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“D¸se mou ènan arket� meg�lo moqlì kai

èdafoc na staj¸ kai ja kin sw ton kìsmo. ”

∼ Arqim dhc ∼
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OfeÐlw na euqarist sw jerm� ton anaplhrwt  kajhght  Ant¸nio Oikonìmou,
epiblèponta kajhght  thc paroÔsac diplwmatik c ergasÐac, gia thn �yogh su-
nergasÐa kai thn polÔtimh kajod ghs  tou kajìlh thn di�rkeia tìso twn pro-
ptuqiak¸n ìso kai twn metaptuqiak¸n mou spoud¸n sto Majhmatikì Tm ma.
Euqarist¸, epÐshc, jerm� ton kajhght  Apìstolo Mpournèta gia thn amèristh
upost rixh kai empistosÔnh pou èdeixe sto prìswpì mou. Tèloc, ja  jela na
euqarist sw ton anaplhrwt  kajhght  Dhm trio FakÐno gia thn summetoq  tou
sthn trimel  epitrop .
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H paroÔsa Diplwmatik  ErgasÐa ekpon jhke sta plaÐsia twn spoud¸n gia thn
apìkthsh MetaptuqiakoÔ Dipl¸matoc EidÐkeushc sth Statistik  kai thn Epiqei-
rhsiak  'Ereuna pou aponèmei to Tm ma Majhmatik¸n tou EjnikoÔ kai Kapodi-
striakoÔ PanepisthmÐou Ajhn¸n.

EgkrÐjhke stic .................................. apì Exetastik  Epitrop  apoteloÔmenh
apì touc:

Onomatep¸numo BajmÐda Upograf 

Apìstoloc Mpournètac Kajhght c ...................................

Dhm trioc FakÐnoc Anaplhrwt c Kajhght c ...................................

Ant¸nioc Oikonìmou (Epiblèpwn) Anaplhrwt c Kajhght c ...................................

.
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Kef�laio 1

Basik� stoiqeÐa

Se autì to kef�laio ja parousi�soume sunoptik� k�poia basik� stoiqeÐa apì

th JewrÐa PaignÐwn (Game Theory)1, th JewrÐa Our¸n Anamon c (Queueing

Theory)2 kai ton sunduasmì touc3. JewreÐtai ìti o anagn¸sthc èqei  dh gn¸seic

p�nw sth JewrÐa PaignÐwn kai stic Ourèc Anamon c. To kef�laio autì èqei wc

skopì apl� na upenjumÐsei k�poia basik� stoiqeÐa twn perioq¸n aut¸n, kai se

kamÐa perÐptwsh den kalÔptetai ìlh h JewrÐa PaignÐwn kai ìlh h JewrÐa Our¸n

Anamon c.

1.1 Basik� stoiqeÐa Our¸n Anamon c

Mia our� anamon c   sÔsthma exuphrèthshc (queueing system) e-

Ðnai èna sÔsthma (p.q. iatreÐo), pou parèqei exuphrèthsh (p.q. jerapeÐa) se

pel�tec (p.q. asjeneÐc), o opoÐoi prosèrqontai sto sÔsthma gia na exuphreth-

joÔn. Oi pel�tec feÔgoun apì to sÔsthma amèswc met� to tèloc thc exuphrèth-

s c touc. MporoÔme, loipìn, na jewr soume mia our� anamon c wc èna sÔsthma

eisìdou-exìdou.

1Bl. KwnstantÐnoc Mhlolid�khc, JewrÐa PaignÐwn: Majhmatik� Montela SÔgkroushc kai

SunergasÐac. Ekdìseic SofÐa, Aj na, 2009.
2Bl. Dhm trhc FakÐnoc, Ourèc Anamon c: JewrÐa kai Ask seic. Ekdìseic SummetrÐa,

Aj na, 2008, 2h èkdosh.
3Bl. Rafael Hassin and Moshe Haviv, To Queue or Not To Queue: Equilibrium Behavior

in Queueing Systems. Kluwer Academic Publishers, Boston, 2003.
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Mia our� anamon c apoteleÐtai apì:

a) ènan q¸ro exuphrèthshc, ston opoÐo up�rqoun ènac   perissìteroi uph-

rètec (p.q. giatroÐ), pou exuphretoÔn touc pel�tec kai

b) Ðswc ènan q¸ro anamon c, ston opoÐo perimènoun oi pel�tec pou den mpo-

roÔn na exuphrethjoÔn amèswc.

Genik�, oi diadoqikoÐ qrìnoi afÐxewn kai oi di�rkeiec twn qrìnwn exuph-

rèthshc twn pelat¸n eÐnai tuqaÐec metablhtèc. Autì èqei wc apotèlesma, to

m koc our�c (dhlad  o arijmìc twn pelat¸n pou brÐskontai sto sÔsthma) na

metab�lletai suneq¸c me tuqaÐo trìpo. 'Ara, loipìn, to m koc our�c eÐnai mia

stoqastik  diadikasÐa4.

Ta kÔria qarakthristik� miac our�c anamon c eÐnai h diadikasÐa afÐxewn, o

mhqanismìc exuphrèthshc kai h peijarqÐa our�c.

H diadikasÐa afÐxewn

H diadikasÐa afÐxewn perigr�fei ton trìpo me ton opoÐo ft�noun sto sÔsthma

oi diadoqikoÐ pel�tec, èstw C1, C2, . . . , Cn, . . . .

An sumbolÐsoume me t0 = 0 ≤ t1 ≤ t2 ≤ . . . ≤ tn ≤ . . . tic qronikèc stigmèc

�fixhc sto [0,∞) twn pelat¸n C1, C2, . . . , Cn, . . . antÐstoiqa, tìte, h diadikasÐa

afÐxewn orÐzetai apì thn katanom  twn qronik¸n aut¸n stigm¸n   isodÔnama

apì th stoqastik  ex�rthsh twn endi�meswn qrìnwn �fixhc Tn = tn − tn−1,

n ∈ N\{0}.

Oi kuriìterec diadikasÐec afÐxewn eÐnai oi ex c:

a) Poisson diadikasÐa afÐxewn (sumbolik�: M5): H diadikasÐa Poisson

6 eÐnai to kat�llhlo stoqastikì montèlo gia thn perigraf  gegonìtwn pou sum-

baÐnoun entel¸c tuqaÐa ston qrìno, kai gi� autì h Poisson diadikasÐa afÐxewn

4H tuqaiìthta twn diadoqik¸n qrìnwn afÐxewn kai twn qrìnwn exuphrèthshc den mac epi-
trèpei na problèyoume epakrib¸c thn exèlixh tou sust matoc mèsa ston qrìno. 'Etsi, gia na
melet soume thn exèlixh aut , qrei�zetai na qrhsimopoi soume k�poia kat�llhlh stoqastik 
diadikasÐa (p.q. to m koc our�c).

5Apì to Memoryless   Markovian (property).
6Gia perissìterec plhroforÐec gia thn diadikasÐa Poisson bl. Dhm trhc FakÐnoc, Ourèc

Anamon c: JewrÐa kai Ask seic. Ekdìseic SummetrÐa, Aj na, 2008, 2h èkdosh.
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onom�zetai kai entel¸c tuqaÐa diadikasÐa afÐxewn. H Poisson diadikasÐa afÐxewn

eÐnai h aploÔsterh kai pio suqn� emfanizìmenh sthn pr�xh diadikasÐa afÐxewn.

EÐnai to kat�llhlo stoqastikì montèlo afÐxewn gia sust mata sta opoÐa to

pl joc twn dunhtik¸n pelat¸n eÐnai meg�lo kai k�je pel�thc ta qrhsimopoieÐ se

arai� qronik� diast mata kai anex�rthta apì touc �llouc pel�tec.

b)Stajer  diadikasÐa afÐxewn (sumbolik�: D7): Se aut n thn perÐptw-

sh èqoume Tn = a, gia k�je n ∈ N\{0} (me pijanìthta 1), dhlad  oi pel�tec

ft�noun sto sÔsthma o ènac met� ton �llo, se Ðsa qronik� diast mata m kouc

a. EÐnai to kat�llhlo montèlo gia thn perigraf  kai melèth susthm�twn pou

parèqoun exuphrèthsh me ranteboÔ.

g) Genikèc anex�rthtec afÐxeic (sumbolik�: GI8): Aut  eÐnai h perÐptw-

sh, ìpou oi endi�mesoi qrìnoi T1, T2, . . . eÐnai anex�rthtec kai isìnomec tuqaÐec me-

tablhtèc, pou akoloujoÔn k�poia genik  (aujaÐreth) katanom , èstw A(x), x ≥

0, me peperasmènh mèsh tim  a =
∫∞
0 xdA(x) =

∫∞
0 (1−A(x))dx =

∫∞
0 Ac(x)dx.

H par�metroc λ = 1/a eÐnai o mèsoc arijmìc afÐxewn sth mon�da tou qrìnou

kai onom�zetai rujmìc afÐxewn.

H D diadikasÐa afÐxewn eÐnai h eidik  perÐptwsh thc GI, sthn opoÐa A(x) = 0,

an x < a, kai A(x) = 1, an x ≥ a, enw h M eÐnai h eidik  perÐptwsh thc GI , sthn

opoÐa A(x) = 0, x ≤ 0 kai A(x) = 1 − e−λx, x ≥ 0 (dhlad  oi T1, T2, . . . eÐnai

anex�rthtec kai isìnomec tuqaÐec metablhtèc me thn ekjetik  katanom ).

O mhqanismìc exuphrèthshc

O mhqanismìc exuphrèthshc perigr�fei ton trìpo me ton opoÐo exuphretoÔntai oi

pel�tec apì touc uphrètec. O mhqanismìc exuphrèthshc orÐzetai apì ton arijmì,

èstw k (k ∈ {1, 2, . . .}
⋃
{∞}), twn uphret¸n kai apì thn katanom  twn qrìnwn

exuphrèthshc.

SumbolÐzoume me Xn ton qrìno exuphrèthshc tou n-ostoÔ pel�th pou ft�nei

sto sÔsthma kai upojètoume ìti oi X1, X2, . . . eÐnai anex�rthtec kai isìnomec

7Apì to Deterministic.
8Apì to General Independent.
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tuqaÐec metablhtèc.

Oi kuriìteroi qrìnoi exuphrèthshc pou qrhsimopoioÔntai stic efarmogèc eÐnai:

a) EkjetikoÐ qrìnoi exuphrèthshc (sumbolik�: M): Oi qrìnoi exuph-

rèthshc akoloujoÔn thn ekjetik  katanom .

b) StajeroÐ qrìnoi exuphrèthshc (sumbolik�: D): Ed¸ èqoume ìti oi

qrìnoi exuphrèthshc twn pelat¸n eÐnai stajeroÐ, dhlad  Xn = b, gia k�je n ∈

N\{0} (me pijanìthta 1).

g) GenikoÐ qrìnoi exuphrèthshc (sumbolik�: G): Se aut n thn pe-

rÐptwsh oi qrìnoi exuphrèthshc X1, X2, . . . eÐnai anex�rthtec kai isìnomec tuqa-

Ðec metablhtèc me k�poia genik  (aujaÐreth) katanom , èstw B(x), x ≥ 0, me

peperasmènh mèsh tim  b =
∫∞
0 xdB(x) =

∫∞
0 (1−B(x))dx =

∫∞
0 Bc(x)dx.

Gia ourèc me ènan uphrèth, h par�metroc µ = 1/b ekfr�zei to mèso arijmì

anaqwr sewn   exuphret sewn sth mon�da tou qrìnou, ìso eÐnai suneq¸c apa-

sqolhmènoc, kai onom�zetai rujmìc exuphrèthshc.

To D eÐnai h eidik  perÐptwsh tou G, sthn opoÐa B(x) = 0, an x < b, kai

B(x) = 1, an x ≥ b, enw to M eÐnai h eidik  perÐptwsh tou G, sthn opoÐa

B(x) = 0, x ≤ 0 kai B(x) = 1− e−µx, x ≥ 0.

H peijarqÐa our�c

Me ton ìro peijarqÐa our�c ennooÔme ton trìpo me ton opoÐo epilègontai gia na

exuphrethjoÔn oi pel�tec pou brÐskontai ston q¸ro anamon c. DÔo shmantikèc

peijarqÐec our�c eÐnai h FCFS (First-Come-First-Served), sthn opoÐa k�je pe-

l�thc exuphreteÐtai sÔmfwna me th seir� pou ft�nei sto sÔsthma, kai h LCFS

(Last-Come-First-Served), ìpou k�je for� pou ènac uphrèthc eÐnai eleÔjeroc, e-

pilègei na exuphret sei ton pel�th pou èftase teleutaÐoc sto sÔsthma. H FCFS

eÐnai h sun jhc peijarqÐa our�c.

Oi FCFS kai LCFS den lamb�noun upìyh touc touc sugkekrimènouc qrìnouc

exuphrèthshc twn pelat¸n pou perimènoun ston q¸ro anamon c. Up�rqoun, ìmwc,

kai peijarqÐec our�c oi opoÐec lamb�noun upìyh touc autoÔc touc qrìnouc. 'Ena
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par�deigma eÐnai h SSTF (Shortest-Service-Time-First), ìpou o uphrèthc pou

eleujer¸netai protim� na exuphret sei pr¸ta ton pel�th me ton mikrìtero qrìno

exuphrèthshc.

Up�rqoun peijarqÐec our�c, oi opoÐec b�zoun proteraiìthtec gia sugkekri-

mènouc tÔpouc pelat¸n. Autèc oi peijarqÐec diakrÐnontai se diakìptousec

(preemptive ), stic opoÐec diakìptetai h exuphrèthsh enìc pel�th pou exuphre-

teÐtai, prokeimènou na exuphrethjeÐ ènac pel�thc pou mìlic mp ke kai èqei me-

galÔterh proteraiìthta, kai mh-diakìptousec(non-preemptive ), ìpou den

diakìptetai h exuphrèthsh tou pel�th me thn �fixh ènoc �llou, megalÔterhc

proteraiìthtac, pel�th. Oi diakìptousec peijarqÐec our�c diakrÐnontai se sun-

thrhtikèc(conservative ), stic opoÐec k�je exuphrèthsh pou èqei diakopeÐ, sune-

qÐzei apì to shmeÐo pou diakìphke, kai se mh-sunthrhtikèc(non-conservative

), stic opoÐec mia exuphrèthsh pou diakìphke xanarqÐzei apì thn arq .

'Ena par�deigma diakìptousac sunthrhtik c peijarqÐac our�c eÐnai h LCFS/P-

R (Last-Come-First-Served/Preemptive-Resume). SÔmfwna me thn LCFS/P-R,

ìtan ft�sei ènac pel�thc sto sÔsthma, diakìptetai h exuphrèthsh tou pel�th pou

exuphreteÐtai tìte, kai o pel�thc tou opoÐou h exuphrèthsh diakìphke, epistrèfei

sthn our� kai perimènei ekeÐ mèqri na epilegeÐ sÔmfwna me thn LCFS peijarqÐa

our�c gia na suneqÐsei thn exuphrèths  tou apì to shmeÐo pou diakìphke.

SÔmfwna me ta parap�nw qarakthristik� (diadikasÐa afÐxewn, mhqanismìc exu-

phrèthshc kai peijarqÐa our�c), gia thn taxinìmhsh twn our¸n anamon c èqei

epikrat sei h suntomografÐa A|B|k, ìpou to A anafèretai sth diadika-

sÐa afÐxewn, to B anafèretai sto mhqanismì exuphrèthshc kai to k

eÐnai o arijmìc twn uphret¸n pou leitourgoÔn par�llhla. An h qwrhti-

kìthta tou sust matoc eÐnai peperasmènh, èstw s <∞, tìte eis�goume sth

suntomografÐa kai èna tètarto sÔmbolo, to opoÐo dhl¸nei thn qwrhtikìthta tou

sust matoc, dhlad  h suntomografÐa gÐnetai A|B|k|s, kai an h peijarqÐa

our�c den eÐnai h FCFS, tìte autì to dhl¸noume gr�fontac sto tèloc thc sunto-

mografÐac to ìnoma thc peijarqÐac pou qrhsimopoieÐtai mèsa se parènjesh. Gia
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par�deigma meM |G|2 (LCFS) sumbolÐzetai h our� anamon c me Poisson diadikasÐa

afÐxewn, genikoÔc qrìnouc exuphrèthshc, 2 uphrètec, q¸ro anamon c me �peirh

qwrhtikìthta kai peijarqÐa our�c thn LCFS, kai me D|M |9|23 sumbolÐzetai h ou-

r� anamon c me stajer  diadikasÐa afÐxewn, ekjetikoÔc qrìnouc exuphrèthshc, 9

uphrètec, 14 jèseic ston q¸ro anamon c (dhlad  h qwrhtikìthta tou sust matoc

eÐnai 9+14=23) kai peijarqÐa our�c thn FCFS.

