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Abstract

During the last fifteen years, Computer Science deals systematically with networks, not

only from a systems’ but also from a theoretical point of view. The reason is that there

are networks with a huge number of users, which play a crucial role in our everyday

life, hence the issues that arise in these networks are usually challenging and have to

be faced accurately and efficiently. In this thesis we study networks, focusing on two

main such classes of problems, namely problems that arise due to the selfish nature

of the network users, and problems concerning the representation of such networks in

systems’ level.

The contribution of this thesis lies along three directions. As far as the selfish

behavior of the network users’ is concerned, we first study congestion games, which

is considered the most appropriate approach for the theoretical study of congestion

networks. We introduce and study the class of congestion games with time-dependent

strategies. In a more practical level, we study the largest information network in our

days, the worldwide web, analyzing its game-theoretic aspects. Both these objects are

frameworks for studying classes of problems. We then move to the important technical

issue of representing such networks so that they can fit in the computer’s main memory,

where we introduce a network compression algorithm that outperforms the state-of-the-

art method. Our compression method is appropriate for networks created by human

activity, with routing networks, social networks and the worldwide web being the most

popular examples.

In order to study the users’ selfish behavior, we use the Game Theory framework.

Game Theory studies economic games, that is situations in which two ore more selfish

entities interact. Based on this framework, we introduce congestion games in which

players decide the time at which they will participate, and consider networks consisted

of parallel links, and two models for the latency functions on the links. We focus on

games with symmetric players; we study their structural properties and compute their

Nash equilibria as well as their prices of anarchy and stability to assess the quality of

the latter. We prove that some of these games, although related to congestion games,

are not congestion games themselves. Moreover we prove that they possess a unique

Nash equilibrium, in which players are more aggressive than in the optimal setting,

entering the game with larger probabilities at early time steps. However, selfishness

does not cost the players much: the price of anarchy is only 1.06. We then study the



worldwide web, considering it as the outcome of a game among the web page authors

who establish hyperlinks, aiming at the maximization of their page’s reputation. We

focus on advertising links, whose establishment incurs some cost for the receiving

page, and constitute a common strategy in Search Engine Optimization. We prove

that the computation of the players’ best response strategy is NP-hard and compute an

approximate best response.

Regarding the compact network representation, we observed that various network

classes of interest, for example routing, information and social networks, which are

traditionally modeled as graphs, have a common property: they exhibit high concen-

tration of edges around the main diagonal of the graph’s adjacency matrix, probably

after some reordering of the nodes of the graph. Hence we isolate the dense part of the

graph and design a hybrid compression algorithm that treats the dense part differently

than the rest of the graph. We provide analysis and experimental evaluation of our

method on a real dataset, which show that it outperforms the currently best method

by achieving a better compression ratio and retrieval time of the graph’s elements.

SUBJECT AREA: Algorithmic Game Theory

KEYWORDS: Nash equilibria computation, price of anarchy, selfish routing, worldwide

web, compact graph representation



Περίληψη

Κατά τη διάρκεια των τελευταίων δεκαπέντε ετών, η Επιστήµη της Πληροφορικής ασχολεί-

ται συστηµατικά µε τα δίκτυα, όχι µόνο από την οπτική γωνία των συστηµάτων αλλά και

την αντίστοιχη ϑεωρητική. Αυτό οφείλεται στο ότι υπάρχουν δίκτυα µε τεράστιο αριθµό

χρηστών, που διαδραµατίζουν κρίσιµο ϱόλο στην καθηµερινή µας Ϲωή, και συνεπώς τα

προβλήµατα που ανακύπτουν σε τέτοια δίκτυα είναι συνήθως απαιτητικά και πρέπει να

αντιµετωπίζονται µε ακρίβεια και αποτελεσµατικότητα. Στην παρούσα διατριβή µελετάµε

δίκτυα, επικεντρωνόµενοι σε δύο κύριες τέτοιες κατηγορίες προβληµάτων, δηλαδή προβ-

λήµατα που ανακύπτουν εξαιτίας της ιδιοτελούς ϕύσης των χρηστών τους, και προβλήµατα

που αφορούν στην αναπαράσταση τέτοιων δικτύων στο επίπεδο των συστηµάτων.

Η συνεισφορά αυτής της διατριβής εκτείνεται προς τρεις κατευθύνσεις. ΄Οσον αφορά

την ιδιοτελή συµπεριφορά των χρηστών δικτύων, µελετάµε αρχικά παίγνια συµφόρησης,

προσέγγιση η οποία ϑεωρείται η πλέον αρµόζουσα για τη ϑεωρητική µελέτη δικτύων συµ-

ϕόρησης. Εισάγουµε και µελετάµε την κλάση των παιγνίων συµφόρησης µε στρατηγικές

εξαρτώµενες από το χρόνο. Σε ένα πιο πρακτικό επίπεδο, µελετάµε το µεγαλύτερο δίκτυο

πληροφόρησης των ηµερών µας, τον παγκόσµιο ιστό, αναλύοντας τις παιγνιο-ϑεωρητικές

πτυχές του. Και τα δύο αυτά αντικείµενα είναι πλαίσια για τη µελέτη κατηγοριών προβ-

ληµάτων. ΄Επειτα προχωρούµε µε το σηµαντικό τεχνικό ϑέµα της αναπαράστασης τέτοιων

δικτύων ώστε να καταστεί δυνατή η απεικόνισή τους στην κύρια µνήµη, όπου παρουσιά-

Ϲουµε έναν αλγόριθµο συµπίεσης δικτύων που ξεπερνά τις επιδόσεις της state-of-the-art

µεθόδου. Η µέθοδος συµπίεσής µας είναι κατάλληλη για δίκτυα που έχουν δηµιουργηθεί

από ανθρώπινη δραστηριότητα, µε τα δίκτυα δροµολόγησης, τα κοινωνικά δίκτυα και τον

παγκόσµιο ιστό να είναι τα πιο δηµοφιλή παραδείγµατα.

Για να µελετήσουµε την ιδιοτελή συµπεριφορά των χρηστών, χρησιµοποιούµε το πλαί-

σιο της Θεωρίας Παιγνίων. Η Θεωρία Παιγνίων µελετά οικονοµικά παίγνια, δηλαδή

καταστάσεις στις οποίες δύο ή περισσότερες ιδιοτελείς οντότητες αλληλεπιδρούν. Βα-

σιζόµενοι σε αυτό το πλαίσιο, εισάγουµε τα παίγνια συµφόρησης στα οποία οι παίκτες

αποφασίζουν τη στιγµή κατά την οποία ϑα συµµετάσχουν, και ϑεωρούµε δίκτυα αποτελού-

µενα από παράλληλα µονοπάτια, και δύο µοντέλα για τις συναρτήσεις καθυστέρησης

στα µονοπάτια αυτά. Επικεντρωνόµενοι σε παίγνια µε συµµερικούς παίκτες, µελετούµε

τις δοµικές τους ιδιότητες και υπολογίζουµε τα σηµεία ισορροπίας Nash, καθώς και

τα τιµήµατα αναρχίας και σταθερότητάς τους, ώστε να εκτιµήσουµε την ποιότητα των

σηµείων ισορροπίας. Αποδεικνύουµε πως µερικά από αυτά τα παίγνια, παρόλο που



µοιάζουν πολύ µε παίγνια συµφόρησης, στην πραγµατικότητα δεν είναι. Επιπρόσθετα

αποδεικνύουµε πως έχουν µοναδικό σηµείο ισορροπίας Nash, στο οποίο οι παίκτες είναι

πιο επιθετικοί από ό,τι στη ϐέλτιστη δυνατή διευθέτηση του συστήµατος, µπαίνοντας στο

παίγνιο µε µεγαλύτερες πιθανότητες στα πρώτα στάδια. Ωστόσο, η ιδιοτέλεια δεν κοστίζει

πολύ στους παίκτες : το τίµηµα της αναρχίας είναι µόλις 1.06. Στη συνέχεια µελετάµε

τον παγκόσµιο ιστό, ϑεωρώντας τον ως το αποτέλεσµα ενός παιγνίου µεταξύ των συγ-

γραφέων ιστοσελίδων που τοποθετούν υπερσυνδέσµους στη σελίδα τους, στοχεύοντας στη

µεγιστοποίηση της ϕήµης της. Εστιάζουµε στη µελέτη της τοποθέτησης διαφηµιστικών

συνδέσµων, που συνεπάγονται κάποιο κόστος για τη σελίδα που τους δέχεται, η οποία

αποτελεί συνήθη στρατηγική στη ϐελτιστοποίηση ιστοσελίδων ώστε να αυξάνει η ορατήτητά

τους από τις µηχανές αναζήτησης. Αποδεικνύουµε πως ο υπολογισµός της στρατηγικής

ϐέλτιστης απόκρισης των παιχτών είναι NP-hard και υπολογίζουµε µια προσεγγιστική

ϐέλτιστη απόκριση.

΄Οσον αφορά στη συµπαγή αναπαράσταση δικτύων, παρατηρούµε πως οι διάφορες

κατηγορίες δικτύων που µας ενδιαφέρουν, όπως για παράδειγµα δίκτυα δροµολόγησης,

πληροφόρησης και τα κοινωνικά δίκτυα, τα οποία παραδοσιακά αναπαριστώνται ως γρά-

ϕοι, έχουν µία κοινή ιδιότητα : επιδεικνύουν υψηλή συγκέντρωση ακµών γύρω από την

κεντρική διαγώνιο του πίνακα γειτνίασης του γράφου, πιθανώς µετά από κάποια αναδιά-

ταξη των κόµβων του γράφου. Ως εκ τούτου αποµονώνουµε το πυκνό κοµµάτι του γράφου

και σχεδιάσουµε έναν υβριδικό αλγόριθµο συµπίεσης που µεταχειρίζεται το πυκνό κοµ-

µάτι διαφορετικά από ό,τι τον υπόλοιπο γράφο. Παρέχουµε ανάλυση και πειραµατική

αξιολόγηση της µεθόδου σε ένα αληθινό σύνολο δεδοµένων, που δείχνουν πως ξεπερνά σε

επιδόσεις την τρέχουσα καλύτερη µέθοδο επιτυγχάνοντας καλύτερο λόγο συµπίεσης και

χρόνο προσπέλασης των στοιχείων του γράφου.

ΘΕΜΑΤΙΚΗ ΠΕΡΙΟΧΗ: Αλγοριθµική Θεωρία Παιγνίων

ΛΕΞΕΙΣ ΚΛΕΙ∆ΙΑ : Υπολογισµός σηµείων ισορροπίας Nash, τίµηµα της αναρχίας, ιδ-

ιοτελής δροµολόγηση, παγκόσµιος ιστός, συµπαγής αναπαράσταση γράφων
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Συνοπτική Παρουσίαση

της ∆ιδακτορικής ∆ιατριβής

Εισαγωγή

Κατά τη διάρκεια των τελευταίων δεκαπέντε ετών, η εκρηκτική ανάπτυξη του ∆ιαδικ-

τύου και η χρήση του στην καθηµερινή Ϲωή έχει οδηγήσει σε διάφορους τύπους δικτύων

που δηµιουργούνται από την ανθρώπινη δραστηριότητα, χωρίς κανένα κεντρικό σχεδι-

ασµό και έλεγχο. Το πιο γνωστό παράδειγµα είναι ο παγκόσµιος ιστός (WWW), µια

υπηρεσία χτισµένη πάνω από το διαδίκτυο, που επιτρέπει στους χρήστες της να έχουν

πρόσβαση σε πληροφορίες από υπολογιστές που µπορούν να ϐρίσκονται οπουδήποτε στον

κόσµο, χρησιµοποιώντας µια εξαιρετικά απλή διεπαφή. Φυσικά, ο παγκόσµιος ιστός

ξεκίνησε πολλά χρόνια νωρίτερα, γύρω στα µέσα της δεκαετίας του ΄80, αλλά έγινε αντικεί-

µενο µελέτης όταν άρχισε να χρησιµοποιείται από µεγάλο αριθµό χρηστών, προσελκύον-

τας έτσι έντονη δραστηριότητα σχετικά µε αναζήτηση πληροφορίας αλλά και οικονοµική

δραστηριότητα. Πιο πρόσφατα, ένα σύνολο από νέα δίκτυα, διαθέσιµα µέσω του διαδικ-

τύου, έχουν αναπτυχθεί, που ενσωµατώνουν πληροφορία από το κοινωνικό περιβάλλον

των χρηστών, και αναφέρονται ως κοινωνικά δίκτυα. Η ανάπτυξη του ∆ιαδικτύου έχει

δώσει κίνητρα και για την µελέτη της δροµολόγησης σε δίκτυα, καθώς συνήθως υπάρχουν

διάφοροι εναλλακτικοί τρόποι για την επικοινωνία µεταξύ δύο οντοτήτων ενός δικτύου.

Η δηµοτικότητα αυτών των δικτύων έχει σαφώς επηρεάσει τα κίνητρα των χρηστών

τους. Για παράδειγµα, παρόλο που η κύρια σκέψη του συγγραφέα µιας ιστοσελίδας

όταν αποφάσιζε για τους υπερσυνδέσµους που ϑα συνέδεαν τη σελίδα του µε το WWW

ήταν να δηµιουργήσει µια σελίδα µε υψηλή ποιότητα περιεχοµένου, λίγα χρόνια αργότερα,

η δηµοτικότητα της σελίδας του, η οποία µπορεί εύκολα να µετατραπεί σε οικονοµικό

όφελος, έγινε το κύριο µέληµά του. Ωστόσο, η προσέλκυση των χρηστών σε κάποιο πόρο

του δικτύου δεν είναι επιθυµητή σε όλους τους τύπους δικτύων. Για παράδειγµα, στη

δροµολόγηση σε δίκτυα είναι συνήθως προς το συµφέρον του χρήστη το να αποφύγει τα

κανάλια επικοινωνίας που παρουσιάζουν συµφόρηση. Προφανώς, δεδοµένου ότι ϑέλουµε

να µπορούµε να κατανοούµε τους µηχανισµούς δηµιουργίας τέτοιων δικτύων, η ανάλυση

δικτύων έχει γίνει ένα πολύ ενδιαφέρον αντικείµενο µελέτης.

Εκτός από τις συνέπειες της δηµοτικότητας των δικτύων που αντιλαµβανόµαστε από τη

σκοπιά του χρήστη, υπάρχουν και συνέπειες που ϐλέπουµε από την πλευρά του συστή-

17



µατος. ΄Ισως το πρωταρχικό Ϲήτηµα αυτής της κατηγορίας είναι ότι οι αναπαραστάσεις

του δικτύου δεν µπορούν να χωρέσουν στην κύρια µνήµη ενός υπολογιστή, οδηγώντας σε

δύο προβλήµατα: τον περιορισµό του µεγέθους του δικτύου που µπορούµε να διαχειρισ-

τούµε, και τη µειωµένη απόδοση κρίσιµων εφαρµογών που τρέχουν πάνω από τέτοιες

δικτυακές υποδοµές, που επιφέρει η αποθήκευση της αναπαράστασης του δικτύου στη

δευτερεύουσα µνήµη. Κανένα από αυτά δεν είναι αποδεκτό, οπότε χρειαζόµαστε συµπιεσ-

µένες αναπαραστάσεις. Ωστόσο, η µεγάλη συµπίεση µπορεί να καταστήσει την ανάκτηση

των στοιχείων του δικτύου πολύπλοκη, και άρα χρονοβόρα διαδικασία. ΄Ετσι, χρειαζόµαστε

συµπιεσµένες αναπαραστάσεις του δικτύου που όµως επιτρέπουν γρήγορη πρόσβαση στα

στοιχεία του δικτύου.

Η διατριβή αυτή διεξήχθη σύµφωνα µε τις δύο ϐασικές κατευθύνσεις που σκιαγραφήθηκαν

παραπάνω. Η πρώτη είναι η µελέτη της εγωιστικής συµπεριφοράς σε διάφορα δίκτυα που

παρουσιάζουν ιδιαίτερο ενδιαφέρον στις µέρες µας, ιδίως στα δίκτυα δροµολόγησης και

στα δίκτυα πληροφόρησης. Και στους δύο αυτούς τύπους κάθε χρήστης προσπαθεί να

µεγιστοποιήσει το δικό όφελος από το δίκτυο, ωστόσο τα διαφορετικά κίνητρα καθισ-

τούν απαραίτηση τη µελέτη κάθε τύπου δικτύου χωριστά. Για δίκτυα δροµολόγησης, τα

οποία µελετώνται ϑεωρητικά χρησιµοποιώντας τα παίγνια συµφόρησης, εισάγουµε και να

µελετάµε την κλάση των παιγνίων συµφόρησης µε τις στρατηγικές εξαρτώµενες από το

χρόνο. Σε ένα πιο πρακτικό επίπεδο, µοντελοποιούµε και µελετάµε τον παγκόσµιο δίκ-

τυο, που είναι το πιο σηµαντικό δίκτυο πληροφοριών σήµερα, από ένα παιγνιοθεωρητική

άποψη.

Η δεύτερη κατεύθυνση έχει να κάνει µε ένα σηµαντικό τεχνικό Ϲήτηµα, την αναπαράσ-

ταση δικτύων και πιο συγκεκριµένα µε τη συµπαγή αλλά και αποτελεσµατική αναπαράσ-

ταση, που µπορεί να ενισχύσει την απόδοση των κρίσιµων εφαρµογών που εκτελούνται σε

τέτοια δίκτυα. Παρατηρούµε τις κοινές ιδιότητες των δικτύων που µας ενδιαφέρουν και τις

εκµεταλλευόµαστε για να σχεδιάσουµε µια αποδοτική µέθοδο συµπίεσης.

Συνεισφορά της διατριβής

Η συνεισφορά της διατριβής αυτής συνοψίζεται στα εξής :

• εισάγουµε τη διάσταση του χρόνου σε παίγνια συµφόρησης, προτείνοντας µια κλάση

παιγνίων στα οποία οι παίκτες αποφασίζουν όχι µόνο το σύνολο των πόρων που

πρόκειται να χρησιµοποιήσουν, αλλά και τη χρονική στιγµή που ϑα µπουν στο

παιχνίδι,

• µελετάµε τις παιγνιοθεωρητικές όψεις της δηµιουργίας υπερσυνδέσµων στον παγκόσ-

µιο δίκτυο,



• προτείνουµε µια µέθοδο συµπίεσης γράφων για γράφους δικτύων που δηµιουργούν-

ται από την ανθρώπινη δραστηριότητα, η οποία υπερτερεί της τρέχουσας state-of-

the-art µεθόδου.

Στα τρία εδάφια που ακολουθούν παρουσιάζουµε τις παραπάνω περιοχές, και συνοψί-

Ϲουµε µε τα συµπεράσµατα και ενδιαφέροντα ανοιχτά προβλήµατα που εντοπίσαµε.

Επιλέγοντας το χρόνο της δροµολόγησης

Τα τελευταία δώδεκα χρόνια, οι έννοιες του τιµήµατος της αναρχίας (PoA) και της στα-

ϑερότητας (PoS) έχουν εφαρµοστεί µε επιτυχία σε πολλές κατηγορίες παιγνίων, κυρίως

στα παίγνια συµφόρησης και άλλα παρόµοια [91, 115, 103]. Στα παίγνια συµφόρησης, οι

παίκτες ανταγωνίζονται µεταξύ τους για ένα σύνολο πόρων, όπως εγκαταστάσεις ή συνδέ-

σεις, το κόστος του κάθε παίκτη εξαρτάται από το πλήθος των παικτών που χρησιµοποιούν

τους ίδιους πόρους, και γίνεται η παραδοχή είναι ότι κάθε πόρος µπορεί να µοιραστεί

µεταξύ των παικτών, αλλά µε κάποιο κόστος. Μια άλλη ενδιαφέρουσα κλάση παιγνίων

είναι τα παίγνια ανταγωνισµού (contention) [66], στα οποία οι παίκτες και πάλι ανταγωνί-

Ϲονται για τους πόρους, αλλά οι πόροι δεν είναι δυνατό να διαµοιραστούν. Αν περισσότεροι

από ένας παίκτες προσπαθήσουν να διαµοιραστούν έναν πόρο την ίδια στιγµή, ο πόρος

καθίσταται µη διαθέσιµος και οι παίκτες πρέπει να ξαναδοκιµάσουν αργότερα. Υπάρχουν,

ωστόσο, ενδιαφέροντα παιχνίδια που ϐρίσκονται µεταξύ των δύο ακραίων περιπτώσεων των

παιγνίων συµφόρησης και των παιγνίων ανταγωνισµού. Για παράδειγµα, το παιχνίδι που

παίζουν οι χρήστες για την αντιµετώπιση της συµφόρησης σε ένα δίκτυο ϕαίνεται να ϐρίσ-

κεται ανάµεσα στις δύο αυτές κλάσεις – η TCP πολιτική ελέγχου συµφόρησης είναι µια

στρατηγική αυτού του παιχνιδιού. Ο χρόνος είναι µέρος της στρατηγικής των παικτών

(όπως στα παίγνια ανταγωνισµού) και η καθυστέρηση ενός µονοπατιού εξαρτάται από το

πόσοι παίκτες χρησιµοποιούν τις ακµές του (όπως στα παίγνια συµφόρησης).

Σε αυτή τη διατριβή, προσπαθούµε να εντοπίσουµε τα ϐασικά χαρακτηριστικά αυτών

των παιχνιδιών, να τα µοντελοποιήσουµε, και να µελετήσουµε τις ιδιότητές τους, τις Nash

ισορροπίες τους, και τα τιµήµατα αναρχίας και σταθερότητάς τους. Τα παίγνια που ϑεω-

ϱούµε είναι ουσιαστικά παίγνια συµφόρησης µε την προσθήκη της διάστασης του χρόνου.

Η διαφορά µε τα κλασσικά παίγνια συµφόρησης είναι ότι οι παίκτες τώρα δεν επιλέγουν

απλά ποια διαδροµή να χρησιµοποιήσουν, αλλά αποφασίζουν και πότε ϑα ξεκινήσει η

µετάδοση.

Θεωρούµε µια ακµή e ενός παιγνίου συµφόρησης µε συνάρτηση καθυστέρησης `e.

Κάθε παίκτης που χρησιµοποιεί την ακµή e υφίσταται καθυστέρηση `e(k), όπου k είναι

το πλήθος των παικτών που χρησιµοποιούν την ακµή. ∆εδοµένου ότι οι παίκτες µπορούν

να αποφασίσουν πότε ϑα ξεκινήσουν, η καθυστέρηση πρέπει να επαναοριστεί. Ορίζουµε



και µελετάµε δύο µοντέλα καθυστέρησης για τους συνδέσµους :

Το µοντέλο boat: στο οποίο µόνο η οµάδα των παικτών που ξεκινούν ταυτόχρονα επηρεάζει

την καθυστέρηση της οµάδας : ϕανταστείτε ότι µια ϐάρκα ξεκινάει από την αρχή µιας

ακµής σε κάθε χρονικό ϐήµα, όλοι οι παίκτες που αποφασίζουν να ξεκινήσουν τη

χρονική στιγµή t µπαίνουν στη ϐάρκα που ϑα τους µεταφέρει στην προορισµό τους,

και η ταχύτητα της ϐάρκας εξαρτάται µόνο από το πλήθος των παικτών που ϐρίσκον-

ται µέσα και είναι ανεξάρτητη από τους παίκτες στις άλλες ϐάρκες. ϐάρκες.

Το µοντέλο conveyor belt: στο οποίο η καθυστέρηση ενός παίκτη εξαρτάται από το

πλήθος των παικτών που χρησιµοποιούν την ίδια ακµή συγχρόνως, ανεξάρτητα από

το εάν ξεκίνησαν νωρίτερα ή αργότερα. Πιο συγκεκριµένα, ο σύνδεσµος είναι σαν

ένας κυλιόµενος διάδροµος από την πηγή µέχρι τον προορισµό και η ταχύτητα του

διαδρόµου κάθε στιγµή εξαρτάται από το πλήθος των ανθρώπων σε αυτόν.

