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Prìlogoc

Sth Sunarthsiak  An�lush, ènac Reproducin Kernel Hilbert Space eÐnai ènac
Hilbert q¸roc sunart sewn ston opoÐo to grammikì evaluation sunarthsiakì eÐnai
suneqèc, opìte oi timèc tou ekfr�zontai kai wc eswterik� ginìmena metaxÔ k�poion
stoiqeÐwn tou q¸rou. To antikeÐmeno anaptÔqjhke arqik�, kai tautìqrona, apì
touc Nachman Aronszajn (1907–1980) kai Stefan Bergman (1895–1977) to 1950.
H susqètish twn sugkekrimènwn q¸rwn me tic jetik� orismènec sunart seic odhgeÐ
se èna eurÔ pedÐo efarmog¸n touc, ìpwc gia par�deigma sth migadik  an�lush, sthn
armonik  an�lush, sthn kbantik  mhqanik  kai th statistik . Sthn paroÔsa erga-
sÐa ja exet�soume efarmogèc ston kl�do thc teqnht c nohmosÔnhc pou apokaleÐtai
Mhqanik  M�jhsh.

Me ton ìro Mhqanik  M�jhsh perigr�fetai h episthmonik  arq  pou asqoleÐtai
me to sqediasmì kai thn an�ptuxh algorÐjmwn pou epitrèpoun stouc upologistèc
na anaptÔssoun sumperiforèc basizìmenoi se empeirik� dedomèna. Ta dedomèna
pou trofodotoÔntai sth mhqan  kat� to st�dio thc {ekpaÐdeushc}, kaloÔntai kai
{dedomèna ekpaÐdeushc}, ja mporoÔsan gia par�deigma na èqoun katagrafeÐ apì
k�poiouc aisjht rec   na proèrqontai apì �llec b�seic dedomènwn kai apotelo-
Ôn parathr seic pou antikatoptrÐzoun tic sqèseic metaxÔ twn metablht¸n pou ta
perigr�foun, parèqontac ètsi plhroforÐec gia thn, �gnwsth se em�c, katanom 
pijanìthtac pou ta dièpei. Shmantikì stìqo thc èreunac sto pedÐo thc Mhqani-
k c M�jhshc apoteleÐ h diatÔpwsh mejìdwn autìmathc anagn¸rishc polÔplokwn
protÔpwn apì mia {ekpaideuìmenh} mhqan , kajist¸ntac thn ètsi ikan  na ex�gei
{èxupnec}, b�sh twn dedomènwn pou thc parèqontai, apof�seic. H meg�lh dusko-
lÐa ègkeitai, bebaÐwc, sto gegonìc pwc basizìmenh se ènan, periorismèno sun jwc,
ìgko dedomènwn ekpaÐdeushc h mhqan  prèpei na mporeÐ na genikeÔei th diexagwg 
qr simwn sumperasm�twn ¸ste na antapokrÐnontai sto, sun jwc ter�stio, pl joc
dunat¸n sumperifor¸n pou endèqetai na emfanÐzoun ìla ta pijan� dedomèna.

'Eqei katablhjeÐ meg�lh prosp�jeia ¸ste to pl rec keÐmeno na gÐnetai kata-
nohtì apì anagn¸stec pou èqoun akadhmaðkoÔ epipèdou gn¸sh thc majhmatik c
epist mhc, tautìqrona ìmwc anagn¸stec pou endiafèrontai mìno gia tic efarmogèc
twn sumperasm�twn sthn plhroforik  na mporoÔn na periorÐsoun th melèth touc
sta Kef�laia 2 kai 3, anatrèqontac kat� to el�qisto dunatìn sto perissìtero
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jewrhtikì 1o Kef�laio.
H sugkekrimènh ergasÐa ekpon jhke sta plaÐsia thc olokl rwshc tou Meta-

ptuqiakoÔ Progr�mmatoc spoud¸n sta Efarmosmèna Majhmatik� tou EjnikoÔ kai
KapodistriakoÔ PanepisthmÐou Ajhn¸n. Ja  tan par�lhyh apì pleur�c mou na mhn
euqarist sw thn k. D�lla, ton k. Tsarpali� kai ton k. JeodwrÐdh tìso gia thn
empistosÔnh pou èdeixan se ènan majhmatikì na diaqeiristeÐ ènnoiec kai mejìdouc
pèran twn austhr¸n majhmatik¸n {sunhjei¸n} tou, ìso kai gia tic polÔ qr si-
mec sumboulèc kai epishm�nseic touc. Eidik� ofeÐlw na euqarist sw ton Pantel 
MpoumpoÔlh gia thn upomon  kai to qrìno pou mou dièjese all� kai gia to ulikì
pou eugenik� mou paraq¸rhse. Tèloc, euqarist¸ touc kaloÔc fÐlouc BasÐlh, Gi¸r-
go kai EuaggelÐa, q�rhc eic touc opoÐouc h, oÔtwc   �llwc, endiafèrousa perÐodoc
twn metaptuqiak¸n mou spoud¸n metatr�phke se mia apolaustik  diadrom .
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Kef�laio 1

Reproducing Kernel Hilbert
Spaces (RKHS)

Sto Kef�laio autì arqik� ja perigr�youme thn eidik  kathgorÐa q¸rwn Hilbert pou
apokaloÔntai RKHS, anafèrontac, pèra apì touc austhroÔc majhmatikoÔc orismo-
Ôc, kai arket� paradeÐgmata. Sth sunèqeia ja apodeÐxoume qr sima sumper�smata
thc jewrÐac pou èqei anaptuqjeÐ, ìson afor� stouc sugkekrimènouc q¸rouc, kata-
l gontac sto Je¸rhma Moore. To apotèlesma autì ja mac exasfalÐsei to majh-
matikì upìbajro gia th diatÔpwsh tou kernel Teqn�smatoc, pou ja apotelèsei to
basikì ergaleÐo stic efarmogèc twn KefalaÐwn 2 kai 3. Miac kai ja anaferjoÔme
se q¸rouc Hilbert eÐte epÐ tou s¸matoc twn pragmatik¸n arijm¸n, R, eÐte epÐ eke-
Ðnou twn migadik¸n arijm¸n, C, ja qrhsimopoioÔme to sÔmbolo F k�je for� pou ja
diatup¸noume ènan orismì   k�poio sumpèrasma pou isqÔei kai sta dÔo aut� sÔnola.

1.1 OrismoÐ kai Basik� ParadeÐgmata

Orismìc 1.1 Dedomènwn dÔo dianusmatik¸n q¸rwn me nìrma V kai W , epÐ enìc
s¸matoc F, mia grammik  apeikìnish T : V −→ W kaleÐtai fragmènoc telest c
ann up�rqei pragmatikìc arijmìc M ≥ 0 t.w.

‖Tv‖W ≤M‖v‖V gia k�je v ∈ V

ApodeiknÔetai ìti ènac telest c eÐnai fragmènoc an kai mìno an eÐnai suneq c, me th
sun jh ènnoia. M�lista, akìma isqurìtera, ènac telest c eÐnai fragmènoc an kai
mìno an eÐnai suneq c sto 0. EpÐshc oi eikìnec fragmènwn sunìlwn, mèsw suneq¸n
(  isodÔnama fragmènwn) telest¸n, eÐnai epÐshc fragmèna sÔnola.

Wc nìrma enìc fragmènou telest  orÐzoume :

‖T‖ = inf{M : ‖Tv‖ ≤M‖v‖ gia k�je v ∈ V }
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  isodÔnama:
‖T‖ = sup{‖Tv‖ : v ∈ V me ‖v‖ ≤ 1}

= sup{‖Tv‖ : v ∈ V me ‖v‖ = 1}
= sup{‖Tv‖‖v‖ : v ∈ V me v 6= 0}

UpenjumÐzoume ìti, to sÔnolo ìlwn twn sunart sewn pou orÐzontai se èna
dedomèno sÔnolo X kai dÐnoun timèc sto F, sumb. F(X,F), ìtan efodiasteÐ me
tic sun jeic pr�xeic thc prìsjeshc, (f + g)(x) = f(x) + g(x), kai tou bajmwtoÔ
ginomènou, (λ · f)(x) = λ · (f(x)) gia k�je λ ∈ F, metatrèpetai se dianusmatikì
q¸ro epÐ tou s¸matoc F.

Orismìc 1.2 Dedomènou enìc sunìlou X, ja lème ìti o H eÐnai ènac reproduc-
ing kernel Hilbert space (RKHS) tou X epÐ tou F, ìtan isqÔoun ta ex c:

(a) o H eÐnai dianusmatikìc upìqwroc tou F(X,F),

(b) o H eÐnai efodiasmènoc me èna eswterikì ginìmeno, 〈·, ·〉, pou ton metatrèpei
se q¸ro Hilbert, dhlad  se metrikì q¸ro pl rh wc proc thn apìstash pou
orÐzei h epagìmenh apì to eswterikì ginìmeno nìrma, ‖ · ‖,

(g) gia k�je y ∈ X, to grammikì evaluation sunarthsiakì, Ey : H −→ F,
pou orÐzetai apì th sqèsh Ey(f) = f(y), eÐnai fragmèno.

Oi grammikoÐ, fragmènoi telestèc se q¸rouc Hilbert qarakthrÐzontai apì thn
akìloujh, spoudaÐa, idiìthta:

Je¸rhma 1.1 (Anapar�stashc tou Riesz) 'EstwH q¸roc Hilbert epÐ s¸ma-
toc F kai T : H −→ F ènac fragmènoc, grammikìc, telest c. Tìte up�rqei monadikì
stoiqeÐo h0 ∈ H tètoio ¸ste Th = 〈h0, h〉H gia k�je h ∈ H.

'Estw loipìnH ènac RKHS sunìlouX. To parap�nw Je¸rhma mac exasfalÐzei
ìti, gia k�je y ∈ X ja up�rqei èna monadikì di�nusma, ky ∈ H, tètoio ¸ste gia
k�je f ∈ H na isqÔei Ey(f) = f(y) = 〈f, ky〉. 'Etsi,

Orismìc 1.3 'Estw H ènac RKHS sunìlou X. Gia k�je y ∈ X, h sun�rthsh
ky ∈ H me thn idiìthta

Ey(f) = f(y) = 〈f, ky〉, gia k�je f ∈ H

kaleÐtai h reproducing kernel (sun�rthsh) gia to shmeÐo y, en¸ h sun�r-
thsh dÔo metablht¸n pou orÐzetai wc

K(x, y) = ky(x) gia k�je x, y ∈ X

kaleÐtai h reproducing kernel sun�rthsh tou H.
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ParathreÐste ìti isqÔei:

K(x, y) = ky(x) = 〈ky, kx〉

kaj¸c kai
‖Ey‖2 = ‖ky‖2 = 〈ky, ky〉 = K(y, y).

H proteleutaÐa sqèsh diadramatÐzei shmantikì rìlo stic efarmogèc thc sug-
kekrimènhc jewrÐac se pragmatik� probl mata, kaj¸c epitrèpei thn antikat�stash
tou dÔskolou upologismoÔ enìc eswterikoÔ ginomènou me ton eÔkolo upologismì
thc tim c miac sun�rthshc dÔo metablht¸n. 'Eqoume ìmwc akìma arketì drìmo èwc
ìtou exasfalÐsoume, sto tèloc tou KefalaÐou, thn Ôparxh kat�llhlwn tètoiwn
q¸rwn kai sunart sewn gia èna opoiod pote sÔnolo X.

Pìrisma 1.1 An o H eÐnai RKHS tou X me reproducing kernel thn K(x, y), tìte
isqÔei

K(y, x) = K(x, y).

ìpou me K(x, y) sumbolÐzoume to suzug  tou K(x, y). Profan¸c, ìswn afor� stic
pragmatikèc kernel sunart seic, isqÔei K(y, x) = K(x, y).

Orismìc 1.4 'Estw H ènac RKHS sunìlou X. Ja lème ìti o H diaqwrÐzei
shmeÐa ann gia k�je x, y ∈ X me x 6= y up�rqei f ∈ H tètoia ¸ste f(x) 6= f(y).

ApodeiknÔetai ìti, an ston RKHS H jewr soume thn apeikìnish d(x, y) =
sup{|f(x) − f(y)| : f ∈ H, ‖f‖ ≤ 1}, aut  orÐzei mia metrik  tou X ann o H
diaqwrÐzei shmeÐa.

EpÐshc apodeiknÔetai ìti, an H0 ⊆ H eÐnai kleistìc upìqwroc tìte o H0 eÐnai
epÐshc ènac RKHS tou X, en¸ h reproducing kernel sun�rthsh, ston H0, enìc
shmeÐou y eÐnai h sun�rthsh P0(ky), ìpou ky eÐnai h reproducing kernel sun�rthsh
gia to Ðdio shmeÐo ston H kai me P0 : H −→ H0 sumbolÐzoume thn orjog¸nia
probol  tou H p�nw ston H0. 'Etsi, ja up�rqei mia reproducing kernel sun�rthsh,
K0(x, y), gia ton upìqwro H0.

'Ena apì ta probl mata pou emfanÐzoun idiaÐtero jewrhtikì endiafèron eÐnai o
kajorismìc sqèsewn an�mesa sthn K0(x, y) tou kleistoÔ upoq¸rou kai sth re-
producing kernel sun�rthsh, K(x, y), olìklhrou tou q¸rou. Par� to gegonìc ìti
eÐnai sqetik� apl  h diatÔpwsh orismènwn genik¸n jewrhm�twn pou na aforoÔn sth
sqèsh aut , o upologismìc sugkekrimènwn paradeigm�twn eÐnai arket� perÐplokoc.
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Sto shmeÐo autì ja  tan qr simo na parousi�soume orismèna basik� parade-
Ðgmata, ¸ste na gÐnei perissìtero katanoht  h fÔsh twn sugkekrimènwn q¸rwn
kaj¸c kai h logik  prosdiorismoÔ twn reproducing kernel sunart se¸n touc:

O q¸roc Hardy, H2(D), tou MonadiaÐou DÐskou.

'Estw D o monadiaÐoc dÐskoc tou migadikoÔ epipèdou. Gia thn kataskeu  tou
q¸rou H2(D), o opoÐoc diadramatÐzei shmantikì rìlo sth JewrÐa Telest¸n, je-

wroÔme tic tupikèc (formal) migadikèc dunamoseirèc, f v
∞∑
n=0

anz
n, g v

∞∑
n=0

bnz
n,

ìpou z ∈ D, t.w.
∞∑
j=0

|an|2 < ∞ kai
∞∑
j=0

|bn|2 < ∞, tic opoÐec efodi�zoume me to

eswterikì ginìmeno 〈f, g〉 =
∞∑
n=0

anbn, opìte ja isqÔei kai ‖f‖2 =
∞∑
n=0

|an|2. Mpo-

roÔme na deÐxoume ìti k�je dunamoseir� tou H2(D) sugklÐnei se mia sun�rthsh sto
dÐsko. Pr�gmati, an z ∈ D, tìte:

|Ez(f)| = |
∞∑
n=0

anz
n| ≤

∞∑
n=0

|an||z|n ≤

(
∞∑
n=0

|an|2
)1

2
(
∞∑
n=0

|z|2n
)1

2
= ‖f‖ 1√

1− |z|2

'Etsi, k�je dunamoseir� orÐzei mia sun�rthsh sto D, en¸ oi pr�xeic tou dia-
nusmatikoÔ q¸rou twn tupik¸n dunamoseir¸n antistoiqÐzontai eujèwc stic pr�xeic
metaxÔ twn sunart sewn tou dianusmatikoÔ q¸rou D, dhlad  ikanopoieÐtai h sun-
j kh (a) tou orismoÔ (1.2).

H apeikìnish L : H2(D) −→ `2(N) t¸ra, me L(f) = (a0, a1, . . .), eÐnai grammikìc
isomorfismìc pou diathreÐ to eswterikì ginìmeno. Sunep¸c o H2(D) mporeÐ na tau-
tisteÐ me ton Hilbert q¸ro `2(Z+), ìpou Z+ = {0, 1, 2, . . .} to sÔnolo twn fusik¸n
arijm¸n N sumperilambanomènou kai tou 0, �ra eÐnai kai o Ðdioc ènac Hilbert q¸roc.
Dhlad  ikanopoieÐtai h sunj kh (b) tou orismoÔ (1.2).

H sunj kh (g) tou orismoÔ ikanopoieÐtai, epÐshc, q�rhc eic thn parap�nw ani-

sìthta, h opoÐa exasfalÐzei ìti h apeikìnish Ez eÐnai fragmènh me ‖Ez‖ ≤
1√

1− |z|2
.

Sunep¸c o H2(D) eÐnai ènac RKHS tou D.
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Gia ton prosdiorismì thc kernel sun�rthshc enìc shmeÐou w ∈ D, parathroÔme

ìti g(z) =
∞∑
n=0

wnzn ∈ H2(D) en¸ par�llhla gia k�je f(z) =
∞∑
n=0

anz
n ∈ H2(D)

èpetai 〈f, g〉 =
∞∑
n=0

anw
n = f(w). Opìte h g eÐnai h reproducing kernel tou w.

Sunep¸c

K(z, w) = kw(z) = g(z) =
∞∑
n=0

wnzn =
1

1− wz

H teleutaÐa kaleÐtai h Szego Kernel sun�rthsh tou dÐskou.

Tèloc, upologÐzontac ‖Ez‖ = (K(z, z))1/2 =
1√

1− |z|2
diapist¸noume ìti h

anisìthta pou eÐqame upologÐsei nwrÐtera eÐnai h bèltisth dunat .

Q¸roi Sobolev sto [0, 1]

Gia thn kataskeu  twn sugkekrimènwn q¸rwn, oi opoÐoi apoteloÔn par�deigma
q¸rwn pou prokÔptoun apì diaforikèc exis¸seic, jewroÔme ton q¸ro H = {f :
[0, 1] −→ R : f apìluta suneq c, f(0) = f(1) = 0, f ′ ∈ L2[0, 1]}. (UpenjumÐzoume
ìti ìtan mia sun�rthsh eÐnai apìluta suneq c eÐnai diaforÐsimh sqedìn pantoÔ kai
isoÔtai me to olokl rwma thc parag¸gou thc). Profan¸c, o H eÐnai dianusmatikìc
q¸roc sunart sewn sto [0, 1] ton opoÐo efodi�zoume me th mh-arnhtik  digrammik 

morf  〈f, g〉 =

∫ 1

0

f ′(t)g′(t)dt. AfoÔ h f einai apìluta suneq c kai f(0) = 0, gia

k�je 0 ≤ x ≤ 1 èqoume

f(x) =

∫ x

0

f ′(t)dt =

∫ 1

0

f ′(t)χ[0,x](t)dt.

'Etsi, apì thn anisìthta twn Cauchy-Schwartz, èqoume :

|f(x)| ≤
(∫ 1

0

f ′(t)2dt

) 1
2
(∫ 1

0

χ[0,x](t)dt

) 1
2

= (〈f, f〉)1/2
√
x

apì thn opoÐa sumperaÐnoume ìti 〈f, f〉 = 0 ann f = 0. Opìte h 〈·, ·〉 apoteleÐ esw-
terikì ginìmeno stonH, en¸ ∀x ∈ [0, 1] h Ex eÐnai fragmènh kai m�lista ‖Ex‖ ≤

√
x.

Gia na deÐxoume ìti oH eÐnai RKHS arkeÐ na deÐxoume ìti eÐnai pl rhc. 'Estw (fn)
mia Cauchy, wc proc thn epagìmenh apì to eswterikì ginìmeno nìrma, akoloujÐa.
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Tìte kai h (f ′n) eÐnai Cauchy ston L2[0, 1], sunep¸c ja sugklÐnei se k�poia g ∈
L2[0, 1]. Lìgw thc parap�nw anisìthtac h (fn) prèpei na eÐnai kat� shmeÐo Cauchy,
opìte mporoÔme na orÐsoume sun�rthsh f(x) = lim

n
fn(x). 'Etsi èqoume

f(x) = lim
n
fn(x) = lim

n

∫ x

0

f ′n(t)dt =

∫ x

0

g(t)dt

pou shmaÐnei ìti h f eÐnai apìluta suneq c kai f ′ = g sqedìn pantoÔ, �ra f ′ ∈
L2[0, 1]. Epiplèon,

f(0) = lim
n
fn(0) = 0 = lim

n
fn(1) = f(1)

opìte, telik�, f ∈ H. Sunep¸c, o H eÐnai RKHS tou [0, 1].

