w, w >< 0, ∀w ∈ Vλ & w 6= 0, tìte h λ onom�zetai idiotim deutèrou e�dou.3. An to < w, w > den e�nai stajeroÔ pros mou sto Vλ, dhlad  ∃w ∈ Vλ, w 6= 0: < w, w >= 0   < w, w >> 0   < w, w >< 0 tìte h idiotim  λonom�zetai miktoÔ e�dou   aìristh idiotim .36
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Sq ma 6: Metatìpish idiotim¸n ston monadia�o kÔklo.Idiotimè pr¸tou   deutèrou e�dou onom�zontai orismène idiotimè.Je¸rhma Krein - Moser:'Ena qamiltonianì sÔsthma or�zetai san isqur� eustajè, e�n kai mìno e�n oiidiotimè tou monìdromou p�naka A br�skontai p�nw ston monadia�o kÔklo kaie�nai orismène (Yakubovich and Starzhinskii 1975 vol.1 chapt.III §3.1-3.2).An diatar�xoume elafr� th qamiltonian  tou sust matì ma to �mesoapotèlesma aut  th enèrgeia e�nai h ex�sou elafr� metatìpish twn idioti-m¸n, all� p�nta p�nw ston monadia�o kÔklo (Sq. 6)An ìmw k�poia stigm  (gia k�poia kat�llhlh tim  th paramètrou thdiataraq ), tautisjoÔn se k�poio shme�o M tou monadia�ou kÔklou (profa-n¸ tìte ja tautisjoÔn kai oi ant�strofe sto summetrikì O tou M)(Sq.7), up�rqei h dunatìthta e�te oi idiotimè na me�noun p�nw ston kÔklo, e�-te na egkatale�youn ton kÔklo. Met� th sÔgkroush oi idiotimè ja ke�ntaiekatèrwjen tou shme�ou M (kai ta �dia sumba�noun kai sto O).To er¸thma t¸ra pou t�jetai e�nai pìte mporoÔme na poÔme ìti ja sumbe�h pr¸th per�ptwsh (oi idiotimè na me�noun p�nw ston kÔklo) kai na mil�megia diat rhsh th eust�jeia th periodik  troqi� kai pìte h deÔterh per�-ptwsh (oi idiotimè na egkatale�youn ton kÔklo), pou mil�me gia met�bash seast�jeia.H ap�nthsh se autì to er¸thma, akolouj¸nta tou orismoÔ pou d¸samesta e�dh twn idiotim¸n, e�nai h ex  (Arnold 1978 p. 228-229, Qatzhdhmhtr�ou37
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λ 1Sq ma 7: Peript¸sei k�nhsh ston monadia�o kÔklo.1989):1. An ta zeÔgh twn idiotim¸n pou plhsi�zoun na sugkrousjoÔn e�nai tou�diou e�dou (p.q   kai oi dÔo pr¸tou e�dou opìte oi ant�strofètou ja e�nai kai oi dÔo deutèrou e�dou,   to ant�strofo), tìte denup�rqei kat�llhlh diataraq  pou na d¸sei ast�jeia,   me �lla lìgiaoi idiotimè ja parame�noun met� th sÔgkroush p�nw ston monadia�okÔklo.2. An ta zeÔgh twn idiotim¸n pou plhsi�zoun na sugkrousjoÔn e�nai apìdiaforetikì e�do (p.q. m�a pr¸tou e�dou, opìte h ant�strof  thdeutèrou e�dou, na plhsi�zoun ant�stoiqa m�a deutèrou e�dou me thnant�strof  th pr¸tou e�dou), tìte up�rqei kat�llhlh diataraq  poumetatrèpei thn eustaj  troqi� se astaj ,   me �lla lìgia oi idiotimèpr¸tou e�dou pernoÔn sto eswterikì tou kÔklou (sthn perioq  |λ| <
1), en¸ oi tou deutèrou e�dou, sto exwterikì tou kÔklou (sthn perioq 
|λ| > 1).Gia na g�netai pio eÔkolh h parakoloÔjhsh twn sqhm�twn, uiojete�tai hparous�ash twn idiotim¸n pr¸tou e�dou me maÔre tele�e, en¸ tou deutèroue�dou me kìkkine tele�e. A doÔme sqhmatik� ti trei peript¸sei:1. Per�ptwsh 1. S → U. Sthn pr¸th aut  per�ptwsh, èqoume met�-bash apì eust�jeia se apl  ast�jeia. 'Opw fa�netai sta sq mata 8,38
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Sq ma 8: Pr¸th per�ptwsh dhmiourg�a apl  ast�jeia.9, èqoume dÔo dunatìthte paragwg  apl  ast�jeia. E�te to zeug�-ri (λi, 1/λi) sugkroÔetai sto shme�o λ = −1 (Sq. 8) e�te sto shme�o
λ = +1 (Sq. 9). Kai sthn m�a per�ptwsh kai sthn �llh oi idiotimèe�nai diaforetikoÔ e�dou, opìte met� th sÔgkroush egkatale�poun tonmonadia�o kÔklo, h men pr¸tou e�dou pro to eswterikì, h de deutèroue�dou pro to exwterikì. Ja prèpei ep�sh na shmeiwje� ìti to �llozeug�ri idiotim¸n, pou sta sq mata fa�netai na mhn pa�zei spouda�o rìlo,mpore� kai autì na sugkrousje� sta shme�a λ = +1   λ = −1.2. Per�ptwsh 2 S → DU. 'Opw blèpoume sta tr�a sq mata 10, 11,12, h deÔterh per�ptwsh anafèretai sthn met�bash apì thn eust�jeiasthn dipl  ast�jeia. 'Opw e�pame h per�ptwsh aut  th met�bash,mpore� na e�nai mìno oriak . 'Eqoume tre� trìpou paragwg  dipl ast�jeia (DU).Sthn per�ptwsh tou sq mato 10, èqoume sÔgkroush tou zeugarioÔ
(λ2, 1/λ2) sto shme�o λ = −1 kai th sÔgkroush tou zeugarioÔ (λ1, 1/λ1)sto λ = +1. Sthn sunèqeia to zeug�ri (λ2, 1/λ2) egkatale�pei ton kÔ-klo, lìgw diaforetikoÔ e�dou, en¸ kai to zeug�ri (λ1, 1/λ1) egkatale�-pei ton kÔklo, d�nonta th dipl  ast�jeia (DU).39
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Sq ma 9: DeÔterh per�ptwsh dhmiourg�a apl  ast�jeia.Sthn per�ptwsh tou sq mato 11, èqoume k�nhsh kai twn dÔo zeugari¸npro to λ = +1. Sto shme�o autì èqoume sÔgkroush an� dÔo twn dÔozeugari¸n. San �mesh sunèpeia èqoume thn egkat�leiyh tou kÔklou apììle ti idiotimè kai thn paragwg  th dipl  ast�jeia (DU).Sto sq ma 12 èqoume k�nhsh kai twn dÔo zeugari¸n pro to λ = −1. Stoshme�o autì èqoume p�li th sÔgkroush twn idiotim¸n twn dÔo zeug¸n. HsÔgkroush aut , lìgw tou diaforetikoÔ e�dou twn idiotim¸n, prokale�thn egkat�leiyh tou kÔklou apì ìle ti idiotimè kai thn paragwg  thdipl  ast�jeia (DU).3. Per�ptwsh 3 S → ∆. To sq ma 13 de�qnei met�bash apì thn eu-st�jeia sthn migadik  ast�jeia. H tr�th aut  kai teleuta�a per�ptwshast�jeia e�nai qarakthristik  gia sust mata me trei bajmoÔ eleuje-r�a. 'Opw anafèroume kai sthn par�grafo 1.1.6, h migadik  ast�jeiaprokÔptei ìtan ∆ < 0 opìte oi idiotimè e�nai migadikè kai ìqi stonmonadia�o kÔklo. H egkat�leiyh tou kÔklou apì ti idiotimè met� apìsÔgkroush g�netai mìno:
• 'Otan oi idiotimè sugkrousjoÔn an� dÔo p�nw ston monadia�o kÔ-40
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Sq ma 10: Pr¸th per�ptwsh dhmiourg�a dipl  ast�jeia.klo kai
• An oi idiotimè e�nai diaforetikoÔ e�dou, ìpw fa�netaiparastatik� sto sq ma 13.Se orismèna 3D autìnoma qamiltonian� sust mata (ìpw autì pou peri-gr�fetai ston Magnenat (1982)) èqei deiqte� ìti (Contopoulos 1986b):'Otan èqoume sÔgkroush idiotim¸n p�nw ston monadia�o kÔklo (ìqi p�nwston pragmatikì �xona), tìte amèsw met� thn sÔgkroush an h posì-thta D = a13a24 (a13, a24 stoiqe�a tou monìdromou p�naka) e�nai D > 0tìte èqoume eust�jeia (oi idiotimè met� thn sÔgkroush den egkatale�-poun ton monadia�o kÔklo), en¸ an èqoume D < 0 tìte èqoume migadik ast�jeia (oi idiotimè paramènoun migadikè met� thn sÔgkroush all�egkatale�poun ton monadia�o kÔklo).
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1.2 Galaxiak  Dunamik Ja anaferjoÔme se autì to kef�laio se merikè basikè ènnoie th galaxia-k  dunamik  pou ja qrhsimopoi soume sth sunèqeia.1.2.1 Suntonismo�Se ènan galax�a oi spe�re kai oi r�bdoi e�nai kÔmata puknìthta pou diad�-dontai p�nw stou d�skou. H idèa aut  uposthr�qjhke arqik� apì ton Bertil
Lindblad kai argìtera me th morf  th �jewr�a twn kum�twn puknìthta�apìtou C. C. Lin kai Frank Shu (bl. p.q. Bertin & Lin 1996). S mera h kumatik fÔsh twn speir¸n kai twn r�bdwn e�nai genik� apodekt  afoÔ uposthr�zetaikai apì pl jo parathrhsiak¸n melet¸n. Oi spe�re den apoteloÔntai sune-q¸ apì tou �diou astère, all� e�nai oi perioqè twn galaxiak¸n d�skwnsti opo�e oi astère paramènoun gia perissìtero qrìno kaj¸ peristrè-fontai gÔrw apì to kèntro tou galax�a. O speiroeid  sqhmatismì kai oiastère peristrèfontai me diaforetikè gwniakè taqÔthte. Anoiqt� para-mènoun mèqri s mera ta erwt mata sqetik� me to pl�to twn kum�twn, thntaqÔthta peristrof  kai to qrìno zw  tou.Oi spe�re peristrèfontai me m�a stajer  gwniak  taqÔthta. Oi astè-re pern�ne mèsa apì ti spe�re kai ekteloÔn elleiptikè troqiè. Gia naperigr�youme akribèstera thn k�nhs  tou mporoÔme na jewr soume ìti ekte-loÔn tautìqrona m�a aktinik  kai m�a k�jeth ston galaxiakì d�sko tal�ntwsh.'Etsi mporoÔme na or�soume p�nw stou d�skou jèsei aktinik¸n kai k�jetwnsuntonism¸n. Oi aktiniko� suntonismo� sumba�noun ìtan o lìgo:

κ

Ω − Ωb
=

n

m
(67)e�nai rhtì (Contopoulos 2002 §3.1.1). κ e�nai h �epikuklik  suqnìthta�pou sqet�zetai me ti aktinikè talant¸sei kai Ω−Ωb e�nai h gwniak  taqÔthtatou astèra sto sumperistrefìmeno me taqÔthta peristrof  (Ωb) sÔsthmaanafor�. DÔo apì tou pio shmantikoÔ aktinikoÔ suntonismoÔ e�nai oisuntonismo� Lindblad (Contopoulos 2002 §3.1.1):

κ

Ω − Ωb
= ±2

1
(68)(me to ` + ' na sumbol�zei ton eswterikì suntonismì Lindblad (ILR, Inner

Lindblad Resonance) en¸ to ` - ' ton exwterikì suntonismì Lindblad (OLR,
Outer Lindblad Resonance). 44



'Ena tr�to shmantikì suntonismì e�nai autì th sumperistrof  (Co-
rotation) (Contopoulos 2002 §3.1.1) . Se autìn èqoume:

Ω = Ωb (69)Sthn per�ptwsh aut  astère kai spe�ra (  r�bdo) peristrèfontai me thn�dia gwniak  taqÔthta, thn taqÔthta peristrof  tou sust mato. H gwniak taqÔthta Ω e�nai fj�nousa sun�rthsh th apìstash R (R =
√

x2 + y2) kaigia thn per�ptwsh enì axisummetrikoÔ dunamikoÔ Φ d�netai apì thn sqèsh(Binney & Tremaine 2008 §3.3.3):
Ω2(R) =

1

R
(
∂Φ

∂R
)z=0 (70)H epikuklik  suqnìthta κ e�nai fj�nousa sun�rthsh th apìstash R kaid�netai apì th sqèsh:

κ2(R) = (
3

R

∂Φ

∂R
+

∂2Φ

∂R2
)z=0 (71)Se èna 3D sÔsthma or�zetai kai h suqnìthta κz, h opo�a e�nai h suqnìthtatwn k�jetwn talant¸sewn, apì th sqèsh:

κ2
z(R) = (

∂2Φ

∂z2
)z=0 (72)ìtan o lìgo th suqnìthta κz w pro Ω − Ωb e�nai rhtì arijmì,dhlad :

κz

Ω − Ωb
=

n

m
(73)èqoume k�jetou suntonismoÔ sto peristrefìmeno sÔsthma.En gènei oi aktiniko� suntonismo� sundèontai me th morfolog�a twn d�skwnpou blèpoume ìtan h optik  ma akt�na sqhmat�zei meg�lh gwn�a me to galaxia-kì ep�pedo. Oi k�jetoi suntonismo� anamènetai na ephre�zoun th morfolog�atwn galaxiak¸n d�skwn ìtan tou parathroÔme apì to pl�"i. Qarakthristikìpar�deigma galaxiakoÔ d�skou o opo�o fa�netai apì thn pl�gia pleur� e�naiautì tou galax�a NGC4013 (Sq. 14).Oi pio shmantiko� k�jetoi suntonismo� gia th morfolog�a twn rabdwt¸ngalaxi¸n makri� apì to ishmerinì ep�pedo e�nai oi 2/1, 3/1 kai 4/1 (Pfenniger

1984, Patsis et al. 2002a, Patsis et al. 2003). Oi k�jetoi suntonismo� Lindblad(Contopoulos 2002 §3.2.1) or�zontai apì thn parak�tw sqèsh:45



κz

Ω − Ωb
= ±2

1
(74)( me to ` + ' na sumbol�zei ton eswterikì k�jeto suntonismì Lindblad(IVLR, Inner Vertical Lindblad Resonance) en¸ to ` - ' ton exwterikì k�jetosuntonismì Lindblad (OVLR, Outer Vertical Lindblad Resonance).

Sq ma 14: DSS (Digitized Sky Survey) eikìna tou galax�a NGC4013, o opo�ofa�netai apì thn pl�gia pleur�.1.2.2 H eust�jeia th oikogèneia periodik¸n troqi¸n x1 kaitwn diaklad¸se¸n th.M�a basik  mèjodo antimet¸pish dunamik¸n susthm�twn e�nai h melèth twnperiodik¸n troqi¸n tou sust mato dedomènou ìti oi eustaje� periodikè tro-qiè pagideÔoun gÔrw tou èna meg�lo mèro twn mh-periodik¸n troqi¸n. Seèna galaxiakì sÔsthma mporoÔme na broÔme pollè periodikè troqiè. 'Etsitèjhke h an�gkh taxinìmhs  tou se kathgor�e, an�loga me orismène koinèidiìthte. Tètoie idiìthte e�nai h morfolog�a twn troqi¸n kai h pollaplì-tht� tou (multiplicity). Periodikè troqiè pou prokÔptoun apì th metabol mia troqi� me metabol  m�a paramètrou katat�ssontai sthn �dia oikogèneia.Se aut  thn per�ptwsh mil�me gia m�a oikogèneia periodik¸n troqi¸n.JewroÔme èna rabdwtì galax�a, se peristrefìmeno sÔsthma me gwniak taqÔthta Ωb, ston opo�o o meg�lo hmi�xona th r�bdou e�nai o �xona y (Sq.46



15). O kÔklo sto Sq. 15 parist�nei thn sumperistrof . Ta shme�a L1, L2kat� m ko th r�bdou, parist�noun en gènei ta astaj  shme�a Lagrange,en¸ ta L4, L5 parist�noun en gènei ta eustaj  shme�a Lagrange. To shme�o
L3 br�sketai sto kèntro tou galax�a. 'Otan èqoume asjen  r�bdo ta shme�a
L1, L2, L4, L5 e�nai sqedìn p�nw ston kÔklo th sumperistrof . Ta shme�aaut� e�nai shme�a isorrop�a sto peristrefìmeno sÔsthma. Se polÔploka du-namik� mpore� na emfan�zontai perissìtera shme�a isorrop�a Lagrange (Patsis
et al. 2010).

x

y
L1

L4

L2

L3L5

Sq ma 15: Ta shme�a isorrop�a Lagrange L1, L2, L3, L4, L5 se m�a qarakth-ristik  per�ptwsh montèlou rabdwtoÔ galax�a me apeirostì eÔro. H èlleiyhparist�nei sqhmatik� th r�bdo tou galax�a.To sÔnolo twn kuklik¸n periodik¸n troqi¸n pou diagr�fontai kat� thnorj  for� se ènan axisummetrikì galax�a (blèpe upokef�laio 2.1) apoteloÔnm�a disdi�stath oikogèneia periodik¸n troqi¸n h opo�a onom�zetai kentrik oikogèneia. Sthn per�ptwsh dunamik¸n pou paristoÔn rabdwtoÔ galax�ekaj¸ to eÔro twn r�bdwn aux�nei h kentrik  oikogèneia metasqhmat�ze-tai morfologik� se m�a oikogèneia elleiptik¸n troqi¸n kai onom�zetai x1(oitroqiè e�nai epim kei sthn dieÔjunsh th r�bdou) (Contopoulos & Papayan-
nopoulos 1980, Contopoulos 2002 §3.1.4). Oi disdi�state periodikè troqièpou diagr�fontai kat� thn an�dromh for� apoteloÔn m�a �llh disdi�stathoikogèneia thn x4 (Contopoulos 2002 §3.1.4). Oi disdi�state periodikè tro-qiè oi opo�e e�nai epim kei k�jeta sthn dieÔjunsh th r�bdou tou galax�aapoteloÔn ti oikogèneie x2 kai x3. H epim kuns  tou e�nai mikr  gia ti tro-47



qiè th x2 kai meg�lh gia ti troqiè th x3 (Contopoulos 2002 §3.1.4). Hqarakthristik  m�a oikogèneia periodik¸n troqi¸n (sthn per�ptws  ma th
x1) e�nai m�a kampÔlh pou ma d�nei th suntetagmènh x twn arqik¸n sunjhk¸ntwn periodik¸n th troqi¸n w sun�rthsh th stajer� Jacobi (Contopoulos
and Mertzanides 1977, Contopoulos 2002 §3.1.4). Sthn per�ptwsh axisum-metrik¸n galaxi¸n (rabdwt¸n galaxi¸n apeirostoÔ eÔrou) aut  h kampÔlhdièrqetai apì to shme�o Lagrange L4. Gia k�je tim  th Ej mikrìterh apì thn
Ej(L4) (h tim  th Ej pou èqei to shme�o isorrop�a Lagrange L4) up�rqoundÔo kuklikè troqiè, h m�a entì tou kÔklou th sumperistrof  kai h �llhektì tou kÔklou th sumperistrof . H troqi� mèsa apì ton kÔklo th sum-peristrof  peristrèfetai me sqetik  taqÔthta kat� thn �dia for� me to Ωb,en¸ h troqi� ektì tou kÔklou th sumperistrof  peristrèfetai me sqetik taqÔthta ant�jeta apì th for� tou Ωb.To di�gramma pou perigr�fei thn eust�jeia m�a oikogèneia periodik¸ntroqi¸n se èna gnwstì dunamikì ìtan m�a par�metro tou sust mato metab�-lletai, en¸ oi �lle par�metroi tou sust mato paramènoun stajerè, onom�-zetai �di�gramma eust�jeia� (Contopoulos & Barbanis 1985, Pfenniger 1985a,
Contopoulos 2002 §2.11.1 -2.11.2). 'Etsi mporoÔme na d¸soume p.q. to di�-gramma eust�jeia th x1 w sun�rthsh th Ej . Se m�a tètoia per�ptwsh meth bo jeia tou diagr�mmato eust�jeia mporoÔme na parakolouj soume thnexèlixh twn deikt¸n eust�jeia b1 kai b2 kai ti metab�sei apì eust�jeia seast�jeia kai apì to èna e�do ast�jeia sto �llo. Ja anaferìmaste stigrammè b = 2 kai b = −2 sto di�gramma eust�jeia w oi �xone b = 2 kai
b = −2. 'Otan èna de�kth eust�jeia èqei m�a tom  me ton �xona b = −2  ef�ptetai se autìn, tìte toul�qiston m�a nèa oikogèneia dhmiourge�tai sandiakl�dwsh th x1. H diakl�dwsh aut  e�nai m�a oikogèneia periodik¸n tro-qi¸n th �dia periìdou me thn x1 (Zaqe�la 1988, Contopoulos 2002 §2.11.2,
Contopoulos 1986a). Dhlad  oi periodikè troqiè th oikogèneia aut èqoun thn �dia pollaplìthta me ti periodikè troqiè th x1. 'Otan ènade�kth eust�jeia èqei m�a tom  me ton �xona b = 2   ef�ptetai se autìn,tìte toul�qiston m�a nèa oikogèneia dhmiourge�tai san diakl�dwsh th x1. Hdiakl�dwsh aut  e�nai m�a oikogèneia periodik¸n troqi¸n dipl�sia periìdou4me thn x1 (Zaqe�la 1988, Contopoulos 2002 §2.11.2). Dhlad  oi periodikètroqiè th oikogèneia aut  èqoun dipl�sia pollaplìthta apì ti periodikè4'Eqei breje� (Contopoulos 1983, Contopoulos and Giorgilli 1988, Contopoulos 2002
§2.11.7) ìti se autìnoma qamiltonian� sust mata tri¸n bajm¸n eleujer�a h akolouj�a twndiaklad¸sewn dipl�sia periìdou den e�nai �peirh lìgw th parous�a th migadik  ast�-jeia. Sti peript¸sei pou m�a eustaj  oikogèneia g�netai migadik� astaj  den up�rqeidiakl�dwsh �llh oikogèneia periodik¸n troqi¸n (Contopoulos and Barbanis 1994).48



troqiè th x1. Sthn paroÔsa diatrib  ja asqolhjoÔme kur�w me oikogèneieapl¸n periodik¸n troqi¸n (pollaplìthta 1). Ja sumbol�zoume me b1 tonde�kth eust�jeia pou sqet�zetai me tou k�jetou suntonismoÔ, en¸ me b2ton de�kth eust�jeia pou sqet�zetai me tou aktinikoÔ suntonismoÔ.1.2.3 Onomatolog�a twn 3D diaklad¸sewn th x1Ja akolouj soume thn onomatolog�a pou qrhsimopo�hsan oi Skokos, Patsiskai Athanassoula gia ti oikogèneie se m�a 3D peristrefìmenh r�bdo Ferrers(Skokos et al 2002a). Ja onom�zoume ti 3D diaklad¸sei, oi opo�e diaklad�-zontai apì thn x1 stou k�jetou suntonismoÔ, w x1vn ìpou n dhl¸nei thseir� emf�nish tou sto montèlo Skokos et al (2002a) pou onom�zoun montè-lo A. Sto montèlo autì h x1v1 e�nai h pr¸th oikogèneia pou diaklad�zetai apìthn x1 met� thn pr¸th met�bash th x1 apì eust�jeia se ast�jeia (S → U) hopo�a sumba�nei sthn perioq  tou k�jetou suntonismoÔ 2/1, en¸ h x1v2 e�naih deÔterh oikogèneia pou diaklad�zetai apì thn x1 met� thn pr¸th met�bashth x1 apì ast�jeia se eust�jeia (U → S) h opo�a ep�sh sumba�nei sthnperioq  tou k�jetou suntonismoÔ 2/1. H x1v3 e�nai h tr�th oikogèneia poudiaklad�zetai apì thn x1 met� th deÔterh met�bash th x1 apì eust�jeia seast�jeia (S → U) h opo�a sumba�nei sthn perioq  tou k�jetou suntonismoÔ3/1 k.o.k.Oi diaklad¸sei x1v1, x1v3 kai x1v5 pou e�sagontai sto sÔsthma met� apìmetab�sei th x1 apì eust�jeia se ast�jeia (S → U), sti perioqè twn k�-jetwn suntonism¸n 2/1, 3/1 kai 4/1, e�nai (arqik�) eustaje� 3D oikogèneietwn opo�wn oi troqiè tou èqoun arqikè sunj ke (x, z, ẋ, ż) = (a, b, 0, 0)me a, b pragmatikoÔ arijmoÔ kai a, b 6= 0. Oi diaklad¸sei x1v2, x1v4 kai
x1v6 pou eis�gontai sto sÔsthma met� apì metab�sei th x1 apì ast�jeia seeust�jeia (U → S) sti perioqè twn k�jetwn suntonism¸n 2/1, 3/1 kai 4/1e�nai (arqik�) apl� astaje� 3D oikogèneie twn opo�wn oi troqiè tou èqounarqikè sunj ke (x, z, ẋ, ż) = (c, 0, 0, d) me c, d pragmatikoÔ arijmoÔ kai
c, d 6= 0 . Sti perioqè twn k�jetwn suntonism¸n 2/1, 3/1 kai 4/1 h oikogè-neia pou eis�getai sto sÔsthma w eustaj  e�nai diakl�dwsh w pro z kaih oikogèneia pou eis�getai sto sÔsthma w apl� astaj  e�nai diakl�dwshw pro ż.Sthn perioq  tou k�jetou suntonismoÔ 5/1, h oikogèneia pou eis�getaisto sÔsthma w eustaj  e�nai diakl�dwsh w pro ż kai h oikogèneia poueis�getai sto sÔsthma w apl� astaj  e�nai diakl�dwsh w pro z. 'Etsiloipìn h oikogèneia x1v7 pou eis�getai sto sÔsthma met� apì m�a met�bashth x1 apì eust�jeia se ast�jeia (S → U) sthn perioq  tou k�jetou sun-49



tonismoÔ 5/1 e�nai m�a (arqik�) eustaj  3D oikogèneia w pro ż. En¸ hoikogèneia x1v8 pou eis�getai sto sÔsthma met� apì m�a met�bash th x1 apìast�jeia se eust�jeia (U → S) sthn perioq  tou k�jetou suntonismoÔ 5/1e�nai m�a (arqik�) apl� astaj  3D oikogèneia w pro z. Sto sugkekrimè-no montèlo autì sundèetai me th jèsh twn diaklad¸sewn w pro to topikìmègisto th qarakthristik  th x1 sthn perioq  tou aktinikoÔ suntonismoÔ4/1.Sthn perioq  �rtiwn aktinik¸n suntonism¸n (2/1, 4/1 k.o.k.) dhmiour-goÔntai pollè forè q�smata (bl. Contopoulos & Grosbøl 1989, Contopou-
los 2002 p.393-394) kat� m ko th qarakthristik  th x1 kai diakr�nontaise dÔo e�dh. Se èna q�sma pr¸tou e�dou, to opo�o par�getai sthn perioq enì �rtiou suntonismoÔ n/1, to mèro th x1 prin thn diakl�dwsh en¸netaime to p�nw mèro th diakladizìmenh oikogèneia, en¸ to mèro th x1 met�thn diakl�dwsh en¸netai me to k�tw mèro th diakladizìmenh oikogèneia.Ant�strofa se èna q�sma deutèrou e�dou, to mèro th x1 prin thn diakl�dw-sh en¸netai me to k�tw mèro th diakladizìmenh oikogèneia, en¸ to mèroth x1 met� thn diakl�dwsh en¸netai me to p�nw mèro th diakladizìmenhoikogèneia. T¸ra an èqoume ènan diplì suntonismì 2/1 tìte sthn per�ptwshaut  mpore� na èqoume �lla dÔo e�dh. Sto tr�to e�do h x1 suneq�zei kai pern�eimèsw kai twn dÔo suntonism¸n 2/1. Oi qarakthristikè twn oikogenei¸n x2kai x3 sqhmat�zoun m�a kle�sth kampÔlh (bubble). Sto tètarto e�do èqoumethn ènwsh twn qarakthristik¸n twn x1, x2 kai x3 (sp�nia per�ptwsh).Up�rqoun montèla pou h pr¸th diakl�dwsh den e�nai h x1v1 (Skokos et
al 2002b). Dhlad  h pr¸th 3D diakl�dwsh th x1 den sqet�zetai me tonk�jeto suntonismì 2/1 all� me k�poion �llo (p.q. 1/1). Epeid  autè oipeript¸sei parousi�zontai sp�nia se realistik� montèla, antimetwp�zontaikat� per�ptwsh.
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2 Montèlo kai TroqièSto kef�laio autì mpa�noume sto kÔrio mèro th diatrib  kai parousi�zoumethn arijmhtik  melèth enì galaxiakoÔ dunamikoÔ kai twn troqi¸n tou. Tomontèlo tou sust mato pou ja qrhsimopoi soume sthn paroÔsa melèth peri-gr�fetai sto upokef�laio 2.1. H melèth th axisummetrik  per�ptwsh peri-gr�fetai sto upokef�laio 2.2. Katìpin meletoÔme m�a pr¸th mh axisummetrik per�ptwsh sto upokef�laio 2.3 kai m�a deÔterh mh axisummetrik  per�ptwshsto upokef�laio 2.4.2.1 To montèlo tou sust matoQrhsimopoioÔme èna dunamikì pou sthn axisummetrik  tou morf , perigr�feiproseggistik� to dunamikì tou Galax�a. O Galax�a ma e�nai èna diskoeid galax�a pou fèrei m�a peristrefìmenh r�bdo kai spe�re. Autì shma�nei ìtio Galax�a èqei ep�pedo summetr�a (sthn per�ptwsh ma z = 0) kai �xonaperistrof  (sthn per�ptwsh ma o z-�xona). Epomènw jewroÔme ìti todunamikì tou Galax�a e�nai sun�rthsh mìno tou R kai z (R, z kulindrikèsuntetagmène) kai epiplèon e�nai �rtia sun�rthsh tou z dhlad :
Φ = Φ(R, z)

Φ(R,−z) = Φ(R, z) (75)Epilèxame gia th melèth ma to trisdi�stato axisummetrikì montèlo tou
Miyamoto (Miyamoto & Nagai 1975). To dunamikì Φ tou montèlou autoÔperigr�fetai se kulindrikè suntetagmène apì thn parak�tw sun�rthsh (Mi-
yamoto & Nagai 1975):

Φ(R, z) = − GM

(R2 + [a + (z2 + b2)1/2]2)1/2
(76)ìpou a, b mh mhdenikè stajerè kai R, z oi kulindrikè suntetagmène.To dunamikì autì te�nei sto dunamikì, pou par�getai apì m�a shmeiak  m�za(Φ(R, z) = − GM

(R2+z2)1/2
), ìtan ta R kai z g�nontai meg�la. Apì thn ex�swshtou Poisson:

▽2Φ(R, z) = 4πGρ(R, z) (77)ìpou ρ(R, z), h puknìthta, mporoÔme na upolog�soume thn puknìthta ρ(R, z)tou montèlou tou Miyamoto h opo�a ja d�netai apì thn sun�rthsh:51



ρ(R, z) =
b2M

4π

aR2 + [a + 3(z2 + b2)1/2][a + (z2 + b2)1/2]2

(R2 + [a + (z2 + b2)1/2]2)5/2(z2 + b2)3/2
(78)Mpore� eÔkola na de� kane� ìti to dunamikì kai h puknìthta tou montè-lou tou Miyamoto te�nei sto dunamikì kai thn puknìthta tou montèlou tou

Plummer ìtan a → 0. To dunamikì Φ kai h puknìthta ρ tou montèlou tou
Plummer d�nontai apì ti sunart sei (Binney & Tremaine 2008 §2.2.2):

Φ(R, z) = − GM

(R2 + z2 + b2)1/2

ρ(R, z) =
3b2M

4π

1

(R2 + z2 + b2)5/2 (79)Mpore� ep�sh eÔkola na de� kane� ìti to dunamikì kai h puknìthta toumontèlou tou Miyamoto te�nei sto dunamikì kai thn puknìthta tou montèloutou Kuzmin ìtan b → 0. To dunamikì Φ kai h puknìthta ρ tou montèlou tou
Kuzmin d�nontai apì ti sunart sei (Binney & Tremaine 2008 §2.3.1):

Φ(R, z) = − GM

[R2 + (a+ | z |)2)]1/2

ρ(R, z) =
aM

2π

1

(R2 + a2)3/2
δ(z) (80)ìpou δ(z) h d-sun�rthsh tou Dirac.Metab�llonta ti timè twn paramètrwn a, b, M mporoÔme na p�roume mo-ntèla gia di�forou galaxiakoÔ tÔpou.To sq ma 16 de�qnei isìpukne kampÔle (kampÔle st�jmh th puknì-thta) tou montèlou tou Miyamoto gia di�fore timè tou lìgou b/a. Stosq ma autì h mon�da m kou e�nai a kai h puknìthta kanonikopoi jhke oÔtw¸ste na èqoume mon�da sto kèntro. 'Oso to b/a mei¸netai tìso oi kata-nomè maz¸n g�nontai oloèna kai pio ep�pede. O lìgo b/a apotele� mètroepipedìthta tou montèlou autoÔ.Oi (76) kai (78) perigr�foun èna aplì montèlo gia thn katanom  th Ôlhtou Galax�a. 'Opw e�nai gnwstì h parathroÔmenh kampÔlh peristrof  touGalax�a èqei dÔo mègista gia R ≈ 0.5kpc kai R ≈ 9kpc (bl. p.q. Sparke &

Gallagher 2000 §2.3.1). Gia na perigr�youme aut n thn kampÔlh qreiazìmaste52
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Sq ma 16: To parap�nw sq ma de�qnei isìpukne kampÔle tou montèlou tou
Miyamoto gia di�fore timè tou lìgou b/a. H tim  tou b/a shmei¸netai stop�nw mèro k�je sq mato. 53



dÔo zeug�ria sunart sewn (76) me diaforetik  om�da paramètrwn (a1, b1, M1)kai (a2, b2, M2). Tìte h (76) pa�rnei thn ex  morf :
Φ(R, z) = − GM1

(R2 + [a1 + (z2 + b2
1)

1/2]2)1/2
− GM2

(R2 + [a2 + (z2 + b2
2)

1/2]2)1/2(81)H taqÔthta enì astèra (me m�za �sh me th mon�da) kinoÔmenou se kuklik troqi� kai se apìstash R apì to kèntro tou Galax�a sto ep�pedo summetr�atou z = 0, sumbol�zetai me V (kuklik  taqÔthta) kai isoÔtai lìgw tou deÔte-rou Nìmou tou NeÔtwna, me to mètro th dÔnamh F (F = (−∂Φ(R,z)
∂R

)z=0):
V 2/R = |F | (82)ìpou Φ(R, z) to dunamikì tou Miyamoto. Opìte lìgw th (81) èqoume:

V = R(
GM1

(R2 + (a1 + b1)2)3/2
+

GM2

(R2 + (a2 + b2)2)3/2
)1/2 (83)To di�gramma th kuklik  taqÔthta V sunart sei th apìstash R(kampÔlh peristrof ) fa�netai sto sq ma 17.Apì thn ex�swsh Poisson kai th sun�rthsh (81) br�skoume thn puknìthta:

ρ(R, z) =
b2
1M1

4π

a1R
2 + [a1 + 3(z2 + b2

1)
1/2][a1 + (z2 + b2

1)
1/2]2

(R2 + [a1 + (z2 + b2
1)

1/2]2)5/2(z2 + b2
1)

3/2
+

b2
2M2

4π

a2R
2 + [a2 + 3(z2 + b2

2)
1/2][a2 + (z2 + b2

2)
1/2]2

(R2 + [a2 + (z2 + b2
2)

1/2]2)5/2(z2 + b2
2)

3/2
(84)Oi sunart sei (81) kai (84) se kartesianè suntetagmène gr�fontai:

Φ(x, y, z) = − GM1

(x2 + y2 + [a1 + (z2 + b2
1)

1/2]2)1/2
−

GM2

(x2 + y2 + [a2 + (z2 + b2
2)

1/2]2)1/2 (85)
ρ(x, y, z) =

b2
1M1

4π

a1(x
2 + y2) + [a1 + 3(z2 + b2

1)
1/2][a1 + (z2 + b2

1)
1/2]2

(x2 + y2 + [a1 + (z2 + b2
1)

1/2]2)5/2(z2 + b2
1)

3/2
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b2
2M2

4π

a2(x
2 + y2) + [a2 + 3(z2 + b2

2)
1/2][a2 + (z2 + b2

2)
1/2]2

(x2 + y2 + [a2 + (z2 + b2
2)

1/2]2)5/2(z2 + b2
2)

3/2 (86)Oi par�metroi pou ja qrhsimopoi soume e�nai oi par�metroi pou qrhsimo-po�hsan oi Miyamoto kai Nagai gia na prosegg�soun to dunamikì tou Galax�ama (Miyamoto & Nagai 1975):
a1 = 0.0kpc

b1 = 0.495kpc

M1 = 2.05 × 1010M⊙

a2 = 7.258kpc

b2 = 0.520kpc

M2 = 25.47 × 1010M⊙ (87)Autè ti paramètrou ja qrhsimopoi soume gia thn axisummetrik  per�-ptwsh tou dunamikoÔ tou montèlou ma. An t¸ra sto dunamikì tou montèlouma (sqèsh 85) b�loume dÔo ìrou diataraq  qa kai qb kai to k�noume tria-xonikì, ja èqoume:
Φ(x, y, z) = − GM1

(x2 + y2

q2
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+ [a1 + ( z2

q2

b
+ b2

1)
1/2]2)1/2

−

GM2

(x2 + y2

q2
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+ [a2 + ( z2

q2

b
+ b2

2)
1/2]2)1/2 (88)
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+
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Oi sqèsei (88) kai (89) ma d�noun to dunamikì kai thn puknìthta giath mh axisummetrik  per�ptwsh tou dunamikoÔ ma. H puknìthta se ìle tipeript¸sei e�nai jetik . Oi par�metroi pou ja qrhsimopoi soume e�nai oi �dieme autè th axisummetrik  per�ptwsh tou dunamikoÔ ma. Gia ta qa kai qbja qrhsimopoi soume ti parak�tw timè:
qa = 1.2

qb = 0.9 (90)Autè ti paramètrou ja qrhsimopoi soume gia thn pr¸th mh axisummetri-k  per�ptwsh tou montèlou ma. Gia th deÔterh mh axisummetrik  per�ptwshtou montèlou ma ja qrhsimopoi soume ti �die paramètrou all� ja metab�l-loume thn tim  tou Ωb apì 60 km/sec/kpc (blèpe upokef�laio 1.1.5) se 9.43
km/sec/kpc. Dhlad  jewroÔme èna galax�a o opo�o peristrèfetai arg� sesqèsh me ton Galax�a ma. H metabol  aut  g�netai gia na melet soume diafo-rè sthn eust�jeia twn troqi¸n pou ofe�lontai sthn taqÔthta peristrof tou sust mato.Oi mon�de pou qrhsimopoi same gia tou upologismoÔ sthn paroÔsamelèth e�nai gia thn apìstash R 1kpc, gia th m�za M 1010M⊙, gia ton qrì-no t 14.8 × 1013sec, thn taqÔthta V 209.64km/sec, th stajer� Jacobi Ej

43950(km/sec)2 kai th stajer� th barÔthta G = 1. Ti mon�de autè tiqrhsimopoioÔme se ìla ta sq mata sthn diatrib  ìpou den d�noume mon�destou �xone.Melèth th troqiak  sumperifor� se trisdi�stata montèla tou Galax�aèqoun g�nei apì tou Patsis & Zachilas (1990) kai tou Pichardo et al (2003).Sthn paroÔsa diatrib  melet�me mh grammik� fainìmena pou ofe�lontai seapokl�sei th gewmetr�a tou d�skou apì thn axonik  summetr�a.
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2.2 H axisummetrik  per�ptwsh tou montèlou.Sthn axisummetrik  per�ptwsh h x1 e�nai p�nta eustaj . 'Opw proanafèra-me sthn par�grafo 1.2.2 h x1 se aut  thn per�ptwsh apotele�tai apì kuklikèperiodikè troqiè. Sto sq ma 18 parist�netai h qarakthristik  th x1 kai hkampÔlh mhdenik  taqÔthta. Sto di�gramma eust�jeia th x1 se èna axi-summetrikì montèlo (ìpw autì pou melet�me sthn par�grafo aut ) o de�kth
b2 ef�ptetai me ton �xona b = −2 sta shme�a twn aktinik¸n suntonism¸n 2/1,3/1, 4/1 k.t.l. En¸ o de�kth b1 ef�ptetai me ton �xona b = −2 sta shme�atwn k�jetwn suntonism¸n 2/1, 3/1, 4/1 k.t.l (Patsis & Grosbøl 1996, Patsis
et al. 2002b).Sto sq ma 19 parist�nontai oi kampÔle Ω, Ω − κ/2, Ω + κ/2, Ω − κ/3kai Ω − κ/4. Upenjum�zoume ìti to sÔsthma ma peristrèfetai me Ωb =
60km/sec/kpc. To shme�o th sumperistrof  (corotation) sto ep�pedo z = 0tou Galax�a ma br�sketai se apìstash 4 kpc apì to kèntro tou (Sq. 19).Ep�sh up�rqoun dÔo eswteriko� aktiniko� suntonismo� 2/1 se apost�sei 0.6
kpc kai 1.66 kpc apì to kèntro tou Galax�a ma (Sq. 19).Sto sq ma 20 parist�nontai oi kampÔle Ω, Ω−κz/2, Ω+κz/2, Ω−κz/3, Ω−
κz/4 kai Ω − κz/5. Oi k�jetoi suntonismo� 2/1, 3/1, 4/1 kai 5/1 br�skontaise apost�sei 1.6 kpc, 2.3 kpc, 2.6 kpc kai 2.7 kpc apì to kèntro tou Galax�ama (Sq. 20).Sto sq ma 21 èqoume to di�gramma eust�jeia th x1 gia timè th enèr-geia apì ≈ −7.5 w ≈ −4.5. Sto sq ma autì blèpoume ìti h kampÔlh tou
b2 ef�ptetai me ton �xona b = −2 ìpou èqoume ton aktinikì suntonismì 2/1(gia tim  th enèrgeia ≈ −6.6).Sto sq ma 22 èqoume to di�gramma eust�jeia th x1 gia timè th enèr-geia apì ≈ −4.5 w ≈ −4.22. H kampÔlh tou b2 kateba�nei mèqri pou ef�-ptetai me ton �xona b = −2 sto deÔtero shme�o tou aktinikoÔ suntonismoÔ2/1 (gia tim  th enèrgeia ≈ −4.34). Par�llhla h kampÔlh tou b1 ef�ptetaiston �xona b = −2 sto shme�o tou k�jetou suntonismoÔ 2/1 (gia tim  thenèrgeia ≈ −4.4472) kai sto shme�o tou k�jetou suntonismoÔ 3/1 (gia tim th enèrgeia ≈ −4.27).Sto sq ma 23 èqoume to di�gramma eust�jeia th x1 gia timè th enèr-geia apì ≈ −4.22 w ≈ −4.11. H kampÔlh tou b2 ef�ptetai me ton �xona
b = −2 sto shme�o tou aktinikoÔ suntonismoÔ 3/1 (gia tim  th enèrgeia
≈ −4.17) kai sto shme�o tou aktinikoÔ suntonismoÔ 4/1 (gia tim  th enèr-geia ≈ −4.126). En¸ h kampÔlh tou b1 ef�ptetai me ton �xona b = −2 setèssera shme�a. Ta shme�a aut� e�nai ta shme�a twn k�jetwn suntonism¸n4/1, 5/1, 6/1 kai 7/1 gia timè th enèrgeia ≈ −4.19, ≈ −4.159, ≈ −4.13458
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Sq ma 18: H qarakthristik  th x1 kai h kampÔlh mhdenik  taqÔthta.kai ≈ −4.118 ant�stoiqa.Sta shme�a twn epaf¸n me ton �xona b = −2 èqoume ti anamenìmene dia-klad¸sei sÔmfwna me tou kanìne pou diatup¸same sto upokef�laio 1.2.3.Oi diakladizìmene oikogèneie e�nai oriak� astaje� kaj¸ o èna de�ktheust�jeia paramènei p�ntote p�nw ston b = −2 �xona. Oi (x, y) probolèaut¸n twn diaklad¸sewn e�nai kuklikè en¸ oi (x, z) kai (y, z) probolè e�-nai ìpw sth genik  per�ptwsh tou mh-axisummetrikoÔ dunamikoÔ. Gi autì tolìgo de ja parousi�soume thn morfolog�a tou ed¸. A doÔme loipìn pwall�zei h dunamik  tou sust mato ìtan to metatrèpoume se mh-axisummetrikìb�zonta tou ìrou diataraq  qa kai qb (ex�swsh 88).
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2.3 H pr¸th mh axisummetrik  per�ptwsh tou mon-tèlou.Sthn par�grafo aut  ja melet soume thn x1 sthn pr¸th mh axisummetrik per�ptwsh tou montèlou ma (upokef�laio 2.3.1). Katìpin ja melet soume ti
3D diaklad¸sei th x1 x1v1, x1v2, x1v3 kai x1v4 (upokef�laio 2.3.2). Autèoi oikogèneie èqoun eustaje�, apl� astaje�, dipl� astaje� kai migadik�astaje� periodikè troqiè.2.3.1 Oikogèneia x1Sto sq ma 24 apeikon�zetai to kÔrio tm ma th qarakthristik  th x1. Taeustaj  komm�tia th x1 parist�nontai me kìkkino qr¸ma en¸ ta astaj  mepr�sino qr¸ma. H morfologik  exèlixh twn troqi¸n th x1 w sun�rthsh tou
Ej fa�netai sto sq ma 25. Sta sq mata a, b, c, d kai e d�noume eustaje�troqiè th x1 gia timè th enèrgeia -7.00, -5.707, -5.00, -4.78 kai -4.507ant�stoiqa. Sto sq ma f blèpoume m�a astaj  troqi� th x1 gia tim  thenèrgeia -4.242.To di�gramma eust�jeia th x1 d�netai sta sq mata 26, 27 kai 28. Stosq ma 26 apeikon�zetai to di�gramma eust�jeia th x1 gia timè th enèrgeiaapì -7.5 w kai -4.5. Sto sq ma autì blèpoume oti h kampÔlh b1 tèmnei ton�xona b = −2 gia tim  th enèrgeia ≈ −5.1644. Apì to shme�o th tom th kampÔlh b1 me ton �xona b = −2 kai met� o b1 mei¸netai pa�rnonta timèmikrìtere tou -2 me apotèlesma h x1 na g�netai astaj . Sto shme�o autìemfan�zetai m�a nèa 3D eustaj  oikogèneia, h opo�a e�nai diakl�dwsh th x1,h x1v1 (Sq.26). H kampÔlh b1 tèmnei xan� ton �xona b = −2 (gia tim  thenèrgeia ≈ −4.98) me apotèlesma h x1 na g�netai p�li eustaj . Sto deÔteroautì shme�o tom  th kampÔlh b1 me ton �xona b = −2 emfan�zetai m�a nèa
3D astaj  diakl�dwsh th x1 h x1v2 (Sq. 26).To sq ma 27 e�nai sunèqeia tou sq mato 26 gia timè th enèrgeia apì-4.5 w kai -4.34. H kampÔlh b1 ft�nei se tom  me ton �xona b = −2 giatim  th enèrgeia ≈ −4.404 opìte h x1 g�netai astaj . Sto tr�to shme�otom  th kampÔlh b1 me ton �xona b = −2 emfan�zetai m�a nèa 3D eustaj diakl�dwsh th x1 h x1v3 (Sq. 27). Sth sunèqeia h kampÔlh b1 tèmnei xan�ton �xona b = −2 gia tim  th enèrgeia ≈ −4.391 opìte h x1 g�netai p�lieustaj . Sto shme�o autì tom  th kampÔlh b1 me ton �xona b = −2èqoume thn emf�nish m�a nèa 3D astajoÔ diakl�dwsh th x1v4 (Sq.27).To sq ma 28 e�nai sunèqeia tou sq mato 27 gia timè th enèrgeia apì-4.34 w kai -4.14. Sto sq ma 28 blèpoume h kampÔlh b1 na ef�ptetai me ton�xona b = −2 gia timè th enèrgeia ≈ −4.314, ≈ −4.2837 kai ≈ −4.2515.63
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2.3.2 3D diaklad¸seiA doÔme t¸ra leptomer¸ pw metab�lletai h eust�jeia twn 3D diaklad¸-sewn th x1 kaj¸ kai th morfolog�a tou. Sto sq ma 30 parist�nontai dÔoeustaje� troqiè th pr¸th 3D diakl�dwsh th x1 ston k�jeto suntonismì2/1. Ta a, b kai c apeikon�zoun ti probolè (x, y), (x, z) kai (y, z) ant�stoiqam�a eustajoÔ troqi� gia tim  th enèrgeia -5.09. Ta d, e kai f apeikon�-zoun ti probolè (x, y), (x, z) kai (y, z) ant�stoiqa m�a eustajoÔ troqi�gia tim  th enèrgeia -4.78. Autè oi troqiè e�nai ìmoie me autè th x1v1sto montèlo A (Skokos et al. 2002a). Sto sq ma 32 apeikon�zetai to di�-gramma eust�jeia th x1v1 , ìpou h x1 parist�netai me kìkkino qr¸ma en¸ h
x1v1 me pr�sino qr¸ma. H x1v1 e�nai arqik� eustaj  afoÔ kai oi dÔo de�kte
b1 kai b2 paramènoun metaxÔ -2 kai 2. Sthn tim  1.27 sunantioÔntai oi dÔokampÔle (gia tim  th enèrgeia ≈ −4.62). Katìpin oi dÔo de�kte g�nontaimigadiko� (∆ < 0) dhlad  h x1v1 g�netai migadik� astaj  mèqri kai gia thntim  th enèrgeia Ej ≈ −2.89 (ektì sq mato). Dhlad  gia thn oikogèneia
x1v1 èqoume met�bash apì eust�jeia se migadik  ast�jeia (S → ∆).Sto sq ma 31 parist�nontai dÔo astaje� troqiè th deÔterh 3D dia-kl�dwsh th x1 ston k�jeto suntonismì 2/1. Ta a, b kai c apeikon�zounti probolè (x, y), (x, z) kai (y, z) ant�stoiqa m�a astajoÔ troqi� gia tim th enèrgeia -4.883. Ta d, e kai f apeikon�zoun ti probolè (x, y), (x, z) kai
(y, z) ant�stoiqa m�a astajoÔ troqi� gia tim  th enèrgeia -4.2 . 'Eqou-me dÔo qarakthristikè x1v2 troqiè (Skokos et al 2002a). Sto sq ma 33apeikon�zetai to di�gramma eust�jeia th x1v2, ìpou h x1 parist�netai mekìkkino qr¸ma en¸ h x1v2 me pr�sino qr¸ma. ParathroÔme ìti h x1v2 e�naiapl� astaj  se ìlo to di�sthma.Sto sq ma 34 parist�nontai dÔo troqiè (m�a eustaj  kai m�a astaj )th tr�th 3D diakl�dwsh th x1 ston k�jeto suntonismì 3/1. Ta a, b kai
c apeikon�zoun ti probolè (x, y), (x, z) kai (y, z) ant�stoiqa m�a eustajoÔtroqi� gia tim  th enèrgeia -4.4. Ta d, e kai f apeikon�zoun ti probolè
(x, y), (x, z) kai (y, z) ant�stoiqa m�a astajoÔ troqi� gia tim  th enèrgeia-4.11. Autè oi troqiè e�nai ìmoie me autè th x1v3 (Skokos et al 2002a).Sto sq ma 36 apeikon�zetai to di�gramma eust�jeia th x1v3, ìpou h x1parist�netai me kìkkino qr¸ma en¸ h x1v3 me pr�sino qr¸ma. H x1v3 einaiarqik� eustaj . H kampÔlh b1 ft�nei se tom  me ton �xona b = −2 se ènashme�o to opo�o èqei tim  gia thn enèrgeia ≈ −4.2, opìte h x1v3 g�netai apl�astaj  (èqoume met�bash apì eust�jeia se apl  ast�jeia S → U). Katìpinh kampÔlh b2 tèmnei ton �xona b = −2 se èna shme�o me tim  gia thn enèrgeia
≈ −3.91 me apotèlesma h x1v3 na g�nei dipl� astaj  (èqoume met�bash apì69



