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ÁöéåñùìÝíï óôéò ãõíáßêåò ôéò æùÞò ìïõ...
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ÅéóáãùãÞ

Ç ÄéäáêôïñéêÞ ÄéáôñéâÞ áðïôåëåßôáé áðü 6 ÌÝñç êáé 2 ÈåìáôéêÝò Åíüôçôåò.
Ç 1ç Åíüôçôá áðïôåëåßôáé áðü 2 ÌÝñç ó÷åôéêÜ ìå ôïí Ëïãéóìü Ìåôáâïëþí
êáé ôï óýóôçìá ÌÄÅ Euler-Lagrange.

Óôï 1ï ÌÝñïò áó÷ïëïýìáóôå ìå ôçí ýðáñîç ëýóçò (U; c) ìå U : R −→ RN

êáé c > 0 ôïõ ðñïâëÞìáôïò Åôåñïêëéíéêþí Ïäåõüíôùí êõìÜôùí{
Uxx −∇W (U) = −c Ux
U(±∞) = a±

(0.1)

üðïõW : RN −→ R Ýíá äõíáìéêü êáé a+, a− äýï åëÜ÷éóôÜ ôïõ óå äéáöïñåôéêÜ
âÜèç. Ôï (0.1) ðñïêýðôåé áðü ôçí áíáæÞôçóç ëýóåùí ìïñöÞò U(z − ct) =
u(z; t) óôï ìç-ãñáììéêü óýóôçìá äéÜ÷õóçò ìïñöÞò êëßóçò

ut = uzz −∇W (u); u : R× (0;∞) −→ RN : (0.2)

Ôï ðñüâëçìá (0.1) ðáñïõóéÜæåé ðïëëÝò äõóêïëßåò: åßíáé äéáíõóìáôéêü êáé äåí
åöáñìüæåôáé ç êëáóéêÞ Áñ÷Þ Ìåãßóôïõ, ôï ó÷åôéêü óõíáñôçóéáêü ÄñÜóçò
ìå âÜñïò

Ec(U) =
∫

R

{
1
2

∣∣U̇(x)
∣∣2 +W (U(x))

}
ecxdx (0.3)

ðáñïõóéÜæåé Ýëëåéøç óõìðÜãåéáò êáé êÜôù öñÜãìáôïò, ðñÝðåé íá ÷áñáêôç-
ñéóèåß ìåôáâïëéêÜ ôï c êáé íá âñåèïýí ïé êáôÜëëçëåò õðïèÝóåéò ãéáôß åðé-
ðñüóèåôá åëÜ÷éóôá ôïõ W åìðïäßæïõí ôçí ýðáñîç. Åöáñìüæïõìå ìåèüäïõò
åëá÷éóôïðïßçóçò ìå ðåñéïñéóìü ðïõ ôåëéêÜ Üñåôáé êáé åðéðëÝïí äåß÷íïõìå üôé
Ec(U) = 0.

Óôï 2ï ÌÝñïò áó÷ïëïýìáóôå ìå ôçí åîáãùãÞ Áñ÷þí Ìåãßóôïõ ðïõ éêáíï-
ðïéïýí ïé Ðñïóåããéóôéêïß Åëá÷éóôïðïéçôÝò u : Ω ⊆ Rn −→ RN ôïõ ãåíéêïý
óõíáñôçóéáêïý

E(u;Ω) :=
∫

Ω
H
(
x; u(x); Du(x)

)
dx: (0.4)

Ôï âáóéêü áðïôÝëåóìá åäþ åßíáé êáôÜëëçëåò áóèåíåßò åêäï÷Ýò ôçò Éäéüôçôá
ÊõñôÞò ÈÞêçò

u(Ω) ⊆ co
(
u(@Ω)

)
: (0.5)

Ôï (0.5) åßíáé ãíùóôü óå ðïëëÝò ðåñéðôþóåéò êáé ÷ñçóéìåýåé óå åñùôÞìáôá
ïìáëüôçôáò êáé ýðáñîçò. Ç âáóéêÞ ðñüïäïò óå ó÷Ýóç ìå ôçí âéâëéïãñáößá åß-
íáé üôé åîÜãåôáé ÷ùñßò õðïèÝóåéò êõñôüôçôáò êáé ÷ùñßò åîÜñôçóç ôçòH áðü ôï
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|Du|. Ðñïò ôïýôï åéóÜãåôáé ìéá ìÝèïäïò ðñïóÝããéóçò ôùí áðåéêïíßóåùí ðñï-
âïëÞò óôá êõñôÜ ðïõ äåí áðáéôåß áóèåíÞ êÜôù çìéóõíÝ÷åéá. Ôá áðïôåëÝóìáôá
êëçñïäïôïýíôáé óôéò Ëýóåéò ×áëÜñùóçò óôçí ðåñßðôùóç ìç-ýðáñîçò åëá÷é-
óôïðïéçôþí êáé óôéò åëá÷éóôïðïéïýóåò ëýóåéò ôùí ÌÄÅ Euler-Lagrange.

Ç 2ç ÈåìáôéêÞ Åíüôçôá ôçò ÄéáôñéâÞò áðïôåëåßôáé áðü 4 ÌÝñç ó÷åôéêÜ
ìå ôïí Ëïãéóìü Ìåôáâïëþí óôïí L∞ êáé ôá ðëÞñùò ìç-ãñáììéêÜ óõóôÞìáôá.

Óôï 3ï ÌÝñïò áó÷ïëïýìáóôå ìå ôá êåíôñéêÜ áíôéêåßìåíá ôïõ Ëïãéóìïý
Ìåôáâïëþí óôïí L∞. Áðïäåéêíýïõìå üôé ïé ïìáëïß Áðüëõôïé (äçë. ôïðéêïß)
Åëá÷éóôïðïéçôÝò u : Rn −→ RN ôïõ ìåãéóôéêïý óõíáñôçóéáêïý

E∞(u;Ω) = ess sup
x∈Ω

H
(
x; u(x); Du(x)

)
; (0.6)

äéÝðïíôáé áðü Ýíá áíôßóôïé÷ï \Euler-Lagrange" óýóôçìá ÌÄÅ, ôï óýóôçìá
Aronsson

A[u] =
(
HP ( ; u;Du)⊗HP ( ; u;Du)

)
: D2u +

+ HP ( ; u;Du)
(
H�( ; u;Du) +Hx( ; u;Du)

)
= 0: (0.7)

ÅéäéêÞ óçìáíôéêÞ ðåñßðôùóç áðïôåëåß ôo óýóôçìá ôçò ∞-ËáðëáóéáíÞò

∆∞u = Du⊗Du : D2u = 0 (0.8)

ðïõ áíôéóôïé÷åß óôï E∞(u;Ω) = ‖Du‖L∞(Ω). Ïé (0.7), (0.8) äåí Ý÷ïõí ìå-
ëåôçèåß ãéá Í > 1. ÂáóéêÝò äõóêïëßåò åßíáé üôé ôï óõíáñôçóéáêü (0.6) äåí
åßíáé ðñïóèåôéêü ìÝôñï, äåí åßíáé Gateaux ðáñáãùãßóéìï êáé êáôÜ êáíüíá ïé
\ëýóåéò" ôùí (0.7) (0.8) äåí åßíáé ðáñáãùãßóéìåò.

Óôï 4ï ÌÝñïò åéóÜãïõìå ìéá óõóôçìáôéêÞ èåùñßá ìç-äéáöïñéóßìùí ëý-
óåùí ðïõ åöáñìüæåôáé óå ðëÞñùò ìç-ãñáììéêÜ óõóôÞìáôá ÌÄÅ 1çò êáé 2çò
ôÜîçò

F ( ; u;Du;D2u) = 0; u : Rn −→ RN ; (0.9)

ç ïðïßá åðåêôåßíåé ôçí èåùñßá ôùí Ëýóåùí Éîþäïõò óôç ãåíéêÞ äéáíõóìáôéêÞ
ðåñßðôùóç. ÂáóéêÞ óõíåéóöïñÜ åßíáé ç áíáêÜëõøç ìéáò Áñ÷Þò ÁêñïôÜôïõ
ãéá äéáíõóìáôéêÝò óõíáñôÞóåéò, ôçò \Áñ÷Þò ôçò ÅðáöÞò". ÁõôÞ åðåêôåßíåé
ìïíáäéêÜ ôá min êáé max óå ðïëëÝò äéáóôÜóåéò êáé éêáíïðïéåß Ýíáí \ëïãéóìü
Áñ÷Þò Ìåãßóôïõ". Ç ÅðáöÞ ïäçãåß óå ìéá èåùñßá ÌÄÅ, áõôÞ ôùí Ëýóåùí
ÅðáöÞò ç ïðïßá äéáôçñåß ðïëëÝò áðü ôéò éäéüôçôåò ôïõ âáèìùôïý áíáëüãïõ
ôùí Ëýóåùí Éîþäïõò, üðùò åýêïëá ðåñÜóìáôá óå üñéá. Ðáñüëá áõôÜ, íÝá
äéáíõóìáôéêÜ öáéíüìåíá åìöáíßæïíôáé. Ãéá ðáñÜäåéãìá, ëüãù \óõóôñïöÞò"
ôùí äéáíõóìáôéêþí óõíáñôÞóåùí ç Áñ÷Þ ÁêñïôÜôïõ áíáãêáóôéêÜ åßíáé óõ-
íáñôçóéáêÞ êáé ü÷é óçìåéáêÞ. Åðßóçò, äéáèÝôåé ôÜîç êáé áðëÞ óõíÝ÷åéá ôùí
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åìðëåêïìÝíùí óõíáñôÞóåùí äåí áñêåß. Åéäéêüôåñá, \ÅðáöÞ 1çò ôÜîçò" åðé-
ôñÝðåé íá åîÜãïõìå \éóüôçôá ãéá ôçí êëßóç" êáé \ÅðáöÞ 2çò ôÜîçò" åðéôñÝðåé
íá åîÜãïõìå \áíéóüôçôá ãéá ôçí ÅóóéáíÞ". Áêüìç, ç ôÜîç ôçò \ÅðáöÞò"
åðéâÜëëåé üôé ðñÝðåé íá ðñïûðÜñ÷åé ìéá ÌåñéêÞ Ïìáëüôçôá êáé \ôï 1=2 ôçò
ôÜîçò ðáñáãþãùí ôoõ (0.9) ìðïñåß íá åñìçíåõèåß áóèåíþò, ôï õðüëïéðï 1=2
ðñÝðåé íá ðñïûðÜñ÷åé êëáóéêÜ".

Âáóéêü ðåäßï åöáñìïãÞò ôùí Ëýóåùí ÅðáöÞò åßíáé ôï óýóôçìá Aronsson
(0.7), ç ∞-ËáðëáóéáíÞ (0.8), ïé âáèìùôÝò ÌÄÅ Hamilton-Jacobi

H( ; u;Du) = 0 (0.10)

ìå äéáíõóìáôéêÝò ëýóåéò u : Rn −→ RN êáé åéäéêÜ ç ÌÄÅ Åéêüíáò |Du|2 = 1.
ÅéäéêÜ ãéá ôá óõóôÞìáôá (0.7) êáé (0.8) -÷ñçóéìïðïéþíôáò ôï 6ï ÌÝñïò ôçò
ÄéáôñéâÞò- õðÜñ÷ïõí üðùò áðïäåéêíýïõìå éäéÜæïõóåò \ëýóåéò" ïé ïðïßåò äåí
ìðïñïýí íá åñìçíåõèïýí áõóôçñÜ áðü ôéò õðÜñ÷ïõóåò èåùñßåò ÌÄÅ: ãåíéêÜ
äåí õðÜñ÷ïõí ïýôå êëáóéêÝò, ïýôå éó÷õñÝò (ó÷åäüí ðáíôïý), ïýôå áóèåíåßò,
ïýôå ìåôñï-èåùñçôéêÝò, ïýôå êáôáíïìéêÝò ëýóåéò. Óôçí âáèìùôÞ ðåñßðôùóç
Í = 1 ç èåùñßá ôùí Ëýóåùí Éîþäïõò Ý÷åé ëýóåé ôï áíôßóôïé÷ï ðñüâëçìá.

Óáí åöáñìïãÞ, ðñïóäéïñßæïõìå ôéò Èåìåëéþäåéò Ëýóåéò ôçò äéáíõóìáôéêÞò
∆∞ ïé ïðïßåò åßíáé \ãåíéêåýìåíïé êþíïé" êáé áðïôåëïýí ìç-êëáóéêÝò Ëýóåéò

ÅðáöÞò ôçò ÌÄÅ Åéêüíáò. Åðßóçò, êáôáóêåõÜæïõìå ìéá êëÜóç C1; 1
2
+ áëëÜ

ðïõèåíÜ 2 öïñÝò ðáñáãùãéóßìùí ∞-Áñìïíéêþí äéáíõóìáôéêþí óõíáñôÞóåùí
ìå ÅóóéáíÝò ãíÞóéåò êáôáíïìÝò.

Óôï 5ï ÌÝñïò áó÷ïëïýìáóôå ìå ôçí âáèìùôÞ åîßóùóç Aronsson

Hp(Du)⊗Hp(Du) : D2u = 0 (0.11)

ãéá H ∈ C1(Rn) êáé n ≥ 2. Áðïäåéêíýïõìå ôçí ýðáñîç áíáëõôéêÜ åêðå-
öñáóìÝíùí åîáéñåôéêÜ éäéáæüíôùí Ëýóåùí Éîþäïõò, üôáí ç ãíÞóéá óôáèìéêÞ
êõñôüôçôá ôçò H áðïôõã÷Üíåé. Ç ýðáñîÞ ôïõò äßíåé íÝá ðëçñïöïñßá óôï ãíù-
óôü áíïéêôü Ðñüâëçìá C1-Ïìáëüôçôáò ôùí Ëýóåùí Éîþäïõò ôçò (0.11) óôéò
äéáóôÜóåéò n > 2. Êáé åäþ ÷ñçóéìïðïéåßôáé ôï 6ï ÌÝñïò.

Óôï 6ï ÌÝñïò áó÷ïëïýìáóôå ìå ôçí êáôáóêåõÞ ìéáò éäéÜæïõóáò óõíå÷ïýò
óõíÜñôçóçò. ÐïëëÝò ôÝôïéåò åßíáé ãíùóôÝò óôçí âéâëéïãñáößá. Ç óõãêåêñé-
ìÝíç Ý÷åé åéäéêÝò éäéüôçôåò êáé ðñïóöÝñåôáé ãéá ôçí êáôáóêåõÞ áíôéðáñáäåéã-
ìÜôùí óå ðñïâëÞìáôá ïìáëüôçôáò óôéò ÌÄÅ. Åßíáé Ç�older óõíå÷Þò áëëÜ
ðïõèåíÜ âåëôéþóéìç ìå êáëýôåñï Ç�older åêèÝôç, ðïõèåíÜ ðáñáãùãßóéìç êáé
ç ðáñÜãùãüò ôçò åßíáé éäéÜæïõóá êáôáíïìÞ ðñþôçò ôÜîçò ðïõ äåí õëïðïéåßôáé
áðü êÜðïéï ìÝôñï.
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ÈÅÌÁÔÉÊÇ ÅÍÏÔÇÔÁ É
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1 ÅÔÅÑÏÊËÉÍÉÊÁ ÏÄÅÕÏÍÔÁ ÊÕÌÁÔÁÌÅÔÁ-

ÂÏËÉÊÙÍ ÓÕÓÔÇÌÁÔÙÍ ÄÉÁ×ÕÓÇÓ

¸óôù W ∈ C2(RN ) Ýíá äõíáìéêü êáé a+, a− äýï ôïðéêÜ åëÜ÷éóôá óå äéá-
öïñåôéêÜ âÜèç ìå W (a+) = 0, W (a−) < 0. Èåùñïýìå ôï ðñüâëçìá ýðáñîçò
ëýóçò (U; c) óôï {

Uxx −∇W (U) = −c Ux
U(±∞) = a±

(1.1)

üðïõ c > 0 êáé U : R −→ RN åßíáé [C2(R)]N êáé óõíäÝåé ôá a±, óå äéÜ-
óôáóç N ≥ 1. Ïé ëýóåéò ôïõ (1.1) åßíáé ãíùóôÝò óáí ÅôåñïêëéíéêÜ Ïäåýïíôá
Êýìáôá. Åßíáé åéäéêÝò ëýóåéò ôçò ìïñöÞò U(z − ct) = u(z; t) óôï óýóôçìá
äéÜ÷õóçò ìå ìïñöÞ êëßóçò:

ut = uzz −∇W (u) ; u = u(z; t) : R× (0;∞) −→ RN ; (1.2)

êáé åðéðñüóåèåôá åôåñïêëéíéêÝò ôñï÷éÝò ôïõ óõóôÞìáôïò Uxx − ∇W (U) =
−c Ux. Áðü ðëåõñÜò ÖõóéêÞò, ôï (1.1) åßíáé ï Íüìïò ôïõ Íåýôùíá ìå äý-
íáìç−∇(−W ) ëüãù ôïõ äõíáìéêïý−W êáé ôñéâÞ−cUx. Óå áõôü ôï ðëáßóéï,
ç U(x) áíáðáñéóôÜ ìéá ôñï÷éÜ ðïõ óõíäÝåé 2 ôïðéêÜ ìÝãéóôá óå äéáöïñåôéêü
ýøïò áóõìðôùôéêÜ óôï ÷ñüíï. Ôï (1.1) ìå c = 0 åßíáé ç åéäéêÞ ðåñßðôùóç ôïõ
óôÜóéìïõ êýìáôïò. ÁíÜãåôáé óôï Uxx = ∇W (U) ãéá Ýíá äõíáìéêü ìå åëÜ-
÷éóôá óôï ßäéï ýøïò. Ç ðåñßðôùóç N > 1 Ý÷åé ìåëåôçèåß áðü ôïõò Sternberg
[St], Alikakos-Fusco [A-F] êáé Alikakos, Betel�u, Chen [A-Be-C].

Ç ðåñßðôùóç N = 1 êáé c > 0 ôïõ (1.1) åßíáé êáèéåñùìÝíç. Óôçí äéáíõ-
óìáôéêÞ ðåñßðôùóç N > 1 êáé c 6= 0 ôïõ (1.1) áñ÷Ýò ìåãßóôïõ êáé óýãêñéóçò
äåí åßíáé äéáèÝóéìåò êáé ìüíï åéäéêÜ óõóôÞìáôá Ý÷ïõí ìåëåôçèåß (äåò [V]).

Óå áõôü ôï êåöÜëáéï áðïäåéêíýïõìå ôçí ýðáñîç ïäåõüíôùí êõìÜôùí ãéá
Ýíá äõíáìéêü êÜôù áðü áóèåíåßò õðïèÝóåéò ðïõ åðéôñÝðïõí ôçí ýðáñîç ðïë-
ëþí åëá÷ßóôùí åðéâÜëëïíôáò ãåùìåôñêÝò õðïèÝóåéò ìüíï ãéá ôá óôáèìéêÜ
óýíïëá ôïõ äõíáìéêïý ðïõ ðåñéêëåßïõí ôá åëÜ÷éóôá. Ç ðñïóÝããéóÞ ìáò åßíáé
ìåôáâïëéêÞ: åéóÜãïõìå Ýíá óõíáñôçóéáêü äñÜóçò ìå âÜñïò (ìéá éäÝá ôùí Fife-
McLeod) ãéá ôá âñïýìå ôéò ëýóåéò ôïõ (1.1) óáí ôïðéêïýò åëá÷éóôïðïéçôÝò
ôïõ

Ec(U) =
∫

R

{
1
2

∣∣Ux∣∣2 +W (U)
}
ecxdx (1.3)

óôïí ÷þñï Fr�echet äéáíõóìáôéêþí óõíáñôÞóåùí [H1
loc(R)]N , ÷ñçóéìïðïéþ-

íôáò äéÜöïñåò ìåèüäïõò ãéá íá ðáñáêÜìðøïõìå ôçí Ýëëåéøç öñáãìÜôùí êáé
óõìðÜãåéáò. Äåß÷íïõìå üôé åëá÷éóôïðïéþíôá ïäåýïíôá êýìáôá (U; c) ÷ááêôç-
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ñßæïíôáé áðü Ec(U) = 0 êáé ðñïêýðôïõí óáí ëýóåéò ôïõ

Ec(U) = inf
{
Ec(V ) : V ∈ [H1

loc(R)]N ; V (±∞) = a±
}
; Ec(U) = 0:

(1.4)
¸íáò õðïëïãéóìüò äåß÷íåé üôé ôïðéêïß åëá÷éóôïðïéçôÝò ôïõ Ec áíôéóôïé÷ïýí
óå áóèåíåßò ëýóåéò ôïõ (1.1). ÈÝëïõìå íá êáôáóêåõÜóïõìå ëýóåéò ôçò Uxx−
∇W (U) = −c Ux, ôÝôïéåò þóôå U(±∞) = a± åëá÷éóôïðïéþíôáò ôï (1.3)
óôïí êáôÜëëçëï ÷þñï. Áõôü äåí ìðïñåß íá ãßíåé ìå ôçí Åõèåßá ÌÝèïäï,
áöïý êáíÝíáò åýëïãïò ãéá ôï ðñüâëçìá ÷þñïò äåí äåß÷íåé íá Ý÷åé óõìðÜãåéá
õðåñÜíù ôïõ R êáé ç áóõìðôïôéêÞ óõìðåñéöïñÜ äåí ìðïñåß íá åããõçèåß.

ÅðéðëÝïí, ôï (1.3) äåí åßíáé öñáãìÝíï áðü êÜôù êáé äåí åßíáé áíáëëïßùôï
óå ìåôáöïñÝò: Ec

(
U(· − �)

)
= ec�Ec(U). Óõíåðþò, ìéá åëá÷éóôïðïéïýóá

áêïëïõèßá ìðïñåß íá óõãêëßíåé óôá a±, üðïõ Ec(a+) = 0, Ec(a−) = −∞.
Áíôéìåôùðßæïõìå ôï ðñüâëçìá ëýíïíôáò Ýíá ðñüâëçìá ìå ðåñéïñéóìü, áêï-

ëïõèþíôáò ôïõò Alikakos, Fusco [A-F]: óôáèåñïðïéïýìå c; L > 0 êáé åëá-
÷éóôïðïéïýìå ôï Ec Üìåóá óôï åðéôñåðôü óýíïëï ôùí [H1

loc(R)]N óõíáñôÞ-
óåùí ìå ãñáöÞìáôá óôïõò êõëßíäñïõò (−∞;−L] × B(a−; r0) êáé [L;+∞) ×
B(a+; r0). É åëá÷éóôïðïßçóç ïäåéãåß óå 2-ðáñáìåôñéêÞ ïéêïãÝíåéá ëýóåùí
c; L > 0. Ôüôå ôï L áõîÜíåôáé ìÝ÷ñé íá âñïýìå ëýóç ðïõ äåí õêáíïðïéåß
ôïí ðåñéïñéóìü ãéá êáôÜëëçëç ôéìÞ ôçò ðáñáìÝôñïõ c = c∗ > 0.

Áõôüò ï ìç÷áíéóìüò óõìðáãïðïéåß ôï ðñüâëçìá êáé ìáò åðéôñÝðåé íá
âñïýìå ìéá êáôÜ ôìÞìáôá ëýóç ôïõ (1.1), åêôüò ôï ðïëý áðü ôá óôüìéá ôùí
êõëßíäñùí {±L} × @

(
B(a±; r0)

)
ðïõ óõãêëßíïõí áóõìðôùôéêÜ óôá a±, ãéá

êÜèå c > 0. Óôçí õðüëïéðç áðüäåéîç äåß÷íïõìå üôé ï ðåñéñéóìüò äåí õëïðïéåß-
ôáé ãéá óõãêåêñéìÝíï c∗ > 0 êáé ìåãÜëï L.

Ôï c óôï ìåãáëýåñï ìÝñïò ôçò áðüäåéîçò åßíáé ìéá óôáèåñÜ. Ôï êáôÜëëçëï
c = c∗ ðïõ åããõÜôáé ýðáñîç éêáíïðïéåß Ec∗(UL) = 0 ãéá ìåãÜëï L ≥ L∗. Áõôü
åßíáé áðáñáßôçôï ãéáôß ç áíáëëïéþôçôá óôéò ìåôáöïñÝò ôïõ (1.3) äßíåé üôé ç
ìüíç ðåðåñáóìÝíç åëÜ÷éóôç ôéìÞ ôïõ Ec åßíáé ôï ìçäÝí.

1.1 ÔÏ ÐÅÑÉÏÑÉÓÌÅÍÏ ÐÑÏÂËÇÌÁ

ËÞììá 1.1 ¸óôù üôé ìéá ëýóç (U; c) ôïõ ðñïâëÞìáôïò (1.1) õðÜñ÷åé êáé
éêáíïðïéåß Ux(±∞) = 0 áêïëïõèéáêÜ. Ôüôå:

W−(a−) = c

∫
R

∣∣Ux∣∣2dx & c
(
a+ − a−

)
=
∫

R
∇W

(
U
)
dx:
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Áðüäåéîç ôïõ 1.1. Ç åîßóùóç äßíåé −Uxx ·Ux + ∇W (U) ·Ux = c
∣∣Ux∣∣2. ¢ñá

c

∫
R

∣∣Ux∣∣2dx = −
∫

R

(1
2

∣∣Ux∣∣2)xdx +
∫

R

(
W (U)

)
x
dx

= ± 0 + W (U(+∞)) − W (U(−∞))
= −W (a−):

ÅðéðëÝïí, ∫
R
∇W

(
U
)
dx =

∫
R

(
Uxx + cUx

)
dx

= 0− 0 + c
(
a+ − a−

)
:

Áðü ôï ËÞììá 1.1, áí U(±∞) = a± êáé W (a+) = 0 > W (a−), ôüôå c > 0.
�
Ðáßñíïõìå L > 0 êáé r0 > 0 ìéêñü, þóôå W (u) ≥ 0 ãéá |a+ − u| ≤ r0 êáé
W (u) < 0 ãéá |a− − u| ≤ r0. ÈÝôïõìå:

X+
L :=

{
U ∈ [H1

loc(R; ecId)]N : |U(x)− a+| ≤ r0; x ≥ +L
}
;

X−
L :=

{
U ∈ [H1

loc(R; ecId)]N : |U(x)− a−| ≤ r0; x ≤ −L
}
;

êáé XL := X+
L

⋂
X−
L

Èåþñçìá 1.2 ¸óôùW Ýíá C2
loc(RN ) äõíáìéêü êáé a± 2 åëÜ÷éóôá, ìåW (a−) <

0 = W (a+) êáé a− ôï ïëéêü. ÕðïèÝôïõìå üôé W−1
(
[W (a−); 0]

)
åßíáé óõìðá-

ãÝò óôïí RN . Ãéá êÜèå L > 0, c > 0, ôï ðñüâëçìá

Ec(UL) = inf
XL

{
Ec
}

Ý÷åé ëýóç UL óôïí XL ⊆ [H1
loc(R; ecId)]N .

Áðüäåéîç ôïõ 1.2. Ðñþôá äåß÷íïõìå üôé XL 6= ∅ êáé −∞ < infXL
{
Ec
}
<

∞.

Éó÷õñéóìüò 1.3 ÕðÜñ÷åé Uaff ∈ XL
⋂

[W 1;∞
loc (R)]N þóôå

−∞ < −e
cLW−(a−)

c
≤ inf

XL

{
Ec
}
≤ Ec(Uaff ) < ∞:
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Áðüäåéîç ôïõ 1.3. ÈÝôïõìå

Uaff (x) := a−�(−∞;−1) +
(

1− x

2
a− +

1 + x

2
a+

)
�[−1;1] + a+�(1;∞):

¸÷ïõìå

Ec(Uaff ) =
∫ −1

−∞
(0 +W (a−))ecxdx +

∫ ∞

1
(0 +W (a+))ecxdx

+
∫ 1

−1

{
1
2

∣∣∣a+ − a−

2

∣∣∣2 +W

(
1− x

2
a− +

1 + x

2
a+

)}
ecxdx

≤
∫ 1

−1

{
1
2

∣∣∣a+ − a−

2

∣∣∣2 + W+

(
1− x

2
a− +

1 + x

2
a+

)}
ecxdx

+
1
c
e−cW (a−):

ÈÝôùíôáò E+
c (U) :=

∫
R

{
1
2 |Ux|

2 +W+
(
U
)}
ecxdx, Ý÷ïõìå

Ec(Uaff ) ≤ −e−cW
−(a−)
c

+ ecE+
0 (Uaff ): (1.5)

ËáìâÜíïõìå ôï Üíù öñÜãìá supL≥1 infXL
{
Ec
}
≤ supL≥1Ec(Uaff ) <∞. Áí

ç U áíÞêåé óôï XL, Ý÷ïõìå W−(U(x)) = 0 ãéá x ≥ L êáé W+(U(x)) = 0 ãéá
x ≤ −L. ¢ñá

Ec(U) =
∫

R

{
1
2

∣∣Ux∣∣2 +W
(
U
)}

ecxdx

=
1
2

∫
R
|Ux|2ecxdx +

∫
R
W+(U)ecxdx −

∫
R
W−(U)ecxdx

≥ −
∫

R
W−(U)ecxdx

≥ − W−(a−)
∫ L

−∞
ecxdx = −W

−(a−)
c

ecL:

�
Áðü C2 ïìáëüôçôá ôùí ëýóåùí ôïõ (1.1), Ý÷ïõìå inf XL

[
Ec
]
< Ec(Uaff ).

¸óôù {UnL}n≥1 åëá÷éóôïðïéïýóá áêïëïõèßá óôïí [H1
loc(R; ecId)]N þóôå Ec(UnL) −→

infXL
{
Ec
}
, ãéá n→∞. ¸÷ïõìå∣∣UnL(x)
∣∣ ≤ max

{
|a+|; |a−|

}
+ r0 ; x ∈ (−∞;−L] ∪ [L;∞):
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Éó÷õñéóìüò 1.4 ÕðÜñ÷åé C = C(c; L;W ) > 0 þóôå

sup
n≥1

∥∥(UnL)x
∥∥

[L2(R;ecId)]N ≤ C ; sup
n≥1

∥∥UnL∥∥[L∞(R)]N
≤ C:

Áðüäåéîç ôïõ 1.4. Ãéá x ∈ [−L;L], Ý÷ïõìå

|UnL(x)| ≤ |UnL(−L)| +
∫ x

−L

∣∣(UnL)t
∣∣e ct2 e−ct2 dt

≤ max
{
|a+|; |a−|

}
+ r0 +

(∫ L

−L
e−ctdt

) 1
2
(∫ x

−L

∣∣(UnL)t
∣∣2ectdt) 1

2

;

1
2

∫
R

∣∣(UnL)x
∣∣2ecxdx ≤ Ec(Uaff ) −

∫
R
W (UnL)ecxdx

≤ Ec(Uaff )−
∫

R
W+(UnL)ecxdx +

∫
R
W−(UnL)ecxdx

≤ Ec(Uaff ) +
∫ L

−∞
W−(UnL)ecxdx

≤ Ec(Uaff ) +
W−(a−)

c
ecL:

¢ñá
1
2

∥∥(UnL)x
∥∥2

[L2(R;ecId)]N
≤ W−(a−)

c
ecL + Ec(Uaff ):

Åðåéäç
∣∣UnL(x)

∣∣ ≤ max
{
|a+|; |a−|

}
+ r0 for x ∈ (−∞;−L]

⋃
[L;∞), ëáìâÜ-

íïõìå

∥∥UnL∥∥[L∞(R)]N
≤ max

{
|a+|; |a−|

}
+ r0 +

(
ecL − e−cL

c

) 1
2∥∥(UnL)x

∥∥
[L2(R;ecId)]N

:

� Ôþñá ðñï÷ùñïýìå óôçí
ýðáñîç ôïõ åëá÷éóôïéçôÞ. Ç (UnL)∞1 åßíáé öñáãìÝíç óôïí [H1

loc(R; ecId)]N , ìå
ðáñáãþãïõò öñáãìÝíåò óôïí [L2(R; ecId)]N :

supn≥1

∥∥UnL∥∥(H1(I;ecId)]N
≤ C(c; L;W; I) for all I ⊂⊂ R,

supn≥1

∥∥(UnL)x
∥∥

[L2(R;ecId)]N ≤ C(c; L;W ):

Áðü óôÜíôáñ åðé÷åéñÞìáôá óõìðÜãåéáò, UL ∈ [H1
loc(R; ecId)]N þóôå êáôÜ ìÞ-

êïò ìéáò õðáêïëïõèßáò UnL −−* UL ãéá n → ∞ áóèåíþò óôïí [H1
loc(R)]N
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êáé UnL −→ UL óôïí [L2
loc(R; ecId)]N êáé ó.ð. óôï R. Áðü áóèåíÞ êÜôù

çìéóõíÝ÷åéá êáé ôï ëÞììá ôïõ Fatou, Ý÷ïõìå W (UnL) +W−(a−)�(−∞;L] ≥ 0
êáé ∫

R

1
2
|(UL)x|2ecxdx ≤ lim inf

n→∞

∫
R

1
2
|(UnL)x|2ecxdx;∫

R

{
W (UL) +W−(a−)�(−∞;L]

}
ecxdx ≤

≤ lim inf
n→∞

∫
R

{
W (UnL) +W−(a−)�(−∞;L]

}
ecxdx:

Áñá

−e
cLW−(a−)

c
≤ Ec(UL) ≤ lim

n→∞
Ec(UnL)

≤ −e−cW
−(a−)
c

+ ecE+
0 (Uaff ):

�

1.2 ÐÅÑÉÏÑÉÓÌÅÍÏÉ ÅËÁ×ÉÓÔÏÐÏÉÇÔÅÓ ÓÁÍ ÔÌÇÌÁ-
ÔÉÊÅÓ ËÕÓÅÉÓ

ÅéóÜãïõìå ôçí áêüëïõèç õðüèåóç ìïíïôïíéêüôçôáò

1. ÕðÜñ÷åé R0 > 0 þóôå ç áðåéêüíéóç r 7→W (a±+ r�) Ý÷åé ãíÞóéá èåôéêÞ
ðáñÜãùãï ãéá êÜèå r ∈ (0; R0) êáé � ∈ RN ; |�| = 1.

ÕðïèÝôïõìå üôé r0 < R0, Üñá ç B(a±; r0) åßíáé óôçí ðåñéï÷Þ ìïíïôïíéêüôç-
ôáò. Áðü ôéò ðïëéêÝò óõíôåôáãìÝíåò ãéá ôçí U óôïí [H1

loc(R; ecId)]N Ý÷ïõìå
U±(x) := a± + �±(x)n±(x). Ôüôå |(U±)x|2 = ((�±)x)2 + (�±)2|n±x |2. Áí
I ⊆ R åßíáé ìåôñÞóéìï, Ý÷ïõìå∫

I

∣∣Ux∣∣2ecxdx =
∫
I
T
{�±>0}

{
(�±x )2 + (�±)2|n±x |2

}
ecxdx;

áöïý åðåéäÞ [H1
loc(R)]N ,→ [C0

loc(R)]N Ý÷ïõìå |Ux| = 0 ó.ð. óôá óýíïëá
U−1({a±}). Áí � < � óôï R, èÝôïõìå

Ec
(
U; (�; �)

)
:=
∫ �

�

{1
2

∣∣Ux∣∣2 +W (U)
}
ecxdx:
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ËÞììá 1.5 ¸óôù üôé ôï W éêáíïðïéåß ôçí (1) êáé c > 0. ¸óôù a ∈
{a+; a−} êáé U ∈ [H1(�; �)]N ìå U = a+ �n êáé õðïèÝóôå üôé
(i) 0 < �(�) = �(�) = r ≤ R0 (R0 üðùò óôçí (1)),
(ii) r ≤ �(x) ≤ R0, ãéá üëá ôá x ∈ (�; �).
Ôüôå õðÜñ÷åé Ũ ∈ [H1(�; �)]N , Ũ = a+�̃n, þóôå U(�) = Ũ(�), U(�) = Ũ(�)
êáé �̃(x) < r, ãéá x ∈ (�; �) åíþ

Ec(Ũ ; (�; �)) < Ec(U; (�; �)):

Áðüäåéîç ôïõ 1.5 ÐñïöáíÞò. �

Ðñüôáóç 1.6 Ïé åëá÷éóôðïéçôÝò UL éêáíïðïéïýí

−
(
�±L
)
xx
− c
(
�±L
)
x

+ �±L
∣∣(n±L )x

∣∣2 +∇W
(
a± + �±Ln

±
L

)
· n±L ≤ 0;

áóèåíþò óôïí H1
loc

(
(L;∞)

⋂
{�+
L > 0}

)
êáé óôïí H1

loc

(
(−∞;−L)

⋂
{�−L >

0}
)
. Áí åðéðëÝïí ôï W éêáíïðïéåß ôçí (1), Ý÷ïõìå(

�±L
)
xx

+ c
(
�±L
)
x
≥ 0:

Áðüäåéîç ôïõ 1.6. Èåùñïýìå ìüíï ôçí ðåñßðôùóç a = a−. ÈÝôïõìå
�(x) := �(x)n−L (x), ìå � ∈ C∞c (−∞;−L) êáé èåùñïýìå ìåôáâïëÝò

U"L(x) := UL(x)− "�(x) = a− +
(
�−L (x)− "�(x)

)
n−L (x)

ðïõ éêáíïðïéïýí ôïí ðåñéïñéóìü ãéá ìéêñü " ∈ [0; "�]. ¸÷ïõìå

lim
"→0+

[1
"

(
Ec(U"L)− Ec(UL)

)]
≥ 0:

Õðïëïãßæïõìå

Ec(U"L) =
∫ −L

−∞

{
1
2
(
(�−L )x − "�x

)2 +
1
2
(
�−L − "�

)2∣∣(n−L )x
∣∣2

+ W
(
a− + (�−L − "�)n−L

)}
ecxdx

+
∫ ∞

−L

{
1
2

∣∣(UL)x
∣∣2 +W (UL)

}
ecxdx:

ËáìâÜíïíôáò ðëåõñéêÞ d
d"

∣∣
"=0+ , Ý÷ïõìå∫ −L

−∞

{
−(�−L )x(�xecx)−

[
�−L
∣∣(n−L )x

∣∣2 +∇W
(
a− + �−Ln

−
L

)
· n−L

]
(�ecx)

}
dx ≥ 0:
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¢ñá∫ −L

−∞

{(
�−L
)
x

(
�ecx

)
x
+
[
�−L
∣∣(n−L )x

∣∣2−∇W (a−+�−Ln
−
L

)
·n−L

]
(�ecx)

}
dx ≤ 0:

Ôåëåéþóáìå, ãéáôß ï ðïëëáðëáóéáóôéêüò ôåëåóôÞò MecId åßíáé éóïìïñöéóìüò
óôïí õðï÷þñï C∞c

(
−∞;−L

)
ôïõ H1

loc

(
−∞;−L

)
. �

Ðñüôáóç 1.7 Áí ôï W éêáíïðïéåß ôçí (1), ôüôå
a) Áí x+

L := inf
{
t ∈ R : �+

L ≤ r0 on [t;+∞)
}
, ôüôå �+

L < r0 óôï (x+
L ;+∞).

b) Áí x−L := sup
{
t ∈ R : �−L ≤ r0 on (−∞; t]

}
, ôüôå �−L < r0 óôï (−∞; x−L ).

Áðüäåéîç ôïõ 1.7. ¸ðåôáé áðü ôçí éó÷õñÞ Áñ÷Þ Ìåãßóôïõ ãéá ôçí åîß-
óùóç �xx + c�x ≥ 0 óôï åóùôåñéêü ôùí êõëßíäñùí. �

Ðñüôáóç 1.8 ¼ëá ôá UL ëýíïõí ôçí Uxx−∇W (U) = −c Ux óôïí [C2
loc(R\

{x±L})]N
⋂

[C0(R)]N . ÁíÞêïõí óôïí [C2
loc(R)]N åêôüò åíäå÷ïìÝíùò áðü ôá

óçìåßá x±L = ±L.

Áðüäåéîç ôïõ 1.8 ¸ðåôáé ëáìâÜíïíôáò ôïðéêÝò ìåôáâïëÝò åíôüò ôùí
êõëßíäñùí. �

ÐáñáôÞñçóç 1.9 ¸÷ïõìå ôéò ôáõôüôçôåò

(�)xx + c(�)x = �|nx|2 + ∇W (a± + �n) · n: (1.6)

êáé

c

∫ �

�

∣∣Ux∣∣2dx =

(
W (U)−

∣∣Ux∣∣2
2

)∣∣∣∣∣
�

�

; (1.7)

óôá äéáóôÞìáôá üðïõ ç U ëýíåé ôçí Uxx −∇W (U) = −c Ux.

Ðñüôáóç 1.10 Áí ôï W éêáíïðïéåß ôçí (1), ôüôå UL(x) −→ a± ãéá x →
±∞ êáé (UL)x(±∞) = 0 áêïëïõèéáêÜ.

Áðüäåéîç ôïõ 1.10. Ãéá áðëüôçôá ðåôÜìå ôïõò äåßêôåò ±; L ôçò �.

Éó÷õñéóìüò 1.11 Ïé ðïëéêÝò áêôßíåò åßíáé ìïíüôïíåò åíôüò ôùí êõëßíäñùí.
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Áðüäåéîç ôïõ Áðü ôï ËÞììá 1.5 ç � äåí ìðïñåß íá åßíáé óôáèåñÞ óå
êáíÝíá äéÜóôçìá óôá (−∞; x−L ) (x+

L ;∞). ¢ñá, ôï óýíïëï A := {�x = 0}
åßíáé áñèìÞóéìï. Áöïý ç � ëýíåé ôçí �xx + c�x ≥ 0, ç Áñ÷Þ Ìåãßóôïõ äßíåé
üôé ôï A äåí ðåñéÝ÷åé ìÝãéóôá. ÅðéðëÝïí, ôï A äåí ìðïñåß íá ðåñéÝ÷åé åëÜ÷éóôá.
¢ñá, ç � åßíáé ôåëéêÜ ìïíüôïíç.

�
¸óôù ôþñá r∗ ôï üñéï ôçò �. Óôï +∞ Ý÷ïõìå r∗ = 0, áöïý∫ ∞

L
W+(UL)ecxdx ≤ Ec(Uaff ) +

∫ L

−∞
W−(UL)ecxdx

≤ Ec(Uaff ) +
W−(a−)ecL

c
< ∞:

Ãéá ôï −∞, Ý÷ïõìå

Éó÷õñéóìüò 1.12 Ãéá êÜèå t ∈ R ìå [t; t+ 1] ⊆ (−∞; x−L ), Ý÷ïõìå

0 ≤ min
t≤s≤t+1

|�|=1

[
∇W

(
a− + �(s)�

)
· �
]
≤ �x(t+ 1)ec − �x(t): (1.8)

Áðüäåéîç ôïõ ÐñÜãìáôé, áöïý ç Uxx − ∇W (U) = −c Ux éêáíïðïéåßôáé
áðü ôçí UL óôï (−∞; x−L ), ëáìâÜíïõìå∫ t+1

t

(
�xe

cx
)
x
dx =

∫ t+1

t
ecx
(
∇W (a− + �n) · n+ �

∣∣nx∣∣2)dx
≥ ect

∫ t+1

t

(
∇W (a− + �n) · n+ �

∣∣nx∣∣2)dx
≥ ect

∫ t+1

t
∇W (a− + �n) · n dx

≥ ect min
s∈[t;t+1]

[
∇W (a− + �(s)n(s)) · n(s)

]
≥ ect min

t≤s≤t+1

|�|=1

[
∇W

(
a− + �(s)�

)
· �
]
:

Áðü ôçí (1), ðáßñíïõìå ôçí (1.8).
Åöüóïí ôï üñéï ôçò � óôï −∞ õðÜñ÷åé, õðÜñ÷åé xn −→ −∞ þóôå �x(xn) −→
0. ÕðïèÝôïõìå üôé ôåëéêÜ �x ≥ 0. ÈÝôïíôáò t := xn − 1, Ý÷ïõìå

0 ≤ min
|�|=1

[
∇W

(
a− + �(xn − 1)�

)
· �
]
≤ �x(xn)ec:
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Óôï üñéï ëáìâÜíïõìå ∇W
(
a− + r∗�

)
· � = 0 ãéá êÜðïéï �. ¢ñá r∗ = 0.

¼ìïéá, áí �x ≤ 0, èÝôïõìå t := xn êáé ôüôå

0 ≤ min
|�|=1

[
∇W

(
a− + �(xn)�

)
· �
]
≤
∣∣�x(xn)∣∣

êáé ãéá n −→∞ Ýðåôáé üôé r∗ = 0.
Áðü ôçí ôáõôüôçôá∣∣Ux∣∣2 + �∇W (U) · n =

1
2

[
(�2)xx + c (�2)x

]
(1.9)

êáé ôï üôé ç �2 åßíáé ìïíüôïíç êáé Ý÷åé üñéï óôï −∞, Ý÷ïõìå (�2)x ≥ 0 êáé
�n −→ −∞ þóôå (�2)x(�n) −→ 0. Áðü ôçí (1.9) êáé ôçí (1) Ý÷ïõìå

0 ≤
∫ �n

�n−1

∣∣Ux∣∣2dx ≤ 1
2

[
(�2)x(�n)− (�2)x(�n − 1)

]
+
c

2

[
�2(�n)− �2(�n − 1)

]
≤ 1

2

[
(�2)x(�n) + c �2(�n)

]
−→ 0;

ãéá n −→∞. � �

Ðñüôáóç 1.13 Ïé ìïíüðëåõñåò (UL)x(±L±) ôçò UL õðÜñ÷ïõí êáé

c

∫
R

∣∣(UL)x
∣∣2dx = W−(a−) +

1
2

(∣∣(UL)x(−L+)
∣∣2 − ∣∣(UL)x(−L−)

∣∣2)
+

1
2

(∣∣(UL)x(+L+)
∣∣2 − ∣∣(UL)x(+L−)

∣∣2):
ÅðéðëÝïí, (UL)x ∈ [L2(R)]N .

Áðüäåéîç ôïõ 1.13. Åöáñìüæïíôáò ôçí (1.7) óôá (−∞;−L− "), (−L+
"; L − �) êáé (L + �;∞) ãéá "; � > 0 ìéêñÜ, áðü ôçí 1.10 êáé ôçí áíéóüôçôá
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H�older, Ý÷ïõìå

∣∣(UL)x(−L− ")
∣∣ ≤ √2

(
W (UL(−L− ")) + W−(a−)

) 1
2
;

∣∣(UL)x(−L+ ")
∣∣ ≤ √2

(
cec(L−")

∫ L−�

−L+"

∣∣(UL)x
∣∣2ecxdx − W (UL(+L− �))

+ W (UL(−L+ ")) +
1
2

∣∣(UL)x(+L− �)
∣∣2) 1

2

;

∣∣(UL)x(+L− �)
∣∣ ≤ √2

(
W (UL(L− �))−W (UL(−L+ ")) +

1
2

∣∣(UL)x(−L+ ")
∣∣2) 1

2

;

∣∣(UL)x(+L+ �)
∣∣ ≤ √2

(
ce−c(L+�)

∫ ∞

L+�

∣∣(UL)x
∣∣2ecxdx + W (UL(L+ �))

) 1
2

:

ÅðéôñÝðïíôáò " −→ 0+ êáé � −→ 0+ ôï æçôïýìåíï Ýðåôáé. �

1.3 ÔÁ ÔÏÐÉÊÁ ËÇÌÌÁÔÁ ÁÍÔÉÊÁÔÁÓÔÁÓÇÓ

Ïé êáíïíéêÝò óõíôåôáãìÝíåò (p; d) ôïõ RN ùò ðñïò Ýíá C2 êõñôü óýíïëï
C ⊆ RN äßíïíôáé áðü

u =: p + dn (1.10)

üðïõ p ç ðñïâïëÞ óôï C, 0 ∈ C, d ç ðñïóçìáóìÝíç áðüóôáóç @C êáé n ôï
ìïíáäéáßï êÜèåôï ôïõ @C. Ôï óýíïñï ðáñáìåôñåßôáé áðü óõíôåôáãìÝíåò

RN−1 3 s = (s1; :::; sN−1) 7→ p(s1; :::; sN−1) ∈ @C:

ÕðïèÝôïõìå üôé ôï

@p

@si
= ~ti ; i = 1; :::; N − 1; (1.11)

åßíáé ïñèïêáíïíéêü ðëáßóéï óôïí åöáðôüìåíï ÷þñï óôï p. ¢ñá

@n

@si
= �i~ti; �i = �i(s) ç i-ïóôÞ êýñéá êáìðõëüôçôá óôï @C: (1.12)

Ïé óõíôåôáãìÝíåò (p; d) ïñßæïíôáé ãéá −d0 ≤ d áí d0�i ≤ 1, i = 1; :::; N − 1
([G-T]). Ï ðñïóáíáôïëéóìüò åßíáé ôÝôïéïò þóôå �i ≥ 0. ¸÷ïõìå

U(x) = p(x) + d(x)n(x); (1.13)
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åíþ p(x) = p(s(x)), n(x) = n(s(x)). Áðü ôçí (1.13),

U̇(x) = ṗ(x) + ḋ(x)n(x) + d(x)ṅ(x)

= ~tiṡi + ḋn + d�i~tiṡi:

¢ñá

|U̇(x)|2 =
N−1∑
i=1

ṡ2i (1 + �id(x))2 + (ḋ(x))2: (1.14)

¸óôù ôþñá C′ ⊆ RN êõñôü êáé

Wu · n ≥ c0
2
> 0 on @C′; (1.15)

ìå W ∈ C1(RN ) êáé (p; d) ôéò êáíïíéêÝò óõíôåôáãìÝíåò ôïõ @C′. Áðü C1

ïìáëüôçôá ôïõ W êáé ôçí (1.15), õðÜñ÷åé d̄ > 0 þóôå

d 7−→ W (p+ dn) áýîïõóá óôï − d̄ ≤ d ≤ d̄: (1.16)

ËÞììá 1.14 ¸óôù x1 < x2 óôï R êáé U ∈ [H1(x1; x2)]N þóôå
(i) d(x1) = d(x2) = 0,
(ii) 0 ≤ d(x) ≤ d̄, x ∈ (x1; x2).
Áí ç (1.15) êáé ç (1.16) éêáíïðïéïýíôáé, ôüôå õðÜñ÷åé Ũ ∈ [H1(x1; x2)]N

þóôå:
Ũ(x1) = U(x1); Ũ(x2) = U(x2); (1.17)

− d̄ ≤ d̃(x) < 0; for x ∈ (x1; x2); (1.18)

E�(Ũ ; (x1; x2)) < E�(U; (x1; x2)); (1.19)

ìå Ũ(x) = p̃(x) + d̃(x)n(x) êáé

E�(U; (x1; x2)) :=
∫ x2

x1

(
1
2
|U̇(x)|2 +W (U(x))

)
d�(x) (1.20)

üðïõ � Ýíá èåôéêü ìÝôñï Radon óôï R.

Áðüäåéîç ôïõ 1.14 ¸óôù � : [0; 1] −→ R þóôå �(0) = �(1) = 0, �(�) >
0 ãéá � ∈ (0; 1). Ãéá ìéêñü " ≥ 0 ïñßæïõìå

Ũ"(x) := p(x)− "�

(
x− x1

x2 − x1

)
n(x); x ∈ [x1; x2]; (1.21)
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üðïõ U(x) = p(x) + d(x)n(x). Áðü ôçí (1.14), Ý÷ïõìå

|U̇(x)|2 =
N−1∑
i=1

ṡ2i (x) + d2
N−1∑
i=1

�2
i ṡ

2
i (x) + 2d

N−1∑
i=1

�iṡ
2
i (x) + ḋ2(x): (1.22)

Åðßóçò

| ˙̃U"|2 =
N−1∑
i=1

ṡ2i + "2�2
N−1∑
i=1

�2
i ṡ

2
i − 2"�

N−1∑
i=1

�iṡ
2
i + "2

�′2

(x2 − x1)2
: (1.23)

¢ñá

E�(Ũ"; (x1; x2)) = E�(Ũ0; (x1; x2))

− "

∫ x2

x1

�
N−1∑
i=1

�iṡ
2
i d� +

"2

2

∫ x2

x1

�2
N−1∑
i=1

�2
i ṡ

2
i d� (1.24)

−
∫ x2

x1

(
W (p) − W (p− "�n)

)
d�

+
"2

(x2 − x1)2

∫ x2

x1

�′2d�:

Áðü ôçí (1.16), Ý÷ïõìå

E�(Ũ0; (x1; x2)) ≤ E�(U; (x1; x2)): (1.25)

Åðßóçò

−
∫ x2

x1

(
W (p) − W (p− "�n)

)
d� +

"2

2(x2 − x1)2

∫ x2

x1

�′2d�

= −
∫ x2

x1

(∫ 1

0

d

d�
(W (p− "��n))d�

)
d�

+
"2

2(x2 − x1)2

∫ x2

x1

�′2d� (1.26)

= − "

∫ x2

x1

(∫ 1

0
Wu(p− "��n) · �n

)
d�d�

+
"2

2(x2 − x1)2

∫ x2

x1

�′2d�

(1.15)
< − C" +

"2

2(x2 − x1)2

∫ x2

x1

�′2d� < 0;
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Ãéá C > 0 êáé " > 0. ÔåëéêÜ

− "

∫ x2

x1

�
N−1∑
i=1

�iṡ
2
i d� +

"2

2

∫ x2

x1

�
N−1∑
i=1

�2
i ṡ

2
i d� ≤ 0; (1.27)

ãéá ìéêñü " > 0. Ôï ËÞììá Ýðåôáé ãéá Ũ := Ũ", 0 < " << 1. �

ÕðïèÝóåéò

(H1) W : RN −→ R, C2, ìå äýï åëÜ÷éóôá.

(H2) {u|W (u) ≤ 0} =: C−0 ∪ {a+}, C−0 óõìðáãÝò, êõñôü.

(H3) (i) Wu · n ≥ c0 > 0 óôï @C−0 =: {W = 0}(−), n ôï åîùôåñéêü êÜèåôï

óôï @C−0 .
(ii) Wuu ≥ c0I on {W = 0}(−).

ÐáñáôÞñçóç 1.15 a) Áðü C2 ïìáëüôçôá, õðÜñ÷åé b > 0 þóôå

Wuu ≤ bI; on {u|W (u) ≤ 0}: (1.28)

b) Ç (H3) óõíåðÜãåôáé {u|W (u) = �} ãéá 0 < � << 1 üôé

{W = �}(−) and {W = �}(+); (1.29)

ìå {W = �}(−) êõñôü êáé ðåñéÝ÷ïíôáò ôï a−. ÅðåéäÞ � < 0 (|�| << 1), ôï
{u|W (u) = �} Ý÷åé 2 óõíéóôþóåò. ¢ñá

Wu · n ≥ c0
2

on {W = �}(−), �0 ≤ � ≤ �0: (1.30)

ËáìâÜíïõìå � ∈ (0; �0) êáé åðéðëÝïí

0 < � <
c0
4
� =: ā0; (1.31)

üðïõ

0 ≤ � ≤ c0
2b

; 0 < � ≤ d0; � <
1

max{�1; :::; �N−1}
; (1.32)

ìå b üðùò óôçí (1.28),

d0 = dist
(
{W = �0}(−); {W = −�0}(−)

)
; (1.33)

êáé �1; :::; �N−1 ôéò êýñéåò êáìðõëüôçôåò. Åðßóçò

W (p − �n(p)) < 0; for p ∈ {W = �}(−): (1.34)
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ÐñÜãìáôé,

W (p) − W (p− �n) = −
∫ �

0

d

dt
[W (p− tn)]dt

=
∫ �

0
(Wu(p− tn)−Wu(p) +Wu(p)) · n dt

=
∫ �

0
Wu(p) · ndt −

∫ �

0

∫ 0

t

d

ds
(Wu(p− sn)ds) · n dt

=
∫ �

0
Wu(p) · ndt −

∫ �

0

∫ t

0
Wuu(p− sn)n · n dsdt

≥ c0
2
� − b

2
�2 ((1.28); (1.30))

≥ c0
4
�

(
� ≤ c0

2b

)
:

Óõíåðþò,

W (p)− c0
4
� ≥ W (p− �n) (1.35)

¢ñá

0 > � − c0
4
� ≥ W (p− �n): (1.36)

ËÞììá 1.16 ¸óôù C ç óõíéóôþóá ôïõ {u|W (u) ≥ �} ìå @C = {W =
�}(−). ¸óôù (p; d) ïé êáíïíéêÝò óõíôåôáãìÝíåò ùò ðñïò ôï C. ÕðïèÝ-
ôïõìå üôé ïé (H1), (H2), (H3) éó÷ýïõí. ¸óôù üôé x1 < x2 ∈ R êáé
U ∈ [H1(x1; x2)]N þóôå
(i) d(x1) = d(x2) = 0,
(ii) d(x0) ≥ 0, ãéá êÜðïéï x0 ∈ (x1; x2).

Ôüôå õðÜñ÷åé Ũ ∈ [H1(x1; x2)]N ìå éäéüôçôåò

Ũ(x1) = U(x1) ; Ũ(x2) = U(x2); (1.37)

üðïõ −d0 ≤ d̃(x) < 0 ãéá x ∈ (x1; x2) êáé

E�(Ũ ; (x1; x2)) < E�(U; (x1; x2)); (1.38)

üðïõ Ũ(x) = p̃(x) + d̃(x)n(x).

