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Abstract

During the last fifteen years, Computer Science deals systematically with networks, not
only from a systems’ but also from a theoretical point of view. The reason is that there
are networks with a huge number of users, which play a crucial role in our everyday
life, hence the issues that arise in these networks are usually challenging and have to
be faced accurately and efficiently. In this thesis we study networks, focusing on two
main such classes of problems, namely problems that arise due to the selfish nature
of the network users, and problems concerning the representation of such networks in

systems’ level.

The contribution of this thesis lies along three directions. As far as the selfish
behavior of the network users’ is concerned, we first study congestion games, which
is considered the most appropriate approach for the theoretical study of congestion
networks. We introduce and study the class of congestion games with time-dependent
strategies. In a more practical level, we study the largest information network in our
days, the worldwide web, analyzing its game-theoretic aspects. Both these objects are
frameworks for studying classes of problems. We then move to the important technical
issue of representing such networks so that they can fit in the computer’s main memory,
where we introduce a network compression algorithm that outperforms the state-of-the-
art method. Our compression method is appropriate for networks created by human
activity, with routing networks, social networks and the worldwide web being the most

popular examples.

In order to study the users’ selfish behavior, we use the Game Theory framework.
Game Theory studies economic games, that is situations in which two ore more selfish
entities interact. Based on this framework, we introduce congestion games in which
players decide the time at which they will participate, and consider networks consisted
of parallel links, and two models for the latency functions on the links. We focus on
games with symmetric players; we study their structural properties and compute their
Nash equilibria as well as their prices of anarchy and stability to assess the quality of
the latter. We prove that some of these games, although related to congestion games,
are not congestion games themselves. Moreover we prove that they possess a unique
Nash equilibrium, in which players are more aggressive than in the optimal setting,
entering the game with larger probabilities at early time steps. However, selfishness

does not cost the players much: the price of anarchy is only 1.06. We then study the



worldwide web, considering it as the outcome of a game among the web page authors
who establish hyperlinks, aiming at the maximization of their page’s reputation. We
focus on advertising links, whose establishment incurs some cost for the receiving
page, and constitute a common strategy in Search Engine Optimization. We prove
that the computation of the players’ best response strategy is NP-hard and compute an
approximate best response.

Regarding the compact network representation, we observed that various network
classes of interest, for example routing, information and social networks, which are
traditionally modeled as graphs, have a common property: they exhibit high concen-
tration of edges around the main diagonal of the graph’s adjacency matrix, probably
after some reordering of the nodes of the graph. Hence we isolate the dense part of the
graph and design a hybrid compression algorithm that treats the dense part differently
than the rest of the graph. We provide analysis and experimental evaluation of our
method on a real dataset, which show that it outperforms the currently best method

by achieving a better compression ratio and retrieval time of the graph’s elements.

SUBJECT AREA: Algorithmic Game Theory
KEYWORDS: Nash equilibria computation, price of anarchy, selfish routing, worldwide

web, compact graph representation



IlepiAnwr

Katd i didpkela 1ov tedevtaiov dekamnévie etwv, n Emotpn g I[TAnpodopikng acyoAei-
1Al OUCTHATIKA Pe ta SiKktua, OX1 PLOVOo arod TV OITTIKY] YeVid TV cuotnpdtev dAAd rat
v avtiotoiyxn Sewpnuiky. Autd ogeidetal oto o1l urtapxouv Siktua pe tepdotio apldpno
Xpnotev, ou dadpapatidouv kpioipo podo otnv Kadnuepivr) pag {@r, Kal CUVEN®OG Ta
nPoBANIATA TTOU AvakUIIIouV ¢ T€Tolda diktua €ival ouvrOmG anmaltnuka Katl MPETNEL va
avupeteni{ovial pe akpiBela Kat anoteAeopatikotnta. Lty napovoa datpiBr) pedetape
diktua, ermukevipevopevol oe HU0 KUpleg TETO1EG Katnyopieg ipoBAnpatev, dndadn rpoB-
Afjpata rmou avakuIttouy e§attiag g 1510tedoug pUong TV XPNoT®V ToUg, Kat rpoBArpata
TOU ApopPOUV OTNV aAvaTIaPAoTaot] TEI01RV S1IKTUMV OTO £rMnedo twv CUoTNUIAT®V.

H ouveiopopd autrg g dtatpiBrig exteiveral pog tpelg kateubuvoelg. ‘Ocov agopad
TV 1810TeA] CUPIEPLPOPA TRV XPNOT®V SIKTU®V, PEASTAPE apX1KA maityvia ocupdopnong,
Pooeyylon 1 ornoia dewpeitatl n mAeov appodouoa yia ) Je@pntike) pedétn Siktumv oup-
@opnong. Ewodyoupe kat pedetape v KAAonN 1OV Ayviov oupgopnong He OTpatnyikeg
ECAPTOHEVEG ATTO TO XPOVO. Ze £va IO MPAKTIKO ertirnedo, peAetdpe 10 peyadutepo Siktuo
AN POPOPNONG TOV NUEPROV HPAG, TOV ITAYKOOH10 1010, avAAUOoVIAG TIS Ay VIO-Je@PNTIKESG
mtuxég tou. Kat ta 6Uo autd avukeipeva sival miaiowa yla 1 PeAET KATNyopiov npob-
Anpdtev. 'Enetta mpoX®pouUpe Pe T0 ONPAvIKO TEXVIKO d€pa TG avanapaotaong tEtoiev
diktumV Gote va Kataotel Suvatr 1 ATEIKOVIOT] TOUG OtV KUpld PV, Ormou mapouaoid-
Joupe évav alyopiBpo cuprtieong Siktuwv 1ou Serepva g ermdooeig g state-of-the-art
pebodou. H 1pébodog ocuprmieor)g pag sivatl katdAAnln ya diktua rou £xouv dnpioupyn et
ano avlpaorvn Spaoctnpotnta, pe ta diktua 6PooAoynong, ta Kowvavika diktua Kat tov

MTAyKOOM10 1010 va eivat ta mo dnpopdn apadeiypata.

I'a va peAetrjooupie v 1610TeAT] CUUIEP1IPOPA TOV XPNOTWV, XPNO1OTO1I0ULE TO TTAQi-
oo g Bewplag [Maryviev. H Oewpia [Maryvieov pedetda owkovopikd maiyvia, 6ndadr
Kataotdoelg otig ornoieg 6Uo 1] reploodtepeg 1610tedelg oviotnteg aAAnAemdpouv. Ba-
o1{opevol o auto To MmAaiolo, €10dyoupe Ta maiyvia oupgopnong ota oroia ot MAiKTeg
ano@aoifouv 1 oTyHr) Katd v onoia 9a cUPPETacyXouy, Kal Se®poulle diktua amoteAou-
peva and mapdAAnda povordatia, kat 6Uo povieda yla Ti§ ouvaptroelg Kabuotepnong
ota povortdtia avtd. Ermkevipovopevol os naiyvia pe oUppePIKoOUg NAiKTeg, PeAeTtoupe
g dopikég toug 1810TNTEG Katl urmoAoyidoupe ta onpeia oopportiag Nash, kabwg xkat
Ta Tpnpata avapyiag katr otafepotntdg Toug, OOTE va EKTIPNCOUHE TV MO0INId TRV

onpei®v 1oopportiag.  AmodelkvUoUPE MG HEPIKA And autd ta mnaiyvia, rmapolo 1mou



potddouv oAU pe matyvia oupgopnong, otnv npaypauxkomta dev eivat. ErmutpdoBeta
anode1KVUOUPE TIRG £€X0UV Povadiko onpeio woopportiag Nash, oto omoio o1 maikteg eivat
o ermbetikol ano 6,1 ot BéAtiotn duvatn dieubEtnon tou ocuotpatog, praivoviag oto
natyvio pe peyalutepeg rmbavotnteg ota mpota otadta. Qotooo, 1 1610tédeta dev Kootidet
TOAU OTOUG TIAIKTIEG: TO Tipnua wng avapyiag eivai poAig 1.06. Zin cuvéxela pedetdpe
TOV MAYKOOH10 1010, e@P@OVviag ToV ©OG TO AMOTEAEOHA €VOG rmatyviou petadl twv ouy-
YPademVv 10Tt00eAidnv rou torobetouv unepouvdEoioug otr oedida toug, otoxsuoviag ot
peylotoroinon g enung tg. Eoudloupe otn pedétn ng torobetnong Siapnpiotikov
OUVOEOP@V, TIOU OUVEMAYOVIaAl KATI010 KOOTog yia 1 ogAida mou toug H€xetal, n omoia
artotedei ouvnOn otpatnyikn ot BeATIOTONOiNon 10t00eAid®V wote va augdvet i opatrtd
TOUG aro Tig pPnxaveg avaldnmong. AnodelkvUoupe NM®OG O UTIOAOYIOHOG TG OTPATYIKNAG
BéAtiotng amokplong v naixtov eivat NP-hard kat unoAoyioupe pia mpoosyylotikn
BéATiotn anokplon.

‘Ocov adopd ot CUPIIAY! AvAItapdotact) S1KTUeV, MapatnpoUpe MG Ol d1apopeg
Katnyopieg S1IKTUGV TOU pag evélapEpouy, onwg yia napadstypa diktua dpopoldynong,
MANPOPOPNONG Kal Td KOWeVIKA diktua, ta onoia mapadootakd avanaplotovial ©g ypd-
o1, £€xouv pia ko 1810TTa: eMOEEIKVUOUV UPNAT OUYKEVIP®OT AKHUOV YUP® AIld TV
KeVIPIKY S1aywvio Tou mivaka yertviaong 1ou ypdgou, mbavag Petd anod kamowa avadia-
1adn 1wV KOPBV ToU Ypdgpou. Qg €K TOUTOU ATOPOVOVOUHE TO ITUKVO KOPHATL TOU YPAPOU
Kat oxedlraooupe évav uBpld1ko adyopiOpo ouprieong rmou petaxepidetat T1o mUKvO Kop-
patu Siadopetikd amod 0,11 Tov utiodorio ypdago. Ilapéxoupe avdduon KAl MEPAPATIKY
a&lodoynon g pebodou oe éva aAnBivé ouvodo dedopévav, ou deixvouv nwg Serepva oe
€MMOO0EIS TNV TPEXOUOA KAAUTepn HEB0dO srmtuyydavoviag KaAutepo AOYyo oupItieong Kat

XPOVO TPOOTIEAAOTG TV OTOIXEI®V TOU YpAadou.

OEMATIKH ITEPIOXH: AAyop19u1ikr) Oswpia [Tatyviov
AEEEIZ KAEIAIA: Yriodoylopog onpeiov oopportiag Nash, tipnpa wng avapyiag, 16-

10teAng SpoPoAOYN o1, TTIAYKOCH10G 10T0G, CUHTIAYTS avarapdotact) YPapaov
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Tuvonuikn Ilapouoiaon

g Adartopikrng Awatpibng

Elcayoyr)

Katd ) 6idpkela twv tedevutaiov Sekarmévie €10V, 1 €KPNKUKA avartuén tou Aadik-
TUOU KAl I XP1On ToU otnv Kabnpuepvr) {wr) £€xe1 0dnyrjoet oe H1apopoug TUIouUg S1KTUGV
mou dnuoupyouvtal amod v avBpwrivn dpactnElotntd, XWEIS Kavéva KeEVIPIKO oxebi-
aopo kat €Adeyxo. To 1o yveotrd nmapddetypa eival o nmaykoopiog totoég (WWW), pa
UTINpeoia XTIOPEVH TIAVR Ao 10 81a81KTUOo, TIOU EMMITPETIEL OTOUSG XPIOTEG NG va €£XOUV
ipooBaot) oe TIANPOPOPIEG ATIO UTIOAOY10TEG TIOU PITOPOUV va Bpiokoviatl ortoudnote oTtov
KOOHO, XPNOIHOMolnviag pia e§alpetikd ardn dienagry. Puoikd, 0 MaykKooplog 101og
gexivnoe oAAd Xpovia veopitepa, yUpm ota péoa tng dekaetiag tou ‘80, aAAd €yive avikei-
pevo peAéng otav dpyloe va xpnotporoteitat anod peydlo apibpo xpnotov, pooeAKUoV-
Tag €101 £Viovr) HpaoctnPloTNTa OXETIKA Pe avadninorn rninpodopiag aAAd Kal O1KOVOHIKY)
dpaowmpiotnta. ITo npoogpata, éva ouvodo arod véa diktua, dtabéoia peéow tou Hradik-
TU0U, €XOouv avartuyBei, TTIOU EVOEPATOVOUV TIANPO(OPIaA ATTd TO0 KOWOVIKO TIEPIBAAAOV
IOV XPNOTOV, KAl avapépovial ®§ Kowmvika diktua. H avartuin tou Atadiktiou éxet
dooet Kivntpa Kat yia v pedétn g Spopoddynong oe diktua, kKabwg ouvnBwg urdpyouv
81apopot evaAAaKTikoi TPOIIot yia TV EMKOVEVIa PETady U0 oviot)tov evog S1kTUou.

H dnpotukdinta autodv tov SIKTUeV €XEl 0aprg EMNPEACEL TA KivNTpd T®V XP1OTOV
toug. [Ma napddetypa, mapodo mou n KUpla OKEWPD TOU ouyypadéa piag 1otooeAidag
otav anopdacide yla 1oug utiepouvdEopoug TIou Sa ouvedeav 1 ogAida tou pe 10 WWW
ntav va dnuioupyroet pa oedida pe vynin modtta neplexousvou, Atya xpovia apyotepd,
n énuotikomnta g oedidag tou, n oroia propel eUKOAA va petarparel oe OKOVOUIKO
O0peA0G, £YIVE TO KUP10 PEANPIA Tou. QOT000, 1] TIPOCEAKUOCT] TOV XPNOTWV O£ KATIO0 TIOPO
tou diktuou bev eival emBupnt oe 0Aoug Toug TUTIoUg diktuwv. [Ma mapddetypa, ot
dpopodoynon oe diktua eivatl ouvrOwg P0G TO CUPPEPOV TOU XPNOTL TO Vd amo@uUyel Td
KavdaAld EMKOVEVIAg Iou tapouctalouv oupgopnor. Ipopaveg, dedopévou ot S¢Aoupe
va PIoPOoUE vad KATAVOOUHE TOUG HIXAVIOHoUG dnpioupyiag T€To1mv S1KTU®V, 1 avAaAuor)
KUV €xel Yivel €éva TTOAU evO1APEPOV AVTIKEITPEVO PEAETNG.

Ex16g amo 11§ ouveneieg tng SnpoTKoTTtag IOV S1KTURV Iou avilidapBavopaote aro

OKOITIA TOU XP10Tr], UTIAPXOUV KAl CUVENELEG ITOU BAEOUPE Ao TV MMAEUPA TOU OUOTH)-
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patog. Towg 10 mMpeTapXko {Ntnpa auvtig g Katnyopiag eivat 01t o1 avanapaotaoetg
10U 61KTUO0U Hev PIOPOUV va X®PECOUV OTNV KUPLA PV £VOG UTIOAOY10TH], 00ny®viag o
duo mpoBAnpata: Tov MEPLOPIoHRO TOU PEYEOOUG TOU S1KTUOU TTOU PITOPOUHE va S1axXep1o-
TOUpE, KAl T PEWPEVI Aartodoon KPIlotuov epappoy®Vv Imou TPEXOUV AV Artd TETOLEG
diktuakeg unodopEg, TIOU emIPEPEL 1 ATIOONKEUOT] TG AVATIAPACTACTG TOU S1KTUOU OtH
deutepeuouoa pvrurn. Kavéva and autd dev eivat anodektd, onote xpetaldopaote OUNITIED-
péveg avanapaotdoelg. 0to00o0, 1 PeEYAAn OUNITiEon PITOPel va KATAOTIOEL TV aVAKTN 0T
TV OTOIXEI®V TOU H1KTUOU TOAUTTAOKT), KAl dpa XpovoBopa diadikacia. 'Etot, xpelalopaote
OUHITIECPEVEG AVATIAPAOTACELS TOU H1KTUOU TMOU OP®G EITITPENOUV YPIYOPn| IpooBacn ota
otoixeia tou Hiktuou.

H Statpi8r) autr) 61e€nx0n ovpgpova pe tig 6Uo Paocikég Kkateubuvoeig ou oKlaypadpnOnkav
napandve. H mpdtn eival n peAétn g ymiotikng ouunepipopadg oe diapopa diktua mou
napouotalouv 1dlaitepo evdladpepov otg pépeg pag, 18iwg ota diktua Spopoddynong kat
ota 6iktua mAnpogdopnong. Kat otoug §Uo autoug tumoug kabe xprjotng mpoorabei va
HEY10TOTION)0El T0 81KO OPeAdog aro 10 HIKTUO, ®OTOCOo Ta Slapopetikda Kivnipa Kabio-
TOUV anapaitnon t peAén rabe tuinou diktvou xwplotd. a diktua dpopoAdynong, ta
ortoia peAet@vial Se®pnTKA XPNOHONOIOVIAS Td Itaiyvia oupdopnong, EI0AyoUpe KAt va
pedetdpe v KAAOH TOV MAtyviov oupdopnong He TS OTPATNYIKEG ECAPTOHIEVES A0 TO
XPOvo. Ze €va ITo MPAKTIIKO erinedo, PovieAonolovpe Kal HEAETAPE TOV TIAYKOOH10 8ik-
TUO, TTOU €ival TO IO ONPAVIIKO §IKTUO MANPOPOPI®V CHHEPA, ATTO £va MAlYVIODE®PNTIKY
aroyn.

H 6eutepn kateuBuvorn €1 va KAVEL Pe £va ONPAVIIKO TEXVIKO {Nnpa, v avanapdo-
Taon H1IKTUGV KAl IO OUYKEKPIPEVA HE T oUuTayn aidid kat anotefleopuatikn avanaodao-
Taon, oU PUIOPEL va eVIOYUOEL TV arodoor TV KPIioev epapPoydV IoU eKTeEAOUVIAL O
tétola Hiktua. ITapatnpoupe 11§ KOveEG 1610TNTEG TV HIKTUMV TIOU 11ag EVO1apEPOUV KAl TIG

exkpetaAdeudpaote yla va oxedlacoupe pa anodotikn pébBodo ouprieong.

Zuvelopopa tng Sratpibnig

H ouvelopopa g diatpiBng autrg ouvowiletat ota eEng:

e £104YOUHE 1] 6140Tacn ToU XPOVOU o€ Taiyvia ouppopnong, Ipoteivoviag pia KAdon
Mayviov ota oroia o1 Maikieg amodaci{ouv OX1 POVO T0 OUVOAO T®V TIOP®V TIOU
MPOKELTAL vd XPNOIHIOIIO| 00UV, aAAd Kdl Tr XPOVIKI] otlypn rou Ya prmouv oto

awyvidt,

e HEAETAPE TIG TTATYVIODE®PNTIKEG OPETS TG SNI0UpYiag UrepouvOECTH®V OTOV TIAYKOO-

po &iktuo,



e 1IpOTEivoUpEe pia péBodo ouprtieong ypadpov yia ypadoug S1ktumv rmou dnpioupyouv-
Tatl and v avipwruvry dpactnplotnta, 1 oroia UTIEPTEPEL TG TpEXoucag state-of-
the-art pebodou.

Zta 1pia edagdia mou akoAoubouv mapouoctadoupe TIG IAPATIAVE IIEPLOXES, KAl OUVOYi-

Joupe pe ta oupnepdopata Kat evHladEpovia avolytd rpoBArjpata mou eVIOIoape.

ErmAéyovtag to Xpovo tng SpopoAdynong

Ta tedevtaia dwdeka xpovia, ot €vvoleg Tou Tpnpatog g avapyiag (PoA) kat tng ota-
Sepontag (PoS) €xouv epappootel pe emtuyia oe TOAAEG KATNyopieg Talyviov, KUpIlOg
ota raiyvia oupgopnong kat dAAa mapopota [91, 115, 103]. Zta naiyvia cupdopnong, ot
MAIKTEG aviay®vidovial PETagy Toug yla €va OUVOAO MOP®V, 0TS EYKATAOTACELS 1) OUVEE-
0€1G, T0 KOOTOG TOU KABe naiktn e§aptatatl arod 1o rmAn6og 1oV MAIKI®OV [ToU XPNOTHO0II010UV
ToUug 1610Ug MOpoUg, Kal yiveral n mapadoyr eival 011 kabs Opog pPropet va poipaoctet
HETAdU TV MAKIOV, aAAd pe KAmoo kKootog. Mia dAAn evbiagépouca KAAGOT maAtyvieov
elvat ta naiyvia avtayeviopou (contention) [66], ota oroia ot maikteg Kat rmaAt aviayovi-
{ovtal yla toug mopoug, aAAd ot topot dev eival Suvato va diapolpactouv. Av TIEP1O0OTEPOL
ano évag naikieg poortabrjoouv va dtapolpactouv €vav ropo v idla otypr], o mopog
kabiotatat pn 61a0€0110g Kat o1 aikteg mpérnet va {avadoxkipacouv apyotepa. Yapxouv,
®OTO00, evdlapEpovta natyvidia rmou Ppiokoviat petay 1wv HU0 aKPAI®V MEPUTIOCEDV TRV
MAyviov cupgopnong Katl 1oV natyvieov aviayoviopou. Na napddetypa, to akvibt mou
naidouv o1 XProTeg Yla TV AVIIHEIWITON NG oUPPOpnong oe éva diktuo gaivetal va Ppio-
Ketal avapeoa otg duvo autég kAaoeig - 1 TCP moAttikr) eAéyyxou ocupdopnong eivat pia
OTPATNY1KI] aUuTtou tou maixvidiou. O Xpovog eival PEPOg g OIPATNYIKAS TOV TTAIKIOV
(0rwg ota naiyvia aviayoviopou) Kat n kabuotépnorn evog povoratiou e§aptdtat anod 1o
ITO0O01 IMAIKTEG XPNOTHOIT00UV T1§ AKPEG TOU (OMg ota rmatyvia oupgopnong).

Ye autr] i Satpibr), mpoortabouie va eVIOTIIOOUNE Ta PACIKA XAPAKINEIOTIKA AUT®V
TOV A Vid1®V, va 1d POVIEAOTIO)COULE, KAl va PeEAETHooUNE T 1610TNTEG Toug, Tig Nash
100pPOITiEG TOUG, KAl Ta TPNpata avapyiag rat otabepotntag toug. Ta rmaiyvia rou Sew-
poupe givatl ouolaotikd natyvia oupgopnong pe ty npoobnkn g didotaong tou Xpovou.
H Sagpopd pe ta KAacoka maiyvia cupgpopnong £ivat o1t ot Taikieg 1opa 6ev eMAEyoUV
armAd mowa dadpour) va xpnotporowrjoouy, addd arogaciouv kat mote Sa {eKvroet 1
petadoor.