apl  ast�jeia se dipl  ast�jeia U → DU).Sto sq ma 35 parist�nontai dÔo troqiè (m�a eustaj  kai m�a astaj )th tètarth 3D diakl�dwsh th x1 ston k�jeto suntonismì 3/1. Ta a, b kai
c apeikon�zoun ti probolè (x, y), (x, z) kai (y, z) ant�stoiqa m�a astajoÔtroqi� gia tim  th enèrgeia -4.23. Ta d, e kai f apeikon�zoun ti probolè
(x, y), (x, z) kai (y, z) ant�stoiqa m�a eustajoÔ troqi� gia tim  th enèrgeia-4.07. Autè oi troqiè an koun sthn oikogèneia x1v4 (Skokos et al 2002a).Epomènw h diakl�dwsh aut  e�nai h x1v4. Sto sq ma 37 apeikon�zetai todi�gramma eust�jeia th x1v4, ìpou h x1 parist�netai me kìkkino qr¸maen¸ h x1v4 me pr�sino qr¸ma. H x1v4 e�nai arqik� apl� astaj . O de�kth
b1 ft�nei se tom  me ton �xona b = −2 gia Ej ≈ −4.2. Sto shme�o autìh x1v4 g�netai eustaj  (èqoume met�bash apì apl  ast�jeia se eust�jeia
U → S).
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Sq ma 30: Oi dÔo tri�de (a, b, c) kai (d, e, f) apeikon�zoun ti probolè
(x, y), (x, z) kai (y, z) twn troqi¸n th x1v1 gia timè th enèrgeia -5.09kai -4.78 ant�stoiqa.
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fSq ma 31: Oi dÔo tri�de (a, b, c) kai (d, e, f) apeikon�zoun ti probolè
(x, y), (x, z) kai (y, z) twn troqi¸n th x1v2 gia timè th enèrgeia -4.883kai -4.2 ant�stoiqa.
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Sq ma 32: To di�gramma eust�jeia th x1 kai x1v1 gia −5.1644 < Ej <
−4.5.
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Sq ma 33: To di�gramma eust�jeia th x1 kai x1v2 gia −4.98 < Ej < −3.31.
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fSq ma 34: Oi dÔo tri�de (a, b, c) kai (d, e, f) apeikon�zoun ti probolè
(x, y), (x, z) kai (y, z) twn troqi¸n th x1v3 gia timè th enèrgeia -4.4 kai-4.11 ant�stoiqa.
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fSq ma 35: Oi dÔo tri�de (a, b, c) kai (d, e, f) apeikon�zoun ti probolè
(x, y), (x, z) kai (y, z) twn troqi¸n th x1v4 gia timè th enèrgeia -4.23kai -4.07 ant�stoiqa.
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Sq ma 36: To di�gramma eust�jeia th x1 kai x1v3 gia −4.404 < Ej <
−3.74.
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Sq ma 37: To di�gramma eust�jeia th x1 kai x1v4 gia −4.391 < Ej < −3.9.77



2.4 H deÔterh mh axisummetrik  per�ptwsh tou mon-tèlou.To deÔtero montèlo pou melet�me diafèrei apì to arqikì mìno kat� thn ta-qÔthta peristrof  tou sust mato. 'Etsi mporoÔme na melet soume ti dia-forè pou eis�gei h allag  tou Ωb. W mètro gia ti timè pou epilèxameqrhsimopoi same thn taqÔthta peristrof  th r�bdou tou Galax�a.Sto deÔtero montèlo qrhsimopoioÔme m�a tim  tou Ωb pou e�nai per�pou 6.4forè mikrìterh. Autì èqei san sunèpeia h sumperistrof  na metatopiste�se apìstash 34kpc apì to kèntro tou Galax�a (Sq. 20). Melet�me dhlad ta polÔ bradèw peristrefìmena sust mata. Sthn par�grafo aut  ja mele-t soume thn x1 se aut  th deÔterh mh axisummetrik  per�ptwsh tou montèlouma (upokef�laio 2.4.1). Katìpin ja melet soume ti 3D diaklad¸sei th
x1vn,n = 1, ..., 8 (upokef�laio 2.4.2).2.4.1 Oikogèneia x1Sto sq ma 38 apeikon�zetai mèro th qarakthristik  th x1. Ta eustaj komm�tia th x1 parist�nontai me kìkkino qr¸ma en¸ ta astaj  me pr�sinoqr¸ma. P�li periorizìmaste sto komm�ti ìpou emfan�zontai oi kuriìteroik�jetoi suntonismo� 5. H morfologik  exèlixh twn troqi¸n th x1 sto montèlopou melet�me ed¸ fa�netai sto sq ma 39. Ta a, b, c, d, e kai f tou sq mato39 parist�noun eustaje� troqiè th x1 gia timè th enèrgeia -6.6, -6.14,-5.49, -4.55, -3.83 kai -3.08 ant�stoiqa. ParathroÔme ìti h morfolog�a twntroqi¸n th x1 �llaxe se sqèsh me autè tou pr¸tou montèlou (Sq. 25).Oi troqiè èqoun g�nei polÔ pio epim kei kai jum�zoun ti troqiè r�bdwn memeg�lo lìgo meg�lou w pro mikrì hmi�xona, pou onom�zontai “propeller
orbits” (Kaufmann & Patsis 2005).To di�gramma eust�jeia th x1 fa�netai sta sq mata 40 kai 41. Stosq ma 40 apeikon�zetai to di�gramma eust�jeia th x1 gia timè th enèrgeiaapì ≈ −7.5 w kai ≈ −3.7. H kampÔlh b1 tèmnei ton �xona b = −2 (gia
Ej ≈ −5.028). Apì to shme�o tom  th kampÔlh b1 me ton �xona b = −2kai met� o b1 mei¸netai pa�rnonta timè mikrìtere tou -2 me apotèlesma h
x1 na g�netai astaj . Sto shme�o autì emfan�zetai m�a nèa 3D oikogèneia,h opo�a e�nai diakl�dwsh th x1, h x1v1. Met� h kampÔlh b1 ft�nei se tom xan� me ton �xona b = −2 (gia Ej ≈ −4.7) me apotèlesma h x1 na g�netai p�li5H qarakthristik  kai h metabol  twn deikt¸n eust�jeia th x1, e�nai en gènei arket�polÔplokh idia�tera se arg� peristrefìmena sust mata (bl. Sq. 1 - Skokos et al 2002a,Sq. 1 - Skokos et al 2002b). 78
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Sq ma 38: H qarakthristik  th x1. Oi eustaje� kai oi astaje� perioqèth x1 parist�nontai me kìkkino kai pr�sino qr¸ma ant�stoiqa.eustaj . Sto shme�o ìpou h kampÔlh b1 tèmnei ton �xona b = −2 eis�getaisto sÔsthma m�a nèa 3D diakl�dwsh th x1, h x1v2. Met� h kampÔlh b1 tèmneigia �llh m�a for� ton �xona b = −2, opìte èqoume thn emf�nish m�a nèa 3Doikogèneia th x1v3 (gia Ej ≈ −4.06). Sto shme�o autì h x1 g�netai apl�astaj . Met� h x1 g�netai xan� eustaj  gia tim  th enèrgeia ≈ −3.89ìpote èqoume thn emf�nish m�a nèa 3D oikogèneia th x1v4.To sq ma 41 e�nai sunèqeia tou sq mato 40 gia timè th enèrgeia apì-3.7 w kai -2.4. Sto sq ma autì blèpoume thn x1 na èqei 2 metab�sei apìeust�jeia se apl  ast�jeia (S → U) gia timè th enèrgeia ≈ −3.56 kai ≈
−3.045. Sta shme�a aut� èqoume thn emf�nish dÔo nèwn oikogenei¸n twn x1v5kai x1v8. Ep�sh h x1 èqei 2 metab�sei apì apl  ast�jeia se eust�jeia (U →
S) gia timè th enèrgeia ≈ −3.398 kai ≈ −2.79. Sta shme�a aut� èqoumethn emf�nish dÔo nèwn oikogenei¸n twn x1v6 kai x1v7. `Opw parathroÔme hdiakl�dwsh x1v8 parousi�zetai prin th diakl�dwsh x1v7. Autì g�netai diìti hqarakthristik  th x1 e�nai suneq¸ aÔxousa (Sq. 38). Autì shma�nei ìti denup�rqei topikì mègisto th qarakthristik  th x1 sthn perioq  tou aktinikoÔsuntonismoÔ 4/1. Sthn per�ptwsh aut  èqoume enallag  sth seir� emf�nishtwn diaklad¸sewn x1v7 kai x1v8 (Skokos et al 2002b). Diìti oi Skokos et79
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Sq ma 39: Ta a, b, c, d, e kai f parist�noun troqiè th x1 gia timè thenèrgeia -6.6, -6.14, -5.49, -4.55, -3.83 kai -3.08 ant�stoiqa.
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Sq ma 40: To di�gramma eust�jeia th x1 gia −7.5 < Ej < −3.7. Me bèlhshmei¸noume thn for� twn deikt¸n b1 twn diakladizìmenwn troqi¸n.
al (2002b) de�xane: ìti an se èna sÔsthma oi diaklad¸sei x1v7 kai x1v8emfan�zontai met� apì to topikì mègisto th qarakthristik  th x1 sthnperioq  tou aktinikoÔ suntonismoÔ 4/1   an se èna sÔsthma den up�rqei topikìmègisto th qarakthristik  th x1 sthn perioq  tou aktinikoÔ suntonismoÔ4/1 (ìpw sthn per�ptwsh ma) tìte èqoume enallag  sth seir� emf�nishtwn diaklad¸sewn x1v7 kai x1v8.
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Sq ma 41: To di�gramma eust�jeia th x1 gia −3.7 < Ej < −2.4. Me bèlhshmei¸noume thn for� twn deikt¸n b1 twn diakladizìmenwn troqi¸n.
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2.4.2 3D diaklad¸sei.Ja melet soume t¸ra ti 3D diaklad¸sei morfologik� kai ja parakolou-j soume thn eustajei� tou. Sto sq ma 42 parist�nontai dÔo eustaje�troqiè th pr¸th 3D diakl�dwsh th x1 ston k�jeto suntonismì 2/1. Ta
a, b kai c apeikon�zoun ti probolè (x, y), (x, z) kai (y, z) ant�stoiqa m�a eu-stajoÔ troqi� gia tim  th enèrgeia -4.92. Ta d, e kai f apeikon�zoun tiprobolè (x, y), (x, z) kai (y, z) ant�stoiqa m�a eustajoÔ troqi� gia tim th enèrgeia -4.58. Autè e�nai klassikè x1v1 troqiè (Skokos et al 2002a).ParathroÔme sto Sq. 42 ìti sti (x, z) probolè oi troqiè g�nontai gr goraakidwtè kat� m ko tou �xona z kai èqoun thn t�sh na dhmiourg soun brì-qo. Sto sq ma 44 apeikon�zetai to di�gramma eust�jeia th x1v1 , ìpou h x1parist�netai me kìkkino qr¸ma en¸ h x1v1 me pr�sino qr¸ma. H oikogèneiaaut  e�nai arqik� eustaj . Sthn tim  1.99 sunantioÔntai oi dÔo kampÔle(upodeiknÔetai me èna bèlo- gia tim  th enèrgeia ≈ −4.28). Apì to shme�oautì kai met� oi dÔo de�kte g�nontai migadiko� (∆ < 0) dhlad  h x1v1 g�netaimigadik� astaj . W ek toÔtou gia thn oikogèneia x1v1 èqoume met�bash apìeust�jeia se migadik  ast�jeia (S → ∆). 'Epeita apì èna mikrì q�sma oi dÔokampÔle b1 kai b2 xanasunantioÔntai sthn tim  1.88 opìte h x1v1 xanag�netaieustaj  (gia tim  th enèrgeia ≈ −4.055).Sto sq ma 43 parist�nontai dÔo astaje� troqiè th deÔterh 3D dia-kl�dwsh th x1 ston k�jeto suntonismì 2/1. Ta a, b kai c apeikon�zoun tiprobolè (x, y), (x, z) kai (y, z) ant�stoiqa m�a astajoÔ troqi� gia tim  thenèrgeia -4.43. Ta d, e kai f apeikon�zoun ti probolè (x, y), (x, z) kai (y, z)ant�stoiqa m�a astajoÔ troqi� gia tim  th enèrgeia -4.06 . Autè e�nai
x1v2 troqiè (Skokos et al 2002a). Sto sq ma 45 apeikon�zetai to di�grammaeust�jeia th x1v2, ìpou h x1 parist�netai me kìkkino qr¸ma en¸ h x1v2 mepr�sino qr¸ma. Sthn arq  h x1v2 e�nai apl� astaj . O de�kth b2 ft�nei setom  me ton �xona b = −2 gia tim  th enèrgeia ≈ −3.41. Sto shme�o autì h
x1v2 apì apl� astaj  g�netai dipl� astaj  (met�bash apì apl  ast�jeiase dipl  ast�jeia U → DU).Sto sq ma 46 parist�nontai dÔo eustaje� troqiè th tr�th 3D dia-kl�dwsh th x1 ston k�jeto suntonismì 3/1. Ta a, b kai c apeikon�zoun tiprobolè (x, y), (x, z) kai (y, z) ant�stoiqa m�a eustajoÔ troqi� gia tim  thenèrgeia -4.02. Ta d, e kai f apeikon�zoun ti probolè (x, y), (x, z) kai (y, z)ant�stoiqa m�a eustajoÔ troqi� gia tim  th enèrgeia -3.76. H morfolog�akai aut¸n twn troqi¸n èqei qarakthristikè (x, z) probolè me oxe�e gwn�e(Sq. 46). H diakl�dwsh aut  e�nai h x1v3 ìpw anamenìtan. Sto sq ma 48apeikon�zetai to di�gramma eust�jeia th x1v3. H x1 parist�netai me kìkkino83



qr¸ma en¸ h x1v3 me pr�sino qr¸ma. Sto sq ma autì parathroÔme ìti h
x1v3 apì eustaj  g�netai migadik� astaj  gia tim  th enèrgeia ≈ −3.74.Eqoume dhlad  met�bash apì eust�jeia se migadik  ast�jeia (S → ∆). H
x1v3 xanag�netai eustaj  gia Ej ≈ −3.61 ìpou èqoume b1 = b2 ≈ 0.08.Met� h kampÔlh b1 tèmnei ton �xona b = −2 gia Ej ≈ −3.56 (dhlad  èqoumemet�bash apì eust�jeia se apl  ast�jeia S → U).Sto sq ma 47 apeikon�zontai dÔo astaje� troqiè th tètarth 3D dia-kl�dwsh th x1 ston k�jeto suntonismì 3/1. Ta a, b kai c apeikon�zoun tiprobolè (x, y), (x, z) kai (y, z) ant�stoiqa m�a astajoÔ troqi� gia tim  thenèrgeia -3.35. Ta d, e kai f apeikon�zoun ti probolè (x, y), (x, z) kai (y, z)ant�stoiqa m�a astajoÔ troqi� gia tim  th enèrgeia -2.50. Autè e�naiklassikè x1v4 troqiè (Skokos et al 2002a). Sto sq ma 49 apeikon�zetai todi�gramma eust�jeia th x1v4, sto opo�o h x1 parist�netai me kìkkino qr¸maen¸ h x1v4 me pr�sino qr¸ma. H kampÔlh b2 tèmnei ton �xona b = −2 gia
Ej ≈ −3.22 me apotèlesma h x1v4 apì apl� astaj  na g�nei dipl� astaj (met�bash apì apl  ast�jeia se dipl  ast�jeia U → DU). Katìpin h x1v4xanag�netai apl� astaj  gia tim  th enèrgeia ≈ −2.68 (met�bash apì dipl ast�jeia se apl  ast�jeia DU → U).Sto sq ma 50 parist�nontai dÔo eustaje� troqiè th pèmpth 3D dia-kl�dwsh th x1 sto k�jeto suntonismì 4/1. Ta a, b kai c apeikon�zoun tiprobolè (x, y), (x, z) kai (y, z) ant�stoiqa m�a eustajoÔ troqi� gia tim th enèrgeia -3.37. Ta d, e kai f apeikon�zoun ti probolè (x, y), (x, z)kai (y, z) ant�stoiqa m�a eustajoÔ troqi� gia tim  th enèrgeia -3.30.Autè e�nai qarakthristikè x1v5 troqiè (Skokos et al 2002a). Sto sq ma 52apeikon�zetai to di�gramma eust�jeia th x1v5. H x1 parist�netai me kìkkinoqr¸ma en¸ h x1v5 me pr�sino qr¸ma. Sthn arq  h x1v5 e�nai eustaj .Met� oi dÔo de�kte g�nontai migadiko� (∆ < 0) opìte h x1v5 g�netai migadik�astaj  (gia Ej ≈ −3.28). 'Epeita apì èna mikrì q�sma oi dÔo kampÔle b1kai b2 xanasunantioÔntai sthn tim  -1.48 opìte h x1v5 xanag�netai eustaj (gia tim  th enèrgeia ≈ −3.21). Argìtera o de�kth b1 tèmnei ton �xona
b = −2 gia tim  th enèrgeia ≈ −3.20, dhlad  h x1v5 apì eustaj  g�netaiapl� astaj .Sto sq ma 51 parist�nontai dÔo astaje� troqiè th èkth 3D diakl�-dwsh th x1 ston k�jeto suntonismì 4/1. Ta a, b kai c apeikon�zoun tiprobolè (x, y), (x, z) kai (y, z) ant�stoiqa m�a astajoÔ troqi� gia tim  thenèrgeia -3.23. Ta d, e kai f apeikon�zoun ti probolè (x, y), (x, z) kai (y, z)ant�stoiqa m�a astajoÔ troqi� gia tim  th enèrgeia -2.54. H diakl�dwshaut  e�nai h x1v6 ìpw anamenìtan. Sto sq ma 53 apeikon�zetai to di�grammaeust�jeia th x1v6, ìpou h x1 parist�netai me kìkkino qr¸ma en¸ h x1v684



me pr�sino qr¸ma. 'Opw parathroÔme h x1v6 paramènei p�nta apl� astaj .Sto sq ma 54 parist�nontai dÔo eustaje� troqiè th èbdomh 3D dia-kl�dwsh th x1 ston k�jeto suntonismì 5/1. Ta a, b kai c apeikon�zoun tiprobolè (x, y), (x, z) kai (y, z) ant�stoiqa m�a eustajoÔ troqi� gia tim  thenèrgeia -2.86. Ta d, e kai f apeikon�zoun ti probolè (x, y), (x, z) kai (y, z)ant�stoiqa m�a eustajoÔ troqi� gia tim  th enèrgeia -2.53. Autè e�naiklassikè x1v8 troqiè (Skokos et al 2002a,b). Sto sq ma 56 apeikon�zetaito di�gramma eust�jeia th x1v8. H x1 parist�netai me kìkkino qr¸ma en¸h x1v8 me pr�sino qr¸ma. H x1v8 e�nai arqik� eustaj . Katìpin h x1v8g�netai migadik� astaj  gia tim  th enèrgeia ≈ −2.68. H x1v8 xanag�netaieustaj  gia Ej ≈ −2.63 ìpou b1 = b2 = 1.27.Sto sq ma 55 parist�nontai dÔo astaje� troqiè th ìgdoh 3D dia-kl�dwsh th x1 ston k�jeto suntonismì 5/1. Ta a, b kai c apeikon�zoun tiprobolè (x, y), (x, z) kai (y, z) ant�stoiqa m�a astajoÔ troqi� gia tim  thenèrgeia -2.73. Ta d, e kai f apeikon�zoun ti probolè (x, y), (x, z) kai (y, z)ant�stoiqa m�a astajoÔ troqi� gia tim  th enèrgeia -2.47. Autè e�nai qa-rakthristikè x1v7 troqiè (Skokos et al 2002a). Sto sq ma 57 apeikon�zetaito di�gramma eust�jeia th x1v7, sto opo�o h x1 parist�netai me kìkkinoqr¸ma en¸ h x1v7 me pr�sino qr¸ma. 'Opw fa�netai sto sq ma autì h x1v7e�nai apl� astaj  gia ìlo to di�sthma.To basikì ma sumpèrasma apì th melèth tou deÔterou montèlou e�nai ìtih morfolog�a twn troqi¸n apokt� m�a poluplokìthta pou eis�getai apì tonepim kh qarakt ra twn (x, y) probol¸n, oi opo�e antikatoptr�zoun thn exèli-xh th morfolog�a twn troqi¸n th x1. Ep�sh prokÔptoun sta diagr�mmataeust�jeia twn diafìrwn 3D oikogenei¸n megalÔtera diast mata ast�jeiakai perissìtera e�dh metab�sewn apì to èna sto �llo e�do ast�jeia.
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Sq ma 42: Oi dÔo tri�de (a, b, c) kai (d, e, f) apeikon�zoun ti probolè
(x, y), (x, z) kai (y, z) twn troqi¸n th x1v1 gia timè th enèrgeia -4.92kai -4.58 ant�stoiqa.
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Sq ma 43: Oi dÔo tri�de (a, b, c) kai (d, e, f) apeikon�zoun ti probolè
(x, y), (x, z) kai (y, z) twn troqi¸n th x1v2 gia timè th enèrgeia -4.43kai -4.06 ant�stoiqa. Oi �xone e�nai diaforetiko� sti 3 probolè gia namporèsoume na katal�boume kalÔtera th morfolog�a twn troqi¸n.
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Sq ma 44: To di�gramma eust�jeia th x1 kai x1v1 gia −5.028 < Ej <
−3.69.
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Sq ma 45: To di�gramma eust�jeia th x1 kai x1v2 gia −4.7 < Ej < −2.3.88
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Sq ma 46: Oi dÔo tri�de (a, b, c) kai (d, e, f) apeikon�zoun ti probolè
(x, y), (x, z) kai (y, z) twn troqi¸n th x1v3 gia timè th enèrgeia -4.02kai -3.76 ant�stoiqa. Oi �xone e�nai diaforetiko� sti 3 probolè gia namporèsoume na katal�boume kalÔtera th morfolog�a twn troqi¸n.
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Sq ma 47: Oi dÔo tri�de (a, b, c) kai (d, e, f) apeikon�zoun ti probolè
(x, y), (x, z) kai (y, z) twn troqi¸n th x1v4 gia timè th enèrgeia -3.35kai -2.50 ant�stoiqa. Oi �xone e�nai diaforetiko� sti 3 probolè gia namporèsoume na katal�boume kalÔtera th morfolog�a twn troqi¸n.
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Sq ma 48: To di�gramma eust�jeia th x1 kai x1v3 gia −4.06 < Ej < −3.24.
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Sq ma 49: To di�gramma eust�jeia th x1 kai x1v4 gia −3.89 < Ej < −2.3.91



-6

-4

-2

 0

 2

 4

 6

-6 -4 -2  0  2  4  6
-6

-4

-2

 0

 2

 4

 6

-6 -4 -2  0  2  4  6

a

-2

-1.5

-1

-0.5

 0

 0.5

 1

 1.5

 2

-2 -1.5 -1 -0.5  0  0.5  1  1.5  2
-2

-1.5

-1

-0.5

 0

 0.5

 1

 1.5

 2

-2 -1.5 -1 -0.5  0  0.5  1  1.5  2

b

-6

-4

-2

 0

 2

 4

 6

-6 -4 -2  0  2  4  6
-6

-4

-2

 0

 2

 4

 6

-6 -4 -2  0  2  4  6

c

-6

-4

-2

 0

 2

 4

 6

-6 -4 -2  0  2  4  6
-6

-4

-2

 0

 2

 4

 6

-6 -4 -2  0  2  4  6

d

-2

-1.5

-1

-0.5

 0

 0.5

 1

 1.5

 2

-2 -1.5 -1 -0.5  0  0.5  1  1.5  2
-2

-1.5

-1

-0.5

 0

 0.5

 1

 1.5

 2

-2 -1.5 -1 -0.5  0  0.5  1  1.5  2

e

-6

-4

-2

 0

 2

 4

 6

-6 -4 -2  0  2  4  6
-6

-4

-2

 0

 2

 4

 6

-6 -4 -2  0  2  4  6

f

Sq ma 50: Oi dÔo tri�de (a, b, c) kai (d, e, f) apeikon�zoun ti probolè
(x, y), (x, z) kai (y, z) twn troqi¸n th x1v5 gia timè th enèrgeia -3.37kai -3.30 ant�stoiqa. Oi �xone e�nai diaforetiko� sti 3 probolè gia namporèsoume na katal�boume kalÔtera th morfolog�a twn troqi¸n.
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Sq ma 51: Oi dÔo tri�de (a, b, c) kai (d, e, f) apeikon�zoun ti probolè
(x, y), (x, z) kai (y, z) twn troqi¸n th x1v6 gia timè th enèrgeia -3.23kai -2.54 ant�stoiqa. Oi �xone e�nai diaforetiko� sti 3 probolè gia namporèsoume na katal�boume kalÔtera th morfolog�a twn troqi¸n.
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Sq ma 52: To di�gramma eust�jeia th x1 kai x1v5 gia −3.56 < Ej < −2.95.
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Sq ma 53: To di�gramma eust�jeia th x1 kai x1v6 gia −3.398 < Ej <
−2.39. 94
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Sq ma 54: Oi dÔo tri�de (a, b, c) kai (d, e, f) apeikon�zoun ti probolè
(x, y), (x, z) kai (y, z) twn troqi¸n th x1v8 gia timè th enèrgeia -2.86kai -2.53 ant�stoiqa. Oi �xone e�nai diaforetiko� sti 3 probolè gia namporèsoume na katal�boume kalÔtera th morfolog�a twn troqi¸n.
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Sq ma 55: Oi dÔo tri�de (a, b, c) kai (d, e, f) apeikon�zoun ti probolè
(x, y), (x, z) kai (y, z) twn troqi¸n th x1v7 gia timè th enèrgeia -2.73kai -2.47 ant�stoiqa. Oi �xone e�nai diaforetiko� sti 3 probolè gia namporèsoume na katal�boume kalÔtera th morfolog�a twn troqi¸n.
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Sq ma 56: To di�gramma eust�jeia th x1 kai x1v8 gia −3.045 < Ej <
−2.44.
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Sq ma 57: To di�gramma eust�jeia th x1 kai x1v7 gia −2.79 < Ej < −2.45.97



3 H Dom  tou fasikoÔ q¸rou sthn perio-q  apl¸n periodik¸n troqi¸nSe qamiltonian� sust mata 2 diast�sewn oi epif�neie tom  e�nai didi�sta-te. 'Etsi, koit�zonta apl¸ m�a tètoia epif�neia mporoÔme na diakr�noume o-rganwmène perioqè pou qarakthr�zontai apì amet�blhte kampÔle oi opo�eperib�loun eustaje� perioqè, kaj¸ kai skìrpia shme�a pou dhmiourgoÔnqaotikè j�lasse.Se sust mata perissìterwn diast�sewn ìmw aut  h �mesh plhrofor�aden mpore� na exaqje� apì apl  parat rhsh twn epifanei¸n tom . Parìlopou h eust�jeia twn periodik¸n troqi¸n mpore� na melethje� me th mèjodopou perigr�yame sto upokef�laio 1.1.6 kai h opo�a mpore� na genikeuje� gia
N-di�stata sust mata me N > 3 (Skokos 2001), h troqiak  sumperifor� sthgeitoni� twn periodik¸n troqi¸n dÔskola mpore� na melethje�. O basikì lì-go e�nai oi diast�sei twn epifanei¸n tom . 'Hdh se 3D sust mata ìpwaut� pou melet�me ed¸, èqoume 4D epif�neie tom . 'Ena basikì prìblhmapou antimetwp�zei kane� e�nai h �mesh epopte�a aut¸n twn q¸rwn. Sthn eisa-gwg  anafèroume merikè prosp�jeie pou èqoun g�nei sto pareljìn. Ed¸ jaefarmìsoume th mèjodo qr¸mato kai peristrof  (Patsis & Zachilas 1994).H perigraf  th mejìdou g�netai sto upokef�laio 3.1. Katìpin me th bo jeiath mejìdou aut  melet�me thn troqiak  sumperifor� se perioqè kont� seeustaje� (blèpe upokef�laio 3.2), apl� kai dipl� astaje� (blèpe upokef�-laio 3.3), migadik� astaje� (blèpe upokef�laio 3.4) aplè periodikè troqiè.3.1 Mèjodo qr¸mato kai peristrof .D�noume arqikè sunj ke polÔ kont� sti arqikè sunj ke m�a periodik troqi� kai upolog�zoume èna meg�lo arijmì tom¸n twn troqi¸n pou prokÔ-ptoun me thn epif�neia tom , èstw y = 0, me ẏ > 0. Me autìn ton trìposqhmat�zetai m�a en gènei 4D epif�neia kont� sthn perioq  th periodik  tro-qi� sthn 4D epif�neia tom  (x, ẋ, z, ż). 'Epeita epilègoume ènan upìqwroth epif�neia tom , p.q. ton (x, ẋ, z), kai apeikon�zoume thn 3D probol th 4D epif�neia, pou sqhmat�zetai kont� sthn perioq  th periodik  tro-qi�, ston upìqwro autì me th bo jeia diafìrwn logismik¸n pakètwn. SthnparoÔsa diatrib  ja qrhsimopoi soume to logismikì ”Mathematica” (Wol-
fram 1999). H ulopo�hsh th mejìdou qr¸mato kai peristrof  mèsw th
”Mathematica” ègine prin merik� qrìnia (Katsan�ka 2005). To prìgrammath ”Mathematica” pou ulopoie� aut  th mèjodo br�sketai sto par�rthmath paroÔsa diatrib . H 3D probol  th 4D epif�neia, pou sqhmat�zetai98



kont� sthn perioq  th periodik  troqi�, e�nai m�a 3D epif�neia. Gia na thdoÔme kalÔtera thn peristrèfoume gÔrw apì ènan   perissìterou �xone meth bo jeia th Mathematica. H jèsh k�je for� th 3D epif�neia d�netaise sfairikè suntetagmène (r, θ, φ). Sthn paroÔsa diatrib  qrhsimopoi samegia ìla ta sq mata thn tim  r = 1. Gia autì to lìgo se k�je sq ma d�noumemìno ti gwn�e (θ, φ).K�je shme�o th 3D probol  th 4D epif�neia, kont� sthn perioq  thperiodik  troqi� sthn epif�neia tom , to qrwmat�zoume an�loga me thntim  pou èqei h tètarth suntetagmènh tou. An p.q. h 3D probol  th 4Daut  epif�neia e�nai ston upìqwro (x, ẋ, z) tìte k�je shme�o th 3D aut probol  (3D epif�neia) qrwmat�zetai an�loga th tim  pou èqei h ż. Autìg�netai me thn bo jeia qrwmatik¸n sunart sewn. Oi qrwmatikè sunart seith Mathematica èqoun ped�o orismoÔ to di�sthma [0,1℄ kai k�je tim  stodi�sthma autì antistoiqe� se m�a apìqrwsh enì f�smato pou dialègoume.MporoÔme na èqoume m�a monoqrwmatik  apeikìnish ìpou to 0 na antistoiqe�sto leukì kai to 1 sto maÔro, me ìle ti endi�mese timè na antistoiqoÔnse tìnou tou gkr�zou,   na epilèxoume m�a palèta ìpou apì to 0 w to1 na up�rqei m�a diadoq  qrwm�twn. H suntetagmènh ż pa�rnei timè stodi�sthma [min(ż), max(ż)] ìpou min(ż) kai max(ż) upolog�zontai mèsw th
Mathematica. QrhsimopoioÔme m�a sun�rthsh f gia na kanonikopoi soume todi�sthma tim¸n tou ż, apeikon�zoume dhlad  to di�sthma [min(ż), max(ż)] sto[0,1℄. To min(ż) pa�rnei thn tim  0, to max(ż) thn tim  1 kai oi endi�mesetimè th ż pa�rnoun grammik�, an�loga me thn tim  tou, endi�mese timèmetaxÔ tou 0 kai tou 1. H sun�rthsh f e�nai h parak�tw:

f : [min(ż), max(ż)] → [0, 1]

ż → aż + b (91)Gia ż = min(ż) isqÔei f(min(ż)) = 0 opìte èqoume:
a(min(ż)) + b = 0 (92)gia ż = max(ż) isqÔei f(max(ż)) = 1 opìte èqoume:
a(max(ż)) + b = 1 (93)Afair¸nta th sqèsh (93) apì th sqèsh (92) èqoume ìti a = 1/ (max(ż)−

min(ż)). Antikajist¸nta to a sthn sqèsh (92) èqoume ìti b = - min(ż)/99



(max(ż) − min(ż)) . 'Etsi gia na d¸soume qrwmatik  tim  sta shme�a th
3D probol  th 4D epif�neia pou sqhmat�zetai kont� sthn perioq  m�aperiodik  troqi� sthn epif�neia tom , upolog�zoume th sun�rthsh th Ma-
thematica pou èqoume epilèxei gia ti timè th sun�rthsh f . Se k�je sq mad�noume d�pla to qrwmatikì f�sma th Mathematica pou qrhsimopoioÔme k�jefor�.3.2 Eust�jeiaO skopì autoÔ tou upokefala�ou e�nai h melèth th dom  tou fasikoÔ q¸rousthn perioq  twn eustaj¸n periodik¸n troqi¸n. Jèloume na katano soumepw dome�tai o fasikì q¸ro ìtan h troqi� x1, gia thn pr¸th per�ptwsh toumontèlou ma, g�netai apì eustaj  apl� astaj  genn¸nta m�a nèa trisdi�-stath oikogèneia periodik¸n troqi¸n thn x1v1, h opo�a e�nai eustaj . 'Etsiloipìn basikì skopì autoÔ tou upokefala�ou e�nai h melèth th dom  toufasikoÔ q¸rou sthn perioq  twn periodik¸n troqi¸n th x1 prin kai met�thn met�bash th x1 apì eust�jeia se apl  ast�jeia, kaj¸ kai h mèlethth dom  twn anallo�wtwn tìrwn sthn perioq  twn 3D eustaj¸n periodik¸ntroqi¸n th x1v1. Sti paragr�fou 3.2.1 kai 3.2.2 melet�me thn dom  toufasikoÔ q¸rou ìtan diatar�ssoume ti arqikè sunj ke twn periodik¸n tro-qi¸n th x1 kai x1v1 kat� thn x-dieÔjunsh. Melet�me diadoqik� thn dunamik sumperifor� kont� sti periodikè troqiè prin (upokef�laio 3.2.1) kai met�(upokef�laio 3.2.2) thn met�bash th x1 apì eust�jeia se apl  ast�jeia.Katìpin melet�me tou arijmoÔ peristrof  p�nw se tìrou (upokef�laio3.2.3). Met� melet�me ti allagè sto fasikì q¸ro pou epifèrei h aÔxhsh thenèrgeia (upokef�laio 3.2.4). 'Ustera parousi�zoume ta apotelèsmata maìtan diatar�ssoume ti periodikè troqiè kat� thn z- dieÔjunsh (upokef�laio3.2.5)   ìtan metab�lloume thn diataraq  tou susthmatì ma (upokef�laio3.2.6).SÔmfwna me to KAM je¸rhma6 (Kolmogorov 1954, Moser 1962, Arnold
1963, Arnold 1978 p.399-415), se èna sqedìn oloklhr¸simo sÔsthma N baj-m¸n eleujer�a èqoume thn Ôparxh troqi¸n oi opo�e br�skontai p�nw se N-di�statou anallo�wtou tìrou. Sthn perioq  twn eustaj¸n periodik¸n tro-6To KAM je¸rhma èqei epektaje� se 2n-di�state sqedìn oloklhr¸sime sumplekti-kè apeikon�sei (Wiggins 2003 p.225, Kuksin and Pöschel 1994). Autì shma�nei ìti se
2n-di�state sqedìn oloklhr¸sime sumplektikè apeikon�sei, up�rqoun troqiè oi opo�ebr�skontai p�nw se n-di�statou anallo�wtou tìrou. Sthn per�ptwsh tou susthmatìma or�zetai m�a 4D apeikìnish Poincaré pou se pollè peript¸sei e�nai sqedìn oloklhr¸-simh. 100



qi¸n èna sÔsthma (ìpw to dikì ma) sumperifèretai topik� san èna sqedìnoloklhr¸simo sÔsthma. Opìte lìgw tou KAM jewr mato sthn perioq  twneustaj¸n periodik¸n troqi¸n tou susthmatì ma (to opo�o èqei 3 bajmoÔeleujer�a) up�rqoun troqiè oi opo�e br�skontai p�nw se trisdi�statouanallo�wtou tìrou. H tom  twn tìrwn aut¸n me thn 4D epif�neia tom e�nai disdi�statoi tìroi. H dom  aut¸n twn tìrwn sthn epif�neia tom  exe-t�zetai sto parìn kef�laio.Gia na mporèsoume na perigr�youme ta sq mata autoÔ tou kefala�ou jad¸soume k�poiou orismoÔ sqetik� me tou tìrou. Se ènan trisdi�statoq¸ro èna tìro e�nai m�a epif�neia h opo�a par�getai apì thn peristrof  enìkÔklou sto xz   yz ep�pedo gÔrw apì ton z-�xona (Sq. 58). O orismì twngwni¸n u kai υ d�netai sto Sq. 58. H eswterik  epif�neia tou tìrou or�zetaiw to sÔnolo twn shme�wn ta opo�a èqoun 90o ≤ u ≤ 270o. H exwterik epif�neia tou tìrou or�zetai w to sÔnolo twn shme�wn ta opo�a èqoun 0o ≤
u ≤ 90o kai 270o ≤ u ≤ 360o. Ja kaloÔme w tìrou ta antike�mena ta opo�amelet�me sto kef�laio autì par� to gegonì ìti en gènei èqoun san genn toram�a èlleiyh kai ìqi ènan kÔklo (e�nai elleiptiko� tìroi).Sto upokef�laio 2.3.1 melet same thn eust�jeia th troqi� x1 kai e�dameìti gia Ej=−5.1644 apì eustaj  g�netai apl� astaj . Sto shme�o autì, toopo�o ja apokaloÔme shme�o A, èqoume m�a nèa oikogèneia, thn x1v1, h opo�ae�nai eustaj . Katìpin gia Ej=−4.98 èqoume met�bash gia thn x1 apì apl ast�jeia se eust�jeia kai th gènnhsh m�a nèa apl� astajoÔ oikogèneiaperiodik¸n troqi¸n. To shme�o autì ja apokaloÔme shme�o B.

