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PerÐlhyh

Se aut  th didaktorik  diatrib  melet�me mia kl�sh apeikonÐsewn an�mesa se

CW sumplègmata oi opoÐec onom�zontai phantom maps. Sugkekrimèna, exet�zoume

mia arijmhtik  analloÐwth twn phantom maps, h opoÐa onom�zetai deÐkthc Gray. 'Ena

kentrikì apotèlesma thc ergasÐac perigr�fei èna nèo qarakthrismì tou deÐkth Gray

mèsw thc rhtopoi sewc enìc q¸rou. Qrhsimopoi¸ntac autìn to qarakthrismì, anap-

tÔssoume mÐa mèjodo entopismoÔ phantom maps me èna sugkekrimèno deÐkth Gray,

elègqontac algebrikèc analloÐwtec twn q¸rwn. QrhsimopoioÔme aut  th mèjodo gia

na parousi�soume èna par�deigma dÔo q¸rwn an�mesa stouc opoÐouc up�rqoun phan-

tom maps me opoiod pote peperasmèno deÐkth Gray. EpÐshc, exet�zoume to sÔno-

lo twn phantom maps me �peiro deÐkth Gray, qrhsimopoi¸ntac pÔrgouc abelian¸n

om�dwn. Oi mèjodoi apìdeixhc twn apotelesm�twn qrhsimopoioÔn stoiqeÐa thc jew-

rÐac omologÐac, sunomologÐac kai omotopÐac CW sumplegm�twn (ìpwc oi an¸terec

om�dec omotopÐac, nhmatikèc kai sunnhmatikèc akoloujÐec, topikopoÐhsh kai pl rw-

sh). EpÐshc, gÐnetai ekten c qr sh mejìdwn kai ergaleÐwn thc omologik c �lgebrac,

ìpwc o paragìmenoc sunartht c tou antistrìfou orÐou.

Lèxeic kleidi�: JewrÐa omotopÐac, phantom map, deÐkthc Gray, rhtopoÐhsh, lim←−
1.
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Summary

In this thesis we study a class of maps between CW complexes called phantom

maps. We examine, in particular, a numerical invariant of phantom maps called the

Gray index. A central result describes a new characterization of the Gray index in

terms of the rationalization of a space. Using this characterization, we develop a

method of locating phantom maps of a specific Gray index, by checking algebraic

invariants of the spaces. We use this method in order to present an example of two

spaces, such that there are phantom maps of any finite Gray index between them.

We also examine the set of phantom maps having infinite Gray index, using towers

of abelian groups. Our proofs use elements of homology, cohomology and homotopy

theory of CW complexes (such as higher homotopy groups, fibration and cofibration

sequences, localization and completion). We also use extensively methods and tools

of homological algebra, such as the derived functor of the inverse limit.

Key words: Homotopy theory, phantom map, Gray index, rationalization, lim←−
1.
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EuqaristÐec

Euqarist¸ jerm� ton epiblèponta kajhght  mou Iw�nnh Emmanou l gia thn

kajod ghsh kai bo jeia tou kajìlh th di�rkeia twn metaptuqiak¸n kai didaktorik¸n

mou spoud¸n, kaj¸c kai touc kajhghtèc Miq�lh Mali�ka kai Panagi¸th Pap�zoglou

pou summeteÐqan sth sumbouleutik  mou epitrop . EpÐshc ja  jela na euqarist sw

thn oikogèneia mou gia th st rixh thc ìla aut� ta qrìnia.

H paroÔsa diatrib  ekpon jhke me th qor ghsh upotrofÐac apì to 'Idruma

Kratik¸n Upotrofi¸n.
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Kef�laio 1

Eisagwg 

H ènnoia twn phantom maps èqei tic b�seic thc sth jewrÐa omotopÐac. Ac upojèsoume

ìti X kai Y eÐnai sunektik� CW sumplègmata kai Xn eÐnai o n-skeletìc tou X. Mia

apeikìnish f : X → Y kaleÐtai phantom an o periorismìc thc sto Xn eÐnai omotopikìc

me th stajer  apeikìnish gia k�je n. Gia na katal�boume th qrhsimìthta autoÔ tou

orismoÔ ja bohjoÔse na jumhjoÔme ton orismì tou CW sumplègmatoc, o opoÐoc mporeÐ

na brejeÐ se opoiod pote biblÐo algebrik c topologÐac, p.q. sto [9]. SumbolÐzoume

me Dn ton kleistì monadiaÐo dÐsko tou Rn, me en to eswterikì tou kai me Sn−1 to

sÔnoro tou.

(1) Xekin�me me èna diakritì sÔnolo X0, ta stoiqeÐa tou opoÐou jewroÔntai wc 0-

keli�.

(2) Epagwgik� sqhmatÐzoume ton n-skeletì Xn apì ton Xn−1 proskoll¸ntac n-

keli� ena mèsw apeikonÐsewn fa : Sn−1 → Xn−1. Dhlad  o Xn eÐnai o q¸roc

phlÐko thc xènhc ènwshc Xn−1
∐

(
∐
aD

n
a ) tou Xn−1 me mia sullog  n dÐskwn

Dn
a , ìpou èqoume tautÐsei to x me to fa(x) an to x an kei sto sÔnoro tou Dn

a .

(3) Aut  h diadÐkasÐa eÐte stamat�ei gia k�poio n eÐte suneqÐzetai ep' �peiron, jè-

tontac X =
⋃
Xn. Sthn teleutaÐa perÐptwsh o X efodi�zetai me thn asjen 

topologÐa.

Dhlad  èna CW sÔmplegma X eÐnai ènac q¸roc pou fti�qnetai apì k�poia

arket� eÔkola kai katanoht� komm�tia Xn kai h f : X → Y lègetai phantom map

an den mporeÐ na "entopisteÐ� apì aut� ta komm�tia. To pr¸to par�deigma miac mh

tetrimmènhc phantom map (apì to ΣCP∞ se èna �peiro mpoukèto sfair¸n) dìjhke
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Kef�laio 1. Eisagwg 

apì touc Adams kai Walker sto [1]. 'Ektote. h ènnoia aut  melet jhke ekten¸c kai

èqei bohj sei sthn katanìhsh thc dom c twn CW sumplegm�twn. DÔo polÔ kal�

egqeirÐdia p�nw sth qr sh twn phantom maps sth mh eustaj  jewrÐa omotopÐac eÐnai

ta [13, 18].

'Ena polÔ qr simo algebrikì ergaleÐo sth jewrÐa twn phantom maps eÐnai o

pr¸toc dexi� paragìmenoc sunartht c tou antistrìfou orÐou lim←−
1. An kai  dh eÐqan

qrhsimopoihjeÐ lim←−
1 upologismoÐ se topologik� probl mata, o pr¸toc pou èdwse ènan

orismì se genikì plaÐsio  tan o Roos sto [19]. Mia polÔ ektenèsterh melèth tou

sunartht  lim←−
1 ègine lÐgo argìtera apì ton Jensen sto [12]. Qrhsimopoi¸ntac lim←−

1

upologismoÔc o Gray sto [4] èdeixe ìti up�rqoun uperarijm simec, mh omotopikèc,

phantom maps apì to CP∞ sthn S3. To par�deigma tou Gray  tan mia beltÐwsh tou

paradeÐgmatoc twn Adams kai Walker dedomènou ìti oi q¸roi pou qrhsimopoieÐ eÐnai

peperasmènou tÔpou.

Sto kef�laio 2 melet�me touc dexi� paragìmenouc sunarthtèc tou antistrìfou

orÐou, ¸ste autoÐ na mporèsoun na qrhsimopoihjoÔn sth sunèqeia. AfoÔ d¸soume

ton orismì tou antistrìfou orÐou pou antistoiqeÐ se ènan sunartht  F : Nop → Ab,

ìpou Nop eÐnai h antÐjeth kathgorÐa tou diatetagmènou sunìlou twn fusik¸n arijm¸n

kai Ab h kathgorÐa twn abelian¸n om�dwn, deÐqnoume ìti autì mporeÐ na jewrhjeÐ wc

ènac sunartht c lim←− : AbN
op → Ab. Ed¸ AbN

op
eÐnai h kathgorÐa twn sunalloÐwtwn

sunartht¸n F : Nop → Ab. Ta stoiqeÐa thc dhlad  èqoun th morf 

A1 A2
a1oo A3

a2oo · · ·a3oo ,

ìpou oi Ai, i ∈ N eÐnai abelianèc om�dec kai oi apeikonÐseic ai eÐnai omomorfismoÐ

abelian¸n om�dwn kai onom�zontai pÔrgoi abelian¸n om�dwn. ApodeiknÔoume thn Ô-

parxh emfuteutik¸n antikeimènwn kai emfuteutik¸n epilÔsewn se aut  thn kathgorÐa

kai dedomènou ìti o sunartht c lim←− eÐnai arister� akrib c, orÐzoume wc lim←−
i na eÐnai

oi dexi� paragìmenoi sunarthtèc tou, dhlad 

lim←−
i = Rilim←−, i ≥ 0.

Prokeimènou na exet�soume pìte autoÐ mhdenÐzontai, jewroÔme th sunj kh Mittag-

Leffler gia ènan pÔrgo abelian¸n om�dwn, h opoÐa eis qjh apì ton Grothendieck sto

[6]. Lème ìti ènac pÔrgoc abelian¸n om�dwn A ikanopoieÐ th sunj kh Mittag-Leffler

an gia k�je k up�rqei k�poio j ≥ k ¸ste h eikìna thc apeikìnishc Ai → Ak na isoÔ-

tai me thn eikìna thc Aj → Ak, gia ìla ta i ≥ j. ApodeiknÔoume ìti se aut  thn

perÐptwsh lim←−
1An = 0, kai qrhsimopoi¸ntac th apodeiknÔoume ìti oi dexi� paragìmenoi
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Kef�laio 1. Eisagwg 

sunarthtèc eÐnai tautotik� mhdèn stic diast�seic megalÔterec   Ðsec tou dÔo. Sto tè-

loc tou kefalaÐou dÐnoume mia isodÔnamh perigraf  tou sunartht  lim←−
1. Perissìterec

leptomèreiec kai efarmogèc gia to sunartht  lim←−
1 mporoÔn na brejoÔn sto [12].

Sto kef�laio 3 melet�me phantom maps sth mh eustaj  omotopik  kathgorÐ-

a twn CW sumplegm�twn. Ta antikeÐmena thc kathgorÐac eÐnai ta sunektik� CW

sumplègmata kai oi apeikonÐseic eÐnai oi kl�seic omotopÐac suneq¸n apeikonÐsewn

an�mesa touc. JewroÔme ìti ìla ta sÔnola èqoun k�poio shmeÐo sthrÐxhc, to opoÐo

diathreÐtai apì opoiad pote apeikìnish. Gia dÔo tuqaÐa CW sumplègmata X kai Y

sumbolÐzoume me [X,Y ] to sÔnolo twn kl�sewn omotopÐac apeikonÐsewn apì to X

sto Y kai me Ph(X,Y ) to sÔnolo twn kl�sewn omotopÐac twn phantom maps apì

to X sto Y . Up�rqoun dÔo basikoÐ trìpoi prosèggishc thc jewrÐac twn phantom

maps. O pr¸toc sthrÐzetai sthn Ôparxh amfimonos mantwn antistoiqi¸n sunìlwn

me shmeÐo st rixhc Ph(X,Y ) ∼= lim←−
1[ΣXn, Y ] ∼= lim←−

1[X,ΩY (n)], ìpou Y (n) eÐnai to

n-ostì epÐpedo tou pÔrgou Postnikov tou Y (blèpe par�grafo 3.1 gia ton orismì tou

pÔrgou Postnikov enìc q¸rou).

H deÔterh prosèggish sth jewrÐa twn phantom maps qrhsimopoieÐ tic dÔo

parak�tw nhmatikèc akoloujÐec (fibration sequences) gia mhdenodÔnama, peperasmènou

tÔpou sumplègmata X kai Y . H pr¸th eÐnai h

Xτ
i−−−−→ X

r−−−−→ X0

ìpou r : X → X0 eÐnai h rhtopoÐhsh tou X (blèpe [10] gia leptomèreiec wc proc thn

topikopoÐhsh CW sumplegm�twn). H deÔterh nhmatik  akoloujÐa eÐnai h

Yρ −−−−→ Y
ê−−−−→ Ŷ

ìpou ê : Y → Ŷ eÐnai h propeperasmènh pl rwsh tou Y [21]. ProkÔptei ìti Ph(X,Y ) =

kerê∗ = imr∗, ìpou ê∗ : [X,Y ]→ [X, Ŷ ] kai r∗ : [X0, Y ]→ [X,Y ] eÐnai oi apeikonÐseic

pou ep�gontai apì tic ê kai r antÐstoiqa [13, Je¸rhma 5.1].

Epeid  to sÔnolo Ph(X,Y ), an den eÐnai tetrimmèno, eÐnai sun jwc polÔ meg�lo,

prospajoÔme na antistoiqÐsoume k�poiec arijmhtikèc analloÐwtec sta stoiqeÐa tou

¸ste na diaqwrÐzontai eukolìtera. MÐa tètoia eÐnai o deÐkthc Gray pou orÐsthke apì

ton Gray sth didaktorik  tou diatrib  [4]. Dojèntoc miac phantom map f : X →
Y , afoÔ o periorismìc thc ston n-skeletì tou X eÐnai omotopikìc me th stajer 
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Kef�laio 1. Eisagwg 

apeikìnish, aut  paragontopoieÐtai, wc proc omotopÐa, wc ex c

X

""

f // Y

X/Xn

fn

<<

gia k�je n. H apeikìnish fn sun jwc den eÐnai monadik . O deÐkthc Gray G(f) thc

f , eÐnai o megalÔteroc n gia ton opoÐo h fn mporeÐ na epilegeÐ ¸ste na eÐnai phantom

map. Aut  h ènnoia èqei melethjeÐ analutik� sta [7, 8, 11, 16, 22]. Sugkekrimèna,

sto [8] oi Hà kai Strom èdwsan mÐa ermhneÐa tou deÐkth Gray qrhsimopoi¸ntac th lim←−
1

prosèggish sth jewrÐa twn phantom maps. 'Ena apì ta basik� touc apotelèsmata

eÐnai to ex c: 'Estw Gn = [X,ΩY (n)] kai G
(n)
k = Im(Gn → Gk) gia k�je n ≥ k.

Tìte, mèsw thc taÔtishc Ph(X,Y ) ∼= lim←−
1Gn, o deÐkthc Gray miac phantom map

f : X → Y eÐnai ≥ k − 1, an kai mìno an h kl�sh omotopÐac thc f an kei ston

pur na thc fusik c apeikìnishc pk : lim←−
1
nGn → lim←−

1
nG

(n)
k . Ed¸ arqik� dÐnoume ènan

nèo qarakthrismì tou deÐkth Gray, qrhsimopoi¸ntac thn prosèggish twn phantom

maps mèsw thc rhtopoÐhshc tou X.

Je¸rhma A. Oi akìloujec sunj kec eÐnai isodÔnamec gia mia phantom map

f : X → Y an�mesa se 1-sunektik�, peperasmènou tÔpou CW sumplègmata:

(1) G(f) ≤ k − 2.

