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EuqaristÐec

PrwtÐstwc ja  jela na euqarist sw thn oikogènei� mou. QwrÐc thn ag�ph
kai thn upost rixh touc de ja  moun autìc pou eÐmai s mera. Pollèc euqari-
stÐec ofeÐlw epÐshc ston epiblèponta kajhght , kÔrio X�njo Maðnt�, gia thn
empistosÔnh tou se emèna, thn upomon  tou kai kurÐwc thn kajod ghsh tou
kat� th di�rkeia twn metaptuqiak¸n spoud¸n mou. H sumbol  tou sthn poreÐa
twn metaptuqiak¸n spoud¸n mou up rxe kajoristik . Akìma euqarist¸ polÔ
gia th bo jei� touc touc didaktorikoÔc foithtèc, Garufali� KatsimÐga, QarÐ-
lao Tsagkar�kh kai BasÐlh Aqillèwc. Oi suzht seic mac se jèmata sqetik�
me to antikeÐmeno thc paroÔsac ergasÐac up rxan polÔ diafwtistikèc.
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PerÐlhyh

Sthn paroÔsa diplwmatik  ergasÐa qrhsimopoioÔme th mèjodo twn polla-
pl¸n klim�kwn gia na anazht soume eidikèc lÔseic gia tic exis¸seic kÐnhshc
tou protÔpou U(1)-Higgs. Katal goume sth mh grammik  exÐswsh Schrödin-
ger mèsw thc opoÐac kataskeu�zoume tic proseggistikèc mac lÔseic. BrÐ-
skoume periodikèc lÔseic (elleiptikèc sunart seic Jacobi) tic opoÐec epÐshc
exet�zoume arijmhtik� gia thn epal jeus  touc. Gi' autì kataskeu�zoume
ton aparaÐthto k¸dika me th qr sh logismikoÔ MATLAB. Gia th kataskeu 
tou qrhsimopoioÔme th yeudofasmatik  mèjodo kai th mèjodo Runge-Kutta
tètarthc t�xhc. Sth sunèqeia brÐskoume entopismènec lÔseic solitonikoÔ tÔ-
pou (fwtein� kai skotein� solitìnia). Exet�zoume arijmhtik� thn epal jeus 
touc sto pl rec sÔsthma kai gia to fwteinì solitìnio exet�zoume kai thn eu-
st�jei� tou. Akìma exet�zoume lÔseic pou kataskeu�zontai apì ta mh gram-
mik� kÔmata thc exÐswshc NLS. Exet�zoume thn eust�jei� touc analutik�
kai met� arijmhtik�. Kat� tic prosomoi¸seic mac parathroÔme to fainìmeno
thc ast�jeiac diamìrfwshc (modulation instability) kai parathroÔme thn au-
jìrmhth dhmiourgÐa oscillons me kumatomorf  aut  thc fwtein c solitonik c
lÔshc pou br kame nwrÐtera. Tèloc gÐnetai sÔgkrish me ta apotelèsmata thc
Ðdiac mejìdou h opoÐa èqei efarmosteÐ se progenèsterec ergasÐec sto prìtupo
SU(2)-Higgs.
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Kef�laio 1

H SummetrÐa sth Fusik .

When old age shall this generation waste,
Thou shalt remain, in midst of other woe

Than ours, a friend to man, to whom thou say’st,
“Beauty is truth, truth beauty”, – that is all
Ye know on earth, and all ye need to know.

–John Keats, Ode on a Grecian Urn
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1.1 Proèleush thc SummetrÐac.

Sthn kajhmerin  mac antÐlhyh ta summetrik� antikeÐmena mac dÐnoun mia
aÐsjhsh omorfi�c. Aut  h enstikt¸dhc antÐlhyh tou anjr¸pou gia omorfi�
pèrase sth tèqnh kai th gewmetrÐa ìpou up rxe h pr¸th apotÔpwsh thc sum-
metrÐac. MÐa polÔ kal  eikìna gia thn pr¸th an�dush thc summetrÐac sthn
anjr¸pinh dianìhsh paÐrnoume apì to parak�tw ajhnaðkì keramikì pi�to thc
Ôsterhc gewmetrik c periìdou tou 8oυ ai¸na p.q. (sq. 1.1). En¸ stic tèqnec
h apotÔpwsh thc summetrÐac  tan upokeimenik  sth gewmetrÐa  tan antikeime-
nik . Aut  h antikeimenikìthta thc ènnoiac thc summetrÐac sth gewmetrÐa thc
epètreye na per�sei kai se �lla episthmonik� pedÐa ìpwc thn arqitektonik .
Lamprì par�deigma aut c to ktÐrio tou Parjen¸na (sq. 1.2). Sth sunèqeia
h ènnoia thc summetrÐac pèrase kai sta sÔgqrona majhmatik� kai th fusik .

Sq ma 1.1: 'Oyeic AjhnaðkoÔ keramikoÔ pi�tou thc Ôsterhc gewmetrik c pe-
riìdou tou 8oυ ai¸na p.q.

H ènnoia thc summetrÐac, ìpwc th qrhsimopoioÔme s mera, èqei tic katabo-
lèc thc sthn �lgebra. AntikeÐmeno thc �lgebrac  tan h prosp�jeia epÐlushc
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Sq ma 1.2: O Parjen¸nac

poluwnumik¸n exis¸sewn. To 1821 ìmwc o nearìc Norbhgìc majhmatikìc
Niels Henrik Abel apèdeixe pwc den up�rqei genik  algebrik  mèjodoc epÐlu-
shc exis¸sewn 5oυ bajmoÔ. 'Omwc o Abel me thn apìdeix  tou den ex ghse
giatÐ den mporoÔsan na brejoÔn genikèc lÔseic. Ti èkane tic exis¸seic 5oυ

bajmoÔ diaforetikèc apì autèc mikrìterou bajmoÔ?

Thn ap�nthsh se autì to er¸thma èdwse ènac �lloc nearìc majhmatikìc,
o G�lloc Evariste Galois. O Galois apèdeixe pwc h adunamÐa eÔreshc genik c

lÔshc phg�zei apì tic summetrÐec thc exÐswshc! E�n oi summetrÐec miac exÐsw-
shc den per�soun to legìmeno {test Galois} tìte h exÐswsh den èqei genik 
lÔsh mèsw miac algebrik c mejìdou. Poiec ìmwc eÐnai autèc oi summetrÐec?
O Galois doÔleye me peperasmènec om�dec kai wc summetrÐec apok�lese tic
metajèseic pou diathroÔn ìlec tic algebrikèc sqèseic metaxÔ twn riz¸n. Oi
metajèseic autèc onom�zontai om�da Galois kai oi idiìthtèc touc kajorÐzoun
thn epilusimìthta thc ek�stote exÐswshc.

Aut  h anak�luyh èdwse to ènausma gia thn dhmiourgÐa enìc nèou kl�-
dou twn majhmatik¸n pou onom�sthke jewrÐa om�dwn. Autìc o kl�doc twn
majhmatik¸n eÐnai èna eÐdoc {An�lushc thc SummetrÐac}. K�je antikeÐmeno
pou paramènei analloÐwto k�tw apì th dr�sh enìc metasqhmatismoÔ èqei sa
summetrÐa autì to metasqhmatismì. H melèth twn idiot twn twn metasqhmati-
sm¸n apoteleÐ antikeÐmeno thc jewrÐac om�dwn. H jewrÐa om�dwn exelÐqjhke
apì tic peperasmènec om�dec kai proq¸rhse kai stic suneqeÐc om�dec ìpwc oi
om�dec Lie. Autèc tic anak�luye o Sophus Lie melet¸ntac metasqhmatismoÔc
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pou phgaÐnoun lÔseic diaforik¸n exis¸sewn se �llec lÔseic. H jewrÐa om�-
dwn plèon èqei wrim�sei kai katal gei na apoteleÐ to kat� exoq n ergaleÐo
melèthc thc summetrÐac sta majhmatik� kai th fusik .

1.2 H SummetrÐa sth Fusik  Uyhl¸n Ener-

gei¸n.

H enopoÐhsh tou hlektrismoÔ kai tou magnhtismoÔ apì ton James Clark
Maxwell èdeixe pwc to pedÐo miac dÔnamhc mporeÐ na eÐnai mÐa aujÔparkth
posìthta h opoÐa eÐnai forèac orm c kai enèrgeiac. Autì od ghse sthn a-
n�ptuxh tou kl�dou thc Klasik c JewrÐac PedÐou. O Lagkranzianìc kai o
Qamiltonianìc formalismìc epekt�jhkan gia na kalÔyoun tic an�gkec thc nè-
ac jewrÐac. 'Ena shmantikì b ma sthn exèlixh thc Klasik c jewrÐac PedÐou
 tan h diatÔpwsh tou om¸numou jewr matoc thc Emmy Noether:

Je¸rhma Noether. Se k�je suneq  summetrÐa1 thc dr�shc antistoiqeÐ

èna diathroÔmeno tetrareÔma.

To je¸rhma thc Noether èbale th melèth thc summetrÐac sto epÐkentro
thc klasik c jewrÐac pedÐou kai metèpeita thc kbantik c jewrÐac pedÐou. H
summetrÐa sundèjhke �mesa me th fusik  sumperifor� twn fusik¸n susthm�-
twn kai h melèth thc od ghse sthn emb�junsh thc katanìhs c mac se pl joc
fusik¸n fainomènwn. Pollèc diathr simec posìthtec sth Fusik  Uyhl¸n
Energei¸n apodìjhkan se summetrÐec en¸ antÐstrofa h Ôparxh summetri¸n
upèdeixe thn Ôparxh nèwn diathroÔmenwn posot twn.

'Omwc h anak�luyh thc shmasÐac thc summetrÐac kai h melèth thc den apo-
tèlese to tèloc tou drìmou. H melèth diafìrwn fusik¸n susthm�twn upèdeixe
kai �llon èna trìpo parousÐac thc summetrÐac se fusik� sust mata. Mia sum-
metrÐa mporeÐ na kajorÐzei th fusik  sumperifor� enìc sust matoc mèsw tou
trìpou pou to sÔsthma èqase thn idiìthta thc summetrÐac pou prohgoumènwc
eÐqe. Aut  h diadikasÐa onom�zetai parabÐash summetrÐac. KorufaÐa stigm 
aut c thc diadrom c  tan h anak�luyh tou swmatidÐou Higgs sto CERN sta
tèlh tou 2012.

H parabÐash summetrÐac sth Fusik  Uyhl¸n Energei¸n apant�tai kurÐwc
me treic trìpouc:

� O trìpoc Wigner – Weyl

1Ed¸ up�rqei èna polÔ leptì jèma. To je¸rhma thc h Noether to apèdeixe gia me-
tabolikèc (variational) summetrÐec[4], dhlad  summetrÐec pou droun stic exarthmènec kai
anex�rthtec metablhtèc tou sunarthsiakoÔ thc dr�shc kai to af noun analloÐwto. Sth
fusik  ìtan mil�me gia summetrÐec èqoume, sun jwc, up' ìyh mac dunamikèc summetrÐec,
dhlad  om�dec summetrÐac pou mac phgaÐnoun apì lÔseic twn exis¸sewn kÐnhshc se �llec
lÔseic. En¸ ìlec oi metabolikèc summetrÐec mporoÔn na anaqjoÔn se dunamikèc summetrÐec
de sumbaÐnei to antÐjeto. Up�rqoun dunamikèc summetrÐec pou odhgoÔn apl� sth pro-
sj kh mÐac pollaplasiastik c stajer�c sth dr�sh kai sunep¸c de gennoÔn diathroÔmena
reÔmata.
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� O trìpoc Goldstone

� O trìpoc Higgs

touc opoÐouc ja analÔsoume sthn epìmenh enìthta.

1.3 Aujìrmhth ParabÐash SummetrÐac.

1.3.1 Trìpoc Wigner – Weyl gia ParabÐash SummetrÐac.

O trìpoc Wigner – Weyl gia th parabÐash thc summetrÐac enìc sust -
matoc eÐnai ènac trìpoc rht c parabÐashc thc summetrÐac enìc sust matoc
kai apant�tai suqn� se fusik� sust mata pou melet� h kbantik  mhqanik .
H tupik  {upograf } aut c thc summetrÐac eÐnai mia ekfulismènh pollaplè-
ta katast�sewn sto energeiakì f�sma me ton ekfulismì na aÐretai ìtan sth
qamiltonian  tou sust matoc emfanistoÔn ìroi pou katastrèfoun �mesa th
summetrÐa. EÐnai qarakthristikì aut c thc morf c thc parabÐashc thc summe-
trÐac na anagnwrÐzetai eÔkola h arqik  pollaplèta katast�sewn gia mikrèc
diataraqèc pou aÐroun th summetrÐa.

Idanikì gia th parat rhsh tou trìpou Wigner – Weyl eÐnai to fainìmeno
Zeeman. Eis�gontac omogenèc magnhtikì pedÐo sth perioq  tou atìmou dia-
tar�ssoume ta epÐpeda twn ekfulismènwn energeiak¸n stajm¸n aÐrontac ton
peristrofikì ekfulismì pr�gma pou odhgeÐ se diaforopoÐhsh twn parathroÔ-
menwn fasmatik¸n gramm¸n, ìpwc faÐnetai kai sto sq ma 1.3. H monadik 
fasmatik  gramm  pou blèpame apousÐa magnhtikoÔ pedÐou t¸ra èqei diaqw-
risteÐ se 3 grammèc twn opoÐwn o diaqwrismìc eÐnai eujèwc an�logoc thc
èntashc tou magnhtikoÔ pedÐou.

1.3.2 Trìpoc Goldstone gia ParabÐash SummetrÐac

Oi trìpoi Goldstone kai Higgs gia th parabÐash thc summetrÐac enìc su-
st matoc eÐnai ousiwd¸c diaforetikoÐ apì to trìpo Wigner – Weyl. Se autoÔc
h summetrÐa de parabi�zetai apì th Lagkranzian  tou fusikoÔ sust matoc al-
l� apì th kat�stash tou kenoÔ tou ek�stote sust matoc. Autìc o trìpoc
parabÐashc lègetai aujìrmhth parabÐash summetrÐac.

'Otan h summetrÐa pou parabi�zetai eÐnai kajolik  summetrÐa tìte to sÔ-
sthma akoloujeÐ th parabÐash mèsw tou trìpou Goldstone. To om¸numo
je¸rhma mac lèei:

Je¸rhma Goldstone. E�n mia suneq c kajolik  summetrÐa parabiasteÐ

aujìrmhta, gia k�je parabiasmèno genn tora summetrÐac prèpei na emfanisteÐ

sth jewrÐa èna �mazo swm�tio.

Qarakthristikì par�deigma tou trìpou Goldstone eÐnai ta fwnìnia se ste-
re�. ProkÔptoun apì th parabÐash thc galilaiðk c summetrÐac metajèsewn kai
strof¸n sto q¸ro.
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Sq ma 1.3: Zeeman Effect.

Gia na katal�boume kalÔtera to trìpo Goldstone melet�me to akìloujo
didaktikì par�deigma miac mpozwnik c jewrÐac. 'Estw h Lagkranzian  tou
akìloujou allhlepidr¸ntoc migadikoÔ bajmwtoÔ pedÐou:

L = (∂µφ)†(∂µφ)− µ2φ†φ− λ(φ†φ)2 (1.1)

ìpou λ > 0. Aut  h Lagkranzian  eÐnai analloÐwth k�tw apì kajolikoÔc
metasqhmatismoÔc f�shc thc om�dac U(1):

φ(x)→ φ′(x) = eıθφ(x) (1.2)

me to θ na eÐnai pragmatikì kai anex�rthto tou x. Gia na antilhfjoÔme euko-
lìtera ti sumbaÐnei me th jemeli¸dh kat�stash tou sust matoc to melet�me
pr¸ta apì th klasik  skopi�. O pr¸toc ìroc sth Lagkranzian  (1.1) eÐnai
o kinhtikìc ìroc kai oi �lloi dÔo mporoÔn na eidwjoÔn san ìroi dunamikoÔ.
Sunep¸c to dunamikì orÐzetai wc:

V (φ†φ) = µ2φ†φ+ λ(φ†φ)2 (1.3)

Apì th sunarthsiak  tou ex�rthsh parathroÔme dÔo peript¸seic2:

� µ2 > 0

� µ2 < 0

Sth pr¸th perÐptwsh to dunamikì èqei mìno èna olikì el�qisto. Autì
èqei wc apotèlesma to sÔsthm� mac na èqei mìno mÐa jemeli¸dh kat�stash,
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Sq ma 1.4: Dunamikì gia to fainìmeno Goldstone.

th φ = 03, h opoÐa sèbetai tic summetrÐec thc Lagkranzian c. Sth deÔterh
perÐptwsh ta pr�gmata eÐnai diaforetik�, ìpwc faÐnetai kai sto sq ma 1.4.

H kat�stash φ = 0 eÐnai topikì mègisto. Ta el�qista tou dunamikoÔ
brÐskontai se èna kÔklo gÔrw apì to 0 perifèreiac:

|φ| =
√
−µ2

2λ
≡ υ√

2
(1.4)

Dhlad  èqoume èna sÔnolo �peirwn ekfulismènwn katast�sewn oi opoÐec eÐ-
nai ìlec topik� el�qista tou dunamikoÔ, antistoiqoÔn se shmeÐa tou kÔklou
sto φ migadikì epÐpedo kai sundèontai metaxÔ touc mèsw metasqhmatism¸n thc
om�dac summetrÐac (1.2) thc jewrÐac. H epilog  miac ek twn ekfulismènwn
katast�sewn wc jemeli¸douc kat�stashc eÐnai aujaÐreth all� eÐnai mÐa epi-
log  pou prèpei na k�nei kai h fÔsh. MporoÔme na epilèxoume h jemeli¸dhc
kat�stash na brÐsketai p�nw sto pragmatikì �xona, dhlad  Re(φ) = υ/

√
2.

Sunep¸c gia to pedÐo φ jètoume:

φ(x) =
1√
2

[υ + ξ(x) + ıχ(x)] (1.5)

2To λ eÐnai jetikì apì th fusik  apaÐthsh h enèrgeia na eÐnai k�tw fragmènh.
3Aut  eÐnai h jemeli¸dhc kat�stash thc klasik c epÐlushc tou probl matoc. E�n

ìmwc aut  de sèbetai k�poiec apì tic summetrÐec tou probl matoc tìte de ja tic sebasteÐ
oÔte kai h kbantik  jemeli¸dhc kat�stash.
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Antikajist¸ntac to nèo φ sth lagkranzian  puknìthta (1.1) brÐskoume,
met� apì tic aparaÐthtec pr�xeic:

L =
1

2
(∂µξ)

2 +
1

2
(∂µχ)2 − λυ2ξ2

− λυξ(ξ2 + χ2)− 1

4
λ(ξ2 + χ2)2 (1.6)

+
1

4
λυ4

Parathr¸ntac th nèa Lagkranzian  parathroÔme ta ex c. Apì th pr¸th
seir� blèpoume pwc plèon èqoume èna èmmazo pedÐo ξ me m�za:

mξ =
√

2λυ =
√
−2µ2

kai èna �mazo pedÐo χ. H deÔterh seir� mac dÐnei tic dunatèc allhlepidr�seic
twn pedÐwn me ton eautì touc kai metaxÔ touc. Sth deÔterh seir� blèpoume tic
dunatèc allhlepidr�seic twn pedÐwn me ton eautì touc all� kai metaxÔ touc.
Tèloc h trÐth seir� perièqei mÐa stajer� �neu shmasÐac wc proc th dunamik 
tou sust matoc.

H nèa Lagkranzian  eÐnai men isodÔnamh me th prohgoÔmenh all� ed¸ eÐnai
emfan c h mh parousÐa thc summetrÐac (1.2). H parabÐash thc summetrÐac
pou gennoÔse o genn torac thc summetrÐac {gènnhse} èna �mazo swm�tio se
sumfwnÐa me to je¸rhma Goldstone.

Thn aujìrmhth parabÐash summetrÐac mÐac topik c jewrÐac bajmÐdac ja
thn parousi�soume analutikìtera sto epìmeno kef�laio miac kai apoteleÐ
jemèlio lÐjo thc paroÔsac diplwmatik c ergasÐac.
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Kef�laio 2

To prìtupo U(1) - Higgs.
Mèjodoc twn Pollapl¸n
Klim�kwn.

Met� apì th mikr  anaskìphsh th summetrÐa kai sth parabÐas  thc sta
plaÐsia thc klasik c kai kbantik c jewrÐac pedÐou ja epikentrwjoÔme sth
melèth enìc sugkekrimènou montèlou. Ja melet soume lÔseic mÐac aujìrmh-
ta parabiasmènhc abelian c topik c summetrÐac bajmÐdac   suntomìtera enìc
abelianoÔ montèlou Higgs.

EÐnai èna prìtupo me meg�lo endiafèron sta plaÐsia thc klasik c jewrÐac
pedÐou. QrhsimopoieÐtai sth KosmologÐa se kosmologik� prìtupa ìpou mele-
t¸ntai ta fainìmena tou plhjwrismoÔ kai thc allag c f�shc tou sÔmpantoc.
Akìma qrhsimopoieÐtai sth fusik  uperagwg¸n; kurÐwc sth melèth tou faino-
mènou Meissner. Se autì to montèlo ta zeÔgh Cooper perigr�fontai apì to
bajmwtì pedÐo φ en¸ to hlektromagnhtikì pedÐo apoteleÐ to abelianì pedÐo
bajmÐdac thc jewrÐac. H fainomenologik  tou epituqÐa eÐnai h emf�nish thc
mh mhdenik c m�zac tou fwtonÐou pou antistoiqeÐ sto antÐstrofo tou m kouc
dieÐsdushc London tou magnhtikoÔ pedÐou mèsa se uperagwgoÔc.
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2.1 Idiìthtec kai Aujìrmhth ParabÐash mÐac

Lagkranzian c me topik  Abelian  Sum-

metrÐa.

'Opwc gnwrÐzoume h Lagkranzian  puknìthta tou abelianoÔ montèlou Higgs
dÐnetai apì to parak�tw tÔpo:

L = (Dµφ)†(Dµφ)− µ2φ†φ− λ(φ†φ)2 − 1

4
FµνF

µν (2.1)

me λ jetikì kai:

φ =
1√
2

(φ1 + ıφ2) (2.2)

Dµ =∂µ + ıgAµ (2.3)

Fµν =∂µAν − ∂νAµ (2.4)

H parap�nw lagkranzian  eÐnai analloÐwth se kajolikoÔc metasqhmati-
smoÔc bajmÐdac thc morf c (1.2) kaj¸c kai stouc akìloujouc topikoÔc me-
tasqhmatismoÔc bajmÐdac:

φ(x)→ φ′(x) = eıgα(x)φ(x) (2.5aþ)

Aµ(x)→ A′µ(x) = Aµ(x)− ∂µα(x) (2.5bþ)

'Otan µ2 > 0 h parap�nw lagkranzian  de qr zei aujìrmhthc parabÐashc
summetrÐac kai apoteleÐ mia hlektromagnhtik  jewrÐa èmmazwn fortismènwn
bajmwt¸n swmatidÐwn. H summetrÐa thc Lagkranzian c apoteleÐ kai summetrÐ-
a thc kat�stashc tou kenoÔ thc jewrÐac. To swmatidiakì f�sma thc jewrÐac
apoteleÐtai apì èna oudètero kai �mazo dianusmatikì swm�tio kai èna zeug�ri
bajmwt¸n swmatidÐwn m�zac µ kai fortÐou g.

'Otan µ2 < 0 èqoume aujìrmhth parabÐash thc summetrÐac (2.5). H (kla-
sik ) kat�stash φ = 0 eÐnai topikì mègisto, sunep¸c mÐa astaj c kat�stash
sthn opoÐa de paramènei to sÔsthm� mac. Kai ed¸ èqoume èna �peiro sÔnolo
ekfulismènwn katast�sewn pou apoteloÔn olik� el�qista, tic:

|φ|2 =
−µ2

2λ

Gia th dieukìluns  mac jètoume:

−µ2

2λ
≡ υ2

2

kai epilègoume, gia th kat�stash tou kenoÔ:

< φ0 >=
υ√
2

(2.6)
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'Eqontac epilèxei mÐa kat�stash tou kenoÔ anazhtoÔme th nèa morf  pou
ja p�rei h Lagkranzian  tou sust matoc. Gr�foume to pedÐo φ sth parak�tw
morf :

φ(x) =
1√
2

[υ + η(x)]eıξ(x)/υ (2.7)

Antikajist¸ntac to φ(x) apì th parap�nw exÐswsh sth Lagkranzian 
brÐskoume:

L =
1

2
[∂νη(x)][∂νη(x)] + µ2η2(x)

+
1

2
[∂νξ(x)][∂νξ(x)] + gυAν(x)∂νξ(x) +

1

2
g2υ2Aν(x)Aν(x)

+ 2g η(x)Aν(x)∂νξ(x) +
1

υ
η(x)[∂νξ(x)][∂νξ(x)] + g2υ η(x)Aν(x)Aν(x)

+
g

υ
η2(x)Aν(x)∂νξ(x) +

1

2υ2
η2(x)[∂νξ(x)][∂νξ(x)] +

g2

2
η2(x)Aν(x)Aν(x)

− 1

4
FµνFµν −

λ

4
η4(x)− λυ η3(x)− 1

4
µ2υ2 (2.8)

E�n parathr soume aut  th lagkranzian  diapist¸noume k�ti par�xeno.
Oi swmatidiakoÐ bajmoÐ eleujerÐac eÐnai 5, dÔo apì ta bajmwt� swmatÐdia ξ,
η kai treic apì to èmmazo dianusmatikì swmatÐdio A. 'Omwc sthn arq  eÐqame
tèsseric swmatidiakoÔc bajmoÔc eleujerÐac. H aÔxhsh twn swmatidiak¸n
bajm¸n eleujerÐac tou probl matoc eÐnai plasmatik . Autì mporoÔme na to
doÔme dialègontac kat�llhlh bajmÐda gia to prìblhm� mac. Proqwr�me loipìn
sthn akìloujh allag  bajmÐdac:

φ(x)→ φ′(x) = e−ıξ(x)/υφ(x) =
1√
2

[υ + η(x)] (2.9aþ)

Aµ(x)→ A′µ = Aµ(x) +
1

gυ
∂µξ(x) (2.9bþ)

Sunep¸c k�nontac thn antikat�stash

η(x) = η′(x) (2.10aþ)

Aµ = A′µ(x)− 1

gυ
∂µξ(x) (2.10bþ)

brÐskoume th morf  thc Lagkranzian c sth nèa bajmÐda:

L =
1

2
[∂νη

′(x)][∂νη′(x)] + µ2η′2(x)− 1

4
F ′µνF ′µν +

1

2
g2υ2A′ν(x)A′ν(x)

+ g2υ η′(x)A′ν(x)A′ν(x) +
g2

2
η′2(x)A′ν(x)A′ν(x)

− λ

4
η′4(x)− λυ η′3(x)− 1

4
µ2υ2 (2.11)
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Ed¸ faÐnetai kajar� pwc to swmatidiakì f�sma thc nèac jewrÐac apote-
leÐtai apì to bajmwtì swm�tio η me m�za

√
−2µ2 kai apì to dianusmatikì

swm�tio A to opoÐo ìmwc èqei apokt sei m�za gυ. Mèsw thc allag c baj-
mÐdac blèpoume pwc to deÔtero bajmwtì swm�tio ξ èqei {metatrapeÐ}1 sto
diam kh swmatidiakì bajmì eleujerÐac tou dianusmatikoÔ swmatidÐou A. To
swmatÐdio η onom�zetai swmatÐdio Higgs tou protÔpou kai h bajmÐda sthn
opoÐa metab kame onom�zetai monadiak  bajmÐda.