Στην εργασία αυτή, ϑεωρούµε απλά δίκτυα, δηλαδή ένα σύνολο από παράλληλες

συνδέσεις µε γραµµικές καθυστερήσεις, µη-προσαρµοστικές (non-adaptive) στρατηγικές,

στις οποίες οι παίκτες αποφασίζουν τη στρατηγική εκ των προτέρων, και συµµετρικές

στρατηγικές.

Μελετάµε αρχικά τις δοµικές ιδιότητες των παιγνίων boat και conveyor belt. ∆είχ-

νουµε ότι τα παίγνια boat είναι παίγνια συµφόρησης. Αντίθετα, δίνουµε παραδείγµατα

που δείχνουν ότι τα παίγνια conveyor belt δεν είναι στη γενική περίπτωση παίγνια συµ-

ϕόρησης, µε εξαίρεση την περίπτωση των δύο παικτών. Στην πραγµατικότητα, ακόµα και

απλά παιχνίδια µε 3 παίκτες ενδέχεται να µην έχουν απλές ισορροπίες Nash.

Στη συνέχεια χαρακτηρίζουµε τις συµµετρικές ισορροπίες Nash του µοντέλου boat για

παράλληλες συνδέσεις µε affine συναρτήσεις καθυστέρησης, δηλαδή, `e(k) = ae k + be,

και οποιοδήποτε πλήθος παικτών. ∆είχνουµε ότι υπάρχει µια µοναδική συµµετρική µικτή

ισορροπία Nash γι αυτά τα παιχνίδια. Στο σηµείο ισορροπίας Nash η πιθανότητα ένας

παίκτης να ξεκινά τη χρονική στιγµή t πέφτει γραµµικά µε το t. Επίσης, υπολογίζουµε τη

ϐέλτιστη συµµετρική λύση, η οποία προκύπτει ότι έχει παρόµοια µορφή µε την ισορροπία

Nash µε τη διαφορά ότι τώρα οι παίχτες είναι λιγότερο επιθετικοί, ϐάζοντας µικρότερη πι-

ϑανότητα στα πρώτα στάδια του παιχνιδιού. Από το χαρακτηρισµό της ισορροπιών Nash και

της ϐέλτιστης στρατηγικής, παίρνουµε ότι τα τιµήµατα της αναρχίας και της σταθερότητας

είναι πολύ χαµηλά, περίπου 1.06.

Μελετούµε επίσης την κλάση των παιγνίων του µοντέλου conveyor belt. Αυτά εί-

ναι πιο περίπλοκα παιχνίδια και εδώ έχουµε εξετάσει µόνο δύο παίκτες και αυθαίρετες

συναρτήσεις καθυστέρησης (για δύο παίκτες η τάξη των αφφινε και η τάξη αυθαίρετων

συναρτήσεων καθυστέρησης είναι ταυτόσηµες). Χαρακτηρίζουν τις ισορροπίες Nash, τη

ϐέλτιστη λύση, και υπολογίζουµε το PoA και PoS. Συγκεκριµένα, δείχνουµε ότι υπάρχει



µια µοναδική συµµετρική Ισορροπία Nash για το µοντέλο conveyor belt στην οποία οι

παίκτες εκχωρούν µη µηδενική πιθανότητα σε πολλαπλάσια του `e(1) και αυτές οι πι-

ϑανότητες µειώνονται γραµµικά. Επίσης, υπολογίζουµε τη ϐέλτιστη συµµετρική λύση και

υπολογίζουµε το τίµηµα της αναρχίας, που κι εδώ προκύπτει ότι είναι 1.06 αλλά υπό

διαφορετικές προϋποθέσεις από ότι στην προηγούµενη περίπτωση.

Παιγνιοθεωρητική µελέτη του Παγκόσµιου Ιστού

Στη συνέχεια µελετάµε τον παγκόσµιο ιστό, ϑεωρώντας τον ως το αποτέλεσµα ενός παιγνίου

µεταξύ των συγγραφέων ιστοσελίδων που τοποθετούν υπερσυνδέσµους στη σελίδα τους,

στοχεύοντας στη µεγιστοποίηση της ϕήµης της. Εστιάζουµε στη µελέτη της τοποθέτησης

διαφηµιστικών συνδέσµων, που συνεπάγονται κάποιο κόστος για τη σελίδα που τους δέχε-

ται, η οποία αποτελεί συνήθη στρατηγική στη ϐελτιστοποίηση ιστοσελίδων ώστε να αυξάνει

η ορατήτητά τους από τις µηχανές αναζήτησης. Αποδεικνύουµε πως ο υπολογισµός της

στρατηγικής ϐέλτιστης απόκρισης των παιχτών είναι NP-hard και υπολογίζουµε µια προσ-

εγγιστική ϐέλτιστη απόκριση.

Συµπαγής αναπαράσταση δικτύων

΄Επειτα προχωρούµε µε το σηµαντικό τεχνικό ϑέµα της αναπαράστασης τέτοιων δικτύων

ώστε να καταστεί δυνατή η απεικόνισή τους στην κύρια µνήµη. Παρατηρούµε πως οι

διάφορες κατηγορίες δικτύων που µας ενδιαφέρουν, όπως για παράδειγµα δίκτυα δρο-

µολόγησης, πληροφόρησης και τα κοινωνικά δίκτυα, τα οποία παραδοσιακά αναπαριστών-

ται ως γράφοι, έχουν µία κοινή ιδιότητα : επιδεικνύουν υψηλή συγκέντρωση ακµών γύρω

από την κεντρική διαγώνιο του πίνακα γειτνίασης του γράφου, πιθανώς µετά από κάποια

αναδιάταξη των κόµβων του γράφου. Ως εκ τούτου αποµονώνουµε το πυκνό κοµµάτι του

γράφου και σχεδιάσουµε έναν υβριδικό αλγόριθµο συµπίεσης που µεταχειρίζεται το πυκνό

κοµµάτι διαφορετικά από ό,τι τον υπόλοιπο γράφο. Παρέχουµε ανάλυση και πειραµατική

αξιολόγηση της µεθόδου σε ένα αληθινό σύνολο δεδοµένων, που δείχνουν πως ξεπερνά σε

επιδόσεις την τρέχουσα καλύτερη µέθοδο επιτυγχάνοντας καλύτερο λόγο συµπίεσης και

χρόνο προσπέλασης των στοιχείων του γράφου.
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Chapter 1

Introduction

1.1 This Thesis in a Nutshell

During the last fifteen years, the explosive growth of the internet and its use in everyday

life has given rise to various types of networks created by human activity, without any

central design or control. The most well known example is the worldwide web (WWW),

a service built over the internet that allows users to access information from computers

that can be located anywhere in the world, using an extremely simple interface. Of

course, the WWW was initiated many years earlier, around the mid-80s, but it became

an object of study when it started being used by a huge number of users and thus at-

tracted a lot of information-oriented and economic activity. More recently a number of

other networks available through internet have been developed, that also offer abstrac-

tions of the social context of the users, referred to as social networks. The development

of the internet has also motivated the study of routing networks, as there are usually

various alternative ways for the communication between two network entities.

The popularity of such networks has clearly affected the incentives of their users.

For instance, although a web page author’s main thought when deciding the hyperlinks

that would connect her page to the rest of the WWW was to build a page of high quality

content, a few years later the popularity of her page, which can be easily transformed

into economic benefit, became her main concern. However, attracting users is not

desirable in all types of networks. For example, in routing networks it is usually in a

user’s interest to avoid crowded communication channels. Apparently, since we need to

be able to understand the mechanisms behind the creation of such networks, network

analysis has become an intriguing object of study.

Apart from the user point of view consequences of the networks’ popularity, there

are also consequences from the system point of view. Perhaps the most basic such

issue is that the network representations cannot fit in a computer’s main memory,

leading to two drawbacks: a restriction on the network size that can be handled, or

poor performance of the critical applications that run over such network infrastruc-
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tures, implied by keeping the representation in secondary memory. Neither of them is

acceptable, so we need compressed representations. However, compression may well

turn the retrieval of network elements to a complicated, thus time consuming process.

So we need compressed network representations that allow fast access to the network’s

elements.

This thesis has been conducted along the two main directions sketched above. The

first one is the study of selfish behaviour in various networks of special interest in

our days, in particular routing networks and information networks. In both types the

users are trying to maximize their own payoff from the network; the different incentives,

however, make the individual study of each network type necessary. In the case of

routing networks, which we study theoretically using congestion games, we introduce

and study the class of congestion games with time-dependent strategies. On a more

practical side, we model and study the worldwide web, which is the most important

information network today, from a game-theoretic point of view.

The second direction has to do with an important technical issue, the representa-

tion of these network structures and more specifically with their compact yet efficient

representation, that can boost the performance of critical applications that run on such

networks. We study the common properties of the networks of interest and exploit

them to design an efficient compression method.

1.2 Contributions of this Thesis

The contribution of this thesis is threefold:

• we introduce the time dimension in congestion games, proposing a class of games

in which players do not only decide the set of resources they are going to use but

also they time they enter the game,

• we study the game-theoretic aspects of link placement in the worldwide web,

• we improve the state-of-the-art graph compression algorithm for network graphs

created by human activity.

1.3 Tips for Reading this Thesis

1.3.1 Prerequisites

The main prerequisite for this thesis is a facility with the basic notions and techniques

for the computation of Nash equilibria and their efficiency. A survey of these concepts
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by Nisan et al. [103], intended for computer scientists, is particularly suited for ap-

preciation of the results in this thesis. Additional details can be found in a standard

reference on game theory such as Osborne and Rubinstein [108]. We also assume

some familiarity with the basics of the theory of NP-completeness, for which Garey and

Johnson [67] and Arora and Barak [14] are standard references.

1.3.2 Outline

Chapter 2 presents the technical and conceptual background underlying our results.

The remainder of this thesis splits our contributions in two parts, according to the

context of the problems studied.

In Part II we study the effect of selfish behaviour in two types of networks. We first

consider routing (or traffic) networks, which are traditionally modeled as congestion

games and study the effect of timing the participation in such games. The computa-

tional model and the study of such networks are presented in Chapter 3. We then

consider information networks, focusing on the most well known representative of this

class, the worldwide web, and study its game-theoretic aspects. In Chapter 4, we study

the establishment of reference and advertising hyperlinks to web pages and their effect

to the ranking of web pages.

Part III presents our work on representing routing and information networks. In

Chapter 5 we deal with the issue of designing compact yet efficient representations

of such networks, proposing an algorithm that improves over the state-of-the-art. We

present the analysis of the algorithm and its experimental evaluation based on a dataset

of web graphs, road and social networks.

In Part IV (Chapter 6) we outline the conclusions of this thesis and give directions

for future research on the above topics.

1.3.3 Dependencies

Chapter 2 is a prerequisite for Part II, as it provides a background in the notation and

techniques that are going to be used throughout the text. The sections of Chapter 3

should be read in order.

1.4 Bibliographic Notes

Most results presented in this thesis appear in one of the following previously published,

or under submission, works:
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Chapter 2

Preliminaries

2.1 Notation

2.1.1 Games

A game in normal form, or normal-form game, has r ≥ 2 players, 1, ..., r, and for each

player p ≤ r a finite set Sp of pure strategies. The set S of pure strategy profiles is the

Cartesian product of the Sp’s. We denote the set of pure strategy profiles of all players

other than p by S−p.

A mixed strategy for player p is a distribution on Sp, that is, real numbers xpj ≥ 0

for each strategy j ∈ Sp such that
∑

Pj∈Sp
xpj = 1.

The set (strategy vector) s ∈ S, where S = ×pSp, selected by the players determines

the outcome for each player, which can be expressed through the player’s ulitity up in

order to quantify every player’s preference ordering on all possible outcomes.

2.1.2 Congestion Games

The class of congestion games is identical to the class of potential games introduced

by Rosenthal in 1973. Rosenthal proved that any congestion game is a potential game

and Monderer and Shapley (1996) proved the converse: for any potential game, there

is a congestion game with the same potential function.

The class of congestion games consists of atomic and non atomic games, depending

of whether the number of users is finite or not. In this work we consider atomic

(discrete) congestion games.

Definition 1 (Congestion game). A congestion model (N,M, (Ai)i∈N , (cj)j∈M) is defined

as follows:

• N = {1, . . . , n} denotes the set of players

• M = {1, . . . ,m} denotes the set of facilities
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• For i ∈ N , Ai denotes the set of strategies of player i, where each ai ∈ Ai is a non

empty subset of the facilities

• For j ∈ M, cj ∈ Rn
denotes the vector of costs, where cj(k) is the cost related to

each user of facility j, if there are exactly k players using that facility.

The congestion game associated with a congestion model is a game in strategic form

with the set of N players, with sets of strategies (Ai)i∈N and with cost function defined

as follows: Let A = ×i∈NAi be the set of all possible deterministic profiles (players’

strategy vectors). For any ~a ∈ A and for any j ∈ M , let nj(~a) be the number of players

using facility j, assuming ~a to be the current profile.

The overall cost function for player i is defined as: ui(~a) =
∑

j∈ai cj(nj(~a)).

Remark. All players are equal in a sense that they have the same ‘weight’ (it doesn’t

matter which players are using a facility, only how many players are using it).

A discrete congestion game consists of the following components:

• A base set of congestible elements E;

• n players;

• A finite set of strategies Si for each player, where each strategy P ∈ Si is a subset

of E;

• For each element e and a vector of strategies (P1, P2, . . . , Pn), a load xe = #{i :

e ∈ Pi};

• For each element e, a delay function de : N −→ R;

• Given a strategy Pi, player i experiences delay
∑

e∈Pi
de(xe). Assume that each de

are positive and monotone increasing.

We study time-dependent strategies for atomic congestion games and the effect of

malicious behavior in atomic congestion games.

2.1.3 Web Graph

The worldwide web is usually represented by a graph, whose nodes and edges corre-

spond to web pages and hyperlinks respectively. The www has specific properties that

are outlined in Chapter 4, and we need www models, that is, algorithms that generate

www-like graphs, in order to be able to predict the evolution of the www and improve

the algorithms that run over it.
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2.2 Nash Equilibria Basics

A strategy vector s ∈ S is said to be a pure Nash equilibrium if for all players p and each

alternate strategy s′p ∈ Sp we have:

up(sp, s−p) ≥ up(s
′
p, s−p),

in other words, given the other players’ strategies, player p has no incentive to change

from sp to s′p, as its utility will not increase.

Analogously, the mixed Nash equilibrium is defined for mixed strategies, i.e. given

all others’ mixed strategies, a player p has no incentive to alter xpj ,∀j ∈ Sp.

2.3 Efficiency of Nash Equilibria

A system has multiple Nash equilibria in general. These equilibria may differ in the

total cost induced for the players. We are usually interested in the worst case scenario

of the system under consideration, thus the Nash equilibrium with the highest cost is

of specific importance. In order to quantify the effect of selfishness on a system we use

the Price of Anarchy (or coordination ratio) which is the ratio of the worst case Nash

equilibrium over the minimum possible cost of the system (achieved by a configuration

designed centrally, ignoring the incentives of the players).
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Chapter 3

Timing the Participation in Routing

3.1 Introduction

In the last dozen years, the concepts of the price of anarchy (PoA) and stability (PoS)

have been successfully applied to many classes of games, most notably to congestion

games and its relatives [91, 115, 103]. In congestion games, the players compete for

a set of resources, such as facilities or links; the cost of each player depends on the

number of players using the same resources; the assumption is that each resource

can be shared among the players, but with a cost. Another interesting class of games

are the contention games [66] in which the players again compete for resources, but

the resources cannot be shared. If more than one players attempt to share a resource

at the same time, the resource becomes unavailable and the players have to try again

later. There are however interesting games that lie between the two extreme cases of the

congestion and contention games. For example, the game that users play for dealing

with congestion on a network seems to lie in between—the TCP congestion control policy

is a strategy of this game. Timing is part of the strategy of the players (as in contention

games) and the latency of a path depends on how many players use its edges (as in

congestion games).

In this work, we attempt to abstract away the essential features of these games,

to model them, and to study their properties, their Nash equilibria, and their price of

anarchy and stability. The games that we consider are essentially congestion games

with the addition of time dimension. The difference with congestion games is that

players now don’t simply select which path to use, but they also decide when to initiate

the transmission.

Consider a link or facility e of a congestion game with latency function `e. In the

congestion game the latency that a player experiences on the link is `e(k), where k is

the number of players that use the link. In our model however, in which the players

can also decide when to start, the latency needs to be redefined. We define and study

two latency models for the links:
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The boat model: in which only the group of players that start together affect the la-

tency of the group: imagine that one boat departs from the source of the link at

every time step; all players that decide to start at time t enter the boat which takes

them to their destination; the speed of the boat depends only on the number of

players in the boat and it is independent of the players on the other boats.

The conveyor belt model: in which the latency of a player depends on the number

of other players using the link at the same time regardless if they started earlier

or later. Specifically, the link is like a conveyor belt from the source to the

destination; the speed of the belt at every time depends on the number of people

on it. An interesting variant of this model is when the player is affected only by

the players that have been already in the link but not by the players that follow;

we don’t study this model in this work.

Notice that in the boat model, the order in which the players finish a link may differ

from the order in which they start. This, for example, can happen when a player starts

later but with a smaller group of people. This cannot happen in the conveyor belt

model.

In this work, we consider

• non-adaptive strategies, in which the players decide on their strategy in advance.

Their pure strategies consist of a path and a starting time.

• symmetric strategies

Intuitively, in the boat model, the aim of the players is to select a path with small

latency and to avoid other players that start at the same time. In the conveyor belt

model the aim is similar but the players try to avoid other players that start near the

same time.

3.1.1 Summary of Results and Techniques

We first study structural properties of the boat and conveyor belt games. We establish

that the boat games are congestion games; in contrast, we give examples that show

that conveyor belt models are not in general congestion games with the exception of the

case of two players. In fact, even simple games with 3 players may not even possess

pure Nash equilibria.

In the next section, we characterize the symmetric Nash equilibria of the boat model

game for parallel links of affine latency functions, i.e., `e(k) = ae k+be, and any number

of players. We show that there is a unique symmetric mixed Nash equilibrium for these
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games. At the Nash equilibrium the probability that a player starts at time t drops

linearly on t.

We also compute the optimal symmetric solution. Interestingly, in both the boat and

conveyor belt model, the optimal symmetric strategy has exactly the same form with

the Nash equilibria but it is less aggressive. That is, in the optimal symmetric strategy

the probabilities drop also linearly in time but they are spread out to more strategies.

The optimal strategy is a Nash equilibrium of a game with higher latency functions (by

almost a factor of 2). A similar bicriteria relation between the Nash equilibria and the

optimal solution has been observed in simple congestion games before [115].

From the characterization of the Nash equilibria and the optimal strategy, we get

that the price of anarchy and stability is very low 3
√

2/4 ≈ 1.06. This is the price of

anarchy (and stability) when we fix the latencies and let the number of players tend to

infinity; when the latency function is tailored to the number of players n, the price of

anarchy can be as high as 8n/(7n+ 1).

We also study the class of conveyor belt games. These are more complicated games

and here we consider only two players and arbitrary latency functions (for two players

the class of affine and the class of arbitrary latency functions are identical). We again

characterize the Nash equilibria, the optimal solution, and we compute the PoA and the

PoS. Specifically, we show that there exists a unique symmetric Nash equilibrium for

the conveyor belt model in which the players assign non-zero probabilities to multiples

of `e(1) and these probabilities drop linearly. The explanation of the nature of these

equilibria is this: a player attempts with some probability to start at some time t = 0;

the probability has to balance the risk of the other player starting also at time t = 0

and the delay incurred by waiting. The interesting property of the Nash equilibrium is

that the player waits enough time steps in order to avoid interference with the other

player, had he started at time t = 0. After exactly `e(1) steps, with some probability,

the player attempts again and the process is repeated.

The price of anarchy and stability is (for large latencies) again approximately 3
√

2/4 ≈
1.06. This is the price of anarchy we computed for the boat model, but the relation is

not as straightforward as it may appear: in the boat model we take the limit as the

number of players tends to infinity, while in the conveyor model, we take the limit as

the latencies tend to infinity. In fact, the latter is the same limit as keeping the latencies

steady and letting the time step to tend to 0 (thus approximating a continuous-time

protocol).

To our knowledge, these games differ significantly from the classes of congestion

games that have been studied before. Also, the techniques developed for bounding

the PoA and the PoS for congestion games do not seem to be applicable in our setting.
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In particular, the smoothness analysis arguments [46, 114, 47] do not seem to apply

because we consider symmetric equilibria. In fact, the focus and difficulty of our

analysis is to characterize the Nash equilibria and not to bound the PoA (or PoS).

The decision to study only symmetric strategies is based on the assumption that

these games are played by many players with no coordination among them. We consider

this work as a step towards the study of real-life situations such as the TCP congestion

control mechanism in which the players are essentially indistinguishable and therefore

symmetric.

In all the games that we study, there exists a unique symmetric equilibrium. For

this type of equilibria, the definition of the price of anarchy is uncomplicated: We simply

take the ratio of the cost of one player over the cost of one player of the symmetric optimal

solution. Since there is a unique Nash equilibrium, the price of stability is equal to the

price of anarchy.

3.1.2 Related Work

Contention resolution in communication networks is a problem that has attracted the

interest of diverse communities of Computer Science. Its significance comes from the

fact that contention is inherent in many critical network applications. One of them is

the design of multiple access protocols for communication networks, such as Slotted

Aloha: According to it, a source transmits a packet through the network, as soon as

this packet is available. If a collision takes place, that is, another source attempted to

transmit simultaneously, the source waits for some random number of time slots and

attempts to retransmit at the beginning of the next slot. The increase of users of the

network incurs a large number of collisions and subsequently poor utilization of the

system’s resources.

During the last four decades many more refined multiple access protocols have

been proposed to increase the efficiency of Aloha, the vast majority of which assume

that the agents follow the protocol, even if they might prefer not doing so. Recently,

slotted Aloha has been studied from a game-theoretic point of view, trying to capture

the selfish nature of its users. Part of this work has been done by Altman et al.

[7, 8]. The authors model slotted Aloha as a game among the transmitters who aim at

transmitting their stochastic flow, using the retransmission probability that maximizes

their throughput [7] or minimizes their delay [8]. They show that the system possesses

symmetric equilibria and that its throughput deteriorates with larger number of players

or arrival rate of new packets. Things get better considering a cost for each transmission

though. Another slotted Aloha game is studied by MacKenzie and Wicker [96]. Here the

agents aim at minimizing the time spent for unsuccessful transmissions before each
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successful one, while each transmission incurs some cost to the player. Their game

possesses a symmetric equilibrium, and some of its instantiations possess equilibria

that achieve the maximum possible throughput of Aloha.

Much of the prior game-theoretic work considers transmission protocols that always

transmit with the same fixed probability. In [66] and [49] the authors consider more

complex protocols (multi-round games), where a player’s transmission probability is

allowed to be an arbitrary function of his play history and the sequence of feedback

he has received, and propose asymptotically optimal protocols. In [66], the authors

propose a protocol which is a Nash equilibrium and has constant price of stability, i.e.,

all agents will successfully transmit within time proportional to their number. This

protocol assumes that the cost of any single transmission is zero. In [49] the case of

non-zero transmission cost is addressed, and a protocol is proposed where after each

time slot, the number of attempted transmissions is returned as feedback to the users.

There is a lot of work on game theoretic issues of packet switching. For example, [82]

considers the game in which users select their transmission rate, [4] considers TCP-like

games in which the strategies of the players are the parameters of the AIMD (additive

increase / multiplicative decrease) algorithm, and [68] considers game-theoretic issues

of congestion control. All these works are concerned with the steady or long term

version of the problems and they don’t consider time-dependent strategies in the spirit

of this work.