1.1.1 Sun jh mètra apìdoshc miac our�c

Gia k�je j ∈ N\{0}, sumbolÐzoume me:

• Sj ton qrìno paramon c sto sÔsthma tou pel�th Cj ,

• Wj ton qrìno anamon c sthn our� tou pel�th Cj ,

• Xj ton qrìno exuphrèthshc tou pel�th Cj .

Profan¸c isqÔei Sj = Wj +Xj , gia k�je j ∈ N\{0}.

Gia k�je t ≥ 0, sumbolÐzoume me:

• Q(t) ton arijmì twn pelat¸n sto sÔsthma th qronik  stigm  t

(m koc our�c),

• Qq(t) ton arijmì pelat¸n sto q¸ro anamon c th qronik  stigm 

t,

• Qs(t) ton arijmì pelat¸n pou exuphretoÔntai th qronik  stigm 

t.

Profan¸c isqÔei Q(t) = Qq(t) +Qs(t), gia k�je t ≥ 0.

Oi basikèc stoqastikèc diasikasÐec gia th melèth miac our�c eÐnai oi

{Q(t) : t ≥ 0}, {Qq(t) : t ≥ 0}, {Sj : j ∈ N\{0}} kai {Wj : j ∈ N\{0}}.

'Estw:

• Q = lim
t→∞

1
t

∫ t
0 Q(x)dx to (makroprìjesmo) mèso m koc our�c,
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• Qq = lim
t→∞

1
t

∫ t
0 Qq(x)dx o (makroprìjesmoc) mèsoc arijmìc pelat¸n

ston q¸ro anamon c

• Qs = lim
t→∞

1
t

∫ t
0 Qs(x)dx o (makroprìjesmoc) mèsoc arijmìc pelat¸n

pou exuphretoÔntai.

Profan¸c ta Q, Qq kai Qs eÐnai mèsoi wc proc ton qrìno (qronikoÐ mèsoi).

'Estw epÐshc:

• S = lim
n→∞

1
n

n∑
j=1

Sj o (makroprìjesmoc) mèsoc qrìnoc paramon c,

• W = lim
n→∞

1
n

n∑
j=1

Wj o (makroprìjesmoc) mèsoc qrìnoc anamon c,

• X = lim
n→∞

1
n

n∑
j=1

Xj o (makroprìjesmoc) mèsoc qrìnoc exuphrèth-

shc.

Profan¸c ta S, W kai X eÐnai mèsoi wc proc touc pel�tec (pelateiakoÐ

mèsoi).

Oi posìthtec Q, Qq, S kai W apoteloÔn ta sun jh mètra apìdoshc miac

our�c.

'Otan oi stoqastikèc diasikasÐec {Q(t) : t ≥ 0}, {Qq(t) : t ≥ 0}, {Qs(t) : t ≥ 0},

{Sj : j ∈ N\{0}}, {Wj : j ∈ N\{0}} kai {Xj : j ∈ N\{0}} eÐnai anagennhtikèc9

(pr�gma pou isqÔei gia tic GI|G|k ourèc), tìte ta Q, Qq, Qs, S, W kai X

sumpÐptoun (me pijanìthta 1) me tic mèsec timèc twn antÐstoiqwn oriak¸n tuqaÐwn

metablht¸n, èstw Q, Qq, Qs, S, W kai X.

1.1.2 To m koc our�c

H pio qr simh stoqastik  diadikasÐa gia thn perigraf  kai melèth thc stoqa-

stik c sumperifor�c miac our�c eÐnai, stic perissìterec peript¸seic, h diadikasÐa

m kouc our�c {Q(t) : t ≥ 0}. Epomènwc, mac endiafèrei na broÔme th metabati-

k  katanom  thc {Q(t)}, dhlad  tic pijanìthtec pj(t), j ∈ N (wc sunart seic

9Gia tic anagennhtkèc diadikasÐec bl. Dhm trhc FakÐnoc, Ourèc Anamon c: JewrÐa kai

Ask seic. Ekdìseic SummetrÐa, Aj na, 2008, 2h èkdosh, sel. 36-39.
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tou t), ìpou:

pj(t) = P (Q(t) = j) = P (na up�rqoun j pel�tec sto sÔsthma th qronik  stigm  t).

Epeid  suqn� sumbaÐnei na eÐnai dÔskolo   adÔnato na broÔme thn analutik  mor-

f  thc metabatik c katanom c thc {Q(t)}, kai epeid , met� apì parèleush mikroÔ

sqetik� qrìnou, h {Q(t)} paÔei ousiastik� na epideiknÔei metabatik  sumperifo-

r�, dhlad  ft�nei se kat�stash statistik c isorropÐac, strèfoume to

endiafèron mac sthn eÔresh thc antÐstoiqhc oriak c katanom c:

pj = lim
t→∞

pj(t), j ∈ N.

Autì to k�noume giatÐ h oriak  katanom  eÐnai anex�rthth tou t, opìte eÐnai polÔ

pio eÔkolo na th broÔme.

Eust�jeia

Genik�, gia k�je our� thc opoÐac h katanom  twn endi�meswn qrìnwn afÐxewn   h

katanom  twn qrìnwn exuphrèthshc eÐnai suneq c   èqei èna suneqèc tm ma (k�ti

pou isqÔei gia ìlec tic ourèc pou emfanÐzontai stic efarmogèc), h oriak  kata-

nom  orÐzetai. Epiplèon, apodeiknÔetai ìti isqÔei akrib¸c mÐa apì tic epìmenec

prot�seic, kai m�lista anex�rthta apì thn arqik  kat�stash Q(0):

(i) H {Q(t)} èqei akrib¸c mÐa gn sia oriak  katanom  {pj}.

(ii) H {Q(t)} apoklÐnei, dhlad  h oriak  katanom  eÐnai to mhdenikì di�nusma.

Gia ourèc me peperasmènh qwrhtikìthta isqÔei p�nta h pr¸th prìtash, en¸ gia

ourèc me �peirh qwrhtikìthta, h basik  par�metroc pou mac deÐqnei poi� apì tic

parap�nw dÔo prot�seic isqÔei eÐnai o rujmìc (  èntash) sunwstismoÔ:

ρ = λb.

Gia thn akrÐbeia10, ikan  kai anagkaÐa sunj kh gia na isqÔei h prìtash (i) gia

10Gia perissìterec plhroforÐec gia ton rujmì sunwstismoÔ bl. Dhm trhc FakÐnoc, Ourèc
Anamon c: JewrÐa kai Ask seic. Ekdìseic SummetrÐa, Aj na, 2008, 2h èkdosh, sel. 107.
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th mh-nteterministik  GI|G|k our� eÐnai h sqèsh:

ρ < k.

ApodeiknÔetai ìti ìtan isqÔei h prìtash (i) gia thn GI|G|1 our�, h oriak 

pijanìthta to sÔsthma na eÐnai kenì eÐnai p0 = 1− ρ, ρ < 1.

Emfuteumènec diadikasÐec sto m koc our�c

'Otan h {Q(t)} èqei th Markobian  idiìthta11, h melèth thc eÐnai polÔ pio eÔko-

lh. 'Etsi, se peript¸seic pou den eÐnai eÔkolh h melèth thc {Q(t)}, prospajoÔme

na epilèxoume kat�llhlec diakekrimènec qronikèc stigmèc sto [0,∞), tètoiec ¸ste

h {Q(t)} na èqei th Markobian  idiìthta an thn exet�soume mìno se autèc tic

qronikèc stigmèc. Autèc oi kat�llhlec qronikèc stigmèc eÐnai sun jwc oi stig-

mèc diadoqik¸n afÐxewn kai oi stigmèc diadoqik¸n anaqwr sewn

pelat¸n apì to sÔsthma.

An sumbolÐsoume me tn th qronik  stigm  �fixhc tou pel�th Cn sto sÔsthma

kai me τn th qronik  stigm  anaq¸rhs c tou apì to sÔsthma, tìte orÐzoume tic

ex c tuqaÐec metablhtèc:

• Q−n = Q(t−n ), n ∈ N\{0} = m koc our�c amèswc prin thn n−ost  �fixh

sto [0,∞)

• Q+
n = Q(τ+n ), n ∈ N\{0} = m koc our�c amèswc met� thn n−ost  ana-

q¸rhsh sto [0,∞)

Oi stoqastikèc diadikasÐec {Q−n : n ∈ N} kai {Q+
n : n ∈ N}, pou perigr�foun

to sÔsthma apokleistik� se stigmèc afÐxewn kai anaqwr sewn antÐstoiqa, ono-

m�zontai emfuteumènec diadikasÐec sthn {Q(t) : t ≥ 0}.

SumbolÐzoume me:

11Markobian  (  Amn monh) Idiìthta: Lème ìti mia stoqastik  {X(t) : t ∈ T} èqei
th Markobian  Idiìthta (kai tìte onom�zetai Markobian  diadikasÐa) ìtan èqei thn idiìthta ìti
dedomènhc thc tim c thc tuqaÐac metablht cX(t) (parìn), oi tuqaÐec metablhtèc {X(u) : u > t}
(mèllon) eÐnai stoqastik� anex�rthtec apì tic tuqaÐec metablhtèc {X(s) : s < t} (pareljìn).
Oi Markobianèc diadikasÐec me diakritì q¸ro katast�sewn onom�zontai Markobianèc alusÐdec.
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• rj = lim
n→∞

P (Q−n = j), j ∈ N

• dj = lim
n→∞

P (Q+
n = j), j ∈ N

tic oriakèc katanomèc twn {Q−n } kai {Q+
n } antÐstoiqa.

Idiìthtec memonwmènwn metab�sewn kai PASTA

Genik� den isqÔei ìti rj = dj . 'Omwc an èqoume memonwmènec afÐxeic kai ana-

qwr seic, tìte gia tic {Q−n } kai {Q+
n } isqÔei: rj = dj , j ∈ N. H idiìthta aut 

anafèretai wc idiìthta twn memonwmènwn metab�sewn.

Genik� den isqÔei oÔte pj = rj (  pj = dj), j ∈ N, dhlad  h oriak  katanom  se

suneq  qrìno genik� den sumpÐptei me thn oriak  katanom  se stigmèc afÐxewn ( 

anaqwr sewn). Up�rqei, ìmwc, mia eidik  perÐptwsh sthn opoÐa pj = rj , j ∈ N.

Aut  eÐnai h perÐptwsh pou h diadikasÐa afÐxewn eÐnai Poisson. Aut  h idiìthta

anafèretai wc Idiìthta PASTA (Poisson Arrivals See Time Averages).

Apotèlesma tou Little

Diaisjhtik� perimènoume ìti to m koc our�c kai o mèsoc qrìnoc paramon c

sthn our� eÐnai posìthtec an�logec, dhlad  an se mia our� to m koc our�c eÐnai

meg�lo, tìte kai o mèsoc qrìnoc paramon c eÐnai meg�loc. Autì ìntwc isqÔei.

Gia thn akrÐbeia, èqoume to epìmeno apotèlesma to opoÐo kaleÐtai apotèlesma

tou Little:

Q = λS (me pijanìthta 1).

To apotèlesma tou Little ekfr�zei to gegonìc ìti asumptwtik�, o mèsoc arijmìc

pelat¸n se èna sÔsthma, isoÔtai me to ginìmeno tou rujmoÔ afÐxewn epÐ ton mèso

qrìno paramon c se autì, sqedìn gia k�je pragmatopoÐhsh thc diadikasÐac.

Upojètontac ìti up�rqoun oi oriakèc katanomèc twn stoqastik¸n diadikasi¸n

{Q(t) : t ≥ 0} kai {Sn : n ∈ N\{0}} kai eÐnai gn siec, kai sumbolÐzontac me

Q kai S tic antÐstoiqec oriakèc tuqaÐec metablhtèc, èqoume ìti E(Q) = Q kai
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E(S) = S, opìte to Apotèlesma tou Little paÐrnei thn enallaktik  morf :

E(Q) = λE(S).

An koit�xei kaneÐc thn apìdeixh tou apotelèsmatoc tou Little12, ja dei ìti gia

thn apìdeix  tou den qrei�zetai na perigrafeÐ pl rwc to sÔsthma. Autì èqei

san sunèpeia, to apotelèsma tou Little na isqÔei akìma kai an jewr soume wc

sÔsthma mìno ton q¸ro anamon c   mìno ton q¸ro exuphrèthshc. An jewr soume

wc sÔsthma mìno ton q¸ro anamon c, to apotelèsma tou Little gÐnetai:

E(Qq) = λE(W ),

ìpou Qq kai W eÐnai oi oriakèc tuqaÐec metablhtèc pou ekfr�zoun ton arij-

mì twn pelat¸n ston q¸ro anamon c kai ton qrìno pou perimènoun oi pel�tec

ston q¸ro anamon c antÐstoiqa, en¸ an wc sÔsthma jewr soume mìno ton q¸ro

exuphrèthshc, to apotelèsma tou Little gÐnetai:

E(Qs) = λE(X) = λb = ρ,

ìpou E(X) = b eÐnai o mèsoc qrìnoc exuphrèthshc kai Qs eÐnai h oriak  tuqaÐa

metablht  pou ekfr�zei ton arijmì twn pelat¸n pou exuphretoÔntai tautìqrona

(  isodÔnama twn apasqolhmènwn uphret¸n).

1.1.3 H M|M|1 our�

DiadikasÐec Gènnhshc-Jan�tou

'Estw {X(t) : t ≥ 0} mia Markobian  alusÐda13 me q¸ro katast�sewn S = N

  S = {0, 1, . . . , s}, sthn opoÐa oi mìnec metab�seic apì mia kat�stash n eÐnai

12bl. Dhm trhc FakÐnoc, Ourèc Anamon c: JewrÐa kai Ask seic. Ekdìseic SummetrÐa,
Aj na, 2008, 2h èkdosh, sel. 111-113.

13Dhlad  mia stoqastik  diadikasÐa me diakritì q¸ro katast�sewn, h opoÐa èqei thn Mar-
kobian  Idiìthta.
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eÐte proc thn n− 1 me rujmì µn eÐte proc thn n+ 1 me rujmì λn. To di�gramma

rujm¸n met�bashc eÐnai:

(0) (1) · · · (n− 1) (n) (n+ 1) · · ·

λ0

µ1

λ1

µ2

λn−2

µn−1

λn−1

µn

λn

µn+1

λn+1

µn+2

H stoqastik  diadikasÐa {X(t) : t ≥ 0} lègetai diadikasÐa Gènnhshc-

Jan�tou me rujmoÔc gènnhshc λn (n = 0, 1, . . .) kai rujmoÔc ja-

n�tou µn (n = 1, 2, . . .). Upojètoume ìti h {X(t) : t ≥ 0} eÐnai kanonik 14 kai

adiaq¸risth15.

H (monadik ) gn sia st�simh katanom  pn, n ∈ S, up�rqei an kai mìno an:

B−1 =
∑
n∈S

λ0λ1 . . . λn−1
µ1µ2 . . . µn

<∞,

kai tìte èqoume:

pn = B
λ0λ1 . . . λn−1
µ1µ2 . . . µn

> 0, n ∈ S

kai h {X(t)} eÐnai jetik� epanalhptik . 'Otan B−1 = ∞, tìte pn = 0, n ∈ S

kai h {X(t)} eÐnai mhdenik� epanalhptik    parodik .

M|M|1 our�

MiaM |M |1 our� leitourgeÐ wc ex c: Oi pel�tec ft�noun sto sÔsthma sÔmfwna

me mia diadikasÐa Poisson (λ) kai an broun ton (monadikì) uphrèth apasqolhmèno,

perimènoun se èna q¸ro anamon c �peirhc qwrhtikìthtac mèqri na èrjei h seir�

touc na touc exuphret sei. Oi diadoqikoÐ qrìnoi exuphrèthshc eÐnai anex�rthtec

kai isìnomec tuqaÐec metablhtèc me thn Ekjetik  (µ) katanom  kai eÐnai anex�r-

thtoi apì touc qrìnouc afÐxewn. 'Otan telei¸sei h exuphrèthsh enìc pel�th,

tìte o pel�thc feÔgei amèswc apì to sÔsthma kai o uphrèthc epilègei apì ton

14Dhlad  den eÐnai dunatì na up�rxoun �peirec sto pl joc metab�seic se peperasmèno qro-
nikì di�sthma.