KleÐnontac parathroÔme pwc to qarakthristikì tou trìpou Higgs gia th
parabÐash summetrÐac eÐnai h apìkthsh m�zac apì to dianusmatikì swm�tio thc
jewrÐac se b�roc tou �mazou swmatidÐou Goldstone to opoÐo den emfanÐzetai.

1H mh Ôparxh tou �mazou swmatidÐou ξ thc (2.8) mac deÐqnei ìti den isqÔei to je¸rhma
Goldstone sth perÐptwsh tou mhqanismoÔ Higgs. Autì sumbaÐnei giatÐ to je¸rhma Gold-
stone isqÔei gia kbantik� pedÐa pou dièpontai apì tic arqèc thc topikìthtac, analloiìthtac
kat� Lorentz kai jetikoÔ mètrou sto q¸ro Hilbert. 'Omwc sta pedÐa jewri¸n topik c baj-
mÐdac den up�rqei bajmÐda sthn opoÐa na ikanopoioÔntai kai oi treic arqèc tautìqrona.[5]
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2.2 Exis¸seic KÐnhshc tou protÔpou pou ja

melet soume

Sth prohgoÔmenh enìthta eÐdame pwc h Lagkranzian  puknìthta tou abe-
lianoÔ montèlou Higgs mporeÐ na grafeÐ wc:

L =
1

2
[∂νη(x)][∂νη(x)] + µ2η2(x)− λ

4
η4(x)− λυ η3(x)

− 1

4
FµνFµν +

1

2
g2[υ + η(x)]2Aν(x)Aν(x) (2.12)

UpenjumÐzoume apì th prohgoÔmenh enìthta pwc gia tic stajerèc isqÔei µ2 < 0
kai λ, υ > 0. Oi exis¸seic kÐnhshc pou prokÔpton gia ta pedÐa η kai A eÐnai:

[� + g2
(
υ + η(x)

)2
]Aµ − ∂µ(∂νAν) = 0 (2.13aþ)

[�− 2µ2]η(x)− g2
(
υ + η(x)

)
Aν(x)Aν(x) + 3λυη2(x) + λη3(x) = 0

(2.13bþ)

Parathr¸ntac tic exis¸seic kÐnhshc blèpoume pwc èqoume èna sÔsthma 5
deuterot�xewn mh grammik¸n diaforik¸n exis¸sewn. H eÔresh genik c lÔshc
gia èna tètoio sÔsthma eÐnai polÔ dÔskolh e¸c adÔnath me b�sh tic gnwstèc
analutikèc mejìdouc. Gi� autì ja perioristoÔme sthn anaz thsh klasik¸n
eidik¸n lÔsewn tou sust matoc pr�gma pou ja mac epitrèyei na apokt soume
k�poia katanìhsh gia th sumperifor� twn fusik¸n susthm�twn pou perigr�-
fei.

H Lagkranzian  (2.12) èqei to parak�tw ìro dunamikoÔ:

V =
λ

4
η4(x) + λυ η3(x)− µ2η2(x)− 1

2
g2[υ + η(x)]2Aν(x)Aν(x) (2.14)

Apì th morf  tou dunamikoÔ (2.14) blèpoume pwc èqei èna krÐsimo shmeÐo,
to (Aµ, η) = (0, 0). Peraitèrw melèth mac apokalÔptei pwc eÐnai sagmatikì
shmeÐo giatÐ ìso aux�netai to A0 tìso mei¸netai to dunamikì. 'Omwc mporoÔme
na axiopoi soume to ìti douleÔoume sth monadiak  bajmÐda. Apì th suz thsh
gia tic idiìthtec tou mhqanismoÔ Higgs[7] blèpoume pwc sth monadiak  bajmÐda
toA0 mhdenÐzetai ìtan briskìmaste sto sÔsthma hremÐac tou pedÐou bajmÐdac2.
Epilègoume loipìn na ergastoÔme se autì to sÔsthma, mia epilog  pou ja
mac bohj sei kai argìtera. 'Ontac sto sÔsthma hremÐac tou pedÐou bajmÐdac
mporoÔme na gr�youme gia to dunamikì tou sust matoc:

V =
λ

4
η4(x) + λυ η3(x)− µ2η2(x) +

1

2
g2[υ + η(x)]2A2

ap' ìpou blèpoume pwc to shmeÐo (A, η) = (0, 0) eÐnai olikì el�qisto tou
dunamikoÔ tou sust matoc mac.

2Dhlad  sto sÔsthma ìpou ∂σA
σ = p0A

0
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Ja axiopoi soume aut  thn idiìthta gia na anazht soume proseggistikèc
lÔseic tou sust matoc. 'Omwc par� tic prohgoÔmenec epishm�nseic to sÔsthma
(2.13) paramènei arket� polÔploko gia na to lÔsoume. Gi autì epiqeiroÔme na
mei¸soume tic diast�seic tou probl matoc k�nont�c to didi�stato3. Upojè-
toume loipìn thn akìloujh ex�rthsh tou pedÐou bajmÐdac apì to qwroqrìno:

A1 = 0

A2 = A(x, t) (2.15)

A3 = 0

h opoÐa mac dÐnei èna pedÐo Aµ pou ikanopoieÐ kai th sunj kh Lorentz4.
Me aut  thn upìjesh to sÔsthma (2.13) twn exis¸sewn mac paÐrnei thn

akìloujh morf :

[� + g2
(
υ + η(x)

)2
]A(x) = 0 (2.16aþ)

[�− 2µ2]η(x) + g2
(
υ + η(x)

)
A2(x) + 3λυη2(x) + λη3(x) = 0 (2.16bþ)

Gia na dieukolunjoÔme sthn epÐlush tou sust matoc ja k�noume mÐa al-
lag  metablht¸n ¸ste na èqoume adi�statec exis¸seic. Aut  eÐnai:

Ã = A/υ

η̃ = η/υ

x̃ = gυx (2.17)

t̃ = gυt

Akìma eis�goume to lìgo q twn maz¸n twn pedÐwn A kai η.

q2 =
m2
η

m2
A

=
2λυ2

g2υ2
=
−2µ2

g2υ2
(2.18)

Met� thn allag  metablht¸n katal goume sto parak�tw sÔsthma exis¸sewn.

[�̃ +
(
1 + η̃(x̃)

)2
]Ã(x̃) = 0 (2.19aþ)

[�̃ + q2]η̃(x̃) +
(
1 + η̃(x̃)

)
Ã2(x̃) +

3

2
q2η̃2(x̃) +

1

2
q2η̃3(x̃) = 0 (2.19bþ)

Gia thn epÐlush autoÔ tou sust matoc ja qrhsimopoi soume th mèjodo
twn pollapl¸n klim�kwn thn opoÐa ja perigr�youme sthn epìmenh enìthta.

3Dhlad  ja melet soume to prìblhma se 1 qwrik  kai th qronik  di�stash.
4Autì ìmwc de shmaÐnei ìti lÔnoume to sÔsthma sth bajmÐda Lorentz. To lÔnoume sth

monadiak  bajmÐda all� èqoume k�nei mia upìjesh gia th morf  tou pedÐou Aµ(x) h opoÐa
{sumptwmatik�} ikanopoieÐ th sunj kh Lorentz.
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2.3 Efarmog  thc Mejìdou twn Pollapl¸n

Klim�kwn.

To sÔsthma exis¸sewn (2.19) prokÔptei apì thn akìloujh qamiltonian 
puknìthta5:

H = +
1

2
(∂tA)2 +

1

2
(∂xA)2 +

1

2
(∂tη)2 +

1

2
(∂xη)2

+
1

8
q2η4 +

1

2
q2η3 +

1

2
q2η2 +

1

2
η2A2 + ηA2 +

1

2
A2 (2.20)

H pr¸th seir� thc Qamiltonian c eÐnai o kinhtikìc ìroc kai h deÔterh o duna-
mikìc ìroc. 'Opwc perimèname apì thn an�lush pou prohg jhke parathroÔme
pwc to el�qisto thc qamiltonian c eÐnai h kat�stash (A, η) = (0, 0). H eu-
st�jeia thc kat�stashc aut c, lìgw thc morf c tou dunamikoÔ, mac odhgeÐ
sto na anazht soume diataraktikèc lÔseic gÔrw apì aut .

H anaz thsh twn diataraktik¸n lÔse¸n mac ja basisteÐ sth mèjodo twn
pollapl¸n klim�kwn. Se aut  th mèjodo upojètoume pwc èqoume asjen 
mh grammik  sumperifor� kai pwc h sumperifor� tou sust matoc se mÐa qw-
roqronik  klÐmaka den ephre�zei th sumperifor� tou se mia �llh[8]. Autì
mac epitrèpei na lÔsoume qwrist� gia k�je klÐmaka pr�gma pou aplopoieÐ thn
epÐlush tou sust matoc.

Xekin�me gr�fontac thn anex�rthth qwroqronik  metablht  stic di�forec
klÐmakec:

xρ → εkxρk

= xρ0 + εxρ1 + ε2xρ2 + . . . (2.21)

O pr¸toc ìroc pou sumpÐptei me th {prohgoÔmenh} metablht  mac onom�zetai
gr gorh metablht  kai oi upìloipoi ìroi onom�zontai argèc metablhtèc. Oi
diaforikoÐ telestèc ja metasqhmatistoÔn wc ex c:

∂µ → ∂µ0 + ε∂µ1 + ε2∂µ2 + . . . (2.22)

kai

�2 → �2
0 +2ε∂µ0∂

µ1 + ε2(�2
1 +2∂µ0∂

µ2)+2ε3(∂µ1∂
µ2 +∂µ0∂

µ3)+ . . . (2.23)

AntÐstoiqa anaptÔssoume kai ta pedÐa,  toi tic exarthmènec metablhtèc:

A→ A(0) + εA(1) + ε2A(2) + . . .

η → η(0) + εη(1) + ε2η(2) + . . .

5Apì ed¸ kai pèra de ja qrhsimopoioÔme th perispwmènh gia na sumbolÐsoume ta adi�-
stata pedÐa kai metablhtèc, par� ìlo pou ja ta qrhsimopoioÔme, gia lìgouc aplìthtac.
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'Omwc èqoume pei pwc anaptÔssoume gÔrw apì to el�qisto tou dunamikoÔ thc
qamiltonian c sto opoÐo eÐnai (A, η) = (0, 0) sunep¸c ja eÐnaiA(0) = η(0) = 0.
Akìma k�noume thn epiplèon upìjesh pwc èqoume asjenèc pedÐo Higgs dhlad 
pwc eÐnai η(1) = 0. Sunep¸c gia ta pedÐa èqoume:

A→ εA(1) + ε2A(2) + . . .

η → ε2η(2) + . . . (2.24)

Ed¸ axÐzei na anafèroume èna leptì shmeÐo thc mejodologÐac mac. Sun -
jwc h mikr  par�metroc ε brÐsketai ekpefrasmèna stic exis¸seic tou sust ma-
toc kai elègqei thn isqÔ tou mh grammikoÔ ìrou. Sth dik  mac perÐptwsh den
èqoume akolouj sei aut  thn odì giatÐ de jèloume na perioristoÔme sth melè-
th asjen¸c suzeugmènwn susthm�twn. Gi� autì morfopoioÔme thn efarmog 
thc mejìdou twn pollapl¸n klim�kwn me diaforetikì trìpo. H mikr  par�-
metroc ε ekfr�zei to pìso apèqoume apì to shmeÐo gia to opoÐo to dunamikì
parousi�zei el�qisto ap� ìpou paÐrnoume thn adiat�rakth lÔsh.

T¸ra mporoÔme na proqwr soume sto kÔrio mèroc thc mejìdou. Eis�gou-
me to an�ptugma (2.24) sto sÔsthma (2.19) kai gr�foume thn exÐswsh pou
prokÔptei gia k�je t�xh tou ε xeqwrist� prokeimènou na th lÔsoume.

Xekin�me me to pedÐo A. Se t�xh ε1 èqoume:

(�0 + 1)A(1) = 0

EnjumoÔmenoi ìti briskìmaste sto sÔsthma hremÐac tou pedÐou A gia th lÔsh
thc parap�nw exÐswshc èqoume6:

A(1) = f1e
−ıt + c.c. (2.25)

ìpou to f1 exart�tai apì tic argèc metablhtèc7.
SuneqÐzoume me to pedÐo A se t�xh ε2:

(�0 + 1)A(2) + 2∂µ0∂
µ1A(1) = 0

To omogenèc komm�ti thc exÐswshc èqei lÔsh:

A(2) = f2e
−ıt + c.c.

6Ed¸ up�rqei �llo èna leptì shmeÐo sthn epÐlus  mac. En gènei h epÐlush thc proh-
goÔmenhc diaforik c exÐswshc epidèqetai mia oikogèneia lÔsewn

A(1) = c1f1e
−ıt + c2f1e

ıt

pou parametropoieÐtai apì tic stajerèc c1 kai c2. 'Omwc emeÐc de k�noume genik  epÐlush
tou sust matoc all� exet�zoume thn Ôparxh   mh miac proteinìmenhc lÔshc. H lÔsh thc
opoÐac thn Ôparxh ja exet�soume prokÔptei apì thn epilog  c1 = c2 = 1.

7H ex�rthsh tou f1 gr�fetai f1 = f1(x1, t1, x2, t2, . . .). EpÐshc upenjumÐzoume ìti
epilÔoume to sÔsthma stic adi�statec metablhtèc.
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ìmwc apì th morf  aut  thc lÔshc parathroÔme pwc o mh omogen c ìroc thc
exÐswshc ja genn sei ai¸niouc ìrouc sth lÔsh aut  oi opoÐoi ja th k�noun
na apoklÐnei. Gi� autì apaitoÔme o ìroc autìc na mhdenÐzetai, dhl.:

∂µ0∂
µ1A(1) = 0

⇒ (∂t0∂t1 − ∂x0∂x1)A(1) = 0

⇒ ∂t1A(1) = 0 (2.26)

H parap�nw exÐswsh mac lèei pwc h f1, ìson afor� to qrìno, ja exart�tai
apì th t2 kai pèra.

SuneqÐzoume me to pedÐo η se t�xh ε2:

(�0 + q2)η(2) = −A2(1)

Prokeimènou na lÔsoume th parap�nw mh omogen  exÐswsh anazhtoÔme pr¸ta
mÐa eidik  lÔsh thc. PaÐrnoume loipìn:

X = Ah(bh|f1|2 + f2
1 e
−2ıt + f∗21 e2ıt)

Ait¸ntac h lÔsh X na epalhjeÔei thn exÐswsh gia to pedÐo η brÐskoume:

Ahbh = − 2

q2

Ah = − 1

q2 − 4

Sunep¸c gia to pedÐo η(2) katal goume8:

η(2) =
(
fh2e

−ıqt + c.c.
)

+
(
− 1

q2 − 4
f2

1 e
−2ıt + c.c.

)
− 2

q2
|f1|2 (2.27)

SuneqÐzoume me to pedÐo A se t�xh ε3:

(�0 + 1)A(3) + 2∂µ0∂
µ1A(2) +

(
�1 + 2∂µ0∂

µ2 + 2η(2)
)
A(1) = 0

O pr¸toc ìroc perièqei to omogenèc komm�ti thc exÐswshc. O deÔteroc pe-
rièqei èna ai¸nio ìro pou proèrqetai apì to A(2). Ait¸ntac na mhdenÐzetai,
ìpwc kai prohgoumènwc, paÐrnoume:

∂t1A(2) = 0

8O ìroc fh2 prosdiorÐzetai se megalÔterh t�xh wc proc ε ap� ìso emeÐc ja proqwr -
soume. (Ja proqwr soume tìso ìso qrei�zetai ¸ste na prosdiorÐsoume to f1.) MporoÔme
ìmwc na jewr soume pwc sta plaÐsia anaz thshc proseggistik c lÔshc ìpou douleÔoume
eÐnai fh2 = 0. Autìc o mhdenismìc den èqei sunèpeiec sth dik  mac perÐptwsh all� en
gènei mporeÐ na odhg sei kai se sf�lmata antÐ na bohj sei. Tèloc autìc o mhdenismìc
eÐnai sunep c me thn upìjes  mac gia asjenèc pedÐo Higgs. JewroÔme pwc to pedÐo Higgs
prokÔptei apì to pedÐo bajmÐdac kai lìgw thc morf c twn exis¸sewn kÐnhshc emfanÐzetai
mÐa t�xh argìtera.
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O trÐtoc ìroc perièqei èna komm�ti pou èqei ai¸niouc ìrouc kai èna komm�ti pou
eÐnai aplìc mh omogen c ìroc thc exÐswshc. Prokeimènou na ta xeqwrÐsoume
èqoume:

η(2)A(1) =
[
− 1

q2 − 4
f2

1 e
−2ıt − 1

q2 − 4
f∗21 e2ıt − 2

q2
|f1|2

]
·
[
f1e
−ıt + f∗1 e

ıt
]

=
[
−
( 1

q2 − 4
+

2

q2

)(
f1|f1|2e−ıt + f∗1 |f1|2eıt

)
+ f3

1 e
−3ıt + f∗31 e3ıt

]
O pr¸toc ìroc ja d¸sei touc ai¸niouc ìrouc thc exÐswshc en¸ oi upìloipoi
eÐnai aploÐ mh omogeneÐc ìroi. ProtoÔ gr�youme thn exÐswsh ai¸niwn ìrwn
upologÐzoume kai th morf  twn upoloÐpwn kommati¸n.

�1A(1) = (∂2
t1 − ∂2

x1)A(1)

= −∂2
x1A(1)

kai

∂µ0∂
µ2A(1) = (∂t0∂t1 − ∂x0∂x2)A(1)

= ∂t0∂t2A(1)

En tèlei gia to komm�ti twn ai¸niwn ìrwn thc exÐswshc brÐskoume:(
− ∂2

x1 + 2∂t0∂t2 −
( 1

q2 − 4
+

2

q2

)
|f1|2

)(
f1e
−ıt + f∗1 e

ıt
)

= 0

Jètontac

S ≡ 2

q2
+

1

q2 − 4
=

3q2 − 8

q2(q2 − 4)
(2.28)

katal goume sth parak�tw exÐswsh:[
1

2
∂2
x1 + ı∂t2 + S|f1|2

]
f1 = 0 (2.29)

H parap�nw exÐswsh eÐmai mÐa mh grammik  exÐswsh Scrödinger. 'Omwc
prokeimènou na dieukolunjoÔme sthn epÐlush thc parap�nw exÐswshc k�noume
thn akìloujh allag  metablht¸n:

f1 =
y√
|S|

(2.30)

kai katal goume sth parak�tw exÐswsh:[
1

2
∂2
x1 + ı∂t2 + Σ|y|2

]
y = 0 (2.31)

ìpou

Σ =
S

|S|
(2.32)
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LÔnontac th parap�nw exÐswsh kai qrhsimopoi¸ntac tic exis¸seic (2.25)
kai (2.27) brÐskoume lÔseic gia to sÔsthma (2.19). Mèsw thc epÐlushc pou
k�name br kame lÔseic mìno gia th pr¸th mh mhdenik  t�xh, wc proc ε twn
pedÐwn. E�n jèlame ja mporoÔsame na suneqÐsoume perissìtero all� efìson
h proseggistik  mac mèjodoc èqei qarakthristik� gr gorhc sÔgklishc sthn
analutik  lÔsh autì den eÐnai aparaÐthto.
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Kef�laio 3

Proteinìmenec lÔseic kai
Arijmhtik  Melèth touc

'Eqontac katal xei se mÐa aploÔsterh exÐswsh (2.31) apì aut  tou arqikoÔ
probl matoc proqwr�me sth kataskeu  proseggistik¸n lÔsewn tou pl rouc
sust matoc (2.19). Sth sunèqeia qrhsimopoioÔme to logismikì MATLAB
prokeimènou na epalhjeÔsoume arijmhtik� e�n oi lÔseic pou mac upodeiknÔei
h proseggistik  mac mèjodoc eÐnai lÔseic kai tou pl rouc probl matoc.

3.1 Entopismènec LÔseic SolitonikoÔ1 tÔpou.

H exÐswsh (2.31) eÐnai h kubik  mh grammik  exÐswsh Schrödinger. An�-
loga me to prìshmo tou suntelest  Σ lègetai esti�zousa   apoesti�zousa.
Autì exart�tai apì to lìgo q twn maz¸n twn pedÐwn A kai η. Apì thn exÐswsh
(2.28) blèpoume pwc ìtan

q ∈

(√
8

3
, 2

)
⇒ Σ < 0 (3.1)

en¸ ìtan

q ∈

(
0,

√
8

3

)
∪ (2,∞)⇒ Σ > 0 (3.2)

Kai stic dÔo peript¸seic h exÐswsh dèqetai solitonikèc lÔseic2.

1Solitonikèc lÔseic proerqìmenec apì th mh grammik  exÐswsh Scrödinger (NLS)
2Up�rqei mÐa amfishmÐa sth qr sh tou ìrou solitìnio sth bibliografÐa. Gia na qara-

kthristeÐ mÐa lÔsh solitonik  prèpei na èqei dÔo idiìthtec

1. Diat rhsh thc morf c tou kumatopakètou kaj¸c taxideÔei sto q¸ro.

2. Diat rhsh thc morf c twn kumatopakètwn met� apì sÔgkroush metaxÔ touc.

E�n threÐtai mìno h pr¸th idiìthta tìte h lÔsh lègetai monaqikì kÔma (solitary wave).
Sth fusik  ìmwc suqn� qrhsimopoieÐtai o ìroc solitìnio eÐte kai gia tic dÔo peript¸seic.
Autì ja k�noume kai emeÐc sta plaÐsia aut c thc ergasÐac.
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3.1.1 Skotein� Solitìnia

Sthn apoesti�zousa exÐswsh Schrödinger, ìpou èqoume Σ < 0, up�rqoun
entopismènec lÔseic pou onom�zontai skotein� solitìnia. Autì sumbaÐnei ì-
tan o lìgoc q twn maz¸n twn pedÐwn paÐrnei timèc mèsa sto sÔnolo (3.1).
Prokeimènou na doÔme autèc tic lÔseic pio analutik� xanagr�foume thn apo-
esti�zousa exÐswsh Schrödinger:[

1

2
∂2
x1 + ı∂t2 − |y|2

]
y = 0 (3.3)

H exÐswsh aut  èqei sa lÔseic mh grammik� kÔmata suneqoÔc kÔmatoc:

y = y0 exp[ı(kx1 − ωt2)] (3.4)

ta opoÐa èqoun thn akìloujh sqèsh diaspor�c metaxÔ suqnìthtac kai kuma-
tarijmoÔ:

ω =
1

2
k2 + y2

0 (3.5)

Ta skotein� solitìnia emfanÐzontai sa diegèrseic twn lÔsewn suneqoÔc
kÔmatoc.

y(x1, t2) = y0

{
A tanh[y0A(x1 − vt2)] + ıB

}
exp

[
ı(kx1 − ωt2)

]
(3.6)

Oi stajerèc pou upeisèrqontai sthn exÐswsh tou skoteinoÔ solitonÐou den
eÐnai ìlec anex�rthtec metaxÔ touc. Gia th taqÔthta tou solitonÐou p�nw sto
upìbajro isqÔei:

v = y0B + k (3.7)

en¸ gia ta pl�th A kai B isqÔei:

A2 +B2 = 1 (3.8)

EmeÐc ìpwc èqoume proanafèrei anazhtoÔme lÔseic sto sÔsthma hremÐac
tou pedÐou bajmÐdac. Gi� autì stic lÔseic pou exet�zoume deqìmaste pwc eÐnai:

v = k = 0 (3.9)

Autì shmaÐnei pwc:

B =0

A =1

ω =y2
0

Sunep¸c h skotein  solitonik  lÔsh pou ja exet�soume eÐnai:

y(x1, t2) = y0

[
A tanh

(
y0Ax1

)]
exp

(
− ıy2

0t2
)

(3.10)
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PhgaÐnontac stic arqikèc adi�statec metablhtèc mèsw twn exis¸sewn (2.25),
(2.27) kai (2.30) h lÔsh gr�fetai:

A(1) =
2y0

|S|
1
2

tanh (y0εx) cos
(
1 + ε2y2

0

)
t (3.11)

kai

η(2) = − 2

q2 − 4

y2
0

|S|
tanh2 (y0εx) cos

[
2
(
1 + ε2y2

0

)
t
]
− 2

q2

y2
0

|S|
tanh2 (y0εx)

(3.12)
Sth sunèqeia af noume ta adi�stata pedÐa kai metablhtèc, mèsw twn exi-

s¸sewn (2.17) kai (2.24), kai epistrèfoume sta fusik� pedÐa kai metablhtèc
gia ta opoÐa brÐskoume3:

A(x, t) =
2εy0

υ|S|
1
2

tanh (εgυy0x) cos
[(

1 + ε2y2
0

)
gυt
]

(3.13)

kai

η(x, t) =− 2ε2

q2 − 4

y2
0

υ|S|
tanh2 (εgυy0x) cos

[
2
(
1 + ε2y2

0

)
gυt
]

− 2ε2

q2

y2
0

υ|S|
tanh2 (εgυy0x) (3.14)

Oi exis¸seic (3.13) kai (3.14) apoteloÔn tic proteinìmenec skoteinèc so-
litonikèc lÔseic gia to abelianì montèlo Higgs.