Routing in networks by selfish agents is another area that has been extensively

studied based on the notion of the price of anarchy (PoA) [91] and the price of stability

(PoS) [10]. The PoA and the PoS compare the social cost of the worst-case and best-case

equilibrium to the social optimum. Selfish routing is naturally modeled as a congestion

game. The class of congestion or potential games [113, 101] consists of the games where

the cost of each player depends on the resources he uses and the number of players

using each resource. The effect of selfishness in infinite congestion games was first

studied in [115] and of finite congestion games in [46, 20].

The above results concern classical networks or static flows on networks. Perhaps

the closest in spirit to our work are the recent attempts to study game-theoretic issues

of dynamic flows, or more precisely, of flows over time. In [87], the authors consider

selfish selection of routing paths when users have to wait in a FIFO queue before using

every edge of their paths; the waiting time is not part of their strategy, but depends

on the traffic in front of them. The same model is assumed by [97] who considers

the Braess’ paradox for flows over time. More results appeared in [28] which gives

an efficiently computable Stackelberg strategy for which the competitive equilibrium

is not much worse than the optimal, for two natural measures of optimality: total
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delay of the players and time taken to route a fixed amount of flow to the sink. In a

slightly different model, [12] considers game-theoretic issues of discrete-time models

in which the latency of each edge depends on its history. All these papers consider

non-atomic congestion games. In a different direction which involves atomic games,

[71] considers temporal congestion games that are based on coordination mechanisms

[48] and congestion games with time-dependent costs.

All these models share with this work the interest in game-theoretic issues of timing

in routing, but they differ in an essential ingredient: in our games, timing is the most

important part of the players strategy, while in the previous work, time delays exist

because of the interaction of the players; in particular, in all these models the strategy

of the players is to select only a path, while in our games the strategy is essentially

the timing. We view our model as a step towards understanding games related to TCP

congestion control; this does not seem to be in the research agenda of game-theoretic

issues of flows over time.

Figure 3.1 illustrates the aforementioned areas and the relations among them.
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3.1.3 Organization

In the following sections we present our results regarding the boat and conveyor belt

models. In section 3.2 we show the structural properties of the two models. Then, in

section 3.3 we focus on the boat model and compute its Nash equilibria (in 3.3.1) and

price of anarchy (in 3.3.3). A similar presentation follows for the conveyor belt model

in section 3.4. We compute its Nash equilibria and price of anarchy in 3.4.1 and 3.4.3

respectively.

3.2 Structural Properties of the Boat and Conveyor Belt

Models

Formally, the games that we study here are the following: LetG be a network congestion

game with n players and latency functions `e(k) on its link e. We define two new games

based on G, the boat model game and the conveyor belt game. The pure strategies

of both new games of every player consist of one strategy (path) of the original game

and one non-negative time step t ∈ Z+
0 . Their difference lies in the cost of the pure

strategies.

In the boat model, the cost of a player is simply t +
∑

e∈P `e(nt(e)), where nt(e)

denotes the set of players that also start at time t and use edge e. In the conveyor

belt model the cost is more complicated. It depends on the notion of work: in a time

interval [t, t+ ∆t] in which player i uses link e, it completes work ∆t/`e(k), where k is

the number of players using the same link during this time interval. A player finishes

a link when it completes total work of 1 for this link; the player then moves to the next

link of its path.

The boat model The boat model is much simpler than the conveyor belt model. In

fact, it is easy to see that the games in the boat model are congestion games: Consider

a congestion game G with latency functions `e(k) on its edge (or more generally facility)

e. To get the associated game for the boat model we create copies G0, G1, . . . . In

the boat model, each player can now play on G0 immediately, on G1 after 1 time-step

and, in general, on Gt after t time-steps. Equivalently, the associated edge e of Gt has

latency function t+ `e(k).

The conveyor belt model The definition of the games of the conveyor belt model,

albeit intuitively clear, does not allow for a simple expression of the cost as in the case

of the boat model.
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An example would be more illuminating: consider a link e and two players that

start using e at times t1 and t2 with t1 ≤ t2. Let f1 and f2 denote their finish times.

Assuming that the players overlap, or equivalently t2 ≤ t1 + `e(1), their finish times are

given by the linear system:

t2 − t1
`e(1)

+
f1 − t2
`e(2)

= 1

f1 − t2
`e(2)

+
f2 − f1
`e(1)

= 1

If the players do not overlap on e, their finish times are simply fi = ti+`e(1). By solving

the above system we can express the finish times as

fi = ti + `e(1) + max

(
0, (`e(2)− `e(1))

(
1− |t2 − t1|

`e(1)

))
(3.1)

We can use the above approach to find the finish times for three or more players, but

trying to express them as in (3.1) does not seem to be useful.

In fact for 2 players, it is easy to compute the finish times for every network. The

basic reason for this is that in every edge the difference of their finish times is equal

to the difference of their start times: If t1 and t2 are the start times on the edge, then

the finish times, as given by (3.1), satisfy f2 − f1 = t2 − t1 (independently of whether

they overlap or not). Specifically, let (Pi, ti) be a strategy of player i (i.e., he selects to

use path Pi and to start at time ti). Let us consider the latency of player i at some

edge e ∈ Pi. If te,i denotes the time player i starts using edge e, the latency of edge e

is `e(1) + max
{

0, (`e(2)− `e(1)) ·
(

1− |te,2−te,1|
`e(1)

)}
. To compute it, we need to know the

difference in start times te,2 − te,1. But since the difference is preserved in edges used

by both players, the difference is determined by the latency functions of the parts of

the paths Pi before edge e:

te,2 − te,1 = t2 − t1 +
∑
e′∈P2

e′ appears before e in P2

`e′(1)−
∑
e′∈P1

e′ appears before e in P1

`e′(1). (3.2)

We now turn our attention to structural properties of the conveyor belt games.

Unlike the boat games, they are not in general congestion (or potential) games. To

show this, it suffices to show that they have no pure equilibrium. This is sufficient,

because all congestion games have at least one pure Nash equilibrium [113].

Lemma 1. There are conveyor belt games for a single link and 3 players that have no

pure equilibria.

Proof. Consider the game with latency function `e(k) = 5k − 1. We will show that it
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has no pure equilibrium by contradiction. Suppose that there is a pure (symmetric or

not) Nash equilibrium in which the players start at times t1 ≤ t2 ≤ t3. Clearly if this

is a Nash equilibrium, we must have t1 = 0. Let f1, f2, f3 be the finish times of the 3

players.

Case 1: Players 1 and 3 do not overlap (f1 ≤ t3). The finish time f1 of the first player

satisfies

t2
`e(1)

+
f1 − t2
`e(2)

= 1,

or equivalently, f1 = 9 − 5t2/4. We now consider player 2. By time t3, player 2 would

have completed work

f1 − t2
`e(2)

+
t3 − f1
`e(1)

=
1

16
t2 +

1

4
t3 −

5

4
.

This is increasing in t2, and therefore player 2 would select t2 as large as possible:

t2 = `e(1) = 4. Now the best strategy for player 3 is to select t3 = 0 and finish at

f3 = 106/9 < 12, a contradiction since we assumed that t3 ≥ t2.

Case 2: Players 1 and 3 overlap (t3 ≤ f1). Then, given the starting times t1 = 0, t2, t3,

the finish times are computed by the following system:

t2 − t1
`e(1)

+
t3 − t2
`e(2)

+
f1 − t3
`e(3)

= 1

t3 − t2
`e(2)

+
f1 − t3
`e(3)

+
f2 − f1
`e(2)

= 1

f1 − t3
`e(3)

+
f2 − f1
`e(2)

+
f3 − f2
`e(1)

= 1

Solving it, we get that f3 = 14− 5
36
t2 − 1

9
t3. We observe that the best strategy for player

3 is to set t3 as large as possible, that is, to value t3 = f1. But then this becomes

equivalent to Case 1.

The example in the proof of the lemma has nonnegative affine latency function, but

one of the coefficients is negative. If both coefficients are nonnegative, i.e., `e(k) =

aek + be with ae, be ≥ 0, then the game has a pure Nash equilibrium: It is not hard to

see that when all players start at ti = 0, they have no reason to switch. Since these

games have a pure equilibrium, are they congestion games? The answer is negative:

For example, the game of 3 players on a single link with `e(k) = k is not a congestion

game or equivalently, it does not admit an exact potential [101]. To verify this, consider

the cost (latency) of the players when the start times are T∅ = (0, 0, 0), T1 = (1, 0, 0),

T2 = (0, 2, 0), and T12 = (1, 2, 0). It is straightforward to compute the finish times

F∅ = (3, 3, 3), F1 = (3, 5/2, 5/2), F2(2, 3, 2), and F12 = (2, 3, 1). If there exists an exact

potential Φ, it must satisfy Φ(T ) − Φ(T ′) = Fi − F ′i , for every vectors of starting times
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T and T ′ which differ only on player i and for which F and F ′ are the corresponding

vectors of finish times. In particular, this would imply

F12,2 − F1,2 + F1,1 − F∅,1 = F12,1 − F2,1 + F2,2 − F∅,2.

Since this does not hold, it follows that even the simplest conveyor belt game is not a

congestion game for 3 or more players. The case of 2 players is an exception as the

following lemma establishes.

Lemma 2. The conveyor belt model games for 2 players are congestion games.

Proof. To show that the game of two players is a congestion game, it suffices to exhibit

a potential, since the classes of exact potential games and of congestion games are

identical [113, 101]. Let (Pi, ti) be a strategy of player i. The latency of player i

on some edge e ∈ Pi depends on the time that the players starts using this edge.

Specifically, if te,i is the time player i starts using edge e, the latency on edge e is

`e(1) + max
{

0, (`e(2)− `e(1)) ·
(

1− |te,2−te,1|
`e(1)

)}
. The crucial fact is that this latency is

the same for both players (because the expression is symmetric with respect to te,1 and

te,2). The total latency c1((P1, t1), (P2, t2)) of player 1 is given by

c1(P1, t1, P2, t2) = t1 +
∑
e∈P1

`e(1) +
∑

e∈P1∩P2

max

{
0, (`e(2)− `e(1)) ·

(
1− |te,2 − te,1|

`e(1)

)}

and a similar expression holds for player 2. We can therefore define the potential

Φ(P1, t1, P2, t2) =

t1 + t2 +
∑
e∈P1

`e(1) +
∑
e∈P2

`e(1) +
∑

e∈P1∩P2

max

{
0, (`e(2)− `e(1)) ·

(
1− |te,2 − te,1|

`e(1)

)}
,

where te,2−te,1 is defined by (3.2). The function Φ is a potential because Φ(P1, t1, P2, t2)−
Φ(P ′1, t

′
1, P2, t2) = c1(P1, t1, P2, t2)−c1(P ′1, t′1, P2, t2) and a similar equality holds for player

2.

In particular, for a single link e and 2 players, we can construct a congestion game

directly: We create facilities e0, e1, . . . with latency functions

`′et(1) = 1 +

⌊
t

`e(1)

⌋
`′et(2) = `et(1) +

`e(2)− `e(1)

`e(1)

Each player now has to play `e(1) consecutive edges: that is, when the player chooses
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to play at time t, the player must participate in all edges et,et+1,. . . ,et+`e(1)−1. It is not

hard to see that this is indeed the associated conveyor belt game.

The following theorem summarizes the above results for the nature of the time-

dependent games.

Theorem 1. All boat games are congestion games. In contrast, only the 2-player conveyor

belt games are congestion games. Furthermore, the conveyor belt games of 3 or more

players do not have pure equilibria in general.

The conveyor belt model highlights the importance of the sequential use of the

facilities in network congestion games. In the typical view of such games, the order of

using the facilities is not important. This is best illuminated by the fact that the set of

network congestion games is a subset of congestion games whose standard definition

does not include any ordering of the facilities (i.e., a path is simply viewed as a collection

of edges). If for example, a congestion game is defined on a path, any reordering of the

edges of the path corresponds to the same game.

However, in the conveyor belt model, the ordering is important. This is also the

reason for defining time-dependent games only for network congestion games. As an

example, consider the game on a path of 2 edges with latency functions `e1(k) = k

and `e2(k) = k + 1. If three players start at times t1 = 0, t2 = t3 = 1 then they will

complete the path at times f1 = 3, f2 = f3 = 6. But when we inverse the order of the

edges, they will complete the path at different times: f1 = 4, f2 = f3 = 13/2. Even

in 2-player games the order is important when there are multiple (not-independent)

paths. For example, consider a network with 3 edges e1 = (u1, u2), e2 = (u1, u2), and

e3 = (u2, u3) (2 parallel edges followed by a single edge) and latency functions `e1(k) = k,

`e2(k) = k + 1, `e3(k) = k + 1. If the two players start at u1 and they follow different

paths, they will reach u3 at times 7/2 and 9/2. If we reverse the network however and

the players start at u3, the latencies will be 4 and 5.

3.3 Nash equilibria of the Boat Model

In this section, we first consider symmetric Nash equilibria of n players for the boat

model of parallel links. We also compute the optimal non-selfish solution and estimate

the PoA.

3.3.1 Nash equilibria computation

A pure strategy for a player is to select a link e and a time t. A mixed strategy is given by

probabilities pe,t with
∑

e,t pe,t = 1: the player uses link e at time step t with probability
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pe,t. A set of probabilities pe,t is a Nash equilibrium when a player has no incentive

to change it to some other values q. To find the Nash equilibria, we first estimate the

latency de,t when the player selects pure strategy (e, t):

de,t = t+
n−1∑
k=0

(
n− 1

k

)
pke,t (1− pe,t)n−1−k `e(k + 1). (3.3)

Let d = mine,t de,t denote the minimum value. Then the probabilities define a symmetric

mixed Nash equilibrium if and only if pe,t > 0 implies d = de,t.

To find the Nash equilibria, the first crucial step is to show that the probabilities in

every link must be non-increasing in t. This is shown by the following lemma which

holds for arbitrary latency functions, not only for affine ones:

Lemma 3. If for every edge e the latencies `e(k) are non-decreasing in k, then every

symmetric Nash equilibrium is a non-increasing sequence of probabilities: pe,t ≥ pe,t+1.

Proof. First observe that when the latencies are non-decreasing (i.e., when `e(k + 1) ≥
`e(k) for every k), the expression de,t − t is non-decreasing in pe,t. To verify this, take

the derivative of de,t − t in (3.3) with respect to pe,t

∂(de,t − t)
∂pe,t

=
n−1∑
k=1

(
n− 1

k

)
k pk−1e,t (1− pe,t)n−1−k `(k + 1)−

n−2∑
k=0

(
n− 1

k

)
(n− 1− k) pke,t (1− pe,t)n−2−k `(k + 1)

=
n−1∑
k=1

((
n− 1

k

)
k `(k + 1)−

(
n− 1

k − 1

)
(n− k) `(k)

)
pk−1e,t (1− pe,t)n−1−k.

This is nonnegative because

(
n−1
k

)
k =

(
n−1
k−1

)
(n− k).

To see now that the sequence pe,t is non-increasing, observe that if we had pe,t+1 >

pe,t then we would have de,t+1 − (t + 1) ≥ de,t − t. But the last inequality shows that

dt+1 is not the minimum value, which would imply that pt+1 = 0, a contradiction.

We define the support of the Nash equilibrium to be the set of strategies that have

minimum latency: Se = {t : de,t = d}. Alternatively, we could have defined the

support to be the set of strategies with on-zero probability at the Nash equilibrium;

the two notions are similar but not identical in some cases. Notice the convention

de,he+1 > d = de,he, in the definition of the support. The last lemma shows that the

support Se of every link e is of the from {0, . . . , he} for some integer he.

We now focus on affine latencies functions, `e(k) = aek + be, for which the cost de,t
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in (3.3) takes a simple closed form:

de,t = t+ ae + be + (n− 1) ae pe,t, (3.4)

which shows that the probabilities of the Nash equilibria are of the form:

pe,t =

d−ae−be−t
(n−1)ae for t ≤ he

0 otherwise

(3.5)

Observe that at every Nash equilibrium pe,t, the non-zero probabilities decrease linearly

with t. These probabilities are determined by the cost of each player d and the integers

he (one for each link). In fact, the parameters he are very tightly related with the cost d

of each player:

Theorem 2. There is a unique symmetric Nash equilibrium with support Se = {t : 0 ≤
t ≤ he = bd− ae − bec}, where d is the expected cost of every player; its probabilities are

given by

pe,t =

d−ae−be−t
(n−1)ae for t ≤ d− ae − be

0 otherwise

The expected cost LNE = d of every player is the unique solution of the equation

∑
e

(bd− ae − bec+ 1) (2(d− ae − be)− bd− ae − bec)
2(n− 1)ae

= 1. (3.6)

Its value is approximately

d ≈

∑
e

ae+be
2(n−1)ae +

√(∑
e

ae+be
2(n−1)ae

)2
+
(∑

e
1

2(n−1)ae

)(
1−∑e

(ae+be)2

2(n−1)ae

)
∑

e
1

2(n−1)ae

, (3.7)

and as n tends to infinity this tends to

√
2n∑
e a
−1
e

.

Proof. We can determine he from the constraints pe,he ≥ 0 and de,he+1 > 0; the latter

is based on the way we defined the support. Indeed, from Equation (3.5) we get that

d − ae − be ≥ he. And from Equation (3.4) for dhe+1, when we take into account that

pe,t+1 = 0, we get (he + 1) + ae + be > d, or equivalently he + 1 > d− ae − be. It follows

that he = bd− ae − bec.
To simplify the notation, let’s define ηe = d−ae− be; therefore he = bηec. We observe

that the cost d determines completely the parameters ηe and the probabilities at the

Nash equilibrium. To show that there is a unique Nash equilibrium, we need to show
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that all the Nash equilibria have the same cost d. To compute d we use the fact that

the sum of probabilities is 1. We have

∑
e,t

pe,t =
∑
e

he∑
t=0

d− ae − be − t
(n− 1)ae

=
∑
e

bηec∑
t=0

ηe − t
(n− 1)ae

=
∑
e

(bηec+ 1)(2ηe − bηec)
2(n− 1)ae

(3.8)

It is straightforward to check that the function (bxc+ 1)(2x−bxc) is strictly increasing

in x for nonnegative x. Therefore, each term
(bηec+1)(2ηe−bηec)

2(n−1)ae in the last sum is strictly

increasing in ηe and consequently in d. The sum of all these terms is also strictly

increasing in d because it is the sum of strictly increasing functions (one for each edge

e). It follows that the equation
∑

e,t pe,t = 1 has a unique solution. This unique value d

completely determines the parameters he and the probabilities of the Nash equilibrium

in Equation (3.5).

The above define the Nash equilibrium in terms of the cost d. It remains to determine

d. Its value is given by (3.6), which expresses the fact that the sum of probabilities in

(3.8) is 1. To solve this equation for d, we observe that

x2 ≤ (bxc+ 1)(2x− bxc) ≤ (x+ 1/2)2.

This means that the solution of the equation

∑
e

(x− ae − be)2
2(n− 1)ae

= 1,

is very close to d (and in particular x− 1/2 ≤ d ≤ x).

It is straightforward to verify that the solution to the above equation is given by (3.7).

As the number n of players tends to∞, the expression is approximately 1/
√∑

e
1

2(n−1)ae ,

which shows that the cost of every player tends to

√
2n∑
e a
−1
e

.

3.3.2 The optimal setting

Let us now consider the optimal symmetric protocol. With similar reasoning, the ex-

pected latency of a player is

LOPT =
∑
e

∞∑
t=0

pe,t

(
t+

n−1∑
k=0

(
n− 1

k

)
pke,t (1− pe,t)n−1−k `e(k + 1)

)
=
∑
e

∞∑
t=0

pe,t de,t

We seek the probabilities pe,t with
∑

e,t pe,t = 1 which minimize the above expression.

We again focus on affine latencies. With `e(k) = ak + b, the above expression has the
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following compact form

LOPT =
∑
e

∞∑
t=0

pe,t (t+ ae + be + (n− 1) ae pe,t).

We minimize this subject to
∑

e,t pe,t = 1. Using a Lagrange multiplier and taking

derivatives, we get that the minimum occurs when the probabilities have the form

pe,t = (λ−ae−be−t)/(2(n−1)ae), for some constant λ, and pe,t = 0 when λ−ae−be−t ≤ 0.

This means that they decrease linearly with t until ce = λ− ae − be, when they become

0 and they remain 0 from that point on. Thus, the form of the optimal probabilities

resembles the form of the Nash equilibrium probabilities; the only difference is that

the optimal probabilities drop slower to 0 (the factors are 2(n − 1)ae and (n − 1)ae

respectively). Taking into account the constant term also we get,

Lemma 4. The set of probabilities of the optimal solution for latencies `e(k) = aek+ be is

a Nash equilibrium for latencies `e(k) = 2aek + (be − ae).

Therefore the probabilities of the optimal solution are:

pe,t =

λ−ae−be−t
2(n−1)ae t ≤ h∗e

0 otherwise

(3.9)

where h∗e = bλ − ae − bec, and the value of λ is the unique solution of the equation∑
e,t pe,t = 1. Thus, λ is determined by an equation similar to (3.6) (they essentially

differ only in the denominator):

∑
e

(bλ− ae − bec+ 1) (2(λ− ae − be)− bλ− ae − bec)
4(n− 1)ae

= 1. (3.10)

From the probabilities we can compute LOPT . Observe that the optimal case differs

from the Nash equilibrium case of the previous subsection in that the parameters λ

and LOPT are distinct (while in the Nash equilibrium case they are identical—equal to

d).

As in the case of the Nash equilibrium, it is useful to define η∗e = λ − ae − be. We
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can then compute the optimal latency:

LOPT =
∑
e

∞∑
t=0

pe,t (t+ ae + be + (n− 1) ae pe,t)

=
∑
e

h∗e∑
t=0

η∗e − t
2(n− 1)ae

(
t+ ae + be + (n− 1)ae

η∗e − t
2ae(n− 1)

)
=
∑
e

(h∗e + 1) (6η∗e(η
∗
e + 2ae)− h∗e(2h∗e + 6a+ 1))

24(n− 1)ae

To get an approximate estimate as n tends to infinity, we observe that λ is approxi-

mately given by ∑
e

λ2

4(n− 1)ae
≈ 1 ⇒ λ ≈ 2

√
n∑
e a
−1
e

.

From this, we can find an approximate value for LOPT :

LOPT ≈
η∗e

3

6(n− 1)ae
≈
∑
e

λ3

6(n− 1)ae
=

4

3

√
n∑
e a
−1
e

3.3.3 The price of anarchy

Comparing the value of LOPT to the cost d of the Nash equilibrium, we see that the PoA

and the PoS of the boat model on parallel links with affine latency functions tends to

3
√
2

4
≈ 1.06, as the number of players n tends to infinity (while the parameters of the

network remain fixed).

Theorem 3. For every fixed set of parallel links with positive ae and be, the PoA (and

PoS) tends to 3
√

2/4 ≈ 1.06, as the number of players n tends to infinity.

However, for fixed number of players and because of the integrality of h and h∗, the

situation is more complicated. Figure 3.2 shows the PoA for typical values of ae and n,

for one link. The situation is captured by the following theorem:

Theorem 4. For one link and fixed number of players n, the PoA is maximized when

ae = 1/(n − 1) and be = 0. For these value, the NE is pure (pe,0 = 1), but the optimal

symmetric solution is given by the probabilities pe,0 = 3/4 and pe,1 = 1/4. For these

values, we get LNE = d = n/(n−1), LOPT = (7n+ 1)/(8(n−1)), and PoA= 8n/(7n+ 1).

Proof. To compare the costs LNE and LOPT we first investigate the solutions of the

equations (6) and (10) as functions of ae; since we care about the worst-case PoA, we

can safely assume that be = 0 because be ≥ 0 is added to both the numerator and the

denominator of the PoA.
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Figure 3.2: PoA of the single-link boat games

For every nonnegative integer k, let us define Ak = k(k+1)
2(n−1) which are the values of

ae where the value d− ae becomes integral (equal to k). The following lemma gives the

solution of (6) for the intervals [Ak, Ak+1) where the integral part of d− ae is constant.

