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EuqaristÐec

Apì th jèsh aut  ja  jela arqik� na euqarist sw ton epiblèponta anaplhrwt  kajhght 

k. F¸th Di�kono kurÐwc gia thn empistosÔnh pou mou èdeixe wc proc th jematologÐa all�

kai gia tic polÔtimec upodeÐxeic ¸ste h paroÔsa ergasÐa na eÐnai kat� to dunatìn kalÔterh.

Ja  jela na euqarist sw akìmh ton kajhght  k. Dhm trh Frantzesk�kh gia tic su-

zht seic pou eÐqame p�nw sth fusik  idiaÐtera sto tomèa twn solitonÐwn all� kai ton

epÐkouro kajhght  k. 'Ektora Nistaz�kh gia thn genikìterh upost rixh kai bo jeia pou

mou èdeixe kat� th perÐodo pou h paroÔsa metaptuqiak  ergasÐa ìdeue sto tèloc thc.

EpÐshc ja  jela na euqarist sw ton upoy fio did�ktora k. B�sso Aqillèwc gia thn

kajoristik  bo jeia pou mou pareÐqe sto arijmhtikì tm ma thc paroÔsac ergasÐac. QwrÐc

th dik  tou suneisfor� h ekpìnhsh thc ergasÐac ja  tan polÔ duskolìterh kai akìma pio

qronobìra.

Ni¸jw akìma upoqrewmènoc na euqarist sw ìlouc touc metaptuqiakoÔc foithtèc tou

tomèa purhnikhc fusik c gia tic suzht seic pou eÐqame, oi opoÐec èkanan euq�risth th

paramon  mou sto grafeÐo tou metadidaktorik¸n ereunht¸n tou trÐtou orìfou.

Tèloc,p�nw apì ìla, ofeÐlw èna meg�lo euqarist¸ sthn oikogèneia mou h opoÐa me

st rixe kai me sthrÐzei me ìpoio trìpo mporeÐ diìti qwrÐc aut n h paroÔsa ergasÐa den ja

up rqe. H paroÔsa ergasÐa eÐnai afierwmènh se aut .
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PerÐlhyh

H paroÔsa diplwmatik  ergasÐa apoteleÐ mia eisagwg  sto sumpÔknwma Bose−Einstein

pou dhmiourgeÐtai sta arai� aèria alkalÐwn me èmfash sth melèth twn sumpuknwm�twn

me eswterikoÔc bajmoÔc eleujerÐac, ìpwc autoÔ tou spin. IdiaÐtero rìlo sthn an�lush

mac diadramatÐzei h mh grammik  diaforik  exÐswsh Gross−Piteavskii h opoÐa apoteleÐ

to jewrhtikì stoiqeÐo gia thn exereÔnhsh kai th katanìhsh twn statik¸n kai dunamik¸n

qarakthristik¸n twn sumpuknwm�twn.

Sto pr¸to kef�laio parousi�zetai o q¸roc poll¸n swmatidi¸n   alli¸c o q¸roc Fock o

opoÐoc eÐnai efodiasmènoc me touc telestèc katastrof c kai dhmiourgÐac twn atìmwn. Sth

sunèqeia parousi�zontai oi telestèc enìc s¸matoc kai dÔo swm�twn oi opoÐoi apoteloÔn

touc basikoÔc telestèc tìso thc eleÔjerhc ìso kai thc allhlepidr¸sac jewrÐac diìti apì

touc telestèc autoÔc prokÔptei h qamiltonian  tou sust matoc.

Sto deÔtero kef�laio dÐnetai me entel¸c genikì trìpo o orismìc tou sumpukn¸matoc

Bose−Einstein, me th bo jeia tou pÐnaka puknìthtac enìc s¸matoc, h ènnoia thc prosèg-

gishc Bogoliubov kaj¸c kai h ènnoia thc paramètrou t�xhc tou sumpukn¸matoc.

Sto epìmeno kef�laio parousi�zetai to idanikì aèrio mpozonÐwn. To idanikì aèrio apo-

teleÐ èna fusikì sÔsthma to opoÐo q�rin thc aplìthtac tou, mac epitrèpei na melet soume

kai na katano soume thn ènnoia thc sumpÔknwshc entel¸c analutik� kai na ex�goume qr -

sima fusik� apìtelesmata. Sto tètarto analÔetai to aèrio mpozonÐwn me allhlepidr�seic

arqik� sth perÐptwsh pou eÐnai omogenèc, opìte kai anafèretai h perigraf  tou Bogoliubov

kai sth sunèqeia ìtan eÐnai mh omogenèc opìte kai gia th perigraf  tou qrhsimopoieÐtai h

jewrÐa tou mèsou pedÐou mèsw thc opoÐac katal goume sthn exÐswsh Gross−Piteavskii.

Tèloc sto teleutaÐo kef�laio thc paroÔsac diplwmatik c ergasÐac perigr�fetai to

spinoriakì sumpÔknwma mpozonÐwn me spÐn 1, to opoÐo qarakthrÐzetai apì dianusmatik 

par�metro t�xhc. To sÔmpuknwma plèon perigr�fetai apì treic peplegmènec exis¸seic

Gross−Piteavskii mÐa gia k�je sunist¸sa tou spin thc upèrlepthc uf c. Efarmìzontac
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arijmhtikèc mejìdouc katafèrnoume na lÔsoume tic exis¸seic autèc dokim�zontac arqik�

lÔseic sto ìrio Thomas−Fermi kai sth sunèqeia lÔseic solitonikoÔ tÔpou katagr�fontac

tautìqrona kai tic diaforèc pou parousi�zontai apì to bajmwtì sumpÔknwma.
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Kef�laio 1

DeÔterh Kb�ntwsh

Sto kef�laio autì parousi�zetai en suntomÐa h ènnoia thc deÔterhc kb�ntwshc. Arqik�

xekin�me apo to q¸ro katast�sewn n mh diakrÐsimwn swmatidÐwn sth sunèqeia metabaÐnoume

sto q¸ro Fock ston opoÐo orÐzoume touc telestèc katastrof c kai dhmiourgÐac swmatidÐwn

kai tèloc kataskeu�zoume touc telestèc enìc s¸matoc (one-body operators) kai telestèc

dÔo swm�twn (two-body operators)oi opoÐoi ìpwc ja diapist¸soume paÐzoun kurÐarqo rìlo

sth majhmatik  perigraf  tou fusikoÔ mac sust matoc. H parousÐash mac sto kef�laio

autì eÐnai genik  kai afor� tìso ta mpozìnia ìso kai ta fermionÐa.

1.1 Q¸roc Katast�sewn n SwmatidÐwn

Xekin�me jewr¸ntac ìti to fusikì sÔsthma pou melet�me apoteleÐtai apì n mh diakrÐsima

swmatÐdia. Apì th kbantik  mhqanik  gnwrÐzoume ìti oi fusikèc katast�seic pou perigr�-

foun ta swmatÐdia diafèroun an�loga me to eÐdoc twn swmatidÐwn, ètsi swmatÐdia ta opoÐa

upakoÔoun sth statistik  Bose (Fermi) prèpei na èqoun summetrikèc (antisummetrikèc)

fusikèc katast�seic wc proc tic metajèseic twn deikt¸n {1, 2, ..., n} . Gia na mporèsoume

na diaqeiristoÔme tautìqrona kai ta dÔo eÐdh swmatidÐwn eis�goume ènan arijmì ζ o opoÐoc

èqei tim  ζ = +1 an anaferìmaste sta mpozìnia   ζ = −1 an anaferìmaste sta fermiìnia.

Sunep¸c h kat�stash n swmatidÐwn gia ta opoÐa h arÐjmhsh den paÐzei kanèna rìlo eÐnai

[3]:

|ψ1, ψ2, ..., ψn〉 =
1√
n!

∑
P

ζP
∣∣ψP (1)

〉 ∣∣ψP (2)

〉
...
∣∣ψP (n)

〉
(1.1.1)

ìpou h �jroish ekteÐnetai se ìlec tic n! to pl joc metajèseic twn deikt¸n {1, 2, ..., n}.
Gia na eÐnai ìmwc o q¸roc kal� orismènoc prèpei na orÐsoume kai to eswterikì ginìmeno

metaxÔ dÔo katast�sewn thc morf c (1.1.1).
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'Estw dÔo fusikèc katast�seic |ψ1, ψ2, ...ψn〉 =
∑
Q

ζQ
∣∣ψQ(1)

〉 ∣∣ψQ(2)

〉
...
∣∣ψQ(n)

〉
kai |ϕ1, ϕ2, ...ϕn〉 =∑

P

ζP
∣∣ϕP (1)

〉 ∣∣ϕP (2)

〉
...
∣∣ϕP (n)

〉
antÐstoiqa. Tìte deÐqnetai [3] ìti to eswterikì ginìmeno

twn dÔo aut¸n katast�sewn eÐnai Ðso me :

〈ϕ1, ϕ2, ...ϕn | ψ1, ψ2, ...ψn〉 =
∑
P

ζP
〈
ϕ1

∣∣ ψP (1)

〉 〈
ϕ2

∣∣ ψP (2)

〉
...
〈
ϕn
∣∣ ψP (n)

〉
(1.1.2)

Apì th grammik  �lgebra ìmwc gnwrÐzoume ìti gia k�je n × n tetragwnikì pÐnaka B

isqÔei:

|B|ζ =

∣∣∣∣∣∣∣∣


B11 . . . B1n

...
. . .

...

Bn1 · · · Bnn


∣∣∣∣∣∣∣∣
ζ

=
∑
P

ζPB1P (1)B2P (2)...BnP (n) (1.1.3)

�ra mporoÔme na gr�youme:

〈ϕ1, ϕ2, ..., ϕn | ψ1, ψ2, ...ψn〉 =

∣∣∣∣∣∣∣∣

〈ϕ1 | ψ1〉 . . . 〈ϕ1 | ψn〉

...
. . .

...

〈ϕn | ψ1〉 · · · 〈ϕn | ψn〉


∣∣∣∣∣∣∣∣
ζ

(1.1.4)

AxÐzei na parathr soume ìti an sth parap�nw exÐswsh jèsoume ζ = −1 tìte paÐrnoume

th gnwst  mac orÐzousa en¸ gia ζ = +1 paÐrnoume th paramènousa h opoÐa èqei touc Ðdiouc

ìrouc me thn orÐzousa all� ìlouc me jetikì prìshmo.

O dianusmatikìc q¸roc pou dhmiourgeÐtai apo ìlouc touc grammikoÔc sunduasmoÔc twn

dianusm�twn thc morf c (1.1.1) efodiasmènoc me eswterikì ginìmeno pou dÐnetai apo th

sqèsh (1.1.2) lègetai q¸roc katast�sewn n mh diakrÐsimwn swmatidÐwn.

SÔsthma dÔo tautìshmwn mpozonÐwn: Gia na efarmìsoume to parap�nw for-

malismì jewroÔme to polÔ aplì sÔsthma dÔo mpozonÐwn. 'Estw dÔo katast�seic enìc

swmatidÐou |ψ1〉 kai |ψ2〉 . Tìte gia touc deÐktec {1, 2} up�rqoun 2! to pl joc metajèseic

oi opoÐec eÐnai:

ε =

(
1 2

1 2

)
, κ =

(
1 2

2 1

)
(1.1.5)

Me b�sh th sqèsh (1.1.1) ja èqoume:

|ψ1, ψ2〉 =
1√
2!

[
(+1)ε

∣∣ψε(1)

〉 ∣∣ψε(2)

〉
+ (+1)κ

∣∣ψκ(1)

〉 ∣∣ψκ(2)

〉]
(1.1.6)
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h opoÐa mèsw thc sqèshc (1.1.6) telik� paÐrnei th gnwst  morf :

|ψ1, ψ2〉 =
1√
2!

[|ψ1〉 |ψ2〉+ |ψ2〉 |ψ1〉] (1.1.7)

ParathroÔme ìti h fusik  kat�stash pou perigr�fei to sÔsthma mac eÐnai summetrik  sthn

enallag  twn swmatidÐwn, ìpwc akrib¸c perimèname na sumbaÐnei gia ta mpozìnia.

B�sh arijm¸n kat�lhyhc: PrÐn per�soume sth parousÐash tou q¸rou Fock eÐnai

qr simo na poÔme merik� lìgia gia th b�sh twn arijm¸n kat�lhyhc.

'Estw to sÔnolo twn katast�sewn {u1, u2, ...} oi opoÐec apoteloÔn b�sh sto q¸ro kata-

st�sewn enìc swmatidÐou, dhlad  ikanopoioÔn tic sqèseic:

〈ui | uj〉 = δij ,
∑
i

|ui〉 〈ui| = 1 (1.1.8)

Tìte oi katast�seic |ψ1〉 , |ψ2〉 , ..., |ψn〉 tou q¸rou autoÔ gr�fontai san grammikìc sun-

duasmìc twn katast�sewn b�shc dhlad 

|ψ1〉 =
∑
j1

c1,j1 |uj1〉 , ..., |ψn〉 =
∑
jn

cn,jn |ujn〉 (1.1.9)

H kat�stash n swmatidÐwn mèsw thc sqèshc (1.1.1) kai me th bo jeia thc (1.1.11) paÐrnei

th morf 

|ψ1, ...ψn〉 =
1√
n!

∑
j1,...jn

c1,j1 ...cn,jn
∑
P

ζP
∣∣∣ujP (1)

〉
...,
∣∣∣ujP (n)

〉
(1.1.10)

  akìma kalÔtera

|ψ1, ...ψn〉 =
∑
j1,...jn

c1,j1 ...cn,jn |uj1 , ...ujn〉 (1.1.11)

ìpou

|uj1 , ...ujn〉 =
1√
n!

∑
P

ζP
∣∣∣ujP (1)

〉
...,
∣∣∣ujP (n)

〉
(1.1.12)

ParathroÔme ìti h sqèsh (1.1.13) den eÐnai tÐpota �llo par� genÐkeush thc sqèshc (1.1.11)

sto q¸ro katast�sewn n mh diakrÐsimwn swmatidÐwn. Ousi�stika apodeÐxame dhlad 

ìti k�je kat�stash |ψ1, ...ψn〉 gr�fetai san grammikìc sunduasmìc twn katast�sewn

|uj1 , ...ujn〉 kai sunep¸c ìti oi katast�seic |uj1 , ...ujn〉 apoteloÔn b�sh sto q¸ro mac. Ta

kanonikopoihmèna dianÔsmata pou apoteloÔn b�sh eÐnai ta

|n1, n2, ...〉 =
|uj1 , ...ujn〉√
n1!n2!...

, j1 ≤ ... ≤ jn (1.1.13)
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sth perÐptwsh twn mpozonÐwn kai

|n1, n2, ...〉 = |uj1 , ...ujn〉 , j1 < ... < jn (1.1.14)

sth perÐptwsh twn fermionÐwn, ìpwc eÔkola mporoÔme na deÐxoume qrhsimopoi¸ntac th

sqèsh (1.1.2).

Oi mh arnhtikoÐ arijmoÐ nj onom�zontai arijmoÐ kat�lhyhc twn diafìrwn monoswma-

tidiak¸n katast�sewn |uj〉, faner¸noun ton arijmì twn swmatidÐwn pou brÐskontai sth

kat�stash |uj〉 kai ikanopoioÔn th sqèsh∑
j

nj = n (1.1.15)

en¸ h b�sh pou proèkuye mèsa apo tic sqèseic (1.1.15)-(1.1.16) lègetai b�sh twn arijm¸n

kat�lhyhc gia thn opoÐa isqÔoun oi sqèseic orjokanonikìthtac∑
nj ,nk,..

|nj, nk, ..〉 〈nj, nk, ..| = 1 , 〈nj, nk, .. | nl, nm, ..〉 = δnj ,nlδnk,nm ... (1.1.16)

Tèloc mia akìma qr simh sqèsh plhrìthtac eÐnai

1

n!

∑
j1,...,jn

|uj1 , ..., ujn〉 〈uj1 , ..., ujn| = 1 (1.1.17)

(h opoÐa apodeiknÔetai an dr�soume me to aristero mèloc thc (1.1.19) sth kat�stash

|ul1 , ..., uln〉 kai qrhsimopoi soume thn (1.1.2}, ìpou ta j1, ..., jn paÐrnoun tic timèc 0, 1, 2, ...

sth perÐptwsh twn mpozonÐwn.

1.2 Q¸roc Fock

Mèqri t¸ra asqolhj kame me to q¸ro katast�sewn ston opoÐo ta swmatÐdia eÐqan ka-

jorismèno arijmì. Se pollèc peript¸seic ìmwc melet�me sust mata sta opoÐa o arijmìc

twn swmatidÐwn all�zei, �ra qreiazìmaste kai ton antÐstoiqo q¸ro katast�sewn oi opoÐec

perièqoun diaforetikì arijmì swmatidÐwn. O q¸roc autìc onom�zetai q¸roc Fock kai kata-

skeu�zetai apì ton sunduasmì twn q¸rwn katast�sewn n swmatidÐwn ìpou n = 0, 1, 2, ....

'Estw |Ψ〉 mia genik  kat�stash tou q¸rou Fock h opoÐa orÐzetai wc

|Ψ〉 =
∣∣Ψ(0)

〉
+
∣∣Ψ(1)

〉
+
∣∣Ψ(2)

〉
+ ... (1.2.1)
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ìpou
∣∣Ψ(n)

〉
eÐnai mia kat�stash n swmatidÐwn me sqèsh orjogwniìthtac

〈
Ψ(m)

∣∣ Ψ(n)
〉

= δm,n (1.2.2)

'Opwc kai sto q¸ro n swmatidÐwn, ètsi kai sto q¸ro Fock ta dianÔsmata b�shc den eÐnai

�lla apì aut� twn sqèsewn (1.1.15) - (1.1.16) me th mình diafor� t¸ra ìti èqoume to

periorismì ∑
j

nj <∞ (1.2.3)

dÐoti plèon o arijmìc swmatidÐwn den eÐnai stajerìc.

H sqèsh plhrìthtac (1.1.19) ja all�xei kai aut  kai ja gÐnei

∞∑
n=0

1

n!

∑
j1,j2,...,jn

|uj1 , uj2 , ..., ujn〉 〈uj1 , uj2 , ..., ujn| = 1 (1.2.4)

SÔnolo katast�sewn
{∣∣⇀x, σ〉} : Parìlo pou h an�lush mac eÐnai se jewrhtikì

epÐpedo, eÐnai qr simo sto shmeÐo autì na doÔme èna par�deigma. Ac epilèxoume wc b�sh

tou q¸rou katast�sewn enìc swmatidÐou to sÔnolo twn katast�sewn
{∣∣⇀x, σ〉} oi opoÐec

eÐnai idiokatast�seic twn telest¸n jèshc kai spÐn. Profan¸c gia tic katast�seic autèc

isqÔoun oi gnwstèc sqèseic orjokanonikìthtac

∑
σ

∫
d
⇀
x
∣∣⇀x, σ〉 〈⇀x, σ∣∣ = 1 ,

〈
⇀
x, σ

∣∣∣ ⇀x′, σ′〉 = δσσ′δ(
⇀
x − ⇀

x
′
) (1.2.5)

To di�nusma
∣∣⇀x1, σ1; ...;

⇀
xn, σn

〉
perigr�fei t¸ra th kat�stash n swmatidÐwn sthn opoÐa

k�je swm�tio i katalamb�nei thn antÐstoiqh jèsh
⇀
xi me spÐn σi.

Sth b�sh aut  h sqèsh (1.2.4) ja metatrapeÐ wc ex c:

∞∑
n=0

1

n!

∑
σ1,...,σn

∫
d
⇀
x1...d

⇀
xn
∣∣⇀x1, σ1; ...;

⇀
xn, σn

〉 〈
⇀
x1, σ1; ...;

⇀
xn, σn

∣∣ = 1 (1.2.6)

'Eqontac aut� upìyin, mporoÔme na kataskeu�soume mia genik  kat�stash tou q¸rou pol-

l¸n swmatidÐwn. 'Estw |Ψ〉 h kat�stash aut . Tìte mporeÐ na grafeÐ me th bo jeia thc

(1.2.6) wc an�ptugma thc morf c:

|Ψ〉 = 1 ∗ |Ψ〉 (1.2.7)
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|Ψ〉 =
∞∑
n=0

1

n!

∑
σ1,...,σn

∫
d
⇀
x1...d

⇀
xn
∣∣⇀x1, σ1; ...;

⇀
xn, σn

〉 〈
⇀
x1, σ1; ...;

⇀
xn, σn

∣∣ Ψ
〉

(1.2.8)

An orÐsoume

Ψ(n)(
⇀
x1, σ1; ...;

⇀
xn, σn) =

1√
n!

〈
⇀
x1, σ1; ...;

⇀
xn, σn

∣∣ Ψ
〉

(1.2.9)

tìte h (1.2.8) ja p�rei thn qr simh morf 

|Ψ〉 =
∞∑
n=0

1√
n!

∑
σ1,...,σn

∫
d
⇀
x1...d

⇀
xnΨ(n)(

⇀
x1, σ1; ...;

⇀
xn, σn)

∣∣⇀x1, σ1...;
⇀
xnσn

〉
(1.2.10)

Sthn eidik  perÐptwsh pou h |Ψ〉 eÐnai kat�stash n swmatidÐwn tìte h Ψ(n)(
⇀
x1, σ1; ...;

⇀
xn, σn),

ètsi ìpwc èqei oristeÐ, den eÐnai tÐpote �llo par� h sÔnhjhc kumatosun�rthsh, faner¸nei

dhlad  to pl�toc pijanìthtac na brejeÐ to i swm�tio sth jèsh
⇀
xi me spÐn σi.

Etsi an |Ψ〉 = |ψ1, ψ2, ..., ψl〉 ,ìpou k�je |ψi〉 eÐnai kat�stash enìc swmatÐou, h Ψ(n) isoÔtai

me:

Ψ(n)(
⇀
x1, σ1; ...;

⇀
xl, σl) = 0 , l 6= n (1.2.11)

 

Ψ(n)(
⇀
x1, σ1; ...;

⇀
xl, σl) =

1√
n!

∣∣∣∣∣∣∣∣

〈
⇀
x1

∣∣ ψ1

〉
. . .

〈
⇀
x1

∣∣ ψn〉
...

. . .
...〈

⇀
xn
∣∣ ψ1

〉
· · ·

〈
⇀
xn
∣∣ ψn〉


∣∣∣∣∣∣∣∣
ζ

(1.2.12)

ìpou qrhsimopoi same th sqèsh (1.2.4). Sth perÐptwsh pou ζ = −1 h parap�nw orÐzousa

eÐnai h gnwst  orÐzousa Slater pou dÐnei thn pl rwc antisummetrik  kumatosun�rthsh n

mh diakrÐsimwn fermionÐwn.

1.3 Telestèc Katastrof c kai DhmiourgÐac

'Opwc eÐpame kai sth prohgoÔmenh par�grafo qreiast kame to q¸ro katast�sewn pol-

l¸n swmatidÐwn, to q¸ro Fock dhlad , diìti up�rqoun diergasÐec sth fÔsh stic opoÐec o

arijmìc twn swmatidÐwn all�zei. Gia na mporèsoume loipìn na perigr�youme tic dierga-

sÐec autèc orÐzoume sto q¸ro autì telestèc dhmiourgÐac kai katastrof c swmatidÐwn. H

spoudaiìthta twn telest¸n aut¸n ja faneÐ kai apì to gegonìc ìti oi �lloi telestèc, ìpwc

h qamiltonian  kai o arijmìc swmatidÐwn, gr�fontai sunart sei twn telest¸n aut¸n.

'Estw |ϕ〉 kat�stash enìc swmatidÐou. Tìte o telest c dhmiourgÐac enìc swmatidÐou

sth kat�stash aut  ja orÐzetai apì th sqèsh

â†(ϕ) |ψ1, ..., ψn〉 = |ϕ, ψ1, ..., ψn〉 (1.3.1)
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Oi katast�seic |ψ1, ..., ψn〉 kai |ϕ, ψ1, ..., ψn〉 eÐnai katast�seic thc morf c (1.1.1) opìte

amèswc gÐnetai antilhpt  h fusik  shmasÐa tou telest . H dr�sh tou telest  dhmiour-

gÐac se mÐa kat�stash n swmatidÐwn eÐnai tètoia pou th metatrèpei se kat�stash n + 1

swmatidÐwn.