(2) H sÔnjesh qk ◦ f den eÐnai omotopik  me th stajer  apeikìnish, gia opoiad pote

apeikìnish f : X0 → Y ètsi ¸ste f = f ◦ r sto parak�tw omotopik� metajetikì

di�gramma

X

f ��

r // X0

f
��

qk◦f

""
Y qk

// Y (k),

ìpou qk eÐnai h fusiologik  apeikìnish apì to Y sto k-ostì epÐpedo Y (k) tou

pÔrgou Postnikov tou Y kai r eÐnai h rhtopoÐhsh tou X.

Qrhsimopoi¸ntac autì to qarakthrismì tou deÐkth Gray, anaptÔssoume mia kain-

oÔria mèjodo ¸ste na kataskeu�zoume phantom maps pou èqoun k�poio sugkekrimèno

deÐkth Gray.
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Kef�laio 1. Eisagwg 

Je¸rhma B. 'Estw X kai Y 1-sunektik�, peperasmènou tÔpou CW sumplèg-

mata, ¸ste h apeikìnish r∗ : [X0, Y ] → Ph(X,Y ) na eÐnai amfimonos manth. An oi

abelianèc om�dec Hn−1(X0) kai πn(Y )⊗Q eÐnai kai oi dÔo mh mhdenikèc, tìte up�rqoun

uperarijm simec kl�seic omotopÐac phantom maps X → Y me deÐkth Gray n− 2.

Qrhsimopoi¸ntac to teleutaÐo je¸rhma deÐqnoume ìti up�rqoun phantom maps

me deÐkth Gray n, gia opoiod pote n ≥ 1 an�mesa stouc q¸rouc K(Z, 2) ×K(Z, 3)

kai S2 ∨ S2. Autì eÐnai to pr¸to gnwstì par�deigma q¸rwn an�mesa stouc opoÐouc

up�rqoun phantom maps opoioud pote peperasmènou deÐkth Gray .

Sth sunèqeia melet�me to sÔnolo Phω(X,Y ) twn phantom maps an�mesa stouc

X kai Y pou èqoun �peiro deÐkth Gray. SÔmfwna me to [7] to sÔnolo Phω(X,Y )

perigr�fetai algebrik� wc

Phω(X,Y ) ∼= lim←−
1(Imω[X,ΩY (n)]),

ìpou ImωGn =
⋂
k≥1 image(Gn+k → Gn) gia opoiod pote pÔrgo om�dwn {Gn}. Sto

[7] o Há èdeixe, qrhsimopoi¸ntac thn parap�nw antistoiqÐa, ìti to sÔnolo Phω(X,Y )

eÐnai tetrimmèno, sthn perÐptwsh pou o Y eÐnai èna peperasmènou tÔpou mpoukèto

sfair¸n. 'Omwc gia opoiod pote peperasmènou tÔpou q¸ro Y ′, up�rqei èna peperas-

mènou tÔpou mpoukèto sfair¸n Y kai mia apeikìnish g : Y → Y ′ h opoÐa ep�gei ènan

epimorfismì stic om�dec omotopÐac. H epagìmenh apeikìnish

g∗ : Ph(X,Y )→ Ph(X,Y ′)

eÐnai epÐshc epÐ [14, Je¸rhma 2]. Den eÐnai ìmwc gnwstì e�n kai h apeikìnish

g∗ : Phω(X,Y )→ Phω(X,Y ′)

eÐnai epÐ. Parousi�zoume èna algebrikì par�deigma enìc (rhtoÔ) epimorfismoÔ metaxÔ

pÔrgwn ϕ : A→ B, ¸ste h epagìmenh apeikìnish

lim←−
1Imωϕ : lim←−

1ImωAn → lim←−
1ImωBn

na mhn eÐnai epÐ. SumperaÐnoume ìti den eÐnai dunatìn na deÐxoume me èna kajar�

algebrikì epiqeÐrhma ìti mia apeikìnish g : Y → Y ′ pou ep�gei ènan epimorfismì stic

om�dec omotopÐac, ja ep�gei kai ènan epimorfismì g∗ : Phω(X,Y )→ Phω(X,Y ′).
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Kef�laio 2

O paragìmenoc sunartht c

tou antistrìfou orÐou

Sto kef�laio autì exet�zoume touc dexi� paragìmenouc sunarthtèc tou antistrìfou

orÐou. Sthn pr¸th par�grafo dÐnoume ton orismì tou antistrìfou orÐou pou anti-

stoiqeÐ se ènan sunartht  F : I → A, an�mesa se dÔo kathgorÐec I kai A. Sth

sunèqeia epikentrwnìmaste sthn perÐptwsh kat� thn opoÐa I eÐnai h antÐjeth kath-

gorÐa tou diatetagmènou sunìlou twn fusik¸n arijm¸n Nop kai A h kathgorÐa Ab twn

abelian¸n om�dwn. Perigr�foume ta emfuteutik� antikeÐmena kai apodeiknÔoume thn

Ôparxh emfuteutik¸n epilÔsewn sthn kathgorÐa sunartht¸n AbN
op
. OrÐzoume touc

dexi� paragìmenouc sunarthtèc tou antistrìfou orÐou, kai jewroÔme thn sunj kh

Mittag-Leffler, h opoÐa eÐnai mia ikan  sunj kh ¸ste autoÐ na eÐnai mhdèn sth di�stash

èna. Qrhsimopo¸ntac thn, apodeiknÔoume ìti oi sunarthtèc lim←−
i mhdenÐzontai se ìlec

tic diast�seic megalÔterec   Ðsec tou dÔo. Sthn teleutaÐa par�grafo dÐnoume ènan

isodÔnamo qarakthrismì tou lim←−
1, o opoÐoc epitrèpei na k�noume upologismoÔc lim←−

1

ìrwn me ènan eukolìtero trìpo.

2.1 To antÐstrofo ìrio

Ac jewr soume mia mikr  kathgorÐa I, mia kathgorÐa A kai ènan sunartht  F :

I → A. To antÐstrofo ìrio tou sunartht  F eÐnai èna antikeÐmeno lim←−Fi thc A
kai morfismoÐ πi : lim←−Fi → Fi, i ∈ I thc kathgorÐac A, oi opoÐoi eÐnai sumbibastoÐ
upì thn ènnoia ìti gia k�je morfismì ϕ : j → i sthn I èqoume ìti πi = Fϕπj .

Epiplèon ikanopoieÐ thn ex c kajolik  idiìthta: Gia opoiod pote antikeÐmeno A thc A
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Kef�laio 2. O paragìmenoc sunartht c tou antistrìfou orÐou

kai oikogèneia sumbibast¸n morfism¸n fi : A→ Fi, up�rqei ènac monadikìc morfismìc

λ : A→ lim←−Fi ¸ste fi = πiλ. An kai to antÐstrofo ìrio enìc sunartht  den up�rqei

aparaÐthta, h kajolik  tou idiìthta deÐqnei ìti efìson up�rqei autì eÐnai monadikì

wc proc isomorfismì. Em�c ja endiafèrei idiaÐtera h perÐptwsh kat� thn opoÐa h

kathgorÐa A eÐnai h kathgorÐa Ab twn abelian¸n om�dwn. Se aut  thn perÐptwsh

eÐnai eÔkolo na doÔme ìti to antÐstrofo ìrio opoioud pote sunartht  up�rqei [20,

sel.51].

Up�rqei ki ènac diaforetikìc trìpoc na "doÔme� to antÐstrofo ìrio wc ènan

sunartht . Gi' autì to lìgo ja qreiastoÔme pr¸ta k�poia stoiqeÐa apì kathgorÐec

sunartht¸n. Perissìterec leptomèreiec mporoÔn na brejoÔn sto [23, Par�rthma].

EÐmaste p�nta sthn perÐptwsh kat� thn opoÐa I eÐnai mia mikr  kathgorÐa kai A mia

opoiad pote kathgorÐa. Se aut  thn perÐptwsh mporoÔme na fti�xoume mia kainoÔria

kathgorÐa, thn kathgorÐa sunartht¸n AI pou orÐzetai wc ex c. Ta antikeÐmena thc

AI eÐnai oi sunalloÐwtoi sunarthtèc F : I → A kai to sÔnolo twn morfism¸n an�mesa

se dÔo tètoiouc sunarthtèc F kai G eÐnai to sÔnolo twn fusik¸n metasqhmatism¸n

an�mesa touc. Aut  eÐnai mia kainoÔria kathgorÐa h opoÐa èqei arketèc apì tic idiìthtec

thc kathgorÐac A. Gia par�deigma an h A eÐnai abelian , to Ðdio eÐnai kai h AI .
EÐnai fanerì ìti sthn perÐptwsh pou to antÐstrofo ìrio opoioud pote sunartht 

F : I → A up�rqei (se aut  thn perÐptwsh h A onom�zetai pl rhc kathgorÐa),

mporoÔme na jewr soume to antÐstrofo ìrio wc èna sunartht  lim←− : AI → A. Se

aut  thn perÐptwsh h kajolik  idiìthta tou antistrìfou orÐou mporeÐ na ermhneujeÐ

wc ex c. JewroÔme ton diag¸nio sunartht  ∆ : A → AI , o opoÐoc stèlnei èna

antikeÐmeno A ∈ A sto stajerì sunartht  ∆A me (∆A)i = A, gia k�je i ∈ I kai an

f : i→ j eÐnai ènac morfismìc thc kathgorÐac I, tìte ∆A(f) = 1A. T¸ra h kajolik 

idiìthta tou antistrìfou orÐou eÐnai apl� ìti o sunartht c lim←− eÐnai dexi� suzug c

tou sunartht  ∆. Dhlad  gia k�je antikeÐmeno A ∈ A kai sunartht  F : I → A
èqoume ìti

HomA(A, lim←−Fi) ' HomAI (∆A,F ).

Dedomènou ìti ènac dexi� suzug c sunartht c eÐnai arister� akrib c [20, sel.55],

èqoume amèswc to sumpèrasma ìti o sunartht c lim←− eÐnai arister� akrib c. Dialè-

gontac wc A na eÐnai h kathgorÐa Ab twn abelian¸n om�dwn, autì pou ja doÔme eÐnai

ìti h kathgorÐa sunartht¸n AbI èqei arket� emfuteutik� antikeÐmena kai sunep¸c èqei

endiafèron na jewr soume touc dexi� paragìmenouc sunarthtèc tou arister� akriboÔc

sunartht  lim←−. Aut� ja mac apasqol soun sth sunèqeia autoÔ tou kefalaÐou.
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Kef�laio 2. O paragìmenoc sunartht c tou antistrìfou orÐou

2.2 Emfuteutik� antikeÐmena kai epilÔseic sthn AbN
op

Apì dw kai sto ex c ja jewroÔme wc kathgorÐa I thn antÐjeth kathgorÐa tou di-

atetagmènou sunìlou twn fusik¸n arijm¸n, dhlad  th Nop, kai wc kathgorÐa A thn

kathgorÐa Ab twn abelian¸n om�dwn. Dhlad , gia na eÐmaste lÐgo pio safeÐc, ta

antikeÐmena thc kathgorÐac Nop eÐnai oi fusikoÐ arijmoÐ kai gia dÔo antikeÐmena n kai

m up�rqei ènac monadikìc morfismìc n→ m, an n ≥ m. Epomènwc ta antikeÐmena thc

kathgorÐac AbN
op

èqoun thn ex c morf 

A1 A2
a1oo A3

a2oo · · ·a3oo ,

ìpou oi Ai, i ∈ N eÐnai abelianèc om�dec kai oi apeikonÐseic ai eÐnai omomorfismoÐ

abelian¸n om�dwn.

Orismìc 2.2.1. 'Ena antikeÐmeno thc kathgorÐac AbN
op
onom�zetai pÔrgoc abelian¸n

om�dwn.

Ja sumbolÐzoume me {An},   kai apl� A ìtan den dhmiourgeÐtai sÔgqish, ènan

pÔrgo abelian¸n om�dwn. An èqoume dÔo pÔrgouc abelian¸n om�dwn {An} kai {Bn}
me omomorfismoÔc {an} kai {bn} antÐstoiqa tìte ènac morfismìc pÔrgwn ϕ : A→ B,

wc fusikìc metasqhmatismìc an�mesa stouc sunarthtèc A kai B, eÐnai mia akoloujÐa

omomorfism¸n abelian¸n om�dwn ϕn : An → Bn, n ≥ 1 ¸ste ϕnan = bnϕn+1 gia k�je

n ≥ 1.

Prokeimènou na k�noume omologik  �lgebra sthn kathgorÐa AbN
op

ja qreiasteÐ

pr¸ta na doÔme ìti èqei arket� emfuteutik� antikeÐmena. Ac jumhjoÔme touc antÐs-

toiqouc orismoÔc.

Orismìc 2.2.2. 'Enac morfismìc µ : A → B sthn kathgorÐa AbN
op

onom�zetai

monikìc an gia opoiod pote zeug�ri morfism¸n α, β : C → A isqÔei ìti µα = µβ ⇒
α = β.

IsodÔnama, o µ eÐnai monikìc e�n kai mìno e�n gia k�je morfismì α : C → A me

µα = 0⇒ α = 0.

Orismìc 2.2.3. 'Ena antikeÐmeno I thc kathgorÐac AbN
op

onom�zetai emfuteutikì

an gia k�je monikì morfismì f : A → B kai k�je morfismì α : A → I up�rqei

toul�qiston ènac morfismìc β : B → I ¸ste α = βf .

Qrhsimopoi¸ntac to ìti k�je abelian  om�da emfuteÔetai se mia diairet  a-

belian  om�da kaj¸c kai to ìti h kathgorÐa twn abelian¸n om�dwn dèqetai tuqaÐa

13



Kef�laio 2. O paragìmenoc sunartht c tou antistrìfou orÐou

ginìmena, mporoÔme na deÐxoume ìti k�je antikeÐmeno thc kathgorÐac AbN
op

emfuteÔe-

tai se èna emfuteutikì antikeÐmeno qrhsimopoi¸ntac genik� kathgorik� epiqeir mata

[23, sel.43]. Ed¸ ja d¸soume ènan polÔ safèstero qarakthrismì twn emfuteutik¸n

antikeimènwn kai twn emfuteutik¸n epilÔsewn. Pr¸ta ja qreiastoÔme ènan aploÔs-

tero qarakthrismì twn monik¸n morfism¸n thc kathgorÐac.

Prìtash 2.2.4. 'Estw A kai B pÔrgoi abelian¸n om�dwn. Tìte o morfismìc pÔrg-

wn µ : A → B eÐnai monikìc e�n kai mìno e�n h apeikìnish µn : An → Bn eÐnai

monomorfismìc abelian¸n om�dwn gia k�je n ∈ N.

Apìdeixh. ⇐) 'Estw α, β : C → A ¸ste µα = µβ. Ja deÐxoume ìti α = β.

'Omwc µα = µβ ⇒ µnαn = µnβn, ∀n ∈ N⇒ αn = βn, ∀n ∈ N⇒ α = β.

⇒) JewroÔme ton pÔrgo twn pur nwn {kerµ} pou sthn k jèsh èqei ton pur na

thc apeikìnishc µk, kerµk, kai thn apeikìnish pÔrgwn α : kerµ → A ìpou αk eÐnai h

emfÔteush thc upoom�dac kerµk sthn om�da Ak. 'Eqoume dhlad  ton ex c morfismì

pÔrgwn.

... //

��

... //

��

...

��
kerµk+1

αk+1 //

��

Ak+1
µk+1 //

λk��

Bk+1

φk��
kerµk

αk //

τk−1
��

Ak
µk //

λk−1��

Bk
φk−1��

kerµk−1
αk−1 // Ak−1

µk−1 // Bk−1

EÐnai fanerì ìti èqoume fti�xei ènan morfismì pÔrgwn α ¸ste µα = 0⇒ α = 0.

