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Prìlogoc

Sthn paroÔsa diplwmatik  ergasÐa prosp�jhsa na sundi�sw thn empeirÐa 25 qrìnwn enasqìlishc me th
Gewfusik  kai èna kl�do twn efarmosmènwn majhmatik¸n, thn arijmhtik  an�lush.

Epist monec kai mhqanikoÐ suqn� jèloun na susqetÐsoun fusikèc paramètrouc oi opoÐec qara-
kthrÐzoun èna montèlo m kai na sullèxoun metr seic (parathr seic) oi opoÐec ja apoteloÔn mia om�da
(set) dedomènwn d.
Epeid  basikèc ènnoiec thc Fusik c eÐnai gnwstèc, deqìmaste ìti mia sun�rthsh G sqetÐzei ta m kai d ,
dhlad  G(m)=d. Mia shmantik  upìjesh eÐnai ìti oi metr seic perièqoun jìrubo, o opoÐoc ofeÐletai sthn
akrÐbeia twn org�nwn, den lamb�noume up� ìyh ìlouc touc paramètrouc pou ephre�zoun to montèlo mac
ktl., dhlad  ja èqoume G(m)=d+η ìpou me η sumbolÐzoume to jìrubo.

To eujÔ (forward) prìblhma eÐnai na upologÐsoume ta d dojèntoc to montèlo m . To antÐstrofo (in-
verse) prìblhma (autì pou ja mac apasqol sei se aut  thn ergasÐa) eÐnai na broÔme to montèlo m dojèntoc
twn metr sewn d. Sthn perÐptwsh enìc diakritoÔ grammikoÔ probl matoc èqoume na lÔsoume to grammikì
sÔsthma Gm=d.

Sthn paroÔsa ergasÐa ja doÔme merikèc mejìdouc gia thn upì sunj kh lÔsh enìc grammikoÔ sust matoc(
Ax=g, li≤x≤ui, i=1, . . . , n

)
kai thn efarmog  touc sth Gewfusik , sth Barutik  mèjodo.

Sthn Enìthta 1 up�rqei mia eisagwg  gÔrw apì thn Gewfusik , Barutik  Mèjodoc kai perigraf  tou
trìpou me ton opoÐo ft�noume apì ton nìmo thc barÔthtac ston pÐnaka A tou grammikoÔ mac sust matoc.

Sthn Enìthta 2 ja doÔme thn efarmog  tou nìmou thc barÔthtac tou NeÔtwna sthn gewfusik  kai tic
diorj¸seic oi opoÐec qrei�zontai gia na katal xoume apì tic metrhmènec timèc barÔthtac stic diorjwmènec
timèc, oi opoÐec antapokrÐnontai stic pragmatikèc anwmalÐec. Sth sunèqeia ja doÔme ton algìrijmo tou
Talwani [20], ènan trìpo ektÐmhsh tou b�jouc thc epaf c metaxÔ dÔo strwm�twn me diaforetik  puknìthta.

Sthn Enìthta 3 ja doÔme ton tÔpo ektÐmhshc tou sf�lmatoc metaxÔ twn diorjwmènwn tim¸n barÔthtac (g)
kai thc antapìkrishc k�poiou montèlou (k�poia prosèggish g∗). SÔgkrish metaxÔ tou tÔpou sf�lmatoc pou
mac dÐnei h nìrma twn upoloÐpwn ||g−g∗||

(
ìpou me || · || ja sumbolÐzoume

thn EukleÐdeia nìrma
)
me ton tÔpo twn C. Brezinski, G. Rodriguez, S. Seatsu [2, 3, 4].

Sthn Enìthta 4 ja doÔme 4 mejìdouc gia th lÔsh tou probl matoc.

• Ton epanalhptikì algìrijmo tou Kaczmarz [8] gia lÔsh grammikoÔ sust matoc kai prosarmog  tou
sth lÔsh grammikoÔ sust matoc me upì sunj kh lÔsh.

• Ton epanalhptikì algìrijmo twn Levenberg-Marquardt [5, 6] kai th metatrop  tou se Modified LM
gia th lÔsh twn grammik¸n susthm�twn me upì sunj kh lÔsh.

• Thn efarmog  thc kanonikopoÐhshc Tichonov kai epilog  thc kat�llhlhc paramètrou λ. Gia th lÔsh
tou sust matoc qrhsimopoioÔme tic mejìdouc SVD, GSVD.

2



Aut  h mèjodoc eÐnai h mình pou lamb�nei upìyh ìti oi metr seic mac g perièqoun jìrubo. IdiaÐtero
endiafèron èqei h mèjodoc parekbol c pou thn proteÐnei o kÔrioc Brezinski sthn ergasÐa [19]

• LÔsh thc MLM me SVD. Sunduasmìc twn dÔo prohgoÔmenwn mejìdwn.

Ta apotelèsmata twn dokim¸n ja ta doÔme sthn Enìthta 5.

Sthn Enìthta 6 paÐrnoume to apotèlesma, thn Gewlogik  ErmhneÐa.

Euqarist¸ thn epiblèpousa kajhg tria kurÐa M. MhtroÔlh kai ta mèlh tic epitrop c kajhghtèc kurÐouc
B. Dougkal  kai S. Not�rh gia tic polÔtimec sumboulèc kai parathr seic touc pou sunèlaban sthn olok-
l rwsh thc paroÔsac ergasÐac.
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1 Eisagwg 

Sthn Gewfusik  efarmìzoume touc nìmouc thc Fusik c sto na ektim soume k�poiec apì tic idiìthtec twn
petrwm�twn se mia perioq  èreunac. Autèc oi idiìthtec mporoÔn na eÐnai puknìthta, magnhtik  epidektikìth-
ta, eidik  hlektrik  antÐstash, ktl. Ektim�me thn katanom  aut¸n twn idiot twn sto q¸ro kai sth sunèqeia
melet�me thn antistoÐqhs  touc me gewlogikoÔc sqhmatismoÔc.

H Barutik  mèjodoc qrhsimopoieÐtai eurèwc sth gewfusik  gia thn anagn¸rish epaf¸n metaxÔ dÔo sqhma-
tism¸n me diaforetik  puknìthta.
H diadikasÐa eÐnai h akìloujh: oi metr seic sthn epif�neia tou ed�fouc gÐnontai se k�nabo   se eujÔgrammh
tom . Oi metr seic se k�nabo mac epitrèpoun mia trisdi�stath ermhneÐa en¸ oi metr seic se tomèc mia dus-
di�stath.

Sthn paroÔsa ergasÐa qrhsimopoioÔme katarq�c mia sugkekrimènh mèjodo dusdi�stathc ermhneÐac pou pro-
t�jhke apì ton Talwani [20] kai to efarmìzoume se tomèc. To apotèlesma eÐnai ta shmeÐa epaf c an�mesa
se dÔo str¸mata me diaforetikèc puknìthtec: to epifaneiakì str¸ma me mikrìterh puknìthta (sun jwc)
kai to b�joc sto opoÐo emfanÐzetai to k�tw str¸ma me diaforetik  puknìthta. To meionèkthma thc mejì-
dou eÐnai ìti qrhsimopoieÐ mìno dÔo timèc puknìthtac sthn ermhneÐa: ìla ta petr¸mata pou brÐskontai sto
�nw str¸ma ta proseggÐzoume me mia tim  puknìthtac kai ìla ta petr¸mata sto k�tw str¸ma me mia �llh.
Sth fÔsh den up�rqei tìso apìtomh metabol  stic puknìthtec sto shmeÐo epaf c twn dÔo strwm�twn, h
metabol  gÐnetai stadiak�. EpÐshc, den mporoÔme na perigr�youme èna ègkoilo (kenì, sphli�) mèsa sthn Gh,
�ra prèpei na qrhsimopoi soume diaforetik  perigraf  gia to montèlo.

ProseggÐzontac thn katanom  puknìthtac tou uped�fouc me sÔnolo n orizìntiwn prism�twn �peirou m k-
ouc kai diaforetik¸n puknot twn katal goume se èna prìblhma antistrof c. To zhtoÔmeno eÐnai na broÔme
autèc tic puknìthtec kat� trìpo ¸ste h barutik  epÐdrash tou montèlou na proseggÐzei kat� ton bèltisto
trìpo to sÔnolo twn metr sewn. Qrhsimopoi¸ntac ton tÔpo tou Banerjee[1] upologÐzoume èna gewmetrikì
par�gonta (geometric factor) Aij an�mesa se k�poio shmeÐo i thc tom c kai k�poiou prÐsmatoc j tou mon-
tèlou. Lamb�nontac upìyh ìla ta shmeÐa thc tom c kai ìla ta prÐsmata tou montèlou dhmiourgoÔme ton
pÐnaka A∈Rn×n kai mazÐ me mia arqik  ektÐmhsh twn puknot twn twn prism�twn x0i , i=1, . . . , n paÐrnoume
thn antapìkrish tou montèlou g̃ = Ax0. To shmantikìtero eÐnai ìti o tetragwnikìc pÐnakac A èqei polÔ
kak  kat�stash (ill conditioned). Gia èna montèlo me 13 seirèc prism�twn, sÔnolo 300 prÐsmata, o pÐnakac
A èqei deÐkth kat�stashc (condition number) κ(A) := ||A|| · ||A−1||= 8.4×1012. Autì eÐnai èna dÔskolo
arijmhtikì prìblhma, to opoÐo qrei�zetai idiaÐterh metaqeÐrish, diaforetik� eis�gei meg�la sf�lmata stouc
upologismoÔc. Epiplèon, oi puknìthtec twn prism�twn prèpei na kumaÐnontai metaxÔ 2.0−2.7×103 kg×m−3

�ra skopìc mac eÐnai na broÔme to min
li≤xi≤ui

||Ax−g||, i=1, . . . ,n ìpou ta li,ui eÐnai ta k�tw, �nw ìria twn

puknot twn.
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2 H barutik  mèjodoc

'Olec oi barutikèc melètec sthrÐzontai sto nìmo barÔthtac tou NeÔtwna, o opoÐoc ekfr�zetai wc h dÔnamh
F metaxÔ dÔo shmeiak¸n maz¸n m1 kai m2 se apìstash r kai dÐnetai apì th sqèsh

F =
Gm1m2

r2
se Newtons (2.1)

ìpou G = 6.67×10−11N ·m2 · kg−2 eÐnai h pagkìsmia stajer� thc barÔthtac.
Sthn perÐptwsh thc èlxhc miac m�zac m apì th Gh (m�zaM), h m�za m pèftei katakìrufa me mia epit�qunsh
g ≈ 9.8m · s−2. H epit�qunsh h opoÐa ofeÐletai sth barÔthta den eÐnai akrib¸c h Ðdia se ìla ta shmeÐa
thc epif�neiac thc Ghc. Up�rqoun mikrèc apoklÐseic pou prokÔptoun apì metabolèc tou sq matoc thc Ghc
kai apì anomoiogèneiec thc puknìthtac aut c. Gewfusikì endiafèron prokÔptei gia th mètrhsh kai ermhneÐa
twn mikr¸n metabol¸n tou g , sqetik� me to sq ma kai th dom  thc Ghc.

H dÔnamh pou askeÐtai se mia pÐptousa m�za m proc th Gh upì thn epÐdrash mìno thc barÔthtac gr�fetai
:

F = m�za x epit�qunsh = mg (2.2)

Sundu�zontac thn 2.1 me thn 2.2 prokÔptei

F = mg =
GmM

r2
(2.3)

ìpou r eÐnai h apìstash mèqri to kèntro thc Ghc. Apì 2.2 kai 2.3 èqoume:

g =
GM

r2
(2.4)

H genik  sqèsh metaxÔ thc barÔthtac kai thc mèshc puknìthtac thc Ghc ρ prosdiorÐzetai eÔkola: an
jewroÔme th Gh sfairik  prokÔptei

ρ =
m�za

ìgkoc
=

M
4

3
πr3

=
3M

4πr3
(2.5)

Apì thn 2.4 prokÔptei M =
gr2

G
�ra

ρ =
3g

4πrG
(2.6)

Qrhsimopoi¸ntac prìsfatec metr seic kai thn exÐswsh 2.6 , h mèsh puknìthta thc Ghc
upologÐsjhke se 5.52× 103kg · m−3.Epeid  aut  h tim  eÐnai polÔ megalÔterh apì tic puknìthtec twn
epifaneiak¸n petrwm�twn (2.0–3.0×103kg·m−3 ) sumperaÐnoume ìti h puknìthta thc Ghc prèpei na aux�netai
proc to kèntro thc.
O gewfusikìc endiafèretai gia th qrhsimopoÐhsh tou pedÐou barÔthtac thc Ghc gia na melet sei to sq ma
 /kai th dom  thc. QrhsimopoieÐ thn sqèsh 2.6 me k�poia anadi�rjrwsh twn ìrwn thc:

g =
4πρrG

3
(2.7)
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E�n h Gh  tan teleÐwc sfairik  kai teleÐwc omogen c (ρ, r - stajerèc) to g ja eÐqe Ðdia tim  pantoÔ sthn
epif�neia thc. En toÔtoic, e�n se k�poio shmeÐo thc Ghc up�rqei apìklish apì th sfairikìthta   up�rqei
mia topik  anwmalÐa sthn puknìthta, to g ja apoklÐnei.

2.1 H epÐdrash tou sq matoc thc Ghc

Epeid  up�rqei h pl�tunsh thc Ghc, dhlad  h aktÐna thc den eÐnai pantoÔ h Ðdia, to g metab�lletai me to
gewgrafikì pl�toc. SÔmfwna me th Diejn  ExÐswsh BarÔthtac (Geodetic Reference System
1967) pou èqei uiojethjeÐ apì th Diejn  'Enwsh GewdaisÐac kai Gewfusik c, h tim  tou g sto
epÐpedo thc j�lassac metab�lletai me to pl�toc (φ) sÔmfwna me th sqèsh :

gt = 978031.85
(
1 + 0.00527889 sin2(φ) + 0.000023462 sin4(φ)

)
mGal (2.8)

Se aut  thn exÐswsh to φ metriètai se moÐrec. H tim  978031.85 mGal eÐnai h tim  tou gt ston ishmerinì
(φ = 0). Kaj¸c to φ aux�nei proc touc pìlouc to g ja aux�nei epeid  h apìstash metaxÔ enìc shmeÐou
pou brÐsketai epÐ thc st�jmhc thc j�lassac kai tou kèntrou thc Ghc mei¸netai. Stouc pìlouc prokÔptei
gt = 983217.72mGal. H barÔthta metab�lletai perÐpou 5000 mGal apì ton ishmerinì mèqri touc pìlouc.
EpÐshc, h fugokentrik  epÐdrash, h opoÐa dra se k�je antikeÐmeno pou epik�jetai sth Gh, prèpei na lhfjeÐ
upìyh. H èntash thc fugokentrik c dÔnamhc eÐnai:

αc = ω2d (2.9)

ìpou ω eÐnai h gwniak  taqÔthta peristrof c kai d eÐnai h apìstash tou antikeimènou apì to kèntro thc
kuklik c troqi�c. Blèpoume ìti h fugokentrik  epÐdrash eÐnai megalÔterh ston ishmerinì epeid  ekeÐ h tim 
thc apìstashc d eÐnai h megalÔterh.
Apì ta parap�nw eÐnai fanerì giatÐ h barÔthta den eÐnai pantoÔ h Ðdia se èna elleiyoeidèc ek peristrof c. H
genik  exÐswsh gia ton upologismì thc barÔthtac g(φ) gia èna pl�toc φ se èna elleiyoeidèc ek peristrof c
eÐnai

g(φ) = ge
(
1 + C1 sin2(φ) + C2 sin4(φ)

)
(2.10)

Oi stajerèc C1, C2 exart¸ntai apì thn pl�tunsh kai thn taqÔthta peristrof c, upologÐzontai apì as-
tronomikèc metr seic kai parathr seic twn troqi¸n teqnht¸n dorufìrwn.