O telest c katastrof c enìc swmatidÐou den eÐnai tÐpote �llo par� o suzug c tou

antÐstoiqou telest  dhmiourgÐac, orÐzetai dhlad  apo th sqèsh

â(ϕ) = [â†(ϕ)]† (1.3.2)

'Opwc eÐnai fusikì, h dr�sh tou telest  katastrof c metatrèpei mia kat�stash n swma-

tidÐwn se kat�stash n−1 swmatidÐwn. Sugkekrimèna h dr�sh tou dÐnetai apo thn exÐswsh

[3]

â(ϕ) |ψ1, ..., ψn〉 =
n∑
k=1

ζk−1 〈ϕ | ψk〉 |ψ1, ..., ψk−1, ψk+1, ..., ψn〉 (1.3.3)

Wc kat�stash kenoÔ orÐzoume th kat�stash |0〉 gia thn opoÐa isqÔoun oi sqèseic

â(ϕ) |0〉 = 0 (1.3.4)

â†(ϕ) |0〉 = |ϕ〉 (1.3.5)

me 〈0 | 0〉 = 1

'Eqontac plèon sthn di�jesh mac ton trìpo me ton opoÐo droÔn oi telestèc katastrof c

kai dhmiourgÐac mporoÔme na prosdiorÐsoume tic idiìthtec touc dhlad  tic metajetikèc touc

sqèseic. 'Estw |ψ1, ..., ψn〉 kat�stash n swmatidÐwn, tìte h diadoqik  dr�sh twn telest¸n

â†(ϕ1) kai â†(ϕ2) ja d¸sei

â†(ϕ1)â†(ϕ2) |ψ1, ..., ψn〉 = |ϕ1, ϕ2, ψ1, ..., ψn〉 (1.3.6)

'Omwc

|ϕ1, ϕ2, ψ1, ..., ψn〉 = ζ |ϕ2, ϕ1, ψ1, ..., ψn〉 (1.3.7)

an�loga me to eÐdoc twn swmatidÐwn. Sunep¸c ja isqÔei

â†(ϕ1)â†(ϕ2) |ψ1, ..., ψn〉 = ζ |ϕ2, ϕ1, ψ1, ..., ψn〉 = ζâ†(ϕ2)â†(ϕ1) |ϕ2, ϕ1, ψ1, ..., ψn〉
(1.3.8)

H teleutaÐa sqèsh isqÔei gia k�je tÔqaia kat�stash |ψ1, ..., ψn〉 opìte

â†(ϕ1)â†(ϕ2) = ζâ†(ϕ2)â†(ϕ1) (1.3.9)
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Ex�game loipìn th pr¸th metajetik  sqèsh twn telest¸n h opoÐa entel¸c genik� gr�fetai

wc: [
â†(ϕ1), â†(ϕ2)

]
−ζ = 0 (1.3.10)

ìpou ex' orismoÔ [
Â, B̂

]
−ζ

= ÂB̂ − ζB̂Â (1.3.11)

Profan¸c paÐrnontac th suzug  par�stash thc (1.3.10) ja p�roume th deÔterh metajetik 

sqèsh

[â(ϕ1), â(ϕ2)]−ζ = 0 (1.3.12)

H mình sqèsh pou mènei na upologÐsoume gia na eÐnai pl rhc h eikìna eÐnai o metajèthc[
â(ϕ1), â†(ϕ2)

]
−ζ . 'Estw p�li h kat�stash n swmatidÐwn |ψ1, ..., ψn〉. Ja broÔme th dr�sh

tou telest  â(ϕ1)â†(ϕ2). Sugkekrimèna ja èqoume:

â(ϕ1)â†(ϕ2) |ψ1, ..., ψn〉 = â(ϕ1) |ϕ2, ψ1, ..., ψn〉 (1.3.13)

= 〈ϕ1 | ϕ2〉 |ψ1, ..., ψn〉+
n∑
k=1

ζk 〈ϕ1 | ψk〉 |ϕ2, ψ1, ..., ψk−1, ψk+1, ..., ψn〉 (1.3.14)

mèsw twn sqèsewn (1.3.1)-(1.3.3).

An dr�soun oi telestèc me diaforetik  seir� ja isqÔei:

ζâ†(ϕ2)â(ϕ1) |ψ1, ..., ψn〉 = ζâ†(ϕ2)
n∑
k=1

ζk−1 〈ϕ1 | ψk〉 |ψ1, ..., ψk−1, ψk+1, ..., ψn〉 (1.3.15)

=
n∑
k=1

ζk 〈ϕ1 | ψk〉 |ϕ2, ψ1, ..., ψk−1, ψk+1, ..., ψn〉 (1.3.16)

Afair¸ntac tic sqèseic (1.3.14),(1.3.16) kat� mèlh ja p�roume

[
â(ϕ1)â†(ϕ2)− ζâ†(ϕ2)â(ϕ1)

]
|ψ1, ..., ψn〉 = 〈ϕ1 | ϕ2〉 |ψ1, ..., ψn〉 (1.3.17)

h opoÐa epeid  isqÔei gia k�je kat�stash |ψ1, ..., ψn〉 ja mac d¸sei thn akìloujh metajetik 
sqèsh [

â(ϕ1), â†(ϕ2)
]
−ζ = 〈ϕ1 | ϕ2〉 (1.3.18)

Oi sqèseic (1.3.10),(1.3.12) kai (1.3.18) apoteloÔn tic jemeli¸deic metajetikèc sqèseic

pou prosdiorÐzoun pl rwc touc telestèc katastrof c kai dhmiourgÐac. Gia na kataskeu�-

14



soume sunep¸c tic katast�seic tou q¸rou Fock arqik� droÔme sth kat�stash kenoÔ |0〉
me touc telestèc dhmiourgÐac kataskeu�zontac ètsi th kat�stash n swmatidÐwn

|ψ1, ..., ψn〉 = â†(ψ1)...â†(ψn) |0〉 (1.3.19)

kai sth sunèqeia paÐrnontac touc grammikoÔc sunduasmoÔc twn katast�sewn aut¸n dh-

miourgoÔme th kat�stash poll¸n swmatidÐwn.

1.3.1 B�sh Arijm¸n Kat�lhyhc

Ac upojèsoume ìti èqoume th tuqaÐa b�sh tou q¸rou katast�sewn enìc swmatidÐou

{|u1〉 , |u2〉 , ...}. Oi sqèseic met�jeseic (1.3.10), (1.3.12) kai (1.3.18) twn antÐstoiqwn

telèst¸n katastrof c kai dhmiourgÐac ja gÐnoun:[
â†i , â

†
j

]
−ζ

= [âi, âj]−ζ = 0 ,
[
âi, â

†
j

]
−ζ

= δij (1.3.20)

ìpou â†i = â†(ui) kai 〈ui | uj〉 = δij

Sto q¸ro katast�sewn n swmatidÐwn eÐdame ìti mia b�sh pou eÐnai arket� qr simh eÐnai

h b�sh twn arijm¸n kat�lhyhc. 'Eqontac plèon touc telestèc san ergaleÐa mporoÔme na

ex�goume merik� qr sima sumper�smata. Ac epikentrwjoÔme sth perÐptwsh twn mpozonÐwn.

Gia ζ = +1 oi sqèseic met�jeshc aplopoioÔntai kai èqoume to gnwstì metajèth.

Dhlad  h (1.3.20) ja gÐnei:[
â†i , â

†
j

]
= [âi, âj] = 0 ,

[
âi, â

†
j

]
= δij (1.3.21)

Sth perÐptwsh twn mpozonÐwn ta dianÔsmata b�shc br kame na eÐnai aut� thc sqèshc

(1.1.15). MporoÔme ìmwc th kat�stash |uj1 , ..., ujn〉 na th gr�youme sunart sei twn te-

lest¸n dhmiourgÐac wc ex c:

|uj1 , uj2 , ..., ujn〉 =
(
â†1

)n1
(
â†2

)n2

...
(
â†2

)nn
|0〉 (1.3.22)

ìpou nj = 0, 1, 2 o arijmìc twn mpozonÐwn sth kat�stash |uj〉. 'Ara plèon h b�sh twn

arijm¸n kat�lhyhc mporeÐ na grafeÐ wc:

|n1, n2, ...〉 =

(
â†1

)n1
(
â†2

)n2

...
√
n1!n2!...

|0〉 (1.3.23)
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Qrhsimopoi¸ntac tic sqèseic (1.3.21),(1.3.23) kaj¸c kai tic âi |0〉 = 0 ,
[
â,
(
â†
)n]

=

n
(
â†
)n−1

gia k�je i mporoÔme eÔkola na deÐxoume tic sqèseic:

â†i |n1, ..., ni, ...〉 =
√
ni + 1 |n1, ..., ni + 1, ...〉 (1.3.24)

âi |n1, ..., ni, ...〉 =
√
ni |n1, ..., ni − 1, ...〉 (1.3.25)

kaj¸c kai

â†i âi |n1, ..., ni, ...〉 = ni |n1, ..., ni, ...〉 (1.3.26)

Apì th teleutaÐa sqèsh parathroÔme ìti h kat�stash |n1, ..., ni, ...〉 eÐnai idiokat�stash
tou telest  n̂i = â†i âi me idiotim  ton arijmì swmatidÐwn sth kat�stash aut . 'Ara eÐnai

logikì na onom�soume wc telest  tou arijmoÔ swmatidÐwn ton ermitianì telest 

N̂ =
∑
i

â†i âi (1.3.27)

h idiotim  tou opoÐou dÐnei ton olikì arijmì swmatidÐwn.

1.3.2 Telestèc PedÐou

An h b�sh tou q¸rou katast�sewn enìc swmatidÐou den eÐnai �llh par� to sÔnolo twn

entopismènwn katast�sewn
{∣∣⇀x, σ〉} efodiasmèno me tic idiìthtec pou sunoyÐzontai stic

sqèseic (1.2.5) oi antÐstoiqoi telestèc katastrof c kai dhmiourgÐac thc b�shc aut c eÐnai

oi â(
⇀
x, σ) kai â†(

⇀
x, σ). Touc telestèc autoÔc touc onom�zoume telestèc pedÐou, diìti

exart¸ntai mìno apo th suntetagmènec jèshc kai apì to spin kai touc sumbolÐzoume me

èna xeqwristì trìpo. Sugkekrimèna isqÔei [3]:

ψ̂σ(
⇀
x) ≡ â(

⇀
x, σ) , ψ̂†σ(

⇀
x) ≡ â†(

⇀
x, σ) (1.3.28)

oi opoÐoi profan¸c upakoÔoun tic genikèc sqèseic met�jeshc[
ψ̂σ(

⇀
x), ψ̂σ′(

⇀
x
′
)
]
−ζ

=
[
ψ̂†σ(

⇀
x), ψ̂†σ′(

⇀
x
′
)
]
−ζ

= 0 ,
[
ψ̂σ(

⇀
x), ψ̂†σ′(

⇀
x
′
)
]
−ζ

= δσσ′δ(
⇀
x − ⇀

x
′
)

(1.3.29)

Sun jwc se poll� fusik� probl mata douleÔoume me parap�nw apì mÐa b�seic kai �ra

qrei�zetai na gnwrÐzoume ènan metasqhmatismì mèsw tou opoÐou na metabaÐnoume apì th

mÐa b�sh sthn �llh. 'Estw loipìn mia �llh tuqaÐa b�sh tou q¸rou katast�sewn enìc

swmatidÐou h opoÐa perigr�fetai apo to sÔnolo twn dianusm�twn {|α〉} efodiasmèna me
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sqèseic orjokanonikìthtac∑
α

|α〉 〈α| = 1 , 〈α | β〉 = δαβ (1.3.30)

Oi antÐstoiqoi telestèc dhmiourgÐac kai katastrof c eÐnai oi â†(α) = â†α kai â(α) = âα oi

opoÐoi upakoÔoun tic sqèseic

[âα, âβ]−ζ =
[
â†α, â

†
β

]
−ζ

= 0 ,
[
âα, â

†
β

]
−ζ

= δαβ (1.3.31)

To er¸thma eÐnai poi� eÐnai h sqèsh pou sundèei touc telestèc â†α kai ψ̂†σ(
⇀
x) kaj¸c kai

touc suzugeÐc touc. Gia touc telestèc dhmiourgÐac isqÔei:∣∣⇀x, σ〉 = 1 ∗
∣∣⇀x, σ〉

=
∑
α

|α〉
〈
α
∣∣ ⇀x, σ〉

kai telik� ∣∣⇀x, σ〉 =
∑
α

|α〉u∗α(
⇀
x, σ) (1.3.32)

ìpou uα(
⇀
x, σ) =

〈
⇀
x, σ

∣∣ α〉.
'Omwc

∣∣⇀x, σ〉 = ψ̂†σ(
⇀
x) |0〉 kai |α〉 = â†α |0〉, �ra h (1.3.32) gÐnetai

ψ̂†σ(
⇀
x) |0〉 =

∑
α

â†α |0〉u∗α(
⇀
x, σ)

h opoÐa telik� dÐnei:

ψ̂†σ(
⇀
x) =

∑
α

u∗α(
⇀
x, σ)â†α (1.3.33)

Me akrib¸c ìmoio trìpo mporoÔme ne deÐxoume thn antÐstrofh sqèsh, ìti dhlad 

â†α =
∑
σ

∫
d
⇀
xuα(

⇀
x, σ)ψ̂†σ(

⇀
x) (1.3.34)

Profan¸c gia tic sqèseic twn telest¸n katastrof c paÐrnoume tic suzugeÐc parast�seic

twn sqèsewn (1.3.33), (1.3.34) kai ja brÐskoume :

ψ̂σ(
⇀
x) =

∑
α

uα(
⇀
x, σ)âα (1.3.35)

kai

âα =
∑
σ

∫
d
⇀
xu∗α(

⇀
x, σ)ψ̂σ(

⇀
x) (1.3.36)
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1.4 Qr simoi Telestèc

'Eqontac plèon orÐsei touc telestèc dhmiourgÐac kai katastrof c twn swmatidÐwn, kata-

skeu�zoume t¸ra touc telestèc pou paÐzoun shmantikì rìlo sth perigraf  thc jewrÐa

mac. Sugkekrimèna xekin�me apo touc genikeumènouc telestèc enìc s¸matoc, me th bo -

jeia twn opoÐwn kataskeu�zoume th qamiltonian  thc eleÔjerhc jewrÐac kai to telest 

tou arijmoÔ swmatidÐwn kai suneqÐzoume me touc genikeumènouc telestèc dÔo swm�twn, me

th bo jeia twn opoÐwn kataskeu�soume th qamiltonian  thc allhlepidr¸sac jewrÐac.

1.4.1 Telestèc enìc s¸matoc

'Estw ìti èqoume to telest  T̂ tou opoÐou h dr�sh sto q¸ro katast�sewn enìc swmatidÐou

prosdiorÐzetai apo th sqèsh:

〈
⇀
xσ
∣∣ T̂ ∣∣Ψ(1)

〉
=
∑
σ′

T
(1)
σσ′(

⇀
x,−i

⇀

∇⇀
x

)
〈
⇀
x, σ′

∣∣ Ψ(1)
〉

(1.4.1)

ìpou me Ψ(1) sumbolÐzoume th kat�stash enìc swmatidÐou.

Stìqoc mac eÐnai na upologÐsoume autì to telest  me tètoio trìpo ¸ste h dr�sh tou

se mia kat�stash tou q¸rou Fock na isoÔtai me to �jroisma twn dr�sewn tou p�nw se

ìla ta swmatÐdia. Dhlad  anazhtoÔme to telest  T̂ gia ton opoÐo isqÔei:

〈
⇀
x1, σ1; ...;

⇀
xn, σn

∣∣ T̂ |Ψ〉 =
n∑
k=1

∑
σ′

T
(1)
σkσ′

(
⇀
xk,−i

⇀

∇⇀
x k

)
〈
⇀
x1, σ1; ...;

⇀
xk, σ

′; ...;
⇀
xn, σn

∣∣ Ψ
〉

(1.4.2)

ìpou |Ψ〉 tuqaÐa kat�stash tou q¸rou Fock. 'Oloi oi telestèc twn opoÐwn h dr�sh se

katast�seic poll¸n swmatidÐwn ekfr�zetai apo th sqèsh (1.4.2) onom�zontai telestèc

enìc s¸matoc. MporoÔme na apodeÐxoume oti o zhtoÔmenoc telest c T̂ dÐnetai apo th

sqèsh[3]:

T̂ =
∑
σ,σ′

∫
d
⇀
xψ̂†σ(

⇀
x)T

(1)
σσ′(

⇀
x,−i∇⇀

x
)ψ̂σ′(

⇀
x) (1.4.3)

H apìdeixh gÐnetai me apeujeÐac eisagwg  tou telest  thc (1.4.3) sto aristerì mèloc

thc sqèshc (1.4.2) ìpou me kat�llhlec pr�xeic kai qrhsimopoi¸ntac tic (1.3.1), (1.3.3)

katal goume sto dexÐ thc mèloc.

Telest c qamiltonian c poll¸n swmatidÐwn: 'Estw ìti o telest c T̂ ′ pa-

rist�nei th qamiltonian  enìc swmatidÐou parousÐa exwterikoÔ pedÐou U(
⇀
x), ja isoÔtai

dhlad  me

T̂ ′ =
p̂2

2m
+ Û(

⇀
x) (1.4.4)
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Tìte ta stoiqeÐa pÐnaka thc sqèshc (1.4.1) eÐnai Ðsa me

〈
⇀
x, σ

∣∣ T̂ ′ ∣∣Ψ(1)
〉

=
〈
⇀
x, σ

∣∣ p̂2

2m
+ Û(

⇀
x)
∣∣Ψ(1)

〉
(1.4.5)

=

[
−∇2

2m
+ U(

⇀
x)

] 〈
⇀
x, σ

∣∣ Ψ(1)
〉

(1.4.6)

  akìma kalÔtera

〈
⇀
x, σ

∣∣ T̂ ′ ∣∣Ψ(1)
〉

=
∑
σ′

δσσ′

[
−∇2

2m
+ U(

⇀
x)

] 〈
⇀
x, σ′

∣∣ Ψ(1)
〉

(1.4.7)

Exis¸nontac tic (1.4.1) me (1.4.7) èqoume

T̂
(1)
σσ′(

⇀
x,−i∇⇀

x
) = δσσ′

[
−∇2

2m
+ U(

⇀
x)

]
(1.4.8)

Sunep¸c o telest c pou prosdiorÐzetai apo th (1.4.3) kai perigr�fei th qamiltonian 

enìc sust matoc swmatidÐwn parousÐa exwterikoÔ pedÐou eÐnai

Ĥ =
∑
σ,σ′

∫
d
⇀
xψ̂†σ(

⇀
x)δσσ′

[
−∇2

2m
+ U(

⇀
x)

]
ψ̂σ′(

⇀
x) (1.4.9)

 

Ĥ =
∑
σ

∫
d
⇀
xψ̂†σ(

⇀
x)

[
−∇2

2m
+ U(

⇀
x)

]
ψ̂σ(

⇀
x) (1.4.10)

Telest c orm c poll¸n swmatidÐwn: 'Estw ìti sth perÐptwsh aut  o telest c

parist�nei thn orm  enìc swmatidÐou, tìte se analogÐa me th (1.4.7) ja isqÔei

〈
⇀
xσ
∣∣ T̂ ′ ∣∣Ψ(1)

〉
=
∑
σ′

δσσ′
[
−i

⇀

∇x

] 〈
⇀
xσ′

∣∣ Ψ(1)
〉

(1.4.11)

kai �ra

T̂
(1)
σσ′(

⇀
x,−i∇⇀

x
) = δσσ′

[
−i

⇀

∇x

]
(1.4.12)

Epomènwc h orm  tou sust matoc twn swmatidÐwn me b�sh th sqèsh (1.4.3) ja eÐnai:

P̂ =
∑
σ

∫
d
⇀
xψ̂†σ(

⇀
x)
[
−i

⇀

∇x

]
ψ̂σ(

⇀
x) (1.4.13)

Telest c arijmoÔ swmatidÐwn: Ac upojèsoume ìti èqoume to telest 

T̂
(1)
σσ′(

⇀
x,−i∇⇀

x
) = δσσ′ ∗ 1 kai èstw ìti sumbolÐzoume T̂ = N̂ to telest  pou ikanopoieÐ thn
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(1.4.2). Tìte me thn apeujeÐac antikat�stash tou sth (1.4.2) ja p�roume

〈
⇀
x1, σ1; ...;

⇀
xn, σn

∣∣ N̂ |Ψ〉 =
N∑
k=1

∑
σ′

δσkσ′
〈
⇀
x1, σ1; ...;

⇀
xk, σ

′; ...;
⇀
xn, σn

∣∣ Ψ
〉

(1.4.14)

=
N∑
k=1

〈
⇀
x1, σ1; ...;

⇀
xk, σk; ..;

⇀
xn, σn

∣∣ Ψ
〉

(1.4.15)

dhlad  ja p�roume

〈
⇀
x1, σ1; ...;

⇀
xn, σn

∣∣ N̂ |Ψ〉 = n
〈
⇀
x1, σ1; ...;

⇀
xn, σn

∣∣ Ψ
〉

(1.4.16)

Apo th teleutaÐa sqèsh antilambanìmaste ìti o telest c T̂ = N̂ antistoiqeÐ ston telest 

tou olikoÔ arijmoÔ swmatidÐwn. 'Ara èqoume apì thn exÐswsh (1.4.3) ìti:

N̂ =
∑
σ

∫
d
⇀
xψ̂†σ(

⇀
x)ψ̂σ(

⇀
x) (1.4.17)

Sta fusik� sust mata pou melet�me up�rqoun ìmwc kai allhlepidr�seic tic opoÐec tic

perigr�foume me k�poion epiplèon ìro sth qamiltonian  mac. Gia na mporèsoume na tic

perigr�youme prèpei na anaferjoÔme arqik� stouc telestèc dÔo swm�twn touc opoÐouc

kai upologÐzoume.

1.4.2 Telestèc dÔo swm�twn

'Opwc kai sth perÐptwsh twn telest¸n enìc s¸matoc, ac upojèsoume ìti èqoume to telest 

Ĥint tou opoÐou h dr�sh sto q¸ro katast�sewn dÔo swmatidÐwn eÐnai gnwst  kai isoÔtai

me: 〈
⇀
x1, σ1;

⇀
x2, σ2

∣∣ Ĥint

∣∣∣Ψ̂(2)
〉

= υ(
⇀
x1,

⇀
x2)
〈
⇀
x1, σ1;

⇀
x2, σ2

∣∣∣ Ψ̂(2)
〉

(1.4.18)

ìpou
∣∣∣Ψ̂(2)

〉
tuqaÐa kat�stash dÔo swmatidÐwn.

Stìqoc mac eÐnai na upologÐsoume autì to telest  me tètoio trìpo ¸ste h dr�sh tou p�nw

se mia kat�stash poll¸n swmatidÐwn na isoÔtai me to �jroisma tou p�nw se ìla ta zeÔgh

twn swmatidÐwn. Na isqÔei dhlad :

〈
⇀
x1, σ1; ...;

⇀
xn, σn

∣∣ Ĥint

∣∣∣Ψ̂〉 =
1

2

∑
i 6=j

υ(
⇀
xi,

⇀
xj)
〈
⇀
x1, σ1; ...;

⇀
xn, σn

∣∣∣ Ψ̂
〉

(1.4.19)

me υ(
⇀
xi,

⇀
xj) = υ(

⇀
xj,

⇀
xi) lìgw tou ìti ta swmatÐdia eÐnai tautìshma. DÐqwc na k�noume thn

apìdeixh h opoÐa eÐnai arket� makroskel c mporeÐ na deiqjeÐ [3] ìti o zhtoÔmenoc telest c
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eÐnai Ðsoc me:

Ĥint =
1

2

∑
σ,σ′

∫
d
⇀
x

∫
d
⇀
x
′
ψ̂σ(

⇀
x)ψ̂σ′(

⇀
x
′
)υ(

⇀
x,

⇀
x
′
)ψ̂σ′(

⇀
x
′
)ψ̂σ(

⇀
x) (1.4.20)

An h sun�rthsh υ(
⇀
x,

⇀
x
′
) paÐrnei timèc pragmatikèc tìte katalabaÐnoume ìti mporeÐ na paÐxei

�neta to rìlo thc dunamik c enèrgeiac twn swmatidÐwn pou allhlepidroÔn.

