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PerÐlhyh:
H kbantik  hlektrodunamik , antimetwpÐzetai wc èna sÔnjeto sÔsthma, a-

poteloÔmeno apì èna uposÔsthma (ta hlektrìnia) kai to perib�llon tou (to
hlektromagnhtikì pedÐo). H dunamik  tou anoiktoÔ uposust matoc, mporeÐ na
gÐnei mìno mèsw thc m trac puknìtht�c tou. Gia na thn upologÐsoume, xekin�me
apì th sunolik  m tra puknìthtac tou sÔnjetou sust matoc, oloklhr¸noume
touc bajmoÔc eleujerÐac tou perib�llontoc kai akolouj¸ntac th logik  twn
Feynman - Vernon, prosdiorÐzoume to legìmeno sunarthsiakì epirro c. H
mh tetrimmènh olokl rwsh twn pediak¸n bajm¸n eleujerÐac, gÐnetai mèsw thc
teqnik c tou kleistoÔ migadikoÔ qrìnou, h opoÐa sqetÐzetai me to formalismì
Keldysh, o opoÐoc efarmìzetai se sust mata ektìc isorropÐac. Gia th fusik 
katanìhsh tou apotelèsmatoc, uiojetoÔme mia hmiklasik  prosèggish twn h-
lektronik¸n reum�twn kai exet�zoume mia apl  diadikasÐa sthn opoÐa mporoÔn
na emfanistoÔn fainìmena aposunoq c.

Abstract:

1



We consider quantum electrodynamics, as a complex system, which consi-
sts of a subsystem (the electrons) and it’s environment (the electromagnetic
field). The dynamics of the open subsystem, can only bee done, thru it’s
density matrix. In order to calculate it, we start from the total density ma-
trix of the complex system, we integrate over the environmental degrees of
freedom and by following the logic of Feynman and Vernon, we arive to the so
called influence functional. The non trivial integration over the field degrees
of freedom, is beeing done via the technic of the close complex time, which
is related to the Keldysh formalism, which is applicable to non equilibrium
systems. For a physical realisation of the result, we adopt a semiclassical ap-
proximation for the electron’s currents and we study a procedure, in which,
decoherence phenomena can appear.
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Kef�laio 1: Genik� qarakthristik� twn anoikt¸n kbanti-
k¸n susthm�twn

1.1: Orismìc kai efarmogèc
Wc anoiktì, noeÐtai k�je sÔsthma, pou brÐsketai se sÔzeuxh me èna �llo

sÔsthma, to opoÐo onom�zetai perib�llon. Apì ton orismì autì, prokÔptei
�mesa, ìti oi rìloi tou sust matoc kai tou perib�llontoc, eÐnai dunatìn na
enallagoÔn, afoÔ to perib�llon brÐsketai kai autì se sÔzeuxh me to sÔsthma,
me apotèlesma, na to aisj�netai wc perib�llon tou. SÔnep¸c, sÔsthma kai
perib�llon, sunapoteloÔn èna eurÔtero sÔsthma, to opoÐo sta epìmena ja to
jewr soume kleistì. Ola ta realistik� fusik� sust mata, eÐnai anoikt�, a-
foÔ ìlec oi fusikèc diergasÐec, emperièqoun allhlepidr�seic. Autìc eÐnai kai
o kÔrioc lìgoc, gia ton opoÐo ta teleutaÐa qrìnia, ta anoikt� kbantik� su-
st mata brÐskoun eureia efarmog , se ìlo èna kai perissìterouc kl�douc thc
fusik c, ìpwc p.q. stouc kbantikoÔc upologistèc, sthn kbantik  kruptogra-
fÐa, sthn kbantik  optik (lasers, masers), sth fusik  twn upèryuqrwn ulik¸n
(sumpukn¸mata Bose - Einstein) k.o.k. Ac perigr�youme polÔ sÔntoma thn
teleutaÐa efarmog , prokeimènou na katanohjeÐ h an�gkh melèthc twn anoi-
kt¸n kbantik¸n susthm�twn: Estw èna sÔsthma, apoteloÔmeno apì mpozìnia
(aèrio Bose. Wc gnwstìn, ta swm�tia aut�, upakoÔoun sth statistik  Bose
- Einstein. Mei¸noume kat� polÔ th jermokrasÐa, ètsi ¸ste na fj�soume
kont� (profan¸c ìqi akrib¸c, afoÔ k�ti tètoio den eÐnai dunatìn na epiteu-
qjeÐ ergasthriak�) sto apìluto mhdèn. An h jermokrasÐa  tan akrib¸c 0K,
ìla ta mpozìnia tou aerÐou, ja metaphdoÔsan sth jemeli¸dh touc kat�stash
(st�jmh el�qisthc enèrgeiac). Ex�itÐac ìmwc thc jermokrasiak c apìklishc
apì to apìluto mhdèn, orismèna apì ta swm�tia, metapÐptoun sth basik  st�j-
mh, en¸ k�poia �lla paramènoun se diegermènec katast�seic. Jewr¸ntac ta
pr¸ta mpozìnia wc sÔsthma kai ta deÔtera wc perib�llon kai qrhsimopoi¸n-
tac mÐa suskeu  Laser prokeimènou na mei¸soume to rujmì sumpÔknwshc twn
swmatidÐwn, epitugq�noume apotelesmatikìtero èlegqo thc diat rhshc tou
kbantikoÔ qarakt ra tou sust matoc.

1.2: Dunamik  kleist¸n kai anoikt¸n kbantik¸n susthm�-
twn

1.2.1: Dunamik  kleist¸n susthm�twn - m tra puknìthtac
EÐnai gnwstì ìti h kbantik  kat�stash opoioud pote swmatidÐou   klei-
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stoÔ sust matoc swmatidÐwn ikanopoieÐ thn exÐswsh tou Schrodinger:

i~
∂|ψ(t) >

∂t
= Ĥ(t)|ψ(t) > (1)

Opou Ĥ(t) h qronoexart¸menh, en gènei, Hamiltonian tou sust matoc. H
genik  lÔsh thc diaforik c aut c exÐswshc eÐnai:

|ψ(t) >= Û(t, t0)|ψ(t0) > (2)

Me th sunoriak  sunj kh:
Û(t0, t0) = Î (3)

Opou Î o tautotikìc telest c. O telest c thc qronik c exèlixhc dÐnetai apì
thn èkfrash:

Û(t, t0) = T (exp (− i
~

∫ t

t0

Ĥ(s)ds)) (4)

To sÔmbolo T upodhl¸nei to qronologikì ginìmeno, dhlad  to ginìmeno sto
opoÐo oi telestèc topojetoÔntai me seir� fjÐnousac qronik c suntetagmènhc.
Sthn perÐptwsh ìpou h Hamiltonian tou sust matoc eÐnai anex�rthth tou
qrìnou, h teleutaÐa sqèsh lamb�nei thn apl  morf :

Û(t, t0) = exp (− i
~
Ĥ(t− t0)) (5)

Apì ton orismì tou telest  qronik c exèlixhc apodeiknÔontai apèujeÐac oi
parak�tw idiìthtec: (1) O Û eÐnai monadiakìc:

Û(t, t0)Û † (t, t0) = Û † (t, t0)Û(t, t0) = Î (6)

kai (2) isqÔei h sqèsh:

Û(t, t1)Û(t1, t0) = Û(t, t0) (7)

DiaforÐzontac thn èkfrash 4 wc proc to qrìno apoktoÔme th diaforik  exÐ-
swsh kÐnhshc pou ikanopoieÐ o telest c Û :

i~
∂Û(t, t0)

∂t
= Ĥ(t)Û(t, t0) (8)

Sthn perÐptwsh ìpou to upì melèth sÔsthma brÐsketai se mÐa mikt  kat�sta-
sh, den èqei ènnoia o orismìc mÐac kumatosun�rthshc tou sust matoc, to opoÐo

4



antiproswpeÔei mÐa statistik  sullog . H sullog  aut  qarakthrÐzetai apì
ènan telest  pou kaleÐtai m tra puknìthtac (density matrix). Profan¸c, h
m tra puknìthtac orÐzetai kai gia kajarèc katast�seic, ìpou apoteleÐ ènan
enallaktikì all� isodÔnamo trìpo gia th statistik  ermhneÐa thc kbantomh-
qanik c sumperifor�c tou sust matoc, antÐ thc kumatosun�rthshc. H sqèsh
metaxÔ kumatosun�rthshc kai m trac puknìthtac sthn perÐptwsh aut  dÐnetai
apì th sqèsh:

ρ̂(t) = |ψ(t) >< ψ(t)| (9)

Apì ton parap�nw orismì sun�getai �mesa ìti h m tra puknìthtac eÐnai ènac
ermhtianìc kai jetikìc telest c me monadiaÐo Ðqnoc. To teleutaÐo prokÔptei
apì to gegonìc ìti to Ðqnoc, dhlad  to �jroisma twn diag¸niwn stoiqeÐwn thc
m trac puknìthtac antiproswpeÔei th sunolik  pijanìthta to sÔsthm� mac
na brÐsketai se mÐa opoiad pote kat�stash, h opoÐa profan¸c isoÔtai me th
mon�da. Epiplèon, h anamenìmenh tim  enìc opoioud pote megèjouc M pou
afor� to sÔsthma, mporeÐ na grafeÐ me th bo jeia thc m trac puknìthtac wc
ex c:

< M̂ >= tr(M̂ρ̂) (10)

Opou to tr sumbolÐzei to Ðqnoc. Antikajist¸ntac th sqèsh 2 sthn proteleu-
taÐa èkfrash brÐskoume to nìmo qronik c exèlixhc thc m trac puknìthtac:

ρ̂(t) = Û(t, t0)ρ̂(t0)Û
†(t, t0) (11)

DiaforÐzontac thn teleutaÐa exÐswsh wc proc to qrìno kai lamb�nontac upì-
yin thn sqèsh 8, katal goume sth diaforik  exÐswsh pou dièpei th qronik 
exèlixh thc m trac puknìthtac (exÐswsh Von Neumann):

i~
∂ρ̂(t)

∂t
= [Ĥ(t), ρ̂(t)] (12)

H opoÐa mporeÐ epÐshc na grafeÐ sth morf  Liouville:

∂ρ̂(t)

∂t
= L̂(t)ρ̂(t) (13)

Opou o telest c Liouville dhl¸nei to metajèth tou telest  epÐ tou opoÐou
dra, me thn Hamiltonian:

L̂(t) =
−i
~

[Ĥ(t), ] (14)
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1.2.2: Dunamik  anoikt¸n susthm�twn - anhgmènh m tra
puknìthtac

H m tra puknìthtac, ìpwc aut  orÐsthke sthn prohgoÔmenh par�grafo,
èqei nìhma mìno se peript¸seic kleist¸n kbantik¸n susthm�twn. O lìgoc
eÐnai, ìti èna anoiktì sÔsthma, den exelÐssetai sto qrìno autìnoma, afoÔ h
dunamik  tou kajorÐzetai tìso apì touc bajmoÔc eleujerÐac touc sust matoc,
ìso kai apì autoÔc tou perib�llontoc. Par�ola aut�, ìpwc ja faneÐ amèswc
parak�tw, h m tra puknìthtac mporeÐ na qrhsimopoihjeÐ kat�llhla, ¸ste na
sumperil�bei kai th dunamik  anoikt¸n kbantik¸n susthm�twn. Estw èna
kleistì sÔsthma apoteloÔmeno apì dÔo uposust mata, to X (upì melèth
anoiktì sÔsthma) kai to A (perib�llon). Ac sumbolÐsoume wc HX kai HA

touc q¸rouc Hilbert pou sugkrotoÔn oi katast�seic twn uposusthm�twn X
kai A antÐstoiqa. Sthn perÐptwsh aut , k�je kbantik  kat�stash   telest c
pou afor� to sunolikì sÔsthma, ja prèpei na ekfr�zetai wc ènac kat�llhloc
sunduasmìc (ìqi aparaÐthta grammikìc afoÔ to sunolikì sÔsthma mporeÐ, en
gènei, na brÐsketai se mÐa mikt  kat�stash) tanustik¸n ginomènwn kbantik¸n
katast�sewn   telest¸n antÐstoiqa twn dÔo uposusthm�twn, afoÔ an kei sto
q¸ro Hilbert tou sunolikoÔ sust matoc. Etsi, h Hamiltonian tou sunolikoÔ
kleistoÔ sust matoc ja èqei th genik  morf :

Ĥ(t) = ĤX ⊗ ÎA + ÎX ⊗ ĤA + ĤI(t) (15)

Opou ÎX kai ÎA, oi tautotikoÐ telestèc pou droun stouc q¸rouc Hilbert HX

kai HA antÐstoiqa, ĤX kai ĤA oi adiat�raktec Hamiltonians tou sust matoc
kai tou perib�llontoc antÐstoiqa kai ĤI(t) h Hamiltonian thc allhlepÐdrashc
metaxÔ twn dÔo uposusthm�twn, h opoÐa profan¸c exart�tai apì to qrìno,
prosdÐdontac qronik  ex�rthsh kai sthn Hamiltonian tou sunolikoÔ kleistoÔ
sust matoc. Prokeimènou na orÐsoume th m tra puknìthtac (kai epomènwc thn
kumatosun�rthsh) tou uposust matoc X, ja prèpei na mac eÐnai pl rwc gnw-
st  h dunamik  twn bajm¸n eleujerÐac tou A. K�ti tètoio ìmwc den eÐnai
sqedìn potè dunatìn, afoÔ se ìla ta realistik� fusik� probl mata, to pe-
rib�llon èqei arket� perÐplokh dom . Gia par�deigma, sthn paroÔsa ergasÐa
(kai se poll� �lla probl mata), to perib�llon jewreÐtai wc pedÐo, dhlad 
wc sÔsthma me �peiro arijmì bajm¸n eleujerÐac. Se �lla probl mata, to
perib�llon antimetwpÐzetai wc loutrì jermìthtac, to opoÐo brÐsketai se jer-
modunamik  isorropÐa., Sthn perÐptwsh aut , mporeÐ to perib�llon na eÐnai
k�pwc eukolìtera diaqeirÐsimo apì majhmatik c �poyhc, all� kai p�li para-
mènei to prìblhma twn �peirwn bajm¸n eleujerÐac. O akrib c prosdiorismìc
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thc qronik c exèlixhc tètoiwn susthm�twn, proôpojètei thn epÐlush enìc �-
peirou arijmoÔ diaforik¸n exis¸sewn kÐnhshc, k�ti to opoÐo eÐnai praktik�
adÔnato. H duskolÐa aut  mporeÐ na xeperasteÐ, an analogisteÐ kaneÐc, ìti to
endiafèron mac epikentr¸netai sth dunamik  tou uposust matoc X kai sune-
p¸c se metablhtèc M , oi opoÐec qarakthrÐzontai apì telestèc thc morf c:

M̂ = M̂X ⊗ ÎA (16)

Profan¸c h anamenìmenh tim  enìc tètoiou telest  eÐnai:

< M̂ >= trX(M̂X ρ̂
R) (17)

Opou:
ρ̂R = trAρ̂ (18)

Ed¸ oi deÐktec X kai A sto Ðqnoc, upodhl¸noun ìti autì lamb�netai epÐ twn
bajm¸n elejerÐac tou uposust matoc X kai tou A antÐstoiqa. O telest c
ρ̂R onom�zetai anhgmènh m tra puknìthtac (reduced density matrix) kai eÐnai
h posìthta sthn opoÐa epikentr¸netai ìlo to endiafèron kat� th melèth e-
nìc anoiktoÔ kbantikoÔ sust matoc, afoÔ aut  emperièqei ìlh thn aparaÐthth
plhroforÐa gia th dunamik  tou sust matoc. Bèbaia, h �jroish epÐ twn baj-
m¸n eleujerÐac tou perib�llontoc,   diaforetik� h je¸rhsh tou teleutaÐou
wc mh prosb�simou, odhgeÐ, ìpwc ja doÔme argìtera, se apìleia plhrofo-
rÐac. Apì tic idiìthtec thc m trac puknìthtac, oi opoÐec anafèrjhkan sthn
prohgoÔmenh par�grafo, èpetai ìti h anhgmènh mhtra puknìthtac eÐnai kai
aut  ènac ermhtianìc kai jetikìc telest c, o opoÐoc ikanopoieÐ th sunj kh
kanonikopoÐhshc:

trX ρ̂
R = 1 (19)

1.3: JewrÐa kbantik c mètrhshc

1.3.1: Eisagwg 
Sthn paroÔsa par�grafo perigr�fetai epigrammatik� h jewrÐa thc kban-

tik c mètrhshc, h opoÐa diadramatÐzei jemeli¸dh rìlo sth statistik  ermhneÐa
thc kbantik c mhqanik c, gia dÔo kurÐwc lìgouc: Afènìc, h diadikasÐa thc
mètrhshc se èna sÔsthma, parèqei plhroforÐec gia ton trìpo me ton opoÐo
aut  metab�llei thn kbantik  kat�stash tou sust matoc, epitrèpontac ètsi
thn prìbleyh (lamb�nontac p�ntote up�oyin ton pijanokratikì qarakt ra thc
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kbantomhqanik c) thc sumperifor�c tou sust matoc met� th mètrhsh. Afè-
tèrou, h jewrÐa thc mètrhshc epitrèpei th gn¸sh twn peiramatik¸n sunjhk¸n
stic opoÐec prèpei na èqei èna sÔsthma, ètsi ¸ste met� th mètrhsh na brÐsketai
se mÐa dedomènh kat�stash. Epiplèwn, ìpwc ja doÔme argìtera, up�rqei su-
sqètish thc jewrÐac thc kbantik c mètrhshc me to fainìmeno thc aposunoq c
(decoherence), pou parathreÐtai sta anoikt� kbantik� sust mata.

1.3.2: Ideatèc metr seic
Ac jewr soume mÐa statistik  sullog  me m tra puknìthtac ρ̂ kai èstw

ìti jèloume na metr soume thn idiìthta B, h opoÐa èqei antÐstoiqo probolikì
telest  Ê(B). Profan¸c, o telest c B̂ prèpei na eÐnai ermhtianìc, ¸ste
na antiproswpeÔei èna metr simo mègejoc. To endiafèron mac epikentr¸netai
sthn uposullog  pou apoteleÐtai apì ekeÐna ta sust mata, gia ta opoÐa h idiì-
thta B eÐnai alhj c. SÔmfwna me thn upìjesh probol c twn Von Neumann
- Luders, h pijanìthta emf�nishc thc idiìthtac B met� th mètrhsh dÐnetai apì
thn èkfrash:

P (B) = tr(Ê(B)ρ̂Ê(B))

= tr(Ê(B)ρ̂) (20)

Kai h m tra puknìthtac thc antÐstoiqhc uposullog c eÐnai:

ρ̂′ =
Ê(B)ρ̂Ê(B)

P (B)

=
Ê(B)ρ̂Ê(B)

tr(Ê(B)ρ̂)
(21)

Opou h eisagwg  tou Ðqnouc ston paronomast , exasfalÐzei ìti h m tra pu-
knìthtac ρ̂′ eÐnai normalismènh. Tètoiec metr seic, stic opoÐec k�je uposul-
log  qarakthrÐzetai apì èna sugkekrimèno apotèlesma wc proc th metroÔmenh
idiìthta, kalloÔntai epilektikèc metr seic. AntÐjeta, sthn perÐptwsh ìpou h
mètrhsh odhgeÐ se an�mixh twn epimèrouc uposullog¸n thc arqik c sullog c,
k�noume lìgo gia mh epilektik  mètrhsh. H m tra puknìthtac thc sullog c
met� apì mÐa mh epilektik  mètrhsh eÐnai:

ρ̂′ =
∑
i

Piρ̂
′
i (22)

Opou Pi statistik� b�rh pou lamb�noun timèc metaxÔ mhdèn kai èna kai ρ̂′i
oi m trec puknìthtac twn diafìrwn uposullog¸n met� th mètrhsh, oi opoÐec
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prokÔptoun apì th m tra puknìthtac thc arqik c sullog c, me efarmog  thc
proteleutaÐac sqèshc.

