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Euqarist¸ polÔ ton Miq�lh Mali�ka gia thn kajod ghsh tou kai thn polÔ-
timh majhmatik  kai ìqi mìno, bo jeia tou. EpÐshc ton euqarist¸ gia th filÐa
tou.
Euqarist¸ polÔ ton Steve Donkin pou dieÔrune touc majhmatikoÔc mou orÐ-
zontec ton teleutaÐo qrìno.
Ja  jela na euqarist sw touc k.k. Qr sto Ajanasi�dh kai Iw�nnh Emmanou-
 l pou me tÐmhsan me th summetoq  touc sthn trimel  sumbouleutik  epitrop ,
kaj¸c epÐshc kai touc k.k. Dhm trh B�rso, Dhm trh Derizi¸th, Panagi¸th
Pap�zoglou kai k. OlumpÐa Talèllh gia thn summetoq  touc sthn eptamel 
exetastik  epitrop .
Tèloc, euqarist¸ thn oikogèneia mou gia thn st rixh thc ìla aut� ta qrìnia,
ton fÔlaka �ggelo mou Aggelik  gia thn ag�ph thc kai ìlouc touc fÐlouc
mou.
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Eisagwg 

Sth diatrib  aut  melet�me probl mata thc JewrÐac Anaparast�sewn twn
klasik¸n algebrik¸n om�dwn GLn(k), Spn(k) kai SOn(k) uper�nw enìc �-
peirou s¸matoc k. Sugkekrimèna, èstw G1, G2 om�dec ìpwc prin kai k èna
�peiro s¸ma. Jewrìume ìti h qarakthristik  tou k eÐnai di�forh tou 2 ìtan
k�poia apì tic om�dec eÐnai h eidik  orjog¸nia. 'Estw X(G1, G2) h algebrik 
pollaplìthta twn n×m pin�kwn M p�nw apì to k ètsi ¸ste

M tJG1M = 0 kai MJG2M
t = 0,

ìpou JGi eÐnai o pÐnakac pou orÐzei thn om�da Gi. Sthn perÐptwsh pou Gi
eÐnai h om�da twn antistreyÐmwn pin�kwn, jewroÔme JGi = 0.

H pollaplìthta X(G1, G2) sun jwc anafèretai sthn bibliografÐa wc h
pollaplìthta twn nullforms pou antistoiqeÐ sthn om�da G1 × G2. H o-
m�da G1 × G2 dra p�nw sto X(G1, G2) wc (A,B) · M = AMB−1, ìpou
A ∈ G1, B ∈ G2 kai M ∈ X(G1, G2). H dr�sh auth ep�gei mia dr�sh sto da-
ktÔlio suntetagmenwn thc X(G1, G2), ton opoÐo sumbolÐzoume me A(G1, G2).
Sthn eidik  perÐptwsh opou G1 = GLn(k) kai G2 = GLm(k) èqoume oti o
daktÔlioc A(G1, G2) tautÐzetai me ton poluwnumikì daktÔlio p�nw se nm me-
tablhtèc. Sta par�katw, jewroÔme ta G = G1 ×G2−analloÐwta ide¸dh tou
daktulÐou A(G1, G2) kai dÐnoume mia di�spash twn idewd¸n aut¸n se an�gw-
ga G−prìtupa, ìtan k eÐnai èna s¸ma qarakthristik c 0. H perigraf  aut 
eÐnai eniaÐa kai den exart�tai apo tic om�dec all� apo tic t�xeic touc. Akìma
brÐskoume mÐa di�spash tou ginomènou dÔo anag¸gwn protÔpwn tou daktulÐ-
ou A(G1, G2) se an�gwga prìtupa. Kai se aut  thn perÐptwsh h perigraf 
eÐnai eniaÐa. Tèloc qrhsimopoi¸ntac tic dÔo parap�nw ekfr�seic lamb�nou-
me porÐsmata gia ta pr¸ta kai ta prwtarqik� ide¸dh tou A(G1, G2). 'Ola
ta apotelèsmata aut� brÐskontai dhmosieumèna sthn ergasÐa tou suggrafèa
H. Geranios, On Invariant Ideals associated to Classical Groups, Journal of
Algebra 324, 269-281 (2010). Gia thn eidik  perÐptwsh ìpou G1 = GLn(k)
kai G2 = GLm(k) kai �ra A(G1, G2) eÐnai o poluwnumikìc daktÔlioc p�nw se
n×m metablhtèc ta ide¸dh aut� melet jhkan pr¸ta apì touc C. DeConcini,
D. Eisenbud kai C. Procesi sto [2]. Sugkekrimèna autoÐ perigr�foun poia
eÐnai ta G−analloÐwta ide¸dh kai brÐskoun mia di�spash touc se an�gwga
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PERIEQ�OMENA

G−prìtupa. Argìtera h E. Strickland sto [16] brÐskei antÐstoiqa apotelè-
smata gia thn eidik  perÐptwsh ìpou G1 = Spn(k) kai G2 = GLm(k).

DÐnoume t¸ra mia sÔntomh perÐlhyh twn kefalaÐwn thc paroÔsac diatrib c.

Sto pr¸to kef�laio dÐnoume basikoÔc orismoÔc kai perigr�foume ta jemeli¸-
dh porÐsmata thc jewrÐac anaparast�sewn algebrik¸n om�dwn. An�mesa se
aut� orÐzoume ta induced-prìtupa miac split kai reductive algebrik c om�dac
G, indGB(λ), gia λ ∈ X+(T ), dominant weight. Sth sunèqeia parousi�zoume
mÐa apìdeixh ìti to sÔnolo {indGB(λ)|λ ∈ X+(T )} apoteleÐ èna pl rec sÔnolo
mh isìmorfwn anag¸gwn protÔpwn thc G ìtan to k eÐnai èna s¸ma qarakth-
ristik c 0.

Sto deÔtero kef�laio perigr�foume ta induced-prìtupa twn om�dwn GLn(k),
Sp2n(k) kai SO2n+1(k) me genn torec kai sqèseic. Sugkekrimèna orÐzoume gia
k�je perÐptwsh ta Schur-prìtupa pou antistoiqoÔn stic om�dec autèc ìpwc
aut� orÐzontai sta [1], [12], [14] antÐstoiqa kai apodeiknÔoume oti apoteloÔn
induced-prìtupa. Ja sumbolÐzoume apo ed¸ kai sto ex c me ∇Gi(λ) to Schur-
prìtupo thc om�dac G pou antistoiqeÐ sth diamèrish λ .

Sto trÐto kef�laio orÐzoume thn pollaplìthta twn nullforms X(G1, G2) kai
ton antÐstoiqo daktÔlio suntetagmènwn thc. Sth sunèqeia parousi�zoume
to basikì je¸rhma ìti o daktÔlioc A(G1, G2) èqei good filtration wc G1 ×
G2−prìtupo kai �ra sthn perÐptwsh ìpou k eÐnai èna s¸ma qarakthristik c
0 èqoume ìti, an G1 6= GLn(k)

A(G1, G2) =
∑

λ1≤min{rkG1,rkG2}
∇G1(λ)⊗∇G2(λ)

kai gia G1 = GLn(k)

A(GLn(k), G2) =
∑

λ1≤min{rkG1,rkG2}
Lλ(V ∗)⊗∇G2(λ).

To apotèlesma autì  tan gnwstì apì touc C. DeConcini, D. Eisenbud kai
C. Procesi gia thn eidik  perÐptwsh thc om�dac GLn(k) × GLm(k). MÐa
diaforetik  apìdeixh dìjhke apo touc K. Akin, D. A. Buchsbaum kai J.
Weyman sto [1] lÐgo kairì argìtera. H genik  apìdeixh dìjhke apì ton M.
Mali�ka sto [11].
StajeropoioÔme t¸ra k èna s¸ma qarakthristik c 0.'Estw Mλ to an�gwgo
prìtupo tou A(G1, G2) kai Iλ toG−analloÐwto ide¸dwc pou par�getai apo to
Mλ. Sto tètarto kef�laio apodeiknÔoume to pr¸to apotèlesma mac pou eÐnai
h an�lush tou ide¸douc Iλ se an�gwga G−prìtupa. Sugkekrimèna èqoume

Iλ =
∑
λ⊆µ

Mµ.
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PERIEQ�OMENA

H sqèsh aut  epalhjeÔetai gia k�je zeÔgoc om�dwn G1 ×G2.

Sth sunèqeia sto pèmpto kef�laio brÐskoume mÐa di�spash tou ginomènou
dÔo anag¸gwn protÔpwn Mµ kai Mτ tou daktulÐou A(G1, G2) se an�gwga
G−prìtupa. To prìblhma autì tèjhke apì touc C. DeConcini, D. Eisenbud
kai C. Procesi sto [2] gia thn eidik  perÐptwsh thc om�dac G = GLn ×GLm
kai lÔjhke gia thn perÐptwsh aut  apì thn K. Whitehead sth didaktorik 
thc diatrib  [17]. Sto kef�laio 5 dÐnoume mÐa ap�nthsh sto prìblhma autì gia
opoiad pote om�daG1×G2 ìpouGi mÐa apo tic prohgoÔmenec klasikèc om�dec.
H ap�nthsh eÐnai Ðdia gia ìla ta zeÔgh om�dwn kai exart�tai apokleÐstik� apì
tic t�xeic touc.
Sto teleutaÐo kai èkto kef�laio thc diatrib c perigr�foume ta pr¸ta kai ta
prwtarqik� G−ide¸dh tou A(G1, G2) qrhsimopoi¸ntac ta dÔo prohgoÔmena
jewr mata pou apodeÐxame.
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Kef�laio 1

Basikèc 'Ennoiec

Sto kef�laio autì ja orÐsoume tic basikèc ènnoiec sth jewrÐa anaparat�-
sewn algebrik¸n om�dwn, twn induced protÔpwn miac algebrik c om�dac G
p�nw apì ena �peiro s¸ma k. 'Epishc ja orÐsoume thn ènnoia tou qarakt -
ra ènoc G−protÔpou. Tèloc ja doÔme ìti sthn perÐptwsh pou to s¸ma k
èqei qarakthristik  mhdèn ta induced prìtupa apoteloÔn ena pl rec sÔnolo
anag¸gwn protÔpwn gia thn om�da G. Oi om�dec pou ja mac apasqol soun
sta parak�tw eÐnai h om�da twn n× n−antistreyÐmwn pin�kwn, GLn, kai dÔo
upoom�dec thc , h sumplektik  Spn kai h eidik  orjog¸nia SOn. Ja orÐsoume
tic parap�nw ènnoiec eidik� gia tic om�dec autèc. Bèbaia ìla ta parak�tw
mporoÔn na oristoÔn gia opoiad pote reductive kai split algebrk  om�da G
kai na p�roume antÐstoiqa porÐsmata me autèc tic eidikèc peript¸seic. Gia mia
analutik  perigraf  thc genik c jewrÐac o anagn¸sthc parapèmpetai sto [8].

1.1 induced prìtupa.

'Estw G = GLn(k), h om�da twn n × n−antistreyÐmwn pin�kwn p�nw a-
po èna �peiro s¸ma k. JewroÔme Tn(k) = {diag(t1, . . . , tn)|t1 6= 0} thn
upoom�da twn diagwnÐwn pin�kwn thc GLn(k). H om�da auth apoteleÐ è-
na mègisto torus gia thn GLn(k). OrÐzoume TSpn(k) = Tn(k) ∩ Spn(k)
kai TSOn(k) = Tn(k) ∩ SOn(k). Sugkekrimèna, èstw Sp2n(k) h sumple-
ktik  om�da t�xhc n. Tìte TSp2n(k) = {diag(t1, . . . , tn, t−1

n , . . . , t−1
1 )|ti 6=

0}. Gia thn eidik  orjog¸nia om�da t�xhc n, SO2n(k), èqoume TSO2n(k) =
{diag(t1, . . . , tn, t−1

n , . . . , t−1
1 )|ti 6= 0}, en¸ gia thn SO2n+1(k) èqoume ìti

TSO2n+1(k) = {diag(t1, . . . , tn, 1, t−1
n , . . . , t−1

1 )|ti 6= 0}.

Me εi : Tn(k) → k ja sumbolÐzoume thn apeikìnish pou apeikonÐzei ton dia-
g¸nio pÐnaka Tn(k) sthn (i, i)−jèsh tou. SumbolÐzoume tic antÐstoiqec apei-
konÐseic gia tic peript¸seic twn Spn(k) kai SOn(k) epÐshc me εi. Gia G =
GLn(k), Sp2n(k), SO2n(k) kai SO2n+1(k) h qarakthristik  om�da X(TG) =
{λ1ε1 +λ2ε2 + · · ·+λnεn|λ∈Z} eÐnai eleÔjerh abelian  om�da t�xhc n. DÐnou-
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KEF�ALAIO 1. BASIK�ES �ENNOIES

me t¸ra mÐa perigraf  twn sunìlwn twn root systems Φ kai simple roots ∆
gia k�je perÐptwsh xeqwrist�, kaj¸c kai twn antÐstoiqwn susthm�twn twn
positive roots Φ+ kai dominant weights X+(T ).
Gia touc orismoÔc twn susthm�twn aut¸n kai tic idiìthtec touc o anagn¸sthc
parapèmpetai sto [7, Kef�laio 3].

• GLn(k).

◦ Φ = {εi − εj |1 ≤ i 6= j ≤ n}

◦ ∆ = {εi − εi+1|1 ≤ i ≤ n− 1}
◦ Φ+ = {εi − εj |1 ≤ i < j ≤ n}

◦ X+(T ) = {λ1ε1 + λ2ε2 + · · ·+ λnεn|λ1 ≥ λ2 ≥ · · · ≥ λn}

• Sp2n(k).

◦ Φ = {±εi ± εj |1 ≤ i < j ≤ n} ∪ {±2εi|1 ≤ i ≤ n}

◦ ∆ = {εi − εi+1|1 ≤ i ≤ n− 1} ∪ {2εn}
◦ Φ+ = {εi ± εj |1 ≤ i < j ≤ n} ∪ {2εi|1 ≤ i ≤ n}

◦ X+(T ) = {λ1ε1 + λ2ε2 + · · ·+ λnεn|λ1 ≥ λ2 ≥ · · · ≥ λn ≥ 0}

• SO2n+1(k).

◦ Φ = {±εi ± εj |1 ≤ i < j ≤ n} ∪ {±εi|1 ≤ i ≤ n}

◦ ∆ = {εi − εi+1|1 ≤ i ≤ n− 1} ∪ {εn}
◦ Φ+ = {εi ± εj |1 ≤ i < j ≤ n} ∪ {εi|1 ≤ i ≤ n}

◦ X+(T ) = {λ1ε1 + λ2ε2 + · · ·+ λnεn|λ1 ≥ λ2 ≥ · · · ≥ λn ≥ 0}

• SO2n(k).