T¸ra pou èqoume plèon sta qèria mac th morf  ìlwn twn shmantik¸n telest¸n mporoÔme

na gr�youme thn olik  qamiltonian  allhlepidr¸ntwn swmatidÐwn parousÐa exwterikoÔ

pedÐou:

Ĥtotal = Ĥ + Ĥint (1.4.21)

h opoÐa mèsw twn (1.4.10) kai (1.4.20) eÐnai:

Ĥtotal =
∑
σ

∫
d
⇀
xψ̂†σ(

⇀
x)

[
−∇2

2m
+ U(

⇀
x)

]
ψ̂σ(

⇀
x)+

1

2

∑
σ,σ′

∫
d
⇀
x

∫
d
⇀
x
′
ψ̂†σ(

⇀
x)ψ̂†σ′(

⇀
x
′
)υ(

⇀
x,

⇀
x
′
)ψ̂σ′(

⇀
x
′
)ψ̂σ(

⇀
x)

(1.4.22)

H teleutaÐa sqèsh eÐnai idiaitèrwc shmantik  diìti apotelèsei to efalt rio gia thn exagwg 

thc perÐfhmhc exÐswshc Gross−Pitaevski thn opoÐa qrhsimopoioÔme gia na perigr�youme

to sumpÔknwma Bose−Einstein sta arai� kai yuqr� aèria alkalÐwn.
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Kef�laio 2

Genik  DiatÔpwsh Sumpukn¸matoc

Prin per�soume sto kef�laio tou kbantikoÔ idanikoÔ aerÐou mpozonÐwn, to opoÐo apoteleÐ

kai to aploÔstero montèlo an�deixhc tou fainomènou thc sumpÔknwshc Bose−Einstein,

eÐnai qr simo na katal�boume ti eÐnai aut  h allag  f�shc pou parathreÐtai se orismèna

aèria k�tw apo kat�llhlec sunj kec kai na thn orÐsoume. Skopìc tou parìntoc kefalaÐou

eÐnai na parousi�soume to sumpÔknwma se entel¸c genikì epÐpedo kaj¸c kai na èrjoume

gia pr¸th for� se epaf  me thn ènnoia thc paramètrou t�xhc kaj¸c kai me th prosèggish

Bogoliubov.

2.1 PÐnakac puknìthtac enìc s¸matoc

Q¸roc jèsewn: Gia na mporèsoume na xekÐnhsoume thn an�lush mac orÐzoume arqik�

to mègejoc pou kaleÐtai pÐnakac puknìthtac enìc s¸matoc (one−body density matrix)[1]

n(1)(
⇀
r,

⇀
r
′
) =

〈
Ψ̂†(

⇀
r)Ψ̂(

⇀
r
′
)
〉

(2.1.1)

ìpou Ψ̂†(
⇀
r), Ψ̂(

⇀
r) oi pediakoÐ telestèc dhmiourgÐac kai katastrof c mpozonÐou sth jèsh

⇀
r me tic gnwstèc sqèseic met�jeshc (1.3.29). H posìthta (2.1.1) ètsi ìpwc orÐsthke

parousi�zei entel¸c genikì qarakt ra kai mporeÐ na efarmosteÐ se opoiod pote sÔsthma

swmatidÐwn eÐte aut� eÐnai mpozìnia eÐte fermiìnia.

H fusik  shmasÐa tou pÐnaka puknìthtac gÐnetai emfan c an jèsoume
⇀
r =

⇀
r
′
kai p�roume

ètsi th diag¸nia morf  tou. Dhlad :

n(1)(
⇀
r,

⇀
r) =

〈
Ψ̂†(

⇀
r)Ψ̂(

⇀
r)
〉

= n(
⇀
r) (2.1.2)
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O olikìc arijmìc twn swmatidÐwn ja eÐnai tìte

N =

∫
d
⇀
rn(

⇀
r) (2.1.3)

ParathroÔme dhlad  ìti h diag¸nia morf  tou pÐnaka den eÐnai tÐpota �llo par� h puknì-

thta twn swmatidÐwn.

O pÐnakac puknìthtac profan¸c ikanopoieÐ kai mia exÐswsh idiotim¸n−idiokatast�sewn, h
opoÐa eÐnai ∫

d
⇀
r
′
n(1)(

⇀
r,

⇀
r
′
)ϕi(

⇀
r
′
) = niϕi(

⇀
r) (2.1.4)

me ϕi(
⇀
r) tic katast�seic enìc swmatidÐou oi opoÐec apoteloÔn kai b�sh tou q¸rou. Ika-

nopoioÔn dhlad  tic sqèseic:

∑
i

ϕi(
⇀
r)ϕ∗i (

⇀
r
′
) ,

∫
d
⇀
rϕi(

⇀
r)ϕ∗j(

⇀
r) = δij (2.1.5)

Oi idiotimèc ni tou telest  puknìthtac èqoun meg�lh fusik  shmasÐa. Gia na thn ana-

kalÔyoume pollaplasi�zoume kai ta dÔo mèlh thc exÐswshc (2.1.4) me
∑
i

∫
d
⇀
rϕ∗i (

⇀
r) kai

paÐrnoume th sqèsh:∫
d
⇀
rd

⇀
r
′
n(1)(

⇀
r,

⇀
r
′
)
∑
i

ϕ∗i (
⇀
r)ϕi(

⇀
r
′
) =

∑
i

ni

∫
d
⇀
rϕ∗i (

⇀
r)ϕi(

⇀
r) (2.1.6)

h opoÐa me qr sh twn (2.1.5) gÐnetai:∫
d
⇀
rd

⇀
r
′
n(1)(

⇀
r,

⇀
r
′
)δ
(
⇀
r − ⇀

r
′
)

=
∑
i

ni (2.1.7)

Ektel¸ntac thn olokl rwsh mèsw thc sun�rthshc dèlta wc proc to
⇀
r
′
kai k�nontac qr sh

thc (2.1.3) telik� èqoume: ∫
d
⇀
rn(1)(

⇀
r,

⇀
r) =

∑
i

ni (2.1.8)

N =
∑
i

ni (2.1.9)

Apì th teleutaÐa exÐswsh sumperaÐnoume ìti oi idiotimèc tou telest  puknìthtac ekfr�zoun

ton arijmì twn swmatidÐwn se k�je monoswmatidiak  kat�stash.

An upojèsoume ìti o pÐnakac puknìthtac eÐnai pÐnakac me deÐktec ta r, r′ tìte mporoÔme

eÔkola apo th sqèsh orismoÔ tou na parathr soume ìti eÐnai kai ermitianìc, ìti dhlad 

isqÔei n(1)(r, r′) =
(
n(1)(r′, r)

)∗
. H parat rhsh aut  eÐnai shmantik  diìti mac epitrèpei

na to diagwnopoi soume qrhsimopoi¸ntac thn  dh gnwst  b�sh twn katast�sewn ϕi(
⇀
r).
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MporoÔme dhlad  na ton ekfr�soume san:

n(1)(r, r′) =
∑
i

niϕ
∗
i (
⇀
r)ϕi(

⇀
r
′
) (2.1.10)

Profan¸c h puknìthta twn swmatidÐwn ja eÐnai:

n(
⇀
r) = n(1)(r, r) =

∑
i

ni
∣∣ϕi(⇀r)

∣∣2 (2.1.11)

Q¸roc orm¸n: Gia na metaboÔme sto q¸ro twn orm¸n arkeÐ na p�roume to metasqh-

matismì Fourier twn pediak¸n telest¸n Ψ̂(
⇀
r). Dhlad :

Ψ̂(
⇀
p) =

1

(2π~)
3/2

∫
d
⇀
r
′
Ψ̂(

⇀
r
′
)e−i

⇀
p
⇀
r
′

~ , Ψ̂†(
⇀
p) =

1

(2π~)
3/2

∫
d
⇀
rΨ̂(

⇀
r)ei

⇀
p
⇀
r
~ (2.1.12)

Antikajist¸ntac tic sqèseic autèc sthn (2.1.2) èqoume gia th puknìthta twn swmatidÐwn

sto q¸ro twn orm¸n

n(
⇀
p) =

〈
Ψ̂†(

⇀
p)Ψ̂(

⇀
p)
〉

=
1

(2π~)3

∫
d
⇀
rd

⇀
r
′
〈

Ψ̂†(
⇀
r)Ψ̂(

⇀
r
′
)
〉
ei
⇀
p (⇀r −⇀r

′
)

~ (2.1.13)

OrÐzontac tic nèec metablhtèc
⇀
s =

⇀
r − ⇀

r
′
,
⇀

R =
⇀
r+

⇀
r
′

2
kai paÐrnontac thn iakwbian  tou

parap�nw metasqhmatismoÔ brÐskoume:

n(
⇀
p) =

1

(2π~)3

∫
d
⇀

Rd
⇀
s
〈

Ψ̂†
(
⇀

R +
⇀
s
/
2

)
Ψ̂
(
⇀

R−
⇀
s
/
2

)〉
ei
⇀
p
⇀
s
~ (2.1.14)

h opoÐa telik� isoÔtai me:

n(
⇀
p) =

1

(2π~)3

∫
d
⇀

Rd
⇀
sn(1)

(
⇀

R +
⇀
s
/
2,

⇀

R−
⇀
s
/
2

)
ei
⇀
p
⇀
s
~ (2.1.15)

Omogen  sust mata: Prokeimènou na orÐsoume to sumpÔknwma ac exet�soume th

perÐptwsh twn omogen¸n susthm�twn kai pio sugkekrimèna ac jewr soume th perÐptwsh

omogenoÔc kai isìtropou sust matoc N mpozonÐwn sto jermodunamikì ìrio. Sth perÐptw-

sh aut  o pÐnakac puknìthtac n(1)(
⇀
r,

⇀
r
′
) exart�tai mìno apo to mètro tou dianÔsmatoc

⇀
s =

⇀
r − ⇀

r
′
kai mporeÐ na grafeÐ mèsw Fourier san

n(1)(s) =
1

V

∫
d
⇀
pn(

⇀
p)e−i

⇀
p
⇀
s
~ (2.1.16)
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An h puknìthta sto q¸ro twn orm¸n n
(
⇀
p
)
eÐnai omal  sun�rthsh tìte kaj¸c s → ∞

ja èqoume n(1) (s)→ 0.

Endiafèron parousi�zei h perÐptwsh sthn opoÐa k�poia apì tic monoswmatidiakèc kata-

st�seic eÐnai kateilhmmènh makroskopik�. Dhlad  ìti o arijmìc twn swmatidÐwn−atìmwn
sth kat�stash aut  eÐnai sugkrÐsimoc me ton olikì arijmì. 'Estw ìti h kat�stash aut 

eÐnai h i = 0. Tìte an sth (2.1.10) xeqwrÐsoume th suneisfor� thc kat�stashc aut c apì

to �jroisma ja èqoume:

n(1)(
⇀
r,

⇀
r
′
) = N0ϕ

∗
0(
⇀
r)ϕ0(

⇀
r
′
) +

∑
i 6=0

niϕ
∗
i (
⇀
r)ϕi(

⇀
r
′
) (2.1.17)

me N0 = ni=0. Sto omogenèc sÔsthma pou melet�me oi monoswmatidiakèc katast�seic eÐnai

ta epÐpeda kÔmata ϕ⇀
p i

(
⇀
r) = 1√

V
ei
⇀
p i
⇀
r

~ kai �ra k�je kat�stash qarakthrÐzetai apo thn

orm  thc
⇀
pi.

Sunep¸c h (2.1.17) ja gÐnei:

n(1)(
⇀
r,

⇀
r
′
) =

N0

V
+
∑
⇀
p i 6=0

n⇀
p i
ϕ∗⇀
p i

(
⇀
r)ϕ⇀

p i
(
⇀
r
′
) (2.1.18)

H puknìthta thc orm c (2.1.15) mèsw thc (2.1.18) ja gÐnei:

n(
⇀
p) =

1

(2π~)3

∫
d
⇀

Rd
⇀
s

N0

V
+
∑
⇀
p i 6=0

n⇀
p i
ϕ∗⇀
p i

(
⇀

R +
⇀
s
/
2

)
ϕ⇀
p i

(
⇀

R +
⇀
s
/
2

)ei⇀p⇀s~ (2.1.19)

K�nontac tic pr�xeic katal goume sth sqèsh:

n
(
⇀
p
)

= N0δ
(
⇀
p
)

+
∑
⇀
p i 6=0

n⇀
p i
δ
(
⇀
p − ⇀

pi
)

(2.1.20)

apo ìpou me thn antikat�stash
∑
⇀
p i 6=0

→ V
(2π~)3

∫
d
⇀
p ex�goume th telik  sqèsh gia th

katanom  thc puknìthtac

n
(
⇀
p
)

= N0δ
(
⇀
p
)

+ ñ
(
⇀
p
)

(2.1.21)

me ñ
(
⇀
p
)

= V
(2π~)3

n⇀
p
. ParathroÔme loipìn ìti h katanom  thc orm c parousi�zei mia

anwmalÐa h opoÐa proèrqetai apo to gegonìc ìti h kat�stash me
⇀
p = 0 eÐnai makroskopik�

kateilhmmènh. H anwmalÐa aut  emfanÐzetai kai sto q¸ro twn jèsewn diìti t¸ra gia

s → ∞ kai mèsw thc (2.1.21) h (2.1.16) den teÐnei sto mhdèn all� teÐnei se peperasmènh

tim .
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Sugkekrimèna:

n(1)(s)→ N0

V
= n0 (2.1.22)

ìpou n0 h puknìthta twn atìmwn sto q¸ro twn jèsewn.

SunoyÐzontac loipìn ex�game ta ex c sumper�smata. An h puknìthta thc orm c twn

atìmwn eÐnai omal  sun�rthsh tìte kai o pÐnakac puknìthtac gia s→∞ teÐnei sto mhdèn.

An ìmwc h katanom  thc orm c emfanÐzei anwmalÐa h opoÐa ofeÐletai sto ìti mia monosw-

matidiak  kat�stash eÐnai makroskopik� kateilhmmènh tìte o pÐnakac puknìthtac teÐnei se

mia peperasmènh tim  h opoÐa sumpÐptei me th puknìthta twn atìmwn sto q¸ro twn jèsewn.

Aut  akrib¸c h makroskopik  kat�lhyh miac monoswmatidiak c kat�stashc, h opoÐa sum-

baÐnei apo k�poia krÐsimh jermokrasÐa kai k�tw, orÐzei me entel¸c genikì trìpo to fai-

nìmeno thc sumpÔknwshc Bose−Einstein. H posìthta pou eÐnai qr simh gia th melèth

tou fainomènou eÐnai to phlÐko N0

N
pou kaleÐtai lìgoc sumpukn¸matoc, h tim  tou opoÐou

exart�tai apì th jermokrasÐac sthn opoÐa brÐskontai ta �toma [1].

Sth perÐptwsh mac ta sumpuknwmèna �toma brÐskontai sth kat�stash me
⇀
p = 0 kai èqoun

stajer  puknìthta n0 = N0

V
.

2.2 Par�metroc T�xhc

H diagwnopoi sh tou pÐnaka puknìthtac sth sqèsh (2.1.10) mac epitrèpei na qrhsimopoi -

soume tic katast�seic enìc swmatidÐou ϕi
(
⇀
r
)
gia na anaptÔxoume touc pediakoÔc telestèc.

MporoÔme dhlad  na gr�youme:

Ψ̂
(
⇀
r
)

=
∑
i

âiϕi
(
⇀
r
)

(2.2.1)

me th skèyh ìti plèon mil�me gia mh omogen  kai me allhlepidr�seic sust mata kai �ra oi

katast�seic ϕi(
⇀
r) den eÐnai ta epÐpeda kÔmata. H antikat�stash thc (2.2.1) sth (2.1.1)

dÐnei:

n(1)(
⇀
r,

⇀
r
′
) =

〈
Ψ̂†(

⇀
r)Ψ̂(

⇀
r
′
)
〉

=
∑
i,j

ϕ∗i (
⇀
r)ϕj(

⇀
r
′
)
〈
â†i âj

〉
(2.2.2)

ap' ìpou xeqwrÐzontac th suneisfor� i = j = 0 paÐrnoume

n(1)(
⇀
r,

⇀
r
′
) = ϕ∗0(

⇀
r)ϕ0(

⇀
r
′
)
〈
â†0â0

〉
+
∑
i,j 6=0

ϕ∗i (
⇀
r)ϕj(

⇀
r
′
)
〈
â†i âj

〉
(2.2.3)

SugkrÐnontac th (2.1.17) me th (2.2.3) katal goume se dÔo polÔ shmantikèc sqèseic
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gia touc arijmoÔc twn atìmwn stic di�forec monoswmatidiakèc katast�seic.

N0 =
〈
â†0â0

〉
,

〈
â†i âj

〉
= δijnij (2.2.4)

H sqèsh (2.2.1) mporeÐ na grafeÐ lÐgo pio analutik� wc ex c:

Ψ̂(
⇀
r) = â0ϕ0(

⇀
r) +

∑
i 6=0

âiϕi(
⇀
r) (2.2.5)

To fainìmeno thc sumpÔknwshc, ìpwc anafèrame nwrÐtera, emfanÐzetai ìtan h kat�stash

me i = 0 eÐnai makroskopik� kateilhmmènh dhlad  ìtan N0 � 1. Sunep¸c, sth perÐptwsh

aut , oi katast�seic pou perigr�foun to sÔsthma kai èqoun arijmì atìmwn |N〉, |N + 1〉 ∝
â†0 |N〉 kai |N − 1〉 ∝ â0 |N〉 eÐnai fusik� isodÔnamec parìlo pou perièqoun diaforetikì

arijmì atìmwn, opìte oi telestèc dhmiourgÐac kai katastrof c swmatidÐwn sth kat�stash

i = 0 mporoÔn na jewrhjoÔn wc arijmoÐ me tim 

â†0 = â0 =
√
N0 (2.2.6)

ìpwc prokÔptei apo th (2.2.4). H prosèggish aut  onom�zetai prosèggish Bogoliubov kai

ousiastik� apoteleÐ to enarkt rio shmeÐo gia thn jewrÐa mèsou pedÐou h opoÐa anaptÔssetai

se epìmeno kef�laio.

Mèsw thc parap�nw prosèggishc h (2.2.5) gr�fetai

Ψ̂(
⇀
r) =

√
N0ϕ0(

⇀
r) +

∑
i 6=0

âiϕi(
⇀
r) (2.2.7)

  akìma kalÔtera wc:

Ψ̂(
⇀
r) = Ψ0(

⇀
r) + δΨ̂(

⇀
r) (2.2.8)

ìpou Ψ0(
⇀
r) =

√
N0ϕ0(

⇀
r).

H sun�rthsh Ψ0(
⇀
r) onom�zetai kumatosun�rthsh tou sumpukn¸matoc, qarakthrÐzei pl -

rwc to sumpÔknwma k�tw apo orismènec proupojèseic (to aèrio na eÐnai araiì kai yuqrì)

kai paÐzei to rìlo paramètrou t�xhc tou sumpukn¸matoc. Lìgw tou ìti eÐnai èna klasikì

pedÐo mporeÐ na grafeÐ wc

Ψ0(
⇀
r) =

∣∣Ψ0(
⇀
r)
∣∣ eiS(

⇀
r ) (2.2.9)

ìpou to mètro tou pedÐou mac dÐnei th puknìthta twn swmatidÐwn tou sumpukn¸matoc dhlad 

n0(
⇀
r) =

∣∣Ψ0(
⇀
r)
∣∣2 kai h f�sh sundèetai me fainìmena uperreustìthtac kai sunektikìthtac.
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Kef�laio 3

Idanikì Aèrio MpozonÐwn

Sto prohgoÔmeno kef�laio parousi�same to fainìmeno thc sumpÔknwshc se entel¸c ge-

nikì epÐpedo. To pio aplì fusikì sÔsthma to opoÐo dèqetai analutik  lÔsh kai sto opoÐo

emfanÐzetai to fainìmeno me arket� aplì trìpo eÐnai to idanikì aèrio mpozonÐwn. Parìlo

pou den antapokrÐnetai pl rwc sth pragmatikìthta ta sumpèrasmata pou ex�gontai apo

th melèth tou eÐnai qr sima akìma kai gia ta pragmatik� aèria. Sto kef�laio autì ar-

qik� parousi�zoume to idanikì aèrio sta plaÐsia thc megalokanonik c sullog c ìpou kai

dÐnoume ton orismì thc krÐsimhc jermokrasÐac. Sth sunèqeia efarmìzoume to formalismì

autì gia idanikì aèrio se koutÐ ìgkou V kai tèloc analÔoume to idanikì aèrio parousÐa

exwterikoÔ armonikoÔ dunamikoÔ pagÐdeushc.

3.1 Idanikì aèrio kai megalokanonik  sullog 

Sth par�grafo aut  melet�me to idanikì aèrio sta plaÐsia thc megalokanonik c sullog c.

GnwrÐzoume apo th statistik  mhqanik  ìti oi metablhtèc pou perigr�foun to sÔsthma mac

eÐnai oi {T, V, µ}. H pijanìthta to aèrio na brejeÐ se kat�stash me enèrgeia Ek kai arijmì

swmatidÐwn Nk dÐnetai apo th gnwst  sqèsh

pk =
e−β(Ek−µNk)

Ξ
(3.1.1)

ìpou me Ξ sumbolÐzoume th meg�lh sun�rthsh epimerismoÔ h opoÐa isoÔtai me

Ξ =
∑
k

e−β(Ek−µNk) (3.1.2)

H �jroish isqÔei p�nw se ìlec tic idiokatast�seic thc qamiltonian c oi opoÐec apote-

loÔn èna pl rec sÔsthma. Sth megalokanonik  sullog  ektìc apo tic parap�nw sqèseic
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isqÔoun kai oi akìloujec. Sugkekrimèna to meg�lo dunamikì Ω isoÔtai me

Ω = −kBT ln Ξ (3.1.3)

en¸ o mèsoc arijmìc swmatidÐwn kai h entropÐa prokÔptoun apo tic sqèseic:

〈N〉 = −∂Ω

∂µ
, S = −∂Ω

∂T
(3.1.4)

Tèloc,an to sÔsthma eÐnai omogenèc kai katalamb�nei ìgko V to meg�lo dunamikì ja

upakoÔei epiplèon th katastatik  exÐswsh

Ω = −PV (3.1.5)

Ac jewr soume ìti to sÔsthma pou melet�me apoteleÐtai apo N �toma ta opoÐa den

allhlepidroÔn metaxÔ touc. Tìte h olik  qamiltonian  eÐnai Ðsh me to eujÔ �jroisma twn

epimèrouc qamiltonian¸n tou kajenìc swmatidÐou, dhlad 

Ĥ =
∑
i

Ĥ
(1)
i (3.1.6)

ìpou h k�je qamiltonian  upakoÔei sthn exÐswsh Ĥ(1)
i ϕi = εiϕi O olikìc arijmìc swmati-

dÐwn sth gl¸ssa thc deÔterhc kb�ntwshc ja eÐnai

N =
∑
i

ni (3.1.7)

me ni ton arijmì swmatidÐwn se k�je monoswmatidiak  kat�stash kai h olik  enèrgeia tou

sust matoc isoÔtai me

E =
∑
i

εini (3.1.8)

Sunep¸c h meg�lh sun�rthsh epimerismoÔ mèsw thc (3.1.2) kai twn (3.1.7)-(3.1.8) isoÔtai

me :

Ξ =
∑
k

eβ(µNk−Ek) =
∑
{ni}

e
β(µ

∑
i
ni−

∑
i
εini)

(3.1.9)

h opoÐa ektel¸ntac merikèc pr�xeic prokÔptei na eÐnai:

Ξ =
∑
n0

eβ(µ−ε0)n0

∑
n1

eβ(µ−ε1)n1 ... (3.1.10)
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'Ara to meg�lo dunamikì mèsw thc (3.1.3) eÐnai:

Ω = −kBT ln Ξ = −kBT ln

(∑
n0

eβ(µ−ε0)n0

∑
n1

eβ(µ−ε1)n1 ...

)
(3.1.11)

 

Ω = −kBT

[
ln

(∑
n0

eβ(µ−ε0)n0

)
+ ln

(∑
n1

eβ(µ−ε1)n1

)
...