Áðüäåéîç ôïõ 1.16 ¸óôù

�M := max
x∈[x1;x2]

d(x): (1.39)
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ÕðïèÝôïõìå üôé d(x0) = �M . ðñþôá áíáëýïõìå ôçí ðåñßðôùóç d(x0) = �M =
0. Ôüôå d(x) < 0 ãéá êÜðïéï x ∈ (x1; x0) (x ∈ (x0; x2)), áöïý áëëéþò
áðü ôï ËÞììá 1.14 Ý÷ïõìå áíôßöáóç óôçí åëá÷éóôéêüôçôá. Áðü áõôü êáé ôç
óõíÝ÷åéá ôçò U Ýðåôáé ç ýðáñîç x̂1 ∈ (x1; x0), x̂2 ∈ (x0; x2), −d0

2 < d̂ < 0,
þóôå d(x̂1) = d(x̂2) = d̂ êáé d̂ < d(x) < 0, ãéá x ∈ (x̂1; x̂2). Èåùñïýìå
ôçí ðáñÜëëçëç õðåñåðéöÜíåéá ôçò @C, ðáñáìåôñçìÝíç áðü p + d̂n(p), p ∈ @C
êáé ôçí óõìâïëßæïõìå ìå @C′. Åöáñìüæïõìå ôï ËÞììá 1.14 óôï @C′ êáé
ëáìâÜíïõìå x̂1, x̂2. ¢ñá ôï ËÞììá áëçèåýåé ãéá �M = 0. ÕðïèÝôïõìå ôþñá
üôé �M > 0. Áí 0 < �M ≤ d0, åöáñìüæïõìå ðÜëé ôï ËÞììá 1.14 óôï I0 êáé
óôï {x ∈ (x1; x2)|d(x) > 0}. ÌÝíåé ç ðåñßðôùóç �M > d0. Ôáõôßæïõìå ôï
(x1; x2) ìå ôïI0. ¸óôù h : [0; d0] −→ [−�; 0], h(�) = −� �

d0
, ôüôå h(0) = 0,

h(d0) = −�. ÈÝôïõìå

Ũ(x) :=

{
p(x) + h(d(x))n(x); for x ∈ [x1; x2]; d(x) < d0

p(x) − �n(x); for x ∈ [x1; x2]; d(x) ≥ d0;
(1.40)

Ũ(x1) = U(x1), Ũ(x2) = U(x2). ¸÷ïõìå

|U̇(x)|2 =
N−1∑
i=1

ṡ2i (1 + �id(x))2 + ḋ2(x)

≥
N−1∑
i=1

ṡ2i (1 + �ih)2 + (h′(d))2ḋ2(x)

= | ˙̃U(x)|2;

üôáí d(x) < d0, åíþ ãéá d(x) ≥ d0 Ý÷ïõìå

|U̇(x)|2 =
N−1∑
i=1

ṡ2i (1 + �id(x))2 + ḋ2(x)

≥
N−1∑
i=1

ṡ2i (1 + �id(x))2

>
N−1∑
i=1

ṡ2i (1− ��i)2

= | ˙̃U(x)|2:

¢ñá, ∫ x2

x1

| ˙̃U(x)|2d�(x) <

∫ x2

x1

|U̇(x)|2d�(x): (1.41)
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Åðßóçò,

W (Ũ(x)) = W (p(x) + h(d(x))n(x))

= W
(
p(x) − �d(x)

d0
n(x)

)
≤ W (p(x) + d(x)n(x)) (by(1.30))
= W (U(x));

üôáí d(x) < d0, åíþ ãéá d(x) ≥ d0 Ý÷ïõìå

W (Ũ(x)) ≤ 0 ≤ W (U(x)): (1.42)

ÔåëéêÜ ∫ x2

x1

W (Ũ(x))d�(x) <

∫ x2

x1

W (U(x))d�(x): (1.43)

¢ñá
E�(Ũ ; (x1; x2)) < E�(U; (x1; x2)): (1.44)

�

1.4 ÉÄÉÏÔÇÔÅÓ ÄÑÁÓÇÓ ÔÙÍ ÅËÁ×ÉÓÔÏÐÏÉÇÔÙÍ

ËÞììá 1.17 ÊÜèå ëýóç ôçò Uxx −∇W (U) = −c Ux óôïí [C2(�; �)]N éêá-
íïðïéåß:

Ec(U; (�; �)) =
∫ �

�

{1
2

∣∣Ux∣∣2 +W (U)
}
ecxdx =

{
ecx

c

(
W (U)−

∣∣Ux∣∣2
2

)}∣∣∣∣∣
�

�

:

Áðüäåéîç ôïõ 1.17. Ç Uxx−∇W (U) = −c Ux äßíåé −Uxx ·Ux+∇W (U) ·
Ux = c

∣∣Ux∣∣2, Üñá (
1
2

∣∣Ux∣∣2 −W (U)
)
x

= −c
∣∣Ux∣∣2:

Óõíåðþò,{
ecx

2

∣∣Ux∣∣2} ∣∣∣�
�
− c

2

∫ �

�

∣∣Ux∣∣2ecxdx − (
ecxW (U)

)∣∣∣�
�

+ c

∫ �

�
W (U)ecxdx

= −c
∫ �

�

∣∣Ux∣∣2ecxdx:
�
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ËÞììá 1.18 Ïé åëá÷éóôïðïéçôÝò UL éêáíïðïéïýí

Ec(UL) = lim
!→∞

ec!

c

(
W (UL(!))−

∣∣(UL)x(!)
∣∣2

2

)

+
e+cL

2c

(∣∣(UL)x(+L+)
∣∣2 − ∣∣(UL)x(+L−)

∣∣2)
+
e−cL

2c

(∣∣(UL)x(−L+)
∣∣2 − ∣∣(UL)x(−L−)

∣∣2) :

 =: ec(UL)

Ôï Üèñïéóìá ec(UL) åßíáé ôï \óöÜëìá" ðïõ ìçäåíßæåôáé áí UL ∈ [C2
loc(R)]N .

Áðüäåéîç ôïõ 1.18. ÅðåéäÞ Ec(UL) = lim!→∞Ec(UL; (−∞; !)), áðü
ôï ËÞììá 1.17 óôá (−∞;−L), (−L;L), (L; !) êáé ! −→ ∞, ôï æçôïýìåíï
Ýðåôáé. �

ËÞììá 1.19 Ïé åëá÷éóôïðïéçôÝò UL éêáíïðïéïýí

lim
!→∞

[
ec!

c

(
W (UL(!))−

∣∣(UL)x(!)
∣∣2

2

)]
= 0:

Áðüäåéîç ôïõ 1.19. Áðü ôçí (1.7) ãéá � = !, � = ∞ êáé ôçí Ðñüôáóç
1.10, Ý÷ïõìå

0 ≤ c

∫ ∞

!

∣∣(UL)x
∣∣2dx =

∣∣(UL)x(!)
∣∣2

2
− W (UL(!)):

Ôüôå

0 ≤ ec!

c

(∣∣(UL)x(!)
∣∣2

2
− W (UL(!))

)
= ec!

∫ ∞

!

∣∣(UL)x
∣∣2dx

≤
∫ ∞

!

∣∣(UL)x
∣∣2ecxdx:

Áðü ôçí Ðñüôáóç 1.13, Ý÷ïõìå (UL)x ∈ [L2(R; ecId)]N . �

Ðüñéóìá 1.20 ¸÷ïõìå Ec(UL) = ec(UL), ìå ec(UL). ÅðéðëÝïí, Ec(UL) =
0 áí UL ∈ [C2

loc(R)]N .
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1.5 ÐÏÑÉÓÌÁÔÁ ÔÙÍ ËÇÌÌÁÔÙÍ ÁÍÔÉÊÁÔÁÓÔÁÓÇÓ
- ÊÁÈÏÑÉÓÌÏÓ ÔÇÓ ÔÁ×ÕÔÇÔÁÓ

ÅéóÜãïõìå ôéò õðïèÝóåéò ãéá ôï äõíáìéêü:

1. To W åßíáé C2
loc(RN ), ôá a± åßíáé åëÜ÷éóôá, W (a−) < 0 = W (a+) êáé

minRN {W} = W (a−). ÅðéðëÝïí õðÜñ÷åé �0 > 0 þóôå áí � ∈ (0; �0],
íá Ý÷ïõìåW−1({�}) = @C−� ∪@C+

� , {u ∈ RN |W ≤ �} = C−� ∪C+
� , üðïõ

ôá C−� ; C+
� åßíáé îÝíá, óõìðáãÞ, êõñôÜ ìå C2 óýíïñá êáé ðåñéÝ÷ïõí ôá

a±. ÅðéðëÝïí, Wu · n ≥ c0 > 0 óôï @C−0 êáé Wuu ≥ c0I óôï @C−0 .

2. Ç r 7→ W (a− + r�) Ý÷åé ãíÞóéá èåôéêÞ ðáñÜãùãï ãéá a− + r� ∈ C−� ,
|�| = 1, r > 0.

Ïñéóìüò 1.21 Ãéá � ∈ (0; �̄0] êáé L ≥ 1, èÝôïõìå

�−L := sup
{
x ∈ R : |UL(x)− a−| = r0

}
;

�+
L := inf

{
x ∈ R : |UL(x)− a+| = r0

}
;

��−L := sup
{
x ∈ R : UL(x) ∈ @(C−� )

}
:

Ðñüôáóç 1.22 ÕðïèÝôïõìå üôé ôïW éêáíïðïéåß ôçí (1) êáé ôçí (1), � åßíáé
üðùò óôïí Ïñéóìü 1.21. Ãéá êÜèå L ≥ 1, Ý÷ïõìå
(I) Ôï UL åîÝñ÷åôá áðü ôï C−� áêñéâþò üôáí x = ��−L , äçë.

x ∈ (−∞; ��−L ] =⇒ W (UL(x)) ≤ �:

(II) Ç åéêüíá UL(R) ðåñéïñéóìÝíç óôï RN \ (C−�
⋃

B(a+; r0)) Ý÷åé ìéá óõíå-
êôéêÞ óõíéóôþóá êáé

W (UL(x)) ≥ � for x ∈ [��−L ; �+
L ]:

(III) Ç åéêüíá UL(R) ðåñéïñéóìÝíç óôï C−�
⋃

B(a+; r0) Ý÷åé äýï óõíåêôéêÝò
óõíéóôþóåò êáé

W (UL(x)) ≤ � ãéá êÜðïéï x ∈ R ôüôå åßôå x ∈ (−∞; ��L], åßôå x ∈ [�+
L ;+∞):

(IV) Ôá �±L åßíáé êáëÜ ïñéóìÝíá óáí ôïõò ìïíáäéêïýò ÷ñüíïõò üðïõ äéáó÷ß-
æïíôáé ïé óöáßñåò @(B(a±; r0)).
(V) Ïé ðïëéêåò áêôßíåò �±L =

∣∣UL − a±
∣∣ åßíáé ãíÞóéá ìïíüôïôïíåò óôá

[�+
L ;+∞), (−∞; ��−L ] áíôßóôïé÷á.
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Áðüäåéîç ôïõ 1.22. 1. Èåùñïýìå ðñþôá ôï �−L . ¸ðåôáé Üìåóá áðü ôï
ËÞììá 3.4 óôï [A-F].
2. Ãéá ôï ��−L , åöáñìüæïíôáò ôï 1.16, Ý÷ïõìå ìïíáäéêÞ ôïìÞ ôïõ UL ìå ôï
@C−a .
3. Ãéá ôï �+

L õðïèÝôïõìå ðñïò áíôßöáóç üôé ôï UL ôÝìíåé ôï @B(a+; r0)
ôïõëÜ÷éóôïí 2 öïñÝò. Ôüôå õðÜñ÷ïõí x1 < x2 þóôå UL(xi) ∈ @B(a+; r0),
i = 1; 2 êáé UL(xi) 6∈ B(a+; r0), x1 < x < x2. Áðü ôï 2., ôï UL äåí ìðïñåß
íá ôÝìíåé ôï @C−� ãéá åêåßíá ôá x. Áðü ôï ËÞììá 3.4 óôï [A-F] Ýðåôáé ç
áíôßöáóç.
4. Ôá ðáñáðÜíù äßíïõí üôé ôï UL(x) äåí ìðïñåß íá âãåé áðü ôï C−� ðñéí ôï
x = ��−L êáé äåí ìðïñåß íá ìðåé óôï B(a+; r0) ðñéí áðü x = �+

L . Óõíåðþò
Ý÷ïõìå Ýëåã÷ï óôéò ðåñéï÷Ýò ìïíïôïíéêüôçôáò, ðïõ äßíåé ôá L∞ öñÜãìáôá∥∥�−L∥∥L∞(−∞;��−L )

≤ max
u∈C−�

∣∣u− a−
∣∣ ; ∥∥�+

L

∥∥
L∞(�+

L ;∞)
≤ r0:

Ôï ËÞììá 1.5 êáé ç éó÷õñç Áñ÷Þ Ìåãßóôïõ ìðïñïýí íá åöáñìïóôïýí äßíïíôáò
ôï æçôïýìåíï. �

ËÞììá 1.23 Áí dist(C−� ;B(a+; r0)) =: d�, ôüôå ãéá � ∈ [0; �̄0] êáé L ≥ 1,
Ý÷ïõìå

Ec(UL) ≥ −W
−(a−)
c

ec�
0−
L +

�

c

[
ec�

+
L − ec�

�−
L

]
+

c d 2
�

2
(
e−c�

�−
L − e−c�

+
L

) :
Áðüäåéîç ôïõ 1.23. ¸÷ïõìå

Ec(UL) = −
∫ �0−

L

−∞
W−(UL)ecxdx +

∫ ∞

�0−
L

W+(UL)ecxdx +
1
2

∫
R

∣∣(UL)x
∣∣2ecxdx:

ÅðåéäÞ W (UL) ≥ � óôï [��−L ; �+
L ] êáéW−(UL) ≤W−(a−), Ý÷ïõìå:∫ �0−

L

−∞
W−(UL)ecxdx ≤ W−(a−)

∫ �0−
L

−∞
ecxdx

=
W−(a−)

c
ec�

0−
L ;

∫ ∞

�0−
L

W+(UL)ecxdx ≥
∫ �+

L

��−L

W+(UL)ecxdx

≥ �

∫ �+
L

��−L

ecxdx =
�

c

[
ec�

+
L − ec�

�−
L

]
;
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d� ≤
∣∣UL(��−L )− UL(�+

L )
∣∣ ≤ ∫ �+

L

��−L

∣∣(UL)x
∣∣dx

≤

(∫ �+
L

��−L

e−cxdx

) 1
2
(∫ �+

L

��−L

∣∣(UL)x
∣∣2ecxdx) 1

2

:

¢ñá

d 2
� ≤

(
e−c�

�−
L − e−c�

+
L

c

)∫
R

∣∣(UL)x
∣∣2ecxdx:

�

Ç ôá÷ýôçôá ôïõ Ïäåýïíôïò Êýìáôïò. Ôá áðïôåëÝóìáôá ìÝ÷ñé óôéãìÞò
éó÷ýïõí ãéá áõèáßñåôï c > 0. Ôï êáôÜëëçëï c = c∗ ðïõ åããõÜôáé ýðáñîç
ðñÝðåé íá åßíáé ðïëý óõãêåêñéìÝíï: Áðü ôçí Ðñüôáóç 1.13,(∣∣(UL)x(+L+)

∣∣2 − ∣∣(UL)x(+L−)
∣∣2)+

(∣∣(UL)x(−L+)
∣∣2 − ∣∣(UL)x(−L−)

∣∣2)
+ 2W−(a−) = 2c

∫
R

∣∣(UL)x
∣∣2dx

≥ 2c
∫ L

−L

∣∣(UL)x
∣∣2dx

≥
c
∣∣UL(+L)− UL(−L)

∣∣2
L

≥ c

L

(
|a+ − a−| − 2r0

)2
;

êáé Üñá áí c −→ +∞ äåí ìðïñïýìå íá óõãêïëëÞóïõìå ôéò ëýóåéò ãéá êáíÝíá
L <∞. Åðßóçò, áðü ôï Ðüñéóìá 1.20 êáé ôçí (1.5), Ý÷ïõìå

ecL
(∣∣(UL)x(L+)

∣∣2 − ∣∣(UL)x(L−)
∣∣2)+ e−cL

(∣∣(UL)x(−L+)
∣∣2 − ∣∣(UL)x(−L−)

∣∣2)
= 2cEc(UL)
≤ 2cEc(Uaff )
≤ −2e−cW−(a−) + 2cec

(
E+

0 (Uaff )
)
;

äåí ìðïñïýìå íá óõãêïëëÞóïõìå ôéò ëýóåéò áí c −→ 0+. Ôï êáôÜëëçëï c =
c∗ åßíáé åêåßíï üðïõ ãéá ìåãÜëï L > L∗ ≥ 1, Ec(UL) = 0. Ç Uxx−∇W (U) =
−c Ux åßíáé áíáëëïßùôç óå ìåôáöïñÝò, åíþ ç (1.3) äåí åßíáé. Ìåôáôïðßóåéò
U(· − �), � 6= 0 ëýóåùí ðñïêýðôïõí óáí åëá÷éóôïðïéçôÝò ìåôáôïðéóìÝíùí
ec�Ec, áëëÜ êáé ôá 2 êýìáôá ðñÝðåé íá Ý÷ïõí ôçí ßäéá ìçäåíéêÞ åíÝñãåéá
Ec(U(· − �)) = Ec(U) = 0.
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ÐáñáôÞñçóç 1.24 Ãéá óôáèåñü c > 0, ç áðåéêüíéóç L 7−→ Ec(UL) : [1;∞) −→(
−∞; Ec(Uaff )

]
åßíáé áýîïõóá ùò ðñïò L.

ÈÝôïõìå
R�max := max

u∈@C−�

∣∣u− a−
∣∣:

ËÞììá 1.25 Áí ôï W éêáíïðïéåß ôçí (1), õðÜñ÷åé w∗ > 0 þóôå áí � ∈
[0; �̄0],

��−L − �−L ≤
1
w∗

{
cR�max +

[(
cR�max

)2 + 2w∗
∣∣R�max − r0

∣∣] 1
2

}
=: Λ�;−: (1.45)

Óáí w∗ ìðïñïýìå íá ðÜñïõìå

w∗ := min
r0≤r≤R�max

|�|=1

[
d

dt

∣∣∣
t=r

W (a− + t�)
]
:

Áðüäåéîç ôïõ 1.25. ÃñÜöïíôáò ôçí Uxx −∇W (U) = −c Ux óå ðïëéêÝò
UL = a− + �−Ln

−
L , ëáìâÜíïõìå (1.6). Áðü ôçí (1) óôï [�−L ; �

�−
L ] ⊆ [−L;L],

åêôéìïýìå

(�−L )xx + c(�−L )x ≥ ∇W (a− + �−Ln) · n−L

=
d

dt

∣∣∣
t=�−L

W (a− + tn−L )

≥ min
r0≤r≤R�max

|�|=1

[
d

dt

∣∣∣
t=r

W (a− + t�)
]

=: w∗ > 0:

Ôüôå

(�−L )x + c�−L ≥ w∗(x− �−L ) +
{
c�−L (�−L ) + (�−L )x

(
(�−L )+

)}
:

Ëüãù ôçò Ðñüôáóçò 1.22, Ý÷ïõìå { : } ≥ 0. ¢ñá∫ x

�−L

(�−L )z(z)dz + c

∫ x

�−L

(�−L )(z)dz ≥ w∗
∫ x

�−L

(z − �−L )dz:

ÈÝôïõìå x := ��−L . Ôüôå∣∣R�max − r0
∣∣

��−L − �−L
+

c

��−L − �−L

(∫ x

�−L

(�−L )(z)dz

)
≥ w∗

2
[
��−L − �−L

]
:
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ÈÝôùíôáò ��−L −�−L =: x êáé óõãêñßíïíôáò ìå ôéò ëýóåéò ôçò w
∗

2 x
2−(cR�max)x−∣∣R�max − r0

∣∣ ≤ 0 Ý÷ïõìå

w∗

2
[
��−L − �−L

]
≤
∣∣R�max − r0

∣∣
��−L − �−L

+ cR�max

ðïõ äßíåé ôçí (1.45). �

ËÞììá 1.26 Ãéá üëá ôá � ∈ (0; �̄0], Ý÷ïõìå:

Ec(UL) ≤ 0 =⇒ �+
L − ��−L ≤ 1

c
ln
(

1 +
W−(a−)

�

)
=: Λ�;+: (1.46)

Áðüäåéîç ôïõ 1.26. ¸ðåôáé áðü ôï ËÞììá 1.23:

0 ≥ Ec(UL)

≥ ec�
�−
L

{
− W−(a−)

c
+

�

c

(
ec(�

+
L−�

�−
L ) − 1

)
+

c d 2
�

2
(
1− e−c(�

+
L−�

�−
L )
)}

≥ ec�
�−
L �

c

{
−
(W−(a−)

�
+ 1

)
+ ec(�

+
L−�

�−
L )
}
:

�

Ðüñéóìá 1.27 Ôá ìÞêç
[
�−L ; �

+
L

]
åßíáé ïìïéüìïñöá öñáãìÝíá ãéá Ec(UL) ≤

0.

Áðüäåéîç ôïõ 1.27. Áðü ôá ËÞììáôá 1.25 êáé 1.26, Ý÷ïõìå

�+
L − �−L =

(
�+
L − ��−L

)
+
(
��−L − �−L

)
≤ Λ�;+ + Λ�;− (1.47)

=: Λ < ∞;

äåäïìÝíïõ üôé Ec(UL) ≤ 0. �

Ðñüôáóç 1.28 ÕðÜñ÷ïõí c∗ > 0 êáé L∗ ≥ 1 þóôå ãéá üëá ôá L ≥ L∗,

Ec∗(UL) = inf
XL

[Ec∗ ] = 0:

Ãéá ôçí áðüäåéîç ôçò Ðñüôáóçò Ý÷ïõìå ôá åîÞò:

ËÞììá 1.29 Ãéá êÜèå L ≥ 1 êáé V ∈ XL, óôáèåñÜ, ç c 7−→ Ec(V ) åßíáé
óõíå÷Þò óôï F := {c > 0 : |Ec(V )| <∞}.
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Áðüäåéîç ôïõ 1.29. ¸óôù cm −→ c∞ > 0 ãéá m −→∞. Áöïý V ∈ XL,
Ý÷ïõìå W (V ) = W+(V ) ≥ 0 óôï [L;∞) êáé óõíåðþò ãéá êÜèå c ∈ F ,

0 ≤
∫ ∞

L

(
1
2
|Vx|2 +W (V )

)
ecxdx

= Ec(V ) −
∫ L

−∞

(
1
2
|Vx|2 +W (V )

)
ecxdx

≤ Ec(V ) + sup
(−∞;L]

|W (V )|
∫ L

−∞
ecxdx

< ∞:

¢ñá ãéá m ìåãÜëï, óôï (L;+∞) Ý÷ïõìå∣∣∣∣(1
2
|Vx|2 +W (V )

)
ecmId

∣∣∣∣ ≤ 2
(

1
2
|Vx|2 +W (V )

)
ec∞Id ∈ L1(L;+∞):

Áí c ∈ F , Ý÷ïõìå∫ L

−∞

∣∣∣∣12 |Vx|2 +W (V )
∣∣∣∣ ecxdx ≤

∫ L

−∞

({
1
2
|Vx|2 +W (V )

}
+ 2|W (V )|

)
ecxdx

≤ Ec(V ) + 2 sup
(−∞;L]

|W (V )|
∫ L

−∞
ecxdx

< ∞:

Áí åðéëÝîïõìå m ìåãÜëï þóôå cm ≤ 3
2c∞, Ý÷ïõìå e

cmx ≤ ec∞Le
c∞
2
x ãéá üëá

ôá x ≤ L. ¢ñá óôï (−∞; L) Ý÷ïõìå∣∣∣∣(1
2
|Vx|2 +W (V )

)
ecmId

∣∣∣∣ ≤ ec∞L
(

1
2
|Vx|2 +W (V )

)
e
c∞
2
Id ∈ L1(−∞; L):

Êáèþò
(

1
2 |Vx|

2 +W (V )
)
ecmId −→

(
1
2 |Vx|

2 +W (V )
)
ec∞Id ãéá m −→ ∞, ôï

ËÞììá Ýðåôáé áðü ôï Èåþñçìá Êõñéáñ÷çìÝíçò Óýãêëéóçò óôá (−∞; L) êáé
(L;+∞). �

ÐñïóùñéíÜ óõìâïëßæïõìå ôï UL ìå UL;c. Áêïëïõèþíôáò ìéá éäÝá ôïõ Heinze
[Hei], èÝôïõìå

C :=
{
c > 0

∣∣ ∃ L ≥ 1 : Ec(UL;c) < 0
}
: (1.48)
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ËÞììá 1.30 Ôï óýíïëï (1.48) åßíáé áíïéêôü, ìç-êåíü êáé åðéðëÝïí éó÷ýåé
sup C ≤

√
2W−(a−)d0

−1.

Áðüäåéîç ôïõ 1.30. Ðáñáôçñþíôáò üôé ôï C éóïýôáé ìå{
c > 0

∣∣ ∃ L ≥ 1 & ∃ V ∈ XL : Ec(V ) < 0
}
;

ôï ËÞììá 1.29 äßíåé ôçí áíïéêôüôçôá. Áðü ôï öñÜãìá (1.5), Ý÷ïõìå f(c) ≥
Ec(Ua�), üðïõ

f(c) := e−c
(
−1
c
W−(a−) + e2cE+

0 (Ua�)
)
:

ÅðéðëÝïí ç åîßóùóç f(c) = 0 Ý÷åé ìïíáäéêÞ ëýóç c0 > 0. ¢ñá, (0; c0) ⊆ C 6=
∅. ÅðéðëÝïí áðü ôï ËÞììá 1.23, ãéá c ∈ C Ý÷ïõìå

0 > Ec(V ) ≥ Ec(UL) ≥ ec�
�−
L

[
− W−(a−)

c
+

c d 2
�

2
(
1− e−c(�

+
L−�

�−
L )
)]:

ðïõ äßíåé üôé 0 ≥ c2d2
� − 2W−(a−). Êáèþò � −→ 0+, ëáìâÜíïõìå

0 < c0 ≤ supC ≤
√

2W−(a−)d0
−1:

�

ËÞììá 1.31 ÕðïèÝôïõìå üôé L ≥ 1 êáé Ý÷ïõìå ìéá áêïëïõèßá C 3 cm −→
c∞ ãéá m −→∞, c∞ > 0. Ôüôå õðÜñ÷åé cm;k −→ c∞ þóôå

Ecm;k
(UL;cm;k

) −→ Ec∞(UL;c∞); as k −→∞:

Áðüäåéîç ôïõ 1.31. Óôáèåñïðïéïýìå " > 0 êáé åðéëÝãïõìå V ∈ XL þóôå
Ec∞(V ) − " ≤ Ec∞(UL;c∞) ≤ Ec∞(V ). Áöïý cm −→ c∞, áðü ôï ËÞììá
1.29, åðéëÝãïõìå m(") ∈ N ìåãÜëï þóôå |Ec∞(V )−Ecm(V )| ≤ " ãéá üëá ôá
m ≥ m("). Óõíåðþò,

Ecm(UL;cm) ≤ Ecm(V )
≤ Ec∞(V ) + "

≤ Ec∞(UL;c∞) + 2";

ðïõ äßíåé
lim sup
m→∞

Ecm(UL;cm) ≤ Ec∞(UL;c∞): (1.49)
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Åðé÷åéñçìáôïëïãþíôáò üðùò óôï 1.2, õðÜñ÷åé cm;k −→ c∞ þóôå UL;cm;k
−→

U óôïí [C0
loc(R)]N êáé UL;cm;k

−−* U áóèåíþò óôïí [H1
loc(R)]N , ãéá k −→∞.

Áðï áóèåíÞ êÜôù çìéóõíÝ÷åéá ôçò L2 íüñìáò, Ý÷ïõìå

lim inf
k→∞

1
2

∫
R
|(UL;cm;k

)x|2ecm;kxdx ≥ 1
2

∫
R
|(UL;c∞)x|2ec∞xdx:

Åðßóçò,
W (UL;cm;k

)ecm;kId ≥ −
(
ec∞LW−(a−)

)
e
c∞
2
Id�(−∞;L]

ðïõ åßíáé L1(R) óõíÜñôçóç. Óõíåðþò, ôï ËÞììá ôïõ Fatou äßíåé

lim inf
k→∞

∫
R
W (UL;cm;k

)ecm;kxdx ≥
∫

R
W (UL;c∞)ec∞xdx:

ÊáôáëÞãïõìå üôé

lim inf
k→∞

Ecm;k
(UL;cm;k

) ≥ Ec∞(U) ≥ Ec∞(UL;c∞): (1.50)

Áðü ôéò (1.49) êáé (1.50) ôåëåéþóáìå. �

ËÞììá 1.32 Áí c∗ := sup C, ôüôå Ec∗(UL;c∗) = 0 ãéá üëá ôá L ≥ Λ.

Áðüäåéîç ôïõ 1.32. Áðü ôï (1.48), õðÜñ÷åé C 3 cm −→ c∗ ãéá m −→∞
þóôå Ecm(ULm;cm) < 0. Áðü ôï öñÜãìá (1.47) Ý÷ïõìå

�+
Lm
− �−Lm ≤ Λ

ïìïéüìïñöá ãéá m ∈ N. ÅðéðëÝïí áöïý Ecm(ULm;cm) < 0, áíáãêáóôéêÜ
�+
Lm

= Lm, ãéáôß áëëéþò ìåôáôüðéóç ôïõ ULm;cm ïäçãåß óå áíôßöáóç. ÅðåéäÞ
ULm;cm(·+ Lm) ∈ XΛ, Ý÷ïõìå

Ecm(UΛ;cm) ≤ Ecm(ULm;cm(·+ Lm))

= e−cmLmEcm(ULm;cm)
< 0:

Áðü ôï ËÞììá 1.31, ðåñíþíôáò óôï üñéï m −→∞ ëáìâÜíïõìå

Ec∗(UΛ;c∗) = lim
m→∞

Ecm(UΛ;cm)

≤ 0:

Áöïý c∗ = sup C êáé ôï C åßíáé áíïéêôü, c∗ =∈ C êáé Üñá Ec∗(UΛ;c∗) ≥ 0.
Áðü ôçí ÐáñáôÞñçóç 1.24 êáé ôçí (1.48), êáôáëÞãïõìå üôé Ec∗(UL;c∗) = 0
ãéá üëá ôá L ≥ Λ. �
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Áðüäåéîç ôïõ 1.28. Áðü ôá ËÞììáôá 1.29, 1.30, 1.31 êáé 1.32, ç Ðñüôáóç
1.28 Ýðåôáé, ìå c∗ = supC, L∗ = Λ. �

Ôï c∗ åßíáé ç ìïíáäéêÞ åöéêôÞ ôá÷ýôçôá ïäåýïíôïò êýìáôïò:

Ðñüôáóç 1.33 ¸óôù üôé õðÜñ÷åé åëá÷éóôïðïéïýóá ëýóç (U; c) ôïõ (1.1).
Ôüôå, õðÜñ÷åé ìïíáäéêü c∗ þóôå ôï (U; c∗) íá ëýíåé ôï (1.1).

Áðüäåéîç ôïõ 1.33. ¸óôù (U1; c
∗
1), (U2; c

∗
2) 2 ëýóåéò ôïõ (1.1) ìå 0 <

c∗1 < c∗2 êáé ðéèáíþò U1 = U2. Áðü ôï 1.17 Ý÷ïõìå

|Ux|2

2
+W (U) = e−cx

(
ecx

c

[
W (U)− |Ux|2

2

])
x

:

ÈÝôïõìå c := c∗2, U := U∗2 êáé ëáìâÜíïõìå

∫ t

−t
ec
∗
1x

(
|(U2)x|2

2
+W (U2)

)
dx =

(
ec
∗
1x

c∗2

[
W (U2)−

|(U∗2 )x|2

2

]) ∣∣∣∣∣
t

−t

− (c∗1 − c∗2)
∫ t

−t

ec
∗
1x

c∗2

[
W (U2)−

|(U2)x|2

2

]
dx:

¢ñá(
ec
∗
1x

[
W (U2)−

|(U∗2 )x|2

2

]) ∣∣∣t
−t

= c∗2

∫ t

−t
ec
∗
1x

(
|(U2)x|2

2
+W (U2)

)
dx

+ c∗1

∫ t

−t
ec
∗
1x

[
W (U2)−

|(U2)x|2

2

]
dx

− c∗2

∫ t

−t
ec
∗
1x

[
W (U2)−

|(U2)x|2

2

]
dx

= c∗2

∫ t

−t
ec
∗
1x|(U2)x|2dx

− c∗1

∫ t

−t
ec
∗
1x
|(U2)x|2

2
dx

+ c∗1

∫ t

−t
ec
∗
1xW (U2)dx

= (c∗2 − c∗1)
∫ t

−t
ec
∗
1x|(U2)x|2dx

+ c∗1Ec∗1
(
U2; (−t; t)

)
:
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Óõíåðþò,

c∗1Ec∗1
(
U2; (−t; t)

)
= (c∗1 − c∗2)

∫ t

−t
|(U2)x|2ec

∗
1xdx

+
(
ec
∗
1x

[
W (U2)−

|(U2)x|2

2

]) ∣∣∣t
−t
:

Áðü ôçí Ðñüôáóç 1.10, (U2)x −→ 0 ãéá t → ±∞ áêïëïõèéáêÜ. Áöïý
Ec∗2(U2) = 0, Ý÷ïõìå∫

R

{
|(U2)x|2

2
+W+(U2)

}
ec
∗
2xdx =

∫
R
W−(U2)ec

∗
2xdx

≤ W−(a−)
ec
∗
2L
∗
2

c∗2
< ∞:

üðïõ L∗2 åßíáé óôáèåñÜ üðùò óôçí Ðñüôáóç 1.28. ¢ñá, áöïý c∗1 < c∗2, ãéá
t→∞ ëáìâÜíïõìå

c∗1Ec∗1(U2) = (c∗1 − c∗2)
∫

R
|(U2)x|2ec

∗
1xdx < 0:

Áõôü üìùò áíôßêåéôáé óôï üôé c∗1Ec∗1(U2) ≥ 0. �

Ìåôáâïëéêüò ×áñáêôçñéóìüò Ïäåýïíôùí ÊõìÜôùí

Óõìðåñáóìáôéêá, ëýóåéò (U; c) ôïõ óõóôÞìáôïò

Ec(U) = inf
{
Ec(V ) : V ∈ [H1

loc(R)]N ; V (±∞) = a±
}
; Ec(U) = 0;

åßíáé åôåñïêëéíéêÜ ïäåýïíôá êýìáôá êáé ëýíïõí ôï{
Uxx −∇W (U) = −c Ux
U(±∞) = a±:

1.6 ÁÑÓÇ ÔÏÕ ÐÅÑÉÏÑÉÓÌÏÕ

Åäþ áðïäåéêíýïõìå ýðáñîç ëýóçò óôï ðñüâëçìá (1.1).

Èåþñçìá 1.34 (¾ðáñîç) ÕðïèÝôïõìå üôé ôï äõíáìéêü W éêáíïðïéåß ôçí
(1) êáé ôéò (1),(2). Ôüôå, õðÜñ÷åé ïäåýïí êýìá (U; c) ∈ [C2(R)]N × (0;+∞)
ðïõ éêáíïðïéåß {

Uxx −∇W (U) = −c Ux
U(±∞) = a±:



Nßêïò ÊáôæïõñÜêçò - Ìç ÃñáììéêÜ ÓõóôÞìáôá Åëëåéðôéêþí ÌÄÅ 39

Ç ôá÷ýôçôá c éóïýôáé ìå c∗ óôçí Ðñüôáóç 1.28 ðïõ åßíáé ìïíáäéêü. ÅéäéêÜ,
Ec∗(U) = 0.

Áðüäåéîç ôïõ 1.34. Áðü ôçí 1.28, Ý÷ïõìå Ec∗(UL;c∗) = 0, ãéá üëá ôá L ≥ L∗.
Áðü ôï 1.27, áí åðéëÝîïõìå L > Λ ëáìâÜíïõìå åëá÷éóôïðïéçôÞ U := UL ôïõ
Ec ìå c = c∗ êáé Ec(U) = 0. Óõíåðþò, êÜðïéá ìåôáôüðéóç U(· − �) äåí
õëïðïéåß ôïí ðåñéïñéóìü êáé Üñá ëýíåé ôï (1.1). �

Ôþñá åîÜãïõìå öñÜãìáôá ãéá ôï c∗. Ðáßñíïõìå t > 0 êáé èåùñïýìå ôçí
[W 1;∞

loc (R)]N óõíÜñôçóç

U taff (x) := a−�(−∞;−t) +
(
t− x

2t
a− +

t+ x

2t
a+

)
�[−t;t] + a+�(t;∞):

(1.51)

Ðñüôáóç 1.35 ÕðÜñ÷ïõí 0 < cmin < cmax <∞ þóôå

cmin ≤ c∗ ≤ cmax:

ÅðéðëÝïí, áí d0 := lim�→0+d�, ôüôå

cmax =

√
2W−(a−)
d0

;

cmin = sup
t>0

W−(a−)
e2tcmax

(
1
2

{∣∣a+ − a−
∣∣

2t

}2
+
∫ t

−t
W+

( t− x

2t
a−+

t+ x

2t
a+
)
dx

)−1

:

Áðüäåéîç ôïõ 1.35. Ôï Üíù öñÜãìá Ýðåôáé áðü ôá ËÞììáôá 1.30 êáé
1.32. Ãéá ôï êÜôù öñÜãìá, ÷ñçóéìïðïéïýìå ôçí (1.51) êáé ðáßñíïõìå t = L.
¸÷ïõìå ôüôå 0 = Ec(Ut) ≤ Ec(U taff ) êáé Üñá

0 ≤ −e−ctW
−(a−)
c

+ ect
∫ t

−t

{1
2

∣∣∣a+ − a−

2t

∣∣∣2+W+
( t− x

2t
a−+

t+ x

2t
a+
)}
dx:

Óõíåðþò, áí t > 0,

c ≥ W−(a−)
e2ct

(∫ t

−t

{1
2

∣∣∣a+ − a−

2t

∣∣∣2 +W+
( t− x

2t
a− +

t+ x

2t
a+
)}
dx

)−1

:

Ìåãéóôïðïéþíôáò ùò ðñïò t, ôåëåéþóáìå. �
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2 ÁÑ×ÅÓ ÌÅÃÉÓÔÏÕ ÃÉÁ ÐÑÏÓÅÃÃÉÓÔÉÊÏÕÓ

ÅËÁ×ÉÓÔÏÐÏÉÇÔÅÓ ÌÇ-ÊÕÑÔÙÍ ÓÕÍÁÑÔÇ-

ÓÉÁÊÙÍ

¸óôù H : Ω × RN × RN×n −→ R ìéá óõíÜñôçóç ÊáñáèåïäùñÞ ìå Ω ⊆ Rn

áíïéêôü. Óå áõôü ôï êåöÜëáéï ìáò áðáó÷ïëåß ç åîáãùãÞ áñ÷þí ìåãßóôïõ ðïõ
åöáñìüæïíôáé óå Ðñïóåããéóôéêïýò Åëá÷éóôïðïéçôÝò ôïõ óõíáñôçóéáêïý

E(u;Ω) :=
∫

Ω
H
(
x; u(x); Du(x)

)
dx (2.1)

ôïðïèòåôçìÝíïõ óôïí [W 1;q
g (Ω)]N , q ≥ 1 ìå óõíïñéáêÝò ôéìÝò g ∈ [W 1;q(Ω)]N .

Ìéá óõíÜñôçóç u : Ω ⊆ Rn −→ RN èá ëÝãåôáé �-Åëá÷éóôïðïéçôÞò ôïõ (2.1)
áí ãáé êÜðïéï � ≥ 0 êáé üëåò ôéò � ∈ [W 1;q

0 (Ω)]N

E(u;Ω) ≤ E(u+ �;Ω) + �: (2.2)

Åëá÷éóôïðïéïýóåò ïéêïãÝíåéåò {u�}�>0 áíôéóôïé÷ïýí óå åëá÷éóôïðïéïýóåò
áêïëïõèßåò ãéá �→ 0 ôïõ ìåôáâïëéêïý ðñïâëÞìáôïò

E(u;Ω) = inf
[W 1;q

g (Ω)]N
E (2.3)

êáé 0-Åëá÷éóôïðïéçôÝò áíôéóôïé÷ïýí óå ëýóåéò ôïõ (2.3). Ç ïðôéêÞ ãùíßá
Áñ÷Þò Ìåãßóôïõ óôçí äéáíõóìáôéêÞ ðåñßðôùóç âáóßæåôáé óôçí ðáñáôÞñçóç
üôé ïé áíéóüôçôåò supΩ u ≤ max@Ω u, infΩ u ≥ min@Ω u üôáí N = 1 ãñÜöïíôáé
ùò u(Ω) ⊆

[
min@Ω u; max@Ω u

]
. ¼ôáí N ≥ 1, ç êáôÜëëçëç äéáíõóìáôéêÞ

åðÝêôáóç óôçí äéáíõóìáôéêÞ ðåñßðôùóç åßíáé ç ëåãüìåíç Éäéüôçôá ÊõñôÞò
ÈÞêçò

u(Ω) ⊆ co
(
u(@Ω)

)
(2.4)

ç ïðïßá ëÝåé üôé ç åéêüíá ðåñéÝ÷åôáé óôçí êõñôÞ èÞêç ôçò óõíïñéáêÞò ôéìÞò.
Áñ÷Ýò Ìåãßóôïõ åßôå óáí öñÜãìáôá óå íüñìá åßôå óôç ìïñöÞ (2.4) ãéá ôï

óõíáñôçóéáêü (2.1) êáé ôï áíôßóôïé÷ï óýóôçìá Euler-Lagrange ÌÄÅ áðïôå-
ëïýí Ýíá êáëÜ áíåðôõãìÝíï èÝìá êáé ðáñÝ÷ïõí a priori ôïðéêïðïßçóç êáé
öñÜãìáôá, áðáñáßôçôá ãéá ðåñåôáßñù äéåñåýíçóç åñùôçìÜôùí ýðáñîçò êáé
ïìáëüôçôáò. ÅíäåéêôåéêÜ áíáöÝñïõìå ôéò åñãáóßåò ôùí Alexander-Ghomi
[AG], Bildhauer-Fuchs [BF1], [BF2], Colding-Minicozzi II [CM], D'Ottavio-
Leonetti-Musciano [DLM], Leo-netti [L1], [L2], Leonetti-Siepe [LS] êáé Os-
serman [O1], [O2].
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Åäþ åîÜãïõìå êáôÜëëçëåò åêäï÷Ýò ôçò Éäéüôçôáò ÊõñôÞò ÈÞêçò (2.4)
ãéá ðñïóåããéóôéêïýò åëá÷éóôïðïéçôÝò ôïõ (2.1). ÔÁ áðïôåëÝóìáôá êëçñïäï-
ôïýíôáé óôéò Ëýóåéò ×áëÜñùóçò ôïõ (2.3) êáèþò êáé óôéò åëá÷éóôïðïéïýóåò
ëýóåéò ôùí Euler-Lagrange ÌÄÅ, áí õðÜñ÷ïõí.

Ç âáóéêÞ ðñüïäïò óå ó÷Ýóç ìå ðáñüìïéá ãíùóôÜ áðïôåëÝóìáôá óôçí âé-
âëéïãñáößá åßíáé üôé äåí õðïèÝôïõìå ó÷åäüí-êõñôüôçôá ôçò H ùò ðñïò ôçí
êëßóç êáé åéäéêüôåñá äåí õðïèÝôïõìå åîÜñôçóç áðü ôï ìÞêïò ôçò êëßóçò. Áõôü
åðéôõã÷Üíåôáé åéóÜãïíôáò ìéá ìç-ãñáììéêÞ ôå÷íéêÞ ðñïóÝããéóçò ç ïðïßá èå-
óðßæåé ôçí (2.4) ÷ùñßò íá ÷ñéóéìïðïéåß ôçí êÜôù çìé-óõíÝ÷åéá ôïõ (2.1). Ôá
ïõóéáóôéêÜ óõóôáôéêÜ åßíáé ç êáôáóêåõÞ óõóôçìáôéêþí ðñïóåããßóåùí ôçò
ðñïâïëÞò óôá êõñôÜ ðïõ áðïôåëåßôáé áðü óõíèÝóåéò áíáêëÜóåùí ìüíï êáé
êÜðïéá (ó÷åäïí) áíáëëïéþôçôá ôçò P 7→ H(x; �; P ) êÜôù áðü ôçí ïñèïãþíéá
ïìÜäá ôïõ RN . Ç ôåëåõôáßá éêáíïðïéåßôáé áõôüìáôá áí H = H(x; �; |P |).

Ïé ðñïóåããßóåéò ôçò ðñïâïëÞò áðü áíáêëÜóåéò, ïé \Áðåéêïíßóåéò Áíáäß-
ðëùóçò", ÷ñçóéìïðïéïýíôáé ãéá íá êáôáóêåõÜóïõìå êáôÜëëçëåò óõíáñôÞóåéò
óýãêñéóçò. ×ïíäñéêÜ, ðñïâÜëëïíôáò ôïí åëá÷éóôïðïéçôÞ óôçí êõñôÞ èÞêç
ôùí óõíïñéáêþí ôéìþí ôïõ èá ðñïÝêõðôå ìåôáó÷çìáôéóìüò ðïõ ìåéþíåé ôçí
åíÝñãåéá. ¼ìùò, áðïõóßá êõñôüôçôáò ìðïñåß íá ìçí ìåéþóïõìå ôçí åíÝñãåéá.
ËáìâÜíïõìå ôïõò ìåôáó÷çìáôéóìïýò ìáò óáí êáôÜ ôìÞìáôá éóïìåôñßåò ðïõ
äéáôçñïýí ôçí åíÝñãåéá êáé óõãêëßíïõí óôçí ðñïâïëÞ.

¸íá ëåðôü óçìåßï ôçò ìç-êõñôÞò ðåñßðôùóçò åßíáé üôé ìðïñïýìå íá éó÷õ-
ñéóôïýìå ìéá åêäï÷Þ ôçò (2.4) ìüíï ôï ðïëý ãéá Ýíáí ôïðéêü åëá÷éóôïðïéçôÞ
áðü üëïõò üóïõò õðÜñ÷ïõí. Áõôü åðéôñÝðåé ôçí ÷ñÞóç ôçò (2.4) óáí Áñ÷Þ
ÅðéëïãÞò êáôÜ ôïõò Dacorogna-Ferriero [DF] ãéá íá åîáéñÝóïõìå áöýóéêåò
ëýóåéò. ÅðéðëÝïí, ç ìÝèïäïò ðñïóÝããéóÞò ìáò åßíáé áñêåôÜ ãåíéêÞ êáé ìðïñåß
íá ÷ñçóéìïðïéçèåß êáé áëëïý. Ãéá áõôü, ôï êåöÜëáéï 2.1 ðïõ åßíáé áöéåñù-
ìÝíï óôçí êáôáóêåõÞ ôùí ðñïóåããßóåùí åßíáé áíåîÜñôçôï áðü ôï êåöÜëáéï
2.2 üðïõ ïé ðñïóåããßóåéò ó÷çóéìïðïéïýíôáé ãéá íá åîÜãïõìå ôéò áñ÷Ýò ìåãß-
óôïõ. Åðßóçò, ôá áðïôåëÝóìáôá èá ìðïñïýóáí åí äõíÜìåé íá åßíáé ÷ñÞóéìá
óå ìç êõñôÜ ðñïâëÞìáôá ôçò Èåùñßáò Åëáóôéêüôçôáò [B].

Ïé âáóéêÝò éäÝåò áõôïý ôïõ êåöáëáßïõ ðñïÝêõøáí óôçí ðñïóðÜèåéá åðßëõ-
óçò ôïõ ðñïâëÞìáôïò [AK] ðïõ åßíáé ôï ðñþôï ìÝñïò ôçò ÄéáôñéâÞò áõôÞò.
Ç åðéëïãÞ äéáôýðùóçò ôùí áðïôåëåóìÜôùí ãéá ðñïóåããéóôéêïýò åëá÷éóôï-
ðïéçôÝò åßíáé ïõóéþäçò. Áðïõóßá êõñôüôçôáò, ç ýðáñîç åëá÷éóôïðïéçôþí äåí
áíáìÝíåôáé. ÅðéðëÝïí, ïé ðñïóåããéóôéêïß åëá÷éóôïðïéçôÝò éêáíïðïéïýí ìéá
éäéüôçôá ôïðéêüôçôáò ðïõ äåí éêáíïðïéåßôáé áðü ðáñüìïéåò Ýííïéåò \ó÷åäüí"
åëá÷éóôïðïéçôþí, üðùò ôïõò Q-åëá÷éóôïðïéçôÝò Þ ôïõò !-åëá÷éóôïðïéçôÝò
(Giusti [Gi], Dacorogna [D1]). ÁõôÞ ç éäéüôçôá åßíáé ïõóéþäçò êáé ïöåßëåôáé
óôï üôé ç áðüêëéóç áðü ôçí åëá÷éóôïðïéçôéêüôçôá èåùñåßôáé ðñïóèåôéêÜ.
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2.1 ÊÁÔÁÓÊÅÕÇ ÔÙÍ ÐÑÏÓÅÃÃÉÓÅÙÍ

ÎåêéíÜìå ìå ìåñéêÜ åéóáãùãéêÜ. Óôá ðáñáêÜôù, ïé Sobolev óõíáñôÞóåéò èá
ôáõôßæïíôáé ìå ôïõò áêñéâåßò áíáðáñáóôÜôåò ôïõò. Ç Ïñèïãþíéá ÏìÜäá ôïõ
RN èá óõìâïëßæåôáé ìå O(N;R) êáé ç áööéíéêÞ Ïñèïãþíéá ÏìÜäá ôïõ RN

ìå AO(N;R).
¸óôù � ∈ SN−1 äéÜíõóìá óôçí ìïíáäéáßá óöáßñá. Ôï � ïñßæåé õðåñåðßðåäï

H� := (span[�])⊥ ⊆ RN êáé áíÜêëáóç R� ∈ O(N;R) ùò ðñïò ôï H�, ðïõ
äßíåôáé áðü R�u := u − 2(u · �)�. Åäþ, \·" äçëþíåé åóùôåñéêü ãéíüìåíï.
Áí u0 ∈ RN , ç áööéíéêÞ áíÜêëáóç ùò ðñïò ôï H� + u0 äßíåôáé áðü u 7→
u− 2

(
(u− u0) · �)� = R�u+ 2(u0 · �)�.

¸óôù C ⊆ RN óõìðáãÝò êáé êõñôü. Èá ãñÜöïõìå � = û ãéá ôï åîùôåñéêü
êÜèåôï ôïõ õðåñåðéðÝäïõ óôÞñéîçò Hû + u óôï u, áëëÜ åêôüò ðáñÜ áí ôï @C
åßíáé ïìáëü, ç u 7→ û åßíáé ðëåéïíüôéìç êáé ïñßæåé ôïí êÜèåôï êþíï. Ãéá êÜèå
u ∈ @C, ç û ïñßæåé áíÜêëáóç w 7→ Rûw + 2(u · û)û óôçí AO(N;R) ùò ðñïò
ôï Hû + u.

Ôï áêüëïõèï åßíáé ôï âáóéêü áðïôÝëåóìá ôïõ êåöáëáßïõ. ËÝåé üôé ãéá
êÜèå óõìðáãÝò êõñôü, õðÜñ÷åé áêïëïõèßá áóèåíþí∗ ðñïóåããßóåùí óôïí ÷þñï
W 1;∞
loc (RN )N ôçò ðñïâïëÞò óôï êõñôü ðïõ ãåííÜôáé ìüíïí áðü áíáêëÜóåéò.

Èåþñçìá 2.1 (ÐñïóÝããéóç ôçò ÐñïâïëÞò áðü ÁíáêëÜóåéò) ¸óôù C ⊆
RN óõìðáãÝò êõñôü ìå ìç-êåíü åóùôåñéêü êáé 0 ∈ int(C). ¸óôù åðßóçò
PC : RN −→ C ç ðñïâïëÞ óå áõôü.
Ôüôå, õðÜñ÷åé áêïëïõèßá ôïðéêÜ Lipschitz áðåéêïíßóåùí FCm : RN −→ RN ,
m ∈ N, ðïõ éêáíïðïéåß:
(i) ÊÜèå FCm åßíáé ôìçìáôéêÜ ßóç ìå ðåðåñáóìÝíåò äéáäï÷éêÝò óõíèÝóåéò
áööéíéêþí áíáêëÜóåùí. ÅéäéêÜ, ãéá ó.ê. u ∈ RN , õðÜñ÷åé R ∈ O(N;R)
þóôå DFCm(u) = R.
(ii) ÊÜèå FCm éóïýôáé ìå ôçí ôáõôïôéêÞ óôï C êáé áðåéêïíßæåé ôçím-äéüãêùóç
ôïõ C åíôüò ôçò (1 + 1

m)-äéüãêùóçò ôïõ C:
FCm(E) = E; E ⊆ C;

FCm(mC) ⊆
(

1 +
1
m

)
C:

(2.5)

(iii) Ç áêïëïõèßá FCm åßíáé ôïðéêÜ ïìïéüìïñöç ðñïóÝããéóç ôçò ðñïâïëÞò óôï

C; åðéðëÝïí, éó÷ýåé FCm
∗
−−* PC áóèåíþò∗ óôïí [W 1;∞

loc (RN )]N , ãéá m→∞.

Ïé óõíáñôÞóåéò {FCm | m ∈ N} ôïõ ÈåùñÞìáôïò 2.1 èá áðïêáëïýíôáé Áðåé-
êïíßóåéò Áíáäßðëùóçò ôïõ C.
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ÐáñÜäåéãìá 2.2 ¸íá óôïé÷åéþäåò ðáñÜäåéãìá áðåéêïíßóåùí áíáäßðëùóçò
óôçí âáèìùôÞ ðåñßðôùóç äßíåôáé áðü F0(u) := u�(0;1)(u) + (2 − u)�(1;2)(u)
and Fm+1 := Fm�{Fm<2

−(m+1)}+(2−m−Fm)�{Fm>2
−(m+1)}, óôïíW

1;∞(0; 2).

¸÷ïõìå üôé ‖Fm‖W 1;∞(0;2)
≤ 1 êáé åðåéäÞ ‖Fm‖L∞(0;2) ≤ 2−m−1, ôï áóèåíÝò∗

üñéï åßíáé ìçäÝí. Óõíåðþò, Fm
∗
−−* 0 óôïí W 1;∞(0; 2), ðïõ äßíåé Fm −→ 0

óôïí L∞(0; 2). Ç áêïëïõèßá Fm ðñïóåããßæåé ôçí ðñïâïëÞ P0 óôï {0}, ðïõ
åßíáé ç ìçäåíéêÞ áðåéêüíéóç.

Ãéá ôçí áðüäåéîç èá ÷ñåéáóôïýìå ìéá âïçèçôéêÞ Ýííïéá ãéá ôçí êõñôüôçôá ç
ïðïßá äéïñèþíåé ôçí Ýëëåéøç ïìáëüôçôáò. Óôï ôÝëïò êáèáéñåßôáé ìå ðñïóÝã-
ãéóç.

¸óôù C Ýíá ðïëýåäñï, äçë. Ýíá óõìðáãÝò óýíïëï ôçò ìïñöÞò
⋂{

H−
j :

1 ≤ j ≤ K
}
ðïõ ãåííÜôáé áðü êëåóôïýò çìé÷þñïõò H−

j ïé ïðïßïé ïñßæïíôáé

áðü õðåñåðßðåäá Hj = (span[�i])⊥ + ui. Ãéá êÜèå Hi, ôï �i ôï ìïíáäéáßï
åîùôåñéêü êÜèåôï ôïõ çìé÷þñïõ H−

i , åíþ ôï õðåñðåðßðåäï ðåñíÜåé áðü ôï ui.
¸íá ðïëýåäñï C ⊆ RN èá ëÝãåôáé áìâëý, áí ïé ðëåõñÝò ðïõ ôï ïñßæïõí

H∗
j óõíáíôþíôáé óå áìâëýåò ãùíßåò ≥ �

2
, äçë., üôáí ãéá i; j ∈ {1; :::;K}

Ý÷ïõìå
H∗
i ∩H∗

j 6= ∅ ⇒ 0 ≤ �i · �j ≤ 1: (2.6)

Áðüäåéîç ôïõ 2.1. Áöïý ôï C åßíáé óôáèåñü, êáèáéñïýìå ôïí äåßêôç
\C". Èá áðïäåßîïõìå ðñþôá ôçí ýðáñîç ìéáò Fm ãéá áìâëýá ðïëýåäñá ðïõ
éêáíïðïéïýí ôçí (2.6) êáé ìåôÜ èá åîÜãïõìå ôï ãåíéêü áðïôÝëåóìá ìå ðñï-
óÝããéóç. Ðñïò ôïýôï, Ýóôù C =

⋂
{H−

j : 1 ≤ j ≤ K} ìå K ≥ N + 1 êáé

Hj = uj+(span[�j ])⊥ ìå ôçí (2.6) íá éêáíïðïéåßôáé H∗
i . Óôáèåñïðïéïýìå m ∈

N. Ôüôå, C ⊆
(
1 + 1

m

)
C êáé áöïý

(
1 + 1

m

)
Hj =

(
1 + 1

m

)
uj + (span[�j ])⊥,

Ý÷ïõìå (
1 +

1
m

)
C =

⋂{(
1 +

1
m

)
H−
j : 1 ≤ j ≤ K

}
: (2.7)
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ÅðéëÝãïõìå �min óôï @C êáé �max on
⋃
{Hj : 1 ≤ j ≤ K} þóôå

|�min| = min
1≤j≤K

(
min
u∈Hj

|u|
)
; (2.8)

|�max| = max
1≤j≤K

(
min
u∈Hj

|u|
)
: (2.9)

Ôá �min êáé �max ðÜíôá õðÜñ÷ïõí êáé åßíáé êÜèåôá óôá
⋃
{Hj : 1 ≤ j ≤ K},

áëëÜ ðéèåíþò äåí åßíáé ìïíáäéêÜ êáé åíäå÷ïìÝíùò |�min| = |�max|. ÈÝôïõìå
T := m. Ç äéüãêùóç u 7→ Tu áðåéêïíßæåé C åðß ôïõ TC. Óôáèåñïðïéïýìå
t; � > 0 ìå 1 < t < � ≤ T , þóôå

t =
� |�max| + |�min|
|�min| + |�max|

: (2.10)

Áðü ôéò (2.8) êáé (2.9), ç åëÜ÷éóôç áðüóôáóç ìåôáîý ôùí ðëåõñþí ôùí @C
êáé @(tC) õëïðïéåßôáé êáôÜ ìÞêïò ôïõ �min, åíþ ç ìÝãéóôç ìåôáîý ôùí ðëåõ-
ñþí ôùí @(�C) êáé @(tC) êáôÜ ìÞêïò ôçò �max äéåýèõíóçò. ¢ñá, ç (2.10)
áíáäáéôõðùìÝíç ëÝåé |(t− 1)�min| = |(� − t)�max|, Þ

min
1≤j≤K

(
min
u∈Hj

|tu− u|
)

= max
1≤j≤K

(
min
u∈Hj

|�u− tu|
)
: (2.11)

Óôáèåñïðïéïýìå s ∈ [1; T ] êáé j ∈ {1; :::;K}. Ç áööéíéêÞ áíÜêëáóç Rsj ∈
AO(N;R) ùò ðñïò ôï sHj äßíåôáé áðü R

s
j(u) = R�ju + 2s(uj · �j)�j , R�j ∈

O(N;R). Ãéá êÜèå s ∈ [1; T ] êáé j ∈ {1; :::;K}, ïñßæïõìå

Fs
j (u) :=

{
u ; u ∈ sH−

j

Rsj(u) ; u =∈ sH−
j

; Fs
j : RN −→ RN ; (2.12)
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êáé
Fs := Fs

K ◦ · · · ◦ Fs
1 ; Fs : RN −→ RN : (2.13)

Ç Fs éóïýôáé ìå ôçí ôáõôïôéêÞ ôïõ sC êáé ãéá ó.ê. u ∈ RN , õðÜñ÷åé R ∈
O(N;R) þóôå DFs(u) = Ru. ¢ñá, |DFs| = 1 a.e. on RN .