Apomènei na anakalÔyoume thn kernel sun�rthsh. Xekin�me me thn tupik  e-
pÐlush miac diaforik c exÐswshc kai katìpin apodeiknÔoume ìti h sun�rthsh pou
lamb�noume wc lÔsh an kei ston H. Prokeimènou na broÔme thn ky(t) efarmìzoume
olokl rwsh kat� par�gontec kai èqoume

f(y) = 〈f, ky〉 =

∫ 1

o

f ′(t)k′y(t)dt = f(t)k′y(t)−
∫ 1

0

f(t)k′′y(t)dt = −
∫ 1

0

f(t)k′′y(t)dt

SumbolÐzontac me δy thn tupik  Dirac-delta sun�rthsh, èqoume

f(y) =

∫ 1

0

f(t)δy(t)dt

Opìte to proc epÐlush prìblhma sunoriak¸n tim¸n eÐnai:

−k′′y(t) = δy(t)
ky(0) = ky(1) = 0

Gia na broÔme th lÔsh tou parap�nw sust matoc exis¸sewn, h opoÐa apokaleÐtai
sun�rthsh Green thc diaforik c exÐswshc, oloklhr¸noume dÔo forèc kai elègqoume
tic sunoriakèc sunj kec, opìte katal goume sth sun�rthsh

K(x, y) = ky(x) =

{
(1− y)x, x ≤ y
(1− x)y, x ≥ y

H sun�rthsh aut  ikanopoieÐ pr�gmati tic aparaÐthtec exis¸seic ¸ste na apoteleÐ
th reproducing kernel sun�rthsh tou H.
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ParathreÐste epiplèon ìti

‖Ey‖2 = ‖ky‖2 = K(y, y) = y(1− y)

h opoÐa apoteleÐ mia kalÔterh ektÐmhsh apì thn ‖Ey‖ ≤
√
y pou eÐqame epitÔqei

nwrÐtera.

Bergman q¸roi se Perioqèc tou MigadikoÔ Epipèdou

'Estw G ⊂ C anoiktì kai sunektikì sÔnolo. JewroÔme

B2(G) = {f : G←→ C | h f analutik  sto G kai

∫ ∫
G

|f(x+ iy)|2dxdy < +∞}

Epiplèon, orÐzoume mia sesquilinear morf  sto B2(G) wc ex c

〈f, g〉 =

∫ ∫
G

f(x+ iy)g(x+ iy)dxdy

h opoÐa, ìpwc apodeiknÔetai eÔkola, apoteleÐ eswterikì ginìmeno ston B2(G), dh-
lad  o B2(G) metatrèpetai se q¸ro eswterikoÔ ginomènou.

Je¸rhma 1.2 'Estw G ⊆ C anoiktì kai sunektikì sÔnolo. Tìte o B2(G) eÐnai
RKHS sto G.

Apìdeixh. Stajeropoi¸ntac èna w ∈ G epilègoume R > 0 tètoio ¸ste h kleist 
mp�la B(w,R), kèntrou w kai aktÐnac R, na perièqetai sto G. Apì ton tÔpo
olokl rwshc tou Cauchy , gia k�je 0 ≤ r ≤ R èqoume

f(w) =
1

2π

∫ 2π

0

f(w + reiθ)dθ

Sunep¸c,

f(w) =
1

πR2

∫ R

0

r(2πf(w))dr =
1

πR2

∫ R

0

r

∫ 2π

0

f(w+reiθ)dθ =
1

πR2

∫ ∫
B(w,R)

f(x+iy)dxdy

Epiplèon, apì thn anisìthta Cauchy-Schwartz , èqoume

|f(w)| ≤ 1

πR2
‖f‖2

(∫ ∫
B(w,R)

dxdy

) 1
2

=
1

R
√
π
‖f‖2
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pou mac exasfalÐzei ìti, gia to w ∈ G, to evaluation sunarthsiakì eÐnai fragmèno.

Apomènei na apodeÐxoume ìti o B2(G) eÐnai pl rhc wc proc th sugkekrimènh
nìrma. 'Estw (fn) ⊆ B2(G) mia Cauchy akoloujÐa. Gia k�je w ∈ G epilègoume èna
R > 0, ìpwc parap�nw, kai èna δ > 0 tètoio ¸ste 0 < δ < d(B(w,R), GC), ìpou
me d(·, ·) sumbolÐzoume thn apìstash metaxÔ dÔo sunìlwn. 'Etsi, gia opoiod pote z
entìc thc kleist c mp�lac aktÐnac R kai kèntrou w, h kleist  mp�la kèntrou z kai
aktÐnac δ perièqetai sto G. Sunep¸c, sÔmfwna me thn parap�nw ektÐmhsh, èqoume

|fn(z)− fm(z)| ≤ 1

δ
√
π
‖fn − fm‖2

Me �lla lìgia, h akoloujÐa sunart sewn eÐnai omoiìmorfa sugklÐnousa se k�je
kleist  mp�la pou perièqetai sto G. SumbolÐzontac me f(z) = lim

n
fn(z) to ìrio thc

kat� shmeÐo sÔgklishc thc akoloujÐac, èqoume thn (fn) na sugklÐnei omoiìmorfa
sthn f se k�je kleist  mp�la pou perièqetai sto G, opìte, apì to Je¸rhma tou
Montel , katal goume sto sumpèrasma ìti h f eÐnai analutik . T¸ra, afoÔB2(G) ⊆
L2(G) kai o L2(G) eÐnai pl rhc, ja up�rqei h ∈ L2(G) tètoio ¸ste ‖h−fn‖2 −→ 0.
Epiplèon, h plhrìthta tou L2(G) mac exasfalÐzei kai thn Ôparxh upakoloujÐac
(fnk

) thc (fn) tètoiac ¸ste h(z) = lim
k
fnk

(z) sqedìn pantoÔ, k�ti ìmwc pou shmaÐnei

h(z) = f(z) sqedìn pantoÔ, opìte ‖f − fn‖2 −→ 0. Katal xame loipìn sto
sumpèrasma ìti h f ∈ B2(G), dhlad  ìti o B2(G) eÐnai pl rhc. �

Orismìc 1.5 Dedomènou enìc anoiktoÔ kai sunektikoÔ uposunìlou G ⊆ C h
reproducing kernel sun�rthsh tou B2(G) kaleÐtai Bergman kernel sun�rthsh
tou G.

To apotèlesma pou apodeÐxame epekteÐnetai kai se anoikt� sunektik� uposÔnola
tou Cn kaj¸c kai se pollèc migadikèc pollaplìthtec, en¸ h gn¸sh thc Bergman
kernel se tètoiec perioqèc brÐskei pollèc efarmogèc sth migadik  an�lush.

EpÐshc, h anisìthta |f | ≤ 1

R
√
π
‖f‖ upodeiknÔei ìti B2(C) = {0}, kaj¸c sthn

perÐptwsh aut  to R mporeÐ na gÐnei apeÐrwc meg�lo opìte |f | = 0 gia k�je f ∈

B2(C). Sunep¸c, h mình analutik  sun�rthsh, me

∫ ∫
C
|f(x + iy)|2dxdy < +∞,

pou orÐzetai se olìklhro to migadikì epÐpedo eÐnai h mhdenik .

'Estw, t¸ra, ìti to embadìn tou G eÐnai Ðso me A < +∞, opìte h stajer 
sun�rthsh 1 perièqetai ston B2(G) kai ‖1‖ =

√
A. Se mia tètoia perÐptwsh, eÐnai

logikì na kanonikopoi soume oÔtwc ¸ste ‖1‖ = 1, k�ti pou epitugq�netai eÔkola
orÐzontac ek nèou to eswterikì ginìmeno wc

〈f, g〉 =
1

A

∫ ∫
G

f(x+ iy)g(x+ iy)dxdy
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Sth bibliografÐa suqn� h qr sh thc orologÐac {Bergman q¸roc} anafèretai se
autìn, ton kanonikopoihmèno q¸ro, mia sÔmbash pou ja thn uiojet soume ki emeÐc
sto parìn keÐmeno. Sugkekrimèna loipìn, wc B2(D) ja sumbolÐzoume to q¸ro twn
tetragwnik� oloklhr¸simwn, analutik¸n sunart sewn sto monadiaÐo dÐsko D, me
eswterikì ginìmeno

〈f, g〉 =
1

π

∫ ∫
D
f(x+ iy)g(x+ iy)dxdy

ApodeiknÔetai ìti h Bergman kernel sun�rthsh dÐnetai apì th sqèsh

K(z, w) =
1

(1− zw)2

Stajmismènoi Q¸roi Hardy

Dedomènhc miac akoloujÐac β = (βn), me βn > 0, jewroÔme to q¸ro ìlwn twn

tupik¸n dunamoseir¸n f(z) =
∞∑
n=0

anz
n, me z ∈ D, gia tic opoÐec h nìrma

‖f‖2β =
∞∑
n=0

β2
n|an|2

eÐnai peperasmènh. O q¸roc autìc, efodiasmènoc me to eswterikì ginìmeno

〈f, g〉 =
∞∑
n=0

β2
nanbn

ìpou g(z) =
∞∑
n=0

bnz
n, apoteleÐ Hilbert q¸ro, o opoÐoc sumbolÐzetai me H2

β kai ka-

leÐtai stajmismènoc q¸roc Hardy.

'Enac sun jhc q¸roc Hardy , ìpwc autìc pou anafèrame se prohgoÔmeno pa-
r�deigma, ja mporoÔse, profan¸c, na qarakthrisjeÐ wc stajmismènoc q¸roc Hardy
ìpou gia ìla ta b�rh isqÔei βn = 1.
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K�je dunamoseir� f(z) =
∞∑
n=0

anz
n tou H2

β ikanopoieÐ th sqèsh

lim
n
βn|an| = 0

Opìte, gia arket� meg�lo n, èqoume

|an| ≤ β−1n

Sunep¸c, h aktÐna sÔgklishc, Rf , thc
∞∑
0

anz
n = f(z) ikanopoieÐ th sqèsh

R−1f = lim sup
n
|an|1/n ≤ lim sup

n
β−1/nn =

(
lim inf

n
β1/n
n

)−1
Opìte, h

∞∑
0

anz
n ja èqei aktÐna sÔgklishc megalÔterh,   Ðsh, apì

lim inf
n→∞

(βn)−1/n ≡ R

'Etsi, upojètontac ìti R > 0, k�je sun�rthsh tou H2
β ja sugklÐnei, orÐzontac

mia analutik  sun�rthsh sto dÐsko aktÐnac R, opìte o H2
β mporeÐ na jewrhjeÐ wc

q¸roc analutik¸n sunart sewn sto sugkekrimèno dÐsko.
EÔkola diapist¸nei kaneÐc ìti, gia k�je |w| < R, isqÔei f(w) = 〈f, kw〉, ìpou h

sun�rthsh

kw(z) =
∞∑
n=0

wnzn

β2
n

an kei ston H2
β. 'Etsi, dedomènou tou periorismoÔ gia thn akoloujÐa β ¸ste R > 0,

o H2
β eÐnai ènac RKHS tou dÐskou aktÐnac R, me reproducing kernel sun�rthsh thn

Kβ(z, w) = kw(z)

'Enac akìma stajmismènoc q¸roc Hardy pou èqei melethjeÐ ekten¸c eÐnai o
Segal-Bargmann q¸roc, o opoÐoc prokÔptei jewr¸ntac ta b�rh βn =

√
n! .

Epeid  lim inf
n→∞

(n!)−1/(2n) = +∞, o sugkekrimènoc q¸roc apoteleÐ q¸ro akeraÐwn

sunart sewn (entire functions), dhlad  migadik¸n sunart sewn pou eÐnai olomor-
fikèc ep�nw se olìklhro to migadikì epÐpedo. H reproducing kernel sun�rthsh

19



prokÔptei �mesa pwc eÐnai h K(z, w) = kw(z) =
∞∑
n=0

wnzn

n!
= ezw.

ParadeÐgmata Pollapl¸n Metablht¸n

Dedomènou n ∈ N, me ton ìro polu-deÐkthc (multi-index ) ennooÔme èna shmeÐo
I = (i1, ..., in) ∈ (Z+)n, opìte gia k�je z = (z1, ..., zn) ∈ Cn jewroÔme zI =
zi11 , ..., z

in
n .

Wc dunamoseir� stic n metablhtèc ennooÔme mia tupik  èkfrash thc

morf c f(z) =
∑

I∈(Z+)n

aIz
I , ìpou oi aI ∈ C kaloÔntai oi suntelestèc thc f .

OrÐzoume to q¸ro Hardy n-metablht¸n, H2(Dn), wc to sÔnolo ìlwn twn

dunamoseir¸n f ∼
∑

I∈(Z+)n

aIz
I tètoiwn ¸ste ‖f‖2 =

∑
I∈(Z+)n

|ai|2 < +∞.

H logik  tou orismoÔ eÐnai h dunamoseir� na sugklÐnei gia k�je z ∈ Dn, orÐzontac
mia analutik  sun�rthsh, f(z), ìpwc kai sto Hardy q¸ro miac metablht c, kai o
H2(Dn) na eÐnai RKHS tou Dn me reproducing kernel th sun�rthsh

K(z, w) =
∑

I∈(Z+)n

wIzI =
n∏
i=1

1

1− wizi

Me parìmoio trìpo orÐzetai o q¸roc Bergman pollapl¸n metablh-
t¸n, B2(G), gia G ⊂ Cn anoiktì kai sunektikì uposÔnolo, qrhsimopoi¸ntac 2n-
di�stashc mètro Lebesgue.

EpÐshc, ìpwc kai sthn perÐptwsh thc miac metablht c, ìtan to mètro Lebesgue
tou G eÐnai peperasmèno mporoÔme na qrhsimopoi soume kanonikopoihmèno mètro
Lebesgue, orÐzontac th nìrma ston B2(G) kat� trìpo ¸ste h stajer  sun�rthsh
1 na èqei nìrma 1.

1.2 MigadopoÐhsh enìc RKHS pragmatik¸n su-

nart sewn

Ac jewr soume tonH wc ènan RKHS pragmatik¸n sunart sewn enìc sunìlouX me
reproducing kernel th sun�rthsh K(x, y). Ac jewr soume epÐshc to dianusmatikì
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q¸ro migadik¸n sunart sewn tou X, W = {f1 + if2 : f1, f2 ∈ H}. Efodiasmènoc
me th sqèsh

〈f1 + if2, g1 + ig2〉W = 〈f1, g1〉H + i〈f2, g1〉H − i〈f1, g2〉H + 〈f2, g2〉H

h opoÐa, ìpwc eÔkola diapist¸nei kaneÐc, orÐzei eswterikì ginìmeno sto W me an-
tÐstoiqh nìrma

‖f1 + if2‖2W = ‖f1‖2H + ‖f2‖2H
o W metatrèpetai se q¸ro Hilbert. Dedomènou epiplèon ìti

f1(y) + if2(y) = 〈f1 + if2, ky〉W

katal goume ìti o W , efodiasmènoc me to parap�nw eswterikì ginìmeno, apoteleÐ
RKHS migadik¸n sunart sewn tou X, me reproducing kernel th sun�rthsh K(x, y).
Ton q¸ro autì ja ton apokaloÔme migadopoÐhsh tou H.

AfoÔ loipìn k�je pragmatikìc RKHS mporeÐ na migadopoihjeÐ kat� trìpo tètoio
¸ste na diathreÐ th reproducing kernel sun�rths  tou, sth sunèqeia ja jewroÔme
touc RKHS stouc opoÐouc anaferìmaste wc migadikoÔc.

1.3 H Genik  JewrÐa twn RKHS

'Estw sÔnolo X kai H ènac RKHS tou X, me reproducing kernel th sun�rthsh K.
Ja diapist¸soume ìti h K kajorÐzei pl rwc to q¸ro H. Gia na katal xoume sto
pr¸to mac sumpèrasma ja qreiastoÔme èna shmantikì apotèlesma apì th jewrÐa
telest¸n. UpenjumÐzoume loipìn ta ex c:

Orismìc 1.6 Dedomènou enìc q¸rou Hilbert H kai enìc uposunìlou S ⊂ H,
jewroÔme to sÔnolo twn orjog¸niwn (  k�jetwn) proc to S stoiqeÐwn:

S⊥ = {x ∈ H : 〈x, s〉 = 0,∀s ∈ S}

kai to apokaloÔme orjog¸nio sÔnolo tou S.

Orismìc 1.7 'Estw q¸roc Hilbert H kai M kleistìc upìqwroc tou H. O u-
pìqwroc M kaleÐtai sumplhrwmatikìc ston H an up�rqei kleistìc upìqwroc
N tou H tètoioc ¸ste:

(a) H = M +N = {µ+ ν : µ ∈M, ν ∈ N} kai

(b) M ∩N = (0)
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Tìte o H lème ìti apoteleÐ to eujÔ �jroisma twn M kai N , kai gr�foume
H = M ⊕N .

Je¸rhma 1.3 (Probol c) 'Estw M kleistìc upìqwroc enìc q¸rou Hilbert
H. Tìte

H = M ⊕M⊥ (1.1)

dhlad  H = M +M⊥ kai M ∩M⊥ = (0).

Sthrizìmenoi loipìn se autì to, oÔtwc   �llwc polÔ qr simo, Je¸rhma diatu-
p¸noume kai apodeiknÔoume thn akìloujh:

Prìtash 1.1 'Estw H ènac RKHS sunìlou X me kernel K. Tìte, h grammik 
j kh H1 twn sunart sewn ky(·) = K(·, y), dhlad  o dianusmatikìc upìqwroc tou
H pou apartÐzetai apì to sÔnolo ìlwn twn grammik¸n sunduasm¸n metaxÔ twn
sunart sewn ky(·), eÐnai puknìc upìqwroc tou H.

Apìdeixh. Mia sun�rthsh f ∈ H eÐnai orjog¸nia proc th grammik  j kh H1 twn
sunart sewn {ky : y ∈ X} ann 〈f, ky〉 = f(y) = 0 gia k�je y ∈ X, k�ti pou isqÔei
ann f = 0. Dhlad  h mhdenik  sun�rthsh eÐnai to monadikì stoiqeÐo tou H k�jeto
proc ton upìqwro H1. 'Omwc to eswterikì ginìmeno eÐnai suneq c apeikìnish, ètsi
h mhdenik  sun�rthsh ja eÐnai to monadikì stoiqeÐo tou H k�jeto kai proc thn
kleist  j kh H1, h opoÐa bebaÐwc apoteleÐ kleistì dianusmatikì upìqwro tou H.
SÔmfwna loipìn me to Je¸rhma Probol c ja isqÔeiH = H1⊕H1

⊥
dhlad H = H1.

�

L mma 1.1 'Estw H ènac RKHS sunìlou X kai èstw fn ⊆ H. An lim
n
‖fn−f‖ =

0, tìte isqÔei f(x) = lim
n
fn(x) gia k�je x ∈ X.

Apìdeixh. 'Eqoume

|fn(x)− f(x)| = |〈fn − f, kx〉| ≤ ‖fn − f‖‖kx‖ −→ 0.

�

Prìtash 1.2 'Estw Hi, i = 1, 2 dÔo RKHS sunìlou X me kernels tic sunar-
t seic Ki(x, y), i = 1, 2 antÐstoiqa. An K1(x, y) = K2(x, y) gia k�je x, y ∈ X,
tìte H1 = H2 kai ‖f‖1 = ‖f‖2 gia k�je f .