]
(3.1.12)

Mèsw thc sqèshc
∑
n

xn = 1
1−x me |x| < 1 kai twn gnwst¸n logarijmik¸n tautot twn h

(3.1.12) gÐnetai

Ω = −kBT
[
− ln

(
1− eβ(µ−ε0)n0

)
− ln

(
1− eβ(µ−ε1)n1

)
...
]

(3.1.13)

  pio sunoptik� :

Ω = kBT
∑
i

ln
(
1− eβ(µ−εi)

)
(3.1.14)

H sqèsh (3.1.14) eÐnai shmantik  diìti mèsw tou meg�lou dunamikoÔ prokÔptoun ìlec oi

�llec posìthtec ìpwc o arijmìc swmatidÐwn kai h enèrgeia. 'Etsi apo th sqèsh (3.1.4) o

olikìc arijmìc twn swmatidÐwn eÐnai

N = −∂Ω

∂µ
= − ∂

∂µ

[
kBT

∑
i

ln
(
1− eβ(µ−εi)

)]
(3.1.15)

Ektel¸ntac th parag¸gish èqoume th sqèsh

N =
∑
i

eβ(µ−εi)

1− eβ(µ−εi)
(3.1.16)

thn opoÐa pollaplasi�zontac kat� mèlh me e−β(µ−εi) ex�goume th gnwst  sqèsh gia ton

mèso olikì arijmì swmatidÐwn

N =
∑
i

1

eβ(εi−µ) − 1
(3.1.17)

SugkrÐnontac tic sqèseic (3.1.7) kai (3.1.17) eÔkola katal goume sto sumpèrasma ìti o

mèsoc arijmìc kat�lhyhc thc k�je monoswmatidiak c kat�stashc eÐnai Ðsoc me:

n̄i =
1

eβ(εi−µ) − 1
(3.1.18)
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GnwrÐzontac plèon to n̄ mporoÔme na upologÐsoume kai tic upìloipec jermodunamikèc

sunart seic ìpwc thn enèrgeia

E =
∑
i

ε̄i
eβ(εi−µ) − 1

(3.1.19)

all� kai thn entropÐa h opoÐa mèsw thc (3.1.4) eÐnai Ðsh me:

S

kB
= − 1

kB

∂Ω

∂T
= − ∂

∂T

[
T
∑
i

ln
(
1− eβ(µ−εi)

)]
(3.1.20)

  met� th parag¸gish kai merikèc pr�xeic:

S =
∑
i

[
β(εi − µ)

eβ(εi−µ) − 1
− ln

(
1− eβ(εi−µ)

)]
(3.1.21)

Sto shmeÐo autì, prÐn metaboÔme sth perÐptwsh tou idanikoÔ aerÐou se koutÐ ìgkou V ,

prèpei na k�noume merikèc parathr seic:

• Gia lìgouc profaneÐc eÐnai anagkaiì o mèsoc arijmìc kat�lhyhc miac monoswmati-

diak c kat�stashc na eÐnai jetikìc. Dhlad  na isqÔei

n̄i > 0 (3.1.22)

Autì ìmwc shmaÐnei ìti 1
eβ(εi−µ)−1

> 0   akìma kalÔtera ìti:

µ < εi (3.1.23)

apì k�je i monoswmatidiak  kat�stash, �ra kai apì thn i = 0. Sunep¸c h apaÐthsh

pou prèpei na ikanopoieÐ to qhmikì dunamikì eÐnai h ex c:

µ < ε0 (3.1.24)

• O mèsoc arijmìc kat�lhyhc thc i = 0 monoswmatidiak c kat�stashc, dhlad  o

arijmìc twn swmatidÐwn sth kat�stash aut  eÐnai

N0 = n̄0 =
1

eβ(ε0−µ) − 1
(3.1.25)

ParathroÔme ìti kaj¸c kaj¸c µ→ ε0 o arijmìc twn swmatidÐwn aux�nei kai gÐnetai

arket� meg�loc se shmeÐo pou na gÐnetai sugkrÐsimoc me ton olikì arijmì N . Autìc

ousiastik� eÐnai o mhqanismìc mèsw tou opoÐou arqÐzei na emfanÐzetai to sumpÔknwma.
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Sq ma 3.1: O arijmìc twn atìmwn entìc kai ektìc tou sumpukn¸matoc san sun�rthsh tou
qhmikoÔ dunamikoÔ gia kajorismènh jermokrasÐa.

• Apo th sqèsh (3.1.7) an apomon¸soume to komm�ti pou antistoiqeÐ sthn i = 0

kat�stash prokÔptei h sqèsh:

N = n̄0 +
∑
i 6=0

n̄i (3.1.26)

  me pio sunoptikì trìpo:

N (T, µ) = N0 +NT (T, µ) (3.1.27)

me NT (T, µ) =
∑
i 6=0

n̄i th jermik  sunist¸sa tou aerÐou pou ekfr�zei ton arijmì twn

swmatidÐwn ektìc tou sumpukn¸matoc h opoÐa ìpwc parathroÔme exart�tai apo dÔo

metablhtèc.

H jermik  sunist¸sa tou aerÐou parousi�zei thn ex c sumperifor�, ìpwc faÐnetai kai

apì to sq ma. Gia kajorismènh jermokrasÐa T aux�netai me aÔxhsh tou qhmikoÔ dunamikoÔ

kai ft�nei th mègisth tim  thc ìtan to qhmikì dunamikì p�rei th mègisth tim  tou ,gÐnei

dhlad  µ = ε0. Th mègisth tim  thc jermik c sunist¸sac thn onom�zoume krÐsimh tim  h

opoÐa isoÔtai me Nc = NT (T, µ = ε0). Bèbaia den prèpei na parablèyoume kai to gegonìc

ìti kaj¸c µ→ ε0 o arijmìc N0 apoklÐnei [1].
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An Nc > N tìte h sqèsh (3.1.27) ikanopoieÐtai gia mikrèc timèc tou qhmikoÔ dunamikoÔ

afoÔ ìla ta swmatÐdia <<qwr�ne>> na katal�boun tic diegermènec katast�seic. Sunep¸c

afoÔ µ < ε0 tìte kai N0 ' 1 �ra den up�rqei sumpÔknwma.

An Nc < N tìte h kat�stash diaforopoieÐtai rizik�. Epeid  h krÐsimh tim  eÐnai aÔxousa

sun�rthsh thc jermokrasÐac shmaÐnei ìti gia na èqei mikr  tim  kai h jermokrasÐa tou

aerÐou ja eÐnai mikr . Sunep¸c ja prèpei µ = ε0 ¸ste na megal¸sei h tim  tou N0 gia

na <<qwrèsoun>> ekeÐ ta swm�tia. Apo ta parap�nw gÐnetai emfan c h an�gkh orismoÔ miac

krÐsimhc jermokrasÐac Tc thc opoÐac o profan c orismìc me b�sh th prohgoÔmenh an�lush

eÐnai:

Nc (Tc, µ = ε0) = N (3.1.28)

T¸ra plèon pou èqoume orÐsei ta basik� megèjh pou qreiazìmaste mporoÔme na efarmì-

soume to parap�nw formalismì sto sÔsthma tou idanikoÔ aerÐou mpozìniwn pagideumèna

se koutÐ ìgkou V kai na ex�goume plèon akrib  apotelèsmata tìso gia th krÐsimh jermo-

krasÐa ìso kai gia to lìgo tou sumpukn¸matoc. 'Opwc èqoume proanafèrei h qrhsimìthta

tou eÐnai meg�lh diìti apoteleÐ èna apo ta lÐga fusik� sust mata ta opoÐa epilÔontai

analutik� kai par�llhla ex�goun shmantik� apotelèsmata.
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3.2 Idanikì aèrio se koutÐ

'Eqontac plèon sth di�jesh mac to jewrhtikì upìbajro, melet�me sth par�grafo aut 

to idanikì aèrio mpozonÐwn se koutÐ ìgkou V me periodikèc sunoriakèc sunj kec. Sth

perÐptwsh aut  h qamiltonian  tou kajenìc swmatidÐou eÐnai Ĥ(1) = p̂2

2m
me idiotim  εp = p2

2m
.

Oi idiokatast�seic thc qamiltonian c aut c eÐnai ϕ⇀
p

= 1√
V
ei
⇀
p
⇀
r
~ me V = L3 kai

⇀
p = 2π~

L

⇀
n

lìgw twn periodik¸n sunoriak¸n sunjhk¸n.

Arqik� upologÐzoume ton arijmì twn atìmwn thc jermik c sunist¸sac tou aerÐou, aut¸n

dhlad  pou èinai ektìc tou sumpukn¸matoc. 'Eqoume loipìn:

NT =
∑
i 6=0

n̄i =
∑
⇀
p 6=0

1

eβ( p
2

2m
−µ) − 1

(3.2.1)

Sto shmeÐo autì k�noume thn antikat�stash
∑
⇀
p

→ V
(2π~)3

∫
d
⇀
p kai �ra:

NT =
V

(2π~)3

∫
d
⇀
p

1

eβ( p
2

2m
−µ) − 1

(3.2.2)

me
⇀
p 6= 0. Gia to qhmikì dunamikì h sqèsh periorismoÔ (3.1.24)dÐnei µ < 0 afoÔ ε0 = 0.

Gia na mporèsoume na upologÐsoume to olokl rwma k�noume thn allag  metablht¸n

p2 = 2mkBTx kai qrhsimopoi¸ntac sfairikèc suntetagmènec katal goume sto akìloujo

apotèlesma:

NT =
V 4π
√

2(mkBT )
3/2

(2π~)3

∫ ∞
0

dx
x

1/2

z−1ex − 1
(3.2.3)

To olokl rwma pou proèkuye apoteleÐ eidik  perÐptwsh miac genik c kathgorÐac sunar-

t sewn pou kaloÔntai sunart seic Bose kai oi opoÐec èqoun th genik  morf :

gp(z) =
1

Γ(p)

∫ ∞
0

dx
xp−1

z−1ex − 1
(3.2.4)

ìpou z = eβµ. ParathroÔme ìti jètwntac p = 3
2
sth parap�nw èkfrash èqoume

g3/2
(z) =

1

Γ (3/2)

∫ ∞
0

dx
x

1/2

z−1ex − 1
(3.2.5)

  kalÔtera ∫ ∞
0

dx
x

1/2

z−1ex − 1
= g3/2

(z)

√
π

2
(3.2.6)

me Γ (3/2) =
√
π

2
.
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Sunep¸c o arijmìc twn swmatidÐwn ektìc sumpukn¸matoc eÐnai

NT =
V(

2π~2
mkBT

)3/2
g3/2

(z) =
V

λ3
T

g3/2
(eβµ) (3.2.7)

me λT =
√

2π~2
mkBT

to jermikì m koc kÔmatoc. H krÐsimh jermokrasÐa upologÐzetai apo th

sqèsh (3.1.28). Dhlad  isqÔei

Nc (Tc, µ = 0) = N (3.2.8)

h opoÐa mèsw thc (3.2.7) dÐnei:
V

λ3
Tc

g3/2
(1) = N (3.2.9)

An t¸ra antikatast soume kai to jermikì m koc kÔmatoc paÐrnoume:

kBTc =
2π~2

m

(
n

g3/2
(1)

)2/3

(3.2.10)

ìpou n = N
V
h puknìthta twn swmatidÐwn.

• Gia T > Tc den èqoume thn emf�nish tou sumpukn¸matoc diìti h jermokrasÐa eÐnai

arket� uyhl  ¸ste ìla ta swmatÐdia na brÐskontai stic diegermènec katast�seic

sunep¸c N0 ' 1 kai N = NT h opoÐa mèsw thc (3.2.7) mac dÐnei g3/2
(z) = nλ3

T .

• Gia T < Tc èqoume thn Ôparxh sumpukn¸matoc kai deÐxame ìti prèpei to qhmikì duna-

mikì na l�bei th mègisth tim  tou,dhlad  µ = ε0 = 0. Me b�sh aut  th parat rhsh

o arijmìc twn atìmwn ektìc sumpukn¸matoc eÐnai

NT =
V

λ3
Tc

g3/2
(1) =

V(
2π~2
mkBT

)3/2
g3/2

(1) (3.2.11)

o opoÐoc mèsw thc sqèshc (3.2.10) gÐnetai

NT =

(
T

Tc

)3/2

N (3.2.12)

Skopìc mac eÐnai na upologÐsoume to phlÐko sumpukn¸matoc kai gia na to petÔqoume

arkeÐ na jumhjoÔme ìti prèpei p�nta na isqÔei h isìthta

N = N0 +NT (3.2.13)
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Sq ma 3.2: O lìgoc sumpukn¸matoc se sun�rthsh me th jermokrasÐa gia to idanikì aèrio
mpozonÐwn.

Sunep¸c me antikat�stash thc (3.2.12) sth (3.2.13) èqoume:

N0 = N −NT = N −
(
T

Tc

)3/2

N (3.2.14)

 

N0

N
= 1−

(
T

Tc

)3/2

(3.2.15)

Parathr¸ntac th sqèsh (3.2.15) emfanÐzetai autì akrib¸c pou eÐpame sthn arq  ìti

dhlad  kat� th parousÐa tou sumpukn¸matoc sto aèrio, o arijmìc twn atìmwn pou brÐskon-

tai sth sumpuknwmènh f�sh gÐnetai makroskopikìc kai sugkrÐsimoc me ton olikì arijmì

swmatidÐwn. Sto idanikì aèrio pou melet�me o lìgoc N0

N
eÐnai autìc pou leitourgeÐ san th

par�metro t�xhc tou sust matoc.An�loga me to poi� eÐnai h tim  tou antilambanìmaste

an up�rqei sumpÔknwma sto aèrio   ìqi. Sto sq ma faÐnetai kai to gr�fhma tou lìgou

sumpukn¸matoc seqsqèsh me th jermokrasÐa.

H enèrgeia tou aerÐou upologÐzetai apo th sqèsh (3.1.19) k�nontac p�li thn allag 

metablht¸n p2 = 2mkBTx kai thn antikat�stash
∑
⇀
p

→ V
(2π~)3

∫
d
⇀
p. Tìte brÐskoume ìti h
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enèrgeia tou aerÐou gia T > Tc eÐnai

E =
3

2
kBT

V

λ3
T

g5/2
(z) (3.2.16)

en¸ gia T < Tc all�zei kai gÐnetai

E =
3

2
kBT

V

λ3
T

g5/2
(1) (3.2.17)

Apì th statistik  mhqanik  gnwrÐzoume ìti èna aèrio se treÐc diast�seic ikanopoieÐ thn

exÐswsh

P =
2

3

E

V
(3.2.18)

Sth perÐptwsh pou T < Tc h exÐswsh aut  all�zei kai mèsw thc (3.2.17) gÐnetai

P =
kBT

λ3
T

g5/2
(1) (3.2.19)

Melet¸ntac th teleutaÐa sqèsh parathroÔme ìti h pÐesh tou aerÐou den exart�tai apo

ton ìgko kai �ra to sÔsthma èqei �peirh sumpiestìthta. Fusik� aut  h sumperifor� den

mporeÐ na isqÔei kai pr�gmati ìpwc diapist¸noume sto epìmeno kef�laio �llazei me thn

eisagwg  twn allhlepidr�sewn.

Mia akìma sumperifor� tou idanikou aerÐou h opoÐa ofeÐletai sto gegonìc ìti den èqoume

l�bei upìyin tic allhlepidr�seic eÐnai ìti ìtan T → 0 ìla ta �toma èqoun metabeÐ sth

jemeli¸dh kat�stash, dhlad  N = N0 ìpwc eÔkola faÐnetai apì thn (3.2.15).

Sth perÐptwsh tou idanikoÔ aerÐou pou melet�me mporoÔme arket� eÔkola na upologÐ-

soume to pÐnaka puknìthtac enìc s¸matoc kai na sugkrÐnoume ta apotelèsmata pou bg�-

zoume me aut� tou prohgoÔmenou kefalaÐou ta opoÐa  tan entel¸c jewrhtik�. O pÐnakac

puknìthtac sunart sei twn katast�sewn b�shc gr�fetai mèsw thc (2.1.10)wc

n(1)(
⇀
r,

⇀
r
′
) =

∑
i

n̄iϕ
∗
i (
⇀
r1)ϕi(

⇀
r2) = n̄0ϕ

∗
0(
⇀
r1)ϕ0(

⇀
r2) +

∑
i 6=0

n̄iϕ
∗
i (
⇀
r1)ϕi(

⇀
r2) (3.2.20)

• Gia T > Tc , pou den èqoume sumpÔknwma, h parap�nw sqèsh gÐnetai

n(1)(
⇀
r,

⇀
r
′
) =

1

(2π~)3

∑
⇀
p 6=0

1

eβ(p
2
/2m−µ) − 1

e−i
⇀
p (
⇀
r−⇀r

′
)

~ (3.2.21)

 

n(1)(s) =
1

(2π~)3

∫
dp

1

e
β
(
p2/2m−µ

)
− 1

e−i
⇀
p
⇀
s
~ (3.2.22)
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ìpou ϕi(
⇀
r) = ei

⇀
p
⇀
r/~√
V

.

• Gia T < Tc up�rqei to sumpÔknwma sunep¸c µ = ε0 = 0 kai h (3.2.20) me ìmoio

trìpo gÐnetai

n(1)(s) =
N0

V
+

1

(2π~)3

∫
dp

1

e
β
(
p2/2m−µ

)
− 1

e−i
⇀
p
⇀
s
~ (3.2.23)

'Opwc sto deÔtero kef�laio ètsi kai ed¸ parathroÔme ìti gia s → ∞ o pÐnakac

puknìthtac teÐnei sto mhdèn apousÐa sumpukn¸matoc en¸ teÐnei sth tim  n = N0

V

ìtan sto aèrio parathreÐtai to sumpÔknwma.

SumpÔknwma se qamhlìterec diast�seic: Sthn mèqri t¸ra an�lush, den anafè-

rame poujen� to rìlo thc puknìthtac twn energeiak¸n katast�sewn sto sqhmatismì tou

sumpukn¸matoc. H puknìthta twn katast�sewn gia èna d − di�stato omogenèc sÔsthma

megèjouc L eÐnai:

ρ(ε) = Ωd

(
L

2π

)d
1

2

(
2m

~2

)d/2
ε
d
2
−1 (3.2.24)

me Ωd stajer� h tim  thc opoÐac exart�tai apì tic diast�seic tou sust matoc.

Gia to trisdi�stato sÔsthma h puknìthta katast�sewn kaj¸c ε→ 0 teÐnei sto mhdèn

en¸ stic dÔo diast�seic paramènei stajer  kai sth mÐa apoklÐnei sto Ðdio ìrio. Aut  h

diafor� èqei wc apotèlesma h krÐsimh jermokrasÐa na paramènei peperasmènh mìno stic

treÐc diast�seic. H sumperifor� aut  mporeÐ na arjeÐ parousÐa dunamikoÔ pagÐdeushc V (r)

diìti tìte to mègejoc tou sust matoc L exart�tai apì thn enèrgeia. Ac upojèsoume ìti

to dunamikì eÐnai thc morf c:

V (x) = V0

(
|x|
L

)η
(3.2.25)

tìte to mègejoc tou sust matoc gÐnetai L(ε) = L
(
ε
V0

)1/η
. Sthn perÐptwsh aut  h puknì-

thta twn katast�sewn gÐnetai an�logh me ρ(ε) ∝ ε
d
η

+
d
2
−1

kai o ekjèthc, me kat�llhlh

epilog  tou η mporeÐ plèon na gÐnei jetikìc ¸ste kaj¸c ε → 0 kai ρ(ε) → 0. To sum-

pÔknwma sunep¸c up�rqei gia 0 < η < 2 sta monodi�stata sust mata kai gia η > 0 sta

didi�stata.

3.3 Idanikì aèrio parousÐa armonikoÔ dunamikoÔ

Mia akìma endiafèrousa perÐptwsh, h opoÐa brÐskei efarmog  sta peir�mata pou aforoÔn

sumpukn¸mata arai¸n aerÐwn parousÐa magnhtik c kai optik c pagÐdac, eÐnai aut  tou
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idanikoÔ aerÐou parousÐa exwterikoÔ dunamikoÔ tÔpou armonikoÔ talantwt  [9].Upojètoume

ìti to aèrio eÐnai pagideumèno apì exwterikì dunamikì trisdi�statou armonikoÔ talantwt 

thc morf c:

V (
⇀
r) =

1

2
m
(
ωxx

2 + ωyy
2 + ωzz

2
)

(3.3.1)

Tìte h enèrgeia tou k�je atìmou eÐnai:

ε⇀
l

= ~ωxlx + ~ωyly + ~ωzlz (3.3.2)

ìpou h enèrgeia ~
2

(ωx + ωy + ωz) èqei aporrofhjeÐ ston orismì tou qhmikoÔ dunamikoÔ. Gia

na aplopoi soume tic pr�xeic mporoÔme na jewr soume th perÐptwsh isotropikoÔ talantw-

t  ¸ste ωx = ωy = ωz = ω. Sunep¸c h enèrgeia tou k�je atìmou t¸ra gÐnetai ε⇀
l

= ~ωl
me l = lx + ly + lz.

O mèsoc arijmìc kat�lhyhc thc k�je monoswmatidiak c kat�stashc eÐnai t¸ra:

n⇀
l

=
1

eβ(~ωl−µ) − 1
=

1

eβ~ωlz−1 − 1
(3.3.3)

  met� apì merikèc pr�xeic:

n⇀
l

=

(
eβ~ωl

z
− 1

)−1

(3.3.4)

O arijmìc twn atìmwn sth jemeli¸dh kat�stash l = 0 eÐnai N0 = n0 =
(

1
z
− 1
)−1

ìpou

p�li blèpoume ìti gia µ→ ε0 = 0   gia z → 1 megal¸nei polÔ kai proseggÐzei makrosko-

pikèc timèc sugkrÐsimec me aut  tou olikoÔ arijmoÔ twn atìmwn. Antilambanìmaste ìti

p�li arqÐzei na diafaÐnetai h Ôparxh tou sumpukn¸matoc. Stìqoc mac eÐnai na prosdiorÐ-

soume p�li to lìgo sumpukn¸matoc kai na diapist¸soume tic tuqìn allagèc me to aèrio

mpozonÐwn se koutÐ. Ta �toma pou brÐskontai stic diegermènec katast�seic eÐnai:

NT =
∑
⇀
l 6=0

(
eβ~ωl

z
− 1

)−1

(3.3.5)

O arijmìc autìc gia stajer  jermokrasÐa aux�nei kaj¸c aux�nei to qhmikì dunamikì kai

apokt� th mègisth tim  tou Nc = NT (T, z = 1) ìtan z → 1.Pr�gmati:

NT =
∑
⇀
l 6=0

(
eβ~ωl

z
− 1

)−1

<
∑
⇀
l 6=0

(
eβ~ωl − 1

)−1
= Nc (3.3.6)
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Mèsw thc isìthtac 1
ex−1

= e−x

1−e−x =
∞∑
k=1

e−kx o mègistoc arijmìc Nc gÐnetai:

Nc =
∞∑
k=1

∑
⇀
l 6=0

e−kβ~ωl =
∞∑
k=1

∑
⇀
l 6=0

e
−kβ~ω

∑
a
la

(3.3.7)

me a = x, y, z. Epeid  lx = ly = lz telik� èqoume:

Nc =
∞∑
k=1

(
1

1− e−kβ~ω

)3

(3.3.8)

'Otan kBT � ~ω mporoÔme na anaptÔxoume kat� Taylor to eswterikì tou ajroÐsmatoc kai

na broÔme:

(
1

1− e−x

)3

=

(
1

1−
(
1− x+ x2

2
− x3

6
+ ...

))3

=

(
1

x− x2

2
+ x3

6
− ...