Sq ma 58: Oi orismo� twn υ kai u gwni¸n se ènan tìro. Ta bèlh de�qnounthn kateÔjunsh me thn opo�a oi gwn�e υ kai u pa�rnoun timè apì to 0 semegalÔtere timè.
101



3.2.1 Epif�neie tom  prin thn S → U met�bashPr¸ta exet�zoume ti epif�neie tom  tou susthmatì ma gia enèrgeie printo shme�o A. Ta sq mata 59a kai 59b perigr�foun thn epif�neia tom  gia
Ej=−5.207 (prin to A). Par� to gegonì ìti melet�me èna galaxiakì sÔsthma,o kÔrio skopì ma e�nai na parousi�soume th dom  tou fasikoÔ q¸rou seèna 3D autìnomo Qamiltonianì sÔsthma. Gia ton lìgo autì oloklhr¸noumeti troqiè gia meg�lou qrìnou, oi opo�oi e�nai anagka�oi gia na èqoume m�akajar  eikìna twn dunamik¸n fainomènwn pou exet�zoume. Oi qrìnoi auto�xepernoÔn pollè forè ton qrìno hlik�a tou sÔmpanto.Sto Sq. 59a parathroÔme anallo�wte kampÔle gÔrw apì periodikè tro-qiè dÔo disdi�statwn oikogenei¸n oi opo�e br�skontai sto ishmerinì ep�-pedo z = 0, sto (x, ẋ) q¸ro me arqikè sunj ke (x0 + ∆x0, ẋ0, z0, ż0) =
(0.18312784 + ∆x0, 0, 0, 0) me ∆x0 = 0.1, . . . , 0.8 kai (x0 + ∆x0, ẋ0, z0, ż0)
= (−0.59595941 + ∆x0, 0, 0, 0) me ∆x0 = 0.1, . . . , 0.4. K�je anallo�wth kam-pÔlh apotele�tai apì 103 shme�a. To sq ma perigr�fei m�a tupik  kat�stashse peristrefìmena galaxiak� dunamik�. H eustaj  periodik  troqi� gia x > 0an kei sthn x1 kai h eustaj  periodik  troqi� gia x < 0 sthn an�dromh oiko-gèneia x4 (Contopoulos 2002, p.391). H èktash twn anallo�wtwn kampul¸nperior�zetai apì thn kampÔlh mhdenik  taqÔthta ZVC(Sq. 60). Metab�l-lonta ti arqikè sunj ke x0 p�nw apì to p�nw ìrio   k�tw apì to k�twìrio th kampÔlh mhdenik  taqÔthta gia thn �dia tim  th Ej br�skoume tianamenìmene kampÔle tÔpou kamp�na (gia 103 shme�a sthn epif�neia tom )oi opo�e sqet�zontai me ti troqiè diafug  (Contopoulos & Patsis 2006)(Sq. 59b).
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Sq ma 59: H (x, ẋ) epif�neia tom  gia Ej=−5.207. (a) Oi anallo�wte kampÔ-le gÔrw apì ti periodikè troqiè x1 (jetikè timè tou x) kai x4 (arnhtikètimè timè tou x) (b) H epif�neia tom  jewr¸nta arqikè sunj ke me xmikrìtero apì to k�tw ìrio th kampÔlh mhdenik  taqÔthta gia thn �diatim  th enèrgeia. ParathroÔme thn emf�nish twn kampÔlwn tÔpou kamp�na
(Contopoulos & Patsis 2006). 103



Sq ma 60: H (Ej,x) kampÔlh mhdenik  taqÔthta (ZVC), gia troqiè sto
z = 0 ep�pedo sto Qamiltonianì susthm� ma. Oi apagoreumène perioqèk�nhsh parist�nontai me gkr� qr¸ma. Ta L4 kai L5 e�nai ta Lagkranzian�shme�a isorrop�a tou susthmatì ma.
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3.2.2 Epif�neie tom  met� thn S → U met�bashSuneq�zoume me th melèth tou diast mato twn energei¸n metaxÔ tou A kaiB. Gia Ej=−5.1574 ìpou sunant�me thn apl� astaj  periodik  troqi� th
x1 (me arqikè sunj ke (x0, ẋ0, z, ż0)=(0.18958522, 0, 0, 0)) kai thn eustaj periodik  troqi� x1v1 (me arqikè sunj ke (x0, ẋ0, z0, ż0) =
(0.18939859, 0, 0.030236585, 0)) h opo�a èqei diakladiste� apì thn x1. Mele-t�me thn dom  tou fasikoÔ q¸rou sthn perioq  aut¸n twn duo periodik¸ntroqi¸n, diatar�ssonta diadoqik� ti periodikè troqiè x1 kai x1v1 kat�thn x-dieÔjunsh me ∆x = 0.1, 0.2 . . . 0.7. Sthn per�ptwsh th didi�stath pe-riodik  troqi� èqoume p�nta z = 0 kai autì shma�nei ìti h 3D probol  thep�f�neia tom  (x, ẋ, z) taut�zetai me thn didi�stath probol  (x, ẋ). Thnprobol  aut  thn parathroÔme sto Sq. 61, ìpou èqoume eft� anallo�wtekampÔle na perib�lloun to shme�o th periodik  troqi� th x1 sthn epif�-neia tom . K�je anallo�wth kampÔlh èqei 103 shme�a. Onom�zoume autè tikampÔle S1a, S2a, . . . , S7a gia diataraqè (x0 +∆x0) me ∆x0 = 0.1, 0.2, . . . 0.7ant�stoiqa.Katìpin upolog�same ton qarakthristikì arijmì Lyapunov th periodik troqi� x1 kai br kame ìti e�nai jetikì kai �so me 0.025958. O qarakthri-stikì arijmì Lyapunov m�a periodik  troqi� or�zetai w to maximum σi,ìpou: σi = 1

τ
ln(|λi|), τ e�nai h per�odo th periodik  troqi� kai λi oi idio-timè tou monìdromou p�naka th apeikìnish Poincaré (bl. p.q.Lichtenberg

and Lieberman 1992 p.302, Skokos 2010). To sq ma 61 ton�zei to gegonììti h dunamik  sumperifor� kont� se m�a 2D apl� astaj  periodik  troqi�se èna 3D Qamiltonianì sÔsthma mpore� na e�nai ìmoia me aut n sthn perioq m�a 2D eustajoÔ periodik  troqi� e�n h diataraq  perior�zetai mìno sem�a dieÔjunsh (sthn per�ptwsh ma h aktinik ).Efarmìzoume ti �die eft� diataraqè pou efarmìsame sthn periodik  tro-qi� th x1 kai sthn periodikh troqi� th x1v1 kai parathroÔme eft� tìrou(oi opoio� anaparist�nontai me kìkkino qr¸ma sto Sq. 62) gÔrw apì thn pe-riodik  troqi� th x1v1 sthn 3D probol  (x, ẋ, z) th epif�neia tom . StoSq ma 62 onom�zoume tou tìrou autoÔ w S1, S2, S3, S4, S5, S6 kai S7 xe-kin¸nta apì ton kontinìtero tìro sthn periodik  troqi�. Par�llhla sto�dio sq ma anaparistoÔme me pr�sino qr¸ma kai ti anallo�wte kampÔle
S1a, S2a, S3a, S4a, S5a, S6a kai S7a oi opo�e br�skontai gÔrw apì thn periodik troqi� th x1. K�je tìro apotele�tai apì 104 shme�a sthn epif�neia tom .Epeid  briskìmaste se tim  th enèrgeia kont� sto shme�o diakl�dwsh oiarqikè sunj ke x th periodik  troqi� th x1 kai th periodik  troqi�th x1v1 sqedìn taut�zontai. Autì shma�nei ìti oi Si tìroi kai oi kampÔle105
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Sq ma 61: H (x, ẋ) probol  th (x, ẋ, z, ż) epif�neia tom  th 2D oiko-gèneia x1 gia Ej = −5.1574. H periodik  troqi� th x1 me arqikè sun-j ke (x0, ẋ0, z0, ż0) = (0.18958522, 0, 0, 0) e�nai apl� astaj . Onom�zoumeti anallo�wte kampÔle S1a, S2a, S3a, S4a, S5a, S6a, S7a xekin¸nta apì thnkontinìterh sthn periodik  troqi�.
Sia perib�lloun thn �dia tim  x. Gia ton lìgo autì oi tìroi Si kai oi anallo�w-te kampÔle Sia allhlokalÔptontai sthn 2D probol  (x, ẋ) th epif�neiatom .Oi Si tìroi e�nai trisdi�state probolè twn anallo�wtwn tìrwn th 4Dapeikìnish Poincaré. H dom  tou, ektì aut  tou S4, e�nai ìmoia me aut twn epifanei¸n pou onom�sthkan w �peristrofiko� tìroi� (rotational tori) apìtou Vrahatis et al. (1996, 1997). Oi suggrafe� auto� br kan to �dio e�dotìrwn se m�a 4D sumplektik  apeikìnish h opo�a sqet�zetai me thn dunamik desm¸n swmatid�wn se kuklikoÔ epitaquntè. Akìma kai o S2 pou moi�zei naèqei m�a dik  tou morfolog�a (Sq. 62) metatrèpetai se èna tupikì peristrofikìtìro e�n oloklhr¸soume thn troqi� mèqri na èqoume 4 × 105 shme�a sthnepif�neia tom  (Sq. 63). Exa�resh apì aut  thn morfolog�a apotele� otìro S4 o opo�o èqei m�a lept  kai polÔplokh dom  pou moi�zei me èna e�dokordèla. To Sq. 64 ma bohj�ei na antilhfjoÔme ìti o tìro S4 tèmnei106



ton eautì tou se pènte perioqè A,B,C,D kai E. Praktik� autì mpore� na tokatal�bei kane� sthn 3D probol  peristrèfonta to sq ma autì sthn ojìnhtou upologist  kai blepont� to apì di�fore optikè gwn�e. H dom  aut tou S4 e�nai ìmoia me aut  twn tìrwn pou onom�sthkan �swlhnoeide� tìroi�(tube tori) apì tou Vrahatis et al. (1997).Ja melet soume t¸ra thn dom  twn peristrofik¸n tìrwn sthn 4D epif�-neia tom  qrhsimopoi¸nta thn mèjodo qr¸mato kai peristrof . Oi tì-roi katalamb�noun ton upìqwro th 4D epif�neia tom  [x1, x2] × [ẋ1, ẋ2] ×
[z1, z2]×[ż1, ż2] = [−0.154927, 0.890256]×[−1.79387, 1.77590]×[−0.0302, 0.0302]×
[−0.096, 0.096]. W par�deigma th 4D morfolog�a twn peristrofik¸n tìrwnapeikon�zoume sto Sq. 65 ta pr¸ta 4×105 shme�a tou tìrou S2. Autì o tìroèqei èna mikrì p�qo, ìpw ìtan èna elleiptikì tìro dhmiourge�tai apì thnperistrof  m�a èlleiyh gÔrw apì ton ẋ-�xona. Epilègoume ed¸ na apeikon�-soume ta shme�a tou tìrou sthn trisdi�stath probol  (ẋ, z, ż) th epif�neiatom  kai na ta qrwmat�soume an�loga me thn tim  tou sthn tètarth di�stash
x. ParathroÔme ìti to qr¸ma akolouje� k�poie kanonikìthte. Autì e�qeparathrhje� kai apì tou Patsis & Zachilas (1994). Oi leptomèreie ìmw thdom  aut  parousi�zontai gia pr¸th for� ed¸ kai upodhl¸noun m�a genik sumperifor� gia aut  thn kl�sh antikeimènwn.KinoÔmenoi kat� m ko th υ-dieÔjunsh gia stajer  tim  th gwn�a utou tìrou S2 (Sq. 65), ta shme�a sthn epif�neia tom  diathroÔn to qr¸matou metaba�nonta apì thn exwterik  epif�neia sthn eswterik  epif�neia toutìrou kai ant�strofa. Autì g�netai, kat� m ko twn gramm¸n A, B, C kai Dpou or�zontai apì thn enallag  twn qrwm�twn kìkkinou kai mple sto Sq. 65.Katìpin meletoÔme ti leptomèreie th diadoq  qr¸mato kont� se autè tigrammè kat� m ko th υ-dieÔjunsh gia stajer  tim  th gwn�a u (Sq. 66).To Sq. 66 e�nai megèjunsh tou dexioÔ mèrou tou sq mato 65. Sto sq -ma autì ta shme�a pou e�nai qrwmatismèna me kìkkino kai ta opo�a br�skontaip�nw sthn exwterik  epif�neia tou tìrou all�zoun epif�neia kai glistroÔnsthn eswterik  epif�neia kat� m ko th gramm  A (p�nw aristerì mèrotou Sq. 66). An suneq�soume na kinoÔmaste kat� m ko th υ-dieÔjunsh methn for� twn deikt¸n tou rologioÔ ta kìkkina shme�a, ta opo�a br�skontait¸ra sthn eswterik  epif�neia tou tìrou, ft�noun mèqri thn gramm  D. Sthngramm  aut  ta shme�a all�zoun epif�neia kai gurn�ne xan� sthn exwterik epif�neia. To Sq. 66 ma epitrèpei na katano soume ton trìpo me ton opo�og�netai h met�bash twn shme�wn apì thn m�a epif�neia sthn �llh. Sto k�tw mè-ro th eikìna tou sq mato 66 mporoÔme na parathr soume pw ta kìkkinashme�a glistroÔn p�sw apì ta mplè shme�a d�nonta thn entÔpwsh ìti dhmiour-goÔn èna d�ktuo. To kìkkino d�ktuo apotele�tai apì lwr�de oi opo�e g�nontai107



platÔtere ìso o qrìno upologismoÔ aux�nei. Telik� met� apì arketì qrìnoolokl rwsh th troqi� oi lwr�de en¸nontai se m�a suneq  kìkkinh epif�-neia pou kalÔptei ti mple lwr�de. Omo�w to mplè d�ktuo sto eswterikìmèro tou tìrou gem�zei me mplè Ôstera apì arketì qrìno olokl rwsh meapotèlesma ta kìkkina shme�a na kalufjoÔn apì ta mplè sto k�tw mèro tousq mato 66.Genik� h metabol  tou qr¸mato kat� m ko th υ-dieÔjunsh gia stajer tim  th gwn�a u mpore� na katanohje� koit¸nta thn mp�ra qr¸mato pouparajètoume dexi� se k�je sq ma. Me autìn ton trìpo blèpoume ìti to kìk-kino   to m¸b-mplè (sto p�nw mèro   k�tw mèro tou tìrou) metab�llontaise portokal�   mplè kai aut� me thn seir� tou se k�trino   gal�zio ¸spoutelik� gia u = 90o kai u = 270o ta shme�a na èqoun pr�sino qr¸ma (to opo�obr�sketai sto mèso th qrwmatik  mp�ra).Ektì apì thn metabol  qr¸mato kat� m ko th υ-dieÔjunsh gia sta-jer  tim  th gwn�a u up�rqei kai h metabol  tou qr¸mato kat� m ko th
u-dieÔjunsh (me stajerì υ). An melet soume p.q. m�a kìkkinh perioq  ston
S2 tìro sto Sq. 65, parathroÔme ìti èqoume kìkkina shme�a sto mèso toutìrou (u = 0). Arqik� gia u : 0o → 90o parathroÔme m�a diadoq  qr¸matoapì kìkkino se portokal� ,se k�trino kai met� se pr�sino (Sq. 65). DeÔterongia u : 90o → 180o, sthn eswterik  pleur� tou tìrou, ta qr¸mata metab�l-lontai apì pr�sino se gal�zio kai met� se mplè kai tèlo se m¸b. Met� gia
u : 180o → 270o ta qr¸mata metab�llontai omal� apì m¸b se pr�sino kaitelik� gia u : 270o → 360o, sthn exwterik  epif�neia tou tìrou, mporoÔmena parathr soume m�a omoiìmorfh metabol  qr¸mato apì pr�sino se k�trinokai met� se kìkkino. Sumperasmatik�, parathroÔme m�a kuklik  metabol  twnqrwm�twn (timè x) kat� m ko th u-dieÔjunsh. H metabol  qr¸mato e�naiparìmoia gia ìlou tou peristrofikoÔ tìrou Si.H elleiptikìthta twn 3D probol¸n twn tìrwn diafèrei. Se �lle peri-pt¸sei tou sust matì ma br�skoume elleiptikoÔ tìrou me mikr  elleipti-kìthta. W par�deigma pa�rnoume m�a eustaj  periodik  troqi� th oikogèneia
x1v3 gia Ej=−4.3 (me arqikè sunj ke (x0, ẋ0, z, ż0)=(0.6765982, 0, 0.254816, 0))kai thn diatar�soume kat� ∆x = 10−5. ParathroÔme ènan tìro me mikr  elei-ptikìthta gÔrw apì thn periodik  troqi� ton opo�o onom�zoume Sa (Sq. 67).Sto Sq. 67 parathroÔme ìti sto p�nw mèro th exwterik  epif�neia toutìrou Sa kuriarqe� to mplè qr¸ma. Kat� m ko th υ-dieÔjunsh blèpoumem�a omal  metabol  qr¸mato apì mplè se gal�zio, se pr�sino kai se k�tri-no. Sthn perioq  h opo�a upodeiknÔetai me èna bèlo �A�, parathroÔme ìti tok�trino sunant� to mplè. Se aut  thn perioq  èqoume thn tom  th exwteri-k  epif�neia tou Sa me thn eswterik  epif�nei� tou. Oi leptomèreie th108



tom  aut  sthn 4D epif�neia tom  fa�nontai sto Sq. 68. To qr¸ma twnshme�wn apì k�trino sthn exwterik  epif�neia tou Sa (h opo�a sumbol�zetai w
“Ext”) suneq�zei se portokal� kai met� se kìkkino sthn eswterik  epif�neiatou tìrou Sa (h opo�a sumbol�zetai w “Int”). ParathroÔme t¸ra m�a omal metabol  qr¸mato apì kìkkino se portokal� sthn eswterik  epif�neia toutìrou Sa (Sq. 67)mèqri na ft�soume se m�a gramm  sthn opo�a to portokal�sunant� to mplè. Se aut  thn gramm , h opo�a upodeiknÔetai me èna bèlo
“B”, èqoume sthn 3D probol  (x, ẋ, z) th epif�neia tom  xan� m�a tom  thexwterik  epif�neia me thn eswterik  epif�neia tou tìrou Sa.Erqìmaste t¸ra sthn perioq  tou swlhnoeidoÔ tìrou S4 pou br kamegÔrw apì thn periodik  troqi� th x1v1. Sthn 3D probol  (x, ẋ, z) th epi-f�neia tom  e�dame ìti o S4 (Sq. 64) tèmnei ton eautì tou se pènte perioqè
A, B, C, D kai E. Sto Sq. 69 o S4 qrwmat�zetai an�loga me thn tim  th tètar-th di�stash ż. Sto sq ma autì parathroÔme m�a omal  metabol  qr¸matosti perioqè an�mesa se dÔo diadoqikè tomè. Gia par�deigma, exet�zoumethn perioq  an�mesa sti tomè A kai B sthn eswterik  epif�neia tou tìroukat� m ko tou bèlou �1� (Sq. 69). KinoÔmenoi kat� m ko autoÔ tou bè-lou, gia stajer  tim  th u, kai xekin¸nta apì ta mplè shme�a parathroÔmem�a omal  metabol  qr¸mato apì mplè se gal�zio, se pr�sino, se k�trino, seportokal� sthn tom  B. T¸ra an kinhjoÔme apì thn tom  A kat� m ko toubèlou �2� (Sq. 69) h diadoq  tou qr¸mato xekin¸nta apì kìkkino, gia sta-jer  tim  th u, e�nai kìkkino → portokal� → k�trino → pr�sino → gal�zio
→ mplè sthn tom  B. ParathroÔme ìti se ìle ti tomè tou S4 ston upì-qwro (x, ẋ, z) th epif�neia tom  èqoume thn sun�nthsh dÔo diaforetik¸nswl nwn oi opo�oi èrqontai apì diaforetikè dieujÔnsei kai èqoun diafore-tikì qr¸ma. Gia par�deigma sthn tom  A èqoume thn sun�nthsh tou kìkkinoume to mplè kai sthn tom  B thn sun�nthsh tou mplè me to portokal�. An�-loga isqÔoun sti tomè C, D kai E. Sumperasmatik� èqoume omal  metabol qr¸mato sti perioqè metaxÔ dÔo tom¸n kai thn sun�nthsh diaforetik¸nqrwm�twn sti perioqè twn tom¸n. Autì shma�nei ìti ta shme�a èqoun diafo-retikè timè sthn tètarth di�stash kai ìti oi tomè autè den up�rqoun sthn
4D epif�neia tom . Parìmoia apotelèsmata me aut� tou parìnto upoke-fala�ou br kame diat�rasonta ti arqikè sunj ke twn periodik¸n troqi¸nth x1 kai th x1v1 kat� thn ẋ-dieÔjunsh.
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Sq ma 62: H (x, ẋ, z) 3D probol  th (x, ẋ, z, ż) 4D epif�neia tom  gia
Ej=−5.1574. H optik  ma gwn�a e�nai (θ, φ) = (17o, 20o). Oi Si tìroi gÔrwapì thn x1v1 parist�nontai me kìkkino qr¸ma, en¸ oi anallo�wte kampÔle
Sia gÔrw apì thn x1 parist�nontai me pr�sino qr¸ma.

110



Sq ma 63: H (x, ẋ, z) probol  tou S2 sthn (x, ẋ, z, ż) epif�neia tom  gia
Ej=−5.1574. H optik  ma gwn�a e�nai (θ, φ) = (40o, 15o). Aut  e�nai m�atupik  morfolog�a enì peristrofikoÔ tìrou.
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Sq ma 64: 3D probol  tou tìrou S4 gia (θ, φ) = (40o, 264o). A,B,C,D kai Ee�nai oi pènte tomè tou S4 me ton eautì tou.
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Sq ma 65: O tìro S2 sthn (x, ẋ, z, ż) epif�neia tom  gia Ej=−5.1574. Hjèsh twn shme�wn sthn epif�neia tom  br�sketai sthn (ẋ, z, ż) probol  kaita qrwmat�zoume an�loga me thn tim  tou sthn x di�stash. H optik  magwn�a e�nai (θ, φ) = (180o, 9o).

Sq ma 66: To dexiì mèro tou Sq. 65 se megèjunsh. ParathroÔme pw tashme�a sthn epif�neia tom  me èna sugkekrimèno qr¸ma metaba�noun apì thnm�a epif�neia tou tìrou sthn �llh. 113
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Sq ma 67: O tìro Sa gÔrw apì m�a eustaj  periodik  troqi� x1v3 sthn
(x, ẋ, z, ż) epif�neia tom  gia Ej=−4.3. Ta shme�a sthn epif�neia tom qrwmat�zontai an�loga me thn tim  tou ẋ. H optik  ma gwn�a e�nai (θ, φ) =
(30o, 30o). ParathroÔme m�a omoiìmorfh metabol  qr¸mato. Ta qr¸mataall�zoun epif�neia kat� m ko twn gramm¸n oi opo�e upodeiknÔontai me bèlh.
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Sq ma 68: H perioq  th diatom  th exwterik  epif�neia tou tìrou methn eswterik  epif�neia tou tìrou Sa sthn (x, ẋ, z, ż) epif�neia tom  gia
Ej=−4.3. Ta shme�a qrwmat�zontai an�loga me thn tim  tou ẋ. H optik ma gwn�a e�nai (θ, φ) = (30o, 30o). Ta bèlh Ext kai Int upodeiknÔoun thnexwterik  kai eswterik  epif�neia tou tìrou ant�stoiqa.
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Sq ma 69: H (x, ẋ, z, ż) epif�neia tom  gia ton tìro S4 gia Ej=−5.1574. Tashme�a qrwmat�zontai an�loga me thn tim  tou ż. H optik  ma gwn�a e�nai
(θ, φ) = (30o, 45o).
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3.2.3 Arijmo� Peristrof Ja melet soume t¸ra k�poie idiìthte twn peristrofik¸n kai swlhnoeid¸ntìrwn mèsw orismènwn posot twn oi opo�e e�nai se �mesh antisto�qish metou arijmoÔ peristrof 7 sti sun jei anallo�wte kampÔle oi opo�ebr�skontai gÔrw apì eustaje� periodikè troqiè se 2D sust mata. Gia tonlìgo autì or�zoume tou arijmoÔ peristrof  gia ti 2D kai 3D probolètwn tetradi�statwn tìrwn. Parathr same ìti diadoqik� shme�a sar¸noun mediaforetikoÔ trìpou tou tìrou. Sthn 4D epif�neia tom  (x, ẋ, z, ż) jew-roÔme thn 3D probol  (x, ẋ, z) kai thn 2D probol  (x, ẋ) twn tìrwn. 'Enatìro sthn probol  (x, ẋ) parist�nei m�a anallo�wth kampÔlh ìpw e�dame stoSq. 61. O arijmì peristrof  “rot” se aut  thn per�ptwsh or�zetai ìpwsti sun jei anallo�wte kampÔle gÔrw apì thn eustaj  periodik  troqi�sti 2D epif�neie tom  twn 2D susthm�twn. Aut  h posìthta e�nai diafo-retik  gia k�je anallo�wth kampÔlh kai h metabol  tou arijmoÔ peristrof w sun�rthsh th apìstash se m�a dieÔjunsh p.q. x-dieÔjunsh, or�zei m�akampÔlh peristrof  (Contopoulos 2002 p. 139).T¸ra gia ton upologismì tou arijmoÔ peristrof  “rot” ep� tou tìrousthn 3D probol  (x, ẋ, z) akoloÔjoÔme ta parak�tw:1. Upolog�zoume thn gwn�a peristrof  r̂i
8metaxÔ dÔo diadoqik¸n shme�wn p�nw ston tìro, dhlad  metaxÔ tou i -stou shme�ou me suntetagmène (xi, ẋi, zi) kai tou i+1 -stou me sun-tetagmène (xi+1, ẋi+1, zi+1). Or�zoume ta dianÔsmata X kai Y w:

X = (xi+1−x0, ẋi+1− ẋ0, zi+1−z0) kai Y = (xi−x0, ẋi− ẋ0, zi−z0) an-t�stoiqa. Br�skoume thn gwn�a peristrof  apì to eswterikì ginìmenotwn X kai Y mèsw tou parak�tw tÔpou:
r̂i = arccos

XY

| X || Y | (94)7Se èna 2D sÔsthma, m�a hmiperiodik  troqi� gÔrw apì m�a eustaj  periodik  troqi�diagr�fei m�a anallo�wth kampÔlh sthn 2D epif�neia tom  (x, ẋ). An (x0, ẋ0) e�nai oi arqi-kè sunj ke th periodik  troqi� kai (xi, ẋi) to i-sto shme�o th anallo�wth kampÔlh,tìte to Ri = (xi − x0, ẋi − ẋ0) e�nai to i-di�nusma jèsh. H gwn�a peristrof  metaxÔdÔo shme�wn i kai i + 1 or�zetai w h gwn�a twn dÔo dianusm�twn jèsew Ri kai Ri+1. Oarijmì peristrof  or�zetai w h mèsh tim  th gwn�a peristrof  (me mon�da ton kÔklo)
(Contopoulos 2002 p.139).8Or�zoume thn arqik  gwn�a peristrof  r̂0 gia to arqikì shme�o th troqi� p�nw stontìro (x1, ẋ1, z1) w th gwn�a pou dhmiourge�tai apì to di�nusma, pou en¸nei to shme�o autìme to shme�o th periodik  troqi� (x0,ẋ0,z0), me to ep�pedo (x, ẋ).117



2. Tèlo, upolog�zoume ton mèso ìro ìlwn twn r̂i’s gia na broÔme to “rot”gia ton tìro.H kampÔlh peristrof  kat� m ko th x-dieÔjunsh, gia ti anallo�wtekampÔle gÔrw apì ti apl� astaje� periodikè troqiè th x1 gia Ej=−5.1574,me arqikè sunj ke (x0,z0,ẋ0,ż0) = (0.189585220, 0, 0, 0), d�netai sto Sq. 70(pr�sinh kampÔlh). Sto Sq. 70 ston x-�xona d�noume thn apìstash apì thnperiodik  troqi� sthn x-dieÔjunsh. Ant�stoiqe kampÔle upolog�sthkan giatou tìrou gÔrw apì thn eustaj  periodik  troqi� th x1v1 gia thn �dia ti-m  th enèrgeia (Ej=−5.1574) h opo�a èqei arqikè sunj ke (x0,z0,ẋ0,ż0)=
(0.18939859, 0.030236585, 0, 0). DÔo kampÔle peristrof  gia thn x1v1 d�-nontai sto Sq. 70 qrhsimopoi¸nta ti probolè (x, ẋ) (mple gramm ) kai
(x, ẋ, z) (kìkkinh gramm ), ant�stoiqa. Gia ton upologismì aut¸n twn kam-pul¸n qrhsimopoi same tou orismoÔ pou d¸same parap�nw. ParathroÔmeìti se ìle ti peript¸sei èqoume m�a parìmoia metabol  twn arijm¸n peri-strof . H sumperifor� twn kampul¸n peristrof  gia tou anallo�wtoutìrou gÔrw apì thn eustaj  periodik  troqi� th x1v1 e�nai parìmoia meaut  twn kampul¸n peristrof  gia ti anallo�wte kampÔle gÔrw apì thnapl� astaj  periodik  troqi� th x1. Antilambanìmaste ìti oi arijmo� peri-strof  gia tou swlhnoeide� tìrou, akoloujoÔn thn kampÔlh peristrof qwr� kam�a èndeixh eidik  sumperifor�.
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XSq ma 70: Oi kampÔle peristrof  (gia Ej = −5.1574) gia ti anallo�wtekampÔle gÔrw apì thn periodik  troqi� x1 ston 2D upìqwro (x, ẋ) (pr�sinoqr¸ma) kai gÔrw apì thn periodik  troqi� x1v1 ston 2D upìqwro (x, ẋ) (mplèqr¸ma) kai gia tou tìrou gÔrw apì thn periodik  troqi� x1v1 ston 3Dupìqwro (x, ẋ, z) (kìkkino qr¸ma). ParathroÔme ìti oi tre� kampÔle èqounm�a ìmoia metabol  kai praktik� allhlokalÔptontai.
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3.2.4 Epif�neie tom  kai metabol  th enèrgeiaSto upokef�laio autì ja melet soume ti allagè pou epifèrei ston q¸-ro twn f�sewn h metabol  th enèrgeia. 'Opw e�dame sto prohgoÔmenoupokef�laio oi arqikè sunj ke twn oikogenei¸n x1 kai x1v1 sqedìn tau-t�zontai kont� sto shme�o diakl�dwsh. H x1v1 eisèrqetai sto sÔsthma medÔo kl�dou (Skokos et al 2002a). 'Oso h enèrgeia aux�nei, o èna kl�doantistoiqe� se periodikè troqiè me arqikè sunj ke z0 > 0 kai o �llo,o opo�o e�nai summetrikì pro ton pr¸to kl�do, se periodikè troqiè mearqikè sunj ke z0 < 0. Kont� sto shme�o diakl�dwsh h z0 arqik  sun-j kh twn periodik¸n troqi¸n th x1v1 br�sketai kont� sto ep�pedo z = 0.Gia ton lìgo autì oi anallo�wtoi tìroi gÔrw apì thn eustaj  periodik  tro-qi� th x1v1 e�nai summetriko� w pro to ep�pedo z = 0. Makri� apì toshme�o diakl�dwsh, gia megalÔtere timè th enèrgeia, h arqik  sunj kh
z0 twn periodik¸n troqi¸n th x1v1 aux�nei. 'Oso aux�nei h enèrgeia, sthn
3D probol  (x, ẋ, z), h x0 arqik  sunj kh twn periodik¸n troqi¸n th x1apomakrÔnetai apì tou tìrou gÔrw apì thn eustaj  periodik  troqi� th
x1v1, mi� pou oi tìroi perib�loun thn eustaj  periodik  troqi� th x1v1 ma-kri� apì to ep�pedo z = 0. Sto upokef�laio autì melet�me thn per�ptwshgia Ej= −5.131377, ìpou oi arqikè sunj ke th apl� astajoÔ periodi-k  troqi� th x1 e�nai (x0, ẋ0, z0, ż0) = (0.19317510, 0, 0, 0), en¸ autè th
x1v1 e�nai (x0, ẋ0, z0, ż0) = (0.19221178, 0, 0.06769306, 0). Pr¸ta exet�zou-me ton q¸ro twn f�sewn kont� sthn periodik  troqi� th x1, h opo�a e�naiapl� astaj . Autì pragmatopoie�tai aux�nonta thn x0 arqik  sunj kh kat�
∆x0 = 0.1, 0.2, 0.3, ..., 0.7 kai jewr¸nta thn 2D probol  (x, ẋ) th epif�neiatom  (Sq. 71). To kainoÔrgio stoiqe�o sto Sq. 71, se sqèsh me thn 2D pro-bol  (x, ẋ) th epif�neia tom  gia Ej=−5.1574 (Sq. 61), e�nai h emf�nishpènte nhs�dwn eust�jeia sthn jèsh th tr�th anallo�wth kampÔlh. Autèoi nhs�de antistoiqoÔn se m�a troqi� me arqikè sunj ke (x0 + 0.3, 0, 0, 0).Autì sumba�nei lìgw th di�spash th tr�th anallo�wth kampÔlh touSq. 61 kaj¸ h enèrgeia aux�nei. Ti upìloipe anallo�wte kampÔle tionom�same T1a, T2a, T4a, T5a, T6a, T7a, me thn T1a na e�nai h kontinìterh sthnperiodik  troqi� th x1.'Opw kai sthn prohgoÔmenh per�ptwsh, diereunoÔme pr¸ta ton q¸ro twnf�sewn sthn geitoni� th eustajoÔ periodik  troqi� th x1v1 efarmìzon-ta ti �die diataraqè sti arqikè sunj ke th periodik  troqi�. Autìshma�nei ìti aux�noume thn x0 arqik  sunj kh kat� ∆x0 = 0.1, 0.2, 0.3, ..., 0.7kai jewroÔme ta shme�a sthn (x, ẋ, z) probol  th 4D epif�neia tom . Upo-log�zoume 104 shme�a sthn epif�neia tom . Sto Sq. 72 parathroÔme ìti oi120



Sq ma 71: Oi anallo�wte kampÔle T1a, T2a, T4a, T5a, T6a kai T7a sthn (x, ẋ)probol  th epif�neia tom  Ej=−5.131377.eft� kìkkinoi tìroi gÔrw apì thn periodik  troqi� th x1v1 (pou shmei¸netaime ènan kìkkino staurì sto (0.19221178, 0, 0.06769306)) antistoiqoÔn stieft� diatarassìmene arqikè sunj ke gia ∆x0 = 0.1, 0.2, 0.3, ..., 0.7. 'Opwkai sthn per�ptwsh th x1, ètsi kai gia thn x1v1 h tr�th arqik  sunj kh me
∆x0 = 0.3, parousi�zei m�a diaforetik  dunamik  sumperifor�. Eke� emfan�-zontai pènte mikro� peristrofiko� tìroi. Onom�zoume tou upìloipou tìrouw T1, T2, T4, T5, T6, T7. O tìro pou le�pei T3 èqei antikatastaje� apì 5 mi-kroÔ tìrou. Sto Sq. 72 blèpoume ep�sh kai ti anallo�wte kampÔle gÔrwapì thn periodik  troqi� th x1 (me pr�sino qr¸ma), oi opo�e br�skontai sto
(x, ẋ) ep�pedo (gia z = 0). ParathroÔme ìti oi tìroi prob�llontai sto (x, ẋ)ep�pedo sqedìn ston �dio q¸ro me autìn pou katalamb�noun oi pr�sine anal-lo�wte kampÔle gÔrw apì thn x1. H probol  aut¸n twn tìrwn fa�netai stoSq. 73. H probol  aut¸n twn tìrwn jum�zei thn morfolog�a twn anallo�wtwnkampÔlwn. 'Ena �llo endiafèron qarakthristikì twn Ti anallo�wtwn tìrwngia thn tim  th enèrgeia −5.131377 pou meletoÔme e�nai ìti oi tìroi T4, T5kai T7 èqoun diaforetik  morfolog�a apì tou upìloipou tìrou.Sugkekrimèna o tìro T4 (Sq. 72) èqei m�a lept  morfolog�a kai m�a dom parìmoia me aut  mi� kordèla. Sto Sq. 74 parathroÔme ton T4 apì m�a121



diaforetik  optik  gwn�a ((θ, φ) = (41o, 91o)) sthn (x, ẋ, z) probol  th epi-f�neia tom . Autì ma bohj� na katal�boume ìti o T4 tèmnei ton eautì touse pènte diaforetikè perioqè. H morfolog�a tou T4 e�nai parìmoia me aut tou S4 tìrou gia thn tim  th enèrgeia Ej=−5.1574 (Sq. 64).O T5 sto Sq. 75 moi�zei ep�sh me m�a kordèla, h opo�a èqei m�a lept  kaipolÔplokh morfolog�a (Sq. 75). O tìro autì èqei m�a mìno tom  me toneautì tou sthn (x, ẋ, z) 3D probol  ìpw mporoÔme na doÔme sto Sq. 75a kaisto Sq. 75b apì diaforetikè optikè gwn�e sthn (x, ẋ, z) probol . Ep�sheft� tomè parathroÔme ston T7 sthn (x, ẋ, z) probol  th epif�neia tom .Oi tìroi T4, T5 kai T7 èqoun parìmoia morfolog�a me aut  twn �swlhnoeid¸n�tìrwn (Vrahatis et al. 1997).'Opw e�pame, sthn (x, ẋ) probol  th epif�neia tom  oi diaforè sthnmorfolog�a twn T4, T5 kai T7 apì tou upìloipou tìrou Ti den mporoÔn nafanoÔn (Sq. 73). Prospaj¸nta na katal�boume an oi diaforè pou parath-roÔme sthn morfolog�a twn 3D probol¸n twn tìrwn antikatoptr�zontai seorismène morfologikè diaforè twn troqi¸n ston fusikì q¸ro, sugkr�nou-me sto Sq. 76 ti troqiè pou antistoiqoÔn ston T2 (peristrofikì tìro),me autè twn tìrwn T4 kai T5 (swlhnoeide� tìroi). H morfolog�a tou e�-nai h anamenìmenh gia hmiperiodikè troqiè pou pagideÔontai gÔrw apì m�aeustaj  periodik  troqi�, sthn periptws  ma gÔrw apì m�a periodik  troqi�pou an kei sthn x1v1. Oi (x, y) probolè twn T2, T4 kai T5 e�nai praktik��die me autè twn T2a,T4a kai T5a troqi¸n gÔrw apì thn x1 gia thn �dia tim th enèrgeia. Den up�rqei kam�a morfologik  diafor� an�mesa sti tre� 3Dtroqiè sti (x, z) kai (y, z) probolè. Autì shma�nei ìti up�rqei morfologik omoiìthta sti trisdi�state troqiè pou antistoiqoÔn stou peristrofikoÔtìrou me autè pou antistoiqoÔn stou swlhnoeide� tìrou. Par� ìmw thnqondroeid  omoiìthta twn troqi¸n h leptomer  melèth twn tìrwn d�nei tidiaforè metaxÔ tou.O T4 ma d�nei thn dunatìthta na melet soume leptomer¸ thn dom  �llouenì swlhnoeidoÔ tìrou sthn 4D epif�neia tom  kai na th sugkr�noume meth dom  tou S4 (Sq. 69). Efarmìzonta thn mèjodo qr¸mato kai peristrof sthn per�ptwsh aut , parathroÔme, ìti h dom  tou T4 (Sq. 77) e�nai ìmoia meaut  tou S4 (Sq. 69). ParathroÔme sto Sq. 77, ìti kinoÔmenoi apì to “A”pro to “B”, akolouj¸nta ti kateujÔnsei oi opo�e upodeiknÔontai apì tabèlh, parathroÔme dÔo omalè metabolè qr¸mato. Sti perioqè tom  A,
B, C, D kai E, sthn (x, ẋ, z) probol , to kìkkino   to portokal� sunant� tomplè. Autì shma�nei ìti autè oi perioqè den e�nai tomè ston 4D q¸ro.Diaforetik� qr¸mata sti tomè parathr same se ìlou tou swlhnoeide�tìrou pou melet same. 'Ena telikì par�deigma e�nai o T5. 'Opw anafèrame122



pio prin, o T5 èqei thn dom  kordèla, me m�a tom  me ton eautì tou (Sq. 75).Sto Sq. 78 parousi�zoume m�a probol  tou tìrou autoÔ ston 3D upìqwro
(x, ẋ, z) kai qrwmat�zoume k�je shme�o tou an�loga me thn tim  pou èqei sthntètarth di�stash ż. KinoÔmenoi apì thn perioq  “A” me for� ant�jeth apì au-t  twn deikt¸n tou rologioÔ, parathroÔme m�a omoiìmorfh diadoq  qrwm�twn.Ta qr¸mata metab�llontai apì pr�sino se gal�zio kai met� se mple mèqripou ft�noume sthn perioq  “C”. Sthn perioq  “C”, o T5 tèmnei ton eautì tousthn probol  (x, ẋ, z). Sth sunèqeia, kinoÔmenoi p�nta se for� ant�jeth apìaut  twn deikt¸n tou rologioÔ, h omal  diadoq  qrwm�twn suneq�zei se mple
→ gal�zio → pr�sino ft�nonta sthn perioq  “B” kai tèlo suneq�zei me ton�dio trìpo (pr�sino → k�trino → kìkkino) ft�nonta xan� sthn perioq  “C”.Sthn perioq  “C” parathroÔme ìti to mplè sunant� to kìkkino. Apì autìbg�zoume to sumpèrasma ìti ta shme�a èqoun diaforetikè timè sthn tètarthdi�stash kai ìti h perioq  “C” den apotele� perioq  tom  tou tìrou ston 4Dq¸ro. An suneq�soume apì to “C”, me for� h opo�a e�nai xan� ant�jeth apìaut  twn deikt¸n tou rologioÔ, ft�noume sthn perioq  “A”, p�nta me omal metabol  qr¸mato. Idia�tero endiafèron èqoun kai oi anadipl¸sei tou tìrou
T5 sti perioqè “A” kai “B”. Se autè ti perioqè, h eswterik  epif�neiatou tìrou g�netai exwterik  epif�neia kai ant�strofa. Aut  h strèblwshparathr jhke se pollè peript¸sei tìrwn pou melet same. Ex�lou o tìro
T7 tèmnei ton eautì tou se eft� perioqè sti 3D probolè th epif�neia to-m . Oi swl ne autoÔ tou tìrou strebl¸nontai sti perioqè pou br�skontaian�mesa sti tomè pou èqei autì o tìro me ton eautì tou.Tèlo, prèpei na epishm�noume to gegonì ìti an efarmìsoume ta �dia pouk�name sta upokef�laia 3.2.1, 3.2.2, 3.2.3 kai 3.2.4 all� diatar�xoume tiperiodikè troqiè kat� thn ẋ kateÔjunsh tìte br�skoume parìmoia apotelè-smata.
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Sq ma 72: H 3D (x, z, ẋ) probol  th 4D epif�neia tom  gia Ej=−5.131377.H optik  ma gwn�a e�nai (θ, φ) = (18o, 23o). Oi anallo�wtoi tìroi gÔrwapì thn periodik  troqi� th x1v1 parist�nontai me kìkkino qr¸ma kai oianallo�wte kampÔle gÔrw apì thn periodik  troqi� th x1 sto z = 0 ep�pedoparist�nontai me pr�sino qr¸ma. Oi arqikè sunj ke th x1 kai x1v1 d�nontaime èna pr�sino shme�o kai èna kìkkino staurì ant�stoiqa.
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Sq ma 73: H (x, ẋ) probol  th epif�neia tom  sthn geitoni� th periodik troqi� th 3D oikogèneia x1v1 gia Ej=−5.131377.
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Sq ma 74: H (x, ẋ, z) 3D probol  tou tìrou T4 me optik  gwn�a (θ, φ) =
(41o, 91o) gia 105 shme�a.
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Sq ma 75: 3D probolè tou tìrou T5 me optikè gwn�e (θ, φ) = (64o, 127o)
(a) kai (θ, φ) = (48o, 271o) (b).
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Sq ma 76: Oi troqiè ston fusikì q¸ro pou antistoiqoÔn stou T2 (pr¸thgramm ), T4 (deÔterh gramm ) kai T5 (tr�th gramm ). Oi probolè anagr�fon-tai sto p�nw aristerì mèro k�je sq mato. Sti (x, z) kai (y, z) probolèoi kl�make stou �xone den e�nai �die gia na parakolouj soume kalÔterati morfologikè leptomèreie twn troqi¸n.
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Sq ma 77: H (x, ẋ, z, ż) 4D epif�neia tom  tou tìrou T4 gia Ej=−5.131377.Ta shme�a qrwmat�zontai an�loga me thn tim  th ż suntetagmènh. H optik ma gwn�a e�nai (θ, φ) = (30o, 120o). Oi pènte tomè tou tìrou T4 me ton eautìtou (x, ẋ, z) sumbol�zontai me A,B,C,D kai E.
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Sq ma 78: H (x, ẋ, z, ż) 4D epif�neia tom  tou tìrou T5 gia Ej=−5.131377.Ta shme�a qrwmat�zontai an�loga me thn tim  th ż suntetagmènh. H optik ma gwn�a e�nai (θ, φ) = (30o, 72o).
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3.2.5 Diataraqè sthn z kai ż kateÔjunshOi aktinikè diataraqè, ti opo�e melet same mèqri t¸ra, ma bo jhsan nakatal�boume thn dom  twn anallo�wtwn tìrwn sthn geitoni� twn eustaj¸nperiodik¸n troqi¸n sto Qamiltonianì ma sÔsthma galaxiakoÔ tÔpou ìtandiatar�ssoume aktinik� ti arqikè sunj ke. Se autì to upokef�laio mele-t�me thn exèlixh aut¸n twn tìrwn ìtan diatar�ssoume ti eustaje� periodikètroqiè kat� thn k�jeth dieÔjunsh. Autì ma d�nei thn dunatìthta na gnw-r�zoume me poiì trìpo kai se pìsh apìstash pagideÔontai oi astère makri�apì to ishmerinì ep�pedo tou Galax�a ma. Aut  h melèth sqet�zetai me thnèreuna twn morfologik¸n qarakthristik¸n ìpw ta kentrik� sfairoeid  (bul-
ges) sq mato koutioÔ (box bulges) kai sq mato fustikioÔ (peanut-shaped
bulges) stou diskoeide� galax�e (Patsis et al. 2002).Pr¸ta ja melet soume ton fasikì q¸ro sthn perioq  m�a eustajoÔ pe-riodik  troqi� th x1 prin thn met�bash th apì eust�jeia se apl  ast�jeia(p.q. gia Ej=−5.207). Sthn per�ptwsh aut  sthn (x, ẋ) epif�neia tom  hmình 2D apl  periodik  troqi� me arqikè sunj ke x > 0 e�nai aut  th x1, hopo�a e�nai eustaj . GÔrw apì thn periodik  troqi� br�skoume, ìpw aname-nìtan, anallo�wte kampÔle an thn diatar�xoume kat� thn x-dieÔjunsh. Sanpar�deigma pa�rnoume thn anallo�wth kampÔlh h opo�a par�getai me arqikèsunj ke (x0 +∆x0, ẋ0, z0, ż0) = (0.18312784+∆x0, 0, 0, 0), me ∆x0=0.1. Ant¸ra diatar�xoume aut  thn hmiperiodik  troqi� kai kat� ∆z0 =0.1, 0.2 . . . ,kai oloklhr¸soume ti troqiè autè, br�skoume tìrou gÔrw apì thn x1. Seautou tou tìrou up�rqoun tìso peristrofiko� tìroi ìso kai swlhnoeide�tìroi. Oi tìroi gia mikrè timè tou ∆z0 perib�lloun thn anallo�wth kampÔlhthn opo�a diatar�xame kai e�nai per�pou k�jetoi pro to ep�pedo z = 0. Gia
∆z0 ≥0.3 oi tìroi e�nai paramorfwmènoi kai parousi�zoun k�poia kl�sh wpro to ep�pedo z = 0. Gia ∆z0=0.41 h dunamik  sumperifor� sthn perioq th hmiperiodik  troqi� all�zei. Ta pr¸ta 900 shme�a sthn epif�neia tom th troqi� dhmiourgoÔn èna sqhmatismì pou jum�zei peristrofikì tìro. Meautì enooÔme ìti ta shme�a mènoun arqik� p�nw se m�a toroeid  epif�neia.'Omw, ta epìmena shme�a diaqèontai ston fasikì q¸ro kai katalamb�nounènan megalÔtero ìgko mèsa se autìn. Sto Sq. 79a parathroÔme thn (x, ẋ, z)probol  th 4D epif�neia tom  gia aut  th troqi�, ìpou h tètarth di�sta-sh ż anaparist�netai me qr¸mata. O arijmì twn shme�wn sto Sq. 79a e�nai1100. Aut� domoÔn m�a toroeid  epif�neia, me omal  metabol  qr¸mato. Sh-mei¸noume, ìti ta 900 shme�a den eparkoÔn gia na gem�soun me puknì trìpothn toroeid  aut  epif�neia. Xekin¸nta apì to p�nw dexi� �kro th toroei-doÔ epif�neia kai phga�nwnta pro ta k�tw parathroÔme thn omal  diadoq 131