2.2 Diorj¸seic barÔthtac

Genik�, metriètai to g se èna shmeÐo sth perioq  èreunac kai se èna shmeÐo anafor�c makri� apì thn perioq ,
all� ermhneÔetai h tim  ∆g, dhlad  h diafor� metaxÔ thc barÔthtac sto shmeÐo mètrhshc kai thc barÔthtac
sto shmeÐo anafor�c. Epeid  tètoiec anwmalÐec barÔthtac eÐnai polÔ mikrèc, h mon�da m·s−2 eÐnai uperbolik�
meg�lh (kumaÐnetai metaxÔ 9.78 kai 9.83 m · s−2).
Oi anwmalÐec barÔthtac metroÔntai se mon�dec barÔthtac (g.u.) ìpou :
1Gal = 1cm · s−2 = 0.01m · s−2  
1mGal = 10−3Gal = 10−3cm · s−2 = 10−5m · s−2 = 10g.u.
Apì thn stigm  pou èqoume thc metr seic, sth sunèqeia qrei�zetai na efarmosjoÔn
<<diorj¸seic<< gia na apaleifjoÔn oi �llec epidr�seic, prin kaneÐc proqwr sei kai sumper�nei gia th fusik 
kat�stash tou floioÔ sthn perioq  thc èreunac. Parak�tw anafèrontai oi
kuriìterec diorj¸seic gia na p�me apì tic metrhmènec timèc stic diorjwmènec timèc barÔthtac.
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2.2.1 Gewgrafikì pl�toc

'Eqw anafèrei ìti h barÔthta metab�lletai me to gewgrafikì pl�toc. H epÐdrash tou pl�touc prèpei na
exaleifjeÐ apì th metrhjeÐsa tim , prin dojeÐ opoiad pote ermhneÐa sqetik� me tic metabolèc thc puknìthtac.

∆1(g) = 978031.85
(
1 + 0.00527889 sin2(φ) + 0.000023462 sin4(φ)

)
mGal (2.11)

2.2.2 Uyìmetro

H exÐswsh 2.4 deÐqnei ìti to g metab�lletai me thn apìstash r apì to kèntro thc Ghc sÔmfwna me to
lìgw 1/r2 . Autì shmaÐnei ìti to g elatt¸netai me thn aÔxhsh tou uyomètrou apì thn epif�neia thc Ghc
kai epomènwc, e�n ta shmeÐa mètrhshc kai anafor�c den eÐnai sto Ðdio uyìmetro, tìte prokÔptei mia epÐdrash
sto ∆g.
Ac upojèsoume ìti to shmeÐo mètrhshc S brÐsketai se Ôyoc h p�nw apì to shmeÐo anafor�c. E�n to shmeÐo
anafor�c brÐsketai se apìstash r apì to kèntro thc Ghc, to shmeÐo mètrhshc ja eÐnai se mia apìstash
(r+h). E�n gp eÐnai h tim  thc barÔthtac sto shmeÐo anafor�c tìte apì th sqèsh 2.4 èqoume :

gp =
GM

r2
(2.12)

E�n gs eÐnai h tim  thc barÔthtac sto shmeÐo S, tìte èqoume

gs =
GM

(r + h)2
(2.13)

diair¸ntac thn exÐswsh 2.13 me thn 2.12 èqoume:

gs
gp

=
r2

(r + h)2
(2.14)

E�n to uyìmetro h eÐnai mikrì, anaptÔssontac se diwnumik  seir� kai lamb�nontac mìno touc dÔo pr¸touc
ìrouc èqoume :

gs = gp

(
1− 2h

r

)
= gp −

2hgp
r

(2.15)

H diafor� barÔthtac ∆2g metaxÔ twn shmeÐwn mètrhshc kai anafor�c pou ofeÐletai sthn epÐdrash tou
uyomètrou eÐnai :

∆2g = gp − gs =
2hgp
r

(2.16)

Lamb�nontac wc r thn mèsh aktÐna thc Ghc (R= 6367 km) kai wc mèsh tim  tou gp = 980625mGal, h sqèsh
2.16 gÐnetai :

∆2g = 3.086 · h g.u. (2.17)

ìpou to uyìmetro h metriètai se mètra.
Aut  h diìrjwsh eÐnai gnwst  wc diìrjwsh eleÔjerou aèra.
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2.2.3 Ulikì pou paremb�lete metaxÔ twn shmeÐwn mètrhshc kai anafor�c

Pèran thc uyometrik c diafor�c metaxÔ twn shmeÐwn mètrhshc kai anafor�c pou ofeÐletai sthn topografÐa,
up�rqei kai h m�za pou den èqei lhfjeÐ upìyh. An to shmeÐo mètrhshc brÐsketai se uyìmetro h k�tw apì
to shmeÐo anafor�c, to ∆2g ja eÐnai arnhtikì. Thn Ðdia stigm , h barÔthta sto shmeÐo mètrhshc ja eÐnai
megalÔterh apì ekeÐnh sto shmeÐo anafor�c kat� èna posì ∆3g , epeid  askeÐtai mia epiplèon èlxh apì th
m�za puknìthtac ρ , pou brÐsketai metaxÔ twn epipèdwn tou shmeÐou mètrhshc kai tou shmeÐou anafor�c.
MporeÐ na deiqjeÐ ìti:

∆3g = 2πGρh = 41.91× 10−5 · ρ · h g.u. (2.18)

ìpou h dÐnetai se mètra kai to ρ se kg m−3.
H diìrjwsh ∆3g afaireÐtai apì to ∆g e�n to shmeÐo mètrhshc eÐnai uyhlìtera apì to shmeÐo anafor�c
kai prostÐjetai sto ∆g e�n to shmeÐo mètrhshc eÐnai qamhlìtera tou shmeÐou anafor�c. H posìthta ∆3g
eÐnai gnwst  wc diìrjwsh Bouguer kai lamb�nei upìyh, antÐjeta me th diìrjwsh eleÔjerou aèra, kai thn
puknìthta ρ.

2.2.4 TopografÐa

'Enac lìfoc plhsÐon sto shmeÐo mètrhshc askeÐ mia èlxh thc opoÐac to apotèlesma ja èqei for� proc ta
p�nw. EpÐshc, mia koil�da plhsÐon sto shmeÐo mètrhshc, afaireÐ mia elktik  m�za kai sto shmeÐo mètrhshc
èqoume qamhlìterh ∆g apì thn pragmatik .
SÔmfwna me ta parap�nw prokÔptei ìti, h mètrhsh barÔthtac prèpei na diorjwjeÐ apì epidr�seic lìfwn
kai koil�dwn pou brÐskontai kont� sto shmeÐo mètrhshc. Ousiastik�, prèpei na lhfjeÐ upìyh h epÐdrash
thc topografÐac. H epÐdrash aut  upologÐzetai diair¸ntac thn perioq  gÔrw apì to shmeÐo mètrhshc se
<<diamerÐsmata<< (k�naboc me uyìmetra).
To mèso uyìmetro kajenìc diamerÐsmatoc upologÐzetai, adiafor¸ntac gia to prìshmo tou
uyomètrou epeid  h diìrjwsh eÐnai p�nta prosjetik  (k�je metabol  sth topografÐa elatt¸nei thn barÔthta
kai kat� sunèpeia h diìrjwsh prèpei na eÐnai p�nta prosjetik  sto ∆g).
H topografik  diìrjwsh ∆4g h opoÐa prèpei na prostejeÐ sto ∆g lamb�netai apì to �jroisma twn
diorj¸sewn twn epimèrouc diamerism�twn. 'Etsi brÐskoume mia tim  h opoÐa èqei apallaqjeÐ apì ìlec tic
epidr�seic, ektìc apì tic metabolèc thc puknìthtac k�tw apì thn epif�neia tou ed�fouc sthn perioq  thc
èreunac.

Diorjwmènh tim  = ∆g ±∆1g ±∆2g ±∆3g + ∆4g (2.19)

2.2.5 Selhniak  diìrjwsh

EpÐshc prèpei na afairejeÐ apì tic metr seic h èlxh thc Sel nhc. Ta kainoÔrgia ìrgana èqoun th dunatìthta
na thn afairèsoun: èqoun apojhkeumènh thn hmeromhnÐa, tic suntetagmènec tou shmeÐou mètrhshc kai thn
¸ra kai mporoÔn na upologÐsoun thn selhniak  diìrjwsh.
Epeid  o 'Hlioc kai oi upìloipoi plan tec eÐnai arket� makri�, h barutik  touc epirro  jewreÐtai stajer 
se ìlh thn epif�neia thc Ghc �ra prosjètei mia stajer  posìthta se ìlec mac tic metr seic. Epeid  autì
pou mac endiafèrei eÐnai oi diaforèc thc barÔthtac apì èna shmeÐo sto �llo, den eÐnai an�gkh na afairejeÐ
apì tic metr seic.
Met� tic diorj¸seic, oi timèc barÔthtac èqoun anaqjeÐ sto epÐpedo tic j�lassac.
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2.3 Barutik  èlxh. ExÐswsh prÐsmatoc

H k�jeth sunist¸sa thc barutik c èlxhc enìc prÐsmatoc desmeumèno apì ta epÐpeda

x = x1, x = x2 : y = y1, y = y2 : z = z1, z = z2

dÐnetai apì ton tÔpo:

gz = Gρ

∫ x2

x1

∫ y2

y1

∫ z2

z1

zdxdydz

(x2 + y2 + z2)3/2

ìpou G eÐnai h pagkìsmia stajer� thc barÔthtac kai ρ eÐnai h puknìthta tou prÐsmatoc.
Sto �rjro [1] o Banerjee katal gei ston tÔpo:

gz=Gρ
[
x ln(y+

√
x2+y2+z2)+y ln(x+

√
x2+y2+z2)−z arctan

xy

z
√
x2+y2+z2

]∣∣∣∣∣
x2

x1

∣∣∣∣∣
y2

y1

∣∣∣∣∣
z2

z1

Sto Ðdio �rjro blèpoume ìti an jèloume na qrhsimopoi soume ton tÔpo gia dusdi�stath apeikìnish (tomo-
grafÐa) apeirÐzoume th y di�stash.
H sun�rthsh fCalcA(x1, x2, y1, y2) upologÐzei autìn ton gewmetrikì par�gonta gia èna prÐsma me sunte-
tagmènec x1, x2, z1, z2 se sqèsh me èna shmeÐo mètrhshc me suntetagmènec xms, zms.

2.4 Efarmog 

Sthn perioq  tou Jri�siou PedÐou, to InstitoÔto Gewlogik¸n kai Metalleutik¸n Ereun¸n (IGME) èkane
mia gewlogik  èreuna gia thn apotÔpwsh twn epifaneiak¸n strwm�twn kai thn ektÐmhsh twn udatik¸n apo-
jem�twn, èreuna sthn opoÐa summeteÐqa kai eg¸.

Wc shmeÐo anafor�c qrhsimopoi jhke mia barutik  b�sh thc Gewgrafik c UphresÐac StratoÔ kont� sthn
perioq  thc èreunac. Skopìc mac eÐnai na kalÔyoume me metr seic ìlh thn perioq  èreunac. Stic metr seic
thc barÔthtac qrhsimopoioÔme to mGal (enìthta 2.2).

Metr same thc suntetagmènec k�je shmeÐou (oi maÔrec koukÐdec ston k�tw q�rth) me diaforikì GPS diìti
jèlame meg�lh akrÐbeia sto uyìmetro: sÔmfwna me thn exÐswsh 2.17 ta 10cm sf�lma sto uyìmetro mac
dÐnei mia diafor� 0.3 mGal sth tim  thc ∆g, sf�lma arket� meg�lo. Tic suntetagmènec k�je shmeÐou tic
metètreya sto probolikì sÔsthma EGSA 87 (Ellhnikì Gewdaitikì SÔsthma Anafor�c) diìti eÐnai to plèon
prìsfato probolikì sÔsthma pou qrhsimopoieÐtai sthn Ell�da. Apotèlesma autoÔ, k�je suntetagmènh
metatrèpetai apì moÐrec se mètra.

Efarmìzontac tic parap�nw diorj¸seic ∆1g,∆2g,∆3g,∆4g katal goume ston q�rth :

Gia thn topografÐa qrhsimopoÐhsa yhfiopoihmènouc q�rtec thc Gewgrafik c UphresÐac StratoÔ. Katal -
goume se èna kanonikì k�nabo me apìstash 200 mètra.

K�je mèra, prin arqÐsoume tic metr seic, metr�me sto stajmì b�shc. To Ðdio gÐnetai kai sto tèloc thc
hmèrac. Apì thc metr seic afairoÔme thn klÐsh h opoÐa ofeÐletai sthn olÐsjhsh tou elathrÐou tou org�nou.
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Me mia pr¸th mati�, to gewlogikì montèlo p�nw sthn gramm  A ermhneÔetai me mia <<lek�nh<<, boreioana-
tolik� kai notiodutik� uyhlèc timèc (ta kafè-kìkkina qr¸mata pou antistoiqoÔn se uyhlèc timèc barÔthtac
dhl¸noun ìti to upìbajro, me puknìthta 2.50-2.70 brÐsketai pio kont� sthn epif�neia) kai sthc qamhlìterec
timèc sth mèsh thc gramm c (ta sièl-mple qr¸mata pou antistoiqoÔn stic qamhlèc timèc barÔthtac mac deÐq-
noun ìti to upìbajro brÐsketai pio baji�, �ra oi meg�lec puknìthtec ephre�zoun ligìtero tic metr seic).
P�nw apì to upìbajro èqoume epifaneiak� iz mata me puknìthta 2.10-2.40.
Na doÔme ìmwc ti ja deÐxoun kai ta apotelèsmata thc ereun�c mac.

2.5 Mèjodoc katagraf c metr sewn

H gramm  A èqei m koc perÐpou 6500 mètra. Me èna algìrijmo Inverse Distance paÐrnoume metr seic
k�je 100 mètra, sta shmeÐa x1, . . . , xN kat� m koc thc gramm c. Qrhsimopoi¸ aktÐna anaz thshc 500 mètra
(gia aktÐna anaz thshc p.q. 200 ja èqoume pio apìtomec allagèc, h kampÔlh ja eÐnai ligìtero omal ). Me
ton Ðdio algìrijmo èqoume kai ta uyìmetra k�je 100 mètra.