3UpenjumÐzoume pwc eÐnai mA = gυ.
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3.1.2 Arijmhtik  Melèth twn Skotein¸n SolitonÐwn.

SuneqÐzoume proqwr¸ntac sthn arijmhtik  melèth twn parap�nw lÔsewn.
Gia na apokt soume mÐa kalÔterh epopteÐa thc lÔshc tou skoteinoÔ solitonÐou
pou perigr�fetai apì tic exis¸seic (3.13) kai (3.14) th sqedi�zoume. Sta

1
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Sq ma 3.1: Ep�nw: Gr�fhma thc qwroqronik c ex�rthshc tou pedÐou baj-
mÐdac A(x, t). K�tw: Stigmiìtupa tou pedÐou se diaforetikèc stigmèc thc
talantwtik c tou kÐnhshc gia tim  thc paramètrou q = 1.8.

sq mata 3.1 kai 3.2 blèpoume grafik� th qwroqronik  ex�rthsh thc lÔshc
tou st�simou skoteinoÔ solitonÐou. Ta graf mata sqedi�sthkan se qrìnouc
kont� sthn arqik  sunj kh ìtan h qwroqronik  ex�rthsh twn pedÐwn eÐnai
aut  thc lÔshc tou skoteinoÔ solitonÐou. Oi par�metroi thc prosomoÐwshc
eÐnai q = 1.8 kai ε = 0.1. 'Ena apì ta pr�gmata pou eÐnai emfanèc apì ta
graf mata eÐnai h dipl�sia suqnìthta tou pedÐou Higgs tou protÔpou.

H arijmhtik  melèth thc proseggistik c lÔshc tou skoteinoÔ solitonÐ-
ou mac deÐqnei pwc aut  den epalhjeÔei to pl rec sÔsthma (2.19) kaj¸c de
pern� to test thc arijmhtik c epal jeushc [6]. Sthn arq , dhlad  stic pr¸-
tec talant¸seic tou solitonÐou, h lÔsh diathreÐtai all� gr gora met� arqÐzei
na katastrèfetai. Th poreÐa aut  thc lÔshc proc th katastrof  mporoÔme
na th parakolouj soume sto sq ma 3.3. Se autì blèpoume to gr�fhma thc
Qamiltonian c Puknìthtac tou SolitonÐou ìpwc apl¸netai sto q¸ro kai e-
xelÐssetai sto qrìno. ParathroÔme pwc arqik� h enèrgeia eÐnai entopismènh
qwrik� sto kèntro tou solitonÐou. Sth sunèqeia parathroÔme pwc h enèrgeia
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Sq ma 3.2: Ep�nw: Gr�fhma thc qwroqronik c ex�rthshc tou pedÐou η(x, t).
K�tw: Stigmiìtupa tou pedÐou se diaforetikèc stigmèc thc talantwtik c tou
kÐnhshc gia tim  thc paramètrou q = 1.8.
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apì to kèntro arqÐzei na {aktinoboleÐtai} proc ta èxw kai to solitìnio ar-
qÐzei na katastrèfetai. Thc katastrof c thc morf c tou solitonÐou èpetai
apeirismìc twn pedÐwn ìpwc ta exelÐssei h arijmhtik  prosomoÐwsh.
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Sq ma 3.3: Ep�nw: Gr�fhma thc Qamiltonian c Puknìthtac H(x, t) gia tim 
thc paramètrou q Ðsh me q = 1.8. K�tw: Olik  enèrgeia kanonikopoihmènh wc
proc thn enèrgeia gia t = 0 sth maÔrh gramm  kai kanonikopoihmènh enèrgeia
tou pur na tou solitonÐou sth diakekommènh kìkkinh gramm . K�tw embìlimo
plaÐsio: Gr�fhma thc diafor�c thc enèrgeiac apì thn arqik  tim  gia ìlo to
solitìnio sth maÔrh gramm  kai gia to pur na tou sth diakekommènh kìkkinh
gramm .

To apotèlesma aut c thc poreÐac proc th katastrof , all� prin ton a-
peirismì twn pedÐwn, to blèpoume sto sq ma 3.4. Se autì gÐnetai sÔgkrish
thc morf c twn pedÐwn sthn arq  thc prosomoÐwshc, ìpou xekinoÔn èqontac
th morf  thc lÔshc tou skoteinoÔ solitonÐou, me th morf  touc sto tèloc
thc prosomoÐwshc ìpou h morf  touc upodhl¸nei th katastrof  thc lÔshc
tou skoteinoÔ solitonÐou. MÐa parat rhsh pou mporoÔme na k�noume me a-
form  autì to sq ma eÐnai pwc to pedÐo Higgs tou protÔpou katastrèfetai
pio gr gora. Autì sumbaÐnei giatÐ, pr�gma pou faÐnetai apì tic sqèseic (3.11)
kai (3.12), to pedÐo Higgs talant¸netai me dipl�sia suqnìthta apì to pedÐo
bajmÐdac me apotèlesma na exelÐssetai {perissìtero} apì to pedÐo bajmÐdac
kai h katastrof  se autì na emfanÐzetai pio gr gora.

'Ena akìma shmeÐo pou axÐzei na tonÐsoume eÐnai autì tou k�tw embìlimou
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plasÐou sto sq ma 3.3. Se autì blèpoume pwc h olik  enèrgeia tou solitonÐ-
ou, akìma kai sthn arq  pou autì diathreÐ th morf  tou, upìkeitai se mikrèc
metabolèc. Autèc oi metabolèc eÐnai thc t�xewc tou 1/500 thc arqik c enèr-
geiac kai ofeÐlontai sth diakritopoÐhsh tou probl matoc prokeimènou na gÐnei
h arijmhtik  prosomoÐwsh. Par� ìlo pou to sÔsthma pou montelopoi same me
to k¸dik� mac eÐnai Qamiltonianì de mporoÔme na apofÔgoume aut  th mikr 
metabol  sthn olik  enèrgeia tou sust matoc, eÐnai èna eggenèc qarakthri-
stikì twn arijmhtik¸n prosomoi¸sewn.
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Sq ma 3.4: Ep�nw: Stigmiìtupo tou pedÐou bajmÐdac sthn arq , (mple gram-
m ), kai sto tèloc thc prosomoÐwshc (kìkkinh gramm ) gia tim  thc para-
mètrou q Ðsh me q = 1.8. K�tw: Stigmiìtupo tou pedÐou Higgs sthn arq ,
(mple gramm ), kai sto tèloc thc prosomoÐwshc (kìkkinh gramm ) gia tim 
thc paramètrou q = 1.8.
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3.1.3 Fwtein� Solitìnia.

'Otan isqÔei h sunj kh (3.2) tìte èqoume thn esti�zousa exÐswsh Scrödin-
ger: [

1

2
∂2
x1 + ı∂t2 + |y|2

]
y = 0 (3.15)

Aut  h exÐswsh epidèqetai fwteinèc solitonikèc lÔseic oi opoÐec eÐnai:

y(x1, t2) = y0sech [y0 (x1 − vt2)] exp [ı (kx1 − ωt2)] (3.16)

ìpou y0 eÐnai to pl�toc kai to antÐstrofo eÔroc, k o kumatarijmìc, ω h
suqnìthta kai v h taqÔthta tou fwteinoÔ solitonÐou. Oi stajerèc autèc den
eÐnai ìlec anex�rthtec metaxÔ touc kaj¸c isqÔoun oi sqèseic:

ω =
1

2

(
k2 − y2

0

)
v =

∂ω

∂k
= k

Sunep¸c to fwteinì solitìnio èqei mìno dÔo anex�rthtec paramètrouc.
'Eqoume anafèrei pwc anazhtoÔme lÔseic sto sÔsthma hremÐac tou pedÐou

bajmÐdac, sunep¸c v = 0. 'Ara ja eÐnai k = 0 kai

ω = −1

2
y2

0

Sunep¸c h fwtein  solitonik  lÔsh pou ja exet�soume eÐnai:

y(x1, t2) = y0 sech (y0x1) exp

(
+ı
y2

0

2
t2

)
(3.17)

PhgaÐnontac stic arqikèc adi�statec metablhtèc mèsw twn exis¸sewn (2.25),
(2.27) kai (2.30) h lÔsh gr�fetai:

A(1) =
2y0

|S|
1
2

sech (y0εx) cos

(
1 + ε2

y2
0

2

)
t (3.18)

kai

η(2) = − 2

q2 − 4

y2
0

|S|
sech2 (y0εx) cos

[(
2 + ε2y2

0

)
t
]
− 2

q2

y2
0

|S|
sech2 (y0εx)

(3.19)

Sth sunèqeia af noume ta adi�stata pedÐa kai metablhtèc, mèsw twn exi-
s¸sewn (2.17) kai (2.24), kai epistrèfoume sta fusik� pedÐa kai metablhtèc
gia ta opoÐa brÐskoume:

A(x, t) = ε
2y0

υ|S|
1
2

sech (εgυy0x) cos

[(
1 + ε2

y2
0

2

)
gυt

]
(3.20)
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kai

η(x, t) =− 2ε2

q2 − 4

y2
0

υ|S|
sech2 (εgυy0x) cos

[(
2 + ε2y2

0

)
gυt
]

− 2ε2

q2

y2
0

υ|S|
sech2 (εgυy0x) (3.21)

Oi exis¸seic (3.20) kai (3.21) apoteloÔn tic proteinìmenec fwteinèc soli-
tonikèc lÔseic gia to abelianì montèlo Higgs.
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3.1.4 Arijmhtik  Melèth twn Fwtein¸n SolitonÐwn.

Sth sunèqeia pern�me sthn arijmhtik  melèth thc fwtein c solitonik c lÔ-
shc pou perigr�fetai apì tic exis¸seic (3.20) kai (3.21). Gia na apokt soume
mÐa kalÔterh epopteÐa thc th sqedi�zoume. H arijmhtik  melèth thc proseg-
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Sq ma 3.5: Ep�nw: Gr�fhma thc qwroqronik c ex�rthshc tou pedÐou baj-
mÐdac A(x, t). K�tw: Stigmiìtupa tou pedÐou se diaforetikèc stigmèc thc
talantwtik c tou kÐnhshc gia tim  thc paramètrou q Ðsh me q = 1.5.

gistik c lÔshc tou fwteinoÔ solitonÐou mac deÐqnei pwc aut  epalhjeÔei to
pl rec sÔsthma (2.19) kaj¸c pern� to test thc arijmhtik c epal jeushc[6].
Sunep¸c h proteinìmenh lÔsh tou fwteinoÔ solitonÐou apoteleÐ lÔsh kai tou
pl rouc probl matoc (2.19). Epeid  h morf  twn pedÐwn diathreÐ th morf  thc
lÔshc tou fwteinoÔ solitonÐou ta graf mata pou akoloujoÔn sqedi�sthkan
se (adi�statouc) qrìnouc kont� sto tèloc thc prosomoÐwshc. 'Opwc faÐnetai
apì th sqèsh (3.2) to sÔsthm� mac epidèqetai fwteinèc solitonikèc lÔseic se
dÔo perioqèc twn tim¸n thc paramètrou q. Gi� autì sta sq mata 3.5 kai 3.6
sqedi�zoume to fwteinì solitìnio sth tim  q = 1.5 en¸ sta sq mata 3.7 kai
3.8 sqedi�zoume to fwteinì solitìnio sth tim  q = 2.5. Kai stic dÔo peript¸-
seic eÐnai ε = 0.1. Se aut� ta graf mata ektìc apì th dipl�sia suqnìthta
tou pedÐou Higgs tou protÔpou eÐnai emfan c kai h ex�rthsh thc mègisthc kai
thc el�qisthc tim c tou apì th tim  thc paramètrou q.

Thn epal jeush thc lÔshc tou fwteinoÔ solitonÐou ja th parakolou-
j soume me ton Ðdio trìpo pou parathr same th katastrof  tou skoteinoÔ
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Sq ma 3.6: Ep�nw: Gr�fhma thc qwroqronik c ex�rthshc tou pedÐou η(x, t).
K�tw: Stigmiìtupa tou pedÐou se diaforetikèc stigmèc thc talantwtik c tou
kÐnhshc gia tim  thc paramètrou q = 1.5.
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Sq ma 3.7: Ep�nw: Gr�fhma thc qwroqronik c ex�rthshc tou pedÐou baj-
mÐdac A(x, t). K�tw: Stigmiìtupa tou pedÐou se diaforetikèc stigmèc thc
talantwtik c tou kÐnhshc gia tim  thc paramètrou q = 2.5.

32



49000

49009

49018

100
0

−100
−15

−10

−5

0

5

x 10
−3

tx

H
(x

)

−50 0 50

−10

−5

0

x

H
(x
)

t=T

t=T/8

t=T/4

t=3T/8

t=T/25
x10

3−

x10
3−

x t

8

Sq ma 3.8: Ep�nw: Gr�fhma thc qwroqronik c ex�rthshc tou pedÐou η(x, t).
K�tw: Stigmiìtupa tou pedÐou se diaforetikèc stigmèc thc talantwtik c tou
kÐnhshc gia tim  thc paramètrou q = 2.5.
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solitonÐou, dhlad  mèsw thc Qamiltonian c puknìthtac. Ta apotelèsmata
twn prosomoi¸sewn mac gia th Qamiltonian  puknìthta parousi�zontai sto
sq ma 3.10. Sto ep�nw gr�fhma parathroÔme pwc h enèrgeia tou solitonÐou
paramènei qwrik� entopismènh kaj� ìlh th di�rkeia thc prosomoÐwshc. H dia-
for� me thn aktinobìlhsh enèrgeiac proc ta èxw apì to skoteinì solitìnio
eÐnai emfan c.

Sto mesaÐo gr�fhma parathroÔme th Qamiltonian  puknìthta tou fwteinoÔ
solitonÐou kat� th melèth grammik c eust�jei�c tou. H arijmhtik  melèth eu-
st�jeiac gÐnetai sto pl rec sÔsthma exis¸sewn kÐnhshc tou protÔpou (2.19).
H melèth aut  gÐnetai efarmìzontac mÐa mikr  diataraq  sthn arqik  sunj kh
thc lÔshc tou fwteinoÔ solitonÐou. H diataraq  pou efarmìsame faÐnetai sto
sq ma 3.11 gia to kajèna apì ta dÔo pedÐa. H diataraq  aut  prokÔptei apì
genn tria tuqaÐwn arijm¸n kanonikopoihmènouc me tètoiouc suntelestèc ¸ste
h mègisth apìluth metabol  twn pedÐwn na mh xepern�ei to 10% tou mègistou
pl�touc thc lÔshc tou fwteinoÔ solitonÐou. Epistrèfontac sth Qamiltonian 
puknìthta tou fwteinoÔ solitonÐou kat� thn arijmhtik  melèth eust�jei�c
tou parathroÔme pwc aut  diathreÐ ìla ta poiotik� qarakthristik� pou eÐqe
kai sthn adiat�rakth perÐptwsh. Dhlad  diathreÐtai kai h morf  thc kai o
qwrikìc entopismìc thc enèrgeiac. Akìma parathroÔme pwc h eisagwg  tou
jorÔbou, pou prokaleÐ aÔxhsh thc olik c enèrgeiac tou sust matoc, èqei ei-
s�gei enèrgeia kai se perioqèc pou den èqei enèrgeia to fwteinì solitìnio.
Aut  h epiplèon enèrgeia de diaqèetai all� kai den exafanÐzetai, pr�gma pou
ofeÐletai sto Qamiltonianì qarakt ra tou sust matoc.

'Eqoume af sei to k�tw gr�fhma tou sq matoc 3.10. Se autì sqedi�same
thn ex�rthsh thc olik c enèrgeiac wc proc to qrìno kat� th di�rkeia thc
prosomoÐwshc. AxÐzei na shmeiwjeÐ pwc oi arqikèc enèrgeiec den eÐnai Ðdiec
gia tic dÔo timèc thc paramètrou q. Apl� k�je mÐa apì tic dÔo enèrgeiec ka-
nonikopoieÐtai qwrist� wc proc thn arqik  thc tim . 'Opwc kai sth perÐptwsh
tou skoteinoÔ solitonÐou parathroÔme kai ed¸ pwc kat� th di�rkeia thc pro-
somoÐwshc h olik  enèrgeia upìkeitai se k�poiec polÔ mikrèc talant¸seic oi
opoÐec ofeÐlontai ston arijmhtikì qarakt ra twn dedomènwn.

KleÐnontac th melèth tou arijmhtikoÔ solitonÐou ja anaferjoÔme se èna
akìma qarakthristikì tou. To ìti apoteleÐ lÔsh mìno gia tic timèc tou q
sth perioq  tim¸n (3.2) all� ìqi sth perioq  (3.1). Autì faÐnetai profa-
nèc dedomènwn twn epiqeirhm�twn me b�sh ta opoÐa katal xame sth fwtein 
solitonik  lÔsh. Ac mh lhsmonoÔme ìmwc ìti aut� proèrqontai apì èna dia-
taraktikì an�ptugma. Apì to pl rec sÔsthma (2.19) den èqoume kanèna lìgo
na perimènoume aut  thn ex�rthsh thc esti�zousac kai apoesti�zousac sum-
perifor�c se sqèsh me tic timèc thc paramètrou q. H parousÐa aut c thc
ex�rthshc stic arijmhtikèc prosomoi¸seic mac apoteleÐ epal jeush thc isqÔ-
oc tou diataraktikoÔ anaptÔgmatoc thc jewrÐac twn pollapl¸n klim�kwn.
Grafik� h katastrof  tou fwteinoÔ solitonÐou faÐnetai sto sq ma 3.11. 'O-
pwc parathroÔme apì to sq ma aut  h katastrof  sumbaÐnei arket� gr gora,
xekin� apì adi�stato qrìno 50 perÐpou, dhlad  xekin� pio gr gora kai apì th
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Sq ma 3.9: Ep�nw: Arqik  sunj kh tou fwteinoÔ solitonÐou gia to pedÐo
bajmÐdac qwrÐc jìrubo (kìkkinh gramm ) kai me jìrubo (mple gramm ). K�tw:
Arqik  sunj kh tou fwteinoÔ solitonÐou gia to pedÐo Higgs qwrÐc jìrubo
(kìkkinh gramm ) kai me jìrubo (mple gramm ).

katastrof  tou skoteinoÔ solitonÐou pou eÐdame parap�nw.
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Sq ma 3.10: Ep�nw: Gr�fhma thc qwroqronik c ex�rthshc thc Qamiltonian c
Puknìthtac H(x, t) gia tim  thc paramètrou q = 1.5. Mèsh: Gr�fhma thc
qwroqronik c ex�rthshc thc Qamiltonian c Puknìthtac H(x, t) gia tim  thc
paramètrou q = 1.5 all� me eisagwg  jorÔbou, me pl�toc 10% to pl�touc
tou solitonÐou, ep�nw sth lÔsh tou solitonÐou K�tw: A) Olik  Enèrgeia
kanonikopoihmènh wc proc thn arqik  thc tim . Diakekommènh gramm  gia
tim  thc paramètrou q = 1.5 kai estigmènh gramm  gia tim  thc paramètrou
q = 2.5. B) Gr�fhma thc diafor�c enèrgeiac, ∆E, apì thn arqik  tim . Mple
(mesaÐa) gramm  gia q = 1.5 kai kìkkinh diakekommènh (k�tw) gramm  gia
q = 2.5.
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Sq ma 3.11: Gr�fhma thc katastrof c enìc fwteinoÔ solitonÐou se tim 
q = 1.85 ìpou to sÔsthma (2.19) emfanÐzei apoesti�zousa sumperifor�. Apì
p�nw proc ta k�tw blèpoume graf mata tou pedÐou bajmÐdac A(x, t), tou pe-
dÐou Higgs, η(x, t), kai thc Qamiltonian c puknìthtac, H(x, t), tou protÔpou.
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3.2 LÔseic mh Grammik¸n EpÐpedwn Kum�twn

Met� tic entopismènec lÔseic proqwr�me sth melèth periodik¸n lÔsewn oi
opoÐec ekteÐnontai se ìlo to q¸ro. Tètoiec lÔseic up�rqoun kai gia thn e-
sti�zousa kai gia thn apoesti�zousa exÐswsh Schrödinger. Pr¸ta proqwr�me
sth melèth twn epÐpedwn mh grammik¸n kumatik¸n lÔsewn.

Prokeimènou na par�goume ta mh grammik� kÔmata touc protÔpou ja xe-
kin soume apì thn exÐswsh (2.29). Anex�rthta4 apì th tim  thc paramètrou
q h exÐswsh dèqetai mh grammikèc kumatikèc lÔseic thc morf c:

f1(x1, t2) = u0 exp [i (kx1 − ωt2)] (3.22)

oi opoÐec upakoÔn thn akìloujh sqèsh diaspor�c:

ω =
k2

2
− (u0)2S (3.23)

O mh grammikìc qarakt rac aut c thc sqèshc eÐnai emfan c.
'Eqoume anafèrei nwrÐtera pwc anazht�me lÔseic sto sÔsthma hremÐac tou

pedÐou bajmÐdac. Sunep¸c ja jewr soume pwc k = 0. Mèsw twn exis¸sewn
(2.25)kai (2.27) h lÔsh, wc proc tic adi�statec metablhtèc gr�fetai:

A(x, t) = εu0 cos
[(

1 + ε2ω
)
t
]

(3.24)

kai

η(x, t) = − ε2u2
0

q2 − 4
cos
[
2
(
1 + ε2ω

)
t
]
− 2ε2u2

0

q2
(3.25)

SuneqÐzoume af nontac ta adi�stata pedÐa kai metablhtèc, kai mèsw twn
exis¸sewn (2.17) kai (2.24), epistrèfoume sta fusik� pedÐa kai metablhtèc
gia ta opoÐa brÐskoume:

A(x, t) =
εu0

υ
cos
[(

1 + ε2ω
)
gυt
]

(3.26)

kai

η(x, t) = − ε2u2
0

υ (q2 − 4)
cos
[
2
(
1 + ε2ω

)
gυt
]
− 2ε2u2

0

υq2
(3.27)

ParathroÔme pwc oi lÔseic autèc eÐnai sunarthsiak¸c anex�rthtec tou
pros mou tou S, h ex�rthsh apì to opoÐo bèbaia krÔbetai mèsa sth sqèsh
diaspor�c (3.23), se antÐjesh me tic solitonikèc lÔseic oi opoÐec èqoun meg�lh
diafor� metaxÔ touc. H arijmhtik  prosomoÐwsh mac lèei pwc ta mh grammik�
epÐpeda kÔmata apoteloÔn lÔseic twn exis¸sewn kÐnhshc tou protÔpou mac[6].
Sto sq ma 3.12 blèpoume me perissìterec leptomèreiec aut  thn epal jeush.
Sta dÔo pr¸ta sq mata blèpoume th morf  pou èqoun ta pedÐa, ìpwc aut 
perigr�fetai kai apì tic exis¸seic (3.26) kai (3.27). Sto k�tw gr�fhma blè-
poume th Qamiltonian  puknìthta tou kÔmatoc, me tim  paramètrou q = 1.4,

4H opoÐa eÐnai paroÔsa sthn exÐswshc mèsw thc ex�rthshc tou S apì aut n (2.28).
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pou afèjhke na exeliqjeÐ mèqri adi�stato qrìno 105. H polÔ mikr  meta-
bol  thc (faÐnetai apì tic mon�dec dexi� tou graf matoc) pou blèpoume sto
gr�fhma ofeÐletai sth diakritopoÐhsh pou anagkastik� k�noume prokeimènou
na ektelèsoume arijmhtikoÔc upologismoÔc. EÐnai dhlad  èna arijmhtikì fai-
nìmeno kai ìqi mia sumperifor� tou sust matìc mac. Pèra apì aut  ìmwc
blèpoume pwc h Qamiltonian  puknìthta tou epÐpedou kÔmatoc paramènei sta-
jer  qwrik� kai qronik� esaeÐ, dhlad  ta pedÐa diathroÔn th morf  thc thc
mh grammik c epÐpedhc kumatik c lÔshc.
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Sq ma 3.12: Gr�fhma mh grammikoÔ epÐpedou kÔmatoc. Ep�nw: Gr�fhma thc
qwroqronik c ex�rthshc tou pedÐou bajmÐdac A(x, t) me tim  paramètrou q =
1.4. Mèsh: Gr�fhma thc qwroqronik c ex�rthshc tou pedÐou η(x, t) me tim 
paramètrou q = 1.4. K�tw: Gr�fhma thc Qamiltonian c puknìthtac, H(x, t),
epÐpedou kÔmatoc mèqri adi�stato qrìno 105 me tim  paramètrou q = 1.4.