)3

(3.3.9)

  (
x− x2

2
+
x3

6
−
)−3

= x−3

(
1− x

2
+
x2

6

)−3

= x−3

(
1 +

3x

2

)
=

1

x3
+

3

2x2
(3.3.10)

Mèsw thc (3.310) h (3.3.8) prokÔptei na eÐnai:

Nc =
∞∑
k=1

(
kBT

k~ω

)3

+
3

2

∞∑
k=1

(
kBT

k~ω

)2

(3.3.11)

 

Nc =

(
kBT

~ω

)3 ∞∑
k=1

1

k3
+

3

2

(
kBT

~ω

)2 ∞∑
k=1

1

k2
(3.3.12)

Ta ajroÐsmata upologÐzontai eÔkola apì tic gnwstèc sunart seic Bose oi opoÐec eÐnai Ðsec

me:

gp(z) =
1

Γ(p)

∫ ∞
0

dx
xp−1

z−1ex − 1
=

∞∑
m=1

zm

mp
(3.3.13)

opìte gia z = 1 èqoume

gp(1) = ζ(p) =
∞∑
m=1

1

mp
(3.3.14)
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Telik� h (3.3.12) gÐnetai mèsw thc (3.3.14)

Nc =

(
kBT

~ω

)3

ζ(3) +
3

2

(
kBT

~ω

)2

ζ(2) + ... (3.3.15)

O lìgoc sumpukn¸matoc eÐnai sunep¸c:

N0

N
' N −Nc

N
= 1− Nc

N
' 1−

(
kBT/~ω

)3

ζ(3)

N
(3.3.16)

  gia na faneÐ kalÔtera [9]
N0

N
= 1−

(
T

T 0
c

)3

(3.3.17)

ìpou T 0
c h krÐsimh jermokrasÐa h opoÐa orÐzetai apo th sqèsh(

kBT
0
c

~ω

)3

=
N

ζ(3)
(3.3.18)

H parap�nw an�lush afor� profan¸c tic jermokrasÐec oi opoÐec eÐnai qamhlìterec apo th

krÐsimh ¸ste na èqei nìhma h ènnoia tou sumpukn¸matoc. ParathroÔme ìti sth perÐptwsh

tou armonikoÔ dunamikoÔ h sqèsh tou lìgou sumpukn¸matoc �llaxe sugkritik� me thn

(3.2.15).
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Kef�laio 4

Aèrio MpozonÐwn me

allhlepidr�seic

'Ewc t¸ra sto prohgoÔmeno kef�laio asqolhj kame aplokleistik� me to idanikì aèrio

mpozonÐwn kaj¸c kai me thn exagwg  merik¸n qr simwn sumperasm�twn kurÐwc gia th tim 

thc krÐsimhc jermokrasÐac k�tw apo thn opoÐa emfanÐzetai to sumpÔknwma. Parathr same

ìmwc oti to idanikì aèrio eÐqe merik� probl mata ìpwc ìti emf�nize �peirh sumpiestìthta

exaitÐac thc mh ex�rthshc thc pÐeshc apo ton ìgko. Gia na mporèsoume na lÔsoume tètoiou

eÐdouc probl mata sto kef�laio autì eis�goume allhlepidr�seic metaxÔ twn atìmwn. 'Etsi

sto kef�laio autì arqik� anafèroume touc periorismoÔc pou ikanopoioÔn ta aèria pou

melet�me, sth sunèqeia analÔoume to omogenèc aèrio allhlepidr¸ntwn atìmwn kai tèloc

ex�goume th perÐfhmh exÐswsh Gross−Pitaevskii h opoÐa perigr�fei ta mh omogen  aèria.

4.1 StoiqeÐa jewrÐac skèdashc

JewroÔme th perÐptwsh thc skèdashc dÔo mh sqetikistik¸n kai qwrÐc spÐn atìmwn me

m�za m to kajèna. Kat� th di�rkeia thc skèdashc upojètoume ìti ta dÔo swmatÐdia

allhlepidroÔn mèsw enìc dunamikoÔ V
(
⇀
r1,

⇀
r2

)
. Sth perÐptwsh pou to dunamikì allhle-

pÐdrashc twn atìmwn exart�tai mìno apì to mètro thc sqetik c touc apìstashc dhlad 

V
(
⇀
r1,

⇀
r2

)
= V (r) me r =

∣∣⇀r1 −
⇀
r2

∣∣ mporoÔme na xeqwrÐsoume th kÐnhsh tou kèntrou m�-

zac, to opoÐo kineÐtai san eleÔjero swm�tio m�zac M = 2m kai den ja to l�boume upìyin

sth peraitèrw je¸rhsh tou probl matoc, apì th sqetik  kÐnhsh twn dÔo swmatidÐwn h

opoÐa ikanopoieÐ thn exÐswsh

− ~2

2µ
∇2Ψ

(
⇀
r
)

+ V (r) Ψ
(
⇀
r
)

= EΨ
(
⇀
r
)

(4.1.1)
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me µ = m/2 thn anhgmènh m�za twn atìmwn. 'Ara to prìblhma thc skèdashc twn dÔo atìmwn

èqei anaqjeÐ sthn epÐlush thc parap�nw exÐswshc, h opoÐa perigr�fei th skèdash enìc

swmatidÐou apo k�poio dunamikì V (r) ìpou r h apìstash tou swmatidÐou apo to kèntro

tou dunamikoÔ. Upojètoume oti to dunamikì èqei k�poio peperasmèno eÔroc aktÐnac b.

Dhlad  h allhlepÐdrash tou atìmou me to dunamikì sumbaÐnei mìno sth perioq  me r < b

en¸ r > b èqoume V (r) = 0.

Gia na epilÔsoume thn (4.1.1) arqik� th gr�foume sth morf ;

(
∇2 + k2

)
Ψ
(
⇀
r
)

=
2µ

~2
V
(
⇀
r
)

Ψ
(
⇀
r
)

(4.1.2)

H genik  lÔsh thc anwtèrw diaforik c exÐswshc prokÔptei na eÐnai :

Ψ
(
⇀
r
)

= Ψinc

(
⇀
r
)

+ Ψsc

(
⇀
r
)

(4.1.3)

 

Ψ
(
⇀
r
)

= Ψinc

(
⇀
r
)

+
2µ

~2

∫
d
⇀
r
′
G
(
⇀
r − ⇀

r
′
)
V
(
⇀
r
′
)

Ψ
(
⇀
r
′
)

(4.1.4)

ìpou G
(
⇀
r − ⇀

r
′
)
eÐnai h sun�rthsh Green pou antistoiqeÐ sto telest  (∇2 + k2) kai

Ψinc

(
⇀
r
)
onom�zoume h lÔsh h opoÐa ikanopoieÐ thn omogen  exÐswsh

(
∇2 + k2

0

)
Ψinc

(
⇀
r
)

= 0 (4.1.5)

Profan¸c h lÔsh thc (4.1.5) den eÐnai �llh apì ta epÐpeda kÔmata Ψinc

(
⇀
r
)

= Aei
⇀
k 0

⇀
r .

Mèsw thc jewrÐac twn sunart sewn Green apodeiknÔetai ìti h sun�rthsh G
(
⇀
r − ⇀

r
′
)

perigr�fei eiserqìmena sfairik� kÔmata kai eÐnai Ðsh me:

G
(
⇀
r − ⇀

r
′
)

= − 1

4π

e
ik
∣∣∣⇀r−⇀r ′∣∣∣∣∣∣⇀r − ⇀

r
′
∣∣∣ (4.1.6)

Sunep¸c h genik  lÔsh thc exÐswshc (4.1.2) prokÔptei na eÐnai:

Ψ
(
⇀
r
)

= Aei
⇀
k 0

⇀
r − µ

2π~2

∫
d
⇀
r
′ e
ik
∣∣∣⇀r−⇀r ′∣∣∣∣∣∣⇀r − ⇀

r
′
∣∣∣ V
(
⇀
r
′
)

Ψ
(
⇀
r
′
)

(4.1.7)

MporoÔme na broÔme thn asumptwttik  morf  thc (4.1.7) an jewr soume ìti r � b.

Sugkekrimèna mporoÔme mèsw anaptÔgmatoc Taylor na gr�youme:∣∣∣⇀r − ⇀
r
′
∣∣∣ ' r − ⇀

r
′
.
⇀
n (4.1.8)
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ìpou me
⇀
n =

⇀
r
r
sumbolÐzoume th dieÔjunsh thc skèdashc. 'Ara h asumptwtik  morf  thc

(4.1.7) eÐnai [20]:

Ψ
(
⇀
r
)

= Aei
⇀
k 0

⇀
r +

eikr

r
f⇀
k
(
⇀
n) (4.1.9)

sthn opoÐa o par�gontac f⇀
k
(
⇀
n), o opoÐoc kaleÐtai pl�toc skèdashc, den exart�tai plèon

apo thn apìstash
∣∣∣⇀r − ⇀

r
′
∣∣∣ kai isoÔtai me:
f⇀
k
(
⇀
n) = − µ

2π~2

∫
d
⇀
r
′
eik

⇀
n.
⇀
r
′

V (
⇀
r
′
)Ψ(

⇀
r
′
) (4.1.10)

Sto shmeÐo autì mporoÔme na anaptÔxoume tic upojèseic pou jewroÔme gia ta aèria pou

melet�me:

• Arqik� upojètoume ìti to eÔroc twn endoatomik¸n dun�mewn eÐnai arket� mikrìte-

ro apì thn apìstash metaxÔ twn atìmwn, dhlad  ρ
−1/3 � b me ρ thn puknìthta

twn atìmwn, ¸ste ta aèria na jewroÔntai arai� kai �ra na mporoÔme na jewroÔme

allhlepidr�seic mìno metaxÔ zeugari¸n swmatidÐwn (two−body interactions). To

gegonìc ìti ta aèria eÐnai arai� mac epitrèpei na qrhsimopoi soume thn asumptwtik 

morf  thc kumatosun�rthshc thc sqetik c touc kÐnhshc kai sunep¸c na mporoÔme

na ekfr�soume ìlec tic idiìthtec twn aerÐwn mèsw tou pl�touc skèdashc qwrÐc na

mac endiafèrei h akrib c morf  tou dunamikoÔ allhlepÐdrashc twn atìmwn [1,4,5].

• Epiplèon aploÔsteush proèrqetai apì to gegonìc ìti oi kroÔseic metaxÔ twn atìmwn

gÐnontai sto ìrio twn qamhl¸n energei¸n/jermokrasi¸n. Stic enèrgeiec autèc to

pl�toc skèdashc f⇀
k
(
⇀
n) den exart�tai plèon apo th dieÔjunsh skèdashc

⇀
n kai ètsi

to asumptwtikì mèroc thc kumatosun�rthshc Ψ
(
⇀
r
)
(autì dhlad  pou sundèetai me

th skèdash) gÐnetai sfairik� summetrikì akìma kai an to dunamikì den eÐnai. Tìte

sto ìrio pou k → 0 mporoÔme me asf�leia na antikatast soume to pl�toc skèdashc

me th stajer  tim  f⇀
k
(
⇀
n) → a. Sto ìrio autì lème ìti èqoume s− wave scattering

me th stajer  posìthta a na thn onom�zoume s− wave scattering length . Me

b�sh tic dÔo prohgoÔmenec upojèseic sumperaÐnoume ìti to m koc skèdashc a eÐnai h

mình par�metroc thc jewrÐac mac h opoÐa perigr�fei tic allhlepidr�seic twn atìmwn

[1,4,5].
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4.2 JewrÐa Bogoliubov

'Opwc parathr same sto prohgoÔmeno kef�laio kat� thn Ôparxh tou sumpukn¸matoc to

aèrio parousÐazei �peirh sumpiestìthta gegonìc pou ofeÐletai sthn apousÐa allhlepi-

dr�sewn metaxÔ twn atìmwn. O pr¸toc o opoÐoc eis gage tic allhlepdr�seic kai tic

antimet¸pise me susthmatikì trìpo  tan o Bogoliubov to 1947 efarmìzontac mia nèa je-

wrÐa diataraq¸n h opoÐa apoteleÐ wc kai tic mèrec mac th b�sh twn sÔgqronwn jewri¸n

melèthc tou BEC .

4.2.1 Qamhl c t�xhc prosèggish

JewroÔme oti to sÔsthma mac apoteleÐtai apo N qwrÐc spÐn mpozìnia ta opoÐa allhlepi-

droÔn ana dÔo mèsw enìc dunamikoÔ υ(
⇀
x− ⇀

x
′
). H qamiltonian  tou sust matoc autoÔ sth

gl¸ssa thc deÔterhc kb�ntwshc, ìpwc èqei apodeiqjeÐ sto pr¸to kef�laio, eÐnai:

Ĥ =

∫
d
⇀
xΨ̂†(

⇀
x)

(
−~2∇2

2m

)
Ψ̂(

⇀
x) +

1

2

∫
d
⇀
xd

⇀
x
′
Ψ̂†(

⇀
x)Ψ̂†(

⇀
x
′
)υ(

⇀
x − ⇀

x
′
)Ψ̂(

⇀
x)Ψ̂(

⇀
x
′
) (4.2.1)

Epeid  to sÔsthma eÐnai omogenèc mia qr simh b�sh sunart sei thc opoÐac mporoÔn na

grafoÔn oi pediakoÐ telestèc eÐnai ta epÐpeda kÔmata. Dhlad  isqÔei:

Ψ̂(
⇀
x) =

1√
V

∑
⇀
k

â⇀
k
ei
⇀
k
⇀
x/~ , Ψ̂†(

⇀
x) =

1√
V

∑
⇀
k

â†⇀
k
e−i

⇀
k
⇀
x/~ (4.2.2)

ìpou V o ìgkoc pou katalamb�nei to sÔsthma. Mèsw tou metasqhmatismoÔ autoÔ h (4.2.1)

gÐnetai:

Ĥ =
∑
⇀
k

k2

2m
â†⇀
k
â⇀
k

+
1

2V

∑
⇀
k ,
⇀
k
′
,
⇀
q

υ(
⇀
q)â†⇀

k+
⇀
q
â†⇀
k
′
−⇀q
â⇀
k
â⇀
k
′ (4.2.3)

me υ(
⇀
q) =

∫
d
⇀
xe−i

⇀
q
⇀
x/~υ(

⇀
x) to metasqhmatismì Fourier tou dunamikoÔ. Profan¸c oi tele-

stèc ikanopoioÔn tic sqèseic met�jeshc[
â⇀
k
, â†⇀

k
′

]
= δ⇀

k
⇀
k
′ ,

[
â⇀
k
, â⇀

k
′

]
=

[
â†⇀
k
, â†⇀

k
′

]
= 0 (4.2.4)

Sta pragmatik� sust mata twn aerÐwn h akrib c èkfrash tou dunamikoÔ allhlepÐdra-

shc metaxÔ twn atìmwn eÐnai polÔ dÔskolo na brejeÐ kai an brejeÐ eÐnai akìma duskolìterh

h melèth tou. 'Omwc epeid  melet�me araÐa aèria se polÔ qamhlèc jermokrasÐec,twn opoÐwn

oi idiìthtec perigr�fontai pl rwc apì to m koc skèdashc a, mporoÔme antÐ tou akriboÔc

dunamikoÔ na qrhsimopoi soume èna energì dunamikì gia na melet soume tic makroskopikèc

idiìthtec twn aerÐwn arkeÐ to dunamikì autì na mac dÐnei th swst  tim  tou m kouc skè-
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dashc. Akìma epeid  sto ìrio twn qamhl¸n jermokrasi¸n pou briskìmaste mìno mikrèc

timèc thc orm c lamb�noun mèroc mporoÔme sto metasqhmatismì Fourier tou dunamikoÔ na

l�boume upìyin mìno th tim  q = 0 kai sunep¸c na broÔme:

υ(0) =

∫
d
⇀
xυeff (x) (4.2.5)

'Etsi h sqèsh (4.2.3) gÐnetai telik�:

Ĥ =
∑
⇀
k

k2

2m
â†⇀
k
â⇀
k

+
υ(0)

2V

∑
⇀
k ,
⇀
k
′
,
⇀
q

υ(
⇀
q)â†⇀

k+
⇀
q
â†⇀
k
′
−⇀q
â⇀
k
â⇀
k
′ (4.2.6)

Epeid  h qamhlìterh enèrgeiak  kat�stash eÐnai kateilhmmènh makroskopik� kai epeid  to

energì dunamikì eÐnai <åmalì>> akìma kai se mikrèc apost�seic mporoÔme na mhn l�boume

upìyin tic ìpoiec kbantikèc diakum�nseic kai na efarmìsoume th prosèggish Bogoliubov

gia touc telestèc â0 kai â†0. Dhlad  na k�noume thn antikat�stash:

â0 ≡
√
N0 (4.2.7)

Akìma, epeid  anaferìmaste se arai� kai se qamhlèc jermokrasÐec aèria, parìlo pou

up�rqoun allhlepidr�seic mporoÔme na jewr soume proseggistik� ìti ìla ta �toma brÐ-

skontai sth jemeli¸dh touc kat�stash,dhlad  ìti N0 ∼ N to opoÐo èqei wc apotèlesma

sth qamiltonian  (4.2.5) na p�roume mìno touc ìrouc me
⇀

k = 0. 'Ara me ìlec autèc tic

jewr seic h (4.2.5) gÐnetai:

E0 =
N2υ(0)

2V
(4.2.8)

ìpou E0 eÐnai h enèrgeia thc jemeli¸douc kat�stashc tou sust matoc sth qamhlìterh

t�xhc prosèggish. Apì th jewrÐa skèdashc mporoÔme sth pr¸th prosèggish Born na

gr�youme to dunamikì san υ(0) = 4π~2a
m

me a to m koc skèdashc. Opìte h (4.2.7) telik�

metatrèpetai se:

E0 =
1

2
Nng (4.2.9)

ìpou n = N
V

kai g = 4π~2a
m

h stajer� allhlepidr�dhc h opoÐa ìpwc ja diapist¸soume sta

epìmena kef�laia paÐzei spoudaÐo rìlo. H eisagwg  twn allhlepidr�sewn kai h met�bash

tou aerÐou apo idanikì se mh eÐqe wc apotèlesma to aèrio na mhn emfanÐzei thn �peirh

sumpiestìthta. Pr�gmati h pÐesh tou aerÐou t¸ra eÐnai:

P = −∂E0

∂V
=

1

2
n2g (4.2.10)
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h opoÐa ìpwc parathroÔme exart�tai plèon apo ton ìgko tou sust matoc. H sumpie-

stìthta tou aerÐou dÐnetai apo th sqèsh ∂n
∂P

= 1
mc2

me c =
√

gn
m

th taqÔthta tou  qou.

Telei¸nontac thn an�lush prèpei na shmei¸soume ìti gia na eÐnai to aèrio stajerì apì

jermodunamik  skopi� h sumpiestìthta ofeÐlei na jetik  dhlad  ∂n
∂P

> 0   g > 0. Sune-

p¸c to sumpÔknwma se omogenèc kai araiì aèrio ja epiz sei mìno sth perÐptwsh pou oi

allhlepidr�seic metaxÔ twn atìmwn eÐnai apwstikèc alli¸c ja èqoume kat�rreush. H mình

perÐptwsh pou to sumpÔknwma paramènei stajerì akìma kai an g < 0 eÐnai ìtan èqoume

exwterik� pedÐa ìpwc sumbaÐnei sta peir�mata.

4.2.2 An¸terhc t�xhc prosèggish

Sth par�grafo aut  melet�me to asjen¸c allhlepidr¸n aèrio mpozonÐwn me megalÔterh

akrÐbeia. Sugkekrimèna anaptÔssoume diataraktik  jewrÐa wc proc touc telestèc kata-

strof c kai dhmiourgÐac krat¸ntac mèqri kai tetragwnikoÔc ìrouc. Xekin�me p�li apì th

qamiltonian  (4.2.5) kai analÔoume k�je ìro xeqwrist� [1,3].

• O ìroc thc kinhtik c enèrgeiac eÐnai idiaÐtera aplìc kai gÐnetai:∑
⇀
k

ε⇀
k
â†⇀
k
â⇀
k

= ε0â
†
0â0 +

∑
⇀
k 6=0

ε⇀
k
â†⇀
k
â⇀
k

=
∑
⇀
k 6=0

ε⇀
k
â†⇀
k
â⇀
k

(4.2.11)

me ε⇀
k

= k2

2m
. Profan¸c apl� xeqwrÐsame th suneisfor� tou sumpukn¸matoc apì

aut  thwn atìmwn stic diegermènec katast�seic.

• O ìroc thc dunamik c enèrgeiac eÐnai arket� pio endiafèron. Apì th (4.2.5) parath-

roÔme ìti ston ìro thc dunamik c enèrgeiac prèpei na ajroÐsoume se ìlec tic dunatèc

timèc twn
⇀

k,
⇀

k
′
,
⇀
q . Gia

⇀

k =
⇀

k
′
=

⇀
q = 0 èqoume to pr¸to ìro o opoÐoc eÐnai υ(0)N2

0

2V
. Oi

amèswc epìmenoi epitreptoÐ ìroi eÐnai autoÐ pou èqoun dÔo apo touc tèsseric deÐktec

mhdenikoÔc kai touc �llouc dÔo mh mhdenikoÔc. Oi ìroi autoÐ eÐnai èxi kai prokÔptoun

apì touc ex c sunduasmoÔc:
⇀

k =
⇀

k
′

= 0,
⇀

k =
⇀

k
′
− ⇀
q = 0,

⇀

k =
⇀

k +
⇀
q = 0,

⇀

k
′

=
⇀
q =

0,
⇀

k
′
=

⇀

k +
⇀
q = 0,

⇀

k
′
− ⇀
q =

⇀

k +
⇀
q = 0

SunoyÐzontac,h qamiltonian  apokt� th parak�tw proseggistik  morf :

Ĥ =
∑
⇀
k 6=0

ε⇀
k
â†⇀
k
â⇀
k
+
υ(0)

2V
(N2

0 +2N0

∑
⇀
k 6=0

â†⇀
k
â⇀
k
)+N0

∑
⇀
k 6=0

υ(
⇀

k)â†⇀
k
â⇀
k
+
N0

2V

∑
⇀
k 6=0

υ(
⇀

k)(â†⇀
k
â†
−
⇀
k
+â
−
⇀
k
â⇀
k
)

(4.2.12)
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'Omwc gia ton olikì arijmì twn atìmwn isqÔei:

N̂ =
∑
⇀
k

â†⇀
k
â⇀
k

= N0 +
∑
⇀
k 6=0

â†⇀
k
â⇀
k

(4.2.13)

 

N̂2 = N2
0 + 2N0

∑
⇀
k 6=0

â†⇀
k
â⇀
k

(4.2.14)

ìpou krat same mèqri tetragwnikoÔc ìrouc wc proc touc telestèc kai efarmìsame th

prosèggish Bogoliubov .'Ara h qamiltonian  (4.2.11) mèsw thc sqèshc (4.2.13) kai tou

periorismoÔ N̂ = N paÐrnei th telik  thc morf :

Ĥ =
n2υ(0)V

2
+
∑
⇀
k 6=0

{[
ε⇀
k

+ nυ(
⇀

k)
]
â†⇀
k
â⇀
k

+
nυ(

⇀

k)

2
(â†⇀

k
â†
−
⇀
k

+ â
−
⇀
k
â⇀
k
)

}
(4.2.15)

ìpou n = N
V
h puknìthta twn swmatidÐwn.

ParathroÔme ìti o pr¸toc ìroc thc (4.2.14) n2υ(0)V
2

= N2υ(0)
2V

sumpÐptei me thn enèrgeia

thc jemeli¸douc kat�stashc pou ex�game sth prosèggish qamhlìterhc t�xhc. T¸ra, ìpwc

eÐnai fusikì, pou melet same to sÔsthma me megalÔterh akrÐbeia ex�game kai �llouc ìrouc

sth qamiltonian  oi opoÐoi perigr�foun tic kbantikèc diakum�nseic gÔrw apì to el�qisto

thc enèrgeiac pou prosdiorÐzei to sumpÔknwma. Apì touc ìrouc autoÔc paÐrnoume th

diìrjwsh sthn enèrgeia thc jemeli¸douc kat�stashc all� kai tic stoiqei¸deic diegèrseic

ìpwc deÐqnoume sth sunèqeia.