qr¸mato sthn epif�neia aut  apì pr�sino → k�trino → portokal� → kìkkino
→ portokal� → pr�sino → mple. Sto Sq. 79a merik� shme�a èqoun arq�seina apomakrÔnontai apì thn toroeid  epif�neia kai na katalamb�noun m�a me-galÔterh perioq  sthn 4D epif�neia tom . Sto Sq. 79b, to puknì sÔnolotwn kìkkinwn shme�wn antistoiqe� sta pr¸ta 900 shme�a. Ta upìloipa kìkki-na shme�a, ta opo�a katalamb�noun ènan megalÔtero q¸ro dexi� kai arister�ston q¸ro twn f�sewn, an koun sthn �dia troqi� h opo�a èqei oloklhrwje�gia 1.2 × 104 shme�a sthn epif�neia tom . Sto �dio sq ma d�noume kai thnanallo�wth kampÔlh gÔrw apì thn periodik  troqi� th x1 me pr�sino qr¸ma.Aut  h dunamik  sumperifor� upodeiknÔei �fainìmeno kollhtikìthta� (Conto-
poulos 1971, Contopoulos & Harsoula 2008, 2010b). Parìmoia apotelèsmatabr�skoume an diatar�xoume thn anallo�wth kampÔlh kat� thn ż-dieÔjunsh ant�th z-dieÔjunsh.'Opw  dh e�dame sto upokef�laio 2.3.1, met� thn met�bash th oikogèneiath x1 apì eust�jeia se apl  ast�jeia e�qame m�a nèa 3D oikogèneia periodik¸ntroqi¸n thn x1v1. H tim  th enèrgeia Ej=−5.131377 e�nai  dh met� to shme�odiakl�dwsh (Sq. 34). Melet same thn dom  tou fasikoÔ q¸rou sthn perioq th periodik  troqi� th x1 kai th x1v1 diatar�ssonta ti arqikè tousunj ke x0 (Sq. 72). Gia timè th enèrgeia pou den e�nai makri� apì toshme�o diakl�dwsh, ìpw gia Ej=−5.131377, mporoÔme p�nta na broÔme m�adiataraq  �±∆z0� twn hmiperiodik¸n troqi¸n ètsi ¸ste gia arqikè sunj ke
(x0 + ∆x0, 0,±∆z0, 0) na èqoume ènan tìro pou na perib�lei thn anallo�wthkampÔlh (x0 +∆x0, 0, 0, 0), ìpou (x0, 0, 0, 0) na e�nai h arqik  sunj kh th x1.Gia megalÔtere timè th enèrgeia autì den e�nai p�nta efiktì. MporoÔ-me na broÔme anallo�wte kampÔle gÔrw apì thn x1, oi opo�e apokl�nounston fasikì q¸ro apì tou anallo�wtou tìrou gÔrw apì thn x1v1 gia thn�dia tim  th enèrgeia. Gia par�deigma gia Ej=−4.98996, br�skoume anal-lo�wte kampÔle gÔrw apì thn x1 kai anallo�wtou tìrou gÔrw apì thn
x1v1 diatar�sonta thn arqik  sunj kh x0 twn periodik¸n troqi¸n kai giati dÔo oikogèneie. Sto Sq. 80 parousi�zoume sthn 3D (x, z, ẋ) probol  tianallo�wte kampÔle gÔrw apì thn x1 gia x0 + ∆x0 = 0.1, 0.2 kai 0.3 (pr�-sine kampÔle) kai tou ant�stoiqou tìrou gÔrw apì thn x1v1 gia ti �diediataraqè sti arqikè th sunj ke. Oi anallo�wtoi tìroi br�skontai p�nwapì ti anallo�wte kampÔle. ParathroÔme ìti ìso apomakrunìmaste apìti arqikè sunj ke th x1v1 oi tìroi apoktoÔn ìlo kai megalÔtero p�qosthn z-dieÔjunsh. Met� apì k�poia x0+∆x0 diataraq  up�rqoun anallo�wtoitìroi pou tèmnoun to (x, ẋ) ep�pedo (ektì tou sq mato 80).Sthn per�ptwsh tou Sq. 80, diatar�xame diadoqik� ti arqikè sunj ketwn hmiperiodik¸n troqi¸n oi opo�e antistoiqoÔn stou kìkkinou anallo�w-132



tou tìrou kat� −∆z0, prospaj¸nta na broÔme �llou anallo�wtou tì-rou, twn opo�wn h 3D probol  na tèmnei to (x, ẋ) ep�pedo. Akolouj¸n-ta aut  thn diadikas�a br kame ènan teleuta�o tìro me arqikè sunj ke
(x0 + 0.1, 0, z0 + ∆z0, 0) = (0.3160689, 0, .0863908, 0) gia ∆z0 = −0.08. Gia
∆z0 = −0.09 ant� gia tìro br�skoume èna nèfo shme�wn sthn perioq  an�mesasti anallo�wte kampÔle kai tou anallo�wtou tìrou. Autì to nèfo toparousi�zoume sto Sq. 81a gia 1.2×104 mple shme�a, maz� me tre� anallo�w-tou tìrou gÔrw apì thn x1v1 oi opo�oi d�nontai kai sto Sq. 80 me kìkkinoqr¸ma kai eft� anallo�wte kampÔle gÔrw apì thn x1 sto (x, ẋ) ep�pedo. Giaper�pou 3000 shme�a sthn epif�neia tom  to nèfo èqei sthn (x, ẋ, z) probo-l  m�a asaf  toroeid  dom . Sto Sq. 81b efarmìsame thn mèjodo qr¸matokai peristrof  sto sÔnolo twn mple shme�wn tou sq mato 81a, ta opo�aqrwmat�same aut  th for� sÔmfwna me ti timè tou sthn ż suntetagmènh.Fa�netai kajar� ìti to nèfo twn shme�wn den èqei omal  metabol  qr¸mato.PolÔ qr simh gia thn melèth ma e�nai h (x, ẋ) probol  tou Sq. 81a, thn opo�aparousi�zoume sto Sq. 81c. Se aut  thn probol , mporoÔme na doÔme kaja-r� ot� ta mple shme�a tou nèfou mpore� na e�nai tìso sthn eswterik  ìsokai sthn exwterik  perioq  enì peristrofikoÔ kìkkinou tìrou pou br�sketaikont� sthn periodik  troq�a th x1v1. H pleionìthta twn shme�wn diaqèontaiektì th (x, ẋ) probol  autoÔ tou tìrou metaxÔ 4×103 kai 5×103 shme�wnsthn epif�neia tom , fti�qnonta èna deÔtero daqtul�di sto exwterikì mèrotou tìrou. To daqtul�di autì èqei mikrìterh puknìthta apì eke�no pou br�-sketai sto eswterikì tou tìrou. Sto Sq. 81d oi pagideumène hmiperiodikètroqiè gÔrw apì ti eustaje� periodikè troqiè th x1v1 gia thn tim  thenèrgeia pou exet�zoume (Ej=−4.98996) parist�nontai me kìkkino qr¸ma,en¸ h qaotik  troqi� pou parousi�same sto Sq. 81b d�netai me mple qr¸masto q¸ro (y, z) probol . Thn qaotik  troqi� sto Sq. 81 thn oloklhr¸samegia èna qrìno pou antistoiqe� se 0.2 forè thn hlik�a tou SÔmpanto (Hubble
times). Ektim�tai ìti toul�qiston gia autì to qronikì di�sthma oi morfolo-gikè domè ìpw oi r�bdoi twn galaxi¸n mporoÔn na epibi¸soun (Debattista
et al. 2006).Xeqwristì endiafèron èqei h melèth tou rìlou twn qaotik¸n troqi¸n sthnmorfolog�a parathroÔmenwn dom¸n ìpw e�nai ta mh sfairoeid  kentrik� exog-k¸mata sq mato fustikioÔ pou parathroÔntai se polloÔ diskoeide� gala-x�e. To upìbajro aut¸n twn dom¸n apotele� h oikogèneia x1v1 (Patsis et al.
2002). Gia megalÔterou qrìnou, th t�xh twn 0.7 th hlik�a tou SÔmpan-to, to sq ma th mple qaotik  troqi� uposthr�zei thn morfolog�a sq matofustikioÔ (Sq. 82), èqonta par�llhla kai ti hmiperiodikè troqiè gÔrw apìti eustaje� periodikè troqiè twn dÔo kl�dwn th x1v1 (Patsis et al. 2002)133



gia aut  thn tim  th enèrgeia. Epiplèon to fustikoeidè sq ma suneq�zeina diamorf¸netai par� to gegonì ìti h qaotik  troqi� ft�nei se timè tou
z 1.5 forè megalÔtere apì autè twn hmiperiodik¸n troqi¸n sthn perioq th periodik  troqi� th x1v1. Sto Sq. 82a, d�noume thn (y, z) probol  thqaotik  troqi� sto fusikì q¸ro. E�nai emfan  m�a morfolog�a sq matokoutioÔ. Aut  h kl�sh twn troqi¸n mpore� na e�nai polÔ shmantik  gia thnkinhmatik  twn kentrik¸n exogkwm�twn twn diskoeid¸n galaxi¸n. Parèqounsto sÔsthma diaspor� taqut twn, qwr� na katastrèfoun to morfologikì au-tì prof�l. Autè oi troqiè e�nai qaotikè, all� gia qrìnou shmantikoÔ giathn Galaxiak  dunamik  pagideÔontai kont� stou anallo�wtou tìrou th
x1v1 ston fasikì q¸ro. Gia pio meg�lou qrìnou bèbaia oi troqiè autèdiaqèontai makri� apì tou anallo�wtou tìrou th x1v1 sto fasikì q¸ro.Kanèna apì ta mplè shme�a pou parousi�zontai sthn (x, ẋ) probol  (Sq. 81c)mèsa apì ton eswterikì kìkkino tìro den br�sketai par�llhla sto eswteri-kì tou tìrou sthn (z, ż) probol . 'Omw, autì den sumba�nei gia ta shme�aaut� w pro tou tìrou pou br�skontai se megalÔtere apost�sei apì thnperiodik  troqi� apì ìti oi tre� peristrofiko� tìroi pou apeikon�zontai staSq.80 kai 81. 'Ena par�deigma e�nai o tìro pou br�skoume an jewr soumem�a diataraq  ∆x0=0.4 sti arqikè sunj ke th x1v1. Autì e�nai ènaswlhnoeid  tìro ton opo�o onom�same X4. Sto Sq. 83a,b shmei¸noume meèna mple staurì èna shme�o th mple qaotik  troqi� to opo�o br�sketai stoeswterikì tou X4 tìso sthn (x, ẋ) probol  (Sq. 83a) ìso kai sthn (z, ż)probol  (Sq. 83b). E�nai èna apì ta mple shme�a twn sqhm�twn 83c kai 83d,ìpou blèpoume ìti èqoume shme�a th mple qaotik  troqi� mèsa kai èxw apìton tìro X4. Autì ma lèei ìti sthn per�ptwsh aut  èqoume to fainìmenodi�qush Arnold (Arnold et al 2010 p.289, Contopoulos 2002 p. 344). Oqrìno kl�maka tou fainomènou autoÔ xepern�ei thn hlik�a tou SÔmpantokai w ek toÔtou to fainìmeno autì den pa�zei shmantikì rìlo sth dunamik enì galax�a.Prin kle�soume to upokef�laio autì ton�zoume to gegonì ìti an epana-l�boume thn �dia diadikas�a diatar�ssonta thn arqik  sunj kh ż0 twn perio-dik¸n troqi¸n, èqoume parìmoia apotelèsmata.
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Sq ma 79: H 3D (x, z, ẋ) probol  th 4D epif�neia tom  gia Ej=−5.207.Oi arqikè sunj ke th troqi� e�nai (x0, ẋ0, z0, ż0) = (0.28312784, 0, 0.41, 0)(blèpe to ke�meno). (a) Ta pr¸ta 1100 shme�a qrwmatismèna an�loga me thn ti-m  tou sthn tètarth di�stash ż. H optik  ma gwn�a e�nai (θ, φ) = (78o, 82o).
(b) Ta pr¸ta 1.2 ×104 shme�a (kìkkina shme�a). H pr�sinh anallo�wth kampÔ-lh antistoiqe� sthn troqi� me arqikè sunj ke (0.28312784, 0, 0, 0), h opo�aperib�lei thn periodik  troqi� th x1. Ta kìkkina shme�a diaqèontai stonfasikì q¸ro met� thn paramon  tou sthn toroeid  epif�neia gia 900 shme�asthn epif�neia tom .
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Sq ma 80: H 3D (x, z, ẋ) probol  th 4D epif�neia tom  gia Ej=−4.98996gia tre� anallo�wtou tìrou gÔrw apì thn x1v1 kai tre� anallo�wtekampÔle (pr�sine kampÔle) gÔrw apì thn x1. H optik  ma gwn�a e�nai
(θ, φ) = (56o, 280o). Oi arqikè sunj ke th x1 shmei¸nontai me èna pr�sino�stro kai oi arqikè sunj ke th x1v1 me èna kìkkino �×�.
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Sq ma 81: (a) M�a qaotik  troqi� gia Ej=−4.98996 sthn 3D (x, z, ẋ) probo-l  (optik  gwn�a (θ, φ) = (55o, 263o)) th 4D epif�neia tom  (mple shme�a).Parousi�zoume ep�sh tre� peristrofikoÔ tìrou gÔrw apì thn x1v1 (kìk-kino), kai eft� anallo�wte kampÔle gÔrw apì thn x1 sto (x, ẋ) ep�pedo(maÔro). (b) H 4D epif�neia tom  tou nèfou twn mple shme�wn ta opo�aparousi�zoume sto (a) (optik  gwn�a (θ, φ) = (60o, 45o)). Qarakthr�zetai apìthn an�meixh qr¸mato. (c) H (x, ẋ) epif�neia tom  gia ti troqiè sto (a).Blèpoume ot� ta mple shme�a br�skontai tìso mèsa ìso kai èxw apì ton pe-ristrofikì tìro pou e�nai kont� sthn periodik  troqi�. (d) H qaotik  troqi�(mple shme�a) maz� me ti hmiperiodikè troqiè th x1v1 periodik  troqi�(kìkkina shme�a) oi opo�e antistoiqoÔn stou tìrou gÔrw apì thn x1v1 sto
(a).
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Sq ma 83: H sqetik  jèsh twn shme�wn th qaotik  troqi� tou Sq. 82se sqèsh me thn jèsh tou swlhnoeidoÔ tìrou X4. Sta (a), (b), (c) kai (d)ta kìkkina shme�a parist�noun ta shme�a tou tìrou “X4” sti ant�stoiqeprobolè. Sti probolè (a) kai (c) o tìro X4 parist�netai apì m�a kìkkinhanallo�wth kampÔlh, en¸ sti probolè (b) kai (d) apì spasmèna kìkkinatm mata. Sta (a) kai (b) parousi�zoume me èna mple staurì, thn jèsh enìmìnou shme�ou to opo�o prob�letai sto eswterikì twn (x, ẋ) kai (z, ż) probo-l¸n tou “X4” ant�stoiqa. Sta (c) kai (d) parousi�zoume ta 1.2× 104 shme�ath troqi�, ta opo�a fa�nontai kajar� na br�skontai entì kai ektì tou
“X4”.
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3.2.6 H exèlixh twn swlhnoeid¸n tìrwn me thn aÔxhsh thdiataraq Sto teleuta�o autì upokef�laio th eust�jeia melet�me tou anallo�wtoutìrou ìtan h diataraq  tou susthmatì ma aux�netai, xekin¸nta apì thnaxisummetrik  per�ptwsh (qa = 1 kai qb = 1). Sto montèlo ma aux�noumethn diataraq , aux�nonta thn triaxonikìthta tou sust mato mèsw twn pa-ramètrwn qa kai qb. Arqik� exet�zoume thn axisummetrik  per�ptwsh kai met�eis�goume m�a mikr  diataraq  (qa = 1.01 kai qb = 1), ¸ste na melet soumepijanè diaforè sthn morfolog�a twn anallo�wtwn tìrwn.Se èna 3D axisummetrikì dunamikì o de�kth eust�jeia th kentrik  oi-kogèneia, o opo�o sqet�zetai me ti diataraqè oi opo�e e�nai k�jete stoishmerinì ep�pedo, g�netai efaptìmeno ston �xona b=−2 sta shme�a twn k�-jetwn suntonism¸n (Patsis & Grosbøl 1996). Sto Sq. 84 parousi�zoume thnexèlixh th eust�jeia th kentrik  oikogèneia twn periodik¸n troqi¸n tousust matì ma, th x1 kai th k�jeth diakl�dwsh th x1v1 sthn axisumme-trik  per�ptwsh gia −4.5 <Ej< −4.37. ParathroÔme ìti h x1 (oi b1, b2 de�kteparist�nontai me maÔro qr¸ma) e�nai arqik� eustaj  kai gia Ej=−4.4472 o
b1 ef�ptetai me ton �xona b=-2 . To shme�o ìpou o b1 ef�ptetai me ton
b=-2 �xona e�nai to shme�o tou 2/1 k�jetou suntonismoÔ. Sto shme�o autìdiaklad�zetai m�a nèa oikogèneia x1v1 (oi dÔo de�kte eust�jeia th x1v1parist�nontai me kìkkino qr¸ma). O èna de�kth eust�jeia th x1v1 mèneip�nw ston �xona b=-2.'Eqoume p�rei merikè epif�neie tom  kai melet same thn dom  tou fa-sikoÔ q¸rou polÔ kont� sto shme�o diakl�dwsh th x1v1. Pr¸ta exet�-zoume thn dom  tou fasikoÔ q¸rou sthn geitoni� th periodik  troqi� th
x1v1 gia Ej=−4.4461, amèsw met� thn epaf  tou de�kth b1 th x1 me ton
b=-2 �xona. Oloklhr¸same 21 arqikè sunj ke sthn perioq  th x1v1
(x0, z0, ẋ0, ż0) ≈ (1.298965, 0.041883918,−0.0036186582, 0.026639957), diata-r�ssonta thn arqik  sunj kh x0 th x1v1 me ∆x0 = 0.02, 0.04 . . .0.42 ant�-stoiqa. Sto Sq. 85 parousi�zoume ti (x, ẋ, z) 3D probolè twn tìrwn poubr kame gÔrw apì thn x1v1. Sto Sq. 85a parathroÔme tou pr¸tou okt¸ pe-ristrofikoÔ tìrou V1, V2, . . . V8 kai sto Sq. 85b tou peristrofikoÔ tìrou
V9 . . . V15. Tèlo sto Sq. 85c parousi�zoume tou teleuta�ou èxi peristro-fikoÔ tìrou V16 . . . V20 kai V21. K�je tìro èqei 104 shme�a. Gia diataraq apì ∆x0 = 0.02 èw kai ∆x0 = 0.4 sunant�me peristrofikoÔ tìrou gÔrwapì thn periodik  troqi� th x1v1. T¸ra, gia ∆x0 = 0.42 sunant�me tonperistrofikì tìro V21, o opo�o diaforopoie�tai se sqèsh me tou �llou tì-rou. H diaforopo�hsh tou aut  entop�zetai sto ìti autì o tìro ekte�netai140
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Sq ma 84: Di�gramma eust�jeia th x1 (maÔre grammè) kai x1v1 (kìkkinegrammè) gia −4.5 <Ej < −4.37, sthn axisummetrik  per�ptwsh tou montèlouma (qa = 1, qb = 1).gia meg�le timè tou z se sqèsh me tou �llou tìrou kai parousi�zei m�akl�sh me to ep�pedo xẋ.Epanalamb�noume thn �dia diadikas�a gia megalÔterh tim  th enèrgeia,
Ej=−4.39. Aut  thn for� h x arqik  sunj kh th x1v1 diatar�setai ant�-stoiqa me ∆x = 0.1, 0.2, 0.3 kai 0.4. To apotèlesma d�netai sto Sq. 86, meoptik  gwn�a (θ, φ) = (27o, 316o). Tèsserei peristrofiko� tìroi perib�llounthn periodik  troqi� th x1v1 kai upodeiknÔontai me bèlh (U1, U2, U3 kai U4).K�je tìro apotele�tai apì 104 shme�a. Oi tìroi e�nai paramorfwmènoi, me tonteleuta�o tìro na èqei m�a par�moia morfolog�a me ton V21 th prohgoÔmenhper�ptwsh.Gia na melet soume ti diaforè ston fasikì q¸ro sthn perioq  twn eu-staj¸n periodik¸n troqi¸n apì to axisummetrikì montèlo ìtan prosjètoumem�a mikr  diataraq  sto susthm� ma, aux�noume thn par�metro qa apì qa = 1se qa = 1.01. To Sq. 87 ma d�nei thn metabol  th eust�jeia th oikogèneiaperiodik¸n troqi¸n th x1 kai twn diaklad¸sewn th gia −4.7 < Ej < −4.3.ParathroÔme ìti h x1 (oi b1, b2 de�kte eust�jeia e�nai sqediasmènoi me maÔ-141



Sq ma 85: (x, ẋ, z) 3D probolè th 4D epif�neia tom  th axisummetrik per�ptwsh tou montèlou ma gia Ej=−4.4461, sthn perioq  th oriak� eu-stajoÔ periodik  troqi� th x1v1. (a) Oi pr¸toi okt¸ anallo�wtoi tìroi
V1. . . V8 (me optik  gwn�a (θ, φ) = (38o, 211o)). (b) Oi anallo�wtoi tìroi
V9. . . V15, (me optik  gwn�a (θ, φ) = (36o, 244o)). (c) Oi teleuta�oi èxi tìroith periptws  ma, V16. . . V21, (me optik  gwn�a (θ, φ) = (49o, 195o)).142



Sq ma 86: H (x, ẋ, z) 3D probol  th 4D epif�neia tom  th axisummetrik per�ptwsh tou montèlou ma (qa = 1, qb = 1) sthn perioq  th x1v1 gia
Ej=−4.39. H optik  ma gwn�a e�nai (θ, φ) = (27o, 316o).
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ro qr¸ma) e�nai arqik� eustaj  kai gia Ej=−4.54 parousi�zei m�a met�bashapì eust�jeia se apl  ast�jeia. H x1 g�netai xan� eustaj  sthn tim  thenèrgeia Ej=−4.386. Sto shme�o met�bash th x1 apì eust�jeia se apl ast�jeia diaklad�zetai h x1v1 (oi kìkkine grammè parist�noun tou de�kteeust�jeia th b1, b2). h opo�a e�nai arqik� eustaj . Gia m�a megalÔterh tim th enèrgeia oi kìkkine kampÔle b1, b2 en¸nontai se èna mègisto Ej=−4.525kai h x1v1 g�netai migadik� astaj . Sto shme�o autì oi de�kte eust�jeiag�nontai migadiko� kai gia ton lìgo autì den parousi�zontai sto sq ma. Met�apì èna mikrì di�sthma migadik  ast�jeia h x1v1 g�netai xan� eustaj  (gia
Ej> −4.52).Dialègoume m�a tim  th enèrgeia gia thn opo�a èqoume melet sei thntroqiak  sumperifor� sthn perioq  th eustajoÔ periodik  troqi� th
x1v1 sthn axisummetrik  per�ptwsh tou montèlou ma, Ej=−4.4461, kai dia-tar�ssoume thn x0 arqik  sunj kh th periodik  troqi� th x1v1 kat�
∆x = 0.02, 0.04 . . . 0.14 diadoqik�.Sto Sq. 88 parathroÔme eft� tìrou sthn (x, ẋ, z) probol , tou opo�ouonom�same W1, W2,. . . ,W7, kai oi opo�oi perib�lloun thn periodik  troqi� th
x1v1 gia Ej=−4.4461. K�je tìro apotele�tai apì 104 shme�a. Oi tìroi
W1, W2, W3, W4 kai W6 èqoun thn morfolog�a peristrofik¸n tìrwn, en¸ oi
W5 kai W7 thn morfolog�a swlhnoeid¸n tìrwn. O W5 èqei pollè tomè meton eautì tou. O W7 par� ton kumatikì tou qarakt ra èqei m�a tom  me toneautì tou sthn 3D probol  (x, ẋ, z) th epif�neia tom . E�nai fanerì ìtioi swlhnoeide� tìroi emfan�sthkan sti 3D probolè twn epifanei¸n tom ìtan diatar�xame to susthm� ma apì qa = 1 se qa = 1.01, par� to gegonììti h diataraq  pou efarmìsame  tan polÔ mikr .
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Sq ma 87: Di�gramma eust�jeia th x1 kai x1v1 gia −4.7 < Ej < −4.3 giathn per�ptwsh (qa = 1.01, qb = 1).
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Sq ma 88: H (x, ẋ, z) 3D probol  th 4D epif�neia tom  gia Ej=−4.4461kont� sthn eustaj  periodik  troqi� th x1v1 gia thn per�ptwsh ìpou èqoume
qa = 1.01 kai qb = 1. H optik  ma gwn�a e�nai (θ, φ) = (55o, 194o).
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3.3 Apl  kai Dipl  Ast�jeiaExet�zoume th dom  tou fasikoÔ q¸rou sth perioq  twn apl� kai dipl� asta-j¸n periodik¸n troqi¸n th x1v2 sthn deÔterh mh axisummetrik  per�ptwshtou montèlou ma. Epiplèon melet�me to fainìmeno th kollhtikìthta kon-t� se astaje� periodikè troqiè sto 3D sÔsthm� ma. Aut  e�nai h pr¸thfor� pou melet�tai to fainìmeno th kollhtikìthta sth perioq  astaj¸nperiodik¸n troqi¸n se èna 3D autìnomo qamiltonianì sÔsthma.Melet�me pr¸ta thn troqiak  sumperifor� sthn perioq  m�a apl� asta-joÔ periodik  troqi� kont� sto shme�o diakl�dwsh th x1v2 (upokef�laio3.3.1) kai thn genik  troqiak  sumperifor� sthn perioq  twn apl� astaj¸nperiodik¸n troqi¸n th x1v2 (upokef�laio 3.3.2). Met� melet�me thn mor-folog�a twn asumptwtik¸n kampÔlwn (upokef�laio 3.3.3) kai to fainìmenokollhtikìthta (upokef�laio 3.3.4) sthn perioq  twn apl� astaj¸n perio-dik¸n troqi¸n th x1v2. Sth sunèqeia melet�me thn dunamik  sthn perioq twn dipl� astaj¸n periodik¸n troqi¸n th x1v2 (upokef�laio 3.3.5). Gia nadiereun soume se b�jo thn dunamik  sthn perioq  twn dipl� astaj¸n pe-riodik¸n troqi¸n melet�me kai m�a per�ptwsh pou anafèretai sti periodikètroqiè th oikogèneia tou z-�xona (“z-axis family”) sto upokef�laio 3.3.6.Tèlo sto upokef�laio 3.3.7 melet�me thn taqÔthta di�qush twn troqi¸nsthn perioq  twn apl� kai dipl� astaj¸n periodik¸n troqi¸n.Sto upokef�laio 2.4.1 e�dame ìti h x1v2 diaklad�zetai apì thn x1 gia
Ej = −4.7. Sto upokef�laio 2.4.2 e�dame ìti h x1v2 e�nai arqik� apl� astaj kai met� g�netai dipl� astaj  (gia Ej = −3.41). Thn perioq  th x1v2 poue�nai apl� astaj  (−4.7 < Ej < −3.41 ) kai thn perioq  th x1v2 poue�nai dipl� astaj  (−3.41 < Ej < −2.3) ja ti apokaloÔme w U kai DUant�stoiqa.Sta upokef�laia 3.3.1, 3.3.2, 3.3.3 kai 3.3.4 exet�zoume thn dunamik  sthgeitoni� twn periodik¸n troqi¸n th U. Gia ton lìgo autì parousi�zoume para-de�gmata apì arijmhtik� peir�mata troqi¸n me arqikè sunj ke oi opo�e e�naikont� se autè twn periodik¸n troqi¸n pou br�skoume sthn perioq  U. Gia nato epitÔqoume qrhsimopoi same ti (x, ẋ, z) kai (ẋ, z, ż) probolè th epif�-neia tom . Br kame parìmoia apotelèsmata qrhsimopoi¸nta ti (x, ẋ, ż) kai
(x, z, ż) probolè. H qr sh twn dÔo aut¸n probol¸n ma d�nei ìlh thn apai-toÔmenh plhrofor�a pou qreiazìmaste gia na katano soume thn katanom  twnshme�wn sthn 4D epif�neia tom  mèsw th mejìdou qr¸mato kai peristro-f . Oi arqikè sunj ke gia th melèth ma epilèqthkan me dÔo diaforetikoÔtrìpou. Pr¸ton, melet same thn dunamik  sumperifor� twn troqi¸n sthngeitoni� th apl� astajoÔ periodik  troqi� th x1v2 gia Ej = −4.66 meta-147



b�llonta ti timè kai thn kateÔjunsh th diataraq  kat� ∆x, ∆ẋ, ∆z   ∆ż. DeÔteron, Jewr same m�a stajer  diataraq  ∆x = 10−4 kai thn efarmìsa-me sti arqikè sunj ke arket¸n periodik¸n troqi¸n th x1v2 sthn perioq 
U gia di�fore timè th enèrgeia.Xekin�me thn melèth ma diathr¸nta stajer  thn enèrgeia kai diereunoÔmethn dunamik  sumperifor� sthn geitoni� m�a apl� astajoÔ periodik  troqi�kont� sto shme�o met�bash th x1 U → S kai to opo�o apotele� shme�odiakl�dwsh th x1v2.3.3.1 H troqiak  sumperifor� kont� sto shme�o diakl�dw-sh - m�a antiproswpeutik  per�ptwshH pr¸th per�ptwsh pou parousi�zoume e�nai aut  mi� troqi� sthn perio-q  m�a apl� astajoÔ periodik  troqi� sthn perioq  U, kont� sto shme�odiakl�dwsh th x1v2, gia Ej = −4.66. H periodik  troqi� èqei arqikèsunj ke (x0, ẋ0, z0, ż0) = (0.037941612, 0, 0, 0.42902353). Gia na melet sou-me thn troqiak  sumperifor� sthn perioq  th diatar�soume thn periodik troqi� sthn ż-kateÔjunsh kat� ∆ż = −6×10−6. Thn troqi� aut  thn apoka-loÔme troqi� “u”. Ta pr¸ta 2580 shme�a th troqi� “u” or�zoun m�a kordèlasq mato diploÔ brìqou sthn (x, ẋ, z) probol  (Sq. 89). Sto k�tw mèrotou sq mato d�noume ep�sh apì arister� pro ta dexi� ti 2D probolè
(x, ẋ), (x, z) kai (ẋ, z) ¸ste na bohj soun ton anagn¸sth na katal�bei thntopolog�a aut  th dom . Oi dÔo lobo� tou diploÔ brìqou br�skontai sekl�sh o èna me ton �llo kai sqhmat�zoun m�a gwn�a gÔrw sti 50o sthn (x, z)probol  (to mesa�o sq ma sto k�tw mèro tou Sq. 89). H (x, z) de�qnei eu-krin¸ ìti to p�qo twn lob¸n e�nai polÔ mikrì (all� ìqi mhdenikì) kai autìe�nai o lìgo pou tou perigr�foume w �kordèle�. Ousiastik� oi kl�doi twndÔo lob¸n e�nai polÔ lepto� swlhnoeide� sqhmatismo�. H 4D anapar�stashaut  th dom  qrwmat�zetai analìgw twn ż tim¸n th kai qrhsimopoi¸ntathn (x, ẋ, z) probol  aut  th dom  (sto p�nw mèro tou Sq. 89). Pa-rathroÔme ìti aut  h dom  èqei m�a omal  metabol  qr¸mato apì kìkkinose mwb, se sumfwn�a me domè pou brèjhkan sthn perioq  apl� astaj¸n pe-riodik¸n troqi¸n apì tou Patsis kai Zachilas (1994). H dom  tou fasikoÔq¸rou kont� se apl� astaje� periodikè troqiè melet jhke gia pr¸th fo-r� apì ton Magnenat (1982). O Magnenat (1982) ìmw qrhsimopo�hse mìno
2D probolè oi opo�e den epètrepan thn pl rh katanìhsh th 4D dom  twndipl¸n brìqwn. Sthn paroÔsa ergas�a h 4D anap�rastash ma epitrèpei naantilhfjoÔme leptomèreie th dom  aut .Parathr¸nta to Sq. 89 sumpera�noume ìti h metabol  qr¸mato kat� m -148



ko twn dÔo kl�dwn tou diploÔ brìqou e�nai men omal  all� sto shme�o tom tou èqoume thn sun�nthsh dÔo diaforetik¸n qrwm�twn. Autì shma�nei ìti tashme�a se aut  thn perioq  èqoun diaforetikè timè sthn tètarth di�stashkai ìti aut  h tom  den e�nai pragmatik  tom  ston 4D q¸ro. ParathroÔmeep�sh ìti ta qr¸mata sthn perioq  th tom  den e�nai mìno diaforetik� all�br�skontai sta dÔo �kra th qrwmatik  ma sun�rthsh (kìkkino kai mwb -bl. dexiì mèro tou Sq. 89). Ta qr¸mata se aut  thn perioq  omadopoioÔntaigÔrw apì duo timè (ż = ±0.429) polÔ kont� sti arqikè sunj ke ż thperiodik  troqi� th x1v2.To Sq. 89 antanakl� thn summetr�a tou galaxiakoÔ dunamikoÔ pou melè-tame. Lìgw aut  th summetr�a, oi oikogèneie twn periodik¸n troqi¸n oiopo�e diaklad�zontai stou k�jetou suntonismoÔ apì thn ep�pedh oikogè-neia x1 eis�gontai sto sÔsthma se zeÔgh p.q. x1v1 kai x1v1′, x1v2 kai x1v2′k.l.p. Oi periodikè troqiè th x1v2 kai x1v2′ gia k�je tim  th enèrgeia
Ej diaforopoioÔntai mìno sto prìshmo th arqik  tou sunj kh ż. Sthn
3D probol  (x, ẋ, z) pou qrhsimopoioÔme sto Sq. 89, oi arqikè sunj ke twn
x1v2 kai x1v2′ e�nai �die kai h periodik  troqi� (p.o.) e�nai sto kèntro thtom  twn dÔo kl�dwn tou diploÔ brìqou (upodeiknÔetai me èna bèlo). Homadopo�hsh twn qrwm�twn gÔrw apì dÔo timè (ż0 ≈ ±0.429) sthn kentrik perioq  (perioq  tom ) tou diploÔ brìqou g�netai lìgw tou ìti oi dÔo troqiè
x1v2 kai x1v2′ d�noun thn �dia probol  ston upìqwro (x, ẋ, z) th epif�neiatom  . Ta shme�a apomakrÔnontai apì thn kentrik  perioq  tou diploÔ brì-qou apokl�nonta apì ti dÔo arqikè sunj ke (±ż0) me diaforetik� qr¸mata.Ta pr¸ta 2580 shme�a br�skontai se autìn ton diplì brìqo, upodeiknÔontaìti èqoume m�a organwmènh sumperifor�.Ft�noume sto �dio sumpèrasma qrhsimopoi¸nta kai ti �lle 3D probo-lè. Sto Sq. 90 ta pr¸ta 2580 shme�a th troqi� “u” sthn 3D probol 
(ẋ, z, ż) sqhmat�zoun xan� m�a epif�neia me morf  kordèla, pou ìmw aut th for� èqei èna mìno brìqo. H epif�neia aut  qrwmat�zetai sumf¸na me titimè th tètarth di�stash x kai èqei omal  metabol  qr¸mato. Se aut thn per�ptwsh oi dÔo periodikè troqiè twn oikogenei¸n x1v2 kai x1v2′ e�naise dÔo diaforetikè jèsei ston (ẋ, z, ż) q¸ro, afoÔ èqoun diaforetikè ż0arqikè sunj ke. Oi jèsei tou upodeiknÔontai me bèlh sto Sq. 90. Oiperioqè kont� sti periodikè autè troqiè èqoun to �dio qr¸ma (kìkkino)kai ìso apomakrunìmaste apì autè to kìkkino g�netai portokal�, met� k�-trino, pr�sino, gal�zio, mple kai telik� mwb. H kordèla aut  e�nai èna 4Dantike�meno. Apì ta sq mata Sq. 89 kai 90 sumpera�noume ìti ta pr¸ta 2580shme�a sqhmat�zoun m�a kal� orismènh 4D epif�neia me thn morf  kordèla, hopo�a den èqei tomè me ton eautì th ston 4D q¸ro.149



M�a ìmoia an�lush mporoÔme na k�noume qrhsimopoi¸nta ti �lle dÔo
3D probolè (x, ẋ, ż) kai (x, z, ż), oi opo�e d�noun 4D domè morfologik�ìmoie me autè twn probol¸n (x, ẋ, z) kai (ẋ, z, ż) ant�stoiqa. E�nai ge-gonì ìti h troqi� “u” sthn perioq  th apl� astajoÔ periodik  troqi�
x1v2 gia 2580 shme�a sthn epif�neia tom  e�nai periorismènh se ènan sugke-krimèno q¸ro th epif�neia tom  me diast�sei (∆x × ∆ẋ × ∆z × ∆ż) <
(0.00035×0.0005×0.04×1). 'Opw ja doÔme argìtera, gia megalÔterou qrì-nou olokl rwsh h troqi� diaqèetai se m�a megalÔterh perioq  tou fasikoÔq¸rou. Oi parathroÔmene domè upodeiknÔoun m�a perioq  kollhtikìthta.Autì ja parousiaste� analutik� sto upokef�laio 3.3.4.Shmei¸noume to gegonì ìti genik� èqoume diaforetik� qr¸mata sti tomètwn dipl¸n brìqwn, ìpw o diplì brìqo sto Sq. 89, ìmw se exairetikèpeript¸sei mpore� na èqoume pragmatikè tomè ston 4D q¸ro. M�a tètoiaper�ptwsh sunant�tai sthn geitoni� twn apl� astaj¸n periodik¸n troqi¸nth oikogèneia tou z-�xona sthn 4D epif�neia tom  h opo�a or�zetai apì
z = 0. Oi periodikè troqiè th oikogèneia tou z-�xona br�skontai p�nwston �xona peristrof  z tou susthmatì ma. Autè èqoun arqikè sunj ke
(x, ẋ, y, ẏ) = (0, 0, 0, 0) kai analÔontai sto upokef�laio 3.3.6 sta pla�sia thmelèth th dipl  ast�jeia.An upolog�soume èna polÔ megalÔtero arijmì tom¸n th troqi� “u” methn epif�neia tom  parathroÔme m�a drastik  metabol  sthn topolog�a thepif�neia me morf  kordèla. Ta shme�a apokl�noun apì thn kal� orismènhaut  4D epif�neia. Sthn per�ptwsh pou exet�zoume th troqi� sta Sq. 89kai 90, gia 3580 shme�a sthn epif�neia tom  (gia 1000 shme�a perissìteraapì aut� twn dom¸n twn Sq. 89 kai 90) sti 3D probolè pou perièqoun ti zkai ż metablhtè diakr�noume m�a Θ dom  ( periestrammènh kat� 90o) h opo�aperib�letai apì èna daqtul�di. Autì mporoÔme na to doÔme sto Sq. 91, ìpouparistoÔme ta shme�a th troqi� “u” sth (ẋ, z, ż) probol  kai ta qrwmat�zou-me sÔmfwna me thn x tim  tou. Aut  h nèa dom  diathre�tai sthn 3D probol th epif�neia tom  gia arketè akìma qili�de tomè. 'Eqoume p�li ton pe-riorismì twn shme�wn se ènan periorismèno ìgko tou fasikoÔ q¸rou, opo�oe�nai meg�lutero apì ìti prohgoumènw. Met� apì 3580 tomè ta shme�a epe-kte�nontai se ènan q¸ro (∆x × ∆ẋ × ∆z × ∆ż) < (0.18 × 0.7 × 0.8 × 2.4).Sthn kainoÔria aut  kat�stash èqoume apì thn m�a meri� thn emf�nish dom¸noi opo�e upodhl¸noun t�xh kai apì thn �llh meri� an�meixh qr¸mato h opo�aupodhl¸nei qaotikìthta.Oi domè autè mporoÔn na katanohjoÔn kalÔtera sthn disdi�stath (z, ż)probol  (Sq. 92). Upenjum�zoume ìti melet�me thn dom  tou fasikoÔ q¸rousthn perioq  U, h opo�a xekin�ei me thn diakl�dwsh twn oikogèneiwn x1v2 kai150



x1v2′ sthn U → S met�bash th oikogèneia th x1 sto k�jeto suntonismì2:1. Gia mikrìterh tim  th enèrgeia gia Ej = −5.028 (upokef�laio 2.4.1)èqoume thn S → U met�bash th oikogèneia th x1 kai thn eisagwg  stosÔsthma th eustajoÔ oikogèneia x1v1 (kai th summetrik  oikogèneia
x1v1′). Epiprosjètw gia Ej = −4.66, èqoume ektì apì ti apl� astaje�periodikè troqiè twn x1v2 kai x1v2′ oikogenei¸n, ti dÔo eustaje� periodi-kè troqiè th x1v1 kai th x1v1′ kai thn ep�pedh eustaj  periodik  troqi�th x1. H parous�a ìlwn aut¸n periodik¸n troqi¸n kajor�zei thn troqiak sumperifor� th “u” me ton akìloujo trìpo:Sthn kentrik  perioq  tou Sq. 92a parathroÔme m�a kìkkinh �èlleiyh megwn�e�, h opo�a dome�tai apì ta pr¸ta 2580 shme�a th “u” kai apotele�probol  th dom  tou Sq. 90 sto (z, ż) ep�pedo. Oi arqikè sunj ke twn
x1v2 kai x1v2′ br�skontai sto p�nw kai k�tw mèro th kìkkinh elleiptik kampÔlh ant�stoiqa. H mple elleiptik  kampÔlh eswterik� th kìkkinh,e�nai probol  enì peristrofikoÔ tìrou (upokef�laio 3.2) o opo�o an keise m�a hmi-periodik  troqi� h opo�a br�sketai an diatar�xoume thn x1 kat�thn ż dieÔjunsh. H troqi� “u” mènei kollhmènh gÔrw apì tou exwteri-koÔ peristrofikoÔ tìrou th x1 gia 2580 shme�a sthn epif�neia tom .Oi exwteriko� peristrofiko� tìroi th x1 e�nai megalÔteroi apì thn kordèlath troqi� “u”. Sto Sq. 93 d�noume dÔo qarakthristikè probolè upì gwn�a
(θ, φ) = (90o, 42o). Sto Sq. 93(a) èqoume thn (x, ẋ, z) kai sto Sq. 93(b) thn
(ẋ, z, ż) probol . Kai sti dÔo peript¸sei paristoÔme ta pr¸ta 2580 shme�ath “u” me kìkkino qr¸ma kai tou exwterikoÔ peristrofikoÔ tìrou gÔrwapì thn x1 me maÔro qr¸ma.Suneq�zonta thn olokl rwsh th “u” gia perissìtero apì 2580 tomèblèpoume ìti oi epìmene 550 tomè sqhmat�zoun m�a Θ dom  me dÔo loboÔsti �kre th kìkkinh elleiptik  dom  ( Sq. 92a- upodeiknÔetai me ènazeÔgo �sprwn bel¸n). Ta shme�a aut� perib�lloun tou peristrofikoÔtìrou gÔrw apì ti eustaje� periodikè troqiè twn x1v1 kai x1v1′, oi opo�oie�nai polÔ lepto� kai parousi�zontai se aut  thn probol  san anallo�wtekampÔle (pr�sinh kai roz). Oi peristrofiko� tìroi twn dÔo aut¸n oikogenei¸nbr�skontai akìma ston fasikì q¸ro kont� sti periodikè troqiè th U th
x1v2, afoÔ èqoun diakladiste� se m�a kontin  tim  th enèrgeia apì thn x1(upokef�laio 2.4.1). Oi arqikè sunj ke th x1v1 kai x1v1′ e�nai sthn mèshtwn peristrofik¸n tìrwn kai upodeiknÔontai me maÔra sÔmbola.Jewr¸nta perissìtera apì 3130 shme�a th “u” sthn epif�neia tom  br�-skoume ìti oi epìmene 1370 tomè pagideÔontai se èna daqtul�di sthn (z, ż)probol , oi opo�e perib�lloun ìle ti domè pou èqoume sunant sei mèqrit¸ra ston fasikì q¸ro. De�qnoume to daqtul�di autì me dÔo m�ura bèlh sto151



Sq. 92a (p�nw dexi� kai k�tw arister�). MetaxÔ twn dÔo lob¸n ìpou peri-lamb�nontai oi peristrofiko� tìroi gÔrw apì ti periodikè troqiè twn x1v1kai x1v1′ kai tou daqtulidioÔ, parathroÔme m�a alus�da okt¸ anallo�wtwnkampÔlwn (me maÔro qr¸ma), oi opo�e e�nai (z, ż) probolè twn ant�stoiqwnperistrofik¸n tìrwn m�a eustajoÔ 8-periodik  troqi�. Telik�, met� apì4500 tomè, ta shme�a arq�zoun na diaqèontai se ènan megalÔtero ìgko toufasikoÔ q¸rou. To Sq. 92a anaparist� thn epif�neia tom  met� apì 5000tomè. Met� apì 15000 tomè ta shme�a èqoun katal�bei ìlon ton diajèsimofasikì q¸ro (Sq. 92b). Oi puknìtere perioqè sto Sq. 92b upodhl¸nounti perioqè ìpou èqoun pagideute� ta shme�a gia meg�la qronik� diast mata.Sto shme�o autì sugkr�noume ti domè pou br�skoume mèqri t¸ra sthnepif�neia tom  kai ti parousi�zoume sto Sq. 91. Oi probolè tou Sq. 92perilamb�noun to Sq. 91. Ti parathroÔme an peristrèyoume thn (ẋ, z, ż)probol  sthn ojình tou upologist . AfoÔ to Sq. 91 apart�zetai apì 3580shme�a, ektì apì thn kordèla perilamb�nei ep�sh ta shme�a pou domoÔn thdom  Θ gÔrw apì tou peristrofikoÔ tìrou th x1v1 kai x1v1′ kaj¸ kaishme�a pou domoÔn to daqtul�di sto Sq. 92. Sto Sq. 91 d�noume èmfash sthnkatanom  twn shme�wn sthn tètarth di�stash. ParathroÔme ìti sto Sq. 91to qr¸ma (to opo�o antiproswpeÔei thn tètarth di�stash x ) kuriarqe�tai apìpr�sino qr¸ma. Autì shma�nei ìti par� to gegonì ìti den èqoume omal  me-tabol  qr¸mato ìpw sta sq mata 89 kai 90 ta shme�a e�nai periorismènase ènan orismèno ìgko tou fasikoÔ q¸rou. Autì ìntw sumba�nei. Oi x timègia ta pr¸ta 3130 shme�a br�skontai sto di�sthma −0.008 < x < 0.08, en¸ta epìmena 450 shme�a diplasi�zoun autì to eÔro. Aut  h aÔxhsh twn xtim¸n antiproswpeÔetai apì thn parous�a portokal�-kìkkinwn kai mple-mwbshme�wn. To gegonì ìti sti 3D probolè br�skoume domè kai apì to ìtih diadoq  qr¸mato parìlo pou den e�nai omal  kuriarqe�tai apì èna sugke-krimèno qr¸ma, upodeiknÔei m�a asjen  qaotik  sumperifor� th troqi� “u”.Aut  h plhrofor�a perilamb�netai sthn 4D anapar�stash tou fasikoÔ q¸rouìpw d�netai sto Sq. 91. Sundu�zonta ta sq mata 91 kai 92 sthn ojìnhtou upologist , apokalÔptoume ìqi mìno thn asjen  qaotik  sumperifor�th troqi� all� kai ti perioqè ìpou koll�ei kat� thn di�rkeia th olo-kl rwsh. Autì de�qnei thn apotelesmatikìthta th mejìdou qr¸mato kaiperistrof .Sunoy�zonta, h melèth th troqiak  sumperifor� th “u” sthn perio-q  th apl� astajoÔ periodik  troqi� qarakthr�zetai apì dÔo periìdoukollhtikìthta. H m�a anafèretai sthn k�nhsh gÔrw apì tou peristrofikoÔtìrou th x1 kai h deÔterh anafèretai sthn per�odo kollhtikìthta gÔrwapì tou peristrofikoÔ tìrou twn x1v1 kai x1v1′. Kat� thn di�rkeia th152



Sq ma 89: P�nw mèro: M�a 4D anapar�stash th troqi� “u” gia 2580shme�a sthn epif�neia tom . Ta shme�a apeikon�zontai sthn (x, ẋ, z) probol ,en¸ k�je shme�o qrwmat�zetai an�loga me thn ż tim  tou. ParathroÔme ènandiplì brìqo o opo�o èqei omal  metabol  qr¸mato. H jèsh th periodik troqi� (p.o.) upodeiknÔetai me èna bèlo. H optik  ma gwn�a se sfairikèsuntetagmène e�nai (θ, φ) = (30o, 108o). K�tw mèro: Oi tre� 2D probolè
(x, ẋ, ), (x, z) kai (ẋ, z). Ta eÔrh twn axìnwn e�nai ìpw sto kÔrio sq ma.deÔterh periìdou kollhtikìthta parathroÔme thn Θ dom  kai to daqtul�disthn (z, ż) probol . Sto epìmeno upokef�laio exet�zoume pìso genik  e�naiaut  h sumperifor�.
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Sq ma 90: 2580 shme�a th troqi� “u” ston 3D upìqwro (ẋ, z, ż) th epi-f�neia tom . K�je shme�o qrwmat�zetai an�loga th x tim  tou. Ta bèlhupodeiknÔoun ti jèsei twn periodik¸n troqi¸n x1v2 kai x1v2′. H optik  mase sfairikè suntetagmène gwn�a e�nai (θ, φ) = (45o, 144o).
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Sq ma 91: An�meixh qr¸mato twn pr¸twn 1000 shme�wn th troqi� “u” met�ta 2580 pr¸ta shme�a dhlad  met� thn anaq¸rhsh tou apì thn kal� orismènh
4D epif�neia me morf  kordèla ston 3D upìqwro (ẋ, z, ż) th epif�neiatom . To qr¸ma antiproswpeÔei thn tètarth di�stash x twn shme�wn. Hoptik  ma gwn�a se sfairikè suntetagmène e�nai (θ, φ) = (45o, 144o).