Gia k�poio shmeÐo xi tou parap�nw sq matoc, ìla ta metrhmèna shmeÐa (oi mikrèc maÔrec kou-
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kÐdec) mèsa sthn aktÐna anaz thshc ephre�zoun to shmeÐo mac me mia dÔnamh an�logh tou antÐstrofou thc
apìstas c touc. Apotèlesma autoÔ, mporoÔme na topojet soume thn tom  mac sthn arq  ton axìnwn, kat�
m koc tou X-�xona kai wc Y-�xona to b�joc thc ermhneÐac mac.
Xekin same apì tic metrhmènec timèc gm, met� tic diorj¸seic p rame tic gB (Bouguer) katal gontac mèsw
tou algorÐjmou InversDistance sta xpi, gpi, zpi, i = 1, . . . , n ta opoÐa antiproswpeÔoun thn apìstash apì
thn arq  thc tom c, thn barÔthta kai to uyìmetro k�je shmeÐou.
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Algìrijmoc InversDistance
Input: xbi, ybi, zbi, gbi, i = 1, . . . , n % Suntetagmènec (x,y), uyìmetro (z), tim  barÔthtac (g),

gia ta n metrhmèna shmeÐa
x1, x2, y1, y2 % Suntetagmènec thc tom c, (x1, y1) gia thn arq  thc kai

(x2, y2) gia to tèloc thc.
rint, stp % Eswterik  aktÐna anaz thshc, B ma

Output: xpi, zpi, gpi, i = 1, . . . , n % Apìstash apì thn arq  thc tom c, uyìmetro kai tim 
barÔthtac gia k�je shmeÐo

Begin
dy=y2−y1, dx=x2−x1
dst=

√
dx2+dy2 % Upologismìc m kouc tom c

ang=arctan

(
dy

dx

)
% Upologismìc kl shc tom c

n=

∣∣∣∣dststp

∣∣∣∣+1 % Upologismìc arijmoÔ shmeÐwn sthn tom 

xprf(i)=x1+(i− 1) · stp · cos(ang), i=1, . . . , n % Upologismìc twn pragmatik¸n sunte-
yprf(i)=y1+(i−1) · stp · sin(ang) tagmènwn k�je shmeÐou
for i=1, . . . n % Gia k�je shmeÐo sth tom 

addst=0, adz=0, adg=0 % Mhdenismìc twn ajroist¸n
for j=1, . . . , n %Gia k�je metrhmèno shmeÐo

dd=
√(

xb(j)−xprf(i)
)2

+
(
yb(j)−yprf(i)

)2
% Apìstash an�mesa sto shmeÐo thc
tom c kai tou metrhmènou shmeÐou

if dd≤rint then % E�n h apìstash eÐnai mikrìterh thc aktÐnac anaz thshc

addst=addst+
1

dd2
, adz=adz+

zb(j)

dd2
, adg=adg+

gb(j)

dd2
end for
if addst > 0 then % E�n èqei brejeÐ k�poio shmeÐo mèsa sthn aktÐna anaz thshc

% UpologÐzontai ta zhtoÔmena

zp(i)=
adz

addst
, gp(i)=

adg

addst
, xp(i)=(i−1) · stp

else
display ” Increase rint” % Qrei�zete megalÔterh aktÐna sÔgklishc

end if
end for

'Opwc faÐnetai sto parak�tw sq ma, oi kampÔlec oi opoÐec prokÔptoun apì thn ektèlesh tou algorÐjmou me
aktÐna sÔgklishc 500 mètra (kìkkino qr¸ma) eÐnai pio << omalèc<< apì tic kampÔlec pou prokÔptoun zht¸ntac
aktÐna sÔgklishc 200 mètra (mple qr¸ma).
Oi exom�lunsh twn pr¸twn ofeÐletai sthn megalÔterh epirro  tou perib�llontoc. An metr�game akrib¸c
p�nw sta shmeÐa x1, x2, . . . , xN ja eÐqame akìma pio apìtomec kampÔlec. H exom�lunsh bohj�ei sthn
ermhneÐa, oi algìrijmoi den prèpei na proseggÐzoun apìtomec kl seic.
Sthn perÐptws  mac je¸rhsa swst  mia aktÐna sÔgklishc 500 mètrwn.
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2.6 Mèjodoc Talwani.

Wc arqikì montèlo epilègoume èna epifaneiakì str¸ma me puknìthta 2.2, me b�joc 100 mètra kai apì ekeÐ
kai k�tw èna str¸ma me puknìthta 2.7:

ìpou me mple qr¸ma sumbolÐzontai ta prÐsmata me puknìthta 2.2 kai me kìkkino aut� me puknìthta 2.7. Wc
ektÐmhsh sf�lmatoc qrhsimopoieÐtai h EukleÐdeia nìrma twn upoloÐpwn.
QrhsimopoioÔme mia epanalhptik  mèjodo gia thn ektÐmhsh tou b�jouc thc epaf c metaxÔ duo strwm�twn
me diaforetik  puknìthta :
Ston tÔpo thc diìrjwshc Bouguer 2.18 , h posìthta ∆3g èqei diast�seic barÔthtac. Se k�je shmeÐo
mètrhshc upojètoume ìti to residual = 41.91×10−5 · puknìthta · diafor� Ôyouc. 'Etsi, se k�je shmeÐo
mètrhshc upologÐzetai to kainoÔrgio b�joc tou epifaneiakoÔ str¸matoc apì ton tÔpo :
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metabol  b�jouc =
residual

41.91× 10−5 × density
(2.20)

Gia na p�me ston algìrijmo thc mejìdou, qreiazìmaste thn diadikasÐa
DhmiourgÐa ArqikoÔ Montèlou (DAM)

Gia k�je shmeÐo i = 1, . . . , n paÐrnoume tic suntetagmènec xbox1i=xpi−
stp

2
,

xbox2i=xpi+
stp

2
, zbox1i=zpi, zbox2i=zpi−100, zbox3i=zpi−1000.

Oi suntetagmènec xbox1, xbox2, zbox1, zbox2 dhmiourgoÔn ta prÐsmata tou epifaneiakoÔ str¸-
matoc en¸ oi xbox1, xbox2, zbox2, zbox3 dhmiourgoÔn ta prÐsmata tou str¸matoc tou upob�jrou.
Se k�je epan�lhyh ousiastik� ektim�te h metablht  zbox2 h opoÐa dhmiourgeÐ thn epaf  metaxÔ
twn dÔo strwm�twn. 'Eqoume epilèxei mègisto b�joc ermhneÐac ta 1000 mètra. To ìrgano me to
opoÐo metr same den mporeÐ na l�bei s ma apì pio baji�, to s ma ja èqei m koc kÔmatoc Ðdio me
to jìrubo (se ìlec tic metr seic, akìma kai tic peiramatikèc up�rqei jìruboc o opoÐoc ofeÐletai
sthn akrÐbeia twn org�nwn, mikr  apìklish apì tic bèltistec rujmÐseic, ktl.). Gi� autì, to s ma
apì b�joc megalÔtero twn 1000 mètrwn to ent�ssoume ston jìrubo.

Algìrijmoc InvTalwani
Input: xpi, zpi, gpi, i = 1, . . . , n % Ta apotelèsmata tou algorÐjmou InversDistance

stp % B ma
tol % Epijumhtì Sf�lma

Output: Se k�je epan�lhyh paÐrnoume wc apotèlesma to b�joc thc epaf c twn duo strwm�twn
kai thn ektÐmhsh tou sf�lmatoc

Begin
DAM
DiadikasÐa Upologismìc antapìkrishc Montèlou (DUM)

% Upologismìc tou pÐnaka A me ton tÔpo tou Banerjee
% Gia thn enìthta 2.3: x1 =xp−xbox1, x2 =xp−xbox2, y1 =zp−zbox1, y2 =zp−zbox2

A1=fCalcA(xp, zp, xbox1, xbox2, zbox1, zbox2)
% Upologismìc barÔthtac gia to epifaneiakì str¸ma

g1=A1×
[
0.2 0.2 · · · 0.2

]T
% 'Idia diadikasÐa gia to str¸ma tou upob�jrou

A2=fCalcA(xp, zp, xbox1, xbox2, zbox2, zbox3)

g2=A2×
[
0.7 0.7 · · · 0.7

]T
% H antapìkrish tou montèlou eÐnai to �jroisma twn dÔo dianusm�twn

gc=g1+g2
err= ||gp−gc||

Tèloc diadikasÐac

while err≥ tol
for i=1, . . . , n
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res=gpi−gci

dh=
res

0.0419 ∗ 0.7

zb=zbox2i+dh
if zb ≥ zbox3i and zb ≤ zbox1i then zbox2i=zb

end for
DUM

end while

To prìgramma plotTalw dhmiourgeÐ th grafik  par�stash.
Met� thn pr¸th epan�lhyh ja èqoume:

en¸ met� apì 5 epanal yeic:

Gia thn gramm  B met� apì 6 epanal yeic:
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Oi grammèc A kai B sunantioÔntai se èna shmeÐo to opoÐo antistoiqeÐ se perÐpou 3800 mètra apì thn arq 
thc gramm c A kai 4400 mètra apì thn arq  thc gramm c B. Se aut� ta shmeÐa, to p�qoc tou epifaneiakoÔ
str¸matoc eÐnai perÐpou 400 mètra.
Opoiad pote gramm  tèmnei thn gramm  A , sto shmeÐo tom c touc oi dÔo ermhneÐec ja èqoun to Ðdio b�joc.

2.7 An�gkh qr shc mejìdwn Arijmhtik c An�lushc

Meg�lo meionèkthma thc prohgoÔmenhc mejìdou eÐnai ìti ektim�ei polÔ kal� mìno thn epaf  metaxÔ dÔo
strwm�twn. An to montèlo mac ermhneÔetai me perissìterec timèc puknìthtac, ìpwc k�poio ègkoilo (kenì)
mèsa se k�poio str¸ma, prèpei na proseggÐsoume to prìblhma me diaforetikì trìpo.

2.7.1 Epilog  Montèlou

Epilègw p�nw sth gramm  twn metr sewn èna montèlo, apoteloÔmeno apì 13 seirèc prism�twn, oi 10 pr¸tec
seirèc me p�qoc 50 mètra, h 11h seir� me p�qoc 100 mètra kai oi dÔo pio bajièc me p�qoc 200 mètra. Prospa-
j¸ me autìn ton trìpo na ermhneÔsw ta 1000 mètra b�jouc.
'Eqw k�nei dokimèc kai me �lla montèla , p ra arket� kal� apotelèsmata, arkeÐ to b�joc tou montèlou
na ft�nei sta 1000 mètra. Se èna montèlo me 7 seirèc prism�twn, me b�joc twn epifaneiak¸n seir¸n 100
mètra, den eÐqa tìso kal  sÔgklish. EÐda ìti an to p�qoc twn antÐstoiqwn prism�twn eÐnai 50 mètra, lìg-
w megalÔterhc diakritik c ikanìthtac, to montèlo proseggÐzei kalÔtera tic diorjwmènec timèc barÔthtac.
EpÐshc,  dh èqw 300 prÐsmata kai o pÐnakac A ja èqei di�stash 300×300. Gia kalÔterh diakritik  ikanìth-
ta (p.q. p�qoc prism�twn 25 mètra) ja èqoume akìma kalÔterh sÔgklish, all� ja èqoume epÐshc kai 1000
prÐsmata kai meg�lh spat�lh upologistikoÔ qrìnou me ta antÐstoiqa sf�lmata upologism¸n.
'Opwc eÐdame sthn eisagwg , oi timèc thc barÔthtac sta shmeÐa xi, i = 1, . . . , n upologÐzontai apì to
sÔsthma grammik¸n exis¸sewn g=Ax ìpou g∈Rn eÐnai oi timèc barÔthtac, x∈Rn eÐnai oi proc ektÐmhsh
puknìthtec kai o pÐnakac A∈Rn×n eÐnai ènac gewmetrikìc par�gontac o opoÐoc upologÐzetai apì thn apìs-
tash metaxÔ tou shmeÐou mètrhshc xi kai k�je prÐsmatoc xboxj, brÐskontac ta Aij (enìthta 2.3), �ra gia
diaforetikì montèlo prism�twn èqoume diaforetikì pÐnaka A. O tetragwnikìc pÐnakac A èqei polÔ kak 
kat�stash. Gia to montèlo mac o pÐnakac A èqei deÐkth kat�stashc κ(A) := ||A|| · ||A−1||= 8.4×1011 .
Autì eÐnai èna dÔskolo arijmhtikì prìblhma, gi� autì qrei�zetai na qrhsimopoi soume mejìdouc arijmhtik c
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an�lushc.

'Eqoume na lÔsoume to
To prìblhma Arijmhtik c An�lushc

min ||Ax− g||
A ∈ Rn×n, g ∈ Rn − gnwst�

x ∈ Rn − �gnwsta

me thn proôpìjesh li ≤ xi ≤ ui, i = 1, . . . , n

(2.21)

3 EktÐmhsh sf�lmatoc

3.1 Eisagwg 

'Eqoume èna sÔsthma n grammik¸n exis¸sewn me n agn¸stouc to opoÐo gr�fetai sthn morf  Ax = g.
JewroÔme to x∗ mia opoiad pote lÔsh tou sust matoc. To prìblhma eÐnai na exet�soume pìte to x∗ eÐnai
mia kal  prosèggish. Sun jwc h poiìthta thc prosèggishc krÐnetai apì th nìrma tou dianÔsmatoc twn
upoloÐpwn (residual vector) r= g−Ax∗. EÔkola diapist¸noume ìti to sf�lma e=x−x∗ sqetÐzetai me to
upìloipo mèsw thc sqèshc Ae=r �ra den eÐnai efiktì na upologÐsoume to sf�lma apì ta upìloipa.

PaÐrnoume tic nìrmec sth teleutaÐa sqèsh, ||Ae|| = ||r|| ⇒ ||A|| · ||e|| ≥ ||r|| ⇒ ||e|| ≥ ||r||
||A||

kai sth

||e||= ||A−1r||⇒||e||≤||A−1|| · ||r|| kai èqoume ta ìria tou sf�lmatoc

||r||
||A||

≤ ||e|| ≤ ||A−1|| · ||r|| (3.1)

'Omwc, autèc oi ektim seic apaitoÔn na gnwrÐzoume th nìrma tou A   tou antistrìfou thc. Gia thn EukleÐdeia
nìrma, o upologismìc twn ||A||, ||A−1|| eÐnai apagoreutikìc, h poluplokìthta uperbaÐnei to n3.
Oi anisìthtec 3.1 mac deÐqnoun ìti h ||r|| mporeÐ na qrhsimopoihjeÐ wc mia kal  ektÐmhsh tou ||e|| e�n oi
||A|| kai ||A−1|| eÐnai kont� sto 1. EÐdame ìmwc ìti o pÐnakac A thc efarmog c èqei polÔ kak  kat�stash,
�ra h ||r|| den mporeÐ na qrhsimopoihjeÐ wc ektÐmhsh thc ||e||.
O Auchmuty [7] èdwse mia ektÐmhsh gia ìlec tic nìrmec ston tÔpo tou sf�lmatoc. Apèdeixe ìti h posìthta

ẽ3 =
||r||2

||AT r||
eÐnai mia kal  prosèggish thc EukleÐdeiac nìrmac tou sf�lmatoc ||e||. 'Omwc aut  h ektÐmhsh

eÐnai èna k�tw ìrio gia to ||e|| diìti apì thn anisìthta twn Cauchy - Schwartz prokÔptei (r, r) = (AT r, x−

x∗)≤||AT r|| · ||e|| ⇒ ||e||≥ ||r||
2

||AT r||
.