Oe®POUE Pla aKPI € evog Ialyviou oupdopnong pe ouvaptnon kabuotépnong e.
Kdbe naiking mou xpnowornotei tmyv akpr e vgpiotatat kabuotépnon . (k), ornou k sivai
10 TMANO0G TV MAKIOV TTOU XP1CHOIIOI0UV TNV aKPr]. Aedopévou 0Tl 01 TIaiKIeg Pmopouv

va anodaociocouv note Sa ekivrijoouv, n KabBuotépnon mpénet va enavaopiotel. Opidoupe



Katl peAetape duo povieda kabuotépnong yla toug ouvOEoRoug:

To povtéldo boat: oto oroio Povo 1 opAda TV MAIKTIOV IOV EEKIVOUV TAUTOXPOVA EMNPeAlet
Vv KaBuotépnon g opadag: @aviaoteite 611 pia Bapra SeKvAstl amo v apxr) piag
AKUNG 0 KABe Xpovikod PBrjpa, 6Aot ot maikieg rmou arnodaocidouv va $EKIVioouV tn
XPOVIKY) oTypn) ¢ praivouv otn fapka rmou 9a toug PETaPEPEL OV IIPOOPIoHO TOUG,
Kat n taxuinta g Bapkag e€aptdatal povo aro 1o mAnbog 1oV MmaiKIwv rmou Bpiokov-

Tat péoa Kat eivat ave§Aptnin ano toug naikteg otg aAdeg BApreg. PAPKEG.

To povtédo conveyor belt: oto oroio n kabBuotépnon evog maikin e§aptdtat and 1o
MANBO0G TV MAKI®V ITOU XPNOHOII00UV TV i81a akpun ouyxpoveg, avesdptnta ano
10 eav §exkivnoav vopitepa 1 apyotepa. ITo ouykekpipéva, o ouvdeopog ivat oav
€vag KuAlopevog 61adpopiog amo v mnyr PEXP1 ToV IIPO0P1oHo KAl 1 TaXUTnTId ToU

81abpopou kabe otypn e§aptatat aro 1o mAH00g TV avBpOII®V 0 AUTOV.

Zinv epyaocia auvty), dewpoupe amAd diktua, 6nAadry éva ouvolo amod mapdAAnleg
OUVOEOELS e YPAPHIKEG KaBuoTepr0elg, PN-IIPOoapooTIKES (non-adaptive) otpatnyikeg,
OT1g Ortoieg Ol maikteg aropaoi{ouv T OTPATINYIKI €K TOV IIPOTEP®V, KAl CUPHEIPIKEG
OTPATNYKEG.

MeAetape apxika ug dopikeg 1610tteg v matyviov boat kat conveyor belt. Aeix-
voupe o1l Ta natyvia boat sivat maiyvia cupgopnong. AvtiBeta, divoupe nmapadeiypata
rou deiyvouv ot ta natyvia conveyor belt dev eivatl ot yevikn nepimoon natyvia oup-
Pop1noNg, Pe e§aipeon Vv nePimmon v 6U0 MAIKIOV. TNV IIPAYHATIKOTTA, aKOPdA Kat
arAd mavida pe 3 naikteg evdéxetal va pnv £€xouv amniég 1oopportieg Nash.

Ztn ouvéxela xapaktnpidoupe 1g ouppetpikeg woopportieg Nash tou poviédou boat yia
napddAndeg ouvdioeig pe affine ouvaptrioslg kabuotépnong, dniady, l.(k) = a. k + b,
Kat orto1odrote MANO0g MAIKTI®V. AgiXVOUPE OTL UTIAPYXEL P1d POVASIKT) CUPHETPIKI] PIKTH
toopportia Nash yt autd ta naiyyvidia. Zto onpeio oopporiag Nash n mbavointa évag
MAIKTNG VA §EKVA T XPOVIKT OTyUn) ¢ mEPTel ypappikd pe to t. Emiong, unodoyidoupe
BéATiotn oUPHETPIKT) AUOT), 1] OTTO1d TIPOKUITIEL OTL £XE1 TTIAPOHO01d J1oPd1) 1€ TNV 100pPOITIA
Nash pe ) dadopd ot twpa ot aiyteg eivat Atyodtepo embetikol, fadoviag pikpotepn Imt-
Savointa ota npota otadia tou Tatyvidlou. Ao 10 XapaKINpliopo g toopporucv Nash kat
g PEATIOTNG OTPATNYIKAG, ITAiPVOUHE OT1 Ta TIPHPpAta g avapyiag Kat g otabepotntag
eivat oAy xaunid, niepirou 1.06.

MeAgtoupe emiong v KAAON TOV MAlyvi@v Tou poviedou conveyor belt. Auta ei-
vat rmo nepimloka rayvidia kat edo £xoupe eetacel povo dUo maikieg kat aubaipeteg
ouvaptroelg kabuotépnong (yia vo mnaikteg n téén v apeive kat n tagn auvbaipetwv
ouvaptnoewv Kabuotépnong eival tavtoonpeg). Xapaktinpidouv g 10opportieg Nash, tn

BéAtiotn Avon, kat urtodoyidoupe 1o PoA kat PoS. Zuykekpipéva, deiyxvoupe ot urapyet



pa povadikn ouvpperpikn Iloopportia Nash yia to poviédo conveyor belt otnv omoia ot
naikteg eKX®PoUv pur pundevikr rubavotnra oe roddariddoia wou £ (1) kat autég ot -
Savotnteg peidvovial ypappika. Emniong, unoAoyidoupe ) BEAtiotn ouppeTpiky AUon Kat
urtoAdoyidoupe 1o tipnpa tng avapyiag, mou ki £8@ rmpoxurtel ot eivat 1.06 aAAd umo

dlapopetikég TIPOUMOOECEIG ATIO OTL OTNV TIPONYOUHEVH TIEPITTIOOT.

IIawyvioBswpntiry peAéty tou Ilayroopiou Iotou

Z1n ouvéyela peAETApe ToV IAYKOOH10 1010, YemPROVIAS TOV ®G TO ATTOTEAETHA EVOG ITAYVIOU
petady v ouyypagiéav 10tooedibwv ou Ttorobetolv urtepouvdéopoug otn oeAdiba toug,
otoYEeUoVTag Ot peylotonoinon g enpung ms. Eotialoupe otn peAétn ng torobenong
dlaPpnPIoTIKOV OUVOEOP®V, TIOU OUVENIAYOVIAL KATIO0 KOOTOG yia T oeAida rou toug dexe-
1at, 1 ortoia arotedei ouvrOn OTPATNYIKY Ot BEATIOTONOIN 0T 10T00eA BV MOTe va audavet
1 0PATAINTIA TOUG Ao TI§ PNXAVEG avalninong. ATodeKvVUOUHE TIOG O UTIOAOYIOHOG TS
otpatnykng BéAtiotng anokplong v naxtov eivat NP-hard kat unoAoyi¢oupe pa nipoo-

EYY10TIKI) B€ATIOTI armokplon.

Zupnayng avanapaotacn S1ktuwv

'Entetta mpoXmpoUpe Pe T0 ONPAVIIKO TeEXVIKO J€pa g avanapdotaong €0V d1Ktumv
wote va Kataotel duvatn n anekdvion toug otnv Kupla pvhun. Ilapatnpovpe nwg ot
d1apopeg katnyopieg SiktuaV TI0U Pag evbiapepouyv, onwg yia napadetypa diktua Spo-
PoAOYNo1NG, MANPOPOPNONS KAl Ta KOveVviKd diktua, ta oroia nmapadooiakd avarnaplotdv-
1Al ®G YPAot, £Xouv pia Kowvr) 1810tnta: ermde1kvuiouv UPnAn OUYKEVIP®OT AKPQOV YUP®
ano TV KEVIPIKY H1aywvio Tou rmivaka yertviaong tou ypdgou, rmbaveog petd and Kanowa
avadidradn twv KOpBmv Tou ypadou. Qg €K TOUTOU ATIOPOVOVOUHE TO MTUKVO KOPHATL TOU
YPAagou kat oxedliacoupie évav uBp1diko alyopiOpio ouprtieong mou petaxelpidetat 1o ImuKkvo
KOppdtt Stapopetikd aro 0,tt tov urtodorto ypdado. Iapéyxoupe avdAuorn Kat MeEpAPATIKY
a&loAdoynon g pebodou oe éva aAnBivé ouvodo dedopévav, rou deixvouv nwg Serepva oe
ermbooelg v tpEXouca KaAutepn PeBodo smruyxdvoviag KAAUTtepo AOYO OUNITiEONG KAl

XPOVO TPOOTIEAAOTG TV OTOIXEI®V TOU ypadou.
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Selfish Behavior and Compact Representation in Routing and Information Networks

Chapter 1

Introduction

1.1 This Thesis in a Nutshell

During the last fifteen years, the explosive growth of the internet and its use in everyday
life has given rise to various types of networks created by human activity, without any
central design or control. The most well known example is the worldwide web (WWW),
a service built over the internet that allows users to access information from computers
that can be located anywhere in the world, using an extremely simple interface. Of
course, the WWW was initiated many years earlier, around the mid-80s, but it became
an object of study when it started being used by a huge number of users and thus at-
tracted a lot of information-oriented and economic activity. More recently a number of
other networks available through internet have been developed, that also offer abstrac-
tions of the social context of the users, referred to as social networks. The development
of the internet has also motivated the study of routing networks, as there are usually

various alternative ways for the communication between two network entities.

The popularity of such networks has clearly affected the incentives of their users.
For instance, although a web page author’s main thought when deciding the hyperlinks
that would connect her page to the rest of the WWW was to build a page of high quality
content, a few years later the popularity of her page, which can be easily transformed
into economic benefit, became her main concern. However, attracting users is not
desirable in all types of networks. For example, in routing networks it is usually in a
user’s interest to avoid crowded communication channels. Apparently, since we need to
be able to understand the mechanisms behind the creation of such networks, network

analysis has become an intriguing object of study.

Apart from the user point of view consequences of the networks’ popularity, there
are also consequences from the system point of view. Perhaps the most basic such
issue is that the network representations cannot fit in a computer’s main memory,
leading to two drawbacks: a restriction on the network size that can be handled, or

poor performance of the critical applications that run over such network infrastruc-
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tures, implied by keeping the representation in secondary memory. Neither of them is
acceptable, so we need compressed representations. However, compression may well
turn the retrieval of network elements to a complicated, thus time consuming process.
So we need compressed network representations that allow fast access to the network’s
elements.

This thesis has been conducted along the two main directions sketched above. The
first one is the study of selfish behaviour in various networks of special interest in
our days, in particular routing networks and information networks. In both types the
users are trying to maximize their own payoff from the network; the different incentives,
however, make the individual study of each network type necessary. In the case of
routing networks, which we study theoretically using congestion games, we introduce
and study the class of congestion games with time-dependent strategies. On a more
practical side, we model and study the worldwide web, which is the most important
information network today, from a game-theoretic point of view.

The second direction has to do with an important technical issue, the representa-
tion of these network structures and more specifically with their compact yet efficient
representation, that can boost the performance of critical applications that run on such
networks. We study the common properties of the networks of interest and exploit

them to design an efficient compression method.

1.2 Contributions of this Thesis

The contribution of this thesis is threefold:

¢ we introduce the time dimension in congestion games, proposing a class of games
in which players do not only decide the set of resources they are going to use but

also they time they enter the game,
e we study the game-theoretic aspects of link placement in the worldwide web,

e we improve the state-of-the-art graph compression algorithm for network graphs

created by human activity.

1.3 Tips for Reading this Thesis

1.3.1 Prerequisites

The main prerequisite for this thesis is a facility with the basic notions and techniques

for the computation of Nash equilibria and their efficiency. A survey of these concepts
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by Nisan et al. [103], intended for computer scientists, is particularly suited for ap-
preciation of the results in this thesis. Additional details can be found in a standard
reference on game theory such as Osborne and Rubinstein [108]. We also assume
some familiarity with the basics of the theory of NP-completeness, for which Garey and

Johnson [67] and Arora and Barak [14] are standard references.

1.3.2 Outline

Chapter 2 presents the technical and conceptual background underlying our results.
The remainder of this thesis splits our contributions in two parts, according to the
context of the problems studied.

In Part II we study the effect of selfish behaviour in two types of networks. We first
consider routing (or traffic) networks, which are traditionally modeled as congestion
games and study the effect of timing the participation in such games. The computa-
tional model and the study of such networks are presented in Chapter 3. We then
consider information networks, focusing on the most well known representative of this
class, the worldwide web, and study its game-theoretic aspects. In Chapter 4, we study
the establishment of reference and advertising hyperlinks to web pages and their effect
to the ranking of web pages.

Part III presents our work on representing routing and information networks. In
Chapter 5 we deal with the issue of designing compact yet efficient representations
of such networks, proposing an algorithm that improves over the state-of-the-art. We
present the analysis of the algorithm and its experimental evaluation based on a dataset
of web graphs, road and social networks.

In Part IV (Chapter 6) we outline the conclusions of this thesis and give directions

for future research on the above topics.

1.3.3 Dependencies

Chapter 2 is a prerequisite for Part II, as it provides a background in the notation and
techniques that are going to be used throughout the text. The sections of Chapter 3

should be read in order.

1.4 Bibliographic Notes

Most results presented in this thesis appear in one of the following previously published,

or under submission, works:
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e Elias Koutsoupias and Katia Papakonstantinopoulou. Contention issues in con-
gestion games. In Proceedings of the 39th International Colloquium on Automata,
Languages, and Programiming (ICALP), pages 623-635, Warwick, UK, July 2012.

e Panagiotis Liakos, Katia Papakonstantinopoulou and Michael Sioutis. Pushing
the Envelope in Graph Compression. In 23rd ACM International Conference on
Information and Knowledge Management (CIKM 2014), Shanghai, China, Novem-
ber 2014.

e Panagiotis Liakos, Katia Papakonstantinopoulou and Michael Sioutis. On the
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tion Retrieval - 36th European Conference on IR Research (ECIR), pages 650-655,
Amsterdam, The Netherlands, April 2014.
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An Efficient Graph Compression Algorithm. Technical report, University of
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Chapter 2

Preliminaries

2.1 Notation

2.1.1 Games

A game in normal form, or normal-form game, has r > 2 players, 1,...,7, and for each
player p < r a finite set S, of pure strategies. The set S of pure strategy profiles is the
Cartesian product of the S,’s. We denote the set of pure strategy profiles of all players
other than p by S_,,.

A mixed strategy for player p is a distribution on S, that is, real numbers x? >0
for each strategy j € S, such that )| Pes, rh =1

The set (strategy vector) s € S, where S = x,5,, selected by the players determines
the outcome for each player, which can be expressed through the player’s ulitity u, in

order to quantify every player’s preference ordering on all possible outcomes.

2.1.2 Congestion Games

The class of congestion games is identical to the class of potential games introduced
by Rosenthal in 1973. Rosenthal proved that any congestion game is a potential game
and Monderer and Shapley (1996) proved the converse: for any potential game, there
is a congestion game with the same potential function.

The class of congestion games consists of atomic and non atomic games, depending
of whether the number of users is finite or not. In this work we consider atomic

(discrete) congestion games.

Definition 1 (Congestion game). A congestion model (N, M, (A;)ien, (¢;)jenm) is defined

as follows:
e N =1{1,...,n} denotes the set of players
e M ={1,...,m} denotes the set of facilities
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e Fori € N, A, denotes the set of strategies of player ¢, where each a; € A; is a non

empty subset of the facilities

e For j € M,c; € R" denotes the vector of costs, where ¢;(k) is the cost related to

each user of facility j, if there are exactly k players using that facility.

The congestion game associated with a congestion model is a game in strategic form
with the set of N players, with sets of strategies (A;);cy and with cost function defined
as follows: Let A = X;cnA; be the set of all possible deterministic profiles (players’
strategy vectors). For any @ € A and for any j € M, let n;(@) be the number of players
using facility j, assuming @ to be the current profile.

The overall cost function for player i is defined as: u;(@) = ., ¢;(n;(a@)).

Remark. All players are equal in a sense that they have the same weight’ (it doesn’t

matter which players are using a facility, only how many players are using it).

A discrete congestion game consists of the following components:

e A base set of congestible elements E;

n players;

¢ A finite set of strategies 5; for each player, where each strategy P € 5; is a subset
of F;

For each element ¢ and a vector of strategies (P, P,,..., P,), a load x, = #{i :
e € P},

e For each element e, a delay function d. : N — R;

Given a strategy I, player i experiences delay ) .. d.(z.). Assume that each d.

are positive and monotone increasing.

We study time-dependent strategies for atomic congestion games and the effect of

malicious behavior in atomic congestion games.

2.1.3 Web Graph

The worldwide web is usually represented by a graph, whose nodes and edges corre-
spond to web pages and hyperlinks respectively. The www has specific properties that
are outlined in Chapter 4, and we need www models, that is, algorithms that generate
www-like graphs, in order to be able to predict the evolution of the www and improve

the algorithms that run over it.
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2.2 Nash Equilibria Basics

A strategy vector s € S is said to be a pure Nash equilibrium if for all players p and each

alternate strategy S; € S, we have:

Up(8p; S—p) > up(S;, S—p),

in other words, given the other players’ strategies, player p has no incentive to change
from s, to s;, as its utility will not increase.
Analogously, the mixed Nash equilibrium is defined for mixed strategies, i.e. given

all others’ mixed strategies, a player p has no incentive to alter x?, Vi €S,

2.3 Efficiency of Nash Equilibria

A system has multiple Nash equilibria in general. These equilibria may differ in the
total cost induced for the players. We are usually interested in the worst case scenario
of the system under consideration, thus the Nash equilibrium with the highest cost is
of specific importance. In order to quantify the effect of selfishness on a system we use
the Price of Anarchy (or coordination ratio) which is the ratio of the worst case Nash
equilibrium over the minimum possible cost of the system (achieved by a configuration

designed centrally, ignoring the incentives of the players).

39 Aik. Papakonstantinopoulou






Part 11

Selfish Behavior

in Routing and Information Networks






Selfish Behavior and Compact Representation in Routing and Information Networks

Chapter 3

Timing the Participation in Routing

3.1 Introduction

In the last dozen years, the concepts of the price of anarchy (PoA) and stability (PoS)
have been successfully applied to many classes of games, most notably to congestion
games and its relatives [91, 115, 103]. In congestion games, the players compete for
a set of resources, such as facilities or links; the cost of each player depends on the
number of players using the same resources; the assumption is that each resource
can be shared among the players, but with a cost. Another interesting class of games
are the contention games [66] in which the players again compete for resources, but
the resources cannot be shared. If more than one players attempt to share a resource
at the same time, the resource becomes unavailable and the players have to try again
later. There are however interesting games that lie between the two extreme cases of the
congestion and contention games. For example, the game that users play for dealing
with congestion on a network seems to lie in between—the TCP congestion control policy
is a strategy of this game. Timing is part of the strategy of the players (as in contention
games) and the latency of a path depends on how many players use its edges (as in

congestion games).

In this work, we attempt to abstract away the essential features of these games,
to model them, and to study their properties, their Nash equilibria, and their price of
anarchy and stability. The games that we consider are essentially congestion games
with the addition of time dimension. The difference with congestion games is that
players now don’t simply select which path to use, but they also decide when to initiate

the transmission.

Consider a link or facility e of a congestion game with latency function /.. In the
congestion game the latency that a player experiences on the link is /.(k), where k is
the number of players that use the link. In our model however, in which the players
can also decide when to start, the latency needs to be redefined. We define and study

two latency models for the links:
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The boat model: in which only the group of players that start together affect the la-
tency of the group: imagine that one boat departs from the source of the link at
every time step; all players that decide to start at time ¢ enter the boat which takes
them to their destination; the speed of the boat depends only on the number of

players in the boat and it is independent of the players on the other boats.

The conveyor belt model: in which the latency of a player depends on the number
of other players using the link at the same time regardless if they started earlier
or later. Specifically, the link is like a conveyor belt from the source to the
destination; the speed of the belt at every time depends on the number of people
on it. An interesting variant of this model is when the player is affected only by
the players that have been already in the link but not by the players that follow;

we don’t study this model in this work.

Notice that in the boat model, the order in which the players finish a link may differ
from the order in which they start. This, for example, can happen when a player starts
later but with a smaller group of people. This cannot happen in the conveyor belt
model.

In this work, we consider

e non-adaptive strategies, in which the players decide on their strategy in advance.

Their pure strategies consist of a path and a starting time.
e symmetric strategies

Intuitively, in the boat model, the aim of the players is to select a path with small
latency and to avoid other players that start at the same time. In the conveyor belt
model the aim is similar but the players try to avoid other players that start near the

same time.

3.1.1 Summary of Results and Techniques

We first study structural properties of the boat and conveyor belt games. We establish
that the boat games are congestion games; in contrast, we give examples that show
that conveyor belt models are not in general congestion games with the exception of the
case of two players. In fact, even simple games with 3 players may not even possess
pure Nash equilibria.

In the next section, we characterize the symmetric Nash equilibria of the boat model
game for parallel links of affine latency functions, i.e., ¢.(k) = a. k+b., and any number

of players. We show that there is a unique symmetric mixed Nash equilibrium for these
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games. At the Nash equilibrium the probability that a player starts at time ¢ drops

linearly on ¢.

We also compute the optimal symmetric solution. Interestingly, in both the boat and
conveyor belt model, the optimal symmetric strategy has exactly the same form with
the Nash equilibria but it is less aggressive. That is, in the optimal symmetric strategy
the probabilities drop also linearly in time but they are spread out to more strategies.
The optimal strategy is a Nash equilibrium of a game with higher latency functions (by
almost a factor of 2). A similar bicriteria relation between the Nash equilibria and the

optimal solution has been observed in simple congestion games before [115].

From the characterization of the Nash equilibria and the optimal strategy, we get
that the price of anarchy and stability is very low 3v/2 /4 ~ 1.06. This is the price of
anarchy (and stability) when we fix the latencies and let the number of players tend to
infinity; when the latency function is tailored to the number of players n, the price of

anarchy can be as high as 8n/(7n + 1).

We also study the class of conveyor belt games. These are more complicated games
and here we consider only two players and arbitrary latency functions (for two players
the class of affine and the class of arbitrary latency functions are identical). We again
characterize the Nash equilibria, the optimal solution, and we compute the PoA and the
PoS. Specifically, we show that there exists a unique symmetric Nash equilibrium for
the conveyor belt model in which the players assign non-zero probabilities to multiples
of /.(1) and these probabilities drop linearly. The explanation of the nature of these
equilibria is this: a player attempts with some probability to start at some time ¢ = 0;
the probability has to balance the risk of the other player starting also at time ¢ = 0
and the delay incurred by waiting. The interesting property of the Nash equilibrium is
that the player waits enough time steps in order to avoid interference with the other
player, had he started at time ¢t = 0. After exactly /.(1) steps, with some probability,

the player attempts again and the process is repeated.