155



Sq ma 92: (a) 5000 shme�a th troqi� th “u” sthn 2D (z, ż) probol . Tapr¸ta 2580 shme�a sqhmat�zoun thn kìkkinh �èlleiyh me gwn�e� sto kentri-kì mèro tou sq mato. H jèsh twn periodik¸n troqi¸n twn x1v2 kai x1v2′apeikon�zetai me maÔra sÔmbola (p�nw kai k�tw). H mple èlleiyh h opo�abr�sketai eswterik� th kìkkinh �èlleiyh me gwn�e� e�nai h probol  enìperistrofikoÔ tìrou gÔrw apì thn x1. Ta upìlopa shme�a, met� ta pr¸ta2580, diaqèontai ston fasikì q¸ro, all� paramènoun sthn perioq  gÔrw apìtou peristrofikoÔ tìrou twn x1v1 kai x1v1′ periodik¸n troqi¸n. Oi pro-bolè twn dÔo tìrwn gÔrw apì ti eustaje� periodikè troqiè (oi opo�eupodeiknÔontai ep�sh me maÔra sÔmbola sti ��deie� perioqè) emfan�zontaisthn per�ptwsh aut  san anallo�wte kampÔle (pr�sinh kai roz). Ta bèlhde�qnoun tou loboÔ kai to daqtul�di (blèpe ke�meno). (b) 15000 shme�a th
“u” sthn 2D (z, ż) probol . Aut� episkèftontai ìlo ton diajèsimo fasikìq¸ro. Oi perioqè kollhtikìthta oi opo�e sqhmat�zontai kat� thn di�rkeiaolokl rwsh e�nai emfane�. 156



Sq ma 93: (a) H (x, ẋ, z) kai (b) (ẋ, z, ż) probolè twn pr¸twn 2580 shme�wnth troqi� “u” (kìkkino) kai èno apì tou exwterikoÔ peristrofikoÔ tì-rou gÔrw apì thn x1 (maÔro). H optik  ma gwn�a se sfairikè suntetagmènee�nai (θ, φ) = (90o, 42o).
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3.3.2 H genik  troqiak  sumperifor� sthn perioq  UDunamik  sumperifor� parìmoia me aut  th “u” parathre�tai an diatar�xou-me thn ż0 arqik  sunj kh th x1v2, gia thn �dia tim  th enèrgeia, mèqri kai
∆ż ≈ −10−2 (megalÔterh kat� apìluth tim  diataraq  |∆ż| = 10−2). Ep�shbr�skoume parìmoia sumperifor� an diatar�xoume thn ẋ arqik  sunj kh th
x1v2 to polÔ mèqri ∆ẋ ≈ 2 × 10−4. Arqikè sunj ke pou èqoun ta �dia
x0, ẋ0 kai z0 me thn x1v2 all� ∆ż < −10−2, d�noun peristrofikoÔ tìrou(upokef�laio 3.2) gÔrw apì thn x1.'Ena �llo tÔpo troqi¸n sthn perioq  th x1v2 qarakthr�zetai apì pe-rioqè kollhtikìthta gÔrw apì tou peristrofikoÔ tìrou twn x1v1 kai
x1v1′, qwr� na sqhmat�zoun arqik� m�a kordèla sthn epif�neia tom . Titroqiè autè ti br�skoume diathr¸nta thn enèrgeia stajer  (Ej = −4.66)kai upolog�zonta troqiè prosjètonta ti diataraqè tou p�naka 1 sti ar-qikè sunj ke th x1v2. Se ìle autè ti peript¸sei den parathroÔme thnkal� orismènh epif�neia twn Sq. 89 kai 90. Oi troqiè sthn epif�neia tom ,xekin�ne kont� sthn periodik  troqi� th x1v2, apoqwroÔn kateuje�an apì thnkontin  perioq  kai paramènoun pagideumène gÔrw apì tou peristrofikoÔtìrou twn x1v1 kai x1v1′ prin episkeftoÔn megalÔtere perioqè tou fasikoÔq¸rou. Sqhmat�zoun mia Θ dom  h opo�a perib�letai apì èna daqtul�di ìpwsto Sq. 91, qwr� thn kentrik  elleiptik  dom  pou parathroÔme sto Sq. 92.Ston p�naka 1 d�noume ta eÔrh twn diataraq¸n twn arqik¸n sunjhk¸n gia tiopo�e ekdhl¸netai aut  h troqiak  sumperifor�. Gia apokl�sei apì thn pe-riodik  troqi� sthn ż kateÔjunsh sto di�sthma 4.4×10−1 < ∆ż < 4.7×10−1br�skoume tou okt¸ tìrou twn opo�wn h probol  tou ston (z, ż) upìqwroth epif�neia tom  fa�netai sto Sq. 92 san alus�da 8 maÔrwn anallo�wtwnkampÔlwn.Gia diataraqè megalÔtere apì autè twn diasthm�twn tou p�naka 1 sth
x, ẋ   ż dieÔjunsh, den br�skoume perioqè kollhtikìthta all� nèfh shme�wngÔrw apì ti arqikè sunj ke th x1v2 ta opo�a den e�nai periorismèna all�episkèptontai olìklhro ton diajèsimo fasikì q¸ro (qaotik  j�lassa). GiamegalÔtere |∆z| diataraqè apì autè tou p�naka 1 pèftoume se arqikèsunj ke peristrofik¸n tìrwn gÔrw apì ti x1v1 kai x1v1′ kai gia akìmamegalÔtere diataraqè br�skoume xan� thn qaotik  j�lassa.O deÔtero trìpo pou akolouj same  tan na diereun soume ton fasikìq¸ro gÔrw apì thn x1v2, metab�lonta thn Ej , kai diathr¸nta thn �diadiataraq  sti arqikè sunj ke twn periodik¸n th troqi¸n. Autì ègineprosjètonta m�a ∆x = 10−4 diataraq  sti arqikè sunj ke twn periodik¸ntroqi¸n sthn perioq  U. Gia −4.7 < Ej < −4.4 h troqiak  sumperifor�  tan158



jetik  kateÔjunsh arnhtik  kateÔjunsh
∆x ∆x ≤ 2 × 10−1 ∆x ≥ −2 × 10−1

∆ẋ 2 × 10−4 ≤ ∆ẋ ≤ 1.2 ∆ẋ ≥ −2

∆z ∆z ≤ 7 × 10−2 ∆z ≥ −7 × 10−2

∆ż ∆ż ≤ 1.2 -P�naka 1: To eÔro twn apokl�sewn apì ti arqikè sunj ke th periodik troqi� th x1v2 gia Ej = −4.66 to opo�o d�nei troqiè twn opo�wn ta shme�akoll�ne stou tìrou twn x1v1 kai x1v1′ kai met� diaqèontai ston diajèsimofasikì q¸ro.ìmoia me aut  twn troqi¸n gia EJ = −4.66. 'Omw, gia Ej > −4.4 èna nèfoshme�wn perib�llei ti arqikè sunj ke th x1v2 se ìle ti 3D probolèth epif�neia tom  kai to opo�o èqei an�meixh qr¸mato. Autì shma�nei ìtise autè ti peript¸sei èqoume isqurì q�o (strong chaos). Ta nèfh aut� jamelethjoÔn me leptomèreie sta epìmena upokef�laia (3.3.5 kai 3.4.1).
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3.3.3 Asumptwtikè KampÔleSto upokef�laio autì melet�me thn morfolog�a twn asumptwtik¸n kampÔlwnoi opo�e sqet�zontai me ti apl� astaje� periodikè troqiè th oikogèneia
x1v2. Oi kampÔle autè upolog�zontai pa�rnonta pollè arqikè sunj -ke, oi opo�e e�nai polÔ kont� sthn periodik  troqi�, sthn kateÔjunsh touastajoÔ   eustajoÔ idiodianÔsmato kai ti oloklhr¸noume kat� thn orj (astaje� asumptwtikè kampÔle)   an�dromh for� (eustaje� asumptwtikèkampÔle) tou qrìnou. H per�ptwsh pou exet�zoume e�nai gia Ej = −4.66.'Eqoume  dh melet sei thn dom  tou fasikoÔ q¸rou sthn geitoni� aut  thapl� astajoÔ periodik  troqi� sto prohgoÔmeno upokef�laio. Oi arqikèsunj ke (x0, ẋ0, z0, ż0) th periodik  troqi� èqoun doje� sto 3.3.1. Gia naupolog�soume ti asumptwtikè kampÔle th astajoÔ pollaplìthta qrei�-zetai na upolog�soume to astajè idiodi�nusma gia thn periodik  troqi� pouexet�zoume. Autì g�netai w ex : Br�skoume, mèsw twn sqèsewn (65) (upoke-f�laio 1.1.6), thn pragmatik  idiotim  tou monìdromou p�naka pou e�nai ektìtou monadia�ou kÔklou λ = 1.63536 kai upolog�zoume to idiodi�nusma pou an-tistoiqe� se aut  thn idiotim  (x1, ẋ1, z1, ż1)=
(−0.0011989,−0.00109617,−0.0459267, 0.998943). Oi arqikè sunj ke (x2, ẋ2, z2, ż2)pou qrhsimopoi same e�nai th morf :

x2 = x0 + cx1

ẋ2 = ẋ0 + cẋ1

z2 = z0 + cz1

ż2 = ż0 + cż1 (95)Pr¸ta upolog�zoume ti asumptwtikè kampÔle gia c < 0. Ja kaloÔmeto mèro autì th pollaplìthta w mèro A. To plègma arqik¸n sunjhk¸npou qrhsimopoi same apotele�tai apì 104 shme�a (gia −10−3 ≤ c ≤ −10−7me b ma 10−7). Gia k�je shme�o tou plègmato upolog�same 50 shme�a sthnepif�neia tom . To basikì krit rio gia thn epilog  tou arijmoÔ twn shme�wnkai twn tim¸n twn apokl�sewn twn arqik¸n sunjhk¸n apì autè th periodik troqi� e�nai h paramon  twn shme�wn ep� twn asumptwtik¸n kampÔlwn me kal akr�beia. O monìdromo p�naka diathre� thn sumplektikìthta tou (h orizous�tou �sh me thn mon�da) me akr�beia th t�xh tou 10−6.Sto Sq. 94 parathroÔme ta pr¸ta 50 shme�a tou mèrou A th astajoÔpollaplìthta ston (x, ẋ, z) upìqwro th 4D epif�neia tom . Ta pr¸ta 2160



shme�a e�nai polÔ kont� sthn periodik  troqi�. Met�, diakr�noume to tr�to sh-me�o sthn epif�neia tom  (to opo�o upodeiknÔetai me èna bèlo). Ta epìmena13 shme�a akoloujoÔn thn kateÔjunsh twn maÔrwn bel¸n kai sqhmat�zoun è-nan brìqo, epistrèfonta p�sw sthn perioq  th periodik  troqi�. Katìpin,to 16o, ìso kai ta epìmena 7 shme�a, paramènoun polÔ kont� sth periodik troqi�. Apì to 24o shme�o kai gia ta epìmena 14 shme�a èqoume �llo ènabrìqo, akolouj¸nta thn kateÔjunsh h opo�a upodeiknÔetai apì ta bèlh. Tateleuta�a 12 shme�a e�nai p�li kont� sthn periodik  troqi�. Me autì ton trìpota shme�a sqhmat�zoun m�a epif�neia sq mato diploÔ brìqou ìpw sto Sq.89. 'Ena parìmoio trìpo akolouje�tai apì ta shme�a gia na gem�soun m�akuklik  kordèla ìmoia me aut  tou Sq. 90 sth 3D probol  (ẋ, z, ż) . 'Opwsta Sq. 89 kai 90 to qr¸ma sti asumptwtikè kampÔle metab�letai omal�.H 4D morfolog�a e�nai ìmoia me aut  th troqi� “u”.Sth sunèqeia upolog�same ti asumptwtikè kampÔle gia c > 0 sto plèg-ma arqik¸n sunjhk¸n pou qrhsimopoi same gia ton upologismì twn asum-ptwtik¸n kampÔlwn. To mèro autì th astajoÔ pollaplìthta to onom�-same mèro B. To sÔnolo twn arqik¸n sunjhk¸n pou qrhsimopoi same giaton upologismì tou mèrou B apotele�tai apì 2 × 104 arqikè sunj ke (gia
c = 10−6 ≤ c ≤ 2 × 10−2 me b ma 10−6). Gia k�je arqik  sunj kh upo-log�same 20 shme�a. Oi asumptwtikè kampÔle tou mèrou B th astajoÔpollaplìthta periel�ssontai gÔrw apì to shme�o th periodik  troqi� th
x1v2 gia ta pr¸ta 60 shme�a tou plègmato arqik¸n sunjhk¸n ston (x, ẋ, z)upìqwro th 4D epif�neia tom  (Sq. 95). 'Opw mporoÔme na parathr sou-me h asumptwtik  kampÔlh èqei omoiìmorfh metabol  qr¸mato apì gal�zio sekìkkino, akolouj¸nta thn kateÔjunsh twn diadoqik¸n arijmhmènwn bel¸n(Sq. 95). Gia perissìtere arqikè sunj ke (400) oi asumptwtikè kampÔletou mèrou B talant¸nontai sthn (x, ẋ, z) probol  (Sq. 96a). Telik� (gia
2 × 104 arqikè sunj ke) oi asumptwtikè kampÔle gem�zoun per�pou tonq¸ro (x1, x2)× (ẋ1, ẋ2)× (z1, z2) = (0.025, 0.05)× (−0.08, 0.08)× (−0.4, 0.4)(Sq. 96b) kalÔptonta m�a meg�lh perioq  th (x, ẋ, z) 3D probol . Tosq ma g�netai per�ploko.'Opw sthn per�ptwsh twn troqi¸n pou melet same sta upokef�laia 3.3.1kai 3.3.2, melet�me kai ti asumptwtikè kampÔle sundu�zonta merikè 3Dprobolè sti opo�e ta shme�a qrwmat�zontai sÔmfwna me thn tim  tou sthntètarth di�stash. Qrhsimopoi¸nta thn (ẋ, z, ż) probol  kai qrwmat�zont�ta shme�a sÔmfwna me thn x tim  tou oi asumptwtikè kampÔle diagr�fontaime ton parak�tw trìpo:Sto Sq. 97 parathroÔme ìti ta pr¸ta 400 shme�a tou mèrou B th asta-joÔ pollaplìthta (gia 20 arqikè sunj ke) sqhmat�zoun m�a asumptwtik 161



kampÔlh h opo�a talant¸netai ston 3D upìqwro (ẋ, z, ż) th 4D epif�neiatom . Kat� m ko twn asumptwtik¸n kampÔlwn h katanom  tou qr¸matoe�nai omoiìmorfh (apì kìkkino se mple). Autì shma�nei ìti h asumptwtik  kam-pÔlh e�nai m�a 4D kampÔlh. Gia perissìtera shme�a oi talant¸sei g�nontai piopolÔploke all� p�li èqoume omal  metabol  qr¸mato. Autì shma�nei ìtioi talant¸sei twn asumptwtik¸n kampÔlwn pou e�qe upolog�sei o Magnenat
(Magnenat 1982) se 2D probolè up�rqoun ston 4D q¸ro.Oi asumptwtikè kampÔle tou mèrou B th astajoÔ pollaplìthta, gia400 arqikè sunj ke apeikon�zontai sto Sq. 98a. Met� apì m�a tal�ntwshsthn arister  pleur� tou Sq. 98a parathroÔme merikè talant¸sei sth de-xi� pleur�. Oi talant¸sei t¸ra katalamb�noun m�a megalÔterh perioq  touq¸rou apì autè pou e�dame sthn prohgoÔmenh per�ptwsh (gia 20 arqikè sun-j ke) kai ekte�nontai se megalÔtero di�sthma sthn ż kateÔjunsh ston 3Dupìqwro (ẋ, z, ż) (Sq. 98a). Oi asumptwtikè kampÔle, gia 20000 arqikèsunj ke, gem�zoun m�a epif�neia sq mato Θ strammènou kat� 90o (Sq. 98b)sthn (ẋ, z, ż) probol .Oi asumptwtikè kampÔle tou mèrou B th astajoÔ pollaplìthta,gem�zoun me puknì trìpo ton diajèsimo q¸ro stou 2D upìqwrou th epi-f�neia tom  ektì apì thn per�ptwsh tou 2D upìqwrou (z, ż). Se aut thn probol  (Sq. 99) blèpoume ti asumptwtikè kampÔle tou mèrou B thastajoÔ pollaplìthta na xekin�ne apì to shme�o th periodik  troqi�kat� m ko th astajoÔ idiodieÔjunsh (bèlo 1) kai met� akoloujoÔn tatìxa ta opo�a upodeiknÔontai apì ta bèlh 2,3,4,5 kai 6. Oi asumptwtikèkampÔle talant¸nontai kat� m ko m�a kateÔjunsh k�jeth sthn eustaj idiodieÔjunsh.To mèro B th astajoÔ pollaplìthta katalamb�nei ènan ìgko sthn 4Depif�neia tom  o opo�o perièqetai ston q¸ro (x1, x2) × (ẋ1, ẋ2) × (z1, z2) ×
(ż1, ż2)= (0.025, 0.05) × (−0.08, 0.08) × (−0.4, 0.4) × (−1, 1).H morfolog�a twn asumptwtik¸n kampÔlwn pou upolog�same gia thn pe-r�ptwsh th eustajoÔ pollaplìthta e�nai ìmoia me aut  twn asumptwtik¸nkampÔlwn th astajoÔ pollaplìthta. Pio k�tw perigr�foume thn morfo-log�a twn asumptwtik¸n kampÔlwn gia ti di�fore timè th enèrgeia sthnperioq  U (apl� astaje� periodikè troqiè).Pr¸ta melet same ti anallo�wte pollaplìthte sthn perioq  twn apl�astaj¸n periodik¸n troqi¸n gia timè th enèrgeia Ej apì −4.7 w −4.62.Sti peript¸sei autè oi anallo�wte pollaplìthte èqoun p�li dÔo mèrh.Kaj¸ h enèrgeia aux�netai parathroÔme ìti, gia timè th enèrgeia me-galÔtere apì Ej = −4.66, oi asumptwtikè kampÔle tou mèrou A sqhmat�-zoun m�a kordèla, ìpw h epif�neia sq mato diploÔ brìqou ston 3D upìqwro162



(x, ẋ, z) tou sq mato 89. 'Omw, up�rqoun dÔo diaforè sthn morfolog�atou. H pr¸th diafor� ègkeitai sthn paramìrfwsh twn lob¸n twn epifanei¸nsq mato diploÔ brìqou (to par�deigma sto Sq. 100 e�nai gia Ej = −4.63),ìpou oi brìqoi èqoun g�nei polÔ meg�loi. M�a deÔterh diafor� e�nai ìti ta sh-me�a periel�ssontai gÔrw apì thn periodik  troqi� (ìpw ta shme�a sto Sq. 95)ìtan thn prosegg�zoun. To Sq. 100 de�qnei thn exèlixh th kampÔlh sthnper�ptwsh aut . Epiprìsjeta, ìso aux�netai h enèrgeia, oi asumptwtikè kam-pÔle tou mèrou A sqhmat�zoun xan� kuklikè kordèle ston 3D upìqwro
(ẋ, z, ż), ìpw sto Sq. 90. H aÔxhsh th enèrgeia prokale� talant¸sei twnasumptwtik¸n kampÔlwn tou mèrou A, ston 3D upìqwro (ẋ, z, ż).Sto di�sthma −4.61 ≤ Ej ≤ −3.41 oi anallo�wte pollaplìthte denèqoun dÔo mèrh. Kat� m ko kai twn dÔo dieujÔnsewn (c > 0 kai c < 0) oiasumptwtikè kampÔle èqoun thn �dia morfolog�a. Oi asumptwtikè kampÔlee�nai parìmoie me ti asumptwtikè kampÔle tou mèrou B th astajoÔanallo�wth pollaplìthta pou upolog�same gia Ej = −4.66 (h per�ptwshpou perigr�yame prohgoumènw).
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Sq ma 94: Ta pr¸ta 50 shme�a sthn epif�neia tom  m�a arqik  sunj kh me
c = −10−3 sto mèro A th astajoÔ pollaplìthta sthn (x, ẋ, z) probol .H periodik  troqi� upodeiknÔetai me èna maÔro sÔmbolo ×. Ta kìkkina bèlhde�qnoun to 3o, 16o, 24o kai to 38o shme�o. Ta shme�a sthn epif�neia tom (me kìkkinou stauroÔ) akoloujoÔn ti kateujÔnsei twn maÔrwn bel¸n. Hoptik  ma gwn�a se sfairikè suntetagmène e�nai (θ, φ) = (78o, 84o).
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Sq ma 95: H 4D epif�neia tom  gia ti pr¸te 60 arqikè sunj ke tou mè-rou B th astajoÔ pollaplìthta. Ta shme�a apeikon�zontai ston (x, ẋ, z)upìqwro kai qrwmat�zontai an�loga me thn ż tim  tou. Ta arijmhmèna bèlhde�qnoun thn kateÔjunsh twn shme�wn kat� m ko th pollaplìthta. H jèshth periodik  troqi� (p.o.) upodeiknÔetai me èna bèlo. H optik  ma gwn�ase sfairikè suntetagmène e�nai (θ, φ) = (56o, 22o).
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Sq ma 96: To mèro B th astajoÔ pollaplìthta ston 3D upìqwro (x, ẋ, z)th epif�neia tom . (a) gia ti pr¸te 400 arqikè sunj ke kai 20 shme�agia k�je m�a (sÔnolo 8000 shme�a). H periodik  troqi� upodeiknÔetai me ènamaÔro �×� sÔmbolo. H optik  ma gwn�a se sfairikè suntetagmène e�nai
(θ, φ) = (57o, 159o). (b) gia ti pr¸te 2×104 arqikè sunj ke kai 20 shme�agia k�je m�a (sÔnolo 4 × 105 shme�a). H periodik  troqi� upodeiknÔetai meèna maÔro �+�. H optik  ma gwn�a se sfairikè suntetagmène e�nai (θ, φ) =
(56o, 80o).
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Sq ma 97: H 4D epif�neia tom  gia ti pr¸te 20 arqikè sunj ke toumèrou B th astajoÔ pollaplìthta (kai 20 shme�a gia k�je m�a - sÔnolo400 shme�a). Ta shme�a apeikon�zontai ston (ẋ, z, ż) upìqwro kai qrwmat�-zontai an�loga me thn x tim  tou. To bèlo “p.o.” de�qnei thn jèsh thperiodik  troqi�. Ta shme�a sqhmat�zoun èna brìqo akolouj¸nta thn ka-teÔjunsh twn maÔrwn bel¸n. H optik  ma gwn�a se sfairikè suntetagmènee�nai (θ, φ) = (30o, 45o).
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Sq ma 98: Oi asumptwtikè kampÔle ston 3D upìqwro (ẋ, z, ż). (a) Oipr¸te 400 arqikè sunj ke tou mèrou B th astajoÔ pollaplìthta kai20 shme�a gia k�je m�a (sÔnolo 8000 shme�a). H periodik  troqi� sumbol�zetaime èna maÔro ×. Met� thn dhmiourg�a enì brìqou sthn arister  pleur�tou sq mato oi asumptwtikè kampÔle ekteloÔn merikè talant¸sei stokentrikì kai dexiì mèro tou sq mato. Oi ż timè th kampÔlh ekte�nontaiper�pou se èna eÔro ∆ż = 2. H optik  ma gwn�a se sfairikè suntetagmènee�nai (θ, φ) = (68o, 85o). (b) gia 2 × 104 arqikè sunj ke tou mèrou B thastajoÔ pollaplìthta kai 20 shme�a gia k�je m�a (sÔnolo 4× 105 shme�a).H jèsh th periodik  troqi� (p.o.) upodeiknÔetai me èna bèlo. H optik ma gwn�a se sfairikè suntetagmène e�nai (θ, φ) = (66o, 84o).168



Sq ma 99: H 2D probol  (z, ż) tou mèrou B th astajoÔ pollaplìthtasthn epif�neia tom  gia 2× 104 arqikè sunj ke kai 20 shme�a gia k�je m�a(sÔnolo 4×105 shme�a). Ta bèlh de�qnoun thn kateÔjunsh pou akoloÔjhsanta shme�a. Oi eustaj  kai astaj  idiodieujÔnsei apeikon�zontai me m�a rozkai m�a pr�sinh euje�a gramm  ant�stoiqa. H periodik  troqi� upodeiknÔetaime èna maÔro �+� sÔmbolo.
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Sq ma 100: H (x, ẋ, z) 3D probol  tou mèrou A th astajoÔ pollaplìthtagia Ej = −4.63. Oi asumptwtikè kampÔle upolog�zontai gia 450 arqikèsunj ke kai upolog�zoume 10 shme�a sthn epif�neia tom  gia k�je arqik sunj kh (gia −4.5 × 10−4 ≤ c ≤ −10−6 me b ma 10−6- sÔnolo 4500 shme�a).H periodik  troqi� upodeiknÔetai me èna maÔro �+� sÔmbolo. H optik  magwn�a se sfairikè suntetagmène e�nai (θ, φ) = (64o, 178o).
170



3.3.4 Fainìmeno Kollhtikìthta-StickinessTo fainìmeno th kollhtikìthta to sunant same sti qaotikè perioqè gÔrwapì ti apl� astaje� periodikè troqiè (upokef�laia 3.3.1 kai 3.3.2). E�naih pr¸th for� pou melet�tai to fainìmeno kollhtikìthta sthn geitoni� apl�astaj¸n periodik¸n troqi¸n enì 3D autìnomou qamiltonianoÔ sust mato.'Opw xèroume apì thn troqiak  sumperifor� se 2D autìnoma qamiltonia-n� sust mata to fainìmeno th kollhtikìthta anafèretai se troqiè pou�koll�ne� tìso se anallo�wtou tìrou ìso kai sti astaje� anallo�wtepollaplìthte gia èna meg�lo qronikì di�sthma (Contopoulos & Harsoula
2008, 2010a). Eme� melet�me to fainìmeno autì sti 4D epif�neie tom tou 3D sust matì ma. Gia to lìgo autì epilègoume mia antiproswpeutik per�ptwsh m�a periodik  troqi� sthn perioq  U th oikogèneia x1v2 gia
Ej = −4.66.'Opw anafèrame sto upokef�laio 3.3.2 an prosjèsoume m�a arnhtik  dia-taraq  sthn ż dieÔjunsh   m�a mikr  jetik  diataraq  sthn ẋ dieÔjunsh (gia
10−6 ≤ ∆ẋ < 2×10−4) sti arqikè sunj ke th periodik  troqi� x1v2, oitroqiè èqoun parìmoia dunamik  sumperifor� me thn troqi� “u” (upokef�laio3.3.1). Sugkr�nonta thn troqiak  sumperifor� ìlwn twn troqi¸n pou èqounm�a morfolog�a san aut  th “u”, me thn morfolog�a twn anallo�wtwn pol-laplot twn sumpera�noume ìti oi arqikè sunj ke th “u” e�nai polÔ kont�sthn astaj  idiodieÔjunsh th pollaplìthta. Ta shme�a th “u” kai oi anal-lo�wte kampÔle periel�ssontai gÔrw apì tou peristrofikoÔ tìrou poubr�skontai gÔrw apì th x1. Ta shme�a th “u” akoloujoÔn ti asumptwtikèkampÔle kai �koll�ne� sthn perioq  pou upagoreÔontai apì ti pollaplìth-te. Gia par�deigma blèpoume sta sq mata 101a kai 101b ìti ta pr¸ta 2580shme�a th troqi� “u” sthn epif�neia tom  (apeikon�zontai me mple qr¸ma)koll�ne sti asumptwtikè kampÔle tou mèrou A th astajoÔ pollaplìth-ta (apeikon�zetai me kìkkino qr¸ma). O arijmì twn shme�wn sthn epif�neiatom  antistoiqe� se èna qrìno 124 periìdwn peristrof  tou susthmatìma, o opo�o e�nai ter�stio gia sust mata th Galaxiak  Dunamik  (≈5.93 forè thn hlik�a tou sÔmpano-Hubble time).Katìpin, gia èna megalÔtero arijmì shme�wn sthn epif�neia tom , ta sh-me�a apoqwroÔn apì to mèro A th astajoÔ pollaplìthta. H sqèsh metaxÔtwn shme�wn th “u” kai th astajoÔ pollaplìthta mpore� na katanohje�kalÔtera sthn (ẋ, z, ż) probol . 'Opw mporoÔme na doÔme se aut  thn probo-l  sto Sq. 102 ta pr¸ta 1000 shme�a sthn epif�neia tom , met� thn anaq¸-rhsh twn shme�wn apì to mèro A th astajoÔ pollaplìthta dhlad  met�ta pr¸ta 2580 shme�a, koll�ne plhs�on twn asumptwtik¸n kampÔlwn tou mè-171



rou B th astajoÔ pollaplìthta (Sq. 102). O arijmì autì twn shme�wnsthn epif�neia tom  antistoiqe� se èna qrìno 48 periìdwn peristrof  tousust mato ma. Autì e�nai o mhqanismì pou dhmiourge� ston fasikì q¸rotou loboÔ pou dhmiourgoÔn to sq ma Θ kai to daqtul�di pou parathroÔmesthn (z, ż) probol  sto Sq. 92. Oi perioqè autè dhmiourgoÔntai lìgw toufainomènou kollhtikìthta gÔrw apì tou peristrofikoÔ tìrou twn x1v1kai x1v1′. 'Omw amèsw met� thn anaq¸rhsh twn shme�wn apì tou loboÔtou Θ ta shme�a suneq�zoun na mènoun kont� stou peristrofikoÔ tìroutwn x1v1 kai x1v1′, epeid  pagideÔontai sthn perioq  kont� sthn alus�da twnokt¸ nhs�dwn eust�jeia pou emfan�zontai me maÔre grammè sto Sq. 92. Hprobol  tou sq mato 92 jum�zei autì pou br�skoume se 2D qamiltonian�sust mata kont� sthn teleuta�a KAM kampÔlh (Contopoulos 2002 p. 213-
219). Autì pou prèpei na èqoume kat� nou e�nai ìti sti 4D epif�neie tom tou 3D qamiltonianoÔ sust mato ta shme�a mporoÔn na br�skontai kai stidÔo pleurè twn tìrwn mèsw twn parap�nw diast�sewn (4 diast�sewn kai ìqi2 diast�sewn ìpw se 2D sust mata).Sto upokef�laio 3.3.2 anafèrame ìti gia ti timè th diataraq  tou p�-naka 1, oi troqiè p�ne kateuje�an gÔrw apì tou peristrofikoÔ tìrou twn
x1v1 kai x1v1′. 'Ole autè oi troqiè èqoun m�a kolloeid  sumperofor� sta�kra twn 4D nhs�dwn eust�jeia twn x1v1 kai x1v1′, ti opo�e mporoÔme nadoÔme kalÔtera sthn 3D probol  (ẋ, z, ż) kai thn 2D probol  (z, ż). Se ìleti �lle probolè oi perioqè kollhtikìthta diakr�nontai w puknè perio-qè embaptismène se nèfh shme�wn. H (ẋ, z, ż) probol  èqei to pleonèkthmaìti gia èna eÔro optik¸n gwni¸n mìno l�ga shme�a apì to nèfo prob�lontaisti perioqè, oi opo�e fa�nontai ��deie� (ousiastik� katalamb�nontai apìperistrofikoÔ tìrou gÔrw apì ti eustaje� troqiè).H melèth th dunamik  sthn perioq  twn apl� astaj¸n periodik¸n tro-qi¸n, ma èdeixe ìti oi qarakthristikè domè diploÔ brìqou oi opo�e e�qan dh breje� apì tou Magnenat (1982) kai Patsis and Zachilas (1994), ìsokai oi Θ domè kai ta daqtul�dia sto Sq. 92, sqet�zontai me to fainìmenokollhtikìthta se peristrofikoÔ tìrou twn eustaj¸n periodik¸n troqi¸ntwn oikogenei¸n pou up�rqoun sto sÔsthma. Ta shme�a akoloujoÔn ti pol-laplìthte oi opo�e periel�ssontai gÔrw apì tou tìrou. Epiplèon ja  tanpio akribè na poÔme ìti oi domè autè sqet�zontai kur�w me ti U → Smetab�sei, kaj¸ den apant¸ntai se timè th enèrgeia makri� apì ta shme�amet�bash kaj¸ kai met� apì m�a DU → U met�bash.
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(a)

(b)Sq ma 101: Ta pr¸ta 2580 shme�a th troqi� “u” sthn epif�neia tom  (memple qr¸ma) ta opo�a koll�ne sti asumptwtikè kampÔle tou mèrou A thastajoÔ pollaplìthta (me kìkkino qr¸ma): (a) ston 3D upìqwro (x, ẋ, z).H optik  ma gwn�a se sfairikè suntetagmène e�nai (θ, φ) = (78o, 84o). (b)ston 3D upìqwro (ẋ, z, ż). H optik  ma gwn�a se sfairikè suntetagmènee�nai (θ, φ) = (74o, 82o). 173



Sq ma 102: Ta pr¸ta 1000 shme�a th troqi� “u” sthn epif�neia tom ,ta opo�a apeikon�zontai me pr�sina �+� sÔmbola, met� ta 2580 pr¸ta shme�adhlad  met� thn apoqwrhs  twn sumbìlwn �+� apì to mèro A th astajoÔpollaplìthta sthn 3D probol  (ẋ, z, ż). Ta shme�a aut� koll�ne kont�sti asumptwtikè kampÔle tou mèrou B th astajoÔ pollaplìthta (mekìkkino qr¸ma). H optik  ma gwn�a se sfairikè suntetagmène e�nai (θ, φ) =
(78o, 79o).
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3.3.5 Dipl  ast�jeia -x1v2Sta upokef�laia 3.3.5 kai 3.3.6 melet�me thn dunamik  sth geitoni� twn dipl�astaj¸n periodik¸n troqi¸n. H dipl  ast�jeia se peristrefìmena galaxiak�dunamik� parousi�zetai se meg�le timè th enèrgeia. Sto troqiakì dèntroth x1 (Patsis et al. 2002a), h dipl  ast�jeia parousi�zetai ìtan m�a 3Deustaj  diakl�dwsh th x1 g�netai apl� astaj  kai met� dipl� astaj   m�a 3D apl� astaj  diakl�dwsh th x1 g�netai dipl� astaj . Sun jwbr�skoume dipl� astaje� periodikè troqiè gia timè th enèrgeia gia tiopo�e oi troqiè sthn geitoni� tou e�nai troqiè diafug . Gia autì h epilog twn peript¸sewn pou melet jhkan èqei ida�terh shmas�a. Pr¸ta jewroÔme thndunamik  th x1v2 sthn perioq  twn periodik¸n troqi¸n th DU (upokef�laio3.3.5). Met� gia na exet�soume thn ex�rthsh th dunamik  sumperifor�twn troqi¸n apì thn tim  th enèrgeia tou, melet same ep�sh thn dom  toufasikoÔ q¸rou kont� se dipl� astaje� periodikè troqiè th oikogèneia tou
z-�xona. Autè oi periodikè troqiè br�skontai p�nw ston �xona peristrof 
z se peristrefìmena triaxonik� galaxiak� dunamik� ìpw to dikì ma dunamikì(Heisler, Merritt and Schwarzschild 1982).Erqìmaste t¸ra sth melèth th dom  tou fasikoÔ q¸rou sthn perioq  di-pl� astaj¸n periodik¸n troqi¸n th x1v2. Arqik� epilègoume na melet sou-me thn per�ptwsh gia Ej = −3.38. H periodik  troqi� sthn per�ptwsh aut  è-qei arqikè sunj ke (x0, ẋ0, z0, ż0)= (0.088998826, 0, 0, 2.3614474). Prosjè-tonta akìma kai m�a polÔ mikr  diataraq  (p.q. ∆x = 10−6, 10−5, 10−4, ...)sti arqikè sunj ke th periodik  troqi�, se opoiad pote kateÔjunsh,br�skoume nèfh shme�wn se ìle ti 3D probolè th 4D epif�neia tom (Sq. 103). Aut� e�nai 4D nèfh afoÔ br�skoume di�sparta shme�a se ìleti 3D probolè, ta opo�a de�qnoun an�meixh qr¸mato an efarmìsoume thnmèjodo qr¸mato kai peristrof . Ta nèfh aut� katalamb�noun ènan ìgkosthn 4D epif�neia tom , o opo�o perièqetai sto q¸ro (x1, x2) × (ẋ1, ẋ2) ×
(z1, z2) × (ż1, ż2)= (−4, 4) × (−2.5, 2.5) × (−2.5, 2.5) × (−3, 3).'Opw kai sthn per�ptwsh th apl  ast�jeia ètsi kai ed¸ diereunoÔmethn dom  tou fasikoÔ q¸rou sthn perioq  twn dipl� astaj¸n periodik¸ntroqi¸n th perioq  DU th oikogèneia x1v2 apì −3.41 < Ej < −2.3, giam�a stajer  tim  th diataraq  p.q. ∆x = 10−4. Sti peript¸sei autèbr�skoume p�li 4D nèfh ìpw sthn per�ptwsh th dipl� astajoÔ periodik troqi� gia Ej = −3.38.Ep�sh melet same th morfolog�a twn asumptwtik¸n kampÔlwn th asta-joÔ pollaplìthta sthn perioq  twn dipl� astaj¸n periodik¸n troqi¸n thperioq  DU th oikogèneia x1v2. Parousi�zoume aut  th morfolog�a sthn175



perioq  th dipl� astajoÔ periodik  troqi� gia Ej = −3.38. O upo-logismì twn asumptwtik¸n kampÔlwn e�nai parìmoio me autìn twn apl�astaj¸n periodik¸n troqi¸n (upokef�laio 3.3.3). H mình diafor� e�nai ì-ti èqoume t¸ra dÔo astaj  idiodianÔsmata. Upolog�zoume mèsw twn sqèsewn(65) tou upokefala�ou 1.1.6 ti dÔo pragmatikè idiotimè tou monìdromoup�naka oi opo�e br�skontai ektì tou monadia�ou kÔklou λ1 = 69.08801 kai
λ2 = 1.74981 kai met� upolog�zoume ta ant�stoiqa idiodianÔsmata. Aut� e�nai
(x1, ẋ1, z1, ż1)= (0.0216618, 0.163481,−0.737238, 0.655198) kai (x2, ẋ2, z2, ż2)
= (−0.831661, 0.523481, 0.0173103, 0.184412). Oi arqikè sunj ke (x3, ẋ3, z3, ż3),ti opo�e qrhsimopoi same gia ton upologismì twn asumptwtik¸n kampÔlwn,e�nai oi parak�tw:

x3 = x0 + c1x1 + c2x2

ẋ3 = ẋ0 + c1ẋ1 + c2ẋ2

z3 = z0 + c1z1 + c2z2

ż3 = ż0 + c1ż1 + c2ż2 (96)Upolog�same ti asumptwtikè kampÔle, se dÔo peript¸sei ti opo�eonom�same “I” kai “II” ant�stoiqa. Sthn pr¸th per�ptwsh diathr same th
c2 stajer  kai �sh me mhdèn kai qrhsimopo�hsame th c1 san par�metro. SthndeÔterh per�ptwsh, diathr same thn c1 = 0 kai metab�llame thn c2. Sthnper�ptwsh “I” èqoume p�rei timè c2 = 0 kai 10−7 ≤ c1 ≤ 2 × 10−4 me b ma
10−7 (2000 arqikè sunj ke). Sthn per�ptwsh “II” p rame timè c1 = 0 kaimetab�llame thn c2 sto di�sthma −1.35 × 10−1 ≤ c2 ≤ −10−5 me b ma 10−5(13500 arqikè sunj ke). Kai sti dÔo peript¸sei “I” kai “II” upolog�same3 shme�a sthn epif�neia tom  gia k�je arqik  sunj kh9. Gia thn parous�ashth morfolog�a twn asumptwtik¸n kampÔlwn qrhsimopoioÔme mìno thn 3Dprobol  (x, ẋ, z). O lìgo e�nai ìti br kame apì ta arijmhtik� ma peir�ma-ta, ìti h morfolog�a twn asumptwtik¸n kampÔlwn e�nai parìmoia sti �lle
3D probolè. 'Opw anamenìtan ta shme�a sthn epif�neia tom  kat� m kotwn asumptwtik¸n kampÔlwn sthn per�ptwsh “I” (me thn meg�lh idiotim  λ1)apomakrÔnontai taqÔtera apì thn periodik  troqi� apì ìti ta ta shme�a sthnepif�neia tom  kat� m ko twn asumptwtik¸n kampÔlwn sthn per�ptwsh “II”(me thn mikr  idiotim  λ2).9Kat� thn di�rkeia twn upologism¸n twn asumptwtik¸n kampÔlwn, parathr same ken�se merikè perioqè kat� m ko tou. Gia na sundèsoume aut� ta ken� p rame perissìterearqikè sunj ke se autè ti perioqè. 176