15Dhlad  gia opoiesd pote dÔo katast�seic eÐnai dunat  h met�bash apì th mÐa sthn �llh.
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q¸ro anamon c ton epìmeno pel�th pou ja exuphret sei (sÔmfwna me thn FCFS

peijarqÐa our�c, ektìc kai an dhl¸netai k�poia �llh peijarqÐa our�c).

'Est¸ Q(t) to m koc our�c thn qronik  stigm  t. Tìte h {Q(t) : t ≥ 0} eÐnai mia

stoqastik  diadikasÐa suneqoÔc qrìnou me diakritì q¸ro katast�sewn S = N.

M�lista eÐnai mia Markobian  alusÐda afoÔ oi endi�mesoi qrìnoi afÐxewn kai

oi diadoqikoÐ qrìnoi exuphrèthshc eÐnai dÔo anex�rthtec metaxÔ touc akoloujÐec

anex�rthtwn kai isìnomwn tuqaÐwn metablht¸n pou akoloujoÔn thn Ekjetik  (λ)

katanom  kai thn Ekjetik  (µ) katanom  antÐstoiqa.

SÔmfwna me thn perigraf  thc M |M |1 our�c pou d¸same, èqoume ìti to di-

�gramma rujm¸n met�bashc eÐnai:

(0) (1) · · · (n− 1) (n) (n+ 1) · · ·
λ

µ

λ

µ

λ

µ

λ

µ

λ

µ

λ

µ

'Ara, h {Q(t) : t ≥ 0} eÐnai mia diadikasÐa Gènnhshc-Jan�tou me rujmoÔc gèn-

nhshc λn = λ, n ∈ N kai rujmoÔc jan�tou µn = µ, n ∈ N\{0}. Epomènwc, h

(monadik ) oriak  katanom  thc {Q(t) : t ≥ 0} up�rqei an kai mìno an:

B−1 =
∞∑
n=0

λ0λ1 . . . λn−1
µ1µ2 . . . µn

=
∞∑
n=0

λn

µn
=
∞∑
n=0

ρn <∞,

ìpou ρ = λ/µ eÐnai o rujmìc sunwstismoÔ.

H teleutaÐa sunj kh isqÔei an kai mìno an ρ < 1 kai tìte:

B−1 =
1

1− ρ
.

'Ara, h ikan  kai anagkaÐa sunj kh gia na èqei h {Q(t) : t ≥ 0} gn sia oriak 

katanom  eÐnai ρ < 1 kai tìte h oriak  katanom  eÐnai pn = (1 − ρ)ρn, n ∈ N,

dhlad  h Gewmetrik  (ρ) katanom . An ρ ≥ 1, tìte pn = 0, n ∈ N.

An sumbolÐsoume me Q kai S tic oriakèc tuqaÐec metablhtèc pou ekfr�zoun to

m koc our�c kai ton qrìno paramon c enìc pel�th sto sÔsthma (ìtan ρ < 1),
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tìte:

• H Q èqei thn Gewmetrik  (ρ) katanom , opìte:

E(Q) =
ρ

1− ρ
kai V (Q) =

ρ

(1− ρ)2
.

• Apì to apotèlesma tou Little èqoume:

E(Q) = λE(S)⇒ E(S) =
1

µ− λ
.

Gia thn Q èqoume epÐshc ta ex c:

• p0 = P (Q = 0) = 1− ρ

• P (Q ≥ k) = ρk, k ∈ N.

1.2 Basik� stoiqeÐa JewrÐac PaignÐwn

'Opwc lèei kai to ìnom� thc, h JewrÐa PaignÐwn asqoleÐtai me paiqnÐdia. K�je

paiqnÐdi (game) perilamb�nei èna sÔnolo apì (toul�qiston 2) “logikoÔc”16

paÐktec, kajènac apì touc opoÐouc diajètei èna sÔnolo (ìqi anagkastik� Ðdio gia

ìlouc touc paÐktec) apì (kajarèc) strathgikèc. Mia strathgik  (strategy)

enìc paÐkth eÐnai èna pl rec sqèdio dr�shc, pou upagoreÔei ston paÐkth tÐ

prèpei na k�nei mèsa sto paiqnÐdi, kalÔptontac ìlec tic pijanèc katast�seic stic

opoÐec mporeÐ na brejeÐ o paÐkthc kat� th di�rkeia tou paiqnidioÔ17.

Ektìc apì to sÔnolo twn strathgik¸n, se k�je paÐkth antistoiqeÐ kai mia su-

n�rthsh wfèleiac (ìqi anagkastik� Ðdia gia ìlouc touc paÐktec), dhlad  mia

sun�rthsh h opoÐa deÐqnei poiì ja eÐnai to kèrdoc (an eÐnai jetik )   to kìstoc

(an eÐnai arnhtik ) tou k�je paÐkth sto tèloc tou paiqnidioÔ. To poi� ja eÐnai h

16Me thn ènnoia ìti, an ènac paÐkthc xèrei ìti mia strathgik  eÐnai h pio sumfèrousa gi�
autìn, tìte ja dialèxei aut n th strathgik .

17Gia perissìterec plhroforÐec bl. KwnstantÐnoc Mhlolid�khc, JewrÐa PaignÐwn: Majh-

matik� Montela SÔgkroushc kai SunergasÐac. Ekdìseic SofÐa, Aj na, 2009.
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wfèleia tou k�je paÐkth, exart�tai apì th strathgik  pou qrhsimopoÐhse o Ðdioc

kai tic strathgikèc pou qrhsimopoÐhsan oi �lloi paÐktec sto paiqnÐdi.

1.2.1 PaiqnÐdia qwrÐc sunergasÐa kai strathgikèc

Up�rqoun paiqnÐdia, sta opoÐa oi paÐktec den mporoÔn na epikoinwn soun meta-

xÔ touc, opìte den mporoÔn na sunergastoÔn (paiqnÐdia qwrÐc sunergasÐa

(non cooperative games)) kai paiqnÐdia sta opoÐa oi paÐktec mporoÔn na epikoinw-

n soun kai na sun�youn summaqÐec (paiqnÐdia se summaqik  morf  (co-

operative games))18. Em�c, sta plaÐsia thc paroÔshc ergasÐac, mac endiafèroun

mìno ta pr¸ta.

Gia ta paiqnÐdia qwrÐc sunergasÐa èqoume ton parak�tw orismì:

Orismìc 1. 'Ena paiqnÐdi qwrÐc sunergasÐa orÐzetai apì:

a) 'Ena sÔnolo paikt¸n, èstw Π = {1, . . . ,N}.

b) 'Ena sÔnolo (�peiro   peperasmèno) apì apof�seic/enèrgeiec gia k�je paÐkth,

pou onom�zontai kajarèc strathgikèc (pure strategies), èstw A1, . . . ,AN .

g) Mia sun�rthsh wfèleiac (payoff function)19 gia k�je paÐkth, èstw F1, . . . , FN .

Parat rhsh 1. Sta plaÐsia efarmog¸n thc epiqeirhsiak c èreunac, to Π mpo-

reÐ na eÐnai kai �peiro sÔnolo. M�lista, to kentrikì komm�ti aut c thc ergasÐac

èqei na k�nei me paiqnÐdia me �peirouc paÐktec (gia thn akrÐbeia, oi paÐktec eÐnai

pel�tec pou ft�noun se mia M |M |1 our�).

Ektìc apì tic kajarèc strathgikèc, up�rqoun kai oi meiktèc strathgikèc

(mixed strategies). Mia meikt  strathgik  enìc paÐkth eÐnai èna di�nusma pou

dÐnei se k�je kajar  strathgik  tou paÐkth mÐa pijanìthta (thn pijanìthta na

qrhsimopoi sei o paÐkthc thn antÐstoiqh kajar  strathgik ). Gia par�deigma,

an to sÔnolo twn kajar¸n strathgik¸n enìc paÐkth eÐnai A = {a1, . . . , a4},

tìte merikèc meiktèc strathgikèc tou paÐkth autoÔ eÐnai: m1 =
(
1
4 ,

1
4 ,

1
4 ,

1
4

)
,

18Up�rqoun kai �lloi tÔpoi paiqnidi¸n p.q. ta paiqnÐdia diapragm�teushc (bargaining
games).

19Ja tic doÔme pio analutik� parak�tw.
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m2 =
(

5
12 ,

1
4 ,

1
12 ,

1
4

)
, m3 =

(
3
10 ,

1
10 ,

3
5 , 0
)
(h j−ost  suntetagmènh k�je mi e-

Ðnai h pijanìthta pou dÐnei h mi sthn aj).

Profan¸c, oi suntetagmènec k�je meikt c strathgik c ajroÐzoun sto 1.

'Estw M1, . . . ,MN ta sÔnola twn meikt¸n strathgik¸n twn paikt¸n. An to

sÔnolo twn kajar¸n strathgik¸n tou paÐkth i eÐnai Ai = {ai1, . . . , aini}, tìte

to sÔnolo twn meikt¸n strathgik¸n tou eÐnai Mi = {(p1, . . . , pni) :
ni∑
k=1

pk = 1}.

Gia k�je kajar  strathgik  enìc paÐkth i, up�rqei mia meikt  pou antistoiqeÐ s�

aut . Pr�gmati, h aij antistoiqeÐ sthn (0, . . . , 0, 1, 0, . . . , 0) ∈ Mi, h opoÐa èqei

to 1 sthn j−ost  jèsh kai h opoÐa lèei ston paÐkth na epilèxei thn strathgik 

aij me pijanìthta 1.

Orismìc 2. To sÔnolo M = M1 × . . . ×MN = {(m1, . . . ,mN ) : m1 ∈

M1, . . . ,mN ∈MN} lègetai sÔnolo twn strathgik¸n katast�sewn tou

paiqnidioÔ. K�je m ∈ M lègetai strathgik  kat�stash (strategy profile)

kai kajorÐzei mia strathgik  gia k�je paÐkth.

1.2.2 Sun�rthsh wfèleiac kai shmeÐa strathgik c isorro-

pÐac

H sun�rthsh wfèleiac Fi(s) enìc paÐkth i eÐnai mia sun�rthsh, pou deÐqnei poi�

ja eÐnai h plhrwm  (kèrdoc   kìstoc) tou paÐkth i, dedomènou ìti qrhsimopoieÐtai

apì touc paÐktec h strathgik  kat�stash s.

SumbolÐzoume me m−i to di�nusma pou perièqei tic strathgikèc twn paikt¸n

Π\{i}, dhlad  an m = (m1, . . . ,mN ), tìte m−i = (m1, ...,mi−1,mi+1, . . . ,mN ),

opìte mporoÔme na gr�youme m = (mi,m−i).

Me b�sh ton parap�nw sumbolismì, èqoume gia th sun�rthsh wfèleiac Fi tou

paÐkth i, ìti eÐnai mia sun�rthsh apì to sÔnolo M sto R:

Fi : m = (mi,m−i)→ ri.

Upojètoume ìti k�je Fi eÐnai grammik  sun�rthsh wc proc th strathgik  mi,
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dhlad :

An mi = p · a+ (1− p) · b, gia p ∈ [0, 1] kai a, b ∈Mi, tìte

Fi(mi,m−i) = = p · Fi(a,m−i) + (1− p) · Fi(b,m−i).

Orismìc 3. Lème ìti mia strathgik  m1
i kuriarqeÐ asjen¸c(weakly domi-

nates) epÐ miac strathgik cm2
i , an gia k�jem−i isqÔei Fi(m

1
i ,m−i) ≥ Fi(m2

i ,m−i)

kai h anisìthta eÐnai gn sia gia toul�qiston èna m−i. EpÐshc, mia strathgik 

lègetai asjen¸c kuriarqoÔsa (weakly dominant), an kuriarqeÐ asjen¸c epÐ

ìlwn twn �llwn strathgik¸n tou Mi.

Orismìc 4. Lème ìti mia strathgik  m∗i eÐnai mia bèltisth ap�nthsh (best

response) tou paÐkth i kat� thc strathgik c kat�stashc m̂ ∈ M , ìtan m∗i ∈

arg max
mi∈Mi

Fi(mi, m̂−i). Dhlad  h m∗i megistopoieÐ thn wfèleia tou paÐkth i,

ìtan oi upìloipoi paÐktec qrhsimopoioÔn thn m̂−i.

Ja sumbolÐzoume me BRi(m̂−i) to sÔnolo pou perièqei ìlec tic bèltistec apan-

t seic tou paÐkth i, ìtan oi upìloipoi paÐktec qrhsimopoioÔn thn m̂−i, dhlad 

BRi(m̂−i) = {m∗i : Fi(m
∗
i , m̂−i) ≥ Fi(mi, m̂−i), ∀mi ∈Mi}

= arg max
mi∈Ai

F (mi, m̂−i)

Orismìc 5. Lème ìti mia strathgik  kat�stash m̃ eÐnai shmeÐo strath-

gik c isorropÐac (s.s.i.) se kajarèc strathgikèc   shmeÐo Nash (equilib-

rium), an isqÔei m̃i ∈ BRi(m̃−i), gia k�je i ∈ Π, dhlad  k�je m̃i eÐnai bèltisth

ap�nthsh sthn m̃−i.

Parat rhsh 2. An mia bèltisth ap�nthsh eÐnai mÐxh strathgik¸n ènanti mia

strathgik c, tìte ìlec autèc oi strathgikèc eÐnai epÐshc bèltistec apant seic

sthn Ðdia strathgik . Autì den isqÔei gia ta s.s.i., dhlad  an èna shmeÐo stra-

thgik c isorropÐac eÐnai mÐxh dÔo strathgik¸n, tìte oi strathgikèc autèc den

eÐnai aparaÐthta s.s.i.
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1.3 JewrÐa PaignÐwn kai Ourèc Anamon c

Upojètoume ìti k�je pel�thc pou ft�nei sto sÔsthma den eÐnai o “tupikìc”

pel�thc pou gnwrizoume apì th JewrÐa Our¸n Anamon c, all� ènac paÐkthc (me

thn ènnoia thc JewrÐac PaignÐwn), pou prèpei na epilèxei k�poia apì tic diajèsimec

s� autìn strathgikèc, me skopì na megistopoi sei thn (proswpik ) wfèlei� tou.

To kèrdoc enìc pel�th apì thn olokl rwsh thc exuphrèths c tou eÐnai R

kai to kìstoc an� mon�da qrìnou paramon c tou sto sÔsthma eÐnai C.

Wc kat�stash tou sust matoc orÐzoume to m koc our�c, èstw Q(t).

'Estw èna paiqnÐdi me �peirouc sto pl joc paÐktec, oi opoÐoi eÐnai ìmoioi metaxÔ

touc, dhlad  oi opoÐoi èqoun thn Ðdia sun�rthsh wfèleiac kai to Ðdio sÔnolo

strathgik¸n. An sumbolÐsoume me F thn koin  sun�rthsh wfèleiac kai

me A to koinì sÔnolo strathgik¸n, tìte to F (a, b), ìpou a, b ∈ A, eÐnai

h wfèleia enìc paÐkth pou qrhsimopoieÐ thn strathgik  a, ìtan ìloi oi �lloi

paÐktec qrhsimopoioÔn thn strathgik  b. Me b�sh aut�, èqoume ton epìmeno

Orismì:

Orismìc 6. H a ∈ A onom�zetai summetrik  strathgik  isorropÐac

(symmetric equillibrium strategy), an F (a, a) ≥ F (b, a), gia k�je b.

Sta plaÐsia aut c thc diplwmatik c ja asqolhjoÔme me thn perÐptwsh susth-

m�twn our¸n anamon c, apoteloÔmena apì dÔo M |M |1 ourèc se seir� me rujmì

afÐxewn λ kai rujmoÔc exuphrèthshc µ1 kai µ2 antÐstoiqa. Prin proqwr soume

sthn an�lush tètoiwn susthm�twn ja perigr�youme to basikì plaÐsio, qrhsimo-

poi¸ntac thn M |M |1 our�.

1.3.1 PlhroforÐa kai strathgikèc

'Eqontac wc basikì par�deigma thnM |M |1 our�, ja exet�soume treic peript¸seic

wc proc to epÐpedo plhroforÐac pou lamb�noun oi pel�tec kat� thn �fix  touc:

1. Parathr simh our� (Observable Queue): EÐnai h perÐptwsh ìpou

oi pel�tec (touc opoÐouc onom�zoume parathroÔntec) parathroÔn pr¸ta
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to m koc our�c kai met� apofasÐzoun an ja mpoun   ìqi. 'Ara, oi stra-

thgikèc pou qrhsimopoioÔn oi parathroÔntec pel�tec mporeÐ

na eÐnai strathgikèc katwflÐou (dhlad  o pel�thc epilègei wc stra-

thgik  ènan fusikì arijmì n, kai an parathr sei m koc our�c to polÔ n,

tìte mpaÐnei sto sÔsthma, diaforetik� den mpaÐnei). Genikìtera mia strath-

gik  eÐnai èna di�nusma (q0, q1, q2, . . .), ìpou qi eÐnai h pijanìthta eisìdou

gia ènan pel�th pou blèpei i pel�tec kat� thn �fix  tou. Mia strathgik 

katwflÐou antistoiqeÐ se strathgik  tÔpou (1, 1, 1, . . . , 0, 0, 0, . . .).