Ta Ðdia apotelèsmata paÐrnoume kai gia �llec timèc thc paramètrou q apì
thn esti�zousa kai apoesti�zousa perioq  me graf mata an�loga aut¸n tou
sq matoc 3.12 gi autì kai de ta sqedi�zoume.

39



3.2.1 Analutik  Melèth Eust�jeiac Mh grammik¸n Ku-
matik¸n lÔsewn.

Sth prohgoÔmenh enìthta eÐdame pwc ta mh grammik� epÐpeda kÔmata a-
poteloÔn lÔseic twn exis¸sewn kÐnhshc (2.19) tou protÔpou mac. Se aut 
thn enìthta ja exet�soume thn eust�jei� touc. Autì ja gÐnei pr¸ta mèsw
thc melèthc grammik c eust�jeiac kai met� arijmhtik�[6, 12, 14]. H melèth
grammik c eust�jeiac gÐnetai sto plaÐsio thc exÐswshc NLS (2.29) apì thn
opoÐa proèrqontai oi proseggistikèc lÔseic. Gia na eÐnai eustajeÐc sto pl rec
sÔsthma prèpei na eÐnai eustajeÐc kai sto sÔsthma apì to opoÐo proèrqontai.
Xekin�me loipìn efarmìzontac thn akìloujh diataraq :

f1 → f ′1 = f1 + δf1 (3.28)

Eis�gontac th {diataragmènh} f ′1 mèsa sthn exÐswsh (2.29) brÐskoume:

i∂t2δf1 +
1

2
∂2
x1δf1 + Sf2

1 δf
∗
1 + 2S |f1|2 δf1 = 0 (3.29)

Jètoume δf1 = Re−i(ωt2−kx1), me R en gènei migadikì, opìte h parap�nw
exÐswsh gr�fetai:

i∂t2R+ ik∂x1R+
1

2
∂2
x1R+ S(R+R∗)u2

0 = 0 (3.30)

Kajìti to R eÐnai h migadik  sun�rthsh pou ekfr�zei th diataraq , jètoume
R = a + ib gia to pragmatikì kai fantastikì mèroc thc. Eis�gont�c ta sth
prohgoÔmenh sqèsh prokÔptei:

i (∂t2a+ i∂t2b+ k∂x1a+ ik∂t2b) +
1

2
∂2
x1a+

i

2
∂2
x1b+ 2Sau2

0 = 0

QwrÐzontac thn parap�nw exÐswsh se pragmatikì kai fantastikì komm�ti pro-
kÔptoun oi sqèseic:

−∂t2b− k∂x1b+
1

2
∂2
x1a+ 2aSu2

0 =0 (3.31)

i∂t2a+
1

2
∂2
x1b+ k∂x1a =0 (3.32)

Ta a kai b ekfr�zoun th diataraq  pou efarmìzoume. Epilègoume loipìn
na ta analÔsoume wc stoiqeÐa Fourier. Dedomènou ìti k�je sun�rthsh mporeÐ
na grafeÐ wc �jroisma stoiqeÐwn Fourier gnwrÐzoume pwc mèsw twn stoiqeÐwn
Fourier paÐrnoume plhroforÐec gia k�je dunat  diataraq . Sunep¸c gr�fou-
me:

a = a0e
−i(Ωt2−Qx1) + c.c (3.33)

b = b0e
−i(Ωt2−Qx1) + c.c (3.34)
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Me aut  th graf  to sÔsthma exis¸sewn (3.33) kai (3.34) gÐnetai:

(−Q
2

2
+ 2Su2

0)a0 + i(Ω− kQ)b0 = 0 (3.35)

−i(Ω− kQ)a0 −
Q2

2
b0 = 0 (3.36)

To sÔsthma twn dÔo parap�nw exis¸sewn èqei wc lÔsh th tetrimmènh lÔsh
(ao, b0) = (0, 0). Autì ìmwc shmaÐnei pwc h diataraq  mhdenÐzetai, pr�gma pou
de mac dÐnei kamÐa plhroforÐa gia thn eust�jeia thc lÔshc pou diatar�ssoume.
Aut  h plhroforÐa prokÔptei apì th qronik  exèlixh thc diataraq c. Sunep¸c
apaitoÔme to sÔsthma na èqei mh tetrimmènec lÔseic, pr�gma pou odhgeÐ sthn
apaÐthsh gia mhdenismì thc orÐzous�c tou. 'Ara5:

det

[
(−Q2

2 + 2Su2
0) i(Ω− kQ)

−i(Ω− kQ) −Q2

2

]
= 0 (3.37)

O upologismìc thc parap�nw orÐzousac kai h apaÐthsh gia mhdenismì thc
odhgeÐ sthn sqèsh:

(Ω− kQ)2 =
Q2

2
(
Q2

2
− 2Su2

0) (3.38)

Apì tic sqèseic (3.33) kai (3.34) blèpoume pwc to Ω eÐnai h suqnìthta thc
diataraq c. E�n aut , lìgw thc sqèshc (3.39), p�rei migadikèc timèc tìte h
lÔsh thn opoÐa diat�raxe eÐnai astaj c. Sunep¸c gia na poÔme mÐa kumatik 
lÔsh eustaj  prèpei to Ω na eÐnai pragmatikìc arijmìc gia k�je tim  tou Q.
Autì shmaÐnei ìti h posìthta sto dexÐ mèloc thc exÐswshc (3.39) prèpei na
eÐnai p�nta jetik . K�ti tètoio ìmwc sumbaÐnei mìno an

Q2 > 4Su2
0 (3.39)

Autì èqei san apotèlesma h anaz thsh thc eust�jeiac   mh twn lÔsewn mac
na sqetÐzetai me to ìro mh grammikìthtac thc NLS (2.29).

Blèpoume pwc sthn apoesti�zousa perioq  (3.1) ìpou S < 0 ta mh gram-
mik� epÐpeda kÔmata eÐnai eustaj  k�tw apì opoiad pote diataraq . AntÐjeta
sthn esti�zousa perioq  (3.1) up�rqoun perioqèc suqnot twn h suqnìthta Ω
gÐnetai migadik  kai h diataraq  kajÐstatai astaj c.

5MÐa prosektik  parat rhsh thc exÐswshc (3.37) prokaleÐ erwthmatik� lìgw thc emf�-
nishc thc fantastik c mon�dac par' ìlo pou ta a0 kai b0 eÐnai pragmatik�. Autì sumbaÐnei
giatÐ stic pr�xeic de qrhsimopoioÔme to suzugèc migadikì ekjetikì pou gr�fetai stouc
tÔpouc (3.33) kai (3.34). Par� ìlo pou autì fant�zei l�joc apì th skopi� thc migadik c
an�lushc en toÔtoic to apotèlesma mac eÐnai swstì kai me ligìterec pr�xeic. Pio swst�
ja mporoÔsame na eÐqame upojèsei[12] gia th morf  thc diataraq c to:

R = r1 exp [−i(Ωt2 −Qx1)] + r2 exp [i(Ωt2 −Qx1)]

Aut  h diataraq  dÐnei ta Ðdia apotelèsmata gia th sqèsh diaspor�c metaxÔ twn Ω kai Q
me to kìstoc, ìpwc anafèrame, epiplèon algebrik¸n pr�xewn.
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3.2.2 Arijmhtik  Melèth Eust�jeiac Mh Grammik¸n Ku-
matik¸n LÔsewn sthn Apoesti�zousa Perioq .

'Eqontac exet�sei analutik� thn eust�jeia proqwr�me sth melèth thc a-
rijmhtik�. Pr¸ta melet�me to sÔsthma se timèc thc paramètrou q sthn apo-
esti�zousa perioq  (3.1). 'Opwc anafèrame se aut  ta epÐpeda mh grammik�
kÔmata brèjhkan eustaj . Aut  ìmwc h eust�jeia brèjhke sta plaÐsia thc
proseggistik c exÐswshc apì thn opoÐa proteÐnoume lÔseic gia to pl rec sÔ-
sthma. Sto pl rec sÔsthma h arijmhtik  melèth mac lèei pwc ta mh grammik�
epÐpeda kÔmata eÐnai astaj . Autì faÐnetai analutik� sto sq ma 3.13 pou
eÐnai to apotèlesma arijmhtik c prosomoÐwshc me tim  paramètrou q = 1.85
kai arqik  sunj kh to epÐpedo kÔma diataragmèno me jìrubo pou prokÔptei a-
pì genn tria tuqaÐwn arijm¸n kanonikopoihmèno ètsi ¸ste to mègisto pl�toc
thc diataraq c na eÐnai to 10% tou pl�touc thc arqik c sunj khc.
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Sq ma 3.13: Gr�fhma Melèthc Eust�jeiac mh grammikoÔ epÐpedou kÔmatoc
mèqri adi�stato qrìno 105 me tim  paramètrou q = 1.85. Ep�nw: Gr�fhma thc
qwroqronik c ex�rthshc tou pedÐou bajmÐdac A(x, t). Mèsh: Gr�fhma thc qw-
roqronik c ex�rthshc tou pedÐou η(x, t). K�tw: Gr�fhma thc Qamiltonian c
puknìthtac, H(x, t).

To meionèkthma tou sq matoc 3.13 gia na gÐnei eÔkola katanohtì eÐnai ìti
perièqei pollèc plhroforÐec sumpuknwmènec. Gi� autì fti�qnoume to sq ma
3.14 ìpou ja doÔme k�poia pr�gmata pio analutik�. Se autì sqedi�zoume
stigmiìtupa twn pedÐwn kai thc Qamiltonian c touc puknìthtac. Sto p�nw
gr�fhma sqedi�zoume to pedÐo bajmÐdac, sto mesaÐo to pedÐo Higgs kai sto
k�tw th Qamiltonian  puknìthta tou protÔpou. Me kìkkinh gramm  blèpoume
thn arqik  sunj kh pou qrhsimopoi same gia ta pedÐa. Me pr�sinh gramm 
blèpoume thn exèlixh twn pedÐwn (kai th prokÔptousa Qamiltonian  puknìth-
ta) se adi�stato qrìno t = 1100. Tèloc me mple gramm  blèpoume thn exèlixh
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twn pedÐwn (kai th prokÔptousa Qamiltonian  puknìthta) se adi�stato qrìno
t = 90100. ParathroÔme pwc pr¸ta arqÐzei na diaforopoieÐtai shmantik� h
morf  tou pedÐou Higgs tou protÔpou. Autì de mac ekpl ssei giatÐ apì tic
exis¸seic gia to pedÐo η(x, t) èqoume dei pwc autì talant¸netai me suqnìthta
dipl�sia apì aut  tou pedÐou A(x, t) sunep¸c exelÐssetai pio gr gora. Sta
graf mata pou antistoiqoÔn se adi�stato qrìno t = 90100 blèpoume pwc
h morf  twn pedÐwn eÐnai {qaotik } kai den èqei kamÐa sqèsh me thn arqik 
sunj kh.
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Sq ma 3.14: Ep�nw: Stigmiìtupa tou pedÐou bajmÐdac A(x, t). Mèsh: Stig-
miìtupa tou pedÐou η(x, t). K�tw: Stigmiìtupa thc Qamiltonian c puknìthtac,
H(x, t). Kìkkinec grammèc gia t = 0. Pr�sinec grammèc gia t = 1100. Mple
grammèc gia t = 90100.

Ta stigmiìtupa tou pedÐou Higgs tou protÔpou tou sq matoc 3.14 periè-
qoun akìma perissìterec plhroforÐec gia to pwc katastr�fhke h lÔsh tou
mh grammikoÔ epÐpedou kÔmatoc. H morf  tou η(x, 1100) mac tonÐzei ìti to
pedÐo kuriarqeÐtai apì mÐa suqnìthta. KatafeÔgoume sth melèth mèsw tou
metasqhmatismoÔ Fourier gia na doÔme e�n ìntwc sumbaÐnei k�ti tètoio. Gi�
autì epexergazìmaste ta dedomèna mac kataskeu�zontac to sq ma 3.15. Sth
qronik  stigm  t = 0 blèpoume pwc to pedÐo η(k) kuriarqeÐtai apì th mhdeni-
k  suqnìthta, pr�gma logikì afoÔ h mèsh tim  tou eÐnai mh mhdenik . Autì
pou de faÐnetai kajar� sto gr�fhma eÐnai h parousÐa enìc, praktik� sune-
qoÔc, f�smatoc twn upìloipwn suqnot twn lìgw tou polÔ mikroÔ pl�touc
touc. To polÔ mikrì pl�toc ofeÐletai en mèrei sth kanonikopoÐhs  mac kai
en mèrei sto ìti h enèrgeia tou jorÔbou moir�zetai se p�ra pollèc suqnìth-
tec opìte h enèrgeia pou antistoiqeÐ se k�je mÐa suqnìthta eÐnai polÔ mikr .
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To ìti to polÔ mikrì autì pl�toc eÐnai perÐpou Ðso gia ìlec tic suqnìthtec
plhn thc mhdenik c ofeÐletai sth proèleush tou jorÔbou apì genn tria tu-
qaÐwn arijm¸n. Proqwr¸ntac t¸ra sth qronik  stigm  t = 1100 blèpoume
pwc èqei emfanisteÐ ektìc apì th mhdenik  suqnìthta �llh mÐa6 en¸ oi u-
pìloipec suqnìthtec tou jorÔbou paramènoun perÐpou wc èqoun. Blèpoume
dhlad  pwc to sÔsthma exis¸sewn (2.19) èqei mia protimhtèa suqnìthta ìtan
{apomakrÔnetai} apì th lÔsh tou mh grammikoÔ epÐpedou kÔmatoc. Af nontac
to sÔsthma na exeliqjeÐ parapèra koit�me to f�sma suqnot twn th qronik 
stigm  t = 90100. Blèpoume pwc èqoun gennhjeÐ akìma perissìterec suqnì-
thtec kai pwc h suqnìthta pou protÐmhse to sÔsthma ìtan katastrefìtan h
kumatik  lÔsh den kuriarqeÐ pia sto f�sma suqnot twn. Plèon to sÔsthma
mac emfanÐzei qaotik  sumperifor�.

−200 −150 −100 −50 0 50 100 150 200
−0.2

−0.1

0

0.1

0.2

η(x) for  t=0, t=1100 and t=90100

−2 −1.5 −1 −0.5 0 0.5 1 1.5 2
0

20

40

60

η(k) for  t=0, t=1100 and t=90100

Sq ma 3.15: Ep�nw: Stigmiìtupa tou pedÐou η(x, t). K�tw: Stigmiìtupa tou
metasqhmatismènou kat� Fourier pedÐou η(k). Kìkkinec grammèc gia t = 0.
Pr�sinec grammèc gia t = 1100. Mple grammèc gia t = 90100.

'Ena �llo shmeÐo pou axÐzei na tonÐsoume eÐnai pwc par� ìlo pou to sÔsth-
ma mac èqei plèon eisèljei se qaotik  {kat�stash} h parapèra exèlix  tou
mac deÐqnei pwc autì den apeirÐzetai. 'Opwc ja doÔme sthn epìmenh enìthta
aut  eÐnai mÐa polÔ diaforetik  sumperifor� se sqèsh sumperifor� tou su-
st matoc ìtan h tim  thc paramètrou q eÐnai tètoia ¸ste autì na brÐsketai
sthn esti�zousa perioq  (3.2).

6O lìgoc pou mil�me gia mÐa suqnìthta en¸ to sq ma mac deÐqnei pwc èqoun emfanisteÐ
dÔo suzugeÐc metaxÔ touc suqnìthtec ofeÐletai akrib¸c sto ìti autèc oi dÔo suqnìthtec
eÐnai suzugeÐc metaxÔ touc. Autì eÐnai k�ti pou perimèname. 'Opwc blèpoume apì thn
exÐswsh (3.30) autì to qarakthristikì eÐnai eggenèc thc diataraktik c sumperifor�c tou
sust matoc.

44



3.2.3 Arijmhtik  Melèth Eust�jeiac Mh Grammik¸n Ku-
matik¸n LÔsewn sthn Esti�zousa Perioq .

H arijmhtik  melèth eust�jeiac mh grammik¸n kumatik¸n lÔsewn sthn
esti�zousa perioq  ja gÐnei me ton Ðdio trìpo pou ègine kai sthn apoesti�zousa
perioq . Ja jewr soume dhlad  arqik  sunj kh st�simou epÐpedou kÔmatoc
kai ja th diatar�xoume. Ta apotelèsmata pou paÐrnoume ìmwc eÐnai polÔ
diaforetik�. Ac doÔme pr¸ta ta apotelèsmata thc prosomoÐwshc mac. Aut�
faÐnontai sto sq ma 3.16.

t

x

A(x,t)

 

 

0 50 100 150 200 250 300 350 400 450

−200

−100

0

100
−0.4
−0.2
0
0.2
0.4

t

x

η(x,t)

 

 

0 50 100 150 200 250 300 350 400 450

−200

−100

0

100 −0.1

−0.05

0

t

x

H(x,t)

 

 

0 50 100 150 200 250 300 350 400 450

−200

−100

0

100 0.1

0.2

0.3

Sq ma 3.16: Gr�fhma Melèthc Eust�jeiac mh grammikoÔ epÐpedou kÔmatoc
mèqri adi�stato qrìno 490 me tim  paramètrou q = 1.4. Ep�nw: Gr�fhma thc
qwroqronik c ex�rthshc tou pedÐou bajmÐdac A(x, t). Mèsh: Gr�fhma thc qw-
roqronik c ex�rthshc tou pedÐou η(x, t). K�tw: Gr�fhma thc Qamiltonian c
puknìthtac, H(x, t).

Parathr¸ntac to sq ma blèpoume pwc h prosomoÐwsh telei¸nei polÔ gr -
gora, se adi�stato qrìno mìlic 490. Autì ofeÐletai sto ìti lÐgo pio met� h
arijmhtik  tim  twn pedÐwn apoklÐnei. O apeirismìc twn pedÐwn ìtan to sÔ-
sthma ekdhl¸sei {qaotik } sumperifor� eÐnai k�ti pou sumbaÐnei mìno sthn
esti�zousa perioq . 'Opwc eÐdame sthn apoesti�zousa perioq  to sÔsthma
eÐqe men mia {qaotik } sumperifor� all� oi timèc twn pedÐwn tou parèmenan
fragmènec. Aut  ìmwc den eÐnai h mình diafor�. Parathr¸ntac ta graf -
mata blèpoume pwc me th p�rodo tou qrìnou emfanÐzontai k�poiec qwrikèc
sugkentr¸seic enèrgeiac pou ìlo kai aux�nontai. Anazht¸ntac plhroforÐec
gia to fainìmeno brÐskoume pwc autì eÐnai gnwstì sth bibliografÐa wc ast�-
jeia diamìrfwshc, [modulation instability]. Kat� thn ast�jeia diamìrfwshc
èna periodikì s ma metatrèpetai se palmoÔc lìgw thc ast�jeiac tou wc proc
sugkekrimènec suqnìthtec. Upì proôpojèseic oi palmoÐ autoÐ onom�zontai
talant¸nia, (oscillons), kai ta qarakthristik� touc eÐnai pwc apoteloÔn èm-
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mazec7, makrìbiec8 kai monaqikèc kumatikèc9 lÔseic. To fainìmeno èqei para-
thrhjeÐ kai melethjeÐ se pl joc fusik¸n susthm�twn ìpwc sth mh grammik 
optik , sth fusik  pl�smatoc, sth mhqanik  twn reust¸n kai sthn optik 
nanoswmatidÐwn, akìma kai th kosmologÐa[12, 15, 16, 17].

Tupik� to fainìmeno thc ast�jeiac diamìrfwshc melet�tai ìtan diatar�-
xoume èna periodikì s ma me mÐa suqnìthta wc proc thn opoÐa eÐnai astajèc.
Tìte parathroÔme pwc h periodikìthta tou s matoc katastrèfetai kai em-
fanÐzontai aujorm twc talant¸nia. Sto sÔsthma mac aut  h sumperifor�
melet jhke kai parathr jhke pwc ìntwc emfanÐzontai aujìrmhta talant¸nia.
'Eqoun stajerì lìgo pl�touc proc eÔroc kai diathroÔntai gia arketèc talan-
t¸seic. Ta apotelèsmata thc sqetik c prosomoÐwshc faÐnontai sto sq ma
3.17. Se autì parathroÔme pwc h monoqrwmatik  mac diataraq  met� apì
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Sq ma 3.17: Ep�nw: Gr�fhma thc Qamiltonian c puknìthtac, H(t), me par�-
metro q = 1.5 kai arqik  sunj kh me diataraq  se astaj  suqnìthta Q = 0.1.
K�tw: Stigmiìtupo tou pedÐou bajmÐdac A(x), (maÔrh gramm ), se adi�stato
qrìno t = 13040 ìpou h ast�jeia èqei kuriarq sei. Oi diakekommènec (mple
kai kìkkinh) grammèc antistoiqoÔn se lÔseic san thc exÐswshc (3.20), pro-
sarmosmènec wc proc to mègisto pl�toc sthn koruf  twn solitonÐwn (ìpwc
faÐnetai apì tic estigmènec gkri grammèc se x = 75 kai x = 150).

th p�rodo arketoÔ qrìnou ja fèrei to sÔsthm� mac se sunj kec ast�jeiac

7 'Emmazec ed¸ shmaÐnei pwc proèrqontai apì exÐswsh kÐnhshc pou èqei en gènei th
morf  thc exÐswshc Klein-Gordon. Dhlad  eÐnai deÔterhc t�xhc wc proc to qrìno kai èqei
ìro m�zac ìpwc h Klein-Gordon.

8Makrìbiec shmaÐnei pwc epibi¸noun gia arketèc qili�dec talant¸seic tou pedÐou touc.
9 'Opwc anafèrame kai nwrÐtera autì shmaÐnei pwc to talant¸nio diathreÐ th morf  tou

kaj¸c diadÐdetai sto q¸ro.
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diamìrfwshc kai ekeÐ dhmiourgoÔntai aujìrmhta entopismènoi palmoÐ me qara-
kthristik� talantwnÐwn. H morf  aut¸n sugkrÐnetai me th morf  thc fwtein c
solitonik c lÔshc gia na katadeiqjoÔn oi omoiìthtèc touc.

Me ìsa anafèrame gia thn ast�jeia diamìrfwshc epistrèfoume sthn a-
rijmhtik  prosomoÐwsh tou sq matoc 3.16. Melet�me xan� tic sugkentr¸seic
enèrgeiac pou mac od ghsan sth melèth tou fainomènou thc ast�jeiac diamìr-
fwshc. Parathr¸ntac tec blèpoume pwc ta aujìrmhta talant¸nia pou dh-
miourgoÔntai èqoun thn Ðdia kumatomorf  me th fwtein  solitonik  lÔsh pou
anafèrame nwrÐtera. Endeiktik� gia thn adi�stath qronik  stigm  t = 464, 1
sto sq ma 3.18 sqedi�zoume ta pedÐa, th Qamiltonian  puknìthta pou touc
antistoiqeÐ kai th morf  thc fwtein c solitonik c lÔshc gia paramètrouc antÐ-
stoiqec me autèc twn aujìrmhta emfanizìmenwn talantwnÐwn. H taÔtis  touc
eÐnai entupwsiak !
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Sq ma 3.18: Ep�nw: Stigmiìtupa tou pedÐou bajmÐdac A(x, t). Mèsh: Stig-
miìtupa tou pedÐou η(x, t). K�tw: Stigmiìtupa thc Qamiltonian c puknìthtac,
H(x, t). Kìkkinec Estigmènec grammèc: Fwtein  Solitonik  LÔsh. Me tic dÔo
maÔrec k�jetec grammèc periorÐzoume th perioq  ìpou genn jhke aujìrmhta
to talant¸nio. Timèc paramètrwn q = 1.4 kai t1 = 464.1.
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3.3 Elleiptikèc periodikèc LÔseic

H deÔterh kathgorÐa mh entopismènwn lÔsewn tou protÔpou pou ja me-
let soume eÐnai oi elleiptikèc periodikèc lÔseic. Prokeimènou na broÔme tic
elleiptik� periodikèc kumatikèc lÔseic k�noume thn ex c upìjesh gia th morf 
thc sun�rthshc pou apoteleÐ lÔsh thc exÐswshc (2.31):

y(x1, t2) = ζ (u) exp (−ıωt2) (3.40)

ìpou u = px1 kai ω = ω(p) sqèsh diaspor�c pou mènei na kajoristeÐ. Aut  h
morf  gia th sun�rthsh èqei san apotèlesma h qwrik  parag¸gish na gÐnetai:

∂2
x1 = p2∂2

u

Akìma upojètoume pwc h sun�rthsh ζ(u) eÐnai pragmatik . Epeid  oi lÔ-
seic pou prokÔptoun eÐnai diaforetikèc an�loga me to an douleÔoume sthn
esti�zousa   sthn apoesti�zousa perÐptwsh ja tic exet�soume qwrist�.
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3.3.1 Elleiptikèc Periodikèc LÔseic sthn Apoesti�zou-
sa Perioq 

Xekin�me me thn apoesti�zousa perÐptwsh. Sthn exÐswsh (3.3) k�noume
thn antikat�stash (3.40) kai brÐskoume th parak�tw exÐswsh gia th ζ(u):

ζ ′′(u) +
2ω

p2
ζ − 2

p2
ζ3 = 0 (3.41)

H parap�nw exÐswsh, mac jumÐzei mÐa �llh exÐswsh, thn opoÐa gnwrÐzoume apì
th jewrÐa twn elleiptik¸n sunart sewn Jacobi[11], thn:

y′′ +
(
1 + k2

)
y − 2k2y3 = 0 (3.42)

Prokeimènou oi dÔo exis¸seic na sumpèsoun prèpei:

2

p2
=2k2

2ω

p2
=1 + k2

pr�gma pou odhgeÐ sthn akìloujh sqèsh diaspor�c:

ω =
p2

2
+

1

2
(3.43)

'Otan isqÔoun ta parap�nw mÐa lÔsh thc (3.41) eÐnai:

ζ(u) = sn(u, k)

Sunep¸c h periodik  lÔsh pou ja exet�soume eÐnai h:

y(x1, t2) = sn(px1, k) exp (−ıωt2) (3.44)

PhgaÐnontac stic arqikèc adi�statec metablhtèc mèsw twn exis¸sewn (2.25),
(2.27) kai (2.30) h lÔsh gr�fetai:

A(1) =
2√
|S|

sn(εpx, k) cos
(
1 + ε2ω

)
t (3.45)

kai

η(2) = − 2

q2

sn2(εpx, k)

|S|
− sn2(εpx, k)

(q2 − 4) |S|
cos
[
2
(
1 + ε2ω

)
t
]

(3.46)

Sth sunèqeia af noume ta adi�stata pedÐa kai metablhtèc, mèsw twn exi-
s¸sewn (2.17) kai (2.24), kai epistrèfoume sta fusik� pedÐa kai metablhtèc
gia ta opoÐa brÐskoume:

A(x, t) =
2ε

υ
√
|S|

sn(εgυpx, k) cos
[(

1 + ε2ω
)
gυt
]

(3.47)
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kai

η(x, t) = − 2ε2

υq2

sn2(εgυpx, k)

|S|
− 2ε2 sn2(εgυpx, k)

(q2 − 4) υ|S|
cos
[
2
(
1 + ε2ω

)
gυt
]

(3.48)

Oi exis¸seic (3.47) kai (3.48) apoteloÔn tic proteinìmenec elleiptikèc pe-
riodikèc lÔseic gia to abelianì montèlo Higgs se timèc tou lìgou twn maz¸n
twn pedÐwn ìpou katal goume sthn exÐswsh Schrödinger me apoesti�zousa
sumperifor�.
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3.3.2 Arijmhtik  Melèth Elleiptik¸n Periodik¸n LÔ-
sewn sthn Apoesti�zousa Perioq .