3.2 EktÐmhsh tou sf�lmatoc kat� Brezinski

O Brezinski stic ergasÐec tou [2, 3, 4] proteÐnei diaforetikèc ektim seic gia th nìrma tou sf�lmatoc e=x−x∗
basismènec sth sqèsh r=Ae. Autèc oi ektim seic eÐnai ègkurec gia opoiod pote mh idi�zwn pÐnaka A kai
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gia mia prosèggish x∗ apotèlesma opoiasd pote mejìdou, �meshc   epanalhptik c.
Parousi�zw to skeptikì tou se aut  thn enìthta.
Jètoume

c2i = (r, (ATA)ir), i ≥ 0

c2i = (r, (AAT )ir), i ≤ 0

c2i+1 = (r, A(ATA)ir), i ≥ 0

c2i+1 = (r, A(AAT )ir), i ≤ 0

Ja èqoume

c−1 = (r, A−1r) = (r, e) = (Ae, e)

c−2 = (A−1r, A−1r) = (e, e)

'Etsi, to prìblhma gia na broÔme ta (r, e) kai (e, e) metafèretai sto na ektim soume ta c−1, c−2. Sthn
ergasÐa [4] h ektÐmhsh twn c−1, c−2 gÐnetai mèsw twn c0, c1, c2. H prosèggis  mac basÐzetai sthn epèk-
tash (extrapolation) aut¸n twn tri¸n ìrwn thc seir�c (ci), i = 0, 1, . . . sta shmeÐa c0, c1 kai c2. MporoÔme
na qrhsimopoi soume opoiad pote mèjodo epèktashc gia na ektim soume autèc tic dÔo posìthtec, all� h
ektÐmhsh eÐnai kalÔterh e�n h paremb�lousa sun�rthsh (interpolating function) eÐnai kont� sth akrib 
sumperifor� twn ci. Gia na antl soume tic ektim seic twn norm tou sf�lmatoc, prèpei pr¸ta na analÔ-
soume th sumperifor� twn ci, na dhmiourg soume mia diadikasÐa epèktashc (extrapolation procedure) kal�
prosarmosmènh (well adapted) sto prìblhma.
Ac jewr soume th <<Idiìmorfh ParagontopoÐhsh Tim¸n<< (Singular Value Decomposition) tou pÐnaka A,

A = USV T

ìpou UUT =V V T =I kai S=diag(s1, . . . , sn) me s1≥s2≥ . . .≥sn > 0 idi�zousec timèc tou pÐnaka A. An
p�roume y èna tuqaÐo di�nusma kai u1, . . . , un tic st lec tou U , v1, . . . , vn tic st lec tou V , ja èqoume

Ay =
n∑
i=1

si(vi, y)ui

A−1y =
n∑
i=1

s−1i (ui, y)vi
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EÔkola sumperaÐnoume

c0 = (r, r) = (UT r, UT r) =
n∑
i=1

(ui, r)
2 (3.2)

= (V T r, V T r) =
n∑
i=1

(vi, r)
2 (3.3)

c1 = (r, Ar) =
n∑
i=1

si(ui, r)(vi, r) (3.4)

c2 = (Ar,Ar) =
n∑
i=1

s2i (vi, r)
2 (3.5)

c−1 = (r, A−1r) =
n∑
i=1

s−1i (ui, r)(vi, r) (3.6)

c−2 = (A−1r, A−1r) =
n∑
i=1

s−2i (ui, r)
2 (3.7)

'Etsi, h nìrma tou sf�lmatoc mporeÐ na upologisteÐ apì thn 3.7
(
c−2 =(A−1r, A−1r)=(e, e)

)
all� autìc

o tÔpoc apaiteÐ th gn¸sh ìlwn twn si, ui pou emfanÐzontai sto �jroisma.
ProseggÐseic twn c−1, c−2 mporoÔme na p�roume krat¸ntac mìno ton pr¸to ìro tou ajroÐsmatoc thc
exÐswshc 3.7 . EpÐshc, ja p�roume mìno ton pr¸to ìro kai stic exis¸seic 3.2 -3.5 . Jewr¸ntac α=
(u1, r), β= (v1, r), s= s1 prèpei na broÔme ta α, β, s ta opoÐa na ikanopoioÔn tic sunj kec parembol c
(interpolation conditions):

c0 = α2 = β2

c1 = αβs

c2 = β2s2
(3.8)

kai met� epekteÐnoume gia tic timèc -1, -2 tou deÐkth, �ra ta c−1, c−2 proseggÐzontai apì:

c−1 = αβs−1

c−2 = α2s−2

Epeid  to sÔsthma 3.8 apoteleÐtai apì 4 mh sumbatèc exis¸seic, prèpei na mh l�boume upìyh k�poiec apì
autèc. 'Etsi, to sÔsthma 3.8 èqei merikèc lÔseic.
LÔnontac to sÔsthma 

c0 = β2

c1 = αβs

c2 = β2s2
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paÐrnoume α=
c1√
c2
, s=

√
c2
c0

katal gontac sthn ektÐmhsh c
(1)
−2 =(e, e)=

c0c
2
1

c22
.

Apì to sÔsthma 
c0 = α2

c0 = β2

c2 = β2s2

paÐrnoume α=
√
c0, s=

√
c2
c0

katal gontac sthn ektÐmhsh c
(2)
−2 =(e, e)=

c20
c2
.

EpÐshc, apì to sÔsthma 
c0 = α2

c0 = β2

c1 = αβs

paÐrnoume α=
√
c0, s=

c1
c0

katal gontac sthn ektÐmhsh c
(3)
−2 =(e, e)=

c30
c21
.

Apì tic sunj kec parembol c 3.8 blèpoume ìti isqÔei c0 =
c21
c2

, antikajist¸ntac ston tÔpo tou c(1)−2 paÐrnoume

mia �llh ektÐmhsh, c(4)−2 =
c41
c32
.

Ton tÔpo tou c
(3)
−2 ton pollaplasi�zoume me c0 kai ton diairoÔme me to isotimì tou

c21
c2

gia na p�roume

c
(5)
−2 =

c30
c21
· c0
c21
c2

=
c40c2
c41

.

Autèc eÐnai oi ektim seic pou èqei p�rei o Brezinski stic ergasÐec [2, 3, 4] . Epeid  autèc oi ektim seic den
eÐnai anex�rthtec, mporoÔme na p�roume perissìterec sundu�zontac tic prohgoÔmenec.
Katèlhxe sth seir�:

e21 =
c41
c32

e22 =
c0 · c21
c22

c0 = (r, r)

e23 =
c20
c2

ìpou c1 = (r, Ar)

e24 =
c30
c21

c2 = (Ar,Ar)

e25 =
c40 · c2
c41

(3.9)
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'Oloi oi tÔpoi twn sfalm�twn mporoÔn na mazeutoÔn ston sumpag  tÔpo :

e2i = ci−10 ·
(
c21

)3−i
· ci−42 (3.10)

O sumpag c autìc tÔpoc gr�fetai kai wc:

e2v =
(
c0c
−2
1 c2

)v · (c−10 c61c
−4
2

)
, ∀v∈R (3.11)

Epeid  (r, Ar)(r, Ar)≤(r, r)(Ar,Ar) sumpairènoume ìti c21≤c0c2 �ra ρ =
(
c0c
−2
1 c2

)
≥1 kai h exÐswsh 3.11

gr�fetai:
e2v = ρve20 (3.12)

h opoÐa eÐnai mia aÔxousa sun�rthsh tou v ∈ (−∞,∞). Sumpèrasma, isqÔei:

e21 ≤ e22 ≤ e23 ≤ e24 ≤ e25 (3.13)

Antikajist¸ntac tic paramètrouc ci, i= 1, 2, 3 ston tÔpo toou e23 kai qrhsimopoi¸ntac thn anisìthta twn
Cauchy-Schwartz , paÐrnoume to apotelèsmata :

e23 =
(r, r)2

(Ar,Ar)
=
||r||4

||Ar||2
≥ ||r||�4

2

||A||2 ·���||r||2
=
||r||2

||A||2
(3.14)

Stic dokimèc mou qrhsimopoÐhsa twn tÔpo tou e23 =
c20
c2
. Gia ton upologismì tou, qreiazìmaste n pr�xeic

gia ton upologismì tou c0 kai n2 gia ton upologismì tou ginomènou Ar , dhlad  èqoume poluplokìthta
thc t�xhc tou n2 .
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4 Epanalhptikèc mèjodoi ektÐmhshc paramètrwn

me upì sunj kh lÔsh

4.1 Algìrijmoc Kaczmarz.
Prosarmog  tou gia lÔsh tou probl matoc

O algìrijmoc Kaczmarz [8] ulopoieÐtai eÔkola proc lÔsh tou sust matoc Ax= g . Gia na katal�boume
ton algìrijmo, shmei¸noume ìti k�je st lh tou sust matoc Axi=gi orÐzei èna
n-di�stato epÐpedo sto Rn. O algìrijmoc xekin�ei me arqik  ektÐmhsh x(0) =0 kai proqwr�ei sthn ektÐmhsh
x(1) mèsw thc probol c thc arqik c ektÐmhshc x(0) p�nw sto epÐpedo pou dhmiourgeÐ h pr¸th st lh tou A.
Sth sunèqeia prob�lete p�nw sth deÔterh st lh tou A, ìtan prob�lete kai sthn n-wst  st lh, arqÐzoume
p�li apì thn pr¸th. Autìc o kÔkloc epanalamb�netai mèqri na ft�soume sto epijumhtì sf�lma.

Par�deigma gia to sÔsthma {
y = 1

x− y = 1

tou opoÐou th grafik  anapar�stash blèpoume parap�nw, met� apì merikèc epanal yeic plhsi�zei thn lÔsh
h opoÐa eÐnai (2, 1).

Gia na ulopoi soume ton algìrijmo qreiazìmaste ènan tÔpo gia ton upologismì thc probol c enìc di-
anÔsmatoc p�nw sto n-di�stato epÐpedo pou dhmiourgeÐte gia k�je i= 1, . . . , n st lh tou A. JewroÔme
Ai thn i st lh tou A . PaÐrnoume to epÐpedo pou orÐzetai apì to Ai+1x=gi+1. Epeid  to di�nusma ATi+1

eÐnai k�jeto se autì to epÐpedo, h posìthta h opoÐa enhmer¸nei to x(i) apì touc periorismoÔc thc i+1
st lhc ja eÐnai an�logo tou ATi+1 ,

x(i+1) = x(i) + βATi+1 (4.1)

Epeid  isqÔei Ai+1x=gi+1 , gia na lÔsoume proc β paÐrnoume

Ai+1

(
x(i) + βATi+1

)
= gi+1 (4.2)
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Met� apì pr�xeic katal goume

β = −Ai+1x
(i) − gi+1

Ai+1ATi+1

(4.3)

�ra

x(i+1) = x(i) − Ai+1x
(i) − gi+1

Ai+1ATi+1

ATi+1 (4.4)

DokÐmasa wc arqikì montèlo ìqi mhdenikèc puknìthtec all� k�poio pio kont� sthn pragmatikìthta. Apotèles-
ma, to sf�lma mikraÐnei se k�je epan�lhyh. Gia na diathr sw ta ìria li≤xi≤ui, an h kainoÔrgia upolo-
gismènh tim  eÐnai ektìc orÐwn, krat�w thn pali�.
Sto arqikì montèlo je¸rhsa ìti ta prÐsmata se b�joc megalÔtero apì 700 mètra èqoun puknìthta 2.50 -
2.70. Sto upoprìgramma pTakeBounds up�rqoun kai oi upìloipoi periorismoÐ. Sthn epilog  twn perior-
ism¸n me bo jhsan ta apotelèsmata miac �llhc gewfusik c mejìdou1 h opoÐa efarmìsthke sthn perioq 
thc èreunac.

DiadikasÐa Input-Output (DIO)

Input: li, xi, ui, i = 1, . . . , n % Arqikì montèlo
xpi, zpi, gpi, i = 1, . . . , n % Apotelèsmata AlgorÐjmou InversDistance
xbox1i, xbox2i, zbox1i, zbox2i, i=1, . . . , n % Suntetagmènec k�je prÐsmatoc

Output: se k�je epan�lhyh iter paÐrnoume tic ektim¸menec puknìthtec x
(iter)
i

kai upologÐzetai to antÐstoiqo sf�lma ferr(iter) = e23.
ReadData % DhmiourgÐa prism�twn. Arqikì montèlo
pTakeBounds % DhmiourgÐa li, ui, i = 1, . . . , n k�tw, �nw orÐwn

Algìrijmoc InvKaczmarz
DIO
Begin
A = fCalcA(xp, zp, xbox1, xbox2, zbox1, zbox2)
k=0, ferr=1010

while ferr≥ tol
k=k+1, i=mod (k, n+1)

β = −Aix
(k) − gi
AiATi

ATi

for j=1, . . . , n
if xj+βj≥ lj and xj+βj≤uj then xj =xj+βj

end for
gc = Ax % Upologismìc barÔthtac gia to trèqwn montèlo
ferr = fCalcErr(gp, gc, A)

end while

1
Ηλεκτρικές βυθοσκοπήσεις με τη διάταξη Schlumberger
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function ferr=fCalcErr(gp, gc, A)
r = gp − gc % Upologismìc upoloÐpwn
d = Ar

ferr =

(
rrT
)2

ddT
% Upologismìc sf�lmatoc

Se k�je epan�lhyh o algìrijmoc upologÐzei to di�nusma β=−Ai+1x
(i) − gi+1

Ai+1ATi+1

. Gia ton upologismì tou o

H/U qrhsimopoieÐ 3n pr�xeic, apotèlesma polÔ ikanopoihtikì. Aplìc, qrei�zontai pollèc epanal yeic.
Gia ton upologismì tou sf�lmatoc, ekteloÔntai n2 pr�xeic gia ton upologismì tou d=Ar, oi upìloipec
pr�xeic eÐnai t�xhc n , mikrìterhc tou n2 kai den lamb�nontai up� ìyh. Sunolik� ekteloÔntai n2 pr�xeic.

Up�rqei mia endiafèrousa prìtash twn Thomas Strohmer kai Roman Vershynin2[10] pou isqurÐzontai ìti
se k�je epan�lhyh den prèpei na paÐrnoume seiriak� tic st lec tou pÐnaka A all� tuqaÐa. Sthn tuqaÐa
epilog , k�je st lh summetèqei me pijanìthta an�logh thc EukleÐdeiac nìrmac thc.

Algìrijmoc InvKaczmarzRndz
Begin
DIO
A = fCalcA(xp, zp, xbox1, xbox2, zbox1, zbox2)
nai= ||Ai,:||, i=1, . . . , n

sna=
n∑
i=1

nai

while ferr≥ tol
r=rand · sna
ads=0, k=0
while ads<r

k=k+1
ads=ads+nak

end while
i = k − 1

β = −Aix
(k) − gi
AiATi

ATi

for j = 1, . . . , n
if xj + βj ≥ lj and xj + βj ≤ uj then xj = xj + βj

end for
gc = Ax
ferr = fCalcErr(gp, gc, A)

end while
Sth ergasÐa [10] apodeiknÔetai ìti o algìrijmoc InvKaczmarzRndz sugklÐnei proc th lÔsh x me mèsw
sf�lma:

E||xk − x||22 ≤
(

1− κ(A)2
)k
· ||x0 − x||2 (4.5)

2Department of Mathematics, University of California

25



Sthn perÐptws  mac pou èqoume touc periorismoÔc li ≤ xi ≤ ui h parap�nw ektÐmhsh den isqÔei.