The price of anarchy and stability is (for large latencies) again approximately 3+/2 /4~
1.06. This is the price of anarchy we computed for the boat model, but the relation is
not as straightforward as it may appear: in the boat model we take the limit as the
number of players tends to infinity, while in the conveyor model, we take the limit as
the latencies tend to infinity. In fact, the latter is the same limit as keeping the latencies
steady and letting the time step to tend to O (thus approximating a continuous-time

protocol).

To our knowledge, these games differ significantly from the classes of congestion
games that have been studied before. Also, the techniques developed for bounding

the PoA and the PoS for congestion games do not seem to be applicable in our setting.
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In particular, the smoothness analysis arguments [46, 114, 47] do not seem to apply
because we consider symmetric equilibria. In fact, the focus and difficulty of our
analysis is to characterize the Nash equilibria and not to bound the PoA (or PoS).

The decision to study only symmetric strategies is based on the assumption that
these games are played by many players with no coordination among them. We consider
this work as a step towards the study of real-life situations such as the TCP congestion
control mechanism in which the players are essentially indistinguishable and therefore
symmetric.

In all the games that we study, there exists a unique symmetric equilibrium. For
this type of equilibria, the definition of the price of anarchy is uncomplicated: We simply
take the ratio of the cost of one player over the cost of one player of the symmetric optimal
solution. Since there is a unique Nash equilibrium, the price of stability is equal to the

price of anarchy.

3.1.2 Related Work

Contention resolution in communication networks is a problem that has attracted the
interest of diverse communities of Computer Science. Its significance comes from the
fact that contention is inherent in many critical network applications. One of them is
the design of multiple access protocols for communication networks, such as Slotted
Aloha: According to it, a source transmits a packet through the network, as soon as
this packet is available. If a collision takes place, that is, another source attempted to
transmit simultaneously, the source waits for some random number of time slots and
attempts to retransmit at the beginning of the next slot. The increase of users of the
network incurs a large number of collisions and subsequently poor utilization of the
system’s resources.

During the last four decades many more refined multiple access protocols have
been proposed to increase the efficiency of Aloha, the vast majority of which assume
that the agents follow the protocol, even if they might prefer not doing so. Recently,
slotted Aloha has been studied from a game-theoretic point of view, trying to capture
the selfish nature of its users. Part of this work has been done by Altman et al.
[7, 8]. The authors model slotted Aloha as a game among the transmitters who aim at
transmitting their stochastic flow, using the retransmission probability that maximizes
their throughput [7] or minimizes their delay [8]. They show that the system possesses
symmetric equilibria and that its throughput deteriorates with larger number of players
or arrival rate of new packets. Things get better considering a cost for each transmission
though. Another slotted Aloha game is studied by MacKenzie and Wicker [96]. Here the

agents aim at minimizing the time spent for unsuccessful transmissions before each
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successful one, while each transmission incurs some cost to the player. Their game
possesses a symmetric equilibrium, and some of its instantiations possess equilibria

that achieve the maximum possible throughput of Aloha.

Much of the prior game-theoretic work considers transmission protocols that always
transmit with the same fixed probability. In [66] and [49] the authors consider more
complex protocols (multi-round games), where a player’s transmission probability is
allowed to be an arbitrary function of his play history and the sequence of feedback
he has received, and propose asymptotically optimal protocols. In [66], the authors
propose a protocol which is a Nash equilibrium and has constant price of stability, i.e.,
all agents will successfully transmit within time proportional to their number. This
protocol assumes that the cost of any single transmission is zero. In [49] the case of
non-zero transmission cost is addressed, and a protocol is proposed where after each

time slot, the number of attempted transmissions is returned as feedback to the users.

There is a lot of work on game theoretic issues of packet switching. For example, [82]
considers the game in which users select their transmission rate, [4] considers TCP-like
games in which the strategies of the players are the parameters of the AIMD (additive
increase / multiplicative decrease) algorithm, and [68] considers game-theoretic issues
of congestion control. All these works are concerned with the steady or long term
version of the problems and they don’t consider time-dependent strategies in the spirit

of this work.

Routing in networks by selfish agents is another area that has been extensively
studied based on the notion of the price of anarchy (PoA) [91] and the price of stability
(PoS) [10]. The PoA and the PoS compare the social cost of the worst-case and best-case
equilibrium to the social optimum. Selfish routing is naturally modeled as a congestion
game. The class of congestion or potential games [113, 101] consists of the games where
the cost of each player depends on the resources he uses and the number of players
using each resource. The effect of selfishness in infinite congestion games was first

studied in [115] and of finite congestion games in [46, 20].

The above results concern classical networks or static flows on networks. Perhaps
the closest in spirit to our work are the recent attempts to study game-theoretic issues
of dynamic flows, or more precisely, of flows over time. In [87], the authors consider
selfish selection of routing paths when users have to wait in a FIFO queue before using
every edge of their paths; the waiting time is not part of their strategy, but depends
on the traffic in front of them. The same model is assumed by [97] who considers
the Braess’ paradox for flows over time. More results appeared in [28] which gives
an efficiently computable Stackelberg strategy for which the competitive equilibrium

is not much worse than the optimal, for two natural measures of optimality: total
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Figure 3.1: Related work

delay of the players and time taken to route a fixed amount of flow to the sink. In a
slightly different model, [12] considers game-theoretic issues of discrete-time models
in which the latency of each edge depends on its history. All these papers consider
non-atomic congestion games. In a different direction which involves atomic games,
[71] considers temporal congestion games that are based on coordination mechanisms

[48] and congestion games with time-dependent costs.

All these models share with this work the interest in game-theoretic issues of timing
in routing, but they differ in an essential ingredient: in our games, timing is the most
important part of the players strategy, while in the previous work, time delays exist
because of the interaction of the players; in particular, in all these models the strategy
of the players is to select only a path, while in our games the strategy is essentially
the timing. We view our model as a step towards understanding games related to TCP
congestion control; this does not seem to be in the research agenda of game-theoretic

issues of flows over time.

Figure 3.1 illustrates the aforementioned areas and the relations among them.
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3.1.3 Organization

In the following sections we present our results regarding the boat and conveyor belt
models. In section 3.2 we show the structural properties of the two models. Then, in
section 3.3 we focus on the boat model and compute its Nash equilibria (in 3.3.1) and
price of anarchy (in 3.3.3). A similar presentation follows for the conveyor belt model
in section 3.4. We compute its Nash equilibria and price of anarchy in 3.4.1 and 3.4.3

respectively.

3.2 Structural Properties of the Boat and Conveyor Belt
Models

Formally, the games that we study here are the following: Let G be a network congestion
game with n players and latency functions /. (k) on its link e. We define two new games
based on G, the boat model game and the conveyor belt game. The pure strategies
of both new games of every player consist of one strategy (path) of the original game
and one non-negative time step ¢t € Zj. Their difference lies in the cost of the pure
strategies.

le(ny(e)), where n(e)

denotes the set of players that also start at time ¢ and use edge e. In the conveyor

In the boat model, the cost of a player is simply ¢ + Zee p
belt model the cost is more complicated. It depends on the notion of work: in a time
interval [t,t + At] in which player i uses link e, it completes work At//.(k), where k is
the number of players using the same link during this time interval. A player finishes
a link when it completes total work of 1 for this link; the player then moves to the next
link of its path.

The boat model The boat model is much simpler than the conveyor belt model. In
fact, it is easy to see that the games in the boat model are congestion games: Consider
a congestion game G with latency functions /. (k) on its edge (or more generally facility)
e. To get the associated game for the boat model we create copies Gy, Gy, .... In
the boat model, each player can now play on (G, immediately, on (G; after 1 time-step
and, in general, on G, after ¢ time-steps. Equivalently, the associated edge e of G; has

latency function t + /. (k).

The conveyor belt model The definition of the games of the conveyor belt model,
albeit intuitively clear, does not allow for a simple expression of the cost as in the case
of the boat model.
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An example would be more illuminating: consider a link e and two players that
start using e at times ¢; and t, with ¢; < t,. Let f; and f; denote their finish times.
Assuming that the players overlap, or equivalently t; < ¢; + ¢.(1), their finish times are

given by the linear system:

to—ty  fi—t1o
le(1)  Le(2)
fi—t2 fo—fi

L@ L

=1

=1

If the players do not overlap on e, their finish times are simply f; = ¢;+(.(1). By solving
the above system we can express the finish times as

fi =ti + Le(1) + max (0, (0e(2) — €.(1)) <1 — %)) (3.1)

We can use the above approach to find the finish times for three or more players, but
trying to express them as in (3.1) does not seem to be useful.

In fact for 2 players, it is easy to compute the finish times for every network. The
basic reason for this is that in every edge the difference of their finish times is equal
to the difference of their start times: If {; and ¢, are the start times on the edge, then
the finish times, as given by (3.1), satisfy fo — f; = 2 — t; (independently of whether
they overlap or not). Specifically, let (P, ;) be a strategy of player i (i.e., he selects to
use path P, and to start at time ;). Let us consider the latency of player : at some
edge e € P;. If t.; denotes the time player ¢ starts using edge e, the latency of edge e
is (.(1) + max {O, (Ce(2) — Le(1)) - <1 — “e%(f)“‘) } To compute it, we need to know the
difference in start times ¢, — t. ;. But since the difference is preserved in edges used
by both players, the difference is determined by the latency functions of the parts of

the paths P, before edge e:

tes —ter =ty —t + > () - > ). (3.2)

elePy e’epPy
e’ appears before e in Py e’ appears before e in Py

We now turn our attention to structural properties of the conveyor belt games.
Unlike the boat games, they are not in general congestion (or potential) games. To
show this, it suffices to show that they have no pure equilibrium. This is sufficient,

because all congestion games have at least one pure Nash equilibrium [113].

Lemma 1. There are conveyor belt games for a single link and 3 players that have no

pure equilibria.

Proof. Consider the game with latency function /.(k) = 5k — 1. We will show that it
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has no pure equilibrium by contradiction. Suppose that there is a pure (symmetric or
not) Nash equilibrium in which the players start at times ¢; < ¢, < ?3. Clearly if this
is a Nash equilibrium, we must have ¢t; = 0. Let fi, f2, f3 be the finish times of the 3

players.
Case 1: Players 1 and 3 do not overlap (f; < t3). The finish time f; of the first player
satisfies

lo " fr—ta 1,

(1) Le(2)
or equivalently, f; = 9 — 5t5/4. We now consider player 2. By time ¢3, player 2 would
have completed work
Ji—ta ta—fi 1 1 5

L L) w2t
This is increasing in ¢, and therefore player 2 would select {5 as large as possible:
ts = (1) = 4. Now the best strategy for player 3 is to select t3 = 0 and finish at
f3 =106/9 < 12, a contradiction since we assumed that t3 > t,.
Case 2: Players 1 and 3 overlap (t; < f1). Then, given the starting times t; = 0, ¢, t3,

the finish times are computed by the following system:

to—t1 tz—ts fi—13

L e e
ts—1ty  f1—13 f2—f1:1
Ce(2)  Le(3) le(2)
fl_t3+f2_f1_|_f3_f2:1

le(3)  Le(2) Ce(1)

Solving it, we get that f3 = 14 — %tg — %t?,. We observe that the best strategy for player
3 is to set t3 as large as possible, that is, to value {3 = f;. But then this becomes

equivalent to Case 1. O

The example in the proof of the lemma has nonnegative affine latency function, but
one of the coefficients is negative. If both coefficients are nonnegative, i.e., (.(k) =
ack + b, with a.,b. > 0, then the game has a pure Nash equilibrium: It is not hard to
see that when all players start at {; = 0, they have no reason to switch. Since these
games have a pure equilibrium, are they congestion games? The answer is negative:
For example, the game of 3 players on a single link with /.(k) = k is not a congestion
game or equivalently, it does not admit an exact potential [101]. To verify this, consider
the cost (latency) of the players when the start times are 7 = (0,0,0), 71 = (1,0,0),
T, = (0,2,0), and Tj» = (1,2,0). It is straightforward to compute the finish times
Fy = (3,3,3), F1 = (3,5/2,5/2), F»(2,3,2), and Fi5 = (2,3,1). If there exists an exact
potential ®, it must satisfy (7)) — ®(T") = F; — F], for every vectors of starting times
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T and T’ which differ only on player ¢ and for which F' and F”’ are the corresponding

vectors of finish times. In particular, this would imply
Firoo—Fio+ Fiq—Fyy = Fiog — Foq + Foo — Fpo.

Since this does not hold, it follows that even the simplest conveyor belt game is not a
congestion game for 3 or more players. The case of 2 players is an exception as the

following lemma establishes.
Lemma 2. The conveyor belt model games for 2 players are congestion games.

Proof. To show that the game of two players is a congestion game, it suffices to exhibit
a potential, since the classes of exact potential games and of congestion games are
identical [113, 101]. Let (P, t;) be a strategy of player i. The latency of player i
on some edge e € P, depends on the time that the players starts using this edge.
Specifically, if {.; is the time player 7 starts using edge e, the latency on edge ¢ is
l.(1) + max {0, (Ce(2) — Lc(1)) - (1 - “;—&”) } The crucial fact is that this latency is
the same for both players (because the expression is symmetric with respect to ¢, ; and

te2). The total latency ¢ ((Py,t1), (P, t2)) of player 1 is given by

(Pt Pyty) =ti+ > L(1)+ Y max {0, (0.(2) — £.(1)) - (1 tes— te,1|>}

ecP; eeEPINPy ge(]‘)

and a similar expression holds for player 2. We can therefore define the potential

©(P17t17P27t2) -

bttt Y L()+ ) L)+ > max {o, (6(2) — £.(1)) - (1 - _|tevze?1§e,1l> } 7

eceP e€ Py ecPiNPs
where ¢, o—t. 1 is defined by (3.2). The function ® is a potential because ®( Py, t1, Ps, t2)—
O(P, 1), Po,ta) = c1(Py, 1y, Pa, ta)—cq (P), t), Py, ty) and a similar equality holds for player
2.

In particular, for a single link e and 2 players, we can construct a congestion game

directly: We create facilities ey, €1, . . . with latency functions
) =1+ |—
o le(1)

00 (2) = Le, (1) + %

Each player now has to play /(1) consecutive edges: that is, when the player chooses
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to play at time ¢, the player must participate in all edges ¢;,e;,1,...,€414.(1)-1. It is not

hard to see that this is indeed the associated conveyor belt game. O

The following theorem summarizes the above results for the nature of the time-

dependent games.

Theorem 1. All boat games are congestion games. In contrast, only the 2-player conveyor
belt games are congestion games. Furthermore, the conveyor belt games of 3 or more

players do not have pure equilibria in general.

The conveyor belt model highlights the importance of the sequential use of the
facilities in network congestion games. In the typical view of such games, the order of
using the facilities is not important. This is best illuminated by the fact that the set of
network congestion games is a subset of congestion games whose standard definition
does not include any ordering of the facilities (i.e., a path is simply viewed as a collection
of edges). If for example, a congestion game is defined on a path, any reordering of the
edges of the path corresponds to the same game.

However, in the conveyor belt model, the ordering is important. This is also the
reason for defining time-dependent games only for network congestion games. As an
example, consider the game on a path of 2 edges with latency functions /., (k) = k
and /., (k) = k + 1. If three players start at times t; = 0, to = t3 = 1 then they will
complete the path at times f; = 3, f, = f3 = 6. But when we inverse the order of the
edges, they will complete the path at different times: f; = 4, fo = f3 = 13/2. Even
in 2-player games the order is important when there are multiple (not-independent)
paths. For example, consider a network with 3 edges e¢; = (uy,uz), ea = (u,us), and
es = (ug, u3) (2 parallel edges followed by a single edge) and latency functions /., (k) = k,
le,(kK) =k + 1, ley(k) = k + 1. If the two players start at u; and they follow different
paths, they will reach us3 at times 7/2 and 9/2. If we reverse the network however and

the players start at ug, the latencies will be 4 and 5.

3.3 Nash equilibria of the Boat Model

In this section, we first consider symmetric Nash equilibria of n players for the boat
model of parallel links. We also compute the optimal non-selfish solution and estimate
the PoA.

3.3.1 Nash equilibria computation

A pure strategy for a player is to select a link e and a time . A mixed strategy is given by

probabilities p. ; with ze . Pet = 1. the player uses link e at time step ¢ with probability
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Det- A set of probabilities p., is a Nash equilibrium when a player has no incentive
to change it to some other values ¢. To find the Nash equilibria, we first estimate the

latency d.; when the player selects pure strategy (e, ):

n—1
n—1
dey =1+ E < i ) p];t (1-— pe,t)"’l”“ lo(k+1). (3.3)
k=0

Let d = min., d.; denote the minimum value. Then the probabilities define a symmetric
mixed Nash equilibrium if and only if p.; > 0 implies d = d. .

To find the Nash equilibria, the first crucial step is to show that the probabilities in
every link must be non-increasing in ¢. This is shown by the following lemma which

holds for arbitrary latency functions, not only for affine ones:

Lemma 3. If for every edge e the latencies {.(k) are non-decreasing in k, then every

symmetric Nash equilibrium is a non-increasing sequence of probabilities: pe; > Det+1-

Proof. First observe that when the latencies are non-decreasing (i.e., when (. (k + 1) >
(.(k) for every k), the expression d.; — t is non-decreasing in p.;. To verify this, take

the derivative of d.; — t in (3.3) with respect to p.

O(des — )

OPe,t
= :ii (” . 1) EpET (L= po) R 0k +1) — :ii (” . 1) (n—1— k) (1= per)™ > 0k + 1)
- Z (") e 0= (1 21) = mew) et (= =

This is nonnegative because (", ')k = (7_)(n — k).
To see now that the sequence p.,; is non-increasing, observe that if we had p, ;1 >
Pe,+ then we would have d¢ 41 — (t+1) > d.; — t. But the last inequality shows that

d¢y1 is not the minimum value, which would imply that p;,; = 0, a contradiction. O

We define the support of the Nash equilibrium to be the set of strategies that have
minimum latency: S. = {t : d.; = d}. Alternatively, we could have defined the
support to be the set of strategies with on-zero probability at the Nash equilibrium;
the two notions are similar but not identical in some cases. Notice the convention
dep.+1 > d = d.p,, in the definition of the support. The last lemma shows that the
support S, of every link e is of the from {0, ..., h.} for some integer h..

We now focus on affine latencies functions, ¢.(k) = a.k + b, for which the cost d, ;
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in (3.3) takes a simple closed form:
de,t =t+ Qe + be + (n - 1) Qe Pets (34)
which shows that the probabilities of the Nash equilibria are of the form:

d=ae—be—t zsjg’;*t for t < h,
Pet = c (3.5)
0 otherwise

Observe that at every Nash equilibrium p. ;, the non-zero probabilities decrease linearly
with ¢. These probabilities are determined by the cost of each player d and the integers
h. (one for each link). In fact, the parameters h. are very tightly related with the cost d
of each player:

Theorem 2. There is a unique symmetric Nash equilibrium with support S, = {t : 0 <
t <he=|d—a.—b.]}, whered is the expected cost of every player; its probabilities are
given by

d—ac—be—t
Pes = (na—T fOTtSd—ae—be

0 otherwise

The expected cost L g = d of every player is the unique solution of the equation

s ld=ae b+ Do —b) = ld—a=b)

2(n — 1)ae

(3.6)

e

Its value is approximately

2
ae+be Ae+be 1 (ae+be)2
e Fnvar T \/<Z )+ (Semte) (1- S sttt
1 )
Ze 2(n—1)ae

~
~

(3.7)

2n
Yeact”

and as n tends to infinity this tends to

Proof. We can determine h, from the constraints p.;, > 0 and d.; +1 > 0; the latter
is based on the way we defined the support. Indeed, from Equation (3.5) we get that
d —ae —be > h.. And from Equation (3.4) for d;_;;, when we take into account that
Dett+1 = 0, we get (h. + 1) + a. + b, > d, or equivalently h. + 1 > d — a. — b.. It follows
that h, = |d — a. — be].

To simplify the notation, let’s define 7. = d — a, — be; therefore h, = |7.|. We observe
that the cost d determines completely the parameters 7. and the probabilities at the

Nash equilibrium. To show that there is a unique Nash equilibrium, we need to show
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that all the Nash equilibria have the same cost d. To compute d we use the fact that

the sum of probabilities is 1. We have

[7e]
—ae—e B ne—t _ o Ume) +1)@2ne — [7ne])
(3.8)

It is straightforward to check that the function (|x] + 1)(2x — |z ]) is strictly increasing

([7e]+1) (2ne = ne |)
2(n—1)ae

increasing in 7. and consequently in d. The sum of all these terms is also strictly

in = for nonnegative x. Therefore, each term in the last sum is strictly

increasing in d because it is the sum of strictly increasing functions (one for each edge
e). It follows that the equation Ze? ; Per = 1 has a unique solution. This unique value d
completely determines the parameters /. and the probabilities of the Nash equilibrium
in Equation (3.5).

The above define the Nash equilibrium in terms of the cost d. It remains to determine
d. Its value is given by (3.6), which expresses the fact that the sum of probabilities in

(8.8) is 1. To solve this equation for d, we observe that
v* < (lz] + 12z - [2]) < (2 +1/2)"
This means that the solution of the equation
Z(m—ae—be)2 .
— 2(n—1)ac ’

is very close to d (and in particular © — 1/2 < d < ).
It is straightforward to verify that the solution to the above equation is given by (3.7).

As the number n of players tends to oo, the expression is approximately 1/, /> " m
which shows that the cost of every player tends to # O

3.3.2 The optimal setting

Let us now consider the optimal symmetric protocol. With similar reasoning, the ex-

pected latency of a player is

o) n—1 o)
Lopr = Z Zpe,t (75 + (n ; 1) plg,t (1 - pe,t)n_l_k Ee(k + 1)) = Z ;pe,t et

e t=0 k=0 e

We seek the probabilities p. ; with ) _, p.; = 1 which minimize the above expression.

We again focus on affine latencies. With /.(k) = ak + b, the above expression has the
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following compact form

LOPT - Z Z DPet (t + ae. + be + (n - 1) aepe,t)'

e t=0

We minimize this subject to Zat pey = 1. Using a Lagrange multiplier and taking
derivatives, we get that the minimum occurs when the probabilities have the form
Pet = (A—a.—b.—t)/(2(n—1)a,), for some constant A, and p. ; = 0 when A—a.—b.—t < 0.
This means that they decrease linearly with ¢ until ¢, = A\ — a., — b., when they become
0 and they remain O from that point on. Thus, the form of the optimal probabilities
resembles the form of the Nash equilibrium probabilities; the only difference is that
the optimal probabilities drop slower to O (the factors are 2(n — 1)a. and (n — 1)a,

respectively). Taking into account the constant term also we get,

Lemma 4. The set of probabilities of the optimal solution for latencies (. (k) = a.k + b, is
a Nash equilibrium for latencies (. (k) = 2a.k + (be — a.).