Sto Sq. 104 parathroÔme ìti ta shme�a sthn epif�neia tom  th asta-joÔ pollaplìthta sthn per�ptwsh “I” apomakrÔnontai apì thn periodik troqi� sthn kateÔjunsh twn maÔrwn bel¸n kai sqhmat�zoun èna brìqo sti
3D probolè th 4D epif�neia tom  p�sw apì thn periodik  troqi�. Met�ta shme�a prosegg�zoun xan� thn periodik  troqi� all� me diaforetikì qr¸ma(k�trino) apì ìti to arqikì mèro pou  tan mwb. Sth sunèqeia ta shme�a sqh-mat�zoun èna meg�lo brìqo p�nw apì thn periodik  troqi�, en¸ met� gur�zounpro ta k�tw kai telik� kinoÔntai dexi�, kateujunìmena èxw apì ta ìria tousq mato. Epiplèon parathroÔme m�a omoiìmorfh katanom  qr¸mato apìmwb se mple, se pr�sino, se k�trino, se portokal�, se kìkkino (arister�)k.l.p. Autì shma�nei ìti autè oi asumptwtikè kampÔle e�nai tetradi�statekampÔle. Sto Sq. 105 sugkr�noume ti asumptwtikè kampÔle gia thn pe-r�ptwsh “I” (mple qr¸ma) kai thn per�ptwsh “II” (kìkkino qr¸ma) oi opo�exekin�ne kat� m ko twn astaj¸n idiodieujÔnsewn sti peript¸sei “I” kai
“II” ant�stoiqa. 'Otan oi kampÔle ektrèpontai apì ti idiodieujÔnsei sqh-mat�zoun brìqou ston 3D upìqwro (x, ẋ, z). Oi troqiè kont� se autè tikampÔle paramènoun plhs�on tou gia èna polÔ mikrì qronikì di�sthma (0.4periìdou peristrof  tou sust mato ma) prin apomakrunjoÔn. 'Epeita apìèna sÔntomo sqetik� qronikì di�sthma oi troqiè gem�zoun me qaotikì trìpom�a meg�lh perioq  tou q¸rou, ìpw mporoÔme na doÔme sto Sq. 103.H morfolog�a twn asumptwtik¸n kampÔlwn th eustajoÔ pollaplìth-ta e�nai parìmoia me aut  twn twn asumptwtik¸n kampÔlwn th astajoÔpollaplìthta. Se ìle ti �lle peript¸sei twn dipl� astaj¸n periodik¸ntroqi¸n th perioq  DU, br�skoume m�a parìmoia morfolog�a.Aut  h dunamik  sumperifor� e�nai qarakthristik  gia ti dipl� astaje�periodikè troqiè twn diaklad¸sewn th x1. Tètoia sumperifor� ìmw densunant�tai sthn perioq  ìlwn twn dipl� astaj¸n periodik¸n troqi¸n poumelet same. Parak�tw parousi�zoume thn dunamik  kont� se dipl� astaje�periodikè troqiè th oikogèneia tou z-�xona (upokef�laio 3.3.6) h opo�adiaforopoie�tai se sqèsh me thn dunamik  sthn perioq  twn dipl� astaj¸nperiodik¸n troqi¸n th x1v2 thn opo�a parousi�same sto parìn upokef�laio.
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Sq ma 103: To nèfo shme�wn (gia 900 shme�a sthn epif�neia tom ), gia
∆x = 10−4 diataraq  sti arqikè sunj ke th dipl� astajoÔ periodik troqi� gia Ej = −3.38, ston 3D upìqwro (x, ẋ, z) th 4D epif�neia tom .H periodik  troqi� apeikon�zetai me èna mikrì maÔro kout� sto kèntro tousq mato. H optik  ma gwn�a se sfairikè suntetagmène e�nai (θ, φ) =
(47o, 325o).
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Sq ma 104: Oi asumptwtikè kampÔle th astajoÔ anallo�wth polla-plìthta gia 3 shme�a sthn epif�neia tom  gia 2000 arqikè sunj ke thastajoÔ pollaplìthta me c2 = 0 (èna sÔnolo 6000 shme�wn sthn epif�neiatom ), sthn perioq  th dipl� astajoÔ periodik  troqi� gia Ej = −3.38. Ta shme�a sthn epif�neia tom  apeikon�zontai ston (x, ẋ, z) upìqwro kaiqrwmat�zontai an�loga me thn ż tim  tou. H jèsh th periodik  troqi�upodeiknÔetai me èna bèlo me thn onomas�a “p.o.”. Ta bèlh de�qnoun thnkateÔjunsh pou èqoun ta shme�a sthn epif�neia tom  gia na sqhmat�soun tiasumptwtikè kampÔle. H optik  ma gwn�a se sfairikè suntetagmène e�nai
(θ, φ) = (45o, 180o).
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Sq ma 105: O 3D upìqwro (x, ẋ, z) twn asumptwtik¸n kampÔlwn th asta-joÔ anallo�wth pollaplìthta gia ti peript¸sei “I” (mple qr¸ma) kai
“II” (kìkkino qr¸ma), sthn perioq  th dipl� astajoÔ periodik  troqi�gia Ej = −3.38 sthn 4D epif�neia tom . Oi dÔo astaje� idiodieÔjunseipou antistoiqoÔn sti peript¸sei “I” kai “II” apeikon�zontai me m�a roz kaipr�sinh gramm  ant�stoiqa. H jèsh th periodik  troqi� upodeiknÔetaime èna maÔro kout�. H optik  ma gwn�a se sfairikè suntetagmène e�nai
(θ, φ) = (63o, 168o). H k�nhsh kat� m ko th mple gramm  g�netai polÔ ta-qÔtera apì thn k�nhsh kat� m ko th kìkkinh gramm  giat� h idiotim  sthnpr¸th per�ptwsh e�nai polÔ megalÔterh.
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3.3.6 Dipl  ast�jeia kai troqiè tou z-�xono'Opw  dh anafèrjhke, oi troqiè th oikogèneia tou z-�xona br�skontai ep�tou �xona z tou sust mato. W ek toÔtou, JewroÔme thn z = 0 epif�neiatom  me ż > 0. ProhgoÔmene melète èqoun de�xei ìti aut  h oikogèneiag�netai dipl� astaj  gia èna meg�lo eÔro energei¸n se arg� peristrefìme-na triaxonik� sust mata (Martinet and de Zeeuw 1988, Patsis and Zachilas
1990). Diereun same thn eust�jeia aut  th oikogèneia tou sust matoma gia m�a polÔ mikr  tim  tou Ωb = 5 × 10−6 (se mon�de tou sust matoma) gia na ekmetaleutoÔme aut  thn idiìthta th oikogèneia periodik¸n tro-qi¸n tou z-�xono. Gia thn tim  aut  tou Ωb h oikogèneia tou z-�xona èqeimeg�le perioqè dipl  ast�jeia. Se aut  thn per�ptwsh, ìso metab�llou-me thn enèrgeia, h oikogèneia tou z-�xona gia meg�le arnhtikè timè th Eje�nai eustaj  kai gia Ej = −6.7 g�netai apl� astaj . Sthn met�bash aut èqoume thn diakl�dwsh m�a nèa eustajoÔ oikogèneia periodik¸n troqi¸ntwn eustaj¸n an¸malwn troqi¸n (stable anomalous orbits-sao -Heisler et al
1982), kai thn summetrik  th oikogèneia se sqèsh me to yz-ep�pedo. Sthsunèqeia h oikogèneia tou z-�xona, gia Ej = −5.836, g�netai dipl� astaj kai paramènei dipl� astaj  gia megalÔtere timè th enèrgeia.Sth (x, ẋ, y, ẏ) 4D epif�neia tom  oi arqikè sunj ke th oikogèneia tou
z-�xona e�nai (0, 0, 0, 0). Gia Ej = −4.9 melet�me thn troqi�, h opo�a apokl�neiapì thn periodik  troqi� tou z-�xono kat� ∆ẋ = 0.62 sthn ẋ dieÔjunsh. Thntroqi� aut  thn apokaloÔme “duz1”.Sthn (x, ẋ) probol  parathroÔme ìti ta pr¸ta 250 shme�a th “duz1” e�-nai katanem mena gÔrw apì thn periodik  troqi� (mple shme�a sto Sq. 106a).Ta shme�a aut� den de�qnoun k�poia idia�terh dom . Ta epìmena 3950 shme�adomoÔn èna sq ma oktarioÔ. Parousi�zoume 950 apì aut� sto Sq. 106a (kìk-kina). Sto �dio sq ma oi periodikè troqiè shmei¸nontai me maÔra sÔmbola.Sto kèntro autoÔ tou oktarioÔ to sÔmbolo × upodeiknÔei th jèsh th perio-dik  troqi� th oikogèneia tou z-�xona, en¸ sthn kentrik  perioq  twn dÔolob¸n aut  th dom  ta maÔra shme�a (dexi� kai arister�) upodeiknÔoun thnjèsh th sao kai th summetrik  th. Aut� perib�llontai apì ti probolètwn peristrofik¸n tìrwn gÔrw apì autè. An suneq�soume thn olokl rw-sh th troqi�, br�skoume ìti met� apì 4200 tomè ta shme�a diaqèontai kaikatalamb�noun ìlo ton diajèsimo fasikì q¸ro (h (x, ẋ) probol  d�netai stoSq. 106b).Apì thn m�a èqoume th dhmiourg�a m�a dom  sti probolè th epif�neiatom . Apì thn �llh ta shme�a ta opo�a sqhmat�zoun th dom  sq mato �∞�tou sq mato 106a den br�skontai se m�a omal  4D epif�neia. H efarmog 181



th mejìdou qr¸mato kai peristrof  de�qnei ìti èqoume an�meixh qr¸mato.Autì e�nai èndeixh qaotik  sumperifor�.To eÔro diataraq¸n gia to opo�o br�skoume th dom  sq mato �∞� parou-si�zetai ston p�naka 2. Ektì tou eÔrou aut¸n twn tim¸n sthn x dieÔjunshbr�skoume troqiè kollhtikìthta stou peristrofikoÔ tìrou gÔrw apì tieustaje� periodikè troqiè th sao kai th summetrik  th. Gia megalÔterediataraqè kat� apìluth tim  sthn ẋ, y   ẏ-dieÔjunsh br�skoume tre� tÔpoutroqi¸n. (1) Troqiè pou anaparist�nontai apì nèfh shme�wn, (2) troqièkollhtikìthta se tìrou gÔrw apì ti eustaje� periodikè troqiè th x1v1kai (3) troqiè kollhtikìthta se alus�da peristrofik¸n tìrwn pou an kounse periodikè troqiè pollapl  periìdou. Aut  h troqiak  sumperifor� sqe-t�zetai me ti astaje� pollaplìthte twn periodik¸n troqi¸n th oikogèneiatou z-�xona.O upologismì twn pollaplot twn e�nai parìmoio me autìn th per�ptw-sh twn dipl� astaj¸n periodik¸n troqi¸n th x1v2. Ta astaj  idiodianÔsma-ta e�nai (x1, ẋ1, y1, ẏ1) = (−0.20427, 0.000957614, 0.978912,−0.00197504) kai
(x2, ẋ2, y2, ẏ2) = (−0.000880093, 0.436429, 0.00422376,−0.899728). Oi ant�-stoiqe idiotimè e�nai λ1 = 5.93858 kai λ2 = 5.90405. Oi arqikè sunj ke
(x3, ẋ3, y3, ẏ3), ti opo�e qrhsimopoi same gia ton upologismì th astajoÔpollaplìthta e�nai oi parak�tw:

x3 = x0 + c1x1 + c2x2

ẋ3 = ẋ0 + c1ẋ1 + c2ẋ2

y3 = y0 + c1y1 + c2y2

ẏ3 = ẏ0 + c1ẏ1 + c2ẏ2 (97)Upolog�same thn astaj  pollaplìthta qrhsimopoi¸nta gia c1 ti timè
−10−3 ≤ c1 ≤ 10−3 me b ma 10−5 kai gia k�je tim  tou c1 jewr same giato c2 ti timè −10−3 ≤ c2 ≤ 10−3 me b ma p�li 10−5. Gia k�je arqik  sun-j kh upolog�same 10 shme�a. Opìte sunolik� èqoume 4 × 105 shme�a. Meautì ton trìpo upolog�same thn astaj  asumptwtik  epif�neia tou Sq. 107.ParathroÔme ìti èqoume t¸ra m�a asumptwtik  epif�neia kai ìqi m�a asumptw-tik  kampÔlh. Autì  tan anamenìmeno afoÔ èqoume dÔo idiotimè ektì toumonadia�ou kÔklou (bl. p.q. Arnold 1988 p. 287). H asumptwtik  epif�-neia se aut  thn per�ptwsh  tan pio eÔkolo na optikopoihje� apì ìti sthnper�ptwsh th dipl� astajoÔ periodik  troqi� th x1v2, epeid  t¸ra oiduì idiotimè ektì tou monadia�ou kÔklou e�nai polÔ kont�. ParathroÔme ìti182



−0.2 ≤ ∆x ≤ 0.2 −1.5 ≤ ∆ẋ ≤ 1.5
−0.7 ≤ ∆y ≤ 0.7 −1 ≤ ∆ẏ ≤ 1P�naka 2: To eÔro diataraq¸n to opo�o d�nei troqiè twn opo�wn ta shme�aparist�nontai sto Sq. 106.h astaj  asumptwtik  epif�neia èqei th morfolog�a enì pl�giou oktarioÔsthn 3D probol  (x, ẋ, y) th epif�neia tom . Ep�sh parathroÔme m�a po-lÔplokh all� omal  metabol  qr¸mato sthn epif�neia autoÔ tou oktarioÔ(Sq. 107a). Sto Sq. 107b parousi�zoume thn (x, ẋ) probol  tou sq mato107a h opo�a de�qnei xek�jara ti kentrikè talant¸sei th epif�neia sq -mato oktarioÔ kont� sthn periodik  troqi� h opo�a br�sketai sto kèntro thepif�neia aut . M�a parìmoia morfolog�a br kame gia thn eustaj  asum-ptwtik  epif�neia.H dom  pou parousi�same sto Sq. 107 e�nai mèro th astajoÔ pollaplì-thta. An jewr soume èna megalÔtero arijmì tom¸n gia −1 ≤ c1, c2 ≤ 1 kaib ma 10−3, h asumptwtik  epif�neia diastèletai tìso sthn y-dieÔjunsh ìsokai sthn (x, ẋ) probol  ìpw de�qnoun kai ta kìkkina shme�a sto Sq. 108a.Antilambanìmaste ìti ìla ta shme�a th “duz1” (maÔro qr¸ma) koll�ne sthnastaj  asumptwtik  epif�neia.Ed¸ prèpei na shmei¸soume ìti sto eswterikì twn lob¸n th astajoÔasumptwtik  epif�neia sq mato oktarioÔ, d�pla stou peristrofikoÔ tì-rou th sao (mikr  pr�sinh elleiptik  kampÔlh sto Sq. 108b) br�skoume tro-qiè kollhtikìthta, oi opo�e arqik� sqhmat�zoun toroeide� epif�neie seaut  thn perioq  kai met� diaqèontai ston fasikì q¸ro, paramènonta p�ntakollhmène sthn astaj  asumptwtik  epif�neia. Ta pr¸ta 1960 shme�a dÔotètoiwn troqi¸n d�nontai me mple kai roz qr¸ma ston dexiì lobì th polla-plìthta sto Sq. 108b. Katìpin ta mple shme�a arq�zoun kai katalamb�nounkai ton aristerì lobì th pollaplìthta (Sq. 108 b). Ta roz ìmw jèlounperissìtero qrìno. H Ôparxh th astajoÔ asumptwtik  epif�neia epibra-dÔnei thn di�qush aut¸n twn troqi¸n se megalÔtere perioqè tou fasikoÔq¸rou.
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bSq ma 106: (a) H 2D (x, ẋ) probol  th troqi� pou melet�me sthn perio-q  twn dipl� astaj¸n periodik¸n troqi¸n th oikogèneia tou z-�xona gia
Ej = −4.9. JewroÔme 4200 shme�a sthn epif�neia tom . Ta pr¸ta 250 sum-bol�zontai me mple qr¸ma. Ta epìmena 3950 sqhmat�zoun thn kìkkinh dom sq mato �∞�. Met� arq�zoun na diaqèontai ston fasikì q¸ro. Ta maÔrasÔmbola upodeiknÔoun thn jèsh twn periodik¸n troqi¸n se aut  thn probo-l .(b) Ta pr¸ta 4200 shme�a parist�nontai t¸ra me qontr� kìkkina shme�a,en¸ ta epìmena 26000 (lept� kìkkina shme�a) diaqèontai kai katalamb�nounìlo ton diajèsimo fasikì q¸ro.
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Sq ma 107: (a) H 4D anapar�stash th astajoÔ asumptwtik  epif�neia,qrhsimopoi¸nta thn 3D probol  (x, ẋ, y) gia thn qwrik  apeikìnish twn sh-me�wn. Ta shme�a qrwmat�zontai an�loga me ti timè th ẏ tim  tou. Hoptik  ma gwn�a se sfairikè suntetagmène e�nai (θ, φ) = (20o, 190o). (b) H
(x, ẋ) probol  de�qnei ti talant¸sei th astajoÔ asumptwtik  epif�neiakont� se m�a dipl� astaj  periodik  troqi� th oikogèneia tou z-�xona (hopo�a br�sketai sto (0, 0)).
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Sq ma 108: (a) H (x, ẋ) 2D probol  th astajoÔ asumptwtik  epif�neiakai twn shme�wn th troqi� “duz1” h opo�a paramènei gia meg�la qronik�diast mata kollhmènh sthn astaj  asumptwtik  epif�neia. (b) H �dia pro-bol  th astajoÔ asumptwtikh epif�neia, maz� me dÔo troqiè (mple kairoz shme�a) ti opo�e br�skoume diatar�ssonta troqiè pou antistoiqoÔn seperistrofikoÔ tìrou th sao (h probol  enì apì aut¸n apeikon�zetai apìm�a mikr  pr�sinh elleiptik  kampÔlh kont� sto kèntro tou dexioÔ mèrou thpollaplìthta).
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3.3.7 Di�qush ston fasikì q¸roH melèth twn troqi¸n sthn perioq  twn apl� kai dipl� astaj¸n periodik¸ntroqi¸n ma èdwse plhrofor�e sqetik� me ton rujmì di�qush twn geitonik¸ntroqi¸n kai thn pag�deush twn shme�wn tou se k�poie perioqè tou fasikoÔq¸rou. Autì ma epitrèpei na diakr�noume ti troqiè oi opo�e uposthr�zoundomè apì eke�ne pou den to k�noun. Gia ton lìgo autì metr�me thn di�qushtwn troqi¸n kai sugkr�noume ta apotelèsmata.Oi troqiè kont� sti astaje� periodikè troqiè th x1v2 èqoun ti akì-louje troqiakè sumperiforè:
• O pr¸to tÔpo twn troqi¸n kont� sti x1v2 periodikè troqiè sqhma-t�zei diploÔ brìqou   aploÔ kleistoÔ brìqou sti 3D probolè th

4D epif�neia tom . San par�deigma èqoume thn troqi� “u” (upokef�-laio 3.3.1 - Sq. 89, 90). Oi troqiè autoÔ tou tÔpou gia perissìteretomè dhmiourgoÔn �lle puknè perioqè ston fasikì q¸ro gia meg�laqronik� diast mata. Autè oi domè e�nai diakritè se merikè probolèsan Θ domè   daqtul�dia (Sq. 92). Ousiastik� h troqiak  th sumpe-rifor� kajor�zetai apì diadoqik� fainìmena kollhtikìthta pou epib�leih sunolik  dom  tou fasikoÔ q¸rou kont� se metab�sei S → U → S.
• O deÔtero tÔpo troqi¸n sqhmat�zei nèfh shme�wn sthn epif�neia to-m . San par�deigma, jewroÔme thn troqi� me ∆x = 10−4 apì ti arqikèsunj ke th apl� astajoÔ periodik  troqi� th x1v2 gia Ej = −4kai thn apokaloÔme w “u1”.
• O tr�to tÔpo troqi¸n sqhmat�zei xan� nèfh shme�wn sthn epif�neiatom , all� aut  thn for� sthn perioq  m�a dipl� astajoÔ periodik troqi�. 'Ena tupikì par�deigma e�nai h troqi� h opo�a apokl�nei apìthn x1v2 gia ∆x = 10−4 gia Ej = −3.38, thn opo�a onom�same w

“du1”. E�nai h pio genik  sumperifor� pou br�skoume sth geitoni� dipl�astaj¸n periodik¸n troqi¸n.Epiprìsjeta perilamb�noume m�a troqi� sthn perioq  m�a dipl� astajoÔperiodik  troqi� th oikogèneia tou z-�xona.
• H troqi� h opo�a sqhmat�zei m�a epif�neia sq mato oktarioÔ prin dia-quje� kai katal�bei ìlo ton diajèsimo fasikì q¸ro (Sq. 106) kai thnopo�a apokaloÔme w troqi� “duz1”. Oi peript¸sei autè kont� sedipl� astaje� periodikè troqiè emfan�zontai sto sÔsthma ma mìnoìtan oi 2 idiotimè den diafèroun polÔ.187



Gia na upolog�soume thn taqÔthta di�qush gia tou parap�nw tÔpou tro-qiak  sumperifor� or�zoume ton qrìno di�qush kai thn taqÔthta di�qushw akoloÔjw:Genik� o ìgko tou fasikoÔ q¸rou o opo�o katalamb�netai apì ta shme�am�a qaotik  troqi� aux�netai me ton qrìno katalamb�nonta ton mègistodiajèsimo ìgko o opo�o perior�zetai apì thn epif�neia mhdenik  taqÔthta.O qrìno ton opo�o qrei�zontai oi troqiè gia na katal�boun ton mègisto ìgko
Vmax, or�zetai w �qrìno di�qush�, Td. H taqÔthta di�qush or�zetai w olìgo

ud =
Vmax

Td

.Oi posìthte Vmax kai Td gia ti troqiè sthn perioq  m�a periodik  troqi�mporoÔn eÔkola na upologistoÔn se dÔo b mata:1. 'Oso o qrìno aux�netai upolog�zoume thn mèsh apìstash s apì thnperiodik  troqi� gia qrìno t ìlwn twn shme�wn kai met� upolog�zoumeton mèso ìgko V (t). Me �lla lìgia upolog�zoume ton ìgko th uper-sfa�ra me kèntro thn periodik  troqi� kai akt�na thn mèsh apìstash
s: V (t) = 1

2
π2s4.2. Met� apì qrìno Td ta shme�a katalamb�noun ton mègisto ìgko Vmax.Autì d�netai apì to mègisto th metabol  tou V (t) kai ma epitrèpeina upolog�soume thn taqÔthta di�qush.Sto Sq. 109a parousi�zoume to di�gramma tou ìgkou pou katalamb�netaiapì ta shme�a th “u” (Sq. 89, 90) sunart sei tou qrìnou t gia èna di�sthma

t ≤ 28000, pou antistoiqe� se 4200 tomè. ParathroÔme gia t ≤ 17300 semon�de tou susthmatì ma (upodeiknÔetai apì to aristerì bèlo sto Sq.109a to opo�o antistoiqe� se 2580 tomè) ìti o V (t) paramènei kont� sthn tim 0.165 met� apì orismène arqikè talant¸sei. To qronikì autì di�sthmaantistoiqe� sto di�sthma kat� to opo�o ta shme�a koll�ne sti asumptwtikèkampÔle tou mèrou A th astajoÔ pollaplìthta sqhmat�zonta ènan diplìbrìqo (upokef�laio 3.3.1). Met� parathroÔme èna deÔtero di�sthma metaxÔtwn dÔo bel¸n sto Sq. 109a, pou o V (t) aux�nei all� h kl�sh th kampÔlhe�nai mikrìterh apì aut  pou èqei h kampÔlh met� to dexiì bèlo. To deÔterobèlo antistoiqe� se qrìno t = 21800   3130 tomè. H dunamik  sumperifor�sto di�sthma metaxÔ twn dÔo bel¸n antistoiqe� ston qrìno kat� ton opo�ota shme�a sqhmat�zoun tou loboÔ th Θ dom  kai tou daqtulidioÔ sthn
(z, ż) probol  (Sq. 92) koll¸nta sti asumptwtikè kampÔle tou mèrouB th astajoÔ pollaplìthta (bl. upokef�laio 3.3.4). Sth sunèqeia, met�188



to dexiì bèlo sto Sq. 109a o V (t) aux�nei suneq¸ me qarakthristik kai pio apìtomh kl�sh apì ìti prohgoumènw. Ta shme�a se aut  thn f�shapomakrÔnontai apì ìle ti domè pou parathroÔntai sthn perioq  th x1v2periodik  troqi� (upokef�laio 3.3.1). To Sq. 109b apotele� th sunèqeiatou sq mato 109a kai de�qnei ìti to mègisto tou V (t) antistoiqe� se Vmax =
13.433 gia Td = 510000. H taqÔthta di�qush e�nai ud = Vmax

Td
= 2.63× 10−5.Met� to mègisto tou V (t) sto Sq. 109b, ta shme�a ft�noun se apost�sei apìthn periodik  troqi� oi opo�e e�nai mikrìtere   �se me thn mègisth apìstash.Autì shma�nei ìti o V (t) mei¸netai l�go kai telik�, stajeropoie�tai se m�a mèshstajer  tim . Autì sumba�nei gia ìle ti qaotikè troqiè.H exèlixh tou V (t) kai h posìthta Td all�zoun sthn per�ptwsh th troqi�

“u1”. Sto Sq. 110 blèpoume ìti gia thn kampÔlh �1� h opo�a antistoiqe� sthntroqi� “u1”, èqoume Vmax = 117.397 kai Td = 3180. Autì shma�nei ìti htaqÔthta di�qush e�nai t¸ra ud = 0.0369, dhlad  1403 forè megalÔterhapì thn taqÔthta di�qush th troqi� “u”.H p�nw kìkkinh kampÔlh (2) perigr�fei thn qronik  exèlixh gia thn troqi�
“du1” sthn perioq  th dipl� astajoÔ periodik  troqi� th x1v2 gia Ej =
−3.38. ParathroÔme ìti h kampÔlh èqei èna mègisto gia Vmax = 458 kai
Td = 3400. Se aut  thn per�ptwsh h taqÔthta di�qush e�nai ud = 0.135h opo�a e�nai 3.65 forè kai 5133 forè megalÔterh apì aut  twn troqi¸ntwn “u1” kai “u” ant�stoiqa. Gia ti “u1” kai “du1” o V (t) aux�nei sqetik�gr gora mèqri to mègisto tou diagr�mmato, upodeiknÔonta ìti den èqoumek�poia shmantik  kollhtikìthta se autè ti peript¸sei.Telik� sthn per�ptwsh pou èqoume bre� kollhtikìthta sto q�o kont� sem�a dipl� astaj  periodik  troqi�, p.q. gia thn troqi� “duz1”, h exèlixh tou
V (t) d�netai sto Sq. 111. Arqik� o V (t) fj�nei katal gonta se m�a tim  1.68kat� thn di�rkeia twn pr¸twn 1600 tom¸n. Aut  h per�odo upodeiknÔetai meèna bèlo �1�. Autì sumba�nei epeid  h pleionìthta twn shme�wn katalamb�neito dexiì lobì tou oktarioÔ sthn (x, ẋ) 2D probol , �ra h pleionìthta twnshme�wn br�sketai se ènan ìgko mikrìtero apì ìti o ìgko pou katalamb�netaiapì ta shme�a pou sqhmat�zoun olìklhrh thn dom  sq mato oktarioÔ. W ektoÔtou o mèso ìgko mei¸netai. Sth sunèqeia, ta epìmena shme�a gem�zounthn dom  sq mato oktarioÔ, opìte èqoume �dio arijm¸n shme�wn kai stou dÔoloboÔ. Autì èqei san apotèlesma o V (t) na aux�netai mèqri o mèso ìgkona ft�sei se m�a tim  3.11969, pou antistoiqe� se 3200 tomè (h jèsh aut upodeiknÔetai me èna bèlo �2�). Met�, parathroÔme èna mikrì plat¸ mèqri toshme�o pou upodeiknÔetai apì to bèlo �3� (V (t) = 3.02259). To shme�o autìantistoiqe� se 4200 tomè. Autì e�nai o arijmì twn shme�wn sthn epif�neiatom  pou mènoun sto okt�ri prin apoqwr soun apì autì kai katal�boun189



Sq ma 109: O mèso ìgko V (t) o opo�o katalamb�netai apì ta shme�a thtroqi� “u” sthn perioq  th apl� astajoÔ periodik  troqi� gia Ej =
−4.66. (a) t ≤ 28000, antistoiqe� se 4200 shme�a sthn epif�neia tom . Tabèlh upodeiknÔoun ta qronik� shme�a pou antistoiqoÔn se 2580 kai 3130 tomè.
(b) H exèlixh tou V (t) mèqri t = 7 × 105.
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Sq ma 110: H exèlixh tou V (t) gia thn troqi� “u1” sthn perioq  th apl�astajoÔ periodik  troqi� th x1v2 gia Ej = −4 (1) kai gia thn troqi�
“du1” (2), ìtan h x1v2 e�nai dipl� astaj  gia Ej = −3.38.megalÔterou ìgkou ston fasikì q¸ro. Gia megalÔterou qrìnou o V (t)aux�nei. Sto Sq. 111b èqoume mègisto gia Vmax = 15.77 kai Td = 1.88×105.H taqÔthta di�qush e�nai ud = 8.385 × 10−5.Sugkr�nonta ta Sq. 109, 110 kai 111 fa�netai ìti, h di�qush twn qaotik¸ntroqi¸n apì thn perioq  twn apl� kai dipl� astaj¸n periodik¸n troqi¸nden exart�tai apì to e�do ast�jeia th periodik  troqi�. To fainìmenokollhtikìthta, to opo�o epibradÔnei thn di�qush, emfan�zetai se troqiè tìsokont� se apl� astaje� periodikè troqiè ìso kai se dipl� astaje� periodikètroqiè. 'Otan autì sumba�nei parathroÔme plat¸ sthn metabol  tou V (t) wpro ton qrìno.
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Sq ma 111: H exèlixh tou V (t) gia thn troqi� “duz1” sthn geitoni� th dipl�astajoÔ periodik  troqi� th oikogèneia tou z-�xona gia Ej = −4.9. (a)gia t ≤ 2 × 104 kai (b) gia t ≤ 3 × 105.
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3.4 Migadik  Ast�jeiaSkopì tou upokefala�ou autoÔ e�nai h melèth th dunamik  sthn perioq  m�amigadik� astajoÔ periodik  troqi�. H melèth pou parousi�zoume anafère-tai sthn pr¸th mh axisummetrik  per�ptwsh tou montèlou ma. 'Opw e�damesto upokef�laio 2.3.2 h 3D oikogèneia x1v1 h opo�a  tan arqik� eustaj g�netai migadik� astaj  gia Ej=−4.62 (ikanopoie� to Je¸rhma Krein-Moser-bl. upokef�laio 1.1.7). Ja melet soume thn dom  tou fasikoÔ q¸rou sthnperioq  twn migadik� astaj¸n periodik¸n troqi¸n (upokef�laio 3.4.1) th
3D oikogèneia x1v1 Ôstera apì thn metabas  th apì eust�jeia se migadik ast�jeia (gnwst  w Qamiltonian  diakl�dwsh Hopf10-Van der Meer 1985).H met�bash apì eust�jeia se migadik  ast�jeia èqei melethje� tìso se 3Dautìnoma qamiltonian� sust mata (Contopoulos and Magnenat 1985, Pfen-
niger 1985b, Heggie 1985, Contopoulos et al. 1994, Papadaki et al. 1995,
Contopoulos et al. 1999, Broer et al 2007, Ollé et al. 2008) ìso kai se 4Dsumplektikè apeikon�sei (Pfenniger 1985a, Bridges et al. 1995, Jorba and
Ollé 2004). Kai sti dÔo peript¸sei h analutik  prosèggish qrhsimopoie�ti teqnikè twn kanonik¸n morf¸n (normal forms- Ollé et al. 2005a,b) ¸stena aplopoi sei thn qamiltonian  (  thn apeikìnish) kai na perigr�yei topik�ton fasikì q¸ro sthn geitoni� m�a periodik  troqi�. Tètoie analÔseide�xane, ìti h met�bash apì eust�jeia se migadik  ast�jeia èqei san apotèle-sma thn diakl�dwsh anallo�wtwn 2D tìrwn se èna 3D autìnomo qamiltonianìsÔsthma   anallo�wtwn kampÔlwn sti 4D sumplektikè apeikon�sei (ìpwh 4D apeikìnish Poincaré tou susthmatì ma). O arijmhtikì upologismìaut¸n twn anallo�wtwn antikeimènwn èqei pragmatopoihje� gia autìnoma qa-miltonian� sust mata tri¸n bajm¸n eleujer�a (Pfenniger 1985b, Ollé and
Pfenniger 1998, Ollé et al. 2004) kai gia 4D sumplektikè apeikon�sei (Pfen-
niger 1985a, Jorba and Ollé 2004). Sthn ergas�a ma melet�me thn dom  twnanallo�wtwn epifanei¸n sthn 4D epif�neia tom  sthn perioq  m�a migadik�astajoÔ periodik  troqi� met� apì m�a Qamiltonian  diakl�dwsh Hopf.3.4.1 Dom  kai exèlixh twn periorismènwn tìrwn kont� sem�a qamiltonian  diakl�dwsh HopfArqik� diereunoÔme thn dom  tou fasikoÔ q¸rou diatar�ssonta ti arqi-kè sunj ke m�a migadik� astajoÔ periodik  troqi� th x1v1 sthn 4Depif�neia tom  l�go met� thn met�bash th x1v1 apì eust�jeia se migadik 10H diakl�dwsh aut  lègetai kat� �Hopf�, pro tim  tou meg�lou majhmatikoÔ pou apè-deixe èna polÔ shmantikì je¸rhma gia aut  (Hopf 1942, Marsden and McCracken 1976).193



ast�jeia. Gia par�deigma efarmìzoume m�a diataraq  ∆x = 10−4 sti arqi-kè sunj ke th migadik� astajoÔ periodik  troqi� gia Ej=−4.619 ( mearqikè sunj ke (x0, ẋ0, z0, ż0) = (0.275137727, 0, 0.359838, 0)). Met�, h x0arqik  sunj kh g�netai x0 + ∆x. Apì prohgoÔmene ergas�e (Contopoulos
et al. 1994, Papadaki et al. 1995, Contopoulos et al. 1999) xèroume ìti,gia èna arijmì tom¸n, èqoume thn emf�nish m�a spe�ra sthn perioq  m�amigadik� astajoÔ periodik  troqi� sti 2D probolè th epif�neia tom .Aut  thn dom  thn sunant same kai sthn per�ptwsh pou melet�me (Sq. 112).ParathroÔme ìti ta shme�a e�nai periorismèna se m�a perioq  tou q¸rou twnf�sewn.Efarmìzoume t¸ra th mèjodo qr¸mato kai peristrof  gia na melet -soume thn epif�neia pou sqhmat�zetai sthn geitoni� m�a migadik� astajoÔperiodik  troqi�. Sto Sq. 113 parousi�zoume thn troqiak  sumperifor�kont� se m�a migadik� astaj  periodik  troqi� gia 50 shme�a sthn epif�neiatom . QrhsimopoioÔme thn 3D probol  (x, ẋ, z) gia na apeikon�soume ta sh-me�a kai thn ż tim  tou gia na ta qrwmat�soume. ParathroÔme m�a spe�ra (metre� speiroeide� braq�one) sthn perioq  th migadik� astajoÔ periodik troqi�. Ta pr¸ta 13 shme�a e�nai polÔ kont� sto kèntro th spe�ra kaiden e�nai emfan  sto sq ma. To 14o shme�o br�sketai p�nw se ènan speiroei-d  braq�ona, to 15o br�sketai p�nw se ènan �llo speiroeid  braq�ona kai to16o shme�o br�sketai p�nw ston tr�to speiroeid  braq�ona. To 17o shme�obr�sketai p�nw ston pr¸to braq�ona k.o.k. Kat� m ko k�je speiroeidoÔbraq�ona parathroÔme m�a omoiìmorfh metabol  qr¸mato (Sq. 113). Gia pa-r�deigma parathroÔme an xekin soume apì to kèntro th spe�ra kat� m kotou braq�ona pou br�sketai to 15o shme�o metabol  qr¸mato apì pr�sino segal�zio, se mple kai telik� se mwb. Kat� m ko twn �llwn dÔo braqiìnwnparathroÔme parìmoia metabol  qr¸mato. Autì shma�nei ìti h spe�ra aut e�nai èna 4D antike�meno.To Sq ma 114 apeikon�zei thn �dia per�ptwsh me to Sq. 113 gia 2000 sh-me�a sthn epif�neia tom . Den mporoÔme plèon na diakr�noume thn arqik spe�ra (pou br�sketai sto kèntro tou sq mato 113), all� parathroÔme ènandiskoeid  sqhmatismì me poll� shme�a sugkentrwmèna sthn kentrik  tou pe-rioq . To antike�meno autì èqei polÔ mikrì p�qo kai parousi�zei m�a mikr strèblwsh. Eme� ja to apokaloÔme san �d�sko�   �diskoeid  sqhmatismì�.Sthn orolog�a twn Jorba and Ollé (2004) ta antike�mena aut� onom�zontaiperiorismènoi tìroi (confined tori). P�nw se autìn ton diskoeid  sqhmatismì,parathroÔme m�a omal  diadoq  qr¸mato apì arister� sta dexi� apì kìkkinose portokal�, se k�trino, se pr�sino, se gal�zio, se mple kai telik� se mwb.Gia 10000 shme�a sthn epif�neia tom  parathroÔme ìti ta shme�a gem�zoun194



autì ton diskoeid  sqhmatismì, o opo�o emfan�zei omal  metabol  qr¸ma-to (Sq. 115). H mikrìterh apìstash twn shme�wn apì to kèntro tou d�skou,ìpou br�sketai h migadik� astaj  periodik  troqi�, e�nai 0.000042 kai h mega-lÔterh apìstash e�nai 0.059764 sthn 3D probol  (x, ẋ, z) th 4D epif�neiatom . Ta shme�a ft�noun se m�a mègisth apìstash apì to kèntro tou d�skoukai met� kinoÔntai pro to kèntro tou ft�nonta se m�a el�qisth apìstashapì autì k.o.k. Merikè timè gia autè ti el�qiste kai mègiste apost�seid�nontai stou p�nake 3 kai 4. Epishma�noume to gegonì, ìti o d�sko èqeiènan eswterikì speiroeid  sqhmatismì me tre� braq�one. Autì shma�nei ìtian dialèxoume tuqa�a èna shme�o pou br�sketai ston d�sko, ta epìmena shme�atom  akoloujoÔn èna speiroeid  trìpo gem�smato tou d�skou san autì pouparousi�same sta sq mata 113, 114 kai 115.Met� upolog�same thn astaj  anallo�wth pollaplìthta th migadik� asta-joÔ periodik  troqi�. O upologismì twn asumptwtik¸n kampÔlwn e�nai pa-rìmoio me autìn twn dipl� astaj¸n periodik¸n troqi¸n (upokef�laio 3.3.5).H mình diafor� e�nai ìti èqoume t¸ra ìti ta dÔo astaj  idiodianÔsmata e�naimigadik� kai èqoun thn morf  u ± iv. H astaj  pollaplìthta par�getaiapì ta dianÔsmata u kai v. Upolog�zoume mèsw twn sqèsewn (65) tou upo-kefala�ou 1.1.6 ti dÔo migadikè idiotimè tou monìdromou p�naka oi opo�ebr�skontai ektì tou monadia�ou kÔklou λ1,2 = −0.700937 ± 0.812549i kaimet� upolog�zoume ta ant�stoiqa idiodianÔsmata. To di�nusma u èqei sunte-tagmène (x1, ẋ1, z1, ż1)= (−0.0225457,−0.00659262, 0.369829, 0.904305) kaito v èqei suntetagmène (x2, ẋ2, z2, ż2)
= (−0.181374, 0.0761046,−0.0788559, 0). Oi arqikè sunj ke (x3, ẋ3, z3, ż3),ti opo�e qrhsimopoi same gia ton upologismì twn asumptwtik¸n kampÔlwn,e�nai oi parak�tw:

x3 = x0 + c1x1 + c2x2

ẋ3 = ẋ0 + c1ẋ1 + c2ẋ2

z3 = z0 + c1z1 + c2z2

ż3 = ż0 + c1ż1 + c2ż2 (98)Upolog�same thn astaj  pollaplìthta qrhsimopoi¸nta gia c1 ti timè
−10−5 ≤ c1 ≤ 10−5 me b ma 4×10−7 kai gia k�je tim  tou c1 jewr same gia to
c2 ti timè−10−5 ≤ c2 ≤ 10−5 me b ma p�li 4×10−7. Gia k�je arqik  sunj khupolog�same 300 shme�a. Opìte sunolik� èqoume 7.5× 105 shme�a. Ta pr¸ta50 shme�a th pollaplìthta sump�ptoun me ta shme�a sto sq ma 113, dhlad 195



nth shme�o 221 522 802 2679 8904
max apìstash 0.056284 0.058844 0.058453 0.059693 0.059764P�naka 3: Merik� parade�gmata shme�wn tou d�skou gia m�a diataraq  ∆x =

10−4 apì thn migadik� astaj  periodik  troqi� gia Ej = −4.619, ta opo�aèqoun mègisth apìstash apì thn periodik  troqi�.
nth shme�o 300 600 912 2780 8990

min apìstash 0.000338 0.000316 0.000042 0.000050 0.000173P�naka 4: Merik� parade�gmata shme�wn tou d�skou gia m�a diataraq  ∆x =
10−4 apì thn migadik� astaj  periodik  troqi� gia Ej = −4.619, ta opo�aèqoun el�qisth apìstash apì thn periodik  troqi�.sqhmat�zoun m�a 4D spe�ra. Sto Sq. 116(a) parathroÔme ìti gia 60 arqikèsunj ke oi asumptwtikè kampÔle sqhmat�zoun èna d�sko me �die diast�seime autìn tou sq mato 115. Met� gia perissìtere arqikè sunj ke (2500arqikè sunj ke - Sq. 116(b)) oi kampÔle gem�zoun autì ton d�sko. Hmetabol  qr¸mato e�nai parìmoia me aut  tou sq mato 115. M�a parìmoiamorfolog�a br kame kai gia thn eustaj  anallo�wth pollaplìthta. Epomènwoi anallo�wte pollaplìthte sump�ptoun me ton d�sko tou sq mato 115.Thn �dia sumperifor� (parìmoio diskoeid  sqhmatismì) th sunant�me andiatar�xoume kat� ∆x = 10−3 ti arqikè sunj ke th migadik� astajoÔperiodik  troqi� gia Ej=−4.619 me ton �dio trìpo pou k�name prohgoumènwgia ∆x = 10−4. H mình diafor� e�nai ìti br�skoume ìti h mikrìterh apìstashtwn shme�wn apì th migadik� astaj  periodik  troqi� e�nai t¸ra 0.000999 kaih mègisth apìstash e�nai 0.0592138. H mikrìterh apìstash e�nai 24 forèmegalÔterh apì thn mikrìterh apìstash gia diataraq  ∆x = 10−4 kai giaautìn to lìgo èqoume m�a mikr  trÔpa sto kèntro tou diskoeidoÔ sqhmati-smoÔ. T¸ra an h diataraq  e�nai akìma megalÔterh, ∆x = 10−2, parathroÔmeèna diaforetikì diskoeid  sqhmatismì (Sq. 117). O kainoÔrio d�sko e�naipio paqÔ apì ton prohgoÔmeno pou melet same gia diataraqè ∆x = 10−3  
∆x = 10−4 twn arqik¸n sunjhk¸n th periodik  troqi�. T¸ra to p�qosti tre� suntetagmène e�nai (∆X, ∆Ẋ, ∆Z) = (0.09, 0.2, 0.04) ant� tou p�-qou (∆X, ∆Ẋ, ∆Z) = (0.07, 0.16, 0.03) pou e�qame prohgoumènw. Se autìnton diskoeid  sqhmatismì parathroÔme m�a omal  metabol  qr¸mato apì kìk-kino se mwb (Sq. 117). Autì shma�nei ìti h tètarth di�stash akolouje� thntopolog�a tou sqhmatismoÔ autoÔ sthn 4D epif�neia tom . H mikrìterh apì-196



stash twn shme�wn ston sqhmatismì autìn apì thn migadik� astaj  periodik troqi� e�nai 0.009999 kai h megalÔterh apìstash e�nai 0.078655 sthn 3D pro-bolh (x, ẋ, z) th 4D epif�neia tom . Epiplèon, h mikrìterh apìstash twnshme�wn ston sqhmatismì autìn gia diataraq  ∆x = 10−2 e�nai t¸ra 238 forèmegalÔterh apì thn apìstash twn shme�wn gia diataraq  ∆x = 10−4. 'Opwanamenìtan h trÔpa sto kèntro tou d�skou e�nai t¸ra megalÔterh (Sq. 117).A doÔme t¸ra ti sumba�nei an aux soume thn diataraq  se ∆x = 10−1,p�ntote gia Ej = −4.619. Ta pr¸ta 300 shme�a sthn epif�neia tom  sqhma-t�zoun m�a toroeid  epif�neia. Sto Sq. 118 parathroÔme ta pr¸ta 310 shme�asthn epif�neia tom . Ektì apì ta shme�a pou sqhmat�zoun thn toroeid  epi-f�neia, èqoume sumperil�bei kai ta pr¸ta shme�a pou feÔgoun apì aut  thnepif�neia. Aut� ta shme�a antistoiqoÔn sti ak�de pou mporoÔme na parath-r soume sto kìkkino puknì daktul�di tou Sq. 119. Sto Sq. 118 h tètarthdi�stash ż antiproswpeÔetai me qr¸mata pou antistoiqoÔn sti metabolètou ż. ParathroÔme xan� m�a omal  metabol  qr¸mato pou autì shma�nei ìtièqoume m�a toroeid  epif�neia sthn 4D epif�neia tom . Jewr¸nta perissì-tera shme�a sthn epif�neia tom  (Sq. 119), parathroÔme ìti apokl�noun apìthn toroeid  epif�neia kai gr gora katalamb�noun ènan meg�lo ìgko stonq¸ro twn f�sewn. Aut  e�nai m�a qarakthristik  sumperifor� pou sundeètaime to fainìmeno th kollhtikìthta (Contopoulos and Harsoula 2008).An t¸ra diatar�xoume thn migadik� astaj  periodik  troqi� gia Ej =
−4.619 kat� thn ẋ, z   thn ż dieÔjunsh tìte br�skoume parìmoia apotelèsma-ta. Dialègoume t¸ra m�a apìklish ∆x = 10−4 apì ti arqikè sunj ke thperiodik  troqi�, h opo�a d�nei ènan periorismèno tìro gia Ej=−4.619 kaiaux�noume thn enèrgeia Ej . Sto Sq. 120 apeikon�zoume th metabol  tou p�-qou ∆Z twn shme�wn sthn 4D epif�neia tom  san sun�rthsh th enèrgeia
Ej . ParathroÔme ìti gia timè th enèrgeia Ej metaxÔ −4.62 kai −4.59 èqou-me mikrè timè tou ∆Z (gia ènan arijmì shme�wn sthn epif�neia tom ) kaigia timè th enèrgeia Ej metaxÔ −4.59 kai −4.42 èqoume meg�le timè tou
∆Z. To pr¸to di�sthma th enèrgeia Ej antistoiqe� stou diskoeide� sqh-matismoÔ pou perigr�yame pio prin. To deÔtero di�sthma antistoiqe� se nèfhshme�wn ta opo�a br�skoume gia timè th enèrgeia megalÔtere apì −4.59.Gia par�deigma gia Ej = −4.50 parathroÔme èna nèfo shme�wn me timè tou
z apì -1.5 w kai 1.5 (Sq. 121). H periodik  troqi� èqei arqikè sunj ke
(x0, ẋ0, z0, ż0) = (0.307260, 0, 0.432148, 0). Sto Sq. 122 parathroÔme an�meixhqr¸mato gia autì to nèfo. Autì shma�nei ìti èqoume qaotik  sumperifor�ston 4D q¸ro.A diereun soume t¸ra ti allagè pou parathroÔntai sth geitoni� m�a197
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Sq ma 112: 2D probol  (x, ż) th 4D epif�neia tom  sthn geitoni� th mi-gadik� astajoÔ periodik  troqi� th 3D oikogèneia x1v1 gia Ej = −4.619(gia 70 tomè).migadik� astajoÔ periodik  troqi� ìtan metab�lloume thn enèrgeia. Stoshme�o met�bash tou sq mato 120, gia Ej=−4.59 kai gia m�a diataraq 
∆x = 10−4 sti arqikè sunj ke th periodik  troqi�, ta pr¸ta 1250shme�a sthn epif�neia tom  paramènoun se èna diskoeid  sqhmatismì ìpwmporoÔme na doÔme sto Sq. 123. Shmei¸noume to gegonì ìti ta shme�a deneparkoÔn na gem�soun ton d�sko. Sto diskoeid  autì sqhmatismì parathroÔmem�a omal  diadoq  qr¸mato apì mwb se mple, se gal�zio, se pr�sino, se k�-trino, se portokal� kai tèlo se kìkkino. Epishma�noume ìti h omal  diadoq qr¸mato shma�nei ìti h tètarth di�stash ż br�sketai p�nw se autìn ton di-skoeid  sqhmatismì. Sto Sq. 124 blèpoume ìti an oloklhr¸soume thn troqi�gia perissìtero qrìno, ta shme�a sthn epif�neia tom  arq�zoun kai feÔgounapì ton diskoeid  sqhmatismì (o opo�o apeikon�zetai me maÔro qr¸ma) kaisqhmat�zoun èna nèfo shme�wn gÔrw apì autìn, all�zonta to ∆Z. Aut  hsumperifor� e�nai ep�sh qarakthristik  m�a troqi� kollhtikìthta (sticky
orbit). 198



Sq ma 113: H troqiak  sumperifor� sthn geitoni� th migadik� astajoÔperiodik  troqi� th 3D oikogèneia x1v1 gia ∆x = 10−4 kai Ej = −4.619(gia 50 shme�a sthn epif�neia tom ). QrhsimopoioÔme ton q¸ro (x, ẋ, z) giana apeikon�soume ta shme�a kai thn ż tim  tou gia na ta qrwmat�soume. Hoptik  ma gwn�a se sfairikè suntetagmène e�nai (θ, φ) = (32o, 53o).
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Sq ma 114: H �dia per�ptwsh me to Sq. 113 gia 2000 tomè. H kl�maka ìmwe�nai polÔ diaforetik .
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Sq ma 115: H �dia per�ptwsh me to Sq. 113 gia 10000 tomè. H kl�maka e�naiìmoia (ìqi ìmw h �dia) me to Sq.114.
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.Sq ma 116: H 3D probol  (x, ẋ, z) th astajoÔ anallo�wth pollaplìthtasthn perioq  th migadik� astajoÔ periodik  troqi� gia Ej = −4.619. Hperiodik  troqi� e�nai sto kèntro tou d�skou pou sqhmat�zoun oi asumptwtikèkampÔle. H optik  ma gwn�a se sfairikè suntetagmène e�nai (θ, φ) =

(55o, 81o). (a) gia 60 arqikè sunj ke kai 300 shme�a gia k�je m�a. (b) gia2500 arqikè sunj ke kai 300 shme�a gia k�je m�a.
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Sq ma 117: H troqiak  sumperifor� sthn geitoni� th migadik� astajoÔperiodik  troqi� th 3D oikogèneia x1v1 gia ∆x = 10−2 kai Ej = −4.619(gia 10000 shme�a sthn epif�neia tom ). H optik  ma gwn�a e�nai se sfairikèsuntetagmène (θ, φ) = (15o, 90o).
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Sq ma 118: H troqiak  sumperifor� sthn geitoni� th migadik� astajoÔperiodik  troqi� th 3D oikogèneia x1v1 gia ∆x = 10−1 kai Ej = −4.619(gia 310 shme�a sthn epif�neia tom ). H optik  ma gwn�a se sfairikèsuntetagmène e�nai (θ, φ) = (15o, 90o).
204



-1.5

-1

-0.5

 0

 0.5

 1

 1.5
-2.5 -2 -1.5 -1 -0.5  0  0.5  1  1.5  2  2.5

-0.8
-0.6
-0.4
-0.2

 0
 0.2
 0.4
 0.6
 0.8

X

X
.