2. Mh-parathr simh our� (Unobservable Queue): Se aut  thn pe-

rÐptwsh, oi pel�tec (touc opoÐouc onom�zoume mh- parathroÔntec) den

mporoÔn na parathr soun to m koc our�c prin eisèljoun sto sÔsthma. Oi

mh-parathroÔntec pel�tec apofasÐzoun an ja mpoun sto sÔsthma epilègon-

tac mia pijanìthta eisìdou, èstw q (dhlad  oi diajèsimec strathgikèc

gia touc mh-parathroÔntec pel�tec eÐnai ìla ta q ∈ [0,1]).

3. Merik¸c parathr simh our� (Partially Observable Queue):

Se aut  thn perÐptwsh, oi pel�tec lamb�noun k�poia ligìtero saf  plhro-

forÐa apì thn akrib  kat�stash tou sust matoc. Gia par�deigma, mporeÐ

na gnwrÐzoun an up�rqoun to polÔ n pel�tec   ìqi.

O epìmenoc orismìc eis�gei èna eÐdoc strathgik¸n pou ja mac qreiastoÔn pa-

rak�tw:

Orismìc 7.

• Mia kajar  strathgik  (  politik ) katwflÐou (pure threshold

strategy) me kat¸fli n ∈ N, kajorÐzei mia enèrgeia A gia tic katast�seic

0, 1, . . . , n − 1 tou sust matoc kai mia �llh enèrgeia B gia tic upìloipec

katast�seic tou sust matoc (dhlad  tic n, n+ 1, . . .).

• Mia meikt  strathgik  (  politik ) katwflÐou (mixed threshold

strategy) me kat¸fli r = n+p, n ∈ N, p ∈ [0, 1), orÐzei mia mÐxh metaxÔ twn
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dÔo kajar¸n strathgik¸n katwflÐou n kai n + 1, ètsi ¸ste h strathgik 

n na èqei pijanìthta 1− p kai h strathgik  n+ 1 na èqei pijanìthta p, me

apotèlesma h r na kajorÐzei:

� mia enèrgeia A gia tic katast�seic tou sust matoc 0, 1, . . . , n− 1

� tuqaÐa epilog  metaxÔ twn A kai B (h A epilègetai me pijanìthta p

kai h B me pijanìthta 1− p), ìtan h kat�stash tou sust matoc eÐnai

n

� mia enèrgeia B gia tic upìloipec katast�seic tou sust matoc (dhlad 

tic n+ 1, n+ 2, . . .).

'Ara loipìn:

• Mia kajar  strathgik  katwflÐou n lèei ston pel�th na dr�sei wc ex c:

An h kat�stash tou sust matoc eÐnai< n, di�lexe thn q, kai an h kat�stash

tou sust matoc eÐnai ≥ n, di�lexe thn q′.

• Mia meikt  strathgik  katwflÐou r = n + p, n ∈ N, p ∈ [0, 1), lèei ston

pel�th:

An h kat�stash tou sust matoc eÐnai < n, di�lexe to q, an h kat�stash

tou sust matoc eÐnai n, di�lexe to q me pijanìthta p kai to q′ me pijanìthta

1− p, kai an h kat�stash tou sust matoc eÐnai > n, di�lexe to q′.

1.3.2 Stasimìthta

Stic ourèc me parathroÔntec pel�tec, k�je kajar  strathgik  orÐzei mia epilog 

(p.q. “ja mpw sthn our�”   “den ja mpw sthn our�”) gia k�je kat�stash tou su-

st matoc. Mia strathgik  kat�stash kai mia arqik  kat�stash Q(0) ep�goun mia

katanom  pijanìthtac p�nw stic katast�seic tou sust matoc. 'Etsi, h wfèleia

enìc pel�th exart�tai apì thn kat�stash tou sust matoc, thn

strathgik  pou akoloujeÐ o Ðdioc kai tic strathgikèc pou ako-

loujoÔn oi upìloipoi pel�tec, kai k�je pel�thc endiafèretai gia th dik 

28



tou anamenìmenh wfèleia (th mèsh tim  thn paÐrnoume p�nw stic katast�seic tou

sust matoc kai tic enèrgeiec pou kajorÐzei gia thn k�je kat�stash h strathgik 

pou qrhsimopoieÐ o pel�thc).

'Estw ìti h wfèleia enìc pel�th pou qrhsimopoieÐ th strathgik  a ∈ A, ìtan

oi upìloipoi pel�tec qrhsimopoioÔn th strathgik  b ∈ A, a, b ∈ A, eÐnai F (a, b).

'Otan upologÐzoume thn anamenìmenh wfèleia ènoc pel�th, upojètoume ìti to

sÔsthma eÐnai se kat�stash stasimìthtac. O ìroc “kat�stash stasimìth-

tac” èqei th sun jh ènnoia, dhlad  shmaÐnei ìti h katanom  pijanìthtac p�nw

stic katast�seic tou sust matoc eÐnai h oriak  katanom . 'Enac pel�thc loipìn,

upojètei ìti h katanom  pijanìthtac p�nw stic katast�seic tou

sust matoc eÐnai h oriak  katanom 20.

Par�deigma 1. JewroÔme mia M |M |1 our� me rujmì afÐxewn λ kai rujmì

exuphrèthshc µ, sthn opoÐa k�je pel�thc pou ft�nei sto sÔsthma, parathreÐ

pr¸ta to m koc our�c kai met� apofasÐzei an ja mpei sthn our� gia na exuphre-

thjeÐ   ìqi (eÐmaste dhlad  sthn perÐptwsh twn parathroÔntwn pelat¸n). 'Ara,

to sÔnolo twn apof�sewn/energei¸n twn pelat¸n eÐnai A = {a1, a2}, ìpou a1 =

“Ja mpw sthn our�.” kai a2 = “Den ja mpw sthn our�.”.

'Estw b ∈ A kai ac sumbolÐsoume me b(n) thn epilog  pou k�nei ènac pel�thc pou

qrhsimopoieÐ thn b, ìtan h kat�stash tou sust matoc eÐnai h n ∈ N. Gia eukolÐa

ac jewr soume ìti h b eÐnai kajar  strathgik , dhladh se k�je kat�stash n, to

b(n) eÐnai eÐte h a1 eÐte h a2.

An ìloi oi pel�tec qrhsimopoioÔn thn b, tìte h b kajorÐzei tic pijanìthtec me-

t�bashc metaxÔ twn katast�sewn tou sust matoc p.q. an b(n) = a2, gia n ∈ N,

tìte kaneÐc pel�thc den mpaÐnei sto sÔsthma kai h kat�stash tou sust matoc

eÐnai p�nta h 0, en¸ an b(n) = a1, gia n < 10 kai b(n) = a2, gia n ≥ 10, tìte

ènac pel�thc ja mpei sthn our� mìno an to m koc our�c eÐnai < 10.

'Estw pn(b) h oriak  pijanìthta thc kat�stashc n, dedomènhc miac opoiasd pote

arqik c kat�stashc kai dedomènou ìti ìloi oi pel�tec akoloujoÔn thn strathgik 

20Dhlad  P (Q(t) = n) = P (Q = n) = pn (sÔmfwna me ton sumbolismì thc Enìthtac 1.1).
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b. Tìte o mèsoc qrìnoc paramon c sthn our� enìc pel�th pou qrhsimopoieÐ th

strathgik  a eÐnai:

E(W ) =
∑

n:a(n)=a1

pn(b)
n+ 1

µ
.

1.3.3 SÔmfwna me to pl joc kai AntÐjeta apì to pl joc

Se poll� montèla our¸n, oi strathgikèc mporoÔn na parastajoÔn apì ènan

arijmì, p.q. stic ourèc me parathroÔntec pel�tec, oi strathgikèc katwflÐou an-

tistoiqoÔn se fusikoÔc arijmoÔc, kai stic ourèc me mh-parathroÔntec pel�tec, oi

strathgikèc parist�nontai me shmeÐa tou [0,1]. Se tètoia montèla, ìpou o q¸roc

twn diajèsimwn strathgik¸n eÐnai olik� diatetagmènoc, èqei nìhma na jètoume e-

rwt mata thc morf c “EÐnai h bèltisth ap�nthsh enìc pel�th aÔxousa (  fjÐnou-

sa) sun�rthsh thc strathgik c pou qrhsimopoioÔn oi �lloi pel�tec;”.

'Estw ìti ènac pel�thc qrhsimopoieÐ th strathgik  a ∈ A, en¸ ìloi �lloi pe-

l�tec qrhsimopoioÔn th strathgik  b ∈ A. Tìte h wfèleia tou pel�th autoÔ

eÐnai F (a, b).

Upojètoume ìti gia k�je b up�rqei mia monadik  bèltisth ap�nthsh a(b) : a(b) =

arg max
a

F (a, b) sthn b kai ìti h a(b) eÐnai gnhsÐwc monìtonh. 'Otan h a(b) eÐnai

gnhsÐwc aÔxousa (antÐstoiqa gnhsÐwc fjÐnousa), tìte ìso pio meg�lo eÐnai to b,

tìso pio meg�lh (antÐstoiqa mikr ) eÐnai h bèltisth ap�nthsh tou pel�th sthn

b, dhlad , ìpwc lème, o pel�thc akoloujeÐ to pl joc (antÐstoiqa apofeÔgei

to pl joc), dhlad  k�nei ì,ti k�noun kai oi �lloi pel�tec (antÐstoiqa k�nei to

antÐjeto apì autì pou k�noun oi �lloi pel�tec). 'Etsi, h perÐptwsh pou h a(b)

eÐnai gnhsÐwc aÔxousa kaleÐtai SÔmfwna me to pl joc (SMTP (Follow

The Crowd)) kai h perÐptwsh pou eÐnai gnhsÐwc fjÐnousa kaleÐtai AntÐjeta

apì to pl joc (AATP (Avoid The Crowd)).

Mia strathgik  isorropÐac b ikanopoieÐ thn a(b) = b, dhlad  eÐnai èna staje-

rì shmeÐo thc sun�rthshc a. Sthn perÐptwsh SMTP eÐnai dunatìn

na up�rqoun p�nw apì mÐa strathgikèc isorropÐac, en¸ sthn

perÐptwsh AATP up�rqei to polÔ mÐa strathgik  isorropÐac.
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1.4 Strathgik  an�lush susthm�twn exuphrèth-

shc se seir�

1.4.1 Istorik  anadrom 

'Otan h sunolik  axÐa thc exuphrèthshc enìc pel�th sunÐstatai apì thn olo-

kl rwsh epimèrouc exuphret sewn, lème ìti autèc oi exuphret seic eÐnai sum-

plhrwmatikèc. 'Otan h seir� twn lamban¸menwn exuphret sewn eÐnai prokajo-

rismènh, tìte èqoume tic ourèc se seir�. Wc dÐktuo, oi ourèc se seir� parousi-

�zontai san kateujunìmeno monop�ti. Up�rqoun polloÐ pou asqol jhkan me to

sugkerimèno komm�ti thc jewrÐac our¸n anamon c se sunduasmì me th jewrÐa

paignÐwn.

Oi Parlaktürk kai Kumar (2004) je¸rhsan èna sÔsthma me dÔo uphrètec, e-

xuphrèthsh dÔo stadÐwn kai tuqaÐa diadikasÐa afÐxewn. To pr¸to st�dio thc

exuphrèthshc paÐrnei qrìno mf , kai to deÔtero paÐrnei qrìno ms, anex�rthta a-

pì ton uphrèth pou analamb�nei thn exuphrèthsh. Kai oi dÔo uphrètec eÐnai ikanoÐ

na pragmatopoi soun kai ta dÔo st�dia, all� ta dÔo mèrh thc exuphrèthshc prèpei

na pragmatopoihjoÔn apì diaforetikoÔc uphrètec gia k�je dedomèno pel�th. Oi

uphrètec èqoun xeqwristèc ourèc kai h peijarqÐa thc exuphrèthshc mporeÐ na

diakrÐnei touc pel�tec pou anazhtoÔn na apokt soun to pr¸to st�dio thc exuph-

rèths c touc apì autoÔc pou ft�noun gia to deÔtero st�dio thc exuphrèths c

touc. H apìfash enìc pel�th se poia our� na eisèljei pr¸ta exart�tai apì ta

parathroÔmena m kh twn our¸n kai touc upoleipìmenouc qrìnouc exuphrèthshc

kai twn dÔo uphret¸n. O diaqeirist c thc our�c apofasÐzei ton kanìna prote-

raiìthtac stic ourèc, qwrÐzontac touc pel�tec se pr¸tou kai deÔterou stadÐou.

Kaj¸c o kanìnac proteraiìthtac epitrèpei tic prosper�seic, h apìfash enìc a-

fiqjènta pel�th epÐshc exart�tai apì tic strathgikèc twn mellontik¸n afÐxewn,

kai ètsi oi suggrafeÐc anazhtoÔn (kajar ) strathgik  isorropÐac twn pelat¸n

kai kanìna proteraiìthtac pou ep�goun kal  (koinwnik ) apìdosh sthn kat�sta-

sh thc strathgik c isorropÐac. DÔo fusikoÐ kanìnec proteraiìthtac faÐnetai na
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mhn eÐnai ikanopoihtikoÐ se aut  thn perÐptwsh : H apìdosh proteraiìthtac stouc

pel�tec deÔterou stadÐou kai h peijarqÐa FIFO. Par' ìla aut� oi suggrafeÐc ana-

ptÔsoun ènan kanìna rÔjmishc fìrtou ergasÐac o opoÐoc parakineÐ tic afÐxeic na

qwristoÔn omoiìmorfa kai apofeÔgei thn argÐa tou uphrèth. O kanìnac genik�

dÐnei proteraiìthta stouc pel�tec deÔterou stadÐou. 'Otan ìmwc o arijmìc twn

pelat¸n deÔterou stadÐou se mÐa apì tic ourèc eÐnai mikrìc proteraiìthta dÐnetai

stouc pel�tec pr¸tou stadÐou sthn �llh our�. ApodeiknÔetai ìti ta anamenìmena

m kh our¸n k�tw apì autìn ton kanìna den eÐnai polÔ megalÔtera apì aut� pou

ja proèkuptan apì k�poia jewrhtik� apodeiqjènta k�tw ìria.

Oi D’ Auria kai Kanta (2015) je¸rhsan strathgikèc katwflÐou gia thn eÐso-

do   ìqi se èna markobianì montèlo apoteloÔmeno apì dÔo ourèc se seir� kai

omogeneÐc pel�tec. O rujmìc exuphrèthshc tou pr¸tou uphrèth eÐnai µ1 kai tou

deÔterou µ2. H axÐa thc exuphrèthshc eÐnai R kai h anamon  sthn our� i ko-

stÐzei Ci an� mon�da qrìnou. H apìfash gia to an ja eisèljei sto sÔsthma

  ja fÔgei prin mpei se autì, lamb�netai kat� thn �fixh kai epanaprosp�jeia

den eÐnai dunat . Oi suggrafeÐc upologÐzoun to shmeÐo strathgik c isorropÐac

tÔpou katwflÐou upojètwntac ìti oi pel�tec gnwrÐzoun to sunolikì arijmì twn

pelat¸n sto sÔsthma, all� ìqi pìsoi up�rqoun sthn k�je our�. BrÐskoun ìti

h pijanìthta enìc dedomènou m kouc thc pr¸thc our�c dedomènou tou gnwstoÔ

sunolikoÔ m kouc twn our¸n eÐnai anex�rthth apì to kat¸fli tou pel�th. Aut 

h idiìthta odhgeÐ se mÐa apìdeixh gia thn Ôparxh miac kuriarqoÔsac strathgik c

tÔpou katwflÐou.