Therefore the probabilities of the optimal solution are:

A—ae—be—1 *
2(n—1)ae t< he

DPet = (3.9)

0 otherwise

where b = |\ — a. — b.], and the value of \ is the unique solution of the equation
Ee’t Deir = 1. Thus, A is determined by an equation similar to (3.6) (they essentially
differ only in the denominator):

Z(L)\—ae—bej+1)(2()\—ae—be)—[)\—ae—bej)

i(n—1)a, =1. (3.10)

e

From the probabilities we can compute Lopr. Observe that the optimal case differs
from the Nash equilibrium case of the previous subsection in that the parameters A\

and Lopr are distinct (while in the Nash equilibrium case they are identical—equal to
d).

As in the case of the Nash equilibrium, it is useful to define n} = A — a. — b.. We
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can then compute the optimal latency:

LOPT - Z Zpe,t (t + a. + be + (TL - 1) Qe pe,t)

e t=0

ne —t
- t b —Da,—1e —~
;z Bt (et e Dag )

R (6776 (2 + 2ac) — hi(2h7 + 6a + 1))
B Z 24(n — 1)a,

€

To get an approximate estimate as n tends to infinity, we observe that )\ is approxi-

A2 n
— =1 AR2, =
;4(71—1)@6 ~ \V > at

From this, we can find an approximate value for Lopr:

mately given by

*3
N 4 n
L N - -
ort 6(n — 1)ae ; 6(n—1)a 3\ > at

3.3.3 The price of anarchy

Comparing the value of Lopr to the cost d of the Nash equilibrium, we see that the PoA
and the PoS of the boat model on parallel links with affine latency functions tends to
3‘[ ~ 1.06, as the number of players n tends to infinity (while the parameters of the

network remain fixed).

Theorem 3. For every fixed set of parallel links with positive a. and b., the PoA (and
PoS) tends to 3v/2 /4 =~ 1.06, as the number of players n tends to infinity.

However, for fixed number of players and because of the integrality of h and h*, the
situation is more complicated. Figure 3.2 shows the PoA for typical values of a. and n,

for one link. The situation is captured by the following theorem:

Theorem 4. For one link and fixed number of players n, the PoA is maximized when
a. = 1/(n —1) and b, = 0. For these value, the NE is pure (p.o = 1), but the optimal
symmetric solution is given by the probabilities p., = 3/4 and p.; = 1/4. For these
values, weget Lyp =d=n/(n—1), Lopr = (Tn+1)/(8(n—1)), and PoA= 8n/(Tn+1).

Proof. To compare the costs Lyg and Lopr we first investigate the solutions of the
equations (6) and (10) as functions of a.; since we care about the worst-case PoA, we
can safely assume that b, = 0 because b, > 0 is added to both the numerator and the

denominator of the PoA.
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Figure 3.2: PoA of the single-link boat games

];((ffl; which are the values of

For every nonnegative integer k, let us define A, =
a. where the value d — a. becomes integral (equal to k). The following lemma gives the
solution of (6) for the intervals [Ay, A1) where the integral part of d — a, is constant.
It also extends it to the optimal cost.

We now compute the values of a. that maximize the PoA. Both the Lyg and Lopr

are increasing in a.. Given a, and n it is easy to compute k such that ké?g < a. <
—144/148(n—1)ae
(k;(lql)ili;Z); it is k = { + -;(n )a J’ and for this k Lyp = Zi’fae + g Similarly,

we find that % < a, < % for k* =
Lopr = kjfl ae + % — %. We now split the possible values of a. in disjoint

\\—1—1— 1+16(n—1)a.
2

J, and for this k*

intervals, such that in each interval the PoA is given by a single function for all values

of a., and study each interval separately.

A1
2~ 2(n—-1)’

Lyg = na., Lopr = na. and thus PoA=1.

o Ifa, <

. If%§a6<A1<:>2(—1)<ae<ﬁ,
Lyg =na., Lopr = ”;rlae + % — ﬁ and thus PoA= L“aeJrnaeg(n_ll)a .
/
For a, > ﬁ the PoA is increasing in a.. Indeed, (P—;L‘) = %_(?)_a? <0
and therefore ﬂ is decreasing. The maximum value of the PoA is achieved for
Qe = E and it is PoA= "7“;%—% = 4<n+1?(n—1> - 7311
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o IfA; <a.<iAr & 4 <a < 2(n3—1)’

LNE = n_Hae + 5’ LOPT = n—HCLe -+ % — W and thus POA—

n+1ae+2

€+2 S(n—l)ae '

/
. o 2ae(n—1)+4ac+1
For a, > L the PoA is decreasing in a.. Indeed, (ﬁ) = 4(;”(:; +1))2 (Z_l)az >0

and therefore ﬂ is increasing. The maximum value of the PoA is achieved for
Ae = ﬁ as in the case above.

4 —1+4/8(n—1)aec+1

we use the bounds: Lyg < a. 5 and Lopr >

oForanﬁ

ac + 3+/(n — 1)a. — 3. given by lemma 6.
—1+\/8(n 1)ae+1 3 _1,V8(n— l)ae+1 — 1
Then PoA< +4 < 272 e 42(n 1)ae+4.
et \/(n 1 )ae— 2 375 3\/(n Dae 1+§\/(nfl)aE
the last expression with respect to (n — 1)a is negative for (n — 1)a > %

+

The derivative of

Therefore the PoA is maximized when a, = ﬁ

Lemma 5. Let A;, = ';((:J_“B For a, € [Ak, Ak41)

Fora, € [Ak/2, Ak+1/2)

Lo_ntk kKt D(k+2)
OPT = %1% 27 T48(n— Da.

Proof. We first show that for a. € [Ay, Ax41) the value of d given by equation (6) satisfies
ld —a.| = k.

Assume k = |d—a.| and let z = d—a.—k. From (6) for one link we get % =
_ (n=1ae _ &

For a. € [Ag, Ary1) we get k(k+3 <a, < W &S 0< (”kﬂae — k <lezxzelll)
so |d—a.] = kholds. We thus have Lyg = d = a.+k+x = ae—i-k—l—("kﬂap —g = ’];Lfl“ e—i——

In a similar way we show that for a, € [AQ’“, A’““) the value of )\ given by equation
(10) satisfies |\ —a.| = k. Here A\—a, = k+ 2’ with 2’ = % — % Fora, €[4, %)

Wegetkgkﬂg<ae %@0<%—§<1¢>x’6[O,l)so[)\—aej:k

holds.

We thus have Lopp = 2=0elt(6Q-ae) A—act2ae) [ A—ac|2A—ae] +6ac+1))

24(n—1)ae
_ (kA 1)(6(kta)(ktat2ac) ~k(2k+bactl)) _ ntk _’_(@ _) k(k+1)(k+2)
o 24(n—1)ae T kt17€ 2 48(n—1)ae *
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Lemma 6. For one link and fixed number of players n,

ae +V2y/(n —1)a. — % < Lyg < ae +V2y/(n —1)a.

and

4 1 4
ae+§ (n—l)ae—§§LopT§ae+§ (n — 1)ae.

Proof. Take a, € [Ag, A1) Consider the identity

x 2 (x —k(k+1)(z—(k—1)(k+1))
MY Lk — .
<2(k+1)+2> v Ak 1 1)
This implies that 575 + b < Vrforz e [k(k+1),(k+1)(k+2). Let x = 2(n — 1)a..
We get Lyg — a. < /2(n — 1)a..

Similarly,

T3ty 4 4(k +1)2

x ko 1\2 1 (z—k(k+1)(x—(k+1)(k+2)
(2(k+1) 2 2) T '

For x € [k(k+ 1), (k+ 1)(k + 2)] we get s+ Bl < \/z+ 1. Then for z = 2(n — 1)a.
we get Lyp < —3 + \/2(n —Dae + ;.

O]

3.4 Nash Equilibria of the Conveyor Belt model

We now turn our attention to the conveyor belt model, which is more complicated
than the boat model. In the conveyor belt model each link is like a conveyor belt
whose speed depends on the number of players on it. We only consider the case of
2 players in this section. The cost ¢.(t,t') of a player for pure strategies (e,t) when
the other player starts using link e at time step t' is computed using f; = ¢; + (.(1) +

max <0, (Le(2) — Le(1)) (1 - ‘ij;‘)) where ¢;, f; are the start and finish times of player

1 respectively.
To simplify the discussion, we assume that /(1) is an integer; this does not seem
to really change the nature of equilibria, except perhaps when /.(1) < 1 which does not

seem a very interesting case.

3.4.1 Nash equilibria computation

Consider a symmetric Nash equilibrium with probabilities p. ;, the same for every player.

It is a Nash equilibrium when a player has no incentive to change his probabilities to
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different values. To find the Nash equilibria, we first compute the expected cost d, ; of

a player when he plays pure strategy (e, t):

Le(1)

doy =D cltt) =t + L)+ () = 1) > (1= E5) pasr @1

t r=—Lc(1)

The probabilities define a symmetric mixed Nash equilibrium when probability p.; > 0
implies d.; = d = min,; d. .
We are interested in symmetric Nash equilibria, that is equilibria that occur when

all players use the same strategies. Let’s first establish a very intuitive fact:

Claim 1. If at the Nash equilibrium, positive probability is allocated to edge e, then
De,o > 0.

Proof. Suppose not. Let ¢ be the minimum time for which p.; > 0. We have

(1

~—

deg =+ Ce(1) + (0(2) — Le(1) S (1~ /("—D)pew (3.12)
and o) )
de,() = ge(l) + (66(2) - 66(1)) Z(l o m)pe,r

r=t

From these, by subtracting and ignoring the last terms of d.;, we get that

e(1)
t
de,t — de70 Z t+ (ge(Z) — €e<1)) Z mpe’r Z t > 0
r=t ¢
which contradicts the Nash equilibrium property. O

The next lemma shows that the support S, = {t : d.; = d} of every mixed Nash

equilibrium is of the form {0, ..., h.} for some h,.

Lemma 7. If for somet there exists s > t with p.;, > 0, thent is in the support S, i.e.
de t — d

Proof. By induction on t. The base case follows from p. y > 0 which shows that ¢ = 0 is
in the support S.. Suppose that the claim is true for some ¢; we will prove the statement
for t + 1. Let s = min{w : v > ¢t + 1 and p., > 0}. By the premise of the lemma, the set
{u:u>t+1andp., > 0} is not empty.

We first show that s < ¢ + /.(1), by a similar argument for p.o > 0: Indeed, if
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s> 1+ l,(1), we have

t+200(1)

de,s - de,t+€e(1) >s—1— €e<1) + (66(2> - ee(l)) Z

r=s

s—1t—/L(1)

> o f
o Pet > s —1—Le(1)

Let us clarify that when s > t + 2/,(1), the sum on the right-hand side is over an empty
range. In any case, the right-hand side is strictly greater than 0 which contradicts the
Nash equilibrium property.

If s =t+1 then t + 1 is in the support of the NE and therefore d.;;; = d. Otherwise,

consider the expression

de,s - de,t - (S - t) (de,t-l-l - de,t) -

/ (2) iy (1) s—1 s+Le(1)—1 s—Le(1)—1
% - Z 2(3 - T)pe,r + Z (S + Ee(l) - T)pe,r + Z (S - Ee(l) - r)pe,r )
€ r=t+1 r=t-+Le(1)+1 r=t—Le(1)+1

and notice that the negative terms vanish because the probabilities are 0. We immedi-
ately get that d. s — det — (s — t)(de 41 — der) > 0. Since s is in the support of the NE
and d.; = d, we have that d. ; = d and —(s — t)(d¢++1 — d.¢) > 0. This can only happen
if de 441 < d.;, which together with the condition d.;+; > d, shows the desired result:
dety1 = d. [

The previous lemma establishes that the support S, starts at 0 and is contiguous.

With this, we can now determine the exact structure of Nash equilibria.

Theorem 5. The Nash equilibria of the conveyor belt game of two players in parallel
links have probabilities
Aty < —0,(1) and = € Z*

t
pe,t — 45(2)_&3(1) Ke(l) (313)

otherwise

where d is the expected cost of each player and it is the unique solution of the equation

=1, (3.14)

Z (Lnej + 1)(%77@ _ LneJ)
e Le(1)
wheren, = d/l.(1) — 1.

Proof. Consider some 0 < t < ize. Then from the definition of d.; we can compute

Aegr1 —2des+der—1 = %(]ﬁe,t,ge(l) — 2Dt + Petre.(1))- Since fort € {1,..., fLe —1},

allt — 1, ¢t and ¢ + 1 are in the support S., we have that d.;—1 = d.t = det41. In turn,
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this gives that the right-hand side is 0 and we get that p. ¢, (1) — Dejt = Pe,t — Pejt—to(1)5
this shows that if we consider times that differ by ¢.(1), the probabilities drop linearly
and more specifically that for integers k, z: Dete()+z — Peqx = k(pmMe(l) — pw).

This linearity allows us to conclude that p.; = 0 for every ¢ which is not a mul-
tiple of /.(1). To see this consider some = € {1,...,/.(1) — 1} and the sequence
Dez—te(1)s Peaws Peatte(1)s - - - » Peatkee(1)- This sequence is linear and starts with a O (since
x — (.(1) < 0) and ends again in O (if we take k such that h, < & + kle(1) < he + £o(1)).

The above reasoning does not apply to the value x = 0, because p. s, (1) — Peyt =
Pejt —DPes—s.qyonly fort € {1,..., he — 1}. To summarize, the NE with support {0, .. ., iLe}
have non-zero probabilities only on the multiples of /.(1). This means that either the
players start together, or they do not overlap, which is exactly the property of the
boat model. It follows that for one link, the Nash equilibrium is identical to the Nash
equilibrium of the boat game with time step expanded to /.(1). For more than one link,
the time steps in each link are different, because /.(1) are different. Nevertheless the

analysis of the boat model carries over to the conveyor belt model.

The proof now is essentially the same with the boat model, but with the extra
restriction that the time steps are not the same in all links. Since the probabilities
are non-zero only at integral multiples of /.(1), the expression (3.12) of the latency d.;
becomes d.; =t + (.(1) + (£e(2) — ¢.(1))pe+ when t is an integral multiple of /.(1). It
follows that the probabilities are as in (3.13). The cost d is determined by the equation
Ze,t pet = 1. Using the expressions for the probabilities, this equation is equivalent
to (3.14). This is identical to the equation for d for the boat model and the argument

about the uniqueness of the solution carries over. O

3.4.2 The optimal setting

Let’s now consider the optimal symmetric protocol. With similar reasoning, the ex-

pected latency of a player is

£e(1)

Lopr =323 pea {14 6D+ (D) = £(1) 30 (1= 75) pecer

e t r=—Lc(1)

We seek probabilities with ) _, p.;, = 1 which minimize the above expression. Using a

Lagrange multiplier and taking derivatives, we get that the minimum occurs when

Le(1)

A=t (1) + 2(6.(2) — £(1) Y (1 - %) Peirs (3.15)
r=—to(1)
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for some \. The factor 2 in the last term comes from the convolution in the Lopr
expression.
We notice again the bicriteria property, that the optimal probabilities satisfy the

Nash equilibrium condition of a different latency function.

Lemma 8. The probabilities of the optimal solution for two players in the conveyor belt

model of parallel links with latencies (.(k) is a Nash equilibrium for latencies (. (k) =

2€e<k) - Ee(l)

Proof. By comparing Equations (3.11) and (3.15) that determine the Nash equilibria

and the optimal solution, we see that the latencies must satisfy:
le(1) = £e(1) 0e(2) = L(1) = 2(£e(2) — Le(1)),
which can be expressed as in the lemma. O

3.4.3 The price of anarchy

Example. Consider one link with latencies /.(1) = 3 and /.(2) = 19. The probabilities
Pe,+ at the Nash equilibrium, the costs d.;, and the optimal probabilities p., are

t 0 1 2 3 4 5 6 7 8 9 10 | 11
Des || 25/48 | © 0 1/3 0 o |7/48] o 0 0 0o|o0
dey || 34/3 | 34/3 | 34/3 | 34/3 | 34/3 | 34/3 | 34/3 | 104/9 | 106/9 | 12 |13 | 14
pi, | 31/80 | o 0 |47/160 | o o | 1/5] o o |17/160| 0 | 0

12

15
1/80

The cost at the Nash equilibrium is d = 34/3 & 11.33, while the optimal cost is Lopr =
1727/160 = 10.65. The price of anarchy is approximately 1.05.

Since the conveyor belt Nash equilibrium and the optimal solution are very similar
to the ones of the boat model, the analysis of the price of anarchy is similar. In
particular, the expressions for the Nash equilibrium and the optimal solutions can be

approximated well as the latencies /.(k) tend to infinity. For one link, the cost d of

the Nash equilibrium is approximately +/2/.(1)(¢.(2) — £.(1)) while the optimal cost is
31/20c(1)(Le(2) — €.(1)), which shows that the price of anarchy tends to 3v/2/4 ~ 1.06,

again. Since this is not sufficiently different than the boat model, we omit the details.

3.5 Discussion and Open Questions
Our results address some fundamental questions, but leave open important extensions.
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For example, one can consider games with more general configurations, or adaptive
strategies (based on the actions of the other players) that may even allow for preemption
(abort the transmission and start over). In another variant of the game, players can
wait before entering each edge of their own path.

Moreover we can consider other variants of the problem, such as letting only the

past influence the delay in each link, or non atomic games.
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Chapter 4

Game theoretic Modeling of the
Worldwide Web

4.1 Introduction

The worldwide web has been the focus of an enormous amount of research in the
last 15 years and several models have been proposed for it. These models aim at our
understanding of the properties and evolution of the web, and assist us in designing
more efficient web algorithms and applications (e.g. search engines). Recently, the
exploitation of web’s link structure by the search engines as well as the emergence
of advertising links have given new incentives to link placement: strategic web page
owners now explicitly attempt to boost their reputation and monetary revenue by careful
selection of links, and Search Engine Optimization (SEO) has grown into a billion-
dollar industry. Therefore Game Theory seems to provide the appropriate framework
for studying the evolution of the web. Moreover, the impact of advertising links on the
link structure of the web, and consequently on the relative importance of web pages, is
unknown.

In this work we introduce a game-theoretic model for the worldwide web that cap-
tures the selfish nature of web page authors. In our model the page authors decide
which advertising links to buy in order to maximize their revenue, which depends on the
traffic their page attracts. We use Google PageRank as a measure of traffic. We study
the extent to which these advertising links modify the PageRank and study whether it
is possible to give the authors incentives to build a web of high total welfare in terms

of its main application, the search for high quality pages.

4.1.1 Summary of Results and Techniques

We introduce and study a model for the web graph, in which selfish page owners aim at
maximizing their PageRank and revenue by purchasing the appropriate incoming links

to their page.
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We introduce a model for the worldwide web, considering two different approaches
for link pricing: fixed-prices and prices-per-click. Our proposed web game is not a
potential game. Computing a Nash equilibrium of our game is NP-hard, so we compute
an approximate best response with constant approximation ratio for the prices-per-

click model.

4.1.2 Related Work

The first attempts to model the web graph coincide temporally with the development of
successful web search algorithms which were based, partially, on the link structure of
the web, with PageRank [109] and HITS [84] being the most well-known examples. The
web search engines technology specified the notion of importance in the context of the
web and motivated the research for understanding the web structure, aiming at our
deeper understanding of the generative mechanisms driving the evolution of web, and
the design of more efficient web algorithms. A description of the web graph structure
is given in [39]. After mentioning the main properties of the web graph, we give a brief
description of the measures of importance in the web, with emphasis on PageRank, as
we will use it in analyzing our model. During the last fifteen years many models have
been proposed for the web graph, which try to predict (some of) its structural properties.
Classifying the models according to the deemed linking incentive, we get the following
classes: random graph models, in which new nodes link to existing ones with high
degree or PageRank; economic models, in which the nodes endorse existing ones that
are regarded as good web search results; and game theoretic models, in which nodes
explicitly try to maximize their own PageRank and/or revenue. We present shortly
these models. Finally we present some closely related optimization problems that do

not focus on game theoretic aspects.

Properties of the web graph. The structure of the web was a popular object of study
about a decade ago. Many features of it have been examined thoroughly, including
the main ones: the power-low distribution of its pages’ degrees [39] and PageRank
[26, 122], its diameter [6], the small world phenomenon [83], as well as many others,
like the number of pages a site consists of [74], the absence of correlation between the
age of a site and the number of its links [1], the site popularity [75], the self-similarity
in web traffic [54, 55], the regularities in the surfing behavior of the users [76], and the

heavy-tailed probability distributions of various features related to the web usage [56].

PageRank description. Surfers on the Internet use search engines to find pages

satisfying their query. However there are typically hundreds or thousands of relevant
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pages available on the web, and an unordered search results’list would not be practical.
Modern search engines rank pages according to their importance, which they judge
based on the link structure of the web. Google [37] uses PageRanlk, introduced by its
founders in 1998 [109], as a measure of page importance. The link structure of n web
pages is represented by the n x n matrix A with rows and columns corresponding to
pages and

7
a;; = 4 0 if there is not a link from 7 to j and d; > 0

if there is a link from ¢ to j and d; > 0

S

1

n
where d; denotes the outdegree of page . Assuming that a random surfer goes with
some probability to an arbitrary web page with the uniform distribution, PageRank is
defined as the stationary distribution of a Markov chain whose state space is the set of

all web pages and the transition matrix is

~

A=cA+(1 —c)lE,
n

where E is a matrix whose all entries are equal to 1 and ¢ € (0, 1) is the probability
of not jumping to a random page (Google originally used ¢ = 0.85). PageRank is the
eigenvector 7 of the Google matrix A (so 7T A = 7Ty with 771 = 1, where 1 is a vector of
ones. If a surfer follows a hyperlink of the current page with probability ¢ and jumps to
a random page with the rest probability (1 — ¢), then 7; is interpreted as the stationary

probability that the surfer is at page :.

Random graph web models. The models proposed initially were mainly random
graph (or stochastic) models that are online, since the number of nodes and edges
varies with time, and produce graphs that possess most of the observed properties of
the web, namely the power law degree distribution with exponent 3 > 2, the small world
property (i.e., graph diameter much smaller than the order of the graph), and the exis-
tence of many dense bipartite subgraphs. All these models consider an evolving graph
and determine the mechanism according to which each new node gets connected to
(some of) the existing ones. We classify the random graph models based on the specific
mechanism they employ, and distinguish between preferential attachment models, geo-
metric models and spatial preferential attachment models, which lie in the intersection
of the previous two classes. Other important classes of web models include the off-line
models and the copying models, both of which overlap partially with the random graph
models class.