Éó÷õñéóìüò 2.3 ÕðïèÝôïõìå üôé t; � åßíáé óôï [1; T ] êáé éêáíïðïéïýí ôçí
(2.10). Ôüôå ãéá êÜèå j = 1; :::;K, Ý÷ïõìå

F t
j

(
�C \ int(tH−

j )
)
⊆ �C ∩

(
tH−

j \ int(H
−
j )
)
: (2.14)

Áðüäåéîç ôïõ 2.3. Ðñþôá, áðü ôçí (2.10), Ý÷ïõìå

dist(�H−
j ; tH

−
j ) ≤ dist(tH−

j ; H
−
j ); (2.15)

ãéá j = 1; ::;K. ¢ñá, ç F t
j áðåéêïíßæåé ôçí æþíç �H−

j \ int(tH−
j ) óôçí

æþíç tH−
j \ int(H

−
j ). Êáíïíéêïðïéïýìå ôá ðñÜãìáôá ùò ðñïò Ýíá óôïé÷åßï

ôçò AO(N;R) óå �j = eN , tHj = {uN = 0}. ¸óôù v = (v′; vN ) óôï
�C \ int(tH−

j ). Ôüôå, Ý÷ïõìå Rtj(v) = (v′;−vN ) êáé ç Rtj(v) áíÞêåé óôï

tH−
j \ int(H

−
j ) = {v ∈ RN : (1− t)|uj | ≤ vN ≤ 0}: (2.16)

Ëüãù áìâëýôçôáò, áñêåß íá äåßîïõìå üôé Rtj(v) åßíáé åíôüò⋂
{�H−

i : i 6= j;H∗
i ∩H∗

j 6= ∅}; (2.17)

ãéá üëåò ôéò ãåéôïíéêÝò ðëåõñÝò H∗
i ôïõ H∗

j . Óôáèåñïðïéïýìå Ýíá ôÝôïéï H∗
i .

Ôüôå, �Hi = (span[�i])⊥ + �ui êáé ìå ìéá ðåñáéôÝñù ìåôáöïñÜ õðïèÝôïõìå
ui = 0 (öõóéêÜ, ôá õðüëïéðá óçìåßá {ul : l 6= i} áëëÜæïõí, áëëÜ áõôü äåí
åðåéñåÜæåé ôï åðé÷åßñçìá). ¸ôóé,

�Hi = {z ∈ RN : z · �i = 0};
�H−

i = {z ∈ RN : z · �i ≤ 0}: (2.18)
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Áöïý v ∈ �C êáé

�C =
⋂
{�H−

j : 1 ≤ j ≤ K} ⊆ �H−
i ; (2.19)

ðáßñíïõìå üôé v · �i ≤ 0 êáé ãñÜöïíôáò v = (v′; vN ) êáé �i = (�′i; �
′
N ) êáé

óõìâïëßæïíôáò ôá åóùôåñéêÜ ãéíüìåíá ôïõ RN êáé ôïõ RN−1 ìå \·", Ý÷ïõìå

u′ · �′i = −v′N�′iN + v · �i
= −(v · eN )(�i · eN ) + v · �i (2.20)

≤ −(v · eN )(�i · eN ):

Óõíåðþò, åðåéäÞ vN ≥ 0 êáé ç áìâëýôçôá äßíåé 0 ≤ �i · eN ≤ 1 ãéá üëá ôá
i 6= j, Ý÷ïõìå

Rtj(v) · �i = v′ · �′i + (−vN )�′N
= v′ · �′i − (v · eN )(�i · eN ) (2.21)

≤ −2(v · eN )(�i · eN )
≤ 0:

¢ñá, áí v ∈ �C \ int(tH−
j ), Ý÷ïõìå F t

j(v) ∈ �H−
i ãéá üëá ôá i 6= j ãéá ôá

ïðïßá H∗
i ∩H∗

j 6= ∅. �

Éó÷õñéóìüò 2.4 ÕðïèÝôïõìå üôé ôá t; � åßíáé óôï [1; T ] êáé éêáíïðïéïýí ôçí
(2.10). Ôüôå {

(i) F t
(
�C \ int(tC)

)
⊆ tC \ int(C);

(ii) F t
(
tC
)

= tC:
(2.22)

Áðüäåéîç ôïõ 2.4. ¸óôù u ∈ �C \ int(tC) óôáèåñü óçìåßï. Ðñþôá äåß÷íïõìå
üôé F t(u) =∈ int(C). ¸óôù k ∈ {1; :::;K} ï 1ïò äåéêôçò ãéá ôïí ïðïßï u ∈
�C \ int(tH−

k ). Áðü ôçí (2.12), üëåò ïé F t
1;,...,F t

k−1 áöÞíïõí ôï u áíáëëïßùôï,
áöïý F t(u) = F t

K(:::F t
k(u)). Áðü ôïí Éó÷õñéóìü 2.3,

F t
k(u) ∈ �C ∩

(
tH−

k \ int(H
−
k )
)

(2.23)

êáé åéäéêÜ F t(u) =∈ int(C). ¸óôù l ≥ k+ 1 ï åðüìåíïò äåßêôçò ãéá ôïí ïðïßï

F t
k(u) ∈ �C ∩

(
tH−

k \ int(H
−
k )
)
\ int(tH−

l ): (2.24)

Ãéá üëïõò ôïõò åíäéÜìåóïõò k+ 1 ≤ i < l, ç F t
i áöÞíåé ôï F t

k(u) áíáëëïßùôï
êáé Üñá

F t
l

(
F t
l−1:::F t

i :::(F t
k(u))

)
= F t

l (F t
k(u)): (2.25)
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Áðü ôïí Éó÷õñéóìü 2.3, Ý÷ïõìå

F t
l (F t

k(u)) ∈ tH−
l \ int(H

−
l ); (2.26)

êáé Üñá F t
l (F t

k(u)) =∈ int(C). Åí üøåé ôçò (2.13), óõíå÷ßæïíôáò ùò ôï K
ëáìâÜíïõìå F t(u) =∈ int(C).
Ôþñá äåß÷íïõìå üôé F t(u) ∈ int(tC). ¸óôù ðÜëé k ∈ {1; :::;K} ï 1ïò äåßêôçò
ãéá ôïí ïðïßï u ∈ �C \ tH−

k . Ôüôå, F t(u) = F t
K(:::F t

k(u)). ¸óôù H∗
l ,

l ≥ k+1, íá åßíáé ç 1ç óôç óåéñÜ ãåéôïíéêÞ ðëåõñÜ ôçòH∗
k . Áðü ôïí Éó÷õñéóìü

2.3,
F t
k(u) ∈ �C ∩

(
tH−

k \ int(H
−
k )
)
: (2.27)

Áí F t
k(u) ∈ tH

−
l ∩ �C, ðñï÷ùñïýìå óôçí åðüìåíç. ÄéáöïñåôéêÜ, áí F

t
k(u) ∈

�C \ int(tH−
l ), ôï ßäéï åðåé÷Þñçìá üðùò óôçí áðüäåéîç ôïõ Éó÷õñéóìü 2.3 ìå

tHk óôç èÝóç ôïõ tHj êáé tHl óôç èÝóç ôïõ �Hi äåß÷íåé üôé

F t
l (F t

k(u)) ∈
(
tH−

k \ int(H
−
k )
)
∩
(
tH−

l \ int(H
−
l )
)
: (2.28)

Åí üøåé ôçò (2.13), óõíå÷ßæïíôáò ùò ôï K Ý÷ïõìå

F t(u) ∈
⋂{

tH−
j \ int(H

−
j ) : 1 ≤ j ≤ K

}
(2.29)

êáé Üñá F t(u) ∈ tC.
(ii) Ýðåôáé áðü ôéò (2.12) êáé (2.13). �

Ôþñá åðáíáëáìâÜíïõìå ôïí Éó÷õñéóìü 2.4. Ïñßæïõìå áíáäñïìéêÜ: t0 := T

tk+1 :=
tk |�max| + |�min|
|�min| + |�max|

:
(2.30)

Éó÷õñéóìüò 2.5 Ç áêïëïõèßá (tk)∞1 ïñéæüìåíç áðü ôéò (2.30) öèßíåé ãíÞóéá
óôï 1+ ãéá k →∞, êáé

tk =
(

|�max|
|�max|+ |�min|

)k
T +

(
|�min|

|�max|+ |�min|

) k−1∑
j=0

(
|�max|

|�max|+ |�min|

)j
;

(2.31)
ãéá êÜèå k ∈ N.

Áðüäåéîç ôïõ 2.5. ¸ðåôáé ìå åðáãùãÞ êáé ôçí ãåùìåôñéêÞ óåéñÜ. �

Ãéá m ∈ N, åðéëÝãïõìå k(m) ∈ N þóôå tk(m) < 1 + 1
m . Ôüôå, tk(m)C ⊆(

1 + 1
m

)
C. Ïñßæïõìå:

FCm := F tk(m) ◦ · · · ◦ F t1 : (2.32)
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Éó÷õñéóìüò 2.6 Ç áðåéêüíéóç áíáäßðëùóçò FCm : RN −→ RN ðïõ äßíåôáé
áðü ôéò (2.12), (2.13), (2.32) åßíáé óôïí [W 1;∞

loc (RN )]N , ôìçìáôéêÜ ßóç ìå
óõíèÝóåéò áööéíéêþí áíáêëÜóåùí êáé éêáíïðïéåß ôçí (2.5) ãéá êÜèå m ∈ N.

Áðüäåéîç ôïõ 2.6. Áðü ôïõò Éó÷õñéóìïýò 2.4, 2.5, ãéá êÜèå k = 1; 2; :::
Ý÷ïõìå {

F tk
(
tk−1C \ int(tkC)

)
⊆ tkC \ int(C);

F tk
(
tkC
)

= tkC:
(2.33)

Áðü ôéò (2.12), (2.13), (2.32), Ýðåôáé Üìåóá üôé ç FCm áöÞíåé ôï C áíáëëïßùôï;
óõíåðþò, FCm(E) = E ãéá êÜèå E ⊆ C. Ïé õðüëïéðåò éäéüôçôåò ôçò FCm
Ýðåôáé áðü êáôáóêåõÞò, Üñá áñêåß íá èåóðßóïõìå ôçí (2.5). Ðñïò ôïýôï,
÷ñçóéìïðïéþíôáò üôé m = T = t0, ëáìâÜíïõìå

FCm(mC) ⊆ F tk(m)
(
:::F t1(t0C)

)
⊆ F tk(m)

(
:::F t2(t1C)

)
⊆ F tk(m)

(
:::F t3(t2C)

)
(2.34)

⊆ :::

⊆ tk(m)C

⊆
(

1 +
1
m

)
C:

Ôþñá, áöïý TC \ int(C) = t0C \ int(C), ÷ñçóéìïðïéþíôáò ôéò (2.12), (2.13),
(2.32) Ý÷ïõìå

F t1(mC \ C) ⊆ F t1
(
t0C \ int(C)

)
= F t1

([
(t0C \ int(C)) ∩ int(t1C)

]
∪
[
(t0C \ int(C)) \ int(t1C)

])
(2.35)

⊆
(
t1C \ int(C)

)
∪ F t1

(
t0C \ int(t1C)

)
⊆
(
t1C \ int(C)

)
∪
(
t1C \ int(C)

)
= t1C \ int(C);
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F t2
(
F t1(mC \ C)

)
⊆ F t2

(
t1C \ int(C)

)
= F t2

([
(t1C \ int(C)) ∩ int(t2C)

]
∪
[
(t1C \ int(C)) \ int(t2C)

])
(2.36)

⊆
(
t2C \ int(C)

)
∪ F t2

(
t1C \ int(t2C)

)
⊆
(
t2C \ int(C)

)
∪
(
t2C \ int(C)

)
= t2C \ int(C);

...

FCm(mC \ C) = F tk(m)
(
:::F t1(mC \ int(C))

)
⊆ :::

⊆ tk(m)C \ int(C) (2.37)

⊆
(

1 +
1
m

)
C \ int(C)

⊆
(

1 +
1
m

)
C:

Ï Éó÷õñéóìüò 2.6 èåóðßóôçêå. �
Ùò ôþñá, èåóðéóáìå ôéò (i) and (ii) ôïõ Èåþñçìá 2.1 êÜôù áðü ôçí õðüèåóç
üôé ôï C åßíáé áìâëý ðïëýåäñï. Ôþñá êáôáñãïýìå áõôÞ ôçí õðüèåóç.

Éó÷õñéóìüò 2.7 Ôá (i) êáé (ii) ôïõ ÈåùñÞìáôïò 2.1 éó÷ýïõí ãéá ãåíéêü
óõìðáãÝò êõñôü C ìå 0 ∈ int(C).

Áðüäåéîç ôïõ 2.7. ¸óôù (Ck)∞k=1 ìéá öèßíïõóá áêïëïõèßá áðü C1 óõ-
ìðáãÞ êõñôÜ ðïõ ðñïóåããßæåé ôï C åîùôåñéêÜ:

C1 ⊇ C2 ⊇ ::: ⊇ Ck ⊇ ::: ⊇ C: (2.38)

Óôáèåñïðïéïýìå k ∈ N. Áöïý ôï Ck åßíáé C1, áí p; q ∈ @C êáé p̂, q̂ åßíáé
ôá åîùôåñéêÜ ìïíáäéáßá óôá p; q, ïìáëüôçôá êáé óõìðÜãåéá óõíåðÜãïíôáé ôçí
ýðáñîç ! ∈ C0[0;∞) ìå !(0) = 0 þóôå∣∣p̂− q̂

∣∣ ≤ !(|p− q|): (2.39)



Nßêïò ÊáôæïõñÜêçò - Ìç ÃñáììéêÜ ÓõóôÞìáôá Åëëåéðôéêþí ÌÄÅ 50

Áðü ôçí (2.39),∣∣1 − cos(Angl(p̂; q̂))
∣∣ =

∣∣∣∣12(|p̂|2 + |q̂|2
)
− |p̂||q̂| cos(Angl(p̂; q̂))

∣∣∣∣
=

1
2

∣∣|p̂|2 + |q̂|2 − 2(p̂ · q̂)
∣∣ (2.40)

=
1
2
|p̂− q̂|2

≤ 1
2
!2(|p− q|):

¢ñá, áðü ôçí (2.40), áí p åßíáé êïíôÜ óôï q, ôá åöáðôüìåíá õðåñåðßðåäá
óõíáíôþíôáé óå áìâëýåò ãùíßåò. Áðü ôçí (2.40), êÜèå óõìðáãÝò êõñôü Ck
ðñïóåããßæåôáé åîùôåñéêÜ áðü áêïëïõèßá (Ck;l)∞l=1 áìâëýùí ðïëõÝäñùí, ðïõ
ãåííþíôáé áðü åöáðôüìåíá õðåñåðßðåäá:

Ck;1 ⊇ Ck;2 ⊇ ::: ⊇ Ck;l ⊇ ::: ⊇ Ck: (2.41)

×ùñßò âëÜâç ôçò ãåíéêüôçôáò, Ýóôù üôé l åßíáé ôï ðëÞèïò ôùí ðëåõñþí ôïõ
ðïëõÝäñïõ Ck;l. Áí m ∈ N, ïñßæïõìå ôçí áðåéêüíéóç áíáäßðëùóçò FCm ôïõ
C óáí ôçí l(m)-áðåéêüíéóç áíáäßðëùóçò ôïõ ðïëõÝäñïõ Ck(m);l(m) ãéá êÜðïéá
k(m), l(m) ∈ N ÁñêåôÜ ìåãÜëá:

FCm := FCk(m);l(m)

l(m) : (2.42)

Áðü ôá ðñïçãïýìåíá, ôÝôïéá k(m), l(m) õðÜñ÷ïõí êáé ç FCm : RN −→ RN

Ý÷åé ôéò éäéüôçôåò ôùí (i) êáé (ii). �

Ïëïêëçñþíïõìå ôï Èåþñçìá 2.1 èåóðßæïíôáò ôçí (iii).

Éó÷õñéóìüò 2.8 ÕðÜñ÷ïõí õðáêïëïõèßåò (k(m))∞m=1, (l(m))∞m=1 þóôå ç áðåé-
êüíéóç áíáäßðëùóçò ôïõ C ðïõ äßíåôáé áðü ôéò (2.12), (2.13), (2.32) êáé (2.42)
éêáíïðïéåß FCm

∗
−−* PC áóèåíþò∗ óôïí [W 1;∞

loc (RN )]N , êáôÜ ìÞêïò õðáêï-
ëïõèßáò ãéá m→∞.

Áðüäåéîç ôïõ 2.8. Áðü ôïõò Éó÷õñéóìïýò 2.3 - 2.7, ãéá êÜèå m ∈ N êáé
j ≤ m, Ý÷ïõìå

FCm
(
jC \ C

)
⊆
(

1 +
1
m

)
C \ int(C); (2.43)

FCm(E) = E; E ⊆ C; (2.44)∣∣DFCm∣∣ = 1; a.e. on RN : (2.45)
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¢ñá, áðü ôéò (2.43) - (2.45) Ý÷ïõìå∥∥FCm∥∥L∞(jC) ≤ 2 diam(C); (2.46)∥∥DFCm∥∥L∞(RN )
≤ 1; (2.47)

ãéá êÜèå j ≤ m êáé m ∈ N. Áðü ôéò (2.46), (2.47), ôçí áóèåíÞ∗ óõìðÜãåéá
ôïõ [W 1;∞

loc (RN )]N êáé ôçí ôïðéêÞ óõìðÜãåéá ôçò åìöýôåõóçò W 1;∞
loc (RN ) ⊂⊂

L∞loc(RN ), åîÜãïõìå õðáêïëïõèßá ôçò FCm þóôå, ãéá êÜðïéá óõíÜñôçóç FC

óôïí [W 1;∞
loc (RN )]N

FCm −→ FC ; in [L∞loc(RN )]N ; (2.48)

DFCm
∗
−−* DFC ; in [L∞loc(RN )]N×N ; (2.49)

êáèþò m → ∞. Ðåñíþíôáò óôï ôïðéêÜ ïìïéüìïñöï üñéï óôéò (2.43) êáé
(2.44) êáé ðáßñíïíôáò ìåôÜ j →∞,ëáìâÜíïõìå

FC
(
RN \ C

)
⊆ @C; (2.50)

FC(E) = E; E ⊆ C: (2.51)

Ïëïêëçñþíïõìå ôï Èåþñçìá 2.1 èåóðßæïíôáò üôé ãéá êáôÜëëçëç åðéëïãÞ ôùí
k(m) êáé l(m), ôï üñéï FC óõìðßðôåé ìå ôçí ðñïâïëÞ PC óôï C. Óôáèåñï-
ðïéïýìå j;m ∈ N êáé " > 0. ¸óôù PCk(m) ç ðñïâïëÞ óôï Ck(m). Èåùñïýìå
ôçí åêôßìçóç∥∥FC − PC∥∥

L∞(jC) ≤
∥∥FC −FCm∥∥L∞(jC) +

∥∥FCm − PCk(m)
∥∥
L∞(jC)

+
∥∥PCk(m) − PC

∥∥
L∞(jC): (2.52)

Áðü ôçí åêôßìçóç∥∥PCk(m) − PC
∥∥
L∞(jC) ≤ max

{
|p− pm| : p ∈ @C; pm ∈ Ck(m); (2.53)

[p; pm] ⊆ Ck(m) \ int(C)
}
;

áí k(m) åßíáé áñêåôÜ ìåãÜëï, ôüôå∥∥PCk(m) − PC
∥∥
L∞(jC) ≤ ": (2.54)

Èåùñåßóôå ôþñá ôçí áêïëïõèßá
(
FCk(m);l

l

)∞
l=1

ðïõ ãåííÜôáé áðü ôï Ck(m);l êáé

ðñïóåããßæåé ôï Ck(m). Ç áêïëïõèßá
(
FCk(m);l

l

)∞
l=1

éêáíïðïéåß ôéò (2.46), (2.47)

êáé ëüãù óõìðÜãåéáò Ý÷åé ôïðéêÜ ïìïéüìïñöï üñéï FCk(m) ∈ [L∞loc(RN )]N :

FCk(m);l

l −→ FCk(m) (2.55)



Nßêïò ÊáôæïõñÜêçò - Ìç ÃñáììéêÜ ÓõóôÞìáôá Åëëåéðôéêþí ÌÄÅ 52

áí [L∞loc(RN )]N ãéá l → ∞, êáôÜ ìÞêïò õðáêïëïõèßáò. Éó÷õñéæüìáóôå üôé
FCk(m) = PCk(m) . Ðñïò ôïýôï, ðáñáôçñÞóôå üôé ôï óýíïñï ôïõ Ck(m);l áðïôå-
ëåßôáé áðü åöáðôüìåíá õðåñåðßðåäá ôïõ C1 êõñôïý Ck(m) êáé l åßíáé ï áñéèìüò
ôùí ðëåõñþí. ¢ñá, õðÜñ÷åé ðõêíÞ áêïëïõèßá (ui)∞1 ⊆ @Ck(m), áíôßóôïé÷ç
áêïëïõèßá êáèÝôùí åîùôåñéêþí äéáíõóìÜôùí (ûi)∞1 êáé ìéá ãíÞóéá áýîïõóá
� ∈ C0[0;∞) ìå �(0) = 0 þóôå

FCk(m);l

l

(
ui + tûi

)
= ui + �

(
2−l
)
ûi (2.56)

ãéá êÜèå i ≤ l êáé t ∈ [0; �(l)]. Åöüóïí ïé çìéåõèåßåò

D :=
∞⋃
i=1

(
ui +

{
tûi : t ≥ 0

})
(2.57)

åßíáé ðõêíÝò óôïí RN \ C, ðåñíþíôáò óôï üñéï óôçí (2.56) ãéá l → ∞, ëáì-
âÜíïõìå

FCk(m)
(
ui + tûi

)
= ui (2.58)

= PCk(m)
(
ui + tûi

)
;

ãéá üëá ôá i ∈ N êáé üëá ôá t ∈ [0;+∞). Óõíåðþò, FCk(m) = PCk(m) óôï
ðõêíü D. Éóüôçôá óôï RN \ C Ýðåôáé áðü óõíÝ÷åéá. ¢ñá, áðü ôçí (2.55)
ìðïñïýìå íá åðéëÝîïõìå l(m) ∈ N áñêåôÜ ìåãÜëï þóôå∥∥FCk(m);l(m)

l(m) − PCk(m)
∥∥
L∞(jC) ≤ ": (2.59)

ÔåëéêÜ, áðü ôéò (2.48) êáé (2.42), ìðïñïýìå íá áõîÞóïõìå ôï l(m) ðåñáéôÝñù
þóôå ∥∥FCk(m);l(m)

l(m) −FC
∥∥
L∞(jC) ≤ ": (2.60)

Áðü ôéò (2.52), (2.54), (2.59) êáé (2.60), ôï åðéèõìçôü áðïôÝëåóìá FC ≡ PC
Ýðåôáé áðü ôï üôé ôá " > 0 êáé j ∈ N åßíáé áõèáßñåôá. �

Ç áðüäåéîç ôïõ ÈåùñÞìáôïò 2.1 åßíáé ðëÞñçò. �

2.2 ÏÉ ÁÑ×ÅÓ ÌÅÃÉÓÔÏÕ

Óå áõôü ôï êåöÜëáéï åîÜãïõìå ôéò áñ÷Ýò ìåãßóôïõ ãéá ðñïóåããéóôéêïýò åëá-
÷éóôïðïéçôÝò ìç-êõñôþí óõíáñôçóéáêþí, ìå ôçí Ýííïéá ôçò Éäéüôçôáò ÊõñôÞò
ÈÞêçò. ÅîÜãïíôáé ÷ñçóéìïðïéþíôáò ôéò Áðåéêïíßóåéò Áíáäßðëùóçò ôïõ Èåù-
ñÞìáôïò 2.1 ãéá íá êáôáóêåýáóïõìå êáôÜëëçëåò óõíáñôÞóåéò óýãêñéóçò ðïõ
ðáñáêÜìðôïõí ôçí Ýëëåéøç áóèåíïýò êÜôù çìéóõíÝ÷åéáò.
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Ðñéí ðñï÷ùñÞóïõìå ôá êåíôñéêÜ áðïôåëÝóìáôá, ðñÝðåé íá åñìçíåýóïõìå
ôá \u(Ω)" êáé \u(@Ω)" ìå áóèåíÞ ôñüðï ðïõ íá Ý÷åé Ýííïéá ãéá áðëÜ ìåôñÞ-
óéìåò óõíáñôÞóåéò. ¸óôù u : Ω ⊆ Rn −→ RN ìéá ìåôñßóéìç óõíÜñôçóç
ïñéæüìåíç óôï áíïéêôü Ω êáé Ýóôù A, K ⊆ Ω åðßóçò ìåôñßóéìá. ¸óôù åðßóçò
| | ôï ìÝôñï Lebesgue óå êÜèå äéÜóôáóç. Áí |A| > 0, ç ïõóéþäçò åéêüíá u(A)
åßíáé ôï êëåéóôü óýíïëï

u(A) :=
{
� ∈ RN

∣∣∣ ess inf
x∈A

|u(x)− �| = 0
}
: (2.61)

Áí |K| = 0, ç (2.61) äåí Ý÷åé Üìåóï íüçìá ãéá ôï K. ¸ôóé, ïñßæïõìå

u(K) :=
⋂{

u(A)
∣∣∣ A ⊇ K; |A| > 0

}
: (2.62)

ÔÝëïò, áí S ⊆ RN , óõìâïëßæïõìå ôçí áíïéêôÞ "-ðåñéï÷Þ ôïõ S ìå

S" :=
{
� ∈ RN

∣∣ |� − s| < "; s ∈ S
}
: (2.63)

2.2.1 Ç ÐÅÑÉÐÔÙÓÇ ×ÙÑÉÓ ÁÌÅÓÇ ÅÎÁÑÔÇÓÇ ÁÐÏ ÔÇ
ÓÕÍÁÑÔÇÓÇ

Èåùñïýìå ðñþôá ôçí áðëïýóôåñç ðåñßðôùóç

E(u;Ω) =
∫

Ω
H
(
x;Du(x)

)
dx: (2.64)

ÕðïèÝóåéò ãéá ôï óõíáñôçóéáêü (2.64). Èá ÷ñåéáóôïýìå ôá áêüëïõèá:
Ýóôù Ω ⊆ Rn áíïéêôü êáé H : Ω×RN×n −→ R ìéá áðåéêüíéóç ÊáñáèåïäùñÞ
þóôå

1. Ç H(x; ) åßíáé ó÷åäüí áíáëëïßùôç êÜôù áðü ôç äñÜóç ôçò Ïñèïãþíéáò
ÏìÜäáò: õðÜñ÷ïõí a ∈ L1(Ω) þóôå ãéá ó.ü. ôá x ∈ Ω, üëá ôá O ∈
O(N;R) êáé P ∈ RN×n, Ý÷ïõìå∣∣H(x; P ) − H(x;OP )

∣∣ ≤ a(x):

2. Ç H(x; ) åßíáé q-áýîçóçò: õðÜñ÷ïõí C > 0, q ≥ 1 êáé b ∈ L1(Ω) þóôå

−b(x) ≤ H(x; P ) ≤ C |P |q + b(x):

ÐáñáôÞñçóç 2.9 Ç õðüèåóç (2) åßíáé ìÜëëïí êáèéåñùìÝíç. Ç õðüèåóç (1)
éêáíïðïéåßôáé ðÜíôá üôáí ç H(x; ) åßíáé áíáëëßùôç áðü ôçí O(N;R), üðïõ
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ôüôå a ≡ 0. Åéäéêüôåñá, áõôü éó÷ýåé ðÜíôá óôçí óõ÷íÞ ðåñßðôùóç üðïõ ç H
åîáñôÜôáé áðü ôï P ùò åîÞò: H = H(x; |P |).

Óôç âáèìùôÞ ðåñßðôùóç üðïõ N = 1, ç õðüèåóç (1) åðéâÜëëåé∣∣H(x; P ) − H(x;−P )
∣∣ ≤ a(x); (2.65)

ðïõ óçìáßíåé üôé ç H(x; ) åßíáé ó÷åäüí Üñôéá. Áêüìá êáé óôçí âáèìùôÞ
ðåñßðôùóç, ç áñôéüôçôá ðïõ ðñïêýðôåé ãéá a ≡ 0 êáé åðéâÜëëåé H(x; P ) =
H(x;−P ), åßíáé ðïëý áóèåíÝóôåñç áðü ôçí óõíÞèç õðüèåóç íá åßíáé áêôéíéêÜ
óõììåôñéêÞ, äçë. H = H(x; |P |).

Åðéóçìáßíïõìå üôé ç õðüèåóç H = H(x; |P |) ìáæß ìå ôçí ìïíïôïíéêüôçôá
ôçò t 7→ H(x; t) åßíáé êáèéåñùìÝíç õðüèåóç óôçí âéâëéïãñáößá ãéá ôçí åîá-
ãùãÞ ôçò Éäéüôçôáò ÊõñôÞò ÈÞêçò. Óå áõôÞ ôçí äïõëåéÜ ôçí ÷áëáñþíïõìå
ïõóéáóôéêÜ êáé åéäéêüôåñá ðñïóðåñíÜìå ôçí ó÷åäüí-êõñôüôçôá.

Èåþñçìá 2.10 (Áñ÷Þ Áíáäßðëùóçò I) ¸óôù Ω ⊆ Rn áíïéêôü óýíïëï
êáé H : Ω × RN×n −→ R óõíÜñôçóç ÊáñáèåïäùñÞ ðïõ éêáíïðïéåß ôéò (1)
êáé (2). Ôüôå, ãéá êÜèå � > 0 êáé g ∈ [W 1;q(Ω) ∩ L∞(Ω)]N õðÜñ÷åé
(�+‖a‖L1(Ω))-åëá÷éóôïðïéçôÞò u ôïõ óõíáñôçóéáêïý (2.64) óôïí [W 1;q

g (Ω)]N

ðïõ éêáíïðïéåß
u(Ω) ⊆ co

(
u(@Ω)�

)
: (2.66)

Áðü ôï Èåþñçìá 2.10 Üìåóá Ýðåôáé ôï áêüëïõèï

Ðüñéóìá 2.11 Óôï ðëáßóéï ôïõ ÈåùñÞìáôïò 2.10, áí åðéðëÝïí ç H åßíáé
áíáëëïßùôç êÜôù áðü ôçí O(N;R), äçëáäÞ a ≡ 0 óôçí õðüèåóç (1), ôüôå
õðÜñ÷åé åëá÷éóôïðïéïýóá ïéêïãÝíåéá {u�}�>0 ôïõ ðñïâëÞìáôïò (2.3) ðïõ
áóõìðôùôéêÜ éêáíïðïéåß ôçí éäéüôçôá êõñôÞò èÞêçò êáèþò �→ 0:

u�(Ω) ⊆ co
(
u�(@Ω)�

)
: (2.67)

ÐáñáôÞñçóç 2.12 ×ñçóéìïðïéþíôáò ãíùóôÜ áðïôåëÝóìáôá (ð.÷. Dacorogna
[D1], [D3]), ç (2.67) êëçñïíïìåßôáé áðü ôéò Ëýóåéò ×áëÜñùóçò ôïõ (2.3)
êáé áðü ôéò åëá÷éóôïðïéïýóåò ëýóåéò ôïõ óõóôÞìáôïò ÌÄÅ Euler-Lagrange,
üôáí áõôÜ õðÜñ÷ïõí.

ÐáñáôÞñçóç 2.13 Åëëåßøåé áóèåíïýò êÜôù çìéóõíÝ÷åéáò, ïé (2.66) êáé (2.67)
áðïôåëïýí üëá üóá ìðïñïýìå íá éó÷õñéóôïýìå, áöïý äåí ìðïñïýìå íá ðåñÜ-
óïõìå óôï üñéï � → 0 ãéá íá ôçí âåëôéóôïðïéÞóïõìå. ÅðéðëÝïí, áí ç H
äåí åßíáé áíáëëïßùôç êÜôù áðü ôç äñÜóç ôçò Ïñèïãþíéáò ÏìÜäáò, ôüôå ç
Éäéüôçôá ÊõñôÞò ÈÞêçò éêáíïðïéåßôáé áðü ðñïóåããéóôéêü åëá÷éóôïðïéçôÞ óå
áíþôåñï åíåñãåéáêü åðßðåäï, áõîçìÝíï êáôÜ ôçí ðïóüôçôá \‖a‖L1(Ω)" áðü-
êëéóçò ôçò H áðü ôçí áíáëëïéþôçôá.
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Áðüäåéîç ôïõ 2.10. Óôáèåñïðïéïýìå � > 0. ÊÜôù áðü ôçí õðüèåóç L1-
öñÜãìáôïò ôçò (2), åëá÷éóôïðïéïýóåò áêïëïõèßåò ôïõ ðñïâëÞìáôïò (2.3) åßíáé
éóïäýíáìåò ìå ïéêïãÝíåéåò ðñïóåããéóôéêþí åëá÷éóôïðïéçôþí êáèþò � → 0.
Óõíåðþò, ìðïñïýìå íá åðéëÝîïõìå �

2 -åëá÷éóôïðïéçôÞ v ∈ [W 1;q
g (Ω)]N ôïõ

(2.64). Èåùñïýìå ôçí �
2 -ðåñéï÷Þ ôïõ u(@Ω) êáé èÝôïõìå

C := co
(
u(@Ω)�=2

)
: (2.68)

Áöïý u − g ∈ [W 1;q
0 (Ω)]N êáé g ∈ [L∞(Ω)]N , áðü ôéò (2.61) êáé (2.62), ôï

C åßíáé óõìðáãÝò êõñôü ôïõ RN ìå ìç-êåíü åóùôåñéêü. Ìå ìéá ìåôáöïñÜ,
õðïèÝôïõìå üôé 0 ∈ int(C). ¸óôù Fm, m ∈ N, ïé Áðåéêïíßóåéò Áíáäßðëùóçò
ôïõ ÈåùñÞìáôïò 2.1 ôïõ C. ¸óôù åðßóçò vm ç áðïêïðÞ ôïõ v ç åéêüíá ôçå
ïðïßáò ðåñéÝ÷åôáé óôçí ìåãáëÞôåñç ìðÜëá åíôüò ôçò m-äéüãêùóçò m C ôïõ C:

vm := v �{|v|≤R(m)} +
v

|v|
�{|v|>R(m)}; (2.69)

R(m) := max
{
R ∈ N

∣∣∣ v({|v| ≤ R}
)
⊆ m C

}
: (2.70)

Ôüôå, vm → v óôïí [W 1;q(Ω)]N êáé Dvm → Dv ó.ð. óôï Ω åðßóçò, êáôÜ ìÞ-
êïò ìéáò õðáêïëïõèßáò êáèþò m→∞. ÅðéðëÝïí, áðü ôï Èåþñçìá 2.1, ï ìå-
ôáó÷çìáôéóìüò Fm◦vm åßíáé êáëÜ ïñéóìÝìïò êáé ðåñéÝ÷åôáé óôïí [W 1;q(Ω)]N .
ÅðéðëÝïí, ãéá m = m(�) ìåãÜëï, åí üøåé ôçò (2.5) éêáíïðïéåß(

Fm ◦ vm
)
(Ω) ⊆

(
1 +

1
m

)
C

⊆ C�=2 (2.71)

= co
(
u(@Ω)�=2

)�=2
= co

(
u(@Ω)�

)
:

Áðü ôçí (2.5), ç Fm áöÞíåé ôï C áíáëëïßùôï. Óõíåðþò, áðü ôéò (2.61), (2.62)
êáé (2.68) ëáìâÜíïõìå

v(@Ω) =
(
Fm ◦ vm

)
(@Ω): (2.72)

Óõíåðþò, Fm ◦ vm ∈ [W 1;q
g (Ω)]N êáé áðü ôéò (2.71) êáé (2.72) Ý÷ïõìå(

Fm ◦ vm
)
(Ω) ⊆ co

(
Fm ◦ vm

)
(@Ω): (2.73)

Áðü ôçí õðüèåóç (2) êáé áöïý |Dvm| ≤ 2|Dv| ãéá m ìåãÜëï, ëáìâÜíïõìå∣∣∣H(x;Dvm(x)
)∣∣∣ ≤ 2qC |Dv(x)|q + b(x); (2.74)



Nßêïò ÊáôæïõñÜêçò - Ìç ÃñáììéêÜ ÓõóôÞìáôá Åëëåéðôéêþí ÌÄÅ 56

ãéá ó.ê. x ∈ Ω. ¢ñá, áöïý Dvm → Dv ó.ð. ãéá m → ∞, ôï Èåþñçìá
Êõñéáñ÷çìåíÞò Óýãêëéóçò äßíåé∫

Ω
H
(
x;Dvm(x)

)
dx −→

∫
Ω
H
(
x;Dv(x)

)
dx; (2.75)

ãéám→∞. Áðü ôï Èåþñçìá 2.1, ãéá ó.ê. x ∈ Ω, Ý÷ïõìå üôéDFm
(
vm(x)

)
∈

O(N;R). ¢ñá, ÷ñçóéìïðïéþíôáò ôï öñÜãìá ôçò (1) êáé ôçí (2.75), Ý÷ïõìå

E
(
Fm ◦ vm;Ω

)
=
∫

Ω
H
(
x;D(Fm ◦ vm)(x)

)
dx

=
∫

Ω
H
(
x;DFm(vm(x))Dvm(x)

)
dx

≤
∫

Ω
H
(
x;Dvm(x)

)
dx +

∫
Ω
a(x) dx (2.76)

≤
∫

Ω
H
(
x;Dv(x)

)
dx +

�

2
+ ‖a‖L1(Ω)

= E(v;Ω) +
�

2
+ ‖a‖L1(Ω);

ãéá m = m(�) áñêåôÜ ìåãÜëï. Áöïý ôï v åßíáé �
2 -åëá÷éóôïðïéçôÞò ôïõ

(2.64) êáé v − Fm ◦ vm ∈ [W 1;q
0 (Ω)]N , åðéëÝãïíôáò  ∈ [W 1;q

0 (Ω)]N ôõ÷áßá
êáé èÝôïíôáò

� :=  − v + Fm ◦ vm; (2.77)

Ý÷ïõìå üôé � ∈ [W 1;q
0 (Ω)]N . Óõíåðþò,

E
(
v;Ω

)
≤ E(v + �;Ω) +

�

2
= E

(
Fm ◦ vm +  ;Ω

)
+
�

2
: (2.78)

Áðü ôéò (2.76) êáé (2.78), ãéá êÜèå � > 0, ç u := Fm◦vm åßíáé (�+‖a‖L1(Ω))-
åëá÷éóôïðïéçôÞò ðïõ ëüãù ôçò (2.73) éêáíïðïéåß ôçí (2.66). �

2.2.2 Ç ÃÅÍÉÊÇ ÐÅÑÉÐÔÙÓÇ ÌÅ ÅÎÁÑÔÇÓÇ ÁÐÏ ÏËÁ ÔÁ
ÏÑÉÓÌÁÔÁ

Èåùñïýìå ôþñá ôçí ãåíéêÞ ðåñßðôùóç

E(u;Ω) =
∫

Ω
H
(
x; u(x); Du(x)

)
dx: (2.79)

ÕðïèÝóåéò ãéá ôï óõíáñôçóéáêü (2.79). Èá ÷ñåéáóôïýìå ôá áêüëïõèá:
Ýóôù Ω ⊆ Rn áíïéêôü êáéH : Ω×RN×RN×n −→ R óõíÜñôçóç ÊáñáèåïäùñÞ
þóôå
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1. Ç H(x; �; ) åßíáé ó÷åäüí áíáëëïßùôç êÜôù áðü ôç äñÜóç ôçò Ïñèïãþ-
íéáò ÏìÜäáò, ôïðéêÜ ïìïéüìïñöá ùò ðñïò �: ãéá êÜèå R > 0, õðÜñ-
÷åé a = aR ∈ L1(Ω) þóôå ãéá ó.ê. x ∈ Ω, üëá ôá |�| ≤ R, üëá ôá
O ∈ O(N;R) êáé üëá ôá P ∈ RN×n, Ý÷ïõìå∣∣H(x; �; P ) − H(x; �;OP )

∣∣ ≤ a(x):

2. Ç H(x; �; ) åßíáé q-áýîçóçò: õðÜñ÷ïõí C > 0, q ≥ 1, b ∈ L1(Ω) êáé
d : Ω× RN −→ R óõíÜñôçóç ÊáñáèåïäùñÞ þóôå

−b(x) ≤ H(x; �; P ) ≤ C |P |q + d(x; �):

3. ÕðÜñ÷åé êõñôü þóôå ïé ôéìÝò ôçò H(x; ; P ) åîùôåñéêÜ íá îåðåñíïýí
áõôÝò ôïõ óõíüñïõ: õðÜñ÷ïõí l ∈ L1(Ω) êáé C ⊆ RN óõìðáãÝò êõñôü
ìå 0 ∈ int(C) þóôå

max
�∈@C

H(x; �; P ) ≤ inf
�∈RN\C

H(x; �; P ) + l(x);

ãéá ó.ü. ôá x ∈ Ω êáé üëá ôá P ∈ RN×n.

ÐáñáôÞñçóç 2.14 Ïé õðïèÝóåéò (1) êáé (2) åßíáé áíÜëïãåò åêåßíùí ôïõ (2.64).
Ç õðüèåóç (3) ëÝåé üôé õðÜñ÷åé êõñôü C þóôå ç H(x; ; P ) íá Ý÷åé ôéìÝò óôïí
RN \ C ðïõ ó÷åäüí îåðåñíïýí åêåßíåò óôï @C. Ç ìç-áñíçôéêÞ óõíÜñôçóç l
áíáðáñéóôÜ ôçí áðüêëéóç ôçò H(x; ; P )

∣∣
C áðü ôï íá åßíáé óôáèåñÞ. Áí l ≡ 0,

ôüôå ôï \ó÷åäüí" ìðïñåß íá ðáñáëåéöèåß. Ç õðüèåóç (3) åßíáé áóèåíÝóôåñç
áðü ôçí õðüèåóç ôï C íá åßíáé óýíïëï óôÜèìçò, áöïý ïé ôéìÝò åóùôåñéêÜ ôïõ
C ìðïñåß íá îåðåñíïýí áõôÝò ôïõ óõíüñïõ.

Èåþñçìá 2.15 (Áñ÷Þ Áíáäßðëùóçò II) ¸óôù Ω ⊆ Rn áíïéêôü óýíïëï
êáé H : Ω× RN × RN×n −→ R óõíÜñôçóç ÊáñáèåïäùñÞ ðïõ éêáíïðïéåß ôéò
õðïèÝóåéò (1), (2) êáé (3). Ôüôå, ãéá êÜèå � > 0 êáé êÜèå g ∈ [W 1;q(Ω) ∩
L∞(Ω)]N õðÜñ÷åé Ýíáò (� + ‖a + l‖L1(Ω))-åëá÷éóôïðïéçôÞò u ôïõ óõíáñôç-

óéáêïý (2.79) óôïí [W 1;q
g (Ω)]N ðïõ éêáíïðïéåß

u(@Ω) ⊂ C =⇒ u(Ω) ⊆ C�: (2.80)

Áðü ôï Èåþñçìá 2.15 Üìåóá Ýðåôáé ôï áêüëïõèï

Ðüñéóìá 2.16 Óôï ðëáßóéï ôïõ ÈåùñÞìáôïò 2.15, áí åðéðëåüí a = l ≡ 0
óôéò õðïèÝóåéò (1) êáé (3), ôüôå õðÜñ÷åé åëá÷éóôïðïéïýóá ïéêïãÝíåéá {u�}�>0

ôïõ (2.3) ðïõ êáèþò �→ 0 éêáíïðïéåß üôé

u�(@Ω) ⊂ C =⇒ u�(Ω) ⊆ C�: (2.81)
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ÐáñáôÞñçóç 2.17 ¸íá åðé÷åßñçìá áíÜëïãï ôçò ÐáñáôÞñçóçò 2.12 åöáñ-
ìüæåôáé êáé åäþ åðßóçò. ¢ëëç ìéá öïñÜ ðáñáôçñïýìå üôé áí a 6≡ 0 Þ l 6≡ 0,
õðÜñ÷åé áýîçóç óôçí åíÝñãåéá ôïõ ðñïóåããéóôéêïý åëá÷éóôïðïéçôÞ.

ÐáñáôÞñçóç 2.18 Ç õðüèåóç ãíçóéüôçôáò \u(@Ω) ⊂ C" ôùí (2.80) êáé
(2.81) ìðïñåß íá ÷áëáñþóåé óå \u(@Ω) ⊆ C" by ìå ôçí åðéðëÝïí õðüèåóç
üôé ç � 7→ H(x; �; P ) Ý÷åé ìÝôñá óõíÝ÷åéáò óôá óõìðáãÞ ðïõ åîáñôþíôáé
ïìïéüìïñöá áðü ôá (x; P ) ∈ Ω×RN×n. ÁõôÞ åßíáé ìéá áóèåíÞò õðüèåóç ðïõ
éêáíïðïéåßôáé ðÜíôá óôçí áðïæåõãìÝíç ðåñßðôùóç H(x; �; P ) = A(x; P ) +
W (�), ìå êáèéåñùìÝíï ðáñÜäåéãìá ôï Óõíáñôçóéáêü ÄñÜóçò E(u;Ω) =∫
Ω[12 |Du(x)|

2 +W (u(x))]dx.

Áðüäåéîç ôïõ 2.15. Óôáèåñïðïéïýìå � > 0 êáé Ýóôù v ∈ [W 1;q
g (Ω)]N

Ýíáò �
2 -åëá÷éóôïðïéçôÞò ôïõ (2.79) ðïõ éêáíïðïéåß v(@Ω) ⊂ C. Óõìâïëßæïõìå

ôéò Áðåéêïíßóåéò Áíáäßðëùóçò ôïõ C ðïõ äßíïíôáé áðü ôï Èåþñçìá 2.1 ìå Fm,
m ∈ N. ¸óôù P ç ðñïâïëÞ åðß ôïõ C. ¸óôù ôÝëïò vm ç áðïêïðÞ ôïõ v
ðïõ äßíåôáé áðü ôéò (2.69) êáé (2.70). Ôüôå, ç Fm ◦ vm åßíáé êáëÜ ïñéóìÝíç
óõíÜñôçóç ôïõ [W 1;q(Ω)]N . Áðü ôçí õðüèåóç (3), ôï C åßíáé óõìðáãÝò. Áðü
ôéò (2.61) êáé (2.62), ôï v(@Ω) åßíáé êëåéóôü êáé åðåéäÞ v(@Ω) ⊂ C, õðÜñ÷åé
áíïéêôÞ ðåñéï÷Þ ôïõ v(@Ω) åíôüò ôïõ C. ¢ñá, ç Fm áöÞíåé ôéò óõíïñéáêÝò
ôéìÝò áíáëëïßùôåò êáé Ýôóé(

Fm ◦ vm
)
(@Ω) = v(@Ω): (2.82)

Óõíåðþò, Ý÷ïõìå Fm ◦ vm ∈ [W 1;q
g (Ω)]N . ÐÜëé áðü ôï Èåþñçìá 2.1, ãéá

m = m(�) ìåãÜëï Ý÷ïõìå (
Fm ◦ vm

)
(Ω) ⊆ C�: (2.83)

Áðü ôéò (2.69), (2.70) êáé ôï È. 2.1, ëáìâÜíïõìå

Dvm −→ Dv; (2.84)

Fm ◦ vm −→ P ◦ v; (2.85)

ó.ð. óôï Ω, êáé ïé 2 êáôÜ ìÞêïò êïéíÞò õðáêïëïõèßáò m→∞. Áîéïðïéþíôáò
ôá ∣∣Fm ◦ vm∣∣ ≤ 2 diam(C); (2.86)∣∣P ◦ v∣∣ ≤ diam(C); (2.87)

|Dvm| ≤ 2 |Dv|; (2.88)
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ðïõ éó÷ýïõí ãéá ìåãÜëï m, áðü ôï öñÜãìá ôçò (2) êáé ôï Èåþñçìá Êõñéáñ-
÷çìÝíçò Óýãêëéóçò, Ýðåôáé∫

Ω
H
(
x;Fm

(
vm(x)

)
; Dvm(x)

)
dx −→

∫
Ω
H
(
x;P

(
v(x)

)
; Dv(x)

)
dx;

(2.89)
ãéá m→∞. Ôþñá åöáñìüæïõìå ôçí

E
(
Fm ◦ vm;Ω

)
=
∫

Ω
H
(
x;
(
Fm ◦ vm

)
(x); D

(
Fm ◦ vm

)
(x)
)
dx

=
∫

Ω
H
(
x;Fm

(
vm(x)

)
; DFm

(
vm(x)

)
Dvm(x)

)
dx (2.90)

ãéá íá åêôéìÞóïõìå ôçí åíÝñãåéá E
(
Fm ◦ vm;Ω

)
. Áðü ôï È. 2.1, ãéá ó.ê.

x ∈ Ω, Ý÷ïõìå DFm
(
vm(x)

)
∈ O(N;R). Áîéïðïéïýìå ôéò (2.89) êáé (1) üðïõ

óáí R ðáßñíïõìå
R := 2 diam(C) (2.91)

ìå a = aR. Ôüôå ç (2.90) äßíåé

E
(
Fm ◦ vm;Ω

)
≤
∫

Ω
H
(
x;Fm

(
vm(x)

)
; Dvm(x)

)
dx

+
∫

Ω
a(x) dx

≤
∫

Ω
H
(
x;P(v(x)); Dv(x)

)
dx +

�

2
(2.92)

+ ‖a‖L1(Ω);

ãéá m = m(�) áñêåôÜ ìåãÜëï. Áðü ôçí (3), ó.ð. óôï

{v 6∈ C} :=
{
x ∈ Ω

∣∣∣ v(x) ∈ RN \ C
}
⊆ Ω (2.93)

Ý÷ïõìå

H
(
;P ◦ v;Dv

)
≤ max

�∈@C
H
(
; �;Dv

)
≤ inf

�∈RN\C
H
(
; �;Dv

)
+ l (2.94)

≤ H
(
; v;Dv

)
+ l:

ÔåôñéììÝíá, ó.ð. óôï {v ∈ C} Ý÷ïõìå

H
(
;P ◦ v;Dv

)
= H

(
; v;Dv

)
: (2.95)
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×ñçóéìïðïéþíôáò ôéò (2.94) êáé (2.95), ç åêôßìçóç (2.92) äßíåé

E
(
Fm ◦ vm;Ω

)
≤
∫
{v 6∈C}

H
(
x;P(v(x)); Dv(x)

)
dx

+
∫
{v∈C}

H
(
x;P(v(x)); Dv(x)

)
dx

+
�

2
+ ‖a‖L1(Ω) (2.96)

≤
∫
{v 6∈C}

H
(
x; v(x); Dv(x)

)
dx +

∫
Ω
l(x)dx

+
∫
{v∈C}

H
(
x; v(x); Dv(x)

)
dx

+
�

2
+ ‖a‖L1(Ω):

¢ñá, áðü ôçí (2.96) Ý÷ïõìå

E
(
Fm ◦ vm;Ω

)
≤
∫

Ω
H
(
x; v(x); Dv(x)

)
dx

+
�

2
+ ‖a‖L1(Ω) + ‖l‖L1(Ω) (2.97)

= E(v;Ω) +
�

2
+ ‖a+ l‖L1(Ω):

Óõíåðþò, áöïý ôï v åßíáé �2 -åëá÷éóôïðïéçôÞò ôïõ (2.79) êáé v − Fm ◦ vm ∈
[W 1;q

0 (Ω)]N , åðéëÝãïíôáò  ∈ [W 1;q
0 (Ω)]N ôõ÷áßá êáé èÝôïíôáò

� :=  − v + Fm ◦ vm; (2.98)

ðáßñíïõìå üôé � ∈ [W 1;q
0 (Ω)]N . ¢ñá,

E
(
v;Ω

)
≤ E(v + �;Ω) +

�

2
= E

(
Fm ◦ vm +  ;Ω

)
+

�

2
: (2.99)

Óõíåðþò, áðü ôéò (2.97), (2.99) êáé (2.83), ãéá êÜèå � > 0 ç u := Fm◦vm åßíáé
(� + ‖a + l‖L1(Ω))-åëá÷éóôïðïéçôÞò ðïõ éêáíïðïéåß ôçí (2.80). Ôï Èåþñçìá
2.15 Ýðåôáé. �
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ÈÅÌÁÔÉÊÇ ÅÍÏÔÇÔÁ ÉÉ
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3 ÅÎÁÃÙÃÇ ÔÏÕ ÓÕÓÔÇÌÁÔÏÓ ÌÄÅ ARONS-

SON ÃÉÁ ÏÌÁËÏÕÓ ÁÐÏËÕÔÏÕÓ ÅËÁ×ÉÓÔÏ-

ÐÏÉÇÔÅÓ ÌÅÃÉÓÔÉÊÙÍ ÓÕÍÁÑÔÇÓÉÁÊÙÍ

¸óôù H ìéá ìç-áñíçôéêÞ óõíÜñôçóç óôïí C1(RN×n × RN × Rn). Ç äéá-
íõóìáôéêÞ óõíÜñôçóç u : Rn −→ RN åßíáé Áðüëõôïò Åëá÷éóôïðïéçôÞò ôïõ
ìåãéóôéêïý óõíáñôçóéáêïý

E∞(u;Ω) : = ess sup
x∈Ω

H
(
Du(x); u(x); (x)

)
; Ω ⊆ Rn; (3.1)

áí ç u åßíáé ôïðéêÜ Lipschitz óôïí W 1;∞
loc (Rn)N êáé ãéá üëá ôá öñáãìÝíá

áíïéêôÜ Ω ⊂⊂ Rn êáé üëåò ôéò g ∈W 1;∞
0 (Ω)N Ý÷ïõìå

E∞(u;Ω) ≤ E∞(u+ g;Ω): (3.2)

ÓõíáñôçóéáêÜ ôçò ìïñöÞò (3.1) ðëáéóéùìÝíá áðü ôçí Ýííïéá åëá÷éóôéêüôçôáò
(3.2) áðïôåëïýí ôï êåíôñéêü áíôéêåßìåíï ôïõ Ëïãéóìïý Ìåôáâïëþí óôïí ÷þñï
L∞, åí áíôéèÝóåé ìå ôïí êëáóéêü Ëïãéóìü Ìåôáâïëþí óôïí L1. Ç ðåñéï÷Þ
îåêßíçóå áðü ôïí Aronsson óôá [A1] - [A5] ôçí äåêáåôßá ôïõ '60, ðïõ ìåëÝ-
ôçóå ôï ãåùìåôñéêü ðñüâçìá ôùí ÂÝëôéóôùí Lipschitz ÅðåêôÜóåùí äåäïìÝíçò
óõíÜñôçóçò êáé åìðëÝêåé ôï óõíáñôçóéáêü

Lip(u;K) = sup
x;y∈K;x6=y

|u(x)− u(y)|
|x− y|

(3.3)

óõæåõãìÝíï ìå ôçí Ýííïéá åëá÷éóôéêüôçôáò Lip(u;Ω) = Lip(u; @Ω) ãéá üëá ôá
Ω ⊂⊂ Rn. Ç âáèìùôÞ ðåñßðôùóç N = 1 Ý÷åé äéåîïäéêÜ ìåëåôçèåß áðü ôüôå,
áöïý L∞ ìåôáâïëéêÜ ðñïâëÞìáôá ðñïêýðôïõí óå ðëåéÜäá ðåñéðôþóåùí, åéäéêÜ
üôáí ç åëá÷éóôïðïßçóç ôçò ìÝóçò ôéìÞò äåí ïäçãåß óå ñåáëéóôéêü ìïíôÝëï
êáèþò êáé áëëïý (äåò [BEJ]).