'Ara αn = 0, ∀n ∈ N⇒ kerµn = 0,∀n ∈ N. 'Ara h apeikìnish µn eÐnai monomorfismìc

gia ìla ta n ∈ N. 2

MporoÔme t¸ra na doÔme ti morf  èqoun ta emfuteutik� antikeÐmena thc kath-

gorÐac AbN
op
.

Prìtash 2.2.5. 'Estw I ènac pÔrgoc abelian¸n om�dwn tou opoÐou sumbolÐzoume

touc eswterikoÔc omomorfismoÔc me s. O I eÐnai emfuteutikì antikeÐmeno thc AbN
op

e�n kai mìno e�n h In eÐnai emfuteutik  abelian  om�da gia k�je n ∈ N kai o omomor-

fismìc sn : In+1 → In eÐnai diasp¸menoc epimorfismìc abelian¸n om�dwn gia k�je

n ∈ N.
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Kef�laio 2. O paragìmenoc sunartht c tou antistrìfou orÐou

Apìdeixh. ⇐) Ac upojèsoume ìti èqoume pÔrgouc abelian¸n om�dwn A kai

B me eswterikoÔc omomorfismoÔc a kai b antÐstoiqa kai apeikonÐseic pÔrgwn µ : A→
B, τ : A → I, ¸ste o µ na eÐnai monikìc. Ja kataskeu�soume morfismì pÔrgwn

φ : B → I ¸ste φµ = τ . Arqik� èqoume ìti h I1 eÐnai emfuteutik  abelian  om�da

kai o µ1 : A1 → B1 monomorfismìc. 'Ara up�rqei omomorfismìc abelian¸n om�dwn

φ1 : B1 → I1 ¸ste φ1µ1 = τ1. Ja deÐxoume pwc na kataskeu�soume φ2 : B2 → I2

¸ste φ2µ2 = τ2 kai epiplèon s1φ2 = φ1b1, dhlad  to di�gramma

B2
φ2 //

b1��

I2

s1��
B1

φ1 // I1

na eÐnai metajetikì.

'Eqoume ìti h apeikìnish s1 : I2 → I1 eÐnai diasp¸menoc epimorfismìc, �ra

up�rqei k�poia abelian  om�da C ¸ste I2 ' I1 ⊕ C kai mporoÔme na jewr soume ìti

h s1 eÐnai h probol  sthn I1. Epiplèon kai h C eÐnai emfuteutik  abelian  om�da wc

eujÔc prosjetèoc thc emfuteutik c I2. SumbolÐzoume me πc thn probol  apì thn I2

sth C. 'Eqoume ìmwc thn sÔnjesh

A2
τ2 // I2

πc // C

kai ton monomorfismì µ2 : A2 → B2. AfoÔ h C eÐnai emfuteutik , up�rqei k�poia

apeikìnish χ : B2 → C ¸ste χµ2 = πcτ2. OrÐzoume φ2 : B2 → I2 ' I1 ⊕ C me

φ2(y) = (φ1b1(y), χ(y)).

Apì ton trìpo pou orÐsame th φ2 eÐnai �meso ìti s1φ2 = φ1b1.

Mènei na deÐxoume ìti φ2µ2 = τ2. 'Ara arkeÐ na deÐxoume ìti s1φ2µ2 = s1τ2 kai

ìti πcφ2µ2 = πcτ2. 'Omwc πcφ2µ2 = χµ2 = πcτ2 kai s1φ2µ2 = φ1b1µ2 = φ1µ1a1 =

τ1a1 = s1τ2.

SuneqÐzontac epagwgik� kataskeu�zoume gia k�je n ≥ 3 omomorfismì φn :

Bn → In ¸ste φnµn = τn kai sn−1φn = φn−1bn−1. 'Ara fti�xame ènan morfismì

pÔrgwn φ : B → I ¸ste φµ = τ kai sunep¸c o pÔrgoc I eÐnai emfuteutikì antikeÐmeno

thc AbN
op
.

⇒) DeÐqnoume arqik� ìti h In eÐnai emfuteutik  abelian  om�da, gia k�je n ∈ N.
JewroÔme ènan monomorfismì abelian¸n om�dwn µn : An → Bn kai ènan omomorfismì

τn : An → In. Prèpei na broÔme φn : Bn → In ¸ste φnµn = τn. JewroÔme dÔo

kainoÔriouc pÔrgouc A kai B. O pÔrgoc A stic jèseic mikrìterec   Ðsec tou n èqei

thn om�da An me tautotikoÔc morfismoÔc kai stic jèseic megalÔterec tou n th mhdenik 
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om�da. AntÐstoiqa gia ton pÔrgo B me thn om�da Bn. 'Eqoume kai thn apeikìnish µ

an�mesa se autoÔc touc pÔrgouc pou stic jèseic mikrìterec tou n eÐnai h µn kai stic

megalÔterec jèseic h mhdenik  apeikìnish. Sqhmatik�

... //

��

...

��
0 //

��

0

��
An

µn // Bn

An
µn // Bn

...
µn // ....

Profan¸c o µ eÐnai monikìc morfismìc. 'Eqoume ìmwc kai ton morfismì pÔrgwn τ :

A→ I pou eÐnai o
... //

��

...

sn+1

��
0 //

��

In+1

sn
��

An
τn // In

sn−1
��

An
sn−1τn// In−1

sn−2��
... // ....

AfoÔ o pÔrgoc I eÐnai emfuteutikì antikeÐmeno thc AbN
op
, up�rqei morfismìc pÔrgwn

φ : B → I ¸ste φµ = τ . UpologÐzontac sth jèsh n èqoume ìti φnµn = τn kai

sunep¸c h In eÐnai emfuteutik  abelian  om�da.

Mènei na deÐxoume kai ìti k�je sn : In+1 → In eÐnai diasp¸menoc epimorfismìc.

JewroÔme touc pÔrgouc C kai D ìpou o pÔrgoc C tautÐzetai me ton pÔrgo I mèqri

th jèsh n kai stic jèseic megalÔterec tou n èqei thn tetrimmènh om�da. O pÔrgoc

D eÐnai o Ðdioc me ton C, me th mình diafor� ìti sth jèsh n + 1 èqei thn om�da In.
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Kef�laio 2. O paragìmenoc sunartht c tou antistrìfou orÐou

ApeikonÐzoume ton C sto D mèsw tou morfismoÔ λ wc ex c:

... //

��

...

��
0 //

��

In

In
sn−1
��

In
sn−1
��

In−1

sn−2��

In−1

sn−2��
...

....

EÐnai fanerì ìti o λ eÐnai monikìc wc morfismìc pÔrgwn. 'Omwc èqoume kai ton mor-

fismì σ : C → I me
... //

��

...

��
0 //

��

In+1

sn
��

In
sn−1
��

In
sn−1
��

In−1

sn−2��

In−1

sn−2��
...

....

AfoÔ o I eÐnai emfuteutikì antikeÐmeno, up�rqei ψ : D → I ¸ste ψλ = σ. 'Ara

br kame ψn+1 : In → In+1, ¸ste snψn+1 = 1In . Sunep¸c o sn eÐnai diasp¸menoc

epimorfismìc. 2

GnwrÐzontac t¸ra poia eÐnai ta emfuteutik� antikeÐmena thc kathgorÐac AbN
op
,

eÐnai sqetik� eÔkolo na apodeÐxoume ìti k�je antikeÐmeno emfuteÔetai se k�poio em-

futeutikì antikeÐmeno. Dhlad  èqoume ìti:

Prìtash 2.2.6. 'Estw F ∈ AbN
op
. Tìte up�rqei emfuteutikì antikeÐmeno I ∈

AbN
op

kai monikìc morfismìc i : F → I.

Apìdeixh. Arqik� emfuteÔoume k�je mÐa apì tic abelianèc om�dec Fi, i ∈ N
se mÐa emfuteutik  abelian  Ji om�da mèsw monomorfism¸n ji : Fi → Ji. Jètoume

Ii =
⊕

k≤i Jk, gia k�je i ∈ N. K�je om�da Ii eÐnai emfuteutik  wc peperasmèno
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Kef�laio 2. O paragìmenoc sunartht c tou antistrìfou orÐou

eujÔ �jroisma emfuteutik¸n. Jewr¸ kai ton antÐstoiqo pÔrgo I pou sth jèsh i èqei

thn om�da Ii kai oi apeikonÐseic dÐnontai apì tic probolèc. EÐnai safèc ìti o I eÐnai

emfuteutikì antikeÐmeno thc AbN
op
. EmfuteÔoume ton F ston I wc ex c.

... //

��

...

��
F3

(j1f1f2,j2f2,j3) //

f2��

J1 ⊕ J2 ⊕ J3

��
F2

(j1f1,j2) //

f1��

J1 ⊕ J2

��
F1

j1 // J1.

EÐnai fanerì ìti h apeikìnish i : F → I pou fti�xame eÐnai ènac morfismìc pÔrgwn, o

opoÐoc eÐnai monikìc. 2

2.3 H sunj kh Mittag-Leffler

Dedomènou ìti h kathgorÐa AbN
op
eÐnai abelian  kai èqei arket� emfuteutik� antikeÐme-

na, èqei endiafèron na melet soume touc dexi� paragìmenouc sunarthtèc enìc arister�

akriboÔc sunartht .

Orismìc 2.3.1. OrÐzoume wc lim←−
i na eÐnai oi dexi� paragìmenoi sunarthtèc tou

sunartht  lim←− : AbN
op → Ab, dhlad 

lim←−
i = Rilim←−, i ≥ 0.

Dedomènou ìti to antÐstrofo ìrio eÐnai arister� akrib c sunartht c èqoume ìti

lim←−
0 ' lim←−, dhlad  eÐnai fusik� isodÔnamoi sunarthtèc. Epiplèon èqoume th makr�

akrib  akoloujÐa twn paragìmenwn sunartht¸n, dhlad  an

0→ {An} → {Bn} → {Cn} → 0

eÐnai mia braqeÐa akrib c akoloujÐa pÔrgwn abelian¸n om�dwn, tìte paÐrnoume thn

epagìmenh makr� akrib  akoloujÐa abelian¸n om�dwn

0→ lim←−An → lim←−Bn → lim←−Cn → lim←−
1An → lim←−

1Bn → lim←−
1Cn → . . .

Qrhsimopoi¸ntac mìno ton orismì eÐnai arket� dÔskolo akìma kai na apofan-

joÔme an gia k�poion pÔrgo A isqÔei lim←−
1An 6= 0 (ja doÔme ìmwc ìti p�nta lim←−

iAn = 0,
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gia i ≥ 2). H sunj kh Mittag-Leffler, h opoÐa eis qjh apì ton Grothendieck sto [6],

mac dÐnei èna sqetik� eÔkolo krit rio gia na doÔme ìti lim←−
1An = 0.

Orismìc 2.3.2. 'Enac pÔrgoc A abelian¸n om�dwn ikanopoieÐ th sunj kh Mittag-

Leffler an gia k�je k up�rqei k�poio j ≥ k ¸ste h eikìna thc apeikìnishc Ai → Ak na

isoÔtai me thn eikìna thc Aj → Ak, gia ìla ta i ≥ j.

Dhlad  ènac pÔrgoc ikanopoieÐ th sunj kh Mittag-Leffler an to filtr�risma

Ak ⊇ im(Ak+1 → Ak) ⊇ im(Ak+2 → Ak) ⊇ . . .

telik� stajeropoieÐtai gia opoiod pote k ∈ N.
Gia par�deigma, ènac pÔrgoc peperasmènwn abelian¸n om�dwn   ènac pÔrgoc pou

ìlec tou oi apeikonÐseic eÐnai epimorfismoÐ ikanopoieÐ th sunj kh Mittag-Leffler.

Prìtash 2.3.3. 'Estw {An} ènac pÔrgoc abelian¸n om�dwn o opoÐoc ikanopoieÐ th

sunj kh Mittag-Leffler. Tìte lim←−
1An = 0.

Apìdeixh. EmfuteÔoume ton pÔrgo {An} se ènan emfuteutikì pÔrgo {Bn}
kai paÐrnoume thn parak�tw braqeÐa akrib  akoloujÐa pÔrgwn

0 // {An}
f // {Bn}

g // {Cn} // 0.

Jewr¸ntac th makr� akrib  akoloujÐa twn paragìmenwn sunartht¸n kai dedomènou

ìti oi dexi� paragìmenoi sunarthtèc mhdenÐzontai sta emfuteutik� antikeÐmena, arkeÐ

na deÐxoume ìti h epagìmenh apeikìnish lim←−g : lim←−Bn → lim←−Cn eÐnai epÐ.

Ja jewr soume tic parak�tw peript¸seic.

PerÐptwsh 1: Ac upojèsoume ìti ìloi oi omomorfismoÐ tou pÔrgou αn : An+1 →
An, n ≥ 1 eÐnai epimorfismoÐ.

'Estw (c) = (c1, c2, . . .) ∈ lim←−Cn. Dhlad , an sumbolÐsoume tic apeikonÐseic tou

pÔrgou C me γ, èqoume ìti γi(ci+1) = ci, gia k�je i ∈ N. 'Eqoume to ex c metajetikì

di�gramma

0 // A2
f2 //

α1��

B2
g2 //

β1��

C2
//

γ1
��

0

0 // A1
f1 // B1

g1 // C1
// 0.

AfoÔ oi apeikonÐseic g1, g2 eÐnai epÐ, up�rqoun b1 ∈ B1, b̄2 ∈ B2 ¸ste g1(b1) = c1,

g2(b̄2) = c2. 'Omwc g1β1(b̄2) = γ1g2(b̄2) = γ1(c2) = c1 = g1(b1) ⇒ β1(b̄2) − b1 ∈
kerg1 = imf1. 'Ara up�rqei a1 ∈ A1 ¸ste f1(a1) = β1(b̄2)− b1. H apeikìnish α1 ìmwc
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eÐnai epÐ, �ra up�rqei a2 ∈ A2 ¸ste α1(a2) = a1, epomènwc f1α1(a2) = β1(b̄2)− b1 ⇒
β1f2(a2) = β1(b̄2)−b1 ⇒ b1 = β1(b̄2−f2(a2)). Jètoume b2 = b̄2−f2(a2) kai èqoume ìti

β1(b2) = b1 kai epiplèon g2(b2) = g2(b̄2 − f2(a2)) = g2(b̄2)− g2f2(a2) = g2(b̄2) = c2.

SuneqÐzontac me ton Ðdio trìpo brÐskoume bi ∈ Bi, i ≥ 2 ¸ste βi−1(bi) = bi−1

kai epiplèon gi(bi) = ci. 'Ara br kame (b) = (b1, b2, . . .) ∈ lim←−Bn ¸ste lim←−g(b) = (c).

Sunep¸c h apeikìnish lim←−g eÐnai epÐ kai lim←−
1An = 0.