4.2 Algìrijmoc Levenberg-Marquardt

H pr¸th efarmog  tou algorÐjmou twn Levenberg-Marquardt ègine gia probl mata elaqÐstwn tetrag¸n-
wn sth prosarmog  kampul¸n: dÐnontac èna sÔnolo apì zeug�ria empeirik¸n dedomènwn, anex�rthtwn kai
exarthmènwn metablht¸n (xi, yi), i=1, . . . , N (ìpou N sÔnolo zeugari¸n), gÐnetai ektÐmhsh twn paramètr-
wn β tou montèlou thc kampÔlhc f(x, β) ètsi ¸ste to �jroisma tou tetrag¸nou twn diafor¸n

S(β) =
N∑
i=1

[
yi − f(xi, β)

]2
(4.6)

na eÐnai el�qisto.
'Opwc kai �lloi algìrijmoi elaqistopoÐhshc, o algìrijmoc twn Levenberg-Marquardt eÐnai mia epanalhptik 
diadikasÐa. Xekin¸ntac apì mia arqik  ektÐmhsh β0 se k�je epan�lhyh y�qnoume na broÔme mia kainoÔrgia
ektÐmhsh β+δ ètsi ¸ste to sf�lma thc na eÐnai mikrìtero apì th prohgoÔmenh epan�lhyh. Gia thn ektÐmhsh
tou δ , oi sunart seic f(xi, β+δ), i=1, . . . , N proseggÐzontai apì to

f(xi, β + δ) ≈ f(xi, β) + Jiδ (4.7)

ìpou Ji =
∂f(xi, β)

∂β
eÐnai h kl sh thc f me anafor� sto β. Qrhsimopoi¸ntac th 4.7 sthn exÐswsh 4.6 ,

paragwgÐzontac kai jètontac to apotèlesma Ðson me mhdèn, paÐrnoume to apotèlesma:

(JTJ)δ = JT
(
y − f(x, β)

)
(4.8)

H suneisfor� tou Levenberg  tan sto na antikatast sei aut  thn exÐswsh me mia <<aposbennumènh<< èkdosh
(damped version):

(JTJ + λI)δ = JT
(
y − f(x, β)

)
(4.9)

ìpou h par�metroc λ eÐnai jetik  kai ektim�tai se k�je epan�lhyh. E�n h elaqistopoÐhsh tou sf�lmatoc
gÐnetai me gr goro rujmì, gia th par�metro λ qrhsimopoioÔme mia mikr  tim  kai o algìrijmoc moi�zei me
th mèjodo Gauss-Newton. E�n mia epan�lhyh den mei¸nei arket� to sf�lma, dÐnoume megalÔterec timèc sth
par�metro λ kai o algìrijmoc plhsi�zei sth mèjodo <<taqÔterhc kajìdou<< (steepest descent).
O algìrijmoc tou Levenberg èqei to meionèkthma ìti an h tim  thc <<aposbennumènhc<< paramètrou λ eÐnai
meg�lh, h antistrof  tou (JTJ+λI) den endeÐknutai. O Marquardt skèfthke ìti mporoÔme na prosar-
mìsoume k�je par�metro thc kl shc sÔmfwna me th kampulìthta, dÐnontac megalÔterh metatìpish sth
dieÔjunsh pou h kl sh eÐnai mikrìterh. Antikatèsthse to monadiaÐo pÐnaka ston tÔpo tou Levenberg me th
diag¸nio tou Hessian pÐnaka JTJ me apotèlesma ton algìrijmo ton Levenberg- Marquardt:

(JTJ + λdiag(JTJ))δ = JT
(
y − f(x, β)

)
(4.10)
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4.3 Prosarmog  tou algorÐjmou LM se ModifiedLM

EÐdame sthn eisagwg  ìti h antapìkrish tou montèlou dÐnetai apì ton tÔpo g=Ax ìpou g ∈Rn eÐnai oi
diorjwmènec timèc barÔthtac, x∈Rn eÐnai oi �gnwstec puknìthtec twn prism�twn (proc prosdiorismì) kai
o pÐnakac A∈Rn×n eÐnai ènac gewmetrikìc par�gontac o opoÐoc upologÐzetai apì thn apìstash metaxÔ tou
shmeÐou mètrhshc kai k�je prÐsmatoc.
Sthn perÐptws  mac ìpou èqw n=300 o pÐnakac A èqei deÐkth kat�stashc κ(A)=8.4× 1011.
To prìblhma to opoÐo prèpei na lÔsoume eÐnai to 2.21.
Sthn exÐswsh 4.10 gia thn perÐptws  mac, h sun�rthsh f(x)=Ax �ra o pÐnakac

J =
∂f(x)

∂x
=
∂(Ax)

∂x
= A

kai paÐrnoume thn diadikasÐa:

x(k) = x(k−1) + δ,
(
ATA+ λdiag(ATA)

)
δ = AT

(
g − Ax(k−1)

)
(4.11)

ìpou to di�nusma x0i , i = 1, . . . , n eÐnai to arqikì montèlo kai k o arijmìc thc epan�lhyhc. EpÐshc,
qreiazìmaste ta k�tw, �nw ìria li, ui, i=1, . . . , n.
ParathroÔme ìti an sth diag¸nio tou ATA prosjèsoume mia stajer� λ o deÐkthc kat�stas c tou pèftei.
Sthn perÐptws  mac, κ(ATA)=8.4× 1011, κ(ATA+0.015I)=105. 'Oso h tim  thc paramètrou λ aux�netai
o deÐkthc kat�stashc tou ATA mei¸netai, p.q. κ(ATA+ 20I)=100.
Gia na èqei to sÔsthma 4.11 kalÔterh kat�stash, qrhsimopoioÔme th QR morf  tou pÐnaka A, A=QR

ìpou Q ∈ Rn×n eÐnai orjomonadiaÐwc pÐnakac (isqÔei QQT = I) kai o R ∈ Rn×n eÐnai �nw trigwnikìc.
Antikajist¸ntac ta sthn 4.11 kai jètontac gn=QTg paÐrnoume thn exÐswsh pou qrhsimopoioÔme se k�je
epan�lhyh:

(RTR + λdiag(RTR))δ = RT
(
gn −Rx0)

)
. (4.12)

H lÔsh gia to δ mporeÐ na brejeÐ lÔnontac to sÔsthma exis¸sewn 4.12 me th mèjodo tou Gauss me merik 
od ghsh.

EÐnai gnwstì ìti gia ton upologismì thc QR morf c tou pÐnaka A qrei�zontai
2n3

3
pr�xeic,

arijmìc arket� meg�loc, all� upologÐzetai mìno mia for�, ìqi se k�je epan�lhyh. EpÐshc, gia ton up-

ologismì tou RTR , epeid  o pÐnakac R eÐnai �nw trigwnikìc, qrei�zontai
n3

2
pr�xeic all� kai p�li, mia

for� mìno.

Gia na isqÔoun oi periorismoÐ tou 2.21 , sthn epan�lhyh k , jewroÔme wi=x
(k−1)
i +δi. An isqÔei li≤wi≤ui,

tìte metafèroume thn tim  thc wi sthn x
(k)
i , diaforetik� x

(k)
i = x

(k−1)
i . 'Etsi prokÔptei to di�nusma x(k)

me to antÐstoiqo sf�lma.
H epilog  thc paramètrou λ sthn exÐswsh 4.12 eÐnai mia prìklhsh. 'Opwc eÐdame sth prohgoÔmenh par�-
grafo (ex. 4.9 ), h genik  strathgik  eÐnai na xekin�me apì mia arket� mikr  tim  kai an�loga me thn poreÐa
thc k�je epan�lhyhc, aux�netai h mei¸netai h tim  thc paramètrou.

Algìrijmoc InvMLM
Begin
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DIO
A = fCalcA(xp, zp, xbox1, xbox2, zbox1, zbox2)
[Q,R] = qr(A)

RtRij =
j∑

k=1

RkiRkj, i, j=1, . . . , n

gn=QTgp, gc=Ax
ferr = fCalcErr(gn, gc, A)
λ=0.015 % Arqik  tim  thc paramètrou λ
v=1.5 % Rujmìc metabol c thc paramètrou λ
while ferr≥ tol

λ1 =
λ

v
, λ2 =

λ1

v
[ff1, gc1, x1] = fCalcNewParam(n, λ1, RtR, R, x, gn, A, g)
[ff2, gc2, x2] = fCalcNewParam(n, λ2, RtR, R, x, gn, A, g)
if ff1<ferr or ff2<ferr then

gc=gc1
ferr=ff1
λ=λ1
if ff2<ff1 then

gc=gc2
ferr=ff2
λ=λ2

else
while ff1>ferr

λ1 = λ1 · v
[ff1, gc1, x1] = fCalcNewParam(n, λ1, RtR, R, x, gn, A, g)

end while
gc=gc1
ferr=ff1
λ=λ1

end if
end while
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Function [ff, gc, xx] =fCalcNewParam (n, λ, RtR, R, x, gn, A, g)
Aq=RtR +diag(RtR)% Upologismìc aristeroÔ mèrouc thc exÐswshc 4.12
bq = RT · (gn −Rx) % Upologismìc dexioÔ mèrouc thc exÐswshc 4.12
% Gia touc parap�nw upologismoÔc qrei�zontai n+ 2n2 pr�xeic
[d, ier] = fCalcGaus(Aq, bq)% Upologismìc tou δ me th mèjodo Gaus me merik  od ghsh
%E�n h sun�rthsh epistrèfei ier = 1 h diadikasÐa diakìptetai
xx=x
for i=1, . . . , n

wi=xi+di
if wi≥ li and wi≤ui then xxi=wi

end for
gc=A · xx
ff = fCalcErr(g, gc, A)

function[d, ier] =fCalcGaus(A, b)
ier = 0
for k = 1, . . . , n− 1
% Enall�ssoume th st lh k me aut  pou sth gramm  k èqei th mègisth tim .
% EpÐshc enall�ssoume kai ta antÐstoiqa stoiqeÐa tou dianÔsmatoc b.
% E�n gia k�poio k isqÔei A(k, k)=0 jètoume ier=1 kai stamat�me ed¸.

for i = k + 1, . . . , n
if Akk 6= 0

p =
Aik
Akk

else
ier = 1
exit function

for j = k + 1, . . . , n
Aij = Aij − p · Akj

end for
bi = bi − p · bk

end for
end for

Oi pr�xeic twn sugkrÐsewn kai enallag c dedomènwn den upologÐzontai gia th poluplokìthta enìc algo-

rÐjmou. To upìloipo komm�ti thc sun�rthshc qrei�zetai gia thn ulopoÐhs  tou perÐpou
n3

3
pr�xeic.

H sun�rthsh fCalcNewParam ekteleÐ 2n2 +n pr�xeic, mikrìterh t�xh apì tic pr�xeic pou qrei�zetai h

sun�rthsh fCalcGaus ,
n3

3
pr�xeic. Se k�je epan�lhyh, an�loga me th kat�stash pou brÐskete, h

sun�rthsh fCalcNewParam mporeÐ na ektelesteÐ pollèc forèc (perissìtero apì 10 forèc). Logikì eÐ-

nai na pisteÔoume ìti h poluplokìthta ja eÐnai
10n3

3
pr�xeic. All� se k�je ektèlesh thc sun�rthshc

fCalcNewParam xekin�me tic pr�xeic apì thn arq , qrhsimopoioÔme touc Ðdiouc pÐnakec apl� me diaforetik 
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tim  thc paramètrou λ. MporeÐ na qreiazìmaste perissìtero qrìno all� h poluplokìthta k�je epan�lhyhc

eÐnai
n3

3
pr�xeic.

4.4 Mèjodoi KanonikopoÐhshc kai KanonikopoÐhsh Tichonov.

Gia tic epìmenec 2 enìthtec empneÔsthka apì tic ergasÐec [2, 3, 11].
Oi praktikèc mèjodoi gia na lÔsoume to diakritì prìblhma Ax = g prèpei na mei¸soun thn epirro  tou
jorÔbou. Autèc diafèroun mìno ston trìpo pou prosdiorÐzoun tic sunart seic pou filtr�roun ton jìrubo.
Ac jewr soume thn SVD (singular value decomposition) paragontopoÐhsh,

A =
n∑
i=1

uiσiv
T
i , (4.13)

ìpou ta ui, vi eÐnai ta antÐstoiqa arister�, dexi� idi�zonta dianÔsmata, orjog¸nia, kai oi idi�zousec timèc
σi eÐnai mh arnhtikèc, fjÐnousa seir� ètsi ¸ste σ1≥σ2≥· · · ≥σn≥0. To koinì ìlwn twn problhm�twn pou
èqoun <<kak  kat�stash<< (ill conditioned) eÐnai ìti o pÐnakac A èqei èna sÔmplegma (cluster) apì idi�zousec
timèc kont� sto mhdèn, sÔmplegma to opoÐo megal¸nei me th di�stash tou pÐnaka.
EÔkola diapist¸noume ìti h lÔsh elaqÐstwn tetrag¸nwn tou mh periorismènou probl matoc Ax=g eÐnai

xLSQ =
n∑
i=1

αi
σi
vi ìpou αi = uTi g (4.14)

Qrhsimopoi¸ntac el�qista tetr�gwna èqoume prìblhma diìti h lÔseic pou ja antistoiqoÔn stic polÔ mikrèc
idi�zousec timèc megal¸noun uperbolik� thn plhroforÐa pou perièqoun se sqèsh me tic antÐstoiqec lÔseic
twn megalÔterwn idiazous¸n tim¸n. Opoiad pote praktik  mèjodo prèpei na eis�gei suntelestèc fi oi
opoÐoi filtr�roun th lÔsh:

xfiltered =
n∑
i=1

fi
αi
σi
vi (4.15)

Oi mèjodoi kanonikopoÐhshc diafèroun mìno sthn epilog  twn suntelest¸n fi. H pio gnwst  mèjodoc
kanonikopoÐhshc ofeÐletai ston Tikhonon [12] o opoÐoc epèlexe th lÔsh xλ h opoÐa elaqistopoieÐ to
prìblhma

min
x
{||Ax− g||2 + λ2||x||2}. (4.16)

Ed¸, h par�metroc λ elègqei pìso b�roc dÐnoume sthn elaqistopoÐhsh thc ||x|| sugkritik� me th e-
laqistopoÐhsh thc nìrmac twn upoloÐpwn (residual norm). Se merikèc efarmogèc den eÐnai kat�llhlh h
elaqistopoÐhsh thc EukleÐdeiac nìrmac all� protimìtero thc hminìrmac ||Lx||, ìpou L eÐnai mia diakrit 
prosèggish k�poiac parag¸gou.

Mia �llh mèjodo kanonikopoÐhshc eÐnai h TruncatedSVD (TSVD) h opoÐa apl� <<perikìbei<< to �jroisma
tou 4.14 se èna �nw ìrio k<n , prin arqÐsoun na kuriarqoÔn oi mikrèc idi�zousec timèc.
AsfaleÐc epanalhptikèc mèjodoi gia na lÔsoune to prìblhma elaqÐstwn tetrag¸nwn
min
x
||Ax−g|| èqoun idiìthtec elaqistopoÐhshc.
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Oi oikogèneia mejìdwn twn suzug¸n kl sewn (Conjugate Gradient) elaqistopoieÐ th sun�rthsh elaqÐstwn
tetrag¸nwn p�nw se mia epektin¸menh seir� apì upoq¸rouc

Ak = span
{
ATg, (ATA)ATg, . . . , (ATA)

k−1
ATg

}
kai krat�ei th ||x|| ìso mikrìterh gÐnetai.