It also extends it to the optimal cost.

We now compute the values of ae that maximize the PoA. Both the LNE and LOPT

are increasing in ae. Given ae and n it is easy to compute k such that
k(k+1)
2(n−1) ≤ ae <

(k+1)(k+2)
2(n−1) ; it is k =

⌊
−1+
√

1+8(n−1)ae
2

⌋
, and for this k LNE = n+k

k+1
ae + k

2
. Similarly,

we find that
k∗(k∗+1)
4(n−1) ≤ ae <

(k∗+1)(k∗+2)
4(n−1) for k∗ =

⌊
−1+
√

1+16(n−1)ae
2

⌋
, and for this k∗

LOPT = n+k∗

k∗+1
ae + k∗

2
− k∗(k∗+1)(k∗+2)

48(n−1)ae . We now split the possible values of ae in disjoint

intervals, such that in each interval the PoA is given by a single function for all values

of ae, and study each interval separately.

• If ae <
A1

2
= 1

2(n−1) ,

LNE = nae, LOPT = nae and thus PoA=1.

• If
A1

2
≤ ae < A1 ⇔ 1

2(n−1) ≤ ae <
1

n−1 ,

LNE = nae, LOPT = n+1
2
ae + 1

2
− 1

8(n−1)ae and thus PoA= nae
n+1
2
ae+

1
2
− 1

8(n−1)ae

.

For ae ≥ 1
2(n−1) the PoA is increasing in ae. Indeed,

(
1

PoA

)′
= 1−2ae(n−1)

4n(n−1)a3e
≤ 0

and therefore
1

PoA
is decreasing. The maximum value of the PoA is achieved for

ae = 1
n−1 and it is PoA=

n
n−1

n+1
2

1
n−1

+ 1
2
− 1

8

=
n

n−1
4(n+1)+3(n−1)

8

= 8n
7n+1
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• If A1 ≤ ae <
1
2
A2 ⇔ 1

n−1 ≤ ae <
3

2(n−1) ,

LNE = n+1
2
ae + 1

2
, LOPT = n+1

2
ae + 1

2
− 1

8(n−1)ae and thus PoA=
n+1
2
ae+

1
2

n+1
2
ae+

1
2
− 1

8(n−1)ae

.

For ae ≥ 1
n−1 the PoA is decreasing in ae. Indeed,

(
1

PoA

)′
= 2ae(n−1)+4ae+1

4(aen+a+1)2(n−1)a2e
> 0

and therefore
1

PoA
is increasing. The maximum value of the PoA is achieved for

ae = 1
n−1 as in the case above.

• For ae ≥ 3
2(n−1) we use the bounds: LNE ≤ ae +

−1+
√

8(n−1)ae+1

2
and LOPT ≥

ae + 4
3

√
(n− 1)ae − 1

2
, given by lemma 6.

Then PoA≤ ae+
−1+
√

8(n−1)ae+1

2

ae+
4
3

√
(n−1)ae− 1

2

≤
3
2
− 1

2
+

√
8(n−1)ae+1

2
3
2
− 1

2
+ 4

3

√
(n−1)ae

=
1+
√

2(n−1)ae+ 1
4

1+ 4
3

√
(n−1)ae

. The derivative of

the last expression with respect to (n− 1)a is negative for (n− 1)a ≥ 2
3
.

Therefore the PoA is maximized when ae = 1
n−1 .

Lemma 5. Let Ak = k(k+1)
2(n−1) . For ae ∈ [Ak, Ak+1)

LNE =
n+ k

k + 1
ae +

k

2
.

For ae ∈ [Ak/2, Ak+1/2)

LOPT =
n+ k

k + 1
ae +

k

2
− k(k + 1)(k + 2)

48(n− 1)ae

Proof. We first show that for ae ∈ [Ak, Ak+1) the value of d given by equation (6) satisfies

bd− aec = k.

Assume k = bd−aec and let x = d−ae−k. From (6) for one link we get
(k+1)(2k+2x−k)

2(n−1)ae =

1⇔ x = (n−1)ae
k+1

− k
2
.

For ae ∈ [Ak, Ak+1) we get
k(k+1)
2(n−1) ≤ ae <

(k+1)(k+2)
2(n−1) ⇔ 0 ≤ (n−1)ae

k+1
− k

2
< 1⇔ x ∈ [0, 1)

so bd−aec = k holds. We thus have LNE = d = ae+k+x = ae+k+ (n−1)ae
k+1

− k
2

= n+k
k+1

ae+
k
2
.

In a similar way we show that for ae ∈ [Ak

2
, Ak+1

2
) the value of λ given by equation

(10) satisfies bλ−aec = k. Here λ−ae = k+x′ with x′ = 2(n−1)ae
k+1

− k
2
. For ae ∈ [Ak

2
, Ak+1

2
)

we get
k(k+1)
4(n−1) ≤ ae <

(k+1)(k+2)
4(n−1) ⇔ 0 ≤ 2(n−1)ae

k+1
− k

2
< 1 ⇔ x′ ∈ [0, 1) so bλ − aec = k

holds.

We thus have LOPT = (bλ−aec+1)(6(λ−ae)(λ−ae+2ae)−bλ−aec(2bλ−aec+6ae+1))
24(n−1)ae

= (k+1)(6(k+x)(k+x+2ae)−k(2k+6ae+1))
24(n−1)ae = n+k

k+1
ae + k

2
− k(k+1)(k+2)

48(n−1)ae .
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Lemma 6. For one link and fixed number of players n,

ae +
√

2
√

(n− 1)ae −
1

2
≤ LNE ≤ ae +

√
2
√

(n− 1)ae

and

ae +
4

3

√
(n− 1)ae −

1

2
≤ LOPT ≤ ae +

4

3

√
(n− 1)ae.

Proof. Take ae ∈ [Ak, Ak+1). Consider the identity

( x

2(k + 1)
+
k

2

)2
− x+ k =

(x− k(k + 1))(x− (k − 1)(k + 1))

4(k + 1)2
.

This implies that
x

2(k+1)
+ k

2
<
√
x for x ∈ [k(k + 1), (k + 1)(k + 2)]. Let x = 2(n− 1)ae.

We get LNE − ae ≤
√

2(n− 1)ae.

Similarly,( x

2(k + 1)
+
k

2
+

1

2

)2
− x− 1

4
=

(x− k(k + 1))(x− (k + 1)(k + 2))

4(k + 1)2
.

For x ∈ [k(k + 1), (k + 1)(k + 2)] we get
x

2(k+1)
+ k+1

2
≤
√
x+ 1

4
. Then for x = 2(n− 1)ae

we get LNE ≤ −1
2

+
√

2(n− 1)ae + 1
4
.

3.4 Nash Equilibria of the Conveyor Belt model

We now turn our attention to the conveyor belt model, which is more complicated

than the boat model. In the conveyor belt model each link is like a conveyor belt

whose speed depends on the number of players on it. We only consider the case of

2 players in this section. The cost ce(t, t
′) of a player for pure strategies (e, t) when

the other player starts using link e at time step t′ is computed using fi = ti + `e(1) +

max
(

0, (`e(2)− `e(1))
(

1− |t2−t1|
`e(1)

))
where ti, fi are the start and finish times of player

i respectively.

To simplify the discussion, we assume that `e(1) is an integer; this does not seem

to really change the nature of equilibria, except perhaps when `e(1) < 1 which does not

seem a very interesting case.

3.4.1 Nash equilibria computation

Consider a symmetric Nash equilibrium with probabilities pe,t, the same for every player.

It is a Nash equilibrium when a player has no incentive to change his probabilities to
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different values. To find the Nash equilibria, we first compute the expected cost de,t of

a player when he plays pure strategy (e, t):

de,t =
∑
t′

ce(t, t
′) = t+ `e(1) + (`e(2)− `e(1))

`e(1)∑
r=−`e(1)

(
1− |r|

`e(1)

)
pe,t+r (3.11)

The probabilities define a symmetric mixed Nash equilibrium when probability pe,t > 0

implies de,t = d = mine,t de,t.

We are interested in symmetric Nash equilibria, that is equilibria that occur when

all players use the same strategies. Let’s first establish a very intuitive fact:

Claim 1. If at the Nash equilibrium, positive probability is allocated to edge e, then

pe,0 > 0.

Proof. Suppose not. Let t be the minimum time for which pe,t > 0. We have

de,t = t+ `e(1) + (`e(2)− `e(1))

`e(1)∑
r=0

(1− r

`e(1)
)pe,t+r (3.12)

and

de,0 = `e(1) + (`e(2)− `e(1))

`e(1)∑
r=t

(1− r

`e(1)
)pe,r

From these, by subtracting and ignoring the last terms of de,t, we get that

de,t − de,0 ≥ t+ (`e(2)− `e(1))

`e(1)∑
r=t

t

`e(1)
pe,r ≥ t > 0

which contradicts the Nash equilibrium property.

The next lemma shows that the support Se = {t : de,t = d} of every mixed Nash

equilibrium is of the form {0, . . . , ĥe} for some ĥe.

Lemma 7. If for some t there exists s ≥ t with pe,t > 0, then t is in the support Se, i.e.

de,t = d.

Proof. By induction on t. The base case follows from pe,0 > 0 which shows that t = 0 is

in the support Se. Suppose that the claim is true for some t; we will prove the statement

for t+ 1. Let s = min{u : u ≥ t+ 1 and pe,u > 0}. By the premise of the lemma, the set

{u : u ≥ t+ 1 and pe,u > 0} is not empty.

We first show that s ≤ t + `e(1), by a similar argument for pe,0 > 0: Indeed, if
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s > t+ `e(1), we have

de,s − de,t+`e(1) ≥ s− t− `e(1) + (`e(2)− `e(1))

t+2`e(1)∑
r=s

s− t− `e(1)

`e(1)
pe,t ≥ s− t− `e(1)

Let us clarify that when s > t+ 2`e(1), the sum on the right-hand side is over an empty

range. In any case, the right-hand side is strictly greater than 0 which contradicts the

Nash equilibrium property.

If s = t+ 1 then t+ 1 is in the support of the NE and therefore de,t+1 = d. Otherwise,

consider the expression

de,s − de,t − (s− t)(de,t+1 − de,t) =

`e(2)− `e(1)

`e(1)

− s−1∑
r=t+1

2(s− r)pe,r +

s+`e(1)−1∑
r=t+`e(1)+1

(s+ `e(1)− r)pe,r +

s−`e(1)−1∑
r=t−`e(1)+1

(s− `e(1)− r)pe,r

 ,

and notice that the negative terms vanish because the probabilities are 0. We immedi-

ately get that de,s − de,t − (s − t)(de,t+1 − de,t) ≥ 0. Since s is in the support of the NE

and de,t = d, we have that de,s = d and −(s− t)(de,t+1 − de,t) ≥ 0. This can only happen

if de,t+1 ≤ de,t, which together with the condition de,t+1 ≥ d, shows the desired result:

de,t+1 = d.

The previous lemma establishes that the support Se starts at 0 and is contiguous.

With this, we can now determine the exact structure of Nash equilibria.

Theorem 5. The Nash equilibria of the conveyor belt game of two players in parallel

links have probabilities

pe,t =


d−`e(1)−t
`e(2)−`e(1) t ≤ d− `e(1) and

t
`e(1)
∈ Z+

0 otherwise

(3.13)

where d is the expected cost of each player and it is the unique solution of the equation

∑
e

(bηec+ 1)(2ηe − bηec)
2 `e(2)−`e(1)

`e(1)

= 1, (3.14)

where ηe = d/`e(1)− 1.

Proof. Consider some 0 < t < ĥe. Then from the definition of de,t we can compute

de,t+1− 2de,t + de,t−1 = `e(2)−`e(1)
`e(1)

(pe,t−`e(1)− 2pe,t + pe,t+`e(1)). Since for t ∈ {1, . . . , ĥe− 1},
all t − 1, t and t + 1 are in the support Se, we have that de,t−1 = de,t = de,t+1. In turn,
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this gives that the right-hand side is 0 and we get that pe,t+`e(1) − pe,t = pe,t − pe,t−`e(1);
this shows that if we consider times that differ by `e(1), the probabilities drop linearly

and more specifically that for integers k, x: pe,k`e(1)+x − pe,x = k(pe,x+`e(1) − pe,x).
This linearity allows us to conclude that pe,t = 0 for every t which is not a mul-

tiple of `e(1). To see this consider some x ∈ {1, . . . , `e(1) − 1} and the sequence

pe,x−`e(1), pe,x, pe,x+`e(1), . . . , pe,x+k`e(1). This sequence is linear and starts with a 0 (since

x− `e(1) < 0) and ends again in 0 (if we take k such that ĥe < x+ k`e(1) ≤ ĥe + `e(1)).

The above reasoning does not apply to the value x = 0, because pe,t+`e(1) − pe,t =

pe,t−pe,t−`e(1) only for t ∈ {1, . . . , ĥe−1}. To summarize, the NE with support {0, . . . , ĥe}
have non-zero probabilities only on the multiples of `e(1). This means that either the

players start together, or they do not overlap, which is exactly the property of the

boat model. It follows that for one link, the Nash equilibrium is identical to the Nash

equilibrium of the boat game with time step expanded to `e(1). For more than one link,

the time steps in each link are different, because `e(1) are different. Nevertheless the

analysis of the boat model carries over to the conveyor belt model.

The proof now is essentially the same with the boat model, but with the extra

restriction that the time steps are not the same in all links. Since the probabilities

are non-zero only at integral multiples of `e(1), the expression (3.12) of the latency de,t

becomes de,t = t + `e(1) + (`e(2) − `e(1))pe,t when t is an integral multiple of `e(1). It

follows that the probabilities are as in (3.13). The cost d is determined by the equation∑
e,t pe,t = 1. Using the expressions for the probabilities, this equation is equivalent

to (3.14). This is identical to the equation for d for the boat model and the argument

about the uniqueness of the solution carries over.

3.4.2 The optimal setting

Let’s now consider the optimal symmetric protocol. With similar reasoning, the ex-

pected latency of a player is

LOPT =
∑
e

∞∑
t=0

pe,t

t+ `e(1) + (`e(2)− `e(1))

`e(1)∑
r=−`e(1)

(
1− |r|

`e(1)

)
pe,t+r


We seek probabilities with

∑
e,t pe,t = 1 which minimize the above expression. Using a

Lagrange multiplier and taking derivatives, we get that the minimum occurs when

λ = t+ `e(1) + 2(`e(2)− `e(1))

`e(1)∑
r=−`e(1)

(
1− |r|

`e(1)

)
pe,t+r, (3.15)
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for some λ. The factor 2 in the last term comes from the convolution in the LOPT

expression.

We notice again the bicriteria property, that the optimal probabilities satisfy the

Nash equilibrium condition of a different latency function.

Lemma 8. The probabilities of the optimal solution for two players in the conveyor belt

model of parallel links with latencies `e(k) is a Nash equilibrium for latencies `′e(k) =

2`e(k)− `e(1).

Proof. By comparing Equations (3.11) and (3.15) that determine the Nash equilibria

and the optimal solution, we see that the latencies must satisfy:

`′e(1) = `e(1) `′e(2)− `′e(1) = 2(`e(2)− `e(1)),

which can be expressed as in the lemma.

3.4.3 The price of anarchy

Example. Consider one link with latencies `e(1) = 3 and `e(2) = 19. The probabilities

pe,t at the Nash equilibrium, the costs de,t, and the optimal probabilities p∗e,t are

t 0 1 2 3 4 5 6 7 8 9 10 11 12

pe,t 25/48 0 0 1/3 0 0 7/48 0 0 0 0 0 0

de,t 34/3 34/3 34/3 34/3 34/3 34/3 34/3 104/9 106/9 12 13 14 15

p∗e,t 31/80 0 0 47/160 0 0 1/5 0 0 17/160 0 0 1/80

The cost at the Nash equilibrium is d = 34/3 ≈ 11.33, while the optimal cost is LOPT =

1727/160 ≈ 10.65. The price of anarchy is approximately 1.05.

Since the conveyor belt Nash equilibrium and the optimal solution are very similar

to the ones of the boat model, the analysis of the price of anarchy is similar. In

particular, the expressions for the Nash equilibrium and the optimal solutions can be

approximated well as the latencies `e(k) tend to infinity. For one link, the cost d of

the Nash equilibrium is approximately

√
2`e(1)(`e(2)− `e(1)) while the optimal cost is

4
3

√
2`e(1)(`e(2)− `e(1)), which shows that the price of anarchy tends to 3

√
2/4 ≈ 1.06,

again. Since this is not sufficiently different than the boat model, we omit the details.

3.5 Discussion and Open Questions

Our results address some fundamental questions, but leave open important extensions.
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For example, one can consider games with more general configurations, or adaptive

strategies (based on the actions of the other players) that may even allow for preemption

(abort the transmission and start over). In another variant of the game, players can

wait before entering each edge of their own path.

Moreover we can consider other variants of the problem, such as letting only the

past influence the delay in each link, or non atomic games.
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Chapter 4

Game theoretic Modeling of the

Worldwide Web

4.1 Introduction

The worldwide web has been the focus of an enormous amount of research in the

last 15 years and several models have been proposed for it. These models aim at our

understanding of the properties and evolution of the web, and assist us in designing

more efficient web algorithms and applications (e.g. search engines). Recently, the

exploitation of web’s link structure by the search engines as well as the emergence

of advertising links have given new incentives to link placement: strategic web page

owners now explicitly attempt to boost their reputation and monetary revenue by careful

selection of links, and Search Engine Optimization (SEO) has grown into a billion-

dollar industry. Therefore Game Theory seems to provide the appropriate framework

for studying the evolution of the web. Moreover, the impact of advertising links on the

link structure of the web, and consequently on the relative importance of web pages, is

unknown.

In this work we introduce a game-theoretic model for the worldwide web that cap-

tures the selfish nature of web page authors. In our model the page authors decide

which advertising links to buy in order to maximize their revenue, which depends on the

traffic their page attracts. We use Google PageRank as a measure of traffic. We study

the extent to which these advertising links modify the PageRank and study whether it

is possible to give the authors incentives to build a web of high total welfare in terms

of its main application, the search for high quality pages.

4.1.1 Summary of Results and Techniques

We introduce and study a model for the web graph, in which selfish page owners aim at

maximizing their PageRank and revenue by purchasing the appropriate incoming links

to their page.
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We introduce a model for the worldwide web, considering two different approaches

for link pricing: fixed-prices and prices-per-click. Our proposed web game is not a

potential game. Computing a Nash equilibrium of our game is NP-hard, so we compute

an approximate best response with constant approximation ratio for the prices-per-

click model.

4.1.2 Related Work

The first attempts to model the web graph coincide temporally with the development of

successful web search algorithms which were based, partially, on the link structure of

the web, with PageRank [109] and HITS [84] being the most well-known examples. The

web search engines technology specified the notion of importance in the context of the

web and motivated the research for understanding the web structure, aiming at our

deeper understanding of the generative mechanisms driving the evolution of web, and

the design of more efficient web algorithms. A description of the web graph structure

is given in [39]. After mentioning the main properties of the web graph, we give a brief

description of the measures of importance in the web, with emphasis on PageRank, as

we will use it in analyzing our model. During the last fifteen years many models have

been proposed for the web graph, which try to predict (some of) its structural properties.

Classifying the models according to the deemed linking incentive, we get the following

classes: random graph models, in which new nodes link to existing ones with high

degree or PageRank; economic models, in which the nodes endorse existing ones that

are regarded as good web search results; and game theoretic models, in which nodes

explicitly try to maximize their own PageRank and/or revenue. We present shortly

these models. Finally we present some closely related optimization problems that do

not focus on game theoretic aspects.

Properties of the web graph. The structure of the web was a popular object of study

about a decade ago. Many features of it have been examined thoroughly, including

the main ones: the power-low distribution of its pages’ degrees [39] and PageRank

[26, 122], its diameter [6], the small world phenomenon [83], as well as many others,

like the number of pages a site consists of [74], the absence of correlation between the

age of a site and the number of its links [1], the site popularity [75], the self-similarity

in web traffic [54, 55], the regularities in the surfing behavior of the users [76], and the

heavy-tailed probability distributions of various features related to the web usage [56].

PageRank description. Surfers on the Internet use search engines to find pages

satisfying their query. However there are typically hundreds or thousands of relevant
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pages available on the web, and an unordered search results’ list would not be practical.

Modern search engines rank pages according to their importance, which they judge

based on the link structure of the web. Google [37] uses PageRank, introduced by its

founders in 1998 [109], as a measure of page importance. The link structure of n web

pages is represented by the n × n matrix A with rows and columns corresponding to

pages and

aij =


1
di

if there is a link from i to j and di > 0

0 if there is not a link from i to j and di > 0
1
n

if di = 0

where di denotes the outdegree of page i. Assuming that a random surfer goes with

some probability to an arbitrary web page with the uniform distribution, PageRank is

defined as the stationary distribution of a Markov chain whose state space is the set of

all web pages and the transition matrix is

Â = cA+ (1− c) 1

n
E,

where E is a matrix whose all entries are equal to 1 and c ∈ (0, 1) is the probability

of not jumping to a random page (Google originally used c = 0.85). PageRank is the

eigenvector π of the Google matrix Â (so πT Â = πT ) with πT1 = 1, where 1 is a vector of

ones. If a surfer follows a hyperlink of the current page with probability c and jumps to

a random page with the rest probability (1− c), then πi is interpreted as the stationary

probability that the surfer is at page i.

Random graph web models. The models proposed initially were mainly random

graph (or stochastic) models that are online, since the number of nodes and edges

varies with time, and produce graphs that possess most of the observed properties of

the web, namely the power law degree distribution with exponent β > 2, the small world

property (i.e., graph diameter much smaller than the order of the graph), and the exis-

tence of many dense bipartite subgraphs. All these models consider an evolving graph

and determine the mechanism according to which each new node gets connected to

(some of) the existing ones. We classify the random graph models based on the specific

mechanism they employ, and distinguish between preferential attachment models, geo-

metric models and spatial preferential attachment models, which lie in the intersection

of the previous two classes. Other important classes of web models include the off-line

models and the copying models, both of which overlap partially with the random graph

models class.

Some of the first attempts to model the web growth were by Huberman et al. [74],

Tadić et al. [121], Middleton et al. [99] and Kleinberg et al. [85]. The preferential
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attachment mechanism has been widely used to model web growth. According to it,

the new nodes are more likely to connect to existing ones with high degree. The first

such models were the preferential attachment models of Albert and Barabási [23, 24]

and Adamic et al. further improved on them [1], noticing that the age of a site is

not correlated with the number of its links. The first rigorous attempt to design and

analyze a preferential attachment web model was given in Bollobás et al. [33]. A set of

other preferential attachment models were proposed by Aiello et al. [3]. These models

are more complex than the LCD model, but yield graphs with power law exponent

β ∈ (2,∞), dependent on the choice of some parameters, instead of the exponent

β = 3 in the LCD model. Other important preferential attachment models include the

model of Bollobás et al. [32] that uses preferential attachment in a way different than

the previous ones; the model of Cooper and Frieze [52], which has a large number of

parameters and thus becomes more complex; the models of Dorogovtsev et al. [62] and

Drinea et al. [63] which introduce a variation of preferential attachment where each

node is assigned a constant initial attractiveness and the probability that a new node

is linked to an existing one is proportional to its in-degree plus this attractiveness; and

a rigorous version of this model along the lines of the LCD model by Buckley et al.

[41]. A preferential attachment model for random graphs in which each node exhibits

some degree of fitness is introduced in [35]. Such a model could be used for the web

graph since the web pages have some intrinsic value that is independent from the link

structure and differentiates their attractiveness. Pandurangan et al. propose models

that capture the power-law distribution of PageRank in the web [110]. In their basic

model, which is similar to [63], attachment probabilities of new hyperlinks are based

on the PageRanks of existing nodes. Another preferential attachment model based on

PageRank, was recently proposed by Giammatteo et al. in [69]. Based on PageRank as

well, Zhang et al. suggest a model that creates scale-free graphs in [124].