O Burnetas (2013) ereÔnhse èna dÐktuo apì N ourèc se seir� me pollaploÔc

uphrètec. H paramon  sthn n-ost  our� kostÐzei Cn an� mon�da qrìnou kai h

l yh exuphrèthshc ep�gei amoib  Rn. Oi pel�tec apofasÐzoun, prin eisèljoun,

apì poio sÔnolo, apì to 1 mèqri to n, suneq¸menwn our¸n ja per�soun. MÐa

strathgik  qarakthrÐzetai gi' autì to lìgo apì èna di�nusma (x1, . . . , xN ), ìpou

xn eÐnai h pijanìthta o pel�thc na per�sei apì tic ourèc 1 mèqri toul�qiston

kai thn n. Profan¸c 1 ≥ x1 ≥ . . . ≥ xN ≥ 0. O suggrafèac apodeiknÔei ìti
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up�rqei èna monadikì summetrikì shmeÐo strathgik c isorropÐac (xe1, . . . , x
e
N ).

Sugkrinìmeno me thn koinwnik� bèltisth strathgik  (x∗1, . . . , x
∗
N ) deÐqnetai ìti

x∗n ≤ xen gia k�je n = 1, . . . , N.

Oi Arlotto, Frazelle kai Wei (2015) je¸rhsan parallagèc tou akìloujou se-

narÐou. Pel�tec qrei�zontai exuphrèthsh apì dÔo stajmoÔc, A kai B, all� eÐnai

eleÔjeroi na epilèxoun thn seir� me thn opoÐa ja episkeftoÔn ton kajèna touc. Oi

afÐxeic eÐnai Poisson, h exuphrèthsh eÐnai nteterministik  kai oi rujmoÐ �fixhc kai

exuphrèthshc ikanopoioÔn tic anisìthtec µB > µA kai λ ≥ µA. O deÔteroc isqu-

rismìc shmaÐnei ìti h our� eÐnai uperfortwmènh, all� h an�lush efarmìzetai se

opoiad pote dedomènh kat�stash tou sust matoc. Oi pel�tec pou katafj�noun

parathroÔn to fìrto ergasÐac kai stouc dÔo stajmoÔc, prin apofasÐsoun an ja

eisèljoun pr¸ta sthn our� A   sth B me to skopì touc na eÐnai na elaqisto-

poi soun ton qrìno anamon c. Oi suggrafeÐc apodeiknÔoun ìti h strathgik  <<

epÐskeyh sto stajmì A pr¸ta >> anex�rthta apì thn kat�stash tou sust matoc

eÐnai mÐa strathgik  isorropÐac.

1.4.2 To montèlo

To montèlo pou ja melet soume sta plaÐsia aut c thc diplwmatik c ergasÐac

apoteleÐtai apì dÔo ourèc M |M |1 topojethmènec se seir�. O rujmìc afÐxewn

eÐnai λ kai oi rujmoÐ exuphrèthshc eÐnai µ1, µ2 antÐstoiqa. Sto sÔsthma ft�noun

pel�tec, oi opoÐoi apofasÐzoun an ja mpoun se autì. 'Enac pel�thc pou mpaÐnei

sto sÔsthma, den mporeÐ na fÔgei prin exuphrethjeÐ. 'Estw R to kèrdoc pou èqei

ènac pel�thc apì thn olokl rwsh thc exuphrèths c tou sto sÔsthma kai Ci :

to kìstoc anamon c an� qronik  mon�da paramon c sto stajmì i, i = 1, 2. Ja

sumbolÐzoume me Ni(t) to pl joc twn pelat¸n sto stajmì i, i = 1, 2. kai sunep¸c

to zeug�ri {(N1(t), N2(t))} apoteleÐ mia M.a.s.q.

Ta epÐpeda plhrofìrhshc pou mporoÔme na sunant soume se autì to montèlo

eÐnai ta ex c:

• Pl rwc parathr simo dÐktuo: ìpou o pel�thc kat� thn �fix  tou gnwrÐzei

33



to pl joc twn pelat¸n kai stouc dÔo stajmoÔc (N1(t), N2(t)).

• Mh-parathr simo dÐktuo: ìpou o pel�thc kat� thn �fix  tou den èqei kamÐa

plhroforÐa gia thn kat�stash tou sust matoc.

• Merik¸c parathr simo dÐktuo: ìpou o pel�thc kat� thn �fix  tou èqei

merik  plhroforÐa gia thn kat�stash tou sust matoc kai diakrÐnetai stic

ex c upopeript¸seic:

� PerÐptwsh 1: na gnwrÐzei to pl joc pelat¸n ston pr¸to stajmì

N1(t)

� PerÐptwsh 2: na gnwrÐzei to pl joc pelat¸n ston deÔtero stajmì

N2(t)

� PerÐptwsh 3: na gnwrÐzei to pl joc pelat¸n ston sÔsthma, all� ìqi

to pwc autoÐ katanèmontai stouc dÔo stajmoÔc N1(t) +N2(t)
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Kef�laio 2

Parathr simh perÐptwsh

seiriak¸n susthm�twn

JewroÔme èna seiriakì dÐktuo me dÔo ourèc, ìpou h kajemÐa èqei apì ènan uph-

rèth, �peirh qwrhtikìthta kai qrìnouc exuphrèthshc anex�rthtouc kai ekjetik�

katanemhmènouc. Qrhsimopoi¸ntac to gr�mma l, me l = 1, 2 gia na anaferìma-

ste sthn pr¸th   sth deÔterh our�, sumbolÐzoume me µl to rujmì exuphrèthshc

sthn our� l. Pel�tec ft�noun sto sÔsthma sÔmfwna me mÐa diadikasÐa Poisson

me rujmì λ kai prin eisèljoun sto sÔsthma parathroÔn olìklhrh thn kat�stas 

tou, dhlad  ton arijmì pelat¸n pou brÐskontai se k�je our�. H kajar  strath-

gik  katwflÐou, se aut  thn perÐptwsh, orÐzetai apì to zeug�ri (n,m), to opoÐo

shmaÐnei ìti o pel�thc apofasÐzei na mpei mèsa sto sÔsthma an o arijmìc twn

pelat¸n sthn pr¸th our� eÐnai to polÔ n (sumperilambanomènou kai tou eautoÔ

tou) kai to polÔ m sthn deÔterh our�, alli¸c egkataleÐpei to sÔsthma qwrÐc

na eisèljei se autì. 'Enac epilegmènoc (tagged) pel�thc pou mìlic ft�nei, an

apofasÐsei na mpei, paÐrnei amoib  R gia thn exuphrèths  tou sto dÐktuo, kai

ufÐstatai kìstoc Cl an� mon�da qrìnou paramon c tou sto stajmì l. Sunep¸c,

to kajarì kèrdoc tou, an mpei, eÐnai R−C1S1 −C2S2, ìpou me Sl sumbolÐzoume

touc qrìnouc paramon c tou pel�th sto stajmì l.

Skopìc eÐnai h eÔresh strathgik¸n isorropÐac sto dÐlhmma eisìdou/apoq¸rhshc
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twn pelat¸n. Ja periorÐsoume thn anaz ths  mac sthn kl�sh twn strathgik¸n

tÔpou katwflÐou.

O epilegmènoc pel�thc paÐrnei thn apìfas  tou beltistopoi¸ntac to anamenìme-

no kajarì kèrdoc tou, dedomènhc thc plhroforÐac pou lamb�nei kat� to qrìno

�fix c tou kai h opoÐa eÐnai o arijmìc pelat¸n sto dÐktuo (Q1, Q2). To kajarì

kèrdoc enìc epilegmènou pel�th pou blèpei kat� thn �fix  tou n−1 pel�tec ston

pr¸to stajmì kai m pel�tec sto deÔtero eÐnai:

Po(n,m) = R− C1
n

µ1
− C2T2(n,m) = R− (C1 − C2)

n

µ1
− C2T (n,m), (2.1)

ìpou T1(n,m) = n
µ1

eÐnai o mèsoc qrìnoc paramon c ston pr¸to stajmì, T2(n,m)

o mèsoc qrìnoc paramon c ston deÔtero stajmì kai T (n,m) = T1(n,m) +

T2(n,m).

An apofaÐsei na mhn eisèljei sto sÔsthma to kajarì tou kèrdoc ja eÐnai mh-

dèn. O epilegmènoc pel�thc ja apofasÐsei na eisèljei sto sÔsthma mìno e�n to

kajarì tou kèrdoc eÐnai jetikì. Fusik� gia ènan tètoio pel�th oi apof�seic twn

mellontik¸n afÐxewn de ja ephre�soun ton qrìno paramon c tou sto sÔsthma.

To kÔrio apìtelesma eÐnai ìti to seiriakì dÐktuo èqei mia kajar  strathgik 

isorropÐac tÔpou katwflÐou. Dhlad , gia k�je arijmì n pelat¸n pou brÐskei o

pel�thc sthn pr¸th our�, apofasÐzei na eisèljei mìno an o arijmìc twn pelat¸n

sthn deÔterh our� eÐnai to polÔ m∗(n). O arijmìc m∗(n) qarakthrÐzetai wc to

monadikì m∗(n) tètoio ¸ste

Po(n,m
∗(n)) ≥ 0 kai Po(n,m

∗(n) + 1) < 0,

ìpou Po(n,−1) = 0. An m∗(n) = −1, tìte o epilegmènoc pel�thc pou brÐskei n

pel�tec sthn pr¸th our� apofasÐzei na fÔgei anex�rthta apì ton arijmì pelat¸n

sthn deÔterh our�.

36



Sth sunèqeia upojètoume ìti

R > C1/µ1 + C2/µ2.

An den isqÔei h sqèsh aut , o pel�thc anamènei mèso arnhtikì kèrdoc apì to

dÐktuo akìma kai an mpaÐnontac se autì to brei �deio. Opìte, sthn perÐptwsh

pou R ≤ C1/µ1 + C2/µ2, h profan c strathgik  isorropÐac eÐnai h strathgik 

thc sÐgourhc apoq¸rhshc.

2.1 Mèsoi Qrìnoi Paramon c kai Strathgik  I-

sorropÐac

SumbolÐzoume me Sl(n,m) touc qrìnouc paramon c sto stajmì l tou epileg-

mènou pel�th pou eisèrqetai sto sÔsthma ìntac sthn kat�stash (n − 1,m), to

opoÐo dhl¸nei ìti prìkeitai na p�rei thn jèsh n sthn pr¸th our�. SumbolÐzou-

me me Tl(n,m) = E[Sl(n,m)] ton antÐstoiqo anamenìmeno qrìno paramon c kai

T (n,m) = T1(n,m) + T2(n,m) ton sunolikì anamenìmeno qrìno paramon c. O

qrìnoc paramon c sthn pr¸th our� akoloujeÐ thn katanom  Erlang, sumbolik�

S1(n,m) ∼ Erlang(n, µ1), me mèsh tim  T1(n,m) = n/µ1. O sunolikìc qrìnoc

paramon c mporeÐ na upologisteÐ anadromik� efarmìzontac an�lush pr¸tou b ma-

toc h opoÐa odhgeÐ ston tÔpo

T (n,m) =
1

µ1 + µ2
+

µ1
µ1 + µ2

T (n− 1,m+ 1) +
µ2

µ1 + µ2
T (n,m− 1), n,m > 0.

(2.2)

O pr¸toc ìroc anafèretai sto mèso qrìno wc to epìmeno gegonìc pou mporeÐ

na eÐnai olokl rwsh exuphrèthshc sto stajmì 1   2. O deÔteroc ìroc sto dexiì

mèroc thc parap�nw sqèshc antistoiqeÐ se pijan  anaq¸rhsh apì thn pr¸th

our� kai o teleutaÐoc ìroc se pijan  anaq¸rhsh apì thn deÔterh our�. Aut� ta

endeqìmena emfanÐzontai me pijanìthta µl/(µ1 + µ2), l = 1, 2 antÐstoiqa. Gia na
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oloklhr¸soume thn anadrom  qrhsimopoioÔme tic arqikèc sunj kec

T (0,m) =
m

µ2
; T (n+ 1, 0) =

1

µ1
+ T (n, 1), n,m > 0. (2.3)

H pr¸th isìthta sthrÐzetai sto gegonìc ìti S2(0,m) ∼ Erlang(m,µ2). H de-

Ôterh shmaÐnei ìti an to sÔsthma brÐsketai sthn kat�stash (n + 1, 0), tìte o

mèsoc qrìnoc paramon c tou (n+ 1) pel�th ja eÐnai o mèsoc qrìnoc exuphrèth-

shc tou pel�th pou brÐsketai pr¸toc ston pr¸to stajmì pou eÐnai 1
µ1
, sun to

mèso sunolikì qrìno paramon c twn pelat¸n thc nèac kat�stashc tou sust ma-

toc (n, 1).

Qrhsimopoi¸ntac th sqèsh (2.2) katal goume se ènan anadromikì tÔpo gia na

upologÐsoume ta T (n,m), T2(n,m), ìpwc apodeiknÔetai sto epìmeno l mma.

L mma 1. O anamenìmenoc sunolikìc qrìnoc paramon c sto sÔsthma, T (n,m),

kai o anamenìmenoc qrìnoc paramon c sto deÔtero stajmì, T2(n,m), mporoÔn na

upologistoÔn apì touc anadromikoÔc tÔpouc

T (n,m) =
1

µ1
+

µm2
(µ1 + µ2)m

T (n−1, 1)+
µ1

µ1 + µ2

m−1∑
i=0

µi2
(µ1 + µ2)i

T (n−1,m+1−i),

T2(n,m) =
µm2

(µ1 + µ2)m
T2(n−1, 1)+

µ1
µ1 + µ2

m−1∑
k=0

µk2
(µ1 + µ2)k

T2(n−1,m+1−k),

(2.4)

pou isqÔei gia n > 0 kai

T (0,m) = T2(0,m) =
m

µ2
,

me m ≥ 0.
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Apìdeixh. Qrhsimopoi¸ntac thn sqèsh (2.2) èqoume ìti

T (n,m) =
1

µ1 + µ2
+

µ1
µ1 + µ2

T (n− 1,m+ 1) +
µ2

µ1 + µ2
T (n,m− 1)

=
1

µ1 + µ2
+

µ1
µ1 + µ2

T (n− 1,m+ 1) +

µ2
µ1 + µ2

(
1

µ1 + µ2
+

µ1
µ1 + µ2

T (n− 1,m) +
µ2

µ1 + µ2
T (n,m− 2)

)
=

1

µ1 + µ2
+

µ1
µ1 + µ2

T (n− 1,m+ 1) +
µ2

(µ1 + µ2)2
+

µ1µ2
(µ1 + µ2)2

T (n− 1,m) +
µ22

(µ1 + µ2)3
+

µ1µ
2
2

(µ1 + µ2)3
T (n− 1,m− 1) +

µ32
(µ1 + µ2)3

T (n,m− 3)

=
1

µ1 + µ2

m−1∑
i=0

µi2
(µ1 + µ2)i

+
µ1

µ1 + µ2

m−1∑
i=0

µi2
(µ1 + µ2)i

T (n− 1,m+ 1− i) +

µm2
(µ1 + µ2)m

T (n, 0)

=
(µ1 + µ2)

m − µm2
(µ1 + µ2)mµ1

+
µ1

µ1 + µ2

m−1∑
i=0

µi2
(µ1 + µ2)i

T (n− 1,m+ 1− i) +

µm2
(µ1 + µ2)mµ1

+
µm2

(µ1 + µ2)m
T (n− 1, 1)

=
1

µ1
+

µm2
(µ1 + µ2)m

T (n− 1, 1) +

µ1
µ1 + µ2

m−1∑
i=0

µi2
(µ1 + µ2)i

T (n− 1,m+ 1− i)

Gia th deÔterh sqèsh, gnwrÐzoume ìti T1(n,m) = n/µ1 kai T (n,m) = T1(n,m)+

T2(n,m). Me aplèc pr�xeic katal goume sthn sqèsh (2.4).

Me b�sh ta parap�nw anadromik� sq mata eÐnai eÔkoloc o upologismìc twn

katwflÐwn m∗(n) pou dÐnoun thn strathgik  isorropÐac sthn parathr simh pe-

rÐptwsh.

Sto upìloipo thc paragr�fou melet�me idiìthtec monotonÐac twn T−sunart sewn,

pou ja fanoÔn qr simec sthn merik¸c parathr simh perÐptwsh. To akìloujo

L mma qarakthrÐzei tic sunj kec k�tw apì tic opoÐec oi T−sunart seic eÐnai mo-

nìtona aÔxousec wc proc th metablht  n. Autèc oi sunj kec eÐnai aparaÐthtec
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gia thn parak�tw an�lus  mac.

L mma 2. Oi sunart seic T1(n,m) kai T (n, k − n) eÐnai aÔxousec wc proc n.

H sun�rthsh T2(n,m) eÐnai aÔxousa wc proc n an kai mìno an µ1 ≥ µ2.