Mia �llh dhmofil  mèjodo eÐnai thc mègisthc entropÐac [13]. BasÐzetai sthn idèa: afoÔ oi metr seic g
perièqoun jìrubo, den mporoÔme na zht soume apì tic puknìthtec x na tic anapar�goun akrib¸c, all� mìno
na tic proseggÐsoume se k�poia ìria. An�mesa se ìla ta dianÔsmata x pou ikanopoioÔn th sunj kh

||Ax− g||≤λ

h mèjodoc thc mègisthc entropÐac epilègei to di�nusma tou opoÐo h entropÐa

s(x) = −
n∑
i=1

xiln

(
xi
xi0

)
− (xi − x0i )

eÐnai mègisth. To x0 eÐnai mia arqik  ektÐmhsh.

Sth sunèqeia ja asqolhjoÔme me th mèjodo kanonikopoÐhshc Tikhonov.
EÐdame ìti e�n to grammikì sÔsthma Ax= g èqei kak  kat�stash, h kanonikopoÐhsh Tikhonov prospajeÐ
na brei èna di�nusma xλ to opoÐo na elaqistopoieÐ to tetragwnikì sunarthsiakì

J(λ, x) = min
x
{||Ax− g||2 + λ2||Lx||2} (4.17)

To di�nusma xλ ja eÐnai h lÔsh tou sust matoc

(C+λ2E)xλ=ATg ìpou C = ATA kai E = LTL (4.18)

EpÐshc, to xλ eÐnai h lÔsh elaqÐstwn tetrag¸nwn tou sust matoc[
A
λL

]
xλ=

[
g
0

]
(4.19)

Pollaplasi�zontac kai ta dÔo mèrh me
[
AT , λLT

]
paÐrnoume thn exÐswsh 4.18 .

E�n jèsoume rλ=g−Axλ mporoÔme na èqoume:

AT rλ = λ2Exλ (4.20)

Epeid  apì thn exÐswsh 4.18 h lÔsh gr�fetai wc

xλ = (C + λ2E)
−1
ATg = (ATA+ λ2LTL)

−1
ATg (4.21)

eÐnai fanerì ìti
lim
λ↘0

xλ = x kai lim
λ→∞

xλ = 0.
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Apì thn 4.13 èqoume AT =
n∑
i=1

viσiu
T
i �ra gia L = I (kanonikopoÐhsh Tikhonov mhdenikoÔ bajmoÔ)

antikajist¸ntac sthn 4.21 èqoume

xλ =
( n∑
i=1

viσiu
T
i uiσiv

T
i + λ2I

)−1 n∑
i=1

viσiu
T
i g (4.22)

Ta dianÔsmata ui eÐnai orjog¸nia �ra uTi ui= I. EpÐshc, epeid  ta σi eÐnai oi idi�zousec timèc, ja èqoume
viσiσiv

T
i =σiviv

T
i σi=σ2

i kai h exÐswsh 4.22 gÐnetai

xλ =
n∑
i=1

1

σ2
i + λ2i

viσiu
T
i g (4.23)

Pollaplasi�zontac kai diair¸ntac thn 4.23 me σi katal goume sthn

xλ =
n∑
i=1

σ2
i

σ2
i + λ2i

uTi g

σi
vi (4.24)

h opoÐa eÐnai h exÐswsh 4.15 me suntelestèc fi=
σ2
i

σ2
i + λ2i

.

Gia kanonikopoÐhsh Tikhonov megalÔterou bajmoÔ, qrhsimopoioÔme th mèjodo GSVD
(Generalized SVD) [16] kai o pÐnakac L thc exÐswshc 4.17 eÐnai di�foroc tou monadiaÐou pÐnaka. Gia
kanonikopoÐhsh Tikhonov pr¸tou bajmoÔ o pÐnakac L ja èqei th morf 

L =



1 0 · · · 0 0 0
-1 1 · · · 0 0 0
...

...
. . .

...
...

...
...

...
. . .

...
...

...
0 0 · · · -1 1 0
0 0 · · · 0 0 1


pÐnakac o opoÐoc parist�nei th diakrit  prosèggish thc pr¸thc parag¸gou. Dustuq¸c, o orismìc thc GSVD
me touc antÐstoiqouc sumbolismoÔc den èqei tupopoihjeÐ epÐ tou parìntoc. H Matlab èqei enswmatwmènh thn
sun�rthsh GSVD h opoÐa dèqetai wc eÐsodo touc pÐnakec A, L kai epistrèfei touc pÐnakec U, V, X, C, S
ìpou U, V eÐnai orjomonadiaÐoi pÐnakec kai oi C, S mh arnhtikoÐ diag¸nioi pÐnakec gia touc opoÐouc isqÔoun:

A = UCXT

L = V SXT

CTC + STS = I

Oi genikeumènec idi�zousec timèc ja eÐnai

γi =
cii
sii

ìpou 0≤γ1≤γ2≤ . . .≤γn
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H GSVD lÔsh thc exÐswshc 4.17 ja eÐnai

xλ =
n∑
i=1

γ2i
γ2i + λ2i

uTi g

γi
vi (4.25)

h opoÐa eÐnai h exÐswsh 4.15 me suntelestèc fi=
γ2i

γ2i + λ2i
.

Gia kanonikopoÐhsh Tikhonov deÔterou bajmoÔ o pÐnakac pou qrhsimopoioÔme eÐnai h diakrit  prosèggish
thc deÔterhc parag¸gou:

L =



1 0 0 · · · 0 0 0
-1 2 -1 · · · 0 0 0
...

...
...

. . .
...

...
...

...
...

...
. . .

...
...

...
...

...
...

. . .
...

...
...

0 0 0 · · · -1 2 -1
0 0 0 · · · 0 0 1



EktÐmhsh paramètrou λ

Mia mèjodo gia na ektim soume th par�metro kanonikopoÐhshc λ eÐnai h L-curve [14]. H L-curve sqedi�zei
thn kampÔlh twn paramètrwn

(
ρ(λ), η(λ)

)
ìpou ta ρ(λ) = ||xλ||, η(λ) = ||rλ|| metr�ne th di�stash thc

kanonikopoihmènhc lÔshc kai twn antÐstoiqwn upoloÐpwn (residual) [15]. H idèa eÐnai ìti mia kal  mèjodo
h opoÐa ja epilègei th par�metro λ prèpei na perièqei plhroforÐec gia th di�stash thc lÔshc ìso kai na
qrhsimopoieÐ plhroforÐec gia th di�stash twn upoloÐpwn. Autì bèbaia eÐnai fusikì diìti anazhtoÔme mia
isorropÐa pou ja krat�ei kai tic dÔo timèc qamhlèc. H L-curve èqei mia eudi�krith morf  pou moi�zei sto
agglikì gr�mma L kai h gwnÐa tou entopÐzetai akribìc ekeÐ pou h lÔsh xλ all�zei th fÔsh thc, apì ekeÐ
pou uperèqoun ta sf�lmata kanonikopoÐhshc (p.q. uperexom�lunsh) ekeÐ pou uperèqoun ta sf�lmata twn g.
'Etsi, h gwnÐa thc L-curve antistoiqeÐ se mia kal  isorropÐa an�mesa sth elaqistopoÐhsh twn diast�sewn
kai h antÐstoiqh par�metroc kanonikopoÐhshc λ eÐnai mia kal  epilog .

Pollèc idiìthtec thc L-curve gia th kanonikopoÐhsh Tikhonov exet�zontai sthn ergasÐa [14].
'Eqei apodeiqteÐ ìti k�tw apì sÐgourec upojèseic h L-curve(ρ, η) èqei dÔo qarakthristikèc pleurèc, mia
<<epÐpedh<< pleur� ìpou sth lÔsh xλ kuriarqoÔn ta sf�lmata kanonikopoÐhshc kai mia <<k�jeth<< pleur� sthn
opoÐa ta xλ kuriarqoÔntai apì ta sf�lmata mètrhshc.

Sta peir�mat� mac br kame ìti tic perissìterec forèc eÐnai pleonèkthma na exet�zoume th L-curve se logar-
ijmik  klÐmaka. Up�rqei mia dunat  dikaiologÐa gia autì. AfoÔ oi idi�zousec timèc kalÔptoun merikèc t�xeic
megej¸n, h sumperifor� thc L-curve faÐnetai kalÔtera se logarijmik  klÐmaka. EpÐshc, h logarijmik  klÐ-
maka tonÐzei tic epÐpedec pleurèc thc L-curve ìpou oi metabolèc twn ρ   η eÐnai mikrèc se sÔgkrish me tic
metabolèc twn �llwn metablht¸n. Autèc oi pleurèc thc L-curve suqn� <<strim¸qnontai<< kont� stouc �xonec
se grammik  klÐmaka. 'Ena akìma pleonèkthma thc logarijmik c klÐmakac eÐnai ìti se allagèc klÐmakac gia
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tic metr seic g h L-curve apl� metakineÐtai orizìntia kai k�jeta.

To biblÐo twn R. Aster, B. Borchers, C. H. Thurber [17] perièqei èna CD me pio prìsfath èkdosh twn
”Regularization tools: a Matlab package for analysis and solution of discrete ill-posed problems” tou P. C.
Hansen apì thn èkdosh pou kukloforeÐ sto Internet . To CD perièqei th sun�rthsh Tikhcstr h opoÐa
ekteleÐ th kanonikopoÐhsh Tikhonov me upì sunj kh lÔsh, ¸ste na isqÔoun oi periorismoÐ li≤xi≤ui, i=
1,. . . ,n. Me bo jhse polÔ sto na ektim sw swst� th kat�llhlh par�metro kanonikopoÐhshc λ ektel¸ntac
gia di�forec timèc thc paramètrou th sun�rthsh tikhcstr ¸ste na sqhmatisteÐ h L-curve.

An h gwnÐa den eÐnai tìso eudi�krith, dokim�zoume kai mia �llh mèjodo:
PaÐrnoume mia seir� µi, i = 1 . . . 5 se Ðsec apost�seic sto di�sthma [λmin, λmax]. Gia k�je λi=µi upologÐ-
zoume to di�nusma xλ me th sun�rthsh Tikhcstr kai to antÐstoiqo sf�lma e23. To di�sthma pou sqhmatÐzetai
apì to λi pou dÐnei to mikrìtero sf�lma mazÐ me to prohgoÔmeno kai to epìmenì tou, paÐrnoun th jèsh twn
λmin, λmax kai h diadikasÐa epanalamb�netai mèqri to kainoÔrgio di�sthma na eÐnai arket� mikrì   to sf�lma
twn teleutaÐwn epanal yewn na sugklÐnei.

Gia na ektelèsei thc sun�rthshc tikhcstr qreiazìmaste thn

DiadikasÐa DhmiourgÐac Pin�kwn (DDP) thc sun�rthshc tikhcstr
for i = 1, . . . , n

Lii = 1
Gii = 1, Gi+n,i = −1
dii = li, di+n,i = −ui

end

Algìrijmoc L Er Est
Input: lmin, lmax % Eis�gontai ta ìria mèsa sta opoÐa na brei to mikrìtero sf�lma
Begin
DIO

x0=
l + u

2
DDP
nc=5
tol=10−10, tolX = 10−10 % 'Oria anoq c gia to di�sthma kai ta sf�lmata
iter=0, iout=0
while iout=0

stp=
lmax−lmin

nc−1
µi= lmin+(i−1) · stp, i=1, . . . , nc
iter= iter+1
[x, rho, eta]=tikhcstr(A, g,G, d, L, µ, x0)
for i=1 : nc

gc=A · x:,i
ferri=fCalcErr(g, gc, A)
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end for
minerr=ferr1, ilc=1
for j=2, . . . , n

if ferrj<minerr then
minerr=ferrj, ilc=j

end for
if ilc>1 then lmin=µilc−1 else lmin=µ1

if ilc<nc then lmax=µilc+1 else lmax=µnc
lliter=µilc, eeiter=minerr
if iter>1 then

if lliter−lliter−1<tol then iout=1
if iter>2 then

if |eeiter−1−eeiter|<tolX and |eeiter−2−eeiter−1|<tolX then iout = 1
end while

4.5 Teqnikèc parekbol c gia grammik� sust mata

se kak  kat�stash

Sthn ergasÐa [19] up�rqoun teqnikèc afaÐreshc thc paramètrou λ apì thn lÔsh thc kanonikopoÐhshc

Tichonov, exÐswsh 4.25, x̄λ =
∑n

i=1
γ2i

γ2i +λ
2
i

uTi g

γi
v̄i. Aut  h lÔsh mporeÐ na grafteÐ wc mia rht  sun�rthsh:

R(λ)=
n∑
i=1

ai
bi + λ

v̄i (4.26)

ìpou ai, bi (�gnwstoi) proc prosdiorismì par�metroi kai ta v̄i eÐnai dianÔsmata grammik� anex�rthta,
i=1, . . . , n. Oi 2n se arijmì �gnwstoi par�metroi prosdiorÐzontai upojètontac ìti gia k�poiec dokimèc k
ja isqÔei:

x̄k(λ) = Rk(λ) (4.27)

Tìte mporoÔme na parekb�loume sto shmeÐo λ=0:

x̄(0) =
n∑
i=1

ai
bi
v̄i (4.28)

Ac jewr soume dÔo diadoqikèc dokimèc, tic

x̄k=
n∑
i=1

ai
bi + λk

v̄i, x̄k+1 =
n∑
i=1

ai
bi + λk+1

v̄i (4.29)

kai ta dianÔsmata w̄i, i= 1, . . . , n ètsi ¸ste (v̄i, w̄j) = δij (fusik�, afoÔ ta vi eÐnai orjokanonik� isqÔei
wi=vi). Met� pollaplasi�zoume tic 4.29 me w̄j, j=1, . . . , n gia na p�roume :

(x̄k, w̄j) =
aj

bj + λk
, (x̄k+1, w̄j) =

aj
bj + λk+1

(4.30)
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Apì tic 4.30 prokÔptei
(bj + λn)(x̄k, w̄j) = (bj + λk+1)(x̄k+1, w̄j) (4.31)

gia na katal xoume

bj = −λk+1(x̄k+1, w̄j)− λk(x̄k, w̄j)
(x̄k+1, w̄j)− (x̄k, w̄j)

, j=1, . . . , n. (4.32)

EÔkola brÐskoume kai ta
aj = (bj + λk)(x̄k, w̄j), j=1, . . . , n (4.33)

�ra mporoÔme na broÔme th lÔsh 4.28 . Aut  h lÔsh eÐnai Ðdia me thn lÔsh elaqÐstwn tetrag¸nwn 4.14,
mìno pou èqoume periorismoÔc sth lÔsh .