H qamiltonian  (4.2.15) blèpoume ìti eÐnai mh diag¸nia wc proc touc telestèc â⇀
k
kai

â†⇀
k
. Gia na mporèsoume na th diagwniopoi soume k�noume èna kanonikì metasqhmatismì kai

eis�goume nèouc telestèc katastrof c kai dhmiourgÐac. O metasqhmatismìc autìc eÐnai

gnwstìc wc metasqhmatismìc Bogoliubov kai isoÔtai me:

â⇀
k

= u⇀
k
b⇀
k

+ υ⇀
k
b†
−
⇀
k

(4.2.16)

ìpou oi nèoi telestèc ikanopoioÔn tic parak�tw sqèseic met�jeshc:[
b⇀
k
, b†⇀

k
′

]
= δ⇀

k
⇀
k
′ ,

[
b⇀
k
, b⇀

k
′

]
=

[
b†⇀
k
, b†⇀

k
′

]
= 0 (4.2.17)

Touc suntelestèc u⇀
k
, υ⇀

k
touc jewroÔme pragmatikoÔc arijmoÔc kai �rtiec sunart seic

tou
⇀

k dhlad  u⇀
k

= u
−
⇀
k
kai υ⇀

k
= υ

−
⇀
k
. Oi suntelestèc mèsw twn sqèsewn met�jeshc
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(4.2.4) kai (4.2.17) apodeiknÔetai ìti ikanopoioÔn epiplèon th sqèsh :

u2
⇀
k
− υ2

⇀
k

= 1 (4.2.18)

Sunep¸c h qamiltonian  (4.2.15) mèsw twn (4.2.16),(4.2.17) kai (4.2.18) gr�fetai sth

morf :

Ĥ =
V n2υ(0)

2
+
∑
⇀
k 6=0

{[
ε⇀
k

+ nυ(
⇀

k)
]
υ2
⇀
k

+ nυ(
⇀

k)u⇀
k
υ⇀
k

}

+
∑
⇀
k 6=0

{[
ε⇀
k

+ nυ(
⇀

k)
]

(u2
⇀
k

+ υ2
⇀
k
) + 2nυ(

⇀

k)u⇀
k
υ⇀
k

}
b̂†⇀
k
b̂⇀
k

(4.2.19)

+
∑
⇀
k 6=0

{[
ε⇀
k

+ nυ(
⇀

k)
]
u⇀
k
υ⇀
k

+
1

2
nυ(

⇀

k)(u2
⇀
k

+ υ2
⇀
k
)

}
(b̂†⇀
k
b̂†
−
⇀
k

+ b̂
−
⇀
k
b̂⇀
k
)

Gia na mporèsoume na aplopoi soume thn èkfrash gia th qamiltonian  arkeÐ na para-

thr soume ìti mporeÐ oi suntelestèc na ikanopoioÔn th (4.2.18) èqoun ìmwc aprosdiìristo

phlikì. SunupologÐzontac kai to gegonìc ìti jèloume h qamiltonian  na eÐnai diag¸nia wc

proc touc telestèc b̂⇀
k
kai b̂†⇀

k
mporoÔme na epib�lloume th sunj kh:

[
ε⇀
k

+ nυ(
⇀

k)
]
u⇀
k
υ⇀
k

+
1

2
nυ(

⇀

k)(u2
⇀
k

+ υ2
⇀
k
) = 0 (4.2.20)

Sunart seic pou ikanopoioÔn touc periorismoÔc twn suntelest¸n eÐnai oi uperbolikèc

kai sunep¸c mporoÔme na touc taut soume me:

u⇀
k

= cosh(θ⇀
k
) , υ⇀

k
= sinh(θ⇀

k
) (4.2.21)

me θ⇀
k

= θ
−
⇀
k
. Me antikat�stash thc (4.2.21) sth (4.2.20) èqoume to periorismì:

tanh(2θ⇀
k
) = − nυ(

⇀

k)

ε⇀
k

+ nυ(
⇀

k)
(4.2.22)

OrÐzontac tèloc th posìthta:

E⇀
k

=

√
ε⇀
k

[
ε⇀
k

+ 2nυ(
⇀

k)
]

(4.2.23)

kai qrhsimopoi¸ntac tic tautìthtec cosh(2a) = cosh2(a)+sinh2(a) , sinh(2a) = 2 cosh(a) sinh(a)
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brÐskoume ìti oi suntelestèc upakoÔoun tic sqèseic:

u2
⇀
k

=
ε⇀
k

+ nυ(
⇀

k)

2E⇀
k

+
1

2

υ2
⇀
k

=
ε⇀
k

+ nυ(
⇀

k)

2E⇀
k

− 1

2
(4.2.24)

u⇀
k
υ⇀
k

= −nυ(
⇀

k)

2E⇀
k

Mèsw twn sqèsewn (4.2.23) ,(4.2.24) h qamiltonian  thc (4.2.19) paÐrnei th telik , diag¸-

nia morf  thc

Ĥ = E0 +
∑
⇀
k 6=0

E⇀
k
b̂†⇀
k
b̂⇀
k

(4.2.25)

ìpou orÐsame E0 th posìthta

E0 =
V n2υ(0)

2
+

1

2

∑
⇀
k 6=0

{
E⇀
k
−
[
ε⇀
k

+ nυ(
⇀

k)
]}

(4.2.26)

'Estw |Ψ0〉 h jemeli¸dhc kat�stash tou sust matoc. Gia T = 0 jewroÔme ìti ìla ta �toma

brÐskontai sth kat�stash me
⇀

k = 0, sunep¸c h dr�sh thc qamiltonian c sth kat�stash

aut  dÐnei:

Ĥ |Ψ0〉 =

E0 +
∑
⇀
k 6=0

E⇀
k
b̂†⇀
k
b̂⇀
k

 |Ψ0〉 = E0 |Ψ0〉 (4.2.27)

�ra E0 eÐnai h enèrgeia thc jemeli¸douc kat�stashc sthn an¸terhc t�xhc prosèggish.

Apì ta parap�nw parathroÔme ìti h jemeli¸dhc kat�stash thc qamiltonian c pros-

diorÐzetai apo th sqèsh:

b̂⇀
k
|Ψ0〉 = 0 ,

⇀

k 6= 0 (4.2.28)

Oi stoiqei¸deic diegèrseic tou sust matoc antistoiqoÔn stic katast�seic |Ψexc〉 = b̂⇀
k
|Ψ0〉

me k 6= 0. Oi diegèrseic autèc èqoun enèrgeia:

Ĥ |Ψexc〉 =

{
E0 +

∑
λ 6=0

Eλb̂
†
⇀
λ
b̂⇀
λ

}
b̂⇀
k
|Ψ0〉

= E0 |Ψexc〉+
∑
λ 6=0

Eλb̂
†
⇀
λ

([
b̂⇀
λ
, b̂†⇀

k

]
+ b̂†⇀

k
b̂⇀
λ

)
|Ψ0〉
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Ĥ |Ψexc〉 =
(
E0 + E⇀

k

)
|Ψexc〉 (4.2.29)

Akìma apo jewrÐa pedÐou gnwrÐzoume ìti h orm  tou pediakoÔ mac sust matoc sth

gl¸ssa thc deÔterhc kb�ntwshc eÐnai:

P̂ =
∑
⇀
k 6=0

⇀

kb̂†⇀
k
b̂⇀
k

(4.2.30)

Sunep¸c oi stoiqei¸deic diegèrseic èqoun orm :

P̂ |Ψexc〉 =
⇀

k |Ψexc〉 (4.2.31)

me th proupìjesh ìti k 6= 0.

ParathroÔme ìti oi diegèrseic pou qarakthrÐzontai apo tic katast�seic |Ψexc〉 èqoun
enèrgeia kai orm  opìte mporoÔme na tic jewr soume san swmatÐdia ta opoÐa lègontai

<åiwneÐ−swm�tia>>   alli¸c quasi−particles. Ta swm�tia aut� èqoun enèrgeia h opoÐa

prosdiorÐzetai apo th sqèsh diaspor�c (4.2.23).

Sumperasmatik� xekin same apì mia jewrÐa pou periègrafe omogenèc sÔsthma apì N

allhlepidr¸nta mpozìnia me qamiltonian  aut  thc sqèshc (4.2.3) kai katal xame mèsw

tou kanonikoÔ metasqhmatismoÔ sth qamiltonian  thc sqèshc (4.2.25) h opoÐa ousiastik�

perigr�fei mh allhlepidr¸nta quasi−particles me sqèsh diaspor�c th (4.2.23).H mèjodoc

aut  thn opoÐa anèptuxe o Bogoliubov upologÐzei, mèsw twn anagkaÐwn proseggÐsewn,

thn diìrjwsh sthn enèrgeia twn allhlepidr¸ntwn mpozonÐwn kai problèpei thn Ôparxh

twn quasi−particles ta opoÐa qrhsimopoioÔntai eurèwc sth shmerin  melèth tou BEC .
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4.3 H ExÐswsh Gross−Pitaevskii

4.3.1 Genik� qarakthristik�

'Olh h prohgoÔmenh melèth aforoÔse omogen  sust mata. To sumpÔknwma Bose−Einstein

dhmiourgeÐtai peiramatik� ìtan ta aèria eÐnai pagideumèna se pagÐdec optikèc   magnhtikèc

[7,8] kai sunep¸c ekeÐ den apoteloÔn omogenèc sÔsthma. Akìma ta mh omogen  sust mata

emfanÐzoun poll� kai endiafèronta fainìmena lìgw thc kbantik c touc fÔshc. Gia ìlouc

autoÔc touc lìgouc gÐnetai emfan c h an�gkh na perigr�youme me susthmatikì trìpo kai

ta mh omogen  sust mata allhlepidr¸ntwn mpozonÐwn. Gia na to k�noume autì prèpei na

genikeÔsoume th je¸rhsh thc prohgoÔmenhc paragr�fou diìti plèon ta epÐpeda kÔmata

den apoteloÔn th b�sh sthn opoÐa mporoÔme na anaptÔxoume touc pediakoÔc telestèc.

Kat� ta gnwst� to sÔsthma mac sth gl¸ssa thc deÔterhc kb�ntwshc perigr�fetai apo

th qamiltonian :

Ĥ =

∫
d
⇀
rΨ̂†(

⇀
r)Ĥ0Ψ(

⇀
r) +

1

2

∫
d
⇀
rd

⇀
r
′
Ψ̂†(

⇀
r)Ψ̂†(

⇀
r
′
)VintΨ̂(

⇀
r)Ψ̂(

⇀
r
′
) (4.3.1)

ìpou Vint to dunamikì allhlepÐdrashc twn mpozonÐwn kai Ĥ0 = −~2∇2

2m
+Vext h qamiltonian 

enìc swmatidÐou parousÐa exwterikoÔ dunamikoÔ pagÐdeushc.

JewroÔme ìti to aèrio eÐnai araiì (dilute) all� kai se polÔ qamhl  jermokrasÐa (ultra-

cold) ¸ste oi sked�seic metaxÔ twn atìmwn na qarakthrÐzontai apokleistik� apì to m koc

skèdashc a kai h allhlepÐdrash sto q¸ro twn jèsewn na mporeÐ na jewrhjeÐ shmeiak .

'Etsi me b�sh autèc tic proseggÐseic mporoÔme na qrhsimopoi soume ìqi to pragmatikì

dunamikì thc allhlepÐdrashc all� ìpwc èqoume peÐ èna energì dunamikì to opoÐo na dÐnei

to Ðdio m koc skèdashc. To dunamikì autì sto q¸ro twn jèsewn eÐnai [2,9]:

Vint(
⇀
r,

⇀
r
′
) = gδ(

⇀
r − ⇀

r
′
) (4.3.2)

Opìte h (4.3.1) mèsw thc (4.3.2) aplousteÔetai kai gÐnetai:

Ĥ =

∫
d
⇀
rΨ̂†(

⇀
r)Ĥ0Ψ̂(

⇀
r) +

g

2

∫
d
⇀
rΨ̂†(

⇀
r)Ψ̂†(

⇀
r)Ψ̂(

⇀
r)Ψ̂(

⇀
r) (4.3.3)

Apì th kbantik  mhqanik  gnwrÐzoume ìti gia na broÔme tic exis¸seic kÐnhshc enìc telest 

sthn eikìna Heisenberg arkeÐ na broÔme to metajèth tou me th qamiltonian . Sunep¸c

isqÔei:

i~
∂Ψ̂(

⇀
r, t)

∂t
=
[
Ψ̂(

⇀
r, t), Ĥ

]
(4.3.4)

Ektel¸ntac tic pr�xeic me par�llhlh qr sh twn sqèsewn met�jeshc
[
Ψ̂(

⇀
r), Ψ̂†(

⇀
r
′
)
]

=
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δ(
⇀
r − ⇀

r
′
) kai

[
Ψ̂(

⇀
r), Ψ̂(

⇀
r
′
)
]

=
[
Ψ̂†(

⇀
r), Ψ̂†(

⇀
r
′
)
]

= 0 telik� brÐskoume [1,2,4,9]:

i~
∂Ψ̂(

⇀
r, t)

∂t
= Ĥ0Ψ̂(

⇀
r, t) + gΨ̂†(

⇀
r, t)Ψ̂(

⇀
r, t)Ψ̂(

⇀
r, t) (4.3.5)

Sto shmeÐo autì efarmìzoume th prosèggish Bogoliubov. Dhlad  gr�foume to pediakì

telest  san grammikì sunduasmì twn dianusm�twn b�shc kai antikajistoÔme â0, â
†
0 →
√
N0

me apotèlesma na grafeÐ ìpwc èqoume deÐxei san:

Ψ̂(
⇀
r, t) = Ψ0(

⇀
r, t) + δΨ̂(

⇀
r, t) (4.3.6)

Epeid  to aèrio ìpwc anafèrame brÐsketai se jermokrasÐa polÔ qamhlìterh apì th krÐsimh

oi jermikèc diakum�nseic tou pediakoÔ telest  mporoÔn na agnohjoÔn. EpÐshc epeid  to

aèrio eÐnai arket� araiì isqÔei h sqèsh n|a|3 � 1 kai oi kbantikèc diakum�nseic tou pedia-

koÔ telest  mporoÔn kai autèc na agnohjoÔn. Tèloc to ìti efarmìsame th prosèggish

Bogoliubov kai jewr same ìti oi telestèc â0, â
†
0 eÐnai arijmoÐ proupojètei ìti o arijmìc

twn atìmwn eÐnai arket� meg�loc kai ìti ta perissìtera swm�tia, an ìqi ìla, brÐskontai

sth jemeli¸dh touc kat�stash. Gia ìlouc autoÔc touc lìgouc mporoÔme na agno soume

ton ìro δΨ̂(
⇀
r, t) apì to �jroisma thc (4.3.6) kai na antikatast soume to pediakì telest 

Ψ̂(
⇀
r, t) me to klasikì pedÐo Ψ0(

⇀
r, t) to opoÐo isoÔtai me thn anamenìmenh tim  tou telest 

an�mesa se katast�seic me diaforetikì arijmì swmatidÐwn dhlad :

Ψ0(
⇀
r, t) =

〈
Ψ̂
〉

= 〈N | Ψ̂ |N + 1〉 (4.3.7)

Telik� mèsw twn parap�nw sullogism¸n h sqèsh (4.3.5) paÐrnei th telik  thc morf  h

opoÐa eÐnai h gnwst  exÐswsh Gross−Pitaevskii

i~
∂Ψ0(

⇀
r, t)

∂t
=

(
−~2∇2

2m
+ Vext + g

∣∣Ψ0(
⇀
r, t)

∣∣2)Ψ0(
⇀
r, t) (4.3.8)

gia to pedÐo Ψ0(
⇀
r, t). H exÐswsh aut  prokÔptei na eÐnai mh grammik  gia to pedÐo Ψ0(

⇀
r, t)

lìgw twn allhlepidr�sewn kai apoteleÐ to jewrhtikì ergaleÐo gia thn exereÔnhsh twn

statik¸n kai dunamik¸n qarakthristik¸n twn mh omogen¸n mpozonik¸n aerÐwn se qamhlèc

jermokrasÐec. Sth pl rwc sumpuknwmènh kat�stash ìla ta �toma brÐskontai sthn Ðdia

kat�stash ϕ(
⇀
r) opìte h kumatosun�rthsh twn poll¸n swmatidÐwn eÐnai to ginìmeno twn

epimèrouc kumatosunart sewn enìc swmatidÐou. Dhlad :

Ψ(
⇀
r1,

⇀
r2, ...,

⇀
rN) =

N∏
i=1

ϕ(
⇀
r i) (4.3.9)
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me th k�je kat�stash enìc swmatidÐou kanonikopoihmènh sth mon�da. H qamiltonian  tou

sust matoc eÐnai:

Ĥ =
N∑
i=1

[
⇀
p

2

i

2m
+ V (

⇀
r i)

]
+ g

∑
i<j

δ(
⇀
r i −

⇀
r j) (4.3.10)

Sunep¸c h enèrgeia tou sust matoc sth kat�stash (4.3.9) dhlad  h anamenìmenh tim  se

aut  th kat�stash prokÔptei na eÐnai [1,2,4]:

E [Ψ0] =

∫
d
⇀
r

[
~2

2m
|∇Ψ0|2 + V (

⇀
r)|Ψ0|2 +

1

2
g|Ψ0|4

]
(4.3.11)

me ton olikì arijmì swmatidÐwn N = N0 =
∫
d
⇀
r |Ψ0|2 na paramènei stajerìc. H stajer�

g eÐnai jetik    arnhtik  an�loga me to an èqoume apwstikèc   elktikèc dun�meic meta-

xÔ twn atìmwn. O pr¸toc ìroc sthn èkfrash (4.3.11) gia thn enèrgeia antistoiqeÐ sthn

kinhtik  enèrgeia tou sumpukn¸matoc, o deÔteroc sthn enèrgeia pou afor� to dunamikì

tou talantwt  kai o trÐtoc antistoiqeÐ sthn enèrgeia tou mèsou pedÐou exaitÐac thc al-

lhlepÐdrashc metaxÔ twn atìmwn[4]. EÐpame ìti to krit rio gia na eÐnai to aèrio araiì  

asjenik� allhlepidrìn eÐnai na ikanopoieÐtai h sqèsh n|a|3 � 1. Ti shmaÐnei ìmwc ìti ta

�toma allhlepidroÔn asjenik� metaxÔ touc, afoÔ up�rqoun peript¸seic stic opoÐec akìma

kai ìtan n|a|3 � 1 oi allhlepidr�seic mporeÐ na mhn eÐnai asjeneÐc; Gia na to katal�boume

prèpei na sugkrÐnoume thn kinhtik  enèrgeia tou sumpukn¸matoc Ekin me thn enèrgeia al-

lhlepÐdrashc Eint. ApodeiknÔetai ìti Ekin ∝ N~ωho kai Eint ∝ N2|a|
a3ho

me aho =
(

~
mωho

)1/2
.

Sunep¸c to phlÐko touc eÐnai an�logo me :

Eint

Ekin
∝ N |a|

aho
(4.3.12)

SumperaÐnoume loipìn ìti h posìthta h opoÐa dhl¸nei th shmasÐa thc enèrgeiac allhle-

pÐdrashc se sqèsh me th kinhtik  eÐnai aut  thc sqèshc (4.3.12) kai mporeÐ na eÐnai polÔ

megalÔterh thc mon�dac akìma kai an n|a|3 � 1 me apotèlesma poll� arai� aèria na

mhn jewroÔntai idanik�. An elaqistopoi soume th posìthta E − µN dhlad  k�noume th

metabol :
δ (E − µN)

δΨ∗0
= 0 (4.3.13)

ja p�roume thn qronik� anex�rthth exÐswsh Gross−Pitaevskii h opoÐa eÐnai:

−~2∇2

2m
Ψ0(

⇀
r) + V (

⇀
r)Ψ0(

⇀
r) + g

∣∣Ψ0(
⇀
r)
∣∣2Ψ0(

⇀
r) = µΨ0(

⇀
r) (4.3.14)

'Opwc h exÐswsh Schroedinger ètsi kai h exÐswsh Gross−Pitaevskii prèpei na sunodeÔetai

apì k�poia exÐswsh sunèqeiac. Pr�gmati, an pollaplasi�soume kat� mèlh thn (4.3.8) me
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Ψ∗0(
⇀
r) paÐrnoume

i~Ψ∗0
∂Ψ0

∂t
= − ~2

2m
Ψ∗0(

⇀
r)∇2Ψ0(

⇀
r) + Vext(

⇀
r)
∣∣Ψ0(

⇀
r)
∣∣2 + g

∣∣Ψ0(
⇀
r)
∣∣4

thn opoÐa afair¸ntac thn apì th suzug  thc kai k�nontac tic pr�xeic èqoume telik� thn

exÐswsh sunèqeiac:
∂n

∂t
+

⇀

∇.
⇀

J = 0 (4.3.15)

me n = |Ψ0|2 th puknìthta twn atìmwn kai
⇀

J = − i~
2m

(Ψ∗0
⇀

∇Ψ0 −Ψ0

⇀

∇Ψ∗0).

Sto deÔtero kef�laio th par�metro t�xhc Ψ0(
⇀
r, t) thn orÐsame san to ginìmeno tou

mètrou thc epÐ mia f�sh

Ψ0(
⇀
r, t) =

∣∣Ψ0(
⇀
r, t)

∣∣ eiS(
⇀
r ,t)

  kalÔtera

Ψ0(
⇀
r, t) =

√
n(

⇀
r, t)eiS(

⇀
r ,t) (4.3.16)

Ja ex�goume sto shmeÐo autì èna set exis¸sewn gia th puknìthta kai gia th f�sh oi

opoÐec eÐnai isodÔnamec thc exÐswshc Gross−Pitaevskii . Xekin¸ntac apì thn exÐswsh gia

to
⇀

J kai antikajist¸ntac th par�metro t�xhc apì th sqèsh (4.3.15) bg�zoume th sqèsh

⇀

J =
~
m
n
⇀

∇S (4.3.17)

Sunep¸c h exÐswsh sunèqeiac mporeÐ na p�rei thn akìloujh morf :

∂n

∂t
+

⇀

∇(
⇀
υs.n) = 0 (4.3.18)

ìpou
⇀
υs(

⇀
r, t) = ~

m

⇀

∇S h taqÔthta ro c tou sumpukn¸matoc.

Antikajist¸ntac th (4.3.15) sth (4.3.8) kai ektel¸ntac tic pr�xeic telik� ex�goume th

sqèsh:

~
∂S

∂t
+

1

2
mυ2

S + Vext + gn− ~2

2m
√
n
∇2
√
n = 0 (4.3.19)

Oi sqèseic (4.3.17) kai (4.3.18) apoteloÔn kleistì sÔsthma exis¸sewn isodÔnamwn me th

qronik� exarthmènh exÐswsh Gross−Pitaevskii .
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4.3.2 Jemeli¸dhc kat�stash

Anazht�me th jemeli¸dh kat�stash N allhlepidr¸ntwn mpozonÐwn parousÐa dunamikoÔ

armonikoÔ talantwt . An ta �toma den allhlepidroÔsan tìte g = 0 kai h (4.3.8) ja ginìtan

mia apl  exÐswsh Schrodinger gia k�je èna �tomo. Sth periptwsh aut  h jemeli¸dhc

kat�stash apokt�tai ìtan ìla ta �toma p�ne sth qamhlìterh energeiak� kat�stash kai

�ra h kumatosun�rthsh poll¸n swmatidÐwn eÐnai:

ϕ(
⇀
r1,

⇀
r2, ...,

⇀
rN) =

N∏
i=1

ϕ0(
⇀
r i) (4.3.20)

me ϕ0(
⇀
r) =

(
mωho
π~

)3/4e[
−m/2~(ωxx2+ωyy2+ωzz2)] kai ωho = (ωxωyωz)

1/3 o gewmetrikìc mèsoc

twn suqnot twn tou talantwt . H kumatosÔnarthsh tìte pou perigr�fei to sumpÔknwma

eÐnai:

Ψ0 =
√
Nϕ0(

⇀
r) (4.3.21)

h opoÐa ìpwc blèpoume exart�tai apì ton arijmì twn atìmwn.

H eisagwg  twn allhlepidr�sewn all�zei th morf  thc puknìthtac twn atìmwn sth

sumpuknwmènh f�sh rizik� idÐwc ìtan h enèrgeia allhlepÐdrashc eÐnai polÔ megalÔterh

thc kinhtik c, dhlad  ìtan N |a|
aho
� 1.