Oi exis¸seic (3.47) kai (3.48) apoteloÔn tic proteinìmenec periodikèc lÔ-
seic gia to abelianì montèlo Higgs se timèc tou lìgou twn maz¸n twn pedÐwn
ìpou katal goume sthn exÐswsh Schrödinger me apoesti�zousa sumperifor�
  suntomìtera lÔseic hmitìnou Jacobi. Gia na apokt soume kalÔterh epopteÐa
aut¸n twn lÔsewn tic sqedi�zoume grafik� kai tic blèpoume sta sq mata 3.19
kai 3.20. Oi lÔseic pou sqedi�zontai prokÔptoun apì dedomèna sthn arq  thc
prosomoÐwshc. Oi par�metroi thc prosomoÐwshc eÐnai ε = 0.1, q = 1.85 kai
to elleiptikì mètro kjac = 0.8.
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Sq ma 3.19: Ep�nw: Gr�fhma thc qwroqronik c ex�rthshc tou pedÐou baj-
mÐdac A(x, t). K�tw: Stigmiìtupa tou pedÐou se diaforetikèc stigmèc thc
talantwtik c tou kÐnhshc gia timèc twn paramètrwn q = 1.85 kai kjac = 0.8.

H arijmhtik  melèth thc proseggistik c lÔshc hmitìnou Jacobi mac deÐ-
qnei pwc aut  den epalhjeÔei to pl rec sÔsthma (2.19) kaj¸c de pern� to
test thc arijmhtik c epal jeushc. Autì faÐnetai analutik� sto sq ma 3.21.
Sthn arq , dhlad  stic pr¸tec talant¸seic twn pedÐwn, h lÔsh diathreÐtai.
DiathreÐtai m�lista arket� ¸ste sta pr¸ta apotelèsmata twn prosomoi¸se-
¸n mac na jewr soume pwc apoteloÔse lÔsh kai tou pl rouc sust matoc.
'Omwc met� apì 8000 perÐpou talant¸seic tou pedÐou bajmÐdac h lÔsh arqÐzei
na katastrèfetai. H katastrof  aut  emfanÐzei Ðdia sumperifor� me thn ast�-
jeia tou mh grammikoÔ epÐpedou kÔmatoc sthn apoesti�zousa perioq  tim¸n
thc paramètrou q. Sunep¸c de mporoÔme na poÔme pwc h elleiptik  periodik 
lÔsh hmitìnou Jacobi apoteleÐ lÔsh tou abelianoÔ protÔpou parabiasmènhc
summetrÐac pou melet�me.
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Sq ma 3.20: Ep�nw: Gr�fhma thc qwroqronik c ex�rthshc tou pedÐou Higgs
η(x, t). K�tw: Stigmiìtupa tou pedÐou se diaforetikèc stigmèc thc talantw-
tik c tou kÐnhshc gia timèc twn paramètrwn q = 1.85 kai kjac = 0.8.
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Sq ma 3.21: Gr�fhma arijmhtik c epal jeushc lÔshc hmitìnou Jacobi me ti-
mèc paramètrwn q = 1.85 kai kjac = 0.95. Ep�nw: Gr�fhma thc qwroqronik c
ex�rthshc tou pedÐou bajmÐdac A(x, t). Mèsh: Gr�fhma thc qwroqronik c
ex�rthshc tou pedÐou η(x, t). K�tw: Gr�fhma thc Qamiltonian c puknìthtac,
H(x, t).

52



3.3.3 Elleiptikèc Periodikèc LÔseic sthn Esti�zousa
Perioq 

K�nontac thn antikat�stash (3.40) sthn esti�zousa exÐswsh (3.15) brÐ-
skoume th parak�tw exÐswsh gia th ζ(u):

ζ ′′(u) +
2ω

p2
ζ +

2

p2
ζ3 = 0 (3.49)

H parap�nw exÐswsh, mac jumÐzei mÐa �llh exÐswsh, thn opoÐa gnwrÐzoume apì
th jewrÐa twn elleiptik¸n sunart sewn Jacobi[11], thn:

y′′ +
(
1− 2k2

)
y + 2k2y3 = 0 (3.50)

Prokeimènou oi dÔo exis¸seic na sumpèsoun prèpei:

2

p2
=2k2

2ω

p2
=1− 2k2

pr�gma pou odhgeÐ sthn akìloujh sqèsh diaspor�c:

ω =
p2

2
− 1 =

1− 2k2

2k2
(3.51)

'Otan isqÔoun ta parap�nw mÐa lÔsh thc (3.41) eÐnai:

ζ(u) = cn(u, k)

Sunep¸c h periodik  lÔsh pou ja exet�soume eÐnai h:

y(x1, t2) = cn(px1, k) exp (−ıωt2) (3.52)

PhgaÐnontac stic arqikèc adi�statec metablhtèc mèsw twn exis¸sewn (2.25),
(2.27) kai (2.30) h lÔsh gr�fetai:

A(1) =
2√
|S|

cn(εpx, k) cos
(
1 + ε2ω

)
t (3.53)

kai

η(2) = − 2

q2

cn2(εpx, k)

|S|
− cn2(εpx, k)

(q2 − 4) |S|
cos
[
2
(
1 + ε2ω

)
t
]

(3.54)

Sth sunèqeia af noume ta adi�stata pedÐa kai metablhtèc, mèsw twn exi-
s¸sewn (2.17) kai (2.24), kai epistrèfoume sta fusik� pedÐa kai metablhtèc
gia ta opoÐa brÐskoume:

A(x, t) =
2ε

υ
√
|S|

cn(εgυpx, k) cos
[(

1 + ε2ω
)
gυt
]

(3.55)
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kai

η(x, t) = − 2ε2

υq2

cn2(εgυpx, k)

|S|
− 2ε2 cn2(εgυpx, k)

υ (q2 − 4) |S|
cos
[
2
(
1 + ε2ω

)
gυt
]

(3.56)

Oi exis¸seic (3.55) kai (3.56) apoteloÔn tic deÔterec proteinìmenec perio-
dikèc lÔseic gia to abelianì montèlo Higgs se timèc tou lìgou twn maz¸n twn
pedÐwn ìpou katal goume sthn exÐswsh Schrödinger me esti�zousa sumperi-
for�.
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3.3.4 Arijmhtik  Melèth Elleiptik¸n Periodik¸n LÔ-
sewn sthn Esti�zousa Perioq .

Oi exis¸seic (3.55) kai (3.56) apoteloÔn tic proteinìmenec periodikèc lÔ-
seic gia to abelianì montèlo Higgs se timèc tou lìgou twn maz¸n twn pedÐwn
ìpou katal goume sthn exÐswsh Schrödinger me esti�zousa sumperifor�  
suntomìtera lÔseic sunhmitìnou Jacobi. Gia na apokt soume kalÔterh epo-
pteÐa aut¸n twn lÔsewn tic sqedi�zoume grafik� kai tic blèpoume sta sq mata
3.22 kai 3.23. Oi lÔseic pou sqedi�zontai prokÔptoun apì dedomèna sthn ar-
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Sq ma 3.22: Ep�nw: Gr�fhma thc qwroqronik c ex�rthshc tou pedÐou baj-
mÐdac A(x, t). K�tw: Stigmiìtupa tou pedÐou se diaforetikèc stigmèc thc
talantwtik c tou kÐnhshc gia timèc twn paramètrwn q = 1.4 kai kjac = 0.8.

q  thc prosomoÐwshc. Oi par�metroi thc prosomoÐwshc eÐnai ε = 0.1, q = 1.4
kai to elleiptikì mètro kjac = 0.8.

H arijmhtik  melèth thc proseggistik c lÔshc sunhmitìnou Jacobi mac
deÐqnei pwc aut  den epalhjeÔei to pl rec sÔsthma (2.19) kaj¸c de pern� to
test thc arijmhtik c epal jeushc. Autì faÐnetai analutik� sto sq ma 3.24.
Sthn arq , dhlad  stic pr¸tec talant¸seic twn pedÐwn, h lÔsh diathreÐtai.
'Omwc met� apì 3000 perÐpou talant¸seic tou pedÐou bajmÐdac h lÔsh arqÐzei
na katastrèfetai. Sunep¸c de mporoÔme na poÔme pwc h elleiptik  periodik 
lÔsh sunhmitìnou Jacobi apoteleÐ lÔsh tou abelianoÔ protÔpou parabiasmè-
nhc summetrÐac pou melet�me.

Melet¸ntac ta apotelèsmata thc arijmhtik c prosomoÐwshc parathroÔme
pwc h katastrof  thc sunhmitonik c lÔshc Jacobi emfanÐzei Ðdia sumperifor�
me thn ast�jeia tou mh grammikoÔ epÐpedou kÔmatoc sthn esti�zousa perioq 
tim¸n thc paramètrou q. Blèpoume dhlad  pwc ìtan h lÔsh katastrafeÐ ar-
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Sq ma 3.23: Ep�nw: Gr�fhma thc qwroqronik c ex�rthshc tou pedÐou Higgs
η(x, t). K�tw: Stigmiìtupa tou pedÐou se diaforetikèc stigmèc thc talantw-
tik c tou kÐnhshc gia timèc twn paramètrwn q = 1.4 kai kjac = 0.75.
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Sq ma 3.24: Gr�fhma arijmhtik c epal jeushc lÔshc sunhmitìnou Jacobi me
timèc paramètrwn q = 1.4 kai kjac = 0.8. Ep�nw: Gr�fhma thc qwroqronik c
ex�rthshc tou pedÐou bajmÐdac A(x, t). Mèsh: Gr�fhma thc qwroqronik c
ex�rthshc tou pedÐou η(x, t). K�tw: Gr�fhma thc Qamiltonian c puknìthtac,
H(x, t).
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qÐzoun na emfanÐzontai qwrikèc sugkentr¸seic enèrgeiac apì thn aujìrmhth
dhmiourgÐa palm¸n twn pedÐwn. AutoÐ oi palmoÐ odhgoÔn telik� se apeiri-
smì thn arijmhtik  mac prosomoÐwsh gi' autì stamat�ei se adi�stato qrìno
t = 25810. Melet¸ntac ìmwc autoÔc touc palmoÔc blèpoume pwc emfanÐzoun
ta qarakthristik� twn talantwnÐwn pou anafèrame mil¸ntac gia to fainìmeno
thc ast�jeiac diamìrfwshc. EÐnai dhlad  entopismènec, makrìbiec swmatidia-
kèc ontìthtec pou diathroÔn th kumatomorf  touc. Ta qarakthristik� aut�
m�lista eÐnai ta Ðdia ìpwc ta emfanÐzei h fwtein  solitonik  lÔsh. Endeiktik�
sugkrÐnoume th kumatomorf  enìc talantwnÐou sthn adi�stath qronik  stig-
m  t1 = 24800 me th kumatomorf  thc fwtein c solitonik c lÔshc sta pedÐa
A kai η. Kai ed¸ h taÔtis  touc entupwsi�zei.
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Sq ma 3.25: Ep�nw: Stigmiìtupa tou pedÐou bajmÐdac A(x, t). Mèsh: Stig-
miìtupa tou pedÐou η(x, t). K�tw: Stigmiìtupa thc Qamiltonian c puknìthtac,
H(x, t). Kìkkinec Estigmènec grammèc: Fwtein  Solitonik  LÔsh. Me tic dÔo
maÔrec k�jetec grammèc periorÐzoume th perioq  ìpou genn jhke aujìrmhta
to talant¸nio. Timèc paramètrwn q = 1.4 kai t1 = 24800.
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Kef�laio 4

To prìtupo SU(2) - Higgs.

Mèqri t¸ra anazht same, mèsw thc mejìdou mac, nèec lÔseic gia thn au-
jìrmhth parabÐash abelian c summetrÐac. Se autì to kef�laio proqwr�me kai
sthn anaz thsh lÔsewn gia thn aujìrmhth parabÐash mh abelian c summetrÐ-
ac. Ja perioristoÔme sth perÐptwsh ìpou to pedÐo bajmÐdac èqei san om�da
summetrÐac thn om�da SU(2). Epiplèon ja perioristoÔme sthn analutik  me-
lèth lÔsewn epÐpedwn kum�twn kai sth melèth eust�jei�c touc.
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4.1 Idiìthtec kai Aujìrmhth ParabÐash miac

Lagkranzian c me Topik  Mh Abelian  Sum-

metrÐa.

H Lagkranzian  puknìthta miac jewrÐac me topik  mh abelian  summetrÐa
eÐnai:

L = (Dµφ)†(Dµφ)− µ2φ†φ− λ(φ†φ)2 − 1

4
F aµνF

µνa (4.1)

ìpou λ jetikì kai:

Dµ = ∂µ + igAaµτa (4.2)

Fαµν = ∂µA
a
ν − ∂νAaµ − gfabcAbµAcν (4.3)

'Opwc anafèrame nwrÐtera h om�da summetrÐac tou montèlou mac ja eÐnai
h SU(2). Sunep¸c ston orismì tou tanust  tou pedÐou bajmÐdac fαbc eÐnai oi
stajerèc dom c thc SU(2)

fabc = ıεabc (4.4)

ìpou εabc eÐnai to sÔmbolo Levi-Civita. Ston orismì thc sunalloÐwthc pa-
rag¸gou me τa sumbolÐzoume touc genn torec thc SU(2) gia touc opoÐouc
isqÔei:

τa ≡ σa/2 (4.5)

ìpou me σa sumbolÐzoume touc pÐnakec tou Pauli.
H lagkranzian  puknìthta (4.1) eÐnai analloÐwth se kajolikoÔc kai to-

pikoÔc metasqhmatismoÔc bajmÐdac thc om�dac SU(2). Epeid  oi genn torec
thc SU(2) de metatÐjentai metaxÔ touc1 den dÔnatai na grafoÔn oi pepera-
smènoi metasqhmatismoÐ ìpwc sth perÐptwsh thc abelian c om�dac summetrÐac
(2.5). Gi� autì se prìtupa me mh abelianèc om�dec summetrÐac qrhsimopoioÔme
apeirostoÔc metasqhmatismoÔc. Sth perÐptws  mac autoÐ eÐnai:

φ(x)→ φ′(x) = [1 + ıθa(x)τa]φ(x) (4.6aþ)

Acµ(x)→ A′cµ (x) = Acµ(x)− ∂µθc(x) + f cabθ
a(x)Abµ(x) (4.6bþ)

'Otan èqoume µ2 > 0 h parap�nw lagkranzian  de qr zei aujìrmhthc pa-
rabÐashc summetrÐac kai apoteleÐ mia jewrÐa Yang-Mills me tèssera bajmwt�

1MporoÔme na gr�youme pwc o peperasmènoc metasqhmatismìc gia ta pedÐa φi dÐnetai
apì th sqèsh:

φ(x)→ φ′(x) = eıgθ
aτaφ(x)

ìmwc aut  h sqèsh de mac dÐnei apotèlesma se rht  morf . Epeid  oi genn torec τa de
metatÐjentai metaxÔ touc de mporoÔme na oloklhr¸soume th sqèsh apì touc apeirostoÔc
genn torec. San apotèlesma h parap�nw sqèsh èqei perissìterh sumbolik  par� austhr 
majhmatik  shmasÐa.
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swmatÐdia. H summetrÐa thc Lagkranzian c apoteleÐ kai summetrÐa thc kat�-
stashc tou kenoÔ thc jewrÐac. To swmatidiakì f�sma thc jewrÐac apoteleÐtai
apì trÐa oudètera dianusmatik� swmatÐdia kai mÐa tetr�da bajmwt¸n swmati-
dÐwn m�zac µ kai fortÐou g.

'Omwc ìtan èqoume µ2 < 0 h (klasik ) kat�stash φ = 0 eÐnai topikì
mègisto, sunep¸c mÐa astaj c kat�stash sthn opoÐa de paramènei to sÔsthm�
mac. Kat� sunèpeia ja èqoume aujìrmhth parabÐash thc summetrÐac k�tw apì
touc metasqhmatismoÔc (4.6). 'Opwc eÐdame kai sthn abelian  perÐptwsh ètsi
kai ed¸ èqoume èna �peiro sÔnolo ekfulismènwn katast�sewn pou apoteloÔn
olik� el�qista, tic:

|φ|2 =
−µ2

2λ
Gia th dieukìluns  mac jètoume:

−µ2

2λ
≡ υ2

2

kai epilègoume, gia th kat�stash tou kenoÔ:

< φ0 >=
1√
2

[
0
υ

]
(4.7)

Ja doÔme, sth sunèqeia, pwc to montèlo parabÐashc summetrÐac pou epilèxame
ja èqei wc apotèlesma kai ta trÐa pedÐa bajmÐdac na apokt soun m�za.

ProtoÔ proqwr soume qrei�zetai na k�noume merikoÔc qr simouc upolo-
gismoÔc. Xekin�me upologÐzontac, sthn anapar�stash Pauli, ton ìro Aαµτα:

Aaµτa =
1

2

[
A3
µ A1

µ − iA2
µ

A1
µ + iA2

µ −A3
µ

]
(4.8)

Sunep¸c gia th sunalloÐwth par�gwgo èqoume:

Dµ = ∂µ + ig
1

2

[
A3
µ A1

µ − iA2
µ

A1
µ + iA2

µ −A3
µ

]
(4.9)

T¸ra mporoÔme na proqwr soume ston upologismì twn ìrwn thc Lag-
kranzian c (4.1) pou perièqoun to ginìmeno twn sunalloÐwtwn parag¸gwn.
Oi upologismoÐ mac ja dieukolunjoÔn me th pragmatopoÐhsh touc sth mona-
diak  bajmÐda thc jewrÐac, ìpwc k�name kai sthn abelian  perÐptwsh. 'Opwc
gnwrÐzoume sth monadiak  bajmÐda (unitary gauge) emfanÐzontai mìno ta pedÐa
pou apoteloÔn swmatidiakoÔc bajmoÔc eleujerÐac2[7]. Sunep¸c, sth monadia-

2Lìgw thc mh oloklhrwsimìthtac twn apeirost¸n gennhtìrwn thc mh abelian c om�dac
summetrÐac, SU(2), o metasqhmatismìc pou mac phgaÐnei sth monadiak  bajmÐda, stic mh a-
belianèc om�dec summetrÐac, de mporeÐ na grafeÐ se rht  morf . MporeÐ ìmwc na apodeiqjeÐ
pwc up�rqei tètoioc metasqhmatismìc[7]. Sumbolik� ìmwc mporoÔme na gr�youme[14]:

φ(x) =
1√
2

(υ + η(x)) eı[π1(x)τ
1+π2(x)τ

2+π3(x)τ
3]
[
0
1

]
ap� ìpou faÐnetai pwc mporoÔme na metaboÔme se bajmÐda pou {exont¸nontai} ta pedÐa
πa(x).
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k  bajmÐda mporoÔme na gr�youme gia to pedÐo φ:

φ(x) =
1√
2

[
0

υ + η(x)

]
(4.10)

'Ara gia tic sunalloÐwtec parag¸gouc upologÐzoume:

Dµφ =
1√
2
∂µ(υ + η) +

ig

2
√

2

[
(A1

µ − iA2
µ)(υ + η)

−A3
µ(υ + η)

]
(4.11)

kai

(Dµφ)† =
1√
2
∂µ(υ + η)− ig

2
√

2

[
(A1

µ + iA2
µ)(υ + η),−A3

µ(υ + η)
]

(4.12)

Qrhsimopoi¸ntac t¸ra tic sqèseic (4.11) kai (4.12) proqwroÔme se eujÔ upo-
logismì tou ìrou tou ginomènou twn sunalloÐwtwn parag¸gwn thc Lagkran-
zian c (4.1). Katal goume sthn akìloujh sqèsh:

(Dµφ)†(Dµφ) =
1

2
(∂µη)2 +

g2

8
(υ + η)2AµaAaµ (4.13)

SuneqÐzoume upologÐzontac ton ìro dunamikoÔ allhlepÐdrashc twn baj-
mwt¸n pedÐwn thc Lagkranzian c (4.1):

V (φ†φ) =
1

4
λη4 + λυη3 − µ2η2 +

1

4
µ2υ2 (4.14)

Sugkentr¸nontac ìla ta parap�nw apotelèsmata h Lagkranzian  (4.1)
met� apì thn aujìrmhth parabÐash thc summetrÐac thc kai th met�bash sth
monadiak  bajmÐda gr�fetai:

L =
1

2
[∂νη(x)][∂νη(x)] + µ2η2(x)− λ

4
η4(x)− λυ η3(x)

− 1

4
FµνaF aµν +

1

8
g2[υ + η(x)]2Aaν(x)Aνa(x) (4.15)

Parathr¸ntac th Lagkranzian  (4.15) blèpoume pwc h m�za tou {pedÐou
Higgs} thc jewrÐac eÐnai:

m2
η = −2µ2 = 2λυ2 (4.16)

en¸ h m�za twn pedÐwn bajmÐdac eÐnai:

m2
A1 = m2

A2 = m2
A3 =

1

4
g2υ2 (4.17)
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4.2 Exis¸seic kÐnhshc kai Efarmog  thc Me-

jìdou twn Pollapl¸n Klim�kwn.

'Eqontac plèon sthn di�jes  mac th Lagkranzian  tou protÔpou met� thn
aujìrmhth parabÐash summetrÐac proqwr�me sthn exagwg  twn exis¸sewn
kÐnhshc twn pedÐwn. Gia ta pedÐa bajmÐdac brÐskoume:(

� +
1

4
g2υ2

)
Aaµ − ∂µ(∂νA

νa)

+ gεabc

[
(∂µA

νc)Abν − (∂νA
bν)Acµ − 2Abν∂

νAcµ

]
− g2

[
AaµA

b
νA

νb −AbµAaνAνb
]

+
g2

2
υηAaµ +

g2

4
η2Aaµ = 0. (4.18)

En¸ gia to {pedÐo Higgs} brÐskoume:

(
� + 2λυ2

)
η − g2

4
(υ + η)AµαAαµ + 3λυη2 + λη3 = 0 (4.19)

To sÔsthma mh grammik¸n exis¸sewn (4.18) kai (4.19) den èqei analutik 
genik  lÔsh. Sunep¸c anagkazìmaste na k�noume k�poiec paradoqèc kai upo-
jèseic pou aplopoioÔn to prìblhma kai ja mac epitrèyoun na broÔme k�poiec
eidikèc lÔseic tou sust matoc. H pr¸th paradoq  pou k�noume eÐnai pwc ja
doulèyoume sto sÔsthma hremÐac twn pedÐwn bajmÐdac. Autì èqei sa sunèpeia
na mhdenÐzontai oi qronoeideÐc touc sunist¸sec[7].

Me aut  th paradoq  o dunamikìc ìroc thc Lagkranzian c (4.15) gÐnetai:

V = +
λ

4
η4(x) + λυ η3(x)− µ2η2(x) +

1

8
g2[υ + η(x)]2Aai (x)Aia(x) (4.20)

ParathroÔme loipìn pwc to shmeÐo (Aia, η) = (0, 0) eÐnai olikì el�qisto tou
dunamikoÔ mac. Sunep¸c h klasik  kat�stash (Aia, η) = (0, 0) apoteleÐ lÔsh
tou sust matoc. GÔrw apì aut  th kat�stash ja efarmìsoume th Mèjodo
twn Pollapl¸n Klim�kwn.

ProtoÔ proqwr soume ìmwc ja k�noume merikèc upojèseic gia th morf 
twn pedÐwn bajmÐdac. Autì qrei�zetai prokeimènou na aplopoihjoÔn peraitèrw
oi exis¸seic kÐnhshc ¸ste na eÐnai epilÔsimec. 'Opwc èqoume anafèrei autì
gÐnetai sta plaÐsia anaz thshc eidik¸n lÔsewn tou protÔpou kaj¸c h eÔresh
genik c analutik c lÔshc den eÐnai efikt . Sunep¸c k�noume mÐa upìjesh
gia th morf  twn pedÐwn bajmÐdac se sqèsh me th t�xh thc diataraq c ε,
dhl upojètoume pwc se t�xh mikrìterh apì aut  pou gr�foume ta pedÐa eÐnai
mhdenik�.