1.3.3: Genikeumènh jewrÐa mètrhshc
H upìjesh twn Von Neumann - Luders, h opoÐa suzht jhke sthn proh-

goÔmenh par�grafo, isqÔei me thn proôpìjesh ìti oi metr seic eÐnai ideatèc.
K�ti tètoio ìmwc den eÐnai p�ntote al jeia, afoÔ ìlec oi pragmatikèc metr -
seic upìkeintai se exwterikèc diataraqèc apì to perib�llon (j¸ruboc), sthn
peperasmènh diakritik  ikanìthta twn metrhtik¸n org�nwn kai se arket� �l-
la aÐtia, ta opoÐa tic kajistoÔn mh ideatèc. Gia to lìgo autì, eÐnai anagkèa
mÐa kat�llhlh epèktash thc upìjeshc twn Von Neumann - Luders, ¸ste na
sumperilamb�nei tètoiec peript¸seic metr sewn. H epèktash aut , odhgeÐ sth
legìmenh genikeumènh jewrÐa mètrhshc, sÔmfwna me thn opoÐa: K�je duna-
tì apotèlesma, èstw m mÐac mètrhshc, anaparist� ènan tuqaÐo arijmì, me
katanom  pijanìthtac pou upologÐzetai apì th sqèsh:

P (m) = tr(F̂mρ̂) (23)

Opou F̂m ènac jetikìc telest c, o opoÐoc onom�zetai Effect. Prokeimènou
to �jroisma twn pijanot twn emf�nishc ìlwn twn dunat¸n apotelesm�twn m
thc mètrhshc na isoÔtai me th mon�da, o telest c effect ja prèpei na plhreÐ
th sunj kh kanonikopoÐhshc: ∑

m

F̂m = Î (24)

H m tra puknìthtac thc antÐstoiqhc uposullog c met� th mètrhsh eÐnai:

ρ̂′m = Φ̂m(ρ̂) (25)

Opou Φ̂m(ρ̂) ènac upertelest c, o opoÐoc apeikonÐzei jetikoÔc telestèc se
jetikoÔc telestèc, kaleÐtai operation kai ikanopoieÐ th sunj kh normalismoÔ:

tr(Φ̂m(ρ̂)) = tr(F̂mρ̂) (26)

1.3.4: To je¸rhma anapar�stashc tou Kraus

Prokeimènou na broÔme mÐa analutik  èkfrash gia touc telestèc F̂m kai
Φ̂m(ρ̂), apaitoÔme kat�rq n, o teleutaÐoc na èqei tic akìloujec idiìthtec:
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(1) Lìgw thc teleutaÐac exÐswshc, to Ðqnoc tou Φ̂m(ρ̂) antiproswpeÔei thn
pijanìthta emf�nishc tou apotelèsmatoc m kat� th mètrhsh, kai sunep¸c ja
prèpei na isqÔei:

0 ≤ tr(Φ̂m(ρ̂)) ≤ 1 (27)

(2) O Φ̂m(ρ̂) ja prèpei na eÐnai grammikìc, dhlad  gia mÐa dedomènh statistik 
sullog  me m tra puknìthtac

ρ̂ =
∑
i

Piρ̂i, 0 ≤ Pi ≤ 1∀i (28)

ja isqÔei:

Φ̂m(
∑
i

Piρ̂i) =
∑
i

PiΦ̂m(ρ̂i) (29)

kai 3) O Φ̂m(ρ̂) ja prèpei na eÐnai pl rwc jetikìc. H apaÐthsh aut , eÐnai polÔ
isqurìterh apì aut  thc apl c jetikìthtac. Ac doÔme th diafor� metaxÔ twn
dÔo aut¸n apait sewn: O telest c Φ̂m lème ìti eÐnai jetikìc, an gia k�je
jetikì telest  Â pou an kei sto q¸ro Hilbert H isqÔei:

Φ̂m(Â) > 0 (30)

JewroÔme t¸ra kai ènan akìmh q¸ro Hilbert H ′ aujaÐrethc di�stashc D.
MporoÔme t¸ra na orÐsoume ènan sunduasmèno telest  (combined operation)
Φ̂m ⊗ Î, o opoÐoc dra sto q¸ro H ⊗H ′, wc ex c:

(Φ̂m ⊗ Î)(
∑
a

Âa ⊗ B̂a) =
∑
a

Φ̂m(Âa)⊗ B̂a (31)

Opou Âa kai B̂a opoiad pote sÔnola jetik¸n telest¸n pou droun stouc q¸-
rouc H kai H ′ antÐstoiqa. H pl rhc jetikìthta shmaÐnei ìti ìqi mìno o Φ̂m,
all� kai o sunduasmènoc telest c Φ̂m⊗ Î, eÐnai jetikìc gia opoiad pote di�-
stash D tou H ′. Autì shmaÐnei ìti o teleutaÐoc eÐnai ènac upertelest c,
dhlad  apeikonÐzei jetikoÔc telestèc tou sÔnjetou sust matoc, se jetikoÔc
telestèc. Apì fusik  �poyh, h apaÐthsh aut  eÐnai eÔlogh, afoÔ exasfalÐzei
ìti o telest c combined operation, ìtan dra sthn kat�stash (  akribèstera
sth m tra puknìthtac) enìc sust matoc apoteloÔmenou apì dÔo diaqwrismèna
uposust mata, ephre�zei topik� mìno to pr¸to uposÔsthma, af nontac anal-
loÐwto to deÔtero. Me b�sh tic treic prohgoÔmenec apait seic, odhgoÔmaste
sto je¸rhma anapar�stashc tou Kraus, to opoÐo mac parèqei th genikìterh
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dunat  morf  twn telest¸n operation kai effect. SÔmfwna me autì, oi te-
lestèc Φ̂m(ρ̂) kai F̂m, mporoÔn na ekfrastoÔn mèsw enìc sunìlou telest¸n
Ω̂mk antÐstoiqa wc ex c:

Φ̂m(ρ̂) =
∑
k

Ω̂mkρ̂Ω̂†mk (32)

kai
F̂m =

∑
k

Ω̂†mkΩ̂mk (33)

Akìmh, lìgw thc sqèshc 24, isqÔei:∑
m,k

Ω̂†mkΩ̂mk = Î (34)

Stic amèswc epìmenec paragr�fouc, ìpou ja anaptuqjoÔn sugkekrimènoi tÔ-
poi kbantik¸n metr sewn, ja gÐnei antilhptì ìti to prìblhma k�je mètrhshc
an�getai ston prosdiorismì twn ek�stote telest¸n Ω̂mk. To je¸rhma anapa-
r�stashc tou Kraus, mac parèqei ènan trìpo graf c twn telest¸n operation

kai effect, me th bo jeia enìc sunìlou telest¸n Ω̂mk. Genn�tai t¸ra to er¸th-
ma: Gia dedomènouc telestèc Φ̂m kai F̂m, eÐnai monos manta prosdiorismènoi oi
antÐstoiqoi telestèc Ω̂mk? H ap�nthsh eÐnai ìti oi parap�nw telestèc fèroun
thn eleujerÐa enìc afjaÐretou monadiakoÔ metasqhmatismoÔ. Autì shmaÐnei
ìti ta Ðdia Φ̂m kai F̂m, pou par�gontai apì touc telestèc Ω̂mk, par�gontai kai
apì touc:

Ω̂′mk = ÛΩ̂mk (35)

1.3.5: Proseggistikèc metr seic
Ac upojèsoume, ìti jèloume na metr soume èna parathr simo mègejoc R.

Profan¸c, to mègejoc autì ja anaparÐstatai apì ènan ermhtianì telest  R̂,
me pragmatikèc idiotimèc Rm. Q�rin aplopoÐhshc, ja jewr soume ìti to f�sma
tou R̂, eÐnai diakritì kai mh ekfullismèno. An |ψm >, eÐnai h kat�stash thc
statistik c uposullog c pou antistoiqeÐ sthn idiotim  Rm tou metroÔmenou
megèjouc, tìte h anamenìmenh tim  tou R ja eÐnai:

< R >=
∑
m

Rm|ψm >< ψm| (36)
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An h apìstash Rm−Rm−1 metaxÔ dÔo geitonik¸n idiotim¸n, eÐnai arket� meg�-
lh sugkrinìmenh me th diakritik  ikanìthta thc qrhsimopoioÔmenhc metrhtik c
suskeu c, h mètrhsh eÐnai akrib c kai sunep¸c eÐnai dunat  h pragmatopoÐ-
hs  thc eÐte me th qr sh thc upìjeshc twn Von Neumann - Luders, eÐte
akribèstera me efarmog  thc genikeumènhc jewrÐac kbantik c mètrhshc kai
tou jewr matoc anapar�stashc tou Kraus. Sthn perÐptwsh, ìmwc, ìpou oi
idiotimèc tou R̂ brÐskontai polÔ kont� metaxÔ touc, h mètrhsh mporeÐ na gÐnei
mìno proseggistik�. Gia to skopì autì, ja prèpei na orÐsoume mÐa upojetik 
puknìthta pijanìthtac Wm,m′ , h opoÐa dÐnei thn pijanìthta eureshc tou su-
st matoc sthn kat�stash |ψm > met� th mètrhsh, an prin apì aut  briskìtan
sthn |ψm′ >. Dedomènou ìti met� th mètrhsh, h suskeu  dÐnei p�nta èna sug-
kekrimèno apotèlesma, prokÔptei h sunj kh kanonikopoÐhshc thc upojetik c
puknìthtac W : ∑

m

Wm,m′ = 1 (37)

Sthn perÐptwsh mÐac akriboÔc mètrhshc, isqÔei:

Wm,m′ = δmm′ (38)

Sunep¸c, h morf  thc sun�rthshc W , apoteleÐ ousiastik� mÐa èkfrash thc
adunamÐac akriboÔc mètrhshc tou endiafèrontoc megèjouc, ex�itÐac diafìrwn
paragìntwn, ìpwc eÐnai h peperasmènh diakritik  ikanìthta twn org�nwn mè-
trhshc, oi exwterikèc diataraqèc pou prokaloÔntai sto sÔsthma apì to peri-
b�llon (jìruboc), h abebaiìthta sth gn¸sh thc arqik c (prin apì th mètrhsh)
kat�stashc thc metrhtik c suskeu c k.o.k. Me thn eisagwg  thc upojetik c
puknìthtac W , h katanom  pijanìthtac twn dunat¸n apotelesm�twn Rm thc
mètrhshc, lamb�nei th morf :

P (m) =
∑
m′

Wm,m′ < ψm′|ρ̂|ψm′ > (39)

H katanom  aut , lìgw thc sqèshc 37, ikanopoieÐ th sunj kh normalismoÔ:∑
m

P (m) = 1 (40)

OrÐzoume ton telest  effect wc ex c:

F̂m =
∑
m′

< ψm′|Wm,m′|ψm′ > (41)
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Opìte h exÐswsh 39 gÐnetai:

P (m) = tr(F̂mρ̂) (42)

EÐnai polÔ eÔkolo na diapistwjeÐ ìti o telest c F̂m ikanopoieÐ tic sunj kec
jetikìthtac kai kanonikopoÐhshc thc paragr�fou 1.3.3. Prokeimènou na broÔ-
me ènan kat�llhlo upertelest  operation, anazhtoÔme èna sÔnolo telest¸n
Ω̂m, pou na ikanopoioÔn th sqèsh 33. Me ton trìpo autì brÐskoume:

Ω̂m = ÛmF̂
1
2
m (43)

Opou Ûm aujaÐretoc monadiakìc telest c, h akrib c morf  tou opoÐou kajo-
rÐzetai apì tic leptomèreiec thc metrhtik c suskeu c kai h tetragwnik  rÐza
tou effect, dÐnetai apì thn èkfrash:

F̂
1
2
m =

∑
m′

|ψm′ >
√
Wm,m′ < ψm′| (44)

H morf  tou upertelest  operation, mporeÐ t¸ra na prosdioristeÐ me apèu-
jeÐac efarmog  thc exÐswshc 32:

Φ̂m(ρ̂) = (P (m))−1ÛmF̂
1
2
mρ̂F̂

1
2
mÛ

†
m (45)

H teleutaÐa sqèsh, deÐqnei ìti h met�bash apì thn arqik  m tra puknìthtac,
se aut  thc statistik c uposullog c pou qarakthrÐzetai apì to apotèlesma
Rm thc mètrhshc, mporeÐ na jewrhjeÐ ìti apoteleÐtai apì dÔo b mata: (1):

ρ̂′m = (P (m))−1F̂
1
2
mρ̂F̂

1
2
m (46)

kai (2):
ρ̂′′ = Ûmρ̂

′
mÛ

†
m (47)

To deÔtero b ma, eÐnai apl¸c ènac monadiakìc metasqhmatismìc thc m trac
puknìthtac ρ̂′m kai epomènwc den epifèrei metabol  sthn entropÐa tou sust -
matoc, me apotèlesma na mh metafèrei plhroforÐa apì   proc to sÔsthma.
O monadiakìc autìc metasqhmatismìc, ekfr�zei ousiastik� th diataraq  pou
prokaleÐ sto sÔsthma h suskeu  mètrhshc. AntÐjeta, to pr¸to b ma thc dia-
dikasÐac, eÐnai autì pou ekfr�zei th metafor� plhroforÐac kat� th di�rkeia
thc mètrhshc kai diaqwrÐzei thn arqik  statistik  sullog  stic epimèrouc
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uposullogèc. O telest c effect, orÐzetai monos manta apì th fasmatik  oi-
kogèneia Rm tou telest  R̂ kai thn upojetik  puknìthta pijanìthtac Wm,m′ .
Epomènwc, oi telestèc F̂m kai R̂, èqoun koinì f�sma idiotim¸n kai wc ek toÔtou
metatÐjentai:

[F̂m, R̂] = 0 (48)

Sthn idanik  perÐptwsh ìpou h metrhtik  suskeu  eÐqe �peirh diakritik  ika-
nìthta, lìgw thc sqèshc 38, oi ekfr�seic 41 kai 45 twn telest¸n effect kai
operation, lamb�noun antÐstoiqa th morf :

F̂m = |ψm >< ψm| (49)

kai
Φ̂m(ρ̂) = ρ̂′′m = Ûm|ψm >< ψm|Û †m (50)

H teleutaÐa exÐswsh, sumpÐptei me th m tra puknìthtac thc upì melèth upo-
sullog c se mÐa ideat  mètrhsh (upìjesh Von Neumann - luders, sunodeuì-
menh ìmwc apì ènan mh prosdiorÐsimo monadiakì metasqhmatismì, o opoioc
sqetÐzetai me ta qarakthristik� thc qrhsimopoioÔmenhc metrhtik c suskeu c.

1.3.6: Emmesec kbantikèc metr seic
MÐa polÔ endiafèrousa perÐptwsh kbantik¸n metr sewn, �mesa sqetizìme-

nwn me ta anoikt� kbantik� sust mata, eÐnai oi legìmenec èmmesec metr seic.
Prìkeitai gia metr seic megej¸n pou aforoÔn sust mata sta opoÐa den è-
qoume th dunatìthta �meshc prìsbashc kai sunep¸c, h mètrhsh ja prèpei na
pragmatopoihjeÐ se k�poio �llo sÔsthma kai mèsw mÐac diadikasÐac allhlepÐ-
drashc metaxÔ twn dÔo susthm�twn, na apokthjeÐ h epijumht  plhroforÐa gia
to arqikì sÔsthma. K�je tètoia mètrhsh, mporeÐ na jewrhjeÐ ìti apoteleÐtai
apì trÐa stoiqeÐa: (1) To kbantikì antikeÐmeno, dhlad  to sÔsthma apì to
opoÐo jèloume na aposp�soume plhroforÐa, (2) to quantum probe, dhlad  to
sÔsthma sto opoÐo pragmatopoieÐtai apèujeÐac h mètrhsh kai (3) mÐa klasik 
suskeu  mètrhshc. Sugkekrimèna, h diadikasÐa mÐac èmmeshc mètrhshc, lam-
b�nei q¸ra sta trÐa akìlouja b mata: (1) Th qronik  stigm  t = 0, èqoume
proetoim�sei to quantum probe se mÐa kal� orismènh arqik  kat�stash. (2)
Thn Ðdia stigm , jètoume se efarmog  mÐa allhlepÐdrash metaxÔ kbantikoÔ
antikeimènou kai quantum probe, h opoÐa diarkeÐ èna peperasmèno qronikì
di�sthma τ . Kat� th di�rkeia aut c thc allhlepÐdrashc, dhmiourgeÐtai mÐa su-
sqètish metaxÔ twn dÔo susthm�twn. To probe, èqei epilegeÐ me tètoio trìpo,
¸ste h an�dras  tou sto antikeÐmeno na eÐnai amelhtèa. (3) Th stigm  t = τ ,
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h klasik  suskeu  pragmatopoieÐ mÐa mètrhsh enìc parathr simou megèjouc
to opoÐo afor� to probe kai to opoÐo èqei sqetisjeÐ, mèsw thc allhlepÐ-
drashc antikeimènou - probe, me thn posìthta pou prospajoÔsame arqik� na
metr soume sto kbantikì antikeÐmeno. H pragmatopoioÔmenh mètrhsh epÐ tou
probe, mporeÐ na antimetwpisjeÐ, eÐte wc ideat , eÐte wc genikeumènh, an�loga
me thn epijumht  akrÐbeia. Me ton trìpo autì, apoktoÔme thn plhroforÐa pou
qreiazìmaste, mèsw thc epagìmenhc (lìgw thc allhlepÐdrashc) susqètishc
metaxÔ twn dÔo susthm�twn. Ja sumbolÐsoume me HO kai HP touc q¸rouc
Hilbert stouc opoÐouc zoun oi katast�seic tou kbantikoÔ antikeimènou kai tou
quantum probe antÐstoiqa. Prokeimènou na ex�goume mÐa analutik  èkfrash
gia touc telestèc operation kai effect, jewroÔme arqik� ìti th stigm  t = 0,
èqoume proetoim�sei to quantum probe se mÐa kat�stash me m tra puknìthtac
ρ̂P . H antÐstoiqh (arqik ) m tra puknìthtac tou kbantikoÔ antikeimènou eÐnai
ρ̂O. Sunep¸c, th stigm  t = 0, to sunolikì sÔsthma (antikeÐmeno + probe),
perigr�fetai apì th m tra puknìthtac ρ̂O ⊗ ρ̂P , h opoÐa zei sto q¸ro Hilbert
HO ⊗HP . H Hamiltonian pou dièpei th dunamik  tou sunolikoÔ sust matoc
èqei th morf :

Ĥ(t) = ĤO + ĤP + ĤI(t) (51)

Opou ĤO kai ĤP oi Hamiltonian thc eleÔjerhc exèlixhc tou antikeimènou
kai tou probe antÐstoiqa kai ĤI(t) h Hamiltonian thc metaxÔ touc allhle-
pÐdrashc, h opoÐa emperièqei th qronik  ex�rthsh kai mhdenÐzetai ektìc tou
qronikoÔ diast matoc [0, τ ]. Epomènwc, o telest c thc qronik c exèlixhc gia
to pl rec sÔsthma dÐnetai apì thn èkfrash:

Û = Û(τ, 0) = T (exp (
−i
~

∫ τ

0

Ĥ(t)dt)) (52)

Etsi, h arqik  m tra puknìthtac tou pl rouc sust matoc, exelÐssetai met�
apì qrìno t wc ex c:

ρ̂(t) = Û(ρ̂O ⊗ ρ̂P )Û † (53)

Estw t¸ra ìti th qronik  stigm  t = τ , h klasik  suskeu  metr� to mège-
joc R, pou antiproswpeÔetai apì ton ermhtianì telest  R̂. Q�rin eukolÐac,
upojètoume ìti o R̂, o opoÐoc dra sto q¸ro HP , èqei f�sma diakritì kai mh
ekfullismèno. Sunep¸c:

R̂ =
∑
m

Rm|ψm >< ψm| (54)
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H pijanìthta emf�nishc tou apotelèsmatoc Rm thc mètrhshc eÐnai:

P (m) = tr(|φm >< φm|ρ̂(t))

= tr(Û †|φm >< φm|Û(ρ̂O ⊗ ρ̂P )) (55)

Opou to Ðqnoc lamb�netai epÐ twn bajm¸n eleujerÐac tìso tou antikeimènou
ìso kai tou probe. Ta merik� Ðqnh stouc dÔo parap�nw q¸rouc, ja sumbolÐ-
zontai sta epìmena wc trO kai trP antÐstoiqa. H teleutaÐa exÐswsh mporeÐ na
grafeÐ me th bo jeia enìc telest  effect wc akoloÔjwc:

P (m) = trO(F̂mρ̂O) (56)

Opou:
F̂mρ̂O = trP (Û †|φm >< φm|Û(ρ̂O ⊗ ρ̂P )) (57)

Me apèujeÐac upologismì prokÔptei ìti o telest c F̂m ikanopoieÐ ta krit ria
jetikìthtac kai normalismoÔ thc paragr�fou 1.3.3. Gia par�deigma, gia to
teleutaÐo èqoume: ∑

m

F̂mρ̂O = trP (ρ̂O ⊗ ρ̂P ) = ρ̂O (58)

Akìmh, apì thn proteleutaÐa sqèsh, faÐnetai amèswc ìti o telest c F̂m, dra
sto q¸ro HO twn katast�sewn tou kbantikoÔ antikeimènou. Efarmìzontac
thn upìjesh twn Von Neumann - Luders, brÐskoume th m tra puknìthtac tou
kbantikoÔ antikeimènou met� th mètrhsh, wc ex c:

ρ̂′m = (P (m))−1 < φm|Û(ρ̂O ⊗ ρ̂P )Û †|φm > (59)

Eis�gontac to fasmatikì an�ptugma thc m trac puknìthtac tou probe

ρ̂P =
∑
k

pk|φk >< φk| (60)

mporoÔme na gr�youme ton telest  operation gia to kbantikì antikeÐmeno, sth
morf :

Φ̂m(ρ̂O) =
∑
k

Ω̂mkρ̂OΩ̂†mk (61)

Opou:
Ω̂mk =

√
pk < φmÛ |φk > (62)
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ParathroÔme, ìti oi telestèc Ωmk thc anapar�stashc twn operation kai effect,
eÐnai an�logoi tou pl�touc pijanìthtac met�bashc tou quantum probe, metaxÔ
dÔo idiokatast�sewn tou telest  R̂, o opoÐoc antiproswpeÔei to metroÔmeno
mègejoc. O telest c Φ̂m(ρ̂O), ìpwc faÐnetai apì th morf  tou, dra sto
q¸roHO kai ekfr�zei thn allag  thc kat�stashc tou kbantikoÔ antikeimènou,
ex�itÐac thc mètrhshc pou èlabe q¸ra sto quantum probe.