Apìdeixh. Gia thn sun�rthsh T1(n,m) profan¸c isqÔei h upìjesh, afoÔ T1(n,m) =

n/µ1 anex�rthto tou m.

'Enac trìpoc gia na deÐxoume ìti h T (n, k−n) eÐnai aÔxousa wc proc n, gia n ≤ k

eÐnai na apodeÐxoume ìti T (n+1,m) ≥ T (n,m+1) qrhsimopoi¸ntac tic exis¸seic

(2.2) kai (2.3). Ja protim soume èna epiqeÐrhma zeÔxhc. Qrhsimopoi¸ntac ton Ðdio

q¸ro pijanìthtac, kataskeu�zoume dÔo dÐktua xekin¸ntac antÐstoiqa me (n+1,m)

kai (n,m+1) arqikoÔc qr stec. H apìdeixh sun�getai sugkrÐnontac touc qrìnouc

anamon c twn pelat¸n pou eÐnai teleutaÐoi sthn pr¸th our� kai twn dÔo diktÔwn

kai deÐqnontac ìti o pel�thc sto pr¸to dÐktuo perimènei perissìtero apì ton

antÐstoiqo sto deÔtero. Gia na kataskeu�soume th zeÔxh upojètoume ìti oi

qrìnoi exuphrèthshc gia ìlouc touc pel�tec eÐnai oi Ðdioi kai sta dÔo dÐktua,

all� metakinoÔme ton pel�th pou eÐnai sthn exuphrèthsh thc pr¸thc our�c tou

pr¸tou diktÔou sto tèloc thc deÔterhc our�c tou deÔterou diktÔou. AfoÔ oi

qrìnoi exìdou kajorÐzontai apì thn FIFO peijarqÐa kai epeid  o pel�thc pou

metakin jhke mei¸nei ton qrìno paramon c tou kat� ton qrìno exuphrèths c tou

sthn pr¸th our�, to apotèlesma isqÔei.

Tèloc, gia na deÐxoume ìti T2(n,m) eÐnai aÔxousa wc proc n gia µ1 ≥ µ2 ja

qrhsimopoi soume epagwg  sto n. Gia na eÐnai aÔxousa ja prèpei T2(n+1,m) ≥

T (n,m) gia k�je n,m ≥ 0, dhlad  ∆1T2(n,m) ≥ 0 gia k�je n,m ≥ 0, ìpou

∆1T2(n,m) = T2(n+1,m)−T2(n,m). Gia n = 0, ja deÐxoume ìti ∆1T2(0,m) ≥ 0
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gia k�je m. Apì th sqèsh (2.4) èqoume ìti:

∆1T2(0,m) = T2(1,m)− T2(0,m)

=

(
µ2

µ1 + µ2

)m
T2(0, 1) +

µ1
µ1 + µ2

m−1∑
k=0

(
µ2

µ1 + µ2
)kT2(0,m+ 1− k)− m

µ2

= (
µ2

µ1 + µ2
)m

1

µ2
+

µ1
µ1 + µ2

m−1∑
k=0

(
µ2

µ1 + µ2

)k m+ 1− k
µ2

− m

µ2

= (
µ2

µ1 + µ2
)m

1

µ2
+

µ1
µ1 + µ2

m

µ2

m−1∑
k=0

(
µ2

µ1 + µ2

)k
+

µ1
µ1 + µ2

1

µ2

m−1∑
k=0

(
µ2

µ1 + µ2
)k − µ1

µ1 + µ2

1

µ2

m−1∑
k=0

(
µ2

µ1 + µ2

)k
k − m

µ2

'Omwc:

m−1∑
k=0

xk =
1− xm

1− x
d/dx⇒

m−1∑
k=0

kxk−1 =
−mxm−1(1− x) + (1− xm)

(1− x)2
·x⇒

m−1∑
k=0

kxk =
−mxm(1− x) + x(1− xm)

(1− x)2

x=
µ1

µ1+µ2⇒

m−1∑
k=0

k

(
µ2

µ1 + µ2

)k
=
−mµ1µm2 + µ2(µ1 + µ2)

m − µm+1
2

µ21(µ2 + µ1)m−1

kai
m−1∑
k=0

(
µ2

µ1 + µ2

)k
=

(µ1 + µ2)
m − µm2

µ1(µ2 + µ1)m−1
.

Sunolik� ja èqoume ìti

∆1T2(0,m) =
µ1(µ1 + µ2)

m − µ2(µ1 + µ2)
m + µm+1

2

µ1µ2(µ1 + µ2)m
.

An antikatast soume a = µ1/µ2 h parap�nw sqèsh gÐnetai

∆1T2(0,m) =
1

µ2

(
a− 1 + (a+ 1)−m

a

)
.
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H parap�nw posìthta eÐnai fjÐnousa giam. Gia na deÐxoume ìti eÐnai mh arnhtik 

gia k�je tim  tou m paÐrnoume m −→ ∞, �ra limm−→∞∆1T2(0,m) = a−1
a kai

gia na eÐnai mh arnhtikì paÐrnoume thn anagkaÐa kai ikan  sunj kh a ≥ 1.

'Estw ìti isqÔei ∆1T2(n−1,m) ≥ 0 gia k�jem.Ja deÐxoume ìti ∆1T2(n,m) ≥ 0

gia k�je m.

∆1T2(n,m) = T2(n+ 1,m)− T (n,m)

=

(
µ2

µ1 + µ2

)m
T2(n, 1) +

µ1
µ1 + µ2

m−1∑
k=0

(
µ2

µ1 + µ2

)k
T2(n,m+ 1− k)−[(

µ2
µ1 + µ2

)m
T (n− 1, 1) +

µ1
µ1 + µ2

m−1∑
k=0

(
µ2

µ1 + µ2

)k
T2(n,m+ 1− k)

]

=

(
µ2

µ1 + µ2

)m
∆1T2(n− 1, 1) +

µ1
µ1 + µ2

m−1∑
k=0

(
µ2

µ1 + µ2

)k
∆1T2(n− 1,m+ 1− k).

'Ara èqoume ìti

∆1T2(n,m) =

(
µ2

µ1 + µ2

)m
∆1T2(n− 1, 1) +

µ1
µ1 + µ2

m−1∑
k=0

(
µ2

µ1 + µ2

)k
∆1T2(n− 1,m+ 1− k). (2.5)

Epeid  ìloi oi suntelestèc twn ∆1T2(, ) eÐnai jetikoÐ apì thn epagwgik  upìjesh

sumperaÐnoume ìti ∆1T2(n,m) ≥ 0 kai �ra h epagwg  oloklhr¸jhke kai to

sumpèrasma isqÔei.

EÐnai anagkaÐa ìmwc h upìjesh µ1 ≥ µ2 gia na eÐnai h T2(n,m) aÔxousa? Diai-

sjhtik� eÐnai eÔlogh, giatÐ an µ1 < µ2, dhlad  o deÔteroc uphrèthc eÐnai pio

gr goroc, up�rqoun endeÐxeic ìti mporeÐ na sumbaÐnei T2(n,m) > T2(n + 1,m).

Gia par�deigma, ac sugkrÐnoume dÔo sust mata ìpou sto pr¸to up�rqoun 3 pe-

l�tec sthn pr¸th our� kai 1 sthn deÔterh kai sto deÔtero sÔsthma up�rqoun 4

pel�tec sthn pr¸th our� kai 1 sthn deÔterh. 'Otan èrjei h seir� na exuphrethjeÐ

sto stajmì 2 o teleutaÐoc pel�thc k�je sust matoc, to deÔtero sÔsthma faÐne-
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tai pleonektikìtero giatÐ h Ôparxh perissìterwn pelat¸n sto pr¸to stajmì tou

deÔterou sust matoc dÐnei perissìtero qrìno ston deÔtero stajmì na adei�sei.
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Kef�laio 3

Mh-parathr simh perÐptwsh

seiriak¸n susthm�twn

Se autì to kef�laio ja melet soume thn perÐptwsh ìpou oi pel�tec kat�

thn �fix  touc den lamb�noun kamÐa plhroforÐa sqetik� me thn kat�stash tou

sust matoc. H apìfash pou ja prèpei na p�roun eÐnai gia to an ja mpoun sto

sÔsthma   ja apoqwr soun qwrÐc na eisèljoun se autì.

3.1 Mèsoi Qrìnoi Paramon c kai Strathgik  I-

sorropÐac

Upojètoume ìti ìloi oi pel�tec akoloujoÔn thn Ðdia meikt  strathgik  q, pou

shmaÐnei ìti eisèrqontai sto sÔsthma me pijanìthta q kai apoqwroÔn apì autì

prin eisèljoun me pijanìthta 1− q. K�tw apì aut  thn strathgik , to sÔsthma

eÐnai èna anoiqtì dÐktuo Jackson, ìpou h diadikasÐa afÐxewn eÐnai Poisson(λq).

Gia autì to sÔsthma, o pragmatikìc rujmìc afÐxewn se k�je our�, lamb�nontac

upìyh tic exis¸seic sunwstismoÔ, eÐnai λq. SumbolÐzontac me Ti, i = 1, 2 ton

anamenìmeno qrìno paramon c enìc pel�th ston stajmì i tou diktÔou, èqoume

ìti Ti = (µi − λq)−1.

JewroÔme èna pel�th pou eisèrqetai sto sÔsthma. An apofasÐsei na eisèljei,
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tìte to anamenìmeno kèrdoc tou apì to dÐktuo eÐnai R − C1T1 − C2T2, to opoÐo

mporeÐ na xanagrafteÐ wc

Pu(q) = R− C1

µ1 − λq
− C2

µ2 − λq
. (3.1)

Upojètoume ìti oi par�metroi ikanopoioÔn tic akìloujec sunj kec

µ1 − λ > 0 kai µ2 − λ > 0, (3.2)

diasfalÐzontac ìti to sÔsthma eÐnai stajerì k�tw apì opoiad pote strathgik 

q pou oi pel�tec mporeÐ na akolouj soun. Na epishm�noume ìti ìtan autèc oi

sunj kec isqÔoun tìte µ1 + µ2 − 2λ > 0.

Je¸rhma 1. JewroÔme to mh-parathr simo sÔsthma dÔo our¸n se seir�, ìpou

isqÔei h sunj kh (3.2). Up�rqei mÐa monadik  strathgik  isorropÐac eisìdou me

pijanìthta qe, ìpou to qe dÐnetai apì ton tÔpo

qe =


0 , an R ∈ [0, C1

µ1
+ C2

µ2
]

q∗ , an R ∈ [C1
µ1

+ C2
µ2
, C1
µ1−λ + C2

µ2−λ)

1 , an R ∈ [ C1
µ1−λ + C2

µ2−λ ,∞)

(3.3)

ìpou

q∗ =
R(µ1 + µ2)− (C1 + C2)−

√
[R(µ1 − µ2)− (C1 − C2)]2 + 4C1C2

2λR
(3.4)

Apìdeixh. jewroÔme ènan pel�th pou ft�nei sto sÔsthma ìtan ìloi oi �lloi pe-

l�tec akoloujoÔn thn Ðdia meikt  strathgik  q, dhlad  eisèrqontai me pijanìthta

q ∈ [0, 1]. To anamenìmeno kajarì tou kèrdoc, an apofasÐsei na mpei, dÐnetai a-

pì thn sqèsh (3.1). Profan¸c apofasÐzei na eisèljei sto sÔsthma efìson to

kajarì tou kèrdoc eÐnai mh-arnhtikì. DiaqwrÐzoume treic peript¸seic:

• An R < C1
µ1

+ C2
µ2
, tìte to kèrdoc tou epilegmènou pel�th eÐnai arnhtikì

kai h bèltisth apìfash gia autìn eÐnai na apoqwr sei qwrÐc na eisèljei
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sto sÔsthma. H apoq¸rhsh tìte eÐnai mÐa kuriarqoÔsa strathgik  kai to

sÔsthma paramènei suneq¸c �deio.

• An R ∈
[
C1
µ1

+ C2
µ2
, C1
µ1−λ + C2

µ2−λ

)
, tìte up�rqei mÐa monadik  tim  tou q

tètoia ¸ste Pu(q) = 0. Pragmatik�, h exÐswsh Pu(q) = 0 eÐnai tetragwnik 

kai èqei dÔo pragmatikèc rÐzec. H mÐa ìmwc rÐza k�tw apì thn sunj kh

(3.2) eÐnai p�nta megalÔterh apì 1 kai gia autì den apoteleÐ pijanìthta.

'Etsi, èqoume mìno mÐa rÐza pou eÐnai h q∗, ìpwc orÐsthke sthn (3.4). Gia

aut  thn tim  thc q, o epilegmènoc pel�thc eÐnai oudèteroc an�mesa sto na

eisèljei sto sÔsthma   na apoqwr sei apì autì qwrÐc na eisèljei ki ètsi

k�je pijanìthta eisìdou q ∈ [0, 1] eÐnai bèltisth ap�nthsh. H monadik 

strathgik  pou eÐnai h kalÔterh ap�nthsh en�ntia ston eautì thc eÐnai h

q∗. 'Etsi, h qe = q∗ eÐnai h strathgik  isorropÐac kai apodeiknÔoume ton

deÔtero kl�do thc (3.3).

• An R ≥ C1
µ1−λ+ C2

µ2−λ , tìte akìma kai sthn perÐptwsh ìpou ìloi oi pel�tec a-

pofasÐsoun na eisèljoun (q = 1) to kajarì kèrdoc tou epilegmènou pel�th

eÐnai mh-arnhtikì, dhlad  Pu(q) ≥ 0, gia k�je q ∈ [0, 1]. 'Etsi, h kalÔterh

ap�nthsh gia ton epilegmèno pel�th eÐnai na eisèljei (me pijanìthta 1).

Epomènwc, to na eisèljei eÐnai kuriarqoÔsa strathgik .

Parat rhsh 3. H sun�rthsh Pu(q) eÐnai fjÐnousa sun�rthsh wc proc thn

strathgik  q pou akoloujeÐtai apì touc �llouc pel�tec. Upojètoume ìti ìloi

eisèrqontai me pijanìthta q. Tìte h wfèleia enìc epilegmènou pel�th pou eisèr-

qetai me pijanìthta s eÐnai Ðsh me sPu(q). SumbolÐzoume me s∗(q) thn bèltisth

ap�nthsh tou epilegmènou pel�th en�ntia sthn strathgik  q pou èqei epileqjeÐ

apì touc �llouc pel�tec. EÐnai eÔkolo na doÔme ìti s∗(q) = 0 ìtan q > q∗ kai

s∗(q) = 1 ìtan q < q∗. 'Otan q = q∗ < 1 ìlec oi strathgikèc eÐnai bèltistec

apant seic en�ntia sthn q∗ kai �ra h q∗ eÐnai h monadik  bèltisth ap�nthsh e-

n�ntia ston eautì thc, �ra kai (summetrik ) strathgik  isorropÐac. 'Epetai ìti h
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sun�rthsh thc bèltisthc ap�nthshc eÐnai fjÐnousa wc proc q, to opoÐo shmaÐnei

ìti to montèlo eÐnai thc morf c AntÐjeta me to Pl joc (ATC). EÐnai gnwstì ìti

ta montèla autoÔ tou eÐdouc èqoun monadik  strathgik  isorropÐac.
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Kef�laio 4

Merik¸c parathr simh

perÐptwsh seiriak¸n

susthm�twn exuphrèthshc

JewroÔme èna seiriakì dÐktuo me dÔo ourèc, ìpou h kajemÐa èqei apì ènan uph-

rèth, �peirh qwrhtikìthta kai qrìnouc exuphrèthshc anex�rthtouc kai ekjetik�

katanemhmènouc. Qrhsimopoi¸ntac to gr�mma l, me l = 1, 2 gia na anaferìmaste

sthn pr¸th   sth deÔterh our�, sumbolÐzoume me µl to rujmì exuphrèthshc sthn

our� l. Pel�tec ft�noun sto sÔsthma sÔmfwna me mÐa diadikasÐa Poisson me ruj-

mì λ kai prin eisèljoun sto sÔsthma lamb�noun merik  plhrofìrhsh sqetik� me

thn kat�stash tou sust matoc. O q¸roc katast�sewn eÐnai N2 kai perilamb�nei

ìla ta pijan� zeug�ria (Q1, Q2) me Ql to pl joc pelat¸n sto stajmì exuphrèth-

shc l. 'Enac epilegmènoc pel�thc pou mìlic ft�nei, an apofasÐsei na mpei, paÐrnei

amoib  R gia thn exuphrèths  tou sto dÐktuo, kai ufÐstatai kìstoc Cl an� mo-

n�da tou qrìnou paramon c tou sto stajmì l. Sunep¸c, to kajarì kèrdoc tou,

an mpei, eÐnai R−C1S1−C2S2, ìpou me Sl sumbolÐzoume touc qrìnouc paramon c

tou pel�th sto stajmì l.