Ïé Áðüëõôïé Åëá÷éóôïðïéçôÝò ôïõ (3.1) ó÷åôßæïíôáé ìå Ýíá \Euler-Lagrange"
óýóôçìá ÌÄÅ 2çò ôÜîçò, ôï óýóôçìá Aronsson ÌÄÅ. Áí u ∈ C2(Rn)N ,
ìðïñåß íá ãñáöôåß óå óõíåðôõãìÝíç ìïñöÞ óáí

A[u] := HP (Du; u; )D
(
H(Du; u; )

)
= 0: (3.4)

¸äù ç H Ý÷åé ïñßóìáôá H(P; �; x), ïé äåßêôåò HP , H�, Hx äçëþíïõí ðá-
ñáãþãïõò DPH, D�H, DxH, êáé ôá P; �; x Ý÷ïõí óõíéóôþóåò P�i, �� , xj
ìå äåßêôåò íá äéáôñÝ÷ïõí ùò 1 ≤ i; j ≤ n, 1 ≤ �; � ≤ N . Áíáðôýóóï-
íôáò óôçí (3.4) ôéò ðáñáãþãïõò ôçò u ðïõ ôéò âëÝðïõìå óáí áðåéêïíßóåéò
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Du : Rn −→ RN×n, D2u : Rn −→ RN×n2
ìå óõíéóôþóåò Diu�; D

2
iju� , êëð,

ôï óýóôçìá ÌÄÅ Aronsson áíáðôýóóåôáé óå(
HP�i(Du; u; )HP�j (Du; u; )

)
D2
iju�

+
(
HP�i(Du; u; )H�� (Du; u; )Diu� (3.5)

+ HP�i(Du; u; )Hxi(Du; u; )
)

= 0;

üðïõ ç óýìâáóç Üèñïéóçò ó÷çóéìïðïéåßôáé. Ôï (3.5) åßíáé Ýíá ó÷åäüí-ãñáììéêü
óýóôçìá ÌÄÅ 2çò ôÜîçò. Ç åéäéêÞ ðåñßðôùóç H(P; �; x) = 1

2 |P |
2 = 1

2P�iP�i
óôçí (3.1) äßíåé E∞(u;Ω) = 1

2‖Du‖
2
L∞(Ω) ðïõ ó÷åôßæåôáé Üìåóá ìå ôï (3.3)

êáé ïäçãåß óôï óçìáíôéêü óýóôçìá ÌÄÅ ôçò ∞-ËáðëáóéáíÞò

∆∞u := DuD
(1

2
|Du|2

)
= 0; (3.6)

Óå áíçãìÝíç ìïñöÞ äåéêôþí, ôï óýóôçìá ôçò ∞-ËáðëáóéáíÞò ãñÜöåôáé ùò

Diu�Dju� D
2
iju� = 0: (3.7)

Ìéá âáóéêÞ äõóêïëßá ðïõ ó÷åôßæåôáé ìå ôç ìåëÝôç ôùí (3.4) êáé (3.6) åßíáé üôé
äéáèÝôïõí ìç äéáöïñßóéìåò \ëýóåéò". Áõôü åß÷å ðáñáôçñçèåß áðü ôïí Aron-
sson óôá [A6], [A7] êáé ç èåùñßá Ýìåéíå áíåíåñãÞ ùò ôç äåêáåôßá ôïõ '90,
üðïõ åöáñìïãÞ ôùí Ëýóåùí Éîþäïõò ôùí Crandall, Ishii êáé Lions åðÝôñåøå
ôç ìåëÝôç ôùí ãåíéêá éäéáæüíôùí ëýóåùí ôçò âáèìùôÞò ÌÄÅ A[u] = 0 ãéá
N = 1, üðùò áõôÝò ôïõ ðñïôåëåõôáßïõ ìÝñïõò ôçò ÄéáôñéâÞò. Óôï âáèìùôü
ðëáßóéï N = 1 áëëÜ óôçí ðëÞñç ãåíéêüôçôá ôçò H üðùò óôçí (3.1), ïé Bar-
ron, Jensen êáé Wang [BJW1] áðÝäåéîáí üôé ïé ôïðéêïß åëá÷éóôïðïéçôÝò åßíáé
Ëýóåéò Éîþäïõò ôçò ÌÄÅ Aronsson. ÌåôÝðåéôá, ôï áðïôÝëåóìá âåëôéþèçêå
áðü ôïõò Crandall [C1] êáé Crandall, Wang êáé Yu [CWY]. Ó÷åôéêÜ áðïôå-
ëÝóìáôá óôç ãåíéêüôçôá ôùí ïìÜäùí Carnot-Carath�eodory åìöáíßæïíôáé óôá
[BC] êáé [WY].

Óå áõôü ôï êåöÜëáéï èåùñïýìå ôçí ðëÞñç äéáíõóìáôéêÞ ðåñßðôùóç ôùí
(3.1) êáé (3.4) êáé áðïäåéêíýïõìå üôé Áðüëõôïé Åëá÷éóôïðïéçôÝò åßíáé ëýóåéò
ôïõ óõóôÞìáôïò ÌÄÅ Aronsson, êÜôù áðü ôçí åðéðñüóèåôç õðüèåóç üôé åßíáé
óôïí C2(Rn)N êáé ü÷é ìüíï ôïðéêÜ Lipschitz :

Èåþñçìá 3.1 (Ïé Áð.Åëá÷. óáí ëýóåéò óõóôÞìáôïò ÌÄÅ Aronsson)
¸óôù H ∈ C1(RN×n × RN × Rn), H ≥ 0. Áí u : Rn −→ RN åßíáé Áðüëõ-
ôïò Åëá÷éóôïðïéçôÞò ôïõ ìåãéóôéêïý óõíáñôçóéáêïý (3.1) éêáíïðïéþíôáò ôçí
(3.2) êáé åðéðëÝïí u ∈ C2(Rn)N , ôüôå ç u ëýíåé ôï óýóôçìá ÌÄÅ Aronsson
(3.4), (3.5).
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Åéäéêüôåñá, ðáñÝ÷ïõìå ìéá áõóôçñÞ áðüäåéîç åíüò èåùñÞìáôïò ðáñüìïéï
ôïõ 3.1 ðïõ åìöáíßæåôáé óôçí åñãáóßá [BJW2] ôùí Barron, Jensen êáé Wang
ðïõ åß÷å ìüíï óêéáãñáöçèåß ôõðéêÜ.

Ç ðëÞñçò äéáíõóìáôéêÞ ðåñßðôùóç ôùí (3.4), (3.5) äåí Ý÷åé ìåëåôçèåß. Ç
âáóéêÞ äõóêïëßá ðçãÜæåé áðü ôçí ýðáñîç éäéáæüíôùí \ëýóåùí" ôçò (3.5) êáé
ôçí Ýëëåéøç ìéáò óõóôçìáôéêÞò èåùñßáò ãéá íá ìåëåôÞóïõìå óõóôÞìáôá óáí
ôï (3.5) ðïõ íá åðéôñÝðåé ôçí \áóèåíÞ" åñìçíåßá ôÝôïéùí \ëýóåùí". Ðáñüëï
ðïõ óôçí âáèìùôÞ ðåñßðôùóç êÜðïéïò åêöõëéóìüò ôçò H åßíáé áíáãêáßïò
þóôå íá åìöáíéóôïýí éäéÜæïõóåò ëýóåéò ôçò (3.4) (äåò ôï ðñïôåëåõôáßï ìÝñïò
ôçò ÄéáôñéâÞò) ðïõ äåí åìöáíßæïíôáé ãéá ôçí ∆∞, ç äéáíõóìáôéêÞ ðåñßðôùóç
åßíáé ðéï éíôñéãêþäçò êáé õðÜñ÷ïõí åîáéñåôéêÜ éäéÜæïõóåò ðïõèåíÜ 2 öïñÝò
ðáñáãùãßóéìåò ∞-ÁñìïíéêÝò óõíáñôÞóåéò áêüìá êáé üôáí n = 1: áí K åßíáé
ìéá áñêåôÜ éäéÜæïõóá óõíÜñôçóç ôïõ C0(R) (üðùò áõôÞ ôïõ ôåëåõôáßïõ ìÝñïõò
ôçò äéáôñéâÞò), ç åðßðåäç êáìðýëç u : R −→ R2

u(t) :=
∫ t

0

(
cos
(
K(s)

)
; sin

(
K(s)

))>
ds (3.8)

åßíáé ìéá C1(R)2 ëýóç ôçò ÌÄÅ Åéêüíáò, äçëáäÞ éêáíïðïéåß

|Du|2 = 1 (3.9)

êáé åßíáé \∞-ÁñìïíéêÞ óõíÜñôçóç", áöïý ëýíåé ôï óõíåðôõãìÝíï óýóôçìá
(3.6), áëëÜ ü÷é ôï (3.7) áöïý ç D2u äåí õðÜñ÷åé ðïõèåíÜ êáé ìðïñåß íá õëï-
ðïéçèåß ìüíï óáí éäéÜæïõóá êáôáíïìÞ 1çò ôÜîçò.

Åí üøåé ôùí ðáñáðÜíù, ôï Èåþñçìá 3.1 ùò Ý÷åé åßíáé ðåñéïñéóìÝíçò åöáñ-
ìïóéìüôçôáò. Ðáñüëá áõôÜ, óôï åðüìåíï ìÝñïò ôçò äéáôñéâÞò ðñïôåßíåôáé ìéá
Èåùñßá ìç-äéáöïñéóßìùí ëýóåùí ðïõ åöáñìüæåôáé óå ðëÞñùò ìç-ãñáììéêÜ
åëëåéðôéêÜ óõóôÞìáôá ÌÄÅ êáé åðåêôåßíåé ôçí Èåùñßá ôùí Ëýóåùí Éîþäïõò
óôç ãåíéêÞ äéáíõóìáôéêÞ ðåñßðôùóç. Óå áõôü ôï íÝï ðëáßóéï åñãáóßáò, åßíáé
åöéêôü íá åîá÷èïýí áðïôåëÝóìáôá áíÜëïãá ôùí [BJW1], [C2] êáé [CWY] êáé
áõôü åßíáé åí åîåëßîåé. Ðáñüëá áõôÜ, ç ïìáëÞ ðåñßðôùóç åßíáé ðéï äéáöùôéóôéêÞ
ãéáôß áðáêáëýðôåé ôçí ïõóßá ðáñáêÜìðôïíôáò ôéò ðåñéðëïêÝò ëüãù Ýëëåéøçò
ïìáëüôçôáò. ÅðéðëÝïí, ïé õðïèÝóåéò ôïõ ÈåùñÞìáôïò 3.1 äåí áðáéôïýí ôçí
óôáèìéêÞ êõñôüôçôá ôçò P 7→ H(P; ; ).

Áðüäåéîç ôïõ 3.1. Ôá åðé÷åéñÞìáôá áêïëïõèïýí ìéá éäÝá ôïõ R. Jensen
áðü ôçí âáèìùôÞ ÌÄÅ ∞-ËáðëáóéáíÞ ∆∞u = 0 ãéá N = 1 êáé áíôßóôïé÷ç
H(P; �; x) = 1

2 |P |
2, ðïõ åìöáíßæåôáé óôçí åñãáóßá [J1]. Ç éäÝá åßíáé íá åîÜ-

ãïõìå ôçí (3.4) áðü ôçí (3.2) åéóÜãïíôáò ìéá êáôÜëëçëç äïêéìáóôéêÞ óõíÜñ-
ôçóç ãéá ôçí u êáé ðñïêýðôåé üôé ìéá ôåôñáãùíéêÞ ìåôáâïëÞ áñêåß.
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Óôáèåñïðïéïýìå x ∈ Rn, "; � ∈ (0; 1), � ∈ RN ìå |�| = 1 êáé èåùñïýìå
ôçí

g(z) :=
�

2
(
"2 − |z − x|2

)
�: (3.10)

Ôüôå, ç g : Rn −→ RN åßíáé ëåßá êáé ìçäåíßæåôáé óôï óýíïñï ôçò "-ìðÜëáò
ðåñß ôï x:

g ∈W 1;∞
0 (B"(x))N ∩ C2(Rn)N : (3.11)

ÈÝôïíôáò óáí w ôçí áêüëïõèç ìåôáâïëÞ ôçò u

w := u + g; (3.12)

õðïëïãßæïõìå (�ij åßíáé ôï \ä" ôïõ Kronecker):

w�(x) = u�(x) +
�"2

2
��; (3.13)

Diw�(z) = Diu�(z) − ���(z − x)i; (3.14)

D2
ijw�(z) = D2

iju�(z) − ����ij ; (3.15)

|g| = (g� g�)
1
2 ≤ 1; on B"(x); (3.16)

|Dg| = (Dig�Dig�)
1
2 ≤ 1; on B"(x); (3.17)

üðïõ 1 ≤ i; j ≤ n, 1 ≤ � ≤ N . Áöïý u ∈ C2(Rn)N êáé ç H åßíáé C1, ç

H(Du; u; ) : z 7→ H
(
Du(z); u(z); z

)
(3.18)

åßíáé C1(Rn). Áðü ôï Èåþñçìá Taylor, õðÜñ÷åé � ∈ C1(Rn) ìå �(z − x) =
o(1) ãéá z → x þóôå

H(Du; u; )(z) = H(Du; u; )(x)
+ D

(
H(Du; u; )

)
(x)(z − x) (3.19)

+ �(z − x)|z − x|:

ÎáíÜ áðü ôï Èåþñçìá Taylor ãéá ôçí

H(Dw; u; ) : z 7→ H
(
Dw(z); u(z); z

)
; (3.20)

õðÜñ÷åé � ∈ C1(Rn) ìå �(z − x) = o(1) ãéá z → x þóôå

H(Dw; u; )(z) = H(Dw; u; )(x)
+ D

(
H(Dw; u; )

)
(x)(z − x) (3.21)

+ �(z − x)|z − x|:
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Ôþñá ÷ñçóéìïðïéïýìå ôçí (3.21) êáé ôçí ôáõôüôçôá

H(Dw;w; )(z) = H(Dw; u; )(z)
+
[
H(Dw;w; )−H(Dw; u; )

]
(z); (3.22)

ãéá íá õðïëïãßóïõìå:

H
(
Dw(z); w(z); (z)

)
= H

(
Dw(x); u(x); (x)

)
+ HP�i

(
Dw(x); u(x); (x)

)
D2
ijw�(x) (z − x)j

+ H��

(
Dw(x); u(x); (x)

)
Dju�(x) (z − x)j (3.23)

+ �(z − x)|z − x|
+
[
H(Dw;w; )−H(Dw; u; )

]
(z):

¢ñá, áðü ôçí (3.23) êáé åí üøåé ôùí (3.13), (3.14) êáé (3.15), ëáìâÜíïõìå

H
(
Dw(z); w(z); (z)

)
= H

(
Du(x); u(x); (x)

)
)

+ HP�i

(
Du(x); u(x); (x)

)
)D2

iju�(x) (z − x)j
− � ��HP�i

(
Du(x); u(x); (x)

)
(z − x)i

+ H��

(
Du(x); u(x); (x)

)
Dju�(x) (z − x)j (3.24)

+ �(z − x)|z − x|
+
[
H(Dw;w; )−H(Dw; u; )

]
(z):

¢ñá, ç (3.24) äßíåé

H(Dw;w; )(z) = H(Du; u; )(x)
+ D

(
H(Du; u; )

)
(x) (z − x)

− � �>HP (Du; u; )(x) (z − x) (3.25)

+ �(z − x)|z − x|
+
[
H(Dw;w; )−H(Dw; u; )

]
(z):

Áðü ôéò (3.10), (3.11), (3.12), Ý÷ïõìå

|w − u| ≤ �"2

2
; on B"(x): (3.26)

Áöïý ç H åßíáé C1, ç (3.26) äßíåé∣∣∣H(Dw;w; )−H(Dw; u; )
∣∣∣ ≤ M

�"2

2
; on B"(x): (3.27)
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ìåM > 0 óôáèåñÜ áíåîÜñôçôç ôùí "; � üðïõ åí üøåé ôùí (3.16), (3.17) ìðïñåß
íá ðáñèåß ùò

M := sup
{
|H�| : BR(0)× Br(0)× B1(x);

r := 1 + ‖u‖L∞(B1(x)) (3.28)

R := 1 + ‖Du‖L∞(B1(x))

}
:

Ôþñá åêôéìïýìå åíÝñãåéåò. Áðü ôéò (3.1) êáé (3.21), Ý÷ïõìå

E∞(u;B"(x)) = ess sup
Be(x)

H(Du; u; )

= H(Du; u; )(x) (3.29)

+ max
{|z−x|≤"}

[
D
(
H(Du; u; )

)
(x)(z − x)

+ �(z − x)|z − x|
]

ðïõ äßíåé

E∞(u;B"(x)) ≥ H(Du; u; )(x)

+ max
{|z−x|≤"}

[
D
(
H(Du; u; )

)
(x)(z − x)

]
(3.30)

− max
{|z−x|≤"}

|�(z − x)| |z − x|:

Ôï 1ï ìÝãéóôï óôçí (3.30) õëïðïéåßôáé óôï

z" := x + " sgn
(
D
(
H(Du; u; )

)
(x)
)

(3.31)

åíþ ôï 2ï åßíáé ìéá ðïóüôçôá o(") ãéá "→ 0. ¢ñá, ç (3.30) äßíåé

E∞(u;B"(x)) ≥ H(Du; u; )(x) + "
∣∣D(H(Du; u; )

)
(x)
∣∣ + o("): (3.32)

Ôþñá, áðü ôéò (3.1) êáé (3.25) Ý÷ïõìå

E∞(w;B"(x)) = ess sup
Be(x)

H(Dw;w; )

= H(Du; u; )(x)

+ max
{|z−x|≤"}

[(
D
(
H(Du; u; )

)
− � �>HP (Du; u; )

)
(x)(z − x)

(3.33)

+ �(z − x)|z − x|

+
[
H(Dw;w; )−H(Dw; u; )

]
(z)
]
:
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Áîéïðïéþíôáò ôçí (3.27), ç (3.33) äßíåé

E∞(w;B"(x)) ≤ H(Du; u; )(x)

+ max
{|z−x|≤"}

[(
D
(
H(Du; u; )

)
− � �>HP (Du; u; )

)
(x)(z − x)

]
(3.34)

+ max
{|z−x|≤"}

|�(z − x)| |z − x|

+ M�"2:

Ôï 1ï ìÝãéóôï óôçí (3.34) õëïðïéåßôáé óôï

z";�;� := x + " sgn
(
D
(
H(Du; u; )

)
(x)− � �>HP (Du; u; )(x)

)
; (3.35)

åíþ ôï 2ï åßíáé ìéá ðïóüôçôá o(") ãéá "→ 0. ¢ñá, ç (3.34) äßíåé

E∞(w;B"(x)) ≤ H(Du; u; )(x)

+ "
∣∣∣D(H(Du; u; )

)
(x)− � �>HP (Du; u; )(x)

∣∣∣ (3.36)

+ o(") + M�"2:

Áðü ôéò åêôéìÞóåéò åíÝñãåéùí (3.32), (3.36) and Áðüëõôç Åëá÷éóôéêüôçôá ôçò
u (äåò ôçí (3.2)), åí üøåé ôçò (3.12) Ý÷ïõìå

0 ≤ E∞(w;B"(x)) − E∞(u;B"(x))
≤ H(Du; u; )(x)

+ "
∣∣∣D(H(Du; u; )

)
(x)− � �>HP (Du; u; )(x)

∣∣∣ (3.37)

+ o(") + M�"2

− H(Du; u; )(x) − "
∣∣D(H(Du; u; )

)
(x)
∣∣ + o("):

Áðü ôçí (3.37) ëáìâÜíïõìå

0 ≤
∣∣∣D(H(Du; u; )

)
(x)− � �>HP (Du; u; )(x)

∣∣∣ (3.38)

−
∣∣D(H(Du; u; )

)
(x)
∣∣ + o(1) + M�";

ãéá "→ 0. ÐÝñáóìá óôï üñéï "→ 0 äßíåé

0 ≤
∣∣∣D(H(Du; u; )

)
(x)− � �>HP (Du; u; )(x)

∣∣∣ (3.39)

−
∣∣D(H(Du; u; )

)
(x)
∣∣:
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ÁíD
(
H(Du; u; )

)
(x) = 0, ôüôå ëüãù ôçò (3.4), ïé Áðüëõôïé Åëá÷éóôïðïéçôÝò

u ëýíïõí óôï x ôçí
A[u](x) = 0: (3.40)

Áðü ôçí Üëëç, áí D
(
H(Du; u; )

)
(x) 6= 0, ç

p 7→
∣∣D(H(Du; u; )

)
(x) + p

∣∣ − ∣∣D(H(Du; u; )
)
(x)
∣∣ (3.41)

åßíáé C1 êïíôÜ óôçí áñ÷Þ ôïõ Rn. Áðü ôï áíÜðôõãìá Taylor ôçò (3.41) óôï
0 ∈ Rn åöáñìïóìÝíï óôï

p := −� �>HP (Du; u; )(x); (3.42)

ç áíéóüôçôá (3.39) äßíåé

0 ≤

(
D
(
H(Du; u; )

)
(x)∣∣D(H(Du; u; )
)
(x)
∣∣
)> (

− � �>HP (Du; u; )(x)
)

(3.43)

+ o
(
�
∣∣�>HP (Du; u; )(x)

∣∣);
ãéá � → 0. Áðü ôçí (3.43) åîÜãïõìå

� �>
(
HP (Du; u; )

)
D
(
H(Du; u; )

)
(x)
)
≤ o(�); (3.44)

ãéá � → 0. ÐÝñáóìá óôï üñéï � → 0 äßíåé ëüãù ôçò (3.4) ôçí

�>
(
A[u](x)

)
≤ 0: (3.45)

Áöïý ôï � ∈ RN åßíáé áõèáßñåôç êáôåýèõíóç êáé ôï x ∈ Rn åßíáé ôõ÷áßï
óçìåßï, ïé Áðüëõôïé Åëá÷éóôïðïéçôÝò u : Rn −→ RN åßíáé ëýóåéò ôïõ óõóôÞ-
ìáôïò ÌÄÅ Aronsson êáé ôï áðïôÝëåóìá Ýðåôáé. �
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4 ÈÅÙÑÉÁ ËÕÓÅÙÍ ÅÐÁÖÇÓ ÌÇ ÃÑÁÌÌÉÊÙÍ

ÓÕÓÔÇÌÁÔÙÍ ÌÅÑÉÊÙÍ ÄÉÁÖÏÑÉÊÙÍ ÅÎÉ-

ÓÙÓÅÙÍ

Óå áõôü ôï êåöÜëáéï åéóÜãïõìå ìéá èåùñßá ìç-äéáöïñéóßìùí ëýóåùí ãéá ðëÞ-
ñùò ìç-ãñáììéêÜ óõóôÞìáôá ÌÄÅ 1çò êáé 2çò ôÜîçò

F ( ; u;Du;D2u) = 0; u : Rn −→ RN ; (4.1)

ðïõ åðåêôåßíåé ôçí èåùñßá ôùí Ëýóåùí Éîþäïõò óôç ãåíéêÞ äéáíõóìáôéêÞ ðå-
ñßðôùóç. Ôï óôïé÷åßï-êëåßäé ðïõ åðÝôñåøå áõôÞ ôçí åðÝêôáóç (ç ïðïßá åß÷å
åðéåôõ÷èåß ìüíï ãéá åéäéêÜ ìïíüôïíá Þ áóèåíþò óõæåõãìÝíá óõóôÞìáôá) åßíáé
ç áíáêÜëõøç ìéáò Áñ÷Þò ÁêñïôÜôïõ ãéá äéáíõóìáôéêÝò óõíáñôÞóåéò, áõôÞ
ôçò \Áñ÷Þò ôçò ÅðáöÞò". Ç \ÅðáöÞ" åðåêôåßíåé ôá min êáé max óôïí RN

êáé éêáíïðïéåß Ýíáí \ëïãéóìü Áñ÷Þò Ìåãßóôïõ". Ïäçãïýìáóôå Ýôóé óå ìéá
èåùñßá ÌÄÅ, áõôÞ ôùí Ëýóåùí ÅðáöÞò ç ïðïßá äéáôçñåß ôçí ôå÷íïôñïðßá
ôïõ âáèìùôïý áíáëüãïõ ôùí Ëýóåùí Éîþäïõò. ÂÝâáéá, íÝá äéáíõóìáôéêÜ
öáéíüìåíá åìöáíßæïíôáé. Ãéá ðáñÜäåéãìá, ëüãù åíäå÷üìåíçò \óõóôñïöÞò"
ôùí óõíáñôÞóåùí ç Áñ÷Þ ÁêñïôÜôïõ áíáãêáóôéêÜ åßíáé óõíáñôçóéáêÞ êáé
ü÷é óçìåéáêÞ. Åðßóçò, äéáèÝôåé ôÜîç êáé áðëÞ óõíÝ÷åéá ôùí åìðëåêïìÝíùí
óõíáñôÞóåùí äåí áñêåß. Åéäéêüôåñá, \ÅðáöÞ 1çò ôÜîçò" åðéôñÝðåé íá åîÜ-
ãïõìå \éóüôçôá ãéá ôçí êëßóç" êáé \ÅðáöÞ 2çò ôÜîçò" åðéôñÝðåé íá åîÜãïõìå
\áíéóüôçôá ãéá ôçí ÅóóéáíÞ". Åðßóçò, ç ôÜîç ôçò \ÅðáöÞò" åðéâÜëëåé ìéá a
priori ÌåñéêÞ Ïìáëüôçôá êáé \ôï 1=2 ôçò ôÜîçò ðáñáãþãùí ôoõ (4.1) ìðïñåß
íá åñìçíåõèåß áóèåíþò, ôï õðüëïéðï 1=2 ðñÝðåé íá ðñïûðÜñ÷åé êëáóéêÜ".

Âáóéêü ðåäßï åöáñìïãÞò ôùí Ëýóåùí ÅðáöÞò åßíáé ôï óýóôçìá Aron-
sson (0.7), ç ∞-ËáðëáóéáíÞ (0.8), ïé âáèìùôÝò ÌÄÅ Hamilton-Jacobi ìå
äéáíõóìáôéêÝò ëýóåéò êáé åéäéêÜ ç ÌÄÅ Åéêüíáò |Du|2 = 1. ÅéäéêÜ ãéá ôá
óõóôÞìáôá (0.7) êáé (0.8) õðÜñ÷ïõí üðùò áðïäåéêíýïõìå éäéÜæïõóåò \ëýóåéò"
ïé ïðïßåò äåí ìðïñïýí íá åñìçíåõèïýí áõóôçñÜ áðü ôéò õðÜñ÷ïõóåò èåùñßåò
ÌÄÅ êáé íá ìåëåôçèïýí áðïôåëåóìáôéêÜ: ãåíéêÜ äåí õðÜñ÷ïõí ïýôå êëáóé-
êÝò, ïýôå éó÷õñÝò, ïýôå áóèåíåßò, ïýôå ìåôñï-èåùñçôéêÝò, ïýôå êáôáíïìéêÝò
ëýóåéò.

Óáí ìéá ðñþôç åöáñìïãÞ, êáèïñßæïõìå ôéò Èåìåëéþäåéò Ëýóåéò ôçò ∞-
ËáðëáóéáíÞò êáé áðïäåéêíõïýìå üôé åßíáé ìç-êëáóéêÝò Ëýóåéò ÅðáöÞò ôçò

ÌÄÅ Åéêüíáò. Åðßóçò, êáôáóêåõÜæïõìå ìéá êëÜóç C1; 1
2
+ ∞-Áñìïíéêþí

äéáíõóìáôéêþí óõíáñôÞóåùí ìå ðïõèåíÜ âåëôéþóéìç ïìáëüôçôá.
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4.1 ÐÏËÕÃÑÁÌÌÉÊÇ ÁËÃÅÂÑÁ ÊÁÉ ÔÁÍÕÓÔÉÊÅÓ ÁÍÉ-
ÓÏÔÇÔÅÓ

4.1.1 ÅÉÓÁÃÙÃÉÊÁ

¸óôù n;N ∈ N . Óôá ðáñáêÜôù, ìå Rn èá óõìâïëßæïõìå ôï Rn×1 åöïäéá-
óìÝíï ìå åóùôåñéêü ãéíüìåíï a · b := a>b êáé ï RN×n èá åßíáé ï ÷þñïò ôùí
N × n ðéíÜêùí ìå åóùôåñéêü ãéíüìåíï P : Q := tr(P>Q). Ïé íüñìåò åßíáé
ðÜíôá ïé Åõêëåßäåéåò |a| =

√
a · a, |P | =

√
P : P . Ç ìðÜëá ôïõRn ìå êÝíôñï

óôï x èá óõìâïëßæåôáé ìå Bn(x) êáé ïé áíôßóôïé÷åò óöáßñåò ìå Sn−1(x). Áí
x = 0, ôüôå ïé Bn(0), Sn−1(0) èá óõìâïëßæïíôáé ìå Bn, Sn−1. Ãéá a ∈ Rn,
èÝôïõìå sgn(a) := a=|a| áí a 6= 0 êáé sgn(0) := 0. Ç óýìâáóç Üèñïéóçò èá
÷ñçóéìïðïéåßôáé êáé ïé åëåýèåñïé åðáíáëáìâáíüìåíïé äåßêôåò èá êáôáäåéêíýï-

íôáé ìå (̂:). Ôá ãñÜììáôá n;N èá åßíáé ðÜíôá ïé äéáóôÜóåéò ôùí Rn êáé RN ;
ÅëëçíéêÜ �, �, ,... èá ôñÝ÷ïõí áðü 1 ùò N êáé ëáôéíéêÜ i, j, k,... áðü 1
ùò n. Óõìâïëßæïõìå ôï ÷þñï ôùí ãñáììéêþí áðåéêïíßóåùí A : Rn −→ RN ,
Ξ : RN×n −→ RN×n ìå RN ⊗ Rn êáé RN×n ⊗ RN×n áíôßóôïé÷á. Ôá áíôß-
óôïé÷á ôáíõóôéêÜ ãéíüìåíá åßíáé

⊗ : RN × Rn −→ RN × Rn; e>� ([� ⊗ w]ei) := ��wi; (4.2)

⊗ : RN×n × RN×n −→ RN×n × RN×n; e�i : ([P⊗Q]e�j) := P�iQ�j :

(4.3)

Ôüôå, RN ⊗ Rn = span[{e� ⊗ ei|�; i}] êáé RN×n ⊗ RN×n = span[{e�i ⊗
e�j |�; �; i; j}] üðïõ e�i = e� ⊗ ei. Ïé ÷þñïé óõììåôñéêþí áðåéêïíßóåùí õðå-
ñÜíù ôïõ Rn êáé ôïõ RN×n åßíáé ïé

S(n) :=
{
A = Aijei ⊗ ej

∣∣∣ Aij = Aji ∈ R
}
; (4.4)

S(N × n) :=
{

Ξ = Ξ�i�je�i ⊗ e�j

∣∣∣ Ξ�i�j = Ξ�j�i ∈ R
}
: (4.5)

Ôï öõóéêü åóùôåñéêü ãéíüìåíï S(N × n) ðïõ åðÜãåôáé áðü RN×n ⊗ RN×n

äßíåôáé áðü Ξ : H := Ξ�i�jH�i�j . ÈåôéêÝò óõììåôñéêÝò áðåéêïíßóåéò Rn −→
Rn èá óõìâïëßæïíôáé ìå S+(n).

¸óôù ôþñá u : Rn −→ RN . Ç êëßóç Du êáé ç ÅóóéáíÞ D2u èåùñïýíôáé
óáí áðåéêïíßóåéò

Du = (Diu�)e� ⊗ ei : Rn −→ RN ⊗ Rn; (4.6)

D2u = (D2
iju�)e� ⊗ eij : Rn −→ RN ⊗ S(n): (4.7)

ÔÝëïò, Ýóôù k ∈ N, q ≥ 1 êáé Ω ⊆ Rn áíïéêôü. Ïé ôïðéêïé ÷þñïé Sobolev

óõíáñôÞóåùí u : Ω ⊆ Rn −→ RN èá óõìâïëßæïíôáé ìå W k;q
loc (Ω)N êáé ïé
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ôïðéêïß Ck ÷þñïé ìå Ck(Ω)N . ¸óôù 0 ≤ � ≤ 1. Ïé Ck−1 óõíáñôÞóåéò ìå
H�older êáé Lipschitz k-ôÜîçò ðáñáãþãïõò èá óõìâïëßæïíôáé ìå Ck;�(Ω)N êáé
Ck;1(Ω)N . Èá ÷ñåéáóôåß íá åðåêôáèïýìå óôçí êëÜóç ôùí Ck;�+(Ω)N ÷þñùí.
Áí k = 0, ï C0;�+(Ω)N ïñßæåôáé áðü

C0;�+(Ω)N :=
{
u : Ω −→ RN

∣∣∣ ∀ Ω′ ⊂⊂ Ω; ∃! ∈ C0[0;∞); ↗; !(0) = 0 :∣∣u(x)− u(y)
∣∣ ≤ !(|x− y|)|x− y|�; x; y ∈ Ω

}
:

(4.8)

ÔõðéêÜ, èÝôïõìå C�+(Ω)N := C0;�+(Ω)N . Ï ÷þñïò Ck;�+(Ω)N ãéá k > 1
ïñßæåôáé ðáñüìïéá. Ïé ÷þñïé Ck;�+ éêáíïðïéïýí C0 = C0+, Ck;0+ = Ck

êáéCk;�+" ⊆ Ck;�+ ãéá üëá ôá " > 0.

4.1.2 ÓÕÌÌÅÔÑÉÊÁ ÔÁÍÕÓÔÉÊÁ ÃÉÍÏÌÅÍÁ

Ôï ÓõììåôñéêïðïéçìÝíá ôáíõóôéêü ãéíüìåíï åßíáé ç ðñÜîç

∨ : RN ⊗ RN −→ S(N) : a ∨ b :=
1
2
(
a⊗ b+ b⊗ a

)
: (4.9)

Ðñïöáíùò, a ∨ b = b ∨ a êáé a ∨ a = a⊗ a. Åðßóçò,

(a ∨ b) : (w ⊗ w) = (a⊗ b) : (w ⊗ w) = (w>a)(w>b); (4.10)

|a⊗ b|2 = |a|2|b|2; (4.11)

|a ∨ b|2 =
1
2

(
|a|2|b|2 + (a>b)2

)
: (4.12)

Èá ÷ñåéáóôïýìå êáé ôá áêüëïõèá ôáíõóôéêÜ ãéíüìåíá. Áí � ∈ RN , P ∈
RN ⊗ Rn, èåùñïýìå ôá � ⊗ P, P⊗ � äõéêÜ óáí áðåéêïíßóåéò

� ⊗ P : Rn −→ RN ⊗ RN ; (� ⊗ P)(w) := � ⊗ (Pw); (4.13)

P⊗ � : Rn −→ RN ⊗ RN ; (P⊗ �)(w) := (Pw)⊗ �: (4.14)

Ïñßæïõìå

� ∨ P : Rn −→ S(N); � ∨ P :=
1
2
(
� ⊗ P+ P⊗ �

)
: (4.15)

Ðñïöáíþò, � ∨ P = P ∨ �. Ðáñüìïéá, áí X = X�ije� ⊗ eij áíÞêåé óôï
RN ⊗ S(n) ìå eij := ei ⊗ ej , åéóÜãùíôáò ôïí ôåëåóôÞ ÓõóôïëÞò(

RN ⊗ S(n)
)
×
(
Rn ⊗ Rn

)
−→ RN ; X : A := (X�ijAij)e�; (4.16)
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ïñßæïõìå

� ⊗X : Rn × Rn −→ RN ⊗ RN ; (� ⊗X)(v; w) := � ⊗ (X : v ⊗ w);
(4.17)

X⊗ � : Rn × Rn −→ RN ⊗ RN ; (X⊗ �)(v; w) := (X : v ⊗ w)⊗ �:
(4.18)

Åðßóçò, èÝôïõìå

� ∨X : Rn × Rn −→ S(N); � ∨X :=
1
2
(
� ⊗X+X⊗ �

)
: (4.19)

Éó÷ýåé üôé � ∨X = X ∨ �. ÅðéðëÝïí, áöïý X�ij = X�ji, ï ôáíõóôÞò � ∨X
áíÞêåé óôï S(N × n): üíôùò,

(� ∨X)�i�j := (e� ⊗ e�) :
(
(� ∨X)(ei; ej)

)
=

1
2
(��X�ij + ��X�ij) (4.20)

=
1
2
(��X�ji + ��X�ji)

= (� ∨X)�j�i:

ËÞììá 4.1 ¸óôù R ∈ RN êáé � ∈ SN−1. Ôüôå ôï öÜóìá �(� ∨ R) ôïõ
ôáíõóôÞ � ∨R ∈ S(N) áðïôåëåßôáé áðü ôï ðïëý 3 éäéïôéìÝò �− ≤ 0 ≤ �+, ôéò

�(� ∨R) =
{
−1

2

(
|R| − �>R

)
; 0;

1
2
(
|R|+ �>R

)}
: (4.21)

Ïé áíôßóôïé÷ïé éäéü÷ùñïé åßíáé

N
(
� ∨R − �I

)
=


span[{� − sgn(R)}]; � = �−;

(span[{�; R}])⊥ ; � = 0;
span[{� + sgn(R)}]; � = �+:

(4.22)

Áðüäåéîç ôïõ 4.1. Ðáñáôçñïýìå üôé N
(
� ∨R

)
= (span[{�; R}])⊥: ðñÜã-

ìáôé, áí � ∈ RN , Ý÷ïõìå

(� ∨R)� =
(
R>�

2

)
� +

(
�>�

2

)
R: (4.23)

¢ñá, ôï � åßíáé êÜèåôï óôï � êáé óôï R áíí (� ∨R)� = 0. ¢ñá, ï � ∨R Ý÷åï
ôï ðïëý 3 éäïéôéìÝò �−,0, �+ êáé

N
(
� ∨R − �−I

)
⊕N

(
� ∨R − �+I

)
= span[{�; R}]: (4.24)
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×ñçóéìïðïéþíôáò ôçí (4.23) åëÝã÷ïõìå áðåõèåßáò üôé áí R 6= 0, ôüôò

(� ∨R)
(
� ± R

|R|

)
= �±

(
� ± R

|R|

)
(4.25)

ìå �± üðùò óôçí (4.21). �

4.1.3 ÔÁÍÕÓÔÉÊÅÓ ÁÍÉÓÏÔÇÔÅÓ ÊÁÉ ÄÉÁÔÁÎÅÉÓ

¸óôù Ξ ∈ S(N × n). Ï ÷þñïò áõôüò Ý÷åé öõóéêÞ äéÜôáîç, ôçí

Ξ ≥ 0 ⇐⇒ Ξ : P⊗ P ≥ 0; P ∈ RN×n: (4.26)

Ôþñá åéóÜãïõìå ìéá Üëëç ìåñéêÞ äéÜôáîç óôïí S(N × n).

Ïñéóìüò 4.2 (Áíéóüôçôá ÔÜîçò-1) ¸óôù Ξ ∈ S(N × n). Ï Ξ åßíáé èåôé-
êüò ôÜîçò-1 óôïí S(N × n) áí ç ôåôñáãùíéêÞ ìïñöÞ P 7−→ Ξ : P ⊗ P åßíáé
êõñôÞ ôÜîçò-1 óôïí RN×n, äçë.

� ∈ RN ; w ∈ Rn =⇒ Ξ : (� ⊗ w)⊗ (� ⊗ w) ≥ 0: (4.27)

Ôüôå ãñÜöïõìå Ξ ≥⊗ 0.

Ùò óõíÞèùò, ïñßæïõìå Ξ ≤⊗ 0 ⇐⇒ −Ξ ≥⊗ 0 êáé Ξ ≤⊗ Θ ⇐⇒ Ξ−Θ ≤⊗ 0.
Ç ôåôñáãùíéêÞ ìïñöÞ P 7−→ Ξ : P⊗ P åßíáé êõñôÞ ôÜîçò-1 üôáí ç

t 7→ Ξ :
(
P+ t(� ⊗ w)

)
⊗
(
P+ t(� ⊗ w)

)
(4.28)

åßíáé êõñôÞ óôï R ãéá üëá ôá P, �, w. Ç èåôéêüôçôá ôÜîçò-1 \≤⊗" ïñßæåé
ìåñéêÞ äéÜôáîç óôïí õðü÷ùñï S(N;n) ôïõ S(N × n) ÷ùñéóôÜ óõììåôñéêþí
ôáíõóôþí:

S(N;n) :=
{

Ξ = Ξ�i�je�i ⊗ e�j

∣∣∣ Ξ�i�j = Ξ�j�i = Ξ�i�j
}
: (4.29)

ËÞììá 4.3 ¸óôù Ξ, H, Θ ∈ S(N × n). Ôüôå,
(i) Ξ ≤⊗ Ξ.
(ii) Ξ ≤⊗ Θ, Θ ≤⊗ H =⇒ Ξ ≤⊗ H.
(iii) Áí 0 ≤⊗ Ξ ≤⊗ 0, ôüôå(

Ξ�i�j + Ξ�j�i
)
e�i ⊗ e�j = 0: (4.30)
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Áðüäåéîç ôïõ 4.3. Ïé (i) êáé (ii) åßíáé ôåôñéììÝíåò. Ãéá ôçí (iii), Ýóôù
� ∈ RN , w ∈ Rn. Åî õðïèÝóåùò, 0 ≤ Ξ : (� ⊗ w)⊗ (� ⊗ w) ≤ 0. ¢ñá

0 = Ξ : (� ⊗ w)⊗ (� ⊗ w)
= Ξ�i�j��wi��wj (4.31)

= (��Ξ�i�j��)wiwj :

ÈÝôïíôáò �>Ξ � := (��Ξ�i�j��)ei ⊗ ej , ç (4.31) ëÝåé

(�>Ξ �) : w ⊗ w = 0; w ∈ Rn (4.32)

êáé åðéðëÝïí Ý÷ïõìå �>Ξ � ∈ S(n):

(�>Ξ �)ij = ��Ξ�i�j��
= ��Ξ�j�i�� (4.33)

= (�>Ξ �)ji:

¢ñá, ç (4.32) äßíåé üôé ãéá i; j ∈ {1; :::; n} êáé � ∈ RN Ý÷ïõìå

��Ξ�i�j �� = 0: (4.34)

ÅíáëëÜóóïíôáò óôçí (4.34) i êáé j êáé ÷ñçóéìïðïéþíôáò üôé Ξ�i�j = Ξ�j�i,
Ý÷ïõìå

��Ξ�i�j �� = 0: (4.35)

Áðü ôéò (4.34), (4.35), ãéá üëá ôá i; j Ý÷ïõìå

��

[
1
2
(
Ξ�i�j + Ξ�i�j

)]
�� = 0: (4.36)

Áöïý 1
2

(
Ξ�i�j + Ξ�i�j

)
e� ⊗ e� ∈ S(N), ëáìâÜíïõìå ôçí (4.30). �

Ðñïöáíþò, ï S(N;n) åßíáé ãíÞóéïò õðü÷ùñïò ôïõ S(N ×n) êáé ìðïñåß íá
åöïñäéáóôñß êáé ìå ôéò 2 áíéóüôçôåò \≤" êáé \≤⊗". Ç \≤" åßíáé éó÷õñüôåñç
ôçò \≤⊗", áöïý

Ξ ≥ 0 in S(N;n) =⇒ Ξ ≥⊗ 0 in S(N;n): (4.37)

Ôï áêüëïõèï ðáñÜäåéãìá åðßâåâáéþíåé üôé ç èåôéêüôçôá ôÜîçò-1 åßíáé ãíÞóéá
ááóèåíÝóôåñç.
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ÐáñÜäåéãìá 4.4 ÕðÜñ÷åé ôáíõóôÞò èåôéêüò ôÜîçò-1 Ξ ∈ S(2; 2) ìç-èåôéêüò:
Ýóôù A > 0, m ≥ 2, k ≥ m êáé ïñßæïõìå Ξ èÝôïíôáò Ξ1111 := mA, Ξ2222 :=
mA, Ξ1122 = Ξ2112 = Ξ2211 = Ξ1221 := −A, Ξijkl := 0, áëëéþò. ÅðéëÝãïõìå
P ∈ R2×2 èÝôïíôáò P11 = P22 := 1, P12 = P21 := k. Áí �; � ∈ R2 åßíáé
áõèáßñåôá êáé ∗ äçëþíåé óôïé÷åßá ðïõ áöáíßæïíôáé, Ý÷ïõìå

Ξ : (� ⊗ �)⊗ (� ⊗ �) =
mA 0 0 0
0 −A −A 0
0 −A −A 0
0 0 0 mA

 :


�1�1�1�1 ∗ ∗ ∗

∗ �1�1�2�2 �1�2�2�1 ∗
∗ �2�1�1�2 �2�2�1�1 ∗
∗ ∗ ∗ �2�2�2�2


= mA

[
(�1�1)2 + (�2�2)2

]
− 4A(�1�1)(�2�2) (4.38)

≥ 2A(�1�1 − �2�2)2

≥ 0;

åíþ,

Ξ : P⊗ P =


mA 0 0 0
0 −A −A 0
0 −A −A 0
0 0 0 mA

 :


1 k k k2

k 1 k2 k
k k2 1 k
k2 k k 1


= 2A

[
m − (1 + k2)

]
(4.39)

< 0:

Ðñüôáóç 4.5 (Êáôåõèõíüìåíåò ÌåñéêÝò ÄéáôÜîåéò) (i) ¸óôù � ∈ SN−1

êáé v; w ∈ RN . Ôüôå

� ∨ v ≤ 0 in S(N) ⇐⇒ v = (�>v)�; �>v ≤ 0 (4.40)

⇐⇒ v = −|v|�:

(ii) ¸óôù � ∈ SN−1 êáé P ∈ RN ⊗ Rn. Ôüôå,

� ∨ P ≤ 0 : Rn −→ S(N)
def.⇐⇒ � ∨ (Pw) ≤ 0 in S(N); w ∈ Rn;

(4.41)

⇐⇒ P = � ⊗ (�>P); �>(P( : )) ≤ 0:

(iii) ¸óôù � ∈ SN−1 êáé X ∈ RN ⊗ S(n). Ôüôå,

� ∨X ≤ 0 in S(N × n) ⇐⇒ X = � ⊗ (�>X); �>X ≤ 0 in S(n);
(4.42)

⇐⇒ � ∨X ≤⊗ 0 in S(N;n):
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Åéäéêüôåñá, ïé äéáôÜîåéò ≤ êáé ≤⊗ óõìðßðôïõí óôïí ÷þñï

RN ∨
(
RN ⊗ S(n)

)
:=

{
� ∨X

∣∣∣ � ∈ RN ; X ∈ RN ⊗ S(n)
}

(4.43)

ðïõ åßíáé õðü÷ùñïò ôïõ (4.29).

Áðüäåéîç ôïõ 4.5. (i) Áðü ôï 4.1, �∨v ≤ 0 óôïí S(N) áíí max�(�∨v) ≤
0, Üñá áíí 1

2(|v| + �>v) = 0, äçë. v = −|v|�. Ôï ôåëåõôáßï éóïäõíáìåß ìå
v = (�>v)� åíþ �>v ≤ 0.
(ii) Åöáñìüóôå ôï (i) óôï v := Pw êáé ðáñáôçñåßóôå üôé Pw =

(
�>(Pw)

)
� =(

� ⊗ (�>P)
)
w.

(iii) Ç óõíåðáãùãÞ � ∨X ≤ 0 =⇒ � ∨X ≤⊗ 0 åßíáé ðñïöáíÞò. Áíôßóôñïöá,
Ýóôù � ∨X ≤⊗ 0 êáé Ýóôù � ∈ RN and w ∈ Rn. Ôüôå, Ý÷ïõìå

0 ≥ (� ∨X) : (� ⊗ w)⊗ (� ⊗ w)

=
1
2

(
��X�ij + ��X�ij

)
��wi��wj (4.44)

=
1
2
[(
��X�ijwiwj

)
+
(
��X�ijwiwj

)]
����

= (� ∨X : w ⊗ w) : � ⊗ �:

Áðü ôçí (4.44), ðáßñíïõìå � ∨ (X : w ⊗ w) ≤ 0 óôïí S(N). ¢ñá, áðü ôçí (i)
Ý÷ïõìå

X : w ⊗ w = [�>(X : w ⊗ w)]� (4.45)

êáé �>(X : w ⊗ w) ≤ 0. Ïé ôáõôüôçôåò

�>(X : w ⊗ w) = (�>X) : w ⊗ w; (4.46)(
X − � ⊗ (�>X)

)
: w ⊗ w = 0; (4.47)

óõíåðÜãïíôáé ôçí æçôïýìåíç äéÜóðáóç. ÔÝëïò, õðïèÝôùíôáò üôé X = � ⊗
(�>X) êáé �>X ≤ 0, áí P ∈ RN×n, Ý÷ïõìå

(� ∨X) : P⊗ P =
(
� ∨ � ⊗ (�>X)

)
: P⊗ P

= �����XijP�iP�j

= (�Xij)(��P�i)(��P�j) (4.48)

= (�>X) : (�>P)⊗ (�>P)
≤ 0;

áöïý �>X ≤ 0 óôïí S(n). ¢ñá, � ∨X ≤ 0. �
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4.2 ËÕÓÅÉÓ ÅÐÁÖÇÓ ÐËÇÑÙÓÌÇ ÃÑÁÌÌÉÊÙÍ ÓÕÓÔÇ-
ÌÁÔÙÍ ÌÄÅ

Åäþ åéóÜãïõìå ìéá èåùñßá ìç-äéáöïñéóßìùí ëýóåùí ðïõ åöáñìüæåôáé óå ìç-
ãñáììéêÜ óõóôÞìáôá ôçò ìïñöÞò

F
(
x; u(x); Du(x); D2u(x)

)
= 0; x ∈ Ω; (4.49)

üðïõ ôï Ω ⊆ Rn åßíáé áíïéêôü, u : Ω −→ RN êáé

F : Ω× RN × (RN ⊗ Rn)× (RN ⊗ S(n)) −→ RN : (4.50)

Ôá ïñßóìáôá ôçò F èá åßíáé F = F
(
x; �;P;X

)
. Ïé ìüíåò õðïèÝóåéò ãéá ôçí F

èá åßíáé óõíÝ÷åéá êáé ìéá êáôÜëëçëç Ýííïéá åëëåéðôéêüôçôáò, áðáñáßôçôç ãéá
ôçí óõìâéâáóôüôçôá \áóèåíþí" êáé êëáóéêþí ëýóåùí. Ç ðáñïýóá Ýííïéá ëý-
óçò åðéôñÝðåé íá åñìçíåýóïõìå áðëÜ óõíå÷åßò óõíáñôÞóåéò óáí ëýóåéò ðëÞñùò
ìç-ãñáììéêþí óõóôçìÜôùí óáí ôï (4.49).

Ïñéóìüò 4.6 (Jet ÅðáöÞò) ¸óôù O ⊆ Rn, x ∈ O, u : O −→ RN êáé
� ∈ SN−1.
Ôï �-Jet ÅðáöÞò 1çò ôÜîçò ôçò u óôï x åßíáé ôï óýíïëï ãåíéêåõìÝíùí óç-
ìåéáêþí ðáñáãþãùí

J1;�u(x) :=
{
P ∈ RN ⊗ Rn

∣∣
� ∨

[
u(z)− u(x)− P(z − x)

]
≤ o(|z − x|) (4.51)

óôïí S(N); ãéá O 3 z → x
}
:

Ôï �-Jet ÅðáöÞò 2çò ôÜîçò ôçò u óôï x åßíáé ôï óýíïëï ãåíéêåõìÝíùí óç-
ìåéáêþí ðáñáãþãùí

J2;�u(x) :=

{
(P;X) ∈ (RN ⊗ Rn)× (RN ⊗ S(n))

∣∣∣
� ∨

[
u(z)− u(x)− P(z − x)− 1

2
X : (z − x)⊗ (z − x)

]
≤ o(|z − x|2)

(4.52)

óôïí S(N); ãéá O 3 z → x

}
:
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Ôï íüçìá ôïõ \o(1)" óôéò (4.51), (4.52) åßíáé üôé õðÜñ÷åé óõíå÷Þò áðåéêüíéóç
T : O ⊆ Rn −→ S(N) þóôå |T (z)| → 0 ãéá O 3 z → x. Ôï íüçìá
ôùí õðïëïßðùí óõìâüëùí äßíåôáé áðü ôéò (4.9)-(4.19). Áí x ∈ O êáé O
åßíáé áíïéêôü óôïí Rn, ôüôå ôï \O 3" ðïõ óçìáßíåé \óýãêëéóç óôï O" åßíáé
ðåñéôôü.

Óôçí âáèìùôÞ ðåñßðôùóç ãéá N = 1, Ý÷ïõìå S0 = {−1;+1} êáé ôá J1;�,
J2;� áíÜãïíôáé óôá J1;±1 ≡ J1;± and J2;±1 ≡ J2;±. Óõíåðþò, ôá Jet åðá-
öÞò áíÜãïíôáé óôá âáèìùôÜ çìé-jets ôçò èåùñéÜò ôùí Ëýóåùí Éîþäïõò [CIL]:
ðñÜãìáôé, (±1) ∨ a = (±1) ⊗ a = ±a ãéá êÜèå a ∈ R áöïý R ⊗ R = R,
åíþ ïé áíéóüôçôåò (4.51) êáé (4.52) áíÜãïíôáé óôéò \≤" óôï S(1) = R. Åðé-
ðëÝïí, åöáñìüæïíôáò \: (� ⊗ �)" óôçí (4.51) êáé óôçí (4.52) åîÜãïõìå üôé ç
\âáèìùôÞ" �-ðñïâïëÞ �>u ôçò u êáôÜ ìÞêïò ôïõ span[�] ⊆ RN åßíáé õðü-
ðáñáãùãßóéìç óôï z = x êáé

�>P ∈ J1;±(�>u)(x) ; (�>P; �>X) ∈ J2;±(�>u)(x): (4.53)

Ïñéóìüò 4.7 (Ëýóåéò ÅðáöÞò ÓõóôçìÜôùí ÌÄÅ 1çò ôÜîçò) ¸óôù Ω
⊆ Rn áíïéêôü êáé

F ∈ C0
(
Ω× RN × (RN ⊗ Rn)

)N
: (4.54)

Ôüôå, ç óõíå÷Þò u : Ω ⊆ Rn −→ RN åßíáé Ëýóç ÅðáöÞò ôïõ óõóôÞìáôïò
ÌÄÅ 1çò ôÜîçò

F
(
x; u(x); Du(x)

)
= 0; x ∈ Ω; (4.55)

üôáí

P ∈ J1;�u(x) =⇒ �>F
(
x; u(x);P

)
≥ 0; (4.56)

ãéá üëá ôá x ∈ Ω êáé üëåò ôéò äéåõèýíóåéò � ∈ SN−1.

Ïñéóìüò 4.8 (Ëýóåéò ÅðáöÞò ÓõóôçìÜôùí ÌÄÅ 2çò ôÜîçò) ¸óôù Ω
⊆ Rn áíïéêôü êáé

F ∈ C0
(
Ω× RN × (RN ⊗ Rn)× (RN ⊗ S(n))

)N
: (4.57)

Ôüôå, ç óõíå÷Þò u : Ω ⊆ Rn −→ RN åßíáé Ëýóç ÅðáöÞò ôïõ óõóôÞìáôïò
ÌÄÅ 2çò ôÜîçò

F
(
x; u(x); Du(x); D2u(x)

)
= 0; x ∈ Ω; (4.58)

üôáí

(P;X) ∈ J2;�u(x) =⇒ �>F
(
x; u(x);P;X

)
≥ 0; (4.59)

ãéá üëá ôá x ∈ Ω êáé üëåò ôéò äéåõèýíóåéò � ∈ SN−1.
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Áí N = 1, ïé (4.56), (4.59) áíÜãïíôáé óôéò

p ∈ J1;+u(x) =⇒ F
(
x; u(x); p

)
≥ 0; (4.60)

p ∈ J1;−u(x) =⇒ F
(
x; u(x); p

)
≤ 0; (4.61)

êáé óôéò

(p;X) ∈ J2;+u(x) =⇒ F
(
x; u(x); p;X

)
≥ 0; (4.62)

(p;X) ∈ J2;−u(x) =⇒ F
(
x; u(x); p;X

)
≤ 0: (4.63)

Óõíåðþò, ïé Ëýóåéò ÅðáöÞò áíÜãïíôáé ãéá N = 1 óôéò Ëýóåéò Éîþäïõò.
Ôá íÝá áíéêåßìåíá J1;�, J2;� ìåëåôïýíôáé äéåîïäéêÜ áñãüôåñá óôá êåöÜëáéá

4.4 êáé 4.6. Ôþñá åîåôÜæïõìå Ýíá ðáñÜäåéãìá ãéá íá êáôáäåßîïõìå ôïí ôñüðï
åñãáóßáò.

ÐáñÜäåéãìá 4.9 (Äåò [CIL]) ¸óôù u : R −→ RN ôÝôïéá þóôå

u(z) := −Az�(−∞;0](z) +
(
Bz +

C

2
z2

)
�(0;+∞)(z); (4.64)

ìå A;B;C ∈ RN , A+ B 6= 0. Ðñïöáíþò, u ∈ C2(R \ {0}) ∩ C0;1(R)N . Ôá
Jet åðáöÞò ôçò u óôï ìçäÝí åßíáé

J1;�u(0) =

{
Ø; � 6= A+B

|A+B| ;{
B−A

2 + tB+A
2 : t ∈ [−1;+1]

}
; � = A+B

|A+B| ;
(4.65)

êáé

J2;�u(0) =

{
Ø; � 6= A+B

|A+B| ;{(
B−A

2 + tB+A
2 ;X

)
: (t;X) ∈ S

}
; � = A+B

|A+B| ;
(4.66)

üðïõ

S :=
(
(−1;+1)× RN

)
∪
(
{−1} × {C − s(A+B) : s ≥ 0}

)
∪
(
{+1} × {−s(A+B) : s ≥ 0}

)
: (4.67)

Áðïäåéêíýïõìå ôçí (4.65). Áí t ∈ [−1;+1] åßíáé óôáèåñü êáé P = B−A
2 +
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tB+A
2 , åöáñìüæïíôáò üôé 1 = �(−∞;0] + �(0;+∞) Ý÷ïõìå

T1(z) := − (A+B) ∨
[
−Az�(−∞;0](z) +

(
Bz +

C

2

)
�(0;+∞)(z)

−
(
B −A

2
+ t

B +A

2

)
z

]
= − (A+B) ∨

[(
−A− B −A

2
+ t

B +A

2

)
z�(−∞;0](z)

+
(
B − B −A

2
+ t

B +A

2

)
z�(0;+∞)(z) +

C

2
z2�(0;+∞)(z)

(4.68)

= − (A+B)⊗ (A+B)
|z|
2

(
(1− t)�(−∞;0](z) + (1 + t)�(0;+∞)(z)

)
− (A+B) ∨ C z

2

2
�(0;+∞)(z)

≤ o(|z|);

ãéá z → 0. ¢ñá, P ∈ J1;− A+B
|A+B|u(0). Áíôßóôñïöá, áí P ∈ J1;�u(0), ôüôå ãéá

z = "w ìå " > 0 êáé w ∈ S0 = {−1;+1}, Ý÷ïõìå

− � ∨
[
−Aw�(−∞;0](w) +

(
Bw +

"C

2

)
�(0;+∞)(w)−Pw

]
≤ o(")

"
; (4.69)

ãéá "→ 0+. ÈÝôïíôáò w = ±1, Ý÷ïõìå{
� ∨

[
A+ P

]
≤ o(1);

� ∨
[
B + "

2 − P
]
≤ o(1);

(4.70)

ãéá "→ 0+. ¢ñá, {
� ∨

[
A+ P

]
≤ 0;

� ∨
[
B − P

]
≤ 0:

(4.71)

Áðü ôçí (4.71) ëáìâÜíïõìå � ∨ [A + B] ≤ 0 êáé áðü ôçí 4.5, åîÜãïõìå
� = − A+B

|A+B| . ÐÜëé áðü ôçí 4.5 áëëÜ êáé ôçí (4.71), Ý÷ïõìå{
A+ P = [�>(A+ P)]�; �>(A+ P) ≤ 0;
B − P = [�>(B − P)]�; �>(B − P) ≤ 0:

(4.72)

Áðü ôçí (4.72), Ý÷ïõìå

P =
B −A

2
+
[
�>
(
P− B −A

2

)]
� (4.73)
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êáé åðéðëÝïí �>B ≤ �>P ≤ −�>A, äçë.