1.3.7: Kbantikèc metr seic qwrÐc alloÐwsh
MÐa �llh shmantik  kathgorÐa kbantik¸n metr sewn, eÐnai oi legìmenec

metr seic qwrÐc alloÐwsh (quantum non-demolition measurements, oi opoÐec
eÐnai qr simec gia thn kataskeu  metrhtik¸n susthm�twn idiaÐtera uyhl c
akrÐbeiac. Prìkeitai gia metr seic oi opoÐec den metab�lloun thn kat�stash
tou sust matoc sto opoÐo pragmatopoioÔntai. JewroÔme ìti se èna sÔsthma
me m tra puknìthtac ρ̂, pragmatopoioÔme mÐa ideat  mh epilektik  mètrhsh tou
megèjouc Â, tou opoÐou to fasmatikì an�ptugma èqei th morf :

Â =
∑
n

AnP̂n (63)

Opou An ta dunat� apotelèsmata thc mètrhshc kai P̂n oi antÐstoiqoi probo-
likoÐ telestèc. H mètrhsh aut  den all�zei thn kat�stash tou sust matoc,
afoÔ sÔmfwna me thn upìjesh twn Von Neumann - Luders, h m tra puknì-
thtac thc m− uposullog c, dÐnetai apì th sqèsh:

ρ̂′m =
∑
n

P̂nρ̂P̂n

=
∑
n

P̂nρ̂ = ρ̂ (64)

Opou qrhsimopoi same th sqèsh plhrìthtac twn probolik¸n telest¸n, kaj¸c
kai to gegonìc ìti autoÐ metatÐjentai me th m tra puknìthtac ρ̂. JewroÔme
t¸ra mÐa genikeumènh mh epilektik  mètrhsh tou megèjouc Â, me operation

Φ̂m(ρ̂) kai effect F̂m, pou orÐzontai mèsw tou sunìlou twn telest¸n Ω̂mk,
sÔmfwna me to je¸rhma anapar�stashc tou Kraus. MÐa tètoia mètrhsh, je-
wreÐtai wc mètrhsh qwrÐc alloÐwsh, an h katanom  pijanìthtac gia mÐa ideat 
mètrhsh tou megèjouc Â, paramènei analloÐwth kat� th di�rkeia thc mètrh-
shc. Autì shmaÐnei, ìti h katanom  twn idiotim¸n tou Â, ja prèpei na eÐnai
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h Ðdia prin kai met� th mètrhsh. H apaÐthsh aut , ekfr�zetai majhmatik� wc
ex c:

tr(Âρ̂) = tr(Âρ̂′)

=
∑
m

tr(ÂΩ̂mρ̂Ω̂†m) (65)

Sto par�deigma thc ideat c mètrhshc, eÐnai Ω̂m = P̂m kai profan¸c, h te-
leutaÐa exÐswsh ikanopoieÐtai. H teleutaÐa sqèsh mporeÐ enallaktik� na er-
mhneujeÐ wc apaÐthsh oi telestèc Ω̂m, na eÐnai oi Ðdioi gia ìlec tic dunatèc
katast�seic tou sust matoc. Qrhsimopoi¸ntac th sqèsh 24, mporoÔme na
gr�youme thn teleutaÐa èkfrash, sth morf :∑

m

tr(Ω̂†m[Â, Ω̂m]ρ̂) = 0 (66)

Prokeimènou h sqèsh aut  na isqÔei gia k�je ρ̂, ja prèpei oi telestèc Ωm, pou
ekfr�zoun thn allag  pou ep�gei h mètrhsh sthn kat�stash tou sust matoc,
na metatÐjentai me ton telest  Â tou metroÔmenou megèjouc:

[Â, Ω̂m] = 0 (67)

Opwc  dh apodeÐxame, h sqèsh aut , ikanopoieÐtai se k�je ideat  mètrhsh
kai sunep¸c, ìlec oi ideatèc metr seic eÐnai metr seic qwrÐc alloÐwsh. Sthn
perÐptwsh thc èmmeshc mètrhshc thc prohgoÔmenhc paragr�fou, h Hamilto-

nian ĤI(t) thc allhlepÐdrashc, metatÐjetai me ton telest  Â kai sunep¸c o
telest c Ω̂m, eÐnai diag¸nioc sth b�sh pou sugkrotoÔn ta idioanÔsmata tou
Â. Epomènwc, oi Â kai Ω̂m metatÐjentai kai wc ek toÔtou kai aut  eÐnai mÐa
mètrhsh qwrÐc alloÐwsh. JewroÔme t¸ra mÐa genikeumènh èmmesh mètrhsh kai
upojètoume ìti to quantum probe, brÐsketai arqik� sthn kat�stash |φ >.
Antikajist¸ntac th sqèsh 62 sthn teleutaÐa exÐswsh, apoktoÔme:

< φm|[Â, Û(τ, 0)]|φ >= 0 (68)

Apait¸ntac h parap�nw èkfrash na isqÔei gia k�je m kai dedomènou ìti oi
katast�seic |φm > eÐnai grammik¸c anex�rthtec metaxÔ touc, afoÔ apoteloÔn
b�sh sto q¸ro Hilbert HP twn katast�sewn tou probe, prokÔptei:

[Â, Û(τ, 0)]|φ >= 0 (69)
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Ja mporoÔse kaneÐc na ikanopoi sei thn parap�nw sunj kh, proetoim�zontac
to probe se mÐa kat�llhlh arqik  kat�stash |φ >, tètoia ¸ste o metajèthc
[Â, Û(τ, 0)], an kai en gènei mh mhdenikìc, na èqei ep�nw thc mhdenik  dr�sh.
K�ti tètoio ìmwc den eÐnai eÔkolo na epiteuqjeÐ sthn pr�xh. AntÐjeta, eÐnai
polÔ aploÔstero, na apait sei kaneÐc wc ikan  kai anagkaia sunj kh, ton
ex�rq c mhdenismì tou metajèth:

[Â, Û(τ, 0)] = 0 (70)

SÔmfwna me thn teleutaÐa apaÐthsh, o telest c Heisenberg thc metroÔmenhc
posìthtac

ÂH(t) = Û †(t, 0)ÂÛ(t, 0) (71)

epistrèfei sthn arqik  tou tim  met� apì qrìno t = τ :

ÂH(τ) = ÂH(0) (72)

O eukolìteroc trìpoc gia na epiteuqjeÐ k�ti tètoio, eÐnai na apait soume o
telest c Â na metatÐjetai me thn olik  Hamiltonian thc exÐswshc 48. H met�-
jesh me thn Hamiltonian ĤP eÐnai profan c, afoÔ prìkeitai gia telestèc pou
droun se diaforetikoÔc q¸rouc Hilbert. An epiplèon h metroÔmenh posìthta
diathreÐtai kat� thn eleÔjerh exèlixh tou kbantikoÔ antikeimènou, h exÐswsh
70, ekfr�zetai mèsw thc apaÐthshc:

Â, ĤI(t) = 0 (73)

H teleutaÐa sqèsh deÐqnei, ìti h allhlepÐdrash tou kbantikoÔ antikeimènou
me to probe, den all�zei th metroÔmenh posìthta. Me an�logouc sullogi-
smoÔc, prokÔptei h antÐstoiqh apaÐthsh gia thn proseggistik  mètrhsh thc
paragr�fou 1.3.5:

[R̂, Ûm] = 0 (74)

H apaÐthsh aut , ìmwc, isqÔei mìno proseggistik�, afoÔ o monadiakìc meta-
sqhmatismìc Ûm pou sundèetai me th metrhtik  suskeu , ephre�zei en gènei
to metroÔmeno mègejoc.

1.3.8: To kbantikì fainìmeno Zeno
KleÐnontac aut  th sÔntomh eisagwg  sth jewrÐa thc kbantik c mètrh-

shc, eÐnai qr simo na anaferjoÔme se èna par�doxo, to opoÐo sqetÐzetai me
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tic suneqeÐc metr seic kai eÐnai gnwstì wc kbantikì fainìmeno Zeno. Ac jew-
r soume th mètrhsh enìc megèjouc Â, tou opoÐou to f�sma twn idiotim¸n An
jewreÐtai, q�rin aplopoÐhshc, diakritì kai mh ekfulismèno:

Â =
∑
n

An|ψn >< ψn| (75)

JewroÔme t¸ra, ìti sto sÔsthm� mac pragmatopoieÐtai mÐa seir� ideat¸n �me-
swn metr sewn tou megèjouc Â, me tètoio trìpo, ¸ste o qrìnoc pou mesolabeÐ
metaxÔ dÔo epituqhmènwn diadoqik¸n metr sewn, na eÐnai stajerìc kai Ðsoc me
θ. An�mesa se dÔo tètoiec metr seic, h kat�stash |ψ > tou sust matoc,
exelÐssetai sÔmfwna me thn exÐswsh tou Schrodinger (sqèsh 1). Upojètoume
akìmh, ìti thn arqik  qronik  stigm  t = 0, to sÔsthma perigr�fetai apì thn
idiokat�stash |ψn > tou telest  Â, me antÐstoiqh idiotim  An:

|ψ(0) >= |ψn > (76)

Profan¸c, h kat�stash tou sust matoc met� apì qrìno t, dÐnetai apì thn
exÐswsh 2. Gia arkoÔntwc mikrèc timèc tou qrìnou t, h Hamiltonian Ĥ tou
sust matoc eÐnai dunatìn na jewrhjeÐ proseggistik� qronoanex�rthth, opì-
te antÐ thc èkfrashc 4 gia ton telest  thc qronik c exèlixhc, mporoÔme na
qrhsimopoi soume thn aploÔsterh èkfrash 5. AnaptÔssontac thn èkfrash
aut  kat� Taylor se deÔterh t�xh wc proc to qrìno t, mporoÔme na gr�youme
thn exÐswsh 1 sth morf :

|ψ(t) >= (Î − i

~
Ĥt− 1

2~2
Ĥ2t2 +O(t3))|ψn > (77)

H pr¸th epituq c mètrhsh tou Â pragmatopoieÐtai th stigm  t = θ. Sunep¸c,
h pijanìthta emf�nishc tou apotelèsmatoc An,   me �lla lìgia, h pijanìthta
paramon c tou sust matoc sthn arqik  tou kat�stash |ψn > met� apì aut 
th mètrhsh, eÐnai:

wnn(θ) = | < ψn|ψ(θ) > |2

= 1− (∆E)2nθ
2 +O(θ4) (78)

Opou h diaspor� sthn enèrgeia thc kat�stashc |ψn > dÐnetai apì thn èkfrash:

(∆E)2n =< ψn|Ĥ2|ψn > − < ψn|Ĥ|ψn >2 (79)

Epomènwc, met� apì k metr seic, h parap�nw pijanìthta gÐnetai:

Wnn(kθ) = [1− (∆E)2nθ
2]k (80)
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Sto ìrio ìpou h mètrhsh gÐnetai suneq c (k →∞, θ → 0, kθ = τ = const),
h teleutaÐa sqèsh lamb�nei th morf :

Wnn(τ) = lim
k→∞,θ→0

[1− (∆E)2nτ
θ

k
]k

= lim
θ→0

exp [−(∆E)2nτθ] = 1 (81)

H teleutaÐa èkfrash, apoteleÐ th majhmatik  diatÔpwsh tou kbantikoÔ fai-
nomènou Zeno: K�je sÔsthma, paramènei me pijanìthta 1 sthn arqik  tou
kat�stash, ìtan se autì pragmatopoieÐtai mÐa suneq c mh epilektik  mètrhsh.
Gia to par�doxo autì, èqoun dojeÐ di�forec fusikèc ermhneÐec, h leptomer c
an�lush kai melèth twn opoÐwn xefeÔgei apì to skopì kai ta ìria thc paroÔ-
sac ergasÐac. Ed¸, ja arkestoÔme dÐnontac thn apl  ex ghsh, ìti epeid  h
mètrhsh diex�getai sto sÔsthma me suneq  trìpo, to teleutaÐo den prolabaÐ-
nei na metabeÐ se �llh (plein thc arqik c tou) kat�stash, afoÔ den tou dÐnetai
o aparaÐthtoc qrìnoc qal�rwshc (relaxation time), ¸ste na suneidhtopoi sei
thn allag  pou epifèroun sth dunamik  tou oi epimèrouc diakritèc metr seic
(jewr¸ntac mÐa suneq  mètrhsh wc mÐa �peirh epan�lhyh diakrit¸n metr se-
wn), oi opoÐec upojetik� apartÐzoun thn pragmatopoioÔmenh suneq  mètrhsh
kai na antidr�sei kat�llhla.

1.4: To fainìmeno thc aposunoq c (decoherence)

1.4.1: Eisagwg 
Opwc  dh anafèrjhke stic prohgoÔmenec paragr�fouc, h allhlepÐdrash

enìc anoiktoÔ sust matoc me to perib�llon tou, dhmiourgeÐ mÐa susqètish
an�mesa sth dunamik  twn dÔo susthm�twn. H susqètish aut , me th sei-
r� thc, odhgeÐ se metafor� plhroforÐac apì to sÔsthma sto perib�llon kai
antÐstrofa. Efìson endiaferìmaste mìno gia th dunamik  exèlixh tou su-
st matoc lìgw thc epÐdrashc tou perib�llontoc se autì, ja esti�soume th
melèth mac, mìno sth metafor� plhroforÐac apì to sÔsthma sto perib�llon,
agnw¸ntac thn antÐstrofh diadikasÐa. Den eÐnai dunatìn na poÔme, ìti aut 
h metafor� metab�llei thn kat�stash tou sust matoc, afoÔ p�ntote mporeÐ
kaneÐc na epilèxei mÐa b�sh, pou onom�zetai protim¸menh (preferred basis) kai
sthn opoÐa, h kat�stash tou sust matoc paramènei anephrèasth apì thn al-
lhlepÐdrash me to perib�llon. H protim¸menh b�sh, eÐnai aut  sthn opoÐa o
probolikìc telest c thc kat�stashc tou anoiktoÔ sust matoc, metatÐjetai
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me thn Hamiltonian tou sunolikoÔ kleistoÔ sust matoc. Omwc, eÐnai jew-
rhtik� apodedeigmèno kai peiramatik� epibebaiwmèno, ìti oi uperjèseic twn
katast�sewn tou anoiktoÔ sust matoc, katastrèfontai (teÐnoun sto mhdèn)
polÔ gr gora, ex�itÐac thc allhlepÐdrashc me to perib�llon. H katastrof 
aut , eÐnai gnwst  wc fainìmeno aposunoq c (decoherence) kai èqei idiaÐterh
shmasÐa gia th melèth twn anoikt¸n kbantik¸n susthm�twn. Stic perissì-
terec twn peript¸sewn, oi sunèpeiec tou fainomènou, eÐnai arnhtikèc, afoÔ
katastrèfei ton kbantikì qarakt ra tou sust matoc. Gia par�deigma, sthn
kbantik  plhroforÐa kai kruptografÐa, epidi¸ketai h elaqistopoÐhsh thc apo-
sunoq c, prokeimènou na diathr soun ta qubits tic kbantikèc touc idiìthtec,
¸ste oi ulopoioÔmenoi kbantikoÐ algìrujmoi, na eÐnai apotelesmatikìteroi apì
touc antÐstoiqouc klasikoÔc. Opwc  dh anafèrjhke, h aposunoq  sumbaÐnei
p�ntote polÔ gr gora. Pr�gmati, ìla ta sqetik� peir�mata èqoun deÐxei, ìti
oi qarakthristikoÐ qrìnoi aposunoq c (decoherence times), eÐnai polÔ mikrì-
teroi apì tic antÐstoiqec makroskopikèc qronikèc klÐmakec twn jewroÔmenwn
susthm�twn. To gegonìc, ìti h aposunoq  den apoteleÐ antikeÐmeno endiafè-
rontoc se makroskopikèc fusikèc diergasÐec, ofeÐletai sto ìti oi kbantikèc
susqetÐseic, den gÐnontai antilhptèc sto makrìkosmo, afoÔ autì pou kaneÐc
metr�, den eÐnai h Ðdia h kbantik  kat�stash tou sust matoc, all� h probol 
thc ston upìqwro enìc sugkekrimènou apotelèsmatoc thc mètrhshc, ìpwc a-
nalÔjhke sthn par�grafo 1.3. Gia par�deigma, sto nohtikì peÐrama thc g�tac
tou Schrodinger, h kumatosun�rthsh thc g�tac eÐnai:

|cat >=
1√
2

(|dead > +|alive >) (82)

Ti sumbaÐnei? h g�ta eÐnai kat� to  mish nekr  kai kat� to �llo  mish zwn-
tan ? Oqi bèbaia. Autì pou pragmatik� sumbaÐnei, eÐnai ìti oi katast�seic
thc nekr c kai thc zwntan c g�tac sunup�rqoun, all� brÐskontai se aposu-
noq . Epeid  h aposunoq  ekdhl¸netai polÔ gr gora (  akribèstera, polÔ
grhgorìtera apì to qarakthristikì qrìno zw c thc g�tac), h upèrjesh twn
dÔo katast�sewn exafanÐzetai kai mìno h mÐa apì autèc epibi¸nei. Sthn epì-
menh par�grafo, ja melet soume ènan trìpo posotik c èkfrashc tou faino-
mènou thc aposunoq c, to legìmeno sunarthsiakì aposunoq c (decoherence
functional).