Economic web model. From another point of view, each web page is of specific utility

(for the users) as a search result. It is natural therefore to assume that links are

established in such a way that endorses the high utility search results. The page utility

was taken into account in the economic model of Kouroupas et al [89, 90].

Game-theoretic web models. The decisions on the link structure of each web page

are made locally, with each page owner trying to maximize the value and importance of

her own page. Moreover, the increasing financial activity on the web (e.g., e-commerce,

online advertising) has transformed web traffic to a potential source of revenue for

the page owners. Hence the incentives in linking have become a bit more complex:

apart from enriching the content of a page or assisting the page appear higher in the
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search engines’ results, links can also be purchased for advertising purposes. However,

the money spent for advertising purposes shouldn’t exceed the expected payoff from the

traffic due to advertising links, and the link prices, as well as the link structure, depend

on the rest of page owners. Therefore game theory appears as the proper framework for

modeling the link establishment process, and we can think of the web as the equilibrium

of some network creation game among its users.

The first network creation games were studied by Fabrikant et al. [65] and An-

shelevich et al. [11]; these games produce internet-like networks, but are not proper

for modeling the web graph. Tardos and Wexler [64] as well as Jackson [78] have sur-

veyed the network formation games that have been proposed to model various types

of strategic network formation (e.g., communication or social networks). During the

last eight years, several aspects of linking in the web have been studied from a game

theoretic point of view. In all these works, the link building process is modeled as a

game among selfish web page authors who decide the link structure of their page in

order to maximize their revenue from the web. The link structure may refer to either

the inner structure of a web site, i.e., the links among the pages that constitute it, or

the external links that connect it with other web sites, usually represented by a single

page. External links may be advertising and/or reference (incoming to and outgoing

from the node that establishes them, respectively), depending on the main purpose of

their establishment.

The inner structure of a web site with strategic owner is studied in [77]. The authors

consider two coalitional models for the transfer of PageRank among the site’s pages and

give the optimal linking structure of the site, that is computed in polynomial time. All

other game theoretic models for the web concern the establishment of external links;

either reference only [73, 43] or reference and advertising [80, 88]. There is also a line

of research on the study of PageRank related games on undirected graphs [16, 17].

In the web reputation game of Hopcroft et al., [73], the players have to choose the set

of reference links that maximize their PageRank (or hitting time [72] in another version

of the game in the same paper). The model yields equilibrium graphs with a core. In

[43] Chen et al. study the α-sensitive Nash equilibria of this game, that is the Nash

equilibria that rely on the particular setting of the PageRank parameter α controlling

the random jump probability.

In [80] Katona et al. study the formation of the commercial part of the web, i.e.,

the web pages designed with an eye to maximizing the revenue (monetary gain) of their

owners. The players establish reference as well as advertising links, trying to maximize

their revenue from traffic to their page. In the resulting equilibrium graphs, which have

power low distributed degrees, the pages of high quality content earn money mainly
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by selling content, while the low content pages’ revenue comes from selling traffic to

other pages. The drawback of this approach is that the players’ payoffs at equilibrium

are computed using the PageRank prior to the addition of the new nodes in the graph,

instead of the PageRank after it. Building on the previous model, Kominers examines

the strategic production of sticky content in commercial pages that generate revenues

from both selling services and selling links [88]. However, since these approaches do

not consider the effect of the new links on the pages that establish them, the question of

what happens if we also consider this effect arises naturally. What is the game played

among players that establish advertising links? Is choosing the appropriate advertising

links harder than choosing reference links?

In another direction, recently, Avis et al. studied the Nash equilibria of PageRank

related games on undirected graphs [16, 17] that can be used to model other networks,

including some social networks. For instance, the ‘friend’ relationship on Facebook

defines an undirected graph and PageRank can be used to measure the influence of a

given user in it.

Various network creation games have been studied in terms of their efficiency, which

is usually quantified by the price of anarchy [65, 11, 5, 60, 59, 61, 100, 53, 36, 25, 86].

PageRank related problems. There is also a large literature on local computations

and optimization problems related to the web link structure, as well as on optimal

linking strategies to maximize the PageRank of given nodes in directed graphs, that do

not focus on game theoretic aspects.

In general, maximizing the PageRank via outlinks is easier than via inlinks, since

the computations involve rank-1 updates of the hyperlink matrix instead of rank-k

with k ≥ 1. In [19] Avrachenkov et al. give a polynomial-time algorithm for maximizing

the PageRank of a single node by selecting its outlinks. In particular, they study how

the PageRank is affected by the addition of a set of new links emanating from a single

page, and show that all out-going links of a page can be replaced by just one, carefully

chosen link, without changing this page’s PageRank. Kerchove et al. extend this

result to maximizing the sum of the PageRanks of a given set of nodes (e.g. the pages

that constitute a website) in [81]. Csáji et al. [57] give a polynomial-time algorithm for

maximizing the PageRank of a single node with any given set of controllable links, using

stochastic methods. The problems become harder when there are constraints among

the links that can be selected or we have to select inlinks. In the above paper [57] it is

shown that the problem becomes NP-hard if the set contains pairs of controllable links

that are mutually exclusive. Moreover, Olsen has shown that maximizing the minimum

PageRank in the given set of nodes is NP-hard if we are allowed to add just k new links
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[104]; this is referred to as the link building problem.

Perhaps the closest in spirit to our web game classical optimization problem is the

restricted version of the above where the node set is a single node and the k new links

are inlinks to this node, which is proved by Olsen to be NP-hard [105]. In particular, it

is shown there that given a graph G = (V,E) and a node t ∈ V , computing a set of k

new backlinks of t that maximize t’s PageRank is W [1]-hard. In [107, 106] Olsen et al.

give a constant factor approximation algorithm for this problem.

Another possible way to increase a node’s PageRank is by colluding with other

nodes. In [21] the authors study the impact of collusion in the PageRank of a set of

nodes of the web graph. Another interesting issue is the behavior of PageRank as the

web graph grows. The PageRank of growing networks is studied by Avrachenkov et al.

in [18]. A recent study of the PageRank on evolving graphs is presented by Bahmani et

al. in [22].

Since the web graph is huge, it is often useful to perform computations locally,

i.e., examining only a small portion of the web graph near the nodes of interest. In

[44] Chen et al. present methods for estimating PageRank values using only a small

subgraph of the entire web. In [9] Andersen et al. compute the set of all nodes of

the web graph that contribute to a specific node at least a constant fraction of its

PageRank. This computation is performed locally as well. In [34] Borgs et al. give

a sublinear randomized algorithm for computing the set of nodes with PageRank that

exceeds some threshold value.

Figure 4.1 illustrates the aforementioned areas and the relations among them.

4.1.3 Organization

In the remaining chapter we introduce and study the game-theoretic aspects of link

placement in the worldwide web. In Section 4.2 we show that a game in which web

page authors establish hyperlinks aiming at the maximization of the PageRank of their

page is not a potential game. We then present the models that have been introduced

for the study of the establishment of reference links 4.3. In Section 4.4 we study the

establishment of advertising links. We summarize our conclusions in Section 4.5 and

give directions for future research.

4.2 Structural properties of link establishment

Consider a game played among the web page owners, in which each one aims at choos-

ing the set of incoming links to her page that maximizes her page’s PageRank. Assume
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Figure 4.1: Related work

here that there is some restriction on the number of links that can be chosen, di-

rect or indirect (through a cost for each link for example) – otherwise it would be in

each player’s interest to establish all possible incoming links, resulting to the complete

graph. We call this game the web game. In this section we highlight the structural

properties of such games.

The PageRank of each web page depends on the link structure of the web. In

particular, as we saw in the definition of PageRank in Section 4.1, the PageRank each

page receives through a specific incoming link depends on the total number of outgoing

links of the page the link under consideration emanates from, i.e., the number of

players that chose the same source node for a link to them. Therefore, among nodes of

the same PageRank value, one would wonder whether it is preferable to get a link from

the one that has the smallest number of outgoing links, or, more generally, whether

this game is a congestion game.

Proposition 1. The web game is not a congestion game for 3 or more players.

Proof. The web game of 3 players is not a congestion game or equivalently, it does

not admit an exact potential [101]. To verify this, consider the payoff of the play-

ers in the graphs with E0 = {(1, 2)}, E1 = {(1, 2), (3, 1)}, E2 = {(1, 2), (2, 3)} and

E3 = {(1, 2), (2, 3), (3, 1)} shown in Figure 4.2, having PageRank vectors π(E0) =
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1

23

π(E0) = {0.26, 0.48, 0.26}

E0 1

23

π(E1) = {0.34, 0.47, 0.18}

E1 1

23

π(E2) = {0.18, 0.34, 0.47}

E2 1

23

π(E3) = {0.33, 0.33, 0.33}

E3

Figure 4.2: PageRank values on a simple graph.

{0.26, 0.48, 0.26}, π(E1) = {0.34, 0.47, 0.18}, π(E2) = {0.18, 0.34, 0.47} and π(E3) =
{0.33, 0.33, 0.33} respectively. If there exists an exact potential Φ, it must satisfy

Φ(E) − Φ(E ′) = Pi(E) − Pi(E
′), for any graphs G and G′, with sets of edges E and

E ′, which differ only on player i and for which P (E) and P (E ′) are the corresponding

payoff vectors. In particular, this would imply

π1(E0) + p12 − π1(E1) + π3(E1) + p31 − π3(E3) = π3(E0)− π3(E2) + p23 + π1(E2) + p12 − π1(E3),

or equivalently

p31 − π1(E1) = p23 − π3(E2).

Since this holds only for specific link prices p31 and p23 (that depend on the link struc-

ture of the graph), it follows that the web game is not a congestion game for 3 or more

players. The case of 2 players is an exception as for G = (V,E) the game has potential

Φ(G) =
∑

(i,j)∈E pij; it is not an interesting case however.

This was expected, since the constraint πT1 = 1 as well as the recursive nature of

PageRank make the PageRank transferred from page i to j dependent not only on the

number of pages that have an incoming link from i, but also on the PageRank of i itself

and the PageRank of the rest pages (hence on the overall link structure).

The proposition holds for links with prices as well. The proof is almost the same

for links with prices-per-click, and with slight modifications we can construct a similar

counterexample for fixed link prices.

4.3 Establishing reference links

In [19] the authors study the effect of the establishment of a set of new links outgoing

from a specific web page, to this page’s PageRank. They prove that this establishment

cannot affect the page’s PageRank much, so it does not constitute a promising PageR-

ank maximization strategy. In particular, a page, in order to maximize its PageRank

through outlinks, has to build structures that are not meaningful in the context of the

web. Moreover, they show that there is an optimal linking strategy in which a page can
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replace all its outgoing links with a single, carefully selected link. However the com-

plexity of these computations is not discussed. The Nash equilibria of games among

players who establish outgoing links in order to gain reputation are studied in [73].

4.4 Establishing advertising links

4.4.1 The model

We aim at studying the web from a game theoretic point of view. In what follows

we describe a web creation game. Web pages can gain reputation mainly from three

sources: advertising links from search engines, Google adsense, and advertising links

from other web pages. Here we study the third source only.

Consider the set of web page authors. Each one of them has a web page and wants

to get the maximum possible payoff from it. Each page has content of some specific

intrinsic value, and a number of links to/ from other pages. Representing each web

site as a single page (e.g., the main page of the site) is a reasonable assumption; it is

used by Google for example in PageRank computation, where they ignore all internal

links of the site and assume that all incoming links to the site are directed to its main

page and all its outgoing links emanate from it.

We model the web as a directed graph. The web pages and links correspond to the

nodes and edges of the graph respectively. We assume that the graph consists of n

nodes. Between two nodes i, j there is a directed edge (i, j), iff there is a link from

page i to page j. The outgoing links on a page usually aim at enriching its content. In

today’s web, besides these (normal/ reference) links we also have sponsored (or paid/

advertising) links. Indeed, the page authors can purchase links: they can buy links

(eg. from Google) or sell links (eg. through adwords). The Google search pages, for

example, contain links of both kinds: the links that correspond to the search results

(non sponsored) and the sponsored links that it sells to other pages.

We formulate the creation of the web graph as a game, in which:

• the set of players is the set of nodes of a graph,

• the available strategies of each player are all possible sets of incoming links she

can purchase from other nodes

• the payoff of each player is the value of her page (its quality combined with the

traffic it receives), minus the advertising cost, plus the income from selling out-

going links.
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To be more precise, let vi ≥ 0 be the intrinsic quality of page i (the quality of its own

content). The quality vi expresses the revenue of page i per visitor. For any two pages

i and j let us denote:

xij =

{
1 if there is a link from page i to j

0 otherwise

Consider PageRank as a measure of the traffic a page receives. Moreover, assume that

the cost of link (i, j) is equal to pi ∀j.
We consider two pricing models for the advertising links: the fixed-prices and the

prices-per-click. In the fixed-prices model, each node i offers advertising links at price

pi, so when link (i, j) is established, j pays pi to i. In the prices-per-click model, i offers

the links at price-per-click ρi, hence j pays ρi to i each time a visitor reaches j via i.

The cost of (i, j) to j in this case is pi = dπi
di
ρi.

The payoff of player i is:

Pi = vi · πi + cost of links sold by i to others− cost of links bought by i⇒

Pi = vi · πi +
n∑
j=1

pixij −
n∑
k=1

pkxki

and becomes (denoting by di the outdegree of page i)

Pi = vi · πi + di · pi −
n∑
k=1

pkxki

for the fixed-prices model and

Pi = vi · πi + cπiρi −
n∑
k=1

c
πk
dk
ρkxki

for the prices-per-click model, so player i has to choose the set of advertising links she

should establish in order to maximize it. Recall that the PageRank [109] of page i in a

graph of n pages is defined as

πi =
1− c
n

+ c
∑
k:k→i

πk
dk
,

where c is the damping factor (usually set around 0.85). The total welfare of the game

is the total payoff:

W =
n∑
i=1

Pi
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To keep the model simple, we assume that nodes have no control over their outlinks,

i.e., when a node wants to buy some link, the seller cannot refuse. (In real life some

sellers may refuse to sell even if the price of the link is very high.)

We compute the PageRank based on the static web, but in fact the web is dynamic:

there are pages that are created by search engines as the result sets of web searches.

We’ll try to overcome this fact considering the impact of the modern search engines in

today’s web structure and web pages.

In what follows, we assume that the vi ∀i as well as p (or ρ) are given as input to the

problem.

4.4.2 On the hardness of computing best responses

We want to know whether a web graph G = (V,E) is a Nash equilibrium of our web

creation game. The obvious way to answer this question is to consider every player u,

i.e. a node, and verify that the set Iu(E) = {r : (r, u) ∈ E} of incoming edges to u is

the best response for player u. But there are 2n−1 such sets and this obvious algorithm

takes exponential time, so we need a better algorithm. One natural approach is the

following: Player u checks only whether Iu(E) remains her best response when she

adds or removes an incoming edge to herself. That is, instead of checking all possible

sets of incoming edges, she checks only that Iu(E) is locally the best response, namely:

for every node r ∈ Iu(E) : vu πu(E) ≥ vu πu(E \ {(r, u)}) + p

and

for every node r /∈ Iu(E) : vu πu(E) ≥ vu πu(E ∪ {(r, u)})− p

where p is the price of link (r, u). Is this test sufficient to verify that the set Iu(E) is the

best response?

This local check is sufficient when the following holds:

πu(E ∪ {(r, u), (s, u)}) + πu(E) ≤ πu(E ∪ {(r, u)}) + πu(E ∪ {(s, u)})

for any edges (r, u), (s, u) that do not belong to E or equivalently, when PageRank is

submodular. This is not true, as proposition 2 shows.

Proposition 2. PageRank is not a submodular function.

Proof. The PageRank function is submodular iff:

πu(E ∪ {(r, u), (s, u)})− πu(E ∪ {(r, u)}) ≤ πu(E ∪ {(s, u)})− πu(E).
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1 2

34

Figure 4.3: Initial graph and links under consideration.

for any nodes u, r, s ∈ V : {(r, u), (s, u)} /∈ E.

Consider a graph G = (V,E) with set of nodes V = {1, 2, 3, 4} and the edges E =

{(1, 3), (2, 4), (3, 1), (4, 3)} among them, shown in figure 4.3 (with normal edges). The

above inequality does not hold for u = 2, r = 1 and s = 4 (dashed edges in figure 4.3).

Indeed:

π2(E ∪ {(1, 2), (4, 2)})− π2(E ∪ {(1, 2)}) > π2(E ∪ {(4, 2)})− π2(E)

(⇔ 0.25− 0.1719 > 0.0836− 0.0375)

Intuitively, link (1, 2) creates the cycle {(2, 4), (4, 3), (3, 1), (1, 2)}, so since node 4

belongs to the cycle, adding link (4, 2) when the cycle exists increases π2 more than

adding it earlier.

However, submodularity is not a necessary condition. What we precisely need to

show is that whenever there is a set of incoming links to u that improve u’s payoff, there

is a single link among them that improves u’s payoff as well. (Or, stated otherwise, if

there is no single link that improves u’s payoff, then no set of links can improve u’s

payoff either.) Below we show that this does not hold either.

Proposition 3. The local check is not sufficient: A set of incoming links to a node may

improve its payoff, even if none of those links improves the payoff on its own.

Proof. Consider the graph G defined in proposition 2 (figure 4.3, normal links). Let

∆π1 > 0, ∆π4 > 0 and ∆π1,4 > 0 denote the increase in PageRank of node 2 caused

by the addition of links (1, 2) and (4, 2) in G and link (4, 2) in G′ = (V,E ′) with E ′ =

E∪{(1, 2)} respectively. Assume that these links, since they do not contribute in player

2’s payoff, are priced p12 = ∆π1 + ε and p42 = ∆π4 + ε′.

Applying lemma 10 twice, we notice that the PageRank of page 2 after the addition

of the two links in G is of the form π̃2 = π2 +∆π1 +∆π1,4, so the difference in payoff is

∆π1 +∆π1,4 − p12 − p42 = ∆π1 +∆π1,4 −∆π1 − ε−∆π4 − ε′ = ∆π1,4 −∆π4 − ε− ε′. In

proposition 2 we saw that∆π1,4 > ∆π4 (∆π1,4 = 0.25−0.1719 and∆π4 = 0.0836−0.0375)

so for sufficiently small ε and ε′ the above difference is positive and the set of links

{(1, 2), (4, 2)} increases player 2’s payoff.
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Finding the best response for each player given the strategies of the rest players

seems to be computationally hard. As the following theorem states, it is indeed NP-

hard, since the LINK BUILDING problem, which is known to be NP-hard (in fact it has

no FPTAS unless P = NP ) [105], reduces to it.

Definition 2. LINK BUILDING problem:

Given a triple (G, u, k) where G = (V,E) is a directed graph, u ∈ V and k ∈ Z+
, find a

set S ⊆ V \ {u} with |S| = k maximizing π̃u(S × {u}).

Theorem 6. Given a directed graphG = (V,E), a node u ∈ V and the price pi of the links

emanating from node i for all i ∈ V , the problem of computing the set of new backlinks

of u that maximize πu −
∑

j:j→u pj is NP-hard.

Proof. We prove that the above problem (P ) is NP-hard, reducing the Link Building

problem to it. In particular, we show how to solve an instance of the Link Building

problem in polynomial time if we have a polynomial algorithm AP to problem P .

Consider an instance of P in which all prices are equal, i.e., pi = p ∀i ∈ V . We

execute AP for this instance. If u has k new incoming links in the solution, we have

solved the Link Building problem. Otherwise we increase/reduce p and execute AP
again for the new instance. It remains to show that we can reach k in a polynomial

number of tries.

Consider the best responses s and s′ of u in two instances of our game with link

prices ps, ps′ respectively, and let bs and bs′ be the corresponding numbers of new

backlinks to u.

Lemma 9. If bs′ > bs then ps′ < ps. Equivalently, if bs′ < bs then ps′ > ps.

(The proof of lemma 9 is presented after the current proof.)

Therefore in order to increase/reduce the number of new backlinks to u in u’s best

response, we have to reduce/increase the link price p appropriately. Assume that we

executed AP for some instance of P and got a solution with k0 > k new incoming links.

We want to reduce the new links in the solution to k so we increase the link price

repeatedly, each time achieving a solution with 1 new link less than the previous one.

The price we will reach after k0−k steps is one of the prices for which the best response

consists of exactly k new links. It remains to specify the increase in each step.

Wlog we assume that u has no incoming links before she starts playing. The payoff

of u playing strategy s, denoting with πu(s) the corresponding PageRank of u, is

Pu(s) = πu(s)−
∑
v:v→u

pv = πu(s)− pk0
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link price

payoff of player u

πu(s)
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∆πu
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Pu(j
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Figure 4.4: Payoff of player u as a function of the link price.

which is linear in p. Strategy s is a best response as long as Pu(s) > Pu(j
∗) where j∗ is

some strategy with k0 − 1 new links, in fact j∗ = arg maxj{Pu(j)} = arg maxj{πu(j) −
pj(k0 − 1)}. Both these payoffs, as well as example payoffs of other strategies of k0 − 1

new links (i.e., the lines that are parallel to Pu(j
∗) and below it), are demonstrated as

functions of the link price in figure 4.4. Pu(j
∗) is decreasing linearly in pj as well, and

since its maximum value (πu(j
∗)) is lower than πu(s) and its gradient is less steep, it

follows that as the link price increases, after some point Pu(j
∗) exceeds Pu(s). This

happens at the price pj∗ for which Pu(s) = Pu(j
∗), i.e., for pj∗ = πu(s)−πu(j∗) and from

lemma 10 we get that pj∗ = πv
czuu−zvu

v0+czuv−zvv where v is the node, among the ones included

in the set of backlinks j∗, that yields the minimum decrease in u’s PageRank if removed

from j∗, so v = arg minw∈s πw
czuu−zwu

w0+czuw−zww
.

Therefore if we have a polynomial algorithm AP that computes the best response in

our game, we can use it to solve the Link Building problem efficiently: If the solution does

not happen to consist of k new links, we increase/reduce the link price repeatedly as

specified above, reaching in each step solution of one link less/more than the previous

one respectively, until we reach k links. This computation takes polynomial number of

steps (|k − k0|). However, Link Building is NP-hard so P is NP-hard as well.

Proof. (Lemma 9) If ps was lower than ps′, we could increase the payoff of t by switching

from s to s′ and get higher PageRank (same as in s′) while paying less than in s′, so

s′ wouldn’t be a best response for ps′. Based on this idea, we prove the lemma by

contradiction.

Let us denote with πt(j) the PageRank of node twhen playing strategy j. The strategy

s′ is the best response of t for price ps′, hence πt(s
′)− bs′ps′ ≥ πt(j)− bjps′ ∀j 6= s′ and
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so

πt(s
′)− bs′ps′ ≥ πt(s)− bsps′ . (4.1)

Similarly, strategy s is the best response of t for price ps, hence πt(s) − bsps ≥ πt(j) −
bjps ∀j 6= s and so

πt(s)− bsps ≥ πt(s
′)− bs′ps. (4.2)

Assume that ps′ > ps, for example ps′ = ps + ∆p with ∆p > 0. We sum (4.1) and

(4.2) and get −bs′ps′ − bsps ≥ −bsps′ − bs′ps ⇒

(bs′ − bs)ps ≥ (bs′ − bs)ps′ = (bs′ − bs)ps + (bs′ − bs)∆p⇒ (bs′ − bs)∆p ≤ 0⇒ bs′ ≤ bs.

The last inequality contradicts the assumption in the statement of the lemma, so ps′ >

ps does not hold.

We derive the second statement of the lemma by reversing the inequalities in the

above paragraph.

It follows that verifying a Nash equilibrium is NP-hard as well, since we have to

verify that each player plays his best response given the strategies of the rest players.

Corollary 1. Verifying a Nash equilibrium in our web game is NP-hard.

Finding any set of backlinks that yields larger payoff than the current one, even if it

does not maximize it, can not be done efficiently either, since as we saw in proposition

3 we may have to check all possible sets.