�>
(
B − B −A

2

)
≤ �>

(
P− B −A

2

)
≤ �>

(
−A− B −A

2

)
: (4.74)

Áöïý �>(A+B) = |A+B|, îáíáãñÜöïõìå ôçí (4.74) ùò

− |A+B|
2

≤ �>
(
P− B −A

2

)
≤ +

|A+B|
2

: (4.75)

Áðü ôéò (4.73) êáé (4.75), ç (4.65) Ýðåôáé.
Ôþñá áðïäåéêíýïõìå ôçí (4.66). ¸óôù (P;X) ∈ J1;�u(0) × RN . Ôüôå

áðü ôçí (4.68), (P;X) ∈ J2;�u(0) áíí � = − A+B
|A+B| êáé

T2(z) := − (A+B)⊗ (A+B)
|z|
2

(
(1− t)�(−∞;0](z) + (1 + t)�(0;+∞)(z)

)
+ (A+B) ∨Xz2

2
(4.76)

≤ o(|z|2);

ãéá z → 0. ¸óôù � ∈ RN óôáèåñü. Áí �⊥A + B, ôüôå T2(z) : � ⊗ � = 0.
Áí � 6⊥ A+B, ôüôå ç (4.76) äßíåé

(A+B) ∨
[
X− C�(0;∞)(z)

]
: � ⊗ � ≤ o(1) (4.77)

+
1
|z|

[�>(A+B)2
(
(1− t)�(−∞;0](z) + (1 + t)�(0;+∞)(z)

)
;

ãéá z → 0. Áðü ôçí (4.77)åîÜãïõìå üôé áí −1 < t < 1 äåí õðÜñ÷åé Üíù
ãñÜãìá ãéá ôï (A + B) ∨X : � ⊗ �, êáèþò z → 0; Üñá, (P;X) ∈ J2;�u(0)
ãéá êÜèå X ∈ RN . Áí t = −1, èÝôïõìå z = "w, " > 0, w ∈ {−1;+1} óôçí
(4.77) ãéá íá ðÜñïõìå

(A+B) ∨ [X− C] : � ⊗ � ≤ o(1);

(A+B) ∨X : � ⊗ � ≤ o(1) +
1
"
[�>(A+B)2;

(4.78)

ãéá "→ 0+. ¢ñá, (4.78) êáé ç 4.5 äßíåé

X = C − s(A+B); s ≥ 0: (4.79)
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Áíôßóôñïöá, áí X åßíáé üðùò óôçí (4.79), ôüôå ãéá � 6⊥ A+B, Ý÷ïõìå

(A+B) ∨
[
X− C�(0;∞)(z)

]
: � ⊗ � =

(
− s(A+B)⊗ (A+B) +

+ (A+B) ∨ C[1− �(0;+∞)(z)]
)

: � ⊗ �

≤
[
(A+B) ∨ C�(−∞;0](z)

]
: � ⊗ �

(4.80)

≤ [�>(A+B)2
|C||�|

|�>(A+B)|
�(−∞;0](z)

≤ [�>(A+B)2
2
|z|
�(−∞;0](z);

ãéá z → 0. ÁëëÜ ç (4.80) äßíåé (4.77). Ï õðïëïãéóìüò ãéá t = +1 åßíáé
ðáñüìïéïò. ¢ñá, ç (4.66) Ýðåôáé.

4.3 ÅËËÅÉÐÔÉÊÏÔÇÔÁ ÓÕÓÔÇÌÁÔÙÍ 2ÇÓ ÔÁÎÇÓ ÊÁÉ
ÐÁÑÁÄÅÉÃÌÁÔÁ

Åäþ åéóÜãïõìå ôçí êáôÜëëçëç Ýíííïéá åëëåéðôéêüôçôáò ðïõ åããõÜôáé ôçí óõì-
âéâáóôüôçôá ôùí Ëýóåùí ÅðáöÞò êáé ôùí Êëáóéêþí Ëýóåùí.

Ïñéóìüò 4.10 (ÅêöõëéóìÝíç Åëëåéðôéêüôçôá) ¸óôù Ω ⊆ Rn áíïéêôü
êáé u ∈ C2(Ω)N . Ôï óýóôçìá ôùí ÌÄÅ

F
(
x; u(x); Du(x); D2u(x)

)
= 0; x ∈ Ω; (4.81)

ëÝãåôáé ÅêöõëéóìÝíá Åëëåéðôéêü áí ãéá üëá ôá (x; �;P) ∈ Ω×RN×(RN⊗Rn)
ç áðåéêüíéóç F (x; �;P; : ) : RN ⊗S(n) −→ RN åßíáé ìïíüôïíç ìå ôçí Ýííïéá
üôé [

F
(
x; �;P;X

)
− F

(
x; �;P;Y

)]>
(X −Y) ≥ 0; (4.82)

óôïí S(n), ãéá üëá ôá X, Y ∈ RN ⊗ S(n).

Ç áíéóüôçôá (4.82) óçìáßíåé[
F
(
x; �;P;X

)
− F

(
x; �;P;Y

)]>[
(X −Y) : w ⊗ w

]
≥ 0; (4.83)

ãéá êÜèå w ∈ Rn. Ðåñéïñßæïíôáò ôçí(4.82) óôéò âáèìùôÝò ðåñßðôùóåéò N =
1; n ≥ 1 Þ n = 1; N ≥ 1, âñßóêïõìå ãíùóôÝò Ýííïéåò åëëåéðôéêüôçôáò üðïõ
ç (4.82) åíïðïéåß óôçí ãåíéêÞ ðåñßðôùóç n;N ≥ 1. Áí N = 1; n ≥ 1 ôüôå
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ç (4.82) áíÜãåôáé óôçí ãíþóôç Ýííïéá åëëåéðôéêüôçôáò ôùí Ëýóåùí Éîþäïõò
([CIL])

X ≤ Y =⇒ F
(
x; �;P;X

)
≤ F

(
x; �;P;Y

)
(4.84)

(ùò ðñïò ìéá áëëáãÞ ðñïóÞìïõ). Áí n = 1; N ≥ 1 ôüôå ç (4.82) áíÜãåôáé
óôçí êáèéåñùìÝíç ìïíïôïíéêüôçôá áðåéêïíßóåùí RN −→ RN :[

F
(
x; �;P;X

)
− F

(
x; �;P;Y

)]>
(X −Y) ≥ 0; (4.85)

ãéá êÜèå X, Y ∈ RN . Ôþñá åîÜãïõìå ìéá áíáäéáôýðùóç ôïõ Ïñéóìïý 4.10
ðïõ èá åðéôñÝøåé ôçí êáôáóêåõÞ ìç-ôåôñéììÝíùí äéáíõóìáôéêþí ðáñáäåéãìÜ-
ôùí.

ËÞììá 4.11 ¸óôù G : RN ⊗ S(n) −→ RN . Ôá áêüëïõèá åßíáé éóïäýíáìá:
(i) Ãéá üëá ôá X, Y ∈ RN ⊗ S(n), Ý÷ïõìå[

G(X) − G(Y)
]>(X −Y) ≥ 0; (4.86)

óôïí S(n).
(ii) Ãéá üëåò ôéò êáôåõèýíóåéò � ∈ SN−1 êáé üëá ôá X, Y ∈ RN ⊗ S(n),
Ý÷ïõìå

�∨ (X − Y) ≤ 0 in S(N ×n) =⇒ �>
[
G(X) − G(Y)

]
≤ 0: (4.87)

Áðüäåéîç ôïõ 4.11. Áðü ôçí Ðñüôáóç 4.5, ç (4.87) åßíáé éóïäýíáìç ìå

X − Y = � ⊗ �>(X − Y);
�>(X − Y) ≤ 0; in S(n)

}
=⇒ �>

[
G(X) − G(Y)

]
≤ 0: (4.88)

ÕðïèÝôùíôáò ôçí (4.88), Ý÷ïõìå

�>(X − Y) ≤ 0; in S(n); (4.89)

�>
[
G(X) − G(Y)

]
≤ 0; (4.90)

ðïõ äßíåé

0 ≤
(
�>
[
G(X) − G(Y)

]) (
�>(X − Y)

)
= �>

[
G(X) − G(Y)

]> [
� ⊗ �>(X − Y)

]
: (4.91)

¢ñá, ðáßñíïõìå ôçí (4.87). Áíôßóôñïöá, õðïèÝôùíôáò ôçí (4.87) êáé üôé � ∨
(X − Y) ≤ 0 óôïí S(N × n), áðü ôçí Ðñüôáóç 4.5 Ý÷ïõìå X − Y = � ⊗
�>(X−Y) êáé Üñá

0 ≤
[
G(X) − G(Y)

]>(X −Y) (4.92)

=
([
G(X) − G(Y)

]>
�
)(
�>(X − Y)

)
;
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óôïí S(n). Áöïý �>(X−Y) ≤ 0, êáôáëÞãïõìå �>G(X) ≤ �>G(Y). �

Ìéá åéäéêÞ óçìáíôéêÞ êëÜóç óõóôçìÜôùí ÌÄÅ óôá ïðïßá ç èåùñßá åöáñ-
ìüæåôáé åßíáé ôá ó÷åäüí-ãñáììéêÜ óõóôÞìáôá 2çò ôÜîçò óå ìïñöÞ ìç-áðüêëéóçò.
¸óôù u : Rn −→ RN êáé

A = A(x; �;P) : Rn × RN × (RN ⊗ Rn) −→ RN×n ⊗ RN×n; (4.93)

B = B(x; �;P) : Rn × RN × (RN ⊗ Rn) −→ RN : (4.94)

Ç ãåíéêÞ ìïñöÞ áõôþí åßíáé

A�i�j

(
x; u(x); Du(x)

)
D2
iju�(x) + B�

(
x; u(x); Du(x)

)
= 0: (4.95)

ÅéóÜãïíôáò ôïí ôåëåóôÞ óõóôïëÞò(äåò (4.16))(
RN×n⊗RN×n)× (RN ⊗S(n)

)
−→ RN ; Ξ : X := (Ξ�i�jX�ij)e�; (4.96)

ôï (4.95) óõìðôýóåôáé óôï

A
(
x; u;Du

)
: D2u + B

(
x; u;Du

)
= 0: (4.97)

Ôþñá äåß÷íïõìå üôé óôçí ó÷åäüí-ãñáììéêÞ ðåñßðôùóç ôïõ (4.97) ç åêöõëé-
óìÝíç åëëåéðôéêüôçôá éóïäõíáìåß ìå èåôéêüôçôá ôÜîçò-1 ãéá ôïí A.

ËÞììá 4.12 ¸óôù üôé A ∈ RN×n ⊗ RN×n. Ôüôå ç ãñáììéêÞ áðåéêüíéóç
X 7→ X : A áðü ôïí RN ⊗ S(n) óôïí RN åßíáé ìïíüôïíç áíí A ≥⊗ 0.

Áðüäåéîç ôïõ 4.12. Ç ìïíïôïíéêüôçôá ôïõ A äßíåé
[
A : X

]>
X ≥ 0 óôïí

S(n). ¸óôù � ∈ RN , w ∈ Rn êáé èÝôïõìå X := � ⊗ w ⊗ w. Ôüôå,

0 ≤
[
A : (� ⊗ w ⊗ w)>(� ⊗ w ⊗ w)

]
: w ⊗ w

= A�i�j : ��wiwj ��wkwl wkwl (4.98)

= A�i�j : (��wi)(��wj)(wkwk)2

=|w|4A : (� ⊗ w)⊗ (� ⊗ w):

¢ñá, A ≥⊗ 0. Áíôßóôñïöá, áí A : (� ⊗ w) ⊗ (� ⊗ w) ãéá êÜèå � ∈ RN êáé
üëá ôá w ∈ Rn, õðïèÝôïõìå üôé � ∨X ≥ 0 óôïí S(N ×n) ãéá êÜðïéï � ∈ RN .
Ôüôå, áðü ôçí Ðñüôáóç 4.5 Ý÷ïõìå X = � ⊗ X üðïõ X := �>X ≥ 0 óôïí

S(n). Áí X1=2 Ýéíáé ç ñßæá ôïõ X, Ý÷ïõìå Xij = X
1=2
ik X

1=2
jk . ¢ñá, ï X åßíáé
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Üèñïéóìá èåôéêþí ðéíÜêùí w(k) ⊗ w(k) ìå w(k) := X
1=2
ik ei ∈ Rn. ¢ñá,

�>
(
A : X

)
= ��A�i�j��Xij

= ��A�i�j ���� w
(k)
i w

(k)
j

= A�i�j(��w
(k)
i )(�� ⊗ w

(k)
j ) (4.99)

= A : (� ⊗ w(k))⊗ (� ⊗ w(k))
≥ 0;

ëüãù ôçò èåôéêüôçôáò ôÜîçò-1. Åí üøåé ôïõ ËÞìáôïò 4.11, ç X 7→ A : X
åßíáé ìïíüôïíç. �

ÐáñÜäåéãìá 4.13 ÅðéëÝãïíôáò A = 1 êáé m = 2 óôïí ôáíõóôÞ Ξ ôïõ ðá-
ñáäåßãìáôïò 4.4, ôï 2× 2 óýóôçìá ÌÄÅ{

+D2
xxu − D2

xyv = f(x; y;u; v;Du;Dv)
−D2

yxu + D2
yyv = g(x; y;u; v;Du;Dv)

(4.100)

åßíáé åêöõëéóìÝíá åëëåéðôéêü.

ÐáñÜäåéãìá 4.14 (Óýóôçìá Aronsson, ∞-ËáðëáóéáíÞ) Èåùñïýìå H ∈
C1
(
Rn × RN × (RN ⊗ Rn)

)
. Óõìâïëßæïõìå ôá ïñßóìáôá ôçò H ìå (x; �;P)

êáé ïé äåßêôåò HP , H�, Hx óõìâïëßæïõí ðáñáãþãïõò. Ôï óýóôçìá ÌÄÅ
Aronsson ïñßæåôáé ãéá u : Rn −→ RN óôïí C2(Rn)N ùò

A[u] =
(
HP ( ; u;Du)⊗HP ( ; u;Du)

)
: D2u +

+ HP ( ; u;Du)
(
H�( ; u;Du) + Hx( ; u;Du)

)
= 0 (4.101)

êáé åßíáé åêöõëéóìÝíï åëëåéðôéêü. Ç (4.101) ëÝåé(
HP�i( ; u;Du)HP�j ( ; u;Du)

)
D2
iju�

+
(
HP�i( ; u;Du)H�� ( ; u;Du)Diu� (4.102)

+ HP�i( ; u;Du)Hxi( ; u;Du)
)

= 0:

Ôï ðéï åíäéáöÝñïí ðáñÜäåéãìá ðñïêýðôåé ãéá H(x; �;P) := 1
2P : P = 1

2 |P|
2

êáé ïäçãåß óôçí ∞-ËáðëáóéáíÞ

∆∞u := Du⊗Du : D2u = 0 (4.103)

ðïõ ãñÜöåôáé ùò

Diu�Dju� D
2
iju� = 0: (4.104)
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Ôþñá èá êáôáóêåõÜóïõìå êëÜóåéò ðëÞñùí ìç-ãñáììéêþí óõóôçìÜôùí
ÌÄÅ ðïõ éêáíïðïéïýí ôïí Ïñéóìü 4.10. ¸óôù X = e� ⊗X� ∈ RN ⊗ S(n).
Áí óõìâïëßóïõìå ôï öÜóìá êÜèå X� ìå �(X�) = {�1(X�); :::; �n(X�)} êáé
äéáôÜîïõìå ôéò éäéïôéìÝò ùò �p(X�) ≤ �p+1(X�), èá óõìâïëßæïõìå ôï äéÜíõ-

óìá p-éäéïôéìþí ôïõ X ìå ~�p(X) := �p(X�)e�. Ôüôå, Ý÷ïõìå

ËÞììá 4.15 Ãéá êÜèå p = 1; 2; :::; n, ôï äéÜíõóìá p-éäéïôéìþí

~�p : RN ⊗ S(n) −→ RN ; X 7→ ~�p(X) = �p(X�)e� (4.105)

åßíáé ìïíüôïíï: [
~�p(X)− ~�p(Y)

]>(
X−Y

)
≥ 0; in S(n): (4.106)

Áðüäåéîç ôïõ 4.15. ¸óôù � ∈ SN−1 êáé õðïèÝôïõìå üôé �∨
(
X−Y

)
≤ 0.

Ôüôå

0 ≤ � ∨
(
X − Y

)
: (e�̂ ⊗ w)⊗ (e�̂ ⊗ w)

=
1
2

[
��
(
X − Y

)
�ij

+ ��
(
X−Y

)
�ij

]
���̂wi���̂wj (4.107)

= ��̂
(
X−Y

)
�̂ij
wiwj

= ��̂(X − Y )�̂ : w ⊗ w;

ãéá êÜèå w ∈ Rn êáé óôáèåñü åëåýèåñï äåßêôç �̂ ∈ {1; :::; N}. Óõíåðþò,
ëáìâÜíïõìå ��̂X�̂ ≤ ��̂Y�̂ óôïí S(n). Áöïý ç óõíÜñôçóç �p-éäéïôéìþí

��̂X�̂ 7−→ �p(��̂X�̂) = ��̂�p(X�̂) (4.108)

åßíáé ìïíüôïíç óôïí S(n) −→ R, ëáìâÜíïõìå ��̂
(
�p(X�̂) − �p(Y�̂)

)
≤ 0,

ãéá êÜèå óôáèåñü äåßêôç �̂ ∈ {1; :::; N}. Áèñïßæïíôáò ùò ðñïò �̂, Ý÷ïõìå
�>
(
~�p(X)− ~�p(Y)

)
≤ 0. Áðü ôï ËÞììá 4.12, ç (4.106) Ýðåôáé. �

ÐáñÜäåéãìá 4.16 (ÐëÞñùò Ìç-ÃñáììéêÜ ÅëëåéðôéêÜ ÓõóôÞìáôá) Áðü
ôï ËÞììá 4.15 Ýðåôáé üôé ç

G : Rn × RN × (RN ⊗ Rn)× (RN ⊗ Rn) −→ RN (4.109)

ìå lj 7→ G(x; �;P; l1; :::; lj ; :::; ln) : RN −→ RN åßíáé ìïíüôïíç, êáé Üñá ôï
óýóôçìá ÌÄÅ

G
(
x; u;Du;~�1(D2u); :::; ~�n(D2u)

)
= 0; (4.110)
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åßíáé åêöõëéóìÝíá åëëåéðôéêü. Ðáñüìïéá ìå ôï áíôßóôïé÷ï ðáñÜäåéãìá óôçí
åñãáóßá [CIL], ìðïñïýìå íá äþóïõìå ðïëõÜñéèìá áíáëõôéêÜ ðáñáäåßãìáôá.
ÓõãêåêñéìÝíá, áí ç V ∈ C1(RN ) åßíáé êõñôÞ, ãéá

F (x; �;P;X) := DV
(
~�1(X) + · · ·+ ~�n(X)

)
− H(x; �;P); (4.111)

ôï óýóôçìá
DV

(
∆u
)

= H(x; u;Du) (4.112)

åßíáé åêöõëéóìÝíá åëëåéðôéêü.

4.4 ÓÕÌÂÉÂÁÓÔÏÔÇÔÁÌÅ ÔÉÓ ÊËÁÓÉÊÅÓ ËÕÓÅÉÓ ÊÁÉ
ÉÄÉÏÔÇÔÅÓ ÔÙÍ JET ÅÐÁÖÇÓ

Ôï âáóéêü áðïôÝëåóìá áõôïý ôïõ êåöáëáßïõ åßíáé üôé ïé Ëýóåéò ÅðáöÞò êáé
ïé êëáóéêÝò ëýóåéò åßíáé ðëÞñùò óõìâéâáóôÝò ãéá ðëÞñùò ìç-ãñáììéêÜ åëëåé-
ðôéêÜ óõóôÞìáôá ÌÄÅ 2çò ôÜîçò ôá ïðïßá åßíáé åêöõëéóìÝíá åëëåéðôéêÜ.

Èåþñçìá 4.17 (Óõìâéâáóôüôçôá) ¸óôù F ∈ C0(Ω×RN × (RN ⊗Rn)×
(RN ⊗ S(n)))N ìå Ω ⊆ Rn áíïéêôü. Áí ç u ∈ C0(Ω)N åßíáé Ëýóç ÅðáöÞò
ôïõ óõóôÞìáôïò ÌÄÅ

F
(
x; u(x); Du(x); D2u(x)

)
= 0; x ∈ Ω; (4.113)

ôüôå ç u ëýíåé ôï (4.113) óçìåéáêÜ óôá óçìåßá üðïõ Ý÷ïõìå 2 öïñÝò ðá-
ñáãùãéóéìüôçôá. Áíôßóôñïöá, áí ôï (4.113) åßíáé åêöõëéóìÝíá åëëåéðôéêü,
äçë. [

F
(
x; �;P;X

)
− F

(
x; �;P;Y

)]>
(X−Y) ≥ 0 (4.114)

óôïí S(n), ãéá êÜèå (x; �;P) ∈ Ω × RN × (RN ⊗ Rn), X, Y ∈ RN ⊗ S(n),
ôüôå 2 öïñÝò ðáñáãùãßóéìåò ëýóåéò ôïõ (4.113) åßíáé Ëýóåéò ÅðáöÞò.

Ç áðüäåéîç óôçñßæåôáé óôï áêüëïõèï áðïôÝëåóìá ðïõ åîåôÜæåé ôá J1, J2

êáé óõó÷åôßæåé ôéò áóèåíåßò óçìåéáêÝò ðáñáãþãïõò (P;X) ∈ J2;�u(x) ìå ôéò
êëáóéêÝò.

Èåþñçìá 4.18 ¸óôù Ω ⊆ Rn áíïéêôü, u ∈ C0(Ω)N êáé x ∈ Ω.
(a) Áí õðÜñ÷åé ìßá êáôåýèõíóç � ∈ SN−1 þóôå êáé ôá äýï J1;±�u(x) íá
åßíáé ìç-êåíÜ, ôüôå ç u åßíáé ðñáãùãßóéìç óôï x êáé ôá Jet J1;±�u(x) åßíáé
ìïíïóýíïëá:

J1;±�u(x) 6= Ø =⇒ J1;�u(x) = J1;−�u(x) =
{
Du(x)

}
: (4.115)
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(b) Áí ç u åßíáé ðáñãùãßóéìç óôï x, ôüôå ãéá êÜèå � ∈ SN−1 ôá Jet J1;�u(x)
åßíáé ìç-êåíÜ êáé

J1;�u(x) =
{
Du(x)

}
: (4.116)

(c) Áí ç u åßíáé 2 öïñÝò ðáñáãùãßóéìç óôï x, ãéá êÜèå � ∈ SN−1 ôá Jet
J2;�u(x) åßíáé ìç-êåíÜ, ðåñéÝ÷ïõí ôï (Du(x); D2u(x)) êáé

J2;�u(x) =

{
(Du(x);X)

∣∣∣ X : � ∨
[
D2u(x)−X

]
≤⊗ 0 óôï S(N;n)

}

=

{
(Du(x);X)

∣∣∣ X : � ∨
[
D2u(x)−X

]
≤ 0 óôï S(N × n)

}
(4.117)

=

{
(Du(x);X)

∣∣∣ X : �>
[
D2u(x)−X

]
≤ 0 óôï S(n) êáé

D2u(x)−X = � ⊗ �>
[
D2u(x)−X

]}
:

(d) Áí ç u åßíáé ðáñáãùãßóéìç óôï x, üðïôå (Du(x);X±) ∈ J2;±�u(x) 6= Ø,
Ý÷ïõìå � ∨

[
X− −X+

]
≤⊗ 0 óôïí S(N;n), äçë.

X− −X+ = � ⊗ �>
[
X− −X+

]
; �>

[
X− −X+

]
≤ 0 in S(n): (4.118)

Áðüäåéîç ôïõ 4.18. (a) ¸óôù P± ∈ J1;±�u(x) 6= Ø. Ôüôå, áðü ôçí
(4.51), áí � ∈ RN Ý÷ïõìå

+� ∨
[
u(z)− u(x)− P+(z − x)

]
: � ⊗ � ≤ o(|z − x|); (4.119)

−� ∨
[
u(z)− u(x)− P−(z − x)

]
: � ⊗ � ≤ o(|z − x|); (4.120)

üðïõ ôï \o(1)" õëïðïéåßôáé áðü ôï T (z − x) : � ⊗ �. ÈÝôïõìå z := x + "w,
üðïõ " > 0 ìå w ∈ Rn êáé ðñïóèÝôïõìå ôéò (4.119), (4.120) ãéá íá ðÜñïõìå

� ∨
[
(P+ − P−)w

]
: � ⊗ � ≤ o(")

"
(4.121)

ãéá "→ 0+. Ðåñíþíôáò óôï üñéï óôçí (4.121) êáé áíôéêáèéóôþíôáò ôï w ìå
−w, ëáìâÜíïõìå �∨

[
(P+−P−)w

]
: �⊗� = 0. Áðü ôçí Ðñüôáóç 4.5, Ý÷ïõìå

üôé ç
� ∨ (P+ − P−) : Rn −→ S(N) (4.122)
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åßíáé ç ìçäåíéêÞ áðåéêüíéóç. Áðü ôï ËÞììá 4.1, ôï ìçäÝí åßíáé ç ìïíáäéêÞ
éäéïôéìÞ ôçò � ∨ (P+ − P−), äçë., �

(
� ∨ (P+ − P−)

)
= {0}. ¢ñá,∣∣(P+ − P−)w

∣∣ = ±�>
(
(P+ − P−)w

)
= 0; (4.123)

ãéá êÜèå w ∈ Rn. ¢ñá, P+ = P−. Óõìâïëßæïõìå ôçí êïéíÞ ôéìÞ ôïõò ìå P.
Ôüôå, áðü ôéò (4.119), (4.120) Ý÷ïõìå

� ∨
[
u(z)− u(x)− P(z − x)

]
: � ⊗ � = o(|z − x|); (4.124)

ãéá z → x. Åöüóïí ç áñéèìçôéêÞ áêôßíá (äåò [Lax])

‖A‖ := max
�∈SN−1

∣∣A : � ⊗ �
∣∣ (4.125)

åßíáé íüñìá S(N) éóïäýíáìç ìå ôçí |A| =
√
A : A ðïõ åðÜãåôáé áðü ôïí

RN ⊗ RN , ç (4.124) äßíåé ãéá z → x, üôé

o(1) = max
�∈SN−1

∣∣∣∣� ∨ [u(z)− u(x)− P(z − x)
|z − x|

]
: � ⊗ �

∣∣∣∣
=
∥∥∥∥� ∨ [u(z)− u(x)− P(z − x)

|z − x|

]∥∥∥∥ (4.126)

≥ 1
C

∣∣∣∣� ∨ [u(z)− u(x)− P(z − x)
|z − x|

]∣∣∣∣ ;
ãéá êÜðïéï C > 0. Áðü ôçí (4.12), ç (4.126) äßíåé

o(1) ≥ 1
C2

∣∣∣∣� ∨ [u(z)− u(x)− P(z − x)
|z − x|

]∣∣∣∣2
=

1
2C2

{∣∣∣∣u(z)− u(x)− P(z − x)
|z − x|

∣∣∣∣2 +

+
[
�>
(
u(z)− u(x)− P(z − x)

|z − x|

)]2
}

(4.127)

≥ 1
2C2

∣∣∣∣u(z)− u(x)− P(z − x)
|z − x|

∣∣∣∣2 ;
ãéá z → x. Óõíåðþò, Ý÷ïõìå P = Du(x) êáé J1;�u(x) =

{
Du(x)

}
.

(b) Áí ç u åßíáé ðáñáãùãßóéìç óôï x, åöáñìüæïíôáò � ∨ ( : ) óôï áíÜðôõãìá
Taylor

u(z)− u(x)−Du(x)(z − x) = o(|z − x|); (4.128)
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ðïõ éó÷ýåé ãéá z → x, âñßóêïõìå
{
Du(x)

}
⊆ J1;�u(x), ãéá êÜèå � ∈ SN−1.

Áöïý J1;±�u(x) 6= Ø, åöáñìïãÞ ôïõ (a) äßíåé J1;�u(x) =
{
Du(x)

}
.

(c) Ïé äýï ôåëåõôáßåò áíéóüôçôåò ôçò (4.117) Ýðïíôáé áðü ôçí Ðñüôáóç 4.5,
áöïý áíéóüôçôá óôïí S(N × n), áíéóüôçôá ôÜîçò-1 óôïí S(N;n) êáé äéáóðÜ-
óåéò ôÜîçò-1 RN⊗S(n) ìå áíéóüôçôá óôïí S(n) åßíáé éóïäýíáìåò ãéá ôáíõóôÝò
ôçò ìïñöÞò � ∨X ìå � ∈ RN , X ∈ RN ⊗ S(n). ¢ñá, áñêåß íá áðïäåßîïõìå
ôçí ðñþôç. ¸óôù (P;X) ∈ J2;�u(x). Áðü ôçí (4.52)

� ∨
[
u(z)− u(x)− P(z − x)

]
≤ 1

2
� ∨

[
X : (z − x)⊗ (z − x)

]
+ o(|z − x|2); (4.129)

= o(|z − x|);

ãéá z → x. ¢ñá, ôï (a) äßíåé P = Du(x) üðïôå (P;X) ∈ J2;�u(x) êáé ç u
åßíáé ðáñáãùãßóéìç. Åöáñìüæïíôáò � ∨ ( : ) óôï áíÜðôõãìá Taylor

u(z)−u(x)−Du(x)(z−x)− 1
2
D2u(x) : (z−x)⊗(z−x) = o(|z−x|2); (4.130)

ðïõ éó÷ýåé ãéá z → x, âñßóêïõìå (Du(x); D2u(x)) ∈ J2;�u(x) ãéá êÜèå � ∈
SN−1. ¢ñá, J2;±�u(x) 6= Ø ãéá êÜèå � ∈ SN−1. Óôáèåñïðïéïýìå Ýíá � êáé
åðéëÝãïõìå æåýãïò X± ∈ J2;±�u(x). Áðü ôçí (4.52),

− � ∨
[
u(z)− u(x)−Du(x)(z − x)− 1

2
X− : (z − x)⊗ (z − x)

]
≤ o(|z − x|2);

(4.131)

+ � ∨
[
u(z)− u(x)−Du(x)(z − x)− 1

2
X+ : (z − x)⊗ (z − x)

]
≤ o(|z − x|2);

(4.132)

ãéá z → x, óôïí S(n). ÈÝôïõìå z := x+ "w " > 0, w ∈ Rn êáé ðñïóèÝôïõìå
ôéò (4.131), (4.132):

� ∨
[(
X− −X+

)
: w ⊗ w

]
: � ⊗ � ≤ o("2)

"2
; (4.133)

ãéá "→ 0+, ãéá êÜèå � ∈ RN . Ðåñíþíôáò óôï üñéï óôçí (4.133) âñßóêïõìå

0 ≤ � ∨
[(
X− −X+

)
: w ⊗ w

]
: � ⊗ �

≤ 1
2
��
(
X− −X+

)
�ij
wiwj���� +

1
2
��
(
X− −X+

)
�ij
wiwj����

≤ 1
2

[
��
(
X− −X+

)
�ij

+ ��
(
X− −X+

)
�ij

]
(��wi)(��wj)

=
[
� ∨

(
X− −X+

)]
: (� ⊗ w)⊗ (� ⊗ w); (4.134)
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ãéá êÜèå � ∈ RN , w ∈ Rn. ¢ñá, áðü ôïí Ïñéóìü 4.2, ï � ∨
(
X− − X+

)
åßíáé áñíçôéêüò ôÜîçò-1 óôïí S(N;n). Áöïý ôï (Du(x); D2u(x)) áíÞêåé óôï
J2;�u(x), åðéëÝãïíôáò X− := D2u(x), X+ := X, Ý÷ïõìå

J2;�u(x) ⊆

{
(Du(x);X)

∣∣∣X ∈ RN ⊗ S(n) : � ∨
[
D2u(x)−X

]
≤⊗ 0

}
:

(4.135)
Ãéá ôçí áíôßóôñïöç Ýãêëåéóç, õðïèÝôïõìå � ∨

[
D2u(x)−X

]
≤⊗ 0. Åöáñìü-

æïíôáò � ∨ ( : ) óôçí (4.130), Ý÷ïõìå

� ∨
[
u(z)−u(x)−Du(x)(z − x)

]
: � ⊗ �

=
1
2
[
� ∨D2u(x)

]
:
(
� ⊗ (z − x)

)
⊗
(
� ⊗ (z − x)

)
+ o(|z − x|2)

(4.136)

≤ 1
2
[
� ∨X

]
:
(
� ⊗ (z − x)

)
⊗
(
� ⊗ (z − x)

)
+ o(|z − x|2);

ãéá z → x. Áðü ôçí (4.136),

�∨
[
u(z)−u(x)−Du(x)(z−x)−1

2
X : (z−x)⊗(z−x)

]
≤ o(|z−x|2); (4.137)

ãéá z → x, óôïí S(N). ¢ñá, (Du(x);X) ∈ J2;�u(x).

(d) Áðåäåß÷èç Ýììåóá óôéò (4.131) - (4.134). �

Ôþñá áðïäåéêíýïõìå ôçí óõìâéâáóôüôçôá êëáóéêþí ëýóåùí êáé Ëýóåùí
ÅðáöÞò.

Áðüäåéîç ôïõ 4.17. Áí ç u : Ω ⊆ Rn −→ RN åßíáé ëýóç åðáöÞò ôïõ
(4.113), ôüôå ëüãù ôïõ ÈåùñÞìáôïò 4.18, áí ç u åßíáé äýï öïñÝò ðáñáãùãßóéìç
óôï x ∈ Ω Ý÷ïõìå (Du(x); D2u(x)) ∈ J2;±�u(x) ãéá êÜèå � ∈ SN−1. ¢ñá,
áðü ôïí Ïñéóìü 4.8,

0 ≤ �>F
(
x; u(x); Du(x); D2u(x)

)
≤ 0; (4.138)

ãéá êÜèå � ∈ SN−1. Áöïý ôï � åßíáé ôõ÷áßï, ç u ëýíåé ôï óýóôçìá óçìåéáêÜ
óôï x. Áíôßóôñïöá, Ýóôù üôé ç u åßíáé 2 öïñÝò ðáñáãùãßóéìç ëýóç ôïõ (4.113)
êáé ôï (4.113) åßíáé åêöõëéóìÝíá åëëåéðôéêü éêáíïðïéþíôáò ôçí (4.114). Ôüôå,
áí (P;X) ∈ J2;±�u(x), áðü ôï Èåþñçìá 4.18 Ý÷ïõìå P = Du(x) êáé åðéðëÝïí
�∨
[
D2u(x)−X

]
≤ 0 óôïí S(N ×n). Áðü ôï ËÞììá 4.3 êáé ôïí Ïñéóìü 4.8,

0 = �>F
(
x; u(x); Du(x); D2u(x)

)
≤ �>F

(
x; u(x); Du(x);X

)
(4.139)

= �>F
(
x; u(x);P;X

)
;
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üðïôå (P;X) ∈ J2;�u(x). ¢ñá, ç (4.139) óõíåðÜãåôáé üôé ç u åßíáé Ëýóç
ÅðáöÞò ôïõ óõóôÞìáôïò ÌÄÅ (4.113). �

Ôï áêüëïõèï åßíáé Ýíá âáèìùôü ëÞììá ðïõ èá äþóåé áíáäéáôõðþóåéò ôùí
J1, J2.

ËÞììá 4.19 ¸óôù O ⊆ Rn ôïðéêÜ óõìðáãÝò, x ∈ O êáé T : O −→ S(N)
óõíå÷Þò ìå |T (z)| → 0 ãéá O 3 z → x. Ôüôå, õðÜñ÷åé áýîïõóá � ∈
C2(0;+∞) ìå �(0+) = 0 þóôå

T (z) ≤ �(|z − x|) I (4.140)

óôïí S(N), ãéá O 3 z → x.

Áðüäåéîç ôïõ 4.19. ¸óôù � ∈ SN−1. Áðü ôçí (4.125),

T (z) : � ⊗ � ≤ max
�∈SN−1

∣∣T (z) : � ⊗ �
∣∣

= ‖T (z)‖ (4.141)

= ‖T (z)‖|�|2

=
(
‖T (z)‖I

)
: � ⊗ �;

ãéá êÜèå � ∈ SN−1. ¢ñá, ç (4.141) ëÝåé T (z) ≤ ‖T (z)‖I óôïí S(N). Ïìáëï-
ðïéïýìå ôçí ‖T ( : )‖ áêïëïõèþíôáò ìéá éäÝá ôïõ [MR]: èÝôïõìå

�(�) :=
1

2�2

∫ 4�

0

∫ r

0
sup

y∈Bt(x)∩O
‖T (y)‖ dt dr (4.142)

êáé ðáñáôçñïýìå üôé ïé � êáé D� åßíáé êõñôÝò óôï R. Áðü åêôéìÞóåéò êÜôù
öñáãìÜôùí óôçí (4.142) ãéá z ∈ O \ {x} óôá äéáóôÞìáôá (2|z − x|; 4|z − x|)
êáé (|z − x|; 2|z − x|), Ý÷ïõìå

�(|z − x|) ≥ sup
y∈B|z−x|(x)∩O

‖T (y)‖ ≥ ‖T (z)‖: (4.143)

ÅðéðëÝïí, áðü åêôéìÞóåéò áðü ðÜíù êáé ôïðéêÞ óõìðÜãåéá ôïõ O

�(|z − x|) ≤ 8 max
y∈B4|z−x|(x)∩O

‖T (y)‖ = o(1); (4.144)

ãéá O 3 z → x. �

Ôþñá åîÜãïõìå éóïäýíáìåò äéáôõðþóåéò ôùí Jet. Èá áó÷ïëçèïýìå ìüíï
ìå ôï J2. ÁíÜëïãá áðïôåëÝóìáôá éó÷ýïõí ãéá ôï J1, ìå ôéò ðñïöáíåßò ôñï-
ðïðïéÞóåéò.
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Èåþñçìá 4.20 (Éóïäýíáìåò äéáôõðþóåéò ôùí Jet ÅðáöÞò) ¸óôù u : O
⊆ Rn −→ RN ìå O ôïðéêÜ óõìðáãÝò, x ∈ O, � ∈ SN−1 êáé (P;X) ∈
(RN ⊗ Rn)× (RN ⊗ S(n)). ÈÝôïõìå

Q(z) := u(x) + P(z − x) +
1
2
X : (z − x)⊗ (z − x): (4.145)

Ôüôå, ôá áêüëïõèá åßíáé éóïäýíáìá:

(a) (P;X) ∈ J2;�u(x).
(b) ÕðÜñ÷åé � ∈ C2(0;∞) áýîïõóá ìå �(0+) = 0 þóôå

� ∨ [u − Q] (z) ≤ �(|z − x|)|z − x|2I (4.146)

óôïí S(N), ãéá O 3 z → x.
(c) ¸÷ïõìå

lim
O3z→x

max
�∈SN−1

(
� ∨

[
(u − Q)(z)
|z − x|2

])
: � ⊗ � ≤ 0: (4.147)

(d) ¸÷ïõìå

max�
(
� ∨ [u − Q]

)
(z) = o(|z − x|2) (4.148)

ãéá O 3 z → x.
(e) ¸÷ïõìå [

|u−Q|+ �>(u−Q)
]
(z) = o(|z − x|2) (4.149)

ãéá O 3 z → x.

Ðñéí ôçí áðüäåéîç, ðåñéïñéæüìáóôå óôï N = 1 êáé åîÜãïõìå ãíùóôÝò
éäéüôçôåò ôùí çìé-jet J2;±.

Ðüñéóìá 4.21 Áí N = 1 óôï È. 4.20, Ý÷ïõìå u : O ⊆ Rn −→ R, � ∈
{−1;+1} êáé ç Q(z) äßíåôáé áðü (4.145), ôüôå ïé (4.146) - (4.149) áíÜãïíôáé
ãéá � = ±1 óå ãíùóôÝò éäéüôçôåò ôùí J2;±. Åöüóïí ôï èåôéêü ìÝñïò ôïõ
a ∈ R äßíåôáé áðü a+ = max{a; 0} = 1

2

(
|a| + a

)
, áí ôï O åßíáé áíïéêôü,

2 öïñÝò ðáñáãùãéóéìüôçôá ôçò ìÝãéóôçò éäéïôéìÞò max�
(
� ∨ [u − Q]

)
ôïõ

óõììåôñéêïðïéçìÝíïõ ôáíõóôéêïý ãéíïìÝíïõ áíÜãåôáé óå ðáñáãùãéóéìüôçôá
ôïõ (u−Q)+.

Áðüäåéîç ôïõ 4.20. ¸óôù J1, J2, J3, J4 ôá óýíïëá ôá ïðïßá ðåñéÝ÷ïõí ôá
(P;X) ðïõ Ý÷ïõí ôéò éäéüôçôåò ôùí (b) - (e). Èá äåßîïõìå üôé J2;�u(x) = J1,
J1 = J2, J2 = J3 êáé J3 = J4. Ãéá óôáèåñü (P;X), èÝôïõìå

R(z − z) :=
[u − Q](z)
|z − x|2

; (4.150)
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ìå Q(z) üðùò óôçí (4.145).
ÎåêéíÜìå õðïèÝôïíôáò üôé (P;X) ∈ J2;�u(x). Ôüôå, áðü ôï ËÞììá 4.19

êáé ôïí Ïñéóìü 4.6 õðÜñ÷åé � ìå éäéüôçôåò üðùò óôï ëÞììá þóôå

� ∨R(z − x) ≤ �(|z − x|) I (4.151)

óôïí S(N), ãéáO 3 z → x. ¢ñá, (P;X) ∈ J1. Ôï áíôßóôñïöï åßíáé ðñïöáíÝò,
Üñá J2;�u(x) = J1. ¸óôù ôþñá (P;X) ∈ J1. Ôüôå, åöáñìüæïíôáò ôçí
(4.146),

0 ≤ max
�∈SN−1

{(
� ∨R(z − x) − �(|z − x|)I

)
: � ⊗ �

}
= max

�∈SN−1

{
[� ∨R(z − x)] : � ⊗ � − �(|z − x|)

}
(4.152)

= max
�∈SN−1

{
[� ∨R(z − x)] : � ⊗ �

}
− �(|z − x|):

¢ñá, ç (4.152) äßíåé

max
�∈SN−1

{
[� ∨R(z − x)] : � ⊗ �

}
≤ �(|z − x|) (4.153)

= o(1);

ãéá O 3 z → x. ¢ñá, J1 ⊆ J2. Áìôßóôñïöá, Ýóôù (P;X) ∈ J2. Ôüôå, áðü
ôï ËÞììá 4.19 åöáñìïóìÝíï óôçí o(1)-óõíÜñôçóç ðïõ õëïðïéåß ôï limO3z→z

óôçí (4.147) ãéá N = 1, õðÜñ÷åé � ∈ C2(0;∞) áýîïõóá þóôå ç (4.153)
íá éó÷ýåé. ÁëëÜ ôüôå, áðü ôçí (4.152) Ý÷ïõìå (P;X) ∈ J1. ¢ñá, J1 =
J2. Ôþñá ðáñáôçñïýìå üôé J2 = J3: üíôùò, áðü ôï ËÞììá 4.1, Ý÷ïõìå
max�

(
� ∨ [u−Q]

)
≥ 0 êáé ôüôå

max�(� ∨R) = max
�∈SN−1

{
[� ∨R] : � ⊗ �

}
: (4.154)

ÔÝëïò, áðü ôï ËÞììá 4.1 Ý÷ïõìå

max�
(
� ∨ [u−Q]

)
=

1
2
(
|u−Q|+ �>(u−Q)

)
: (4.155)

¢ñá, J3 = J4. �

Ïé áêüëïõèåò áðëÝò éäéüôçôåò ôùí J1;�, J2;� åßíáé êáô' áíáëïãßá ìå ôá
âáèìùôÜ áíÜëïãá J1;±, J2;± êáé Ýðïíôáé áðü ôï È. 4.20.
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Ðñüôáóç 4.22 ¸óôù O ⊆ Rn ôïðéêÜ óõìðáãÝò, u : O ⊆ Rn −→ RN

óõíå÷Þò, x ∈ O êáé � ∈ SN−1. Ôüôå:
(a) Ôá J1;�u(x), J2;�u(x) åßíáé êõñôÜ óýíïëá óôïõò RN ⊗Rn êáé RN ⊗S(n)
áíôßóôïé÷á.
(b) Ôï J1;�u(x) åßíáé êëåéóôü óôïí RN ⊗Rn. Ãéá êÜèå P ∈ RN ⊗Rn, ç öÝôá{

X ∈ RN ⊗ S(n)
∣∣ (P;X) ∈ J2;�u(x)

}
(4.156)

åßíáé êëåéóôÞ óôïí RN ⊗ S(n).
(c) Áí J2;�u(x) 6= Ø, ôüôå Ý÷åé Üðåéñç äéÜìåôñï: diam

(
J2;�u(x)

)
= ∞.

ÅðéðëÝïí, ðåñéÝ÷åé ìéá çìéåõèåßá:

(P;X) ∈ J2;�u(x) =⇒ (P;X+ t� ⊗ I) ∈ J2;�u(x); (4.157)

ãéá êÜèå t ≥ 0.

Áðüäåéîç ôïõ 4.22. Ôï (a) åßíáé ðñïöáíÝò. Ãéá ôï (b), áñêåß íá äåßîïõìå
üôé ôï (4.156) åßíáé êëåéóôü. ¸óôù (P;Xm) ∈ J2;�u(x) êáé Xm −→ X∞ ãéá
m→∞. ¸óôù " > 0. Ôüôå õðÜñ÷åé m(") ∈ N þóôå |Xm(")−X∞| ≤ ". Áðü
ôï È. 4.20, Ý÷ïõìå

sup
z∈B�(x)∩O

max
�∈SN−1

(
u(z)− u(x)− P(z − x)− 1

2X∞ : (z − x)⊗ (z − x)
|z − x|2

)
: � ⊗ �

≤ " + sup
z∈B�(x)∩O

max
�∈SN−1

([
u(z)− u(x)− P(z − x)

|z − x|2

−
1
2Xm(") : (z − x)⊗ (z − x)

|z − x|2

]
: � ⊗ �

)
(4.158)

≤ " + o(1);

ãéá � → 0+. Ðåñíþíôáò óôï üñéï � → 0+ óôçí (4.158) êáé ìåôÜ óôï üñéï
"→ 0+, âñßóêïõìå (P;X∞) ∈ J2;�u(x), ëüãù ôïõ ÈåùñÞìáôïò 4.20. ÔÝëïò,
ãéá êÜèå P ∈ RN ⊗ Rn,[

� ∨
(
X + t� ⊗ I

)]
: P⊗ P = � ∨X : P⊗ P + tI : (�>P)⊗ (�>P)

= � ∨X : P⊗ P + t
∣∣�>P∣∣2 (4.159)

≥ � ∨X : P⊗ P;
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êáé ç (4.157) Ýðåôáé åðéëÝãïíôáò P := � ⊗ (z − x) óôçí (4.159), ìå � ∈ RN

ôõ÷áßï. �

Ôï ËÞììá 4.36 óôçí ðáñÜãñáöï 4.6 óõìðëçñþíåé ôçí Ðñüôáóç 4.22 äåß-
÷íïíôáò ðüôå ìðïñïýìå íá ôñïðïðïéÞóïõìå ôï Jet J2;� êáôÜ ìÞêïò êáôåõ-
èýíóåùí êáèÝôùí óôï �, äçëáäÞ ðüôå ìðïñïýìå íá ðñïóèÝóïõìå óôï (P;X)
óôïé÷åßá ôçò ìïñöÞò (0; � ⊗ I) ãéá �⊥ �.

4.5 ÅÐÅÊÔÁÓÇ ÓÅ ÄÉÁÍÕÓÌÁÔÉÊÅÓ ËÕÓÅÉÓ ÂÁÈÌÙ-
ÔÙÍ ÌÄÅ HAMILTON-JACOBI

¸óôù Ω ⊆ Rn áíïéêôü ìå H ∈ C0
(
Ω×RN × (RN ⊗Rn)

)
. Ç âáèìùôÞ ÌÄÅ

Hamilton-Jacobi
H
(
x; u(x); Du(x)

)
= 0; x ∈ Ω; (4.160)

ðïõ åðéäÝ÷åôáé äéáíõóìáôéêÝò ëýóåéò u : Ω ⊆ Rn −→ RN ìðïñåß ðÜíôá íá
èåùñçèåß óáí óýóôçìá 1çò ôÜîçò Ĥ

(
x; u(x); Du(x)

)
= 0 ìå ìéá áðåéñßá äõ-

íáôþí åðåêôÜóåùí ôçò H óå Ĥ : Ω × RN × (RN ⊗ Rn) −→ RN . Ôï ßäéï
éó÷ýåé ãéá óõóôÞìáôá 1çò ôÜîçò (4.160) áí ç H Ý÷åé ôéìÝò óôïí Rk ìå k < N .
¢ñá, Ëýóåéò ÅðáöÞò ðÜíôá ïñßæïíôáé ãéá ôçí (4.160) áðü ôï Ïñéóìü 4.7 ãéá
ôçí Ĥ, áí êáé äåí äåß÷íåé íá õðÜñ÷åé Ýíáò \êáíïíéêüò" ôñüðïò áíåîÜñôçôá
åðåêôÜóåùí. Ç âáèìùôÞ ðåñßðôùóç üìùò, åßíáé äéáóôáôéêÜ óå ðëåïíåêôéêÞ
èÝóç áöïý õðÜñ÷åé öõóéêüò ôñüðïò íá ïñéóôïýí Ëýóåéò ÅðáöÞò ãéá ôçí ÌÄÅ
(4.160). Äßíïõìå êßíçôñï ãéá ôïí ïñéóìü ÷ñçóéìïðïéþíôáò ôçí ìÝèïäï \ìç-
äåíéæüìåíïõ éîþäïõò".

¸óôù � ∈ SN−1 óôáèåñü, " > 0 êáé u(= u") : Ω −→ RN ìéá êëáóéêÞ
ëýóç ôçò ÌÄÅ

"2∆
(
�>u(x)

)
+ H

(
x; u(x); Du(x)

)
= 0 (4.161)

óôïí C2(Ω)N . ÕðïèÝôïõìå üôé (P;X) ∈ J2;�u(x). Ôüôå, Áðü ôï Èåþñçìá
4.20 Ý÷ïõìå P = Du(x) êáé �>D2u(x) ≤ �>X óôïí S(n). Áöïý ç u ëýíåé
ôçí ÌÄÅ (4.161), Ý÷ïõìå

0 = "2∆
(
�>u(x)

)
+ H

(
x; u(x); Du(x)

)
= "2tr

(
D2(�>u)(x)

)
+ H

(
x; u(x);P

)
(4.162)

≤ "2tr
(
�>X)

)
+ H

(
x; u(x);P

)
:

Êáèþò "→ 0+, âñßóêïõìåH
(
x; u(x);P

)
≥ 0. ¼ìïéá, áí (P;X) ∈ J2;−�u(x),
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ôüôå

0 = "2∆
(
�>u(x)

)
+ H

(
x; u(x); Du(x)

)
= −"2tr

(
−D2(�>u)(x)

)
+ H

(
x; u(x);P

)
(4.163)

≥ −"2tr
(
− �>X)

)
+ H

(
x; u(x);P

)
;

ðïõ äßíåé H
(
x; u(x);P

)
≤ 0 ãéá " → 0+. Óõíåðþò, ïäçãïýìáóôå óôïí áêü-

ëïõèï

Ïñéóìüò 4.23 (Ëýóåéò ÅðáöÞò) ¸óôù Ω ⊆ Rn áíïéêôü, H ∈ C0
(
Ω ×

RN ×(RN ⊗Rn)
)
êáé õðïèÝôïõìå üôé êÜèå ìïíïäéÜóôáôïò õðü÷ùñïò L ⊆ RN

Ý÷åé ðñïóáíáôïëéóôåß. ¸óôù åðßóçò L± ∈ SN−1∩L ôá ìïíáäéáßá äéáíýóìáôá
ôïõ L.

Ôüôå, ç u : Ω ⊆ Rn −→ RN åßíáé Ëýóç ÅðáöÞò ôçò ÌÄÅ Hamilton-
Jacobi

H
(
x; u(x); Du(x)

)
= 0; x ∈ Ω; (4.164)

áí u ∈ C0(Ω)N êáé

P ∈ J1;L+
u(x) =⇒ H

(
x; u(x);P

)
≥ 0; (4.165)

P ∈ J1;L−u(x) =⇒ H
(
x; u(x);P

)
≤ 0; (4.166)

ãéá êÜèå x ∈ Ω êáé êÜèå ìïíïäéÜóôáôï õðü÷ùñï L ⊆ RN .

Ç åðéëïãÞ ðñïóáíáôïëéóìïý åßíáé Üó÷åôç êáé áíôéóôïé÷åß óôçí åðéëïãÞ óýì-
âáóçò óôéò áíéóüôçôåò (4.165), (4.166). Ç ïõóßá åßíáé üôé ôï H

(
x; u(x);P

)
äåí ðñÝðåé íá áëëÜãåé ðñüóçìï üôáí ôï P êéíåßôáé åíôüò ôïõ Jet. Áõôü åßíáé
óõìâéâáóôü ìå ôéò Ëýóåéò Éîþäïõò. Ç äéáôýðùóç ìÝóù \õðï÷þñùí L" Áíôß
ãéá \êáôåõèýíóåéò �" åí áíôéèÝóåé ìå ôïõò Ïñéóìïýò 4.7, 4.8 áíôéìåôùðßæåé ôç
óýã÷éóç ðïõ ðñïêáëåß ç áíôéêáôÜóôáóç ôïõ +� ìå −� óôéò (4.162), (4.163).

ÅéóÜãïõìå ôþñá Ýíáí \êáíïíéêü" ðñïóáíáôïëéóìü ðïõ ÷ñçóéìïðïéåß ôéò
åãêëåßóåéò ôùí óöáéñþí S0 ⊆ S1 ⊆ S2 ⊆ ::: êáé ïäçãåß óå ïñéóìü óõì-
âéâáóôü ìå ôõ÷üí äéáóôáôéêÝò áíáãùãÝò. ¸óôù Sm± ôá çìéóöáßñéá {w ∈
Sm|w>em+1 ≷ 0} ôçò m-óöáßñáò. Ïñßæïõìå ôïí ðñïóáíáôïëéóìü åðáãùãéêÜ:
Ðñïóáíáôïëßæïõìå ôçí S0 áíôéóôïé÷þíôáò (+) óôï S0

+ = {+1} êáé (−) óôï
S0
− = {−1}. ÕðïèÝôùíôáò üôé ç Sm Ý÷åé ðñïóáíáôïëéóôåß, ðñïóáíáôïëßæïõìå
ôçí Sm+1 ÷ñçóéìïðïéþíôáò ôçí äéÜóðáóç

Sm+1 = Sm+1
+ ∪ Sm+1

− ∪
(
Sm × {0}

)
(4.167)

êáé áíôéóôïé÷þíôáò (−) óôçí Sm+1
− êáé (+) óôçí Sm+1

+ .
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Ôþñá áíáäéáôõðþíïõìå ôïí Ïñéóìü 4.23 âïëéêÜ ìå âÜóç ôïí ðáñáðÜíù ïñé-
óìü. ÈÝôïõìå

SN−1;+ :=
(
S0

+ × {0}
)
∪ : : :

(
SN−2

+ × {0}
)
∪ SN−2

+ ; (4.168)

SN−1;− := −SN−1;+: (4.169)

êáé åðßóçò ãéá x ∈ Ω êáé � ∈ SN−1, èÝôïõìå

J1;�+u(x) :=
{
J1;�u(x); � ∈ SN−1;+;
Ø; � ∈ SN−1;−;

(4.170)

êáé

J1;�−u(x) :=
{
J1;�u(x); � ∈ SN−1;−;
Ø; � ∈ SN−1;+:

(4.171)

Ïñéóìüò 4.24 (ÐñïóáíáôïëéóìÝíåò Ëýóåéò ÅðáöÞò) Èåùñïýìå Ω ⊆ Rn

áíïéêôü êáé H ∈ C0
(
Ω× RN × (RN ⊗ Rn)

)
.

Ôüôå, ç u : Ω ⊆ Rn −→ RN åßíáé Ëýóç ÅðáöÞò ôçò ÌÄÅ Hamilton-
Jacobi

H
(
x; u(x); Du(x)

)
= 0; x ∈ Ω; (4.172)

áí u ∈ C0(Ω)N êáé

P ∈ J1;�+u(x) =⇒ H
(
x; u(x);P

)
≥ 0; (4.173)

P ∈ J1;�−u(x) =⇒ H
(
x; u(x);P

)
≤ 0; (4.174)

ãéá êÜèå x ∈ Ω êáé � ∈ SN−1.

ÐáñÜäåéãìá 4.25 ¸íá óçìáíôéêü ðáñÜäåéãìá ÌÄÅ Hamilton-Jacobi åßíáé
ç åîßóùóç Åéêüíáò ìå äéáíõóìáôéêÝò ëýóåéò∣∣Du∣∣2 − 1 = 0; (4.175)

üðïõ u : Rn −→ RN êáé | : | ç Åõêëåßäåéá íüñìá ðéíÜêùí óôïí RN ⊗ Rn =
RN×n.

4.6 Ç ÂÁÈÕÔÅÑÇ ÄÏÌÇ ÔÙÍ JET ÅÐÁÖÇÓ

Óå áõôü ôï êåöÜëáéï ìåëåôÜìå ôç äïìÞ ôùí Jet ÅðáöÞò óå âÜèïò êáé áíá-
ëýïõìå ôçí ôïðéêÞ äïìÞ ôùí äéáíõóìáôéêþí óõíáñÞóåùí ãýñù áðü Ýíá óçìåßï
üðïõ Ýíá Jet åßíáé ìç-êåíü. Ôï âáóéêü åñãáëåßï åßíáé ôï ËÞììá 4.26, ðïõ
äßíåé ìéá áíáðáñÜóôáóç ôïõ öÜóìáôïò ôùí óõììåôñéêïðïéçìÝíùí ôáíõóôéêþí
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ãéíïìÝíùí, âáóéêü óõóôáôéêü ôùí Jet. Ôá êåíôñéêÜ áðïôåëÝóìáôá åßíáé ôá
ÈåùñÞìáôá 4.28 êáé 4.29, ðïõ áíáäéáôõðþíïõí ôïõò ïñéóìïýò ôùí J1;�u êáé
J2;�u ìÝóù ìéáó âáèìùôÞò áíéóüôçôáò ðïõ óõíäÝåé ôçí �-ðñïâïëÞ �>u êáé ôçí

ïñèïãþíéá ðñïâïëÞ ôçò u óôï õðåñåðßðåäï
(
span[�]

)⊥
. Ç áíéóüôçôá åêöñÜæåé

ôá J1;�u êáé J2;�u óáí ôçí ãùóôÞ áðü ôéò Ëýóåéò Éîþäïõò 1çò êáé 2çò ôÜîçò
çìé-ðáñáãùãéóéìüôçôá ãéá ôçí �-ðñïâïëÞ �>u, óõí ìéá íÝá éäéüôçôá ìåñéêÞò
ïìáëüôçôáò ãéá ôï íÝï ïñèïãþíéï ìÝñïò ôçò u. ÅéäéêÜ, ôï ïñèïãþíéï ìÝñïò
ôçò u ðñÝðåé íá åßíáé ôá÷ýôåñï áðü ôçí ôåôñáãùíéêÞ ñßæá áí J1;�u 6= Ø êáé
ðñåðåé íá åßíáé ðáñáãùãßóéìï áí J2;�u 6= Ø.