1.4.2: To sunarthsiakì aposunoq c (decoherence functio-
nal)
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Ac epanèljoume t¸ra, sto prìblhma tou anoiktoÔ sust matoc X, to opoÐo
allhlepidr� me to perib�llon A. H Hamiltonian tou sunolikoÔ kleistoÔ
sust matoc, èqei th genik  morf :

Ĥ = Ĥ0 + ĤI (83)

Opou h sunolik  eleÔjerh (qwrÐc allhlepidr�seic) Hamiltonian, eÐnai to �-
jroisma twn eleÔjerwn Hamiltonian twn dÔo uposusthm�twn:

Ĥ0 = ĤX + ĤA (84)

JewroÔme mÐa Hamiltonian allhlepÐdrashc, thc morf c:

ĤI =
∑
n

P̂n ⊗ Ân (85)

Opou Ân, ènac aujaÐretoc telest c pou dra sto q¸ro twn katast�sewn tou
perib�llontoc kai P̂n, o probolikìc telest c pou antistoiqeÐ se mÐa pl rh
orjokanonik  b�sh sto q¸ro twn katast�sewn tou anoiktoÔ sust matoc:

Ân = |n >< n| (86)

H protim¸menh b�sh, eÐnai aut  pou ikanopoieÐ th sunj kh:

[Ĥ, P̂n] = 0 (87)

H met�jesh tou probolikoÔ telest  me thn Hamiltonian thc allhlepÐdrashc,
eÐnai exasfalismènh, afoÔ h ĤI eÐnai ek kataskeu c an�logh tou P̂n. Exa-
sfalismènh eÐnai, ìmwc, kai h met�jesh tou P̂n me thn ĤA, afoÔ prìkeitai gia
telestèc pou droun se diaforetikoÔc q¸rouc Hilbert. Epomènwc, h teleutaÐa
apaÐthsh lamb�nei th morf :

[ĤX , P̂n] = 0 (88)

Apì th sqèsh aut , prokÔptei ìti h mèsh enèrgeia tou sust matoc diathreÐtai:

d

dt
< ĤX(t) >= 0 (89)

MetabaÐnontac sthn eikìna thc allhlepÐdrashc, h Hamiltonian ĤI , lamb�nei
th morf :

ĤI(t) = exp (
i

~
Ĥ0t)ĤI exp (

−i
~
Ĥ0t)
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=
∑
n

P̂n ⊗ Ân(t) (90)

Opou:

Ân(t) = exp (
i

~
Ĥ0t)Ân exp (

−i
~
Ĥ0t) (91)

Sunep¸c, sthn eikìna thc allhlepÐdrashc, o telest c thc qronik c exèlixhc,
ja dÐnetai apì thn èkfrash:

Û(t) = T (exp (
−i
~

∫ t

0

∑
n

P̂n ⊗ Ân(s)ds)) (92)

JewroÔme, ìti arqik�, to anoiktì sÔsthma eÐnai pl rwc diaqwrismèno apì to
perib�llon kai wc ek toÔtou, h arqik  kat�stash tou sunolikoÔ kleistoÔ
sust matoc eÐnai:

|ψ(0) >=
∑
n

cn|n > ⊗|φ > (93)

Opou |φ >, mÐa tuqaÐa normalismènh kat�stash sto q¸ro tou perib�llontoc.
Lìgw twn dÔo teleutaÐwn exis¸sewn, met� apì qrìno t, h kat�stash tou
pl rouc sust matoc ja eÐnai:

|ψ(t) >=
∑
n

cn|n > ⊗|φn(t) > (94)

Opou:

|φn(t) >= T (exp (
−i
~

∫ t

0

Ân(s)ds))|φ >

= V̂n(t)|φ > (95)

ParathroÔme, ìti an kai h arqik  kat�stash tou sunolikoÔ sust matoc  tan
diaqwrismènh, h telik  kat�stash eÐnai enagkalismènh, dhlad  to anoiktì sÔ-
sthma den eÐnai plèon diaqwrismèno apì to perib�llon. Epomènwc, h anhgmènh
m tra puknìthtac, ja èqei thn èkfrash:

ρ̂R(t) = trA(|ψ(t) >< ψ(t)|)

=
∑
n,m

cnc
∗
m|n >< m| < φm(t)|φn(t) > (96)

Omwc, lìgw thc monadiakìthtac tou telest  thc qronik c exèlixhc, isqÔei:

< φn(t)|φn(t) >= 1 (97)
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Sunep¸c, ta diag¸nia stoiqeÐa thc anhgmènhc m trac puknìthtac, eÐnai anex�r-
thta tou qrìnou. Den sumbaÐnei ìmwc to Ðdio kai gia ta mh diag¸nia stoiqeÐa,
ta opoÐa, exart¸ntai dramatik� apì to qrìno kat� tètoio trìpo, ¸ste na teÐ-
noun sto mhdèn polÔ gr gora. OrÐzoume to sunarthsiakì aposunoq c Γnm(t),
wc ex c:

| < φn(t)|φm(t) > | = exp [Γnm(t)], Γnm(t) ≤ 0 (98)

H posìthta aut , perigr�fei th sumperifor� twn mh diag¸niwn stoiqeÐwn
thc anhgmènhc m trac puknìthtac. H akribeÐc qronik  thc ex�rthsh, eÐnai
sun�rthsh poll¸n paragìntwn, ìpwc eÐnai h sugkekrimènh morf  thc allhle-
pÐdrashc sust matoc - perib�llontoc, to mikroskopikì montèlo (mhqanismìc)
aut c thc sÔzeuxhc, kaj¸c kai oi idiìthtec thc arqik c kat�stashc. P�n-
twc, se arket� fusik� sust mata, gia qrìnouc arkoÔntoc megalÔterouc apì
to qrìno aposunoq c, oi qronik� exeligmènec katast�seic tou perib�llontoc,
teÐnoun na sqhmatÐsoun mÐa orjokanonik  b�sh:

< φn(t)|φm(t) >→ δnm, t >> tD (99)

Kai wc ek toÔtou, h anhgmènh m tra puknìthtac, teÐnei na gÐnei diag¸nia:

ρ̂R =
∑
n

|cn|2|n >< n|, t >> tD (100)

JewroÔme t¸ra thn k�pwc genikìterh perÐptwsh, ìpou to sÔsthma eÐnai men
arqik� diaqwrismèno apì to perib�llon, all� to teleutaÐo brÐsketai se mÐa
mikt  arqik  kat�stash:

ρ̂(0) = |ψ(0) >< ψ(0)| ⊗ ρ̂A(0) (101)

Opou |ψ(0) >, eÐnai t¸ra h arqik  kat�stash tou anoiktoÔ sust matoc:

|ψ(0) >=
∑
n

cn|n > (102)

Kai ρ̂A(0), eÐnai h arqik  m tra puknìthtac tou perib�llontoc. H anhgmènh
m tra puknìthtac, met� apì qrìno t, gÐnetai:

ρ̂R(t) =
∑
n,m

cnc
∗
m|n >< m|trA[V −1m (t)Vn(t)ρ̂A(0)] (103)

Sunep¸c, to sunarthsiakì aposunoq c, lamb�nei th morf :

Γnm(t) = ln | < V̂ −1m (t)V̂n(t) > | (104)
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Ac upojèsoume t¸ra, ìti oi katast�seic tou anoiktoÔ sust matoc, qarakth-
rÐzontai, ìqi mìno apì ton arijmì n, all� kai apì ènan epiprìsjeto kbantikì
arijmì j. H upìjesh aut , isodunameÐ me mÐa orjog¸nia di�spash tou arqikoÔ
q¸rou Hilbert twn katast�sewn tou sust matoc X, se upìqwrouc aujaÐrethc
di�stashc dn ≥ 1:

HX =
∑
n

HX,n (105)

Sthn perÐptwsh aut , mporoÔme na gr�youme ton antÐstoiqo probolikì tele-
st , wc ex c:

P̂n =
dn∑
j=1

|nj >< nj|, dn ≥ 1 (106)

H kat�stash tou sust matoc, dÐnetai apì th lÔsh thc exÐswshc Schrodinger,
h opoÐa ikanopoieÐ thn arqik  sunj kh:

|ψ(0) >=
∑
n,j

|nj > ⊗|φ > (107)

H antÐstoiqh anhgmènh m tra puknìthtac, ja dÐnetai apì thn èkfrash:

ρ̂R(t) =
∑
n,m

∑
j,j′

cnjc
∗
mj′|nj >< mj′ | < φm(t)|φn(t) > (108)

Ustera apì pl rh aposunoq , h teleutaÐa sqèsh gÐnetai:

ρ̂R(t) =
∑
n

∑
j,j′

cnjc
∗
nj′|nj >< nj′|, t >> tD (109)

ParathroÔme, ìti oi kbantikèc susqetÐseic (quantum coherence) diathroÔntai,
mìno metaxÔ katast�sewn pou an koun ston Ðdio upìqwro, dhlad  èqoun thn
Ðdia tim  tou kbantikoÔ arijmoÔ n. KleÐnontac aut  thn par�grafo, eÐnai
qr simo na exet�soume th sumperifor� tou sunarthsiakoÔ aposunoq c gia
mikroÔc qrìnouc. Gia to skopì autì, anaptÔssoume kat� Taylor ton telest 
V̂n(t) thc exÐswshc 95 kai upojètoume, ìti oi telestèc Ân, èqoun mhdenik 
mèsh tim , wc proc thn arqik  m tra puknìthtac ρ̂A(0) tou perib�llontoc:

< Ân(t) >= 0 (110)
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Me ton trìpo autì apoktoÔme thn akìloujh èkfrash, h opoÐa deÐqnei ìti gia
mikroÔc qrìnouc, to sunarthsiakì aposunoq c eÐnai an�logo tou tetrag¸nou
tou qrìnou:

Γnm(t) ≈ −t
2

2
< (Ân − Âm)2 > (111)

Kef�laio 2: Qronik  exèlixh twn anoikt¸n kbantik¸n su-
sthm�twn

2.1: Eisagwg 
Sto prohgoÔmeno kef�laio ègine fanerì, ìti h posìthta - kleidÐ gia th

melèth thc dunamik c enìc anoiktoÔ kbantikoÔ sust matoc, eÐnai h anhgmènh
m tra puknìthtac. Epomènwc, h perigrafeÐ thc qronik c exèlixhc tou sust -
matoc, an�getai sth melèth thc exèlixhc thc antÐstoiqhc anhgmènhc m trac
puknìthtac. To sunolikì sÔsthma (anoiktì sÔsthma + perib�llon), eÐnai e-
xÔpojèsewc kleistì kai wc ek toÔtou, exelÐssetai sto qrìno monadiak�, sÔm-
fwna me tic exis¸seic 2 kai 11. Den sumbaÐnei ìmwc to Ðdio kai me to anoiktì
sÔsthma, tou opoÐou h dunamik  den kajorÐzetai autìnoma, all� ephre�ze-
tai kai apì thn parousÐa tou perib�llontoc. O bajmìc aut c thc epÐdrashc
tou perib�llontoc sto sÔsthma, ja apotelèsei to antikeÐmeno melèthc thc
paroÔsac paragr�fou. DÔo eÐnai oi kuriìteroi trìpoi perigraf c thc qroni-
k c exèlixhc thc anhgmènhc m trac puknìthtac enìc sust matoc: (1) me th
qr sh thc exÐswshc master kai (2) me th qr sh tou sunarthsiakoÔ epÐdra-
shc (influence functional). Sth sunèqeia, ja anaferjoÔme polÔ sÔntoma sthn
pr¸th mèjodo kai amèswc met�, ja melet soume ekten¸c th deÔterh, h opoÐa
eÐnai mÐa mèjodoc sunarthsiak¸n oloklhrwm�twn.

2.2: H exÐswsh Master
Sthn perÐptwsh ìpou h qarakthristik  qronik  klÐmaka thc dunamik c e-

nìc anoiktoÔ sust matoc, eÐnai meg�lh se sÔgkrish me to qrìno pou apaiteÐtai
¸ste to perib�llon na "xeq�sei� thn plhroforÐa pou apokt� apì to sÔsthma,
h exèlixh tou sust matoc, mporeÐ me ikanopoihtik  prosèggish na jewrhjeÐ
topik  sto qrìno. Ena tètoio sÔsthma kaleÐtai Markovian. Opwc k�je mo-
nadiakìc metasqhmatismìc ep�getai apì mÐa Hamiltonian, k�je Markovian
upertelest c ep�getai apì mÐa Lindbladian, sÔmfwna me thn exÐswsh Master:

∂ρ̂(t)

∂t
= L̂[ρ̂] =

−i
~

[Ĥ, ρ̂]
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+
∑
µ

(L̂µρ̂L̂
†
µ −

1

2
L̂†µL̂µρ̂−

1

2
ρ̂L̂†µL̂µ) (112)

Ed¸, k�je telest c Lindblad, anaparist� èna kbantikì �lma pou ja ani-
qneÔame, an mporoÔsame na parakolouj soume se mÐa ojình thn exèlixh tou
perib�llontoc, sto jewroÔmeno qronikì di�sthma.

2.3: To sunarthsiakì epÐdrashc (influence functional)

2.3.1: Apì thn anhgmènh m tra puknìthtac sto sunarth-
siakì epÐdrashc

JewroÔme kai p�li to sÔsthma X, to opoÐo allhlepidr� me to perib�llon
A. H Hamiltonian tou sunolikoÔ kleistoÔ sust matoc, dÐnetai apì th sqèsh:

Ĥ = ĤX + ĤA + ĤI (113)

Upojètoume, ìti thn arqik  qronik  stigm  (èstw t = 0), to sÔsthma kai to
perib�llon tou, eÐnai pl rwc diaqwrismèna metaxÔ touc kai ìti to perib�llon
brÐsketai sth jemeli¸dh tou kat�stash, dhlad  sth st�jmh el�qisthc enèr-
geiac pou epitrèpoun oi kanìnec epilog c thc dunamik c tou. Epomènwc, an
sumbolÐsoume me |ψX(0) > thn tuqaÐa arqik  kat�stash tou sust matoc kai
me |0A > thn kat�stash kenoÔ tou perib�llontoc, h arqik  m tra puknìthtac
tou pl rouc sust matoc ja eÐnai:

ρ̂(0) = |ψX(0) > |0A >< 0A| < ψX(0)| (114)

H parap�nw upìjesh, dieukolÔnei touc upologismoÔc, qwrÐc ìmwc na eÐnai
aparaÐthth. Profan¸c, h arqik  m tra puknìthtac tou sust matoc, eÐnai:

ρ̂X(0) = |ψX(0) >< ψX(0)| (115)

H qronik  exèlixh thc anhgmènhc m trac puknìthtac, upologÐzetai lamb�non-
tac to Ðqnoc kai twn dÔo mel¸n thc exÐswshc 11, wc proc touc bajmoÔc eleu-
jerÐac tou perib�llontoc:

ρ̂R(t) = trA(Û(t)ρ̂(0)Û †(t)) (116)

Opou Û(t) = Û(t, 0), o monadiakìc telest c pou dièpei th qronik  exèlixh tou
pl rouc sust matoc kai o opoÐoc dÐnetai apì thn èkfrash 4   5, an�loga me
thn ex�rthsh   mh thc olik c Hamiltonian apì to qrìno. Antikajist¸ntac
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thn proteleutaÐa sqèsh sthn teleutaÐa kai metabaÐnontac sthn anapar�stash
jèshc (q¸roc twn jèsewn), apoktoÔme:

ρ̂Rx′,x(t) =< x′|ρ̂R(t)|x >

=

∫
DA < X ′, A|Û(t)ρ̂(0)Û †(t)|X,A >

=

∫
DA

∫
DX ′′

∫
DA′′

∫
DX ′′′

∫
DA′′′

× < X ′, A|Û(t)|X ′′, A′′ >< X ′′, A′′|ρ̂(0)|X ′′′, A′′′ >
× < X ′′′, A′′′|Û †(t)|X,A > (117)

Opou me thn eisagwg  kat�llhlwn pl rwn sunìlwn apì anÔsmata, paremb�-
lame ton tautotikì telest , qrhsimopoi¸ntac thn idiìthta:∫

DA

∫
DX|A,X >< A,X| = Î (118)

H apousÐa bel¸n stic suntetagmènec tìso tou sust matoc ìso kai tou pe-
rib�llontoc, ofeÐletai sto gegonìc, ìti autèc den eÐnai kat�n�gkh sun jh
(tridi�stata) anÔsmata jèshc, all� mporoÔn na eÐnai stoiqeÐa opoioud pote
dianusmatikoÔ q¸rou aujaÐrethc (peperasmènhc   �peirhc) di�stashc, wc geni-
keumènec suntetagmènec opoiasd pote morf c kbantomhqanik¸n susthm�twn.
Lìgw thc proteleutaÐac sqèshc, èqoume:

< X ′′, A′′|ρ̂(0)|X ′′′, A′′′ >= ρ̂XX′′,X′′′(0)ρ̂AA′′,A′′′(0) (119)

Opìte h èkfrash 117 gÐnetai:

ρ̂RX′,X(t) =

∫
DX ′′

∫
DX ′′′ρ̂XX′′,X′′′(0)

×J(X ′′, X ′′′, X ′, X, t) (120)

Opou h posìthta J onom�zetai pur nac di�doshc (Propagating kernel) kai
dÐnetai apì th sqèsh:

J(X ′′, X ′′′, X ′, X, t) =

∫
DA

∫
DA′′

∫
DA′′′

× < X ′, A|Û(t)|X ′′, A′′ > ρ̂AA′′,A′′′(0)
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× < X ′′′, A′′′|Û †(t)|X,A > (121)

ParathroÔme, ìti o pur nac di�doshc, o opoÐoc proèkuye aposp¸ntac apì thn
anhgmènh m tra puknìthtac par�gontec exart¸menouc mìno apì to sÔsthma,
apoteleÐtai apì dÔo diadìtec (stoiqeÐa pÐnaka tou telest  thc qronik c exè-
lixhc, metaxÔ dÔo katast�sewn), an�mesa stouc opoÐouc brÐsketai h arqik 
m tra puknìthtac tou perib�llontoc. Den èqoume ìmwc ex�gei apì thn ρ̂R(t)
ìlouc touc par�gontec pou sqetÐzontai mìno me to sÔsthma. Gia na gÐnei au-
tì, ja prèpei na qrhsimopoi soume sunarthsiak� oloklhr¸mata. Oi diadìtec,
exìrismoÔ, mporoÔn na ekfrastoÔn wc tètoia oloklhr¸mata, me thn arqik  kai
thn telik  kat�stash se k�je diadìth na kajorÐzoun tic sunoriakèc sunj kec
thc antÐstoiqhc sunarthsiak c olokl rwshc. Me ton trìpo autì, apoktoÔme:

< X ′, A|Û(t)|X ′′, A′′ >=

∫
X(4)(0)=X′′,X(4)(t)=X′

DX(4)

×
∫
DA(4)δ[A(4)(t)− A′′]δ[A(4)(0)− A′]

× exp [
i

~

∫ t

0

dt′L(X(4), A(4))]

=

∫
X(4)(0)=X′′,X(4)(t)=X′

DX(4)

× exp [
i

~

∫ t

0

dt′LX(X(4))]

×
∫
DA(4)δ[A(4)(t)− A′′]δ[A(4)(0)− A′]

× exp [
i

~

∫ t

0

dt′LA+I(X
(4), A(4))] (122)

Opou gr�yame thn Lagrangian tou pl rouc sust matoc, wc �jroisma twn
antÐstoiqwn Lagrangian tou anoiktoÔ sust matoc, tou perib�llontoc kai thc
metaxÔ touc allhlepÐdrashc:

L = LX + LA + LI

= LX + LA+I (123)
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H arÐjmhsh pou qrhsimopoi same gia tic suntetagmènec, èqei epilegeÐ me tètoio
trìpo, ¸ste na eÐnai bolik  gia th sunèqeia twn upologism¸n. OmoÐwc:

< X ′′′, A′′′|Û †(t)|X,A >=< X,A|Û(t)|X ′′′, A′′′ >∗

=

∫
X(1)(0)=X′′′,X(1)(t)=X

DX(1)

×
∫
DA(1)δ[A(1)(t)− A]δ[A(1)(0)− A′′′]

× exp [
i

~

∫ 0

t

dt′L(X(1), A(1))]

=

∫
X(1)(0)=X′′′,X(1)(t)=X

DX(1)

× exp [
i

~

∫ 0

t

dt′LX(X(1))]

×
∫
DA(1)δ[A(1)(t)− A]δ[A(1)(0)− A′′′]

× exp [
i

~

∫ 0

t

dt′LA+I(X
(1), A(1))] (124)

Wc sunarthsiakì olokl rwma, mporeÐ akìmh na ekfrasteÐ kai h arqik  (jeme-
li¸dhc) m tra puknìthtac tou perib�llontoc, wc ex c:

ρ̂AA′′,A′′′(0) =
1

ZA

∫
DA(3)δ[A(3)(−0)− A′′]

×
∫
DA(2)δ[A(2)(+0)− A′′′]

× exp [
−1

~

∫ −0
−∞

dτLEA(A(3))− 1

~

∫ +∞

+0

dτLEA(A(2))] (125)

Gia thn apìdeixh thc èkfrashc aut c, arkeÐ na jumhjoÔme ton orismì tou
diadìth:

GA(A′′, t′, A′′′, t) = H
<A′′,t′|A′′′,t>
H (126)
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Opou o deÐkthc H sta katastatik� anÔsmata, dhl¸nei ìti aut� eÐnai ekpefra-
smèna sthn eikìna tou Heisenberg. MetabaÐnontac sthn eikìna tou Schrodin-
ger, h teleutaÐa exÐswsh lamb�nei th morf :

GA(A′′, t′, A′′′, t) =< A′′ exp [
−i
~

(t′ − t)ĤA]|A′′′ > (127)

Jewr¸ntac ìti h Hamiltonian tou perib�llontoc èqei èna pl rec sÔsthma
idiokatast�sewn, h parap�nw sqèsh mporeÐ na grafeÐ wc ex c:

GA(A′′, t′, A′′′, t) =
∑
nA

< A′′| exp [
−i
~

(t′ − t)ĤA]|nA >

× < nA|A′′′ >

=
∑
nA

exp [
−i
~

(t′ − t)EnA
]

×φnA
(A′′)φ∗nA

(A′′′) (128)

H parap�nw èkfrash, epitrèpei th je¸rhs  thc wc mÐa majhmatik  sun�r-
thsh thc metablht c t, thc opoÐac mporoÔme proc stigm n na xeq�soume th
fusik  shmasÐa kai na th jewr soume akìmh kai fantastik . Eis�goume th
fantastik  metablht  τ = it kai lamb�noume ta ìria:

τ = −TE, τ ′ = 0, TE →∞ (129)

Me thn eisagwg  tou EukleÐdiou qrìnou, h proteleutaÐa exÐswsh lamb�nei th
morf :

GA(A′′, 0, A′′′,−TE) =< A′′|0A >< 0A|A′′′ >

× exp (
−TEE0A

~
)

×[1 +O(exp [
−TE(EnA

− E0A)

~
])] (130)

Opìte, h kumatosun�rthsh thc jemeli¸douc kat�stashc tou perib�llontoc,
mporeÐ na ekfrasteÐ wc sunarthsiakì olokl rwma tou diadìth:

< A′′|0A >≈
∫
dA′′′GA(A′′, 0, A′′′,−∞)

=

∫
A(−0)=A′′

DA
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× exp (
−1

~

∫ −0
−∞

dτLEA(A)) (131)

H teleutaÐa sqèsh, eÐnai h b�sh thc èkfrashc 125, me mình diafor� thn apou-
sÐa thc stajer�c kanonikopoÐhshc ZA:

ZA =

∫
A(−∞)=A(+∞)

DA

× exp (
−1

~

∫ +∞

−∞
dτLEA(A)) (132)

Aut  eis�getai, prokeimènou h arqik  m tra puknìthtac tou perib�llontoc,
na ikanopoieÐ th sunj kh normalismoÔ:

trAρ̂A(0) = 1 (133)

Antikajist¸ntac tic exis¸seic 122, 124 kai 125 sthn èkfrash 121, lamb�-
noume:

J(X ′′, X ′′′, X ′, X, t) =
1

ZA

×
∫
X(1)(0)=X′′′,X(1)(t)=X

DX(1)

×
∫
X(4)(0)=X′′,X(4)(t)=X′

DX(4)

× exp [
i

~

∫ t

0

dt′LX(X(4)) +
i

~

∫ 0

t

dt′L(X(1))]

×F (X(4), X(1), t) (134)

Opou h posìthta F , kaleÐtai sunarthsiakì epÐdrashc (influence functional  
sunarthsiakì Feynman - Vernon kai dÐnetai apì thn èkfrash:

F (X(4), X(1), t) = (
4∏
i=1

∫
DA(i))

×δ[A(4)(0)− A(3)(−0)]δ[A(4)(t)− A(1)(t)]

×δ[A(2)(+0)− A(1)(0)]
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×exp[ i
~

∫ t

0

dt′LA+I(X
(4), A(4))− 1

~

∫ −0
−∞

dτLEA(A(3))

−1

~

∫ +∞

+0

dτLEA(A(2)) +
i

~

∫ 0

t

dt′LA+I(X
(1), A(1))] (135)

Prìkeitai gia mÐa posìthta me idiaÐterh shmasÐa gia th melèth enìc anoiktoÔ
sust matoc, afoÔ perigr�fei pl rwc ton trìpo epÐdrashc tou perib�llontoc
sth qronik  exèlixh tou sust matoc, ìpwc faÐnetai kai apì th morf  tou (ìloi
oi par�gontec pou sqetÐzontai mìno me to sÔsthma, èqoun t¸ra apospasteÐ
apì thn anhgmènh mÐtra puknìthtac). H teleutaÐa èkfrash, eÐnai polÔ dÔ-
sqrhsth gia upologismoÔc, epeid  h dr�sh pou upeisèrqetai se aut , perièqei
pollèc sunarthsiakèc oloklhr¸seic. Epomènwc, autì pou qreiazìmaste ¸ste
na gÐnei h teleutaÐa exÐswsh eukolìtera diaqeirÐsimh, eÐnai h an�ptuxh mÐac
teqnik c, mèsw thc opoÐac ja mporoÔsame na kataskeu�soume mÐa dr�sh (kai
kat� sunèpeia èna sunarthsiakì epÐdrashc), pou na perièqei mìno mÐa sunar-
thsiak  olokl rwsh. Bèbaia, wc gnwstìn, h fusik  mÐac jewrÐac den all�zei
mèsw majhmatik¸n metasqhmatism¸n. Gia to lìgw autì, ìpwc ja doÔme sthn
epìmenh par�grafo, h dhmiourgÐa enìc topikoÔ sto qrìno (apì majhmatik c �-
poyhc) ìrou dr�shc me th qr sh tou formalismoÔ kleistoÔ migadikoÔ qrìnou,
den odhgeÐ se mÐa pragmatik  (fusik� ulopoi simh) dr�sh, ex�itÐac tou gego-
nìtoc, ìti h metablht  epÐ thc opoÐac oloklhr¸netai h Lagrangian, den eÐnai o
fusikìc qrìnoc. Sto ex c, ja onom�zoume autì ton ìro tropopoihmènh dr�sh.
Ti sumbaÐnei, ìmwc, me th jermodunamik  sumperifor� tou sust matoc? Ewc
t¸ra, èqoume agno sei thn epÐdrash thc jermokrasÐac sta apotelèsmata twn
upologism¸n mac. An jèlame na epanafèroume th jermokrasiak  ex�rthsh,
ja èprepe na uiojet soume gia to perib�llon èna jermodunamikì montèlo. H
aploÔsterh perÐptwsh enìc tètoiou protÔpou, ja  tan na jewr soume to peri-
b�llon wc èna loutrì jermìthtac, ebriskìmeno se kat�stash jermodunamik c
isorropÐac me jermokrasÐa T . Sthn perÐptwsh aut , h arqik  m tra puknì-
thtac tou perib�llontoc, ja dinìtan apì th gnwst  èkfrash thc statistik c
mhqanik c:

ρ̂A(0) =
exp (−βĤA)

ZA
, β =

1

kBT
(136)

Opou kB h stajer� tou Boltzmann kai ZA h sun�rthsh epimerismoÔ tou peri-
b�llontoc. An epanalamb�name touc upologismoÔc me aut  thn tim  thc ρ̂A(0),
ja diapist¸name ìti sta ìria olokl rwshc twn EukleÐdiwn ìrwn dr�shc, antÐ
tou ±∞, ja emfanizìtan to ±β

2
. H fusik  shmasÐa thc parat rhshc aut c,
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eÐnai ìti anamènoume na prosdiorÐsoume th sumperifor� tou sust matoc, ìtan
to perib�llon brÐsketai se mhdenik  jermokrasÐa.

2.3.2: O formalismìc kleistoÔ migadikoÔ qrìnou
H teqnik  pou ja qrhsimopoi soume gia thn aploÔsteush thc èkfrashc

tou sunarthsiakoÔ epÐdrashc (proteleutaÐa exÐswsh), kaleÐtai formalismìc
kleistoÔ migadikoÔ qrìnou. H teqnik  aut , sqetÐzetai me to formalismì
Keldysh, o opoÐoc efarmìzetai se sust mata ektìc isorropÐac. Opwc dhl¸nei
kai to ìnom� thc, h mèjodoc sunÐstatai sthn antikat�stash tou qrìnou t,
apì mÐa mhgadik  metablht  z. H metablht  aut , orÐzetai epÐ mÐac kleist c
kampÔlhc C, h opoÐa diatrèqei to migadikì epÐpedo kai apoteleÐtai apì tèssera
diaforetik� eujÔgramma tm mata: (1) To tm ma L1, kineÐtai par�llhla proc
ton pragmatikì �xona, apì to shmeÐo t − i0 èwc to 0 − i0. (2) To tm ma
L2, arqÐzei apì to shmeÐo 0 − i0 kai akoloujeÐ poreÐa par�llhlh proc to
fantastikì �xona, èwc to shmeÐo 0− i∞. (3) To tm ma L3, kineÐtai par�llhla
proc ton pragmatikì �xona me for� antÐjeth apì aut  tou L1, apì to shmeÐo
0 + i∞, èwc to 0 + i0. (4) Tèloc, to tm ma L4, xekin� apì to shmeÐo 0 + i0,
kateujeÐnetai par�llhla proc to fantastikì �xona kai antÐjeta proc to L2 kai
katal gei sto shmeÐo t + i0. H morf  thc kampÔlhc C sto migadikì epÐpedo,
apeikonÐzetai sto parak�tw sq ma:

H tropopoihmènh dr�sh pou upeisèrqetai sthn èkfrash tou sunarthsiakoÔ
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epÐdrashc, lamb�nei t¸ra th morf :

S̄ =

∫
C

dzLA+I(Xc, Ac) (137)

Opou:
(XLi

, ALi
) = (X(i), A(i)) (138)

JewroÔme t¸ra mÐa Lagrangian allhlepÐdrashc, thc morf c:

LI = gAX (139)

Opou g, h stajer� sÔzeuxhc, to mètro dhlad  thc èntashc thc allhlepÐdrashc.
Sthn perÐptwsh aut , h tropopoihmènh dr�sh gÐnetai:

S̄ =

∫
C

dz[LA(Ac) + gcAcXc] (140)

Opou orÐsame th stajer� zeÔxhc gc me tètoio trìpo, ¸ste na eÐnai mh mhdenik ,
mìno sth fusik� pragmatopoi simh perioq  (pragmatikìc qrìnoc):

gL1 = gL4 = g, gL2 = gL3 = 0 (141)

Prokeimènou na diapistwjeÐ h orjìthta thc teqnik c, arkeÐ na deiqjeÐ, ìti
xekin¸ntac apì thn exÐswsh 137 kai oloklhr¸nontac xeqwrist� se k�je tm ma
thc kampÔlhc C, eÐnai dunat  h anaparagwg  twn tess�rwn ìrwn thc èkfrashc
135. Pr�gmati: Kat� m koc twn gramm¸n L1 kai L4, èqoume:

z = t′ − i0 (142)

Kai epomènwc:∫
L1

dzLA+I(AL1 , XL1) =

∫ 0−i0

t−i0
dzLA+I(AL1 , XL1)

=

∫ 0

t

dt′LA+I(A
(1), X(1)) (143)

kai ∫
L4

dzLA+I(AL4 , XL4) =

∫ t+i0

0+i0

dzLA+I(AL4 , XL4)

=

∫ t

0

dt′LA+I(A
(4), X(4)) (144)
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AntÐstoiqa, kat� m koc twn L2 kai L3, èqoume:

z = 0− iτ (145)

Kai sunep¸c: ∫
L2

dzLA(AL2) =

∫ 0−i∞

0−i0
dzLA(AL2)

= i

∫ ∞
0

dτLA(A(2)) (146)

kai ∫
L3

dzLA(AL3) =

∫ 0+i0

0+i∞
dzLA(AL3)

= i

∫ −0
−∞

dτLA(A(3)) (147)

H Ðdia h morf  thc kampÔlhc C, upagoreÔei thn Ôparxh dÔo periodik¸n suno-
riak¸n sunjhk¸n: (1) To tm ma L2 katèlhxe sto shmeÐo 0 − i∞, en¸ to L3

�rqise apì to 0+ i∞. Prokeimènou to �lma autì na mh sunist� asunèqeia thc
kampÔlhc olokl rwshc, ja prèpei h metablht  thc sunarthsiak c olokl rw-
shc (h suntetagmènh tou perib�llontoc), na èqei thn Ðdia timÐ sta dÔo aut�
shmeÐa:

Ac(0− i∞) = Ac(0 + i∞) (148)

(2) Epeid  h kampÔlh C eÐnai ek kataskeu c kleist , oi suntetagmènec tou
perib�llontoc sto arqikì (t− i0) kai sto telikì (t+ i0) shmeÐo thc diadrom c,
ja prèpei na tautÐzontai:

Ac(t− i0) = Ac(t+ i0) (149)

Qrhsimopoi¸ntac thn exÐswsh 137 kai thn teleutaÐa periodik  sunoriak  sun-
j kh, to sunarthsiakì epÐdrashc gr�fetai sth morf :

F (X(4), X(1), t) =
1

ZA

∫
Ac(t+i0)=Ac(t−i0)

DAc

× exp [
i

~

∫
C

dzLA+I(Ac, Xc)] (150)

H teleutaÐa sqèsh, eÐnai polÔ aploÔsterh kai pio eÔqrhsth apì thn èkfrash
135, afoÔ perièqei mÐa mìno sunarthsiak  olokl rwsh. Sthn perÐptwsh ìpou
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h Lagrangian thc allhlepÐdrashc dÐnetai apì th sqèsh 139, qrhsimopoi¸ntac
thn èkfrash 140, h teleutaÐa exÐswsh lamb�nei th morf :

F (X(4), X(1), t) =
1

ZA

∫
Ac(t+i0)=Ac(t−i0)

DAc

× exp [
i

~

∫
C

dzLA(Ac) +
i

~

∫
C

dzgcAcXc]

=< exp (
i

~

∫
C

dzgcAcXc) >A

= exp (
i

~
SFV (Xc)) (151)

Opou o deÐkthc A sth mèsh tim , upodhl¸nei ìti aut  èqei lhfjeÐ wc proc th
m tra puknìthtac tou perib�llontoc.

2.3.3: Ena aplì par�deigma upologismoÔ
Sthn par�grafo aut , upologÐzetai me th qr sh thc teqnik c pou mìlic

suzht jhke, to sunarthsiakì epÐdrashc sthn apl  perÐptwsh, ìpou to peri-
b�llon eÐnai ènac armonikìc talantwt c. Sth sunèqeia, to apotèlesma tou
upologismoÔ genikeÔetai, gia èna perib�llon apoteloÔmeno apì mÐa sullog 
N armonik¸n talantwt¸n. To par�deigma autì eÐnai idiaÐtera qr simo, ìqi
mìno lìgw thc meg�lhc shmasÐac tou armonikoÔ talantwt  wc fusikoÔ su-
st matoc, all� kai epeid  to hlektromagnhtikì pedÐo (ìpwc �llwste kai ìla
ta pedÐa), to opoÐo ja diadramatÐsei to rìlo tou perib�llontoc sto epìme-
no kef�laio, sumperifèretai wc mÐa �peirh epallhlÐa armonik¸n talantwt¸n.
JewroÔme loipìn, èna genikì kbantomhqanikì sÔsthma X me di�nusma jèshc
~X, suzeugmèno me ènan armonikì talantwt  A me m�za mA, fusik  suqnìthta

ωA kai di�nusma jèshc ~Q. Epomènwc, h Lagrangian tou perib�llontoc eÐnai:

LA =
1

2
mA( ~̇Q)2 − 1

2
mAω

2
A
~Q2 (152)

JewroÔme akìmh, ìti h Lagrangian thc allhlepÐdrashc sust matoc - perib�l-
lontoc, èqei th morf :

LI = g ~X · ~Q (153)

Epeid  h dr�sh tou armonikoÔ talantwt  eÐnai tetragwnik , h epÐlush thc
exÐswshc 150, me th qr sh twn sqèsewn 152 kai 153 kai twn sunoriak¸n
sunjhk¸n

~Qc(0 + i∞) = ~Qc(0− i∞), ~Qc(t+ i0) = ~Qc(t− i0) (154)
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an�getai se mÐa Gaussian olokl rwsh, apì thn opoÐa prokÔptei h akìloujh
èkfrash gia to sunarthsiakì epÐdrashc:

F ( ~X(4), ~X(1), t) = exp[
−i
~

∫
C

dzgc(z)

∫
C

dz′gc(z
′)

× ~Xc(z
′) · ~Xc(z)θc(z − z′)G(2)

c (z − z′)] (155)

H sqèsh aut , den eÐnai tÐpote �llo apì th metagraf , sto plaÐsio tou forma-
lismoÔ kleistoÔ migadikoÔ qrìnou, thc genn triac sun�rthshc tou eleÔjerou

armonikoÔ talantwt , me phg  to �nusma jèshc ~X tou anoiktoÔ sust matoc:

exp[
−i
~

∫
dtg(t)

∫
dt′g(t′)

× ~X(t′) · ~X(t)θ(t− t′)G(2)(t− t′)] (156)

Gia th metagraf  aut , èginan oi antikatast�seic:

~X = ~X(t)→ ~Xc = ~X(z)

~Q = ~Q(t)→ ~Qc = ~Q(z)

∂0 =
∂

∂t
→ ∂

∂z
(157)

H j - sun�rthsh pou upeisèrqetai sthn èkfrash 155, den eÐnai h sun jhc
bhmatik  sun�rthsh, afoÔ to ìrism� thc eÐnai ènac migadikìc arijmìc. H
sun�rthsh aut , exart�tai apì th diadrom  thc olokl rwshc sto migadikì
epÐpedo, gegonìc pou upodhl¸netai kai apì thn parousÐa tou deÐkth c sto
sÔmbolì thc. Gia na thn orÐsoume, jewroÔme mÐa kat�llhlh parametropoÐhsh
thc kampÔlhc z, me mÐa pragmatik  par�metro σ, tètoia ¸ste:

z = z(σ), σ ∈ [0, 1] (158)

Me sunoriakèc sunj kec:

z(0) = t− i0, z(1) = t+ i0 (159)

Kai orÐzoume:
θc(z − z′) = θc(z(σ)− z(σ′))

θc(z − z′) = θ(σ − σ′)|C = L2,4,
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θc(z − z′) = θ(σ′ − σ)|C = L1,3 (160)