Apìdeixh. 'Estw K(x, y) = K1(x, y) = K2(x, y) kai Wi = span{kx ∈ Hi :
x ∈ X}, i = 1, 2. Lìgw thc parap�nw Prìtashc, k�je Wi eÐnai puknìc ston

Hi, i = 1, 2, en¸ gia k�je f ∈ Wi isqÔei f(x) =
∑
j

ajkxj(x), opìte oi timèc twn
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sunart sewn eÐnai anex�rthtec apì to an tic jewroÔme sto W1   sto W2.
Epiplèon, isqÔei

‖f‖21 =
∑
i,j

aiaj〈kxi , kxj〉 =
∑
i,j

aiajK(xj, xi) = ‖f‖22 ⇐⇒

‖f‖1 = ‖f‖2 gia k�je f ∈ W1 = W2.

T¸ra, an f ∈ H1, up�rqei akoloujÐa sunart sewn {fn} ⊆ W1 me ‖f−fn‖1 −→
0. AfoÔ h {fn} eÐnai Cauchy ston W1 ja eÐnai Cauchy kai ston W2, dhlad  ja
up�rqei g ∈ H2 tètoia ¸ste ‖g − fn‖ −→ 0. Apì to L mma ìmwc, èqoume f(x) =
lim
n
fn(x) = g(x), opìte k�je f ∈ H1 brÐsketai kai ston H2, en¸ ìmoia k�je g ∈ H2

brÐsketai kai ston H1, me �lla lìgia H1 = H2.
Tèloc, afoÔ ‖f‖1 = ‖f‖2 gia k�je f pou an kei se puknì uposÔnolo, èpetai

ìti oi nìrmec eÐnai isodÔnamec gia k�je f . �

Prin proqwr soume se mia �llh sunèpeia tou parap�nw L mmatoc, h opoÐa ja mac
parèqei ènan enallaktikì, polÔ qr simo, trìpo upologismoÔ thc kernel sun�rthshc
enìc RKHS, ac jumhjoÔme mia, diaforetik  apì th sun jh, morf  sÔgklishc.

Dedomènwn dianusm�twn {hs : s ∈ S} se ènan q¸ro me nìrma H, ìpou S eÐnai

èna aujaÐreto sÔnolo, lème ìti h =
∑
s∈S

hs ìtan gia opoiod pote ε > 0 up�rqei

peperasmèno uposÔnolo F0 ⊆ S tètoio ¸ste gia k�je peperasmèno sÔnolo F , me

F0 ⊆ F ⊆ S, na isqÔei ‖h−
∑
s∈F

hs‖ < ε.

ParadeÐgmata tètoiou eÐdouc sÔgklishc prokÔptoun apì tic dÔo tautìthtec Par-
seval. An {es : s ∈ S} eÐnai mia orjokanonik  b�sh enìc q¸rou Hilbert H, tìte gia
k�je h ∈ H èqoume

‖h‖2 =
∑
s∈S

|〈h, es〉|2

kai
h =

∑
s∈S

〈h, es〉es

ParathreÐste ìti ta parap�nw ajroÐsmata den apaitoÔn to sÔnolo S na eÐnai

diatetagmèno. Qarakthristik�, an jewr soume an = (−1)n
n

, n ∈ N, h seir�
∞∑
n=1

an

sugklÐnei, en¸ h
∑
n∈N

an de sugklÐnei me thn ènnoia pou orÐsame.

Sthn pragmatikìthta, gia migadikoÔc arijmoÔc apodeiknÔetai ìti h
∑
n∈N

zn sug-

klÐnei ann h
∞∑
n=1

|zn| sugklÐnei. Opìte sthn perÐptwsh twn migadik¸n, aut  h sÔg-
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klish eÐnai isodÔnamh me thn apìluth sÔgklish.

Je¸rhma 1.4 'Estw H ènac RKHS sunìlou X me reproducing kernel th su-
n�rthsh K(x, y). An {es : s ∈ S} eÐnai mia orjokanonik  b�sh tou H, tìte

K(x, y) =
∑
s∈S

es(y)es(x) ìpou h seir� sugklÐnei kat� shmeÐo.

Apìdeixh. Gia k�je y ∈ X, èqoume 〈ky, es〉 = 〈es, ky〉 = es(y). 'Etsi, ky =∑
s∈S

es(y)es ìpou ta ajroÐsmata aut� sugklÐnoun wc proc th nìrma tou H.

AfoÔ ìmwc sugklÐnoun wc proc th nìrma sugklÐnoun wc proc k�je shmeÐo. Opìte

K(x, y) = ky(x) =
∑
s∈S

es(y)es(x). �

Gia par�deigma, sto q¸ro Hardy, oi sunart seic en(z) = zn, n ∈ Z+, apoteloÔn
orjokanonik  b�sh, sunep¸c h reproducing kernel sun�rthsh gia to q¸ro prokÔptei
kai wc ex c: ∑

n∈Z+

en(z)en(w) =
∞∑
n=0

(zw)n =
1

1− zw

AxÐzei na shmeiwjeÐ ìti, h proôpìjesh to sÔnolo pou qrhsimopoioÔme sto �jroi-
sma na eÐnai b�sh den eÐnai anagkaÐa. Tètoia sÔnola ìmwc èqoun polÔ komyì kai
qr simo qarakthrismì.

Orismìc 1.8 'Estw H ènac q¸roc Hilbert me eswterikì ginìmeno 〈·, ·〉. 'Ena
sÔnolo dianusm�twn {fs : s ∈ S} ⊆ H kaleÐtai Parseval plaÐsio an isqÔei

‖h‖2 =
∑
s∈S

|〈h, fs〉|2

gia k�je h ∈ H.

Gia par�deigma, an {us : s ∈ S} kai {vt : t ∈ T} eÐnai dÔo orjokanonikèc b�seic
tou H, tìte ta sÔnola {us : s ∈ S} ∪ {0} kai {us/

√
2 : s ∈ S} ∪ {vt/

√
2 : t ∈ T}

eÐnai kai ta dÔo Parseval plaÐsia tou H.

Ta Parseval plaÐsia den eÐnai aparaÐthto na eÐnai grammik� anex�rthta sÔnola.
'Enac apì touc sunhjèsterouc trìpouc dhmiourgÐac Parseval plaisÐwn emfanÐzetai
sthn akìloujh Prìtash.

Prìtash 1.3 'Estw H ènac q¸roc Hilbert, H0 ⊆ H ènac kleistìc upìqwroc kai
ac sumbolÐsoume me P0 thn orjog¸nia probol  touH p�nw stoH0. An {es : s ∈ S}
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eÐnai mia orjokanonik  b�sh tou H, tìte to {P0(es) : s ∈ S} apoteleÐ èna Parseval
plaÐsio gia to H0.

Apìdeixh. 'Estw h ∈ H0. Tìte h = P0(h), opìte 〈h, es〉 = 〈P0(h), es〉 =

〈h, P0(es)〉. Sunep¸c ‖h‖2 =
∑
s∈S

|〈h, P0(es)〉|2. �

Opoiad pote apì tic tautìthtec Parseval ja mporoÔse na qrhsimopoihjeÐ gia na
orÐsoume plaÐsia Parseval, ìpwc faÐnetai sthn Prìtash pou akoloujeÐ

Prìtash 1.4 'EstwH ènac Hilbert q¸roc kai {fs : s ∈ S} ⊆ H. To {fs : s ∈ S}
eÐnai plaÐsio Parseval ann h =

∑
s∈S

〈h, fs〉fs gia k�je h ∈ H. Epiprosjètwc, an to

{fs : s ∈ S} eÐnai plaÐsio Parseval tìte gia k�je h1, h2 ∈ H èpetai 〈h1, h2〉 =∑
s∈S

〈h1, fs〉〈fs, h2〉.

Apìdeixh. (bl. [5] sel. 11-12) �

Prìtash 1.5 (Larson) 'Estw {fs : s ∈ S} èna plaÐsio Parseval enìc q¸rou
Hilbert H. Tìte up�rqei q¸roc Hilbert, K, o opoÐoc na perièqei ton H wc upìqwro,
kaj¸c kai mia orjokanonik  b�sh {es : s ∈ S} tou K, ètsi ¸ste fs = PH(es), s ∈ S,
ìpou me PH sumbolÐzoume thn orjog¸nia probol  tou K p�nw ston H.

Apìdeixh. (bl. [5] sel. 12) �

Je¸rhma 1.5 (Papadakis) 'Estw H ènac RKHS sunìlou X me reproducing
kernel th sun�rthsh K(x, y). Tìte to {fs : s ∈ S} ⊆ H eÐnai èna plaÐsio Parseval

ann K(x, y) =
∑
s∈S

fs(x)fs(y), ìpou h seir� sugklÐnei kat� shmeÐo.

Apìdeixh. (bl. [5] sel. 12-13) �

1.4 Qarakthrismìc twn Reproducing Kernels

Sthn par�grafo aut  ja exet�soume ikanèc kai anagkaÐec sunj kec ¸ste mia su-
n�rthsh K(x, y) na apoteleÐ reproducing kernel sun�rthsh gia k�poion RKHS.
Arqik�, ac upenjumÐsoume orismènec ènnoiec apì th jewrÐa pin�kwn.

Orismìc 1.9 'Estw A = (ai,j) ènac n × n ermhtianìc1 pÐnakac. O A kaleÐtai
jetikìc (  jetik� hmiorismènoc   mh arnhtikìc) pÐnakac, (sumb. A ≥

1A = A∗
, όπου A∗

ο ανάστροφος συζυγής του A.
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0), ann gia k�je a1, ..., an ∈ C isqÔei
n∑

i,j=1

aiajaij ≥ 0.

(H posìthta
n∑

i,j=1

aiajaij eÐnai p�nta pragmatikìc arijmìc ìtan o A eÐnai ermhtianìc).

IsodÔnama, sumbolÐzontac me 〈·, ·〉 to sÔnhjec eswterikì ginìmeno, o A ≥ 0 an kai
mìno an 〈Ax, x〉 ≥ 0 gia k�je x = (a1, ..., an) ∈ Cn.

Gia ènan ermhtianì pÐnaka A apodeiknÔetai ìti, A ≥ 0 an kai mìno an gia k�je
idiotim  tou λ isqÔei λ ≥ 0.

ParathreÐste ìti, ìson afor� se jetikoÔc pÐnakec A = (ai,j), epitrèpetai h

ikanopoÐhsh thc sunj khc
n∑

i,j=1

aiajaij = 0 apì dianÔsmata (a1, ..., an) 6= 0. Ermh-

tianoÔc n×n pÐnakec A = (ai,j) gia touc opoÐouc apaitoÔme na isqÔei
n∑

i,j=1

aiajaij > 0

gia k�je (a1, ..., an) 6= 0 touc apokaloÔme austhr� jetikoÔc (sumb. A > 0).
Gia ènan ermhtianì pÐnaka A isqÔei A > 0 an kai mìno an λ > 0 gia k�je idiotim 

tou λ.

Tèloc, anaforik� sth sqèsh twn dÔo parap�nw kl�sewn pin�kwn, apodeiknÔetai
ìti A > 0 an kai mìno an A ≥ 0 kai A antistrèyimoc.

Orismìc 1.10 'Estw sÔnoloX, mia sun�rthshK : X×X −→ C dÔo metablht¸n
kai èna uposÔnolo {x1, x2, ..., xn} ⊆ X. O tetragwnikìc n× n pÐnakac (K(xi, xj))
me stoiqeÐa (K(xi, xj))i,j = K(xi, xj) gia i, j = 1, ..., n kaleÐtai Gram pÐnakac
(  kernel pÐnakac) thc sun�rthshc K wc proc ta {x1, ..., xn}.

Orismìc 1.11 'Estw sÔnoloX kaiK : X×X −→ C mia sun�rthsh dÔo metablh-
t¸n. H K kaleÐtai kernel (  jetik� orismènh) sun�rthsh (sumb. K ≥ 0)
an gia k�je n ∈ N kai gia k�je epilog  n diakrit¸n stoiqeÐwn {x1, ..., xn} ⊆ X, o
Gram pÐnakac thc K wc proc ta {x1, ..., xn} eÐnai jetikìc.

ApodeiknÔetai ìti ta ajroÐsmata kernel sunart sewn eÐnai kernel sunart seic,
en¸ an K : X × X −→ C eÐnai mia kernel sun�rthsh kai f : X −→ C eÐnai mia
tuqaÐa sun�rthsh tìte h sun�rthsh K0(x, y) = f(x) ·K(x, y) · f(y) eÐnai epÐshc mia
kernel sun�rthsh.

Me ìla ta parap�nw up' ìyin, diatup¸noume thn akìloujh:

Prìtash 1.6 'Estw sÔnolo X kai H ènac RKHS tou X me reproducing kernel
th sun�rthsh K. Tìte h K eÐnai kernel sun�rthsh.
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Apìdeixh. Stajeropoi¸ntac duo epilogèc stoiqeÐwn {x1, ..., xn} ⊆ X kai a1, ..., an ∈
C èqoume

n∑
i,j

aiajK(xi, xj) = 〈
n∑
j

ajkxj ,
n∑
i

aikxi〉 = ‖
n∑
j

ajkxj‖2 ≥ 0 (1.2)

ap' ìpou kai èpetai to zhtoÔmeno. �

Shmei¸noume ed¸ ìti, sth genik  perÐptwsh, gia ton Gram pÐnaka miac repro-
ducing kernel sun�rthshc isqÔei (K(xi, xj)) > 0. 'Otan k�ti tètoio den isqÔei,
oi parap�nw upologismoÐ apokalÔptoun thn Ôparxh enìc mh-mhdenikoÔ dianÔsma-

toc a = (a1, ..., an) tètoiou ¸ste ‖
n∑
j

ajkxj‖ = 0 ⇐⇒
n∑
j

ajkxj = 0 . Sunep¸c,

gia k�je f ∈ H, èqoume
n∑
j

ajf(xj) = 〈f,
n∑
j

ajkxj〉 = 0. Dhlad  se mia tètoia

perÐptwsh up�rqei sqèsh grammik c ex�rthshc an�mesa stic timèc ìlwn twn sunar-
t sewn tou H gia k�poio peperasmèno sÔnolo shmeÐwn.

'Ena tètoio par�deigma apoteloÔn oi q¸roi Sobolev sto [0, 1], stouc opoÐouc,
ìpwc eÐdame nwrÐtera, qrhsimopoi same q¸rouc me sunoriakèc sunj kec, thc mor-
f c f(0) = f(1), k�ti pou shmaÐnei k1(t) = k0(t).

Enallaktik�, polloÐ q¸roi analutik¸n sunart sewn, ìpwc oi q¸roi Hardy kai
Bergman pou èqoume  dh anafèrei, perièqoun ìla ta polu¸numa. Kaj¸c, ìmwc,

den up�rqei exÐswsh thc morf c
∑
j

βjp(xj) = 0 h opoÐa na ikanopoieÐtai apì ìla

ta polu¸numa, oi reproducing kernel sunart seic tètoiwn q¸rwn orÐzoun p�nta
austhr� jetikoÔc, �ra kai antistrèyimouc, pÐnakec.

'Etsi, an jewr soume wc par�deigma th Szego kernel sun�rthsh tou q¸rou

Hardy , gia ton pÐnaka (K(xi, xj)) =
(

1
1−xixj

)
prokÔptei �mesa to sumpèrasma ìti

eÐnai antistrèyimoc gia opoiad pote epilog  {x1, ..., xn} shmeÐwn tou dÐskou. To
sumpèrasma autì den eÐnai kajìlou eÔkolo na prokÔyei mèsw sunhjismènwn me-
jìdwn Grammik c 'Algebrac, gegonìc pou apoteleÐ èndeixh twn dunatot twn pou
èqei h jewrÐa twn RKHS.

Kai en¸ h teleutaÐa Prìtash 1.6 eÐnai arket� stoiqei¸dhc, to antÐstrofo sum-
pèrasma eÐnai polÔ shmantikì kai qarakthrÐzei tic reproducing kernel sunart seic.

Je¸rhma 1.6 (Moore) 'Estw sÔnolo X kai mia sun�rthsh K : X ×X −→ C.
An hK eÐnai kernel sun�rthsh tìte up�rqei ènac RKHS,H, sunart sewn orismènwn
sto X, ètsi ¸ste h K na apoteleÐ th reproducing kernel sun�rthsh tou H.
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Apìdeixh. Gia k�je y ∈ X jètoume ky(x) = K(x, y) kai jewroÔme to q¸ro
W ⊆ F pou par�getai apì to sÔnolo twn sunart sewn {ky : y ∈ X}.

Isqurismìc: Up�rqei mia kal� orismènh, sesquilinear apeikìnish, B : W ×

W −→ C, me B

(∑
j

ajkyj ,
∑
i

bikyi

)
=
∑
i,j

ajbiK(yi, yj), ìpou aj kai bi bajmwt�

megèjh.
Apìdeixh IsqurismoÔ: Gia na apodeÐxoume ìti h B eÐnai kal� orismènh

sto W prèpei na apodeÐxoume ìti gia thn tautotik� mhdenik  sun�rthsh f(x) =∑
j

ajkyj(x) isqÔei B(f, w) = B(w, f) = 0 gia k�je w ∈ W . Kaj¸c ìmwc o W

par�getai apì tic sunart seic ky, arkeÐ na apodeÐxoume ìti B(f, ky) = B(ky, f) = 0.

Ex' orismoÔ ìmwc B(f, ky) =
∑
j

ajK(y, yj) = f(y) = 0. 'Omoia epÐshc B(ky, f) =∑
j

ajK(yj, y) =
∑
j

ajK(y, yj) = f(y) = 0.

AntÐstrofa t¸ra, an B(f, w) = 0 gia k�je w ∈ W , tìte jewr¸ntac w = ky èqoume
f(y) = 0. Opìte B(f, w) = 0 gia k�je w ∈ W an kai mìno an h f eÐnai tatutotik�
mhdenik  sun�rthsh sto X.

'Etsi, h B eÐnai kal� orismènh, en¸ epalhjeÔetai eÔkola ìti eÐnai kai sesquilinear.
Epiplèon, gia k�je f ∈ W èqoume f(x) = B(f, kx).

T¸ra, afoÔ h K eÐnai jetik� orismènh, gia k�je f =
∑
j

ajkyj èqoume B(f, f) =∑
i,j

ajaiK(yi, yj) ≥ 0, en¸ prokÔptei epiplèon, me ìmoio trìpo ìpwc sthc apìdeixh

thc anisìthtac twn Cauchy-Schwartz, ìti B(f, f) = 0 an kai mìno an B(w, f) =
B(f, w) = 0 gia k�je w ∈ W . Sunep¸c, B(f, f) = 0 an kai mìno an h f eÐnai h
tautotik� mhdenik  sun�rthsh.

H B loipìn apoteleÐ eswterikì ginìmeno ston W .
T¸ra, ìpwc gia k�je dedomèno eswterikì ginìmeno se dianusmatikì q¸ro, ètsi

kai ed¸ mporoÔme na epitÔqoume pl rwsh tou q¸rou, lamb�nontac isodÔnamec kl�seic
Cauchy akolouji¸n tou W sqhmatÐzontac èna q¸ro Hilbert, H.

Prèpei na apodeÐxoume ìti k�je stoiqeÐo tou H eÐnai pr�gmati sun�rthsh ori-
smènh sto X (se antÐjesh me thn perÐptwsh thc pl rwshc twn suneq¸n sunar-
t sewn tou [0, 1] ac poÔme, ìpou lamb�noume ton L2[0, 1]). Gia to skopì autì, ac
jewr soume h ∈ H kai (fn) ⊆ W mia akoloujÐa Cauchy pou sugklÐnei sthn h. Apì
thn anisìthta twn Cauchy-Schwartz èqoume |fn(x) − fm(x)| = |B(fn − fm, kx)| ≤
‖fn − fm‖

√
K(x, x). H akoloujÐa loipìn eÐnai kat� shmeÐo Cauchy, opìte mpo-

roÔme na orÐsoume h(x) = lim
n
fn(x), ìpou fusik� k�je tim  eÐnai anex�rthth thc

akoloujÐac Cauchy pou epilèxame.
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Tèloc, sumbolÐzontac me 〈·, ·〉 to eswterikì ginìmeno ston H, gia thn parap�nw
h èqoume 〈h, ky〉 = lim

n
{fn, ky} = lim

n
B(fn, ky) = lim

n
fn(y) = h(y). Opìte o H

eÐnai pr�gmati RKHS tou X, kai afoÔ h ky eÐnai h reproducing kernel sun�rthsh
gia to shmeÐo y, èqoume ìti h K(x, y) = ky(x) eÐnai h reproducing kernel sun�rthsh
tou H. �

To Je¸rhma tou Moore, se sunduasmì me thn Prìtash 1.2, mac exasfalÐzoun
thn èna proc èna antistoiqÐa an�mesa stouc RKHS enìc sunìlou kai stic kernel
(jetik� orismènec) sunart seic pou orÐzontai sto sÔnolo, epiqeÐrhma pou apoteleÐ
mia polÔ isqur  idiìthta thc jewrÐac twn Kernel. Sthn idiìthta aut  basÐzetai kai
to tèqnasma pou perigr�foume sthn epìmenh par�grafo, to opoÐo ja qrhsimopoihjeÐ
stic efarmogèc twn KefalaÐwn 2 kai 3.