Z

Sq ma 119: H 3D probol  (x, ẋ, z) twn shme�wn sthn epif�neia tom  sthngeitoni� th migadik� astajoÔ periodik  troqi� th 3D oikogèneia x1v1gia ∆x = 10−1 kai Ej = −4.619 (gia 3000 shme�a sthn epif�neia tom ). Hoptik  ma gwn�a se sfairikè suntetagmène e�nai (θ, φ) = (55o, 95o).
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Sq ma 120: Di�gramma tou eÔrou ∆Z twn shme�wn sthn epif�neia tom  sthngeiton�a mi� migadik� astajoÔ periodik  troqi� sunart sei th enèrgeia
Ej .
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Sq ma 121: H 3D probol  (x, ẋ, z) twn shme�wn sthn epif�neia tom  sthngeitoni� th migadik� astajoÔ periodik  troqi� th 3D oikogèneia x1v1gia ∆x = 10−4 kai Ej = −4.50 (gia 4000 shme�a sthn epif�neia tom ). Hperiodik  troqi� apeikon�zetai me èna maÔro shme�o. H optik  ma gwn�a sesfairikè suntetagmène e�nai (θ, φ) = (62o, 5o).
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Sq ma 122: H troqiak  sumperifor� sthn geitoni� th migadik� astajoÔperiodik  troqi� th 3D oikogèneia x1v1 gia ∆x = 10−4 kai Ej = −4.50(gia 2000 shme�a sthn epif�neia tom ). H optik  ma gwn�a e�nai se sfairikèsuntetagmène (θ, φ) = (55o, 85o).
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Sq ma 123: H troqiak  sumperifor� sthn geitoni� th migadik� astajoÔperiodik  troqi� th 3D oikogèneia x1v1 gia ∆x = 10−4 kai Ej = −4.59(gia 1250 shme�a sthn epif�neia tom ). H optik  ma gwn�a e�nai se sfairikèsuntetagmène (θ, φ) = (15o, 90o).
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Sq ma 124: H 3D probol  (x, ẋ, z) twn shme�wn sthn epif�neia tom  sthngeitoni� th migadik� astajoÔ periodik  troqi� th 3D oikogèneia x1v1gia ∆x = 10−4 kai Ej = −4.59 (gia 4000 shme�a sthn epif�neia tom ). Hoptik  ma gwn�a se sfairikè suntetagmène e�nai (θ, φ) = (55o, 88o).
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4 H dom  tou fasikoÔ q¸rou sthn perioq periodik¸n troqi¸n pollapl  periìdouSto parìn upokef�laio diereunoÔme thn troqiak  sumperifor� sthn perio-q  periodik¸n troqi¸n pollapl  periìdou (gia ton orismì de upokef�laio1.1.4) gia thn pr¸th per�ptwsh tou montèlou ma (h taqÔthta peristrof  tousust mato e�nai Ωb = 60km/sec/kpc). Eidik�, melet same thn troqiak  sum-perifor� sthn perioq  m�a eustajoÔ m-periodik  troqi� (periodik  troqi�periìdou m) me m = 2 kai 7 kai th sunodoÔ th apl� astajoÔ m-periodik troqi�. Ta apotelèsmata  tan parìmoia se ìle ti peript¸sei (Katsanikas
et al. 2011b). Gia to lìgo autì parousi�zoume antiproswpeutik� apotelè-smata gia ti peript¸sei m�a eustajoÔ 2-periodik  troqi� (upokef�laio4.1) kai m�a eustajoÔ 7-periodik  troqi� (upokef�laio 4.3) kai twn su-nod¸n tou oi opo�e e�nai m�a apl� astaj  2-periodik  troqi� (upokef�laio4.2) kai m�a apl� astaj  7-periodik  troqi� ant�stoiqa (upokef�laio 4.4).H eustaj  2-periodik  troqi� kai h sunodì th apl� astaj  periodik troqi� an koun sti 3D oikìgeneie periodik¸n troqi¸n s (m�a arqik� eustaj oikogèneia) kai u (m�a arqik� apl� astaj  oikogèneia) ant�stoiqa. Oi oikogè-neie autè e�nai diaklad¸sei periodikìthta 2 twn aktinik¸n 3/1 oikogenei¸nsto ishmerinì ep�pedo tou susthmatì ma, ti opo�e gia ton upologismì touti perigr�foume dÔo forè. H s e�nai diakl�dwsh th asÔmmetrh11 (bl. p.q.to Sq.8 sthn ergas�a twn Patsis et al. 1997) kai h u e�nai diakl�dwsh thsÔmmetrik  aktinik  3/1 oikogèneia (bl. p.q. to Sq.9 sthn ergas�a twn
Patsis et al. 1997). Sta Sq. 125 kai 126 apeikon�zoume thn morfolog�a twnperiodik¸n troqi¸n twn oikogenei¸n s kai u ant�stoiqa12.H eustaj  7-periodik  troqi� kai h sunodì th apl� astaj  periodik troqi� an koun sti 3D oikìgeneie periodik¸n troqi¸n s1 (m�a arqik� eu-staj  oikogèneia) kai u1 (m�a arqik� apl� astaj  oikogèneia) ant�stoiqa.Oi oikogèneie autè e�nai diaklad¸sei th x1v1 (upokef�laio 2.3.2). StaSq. 127 kai 128 apeikon�zoume thn morfolog�a twn periodik¸n troqi¸n twnoikogenei¸n s1 kai u1 ant�stoiqa.11H asÔmmetrh aktinik  3/1 oikogèneia kai h summetrik  aktinik  3/1 oikogèneia e�naioi diaklad¸sei th x1 sthn perioq  tou aktinikoÔ suntonismoÔ 3/1, ìpou oi troqiè toue�nai asÔmmetre   summetrikè w pro ton x-�xona ant�stoiqa (Contopoulos and Grosbøl
1989).12Ti onomas�e autè ti d¸same apl¸ gia na dieukolunjoÔme sthn parous�ash twnapotelesm�twn ma.
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Sq ma 125: Probolè m�a eustajoÔ 2-periodik  troqi� th oikogèneia sgia Ej = −4.33035.

Sq ma 126: Probolè m�a apl� astajoÔ 2-periodik  troqi� th oikogè-neia u gia Ej =−4.33035.

Sq ma 127: Probolè m�a eustajoÔ 7-periodik  troqi� th oikogèneia s1gia Ej =−4.622377. 212



Sq ma 128: Probolè m�a apl� astajoÔ 7-periodik  troqi� th oikogè-neia u1 gia Ej =−4.622377.4.1 O fasikì q¸ro kont� sthn sJewroÔme pr¸ta thn eustaj  2-periodik  troqi� s gia Ej=−4.33035. Aut  h2-periodik  troqi� èqei arqikè sunj ke (x0, z0, ẋ0, ż0)
= (1.0867145, 0.2555081,−0.56256937, 0.049693274). Sthn perioq  th s tro-qi� br�skoume dÔo tìrou, ìtan diatar�ssoume ti arqikè th sunj kekat� èna ∆x to opo�o an kei sta diast mata 10−4 ≤ ∆x ≤ 4 × 10−2 kai
−5× 10−2 ≤ ∆x ≤ −10−4. Gia par�deigma, an p�roume ∆x = 4× 10−2 para-throÔme dÔo tìrou sto Sq. 129 gÔrw apì dÔo shme�a (maÔra shme�a) th eu-stajoÔ 2-periodik  troqi�. Sthn epif�neia twn tìrwn aut¸n parathroÔmeomal  metabol  qr¸mato. Ta qr¸mata sto p�nw aristerì tìro metab�llon-tai apì kìkkino se portokal�, se k�trino kai se pr�sino, en¸ ta qr¸mata ston�llo tìro metab�llontai apì pr�sino se gal�zio kai tèlo se mple. Autìshma�nei ìti h tètarth suntetagmènh twn shme�wn èqei omal  katanom  sthntètarth di�stash. An diatar�xoume ti arqikè sunj ke perissìtero, gia pa-r�deigma ∆x = −6 × 10−2, parathroÔme xan� dÔo tìrou me omal  metabol qr¸mato gia 1000 shme�a sthn epif�neia tom . 'Omw an suneq�soume thnolokl rwsh twn troqi¸n, parathroÔme ìti ta shme�a sthn epif�neia tom arq�zoun na apokl�noun apì tou dÔo tìrou kai sqhmat�zoun èna nèfo sti
3D probolè th 4D epif�neia tom  gÔrw apì autoÔ (Sq. 130). Sto nèfoautì ta qr¸mata e�nai an�meikta kai autì shma�nei ìti ta shme�a e�nai makri�sthn tètarth di�stash. H dunamik  sumperifor� sÔmfwna me thn opo�a m�atroqi� mènei konta se ènan anallo�wto tìro gia èna qronikì di�sthma kai me-t� diaqèetai ston fasikì q¸ro e�nai qarakthristik  sumperifor� m�a troqi�kollhtikìthta (Contopoulos & Harsoula 2008). Ston p�naka 5 d�noume titimè kai thn dieÔjunsh twn diataraq¸n gia ti opo�e parathroÔme tìrou.213



∆x apì 10−4 w kai 4 × 10−2 apì −10−4 w kai −5 × 10−2

∆ẋ apì 10−4 w kai 3 × 10−2 apì −10−4 w kai −3 × 10−2

∆z apì 10−4 w kai 10−3 apì −10−4 w kai −10−3

∆ż apì 10−4 w kai 6 × 10−2 apì −10−4 w kai −1.1 × 10−2P�naka 5: To eÔro twn diataraq¸n sti arqikè sunj ke th s, to opo�od�nei tìrou sti 3D probolè th 4D epif�neia tom  gia Ej = −4.33035.Gia timè ektì tou p�naka sunant�me troqiè kollhtikìthta ìpw aut  stoSq. 130.
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Sq ma 129: H 4D epif�neia tom  gia Ej=−4.33035 (3000 shme�a) sthn perio-q  th eustajoÔ 2-periodik  troqi� s. Oi arqikè sunj ke th s (maÔrashme�a) diatar�sontai kat� ∆x = 4 × 10−2. QrhsimopoioÔme thn- (x, ẋ, z)probol  gia na apeikon�soume ta shme�a kai thn ż tim  tou gia na ta qrw-mat�soume. D�noume ep�sh ti arqikè sunj ke th sunodoÔ apl� astajoÔ2-periodik  troqi� u me kìkkina shme�a. H optik  ma gwn�a se sfairikèsuntetagmène e�nai (θ, φ) = (22.5o, 0o).
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Sq ma 130: 1500 shme�a th troqi� kollhtikìthta sthn 4D epif�neia tom gia Ej=−4.33035. Ta shme�a qrwmat�zontai an�loga twn tim¸n th tètarthdi�stash tou ż. H troqi� mènei arqik� kont� sthn perioq  twn dÔo tìrwn(oi opo�oi upodeiknÔontai me bèlh) kai met� diaqèetai ston fasikì q¸ro. Hoptik  ma gwn�a se sfairikè suntetagmène e�nai (θ, φ) = (22.5o, 22.5o).
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4.2 O fasikì q¸ro kont� sthn uKont� sthn s gia Ej= −4.33035 br�skoume thn 2-periodik  troqi� th u(Sq. 129) me arqikè sunj ke (x0, z0, ẋ0, ż0)
= 0.67649546, 0.16719438, 0.78985004, 0.41351876). Sthn geitoni� aut  thperiodik  troqi� èqoume dÔo tÔpou dunamik  sumperifor�. MporoÔme nadoÔme ton pr¸to tÔpo an diatar�xoume gia par�deigma ti arqikè sunj keth 2-periodik  troqi� kat� ∆x = 10−4. Se aut  thn per�ptwsh parath-roÔme sto Sq. 131 m�a kordèla h opo�a sundèei ta shme�a th apl� astajoÔ2-periodik  troqi�. An efarmìsoume thn mèjodo qr¸mato kai peristrof ,parathroÔme sto Sq. 132 m�a omal  metabol  qr¸mato apì kìkkino se mple.Autì shma�nei ìti h �kordèla� e�nai m�a 4D dom . Met� apì 5300 tomè para-throÔme sto Sq. 133, ìti ta shme�a af noun thn �kordèla� kai diaskorp�zontaiston fasikì q¸ro. Aut  h troqi� e�nai ep�sh m�a troqi� kollhtikìthta methn ènnoia ìti paramènei kont� se mi� dom  tou fasikoÔ q¸rou gia k�poioqronikì di�sthma kai met� diaqèetai sthn 4D epif�neia tom .O deÔtero tÔpo dunamik  sumperifor�, sthn perioq  th apl� asta-joÔ 2-periodik  troqi� u gia Ej= −4.33035, sunant�tai an prosjèsoumegia par�deigma m�a diataraq  sthn z-kateÔjunsh ∆z = 2 × 10−3 sti arqikèsunj ke th 2-periodik  troqi� u. Sthn per�ptwsh aut  parathroÔme ènanhmatoeid  sqhmatismì sthn 3D probol  th 4D epif�neia tom  (Sq. 134).O nhmatoeid  autì sqhmatismì sundèei ta shme�a th u kai sqhmat�zei tès-serei brìqou. Oi dÔo apì autoÔ perib�lloun tou dÔo tìrou oi opo�oibr�skontai gÔrw apì ta dÔo shme�a th s. Sti perioqè autè, kont� sta sh-me�a th u èqoume dÔo idio-tomè (tomè tou nhmatoeidoÔ sqhmatismoÔ me toneautì th) tou nhmatoeidoÔ sqhmatismoÔ. Sto Sq. 134 parathroÔme dÔo akì-ma idio-tomè oi opo�e upodeiknÔontai me bèlh kai ton sqhmatismì tess�rwnbrìqwn. Oi brìqoi perib�lloun ta shme�a th s kai th eustajoÔ 2-periodik troqi� h opo�a e�nai summetrik  th s w pro to ishmerinì ep�pedo z = 0,en¸ ta bèlh upodeiknÔoun m�a apl� astaj  2-periodik  troqi� summetrik  th
u. H dunamik  kont� sto deÔtero sÔnolo periodik¸n troqi¸n e�nai ìmoia meaut  twn s kai u (tìrou kai nhmatoeide� sqhmatismo�). T¸ra efarmìzoumethn mèjodo qr¸mato kai peristrof  gia na doÔme thn katanom  twn shme�wnsthn tètarth di�stash (Sq. 135). ParathroÔme, ìti èqoume omal  metabol qr¸mato apì kìkkino se mple kai autì shma�nei ìti ta shme�a br�skontaiston nhmatoeid  sqhmatismì sthn 4D epif�neia tom . Gia perisssìtera apì4700 shme�a sthn epif�neia tom , ta shme�a apokl�noun apì thn dom  aut  kaisqhmat�zoun èna nèfo shme�wn gÔrw apì aut  th dom  (fainìmeno kollhtikì-thta). Oi p�nake 6 kai 7 d�noun to eÔro diataraq¸n twn arqik¸n sunjhk¸n217



∆x apì 10−4 w kai 3 × 10−3 apì −10−4 w kai −10−3

∆ẋ apì 10−4 w kai 2 × 10−2 apì −10−4 w kai −3 × 10−2

∆z apì 10−4 w kai 10−3 apì −10−4 w kai −4 × 10−3

∆ż apì 10−4 w kai 3 × 10−3 apì −10−4 w kai −9 × 10−4P�naka 6: To eÔro twn diataraq¸n sti arqikè sunj ke th u, to opo�od�nei kordèle sti 3D probolè th 4D epif�neia tom  gia Ej = −4.33035.
∆x apì 4 × 10−3 w kai 6 × 10−2 apì −2 × 10−3 w kai −5 × 10−2

∆ẋ apì 3 × 10−2 w kai 6 × 10−2 -
∆z apì 2 × 10−3 w kai 10−2 apì −5 × 10−3 w kai −2 × 10−2

∆ż apì 4 × 10−3 w kai 4 × 10−2 apì −10−3 w kai −3 × 10−2P�naka 7: To eÔro twn diataraq¸n sti arqikè sunj ke th u, to opo�od�nei nhmatoeide� sqhmatismoÔ sti 3D probolè th 4D epif�neia tom gia Ej = −4.33035. H paÔla upodeiknÔei ìti den br�skoume nhmatoeide�sqhmatismoÔ gia arnhtikè timè th diataraq  sthn ẋ dieÔjunsh.th u ¸ste na èqoume �kordèle� kai nhmatoeide� sqhmatismoÔ ant�stoiqa.Gia megalÔtere   mikrìtere timè th diataraq  br�skoume nèfh shme�wnsan autì tou Sq. 133.
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Sq ma 131: O 3D upìqwro th epif�neia tom  gia Ej=−4.33035 sthnperioq  th s kai u. Efarmìzoume m�a diataraq  ∆x = 10−4 sti arqikè tousunj ke kai jewroÔme 5000 tomè. Oi arqikè sunj ke th s upodeiknÔontaime �+� kai pr�sino qr¸ma. D�noume ep�sh ti arqikè sunj ke th u me ×maÔra sÔmbola. H optik  ma gwn�a e�nai (θ, φ) = (26o, 298o).
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Sq ma 132: H troqiak  sumperifor� kont� sthn u gia m�a apìklish ∆x = 10−4apì ti arqikè th sunj ke, gia Ej = −4.33035 (5000 tomè) sthn 4Depif�neia tom . QrhsimopoioÔme ton (x, ẋ, z) upìqwro gia na apeikon�soumeta shme�a kai thn ż tim  tou gia na ta qrwmat�soume. H optik  ma gwn�ae�nai (θ, φ) = (180o, 22.5o).
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Sq ma 133: H 3D probol  th 4D epif�neia tom  kont� sti periodikètroqiè s kai u (× sÔmbola gia thn u) gia Ej=−4.33035. H �kordèla� pouparathroÔme me kìkkino e�nai aut  tou Sq. 132, en¸ oi mple domè e�nai oitìroi gÔrw apì thn s. Aut  thn for� oloklhr¸noume thn troqi� tou Sq. 132¸ste na p�roume 7500 (ant� gia 5000) tomè. ParathroÔme èna nèfo shme�wn,to opo�o perib�llei tou tìrou kai thn �kordèla�. H optik  ma gwn�a e�nai
(θ, φ) = (26o, 240o).
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Sq ma 134: H �dia probol  ìpw sto Sq. 133, all� me m�a troqi� kont� sthn
u diataragmènh aut  thn for� sthn z-kateÔjunsh me ∆z = 2 × 10−3 (4500tomè). Aut  thn for� anti gia �kordèla� blèpoume ènan nhmatoeid  sqhmati-smì o opo�o èqei tèsserei idio-tomè (tomè tou nhmatoeidoÔ sqhmatismoÔme ton eautì th) ston 3D upìqwro th epif�neia tom . UpodeiknÔoume thn
s me pr�sina �+� sÔmbola, thn u me maÔra �×� kai dÔo idio-tomè sta shme�a�×�, en¸ ta bèlh upodeiknÔoun ti dÔo parap�nw idio-tomè tou nhmatoeidoÔsqhmatismoÔ. H optik  ma gwn�a e�nai (θ, φ) = (26o, 298o).
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Sq ma 135: H 4D anapar�stash tou nhmatoeidoÔ sqhmatismoÔ tou Sq. 134,gia 4000 tomè. Ta shme�a qrwmat�zontai analìgw th ż tim  tou. Oikl�doi tou nhmatoeidoÔ sqhmatismoÔ oi opo�oi tèmnontai metaxÔ tou, èqounto �dio qr¸ma sthn perioq  twn tom¸n tou. Autì shma�nei ìti oi tomè autèe�nai pragmatikè tomè ston 4D q¸ro. H optik  ma gwn�a e�nai (θ, φ) =
(22.5o, 22.5o).
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4.3 O fasikì q¸ro kont� sthn s1Efarmìzoume m�a diataraq  sth x-dieÔjunsh kai sth z-dieÔjunsh sti ar-qikè sunj ke th eustajoÔ 7-periodik  troqi� th oikogèneia s1, me
∆x = 1.6 × 10−2 kai ∆z = −5 × 10−3, gia Ej = −4.622377. Se aut thn enèrgeia br�skoume thn troqi� s1 me arqikè sunj ke (x0, z0, ẋ0, ż0) =
(0.25992717, 0.29991487, 0, 0). H diataragmènh troqi� èqei oloklhrwje� gia
104 shme�a sthn epif�neia tom . Sthn (x, ẋ, z) 3D probol  th epif�neia to-m  parathroÔme eft� tìrou oi opo�oi perib�lloun ta shme�a th 7-periodik troqi� (Sq. 136). Se aut n thn probol  parathroÔme ìti dÔo tìroi tèmnouno èna ton �llo. Gia na elègxoume thn jèsh tou sthn tètarth di�stash, ż,qrhsimopoioÔme thn mèjodo qr¸mato kai peristrof . Jewr¸nta ìle titimè ìlwn twn tìrwn sthn tètarth di�stash, ż, kai kanonikopoi¸nta an�lo-ga ti timè tou qr¸mato sto di�sthma [0, 1] w sun jw, br�skoume ìti sek�je mikrì tìro antistoiqe� èna   dÔo qr¸mata. ParathroÔme ìti sthn per�-ptwsh twn dÔo tìrwn poÔ tèmnoun o èna ton �llo sthn 3D probol  (x, ẋ, z)èqoume thn sun�nthsh diaforetik¸n qrwm�twn sthn perioq  th tom  tou.Autì shma�nei ìti h tom  aut  den up�rqei sthn 4D epif�neia tom  all� mìnosti 3D probolè. Met� efarmìzoume thn mèjodo qr¸mato kai peristrof mìno se ènan tìro, ton opo�o onom�same T1, kai o opo�o upodeiknÔetai me ènabèlo sto Sq. 136. Sto Sq. 137 parathroÔme m�a omal  metabol  qr¸matop�nw sthn epif�neia tou T1, h opo�a antistoiqe� se èna diaforetikì eÔrotim¸n tou ż apì ìti eke�no tou Sq. 136. Blèpoume m�a diadoq  qr¸mato apìkìkkino, se portokal�, se k�trino, se pr�sino, se gal�zio, se mple kai tèlose mwb. Sugkr�nonta to apotèlesma autì me ta apotelèsmata tou upoke-fala�ou 3.2.2 antilambanìmaste ìti h morfolog�a aut  e�nai qarakthristik morfolog�a enì peristrofikoÔ tìrou. H mình diafor� e�nai ìti den para-throÔme t¸ra thn met�bash tou qr¸mato apì thn exwterik  sthn eswterik epif�neia tou tìrou, ìpw sti per�pt¸sei twn tìrwn sthn perioq  eustaj¸napl¸n periodik¸n troqi¸n (upokef�laio 3.2.2).An diatar�xoume ti arqikè sunj ke th periodik  troqi� th s1, kat�
∆x = 10−2 blèpoume sto Sq. 138 eft� tìrou qwr� kam�a tom  ston 3Dupìqwro th epif�neia tom . Auto� oi tìroi èqoun p�li omal  metabol qr¸mato (Sq. 138). Stou p�nake 8 kai 9 d�noume ta eÔrh twn tim¸n thdiataraq , gia ta opo�a br�skoume ant�stoiqa tìrou qwr� tom  kai tìroume tom  ston 3D upìqwro th epif�neia tom  sthn perioq  twn troqi¸n th
s1.
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∆x apì 10−4 w kai 1.3 × 10−2 apì −10−4 w kai −1.1 × 10−2

∆ẋ apì 10−4 w kai 3 × 10−2 apì −10−4 w kai −3 × 10−2

∆z apì 10−4 w kai 1.6 × 10−3 apì −10−4 w kai −5 × 10−3

∆ż apì 10−4 w kai 10−1 apì −10−4 w kai −10−1P�naka 8: To eÔro twn diataraq¸n sti arqikè sunj ke th s1, to opo�od�nei tìrou qwr� tom  sti 3D probolè th 4D epif�neia tom  gia Ej =
−4.622377.

∆x apì 1.4 × 10−2 w kai 1.8 × 10−2 apì −1.2 × 10−2 w kai −1.7 × 10−2

∆ẋ apì 4 × 10−2 w kai 6 × 10−2 apì −4 × 10−2 w kai −6 × 10−2

∆z - -
∆ż - -P�naka 9: To eÔro twn diataraq¸n sti arqikè sunj ke th s1, to opo�od�nei tìrou me tom  sti 3D probolè th 4D epif�neia tom  gia Ej =

−4.622377. Oi paÔle upodeiknÔoun ìti sti z kai ż dieujÔnsei den br�skoumetìrou me tom  sti 3D probolè th 4D epif�neia tom  gia Ej = −4.622377.
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Sq ma 136: H 4D epif�neia tom  gia Ej = −4.622377 (6500 shme�a sthnepif�neia tom ) sthn perioq  tou s1. Oi arqikè sunj ke tou s1 d�nontai memaÔra shme�a. H troqi� pou antistoiqe� stou tìrou br�sketai an diatar�-xoume ti arqikè sunj ke th s1 kat� ∆x = 1.6×10−2 kai ∆z = −5×10−3.QrhsimopoioÔme thn (x, ẋ, z) probol  gia na apeikon�soume ta shme�a kai thn
ż tim  tou gia na ta qrwmat�soume. D�noume ep�sh ti arqikè sunj ke thsunodoÔ apl� astajoÔ 7-periodik  troqi� th u1 me kìkkina shme�a. Hoptik  ma gwn�a se sfairikè suntetagmène e�nai (θ, φ) = (0o, 180o). Upo-deiknÔoume me èna bèlo ton tìro T1, o opo�o perigr�fetai sto ke�meno.
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Sq ma 137: O Tìro T1 sthn 4D epif�neia tom . To qr¸ma antiprosw-peÔei ti timè sthn tètarth di�stash ż. H optik  ma gwn�a se sfairikèsuntetagmène e�nai (θ, φ) = (22.5o, 45o).
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Sq ma 138: Tìroi sthn 4D epif�neia tom  gia Ej = −4.622377 (104 sh-me�a) sthn perioq  th eustajoÔ 7-periodik  troqi� th s1 gia ∆x = 10−2. QrhsimopoioÔme thn (x, ẋ, z) probol  gia na apeikon�soume ta shme�a kaithn ż tim  tou gia na ta qrwmat�soume. H optik  ma gwn�a se sfairikèsuntetagmène e�nai (θ, φ) = (22.5o, 45o).
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4.4 O fasikì q¸ro kont� sthn u1Erqìmaste t¸ra sthn diereÔnhsh th dunamik  sthn perioq  twn apl� asta-j¸n periodik¸n troqi¸n th u1. H periodik  troqi� pou melet�me e�nai gia
Ej = −4.622377 kai èqei arqikè sunj ke (x0, z0, ẋ0, ż0)
= (0.27756296, 0.29935776,−0.084579242, 0.16982513). Arqik� prosjètoumem�a diataraq  ∆x = 10−4 sti arqikè sunj ke th periodik  troqi� sthn
x-dieÔjunsh. Sto Sq. 139 blèpoume ìti ta shme�a apeikon�zontai me èna kìk-kino diplì brìqo sthn 3D probol  th epif�neia tom  kont� stou eft�tìrou pou br�skontai gÔrw apì ta shme�a th s1. O diplì autì brìqoapotele�tai apì èna mikrì brìqo, sto p�nw mèro tou sq mato o opo�o sthnk�tw �krh tou èqei dÔo fiogk�kia (kont� stou dÔo tìrou pou tèmnontai stitre� diast�sei) ta opo�a tèmnontai sthn 3D probol  (x, ẋ, z) kai apì ènanmeg�lo brìqo pou to megalÔtero mèro tou br�sketai k�tw apì ton mikrì brì-qo, all� sunant� ton mikrì brìqo se èna shme�o (sti tre� diast�sei) stoep�nw mèro tou sq mato. An qrwmat�soume ta shme�a sÔmfwna me thn tim tou sthn tètarth di�stash blèpoume sto Sq. 140 ìti èqoume omal  metabol qr¸mato apì kìkkino se mwb all� sti dÔo tomè A kai B èqoume thn sun�n-thsh diaforetik¸n qrwm�twn (mple me portokal�). Autì shma�nei ìti èqoumediaforetikè timè th tètarth di�stash sthn perioq  twn dÔo tom¸n kaiìti autè oi tomè e�nai fainìmena probol  kai ìqi pragmatikè tomè sthn
4D epif�neia tom . Ta shme�a feÔgoun apì thn dom  aut  sto Sq. 140, met�apì 25000 shme�a sthn epif�neia tom  kai sqhmat�zoun èna nèfo shme�wn.An diatar�xoume thn �dia troqi� kat� ∆z = −3.6×10−4 gia Ej = −4.622377,tìte parathroÔme sto Sq. 141, ìti ta shme�a sthn epif�neia tom  (èqoun sqe-diasje� me kìkkino qr¸ma) sqhmat�zoun èna nhmatoeid  sqhmatismì o opo�osundèei ta shme�a th apl� astajoÔ 7-periodik  troqi� kai perib�llei toueft� tìrou th eustajoÔ 7-periodik  troqi�. Sto Sq. 141 upodeiknÔoumeta eft� shme�a th u1 me noÔmera apì to 1 w kai to 7 ston upìqwro (x, ẋ, z)th epif�neia tom . Sti perioqè autè ta n mata, ta opo�a èqoun sqhma-tiste�, tèmnontai to èna me to �llo sthn 3D probol  th epif�neia tom (Sq. 141). ParathroÔme, ìti d�pla sti tomè oi opo�e br�skontai sti arij-m mene perioqè (ìpou èqoume ti arqikè sunj ke th u1) èqoume akìma7 tomè tou nhmatoeidoÔ sqhmatismoÔ me ton eautì tou kai thn dhmiourg�a7 nèwn brìqwn, san tou brìqou pou perikle�oun tou tìrou gÔrw apì tashme�a th s1. Oi brìqoi auto� perikle�oun ta shme�a m�a �llh eustajoÔ7-periodik  troqi� h opo�a e�nai summetrik  me thn s1 w pro to ishmerinìep�pedo z = 0. T¸ra oi tomè twn nhm�twn pou den e�nai arijmhmène antipro-swpeÔoun ti jèsei m�a �llh apl� astajoÔ 7-periodik  troqi� h opo�a229



e�nai summetrik  me thn u1 w pro to ishmerinì ep�pedo z = 0. H dunamik sth geitoni� aut¸n twn periodik¸n troqi¸n e�nai parìmoia me aut  twn s1 kai
u1. Sto Sq. 142 parathroÔme m�a omoiìmorfh katanom  qr¸mato twn shme�wnpou oikodomoÔn autì to nhmatoeid  sqhmatismì. Arq�zonta apì to 1 èqoumem�a omal  diadoq  qr¸mato apì to pr�sino sto gal�zio, met� sto mple sto2, katìpin sto gal�zio, sto pr�sino sto 3 k.o.k. Sti perioqè, ìpou èqou-me ti tomè twn nhm�twn, p.q. kont� sta shme�a 1, 2,...,7, parathroÔme ìtiqarakthr�zontai apì èna mìno qr¸ma. Gia par�deigma sto 1 èqoume pr�sinoqr¸ma, sto 2 mple k.t.l. Autì shma�nei ìti h tètarth di�stash ż twn shme�wnse autè ti perioqè èqei thn �dia tim  kai oi tomè autè sti 3D probolèe�nai pragmatikè tomè ston 4D q¸ro. Ep�sh parathroÔme ìti to qr¸ma èqeiomal  metabol  kat� m ko kai twn dÔo kl�dwn twn nhm�twn oi opo�oi apoma-krÔnontai   plhsi�zoun sta shme�a th apl� astajoÔ 7-periodik  troqi�.Kai oi dÔo kl�doi èqoun thn �dia katanom  qr¸mato metaxÔ dÔo diadoqik¸ntom¸n.H omal  diadoq  qr¸mato kat� m ko twn nhm�twn parathre�tai ìso tashme�a summetèqoun ston nhmatoeid  sqhmatismì. 'Omw, an jewr soume pa-rap�nw apì 6500 shme�a sthn perioq  th u1 troqi�, ta shme�a diaqèontai,katalamb�nonta ènan megalÔtero ìgko ston q¸ro twn f�sewn kai telik�sqhmat�zoun èna nèfo shme�wn sti 3D probolè th epif�neia tom . To nè-fo autì perib�llei ton nhmatoeid  sqhmatismì pou apeikon�same sto Sq. 142.Oi diast�sei autoÔ tou nèfou e�nai 15 forè megalÔtere sthn x-dieÔjunshapì ìti oi diast�sei tou nhmatoeidoÔ sqhmatismoÔ sta Sq. 141 kai 142.Autì e�nai �mesh ex�rthsh th èktash tou q¸rou ston opo�o ta shme�a epi-trèpontai na kinhjoÔn se aut  thn tim  th enèrgeia. To nèfo twn shme�wnapeikon�zetai sto Sq. 143. O kìkkino sqhmatismì sto kèntro tou sq matoe�nai o nhmatoeid  sqhmatismì sto Sq. 142. Sto Sq. 144 parathroÔme ìtito nèfo èqei an�meixh qr¸mato. Autì shma�nei ìti h katanom  twn shme�wntou nèfou sthn tètarth di�stash e�nai akanìnisth. Stou p�nake 10 kai 11parousi�zoume ta eÔrh twn diataraq¸n gia ta opo�a ta shme�a sthn epif�neiatom  sqhmat�zoun to diplì brìqo kai to nhmatoeid  sqhmatismì ant�stoiqa.

230



Sq ma 139: H 3D (x, ẋ, z) probol  th 4D epif�neia tom  gia
Ej =−4.622377 sthn perioq  twn s1 kai u1. Oi arqikè sunj ke kai twndÔo troqi¸n s1 kai u1 èqoun diataraqje� ¸ste na èqoume eft� tìrou kaiènan diplì brìqo ant�stoiqa. Ta pr�sina �+� antistoiqoÔn sthn s1 kai tamaÔra sÔmbola �×� sthn u1. H optik  ma gwn�a se sfairikè suntetagmènee�nai (θ, φ) = (28o, 48o).
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Sq ma 140: H 4D epif�neia sthn perioq  th u1 gia thn �dia troqi� poÔ apei-kon�zetai sto Sq. 139. JewroÔme 6000 shme�a sthn epif�neia tom . Qrh-simopo�hsame ton upìqwro (x, ẋ, z) gia na apeikon�soume ta shme�a kai thn żtim  tou gia na ta qrwmat�soume. Ta diaforetik� qr¸mata sti tomè A kaiB upodeiknÔoun ìti den e�nai tomè ston 4D q¸ro. H optik  ma gwn�a sesfairikè suntetagmène e�nai (θ, φ) = (22.5o, 45o).
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Sq ma 141: H 3D (x, ẋ, z) probol  th 4D epif�neia tom  gia
Ej =−4.622377 sthn perioq  twn s1 kai u1. Oi arqikè sunj ke kai twndÔo troqi¸n s1 kai u1 èqoun diataraqje� ¸ste na èqoume eft� tìrou kaiènan nhmatoeid  sqhmatismì ant�stoiqa. Ta pr�sina �×� antistoiqoÔn sthn
s1 kai ta maÔra sÔmbola �×� sthn u1. Ta shme�a th u1 e�nai arijmhmènaapì to 1 w kai to 7. H optik  ma gwn�a se sfairikè suntetagmène e�nai
(θ, φ) = (26o, 192o).
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Sq ma 142: H 4D anapar�stash th troqi� kont� sthn u1, h opo�a apeiko-n�zetai sto Sq. 141, gia 6500 shme�a sthn epif�neia tom . Qrhsimopoi sameton upìqwro (x, ẋ, z) gia na apeikon�soume ta shme�a kai thn ż tim  tou gia nata qrwmat�soume. To koinì qr¸ma twn kl�dwn tou nhmatoeidoÔ sqhmatismoÔoi opo�oi sunantioÔntai sta shme�a tom  de�qnei ìti oi tomè autè e�nai 4D.H optik  ma gwn�a se sfairikè suntetagmène e�nai (θ, φ) = (180o, 22.5o).
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Sq ma 143: H 3D probol  (x, z, ẋ) tou nèfou twn shme�wn pou perib�llei titroqiè sthn perioq  twn s1 kai u1 oi opo�e apeikon�zontai sta Sq. 141 kai142. Sthn per�ptwsh aut  èqoume 10000 shme�a sthn epif�neia tom . H kìk-kinh dom  sto kèntro tou nèfou perilamb�nei ìle ti epif�neie sto Sq. 141.H optik  ma gwn�a se sfairikè suntetagmène e�nai (θ, φ) = (37o, 17o).
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Sq ma 144: To nèfo tou Sq. 143 sthn epif�neia tom  (gia 7500 shme�a).Qrhsimopo�hsame ton upìqwro (x, ẋ, z) gia na apeikon�soume ta shme�a kaithn ż tim  tou gia na ta qrwmat�soume. ParathroÔme an�meixh qr¸mato. Hoptik  ma gwn�a se sfairikè suntetagmène e�nai (θ, φ) = (180o, 22.5o).
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∆x apì 10−4 w kai 7 × 10−4 apì −10−4 w kai −9 × 10−4

∆ẋ apì 10−4 w kai 3 × 10−3 apì −10−4 w kai −4 × 10−3

∆z apì 10−4 w kai 2 × 10−4 apì −10−4 w kai −2 × 10−4

∆ż apì 10−4 w kai 6 × 10−3 apì −10−4 w kai −9 × 10−3P�naka 10: To eÔro twn diataraq¸n sti arqikè sunj ke th u1, gia toopo�o èqoume diplì brìqo sthn epif�neia tom  gia Ej = −4.622377.

∆x apì 8 × 10−4 w kai 1.6 × 10−2 apì −10−3 w kai −10−2

∆ẋ apì 4 × 10−3 w kai 2 × 10−2 apì −5 × 10−3 w kai −8 × 10−2

∆z apì 3 × 10−4 w kai 4 × 10−3 apì −3 × 10−4 w kai −5 × 10−3

∆ż apì 7 × 10−3 w kai 10−1 apì −10−2 w kai −10−1P�naka 11: To eÔro twn diataraq¸n sti arqikè sunj ke th u1, giato opo�o èqoume nhmatoeid  sqhmatismì sthn epif�neia tom  gia Ej =
−4.622377.
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5 Qarakthristiko� arijmo� LyapunovSkopì th paroÔsa diatrib  den e�nai o upologismì twn arijm¸n Lya-
punov. Parenjetik� sto parìn kaf�laio upolog�same tou arijmoÔ Lya-
punov di�forwn tÔpwn troqi¸n pou sunant same se aut  thn diatrib  giana tou sugkr�noume me ti plhrofor�e pou ma d�nei h mèjodo qr¸matokai peristrof  gia ton fasikì q¸ro. O qarakthristikì arijmì Lyapunov(LCN(t)) peperasmènou qrìnou or�zetai w ex :
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,ìpou ξ(t0) kai ξ(t) e�nai oi apokl�sei metaxÔ dÔo geitonik¸n troqi¸n seqrìnou t = 0 kai t ant�stoiqa (blèpe p.q. Contopoulos 2002 §2.10.1, Skokos

2010).Sto kef�laio autì upolog�same ton qarakthristikì arijmì Lyapunov pe-perasmènou qrìnou gia ti troqiè sthn perioq  apl¸n periodik¸n troqi¸n(upokef�laio 5.1) kai sthn perioq  periodik¸n troqi¸n pollapl  periìdou(upokef�laio 5.2).5.1 LCN(t) twn troqi¸n sthn perioq  apl¸n perio-dik¸n troqi¸nSto parìn upokef�laio melet�me ti di�fore peript¸sei troqi¸n kai th an-t�stoiqh metabol  twn qarakthristik¸n arijm¸n Lyapunov peperasmènouqrìnou sthn perioq  apl¸n periodik¸n troqi¸n. Oi peript¸sei autè anti-stoiqoÔn sta diaforetik� e�dh eust�jeia twn periodik¸n troqi¸n kai e�naitèsserei:1. Eust�jeia:Sthn pr¸th per�ptwsh èqoume dÔo tÔpou troqi¸n. O pr¸to tÔpotroqi¸n sthn perioq  twn eustaj¸n periodik¸n troqi¸n anaparist�netaiapì tìrou sthn epif�neia tom . Sthn per�ptwsh aut  twn troqi¸n o
LCN(t) te�nei sto mhdèn (ìpw anamenìtan).Ston deÔtero tÔpo troqiak  sumperifor�, oi troqiè anaparist�non-tai gia ènan orismèno arijmì shme�wn sthn epif�neia tom  apì 4D to-roeide� epif�neie. Gia perissìtere tomè twn troqi¸n aut¸n me thnepif�neia tom  èqoume thn dhmiourg�a nef¸n apì shme�a. O tÔpo au-tì sunant�tai kai sthn per�ptwsh th migadik  ast�jeia (deÔterotÔpo troqi¸n) kai melet�tai leptomer¸ eke�.238