PerÐptwsh 2: Ac upojèsoume ìti gia k�je k to filtr�risma thc Ak telik�

mhdenÐzetai. Dhlad  up�rqei k�poio ik > k ¸ste h apeikìnish Aik
→ Ak na eÐnai

h mhdenik . Jewr¸ntac pwc o ik eÐnai o el�qistoc tètoioc fusikìc, eÐnai eÔkolo na

parathr soume ìti ik−1 ≤ ik,∀k ≥ 2. JewroÔme to stoiqeÐo (c) = (c1, c2, . . .) ∈ lim←−Cn
kai brÐskoume stoiqeÐa b̄i ∈ Bi ¸ste gi(b̄i) = ci. Tìte (ìpwc sthn perÐptwsh 1)

mporoÔme na broÔme ak ∈ Ak ¸ste βk(b̄k+1)− b̄k = fk(ak),∀k ∈ N.
Jètoume bk = b̄k+fk(ak+ākk+1+. . .+ākik−1), ìpou sumbolÐzoume me āki thn eikìna

tou ai sthn Ak (jumÐzoume ìti ākj = 0, j ≥ ik). Tìte profan¸c gk(bk) = gk(b̄k) = ck.

Epiplèon èqoume ìti βk−1(bk) = βk−1(b̄k) +βk−1fk(ak + ākk+1 + . . .+ ākik−1) = b̄k−1 +

fk−1(ak−1) + βk−1fk(ak + ākk+1 + . . .+ ākik−1) = b̄k−1 + fk−1(ak−1) + fk−1αk−1(ak +

ākk+1 + . . . + ākik−1) = b̄k−1 + fk−1(ak−1 + āk−1
k + . . . + āk−1

ik−1−1) = bk−1. 'Ara to

stoiqeÐo (b) = (b1, b2, . . .) ∈ lim←−Bn kai lim←−g(b) = (c). Sunep¸c kai se aut  thn

perÐptwsh lim←−
1An = 0.

Epistrèfontac sth genik  perÐptwsh pou o pÔrgoc {An} ikanopoieÐ th sunj kh

Mittag-Leffler, ac sumbolÐsoume me A′k thn eikìna Ai → Ak, gia arket� meg�lo i.

Tìte oi apeikonÐseic A′k+1 → A′k eÐnai ìlec epÐ, �ra lim←−
1A′n = 0. Epiplèon o pÔr-

goc {An/A′n} ikanopoieÐ tic proupojèseic thc perÐptwshc 2, �ra lim←−
1An/A

′
n = 0. H

braqeÐa akrib c akoloujÐa pÔrgwn

0→ {A′n} → {An} → {An/A′n} → 0

deÐqnei kai ìti lim←−
1An = 0. 2

Parat rhsh 2.3.4. O Gray èdeixe sto [5] ìti gia pÔrgouc arijm simwn abelian¸n

om�dwn h sunj kh Mittag-Leffler eÐnai ikan  kai anagkaÐa gia to mhdenismì tou lim←−
1

ìrou. 'Omwc up�rqoun pÔrgoi mh arijm simwn abelian¸n om�dwn pou den ikanopoioÔn

th sunj kh Mittag-Leffler kai ìmwc o lim←−
1 ìroc touc eÐnai mhdenikìc. Blèpe [13,

Par�d.4.5] gia èna tètoio par�deigma.

MporoÔme t¸ra na apodeÐxoume ìti oi dexi� paragìmenoi sunarthtèc tou anti-

strìfou orÐou mhdenÐzontai stic diast�seic megalÔterec   Ðsec tou 2.
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Prìtash 2.3.5. 'Estw {An} ènac pÔrgoc abelian¸n om�dwn. Tìte lim←−
iAn = 0, ∀i ≥

2.

Apìdeixh. EmfuteÔoume ton pÔrgo {An} se ènan emfuteutikì pÔrgo {Bn}
kai paÐrnoume mia braqeÐa akrib  akoloujÐa pÔrgwn

0 // {An}
f // {Bn}

g // {Cn} // 0.

AfoÔ o pÔrgoc {Bn} eÐnai emfuteutikìc k�je apeikìnish βn : Bn+1 → Bn eÐnai

epimorfismìc. Qrhsimopoi¸ntac kai to ìti k�je apeikìnish gn : Bn → Cn eÐnai epi-

morfismìc, eÐnai eÔkolo na apodeÐxoume kai ìti k�je apeikìnish tou pÔrgou {Cn},
γn : Cn+1 → Cn eÐnai epimorfismìc. 'Ara lim←−

1Cn = 0 kai apì th makr� akrib 

akoloujÐa twn paragìmenwn sunartht¸n èpetai ìti lim←−
2An = 0. AfoÔ autì isqÔei

gia opoiond pote pÔrgo, ja èqoume kai ìti lim←−
2Cn = 0. Qrhsimopoi¸ntac p�li th

makr� akrib  akoloujÐa èqoume ìti lim←−
3An = 0 kai telik� suneqÐzontac me ton Ðdio

trìpo paÐrnoume ìti lim←−
iAn = 0, ∀i ≥ 2. 2

Parat rhsh 2.3.6. H upìjesh ìti to sÔnolo deikt¸n eÐnai oi fusikoÐ arijmoÐ eÐnai

anagkaÐa gia na isqÔei h parap�nw prìtash. Genikìtera o Mitchell èdeixe sto [17] pwc

an I eÐnai èna diatetagmèno sÔnolo plhjikoÔ arijmoÔ ℵd, tìte lim←−
n = 0, n ≥ d+ 2.

2.4 Mia isodÔnamh perigraf  tou lim1

Ja d¸soume ed¸ ènan diaforetikì kai eukolìtero trìpo upologismoÔ tou lim←−
1 ìrou

enìc pÔrgou abelian¸n om�dwn. 'Estw

A = {A1 A2
f1oo A3

f2oo · · ·}f3oo

ènac pÔrgoc abelian¸n om�dwn. JewroÔme thn apeikìnish

DA :
∏

An →
∏

An,

me tÔpo

(a1, a2, a3, . . .)→ (a1 − f1(a2), a2 − f2(a3), a3 − f3(a4), . . .).

EÐnai fanerì ìti kerDA ' lim←−An kai o isomorfismìc autìc eÐnai fusikìc. EmeÐc ja

deÐxoume ìti lim←−
1An ' cokerDA. Katarq n ìmwc parathroÔme to ex c.

L mma 2.4.1. An ìlec oi apeikonÐseic tou pÔrgou An+1 → An eÐnai epimorfismoÐ,

tìte cokerDA = 0.
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Apìdeixh. 'Estw (b1, b2, . . .) ∈
∏
An. Xekin�me me èna opoiod pote stoiqeÐo

a1 ∈ A1 kai epagwgik� dialègoume ai+1 ∈ Ai+1, ¸ste fi(ai+1) = ai− bi. EÐnai fanerì
ìti h apeikìnish DA stèlnei to stoiqeÐo (a1, a2, . . .) sto (b1, b2, . . .). Epomènwc h DA

eÐnai epÐ kai cokerDA = 0. 2

Prìtash 2.4.2. 'Estw {An} ènac pÔrgoc abelian¸n om�dwn. Tìte lim←−
1An '

cokerDA.

Apìdeixh. EmfuteÔoume ton pÔrgo {An} se ènan emfuteutikì pÔrgo {Bn}
kai paÐrnoume mia braqeÐa akrib  akoloujÐa pÔrgwn

0 // {An} // {Bn} // {Cn} // 0.

Efarmìzontac to L mma tou fidioÔ sto metajetikì di�gramma

0 //
∏
An //

DA��

∏
Bn //

DB��

∏
Cn //

DC��

0

0 //
∏
An //

∏
Bn //

∏
Cn // 0

paÐrnoume th makr� akrib  akoloujÐa

0→ kerDA → kerDB → kerDC → cokerDA → 0,

dedomènou ìti cokerDB = 0. 'Ara, jewr¸ntac kai th makr� akrib  akoloujÐa twn

paragìmenwn sunartht¸n, èqoume to parak�tw metajetikì di�gramma me akribeÐc gram-

mèc

0 // kerDA
//

��

kerDB
//

��

kerDC
//

��

cokerDA
//

��

0

0 // lim←−An
// lim←−Bn

// lim←−Cn
// lim←−

1An // 0

AfoÔ oi treic pr¸tec katakìrufec apeikonÐseic eÐnai isomorfismoÐ, èna kun gi dia-

gr�mmatoc deÐqnei kai ìti h epagìmenh katakìrufh apeikìnish eÐnai isomorfismìc kai

sunep¸c lim←−
1An ' cokerDA. 2
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Kef�laio 3

Phantom maps sth mh-eustaj 

omotopik  kathgorÐa

Sto kef�laio autì exet�zoume ton deÐkth Gray twn phantom maps sth mh-eustaj 

omotopik  kathgorÐa twn CW sumplegm�twn. Dhlad  ta antikeÐmena thc kathgorÐac

eÐnai ta sunektik� CW sumplègmata kai to sÔnolo twn morfism¸n [X,Y ], an�mesa

se dÔo tètoia antikeÐmena X kai Y , eÐnai oi kl�seic omotopÐac suneq¸n apeikonÐsewn

an�mesa touc. JewroÔme ìti k�je antikeÐmeno èqei èna shmeÐo st rixhc, to opoÐo

diathreÐtai apì opoiad pote apeikìnish. SumbolÐzoume me Ph(X,Y ) to sÔnolo twn

kl�sewn omotopÐac twn phantom maps apì to X sto Y . Wc shmeÐo st rixhc autoÔ

tou sunìlou jewroÔme th stajer  apeikìnish. Sthn pr¸th par�grafo tou kefalaÐou

dÐnoume ìla ta aparaÐthta proapaitoÔmena kai k�poia basik� apotelèsmata thc jewrÐac

twn phantom maps. Sth deÔterh, epikentrwnìmaste ston deÐkth Gray, apodeiknÔoume

ta Jewr mata A kai B thc eisagwg c kai paÐrnoume di�fora paradeÐgmata kai porÐs-

mata qrhsimopoi¸ntac ta. Sth sunèqeia, exet�zoume to er¸thma an mia apeikìnish

g : Y → Y ′ pou ep�gei mia amfimonos manth antistoiqÐa g∗ : Ph(X,Y )→ Ph(X,Y ′),

diathreÐ ton deÐkth Gray. DÐnoume mia epimèrouc lÔsh. Tèloc, exet�zoume to sÔnolo

twn phantom maps pou èqoun �peiro deÐkth Gray qrhsimopoi¸ntac thn prosèggish

sth jewrÐa twn phantom maps mèsw tou sunartht  lim←−
1.

3.1 Trìpoi prosèggishc twn phantom maps

'Estw X kai Y dÔo CW sumplègmata. 'Ena basikì algebrikì ergaleÐo gia ton èlegqo

tou sunìlou Ph(X,Y ) eÐnai o pr¸toc dexi� paragìmenoc sunartht c tou antistrìfou
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orÐou lim←−
1. Gia na doÔme pwc autìc qrhsimopoieÐtai sth jewrÐa twn phantom maps,

qrei�zetai na genikeÔsoume ton orismì tou kai se pÔrgouc mh abelian¸n om�dwn.

Orismìc 3.1.1. 'Enac pÔrgoc om�dwn {Gn} eÐnai èna antÐstrofo sÔsthma om�dwn

kai omomorfism¸n

G1 G2
a1oo G3

a2oo · · ·a3oo .

Oi Bousfield kai Kan sto [2] epèkteinan ton orismì tou lim←−
1 kai se pÔrgouc mh

abelian¸n om�dwn me ton parak�tw trìpo.

Orismìc 3.1.2. Dojèntoc enìc pÔrgou om�dwn

G = {G1 G2
f1oo G3

f2oo · · ·}f3oo ,

orÐzoume wc lim←−
1G to phlÐko thc dr�shc thc om�dac

∏
Gn sto sÔnolo

∏
Gn ìpou

{gn} · {xn} = {gnxn(fn(gn+1))−1}.

EÐnai eÔkolo na diapist¸soume ìti o teleutaÐoc orismìc sumfwneÐ me ton orismì

tou lim←−
1 sthn perÐptwsh twn abelian¸n pÔrgwn. EpÐshc, ja prèpei na tonÐsoume

ìti, sth mh abelian  perÐptwsh o ìroc lim←−
1 den èqei k�poia algebrik  dom . EÐnai

mìno èna sÔnolo ìpou dialègoume gia shmeÐo st rixhc tou thn kl�sh tou oudèterou

stoiqeÐou (1, 1, 1, ...). H akrib c akoloujÐa 6 ìrwn pou ep�getai apì mia braqeÐa akrib 

akoloujÐa pÔrgwn genikeÔetai kai sth mh abelian  perÐptwsh [2, sel.252].

Gia na doÔme ton trìpo me ton opoÐo oi pÔrgoi om�dwn emfanÐzontai sth jewrÐa

omotopÐac, ja qreiastoÔme pr¸ta ton orismì tou pÔrgou Postnikov enìc q¸rou.

Orismìc 3.1.3. 'Estw Y èna sunektikì CW sÔmplegma. O pÔrgoc Postnikov tou Y

eÐnai mia akoloujÐa q¸rwn Y (n), n ≥ 1 kai apeikonÐsewn qn : Y → Y (n), fn : Y (n+1) →
Y (n), n ≥ 1 ¸ste gia k�je n na isqÔoun ta ex c:

(1) H apeikìnish qn ep�gei ènan isomorfismì stic om�dec omotopÐac stic diast�seic

mikrìterec   Ðsec tou n.

(2) πi(Y
(n)) = 0, i > n.

(3) fnqn+1 = qn.

EÐnai gnwstì ìti k�je sunektikì CW sÔmplegma èqei ènan pÔrgo Postnikov, o

opoÐoc eÐnai monadikìc wc proc omotopik  isodunamÐa [9, sel.354].
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Ac doÔme t¸ra pwc o sunartht c lim←−
1 emplèketai sth jewrÐa twn phantom

maps. JewroÔme dÔo q¸rouc X kai Y kai ton pÔrgo Postnikov {Y (n)} tou Y . Jè-

tontac Gn = [X,ΩY (n)] kai jewr¸ntac touc omomorfismoÔc pou ep�gontai apì ton

pÔrgo Postnikov tou Y , èqoume ènan pÔrgo om�dwn. MporoÔme na jewr soume kai

ènan elafr¸c diaforetikì pÔrgo, pou o n-ostìc tou ìroc eÐnai o [ΣXn, Y ] me tic pro-

faneÐc apeikonÐseic. Oi Bousfield kai Kan èdeixan sto [2, sel.254-255] ìti up�rqoun

oi parak�tw braqeÐec akribeÐc akoloujÐec sunìlwn me shmeÐo st rixhc

∗ → lim←−
1[ΣXn, Y ]→ [X,Y ]→ lim←−[Xn, Y ]→ ∗

kai

∗ → lim←−
1[X,ΩY (n)]→ [X,Y ]→ lim←−[X,Y (n)]→ ∗,

oi opoÐec mac epitrèpoun na tautÐsoume ta lim←−
1[ΣXn, Y ] kai lim←−

1[X,ΩY (n)] me to

Ph(X,Y ).

O deÔteroc trìpoc prosèggishc thc jewrÐac twn phantom maps proèrqetai

mèsw thc topikopoÐhshc kai thc pl rwshc enìc CW sumplègmatoc. Dedomènou ìti

autèc oi kataskeuèc den mporoÔn na pragmatopoihjoÔn gia opoiod pote sÔmplegma,

ja perioristoÔme sthn kathgorÐa twn mhdenodÔnamwn CW sumplegm�twn peperasmè-

nou tÔpou, thn opoÐa t¸ra ja perigr�youme. Perissìterec leptomèreiec mporoÔn na

brejoÔn sta [10, 21]. Ja qreiastoÔme pr¸ta k�poiec idiìthtec thc topikopoi sewc

mhdenodÔnamwn om�dwn.