Orismìc 1.12 Dedomènhc miac kernel sun�rthshc K : X × X −→ C, sumbo-
lÐzoume me H(K) ton monadikì RKHS pou èqei wc reproducing kernel sun�rthsh
thn K.

Dedomènhc miac kernel sun�rthshc K : X ×X −→ C, apodeiknÔetai ìti gia dÔo
shmeÐa x1, x2 ∈ X me x1 6= x2 o 2 × 2 pÐnakac (K(xi, xj)) eÐnai austhr� jetikìc
ann oi sunart seic kx1 kai kx2 eÐnai grammik� anex�rthtec, k�ti pou sumbaÐnei an kai
mìno an o H(K) diaqwrÐzei shmeÐa.

H diadikasÐa kataskeu c tou q¸rou H(K) me afethrÐa mia dedomènh kernel
sun�rthsh onom�zetai Prìblhma Anoikodìmhshc (Reconstruction Prob-
lem) kai apoteleÐ mia apì tic duskolìterec prokl seic thc jewrÐac twn RKHS.
Gia par�deigma, ac upojèsoume ìti xekinoÔme me thn Szego kernel sun�rthsh sto
dÐskou, K(z, w) = 1

(1−wz) , opìte o q¸roc W pou lamb�noume sÔmfwna me thn a-
pìdeixh tou Jewr matoc Moore apoteleÐtai apì touc grammikoÔc sunduasmoÔc twn
sunart sewn kw(z) oi opoÐec eÐnai akèraiec (rational) sunart seic me ènan monadi-
kì pìlo t�xewc èna ektìc tou dÐskou. 'Etsi o q¸roc W den perièqei polu¸numa,
parìlo pou sto q¸ro H(K) = H2(D) ta polu¸numa apoteloÔn puknì uposÔnolo.

Toul�qiston gia thn analutik  perÐptwsh, up�rqoun sth bibliografÐa jewr ma-
ta pou epitrèpoun na kajorÐsoume pìte sto q¸ro H(K) perièqontai polu¸numa.

KleÐnontac aut  thn par�grafo, ac doÔme mia apl  efarmog  tou Jewr matoc
Moore.

Prìtash 1.7 'Estw sÔnolo X, f mia mh mhdenik  sun�rthsh orismènh sto X

kai ac jewr soume kai th sun�rthsh K(x, y) = f(x)f(y). Tìte, h K eÐnai jetik�
orismènh, o H(K) eÐnai o q¸roc pou par�getai apì thn f kai isqÔei ‖f‖ = 1.
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Apìdeixh. Prokeimènou na apodeÐxoume ìti hK eÐnai jetik� orismènh, upologÐzou-
me ∑

i,j

aiajK(xi, xj) = |
∑
i

aif(xi)|2 ≥ 0

Gia na broÔme to q¸ro H(K), parathroÔme arqik� ìti gia k�je sun�rthsh ky
isqÔei ky = f(y)f , opìte o W den eÐnai �lloc apì ton monodi�stato q¸ro pou
par�getai apì thn f . K�je q¸roc, ìmwc, peperasmènhc di�stashc eÐnai pl rhc, �ra
o H(K) den eÐnai �lloc apì to q¸ro pou par�getai apì thn f .

Gia to telikì sumpèrasma thc Prìtashc, upologÐzoume th nìrma thc f . Staje-
ropoioÔme èna shmeÐo y, tètoio ¸ste f(y) 6= 0, kai èqoume

|f |2 · ‖f‖2 = ‖f(y)f‖2 = ‖ky‖2 = 〈ky, ky〉 = K(y, y) = |f(y)|2

ap' ìpou èpetai ‖f‖ = 1. �

1.5 To Kernel Tèqnasma

Kaj¸c sta epìmena dÔo kef�laia ja qrhsimopoi soume to en lìgw tèqnasma se
efarmogèc Mhqanik c M�jhshc kai EpexergasÐac S matoc, sth sugkekrimènh pa-
r�grafo ja periorÐsoume thn anafor� mac se pragmatikèc kernel sunart seic.

SunoyÐzontac ìsa eÐdame prohgoumènwc, se k�je kernel sun�rthsh K : X ×
X −→ R antistoiqeÐ ènac, kai mìnon ènac, RKHS, dhlad  ènac, kai mìnon ènac,
dianusmatikìc q¸roc sunart sewn H, upìqwroc tou F(X,R), o opoÐoc eÐnai efo-
diasmènoc, kat� monadikì trìpo, me èna eswterikì ginìmeno pou ton kajist� q¸ro
Hilbert me reproducing kernel th sun�rthsh K. Sthn pragmatikìthta, h kernel

sun�rthsh K par�gei ìlo to q¸ro H, dhlad  H = span{K(x, ·)|x ∈ X}. Mia apì
tic isqurèc idiìthtec thc jewrÐac twn Kernel, h opoÐa stouc q¸rouc thc Mhqanik c
M�jhshc eÐnai gnwst  me thn onomasÐa Kernel Tèqnasma, perigr�fetai wc ex c:

{Dedomènou enìc algorÐjmou o opoÐoc stouc upologismoÔc qrhsimopoieÐ esw-
terik� ginìmena, mporoÔme na kataskeu�soume ènan enallaktikì algìrijmo, anti-
kajist¸ntac k�je èna apì ta eswterik� ginìmena me mÐa jetik� orismènh kernel
sun�rthsh.}

To tèqnasma basÐzetai sthn qr sh miac apeikìnishc Φ : X −→ H : Φ(x) = kx, h
opoÐa kaleÐtai qarakthristik  apeikìnish, kai apeikonÐzei k�je stoiqeÐo tou
X se èna stoiqeÐo tou H (upenjumÐzoume ìti to stoiqeÐo kx ∈ H eÐnai h reproducing
kernel sun�rthsh gia to shmeÐo x). Epomènwc, me b�sh thn parat rhs  mac ston
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Orismì 1.2 kai q�rhc eic th summetrÐa twn pragmatik¸n kernel sunart sewn, h
sugkekrimènh apeikìnish èqei thn idiìthta

〈Φ(x),Φ(y)〉H = 〈kx, ky〉H = K(x, y)

'Etsi, mèsw thc qarakthristik c apeikìnishc, to Kernel Tèqnasma epitugq�nei na
metatrèyei èna mh grammikì prìblhma entìc tou sunìlouX se èna grammikì prìblh-
ma entìc tou {kalÔterou} q¸rou H. Katìpin, epilÔoume to grammikì prìblhma sto
q¸ro H, k�ti pou sun jwc apoteleÐ sqetik� eÔkolh ergasÐa, en¸ h epistrof  tou
apotelèsmatoc sto q¸ro X mac exasfalÐzei thn, telik , mh grammik  lÔsh tou
arqikoÔ mac probl matoc.
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Kef�laio 2

Mhqanèc Dianusm�twn
Upost rixhc

Oi Mhqanèc Dianusm�twn Upost rixhc - MDU (Support Vector Machines - SVM ),
tic opoÐec eis gage arqik� o Vapnik kai oi sunerg�tec tou sthn AT& T, kajier¸jh-
kan taqÔtata wc mia algorijmik  prosèggish sto prìblhma thc kathgoriopoÐhshc
(classification) mèsa sto eurÔtero plaÐsio pou onom�zetai Epiblepìmenh Mhqanik 
M�jhsh (Supervised Machine Learning). 'Ena pl joc problhm�twn kathgoriopoÐh-
shc oi lÔseic twn opoÐwn apaitoÔsan neurwnik� dÐktua,   kai �llec, pio polÔplokec,
mejìdouc, apodeÐqjhke pwc eÐnai �mesa epilÔsima me MDU. Epiplèon oi MDU, e-
ktìc tou ìti efarmìzontai genik� eukolìtera ap' ìti ta Neurwnik� DÐktua, èqoun
tautìqrona kai to shmantikì pleonèkthma na basÐzoun th leitourgÐa touc se èna
stajerì majhmatikì upìbajro, exasfalÐzontac ètsi thn Ôparxh bèltisthc lÔshc,
se antÐjesh me ìti sumbaÐnei sta neurwnik� dÐktua.

2.1 Probl mata kathgoriopoÐhshc epiblepìme-

nhc m�jhshc

Genik� ta probl mata kathgoriopoÐhshc diaqwrÐzontai se probl mata pou aforoÔn
se kathgoriopoÐhsh dedomènwn se dÔo (duadik  (binary) kathgoriopoÐhsh)
  perissìterec kl�seic (multiclass kathgoriopoÐhsh). Kaj¸c pollèc mèjodoi
èqoun anaptuqjeÐ eidik� gia th duadik  perÐptwsh, se aut n ja anaferjoÔme ki
emeÐc sth sunèqeia. 'Allwste h multiclass kathgoriopoÐhsh suqn� pragmatopoieÐtai
mèsw sunduasmoÔ poll¸n duadik¸n taxinomht¸n (binary classifiers).

Sta probl mata kathgoriopoÐhshc epiblepìmenhc m�jhshc loi-
pìn, dedomènhc miac eisro c shmeiak¸n dedomènwn dÔo diaforetik¸n eid¸n, zhto-
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Ômeno apoteleÐ h diamìrfwsh mejìdou anagn¸rishc thc kl�shc sthn opoÐa k�je
nèo dedomèno an kei. Gia to skopì autì, diatÐjetai arqik� èna sÔnolo dedomènwn
ekpaÐdeushc (training data), apoteloÔmeno, ac poÔme, apì m shmeÐa thc morf c:

(xi, yi), gia i = 1, ...,m (2.1)

Ta xi apokaloÔntai qarakthristik� dianÔsmata, stic n ac poÔme diast�seic
(xi ∈ X ⊆ Rn,∀i = 1, ...,m), kai perièqoun tic plhroforÐec pou perigr�foun k�je
shmeiakì dedomèno, en¸ ta antÐstoiqa yi lamb�noun thn tim  ±1, an�loga me to an
to antÐstoiqo shmeiakì dedomèno brÐsketai entìc thc mÐac, (+1),   thc �llhc, (−1),
ek twn dÔo kl�sewn stic opoÐec epijumoÔme na m�joume na ta taxinomoÔme.

Sthn pr�xh, o stìqoc mac eÐnai na kajorÐsoume, b�sh twn dedomènwn ekpaÐdeu-
shc, ènan kanìna apìfashc (decision rule) me th morf  sun�rthshc f(x), thc
opoÐac to prìshmo na problèpei thn tim  tou y, ìqi mìno gia ta dedomèna ekpaÐdeu-
shc all� kai gia nèec timèc tou x.

An�mesa sthn plhj¸ra efarmog¸n twn MDU se diafìrwn eid¸n q¸rouc, sunan-
toÔme kai efarmogèc stic opoÐec to qarakthristikì di�nusma x an kei se sunektikì
upìqwro X ⊆ Rn. Wstìso mporoÔme se tètoiec peript¸seic, skeptìmenoi kai lÐgo
dhmiourgik�, na anadiatup¸noume to prìblhma sÔmfwna me to akìloujo plaÐsio :

to qarakthristikì di�nusma ac eÐnai èna duadikì di�nusma pou ja kwdikopoieÐ thn
Ôparxh   thn apousÐa diafìrwn {qarakthristik¸n} (ex' ou kai h onomasÐa tou).

Gia par�deigma, to qarakthristikì di�nusma pou perigr�fei mia akoloujÐa DNA
m kouc p ja mporoÔse na èqei n = 4p diast�seic, me k�je base position na qrh-
simopoieÐ tèsseric diast�seic, lamb�nontac thn tim  èna se mÐa apo tic tèsseric
jèseic (an�loga an eÐnai A, C, G   T), kai mhdèn stic upìloipec. 'Etsi p.q. to
qarakthristikì di�nusma

x0 = (0, 0, 1, 0, 1, 0, 0, 0, 0, 0, 0, 1, 0, 0, 0, 1, 1, 0, 0, 0, 0, 1, 0, 0, 1, 0, 0, 0)

diast�sewc n = 4 · 7 = 28 ja antistoiqoÔse sthn akoloujÐa GATTACA m kouc 7.

2.2 H Eidik  PerÐptwsh twn Grammik� Dia-

qwrÐsimwn Dedomènwn

Prokeimènou na gÐnei eukolìtera katanoht  h ènnoia twn MDU, ac xekin soume th
melèth touc esti�zontac se mÐa, m�llon outopik , exidanikeumènh pr¸th perÐptwsh,
sthn opoÐa ac jewr soume ìti ta dedomèna mac eÐnai grammik� diaqwrÐsima
(bl. Sq ma 1). Upojètoume, dhlad , ìti eÐnai efiktì na sqedi�soume eÐte mia
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Sq ma 2.1: Oi Mhqanèc Dianusm�twn Upost rixhc (MDU) sthn exidanikeumènh pe-
rÐptwsh twn grammik� diaqwrÐsimwn dedomènwn. Skopìc mac eÐnai na kathgoriopoi soume
tic perioqèc tou epipèdou wc perièqousec •   o. H fat plane h opoÐa orÐzetai apì th
sqèsh −1 ≤ f(x) ≤ 1 epilègetai ètsi ¸ste na megistopoieÐtai to perij¸rio (ìpwc faÐne-
tai sto sq ma). Se mia tètoia megistopoÐhsh, èna mikrì pl joc shmeÐwn, ta {dianÔsmata
upost rixhc} (se kÔklo sto sq ma), ja brÐskontai ep�nw sta epÐpeda oriojèthshc.

eujeÐa gramm  sto gr�fhma me 2 katakìrufouc �xonec pou antistoiqoÔn stic 2 sun-
tetagmènec k�je dianÔsmatoc xi ìtan n = 2, eÐte èna uperepÐpedo, sthn perÐptws 
pou n > 2, dhlad  mia epif�neia di�stashc (n− 1) h opoÐa na perigr�fetai apì mia
exÐswsh thc morf c:

f(x) ≡ wTx+ b = 0 (2.2)

ètsi ¸ste na diaqwrÐzontai pl rwc ta dedomèna ekpaÐdeushc. Me �lla lìgia,
ìla ta shmeÐa ekpaÐdeushc me yi = +1 ja mporoÔn na brÐskontai apì th mia meri�
tou uperepipèdou (sunep¸c ja èqoun f(xi) > 0), en¸ tautìqrona ìla ta shmeÐa
ekpaÐdeushc me yi = −1 ja brÐskontai apì thn �llh meri� (kai ja èqoun f(x) < 0).
Sto shmeÐo autì na dieukrinÐsoume ìti:

• ja qrhsimopoioÔme, apì ed¸ kai sto ex c, to sumbolismì wTx gia na ek-
fr�soume to sÔnhjec eswterikì ginìmeno twn dianusm�twn w kai x.

• to w jewreÐtai kanonikopoihmèno wc proc to uperepÐpedo.

• to kl�sma b
‖w‖ ekfr�zei thn k�jeth apìstash tou uperepipèdou apì thn arq 

tou sust matoc, h opoÐa apokaleÐtai kai offset.

• orismènec forèc apaiteÐtai, gia lìgouc aplìthtac, b = 0, opìte to uperepÐpedo
profan¸c dièrqetai apì thn arq  tou sust matoc suntetagmènwn kai anafe-
rìmaste se autì wc unbiased uperepÐpedo, en¸ sth genik  perÐptwsh, pou
k�ti tètoio de sumbaÐnei, kaloÔme ta uperepÐpeda biased.
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Sth genik  perÐptwsh, perissìtera apì èna uperepÐpeda mporoÔn na diaqwrÐsoun
ta grammik� diaqwrÐsima dedomèna kai ja mporoÔse, endeqomènwc, k�poioc na ar-
kesteÐ ston entopismì opoiwnd pote kat�llhlwn w kai b pou na odhgoÔn se upe-
repÐpedo pou na diaqwrÐzei pl rwc ta dedomèna. Tìte, h f(x) sth sqèsh (2.2) ja
apoteloÔse pr�gmati ènan kanìna apìfashc (me kìkkino qr¸ma sto Sq ma 2.1).
H al jeia ìmwc eÐnai pwc mporoÔme, kai ja epidi¸xoume, na epitÔqoume k�ti akìma
kalÔtero.

Oi MDU (megÐstou perijwrÐou) stoqeÔoun, loipìn, sto na prosanatolÐsoun to
uperepÐpedo me tètoio trìpo ¸ste na dhmiourgeÐ to megalÔtero dunatì perij¸rio,
dhlad  na emfanÐzei th megalÔterh apìstash apì ta kontinìter� tou, kai apì tic
duo merièc, shmeÐa.

Eidikìtera, dojèntoc enìc uperepipèdou thc morf c (2.2) pou diaqwrÐzei ta de-
domèna, mporoÔme p�nta na all�zoume thn klÐmaka tou w me mia stajer� kai na
rujmÐzoume to b kat� tètoio trìpo ¸ste na epitugq�noume

wTxi + b > +1, ìtan yi = +1
wTxi + b 6 −1, ìtan yi = −1

(2.3)

Oi exis¸seic
wTxi + b = +1, tou H1

wTxi + b = −1, tou H2

antiproswpeÔoun par�llhla uperepÐpeda pou oriojetoÔn kai diaqwrÐzoun ta de-
domèna (me diakekommènec grammèc sto Sq ma 2.1), mia dom  pou apokaleÐtai fat
plane. Dedomènou pwc to idanikì uperepÐpedo eÐnai ekeÐno pou isapèqei apì ta
H1 kai H2, dhlad  jewr¸ntac d1 = d2 (mia apìstash pou eÐnai gnwst  kai wc
SVM’s margin), diapist¸noume pwc arkeÐ na prosanatolÐsoume to uperepÐpedo
ètsi ¸ste na megistopoieÐtai h sugkekrimènh apìstash. Mèsw analutik c gewme-
trÐac katal goume eÔkola sto sumpèrasma pwc h katakìrufh apìstash an�mesa
sta uperepÐpeda oriojèthshc (to dipl�sio tou SVM’s margin dhlad ) eÐnai:

2× (SVM ′s margin) =
2

‖w‖
(2.4)

EpÐshc parathroÔme ìti oi duo exis¸seic (2.3) mporoÔn na grafoÔn me th morf 
miac exÐswshc, wc ex c:

yi(w
Txi + b) > 1 (2.5)

Katal goume loipìn ìti, apì ìla ta uperepÐpeda pou diaqwrÐzoun ta dedomèna, to
idanikì eÐnai autì pou epitrèpei th fardÔterh fat plane, gnwstì epÐshc kai wc
maximum SVM’s margin, kai mporeÐ na brejeÐ mèsw thc epÐlushc tou, isodÔna-
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mou me ìsa anafèrame parap�nw, probl matoc tetragwnikoÔ programma-
tismoÔ1 :

elaqistopoÐhse to:
1

2
‖w‖2

upo sunj kec: yi(w
Txi + b) > 1 i = 1, ...,m

(2.6)

ParathreÐste ìti protimoÔme na elaqistopoi soume thn posìthta
1

2
‖w‖2 antÐ na

megistopoi soume, isodÔnama, thn posìthta
2

‖w‖
pou brÐsketai sto dexÐ mèloc thc

sqèshc (2.4). O par�gontac 1/2 apl¸c eis�getai gia na dieukolÔnei k�poiec pr�xeic
argìtera.