◦ Φ = {±εi ± εj |1 ≤ i < j ≤ n} ∪ {±εi|1 ≤ i ≤ n}

◦ ∆ = {εi − εi+1|1 ≤ i ≤ n− 1} ∪ {εn−1 + εn}
◦ Φ+ = {εi ± εj |1 ≤ i < j ≤ n}

◦ X+(T ) = {λ1ε1 + λ2ε2 + · · ·+ λnεn|λ1 ≥ λ2 ≥ · · · ≥ |λn| ≥ 0}.
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KEF�ALAIO 1. BASIK�ES �ENNOIES

Gia k�je λ ∈ X(T ) sumbolÐzoume me kλ to monodi�stato T−prìtupo sto opoÐo
h om�da T dra me weight λ. JewroÔme B thn Borel upoom�da thc G pou apo-
teleÐtai apì touc k�tw trigwnikoÔc pÐnakec pou perièqontai sth G. Tìte to
kλ gÐnetai èna B−prìtupo me thn epagìmenh dr�sh. SumbolÐzoume me ∇G(λ)
to induced prìtupo indGB(λ) = {f ∈ k[G]|f(bg) = λ(b)f(g), gia k�je b ∈
B kai g ∈ G}, ìpou k[G] eÐnai o daktÔlioc suntetagmènwn thc G. Gia k�-
je λ ∈ X(T ) to G−prìtupo ∇(λ) eÐnai peperasmènhc di�stashc. M�lista
∇(λ) 6= 0 an kai mìno an λ ∈ X+(T ). To G− socle twn protÔpwn ∇(λ) eÐnai
aplì G−prìtupo kai to sÔnolo {soc∇(λ), λ ∈ X+(T )} apoteleÐ èna pl rec
sÔnolo anag¸gwn kai mh isìmorfwn ana dÔo G−protÔpwn. To teleutaÐo je¸-
rhma apoteleÐ èna apo ta basikìtera jewr mata thc jewrÐac anaparast�sewn.
Gia ìla ta parap�nw o anagn¸sthc parapèmpetai sto [8, 2.1-2.6].

'Estw t¸ra oti k eÐnai èna s¸ma qarakthristik c 0. Tìte ta induced-prìtupa
sumpÐptoun me to socle touc. Dhlad  to sÔnolo {∇(λ)|λ ∈ X+(T )} apoteleÐ
èna pl rec sÔnolo anag¸gwn G−protÔpwn mh isìmorfwn ana dÔo. [8, Pori-
sma 5.6 (4)].
Akìma k�je G−prìtupo M eÐnai hmiaplì, dhlad  gr�fetai wc eujÔ �jroisma
anag¸gwn protÔpwn. [8, Porisma 5.6 (6)].

1.2 Qarakt rec twn G−protÔpwn.
'EstwM ènaG−prìtupo. Blèpoume toM wc T−prìtupo kai èqoume otiM =
⊕λ∈X(T )Mλ. Dhlad  toM gr�fetai wc eujÔ �jroisma twn weight spaces tou.
Se k�je kλ antistoiqoÔme to stoqeÐo b�shc tou daktulÐou Z[X(T )], e(λ), kai
orÐzoume to formal qarakt ra tou M wc

chM =
∑
λ∈X(T )dimMλ e(λ).

M�lista h Weyl om�da W pou antistoiqeÐ sthn om�da G dr� p�nw sto
sÔnolo X(T ) kai eÐnai eÔkolo na apodeÐxei k�poioc oti gia k�je G−prìtupo
M

chM ∈ Z[X(T )]W .

Gia ta apotelèsmata aut� o anagn¸sthc parapèmpetai sto [8, 1.19].

Prätash 1.2.1. Oi qarakt rec twn anag ģwn protÔpwn L(λ) thc om�dac
G, chL(λ), gia λ ∈ X+(T ) apoteloÔn b�sh tou daktulÐou Z[X(T )]W .

Apìdeixh. [8, L mma 5.8].
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KEF�ALAIO 1. BASIK�ES �ENNOIES

1.3 Poluwnumikèc anaparast�seic thc GLn.

'Estw V ènac k−dianusmatikìc q¸roc peperasmènhc di�stashc. MÐa apeikì-
nish f : GL(V ) → k ja onom�zetai poluwnumik  an eÐnai periorismìc mÐac
poluwnumik c apeikìnishc f̃ ∈ k[End(V )]. Ja onom�zetai rht  an h apeikìni-
sh detr ·f eÐnai poluwnumik  gia k�poio r ∈ N.

Orismäc 1.3.1. MÐa anapar�stash ρ : GL(V ) → GLm ja onom�zetai po-
luwnumik  anapar�stash an ta stoiqeÐa ρij(g) tou pÐnaka ρ(g) eÐnai poluwnu-
mikèc sunart seic thcGL(V ). Ja onom�zetai rht  an eÐnai rhtèc sunart seic.

ParadeÐgmata 1.3.2. 1. To fusikì GLn(k)−prìtupo E eÐnai poluwnumi-
k  anapar�stash.

2. To antÐstrofo thc orÐzousac (det)−1 : GLn(k) → k apoteleÐ mia rht 
anapar�stash.

Jèloume na epekteÐnoume autìn ton orismì gia tuqaÐa upoom�da G ⊂ GL(V ).
MÐa apeikìnish f : G → k ja onom�zetai rht  (ant. poluwnumik ) an eÐnai
periorismìc miac rht c (ant. poluwnumik c) apeikìnishc thcGL(V ). Autì mac
epitrèpei na orÐsoume poluwnimikèc kai rhtèc anaparast�seic gia thn om�da
G ⊂ GL(V ) ìpwc prin.

Parat rhsh 1.3.3. Profan¸c an G ⊂ SL(V ), tìte ìlec oi anaparast�seic
thc G eÐnai poluwnumikèc.
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Kef�laio 2

Ta Schur-prìtupa

Sto kef�laio auto ja perigr�youme ta induced-prìtupa thc kathgorÐac twn
poluwnumik¸n anaparast�sewn thc GLn me genn torec kai sqèseic kai ja
broÔme mÐa b�sh twn protÔpwn aut¸n. To Ðdio ja k�noume sth sunèqeia gia
ta induced-prìtupa thc sumplektik c om�dac Sp2n′ kai thc eidik c orjog¸niac
SO2n′+1. Gia thn perigraf  twn protÔpwn aut¸n ja qreiastoÔme stoiqeÐa apì
thn pleiogrammik  �lgebra, ìpwc oi exwterikèc dun�meic ΛaV kai oi summetri-
kèc dun�meic SβV . Ton orismì thc diagwnopoÐhshc thc exwterik c �lgebrac
ΛV kai thc summetrik c �lgebrac SV . O anagn¸sthc parapèmpetai sto [15]
gia mia analutik  parousÐash twn apotelesm�twn aut¸n.

2.1 Ta Schur-prìtupa thc GLn

Sta parak�tw ja sumbolÐzoume me N to sÔnolo twn fusik¸n arijm¸n (mh-
arnhtikoÐ akèraioi) kai me N∞ to sÔnolo twn akolouji¸n (a1, a2, . . . ) me
ai ∈ N kai ai 6= 0 gia peperasmèno pl joc i. An sumbolÐsoume me Np ta
p-dianusmata (a1, . . . , ap), ai ∈ N tìte profan¸c ta stoiqeÐa aut� mporoÔn
na jewrhjoÔn stoiqeÐa tou N∞ sumplhr¸nontac tic upìloipec jèseic me mh-
denik�.

Orismäc 2.1.1. MÐa diamèrish eÐnai èna stoiqeÐo λ = (λ1, λ2, . . . ) ∈ N∞ me
λ1 ≥ λ2 ≥ . . .
Onom�zoume b�roc thc diamèrishc λ to �jroisma twn ìrwn thc,

∑
λi, kai to

sumbolÐzoume me |λ|. An |λ| = n ja lème ìti to λ eÐnai diamèrish tou n. Tèloc
to mègisto pl joc mh mhdenik¸n stoiqeÐwn thc diamèrishc λ onom�zetai m koc
thc λ kai sumbolÐzetai me `(λ).

Orismäc 2.1.2. 'Ena Y oung di�gramma eÐnai èna sÔnolo apì kouti� thc
morf c:

9
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me thn idiìthta k�je gramm  tou diagr�mmatoc na èqei megalÔtero eÐte Ðso to
pl joc kouti� apo thn epìmenh.

Parathr seic: 1. An jewr soume Y èna Y oung di�gramma kai arij-
mÐsoume me λi na eÐnai to pl joc twn kouti¸n pou up�rqoun sthn i gramm 
tou Y , tìte h akoloujÐa λ = (λ1, λ2, . . . , λk) apoteleÐ mÐa diamèrish b�rouc
to pl joc twn kouti¸n tou Y kai m kouc to pl joc twn gramm¸n tou. EpÐ-
shc se k�je diamèrish λ mporoÔme na antistoiq soume monadik� èna Y oung
di�gramma antistrèfontac thn prohgoÔmenh diadikasÐa.

2. Qrhsimopoi¸ntac ta Y oung diagr�mmata parathroÔme ìti:
'Estw λ mÐa diamèrish kai Yλ to antÐstoiqo di�gramma Y oung. JewroÔme to
di�gramma Yλ̃ pou èqei seirèc tic st lec tou Yλ. Tìte to Yλ̃ eÐnai èna nèo

Y oung di�gramma. H diamèrish λ̃ pou antistoiqeÐ se autì onom�zetai suzug c
diamèrish thc λ kai èqei Ðdio b�roc me th λ.

'Estw t¸ra F èna elèujero R-prìtupo peperasmènhc di�stashc, (ìpou R
metajetikìc daktÔlioc) kai λ = (λ1, λ2, . . . , λq) ∈ N∞ ja sumbolÐzoume me:

ΛλF ≡ Λλ1F ⊗ · · · ⊗ ΛλqF
SλF ≡ Sλ1F ⊗ · · · ⊗ SλqF

ìpou ΛλiF, SλiF einai oi exwterikèc kai oi summetrikèc dun�meic tou F antÐ-
stoiqa.

OrÐzoume t¸ra gia kaje diamerish λ enaR-omomorfismì, dλ : ΛλF → Sλ̃F .

'Estw λ = (λ1, . . . , λq) mÐa diamèrish me λ1 = t. JewroÔme ton t × t
pÐnaka (aij)i,j me aij = 1 an 1 ≤ j ≤ λi kai λi ≥ 1 kai aij = 0 diaforetik�,
∀i, j ∈ {1, . . . , t}.

Par�deigma 2.1.3. Gia λ = (3, 2)→ T =

Ö
1 1 1
1 1 0
0 0 0

è
.

Gia {x1, . . . , xn}, b�sh tou eleÔjerou R-protÔpou F kai I = a1 < · · · < as
mÐa gnhsÐwc aÔxousa akoloujÐa stoiqeÐwn tou {1, . . . , n}, tìte me xI ja sum-
bolÐzoume to stoiqeÐo xa1 ∧ · · · ∧xas ∈ ΛsF . To sÔnolo {xI : I = a1 < · · · <
as , ai ∈ {1, . . . , n}} apoteleÐ b�sh tou ΛsF .

Jewrìume thn diagwnopoÐhsh ∆i : ΛλiF → F ⊗ · · · ⊗ F tou ΛλiF me

∆i(xj1 ∧ · · · ∧ xjλi ) =
∑
σ∈Sλi

σ(j1)<···<σ(jλi )

sgn(σ)xσ(j1) ∧ · · · ∧ xσ(jλi )
,

10
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ìpou xj1 ∧ · · · ∧ xjλi eÐnai èna stoiqeÐo thc b�shc tou ΛλiF kai èstw ∆ o
R-omomorfismìc

ΛλF
∆1⊗···⊗∆k // Λa11F ⊗ · · · ⊗ Λa1λ1F ⊗ Λa21F ⊗ · · · ⊗ ΛaqλqF ,

afoÔ aij = 0   1 tìte èqoume ìti

Λa11F⊗· · ·⊗Λa1λ1F⊗Λa21F⊗· · ·⊗ΛaqλqF = Sa11F⊗· · ·⊗Sa1λ1
F⊗Sa21F⊗. . . ,

'Estw t¸ra o R-isomorfismìc pou metajètei touc ìrouc tou tanustikoÔ gi-
nomènou wc ex c: Φ : Sa11F ⊗ · · · ⊗ Sa1λ1

F ⊗ Sa21F ⊗ · · · ⊗ SaqλqF →
Sa11F ⊗ Sa21F ⊗ Saq1F ⊗ Sa12F ⊗ · · · . ParathroÔme ìti

∑q
i=1 aij = λ̃j kai

jewroÔme tèloc ton R-omomorfismì m me

Sa11F ⊗ Sa21F ⊗ · · · ⊗ SaqtF
m1⊗···⊗mt // Sλ̃1

F ⊗ · · · ⊗ Sλ̃tF = Sλ̃,

ìpoumk : F⊗· · ·⊗F → SkF, f1⊗· · ·⊗fk 7→ f1 . . . fk.OrÐzoume dλ = m◦Φ◦∆.
Autì pou k�noume dhlad  eÐnai na diagwnopoioÔme wc proc tic grammèc tou
Y oung diagr�mmatoc thc λ kai na pollaplasi�zoume wc proc tic st lec.

Par�deigma 2.1.4. Gia λ = (3, 2) èqoume: Λλ = Λ3F ⊗ Λ2F
∆−→ F (1) ⊗

F (2)⊗F (3)⊗F (4)⊗F (5) Φ−→ F (1)⊗F (4)⊗F (2)⊗F (5)⊗F (3) m−→ S2F⊗S2F⊗F .

Orismäc 2.1.5. H eikìna dλ(ΛλF ) ≤ S
λ̃
F onom�zetai Schur-prìtupo tou

F wc proc th diamèrish λ kai sumbolÐzetai me LλF .

Orismäc 2.1.6. 'Estw S èna olik� diatetagmèno sÔnolo, λ diamèrish kai
Yλ to Y oung−di�gramma pou antistoiqeÐ sth diamèrish λ. 'Ena tableau T
sq matoc λ me timèc sto S eÐnai mÐa sumpl rwsh twn kouti¸n tou Yλ me
stoiqeÐa apo to S. Ja sumbolÐzoume me T (i, j) to stoiqeÐo pou brÐsketai sthn
i−gramm  kai sth j−st lh tou tableau T .

Ja sumbolÐzoume to sÔnolo twn tableaux sq matoc λ kai timèc sto S
me Tabλ(S). Ja prospaj soume na perigr�youme thn b�sh tou ΛλF mèsw
thc qr shc twn tableaux. MporoÔme na epilèxoume gia S th b�sh tou F ,
S = {x1, . . . , xn}.