Moreover, even characterizing the equilibria is a challenging task. The necessary

and sufficient conditions for equilibrium existence include rank-k updates of the Google

matrix, which are only expressed by involved formulas (see rank-2 updates in lemma

?? for example) that make it impossible for us to derive readable conditions. We note

here that in the model of Katona et al. [80] where they compute the equilibria of a

very similar model, they assume that the PageRank of the source of the link is not

affected by the establishment of the link, which is not correct. In particular, in their

model player j computes the payoff she will get after the establishment of link (i, j),

that depends on πj, using the value of πj before it; however πj may decrease with the

establishment of (i, j).

The computation of best responses may be easy in special cases of graphs. For

instance, consider a game in which all intrinsic values are equal and all link prices

(fixed or per-click) are equal, say v and p respectively. Then all players are symmetric

and we have to analyze just one of them.

Proposition 4. The web game on graphs with nodes of equal intrinsic values and edges

of equal prices possesses at least one pure Nash equilibrium.
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Proof. (Sketch): The players are symmetric so at equilibrium they all have the same link

structure. A configuration in which no player can increase her payoff by buying any

set of advertising links is a pure Nash equilibrium. Such an equilibrium always exists.

The density of equilibrium graphs depends on the ratio α = p
v
. For small values of α

the only equilibrium is the complete graph, while for large values of α only the empty

graph is equilibrium. The rest regular graphs are equilibria for the intermediate values

of α, with decreasing node degree as α increases.

4.4.3 Approximate best responses

In [107, 106] the authors propose a constant factor approximation algorithm for the

link building problem. We can employ it to compute an approximate best response

in our game. (The authors also compare this approximation algorithm to the naive

algorithm where we choose backlinks from nodes with high PageRank values compared

to their outdegree and show that, on certain graphs, the latter performs much worse

than the former.)

We consider a game of the prices-per-click model. In this case player u’s best

response is the strategy s that maximizes

Pu(s) = vuπu(s)−
∑
k:k→u

c
πk(s)

dk
ρk =

1− c
n

vu + c
∑
k:k→u

(vu − ρk)
πk(s)

dk
,

which, since πu = 1−c
n
zuu
(
1 +

∑n
j=1,j 6=u qju

)
, can be written as (proof!):

Pu =
1− c
n

zuu

(
1 +

1

vu

n∑
j=1,j 6=u

(vu − ρj)qju
)
.

We can use a greedy algorithm to compute an approximate best response. Algorithm

4.5 runs in polynomial time (it requires n2
steps in worst case).

Proposition 5. Let P
′G
u denote the payoff obtained by the solution of algorithm 4.5 and

P
′o
u the payoff yielded by the best response. We have

P
′G
u ≥ P

′o
u (1− c2)

(
1− 1

e

)
.

Proof. We have
Pu

zuu
= 1−c

n

(
1 + 1

vu

∑n
j=1,j 6=u(vu − ρj)qju

)
. Algorithm 4.5 considers the

links whose price per click is less than vu and greedily adds backlinks to u attempting to

maximize the probability of reaching u before absorption, with the minimum cost. qju is

a nonnegative, submodular function of the set of backlinks of u, that is nondecreasing
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Figure 4.5: approxBestResponsePricePerClick(G,u,ρ): Pseudocode for finding an ap-

proximate best response in the price-per-click game

after adding any backlink. These properties are preserved if we multiply each qju by

the utility (vu − ρj) that link (j, u) incurs to u (i.e., increase in PageRank minus link

cost). Indeed, it is nonnegative and nondecreasing since vu − ρj > 0 for all links (j, u)

considered, and submodular because the effect of vu − ρj on the qju is independent of

the graph structure at the time when link (j, u) is added. Hence
Pu

zuu
is a nondecreasing

and submodular function as well, as the sum of nondecreasing and submodular terms.

Let P
′G
u and z

′G
uu denote the values obtained by algorithm 4.5, P

′o
u the optimal value

and z
′o
uu the value of zuu corresponding to P

′o
u . According to [?] we have that

P
′G
u

zGuu
≥ P

′o
u

zouu

(
1− 1

e

)
,

where e ≈ 2.71828. Since zuu = 1
1−quu (from [19]) and quu ∈ [0, c2], it is zuu ∈ [1, 1

1−c2 ], so

zouu
zGuu

is maximized when zouu = 1
1−c2 and zGuu = 1. Therefore

P
′o
u

P ′Gu
≤ 1

1−c2
e
e−1 . For c = 0.85

this gives an upper bound of
P
′o
u

P ′Gu
of approximately 5.7. Note that if zuu cannot improve

much with the addition of new backlinks, i.e., it is already close to its optimal value,

zGuu is close to
1

1−c2 and the upper bound of
P
′o
u

P ′Gu
drops to approximately

e
e−1 ≈ 1.58.

4.4.4 Establishing a single advertising link

In this section we consider (pure) Nash equilibria of n players on directed web graphs.

A pure strategy for a player is to select a subset of new incoming links to be established.

Intuitively, player u establishes inlinks with the goal of maximizing the expected number

of times a random walk on the graph visits u, i.e., inlinks from nodes that are visited
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often, at a relatively low cost.

Definition 3 (Nash equilibrium graph). A web graph is at Nash equilibrium iff no node

has an incentive to change its set of incoming links unilaterally.

The game is finite, so according to Nash [102] it possesses at least one mixed Nash

equilibrium. We are interested in pure equilibria.

We first study the effect, on PageRank, of adding or removing incoming links to/from

a specific node. Then we deal with the Nash equilibria of the two models.

We consider the establishment of a single advertising link for each node as the

choice of the best such link can be done in polynomial time. We call this game the

single-link game.

4.4.4.1 The effect of adding/removing incoming links (backlinks)

From the definition of PageRank we get that π = 1−c
n

[I − cA]−T1 (since πT (cA + (1 −
c) 1
n
11T ) = πT I ⇔ πT (I − cA) = 1−c

n
1T ⇔ πT = 1−c

n
1T [I − cA]−1). We now compute the

change in a page’s PageRank caused by the addition or removal of an incoming link.

Lemma 10. Consider a graph G = (V,E) with r, u ∈ V . Let πu denote the PageRank of

page u, and dr the outdegree of r.

• If (r, u) /∈ E, the addition of link (r, u) changes u’s PageRank to

π̃u = πu + πr
czuu − zru

dr − czur + zrr
.

• If (r, u) ∈ E, the removal of link (r, u) changes u’s PageRank to

π̃u = πu − πr
czuu − zru

dr + czur − zrr
.

Proof. The addition of link (r, u) can be regarded as a rank one update of the hyperlink

matrix A, namely Ã = A+ erb
T
+ with bT+ = 1

dr+1
eTu − 1

dr+1
aTr , where aTr is the r-th row of

matrix A. Let [I − cA]−1 = Z.

Applying the Sherman-Morrison-Woodbury updating formula to [I − cÃ]−1 we get

[I − cÃ]−1 = [I − cA]−1 + c
[I − cA]−1erb

T
+[I − cA]−1

1− cbT+[I − cA]−1er
.

So

Z̃T = ZT + c
ZT b+e

T
r Z

T

1− cbT+Zer
.
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Postmultiplying this equation by
1−c
n

1 we get

π̃ = π + c
ZT b+e

T
r

1− cbT+Zer
π

and consequently

π̃u = πu + c
eTuZ

T b+e
T
r

1− cbT+Zer
π = πu + c

1
dr+1

eTuZ
T (eu − ar)eTr

1− c 1
dr+1

(eTu − aTr )Zer
π

= πu + c
eTuZ

T (eu − ar)
dr + 1− c(eTu − aTr )Zer

πr = πu + c
eTuZ

T eu − eTuZTar
dr + 1− c(eTuZer − aTr Zer)

πr

= πu +
czuu − ceTuZTar

dr + 1− czur + caTr Zer
πr

We evaluate ceTuZ
Tar and caTr Zer. Since [I − cA]Z = I we have

{
cAZ = Z − I
cZTAT = ZT − I

⇔
{

ceTi AZer = eTi (Z − I)er
ceTi Z

TAT er = eTi (Z
T − I)er

⇔
{

caTi Zer = zir − eTi er
ceTi Z

Tar = zri − eTi er

so caTr Zer = zrr − 1 and for u 6= r : ceTuZ
Tar = zru and therefore

π̃u = πu +
czuu − zru

dr + 1− czur + zrr − 1
πr.

Similarly, the removal of link (r, u) is a rank one update of the hyperlink matrix

Ã = A− erbT−, with bT− = 1
dr−1(eTu − aTr ). We get that

Z̃T = ZT − cZ
T b−e

T
r Z

T

1 + cbT−Zer
.

and the second formula of the lemma follows.

To compute rank-k updates we can employ Sankowski’s algorithm [117].

The incoming links always contribute positively to the receiving page’s PageRank.

Lemma 11. A single link that is added to a graph always increases the receiving page’s

PageRank.

(Note: If the source node establishes more outgoing links, (especially) to ‘irrelevant’

to the receiver above nodes, the PageRank may reduce as well. However we are not

interested in this case, since those links are part of other players’ strategies, who are

assumed not to deviate.)

Aik. Papakonstantinopoulou 86



Selfish Behavior and Compact Representation in Routing and Information Networks

Consequently, removing an incoming link from a page always reduces its PageRank.

Moreover, if more than one new links with the same target are established, they always

improve the receiving page’s PageRank.

Lemma 12. Any set of incoming links to a page improve its PageRank.

Proof. The addition of a set of k links to the graph, all pointing to a specific page u, is

equivalent to a successive addition of these links, one by one. By lemma 11 each link

contributes positively in u’s PageRank, regardless the structure of the graph, hence the

whole set contributes positively as well.

The payoff of a player, however, increases only if the total cost of the new incoming

links is strictly lower than the increase they yield in her page’s PageRank.

Consider a restricted version of the initial game, in which each player is allowed

to purchase only one advertising link. We ’re interested in characterizing the Nash

equilibria of this game, i.e. the comparison of the Nash equilibrium graph with the

optimal structure.

Theorem 7 (Nash equilibria of the restricted game). A graph is a Nash equilibrium for

the single-link game iff for any pair of nodes (u, r) such that the edge (r, u) does not exist

in the graph, it is pr > vuπr
czuu−zru

dr−czur+zrr .

Proof. It must be pr > vuπr
czuu−zru

dr−czur+zrr , otherwise according to lemma 10, node u could

purchase an incoming link from r and increase its payoff.

4.4.5 The Optimal structure

The optimal structure of the graph is the one that maximizes the total welfare. Search

engines use measures of importance of the pages, like PageRank, in order to approx-

imate their quality. In terms of our model, for each page i they use πi (which they

compute based on the link structure) as an estimation of vi (which can not be deter-

mined since it depends on the content of i and numerous other factors). Hence a web

graph is ‘good’ if πi is proportional to vi for any page i, and in the optimal web graph it

is
πi
vi

= α for every node i.

4.5 Discussion and Open Questions

The establishment of appropriate reference and advertising hyperlinks is a common

practice of web page authors in order to increase the reputation of their pages. However,
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computing the set of advertising hyperlinks that maximize a page’s reputation is an NP-

hard problem. We suspect that computing a fixed plurality set of reference hyperlinks

that maximize a page’s reputation is not easier, but for now this problem remains open.

Moreover, we propose an algorithm that, given the prices-per-click of the links,

computes an approximate best response for a page author. Is there an approximate

algorithm for the case of fixed price links? Moreover, can we model the link establish-

ment as a congestion game, in order to find some approximate best response and Nash

equilibrium?
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Chapter 5

Compact Network Representation

5.1 Introduction

Real-world systems and phenomena that involve interactions among various entities

are being modelled using graphs for decades now. The recent explosive growth of large-

scale systems that are traditionally modelled as graphs, the worldwide web and social

networks being typical examples, has intensified the need for compact, yet efficient,

representations of graphs. In particular, we need compressed graph representations

that allow mining without decompressing the graph. In this way, algorithms and ap-

plications with tasks that correspond to graph mining problems, can take advantage

of such representations to boost their performance, as they can run in main memory

over much larger graphs using their compressed representations instead of the plain

ones. For example, serving adjacency queries or maintaining and querying low-cost

snapshots for archival purposes are common operations in such critical applications,

and can benefit from the use of in-memory representations of graphs.

The graphs we are interested in representing share some common features. First,

they represent huge networks extending to millions of nodes, but the degrees (in/out-

degrees) of the latter are power law distributed [45, 40], rendering the graphs to be

rather sparse [58]. Moreover, the graphs exhibit the locality of reference property: nodes

tend to have successors that are ‘close’ to them in a sense that depends on the context

and the nature of the network. For instance, web pages often contain links to pages

of the same web site or domain, and people in social networks are often friends with

individuals from the same neighbourhood, university, or work. Furthermore, these

graphs exhibit the copy property (or similarity property), which denotes that nodes

occurring close to each other tend to have many common successors.

These properties induce various types of redundancy in the graphs’ representations,

and are taken into account when designing compression methods. The state-of-the-art

approach to the compact representation of graphs is the method of Boldi and Vigna [29],

further improved using a reordering of the graph [30] before compressing it. Several

91 Aik. Papakonstantinopoulou



Selfish Behavior and Compact Representation in Routing and Information Networks

other approaches have been proposed, but they are slower, i.e., they improve the results

of [29] only in terms of compression ratios and not in terms of access times of the graph’s

elements, they are efficient for small graphs only, or they are methods solely based on

some usually computationally expensive reordering of the input graph. We note here

that reordering a given graph results in an isomorphic graph, in which redundancy can

be (hopefully) exploited by the algorithm more effectively. For example, in [31, 30] the

authors introduce reorderings for which the Boldi and Vigna method yields an increased

compression of web and social network graphs, when compared with the compression

obtained using the graphs in their initial form. Hence, the reorderings can favour any

compression algorithm that takes the aforementioned properties into account.

The web and social graphs may share the above properties, but feature a substantial

difference in the way they are represented: while it is easy to order the nodes of a web

graph in a meaningful way which favours its compression, there is no such obvious

ordering for general networks, including social ones. As it is noted in [45], there exists

some, yet unexplained, topological difference between social networks and web graphs

that results in a less effective compression of the former, i.e., a larger compression

ratio.

5.1.1 Summary of Results and Techniques

We concentrate on the compression of web, social network and other similar graphs by

exploiting the locality property. After observing that the above types of graphs, as well

as most graphs created by human activity, demonstrate the locality property, i.e., they

can be represented by adjacency matrices with high concentration of edges around the

main diagonal of the matrix, we exploited this fact to improve the compression of such

graphs.

Since the highest compression ratios are achieved by the state-of-the-art algorithm

of Boldi et al., namely, the compression framework of [29] (denoted as BV ) after applying

the Layered Label Propagation (LLP) algorithm [30] on the input graphs, we decided to

build on it, making the following contributions:

• we improve BV by exploiting the locality of reference property observed in these

kinds of graphs in a different way than in [29] and, thus, go beyond the state-of-

the-art in graph compression

• we evaluate experimentally our algorithm and show that it achieves a better com-

pression ratio than BV, while allowing the retrieval of elements of the graph faster

than BV.
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Of course, our results further improve if we apply our algorithm on a reordered version

of our input graph, using for example the reordering algorithm of [30].

5.1.2 Related Work

The need for compact representation of graphs emerged with the explosion of the size of

the worldwide web, so the first such attempts focused on compressing web graphs. In

the last dozen of years graph compression has turned into a very active research area

and many algorithms have been proposed, some of them designed for more general

graphs like the social network ones. Most algorithms in this direction try to offer a

good space/time trade-off.

The structures traditionally used for the representation of graphs are the adjacency

list and the adjacency matrix. The former is preferred for sparse graphs, i.e., graphs

whose number of edges is O(n), where n denotes the number of the graph’s nodes,

while the latter is used for dense graphs, i.e., graphs with Θ(n2) edges. The locality

of reference property, as well as the node similarity property, have been observed in

most of the graphs we are interested in, and are often met in graphs that represent

networks created by human activity. The central idea in graph compression algorithms

is that they try to diminish the inner redundancy in the representation using the above

structures, by exploiting the aforementioned properties.

The graph compression algorithms that have been proposed so far can be classified

in the following three main categories: (i) algorithms for compressing web graphs, (ii)

algorithms for compressing (also) more general graphs (mostly social network graphs),

and (iii) algorithms that include or employ reordering of the graph in order to favour

higher degree of compression. It is also very often the case that specific web graph

compression algorithms were later enriched with new techniques in order to be able to

compress social graphs as well.

In [112] the authors take into account the locality of reference and the copy proper-

ties for the case of the web and initiate research on web graph compression by main-

taining compressed forms of the graph’s adjacency lists. The highest compression

ratios are achieved by the method of Boldi and Vigna [29], combined with a reordering

using label propagation [30]. The WebGraph compression method introduced in [29]

is indeed the most successful member of a family of approaches [111, 40, 2, 120] for

compressing web graphs based on the statistical properties described in the introduc-

tion. In [29] Boldi and Vigna exploit the similarity of adjacency lists and the locality of

reference of nearby pages using URL ordering for nodes. We present the techniques of

the WebGraph framework briefly in Section 5.3.1.1.

In another line of work, Brisaboa et al. [38] propose a compact representation of the
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adjacency matrix that represents the graph. They partition the matrix in boxes and

store each box in a way that allows quick access to it. In particular, they use a k2-ary

tree that records at each level which children contain at least one edge. The most

important feature of this work is that it allows both forward and backward navigation

of the graph. However, experiments show that even for the smallest possible value

of k, viz., 2, which results in 4-bit sized leaves, the total compressed size wasted on

leaves of the tree alone, is significantly greater than that achieved by other methods

for graphs of greater size than the ones tested. The approach we propose in this work

is to some extent similar to [38], in the sense that we represent parts of the adjacency

matrix of a given graph. The difference with our approach is that we represent only

some dense parts of the graph, those that are close to the main diagonal, and that we

do not introduce extra overhead by using trees as indices.

Asano et al. [15] reorganize the adjacency matrix of the graph to bring the inter-

host links close to the intra-host ones, and incorporate six different kinds of patterns

to cover it. The compression ratio reported is impressive, but the additional cost im-

posed for the matching of the original indices of the inter-host links with the new local

indices used is not considered in the presented results. This approach is similar to our

proposed method, with the difference that in our method no overhead for lookup tables

is introduced.

Claude et al. in [51] use a different compression scheme for web graphs that does

not achieve better compression ratios than [29], but allows for faster navigation on the

graph. However, their approach does not scale up due to the large amount of memory

and long time required during the computationally expensive compression phase. Later

on, Claude et al. combined this algorithm with the techniques of [38], partitioning the

input graph and applying a separate technique to each part (i.e., applying [51] on one

part and [38] on the other), to compress web as well as social network graphs [50].

A similar partitioning is applied in our approach as well, but the methods used to

compress the subgraphs are entirely different.

In [45] Chierichetti et al. view the problem of graph compression from a theoretical

point of view and study the extent to which a large social network can be compressed.

They show that the compressibility of social networks is very different than that of

web graphs. Their proposed method, however, is a compression scheme rather than a

compressed data structure, as noted in [30], i.e., it aims solely at minimizing the size

of the compressed graph (bits/edge) instead of providing fast access to each edge.

The locality of reference property of a graph reflects on its adjacency matrix in the

following way: using a proper ordering of the nodes’ labels, i.e., an ordering in which

labels of densely connected nodes are close to each other, many edges fall close to the
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main diagonal of the adjacency matrix. Such orderings are preferred in practice, but

finding the ordering that minimizes the distance of the edges from the main diagonal is

NP-hard [119]. Intuitively, if we have some good clustering of the graph, based solely

on the link structure, and assign consecutive labels to the nodes in each cluster, the

lexicographic ordering of the labels is rather good in the above sense.

Such an extrinsic ordering appears naturally in the case of worldwide web. Web

graph representations assume that each URL corresponds to some identifier. More-

over, it is assumed that URLs are alphabetically sorted [27], and this naturally puts

together the pages of the same domain. As a result, the locality of reference trans-

lates into closeness of page identifiers. However, extrinsic orderings are not obvious

for all graphs, so for social or bibliographic citation graphs, finding a good ordering is

a challenging issue. In [31] Boldi et al. test some known orderings of the nodes and

propose some new ones, and study their effect on the compression of web and social

graphs. They show that using these orderings for the input non-web social graphs, the

WebGraph framework [29] yields results that are very close to the results of [45]. In [30]

the authors introduce a reordering algorithm called Layered Label Propagation (LLP),

and employ it to compress social networks. This algorithm is based on clusterings and

orderings and can reorder very large graphs quite fast. The experimental evaluation of

this approach shows that combining the ordering produced by LLP with the WebGraph

framework outperforms all currently known techniques, both for web graphs and for

social networks. Some methods that claim to yield lower bits/edge ratios [45, 42, 98]

do not address the issue of retrieving the edges fast. In [79] the authors introduce

SlashBurn, an ordering method that offers the best bits per egde ratio according to the

information theoretic lower bound, among other competing methods.

Buehrer and Chellapilla [42] exploit complete bipartite subgraphs (bicliques) on web

graphs, i.e., groups of pages that share the same outlinks, and replace them with virtual

nodes. However, the compression they achieve is not better than the compression of

[29] while they also fail to be competitive speedwise, since they fall into the class of

compression schemes rather than compressed data structures [30]. In computing the

compressed size they do not take into account the offset, which, however, increases

significantly with the increase of the compression ratio.

Clustering according to some meaningful measure naturally brings together nodes

that are connected with the locality of reference or copy property. This is particularly

useful in social networks where there is no apparent numbering of the nodes that

brings them close to each other. In [98] the authors decompose the graph into small

dense subgraphs, which can be represented more efficiently in terms of space. Their

comparison with [29] is based on the naive approach of maintaining both the original
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graph and its transposed version, whereas a more sophisticated approach, indicated in

[30], outperforms them. In [70] the authors generalize on [42, 98], where the authors

find bicliques and cliques respectively, and adapt clustering algorithms to find broader

constructions that lie in between. They show that these more general dense subgraphs

appear sufficiently more often than cliques and bicliques, thus designing a more general

compact representation for them pays off.

Apostolico and Drovandi [13] visit the graph in a breadth-first fashion while com-

pressing, and exploit locality and similarity by referencing the previous successor of the

same node, or the successor of the previous list that is in the same ordinal position.

The blocks of identical successors are recorded only once. However, their method is

outperfomed by [30], and by a big margin as far as social network graphs are concerned.

In [116] Safro and Temkin present a multiscale approach for the network minimum

logarithmic arrangement problem, i.e., the problem of finding an intrinsic ordering that

optimizes directly the sum of the logarithms of the gaps (numerical difference between

two successive neighbours). The resulting ordering may be used for graph compression

if combined with a compression scheme like the WebGraph framework [29]. According

to [30], some preliminary tests show that these orderings are promising especially on

social networks; however, the implementation does not scale well for datasets with

more than a few millions of nodes and so it is impractical for compressing large-scale

graphs.

Our approach benefits from the reordering that results after applying Layered Label

Propagation [30] on the input graph; we could also take advantage of other orderings

such as the ones examined in [31, 79].

Figure 5.1 illustrates the aforementioned areas and the relations among them.

5.1.3 Organization

In this chapter we present the overview of our approach, along with some theoretical

analysis and experimental evaluation on real datasets. In Section 5.2 we show and

exploit the effect of locality in the compression of web and social network graphs. In

particular, in 5.2.1 we identify the dense part of the graph based on the locality prop-

erty, in 5.2.2 we present our compression algorithm and discuss its complexity and

in 5.2.3 we evaluate our approach experimentally. In Section 5.3 we also perform data

compression on part of the graph’s elements, further improving the compression rate

of our method. The data compression is described in 5.3.1 along with some theoreti-

cal analysis, and the new compression algorithm is presented in 5.3.2 and evaluated

experimentally in 5.3.3.
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Algorithms for compressing web graphs Algorithms for compressing social network graphs

Reordering algorithms that lead to higher compression

adjacency lists

adjacency

combination of
[CL11]

[AD09] [HN12]

[CKL+09] [MP10]

[BV04+BRSV11+LPS14a]

[BV04+BSV09]

[BV04+BRSV11]

[BSV09] [BRSV11] [KF11] [ST11]

[AMN08] [BLN09]

[AM01] [SY01] [RSWW02]

compression schemes

state of the art!