Gia thn epÐlush tètoiou eÐdouc problhm�twn (tetragwnikoÔ programmatismoÔ)
up�rqoun diajèsimoi algìrijmoi, opìte ac jewr soume thn epÐlush tou (2.6) wc
upologistik� efikt .

ParathroÔme ìti se èna prìblhma ìpwc to (2.6), orismèna (sun jwc lÐga to
pl joc) shmeÐa ofeÐloun na brÐskontai ep�nw sta uperepÐpeda oriojèthshc, alli¸c
h fat plane ja mporoÔse na gÐnei fardÔterh. Aut� ta shmeÐa, gia ta opoÐa isqÔei
f(x) = ±1, kaloÔntaiDianÔsmata Upost rixhc thc lÔshc. Par� to gegonìc
ìti h onomasÐa twn MDU ofeÐletai sta sugkekrimèna dianÔsmata, aut� den paÐzoun
idiaÐtero rìlo stic genikìterec, kai pio realistikèc, peript¸seic pou ja exet�soume
parak�tw.

2.3 PrwteÔonta kai Duðk� Probl mata ston

Tetragwnikì Programmatismì

Sthn par�grafo aut  ja anaferjoÔme se mia diadikasÐa arket� dhmofil  sta pro-
bl mata beltistopoÐhshc kai eidikìtera ja perigr�youme p¸c aut  efarmìzetai sta
probl mata tetragwnikoÔ programmatismoÔ. Endeqomènwc h diadikasÐa aut  me mia
pr¸th mati� na moi�zei wc peritt , kaj¸c ìpwc ja doÔme odhgeÐ apl¸c sthn antika-
t�stash enìc probl matoc tetragwnikoÔ programmatismoÔ, thc morf c (2.6), apì
èna �llo, ìpwc ja diapist¸soume ìmwc sth sunèqeia, aut  h antikat�stash èqei
isqurìtatec sunèpeiec.

1quadratic programming problem
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To genikì prìblhma ston tetragwnikì programmatismì, gnwstì kai wc Prw-
teÔon Prìblhma, mporeÐ na diatupwjeÐ wc ex c:

elaqistopoÐhse thn: f(w)

upì sunj kec:
gj(w) ≤ 0
hk(w) = 0

(2.7)

ìpou h f(w) eÐnai tetragwnik  stow, gr�fetai dhlad  sth morf  f(w) =
1

2
wTQw+

cTw me ton Q na eÐnai summetrikìc pÐnakac, oi g(w) kai h(w) eÐnai affine wc proc
w, eÐnai dhlad  grammikèc sun mÐa stajer�, kai oi deÐktec j kai k ekfr�zoun ta
sÔnola twn aniswtik¸n kai exiswtik¸n periorism¸n antÐstoiqa.

H Arq  thc Duðkìthtac, mac epitrèpei gia k�je prwteÔon prìblhma na
anazhtoÔme to antÐstoiqo duðkì prìblhma, to opoÐo kai na jewroÔme wc ènan
enallaktikì trìpo epÐlushc tou prwteÔontoc probl matoc.

Gia na per�soume apì to prwteÔon sto duðkì, arqik� gr�foume th Lagkran-
zian 

Lp(w,α,β) ≡ 1

2
f(w) +

∑
j

αjgj(w) +
∑
k

βkhk(w) (2.8)

h opoÐa enswmat¸nei sthn tetragwnik  morf  ìlouc touc periorismoÔc pollaplasia-
smènouc me touc antÐstoiqouc pollaplasiastèc Lagrange. Katìpin gr�foume
to akìloujo uposÔnolo sunjhk¸n gia èna mègisto:

∂Lp
∂wi

= 0,
∂Lp
∂βk

= 0 (2.9)

kai qrhsimopoioÔme �lgebra stic exis¸seic pou prokÔptoun ¸ste na exaleÐyoume to
w apì thn Lp, proc ìfeloc twn α kai β (ìpou ta α kai β perigr�foun ta dianÔsma-
ta twn αj kai βk antÐstoiqa). ApokaloÔme to apotèlesma Reduced Lagrangian,
LD(α,β).

To shmantikì sumpèrasma, pou prokÔptei apì thn eponomazìmenh Isqur  Du-
ðkìthta (strong duality) kai apì ta jewr mata Kuhn-Tucker, eÐnai pwc h lÔsh
tou duðkoÔ probl matoc:

megistopoÐhse to: LD(α,β)
upì sunj kec: αj > 0 gia k�jej

(2.10)

eÐnai isodÔnamh me th lÔsh tou prwteÔontoc probl matoc.
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Sthn pragmatikìthta, autì to apotèlesma eÐnai genikìtero tou tetragwnikoÔ
programmatismoÔ kai isqÔei, se genikèc grammèc, gia k�je kurt  f(x).

Epiplèon, an ŵ eÐnai h bèltisth lÔsh tou prwteÔontoc probl matoc kai α̂, β̂
eÐnai oi bèltistec lÔseic tou duðkoÔ probl matoc, èqoume :

f(ŵ) = LD(α̂, β̂)
α̂jgj(ŵ) = 0 gia k�je j

(2.11)

H teleutaÐa sunj kh kaleÐtai h sumplhrwmatik  Karush-Kuhn-Tucker
sunj kh. Mac upodeiknÔei ìti toul�qiston èna apì ta α̂j kai gj(ŵ) prèpei na eÐnai
mhdèn gia k�je j. Autì shmaÐnei ìti, apì th lÔsh tou duðkoÔ probl matoc, mporoÔme
�mesa na anagnwrÐsoume aniswtikoÔc periorismoÔc tou prwteÔontoc probl matoc
pou eÐnai {karfitswmènoi} p�nw sto ìriì touc, autoÔc dhlad  me mh mhdenik� α̂j
sth lÔsh tou duðkoÔ.

2.4 Duðk  DiatÔpwsh twn MDUMegÐstou Pe-

rijwrÐou

H diadikasÐa pou perigr�yame sthn prohgoÔmenh par�grafo efarmìzetai �mesa sto
prìblhma tetragwnikoÔ programmatismoÔ (2.6) gia tic MDU mègistou perijwrÐou.
Apì th stigm  pou den up�rqoun exiswtikoÐ periorismoÐ de ja up�rqoun bèbaia kai
βk.

Jewr¸ntac, loipìn, to di�nusma α = (a1, ..., am) twn pollaplasiast¸n La-
grange, ìpou ai ≥ 0 ∀i, h Lagkranzian  (2.8) gr�fetai

Lp ≡
1

2
‖w‖2 −

m∑
i=1

ai[yi(x
T
i w + b)− 1]

=
1

2
‖w‖2 −

m∑
i=1

aiyi(x
T
i w + b) +

m∑
i=1

ai

(2.12)

EpijumoÔme na broÔme ta ŵ kai b̂ pou elaqistopoioÔn, kai to α̂ pou megistopoieÐ
thn (2.12). Gia na to petÔqoume, arqik� paragwgÐzoume thn Lp wc proc w kai b kai
jètoume:

0 =
∂Lp
∂w

= w −
m∑
i=1

aiyixi =⇒ ŵ =
m∑
i=1

âiyixi (2.13)

kai

0 =
∂Lp
∂b

=
m∑
i=1

aiyi (2.14)
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Antikajist¸ntac tic exis¸seic (2.13) kai (2.14) sthn (2.12) paÐrnoume thn, anex�r-
thth twn w kai b, reduced Lagrangian:

LD ≡
m∑
i=1

ai −
1

2

∑
i,j

aiajyiyjx
T
i xj ètsi ¸ste ai ≥ 0 ∀i kai

m∑
i=1

aiyi = 0

=
m∑
i=1

ai −
1

2
αTdiag(y)Gdiag(y)α ètsi ¸ste ai ≥ 0 ∀i kai

m∑
i=1

aiyi = 0

(2.15)
ìpou me diag(y) èqoume sumbolÐsei to diag¸nio pÐnaka pou sqhmatÐzetai apì to
di�nusma y = (y1, ..., ym) kat� ton profan  trìpo kai me G sumbolÐzoume ton Gram
pÐnaka twn eswterik¸n ginomènwn ìlwn twn xj metaxÔ touc

Gij ≡ xTi xj

H teleutaÐa aut  morf  apokaleÐtai Duðk  morf  thc PrwteÔousac Lp
(Dual form of the Primary Lp) kai eÐnai h morf  pou ja apait soume, katìpin,
na megistopoihjeÐ wc proc to α. Autì ìmwc pou pr¸ta èqei meg�lh axÐa na para-
thr soume eÐnai pwc h Duðk  aut  morf  apaiteÐ gia ton upologismì thc mìno ta
eswterik� ginìmena twn dianusm�twn xi, k�ti pou eÐnai ousi¸dec gia thn efarmog ,
argìtera, tou Kernel teqn�smatoc (bl. §1.5).

Parat rhsh 2.1 H parap�nw exÐswshc (2.15) mporeÐ, p�ntwc, na grafeÐ kai stic
isodÔnamec morfèc:

LD =
m∑
i=1

ai −
1

2

∑
i,j

aiHijaj ìpou Hij ≡ yiyjx
T
i xj

=
m∑
i=1

ai −
1

2
αTHα ètsi ¸ste ai ≥ 0 ∀i,

m∑
i=1

aiyi = 0

me thn teleutaÐa na apoteleÐ th morf  pou èqoume epilèxei na qrhsimopoi soume
sthn diatÔpwsh twn algorÐjmwn sto tèloc aut c kai twn epomènwn paragr�fwn.

UpenjumÐzoume, epÐshc, ìti oi deÐktec sta x den ekfr�zoun suntetagmènec tou
dianÔsmatoc, all� upodeiknÔoun se poio shmeÐo (data point) anaferìmaste.

'Etsi, to duðkì prìblhma sthn oloklhrwmènh tou morf  eÐnai to ex c:
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megistopoÐhse (wc proc α) to :
m∑
i=1

ai −
1

2
αTdiag(y)Gdiag(y)α

upì sunj kec : ai ≥ 0 gia k�je i
m∑
i=1

aiyi = 0

(2.16)

pou eÐnai èna prìblhma kurt c tetragwnik c beltistopoÐhshc (con-
vex quadratic optimization problem). Gia thn epÐlus  tou {trèqoume} ènan
algìrijmo epÐlushc QP o opoÐoc ja mac d¸sei to α̂, to opoÐo, me antikat�stash
katìpin sth (2.13), ja mac d¸sei to ŵ. To mìno pou apomènei loipìn eÐnai o upo-

logismìc tou b̂.

K�je shmeÐo pou ikanopoieÐ thn (2.14) kai eÐnai Di�nusma Upost rixhc, èstw
xs, ja èqei th morf 

ys(x
T
s ŵ + b̂) = 1

h opoÐa lìgw thc (2.13) gr�fetai

ys

(∑
k∈S

âkykx
T
kxs + b̂

)
= 1

ìpou me S sumbolÐzoume to sÔnolo twn deikt¸n twn Dianusm�twn Upost rixhc.
O prosdiorismìc tou S ègkeitai ston prosdiorismì twn deikt¸n i gia touc opoÐouc
ai > 0. Pollaplasi�zontac kat� mèlh me to ys kai lamb�nontac up' ìyin ìti y2s = 1
èqoume

y2s

(∑
k∈S

âkykx
T
kxs + b̂

)
= ys ⇐⇒

b̂ = ys −
∑
k∈S

âkykx
T
kxs

Enallaktik�, kai gia na apofÔgoume mèroc apì to sf�lma stroggulopoÐhshc,
eÐnai kalÔtera, antÐ na qrhsimopoi soume k�poio tuqaÐo Di�nusma Upost rixhc xs,
na qrhsimopoi soume mia mèsh tim  ìlwn twn Dianusm�twn Upost rixhc sto S,
opìte

b̂ =
1

Ns

∑
s∈S

(
ys −

∑
k∈S

âkykx
T
kxs

)
(2.17)
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'Etsi èqoume prosdiorÐsei tic metablhtèc ŵ kai b̂ pou kajorÐzoun to bèltisto
prosanatolismì tou diaqwrÐzontoc uperepipèdou, me �lla lìgia ton kanìna apìfa-

shc f(x) = ŵTx+ b̂.

K�poiec qr simec parathr seic eÐnai oi ex c:

• Ta shmeÐa me mh mhdenikì âi ikanopoioÔn tic proôpojèseic wc isìthtec, dhl.
eÐnai dianÔsmata upost rixhc.

• To mìno shmeÐo ìpou ta dedomèna xi emfanÐzontai sthn (2.16) eÐnai ston upo-
logismì tou pÐnaka G.

• To mìno b ma twn upologism¸n pou eÐnai t�xewc n (thc di�stashc tou qara-
kthristikoÔ dianÔsmatoc) eÐnai o upologismìc twn stoiqeÐwn tou pÐnaka G.

• 'Ola ta �lla b mata twn upologism¸n eÐnai t�xewc m, tou pl jouc twn de-
domènwn shmeÐwn (data points)

'Etsi, phgaÐnontac apì to prwteÔon sto duðkì, antikatast same èna prìblh-
ma t�xewc n2, thc di�stashc tou qarakthristikoÔ pÐnaka, me èna prìblhma t�xewc
(kurÐwc) m2, tou pl jouc twn dedomènwn shmeÐwn. K�ti tètoio Ðswc faÐnetai lÐgo
perÐergo, afoÔ profan¸c k�nei ta probl mata pou perièqoun ter�stio pl joc dedo-
mènwn shmeÐwn duskolìtera. Par' ìla aut� dieukolÔnei shmantik�, ìpwc ja doÔme
parak�tw, ta probl mata me mètrio pl joc dedomènwn �lla me ter�stia qarakthri-
stik� dianÔsmata. Autì eÐnai sthn pragmatikìthta kai to pedÐo sto opoÐo oi MDU
diaprèpoun!

O algìrijmoc SVM gia grammik� diaqwrÐsima
dedomèna

O algìrijmoc epÐlushc enìc probl matoc duadik c kathgoriopoÐhshc grammik� dia-
qwrÐsimwn dedomènwn me th qr sh twn MDU akoloujeÐ thn ex c poreÐa:

• DhmioÔrghse ton pÐnaka H, ìpou Hij = yiyjx
T
i xj.

• Brec to di�nusma α = (a1, ..., am) ètsi ¸ste na megistopoieÐtai h

m∑
i=1

ai −
1

2
αTHα
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upì sunj kec

ai ≥ 0 ∀ i kai
m∑
i=1

aiyi = 0. (2.18)

Autì epitugq�netai me th qr sh enìc QP solver.

• Upolìgise to w =
m∑
i=1

aiyixi.

• Kajìrise to sÔnolo S twn Dianusm�twn Upost rixhc, brÐskontac touc de-
Ðktec i gia touc opoÐouc ai > 0.

• Upolìgise to b = 1
Ns

∑
s∈S

(
ys −

∑
k∈S

akykx
T
kxs

)
.

• K�je nèo shmeÐo x′ katat�ssetai upologÐzontac to y′ = sgn(wTx′ + b).

2.5 H 1-Norm Soft-Margin MDU kai to Duðkì

thc

Ac egkataleÐyoume t¸ra thn, ìqi kai tìso realistik , upìjesh ìti up�rqei upere-
pÐpedo to opoÐo diaqwrÐzei pl rwc ta dedomèna ekpaÐdeushc, kai ac epekteÐnoume th
mejodologÐa twn MDU prosarmìzont�c thc th dunatìthta na diaqeirÐzetai dedomèna
ta opoÐa den eÐnai pl rwc grammik� diaqwrÐsima (Sq ma 2.2). Gia na to epitÔqoume,
eis�goume stic anisìthtec (2.3) mia {qalar } (slack), mh arnhtik , metablht  ξi
gia k�je dedomèno xi. 'An to dedomèno (shmeÐo) eÐnai apì ekeÐna pou mporoÔn na
diaqwristoÔn apì èna fat plane, tìte ξi = 0. An den mporeÐ, tìte h posìthta ξi > 0
ekfr�zei to pìso apèqei apì to na mporoÔse (amount of descrepancy), opìte oi
anisìthtec (2.3) tropopoioÔntai wc ex c:

wTxi + b ≥ +1− ξi, ìtan yi = +1
wTxi + b ≤ −1 + ξi, ìtan yi = −1

ξi ≥ 0 ∀ i
(2.19)

oi opoÐec sunduazìmenec me antÐstoiqo trìpo ìpwc kai sth (2.5), odhgoÔn sth
sqèsh:

yi(w
Txi + b)− 1 + ξi ≥ 0 ìpou ξi ≥ 0 ∀ i. (2.20)
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Sq ma 2.2: Oi Mhqanèc Dianusm�twn Upost rixhc (MDU) sthn perÐptwsh twn gram-
mik� mh diaqwrÐsimwn dedomènwn. Se k�je shmeÐo katalogÐzetai mia {poin }   opoÐa aux�nei
an�loga me thn apìstash tou shmeÐou apì to epÐpedo oriojèthshc pou ìfeile na to {sug-
krateÐ}, lamb�nontac ètsi jetik  tim  ìtan to shmeÐo brÐsketai apì th {l�joc meri�} kai
mhdenik  tim  ìtan to shmeÐo brÐsketai apì th {swst  meri�}.

Me �lla lìgia loipìn, s' aut n ed¸ thn perÐptwsh, twn soft margin MDU, se
k�je shmeÐo pou brÐsketai apì th l�joc meri� tou antÐstoiqou epipèdou oriojèthshc
{katalogÐzoume} mÐa {poin }, h opoÐa aux�nei an�loga me thn apìstas  tou ap' autì.
Miac kai stìqo mac apoteleÐ na elaqistopoi soume to pl joc twn esfalmènwn
taxinom sewn, ènac logikìc trìpoc na tropopoi soume thn antikeimenik  sun�rthsh
tou probl matoc (2.6) eÐnai eis�gontac ènan ìro pou ja {parakineÐ} ta ξi na gÐnoun
ìso to dunatìn mikrìtera, kai mhdenik� ìpou autì eÐnai efiktì, wc ex c:

elaqistopoÐhse to:
1

2
‖w‖2 + λ

m∑
i=1

ξi

upo sunj kec:
ξi ≥ 0
yi(w · xi + b)− 1 + ξi ≥ 0, i = 1, ...,m

(2.21)

H par�metroc λ rujmÐzei th sqèsh {antallag c} (trade-off) pou dhmiourgeÐtai a-
n�mesa sth meÐwsh twn poin¸n twn slack metablht¸n ξi kai sthn aÔxhsh tou pl�touc
tou perijwrÐou. AntimetwpÐzoume, dhlad , plèon èna prìblhma to opoÐo, pèra apì
beltistopoÐhsh, apaiteÐ epiplèon kai (regularization), me thn 1-norm soft-margin
MDU na uiojeteÐ, ìpwc kai h onomasÐa thc uponoeÐ, èna grammikì �jroisma twn
(jetik¸n) ξi wc ton regularization ìro.

Parat rhsh 2.2 Mia pijan  enallaktik  eÐnai h 2-norm soft-margin MDU, ìpou
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o regularization ìroc ja  tan
m∑
i

ξi
2. Par' ìla aut�, epeid  aut  h mèjodoc dÐnei

k�pwc pio polÔplokec exis¸seic, ja apofÔgoume na th qrhsimopoi soume.