Orismìc 3.1.4. 'Estw P èna sÔnolo pr¸twn arijm¸n. Mia om�da G ja lègetai P

topik  an h antistoiqÐa x → xn, x ∈ G, eÐnai amfimonos manth, gia k�je akèraio n

pou den diaireÐtai apì kanènan pr¸to arijmì p ∈ P .

Opoiad pote mhdenodÔnamh om�da topikopoieÐtai se opoiod pote sÔnolo pr¸twn

arijm¸n ìpwc prokÔptei apì to:

Je¸rhma 3.1.5. [10, sel.7] 'Estw G mia mhdenodÔnamh om�da kai P èna sÔnolo

pr¸twn arijm¸n. Tìte up�rqei mia mhdenodÔnamh om�da GP h opoÐa eÐnai P topik 

kai ènac omomorfismìc om�dwn e : G → GP , ¸ste h epagìmenh apeikìnish e? :

Hom(GP ,K)→ Hom(G,K) na eÐnai amfimonos manth, sthn perÐptwsh pou h K eÐnai

P topik  mhdenodÔnamh om�da. To zeug�ri (GP , e) ja onom�zetai P topikopoÐhsh thc

G kai eÐnai monadikì.
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Mac endiafèrei idiaÐtera h perÐptwsh kat� thn opoÐa P = ∅. Se aut n thn

perÐptwsh ja mil�me gia rhtopoÐhsh thc om�dac G. Prokeimènou na orÐsoume antÐs-

toiqec ènnoiec kai sthn kathgorÐa twn CW sumplegm�twn, prèpei na jèsoume k�poiouc

periorismoÔc ston trìpo pou h jemeli¸dhc om�da dra stic an¸terec om�dec omotopÐac.

Orismìc 3.1.6. 'Estw Q mia om�da h opoÐa dra se mia abelian  om�da A. Ja

lème ìti h Q dra mhdenodÔnama sthn A an gia k�poio jetikì akèraio j isqÔei ìti

(IQ)jA = {0}, ìpou IQ to ide¸dec epaÔxhshc tou omadodaktulÐou ZQ.

EÐmaste t¸ra se jèsh na orÐsoume touc q¸rouc pou ousiastik� ja mac a-

pasqol soun apì ed¸ kai pèra.

Orismìc 3.1.7. 'Ena CW sÔmplegma X onom�zetai mhdenodÔnamo an h jemeli¸dhc

om�da tou X, π1(X), eÐnai mhdenodÔnamh kai dra mhdenodÔnama stic an¸terec om�dec

omotopÐac πn(X), gia k�je n ≥ 2.

EÐnai fanerì apì ton orismì ìti k�je 1-sunektikì CW sÔmplegma eÐnai mh-

denodÔnamo. Poll� akìma paradeÐgmata mhdenodÔnamwn sumplegm�twn mporoÔn na

brejoÔn sto [10, Kef.2]. H shmantikìterh idiìthta touc eÐnai ìti dèqontai kai aut�

mia ènnoia topikopoÐhshc, dhlad  an to X eÐnai mhdenodÔnamo sÔmplegma tìte up�rqei

èna �llo sÔmplegma XP kai mia apeikìnish f : X → XP , ¸ste oi epagìmenec apeikonÐ-

seic stic om�dec omotopÐac kai omologÐac na eÐnai oi algebrikèc topikopoi seic touc.

Pio sugkekrimèna èqoume ìti:

Orismìc 3.1.8. 'Estw X èna mhdenodÔnamo CW sÔmplegma kai P èna sÔnolo

pr¸twn arijm¸n. To X lègetai P -topikì an oi om�dec omotopÐac πn(X) eÐnai P -

topikèc gia k�je n ≥ 1. Ja onom�zoume mia apeikìnish f : Y → Z an�mesa se dÔo

mhdenodÔnama CW sÔmplegmata P -topikopoÐhsh tou Y , an to Z eÐnai P -topikì kai h

epagìmenh apeikìnish f? : [Z,W ] → [Y,W ] eÐnai amfimonos manth gia opoiod pote

P -topikì mhdenodÔnamo sÔmplegma W .

'Eqoume tic ex c jemeli¸deic idiìthtec pou aforoÔn thn topikopoÐhsh twn mh-

denodÔnamwn sumplegm�twn.

Je¸rhma 3.1.9. [10, Je¸rhma 3A, sel.72] 'EstwX èna mhdenodÔnamo CW sÔmpleg-

ma kai P èna sÔnolo pr¸twn arijm¸n. Tìte to X dèqetai mia P -topikopoÐhsh.

Je¸rhma 3.1.10. [10, Je¸rhma 3B, sel.72] 'Estw X kai Y mhdenodÔnama CW

sumplègmata, P èna sÔnolo pr¸twn arijm¸n kai f : X → Y . Tìte ta akìlouja eÐnai

isodÔnama:
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(1) H f eÐnai P -topikopoÐhsh tou X.

(2) H πn(f) : πn(X)→ πn(Y ) eÐnai P -topikopoÐhsh gia k�je n ≥ 1.

(3) H Hn(f) : Hn(X)→ Hn(Y ) eÐnai P -topikopoÐhsh gia k�je n ≥ 1.

Dhlad  gia na exet�soume an mia dedomènh apeikìnish eÐnai h topikopoÐhsh enìc

sumplègmatoc, arkeÐ na exet�soume an oi epagìmenec apeikonÐseic eÐnai oi topikopoi -

seic twn om�dwn omotopÐac kai omologÐac tou. Ja sumbolÐzoume me r : X → X0 thn

rhtopoÐhsh enìc mhdenodÔnamou sumplègmatoc X, dhlad  thn perÐptwsh pou P = ∅.
Ed¸ prèpei na parathr soume ìti oi an¸terec om�dec omotopÐac kai oi om�dec o-

mologÐac tou X0 eÐnai to tanustikì ginìmeno twn antÐstoiqwn om�dwn tou X me to

s¸ma twn rht¸n arijm¸n.

Mia �llh qr simh algebrik  kataskeu  pou metafèretai sth jewrÐa omotopÐac

eÐnai h propeperasmènh pl rwsh miac om�dac. 'Olec oi kataskeuèc mporoÔn na brejoÔn

analutik� sto [21].

Orismìc 3.1.11. 'Estw G mia om�da. H propeperasmènh pl rwsh thc G eÐnai to

zeÔgoc (Ĝ, ϕ), ìpou Ĝ = lim←−G/Ha, {Ha} eÐnai to sÔnolo twn kanonik¸n upoom�dwn

peperasmènou deÐkth thc G kai ϕ h fusik  apeikìnish, ϕ : G→ Ĝ.

AntÐstoiqa me thn topikopoÐhsh orÐzetai kai h propeperasmènh pl rwsh enìc

CW sumplègmatoc X wc èna CW sÔmplegma X̂ kai mia apeikìnish ê : X → X̂, ¸ste oi

epagìmenec apeikonÐseic stic om�dec omotopÐac na eÐnai oi propeperasmènec plhr¸seic

touc. Prokeimènou na eÐnai dunat  aut  h kataskeu , eÐnai anagkaÐa proupìjesh oi

om�dec omotopÐac tou X na eÐnai peperasmèna paragìmenec. Gia to skopì autì ja

jèsoume wc epiplèon sunj kh to sÔmplegma X na eÐnai peperasmènou tÔpou, dhlad 

na èqei peperasmèno arijmì keli¸n se k�je di�stash. Autì exasfalÐzei ìti oi om�dec

omotopÐac tou eÐnai peperasmèna paragìmenec. Me aut  thn epiplèon sunj kh èqoume

to parak�tw jemeli¸dec apotèlesma.

Je¸rhma 3.1.12. [21, Je¸rhma 3.1, sel.45] 'Estw X èna peperasmènou tÔpou CW

sÔmplegma. Tìte up�rqei h propeperasmènh pl rwsh X̂ tou X.

Ac doÔme t¸ra p¸c autèc oi kataskeuèc bohjoÔn ¸ste na p�roume plhroforÐec

gia to sÔnolo twn phantom maps an�mesa sta X kai Y . Upojètoume ìti ta sumplèg-

mata eÐnai mhdenodÔnama kai peperasmènou tÔpou ¸ste na eÐnai efikt  h rhtopoÐhsh

r : X → X0 tou X kai h pl rwsh ê : Y → Ŷ tou Y .
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Je¸rhma 3.1.13. [13, Je¸rhma 5.1] 'Estw X kai Y mhdenodÔnama, peperasmènou

tÔpou CW sÔmplegmata. Mia apeikìnish f : X → Y eÐnai phantom map an kai mìno

an

(1) H sÔnjesh ê ◦ f : X → Y → Ŷ eÐnai omotopik  me th stajer ,  

(2) H f paragontopoieÐtai mèsw thc apeikìnishc r : X → X0. Dhlad  up�rqei

f : X0 → Y , ¸ste h apeikìnish f ◦ r : X → Y na eÐnai omotopik  me thn f .

Apìdeixh. Gia to (1) �rqik� parathroÔme ìti an h f : X → Y eÐnai phantom

map, to Ðdio eÐnai kai h sÔnjesh ê ◦ f : X → Ŷ . 'Omwc Ph(X, Ŷ ) = ∗, diìti autì
eÐnai isìmorfo me ton lim←−

1 ìro enìc pÔrgou propeperasmènwn om�dwn kai suneq¸n

omomorfism¸n, o opoÐoc eÐnai tetrimmènoc apì to [13, Prìtash 4.3]. Gia thn antÐjeth

kateÔjunsh an h ê ◦ f : X → Ŷ eÐnai omotopik  me th stajer , to Ðdio eÐnai kai o

periorismìc thc se opoiod pote peperasmèno skeletì tou X. 'Omwc autì exanagk�zei

thn f |Xn na eÐnai omotopik  me th stajer  apì èna basikì apotèlesma tou Sullivan

[21, Je¸rhma 3.2].

Gia to (2) jewroÔme th nhmatik  akoloujÐa

Xτ
i−−−−→ X

r−−−−→ X0,

h opoÐa prokÔptei ìti eÐnai kai sunnhmatik  [13]. O Xτ eÐnai ènac q¸roc tou opoÐou

oi om�dec omotopÐac kai oi anhgmènec akèraiec om�dec omologÐac eÐnai om�dec strèyhc.

T¸ra, an h f : X → Y eÐnai phantom map, to Ðdio eÐnai kai h sÔnjesh f ◦ i :

Xτ → Y . 'Omwc Ph(Xτ , Y ) = ∗ apì to [13, Par�deigma 3.15] kai �ra h f ◦ i eÐnai
omotopik  me th stajer . Epomènwc h f paragontopoieÐtai mèsw tou q¸rou X0.

Gia thn antÐjeth kateÔjunsh arqik� parathroÔme ìti an A kai B eÐnai peperasmèna

paragìmenec abelianèc om�dec, A0 h rhtopoÐhsh thc pr¸thc kai B̂ h propeperasmènh

pl rwsh thc deÔterhc, tìte

Hom(A0, B̂) = Ext(A0, B̂) = 0.

Mia apìdeixh tou teleutaÐou mporeÐ na brejeÐ sto [3, Kef�laio 9]. Autì ìmwc shmaÐnei

ìti k�je apeikìnish apì ton X0 ston Ŷ eÐnai omotopik  me th stajer , �ra apì to (1)

èqoume ìti an h f paragontopoieÐtai mèsw tou X0 tìte prèpei na eÐnai phantom map.

2

Dhlad  to pr¸to mèroc tou jewr matoc qarakthrÐzei to sÔnolo Ph(X,Y ) wc

ton pur na thc apeikìnishc ê∗ : [X,Y ] → [X, Ŷ ] kai to deÔtero wc thn eikìna thc
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apeikìnishc r∗ : [X0, Y ] → [X,Y ]. Epomènwc, aut  h prosèggish tou sunìlou

Ph(X,Y ) eÐnai apotelesmatik , mìno efìson mporoÔme na katano soume aut� ta sÔno-

la apeikonÐsewn. Sthn perÐptwsh pou ta sumplègmata eÐnai epiplèon kai 1-sunektik�,

èqoume mia arket� kal  perigraf  tou sunìlou [X0, Y ] sunart sei algebrik¸n anal-

loi¸twn twn X kai Y , ìpwc prokÔptei apì to

Je¸rhma 3.1.14. [13, Je¸rhma 5.2] 'Estw X kai Y 1-sunektik�, peperasmènou

tÔpou CW sumplègmata. Tìte up�rqei mia amfimonos manth antistoiqÐa sunìlwn, h

opoÐa diathreÐ to shmeÐo st rixhc

[X0, Y ] ≈
∏
n≥1

Ext(Hn−1X0, πnY ).

Apìdeixh. (skiagr�fhsh) JewroÔme j : Y → Ȳ mia akèraia prosèggish

(integral approximation) tou Y . Autì shmaÐnei ìti oi om�dec omotopÐac tou Ȳ eÐ-

nai eleÔjerec strèyhc kai peperasmèna paragìmenec, o q¸roc ΩȲ eÐnai omotopik�

isodÔnamoc me èna ginìmeno Eilenberg-Maclane q¸rwn kai h apeikìnish j ep�gei mia

omotopik  isodunamÐa an�mesa stic rhtopoi seic twn dÔo q¸rwn. Mia tètoia prosèg-

gish up�rqei apì to [25, L mma A]. Epeid  h Ðna thc apeikìnishc j èqei peperasmènec

om�dec omotopÐac, h j ep�gei mia amfimonos manth antistoiqÐa an�mesa sta sÔnola

[X0, Y ] kai [X0, Ȳ ]. Efarmìzontac [ , Ȳ ] sth sunnhmatik  akoloujÐa

Xτ
i−−−−→ X

r−−−−→ X0

paÐrnoume thn akrib  akoloujÐa

. . . // [ΣX, Ȳ ]
Σi∗ // [ΣXτ , Ȳ ] // [X0, Ȳ ]

r∗ // [X, Ȳ ] .

'Omwc h apeikìnish r∗ prokÔptei ìti eÐnai tetrimmènh kai h Σi∗ èna proc èna (blèpe

to �rjro tou McGibbon gia leptomèreiec). Sundu�zontac aut� ta dÔo èqoume ìti

up�rqei mia amfimonos manth antistoiqÐa an�mesa sto [X0, Y ] kai ston sumpur na thc

apeikìnishc

[X,ΩȲ ]
i∗ // [Xτ ,ΩȲ ] .

Dedomènou ìmwc ìti o Ȳ eÐnai èna ginìmeno Eilenberg-Maclane q¸rwn autìc o sumpur -

nac èqei th morf  ∏
n≥1

Hn(X0, Fn) ≈
∏
n≥1

Ext(Hn−1X0, πnY ),
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ìpou Fn eÐnai to mègisto eleÔjerhc strèyhc phlÐko thc πn(Y ) kai o teleutaÐoc isomor-

fismìc prokÔptei apì to je¸rhma kajolik¸n suntelest¸n kai apì to ìti Ext(Q, T ) =

0, an T eÐnai peperasmènh abelian  om�da. 2

Epomènwc, sthn perÐptwsh pou h apeikìnish r∗ : [X0, Y ] → [X,Y ] eÐnai èna

proc èna, katafèrnoume na ekfr�soume to sÔnolo Ph(X,Y ) (pou eÐnai h eikìna aut c

thc apeikìnishc) wc èna eujÔ ginìmeno Ext om�dwn. Aut  h apeikìnish eÐnai èna proc

èna se arketèc sunhjismènec peript¸seic, gia par�deigma ìtan o X eÐnai 1-sunektikìc

q¸roc Postnikkov peperasmènou tÔpou (dhlad  πn(X) = 0 gia n >> 0) kai to Y eÐnai

1-sunektikì peperasmèno sÔmplegma [25, Je¸rhma D]. Perissìtera paradeÐgmata pou

h r∗ eÐnai èna proc èna mporoÔn na brejoÔn sto [13, Parag.5].