'Estw {x1, . . . , xn} mÐa b�sh tou eleÔjerou R-protÔpou F kai I = a1 <
· · · < as mÐa gnhsÐwc aÔxousa akoloujÐa stoiqeÐwn tou {1, . . . , n}, tìte me xI
ja sumbolÐzoume to stoiqeÐo xa1 ∧ · · · ∧ xas ∈ ΛsF . To sÔnolo {xI : I =
a1 < · · · < as , ai ∈ {1, . . . , n}} apoteleÐ b�sh tou ΛsF . 'Estw λ diamèrish
tìte èqoume ìti mÐa b�sh tou ΛλF eÐnai to sÔnolo {xI1 ⊗ · · · ⊗ xIq}, ìpou Ii
gnhsÐwc aÔxousa akoloujÐa stoiqeÐwn tou {1, . . . , n}. Sunep¸c ta stoiqeÐa
dλ(xI1 ⊗ · · · ⊗ xIq) par�goun to LλF .

'Estw x = xI1 ⊗ · · · ⊗ xIq èna stoiqeÐo thc b�shc tou ΛλF tìte to Tx
me Tx(i, j) = xaij ìpou Ii = (ai1 , . . . , aiλi ) eÐnai èna tableau. Gia par�deigma:

11
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Gia λ = (4, 3, 2) to antÐstoiqo Y oung−di�gramma èqei th morf  kai an

epilèxoume x = x1 ∧ x2 ∧ x3 ∧ x4 ⊗ x1 ∧ x2 ∧ x4 ⊗ x1 ∧ x4 tìte to Tx èxei th
morf 

1 2 3 4
1 2 4
1 4

AntÐstrofa an T eÐnai èna tableau tìte mporoÔme na jewr soume to stoi-
qeÐo tou ΛλF , xT = xI1 ⊗ · · · ⊗ xIq , ìpou xIj = xT (j,1) ∧ · · · ∧ xT (j,λj).
Bèbaia to stoiqeÐo autì den eÐnai aparaÐthta stoiqeÐo thc b�shc tou ΛλF ,

gia par�deigma to
1 1
2 antistoiqeÐ sto mhdèn. Autì mac odhgeÐ sto na d¸soume

touc ex c orismoÔc:

Orismäc 2.1.7. 'Ena tableau T ∈ tabλ(S) onom�zetai row standard an ta
stoiqeÐa pou brÐskontai se k�je gramm  tou T aux�noun austhr� proc ta dexi�,
dhlad  gia k�je i isqÔei T (i, 1) < · · · < T (i, λi), en¸ column standard an ta
stoiqeÐa pou brÐskontai se k�je st lh tou T aux�noun asjen¸c proc ta k�tw,
dhlad  T (i, j) ≤ T (i+ 1, j). Tèloc to Tableau T ja onom�zetai standard an
ikanopoieÐ kai tic dÔo prohgoÔmenec sunj kec, dhlad  eÐnai tautìqrona row
kai column standard.

Opìte sÔmfwna me autoÔc touc orismoÔc èqoume ìti se k�je stoiqeÐo thc
b�shc tou ΛλF antistoiqoÔme èna row standard tableau kai antÐstrofa k�je
row standard tableau mac dÐnei èna stoiqeÐo thc b�shc tou ΛλF . Epomènwc
h b�sh tou ΛλF eÐnai to sÔnolo {xT |T row standard} kai �ra to sÔnolo
{dλ(xT )|T row standard} par�gei to R- prìtupo LλF .

Je°rhma 2.1.8. 'Estw λ = (λ1, . . . , λq) mia diamèrish kai F èna eleÔ-
jero R-prìtupo me diatetagmènh b�sh thn {x1, . . . , xn}. Tìte to sÔnolo
{dλ(XT )|T standard − tableau ∈ Tabλ{x1, . . . , xn}} apoteleÐ b�sh tou R-
protÔpou Lλ(F ).

Apìdeixh. [1, Je¸rhma II 2.16.]

Meqri to tèloc tou kefalaÐou stajeropoioÔme k na eÐnai ena �peiro s¸ma. Je-
wroÔme G = GLn(k) thn om�da twn n× n−antistreyÐmwn pin�kwn. 'Estw V
to fusikì GLn(k)−prìtupo. Oi dianusmatikoÐ q¸roi ΛaV kai SβV einai po-
luwnumikèc anaparast�seic thc GLn(k), me tic profaneÐc dr�seic, kai fusik�
oi antÐstoiqec apeikonÐseic, diagwnopoÐhsh ∆ kai pollaplasiasmìc m apote-
loun GLn(k)−omomorfismoÔc. Sunep¸c h apeikìnish dλ : ΛλV → Sλ̃V einai
G−omomorfismìc kai ara h eikìna thc im(dλ) = LλV apoteleÐG−upoprìtupo
tou Sλ̃V .

Prätash 2.1.9. 'Estw λ diamèrish me λ1 ≤ n. To Schur-prìtupo pou
antistoiqeÐ sth diamèrish λ eÐnai induced prìtupo thc GLn(k) kai èqoume ton
isomorfismì LλV ∼= ∇(λt).
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Apìdeixh. [3, 2.7(5)].

'Estw t¸ra k = C to s¸ma twn migadik¸n arijm¸n.

Prätash 2.1.10. To sÔnolo {LλV |λ1 ≤ n} apoteleÐ èna pl rec sÔnolo a-
nag ģwn poluwnumik¸n anaparast�sewn thc GLn(C), mh-isìmorfwn ana dÔo.

Apìdeixh. H apìdeixh eÐnai apìreia thc prohgoÔmenhc prìtashc kai twn apo-
telesm�twn [6, (4.7b)] kai [6, Je¸rhma (4.8f)].

2.2 Ta Schur-prìtupa thc Spn

'Estw G = Spn(k), n = 2n′ h sumplektik  om�da t�xhc n′ uper�nw enìc
�peirou s¸matoc k. Se auth thn par�grafo orÐzoume ta Schur−prìtupa
gia thn sumplektik  om�da Spn kai perigr�foume mia b�sh touc. 'Opwc kai
sthn perÐptwsh thc GLn mporoÔme na orÐsoume ta prìtupa aut� uper�nw enìc
opoioud pote metajetikoÔ daktulÐou.

'Estw G = Spn(k) h sumplektik  om�da t�xhc n′ pou orÐzetai apo ton
pÐnaka,

JG =



0 1

. .
.

1
−1

. .
.

−1 0


wc Spn(k) = {M ∈ SLn(k)|M tJGM = JG}, kai V to fusikì G−prìtupo.
StajeropoioÔme mia diatetagmènh b�sh tou V pou prosarmìzetai sth digram-
mik  morf  <,>: V × V → k pou kajorÐzetai apì ton pÐnaka JG wc ex c:
StajeropoioÔme mia b�sh {x1, . . . , xn′ , xn′ , . . . , x1} ìpou i = 2n′ + 1 − i kai
diat�soume ta stoiqeÐa thc wc x1 < · · · < xn′ < xn′ < · · · < x1, ètsi ¸ste
< xi, xi >= 1, < xi, xi >= −1 gia i = 1, . . . , n′ kai to eswterikì ginìmeno
metaxÔ opoiond pote �llwn stoiqeÐwn thc b�shc na eÐnai 0.

Qrhsimopoi¸ntac autoÔc touc sumbolismoÔc èqoume apì to [12] ta epìme-
na.

'Estw λ diamèrish me λ1 ≤ n′ kai LλV to Schur-prìtupo thc GLn(k)
pou antistoiqeÐ sth diamèrish λ. Fusik� to LλV eÐnai Spn(k)−prìtupo afou
h Spn(k) eÐnai upoom�da thc GLn(k). SumbolÐzoume t¸ra me Zλ ton k−
upìqwro tou LλV pou par�getai apì ìla ta stoiqeÐa thc morf c∑

1≤i1<···<it≤n′
dλV (xi1xi1 . . . xitxitv1 ⊗ · · · ⊗ vr)
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ìpou 2t ≤ λ1, v1 ∈ Λλ1−2tV, vi ∈ ΛλiV (i 6= 1).
EÔkola blèpoume (qrhsimopoi¸ntac tic sqèseic pou orÐzoun thn om�da Spn)
ìti to Zλ eÐnai G−upoprìtupo tou LλV .

Orismäc 2.2.1. Onom�zoume to phlÐko LλV/Zλ, Schur-prìtupo thc Spn(k)
pou antistoiqeÐ sth diamèrish λ.

Prätash 2.2.2. Up�rqei mia akrib c akoloujÐa G−protÔpwn

0→ Zλ → LλV → ∇G(λt)→ 0

Apìdeixh. [12, Je¸rhma 2.2(ii)].

Sunep¸c ta Schur-prìtupa thc Spn(k) eÐnai induced-protÔpa. Ja perigr�-
youme t¸ra mia b�sh twn protÔpwn aut¸n ìpwc auth dÐnetai sto [12].

JewroÔme λ mia diamèrish me λ1 ≤ n′ kai LλV/Zλ to antÐstoiqo Schur−prìtupo
thc Spn(k).
Diat�soume thn b�sh tou V wc

x1 < x1 < · · · < xn < xn.

'Estw T èna tableau sq matoc λ me stoiqeÐa apì thn b�sh tou V . To T ja
onom�zetai symplectic tableau an ikanopoieÐ ta akìlouja:

1. To T eÐnai standard (wc GLn − tableau),

2. Ta stoiqeÐa thc i−st lhc eÐnai ≥ xi, gia k�je i.

Prätash 2.2.3. Gia λ diamèrish me λ1 ≤ n′ ta symplectic tableaux sq -
matoc λ apoteloÔn mÐa b�sh tou Schur−protÔpou LλV/Zλ.

Apìdeixh. [13, Je¸rhma 2].

Prätash 2.2.4. To sÔnolo {LλV/Zλ|λ1 ≤ n′} apoteleÐ èna pl rec sÔnolo
anag ģwn Spn(C)-protÔpwn, mh-isìmorfwn ana dÔo.

Apìdeixh. [8, Pìrisma 5.6 (4)].

2.3 Ta Schur-prìtupa thc SOn

'Estw G = SOn(k) h orjog¸nia om�da uper�nw enìc �peirou s¸matoc k. Se
aut  thn par�grafo orÐzoume ta Schur-prìtupa gia SOn. 'Opwc kai sthn
perÐptwsh thc GLn mporoÔme na orÐsoume ta prìtupa aut� uper�nw enìc
opoioud pote metajetikoÔ daktulÐou.
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'Estw G = SOn(k) h orjog¸nia om�da t�xhc n′ (ìpou n = 2n′ h n =
2n′ + 1) pou orÐzetai apì ton pÐnaka,

JG =



0 1

. .
.

1
1

. .
.

1 0


kai V to fusikì G−prìtupo. StajeropoioÔme mÐa diatetagmènh b�sh tou
V pou prosarmìzetai sth digrammik  morf  <,>: V × V → k pou kajorÐ-
zetai apì ton pÐnaka JG wc ex c: 'Estw G = SO2n′+1, stajeropioÔme mia
b�sh {x1, . . . , xn′ , xn′+1, xn′ , . . . , x1} ìpou i = 2n′ + 2 − i kai diat�soume
ta stoiqeÐa thc wc x1 < · · · < xn′ < xn′+1 < xn′ < · · · < x1, etsi ¸ste
< xi, xi >=< xi, xi >= 1 gia i = 1, . . . , n′, < xn′+1, xn′+1 >= 1 kai to esw-
terikì ginìmeno metaxÔ opoiond pote �llwn stoiqeÐwn thc b�shc na eÐnai 0. H
perÐptwsh thc G = SO2n′(k) eÐnai parìmoia, apl� agnoìntac to stoiqeÐo xn+1.

Qrhsimopoi¸ntac autoÔc touc sumbolismoÔc èqoume apì to [14] ta epìme-
na. Ja esti�soume thn prosoq  mac sthn perÐptwsh opou n = 2n′ + 1.

'Estw λ diamèrish me λ1 ≤ n′ kai LλV to Schur-prìtupo thc GLn(k)
pou antistoiqeÐ sth diamèrish λ. Fusik� to LλV eÐnai SOn(k)−prìtupo afou
h SOn(k) eÐnai upoom�da thc GLn(k). SumbolÐzoume twra me Z ′λ ton k−
upìqwro tou LλV pou par�getai apo ola ta stoiqeÐa thc morf c

∑
1≤i1<···<it≤2n′+1

dλV (v1⊗· · ·⊗xi1xi2 . . . xitvp⊗· · ·⊗xi1xi2 . . . xitvq⊗· · ·⊗vr)

ìpou t ≤ {λp, λq}, vp ∈ Λλp−tV, vq ∈ Λλq−tV kai vi ∈ Λλi (i 6= p, q.).
EÔkola blèpoume (qrhsimopoi¸ntac tic sqèseic pou orÐzoun thn om�da SOn)
oti to Z ′λ einai G−upoprìtupo tou LλV .

Orismäc 2.3.1. Onom�zoume to phlÐko LλV/Z
′
λ, Schur-prìtupo thc SOn(k)

pou antistoiqeÐ sth diamèrish λ.

Prätash 2.3.2. Up�rqei mia akrib c akoloujÐa G−protÔpwn

0→ Z ′λ → LλV → ∇G(λt)→ 0

Apìdeixh. [13, Pìrisma 3.10].

Sunep¸c ta Schur-prìtupa thc SOn(k) (n = 2n′+ 1), eÐnai induced-protÔpa.
Mia b�sh twn protÔpwn aut¸n dÐnetai analutik� sto [13].
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Prätash 2.3.3. To sÔnolo {LλV/Zλ|λ1 ≤ n′} apoteleÐ èna pl rec sÔnolo
anag ģwn SOn(C)-protÔpwn, mh-isìmorfwn an� dÔo.

Apìdeixh. [8, Pìrisma 5.6 (4)].

Gia thn perÐptwsh thc G = SO2n′(k) den eÐnai genik� gnwst  h perigraf 
twn induced-protÔpwn me genn torec kai sqèseic gia ìla ta induced prìtupa
pou antistoiqoun sta dominant weights. Sthn perÐptwsh ìmwc opou to λ
einai mia diamèrish me λ1 < n′ h perigraf  twn ∇G(λt) tautÐzetai me thn pe-
rÐptwsh thc perit c eidik c orjog¸niac SO2n′+1 all�zontac mono to 2n′ + 1
me 2n′ sthn prohgoÔmenh prìtash, [14, Pìrisma 3.10].
Fusik� to sÔnolo {LλV/Z ′λ|λ1 < n′} apoteleÐ èna sÔnolo anag¸gwn SOn(C)-
protÔpwn (oqi pl rec).
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Kef�laio 3

H pollaplìthta twn
nullforms.

3.1 H pollaplìthta twn nullforms, X(G1, G2).

Sto kef�laio auto ja orÐsoume thn pollaplìthta twn nullforms, X(G1, G2),
ìpou G1 eÐnai mÐa apì tic klassikèc algebrikèc om�dec GLn(k), Spn(k) (n
�rtio), SOn(k)(n = 2n′ + 1) (kai G2 = GLm(k), Spm(k), SOm(k) antÐstoi-
qa) uper�nw enìc �peirou s¸matoc k kai melet�me tic basikèc idiìthtec thc
pollaplìthtac aut c.