[LPS14b]

represented by:

and matrices

our work

[RGM03] [BV04] [CN07] [BC08]

[BV04]+[BRSV11]+[LPS14a]+

data compression

matrices

adjacency lists

Figure 5.1: Related work

(a) (b)

Figure 5.2: youtube-2007 before and

after LLP.

1 0 1 1 0 0 0 1 0 0 0 0

1 1 1 0 1 0 1 0 0 0 0 0

1 1 0 0 1 1 1 0 1 0 0 0

1 0 0 1 1 1 0 0 0 0 0 0

1 0 0 1 1 1 0 1 0 0 1 0

0 0 0 1 1 1 0 1 1 0 0 0

0 0 0 1 1 1 0 1 1 1 0 0

1 1 0 1 1 1 0 1 1 1 1 0

0 0 0 0 0 1 0 1 1 1 1 0

0 1 0 0 0 0 0 1 1 0 1 0

0 0 0 0 0 0 0 1 1 0 1 0

1 0 0 1 0 0 0 0 1 0 1 0

Figure 5.3: An adjacency matrix.

5.2 The effect of locality in compressing web and social

network graphs

5.2.1 Identifying the dense part of the graph

Most compact graph representations are based either on the adjacency matrix repre-

sentation [38] or on the adjacency lists representation [29] of the graph. For a given

graph G = (V,E) the adjacency matrix representation is preferred when G is dense,

i.e., when |E| = Θ(|V |2), while adjacency lists are preferred when G is sparse, i.e.,

when |E| = O(|V |).
We combined the two kinds of representations after observing that social network
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Web, road network, and social network graphs

k=1
k=2
k=3
k=4

Figure 5.4: Percentage of edges contained in the diagonal stripe of various social net-

work graphs for various stripe widths.

graphs, although rather sparse in general, have a dense part around the main diagonal

of the graph’s adjacency matrix after the LLP algorithm [30] has been applied on them.

This tendency is shown in Figure 5.2, where the adjacency matrix of a graph from the

youtube social network is illustrated before (5.2a) and after (5.2b) the reordering of its

nodes.

More formally, we call this dense area the diagonal stripe, and define it as follows:

let k ∈ Z+, an edge (i, j) is in the k-diagonal stripe, iff i− k ≤ j ≤ i+ k. The 3-diagonal

stripe of an example adjacency matrix is illustrated in Figure 5.3.

In the graphs we examined experimentally, a large number of edges tends to be in

the diagonal stripe, meeting our expectations regarding the locality property. Figure 5.7

illustrates this trend for k ∈ {1, 2, 3, 4} for the graphs of our dataset, described in detail

in Section 5.2.3.1.

5.2.2 A hybrid method for graph compression

Having identified an opportunity to compress large parts of social network graphs effec-

tively, we propose a hybrid method, which uses a bit vector to represent the diagonal

stripe and resorts to the method in [29] to address the issue of compressing the re-
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maining edges. For the rest of this chapter we will refer to our method as BVD and to

the method in [29] as BV.

Every possible pair of nodes (a, b) lying in the diagonal stripe is mapped through a

simple function to the bit vector. Thus, the existence of an edge there can be verified

in constant time. A big percentage of these pairs represent edges absent from the

graph. However, including those pairs in our representation allows us to be aware of

the position of every pair and not resort to using an index as in [38], which would not

only introduce a similar space overhead, but would dramatically increase the retrieval

time as well.

By using BV to compress the rest, sparse part, of the graph, we manage to provide

a full graph compression framework and perform comparisons over the whole graph,

not only the diagonal stripe. The computational complexity of this approach is approx-

imately equal to the complexity of BV alone, as mapping the diagonal stripe to a bit

vector is linear in the number of diagonal edges. Furthermore, this mapping can only

decrease the query time on the compressed graph’s elements, when compared with the

query time of BV alone.

5.2.3 Experimental evaluation

5.2.3.1 Dataset

In order to test our approach we used a dataset of six social network graphs. Figure 5.5

provides an illustration of their adjacency matrices, where one can clearly see how the

diagonal stripe stands out in almost all of the graphs. The origin and characteristics of

our graphs are summarized in the following list:

• ljournal-2008: LiveJournal is a virtual community social website that started

in 1999. It comprises 5, 363, 260 nodes and 79, 023, 142 edges.
1

• youtube-2007: Youtube is a video-sharing website that includes a social net-

work. It comprises 1, 138, 499 nodes and 5, 980, 886 edges.
3

• dblp-2010: DBLP is a bibliography service. Each vertex represents an author,

and an edge links two vertices if the corresponding authors have collaborated. It

comprises 326, 186 nodes and 1, 615, 400 edges.
2

• amazon-2008: Amazon is a symmetric graph describing similarity among books

as reported by the Amazon store, comprising 735, 323 nodes and 5, 158, 388 edges.
6

• flickr-2007: Flickr is a photo-sharing website based on a social network. It

comprises 1, 715, 255 nodes and 31, 110, 082 edges.
3

1
Collected in [45], retrieved by LAW: http://law.di.unimi.it/

2
Collected by LAW: http://law.di.unimi.it/

3
Part of the IMC 2007 datasets with LLP [30] applied on it (http://socialnetworks.mpi-sws.
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(a) ljournal-2008 (b) youtube-2007 (c) dblp-2010

(d) amazon-2008 (e) flickr-2007 (f) facebook-Texas84

Figure 5.5: Visualizations of the adjacency matrices of some social network graphs.

• facebook-Texas84: Facebook is the most successful online social networking

service. Its Texas84 subnetwork comprises 36, 371 nodes and 3, 181, 310 edges.
4

The aforementioned graphs vary in size and cover a wide range of social networking

services. Thus, they form a thorough evaluation environment for our proposed method.

5.2.3.2 Compression ratio comparison

Table 5.3 shows the number of nodes and edges in each graph, the percentage of edges

in the diagonal stripe, the compression ratio achieved by the BV technique [29], and

the one achieved by our proposed method (BVD) for a given k.

As expected, the largest improvement (10%) was achieved for dblp-2010, which

has the densest diagonal among all graphs in our dataset. Notable improvements were

also observed for graphs youtube-2007 (3%) and amazon-2008 (2%). Surprisingly,

for the other three graphs, viz., ljournal-2008, flickr-2007 and facebook-Texas84,

BVD also managed to surpass the performance of BV, even though the percentage of

org/data-imc2007.html).

4
The largest of the Facebook100 graphs containing friendships from 100 US universities in 2005

(https://archive.org/details/oxford-2005-facebook-matrix).
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Table 5.1: Comparison with BV method.

graph # nodes # edges % of edges k compression

in diagonal ratio (bits/edge)

BV BVD
ljournal-2008 5, 363, 260 79, 023, 142 5.62% 1 11.84 11.80
youtube-2007 1, 138, 499 5, 980, 886 15.10% 2 14.18 13.79
dblp-2010 326, 186 1, 615, 400 37.12% 2 8.63 7.76
amazon-2008 735, 323 5, 158, 388 43.56% 5 10.77 10.56
flickr-2007 1, 715, 255 31, 110, 082 4.66% 2 9.81 9.76

facebook-Texas84 36, 371 3, 181, 310 3.84% 3 8.82 8.80

edges in their diagonal stripes is relatively small.

By outperforming BV for all the graphs in our dataset, we proved that the effect of

our observations, even when utilized with a simple approach such as that of BVD, is

very powerful on social network graphs.

5.2.3.3 The effect of parameter k

Achieving a good compression ratio with BVD depends heavily on choosing an appro-

priate width for the diagonal stripe of the given graph, defined by k. The optimal values

of k for the graphs of our dataset are illustrated in Table 5.3.

As k increases, more and more edges are included in the diagonal stripe, which,

however, becomes progressively sparser. We have found that a good selection of value

for this parameter ranges between 1 and 5. The most appropriate value can only be

known a posteriori, as it depends on the exact structure of the graph and does not only

determine the bits per edge ratio of the diagonal part, but also the compression ratio

of the subgraph compressed with BV. However, our results indicate that improvement

over BV occurs for most of the values within this range; e.g., for graphs dblp-2010

and amazon-2008, better results were achieved for k ∈ [1, 7] and k ∈ [1, 8] respectively.

5.3 Pushing the envelope in graph compression

5.3.1 Overview of our approach

This section presents our approach for compressing directed graphs. Our approach

builds on and improves the Boldi and Vigna compression method of the WebGraph

framework [29]. For the sake of simplicity, we will refer to the Boldi and Vigna method

as BV throughout the section. We first review the BV techniques (Section 5.3.1.1),

then we isolate a dense subgraph of the input graph (Section 5.3.1.2), in particular a
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stripe around its main diagonal, and provide an explanation of how we can compress

it separately along with a theoretical analysis of this approach (Section 5.3.1.3).

5.3.1.1 The Boldi et al. techniques

In [29], Boldi and Vigna propose a number of techniques that exploit locality and

similarity, two properties that are known to appear in the links of a web graph [112].

The adjacency lists of a graph are pictured firstly using a modified gap representa-

tion, that utilizes the locality property, and then as bit vectors, named copy lists, that

take advantage of the fact that the adjacency lists share large subsequences of edges

(similarity property). Copy lists are further compressed with a variation of run-length

encoding, since they tend to contain runs of 0s and 1s.

The number of previous adjacency lists that are examined in order to discover pos-

sible reference lists is called window, and its size poses a tradeoff between compression

ratio and compression/decompression time. The maximum reference count is a second

parameter used by this scheme, that imposes a limit on the lengths of reference chains.

The remaining extra nodes exhibit consecutivity as well. Hence, integer intervals are

used for their compression, but only for the subsequences that correspond to intervals

whose length is not below a certain threshold (Lmin in [29]). The list of the residuals

(remaining integers) is compressed in a differential manner.

In [30], Boldi et al. apply a reordering algorithm that brings the graph to a state

where the aforementioned properties can be further exploited.

5.3.1.2 Exploiting the dense part of the graph

We improve the state-of-the-art algorithm BV for the compression of web graphs [29],

by proposing to store separately the denser part of the graph, i.e., the part of the graph

corresponding to the edges that are close to the main diagonal of the graph’s adjacency

matrix.

Graphs created by human activity usually possess the locality of reference property

and the copy property, which are surfaced after applying LLP [30] on them, or any other

clustering technique, e.g., [31, 79], that permutes the graph in a similar fashion. We

exploit these properties to improve the compressed data structure. Due to the above

properties, an edge is with high probability close to the main diagonal of the adjacency

matrix representing the graph. Hence, given that these graphs are generally rather

sparse due to the power law distributed nodes’ degrees (indegrees and outdegrees) [58],

the graph corresponding to the main diagonal and the area around it is denser than

the rest of the graph. We call this area the diagonal stripe, and formally define it as

follows:
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0 0 0 1 0 1 1 0 0 0 1 0 0 0 0

0 0 1 1 1 0 1 0 1 0 0 0 0 0

0 1 1 1 0 1 0 1 0 1 0 0 0

1 1 1 1 1 1 0 0 0 0 0 0

1 0 0 1 1 1 0 1 0 0 1 0

0 0 0 1 1 1 0 1 0 0 0 0

0 0 0 1 1 1 0 1 1 1 0 0

1 1 0 1 1 1 1 0 1 1 1 0

0 0 0 0 0 0 0 1 1 1 0 1

0 1 0 0 0 0 0 1 1 1 1 1 0

0 0 0 0 0 0 0 1 1 0 1 0 0 0

1 0 0 1 0 0 0 0 1 0 1 0 0 0 0

Figure 5.6: Example of an adjacency matrix.

Definition 4. For a graph G = (V,E) and k ∈ Z+, the k-diagonal stripe of G comprises

the following set of entries: {(i, j) | i− k ≤ j ≤ i+ k and i, j ∈ {0, . . . , |V |}}.

To illustrate, in Figure 5.6 we present within a bold line the 3-diagonal stripe of an

example adjacency matrix.

In the graphs we examined experimentally, large number of edges tend to be in the

diagonal stripe, meeting our expectations regarding the locality of reference property.

This trend for k ∈ {1, 2, 3, 4} for the graphs of our dataset, described in detail in

Section 5.3.3.1, is illustrated in Figure 5.7.

As k increases, the bits/edge ratio required to store the stripe increases as well. The

density of edges in the diagonal stripe decreases as we are moving farther away from

the diagonal, where edges are met less frequently. However, even a stripe of smaller

density is sometimes useful, as it may lead to higher compression of the whole graph.

The computation of the bits/edge needed to represent the diagonal stripe is straight-

forward if we know the percentage of edges in it: Consider k ∈ Z+ and a graph

G = (V,E) with a percentage p of E belonging in the k-diagonal stripe. These edges are

represented with
(2k+1)|V |

p|E| bits/edge. For example, graph roadNet-PA of our dataset,

described in Section 5.3.3.1, has 68.41% of its edges in the 7-diagonal. Therefore these

edges are represented with
15|V |

0.6841|E| = 7.76 bits/edge.

Isolating the diagonal stripe in a way similar to [94] and compressing the rest of the

graph as explained in [29], achieves better compression than using the method pre-

sented in [29] alone, as we later demonstrate experimentally (Section 5.3.3). Table 5.2

presents the compression ratio achieved by BV for the remaining graph for various di-

agonal stripe widths, which is essentially the lower bound of our overall compression.
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Web, road network, and social network graphs
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Figure 5.7: Percentage of edges contained in the diagonal area of web, road network

and social network graphs.

5.3.1.3 Compressing the diagonal stripe

In this section we describe the motivation and sketch the techniques behind isolating a

dense subgraph of the input graph, in particular a stripe around its main diagonal, and

compressing it separately. We also present some theoretical analysis for our proposed

approach.

Adjacency matrix format In order to exploit the high concentration of edges in the

diagonal stripe, and, thus, take advantage of the locality of reference property, we store

it separately from the rest of the graph in the format of an adjacency matrix. We opted

for the adjacency matrix representation of the diagonal as the high concentration of

edges in the diagonal forms a dense graph. Formally, a graph G = (V,E) is dense if

|E| = Θ(|V |2). For example, as shown in Figure 5.8, an edge is more likely to exist in

the part of the adjacency matrix corresponding to the diagonal stripe, or even in the

part around the stripe, than far away from it. This is exactly the case in the graphs
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Table 5.2: Lower bound of our compression: The bits/edge required by BV for the

graph apart from the diagonal stripe.

graph BV lower bound of our compression
k = 1 k = 2 k = 3 k = 4

cnr-2000 3.71 3.37 3.28 3.22 3.16

web-Stanford 4.06 3.76 3.63 3.56 3.48

roadNet-CA 13.30 10.39 9.31 8.89 8.58

roadNet-PA 12.86 10 8.85 8.41 8.09

dblp2010 8.63 7.47 6.75 6.37 6.02

cit-Patents 14.72 14.21 13.88 13.67 13.51

amazon-2008 10.77 10.32 9.93 9.62 9.29

ljournal-2008 11.84 11.60 11.47 11.39 11.31

twitter-2010 14.52 14.41 14.35 14.32 14.29

that we are dealing with here.

Data compression Using data compression techniques that exploit the redundancy

of the diagonal stripe, represented by an adjacency matrix as described above, allows

us to reduce the size of the stripe significantly. Shannon’s source coding theorem

states that it is impossible to compress with an average number of bits per symbol

less than the entropy of the source. We present a proposition that imposes an upper

bound to that limit, and provides us with an estimation of the space requirements of

our method for the dense part of the graph. Comparing this estimation for various

widths of the diagonal stripe of a graph, to the compression ratio of the state-of-the-art

method, allows us to assess the overall room for improvement and the optimal width of

the stripe. However, the estimation on the latter is far from accurate due to the delicate

balance between easing the task of compressing the rest of the graph by including as

many edges as possible in the diagonal stripe and minimizing its ratio.

Proposition 6. Consider k ∈ Z+ and a graph G = (V,E) with a percentage p of its

edges belonging in the k-diagonal stripe. The minimum expected compression ratio of the

diagonal stripe is upper bounded by
log ((2k+1)|V |

p|E| )
p|E| bits/edge.

Proof. The diagonal stripe consists of (2k+1)|V | bits and exactly p|E| of them represent

edges. We model the stripe as a random variable X ∈ {0, 1}(2k+1)|V |
.

Shannon’s source coding theorem states that the minimal possible expected length

of codewords, which in our case is the best attainable compressed size of the diagonal

stripe, is no less than the entropy of the input word (diagonal stripe) [118].

The entropy of X is H(X) = −∑n
i=1 pi log pi, where n is the number of all possible

diagonal stripes and pi is the probability of stripe i. As n =
(
(2k+1)|V |

p|E|

)
, and assuming
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that all possible stripes are equally likely, the maximum entropy becomes

H(X) = log

(
(2k + 1)|V |

p|E|

)
.

According to Shannon, the minimal expected wordlength S is E[S] = H(X). Thus,

since we have p|E| edges, the minimum expected compression ratio is

H(X)

p|E| =
log
(
(2k+1)|V |

p|E|

)
p|E| .

For example, for the graph roadNet-PA the upper bound of the minimum expected

compression ratio of the 7-diagonal stripe is
log ( 15|V |

0.6841|E|)
0.6841|E| = 2.98 bits/edge.

Minimizing the compression ratio with techniques such as Huffman or Arithmetic

coding [123] may have a negative impact on the time needed to access the elements of

the graph, as we will then need to decompress large parts, or even the whole diagonal

stripe, in order to answer simple queries. We wish to retain the ability to access the

elements of the stripe in constant time after compressing them. Thus, we encode them

using a form of lossy, but fixed-length encoding to preserve the direct access of the

edges.

5.3.2 Compressing the graph

This section presents BV+, an algorithm for compressing directed graphs that is the

product of our line of thinking in Section 5.3.1. BV+ is outlined in Algorithm 1. BV+

receives as input a directed graph G = (V,E), and parameters k and b, and gives as

output a compressed representation of G.

As a first step, the algorithm constructs the k-diagonal stripe of graph G and the

set of all edges that do not belong in the k-diagonal stripe (lines 2-8). The k-diagonal

stripe can be considered as an array of bit arrays where each bit array consists of

exactly 2k + 1 elements and corresponds to a row of the diagonal stripe as illustrated

in Figure 5.8. The value of an element equal to 1 signifies the presence of an edge.

Likewise, the value of an element equal to 0 signifies the absence of an edge. The first

and last rows in the k-diagonal stripe are complemented with 0s to fix the number of

2k + 1 elements for each row.
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Algorithm 1: BV+(G, k, b)
input : A directed graph G = (V,E), and parameters k and b.
output: A compressed representation of G.

1 begin

2 setNonD← set();

3 k-diagonalStripe← array(array([000 . . . 0]︸ ︷︷ ︸
2k+1 bits

)× |V |);

4 foreach (u, v) ∈ E do

5 if u− k ≤ v ≤ u+ k then

6 k-diagonalStripe[u][v]← 1;

7 else

8 setNonD← setNonD ∪ (u, v);

9 seqDict← dict();
10 foreach seq ∈ k-diagonalStripe do

11 if seq 6∈ seqDict then

12 seqDict[seq]← 1;

13 else

14 seqDict[seq]++;

15 foreach (key, value) ∈ seqDict do

16 seqDict[key]← value × # of 1s ∈ key;

17 seqDict← sort seqDict by value (desc. order);

18 seqSet← {first 2b − 1 sequences (keys) of seqDict};
19 foreach seq ∈ k-diagonalStripe do

20 if seq ∈ seqSet then

21 use b bits to compress seq;

22 else

23 bestSeq← bestSubset(seqSet, seq, k);
24 use b bits to compress bestSeq;

25 setNonD← setNonD ∪ {edges of seq that were left out of bestSeq};

26 compress setNonD using BV;

Diagonal stripe compression As already mentioned, the k-diagonal stripe consists

of |V | rows where each row comprises 2k + 1 elements. We create a dictionary to

hold information about our rows (line 9). Every row, that is, every sequence of (0, 1)-

elements, yields an integer value. We have empirically observed that the frequencies of

these integer values tend to follow a power law distribution, so we decided to pick the

values that contain the higher volume of information.

We iterate over the set of rows, and store each distinct (2k + 1)-bit array along with

its frequency in the set of rows in the k-diagonal stripe in our dictionary (lines 10-14).

We do not rest on using the (2k+1)-bit arrays met most frequently among the rows, but

we also take into account the number of edges they represent. More explicitly, let us

suppose we had used k = 3 and we had observed the sequences 0001000 and 0010110

occurring 500 and 300 times respectively. While the first sequence is more frequent, it

fails to represent more than one edge. Hence, the second sequence is in fact preferable.
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Function: bestSubset(seqSet, seq, k)

input : A set of candidate sequences, seqSet, parameter k, and a given sequence seq.

output: Best available sequence bestSeq.

1 begin

2 bestSeq← array([000 . . . 0]︸ ︷︷ ︸
2k+1 bits

);

3 max← 0;

4 foreach candidateSeq ∈ seqSet do

5 counter← 0;

6 flag← False;
7 foreach i← 1 to 2k + 1 do

8 if candidateSeq[i] = 0 and seq[i] = 1 then

9 flag← True;

10 if candidateSeq[i] = seq[i] = 1 then

11 counter++;

12 if counter ≥ max and !(flag) then

13 bestSeq← candidateSeq;

14 max← counter;

15 return bestSeq;

The multiplication of the frequencies with the number of bits that are set guarantees

that the chosen representations will not only occur often in the particular diagonal, but

will represent a significant amount of edges as well, thus minimizing the overall bits

per edge ratio (lines 15-16).

Then, we choose an integer number b of bits to use for their representation and

represent only the 2b− 1 most appropriate of these sequences, each one using a binary

number of b bits. This is done by sorting these sequences by the product of their

frequency times the number of edges each one contains (line 17), i.e., the number of

1s in their binary representation, and then picking the first 2b − 1 of them (line 18).

In this way, we make sure that we will pick not just the most frequent values in the

diagonal, but also the most important ones, because picking representations that hold

a limited number of edges would lead to a waste of bits. The role of b is to determine

the channel capacity, and with it, the loss rate of our scheme. The optimal value for

b is highly dependent on the distribution that the frequencies of the values follow. We

keep one b-bit binary number to denote the absence of edges in a specific row of the

diagonal stripe.

As a final step, we iterate again over the set of rows of the k-diagonal stripe, and for

each row of the diagonal stripe we use its compressed representation if the correspond-

ing sequence exists among the ones picked in the aforementioned step (lines 20-21),

or the compressed representation of the best available sequence and add the missing

edges to the set of edges that do not belong in the k-diagonal stripe (lines 22-25). In the
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0 0 0 1 0 1 1 0 0 0 1 0 0 0 0

0 0 1 1 1 0 1 0 1 0 0 0 0 0

0 1 1 1 0 1 0 1 0 1 0 0 0

1 1 1 1 1 1 0 0 0 0 0 0

1 0 0 1 1 1 0 1 0 0 1 0

0 0 0 1 1 1 0 1 0 0 0 0

0 0 0 1 1 1 0 1 1 1 0 0

1 1 0 1 1 1 1 0 1 1 1 0

0 0 0 0 0 0 0 1 1 1 0 1

0 1 0 0 0 0 0 1 1 1 1 1 0

0 0 0 0 0 0 0 1 1 0 1 0 0 0

1 0 0 1 0 0 0 0 1 0 1 0 0 0 0

0 0 1 1 0 1 0 1

1 1 0 1 1 0 1 0

1 1 0 1 0 0 0 0

0011101 11

1110111 10

0111010 01

0000000 00

1: 1, 3, 4, 8
2: 7
3: 7, 9
4: 1, 5
5: 1, 11
8: 1, 2, 4
10: 2, 11
11: 8, 9, 11
12: 1, 4, 9, 11

BV( )
BV+

Figure 5.8: Compressing the graph with BV+.

latter case, by best available, we denote the sequence that has the most 1s in the same

position with the sequence in question from the ones picked, and does not have a single

1 where this sequence has a 0. The best available sequence is provided by function

bestSubset, which receives as input a set of candidate sequences, parameter k, and a

given sequence. Function bestSubset first initializes a best sequence candidate, repre-

sented by a bit array, with 2k + 1 number of 0s (line 2), and it also initializes a counter

that holds the number of 1s that two sequences have in common (line 3). The best

available sequence, i.e., the one whose set of positions of 1s in it is the best (maximal)

subset of the sequence in question, is then calculated by iterating the set of candidate

sequences and performing some checks (lines 4-14), and, finally, returned (line 15).