3.2 RhtopoÐhsh kai o deÐkthc Gray

O deÐkthc Gray enìc phantom map f : X → Y orÐsthke apì ton Gray sth didaktorik 

tou diatrib  [4]. AfoÔ h f ìtan perioristeÐ ston n-skeletì Xn eÐnai omotopik  me th

stajer  apeikìnish, paragontopoieÐtai, wc proc omotopÐa, gia k�je n ìpwc parak�tw

X

""

f // Y

X/Xn

fn

<< .

H epèktash fn den eÐnai aparaÐthta monadik .

Orismìc 3.2.1. O deÐkthc Gray thc f , G(f), eÐnai o megalÔteroc akèraioc n gia

ton opoÐo h apeikìnish fn mporeÐ na epilegeÐ ¸ste na eÐnai phantom map.

Ja lème ìti G(f) = ∞ an h fn mporeÐ na epilegeÐ ¸ste na eÐnai phantom

map gia k�je n. Profan¸c o deÐkthc Gray thc stajer c apeikìnishc eÐnai �peiroc.

MporoÔme na orÐsoume kai ènan dôikì deÐkth Gray me ton ex c trìpo.

'Estw Y 〈n〉 to n-ostì sunektikì k�lumma tou Y , ètsi ¸ste gia k�je n ∈ N na

up�rqei mia fusik  nhmatik  akoloujÐa

Y 〈n〉 pn−−−−→ Y
qn−−−−→ Y (n).

H apeikìnish pn : Y 〈n〉 → Y ep�gei ènan isomorfismì πj(pn) : πj(Y 〈n〉)→ πj(Y ) gia

ìla ta j > n, en¸ πj(Y 〈n〉) = 0, an j ≤ n. Dhlad  k�poioc mporeÐ na skefteÐ thn

akoloujÐa twn q¸rwn (Y 〈n〉)n wc ènan an�podo pÔrgo Postnikov tou Y .
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Ac upojèsoume t¸ra ìti f : X → Y eÐnai mia phantom map. Tìte to Ðdio eÐnai

kai h sÔnjesh qn ◦ f : X → Y (n), gia k�je n ∈ N. 'Omwc o q¸roc Y (n) èqei mìno

peperasmènec to pl joc mh mhdenikèc om�dec omotopÐac, epomènwc den up�rqoun mh

tetrimmènoi phantom maps an�mesa stouc X kai Y (n). Autì shmaÐnei ìti h apeikìnish

f : X → Y eÐnai phantom map an kai mìno an paragontopoieÐtai (wc proc omotopÐa)

gia k�je n wc ex c

Y 〈n〉

��
X

ϕn

<<

f
// Y.

Tìte, o dôikìc deÐkthc Gray, G
′
(f), thc f eÐnai o megalÔteroc akèraioc n gia ton

opoÐo h apeikìnish ϕn mporeÐ na epilegeÐ ¸ste na eÐnai phantom map. H sÔndesh

metaxÔ touc eÐnai �mesh, ìpwc prokÔptei apì to epìmeno apotèlesma.

Prìtash 3.2.2. [8, Prìtash 1] An f : X → Y eÐnai mia phantom map tìte G
′
(f) =

G(f) + 1.

Apìdeixh. Ja qrhsimopoi soume ìti Ph(X,Y ) ∼= lim←−
1[X,ΩY (n)]. Ac up-

ojèsoume ìti G(f) > k. Autì shmaÐnei ìti up�rqei k�poia phantom map fk+1 :

X/Xk+1 → Y h opoÐa paragontopoieÐ thn f . Ja deÐxoume ìti h fk+1 anuy¸netai se

k�poia phantom map ϕ : X/Xk+1 → Y 〈k + 2〉, �ra ja èqoume ìti G
′
(f) > k + 1.

Pr�gmati h apeikìnish pÔrgwn (ìpou to k eÐnai stajerì)

{[X/Xk+1,ΩY
(n)〈k + 2〉]} → {[X/Xk+1,ΩY

(n)]}

eÐnai epÐ, epomènwc afoÔ o sunartht c lim←−
1 eÐnai dexi� akrib c kai h epagìmenh apeikìn-

ish Ph(X/Xk+1, Y 〈k + 2〉)→ Ph(X/Xk+1, Y ) eÐnai epÐshc epÐ.

AntÐstoiqa, gia thn antÐjeth kateÔjunsh parathroÔme ìti h apeikìnish pÔrgwn

{[X/Xk+1,ΩY
(n)〈k + 2〉]} → {[X,ΩY (n)〈k + 2〉]}

eÐnai epÐ. 2

Sth didaktorik  tou diatrib  o Gray [4] isqurÐsthke ìti k�je mh tetrimmènh

phantom map èqei peperasmèno deÐkth Gray. 'Omwc sthn apìdeixh tou up rqe k�poio

l�joc, epomènwc aut  h eikasÐa  tan gia poll� qrìnia anoiqt . Telik� oi McGibbon

kai Strom sto [16] kataskeÔasan mia mh tetrimmènh phantom map me pedÐo orismoÔ to
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�peiro migadikì probolikì epÐpedo CP∞ h opoÐa èqei �peiro deÐkth Gray, deÐqnontac

ìti aut  h eikasÐa den isqÔei. Parìla aut�, to sÔnolo tim¸n aut c thc apeikìnish-

c eÐnai ènac q¸roc pou den eÐnai peperasmènou tÔpou, kai h adunamÐa touc sto na

kataskeu�soun mia mh tetrimmènh phantom map �peirou deÐkth Gray, an�mesa se

q¸rouc peperasmènou tÔpou, touc od ghse sthn ex c eikasÐa.

EikasÐa 3.2.3. K�je mh tetrimmènh phantom map an�mesa se q¸rouc peperasmè-

nou tÔpou èqei peperasmèno deÐkth Gray.

Prìsfata, kai kaj¸c aut  h diatrib  briskìtan se exèlixh, o Iriye sto [11]

kataskeÔase mia mh tetrimmènh phantom map me �peiro deÐkth Gray an�mesa se

q¸rouc peperasmènou tÔpou, deÐqnontac ìti h parap�nw eikasÐa den isqÔei. To pedÐo

orismoÔ thc apeikìnishc pou kataskeÔase o Iriye eÐnai to �peiro migadikì probolikì

epÐpedo CP∞ kai to sÔnolo tim¸n to ΩY , ìpou Y ènac 3-sunektikìc q¸roc peperas-

mènou tÔpou. Up�rqoun, parìla aut�, arketoÐ sunhjismènoi q¸roi pou k�je phantom

map an�mesa touc èqei peperasmèno deÐkth Gray. Merik� tètoia paradeÐgmata m-

poroÔn na brejoÔn sta [7, 16]. To pr¸to apotèlesma mac dÐnei mia ikan  kai anagkaÐa

sunj kh gia na èqei mia phantom map peperasmèno deÐkth Gray, qrhsimopoi¸ntac th

rhtopoÐhsh tou X. UpenjumÐzoume ìti Ph(X,Y ) = r∗[X0, Y ], ìpou r : X → X0 eÐnai

h rhtopoÐhsh tou X.

Je¸rhma 3.2.4. Oi akìloujec sunj kec eÐnai isodÔnamec gia mia phantom map

f : X → Y an�mesa se 1-sunektik�, peperasmènou tÔpou CW sumplègmata:

(1) G(f) ≤ k − 2.

(2) H sÔnjesh qk ◦ f den eÐnai omotopik  me th stajer  apeikìnish, gia opoiad pote

apeikìnish f : X0 → Y ètsi ¸ste f = f ◦ r sto parak�tw omotopik� metajetikì

di�gramma

X

f ��

r // X0

f
��

qk◦f

""
Y qk

// Y (k),

ìpou qk eÐnai h fusiologik  apeikìnish apì to Y sto k-ostì epÐpedo Y (k) tou

pÔrgou Postnikov tou Y kai r eÐnai h rhtopoÐhsh tou X.

Apìdeixh. (1)⇒ (2) JewroÔme tic nhmatikèc akoloujÐec

Y 〈k〉 pk−−−−→ Y
qk−−−−→ Y (k)
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kai

Xτ
i−−−−→ X

r−−−−→ X0.

Sthn perÐptwsh pou h jemeli¸dhc om�da tou X eÐnai peperasmènh, prokÔptei ìti h

deÔterh akoloujÐa eÐnai kai sunnhmatik  (cofibration sequence) [13]. Autì isqÔei

kai sth sugkekrimènh perÐptwsh, afoÔ èqoume upojèsei ìti ta sumplègmata eÐnai 1-

sunektik�. 'Ara oi parap�nw akoloujÐec ep�goun to parak�tw metajetikì di�gramma,

tou opoÐou oi grammèc kai st lec eÐnai akribeÐc akoloujÐec sunìlwn me shmeÐo st rixhc.

[X0, Y 〈k〉]
r∗−−−−→ [X,Y 〈k〉] i∗−−−−→ [Xτ , Y 〈k〉]

(pk)∗

y (pk)∗

y y(pk)∗

[X0, Y ] −−−−→
r∗

[X,Y ] −−−−→
i∗

[Xτ , Y ]

(qk)∗

y (qk)∗

y y(qk)∗

[X0, Y
(k)] −−−−→

r∗
[X,Y (k)] −−−−→

i∗
[Xτ , Y

(k)]

An G(f) ≤ k − 2 tìte, sÔmfwna me thn Prìtash 3.2.2, k�je fk : X → Y 〈k〉 ¸ste
f = pk ◦ fk den eÐnai phantom map. 'Ara, an up�rqei k�poia f : X0 → Y ¸ste

r∗(f) = f kai h qk ◦ f na eÐnai omotopik  me th stajer , tìte f ∈ ker(qk)∗ = im(pk)∗

kai epomènwc f = (pk)∗(g) gia k�poia g : X0 → Y 〈k〉. Tìte, h r∗(g) : X → Y 〈k〉 eÐnai
mia apeikìnish pou an kei sthn antÐstrofh eikìna thc f mèsw thc (pk)∗ kai epomènwc,

sÔmfwna me ta prohgoÔmena, h r∗(g) den eÐnai phantom map. Autì ìmwc eÐnai �topo,

afoÔ r∗[X0, Y 〈k〉] = Ph(X,Y 〈k〉).
(2)⇒ (1) An h qk ◦ f den eÐnai omotopik  me th stajer , gia k�je f : X0 → Y

¸ste r∗(f) = f , tìte o deÐkthc Gray thc f eÐnai austhr� mikrìteroc tou k − 1.

Pr�gmati, an up�rqei mia fk : X → Y 〈k〉 ¸ste (pk)∗(fk) = f kai h fk na eÐnai

phantom map, tìte up�rqei k�poia g ∈ [X0, Y 〈k〉] ¸ste r∗(g) = fk. 'Epetai ìti h

f = (pk)∗(g) = pk ◦ g : X0 → Y eÐnai mia apeikìnish gia thn opoÐa r∗(f) = f kai h

qk ◦ f eÐnai omotopik  me th stajer , to opoÐo eÐnai �topo. 2

Ac jewr soume X, Y dÔo 1-sunektik� CW sumplègmata peperasmènou tÔpou

kai th rhtopoÐhsh X0 tou X. Lìgw tou Jewr matoc 3.2.4, èqei endiafèron na exet�-

soume thn apeikìnish (qk)∗ : [X0, Y ] → [X0, Y
(k)], h opoÐa ep�getai apì th fusik 

apeikìnish qk : Y → Y (k) apì to Y sto k epÐpedo tou pÔrgou Postnikov tou. 'Omwc,

gia 1-sunektik� CW -sumplègmata peperasmènou tÔpou èqoume mia amfimonos manth
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antistoiqÐa sunìlwn, h opoÐa diathreÐ to shmeÐo st rixhc,

[X0, Y ] ≈
∏
n≥1

Ext(Hn−1X0, πnY ),

h opoÐa eÐnai fusik  sto Y [13, Je¸rhma 5.2]. Epomènwc mporoÔme na tautÐsoume thn

epagìmenh apeikìnish (qk)∗ : [X0, Y ]→ [X0, Y
(k)] me thn probol 

∏
n≥1

Ext(Hn−1X0, πnY )→
∏
n≥1

Ext(Hn−1X0, πnY
(k)) =

k∏
n=1

Ext(Hn−1X0, πnY ).

Sugkekrimèna, èna mh tetrimmèno stoiqeÐo g ∈ [X0, Y ] antistoiqeÐ se mia mh tetrimmènh

akoloujÐa (g1, g2, ...) ∈
∏
n≥1 Ext(Hn−1X0, πnY ). 'Estw gi0 to pr¸to mh mhdenikì

stoiqeÐo se mia tètoia akoloujÐa. Tìte, h g den an kei ston pur na thc apeikìnishc

(qio)∗ : [X0, Y ]→ [X0, Y
(i0)] . Sundu�zontac ìla aut�, ft�noume se mia nèa apìdeixh

tou:

Prìtash 3.2.5. [16, Prìtash 3] 'Estw X kai Y 1-sunektik�, peperasmènou tÔpou

CW sumplègmata, ètsi ¸ste h r∗ : [X0, Y ]→ Ph(X,Y ) na eÐnai mia amfimonos manth

antistoiqÐa sunìlwn me shmeÐo st rixhc. Tìte k�je mh tetrimmènh phantom map

X → Y èqei peperasmèno deÐkth Gray.

Apìdeixh. MÐa mh tetrimmènh phantom map f : X → Y antistoiqeÐ se mia

monadik  mh tetrimmènh apeikìnish f : X0 → Y , h opoÐa me th seir� thc antistoiqeÐ se

mia mh tetrimmènh akoloujÐa (f1, f2, ...) ∈
∏
n≥1 Ext(Hn−1X0, πnY ). An fi0 eÐnai to

pr¸to mh mhdenikì stoiqeÐo aut c thc akoloujÐac, tìte h f den an kei ston pur na

thc apeikìnishc (qio)∗ : [X0, Y ] → [X0, Y
(i0)]. Epomènwc, sÔmfwna me to Je¸rhma

3.2.4, o deÐkthc Gray thc f eÐnai ≤ io − 2. 2

To Je¸rhma 3.2.4 mac epitrèpei na k�noume polÔ perissìtera sthn perÐptwsh

pou h r∗ eÐnai amfimonos manth antistoiqÐa an�mesa sta [X0, Y ] kai Ph(X,Y ). Oi

Hà kai Strom èdeixan sto [8] ìti gia phantom maps an�mesa se mhdenodÔnamouc

q¸rouc peperasmènou tÔpou, oi peperasmènec timèc tou deÐkth Gray periorÐzontai

stouc akèraiouc n − 2, gia touc opoÐouc oi om�dec Hn−1(X;Q) kai πn(Y ) ⊗ Q eÐnai

kai oi dÔo mh mhdenikèc ( , isodÔnama, oi Hn−1(X0) kai πn(Y )⊗Q eÐnai kai oi dÔo mh

mhdenikèc). Sthn perÐptwsh pou h r∗ eÐnai amfimonos manth an�mesa sta [X0, Y ] kai

Ph(X,Y ), mporoÔme na deÐxoume ìti pr�gmati up�rqei mia phantom map X → Y me

deÐkth Gray n− 2, sthn perÐptwsh pou autèc oi sunj kec ikanopoioÔntai.
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Je¸rhma 3.2.6. 'Estw X kai Y 1-sunektik�, peperasmènou tÔpou CW sumplèg-

mata, ètsi ¸ste h r∗ : [X0, Y ]→ Ph(X,Y ) na eÐnai amfimonos manth. An oi abelianèc

om�dec Hn−1(X0) kai πn(Y ) ⊗ Q eÐnai kai oi dÔo mh mhdenikèc, tìte up�rqoun uper-

arijm simec to pl joc kl�seic omotopÐac mh tetrimmènwn phantom maps X → Y me

deÐkth Gray n− 2.