'Estw G1, G2 om�dec ìpwc prin kai k èna �peiro s¸ma. Jewrìume oti h
qarakthristik  tou k eÐnai di�forh tou 2 otan k�poia apo tic om�dec einai h
eidik  orjog¸nia. 'Estw X(G1, G2) h algebrik  pollaplìthta twn n × m
pin�kwn M p�nw apo to k ètsi ¸ste

M tJG1M = 0 kai MJG2M
t = 0,

ìpou JGi eÐnai o pÐnakac pou orÐzei thn om�da Gi. Sthn perÐptwsh pou Gi
einai h om�da twn antistreyÐmwn pin�kwn, jewroÔme JGi = 0.

H pollaplìthta X(G1, G2) sun jwc anafèretai sthn bibliografÐa wc h
pollaplìthta twn nullforms pou antistoiqeÐ sthn om�da G1 × G2. H om�da
G1 × G2 dra p�nw sto X(G1, G2) wc (A,B) · M = AMB−1, ìpou A ∈
G1, B ∈ G2 kaiM ∈ X(G1, G2). H dr�sh auth ep�gei mia dr�sh sto daktÔlio
suntetagmenwn thc X(G1, G2), ton opoÐo sumbolÐzoume me A(G1, G2). Sthn
eidik  perÐptwsh opou G1 = GLn(k) kai G2 = GLm(k) èqoume oti o daktÔlioc
A(G1, G2) tautÐzetai me ton poluwnumikì daktÔlio p�nw se nm metablhtèc.

Orismäc 3.1.1. 'Estw G mia algebrik  om�da. Ja lème ìti èna G−prìtupo
V èqei good filtration an up�rqei mia akoloujÐa upoprotÔpwn tou V thc
morf c

0 = Vn ⊆ Vn−1 ⊆ · · · ⊆ V1 ⊆ V0 = V,
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ètsi ¸ste gia k�je i, Vi/Vi+1
∼= ∇(λ) gia k�poio λ ∈ X+(T )   0.

KÔrio apotèlesma tou kefalaÐou eÐnai h apìdeixh oti o daktÔlioc sunte-
tagmènwn A(G1, G2) èqei good filtartion wc G1 ×G2−prìtupo.

Gia thn perÐptwsh opou G1 = GLn(k), G2 = GLm(k) h apìdeixh dìjhke
pr¸ta apo touc C. DeConcini, D. Eisenbud kai C. Procesi sto [2]. Mia diafo-
retik  apìdeixh dÐnetai apo touc K. Akin, D. A. Buchsbaum kai J. Weyman
sto [1] thn opoÐa perigr�foume parak�tw.

Apì ed¸ kai sto ex c ja sumbolÐzoume me ∇G(λ) to Schur-prìtupo thc
om�dac G pou antistoiqeÐ sth diamèrish λ. 'Eqoume dhlad  gia par�deigma
ìti ∇GLn(λ) ≡ Lλ(V ). O sumbolismìc autìc Ðswc prokalèsei k�poia sÔgqu-
sh diìti me to sÔmbolo ∇(λ) anaferìmastan sto prohgoÔmeno kef�laio sto
induced-prìtupo pou antistoiqeÐ sth diamèrish λ kai ìpwc eÐdame sthn prìta-
sh 2.19 to Schur-prìtupo Lλ(V ) eÐnai isìmorfo me to induced-prìtupo ∇(λt)
pou antistoiqeÐ sth suzug  diamèrish thc λ kai ìqi me autì pou antistoiqeÐ
sth diamèrish λ. To Ðdio kai gia tic om�dec Spn kai SOn. QrhsimopoioÔme
loipìn to parap�nw sÔmbolo kajar� wc jèma sumbolismoÔ èqontac p�nta sto
mualì mac oti den shmaÐnei poia to induced-prìtupo all� to Schur-prìtupo
pou antistoiqeÐ sth diamèrish thc λ.

'Estw V,W ta fusik� GLn(k), GLm(k)−prìtupa antÐstoiqa. SumbolÐ-
zoume me V ∗ to duikì q¸ro tou V , to opoÐo eÐnai ena GLn(k)−prìtupo.
JewroÔme {x1, . . . , xn} mia b�sh tou V kai {y1, . . . ym} mia b�sh tou W .
'Estw M(n,m) h pollaplìthta twn n × m pin�kwn p�nw apo to k. H o-
m�da GLn(k) × GLm(k) dra sto M(n,m) mèsw thc (A,B) ·M = AMB−1,
ìpou A ∈ GLn(k), B ∈ GLm(k) kai M ∈ M(n,m). H antÐstoiqh �lgebra
suntetagmènwn eÐnai h poluwnumik  �lgebra p�nw stic sunart seic cij , ìpou
cij : M(n,m)→ k apeikonÐzei ton pÐnaka sthn (i, j) suntetagmènh tou, opìte
k[M(n,m)] = k[cij ]. Sunep¸c k[cij ] einai èna GLn(k) × GLm(k)-prìtupo
to opoÐo einai isìmorfo me thn �lgebra S(V ∗ ⊗ W ), ìpou o isomorfismìc
perigr�fetai wc proc th b�sh tou V ∗ ⊗W , mèsw thc apeikìnishc,

S(V ∗ ⊗W ) // k[xij ]

x∗i ⊗ yj // cij

.

DeÐqnoume oti h sumetrik  �lgebra S(V ⊗ W ), h akìma kalÔtera oti k�-
je sumetrik  dÔnamh Sd(V ⊗ W ) èqei good filtration wc G = GLn(k) ×
GLm(k)−prìtupo.

Gia d ∈ N, èstw λ mÐa diamèrish tou d. orÐzoume thn G-apeikìnish,

φλ : ΛλV ⊗ ΛλW → Sd(V ⊗W ),
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φλ(xi1∧· · ·∧xiλ1
⊗· · ·⊗xj1∧· · ·∧xjλr⊗yi1∧· · ·∧yiλ1

⊗· · ·⊗yj1∧· · ·∧yjλr ) =∣∣∣∣∣∣∣∣∣
xi1 ⊗ yi1 . . . xi1 ⊗ yiλ1

. . .
. . . . . .

xiλ1
⊗ yi1 . . . xiλ1

⊗ yiλ1

∣∣∣∣∣∣∣∣∣ . . .
∣∣∣∣∣∣∣∣∣
xj1 ⊗ yj1 . . . xj1 ⊗ yjλr
. . .

. . . . . .
xjλr ⊗ yj1 . . . xjλr ⊗ yjλr

∣∣∣∣∣∣∣∣∣.

Diat�soume tic diamerÐseic tou d lexikografik�, dhlad  λ ≥ µ an λi > µi
sthn pr¸th jèsh i opou oi dÔo diamerÐseic diafèroun.

OrÐzoume ta G−upoprìtupa tou Sd(V ⊗W ) Mλ =
∑
µ≥λ imφµ kai Ṁ

λ =∑
µ>λ imφµ. Opìte paÐrnoume mia akoloujÐa G-protÔpwn thc morfhc

0 ⊆M (d) ⊆M (d−1,1) ⊆ · · · ⊆M (1d) = Sd(V ⊗W ).

Je°rhma 3.1.2. 'Estw λ mÐa diamèrish tou d, me λ1 ≤ min{n,m}. H
apeikìnish φλ ep�gei ènan G-isomorfismì:

φ̃λ : ∇GLn(λ)⊗∇GLm(λ)→Mλ/Ṁλ.

Apìdeixh. [1, Je¸rhma III. 1.4].

'Estw t¸ra dij oi periorismoÐ twn cij sthn pollaplìthta X(G1, G2). O-
pìte o A(G1, G2) eÐnai h k-algebra pou par�getai apì ìlec tic sunart seic
dij , A(G1, G2) = k[dij ].

'Estw G1 6= GLn(k), orÐzoume thn apeikìnish εi(G1) ∈ {±1} wc ex c:
εi(SO2n′+1(k)) = 1 gia i = 1, . . . , 2n′+1 kai εi(Sp2n′(k)) = 1 gia i = 1, . . . , n′

kai εi(Sp2n′(k)) = −1 gia i = n′+1, . . . , 2n′. Qrhsimopoi¸ntac th digrammik 
morf  thc G1 eÔkola paÐrnoume thn epìmenh prìtash:

Prätash 3.1.3. 'Estw G1 6= GLn(k), Up�rqei ènac isomorfismìc G1-
protÔpwn V → V ∗ pou apeikonÐzei to xi 7→ εi(G1)x∗

i
, ìpou {x∗1, . . . , x∗n} h

duik  b�sh tou V gia 1 ≤ i ≤ n kai i = n+ 1− i.

'Estw G1 6= GLn(k). Apo thn prohgoÔmenh prìtash paÐrnoume ènan i-
somorfismì G1 × G2-protÔpwn, S(V ⊗ W ) ∼= S(V ∗ ⊗ W ) ∼= k[cij ]. 'Estw
k[cij ] → k[dij ], h apeikìnish cij 7→ dij kai π h sÔnjesh S(V ⊗ W ) ∼=
S(V ∗ ⊗W ) ∼= k[cij ]→ k[dij ]. Sunep¸c èqoume,

Prätash 3.1.4. 'Estw G1 6= GLn(k). O G1 × G2−epimorfismìc π :
S(V ⊗W )→ A(G1, G2) eÐnai omomorfismìc diabajmismènwn k-algebr¸n me,
π(xi ⊗ yj) = εi(G1)dij .

'Estw t¸ra Nλ = π(Mλ) kai Ṅλ = π(Ṁλ), ìpou π : S(V ⊗W )→ k[dij ],
eÐnai h apeikìnish thc prohgoÔmenhc prìtashc. Afou π eÐnai ènac omomrfismìc
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diabajmismènwn algebr¸n paÐrnoume ena G1×G2−filtration (G1 6= GLn(k))
tou Ad(G1, G2), (0) ⊆ N (d) ⊆ N (d−1,1) ⊆ · · · ⊆ N (1d) = Ad(G1, G2). 'Estw
ψλ = π ◦ φλ : ΛλV ⊗ ΛλW → Ad(G1, G2), opou φλ einai h apeikìnish pou
orÐsame sthn arq  thc paragr�fou . Apo to [11, Je¸rhma 3.1.1] èqoume,

Je°rhma 3.1.5. 'Estw λ mÐa diamèrish tou d, me λ1 ≤ min{rkG1, rkG2}.
H apeikìnish ψλ ep�gei ena G-isomorfismì:

ψ̃λ : ∇G1(λ)⊗∇G2(λ)→ Nλ/Ṅλ. �

Parat rhsh 3.1.6. Gia thn perÐptwsh ìpou G1 = GLn(k), prèpei na
antikatast soume thn apeikìnish π : S(V ⊗W )→ k[dij ], me thn π : S(V ∗ ⊗
W ) → k[dij ], (kai xi me x∗i ). Tìte gia k�je diamèrish λ = (λ1, . . . , λr)
tou d h apeikìnish ψλ = π ◦ φλ : ΛλV ∗ ⊗ ΛλW → Ad(G1, G2), ep�gei èna
GLn(k)×G2-isomorfismì:

ψ̃λ : Lλ(V ∗)⊗∇G2(λ)→ Nλ/Ṅλ,

L�mma 3.1.7. 'Estw λ = (λ1, . . . , λr) mÐa diamèrish me λ1 ≤ n. Tìte
up�rqei ènac GLn(k)−isomorfismìc

Lλ(V ∗) ∼= indGLn(k)
B ((λ∗)t),

ìpou λ∗ eÐnai to stoiqeÐo tou XGLn(T ), λ∗ = (−λr, . . . ,−λ1).

Apìdeixh. [11, 3.3.1].

Apì thn Parat rhsh 3.1.6 kai to prohgoÔmeno L mma paÐrnoume �mesa ìti kai
o daktÔlioc A(GLn(k), G2) èqei good filtration.

Parat rhsh 3.1.8. Sthn perÐptwsh ìpou to s¸ma k èqei qarakthristik 
mhdèn tìte fusik� o daktÔlioc A(G1, G2) diasp�tai se an�gwga prìtupa, ta
opoÐa eÐnai akrib¸c aut� pou emfanÐzontai wc ìroi tou good filtration.

3.2 O pur nac thc apeikìnishc π

Sthn prohgoÔmenh par�grafo Prìtash 3.14 orÐsame ton G−epimorfismì π :
S(V ⊗W )→ A(G1, G2). Parak�tw brÐskoume ton pur na authc thc apeikì-
nishc, o prosdiorismìc tou opoÐou ja paÐxei shmantikì rìlo stic apodeÐxeic
twn kurÐwn jewrhm�twn mac.

OrÐzoume pr¸ta ta omogen  polu¸numa bajmou 2 mèsa sth summetrik 
�lgebra, S(V ⊗W ).

• 'Estw n = 2n′. JewroÔme

pij =
n′∑
k=1

((xk ⊗ yi)(xk ⊗ yj)− (xk ⊗ yi)(xk ⊗ yj)), 1 ≤ i, j ≤ m
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• kai

qij =
n∑
k=1

(xk ⊗ yi)(xk ⊗ yj), 1 ≤ i, j ≤ m

• 'Estw m = 2m′. JewroÔme

p′ij =
m′∑
k=1

((xi ⊗ yk)(xj ⊗ yk)− (xi ⊗ yk)(xj ⊗ yk)), 1 ≤ i, j ≤ n

• kai

q′ij =
m∑
k=1

(xi ⊗ yk)(xj ⊗ yk), 1 ≤ i, j ≤ n

T¸ra orÐzoume ta sÔnola BI(Gi) wc ex c:

BI(G1) =


∅, ìtan G1 = GLn(k)
{pij |1 ≤ i < j ≤ m}, ìtan G1 = Sp2n′(k)
{qij |1 ≤ i ≤ j ≤ m}, ìtan G1 = SOn(k)

BI(G2) =


∅, ìtan G1 = GLm(k)
{p′ij |1 ≤ i < j ≤ n}, ìtan G1 = Sp2m′(k)
{q′ij |1 ≤ i ≤ j ≤ n}, ìtan G1 = SOm(k).

'Estw I(Gi)to ide¸dec thc S(V ⊗W ) pou par�getai apo ta BI(Gi), kai èstw
I(G1, G2) to ide¸dec thc S(V ⊗W ) pou par�getai apo thn ènwsh twn sunìlwn
BI(G1)∪BI(G2). Gia G1 6= GLn(k) eÔkola blèpoume ìti h eikìna tou sunì-
lou BI(G1)∪BI(G2) mèsw thc apeikìnishc S(V ⊗W ) ∼= S(V ∗⊗W ) ∼= k[cij ]
eÐnai akrib¸c ta polu¸numa pou orÐzoun thn pollaplìthta X(G1, G2). A-
ra èqoume oti (bl. epÐshc [11, 3.3.5, sel.639] kai [11, Parat rhsh 3.4.1])
ìti I(G1, G2) ⊆ kerπ(G1,G2). Akìma to Ðdio apotèlesma isqÔei kai gia thn
perÐptwsh ìpou G1 = GLn(k), antikajist¸ntac thn apeikìnish π me thn
S(V ∗ ⊗ W ) → k[dij ] qrhsimopoi¸ntac to good filtration tou S(V ∗ ⊗ W )
kai antikajist¸ntac ta xi me ta x∗i . Sthn epìmenh prìtash apodeiknÔoume oti
to ide¸dec pou par�getai apo aut� ta polu¸numa sunist� ìlo ton pur na thc
π.