Óáí ðüñéóìá, åîÜãïõìå üôé åìðüäéá ðïõ åìöáíßæïíôáé óôçí äéáíõóìáôéêÞ
ðåñßðôùóç áíáãêÜæïõí ôçí J1-èåùñßá íá áðáéôåß a priori H�older ïìáëüôçôá

C
1
2 êáé ôçí J2-èåùñßá a priori Lipschitz ïìáëüôçôá C0;1 (Ðïñßóìáôá 4.30,

4.31). Óôçí âáèìùôÞ ðåñßðôùóç üëá ôá åìðüäéá åîáöáíßæïíôáé êáé ç åéäéêÞ
èåùñßá ôùí çìé-Jet J2;± åöáñìüæåôáé åðéôõ÷þò óå áðëÜ C0 óõíáñôÞóåéò. ×ïí-
äñéêÜ, óôçí äéáíõóìáôéêÞ ðåñßðôùóç ìüíï \1=2" ôçò ôÜîçò ôùí ðáñáãþãùí
ìðïñåß íá åñìçíåõèåß áóèåíþò, ôï õðüëïéðï \1=2" ðñÝðåé íá ðñïûðÜñ÷åé êëá-
óéêÜ.

¸óôù R ∈ RN , � ∈ SN−1 êáé èá óõìâïëßæïõìå ôçí ïñèïãþíéá ðñïâïëÞ(
span[�]

)⊥
ìå �⊥:

�⊥ := I − � ⊗ � : RN −→
(
span[�]

)⊥ ⊆ RN : (4.176)

Áðü ôï ËÞììá 4.1, ï � ∨ R åßíáé óõììåôñéêüò ôáíõóôÞò ôÜîçò-2 ôïõ S(N).
Áöïý ï � ∨ R Ý÷åé ôï ðïëý 2 ìç-ìçäåíéêÝò éäéïôéìÝò ìå max�(� ∨ R) =
−min�(−� ∨R), áñêåß íá èåùñÞóïõìå ìüíï ôçí ìÝãéóôç áðü áõôÝò.

ËÞììá 4.26 (ÁíáðáñÜóôáóç ôïõ ÖÜóìáôïò ôïõ ôáíõóôÞ � ∨R) ¸÷ïõìå
ôçí ôáõôüôçôá

max�(� ∨R) =
(
�>R

)+ +
|R|
4

∣∣∣sgn(R)− s(R)�
∣∣∣2; (4.177)

üðïõ
s(R) := 2

(
sgn(�>R)

)+ − 1; (4.178)

êáèþò êáé ôïí ìåôáâïëéêü ÷áñáêôçñéóìü

max�(� ∨R) = max
{
�>R; 0

}
+

|R|
4

min
∣∣∣sgn(R)± �

∣∣∣2; (4.179)

ãéá êÜèå R ∈ RN .
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Áðüäåéîç ôïõ 4.26. Ðáñáôçñþíôáò üôé ãéá êÜèå a ∈ R, Ý÷ïõìå

2
(
sgn(a)

)+ − 1 = 2
[1
2
(
|sgn(a)|+ sgn(a)

)]
− 1

=
{

+1; if a > 0
−1; if a ≤ 0

(4.180)

=
(
�(0;∞) − �(−∞;0]

)
(a);

ëáìâÜíïõìå ôçí
s(R) =

(
�(0;∞) − �(−∞;0)

)
(�>R): (4.181)

ÕðïèÝôïõìå üôé R 6= 0, áöïý ç (4.177) åßíáé ôåôñéììÝíç ãéá R = 0. ¸óôù
l(R) ôï äåîß ìÝëïò ôçò (4.177). Ôüôå

l(R) =
(
�>R

)+ +
|R|
4

∣∣∣∣ R|R| − �
(
�(0;∞) − �(−∞;0]

)
(�>R)

∣∣∣∣2
=

∣∣�>R∣∣+ �>R

2
+
|R|
4

(
12 +

∣∣(�(0;∞) − �(−∞;0]

)
(�>R)

∣∣2 (4.182)

− 2
�>R

|R|
(
�(0;∞) − �(−∞;0]

)
(�>R)

)
:

¢ñá,

l(R) =

∣∣�>R∣∣+ �>R

2
+
|R|
2

(
1− �>R

|R|
(
�(0;∞) − �(−∞;0]

)
(�>R)

)
:

(4.183)
Óõíåðþò,

l(R) =
1
2

[∣∣�>R∣∣+ �>R + |R| − �>R
(
�(0;∞) − �(−∞;0]

)
(�>R)

]
=

1
2

[∣∣�>R∣∣ + |R| + 2�>R�(−∞;0](�
>R)

]
; (4.184)

ðïõ äßíåé

l(R) =


1
2

[∣∣�>R∣∣ + |R| + 2�>R
]
; if �>R ≤ 0;

1
2

[∣∣�>R∣∣ + |R|
]
; if �>R > 0;

(4.185)

= max�(� ∨R);



Nßêïò ÊáôæïõñÜêçò - Ìç ÃñáììéêÜ ÓõóôÞìáôá Åëëåéðôéêþí ÌÄÅ 102

ìå ôçí ôåëåõôáßá éóüôçôá ðüñéóìá ôïõ ËÞìáôïò 4.1. Ç (4.177) Ýðåôáé. Ôþñá
äåß÷íïõìå ôçí (4.179). Ç ôáõôüôçôá

|R|
4

min
∣∣∣sgn(R)− �

∣∣∣2 =
|R|
4

min
∣∣∣sgn(R) + �

∣∣∣2 − �>R (4.186)

äßíåé

|R|
4

min
∣∣∣sgn(R)± �

∣∣∣2 =


|R|
4

min
∣∣∣sgn(R) + �

∣∣∣2; if �>R ≤ 0;

|R|
4

min
∣∣∣sgn(R)− �

∣∣∣2; if �>R > 0;

=
|R|
4

∣∣∣∣ R|R| − �
(
�(0;∞) − �(−∞;0]

)
(�>R)

∣∣∣∣2 (4.187)

=
|R|
4

∣∣∣sgn(R)− s(R)�
∣∣∣2:

Óõãêñßíïíôáò ôéò (4.177) êáé (4.187), ç (4.179) Ýðåôáé. �

ÐáñáôÞñçóç 4.27 Ç óôïé÷åéþäçò áðüäåéîç ôïõ ËÞìáôïò 4.26 áðïêñýðôåé
üôé ïé åêöñÜóåéò (4.177) êáé (4.179) ìðïñïýí íá åîá÷èïõí óõíáñìüæïíôáò
áíáðôýãìáôá Taylor óôïõò RN \ {0} ãéá ôçí R 7→ max�(� ∨ R) ðïõ åßíáé
C2(RN \ {0}) óôïõò çìé÷þñïõò

{
R ∈ RN : �>R < 0

}
êáé

{
R ∈ RN : �>R >

0
}
.

Ôþñá ðáñïõóéÜæïõìå ôá âáóéêÜ áðïôåëÝóìáôá ôïõ êåöáëáßïõ, ìéá âáè-
ìùôÞ áíéóüôçôá ðïõ óõíäÝåé ôá �>u êáé �⊥u, éóïäýíáìç ìå ôïí áñ÷éêü ïñéóìü
ôùí Jet ÅðáöÞò. Èá èåùñÞóïõìå ìüíï ôçí ðåñßðôùóç O = Rn. Ç ðåñßðôùóç
O ⊆ Rn áíôéìåôùðßæåôáé ìå ôåôñéììÝíåò ôñïðïðïéÞóåéò ôùí åðé÷åéñçìÜôùí.

Ãéá ôçí ðåñßðôùóç ôùí Jet 1çò ôÜîçò, Ý÷ïõìå

Èåþñçìá 4.28 (Âáèýôåñç ÄïìÞ ôùí Jet ÅðáöÞò) ¸óôù u : Rn −→ RN

óôïí C0(Rn)N , x ∈ Rn, � ∈ SN−1 êáé P ∈ RN ⊗ Rn. Ôüôå, ôá áêüëïõèá
åßíáé éóïäýíáìá
(i) P ∈ J1;�u(x).
(ii) ÕðÜñ÷åé áýîïõóá � ∈ C1(0;∞) ìå �(0+) = 0, þóôå

�>
(
u(z)− u(x)− P(z − x)

)
≤ −

∣∣∣�⊥ (u(z)− u(x)− P(z − x))
∣∣∣2

�(|z − x|)|z − x|
+ �(|z − x|)|z − x|;

(4.188)

ãéá z → x.
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Ãéá ôçí ðåñßðôùóç ôùí Jet 2çò ôÜîçò, Ý÷ïõìå

Èåþñçìá 4.29 (Âáèýôåñç ÄïìÞ ôùí Jet ÅðáöÞò) ¸óôù u : Rn −→ RN

óôïí C0(Rn)N , x ∈ Rn, � ∈ SN−1 êáé (P;X) ∈ (RN ⊗ Rn) × (RN ⊗ S(n)).
Ôüôå, ôá áêüëïõèá åßíáé éóïäýíáìá
(i) (P;X) ∈ J2;�u(x).
(ii) ÕðÜñ÷åé áýîïõóá � ∈ C2(0;∞) ìå �(0+) = 0, þóôå

�>

(
u(z)−u(x)− P(z − x)− 1

2
X : (z − x)⊗ (z − x)

)

≤ −

∣∣∣∣�⊥(u(z)− u(x)− P(z − x)− 1
2
X : (z − x)⊗ (z − x)

)∣∣∣∣2
�(|z − x|)|z − x|2

+ �(|z − x|)|z − x|2; (4.189)

ãéá z → x.

×ñçóéìïðïéþíôáò ôéò áíéóüôçôåò (4.188) êáé (4.189) (áíôß áõôÝò ôïõ Ïñé-
óìïý 4.6), âñßóêïõìå üôé áðëÞ óõíÝ÷åéá ãåíéêÜ äåí áñêåß êáé êÜðïéá ïìáëü-
ôçôá ðñÝðåé íá õðÜñ÷åé:

Ðüñéóìá 4.30 (Ç ÌåñéêÞ Ïìáëüôçôá ðïõ åðéâÜëëïõí ôá Jet ÅðáöÞò)
Èåùñïýìå u : Rn −→ RN óõíå÷Þ, x ∈ Rn êáé � ∈ SN−1. Ôüôå:

1. Áí P ∈ J1;�u(x), ç ïñèïãþíéá ðñïâïëÞ �⊥u óôï õðåñåðßðåäï åßíáé 1
2 -

êëáóìáôéêÜ ðáñáãùãßóéìç óôï x ∈ Rn.

2. Áí (P;X) ∈ J2;�u(x), ç ïñèïãþíéá ðñïâïëÞ �⊥u óôï õðåñåðßðåäï åßíáé
ðáñáãùãßóéìç óôï x ∈ Rn êáé D

(
�⊥u

)
(x) = �⊥P.

3. Áí ç u åßíáé ðáñáãùãßóéìç óôï x êáé (P;X) ∈ J2;�u(x), ôüôå ç ïñèï-
ãþíéá ðñïâïëÞ �⊥u óôï õðåñåðßðåäï åßíáé 3

2 -êëáóìáôéêÜ ðáñáãùãßóéìç
óôï x ∈ Rn.

4. Áí ç �>u åßíáé 2 öïñÝò ðáñáãùãßóéìç óôï x êáé (P;X) ∈ J2;�u(x),
ôüôå ç ïñèïãþíéá ðñïâïëÞ �⊥u óôï õðåñåðßðåäï åßíáé åðßóçò 2 öïñÝò
ðáñáãùãßóéìç ìå D

(
�⊥u

)
(x) = �⊥P êáé D2

(
�⊥u

)
(x) = �⊥X.

¢ñá ç u åßíáé 2 öïñÝò ðáñáãùãßóéìç óôï x ∈ Rn.
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Áðüäåéîç ôïõ 4.30. Èá äåßæïõìå ìüíï ôï (2), ôá Üëëá åßíáé ðáñüìïéá.
¸óôù (P;X) ∈ J2;�u(x). ÎáíáãñÜöïõìå ôçí (4.189) ùò∣∣∣∣∣�⊥(u(z)− u(x)− P(z − x)− 1

2
X : (z − x)⊗ (z − x)

)∣∣∣∣∣ ≤
≤ �(|z − x|)

1
2 |z − x|

(
�>
(
u(z)− u(x)− P(z − x)

(4.190)

− 1
2
X : (z − x)⊗ (z − x)

)
+ �(|z − x|)|z − x|2

) 1
2

;

ðïõ äßíåé∣∣∣∣�⊥(u(z)− u(x)− P(z − x)− 1
2
X : (z − x)⊗ (z − x)

)∣∣∣∣ = o(|z − x|)
(
o(1)

+ o(|z − x|2)
) 1

2

(4.191)

= o(|z − x|);

ãéá z → x. ¢ñá∣∣∣�⊥(u(z)− u(x)− P(z − x)
)∣∣∣ ≤ o(|z − x|) +

1
2

∣∣∣(�⊥X) : (z − x)⊗ (z − x)
∣∣∣

= o(|z − x|) + O(|z − x|2) (4.192)

= o(|z − x|);

ãéá z → x. ¢ñá, D
(
�⊥u

)
(x) = �⊥P. �

Óáí óõíÝðåéá ôùí ðáñáðÜíù, ç ýðáñîç ðáíôïý óõíå÷þí êáé ðïõèåíÜ äéá-
öïñéóßìùí óõíáñôÞóåùí (üðùò êáé ðïõèåíÜ âåëôéþóéìùí H�older óõíå÷þí óõ-
íáñôÞóåùí, äåò ôï ôåëåõôáßï ìÝñïò ôçò ÄéáôñéâÞò) äßíåé ôï áêüëïõèï

Ðüñéóìá 4.31 ÕðÜñ÷åé u ∈ (C0 \ C
1
2 )(Rn)N þóôå{

x ∈ Rn
∣∣ ∀ � ∈ SN−1 : J1;�u(x) 6= Ø Þ J1;−�u(x) 6= Ø

}
= Ø: (4.193)

¼ìïéá, õðÜñ÷åé u ∈ (C0 \ C0;1)(Rn)N þóôå{
x ∈ Rn

∣∣ ∀ � ∈ SN−1 : J2;�u(x) 6= Ø Þ J2;−�u(x) 6= Ø
}

= Ø: (4.194)
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Óõíåðþò, ëüãù ôïõ áñíçôéêïý áðïôåëÝóìáôïò ôïõ Ðïñßóìáôïò 4.31, ç J1-

èåùñßá Ý÷åé íüçìá óôïí ÷þñï H�older C
1
2 (Rn)N êáé ç J2-èåùñßá Ý÷åé íüçìá

óôïí ÷þñï Lipschitz C0;1(Rn)N .

Ôï áêüëïõèï åßíáé ôï 1ï âÞìá óôçí êáôáíüçóç ôçò âáèýôåñçò äïìÞò ôùí
J1, J2. Ãéá áðëüôçôá, êáíïíéêïðïéïýìå ôá ðñÜãìáôá óôï ìçäÝí. Ãéá u :
Rn −→ RN , � ∈ SN−1 êáé (P;X) ∈ (RN ⊗ Rn)× (RN ⊗ S(n)), èÝôïõìå

R(w) := u(w + x)− u(x)− Pw − 1
2
X : w ⊗ w: (4.195)

Ôüôå, Ý÷ïõìå üôé R : Rn −→ RN , R(0) = 0 êáé (P;X) ∈ J2;�u(x) áíí
0 ∈ J2;�R(0). Ðáñüìïéá êáé ãéá ôï J1.

Èåþñçìá 4.32 (ÐåñáéôÝñù Éóïäýíáìåò äéáôõðþóåéò ôùí Jet ÅðáöÞò)
¸óôù R : O ⊆ Rn −→ RN , 0 ∈ O, R(0) = 0, � ∈ SN−1 êáé p ∈ {1; 2}.
Ôüôå, ôá áêüëïõèá åßíáé éóïäýíáìá:

(i) 0 ∈ Jp;�R(0), äçë., max�(� ∨R(z)) ≤ o(|z|p), ãéá O 3 z → 0.
(ii) 

�>R(z) ≤ o(|z|p); ãéá O 3 z → 0;∣∣�⊥R(z)
∣∣2

|R(z)|
= o(|z|p); ãéá O 3 z → 0:

(4.196)

(iii) ÕðÜñ÷ïõí � : O −→
(
span[�]

)⊥ ⊆ RN êáé � : O −→ [0;∞) ðïõ éêáíï-
ðïéïýí lim

z→0
|�(z)|2=|z|p = 0 êáé lim

z→0
|�(z)|=|z|p = 0 þóôå


�>R ≤ �; óôï O ⊆ Rn;

�⊥R = �

√
1
2 |�|2 +

√(
1
2 |�|2

)2 +
∣∣�>R∣∣2; óôï O ⊆ Rn:

(4.197)

(iv) Áí èÝóïõìå T :=
{
|�⊥R| ≤ |�>R|

}
⊆ O, ôüôå

�>R(z) ≤ o(|z|p);∣∣�⊥R(z)
∣∣2∣∣�>R(z)
∣∣ = o(|z|p);

 ãéá O ∩ T 3 z → 0;

|R(z)| = o(|z|p); ãéá O \ T 3 z → 0:

(4.198)

Ðüñéóìá 4.33 ¼ôáí N = 1, ôüôå �⊥ ≡ 0 êáé ïé (4.196), (4.197), (4.198)
áíÜãïíôáé óôçí ãíùóôÞ áíéóüôçôá êáôÜ ìÞêïò ôïõ span[�] ∼= R ðïõ óõìðßðôåé
ìå áõôÞ ôùí çìé-jet J1;±, J2;± (äåò (4.60) - (4.63) êáé [CIL]).
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Áðüäåéîç ôïõ 4.32. ÎåêéíÜìå áðïäåéêíýïíôáò üôé ç (i) éóïäõíáìåß ìå ôçí
(ii). ÕðïèÝôùíôáò ôçí (i), áðü ôçí (4.177), Ý÷ïõìå{

�>R(z) ≤ o(|z|p);
|R(z)|

∣∣sgn(R(z))− s(R)�
∣∣2 = o(|z|p);

(4.199)

ãéá O 3 z → 0, üðïõ s(R) üðùò óôçí (4.178). Áðü ôçí (4.199), óôï {R 6=
0} ∩ O Ý÷ïõìå ∣∣∣∣∣∣

R− |R|
[
2
(
sgn(�>R)

)+ − 1
]
�

|R|
1
2

∣∣∣∣∣∣ ≤ o(|z|p); (4.200)

ãéá {R 6= 0}∩O 3 z → 0. Áðü ôçí (4.200), õðÜñ÷åé r : {R 6= 0}∩O −→ RN

ìå lim
z→0

|r(z)| = 0 þóôå

(
R− |R|

[
2
(
sgn(�>R)

)+ − 1
]
�
)

(z) = r(z)|z|
p
2 |R(z)|

1
2 ; (4.201)

óôï {R 6= 0}∩O. Ç (4.201) ôåôñéììÝíá åðåêôåßíåôáé óôï {R = 0} ðáßñíïíôáò
r ≡ 0 åêåß. ¢ñá, ç (4.201) åðåêôåßíåôáé óôï O. ÐñïâÜëëïíôáò ôçí (4.201)

óôï
(
span[�]

)⊥ ⊆ RN , Ý÷ïõìå

�⊥R(z) = (�⊥r)(z)|z|
p
2 |R(z)|

1
2 ; (4.202)

óôï O. ÈÝôïõìå �(z) := (�⊥r)(z)|z|
p
2 . Ôüôå, áðü ôçí (4.202), ðáßñíïõìå∣∣�⊥R(z)
∣∣2

|R(z)|
= |�(z)|2 (4.203)

= o(|z|p);

ãéá O 3 z → 0. Áðü ôéò (4.199) êáé (4.203), ç (ii) Ýðåôáé.
Áôßóôñïöá, õðïèÝôïõìå ôçí (ii). Áöïý �∨R(z) = 0 ≤ o(|z|p) óôïO∩{R =

0}, áñêåß íá åëÝãîïõìå üôé max�(�∨R(z)) ≤ o(|z|p) ãéá O∩{R 6= 0} 3 z →
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0. Áí s(R) åßíáé üðùò óôçí (4.178), áðü ôçí (4.183) õðïëïãßæïõìå

|R|
4

∣∣∣sgn(R)− s(R)�
∣∣∣2 =

1
4|R|

∣∣∣R− s(R)|R|�
∣∣∣2

=


1

4|R|

∣∣∣R− |R|�∣∣∣2; on O ∩ {�>R > 0} ∩ {R 6= 0};

1
4|R|

∣∣∣R+ |R|�
∣∣∣2; on O ∩ {�>R ≤ 0} ∩ {R 6= 0};

(4.204)

=


1
2
(
|R| − �>R

)
; on O ∩ {�>R > 0};

1
2
(
|R| − �>R

)
; on O ∩ {�>R ≤ 0} ∩ {R 6= 0}:

Áðü ôçí (4.182) êáé åðåéäÞ �⊥ = I − � ⊗ �, Ý÷ïõìå(
|R(z)| − �>R(z)

)(
|R(z)|+ �>R(z)

)
= |R(z)|2 − |�>R(z)|2

= |�⊥R(z)|2 (4.205)

= o
(
|z|p|R(z)|

)
;

ãéá O 3 z → 0. Áöïý óôï O ∩ {�>R > 0} Ý÷ïõìå 1 ≤
(
|R|+ �>R

)
=|R| êáé

óôï O ∩ {�>R ≤ 0} ∩ {R 6= 0} Ý÷ïõìå 1 ≤
(
|R| − �>R

)
=|R|, áðü ôéò (4.204)

êáé (4.205) âñßóêïõìå

|R|
4

∣∣∣sgn(R)− s(R)�
∣∣∣2 ≤ 1

2

(
|R(z)|2 − |�>R(z)|2

)
(4.206)

= o(|z|p);

ãéá O 3 z → 0. ¢ñá, ïé (4.196), (4.206) óõíåðÜãïíôáé ôçí (4.199), ðïõ
éóïäõíáìåß ìå ôçí (i).

Ôþñá áðïäåéêíýïõìå ôçí éóïäõíáìßá ôùí (ii) êáé (iii). ÕðïèÝôïíôáò ôçí(ii),
ëüãù ôçò (4.196) ìðïñïýìå íá ïñßóïõìå

� :=
(
�>R

)+
;

� :=

(
�⊥R

|R|
1
2

)
�{R 6=0}∩O:

(4.207)

¢ñá, ïé �, � Ý÷ïõí ôéò åðéèõìçôÝò éäéüôçôåò êáé áðü ôéò (4.207), Ý÷ïõìå

|R||�|2 = |�⊥R|2 (4.208)

= |R|2 − |�>R|2:



Nßêïò ÊáôæïõñÜêçò - Ìç ÃñáììéêÜ ÓõóôÞìáôá Åëëåéðôéêþí ÌÄÅ 108

Áðü ôçí (4.208), ç |R| åßíáé ç èåôéêÞ ëýóç ôçò t2 − |�|2t− |�>R|2 = 0. ¢ñá,

|R| =
1
2
|�|2 +

√(
1
2
|�|2
)2

+ |�>R|2: (4.209)

Óõíåðþò, ïé (4.207), (4.209) óõíåðÜãïíôáé ôçí (4.197). Áíôßóôñïöá, õðïèÝ-
ôïíôáò ôçí (iii) êáé èÝôïíôáò

S :=
1
2
|�|2 +

√(
1
2
|�|2
)2

+ |�>R|2; (4.210)

ôüôå ç S ëýíåé ôçí t2 − |�|2t − |�>R|2 = 0. ¢ñá, áðü ôçí (4.210) êáé ëüãù
êáèåôüôçôáò, Ý÷ïõìå

S2 = |�>R|2 + |�|2S

=
(
|R|2 − |�⊥R|2

)
+ |�|2S (4.211)

=
(
|R|2 − |�⊥R|2

)
+ |�⊥R|2

= |R|2:

¢ñá, S = |R| êáé óõíåðþò ç (4.197) óõíåðÜãåôáé ôçí (4.196).
Ôåëåéþíïõìå áðïäåéêíýïíôáò üôé ç (iv) éóïäõíáìåß ìå ôçí (ii). Ðñïò

ôïýôï, äéáóðÜìå ôïí RN ùò span[�] ⊕
(
span[�]

)⊥
êáé ôïí åöïäéÜæïõìå ìå

ôç íüñìá ‖R‖ := max
{
|�>R|; |�⊥R|

}
. Ôüôå,

|�⊥R|
‖R‖

=
|�⊥R|2

max
{
|�>R|; |�⊥R|

}
= min

{
|�⊥R|2

|�>R|
; |�⊥R|

}
(4.212)

=
|�⊥R|2

|�>R|
�O∩T + |�⊥R|�O\T :

Áðü ôçí (4.212) êáé ôçí éóïäõíáìßá íïñìþí óôïí RN , ç (4.196) éóïäõíáìåß
ìå ôçí 

�>R(z) ≤ o(|z|p); ãéá O 3 z → 0;
|�⊥R(z)|2

|�>R(z)|
= o(|z|p); ãéá O ∩ T 3 z → 0;

|�⊥R(z)|2 = o(|z|p); ãéá O \ T 3 z → 0;

(4.213)
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Áöïý óôï O \ T Ý÷ïõìå |�>R(z)| < |�⊥R(z)| = o(|z|p) ãéá O \ T 3 z → 0, ç
(4.213) éóïõíáìåß ìå ôçí (4.198). �

Áðüäåéîç ôïõ 4.28 êáé ôïõ 4.29. Êáíïíéêïðïéþíôáò üðùò óôçí (4.195),
áñêåß íá áðïäåßîïõìå ôçí áêüëïõèç éóïäõíáìßá:

Éó÷õñéóìüò 4.34 Áí R : Rn −→ RN åßíáé C0(Rn)N êáé R(0) = 0, � ∈
SN−1, p ∈ {1; 2}, ôüôå

0 ∈ Jp;�R(0) ⇐⇒ �>R(w)− �(|w|)|w|p ≤ −
∣∣�⊥R(w)

∣∣2
�(|w|)|w|p

(4.214)

ãéá w → 0, ãéá êÜðïéá � ∈ Cp(0;∞) áýîïõóá ìå �(0+) = 0.

Ï Éó÷õñéóìüò 4.34 èá èåóðßóåé ôá ÈåùñÞìáôá 4.28 êáé 4.29.
Ðñïò ôïýôï, õðïèÝôïõìå üôé 0 ∈ Jp;�R(0). Ôüôå, áðü ôï Èåþñçìá 4.20

(êáé ôï áíÜëïãï ãéá ôï J1), õðÜñ÷åé � ∈ Cp(0;∞) áõîïõóá ìå 0 ≤ �(w) =
o(|w|p) ãéá w → 0 þóôå

� ∨R(w) ≤ �(w)I; (4.215)

óôïí S(N), êïíôÜ óôï 0 ∈ Rn. ¸óôù {�1; ::; �N−1} ìéá ïñèïêáíïíéêÞ âÜóç

ôïõ õðåñåðåðéðÝäïõ
(
span[�]

)⊥ ⊆ RN . Tüôå, ï ôáõôïôéêüò I êáé ç R Ý÷ïõí
ôçí áêüëïõèç áíáðáñÜóôáóç óôéò óõíôåôáãìÝíåò áõôÝò {�; �1; ::; �N−1} ôïõ
RN :

I = � ⊗ � +
N−1∑
�=1

�� ⊗ ��; (4.216)

R = (�>R)� +
N−1∑
�=1

(��>R)��: (4.217)

Áíôéêáèéóôþíôáò ôçí (4.216) êáé ôçí (4.217) óôçí (4.215), Ý÷ïõìå

�

[
(�>R)� +

N−1∑
�=1

(��>R)��

]
≤ � � ⊗ � + �

N−1∑
�=1

�� ⊗ ��; (4.218)

óôïí S(N), êïíôÜ óôï 0 ∈ Rn. ¸öáñìüæïíôáò \: � ⊗ �" óôçí (4.218) ëüãù
ïñèïêáíïíéêüôçôáò Ý÷ïõìå

− �>R + � ≥ 0; (4.219)
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êïíôÜ óôï 0 ∈ Rn. ¸óôù ôþñá t ∈ R \ {0} êáé � ∈ {1; :::; N − 1} óôáèåñÜ
êáé åöáñìüæïõìå îáíÜ \: (t�� + �)⊗ (t�� + �)" óôçí (4.218) ãéá íá âñïýìå

|�|2�>R +
N−1∑
�=1

(��>R)
(
�>� (t�� + �)

)(
�>(t�� + �)

)
(4.220)

≤ �|�|2 + �
N−1∑
�=1

(
�>� (t�� + �)

)2
:

Ëüãù ïñèïêáíïíéêüôçôáò, Ý÷ïõìå

t �>� R ≤ �t2 + � − �>R: (4.221)

Ç åíáëëáãÞ t êáé −t óôçí (4.221) äßíåé∣∣�>� R∣∣ ≤ �t +
� − �>R

t
(4.222)

êáé ç óõãêåêñéìÝíç åðéëïãÞ t :=
(
�− �>R

�

) 1
2

óôçí (4.222) äßíåé

∣∣�>� R∣∣2 ≤ 4�
(
� − �>R

)
: (4.223)

Áèñïßæïíôáò ùò ðñïò �, ðáßñíïõìå

∣∣�⊥R∣∣2 =
N−1∑
�=1

∣∣�>� R∣∣2
≤ 4(N − 1)�

(
� − �>R

)
(4.224)

≤ 4(N − 1)�
(
− �>R + 4(N − 1)�

)
:

¢ñá, ç (4.224) äßíåé ôçí êáôåýèõíóç \=⇒" ôïõ Éó÷õñéóìïý 4.34 ìå �(w) :=

4(N − 1)
�(|w|)
|w|p

.

Áíôßóôñïöá, õðïèÝôïõìå ôçí éó÷ý ôçò áíéóüôçôáò óôçí (4.214) ãéá ìéá
ôÝôïéá � êáé èÝôïõìå �(w) := �(|w|)|w|p. Ôüôå,∣∣�⊥R∣∣2 ≤ �

(
− �>R + �

)
; (4.225)

ãýñù áðü ôï 0 ∈ Rn. Áöïý � > 0 êïíôÜ óôï ìçäÝí, ç (4.225) äßíåé

�>R ≤ �(w) (4.226)

= o(|w|p);
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ãéá w → 0. ÈÝôïíôáò

T :=
{∣∣�⊥R∣∣ ≤ ∣∣�>R∣∣} ⊆ Rn; (4.227)

O :=
{∣∣�>R∣∣ > �

}
⊆ Rn; (4.228)

ç (4.225) äßíåé óôï O ∩ T üôé∣∣�⊥R∣∣2∣∣�>R∣∣ (w) =
�(w)

(
− �>R(w) + �(w)

)∣∣�>R(w)
∣∣

≤ �(w) +
�2(w)∣∣�>R(w)

∣∣ (4.229)

≤ 2�(w)
= o(|w|p);

ãéá O∩ T 3 w → 0. ¢ñá, áðü ôçí óõíåðáãùãÞ (iv) =⇒ (i) ôïõ ÈåùñÞìáôïò
4.32, Ý÷ïõìå

max�
(
� ∨R(w)

)
≤ o(|w|p); (4.230)

ãéá O ∩ T 3 w → 0. Áðü ôçí Üëëç, óôï O \ T Ý÷ïõìå
∣∣�>R∣∣ ≤ � êáé åðßóçò∣∣�⊥R∣∣ ≤ ∣∣�>R∣∣, Üñá áðü ôï ËÞììá 4.1 Ý÷ïõìå

max�
(
� ∨R(w)

)
=

1
2

(
|R(w)| + �>R(w)

)
≤ |R(w)|

=
(∣∣�>R∣∣2 +

∣∣�⊥R∣∣2) 1
2

(4.231)

≤
(
�2(w) + �2(w)

) 1
2

=
√

2�(w)
= o(|w|p);

ãéá O \ T 3 w → 0. Áðü ôçí (4.230) êáé ôçí (4.231) åîÜãïõìå

max�
(
� ∨R(w)

)
≤ o(|w|p); (4.232)

ãéá T 3 w → 0. Ôþñá, óôï Rn \ T =
{∣∣�>R∣∣ < ∣∣�⊥R∣∣}, Ý÷ïõìå áðü ôçí

(4.225) üôé ∣∣�⊥R∣∣2 ≤ �
(
− �>R + �

)
≤ �

∣∣�>R∣∣ + �2 (4.233)

≤ �
∣∣�⊥R∣∣ + �2:
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¢ñá, ∣∣�⊥R∣∣2 − �
∣∣�⊥R∣∣ − �2 ≤ 0 (4.234)

êáé óõãêñßíïíôáò ôçí
∣∣�⊥R∣∣ ìå ôéò ëýóåéò ôïõ t2 − �t− �2 = 0, Ý÷ïõìå

∣∣�⊥R(w)
∣∣2 ≤ 1 +

√
5

2
�(w) (4.235)

= o(|w|p);

ãéá Rn \ T 3 w → 0. ¢ñá, îáíÜ áðü ôï ËÞììá 4.1, Ý÷ïõìå

max�
(
� ∨R(w)

)
=

1
2

(
|R(w)| + �>R(w)

)
≤ |R(w)|

=
(∣∣�>R∣∣2 +

∣∣�⊥R∣∣2) 1
2

(4.236)

≤ 1 +
√

5√
2

�(w)

= o(|w|p);

ãéá Rn \ T 3 w → 0. Áðü ôéò (4.232) êáé (4.236) åîÜãïõìå üôé max�
(
� ∨

R(w)
)
≤ o(|w|p) ãéá w → 0. Áðü ôï Èåþñçìá 4.32, êáôáëÞãïõìå üôé 0 ∈

Jp;�R(0). Óõíåðþò, ï Éó÷õñéóìüò 4.34 êáé Üñá ôá ÈåùñÞìáôá 4.28 êáé 4.29
Ýðïíôáé. �

×ñçóéìïðïéþíôáò ôïí Éó÷õñéóìü 4.34, ðëáéóéþíïõìå ôï Èåþñçìá 4.32 ìå
Ýíáí ðåñáéôÝñù ÷áñáêôçñéóìü ôïõ Jp;�.

Ðüñéóìá 4.35 Óôï ðëáßóéï ôïõ ÈåùñÞìáôïò 4.32, Ý÷ïõìå

0 ∈ Jp;�R(0) ⇐⇒
(
�>R +

√
(�>R)2 + 4|�⊥R|2

)
(w) = o(|w|p);

(4.237)
ãéá O 3 w → 0.

Áðüäåéîç ôïõ 4.35. Áðü ôïí Éó÷õñéóìü 4.34, Ý÷ïõìå üôé 0 ∈ Jp;�R(0)
áíí

�>R− � ≤ −
∣∣�⊥R(w)

∣∣2
�

(4.238)

ãéá êÜðïéá � ∈ Cp(0;∞) áýîïõóá ìå 0 ≤ �(w) = o(|w|p) ãéá O 3 w → 0.
ÎáíáãñÜöïõìå ôçí (4.238) ùò

�2 −
(
�>R

)
� −

∣∣�⊥R(w)
∣∣2 ≤ 0: (4.239)
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Áðü óôïé÷åéþäç ¢ëãåâñá êáé áöïý � ≥ 0, ç (4.239) éóïäõíáìåß ìå

� ≥ 1
2

(
�>R +

√
(�>R)2 + 4|�⊥R|2

)
; (4.240)

óôï O. �
Ôï áêüëïõèï áðïôÝëåóìá ðéóôïðïéåß üôé ç ïñèïãþíéá ðñïâïëÞ �⊥ åíüò

�-Jet åßíáé ðïëý \Üêáìðôç" êáé åêôüò áí ç óõíÜñôçóç äåí åßíáé 2 öïñÝò ðá-
ñáãùãßóéìç, äåí ìðïñïýìå íá ôï ìåôáâÜëïõìå.

ËÞììá 4.36 (Ïñèïãþíéåò �⊥ ôñïðïðïéÞóåéò ôïõ J2;�) Áí u ∈ C0(Rn)N ,
x ∈ Rn, � ∈ SN−1, � ∈ SN−1 ∩ (span[�])⊥ êÜèåôï óôï � êáé A ∈ S+(n), ôüôå
ãéá (P;X) ∈ J2;�u(x) Ý÷ïõìå(

�>P ; �>X− 1
2
A

)
∈ J2;+(�>u)(x) =⇒ (P;X− � ⊗A) ∈ J2;�u(x):

(4.241)

Ôï ËÞììá 4.36 ëÝåé üôé ìðïñïýìå íá ìåôáâÜëïõìå ôï �-Jet (P;X) ðñïóèÝôï-
íôáò óôïé÷åßï ôçò ìïñöÞò (0;−�⊗A) ìå A ≥ 0 êáôÜ ìÞêïò ôçò � óôï êÜèåôï
õðåñåðßðåäï (span[�])⊥ áí ìðïñïýìå íá áöáéñÝóïõìå ôï óôïé÷åßï

(
0; 1

2A
)
áðü

ôï çìé-jet J2;+ ôçò ðñïâïëÞò �>u.
Áðüäåéîç ôïõ 4.36. ÈÝôïõìå

QP;X(z) := u(z)− u(x)− P(z − x)− 1
2
X : (z − x)⊗ (z − x): (4.242)

Åöáñìüæïíôáò üôé �⊥ �, Ý÷ïõìå∣∣∣�⊥(u(z)−u(x)− P(z − x)− 1
2
(X− � ⊗A) : (z − x)⊗ (z − x)

)∣∣∣2
=
∣∣∣�⊥(u(z)−QP;X(z)

)∣∣∣2 +
1
4

∣∣A : (z − x)⊗ (z − x)
∣∣2

+
(
A : (z − x)⊗ (z − x)

)
�>
(
u(z)−QP;X(z)

)
≤ o(|z − x|2)

[
− �>

(
u(z)−QP;X(z)

)
+ o(|z − x|2)

]
(4.243)

+
(
A : (z − x)⊗ (z − x)

)[ A
4

: (z − x)⊗ (z − x)

+ �>
(
u(z)−QP;X(z)

)]
≤ o(|z − x|2)

[
− �>

(
u(z)−QP;X(z)

)
+ o(|z − x|2)

]
+
∥∥A∥∥|z − x|2

[
�>
(
u(z)− u(x)− P(z − x)

− 1
2

(
X− �

2
⊗A

)
: (z − x)⊗ (z − x)

)]
;
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ãéá z → x. ¢ñá, o 1ïò üñïò ôçò (4.243) åêôéìÜôáé áðü

≤ o(|z − x|2)
[
− �>

(
u(z)−QP;X(z)

)
+ o(|z − x|2)

]
+
∥∥A∥∥|z − x|2

[
(�>u)(z)− (�>u)(x)− (�>P)(z − x)

− 1
2

(
�>X− 1

2
A
)

: (z − x)⊗ (z − x)
]

(4.244)

≤ o(|z − x|2)
[
− �>

(
u(z)−QP;X(z)

)
+ o(|z − x|2)

]
+ o(|z − x|4);

ãéá z → x. ÁõîÜíïíôáò ôéò o(1) óõíáñôÞóåéò ðïõ åìöáíßæïíôáé óôïõò ðñïóèå-
ôÝïõò, åíóùìáôþíïõìå ôïí o(|z − x|4) üñï óôïí 1ï ðñïóèåôÝï êáé âñßóêïõìå
üôé (P;X− � ⊗A) ∈ J2;�u(x). �

4.7 Ç ÁÑ×Ç ÁÊÑÏÔÁÔÏÕ ÔÇÓ ÅÐÁÖÇÓ ÃÉÁ ÄÉÁÍÕÓÌÁ-
ÔÉÊÅÓ ÓÕÍÁÑÔÇÓÅÉÓ

Ùò ôþñá, ôá âáóéêÜ áíôéêåßìåíá ìåëÝôçò ôçò ðáñïýóáò èåùñßáò ÌÄÅ Þôáí
ôá Jet ÅðáöÞò, óýíïëá óçìåéáêþí áóèåíþí ðáñáãþãùí ìç-äéáöïñéóßìùí óõ-
íáñôÞóåùí. Ôá Jet åéóÜãïõí ìå Ýíáí ìç ôåôñéììÝíï Ýììåóï ôñüðï ìéá Ýííïéá
áêñïôÜôïõ ãéá äéáíõóìáôéêÝò óõíáñôÞóåéò ðïõ ôþñá èá äéåñåõíÞóïõìå. ÁõôÞ
ç íÝá Ýííïéá åðåêôåßíåé ôá âáèìùôÜ áêñüôáôá min êáé max, ìáæß ìå ôïí \Ëï-
ãéóìü Áñ÷Þò Ìåãßóôïõ" (Du = 0 êáé D2u ≤ 0 óôá ìÝãéóôá ôçò u). ÁõôÞ ç
Ýííïéá áêñïôÜôïõ, áí êáé Ý÷åé áðëÞ äéáôýðùóç, äåí åßíáé êáèüëïõ ðñïöáíÝò
ãéáôß åßíáé öõóéïëïãéêÞ êáé åýëïãç, åíþ ï \Ëïãéóìüò Áñ÷Þò Ìåãßóôïõ" ðïõ
öÝñïõí åßíáé äýóêïëï íá åêôéìçèåß ÷ùñßò ãíþóç ôçò ôå÷íïëïãßá ôùí Jet.

Óõíåðþò, âáóßóáìå ôçí èåùñßá ôùí Ëýóåùí ÅðáöÞò óôá Jet ðáñÜ óôá
Áêñüôáôá, ãéáôß ôá Jet åßíáé ðéï \öõóéïëïãéêÜ" ëüãù ôçò ôõðéêÞò ïìïéüôçôáò
ìå ôá âáèìùôÜ áíÜëïãÜ ôïõò.

ÎåêéíÜìå ðáñïõóéÜæïíôáò ìéá åéäéêüôåñç Ýííïéá áêñïôÜôïõ, ãéá íá äþ-
óïõìå êßíçôñï ãéá ôçí ãåíéêÞ Ýííïéá. ¸óôù CL;x ï êþíïòìå êïñõöÞ óôï
x ∈ Rn êáé êëßóç L > 0, äçë. CL;x(z) := L|z − x|. Áí ïé äåßêôåò L, x
åßíáé åßôå îåêÜèáñïé åßôå äåí ÷ñçóéìïðïéïýíôáé Üìåóá, èá ðáñáëåßðïíôáé êáé
ïé êþíïé èá óõìâüëßæïíôáé áðëÜ ìå \C". Áí � ∈ SN−1, óõìâïëßæïõìå ôçí

ðñïâïëç I − � ⊗ � óôï õðåñåðßðåäï
(
span[�]

)⊥ ⊆ RN ìå �⊥.

Ïñéóìüò 4.37 (Óçìåßá ÅðáöÞò) ¸óôù u : O ⊆ Rn −→ RN ôïðéêÜ öñáã-
ìÝíç, x ∈ O, � ∈ SN−1 êáé p ∈ N. Ôüôå, ç u Ý÷åé Óçìåßï ÅðáöÞò p-ôÜîçò
óôï x åíôüò ôïõ O êáôÜ ìÞêïò ôïõ � üôáí ãéá êÜèå Cx, Ý÷ïõìå∣∣�⊥(u− u(x))

∣∣2 ≤ Cx
p
[
−�>(u− u(x))

]
; (4.245)
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óå ìéá ðåñéï÷Þ ôïõ x óôï O.

¼ôáí ôï O åßíáé áíïéêôü, ôï \åíôüò ôïõ O" èá ðáñáëåßðåôáé.

Ïñéóìüò 4.38 (Áêñüôáôá Óçìåßá) ¸íá óçìåßï x ∈ O ⊆ Rn èá ëÝãåôáé
Áêñüôáôï ÓÞìåéï ôçò ôïðéêÜ öñáãìÝíçò u : O −→ RN áí õðÜñ÷ïõí � ∈ SN−1

êáé p ∈ N þóôå ç u íá Ý÷åé Óçìåßï ÅðáöÞò p-ôÜîçò óôï x êáôÜ ìÞêïò ôïõ
�.

Áðü ôïí Ïñéóìü 4.37, áí ç u Ý÷åé óçìåßï åðáöÞò óôï x, ç �-ðñïâïëÞ �>u
ôçò u Ý÷åé ôïðéêü ìÝãéóôï óôï x:

�>
(
u(z)− u(x)

)
≤ 0; (4.246)

ãéá z ∈ O, |z − x| < r ãéá êÜðïéï r > 0. ÅðéðëÝïí, ç �⊥-ðñïâïëÞ �⊥u ôçò
u Ý÷åé óçìåßï óçíÝ÷åéáò óôï x, ìå ìÝôñï óõíÝ÷åéáò ôá÷ýôåñï áðü ôçí p

2 -ñßæá:
ãéá êÜèå L > 0, õðÜñ÷åé r = r(L) > 0 þóôå∣∣∣�⊥(u(z)− u(x)

)∣∣∣ ≤ L
1
2
(
− �>

(
u(z)− u(x)

)) 1
2 |z − x|

p
2 ; (4.247)

≤ L
1
2

(
2 sup

O
|u|
) 1

2 |z − x|
p
2

ãéá z ∈ O, |z − x| < r. Ïé åíäéáöÝñïõóåò ðåñéðôþóåéò åßíáé p = 1; 2 êáé
áíôéóôïé÷ïýí óôá J1 êáé J2. ¼ôáí p = 1, ç �⊥u ðñÝðåé íá Ý÷åé óôï x

óçìåßï óõíÝ÷åéáò ôïõëÜ÷éóôïí C
1
2 êáé üôáí p = 2, ç �⊥u ðñÝðåé íá Ý÷åé

óçìåßï óõíÝ÷åéáò ôïõëÜ÷éóôïí C0;1. Áñá, áí ôï O åßíáé áíïéêôü óôïí Rn êáé
p = 1; 2, áðü ôçí (4.247) ç �⊥u ðñÝðåé íá åßíáé 1

2 -ðáñáãùãßóéìç êáé ìéá öïñÜ
ðáñáãùãßóéìç óôï z = x áíôßóôïé÷á:

lim
z→x

∣∣∣�⊥(u(z)− u(x)
)∣∣∣

|z − x|
p
2

= 0: (4.248)

¼ôáí N = 1, Ý÷ïõìå �⊥ ≡ 0 êáé ç (4.245) áíÜãåôáé óå min Þ max ôçò u:
üíôùò, áöïý S0 = {−1;+1}, ç (4.245) ëÝåé üôé åßôå u ≥ u(x) åßôå u ≤ u(x)
ãýñù áðü ôï x óôï O.

ÃåíéêÜ, ç (4.245) óõíäÝåé Ýíá âáèìùôü áêñüôáôï óôçí �-êáôÝõèõíóç óõí
ìéá óõíèÞêç ìåñéêÞò ïìáëüôçôáò óôï êÜèåôï õðåñåðßðåäï.

Ìéá éíôñéãêþäçò éäéüôçôá ôùí äéáíõóìáôéêþí áêñïôÜôùí êáé åðßóçò ðçãÞ
äõóêïëßáò åßíáé üôé Ý÷ïõí ôÜîç. ¼ôáí N = 1, ôüôå ôá âáèìùôÜ áêôñüôáôá
éêáíïðïéïýí ôçí (4.245) ãéá êáèå p ∈ N, óõìðåñéëáìâáíïìÝíïõ ôïõ ìçäåíüò.
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¢ñá, ôá min êáé max ðÜíôá Ý÷ïõí êÜèå ôÜîç, áíåîÜñôçôá ïìáëüôçôáò ôçò
óõíÜñôçóçò. Ç Ýííïéá ôçò ôÜîçò ÷ïíäñéêÜ åìðëÝêåôáé ùò åîÞò: áí Ý÷ïõìå
\Áêñüôáôï 1çò ôÜîçò", ôüôå ìðïñïýìå íá áðïöáíèïýìå ìüíï \ìçäåíéóìü ãéá
ôçí êëßóç" áíåîÜñôçôá ðåñáéôÝñù ïìáëüôçôáò ôçò óõíÜñôçóçò. ×ñåéÜæåôáé
\Áêñüôáôï 2çò ôÜîçò" ãéá íá áðïöáíèïýìå ó÷åôéêÜ ìå ôçí \áíéóüôçôá ãéá
ôçí ÅóóéáíÞ".

Äõóôõ÷þò, áí êáé ôá Áêñüôáôá Óçìåßá åðåêôåßíïõí ôá min êáé max ó÷å-
ôéêÜ öõóéïëïãéêÜ, ðáñïõóéÜæïõí ìéá ðáèïëïãßá ðïõ ôá êáèéóôÜ áêáôÜëëçëá
ãéá êåíôñéêÞ Ýííïéá: ìðïñåß íá ìçí õðÜñ÷ïõí ðïõèåíÜ ïýôå ãéá C∞ óõíáñôÞ-
óåéò ðåñéïñéóìÝíåò óå óõìðáãÞ. ÐñÜãìáôé, áðü ôï Èåþñçìá 4.45 ðïõ Ýðåôáé,
êÜèå êáìðýëç ìïíáäéáßáò ôá÷ýôçôáò u ∈ C∞[0; 1]N éêáíïðïéåß |Du| ≡ 1 6= 0
óôï [0; 1] ⊆ R êáé Üñá äåí ìðïñåß íá Ý÷åé áêñüôáôá, ïýôå êáí 1çò ôÜîçò.
Áðü ôçí Üëëç, ïé (çìé-)óõíå÷åßò âáèìùôÝò óõíáñôÞóåéò õëïðïéïýí ðÜíôá ôá
áêñüôáôÜ ôïõò óå óõìðáãÞ óýíïëá.

ÈåñáðÝõïõìå áõôü ôï åííï÷ëçôéêü öáéíüìåíï ÷áëáñþíïíôáò ôçí Ýííïéá
ôïõ áêñïôÜôïõ óå ìéá åõÝëéêôç óõíáñôçóéáêÞ Ýííïéá \Áêñüôáôçò ÓõíÜñôç-
óçò" ðïõ óÝâåôáé ôçí ðéèáíÞ \óõóôñïöÞ" ôùí äéáíõóìáôéêþí óõíáñôÞóåùí.

Ïñéóìüò 4.39 (ÓõíáñôÞóåéò ÅðáöÞò) ¸óôù u : O ⊆ Rn −→ RN ôïðéêÜ
öñáãìÝíç, x ∈ O, � ∈ SN−1 êáé p ∈ N. Ôüôå, ç óõíÜñôçóç  ∈ Cp(Rn)N

åßíáé �-ÓõíÜñôçóç ÅðáöÞò ôçò u óôï x p-ôÜîçò åíôüò ôïõ O áí  (x) = u(x)
êáé ãéá êÜèå êþíï C ìå êïñõöÞ óôï x, Ý÷ïõìå∣∣�⊥(u−  )

∣∣2 ≤ Cp
[
− �>(u−  )

]
; (4.249)

óå ìéá ðåñéï÷Þ ôïõ x óôï O.

Êáé åäþ, áí ôï O åßíáé áíïéêôü, ôï \åíôüò ôïõ O" èá ðáñáëåßðåôáé.

Ïñéóìüò 4.40 (Áêñüôáôåò ÓõíáñôÞóåéò) Ìéá óõíÜñôçóç  ∈ Cp(Rn)N

èá ëÝãåôáé Áêñüôáôç ÓõíÜñôçóç ôçò ôïðéêÜ öñáãìÝíçò u : O ⊆ Rn −→ RN

óôï x ∈ O áí õðÜñ÷åé êáôåýèõíóç � ∈ SN−1 êáé p ∈ N þóôå ç  íá åßíáé
�-ÓõíÜñôçóç ÅðáöÞò of u óôï x p-ôÜîçò åíôüò ôïõ O.

¢ñá, ç  åßíáé áêñüôáôç óõíÜñôçóç áí ç u− Ý÷åé ìçäåíéæüìåíï áêñüôáôï
óçìåßï. Óõãêñßíïíôáò ôéò (4.245) êáé (4.249), âëÝðïõìå üôé ôá áêñüôáôá
óçìåßá áíôéóôïé÷ïýí óôçí åéäéêÞ ðåñßðôùóç óôáèåñþí  ≡ u(x) óôïí Rn.

Ðñùôïý áðïäåßîïõìå üôé ç ÅðáöÞ åßíáé ç êáôÜëëçëç Ýííïéá áêñïôÜôïõ
óôçí äéáíõóìáôéêÞ ðåñßðôùóç, èá äåßîïõìå ôçí éóïäõíáìßá ôùí Jets êáé ôùí
ÁêñïôÜôùí. Èá èåùñÞóïõìå ìüíï ôçí ðåñßðôùóç p = 2 êáé O = Rn. Ç
ðåñßðôùóç ôïõ J1 êáé ãåíéêïý O áíôéìåôùðßæåôáé ìå áðëÝò ôñïðïðïéÞóåéò.
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Ãéá u : Rn −→ RN , x ∈ Rn êáé � ∈ SN−1, èÝôïõìå

D2;�u(x) :=

{(
D (x); D2 (x)

)∣∣∣∣∣  ∈ C2(Rn)N ;  (x) = u(x) & ∀ C = Cx;∣∣�⊥(u−  )
∣∣2 ≤ Cp

[
− �>(u−  )

]
; ðåñß ôï x

}
:

(4.250)

Èåþñçìá 4.41 (Éóïäõíáìßá ÓõíáñôÞóåùí ÅðáöÞò êáé Jet ÅðáöÞò) Áí
ç u : Rn −→ RN åßíáé óôïí C0(Rn)N , x ∈ Rn êáé � ∈ SN−1, ôüôå

D2;�u(x) = J2;�u(x): (4.251)

ÄçëáäÞ, ôá Jet ÅðáöÞò óõìðßðôïõí ìå ôéò ðáñáãþãïõò ôùí ÓõíáñôÞóåùí
ÅðáöÞò.

Ç áðüäåéîç âáóßæåôáé óôï áêüëïõèï ëÞììá, ðïõ ÷ïíäñéêÜ ëÝåé üôé ìðï-
ñïýìå ðÜíôá íá áðïññïöÞóïõìå ôï õðüëïéðï Taylor 2çò ôÜîçò ìéáò ÓõíÜñôç-
óçò ÅðáöÞò óôçí �-ðñïâïëÞ ôçò:

ËÞììá 4.42 ¸óôù  ∈ C2(Rn)N ìéá �-ÓõíÜñôçóç ÅðáöÞò 2ç ôÜîçò ôçò
ôïðéêÜ öñáãìÝíçò u : O ⊆ Rn −→ RN óôï x.

Ôüôå õðÜñ÷åé �-ÓõíÜñôçóç ÅðáöÞò  ̂ ôçò u óôï x óôïí C2(Rn)N þóôå
 =  ̂ ùò 2ç ôÜîç óôï x (äçë.,  (x) =  ̂(x), D (x) = D ̂(x) êáé D2 (x) =
D2 ̂(x)) åíþ ç �⊥-ðñïâïëÞ ôïõ Taylor õðïëïßðïõ 2çò ôÜîçò  ̂ ìçäåíßæåôáé.