Some of the first attempts to model the web growth were by Huberman et al. [74],
Tadi¢ et al. [121], Middleton et al. [99] and Kleinberg et al. [85]. The preferential

69 Aik. Papakonstantinopoulou



Selfish Behavior and Compact Representation in Routing and Information Networks

attachment mechanism has been widely used to model web growth. According to it,
the new nodes are more likely to connect to existing ones with high degree. The first
such models were the preferential attachment models of Albert and Barabasi [23, 24]
and Adamic et al. further improved on them [1], noticing that the age of a site is
not correlated with the number of its links. The first rigorous attempt to design and
analyze a preferential attachment web model was given in Bollobas et al. [33]. A set of
other preferential attachment models were proposed by Aiello et al. [3]. These models
are more complex than the LCD model, but yield graphs with power law exponent
B € (2,00), dependent on the choice of some parameters, instead of the exponent
£ = 3 in the LCD model. Other important preferential attachment models include the
model of Bollobas et al. [32] that uses preferential attachment in a way different than
the previous ones; the model of Cooper and Frieze [52], which has a large number of
parameters and thus becomes more complex; the models of Dorogovtsev et al. [62] and
Drinea et al. [63] which introduce a variation of preferential attachment where each
node is assigned a constant initial attractiveness and the probability that a new node
is linked to an existing one is proportional to its in-degree plus this attractiveness; and
a rigorous version of this model along the lines of the LCD model by Buckley et al.
[41]. A preferential attachment model for random graphs in which each node exhibits
some degree of fitness is introduced in [35]. Such a model could be used for the web
graph since the web pages have some intrinsic value that is independent from the link
structure and differentiates their attractiveness. Pandurangan et al. propose models
that capture the power-law distribution of PageRank in the web [110]. In their basic
model, which is similar to [63], attachment probabilities of new hyperlinks are based
on the PageRanks of existing nodes. Another preferential attachment model based on
PageRank, was recently proposed by Giammatteo et al. in [69]. Based on PageRank as

well, Zhang et al. suggest a model that creates scale-free graphs in [124].

Economic web model. From another point of view, each web page is of specific utility
(for the users) as a search result. It is natural therefore to assume that links are
established in such a way that endorses the high utility search results. The page utility

was taken into account in the economic model of Kouroupas et al [89, 90].

Game-theoretic web models. The decisions on the link structure of each web page
are made locally, with each page owner trying to maximize the value and importance of
her own page. Moreover, the increasing financial activity on the web (e.g., e-commerce,
online advertising) has transformed web traffic to a potential source of revenue for
the page owners. Hence the incentives in linking have become a bit more complex:

apart from enriching the content of a page or assisting the page appear higher in the
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search engines’ results, links can also be purchased for advertising purposes. However,
the money spent for advertising purposes shouldn’t exceed the expected payoff from the
traffic due to advertising links, and the link prices, as well as the link structure, depend
on the rest of page owners. Therefore game theory appears as the proper framework for
modeling the link establishment process, and we can think of the web as the equilibrium

of some network creation game among its users.

The first network creation games were studied by Fabrikant et al. [65] and An-
shelevich et al. [11]; these games produce internet-like networks, but are not proper
for modeling the web graph. Tardos and Wexler [64] as well as Jackson [78] have sur-
veyed the network formation games that have been proposed to model various types
of strategic network formation (e.g., communication or social networks). During the
last eight years, several aspects of linking in the web have been studied from a game
theoretic point of view. In all these works, the link building process is modeled as a
game among selfish web page authors who decide the link structure of their page in
order to maximize their revenue from the web. The link structure may refer to either
the inner structure of a web site, i.e., the links among the pages that constitute it, or
the external links that connect it with other web sites, usually represented by a single
page. External links may be advertising and/or reference (incoming to and outgoing
from the node that establishes them, respectively), depending on the main purpose of

their establishment.

The inner structure of a web site with strategic owner is studied in [77]. The authors
consider two coalitional models for the transfer of PageRank among the site’s pages and
give the optimal linking structure of the site, that is computed in polynomial time. All
other game theoretic models for the web concern the establishment of external links;
either reference only [73, 43] or reference and advertising [80, 88]. There is also a line

of research on the study of PageRank related games on undirected graphs [16, 17].

In the web reputation game of Hopcroft et al., [73], the players have to choose the set
of reference links that maximize their PageRank (or hitting time [72] in another version
of the game in the same paper). The model yields equilibrium graphs with a core. In
[43] Chen et al. study the a-sensitive Nash equilibria of this game, that is the Nash
equilibria that rely on the particular setting of the PageRank parameter o controlling

the random jump probability.

In [80] Katona et al. study the formation of the commercial part of the web, i.e.,
the web pages designed with an eye to maximizing the revenue (monetary gain) of their
owners. The players establish reference as well as advertising links, trying to maximize
their revenue from traffic to their page. In the resulting equilibrium graphs, which have

power low distributed degrees, the pages of high quality content earn money mainly
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by selling content, while the low content pages’ revenue comes from selling traffic to
other pages. The drawback of this approach is that the players’ payoffs at equilibrium
are computed using the PageRank prior to the addition of the new nodes in the graph,
instead of the PageRank after it. Building on the previous model, Kominers examines
the strategic production of sticky content in commercial pages that generate revenues
from both selling services and selling links [88]. However, since these approaches do
not consider the effect of the new links on the pages that establish them, the question of
what happens if we also consider this effect arises naturally. What is the game played
among players that establish advertising links? Is choosing the appropriate advertising
links harder than choosing reference links?

In another direction, recently, Avis et al. studied the Nash equilibria of PageRank
related games on undirected graphs [16, 17] that can be used to model other networks,
including some social networks. For instance, the ‘friend’ relationship on Facebook
defines an undirected graph and PageRank can be used to measure the influence of a
given user in it.

Various network creation games have been studied in terms of their efficiency, which
is usually quantified by the price of anarchy [65, 11, 5, 60, 59, 61, 100, 53, 36, 25, 86].

PageRank related problems. There is also a large literature on local computations
and optimization problems related to the web link structure, as well as on optimal
linking strategies to maximize the PageRank of given nodes in directed graphs, that do

not focus on game theoretic aspects.

In general, maximizing the PageRank via outlinks is easier than via inlinks, since
the computations involve rank-1 updates of the hyperlink matrix instead of rank-k
with £ > 1. In [19] Avrachenkov et al. give a polynomial-time algorithm for maximizing
the PageRank of a single node by selecting its outlinks. In particular, they study how
the PageRank is affected by the addition of a set of new links emanating from a single
page, and show that all out-going links of a page can be replaced by just one, carefully
chosen link, without changing this page’s PageRank. Kerchove et al. extend this
result to maximizing the sum of the PageRanks of a given set of nodes (e.g. the pages
that constitute a website) in [81]. Csaji et al. [57] give a polynomial-time algorithm for
maximizing the PageRank of a single node with any given set of controllable links, using
stochastic methods. The problems become harder when there are constraints among
the links that can be selected or we have to select inlinks. In the above paper [57] it is
shown that the problem becomes NP-hard if the set contains pairs of controllable links
that are mutually exclusive. Moreover, Olsen has shown that maximizing the minimum

PageRank in the given set of nodes is NP-hard if we are allowed to add just k£ new links
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[104]; this is referred to as the link building problem.

Perhaps the closest in spirit to our web game classical optimization problem is the
restricted version of the above where the node set is a single node and the k£ new links
are inlinks to this node, which is proved by Olsen to be NP-hard [105]. In particular, it
is shown there that given a graph GG = (V| FE) and a node ¢t € V, computing a set of k
new backlinks of ¢ that maximize ¢’s PageRank is W[1]-hard. In [107, 106] Olsen et al.
give a constant factor approximation algorithm for this problem.

Another possible way to increase a node’s PageRank is by colluding with other
nodes. In [21] the authors study the impact of collusion in the PageRank of a set of
nodes of the web graph. Another interesting issue is the behavior of PageRank as the
web graph grows. The PageRank of growing networks is studied by Avrachenkov et al.
in [18]. A recent study of the PageRank on evolving graphs is presented by Bahmani et
al. in [22].

Since the web graph is huge, it is often useful to perform computations locally,
i.e., examining only a small portion of the web graph near the nodes of interest. In
[44] Chen et al. present methods for estimating PageRank values using only a small
subgraph of the entire web. In [9] Andersen et al. compute the set of all nodes of
the web graph that contribute to a specific node at least a constant fraction of its
PageRank. This computation is performed locally as well. In [34] Borgs et al. give
a sublinear randomized algorithm for computing the set of nodes with PageRank that
exceeds some threshold value.

Figure 4.1 illustrates the aforementioned areas and the relations among them.

4.1.3 Organization

In the remaining chapter we introduce and study the game-theoretic aspects of link
placement in the worldwide web. In Section 4.2 we show that a game in which web
page authors establish hyperlinks aiming at the maximization of the PageRank of their
page is not a potential game. We then present the models that have been introduced
for the study of the establishment of reference links 4.3. In Section 4.4 we study the
establishment of advertising links. We summarize our conclusions in Section 4.5 and

give directions for future research.

4.2 Structural properties of link establishment

Consider a game played among the web page owners, in which each one aims at choos-

ing the set of incoming links to her page that maximizes her page’s PageRank. Assume
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Figure 4.1: Related work

here that there is some restriction on the number of links that can be chosen, di-
rect or indirect (through a cost for each link for example) - otherwise it would be in
each player’s interest to establish all possible incoming links, resulting to the complete
graph. We call this game the web game. In this section we highlight the structural
properties of such games.

The PageRank of each web page depends on the link structure of the web. In
particular, as we saw in the definition of PageRank in Section 4.1, the PageRank each
page receives through a specific incoming link depends on the total number of outgoing
links of the page the link under consideration emanates from, i.e., the number of
players that chose the same source node for a link to them. Therefore, among nodes of
the same PageRank value, one would wonder whether it is preferable to get a link from
the one that has the smallest number of outgoing links, or, more generally, whether

this game is a congestion game.

Proposition 1. The web game is not a congestion game for 3 or more players.

Proof. The web game of 3 players is not a congestion game or equivalently, it does
not admit an exact potential [101]. To verify this, consider the payoff of the play-
ers in the graphs with Ey, = {(1,2)}, E; = {(1,2),(3,1)}, E2 = {(1,2),(2,3)} and
E; = {(1,2),(2,3),(3,1)} shown in Figure 4.2, having PageRank vectors m(E;) =
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Figure 4.2: PageRank values on a simple graph.

{0.26,0.48,0.26}, w(E,) = {0.34,0.47,0.18}, 7(E,) = {0.18,0.34,0.47} and n(F;3) =
{0.33,0.33,0.33} respectively. If there exists an exact potential ®, it must satisfy
O(F) — ®(E') = P(F) — Pi(E'), for any graphs G and G’, with sets of edges F and
E’, which differ only on player ¢ and for which P(F) and P(E’) are the corresponding
payoff vectors. In particular, this would imply

m1(Eo) + p12 — m(Er) + m3(Er) + ps1 — m3(E3) = m3(Eo) — m3(E2) + pas + m1(Es2) + p12 — m1(Es),

or equivalently
pa1 — T (E1) = pa3 — m3(Ea).

Since this holds only for specific link prices p3; and po3 (that depend on the link struc-
ture of the graph), it follows that the web game is not a congestion game for 3 or more
players. The case of 2 players is an exception as for G = (V, F) the game has potential

®(G) = > (i j)ep Pijs it is not an interesting case however. O

This was expected, since the constraint 771 = 1 as well as the recursive nature of
PageRank make the PageRank transferred from page i to j dependent not only on the
number of pages that have an incoming link from ¢, but also on the PageRank of ¢ itself
and the PageRank of the rest pages (hence on the overall link structure).

The proposition holds for links with prices as well. The proof is almost the same
for links with prices-per-click, and with slight modifications we can construct a similar

counterexample for fixed link prices.

4.3 Establishing reference links

In [19] the authors study the effect of the establishment of a set of new links outgoing
from a specific web page, to this page’s PageRank. They prove that this establishment
cannot affect the page’s PageRank much, so it does not constitute a promising PageR-
ank maximization strategy. In particular, a page, in order to maximize its PageRank
through outlinks, has to build structures that are not meaningful in the context of the

web. Moreover, they show that there is an optimal linking strategy in which a page can
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replace all its outgoing links with a single, carefully selected link. However the com-
plexity of these computations is not discussed. The Nash equilibria of games among

players who establish outgoing links in order to gain reputation are studied in [73].

4.4 Establishing advertising links

4.4.1 The model

We aim at studying the web from a game theoretic point of view. In what follows
we describe a web creation game. Web pages can gain reputation mainly from three
sources: advertising links from search engines, Google adsense, and advertising links
from other web pages. Here we study the third source only.

Consider the set of web page authors. Each one of them has a web page and wants
to get the maximum possible payoff from it. Each page has content of some specific
intrinsic value, and a number of links to/ from other pages. Representing each web
site as a single page (e.g., the main page of the site) is a reasonable assumption; it is
used by Google for example in PageRank computation, where they ignore all internal
links of the site and assume that all incoming links to the site are directed to its main
page and all its outgoing links emanate from it.

We model the web as a directed graph. The web pages and links correspond to the
nodes and edges of the graph respectively. We assume that the graph consists of n
nodes. Between two nodes i, j there is a directed edge (i, ), iff there is a link from
page ¢ to page j. The outgoing links on a page usually aim at enriching its content. In
today’s web, besides these (normal/ reference) links we also have sponsored (or paid/
advertising) links. Indeed, the page authors can purchase links: they can buy links
(eg. from Google) or sell links (eg. through adwords). The Google search pages, for
example, contain links of both kinds: the links that correspond to the search results
(non sponsored) and the sponsored links that it sells to other pages.

We formulate the creation of the web graph as a game, in which:
¢ the set of players is the set of nodes of a graph,

e the available strategies of each player are all possible sets of incoming links she

can purchase from other nodes

e the payoff of each player is the value of her page (its quality combined with the
traffic it receives), minus the advertising cost, plus the income from selling out-

going links.
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To be more precise, let v; > 0 be the intrinsic quality of page ¢ (the quality of its own
content). The quality v; expresses the revenue of page ¢ per visitor. For any two pages

1 and j let us denote:

1 if there is a link from page ¢ to j
Tii —
! 0 otherwise

Consider PageRank as a measure of the traffic a page receives. Moreover, assume that
the cost of link (¢, j) is equal to p; Vj.

We consider two pricing models for the advertising links: the fixed-prices and the
prices-per-click. In the fixed-prices model, each node ¢ offers advertising links at price
pi,» so when link (7, j) is established, j pays p; to i. In the prices-per-click model,  offers
the links at price-per-click p;, hence j pays p; to ¢ each time a visitor reaches ; via i.
The cost of (i, j) to j in this case is p; = d%:pi-

The payoff of player 7 is:

P; = v; - m; + cost of links sold by ¢ to others — cost of links bought by ¢ =

n n
P=wv-m+ E DiTij — § PrTki
j=1 k=1

and becomes (denoting by d; the outdegree of page 1)

H:Uz"m—i—dz"pz’—zpkﬂfki

k=1
for the fixed-prices model and
Py =v; - + cmip; — Cﬂpkxki
o

for the prices-per-click model, so player : has to choose the set of advertising links she
should establish in order to maximize it. Recall that the PageRank [109] of page 7 in a
graph of n pages is defined as

where c is the damping factor (usually set around 0.85). The total welfare of the game

is the total payoff:

W:ipi
=1
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To keep the model simple, we assume that nodes have no control over their outlinks,
i.e., when a node wants to buy some link, the seller cannot refuse. (In real life some
sellers may refuse to sell even if the price of the link is very high.)

We compute the PageRank based on the static web, but in fact the web is dynamic:
there are pages that are created by search engines as the result sets of web searches.
We'll try to overcome this fact considering the impact of the modern search engines in
today’s web structure and web pages.

In what follows, we assume that the v; Vi as well as p (or p) are given as input to the

problem.

4.4.2 On the hardness of computing best responses

We want to know whether a web graph G = (V| F) is a Nash equilibrium of our web
creation game. The obvious way to answer this question is to consider every player u,
i.e. a node, and verify that the set [,(E) = {r : (r,u) € E} of incoming edges to u is
the best response for player u. But there are 2"~ ! such sets and this obvious algorithm
takes exponential time, so we need a better algorithm. One natural approach is the
following: Player u checks only whether /,(F) remains her best response when she
adds or removes an incoming edge to herself. That is, instead of checking all possible

sets of incoming edges, she checks only that /,(FE) is locally the best response, namely:
for every node r € I,(E) : v, m,(E) > v, m,(E\ {(r,u)}) +p

and
for every node r ¢ I,(E) : v, m,(E) > v, m,(EU{(r,u)}) — p

where p is the price of link (7, u). Is this test sufficient to verify that the set ,,(F) is the
best response?

This local check is sufficient when the following holds:
(B U{(r,u), (5,0)}) + mu(E) < mu(E U {(r,0)}) + 7l E U {(5,0)})

for any edges (r,u), (s,u) that do not belong to E or equivalently, when PageRank is

submodular. This is not true, as proposition 2 shows.
Proposition 2. PageRanl is not a submodular function.
Proof. The PageRank function is submodular iff:

WU(E U {(T7 u), (S,U)}) - W?L(E U {<T’ u)}) < WU(E U {(S7u)}) - WU(E)
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Figure 4.3: Initial graph and links under consideration.

for any nodes u,r,s € V : {(r,u), (s,u)} ¢ E.

Consider a graph G = (V| F) with set of nodes V = {1,2,3,4} and the edges E =
{(1,3),(2,4),(3,1),(4,3)} among them, shown in figure 4.3 (with normal edges). The
above inequality does not hold for © = 2,7 = 1 and s = 4 (dashed edges in figure 4.3).
Indeed:

m(EU{(1,2),(4,2)}) — m(EU{(1,2)}) > m(EU{(4,2)}) — m(E)

(< 0.25 —0.1719 > 0.0836 — 0.0375)

Intuitively, link (1,2) creates the cycle {(2,4), (4,3),(3,1),(1,2)}, so since node 4
belongs to the cycle, adding link (4,2) when the cycle exists increases m, more than

adding it earlier. O

However, submodularity is not a necessary condition. What we precisely need to
show is that whenever there is a set of incoming links to v that improve u’s payoff, there
is a single link among them that improves u’s payoff as well. (Or, stated otherwise, if
there is no single link that improves u’s payoff, then no set of links can improve u’s

payoff either.) Below we show that this does not hold either.

Proposition 3. The local check is not sufficient: A set of incoming links to a node may

improve its payoff, even if none of those links improves the payoff on its own.

Proof. Consider the graph G defined in proposition 2 (figure 4.3, normal links). Let
Am > 0,Amy > 0 and Am4 > 0 denote the increase in PageRank of node 2 caused
by the addition of links (1,2) and (4,2) in G and link (4,2) in G’ = (V, £') with E' =
EU{(1,2)} respectively. Assume that these links, since they do not contribute in player
2’s payoff, are priced p;; = Am + ¢ and pyo = Amy + €.

Applying lemma 10 twice, we notice that the PageRank of page 2 after the addition
of the two links in G is of the form 7, = m + Am + Ay 4, so the difference in payoff is
A+ Amg—pro—pro=Am+Ams—Am —e—Amy—' = Amys— Amy —e—¢€'. In
proposition 2 we saw that Am; 4 > Amy (Amy 4 = 0.25—0.1719 and Amy = 0.0836—0.0375)
so for sufficiently small ¢ and ¢’ the above difference is positive and the set of links

{(1,2),(4,2)} increases player 2’s payoff. O

79 Aik. Papakonstantinopoulou



Selfish Behavior and Compact Representation in Routing and Information Networks

Finding the best response for each player given the strategies of the rest players
seems to be computationally hard. As the following theorem states, it is indeed NP-
hard, since the LINK BUILDING problem, which is known to be NP-hard (in fact it has
no FPTAS unless P = N P) [105], reduces to it.

Definition 2. LINK BUILDING problem:
Given a triple (G, u, k) where G = (V| F) is a directed graph, v € V and k € Z", find a
set S C V' \ {u} with |S| = k maximizing 7,(S x {u}).

Theorem 6. Given adirected graph G = (V, E), anodeu € V and the price p; of the links
emanating from node i for all 1 € V', the problem of computing the set of new backlinks

of u that maximize m, — Zj:j_)u p; is NP-hard.

Proof. We prove that the above problem (P) is NP-hard, reducing the Link Building
problem to it. In particular, we show how to solve an instance of the Link Building
problem in polynomial time if we have a polynomial algorithm Ap to problem P.

Consider an instance of P in which all prices are equal, i.e., p; = p Vi € V. We
execute Ap for this instance. If u has k new incoming links in the solution, we have
solved the Link Building problem. Otherwise we increase/reduce p and execute Ap
again for the new instance. It remains to show that we can reach £ in a polynomial
number of tries.

Consider the best responses s and s’ of u in two instances of our game with link
prices p,, ps respectively, and let b, and by be the corresponding numbers of new

backlinks to u.
Lemma 9. Ifby > b, then py < ps. Equivalently, if by < bs then py > ps.

(The proof of lemma 9 is presented after the current proof.)

Therefore in order to increase/reduce the number of new backlinks to « in u’s best
response, we have to reduce/increase the link price p appropriately. Assume that we
executed Ap for some instance of P and got a solution with ky > k£ new incoming links.
We want to reduce the new links in the solution to k£ so we increase the link price
repeatedly, each time achieving a solution with 1 new link less than the previous one.
The price we will reach after &y — k steps is one of the prices for which the best response
consists of exactly k£ new links. It remains to specify the increase in each step.

Wlog we assume that u has no incoming links before she starts playing. The payoff

of u playing strategy s, denoting with m,(s) the corresponding PageRank of u, is

P,(s) = mu(s) — Z Pv = Tu(s) — pko

VU—U
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payoff of player u

7u(8)

A,

) D mu(§*)+Am, mu(j*)  link price
ko ko—1

Figure 4.4: Payoff of player u as a function of the link price.

which is linear in p. Strategy s is a best response as long as P,(s) > P,(j*) where j* is
some strategy with ko — 1 new links, in fact j*x = argmax;{P,(j)} = argmax;{m,(j) —
pj(ko — 1)}. Both these payoffs, as well as example payoffs of other strategies of ky — 1
new links (i.e., the lines that are parallel to P, ( 7 *) and below it), are demonstrated as
functions of the link price in figure 4.4. P,(j*) is decreasing linearly in p; as well, and
since its maximum value (7, (j*)) is lower than 7,(s) and its gradient is less steep, it
follows that as the link price increases, after some point P,(j*) exceeds P,(s). This
happens at the price p;- for which P,(s) = P,(j*), i.e., for p;« = m,(s) —m,(j*) and from
lemma 10 we get that p;- = WU% where v is the node, among the ones included
in the set of backlinks j*, that yields the minimum decrease in u’s PageRank if removed
from j*, so v = arg min,,c, Ww%.