Prätash 3.2.1. I(G1, G2) = kerπ(G1,G2).

Apìdeixh. DÐnoume mia apìdeixh gia thn perÐptwsh opou G1×G2 = Spn(k)×
SOm(k), oi apodeÐxeic gia tic �llec peript¸seic eÐnai tautìshmec me auth.
Apì to Je¸rhma 3.1.5 èqoume èna isomorfismì k−dianusmatik¸n q¸rwn

A(Spn(k), SOm(k)) ∼= S(V ⊗W )/kerπ ∼=
∑
λ

∇Spn(k)(λ)⊗∇SOm(k)(λ).
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'Estw f ∈ kerπ, tìte h eikìna tou f k�tw apì ton prohgoÔmeno isomorfismo
brÐsketai mèsa sto

∑
λ(Zλ⊗∇GLm(k)(λ)+∇GLn(k)(λ)⊗Z ′λ), ìpou Zλ eÐnai to

Spn(k)-upoprìtupo tou ∇GLn(k)(λ), pou orÐsthke sthn Prìtash 2.2.2 kai Z ′λ
to SOm(k)-upoprìtupo tou ∇GLm(k)(λ), pou orÐsthke sthn Prìtash 2.3.2.
T¸ra apo to L mma [11, L mma 3.2.3] h eikìna tou Spn(k)×SOm(k)-protÔpou∑
λ(Zλ ⊗ ∇GLm(k)(λ) + ∇GLn(k)(λ) ⊗ Z ′λ), mèsa sthn �lgebra S(V ⊗W ),

perièqetai sto ide¸dec I(Spn(k), SOm(k)). Opìtef ∈ I(Spn(k), SOm(k)).

3.3 AnalloÐwtec

Parìlo pou den ja qreiastoÔme th jewrÐa twn analloÐwtwn kai ta para-
k�tw apotelèsmata gia thn apìdeixh twn kurÐwn jewrhm�twn mac, krÐnoume
aparaÐthto na perigr�youme to 10 Jemeli¸dec Prìblhma thc JewrÐac Ana-
loi¸twn kai na d¸soume mia ap�nthsh se autì gia tic peript¸seic twn om�dwn
G = SLn(k), Spn(k) kai SOn(k) ìpwc auth dÐnetai sto [11, 4, Je¸rhma 4.2.1],
qrhsimopoi¸ntac thn pollaplìthta twn nullforms X(G1, G2).

'Estw G mia algebrik  om�da kai W mia rht  anapar�stash peperasmènhc
di�stashc thc G. SumvolÐzoume me k[W ] thn �lgebra twn poluwnumik¸n su-
nart sewn f : W → k. H dr�sh thc G sto W ep�gei mia dr�sh sthn �lgebra
k[W ]. 'Ena polÔ gnwstì apotèlesma eÐnai oti h �lgebra twn analloÐwtwn
k[W ]G eÐnai peperasmèna paragìmenh. 'Einai fusikì loipìn na anazht soume
ena peperasmèno sÔnolo gennhtìrwn gia k�je perÐptwsh. To prìblhma autì
anafèretai sun jwc wc to 10 Jemeli¸dec Prìblhma thc JewrÐac AnaloÐw-
twn. H ap�nthsh tou probl matoc eÐnai gnwst  mono gia lÐgec peript¸seic.
Ston parak�tw pÐnaka blèpoume analutik� tic peript¸seic ìpou èqei dojeÐ
lÔsh sto prìblhma autì e¸c s mera.

G R

1 SL(n, k) k[nV ] Igusa (1954)
2 GL(n, k) k[nV ⊕mV ∗] Procesi (1976
3 SO(n, k), Sp(n, k) k[nV ] DeConcini,

Procesi (1976)
4 GL(n, k), SO(n, k) kai Sp(n, k) End(V ⊗r) Procesi (1976)
5 G(2) k[nC7] Swartz (1988)
6 Spin(7,C) k[nC8] Swartz(1988)
7 SL2(C) k[W ], Swartz (1987)

W = S3(C2).

Stic pr¸tec 4 peript¸seic to k eÐnai tuqaÐo �peiro s¸ma, en¸ gia tic
peript¸seic 5,6,7 to k einai s¸ma qarakthristik c 0.

Ja peigr�youme t¸ra mÐa apìdeixh tou pr¸tou jewr matoc thc jewrÐac
analloÐwtwn gia tic om�decG = SLn(k), Spn(k) kai SOn(k) ìpwc aut  dÐnetai
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sto [11, 4, Je¸rhma 4.2.1], qrhsimopoi¸ntac thn pollaplìthta twn nullforms
X(G1, G2).
'Estw X(G1, G2) h pollaplìthta twn nullforms ìpou G1 = GLn(k), Spn(k)
  SOn(k) kai G2 = GLm(k). 'Estw H ⊆ GLm(k) mÐa apì tic om�dec
SLm(k), Spm(k) kai SOm(k). SumbolÐzoume me A(G1, G2)1×H thn �lgebra
twn analloi¸twn tou A(G1, G2) k�tw apì th dr�sh thc om�dac 1 ×H. An-
tistoiqoÔme t¸ra sthn H èna uposÔnolo tou daktulÐou A(G1, G2) = k[dij ],
CH to opoÐo ja apotelèsei kai to sÔnolo gennhtìrwn tou A(G1, G2)1×H .

Qreiazìmaste touc ex c sumbolismoÔc. SumbolÐzoume me [i1, . . . , it|j1, . . . , jt]
thn t × t ell�sona upoorÐzousa tou n ×m pÐnaka (dij) pou antistoiqeÐ stic
i1, . . . , it seirèc kai j1, . . . , jt st lec . Gr�foume apl� [i1, . . . , im] gia thn
perÐptwsh [i1, . . . , im|1, . . . ,m].

Orismäc 3.3.1. 1. Gia H = SLm(k), jewroÔme CH = {[i1, . . . , im]|1 ≤
i1 < · · · < im ≤ n} (An m > n,CH = ∅)

2. Gia H = Spm(k),m = 2m′, jewroÔme CH = {aij |1 ≤ i < j ≤ n} ìpou
aij =

∑m′
k=1(dikdjk̄ − dik̄djk).

3. GiaH = SOm(k), jewroÔme CH = {bij |1 ≤ i < j ≤ n}∪{[i1, . . . , im]|1 ≤
i1 < · · · < im ≤ n} ìpou bij =

∑m
k=1 dikdjk̄.

Parat rhsh 3.3.2. Ta polu¸numa aij kai bij pou orÐsthkan parap�nw
eÐnai oi eikìnec twn poluwnÔmwn p′ij kai q′ij (thc prohgoÔmenhc paragr�fou)
mèsw thc apeikìnishc π.

Je°rhma 3.3.3. 'Estw k tuq�io �peiro s¸ma (qarakthristik c 6= 2 an
G1 = SOn(k)). Upojètoume ìti m′ > n an G1 = SO2n′(k). H k−�lgebra
twn analloi¸twn A(G1, G2)1×H par�getai apì to sÔnolo CH .

Apìdeixh. [11, 4, Je¸rhma 4.2.1].

Parat rhsh 3.3.4. Sthn eidik  perÐptwsh opou G1 = GLn(k) kai �-
ra A(G1, G2) eÐnai o poluwnumikìc daktÔlioc p�nw se n ×m metablhtèc to
prohgoÔmeno je¸rhma mac dÐnei mia pl rh ap�nthsh tou pr¸tou probl matoc
thc jewrÐac analloÐwtwn gia tic om�dec autèc.
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Kef�laio 4

G-analloÐwta ide¸dh thc
�lgebrac A(G1, G2).

Sto kef�laio autì ja apodeÐxoume to pr¸to basikì apotèlesma mac. Apo
ed¸ kai sto ex c stajeropoioÔme to k na eÐnai èna s¸ma qarakthristik c 0.
Skopìc tou kefalaÐou eÐnai h melèth twn G = G1 × G2−analloÐwtwn idew-
d¸n thc �lgebrac A(G1, G2). Gia thn eidik  perÐptwsh ìpou G1 = GLn(k)
kai G2 = GLm(k) kai �ra A(G1, G2) eÐnai o poluwnumikìc daktÔlioc p�nw
se n × m metablhtèc ta ide¸dh aut� melet jhkan apì touc C. DeConcini,
D. Eisenbud kai C. Procesi sto [2]. Sugkekrimèna autoÐ perigr�foun poia
eÐnai ta G−analloÐota ide¸dh kai brÐskoun mia di�spash touc se an�gwga
G−prìtupa. Argìtera h E. Strickland sto [16] brÐskei antÐstoiqa apotelè-
smata gia thn eidik  perÐptwsh ìpou G1 = Spn(k) kai G2 = GLm(k). Sta pa-
rak�tw perigr�foume ta G−analoÐwta ide¸dh kai dÐnoume mia apìdeixh gia to
pwc diasp¸ntai se an�gwga prìtupa, gia opoiod pote zeÔgoc om�dwn G1×G2

genikeÔontac etsi ta apotelèsmata twn prohgoÔmenwn �rjrwn, qrhsimopoi¸n-
tac ènan diaforetikì trìpo prosèggishc apì autoÔc. Ta apotelèsmata aut�
brÐskontai sto [5].

4.1 AnalloÐwta ide¸dh.

'Eqoume apodeÐxei ìti to omogenèc komm�ti bajmoÔ d thc �lgebrac A(G1, G2)
èqei good filtration wc G−prìtupo me ìrouc∇G1(λ)⊗∇G2(λ), gia λ diamèrish
tou d, me λ1 ≤ min{rkG1, rkG2}. Fusik� sthn perÐptwsh ìpou G1 = GLn o
anagn¸sthc prèpei na èqei sto mualì tou ìti to ∇G1(λ) prèpei na antikata-
stajeÐ me to Lλ(V ∗). AfoÔ t¸ra to k eÐnai s¸ma qarakthristik c 0 èqoume
ìti gia k�je d to Ad(G1, G2) diasp�tai se an�gwga prìtupa wc:

Ad(G1, G2) =
∑
λ

λ1≤min{rkG1,rkG2}

∇G1(λ)⊗∇G2(λ).
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'EstwMλ ⊆ A(G1, G2) to G1×G2-prìtupo pou eÐnai isìmorfo me to an�-
gwgo ∇G1(λ)⊗∇G2(λ), kai èstw Iλ to ide¸dec thc A(G1, G2) pou par�getai
apì to Mλ. Apì ton orismì tou Iλ, �mesa paÐrnoume ìti k�je G−analloÐwto
ide¸dec eÐnai �jroisma idewd¸n thc morf c Iλ.

Gia thn apìdeixh tou kÔriou jewr matoc tou parìntoc kefalaÐou ja qreia-
stoÔme èna diaforetikì qarakthrismì twn Schur protÔpwn thc om�dacGLn(k).
Oi parak�tw orismoÐ kai L mmata brÐskontai sthn ergasÐa [1].

'Estw λ = (λ1, λ2) mia diamèrish me dÔo seirèc kai ΛλV = Λλ1V ⊗ Λλ2V .

Gia 1 ≤ t ≤ λ2, orÐzoume thn apeikìnish ~(t)
(λ1,λ2) : Λλ1+tV ⊗ Λλ2−tV →

Λλ1V ⊗ Λλ2V , wc ~(t)
(λ1,λ2)(a ⊗ b) =

∑
a1
i ⊗ a2

i ∧ b, opou
∑
a1
i ⊗ a2

i eÐnai h

eikìna tou a mèsw thc diagwnopoÐhshc ∆ : Λλ1+tV → Λλ1V ⊗ΛtV . OrÐzoume
t¸ra thn epeikìnish ~(λ1,λ2) na eÐnai to �jroisma twn apeikonÐsewn, ~(λ1,λ2) =∑λ2
t=1 ~(t)

(λ1,λ2) :
∑λ2
t=1(Λλ1+tV ⊗ Λλ2−tV → Λλ1V ⊗ Λλ2V ). Genik� èstw

λ = (λ1, . . . , λr) mÐa diamèrish. Gia k�je i = 1, . . . , r − 1 paÐrnoume thn
diamèrish (λi, λi+1) kai thn apeikìnish 11 ⊗ · · · ⊗~(λi,λi+1) ⊗ 1i+2 ⊗ · · · ⊗ 1r
sto Λλ1V ⊗ . . .ΛλiV ⊗ Λλi+1V ⊗ · · · ⊗ ΛλrV , ìpou 1j eÐnai oi tautotikèc
apeikonÐseic ΛλjV gia j 6= i, i + 1. OrÐzoume ~λ wc, ~λ =

∑r−1
i=1 11 ⊗ · · · ⊗

~(λi,λi+1) ⊗ 1i+2 ⊗ · · · ⊗ 1r. Apì to [1, Je¸rhma II.2.16] èqoume

L�mma 4.1.1. To Schur prìtupo ∇GLn(λ)pou antistoiqeÐ sth diamèrish λ
eÐnai o sumpur nac thc apeikìnishc ~λ, dhlad  ∇GLn(λ) ∼= ΛλV/im~λ.

'Estw t¸ra λ = (λ1, λ2) diamèrish me dÔo seirèc. Gia k�je 1 ≤ t ≤ λ2,

orÐzoume thn apeikìnish ~̃
(t)
(λ1,λ2) : Λλ1V ⊗ Λλ2V → Λλ1+tV ⊗ Λλ2−t, wc

~̃
(t)
(λ1,λ2)(a⊗ b) =

∑
i a ∧ b1i ⊗ b2i , gia a⊗ b ∈ Λλ1V ⊗ Λλ2V , opou

∑
i b

1
i ⊗ b2i

eÐnai h eikìna tou b mèsw thc diagwnopoÐhshc ∆ : Λλ2V → ΛtV ⊗ Λλ2−tV .
'Omoia me thn ~λ mporoÔme na orÐsoume ~̃λ p�nw sto ΛλV .

'Estw x ∈ Λλ1V ⊗ . . .Λλi+tV ⊗ Λλi+1−tV ⊗ · · · ⊗ ΛλrV kai y ∈ Λλ1W ⊗
. . .ΛλiW ⊗ Λλi+1W ⊗ · · · ⊗ ΛλrW , kai φλ h GLn × GLm-apeikìnish pou
orÐsthke sthn par�grafo 3.1. Apo to [1, Prìtash 1.8] paÐrnoume,

L�mma 4.1.2. φλ(~λ(x), y) = φλ′(x, ~̃λ(y)), ìpou λ′ = (λ1, . . . , λi+t, λi+1−
t, . . . , λr).

Tèloc ja lème ìti mÐa diamèrish λ = (λ1, . . . , λr) perièqetai mèsa se mÐa
diamèrish µ = (µ1, . . . , µs) kai ja sumbolÐzoume me λ ⊆ µ an λi ≤ µi gia k�je
1 ≤ i ≤ r.