4.6 LÔsh tou MLM me SVD

'Opwc sth mèjodo MLM, xekin¸ntac apì èna arqikì montèlo xi0, i= 1, . . . ,n kai ta antÐstoiqa ìri� touc
li≤xi≤ui, prèpei na broÔme mia kainoÔrgia ektÐmhsh x0+δ ètsi ¸ste to sf�lma na elatt¸netai se k�je
epan�lhyh. LÔnontac thn exÐswsh 4.11 me th mèjodo SVD (antÐ diag(ATA) qrhsimopoioÔme ton monadiaÐo
I) èqoume to apotèlesma :

d
(k)
λ =

n∑
i=1

si
s2i + λ2

uTi rvi (4.34)

ìpou o arijmìc k dhl¸nei ton arijmì thc epan�lhyhc kai h metablht  r perièqei ta residual.
H upìloiph diadikasÐa eÐnai Ðdia ìpwc sth mèjodo MLM, me th diafor� ìti h par�metroc λ upologÐzetai se
k�je epan�lhyh me th bo jeia thc sun�rthshc pGoldSec (ja th doÔme sthn epìmenh enìthta).
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Algìrijmoc MLMSVD
Begin
DIO
A = fCalcA(xp, zp, xbox1, xbox2, zbox1, zbox2)
gc=Ax, fold=fCalcErr(g, gc, A)
iter=1, ferr1 =fold
iout=1, [u, s, v]=svd(A)
λa=10−3, λc=100
while iout

iter= iter+1
r=g−gc
xst=x, pGoldSec % Upologismìc thc bèltisthc paramètrou λ

d=
∑n

i=1

si
s2i + λ2

uTi rvi% Upologismìc twn enhmer¸sewn gia to di�nusma x

w=x+d
for i=1 . . . , n

if wi≥ li and wi≤ui then xi=wi
end for
gc=Ax, ferriter=fCalcErr(g, gc, A)
if ferriter≤ tol then iout=0

end while

EktÐmhsh paramètrou λ

'Opwc eÐdame sthn enìthta 4.3, b�sh thc mejìdou Levenberg–Marquardt xekin�me apì mia qamhl  tim 
gia th par�metro λ, ac poÔme λ0 = 0.015. Sto tèloc thc epan�lhyhc, an brejeÐ sf�lma mikrìtero apì thc
prohgoÔmenhc epan�lhyhc, h par�metroc λ diaireÐtai me ènan arijmì v (v > 0, ac eÐnai v=1.5) diaforetik�
pollaplasi�zete me ton Ðdio arijmì.

Epèlexa se k�je epan�lhyh na gÐnetai ektÐmhsh thc paramètrou me ton algìrijmo Golden Section Search
(GSS) [9]. Ton dokÐmasa kai se palaiìterec efarmogèc kai p ra ikanopoihtik� apotelèsmata.
Upojètw ìti h par�metroc λ brÐsketai sto di�sthma (λa, λc). Epilègoume èna endi�meso shmeÐo λb. Ja
èqw el�qisto sto di�sthma (λa, λc) e�n to sf�lma sto shmeÐo λb eÐnai mikrìtero kai apì to sf�lma sto
shmeÐo λa kai apì tou λc. Epilègoume èna shmeÐo λx metaxÔ λa, λb   metaxÔ λb, λc. E�n to sf�lma sto
shmeÐo λx eÐnai megalÔtero apì autì tou λb epilègw thn kainoÔrgia tri�da shmeÐwn λa, λb, λx diaforetik�
h tri�da ja eÐnai λb, λx, λc. Kai stic dÔo peript¸seic, sto mesaÐo shmeÐo thc tri�dac antistoiqeÐ to mikrìtero
sf�lma apì ta shmeÐa pou èqw exet�sei. EpÐshc, k�je for� to proc exètash di�sthma eÐnai mikrìtero apì
to prohgoÔmeno. H diadikasÐa epanalamb�netai mèqri to kainoÔrgio di�sthma na eÐnai arket� mikrì.
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function λ = Golden (λa, λb, λc, tol)
r=0.61803399, c=1−r
λb=

λa+λc
2

x0=λa, x3=λc
if |λc−λb| > |λb−λa|

x1 = λb, x2=λb+c · (λc−λb)
else

x2 = λb, x1=λb−c · (λb−λa)
f1=func(x1), f2=func(x2)
iout=1
while iout

if f2<f1 then
x0=x1, x1=x2
x2=r · x1+c · x3
f0=f1, f1=f2
f2=func(x2)

else
x3=x2, x2=x1
x1=r · x2+c · x0
f3=f2, f2=f1
f1=func(x1)

if |x3−x0|≤ tol · (x1+x2) then iout=0
end while
if f1<f2 then λ=x1 else λ=x2

function f =func(λ)
% 'Oloi oi pÐnakec pou qrei�zontai sth sun�rthsh metafèrontai apì to kÔrio prìgramma mèsw
% Global metablht¸n

d =
∑n

i=1

si
s2i + λ2

uTi rvi

xx=x
for i=1, . . ., n

wi=xi+di
if li≤wi and wi≤ui then xxi=wi

end for
gg=A · xx
f=fCalcErr(g, gg, A)
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5 Arijmhtik� Apotelèsmata

5.1 EktÐmhsh sf�lmatoc

Jèloume na doÔme an ìntoc o tÔpoc gia ton upologismì tou sf�lmatoc e23 =
(r, r)2

(Ar,Ar)
dÐnei kalÔtera

apotelèsmata apì ton tÔpo upologismoÔ ton upoloÐpwn r = ||g−Ax∗||. Sthn ergasÐa [4] up�rqei mia

endiafèrousa prìtash: jèloume na broÔme ta ìria tou
||r||
||e||

. DiairoÔme tic anisìthtec 3.1 me ||r|| kai h

antistrofìc touc eÐnai:
1

||A−1||
≤ ||r||
||e||
≤ ||A|| (5.1)

ProkÔptoun oi akìloujec peript¸seic sÔmfwna me tic sqetikèc jèseic twn diasthm�twn[
1

||A−1||
, ||A||

]
kai

[1

κ
, κ
]
(ìpou κ o deÐkthc kat�stashc tou pÐnaka A):

(1) ||A|| ≤ κ−1: ta dÔo diast mata eÐnai anex�rthta. Antikajist¸ntac sthn 5.1 paÐrnoume ||r|| ≤ ||e||
κ

kai epeid  κ ≥ 1 sumpairènoume ||r|< ||e||.

(2)
1

||A−1||
≤ κ−1≤ ||A|| ≤ κ: Autèc oi sunj kec eÐnai isodÔnamec me ||A|| ≤ 1≤ ||A−1|| kai ||A||−1≤ κ.

Sunep¸c, ||A||≤1 kai ||r|< ||e||.

(3)
1

||A−1||
≤ κ−1 ≤ κ≤ ||A||: autèc oi sunj kec mac lène ìti kai oi dÔo nìrmec, ||A|| kai ||A−1|| eÐnai

mikrìterec   Ðsec tou 1. Autì eÐnai dunatìn mìno an kai oi dÔo nìrmec isoÔntai me 1 kai sumpairènoume
ìti h ||r|| (exÐswsh 3.1 ) kai h e3=

√
||rrT || isoÔtai me ||e||.

(4) κ−1≤ 1

||A−1||
≤κ≤||A||: autèc oi anisìthtec eÐnai isodÔnamec me ||A−1||≤ 1≤||A||. Sunep¸c (lìgw

thc 5.1 ) ||e||≤||A−1|| · ||r|| �ra ||e||≤||r||.

(5) κ≤ 1

||A−1||
: ta dÔo diast mata eÐnai anex�rthta. Epeid 

1

||A−1||
≥ κ≥ 1 antikajist¸ntac sthn 5.1

paÐrnoume ||e||≤||r||.

(6) κ−1≤ 1

||A−1||
≤||A||≤κ: autèc oi anisìthtec mac odhgoÔn sto sumpèrasma ìti kai oi dÔo nìrmec, ||A||

kai ||A−1 || eÐnai megalÔterec   Ðsec tou 1. Apotèlesma, kai oi dÔo posìthtec, ||r|| kai e3 mporoÔn
na proseggÐzoun to ||e||.
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DiadikasÐa 1
Gia 50 epanal yeic, paÐrnw èna tuqaÐo arqikì montèlo mèsa sta ìri� mou kai upologÐzw to g=Ax. PaÐrn-
w wc arqik  ektÐmhsh to mèso ìro twn orÐwn kai ektel¸ mia epan�lhyh me ton algìrijmo MLM (enìthta 4.3).

Algìrijmoc CheckErr1
Begin
for i=1, . . . , 50

x= l + rand · (u−l)
g=Ax

x(0) =
l+u

2
x(1) =MLM

(
x(0)
)

gc=Ax(1)

nEi= ||x− x(1)||
nE3i=fCalcErr(g, gc, A)
nRi= ||g−gc||

end for

Xekin�me me ton pÐnaka A1 di�stashc 300× 300 me deÐkth kat�stashc κ = 8.4× 1011. 'Eqei ||A1|| =

50,
1

||A−11 ||
= 6×10−11 kai κ−1 = 1.2×10−12. To prìblhma an kei sthn kathgorÐa (6), �ra den mporoÔme

na apofasÐsoume ek ton protèrwn poia posìthta apì tic ||r||, e3 proseggÐzei kalÔtera to sf�lma ||e||.
Ektel¸ntac th diadikasÐa 1 p ra ta apotelèsmata:

ParathroÔme ìti e3< ||r|| kai ìti to ||r|| eÐnai pio kont� sto ||e|| all� èqoun meg�lh apìklish. EpÐshc
isqÔei e3< ||r||< ||e||.
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SuneqÐzw me pÐnaka A2 di�stashc 150× 150 (5 seirèc prism�twn) me deÐkth kat�stashc

κ= 5×107. 'Eqei ||A2||= 69,
1

||A−12 ||
= 1.4×10−6 kai κ−1 = 2×10−8. EpÐshc an kei sthn kathgorÐa (6).

Ektel¸ntac th diadikasÐa 1 p ra ta apotelèsmata:

ParathroÔmai ìti kai p�li isqÔei e3< ||r|| me th diafor� ìti to ||r|| proseggÐzei kalÔtera to ||e|| apì thn
ektèlesh me ton pÐnaka A1. 'Omwc h grafik  par�stash eÐnai se logarijmik  klÐmaka kai mac xegel�ei. An
 tan se grammik  klÐmaka, ja blèpame ìti ta ||r|| kai e3 isapèqoune apì to ||e||. To apodeiknÔei kai o
pÐnakac twn sqetik¸n sfalm�twn lÐgo pio k�tw.
Dokim�zw thn Ðdia diadikasÐa me ton pÐnaka A3 di�stashc 100× 100 (2 seirèc prism�twn) me deÐkth kat�s-

tashc κ=2.5×104, ||A3||=112,
1

||A−13 ||
=3.8×10−5 kai κ−1 =4.3×10−3. Kai autìc o pÐnakac an kei sth

kathgorÐa (6).

ParathroÔme ìti oi posìthtec ||r|| kai e3 èqoun thn Ðdia apìklish apì to sf�lma ||e|| kai ìti se merikèc
peript¸seic to e3 proseggÐzei kalÔtera to ||e||.
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'Enac pÐnakac A4 di�stashc 50× 50 (1 seir� prism�twn) me deÐkth kat�stashc κ=20,

||A4|| = 36,
1

||A−14 ||
= 1.8 kai κ−1 = 5×10−2 an kei sth kathgorÐa (4) kai eÐmaste sÐgouroi ìti isqÔei

||e||≤||r||. To bebai¸nei kai h grafik  tou par�stash:

Apì th grafik  par�stash faÐnetai kajar� ìti h posìthta e3 eÐnai kalÔterh prosèggish tou ||e|| apì to
||r||.
Sunoptik� ta qarakthristik� twn tess�rwn pin�kwn:

A Di�stash κ(A) ||A|| 1

||A−1||
1

κ(A)
1 300× 300 8.4× 1011 50 6× 10−11 1.2× 10−12

2 150× 150 5.7× 107 69 1.4× 10−6 2× 10−8

3 100× 100 2.5× 104 112 3.8× 10−5 4.3× 10−3

4 50× 50 20 36 1.8 5× 10−2

Sth sunèqeia parousi�zw sugkentrwtik� ta sqetik� sf�lmata thc diadikasÐac 1. Wc sqetikì sf�lma (ac
eÐnai gia th posìthta ||r||) epilègw ton tÔpo (50 o sunolikìc arijmìc twn dokim¸n):

RelErr =

√∑50
i=1 (||e||i − ||r||i)2∑50

i=1 ||e||i
· 100

Sqetikì sf�lma A1 A2 A3 A4

||r|| 106 73 151 15.0
e3 181 96 57 0.4

Sumpèrasma twn dokim¸n me th diadikasÐa 1: ìtan o deÐkthc kat�stashc tou pÐnaka A eÐnai polÔ meg�loc,
to ||r|| proseggÐzei kalÔtera to sf�lma ||e||. 'Oso o deÐkthc kat�stashc mei¸netai, to e3 proseggÐzei
kalÔtera to sf�lma.
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Epeid  oi <<metr seic upaÐjrou<< (oi metr seic barÔthtac kai genik� ìlec oi gewfusikèc metr seic) eÐnai
<<molusmènec<< me jìrubo, proqwr¸ sth DiadikasÐa 2:
paÐrnw ìpwc kai sth diadikasÐa 1 èna tuqaÐo montèlo kai upologÐzw to g = Ax sto opoÐo prosjètw mia
tuqaÐa metablht  me mhdenikì mèso ìro kai monadiaÐa diakÔmansh (h entol  rand thc Matlab èqei aut 
thn idiìthta). Pollaplasi�zontac kat�llhla petuqaÐnw mia diataraq  stic metr seic mac me èna epÐpedo
jorÔbou 2.5% (gia tic metr seic upaÐjrou jewreÐtai idanik  perÐptwsh). EpÐshc xekin�w apì èna tuqaÐo
montèlo x(0). Sth sunèqeia, ìpwc kai sth diadikasÐa 1 ektel¸ mia epan�lhyh me to prìgramma MLM.

Algìrijmoc CheckErr2
Begin
for i=1, . . . , 50

x= l+rand · (u−l)
x(0) = l+rand · (u−l)
g=Ax
for j=1, . . . , n

nse=0.05 · rand · gj−0.025 · gj
gj =gj+nse

end for
x(1) =MLM

(
x(0)
)

gc=Ax(1)

nEi= ||x− x(1)||
nE3i=fCalcErr(g, gc, A)
nRi= ||g−gc||

end for

Parousi�zw tic grafikèc parast�seic gia touc Ðdiouc 4 pÐnakec:
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kai to sugkentrwtikì pÐnaka me ta sqetik� sf�lmata thc diadikasÐac 2:

Sqetikì sf�lma A1 A2 A3 A4

||r|| 142 550 1014 1078
e3 165 111 98 28
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Gia epÐpedo jorÔbou 5% parousi�zw mìno to sugkentrwtikì pÐnaka:

Sqetikì sf�lma A1 A2 A3 A4

||r|| 731 1896 2531 3045
e3 190 135 105 42

Epeid  ta arqik� montèla eÐnai tuqaÐa, k�je for� pou ekteloÔme ta progr�mmata ta apotelèsmata twn
sqetik¸n sfalm�twn eÐnai diaforetik�. 'Ekana pollèc dokimèc kai stouc pÐnakec èqw anagr�yei touc mèsouc
ìrouc twn dokim¸n.
Genikì sumpèrasma: 'Otan oi metr seic mac perièqoun jìrubo, anex�rthta apì th kat�stash tou pÐnaka
A, h ektÐmhsh e3 proseggÐzei polÔ kalÔtera to sf�lma ||e|| apì to ||r||.

5.2 Sun�rthsh LSQLIN thc Matlab

Se ìlec tic dokimèc ja qrhsimopoi sw ton pÐnaka A1 thc prohgoÔmenhc enìthtac me ton megalÔtero deÐkth
kat�stashc.
H sun�rthsh LSQLIN thc Matlab lÔnei ta probl mata elaqÐstwn tetrag¸nwn me upì sunj kh (constrained)
lÔsh. Gia to prìblhm� mac, h entol  gr�fetai wc:
x = lsqlin(A, g, C, d, Ceq, deq, l, u, x0)
ìpou oi pÐnakec C, d, Ceq, deq qrhsimopoioÔntai gia �llec anisìthtec kai gia thn perÐptws  mac dhl¸nontai
wc kenoÐ.