JewroÔme th perÐptwsh pou g > 0 ¸ste na èqoume apwstikèc allhlepidr�seic. Autì

pou parathroÔme èinai ìti kaj¸c h tim  thc paramètrou N |a|
aho

megal¸nei sto kèntro thc gka-

ousian c   alli¸c to kèntro thc puknìthtac qamhl¸nei kai h aktÐna tou sumpukn¸matoc

megal¸nei. To megalÔtero endiafèron all� kai h megalÔterh apìklish apì th gkaousian 

up�rqei sth perÐptwsh pou N |a|
aho
� 1, periptwsh h opoÐa èqei epiteuqjeÐ peiramatik� sto

ergast rio. T¸ra ta �toma pièzontai proc ta èxw me apotèlesma h katanom  thc puknì-

thtac na teÐnei na gÐnei epÐpedh kai aktÐna na megal¸sei. Gia na mporèsoume na ex�goume

th morf  thc puknìthtac twn atìmwn arqik� adiastatopoioÔme thn exÐswsh (4.3.14) qrh-

simopoi¸ntac ta aho, a
−3
ho kai ~ωho wc mon�dec mètrhshc tou m kouc, thc puknìthtac kai

thc enèrgeiac antÐstoiqa. 'Etsi h (4.3.14) gÐnetai:[
−∇̃2 + r̃2 + 8π

N |a|
aho

Ψ̃2
0(r̃)

]
Ψ̃0(r̃) = 2µΨ̃0(r̃) (4.3.22)

kai �ra sto ìrio pouN |a|
aho
� 1 faÐnetai plèon xek�jara ìti mporoÔme apl� na agno soume

ton ìro thc kinhtik c enèrgeiac. Sunep¸c me aut  th skèyh h (4.3.14) gÐnetai:

[
Vext(

⇀
r) + gΨ2

0(r)
]

Ψ0(r) = µΨ0(r)
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Thomas−Fermi Limit

Sq ma 4.1: Puknìthta n(x) = |Ψ0|2 sumpukn¸matoc sto ìrio Thomas−Fermi se mÐa
di�stash.

apì thn opoÐa prokÔptei h par�metroc t�xhc na eÐnai:

Ψ0(r) =

√
µ− Vext(

⇀
r)

g
(4.3.23)

Tì ìrio autì ,sto opoÐo agno same ton ìro thc kinhtik c enèrgeiac, kaleÐtai ìrio Thomas−
Fermi kai isqÔei sth perÐptwsh pou oi atomikèc allhlepidr�seic eÐnai polÔ isqurèc ¸ste o

ìroc thc kinhtik c enèrgeiac na eÐnai praktik� amelhtèoc. H puknìthta sto ìrio autì èqei

th morf  anestramènhc parabol c ìpwc faÐnetai sto gr�fhma (4.1). H pr�sinh parabol 

antistoiqeÐ sto dunamikì pagÐdeushc.

H tim  thc puknìthtac sto kèntro tou dunamikoÔ pagÐdeushc dhlad  gia
⇀
r = 0 kai sto

ìrio pou melet�me eÐnai nTF (0) = |Ψ0(r)|2 = µ
g
en¸ aut  gia to mh allhlepidrìn prokÔptei

na eÐnai polÔ megalÔterh kai Ðsh me [4] nho(0) = |Ψ0(r)|2 = N

π
3/2a3ho

4.3.3 Solitìnia

Ektìc apì th jemeli¸dh tou kat�stash to sumpÔknwma emfanÐzei kai diegermènec kata-

st�seic me tic pio jemeli¸deic na eÐnai ta legìmena solitonik� kÔmata Ôlhc   solitìnia.

Ta solitìnia eÐnai kumatopakèta Ôlhc ta opoÐa diadÐdontai qwrÐc paramìrfwsh diathr¸n-

tac to sq ma kai tic idiìthtec touc analloÐwtec. Ta solitìnia apotèlesan arqik� lÔseic

exis¸sewn sth mh grammik  optik , perioq  apì thn opoÐa pro lje to ìnoma touc. Ta

kÔria qarakthristik� touc eÐnai h stajerìthta pou parousi�zoun kaj¸c kai to gegonìc
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Sq ma 4.2: Puknìthtec ρ(x) gia fwteinì kai skoteinì solitìnio.

ìti met� apì sked�seic suneqÐzoun na kinoÔntai qwrÐc paramìrfwsh. Lìgw thc teleutaÐac

idiìthtac mporoÔme na poÔme ìti ta solitìnia sumperifèrontai san swm�tia. Mhqanismìc

dhmiourgÐac twn solitonÐwn eÐnai h allhlepÐdrash metaxÔ fainomènwn diaspor�c kai mh

grammikìthtac. Apì th mia h diaspor� pou parousi�zetai teÐnei na apl¸sei to solitìnio

kai apì thn �llh h mh grammikìthta pou to stajeropoieÐ. Up�rqoun dÔo tÔpoi solitonÐwn:

Ta skotein� (dark solitons) ta opoÐa up�rqoun gia apwstikèc allhlepidr�seic metaxÔ twn

atìmwn kai ta fwtein� (bright solitons) ta opoÐa dhmiourgoÔntai ìtan ta �toma èlkontai.

Sto sq ma (4.2) faÐnontai oi morfèc twn dÔo solitonÐwn.

Ja xekin soume th melèth twn skotein¸n solitonÐwn apì th monodi�stath èkfrash thc

exÐswshc Gross−Pitaevskii. EÐnai profanèc ìti sthn perÐptwsh enìc aerÐou pagideumè-

nou apì dunamikì trisdi�statou armonikoÔ talantwt , mèsw twn suqnot twn tou ωi me

i = x, y, z mporoÔme na kajorÐsoume to sq ma tou sumpukn¸matoc. Sugkekrimèna jew-

r¸ntac ìti ωx � ωy = ωz = ω⊥ katafèrnoume to aèrio eÐnai polÔ isqur� pagideumèno

stic k�jetec dieujÔnseic me apotèlesma oi diegermènec katast�seic pou touc antistoiqoÔn

na mhn eÐnai energeiak� prosb�simec kai �ra na qarakthrÐzontai apì gkaousianèc kuma-

tosunart seic. 'Etsi jewr¸ntac ìti Ψ0(
⇀
r, t) = Ψ(

⇀
r, t) = Φ(r, t)ψ(x, t), antikajist¸ntac

sth sqèsh (4.3.8) kai ektel¸ntac tic oloklhr¸seic wc proc th Φ(r, t) katal goume sth

parak�tw monodi�stath èkfrash thc exÐswshc:

i~
∂ψ(x, t)

∂t
=

[
− ~2

2m

∂2

∂x2
+

1

2
mω2

xx
2 + g1D|ψ(x, t)|2

]
ψ(x, t) (4.3.24)

ìpou g1D = g
2πa2⊥

= 2a~ω⊥ kai a⊥ =
√

~
mω⊥

. H teleutaÐa mporeÐ na ekfrasteÐ sth

parak�tw adi�stath morf :

i
∂ψ(x, t)

∂t
=

[
−1

2

∂2

∂x2
+

1

2
Ω2x2 + |ψ(x, t)|2

]
ψ(x, t) (4.3.25)
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ìpou h puknìthta, to m koc kai o qrìnoc èqoun tic mon�dec 2α, α⊥ kai ω−1
⊥ antÐstoiqa. Se

pr¸th prosèggish thc an�lushc mac jewroÔme ìti Ω� 1 kai �ra to dunamikì mporeÐ arqik�

na jewrhjeÐ amelhtèo. Se aut  th perÐptwsh h sqèsh (4.3.25) eÐnai pl rwc oloklhr¸simh

kai paÐrnei th morf :

i
∂ψ(x, t)

∂t
=

[
−1

2

∂2

∂x2
+ |ψ(x, t)|2

]
ψ(x, t) (4.3.26)

Profan¸c h enèrgeia se adi�stath morf  gÐnetai plèon Ðsh me:

E =
1

2

+∞∫
−∞

(∣∣∣∣∂ψ∂x
∣∣∣∣2 +

∣∣ψ4
∣∣)dx (4.3.27)

H pio apl  lÔsh thc exÐswshc (4.3.26) eÐnai èna epÐpedo kÔma to opoÐo qarakthrÐzetai apì

kumat�rijmì k kai suqnìthta ω, dhlad 

ψ(x, t) =
√
n0 exp[i(kx− ωt+ θ0)] (4.3.28)

me n0 = µ ìpwc mporoÔme na ex�goume apì th sqèsh (4.3.23) kai θ0 aujaÐreth stajer�

f�shc. Ektìc ìmwc apì aut  th lÔsh h parap�nw exÐswsh dèqetai kai lÔseic thc morf c

twn skotein¸n solitonÐwn [17] ta opoÐa ìpwc eÐpame apoteloÔn tic stoiqei¸deic diegèrseic

tou aploÔ kÔmatoc. H pio genik  morf  enìc skoteinoÔ solitonÐou se kinoÔmeno upìbajro

(k 6= 0) eÐnai h akìloujh:

ψ(x, t) =
√
n0(B tanh ζ + iA) exp[i(kx− ωt+ θ0)] (4.3.29)

ìpou ζ =
√
n0B(x− x0(t)) me x0(t) = υt + x0 to kèntro tou solitonÐou, x0 h arqik  tou

jèsh, υ = A
√
n0 + k h sqetik  taqÔthta metaxÔ tou upob�jrou kai tou solitonÐou kai

ω = k2

2
+n0 h sqèsh diaspor�c tou. Oi par�metroi A,B ikanopoioÔn th sqèsh A2 +B2 = 1

kai sunep¸c mporoÔme na tic orÐsoume wc A = sinϕ kai B = cosϕ. H gwnÐa ϕ onom�zetai

gwnÐa f�shc solitonÐou (soliton phase angle) me |ϕ| < π
2
.

Sth sunèqeia jewroÔme to upìbajro se akinhsÐa, dhlad  k = 0 kai ω = µ apì th

sqèsh diaspor�c. Sth perÐptwsh aut  to solitìnio èqei pl�toc
√
n0 cosϕ kai taqÔthta

√
n0 sinϕ. Gia ϕ = 0 to solitìnio onom�zetai maÔro kai paÐrnei th gnwst  morf :

ψ(x, t) =
√
n0 tanh(

√
n0x)e−iµt (4.3.30)

to opoÐo profan¸c èqei taqÔthta mhdèn. 'Opwc parathroÔme apì th teleutaÐa sqèsh to

skoteinì solitìnio qarakthrÐzetai apì dÔo anex�rthtec paramètrouc, mÐa th puknìthta n0
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gia to upìbajrì kai mÐa th gwnÐa ϕ h opoÐa ìpwc eÐdame qarakthrÐzei th skoteinìthta tou

solitonÐou. Sth perÐptwsh tou sumpukn¸matoc to opoÐo brÐsketai pagideumèno se dunamikì

armonikoÔ talantwt  to upìbajro ja qarakthrÐzei th jemeli¸dh kat�stash tou sumpu-

kn¸matoc kai ja mporeÐ na proseggisteÐ apì to ìrio Thomas−Fermi. 'Etsi sth perÐptwsh

thc monodi�stathc exÐswshc Gross−Pitaevskii h sunolik  kumatosun�rthsh h opoÐa peri-

gr�fei to upìbajro all� kai to solitìnio èqei th morf  ψ(x, t) = Φ(x)ψds(x, t)e
−iµt ìpou

h Φ(x) perigr�fei to upìbajro Thomas−Fermi kai h ψds(x, t) to solitìnio thc sqèshc

(4.3.29) to opoÐo ikanopoieÐ thn sqèsh (4.3.26). Tètoiou eÐdouc lÔseic exet�zoume sto

epìmeno kef�laio, sth perÐptwsh tou spinoriakoÔ sumpukn¸matoc.

61



62



Kef�laio 5

JewrÐa SpinoriakoÔ

Sumpukn¸matoc

To sumpÔknwma dhmiourg jhke peiramatik� mìlic to 1995 se arai� aèria exaitÐac thc te-

qnologik c proìdou h opoÐa eÐqe wc apotèlesma th dhmiourgÐa magnhtik¸n pagÐdwn kaj¸c

kai teqnik¸n yÔxhc. H qr sh ìmwc twn sumbatik¸n magnhtik¸n pagÐdwn eÐqe wc apotèle-

sma th mh an�deixh fainomènwn pou eÐqan sqèsh me to spin twn atìmwn kai ètsi ta �toma

sumperifèrontan san na mhn eÐqan spÐn kai h par�metroc t�xhc emfanÐzontan san bajmwtì

mègejoc. To 1998 ìmwc to gkroÔp tou MIT kat�fere th pagÐdeush twn atìmwn me opti-

kèc pagÐdec oi opoÐec �fhnan to spÐn twn atìmwn eleÔjero. Autì eÐqe wc apotèlesma thn

an�deixh nèwn fainomènwn pou eÐqan sqèsh me to spÐn thc upèrlepthc uf c twn atìmwn

kaj¸c kai me tic spÐn allhlepidr�seic aut¸n. Sto kef�laio autì analÔoume tic idiìthtec

tou spinoriakoÔ sumpukn¸matoc Bose−Einstein me spÐn 1 kai lÔnoume arijmhtik� tic treÐc

mh grammikèc diaforikèc exis¸seic twn paramètrwn t�xhc.

5.1 Mikroskopik  jewrÐa

Arqik� jewroÔme ìti to aèrio eÐnai se polÔ qamhl  jermokrasÐa kai araiì ¸ste na jew-

roÔme mìno allhlepidr�seic metaxÔ dÔo atìmwn oi opoÐec ja qarakthrÐzontai apì to m koc

skèdashc a. 'Otan dÔo ìmoia �toma plhsi�zoun metaxÔ touc me spÐn f to kajèna tìte

sugkroÔontai kai allhlepidroun. To sunolikì spÐn twn atìmwn eÐnai
⇀

F =
⇀

f 1 +
⇀

f 2 me

f1 = f2 = 1 kai F = 2f, 2f − 1, ..., 0. Lìgw ìmwc thc summetrÐac pou epib�lloun ta mpo-

zìnia prèpei to olikì spÐn na eÐnai �rtioc arijmìc ìtan h olik  qwrik  kumatosun�rthsh

pou ta perigr�fei eÐnai summetrik . Sunep¸c antilambanìmaste ìti telik� F = 2, 0 kai

�ra oi atomikèc allhlepidr�seic qarakthrÐzontai, ìpwc ja diapist¸soume, mìno apì dÔo

m kh skèdashc aF=2 kai aF=0 èna gia k�je tim  tou olikìu spÐn.

63



Prob�lontac to q¸ro katast�sewn twn dÔo swmatidÐwn
∑
mf

|f = 1,mf〉⊗
∑
mf

|f = 1,mf〉

sto q¸ro katast�sewn tou olikoÔ touc spÐn
∑
mF

|F = 0,mF 〉 ⊗
∑
mF

|F = 2,mF 〉 prokÔptei

to dunamikì allhlepÐdrashc twn atìmwn na eÐnai:

V (
⇀
r1 −

⇀
r2) = δ(

⇀
r1 −

⇀
r2)

2f∑
F=0

gF
⇀

P F (5.1.1)

ìpou

gF =
4π~2aF
m

(5.1.2)

eÐnai h stajer� allhlepÐdrashc gia k�je tim  tou olikoÔ spÐn. O probolikìc telest c
⇀

P F

isoÔtai me

⇀

P F =
+F∑

mF=−F

|F,mF 〉 〈F,mF | (5.1.3)

gia k�je tim  tou olikoÔ spÐn kai ìloi mazÐ ikanopoioÔn th parak�tw sqèsh

1 =

2f∑
F=0

⇀

P F =
⇀

P 0 +
⇀

P 2 (5.1.4)

afoÔ to olikì spÐn paÐrnei tic timèc F = 0, 2. Ton ìro allhlepÐdrashc metaxÔ twn spin

mporoÔme na ton gr�youme wc ex c:

⇀

f 1.
⇀

f 2 =

⇀

F
2

−
⇀

f 1

2

−
⇀

f 2

2

2
=
F (F + 1)− 2f(f + 1)

2
(5.1.5)

Me th bo jeia tou tautotikoÔ telest  èqoume:

⇀

f 1.
⇀

f 2 =
(
⇀

f 1.
⇀

f 2

)
.1 =

∑
F

⇀

f 1.
⇀

f 2

⇀

P F =
∑
F

F (F + 1)− 2f(f + 1)

2

⇀

P F (5.1.6)

h opoÐa me antikat�stash twn tim¸n gia to olikì spÐn gÐnetai telik�:

⇀

f 1.
⇀

f 2 =
⇀

P 2 − 2
⇀

P 0 (5.1.7)

Sunep¸c oi atomikèc allhlepidr�seic:

V (
⇀
r1 −

⇀
r2) = δ(

⇀
r1 −

⇀
r2)
∑
F

gF
⇀

P F = δ(
⇀
r1 −

⇀
r2)
(
g0

⇀

P 0 + g2

⇀

P 2

)
(5.1.8)
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mèsw twn (5.1.4) kai (5.1.7) gÐnontai:

V (
⇀
r1 −

⇀
r2) = δ(

⇀
r1 −

⇀
r2)
(
c0

(
⇀

P 0 +
⇀

P 2

)
+ c2

(
⇀

P 2 − 2
⇀

P 0

))
  sth telik  touc morf :

V (
⇀
r1 −

⇀
r2) = δ(

⇀
r1 −

⇀
r2)
(
c0 + c2

⇀

f 1.
⇀

f 2

)
(5.1.9)

me c0 = g0+2g2
3

kai c2 = g2−g0
3

stajerèc pou qarakthrÐzoun tic allhlepidr�seic.

'Ara h qamiltonian  pou qarakthrÐzei to sÔsthma mac to opoÐo apoteleÐtai apì spin 1

mpozìnia eÐnai:

Ĥ =
N∑
i=1

p̂2
i

2m
+ U(

⇀
r i) +

∑
i<j

V (
⇀
r i −

⇀
r j) (5.1.10)

  mèsw thc (5.1.9):

Ĥ =
N∑
i=1

[
p̂2
i

2m
+ U(

⇀
r i)

]
+
∑
i<j

δ(
⇀
r i −

⇀
r j)
(
c0 + c2

⇀

f i.
⇀

f j

)
(5.1.11)

ìpou U(
⇀
r i) to exwterikì dunamikì. Sth qamiltonian  o ìroc allhlepÐdrashc twn spin

prokÔptei na eÐnai ousiastik� to eswterikì ginìmeno metaxÔ twn spÐn dÔo atìmwn o opoÐoc

profan¸c eÐnai analloÐwtoc k�tw apì strofèc sto q¸ro autì. Aut  h summetrÐa èqei wc

apotèlesma h par�metroc t�xhc tou sumpukn¸matoc na eÐnai dianusmatik  kai ìqi bajmw-

t  ìpwc sto aplì sumpÔknwma tou prohgoÔmenou kefalaÐou pou eÐqame touc spinoriakoÔc

bajmoÔc eleujerÐac <<pagwmènouc >>. Ta spinoriak� sumpukn¸mata qwrÐzontai se dÔo kath-

gorÐec an�loga me to prìshmo thc stajer�c c2. Pr�gmati, an c2 < 0 tìte h elaqistopoÐhsh

thc qamiltonian c epib�llei ta spÐn twn atìmwn na eÐnai sthn Ðdia kateÔjunsh. Tìte lème

ìti to sumpÔknwma eÐnai sidhromagnhtikì. An ìmwc c2 > 0 antilambanìmaste ìti prèpei ta

spÐn na eÐnai antipar�llhla kai to sumpÔknwma kaleÐtai antisidhromagnhtikì.
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5.2 Peplegmènec exis¸seic Gross−Pitaevskii

H qrhsimìterh morf  thc qamiltonian c eÐnai sth gl¸ssa thc deÔterhc kb�ntwshc kai

ìqi thc morf c (5.1.11). Sunep¸c, h pio genik  qamiltonian  pou mporoÔme na gr�youme

sunart sei twn tri¸n pediak¸n telest¸n
(

Ψ̂1, Ψ̂0, Ψ̂−1

)
gia spÐn 1 sumpÔknwma eÐnai:

Ĥ =

∫
d
⇀
rΨ̂†i (

⇀
r)

(
−~2∇2

2m
δij + Uij(

⇀
r)

)
Ψ̂j(

⇀
r)

+
gij,kl

2

∫
d
⇀
r1d

⇀
r2Ψ̂†i (

⇀
r1)Ψ̂†j(

⇀
r2)Ψ̂k(

⇀
r2)Ψ̂l(

⇀
r1)δ(

⇀
r1 −

⇀
r2) (5.2.1)

ìpou oi deÐktec i, j, k, l trèqoun ìlec tic timèc twn katast�sewn i, j, k, l = 1, 0,−1 kai h

epan�lhyh aut¸n uponoeÐ �jroish. Oi suntelestèc gij,kl apoteloÔn tic stajerèc allhle-

pÐdrashc gia tic sugkroÔseic {k, l} → {i, j} kai o arijmìc touc eÐnai 81. O meg�loc autìc

arijmìc twn suntelest¸n mei¸netai shmantik� lìgw tou ìti sth perÐptwsh pou melet�me oi

sugkroÔseic eÐnai summetrikèc sthn enallag  twn atìmwn (gij,kl = gji,kl) kai sth qronik 

antistrof  (gij,kl = gkl,ij). Tèloc exaitÐac kai thc summetrÐac k�tw apì strofèc sto q¸ro

twn spin, oi anex�rthtec par�metroi katal goun na eÐnai dÔo kai na antistoiqoÔn sta m kh

skèdashc a2 kai a0. Sunep¸c h telik  morf  thc qamiltonian c gia sÔsthma atìmwn me

spin 1 sto formalismì thc deÔterhc kb�ntwshc eÐnai:

Ĥ =

∫
d
⇀
rΨ̂†i (

⇀
r)

(
−~2∇2

2m
+ U(

⇀
r)

)
Ψ̂i(

⇀
r)

+
c0

2

∫
d
⇀
rΨ̂†i (

⇀
r)Ψ̂†j(

⇀
r)Ψ̂j(

⇀
r)Ψ̂i(

⇀
r)

c2

2

∫
d
⇀
rΨ̂†i (

⇀
r)(fa)ijΨ̂j(

⇀
r)Ψ̂†k(

⇀
r)(fa)klΨ̂l(

⇀
r) (5.2.2)

ìpou i, j, k, l = 1, 0,−1 kai fa=x,y,z oi pÐnakec gia spÐn− 1 me :

fx =
1√
2

 0 1 0

1 0 1

0 1 0

 , fy =
i√
2

 0 −1 0

1 0 −1

0 1 0

 , fz =

 1 0 0

0 0 0

0 0 −1


(5.2.3)

H dunamik  tou sust matoc krÔbetai stic peplegmènec exis¸seic Gross−Pitaevskii tic

opoÐec ikanopoioÔn oi treÐc katast�seic spÐn. Gia na tic broÔme apl¸c ja qrhsimopoi soume

thn exÐswsh kÐnhshc Heisenberg gia to k�je pediakì telest . Sugkekrimèna èqoume:

i~
∂Ψ̂a(

⇀
r, t)

∂t
=
[
Ψ̂a(

⇀
r, t), Ĥ

]
(5.2.4)
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me a = 1, 0,−1. Me antikat�stash thc (5.2.2) sthn (5.2.4) telik� ja broÔme tic treÐc

exis¸seic gia touc pediakoÔc telestèc oi opoÐec se sumpuknwmènh morf  eÐnai:

i~
∂Ψ̂a(

⇀
r, t)

∂t
=

(
−~2∇2

2m
+ U(

⇀
r)

)
Ψ̂a + c0Ψ̂†i Ψ̂iΨ̂a + c2Ψ̂†j

⇀

f ak.
⇀

f jlΨ̂lΨ̂k (5.2.5)

me a = 1, 0,−1 kai ìpou up�rqei epan�lhyh deikt¸n na ennoeÐtai �jroish.

Sto ìrio pou to aèrio jewreÐtai araiì kai se qamhl  jermokrasÐa ìla ta �toma brÐ-

skontai sth jemeli¸dh touc kat�stash opìte mporoÔme na agno soume tic suneisforèc

apì tic diegermènec katast�seic (lìgw twn kbantik¸n kai jermik¸n diakum�nsewn) kai �ra

na efarmìsoume th prosèggish Bogoliubov dhlad 〈(
Ψ̂1, Ψ̂0, Ψ̂−1

)T〉
= (ψ1, ψ0, ψ−1)T (5.2.6)

me apotèlesma oi treÐc exis¸seic gia th dianusmatik  par�metro t�xhc na gÐnoun:

i~
∂ψ1(

⇀
r, t)

∂t
= Lψ1 + c0ntotψ1 + c2

(
|ψ1|2 + |ψ0|2 − |ψ−1|2

)
ψ1 + c2ψ

2
0ψ
∗
−1

i~
∂ψ0(

⇀
r, t)

∂t
= Lψ0 + c0ntotψ0 + c2

(
|ψ1|2 + |ψ−1|2

)
ψ0 + 2c2ψ

∗
0ψ1ψ−1 (5.2.7)

i~
∂ψ−1(

⇀
r, t)

∂t
= Lψ−1 + c0ntotψ−1 + c2

(
|ψ−1|2 + |ψ0|2 − |ψ1|2

)
ψ−1 + c2ψ

2
0ψ
∗
1

me L = −~2∇2

2m
+ U(

⇀
r) kai ntot = |ψ1|2 + |ψ0|2 + |ψ−1|2 h olik  puknìthta twn atìmwn.