Je°rhma 4.1.3. 'Estw λ mÐa diamèrish, kai Iλ to ide¸dec tou A(G1, G2)
pou par�getai apo to an�gwgo G−prìtupo Mλ, Iλ =< Mλ >, tìte to Iλ èqei
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mia di�spash se an�gwga G−prìtupa wc,

Iλ =
∑
µ⊇λ

Mµ.

Apìdeixh. DÐnoume thn apìdeixh leptomer¸c gia thn om�da Spn × SOm ìpou
n = 2n′ kai m = 2m′ + 1. Oi apodeÐxeic gia tic �llec peript¸seic eÐnai
panomoiìtupec me aut n ed¸ diafèrontac mìno se el�qistec leptomèreiec.
ApodeiknÔoume pr¸ta ìti an λ ⊆ µ tote Mµ ⊂ Iλ. Gia na to k�noume auto
qreiazìmaste mÐa nèa perigraf  tou Mλ. JewroÔme thn apeikìnish

f : ∇GLn(λ)→ Sd(V ⊗W ),

f(dλ(xi1 ∧ · · · ∧ xiλ1
⊗ · · · ⊗ xj1 ∧ · · · ∧ xjλr )) =∣∣∣∣∣∣∣∣∣

xi1 ⊗ y1 . . . xi1 ⊗ yλ1

. . .
. . . . . .

xiλ1
⊗ y1 . . . xiλ1

⊗ yλ1

∣∣∣∣∣∣∣∣∣ . . .
∣∣∣∣∣∣∣∣∣
xj1 ⊗ y1 . . . xj1 ⊗ yλr
. . .

. . . . . .
xjλr ⊗ y1 . . . xjλr ⊗ yλr

∣∣∣∣∣∣∣∣∣ .

MporoÔme na skeftoÔme aut  thn apeikìnish wc thn φ̃λ, ìpou èqoume sta-
jeropoi sei to kanonikì tableau sq matoc λ, Cλ, sto dexÐ mèroc. Apì ta
L mmata 4.1.1 kai 4.1.2 èpetai �mesa ìti h f eÐnai kal� orismènh, kai asfal¸c
eÐnai GLn−omomorfismìc. EÔkola blèpoume ìti h f eÐnai mh mhdenik  apeikì-
nish kai afoÔ ∇GLn(λ) eÐnai an�gwgo GLn−prìtupo, h f apoteleÐ èna GLn-
monomorfismì. Profan¸c f(∇GLn(λ)) ⊆Mλ. 'Estw π : S(V ⊗W )→ k[dij ],
h apeikìnish pou orÐsthke sto prohgoÔmeno kef�laio. OrÐzoume thn apeikì-
nish f̃ : ∇Spn(λ)→ kd[dij ], wc f̃ = π ◦ f .
Pr¸ta prèpei na deÐxoume oti h f̃ eÐnai enac kal� orismènoc Spn-omomorfismìc.
'Eqoume ∇Spn(λ) ∼= ∇GLn(λ)/Zλ, ìpou Zλ eÐnai o upìqwroc tou ∇GLn(λ) pou
par�getai p�nw apì to k apì ìla ta stoiqeÐa thc morf c,∑

1≤i1<···<it≤n′
dλV (xi1xi1 . . . xitxitv1 ⊗ · · · ⊗ vr)

me 2t ≤ λ1, v1 ∈ Λλ1−2tV, vi ∈ ΛλiV (i 6= 1). Sthn apìdeixh tou Je-
wr matoc 3.1.1 sto [11] apodeiknÔetai ìti an z ∈ ΛλV ⊗ ΛλW , eÐnai thc
morf c

∑
1≤i1<···<it≤n′ xi1xi1 . . . xitxitv1 ⊗ · · · ⊗ vr ⊗ w1 ⊗ · · · ⊗ wr, tote

φλ(z) ∈ I(Spn, SOm) = kerπ. 'Ara h f̃ eÐnai kal� orismènh, kai fusik�
Spn-omomorfismìc.
DÐqnoume t¸ra oti h f̃ eÐnai mh mhdenik  apeikìnish.

OrÐzoume to kanonikì tableau sq matoc λ na eÐnai to standart tableau me
stoiqeÐa:
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Cλ =

1 2 . . .. . .. . .λ1

1 2 . . .. . .λ2

. . .. . .. . .. . .
1 . . .λr

.

JewroÔme thn eikìna tou kanonikoÔ tableau Cλ mèsw thc f .

f(dλ(Cλ)) =

∣∣∣∣∣∣∣∣∣
x1 ⊗ y1 . . . x1 ⊗ yλ1

. . .
. . . . . .

xλ1 ⊗ y1 . . . xλ1 ⊗ yλ1

∣∣∣∣∣∣∣∣∣ . . .
∣∣∣∣∣∣∣∣∣
x1 ⊗ y1 . . . x1 ⊗ yλr
. . .

. . . . . .
xλr ⊗ y1 . . . xλr ⊗ yλr

∣∣∣∣∣∣∣∣∣ .
ParathroÔme oti gia ìla ta xi, yj , pou emfanÐzontai sthn eikìna auth, èqoume
i, j ≤ λ1 ≤ min{n′,m′}. Opìte apo thn Prìtash 3.2.1 f(dλ(Cλ)) den mporeÐ
na brÐsketai mèsa sto ide¸dec I(Spn, SOm), pou par�getai apo ta {pij , q′ij}.
Sunep¸c f̃(dλ(Cλ) + Zλ) 6= 0. T¸ra apì thn stigm  pou ∇Spn(λ) eÐnai an�-
gwgo Spn−prìtupo, f̃ eÐnai monomorfismìc.

Isqurismìc 1. f̃(∇Spn(λ)) ⊆Mλ.

Apìdeixh. . Profan¸c f̃(∇Spn(λ)) ⊆ Nλ. 'Estw f̃(∇Spn(λ)) " Mλ,tìte
h probol  Nλ = Mλ ⊕ Ṅλ → Ṅλ, ep�gei mÐa mh mhdenik  Spn-apeikìnish
f̃(∇Spn(λ)) → Ṅλ. Epeid  f̃(∇Spn(λ)) eÐnai an�gwgo Spn−prìtupo, aut 
h apeikìnish eÐnai 1-1. 'Ara ∇Spn(λ) eÐnai an�gwgoc par�gontac tou Ṅλ.
'Omwc to Ṅλ wc G-prìtupo, eÐnai eujÔ �jroisma anag¸gwn protÔpwn thc
morf c Mλ′ ∼= ∇Spn(λ′)⊗∇SOm(λ′), me λ′ > λ sthn lexikografik  di�taxh.
Opìte èqoume oti Ṅλ wc Spn−prìtupo eÐnai �jroisma apo antÐgrafa thc
morf c ∇Spn(λ′) me λ′ > λ, to opoÐo èrqetai se antÐjesh me to gegonìc oti
to ∇Spn(λ) eÐnai an�gwgoc par�gontac tou Ṅλ.
Sunep¸c èqoume f̃(∇Spn(λ)) ⊆Mλ.

T¸ra afoÔ Mλ eÐnai an�gwgo G-prìtupo, èqoume ìti Mλ = G · f̃(∇Spn(λ)).
M�lista Mλ = G · f̃(Cλ), ìpou Cλ(= dλ(Cλ) +Zλ) eÐnai to kanonikì tableau
sq matoc λ. Stajeropoiìume t¸ra to an�gwgo G−prìtupo Mµ, me λ ⊆ µ.
Tìte, apì ton Isqurismì 1, èqoume oti Mµ = G · f̃(Cµ). Opìte gia na
apodeÐxoume oti Mµ ⊂ Iλ, arkeÐ na deÐxoume oti f̃(Cµ) ∈ Iλ. EÐnai arketì na
qeiristoÔme thn perÐptwsh ìpou µ, λ diafèroun mìno se èna koutÐ diìti an τ
diafèrei apì thn λ p.q. kat� dÔo kouti�, tìte ja èqoume oti Iτ ⊂ Iµ ìpou τ
diafèrei kat� èna koutÐ apì k�poio µ, to opoÐo diafèrei kat� èna koutÐ apì
to λ.
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Opìte µ = (λ1, . . . , λi + 1, . . . , λr) kai λ = (λ1, . . . , λi, . . . , λr). 'Ara

f̃(Cµ) =

∣∣∣∣∣∣∣∣∣
d11 . . . d1λ1

. . .
. . . . . .

dλ11 . . . dλ1λ1

∣∣∣∣∣∣∣∣∣ . . .
∣∣∣∣∣∣∣∣∣
d11 . . . d1λi+1

. . .
. . . . . .

dλi+11 . . . dλi+1λi+1

∣∣∣∣∣∣∣∣∣︸ ︷︷ ︸
i

. . . .

H monadik  diafor� metaxÔ twn f̃(Cλ) kai f̃(Cµ) brÐsketai sthn i−jèsh. O-
pìte esti�zoume thn prosoq  mac sthn orÐzousa∣∣∣∣∣∣∣∣∣

d11 . . . d1λi+1

. . .
. . . . . .

dλi+11 . . . dλi+1λi+1

∣∣∣∣∣∣∣∣∣
kai efarmìzoume Laplace expansion wc proc thn teleutaÐa st lh. To apo-
tèlesma eÐnai èna �jroisma apì ginìmena monwnÔmwn bajmoÔ 1 tou k[dij ] kai
stoiqeÐa tou f̃(∇Spn(λ)). T¸ra afoÔ Iλ ènai ide¸dec èqoume f̃(Cµ) ∈ Iλ.

ApodeiknÔoume t¸ra oti Iλ ⊆
∑
µ⊇λMµ. ArkeÐ na deÐxoume oti dijMλ ⊆∑

µ⊇λMµ, ∀i = 1, . . . , n, j = 1, . . . ,m. ParathroÔme ìti k{dij} = M(1), �-
ra arkeÐ na deÐxoume oti MλM(1) perièqetai sto

∑
µ⊇λMµ. 'Oti MλM(1)

perièqetai sto
∑
µ⊇λMµ èpetai �mesa apo to Je¸rhma 5.2.3 thc epìmenhc

paragr�fou. Opìte h apìdeixh oloklhr¸jhke.

Pìrisma 4.1.4. • 'Ena G−upoprìtupo ∑λ∈T Mλ tou A(G1, G2) eÐnai
ide¸dec an kai mìno an gia λ ∈ T kai λ ⊆ µ isqÔei µ ∈ T .

• Iλ ⊆ Iµ an kai mìno an µ ⊆ λ.
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Kef�laio 5

H an�lush tou ginomènou
MλMτ

'Estw k èna s¸ma qarakthristik c 0. 'EstwMλMτ to ginìmeno twn anag¸gwn
protÔpwnMλ,Mτ mesa sthn �lgebraA(G1, G2). Se auto to kef�laio dÐnoume
mia an�lush tou ginomènou autoÔ se an�gwga G = G1×G2 prìtupa gia k�je
om�daG1×G2, opou G1 eÐnai mÐa apì ticGLn, Spn (n �rtio)   SOn (n perittì)
kai G2 mÐa apì tic GLm, Spm (m �rtio)   SOm (m perittì).
To prìblhma thc di�spashc tou ginomènou MλMτ se an�gwga G−prìtupa
prot�jhke pr¸ta apì touc C. DeConcini, D.Eisenbud and C.Procesi sto [2]
gia thn eidik  perÐptwsh thc GLn ×GLm kai lÔjhke apo thn Whitehead gia
thn perÐptwsh aut  sto [17].

5.1 O Kanìnac Littlewood-Richardson.

Orismäc 5.1.1. Mia akoloujÐa jetik¸n akeraÐwn ja onom�zetai lèxh tou
Yamanouchi an gia k�je k to sÔnolo twn k pr¸twn stoiqeÐwn thc akoloujÐac
perièqei toul�qiston tìsa i osa kai j gia i < j.

Par�deigma 5.1.2. H akoloujÐa 11213 eÐnai mia lèxh tou Yamanouchi ,
en¸ h akoloujÐa 1223 den eÐnai.

Orismäc 5.1.3. 'Ena skew−di�gramma eÐnai to di�gramma pou prokÔptei
an afairèsoume apì èna Y oung−di�gramma èna mik'rotero Y oung−di�gramma
pou perièqetai se autì.
AntÐstoiqa me ta Y oung−diagr�mmata èqoume touc orismoÔc twn skew tableaux
kai pìte aut� eÐnai standard klp.

Orismäc 5.1.4. 'Ena tableau (  skew-tableau ja lème oti sqhmatÐzei mÐa
lèxh tou Yamanouchi an, ta stoiqeÐa tou otan paratejoÔn dib�zontac tic st -
lec apì k�tw proc ta p�nw kai apì arister� proc ta dexi�, sqhmatÐzoun mia
lèxh tou Yamanouchi .
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Par�deigma 5.1.5.
1 3

1 2
1 2

sqhmatÐzei th lèxh 121213, pou eÐnai lèxh

tou Yamanouchi.

'Estw t¸ra U èna skew-tableau sq matoc λ/µ pou ikanopoieÐ tic akìlou-
jec sunjÔkec:

1. U eÐnai standard,

2. U sqhmatÐzei mia lèxh tou Yamanouchi kai

3. C(U) = C(Cτ ) gia mia diamèrish τ etsi ¸ste |λ| = |µ|+ |τ |

ìpou me C(T ) sumbolÐzoume to perieqìmeno tou T kai Cτ einai fusik� to ka-
nonikì tableau sq matoc τ .

Onom�zoume di�spash tou tableau Tλ, sq matoc λ, mèsw tou U ta table-
aux Tµ kai Tτ ta opoÐa prokÔptoun sÔmfwna me ton akìloujo algìrijmo.

1. Ta stoiqeÐa tou Tλ pou antistoiqoÔn sto µ ⊆ λ sqhmatÐzoun to tableau
Tµ.

2. K�je stoiqeÐo tou Tλ pou brÐsketai sto λ/µ topojet te se di�gramma
sq matoc τ sÔmfwna me to antÐstoiqo stoiqeÐo tou U wc ex c: An to
stoiqeÐo tou U eÐnai to i kai autì eÐnai to j-sto i sth lèxh tou Yama-
nouchi, topojetoÔme to stoiqeÐo tou Tλ sthn i− sth st lh kai j − sth
seir� tou diagr�mmatoc sq matoc τ . Opìte, ta stoiqeÐa tou U kajorÐ-
zoun tic st lec kai h seir� emf�nishc touc sth lèxh tou Yamanouchi
kajorÐzei tic seirèc stic opoÐec ta stoiqeÐa tou Tλ ja metakinhjoÔn.

Par�deigma 5.1.6. 'Estw U =
1 3

1 2
1 2

, λ = (4, 3, 2), µ = (2, 1) kai

τ = (3, 2, 1).

Tìte to tableau Tλ =
1 2 3 5
1 4 6
2 4

diasp�tai mèsw tou U sta Tµ = 1 2
1

kai

Tτ =
2 4 5
4 6
3

.