Apìdeixh. Oi om�dec omologÐac tou X0 eÐnai peperasmènhc di�stashc rhtoÐ

dianusmatikoÐ q¸roi kai oi om�dec omotopÐac tou Y eÐnai peperasmèna paragìmenec

abelianèc om�dec. EÐnai gnwstì ìti Ext(Q,Z) ∼= R kai Ext(Q, T ) = 0, an h T eÐnai

mia peperasmènh abelian  om�da. Epomènwc, an Hn−1(X0) 6= 0 kai πn(Y )⊗Q 6= 0, to

sÔnolo Ext(Hn−1(X0), πn(Y )) eÐnai uperarijm simo. 'Ara, an autèc oi dÔo sunj kec

ikanopoioÔntai, mporoÔme na dialèxoume uperarijm sima to pl joc stoiqeÐa (fi) ∈∏
i≥1 Ext(Hi−1X0, πiY ), twn opoÐwn h pr¸th mh mhdenik  suntetagmènh eÐnai h n-ost .

'Estw (fi) èna tètoio stoiqeÐo. Tìte, to (fi) brÐsketai ston pur na thc apeikìnishc∏
i≥1

Ext(Hi−1X0, πiY )→
∏
i≥1

Ext(Hi−1X0, πiY
(k))

gia k < n, all� ìqi gia k = n (afoÔ πi(Y (k)) = πi(Y ) gia i ≤ k kai eÐnai mhdenik 

diaforetik�).

AfoÔ
∏
i≥1 Ext(Hi−1X0, πiY ) ≈ [X0, Y ] kai [X0, Y ] ≈ Ph(X,Y ), h akoloujÐa

(fi) antistoiqeÐ se mia monadik , mh tetrimmènh, phantom map f : X → Y . Ek

kataskeu c, h sÔnjesh qk ◦f eÐnai omotopik  me th stajer  gia k < n kai den eÐnai gia

k = n, gia thn monadik  apeikìnish f : X0 → Y sthn opoÐa h f antistoiqeÐ. Epomènwc,

sÔmfwna me to Je¸rhma 3.2.4, o deÐkthc Gray thc f eÐnai n− 2. 2

Par�deigma 3.2.7. SÔmfwna me touc McGibbon kai Strom [16], up�rqoun phantom

maps CP∞ → S2∨S2 me deÐkth Gray 2n−1, gia k�je n ≥ 1. Pr�gmati, afoÔ o CP∞

eÐnai ènac 1-sunektikìc q¸roc Postnikov peperasmènou tÔpou kai o q¸roc S2 ∨ S2

eÐnai èna 1-sunektikì peperasmèno sÔmplegma, h apeikìnish r∗ : [CP∞0 , S2 ∨ S2] →
Ph(CP∞ , S2 ∨ S2) eÐnai amfimonos manth (bl. sqìlia sto tèloc thc Paragr�fou

3.1). Epomènwc, sÔmfwna me to Je¸rhma 3.2.6, arkeÐ na epalhjeÔsoume ìti o CP∞

èqei mh mhdenik  rht  omologÐa stic �rtiec kai o S2 ∨S2 mh mhdenik  rht  omotopÐa

stic perittèc diast�seic. Apì th mÐa, an X = CP∞

Hn(X0) =

{
Q, n �rtioc

0, n perittìc.
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Apì thn �llh, apì to je¸rhma Hilton-Milnor [24, sel.515], èqoume ìti

Ω(S2 ∨ S2) ≈
∏
a

ΩSna

ìpou oi loop spaces ìlwn twn sfair¸n twn opoÐwn h di�stash eÐnai ≥ 2 emfanÐzontai

wc par�gontec autoÔ tou ginomènou. 'Epetai ìti o q¸roc S2 ∨ S2 èqei mh mhdenik 

rht  omotopÐa gia k�je n ≥ 3. H Ôparxh phantom maps me deÐkth Gray 2n − 1 gia

k�je n ≥ 1 sunep¸c prokÔptei apì to Je¸rhma 3.2.6.

Par�deigma 3.2.8. Up�rqoun mh tetrimmènoi phantom maps K(Z, 2)×K(Z, 3)→
S2∨S2 me deÐkth Gray n, gia k�je n ≥ 1. Pr�gmati, dedomènou ìti oK(Z, 2)×K(Z, 3)

eÐnai ènac 1-sunektikìc q¸roc Postnikov peperasmènou tÔpou kai o S2 ∨ S2 eÐnai èna

1-sunektikì peperasmèno sÔmplegma, xèroume ìti h apeikìnish

r∗ : [(K(Z, 2)×K(Z, 3))0, S
2 ∨ S2]→ Ph(K(Z, 2)×K(Z, 3), S2 ∨ S2)

eÐnai amfimonos manth. Apì to prohgoÔmeno par�deigma, xèroume ìti o S2∨S2 èqei mh

mhdenik  rht  omotopÐa se ìlec tic diast�seic, en¸ o tÔpoc tou Künneth [9, sel.275]

deÐqnei ìti o K(Z, 2) × K(Z, 3) epÐshc èqei mh mhdenik  rht  omologÐa se ìlec tic

diast�seic. Epomènwc, h Ôparxh twn proanaferjèntwn phantom maps prokÔptei apì

to Je¸rhma 3.2.6.

3.3 Rhtèc isodunamÐec

Se aut  thn par�grafo exet�zoume to er¸thma kat� pìson mÐa apeikìnish g : Y → Y ′

aneb�zei to deÐkth Gray mÐac phantom map f : X → Y . DeÐqnoume ìti an h g eÐnai mia

rht  isodunamÐa, ¸ste h epagìmenh apeikìnish g∗ : Ph(X,Y ) → Ph(X,Y ′) na eÐnai

amfimonos manth, tìte o deÐkthc Gray k�je phantom map an�mesa stouc X kai Y

diathreÐtai.

Parat rhsh 3.3.1. MÐa rht  isodunamÐa g : Y → Y ′ eÐnai mÐa apeikìnish pou

ep�gei mÐa omotopik  isodunamÐa an�mesa stic rhtopoi seic twn dÔo q¸rwn. Genik�, mÐa

rht  isodunamÐa ep�gei ènan epimorfismì g∗ : Ph(X,Y )→ Ph(X,Y ′) [14, Je¸rhma 2].

An up�rqei mÐa rht  isodunamÐa kai sthn antÐjeth kateÔjunsh, tìte aut  h apeikìnish

eÐnai isomorfismìc (bl. [14]   [13, Par�g.7] gia perissìterec leptomèreiec wc proc tic

rhtèc isodunamÐec).
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Ja qrhsimopoi soume to ex c. 'Estw X, Y kai Y ′ 1-sunektik�, peperasmènou

tÔpou sumplègmata kai g : Y → Y ′ eÐnai mia apeikìnish pou ep�gei ènan epimorfismì

stic rhtèc om�dec omotopÐac. Tìte, sÔmfwna me to [14, Je¸rhma 2], h epagìmenh

apeikìnish g∗ : Ph(X,Y ) → Ph(X,Y ′) eÐnai epÐ. Se aut  thn perÐptwsh èqoume ton

parak�tw qarakthrismì tou deÐkth Gray.

Prìtash 3.3.2. 'Estw X,Y, Y ′ 1-sunektik�, peperasmènou tÔpou CW sumplègma-

ta, ¸ste na up�rqei mia apeikìnish g : Y → Y ′ pou ep�gei ènan epimorfismì stic rhtèc

om�dec omotopÐac, f ∈ Ph(X,Y ′) kai g−1
∗ (f) = {f i, i ∈ I}. Tìte,

G(f) = sup{G(f i), i ∈ I},

ìpou to sup{G(f i), i ∈ I} mporeÐ na eÐnai �peiro.

Apìdeixh. EÐnai fanerì ìti G(f) ≥ sup{G(f i), i ∈ I}. Ja deÐxoume ìti

G(f) ≤ sup{G(f i), i ∈ I}. MporoÔme na upojèsoume ìti to sup{G(f i), i ∈ I} eÐnai
peperasmèno, alli¸c den up�rqei k�ti na deÐxoume. 'Estw m = sup{G(f i), i ∈ I}+ 1.

Tìte, h apeikìnish fi den an kei sthn eikìna thc

(jm)∗ : Ph(X/Xm, Y )→ Ph(X,Y )

gia kanèna i ∈ I , ìpou jm : X → X/Xm eÐnai h fusik  apeikìnish. Apì to metajetikì

di�gramma

Ph(X/Xm, Y )
(jm)∗−−−−→ Ph(X,Y )

g∗

y g∗

y
Ph(X/Xm, Y

′)
(jm)∗−−−−→ Ph(X,Y ′)

tou opoÐou oi katakìrufec apeikonÐseic eÐnai epÐ [14, Je¸rhma 2], sumperaÐnoume ìti h

f den an kei sthn eikìna thc (jm)∗. Epomènwc G(f) ≤ m− 1. 2

Qrhsimopoi¸ntac aut  thn prìtash mporoÔme na apodeÐxoume to ex c.

Prìtash 3.3.3. 'EstwX,Y, Y ′ 1-sunektik�, peperasmènou tÔpou CW -sumplègmata,

¸ste na up�rqei mÐa rht  isodunamÐa g : Y → Y ′, h opoÐa ep�gei mÐa amfimonos manth

antistoiqÐa g∗ : Ph(X,Y ) → Ph(X,Y ′). Tìte, G(f) = G(g ◦ f) gia k�je phantom

map f : X → Y .

Apìdeixh. AfoÔ h g eÐnai mia rht  isodunamÐa, aut  ep�gei ènan epimorfismì stic rhtèc

om�dec omotopÐac kai h apìdeixh èpetai apì thn Prìtash 3.3.2.
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Ja d¸soume kai mia deÔterh apìdeixh thc teleutaÐac prìtashc qwrÐc na qrhsi-

mopoi soume thn Prìtash 3.3.2, all� k�nontac qr sh tou Jewr matoc 3.2.4.

Apìdeixh. (DeÔterh apìdeixh Prìtashc 3.3.3) An G(f) = ∞ profan¸c kai

G(g ◦ f) =∞.

Ac upojèsoume ìti G(f) = k. EÐnai profanèc ìti G(g ◦ f) ≥ k. Ja deÐxoume ìti h

anisìthta G(g ◦ f) > k den mporeÐ na isqÔei. 'Estw, gia �topo, ìti G(g ◦ f) > k.

Tìte, sÔmfwna me to Je¸rhma 3.2.4, up�rqei mÐa apeikìnish h ∈ [X0, Y
′] ¸ste

r∗(h) = g ◦ f kai h sÔnjesh qk+2 ◦ h na eÐnai omotopik  me th stajer  apeikìnish.

Dhlad , h h an kei ston pur na thc (qk+2)∗ : [X0, Y
′]→ [X0, Y

′(k+2)].

JewroÔme to metajetikì di�gramma

[X0, Y ]
(qk+2)∗−−−−−→ [X0, Y

(k+2)]y y
[X0, Y

′]
(qk+2)∗−−−−−→ [X0, Y

′(k+2)]

tou opoÐou oi katakìrufec apeikonÐseic eÐnai isomorfismoÐ, lìgw tou ìti h g eÐnai mia

rht  isodunamÐa. H h tìte antistoiqeÐ se mÐa mh tetrimmènh apeikìnish f ∈ [X0,Y ],

¸ste h qk+2 ◦ f na eÐnai tetrimmènh.

AfoÔ to di�gramma

[X0, Y ]
r∗−−−−→ Ph(X,Y )

g∗

y g∗

y
[X0, Y

′]
r∗−−−−→ Ph(X,Y ′)

eÐnai metajetikì kai oi katakìrufec apeikonÐseic eÐnai epÐshc isomorfismoÐ, èqoume ìti

r∗(f) = f . Autì ìmwc eÐnai �topo, apì to Je¸rhma 3.2.4, afoÔ h qk+2 ◦ f eÐnai

tetrimmènh kai G(f) = k.

2

3.4 PÔrgoi kai phantom maps me �peiro deÐkth Gray

Se aut  thn par�grafo ja epikentrwjoÔme sto kat� pìson eÐnai efikt  h Ôparxh

phantom maps an�mesa se dÔo q¸rouc X kai Y me �peiro deÐkth Gray. SumbolÐ-

zoume me Phω(X,Y ) to sÔnolo twn phantom maps an�mesa stouc X kai Y me �peiro

deÐkth Gray. 'Ena apì ta basik� apotelèsmata tou [7] eÐnai ìti autì to sÔnolo eÐnai
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tetrimmèno, sthn perÐptwsh pou o Y eÐnai èna peperasmènou tÔpou mpoukèto sfair¸n.

Me �lla lìgia h EikasÐa 3.2.3 eÐnai alhj c sthn perÐptwsh pou to pedÐo tim¸n enìc

phantom map eÐnai èna peperasmènou tÔpou mpoukèto sfair¸n. 'Omwc gia opoiod -

pote peperasmènou tÔpou q¸ro Y ′, k�je sÔnolo gennhtìrwn tou π∗(Y
′) dÐnei èna

peperasmèno tÔpou mpoukèto sfair¸n Y kai mÐa apeikìnish g : Y → Y ′, pou ep�gei

ènan epimorfismì stic om�dec omotopÐac. H epagìmenh apeikìnish

g∗ : Ph(X,Y )→ Ph(X,Y ′)

eÐnai epÐshc epÐ, ìpwc prokÔptei apì to [14, Je¸rhma 2]. To epìmeno apotèlesma

proteÐnei ìti o upologismìc tou pur na thc apeikìnishc g∗ : Ph(X,Y ) → Ph(X,Y ′),

eÐnai qr simoc gia ton èlegqo tou sunìlou Phω(X,Y ′).

Ja lème ìti h g∗ : Ph(X,Y ) → Ph(X,Y ′) eÐnai èna peperasmèno proc èna

k�lumma an gia k�je f ∈ Ph(X,Y ′), to (mh kenì) sÔnolo g−1
∗ (f) eÐnai peperasmèno.

Prìtash 3.4.1. 'EstwX, Y kai Y ′ mhdenodÔnama, peperasmènou tÔpou CW sumplèg-

mata, ìpou o Y eÐnai èna mpoukèto sfair¸n kai g : Y → Y ′ eÐnai mia apeikìnish pou

ep�gei epimorfismoÔc stic om�dec omotopÐac. An h g∗ : Ph(X,Y ) → Ph(X,Y ′) eÐnai

èna peperasmèno proc èna k�lumma, tìte k�je phantom map an�mesa stouc X kai Y ′

èqei peperasmèno deÐkth Gray.