A1
1 = A2

2 = A3
3 = A = 0(ε1) (4.21)

A1
2, A

1
3, A

2
1, A

2
3, A

3
1, A

3
2 = 0(ε4) (4.22)

η = 0(ε2) (4.23)
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Th teleutaÐa upìjesh (4.23) thn onom�zoume upìjesh asjenoÔc {pedÐou H-
iggs} kai eÐnai mÐa upìjesh pou ja anairèsoume argìtera gia na doÔme tic
diaforetikèc lÔseic pou paÐrnoume stic dÔo peript¸seic. Me b�sh ìsa èqoume
pei kai sthn enìthta 2.3 gia ta pedÐa gr�foume:

A→ εA(1) + ε2A(2) + . . .

η → ε2η(2) + . . . (4.24)

Plèon eÐmaste ètoimoi na akolouj soume th diadikasÐa pou perigr�yame
sthn enìthta 2.3 douleÔontac t�xh proc t�xh sth mèjodo twn pollapl¸n
klim�kwn. Eis�goume to an�ptugma (4.24) sto sÔsthma exis¸sewn (4.18) kai
(4.19). Xekin�me me to pedÐo η. Apì thn upìjesh asjenoÔc pedÐou se pr¸th
t�xh mhdenÐzetai. Se deÔterh t�xh 0(ε2) prokÔptei h akìloujh exÐswsh:(

�0 +m2
η

)
η(2) = −3

4
g2υA2(1) (4.25)

SuneqÐzoume me thn Ðdia diadikasÐa kai gia to pedÐo bajmÐdac A. Se pr¸th
t�xh, 0(ε1), paÐrnoume:

(�0 +m2
A)A(1) = 0 (4.26)

Se deÔterh t�xh, 0(ε2), paÐrnoume:

(�0 +m2
A)A(2) + 2∂µ0∂

µ1A(1) = 0 (4.27)

Se trÐth t�xh, 0(ε3), paÐrnoume:(
�0 +m2

A

)
A(3) + 2∂µ0∂

µ1A(2) + �1A(1)+

+ 2∂µ0∂
µ2A(1) +

g2υ

2
η(2)A(1) + 2g2A3(1) = 0 (4.28)

Apì thn exÐswsh kÐnhshc tou pedÐou A se pr¸th t�xh, 0(ε1), (4.26) pro-
kÔptei ìti h genik  lÔsh gia to A(1) eÐnai h parak�tw3:

A(1) = fe−imAt + f∗e+imAt (4.29)

SuneqÐzoume me to pedÐo A se t�xh 0(ε2). H lÔsh tou omogenoÔc kommatioÔ
thc exÐswshc (4.27) eÐnai:

A(2) = f2e
−ımAt + c.c.

ìmwc apì th morf  aut  thc lÔshc parathroÔme pwc o mh omogen c ìroc thc
exÐswshc ja genn sei ai¸niouc ìrouc sth lÔsh aut  oi opoÐoi ja th k�noun
na apoklÐnei. Gi� autì apaitoÔme o ìroc autìc na mhdenÐzetai, dhl.:

∂µ0∂
µ1A(1) = 0

⇒ (∂t0∂t1 − ∂x0∂x1)A(1) = 0

⇒ ∂t1A(1) = 0 (4.30)

3Aut  eÐnai h genik  lÔsh giatÐ ìpwc èqoume anafèrei, kai ìpwc k�name kai sthn
abelian  perÐptwsh, briskìmaste sto sÔsthma hremÐac tou pedÐou bajmÐdac.
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H parap�nw exÐswsh mac lèei pwc h f , ìson afor� to qrìno, ja exart�tai
apì th t2 kai pèra.

ProtoÔ proqwr soume sth trÐth t�xh wc proc A exet�zoume kai to pedÐo
η se deÔterh t�xh wc proc ε. Apì thn exÐswsh (4.25) paÐrnoume4:

η(2) = b1

(
b2 |f |2 + f2e−2imAt + f∗2e+2imAt

)
(4.31)

Me antikat�stash twn sqèsewn (4.29) , (4.31) sth sqèsh (4.25) gÐnetai o
prosdiorismìc twn stajer¸n b1 kai b2 pou upeisèrqontai sthn genik  lÔsh
gia to η(2). Met� apì tic aparaÐthtec pr�xeic katal goume sto akìloujo
sÔsthma:

b1b2m
2
η = −6

4
g2υ

b1(m2
η − 4m2

A) = −3

4
g2υ (4.32)

OrÐzontac ton lìgo twn maz¸n twn dÔo pedÐwn, q = mη/mA, oi suntelestèc
b1, b2 sunart sei tou q èqoun thn akìloujh morf :

b1 = − 3

υ(q2 − 4)
(4.33)

b2 =
2(q2 − 4)

q2
(4.34)

'Eqontac prosdiorÐsei plèon kai tic stajerèc pou eis qjhsan sth lÔsh
thc exÐswsh kÐnhshc tou pedÐou Higgs, proqwr�me sth melèth thc exÐswshc
kÐnhshc tou pedÐou A se trÐth t�xh wc proc ε, (4.28). Kat� ta gnwst� h
exÐswsh qwrÐzetai se dÔo komm�tia lìgw thc apaÐths c mac, apì th mèjodo twn
pollapl¸n klim�kwn, na mhdenÐzontai qwrist� oi ai¸nioi ìroi thc exÐswshc.
Oi ai¸nioi ìroi pou proèrqontai apì to A(2) eÐnai anexarthtoi apì autoÔc tou
A(1) opìte mporoÔme na apait soume na mhdenÐzontai qwrist�. Analutik�
paÐrnoume:

(�0 +m2
A)A(3) + n.s.p.

[
g2υ

2
η(2)A(1) + 2g2A3(1)

]
= 0 (4.35)

(�1 + 2∂µ0∂
µ2)A(1) + s.p.

[
g2υ

2
η(2)A(1) + 2g2A3(1)

]
= 0 (4.36)

2∂µ0∂
µ1A(2) = 0 (4.37)

Apì tic parap�nw exis¸seic ja epikentrwjoÔme sthn exÐswsh (4.36) giatÐ
aut  mac prosdiorÐzei th par�metro f tou A(1). Oi paramètroi pou upeisèr-
qontai stic upìloipec exis¸seic prosdiorÐzontai se megalÔterh t�xh wc proc ε.

4 'Opwc kai anafèrame kai sthn abelian  perÐptwsh agnooÔme to komm�ti thc genik c
lÔshc pou ikanopoieÐ to omogenèc komm�ti thc exÐswshc (4.25).
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EmeÐc ìmwc ja perioristoÔme mèqri th trÐth t�xh. Proqwr�me upologÐzontac
analutik� touc ìrouc pou upeisèrqontai se aut  thn exÐswsh. 'Eqoume:

2g2A3(1) = 2g2
(
f3e−3imAt + 3 |f |2 fe−imAt + 3 |f |2 f∗e+imAt + f∗3e+3imAt

)
(4.38)

kai

1

2
g2υη(2)A(1) = − 3g2

2(q2 − 4)

[
(b2 + 1) |f |2 fe−imAt + (b2 + 1) |f |2 f∗e+imAt

+ f3e−3imAt + f∗3e+3imAt
]

(4.39)

Krat¸ntac mìno ta ai¸nia mèrh ([s.p.]) mèrh twn anwtèrw ìrwn, dhlad  mìno
ìrouc an�logouc tou [e−imAt] kai antikajist¸ntac ta b1, b2 apì tic sqèseic
orismoÔ touc, (4.33), (4.34) h exÐswsh (4.36) gr�fetai5:

(�1 + 2∂µ0∂
µ2)fe−imAt + 3g2

[
2− 1

λ2
− 1

4(λ2 − 4)

]
|f |2 fe−imAt = 0(4.40)

K�nontac tic aparaÐthtec pr�xeic kai aplopoi¸ntac ìpou epitrèpetai katal -
goume sth parak�tw exÐswsh:[

i∂t2 +
1

2mA
∇2

1 − s |f |
2
]
f = 0 (4.41)

ìpou me s èqoume orÐsei thn parak�tw posìthta:

s =
g2

mA

(
3 + c1(q)

)
(4.42)

kai me c1(q):

c1(q) = −3

4

(
2

q2
+

1

q2 − 4

)
(4.43)

H exÐswsh (4.41) eÐnai h mh grammik  exÐswsh Schrödinger. Oi lÔseic thc
eÐnai gnwstèc kai mèsw aut¸n mporoÔme na proteÐnoume lÔseic gia to pl rec
sÔsthma pou exet�zoume.

5Kanonik� h exÐswsh (4.35) èqei ai¸niouc ìrouc thc morf c [e±imAt]. Sth pr�xh ìmwc
krat�me mìno touc ìrouc me ekjèth −imAt. Oi ìroi me ekjèth +imAt eÐnai oi migadikoÐ
suzugeÐc twn prohgoumènwn sunep¸c de q�noume plhroforÐa me to na touc agno sou-
me. O mhdenismìc twn ai¸niwn ìrwn prokeimènou na leitourgeÐ h diadikasÐa thc jewrÐac
diataraq¸n twn pollapl¸n klim�kwn exakoloujeÐ na epitugq�netai.
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4.3 Mh grammikèc kumatikèc lÔseic kai Eu-

st�jeia.

Sth prohgoÔmenh enìthta eÐdame pwc h mh grammik  exÐswsh Schrödinger
paÐzei prwteÔonta rìlo sthn eÔresh lÔsewn kai sto mh abelianì prìtupo.
Oi aploÔsterec lÔseic thc exÐswshc NLS eÐnai oi mh grammikèc kumatikèc lÔ-
seic. Ja melet soume loipìn autèc tic lÔseic. Prokeimènou oi lÔseic autèc
na mporoÔn na {stajoÔn} sto pl rec sÔsthma ja prèpei na eÐnai eustajeÐc kai
sthn NLS apì thn opoÐa proèrqontai. Gi� autì ja exet�soume thn eust�jeia
twn mh grammik¸n kumatik¸n lÔsewn apì to epÐpedo thc mh grammik c exÐsw-
shc Schrödinger h opoÐa eÐnai {genn torac} twn lÔse¸n mac gia to prìtupo
SU(2)-Higgs.

Elègqoume kat� pìso ta epÐpeda kÔmata apoteloÔn eustajeÐc lÔseic thc
NLS, mèsw thc melèthc grammik c eust�jeiac (linear stability analysis) [12].
H exÐswsh (4.41) dèqetai tic akìloujec mh grammikèc kumatikèc lÔseic:

f = f0e
−i(ωt2− ~k1·~r) (4.44)

oi opoÐec ikanopoioÔn thn akìloujh sqèsh diaspor�c:

ω(k) =
k2

2mA
+ s |f0|2 (4.45)

Blèpoume pwc h parap�nw sqèsh diaspor�c èqei emfan  qarakthristik� mh
grammikìthtac.

Prokeimènou t¸ra na exet�soume th grammik  eust�jeia aut¸n twn lÔsewn
jewroÔme diataraq  thc morf c:

f → f ′ = f + δf (4.46)

Eis�gontac th {diataragmènh} f ′ mèsa sthn exÐswsh (4.41) brÐskoume:

i∂t2δf +
1

2mA
∇2

1δf − sf2δf∗ − 2s |f |2 δf = 0 (4.47)

Jètoume δf = Re−i(ωt−
~k~r), me R en gènei migadikì, opìte h parap�nw exÐswsh

gr�fetai:

i
(
∂tR+

~k~∇R
mA

)
+

1

2mA
∇2R− (R+R∗)sf2

0 = 0 (4.48)

Kajìti to R eÐnai migadik  sun�rthsh, jètoume R = u+ iv gia to pragmatikì
kai fantastikì mèroc thc. Eis�gont�c ta sth prohgoÔmenh sqèsh prokÔptei:

i
(
∂tu+ i∂tv +

~k~∇u
mA

− i~k~∇v
mA

)
+

1

2mA
∇2u+

i

2mA
∇2v − 2usf2

0 = 0 (4.49)
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QwrÐzontac thn parap�nw exÐswsh se pragmatikì kai fantastikì komm�ti pro-
kÔptoun oi sqèseic:

−∂tv +
~k~∇v
mA

+
1

2mA
∇2u− 2usf2

0 = 0 (4.50)

i∂tu−
i~k~∇u
mA

+
i

2mA
∇2v = 0 (4.51)

Ta u kai v ekfr�zoun th diataraq  pou efarmìzoume. Epilègoume loipìn
wc u, v ta parak�tw:

u = u0e
−i(Ωt− ~Q~r) + c.c (4.52)

v = v0e
−i(Ωt− ~Q~r) + c.c (4.53)

Me aut  th graf  to sÔsthma exis¸sewn (4.50) kai (4.51) gÐnetai:

iv0(Ω−
~k ~Q

mA
)− (

Q2

2mA
+ 2f2

0 s)u0 = 0 (4.54)

u0(Ω−
~k ~Q

mA
)− iQ2

2mA
v0 = 0 (4.55)

To sÔsthma twn dÔo parap�nw exis¸sewn èqei wc lÔsh th tetrimmènh
lÔsh (uo, v0) = (0, 0). Autì ìmwc shmaÐnei pwc h diataraq  mhdenÐzetai,
pr�gma pou de mac dÐnei kamÐa plhroforÐa gia thn eust�jeia thc lÔshc pou
diatar�ssoume. Sunep¸c apaitoÔme to sÔsthma na èqei mh tetrimmènec lÔseic,
pr�gma pou odhgeÐ sthn apaÐthsh gia mhdenismì thc orÐzous�c tou. Sunep¸c6:

det

[
i(Ω− ~k ~Q

mA
) −( Q2

2mA
+ 2sf2

0 )

− iQ2

2mA
(Ω− ~k ~Q

mA
)

]
= 0 (4.56)

O upologismìc thc parap�nw orÐzousac kai h apaÐthsh gia mhdenismì thc
odhgeÐ sthn sqèsh:

(Ω−
~k ~Q

mA
)2 =

Q2

2mA
(
Q2

2mA
+ 2sf2

0 ) (4.57)

6MÐa prosektik  parat rhsh thc exÐswshc (4.56) prokaleÐ erwthmatik� lìgw thc emf�-
nishc thc fantastik c mon�dac par' ìlo pou ta u0 kai v0 eÐnai pragmatik�. Autì sumbaÐnei
giatÐ stic pr�xeic de qrhsimopoioÔme to suzugèc migadikì ekjetikì pou gr�fetai stouc
tÔpouc (4.52) kai (4.53). Par� ìlo pou autì fant�zei l�joc apì th skopi� thc migadik c
an�lushc en toÔtoic to apotèlesma mac eÐnai swstì kai me ligìterec pr�xeic. Pio swst�
ja mporoÔsame na eÐqame upojèsei[12] gia th morf  thc diataraq c to:

R = r1 exp
[
−i(Ωt− ~Q~r)

]
+ r2 exp

[
i(Ωt− ~Q~r)

]
Aut  h diataraq  dÐnei ta Ðdia apotelèsmata gia th sqèsh diaspor�c metaxÔ twn Ω kai Q
me to kìstoc, ìpwc anafèrame, epiplèon algeurik¸n pr�xewn.
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Apì tic sqèseic (4.52) kai (4.53) blèpoume pwc to Ω eÐnai h suqnìthta thc
diataraq c. E�n aut , lìgw thc sqèshc (4.57), p�rei migadikèc timèc tìte h
lÔsh thn opoÐa diat�raxe eÐnai astaj c. Sunep¸c gia na poÔme mÐa kumatik 
lÔsh eustaj  prèpei to Ω na eÐnai pragmatikìc arijmìc gia k�je tim  tou ~Q.
Autì shmaÐnei ìti h posìthta sto dexÐ mèloc thc exÐswshc (4.57) prèpei na
eÐnai p�nta jetik . K�ti tètoio ìmwc sumbaÐnei mìno an s > 0. Autì èqei san
apotèlesma h anaz thsh thc eust�jeiac   mh twn lÔsewn mac èqei anaqjeÐ se
melèth tou pros mou tou suntelest  tou ìrou mh grammikìthtac thc NLS.
Sumperasmatik� loipìn mporoÔme na poÔme ìti, ta epÐpeda kÔmata (4.44) wc
lÔseic thc mh grammik c exÐswshc Schrödinger eÐnai eustajeÐc an to s eÐnai
jetikì. Alli¸c eÐnai dunatì na up�rxoun suqnìthtec thc diataraq c wc proc
tic opoÐec ta kÔmata eÐnai astaj .

SuneqÐzoume exet�zontac mÐa sunèpeia thc melèthc mac gia thn eust�jeia
twn mh grammik¸n epÐpedwn kum�twn thc (4.41) apì thn opoÐa prokÔptoun
ta mh grammik� epÐpeda kÔmata tou protÔpou SU(2). Jewr¸ntac pwc aut�
ta klasik� epÐpeda kÔmata met� th kb�ntwsh ja perigr�foun ta antÐstoiqa
swmatÐdia blèpoume pwc aut� ta swmatÐdia ja prèpei na èqoun m�zec tètoiec
¸ste ta antÐstoiqa klasik� mh grammik� epÐpeda kÔmata na eÐnai eustaj .
Sunep¸c apì thn apaÐthsh s > 0 thc eust�jeiac prokÔptoun oi epitrepìmenec
perioqèc gia to lìgo q = mη/mA twn maz¸n twn dÔo pedÐwn kai �ra oi
epitrepìmenec perioqèc gia th m�za tou swmatidÐou Higgs tou protÔpou.

s > 0⇒
(
q2 − 4

)(
q2 − 0.5

)(
q2 − 4.3

)
> 0 (4.58)

PaÐrnoume endeiktik� wc m�za tou A th m�za tou W swmatidÐou, to opoÐ-
o apoteleÐ swm�tio bajmÐdac mÐac SU(2) parabiasmènhc summetrÐac7, dhlad 
jètoume mA = mW = 80.4GeV . Me b�sh th parap�nw upìjesh odhgoÔ-
maste sthn akìloujh epitrept  perioq  maz¸n gia to {swmatÐdio Higgs} tou
protÔpou mac:

56 < mη < 160GeV (4.59)

mη > 165GeV (4.60)

h opoÐa faÐnetai kai sto sq ma 4.1

7H ParabÐash thc summetrÐac sth perÐptwsh tou W afor� to mhqanismì Higgs ìpwc
autìc pragmatopoieÐtai sto montèlo Glashow-Weinberg-Salam tou Kajierwmènou Prìtu-
pou twn Stoiqeiwd¸n SwmatidÐwn kai diafèrei shmantik� apì to prìtupo pou melet�me
emeÐc. 'Opwc proanafèrame ìmwc to d�neio autì apì th bibliografÐa pragmatopoieÐtai
endeiktik�.
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Sq ma 4.1: Di�gramma epitrepìmenwn perioq¸n tou lìgou twn maz¸n q(= λ).

Ta parap�nw apotelèsmata sumfwnoÔn kai me ta prìsfata peiramatik�
dedomèna [18].
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4.4 Exis¸seic kÐnhshc peplegmènhc morf c

Se aut  thn enìthta ja suneqÐsoume th melèth tou protÔpou SU(2)-Higgs
all� qwrÐc thn upìjesh tou asjenoÔc pedÐou Higgs, (4.23). Dhlad  ja je-
wr soume pwc to pedÐo Higgs thc jewrÐac emfanÐzetai apì th pr¸th t�xh wc
proc ε,  toi:

η = 0(ε1) (4.61)

Kai se aut  th perÐptwsh ja doulèyoume sth monadiak  bajmÐda kai sto
sÔsthma hremÐac tou pedÐou bajmÐdac. Epiplèon gia to pedÐo bajmÐdac exa-
koloujoÔme na k�noume tic upojèseic (4.21) kai (4.22) pou k�name kai sth
pr¸th mac an�lush.

Sunep¸c gia ta pedÐa ja èqoume:

A→ εA(1) + ε2A(2) + . . .

η → εη(1) + ε2η(2) + . . . (4.62)

'Opwc kai sth prohgoÔmenh enìthta k�noume thn antikat�stash twn pedÐwn
mèsa stic exis¸seic kÐnhshc (4.18), (4.19) touc kai gr�foume thn exÐswsh pou
prokÔptei t�xh proc t�xh efarmìzontac kanonik� th mèjodo twn pollapl¸n
klim�kwn ìpwc perigr�fhke sthn enìthta 2.3.

Xekin¸ntac me to pedÐo bajmÐdac, se pr¸th t�xh wc proc ε brÐskoume:(
�0 +m2

A

)
A(1) = 0 (4.63)

SuneqÐzontac se deÔterh t�xh wc proc ε èqoume:

(
�0 +m2

A

)
A(2) + 2∂µ0∂

µ1A(1) +
g2

2
υη(1)A(1) = 0 (4.64)

Tèloc se trÐth t�xh wc proc ε èqoume:(
�0 +m2

A

)
A(3) + 2∂µ0∂

µ1A(2) + �1A(1) + 2∂µ0∂
µ2A(1)+

+
g2

2
υH(1)A(2) +

g2

2
υη(2)A1

1(1) + 2g2A3 +
g2

4
η(1)2A(1) = 0 (4.65)

SuneqÐzoume epanalamb�nontac thn Ðdia diadikasÐa gia to pedÐo Higgs. Se
pr¸th t�xh wc proc ε èqoume:(

�0 +m2
η

)
η(1) = 0 (4.66)

SuneqÐzontac se deÔterh t�xh wc proc ε èqoume:

(
�0 +m2

η

)
η(2) + 2∂µ0∂

µ1η(1) +
3g2

4
υA2 + 3λυη2(1) = 0 (4.67)
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Tèloc se trÐth t�xh wc proc ε èqoume:(
�0 +m2

η

)
η(3) + 2∂µ0∂

µ1η(2) + �1η(1) + 2∂µ0∂
µ2η(1) +

3g2

4
η(1)A2

+
6g2

4
υA(2)A(1) + 6λυη(2)η(1) + λη3(1) = 0 (4.68)

Proqwr�me t¸ra, ìpwc kai prohgoumènwc, sthn exagwg  apotelesm�twn
apì tic parap�nw exis¸seic. Gia to pedÐo bajmÐdac A apì thn exÐswsh (4.63)
paÐrnoume:

A(1) = fe−imAt + f∗e+imAt (4.69)

Se antidiastol  me thn pr¸th perÐptwsh t¸ra den èqoume upojèsei asjenèc
pedÐo η sunep¸c èqoume thn exÐswsh (4.66) h opoÐa mac dÐnei th lÔsh tou η(1):

η(1) = he−imηt + h∗e+imηt (4.70)

ProtoÔ proqwr soume sth melèth twn exis¸sewn deÔterhc t�xhc prèpei na
melet soume kai touc ai¸niouc ìrouc pou perièqoun. Sthn exÐswsh deÔterhc
t�xhc tou pedÐou A, (4.64), apaitoÔme oi ai¸nioi ìroi na mhdenÐzontai qwrist�.
Sunep¸c paÐrnoume dÔo exis¸seic:(

�0 +m2
A

)
A(2) +

g2

2
υη(1)A(1) = 0 (4.71)

∂µ0∂
µ1A(1) = 0 (4.72)

'Opwc kai se prohgoÔmenec peript¸seic ètsi ki ed¸ h exÐswsh (4.72) mac lèei
pwc h f den èqei ex�rthsh apì thn arg  metablht  t1. Apì thn exÐswsh (4.71),
mèsw twn exis¸sewn (4.69) kai (4.70), paÐrnoume th lÔsh gia to A(2)8:

A(2) =a1fhe
−i(mA+mη)t + a2fh

∗e−i(mA−mη)t

+ a∗1f
∗h∗e+i(mA+mη)t + a∗2f

∗he+i(mA−mη)t (4.73)

ìpou oi stajerèc a1, a2 prosdiorÐzontai me antikat�stash twn sqèsewn (4.69),
(4.70) kai (4.73) sthn (4.71). EpilÔontac to sÔsthma pou prokÔptei èpeita
apì aut  thn antikat�stash brÐskoume:{

a1[m2
A − (mA +mη)

2] = −g2υ
2

a2[m2
A − (mA −mη)

2] = −g2υ
2

(4.74)

AkoloÔjwc èqontac orÐsei to lìgo q sthn prohgoÔmenh par�grafo mpo-
roÔme na ekfr�soume ta a1, a2 tou prohgoÔmenou sust matoc, sqèsh (4.74)
sunart sei autoÔ. {

a1 = 2
υq(q+2)

a2 = 2
υq(q−2)

(4.75)

8 'Opwc èqoume k�nei kai se prohgoÔmenec peript¸seic agnooÔme to komm�ti thc lÔshc
pou prokÔptei apì to omogenèc komm�ti thc exÐswshc.
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SuneqÐzoume t¸ra me thn exÐswsh deÔterhc t�xhc tou pedÐou Higgs. Kat�
ta gnwst� apaitoÔme na mhdenÐzontai qwrist� oi ai¸nioi ìroi. Sunep¸c apì
thn exÐswsh (4.67) paÐrnoume:(

�0 +m2
η

)
η(2) +

3g2

4
υA2(1) + 3λυη2(1) = 0 (4.76)

2∂µ0∂
µ1η(1) = 0 (4.77)

'Opwc kai se prohgoÔmenec peript¸seic ètsi ki ed¸ h exÐswsh (4.77) mac lèei
pwc h h den èqei ex�rthsh apì thn arg  metablht  t1. GnwrÐzontac ta A(1),
A(2), η(1) apì tic sqèseic (4.69), (4.73), (4.70) mporoÔme na broÔme th lÔsh
gia to η(2) apì thn exÐswsh (4.76). Gia na proqwr soume qreiazìmaste ta
tetr�gwna twn sunart sewn twn pedÐwn sth pr¸th t�xh. Gia ton ìro A2(1)
èqoume:

A2(1) = f2e−2imAt + f∗2e+2imAt + 2 |f |2 (4.78)

en¸ gia ton ìro η2(1) èqoume:

η2(1) = η2e−2imηt + η∗2e+2imηt + 2 |η|2 (4.79)

Axiopoi¸ntac tic parap�nw sqèseic brÐskoume th lÔsh gia to η(2):

η(2) =b1

(
b2 |f |2 + f2e−2imAt + f∗2e+2imAt

)
+ b′1

(
b′2 |η|

2 + η2e−2imηt + η∗2e+2imηt
)

(4.80)

'Opwc kai prohgoumènwc gia ton prosdiorismì twn stajer¸n pou upeisèrqon-
tai sthn parap�nw sqèsh, epistrèfoume sth diaforik  exÐswsh (4.76), h opoÐa
èpeita apì antikat�stash twn sqèsewn (4.78), (4.79) kai (4.80), odhgeÐ sto
akìloujo sÔsthma gia ta b1, b′1, b2, b

′
2:

m2
ηb1b2 = −3g2υ

2
(4.81)

m2
ηb
′
1b
′
2 = −6λυ (4.82)

b1(m2
η − 4m2

A) = −3g2υ

4
(4.83)

b′1(m2
η − 4m2

A) = −3λυ (4.84)

EpilÔontac to sÔsthma kai eis�gontac to lìgo q twn maz¸n brÐskoume:

b1 = − 3

υ(q2 − 4)
(4.85)

b′1 = − 1

2υ
(4.86)

b2 =
2(q2 − 4)

q2
(4.87)

b′2 = −6 (4.88)
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Sto shmeÐo autì prokeimènou na dieukolunjoÔme stouc upologismoÔc pou
ja akolouj soun krÐnetai skìpimh h kataskeu  enìc sugkentrwtikoÔ pÐnaka
twn stajer¸n pou upologÐsame:

Sugkentrwtikìc pÐnakac stajer¸n

b1 = − 3
υ(q2−4)

b′1 = − 1
2υ

b2 = 2(q2−4)
q2

b′2 = −6

a1 = 2
υq(q+2) a2 = 2

υq(q−2)

m2
A = g2υ2/4 m2

η = 2λυ2

q =
mη
mA

'Eqontac telei¸sei me th deÔterh t�xh proqwr�me sth trÐth t�xh wc proc
ε sto diataraktikì an�ptugma thc jewrÐac diataraq¸n twn pollapl¸n klim�-
kwn. Xekin�me me to pedÐo bajmÐdac A. 'Opwc èqoume k�nei kai nwrÐtera ètsi
kai t¸ra qwrÐzoume apì thn exÐswsh (4.65) touc ai¸niouc ìrouc kai apaitoÔme
xeqwrist� to mhdenismì touc. Sunep¸c paÐrnoume:(

�0 + m2
A

)
A(3) + n.s.p.