Áðüäåéîç ôïõ 4.42. ¸óôù T2;x êáé R2;x ïé ôåëåóôÝò 2çò ôÜîçò Taylor
ðïëõùíýìïõ êáé Taylor õðïëïßðïõ óôï x áíôßóôïé÷á. Ôüôå, áðü ôçí (4.249),
Ý÷ïõìå∣∣∣�⊥(u− T2;x −R2;x 

)∣∣∣2 ≤ Cx
2
[
− �>

(
u− T2;x −R2;x 

)]
(4.252)

óå ðåñéï÷Þ ôïõ x óôï O. Áðü ôï Ë. 4.11 ãéá N = 1, õðÜñ÷åé � ∈ C2(0;∞)
ìå 0 ≤ �(z) ≤ o(|z − x|2) ãéá O 3 z → x êáé ôÝôïéá þóôå � ≥ �>R2;x êáé∣∣∣�⊥(u− T2;x 

)
− �⊥R2;x 

∣∣∣2 ≤ �
[
− �>

(
u− T2;x 

)
+ �

]
; (4.253)
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ãýñù áðü ôï x óôï O. Áðü ôçí (4.253), Ý÷ïõìå∣∣∣�⊥(u− T2;x 
)∣∣∣2 ≤ �

[
− �>

(
u− T2;x 

)
+ �

]
−
∣∣�⊥R2;x 

∣∣2
+
(
�>
(
u− T2;x 

))>(
�>
(
�⊥R2;x 

))
= �

[
− �>

(
u− T2;x 

)
+ �

]
−
∣∣�⊥R2;x 

∣∣2 (4.254)

+ 2
( 1√

2
�>
(
u− T2;x 

))>(√
2�>

(
�⊥R2;x 

))
≤ �

[
− �>

(
u− T2;x 

)
+ �

]
−
∣∣�⊥R2;x 

∣∣2
+

1
2

∣∣∣�>(u− T2;x 
)∣∣∣2 + 2

∣∣∣�>(�⊥R2;x 
)∣∣∣2:

Ôüôå, áðü ôçí (4.254), Ý÷ïõìå∣∣∣�⊥(u− T2;x 
)∣∣∣2 ≤ 2�

[
− �>

(
u− T2;x 

)
+ �

]
+ 2

∣∣�⊥R2;x 
∣∣2

≤ 2�
[
− �>

(
u− T2;x 

)
+ 2�

]
+ 2

∣∣�⊥R2;x 
∣∣2

= 2�
[
− �>

(
u− T2;x 

)]
+
{

4�2 + 2
∣∣�⊥R2;x 

∣∣2}
(4.255)

≤ 2
(
�+ |�⊥R2;x |

)[
− �>

(
u− T2;x 

)]
+
(
2
(
�+ |�⊥R2;x |

))2

= 2
(
�+ |�⊥R2;x |

)[
− �>

(
u− T2;x 

)
+ 2
(
�+ |�⊥R2;x |

)]
;

ãýñù áðü ôï x óôçí O. Áðü ôçí (4.255), ôï Ë. Ýðåôáé ïñßæïíôáò  ̂ áðü

 ̂ := T2;x + 2
(
�+ |�⊥R2;x |

)
�; (4.256)

áöïý áðü êáôáóêåõÞò  (x) =  ̂(x), D (x) = D ̂(x), D2 (x) = D2 ̂(x))
åíþ �⊥R2;x ̂ ≡ 0. ÅðéðëÝïí,

�>R2;x ̂ = 2
(
� + |�⊥R2;x |

)
(4.257)

≥ �>R2;x :

¢ñá, áðü ôéò (4.255) êáé (4.256) Ý÷ïõìå∣∣�⊥(u−  ̂)
∣∣2 ≤ �>R2;x ̂

[
− �>(u−  ̂)

]
; (4.258)
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êáé áöïý 0 ≤ �>R2;x ̂(z) ≤ o(|z − x|2) ãéá O 3 z → x, ãéá êÜèå êþíï C ìå
êïñõöÞ óôï x, õðÜñ÷åé ðåñéï÷Þ ôïõ x óôï O þóôå, åêåß ðÜíù∣∣�⊥(u−  ̂)

∣∣2 ≤ C2
[
− �>(u−  ̂)

]
; (4.259)

üðùò éó÷õñéóôÞêáìå. �

Ôþñá áðïäåéêíýïõìå ôï Èåþñçìá 4.41.
Áðüäåéîç ôïõ 4.41. ¸óôù  ìéá �-ÓõíÜñôçóç ÅðáöÞò 2çò ôÜîçò ôçò u

óôï x. Áðü ôï ËÞììá 4.42, õðÜñ÷åé �-ÓõíÜñôçóç ÅðáöÞò  ̂ ôçò u óôï x þóôå
 ̂ =  ùò 2ç ôÜîç óôï x êáé åðéðëÝïí �⊥R2;x ̂ ≡ 0. Áðü ôçí (4.249), ãéá
êÜèå L > 0, õðÜñ÷åé r > 0 þóôå∣∣∣∣∣�⊥(u(z)− u(x)−D (x)(z − x)− 1

2
D2 (x) : (z − x)⊗ (z − x)

)∣∣∣∣∣
2

≤ L2|z − x|2
[
− �>

(
u(z)− u(x)−D (x)(z − x)

(4.260)

− 1
2
D2 (x) : (z − x)⊗ (z − x)

)
+ �>R2;x ̂(z)

]
;

üðïôå |z − x| ≤ r. Áðü ôï ËÞììá 4.19 ãéá N = 1, õðÜñ÷åé áýîïõóá � ∈
C2(0;∞) þóôå 0 ≤ �(t) = o(1) ãéá t→ 0+ ç ïðïßá

�(|z − x|)|z − x|2 ≥ �>R2;x ̂(z) (4.261)

ãéá z → x, êáé∣∣∣∣∣�⊥(u(z)− u(x)−D (x)(z − x)− 1
2
D2 (x) : (z − x)⊗ (z − x)

)∣∣∣∣∣
2

≤ �(|z − x|)|z − x|2
[
− �>

(
u(z)− u(x)−D (x)(z − x)

(4.262)

− 1
2
D2 (x) : (z − x)⊗ (z − x)

)
+ �(|z − x|)|z − x|2

]
;

ãéá z → x. Áðü ôï Èåþñçìá 4.29, ç (4.262) äßíåé üôé
(
D (x); D2 (x)

)
∈

J2;�u(x). Áíôßóôñïöá, Ýóôù (P;X) ∈ J2;�u(x). ÎáíÜ áðü ôï Èåþñçìá 4.29,



Nßêïò ÊáôæïõñÜêçò - Ìç ÃñáììéêÜ ÓõóôÞìáôá Åëëåéðôéêþí ÌÄÅ 120

áí � åßíáé üðùò óôç äéáôýðùóç, ç

 (z) := u(x)+P(z−x)+ 1
2
X : (z−x)⊗(z−x)+�(|z−x|)|z−x|2� (4.263)

éêáíïðïéåß  ∈ C2(Rn)N ,  (x) = u(x) êáé∣∣�⊥(u−  )
∣∣2 ≤ �(|z − x|)|z − x|2

[
− �>(u−  )

]
; (4.264)

ãéá z → x. ¢ñá, ãéá êÜèå êþíï C, õðÜñ÷åé ðåñéï÷Þ ðåñß ôï x þóôå åêåß ðÜíù∣∣�⊥(u−  )
∣∣2 ≤ C2

[
− �>(u−  )

]
: (4.265)

¢ñá, ç  åßíáé �-ÓõíÜñôçóç ÅðáöÞò ôçò u 2çò ôÜîçò óôï x. �

Åí üøåé ôïõ ÈåùñÞìáôïò 4.41, ìðïñïýìå íá áíáäéáôõðþóïõìå ôïõò Ïñé-
óìïýò 4.7, 4.8 ùò åîÞò:

Ïñéóìüò 4.43 (Ëýóåéò ÅðáöÞò ÓõóôçìÜôùí ÌÄÅ 1çò ôÜîçò) ¸óôù Ω
⊆ Rn áíïéêôü êáé F ∈ C0

(
Ω × RN × (RN ⊗ Rn)

)N
. Ôüôå, ç u ∈ C0(Ω)N

åßíáé Ëýóç ÅðáöÞò ôïõ óõóôÞìáôïò ÌÄÅ 1çò ôÜîçò

F
(
x; u(x); Du(x)

)
= 0; x ∈ Ω; (4.266)

üôáí ãéá êÜèå �-ÓõíÜñôçóç ÅðáöÞò  ∈ C1(Rn)N ôçò u óôï x Ý÷ïõìå

�>F
(
x;  (x); D (x)

)
≥ 0; (4.267)

ãéá êÜèå x ∈ Ω êáé üëá ôá � ∈ SN−1.

Ïñéóìüò 4.44 (Ëýóåéò ÅðáöÞò ÓõóôçìÜôùí ÌÄÅ 2çò ôÜîçò) ¸óôù Ω
⊆ Rn áíïéêôü êáé F ∈ C0

(
Ω× RN × (RN ⊗ Rn)× (RN ⊗ S(n))

)N
. Ôüôå, ç

u ∈ C0(Ω)N åßíáé Ëýóç ÅðáöÞò ôïõ óõóôÞìáôïò ÌÄÅ 2çò ôÜîçò

F
(
x; u(x); Du(x); D2u(x)

)
= 0; x ∈ Ω; (4.268)

üôáí ãéá êÜèå �-ÓõíÜñôçóç ÅðáöÞò  ∈ C2(Rn)N ôçò u óôï x Ý÷ïõìå

�>F
(
x;  (x); D (x); D2 (x)

)
≥ 0; (4.269)

ãéá êÜèå x ∈ Ω êáé üëá ôá � ∈ SN−1.

Óõíåðþò, ïé áêñüôáôåò óõíáñôÞóåéò ðáßæïõí ôï ñüëï ôùí óõíáñôÞóåùí
äïêéìÞò ãéá ôï óýóôçìá ôùí ÌÄÅ (äåò [CIL]).

Óõíå÷ßæïõìå ìå ôïí \Ëïãéóìü Áñ÷Þò Ìåãßóôïõ" ðïõ ÷áñáêôçñßæåé ôç
ó÷Ýóç áêñïôÜôïõ ôçò ÅðáöÞò.
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Èåþñçìá 4.45 (Ëïãéóìüò ôçò Áñ÷Þò ôçò ÅðáöÞò) ¸óôù Ω ⊆ Rn áíïé-
êôü, x ∈ Ω êáé Ýóôù u ∈ C0(Ω)N 2 öïñÝò ðáñáãùãßóéìç óôï x ∈ Ω. ¸óôù
åðßóçò  ∈ C2(Rn)N êáé � ∈ SN−1.

Èåùñåßóôå ôïõò áêüëïõèïõò éó÷õñéóìïýò:
(i) Ç  åßíáé �-ÓõíÜñôçóç ÅðáöÞò 2çò ôÜîçò ôçò u óôï x ∈ Ω.
(ii) ¸÷ïõìå

D
(
u−  

)
(x) = 0 óôïí RN ⊗ Rn; (4.270)

� ∨D2
(
u−  

)
(x) ≤⊗ 0 óôïí S(N;n): (4.271)

Ôüôå, ï (i) óõíåðÜãåôáé ôïí (ii). Åðßóçò, ï (ii) óõíåðÜãåôáé ôïí (i) áí
åðéðñüóèåôá ôçò (4.271) Ý÷ïõìå �>D2

(
u−  

)
(x) < 0 ãíÞóéá óôïí S(n).

ÔåôñéììÝíåò ôñïðïðïéÞóåéò óôçí áðüäåéîç ôïõ ÈåùñÞìáôïò 4.45 äßíïõí ôï
áêüëïõèï

Ðüñéóìá 4.46 (ÅðáöÞ 1çò ÔÜîçò) Óôï ðëáßóéï ôïõ ÈåùñÞìáôïò 4.45, áí
ç u åßíáé öïñÜ ðáñáãùãßóéìç, ôüôå ç  ∈ C1(Rn)N åßíáé áêñüôáôç óõíÜñôçóç
1çò ôÜîçò ôçò u óôï x áíí D

(
u−  

)
(x) = 0.

Ôï Èåþñçìá 4.45 Ý÷åé Þäç áðïäåé÷èåß Ýììåóá, óôç ãëþóóá ôùí Jet Åðá-
öÞò. ×ñçóéìïðïéþíôáò ôá ÈåùñÞìáôá 4.41 êáé 4.20 ìðïñïýìå íá áöáéñÝóïõìå
ìÝñïò ôïõ êáëýìáôïò. Ãéá ëüãïõò áðëüôçôáò, ðáñÝ÷ïõìå ôþñá ìéá Üìåóç áðü-
äåéîç ÷ùñßò Jet.

Áðüäåéîç ôïõ 4.45. ÕðïèÝôïõìå ôïí (i). Ôüôå, áðü ôïí (4.249), Ý÷ïõìå(
u−  

)
(x) = 0 êáé ãéá êÜèå L > 0 õðÜñ÷åé r > 0 þóôå üôáí |z − x| ≤ r,∣∣�⊥(u−  )

∣∣2 ≤ L2|z − x|2
[
− �>(u−  )

]
: (4.272)

Áðü ôçí (4.272), Ý÷ïõìå

�>
(
u−  

)
(z) ≤ 0 (4.273)

ãéá |z − x| ≤ r. ¢ñá, ç �>(u −  ) Ý÷åé ìçäåíéæüìåíï ôïðéêü ìÝãéóôï óôï
z = x. ¸÷ïõìå

D
(
�>(u−  )

)
(x) = 0; (4.274)

D2
(
�>(u−  )

)
(x) ≤ 0: (4.275)

Áðü ôçí (4.272), ∣∣�⊥(u−  
)
(z)
∣∣ = o(|z − x|); (4.276)
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ãéá z → x. ¢ñá, ç (4.276) äßíåé D
(
�⊥(u−  )

)
(x) = 0. Áðü ôçí (4.276) êáé

ôçí

D(u−  )(x) = D
(
�⊥(u−  )

)
(x) + � ⊗D

(
�>(u−  )

)
(x); (4.277)

Ý÷ïõìå D
(
u−  

)
(x) = 0. ÁëëÜ ç (4.272) äßíåé∣∣∣∣∣�⊥

(
1
2
D2(u−  )(x) : (z − x)⊗ (z − x) + o(|z − x|2)

)∣∣∣∣∣
2

≤ o(|z − x|2)

[
− �>

(
1
2
D2(u−  )(x) : (z − x)⊗ (z − x) + o(|z − x|2)

)]
;

(4.278)

ãéá z → x. ÈÝôïõìå z := x+ "w, " > 0 êáé w ∈ Sn−1 ãéá íá âñïýìå∣∣∣∣∣12D2
(
�⊥(u−  )

)
(x) : w ⊗ w +

o("2)
"2

∣∣∣∣∣
2

≤ o("2)
"2

(
1
2

∥∥∥D2
(
�>(u−  )

)
(x)
∥∥∥ +

o("2)
"2

)
;

(4.279)

ãéá " → 0+. ÐÝñáóìá óôï üñéï óôçí (4.279) äßíåé D2
(
�⊥(u −  )

)
(x) = 0.

Ôüôå, áðü ôçí

D2(u−  )(x) = D2
(
�⊥(u−  )

)
(x) + � ⊗D2

(
�>(u−  )

)
(x) (4.280)

Ý÷ïõìå

D2(u−  )(x) = � ⊗ �>
(
D2(u−  )(x)

)
(4.281)

êáé áðü ôçí Ðñüôáóç 4.5 ãéá ôçí (4.281) êáé ôçí (4.275) Ý÷ïõìå � ∨D2
(
u−

 
)
(x) ≤⊗ 0 ìå ôçí áíéóüôçôá ôÜîçò-1 óôïí S(N;n).
Áíôßóôñïöá, õðïèÝôïõìå ôçí (ii) êáé üôé �>D2

(
u− 

)
(x) < 0 ãíÞóéá óôçí

S(n). Ôüôå, áðü ôçí (4.271) êáé ôçí Ðñüôáóç 4.5 ðáßñíïõìå

D2(u−  )(x) = � ⊗ �>
(
D2(u−  )(x)

)
(4.282)

�>
(
D2(u−  )(x)

)
≤ −aI; óôïí S(n); (4.283)
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ãéá êÜðïéï a > 0. Áðü ôéò (4.270), (4.282) êáé (4.249),

∣∣∣�⊥(u−  )(z)
∣∣∣2 =

∣∣∣∣∣�⊥
(

(u−  )(x) +D(u−  )(x)(z − x)

+
1
2
D2(u−  )(x) : (z − x)⊗ (z − x) + o(|z − x|2)

)∣∣∣∣∣
2

(4.284)

=
∣∣o(|z − x|2)

∣∣2
= o(|z − x|2)|z − x|2;

ãéá z → x. ÅðéðëÝïí, áðü ôçí (4.283),

−�>(u−  )(z) = −�>
(

(u−  )(x) +D(u−  )(x)(z − x)

+
1
2
D2(u−  )(x) : (z − x)⊗ (z − x) + o(|z − x|2)

)
= −1

2
�>D2(u−  )(x) : (z − x)⊗ (z − x) + o(|z − x|2)

(4.285)

≥ a

2
|z − x|2 + o(|z − x|2)

=
(a

2
− o(1)

)
|z − x|2

≥ a

4
|z − x|2;

ãéá z → x. Áðü ôéò (4.284) êáé (4.285),ãéá êÜèå L > 0, õðÜñ÷åé r > 0 ìéêñü
þóôå áí |z − x| ≤ r, ôüôå∣∣∣�⊥(u−  )(z)

∣∣∣2 ≤ aL2

4
|z − x|4

= L2|z − x|2
(a

4
|z − x|2

)
(4.286)

≤ L2|z − x|2
(
− �>(u−  )(z)

)
;

ïðþò éó÷õñéóôÞêáìå. �

Óôçí ðïñåßá ôçò áðüäåéîçò ôïõ ÈåùñÞìáôïò 4.45 áðïäåßîáìå ôï áêüëïõèï



Nßêïò ÊáôæïõñÜêçò - Ìç ÃñáììéêÜ ÓõóôÞìáôá Åëëåéðôéêþí ÌÄÅ 124

Ðüñéóìá 4.47 (ÄéáóðÜóåéò ÔÜîçò-1) Óôï Ðëáßóéï ôïõ ÈåùñÞìáôïò 4.45,
áí ç  åßíáé �-ÓõíÜñôçóç ÅðáöÞò 2çò ôÜîçò ôçò u óôï x, ôüôå Ý÷ïõìå ôéò
äéáóðÜóåéò ôÜîçò-1

D(u−  )(x) = � ⊗ �>
(
D(u−  )(x)

)
(4.287)

D2(u−  )(x) = � ⊗ �>
(
D2(u−  )(x)

)
(4.288)

êáé åðßóçò

�>
(
D(u−  )(x)

)
= 0; in Rn; (4.289)

�>
(
D2(u−  )(x)

)
≤ 0; in S(n): (4.290)

Áíôßóôñïöá, áí ïé (4.287) - (4.290) éó÷ýïõí, ôüôå ç  åßíáé �-ÓõíÜñôçóç
ÅðáöÞò 2çò ôÜîçò ôçò u óôï x áí ç áíéóüôçôá óôçí (4.290) åßíáé ãíÞóéá.

4.8 ÅÖÁÑÌÏÃÅÓ

4.8.1 ÏÉ ÈÅÌÅËÉÙÄÅÉÓ ËÕÓÅÉÓ ÔÇÓ ÄÉÁÍÕÓÌÁÔÉÊÇÓ ∞-
ËÁÐËÁÓÉÁÍÇÓ ÅÉÍÁÉ ËÕÓÅÉÓ ÅÐÁÖÇÓ ÔÇÓ ÌÄÅ ÅÉ-
ÊÏÍÁÓ

Óå áõôü ôï êåöÜëáéï êáèïñßæïõìå ôéò èåìåëéþäåéò ëýóåéò ôïõ äéáíõóìáôéêïý
ôåëåóôÞ ôçò ∞-ËáðëáóéáíÞò (äåò (4.103))

∆∞ : C2(Rn)N −→ C0(Rn)N (4.291)

∆∞u := Du⊗Du : D2u;

äçáëäÞ, åêåßíåò ôéò áêôéíéêÜ óõììåôñéêÝò óõíáñôÞóåéò Rn −→ RN ðïõ åß-
íáé C2 ìáêñéÜ áðü ôï ìçäÝí êáé ∞-ÁñìïíéêÝò åêåß. ¸ðåéôá áðïäåéêíýïõìå
üôé áõôÝò ïé óõíáñôÞóåéò ïé ïðïßåò åßíáé \ãåíéêåõìÝíïé êþíïé", åßíáé Ëýóåéò
ÅðáöÞò ôçò ÌÄÅ Åéêüíáò (äåò ôï ÐáñÜäåéãìá 4.25)∣∣Du∣∣2 − 1 = 0: (4.292)

Ïé ëýóåéò åßíáé ìç-êëáóéêÝò, þíôáò áðëÜ Lipschitz óõíå÷åßò êáé ç Ýííïéá
ôùí Ëýóåùí ÅðáöÞò ãßíåôáé ïõóéþäçò. Ôá áðïôåëÝóìáôá ìáò åðáêôåßíïõí
ãíùóôÝò éäéüôçôåò ôçò âáèìùôÞò ∆∞: ïé óõíÞèåéò êþíïé åßíáé ïé èåìåëéþäåéò
ëýóåéò ôçò ôåëåóôÞ ∆∞ üôáí N = 1 êáé åßíáé Ëýóåéò Éîþäïõò ôçò åîßóùóçò
Åéêüíáò (äåò [CIL], [C]).

Óôçí âáèìùôÞ ðåñßðôùóç N = 1 ç∞-Áñìïíéêüôçôá ÷áñáêôçñßæåôáé ìÝóù
\Óýãêñéóçò ìå ôïõò Êþíïõò" (äåò [CEG]). Óôç ãåíéêÞ äéáíõóìáôéêÞ ðåñß-
ðôùóç ôï áíôßóôïé÷ï áðïôÝëåóìá åßíáé åí åîåëßîåé.
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Èåþñçìá 4.48 (Èåìåëéþäåéò Ëýóåéò ôçò ∆∞) ¸óôù Φ ∈ C2(Rn\{0})N .
Ôá áêüëïõèá åßíáé éóïäýíáìá:
(i) Ç Φ åßíáé áêôéíéêÜ óõììåôñéêÞ êáé ∆∞Φ = 0 óôïí Rn \ {0}.
(ii) ÕðÜñ÷ïõí L > 0, u0 ∈ RN êáé � ∈ C1(0;∞)N ìå |�| ≡ 1 ìéá C1 êáìðýëç
óôçí ìïíáäéáßá óöáßñá þóôå

Φ(z) = u0 + L

∫ |z|

0
�(t)dt; (4.293)

ãéá z ∈ Rn.

Áí åßôå ç (i) åßôå ç (ii) éó÷ýïõí, ç Φ åðåêôåßíåôáé óå Lipschitz óõíå÷Þ
óõíÜñôçóç óôïí Rn.

Ðüñéóìá 4.49 Áí N = 1, ôüôå áíáãêáóôéêÜ ç � åßíáé óôáèåñÞ: � ≡ ±1
óôï (0;∞). ¢ñá, ïé áêôéíéêÜ óõììåôñéêÝò ∞-ÁñìïíéêÝò óõíáñôÞóåéò óõ-
ìðßðôïõí ìå ôïõò êþíïõò: Φ(x) = u0 ± L|x|, x ∈ Rn.

Ïé óõíáñôÞóåéò ôçò ìïñöÞò (4.293) áðïôåëïýí ôïõò ãåíéêåýìåíïõò \êþ-
íïõò" ôçò äéáíõóìáôéêÞò ðåñßðôùóçò.

Ïñéóìüò 4.50 (ÁÓÅ) ¸óôù L > 0, u0 ∈ Rn, x ∈ Rn êáé � ∈ C0(0;∞)N

ìå |�| ≡ 1 ìéá óõíå÷Þò êáìðýëç óôçí ìïíáäéáßá óöáßñá. Ïé óõíáñôÞóåéò ôçò
ìïñöÞò

u : Rn −→ RN ; u(z) := u0 + L

∫ |z−x|

0
�(t)dt; (4.294)

èá ëÝãïíôáé ÁêôéíéêÝò ÓõíáñôÞóåéò Åéêüíáò (ÁÓÅ).

ÐáñÜäåéãìá 4.51 Ôï áðëïýóôåñï ðáñÜäåéãìá ÁÓÅ åßíáé ôï

u : R −→ R2; u(z) :=
(

sin(|z|); 1− cos(|z|)
)>
: (4.295)

Åßíáé Ýíáò \óõóôñáìÝíïò" ìïíïäéÜóôáôïò êþíïò ìå \êïñõöÞ" óôï ìçäÝí,
ðïõ ðñïêýðôåé áðü ôçí (4.294) ãéá L = 1, u0 = 0, x = 0 êáé ðáñáìåôñþíôáò

ôïí êýêëï S1 áðü ôçí �(t) =
(
cos t; sin t

)>
.
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Ðñïóùìïßùóç 1 ôçò ÁÓÅ (4.295).

Ðñïóùìïßùóç 2 ôçò ÁÓÅ (4.295).

Åí üøåé ôïõ Ïñéóìïý 4.50, ôï èåþñçìá 4.48 ëÝåé üôé ïé èåìåëéþäåéò ëýóåéò
ôçò ∆∞ åßíáé áêñéâþò ïé ÁÓÅ ìå C1 êáìðýëç �. ¼ðùò ï ÷áñáêôçñéóìüò
\åéêüíáò" õðïäåéêíýåé, ïé ÁÓÅ åßíáé êëáóéêÝò ëýóåéò ôçò ÌÄÅ |Du|2−L2 = 0
óôïí Rn \ {0}. ¼íôùò, áðü ôçí (4.294), áí z 6= x Ý÷ïõìå

Du(z) = L�(|z − x|)⊗ z − x

|z − x|
(4.296)

êáé Üñá |Du(z)| = L.
Áðüäåéîç ôïõ 4.48. ÕðïèÝôïõìå üôé ç (i) éó÷ýåé. Ôüôå õðÜñ÷åé Ψ ∈

C2(0;∞)N ôÝôïéá þóôå Φ(x) = Ψ(|x|) and ∆∞Φ(x) = 0, ãéá x 6= 0. Õðïëï-
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ãßæïíôáò, Ý÷ïõìå

∆∞Φ(x) = Ψ̇�(|x|)Ψ̇�(|x|)Ψ̈�(|x|)e�

= Ψ̇(|x|)
(
Ψ̇(|x|)>Ψ̈(|x|)

)
(4.297)

= Ψ̇(|x|)⊗ Ψ̇(|x|) : Ψ̈(|x|)

üðïõ ˙( ) äçëþíåé óõíÞèç ðáñÜãùãï. ¢ñá,

∆∞Φ(x) = Ψ̇(|x|) d
dt

∣∣∣
t=|x|

(
1
2

∣∣Ψ̇(t)
∣∣2) : (4.298)

ÈÝôïõìå

I+ =
{
t > 0 :

∣∣Ψ̇(t)
∣∣ > 0

}
; (4.299)

I0 =
{
t > 0 :

∣∣Ψ̇(t)
∣∣ = 0

}
: (4.300)

Áðü ôéò (4.298), (4.299) êáé ôçí õðüèåóç ∆∞Φ(x) = 0, Ý÷ïõìå

d

dt

∣∣∣
t=t+

(
1
2

∣∣Ψ̇(t)
∣∣2) = 0 (4.301)

ãéá êÜèå t+ ∈ I+. ¢ñá, ç (4.301) äßíåé üôé ç
∣∣Ψ̇∣∣ åßíáé ôìçìáôéêÜ óôáèåñÞ

óõíÜñôçóç, óôáèåñÞ óå êÜèå õðïäéÜóôçìá ôïõ I+. ÁëëÜ ç Ψ̇ åßíáé C1(0;∞)N .
¢ñá, áí (tm)∞1 åßíáé ìéá áêïëïõèßá óå ìéá óõíåêôéêÞ óõíéóôþóá ôïõ I+ ðïõ
ðñïóåããßæåé óõíïñéáêü óçìåßï ôïõ t∞ ∈ @I+ ⊆ I0 ãéá m→∞, ôüôå∣∣Ψ̇(tm)

∣∣ = const. −→
∣∣Ψ̇(t∞)

∣∣ = 0; (4.302)

ãéá m → ∞. Óõíåðþò, áí Ψ̇ 6≡ 0, áíáãêáóôéêÜ I0 = Ø. ÕðïèÝôùíôáò ôçí
2ç åíáëëáêôéêÞ, õðÜñ÷åé L > 0 þóôå

∣∣Ψ̇∣∣ = L óôï (0;∞). Áí 0 < t ≤ s, ç
åêôßìçóç ∣∣Ψ(t) − Ψ(s)

∣∣ ≤ (
max
[t;s]

∣∣Ψ̇∣∣) |t− s| (4.303)

äßíåé üôé ôï Ψ(0) õðÜñ÷åé. ÈÝôïõìå

�(t) :=
1
L

Ψ̇(t): (4.304)

Ç � : (0;∞) −→ SN−1 åßíáé C1. Ïëïêëçñþíïíôáò ôçí (4.304), õðÜñ÷åé
u0 ∈ RN þóôå u0 = Ψ(0) = Φ(0) êáé

Ψ(t) = u0 + L

∫ t

0
�(s)ds; t > 0: (4.305)
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Áöïý Φ(x) = Ψ(|x|), ç (ii) Ýðåôáé áðü ôçí (4.305). ÅðéðëÝïí, Φ ∈ C0;1(Rn)N .
Ç áíôßóôñïöç óõíåðáãùãÞ (ii) =⇒ (i) Ýðåôáé ìå õðïëïãéóìü. �

Ôá åðé÷åéñÞìáôá óôçí áðüäåéîç óõíåðÜãåôáé ôï áêüëïõèï

Ðüñéóìá 4.52 (Äåò [A4], [J2], [E]) Ìéá ìç-óôáèåñÞ∞-ÁñìïíéêÞ êáìðýëç
u : R → RN ðïõ åßíáé C2 äåí Ý÷åé êñßóéìá óçìåßá.

Ãéá íá áðïäåßîïõìå üôé ïé ÁÓÅ åßíáé Ëýóåéò ÅðáöÞò ôçò ÌÄÅ Åéêüíáò,
õðïëïãßæïõìå ôá Jet ÅðáöÞò ôïõò þóôå íá åëÝãîïõìå ôïí Ïñéóìü 4.24.

Ðñüôáóç 4.53 ¸óôù u : Rn −→ RN ç ÁÓÅ ôçò (4.294). Ôüôå
(i) Áí ôï �(0+) := limt→0+ �(t) õðÜñ÷åé, ôüôå

J1;�u(z) =



{
L�(|z − x|)⊗ z − x

|z − x|

}
; if z 6= x; � ∈ SN−1;

{
Ø; if z = x; � 6= −�(0+);

L�(0+)⊗ Bn; if z = x; � = −�(0+):

(4.306)

(ii) Áí J− := J
1;−�(0+)
[0;∞) �(0+) 6= Ø, ôüôå

[(
L�(0+)⊗ Bn

)
×
(
RN ⊗ S(n)

)]⋃[(
L�(0+)⊗ Sn−1

)
×
(
− �(0+)⊗ S+(n) + LJ− ⊗ I

)]
⊆ J2;−�(0+)u(x)

(4.307)

(iii) Áí ôï �̇(0+) := limt→0+
1
t [�(t)− �(0+)] õðÜñ÷åé, ôüôå

J2;�u(x) =



Ø; if � 6= −�(0+);[(
L�(0+)⊗ Bn

)
×
(
RN ⊗ S(n)

)]⋃[(
L�(0+)⊗ Sn−1

)
×
(
− �(0+)

⊗S+(n) + L�̇(0+)⊗ I
)]
; if � = −�(0+):

(4.308)
(iv) Áí � ∈ C0;1(0;∞)N , ôüôå u ∈W 2;∞

loc (Rn)N êáé Üñá J2;�u(z) 3 {Du(z); D2u(z)}
ãéá ó.ü. ôá z ∈ Rn.
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ÁíáâÜëïõìå ôçí áðüäåéîç ôçò Ðñüôáóçò 4.53 ãéá ôï ôÝëïò ôçò ðáñáãñÜöïõ.

ÐáñáôÞñçóç 4.54 Áí ôï �(0+) õðÜñ÷åé, ôüôå ïé ÁÓÅ åßíáé ùò 1ç ôÜîç
äéáíõóìáôéêïß êþíïé ìå êïñõöÞ óôï x êáôÜ ìÞêïò ôïõ �: áöïý �(t) =
�(0+) + o(1) ãéá t→ 0+, áðü ôçí (4.294) Ý÷ïõìå

u(z) = u0 + L

∫ |z−x|

0

(
�(0+) + o(1)

)
dt

= u0 + L�(0+) + o(|z − x|); (4.309)

ãéá z → x. ¼ìïéá, áí ôï �̇(0+) õðÜñ÷åé, õðÜñ÷åé Ýíáò ôåôñáãùíéêüò üñïò
\êÜèåôïò óôïí êþíï": áöïý �(t) = �(0+) + �̇(0+)t + o(t) ãéá t → 0+, áðü
ôçí (4.294) Ý÷ïõìå

u(z) = u0 + L�(0+) +
L

2
�̇(0+)|z − x|2 + o(|z − x|2); (4.310)

ãéá z → x.

Ôþñá, åöáñìüæïõìå ôçí Ðñüôáóç 4.53 êáé ôïí Ïñéóìü 4.24 ãéá íá èåóðß-
óïõìå üôé üëåò ïé ÁÓÅ (êáé åí üøåé ôïõ ÈåùñÞìáôïò 4.48 ïé Èåìåëéþäåéò
ëýóåéò ôçò ∆∞) åßíáé Ëýóåéò ÅðáöÞò ôçò ÌÄÅ Åéêüíáò.

Èåþñçìá 4.55 (Ïé ÁÓÅ åßíáé ÓõíáñôÞóåéò Åéêüíáò) Èåùñïýìå ôçí u :
Rn −→ RN ôïõ Ïñéóìïý 4.50 êáé Ýóôù üôé ôï �(0+) õðÜñ÷åé.

(i) Áí ôï �(0+) åßíáé èåôéêÜ ðñïóáíáôïëéóìÝíï, äçë. üôáí �(0+) ∈
SN−1;+ (äåò ôçí (4.168)), ôüôå ç u åßíáé Ëýóç ÅðáöÞò ôçò

H(Du) :=
∣∣Du∣∣2 − 1 = 0: (4.311)

(ii) Áí ôï �(0+) åßíáé áñíçôéêÜ ðñïóáíáôïëéóìÝíï, äçë. üôáí �(0+) ∈
SN−1;− (äåò (4.169)), ôüôå ç u åßíáé Ëýóç ÅðáöÞò ôçò

−H(Du) = 0 (4.312)

êáé ç −u åßíáé Ëýóç ÅðáöÞò ôçò H(Du) = 0.

Áðüäåéîç ôïõ 4.55 (i) Áðü ôéò (4.296) êáé (4.306), áñêåß íá åëÝãîïõìå ôïí
Ïñéóìü 4.24 óôï óçìåßï ìç-ðáñáãùãéóéìüôçôáò z = x. Áí � 6= −�(0+), ôüôå
J1;�u(x) = Ø. Áí � = −�(0+), ôüôå J1;−�(0+)u(x) = L�(0+) ⊗ Bn. ¸óôù
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P ∈ J1;−�(0+)u(x). ¢ñá, P = L�(0+)⊗p, ãéá êÜðïéï p ìå |p| ≤ 1. Áí �(0+) ∈
SN−1;+, ôüôå −�(0+) ∈ SN−1;− êáé óõíåðþò áí P ∈ J1;(−�(0+))+u(x), Ý÷ïõìå

H(P) =
∣∣L�(0+)⊗ p

∣∣2 − L2

= L2|p| − L2 (4.313)

≤ 0:

¢ñá, ç u åßíáé Ëýóç ÅðáöÞò ôçò H(Du) = 0. Ç (ii) åßíáé ðáñüìïéá. �

ÐáñáôÞñçóç 4.56 ÐáñáôçñÞóôå ôï åíäéáöÝñïí ãåãïíüò üôé ïé åîéóþóåéò
H(Du) = 0 êáé −H(Du) = 0 äåí åßíáé éóïäýíáìåò óôï ðëáßóéï ôùí ìç-
äéáöïñßóéìùí Ëýóåùí ÅðáöÞò.

Áõôü ôï öáéíüìåíï åìöáíßæåôáé êáé óôçí âáèìùôÞ ðåñßðôùóç ôùí Ëý-
óåùí Éîþäïõò êáé ÷ïíäñéêÜ åßíáé ç áéôßá ðïõ Ý÷ïõìå ôéò åðéèõìçôÝò éäéüôçôåò
ìïíáäéêüôçôáò, äéá÷ùñßæïíôáò ôçí \êáëÞ" ëýóç éîþäïõò ìåôáîý ôùí ðïëëþí
éó÷õñþí ó.ð. ëýóåùí (äåò [CIL]).

Áðüäåéîç ôïõ 4.53. (i) Áöïý áðü ôçí (4.294) ç u åßíáé C1 åêôüò ôçò
áñ÷Þò, áðü ôï Èåþñçìá 4.20 êáé ôçí (4.296), ôï ðñþôï ìÝñïò ôçò (4.306)
Ýðåôáé. ¸óôù ôþñá P ∈ J1;�u(x). Ôüôå

� ∨

[
L

∫ |z−x|

0
�(t)dt − P(z − x)

]
≤ o(|z − x|); (4.314)

ãéá z → x. ÈÝôïõìå z := x + "w, " > 0, w ∈ Sn−1 óôçí (4.314) ãéá íá
ðÜñïõìå

� ∨
[
L

1
"

∫ "

0
�(t)dt − Pw

]
≤ o(")

"
; (4.315)

ãéá "→ 0+. Áöïý ôï �(0+) õðÜñ÷åé, ðåñíþíôáò óôï üñéï óôçí (4.315) Ý÷ïõìå

� ∨
[
L�(0+) − Pw

]
≤ 0; (4.316)

óôïí S(n). Áíôéêáèéóôþíôáò ôï w ìå −w óôçí (4.316) ðáßñíïõìå �∨�(0+) ≤
0. Áðü ôçí Ðñüôáóç 4.5, åîÜãïõìå � = −�(0+). Áíôéêáèéóôþíôáò áõôÞ ôçí
ôéìÞ ôïõ � óôçí (4.316), Ý÷ïõìå

Pw − L�(0+) =
[
�(0+)>

(
Pw − L�(0+)

)]
�(0+)

=
[
�(0+)⊗

(
�(0+)>P

)]
w − L�(0+): (4.317)
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Áðü ôçí (4.317), âñßóêïõìå P = �(0+) ⊗ p ãéá êÜðïéï p ∈ Rn. ÅðéðëÝïí,
áöïõ

0 ≤ �(0+)>
(
Pw − L�(0+)

)
= p>w − L; (4.318)

Ý÷ïõìå |p| = max{p>w : w ∈ Sn−1} ≤ L. ¢ñá J1;�u(x) 6= Ø ìüíï ãéá
� = −�(0+) êáé J1;−�(0+)u(x) ⊆ L�(0+) ⊗ Bn. Áíôßóôñïöá, áí � = −�(0+)
êáé P = L�(0+)⊗ p ãéá êÜðïéï p ∈ Bn, ôüôå

−�(0+) ∨

[
L

∫ |z−x|

0
�(t)dt −

(
L�(0+)⊗ p

)
(z − x)

]

= −�(0+) ∨

[
L

1
|z − x|

∫ |z−x|

0
�(t)dt− L�(0+)

(
p>sgn �(z − x)

)]
|z − x|

= −�(0+) ∨

[
L
(
�(0+) + o(1)

)
− L�(0+)

(
p>sgn �(z − x)

)]
|z − x|

(4.319)

≤
(
|p| − 1

)
�(0+)⊗ �(0+) + o(|z − x|)

≤ o(|z − x|);

ãéá z → x, óôïí S(n). ¢ñá, áðü ôçí (4.319) ëáìâÜíïõìå L�(0+) ⊗ Bn ⊆
J1;−�(0+)u(x) êáé ç (4.306) Ýðåôáé.

(ii) ¸óôù q ∈ J−. Ôüôå, áðü ôïí Ïñéóìü 4.6, Ý÷ïõìå

− �(0+) ∨
[
�(t) − �(0+) − qt

]
≤ o(t); (4.320)

ãéá t→ 0+. Ïëïêëçñþíïíôáò ôçí (4.320) óôï [0; "], " > 0, Ý÷ïõìå

− �(0+) ∨
[
1
"

∫ "

0
�(t)dt − �(0+) − q

"

2

]
≤ o("); (4.321)

ãéá "→ 0+. Óôáèåñïðïéïýìå (p;X) ∈ Bn × (Rn ⊗ S(n)) êáé èÝôïõìå

T2(z − x) := −�(0+) ∨
[
u(z)− u(x)− L�(0+)⊗ p(z − x)

− 1
2
X : (z − x)⊗ (z − x)

]
: (4.322)
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Åöáñìüæïíôáò ôçí (4.321), ç (4.322) åêôéìÜôáé ùò

T2(z − x) = −L�(0+) ∨

[∫ |z−x|

0
�(t)dt − �(0+)p>sgn �(z − x)

]
|z − x|

+
1
2
�(0+) ∨X : (z − x)⊗ (z − x) (4.323)

≤ o(|z − x|2) + L
(
|p| − 1

)
�(0+)⊗ �(0+)|z − x|

+
1
2
�(0+) ∨

[
X − Lq ⊗ I

]
: (z − x)⊗ (z − x);

ãéá z → x, óôïí S(n). ÕðïèÝôïõìå ôþñá üôé ôï X åßíáé ôçò ìïñöÞò

X = Lq ⊗ I − �(0+)⊗X; (4.324)

ãéá êÜðïéï X ∈ S+(n). Áí |q| = 1, áðü ôçí (4.323) Ý÷ïõìå

T2(z − x) ≤ o(|z − x|2) − 1
2

(
X : (z − x)⊗ (z − x)

)
�(0+)⊗ �(0+)

≤ o(|z − x|2); (4.325)

ãéá z → x. ¸óôù ôþñá |q| < 1. Ôüôå ãéá êÜèå � ∈ SN−1; ç (4.323) äßíåé

T2(z − x) : � ⊗ � ≤ o(|z − x|2) − L
(
�>�(0+)

)2(1− |p|)|z − x| (4.326)

+
1
2
(
�>�(0+)

)(
�>
[
X − Lq ⊗ I

]
: (z − x)⊗ (z − x)

)
;

ãéá z → x. ÅðéëÝãïõìå � = �(z) ùò ôï éäéïäéÜíõóìá ôïõ T2(z − x) ðïõ
áíôéóôïé÷åß óôçí ìÝãéóôç éäéïôéìÞ max�

(
T2(z − x)

)
. Ôüôå

max�
(
T2(z − x)

)
= max

�∈SN−1
T2(z − x) : � ⊗ �

= T2(z − x) : �(z)⊗ �(z)

≤ o(|z − x|2) − L
(
�(z)>�(0+)

)2(1− |p|)|z − x|

+
1
2
(
�(z)>�(0+)

)(
�(z)>

[
X− Lq ⊗ I

]
: (z − x)⊗ (z − x)

)
(4.327)

≤ o(|z − x|2) +
1
2

∣∣�(z)>�(0+)
∣∣{∣∣X − Lq ⊗ I

∣∣z − x|

− 2L
(
1− |p|

)∣∣�(z)>�(0+)
∣∣};
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ãéá z → x. ÈÝôïõìå

Ω :=

{
z ∈ Rn :

∣∣X− Lq⊗I
∣∣|z−x| < 2L

(
1−|p|

)∣∣�(z)>�(0+)
∣∣:}: (4.328)

Ôüôå, Ý÷ïõìå max�
(
T2(z− x)

)
≤ o(|z− x|2), as Ω 3 z → x. Áðü ôçí Üëëç,

óôï Rn \ Ω 3 z → x Ý÷ïõìå

max�
(
T2(z − x)

)
≤ o(|z − x|2) +

1
2

∣∣X − Lq ⊗ I
∣∣∣∣�(z)>�(0+)

∣∣|z − x|2

≤ o(|z − x|2)

+
1
2

∣∣X − Lq ⊗ I
∣∣(∣∣X − Lq ⊗ I

∣∣
2L
(
1− |p|

) |z − x|

)
|z − x|2

(4.329)

= o(|z − x|2) +

∣∣X − Lq ⊗ I
∣∣2

4L
(
1− |p|

) |z − x|3

= o(|z − x|2):

¢ñá, ç (4.307) Ýðåôáé ÷ñçóéìïðïéþíôáò ôï Èåþñçìá 4.20.
(iii) ¸óôù (P;X) ∈ J2;�u(x). Ôüôå P ∈ J1;�u(x). ¢ñá, � = −�(0+) êáé

P = L�(0+) ⊗ p ãéá êÜðïéï p ∈ Bn. ÈÝôïõìå z := x + "w, " > 0, w ∈ Sn−1

óôçí (4.322) ãéá íá âñïõìå

−L�(0+) ∨

[
1
"

∫ "

0
�(t)dt − �(0+)

(
p>w

)]
"

+
"2

2
�(0+) ∨

[
X : w ⊗ w

]
≤ o("2); (4.330)

ãéá " → 0+. Áöïý ôï �̇(0+) õðÜñ÷åé, Ý÷ïõìå �(t) = �(0+) + �̇(0+)t + o(t)
ãéá t→ 0+. Ïëïêëçñþíïíôáò óôï [0; "],

1
"

∫ "

0
�(t)dt = �(0+) + �̇(0+)

"

2
+ o("); (4.331)

ãéá "→ 0+. Áðü ôéò (4.331), Ý÷ïõìå

−L�(0+) ∨
[
X− L�̇(0+)⊗ I

]
: w ⊗ w ≤ L

"
(1− p>w)�(0+)⊗ �(0+)

+
o("2)
"2

; (4.332)
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ãéá " → 0+. Áí |p| = 1, åðéëÝãïõìå w := p êáé óôáèåñïðïéïýìå � ∈ SN−1.
Ôüôå

�(0+) ∨
[
X− L�̇(0+)⊗ I

]
: (� ⊗ w)⊗ (� ⊗ w) ≤ o(1); (4.333)

ãéá "→ 0+ êáé ðåñíþíôáò óôï üñéï óôçí (4.333), ëáìâÜíïõìå

�(0+) ∨
[
X− L�̇(0+)⊗ I

]
≤⊗ 0; (4.334)

óôïí S(N;n). Áöïý ôï �̇(0+) åßíáé êÜèåôï óôï �(0+), åöáñìïãÞ ôçò Ðñüôá-
óçò 4.5 óôçí (4.334) äßíåé

X = L�̇(0+)⊗ I − �(0+)⊗X; (4.335)

ãéá êÜðïéï X ≥ 0 óôïí S(n). ¢ñá, ç (4.308) Ýðåôáé ÷ñçóéìïðïéþíôáò ôéò
(4.335), (4.307) êáé üôé áí ôï �̇(0+) õðÜñ÷åé, ôï ìïíüðëåõñï Jet éêáíïðïéåß

J
1;−�(0+)
[0;∞) �(0+) ⊆ �̇(0+) − �(0+)[0;∞) (4.336)

üðùò åýêïëá åëÝã÷åôáé áðü ôïõò ïñéóìïýò êáé ôçí Ðñüôáóç 4.5.
ÔÝëïò, ãéá ôï (iv) åöáñìüæïõìå ôï Èåþñçìá ôïõ Rademacher êáé ôï

Èåþñçìá 4.18(c). �

4.8.2 ÌÉÁ ÊËÁÓÇ C1; 1
2
+(Rn)N ÄÉÁÍÕÓÌÁÔÉÊÙÍ ÓÕÍÁÑÔÇ-

ÓÅÙÍ ÅÉÊÏÍÁÓ ÐÏÕ ÅÉÍÁÉ ËÕÓÅÉÓ ÅÐÁÖÇÓ ÔÇÓ ∞-
ËÁÐËÁÓÉÁÍÇÓ

Óå áõôÞ ôçí ðáñÜãñáöï ðáñïõóéÜæïõìå ìéá êëÜóç ∞-Áñìïíéêþí äéáíõóìá-
ôéêþí óõíáñôÞóåùí ðïõ ðñïêýðôïõí óáí êëáóéêÝò ëýóåéò ôçò ÌÄÅ Åéêüíáò.
ÁõôÝò ïé ∞-ÁñìïíéêÝò óõíáñôÞóåéò ìðïñåß íá åßíáé áñêåôÜ éäéÜæïõóåò þóôå
íá ìçí äéáèÝôïõí ÅóóéáíÝò ðïõèåíÜ êáé ïé 2åò ðáñÜãùãïé íá õëïðïéïýíôáé
ìüíï áðü ãíÞóéåò êáôáíïìÝò 1çò ôÜîçò. Áöïý ç ∞-ËáðëáóéáíÞ (4.103) åßíáé
ìç-ãñáììéêü óýóôçìá 2çò ôÜîçò êáé äåí åßíáé óå ìïñöÞ áðüêëéóçò, êëáóéêÝò,
éó÷õñÝò ó.ð., áóèåíåßò, ìåôñï-èåùñçôéêÝò êáé êáôáíïìéêÝò ëýóåéò ãåíéêá äåí
õðÜñ÷ïõí (äåò ÐáñáôÞñçóç 4.59). Ç Èåùñßá ôùí Ëýóåùí ÅðáöÞò áðïôåëåß
Ýíáí óõóôçìáôéêü ãåíéêü ðëáßóéï ãéá íá åñìçíåýóïõìå ôéò éäéÜæïõóåò ëýóåéò
êáé íá ôéò ìåëåôÞóïõìå áõóôçñÜ ìå áðïôåëåóìáôéêÝò ìåèüäïõò ðáñüìïéåò ìå
áõôÝò ôçò âáèìùôÞò ðåñßðôùóçò ôùí Ëýóåùí Éîþäïõò.

¸óôù � : R −→ SN−1 ìéá C2 êáìðýëç óôçí óöáßñá, K ∈ C0(R) ìéá
óõíå÷Þò óõíÜñôçóç êáé w ∈ Sn−1 ìéá óôáèåñÞ êáôåýèõíóç. Ôüôå, ç Ýêöñáóç

u(x) :=
∫ w>x

0
�
(
K(t)

)
dt; x ∈ Rn; (4.337)
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ïñßæåé ìéá C1 óõíÜñôçóç Åéêüíáò u : Rn −→ RN . ÐñÜãìáôé, ðáñáãùãßæïíôáò
ôçí (4.337), ðáßñíïõìå

Du(x) = �
(
K(w>x)

)
⊗ w (4.338)

êáé Üñá, áðü ôçí (4.292), Ý÷ïõìå∣∣Du(x)∣∣2 =
∣∣�(K(w>x)

)
⊗ w

∣∣2
=
∣∣�(K(w>x)

)∣∣2|w|2 (4.339)

= 1:

Áðü ôéò (4.103) êáé (4.291), âëÝðïõìå üôé üôáí åöáñìüæåôáé óå C2 óõíáñôÞ-
óåéò, ç ∞-ËáðëáóéáíÞ óõìðôýóóåôáé óå

∆∞u = DuD

(
1
2

∣∣Du∣∣2) : (4.340)

¢ñá, åßíáé ðñïöáíÝò üôé ïé êëáóéêÝò ëýóåéò ôçò ÌÄÅ Åéêüíáò \ïöåßëïõí"
íá åßíáé \ëýóåéò" ôçò ∆∞u = 0. Áõôü åßíáé üíôùò áëçèÝò óôçí âáèìùôÞ
ðåñßðôùóç: ðáíôïý ðáñáãùãßóéìåò Lipschitz óõíå÷åßò (êáé Üñá C1) óõíáñ-
ôÞóåéò Åéêüíáò åßíáé ëýóåéò Éîþäïõò ôçò ÌÄÅ ∞-ËáðëáóéáíÞ (äåò [CEG],
[C]). ¼ìùò, ç áíçãìÝíç ∞-ËáðëáóéáíÞ (4.103) êáé ç óõíåðôõãìÝíç ∞-
ËáðëáóéáíÞ (4.340) äåí åßíáé éóïäýíáìåò ãéá ìç-C2 óõíáñôÞóåéò. Ãéá íá
ìåëåôÞóïõìå ôéò ëýóåéò ôïõ óõóôÞìáôïò ∞-ËáðëáóéáíÞ áõóôçñÜ êáé áðïôå-
ëåóìáôéêÜ, åöáñìüæïõìå ôéò

Ïñéóìüò 4.57 (Ëýóåéò ÅðáöÞò ôçò ∆∞, äåò Ïñéóìü 4.6) Ç óõíÜñôçóç
u : Rn −→ RN åßíáé Ëýóç ÅðáöÞò ôçò ∞-ËáðëáóéáíÞò

∆∞u = Du⊗Du : D2u = 0 (4.341)

áí u ∈ C0(Rn)N êáé

(P;X) ∈ J2;�u(x) =⇒ �>
(
P⊗ P : X

)
≥ 0; (4.342)

ãéá êÜèå x ∈ Rn êáé � ∈ SN−1.
Óå ôÝôïéá ðåñßðôùóç, ç u èá ëÝãåôáé ∞-ÁñìïíéêÞ (ìå ôçí Ýííïéá ôçò

ÅðáöÞò).

Èåþñçìá 4.58 ( Ìéá ÏéêïãÝíåéá C1; 1
2
+ ∞-Áñìïíéêþí ÓõíáñôÞóåùí )

¸óôù � ∈ C1;1(R)N ìå |�| ≡ 1 ìéá êáìðýëç óôç ìïíáäéáßá óöáßñá, K ∈



Nßêïò ÊáôæïõñÜêçò - Ìç ÃñáììéêÜ ÓõóôÞìáôá Åëëåéðôéêþí ÌÄÅ 136

C
1
2
+(R) ìéá H�older óõíå÷Þò óõíÜñôçóç êáé w ∈ SN−1. Ôüôå, ç óõíÜñôçóç

Åéêüíáò

u(x) =
∫ w>x

0
�
(
K(t)

)
dt; u : Rn −→ RN ; (4.343)

ïñßæåé ìéá C1; 1
2
+(Rn)N Ëýóç ÅðáöÞò ôçò ∞-ËáðëáóéáíÞò

∆∞u = Du⊗Du : D2u = 0: (4.344)

ÐáñáôÞñçóç 4.59 Ç éäéÜæïõóá óõíÜñôçóç K ôïõ ôåëåõôáßïõ ìÝñïõò ôçò
ÄéáôñéâÞò éêáíïðïéåß ôçí õðüèåóç ôïõ ÈåùñÞìáôïò 4.58 áëëÜ åßíáé ðïõèåíÜ
ðáñáãùãßóéìç êáé ç ðáñÜãùãüò ôçò åßíáé ãíÞóéá êáôáíïìÞ 1çò ôÜîçò. Åðé-
ðëÝïí, üðïéï � > 1

2 êáé áí åðéëÝîïõìå óáí H�older åêèÝôç, ç ïìáëüôçôÜ ôçò
äåí âåëôéþíåôáé óå êáíÝíá � > � êáé åéäéêüôåñá äåí åßíáé ðïõèåíÜ ïýôå Lip-
schitz ïýôå ðáñáãùãßóéìç.

Óáí áðïôÝëåóìá, Ý÷ïõìå ôï áêüëïõèï

Ðüñéóìá 4.60 ¼ôáí N > 1, õðÜñ÷ïõí ∞-ÁñìïíéêÝò óõíáñôÞóåéò óôïí

C1; 1
2
+(Rn)N óçìåéáêÜ ðïõèåíÜ 2 öïñÝò ðáñáãùãßóéìåò ìå ÅóóéáíÝò ãíÞ-

óéåò êáôáíïìÝò ðïõ äåí õëïðïéïýíôáé áðü ìÝôñá Radon. ÅðéðëÝïí, ï H�older
åêèÝôçò ôïõò äåí âåëôéþíåôáé êáé ãéá êÜèå � > 1

2 H�older åêèÝôç, ç C1;�

ïìáëüôçôÜ ôïõò äåí âåëôéþíåôáé óå êáíÝíá � > �.

Ðñïóùìïßùóç ôçò ∞-ÁñìïíéêÞò êáìðýëçò u(x) =
R x
0

�
cos

�
400 cos(t)

�
; sin

�
400 cos(t)

��>
dt.
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Ôï ðáñáðÜíù áðïôÝëåóìá èÝôåé üñéá óôï ôé ìðïñåß íá åßíáé áëÞèåéá üóïí áöïñÜ
ôï Ðñüâëçìá Ïìáëüôçôáò ãéá ôïí äéáíõóìáôéêü ôåëåóôÞ ∆∞. Óôçí âáèìùôÞ

ðåñßðôùóç åßíáé ãíùóôü üôé õðÜñ÷ïõí C1; 1
3 ëýóåéò éîþäïõò óôï åðßðåäï êáé

áõôü åðßóçò èÝôåé üñéá óôï áêüìá áíïéêôü áõôü ðñüâëçìá (ãéá n > 2, äåò
êáé ôï åðüìåíï ìÝñïò ôçò ÄéáôñéâÞò). Áí N = 1, ôüôå � ≡ ±1 êáé áðü ôçí
(4.343) Ý÷ïõìå u(x) = ±w>x. ¢ñá, óôçí âáèìùôÞ ðåñßðôùóç ïé éäéÜæïõóåò
∞-ÁñìïíéêÝò óõíáñôÞóåéò ìáò åêöõëßæïíôáé óå ãñáììéêÝò óõíáñôÞóåéò.

Óôçí ðïñåßá ôçò áðüäåéîçò èá ÷ñåéáóôïýìå ôï áêüëïõèï ËÞììá áíåîÜñ-
ôçôïõ åíäéáöÝñïíôïò ôï ïðïßï ëÝåé ÷ïíäñéêÜ ëÝåé üôé ç F ◦ g Ý÷åé ðáñÜãùãï,
üôáí ç F Ý÷åé 2 ðáñáãþãïõò êáé ç g êÜôé ðáñáðÜíù áðü 1=2 ðáñÜãùãï.

Áí g : Rn −→ RN , Ýóôù Dhg ï ôåëåóôÞò ðçëßêïõ äéáöïñþí:(
Di
hg
)
(x) :=

g(x+ h ei) − g(x)
h

∈ RN ; (4.345)(
Dhg

)
(x) :=

(
Di
hg
)
(x)⊗ ei ∈ RN ⊗ Rn: (4.346)

ËÞììá 4.61 ÕðïèÝôïõìå üôé 0 < �; � ≤ 1 êáé Ýóôù F ∈ C1;�(Rn)m, g ∈
C�+(Rn)m ìå �(1 + �) ≥ 1. Ôüôå, ãéá êÜèå x ∈ Rn, Ý÷ïõìå

D
(
F ◦ g

)
(x) = lim

h→0

[
DF

(
g(x)

)>(
Dhg

)
(x)
]
; (4.347)

üðïôå ôï üñéï õðÜñ÷åé.
ÅéäéêÜ, áí g(x) ∈ {DF = 0} ãéá êÜðïéï x ∈ Rn, ôüôå ç F ◦ g åßíáé

ðáñáãùãßóéìç óôï x ìå D
(
F ◦ g

)
(x) = 0, áíåîÜñôçôá ïìáëüôçôáò ôçò g.

Ç âÝëôéóôç ðåñßðôùóç åëÜ÷éóôçò ïìáëüôçôáò ôçò F ◦ g ðñïêýðôåé üôáí

F ∈ C1;1(Rn)m êáé g ∈ C
1
2
+(Rn)m.