Kaj¸c kinoÔmaste kat� m koc thc trade-off kampÔlhc 0 < λ <∞, sunantoÔme,
enall�x, lÔseic oi opoÐec {protimoÔn} èna pragmatik� fardÔ fat plane (adiafor¸n-
tac gia to pìsa shmeÐa brÐskontai mèsa tou,   apì th l�joc meri� tou) kai lÔseic oi
opoÐec eÐnai tìso {feidwlèc} sto na epitrèpoun asumfwnÐec ¸ste sumbib�zontai me
èna fat plane me sqedìn kajìlou perij¸rio. Oi pr¸tec eÐnai ligìtero akribeÐc me ta
dedomèna ekpaÐdeushc all� pijan¸c pio eÔrwstec me ta nèa dedomèna. Oi teleutaÐec
eÐnai men ìso to dunatìn perissìtero akribeÐc me ta dedomèna ekpaÐdeushc all� eÐnai
pijan¸c eÔjraustec (kai ligìtero akribeÐc) me ta nèa dedomèna. (H epilog  tou l
eÐnai mia design trade-off pou prèpei na pragmatopoihjeÐ an�loga me tic ek�stote
an�gkec. Perissìterec plhroforÐec sqetik� me touc regularization ìrouc all� kai
th metabol  thc trade-off sqèshc kaj¸c autoÐ metab�llontai, mporeÐ na brei k�poioc
sto [7] (Na prostejeÐ epiplèon bibliografÐa) ).

To shmantikì, p�ntwc, eÐnai pwc opoiad pote mh arnhtik  tim  tou λ epitrèpei
na up�rxei k�poia lÔsh, eÐte ta dedomèna eÐnai grammik� diaqwrÐsima eÐte ìqi. Autì
faÐnetai an parathr soume to gegonìc pwc h w = 0 eÐnai p�nta mia efikt  (ìqi ìmwc
h bèltisth) lÔsh tou (2.21) gia arket� meg�la jetik� ξi anex�rthta apì thn tim 
tou λ. An ìmwc up�rqei efikt  lÔsh ja prèpei, bebaÐwc, na ufÐstatai kai k�poia
bèltisth lÔsh.

UpologÐzontac, loipìn, ek nèou th Lagkranzian , thn opoÐa ìpwc kai prin ja
epidi¸xoume na elaqistopoi soume wc proc tic metablhtèc w, b kai ξi kai na megi-
stopoi soume wc proc thn α (ìpou ai ≥ 0, µi ≥ 0 gia k�je i), èqoume:

Lp ≡
1

2
‖w‖2 + λ

m∑
i=1

ξi −
m∑
i=1

ai[yi(x
T
i w + b)− 1 + ξi]−

m∑
i=1

µiξi (2.22)

ParagwgÐzontac wc proc w, b kai ξi kai jètontac tic parag¸gouc Ðsec me mhdèn
èqoume:

∂Lp
∂w

= 0 =⇒ w =
m∑
i=1

aiyixi (2.23)

∂Lp
∂b

= 0 =⇒
m∑
i=1

aiyi = 0 (2.24)

∂Lp
∂ξi

= 0 =⇒ λ = ai + µi (2.25)
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Antikajist¸ntac tic sqèseic autèc sth (2.22) prokÔptei ìti h LD èqei, paradìxwc,
thn Ðdia morf  me ekeÐnh thc (2.15), me mình diafor� eÐnai ìti ed¸ h (2.25) se
sunduasmì me tic µi ≥ 0 gia k�je i epib�loun ènan periorismì �nw fr�gmatoc
λ sta ai, epiprosjètwc tou mhdenikoÔ k�tw fr�gmatoc (ènac tètoioc periorismìc,
0 ≤ ai ≤ λ, kaleÐtai box contraint). To Duðkì prìblhma loipìn, kai se aut  thn
perÐptwsh twn 1-norm soft margin MDU, diatup¸netai wc ex c:

megistopoÐhse (wc proc α) to :
m∑
i=1

ai −
1

2
αTdiag(y)Gdiag(y)α

upì sunj kec : 0 ≤ ai ≤ λ gia k�je i
m∑
i=1

aiyi = 0

(2.26)

me ton tÔpo (2.23) upologismoÔ tou ŵ na paramènei o Ðdioc me ton (2.13), en¸ kai to

b̂ upologÐzetai epÐshc me ton Ðdio trìpo ìpwc sth (2.17) nwrÐtera, me th mình dia-
for� ìti to sÔnolo twn Dianusm�twn Upost rixhc pou qrhsimopoioÔntai se autìn
ton upologismì kajorÐzetai plèon apì thn eÔresh twn deikt¸n i gia touc opoÐouc
0 < âi ≤ λ.

ParathroÔme ìti, ektìc apì k�poiec ekfulismènec peript¸seic dipl¸n mhdenik¸n
(double zeros), isqÔoun ta ex c:

âi = 0 ⇐⇒ to dedomèno i brÐsketai apì th swst  meri� tou fat plane
0 < âi < λ ⇐⇒ to dedomèno i brÐsketai akrib¸c ep�nw sto ìrio tou fat plane

(eÐnai dhlad  di�nusma upost rixhc)
âi = λ ⇐⇒ to dedomèno i brÐsketai eÐte entìc eÐte apì th l�joc meri� tou fat plane

(2.27)
EpÐshc parathroÔme, kai p�li, ìti kaj¸c metakinoÔme to λ proc thn tim  mh-

dèn, apodÐdontac se ìlo kai perissìtera ai thn tim  λ, paÐrnoume lÔseic me diark¸c
auxanìmeno pl joc lanjasmèna taxinomhmènwn shmeÐwn, all� fardÔtera fat planes.

An kai h upìjesh thc grammikìthtac (dhlad  h qr sh uperepipèdou gia to dia-
qwrismì twn dedomènwn) eÐnai arket� perioristik , to montèlo pou perigr�fetai
sthn (2.26) èqei k�poia praktik  qrhsimìthta se probl mata ìpou up�rqei k�poioc
lìgoc na pisteÔoume ìti h ap�nthsh eÐnai (kat� k�poio trìpo toul�qiston) gram-
mik  wc proc tic sunist¸sec tou qarakthristikoÔ dianÔsmatoc. Akìma ìmwc den
èqoume qrhsimopoi sei to {dunatì mac qartÐ}, th majhmatik  jewrÐa dhlad  pou
anaptÔxame sto 1o Kef�laio. Aut  eÐnai pou, me ton trìpo pou perigr�foume sthn
epìmenh par�grafo, ja mac apall�xei apì to {braqn�} thc grammikìthtac.
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O algìrijmoc SVM epÐlushc probl matoc Duadik c
KathgoriopoÐhshc ìqi pl rwc grammik� diaqwrÐsimwn

dedomènwn

O algìrijmoc SVM gia thn epÐlush miac duadik c kathgoriopoÐhshc dedomènwn, ta
opoÐa den eÐnai pl rwc grammik� diaqwrÐsima, akoloujeÐ thn ex c poreÐa:

• DhmioÔrghse ton pÐnaka H, ìpou Hij = yiyjx
T
i xj.

• Apof�sise pìso shmantikèc ja eÐnai oi mh orjèc taxinom seic, kajorÐzontac
mia kat�llhlh tim  gia thn par�metro λ.

• Brec to di�nusma α = (a1, ..., am) ètsi ¸ste na megistopoieÐtai h

m∑
i=1

ai −
1

2
αTHα

upì sunj kec

0 ≤ ai ≤ λ ∀ i kai
m∑
i=1

aiyi = 0. (2.28)

Autì epitugq�netai me th qr sh enìc QP solver.

• Upolìgise to w =
m∑
i=1

aiyixi.

• Kajìrise to sÔnolo S twn Dianusm�twn Upost rixhc, brÐskontac touc de-
Ðktec i gia touc opoÐouc 0 < ai ≤ λ.

• Upolìgise to b = 1
Ns

∑
s∈S

(
ys −

∑
k∈S

akykx
T
kxs

)
.

• K�je nèo shmeÐo x′ katat�ssetai upologÐzontac to y′ = sgn(wTx′ + b).
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2.6 To Kernel Tèqnasma stic MDU

EÐmaste se jèsh, plèon, na parousi�soume th mèjodo pou prosdÐdei stic MDU thn
pragmatik  touc isqÔ. Ac fantastoÔme mÐa, ìqi aparaÐthta grammik , apeikìnish
φ : X ⊆ Rn −→ H, h opoÐa enswmat¸nei, kat� mÐa ènnoia, ta m to pl joc
n-di�stata qarakthristik� dianÔsmata se ènan, kat� polÔ uyhlìterou bajmoÔ, N -
di�stato q¸ro H,

x n-di�stato −→ φ(x) N -di�stato (n < N) (2.29)

H basik  idèa, ìpwc faÐnetai kai sto Sq ma 2.3, eÐnai pwc mÐa, se meg�lo bajmì
mh-grammik , diaqwristik  epif�neia sto n-di�stato q¸ro endèqetai na apeikonÐze-
tai (  èstw na proseggÐzetai kal�) apì èna grammikì uperepÐpedo sto N -di�stato
q¸ro H.

Gia na antilhfjoÔme kalÔtera p¸c mporeÐ na gÐnetai autì, ac jewr soume thn
apeikìnish apì tic 2 stic 5 diast�seic:

(x0,x1)
φ−−−→ (x0

2,x0x1,x1
2,x0,x1) (2.30)

Me aut n thn apeikìnish, ènac kanìnac apìfashc f(x), o opoÐoc kataskeu�zetai
wc grammikìc ston q¸ro enswm�twshc, gÐnetai arket� genikìc ¸ste na perilamb�nei
ìlec tic grammikèc kai tic tetragwnikèc morfèc (grammèc, elleÐyeic, uperbolèc) tou
arqikoÔ qarakthristikoÔ q¸rou, dhlad 

f(x) = F [φ(x)] ≡ 〈W · φ(x)〉H +B (2.31)

ìpou ta kefalaÐa gr�mmata antistoiqoÔn se posìthtec tou q¸rou enswm�twshc,
en¸ qrhsimopoioÔme to sumbolismì 〈·, ·〉H gia na ekfr�soume to eswterikì ginìmeno
entìc tou q¸rou enswm�twshc H.

An kai s' autì to par�deigma N = 5, o q¸roc enswm�twshc H ja mporoÔse na
eÐnai ènac q¸roc ter�stiac di�stashc, ìpwc èna ekatommÔrio   èna disekatommÔrio,
  akìma kai �peirhc di�stashc kaj¸c, ìpwc ja doÔme parak�tw, k�ti tètoio de mac
dhmiourgeÐ kanèna prìblhma.

To er¸thma pou anakÔptei �mesa eÐnai: p¸c mporoÔme na broÔme, basizìmenoi sta
dedomèna mac, taW kai B ston q¸ro enswm�twshc? Ac dokim�soume na ergastoÔme
akrib¸c ìpwc kai prin, lamb�nontac up' ìyin ìti t¸ra briskìmaste se ènan, dun�mei,
polÔ uyhlìterhc, endeqomènwc kai �peirhc, di�stashc q¸ro. To prwteÔon prìblhma
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Sq ma 2.3: 'Otan ta qarakthristik� dianÔsmata apeikonÐzontai apì ènan qamhl c di-
�stashc q¸ro (ed¸ di�stashc 2) se ènan uyhlìterhc di�stashc q¸ro (ed¸ di�stashc 3), mh
grammikèc epif�neiec diaqwrismoÔ mporoÔn na proseggistoÔn kal¸c apì grammikèc. Sthn
pr�xh qrhsimopoioÔntai polÔ uyhl c, akìma kai �peirhc, di�stashc q¸roi enswm�twshc,
oi opoÐoi ìmwc upeisèrqontai ston upologismì thc MDU emmèswc, diamèsou tou kernel
teqn�smatoc.

(se antistoiqÐa me to (2.21)) eÐnai:

elaqistopoÐhse to:
1

2
‖W ‖2 + λ

∑
i

Ξi

upì sunj kec:
Ξi ≥ 0,
yi(〈W · φ(xi)〉H +B)− 1 + Ξi ≥ 0 i = 1, ...,m

(2.32)
Autì eÐnai èna prìblhma tetragwnikoÔ programmatismoÔ se ènan, endeqomènwc,

ekatommurio-di�stato, disekatommurio-di�stato   akìma kai �peirhc di�stashc (!!)
q¸ro, kat� p�sa sunep¸c pijanìthta adÔnato na elegqjeÐ apì èna sunhjismèno
hlektronikì upologist . Ac doÔme ìmwc kai to duðkì tou, to opoÐo prokÔptei pwc
eÐnai to ex c:

megistopoÐhse (wc proc a) to :
m∑
i=1

ai −
1

2
αTdiag(y)Kijdiag(y)α

upì sunj kec : 0 ≤ ai ≤ λ gia k�je i
m∑
i=1

aiyi = 0

(2.33)
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ParathroÔme ìti eÐnai akrib¸c to Ðdio me to (2.26) mìno pou ed¸ o Gram pÐnakac
Gij èqei antikatastajeÐ apì ton, ac ton apokalèsoume kernel pÐnaka Kij,

Kij ≡ 〈φ(xi) · φ(xj)〉H (2.34)

Autì eÐnai polÔ shmantikì epÐteugma, kaj¸c to prìblhma tetragwnikoÔ pro-
grammatismoÔ (2.33) den eÐnai duskolìtero na lujeÐ ap' ìti to aujentikì prìblhma
(2.26)! ZoÔne kai ta dÔo se ènan q¸ro di�stashc m, ìso to pl joc twn dedomènwn
shmeÐwn, kai trofodotoÔntai kai ta dÔo apì ènan stajerì pÐnaka, ton Gij sth mia
perÐptwsh kai ton Kij sthn �llh, o opoÐoc proôpologÐzetai me b�sh ta dedomèna.

Katafèrame loipìn na {strim¸xoume} thn {kat�ra} thc uyhl c diastasimìthtac
tou q¸rou enswm�twshc se mia polÔ sten  gwnÐa, dhlad  ston upologismì mìno
twn m2 to pl joc tim¸n tou pÐnaka Kij. T¸ra ja thn exolojreÔsoume pl rwc me
to tèqnasma Kernel.

H dunatìthta efarmog c tou teqn�smatoc, tou opoÐou th filosofÐa perigr�yame
 dh sthn par�grafo 1.5, basÐzetai sto gegonìc ìti, ousiastik�, se kanèna st�dio
thc diadikasÐac den qrei�zetai na gnwrÐzoume thn apeikìnish φ : X ⊆ Rn −→ H. To
mìno pou pragmatik� qreiazìmaste eÐnai ènac trìpoc upologismoÔ tou kernel pÐnaka
Kij ≡ 〈φ(xi) · φ(xj)〉H, dhlad  enìc pÐnaka megèjouc m × m me tic majhmatikèc
idiìthtec enìc q¸rou me eswterikì ginìmeno uyhlìterhc di�stashc. O upotijèmenoc
autìc q¸roc H ja mporoÔse, loipìn, na eÐnai o RKHS q¸roc tou sunìlou X twn
xi (ìpwc autìc perigr�fetai analutik� sthn Par�grafo 1.1), apoteloÔmenoc apì
tic reproducing kernel sunart seic kxi ≡ φ(xi) twn xi, oi opoÐec par�gontai mèsw
miac, k�poiac, qarakthristik c apeikìnishc φ(x). H Ôparxh enìc (kai mìnon enìc)
tètoiou q¸rou gia k�je kernel sun�rthsh K : X ×X −→ R exasfalÐzetai apì to
Je¸rhma 1.6 (Moore), epitrèpont�c mac telik� na upologÐzoume:

Kij ≡ 〈φ(xi) · φ(xj)〉H ≡ K(xi,xj)

Me pio apl� lìgia, epilègontac mia opoiad pote kernel sun�rthsh K : X ×
X −→ R kai qrhsimopoi¸ntac th sqèsh Kij = K(xi,xj) epitugq�noume na upo-
logÐsoume me èmmeso trìpo ta stoiqeÐa tou kernel pÐnaka Kij ≡ 〈φ(xi) · φ(xj)〉H
thc antÐstoiqhc apeikìnishc φ : X ⊆ Rn −→ H, parak�mptontac sthn ousÐa ton
upologismì twn eswterik¸n ginomènwn entìc tou ter�stiac   �peirhc di�stashc an-
tÐstoiqou RKHS q¸rou H.

'Hdh gnwrÐzoume ènan pijanì kernel pÐnaka, to Gram pÐnaka Gij, o opoÐoc sthn
ousÐa antistoiqeÐ ston kernel pÐnaka pou prokÔptei an epilèxoume wc kernel sun�r-
thsh th grammik  K(xi,xj) = xTi xj.
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Sto shmeÐo autì ac anaferjoÔme se orismènec, apodeÐximec, genikèc idiìthtec
twn kernel sunart sewn K(xi,xj) :

• o Kij = K(xi,xj) prèpei na eÐnai summetrikìc (in i and j) kai na èqei mh
arnhtikèc idiotimèc (Mercer′s Theorem)

• K�je multinomial combination kernel sunart sewn eÐnai kernel sun�rthsh.
Dhlad  mporoÔme eleÔjera na sundu�zoume kernel sunart seic mèsw polla-
plasiasmoÔ, prìsjeshc kai allag c klÐmakac me mia stajer�.

• hK(h(xi),h(xj)) eÐnai kernel gia k�je h, arkeÐ hK(, ) na eÐnai kernel. Aut 
h idiìthta genikeÔei thn arqik  idèa tou q¸rou enswm�twshc.

• h K(xi,xj) = g(xi)g(xj) eÐnai p�nta kernel gia k�je sun�rthsh g.

AfoÔ loipìn katal xoume se mia kernel sun�rthsh kai lÔsoume to prìblhma tetra-
gwnikoÔ programmatismoÔ (2.33), tìte o telikìc kanìnac apìfas c mac gia k�je
nèo qarakthristikì di�nusma x eÐnai

f(x) =
m∑
i=1

âiyiK(xi,x) + b̂ (2.35)

ìpou, jewr¸ntac kai p�li mèsh tim , isqÔei:

b = 1
Ns

∑
s∈S

(
ys −

∑
k∈S

akyk〈φ(xk) · φ(xs)〉H

)

= 1
Ns

∑
s∈S

(
ys −

∑
k∈S

akykK(xk,xs)

) (2.36)

2.7 H epilog  thc kat�llhlhc kernel sun�r-

thshc

En¸ h kataskeu  thc idanik c kernel gia k�je sugkekrimèno prìblhma endeqomènwc
na proôpojètei kai k�poiec {kalliteqnikèc} ikanìthtec, orismènec polÔ genikèc
kernel sunart seic apodeiknÔontai idiaitèrwc isqurèc sthn epÐlush problhm�twn
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Sq ma 2.4: MDU oi opoÐec majaÐnoun na diaqwrÐzoun to epÐpedo. Ta dedomèna eisìdou
sqedi�zontai apì tèsseric 2-di�statec Gaussians , me mia mikr  epik�luyh, dÐnontac se
ìsa brÐskontai diagwnÐwc antikrist� thn Ðdia s mansh (x   o). Oi èntonec grammèc eÐnai oi
epif�neiec twn kanìnwn apìfashc f(x) = 0 pou prokÔptoun apì tic MDU. Oi apalìtera
sqediasmènec grammèc apeikonÐzoun tic f(x) = ±1.(a) Poluwnumik  kernel me d = 8. (b)
Gaussian radial basis function kernel.

{pragmatik c kat�stashc}. Suqn�, mporoÔme apl¸c na dokim�zoume orismènec apì
autèc kai na epilègoume aut n pou deÐqnei na douleÔei kalÔtera. Oi akìloujec eÐnai
k�poiec kalèc arqikèc epilogèc:

grammik : K(xi,xj) = xTi xj

dÔnamh: K(xi,xj) = (xTi xj)
d, 2 ≤ d ≤ 20 (gia par�deigma)

poluwnumik : K(xi,xj) = (axTi xj + b)d

sigmoeid c: K(xi,xj) = tanh(axTi xj + b)

Gaussian radial basis sun�rthsh: K(xi,xj) = exp

(
−‖xi − xj‖2

2σ2

)
(2.37)

Sthn par�gr. 2.3 tou [1] ja breÐte perissìtera standard kernels en¸ to kef�laio
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13 tou Ðdiou biblÐou perigr�fei poll� exeidikeumèna kernels, p.q. gia sÔgkrish sum-
boloseir¸n   apospasm�twn keimènou, gia anagn¸rish eikìnac kai gia èna meg�lo
pl joc �llwn efarmog¸n. H bibliografÐa bebaÐwc pou asqoleÐtai me to jèma den
periorÐzetai sto par�deigma pou mìlic anafèrame (bl. epÐshc [2] k.a.)