Epilègoume wc arqikì montèlo x
(0)
i =

li + ui
2

, i = 1, . . . , n.

Met� apì 36 epanal yeic, paÐrnoume th grafik  par�stash:

Sto parap�nw sq ma, me qr¸ma mplè sumbolÐzontai ta izÔmata, qalar� epifaneiak� petr¸mata me puknìthtec
2.00 - 2.25. Me kìkkino sumbolÐzontai ta sklhr� petr¸mata (asbestìlijoc, granÐthc) pou antiproswpeÔoun
to upìbajro kai èqoun puknìthtec 2.50 - 2.70. Me kÐtrino sumbolÐzontai petr¸mata me endi�mesh puknìthta
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2.25 - 2.50.
ParathroÔme mia kal  sÔgklish an�mesa stic dÔo kampÔlec all� to sf�lma eÐnai arket� meg�lo. Ac doÔme
kai �llec mejìdouc.

5.3 Algìrijmoc InvKaczmarz

'Opwc sth prohgoÔmenh enìthta, epilègoume wc arqikì montèlo x
(0)
i =

li + ui
2

, i=1, . . . , n kai ektel¸ mia

epan�lhyh me to prìgramma InvKaczmarz:

Met� apì 800 epanal yeic ft�noume sto apotèlesma:

Parathr¸ ìti up�rqei mia palindrìmhsh gÔrw apì th bèltisth lÔsh. Kat� th di�rkeia twn epanal yewn, to
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sf�lma anebaÐnei mèqri thn tim  11 gia na xanakatèbei, ktl.
Th gewlogik  ermhneÐa ja th doÔme sto tèloc ton dokim¸n. Gia th sÔgklish, en¸ arister� èqoume polÔ
kal , dexi� mac ta qal�ei lÐgo. O algìrijmoc prospajeÐ na ermhneÔsei thn apìtomh kampulìthta (pr�sinh
kampÔlh, sto bel�ki tou �nw sq matoc) h opoÐa ofeÐletai se trisdi�stath anwmalÐa me dusdi�stato montèlo
(enìthta 2.3) kai den èqoume ikanopoihtik� apotelèsmata.
Na doÔme th shmaÐnei trisdi�stath anwmalÐa.

ParathroÔme sthn p�nw eikìna (h opoÐa eÐnai sto tèloc thc A gramm c) ìti h gramm  mac ephre�zete apì
pl�giec uyhlèc timèc (oi opoÐec dhmiourgoÔn anwmalÐec) qwrÐc na eÐnai akrib¸c p�nw sth gramm . Autì
dhmiourgeÐ mia <<yeÔtikh<< anwmalÐa h opoÐa den ja èprepe na lhfjeÐ upìyh.
Met� apì 2900 epanal yeic paÐrnoume thn el�qisth tim  sf�lmatoc me to montèlo:

Me ton algìrijmo InvKaczmarzRndz met� apì 90 epanal yeic paÐrnoume sf�lma
estimated error e3 = 0.39, arket� mikrìtero apì tou prohgoÔmenou algìrijmou.
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Met� apì 1700 epanal yeic:

ParathroÔme ìti èqoume mia polÔ kal  sÔgklish (sf�lma 0.29, kalÔtero apì to 0.35 thc sun�rthsh L-
SQLIN) �ra o algìrijmoc InvKaczmarzRndz douleÔei arket� kal�. EpÐshc, o algìrijmoc den prospajeÐ
na ermineÔsh thn apìtomh klÐsh h opoÐa ofeÐletai se trisdi�stath anwmalÐa, �ra èqei kal  sumperifor�.

5.4 Algìrijmoc ModifiedLM

Epilègoume to arqikì montèlo ìpwc sth prohgoÔmenh enìthta kai ekteloÔme to prìgramma
invMLM. Met� apì 250 epanal yeic paÐrnoume to apotèlesma:

'Eqoume arket� kal  sÔgklish (sf�lma 0.25 antÐ 0.6 thc mejìdou InvKaczmarz kai 0.29 thc mejìdou
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InvKaczmarzRndz) , ektìc apì th kampulìthta h opoÐa ofeÐletai se trisdi�stath anwmalÐa. Telik�, den
paÐzei tìso rìlo to sf�lma, perissìtero mac endiafèrei h sÔgklish twn dÔo kampul¸n (metrhmènwn tim¸n
kai antapìkrish tou montèlou) sth grafik  par�stash. Gia ta gewfusik� montèla, o algìrijmoc MLM
èqei kalÔterh sumperifor�, den prospajeÐ na ermhneÔsei thn kampulìthta pou proèrqetai apì trisdi�stath
anwmalÐa, all� prospajeÐ na akolouj sei thn kl sh thc kampÔlhc se k�je shmeÐo mèsa sta epitrept� ìria
(ìpwc eÐdame sthn enìthta 2.5, den epitrèpontai apìtomec kl seic sthn kampÔlh twn metr sewn upaÐjrou).
EpÐthdec epèlexa aut  th gramm  gia na dw th sumperifor� twn diafìrwn algorÐjmwn, antÐ na epilèxw mia
ligìtero apìtomh gramm    na thn <<omalopoi sw<< aut n.

5.5 KanonikopoÐhsh Tichonov

Gia thn ektÐmhsh thc paramètrou λ gia th kanonikopoÐhsh Tikhonov mhdenikoÔ bajmoÔ (exÐswsh 4.24 )
qrhsimopoÐhsa th sun�rthsh Tikhcstr me tic akìloujec dokimastikèc timèc,

λ = [10−4, 0.1, 0.5, 1, 4, 7, 10, 20, 30].

Gia k�je λ paÐrnoume mia nìrma thc lÔshc ||x|| kai mia nìrma twn upoloÐpwn ||r||. H grafik  par�stash
(se logarijmik  klÐmaka):

ParathroÔme ton sqhmatismì twn dÔo pleur¸n, thc k�jethc pleur�c sthn opoÐa kuriarqoÔn ta
sf�lmata mètrhshc kai thc epÐpedhc pleur�c sthn opoÐa kuriarqoÔn ta sf�lmata kanonikopoÐhshc, all�
den èqoume mia eudi�krith gwnÐa h opoÐa na mac dÐnei thn tim  thc paramètrou λ.

Sthn parak�tw eikìna, gia th kanonikopoÐhsh Tichonov pr¸tou bajmoÔ, parathroÔme ìti h k�jeth pleur�
orizonti¸netai �lla kai p�li den eÐnai eudi�krith h gwnÐa h opoÐa xeqwrÐzei tic dÔo morfèc sfalm�twn.

Ac doÔme kai thn L-curve gia thn kanonikopoÐhsh Tichonov deÔterou bajmoÔ:

Se sqèsh me th kanonikopoÐhsh Tichonov pr¸tou bajmoÔ den belti¸netai to apotèlesma, �ra prèpei na
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broÔme diaforetikì trìpo gia thn prosèggish thc paramètrou λ.

Apì thn exÐswsh 4.20 paÐrnoume
λ2Exλ
AT rλ

= 1 (5.2)

ìpou E=LTL �ra gia k�je bajmì kanonikopoÐhshc prèpei na broÔme thn tim  thc paramètrou λ gia thn
opoÐa isqÔei h 5.2 .
TropopoÐhsa thn sun�rthsh Golden thc enìthtac 4.7 se Dw Goldsec, gia na elaqistopoi sw thn posìthta

1− λ2||Exλ||
||AT rλ||

. O algìrijmoc thc antÐstoiqhc sun�rthshc func ja eÐnai:
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function f=func(λ)
% Metafor� sthn mn mh tou pÐnaka L tou antÐstoiqou bajmoÔ kanonikopoÐhshc (enìthta 4.4)
% EkteloÔme to upoprìgramma Tickcstr me touc periorismoÔc kai paÐrnoume to di�nusma x

% UpologÐzoume tic posìthtec gc, rλ=g−gc kai sth sunèqeia thn f=1−λ
2||Exλ||
||AT rλ||

.

KanonikopoÐhsh Tichonov bajmoÔ λ
0 1.171
1 2.068
2 1.052

Ja parousi�sw ta apotelèsmata �llwn dÔo mejìdwn ektÐmhshc thc paramètrou λ.
O P. C. Hansen sthn ergasÐa tou ”The L-curve and its use in the numerical treatment of inverse problems”
anafèrei to Krit rio Mègisthc Kampulìthtac an�mesa stic posìthtec η= ||xλ||2, ρ= ||Axλ− b||2
ìpou xλ eÐnai mia lÔsh tou sust matoc 4.18 gia k�poia tim  thc paramètrou λ. Met� apì efarmog  thc
mejìdou (sundu�zontac kai thn sun�rthsh Golden thc enìthtac 4.7) eÐqame ta apotelèsmata

KanonikopoÐhsh Tichonov bajmoÔ λ
0 1.107
1 1.296
2 1.075

H mèjodoc ”Generalized cross validation” [18] akoloujeÐ thn diadikasÐa: apì to sÔnolo twn n exis¸sewn
thc morf c Ai,:xi=gi, i=1, . . . , n afÐnoume k ap' èxw kai upologÐzoume tic paramètrouc xi, i=1, . . . , n−k
gia di�forec timèc thc paramètrou λ. Sth sunèqeia, gia k�je tim  thc paramètrou λ me grammik  parembol 
upologÐzoume tic timèc twn upoloÐpwn k paramètrwn xn−k+1 . . . , xn kai paÐrnoume th nìrma twn diafor¸n
apì ta pragmatik�. Mac endiafèrei h tim  thc paramètrou λ gia to opoÐo h nìrma eÐnai el�qisth.

KanonikopoÐhsh Tichonov bajmoÔ λ
0 <10−4

1 0.252
2 0.150

H bibliografÐa pou br ka gia thn teleutaÐa mèjodo aforoÔn lÔseic tou sust matoc 4.18 qwrÐc perior-
ismoÔc. Sto diadÐktuo den br ka kanèna �rjro gia periorismoÔc stic lÔseic, gia autì sundÔasa se èna
prìgramma thn logik  thc mejìdou me th sun�rthsh Tikhcstr pou sunant same sthn enìthta 4.5.
Sumpèrasma, apì tic dÔo pr¸tec mejìdouc, paÐrnoume parapl siec timèc gia thn par�metro λ gia th kanon-
ikopoÐhsh mhdenikoÔ kai deÔterou bajmoÔ, �ra blèpoume ta antÐstoiqa montèla

H kanonikopoÐhsh Tikhonov deÔterou bajmoÔ èqei megalÔtero sf�lma apì thn antÐstoiqh tou mhdenikoÔ
bajmoÔ. H kanonikopoÐhsh deÔterou bajmoÔ ìmwc èqei kalÔterh sumperifor�, moi�zei me th sumperifor�
thc mejìdou MLM, den prospajeÐ na tairi�xei tic kampÔlec sto shmeÐo thc apìtomhc kl shc pou ofeÐletai
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se trisdi�stath anwmalÐa, en¸ h kanonikopoÐhsh mhdenikoÔ bajmoÔ tairi�zei me th sumperifor� thc mejìdou
InvKaczmarz. EpÐshc, apì mia mèjodo kanonikopoÐhshc den zht�me na akoloujeÐ k�je <<sp�simo<< thc kam-
pÔlhc, zht�me mia exom�lunsh (smooth) twn dedomènwn mac kai autì to k�nei kalÔtera h kanonikopoÐhsh
Tikhonov deÔterou bajmoÔ. An zht�me akrib  sÔgklish sta dedomèna   e�n ta arqik� dedomèna èqoun exo-
malunjeÐ me k�poia fÐltra, ja tairi�zei perissìtero h kanonikopoÐhsh Tikhonov mhdenikoÔ bajmoÔ.
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5.6 Teqnikèc parekbol c gia grammik� sust mata se kak  kat�stash

Gia th kanonikopoÐhsh Tikhonov mhdenikoÔ bajmoÔ k�lesa th sun�rthsh Tikhcstr me λ1 = 10−5 kai p ra
wc apotèlesma to di�nusma x̄1. EpÐshc me λ2 =1.14 p ra to x̄2. Epèlexa λ1 =10−5 gia na eÐnai kont� sto
mhdèn (ìqi pio mikrì ¸ste na èqoume sf�lmata kanonikopoÐhshc) kai λ2 = 1.14, h prosèggish pou p rame
apì thc mejìdouc thc prohgoÔmenhc enìthtac.
T¸ra mporoÔme na upologÐsoume touc suntelestèc aj, bj, j = 1, . . . , n twn exis¸sewn 4.32, 4.33 kai sth
sunèqeia th kanonikopoihmènh lÔsh 4.28 .

AkoloÔjhsa thn Ðdia taktik  gia th kanonikopoÐhsh Tikhonov deÔterou bajmoÔ gia na èqoume thn lÔsh:

ParathroÔme Ðdia apotelèsmata (h nìrma twn diafor¸n twn dÔo mejìdwn eÐnai thc t�xhc tou 10−4), polÔ
kontin� sf�lmata �ra h mèjodoc antapokrÐnetai. EpÐshc, to gewlogikì montèlo (h katanom  kai to mègejoc
twn puknot twn) moi�zei arket� me th kanonikopoÐhsh Tikhonov deÔterou bajmoÔ.

5.7 LÔsh MLM me SVD

Met� apì 13η epanal yeic paÐrnoume ta apotelèsmata:
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Ac doÔme èna sugkentrwtikì pÐnaka me ìlec tic mejìdouc:

Mèjodoc Estim. Err. e3 No. of iteration flops/iter
lsqlin (MATLAB) 0.35 36
InvKaczmarz 0.60 2900 3n
InvKaczmarzRnd 0.29 1700 3n
invMLM 0.25 250 n3/3
Tikh. 0 deg 0.37
Tikh. 2 deg 0.45
Extrapol 0.30
MLMSVD 0.21 13 2n2
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6 Gewlogik  ErmhneÐa

Melet¸ntac ta apotelèsmata ìlwn twn dokim¸n, katal xame sto telikì montèlo, to opoÐo eÐnai kont� sth
gewlogik  ermhneÐa:

Blèpoume kajar� to r gma (mple qr¸ma) to opoÐo èqei dhmiourghjeÐ sthn epaf  dÔo diaforetik¸n str-
wm�twn: twn qalar¸n izhm�twn (kÐtrino qr¸ma) kai tou asbestìlijou (kìkkino qr¸ma). To r gma to opoÐo
h gramm  mac to kìbei, eÐnai apotupwmèno se gewlogikoÔc q�rtec apì gewlogikèc melètec. H gewlogik 
melèth pragmatopoieÐtai apì parathr seic twn epifaneiak¸n petrwm�twn, melèth twn kl se¸n touc, di-
aforopoÐhs  touc apì shmeÐo se shmeÐo, ktl. Jèlame na diakrÐnoume to r gma kai me gewfusikèc metr seic,
epibebai¸jhke, �ra h douleÐa mac  tan swst . EpÐshc, me th gewfusik  melèth ektim same to b�joc tou
r gmatoc, perÐpou 550 mètra, ektÐmhsh thn opoÐa h gewlogik  melèth den mporeÐ na thn k�nei. Gi' autì
qrei�zontai kai oi dÔo melètec (h gewlogik  od ghse sthn gewfusik ), h gewlogik  melèth gÐnetai se sun-
tomìtero qrìno kai kalÔptei meg�lo q¸ro se antÐjesh me thn gewfusik  melèth h opoÐa eÐnai perissìtero
topik  kai qronobìra.
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