Skopìc eÐnai h eÔresh strathgik¸n isorropÐac sto dÐlhmma eisìdou/apoq¸rhshc

49



twn pelat¸n. Ja periorÐsoume thn anaz ths  mac sthn kl�sh twn strathgik¸n

tÔpou katwflÐou.

O epilegmènoc pel�thc paÐrnei thn apìfas  tou beltistopoi¸ntac to anamenìme-

no kajarì kèrdoc tou, dedomènhc thc plhroforÐac pou lamb�nei kat� to qrìno

�fix c tou kai h opoÐa eÐnai o sunolikìc arijmìc pelat¸n sto dÐktuo Q1+Q2. To

kajarì kèrdoc enìc epilegmènou pel�th pou blèpei kat� thn �fix  tou k pel�tec

eÐnai

PK(k) = R− C1TK,1(k)− C2TK,2(k), (4.1)

ìpou TK,l = EK [Sl|Q1 + Q2 = k]. To kefalaÐo gr�mma K dhl¸nei ìti o u-

pìloipoc plhjusmìc qrhsimopoieÐ mia kajar  strathgik  katwflÐou me kat¸fli

to K gia na mpei sthn our�. Autì shmaÐnei ìti ìloi oi qr stec exairoumènou tou

epilegmènou eisèrqontai sto dÐktuo an kai mìno an autì perilamb�nei ligìterouc

apì K pel�tec.

To kÔrio apìtelesma pou ja deÐxoume eÐnai ìti to seiriakì dÐktuo èqei mia kajar 

strathgik  isorropÐac tÔpou katwflÐouK, to opoÐo shmaÐnei ìti up�rqei monadikì

K ∈ N tètoio ¸ste

PK(k) ≥ 0 ìtan k < K kai PK(k) < 0 ìtan k ≥ K.

H kl�sh twn strathgik¸n katwflÐou faÐnetai na eÐnai h pio fusiologik  gia thn

anaz thsh strathgik¸n isorropÐac, akolouj¸ntac kai thn up�rqousa bibliogra-

fÐa. Den apokleÐetai, ìmwc, h Ôparxh �llwn strathgik¸n isorropÐac diaforetik c

morf c.

Sth sunèqeia upojètoume ìti

R > C1/µ1 + C2/µ2.

An den isqÔei h sqèsh aut , o pel�thc anamènei mèso arnhtikì kèrdoc apì to
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dÐktuo akìma kai an mpaÐnontac se autì to brei �deio. Opìte, sthn perÐptwsh

pou R ≤ C1/µ1 + C2/µ2, h profan c strathgik  isorropÐac eÐnai h strathgik 

thc sÐgourhc apoq¸rhshc.

4.1 Mèsoi qrìnoi paramon c k�tw apì thn K−

strathgik 

Upojètoume ìti ìloi oi pel�tec pou katafj�noun sto sÔsthma lamb�noun merik 

plhrofìrhsh sqetik� me thn kat�stash tou diktÔou kai apofasÐzoun na eisèl-

joun mìno e�n o arijmìc twn pelat¸n sto sÔsthma, ac poÔme k, eÐnai mikrìteroc

apì èna dedomèno kat¸fli K ≥ 0. K�tw apì thn K−strathgik  to seiriakì

dÐktuo sumperifèretai wc hmianoiqtì dÐktuo Jackson. SumbolÐzoume me Q∗l ton

st�simo tuqaÐo arijmì pelat¸n sthn our� l (dhlad  mia diakrit  tuqaÐa metablht 

me sun�rthsh pijanìthtac thn st�simh katanom  tou arijmoÔ pelat¸n sthn our�

l) kai Q∗ = Q∗1 +Q∗2 ton st�simo sunolikì arijmì pelat¸n sto sÔsthma.

Oi exis¸seic isorropÐac gia thn st�simh katanom  πK(n,m) eÐnai oi ex c:

λπK(0, 0) = µ2πK(0, 1),

(λ+ µ2)πK(0,m) = µ1πK(1,m− 1) + µ2πK(0,m+ 1), m ≥ 1,

(λ+ µ1)πK(n, 0) = λπK(n− 1, 0) + µ2πK(n, 1), 1 ≤ n ≤ K − 1,

µ1πK(k, 0) = λπK(k − 1, 0) + µ2πK(k, 1), n = K

(λ+ µ1 + µ2)πK(n,m) = λπK(n− 1,m) + µ2πK(n,m+ 1) + µ1πK(n+ 1,m− 1),

1 ≤ n ≤ K − 1, 1 ≤ m ≤ K − 1− n,

(µ1 + µ2)πK(n,K − n) = λπK(n− 1,K − n) + µ1πK(n+ 1,K − 1− n),

1 ≤ n ≤ K − 1.

H st�simh katanom  dÐnetai apì th sqèsh

πK(n,m) = PK(Q∗1 = n,Q∗2 = m) = cKρ
n
1ρ

m
2 , n+m ≤ K, (4.2)
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ìpou ρl = λ/µ1 kai c−1K =
∑

n+m≤K ρ
n
1ρ

m
2 , n+m ≤ K eÐnai h stajer� kanoni-

kopoÐhshc.

Upojètwntac ìti n ≤ K, h desmeumènh pijanìthta PK(Q∗l = n|Q∗ = k) =

ρnl ρ
k−n
3−l∑k

h=0 ρ
h
l ρ
k−h
3−l

den exart�tai apì to K. SumbolÐzontac me pl(n|k) = Pk(Q
∗
l =

n|Q∗ = k) met� apì algebrikèc pr�xeic paÐrnoume ton tÔpo

pl(n|k) =


µk−nl µn3−l(µ1−µ2)

µk+1
1 −µk+1

2

, an µ1 6= µ2

1
1+k , diaforetik�.

(4.3)

H anexarthsÐa apì to K mac epitrèpei na jewr soume tic tuqaÐec metablhtèc

Q∗l (k), l ∈ {1, 2}, na èqoun katanomèc pl(·|k) kai ìqi na exart¸ntai apì thn

kajar  strathgik  katwflÐou pou efarmìzetai apì ìlouc touc pel�tec.

H upìjesh ìti o upìloipoc plhjusmìc akoloujeÐ mÐa politik  katwflÐou eÐnai

aparaÐthth gia na èqoume mÐa st�simh katanom , pou ekfr�zetai apì ton tÔpo

(4.3).

OrÐzoume wc Tl(k) = E[Sl|Q∗ = k] ton anamenìmeno qrìno paramon c sthn

our� l tou epilegmènou pel�th o opoÐoc eisèrqetai se èna sÔsthma pou perièqei

k pel�tec.

L mma 3. Upojètwntac ìti µ1 6= µ2, isqÔei ìti

T1(k) =
1

µ1 − µ2
− k + 1

µ1

µk+1
2

µk+1
1 − µk+1

2

, (4.4)

T2(k) =

(
1− µ2

µ1

)
µk+1
1

µk+1
1 − µk+1

2

k∑
n=0

T2(n+ 1, k − n)

(
µ2
µ1

)n
(4.5)

kai gia µ1 = µ2,

T1(k) =
1

µ1
(
1 + k

2

)
kai

T2(k) =
1

(k + 1)
∑k

n=0 T2(n+ 1, k − n)
.

Apìdeixh. Ex' orismoÔ T1(k) = 1
µ1

∑k
n=0(n + 1)p1(n|k). Gi autì apì th sqèsh
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(4.3) kai dedomènou ìti µ1 6= µ2 èqoume ìti

T1(k) =
1

µ1

µ1 − µ2
µk+1
1 − µk+1

2

k∑
n=0

(n+ 1)µk−n1 µn2

=
1

µ1

µk1(µ1 − µ2)
µk+1
1 − µk+1

2

µ2+k1 − (2 + k)µ1µ
1+k
2 + (k + 1)µ2+k2

µk1(µ1 − µ2)2
.

Aplopoi¸ntac thn parap�nw èkfrash paÐrnoume thn (4.4). O tÔpoc gia T2(k)

proèrqetai parìmoia apì thn èfrash T2(k) =
∑k

n=0 T2(n+ 1, k − n)p1(n|k). Ta

apotelèsmata gia µ1 = µ2 mporoÔn na anakthjoÔn me parìmoio trìpo   pio �mesa

parathr¸ntac ìti se aut  thn perÐptwsh oi tuqaÐec metablhtèc Q∗l eÐnai diakrit�

omoiìmorfa katanemhmènec sto {0, 1, . . . , k}. K�poioc mporeÐ epÐshc na upologÐsei

to ìrio twn ekfr�sewn (4.4) kai (4.5) kaj¸c µ1 → µ2.

4.2 Strathgik  isorropÐac tÔpou katwflÐou

Apì to L mma 3 to anamenìmeno kèrdoc Pp(k) enìc epilegmènou pel�th pou lam-

b�nei thn plhroforÐa k den exart�tai apì thn strathgik  K pou akoloujeÐtai

apì touc upìloipouc pel�tec. Gi autì mporoÔme na upologÐsoume to kèrdoc me

ton tÔpo

Pp(k) = R− C1T1(k)− C2T2(k). (4.6)

O epilegmènoc pel�thc apofasÐzei na eisèljei sto sÔsthma mìno e�n Pp(k) ≥ 0.

Sth sunèqeia ja diereun soume k�tw apì poiec sunj kec h sun�rthsh tou a-

namenìmenou kajaroÔ kèrdouc tou pel�th eÐnai fjÐnousa wc proc k. Epiplèon,

afoÔ aut  h sun�rthsh eÐnai stajer  wc proc th strathgik  K, mporoÔme na

sumper�noume ìti h strathgik  isorropÐac pou ja prokÔyei eÐnai epiplèon ku-

riarqoÔsa sthn kl�sh twn strathgik¸n katwflÐou. Prin anafèroume to kÔrio

apotèlesma qreiazìmaste to akìloujo l mma gia thn stoqastik  monotonÐa twn

tuqaÐwn metablht¸n Q∗l (k).

L mma 4. Oi tuqaÐec metablhtèc Q∗l (k) eÐnai stoqastik� aÔxousec gia k ≥ 0.
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Apìdeixh. Gia na deÐxoume ìtiQ∗l (k+1) ≥st Q
∗
l (k) arkeÐ na deÐxoume thn isqurìte-

rh sunj khQ∗l (k+1) ≥LR Q
∗
l (k), ìpou≥LR eÐnai h di�taxh lìgou pijanof�neiac1.

H sunj kh aut  mporeÐ na elegjeÐ apodeiknÔontac ìti

P (Q∗l (k+1) = n+1)P (Q∗l (k) = n) ≥ P (Q∗l (k+1) = n)P (Q∗l (k) = n+1), (4.7)

gia k�je n ≥ 0. EÐnai eÔkolo na elègxoume ìti h (4.7) isqÔei san isìthta gia

k�je n < k kai eÐnai austhr  anisìthta gia n = k, ìpou o deÔteroc ìroc eÐnai 0

kai gia autì to apotèlesma isqÔei.

To epìmeno L mma mac dÐnei thn monotonÐa gia touc mèsouc qrìnouc paramon c.

L mma 5. Oi sunart seic T1(k) kai T (k) eÐnai aÔxousec gia ìlec tic timèc tou

lìgou µ1/µ2. H sun�rthsh T2(k) eÐnai aÔxousa ìtan o lìgoc eÐnai megalÔteroc

tou 1.

Apìdeixh. EÐnai T1(k) = E[T1(Q
∗
1(k), Q∗2(k))] = E[Q∗1(k)]/µ, opìte h sun�rthsh

T1(k) eÐnai aÔxousa apì to L mma 4. Gia thn T (k), prokÔptei apì tic akìloujec

sqèseic

T (k + 1) = E[T (Q∗1(k + 1), k + 1−Q∗1(k + 1))]

≥ E[T (Q∗1(k + 1), k −Q∗1(k + 1))]

≥ E[T (Q∗1(k), k −Q∗1(k))] = T (k),

ìpou sthn pr¸th anisìthta qrhsimopoioÔme ìti h T (n,m) eÐnai aÔxousa wc proc

m kai sthn deÔterh anisìthta sthrizìmaste sto gegonìc ìti h T (n, k − n) eÐnai

aÔxousa wc proc n (bl. L mma 2) kai sthn stoqastik  monotonÐa twn metablht¸n

Q∗1(k), pou apodeÐqthke sto L mma 4. 'Ena parìmoio epiqeÐrhma douleÔei kai gia

1Genik� X ≤LR Y an kai mìno an fX(x)/fY (x) eÐnai fjÐnousa wc proc x, ìpou fX(x),
fY (x) oi sunart seic pijanìthtac   sunart seic puknìthtac pijanìthtac twn X kai Y.
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th sun�rthsh T2(k). Upojètontac ìti µ1 ≥ µ2 èqoume

T2(k + 1) = E[T2(k + 1−Q∗2(k + 1), Q∗2(k + 1))]

≥ E[T2(k −Q∗2(k + 1), Q∗2(k + 1))]

≥ E[T2(k −Q∗2(k), Q∗2(k))] = T2(k).

H pr¸th anisìthta exhgeÐtai apì to L mma 2 k�tw apì ton isqurismì gia touc

rujmoÔc exuphrèthshc, h deÔterh anisìthta prokÔptei apì thn monotonÐa thc Q∗2,

pou deÐqjhke sto L mma 4 kai to gegonìc ìti T2(k−m,m) eÐnai aÔxousa wc proc

m gia k�je arijmì k > 0.

Gia na doÔme ìti h T2(k) mporeÐ na fjÐnei ìtan µ1 < µ2, ac doÔme to par�deigma

ìpou µ1 = 0.1 kai µ2 = 1. Tìte

k = 1 k = 2 k = 3 k = 4 k = 5

T2(k) 0.198347 0.0313319 0.00438963 0.000573903 0.0000717892

Pìrisma 1. An µ1 > µ2   e�n C1 ≥ C2 to anamenìmeno kajarì kèrdoc tou

pel�th Pp(k) eÐnai fjÐnousa sun�rthsh.

Apìdeixh. To apotèlesma èpetai apì to L mma 5 an µ1 > µ2. An C1 ≥ C2,

eÐnai arketì na xanagr�youme th sun�rthsh tou kèrdouc wc Pp(k) = R − (C1 −

C2)T1(k)− C2T (k) kai na qrhsimopoi soume thn monotonÐa twn T1(k) kai T (k).

Telik� anafèroume to kÔrio apotèlesma pou dÐnei thn strathgik  isorropÐac.

Je¸rhma 2. 'Otan h plhroforÐa pou gÐnetai gnwst  ston pel�th pou ft�nei

sto sÔsthma eÐnai mìno o sunolikìc arijmìc pelat¸n mèsa sto sÔsthma, tìte h

strathgik  isorropÐac upagoreÔei thn eÐsodo ston pel�th an blèpei mpaÐnontac

to polÔ K pel�tec mazÐ me ton eautì tou, ìpou to kat¸fli K dÐnetai apì thn

K = argmin2{k ∈ N : P (k) < 0}. (4.8)

2To el�qisto k gia to opoÐo ja isqÔei P (k) < 0
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SÔmfwna me aut  th strathgik  ènac epilegmènoc pel�thc eisèrqetai mìno e�n

brÐskei ligìterouc apì K pel�tec sto sÔsthma. H K−strathgik  eÐnai kuriar-

qoÔsa strathgik  sthn kl�sh twn strathgik¸n katwflÐou.

Apìdeixh. DeÐqnoume ìti h strathgik  katwflÐou K eÐnai h kalÔterh ap�nthsh

en�ntia ston eautì thc. To sÔsthma eÐnai p�nta ergodikì, gia autì qwrÐc bl�bh

thc genikìthtac upojètoume ìti xekin�ei �deio. AfoÔ ìloi oi pel�tec akoloujoÔn

thn strathgik  K o epilegmènoc qr sthc den ja brei potè perissìterouc apì K

pel�tec mèsa sto sÔsthma kai sÔmfwna me thn sqèsh (4.8), ja akolouj sei thn

Ðdia strathgik  kai to apotèlesma èpetai.

Oi enèrgeiec tic opoÐec o epilegmènoc pel�thc mporeÐ na k�nei gia tic timèc tou

k > K den qrei�zetai na prosdioristoÔn, kaj¸c den ja brei potè sto sÔthma

autèc tic katast�seic. Parìla aut� e�n oi sunj kec monotonÐac pou dÐnontai apì

to L mma 5 isqÔoun, tìte h K−strathgik  odhgeÐ se èna shmeÐo strathgik c

isorropÐac tèleio wc proc ta upopaiqnÐdia, dhlad  se èna shmeÐo isorropÐac pou

upagoreÔei tic swstèc apof�seic akìma kai gia katast�seic pou èqoun mhdenik 

pijanìthta na parathrhjoÔn.