O parap�nw orismìc, proôpojètei ìti oi metablhtèc z kai z′, diatrèqoun thn
Ðdia diadrom  olokl rwshc. Sthn perÐptwsh ìpou ta z kai z′ oloklhr¸nontai
kat� m koc diaforetik¸n gramm¸n, h sun�rthsh θc eÐnai tautotik� Ðsh me mhdèn
  èna, an�loga me th ro  tou qrìnou kat� m koc aut¸n twn gramm¸n. Gia
par�deigma:

θL1,L4(z − z′) = 1 (161)

H sqèsh aut  eÐnai profan c, afoÔ h el�twsh tou qrìnou kat� m koc thc
gramm c L1, sumbaÐnei met� thn aÔxhs  tou kat� m koc thc L4. O diadìthc
thc èkfrashc 155, den eÐnai par� h sun�rthsh Green tou armonikoÔ talantwt ,
me tic periodikèc sunoriakèc sunj kec 154. H sun�rthsh aut , an jewr soume
ìti T eÐnai h perÐodoc, èqei th gnwst  morf :

G(2)(t− t′) =
−1

2mAωA

cos [ωA(|t− t′| − T
2
)]

sin (ωAT
2

)
(162)

Sto plaÐsio tou formalismoÔ kleistoÔ migadikoÔ qrìnou, h sqèsh aut  gr�-
fetai wc ex c:

G(2)
c (z − z′) =

−1

2mAωA

cos [ωA(|z − z′|c − T
2
)]

sin (ωAT
2

)
(163)

Profan¸c, h perÐodoc eÐnai fantastik  kai Ðsh me −2iTE, opìte:

G(2)
c (z − z′) =

−1

2mAωA

cos [ωA(|z − z′|c + iTE)]

sin (−iωATE)
(164)

Opou h nìrma me to deÐkth c, orÐzetai ìpwc h gnwst  mac apìluth tim , me
mình diafor� thn antikat�stash thc sun jouc j - sun�rthshc apì thn θc:

|t− t′| = (t− t′)sign(t− t′)

= (t− t′)[θ(t− t′)− θ(t′ − t)]
→ |z − z′|c = (z − z′)signc(z − z′)
= (z − z′)[θc(z − z′)− θc(z′ − z)] (165)

Epeid  stic sunoriakèc sunj kec 154 h perÐodoc eÐnai �peirh (TE → +∞), h
proteleutaÐa exÐswsh lamb�nei th morf :

G(2)
c (z − z′) = lim

TE→+∞
(
−i

2mAωA

cos (ωA|z − z′|c)
tanh (ωATE)
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− 1

2mAωA
sin (ωA|z − z′|c))

=
−1

2mAωA
(i cos (ωA|z − z′|c)

+ sin (ωA|z − z′|c))

=
−i

2mAωA
exp (−iωA|z − z′|c) (166)

H teleutaÐa sqèsh, ofeÐletai sto gegonìc, ìti o qrìnoc metr� mìno sto fanta-
stikì �xona (−i∞− (i∞)). Shmei¸netai, ìti an ergazìmaste se peperasmènh
jermokrasÐa, h perÐodoc ja  tan T → β. Lìgw thc sqèshc 141, sto sunar-
thsiakì epÐdrashc suneisfèroun mìno ta oloklhr¸mata epÐ twn tmhm�twn thc
kampÔlhc C, sta opoÐa o qrìnoc eÐnai pragmatikìc. To gegonìc autì, odhgeÐ
stic akìloujec treic suneisforèc:

F ( ~X(4), ~X(1), t) = exp [
ig2

~
(I11 + I44 + I14)] (167)

Kat� m koc thc gramm c L1, èqoume:

I11 =

∫
L1

dz2

∫
L1

dz1

×θL1(z2 − z1) ~X(1)(z2) · ~X(1)(z1)G
(2)
L1

(|z2 − z1|L1)

=

∫ 0

t

dt2

∫ 0

t

dt1

×θ(t1 − t2) ~X(1)(t2) · ~X(1)(t1)G
(2)
L1

(t2 − t1)

=

∫ 0

t

dt2

∫ 0

t

dt1

×θ(t1 − t2) ~X(1)(t2) · ~X(1)(t1)

×(i
cos [ωA(t2 − t1)]

2mAωA
+

sin [ωA(t2 − t1)]
2mAωA

) (168)

Jètoume:

GI(t2 − t1) =
cos [ωA(t2 − t1)]

2mAωA
(169)
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kai

GR(t2 − t1) =
− sin [ωA(t2 − t1)]

2mAωA
(170)

Opìte apoktoÔme:

I11 =

∫ t

0

dt2

∫ t

0

dt1

×θ(t1 − t2) ~X(1)(t2) · ~X(1)(t1)

×[iGI(t2 − t1)−GR(t2 − t1)]

=t1↔t2

∫ t

0

dt2

∫ t

0

dt1

×θ(t2 − t1) ~X(1)(t2) · ~X(1)(t1)

×[iGI(t2 − t1) +GR(t2 − t1)] (171)

OmoÐwc, kat� m koc thc L4, èqoume:

I44 =

∫
L4

dz2

∫
L4

dz1

×θL4(z2 − z1) ~X(4)(z2) · ~X(4)(z1)G
(2)
L4

(|z2 − z1|L4)

=

∫ t

0

dt2

∫ t

0

dt1

×θ(t2 − t1) ~X(4)(t2) · ~X(4)(t1)G
(2)
L4

(t2 − t1)

=

∫ t

0

dt2

∫ t

0

dt1

×θ(t2 − t1) ~X(4)(t2) · ~X(4)(t1)

×(i
cos [ωA(t2 − t1)]

2mAωA
+

sin [ωA(t2 − t1)]
2mAωA

)

=

∫ t

0

dt2

∫ t

0

dt1

×θ(t2 − t1) ~X(4)(t2) · ~X(4)(t1)

×[iGI(t2 − t1)−GR(t2 − t1)] (172)
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Tèloc, gia ton ìro diastaÔrwshc, èqoume diadoqik�:

I14 =

∫
L1

dz2

∫
L4

dz1

×θL1,L4(z2 − z1) ~X(1)(z2) · ~X(4)(z1)

×G(2)
L1,L4

(|z2 − z1|L1,L4)

= −
∫ t

0

dt2

∫ t

0

dt1

× ~X(1)(t2) · ~X(4)(t1)G
(2)
L1,L4

(t2 − t1)

=

∫ t

0

dt2

∫ t

0

dt1

× ~X(4)(t2) · ~X(1)(t1)[θ(t2 − t1) + θ(t1 − t2)]

×(−icos [ωA(t2 − t1)]
2mAωA

− sin [ωA(t2 − t1)]
2mAωA

)

=

∫ t

0

dt2

∫ t

0

dt1

× ~X(4)(t2) · ~X(1)(t1)[θ(t2 − t1) + θ(t1 − t2)]

×[−iGI(t2 − t1)−GR(t2 − t1)]

= −
∫ t

0

dt2

∫ t

0

dt1

× ~X(4)(t2) · ~X(1)(t1)θ(t2 − t1)

×[iGI(t2 − t1) +GR(t2 − t1)]

−
∫ t

0

dt2

∫ t

0

dt1

× ~X(4)(t2) · ~X(1)(t1)θ(t1 − t2)

×[iGI(t1 − t2)−GR(t1 − t2)] (173)

To sunarthsiakì epÐdrashc, prokÔptei me antikat�stash twn tri¸n teleutaÐ-
wn sqèsewn sthn exÐswsh 167, me to fantastikì kai to pragmatikì mèroc thc
sun�rthshc Green, na dÐnontai antÐstoiqa apì tic ekfr�seic 169 kai 170. To
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apotèlesma mporeÐ eÔkola na genikeujeÐ, gia thn perÐptwsh ìpou to perib�l-
lon, eÐnai mÐa sullog  N armonik¸n talantwt¸n, thc Ðdiac m�zac mA, all� me
diaforetikèc fusikèc suqnìthtec ωnA. Gia thn epèktash aut , apaitoÔntai oi
antikatast�seic:

g2GI(t2 − t1)→
N∑
n=1

g2n
2mAωnA

cos [ωnA(t2 − t1)] (174)

kai

g2GR(t2 − t1)→ −
N∑
n=1

g2n
2mAωnA

sin [ωnA(t2 − t1)] (175)

EÐnai profanèc, ìti oi parap�nw ekfr�seic, apoteloÔn to ìrio se mhdenik  jer-
mokrasÐa, twn antÐstoiqwn apotelesm�twn pou ja proèkuptan, an jewroÔsame
to perib�llon wc èna loutrì jermìthtac, apoteloÔmeno apì N armonikoÔc ta-
lantwtèc, se jermodunamik  isorropÐa.

Kef�laio 3: To sunarthsiakì epÐdrashc thc kbantik c h-
lektrodunamik c

3.1: Apì th sun jh kbantomhqanik  sthn kbantik  jewrÐa
pedÐou

Ewc t¸ra, melet same anoikt� kbantik� sust mata me peperasmèno arij-
mì bajm¸n eleujerÐac, dhlad  sust mata, h dunamik  twn opoÐwn upìkeitai
stic arqèc thc sun jouc kbantomhqanik c. OrÐsame ta basik� qarakthristi-
k� touc megèjh kai upologÐsame to sunarthsiakì epÐdrashc, me th qr sh thc
teqnik c pou anaptÔqjhke sto prohgoÔmeno kef�laio. Ti gÐnetai ìmwc ìtan
tìso to anoiktì sÔsthma ìso kai to perib�llon tou eÐnai pedÐa, dhlad  qa-
rakthrÐzontai apì �peirouc bajmoÔc eleujerÐac? H ap�nthsh eÐnai, ìti ìla ta
prohgoÔmena megèjh (sun jhc kai anhgmènh m tra puknìthtac, sunarthsiak�
aposunoq c kai epÐdrashc k.a.) exakoloujoÔn na orÐzontai me ton Ðdio trìpo
ìpwc kai prin, all� me k�pwc diaforetik  majhmatik  morf  stic ekfr�seic
twn antÐstoiqwn apotelesm�twn. Gia th diereÔnhsh aut c thc morf c, arkeÐ
na jumhjoÔme ton trìpo me ton opoÐo metabaÐnei kaneÐc apì th sun jh kban-
tomhqanik  sthn kbantik  jewrÐa pedÐou. Kat�rq�c, èna pedÐo, mporeÐ na èqei
mìno mÐa sunist¸sa (bajmwtì pedÐo),   na apoteleÐtai apì perissìterec thc
mÐac sunist¸sec (spinoriakì   dianusmatikì pedÐo). Ac jewr soume, q�rin
aplopoÐhshc, èna bajmwtì pedÐo φ. H genikeumènh suntetagmènh qi(t) tou
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antÐstoiqou kbantomhqanikoÔ sust matoc, antikajÐstatai apì th sun�rthsh
φ(~r, t) tou pedÐou. Autì shmaÐnei, ìti o diakritìc deÐkthc i, o opoÐoc arijmeÐ
tic suntetagmènec, antikajÐstatai apì to suneq  deÐkth ~r kai sunep¸c, se
k�je shmeÐo tou q¸rou, antistoiqeÐ mÐa diaforetik  tim  thc sun�rthshc tou
pedÐou, dhlad  mÐa diaforetik  genikeumènh suntetagmènh. Epiplèon, epeid 
to ìrisma thc sun�rthshc opoioud pote pedÐou eÐnai tetradi�stato, ìlec oi
exis¸seic kÐnhshc thc jewrÐac pedÐou, gr�fontai se sunalloÐwth morf , me
th qr sh tetranusm�twn:

x = xµ = (t, ~r) (176)

Sth jewrÐa pedÐou, h Lagrangian kai h Hamiltonian sun�rthsh, ekfr�zontai
wc oloklhr¸mata, ston tridi�stato q¸ro, twn antÐstoiqwn puknot twn:

L→
∫
d3rL, H →

∫
d3rH (177)

Kai to olokl rwma dr�shc, gr�fetai wc ex c:

S =

∫
dtL→

∫
dtd3rL =

∫
d4xL (178)

Sto ex c, ta sÔmbola L kai H, ja upodhl¸noun antÐstoiqa Lagrangian kai
Hamiltonian puknìthtec kai ìqi tic antÐstoiqec sunart seic, qwrÐc autì na
anafèretai rht� k�je for�. Gia th graf  aut¸n twn puknot twn, twn exi-
s¸sewn Euler - Lagrange kai Hamilton, kaj¸c kai gia ton prosdiorismì twn
suzug¸n orm¸n twn pedÐwn, oi taqÔthtec antikajÐstantai apì tic qwroqroni-
kèc parag¸gouc twn pediak¸n sunart sewn. Akìmh, oi sun jeic par�gwgoi
twn sunart sewn L kai H wc proc ta pedÐa, antikajÐstantai apì tic sunar-
thsiakèc parag¸gouc twn antÐstoiqwn puknot twn. Ta sunarthsiak� olo-
klhr¸mata, gr�fontai kai upologÐzontai ìpwc kai sthn kbantomhqanik , me
thn pediak  sun�rthsh na paÐzei t¸ra to rìlo thc metablht c olokl rwshc,
ikanopoi¸ntac kat�llhlec sunoriakèc sunj kec.

3.2: O upologismìc gia thn kbantik  hlektrodunamik 
Erqìmaste t¸ra, sto basikì prìblhma thc paroÔsac ergasÐac, ton upo-

logismì tou sunarthsiakoÔ epÐdrashc thc kbantik c hlektrodunamik c. Su-
noptik�, h fusik  tou probl matoc èqei wc ex c: To upì melèth anoiktì
sÔsthma, eÐnai èna sÔnolo hlektronÐwn, ta opoÐa wc gnwst¸n upakoÔoun sth
statistik  Fermi - Dirac kai sunep¸c perigr�fontai apì spÐnorec, dhlad  lÔ-
seic thc exÐswshc tou Dirac. Ta hlektrìnia aut�, kinoÔntai upì thn epÐdrash
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enìc hlektromagnhtikoÔ pedÐou, pou diadramatÐzei to rìlo tou perib�llontoc
kai to opoÐo apì majhmatik  �poyh, eÐnai èna dianusmatikì pedÐo, pou ikano-
poieÐ tic exis¸seic tou Maxwell. Opwc ja apodeiqjeÐ sto epìmeno kef�laio,
h allhlepÐdrash twn hlektronÐwn thc Ôlhc me ta fwtìnia tou hlektroma-
gnhtikoÔ pedÐou, odhgeÐ se aposunoq  twn hlektroniak¸n katast�sewn, h
opoÐa ekdhl¸netai, tìso mèsw twn diakum�nsewn tou kenoÔ, ìso kai mèsw
thc ekpomp c aktinobolÐac pèdhshc (bremsstrahlung). Stouc upologismoÔc
pou akoloujoÔn, ja sumbolÐsoume tic suntetagmènec tou sust matoc kai tou
perib�llontoc antÐstoiqa, wc ex c:

X = (ψ̄, ψ), A = Aµ (179)

Oi Lagrangian puknìthtec thc Ôlhc, tou hlektromagnhtikoÔ pedÐou kai thc
metaxÔ touc allhlepÐdrashc, dÐnontai antÐstoiqa apì tic sqèseic:

LX = ψ̄(iγµ∂µ −m)ψ (180)

LA =
−1

4
F µνFµν −

1

2
λ(∂ · A)2 (181)

kai
LI = −gψ̄γµAµψ

= −gJµAµ (182)

Opou h stajer� sÔzeuxhc g, isoÔtai me thn apìluth tim  e tou fortÐou tou
hlektronÐou kai h puknìthta reÔmatoc thc Ôlhc dÐnetai apì th sqèsh:

Jµ = ψ̄Γµψ (183)

Efarmìzontac to formalismì kleistoÔ migadikoÔ qrìnou, ìpwc akrib¸c ègine
sthn par�grafo 2.3.2, apoktoÔme thn akìloujh èkfrash gia thn tropopoih-
mènh dr�sh:

S̄ =

∫
C

dz

∫
d3rLA+I(Aµ,c, Xc) (184)

Opou èginan oi antikatast�seic:

Aµ = Aµ(~r, t)→ Aµc = Aµ(~r, z)

X = (ψ̄(~r, t), ψ(~r, t))→ Xc = (ψ̄(~r, z), ψ(~r, z))

∂0 =
∂

∂t
→ ∂

∂z
(185)
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Me th qr sh thc proteleutaÐac sqèshc kai twn sunoriak¸n sunjhk¸n 148
kai 149, prokÔptei h èkfrash tou influence functional, wc sunarthsiakoÔ
oloklhr¸matoc:

F (X(4), X(1), t) =
1

ZA

∫
Ac(t+i0)=Ac(t−i0)

DAc

× exp [
i

~

∫
C

dz

∫
d3rLA(Ac)−

i

~

∫
C

dz

∫
d3rgcAc · Jc]

=< exp (
−i
~

∫
C

dz

∫
d3rgcAc · Jc) >A (186)

Opou:
Jµc = ψ̄c(~r, z)γµψc(~r, z) (187)

Akrib¸c ìpwc kai sthn perÐptwsh thc sun jouc kbantomhqanik c, h efar-
mog  tou formalismoÔ kleistoÔ migadikoÔ qrìnou me ton parap�nw trìpo,
eÐnai dunat  me thn proôpìjesh ìti h stajer� sÔzeuxhc gc, orÐzetai epÐ thc
kampÔlhc C, sÔmfwna me th sqèsh 140. K�ti tètoio ìmwc, proôpojèth ìti
isqÔei h upìjesh thc paragr�fou 2.3.1, ìti dhlad  thn arqik  qronik  stigm 
(t = 0), to anoiktì sÔsthma (sthn prokeimènh perÐptwsh h Ôlh), eÐnai pl rwc
diaqwrismèno apì to perib�llon (hlektromagnhtikì pedÐo), kaj¸c kai ìti to
teleutaÐo brÐsketai sth jemeli¸dh tou kat�stash. Se antÐjeth perÐptwsh, an
dhlad  jewroÔsame ìti to sunolikì kleistì sÔsthma, eÐqe mÐa arqik  m tra
puknìthtac thc morf c

ρ̂(0) = |ψA,X(0) >< ψA,X(0)| (188)

ja eÐqame sto sunarthsiakì epÐdrashc, ìrouc thc morf c:

LEI (A(2,3), X(2,3)) (189)

Epeid  h dr�sh tou hlektromagnhtikoÔ pedÐou eÐnai tetragonik , h exÐswsh
186, me tic sunoriakèc sunj kec 148 kai 149, mporeÐ na epilujeÐ eÔkola, wc
mÐa Gaussian olokl rwsh, dÐnontac telik� thn akìloujh èkfrash tou sunar-
thsiakoÔ epÐdrashc:

F (X(4), X(1), t) = exp[
−1

~2

∫
C

dz

∫
C

dz′
∫
d3r

∫
d3r′

×θc(z′ − z)Jµc (~r′, z′)Dc
µν(~r

′, z′, ~r, z)Jνc (~r, z)] (190)
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Pou eÐnai apl� h metagraf , sth gl¸ssa tou formalismoÔ kleistoÔ migadikoÔ
qrìnou, tou gnwstoÔ apotelèsmatoc apì to je¸rhma tou Wick:

F (X(4), X(1), t) = exp[
−1

~2

∫
dt

∫
dt′
∫
d3r

∫
d3r′

×θ(t′ − t)Jµ(~r′, t′)Dµν(~r
′, t′, ~r, t)Jν(~r, t)] (191)

Me th sun�rthsh θc, na dÐnetai apì th sqèsh 160   thn 161, an�loga me th
sqetik  jèsh twn migadik¸n qronik¸n suntetagmènwn z kai z′ epÐ thc kampÔlhc
C. H sun�rthsh Green Dc

µν , èqei thn èkfrash:

Dc
µν(~r

′, z′, ~r, z) =< Acµ(~r′, z′)|Acν(~r, z) >A (192)