An to Tλ eÐnai standard, tìte profan¸c to Tµ eÐnai epÐshc standard. Genik�
omwc den mporoÔme na k�noume tètoiouc isqurismoÔc gia to Tτ . An ìmwc Tλ
eÐnai to kanonikì tableau, Cλ, tìte èqoume,
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L�mma 5.1.7. An Tλ = Cλ, tìte Tλ diasp�tai mèsw tou U sto Cµ kai Tτ ,
ìpou Tτ eÐnai standard .

Apìdeixh. [17, L mma 5.4].

'Estw D(µ, τ) to sÔnolo ìlwn twn diamerÐsewn, λ, etsi ¸ste na up�rqei
toul�qiston èna standard skew tableau, U , sq matoc λ/µ me C(U) = C(Cτ )
to opoÐo sqhmatÐzei mia lèxh tou Yamanouchi. Gia k�je λ ∈ D(µ, τ) èstw
a(λ, µ, τ) to pl joc twn diaforetik¸n skew tableau, U , pou ikanopoioÔn tic
parap�nw sunjÔkec.

AkoloujoÔn dÔo paradeÐgmata pou deÐqnoun xek�jara to nìhma aut¸n twn
sumbolism¸n.

ParadeÐgmata 5.1.8. • H diamèrish λ = prokÔptei apì tic

diamerÐseic µ = kai τ = mèsw tou U =
2 3

1 2
1

.

EpÐshc h λ = prokÔptei apo ta Ðdia sq mata µ kai τ all�

mèsw tou U = 1 2 3
1 2

.

• H diamèrish λ = prokÔptei apì tic diamerÐseic µ =

kai τ = toul�qiston dÔo forèc mèsw twn sqhm�twn U1 =

2 3
1 2

1
kai U2 =

1 2
2 3

1
.

Me autì ton sumbolismì, o kanìnac Littlewood-Richardson diatup¸netai
wc ex c:

Prätash 5.1.9. 'Estw∇GLn(µ),∇GLn(τ), ta Schur-prìtupa thcGLn, pou
antistoiqoÔn stic diamerÐseic µ, τ antÐstoiqa. Tìte èqoume

∇GLn(µ)⊗∇GLn(τ) ∼=
∑

λ∈D(µ,τ)

a(λ, µ, τ)∇GLn(λ). �

Apìdeixh. [1, Je¸rhma IV 2.1]

Parat rhsh 5.1.10. Oi arijmoÐ a(λ, µ, τ) onom�zontai Littlewood-Richardson
suntelestèc. Pèra apo thn perigraf  pou dìjhke poio p�nw up�rqoun pollèc
isodÔnamec ekfr�seic gia to ti �metr�ne� oi arijmoÐ autoÐ. Gia mÐa analutik  pe-
rigraf  twn Littlewood-Richardson-suntelest¸n o anagn¸sthc parapèmpetai
sto [4].
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Jèloume na broÔme antÐstoiqouc kanìnec san autìn tou Littlewood-Richardson
gia tic om�dec Spn kai SOn. Oi ekfr�seic twn ginomènwn twn Schur-protÔpwn
aut¸n twn om�dwn ja paÐxoun kajoristikì rìlo sthn eÔresh thc an�lushc
tou ginomènou MλMτ se an�gwga G−prìtupa.

Prin apodeÐxoume autèc tic tautìthtec eÐnai anagkaÐo na doÔme mia ana-
lutik  parousÐash twn apotelesm�twn twn K. Koike kai I. Terada gia tic
ekfr�seic twn genikeumènwn qarakt rwn thc Sp kai SO wc proc touc geni-
keumènouc qarakt rec thc GL.

'Estw Λ o daktÔlioc twn summetrik¸n sunart sewn p�nw se �peirec a-
rijmÐsimec to pl joc metablhtèc. JewroÔme to genikeumèno qarakt ra thc
GL pou antistoiqeÐ sth diamèrish λ ìpwc autìc orÐzetai sto [10][3.Schur
functions]. Sugkekrimèna eÐnai gnwstì gia thn GLn oti o qarakt rac tou
Schur-protÔpou, LλV , pou antistoiqeÐ sth diamèrish λ me λ1 ≤ n eÐnai to
Schur-polu¸numo sλ̃(x1, . . . , xn) p�nw se n to pl joc metablhtèc. Gia k�je
dimèrish λ ta polu¸numa sλ̃(x1, . . . , xn) orÐzoun èna monadikì stoiqeÐo sλ̃ ∈ Λ,
kaj¸c to n→∞, to opoÐo ja sumbolÐzoume apo edw kai sto ex c wc χGL(λ)
kai ja to onom�zoume genikeumèno qarakt ra thc GL wc proc th diamèrish λ.

Ormìmenoi apo ton orismì tou Macdonald oi K. Koike kai I. Terada orÐ-
zoun sto [9] touc genikeumènouc qarakt rec gia tic om�dec Sp kai SO antÐstoi-
qa. To pr¸to sumantikì apotèlesma touc eÐnai ìti oi genikeumènoi qarakt -
rec {χGL(λ)}, {χSp(λ)} kai {χSO(λ)} ìpou to λ diatrèqei ìlec tic diamerÐseic
apotelìun b�sh tou daktulÐou twn summetrik¸n sunart sewn. Sunep¸c mpo-
roÔme na gr�youme ton genikeumèno qarakt ra pou antistoiqeÐ sthn diamèrish
λ miac om�dac san Z−grammikì sunduasmì twn genikeumènwn qarakt rwn thc
�llhc om�dac kai antÐstrofa.

To epìmeno shmantikì apotèlesma tou Ðdiou �rjrou [9, Je¸rhma 2.3.1] pe-
rigr�fei merikèc idiìthtec twn suntelest¸n stic ekfr�seic twn genikeumènwn
qarakt rwn thc miac om�dac wc proc thc �llhc. Sugkekrimèna èqoume

L�mma 5.1.11. Gia touc genikeumènouc qarakt rec twn om�dwn GL, Sp
kai SO èqoume,

• χSp(λ) =
∑
µ cµλχGL(µ) kai

• χSO(λ) =
∑
µ bµλχGL(µ)

me cλλ = bλλ = 1 kai cµλ = bµλ = 0 gia |µ| ≥ |λ|.
Akìma

• χGL(λ) =
∑
µ c
′
µλχSp(µ) kai

• χGL(λ) =
∑
µ b
′
µλχSO(µ)

me c′µλ, b
′
µλ ≥ 0, c′λλ = b′λλ = 1 kai c′µλ = b′µλ = 0 gia |µ| ≥ |λ|. �
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Qreiazìmaste akìma ena apotèlesma twn K. Koike kai I. Terada prin pro-
qor soume sthn an�lush twn ginomènwn twn Schur protÔpwn. JewroÔme thn
apeikìnish πn : Λ → Λn th fusik  probol  tou Λ sto daktÔlio twn summe-
trik¸n poluwnÔmwn se n−metablhtèc. O Λn èqei ìpwc èqoume peÐ wc b�sh
touc qarakt rec twn Shcur-protÔpwn thc GLn. JewroÔmre t¸ra R(Sp2n)
kai R(SOn) touc q¸rouc twn qarakt rwn thc Sp2n kai SOn antÐstoiqa. O-
rÐzoume t¸ra touc omomorfismoÔc daktulÐwn:

πSp2n : Λ→ R(Sp2n) me,

πSp2n : Λ
proj.map

π2n // Λ2n
r

res.map
r // R(Sp2n)

kai πSOn : Λ→ R(SOn) me,

πSOn : Λ
proj.map

πn // Λn
r

res.map
r // R(SOn)

SÔmfwna me autoÔc touc orismoÔc èqoume to l mma

L�mma 5.1.12. 'Estw λ diamèrish kai χSp(λ), χSO(λ) oi genikeumènoi qa-
rakt rec twn om�dwn Sp kai SO pou antistoiqoÔn sth diamèrish λ, tote,

• πSp2n(χSp(λ)) =

{
χSp2n(λ) an λ1 ≤ n,
±χSp2n(µ) me |µ| < |λ|kai µ1 ≤ n, an λ1 > n.

• πSO2n+1(χSO(λ)) =

{
χSO2n+1(λ) an λ1 ≤ n,
±χSO2n+1(µ) me |µ| < |λ|kai µ1 ≤ n, an λ1 > n.

Apìdeixh. [9, Prìtash 2.4.1]

Prätash 5.1.13. 'Estw∇Sp2n′ (µ),∇Sp2n′ (τ), ta Schur-prìtupa thc Sp2n′ ,
pou antistoiqoÔn stic diamerÐseic µ, τ antÐstoiqa. Tìte èqoume

∇Sp2n′ (µ)⊗∇Sp2n′ (τ) ∼=
∑

λ∈D(µ,τ)
λ1≤n′

a(λ, µ, τ)∇Sp2n′ (λ) +
∑

|κ|<|τ |+|µ|
k1≤n′

bκ∇Sp2n′ (κ),

opou a(λ, µ, τ) eÐnai oi akèraioi pou orÐsthkan prin apo thn prìtash 4.1.7 kai
bk ∈ N.

Apìdeixh. 'Estw χSp(µ), χSp(τ) oi genikeumènoi qarakt rec pou antistoiqÔn
stic diamerÐseic µ kai ta τ . UpologÐzoume to ginìmeno χSp(µ) · χSp(τ).
Apo to L mma 5.1.11 mporoÔme na ekfr�soume to χSp(µ) wc Z-grammikoÔc
sunduasmoÔc twn genikeumènwn qarakt rwn thc GL, sth morf 
χSp(µ) =

∑
σ aσµχGL(σ), ìpou aσσ = 1, kai an |σ| ≥ |µ| kai µ 6= σ, tì-

te aσµ = 0. Ara gia χSp(µ) = χGL(µ) +
∑
|σ|<|µ| aσµχGL(σ) kai χSp(τ) =

χGL(τ) +
∑
|ρ|<|τ | aτρχGL(ρ), paÐrnoume
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χSp(µ)·χSp(τ) = (χGL(µ)+
∑
|σ|<|µ| aσµχGL(σ))(χGL(τ)+

∑
|ρ|<|τ | aτρχGL(ρ)).

T¸ra gia opoid pote ginìmeno χGL(σ) · χGL(ρ) me σ 6= µ kai ρ 6= τ oi sunar-
t seic χGL(ξ) pou prokÔptoun èqoun |ξ| < |µ|+ |τ | (*).

Apo thn �llh χGL(µ) · χGL(τ) =
∑
ν∈D(µ,τ) a(ν, µ, τ)χGL(ν). Gia k�je ν

èqoume
XGL(ν) =

∑
ξ bξνXSp(ξ) me bνν = 1 kai bξν = 0 gia |ξ| > |ν| = |µ|+ |τ |. (**)

SunoyÐzontac ta ewc twra eurÔmata mac , apo tic sqèseic (*) kai (**) èqoume

χSp(µ) · χSp(τ) =
∑
ν∈D(µ,τ) a(ν, µ, τ)χSp(ν) + γξ

∑
|ξ|<|µ|+|τ | χSp(ξ), ìpou

γξ ∈ Z. Efarmìzoume t¸ra kai sta dÔo mèrh thc teleutaÐac isìthtac thn
sun�rthsh πSp2n′ . Afou µ1 ≤ n′ kai τ1 ≤ n′ πSp2n′ (χSp(µ)) = χSp2n′ (µ) kai
πSp2n′ (χSp(τ)) = χSp2n′ (τ).
T¸ra gia to dexÐ mèloc èqoume:
An to ν èqei ν ′1 ≤ n′ tìte apo to L mma 5.1.12 èqoume πSp2n′ (χSp(ν)) =
χSp2n′ (ν). An oqi tìte πSp2n′ (χSp(ν)) = ±χSp2n′ (κ) me |κ| < |ν|. OmoÐoc kai
gia ta χSp(ξ). Sugentr¸nontac ola ta apotelèsmata paÐrnoume thn telik 
morf  thc isìthtac:

χSp2n′ (µ) · χSp2n′ (τ) =
∑

ν∈D(µ,τ)ν1≤n′

a(ν, µ, τ)χSp(ν) + bκ
∑

|κ|<|µ|+|τ |
χSp2n′ (κ),

ìpou bκ ∈ Z.
T¸ra apo thn stigm  pou h sun�rthsh χSp2n′ (µ)·χSp2n′ (τ) eÐnai o qarakt -

rac tou tanustikoÔ ginomènou tìte ja qr�fetai wc jetikìc gramikìc sundua-
smìc twn qarakt rwn χSp2n′ (λ) thc Sp2n′ . Sunep¸c otid pote diagrafèc ja
sumboÔn sthn apo p�nw sqèsh ja sumboÔn sto komm�ti

∑
|κ|<|µ|+|τ | χSp2n′ (κ).

'Ara mporoÔme na poÔme oti meta apo tic diagrafèc autèc ja èqoume

χSp2n′ (µ) · χSp2n′ (τ) =
∑

ν∈D(µ,τ)ν1≤n′

a(ν, µ, τ)χSp(ν) + bκ
∑

|κ|<|µ|+|τ |
χSp2n′ (κ),

ìpou bκ ∈ N.

Prätash 5.1.14. 'Estw∇G(µ),∇G(τ), ta Schur-prìtupa thcG = SO2m′+1,
pou antistoiqoÔn stic diamerÐseic µ, τ antÐstoiqa. Tìte èqoume

∇G(µ)⊗∇G(τ) ∼=
∑

λ∈D(µ,τ)
λ1≤m

a(λ, µ, τ)∇G(λ) +
∑

|κ|<|τ |+|µ|
k1≤m

γκ∇G(κ),

opou a(λ, µ, τ) eÐnai oi suntelestèc Littlewood-Richardson kai bk ∈ N.

Apìdeixh. H apìdeixh eÐnai parìmoia me aut  gia thn perÐptwsh thc sum-
plektik c om�dac, qrhsimopoi¸ntac tic sqèseic twn qarakt rwn thc SO wc
Z−grammikoÔc sunduasmoÔc twn qarakt rwn thc GL ìpwc perigr�fontai sta
L mmata 5.1.11 kai 5.1.12.
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5.2 H an�lush tou ginomènou MλMτ se an�gw-

ga G−prìtupa.
To epìmeno L mma apoteleÐ to kentrikì apotèlesma thc didaktorik c diatri-
b c thc K.Whitehead, [17]. Mac plhroforeÐ oti sthn eidik  perÐptwsh thc
om�dac GLn × GLm to Schur-prìtupo ∇GLn(λ) emfutèuetai sto ginìmeno
twn anag¸gwn protÔpwn M̃µM̃τ thc summetrik c �lgebrac S(V ⊗W ), gia
λ ∈ D(µ, τ).

L�mma 5.2.1. 'Estw λ diamèrish, me λ1 ≤ {n,m} kai λ ∈ D(µ, τ), tìte
up�rqei enac GLn−monomorfismìc

Φλ : ∇GLn(λ)→ M̃µM̃τ ,

ìpou M̃µ ⊆ S(V ⊗W ), M̃µ
∼= ∇GLn(µ)⊗∇GLm(µ). (antÐstoiqa gia to M̃τ .)