Note that even if no best available sequence is found among the set of candidate se-

quences, the initialized best available sequence candidate (line 2) will be returned. In

the aforementioned example, suppose that the second sequence, viz., 0010110, was in-

deed elected among the 2b−1 ones, while another sequence 0011110 was not. We utilize

their similarity by using the representation of the former one for the latter one as well,

and manage to capture 3 of its 4 edges without extra cost. In the upper right part of

Figure 5.8 we can see the mapping of the selected values to their b-digit representation

and the compressed diagonal that results after applying the actions described above.

The edges that are excluded during this step are added to the ones existing outside

of the diagonal stripe. These edges will be then compressed using BV, thus, our overall

method is lossless. In Figure 5.8 the edges of the diagonal that are compressed as

described above are contained in dark grey cells, while those that are compressed using

BV are in light grey cells. When every row has been substituted with a compressed

representation, the compressed diagonal is ready.

As a result of using the above procedure, for the graph roadNet-PA the compres-

sion ratio of the 7-diagonal stripe with b set to 2 is 1.95 bits/edge. However, even
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a compression ratio greater than the upper bound of the minimum expected (2.98

bits/edge as obtained in the example in Section 5.3.1.3 for roadNet-PA), and in any

case smaller than that of the uncompressed graph, would be acceptable as we do not

need to decompress the whole stripe to access the desired edges, in contrast to more

compact entropy encoding approaches, such as Huffman or Arithmetic coding [123].

Non Diagonal part compression The final step for algorithm BV+ is to compress

the remaining edges, i.e., the edges that initially belonged outside of the k-diagonal

stripe (line 8), together with the edges that were left out during the compression of

the diagonal stripe (line 25), with the BV method (line 26). As shown in Figure 2, the

output of BV+ is the lossy compressed representation of the diagonal stripe plus the

output of BV for the remaining elements. Besides using exclusively the BV method, the

straightforward nature of our approach and the structure of our algorithm makes it an

attractive technique that any compression scheme can benefit from.

5.3.2.1 Size of the compressed graph

Let n be the number of nodes in the graph (i.e., n = |V |) and b be the parameter that

ultimately defines the width of a compressed representation of the diagonal stripe, as

described earlier. The size of the compressed graph is equal to bn+SBV bits, where SBV

is the size of the set of edges that are outside of the diagonal stripe plus the set of edges

that were left out of the fixed length encoding of the diagonal (during the compression

of the diagonal), compressed using the BV algorithm.

5.3.2.2 Time Complexity

Here, we discuss the time complexity of BV+ and compare it to the complexity of BV.

The diagonal stripe is compressed in linearithmic time in the worst case (O(n log n))

and the remaining edges in time less than with BV, as they form a graph that is smaller

than the initial one.

• The time complexity of verifying the existence of a specific edge is O(1) if the edge

belongs in the compressed diagonal stripe, and less than that of BV otherwise
5
.

• The time complexity of retrieving all neighbours of some node is O(b) for the

neighbours that belong in the compressed diagonal stripe, and less than that of

BV for the rest of the neighbours
5
.

The efficiency of our approach benefits from the existence of multi-core processors,

since in any multi-core (e.g., 2-core) machine the aforementioned queries in and outside

5
Since edges have to be retrieved from a compressed by BV graph, which is initially smaller than the input graph.
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Table 5.3: Comparison with BV method.

graph # nodes # edges # edges in compression BV+

compressed ratio (bits/edge) parameters

diagonal BV BV+ k b

cnr-2000 325, 557 3, 216, 152 194, 639 3.71 3.62 17 2

web-Stanford 281, 903 3, 985, 272 270, 220 4.06 3.90 1 2

roadNet-CA 1, 965, 206 5, 533, 214 3, 569, 145 13.30 10.58 7 6

roadNet-PA 1, 088, 092 3, 083, 796 2, 062, 741 12.86 10.07 7 6

dblp-2010 326, 186 1, 615, 400 928, 702 8.63 7.2 24 7

cit-Patents 3, 774, 767 33, 037, 894 6, 303, 138 14.72 14.25 9 6

amazon-2008 735, 323 5, 158, 388 3, 057, 268 10.77 10.07 23 15

ljournal-2008 5, 363, 260 79, 023, 142 6, 045, 619 11.84 11.78 2 4

twitter-2010 41, 652, 230 1, 468, 365, 182 37, 906, 525 14.52 14.42 17 6

the diagonal stripe take place in parallel, thus, the makespan is the longer among the

two tasks.

We infer that BV+ outperforms BV in terms of time needed for searching/retrieving

edges in a graph compressed using any one of them, and we also show this experimen-

tally later in Section 5.3.3.

The high compression of BV has a negative impact on the time needed to access

some of the graph’s elements: the retrieval of the incoming edges of a specific node

becomes involved [29]. BV+ induces an improvement in this aspect, as part of the

graph’s edges, i.e., the part that belongs in the diagonal stripe, is accessed in constant

time.

5.3.3 Experimental evaluation

We implemented and tested our approach on a wide variety of large scale graphs. We

list below the technical specifications of the machine used for implementing and testing

our algorithm. In Section 5.3.3.1 we describe the dataset used for our experiments.

We present the results of our experiments, i.e., compression ratios and times, in Sec-

tions 5.3.3.2 and 5.3.3.3 respectively, and discuss the role of the algorithm’s input

parameters in Section 5.3.3.4.

We implemented and ran algorithm BV+ using OpenJDK 7 build 25, which imple-

ments Java SE 7; our code is available upon request. The experiments were carried

out on a computer with an Intel®Core
TM

2 Duo CPU E8400 with a CPU frequency of

3.00GHz and a 6MB L2 cache, a total of 8GB DDR2 800MHz RAM, a SATA3 Intel SSD

hard disc of 80GB, and the Linux Mint 13 (Maya) x86 64 OS. Only one of the CPU cores

was used for the experiments.
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(a) cnr-2000 (b) web-Stanford (c) roadNet-CA

(d) roadNet-PA (e) dblp-2010 (f) cit-Patents

(g) amazon-2008 (h) ljournal-2008 (i) twitter-2010

Figure 5.9: Heat maps of the adjacency matrices of web (a, b), road network (c, d),

citation (e, f), and social network (g, h, i) graphs.
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5.3.3.1 Dataset

The dataset that we used to apply and test our compression technique, comprises nine

well-studied [29, 30, 93, 45, 98] web, road network, citation, and social network graphs.

Figure 5.9 provides an illustration of their adjacency matrices, where one can clearly

see how the diagonal stands out for all the graphs. The origin and characteristics of

our graphs are summarized in the following list:

• cnr-2000: a web graph (directed) from a crawl of the Italian CNR domain. It

comprises 325, 557 nodes and 3, 216, 152 edges.
6

• web-Stanford: a web graph from Stanford University, collected in 2002. It

comprises 281, 903 nodes and 3, 985, 272 edges.
7

• roadNet-CA: the road network of California (undirected). It comprises 1, 965, 206

nodes and 5, 533, 214 edges.
7

• roadNet-PA: the road network of Pennsylvania (undirected). It comprises 1, 088, 092

nodes and 3, 083, 796 edges.
7

• dblp-2010: an undirected scientific collaboration network graph from the DBLP

bibliography service. Each vertex represents an author and an edge links two

vertices if they have worked together. It comprises 326, 186 nodes and 1, 615, 400

edges.
6

• cit-Patents: a citation graph which includes all citations made by U.S. patents

granted between 1975 and 1999. It comprises 3, 774, 767 nodes and 33, 037, 894

edges.
7

• amazon-2008: a symmetric graph describing similarity among books as reported

by the Amazon store. It comprises 735, 323 nodes and 5, 158, 388 edges.
6

• ljournal-2008: LiveJournal
8

is a virtual community social site started in

1999; in this social network friendship is non-symmetric so the graph is directed.

It comprises 5, 363, 260 nodes and 79, 023, 142 edges.
9

• twitter-2010: Twitter is a social networking and microblogging service; To

the best of our knowledge, this is the largest available social network graph. It

comprises 41, 652, 230 nodes and 1, 468, 365, 182 edges.
10

The aforementioned graphs vary in category, size, and type, and are therefore very

good candidates for examining the effectiveness of our proposed method.

6
Collected by LAW: http://law.di.unimi.it/

7
Collected by SNAP: http://snap.stanford.edu/snap/

8http://www.livejournal.com/
9
Collected in [45], retrieved from LAW: http://law.di.unimi.it/

10
Collected in [92], retrieved from LAW: http://law.di.unimi.it/

11
In [98] the algorithm provides both predecessors and successors but a simple strategy proposed in [30] indicates that less

than double bits per link are needed for a fair comparison.
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Table 5.4: Comparison with other methods.

method graph compression
ratio (bits/edge)
other BV+

[13]
ljournal-2008 14.97 11.78
amazon-2008 12.39 10.07
dblp-2010 7.47 7.2

[98]11
web-Stanford 9.88 3.90
cit-Patents 25.69 14.25

Table 5.5: Access times (in ns) for a web, a road network, and a social network graph.

graph cnr-2000 roadNet-CA ljournal-2008

Edge Exists

BV+ (D) 645 600 663
BV+ (Non-D) 2, 286 832 4, 373
BV+ (total) 2, 187 728 4, 089

BV 2, 397 923 4, 518

Successors

BV+ (D) 643 668 627
BV+ (Non-D) 1, 947 849 1, 940
BV+ (total) 1, 868 768 1, 840

BV 2, 159 891 2, 009

5.3.3.2 Compression ratio comparison

We compared our approach with BV as well as with other graph compression methods.

The results are outlined in Tables 5.3 and 5.4 respectively.

Table 5.3 shows the number of nodes and edges of each graph, the compression

ratio achieved by the BV technique [29], and the one achieved by our proposed method

(BV+) for all the graphs tested. The number of edges that was ultimately included in

the compressed diagonal stripe and its parameters are also displayed.

For the two web graphs, we observed an improvement of 2.4% for cnr-2000 and

3.9% for web-Stanford. Our method attained impressive results for the two road

network graphs. An improvement of 20.5% and 21.7% was achieved with the use of

BV+ for roadNet-CA and roadNet-PA respectively. Regarding the citation and social

network graphs, our method had a large impact on dblp-2010 and amazon-2008,

achieving a 16.6% and a 6.5% compression ratio improvement over the compression

ratio of BV respectively, and offered smaller, but significant nonetheless, compression

ratio improvements for the other three graphs.

The higher levels of compression for certain graphs is due to the fact that a higher

percentage of their edges exist in the diagonal stripe, as opposed to the rest of the

graphs. However, even with the less intense clustering, our technique manages to re-

duce the compression ratio of BV significantly. As it can be seen in Figure 5.7, these
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graphs are roadNet-CA, roadNet-PA, dblp-2010, and amazon-2008. The some-

what smaller impact of BV+ on the compression ratio of web-Stanford, cnr-2000,

cit-Patents, twitter-2010, and even ljournal-2008 is due to the fact that

BV does not leave enough room for improvement, as Table 5.2 illustrates. That is, the

remaining edges that are assigned to BV, occupy most of the final compressed file. The

lower bound essentially signifies the compression that we would be able to achieve if

we could represent the stripe using 0 bits/edge. For the latter graphs the lower bound

does not deteriorate at a satisfying rate as k increases, i.e., it remains almost stable.

In case our method provided no improvement for a given graph, it could easily fall

back to BV instead of BV+ by setting b to zero.

Table 5.4 shows the comparison of our approach to two other recent methods [13,

98]. The methods were examined in [30] and were shown to be inferior than BV, but

we chose to include this comparison for reasons of completeness.

We also evaluated BV+ for graphs of our dataset after SlashBurn [79] had been

applied on them. Even though the reordering of SlashBurn favoured BV+ over BV

for the graphs tested, the compression ratio achieved using this representation was

significantly larger, as exploiting SlashBurn does not seem to aid the compression

techniques of BV.

5.3.3.3 Access time comparison

Table 5.5 presents the results obtained by the comparison of BV and BV+ as far as

access times are concerned. We tested the responsiveness of the two methods when

asking if a node is a successor of another one (Edge Exists), and when inquiring all the

successors of a node (Successors).

For the former query, we searched for every edge present in the graph and calculated

the mean average of those that were held in the compressed diagonal representation

and of those that were compressed using the BV method. In the first case, a simple test

–if the corresponding bit of the uncompressed diagonal representation is set– is enough.

In the second case, we iterate over the successors of a node using a LazyIntIterator,

until we find the edge or run out of them.

For the latter query, we asked for the successors of all nodes of each graph in Ta-

ble 5.5 and calculated the mean average time of the responses. The built-in successors()

method of class BVGraph was used for the part of the graph that was compressed with

the BV method. For the rest of the edges, i.e., the edges belonging in the compressed

diagonal stripe, a list was populated by adding the successors whose corresponding

bits in the original diagonal stripe are set.

We took into account the percentage of edges existing in the diagonal of each graph
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to the total edges of the graph (calculated using the data in Table 5.3), to estimate

a median access time of operations EdgeExists and Successors in our experimental

setup. This median access time combines the access times of operations EdgeExists

and Successors by considering the probability of an edge existing either in the com-

pressed diagonal stripe or in the rest of the graph, and is represented by BV+ (total)

in Table 5.5. For the Successors query, the complete list of successors can be reported

after both operations (BV+ (D) and BV+ (Non-D)) are executed. Executing these oper-

ations in parallel limits the required time of our method to at most that of the lengthier

one, i.e., BV+ (Non-D)), which is less than the time BV needs. However, by populating

the list of successors with part of the result right after the faster operation finishes

(using the Java BlockingQueue interface), we enable the user to utilize it earlier. Thus,

the overall execution time is approximated by BV+ (total). Of course, we also present

the average time these queries needed when the full graph is compressed using the BV

method.

The tests were applied to a web (cnr-2000), a road network (roadNet-CA), and

a social network (ljournal-2008) graph. The k and b parameters of BV+ were the

ones used in Table 5.3. We see that BV+ can answer both queries in constant time as

far as the edges in the compressed diagonal are concerned. This time is much smaller

than the time needed for the BV method to answer for the rest of the edges. In addition

to this, we notice that for all graphs the BV method benefits from having to compress

less edges. Unsurprisingly, the time needed to answer the two queries is larger when

all the edges of the graph are compressed with the BV method. The BV+ method needs

to address queries for both cases (edge lies inside or outside the compressed diagonal),

but this does not impose an additional overhead to any non-single core environment, as

the tasks are clearly separated. Thus, BV+ outperforms BV as far as access times are

concerned for all the graphs tested. The better access times for edges belonging either

to the diagonal stripe or to the rest of the graph reflect to BV+ (total). In particular,

operations EdgeExists and Successors run faster with BV+ than with BV by 8.75% and

13.48% for graph cnr-2000, by 21.13% and 13.80% for graph roadNet-CA, and by

9.50% and 8.41% for graph ljournal-2008 respectively.

As is the case with the compression ratio comparison that took place in Sec-

tion 5.3.3.2, BV+ outperforms BV regarding access times too.

5.3.3.4 The effect of BV+ parameters

The results illustrated in Table 5.3 highlight among other things the important role

parameters k and b play in obtaining a good compression ratio for a given graph. We

remind the reader that parameter k determines the width of the diagonal stripe of a
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graph; the width is equal to 2k + 1. For example, a 3-diagonal stripe of a particular

graph is illustrated in Figure 5.8. Parameter b denotes the number of bits that comprise

a row of the compressed diagonal stripe. In particular, b-digit binary numbers are used

to represent the 2b − 1 numbers that are met most frequently among the rows of the

diagonal stripe. Using Proposition 6, we can estimate how much better than the state-

of-the-art-method we can represent the dense part of the graph for a given k, but the

pair that produces the optimal result is highly dependent on the structure of the graph

and parameter b, since there is a trade-off between keeping the ratio of the compressed

diagonal stripe low and including as many edges as possible in it. For example, for the

graph roadNet-PA, the best pair turned out to be {k = 7, b = 6} which gives a ratio of

3.27 bits/edge, which is worse than the one given for {k = 7, b = 2} (1.95 bits/edge),

but includes almost twice as many edges.

The values of parameters k and b are fixed by performing a statical analysis per given

graph prior to its compression. For the dataset that we have experimented with, we

have found that a good selection of values for parameter k ranges from 2 to 20 for k, and

b should be at most equal to k. However, for the sake of presenting the best possible

results in this chapter, we even went further and tested values that were outside the

aforementioned ranges, to come up with a pair that results in the best compression

ratio for each graph.

We can see that for graphs dblp-2010 and amazon-2008 the selected value of

parameter k is outside the range [2, 20], thus, seemingly unsettling our initial argument

about having come up with a proper range of k. However, the fact is that we had ob-

tained a very good compression ratio, very close to the one presented in Table 5.3, with

a value of k between 2 and 20 for both of these graphs. In particular, for dblp-2010

we achieved a compression ratio of 7.23 for k = 16 and b = 6, which is only slightly

worse to the compression ratio of 7.20 for k = 24 and b = 7. And for amazon-2008, we

achieved a compression ratio of 10.078 for k = 20 and b = 15, which is almost identical

to the compression ratio of 10.074 for k = 23 and b = 15.

In any case, we chose to use the values of parameters k and b that provided us with

the best compression ratio, since we felt that it was very important for us to present

the best results obtained in the experimental evaluation of our method. This goes to

say that we have identified a strong trend for the values of parameters k and b, but

not a pattern, as there are times that our statical analysis proposes values out of the

aforementioned range. The important fact to note is that by thoroughly testing several

graphs for various values of k we observed that the compression using our algorithm,

viz., BV+, is better than the compression using algorithm BV for all of the graphs

tested.
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5.4 Discussion and Open Questions

In this chapter we propose a simple method for exploiting a particular property of so-

cial network graphs, namely, locality, in a more effective way than the state-of-the-art

method of Boldi et al. [29, 30]. Our experiments point out that our method achieves

higher compression rates on a broad dataset of social network graphs, while also offer-

ing constant retrieval time for the diagonal part of the graph.

An open direction is the issue of optimizing the representation of the diagonal stripe

by further decreasing the total compression ratio, preferably without introducing a

significant access time overhead. Moreover, our intuition suggests that a rigorous

study of graph reordering methods will lead to the identification of even more attractive

labellings for our proposal.

In [95] we went beyond the state-of-the-art method of Boldi and Vigna for the com-

pression of web graphs [29] by exploiting the clustering properties observed in graphs

that represent networks created by human activity, like the worldwide web or social

networks, in a way different than in [29]. Essentially, we modified the way [29] repre-

sents a dense subgraph of such graphs, by exploiting their properties, namely, locality

of reference and similarity. Experimental evaluation of our approach on a wide and

carefully selected dataset of graphs shows remarkable decrease of the graphs’ com-

pressed size, that reaches up to 16.6%. Moreover our approach provides up to 21.13%

faster access on the graphs’ elements. As is the case with BV [29], we can also get

even better results by applying BV+ after having reordered the graph, using certain

reordering algorithms, with the one presented in [30] being an obvious example.

In the scope of this work, we thoroughly investigated the research activity on com-

pressed data structures for graphs, and presented here the most eminent of those

approaches, which managed to introduce significant advances in the field of graph

compression.

Our work leaves various interesting aspects open. Choosing an appropriate set for

representing values of the diagonal stripe may become even more effective by using

a heuristic different than promoting the ones with high frequency and a significant

amount of edges, thus, leading to a more efficient compression of the graph.

Furthermore, it seems that compressing the diagonal stripe in a way different than

the rest graph improves the overall compression, at least when building on the method

of Boldi and Vigna as we have shown in this chapter. We need to specify the reason why

this happens, and possibly explore this question for other implementations as well.

Aside the compression issues, we observed that in the visual representations of the

adjacency matrices corresponding to the dblp-2010 and amazon-2008 graphs shown
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in Figure 5.9, there is a large number of edges forming a structure that resembles a

parabolic curve on the upper left hand side of each matrix. We would like to have an

intuitive explanation of this structure.
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Chapter 6

Conclusions and Open Directions

6.1 Conclusions

In the first part of this thesis we presented two frameworks for the study of selfish

user behavior in routing and information networks respectively. Concerning selfish

routing, we studied games on parallel links and considered symmetric players. We saw

that these games possess a unique Nash equilibrium, in which the probabilities drop

linearly with time on each link. In the optimal setting of the system the probabilities

are of the same form, but the players assign lower probability at the beginning of the

game, so the probabilities span to more strategies. The price of anarchy of this game

is 1.06.

In the second part we proposed method for compressing networks created by human

activity, that outperforms the current state-of-the-art method, and provided analysis

and experimental evaluation of the method. Our method can be combined with any

graph compression algorithm. We employed the algorithm BV and compressed the

graph after reordering its nodes using LLP algorithm.

6.2 Open Directions

This thesis consists of a few steps towards addressing the problems discussed in the

previous parts, but leaves many interesting problems open. We point out here some of

these directions.

It would be interesting to consider more general cases of the routing games we

presented, for example non-symmetric players, more general network structures, or

more than two players in the conveyor belt game.

Regarding the study of the worldwide web, it would be interesting to study the effect

of link prices on PageRank and design mechanisms that could improve the efficiency

of web search.

Our graph compression method could be improved if we employed more favorable
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labelings. However, finding the labeling that minimizes some objective function is an

NP-hard problem, so this direction is challenging. Moreover, we would be interested to

see graph compression methods that allow efficient retrieval not only for the outgoing

neighbors of a specific node, but also for the incoming ones.
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Abbreviations - Acronyms

BV Graph compression framework of Boldi and Vigna ([29])

BV+
Graph compression method of Liakos, Papakonstantinopoulou

and Sioutis ([95])

LLP the Layered Label Propagation algorithm of Boldi et al. ([30])

125 Aik. Papakonstantinopoulou





Selfish Behavior and Compact Representation in Routing and Information Networks

References

[1] Lada A Adamic and Bernardo A Huberman. Power-law distribution of the world

wide web. Science, 287(5461):2115–2115, 2000.

[2] Micah Adler and Michael Mitzenmacher. Towards Compressing Web Graphs. In

DCC, 2001.

[3] William Aiello, Fan Chung, and Linyuan Lu. Random evolution in massive

graphs. In James Abello, Panos M. Pardalos, and Mauricio G. C. Resende, edi-

tors, Handbook of massive data sets, pages 97–122. Kluwer Academic Publishers,

Norwell, MA, USA, 2002.

[4] A. Akella, S. Seshan, R. Karp, S. Shenker, and C. Papadimitriou. Selfish behavior

and stability of the internet: a game-theoretic analysis of TCP. In Proceedings of

the 2002 SIGCOMM conference, pages 117–130. ACM, 2002.

[5] Susanne Albers, Stefan Eilts, Eyal Even-Dar, Yishay Mansour, and Liam Roditty.

On nash equilibria for a network creation game. In Proceedings of the seventeenth

annual ACM-SIAM symposium on Discrete algorithm, SODA ’06, pages 89–98, New

York, NY, USA, 2006. ACM.
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