Sto Sq ma 2.4 parousi�zetai èna par�deigma qr shc miac poluwnumikoÔ kernel
sun�rthshc me d = 8 kai miac Gaussian radial basis kernel. EÐnai qarakthristi-
kì twn Gaussian Kernel ìti ephre�zontai perissìtero apì topikèc-geitonikèc epi-
dr�seic (gegonìc pou mporeÐ na jewrhjeÐ eÐte wc jetikì eÐte wc arnhtikì an�loga
me thn perÐptwsh), en¸ ta poluwnumik� kernels anazhtoÔn omalìterec, pio sfairi-
kèc lÔseic.

An kai xefeÔgei apì to antikeÐmeno thc sugkekrimènhc ergasÐac, na anafèroume
p�ntwc ìti to kernel tèqnasma den brÐskei efarmog  mìno stic MDU (dhlad  se
algorÐjmouc basizìmenouc se uperepÐpeda diaqwrismoÔ), all� kai se pl joc �llwn
algorÐjmwn thc anagn¸rishc protÔpou, gia par�deigma sthn principal component
analysis (PCA) kai ston Fischer discriminant algorithm. Sta [1] kai [3] mporeÐte na
breÐte ektetamènec plhroforÐec sqetik� me autoÔc touc kernel-based learning algorÐjmouc.

2.8 Merikèc praktikèc sumboulèc anaforik�

stic MDU

H Gaussian radial basis kernel sun�rthsh eÐnai polÔ dhmofil c, kaj¸c èqei mìno
mÐa rujmizìmenh metablht , σ, kai eÐnai eÔkolo na upojèsoume mia arqik  tim  do-
kim c, dhl. opoiad pote qarakthristik  apìstash an�mesa se kontin� shmeÐa ston
q¸ro twn qarakthristik¸n. Ja mporoÔsame na poÔme pwc h Gaussian kernel kath-
goriopoieÐ, se èna bajmì, me thn topik -geitonik  {sugkat�jesh}.

Gia tic poluwnumikèc kernel sunart seic, xekin ste epilègontac a kai b ¸ste
na k�nete thn posìthta axi · xj + b na brÐskete an�mesa sta ±1 gia k�je i kai
j. H dÔnamh d ermhneÔetai, polÔ aplopoihmèna, wc to pl joc twn diaforetik¸n
qarakthristik¸n pou epijumoÔme h sÔgkrish na {anamignÔei}. Sunep¸c, gia d = 1
(grammik ) diaqwrÐzei to q¸ro kat� èna qarakthristikì th for�, gia d = 2 koit�zei
zeÔgh qarakthristik¸n tautìqrona, k.o.k. EpÐshc polÔ aplousteumèna, h diafor�
an�mesa sthn kernel dÔnamh kai sthn poluwnumik  entopÐzetai sto kat� pìso epiju-
moÔme na l�boume up ìyin mìno akrib¸c d qarakthristik� th for� (dÔnamh),   ìlouc
touc sunduasmoÔc an� d   ligìterwn to pl joc qarakthristik¸n (poluwnumik ).
Par ol aut�, autèc oi ermhneÐec den prèpei na lamb�nontai up ìyin kat� gr�mma.
Eidikìtera, èna megalÔtero d den eÐnai aparaÐthta kalÔtero.
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Sqetik� me thn epilog  thc paramètrou λ ac anafèroume apl¸c ìti sth sqetik 
bibliografÐa ja sunant sei kaneÐc di�forec mejìdouc pou aforoÔn sto sugkekri-
mèno z thma.

Up�rqoun, tèloc, poll� kìlpa kai parak�myeic pou mporoÔn na epitaqÔnoun th
lÔsh miac MDU, oi opoÐec sqetÐzontai kurÐwc me to genikì prìblhma tetragwnikoÔ
programmatismoÔ, kai ta kal� pakèta MDU ta ekmetalleÔontai. Gia par�deigma, èna
kalì pakèto ofeÐlei na ekmetalleÔetai thn araiìthta sto qarakthristikì q¸ro glu-
t¸nontac upologismoÔc. 'Ena polÔ kalì pakèto eÐnai to Thorsten Joachim’s SVM-
light (http://svmlight.joachims.org.) (Implementing Support Vector Machines in
C)to opoÐo dianèmetai eleÔjera sto diadÐktuo. To Gist [Software Tools for Sup-
port Vector Machine Classification and for Kernel Principal Components Analysis
at http://microarray.cpmc.columbia.edu/gist.]eÐnai mÐa akìma dhmofil c eleÔjerh
efarmog . Tèloc, sthn istoselÐda http://www.support-vector.net. up�rqei selÐda
me parapompèc se mia poikilÐa MDU efarmog¸n.

O Algìrijmoc epÐlushc MDU me th qr sh Kernel

Prokeimènou na qrhsimopoihjoÔn oi MDU sthn epÐlush enìc probl matoc kath-
goriopoÐhshc dedomènwn pou den eÐnai grammik� diaqwrÐsima, arqik� prèpei na epi-
lèxoume mia kernel sun�rthsh kai na rujmÐsoume tic paramètrouc thc kat� trìpo
pou oi apeikonÐseic twn dedomènwn mac, ston antÐstoiqo q¸ro enswm�twshc, na eÐnai
grammik� diaqwrÐsimec. K�ti tètoio apaiteÐ m�llon perissìtero {kalliteqnikèc} ika-
nìthtec par� episthmonik  akrÐbeia kai eÐnai k�ti pou epitugq�netai empeirik� mèsw
dokim¸n. K�poiec kalèc epilogèc apoteloÔn oi Radial Basis, oi Poluwnumikèc kai
oi Sigmoidal kernel sunart seic.

To pr¸to b ma eÐnai, loipìn, h epilog  thc kernel sun�rthshcK : X×X −→ R,
kai kat epèktash, emmèswc bèbaia, thc qarakthristik c apeikìnishc x 7−→ φ(x).
Katìpin:

• DhmioÔrghse ton pÐnaka H, ìpou Hij = yiyj〈φ(xi)·φ(xj)〉H = yiyjK(xi,xj).

• Apof�sise pìso shmantikèc ja eÐnai oi mh orjèc taxinom seic, kajorÐzontac
mia kat�llhlh tim  gia thn par�metro λ.

• Brec to di�nusma α = (a1, ..., am) ètsi ¸ste na megistopoieÐtai h

m∑
i=1

ai −
1

2
αTHα
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upì sunj kec

0 ≤ ai ≤ λ ∀ i kai
m∑
i=1

aiyi = 0. (2.38)

Autì epitugq�netai me th qr sh enìc QP solver.

• Upolìgise to w =
m∑
i=1

aiyiφ(xi).

• Kajìrise to sÔnolo S twn Dianusm�twn Upost rixhc, brÐskontac touc de-
Ðktec i gia touc opoÐouc 0 < ai ≤ λ.

• Upolìgise to

b = 1
Ns

∑
s∈S

(
ys −

∑
k∈S

akyk〈φ(xk) · φ(xs)〉H

)

= 1
Ns

∑
s∈S

(
ys −

∑
k∈S

akykK(xk,xs)

)
.

• K�je nèo shmeÐo x′ katat�ssetai upologÐzontac to

y′ = sgn(wTx′ + b)

= sgn

(
m∑
i=1

aiyiK(xi,x) + b

)
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Kef�laio 3

O Algìrijmoc Kernel
Least-Mean-Square kai oi
teqnikèc AraÐws c tou.

3.1 Adaptive Learning Algìrijmoi sthn anti-

met¸pish Problhm�twn M�jhshc

Ac upojèsoume ìti epijumoÔme na {anakalÔyoume} to mhqanismì miac sun�rthshc
F : X ⊂ RM −→ R, (ja thn apokaloÔme kai true filter), èqontac sth di�jes  mac
mia akoloujÐa paradeigm�twn eisìdwn-exìdwn ((x1, d1), (x2, d2), . . . , (xn, dn), . . .),
ìpou xn ∈ X ⊂ RM kai dn ∈ R gia k�je n ∈ N. Stìqoc enìc tupikoÔ Adaptive
Learning algorÐjmou eÐnai o prosdiorismìc, me b�sh ta dedomèna, miac sqèshc
eisìdou-exìdou, fw, mèsa apì mia parametrik  kl�sh sunart sewn H = {fw :
X −→ R, w ∈ Rν}, ètsi ¸ste na elaqistopoieÐtai h tim  miac prokajorismènhc
loss function L(w) h opoÐa, se k�je b ma n, upologÐzei to sf�lma an�mesa sto
pragmatikì apotèlesma, dn, kai sthn ektÐmhs  tou fw(xn).

3.2 O algìrijmoc Least Mean Square (LMS)

Sthn pio sunhjismènh morf  tou LMS algorÐjmou, uiojeteÐtai wc q¸roc upojèsewc
h kl�sh twn grammik¸n sunart sewn H1 = {fw(x) = wTx,w ∈ RM}, en¸ wc loss
function qrhsimopoieÐtai to mèso tetragwnikì sf�lma (mean square error
- MSE)

L(w) ≡ E[|dn − fw(x)|2] = E[|dn −wTx|2]
SumbolÐzoume, epÐshc, thn posìthta

en = dn −wT
n−1xn
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kai thn apokaloÔme a priori sf�lma se k�je b ma n. Qrhsimopoi¸ntac, t¸ra,
th Stochastic gradient descent mèjodo, se k�je qronik  stigm  n = 1, 2, . . . , N , h
klÐsh tou mèsou tetragwnikoÔ sf�lmatoc

−∇L(w) = 2E[(dn −wT
n−1xn)(xn)] = 2E[enxn]

proseggizìmenh apì thn tim  thc gia k�je dedomènh qronik  stigm  n

E[enxn] ≈ enxn

odhgeÐ sth step update (  weight-update) exÐswsh, h opoÐa proc thn kate-
Ôjunsh thc meÐwshc eÐnai:

wn = wn−1 + µenxn (3.1)

ìpou m eÐnai h par�metroc pou ekfr�zei pìso meg�lo eÐnai to {b ma} mac proc
thn kateÔjunsh thc kajìdou (apokaleÐtai kai b ma ekm�jhshc). H teleutaÐa
exÐswsh mac odhgeÐ stic akìloujec sqèseic:

w0 = 0 (upìjesh)

w1 = w0 + µe1x1 = µe1x1

w2 = µe1x1︸ ︷︷ ︸
w1

+µe2x2

...

wn = µ
n∑
k=1

ekxk

(3.2)
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Analutikìtera, ta b mata tou algorÐjmou akoloujoÔn thn ex c poreÐa:

ArqikopoÐhsh: w0 = 0

B ma 1: èrqetai to (x1, d1)

B ma 2: f(x1) ≡ wT
0 x1 = 0

B ma 3: e1 = d1 − f(x1) = d1

B ma 4: w1 = w0 + µe1x1 = µe1x1

B ma 5: èrqetai to (x2, d2)

B ma 6: f(x2) ≡ wT
1 x2

B ma 7: e2 = d2 − f(x2)

B ma 8: w2 = w1 + µe2x2

B ma 9: èrqetai to (x3, d3)

...

O K¸dikac Least-Mean Square

• w=0

• for i=1 to N (p.q. N=5000)

f ≡ wTxi

e = di − f
w = w + µexi

• end for

Apì ta di�fora krit ria sÔgklishc tou LMS algorÐjmou, m�llon to dh-
mofilèstero diatup¸netai wc ex c: efìson to fÐltro (true filter) eÐnai grammikì,
dhlad  F (xn) = wT

∗ xn kai h xn eÐnai WSS (weak-sense stationarity) process, tìte
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µ
∞∑
n=1

eixi −→ w∗ kai E[|en|2] −→ c(stajer�), kaj¸c n −→ ∞, an to µ ikano-

poieÐ th sunj kh 0 < µ < 1
λmax

, ìpou me λmax sumbolÐzoume th megalÔterh idiotim 

tou pÐnaka susqètishc (correlation matrix) R = E[xnx
T
n ]. Sthn pr�xh, arkeÐ

0 < µ < 1
tr(R)

.

Kaj¸c, epÐshc, o LMS emfanÐzei euaisjhsÐa sthn klÐmaka twn xi, kajÐstatai
dÔskolh h epilog  b matoc ekm�jhshc µ tètoiou ¸ste na exasfalÐzei th staje-
rìthta tou algorÐjmou gia tic di�forec timèc twn dedomènwn eisìdou. Gia na para-
k�myoume to sugkekrimèno prìblhma mporoÔme na qrhsimopoi soume mia parallag 
tou LMS algorÐjmou, h opoÐa prokÔptei an h teleutaÐa exÐswsh thc parap�nw epa-
nalhptik c diadikasÐac antikatastajeÐ apo thn

w = w +
µe

‖xi‖2
xi (3.3)

O algìrijmoc kaleÐtai plèon Normalized LMS kai èqei apodeiqjeÐ ìti o bèlti-
stoc rujmìc ekm�jhshc tou epitugq�netai gia µ = 1.

Sunep¸c, se k�je perÐptwsh, met� apì mia ekpaÐdeush n bhm�twn, to b�roc
wn ekfr�zetai wc grammikìc sunduasmìc twn prohgoÔmenwn kai tou teleutaÐou
dedomènou eisìdou, stajmismènwn apì ta antÐstoiqa a priori sf�lmata. Akìma
shmantikìtero eÐnai to gegonìc ìti h diadikasÐa eisìdou-exìdou tou sugkekrimènou
sust matoc ekpaÐdeushc mporeÐ na ekfrasteÐ apokleistik� me ìrouc eswterik¸n
ginomènwn:

f(xn+1) = wT
nxn+1 = µ

n∑
k=1

ekx
T
kxn+1 (3.4)

ìpou

en = dn − µ
n−1∑
k=1

ekx
T
kxn

'Ara, qrhsimopoiìntac to tèqnasma Kernel, o algìrijmoc LMS epekteÐnetai eÔkola
ston Kernel LMS, pou apoteleÐ to antikeÐmeno thc epìmenhc paragr�fou.

3.3 O algìrijmoc Kernel LMS (KLMS)

UpenjumÐzoume ìti wc kernel sun�rthsh jewroÔme mia suneq , summetrik , jetik�
orismènh sun�rthsh K : X × X −→ R (bl. Kef�laio 1). Stic perissìtero
diadedomènec kernel sunart seic perilamb�nontai h Gaussian kernel:

K(xi,xj) = e−a‖xi−xj‖2 (3.5)
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kai h poluwnumik  kernel:

K(xi,xj) = (xTi xj + 1)p (3.6)

Gia k�je kernel sun�rthsh K : X × X −→ R, to Je¸rhma 1.6 (Moore) mac
exasfalÐzei thn Ôparxh, monadikoÔ, q¸rou RKHS, H, (ìpwc autìc orÐsthke sthn
Par�grafo 1.1) o opoÐoc par�getai mèsw miac antÐstoiqhc, ìqi aparaÐthta gram-
mik c, qarakthristik c apeikìnishc φ : X −→ H, pou enswmat¸nei ta dedomèna
x ∈ X sto q¸ro sunart sewn H me th morf  φ(x) = kx, dhlad  me th morf  twn
antÐstoiqwn, gia k�je shmeÐo x, kernel sunart sewn. H shmantik  idiìthta pou
sundèei ìla ta parap�nw, eÐnai bebaÐwc pwc, gia k�je x1,x2 ∈ X isqÔei:

K(x1,x2) = 〈kx1 , kx2〉H = 〈φ(x1),φ(x2)〉H

(UpenjumÐzoume ìti h summetrÐa sumperilamb�netai stic idiìthtec twn pragmatik¸n
kernel sunart sewn).

Jewr¸ntac loipìn to q¸ro twn grammik¸n sunarthsiak¸n H2 = {Tw : H −→
R, Tw(φ(x)) = 〈w,φ(x)〉H,w ∈ H} wc nèo q¸ro upojèsewc, o algìrijmoc Kernel
LMS (KLMS) den eÐnai �lloc apì ton LMS ekteloÔmeno gia thn akoloujÐa para-
deigm�twn ((φ(x1), d1), . . . , (φ(xn), dn)), antistoiqÐzontac ètsi mia mh-grammik  dia-
dikasÐa entìc tou EukleideÐou q¸rou eisìdwn X se mia grammik  entìc tou RKHS
q¸rou H. O mhqanismìc tou sunoyÐzetai wc ex c:

AnazhtoÔme sun�rthsh

f(xn) ≡ Tw(φ(xn)) =< w,φ(xn) >H ,w ∈ H
ètsi ¸ste na elaqistopoieÐtai h loss function

L(w) ≡ E[|dn − f(xn)|2] = E[|dn − 〈w,φ(xn)〉H|2]

Jètontac kai p�li
en = dn − f(xn)

paragwgÐzoume kat� Frechet

∇L(w) = −2E[enφ(xn)]

thn opoÐa kai p�li, kat� th logik  tou LMS, proseggÐzoume me thn tim  thc gia
k�je qronik  stigm  n

∇L(w) = −2enφ(xn)

lamb�nontac, telik�, proc thn kateÔjunsh thc elaqistopoi sewc

wn = wn−1 + µenφ(xn) (3.7)
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O algìrijmoc {trèqei} wc ex c:

w0 = 0

w1 = µe1φ(x1)

w2 = µe1φ(x1) + µe2φ(x2)

...

wn = µ
n∑
k=1

ekφ(xk)

Se k�je b ma n ja èqoume loipìn:

f(xn) = Twn−1(φ(xn)) =< wn−1,φ(xn) >H

=< µ
n−1∑
k=1

ekφ(xk),φ(xn) >H

= µ
n−1∑
k=1

ek < φ(xk),φ(xn) >H

= µ
n−1∑
k=1

ekK(xk,xn)

Telik�, h sqèsh eisìdou-exìdou, met� apì N b mata ekpaÐdeushc tou algorÐjmou
ekm�jhshc, eÐnai

wn = µ
n∑
k=1

ekφ(xk) (3.8)

f(xn) = µ
n−1∑
k=1

ekK(xk,xn) (3.9)

O K¸dikac Kernel Least-Mean Square

• EÐsodoc: ta dedomèna (xn, yn) kai to pl joc touc N

• 'Exodoc: to an�ptugma w =
N∑
k=1

αkK(·,uk), ìpou αk = µek
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• ArqikopoÐhsh:
f 0 = 0
n: to b ma m�jhshc
m: h par�metroc m tou b matoc ekm�jhshc
'Orise to di�nusma α = 0, ton pÐnaka D = {} kai tic paramètrouc thc kernel
sun�rthshc.

• for n = 1 . . . N do

if n == 1 then

fn = 0

else

Upolìgise to filter output fn =
M∑
k=1

αkK(uk,xn)

end if

Upolìgise to sf�lma : en = dn − fn
αn = µen

Kataq¸rhse to nèo kèntro un = xn sth lÐsta me ta kèntra, dhlad ,
D = {D,un}, αT = {αT , αn}

• end for

MporoÔme kai ed¸, sth jèsh thc (3.7), na qrhsimopoi soume mia kanonikopoih-
mènh morf , ìpwc gia par�deigma thn:

wn = wn−1 +
µen

K(xn,xn)
φ(xn) (3.10)

lamb�nontac ètsi ton normalized KLMS (KNLMS). Ston algìrijmo, autì me-

tafr�zetai wc antikat�stash tou b matoc an = µen me to an =
µen
κ

, ìpou to

κ = K(xn,xn) mporeÐ na èqei upologisteÐ se prohgoÔmeno b ma.