5.2.1 Arijmhtik  epÐlush twn exis¸sewn Gross−Pitaevskii

Stìqoc mac eÐnai na epilÔsoume to sÔsthma twn tri¸n peplegmènwn diaforik¸n exis¸sewn.

H analutik  touc epÐlush eÐnai dÔskolh exaitÐac thc mh grammikìthtac touc h opoÐa mplèkei

epiplèon tic di�forec sunist¸sec. Sunep¸c gia na tic lÔsoume katafeÔgoume stic di�forec

arijmhtikèc mejìdouc mèsw programmatistik¸n pakètwn. Parìlo pou h teqnologÐa èqei

proodeÔsei h epÐlush twn exis¸sewn se treÐc diast�seic paramènei èna arket� dÔskolo

shmeÐo. Sun jwc jewroÔme k�poiou eÐdouc summetrÐac sto prìblhma mac kai ètsi mei¸noume

ton arijmì twn diast�sewn stic dÔo   akìma kai se mÐa. H di�stash tou sumpukn¸matoc

exart�tai kurÐwc apì to dunamikì pagÐdeushc,ètsi sth paroÔsa ergasÐa jewroÔme ìti to

dunamikì eÐnai tÔpou armonikoÔ talantwt  me idiìthta ωx � ω⊥ ìpou ωy = ωz = ω⊥. Autì

èqei wc apotèlesma to sumpÔknwma na eÐnai isqur� pagideumèno sth y kai sth z di�stash

me apotèlesma na jewreÐtai monodi�stato. H kumatosun�rthsh tìte gr�fetai ψi(
⇀
r, t) =

fi(r, t)ψi(x, t) me i = 1, 0,−1. Tìte h egk�rsiec sunist¸sec fi(r, t) perigr�fontai apì th
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jemeli¸dh kat�stash tou armonikoÔ talantwt  oi opoÐec oloklhr¸nontai me apotèlesma

oi sqèseic (5.2.7) na gÐnoun:

ih
∂ψ1(x, t)

∂t
= Ĥ0ψ1+c1D

0

(
|ψ1|2 + |ψ0|2 + |ψ−1|2

)
ψ1+c1D

2

(
|ψ1|2 + |ψ0|2 − |ψ−1|2

)
ψ1+c1D

2 ψ2
0ψ
∗
−1

ih
∂ψ0(x, t)

∂t
= Ĥ0ψ0+c1D

0

(
|ψ1|2 + |ψ0|2 + |ψ−1|2

)
ψ0+c1D

2

(
|ψ1|2 + |ψ−1|2

)
ψ0+2c1D

2 ψ∗0ψ−1ψ1

(5.2.8)

ih
∂ψ−1(x, t)

∂t
= Ĥ0ψ−1+c1D

0

(
|ψ1|2 + |ψ0|2 + |ψ−1|2

)
ψ−1+c1D

2

(
|ψ−1|2 + |ψ0|2 − |ψ1|2

)
ψ−1+c1D

2 ψ2
0ψ
∗
1

me Ĥ0 = − ~2
2m

∂2

∂x2
+ 1

2
mω2

x. Oi suntelestèc thc mh grammikìthtac se mÐa di�stash eÐnai

c1D
0 = c0

2πa2⊥
kai c1D

2 = c2
2πa2⊥

me a⊥ =
√

~
mω⊥

to egk�rsio m koc tou armonikoÔ talantwt 

pou kajorÐzei to pl�toc thc egk�rsiac jemeli¸douc kat�stashc.

H epÐlush twn exis¸sewn (5.2.8) ègine me th bo jeia tou programmatistikoÔ pakètou

Matlab . Sugkekrimèna me afethrÐa th mèjodo pseudospectral [19],h opoÐa qrhsimopoieÐtai

eurèwc sthn epÐlush thc monodi�stathc exÐswshc Gross−Pitaevskii me bajmwt  kumato-

sun�rthsh, katafèrame kai anaptÔxame prìgramma tautìqronhc epÐlushc twn exis¸sewn

(5.2.9). H basik  idèa thc mejìdou eÐnai h qrhsimopoÐhsh enìc diakritoÔ metasqhmatismoÔ

Fourier gia ton upologismì thc qwrik c parag¸gou kai en suneqeÐa o upologismìc thc

qronik c mèsw thc 4hc t�xhc Runge−Kutta mejìdou. Gia na mporèsoume na tic lÔsoume

tic exis¸seic arqik� tic adiastatopoioÔme.

Metr¸ntac to qrìno,to m koc kai th puknìthta se mon�dec ~
c1D0 n0

, ~√
mc1D0 n0

kai n0

antÐstoiqa oi exis¸seic (5.2.8) paÐrnoun th parak�tw adi�stath morf :

i
∂ψ1

∂t
= Ĥ0ψ1 + ntotψ1 + δ

(
−|ψ−1|2 + |ψ1|2 + |ψ0|2

)
ψ1 + δψ2

0ψ
∗
−1

i
∂ψ0

∂t
= Ĥ0ψ0 + ntotψ0 + δ

(
|ψ−1|2 + |ψ1|2

)
ψ0 + 2δψ∗0ψ−1ψ1 (5.2.9)

i
∂ψ−1

∂t
= Ĥ0ψ−1 + ntotψ−1 + δ

(
|ψ−1|2 + |ψ0|2 − |ψ1|2

)
ψ−1 + δψ2

0ψ
∗
1

me Ĥ0 = −1
2
∂2

∂x2
+ 1

2
Ω2
trx

2 ,ìpou Ωtr = 3
2(a0+2a2)n0

(
ωx
ω⊥

)
kai δ =

c1D2
c1D0

= a2−a0
a0+2a2

. A-

n�loga me to prìshmo tou δ xeqwrÐzoume an to sumpÔknwma eÐnai sidhromagnhtikì  

anti−sidhromagnhtikì.
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5.2.1.1 Jemeli¸dhc kat�stash

Se pr¸to epÐpedo meletoÔme thn jemeli¸dh kat�stash tou sust matoc. Gia na mporèsoume

na ex�goume k�poia apotelèsmata eÐnai skìpimo na metaboÔme sto ìrio Thomas−Fermi, ì-

pwc akrib¸c k�name kai sthn perÐptwsh tou bajmwtoÔ sumpukn¸matoc. Prin xekin soume,

parathr¸ntac tic peplegmènec exis¸seic (5.2.9) eÐnai emfan c h summetrÐa pou parousi�-

zoun oi sqèseic gia tic ψ1, ψ−1 sunist¸sec. Sto pl�isio loipìn mporoÔme na jewr soume

ìti kai oi dÔo sunist¸sec ja eÐnai Ðsec metaxÔ touc, dhlad  ìti ψ1 = ψ−1. 'Etsi jewroÔme

ìti èqoun th morf 

ψ1 = ψ−1 = Ae−iµt , ψ0 = 0 (5.2.10)

Sunep¸c antikajist¸ntac tic (5.2.10) stic (5.2.9) all� kai phgaÐnontac sto ìrio pou h

kinhuik  enèrgeia twn atìmwn eÐnai mikr  sugkritik� me th metaxÔ touc allhlepÐdrash

prokÔptoun dÔo ìmoiec sqèseic oi opoÐec sunoyÐzontai sth parak�tw exÐswsh:

i
∂ψ±1

∂t
= Vextψ±1 + 2|ψ±1|2ψ±1 (5.2.11)

 

µA = VextA+ 2A2A (5.2.12)

Profan¸c lÔnontac th teleutaÐa sqèsh prokÔptei A =
√

µ−Vext
2

kai h sqèsh (5.2.10)

gÐnetai:

ψ1 = ψ−1 =

√
µ− Vext

2
e−iµt , ψ0 = 0 (5.2.13)

PaÐrnontac autì to sunduasmì san arqik  sunj kh (gia t = 0) gia to prìgramma mac,

ektelèsame th prosomoÐwsh kai parathr same ìti h epilog  aut  twn lÔsewn  tan staje-

r  kai diathroÔse ìqi mìno ton olikì arijmì atìmwn all� kai ton arijmì twn atìmwn stic

epimèrouc katast�seic. Autì to perimèname diìti h epilog  twn sunistws¸n ψ1 = ψ−1 kai

ψ0 = 0 eÐqe wc apotèlesma oi ìroi pou perieÐqan th stajer� δ kai eÐnai upeÔjunoi gia tic

allhlepidr�seic twn spin na mhn up�rqoun. H eikìna gia to pwc all�zoun oi puknìthtec

twn atìmwn stic di�forec katast�seic faÐnetai sto gr�fhma (5.1). ParathroÔme ìti ta

perissìtera �toma brÐskontai pagideumèna sto kèntro thc pagÐdac kai kaj¸c apomakrunì-

maste apì aut n o arijmìc autìc mei¸netai kai telik� mhdenizetai gia perioqèc ektìc tou

dunamikoÔ. Epis c kaj¸c o qrìnoc kul�ei blèpoume autì pou perimèname jewrhtik�, dh-

lad  th mh metafor� atìmwn apì th mÐa kat�stash sthn all  me apotèlesma h kat�stash

ψ0 na paramènei sunèqeia qwrÐc atoma.

'Enac �lloc sunduasmìc lÔsewn gia th jemeli¸dh kat�stash tou sumpukn¸matoc eÐnai

na jewr soume ìti oi katast�seic ψ1 kai ψ−1 den perièqoun kajìlou �toma. Tìte, p�li
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Sq ma 5.1: Di�gramma thc metabol c thc puknìthtac twn atìmwn se k�je kat�stash sto

ìrio Thomas−Fermi me ψ1(x) = ψ−1(x) =
√

µ−Vext(x)
2

sta plaÐsia tou orÐou Thomas−Fermi, dokim�zoume san lÔseic ton sunduasmì:

ψ1 = ψ−1 = 0 , ψ0 = Aeiµt (5.2.14)

Me antikat�stash stic (5.2.9) paÐrnoume thn akìloujh sqèsh:

i
∂ψ0

∂t
= Vextψ0 + |ψ0|2ψ0 (5.2.15)

 

µA = VextA+ A2A (5.2.16)

apì th lÔsh thc opoÐac prokÔptei A =
√
µ− Vext. Sunep¸c h (5.2.14) gÐnetai:

ψ1 = ψ−1 = 0 , ψ0 =
√
µ− Vexte−iµt (5.2.17)

Ektel¸ntac th prosomoÐwsh me autèc tic lÔseic san arqikèc sunj kec prokÔptei to gr�-

fhma (5.2) gia tic puknìthtec twn atìmwn.

Autì pou parathroÔme p�li eÐnai ìti oi puknìthtec paramènoun stajerèc me to qrìno

qwrÐc na metakinoÔntai �toma apì th mia kat�stash sthn �llh. O lìgoc pou autì gÐnetai

eÐnai p�li h èlleiyh twn ìrwn me th par�metro δ me apotèlesma oi sunist¸sec metaxÔ touc

na mhn allhlepidroÔn.
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Sq ma 5.2: Di�gramma metabol c thc puknìthtac twn atìmwn se k�je kat�stash sto
ìrioThomas−Fermi me ψ1(x) = ψ−1(x) = 0 kai ψ0(x) =

√
µ− Vext(x)

San teleutaÐo sunduasmì mporoÔme na epilèxoume th perÐptwsh:

ψ1 = ψ0 = Ae−iµt , ψ−1 = 0 (5.2.18)

ParathroÔme ìti t¸ra den up�rqei h summetrÐa metaxÔ twn ψ1 kai ψ−1. Antikajist¸ntac

to sunduasmì autì twn lÔsewn stic mh grammikèc exis¸seic, apì thn exÐswsh gia th

sunist¸sa ψ−1 prokÔptei o periorismìc:

δψ2
0ψ
∗
1 = 0 (5.2.19)

apì ton opoÐo èqoume δ = 0. Telik� lamb�nontac upìyin ton periorismì autì h lÔsh mac

gÐnetai:

ψ1 = ψ0 =

√
µ− Vext

2
e−iµt , ψ−1 = 0 (5.2.20)

p�nta me ton periorismì δ = 0. Ektel¸ntac xan� thn prosomoÐwsh paÐrnoume to gr�fhma

(5.3). P�li parathroÔme th stajerìthta twn lÔsewn mac. To axioshmeÐwto sth perÐptwsh

aut  eÐnai bèbaia to gegonìc ìti h asummetrÐa twn lÔsewn eÐqe wc apotèlesma to mhdenismì

twn allhlepidr�sewn twn spin.

5.2.1.2 SolitonikoÔ tÔpou lÔseic

Sth prohgoÔmenh par�grafo melet same th jemeli¸dh kat�stash tou spinoriakoÔ sum-

pukn¸matoc sto ìrio Thomas−Fermi. 'Opwc deÐxame kai sth perÐptwsh tou bajmwtoÔ

sumpukn¸matoc, mporoÔme san lÔseic na p�roume ta solitìnia. Sto spinoriakì sumpÔ-
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Sq ma 5.3: Di�gramma metabol c thc puknìthtac twn atìmwn se k�je kat�stash sto

ìrioThomas−Fermi me ψ1 = ψ0 =
√

µ−Vext
2

kai ψ−1 = 0 gia δ = 0

knwma melet�me th lÔsh sthn opoÐa h ψ1 kai h ψ−1 perigr�foun skoteinì solitìnio kai h

ψ0 fwteinì. Sth paroÔsa ergasÐa jewroÔme ìti to sumpÔknwma eÐnai antisidhromagnhtikì

(δ > 0) me apwstikèc allhlepidr�seic (c0 > 0). To axioshmeÐwto sthn an�lush mac eÐnai

ìti to fwteinì solitìnio paramènei stajerì parìlo pou oi allhlepidr�seic eÐnai apwstikèc.

Autì sumbaÐnei giatÐ to skoteinì solitìnio dhmiourgeÐ ènan mhqanismì pagÐdeushc me apo-

tèlesma to fwteinì solitìnio na to ni¸jei san dunamikì. MporoÔme dhlad  na poÔme ìti to

skoteinì solitìnio dhmiourgeÐ ousiastika ènan kumatodhgì gia to fwteinì ìmoio me autìn

pou èqei protajeÐ sth mh grammik  optik . Ta solitìnia pou melet�me kai pou ja oloklh-

r¸soume arijmhtik� eÐnai mikroÔ pl�touc kai th qronik  stigm  t = 0 qarakthrÐzontai apì

exis¸seic:

ψ1(x) = ψ−1(x) =

√
µ− U(x)

2
tanh

(√
v(x− x0)

)
ψ0 = υ

3/4

√
ξ

η
√
µ

sech
[√
υ (x− x0)

]
(5.2.21)

ìpou Ωtr = 0, 05 , η = 1 , v = 0, 13 , ξ = 0, 5 kai δ = 0, 0314.

Gia arq  jewrìume ìti ta solitìnia brÐskontai sto kèntro tou dunamikoÔ pagÐdeushc,

dhlad  x0 = 0. Ektel¸ntac thn olokl rwsh paÐrnoume to gr�fhma (5.4) sto opoÐo para-

throÔme ìti ta solitìnia paramènoun sto kèntro se ìlh th qronik  di�rkeia. Ousiastik�

eÐnai san na mhn allhlepidroÔn me to dunamikì. Gegonìc pou to perimèname afoÔ mporoÔme

na jewr soume ìti èqoun swmatidiak  upìstash.

Sth sunèqeia exet�zoume th perÐptwsh sthn opoÐa ta solitìnia brÐskontai pio makri�
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Sq ma 5.4: Solitìnia sto kèntro tou dunamikoÔ pagÐdeushc

apì to kèntro thc pagÐdac sth jèsh x0 = 15 qwrÐc ìmwc na l�boume upìyin tic allhlepi-

dr�seic metaxÔ twn spÐn,dhlad  me δ = 0. To sumpèrasma pou ex�goume eÐnai ìti plèon kai

ta dÔo eÐdh solitonÐwn ekteloÔn armonikèc talant¸seic me suqnìthta ω = Ωtr√
2
ìpwc faÐ-

netai sto sq ma (5.5). To apotèlesma autì sumpÐptei me to apotèlesma pou èqei exaqjeÐ

gia to skoteinì solitìnio sth perÐptwsh bèbaia tou bajmwtoÔ sumpukn¸matoc [18]. 'Opwc

eÐpame kai sthn arq  thc paragr�fou to fwteinì solitìnio den paramorf¸jhke mèsa sto

pèrasma tou qrìnou parìlo pou oi allhlepidr�seic eÐnai apwstikèc kai akoloÔjhse sth

tal�ntwsh to skoteinì to opoÐo leitoÔrghse san kumatodhgìc. ExÐsou shmantikì eÐnai kai

to gegonìc ìti kai to fwteinì solitìnio ektèlese th tal�ntwsh me suqnìthta ω = Ωtr√
2
Ðdia

dhlad  me tou skoteinoÔ parìlo pou sta sumpukn¸mata me mÐa sunist¸sa èqei apodeiqjeÐ

ìti h suqnìthta tou eÐnai ω = Ωtr

Ac exet�soume ti sumbaÐnei sth perÐptwsh pou eis�goume tic allhlepidr�seic metaxÔ

twn spÐn. Mèsa apì mia jewrhtik  kai hmianalutik  prosèggish tou probl matoc èqei

apodeiqjeÐ ìti gia solitìnia pou ekteloÔn talant¸seic me mikrì pl�toc (rhq� solitìnia),

ìpwc sumbaÐnei sth perÐptwsh mac, h suqnìthta tal�ntwshc touc eÐnai [16] :

ωsemi =
Ωtr√

2
(1− α

√
δ)− ε (5.2.22)

ìpou ε ≡ β Ωtr√
2
≈ 10−4 gia to prìblhma mac kai α = 0, 151 [16] ParathroÔme dhlad  ìti

t¸ra h sqèsh aut  genikeÔei th sqèsh gia th suqnìthta twn solitonÐwn pou brÐskoume

sta sumpukn¸mata miac   dÔo sunistws¸n. Sugkekrimèna h suqnìthta mikraÐnei kaj¸c h

allhlepÐdrash metaxÔ twn spÐn megal¸nei kai �ra ta solitìnia ekteloÔn pio argèc talan-

t¸seic. Gia na exakrib¸soume thn akrÐbeia thc sqèshc aut c ektelèsame thn olokl rwsh

73



|y1|
2

 

 

50 100 150 200 250 300 350 400

−40

−20

0

20

40

|y0|
2

 

 

50 100 150 200 250 300 350 400

−40

−20

0

20

40

t

x

|y−1|
2

 

 

50 100 150 200 250 300 350 400

−40

−20

0

20

40

0

0.5

1

0

0.01

0.02

0.2

0.4

0.6

0.8

1

Sq ma 5.5: Tal�ntwsh solitonÐwn me δ = 0. H suqnìthta touc sumpÐptei me aut  pou
upologÐzoume sta sumpukn¸mata miac   dÔo sunistws¸n.

twn peplegmènwn exis¸sewn me th stajer� allhlepÐdrashc na èqei tim  δ = 0.0314.

Gia tic timèc pou èqoume epilèxei h suqnìthta apì thn hmianalutik  prosèggish pro-

kÔptei na eÐnai ωsemi = 0, 03431 en¸ apì th prosomeÐwsh brÐskoume ωsim = 0, 03449.

ParathroÔme dhlad  ìti to l�joc eÐnai polÔ mikrì. To shmantikì epÐshc apotèlesma eÐnai

ìti h suqnìthta èpaje akrib¸c autì pou perimèname, dhlad  na elattwjeÐ exaitÐac twn

allhlepidr�sewn metaxÔ twn spÐn. Bèbaia prèpei na epishm�noume ìti h parap�nw an�lush

isqÔei sth perÐptwsh pou ta solitìnia èqoun mikrì pl�toc tal�ntwshc. Se diaforetik 

perÐptwsh pou to pl�toc twn solitonÐwn eÐnai mesaÐo   meg�lo h hmianalutik  prosèggish

gia th sqèsh thc suqnìthtac den isqÔei.
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Kef�laio 6

EpÐlogoc kai Sumper�smata

Met� th pr¸th peiramatik  pragmatopoÐhsh tou sumpukn¸matoc Bose−Einstein to 1995

sta arai� atomik� aèria h melet  twn kbantik¸n aerÐwn èqei kentrÐsei to endiafèron poll¸n

episthmìnwn apì ìla ta pedÐa thc fusik c. H arqik  idèa èqei tic rÐzec to 1925 ìtan o

Einstein basizìmenoc se mia ergasÐa tou Bose gia th statistik  perigraf  twn fwtonÐwn

proèbleye thn allag  f�shc se aèria me m  allhlepidr¸nta �toma. Bèbaia h peiramatik 

kataskeu  tou ekeÐnh thn epoq   tan dÔskolh exaitÐac thc m  eparkoÔc teqnologÐac. 'Etsi

to 1995 di�forec peiramatikèc om�dec sundu�zontac tic di�forec teqnikèc yÔxhc kat�feran

na ft�soun stic epijumhtèc jermokrasÐec kai puknìthtec gia to sumpÔknwma. Autì eÐqe

wc apotèlesma na anoÐxei o drìmoc gia th melèth twn aerÐwn tìso se jewrhtikì ìso kai

se peiramatikì epÐpedo.

Sth paroÔsa diplwmatik  ergasÐa anaptÔxame arqik� to majhmatikì formalismì pou

qrei�zetai gia na perigr�youme to nèo autì fainìmeno. AkrogwniaÐoc lÐjoc thc prosp�-

jeiac mac  tan h exÐswsh Gross−Pitaevskii , h opoÐa sto epÐpedo thc mèshc jewrÐac pedÐou

perigr�fei me susthmatikì trìpo th sumperifor� tou sumpukn¸matoc. Sth sunèqeia o-

rÐsame th jemeli¸dh kat�stash tou sust matoc twn allhlepidr¸ntwn atìmwn parousÐa

dunamikoÔ kai ex�game akrib  èkfrash gia thn puknìthta twn atìmwn. Katìpin melet -

same to spinoriakì sumpÔknwma sto opoÐo l�bame upìyin kai tic allhlepidr�seic metaxÔ

twn eswterik¸n bajm¸n eleujerÐac twn atìmwn. 'Eidame ìti h kumatosun�rthsh pou to

perigr�fei apì bajmwt  gÐnetai dianusmatik  me treÐc sunist¸sec mÐa gia k�je kat�stash.

Tèloc anafèrame stoiqeÐa thc jewrÐac twn solitonÐwn ,ta opoÐa apoteloÔn tic stoiqei¸-

deic mh grammikèc diegèrseic tou sumpukn¸matoc,kai lÔnontac tic peplegmènec exis¸seic

ex�game to sumpèrasma ìti h suqnìthta twn talant¸sewn pou ekteloÔn sto spinoriakì

sumpÔknwma mikraÐnei ìso h allhlepÐdrash metaxÔ twn spÐn twn atìmwn gÐnetai pio isqur 

gegìnoc pou èrqetai se sumfwnÐa me tic hmianalutikèc proseggÐseic.
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'Olh h an�lush thc jewrÐac mac basÐsthke sth paradoq  ìti ta aèria eÐnai arai� kai

se polÔ qamhlèc jermokrasÐec ¸ste oi kbantikèc kai jermikèc diakum�nseic na jewroÔn-

tai amelhttèec.Mia endiafèrousa er¸thsh eÐnai pwc ìloc autìc o formalismìc all�zei sth

perÐptwsh pou h kumatosun�rthsh den eÐnai èna klasikì pedÐo all� èqei kai ìrouc diatara-

ktikoÔc. Akìma endiafèron parousi�zei to er¸thma tou kat� pìson all�zei h sumperifor�

twn solitonÐwn sth perÐptwsh pou to dunamikì pagÐdeushc eÐnai periodikì kai ìqi armoni-

kì. Tèloc apì peiramatik  skopi� qr zei peraitèrw melèthc h parat rhsh solitonÐwn sta

spinoriak� sumpukn¸mata all� kai oi allagèc pou parousi�zoun aut� se perib�llon me

peperasmènh jermokrasÐa.
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