[
2g2A3(1) +

g2

2
υη(1)A(2)

+
g2

2
υη(2)A(1) +

g2

4
η(1)2A(1)

]
= 0 (4.89)

∂µ0∂
µ1A(2) = 0 (4.90)

(
�1 + 2∂µ0∂

µ2
)
A(1) + s.p.

[
2g2A3(1) +

g2

2
υη(1)A(2)

+
g2

2
υη(2)A(1) +

g2

4
η(1)2A(1)

]
= 0 (4.91)

Oi exis¸seic (4.89) kai (4.90) perièqoun paramètrouc pou prosdiorÐzontai se
megalÔterh t�xh se sqèsh me th megalÔterh t�xh sthn opoÐa ja proqwr soume
- dhlad  th trÐth. Epikentrwnìmaste loipìn sthn exÐswsh (4.91). UpologÐ-
zoume k�je ìro thc exÐswshc qwrist� prokeimènou na broÔme touc ai¸niouc
ìrouc mèsa se aut�. Gia ton ìro A3(1) èqoume:

A3(1) = f3e−3imAt + f∗3e+3imAt + 3 |f |2 fe−imAt + 3 |f |2 f∗e+imAt (4.92)

Gia ton ìro η(1)A(2) èqoume:

η(1)A(2) =a1h
2fe−imηte−i(mA+mη)t + a2 |h|2 fe−imηte−i(mA−mη)t

+ a∗1 |h|
2 f∗e−imηte+i(mA+mη)t + a∗2h

2f∗e+i(mA−mη)t

+ a∗1h
∗2f∗e+imηte+i(mA+mη)t + a∗2 |h|

2 f∗e+imηte+i(mA−mη)t

+ a1 |h|2 fe+imηte−i(mA+mη)t + a2η
∗2fe+imηte−i(mA−mη)t

(4.93)
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En¸ gia ton ìro η(2)A(1) èqoume:

η(2)A(1) =b1b2 |f |2 fe−imAt + b1f
3fe−3imAt + b1 |f |2 f∗e+imAt

+ b′1b
′
2 |h|

2 fe−imAt + b′1h
2fe−imAte−2imηt + b′1h

∗2fe−imAte+2imηt

+ b1b2 |f |2 f∗e+imAt + b1 |f |2 fe−imAt + b1f
∗3fe+3imAt

+ b′1h∗2f∗e+imAte+2imηt + b′1b
′
2 |h|

2 f∗e+imAt

+ b′1h
2f∗e+imAte−2imηt + b1f

∗3fe+3imAt (4.94)

Tèloc gia ton ìro η2(1)A(1) èqoume:

η2(1)A(1) =2 |h|2 fe−imAt + 2 |h|2 f∗e+imAt

+ h2fe−imAte−2imηt + h2f∗e+imAte−2imηt

+ h∗2fe−imAte+2imηt + h∗2f∗e+imAte+2imηt (4.95)

'Opwc faÐnetai apì thn exÐswsh (4.89) ai¸nioi ìroi ja eÐnai autoÐ pou eÐnai
an�logoi tou e±imAt. 'Omwc ìpwc èqoume anafèrei emeÐc apì tic exis¸seic
(4.92), (4.93), (4.94) kai (4.95) krat�me mìno touc ìrouc e−imAt kai touc
eis�goume sthn exÐswsh (4.91), h opoÐa met� apì k�poiec pr�xeic katal gei
sthn:[
−∇2

1 − 2imA∂t2

]
f + 2g2

[
(3 + c1(q)) |f |2 + (c2(q)− 1

2
) |η|2

]
f = 0 (4.96)

H parap�nw exÐswsh eÐnai mÐa apì tic dÔo exis¸seic pou ja qrhsimopoi soume
gia th dhmiourgÐa twn proseggistik¸n lÔsewn tou protÔpou.

H �llh èrqetai apì thn exÐswsh trÐthc t�xhc tou pedÐou Higgs, dhlad 
thn (4.68). Gr�fontac kai ed¸ qwrist� touc ai¸niouc ìrouc thc èqoume:

(
�0 +m2

η

)
η(3) + n.s.p

[3g2

4
η(1)A2(1)

+
6g2

4
υA(2)A(1) + 6λυη(2)η(1) + λη3(1)

]
= 0 (4.97)

2∂µ0∂
µ1η(2) = 0 (4.98)

(
�1 + 2∂µ0∂

µ2
)
η(1) + s.p

[3g2

4
η(1)A2(1)

+
6g2

4
υA(2)A(1) + 6λυη(2)η(1) + λη3(1)

]
= 0 (4.99)

'Opwc kai prin oi exis¸seic (4.97) kai (4.98) perièqoun paramètrouc pou pros-
diorÐzontai se megalÔterh t�xh kai de ja mac apasqol soun. SuneqÐzoume
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upologÐzontac k�je ìro thc (4.99) prokeimènou na anagnwrÐsoume ta komm�-
tia pou apoteloÔn ai¸niouc ìrouc thc exÐswshc. Gia ton ìro η3(1) èqoume:

η3(1) = η3e−3imηt + η∗3e+3imηt + 3 |η|2 ηe−imηt + 3 |η|2 η∗e+imηt (4.100)

Gia ton ìro η(2)η(1) èqoume:

η(2)η(1) = b1b2 |f |2 he−imηt + b′1b
′
2 |h|

2 he−imηt + b′1 |h|
2 he−imηt

+ b′1h
∗3e+3imηt + b′1h

3e−3imηt + b1f
2he−2imAte−imηt

+ b1f
∗2he+2imAte−imηt + b′1 |h|

2 h∗e+imηt + b′1b
′
2 |h|

2 h∗e+imht

+ b1b2 |f |2 h∗e+imηt + b1f
2h∗e−2imAte+imηt

+ b1f
∗2h∗e+2imAte+imηt (4.101)

Gia ton ìro A2(1)η(1) èqoume:

A2(1)η(1) = f∗2he+2imAte−imηt + f∗2h∗e+2imAte+imηt + f2he−2imAte−imηt

+ 2 |f |2 ηe−imηt + 2 |f |2 h∗e+imηt + f2h∗e−2imAte+imηt (4.102)

Gia ton ìro A(2)A(1) èqoume:

A(2)A(1) = a1f
2ηe−i(mA+mη)te−imAt + a2f

2h∗e−i(mA−mη)te−imAt

+a∗1h
∗ |f |2 e−i(mA+mη)te−imAt + a∗2h |f |

2 e+i(mA−mη)te−imAt

+a1h |f |2 e−i(mA+mη)te+imAt + a2h
∗ |f |2 e−i(mA−mη)te+imAt

+a∗1f
∗2h∗e+i(mA+mη)te+imAt + a∗2f

∗2he+i(mA−mη)te+imAt

(4.103)

'Opwc kai prohgoumènwc apì tic sqèseic (4.100), (4.101), (4.102) kai (4.103)
krat�me mìno touc ai¸niouc ìrouc, dhlad  ìrouc an�logouc tou e−imηt kai
touc eis�goume sthn exÐswsh kÐnhshc (4.99) katal gontac sthn akìloujh
sqèsh:

[
−∇2

1 − 2imη∂t2
]
h− 12λ

[
|h|2 +

3 |f |2

q2

]
h+

3g2

2
[1 + 4c2(q)] |f |2 h = 0

(4.104)

ìpou

c2(q) =
1

q2 − 4
(4.105)

H exÐswsh (4.104) apoteleÐ thn deÔterh exÐswsh me b�sh thn opoÐa fti�qnoume
tic proseggistikèc mac lÔseic. Parathr¸ntac tic exis¸seic (4.96) kai (4.104)
blèpoume pwc apoteloÔn èna sÔsthma suzeugmènwn mh grammik¸n exis¸sewn
Schrödinger.
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4.5 Kumatikèc LÔseic kai Eust�jeia

Sth prohgoÔmenh enìthta br kame tic dÔo exis¸seic apì tic opoÐec ja
fti�xoume tic proseggistikèc mac lÔseic gia to sÔsthma exis¸sewn (4.18) kai
(4.19). Xanagr�foume autèc tic exis¸seic se sumpagèsterh morf :[

i∂t2 +
1

2mA
∇2

1 −
(
g11 |f |2 + g12 |h|2

) ]
f = 0 (4.106)[

i∂t2 +
1

2mη
∇2

1 −
(
g21 |f |2 + g22 |h|2

) ]
h = 0 (4.107)

ìpou ta gij pou emfanÐzontai stic parap�nw sqèseic eÐnai ta akìlouja:

g11 =
g2

mA

(
3 + c1(q)

)
(4.108)

g12 =
g2

4mA

(
− 3 + c2(q)

)
(4.109)

g21 =
3g2

4mη

(
− 3 + c2(q)

)
(4.110)

g22 = − 3g2

4mη
q2 (4.111)

To sÔsthma twn exis¸sewn pou parousi�same dèqetai epÐpedec kumatikèc
lÔseic. Autèc eÐnai oi:

f(~x1, t2) =f0 exp
[
−i
(
ωf t2 − ~kf~x1

)]
(4.112)

h(~x1, t2) =h0 exp
[
−i
(
ωht2 − ~kh~x1

)]
(4.113)

me ta ωf kai ωh na dÐnontai apì tic sqèseic:

ωf =
~k2
f

2mA
+ g11 |f0|2 + g12 |h0|2 (4.114)

ωh =
~k2
h

2mη
+ g21 |f0|2 + g22 |h0|2 (4.115)

Apì tic parap�nw sqèseic kai tic (4.69), (4.70) kai (4.62) kataskeu�zoume
tic proteinìmenec proseggistikèc lÔseic gia to sÔsthma exis¸sewn (4.18) kai
(4.19).

T¸ra pou èqoume mil sei gia th kataskeu  twn proseggistik¸n mac lÔse-
wn proqwr�me sth melèth thc eust�jei�c touc. Ja k�noume grammik  an�lush
eust�jeiac, ìpwc anafèretai kai sth bibliografÐa [12, 13]. Xekin�me diatar�s-
sontac tic lÔseic f kai h:

f → f ′ =f + δf (4.116)

h→ h′ =h+ δh (4.117)

77



kai eis�gontac th diataraq  stic exis¸seic (4.106) kai (4.107):

i∂t2(f + δf) +
1

2mA
∇2

1(f + δf)−
[
g11 |f + δf |2 + g12 |h+ δh|2

]
(f + δf) =0

(4.118)

i∂t2(h+ δh) +
1

2mη
∇2

1(h+ δh)−
[
g21 |f + δf |2 + g22 |h+ δh|2

]
(h+ δh) =0

(4.119)

K�nontac tic aparaÐthtec pr�xeic kai krat¸ntac ìrouc mìno grammikoÔc wc
proc tic diataraqèc δf kai δh èqoume:

i∂t2δf+
1

2mA
∇2

1δf−

−
[
g11(f2δf∗ + 2|f |2δf) + g12(|h|2δf + hfδh∗ + h∗fδh)

]
= 0
(4.120)

i∂t2δh+
1

2mη
∇2

1δh−

−
[
g21(|f |2δh+ fhδf∗ + f∗hδf) + g22(2|h|2δh+ h2δh∗)

]
= 0
(4.121)

'Opwc èqoume anafèrei nwrÐtera douleÔoume sto sÔsthma hremÐac tou pedÐou
bajmÐdac sunep¸c jewroÔme pwc briskìmaste se statikì upìbajro, dhlad 
stic sqèseic orismoÔ twn f kai h, (4.112) kai (4.113), jewroÔme pwc:

~kf = ~kh = 0 (4.122)

'Opwc kai se prohgoÔmenec peript¸seic gia th morf  twn diataraq¸n δf kai
δh jewroÔme thn akìloujh morf :

δf = Rfe
−iωf t (4.123)

δh = Rhe
−iωht (4.124)

Sunep¸c gia tic exis¸seic (4.120) kai (4.121) èqoume:

i∂t2Rf +
1

2mA
∇2

1Rf −
[
g11f

2
0 (Rf +R∗f ) + g12h0f0(Rh +R∗h)

]
= 0 (4.125)

i∂t2Rh +
1

2mη
∇2

1Rh −
[
g21h0f0(Rf +R∗f ) + g22h

2
0(Rh +R∗h)

]
= 0 (4.126)

Oi par�metroi Rf kai Rh pou perigr�foun tic diataraqèc eÐnai en gènei miga-
dikoÐ arijmoÐ, dhlad :

Rf = u1 + iv1 (4.127)

Rh = u2 + iv2 (4.128)
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Eis�gont�c tec stic exis¸seic (4.125) kai (4.126) paÐrnoume:

i(∂t2u1 + i∂tv1) +
1

2mA
(∇2

1u1 + i∇2
1v1)−

[
2g11f

2
0u1 + 2g12h0f0u2

]
= 0

(4.129)

i(∂t2u2 + i∂tv2) +
1

2mη
(∇2

1u2 + i∇2
1v2)−

[
2g21h0f0u1 + 2g22h

2
0u2

]
= 0

(4.130)

QwrÐzontac se pragmatik� kai fantastik� mèrh k�je mÐa apì tic parap�nw
exis¸seic katal goume stic epìmenec tèsseric exis¸seic:

−∂t2v1 +
1

2mA
∇2

1u1 −
[
2g11f

2
0u1 + 2g12h0f0u2

]
= 0 (4.131)

∂t2u1 +
1

2mA
∇2

1v1 = 0 (4.132)

−∂t2v2 +
1

2mη
∇2

1u2 −
[
2g21u0f0u1 + 2g22h

2
0u2

]
= 0 (4.133)

∂t1u2 +
1

2mη
∇2

1v2 = 0 (4.134)

Oi pragmatikoÐ arijmoÐ u1,2 kai v1,2 ekfr�zoun th diataraq  pou efarmìzoume.
Epilègoume loipìn na ta gr�youme wc ex c:

u1,2 = u01,2e
−i(Ωt− ~Q~r) + c.c (4.135)

v1,2 = v01,2e
−i(Ωt− ~Q~r) + c.c (4.136)

Eis�gont�c ta t¸ra stic exis¸seic (4.131), (4.132), (4.133) kai (4.134) brÐ-
skoume:

−
[
Q2

2mA
+ 2g11f

2
0

]
u01 + iΩv01 − 2g12f0h0u02 = 0 (4.137)

−iΩu01 −
Q2

2mA
v01 = 0 (4.138)

−
[
Q2

2mη
+ 2g22h

2
0

]
u02 + iΩv02 − 2g21f0h0u01 = 0 (4.139)

−iΩu02 −
Q2

2mη
v02 = 0 (4.140)

Oi parap�nw exis¸seic apoteloÔn èna sÔsthma tess�rwn algebrik¸n exis¸se-
wn me tèsseric agn¸stouc. 'Opwc èqoume anafèrei jèloume to omogenèc autì
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sÔsthma na èqei mh tetrimmènec lÔseic. Sunep¸c apaitoÔme na mhdenÐzetai h
orÐzous� tou.

det


−( Q2

2mA
+ 2g11f

2
0 ) iΩ −2g12f0h0 0

−iΩ − Q2

2mA
0 0

−2g21f0h0 0 −( Q2

2mη
+ 2g22h

2
0) iΩ

0 0 −iΩ − Q2

2mη

 = 0 (4.141)

UpologÐzontac th parap�nw orÐzousa katal goume sto tri¸numo:

Ω4 − βΩ2 + γ = 0 (4.142)

ìpou èqoume orÐsei wc β kai γ ta akìlouja:

β =pηdη + pAdA (4.143)

γ =pηpAdηdA − 4pηpAf
2
0h

2
0g12g21 (4.144)

en¸ wc pη, pA, dη kai dA gr�foume:

pη =
Q2

2mη
(4.145)

pA =
Q2

2mA
(4.146)

dη = pη + 2(h0)2g22 (4.147)

dA = pA + 2(f0)2g11 (4.148)

Apì ton orismì touc faÐnetai ìti ta pη kai pA an koun sto di�sthma [0,∞).
Algebrik  an�lush thc exÐswshc (4.142) apokalÔptei pwc gia na èqoume mìno
pragmatikèc lÔseic gia to Ω prèpei na eÐnai β > 0 kai γ > 0. Apì tic
prohgoÔmenec exis¸seic, met� apì k�poiec aparaÐthtec pr�xeic, katal goume
se treic anisìthtec pou prèpei na throÔntai prokeimènou na eÐnai eustajeÐc oi
epÐpedec mh grammikèc lÔseic pou exet�same. Autèc eÐnai:

g11 >0 (4.149)

g22 >0 (4.150)

g11g22 − g12g22 >0 (4.151)

Elègqontac tic apait seic twn parap�nw exis¸sewn mèsw twn tÔpwn (4.108),
(4.109), (4.110) kai (4.111) blèpoume pwc h deÔterh kai h trÐth anÐswsh den
alhjeÔoun gia kamÐa tim  thc paramètrou q. Sunep¸c odhgoÔmaste sto sum-
pèrasma pwc oi mh grammikèc epÐpedec kumatikèc lÔseic eÐnai astajeÐc sth
perÐptwsh tou {isquroÔ} pedÐou Higgs.
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Kef�laio 5

Sumper�smata

Se autì to kef�laio k�noume mÐa anaskìphsh thc poreÐac aut c thc er-
gasÐac kai parajètoume ta basik� mac sumper�smata. Basikìc skopìc mac u-
p rxe h anaz thsh klasik¸n lÔsewn se fusik� sust mata pou perigr�fontai
apì aujìrmhth parabÐash topik c summetrÐac. Melet same dÔo sust mata,
èna ìpou eÐqame abelian  topik  summetrÐa (prìtupo U(1)-Higgs) kai èna ìpou
eÐqame mh abelian  topik  summetrÐa (prìtupo SU(2)-Higgs). Oi exis¸seic kÐ-
nhshc twn susthm�twn aut¸n eÐnai polÔ polÔplokec gia na lujoÔn analutik�
[bl. ex (2.13) kai ex. (4.18)-(4.19)]. Gi� autì qrhsimopoi same th mèjodo twn
pollapl¸n klim�kwn prokeimènou na broÔme proseggistikèc lÔseic. GnwrÐ-
zoume pwc autèc oi proseggistikèc lÔseic de j� apoteloÔn th genik  lÔsh twn
en lìgw susthm�twn gi� autì h melèth mac ex� arq c eÐnai prosanatolismè-
nh sthn anaz thsh eidik¸n lÔsewn. Sth sunèqeia exet�same analutik� thn
eust�jeia aut¸n twn lÔsewn. Epiplèon sth perÐptwsh tou protÔpou U(1)-
Higgs melet same tic proteinìmenec lÔseic kai arijmhtik�, dhlad  melet same
thn arijmhtik  epal jeus  touc kai th grammik  touc eust�jeia sto pl rec
sÔsthma.

H mèjodoc twn pollapl¸n klim�kwn aplopoieÐ polÔ tic exis¸seic pou è-
qoume na lÔsoume. Mac odhgeÐ se exis¸seic apì thn oikogèneia thc mh grammi-
k c exÐswshc Schrödinger thc opoÐac oi lÔseic eÐnai en mèrei gnwstèc. Apì au-
tèc kataskeu�zoume tic proteinìmenec proseggistikèc lÔseic gia ta sust mata
pou melet�me. Apì ta mh grammik� kÔmata thc exÐswshc NLS kataskeu�zoume
mh grammikèc kumatikèc lÔseic gia ta prìtupa U(1)-Higgs kai SU(2)-Higgs
kai exet�zoume analutik� thn eust�jei� touc.

Sth perÐptwsh tou protÔpou SU(2)-Higgs melet�me dÔo peript¸seic. Au-
t  thc upìjeshc asjenoÔc pedÐou Higgs kai aut  tou isquroÔ pedÐou Higgs oi
opoÐec mac proteÐnoun diaforetikèc eidikèc lÔseic gia to Ðdio pl rec sÔsthma.
Sth perÐptwsh tou isquroÔ pedÐou Higgs br kame pwc oi mh grammikèc kuma-
tikèc lÔseic eÐnai astajeÐc k�tw apì diataraq  opoioud pote kumatarijmoÔ.
AntÐjeta sth perÐptwsh tou asjenoÔc pedÐou Higgs brÐskoume pwc upì pro-
ôpojèseic ta oi mh grammikèc kumatikèc lÔseic eÐnai eustajeÐc. Apì aut  th
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melèth eust�jeiac brÐskoume thn apodekt  perioq  tim¸n m�zac gia to pedÐo
Higgs (anis¸seic (4.59) kai (4.60)) tou protÔpou ¸ste ta mh grammik� kÔmata
pou (klasik�) perigr�foun kumatikèc lÔseic na eÐnai eustaj .

Sth perÐptwsh tou prìtupou U(1)-Higgs h melèth eust�jeiac twn mh gram-
mik¸n kumatik¸n lÔsewn mac èdeixe tic proôpojèseic k�tw apì tic opoÐec aut�
eÐnai astaj . Melet¸ntac arijmhtik� to prìblhma parathr same pwc ìtan au-
tèc oi proôpojèseic Ðsquan to sÔsthma mac ekd lwne ast�jeia diamìrfwshc.
Kat� thn ast�jeia diamìrfwshc parathr same thn aujìrmhth dhmiourgÐa ta-
lantwnÐwn. Ta talant¸nia pou dhmiourg jhkan eÐqan th morf  mÐac apì tic
lÔseic pou proteÐname gia to prìtupo U(1)-Higgs, thc fwtein c solitonik c
lÔshc. H fwtein  solitonik  lÔsh melet jhke, epalhjeÔei to pl rec sÔsthma
exis¸sewn tou protÔpou kai proèkuye eustaj c kat� thn arijmhtik  melèth
grammik c eust�jeiac. AntÐjeta h skotein  solitonik  lÔsh kai oi ellei-
ptikèc periodikèc lÔseic brèjhkan na mhn epalhjeÔoun arijmhtik� to pl rec
sÔsthma exis¸sewn tou protÔpou. 'Omwc h lÔsh sunhmitìnou Jacobi kat� th
katastrof  thc ekd lwse to fainìmeno thc ast�jeiac diamìrfwshc kat� thn
opoÐa emfanÐsthkan talant¸nia me th morf  thc fwtein c solitonik c lÔshc
pou proteÐname.

Me b�sh ta parap�nw mporoÔme na poÔme pwc h dunatìthta arijmhtik c
melèthc mac èdwse th dunatìthta na melet soume to sÔsthma me trìpo pou
sumpl rwne thn analutik  mac melèth. SÐgoura mÐa pl rhc analutik  epÐlush
twn exis¸sewn kÐnhshc ja mac èdine ìlec tic plhroforÐec pou qreiazìmaste.
All� ap' th stigm  pou autì den eÐnai efiktì kai ta analutik� mac ergaleÐa
mac dÐnoun polÔ ligìterec plhroforÐec h arijmhtik  melèth tou probl matoc
apoteleÐ èna polÔtimo ergaleÐo sthn katanìhsh thc sumperifor�c enìc sust -
matoc pou dièpetai apì sÔsthma exis¸sewn kÐnhshc me mh grammikì qarakt ra.