Therefore if we have a polynomial algorithm .4p that computes the best response in
our game, we can use it to solve the Link Building problem efficiently: If the solution does
not happen to consist of £ new links, we increase/reduce the link price repeatedly as
specified above, reaching in each step solution of one link less/more than the previous
one respectively, until we reach £ links. This computation takes polynomial number of

steps (|k — ko|). However, Link Building is NP-hard so P is NP-hard as well. O

Proof. (Lemma 9) If p, was lower than py, we could increase the payoff of ¢ by switching
from s to s and get higher PageRank (same as in s’) while paying less than in s’, so
s’ wouldn’t be a best response for py. Based on this idea, we prove the lemma by
contradiction.

Let us denote with 7,(j) the PageRank of node ¢ when playing strategy j. The strategy
s' is the best response of ¢ for price py, hence m;(s') — bypy > m(j) — bjps Vj # s’ and
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so
7i(s") — byps > mi(s) — bspyr. 4.1)

Similarly, strategy s is the best response of ¢ for price ps, hence m(s) — bsps > m(j) —
bips Vj # s and so
() — bsps > m(s") — byps. (4.2)

Assume that py > p,, for example py = p, + Ap with Ap > 0. We sum (4.1) and
(4.2) and get —bypy — bsps > —bsps — byps =

(bs/ - bs)ps > (bs’ - bs)ps’ = (bs’ - bs)ps + (bs’ - bs)Ap = (bs/ - bs)Ap < 0= by <bs.

The last inequality contradicts the assumption in the statement of the lemma, so py >
ps does not hold.
We derive the second statement of the lemma by reversing the inequalities in the

above paragraph. O

It follows that verifying a Nash equilibrium is NP-hard as well, since we have to

verify that each player plays his best response given the strategies of the rest players.
Corollary 1. Verifying a Nash equilibrium in our web game is NP-hard.

Finding any set of backlinks that yields larger payoff than the current one, even if it
does not maximize it, can not be done efficiently either, since as we saw in proposition
3 we may have to check all possible sets.

Moreover, even characterizing the equilibria is a challenging task. The necessary
and sufficient conditions for equilibrium existence include rank-k updates of the Google
matrix, which are only expressed by involved formulas (see rank-2 updates in lemma
?? for example) that make it impossible for us to derive readable conditions. We note
here that in the model of Katona et al. [80] where they compute the equilibria of a
very similar model, they assume that the PageRank of the source of the link is not
affected by the establishment of the link, which is not correct. In particular, in their
model player j computes the payoff she will get after the establishment of link (3, j),
that depends on 7;, using the value of 7; before it; however 7; may decrease with the
establishment of (i, j).

The computation of best responses may be easy in special cases of graphs. For
instance, consider a game in which all intrinsic values are equal and all link prices
(fixed or per-click) are equal, say v and p respectively. Then all players are symmetric

and we have to analyze just one of them.

Proposition 4. The web game on graphs with nodes of equal intrinsic values and edges

of equal prices possesses at least one pure Nash equilibrium.
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Proof. (Sketch): The players are symmetric so at equilibrium they all have the same link
structure. A configuration in which no player can increase her payoff by buying any
set of advertising links is a pure Nash equilibrium. Such an equilibrium always exists.
The density of equilibrium graphs depends on the ratio o = 2. For small values of «
the only equilibrium is the complete graph, while for large values of o only the empty
graph is equilibrium. The rest regular graphs are equilibria for the intermediate values

of a, with decreasing node degree as « increases. O

4.4.3 Approximate best responses

In [107, 106] the authors propose a constant factor approximation algorithm for the
link building problem. We can employ it to compute an approximate best response
in our game. (The authors also compare this approximation algorithm to the naive
algorithm where we choose backlinks from nodes with high PageRank values compared
to their outdegree and show that, on certain graphs, the latter performs much worse
than the former.)

We consider a game of the prices-per-click model. In this case player u’s best

response is the strategy s that maximizes

k:k—u k:k—u

which, since 7, = =<z, (1 + Z?Zl i qju), can be written as (proofl):

n

1—c R

Y j=1j#u
We can use a greedy algorithm to compute an approximate best response. Algorithm

4.5 runs in polynomial time (it requires n? steps in worst case).

Proposition 5. Let P;G denote the payoff obtained by the solution of algorithm 4.5 and
Pq;" the payoff yielded by the best response. We have

/ / ]_
PY > Pr(1—c?) (1 — —>.

e
Proof. We have i—z = L=< (1 + Ulu > it (Vu — pj)qju). Algorithm 4.5 considers the
links whose price per click is less than v, and greedily adds backlinks to u attempting to

maximize the probability of reaching u before absorption, with the minimum cost. g;,, is

a nonnegative, submodular function of the set of backlinks of u, that is nondecreasing
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procedure APPROXBESTRESPONSEPRICEPERCLICK (G, u,p)

Smax = ()
maxpayoff := 0
S:=1

Vii={ieV:(i,u) ¢ E N p; <uvy}
for k=1 to |V’| do
ri=argmax; 2= in G = (V, EU{(r,u)}) where r € V'
S=s5u{r}
E:=FEU{(r,u)}
if P, > maxpayoff then
Smax =S
maxpayoff := P,

return Smax

Figure 4.5: approxBestResponsePricePerClick(G,u,p): Pseudocode for finding an ap-
proximate best response in the price-per-click game

after adding any backlink. These properties are preserved if we multiply each ¢;, by
the utility (v, — p;) that link (j, u) incurs to u (i.e., increase in PageRank minus link
cost). Indeed, it is nonnegative and nondecreasing since v, — p; > 0 for all links (j, u)

considered, and submodular because the effect of v, — p; on the ¢;, is independent of
P,

Zuu

the graph structure at the time when link (j, u) is added. Hence is a nondecreasing
and submodular function as well, as the sum of nondecreasing and submodular terms.
Let P;G and 2.¢ denote the values obtained by algorithm 4.5, P;O the optimal value

uu

and 2,° the value of z,, corresponding to P.°. According to [?] we have that

P P;O( 1)
> 1-=),

G — »o
R Ruu €

1
1—quu

1

where e ~ 2.71828. Since z,,, = (from [19]) and ¢y, € [0, %], it is 2., € [1, =), S0

P 1 e
ve S @ Forc=0.85

u

1_162 and zfu = 1. Therefore
Ilj“; of approximately 5.7. Note that if z,, cannot improve

/
u

o
“wu s maximized when 2°, =
z, uu

uu

this gives an upper bound of

much with the addition of new backlinks, i.e., it is already close to its optimal value,

2% is close to # and the upper bound of

II;)Z; drops to approximately 4 ~ 1.58.

O

4.4.4 Establishing a single advertising link

In this section we consider (pure) Nash equilibria of n players on directed web graphs.
A pure strategy for a player is to select a subset of new incoming links to be established.
Intuitively, player u establishes inlinks with the goal of maximizing the expected number

of times a random walk on the graph visits u, i.e., inlinks from nodes that are visited
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often, at a relatively low cost.

Definition 3 (Nash equilibrium graph). A web graph is at Nash equilibrium iff no node

has an incentive to change its set of incoming links unilaterally.

The game is finite, so according to Nash [102] it possesses at least one mixed Nash
equilibrium. We are interested in pure equilibria.

We first study the effect, on PageRank, of adding or removing incoming links to/from
a specific node. Then we deal with the Nash equilibria of the two models.

We consider the establishment of a single advertising link for each node as the
choice of the best such link can be done in polynomial time. We call this game the

single-link game.

4.4.4.1 The effect of adding/removing incoming links (backlinks)

From the definition of PageRank we get that 7 = <[] — cA]™"1 (since 77 (cA + (1 —
C)%l_lT) =7l & ' (I —cA) = %clT e %lT[I — cA]™!). We now compute the

change in a page’s PageRank caused by the addition or removal of an incoming link.

Lemma 10. Consider a graph G = (V, E) withr,u € V. Let 7, denote the PageRank of
page u, and d, the outdegree of r.

e If(r,u) ¢ E, the addition of link (r,u) changes u’s PageRank to

Cluyu — Zru

Ty = Ty + Ty )
dr — CZyr + Zpr

e If(r,u) € E, the removal of link (r,u) changes u’s PageRanlk to

T C2uu — Zru
r .
dr + CZur — Zpr

Ty, = Ty —

Proof. The addition of link (7, ) can be regarded as a rank one update of the hyperlink
matrix A, namely A = A + ¢,b7 with b7 = 516 — 7570 » where a] is the r-th row of
matrix A. Let [[ — cA]™' = Z.

Applying the Sherman-Morrison-Woodbury updating formula to [/ — cA]™! we get

[ —cA] e, b2 [T — cA] ™!

I —cAl™ = [T —cA]™?
[ cA] [ cAl” +e 1 — cbT[I — cA] e,

So
ZTb+€7TZT

7t =77 ¢ S
e — bl Ze,
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Postmultiplying this equation by %l we get

~ ZTb+€T
T=m+c y
1 —cbl Ze,
and consequently
N eI ZTh, el T 2t (eu — ay)ef
Ty =Ty + Co———7 T =Ty +C I T T s
1 —cbl Ze, 1 —co (el —al)Ze,
el 7T (e, — ay) el Z%e, — el Z1a,
=T, +C T T Ty = Ty + C T T Ty
d. +1—c(el' —al)Ze, d, +1—c(el Ze, —al'Ze,)
N 2y — ceX ZTa,
= TI. TT.
Yde+ 1 —czy +calZe, "
We evaluate cel Z7a, and cal Ze,. Since [I — cA]Z = I we have
cAZ =7 —1 celAZe, = el (Z — De, calZe, = zi, — ele,
cZTAT =77 - ] cel ZT ATe, = eI (ZT - I)e, celZ%a, = 2., — ele,

socalZe, = z,, — 1 and for u # r : celZ"a, = z,, and therefore

g + CZyy — Zru
u T u
de +1—czyr + 2, — 1

Ty

Similarly, the removal of link (r,u) is a rank one update of the hyperlink matrix

A= A—ebT, with b7 = zi(en — af). We get that

~ AN
T =g =2 =2
14 cbt Ze,
and the second formula of the lemma follows. O

To compute rank-k updates we can employ Sankowski’s algorithm [117].

The incoming links always contribute positively to the receiving page’s PageRank.

Lemma 11. A single link that is added to a graph always increases the receiving page’s

PageRank.

(Note: If the source node establishes more outgoing links, (especially) to ‘irrelevant’
to the receiver above nodes, the PageRank may reduce as well. However we are not
interested in this case, since those links are part of other players’ strategies, who are

assumed not to deviate.)
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Consequently, removing an incoming link from a page always reduces its PageRank.
Moreover, if more than one new links with the same target are established, they always

improve the receiving page’s PageRank.
Lemma 12. Any set of incoming links to a page improve its PageRanlk.

Proof. The addition of a set of k links to the graph, all pointing to a specific page u, is
equivalent to a successive addition of these links, one by one. By lemma 11 each link
contributes positively in u’s PageRank, regardless the structure of the graph, hence the

whole set contributes positively as well. O

The payoff of a player, however, increases only if the total cost of the new incoming
links is strictly lower than the increase they yield in her page’s PageRank.

Consider a restricted version of the initial game, in which each player is allowed
to purchase only one advertising link. We ’re interested in characterizing the Nash
equilibria of this game, i.e. the comparison of the Nash equilibrium graph with the

optimal structure.

Theorem 7 (Nash equilibria of the restricted game). A graph is a Nash equilibrium for
the single-link game iff for any pair of nodes (u, r) such that the edge (r, u) does not exist

in the graph, it is p, > v, T, 7 7w—2

r—CZur+2rr

Proof. It must be p, > v, z7==—=—, otherwise according to lemma 10, node u could

purchase an incoming link from 7 and increase its payoff. O

4.4.5 The Optimal structure

The optimal structure of the graph is the one that maximizes the total welfare. Search
engines use measures of importance of the pages, like PageRank, in order to approx-
imate their quality. In terms of our model, for each page ¢ they use m; (which they
compute based on the link structure) as an estimation of v; (which can not be deter-
mined since it depends on the content of © and numerous other factors). Hence a web
graph is ‘good’ if 7; is proportional to v; for any page ¢, and in the optimal web graph it

is = = o for every node i.

)

4.5 Discussion and Open Questions

The establishment of appropriate reference and advertising hyperlinks is a common

practice of web page authors in order to increase the reputation of their pages. However,
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computing the set of advertising hyperlinks that maximize a page’s reputation is an NP-
hard problem. We suspect that computing a fixed plurality set of reference hyperlinks
that maximize a page’s reputation is not easier, but for now this problem remains open.

Moreover, we propose an algorithm that, given the prices-per-click of the links,
computes an approximate best response for a page author. Is there an approximate
algorithm for the case of fixed price links? Moreover, can we model the link establish-
ment as a congestion game, in order to find some approximate best response and Nash

equilibrium?
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Chapter 5

Compact Network Representation

5.1 Introduction

Real-world systems and phenomena that involve interactions among various entities
are being modelled using graphs for decades now. The recent explosive growth of large-
scale systems that are traditionally modelled as graphs, the worldwide web and social
networks being typical examples, has intensified the need for compact, yet efficient,
representations of graphs. In particular, we need compressed graph representations
that allow mining without decompressing the graph. In this way, algorithms and ap-
plications with tasks that correspond to graph mining problems, can take advantage
of such representations to boost their performance, as they can run in main memory
over much larger graphs using their compressed representations instead of the plain
ones. For example, serving adjacency queries or maintaining and querying low-cost
snapshots for archival purposes are common operations in such critical applications,

and can benefit from the use of in-memory representations of graphs.

The graphs we are interested in representing share some common features. First,
they represent huge networks extending to millions of nodes, but the degrees (in/out-
degrees) of the latter are power law distributed [45, 40], rendering the graphs to be
rather sparse [58]. Moreover, the graphs exhibit the locality of reference property: nodes
tend to have successors that are ‘close’ to them in a sense that depends on the context
and the nature of the network. For instance, web pages often contain links to pages
of the same web site or domain, and people in social networks are often friends with
individuals from the same neighbourhood, university, or work. Furthermore, these
graphs exhibit the copy property (or similarity property), which denotes that nodes
occurring close to each other tend to have many common successors.

These properties induce various types of redundancy in the graphs’ representations,
and are taken into account when designing compression methods. The state-of-the-art
approach to the compact representation of graphs is the method of Boldi and Vigna [29],

further improved using a reordering of the graph [30] before compressing it. Several

91 Aik. Papakonstantinopoulou



Selfish Behavior and Compact Representation in Routing and Information Networks

other approaches have been proposed, but they are slower, i.e., they improve the results
of [29] only in terms of compression ratios and not in terms of access times of the graph’s
elements, they are efficient for small graphs only, or they are methods solely based on
some usually computationally expensive reordering of the input graph. We note here
that reordering a given graph results in an isomorphic graph, in which redundancy can
be (hopefully) exploited by the algorithm more effectively. For example, in [31, 30] the
authors introduce reorderings for which the Boldi and Vigna method yields an increased
compression of web and social network graphs, when compared with the compression
obtained using the graphs in their initial form. Hence, the reorderings can favour any
compression algorithm that takes the aforementioned properties into account.

The web and social graphs may share the above properties, but feature a substantial
difference in the way they are represented: while it is easy to order the nodes of a web
graph in a meaningful way which favours its compression, there is no such obvious
ordering for general networks, including social ones. As it is noted in [45], there exists
some, yet unexplained, topological difference between social networks and web graphs
that results in a less effective compression of the former, i.e., a larger compression

ratio.

5.1.1 Summary of Results and Techniques

We concentrate on the compression of web, social network and other similar graphs by
exploiting the locality property. After observing that the above types of graphs, as well
as most graphs created by human activity, demonstrate the locality property, i.e., they
can be represented by adjacency matrices with high concentration of edges around the
main diagonal of the matrix, we exploited this fact to improve the compression of such
graphs.

Since the highest compression ratios are achieved by the state-of-the-art algorithm
of Boldi et al., namely, the compression framework of [29] (denoted as BV) after applying
the Layered Label Propagation (LLP) algorithm [30] on the input graphs, we decided to

build on it, making the following contributions:

e we improve BV by exploiting the locality of reference property observed in these
kinds of graphs in a different way than in [29] and, thus, go beyond the state-of-

the-art in graph compression

e we evaluate experimentally our algorithm and show that it achieves a better com-
pression ratio than BV, while allowing the retrieval of elements of the graph faster
than BV.
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Of course, our results further improve if we apply our algorithm on a reordered version

of our input graph, using for example the reordering algorithm of [30].

5.1.2 Related Work

The need for compact representation of graphs emerged with the explosion of the size of
the worldwide web, so the first such attempts focused on compressing web graphs. In
the last dozen of years graph compression has turned into a very active research area
and many algorithms have been proposed, some of them designed for more general
graphs like the social network ones. Most algorithms in this direction try to offer a
good space/time trade-off.

The structures traditionally used for the representation of graphs are the adjacency
list and the adjacency matrix. The former is preferred for sparse graphs, i.e., graphs
whose number of edges is O(n), where n denotes the number of the graph’s nodes,
while the latter is used for dense graphs, i.e., graphs with ©(n?) edges. The locality
of reference property, as well as the node similarity property, have been observed in
most of the graphs we are interested in, and are often met in graphs that represent
networks created by human activity. The central idea in graph compression algorithms
is that they try to diminish the inner redundancy in the representation using the above
structures, by exploiting the aforementioned properties.

The graph compression algorithms that have been proposed so far can be classified
in the following three main categories: (i) algorithms for compressing web graphs, (i7)
algorithms for compressing (also) more general graphs (mostly social network graphs),
and (ii7) algorithms that include or employ reordering of the graph in order to favour
higher degree of compression. It is also very often the case that specific web graph
compression algorithms were later enriched with new techniques in order to be able to
compress social graphs as well.

In [112] the authors take into account the locality of reference and the copy proper-
ties for the case of the web and initiate research on web graph compression by main-
taining compressed forms of the graph’s adjacency lists. The highest compression
ratios are achieved by the method of Boldi and Vigna [29], combined with a reordering
using label propagation [30]. The WebGraph compression method introduced in [29]
is indeed the most successful member of a family of approaches [111, 40, 2, 120] for
compressing web graphs based on the statistical properties described in the introduc-
tion. In [29] Boldi and Vigna exploit the similarity of adjacency lists and the locality of
reference of nearby pages using URL ordering for nodes. We present the techniques of
the WebGraph framework briefly in Section 5.3.1.1.

In another line of work, Brisaboa et al. [38] propose a compact representation of the
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adjacency matrix that represents the graph. They partition the matrix in boxes and
store each box in a way that allows quick access to it. In particular, they use a k?-ary
tree that records at each level which children contain at least one edge. The most
important feature of this work is that it allows both forward and backward navigation
of the graph. However, experiments show that even for the smallest possible value
of k, viz., 2, which results in 4-bit sized leaves, the total compressed size wasted on
leaves of the tree alone, is significantly greater than that achieved by other methods
for graphs of greater size than the ones tested. The approach we propose in this work
is to some extent similar to [38], in the sense that we represent parts of the adjacency
matrix of a given graph. The difference with our approach is that we represent only
some dense parts of the graph, those that are close to the main diagonal, and that we

do not introduce extra overhead by using trees as indices.

Asano et al. [15] reorganize the adjacency matrix of the graph to bring the inter-
host links close to the intra-host ones, and incorporate six different kinds of patterns
to cover it. The compression ratio reported is impressive, but the additional cost im-
posed for the matching of the original indices of the inter-host links with the new local
indices used is not considered in the presented results. This approach is similar to our
proposed method, with the difference that in our method no overhead for lookup tables

is introduced.

Claude et al. in [51] use a different compression scheme for web graphs that does
not achieve better compression ratios than [29], but allows for faster navigation on the
graph. However, their approach does not scale up due to the large amount of memory
and long time required during the computationally expensive compression phase. Later
on, Claude et al. combined this algorithm with the techniques of [38], partitioning the
input graph and applying a separate technique to each part (i.e., applying [51] on one
part and [38] on the other), to compress web as well as social network graphs [50].
A similar partitioning is applied in our approach as well, but the methods used to

compress the subgraphs are entirely different.

In [45] Chierichetti et al. view the problem of graph compression from a theoretical
point of view and study the extent to which a large social network can be compressed.
They show that the compressibility of social networks is very different than that of
web graphs. Their proposed method, however, is a compression scheme rather than a
compressed data structure, as noted in [30], i.e., it aims solely at minimizing the size

of the compressed graph (bits/edge) instead of providing fast access to each edge.

The locality of reference property of a graph reflects on its adjacency matrix in the
following way: using a proper ordering of the nodes’ labels, i.e., an ordering in which

labels of densely connected nodes are close to each other, many edges fall close to the
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main diagonal of the adjacency matrix. Such orderings are preferred in practice, but
finding the ordering that minimizes the distance of the edges from the main diagonal is
NP-hard [119]. Intuitively, if we have some good clustering of the graph, based solely
on the link structure, and assign consecutive labels to the nodes in each cluster, the

lexicographic ordering of the labels is rather good in the above sense.

Such an extrinsic ordering appears naturally in the case of worldwide web. Web
graph representations assume that each URL corresponds to some identifier. More-
over, it is assumed that URLs are alphabetically sorted [27], and this naturally puts
together the pages of the same domain. As a result, the locality of reference trans-
lates into closeness of page identifiers. However, extrinsic orderings are not obvious
for all graphs, so for social or bibliographic citation graphs, finding a good ordering is
a challenging issue. In [31] Boldi et al. test some known orderings of the nodes and
propose some new ones, and study their effect on the compression of web and social
graphs. They show that using these orderings for the input non-web social graphs, the
WebGraph framework [29] yields results that are very close to the results of [45]. In [30]
the authors introduce a reordering algorithm called Layered Label Propagation (LLP),
and employ it to compress social networks. This algorithm is based on clusterings and
orderings and can reorder very large graphs quite fast. The experimental evaluation of
this approach shows that combining the ordering produced by LLP with the WebGraph
framework outperforms all currently known techniques, both for web graphs and for
social networks. Some methods that claim to yield lower bits/edge ratios [45, 42, 98]
do not address the issue of retrieving the edges fast. In [79] the authors introduce
SLAasHBURN, an ordering method that offers the best bits per egde ratio according to the

information theoretic lower bound, among other competing methods.