Áðüäåéîç ôïõ 4.61. Åî' õðïèÝóåùò, áí y ∈ Rm êáé |z − y| ≤ 1, õðÜñ÷åé
C > 0 þóôå

|F (z)− F (y)−DF (y)>(z − y)| ≤ C|z − y|1+� : (4.348)

Óôáèåñïðïéïýìå x ∈ Rn, i ∈ {1; :::; n} êáé h 6= 0 êáé èÝôïõìå y := g(x),
z := g(x+ hei). Ôüôå, áðü ôçí (4.348) Ý÷ïõìå∣∣∣∣∣

(
F ◦ g

)
(x+ hei)−

(
F ◦ g

)
(x)

h
− DF

(
g(x)

)>(g(x+ hei) − g(x)
h

)∣∣∣∣∣
≤ C

1
|h|
∣∣g(x+ hei)− g(x)

∣∣1+�
≤ C

1
|h|
!(|h|)1+�|h|�(1+�) (4.349)
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ãéá h→ 0. ¢ñá,∣∣∣Dh

(
F ◦ g

)
(x) − DF

(
g(x)

)(
Dhg

)
(x)
∣∣∣ ≤ C!(|h|)1+�

= o(1); (4.350)

ãéá h→ 0. �

Áðüäåéîç ôïõ 4.58. ÕðïèÝôïõìå üôé (P;X) ∈ J2;�u(x). Ôüôå áðü ôçí
(4.338) êáé ôï Èåþñçìá 4.20, Ý÷ïõìå P = Du(x) = �

(
K(w>x)

)
⊗ w. Áðü

ôïí Ïñéóìü 4.6 êáé áöïý � ∨X ∈ S(N × n), ãéá êÜèå � ∈ RN Ý÷ïõìå

� ∨
[
u(z)− u(x)−Du(x)(z − x)

]
: � ⊗ �

≤ 1
2
[
� ∨X : (z − x)⊗ (z − x)

]
: � ⊗ � + o(|z − x|2) (4.351)

=
1
2
[
� ∨X

]
:
(
� ⊗ (z − x)

)
⊗
(
� ⊗ (z − x)

)
+ o(|z − x|2);

ãéá z → x. ÈÝôïõìå z := x±"w ãéá " ∈ R êáé � := �
(
K(w>x)

)
óôçí (4.351)

ãéá íá ðÜñïõìå(
� ∨

∫ w>x±"

w>x
�
(
K(t)

)
dt ∓ " �

(
K(w>x)

))
: �
(
K(w>x)

)
⊗ �
(
K(w>x)

)
≤ "2

2
[
� ∨X : w ⊗ w

]
: �
(
K(w>x)

)
⊗ �
(
K(w>x)

)
+ o("2)

=
"2

2
[
� ∨X

]
:
(
�
(
K(w>x)

)
⊗ w

)
⊗
(
�
(
K(w>x)

)
⊗ w

)
+ o("2)

(4.352)

=
"2

2
[
� ∨X

]
: Du(x)⊗Du(x) + o("2);

ãéá "→ 0. ÐñïóèÝôùíôáò ôéò 2 áíéóüôçôåò ðïõ áðïôåëïýí ôçí (4.352), Ý÷ïõìå

"2

2
[
� ∨X

]
: Du(x)⊗Du(x) + o("2)

≥ � ∨

(∫ w>x+"

w>x
�
(
K(t)

)
dt +

∫ w>x−"

w>x
�
(
K(t)

)
dt

)
(4.353)

: �
(
K(w>x)

)
⊗ �
(
K(w>x)

)
=: f(");

ãéá "→ 0.
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Éó÷õñéóìüò 4.62 Ç f óôçí (4.353) åßíáé C1(R) êáé éêáíïðïéåß f ′′(0) =
f ′(0) = f(0) = 0.

Áðüäåéîç ôïõ 4.62. Áðü ôçí (4.353), Ý÷ïõìå

f ′(") =
(
�
(
K(w>x)

)>
�
)(

�
(
K(w>x)

)>[
�
(
K(w>x+")

)
− �
(
K(w>x−")

)])
:

(4.354)
Ðñïöáíþò, f ′(0) = f(0) = 0. Èá äåßîïõìå üôé f ′′(0) = 0 åöáñìüæïíôáò ôï
ËÞììá 4.61 ãéá

n = m = 1; N ≥ 1; � =
1
2
; � = 1; (4.355)

F (t) :=
(
�
(
K(w>x)

)>
�
)[
�
(
K(w>x)

)>
�(t)

]
; (4.356)

g±(") := K(w>x± "): (4.357)

ÐñÜãìáôé, áðü ôéò (4.354) - (4.357), Ý÷ïõìå

f ′(") =
(
F ◦ g+

)
(") −

(
F ◦ g−

)
(") (4.358)

êáé ôüôå áðü ôéò (4.347), (4.354) Ý÷ïõìå

(
F ◦ g±

)′(0) = lim
h→0

Ḟ
(
g±(0)

)(g±(h) − g±(0)
h

)
= lim

h→0

(
�
(
K(w>x)

)>
�
)[
�
(
K(w>x)

)>
�̇
(
K(w>x)

)]
·

·
[
K(w>x± h) − K(w>x)

h

]
(4.359)

= lim
h→0

(
�
(
K(w>x)

)>
�
) d
dt

∣∣∣∣∣
t=K(w>x)

(
1
2
|�(t)|2

)
·

·
[
K(w>x± h) − K(w>x)

h

]
= 0:

Áðü ôéò (4.358) êáé (4.359), âñßóêïõìå üôé f ′′(0) = 0. �
Áðü ôïí Éó÷õñéóìü 4.62, Ý÷ïõìå

f(") = f(0) + f ′(0)" +
1
2
f ′′(0)"2 + o("2)

= o("2); (4.360)
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ãéá "→ 0. ¢ñá, áðü ôçí (4.360), äéáéñþíôáò ôçí (4.353) ìå "2 êáé ðåñíþíôáò
óôï üñéï "→ 0, âñßóêïõìå(

� ∨X
)

: Du(x)⊗Du(x) ≥ 0: (4.361)

Áðü ôçí ôáõôüôçôá

�>
(
A : X

)
= ��

(
A�i�jX�ij

)
= A�i�j

(
1
2
(
��X�ij

)
+

1
2
(
��X�ij

))
= A�i�j

(
1
2
(
��X�ij

))
+ A�j�i

(
1
2
(
��X�ji

))
(4.362)

= A�i�j

(
1
2
(
��X�ij + ��X�ij

))
= A : (� ∨X)

(üðïõ ôï ôåëåõôáßï \:" åßíáé ôï åóùôåñéêü ãéíüìåíï ôïõ S(N × n)) ìå A :=
Du(x)⊗Du(x) ∈ RN×n ⊗ RN×n, îáíáãñÜöïõìå ôçí (4.361) ùò

�>
(
Du(x)⊗Du(x) : X

)
≥ 0; (4.363)

üðïôå (Du(x);X) ∈ J2;�u(x). ¢ñá, ç u åßíáé ∞-ÁñìïíéêÞ óõíÜñôçóç êáé ôï
Èåþñçìá Ýðåôáé. �
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5 ÁÍÁËÕÔÉÊÅÓ ÉÄÉÁÆÏÕÓÅÓ ËÕÓÅÉÓ ÉÎÙÄÏÕÓ

ÔÇÓ ÌÄÅ ARONSSON

¸óôù H ∈ C1(Rn) êáé n ≥ 2. Óå áõôü ôï êåöÜëáéï óõæçôÜìå ðôõ÷Ýò
ôïõ ÐñïâëÞìáôïò C1 Ïìáëüôçôáò Ëýóåùí Éîþäïõò ôçò ÌÄÅ Aronsson, ðïõ
ïñßæåôáé óå ïìáëÝò u ∈ C2(Rn) áðü

A[u] := D2u : Hp(Du)⊗Hp(Du) = 0: (5.1)

Åäþ, ï A[u] åñìçíåýåôáé ùò
∑n

i;j=1D
2
ijuHpi(Du)Hpj (Du) êáé Hpi = DpiH.

Ç (5.1) ïñßæåé ìéá ó÷åäüí-ãñáììéêÞ åîáéñåôéêÜ åêöõëéóìÝíç ÌÄÅ 2çò ôÜîçò.
Ðñïêýðôåé óå L∞ ìáôáâïëéêÜ ðñïâëÞìáôá ôïõ ìåãéóôéêïý óõíáñôçóéáêïý
E∞(u;Ω) := ‖H(Du)‖L∞(Ω), êáèþò êáé óå Üëëá ðëáßóéá (Barron-Evans-

Jensen [BEJ]). ¼ôáí H(p) = 1
2 |p|

2, ç (5.1) áíÜãåôáé óôçí ∞-ËáðëáóéáíÞ:

∆∞u := D2u : Du⊗Du = 0: (5.2)

ÊÜôù áðü åýëïãåò õðïèÝóåéò êõñôüôçôáò, ðéåóôéêüôçôáò êáé ïìáëüôçôáò ôçò
H, õðÜñ÷åé ìïíáäéêÞ óõíå÷Þò ëýóç éîþäïõò äåäïìÝíùí Lipschitz óõíïñéáêþí
ôéìþí, åñìçíåõìÝíùí ìå ôçí Ýííïéá éîþäïõò ôùí Crandall-Ishii-Lions [CIL].
ÅðéðëÝïí, êëáèå ëýóç éîþäïõò ôçò (5.1) åßíáé Lipschitz óõíå÷Þò. Ôï Ðñü-
âëçìá C1 Ïìáëüôçôáò ãéá ôçí (5.1) ðáñáìÝíåé áíïéêôü. Ïé Wang êáé Yu
[?] áðÝäåéîáí üôé üôáí n = 2, ç H åßíáé C2(R2) ìå H ≥ H(0) = 0 êáé åßíáé
ïìïéüìïñöá êõñôÞ (äçë. õðÜñ÷åé a > 0 þóôå Hpp ≥ aI), ôüôå óõíå÷åßò ëýóåéò
éîþäïõò ôçò (5.1) óôï áíïéêôü Ω ⊆ R2 åßíáé óôïí C1(Ω). ¼ôáí n > 2, ïé
ëýóåéò éîþäïõò åßíáé ãñáììéêÜ ðñïóåããßóéìåò ìå ôçí Ýííïéá ôùí De Pauw-
Koeller [?], Ý÷ïíôáò ðñïóåããéóôéêÝò ðáñáãþãïõò. ÅéäéêÜ ãéá ôçí ∆∞ êáé
ãéá n = 2, ïé ëýóåéò åßíáé C1+� (Savin [S], Evans-Savin [ES]). Ðñüóöáôá,
ïé Evans êáé Smart áðÝäåéîáí ðáíôïý ðáñáãùãéóéìüôçôá ôùí ∞-Áñìïíéêþí
óõíáñôÞóåùí [ESm].

Åäþ áðïäåéêíýïõìå üôé üôáí êÜðïéï óôáèìéêü óýíïëï {H = c} ôçò H
ðåñéÝ÷åé åõèýãñáììï ôìÞìá, õðÜñ÷åé ìéá ëýóç éîþäïõò ôçò (5.1) óå üëï ôï
÷þñï ðïõ äßíåôáé óáí åðáëëçëßá åíüò ãñáììéêïý ìÝñïõò êáé åíüò Lipschitz
óõíå÷ïýò ðáíôïý ðáñáãùãßóéìïõ ìÝñïõò. Ôï ôåëåõôáßï ìðïñåß íá ìçí åßíáé
C1. ÅðéðëÝïí, ìðïñåß íá åßíáé ðïõèåíÜ 2 öïñÝò ðáñáãùãßóéìï êáé ç ÅóóéáíÞ
íá åßíáé ãíÞóéá êáôáíïìÞ 1çò ôÜîçò ðïõ äåí õëïðïéåßôáé áðü ìÝôñï Radon,
üðùò äåß÷íïõìå ìå Ýíá ðáñÜäåéãìá.

Óçìåéþíïõìå üôé ç ìüíç ìáò õðüèåóç åßíáé ç H íá åßíáé óôáèåñÞ êáôÜ
ìÞêïò åíüò åõèõãñÜììïõ ôìÞìáôïò, áëëÜ áõèáßñåôç êáôÜ ôá Üëëá. Áõôü áñêåß
ãéá íá åìöáíéóôïýí áõôÝò ïé ëýóåéò. Óôçí ðñáãìáôéêüôçôá, ðñïêýðôïõí óáí
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ðáíôïý ðáñáãùãßóéìåò ëýóåéò ôçò ÌÄÅ Hamilton-Jacobi

H(Du) = c: (5.3)

Ãéá íá Ý÷ïõìå ìéá Üìåóç êáé áõôïôåëÞ áðüäåéîç, åñãáæüìáóôå ìå ôçí ÌÄÅ
2çò ôÜîçò (5.1) áãíïþíôáò ôçí ó÷Ýóç ëýóåùí éîþäïõò ôçò (5.1) êáé äéáöïñé-
óßìùí ëýóåùí ôçò (5.3). ÁðëÜ óçìåéþíïõìå üôé óôï êëáóéêü C2 ðëáßóéï, ç
ôáõôüôçôá

D2u : Hp(Du)⊗Hp(Du) = Hp(Du)>D
(
H(Du)

)
(5.4)

áñêåß ãéá íá åîÜãïõìå A[u] = 0, üðïôå H(Du) = c. Ôï áðïôÝëåóìÜ ìáò åßíáé
ôï åîÞò

Èåþñçìá 5.1 (ÁíáëõôéêÝò Ëýóåéò ôçò ÌÄÅ Aronsson) ÕðïèÝôïõìå üôé
H ∈ C1(Rn), n ≥ 2 êáé õðÜñ÷åé åõèýãñáììï ôìÞìá [p′; p′′] ⊆ Rn êáôÜ ìÞ-
êïò ôïõ ïðïßïõ ç H åßíáé óôáèåñÞ. Ôüôå, ãéá êÜèå ðáíôïý ðáñáãùãßóéìç
Lipschitz óõíÜñôçóç f ∈ C0;1(R) ðïõ éêáíïðïéåß ‖f ′‖C0(R) < 1, ç Ýêöñáóç

u(x) :=
[
p′′ + p′

2

]>
x + f

([
p′′ − p′

2

]>
x

)
; x ∈ Rn; (5.5)

ïñßæåé ìéá ëýóç éîþäïõò u ∈ C0;1(Rn) óå üëï ôï ÷þñï ôçò ÌÄÅ Aronsson

D2u : Hp(Du)⊗Hp(Du) = 0:

ÅîÜãïõìå üôé ç ýðáñîç ôùí ìç-C1 ëýóåùí ôçò (5.5) óõíåðÜãåôáé ôï áêüëïõèï

Ðüñéóìá 5.2 Ç ãíÞóéá óôáèìéêÞ êõñôüôçôá ôçò H åßíáé áðáñáßôçôç ãéá ôçí
C1 ïìáëüôçôá ôùí ëýóåùí éîþäïõò ôçò ÌÄÅ Aronsson óå êÜèå äéÜóôáóç
n ≥ 2.

Åéäéêüôåñá, ç õðüèåóç ãíÞóéáò ïìïéüìïñöçò êõñôüôçôáò ôùí Wang êáé Yu
[WY] äåí ìðïñåß íá ÷áëáñþóåé óå áðëÞ êõñôüôçôá, åêôüò áí õðïôåèåß åðéðñü-
óèåôá ãíÞóéá óôáèìéêÞ êõñôüôçôá.

Ðáñáôçñïýìå üôé ç C1 ïìáëüôçôá ôùí ëýóåùí äåí åßíáé èÝìá ïìáëüôçôáò
ôçò H. Ïé éäéÜæïõóåò ëýóåéò (5.5) åðéìÝíïõí êáé üôáí H ∈ C∞(Rn). Ç åõáß-
óèçôç åîÜñôçóç ôçò ïìáëüôçôáò ôùí ëýóåùí áðü ôçí êõñôüôçôá ôçò H åßíáé
áðïôÝëåóìá ôïõ ãåùìåôñéêïý åêöõëéóìïõ ôçò ÌÄÅ ðïõ ìðïñåß íá åêöñáóôåß
áðü ôçí óõíèÞêç êáèåôüôçôáò

A[u] = 0 ⇔ Hp(Du) ⊥ D
(
H(Du)

)
: (5.6)
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Åßíáé åíäéáöÝñïí üôé ïé éäéÜæïõóåò ëýóåéò åðéìÝíïõí áêüìç êáé ãéá áõèáßñåôá
ìéêñÜ ôìÞìáôá, üóï áõôÜ äåí åêöõëßæïíôáé óå óçìåßï.
Õðåíèõìßæïõìå áðü ôçí åñãáóßá ôùí Crandall-Ishii-Lions [CIL] ôïí ïñéóìü
ôùí Ëýóåùí Éîþäïõò ãéá ôçí ðåñßðôùóç ôçò ÌÄÅ (5.1). ¸óôù S(n) ïé ðñáã-
ìáôéêïß óõììåôñéêïß ðßíáêåò óôïí Rn×n. ¸óôù u ∈ C0(Rn) êáé x ∈ Rn.
Ôï super-jet 2çò ôÜîçò J2;+u(x) ôçò u óôï x åßíáé ôï óýíïëï ãåíéêåõìÝíùí
ðáñáãþãùí

J2;+u(x) :=
{

(p;X) ∈ Rn × S(n)
∣∣∣ as z → x;

u(z) ≤ u(x) + p>(z − x) +
1
2
X : (z − x)⊗ (z − x) + o

(
|z − x|2

)}
:

(5.7)

Ôï sub-jet 2çò ôÜîçò J2;−u(x) ôçò u óôï x ïñßæåôáé áíôéóôñÝöïíôáò ôçí áíé-
óüôçôá óôï (5.7):

J2;−u(x) :=
{

(p;X) ∈ Rn × S(n)
∣∣∣ as z → x;

u(z) ≥ u(x) + p>(z − x) +
1
2
X : (z − x)⊗ (z − x) + o

(
|z − x|2

)}
:

(5.8)

Ìéá óõíÜñôçóç u ∈ C0(Rn) åßíáé õðïëýóç éîþäïõò ôçò ÌÄÅ Aronsson (5.1)
áí ãéá êÜèå x ∈ Rn,

(p;X) ∈ J2;+u(x) =⇒ X : Hp(p)⊗Hp(p) ≥ 0: (5.9)

Ðáñüìïéá, ç u ∈ C0(Rn) åßíáé õðåñëýóç éîþäïõò ôçò (5.1) áí ãéá êÜèå x ∈ Rn,

(p;X) ∈ J2;−u(x) =⇒ X : Hp(p)⊗Hp(p) ≤ 0: (5.10)

Ìéá ëýóç éîþäïõò ïñßæåôáé óáí ìéá óõíÜñôçóç ðïõ åßíáé ôáõôü÷ñïíá õðïëýóç
êáé õðåñëýóç éîþäïõò ôçò (5.1).

ËÞììá 5.3 ¸óôù üôé ç u äßíåôáé áðü ôçí (5.5). Ôüôå:

Du(Rn) ⊆ [p′; p′′]; (5.11)

Hp

(
Du(Rn)

)
⊆
(
span[p′′ − p′]

)⊥
: (5.12)

Áðüäåéîç ôïõ 5.3. Åöüóïí ç f åßíáé Lipschitz êáé ðáíôïý ðáñáãùãßóéìç óôï
R, ôï ßäéï éó÷ýåé ãéá ôçí u óôïí Rn. Ðáñáãùãßæïíôáò ôçí (5.5), ãéá êÜèå
x ∈ Rn Ý÷ïõìå

Du(x) =
p′′ + p′

2
+

1
2
f ′

([
p′′ − p′

2

]>
x

)
(p′′ − p′): (5.13)
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ÎáíáãñÜöïõìå ôçí (5.13) ùò

Du(x) =
1
2

{
1− f ′

([
p′′ − p′

2

]>
x

)}
p′ (5.14)

+

(
1− 1

2

{
1− f ′

([
p′′ − p′

2

]>
x

)})
p′′:

Åöüóïí åî' õðïèÝóåùò ‖f ′‖C0(R) < 1, Ý÷ïõìå∣∣∣∣∣f ′
([

p′′ − p′

2

]>
x

)∣∣∣∣∣ ≤ ‖f ′‖C0(R) < 1 (5.15)

êáé Üñá

0 <
1
2

{
1− f ′

([
p′′ − p′

2

]>
x

)}
< 1: (5.16)

Áðü ôéò (5.14) êáé (5.16) ðáßñíïõìå üôé ôï Du(x) åßíáé ãéá êÜèå x ∈ Rn

ãíÞóéïò êõñôüò óõíäéáóìüò ôùí p′ êáé p′′. ¢ñá, áöïý

[p′; p′′] =
{
tp′′ + (1− t)p′ : t ∈ [0; 1]

}
; (5.17)

ç (5.11) Ýðåôáé. Ôþñá, áöïý ç H åßíáé óôáèåñÞ óôï [p′; p′′], õðÜñ÷åé c ∈ R
þóôå, ãéá êÜèå t ∈ [0; 1]

H
(
tp′′ + (1− t)p′

)
= c: (5.18)
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Áöïý H ∈ C1(Rn), ðáñáãùãßæïíôáò ôçí (5.18) ãéá 0 < t < 1 Ý÷ïõìå

d

dt

(
H
(
tp′′ + (1− t)p′

))
= (p′′ − p′)>Hp

(
tp′′ + (1− t)p′

)
: (5.19)

Áðü ôéò (5.19), (5.18), ðáßñíïõìå

(p′′ − p′)>Hp(p̄) = 0; (5.20)

ãéá êÜèå p̄ ∈ (p′; p′′) =
{
tp′′ + (1 − t)p′ : t ∈ (0; 1)

}
. Áöïý áðü ãíçóéüôçôá

ôï Du(x) äåí áããßæåé ôá Üêñá p′, p′′ ôïõ ôìÞìáôïò êáé åßíáé ãíÞóéá óôï
åóùôåñéêü, Ý÷ïõìå

Du(Rn) ⊆ (p′; p′′): (5.21)

¢ñá, áðü ôéò (5.20) êáé (5.21), ðáßñíïõìå ôçí (5.12) êáé ôï ëÞììá Ýðåôáé. �

Ôï áêüëïõèï ëÞììá åßíáé Üó÷åôï ìå ôçí õðüëïéðç áðüäåéîç, áëëÜ äßíåé éó÷õñü
êßíçôñï ãéá ôá åðé÷åéñÞìáôá ðïõ Ýðïíôáé. Èåóðßæåé ôï áðïôÝëåóìá óôçí ðåñß-
ðôùóç 2 öïñÝò ðáñáãùãéóßìùí ëýóåùí (5.5) ôçò ÌÄÅ.

ËÞììá 5.4 Áí ç f ′′ õðÜñ÷åé óôï R, ôüôå ç (5.5) ïñßæåé ìéá 2 öïñÝò ðáñá-
ãùãßóéìç ëýóç ôçò ÌÄÅ Aronsson (5.1).

Áðüäåéîç ôïõ 5.4. Áðü ôçí (5.5) êáé ôçí õðüèåóç, ç ÅóóéáíÞ D2u(x)
õðÜñ÷åé ãéá êÜèå x ∈ Rn êáé ðáñáãùãßæïíôáò ôçí (5.13) Ý÷ïõìå

D2u(x) =
1
4
f ′′

([
p′′ − p′

2

]>
x

)
(p′′ − p′)⊗ (p′′ − p′): (5.22)

Õðïëïãßæïõìå, ó÷çóéìïðïéþíôáò ôéò (5.11), (5.12), (5.6), (5.22) êáé (5.1):

A[u](x) = D2u(x) : Hp

(
Du(x)

)
⊗Hp

(
Du(x)

)
=

1
4
f ′′

([
p′′ − p′

2

]>
x

)
(p′′ − p′)⊗ (p′′ − p′) :

: Hp

(
p′′ + p′

2
+

1
2
f ′

([
p′′ − p′

2

]>
x

)
(p′′ − p′)

)
⊗ (5.23)

⊗Hp

(
p′′ + p′

2
+

1
2
f ′

([
p′′ − p′

2

]>
x

)
(p′′ − p′)

)
:
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¢ñá, ÷ñçóéìïðïéþíôáò ôï Ë. 5.3, Ý÷ïõìå

A[u](x) =

{
(p′′ − p′)>Hp

(
p′′ + p′

2
+

1
2
f ′

([
p′′ − p′

2

]>
x

)
(p′′ − p′)

)}2

·

· 1
4
f ′′

([
p′′ − p′

2

]>
x

)
(5.24)

= 0;

êáé ôï æçôïýìåíï Ýðåôáé. �

¢ñá, ç u ëýíåé ôçí (5.1) åðåéäÞ ç ÅóóéáíÞ ôçò D2u åßíáé êÜèåôç óôïí ôÜîçò-1
ðßíáêá Hp(Du)⊗Hp(Du) óôï åóùôåñéêü ãéíüìåíï ôïõ ÷þñïõ ôùí óõììåôñé-
êþí ðéíÜêùí.

ÅðéóôñÝöïõìå ôþñá óôçí ãåíéêÞ ðåñßðôùóç áõèáßñåôçò f ∈ C0;1(R). Ôï
åðüìåíï ËÞììá äéáôåßíåôáé üôé ç óõììåôñßá ôçò u êáôÜ ìÞêïò ôïõ

(
span[p′′−

p′]
)⊥

áíáêëÜôáé êáé óôá Jet ôçò J2;±u.

ËÞììá 5.5 Áí ç u åßíáé üðùò óôçí (5.5), ãéá üëá ôá x ∈ Rn,

h ∈
(
span[p′′ − p′]

)⊥ =⇒ J2;±u(x) = J2;±u(x+ h): (5.25)

Áðüäåéîç ôïõ 5.5. Áñêåß íá èåùñÞóïõìå ìüíï ôçí ðåñßðôùóç ôïõ J2;+u(x)
êáé íá äåßîïõìå ìüíï üôé

J2;±u(x) ⊆ J2;±u(x+ h): (5.26)

ÐñÜãìáôé, áí ç (5.26) éó÷ýåé ãéá üëá ôá x ∈ Rn êáé ôá h⊥ p′′ − p′, áíôéêáèé-
óôþíôáò ôï x ìå x− h êáé ôï h ìå −h ðáßñíïõìå

J2;±u(x) ⊇ J2;±u(x+ h): (5.27)

ÅðéðëÝïí, ìðïñïýìå íá õðïèÝóïõìå üôé J2;+u(x) 6= ∅, åéäÜëëùò ç (5.26) Ýðåôáé
ôåôñéììÝíá. Áöïý ç u åßíáé ðáíôïý ðáñáãùãßóéìç, Ý÷ïõìå u(z) = u(x) +
Du(x)>(z − x) + o(|z − x|) ãéá z → x. ¢ñá, áðü ôçí (5.7), áí (p;X) ∈
J2;+u(x), ôüôå

p = Du(x): (5.28)

ÕðïèÝôïõìå üôé (Du(x); X) ∈ J2;+u(x). Ôüôå,

u(z) ≤ u(x) + Du(x)>(z − x) +
1
2
X : (z − x)⊗ (z − x) + o

(
|z − x|2

)
;

(5.29)
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ãéá z → x óôïí Rn.

¸óôù ôþñá h óôáèåñü óôï
(
span[p′′ − p′]

)⊥
êáé èÝôïõìå y := z + h óôçí

(5.29). Ôüôå,

u(y − h) − u(x) ≤ Du(x)>
(
y − (x+ h)

)
+

1
2
X :

(
y − (x+ h)

)
⊗
(
y − (x+ h)

)
(5.30)

+ o
(∣∣y − (x+ h)

∣∣2) :
Áöïý h ∈

(
span[p′′ − p′]

)⊥
, Ý÷ïõìå (p′′ − p′)>h = 0 êáé Üñá ç (5.5) äßíåé

u(y − h) − u(x) =
p′′ + p′

2
(y − h) + f

([
p′′ − p′

2

]>
(y − h)

)

− p′′ + p′

2
x − f

([
p′′ − p′

2

]>
x

)

=
p′′ + p′

2
y + f

([
p′′ − p′

2

]>
y

)
(5.31)

− p′′ + p′

2
(x+ h) − f

([
p′′ − p′

2

]>
(x+ h)

)
= u(y) − u(x+ h):

Áíôéêáèéóôþíôáò ôçí (5.31) óôçí (5.30), Ý÷ïõìå

u(y) ≤ u(x+ h) + Du(x)>
(
z − (x+ h)

)
+

1
2
X :

(
y − (x+ h)

)
⊗
(
y − (x+ h)

)
(5.32)

+ o
(∣∣y − (x+ h)

∣∣2) ;
ãéá y → x+ h. ÁëÜ ç (5.32) ëÝåé üôé (Du(x); X) ∈ J2;+u(x+ h). ÅðéðëÝïí,
Ý÷ïõìå (Du(x); X) = (Du(x+h); X) áöïý ãéá h ∈

(
span[p′′−p′]

)⊥
, ç (5.13)

äßíåé

Du(x) =
p′′ + p′

2
+

1
2
f ′

([
p′′ − p′

2

]>
x+

[
p′′ − p′

2

]>
h

)
(p′′ − p′)

=
p′′ + p′

2
+

1
2
f ′

([
p′′ − p′

2

]>
(x+ h)

)
(p′′ − p′) (5.33)

= Du(x+ h):
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¢ñá, êáôáëÞãïõìå üôé J2;±u(x) ⊆ J2;±u(x+ h). �
Áðüäåéîç ôïõ 5.1. ¸óôù x ∈ Rn ôÝôïéï þóôå (Du(x); X) ∈ J2;+u(x)

êáé óôáèåñïðïéïýìå " > 0 êáé � ∈
(
span[p′′ − p′]

)⊥
. ÈÝôïíôáò z := x + "�

óôçí (5.7), Ý÷ïõìå

u(x+ "�) − u(x) ≤ "Du(x)>� +
"2

2
X : � ⊗ � + o("2): (5.34)

Áðü ôï ËÞììá (4.11) Ý÷ïõìå üôé J2;+u(x + "�) = J2;+u(x) 6= ∅. ¢ñá, áðü
ôçí (5.7),

u(z) − u(x+ "�) ≤ Du(x+ "�)>
(
z − (x+ "�)

)
+

1
2
X :

(
z − (x+ "�)

)
⊗
(
z − (x+ "�)

)
(5.35)

+ o
(∣∣z − (x+ "�)

∣∣2) ;
ãéá z → x+ "�. ÈÝôïíôáò z := x óôçí (5.37) êáé ðñïóèÝôïíôáò ôéò (5.34) êáé
(5.37), ëáìâÜíïõìå

"
(
Du(x+ "�) − Du(x)

)>
� ≤ "2

(
X +X

2

)
: � ⊗ � + o("2): (5.36)

Áöïý � ∈
(
span[p′′−p′]

)⊥
, Ý÷ïõìå áðü ôçí (5.33) üôé Du(x+"�)−Du(x) = 0.

¢ñá, ðáßñíïõìå
X : � ⊗ � ≥ o(1); (5.37)

ãéá "→ 0+. Áðü ôï ËÞììá 5.3, ìðïñïýìå íá åðéëÝîïõìå

� := Hp

(
Du(x)

)
(5.38)

êáé áíôéêáèéóôþíôáò ôçí (5.38) óôçí (5.37) êáé ðåñíþíôáò óôï üñéï êáèþò
"→ 0+, êáôáëÞãïõìå

X : Hp

(
Du(x)

)
⊗Hp

(
Du(x)

)
≥ 0: (5.39)

Óõíåðþò, ç u åßíáé õðåñëýóç éîþäïõò ôçò ÌÄÅ (5.1). Ç éäéüôçôá õðïëýóçò
Ýðåôáé ðáñüìïéá êáé Üñá ôï Èåþñçìá åßíáé ðëÞñåò. �

5.1 ÅÍÁ ÓÕÃÊÅÊÑÉÌÅÍÏ ÐÁÑÁÄÅÉÃÌÁ ËÕÓÇÓ

Óôï ôåëåõôáßï ìÝñïò ôçò ÄáôñéâÞò åéóÜãåôáé ìéá éäéÜæïõóá óõíÜñôçóç K :
R −→ [0; 1] ðïõ åßíáé C0+� H�older óõíå÷Þò ãéá êÜèå 0 < � < 1 áëëÜ óçìåéáêÜ
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ðïõèåíÜ âåëôéþóéìç óå êáëýôåñï åêèÝôç êáé ðïõèåíÜ ðáñáãùãßóéìç óôï R.
ÅðéðëÝïí, ç ðáñÜãùãïò ôçò K åßíáé éäéÜæïõóá êáôáíïìÞ 1çò ôÜîçò, ðïõ äåí
õëïðïéåßôáé áðü êÜðïéï ìÝôñï Radon. Ç K äßíåôáé áðü

K(x) :=
∞∑
k=0

2−��k�(2�kx); (5.40)

üðïõ � ∈ N ìå � > 1=(1 − �) êáé � ìéá ðñéïíùôÞ óõíÜñôçóç, ðïõ äßíåôáé
áðü �(x) := |x| ãéá x ∈ [−1; 1] êáé åðåêôåßíïõìå ðåñéïäéêÜ óôï R èÝôïíôáò
�(x + 2) := �(x). ÊÜôù áðü ôéò õðïèÝóåéò ãéá ôçí H ôïõ ÈåùñÞìáôïò 5.1,
ìéá éäéÜæïõóá ëýóç ôçò ÌÄÅ Aronsson äßíåôáé áðü ôçí (5.5), ëáìâÜíïôíáò
óáí f ôçí Lipschitz óõíÜñôçóç

f(t) :=
∫ t

0

(
�(−∞;0](s)− �(0;+∞)(s)

)
K(s)ds: (5.41)

Óõíåðþò, Ý÷ïõìå ìéá C0;1 ðáíôïý ìéá öïñÜ ðáñáãùãßóéìç ìç-C1 ëýóç éîþ-
äïõò, ðïõ åðéðëÝïí åßíáé ðïõèåíÜ 2 öïñÝò ðáñáãùãßóéìç ìå ÅóóéáíÞ ãíÞóéá
êáôáíïìÞ 1çò ôÜîçò.
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6 ÌÉÁ ÓÕÍÅ×ÇÓ ÐÏÕÈÅÍÁÄÉÁÖÏÑÉÓÉÌÇ ÓÕÍÁÑ-

ÔÇÓÇÌÅ ÐÁÑÁÃÙÃÏ ÉÄÉÁÆÏÕÓÁ ÊÁÔÁÍÏÌÇ

¸óôù � ∈ (0; 1) êáé � ∈ N óôáèåñÝò ðáñÜìåôñïé. Ïñßæïõìå ôçí óõíÜñôçóç
K�;� : R −→ [0; 1] áðü

K�;�(x) :=
∞∑
k=0

2−2��k�(22�kx); (6.1)

üðïõ � ìéá ðñéïíùôÞ óõíÜñôçóç, ðïõ äßíåôáé áðü �(x) := |x| üôáí x ∈ [−1; 1]
êáé ôçí åðåêôåßíïõìå ðåñéïäéêÜ óôï R èÝôïíôáò �(x+2) := �(x). ÁíáëõôéêÜ,

�(x) =
+∞∑
i=−∞

∣∣x− 2i
∣∣�(i−1;i+1](x): (6.2)

Ïé (6.1), (6.2) åéóÜãïõí ìéá ðáñáìåôñéêÞ ïéêïãÝíåéá ôïðéêá H�older óõíáñ-
ôÞóåùí C0;�(R) ðïõ äåí åßíáé ðáñáãùãßóéìåò óå êáíÝíá óçìåßï ôïõ R. Ôá
ðñþôá ðáñáäåßãìáôá ôÝôïéùí óõíáñôÞóåùí äüèçêáí áðü ôïõò Weierstrass,
Bolzano êáé Cell�erier êáé Ý÷ïõí áêïëïõèÞóåé ðïëõÜñéèìá ðáñáäåßãìáôá óõíå-
÷þí éäéáæüíôùí óõíáñôÞóåùí. Ôï ðáñÜäåéãìá ìáò K�;� åßíáé ìéá ðáñáëëÜãç
ôçò óõíÜñôçóçò Knopp [Kn] (äåò [B-D] êáé [C]) êáé ó÷åôéæåôáé ìå ðïëëÜ ðáñá-
äåßãìáôá óôçí âéâëéïãñáößá, üðùò ôéò Takagi-Van der Waerden êáé McCarthy
óõíáñôÞóåéò [M].

Åßíáé áîéïóçìåßùôï üôé ïé óõíå÷åßò ðïõèåíÜ ðáñáãùãßóéìåò óõíáñôÞóåéò
áêüìá Ýëêïõí ìáèçìáôéêü åíäéáöÝñïí. Ðñüóöáôá, ïé Allart-Kawamura [Al-K]
÷áñáêôÞñéóáí ôá óýíïëá óôá ïðïßá õðÜñ÷ïõí \Üðåéñåò ðáñÜãùãïé" ôçò óõ-
íÜñôçóçò Takagi, åíþ ï Lewis [L] ìåëåôÜ ðéèáíï-èåùñçôéêÝò ðôõ÷Ýò ôçò óõ-
íÜñôçóçò Katsuura. Ãéá ìéá äéåîïäéêÞ áíáóêüðçóç ãíùóôþí áðïôåëåóìÜôùí,
áíáöåñüìáóôå óôïí Thim [T].

Åäþ åîÜãïõìå êáôÜëëçëåò åêôéìÞóåéò ðïõ èåóðßæïõí üôé ç K�;� åßíáé óôïí
÷þñï H�older C0;�(R) ãéá êÜèå � ∈ N, áëëÜ áí ôï � åßíáé áñêåôÜ ìåãÜëï
(2� > 1=(1 − �)) ç óçìåéáêÞ ðáñÜãùãïò äåí õðÜñ÷åé ðïõèåíÜ ãéáôß ôá ðç-
ëßêá äéáöïñþí åêñÞãíõíôáé êáôÜ ìÞêïò ìéáò áêïëïõèßáò. ÅðéðëÝïí, ìå Ýíá
êÜôù öñÜãìá óôéò çìéíüñìåò ïëéêÞò êýìáíóçò êáôÜëëçëùí ðçëßêùí äéáöïñþí
êáé Ýíá ìåôñï-èñùñçôéêü åðé÷åßñçìá, åîÜãïõìå üôé ç êáôáíïìéêÞ ðáñÜãùãïò
DK�;� óôïí D′(R) åßíáé ãíÞóéá êáôáíïìÞ 1çò ôÜîçò êáé äåí ìðïñåß íá õëï-
ðïéçèåß ìå ïëïêëÞñùóç åíüò ìÝôñïõ Radon óôïí Mloc(R). ¢ñá, ãéá êÜèå
� ∈ (0; 1) êáé � ìåãÜëï, ç C0;�-óõíÜñôçóç K�;� äåí åßíáé ðïôÝ BV áíåîáñ-
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ôÞôùí ðüóï \êïíôÜ" åßíáé óôïí ÷þñï Lipschitz C0;1(R).

Fig. 1: Ðñïóùìïßùóç ôçò K�;� óôï (0; 2) ìå � = 2, � = 1=2 (50 üñïé, Mathematica)

Fig. 2: Ðñïóùìïßùóç ôçò K�;� óôï (0; 2) ìå � = 4, � = 1=8 (50 üñïé, Mathematica)

Fig. 3: Ðñïóùìïßùóç ôçò K�;� óôï (0; 2) ìå � = 4, � = 5=8 (50 üñïé, Mathematica)

Ç áíáãêáéüôçôá íá êáôáóêåõáóôåß ç éäéÜæïõóá óõíÜñôçóç K�;� ðñïêýðôåé
áðü ôç èåùñßá ôùí ìç-ãñáììéêþí ÌÄÅ, åéäéêÜ ôç èåùñßá ïìáëüôçôáò åêöõ-
ëéóìÝíùí ÌÄÅ êáé óõóôçìÜôùí 2çò ôÜîçò ìå áíôéðñïóùðåõôéêü ðáñÜäåéãìá
ôçí ∞-ËáðëáóéáíÞ

∆∞u := D2u : Du⊗Du = 0; u : Rn −→ R (6.3)

(äçë. ∆∞u =
∑n

i;j=1D
2
ijuDiuDju), êáé ôçí ðéï ãåíéêÞ ÌÄÅ Aronsson

A[u] := D2u : Hp(Du)⊗Hp(Du) = 0; (6.4)
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ãéá H ∈ C1(Rn) ìå Hp(p) := DH(p)>. Óôá [A6] êáé [A7], ï Aronsson
êáôáóêåýáóå éäéÜæïõóåò ëýóåéò ôçò ∆∞u = 0, åíþ ôï ãåíéêü ðñüâëçìá C1

ïìáëüôçôáò ãéá ôçí ∆∞ åßíáé áíïéêôü, åêôüò áðü ôçí äéÜóôáóç n = 2 ([ES],
[WY], [C2]). Ôï ðáñÜäåéãìÜ ìáò K�;� ÷ñçóéìïðïéåßôáé óôá ðñïçãïýìåíá
ìÝñç ôçò äéáôñéâÞò ãéá íá êáôáóêåõáóôïýí éäéÜæïõóåò ëýóåéò ôùí A[u] = 0
êáé ∆∞u = 0.

Ôï áêüëïõèï èåþñçìá óõãêåíôñþíåé ôéò éäéüôçôåò ôçòK�;� . Ãéá ôéò ìåôñï-
èåùñçôéêÝò Ýííïéåò ðïõ åìöáíßæïíôáé, áíáöåñüìáóôå óôïõò Evans êáé Gariepy
[EG].

Èåþñçìá 6.1 (i) Ç óõíÜñôçóç K�;� áíÞêåé óôïí C0;�(R) ãéá êÜèå � ∈
N. ÅðéëÝïí, Ý÷ïõìå 0 ≤ K�;� ≤ 1=(1 − 2−2��) êáé áí M ≥ 1, x; y ∈
[−M;+M ] ⊆ R, ôüôå∣∣K�;�(x)−K�;�(y)

∣∣ ≤ C(M;�; �) |x− y|�; (6.5)

üðïõ

C(M;�; �) :=
(
max{M; 22�}

)1−� [ 1
22�(1−�) − 1

+
2

1− 2−2��

]
: (6.6)

(ii) Áí � ∈ (0; 1) êáé 2� > 1=(1−�), ôüôå ç K�;� åßíáé ðïõèåíÜ ðáñáãùãßóéìç
óôï R. ÅðéëÝïí, ãéá êÜèå x ∈ R, m ∈ N, Ý÷ïõìå∣∣∣∣K�;�(x+ tm(x))−K�;�(x)

tm(x)

∣∣∣∣ ≥ K(m; �; �); (6.7)

üðïõ

K(m; �; �) :=
(22�(1−�) − 2)

(
22�(1−�)

)m + 1
22�(1−�) − 1

(6.8)

êáé ç tm : R −→ {±2−2�m−1} åßíáé ç óõíÜñôçóç âÞìáôïò

tm(x) := 2−2�m−1
+∞∑
i=−∞

[
�(i;i+ 1

2
]

(
22�mx

)
− �(i+ 1

2
;i+1]

(
22�mx

)]
: (6.9)

(iii) Áí � ∈ (0; 1) êáé 2� > 1=(1−�), ôüôå ç êáôáíïìéêÞ ðáñÜãùãïò DK�;� ∈
D′(R) äåí õðÜñ÷åé óáí ôïðéêÜ ðåðåñáóìÝíï ìÝôñï Radon. ÅðéðëÝïí, ãéá
êÜèå M ≥ 1, m ∈ N, Ý÷ïõìå

1
2M

∫ +M

−M

∣∣∣∣K�;�(x+ 2−2�m−1)−K�;�(x)
2−2�m−1

∣∣∣∣ dx ≥ 1
4
K(m; �; �): (6.10)
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ÅéäéêÜ, ðåñíþíôáò óôï üñéï m→∞ óôéò (6.7) êáé (6.10), Ý÷ïõìå ôï

Ðüñéóìá 6.2 Óôï ðëÜéóéï ôïõ ÈåùñÞìáôïò 6.1, ãéá êÜèå � ∈ (0; 1), 2� >
1=(1− �) ìå � ∈ N, x ∈ R êáé M ≥ 1, Ý÷ïõìå

lim sup
t→0

∣∣∣∣K�;�(x+ t)−K�;�(x)
t

∣∣∣∣ = +∞: (6.11)

êáé

lim sup
t→0

1
2M

∫ +M

−M

∣∣∣∣K�;�(x+ t)−K�;�(x)
t

∣∣∣∣ dx = +∞ (6.12)

êáé óõíåðþò ôá ðçëßêá äéáöïñþí åßíáé ìç-öñáãìÝíá óçìåéáêÜ êáé óôéò L1

çìéíüñìåò ‖:‖L1(−M;M), M ≥ 1.

Áðüäåéîç ôïõ 6.1 (i) ÎåêéíÜìå ðáñáôçñþíôáò üôé ç (6.2) äßíåé |�| ≤ 1 êáé
Üñá ôï öñÜãìá

0 ≤ K�;� ≤
∞∑
k=0

(
2−2��

)k =
1

1− 2−2��
: (6.13)

¸óôù ôþñá p; q ∈ N ìå p < q êáé x ∈ R. ÎáíÜ áðü ôçí (6.2), Ý÷ïõìå∣∣∣∣∣
q∑

k=0

2−2��k�(22�kx)−
p∑

k=0

2−2��k�(22�kx)

∣∣∣∣∣ ≤
q∑

k=p+1

(
2−2��

)k
; (6.14)

ðïõ ôåßíåé óôï 0 ãéá p; q −→ ∞. Áðü ôçí (6.14), ç (6.1) ïñßæåé óõíå÷Þ
óõíÜñôçóç: K�;� ∈ C0(R). ×ñçóéìïðïéþíôáò ìéá éäÝá åìðíåõóìÝíç áðü ôï
[B-K], óôáèåñïðïéïýìå x; y óôï R ìå x 6= y êáé åðéëÝãïõìå t ≥ 1 êáé p ∈ N
þóôå

|x|; |y| ≤ 22�−1t (6.15)

êáé
t

22�p
≤ |y − x| ≤ t

22�(p−1)
: (6.16)

Áöïý áðü ôçí (6.2) ç � åßíáé ìç-åðåêôáôéêÞ, äçë. |�(t) − �(s)| ≤ |t − s| êáé
åðßóçò |�| ≤ 1, Ý÷ïõìå∣∣K�;�(x)−K�;�(y)

∣∣
|x− y|�

≤ |x− y|−�
[
p−1∑
k=0

2−2��k
∣∣�(2�kx)− �(2�ky)

∣∣ (6.17)

+ 2
∞∑
k=p

2−2��k

]
;
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êáé Üñá∣∣K�;�(x)−K�;�(y)
∣∣

|x− y|�
≤ |x− y|−�

p−1∑
k=0

22�k(1−�)|x− y| + 2
∞∑
k=p

2−2��k

 :
Óõíåðþò, áðü ôéò (6.16) êáé (6.18),∣∣K�;�(x)−K�;�(y)

∣∣
|x− y|�

≤ |x− y|−�
[
p−1∑
k=0

22�k(1−�)|x− y| + 2
2−2��p

1− 2−2��

]

= |x− y|−�
[

22�p(1−�) − 1
22�(1−�) − 1

|x− y| + 2
2−2��p

1− 2−2��

]
(6.18)

≤ |x− y|−�
[

22�p(1−�) − 1
22�(1−�) − 1

|x− y|

+ 2
2−2��p

1− 2−2��

22�p

t
|x− y|

]

= |x− y|1−�
[

22�p(1−�) − 1
22�(1−�) − 1

+ 2
22�p(1−�)

t(1− 2−2��)

]

≤ |x− y|1−�
[

22�p(1−�) − 1
22�(1−�) − 1

+ 2
22�p(1−�)

1− 2−2��

]
:

ÎáíÜ áðü ôçí (6.16), ç (6.18) äßíåé∣∣K�;�(x)−K�;�(y)
∣∣

|x− y|�
≤
(
t2−2�(p−1)

)1−�22�p(1−�)

[
1− 2−2�p(1−�)

22�(1−�) − 1
+

2
1− 2−2��

]

= t1−�22�(1−�)

[
1− 2−2�p(1−�)

22�(1−�) − 1
+

2
1− 2−2��

]
(6.19)

≤ t1−�22�(1−�)

[
1

22�(1−�) − 1
+

2
1− 2−2��

]
:

Áðü ôçí (6.15), Ý÷ïõìå t ≥ max{1; 21−2� |x|; 21−2� |y|}. Åëá÷éóôïðïéþíôáò
ôçí (6.19) ùò ðñïò üëá ôá t, ðáßñíïõìå∣∣K�;�(x)−K�;�(y)

∣∣
|x− y|�

≤
(
max{|x|; |y|; 22�}

)1−� [ 1
22�(1−�) − 1

+
2

1− 2−2��

]
:

(6.20)
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Ç (6.20) ïäçãåß Üìåóá óôéò (6.5) êáé (6.6).

(ii) Óôáèåñïðïéïýìå Ýíá x ∈ R êáé m ∈ N. ¸óôù tm : R −→ R ç óõíÜñôçóç
âÞìáôïò ôçò (6.9), ðïõ ôçí îáíáãñÜöïõìå ùò

tm(x) =
{

+2−2�m−1; i2−2�m < x ≤ i2−2�m + 2−2�m−1; i ∈ Z;
−2−2�m−1; i2−2�m + 2−2�m−1 < x ≤ i2−2�m + 2−2�m; i ∈ Z:

(6.21)
Ðáñáôçñïýìå üôé áöïý |tm(x)| = 1

22−2�m êáé∣∣∣22�m(x+ tm(x)) − 22�mx
∣∣∣ =

1
2
; (6.22)

ç tm ïñßæåôáé Ýôóé þóôå êáíÝíáò áêÝñáéïò íá ìçí âñßóêåôáé ìåôáîý ôùí 22�mx
êáé 22�m(x + tm(x)). Áðü ôçí (6.1), åêôéìïýìå áðü êÜôù ôï |

(
K�;�(x +

tm(x))−K�;�(x)
)
=tm(x)| ùò∣∣∣∣K�;�(x+ tm(x))−K�;�(x)

tm(x)

∣∣∣∣ ≥
∣∣∣∣∣

∞∑
k=m+1

2−2��k�(22�k(x+ tm(x)))− �(22�kx)
tm(x)

+ 2−2��m�(22�m(x+ tm(x)))− �(22�mx)
tm(x)

∣∣∣∣∣
(6.23)

−
m−1∑
k=0

2−2��k

∣∣∣∣�(22�k(x+ tm(x)))− �(22�kx)
tm(x)

∣∣∣∣ :
Èá åîÜãïõìå ôçí åêôßìçóç (6.7) åêôéìþíôáò êÜèå üñï ôçò (6.23) ÷ùñéóôÜ.
Êáô'áñ÷Þí, ôï Üèñïéóìá

∑∞
k=m+1 óôçí (6.23) ìçäåíßæåôáé, Áöïý áðü ôçí

(6.2) ç � åßíáé 2-ðåñéäéêÞ: ðñÜãìáôé, ãéá k ≥ m+ 1, Ý÷ïõìå

�(22�k(x+ tm(x)))− �(22�kx) = �
(
22�kx± 22�(k−m)−1

)
− �

(
22�kx

)
= �

(
22�kx± 2 22(�(k−m)−1)

)
− �

(
22�kx

)
= 0; (6.24)

ìå ôçí ôåëåõôáßá éóüôçôá íá åßíáé ðñïöáíÞ áöïý 22(�(k−m)−1) ∈ N. Êáôüðéí,



Nßêïò ÊáôæïõñÜêçò - Ìç ÃñáììéêÜ ÓõóôÞìáôá Åëëåéðôéêþí ÌÄÅ 156

ôï Üèñïéóìá
∑m−1

k=0 óôçí (6.23) åêôéìÜôáé ùò

m−1∑
k=0

2−2��k ·
∣∣�(22�k(x+ tm(x)))− �(22�kx)

∣∣
|tm(x)|

≤
m−1∑
k=0

2−2��k·

·
∣∣22�k(x+ tm(x))− 22�kx

∣∣
|tm(x)|

=
m−1∑
k=0

22�(1−�)k (6.25)

=
1− 22�(1−�)m

1− 22�(1−�)
:

ÔÝëïò, áðü ôïí ïñéóìü ôçò tm êáé ôï ãåãïíüò üôé ç � ôìçìáôéêÜ áööéíéêÞ ìå
êëßóç 1, ï ìåóáßïò üñïò ôçò (6.23) äßíåé∣∣∣∣2−2��m

(
�(22�m(x+ tm(x)))− �(22�mx)

tm(x)

)∣∣∣∣ = 2−2��m·

·
∣∣22�m(x+ tm(x))− 22�mx|

|tm(x)
∣∣

(6.26)

= 22�(1−�)m:

Áðü ôéò (6.24), (6.25) êáé (6.26), ç (6.23) äßíåé∣∣∣∣K�;�(x+ tm(x))−K�;�(x)
tm(x)

∣∣∣∣ ≥ 22�(1−�)m − 1− 22�(1−�)m

1− 22�(1−�)
(6.27)

=
(22�(1−�) − 2)

(
22�(1−�)

)m + 1
22�(1−�) − 1

;

ðïõ Üìåóá ïäçãåß óôéò (6.7) êáé (6.8).

(iii) ¸óôù M ≥ 1. Ðñþôá åîÜãïõìå ôçí åêôßìçóç (6.10) êáé ìåôÜ ôçí áîéï-
ðïéïýìå ãéá íá äåßîïõìå üôé ç êáôáíïìéêÞ ðáñÜãùãïò DK�;� ∈ D′(R) äåí
õðÜñ÷åé óáí ìÝôñï Radon. Óôáèåñïðïéïýìå m ∈ N êáé èÝôïõìå

Em :=
{
x ∈ R

∣∣ tm(x) > 0
}
: (6.28)

Áðü ôçí (6.9), ç tm åßíáé Borel ìåôñÞóéìç êáé Üñá ôï Em åßíáé Borel. ÈÝôïõìå

DtK�;�(x) :=
K�;�(x+ t)−K�;�(x)

t
: (6.29)
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Ïëïêëçñþíïíôáò ôçí (6.27) óôï (−M
2 ;

M
2 ), Ý÷ïõìå

M
(22�(1−�) − 2)[22�(1−�)]m + 1

22�(1−�) − 1
≤
∫ M

2

−M
2

|DtmK�;�(x)| dx

=
∫

(−M
2
;M

2
)∩Em

|DtmK�;�(x)| dx (6.30)

+
∫

(−M
2
;M

2
)\Em

|DtmK�;�(x)| dx:

¢ñá, áðü ôéò (6.28) êáé (6.21), ç (6.30) äßíåé

M
(22�(1−�) − 2)[22�(1−�)]m + 1

22�(1−�) − 1
≤
∫

(−M
2
;M

2
)∩Em

|D2−2�m−1K�;�(x)| dx

(6.31)

+
∫

(−M
2
;M

2
)\Em

|D−2−2�m−1K�;�(x)| dx:

Ìå áëëáãÞ ìåôáâëçôÞò óôï 2ï ïëïêëÞñùìá, Ý÷ïõìå

(22�(1−�) − 2)[22�(1−�)]m + 1
22�(1−�) − 1

≤ 1
M

[∫
(−M

2
;M

2
)∩Em

|D2−2�m−1K�;�(x)| dx

(6.32)

+
∫

((−M
2
;M

2
)\Em)−2−2�m−1

|D2−2�m−1K�;�(x)| dx

]
:

¢ñá, áöïý M ≥ 1 êáé 2−2�m−1 ≤ 1
2 , êáôáëÞãïõìå

(22�(1−�) − 2)[22�(1−�)]m + 1
22�(1−�) − 1

≤ 2
M

∫ M

−M

∣∣∣∣K�;�(x+ 2−2�m−1)−K�;�(x)
2−2�m−1

∣∣∣∣ dx
(6.33)

êáé ç (6.33) Üìåóá äßíåé ôçí (6.10).
Óôáèåñïðïéïýìå ôþñá � > 1=(2(1− �)) êáé ðñïò áíôßöáóç õðïèÝôïõìå

üôé ç DK�;� ∈ D′(R) åßíáé Ýíá ôïðéêÜ ðåðåñáóìÝíï ìÝôñï Radon óôï R,
äçë. DK�;� ∈ Mloc(R). Áöïý K�;� ∈ C0(R) êáé C0(R) ⊆ L1(R), ç K�;�

Ý÷åé ôïðéêÜ ðåðåñáóìÝíç êýìáíóç: K�;� ∈ BVloc(R). Óôáèåñïðïéïýìå ìéá
óõìðáãþò öåñüìåíç  ∈ C1

c (R) êáé óõìâïëßæïõìå ìå Dt ôïí ôåëåóôÞ ôïõ
ðçëßêïõ äéáöïñþí, äçë. Dtf(x) := 1

t [f(x + t) − f(x)], üôáíf : R −→ R,
t 6= 0. Ëüãù ïìáëüôçôáò ôçò  , Ý÷ïõìå Dt −→ D ãéá t→ 0, ðáíôïý óôï
R. ¢ñá

K�;�(x)Dt (x) −→ K�;�(x)D (x); as t→ 0; (6.34)
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ãéá êÜèå x ∈ R. Áðü ôï Èåþñçìá Êõñéáñ÷çìÝíçò Óýãêëéóçò êáé ôçí∣∣(Dt − D )K�;�

∣∣ ≤ 2‖D ‖C0(R)‖K�;�‖C0(R)�{ 6=0} (6.35)

Ý÷ïõìå
K�;�Dt −→ K�;�D ; in L1(R); as t→ 0: (6.36)

¸óôù \x" ï ðåñéïñéóìüò ôùí ìÝôñùí êáé L ôï ìÝôñï Lebesgue óôï R. Áðü
ôçí (6.36), Ý÷ïõìå∫

R
 d[DK�;� ] = −

∫
R
K�;�(x)D (x)dx

= − lim
t→0

∫
R
K�;�(x)D−t (x)dx (6.37)

= lim
t→0

∫
R
DtK�;�(x) (x)dx

= lim
t→0

∫
R
 DtK�;�dL:

Ç 3ç áíéóüôçôá óôçí (6.37) ðñïêýðôåé ìå áëëáãÞ ìåôáâëçôþí óôï ïëêëÞñùìá.
Áöïý ç  åßíáé ôõ÷áßá, ç (6.37) ëÝåé

LxDtK�;�

∗
−−* DK�;� weakly* in Mloc(R); as t→ 0: (6.38)

Ç áóèåíçò∗ óýãêëéóç t → 0 óôï ÷þñï ôùí ìÝôñùí Radon åñìçíåýåôáé óáí
áêïëïõèéáêÞ óýãêëéóç. Áðü ãíùóôÞ èåùñßá äõéêüôçôáò, Ý÷ïõìåM(−M;M) =(
C0
c (−M;M)

)∗
ãéá êÜèå M ≥ 1, üðïõ ï C0

c (−M;M) óõìâïëßæåé ôéò óõìðá-
ãþò öåñüìåíåò óõíáñôÞóåéò êáé ïM(−M;M) ôá ðåðåñáóìÝíá ìÝôñá Radon
óôï (−M;M). ÅðéðëÝïí, áðü ôçí áóèåíÞ∗ óõìðÜãåéá ôïõM(−M;M), ôá ðç-
ëßêá äéáöïñþí DtK�;� ðñÝðåé íá åßíáé öñáãìÝíá óôçí L1-íüñìá êáôÜ ìÞêïò
áðåéñïóôéêÞò áêïëïõèßáò sm → 0 ãéá m→∞:

sup
m∈N

∫ M

−M
|DsmK�;�(x)|dx < ∞: (6.39)

ÅðéëÝãïíôáò sm := 2−2�m−1, ç (6.39) áíôßêåéôáé óôéò (6.10) êáé (6.12) ãéá
m→∞ êáé ôï èåþñçìá Ýðåôáé. �
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