H opoÐa apoteleÐ th genÐkeush, sto plaÐsio tou formalismoÔ kleistoÔ migadi-
koÔ qrìnou, tou eleÔjerou diadìth tou hlektromagnhtikoÔ pedÐou:

Dµν(~r
′, t′, ~r, t) =< Aµ(~r′, t′)|Aν(~r, t) >A (193)

Ektel¸ntac èna metasqhmatismì bajmÐdac, apodeiknÔetai me apèujeÐac upo-
logismì, ìti to sunarthsiakì epÐdrashc, paramènei analloÐwto k�tw apì tè-
toiouc metasqhmatismoÔc. Sunep¸c, h sugkekrimènh bajmÐda sthn opoÐa erg�-
zetai kaneÐc gia ton upologismì tou diadìth, den ephre�zei to apotèlesma. Wc
bolik  epilog , ja qrhsimopoi soume th bajmÐda Feynman (λ = 1 sth sqèsh
181). Me ton trìpo autì, gia tic dedomènec periodikèc sunoriakèc sunj kec
149, apoktoÔme:

Dµν(~r
′ − ~r, t′ − t) = gµνi~

∫
d3p

(2π~)3

× exp [
i

~
(~r′ − ~r) · ~p]D̄(p, t′ − t) (194)

  me th qr sh tou formalismoÔ kleistoÔ migadikoÔ qrìnou:

Dc
µν(~r

′ − ~r, z′ − z) = gµνi~
∫

d3p

(2π~)3

× exp [
i

~
(~r′ − ~r) · ~p]D̄c(p, z′ − z) (195)
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An T = −2iTE eÐnai h perÐodoc, h opoÐa, akrib¸c ìpwc kai sthn par�grafo
2.3.3, eÐnai fantastik  kai �peirh (TE → +∞), èqoume:

D̄c(k, z′ − z) =TE→+∞
i

2k

cos (k|z′ − z|c)
tanh (TEk)

+
1

2k
sin (k|z′ − z|c)]

=
i

2k
cos (k|z′ − z|c) +

1

2k
sin (k|z′ − z|c) (196)

Opou h nìrma ||c, orÐzetai mèsw thc sqèshc 165. H teleutaÐa èkfrash, eÐnai
ìmoia me thn exÐswsh 166, ektìc apì orismènec stajerèc. H omoiìthta aut ,
deÐqnei th susqètish twn pedÐwn me ton armonikì talantwt , en¸ h diafor� stic
stajerèc, eÐnai anamenìmenh, afoÔ se antÐjesh me ton armonikì talantwt , o
forèac thc hlektromagnhtik c allhlepÐdrashc (fwtìnio), èqei mhdenik  m�za.
Antikajist¸ntac thn teleutaÐa èkfrash sthn proteleutaÐa, prokÔptei:

Dc
µν(~r

′ − ~r, z′ − z) = gµνi~Dc(~r
′ − ~r, z′, z) (197)

Opou:

Dc(~r
′ − ~r, z′ − z) = i

∫
d3k

[(2π)32k]
exp [i(~r′ − ~r) · ~k]

× cos (k|z′ − z|c)

+

∫
d3k

[(2π)32k]
exp [i(~r′ − ~r) · ~k]

× sin (k|z′ − z|c) (198)

Lìgw thc sqèshc 140, sto sunarthsiakì epÐdrashc, emfanÐzontai oi ex c treic
suneisforèc:

F (X(4), X(1), t) = exp [
−ig2

~
(I11 + I44 + I14)] (199)

Opou:

I11 =

∫
L1

dz2

∫
L1

dz1

∫
d3r2

∫
d3r1

×θL1(z2 − z1)J (1)(z2)J
(1)(z1)D

L1(~r2 − ~r1, |z2 − z1|L1)

=

∫ t

0

dt2

∫ t

0

dt1

∫
d3r2

∫
d3r1
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×θ(t1 − t2)J (1)(t2)J
(1)(t1)D

L1(~r2 − ~r1, t2 − t1) (200)

Jètoume:

GI(~r2 − ~r1, t2 − t1) =

∫
d3k

[(2π)32k]
exp [i(~r2 − ~r1) · ~k]

× cos [k(t2 − t1)] (201)

kai

GR(~r2 − ~r1, t2 − t1) = −
∫

d3k

[(2π)32k]
exp [i(~r2 − ~r1) · ~k]

× sin [k(t2 − t1)] (202)

Opìte, h exÐswsh 200, lamb�nei th morf :

I11 =

∫ t

0

dt2

∫ t

0

dt1

∫
d3r2

∫
d3r1

×θ(t1 − t2)J (1)(t2)J
(1)(t1)

×[iGI(~r2 − ~r1, t2 − t1)−GR(~r2 − ~r1, t2 − t1)]

=t1↔t2

∫ t

0

dt2

∫ t

0

dt1

∫
d3r2

∫
d3r1

×θ(t2 − t1)J (1)(t2)J
(1)(t1)

×[iGI(~r2 − ~r1, t2 − t1) +GR(~r2 − ~r1, t2 − t1)] (203)

OmoÐwc:

I44 =

∫
L4

dz2

∫
L4

dz1

∫
d3r2

∫
d3r1

×θL4(z2 − z1)J (4)(z2)J
(4)(z1)D

L4(~r2 − ~r1, |z2 − z1|L4)

=

∫ t

0

dt2

∫ t

0

dt1

∫
d3r2

∫
d3r1

×θ(t2 − t1)J (4)(t2)J
(4)(t1)D

L4(~r2 − ~r1, t2 − t1)

=

∫ t

0

dt2

∫ t

0

dt1

∫
d3r2

∫
d3r1

×θ(t2 − t1)J (4)(t2)J
(4)(t1)
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×[iGI(~r2 − ~r1, t2 − t1)−GR(~r2 − ~r1, t2 − t1)] (204)

Tèloc, gia ton ìro diastaÔrwshc, èqoume diadoqik�:

I14 =

∫
L1

dz2

∫
L4

dz1

∫
d3r2

∫
d3r1

×θL1,L4(z2 − z1)J (1)(z2)J
(4)(z1)

×DL1,L4(~r2 − ~r1, |z2 − z1|L1,L4)

= −
∫ t

0

dt2

∫ t

0

dt1

∫
d3r2

∫
d3r1

×J (1)(t2)J
(4)(t1)DL1,L4(~r2 − ~r1, t2 − t1)

=

∫ t

0

dt2

∫ t

0

dt1

∫
d3r2

∫
d3r1

×J (1)(t2)J
(4)(t1)[θ(t2 − t1) + θ(t1 − t2)]

×[−iGI(~r2 − ~r1, t2 − t1)−GR(~r2 − ~r1, t2 − t1)]

=

∫ t

0

dt2

∫ t

0

dt1

∫
d3r2

∫
d3r1

×J (1)(t2)J
(4)(t1)θ(t2 − t1)

×[−iGI(~r2 − ~r1, t2 − t1)−GR(~r2 − ~r1, t2 − t1)]

+

∫ t

0

dt2

∫ t

0

dt1

∫
d3r2

∫
d3r1

×J (1)(t1)J
(4)(t2)θ(t2 − t1)

×[−iGI(~r2 − ~r1, t2 − t1) +GR(~r2 − ~r1, t2 − t1)] (205)

Prosjètontac tic treic teleutaÐec sqèseic, apoktoÔme:

I11 + I44 + I14 = i

∫ t

0

dt2

∫ t2

0

dt1

∫
d3r2

∫
d3r1

×J (−)(~r2, t2)J
(−)(~r1, t1)G

I(~r2 − ~r1, t2 − t1)

+

∫ t

0

dt2

∫ t2

0

dt1

∫
d3r2

∫
d3r1
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×J (+)(~r2, t2)J
(−)(~r1, t1)G

R(~r2 − ~r1, t2 − t1) (206)

Opou:
J (±) = J (1) ± J (4) (207)

Gia ton upologismì tou pragmatikoÔ kai tou fantastikoÔ mèrouc thc sun�r-
thshc Green, jètoume kat�rq n:

~R = ~r2 − ~r1, τ = t2 − t1 (208)

Opìte, h GI , upologÐzetai wc ex c:

GI(~R, τ) =

∫
d3k

[(2π)32k]
exp (i~k · ~R) cos (kτ)

=
1

[(2π)22]

∫ ∞
0

dkk cos (kτ)

×
∫ π

0

dθ sin θ exp (ikR cos θ)

=
1

[(2π)22iR]

∫ ∞
0

dk cos (kτ)

×[exp (ikR)− exp (−ikR)]

=
1

[(2π)24iR]

∫ ∞
0

dk[exp (ikτ) + exp (−ikτ)]

×[exp (ikR)− exp (−ikR)] (209)

QrhsimopoioÔme th sun�rthsh θ, me th morf  thc akìloujhc katanom c:

θ(k) =η→0
1

2πi

∫ ∞
−∞

dω

×exp (iωk)

(ω − iη)
(210)

Kai lamb�noume:∫ ∞
0

dk exp (ikτ + ikR) =

∫ ∞
−∞

dkθ(k) exp (ikτ + ikR)

=
1

2πi

∫ ∞
−∞

dω

(ω − iη)
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×
∫ ∞
−∞

dk exp (ikτ + ikR + iωk)

=
1

2πi

∫ ∞
−∞

dω

(ω − iη)

×2πδ(R + τ + ω)

=
i

(R + τ + iη)
(211)

Etsi, h sqèsh 209, gÐnetai:

GI(~R, τ) =
1

[(2π)24R]

×[
1

(R + τ + iη)
+

1

(R + τ − iη)

+
1

(R− τ + iη)
+

1

(R− τ − iη)
]

=
2

[(2π)24R]
[Pr(

1

(R + τ)
) + Pr(

1

(R− τ)
)]

=
2

[(2π)24R]
2RPr(

1

(R2 − τ 2)
)

=
−1

4π2
Pr(

1

(x2 − x1)2
) (212)

Opou me Pr, dhl¸netai h kÔria tim . Entel¸c ìmoia, upologÐzetai kai h GR:

GR(~R, τ) = −
∫

d3k

[(2π)32k]
exp (i~k · ~R) sin (kτ)

=
−1

[(2π)22iR]

∫ ∞
0

dk sin (kτ)

×[exp (ikR)− exp (−ikR)]

=
1

[(2π)24R]

∫ ∞
0

dk[exp (ikτ)− exp (−ikτ)]

×[exp (ikR)− exp (−ikR)]

=
i

[(2π)24R]
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×[
1

(R + τ + iη)
− 1

(R + τ − iη)

− 1

(R− τ + iη)
+

1

(R− τ − iη)
]

=
i

[(2π)24R]
[−2πiδ(τ +R) + 2πiδ(τ −R)]

=
2π

[(2π)22]
[

1

2R
δ(τ +R)− 1

2R
δ(τ −R)]

=
−2π

[(2π)22]
[

1

(τ −R)
δ(τ +R) +

1

(τ +R)
δ(τ −R)]

=
−1

4π
δ(τ 2 −R2)

=
−1

4π
δ[(x2 − x1)2] (213)

H antikat�stash twn dÔo teleutaÐwn exis¸sewn sthn èkfrash 206 kai tou
prokÔptontoc apotelèsmatoc sth sqèsh 199, dÐnei thn telik  èkfrash tou
sunarthsiakoÔ epÐdrashc thc kbantik c hlektrodunamik c, se sumfwnÐa me to
gnwstì apì th bibliografÐa apotèlesma:

F (X(4), X(1), t) = exp (
−1

~
SI +

i

~
SR) (214)

Opou:

SI =
g2

4π2

∫ t

0

dt2

∫ t2

0

dt1

∫
d3r2

∫
d3r1

×J (−)(~r2, t2)J
(−)(~r1, t1)Pr(

1

(x2 − x1)2
) (215)

kai

SR =
g2

4π

∫ t

0

dt2

∫ t2

0

dt1

∫
d3r2

∫
d3r1

×J (+)(~r2, t2)J
(−)(~r1, t1)δ[(x2 − x1)2] (216)

Tèloc, ja prèpei na shmeiwjeÐ, ìti ta apotelèsmata thc prohgoÔmenhc an�lu-
shc isqÔoun, ìtan h Ôlh brÐsketai sth jermokrasÐa tou apolÔtou mhdenìc. H
jermodunamik  aut  sumperifor�, exhgeÐtai me ta Ðdia akrib¸c epiqeir mata,
me aut� pou anafèrjhkan stic paragr�fouc 2.3.1 kai 2.3.3.
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Kef�laio 4: To fainìmeno thc aposunoq c sthn kbantik 
hlektrodunamik 

4.1: Eisagwg 
Opwc anafèrjhke kai melet jhke ekten¸c sthn par�grafo 1.4, h allh-

lepÐdrash k�je anoiktoÔ sust matoc me to perib�llon tou, epifèrei to fai-
nìmeno thc aposunoq c, dhlad  thn taqeÐa katastrof  twn uperjèsewn twn
kbantik¸n katast�sewn tou anoiktoÔ sust matoc. Me th diadikasÐa aut , to
anoiktì sÔsthma q�nei plhroforÐa, h opoÐa metafèretai sto perib�llon, ka-
t� trìpo mh antistreptì. Sto parìn kef�laio, ja exet�soume to mhqanismì,
mèsw tou opoÐou lamb�nei q¸ra to fainìmeno thc aposunoq c, sthn anoikt 
kbantik  hlektrodunamik . O mhqanismìc autìc, sunÐstatai sthn ekpomp  a-
ktinobolÐac pèdhshc (bremsstrahlung apì th fortismènh Ôlh, all� kai sthn
parousÐa diakum�nsewn tou kenoÔ, oi opoÐec suneisfèroun epÐshc sto fainì-
meno. Prokeimènou na katanohjeÐ o parap�nw mhqanismìc, ja exet�soume èna
eikonikì peÐrama sumbol c: Ena hlektrìnio, to opoÐo perigr�fetai kbanto-
mhqanik� apì to kumatopakèto |ψ >, ekpèmpetai apì mÐa phg  Q th qronik 
stigm  ti. Sth sunèqeia, to arqikì kumatopakèto, diaqwrÐzetai se dÔo epimè-
rouc sunist¸sec |ψ1 > kai |ψ2 >, oi opoÐec apoteloÔn tic dÔo enallaktikèc
diadromèc pou mporeÐ na akolouj sei to hlektrìnio. Sunep¸c, sÔmfwna me
thn arq  thc upèrjeshc, h arqik  kat�stash tou hlektronÐou, gÐnetai:

|ψ(ti) >= |ψ1(ti) > +|ψ2(ti) > (217)

Me antÐstoiqh arqik  m tra puknìthtac:

ρ̂X(ti) = |ψ(ti) >< ψ(ti)|

= ρ11(ti) + ρ22(ti) + ρ12(ti) + ρ21(ti) (218)

Opou:
ρab(ti) = |ψa(ti) >< ψb(ti)|, a, b = 1, 2 (219)

Tèloc, oi dÔo enallaktikèc anasundu�zontai, dÐnontac mÐa eikìna sumbol c, h
opoÐa parathreÐtai th qronik  stigm  tf , se mÐa ojình sto shmeÐo S. Dedo-
mènou ìti ergazìmaste sthn eikìna thc allhlepÐdrashc, gia mhdenik  zeÔxh
metaxÔ hlektronÐwn kai fwtonÐwn, h arqik  m tra puknìthtac thc Ôlhc ja
 tan h Ðdia se k�je qronik  stigm :

ρ̂X(t) = ρ̂X(ti), g = 0 (220)
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Opwc ìmwc ja faneÐ sth sunèqeia, h parousÐa tou hlektromagnhtikoÔ pedÐou,
metab�llei tìso th f�sh, ìso kai to pl�toc thc tal�ntwshc twn kumatopakè-
twn pou sumb�lloun, odhg¸ntac ètsi se gr gorh katastrof  thc upèrjeshc
twn sumballìmenwn sunistws¸n kai epomènwc, se aposunoq . Opwc eÐda-
me sthn par�grafo 1.4.2, èna kat�llhlo mètro gia thn posotik  perigraf 
tou fainomènou thc aposunoq c, eÐnai to decoherence functional, h qr sh tou
opoÐou, apodeiknÔetai sthn perÐptws  mac idiaÐtera bolik , lìgw thc anal-
loiìtht�c tou se metasqhmatismoÔc bajmÐdac kai Lorentz, ìpwc ja faneÐ sth
sunèqeia. Opwc ja deiqjeÐ, to sunarthsiakì aposunoq c, exart�tai dramatik�
apì ta qarakthristik� thc ekpempìmenhc aktinobolÐac.

4.2: H hmiklasik  prosèggish
Opwc eÐdame sthn par�grafo 2.3.1, o akrib c upologismìc thc anhgmènhc

m trac puknìthtac enìc anoiktoÔ sust matoc, eÐnai adÔnatoc. MÐa prosèggi-
sh, h opoÐa dieukolÔnei shmantik� to prìblhma, eÐnai h je¸rhsh tou reÔmatoc
thc Ôlhc, wc mÐac klasik c puknìthtac reÔmatoc. H prosèggish aut  isqÔ-
ei ikanopoihtik�, ìtan plhroÔntai oi akìloujec treic sunj kec: (1) Arqik�,
upojètoume ìti to m koc kÔmatoc twn ekpempìmenwn fwtonÐwn, eÐnai arket�
meg�lo, sugkrinìmeno me to m koc kÔmatoc Compton tou hlektronÐou:

λ =
c

ω
>> λC =

~
mc

(221)

 
λ >> re = αλC = 2.8× 10−15m (222)

Opou re h aktÐna tou hlektronÐou kai α h aktÐna tou Bohr. H parap�nw
sunj kh, eÐnai dunatìn na grafeÐ isodÔnama, wc apaÐthsh, na eÐnai h enèrgeia
thc ekpempìmenhc aktinobolÐac polÔ qamhl , se sÔgkrish me thn enèrgeia
hremÐac twn hlektronÐwn:

~ω << mc2 (223)

H upìjesh aut , eÐnai aparaÐthth, ¸ste na mporoÔn na agnohjoÔn fainìmena,
ìpwc h dhmiourgÐa kai h katastrof  zeug¸n, h pl rhc je¸rhsh twn opoÐ-
wn, ja kajistoÔse adÔnath thn antimet¸pish twn hlektroniak¸n reum�twn
wc klasik¸n. MporoÔme wc tìso, na ekfr�soume thn parap�nw sunj kh k�-
pwc diaforetik�, an jewr soume ta hlektrìnia, wc swm�tia epitaqunìmena,
upì thn epÐdrash enìc pedÐou dun�mewn, to rìlo tou opoÐou, diadramatÐzei to
hlektromagnhtikì pedÐo. H je¸rhsh aut , upagoreÔei thn Ôparxh enìc qa-
rakthristikoÔ qrìnou tp, o opoÐoc onom�zetai qrìnoc epit�qunshc   qrìnoc
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proetoimasÐac, orÐzetai wc to antÐstrofo thc uyhlìterhc apì tic suqnìthtec
tou f�smatoc thc epitaqÔnousac dÔnamhc kai mporeÐ na ermhneujeÐ, wc o el�-
qistoc apaitoÔmenoc qrìnoc, prokeimènou na tejoÔn se kÐnhsh ta sumb�llonta
kumatopakèta. Wc apotèlesma thc Ôparxhc enìc tètoiou qarakthristikoÔ qrì-
nou, tÐjetai èna �nw fr�gma Ωmax, sto f�sma suqnot twn thc ekpempìmenhc
aktinobolÐac. H suqnìthta aut , eÐnai thc t�xhc megèjouc:

Ωmax ≈
1

tp
=

c

σ0
(224)

Opou h klÐmaka m kouc σ0, antiproswpeÔei to el�qusto m koc kÔmatoc thc
aktinobolÐac. Epomènwc, h pr¸th hmiklasik  sunj kh, lamb�nei th morf :

σ0 >> λC (225)

 

tp >>
re
c

(226)