H eust�jeia thc fwtein  solitonik c lÔshc se sunduasmì me thn emf�nis 
thc wc aujìrmhto talant¸nio kat� thn ekd lwsh ast�jeiac diamìrfwshc apì
to sÔsthma epalhjeÔei thn isqÔ thc proseggistik c mac mejìdou gia to pl rec
sÔsthma. To Ðdio sumbaÐnei kai me to gegonìc ìti sto prìtupo U(1)-Higgs
ta pedÐa ja apoklÐnoun kat� thn exèlixh thc arijmhtik c prosomoÐwshc mìno
sth perÐptwsh ìpou h analutik  mac melèth mac lèei pwc oi diataraqèc ja
parousi�soun ekjetik  aÔxhsh. Oi epitreptèc timèc thc paramètrou q, tou
lìgou twn maz¸n twn pedÐwn, prokÔptoun apì to an�ptugma thc mejìdou
twn pollapl¸n klim�kwn. Apì to pl rec sÔsthma den èqoume kanèna lìgo
na upojèsoume pwc to pl rec sÔsthma twn exis¸sewn kÐnhshc tou protÔpou
parousi�zei tètoia ex�rthsh sth sumperifor� tou wc proc tic timèc thc q.
Kat� sunèpeia mporoÔme na poÔme pwc h qr sh thc mejìdou twn pollapl¸n
klim�kwn apotèlese qr simo kai polÔtimo odhgì sth melèth kai katanìhsh
twn majhmatik¸n idiot twn twn exis¸sewn kÐnhshc tou protÔpou U(1)-Higgs.
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Par�rthma Aþ

O K¸dikac MATLAB kai
pwc ephre�zei thn
Arijmhtik  Melèth.

Aþ.1 Par�jesh tou k¸dika

% The main program to evolve the equations of motion with the Runge−Kutta 4
% and the pseudospectral method.
% Documentation:
% 1) Evolves the dimentionless equations for the higgs (u2) and vector (u1)
% fields.
% 2) Define the equations of motion to be evolved in time by chosing the
% appropriate values for the constants before each term:
% a1*u1 tt+b1*u1 {xx}+c1* |u1|ˆ2u1+d1*u1+l1* |u2|ˆ2*u1+q1*u1*u2=0.
% a2*u2 tt+b2*u2 {xx}+c2* |u2|ˆ2u2+d2*u2+l2* |u1|ˆ2*u2+q2*u1*u2+c22*u2ˆ2+ql*u1ˆ2=0
% 3)Before running the script edit the Simlation Parameters section to
% define simulation parameters enabling/disabling appropriate features.

%% Simlation Parameters Selection
% Chose values for the appropriate parameters of the simulation before
% running the script.

BoundaryOption=0;
%0 for free endpoints
%1 for fixed endpoints

SolutionOption=6;
%1 for sn
%2 for cn
%3 for sin
%4 for cos
%5 for bright soliton
%6 for static plane wave
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ep=0.1; % from Definitions #1 (perturbation parameter)
kjac=0.95; % Parameter running from [0,1]
kappa=1; % Wavenumber for sinusoidal waves and "more"!

NoiseOption=1;
%1 for Enabled Noise
%0 for Disabled Noise

qu=1.4; % from Definitions #2

RunMode=1;
% 0 for Test Run − Does not save and has tmax=tplot
% 1 for Full Run
% 2 for manual hardcode setting

FullRunTime=490; % Numerical evolution time for RunMode==1

tplot=0.1; %Determines time step for data acquisition!

tplot2=10; % from Definitions #6
% Determines time step length for time evolution.
% Care in changing it's operation within the script.
% dt=tplot/tplot2
% Check with dx in definition section to have appropriate numerical
% stability conditions.

ErrorCheck=1;
% Checks if function starts to diverge
% 1 to enable Check
% 0 to disable Check
% Note: A divergence Check based on endata would probably be more effecient
% computationally.

ErrorLimit=10;
% Limit for max(abs(u1)) to trigger error for u1 divergence

SaveFile=1;
% 0 to NOT save a data file
% 1 to save a data file

FileName='q14−1+r−t490−ep01−Code17c'; % Write appropriate Name

%% Definitions Section:

%%0−Timing
% Enable/Comment out
% Also enable/comment out toc at script's end
tic;
if RunMode==1

tmax=FullRunTime;
elseif RunMode==0

tmax=tplot;
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tplot=tplot/50;
tplot2=tplot2/50;

elseif RunMode==2
tmax=10; %For manual tmax setting

end
%%1−grid definitions:

%1a−grid prerequisites

if SolutionOption==1 | | SolutionOption==2
mjac=kjacˆ2;
pjac=1/kjac;
root1=abs(fzero(@(x)cnj(pjac*ep*x,mjac),pjac*ep*2));

elseif SolutionOption==3 | | SolutionOption==4
root1=abs(fzero(@(x)cos(kappa*ep*x),kappa*ep*(pi−0.1)/2));

end

%%% "Automatic" Selection of L and N
if SolutionOption<=4

L=4*root1*10;
N=640;
dx=L/N;
while dx>0.21 && N<4096

N=N+128;
dx=L/N;

end

while dx>0.21
L=L−4*root1;
dx=L/N;
end
if L<4*root1*4

error('Numerical:PseudoSpectral',
'For selected parameters grid length L is not large enough.');

end
else

L=400;N=2048;
end

%1b−grid

if BoundaryOption==1
dx=L/(N−1); x=(−L/2:dx:L/2)';
if SolutionOption==2 | | SolutionOption==4
x=x+root1;
end

else
dx=L/N; x=(−L/2:dx:L/2−dx)';

end

dt=tplot/tplot2;
nmax=round(tmax/dt);
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ka1=[0:N/2 −N/2+1:−1]'*2*pi/L;
ka2=ka1.ˆ2;

%%2−Set constants to properly define the equations
% The constants (except a1,a2) have the opposite value because they "have
% been moved to the other side of the equation" in order to define X {tt}

a1=1;
b1=1;
c1=0;
d1=−1;
l1=−1;
q1=−2;
a2=1;
b2=1;
c2=−0.5*quˆ2;
d2=−quˆ2;
l2=−1;
q2=0;
c22=−3*quˆ2/(2);
ql=−1;

%%3−Noise section
a=1;
b=−1;
r=a+(b−a).*rand(1,length(x))';
% %rtot=sum(r)/N;

%%4−Initial Conditions

S=(3*quˆ2−8)/(quˆ2*(quˆ2−4));
Atilde=−1/(quˆ2−4);
bt=2*(quˆ2−4)/quˆ2;

if SolutionOption==1 | | SolutionOption==2
[sn, cn, dn]=ellipj(pjac*ep*x,mjac);
AInitial=[sn, cn, dn];
ef=(1/sqrt(abs(S)))*(AInitial(:,SolutionOption)+0.1*NoiseOption*r);

elseif SolutionOption==3
ef=(1/sqrt(abs(S)))*(sin(ep*kappa*x)+0.1*NoiseOption*r);

elseif SolutionOption==4
ef=(1/sqrt(abs(S)))*(cos(ep*kappa*x)+0.1*NoiseOption*r);

elseif SolutionOption==5
ef=(kappa/sqrt(abs(S)))*(sech(kappa*ep*x)+0.1*NoiseOption*r);

elseif SolutionOption==6
ef=(kappa/sqrt(abs(S)))*(ones(N,1)+0.1*NoiseOption*r);

end

A1=ef+conj(ef);
u1=ep.*A1;
vv1=zeros(N,1);
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H2=(Atilde).*(bt.*abs(ef).ˆ2+ef.ˆ2+conj(ef.ˆ2));
u2=1.*epˆ2*H2;
vv2=zeros(N,1);

%%% Boundary conditions!!!
if BoundaryOption==1

u1(1)=0;
u2(1)=0;
u1(end)=0;
u2(end)=0;

end

%%5−Hamiltonian

% Kinetic Term
At=vv1;
Ht=vv2;
tu1=u1';
tu2=u2';
Axi=diff(tu1,1); par1=[Axi 0]./dx;Axi=par1';
Hxi=diff(tu2,1); par2=[Hxi 0]./dx;Hxi=par2';
% V−term
V=1/8*quˆ2.*u2.ˆ4+0.5*quˆ2.*u2.ˆ3+0.5*quˆ2.*u2.ˆ2+0.5.*u2.ˆ2.*u1.ˆ2

+u2.*u1.ˆ2+0.5.*u1.ˆ2;
% H=T+V
Ham=0.5.*At.ˆ2+0.5.*Axi.ˆ2+0.5.*Ht.ˆ2+0.5.*Hxi.ˆ2+V;
energy=sum(Ham'.*dx);

%%6−Plot prerequisites

u1data=zeros(N,(nmax/tplot2)+1);
u2data=zeros(N,(nmax/tplot2)+1);
tdata=zeros(1,(nmax/tplot2)+1);
hamdata=zeros(N,(nmax/tplot2)+1);
endata=zeros(1,(nmax/tplot2)+1);

% Initial Conditions:
u1data(:,1)=u1;
u2data(:,1)=u2;
endata(1,1)=energy;
tdata(1,1)=0;
hamdata(:,1)=Ham;

%%7−Numerical Stability Test
Ncrit=2*sqrt(2)/(piˆ2);
Ntest=dt/(dxˆ2);
Nstab=Ntest−Ncrit;

%%% Aborts the program if numerical stability conditions are not met.

if Nstab >= 0
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fprintf( 'dx=%4.8f\nL=%4.8f\ndt=%4.8f\n',dx,L,dt);
error('Numerical:PseudStab',

'Pseudospectral Method Stability conditions are not met!')
end

%% Loop:

for nn=1:nmax
%% Runge−Kutta 4 section

%%%%%% Ta k tou Runge %%%%%%
%%%% k1 tou u1 %%%%%
k11=dt.*vv1;
Fu1=ifft(−ka2.*b1.*fft(u1))+c1*u1.*u1.*conj(u1)+d1.*u1+l1*u1.*u2.*conj(u2)

+q1*u1.*u2;
k12=dt.*Fu1;
%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%
%%%% k1 tou u2 %%%%%
k13=dt.*vv2;
Fu2=ifft(−ka2.*b2.*fft(u2))+c2*u2.*u2.*conj(u2)+d2.*u2+l2*u1.*u2.*conj(u1)

+q2*u1.*u2+c22*u2.ˆ2+ql*u1.ˆ2;
k14=dt.*Fu2;
%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%
%%%%% ta proxorimena u,v %%%%%%%%%%5
%vv1=vv1+0.5.*k12;
v1=u1+0.5*k11;
%vv2=vv2+0.5.*k14;
v2=u2+0.5*k13;
%%%%%%%% k2 tou u1 %%%%%%%%%%%%
k21=dt.*(vv1+0.5.*k12);
Fu1=ifft(−ka2.*b1.*fft(v1))+c1*v1.*v1.*conj(v1)+d1.*v1+l1*v1.*v2.*conj(v2)

+q1*v1.*v2;
k22=dt.*Fu1;
%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%
%%%%%%%% k2 tou u2 %%%%%%%%%%%%
k23=dt.*(vv2+0.5.*k14);
Fu2=ifft(−ka2.*b2.*fft(v2))+c2*v2.*v2.*conj(v2)+d2*v2+l2*v1.*v2.*conj(v2)

+q2*v1.*v2+c22*v2.ˆ2+ql*v1.ˆ2;
k24=dt.*Fu2;
%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%
%%%%% ta proxorimena u,v %%%%%%%%%%5
%vv1=vv1+0.5.*k22;
v1=u1+0.5*k21;
%vv2=vv2+0.5.*k24;
v2=u2+0.5*k23;
%%%%%%%% k3 tou u1 %%%%%%%%%%%%
k31=dt.*(vv1+0.5.*k22);
Fu1=ifft(−ka2.*b1.*fft(v1))+c1*v1.*v1.*conj(v1)+d1.*v1+l1*v1.*v2.*conj(v2)

+q1*v1.*v2;
k32=dt.*Fu1;
%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%
%%%%%%%% k3 tou u2 %%%%%%%%%%%%
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k33=dt.*(vv2+0.5.*k24);
Fu2=ifft(−ka2.*b2.*fft(v2))+c2*v2.*v2.*conj(v2)+d2*v2+l2*v1.*v2.*conj(v2)

+q2*v1.*v2+c22*v2.ˆ2+ql*v1.ˆ2;
k34=dt.*Fu2;
%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%
%%%%% ta proxorimena u,v %%%%%%%%%%5
%vv1=vv1+k32;
v1=u1+k31;
%vv2=vv2+k34;
v2=u2+k33;
%%%%%%%% k4 tou u1 %%%%%%%%%%%%
k41=dt.*(vv1+k32);
Fu1=ifft(−ka2.*b1.*fft(v1))+c1*v1.*v1.*conj(v1)+d1.*v1+l1*v1.*v2.*conj(v2)

+q1*v1.*v2;
k42=dt.*Fu1;
%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%
%%%%%%%% k4 tou u2 %%%%%%%%%%%%
k43=dt.*(vv2+k34);
Fu2=ifft(−ka2.*b2.*fft(v2))+c2*v2.*v2.*conj(v2)+d2*v2+l2*v1.*v2.*conj(v2)

+q2*v1.*v2+c22*v2.ˆ2+ql*v1.ˆ2;
k44=dt.*Fu2;
%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%

%%%%%%%%%%%%%%%%%%%%% to evolution tou Runge %%e%%%%%%%%%%%
u1=u1+(k11+2*k21+2*k31+k41)/6;
vv1=vv1+(k12+2*k22+2*k32+k42)/6;
u2=u2+(k13+2*k23+2*k33+k43)/6;
vv2=vv2+(k14+2*k24+2*k34+k44)/6;

%%% Boundary conditions!!!
if BoundaryOption==1

u1(1)=0;
u2(1)=0;
u1(end)=0;
u2(end)=0;

end

%%% Divergence Check
if ErrorCheck==1

if max(abs(u1))> ErrorLimit
fprintf('Script will abort, manually plot current data and save.\n');
error('Numerical:Divergence','Function starts to diverge!');

end
end

%% Extract Plot data section

if mod(nn,tplot2) == 0

%Hamiltonian−subsection
% Kinetic Term
At=vv1;
Ht=vv2;
tu1=u1';
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tu2=u2';
Axi=diff(tu1,1); par1=[Axi 0]./dx;Axi=par1';
Hxi=diff(tu2,1); par2=[Hxi 0]./dx;Hxi=par2';
% V−term
V=1/8*quˆ2.*u2.ˆ4+0.5*quˆ2.*u2.ˆ3+0.5*quˆ2.*u2.ˆ2+0.5.*u2.ˆ2.*u1.ˆ2

+u2.*u1.ˆ2+0.5.*u1.ˆ2;
%H=T+V
Ham=0.5.*At.ˆ2+0.5.*Axi.ˆ2+0.5.*Ht.ˆ2+0.5.*Hxi.ˆ2+V;
energy=sum(Ham'.*dx);

%Extract Data
u1data(:,(nn/tplot2)+1)=u1;
u2data(:,(nn/tplot2)+1)=u2;
tdata(1,(nn/tplot2)+1)=nn*dt;
hamdata(:,(nn/tplot2)+1)=Ham;
endata(1,(nn/tplot2)+1)=energy;
end;

%Show Progress
if mod(nn,10*tplot2) == 0

fprintf( 'tdata=%4.1f endata=%4.8f\n',nn*dt,energy);
end
end

runtime=toc; %Comment out together with tic #Def 0

figure(1)
subplot(3,1,1);imagesc(tdata,x,u1data);
xlabel('t', 'fontsize', 14);
ylabel('x', 'fontsize', 14);
colorbar;
subplot(3,1,2);imagesc(tdata,x,u2data);
xlabel('t', 'fontsize', 14);
ylabel('x', 'fontsize', 14);
colorbar;
subplot(3,1,3);imagesc(tdata,x,hamdata);
xlabel('t', 'fontsize', 14);
ylabel('x', 'fontsize', 14);
colorbar;

if SaveFile==1 && RunMode==1
save(FileName,'tdata','u1data','u2data','endata','x','dx','dt','runtime',

'N','L','hamdata');
end

%% Run Notes:
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Aþ.2 H Suntaktik  Dom  tou k¸dika

O parap�nw k¸dikac eÐnai autìc pou qrhsimopoi same gia thn arijmhtik 
epal jeush twn proteinìmenwn lÔsewn1eÐnai qwrismènoc se trÐa komm�tia. To
pr¸to komm�ti onom�zetai Tm ma Paramètrwn ProsomoÐwshc. To deÔtero
komm�ti Tm ma orism¸n kai to trÐto eÐnai o Epanalambanìmenoc Brìgqoc.

Sto Tm ma Paramètrwn ProsomoÐwshc eÐnai sugkentrwmèna ìla ta stoi-
qeÐa pou qrei�zetai na all�xoume prin ektelèsoume to prìgramma. Autì boh-
j�ei ston èlegqo tou k¸dika prin thn ènarxh thc prosomoÐwshc mazeÔontac
ìla ta pr�gmata pou prèpei na elègxoume se èna shmeÐo ¸ste na mei¸soume
th pijanìthta na mac diafÔgei k�ti.

O automatismìc pou epeteÔqjh me th sugkèntrwsh twn paramètrwn thc
prosomoÐwshc sthn arq  tou k¸dika èqei ìmwc kai to kìstoc tou. Aux�nei
th periplokìthta tou progr�mmatoc apait¸ntac perissìtero qrìno gia thn
ektèles  tou. Bèbaia aut  h aÔxhsh eÐnai mikr  se sqèsh me to qrìno pou
qrei�zetai to prìgramma gia na trèxei mia pl rh prosomoÐwsh sunep¸c de mac
enoqleÐ idiaÐtera. Apì thn �llh ìmwc aux�nei th melèth pou qrei�zetai ìtan
jèloume na prosjèsoume k�poia kainoÔria dunatìthta sto k¸dika   na trè-
xoume k�ti pou eÐnai diaforetikì me trìpo pou den èqoume ek twn protèrwn
enswmat¸sei sto prìgramma. Se aut  th perÐptwsh mporoÔme eÐte na trèxoume
k�poia paliìterh - kai �ra ligìterh polÔplokh - èkdosh tou k¸dika tropo-
poi¸ntac th kat� perÐptwsh ekeÐnh th stigm . E�n ìmwc prìkeitai gia k�poia
dunatìthta pou ja qrhsimopoioÔme suqn� tìte axÐzei na enswmatwjeÐ pl rwc
stic dunatìthtec tou k¸dika ¸ste h qr sh thc na gÐnetai {automatopoihmèna}
kerdÐzontac qrìno.

Sto tm ma orism¸n fti�qnoume ìlec ekeÐnec tic metablhtèc kai tic para-
mètrouc p�nw stic opoÐec ja gÐnei h prosomoÐwsh. QwrÐzetai se 7 epimèrouc
komm�tia. Pr¸ta eÐnai to plègma p�nw sto opoÐo ja gÐnei h prosomoÐwsh.
Ed¸ up�rqei kai èna krit rio gia to m koc tou plègmatoc, L, gia th shmasÐa
tou opoÐou ja mil soume sthn epìmenh enìthta. Met� akoloujeÐ to komm�ti
ìpou èqoume tic stajerèc pou kajorÐzoun to sÔsthma exis¸sewn pou epilÔei
to prìgramma. 'Epeita brÐsketai to komm�ti pou dhmiourgeÐ to jìrubo pou
qrhsimopoioÔme gia na elègxoume thn eust�jeia twn lÔsewn. Sth sunèqeia
brÐsketai to komm�ti pou fti�qnei tic arqikèc sunj kec kai met� to komm�-
ti pou upologÐzei thn arqik  enèrgeia pou antistoiqeÐ se autèc tic arqikèc
sunj kec. To 6o komm�ti fti�qnei tic metablhtèc pou ja qrhsimopoihjoÔn
gia thn apoj keush twn dedomènwn thc prosomoÐwshc. Tèloc èqoume èna

1O k¸dikac autìc mporeÐ na qrhsimopoihjeÐ gia ìlec tic lÔseic pou anafèrame sthn
ergasÐa ektìc apì aut  tou skoteinoÔ solitonÐou. H sugkekrimènh proteinìmenh lÔsh de
mporeÐ na melethjeÐ me to sugkekrimèno k¸dika exaitÐac thc qr shc thc yeudofasmatik c
mejìdou gia ton upologismì thc parag¸gou. H yeudofasmatik  mèjodoc efarmìzetai se
periodik� sust mata   sust mata ìpou ta pedÐa mhdenÐzontai sta ìria tou plègmatoc. Gia
th lÔsh tou skoteinoÔ solitonÐou de sumbaÐnei kanèna apì ta dÔo. Sunep¸c gia th perÐ-
ptwsh tou to komm�ti tou k¸dika ìpou upologÐzontai oi qwrikèc par�gwgoi xanagr�fthke
kai qrhsimopoi jhke h mèjodoc twn diakrit¸n diafor¸n.
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komm�ti sto opoÐo elègqoume ìti oi metablhtèc pou èqoun ftiaqteÐ apì tic
paramètrouc pou èqoume d¸sei upakoÔn to krit rio stajerìthtac thc yeudo-
fasmatik c mejìdou.

To trÐto komm�ti perièqei to basikì epanalambanìmeno brìgqo tou pro-
gr�mmatoc. QwrÐzetai se dÔo mèrh. To pr¸to eÐnai o brìgqoc Runge-Kutta.
To deÔtero mèroc epilègei kat� thn ektèlesh tou brìgqou ekeÐna ta dedomè-
na pou prèpei na apojhkeutoÔn. Met� to komm�ti tou Epanalambanìmenou
Brìgqou up�rqei mÐa entol  pou fti�qnei èna di�gramma ìpou blèpoume ta
apotelèsmata thc prosomoÐwshc kai mÐa entol  pou apojhkeÔei ta apotelè-
smata thc prosomoÐwshc gia peraitèrw melèth. Tèloc up�rqei èna komm�ti
pou onom�zetai Shmei¸seic prosomoÐwshc. Se autì gr�foume otid pote jè-
loume na jumìmaste sqetik� me ta apotelèsmata thc prosomoÐwshc   thn
epexergasÐa pou k�noume sta dedomèna pou prokÔptoun met� apì aut .

Aþ.3 Idiìthtec tou K¸dika

'Opwc anafèrame to parap�nw k¸dika ton qrhsimopoioÔme gia na epalhjeÔ-
soume arijmhtik� e�n oi lÔseic pou proteÐnoume eÐnai lÔseic tou sust matoc
(2.19). Autì gÐnetai me to na paÐrnoume th proteinìmenh lÔsh th qronik 
stigm  t = 0 kai na af noume to k¸dika na thn exelÐxei qronik� me b�sh to
sÔsthma gia to opoÐo y�qnoume lÔseic. E�n h arqik  mac sunj kh apoteleÐ
lÔsh tou probl matoc tìte h qronik  thc exèlixh ja eÐnai tètoia pou h lÔsh
ja diathr sei th morf  thc. Alli¸c ja katastrafeÐ.

H qronik  exèlixh gÐnetai mèsw thc mejìdou Runge-Kutta tètarthc t�-
xhc. Gia ton upologismì twn parag¸gwn qrhsimopoieÐtai h yeudofasmatik 
mèjodoc[19] antÐ gia th mèjodo twn diakrit¸n diafor¸n. H qr sh tou diakri-
toÔ metasqhmatismoÔ Fourier sth yeudofasmatik  mèjodo aux�nei thn qwrik 
arijmhtik  akrÐbeia kai arijmhtik  eust�jeia tou k¸dika[19], èqei ìmwc kai
k�poiec idiaiterìthtec.

H basik  idiaiterìthta eÐnai pwc se periodikèc lÔseic to m koc tou plèg-
matoc prèpei na eÐnai akèraio pollapl�sio thc qwrik c periìdou thc ek�stote
lÔshc. Autì èqei sa sunèpeia na prèpei na epanaôpologÐzoume to plègma pro-
somoÐwshc se k�je prosomoÐwsh ìpou dokim�zoume mia {diaforetik } lÔsh.
Pèra apì autì ìmwc up�rqoun kai idiaiterìthtec ìson afor� th diakritik 
ikanìthta, wc proc tic suqnìthtec, tou metasqhmatismoÔ Fourier. EmeÐc kat�
th prosomoÐwsh èqoume èna plègma m kouc L apoteloÔmeno apì N shmeÐ-
a. Autì shmaÐnei pwc o diakritìc metasqhmatismìc Fourier blèpei èna f�sma
suqnot twn: [

−Nπ
L
,
Nπ

L

)
(Aþ.1)

Apì thn �llh h apìstash an�mesa stic suqnìthtec eÐnai:

δf =
2π

L
(Aþ.2)
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Tèloc h perioq  eust�jeiac thc yeudofasmatik c mejìdou eÐnai:

∆t

∆x2
≤ 2
√

2

π2
≈ 0.2866 (Aþ.3)

ìpou ∆x = L/N kai ∆t to qronikì b ma thc prosomoÐwshc.
H pio {krummènh} apaÐthsh sta parap�nw eÐnai aut  gia diakritik  ikanì-

thta. Jèloume kal  diakritik  ikanìthta ètsi ¸ste e�n to sÔsthma emfanÐsei
nèec suqnìthtec kont� stic up�rqousec kat� th prosomoÐwsh na katafèrei
na tic diakrÐnei antÐ na tic {q�sei} kat� th diakritopoÐhsh. H aÔxhsh tou N
aux�nei th qwrik  diakritik  mac ikanìthta kaj¸c kai to f�sma suqnot twn
pou blèpoume. 'Omwc h aÔxhsh tou N èqei sa sunèpeia th gewmetrik  aÔxhsh
tou apaitoÔmenou upologistikoÔ qrìnou gia thn ektèlesh thc prosomoÐwshc.

KatalabaÐnoume loipìn pwc up�rqei mÐa lept  isorropÐa sthn epilog  twn
paramètrwn L, N kai ∆t thc prosomoÐwshc ¸ste na èqoume thn apaitoÔmenh
akrÐbeia gia na p�roume axiìpista apotelèsmata all� mèsa se èna logikì
qrìno o opoÐoc kajorÐzetai apì th diajèsimh upologistik  isqÔ.
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