2. Apl  Ast�jeia:Sthn deÔterh per�ptwsh èqoume qaotikè troqiè sthn perioq  apl�astaj¸n periodik¸n troqi¸n pou e�nai dÔo tÔpwn. O pr¸to tÔpo twntroqi¸n sqhmat�zei diploÔ brìqou   aploÔ kleistoÔ brìqou sti
3D probolè th 4D epif�neia tom . San par�deigma èqoume thn tro-qi� “u” (upokef�laio 3.3.1 - Sq. 89, 90). Oi troqiè autoÔ tou tÔpougia perissìtere tomè dhmiourgoÔn �lle puknè perioqè ston fasikìq¸ro gia meg�la qronik� diast mata. Autè oi domè e�nai diakritèse merikè probolè san Θ domè   daqtul�dia (Sq. 92). Ousiastik�h troqiak  th sumperifor� kajor�zetai apì diadoqik� fainìmena kol-lhtikìthta pou epib�lei h sunolik  dom  tou fasikoÔ q¸rou kont� semetab�sei S → U → S. O deÔtero tÔpo troqi¸n antistoiqe� setroqiè pou anaparist�nontai apì nèfh shme�wn sthn epif�neia tom .'Ena qarakthristikì par�deigma tou pr¸tou tÔpou troqi¸n e�nai autìth “u”. Gia ton lìgo autì upolog�same ton LCN(t) th “u”. 'OpwmporoÔme na doÔme sto Sq. 145 oi allagè pou br�skoume sthn tro-qiak  sumperifor� th “u” antistoiqoÔn se ant�stoiqe allagè sthnkl�sh th LCN(t) kampÔlh. Kat� thn di�rkeia tou qrìnou pou an-tistoiqe� sti pr¸te 2580 tomè, o opo�o upodeiknÔetai me èna bèlosto Sq. 145a, h kampÔlh pèftei me meg�lh kl�sh. Katìpin gia ti epì-mene 450 tomè (to shme�o autì upodeiknÔetai me to dexiì bèlo touSq. 145a), ìtan ta shme�a domoÔn thn Θ me tou loboÔ gÔrw apì toutìrou twn x1v1 kai x1v1′, h kampÔlh suneq�zei na e�nai fj�nousa all�me mikrìterh kl�sh apì prin. Katìpin arq�zei na aux�nei kai h exèlixhth met� apì t = 3 × 104 fa�netai sto Sq. 145b (prosèxte ti diafore-tikè kl�make stou �xone). H kampÔlh LCN(t) arqik� aux�nei, met�stajeropoie�tai kai katìpin èqei m�a fj�nousa pore�a mèqri to aristerìbèlo sto Sq. 145b, to opo�o antistoiqe� se per�pou 4.180 tomè. Seautì to shme�o èqoume m�a apìtomh diastol  twn shme�wn ston fasikìq¸ro, h opo�a mpore� na katanohje� eÔkola sthn (x, ẋ) probol  (denfa�netai se k�poio sq ma).Met� apì to shme�o pou shmei¸netai me to aristerì bèlo tou Sq. 145bh LCN(t) kampÔlh aux�nei. MetaxÔ twn sqhm�twn 145b kai 145c hkampÔlh fj�nei kai sto Sq.145c aux�nei p�li. Tèlo, gia megalÔteroqrìno olokl rwsh, ìtan h troqi� èqei sar¸sei ìlo ton diajèsimo fa-sikì q¸ro, stajeropoie�tai se m�a tim  LCN(t) ≈ 2.74 × 10−2 ( Sq.145c).To dexiì bèlo sto Sq. 145b antistoiqe� se 4500 shme�a sthn epif�-239



neia tom  kai h perioq  dexi� tou bèlou autoÔ antistoiqe� sto qronikìdi�sthma kat� to opo�o ta shme�a th “u” af noun to daqtul�di kai p�-ne na katal�boun ton diajèsimo fasikì q¸ro ìpw blèpoume kai stoSq. 92b. Par� to gegonì ìti o LCN(t) ma d�nei thn metabol  twn ìg-kwn pou katalamb�nei mia troqi� ston fasikì q¸ro, mèsw th mejìdouqr¸mato kai peristrof  mporoÔme na doÔme pèran toÔtou me lepto-mèreie ti perioqè pou pagideÔontai ta shme�a m�a troqi� kaj¸ kaithn kateÔjunsh kat� thn opo�a diaqèontai ston fasikì q¸ro gia na ka-tal�boun megalÔterou ìgkou mèsa se autìn. Aut  h plhrofor�a e�naipolÔ qr simh sthn galaxiak  dunamik  gia thn kataskeu  autosunep¸nmontèlwn qrhsimopoi¸nta thn jewr�a twn troqi¸n.San par�deigma tou deÔterou tÔpou troqi¸n, jewroÔme thn troqi� me
∆x = 10−4 apì ti arqikè sunj ke th apl� astajoÔ periodik  tro-qi� th x1v2 gia Ej = −4 kai thn apokaloÔme w “u1”. O LCN(t)autoÔ tou tÔpou twn troqi¸n sugl�nei polÔ gr gora se èna jetikì arij-mì, sugkekrimèna gia thn “u1” sugkl�nei ston jetikì arijmì 9 × 10−2(Sq. 146).3. Dipl  Ast�jeia:Sthn per�ptwsh aut  èqoume p�li dÔo tÔpou troqi¸n. Ston pr¸totÔpo oi troqiè sqhmat�zoun m�a epif�neia sq mato oktarioÔ prin dia-qujoÔn kai katal�boun ìlo ton diajèsimo fasikì q¸ro (Sq. 106). 'Enapar�deigma e�nai h troqi� “duz1”. Oi peript¸sei autè kont� se dipl�astaje� periodikè troqiè emfan�zontai sto sÔsthma ma mìno ìtan oi2 idiotimè den diafèroun polÔ. Ston deÔtero tÔpo oi troqiè antipro-swpeÔontai apì nèfh shme�wn sthn epif�neia tom .Gia ton pr¸to tÔpo upolog�zoume ton LCN(t) enì qarakthristikoÔ pa-rade�gmato th troqi� “duz1”. O LCN peperasmènou qrìnou de�qneiaut  th qaotik  sumperifor� th troqi�. Gia to megalÔtero qronikìdi�sthma gia ton opo�o ta shme�a sthn probol  (x, ẋ) (  sthn (x, ẋ, y))br�skontai sthn dom  sq mato �∞�, o LCN ft�nei se m�a tim  5×10−2kai telik� mei¸netai mèqri to shme�o pou upodeiknÔetai apì èna bèlosto Sq. 147a. Autì o qrìno antistoiqe� se 4200 shme�a sthn epif�-neia tom . Sto Sq. 147b blèpoume pw o LCN metab�lletai ìtan tashme�a arq�zoun na gem�zoun ìlo ton diajèsimo fasikì q¸ro. O LCNaux�nei akìmh perissìtero apì to shme�o t = 28500 kai met�.Ston deÔtero tÔpo troqiak  sumperifor� o LCN(t) èqei parìmoiasumperifor� me aut  tou deÔterou tÔpou troqi¸n sthn per�ptwsh thapl  ast�jeia. 240
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LCN(t) ≈ 2.74 × 10−2.
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Sq ma 147: H qronik  exèlixh tou LCN peperasmènou qrìnou sto Sq. 106.To bèlo sto (a) upodeiknÔei ton qrìno gia ton opo�o ta shme�a apoqwroÔnapì thn dom  sq mato �∞�, h opo�a sqhmat�zetai apì ta pr¸ta 4200 shme�asthn epif�neia tom . Met� apì autì to shme�o o LCN(t) aux�nei suneq¸ìpw mporoÔme na doÔme sto (b).4. Migadik  Ast�jeia:Sthn per�ptwsh aut  èqoume tre� tÔpou troqi¸n. O pr¸to tÔpoantiproswpeÔetai apì tou diskoeide� sqhmatismoÔ-periorismènou tì-rou sthn epif�neia tom . O deÔtero apì 4D toroeide� epif�neiegia l�ga shme�a sthn epif�neia tom , oi opo�e metatrèpontai se nèfhshme�wn gia poll� shme�a sthn epif�neia tom . En¸ o tr�to tÔpoantistoiqe� mìno se nèfh shme�wn sthn epif�neia tom .Gia ton pr¸to tÔpo troqi¸n upolog�same ton qarakthristikì arijmì
Lyapunov peperasmènou qrìnou LCN(t) gia thn troqi� pou antistoiqe�ston d�sko tou Sq. 115 kai br kame ìti arqik� mei¸netai all� met�stajeropoie�tai se m�a tim  6×10−3 met� apì 4500 tomè (Sq. 148 -mplèkampÔlh).Gia ton deÔtero tÔpo troqi¸n upolog�same ton qarakthristikì arijmì
Lyapunov peperasmènou qrìnou LCN(t) gia thn troqi� pou antistoi-qe� sta Sq. 118 kai 119. Ta pr¸ta 300 shme�a sthn epif�neia tom sqhmat�zoun m�a toroeid  epif�neia (Sq. 118). Kat� thn di�rkeia autoÔtou qronikoÔ diast mato o LCN(t) th troqi� mei¸netai kai ft�neise m�a tim  1.75× 10−2 se qrìno t = 2100 (Sq. 148 - kìkkinh kampÔlh).Met� apì autì to shme�o h kampÔlh èqei di�fore diakum�nsei kaj¸242



Sq ma 148: H exèlixh twn dÔo LCN(t). H mple kampÔlh antistoiqe� sthnper�ptwsh tou periorismènou tìrou twn Sq. 113, 114 kai 115 kai h kìkkinhsthn per�ptwsh th troqi� pou antistoiqe� sthn toroeid  epif�neia twn Sq.118 kai 119 h opo�a gia perissìtere apì 300 tomè metatrèpetai se nèfoshme�wn sthn epif�neia tom . Oi �xone e�nai se logarijmik  kl�maka.aux�netai o qrìno kai stajeropoie�tai se m�a tim  LCN = 2.5 × 10−2met� apì per�pou 4700 tomè. Thn �dia qronik  stigm , sthn epifaneiatom  ta shme�a th troqi� èqoun sqhmat�sei èna nèfo gÔrw apì thnarqik  toroeid  epif�neia (Sq. 119).'Opw anafèrame pio prin o mègisto qarakthristikì arijmì Lyapu-
nov gia thn per�ptwsh th toroeidoÔ epif�neia-nèfou (Sq. 119) e�nai
2.5 × 10−2, en¸ o �dio de�kth gia thn troqi� pou antistoiqe� ston d�-sko (Sq.115) e�nai 6×10−3. Aut  h diafor� e�nai anamenìmenh lìgw thdiaforetik  troqiak  sumperifor� twn dÔo troqi¸n. Sthn per�ptw-sh tou nèfou èqoume di�sparta shme�a sti tèsserei diast�sei en¸sthn per�ptwsh tou periorismènou tìrou, to q�o emfan�zetai mèsw twndiaforetik¸n mègistwn kai el�qistwn apost�sewn twn shme�wn apì tokèntro tou d�skou kaj¸ h troqi� gem�zei thn diskoeid  dom  autoÔ toutìrou (p�nake 3 kai 4).Ston tr�to tÔpo troqiak  sumperifor� o LCN(t) èqei parìmoia sum-perifor� me aut  tou deÔterou tÔpou troqi¸n sthn per�ptwsh th apl kai dipl  ast�jeia.5.2 LCN(t) twn troqi¸n sthn perioq  periodik¸ntroqi¸n pollapl  periìdouSta upokef�laia 4.1, 4.2, 4.3 kai 4.4 melet same dÔo e�dh troqi¸n sthn perio-q  periodik¸n troqi¸n pollapl  periìdou. To pr¸to e�do antiproswpeuìtan243



Sq ma 149: (a) H exèlixh tou LCN(t) gia thn troqi� pou anaparist�netaisthn epif�neia tom  sta Sq. 142 kai Sq. 143.(b) To mèro tou Sq. 149(a)gia 70000 ≤t≤ 115000. Oi �xone e�nai se logarijmik  kl�maka.apì tìrou sthn epif�neia tom  sthn perioq  twn eustaj¸n 2-periodik¸n kai7-periodik¸n troqi¸n. To deÔtero e�do antiproswpeuìtan apì periorismè-ne domè (tìrou, diploÔ brìqou, kordèle kai nhmatoeide� sqhmatismoÔ)gia ènan orismèno arijmì shme�wn sthn epif�neia tom . Gia megalÔterouqrìnou olokl rwsh, to deÔtero e�do troqi¸n antiproswpeuìtan apì nèfhshme�wn sthn epif�neia tom . Autè oi troqiè br�skontan sthn perioq  twn2-periodik¸n kai 7-periodik¸n troqi¸n. Upolog�zoume t¸ra ton qarakthri-stikì arijmì Lyapunov peperasmènou qrìnou LCN(t) gia autoÔ tou dÔotÔpou troqi¸n.Arqik�, gia to pr¸to e�do troqi¸n, h tim  tou LCN(t) fj�nei sÔmfwname thn sun�rthsh 1/t kai te�nei sto mhdèn. 'Opw anamenìtan.Met� upolog�same ton LCN(t) gia to deÔtero e�do troqi¸n, lamb�nontaw par�deigma thn troqi� pou apeikon�zetai sthn epif�neia tom  sta Sq. 142kai Sq. 143. Sto Sq. 142 ta prwta 6500 shme�a th troqi� sthn epif�neiatom  sqhmat�zoun èna nhmatoeid  sqhmatismì. Kat� thn di�rkeia autoÔ touqronikoÔ diast mato o LCN(t) mei¸netai mèqri na ft�sei m�a tim  1.4×10−3gia t = 90000 (Sq. 149a). Mèta apì autì to shme�o h troqi� sqhmat�zei meèna nèfo shme�wn sthn epif�neia tom  (Sq. 143). Kat� thn diarke�a autoÔtou qronikoÔ diast mato o LCN(t) èqei di�fore diakum�nsei kai telik�aux�netai kai stajeropoie�tai se m�a tim  LCN ≈ 1.67 × 10−3 (Sq. 149b).
244



6 Sumper�smataSthn paroÔsa diatrib  melet same thn dunamik  sthn geitoni� twn eustaj¸n,apl� astaj¸n, dipl� astaj¸n kai migadik� astaj¸n periodik¸n troqi¸n kaithn dunamik  sthn perioq  periodik¸n troqi¸n pollapl  periìdou (pollaplì-thta m > 1) tou sust mato ma. To sÔsthma pou epilèxame  tan èna 3Dautìnomo qamiltonianì sÔsthma galaxiakoÔ tÔpou to opo�o perigr�fei pro-seggistik� thn k�nhsh enì astèra ston Galax�a ma (Miyamoto and Nagai
1975). Mèqri t¸ra oi melète e�qan perioriste� sthn perigraf  th dunamik kont� se periodikè troqiè sti 2D   3D probolè, th epif�neia tom  3Dautìnomwn qamiltonian¸n susthm�twn   tou fasikoÔ q¸rou 4D sumplektik¸napeikon�sewn. Oi melète autè e�qan pragmatopoihje� se di�fora dunamik�sust mata, ìpw:1. 3D autìnoma qamiltonian� sust mata galaxiakoÔ tÔpou (Martinet and

Magnenat 1981, Contopoulos et al 1982, Magnenat 1982, Contopoulos
and Magnenat 1985, Pfenniger 1985b, Contopoulos et al 1994, Papa-
daki et al 1995, Ollé and Pfenniger 1998).2. to 3D kuklikì periorismèno prìblhma twn tri¸n swm�twn (Froeschlé
1970, Ollé et al 2004 ).3. h 4D tupik  apeikìnish- (4D standard map) (Froeschlé 1972, Pfenniger
1985a, Skokos et al 1997, 1999, Jorba and Ollé 2004).4. m�a 4D sumplektik  apeikìnish pou perigr�fei thn k�nhsh enì stoiqei¸-dou swmatid�ou se ènan epitaqunt  (Vrahatis et al 1996, 1997).Sugkr�nonta ta memonwmèna apotelèsmata ìlwn aut¸n twn ergasi¸n me-taxÔ tou diapist¸noume thn epan�lhyh orismènwn protÔpwn dunamik  sum-perifor� h opo�a apeikon�zetai sti 2D kai 3D probolè, pou antistoiqoÔnsta di�fora e�dh ast�jeia. Den up rqe ìmw ew t¸ra m�a pl rh kata-graf  m�a genik , qarakthristik  gia thn k�je e�do ast�jeia, dunamik sumperifor� sth geitoni� twn periodik¸n troqi¸n. Sthn paroÔsa diatrib qrhsimopoi same thn mèjodo qr¸mato kai peristrof  (Patsis and Zachilas

1994) gia na doÔme thn 4D dunamik  sumerifor� sthn geitoni� twn periodik¸ntroqi¸n ston 4D q¸ro th epif�neia tom  tou susthmatì ma. Me autì tontrìpo melet same gia pr¸th for� ston 4D q¸ro th epif�neia tom  enì 3DqamiltonianoÔ sust mato th dom  twn anallo�wtwn tìrwn, thn morfolog�atwn anallo�wtwn pollaplot twn, th dom  twn epifanei¸n kont� se astaje�periodikè troqiè kai tèlo thn topolog�a twn periorismènwn tìrwn met� apì245



m�a Qamiltonian  diakl�dwsh Hopf. Autì ma epètreye na melet soume giapr¸th for� di�fora dunamik� fainìmena ìpw h pag�deush qaotik¸n troqi¸ngia meg�la qronik� diast mata, ta dÔo e�dh tou fainomènou kollhtikìthta(“stickiness”) dhlad  to fainìmeno kollhtikìthta se anallo�wtou tìroukai to fainìmeno kollhtikìthta sto q�o. Tèlo upolog�same to eÔro thperiorismènh k�nhsh se antike�mena ìpw oi periorismènoi tìroi-d�skoi sthnperioq  m�a migadik� astajoÔ periodik  troqi� met� apì m�a Qamiltonian diakl�dwsh Hopf (met�bash apì eust�jeia se migadik  ast�jeia). Sth melè-th ma sunant same ep�sh kai peript¸sei tou fainomènou di�qush Arnold(Arnold diffusion) sto upokef�laio 3.2.5.6.1 SÔnoyh Sumperasm�twnSthn diatrib  aut  melet same thn eust�jeia kai thn morfolog�a twn perio-dik¸n troqi¸n se dÔo mh axisummetrikè peript¸sei tou dunamikoÔ tou 3Dautìnomou qamiltonianoÔ sust mato ma. H axisummetrik  per�ptwsh toudunamikoÔ ma apotele� kal  prosèggish tou dunamikoÔ tou galax�a ma (Mi-
yamoto and Nagai 1975). H pr¸th mh axisummetrik  per�ptwsh tou sust -mato ma antistoiqe� se èna gr gora peristrefìmeno sÔsthma (me taqÔthtaperistrof  tou sust mato thn taqÔthta peristrof  tou Galax�a ma) en¸h deÔterh mh axisummetrik  per�ptwsh antistoiqe� se èna arg� peristrefìme-no sÔsthma. Sti dÔo autè peript¸sei br kame ti troqiè tou �dèntrou�th oikogèneia th x1 (Skokos et al 2002a,b). Sta polÔ arg� peristrefì-mena triaxonik� sust mata èqoume èna meg�lo posostì periodik¸n troqi¸npou e�nai dipl� astaje� se mikrè enèrgeie. Aut  h idiìthta twn arg� peri-strefìmenwn dunamik¸n, ma epitrèpei th susthmatik  melèth th troqiak sumperifor� kont� se dipl� astaje� periodikè troqiè. Sthn deÔterh pe-r�ptwsh oi troqiè th x1 e�nai pio epim kei ephre�zonta ti (x, z) probolètwn troqi¸n twn 3D diaklad¸sewn th x1.Me th bo jeia th mejìdou qr¸mato kai peristrof  (Patsis and Zachilas
1994) melet same thn troqiak  sumperifor� kont� se eustaje�, apl� asta-je�, dipl� astaje� kai migadik� astaje� periodikè troqiè kaj¸ kai sthgeitoni� periodik¸n troqi¸n uyhl  periìdou sthn 4D epif�neia tom  tou
6D fasikoÔ q¸rou tou 3D autìnomou qamiltonianoÔ sust mato ma13. Tasumper�smata th paroÔsa diatrib  e�nai ta akìlouja:

• Sthn per�ptwsh th eust�jeia br kame ìti:13Parìmoia apotelèsmata me aut� th paroÔsa diatrib  brèjhkan prìsfata kai gia thnper�ptwsh tou 4D fasikoÔ q¸rou m�a 4D sumplektik  apeikìnish (Zachilas, Katsanikas
and Patsis 2012). 246



1. Sto ishmerinì ep�pedo (z = 0), h dunamik  tou sust mato kajo-r�zetai apì thn parous�a th kentrik  oikogèneia x1. Sta dia-st mata th enèrgeia ìpou h x1 qarakthr�zetai san apl� asta-j , br�skoume sthn (x, ẋ) epif�neia tom  anallo�wte kampÔleoi opo�e perib�lloun thn periodik  troqi�.2. Ektì tou ishmerinoÔ epipèdou br�skoume gÔrw apì eustaje� pe-riodikè troqiè anallo�wtou tìrou. Sti 3D probolè sunant�-me anallo�wtou tìrou ìpw auto� oi opo�oi èqoun breje� se erga-s�e twn Froeschlé (1970, 1972), Martinet and Magnenat (1981),
Contopoulos et al. (1982), Magnenat (1981), Patsis & Zachilas
(1994) kai Vrahatis et al. (1997). Ta antike�mena aut� onom�sjh-kan apì tou Vrahatis et al. (1997) �peristrofiko� tìroi�. Ep�shbr kame èna �llo e�do anallo�wtwn tìrwn, oi opo�oi e�nai gnwsto�w �swlhnoeide� tìroi� (Vrahatis et al. 1997). To gegonì ìti tadÔo aut� e�dh tìrwn br�skontai sthn perioq  eustaj¸n periodik¸ntroqi¸n se diaforetik� fusik� sust mata ìpw qamiltonian� su-st mata galaxiakoÔ tÔpou (sthn paroÔsa diatrib ) kai 4D sumple-ktikè apeikon�sei sqetizìmene me to prìblhma dèsmh stoiqeiw-d¸n swmatid�wn se kuklikoÔ epitaquntè stoiqeiwd¸n swmatid�wn(Vrahatis et al. 1997), upodeiknÔei m�a genik  sumperifor� se 3Dhmi-periodikè troqiè.3. H mèjodo qr¸mato kai peristrof  (Patsis & Zachilas 1994) tan idia�tera qr simh na katal�boume ti idiìthte twn dÔo eid¸nanallo�wtwn tìrwn:

– Gia tou peristrofikoÔ tìrou se ìle ti peript¸sei poumelet same sto sÔsthma ma h suneq  metabol  qr¸matotwn tìrwn, h opo�a eggu�tai thn omal  metabol  th tètarthdi�stash, all�zei epif�neia (apì thn exwterik  epif�neia toutìrou sthn eswterik  kai ant�strofa - Sq. 65, 66).
– Gia tou swlhnoeide� tìrou, to basikì tou qarakthristhkì,oi idio-tomè (tomè twn tìrwn me ton eautì tou se trisdi�-state probolè),  tan èna fainìmeno probol  se ìle tipeript¸sei, kaj¸ sti idio-tomè autè e�qame thn sun�nth-sh diaforetik¸n qrwm�twn. Epishma�noume to gegonì ìti seìle ti peript¸sei tou sust mato ma br kame perittì arij-mì idio-tom¸n sti 3D probolè twn swlhnoeid¸n tìrwn. Ston

4D q¸ro den br kame kam�a idio-tom  twn swlhnoeid¸n tìrwn.Br kame ìti ta dÔo e�dh tìrwn den mporoÔn na diakrijoÔn apì ton247



arijmì peristrof  tou kai apì ta morfologik� qarakthristik�twn troqi¸n ston fusikì q¸ro.4. 'Oso apomakrunìmaste apì ti arqikè sunj ke twn eustaj¸nperiodik¸n troqi¸n, oi 3D probolè twn tìrwn emfan�zontai para-morfwmène. Pèra apì ènan orismèno tìro br kame qaotikè tro-qiè kollhtikìthta oi opo�e paramènoun gia èna meg�lo qronikìdi�sthma se toroeide� epif�neie twn opo�wn ta shme�a èqoun oma-l  metabol  qr¸mato (fainìmeno kollhtikìthta se anallo�wtoutìrou). Telik� diaqèontai ston fasikì q¸ro, ìpou parathroÔmean�meixh qr¸mato.5. Br kame qaotikè troqiè, oi opo�e pagideÔontai apì tìrou th
x1v1 ston 4D q¸ro th epif�neia tom  gia qrìnou megalÔte-rou apì thn hlik�a tou sÔmpanto (1 Hubble time). Parousi�sameèna par�deigma, pou oi troqiè uposthr�zoun m�a fustikoeid  do-m , ìmoia all� paqÔterh apì thn morfolog�a pou uposthr�zoun oiant�stoiqe hmi-periodikè troqiè oi opo�e perib�lloun ti x1v1eustaje� periodikè troqiè. Katìpin oi troqiè apomakrÔnontaiapì thn eustaj  perioq  twn x1v1 periodik¸n troqi¸n kai dia-qèontai ston fasikì q¸ro. Se aut  thn per�ptwsh parathr sameto fainìmeno di�qush Arnold.6. Oi swlhnoeide� tìroi èqoun breje� mìno sti 3D probolè twn hmi-periodik¸n troqi¸n sthn epif�neia tom  se diataragmèna sust ma-ta. Sthn axisummetrik  per�ptwsh tou sust mato ma, sunant�memìno peristrofikoÔ tìrou.

• Gia thn dunamik  sthn perioq  twn apl� astaj¸n periodik¸n troqi¸nèqoume ta parak�tw sumper�smata:
– Oi troqiè sthn perioq  m�a apl� astajoÔ periodik  troqi�sqhmat�zoun (1) diploÔ brìqou sthn 4D epif�neia tom  (2) do-mè sq mato Θ oi opo�e e�nai diakritè se merikè 3D probolèmet� apì sqetik� meg�lou qrìnou olokl rwsh (3) nèfh shme�wngÔrw apì apl� astaje� periodikè troqiè me an�meixh qr¸matosthn 4D anaparastas  tou. Ta dÔo pr¸ta e�dh troqiak  sum-perifor� emfan�zontai kont� se m�a met�bash U → S th x1 stoshme�o diakl�dwsh th x1v2 kai sqet�zontai me thn emf�nish toufainomènou kollhtikìthta sthn dunamik  tou sust mato.
– Oi asumptwtikè kampÔle twn apl� astaj¸n periodik¸n troqi¸nth x1v2 kont� se m�a U → S met�bash th kentrik  oikogèneia248



twn periodik¸n troqi¸n th x1 apart�zontai apì dÔo mèrh. To mè-ro A (upologismèno gia c < 0 sthn ex�swsh (95) ) periel�ssetaigÔrw apì peristrofikoÔ tìrou pou br�skontai gÔrw apì ti eu-staje� periodikè troqiè th x1 sthn ±z   ±ż-dieÔjunsh. Tomèro B (upologismèno gia c > 0 sthn (95) ) periel�ssetai gÔrwapì peristrofikoÔ tìrou pou br�skontai gÔrw apì ti summetri-kè eustaje� periodikè troqiè th x1v1 kai x1v1′.
– Kai sti dÔo peript¸sei qaotik¸n troqi¸n kont� se m�a met�bash

U → S th x1, ta shme�a twn troqi¸n e�nai plhs�on sti polla-plìthte kont� sti perioqè pou katalamb�nontai apì tou pe-ristrofikoÔ tìrou pou br�skontai gÔrw apì ti eustaje� pe-riodikè troqiè pou br�skontai sthn perioq . Autè oi qaotikètroqiè e�nai troqiè kollhtikìthta kai pa�zoun shmantikì rìlosthn galaxiak  dunamik , afoÔ o qrìno kollhtikìthta se pol-lè peript¸sei e�nai th t�xh th hlik�a tou sÔmpanto   kaimegalÔtero.
– Diplo� brìqoi kai domè Θ periballìmene apì daqtul�dia br�skon-tai se arketè 2D   3D probolè th epif�neia tom  3D autì-nomwn qamiltonian¸n susthm�twn. Oi epif�neie autè domoÔntaiapì troqiè kont� se asumptwtikè kampÔle apl� astaj¸n perio-dik¸n troqi¸n oi opo�e perib�lloun tou peristrofikoÔ tìroutwn geitonik¸n eustaj¸n periodik¸n troqi¸n ìpw sto Sq. 92. Tè-toie morfolog�e emfan�zontai ìtan h kentrik  oikogèneia (sthnperiptws  ma h x1 ) èqei m�a met�bash S → U kai m�a kontin 

U → S. Sthn pr¸th met�bash diaklad�zontai dÔo summetrikè eu-staje� troqiè (ìpw oi x1v1 kai x1v1′) kai sthn deÔterh met�bashèqoume th diakl�dwsh dÔo apl� astaj¸n oikogenei¸n periodik¸ntroqi¸n (ìpw oi x1v2 kai x1v2′). Kont� sthn met�bash U → Sth kentrik  oikogèneia, oi eustaje� periodikè troqiè pou è-qoun  dh diakladisje� den e�nai makri� apì ti astaje� periodikètroqiè. 'Etsi oi asumptwtikè kampÔle twn astaj¸n periodik¸ntroqi¸n perib�lloun tou peristrofikoÔ tìrou pou br�skontaigÔrw apì ti eustaje� periodikè troqiè. Makri� apì ta shme�amet�bash h morfolog�a twn asumptwtik¸n kampÔlwn g�netai po-lÔplokh kai ta shme�a twn geitonik¸n troqi¸n sqhmat�zoun nèfhshme�wn sti epif�neie tom .
• Ta sumper�smata ma pou sqet�zontai me dipl� astaje� periodikètroqiè e�nai ta akìlouja: 249



– H dipl  ast�jeia se 3D peristrefìmenou galaxiakoÔ d�skouemfan�zetai gia megalÔtere timè th enèrgeia apì ìti h apl ast�jeia sti diaklad¸sei th x1. H sun jh per�ptwsh e�nai me-t� apì m�a met�bash U → DU . Sti enèrgeie autè genik� denup�rqoun peristrofiko� tìroi sqetizìmenoi me eustaje� oikogè-neie sthn perioq  twn dipl� astaj¸n periodik¸n troqi¸n. Tashme�a twn troqi¸n sqhmat�zoun nèfh shme�wn sti 4D epif�neietom .
– Sthn per�ptwsh m�a dipl� astajoÔ periodik  troqi� up�rqoundÔo zeÔgh idiodieujÔnsewn, ta opo�a xekinoÔn apì thn periodik troqi�. Oi asumptwtikè kampÔle k�je zeÔgou xekinoÔn se ant�-jete kateujÔnsei. MetaxÔ twn idiodieujÔnsewn èqoume thn dh-miourg�a m�a idioepif�neia. 'Omw to sq ma aut  th epif�neiae�nai polÔploko kai e�nai dÔskolo na optikopoihje� ìtan oi ant�-stoiqe idiotimè den e�nai kont� h m�a sthn �llh.
– Sthn per�ptwsh twn dipl� astaj¸n periodik¸n troqi¸n tou z-�xona gia arg� peristrefìmena montèla, se qamhlè enèrgeie, br�-skoume ìti oi idiotimè pou antistoiqoÔn sta astaj  idiodianÔsma-ta dipl  ast�jeia e�nai kont� h m�a sthn �llh. Epomènw oi dÔotaqÔthte apìklish kat� m ko aut¸n twn idiodieujÔnsewn e�naiparìmoie. Autì epitrèpei thn optikopo�hsh th astajoÔ idioe-pif�neia th dipl� astajoÔ periodik  troqi�. Br kame kol-loeide� qaotikè troqiè twn opo�wn ta shme�a mènoun kont� sthnastaj  pollaplìthta gia meg�la qronik� diast mata (th t�xhth hlik�a tou sÔmpanto kai parap�nw). Autè ti troqiè tibr kame diatar�ssonta ti arqikè sunj ke twn dipl� astaj¸nperiodik¸n troqi¸n tou z-�xona   diatar�ssonta troqiè pou an-tistoiqoÔsan se peristrofikoÔ tìrou gÔrw apì ti eustaje�periodikè troqiè twn �eustaj¸n an¸malwn troqi¸n� (stable ano-

malous orbits-sao) kai th summetrik  tou oikogèneia.
• Sqetik� me ti taqÔthte di�qush twn shme�wn tom  sthn 4D epif�-neia tom , troqi¸n kont� se apl� kai dipl� astaje� periodikè troqièbr kame ìti:

– MetaxÔ twn troqi¸n pou melet same eke�ne pou e�nai kont� stidipl� astaje� periodikè troqiè th x1v2 èqoun thn megalÔte-rh taqÔthta di�qush. Oi qaotikè troqiè kollhtikìthta sthnperioq  twn apl� astaj¸n periodik¸n troqi¸n kont� sta shme�a250



diakl�dwsh th x1v2 kai twn dipl� astaj¸n periodik¸n troqi¸ntou z-�xona, èqoun sugkr�sime taqÔthte di�qush. Oi taqÔth-te autè e�nai mikrìtere apì ti taqÔthte di�qush twn troqi¸nsthn perioq  twn apl� astaj¸n periodik¸n troqi¸n th x1v2 ma-kri� apì ta shme�a diakl�dwsh th x1v2 kai twn dipl� astaj¸nperiodik¸n troqi¸n th �dia oikogèneia oi opo�e èqoun idiotimème meg�lh diafor� metaxÔ tou.
• Gia thn dunamik  sthn perioq  twn migadik� astaj¸n periodik¸ntroqi¸n kont� se m�a qamiltonian  diakl�dwsh Hopf br kame ta para-k�tw:1. Br kame m�a speiroeid  dom  sqhmatizìmenh apì shme�a sthn epif�-neia tom  sthn perioq  m�a migadik� astajoÔ periodik  troqi�sti 2D probolè th 4D epif�neia tom  ìpw kai se prohgoÔ-mene ergas�e (Contopoulos et al. 1994, Papadaki et al. 1995).Sthn paroÔsa diatrib  br kame ìti èqoume aut  thn speiroeid  do-m  sti 3D probolè th epif�neia tom  kai epiplèon èqoume m�aomal  metabol  qr¸mato kat� m ko twn braqiìnwn th. Autìshma�nei ìti aut  h speiroeid  dom  e�nai 4D.2. Ta shme�a kont� se m�a migadik� astaj  periodik  troqi� ft�nounse m�a mègisth apìstash apì thn periodik  troqi� kai met� kateu-jÔnontai pro ta mèsa, fj�noun se m�a el�qisth apìstash kai ka-tìpin apomakrÔnontai p�li. H diadikas�a meg�stou-elaq�stou epa-nalamb�netai pollè forè kai sqhmat�zetai èna diskoeid  sqh-matismì sti 3D probolè th epif�neia tom , to opo�o kale�taiperiorismèno tìro (confined torus) (Pfenniger 1985a,b, Jorba &

Ollé 2004, Ollé et al. 2004). Ston diskoeid  autì sqhmatismì para-thr same m�a omal  metabol  qr¸mato. Autì shma�nei ìti èqoumeautìn ton diskoeid  sqhmatismì ston 4D q¸ro th epif�neia to-m . Br kame ìti autì o diskoeid  sqhmatismì taut�zetai meti anallo�wte pollaplìthte th migadik� astajoÔ periodik troqi� (upokef�laio 3.4.1).3. An efarmìsoume megalÔtere diataraqè sti arqikè sunj ke pa-rathroÔme, ìti oi diskoeide� sqhmatismo� metatrèpontai se toroei-de� epif�neie me omal  metabol  qr¸mato kai trÔpe sto kèntro.Gia m�a kr�simh tim  th diataraq  sti arqikè sunj ke th perio-dik  troqi� parathr same ìti en¸ gia l�ga shme�a sthn epif�neiatom  èqoume m�a toroeid  epif�neia me suneq  metabol  qr¸mato,251



ìmw argìtera, ta shme�a af noun thn toroeid  aut  epif�neia kaiapomakrÔnontai katalamb�nonta ènan megalÔtero ìgko ston fasi-kì q¸ro. Aut  e�nai m�a per�ptwsh tou fainomènou kollhtikìthtasthn per�ptwsh th migadik  ast�jeia kai twn periorismènwn tì-rwn. Gia pr¸th for� optikopoi same to fainìmeno kollhtikìthtasthn perioq  m�a migadik� astajoÔ periodik  troqi�.4. Kaj¸ aux�nei h enèrgeia met� apì m�a kr�simh tim  den br�skoumeperiorismènou tìrou pia, all� nèfh shme�wn sthn perioq  twnmigadik� astaj¸n periodik¸n troqi¸n. Aut� ta nèfh èqoun an�-meixh qr¸mato. Autì shma�nei ìti br�skoume isqurì q�o (strong
chaos) sthn 4D epif�neia tom  kaj¸ apomakrunìmaste apì toshme�o met�bash apì eust�jeia se migadik  ast�jeia.

• Ta sumper�smata gia thn dom  tou fasikoÔ q¸rou sthn perioq  twn pe-riodik¸n troqi¸n pollapl  periìdou (pollaplìthta m =2kai 7) e�nai ta akìlouja:1. Sthn perioq  twn m-periodik¸n troqi¸n br kame m tìrou oi opo�oiperib�lloun ti arqikè sunj ke twn periodik¸n troqi¸n. Br ka-me omal  metabol  qr¸mato stou tìrou autoÔ me dÔo trìpou.Kat� m ko enì tìrou kai kat� m ko ìlwn twn m tìrwn, jew-r¸nta tou san èna antike�meno. An�loga kanonikopoioÔme thnkl�maka th tètarth di�stash, h opo�a d�nei ta qr¸mata twn sh-me�wn. Auto� oi tìroi e�nai peristrofiko� sÔmfwna me thn orolog�atwn Vrahatis et al. (1997). Parìmoie domè parathr jhkan apìtou Martinet & Magnenat (1981). Sthn paroÔsa ergas�a den pa-rathr same thn met�bash tou qr¸mato apì thn exwterik  sthneswterik  epif�neia tou tìrou ìpw se tìrou gÔrw apì aplèperiodikè troqiè (upokef�laio 3.2).2. Oloklhr¸nonta m�a troqi� kont� se m�a apl� astaj  m-periodik troqi� gia l�ge qili�de shme�a sthn epif�neia tom , br kame ì-ti sqhmat�zoun nhmatoeide� sqhmatismoÔ me omal  metabol  sthntètarth di�stash. Ta n mata ta opo�a sqhmat�zontai me autì tontrìpo sundèoun ta shme�a twn apl� astaj¸n m-periodik¸n tro-qi¸n kai perib�lloun tou m tìrou gÔrw apì ti eustaje� m-periodikè troqiè. Oi nhmatoeide� sqhmatismo� emfan�zontai kaiw kordèle   diplo� brìqoi.3. Sti perioqè kont� sta shme�a twn apl� astaj¸n m-periodik¸ntroqi¸n dÔo kl�doi tou nhmatoeidoÔ sqhmatismoÔ sunantioÔntai252



kai èqoun to �dio qr¸ma. Autì de�qnei, ìti èqoume se aut� tashme�a idio-tomè twn dom¸n aut¸n sthn 4D epif�neia tom .4. H parap�nw per�ptwsh emfan�zetai se pl rh analog�a me thn qa-rakthristik  per�ptwsh enì 2D autìnomou qamiltonianoÔ sust -mato. Sti epif�neie tom  twn 2D susthm�twn parathroÔme m�aalus�da nhs�dwn eust�jeia kai thn qaotik  z¸nh pou sundèei tashme�a twn ant�stoiqwn astaj¸n periodik¸n troqi¸n. Shmei¸nou-me to gegonì ìti se aut  thn 3D per�ptwsh oi astaje� periodikètroqiè èinai apl� astaje� kai èqoume omal  metabol  qr¸matokat� m ko twn nhm�twn ìtan jewroÔme l�ge qili�de shme�a sthnepif�neia tom .5. Ta shme�a ta opo�a paramènoun stou nhmatoeide� sqhmatismoÔgia l�ge qili�de shme�a sthn epif�neia tom , diaqèontai argìteraston 4D q¸ro th epif�neia tom . H di�qush ston 4D q¸ro,qarakthr�zetai apì an�meixh qr¸mato.
• Se ìle ti parap�nw peript¸sei upolog�same tou arijmoÔ

Lyapunov twn troqi¸n kai parathr same ìti oi metabolè tou fasikoÔq¸rou sunodeÔontai kai apì metabolè twn arijm¸n Lyapunov. 'Omw hmèjodo pou qrhsimopoi same, h mèjodo qr¸mato kai peristrof , d�-nei perissìtere plhrofor�e gia ton fasikì q¸ro apì autè pou d�nounoi arijmo� Lyapunov.
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7 Abstract

In this Ph.D thesis we studied the morphology and the stability of periodic
orbits of the 3D bifurcations of the central family of periodic orbits x1 in
two cases of a 3D autonomous hamiltonian system of galactic type. The
axisymmetric case of the potential of our system is a good aproximation for
the potential of the Milky Way (Miyamoto and Nagai 1975). Then we studied
the dynamics in the neighborhood of stable, simple unstable, double unstable
and complex unstable periodic orbits and the dynamics in the neighborhood
of periodic orbits with high order multiplicity.

We studed first in detail the structure of phase space in the neighborhood
of stable periodic orbits of our system. We used the color and rotation me-
thod (Patsis and Zachilas 1994) to investigate the properties of the invariant
tori in the 4D spaces of section. We compared our results with those of
previous works and we described the morphology of the rotational, as well
as of the tube tori in the 4D space. We found sticky chaotic orbits in the
immediate neighborhood of sets of invariant tori surrounding 3D stable pe-
riodic orbits. Particularly useful for galactic dynamics was the behavior of
chaotic orbits trapped for long time between 4D invariant tori. We found
that they support during this time the same structures as the quasi-periodic
orbits around the stable periodic orbits, contributing however to a local inc-
rease of the dispersion of velocities. Finally we found that the tube tori do
not appear in the 3D projections of the spaces of section in the axisymmetric
Hamiltonian we examined.

Then, we studied the dynamics in the neighborhood of simple and double
unstable periodic orbits in our rotating 3D autonomous Hamiltonian system
by means of the same method. We investigated the structure of the invariant
manifolds that we found in the neighborhood of simple and double unstable
periodic orbits in the 4D spaces of section. We considered orbits in the nei-
ghborhood of the families x1v2, belonging to the x1 tree, and the z-axis (the
rotational axis of our system). Close to the transition points from stability
to simple instability, in the neighborhood of the bifurcated simple unstable
x1v2 periodic orbits we encountered the phenomenon of stickiness, as the
asymptotic curves of the unstable manifold surrounded regions in the phase
space occupied by rotational tori existing in the region. For larger energies,
away from the bifurcating point, the consequents of the chaotic orbits formed
clouds of points with mixing of color in their 4D representations. In the case
of double instability, close to x1v2 orbits, in general we found clouds of points
in the four dimensional spaces of section. However, in some cases of double
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unstable periodic orbits belonging to the z-axis family we could visualize the
associated unstable eigensurface. We have seen that chaotic orbits close to
the periodic orbit remained sticky to this surface for long times (of the order
of a Hubble time or more). Among the orbits we studied we found those close
to the double unstable orbits of the x1v2 family having the largest diffusion
speed. The sticky chaotic orbits close to the bifurcation point of the simple
unstable x1v2 orbit and close to the double unstable z-axis orbit we have
examined, had comparable diffusion speeds. These speeds were much slower
than the diffusion speeds of the orbits in the neighborhood of x1v2 simple
unstable periodic orbits away from the bifurcating point, or of the double
unstable periodic orbits of the same family having very different eigenvalues
along the corresponding unstable eigendirections.

Finally, we studied the orbital behavior in the neighborhood of complex
unstable periodic orbits of our system. At a transition of a family of periodic
orbits from stability to complex instability (also known as Hamiltonian Hopf
Bifurcation) the four eigenvalues of the stable periodic orbits move out of
the unit circle and they become complex unstable. In this Thesis we first
integrated initial conditions close to the ones of a complex unstable periodic
orbit which is close to the transition point. Then we ploted the consequents
of the corresponding orbit in a 4D surface of section. To visualize this sur-
face of section we used the method of color and rotation. We found that the
consequents are contained in 2D “confined tori”. Then we investigated the
structure of the phase space in the neighborhood of complex unstable perio-
dic orbits which are further away from the transition point. In these cases
we observed clouds of points in the 4D surfaces of section. The transition
between the two types of orbital behavior is abrupt.

Then we studied the phase space structures encountered in the neigh-
borhood of periodic orbits with high order multiplicity of our system. We
considered 4D spaces of section and we used the method of color and rota-
tion in order to visualize them. As examples we used the case of a stable
7-periodic orbit and the case of a stable 2-periodic orbit. We investigated
the structure of multiple tori around them in the 4D surface of section and
in addition we studied the orbital behavior in the neighborhood of the cor-
responding simple unstable periodic orbits. By considering initially a few
consequents in the neighborhood of the orbits we found a structure in the
space of section, which is in direct correspondence with what is observed
in a resonance zone of a 2D autonomous Hamiltonian system. However, in
our 3D case we have, instead of stability islands, rotational tori, while the
chaotic zone connecting the points of the unstable periodic orbit is replaced
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by filaments extending in 4D, following a smooth color variation. After more
intersections, the consequents of the orbit which started in the neighborhood
of the unstable periodic orbit, diffuse in phase space and form a cloud that
occupies a large volume surrounding the region containing the rotational tori.
In this cloud the colors of the points are mixed. The same structures have
been observed in the neighborhood of all m-periodic orbits we have examined
in the system. This indicates a generic behavior.

We computed the Lyapunov characteristic number (LCN(t)) for all cases
of orbits. We found that the changes in the structure of the phase space is
followed by changes of the LCN(t). However the method that we used in
this thesis, the method of color and rotation, gives more informations for the
phase space than the LCN(t).

Keywords: Chaos and Dynamical Systems, Galactic Dynamics,
Dynamical Astronomy, Nonlinear Dynamics, Hamiltonian Systems.
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10 Par�rthmaParak�tw parajètoume èna par�deigma makroentol¸n th Mathematica toopo�o onom�zoume Example 1. Sto par�deigma autì èqoume èna arqe�o un-
stable2a.dat me 4 st le ìpou k�je st lh antistoiqe� sti timè pou pa�rneim�a apì ti tèsseri suntetagmène (x, ẋ, z, ż) th 4D epif�neia tom  tou
6D fasikoÔ q¸rou enì 3D qamiltonianoÔ sust mato. To arqe�o autì èqei2.500 grammè (dhlad  10.000 stoiqe�a). Sto par�deigma autì apeikon�zoumem�a 3D epif�neia qrhsimopoi¸nta thn pr¸th, deÔterh kai tr�th st lh touarqe�ou kai th qrwmat�zoume qrhsimopoi¸nta th tètarth st lh. Ep�sh upo-log�zoume th mègisth (max) kai th mikrìterh tim  (min) pou pa�rnei h tètarthst lh gia na mporèsoume na upolog�soume ti kanonikopoihmène timè th(blèpe upokef�laio 3.1). 'Opw blèpoume kai sto parak�tw par�deigma h su-n�rthsh qr¸mato (Hue) pa�rnei timè sto di�sthma [0,1℄ kai antistoiqe�sto kìkkino to 0 kai sto m¸b to 1. Gia na g�nei autì tropopoioÔme th su-n�rthsh qr¸mato th Mathematica sthn opo�a 0 kai 1 antistoiqoÔn sto �dioqr¸ma pollaplasi�zonta ti kanonikopoihmène timè th tètarth st lh me0.75. 'Etsi qrwmat�zoume thn 3D epif�neia an�loga twn tim¸n tou ginomènoutwn kanonikopoihmènwn tim¸n th tètarth st lh me to 0.75. Ep�sh, ìpwblèpoume kai sto parak�tw par�deigma, gia na allaxoume thn optik  gwn�apou blèpoume thn 3D epif�neia all�zoume sthn teleuta�a entol  ti sunte-tagmène sto Viewpoint. 'Ean e�maste se leitourgikì sÔsthma Linux (ìpwsthn paroÔsa ergas�a) agnooÔme ti dÔo pr¸te entolè kai prosèqoume ìtankalèsoume thn Mathematica na e�maste sto Directory pou br�sketai to arqe�o.

Example 1

In[1]:= “C : \ Documents and Settings \ mkatsan \ My Documents”
Out[1]:= C : \ Documents and Settings \ mkatsan \ My Documents
In[2]:= SetDirectory[ch01]
Out[2]:= C : \ Documents and Settings \ mkatsan \ My Documents
In[3]:= Needs[”PlotLegends”]
In[4]:= ab=ReadList[“unstable2a.dat”, Number];
In[5]:= sam = Table[{ ab[[i]], ab[[i+1]], ab[[i+2]], ab[[i+3]] },
{ i,1,10000,4 }];
In[6]:= d4 = N[Table[sam[[i]][[4]], { i, 1, Length[sam] } ]];
In[7]:= mn = Min[d4];
In[8]:= mx = Max[d4];
In[9]:= sp3= Table[ { Hue[0.75 * (sam[[i]][[4]]-mn) / (mx-mn)], AbsolutePoin-267



tSize[5], Point[ { sam[[i]][[1]], sam[[i]][[2]], sam[[i]][[3]] }] } , { i, 1, Length[sam]
} ];
In[10]:= gh2= ShowLegend[Graphics3D[sp3, AspectRatio → 1, Axes → True,
ViewPoint → {1.8*Pi/3, Pi/6, 1}, AxesStyle → Directive[Black, 17],AxesLa-
bel → {x, ẋ, z}, LabelStyle → Directive[Black, Bold], AxesEdge→ {{1, -1},
{-1, 1}, {1, -1}}, Ticks → {{0.0378, .0383}, {-0.00025, 0.00025}, {-0.02,
0.02}}, PlotRange → {{.0378,.0383}, {-0.00025, 0.00025}, {-0.02, 0.02}},
Boxed → True,BoxRatios → {1,1,1}], { Hue[0.75* #] &, 10, “0”, “1”, Le-
gendPosition → { 1., -0.4 } } ]
Out[10]:=

0.0378

0.0383
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-0.00025 0.00025x 
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Sto pla�sio th paroÔsa diatrib  pragmatopoi jhkan oi parak�tw dh-mosieÔsei kai drasthriìthte:
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467-496.2. Katsanikas M., Patsis P.A. and Contopoulos G. [2011] “The struc-
ture and evolution of confined tori near a Hamiltonian Hopf Bifu-
rcation”, Int. Journal Bif. Chaos 21, 2321-2330.3. Katsanikas M., Patsis P.A. and Pinotsis A.D. [2011] “Chains of
rotational tori and filamentary structures close to high multiplicity
periodic orbits in a 3D galactic potential”, Int. Journal Bif. Chaos

21, 2331-2342 .4. Katsanikas M., Patsis P.A. and Contopoulos G. [2012] “Stickiness
and Instabilities in a 3D rotating galactic potential” Int. Journal

Bif. Chaos (in press).5. Zachilas L., Katsanikas M. and Patsis P.A. [2012] “The structure
of phase space close to fixed points in a 4D symplectic map” Int.

Journal Bif. Chaos, (in press).

• Ergas�e se praktik� diejn¸n episthmonik¸n sunedr�wn(Conference Proceedings):1. Katsanikas M., Patsis P.A. and Zachilas L. [2009] “The Structu-
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