SÔmfwna me thn klasik  hlektrodunamik , h teleutaÐa sqèsh exasfalÐzei, ìti
h aktinoboloÔmenh enèrgeia eÐnai mikr , sugkritik� me thn kinhtik  enèrgeia tou
hlektronÐou pou thn ekpèmpei. Sunep¸c, h suneisfor� fainomènwn apìsbeshc
thc aktinobolÐac, eÐnai dunatìn na jewrhjeÐ amelhtèa. (2) H kÐnhsh tou kla-
sikoÔ hlektroniakoÔ reÔmatoc, ja prèpei na perigr�fetai ikanopoihtik�, mèsw
mÐac hmiklasik c prosèggishc. EÐnai gnwstì, ìti o kbantikìc qarakt rac thc
kÐnhshc enìc swmatidÐou, sunÐstatai sthn Ôparxh k�poiac abebaiìthtac, tìso
sth jèsh, ìso kai sthn orm  tou. H sqèsh metaxÔ twn dÔo aut¸n abebaio-
t twn, kajorÐzetai apì thn arq  thc abebaiìthtac tou Heisenberg. Wc ek
toÔtou, h hmiklasik  sumperifor� thc kÐnhshc wc proc k�poia par�metro, e-
pitugq�netai elaqistopoi¸ntac thn abebaiìthta thc en lìgw paramètrou. Me
ton trìpo autì, an ~v eÐnai mÐa tupik  taqÔthta kai ∆v h antÐstoiqh abebaiì-
thta, odhgoÔmaste sthn apaÐthsh:

∆v

v
<< 1 (227)

Upojètontac, ìti k�je kumatopakèto, anaparist� mÐa kat�stash el�qusthc
abebaiìthtac eÔrouc ∆x, mporoÔme na gr�youme thn teleutaÐa exÐswsh, wc
ex c:

~
mv∆x

<< 1 (228)
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  isodÔnama:
λdB
∆x

<< 1 (229)

Opou to m koc kÔmatoc De Broglie tou hlektronÐou, dÐnetai apì th sqèsh:

λdB =
~
mv

(230)

(3) Tèloc, metabaÐnoume sto q¸ro twn jèsewn, jewroÔme ta reÔmata wc te-
lestèc kai upojètoume, ìti h arqik  m tra puknìthtac tou hlektronÐou, ana-
parist� mÐa proseggistik  idiokat�stash mÐac klasik c puknìthtac reÔmatoc.
Epomènwc, an to arqikì kumatopakèto tou hlektronÐou perigr�fei mÐa kajar 
kat�stash

ρ̂X(ti) = |ψ(ti) >< ψ(ti)| (231)

h upìjes  mac gr�fetai wc ex c:

Jµ(x)|ψ(ti) >≈ Sµ(x)|ψ(ti) > (232)

Opou Sµ(x), eÐnai mÐa klasik  puknìthta reÔmatoc. Ston Ðdio bajmì akrÐbeiac,
mporoÔme na gr�youme:

Jµ(−)(x)ρ̂X(ti) = [Jµ(x), ρ̂X(ti)] ≈ 0 (233)

Shmei¸netai, ìti an kai q�rin aplopoÐhshc jewr same thn arqik  kat�stash
tou hlektronÐou wc mÐa kajar  kat�stash, k�ti tètoio den eÐnai aparaÐthto.
An h anamenìmenh tim  thc klasik c puknìthtac reÔmatoc eÐnai

< Jµ(x) >= trX(Jµ(x)ρ̂X(ti)) = Sµ(x) (234)

me th bo jeia thc proteleutaÐac exÐswshc kai thc èkfrashc tou sunarthsia-
koÔ epÐdrashc, prokÔptei apèujeÐac, ìti h kat�stash tou hlektronÐou, para-
mènei proseggistik� anephrèasth apì thn allhlepÐdrash tou teleutaÐou me to
hlektromagnhtikì pedÐo:

ρ̂X(tf ) ≈ ρ̂X(ti) (235)

Sto Ðdio akrib¸c sumpèrasma, ja mporoÔsame na odhghjoÔme, melet¸ntac th
dunamik  enìc Gaussian kumatopakètou, upì thn epÐdrash enìc pedÐou aktino-
bolÐac, me th qr sh thc akriboÔc analutik c èkfrashc tou diadìth tou pedÐou
sthn prosèggish dipìlou. To parap�nw apotèlesma deÐqnei, ìti oi arqikèc ka-
tast�seic twn hlektronÐwn, sunistoÔn autì pou onom�same sthn par�grafo
1.4, protim¸menh b�sh.
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4.3: Upologismìc tou sunarthsiakoÔ aposunoq c
Epistrèfoume t¸ra, sto peÐrama sumbol c thc paragr�fou 4.1 kai jew-

roÔme to diaqwrismì tou arqikoÔ hlektroniakoÔ kumatopakètou, sÔmfwna me
thn exÐswsh 219. Tìte, lìgw thc sqèshc 233, apoktoÔme:

Jµ(x)|ψ1(ti) >= Sµ1 (x)|ψ1(ti) > (236)

kai
Jµ(x)|ψ2(ti) >= Sµ2 (x)|ψ2(ti) > (237)

Opou Sµi (x), klasik  puknìthta reÔmatoc, thn opoÐa jewroÔme sugkentrw-
mènh se ènan kulindrikì swl na, gÔrw apì th diadrom  pou antistoiqeÐ sto
kumatopakèto |ψi > (i = 1, 2). Epomènwc:

Jµ(−)(x)ρ11(ti) ≈ Jµ(−)(x)ρ22(ti) ≈ 0 (238)

Jµ(−)(x)ρ12(ti) ≈ (Sµ1 (x)− Sµ2 (x))ρ12(ti) (239)

Jµ(+)(x)ρ12(ti) ≈ (Sµ1 (x) + Sµ2 (x))ρ12(ti) (240)

LC(x)ρ11(ti) ≈ LC(x)ρ22(ti) ≈ 0 (241)

kai
LC(x)ρ12(ti) ≈ −i(HC1(x)−HC2(x))ρ12(ti) (242)

Opou LC(x), ènac upertelest c Liouville kai HCi
(x), h klasik  puknìthta

enèrgeiac Coulomb, pou antistoiqeÐ sto reÔma Sµi (x) kai dÐnetai apì thn èk-
frash:

HC1,2 =
1

2

∫
d3y

S0
1,2(x

0, ~x)S0
1,2(x

0, ~y)

4π|~x− ~y|
(243)

QwrÐc bl�bh thc genikìthtac, MporoÔme na upojèsoume, ìti oi puknìthtec
enèrgeiac Coulomb pou antistoiqoÔn stic dÔo enallaktikèc diadromèc tou h-
lektronÐou, eÐnai Ðsec metaxÔ touc. EÐmaste t¸ra ètoimoi, qrhsimopoi¸ntac
thn èkfrash tou sunarthsiakoÔ epÐdrashc, na upologÐsoume apèujeÐac thn
anhgmènh m tra puknìthtac:

ρ̂R = ρ11(ti) + ρ22(ti)

+ exp (iΦ)ρ12(ti) + exp (−iΦ)ρ21(ti) (244)

Opou:
exp (iΦ) = F (S1, S2) (245)
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Apì thn proteleutaÐa sqèsh sun�getai, ìti to hlektromagnhtikì pedÐo, eph-
re�zei ton ìro sumbol c (mh diag¸nio ìro thc anhgmènhc m trac puknìthtac),
mèsw mÐac migadik c f�shc Φ, h opoÐa exart�tai apì tic puknìthtec reÔmatoc
pou antistoiqoÔn stic dÔo enallaktikèc diadromèc tou hlektronÐou. To prag-
matikì mèroc tou Φ, metab�llei th f�sh thc tal�ntwshc twn kumatopakètwn
pou sumb�lloun, alloi¸nontac ètsi thn eikìna sumbol c. Apì thn �llh pleu-
r�, to fantastikì mèroc tou Φ, odhgeÐ se katastrof  thc eikìnac sumbol c,
afoÔ mei¸nei to pl�toc thc tal�ntwshc, kat� ton par�gonta:

| exp (iΦ)| = exp Γ (246)

H posìthta Γ, eÐnai akrib¸c autì pou orÐsame, sthn par�grafo 1.4.2, wc
sunarthsiakì aposunoq c. Qrhsimopoi¸ntac thn èkfrash tou sunarthsiakoÔ
epÐdrashc, apoktoÔme thn akìloujh morf  tou Γ:

Γ(J (−)) = − g2

4π2~2

∫
d4x

∫
d4x′

×J (−)(x)J (−)(x′)Pr(
1

(x− x′)2
) (247)

H èkfrash aut , eÐnai emfan¸c sunalloÐwth kat� Lorentz. Akìmh, eÐnai a-
nalloÐwth se metasqhmatismoÔc bajmÐdac, epeid  h diadrom  pou akoloujoÔn
sto q¸ro ta klasik� hlektroniak� reÔmata, eÐnai kleist . To sunarthsia-
kì aposunoq c, ìpwc faÐnetai kai apì th morf  tou, parousi�zei digrammik 
ex�rthsh apì th diafor� twn klassik¸n puknot twn reÔmatoc. H diafor�
aut , apeikonÐzetai wc mÐa klasik  puknìthta reÔmatoc, sugkentromènh sto
eswterikì enìc kleistoÔ swl na, gÔrw apì th diadrom  ψ1 − ψ2 kai sqe-
di�zetai akolouj¸ntac th diadrom  ψ1 kat� th jetik  kai thn ψ2 kat� thn
arnhtik  for�. Epiplèon, eÐnai profanèc, ìti h diafor� J (−), mhdenÐzetai gia
qrìnouc t < ti, kaj¸c kai gia t > tf , ìpou den ufÐstatai allhlepÐdrash metaxÔ
hlektronÐwn kai fwtonÐwn.

4.4: Fusik  ermhneÐa twn apotelesm�twn kai parathr seic
Qrhsimopoi¸ntac tic sunart seic susqètishc dÔo shmeÐwn

D1µν(x− x′) =
gµν
2π2

Pr

(
1

(x− x′)2
(248)

Dµν(x− x′) =
gµν
2π

δ[(x− x′)2] (249)
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D+
µν =

1

2
D1µν −

i

2
Dµν (250)

D−µν =
1

2
D1µν +

i

2
Dµν (251)

kai to diadìth tou Feynman

DF
µν = − i

2
D1µν +

1

2
sign(t)Dµν (252)

apoktoÔme gia th f�sh tou ìrou sumbol c thc anhgmènhc m trac puknìthtac:

exp (iΦ) = (A(S1)A
∗(S2))

×[exp[
1

2

∫
d4x

∫
d4x′Sµ1 (x)D−µν(x− x′)Sν2 (x′)

+
1

2

∫
d4x

∫
d4x′Sµ2 (x)D+

µν(x− x′)Sν1 (x′)]] (253)

Opou to sunarthsiakì met�bashc kenoÔ - kenoÔ,   aploÔstera h genn tria
sun�rthsh tou hlektromagnhtikoÔ pedÐou, parousÐa thc puknìthtac reÔmatoc
Sµ(x), èqei thn èkfrash:

A(S) = exp[− i
2

∫
d4x

∫
d4x′

×Sµ(x)DF
µν(x− x′)Sν(x′)] (254)

H proteleutaÐa èkfrash, epidèqetai mÐa endiafèrousa fusik  ermhneÐa: O ì-
roc entìc thc parènjeshc, eÐnai to ginìmeno dÔo gennhtri¸n sunart sewn kai
kat� sunèpeia, perièqei to diadìth tou Feynman. H suneisfor� aut , perigr�-
fei mÐa diadikasÐa kpomp c kai epanaporr¸fhshc dunhtik¸n fwtonÐwn, apì ta
klasik� reÔmata Sµ1 kai Sµ2 thc Ôlhc (diakum�nseic tou kenoÔ). Epomènwc, o
par�gontac entìc thc agkÔlhc, o opoÐoc perièqei tic sunart seic D+ kai D−,
perigr�fei thn ekpomp  pragmatik¸n fwtonÐwn apì ta hlektrìnia (aktinobo-
lÐa pèdhshc). Kai oi dÔo autèc diadikasÐec, suneisfèroun sto sunarthsiakì
aposunoq c, afoÔ èna fwtìnio, eÐnai dunatìn na ekpemfjeÐ kai apì ta dÔo
reÔmata, metafèrontac plhroforÐa gia thn akoloujoÔmenh apì to hlektrìnio
diadrom . To er¸thma pou t¸ra anakÔptei, eÐnai to ex c: Poia diadikasÐa, h
ekpomp  dunhtik¸n   pragmatik¸n fwtonÐwn, eÐnai upeÔjunh gia to fainìme-
no thc aposunoq c? H ap�nthsh eÐnai, ìti o sunduasmìc twn dÔo parap�nw
diadikasiwn, odhgeÐ se aposunoq , afoÔ h aÔxhsh thc pijanìthtac ekpomp c
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enìc pragmatikoÔ fwtonÐou, odhgeÐ se el�ttwsh tou pl�touc met�bashc ke-
noÔ - kenoÔ, dhlad  thc pijanìthtac emf�nishc mÐac diakÔmanshc tou kenoÔ,
katastrèfontac ètsi thn eikìna sumbol c. Ac jewr soume gia par�deigma,
mÐa suskeu  sumbol c, ìpou h diadrom  ψ1, antistoiqeÐ se mÐa wmal  kÐnhsh
tou hlektronÐou, en¸ h ψ2, se mÐa isqur� epitaqunìmenh kÐnhsh. Estw, ìti sto
peÐrama, parathroÔme thn ekpomp  fwtonÐwn apì to hlektrìnio. An gnwrÐzou-
me, ìti to hlektrìnio den exèpemye kanèna fwtìnio, ja sumper�noume ìti eÐnai
polÔ pijanìn, na èqei akolouj sei th diadrom  ψ1. SÔmfwna me th jewrÐa thc
kbantik c mètrhshc, to sumpèrasma autì, ja katastrèyei thn upèrjesh twn
dÔo enallaktik¸n diadrom¸n, afoÔ ja prob�llei to apotèlesma, ston upìqw-
ro Hilbert twn katast�sewn ψ1. H perÐptwsh aut  eÐnai parìmoia, me ekeÐnh
enìc atìmou me dÔo energeiak� epÐpeda (st�jmec). Estw, ìti arqik�, to �tomo
brÐsketai se mÐa epallhlÐa thc jemeli¸douc kai thc diegermènhc kat�stashc.
An sto peÐrama parathr soume, ìti to �tomo den èqei ekpèmyei fwtìnio gia è-
na qronikì di�sthma arket� meg�lo se sÔgkrish me to antÐstrofo tou rujmoÔ
ekpomp c thc aktinobolÐac, ja èqoume ousiastik� metr sei, ìti h kat�stash
tou atìmou,  tan (me polÔ meg�lh pijanìthta) h jemeli¸dhc. Epomènwc, ta
mh diag¸nia stoiqeÐa thc atomik c m trac puknìthtac, teÐnoun na mhdenistoÔn.
Tèloc, eÐnai endiafèron, na ekfr�soume to sunarthsiakì aposunoq c, apèu-
jeÐac wc sun�rthsh tou pl�touc met�bashc kenoÔ - kenoÔ. Lamb�nontac to
mètro kai twn dÔo mel¸n thc teleutaÐac sqèshc, brÐskoume:

exp (Γ(J (−))) = |A(
J (−)
√

2
)|2 (255)

Profan¸c, isqÔei:
Γ(J (−)) ≤ 0 (256)

H isìthta isqÔei, mìnon ìtan h diafor� J (−) twn dÔo puknot twn reÔmatoc
mhdenÐzetai, dhlad  ìtan Sµ1 = Sµ2 . H proteleutaÐa èkfrash, deÐqnei ìti o
par�gontac aposunoq c, o opoÐoc pollaplasi�zei ton ìro sumbol c thc a-
nhgmènhc m trac puknìthtac, isoÔtai me thn pijanìthta mh ekpomp c fwto-
nÐou apì to hlektrìnio, parousÐa mÐac klasik c puknìthtac reÔmatoc, Ðshc

me J(−)
√
2
. To reÔma autì, eÐnai to Ðdio me ekeÐno pou ja dhmiourgoÔsan, dÔo

antÐjeta fortismèna swm�tia fortÐou ±e√
2
, an to pr¸to akoloujoÔse th dia-

drom  ψ1 kai to deÔtero thn ψ2. Oso mikrìtero eÐnai to pl�toc met�bashc
kenoÔ - kenoÔ gia aut  thn puknìthta reÔmatoc, tìso megalÔterh katastro-
f  prokaleÐtai sthn eikìna sumbol c. To gegonìc autì, eÐnai anamenìmeno,
afoÔ to katapìso mporeÐ kaneÐc na diakrÐnei an�mesa stic dÔo enallaktikèc
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diadromèc tou hlektronÐou, dhlad  o bajmìc ap¸leiac thc kbantik c susqè-
tishc, kajorÐzetai apì th diafor� twn antÐstoiqwn puknot twn reÔmatoc. H
diadikasÐa pou perigr�fhke, parousi�zei omoiìthtec me to fainìmeno Bohm
- Aharonov, ex�itÐac thc euaisjhsÐac pou emfanÐzei h eikìna sumbol c, stic
diakum�nseic tou kenoÔ. Stic parap�nw fusikèc ermhneÐec, apaiteÐtai k�poia
prosoq . O lìgoc eÐnai, ìti epikentrwj kame se diadikasÐec ekpomp c fwto-
nÐwn, oi opoÐec lamb�noun q¸ra, entìc peperasmènhc qronik c klÐmakac kai
ìqi se metab�seic metaxÔ asumptwtik¸n katast�sewn. EÐnai gnwstì, ìti è-
na reÔma Ôlhc, ekpèmpei èna �peiro pl joc fwtonÐwn meg�lou m kouc kÔmatoc
(malak  aktinobolÐa), twn opoÐwn h suqnìthta teÐnei suneq¸c proc mhdenismì,
kaj¸c h olik  touc enèrgeia proseggÐzei mÐa peperasmènh tim . To fainìme-
no autì, eÐnai gnwstì sth jewrÐa pedÐou, wc katastrof  tou uperÔjrou kai
lamb�netai up�oyin, se diataraktikoÔc upologismoÔc kbantik¸n diorj¸sewn a-
ktinobolÐac, ìpou summetèqoun fortismèna swm�tia Ôlhc. H pl rhc ex�leiyh
twn apoklÐsewn pou ofeÐlontai sthn katastrof  tou uperÔjrou, apaiteÐ mh
diataraktik  metaqeÐrish, ìpou ta pl�th pijanìthtac pou antistoiqoÔn sthn
ekpomp  dunhtik¸n kai pragmatik¸n fwtonÐwn, ajroÐzontai se ìlec tic t�-
xeic, kajist¸ntac tic dÔo autèc diadikasÐec mh diakrÐsimec, sthn perioq  twn
qamhl¸n suqnot twn. Jewr¸ntac ìti o qrhsimopoioÔmenoc aniqneut c akti-
nobolÐac, èqei mÐa peperasmènh diakritik  ikanìthta Ωmin, ja up�rqei p�nta
ènac �peiroc arijmìc fwtonÐwn, me suqnìthta qamhlìterh thc Ωmin. Ta fw-
tìnia aut�, diafeÔgoun qwrÐc na aniqneujoÔn, kajist¸ntac mh parathr simh
thn katastrof  tou uperÔjrou. Wc t¸so, h dik  mac an�lush, den odhgeÐ se
tètoiou eÐdouc apoklÐseic, afoÔ eÐnai mh diataraktik  kai lamb�nei q¸ra sto
peperasmèno qronikì di�sthma, pou mesolabeÐ apì th stigm  ti, ìpou to arqi-
kì kumatopakèto tou hlektronÐou diaqwrÐzetai se dÔo epimèrouc sunist¸sec,
èwc th stigm  tf , ìpou oi sunist¸sec autèc anasundu�zontai, dÐnontac thn
eikìna sumbol c. To gegonìc autì, èqei wc sunèpeia, na tÐjetai mÐa fusik 
diakritik  ikanìthta tou aniqneut , thc t�xhc:

Ωmin ≈
1

(tf − ti)
(257)
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