Buehrer and Chellapilla [42] exploit complete bipartite subgraphs (bicliques) on web
graphs, i.e., groups of pages that share the same outlinks, and replace them with virtual
nodes. However, the compression they achieve is not better than the compression of
[29] while they also fail to be competitive speedwise, since they fall into the class of
compression schemes rather than compressed data structures [30]. In computing the
compressed size they do not take into account the offset, which, however, increases

significantly with the increase of the compression ratio.

Clustering according to some meaningful measure naturally brings together nodes
that are connected with the locality of reference or copy property. This is particularly
useful in social networks where there is no apparent numbering of the nodes that
brings them close to each other. In [98] the authors decompose the graph into small
dense subgraphs, which can be represented more efficiently in terms of space. Their

comparison with [29] is based on the naive approach of maintaining both the original
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graph and its transposed version, whereas a more sophisticated approach, indicated in
[30], outperforms them. In [70] the authors generalize on [42, 98], where the authors
find bicliques and cliques respectively, and adapt clustering algorithms to find broader
constructions that lie in between. They show that these more general dense subgraphs
appear sufficiently more often than cliques and bicliques, thus designing a more general
compact representation for them pays off.

Apostolico and Drovandi [13] visit the graph in a breadth-first fashion while com-
pressing, and exploit locality and similarity by referencing the previous successor of the
same node, or the successor of the previous list that is in the same ordinal position.
The blocks of identical successors are recorded only once. However, their method is
outperfomed by [30], and by a big margin as far as social network graphs are concerned.

In [116] Safro and Temkin present a multiscale approach for the network minimum
logarithmic arrangement problem, i.e., the problem of finding an intrinsic ordering that
optimizes directly the sum of the logarithms of the gaps (numerical difference between
two successive neighbours). The resulting ordering may be used for graph compression
if combined with a compression scheme like the WebGraph framework [29]. According
to [30], some preliminary tests show that these orderings are promising especially on
social networks; however, the implementation does not scale well for datasets with
more than a few millions of nodes and so it is impractical for compressing large-scale
graphs.

Our approach benefits from the reordering that results after applying Layered Label
Propagation [30] on the input graph; we could also take advantage of other orderings

such as the ones examined in [31, 79].

Figure 5.1 illustrates the aforementioned areas and the relations among them.

5.1.3 Organization

In this chapter we present the overview of our approach, along with some theoretical
analysis and experimental evaluation on real datasets. In Section 5.2 we show and
exploit the effect of locality in the compression of web and social network graphs. In
particular, in 5.2.1 we identify the dense part of the graph based on the locality prop-
erty, in 5.2.2 we present our compression algorithm and discuss its complexity and
in 5.2.3 we evaluate our approach experimentally. In Section 5.3 we also perform data
compression on part of the graph’s elements, further improving the compression rate
of our method. The data compression is described in 5.3.1 along with some theoreti-
cal analysis, and the new compression algorithm is presented in 5.3.2 and evaluated

experimentally in 5.3.3.
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Figure 5.2: youtube-2007 before and
after LLP. Figure 5.3: An adjacency matrix.

5.2 The effect of locality in compressing web and social

network graphs

5.2.1 Identifying the dense part of the graph

Most compact graph representations are based either on the adjacency matrix repre-

sentation [38] or on the adjacency lists representation [29] of the graph. For a given

graph G = (V, E) the adjacency matrix representation is preferred when G is dense,

i.e., when |E| = ©(|V|?), while adjacency lists are preferred when G is sparse, i.e.,
when |E| = O(|V]).

We combined the two kinds of representations after observing that social network
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Figure 5.4: Percentage of edges contained in the diagonal stripe of various social net-
work graphs for various stripe widths.

graphs, although rather sparse in general, have a dense part around the main diagonal
of the graph’s adjacency matrix after the LLP algorithm [30] has been applied on them.
This tendency is shown in Figure 5.2, where the adjacency matrix of a graph from the
youtube social network is illustrated before (5.2a) and after (5.2b) the reordering of its
nodes.

More formally, we call this dense area the diagonal stripe, and define it as follows:
let k € Z, an edge (i, j) is in the k-diagonal stripe, iff i — k < j < i+ k. The 3-diagonal
stripe of an example adjacency matrix is illustrated in Figure 5.3.

In the graphs we examined experimentally, a large number of edges tends to be in
the diagonal stripe, meeting our expectations regarding the locality property. Figure 5.7
illustrates this trend for k € {1, 2, 3,4} for the graphs of our dataset, described in detail
in Section 5.2.3.1.

5.2.2 A hybrid method for graph compression

Having identified an opportunity to compress large parts of social network graphs effec-
tively, we propose a hybrid method, which uses a bit vector to represent the diagonal

stripe and resorts to the method in [29] to address the issue of compressing the re-
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maining edges. For the rest of this chapter we will refer to our method as BVp and to
the method in [29] as BV.

Every possible pair of nodes (a, b) lying in the diagonal stripe is mapped through a
simple function to the bit vector. Thus, the existence of an edge there can be verified
in constant time. A big percentage of these pairs represent edges absent from the
graph. However, including those pairs in our representation allows us to be aware of
the position of every pair and not resort to using an index as in [38], which would not
only introduce a similar space overhead, but would dramatically increase the retrieval
time as well.

By using BV to compress the rest, sparse part, of the graph, we manage to provide
a full graph compression framework and perform comparisons over the whole graph,
not only the diagonal stripe. The computational complexity of this approach is approx-
imately equal to the complexity of BV alone, as mapping the diagonal stripe to a bit
vector is linear in the number of diagonal edges. Furthermore, this mapping can only
decrease the query time on the compressed graph’s elements, when compared with the

query time of BV alone.

5.2.3 Experimental evaluation

5.2.3.1 Dataset

In order to test our approach we used a dataset of six social network graphs. Figure 5.5
provides an illustration of their adjacency matrices, where one can clearly see how the
diagonal stripe stands out in almost all of the graphs. The origin and characteristics of
our graphs are summarized in the following list:
e 1journal-2008: LiveJournal is a virtual community social website that started
in 1999. It comprises 5, 363, 260 nodes and 79, 023, 142 edges.’
e youtube-2007: Youtube is a video-sharing website that includes a social net-
work. It comprises 1, 138,499 nodes and 5, 980, 886 edges.®
e dblp-2010: DBLP is a bibliography service. Each vertex represents an author,
and an edge links two vertices if the corresponding authors have collaborated. It
comprises 326, 186 nodes and 1,615, 400 edges.?
e amazon—-2008: Amazon is a symmetric graph describing similarity among books
as reported by the Amazon store, comprising 735, 323 nodes and 5, 158, 388 edges.®
e £1ickr-2007: Flickr is a photo-sharing website based on a social network. It
comprises 1,715,255 nodes and 31, 110, 082 edges.>

Collected in [45], retrieved by LAW: http://law.di.unimi.it/
2Collected by LAW: http://law.di.unimi.it/
3Part of the IMC 2007 datasets with LLP [30] applied on it (http://socialnetworks.mpi—sws.
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Figure 5.5: Visualizations of the adjacency matrices of some social network graphs.

e facebook-Texas84: Facebook is the most successful online social networking
service. Its Texas84 subnetwork comprises 36, 371 nodes and 3, 181, 310 edges.*
The aforementioned graphs vary in size and cover a wide range of social networking

services. Thus, they form a thorough evaluation environment for our proposed method.

5.2.3.2 Compression ratio comparison

Table 5.3 shows the number of nodes and edges in each graph, the percentage of edges
in the diagonal stripe, the compression ratio achieved by the BV technique [29], and
the one achieved by our proposed method (BVp) for a given k.
As expected, the largest improvement (10%) was achieved for db1p-2010, which
has the densest diagonal among all graphs in our dataset. Notable improvements were
also observed for graphs youtube-2007 (3%) and amazon—-2008 (2%). Surprisingly,
for the other three graphs, viz., 1 journal-2008, f1ickr-2007 and facebook-Texas84,

BVp also managed to surpass the performance of BV, even though the percentage of

org/data—-imc2007.html).
4The largest of the Facebook100 graphs containing friendships from 100 US universities in 2005
(https://archive.org/details/oxford-2005-facebook-matrix).
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Table 5.1: Comparison with BV method.

graph # nodes # edges % of edges k compression
in diagonal ratio (bits/edge)

BV BVp

ljournal-2008 5,363,260 79,023,142 5.62% 1 11.84 11.80
youtube-2007 1,138,499 5,980, 886 15.10% 2 1418  13.79
dblp-2010 326,186 1,615,400 37.12% 2 8.63 7.76
amazon-2008 735,323 5,158,388  43.56% 5 10.77  10.56
flickr-2007 1,715,255 31,110,082 4.66% 2 981 9.76
facebook-Texas84 36,371 3,181,310 3.84% 3 8.82 8.80

edges in their diagonal stripes is relatively small.
By outperforming BV for all the graphs in our dataset, we proved that the effect of
our observations, even when utilized with a simple approach such as that of BVp, is

very powerful on social network graphs.

5.2.3.3 The effect of parameter &

Achieving a good compression ratio with BVp depends heavily on choosing an appro-
priate width for the diagonal stripe of the given graph, defined by k. The optimal values
of k for the graphs of our dataset are illustrated in Table 5.3.

As k increases, more and more edges are included in the diagonal stripe, which,
however, becomes progressively sparser. We have found that a good selection of value
for this parameter ranges between 1 and 5. The most appropriate value can only be
known a posteriori, as it depends on the exact structure of the graph and does not only
determine the bits per edge ratio of the diagonal part, but also the compression ratio
of the subgraph compressed with BV. However, our results indicate that improvement
over BV occurs for most of the values within this range; e.g., for graphs db1p-2010

and amazon-2008, better results were achieved for k € [1,7] and k € [1, 8] respectively.

5.3 Pushing the envelope in graph compression

5.3.1 Overview of our approach

This section presents our approach for compressing directed graphs. Our approach
builds on and improves the Boldi and Vigna compression method of the WebGraph
Jrameworlk [29]. For the sake of simplicity, we will refer to the Boldi and Vigna method
as BV throughout the section. We first review the BV techniques (Section 5.3.1.1),

then we isolate a dense subgraph of the input graph (Section 5.3.1.2), in particular a
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stripe around its main diagonal, and provide an explanation of how we can compress

it separately along with a theoretical analysis of this approach (Section 5.3.1.3).

5.3.1.1 The Boldi et al. techniques

In [29], Boldi and Vigna propose a number of techniques that exploit locality and
similarity, two properties that are known to appear in the links of a web graph [112].

The adjacency lists of a graph are pictured firstly using a modified gap representa-
tion, that utilizes the locality property, and then as bit vectors, named copy lists, that
take advantage of the fact that the adjacency lists share large subsequences of edges
(similarity property). Copy lists are further compressed with a variation of run-length
encoding, since they tend to contain runs of Os and 1s.

The number of previous adjacency lists that are examined in order to discover pos-
sible reference lists is called window, and its size poses a tradeoff between compression
ratio and compression/decompression time. The maximum reference count is a second
parameter used by this scheme, that imposes a limit on the lengths of reference chains.

The remaining extra nodes exhibit consecutivity as well. Hence, integer intervals are
used for their compression, but only for the subsequences that correspond to intervals
whose length is not below a certain threshold (L,,;, in [29]). The list of the residuals
(remaining integers) is compressed in a differential manner.

In [30], Boldi et al. apply a reordering algorithm that brings the graph to a state

where the aforementioned properties can be further exploited.

5.3.1.2 Exploiting the dense part of the graph

We improve the state-of-the-art algorithm BV for the compression of web graphs [29],
by proposing to store separately the denser part of the graph, i.e., the part of the graph
corresponding to the edges that are close to the main diagonal of the graph’s adjacency
matrix.

Graphs created by human activity usually possess the locality of reference property
and the copy property, which are surfaced after applying LLP [30] on them, or any other
clustering technique, e.g., [31, 79], that permutes the graph in a similar fashion. We
exploit these properties to improve the compressed data structure. Due to the above
properties, an edge is with high probability close to the main diagonal of the adjacency
matrix representing the graph. Hence, given that these graphs are generally rather
sparse due to the power law distributed nodes’ degrees (indegrees and outdegrees) [58],
the graph corresponding to the main diagonal and the area around it is denser than
the rest of the graph. We call this area the diagonal stripe, and formally define it as

follows:
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Figure 5.6: Example of an adjacency matrix.

Definition 4. For a graph G = (V, E) and k € Z., the k-diagonal stripe of G comprises
the following set of entries: {(i,7) |i —k < j<i+kandi,je{0,...,|V|}}.

To illustrate, in Figure 5.6 we present within a bold line the 3-diagonal stripe of an
example adjacency matrix.

In the graphs we examined experimentally, large number of edges tend to be in the
diagonal stripe, meeting our expectations regarding the locality of reference property.
This trend for k£ € {1,2,3,4} for the graphs of our dataset, described in detail in
Section 5.3.3.1, is illustrated in Figure 5.7.

As k increases, the bits/edge ratio required to store the stripe increases as well. The
density of edges in the diagonal stripe decreases as we are moving farther away from
the diagonal, where edges are met less frequently. However, even a stripe of smaller
density is sometimes useful, as it may lead to higher compression of the whole graph.

The computation of the bits/edge needed to represent the diagonal stripe is straight-
forward if we know the percentage of edges in it: Consider £ € Z, and a graph

G = (V, E)) with a percentage p of E belonging in the k-diagonal stripe. These edges are
(2k+1)|V|
plE|

described in Section 5.3.3.1, has 68.41% of its edges in the 7-diagonal. Therefore these

edges are represented with % = 7.76 bits/edge.

Isolating the diagonal stripe in a way similar to [94] and compressing the rest of the

represented with bits/edge. For example, graph roadNet-PA of our dataset,

graph as explained in [29], achieves better compression than using the method pre-
sented in [29] alone, as we later demonstrate experimentally (Section 5.3.3). Table 5.2
presents the compression ratio achieved by BV for the remaining graph for various di-

agonal stripe widths, which is essentially the lower bound of our overall compression.
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5.3.1.3 Compressing the diagonal stripe

In this section we describe the motivation and sketch the techniques behind isolating a
dense subgraph of the input graph, in particular a stripe around its main diagonal, and
compressing it separately. We also present some theoretical analysis for our proposed

approach.

Adjacency matrix format In order to exploit the high concentration of edges in the
diagonal stripe, and, thus, take advantage of the locality of reference property, we store
it separately from the rest of the graph in the format of an adjacency matrix. We opted
for the adjacency matrix representation of the diagonal as the high concentration of
edges in the diagonal forms a dense graph. Formally, a graph G = (V| F) is dense if
|E| = ©(]V|?). For example, as shown in Figure 5.8, an edge is more likely to exist in
the part of the adjacency matrix corresponding to the diagonal stripe, or even in the

part around the stripe, than far away from it. This is exactly the case in the graphs
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Table 5.2: Lower bound of our compression: The bits/edge required by BV for the
graph apart from the diagonal stripe.

graph BV lower bound of our compression
k=1 k=2 k=3 k=4
cnr-2000 3.71 3.37 3.28 3.22 3.16
web-Stanford 4.06 3.76 3.63 3.56 3.48
roadNet—-CA 13.30 10.39 9.31 8.89 8.58
roadNet-PA 12.86 10 8.85 8.41 8.09
dblp2010 8.63 7.47 6.75 6.37 6.02
cit-Patents 14.72 14.21 13.88 13.67 13.51
amazon-2008 10.77 10.32 9.93 9.62 9.29
ljournal-2008 11.84 11.60 11.47 11.39 11.31
twitter-2010 14.52 14.41 14.35 14.32 14.29

that we are dealing with here.

Data compression Using data compression techniques that exploit the redundancy
of the diagonal stripe, represented by an adjacency matrix as described above, allows
us to reduce the size of the stripe significantly. Shannon’s source coding theorem
states that it is impossible to compress with an average number of bits per symbol
less than the entropy of the source. We present a proposition that imposes an upper
bound to that limit, and provides us with an estimation of the space requirements of
our method for the dense part of the graph. Comparing this estimation for various
widths of the diagonal stripe of a graph, to the compression ratio of the state-of-the-art
method, allows us to assess the overall room for improvement and the optimal width of
the stripe. However, the estimation on the latter is far from accurate due to the delicate
balance between easing the task of compressing the rest of the graph by including as

many edges as possible in the diagonal stripe and minimizing its ratio.

Proposition 6. Consider k € 7, and a graph G = (V, E) with a percentage p of its

edges belonging in the k-diagonal stripe. The minimum expected compression ratio of the
log (2 DIV1)

diagonal stripe is upper bounded by — bits/edge.

Proof. The diagonal stripe consists of (2k+1)|V| bits and exactly p|E| of them represent
edges. We model the stripe as a random variable X € {0, 1}***DIV],

Shannon’s source coding theorem states that the minimal possible expected length
of codewords, which in our case is the best attainable compressed size of the diagonal
stripe, is no less than the entropy of the input word (diagonal stripe) [118].

The entropy of X is H(X) = —> " | p;log p;, where n is the number of all possible

diagonal stripes and p; is the probability of stripe 7. As n = ((%;T;)“V‘), and assuming
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that all possible stripes are equally likely, the maximum entropy becomes

H(X) = log ((2k+1)|V|)'

p|E|

According to Shannon, the minimal expected wordlength S is E[S] = H(X). Thus,

since we have p|E/| edges, the minimum expected compression ratio is

2k+1)|V
a(x) _log (*0")
plE| plE]|

For example, for the graph roadNet-PA the upper bound of the minimum expected
( 15|V

e lossinle) _ 9 gg pits edge.

compression ratio of the 7-diagonal stripe is —; ¢ T1[E]

Minimizing the compression ratio with techniques such as Huffman or Arithmetic
coding [123] may have a negative impact on the time needed to access the elements of
the graph, as we will then need to decompress large parts, or even the whole diagonal
stripe, in order to answer simple queries. We wish to retain the ability to access the
elements of the stripe in constant time after compressing them. Thus, we encode them
using a form of lossy, but fixed-length encoding to preserve the direct access of the

edges.

5.3.2 Compressing the graph

This section presents BV+, an algorithm for compressing directed graphs that is the
product of our line of thinking in Section 5.3.1. BV+ is outlined in Algorithm 1. BV+
receives as input a directed graph G = (V, E), and parameters k and b, and gives as

output a compressed representation of G.

As a first step, the algorithm constructs the k-diagonal stripe of graph G and the
set of all edges that do not belong in the k-diagonal stripe (lines 2-8). The k-diagonal
stripe can be considered as an array of bit arrays where each bit array consists of
exactly 2k + 1 elements and corresponds to a row of the diagonal stripe as illustrated
in Figure 5.8. The value of an element equal to 1 signifies the presence of an edge.
Likewise, the value of an element equal to 0 signifies the absence of an edge. The first
and last rows in the k-diagonal stripe are complemented with Os to fix the number of

2k + 1 elements for each row.
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Algorithm 1: BV+(G, k, b)

input : A directed graph G = (V| F), and parameters k and b.
output: A compressed representation of G.

1 begin
2 setNonD <« set();
3 k-diagonalStripe < array(array([000...0]) x [V]);
——
2k+1 bits
4 foreach (u,v) € F do
5 ifu—k<v<u+kthen
6 | k-diagonalStripe[u][v] < 1;
7 else
8 L setNonD < setNonD U (u, v);
9 segDict « dict();
10 foreach seq € k-diagonalStripe do
11 if seq ¢ seqDict then
12 ‘ seqDict[seq] + 1;
13 else
14 L seqDict[seq]++;
15 foreach (key, value) € seqDict do
16 L seqDict[key] <— value x # of 1s € key;
17 segDict < sort segDict by value (desc. order);
18 seqSet «+ {first 2° — 1 sequences (keys) of seqDict};
19 foreach seq € k-diagonalStripe do
20 if seq € seqSet then
21 ‘ use b bits to compress seq;
22 else
23 bestSeq < bestSubset(seqSet, seq, k);
24 use b bits to compress bestSeq;
25 setNonD < setNonD U {edges of seq that were left out of bestSeq};
26 compress setNonD using BV;

Diagonal stripe compression As already mentioned, the k-diagonal stripe consists
of |V| rows where each row comprises 2k + 1 elements. We create a dictionary to
hold information about our rows (line 9). Every row, that is, every sequence of (0, 1)-
elements, yields an integer value. We have empirically observed that the frequencies of
these integer values tend to follow a power law distribution, so we decided to pick the

values that contain the higher volume of information.

We iterate over the set of rows, and store each distinct (2k + 1)-bit array along with
its frequency in the set of rows in the k-diagonal stripe in our dictionary (lines 10-14).
We do not rest on using the (2k+ 1)-bit arrays met most frequently among the rows, but
we also take into account the number of edges they represent. More explicitly, let us
suppose we had used k£ = 3 and we had observed the sequences 0001000 and 0010110
occurring 500 and 300 times respectively. While the first sequence is more frequent, it

fails to represent more than one edge. Hence, the second sequence is in fact preferable.
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Function: bestSubset(seqSet, seq, k)

input : A set of candidate sequences, seqSet, parameter k, and a given sequence seq.
output: Best available sequence bestSeq.

1 begin
2 bestSeq < array([000. . .0]);
N——

2k+1 bits
3 max < 0;
4 foreach candidateSeq € seqSet do
5 counter + 0;
6 flag < False;
7 foreach i <— 1 to 2k + 1 do
8 if candidateSeq[i] = 0 and seq[il = 1 then
9 L flag < True;
10 if candidateSeqli] = seqli]l = 1 then
11 L counter++;
12 if counter > max and !(flag) then
13 bestSeq < candidateSeq;
14 max <— counter;
15 return bestSeq;

The multiplication of the frequencies with the number of bits that are set guarantees
that the chosen representations will not only occur often in the particular diagonal, but
will represent a significant amount of edges as well, thus minimizing the overall bits

per edge ratio (lines 15-16).

Then, we choose an integer number b of bits to use for their representation and
represent only the 2° — 1 most appropriate of these sequences, each one using a binary
number of b bits. This is done by sorting these sequences by the product of their
frequency times the number of edges each one contains (line 17), i.e., the number of
1s in their binary representation, and then picking the first 2° — 1 of them (line 18).
In this way, we make sure that we will pick not just the most frequent values in the
diagonal, but also the most important ones, because picking representations that hold
a limited number of edges would lead to a waste of bits. The role of b is to determine
the channel capacity, and with it, the loss rate of our scheme. The optimal value for
b is highly dependent on the distribution that the frequencies of the values follow. We
keep one b-bit binary number to denote the absence of edges in a specific row of the

diagonal stripe.