Apìdeixh. 'Estw f ∈ Ph(X,Y ′) kai g−1
∗ (f) = {f1, f2, . . . , fn}. AfoÔ

o Y eÐnai èna mpoukèto sfair¸n peperasmènou tÔpou, k�je phantom map an�mesa

stouc X kai Y èqei peperasmèno deÐkth Gray. Sugkekrimèna, oi f1, f2, . . . , fn èqoun

peperasmèno deÐkth Gray. 'Epetai ìti to sup{G(f i), i = 1, 2, . . . , n} eÐnai peperasmèno.
AfoÔ G(f) = sup{G(f i), i = 1, 2, . . . , n} apì thn Prìtash 3.3.2, h f èqei peperasmèno

deÐkth Gray. 2

'Opwc anafèrame sthn Par�grafo 2 autoÔ tou KefalaÐou, h EikasÐa 3.2.3 den

eÐnai alhj c gia opoiod pote zeug�ri q¸rwn X kai Y . Autì deÐqnei ìti mia apeikìnish

g : Y → Y ′, pou ep�gei ènan epimorfismì stic om�dec omotopÐac, an kai ep�gei ènan

epimorfismì

g∗ : Ph(X,Y )→ Ph(X,Y ′),

den ep�gei aparaÐthta ènan epimorfismì

g∗ : Phω(X,Y )→ Phω(X,Y ′)

(diaforetik�, k�je phantom map ja eÐqe peperasmèno deÐkth Gray, dedomènou ìti

Phω(X,Y ) = ∗, ìtan o eÐnai Y mpoukèto sfair¸n peperasmènou tÔpou). Sto teleutaÐo
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mèroc autoÔ tou KefalaÐou ja d¸soume èna algebrikì par�deigma, to opoÐo deÐqnei

gia poio lìgo h apeikìnish g∗ : Phω(X,Y )→ Phω(X,Y ′) den eÐnai aparaÐthta epÐ.

H mèjodoc pou qrhsimopoi jhke apì touc McGibbon kai Roitberg sto [14] gia

na apodeÐxoun ìti mia apeikìnish g : Y → Y ′ h opoÐa ep�gei ènan (rhtì) epimorfismì

stic om�dec omotopÐac, ja ep�gei kai ènan epimorfismì g∗ : Ph(X,Y ) → Ph(X,Y ′)

 tan h ex c: H apeikìnish g : Y → Y ′ ep�gei mia apeikìnish an�mesa stouc pÔrgouc

{Gn} kai {G
′
n}, ìpou Gn = [X,ΩY (n)] kai G′n = [X,ΩY ′(n)]. Aut  h apeikìnish pÔrg-

wn prokÔptei ìti èqei peperasmèno sumpur na se k�je epÐpedo. 'Omwc, mia apeikìnish

pÔrgwn me peperasmènouc sumpur nec ep�gei ènan epimorfismì lim←−
1(Gn)→ lim←−

1(G′n).

Qrhsimopoi¸ntac to ìti Ph(X,Y ) ∼= lim←−
1[X,ΩY (n)] kai Ph(X,Y ′) ∼= lim←−

1[X,ΩY ′(n)],

sumperaÐnoun ìti h g∗ : Ph(X,Y )→ Ph(X,Y ′) eÐnai epÐ.

Sthn perÐptwsh pou oi X kai Y eÐnai peperasmènou tÔpou, mhdenodÔnama CW

sumplègmata, o pÔrgoc {Gn} = {[X,ΩY (n)]} èqei tic parak�tw idiìthtec:

Prìtash 3.4.2. [15, Prìtash 0.1] 'Estw X kai Y peperasmènou tÔpou, mhdenodÔ-

nama CW sumplègmata kai Gn = [X,ΩY (n)]. Tìte, gia k�je n ≥ 1:

(1) H Gn eÐnai mia peperasmèna paragìmenh mhdenodÔnamh om�da.

(2) O pur nac thc gn : Gn+1 → Gn an kei sto kèntro thc Gn+1.

(3) O sumpur nac thc gn eÐnai mia peperasmènh abelian  om�da.

O algebrikìc qarakthrismìc tou sunìlou Phω(X,Y ) qrhsimopoi¸ntac pÔrgouc

eÐnai o akìloujoc: 'Estw ènac pÔrgoc om�dwn {Gn}. OrÐzoume ton ω upopÔrgo twn

eikìnwn, o opoÐoc sumbolÐzetai wc ImωG, me

ImωGn =
⋂
k≥1

image(Gn+k → Gn).

Tìte, sÔmfwna me ton Hà [7], up�rqei ènac isomorfismìc sunìlwn me shmeÐo st rixhc

Phω(X,Y ) ∼= lim←−
1(Imω[X,ΩY (n)]).

Ja apodeÐxoume ìti up�rqoun pÔrgoi abelian¸n om�dwn {An} kai {Bn} kai mia
apeikìnish pÔrgwn ϕ : A → B h opoÐa eÐnai rht� epÐ (dhlad  èqei peperasmènouc

sumpur nec), ¸ste h apeikìnish

lim←−
1Imωϕ : lim←−

1ImωAn → lim←−
1ImωBn

na mhn eÐnai epÐ. Oi pÔrgoi {An} kai {Bn} ja prokÔyei ìti èqoun tic idiìthtec pou

anafèrame sthn Prìtash 3.4.2. Ja qrhsimopoi soume to akìloujo:
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L mma 3.4.3. 'Estw {An} ènac pÔrgoc peperasmèna paragìmenwn eleÔjerwn a-

belian¸n om�dwn. Tìte, up�rqei ènac pÔrgoc peperasmèna paragìmenwn abelian¸n

om�dwn {Tn}, ¸ste {ImωTn} = {An}. Epiplèon, o pÔrgoc {Tn} mporeÐ na epilegeÐ

¸ste na ikanopoieÐ tic idiìthtec thc Prìtashc 3.4.2.

Apìdeixh. 'Estw A = {A1 A2
a1oo A3

a2oo · · ·}a3oo ènac pÔrgoc

peperasmèna paragìmenwn eleÔjerwn abelian¸n om�dwn. Epilègoume dÔo diafore-

tikoÔc pr¸touc p kai q kai jewroÔme ton akìloujo pÔrgo T :

. . . // A2
1

p⊕q // A2
1

p⊕q // A2
1

p⊕q // A2
1

Σ // A1

⊕ ⊕ ⊕ ⊕
. . . // A2

2

p⊕q // A2
2

p⊕q // A2
2

Σ // A2

a1

<<

⊕ ⊕ ⊕
. . . // A2

3

p⊕q // A2
3

Σ // A3

a2

<<

⊕ ⊕
. . . // A2

4
Σ // A4

a3

<<

Dhlad , T1 eÐnai h om�da A1, T2 eÐnai h A2
1 ⊕ A2 kai, genik�, h om�da Tn sto n-

ostì epÐpedo tou pÔrgou eÐnai Tn = (
⊕n−1

i=1 A
2
i ) ⊕ An. O omomorfismìc Σ eÐnai h

prìsjesh Σ(x, y) = x + y kai o omomorfismìc p ⊕ q eÐnai (p ⊕ q)(x, y) = (px, qy).

Oi omomorfismoÐ sth "diag¸nio� eÐnai oi omomorfismoÐ tou arqikoÔ pÔrgou. 'Ara, h

apeikìnish tn−1 : Tn → Tn−1 eÐnai

tn−1(x1, y1, . . . , xn−1, yn−1, z) = (px1, qy1, . . . , xn−1 + yn−1 + an−1(z)),

me xi, yi ∈ Ai, i = 1, . . . , n − 1, z ∈ An. EÐnai fanerì ìti k�je apeikìnish ti èqei

peperasmèno sumpur na kai sunep¸c, o pÔrgoc T ikanopoieÐ tic idiìthtec thc Prìtashc

3.4.2. AfoÔ h exÐswsh 1 = pnx+qny èqei akèraiec lÔseic gia k�je n ∈ N, eÐnai fanerì
ìti ImωTn = An gia k�je n ∈ N kai o pÔrgoc ImωT eÐnai o arqikìc pÔrgoc

A1 A2
a1oo A3

a2oo · · ·a3oo .

2

MporoÔme t¸ra na parousi�soume to epìmeno par�deigma. To sumpèrasma pou

prokÔptei apì autì eÐnai ìti mia apeikìnish an�mesa se pÔrgouc ϕ : A → B, me thn

idiìthta h imϕn na èqei peperasmèno deÐkth sth Bn gia k�je n ∈ N, den ep�gei
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aparaÐthta ènan epimorfismì an�mesa stic om�dec lim←−
1 twn upopÔrgwn twn eikìnwn

touc.

Par�deigma 3.4.4. JewroÔme ton parak�tw pÔrgo tou opoÐou o ìroc lim←−
1

eÐnai mh mhdenikìc [13, sel.1228]:

B′ = {Z Z
2oo Z

2oo · · ·}2oo .

Gia na doÔme ìti èqei mh mhdenikì lim←−
1 ìro mporoÔme na qrhsimopoi soume ton tÔpo

tou Jensen [12, Kef.2] gia pÔrgouc peperasmèna paragìmenwn abelian¸n om�dwn pou

lèei ìti gia ènan tètoio pÔrgo C

lim←−
1C ' Ext(lim−→(Hom(Cn,Z)),Z).

Gia ton pÔrgo B′ mporoÔme na diapist¸soume ìti

lim←−
1B′ ' Ext(Z[1/2],Z).

Efarmìzontac Hom(−,Z) sth braqeÐa akrib  akoloujÐa

0→ Z→ Z[1/2]→ Z/2∞ → 0

èpetai o isomorfismìc

Ext(Z[1/2],Z) ' Ẑ2/Z ' R⊕q 6=2 Z/q
∞,

ìpou Ẑ2 eÐnai h om�da twn 2-adik¸n akeraÐwn.

Kataskeu�zoume, sÔmfwna me thn apìdeixh tou L mmatoc 3.4.3, ènan pÔrgo B

¸ste ImωB = B′. Ja kataskeu�soume ènan pÔrgo A, tou opoÐou o upopÔrgoc twn

eikìnwn ImωA, ja eÐnai o tetrimmènoc pÔrgoc kai mia apeikìnish pÔrgwn ϕ : A → B

¸ste h imϕn na èqei peperasmèno deÐkth sthn Bn gia k�je n ∈ N. 'Omwc, h epagìmenh
apeikìnish

lim←−
1Imωϕ : lim←−

1ImωAn → lim←−
1ImωBn

den ja eÐnai epÐ. O pÔrgoc B pou kataskeu�sthke sthn apìdeixh tou L mmatoc 3.4.3

eÐnai o ex c:
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. . . // Z2 p⊕q // Z2 p⊕q // Z2 p⊕q // Z2 Σ // Z

⊕ ⊕ ⊕ ⊕
. . . // Z2 p⊕q // Z2 p⊕q // Z2 Σ // Z

2

;;

⊕ ⊕ ⊕
. . . // Z2 p⊕q // Z2 Σ // Z

2

;;

⊕ ⊕
. . . // Z2 Σ // Z

2

;;

JewroÔme ton epìmeno pÔrgo A

. . . // Z2 p⊕q // Z2 p⊕q // Z2 p⊕q // Z2 p⊕q // Z2

⊕ ⊕ ⊕ ⊕
. . . // Z2 p⊕q // Z2 p⊕q // Z2 p⊕q // Z2

2p⊕2q

;;

⊕ ⊕ ⊕
. . . // Z2 p⊕q // Z2 p⊕q // Z2

2p⊕2q

;;

⊕ ⊕
. . . // Z2 p⊕q // Z2

2p⊕2q

;;

Dhlad , An = Z2n kai oi apeikonÐseic ston pÔrgo an−1 : An → An−1, n ≥ 2 dÐnontai

apì

an−1(x1, y1, . . . , xn−2, yn−2, xn−1, yn−1, xn, yn) =

= (px1, qy1, . . . , pxn−2, qyn−2, pxn−1 + 2pxn, qyn−1 + 2qyn).

EÐnai fanerì ìti ImωA eÐnai o tetrimmènoc pÔrgoc.

ApeikonÐzoume ton A ston B wc ex c: ϕn : An → Bn, n ≥ 1 eÐnai

ϕ1(x1, y1) = x1 + y1

ϕ2(x1, y1, x2, y2) = (px1, qy1, px2 + qy2)

ϕn(x1, y1, x2, y2, . . . , xn−1, yn−1, xn, yn) =

= (px1, qy1, p
2x2, q

2y2, . . . , p
n−1xn−1, q

n−1yn−1, p
n−1xn + qn−1yn), n ≥ 3.

H ϕ : A → B eÐnai pr�gmati mia apeikìnish pÔrgwn, ¸ste h imϕn na èqei deÐkth

p1+2+...+(n−1)q1+2+...+(n−1) = p
n(n−1)

2 q
n(n−1)

2 sth Bn gia k�je n ∈ N. Epiplèon, oi

pÔrgoi A kai B ikanopoioÔn tic sunj kec thc Prìtashc 3.4.2.
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[8] L. M. Hà, J. Strom, The Gray filtration on phantom maps, Fund. Math. 167

(2001), 251-268.

[9] Allen Hatcher, Algebraic Topology, Cambridge Univ. Press, Cambridge, UK

(2002).

[10] P. Hilton, G. Mislin, J. Roitberg, Localization of Nilpotent Groups and Spaces,

North-Holland, Amsterdam (1975).

[11] Kouyemon Iriye, On the Gray index conjecture for phantom maps, Topology

and its Appl. 157 (2010), 2059-2068.

[12] C. U. Jensen, Les Foncteurs Derives de lim et leurs Applications en Theorie des

Modules, Springer Lecture Notes in Mathematics 254 (1972).

44



BibliografÐa

[13] C. A. McGibbon, Phantom maps, Handbook of Algebraic Topology, North-

Holland, Amsterdam (1995), 1209-1257.

[14] C. A. McGibbon, J. Roitberg, Phantom maps and rational equivalences, Am.

J. Math. 116 (1994), 1365-1379.

[15] C. A. McGibbon, R. Steiner, Some questions about the first derived functor of

the inverse limit, J. Pure Appl. Algebra 103 (1995), 325-340.

[16] C. A. McGibbon, J.Strom, Numerical invariants of phantom maps, Am. J.

Math. 123 (4) (2001), 679-697.

[17] B. Mitchell, Rings with several objects, Adv. Math. 8 (1972), 1-161.

[18] J. Roitberg, Computing Homotopy Classes of Phantom Maps, CRM Proceed-

ings and Lecture Notes vol. 6 (1994), 141-168.

[19] J. E. Roos, Sur les foncteurs dérivés de lim, C. R. Acad. Sci. Paris 252 (1961),

3702-3704.

[20] J. J. Rotman, An introduction to homological algebra, Academic Press (1979).

[21] D.Sullivan, Genetics of homotopy theory and the Adams conjecture, Ann. Math.

100 (1974), 1-79.

[22] Ioannis Tsakanikas, Rationalization and the Gray index of phantom maps,

Topology and its Appl. 157 (2010), 2316-2324.

[23] Charles Weibel, An introduction to Homological Algebra, Cambridge studies in

advanced mathematics 38, Cambridge Univ. Press, Cambridge, UK (1994).

[24] G. Whitehead, Elements of homotopy theory, Graduate Texts in Math., vol.

61, Springer, Berlin (1978).

[25] A. Zabrodsky, On phantom maps and a theorem of H. Miller, Israel J. Math 58

(1987), 129-143.

45