Oi idiìthtec sÔgklishc kai eust�jeiac tou KLMS apoteloÔn, akìma, anoiktì pe-
dÐo èreunac. Lamb�nontac up ìyin ìti o algìrijmoc KLMS eÐnai o LMS ekteloÔme-
noc se RKHS q¸ro, oi idiìthtec tou LMS metafèrontai ap eujeÐac ston KLMS. 'O-
mwc, en¸ oi idiìthtec tou LMS èqoun apodeiqjeÐ gia EukleÐdeiouc q¸rouc, oi RKHS
q¸roi pou qrhsimopoioÔntai sthn pr�xh eÐnai �peirhc di�stashc q¸roi Hilbert. A-
xÐzei epÐshc na epishm�noume ìti, prìsfata, anaptÔqjhke mia genÐkeush tou KLMS,
o complex kernel LMS, o opoÐoc dra ap eujeÐac se migadikoÔc RKHS q¸rouc.
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3.4 AraÐwsh thc LÔshc

To shmantikìtero meionèkthma tou algorÐjmou KLMS eÐnai pwc to pl joc twn
shmeÐwn xn pou emplèkontai sthn ektÐmhsh tou apotelèsmatoc aux�netai diark¸c,
me apotèlesma na apaiteÐtai oloèna kai perissìterh mn mh, kaj¸c kai upologisti-
k  isqÔc, ìso o algìrijmoc {trèqei}. To sÔnolo twn shmeÐwn aut¸n mporeÐ na
jewrhjeÐ wc èna {lexikì} D to opoÐo apojhkeÔetai sth mn mh.

'Etsi, den eÐnai dunatìn na qrhsimopoihjeÐ autoÔsioc o KLMS se pragmatik�
probl mata, miac kai to lexikì megal¸nei aperiìrista me apotèlesma, met� apì o-
rismèno pl joc epanal yewn, to an�ptugma (3.9) na gÐnetai tìso meg�lo ¸ste na
gemÐzei th mn mh tou upologist  en¸ par�llhla ja apaiteÐ kai ter�stio qrìno u-
pologismoÔ, kajist¸ntac ètsi thn efarmog  mac �qrhsth. EÐnai loipìn anagkaÐa h
eÔresh mejìdwn pou na periorÐzoun to mègejoc tou anaptÔgmatoc.

Up�rqoun, pr�gmati, diajèsimec orismènec strathgikèc antimet¸pishc tou fai-
nomènou perigr�yame parap�nw, odhg¸ntac se araièc lÔseic. Autì to epitugq�noun
diamorf¸nontac to lexikì, èwc èna bajmì, kat� ta pr¸ta st�dia tou algorÐjmou
kataqwr¸ntac arket� nèa shmeÐa (  alli¸c nèa kèntra, ìpwc ja apokaloÔme sth
sunèqeia ta shmeÐa pou kataqwroÔntai sto lexikì) aux�nontac ètsi thn èktas  tou,
sth sunèqeia ìmwc epitrèpoun se nèa shmeÐa na prostÐjentai wc kèntra mìno an
plhroÔn sugkekrimèna krit ria. H genik  dom  enìc tètoiou algorÐjmou eÐnai h
akìloujh:

O K¸dikac Kernel Least-Mean Square me araÐwsh

• EÐsodoc: ta dedomèna (xn, yn) kai to pl joc touc N

• 'Exodoc: to an�ptugma w =
M∑
k=1

αkK(·,uk), ìpou αk = µek

• ArqikopoÐhsh:
f 0 = 0,M = 0
n: to b ma m�jhshc
m: h par�metroc m tou b matoc ekm�jhshc
'Orise di�nusma α = 0, pÐnaka D = {} kai tic paramètrouc tou kernel

• for n = 1 . . . N do

if n == 1 then

fn = 0

62



else

Upolìgise to filter output fn =
M∑
k=1

αkK(uk,xn)

end if

Upolìgise to sf�lma : en = dn − fn
αn = µen

'Elegqoc Proôpojèsewn AraÐwshc

if Oi Proôpojèseic AraÐwshc IkanopoioÔntai then

M = M + 1

Kataq¸rhse to nèo kèntro uM = xn sth lÐsta me ta kèntra, dhlad ,
D = {D,uM}, αT = {αT , αn}

end if

• end for

3.4.1 Platt’s novelty criterion

Par�deigma miac di�shmhc strathgik c araÐwshc apoteleÐ to Platt’s novelty cri-
terion, sÔmfwna me to opoÐo gia k�je nèo zeÔgoc (xn, dn) pou exet�zetai, h apìfa-
sh gia to an ja kataqwrhjeÐ to xn sto D lamb�netai �mesa me b�sh touc ex c
aploÔc kanìnec:

• Arqik�, upologÐzetai h apìstash tou nèou shmeÐou xn apì to lexikì Dn−1

dist = min
uk∈Dn−1

{‖xn − uk‖}

• 'An h apìstash aut  eÐnai mikrìterh apì èna prokajorismèno kat¸tato ìrio
δ1, gegonìc pou shmaÐnei ìti to upì exètash di�nusma brÐsketai {polÔ} kont�
se k�poio apì ta  dh up�rqonta sto lexikì dianÔsmata, tìte to nèo di�nusma
den kataqwreÐtai sto lexikì Dn−1 opìte paramènei Dn = Dn−1.

• Alli¸c, upologÐzetai to sf�lma en = dn − fn. An h tim  |en| eÐnai mikrìterh
apì èna prokajorismèno ìrio δ2 tìte to nèo shmeÐo p�li den kataqwreÐtai kai
paramèneiDn = Dn−1. Mìno sthn perÐptwsh pou |en| ≥ δ2 to xn kataqwreÐtai
sto Dn−1 kai to lexikì diamorf¸netai wc Dn = Dn−1 ∪ {xn}.
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BebaÐwc, k�je for� pou kataqwroÔme èna nèo shmeÐo sto lexikì D den ja prèpei na
paraleÐpoume na kataqwroÔme kai ton antÐstoiqo suntelest  an = µen sth lÐsta
twn suntelest¸n a.

3.4.2 Coherence Based Sparsification Strategy

'Ena �llo gnwstì sq ma eÐnai h apokaloÔmenh strathgik  araÐwshc b�sh
sunektikìthtac (coherence based sparsification strategy), sÔmfwna me
thn opoÐa èna shmeÐo xn kataqwreÐtai sto lexikì an h sunektikìtht� tou xepern�
èna dedomèno ìrio ε0, dhlad  an

max
uk∈Dn

{|K(xn,uk)|} ≤ ε0 (3.11)

'Eqei apodeiqjeÐ ìti h di�stash enìc lexikoÔ pou diamorf¸netai sÔmfwna me ton
parap�nw kanìna paramènei peperasmènh, kaj¸c to n teÐnei sto �peiro.

3.4.3 Surprise Criterion

Mia perissìtero ekleptusmènh strathgik  eÐnai to apokaloÔmeno surprise crite-
rion. Surprise enìc nèou zeÔgouc dedomènwn (xn, dn) wc proc èna sÔsthma ekm�jh-
shc T orÐzoume thn arnhtik  logarijmik  pijanìthta tou (xn, dn) dedomènhc thc
learning system’s hypothesis thc katanom c twn dedomènwn, dhlad 

ST (xn, dn) = − ln p((xn, dn)|T )

Me b�sh to parap�nw mètro, to zeÔgoc dedomènwn mporeÐ na taxinomhjeÐ se mÐa apì
tic akìloujec kathgorÐec:

• Abnormal: ST (xn, dn) > δ1,

• Learnable: δ1 ≥ ST (xn, dn) ≥ δ2,

• Reduntant: ST (xn, dn) < δ2,

ìpou δ1, δ2 eÐnai par�metroi pou sqetÐzontai me to prìblhma. SÔmfwna me aut  th
mèjodo, mìno ìtan èna nèo zeÔgoc dedomènwn taxinomeÐtai wc learnable kataqwreÐtai
sto lexikì. Sthn perÐptwsh tou KLMS me Gaussian eisìdouc kai dÐqwc a priori
plhroforÐec, to surprise measure eÐnai

Sn =
1

2
ln(rn) +

e2n
2rn

(3.12)
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ìpou

rn = λ+K(xn,xn)− max
uk∈Dn

{K
2(xn,uk)

K(uk,uk)
} (3.13)

me λ mia orismènh apì ton qr sth par�metro taktopoÐhshc.

3.4.4 Quantized Kernel Least-Mean Square (QKLMS)

'Ena shmantikì meionèkthma twn mejìdwn araÐwshc pou anafèrame èwc t¸ra eÐnai
ìti diathroÔn, ep' aìriston kai apar�llaqtec, tic palaiìterec plhroforÐec (me th
morf  twn ai pou sugkrotoÔn to α), adunat¸ntac ètsi na antepexèljoun se alla-
gèc pou endèqetai na ephre�soun to kan�li. Upì thn ènnoia aut  ja mporoÔsan na
jewrhjoÔn perissìtero wc online par� wc adaptive filtering algorithms. Mia dia-
foretik  teqnik  epibol c araÐwshc sth lÔsh tou KLMS, h opoÐa ìmwc diajètei
epiprosjètwc kai thn ikanìthta prosarmog c se endeqìmenec allagèc tou kana-
lioÔ, eÐnai o kbantismìc (quantization) twn dedomènwn ekpaÐdeushc sto q¸ro
eisìdwn. H filosofÐa thc mejìdou emfanÐzetai ston algìrijmo pou akoloujeÐ:

O K¸dikac Quantized Kernel Least-Mean Square (QKLMS)

• EÐsodoc: ta dedomèna (xn, yn) kai to pl joc N

• 'Exodoc: to an�ptugma w =
N∑
k=1

αkK(·,uk), ìpou αk = µek

• ArqikopoÐhsh:
f 0 = 0
n: to b ma m�jhshc
m: h par�metroc m tou b matoc ekm�jhshc
'Orise di�nusma α = 0, pÐnaka D = {}, tic paramètrouc tou kernel kai to
mègejoc d thc kb�ntishc.

M = 0

• for n = 1 . . . N do

if n == 1 then

fn = 0

else
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Upolìgise to filter output fn =
M∑
k=1

αkK(uk,xn)

end if

Upolìgise to sf�lma : en = dn − fn
αn = µen

Upolìgise thn apìstash metaxÔ xn kai D: dist = min
uk∈D
‖xn − uk‖ =

‖xn − ul‖, gia èna l ∈ {1, . . . ,M}.
if dist > δ then

M = M + 1

Kataq¸rhse to nèo kèntro uM = xn sth lÐsta me ta kèntra, dhlad ,
D = {D,uM}, αT = {αT , αn}

else

Kr�thse to lexikì D wc èqei kai enhmèrwse to suntelest  al, dh-
lad  al = al + µen.

end if

• end for

Kaj¸c, loipìn, katafj�nei k�je nèa plhroforÐa xn, diadeqìmenh thn prohgo-
Ômenh, o algìrijmoc apofasÐzei an prìkeitai gia nèo kèntro   gia perittì shmeÐo.
Sugkekrimèna, an h apìstas  tou xn apì to lexikì Dn, ìpwc autì eÐnai diamorfw-
mèno mèqri ekeÐnh th stigm , eÐnai megalÔterh   Ðsh apì to kbantikì mègejoc d (k�ti
pou shmaÐnei ìti to xn den mporeÐ na {kbantopoihjeÐ} se k�poio apì ta shmeÐa pou
perièqontai  dh sto Dn) tìte to xn taxinomeÐtai wc nèo kèntro kai kataqwreÐtai sto
lexikì, to opoÐo gÐnetai plèon Dn+1 = {Dn,xn}. Alli¸c, to xn anagnwrÐzetai wc
{perittì} shmeÐo kai o algìrijmoc den epibarÔnei �skopa to mègejoc tou lexiko-
Ô kataqwr¸ntac to wc epiplèon kèntro, ekmetalleÔetai ìmwc thn plhroforÐa pou
proèkuye ¸ste na anane¸sei to suntelest  tou plhsièsterou sto sugkekrimèno
shmeÐo kèntrou, ac poÔme tou ul ∈ Dn.
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3.5 Dokimèc twn algorÐjmwn kai sumper�sma-

ta

3.5.1 Nonlinear Channel Equalization

Prokeimènou na elègxoume tic epidìseic tou KLMS, jewroÔme èna tupikì peÐrama an-
tist�jmishc mh grammikoÔ kanalioÔ (nonlinear channel equalization task). (Sq ma)
To mh grammikì kan�li apoteleÐtai apì èna grammikì fÐltro (linear filter)

tn = 0.8 · yn + 0.7 · yn−1

kai mia memoryless nonlinearity

qn = tn + 0.8 · t2n + 0.7 · t3n

To s ma, katìpin, ephre�zetai apì additive white Gaussian noise kai parathreÐtai
telik� wc xn. To epÐpedo (level) tou jorÔbou tèjhke Ðso me 15 dB.

Sq ma 3.1: Equalization Task

Stìqoc tou channel equalization task eÐnai o sqediasmìc enìc antÐstrofou fÐl-
trou pou na dra ep�nw sto output tou kanalioÔ, xn, kai na anapar�gei to gn sio
input s ma yn ìso kalÔtera gÐnetai.
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Efarmìzoume ton algìrijmo KLMS sto sÔnolo paradeigm�twn

((xn, xn−1, . . . , xn−k+1), yn−D)

ìpou k > 0 to m koc tou antistajmist  (equalizer’s length) kai D h qronik  ka-
justèrhsh tou antistajmist  (equalizer’s time delay), h opoÐa emfanÐzetai sqedìn
se k�je equalization set up. Me �lla lìgia, to apotèlesma tou antistajmist  th
qronik  stigm  xn antistoiqeÐ sthn ektÐmhsh tou yn−D.

To peÐrama pragmatopoi jhke se 50 sÔnola apì 5000 deÐgmata input signals
sto kajèna (Gaussian random variable with zero mean and unit variance) sug-
krÐnontac tic epidìseic tou standard LMS me ekeÐnec tou KLMS, efarmìzontac dÔo
diaforetikèc strathgikèc araÐwshc, jewr¸ntac ìlouc touc algorÐjmouc stic nor-
malized ekdoqèc touc.

'Oson afor� tic dÔo ekdoqèc tou KLMS, qrhsimopoi jhke kai stic dÔo h Gaus-
sian kernel sun�rthsh (me σ = 5), kai sth mÐa ekdoq , NKLMS(nov.crit.), uio-
jet jhke to Platt’s novelty criterion wc teqnik  araÐwshc thc lÔshc (δ1 = 0.04,
δ2 = 0.04), en¸ sthn �llh , QNKLMS, uiojet jhke h teqnik  tou kbantismoÔ twn
dedomènwn (me mègejoc kb�ntishc δ = 0.8).

To b ma m�jhshc (step update parameter) rujmÐsthke ¸ste na apodÐdei ta ka-
lÔtera dunat� apotelèsmata (in terms of the steady-state error rate). H time delay
D rujmÐsthke epÐshc wc bèltisth.

To Sq ma 3.2, sthn epìmenh selÐda, parousi�zei tic learning curves twn KLMS
kai standard LMS algorÐjmwn. H uperoq  tou KLMS eÐnai emfan c, k�ti pou  tan
anamenìmeno kaj¸c o LMS adunateÐ na diaqeiristeÐ th mh grammikìthta.

To Sq ma 3.3 parousi�zei thn aÔxhsh twn ìrwn pou emfanÐzontai sto an�ptug-
ma thc lÔshc, ìson afor� stic duo diaforetikèc mejìdouc araÐwshc tou KLMS
algorÐjmou. H oikonomÐa pou epitugq�noume mèsw thc kb�ntishc, qwrÐc ousiastikì
kìstoc sthn apotelesmatikìthta tou algorÐjmou, eÐnai axioshmeÐwth.
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Sq ma 3.2: Oi kampÔlec m�jhshc (Learning curves) twn normalized LMS kai KLMS
algorÐjmwn. Gia ton KLMS, qrhsimopoi jhke kai stic dÔo peript¸seic h Gaussian kernel
sun�rthsh (σ = 5). Sthn NKLMS(nov.crit.), ekdoq  uiojet jhke to Platt’s novelty
criterion wc teqnik  araÐwshc thc lÔshc (δ1 = 0.04, δ2 = 0.04), en¸ sthn QNKLMS,
uiojet jhke h teqnik  tou kbantismoÔ twn dedomènwn (me mègejoc kb�ntishc δ = 0.8).

Sq ma 3.3: Η εξέλιξη του πλήθους των όρων του αναπτύγματος της λύσης εφαρμόζοντας
τις δυο διαφορετικές μεθόδους αραίωσης: Platt’s novelty criterion (δ1 = 0.04, δ2 = 0.04) στον
NKLMS(nov.crit.) , κβαντισμός των δεδομένων (με μέγεθος κβάντισης δ = 0.8) στον QNKLMS.
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3.5.2 Chaotic Time Series Prediction

Sto sugkekrimèno peÐrama, epiqeiroÔme braquprìjesmh prìbleyh twn ìrwn thc qa-
otik c qronoseir�c Mackey-Glass, h opoÐa perigr�fetai apì thn akìloujh delayed
diaforik  exÐswsh:

dx(t)

dt
=

a · x(t− τ)

1 + x(t− τ)10
− b · x(t) (3.14)

me tim  paramètrou τ = 30 kai a = 10, b = 0.2. Gia thn arijmhtik  thc epÐlush
qrhsimopoioÔme thn 4hc t�xewc Runge-Kutta mèjodo.

SugkrÐnoume tic epidìseic tou algorÐjmou KLMS, sth normalized ekdoq  tou,
efarmìzontac dÔo teqnikèc araÐwshc : ton kbantismì (QNKLMS) (mègejoc kb�n-
tishc δ = 0.1) kai to Platt’s Novelty Criterion (NKLMS) (δ1 = 0.04,δ2 = 0.04).

Wc kernel sun�rthsh epilèqjhke h Gaussian, me tim  paramètrou σ = 3 kai stic
dÔo peript¸seic, en¸ to b ma m�jhshc µ rujmÐsthke ¸ste na dÐnei ta kalÔtera a-
potelèsmata.

H ektÐmhsh pragmatopoieÐtai, sunolik�, gia touc 5000 pr¸touc ìrouc thc qro-
noseir�c. Oi pr¸tec 4000 timèc qrhsimopoioÔntai wc shmeÐa ekpaÐdeushc en¸ oi
epìmenec 1000 wc dedomèna dokim c. Sta dedomèna èqei prostejeÐ kai Gaussian
jìruboc. PragmatopoioÔme 50 Monte Carlo prosomoi¸seic, me diaforetikèc timèc
sthn arqik  sunj kh x0 thc qronoseir�c Mackey kai diaforetikèc timèc jorÔbou.
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Sq ma 3.4: Oi kampÔlec m�jhshc (learning curves) tou normalized KLMS efarmìzon-
tac kbantismì (QNKLMS) (mègejoc kb�ntishc δ = 0.1) kai to Platt’s Novelty Criterion
(NKLMS) (δ1 = 0.04,δ2 = 0.04) gia thn araÐwsh thc lÔshc.ToMèso Sqetikì Sf�l-
ma (Average Relative error) sthn ektÐmhsh twn tim¸n apì ton QNKLMS gia ta 50
test eÐnai sunolik�: 4.8085% (Training: 4.7266%, Testing: 4.8392%), en¸ gia ton NKLMS
eÐnai sunolik�: 7.3752% (Training: 7.5749%, Testing: 6.8555%).

Sq ma 3.5: H exèlixh tou pl jouc twn ìrwn sto an�ptugma thc lÔshc, mèqri to pèrac
thc ekpaÐdeushc, gia tic dÔo diaforetikèc mejìdouc araÐwshc: kbantismì (QNKLMS)
(mègejoc kb�ntishc δ = 0.1) kai Platt’s Novelty Criterion (NKLMS) (δ1 = 0.04,δ2 =
0.04). Me ton kbantismì epitugq�netai shmantik  oikonomÐa, qwrÐc kìstoc stic epidìseic
tou algorÐjmou.
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Sq ma 3.6: SÔgkrish twn ektim¸menwn (mèsw tou QNKLMS ) tim¸n twn ìrwn thc
qronoseir�c Mackey, (kìkkino qr¸ma) me tic pragmatikèc timèc twn ìrwn (mple qr¸ma).
H arqik  sunj kh gia th sugkekrimènh Mackey tèjhke x0 = −4, 56.

Sq ma 3.7: AntÐstoiqh sÔgkrish me ektÐmhsh twn tim¸n mèsw tou NKLMS algorÐjmou.
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