Apìdeixh. [17, Je¸rhma 6.1].

T¸ra, h eikìna tou ∇GLn(λ) mèsa sto S(V ⊗W ) perièqetai mèsa sto M̃λ kai
mìno se autì. Epeid  M̃λ eÐnai an�gwgo GLn×GLm−prìtupo paÐrnoume oti
Mλ = G · ∇GLn(λ). Ara M̃λ ⊆ M̃µM̃τ .

GenikeÔoume to apotèlesma autì gia k�je om�da G1 ×G2.

L�mma 5.2.2. 'Estw λ diamèrish, me λ1 ≤ {rkG1, rkG2} kai λ ∈ D(µ, τ),
tote to an�gwgo G1−prìtupo , ∇G1(λ), emfanÐzetai sthn an�lush touMµMτ ,
se an�gwga G1−prìtupa, opou Mµ ⊆ A(G1, G2),Mµ

∼= ∇G1(µ) ⊗ ∇G2(µ)
(antÐstoiqa gia to Mτ ).

Apìdeixh. Autì apoteleÐ �mesh sunèpeia tou jewr matoc 3.1.5 kai tou proh-
goÔmenou L mmatoc. Gia par�deigma koit�me thn perÐptwsh thc om�dac Spn×
SOm. GnwrÐzoume oti ∇Spn(λ) = ∇GLn(λ)/Zλ. Apo to Je¸rhma 3.1.5 èqou-
me oti A(G1, G2) ∼= S(V ⊗W )/I(G1, G2), diasp�tai wc G1×G2−prìtupo wc
A(G1, G2) ∼=

∑
λ∇G1(λ)⊗∇G2(λ). Afou t¸ra to ∇GLn(λ) emfanÐzetai sto

ginìmeno M̃µM̃τ ⊆ S(V ⊗W ) tìte asfal¸c to ∇G1(λ) ja emfanÐzetai sto
MµMτ ⊆ A(G1, G2).

Je°rhma 5.2.3. 'Estw G1 mia apo tic om�dec GLn, Sp2n′ , SO2n′+1 (an-
ti. G2 mia apo tic GLm, Sp2m′ , SO2m′+1 ), µ, τ , kai Mµ,Mτ ta an�gwga
G−prìtupa tou daktulÐou A(G1, G2) pou antistoiqoÔn stic diamerÐseic µ, τ.
Tote èqoume

MµMτ =
∑

λ∈D(µ,τ)
λ1≤min{rkG1,rkG2}

Mλ
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Apìdeixh. O egkleismìc
∑
λ∈D(µ,τ)Mλ ⊆ MµMτ prokÔptei apo to L mma

5.2.2. Gia par�deigma to apodeiknÔoume gia thn om�da Sp2n′ ×SO2m′+1. Apo
to L mma 5.2.2 gia λ ∈ D(µ, τ), èqoume ∇Sp2n′ (λ) ⊆ MµMτ . T¸ra afoÔ
∇Sp2n′ (λ) ⊆Mλ kai Mλ eÐnai an�gwgo Sp2n′ × SO2m′+1−prìtupo pou par�-
getai apo to ∇Sp2n′ (λ), èqoume Mλ ⊆MµMτ .

Gia thn �llh pleur�. Skeftìmaste xan� thn om�da G = G1 ×G2 = Sp2n′ ×
SO2m′+1. Arqik�, afoÔ G eÐnai linearly reductive om�da, o pollaplasiasmìc
m : Mµ ⊗Mτ → MµMτ , diasp�tai. Opìte up�rqei ènac G-monomorfsmìc,
i : MµMτ →Mµ ⊗Mτ . 'Estw t¸ra to di�gramma:

MµMτ

i
��

Mµ ⊗Mτ

∼=
��

(∇G1(µ)⊗∇G2(µ))⊗ (∇G1(τ)⊗∇G2(τ))

∼=
��

∇G1(µ)⊗∇G1(τ)⊗∇G2(µ)⊗∇G2(τ)

Apo ta L mmata 5.1.13 kai 5.1.14 h teleutaÐa gramm  tou diagr�mmatoc eÐnai
isìmorfh me
(
∑
λ∈D(µ,τ) a(λ, µ, τ)∇G1(λ) +

∑
|κ|<|τ |+|µ| bκ∇G1(κ))⊗ (

∑
λ∈D(µ,τ) a(λ, µ, τ)

∇G2(λ) +
∑
|κ|<|τ |+|µ| γκ∇G2(κ)), to opoÐo einai isìmorfo me∑

λ∈D(µ,τ)

a2(λ, µ, τ)∇G1(λ)⊗∇G2(λ) + (ìlouc touc �llouc sunduasmoÔc).

'Estw Mσ ⊆ MµMτ . Tìte Mσ prèpei na èqei mia eikìna sto teleutaÐo �-
jroisma. T¸ra apì thn omogènoia twn bajm¸n twn poluwnÔmwn paÐrnoume
|σ| = |µ| + |τ |. Xèroume oti Mσ

∼= ∇G1(σ) ⊗ ∇G2(σ), ara Mσ mporeÐ mì-
no na emfanÐzetai sto �jroisma

∑
λ∈D(µ,τ) a

2(λ, µ, τ)∇G1(λ) ⊗ ∇G2(λ), �ra
σ ∈ D(µ, τ). Opìte MµMτ ⊆

∑
λ∈D(µ,τ)Mλ.

Pìrisma 5.2.4. 'Estw Iµ, Iτ ta G−ide¸dh pou par�gontai apo ta an�gwga
G−prìtupa Mµ kai Mτ antÐstoiqa. Tìte

IµIτ ∼=
∑

λ∈D(µ,τ)

Iλ.

Apìdeixh. 'Estw λ ∈ D(µ, τ), tìte Mλ ⊆ MµMτ ⊆ IµIτ . Afou t¸ra Iλ
par�getai apì to Mλ èqoume Iλ ⊆ IµIτ .
AntÐstrofa, èstw x ∈ IµIτ , tìte x =

∑
aibi opou ai ∈ Iµ kai bi ∈ Iτ . A-

foÔ Iµ par�getai apì to Mµ, gia k�je i, ai =
∑
pijsj ìpou sj ∈ Mµ kai
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pij ∈ A(G1, G2). 'Omoia bi =
∑
qiktk ìpou tk ∈Mτ kai qik ∈ A(G1, G2). Tì-

te x =
∑∑∑

pijqiksjtk ∈ A(G1, G2)MµMτ = A(G1, G2)
∑
λ∈D(µ,τ)Mλ =∑

λ∈D(µ,τ) Iλ.
Sunep¸c

IµIτ ∼=
∑

λ∈D(µ,τ)

Iλ.
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Kef�laio 6

Pr¸ta kai Prwtarqik�
G−ide¸dh

Se autì to kef�laio dÐnoume merik� kÔria porÐsmata twn basik¸n jewrhm�-
twn pou apodeÐxame sta prohgoÔmena kef�laia. Sugkekrimèna perigr�fou-
me poia eÐnai ta pr¸ta kai ta prwtarqik� G−analloÐwta ide¸dh tou daktu-
lÐou A(G1, G2). Akìma dÐnoume th morf  thc prwtarqik c di�spashc enìc
G−analloÐwtou ide¸douc.

6.1 Pr¸ta G−ide¸dh
Prätash 6.1.1. 'Estw Iλ, to G−analloÐwto ide¸dec pou antistoiqeÐ sth
diamèrish λ. Tìte to Iλ eÐnai pr¸to an kai mìno an λ = (k), ìpou k ≤
min{rkG1, rkG2}, dhlad  apoteleÐ diamèrish miac gramm c me m koc to polÔ
min{rkG1, rkG2}.

Apìdeixh. 'Estw ìti λ = (k). EÐnai gnwstì ìti gia thn perÐptwsh opou G =
GLn×GLm ta ide¸dh I(k) me k ≤ min{n,m} eÐnai pr¸ta ide¸dh tou S(V ⊗W )
[2, Je¸rhma 5.2]. 'Estw t¸ra G = G1×G2 kai I(k) to G−analloÐoto ide¸dec
tou A(G1, G2) pou antistoiqeÐ sth diamèrish (k) me k ≤ min{rkG1, rkG2}
qrhsimopoi¸ntac to gegonìc oti o G1 × G2−epimorfismìc π : S(V ⊗W ) →
A(G1, G2) apeikonÐzei toGLn×GLm−analoÐwto ide¸dec pou antistoiqeÐ sthn
diamèrish (k) epimorfik� sto I(k) èpetai �mesa oti to I(k) eÐnai pr¸to ide¸dec
tou daktulÐou A(G1, G2) .
AntÐstrofa, gnwrÐzoume otiMλ = G·f(Cλ). Upojètoume ìti λ 6= (k), dhlad 
λ = (λ1, . . . , λs), s ≥ 2. 'Estw λ′ = (λ1) kai λ′′ = (λ2, . . . , λs). Afou λ * λ′

kai λ * λ′′ tìte ta stoiqeÐa f̃(Cλ′), f̃(Cλ′′) den brÐskontai mèsa sto Iλ, diìti
diaforetik� ta ide¸dh, pou par�gontai wc G−prìtupa apì aut� ta stoiqeÐa,
Iλ′ kai Iλ′′ , ja perièqontan mèsa sto Iλ kai autì ja antèkroue to pìrisma
Pìrisma 4.1.4. Apì thn �llh ìmwc f̃(Cλ) = f̃(Cλ′)f̃(Cλ′′) ∈ Iλ. 'Ara to Iλ
den eÐnai pr¸to ide¸dec.
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Pìrisma 6.1.2. 'Estw I èna G− analoÐwto ide¸dec tou A(G1, G2). Tìte
to I eÐnai pr¸to, an kai mìno an I = I(k), me k ≤ min{rkG1, rkG2}.

Apìdeixh. H apìdeixh apoteleÐ apl  efarmog  thc prohgoÔmenhc prìtashc
se sunduasmì me to gegonìc ìti k�je G−analoÐwto ide¸dec I gr�fetai wc
�jroisma idewd¸n Iσ.

6.2 Prwtarqik� G−ide¸dh kai Prwtarqikèc A-
nalÔseic.

Sthn prohgoÔmenh par�grafo deÐxame ìti ta monadik� pr¸ta G−ide¸dh eÐnai
ta Iλ ìpou λ eÐnai diamèrish me mÐa gramm  m kouc to polÔ min{rkG1, rkG2}.
'Eukola mporeÐ k�poic na deÐ oti se èna metajetikì daktÔlio R an I eÐnai
prwtarqikì ide¸dec tìte to rizikì tou,

√
I eÐnai pr¸to ide¸dec. 'Ara eÐmaste

se jèsh na d¸soume ton ex c orismì,

Orismäc 6.2.1. 'Ena G−ide¸dec I ja onom�zetai I(k)−prwtarqikì an eÐnai

prwtarqikì dhlad  gia xy ∈ I tìte x ∈ I   yn ∈ I kai
√
I = Ik.

GnwrÐzoume epÐshc ìti k�jeG−ide¸dec I mporeÐ na grafeÐ sth morf ∑ Iσ,
ìpou σ diamerÐseic. Ja onom�zoume thn an�lush tou ide¸douc aut  an�gwgh
an ta Iσ pou parousi�zontai den perièqetai to èna mèsa sto �llo.

Prätash 6.2.2. 'Estw I èna G−analloÐwto ide¸dec grammèno se an�gwgh
an�lush wc I =

∑
σ∈S Iσ, tìte to I eÐnai Ik−prwtarqikì an kai mìno an

1. gia k�poio σ0 ∈ S, σ0 = (k, k, . . . , k) dhlad  èqei sq ma orjogwnÐou me
k�je seir� m kouc k,

2. an σ ∈ S kai σ = (σ1, . . . , σt) tìte σt ≥ k, dhlad  ìlec oi gremmèc thc
diamèrishc σ èqoun m koc megalÔtero   Ðso tou k.

Apìdeixh. 'Estw ìti ikanopoioÔntai ta (1) kai (2) thc prìtashc. Tìte gia k�je
σ ∈ S eqoume (k) ⊆ σ kai �ra Iσ ⊆ I(k). 'Ara I ⊆ I(k) kai

√
I ⊆ I(k). T¸ra

an σ0 = (kt) èqoume oti (f̃(C(k)))t = f̃(Cσ0). 'Twra to an�gwgo G−prìtupo
Mσ0 par�getai apì to f̃(Cσ0) kai �ra f̃(C(k)) ∈ Iσ0 . Sunep¸c I(k) ⊆

√
I.

'Ara I(k) =
√
I.

'Estw ìti I =
∑
σ∈S Iσ, I(k)−prwtarqikì. 'Estw ìti to el�qisto m koc gram-

m c se k�je σ ∈ S eÐnai j. Tìte afoÔ to I eÐnai grammèno se an�gwgh morf 
gia σ = (σ1, . . . , σt, j) èqoume σ′ = (σ1, . . . , σt) /∈ S. 'Ara f̃(Cσ′) /∈ I. AfoÔ
ìmwc f̃(Cσ′)f̃(Cj) ∈ I kai I eÐna prwtarqikì tìte (f̃(Cj))n ∈ I gia k�poio n.
Sunep¸c I(j) ⊆ I(k) =

√
I. 'Ara k ≤ j kai ètsi paÐrnoume thn (2).

Gia to (1) skeftìmaste wc ex c. AfoÔ
√
I = I(k) èqoume ìti ja up�rqei n

ètsi ¸ste (f̃(C(k)))n = (f̃(C(kn))) ∈ I. Dhlad  I(kn) ⊆ I. EÔkola blèpoume
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skeftìmenoi ta diagr�mmata kai to pìrisma Iλ ⊆ Iµ an kai mìno an µ ⊆ λ oti
I(kn) ⊆ Iσ0 gia k�poio σ0 ∈ S. 'Ara σ0 ⊆ (kn). T¸ra afoÔ k�je gramm  tou
σ0 èqei m koc toul�qiston k paÐrnoume ìti σ0 = (kt) gia k�poio t.

Pìrisma 6.2.3. 'Ena G−ide¸dec Iσ eÐnai prwtarqikì an kai mìno an σ eÐnai
orjog¸nio.

Pìrisma 6.2.4. 'Estw n1 > n2 > · · · > nk ta diakekrimèna m kh twn
seir¸n enìc diagr�mmatoc σ kai σ(i) to megalÔtero orjog¸nio di�gramma me
seirèc m kouc ni pou perièqeti sto σ. Tìte

Iσ = Iσ(1) ∩ · · · ∩ Iσ(k) ,

eÐnai mia an�gwgh prwtarqik  di�spash tou Iσ.

Apìdeixh. H a'podeixh eÐnai Ðdia me thn apìdeixh pou dÐnetai sto [2, Pìrisma
5.4], gai thn perÐptwsh thc G = GLn ×GLm.
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