As a final step, we iterate again over the set of rows of the k-diagonal stripe, and for
each row of the diagonal stripe we use its compressed representation if the correspond-
ing sequence exists among the ones picked in the aforementioned step (lines 20-21),
or the compressed representation of the best available sequence and add the missing

edges to the set of edges that do not belong in the k-diagonal stripe (lines 22-25). In the
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Figure 5.8: Compressing the graph with BV+.

latter case, by best available, we denote the sequence that has the most 1s in the same
position with the sequence in question from the ones picked, and does not have a single
1 where this sequence has a 0. The best available sequence is provided by function
bestSubset, which receives as input a set of candidate sequences, parameter k, and a
given sequence. Function bestSubset first initializes a best sequence candidate, repre-
sented by a bit array, with 2k + 1 number of Os (line 2), and it also initializes a counter
that holds the number of 1s that two sequences have in common (line 3). The best
available sequence, i.e., the one whose set of positions of 1s in it is the best (maximal)
subset of the sequence in question, is then calculated by iterating the set of candidate
sequences and performing some checks (lines 4-14), and, finally, returned (line 15).
Note that even if no best available sequence is found among the set of candidate se-
quences, the initialized best available sequence candidate (line 2) will be returned. In
the aforementioned example, suppose that the second sequence, viz., 0010110, was in-
deed elected among the 2° — 1 ones, while another sequence 0011110 was not. We utilize
their similarity by using the representation of the former one for the latter one as well,
and manage to capture 3 of its 4 edges without extra cost. In the upper right part of
Figure 5.8 we can see the mapping of the selected values to their b-digit representation

and the compressed diagonal that results after applying the actions described above.

The edges that are excluded during this step are added to the ones existing outside
of the diagonal stripe. These edges will be then compressed using BV, thus, our overall
method is lossless. In Figure 5.8 the edges of the diagonal that are compressed as
described above are contained in dark grey cells, while those that are compressed using
BV are in light grey cells. When every row has been substituted with a compressed

representation, the compressed diagonal is ready.

As a result of using the above procedure, for the graph roadNet-PA the compres-

sion ratio of the 7-diagonal stripe with b set to 2 is 1.95 bits/edge. However, even
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a compression ratio greater than the upper bound of the minimum expected (2.98
bits/edge as obtained in the example in Section 5.3.1.3 for roadNet-PA), and in any
case smaller than that of the uncompressed graph, would be acceptable as we do not
need to decompress the whole stripe to access the desired edges, in contrast to more

compact entropy encoding approaches, such as Huffman or Arithmetic coding [123].

Non Diagonal part compression The final step for algorithm BV+ is to compress
the remaining edges, i.e., the edges that initially belonged outside of the k-diagonal
stripe (line §), together with the edges that were left out during the compression of
the diagonal stripe (line 25), with the BV method (line 26). As shown in Figure 2, the
output of BV+ is the lossy compressed representation of the diagonal stripe plus the
output of BV for the remaining elements. Besides using exclusively the BV method, the
straightforward nature of our approach and the structure of our algorithm makes it an

attractive technique that any compression scheme can benefit from.

5.3.2.1 Size of the compressed graph

Let n be the number of nodes in the graph (i.e., n = |V|) and b be the parameter that
ultimately defines the width of a compressed representation of the diagonal stripe, as
described earlier. The size of the compressed graph is equal to bn+ Sgy bits, where Sgy
is the size of the set of edges that are outside of the diagonal stripe plus the set of edges
that were left out of the fixed length encoding of the diagonal (during the compression

of the diagonal), compressed using the BV algorithm.

5.3.2.2 Time Complexity

Here, we discuss the time complexity of BV+ and compare it to the complexity of BV.
The diagonal stripe is compressed in linearithmic time in the worst case (O(nlogn))
and the remaining edges in time less than with BV, as they form a graph that is smaller
than the initial one.
e The time complexity of verifying the existence of a specific edge is O(1) if the edge
belongs in the compressed diagonal stripe, and less than that of BV otherwise®.
e The time complexity of retrieving all neighbours of some node is O(b) for the
neighbours that belong in the compressed diagonal stripe, and less than that of
BV for the rest of the neighbours®.
The efficiency of our approach benefits from the existence of multi-core processors,

since in any multi-core (e.g., 2-core) machine the aforementioned queries in and outside

5since edges have to be retrieved from a compressed by BV graph, which is initially smaller than the input graph.
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Table 5.3: Comparison with BV method.

graph # nodes # edges # edges in compression BV+
compressed ratio (bits/edge) parameters
diagonal BV BV+ k b

cnr-2000 325, 557 3,216,152 194,639  3.71 3.62 17 2
web-Stanford 281,903 3,985,272 270,220  4.06  3.90 1 2
roadNet-CA 1,965,206 5,533,214 3,569,145 13.30  10.58 6
roadNet-PA 1,088,092 3,083,796 2,062,741 12.86 10.07 7 6
dblp-2010 326, 186 1,615,400 928,702  8.63 72 24 7
cit-Patents 3,774,767 33,037,894 6,303,138 14.72 1425 9 6
amazon-2008 735,323 5,158,388 3,057,268 10.77  10.07 23 15

1journal-2008 5,363,260 79,023,142 6,045,619 11.84 1178 2
twitter-2010 41,652,230 1,468,365,182 37,906,525 14.52  14.42 17

D

the diagonal stripe take place in parallel, thus, the makespan is the longer among the
two tasks.

We infer that BV+ outperforms BV in terms of time needed for searching/retrieving
edges in a graph compressed using any one of them, and we also show this experimen-
tally later in Section 5.3.3.

The high compression of BV has a negative impact on the time needed to access
some of the graph’s elements: the retrieval of the incoming edges of a specific node
becomes involved [29]. BV+ induces an improvement in this aspect, as part of the
graph’s edges, i.e., the part that belongs in the diagonal stripe, is accessed in constant

time.

5.3.3 Experimental evaluation

We implemented and tested our approach on a wide variety of large scale graphs. We
list below the technical specifications of the machine used for implementing and testing
our algorithm. In Section 5.3.3.1 we describe the dataset used for our experiments.
We present the results of our experiments, i.e., compression ratios and times, in Sec-
tions 5.3.3.2 and 5.3.3.3 respectively, and discuss the role of the algorithm’s input
parameters in Section 5.3.3.4.

We implemented and ran algorithm BV+ using OpendDK 7 build 25, which imple-
ments Java SE 7; our code is available upon request. The experiments were carried
out on a computer with an Intel®Core™ 2 Duo CPU E8400 with a CPU frequency of
3.00GHz and a 6MB L2 cache, a total of SGB DDR2 800MHz RAM, a SATA3 Intel SSD
hard disc of 80GB, and the Linux Mint 13 (Maya) x86 64 OS. Only one of the CPU cores

was used for the experiments.
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(a) cnr-2000

(b) web—-Stanford

(c) roadNet—-CA

(d) roadNet-PA

(e) dblp-2010

(f) cit-Patents

.
.

N

(g) amazon-2008

Figure 5.9: Heat maps of the adjacency matrices of web (a, b), road network (c, d),

(h) 1journal-2008

citation (e, f), and social network (g, h, i) graphs.
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5.3.3.1 Dataset

The dataset that we used to apply and test our compression technique, comprises nine
well-studied [29, 30, 93, 45, 98] web, road network, citation, and social network graphs.
Figure 5.9 provides an illustration of their adjacency matrices, where one can clearly
see how the diagonal stands out for all the graphs. The origin and characteristics of

our graphs are summarized in the following list:

e cnr-2000: a web graph (directed) from a crawl of the Italian CNR domain. It
comprises 325,557 nodes and 3,216, 152 edges.®

e web-Stanford: a web graph from Stanford University, collected in 2002. It
comprises 281,903 nodes and 3, 985, 272 edges.”

e roadNet-CA: the road network of California (undirected). It comprises 1,965, 206
nodes and 5, 533, 214 edges.”

e roadNet-PA: the road network of Pennsylvania (undirected). It comprises 1, 088, 092
nodes and 3, 083, 796 edges.”

e dblp-2010: an undirected scientific collaboration network graph from the DBLP
bibliography service. Each vertex represents an author and an edge links two
vertices if they have worked together. It comprises 326, 186 nodes and 1,615,400
edges.®

e cit-Patents: acitation graph which includes all citations made by U.S. patents
granted between 1975 and 1999. It comprises 3, 774,767 nodes and 33,037,894
edges.”

e amazon-2008: a symmetric graph describing similarity among books as reported
by the Amazon store. It comprises 735, 323 nodes and 5, 158, 388 edges.®

e 1journal-2008: LiveJournal ® is a virtual community social site started in
1999; in this social network friendship is non-symmetric so the graph is directed.
It comprises 5, 363, 260 nodes and 79, 023, 142 edges.®

e twitter—-2010: Twitter is a social networking and microblogging service; To
the best of our knowledge, this is the largest available social network graph. It
comprises 41, 652, 230 nodes and 1, 468, 365, 182 edges.'©

The aforementioned graphs vary in category, size, and type, and are therefore very

good candidates for examining the effectiveness of our proposed method.

SCollected by LAW: http://law.di.unimi.it/

7 Collected by SNAP: http://snap.stanford.edu/snap/

8http://www.livejournal.com/

9Collected in [45], retrieved from LAW: http://law.di.unimi.it/

1OCollectecl in [92], retrieved from LAW: http://law.di.unimi.it/

Uy [98] the algorithm provides both predecessors and successors but a simple strategy proposed in [30] indicates that less

than double bits per link are needed for a fair comparison.
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Table 5.4: Comparison with other methods.

method graph compression
ratio (bits/edge)

other BV+

ljournal-2008 14.97 11.78

[13] amazon-2008 12.39 10.07
dblp-2010 7.47 7.2
[98]!! web-Stanford 9.88 3.90

cit-Patents 25.69 14.25

Table 5.5: Access times (in ns) for a web, a road network, and a social network graph.

graph cnr-2000 | roadNet—-CA | 1journal-2008
BV-+ (D) 645 600 663
Edge Exists BV + (Non-D) 2,286 832 4,373
BV + (total) 2,187 728 4,089
BV 2,397 923 4,518
BV-+ (D) 643 668 627
Successors BV + (Non-D) 1,947 849 1,940
BV + (total) 1, 868 768 1,840
BV 2,159 891 2,009

5.3.3.2 Compression ratio comparison

We compared our approach with BV as well as with other graph compression methods.
The results are outlined in Tables 5.3 and 5.4 respectively.

Table 5.3 shows the number of nodes and edges of each graph, the compression
ratio achieved by the BV technique [29], and the one achieved by our proposed method
(BV+) for all the graphs tested. The number of edges that was ultimately included in
the compressed diagonal stripe and its parameters are also displayed.

For the two web graphs, we observed an improvement of 2.4% for cnr-2000 and
3.9% for web—Stanford. Our method attained impressive results for the two road
network graphs. An improvement of 20.5% and 21.7% was achieved with the use of
BV+ for roadNet-CA and roadNet -PA respectively. Regarding the citation and social
network graphs, our method had a large impact on dblp-2010 and amazon-2008,
achieving a 16.6% and a 6.5% compression ratio improvement over the compression
ratio of BV respectively, and offered smaller, but significant nonetheless, compression
ratio improvements for the other three graphs.

The higher levels of compression for certain graphs is due to the fact that a higher
percentage of their edges exist in the diagonal stripe, as opposed to the rest of the
graphs. However, even with the less intense clustering, our technique manages to re-

duce the compression ratio of BV significantly. As it can be seen in Figure 5.7, these
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graphs are roadNet-CA, roadNet-PA, dblp-2010, and amazon-2008. The some-
what smaller impact of BV+ on the compression ratio of web-Stanford, cnr-2000,
cit-Patents, twitter-2010, and even 1journal-2008 is due to the fact that
BV does not leave enough room for improvement, as Table 5.2 illustrates. That is, the
remaining edges that are assigned to BV, occupy most of the final compressed file. The
lower bound essentially signifies the compression that we would be able to achieve if
we could represent the stripe using 0 bits/edge. For the latter graphs the lower bound
does not deteriorate at a satisfying rate as k increases, i.e., it remains almost stable.

In case our method provided no improvement for a given graph, it could easily fall
back to BV instead of BV+ by setting b to zero.

Table 5.4 shows the comparison of our approach to two other recent methods [13,
98]. The methods were examined in [30] and were shown to be inferior than BV, but
we chose to include this comparison for reasons of completeness.

We also evaluated BV+ for graphs of our dataset after SLASHBURN [79] had been
applied on them. Even though the reordering of SLaAsHBURN favoured BV-+ over BV
for the graphs tested, the compression ratio achieved using this representation was
significantly larger, as exploiting SLASHBURN does not seem to aid the compression

techniques of BV.

5.3.3.3 Access time comparison

Table 5.5 presents the results obtained by the comparison of BV and BV+ as far as
access times are concerned. We tested the responsiveness of the two methods when
asking if a node is a successor of another one (Edge Exists), and when inquiring all the
successors of a node (Successors).

For the former query, we searched for every edge present in the graph and calculated
the mean average of those that were held in the compressed diagonal representation
and of those that were compressed using the BV method. In the first case, a simple test
-if the corresponding bit of the uncompressed diagonal representation is set- is enough.
In the second case, we iterate over the successors of a node using a Lazylntlterator,
until we find the edge or run out of them.

For the latter query, we asked for the successors of all nodes of each graph in Ta-
ble 5.5 and calculated the mean average time of the responses. The built-in successors()
method of class BVGraph was used for the part of the graph that was compressed with
the BV method. For the rest of the edges, i.e., the edges belonging in the compressed
diagonal stripe, a list was populated by adding the successors whose corresponding
bits in the original diagonal stripe are set.

We took into account the percentage of edges existing in the diagonal of each graph
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to the total edges of the graph (calculated using the data in Table 5.3), to estimate
a median access time of operations EdgeExists and Successors in our experimental
setup. This median access time combines the access times of operations EdgeExists
and Successors by considering the probability of an edge existing either in the com-
pressed diagonal stripe or in the rest of the graph, and is represented by BV+ (total)
in Table 5.5. For the Successors query, the complete list of successors can be reported
after both operations (BV+ (D) and BV+ (Non-D)) are executed. Executing these oper-
ations in parallel limits the required time of our method to at most that of the lengthier
one, i.e., BV+ (Non-D)), which is less than the time BV needs. However, by populating
the list of successors with part of the result right after the faster operation finishes
(using the Java BlockingQueue interface), we enable the user to utilize it earlier. Thus,
the overall execution time is approximated by BV+ (total). Of course, we also present
the average time these queries needed when the full graph is compressed using the BV
method.

The tests were applied to a web (cnr—-2000), a road network (roadNet-CA), and
a social network (1 journal-2008) graph. The k and b parameters of BV+ were the
ones used in Table 5.3. We see that BV+ can answer both queries in constant time as
far as the edges in the compressed diagonal are concerned. This time is much smaller
than the time needed for the BV method to answer for the rest of the edges. In addition
to this, we notice that for all graphs the BV method benefits from having to compress
less edges. Unsurprisingly, the time needed to answer the two queries is larger when
all the edges of the graph are compressed with the BV method. The BV+ method needs
to address queries for both cases (edge lies inside or outside the compressed diagonal),
but this does not impose an additional overhead to any non-single core environment, as
the tasks are clearly separated. Thus, BV+ outperforms BV as far as access times are
concerned for all the graphs tested. The better access times for edges belonging either
to the diagonal stripe or to the rest of the graph reflect to BV+ (total). In particular,
operations EdgeExists and Successors run faster with BV+ than with BV by 8.75% and
13.48% for graph cnr-2000, by 21.13% and 13.80% for graph roadNet-CA, and by
9.50% and 8.41% for graph 1journal-2008 respectively.

As is the case with the compression ratio comparison that took place in Sec-

tion 5.3.3.2, BV+ outperforms BV regarding access times too.

5.3.3.4 The effect of BV -+ parameters

The results illustrated in Table 5.3 highlight among other things the important role
parameters k and b play in obtaining a good compression ratio for a given graph. We

remind the reader that parameter k£ determines the width of the diagonal stripe of a
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graph; the width is equal to 2k + 1. For example, a 3-diagonal stripe of a particular
graph is illustrated in Figure 5.8. Parameter b denotes the number of bits that comprise
a row of the compressed diagonal stripe. In particular, b-digit binary numbers are used
to represent the 2° — 1 numbers that are met most frequently among the rows of the
diagonal stripe. Using Proposition 6, we can estimate how much better than the state-
of-the-art-method we can represent the dense part of the graph for a given k, but the
pair that produces the optimal result is highly dependent on the structure of the graph
and parameter b, since there is a trade-off between keeping the ratio of the compressed
diagonal stripe low and including as many edges as possible in it. For example, for the
graph roadNet—PA, the best pair turned out to be {k = 7,b = 6} which gives a ratio of
3.27 bits/edge, which is worse than the one given for {k = 7,b = 2} (1.95 bits/edge),

but includes almost twice as many edges.

The values of parameters k and b are fixed by performing a statical analysis per given
graph prior to its compression. For the dataset that we have experimented with, we
have found that a good selection of values for parameter k£ ranges from 2 to 20 for £, and
b should be at most equal to k. However, for the sake of presenting the best possible
results in this chapter, we even went further and tested values that were outside the
aforementioned ranges, to come up with a pair that results in the best compression

ratio for each graph.

We can see that for graphs dblp-2010 and amazon-2008 the selected value of
parameter k is outside the range [2, 20|, thus, seemingly unsettling our initial argument
about having come up with a proper range of k. However, the fact is that we had ob-
tained a very good compression ratio, very close to the one presented in Table 5.3, with
a value of k between 2 and 20 for both of these graphs. In particular, for db1p-2010
we achieved a compression ratio of 7.23 for £ = 16 and b = 6, which is only slightly
worse to the compression ratio of 7.20 for £ = 24 and b = 7. And for amazon-2008, we
achieved a compression ratio of 10.078 for £ = 20 and b = 15, which is almost identical
to the compression ratio of 10.074 for £ = 23 and b = 15.

In any case, we chose to use the values of parameters k£ and b that provided us with
the best compression ratio, since we felt that it was very important for us to present
the best results obtained in the experimental evaluation of our method. This goes to
say that we have identified a strong trend for the values of parameters k£ and b, but
not a pattern, as there are times that our statical analysis proposes values out of the
aforementioned range. The important fact to note is that by thoroughly testing several
graphs for various values of £ we observed that the compression using our algorithm,
viz., BV+, is better than the compression using algorithm BV for all of the graphs
tested.
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5.4 Discussion and Open Questions

In this chapter we propose a simple method for exploiting a particular property of so-
cial network graphs, namely, locality, in a more effective way than the state-of-the-art
method of Boldi et al. [29, 30]. Our experiments point out that our method achieves
higher compression rates on a broad dataset of social network graphs, while also offer-
ing constant retrieval time for the diagonal part of the graph.

An open direction is the issue of optimizing the representation of the diagonal stripe
by further decreasing the total compression ratio, preferably without introducing a
significant access time overhead. Moreover, our intuition suggests that a rigorous
study of graph reordering methods will lead to the identification of even more attractive
labellings for our proposal.

In [95] we went beyond the state-of-the-art method of Boldi and Vigna for the com-
pression of web graphs [29] by exploiting the clustering properties observed in graphs
that represent networks created by human activity, like the worldwide web or social
networks, in a way different than in [29]. Essentially, we modified the way [29] repre-
sents a dense subgraph of such graphs, by exploiting their properties, namely, locality
of reference and similarity. Experimental evaluation of our approach on a wide and
carefully selected dataset of graphs shows remarkable decrease of the graphs’ com-
pressed size, that reaches up to 16.6%. Moreover our approach provides up to 21.13%
faster access on the graphs’ elements. As is the case with BV [29], we can also get
even better results by applying BV+ after having reordered the graph, using certain
reordering algorithms, with the one presented in [30] being an obvious example.

In the scope of this work, we thoroughly investigated the research activity on com-
pressed data structures for graphs, and presented here the most eminent of those
approaches, which managed to introduce significant advances in the field of graph
compression.

Our work leaves various interesting aspects open. Choosing an appropriate set for
representing values of the diagonal stripe may become even more effective by using
a heuristic different than promoting the ones with high frequency and a significant
amount of edges, thus, leading to a more efficient compression of the graph.

Furthermore, it seems that compressing the diagonal stripe in a way different than
the rest graph improves the overall compression, at least when building on the method
of Boldi and Vigna as we have shown in this chapter. We need to specify the reason why
this happens, and possibly explore this question for other implementations as well.

Aside the compression issues, we observed that in the visual representations of the

adjacency matrices corresponding to the dblp-2010 and amazon-2008 graphs shown
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in Figure 5.9, there is a large number of edges forming a structure that resembles a

parabolic curve on the upper left hand side of each matrix. We would like to have an

intuitive explanation of this structure.
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Chapter 6

Conclusions and Open Directions

6.1 Conclusions

In the first part of this thesis we presented two frameworks for the study of selfish
user behavior in routing and information networks respectively. Concerning selfish
routing, we studied games on parallel links and considered symmetric players. We saw
that these games possess a unique Nash equilibrium, in which the probabilities drop
linearly with time on each link. In the optimal setting of the system the probabilities
are of the same form, but the players assign lower probability at the beginning of the
game, so the probabilities span to more strategies. The price of anarchy of this game
is 1.06.

In the second part we proposed method for compressing networks created by human
activity, that outperforms the current state-of-the-art method, and provided analysis
and experimental evaluation of the method. Our method can be combined with any
graph compression algorithm. We employed the algorithm BV and compressed the

graph after reordering its nodes using LLP algorithm.

6.2 Open Directions

This thesis consists of a few steps towards addressing the problems discussed in the
previous parts, but leaves many interesting problems open. We point out here some of
these directions.

It would be interesting to consider more general cases of the routing games we
presented, for example non-symmetric players, more general network structures, or
more than two players in the conveyor belt game.

Regarding the study of the worldwide web, it would be interesting to study the effect
of link prices on PageRank and design mechanisms that could improve the efficiency
of web search.

Our graph compression method could be improved if we employed more favorable
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labelings. However, finding the labeling that minimizes some objective function is an
NP-hard problem, so this direction is challenging. Moreover, we would be interested to
see graph compression methods that allow efficient retrieval not only for the outgoing

neighbors of a specific node, but also for the incoming ones.
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Abbreviations - Acronyms

BV Graph compression framework of Boldi and Vigna ([29])

BV Graph compression method of Liakos, Papakonstantinopoulou
and Sioutis ([9D])

LLP the Layered Label Propagation algorithm of Boldi et al. ([30])
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