H K−strathgik  eÐnai kuriarqoÔsa giatÐ eÐnai h kalÔterh ap�nthsh se opoia-

d pote �llh pijan  strathgik  katwflÐou. Autì isqÔei giatÐ h sun�rthsh ka-

jaroÔ kèrdouc tou pel�th den exart�tai oÔte apì ton rujmì �fixhc oÔte apì to

kat¸fli pou uiojetoÔn oi �lloi pel�tec. Upojètontac ìti to sÔsthma douleÔei

k�tw apì mia kajar  strathgik  me kat¸fli diaforetikì apì K, e�n se k�poio

shmeÐo tou qrìnou oi pel�tec xekin soun na fèrontai egwistik�, ja uiojet soun

thn K−strathgik .

H èkfrash (4.6) exart�tai apì tic timèc thc sun�rthshc T2(n,m) pou dÐnetai

apì thn (4.5) kai ètsi den anamènoume na prokÔyei kleistìc tÔpoc gia thn stra-

thgik  isorropÐac katwflÐou. Parìla aut� mporoÔme p�nta na thn upologÐsoume

arijmhtik� apì thn (4.5).

56



Kef�laio 5

Epekt�seic: Montèla me

upanaqwr seic

Sto mèroc autì thc ergasÐac, perigr�foume dÔo montèla sta opoÐa oi pel�tec

èqoun thn dunatìthta upanaq¸rhshc (reneging) met� thn exuphrèths  touc sthn

pr¸th our�.

5.1 H parathr simh perÐptwsh

Sto montèlo autì upojètoume ìti oi pel�tec mporoÔn na apoqwr soun apì thn

pr¸th our� met� to pèrac thc exuphrèths c touc se aut , qwrÐc na suneqÐsoun

sth deÔterh. Epiplèon, parathroÔn to pl joc pelat¸n sthn pr¸th our� kat�

thn �fix  touc kai sth deÔterh our� kat� thn �fix  touc se aut . EpÐshc,

h amoib  exuphrèthshc R analÔetai se dÔo mèrh R1, R2 pou antistoiqoÔn stic

exuphret seic stic dÔo ourèc antÐstoiqa.

Mia strathgik  katwflÐou (N1, N2) upagoreÔei eÐsodo sthn our� i an to pl joc

twn pelat¸n pou parathreÐ o pel�thc kat� thn �fix  tou se aut  eÐnai to polÔ

Ni, i = 1, 2. Gia mia strathgik  isorropÐac ja prèpei

N2 =

⌊
R2µ2
C

⌋
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afoÔ ènac pel�thc pou ft�nei sthn deÔterh our� kai parathreÐ n pel�tec ja

sumperiferjeÐ ìpwc sto klasikì montèlo tou Naor (Ja mpei e�n R2−C n+1
µ ≥ 0).

Epomènwc, ac jewr soume ènan epilegmèno pel�th ìtan oi upìloipoi akoloujoÔn

mia strathgik 

(N1, N2) =

(
N1,

⌊
R2µ2
C

⌋)
.

San sunèpeia aut c thc strathgik c, o arijmìc twn pelat¸n sthn pr¸th our�

den ja xeper�sei potè ton arijmì N1.

Se aut  thn perÐptwsh to sÔsthma diafèrei ousiastik� apì tic prohgoÔmenec

peript¸seic, kaj¸c oi ourèc se seir� den apoteloÔn plèon anoiqtì dÐktuo Jackson

me �peirh   peperasmènh qwrhtikìthta.

Ac sumbolÐsoume me Q∗(N1,N2),i
to st�simo arijmì pelat¸n sthn our� i, i = 1, 2,

k�tw apì thn strathgik  (N1, N2). 'Estw epÐshc S(N1,N2),1 o qrìnoc paramon c

tou pel�th sthn pr¸th our�. OrÐzoume

T(N1,N2),1(n) = E[S(N1,N2),1|Q
∗
(N1,N2),1

= n]

to desmeumèno mèso qrìno paramon c sthn pr¸th our� dedomènou ìti o epileg-

mènoc pel�thc blèpei n �toma se aut  thn our� kat� thn �fix  tou (h katanom 

tou arijmoÔ twn pelat¸n se stigmèc afÐxewn sumpÐptei me thn katanom  tou a-

rijmoÔ twn pelat¸n se suneq  qrìno lìgw thc idiìthtac PASTA).

Tìte to kajarì kèrdoc tou epilegmènou pel�th pou blèpei kat� thn �fix  tou

n �toma sthn pr¸th our� kai apofasÐzei na mpei eÐnai

Pro,(N1,N2)(n) =

(
R1 − C

n+ 1

µ1

)
+

N2−1∑
j=0

Pe2,(N1,N2)(j|n)

(
R2 − C

j + 1

µ2

)
,

ìpou Pe2,(N1,N2)(j|n) eÐnai h pijanìthta o epilegmènoc pel�thc na dei j �toma

sthn deÔterh our� kat� thn �fix  tou se aut , dedomènou ìti eÐde n �toma kat�

thn �fix  tou sthn pr¸th our�.
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O upologismìc thc Pe2,(N1,N2)(j|n) faÐnetai arket� perÐplokoc. 'Eqoume ìti

Pe2,(N1,N2)(j|n) =

N2−1∑
m=0

π(N1,N2)(n,m)

πN1(n)
Pe2,(N1,N2)(j|n,m),

ìpou π(N1,N2)(n,m) eÐnai h st�simh katanom  thc (Q∗(N1,N2),1
, Q∗(N1,N2),2

), πN1(n)

h antÐstoiqh perij¸ria kai Pe2,(N1,N2)(j|n,m) eÐnai h pijanìthta o epilegmènoc

pel�thc na dei j �toma sthn deÔterh our� kat� thn �fix  tou se aut , dedomènou

ìti to sÔsthma briskìtan sthn kat�stash (Q∗(N1,N2),1
, Q∗(N1,N2),2

) = (n,m) kat�

thn �fix  tou.

H π(N1,N2)(n,m) mporeÐ na upologisteÐ lÔnontac tic exis¸seic isorropÐac thc

antÐstoiqhc Markobian c alusÐdac suneqoÔc qrìnou.

λπ(N1,N2)(0, 0) = µ2π(N1,N2)(0, 1)

(λ+ µ2)π(N1,N2)(0,m) = µ1π(N1,N2)(1,m− 1) + µ2π(N1,N2)(0,m+ 1),

1 ≤ m ≤ N2 − 1

(λ+ µ1)π(N1,N2)(n, 0) = λπ(N1,N2)(n− 1, 0) + µ2π(N1,N2)(n, 1),

1 ≤ n ≤ N1 − 1

µ1π(N1,N2)(N1, 0) = λπ(N1,N2)(N1 − 1, 0) + µ2π(N1,N2)(N1, 1)

(λ+ µ2)π(N1,N2)(0, N2) = µ1π(N1,N2)(1, N2 − 1) + µ1π(N1,N2)(1, N2)

(λ+ µ1 + µ2)π(N1,N2)(n,m) = λπ(N1,N2)(n− 1,m) + µ2π(N1,N2)(n,m+ 1) +

µ1π(N1,N2)(n+ 1,m− 1),

1 ≤ n ≤ N1 − 1, 1 ≤ m ≤ N2 − 1

(µ1 + µ2)π(N1,N2)(N1, N2) = λπ(N1,N2)(N1 − 1, N2)

(µ1 + µ2)π(N1,N2)(N1,m) = λπ(N1,N2)(N1 − 1,m) + µ2π(N1,N2)(N1,m+ 1),

1 ≤ m ≤ N2 − 1

(λ+ µ1 + µ2)π(N1,N2)(n,N2) = λπ(N1,N2)(n− 1, N2) + µ1π(N1,N2)(n+ 1, N2 − 1)

+µ1π(N1,N2)(n+ 1, N2), 1 ≤ n ≤ N1 − 1
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EpÐshc, h Pe2,(N1,N2)(j|n,m) eÐnai h pijanìthta pr¸thc eisìdou sthn kat�stash

(0, j) kat� thn eÐsodo sto sÔnolo {(0, i) : 0 ≤ i ≤ N2}, thc M.a.s.q. me arqik 

kat�stash (n,m) pou katagr�fei to pl joc twn pelat¸n pou brÐskontai mprost�

apì ton epilegmèno pel�th (mazÐ me autìn) sthn di�rkeia thc paramon c tou sthn

pr¸th our�. Gia aplìthta, gia stajerì j kai politik  (N1, N2), gr�foume tic

antÐstoiqec exis¸seic me Pe2,(N1,N2)(j|n,m) = p(n,m).

p(0, j) = 1

p(0,m) = 0, 0 ≤ m ≤ N2,m 6= j

p(n, 0) = p(n− 1, 1), n ≥ 1

p(n,m) =
µ1

µ1 + µ2
p(n− 1,m+ 1) +

µ2
µ1 + µ2

p(n,m− 1), n ≥ 1,

1 ≤ m ≤ N2 − 1

p(n,N2) =
µ1

µ1 + µ2
p(n− 1, N2) +

µ2
µ1 + µ2

p(n,N2 − 1), n ≥ 1

To sÔsthma upologÐzei anadromik� to p(n,m) me thn di�taxh

p(0, 0), p(0, 1), . . . , p(0, N2)

p(1, 0), p(1, 1), . . . , p(1, N2)

. . . , . . . , . . .

p(n, 0), p(n, 1), . . . , p(n,m)

LÔnontac thn Pro,(N1,N2)(n) ≥ 0 brÐskoume thn bèltisth ap�nthsh tou epileg-

mènou pel�th ènanti thc (N1, N2). 'Omwc, h duskolÐa upologismoÔ thc Pro,(N1,N2)(n)

pou exhg jhke parap�nw, den èqei epitrèyei proc to parìn ton apotelesmatikì

prosdiorismì twn strathgik¸n isorropÐac.
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5.2 H mh-parathr simh perÐptwsh

Se aut  thn enìthta ja exet�soume thn mh-parathr simh perÐptwsh. 'Eqei mele-

thjeÐ sth bibliografÐa h mh-parathr simh perÐptwsh kai m�lista sto genikìtero

plaÐsio me n ourèc se seir� tÔpou M |M |m 1 Ja parousi�soume sunoptik� th

lÔsh sto dikì mac plaÐsio, dhlad  gia 2 ourèc tÔpou M |M |1.

'Estw q1 h pijanìthta ènac pel�thc na mpei toul�qiston sthn pr¸th our� kai q2

h pijanìthta na mpei sthn pr¸th kai thn deÔterh our�, me q1 ≥ q2. EpÐshc isqÔoun

oi sunj kec eust�jeiac λq1 < µ1 kai λq2 < µ2, ìpou λ o rujmìc afÐxewn sto

sÔsthma kai µi, i = 1, 2 o rujmìc exuphrèthshc stic dÔo ourèc antÐstoiqa.

SumbolÐzoume me X = {(q1, q2) : 0 ≤ q2 ≤ q1 ≤ 1, q1 <
µ1
λ , q2 <

µ2
λ } ton q¸ro

meikt¸n strathgik¸n (q1, q2) pou akoloujoÔn oi �lloi pel�tec kai me (r1, r2) thn

strathgik  tou epilegmènou pel�th. OrÐzoume wc

pu1(q1) = R1 −
C

µ1 − λq1

pu2(q2) = R2 −
C

µ2 − λq2

ta mèsa kèrdh e�n ènac pel�thc eisèljei toul�qiston sthn pr¸th our�, ìtan oi

�lloi eisèrqontai se aut  me pijanìthta q1 kai ìtan ènac pel�thc eisèljei kai

stic dÔo ourèc, ìtan oi �lloi eisèrqontai me pijanìthta q2 antÐstoiqa. 'Etsi to

anamenìmeno kèrdoc tou epilegmènou pel�th pou akoloujeÐ strathgik  (r1, r2),

en¸ ìloi oi �lloi akoloujoÔn thn strathgik  (q1, q2) eÐnai Ðso me

pu((r1, r2), (q1, q2)) = r1pu1(q1) + r2pu2(q2).

Upojètoume ìti ìloi oi pel�tec akoloujoÔn mÐa strathgik  (q1, q2) ∈ X. Tìte

h bèltisth ap�nthsh tou epilegmènou pel�th eÐnai h lÔsh tou akìloujou pro-

1Gia perissìterec plhroforÐec bl. Burnetas, Apostolos (2013) Customer equilibrium and
optimal strategies in Markovian queues in series. Annals of Operations Research 208 (2013)
515-529.
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bl matoc megistopoÐhshc

F (q1, q2) = max(r1,r2){r1pu1(q1) + r2pu2(q2)}

upì ton periorismì ìti 0 ≤ r2 ≤ r1 ≤ 1, to opoÐo gr�fetai wc

F (q1, q2) = max(r1,r2)

{
r1

(
R1 −

C

µ1 − λq1

)
+ r2

(
R2 −

C

µ2 − λq2

)}

upì ton periorismì ìti 0 ≤ r2 ≤ r1 ≤ 1.

Ta apotelèsmata parousi�zontai sunoptik� ston parak�tw pÐnaka:

max (r1, r2) R1 − C
µ1−λq1 R2 − C

µ2−λq2

(1,1) + +

(1, r2) + 0

(1,0) + -

(1,1) 0 +

(r1, r2) 0 0

(r1, 0) 0 -

(r, r) - +

(0,0) - 0

(0,0) - -

Analutik� autì shmaÐnei ìti:

• Sthn pr¸th perÐptwsh to kèrdoc tou epilegmènou pel�th apì thn exuph-

rèths  tou sthn pr¸th kai thn deÔterh our� eÐnai jetikì. Epomènwc, h

bèltisth ap�nthsh gia ton epilegmèno pel�th ja eÐnai na eisèljei kai stic

dÔo ourèc.

• Sthn deÔterh perÐptwsh to kèrdoc tou epilegmènou pel�th apì thn exuph-

rèths  tou sthn pr¸th our� eÐnai jetikì, en¸ apì thn deÔterh mhdenikì.

Epomènwc, h bèltisth strathgik  ja eÐnai na eisèljei ston pr¸to stajmì

me pijanìthta 1 kai ston deÔtero me r2.
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• Sthn trÐth perÐptwsh o epilegmènoc pel�thc èqei kèrdoc mìno apì thn exu-

phrèths  tou sthn pr¸th our�. Epomènwc, h bèltisth strathgik  ja eÐnai

na eisèljei ston pr¸to stajmì kai na apoqwr sei apì to sÔsthma, qwrÐc

na mpei ston deÔtero.

• Sthn tètarth perÐptwsh to kèrdoc tou epilegmènou pel�th apì thn exuph-

rèths  tou sthn pr¸th our� eÐnai mhdenikì, en¸ apì thn deÔterh jetikì.

Epomènwc, h bèltisth strathgik  ja eÐnai na eisèljei kai stouc dÔo staj-

moÔc me pijanìthta 1.

• Sthn pèmpth perÐptwsh to kèrdoc tou epilegmènou pel�th apì thn exuph-

rèths  tou stic dÔo ourèc eÐnai mhdenikì. Epomènwc, h bèltisth strathgik 

ja eÐnai na eisèljei kai stouc dÔo stajmoÔc me pijanìthtec 0 ≤ r2 ≤ r1 ≤ 1.

• Sthn èkth perÐptwsh to kèrdoc tou epilegmènou pel�th apì thn exuph-

rèths  tou sthn pr¸th our� eÐnai mhdenikì, en¸ apì thn deÔterh arnhtikì.

Epomènwc, h bèltisth strathgik  ja eÐnai na eisèljei ston pr¸to stajmì

me pijanìthta r1 kai na apoqwr sei apì to sÔsthma, qwrÐc na mpei ston

deÔtero.

• Sthn èbdomh perÐptwsh to kèrdoc tou epilegmènou pel�th apì thn exuph-

rèths  tou sthn pr¸th our� eÐnai arnhtikì, all� to antÐstoiqo kèrdoc tou

apì thn deÔterh our� jetikì. 'Etsi, to r1 ja prèpei na eÐnai ìso pio kont�

gÐnetai sto 0 kai antÐstoiqa to r2 ìso pio kont� gÐnetai sto 1. Epomènwc,

ja èqoume ìti r1 = r2 = r. 'Ara, h bèltisth strathgik  tou epilegmènou

pel�th ja eÐnai na mpei kai stic dÔo ourèc me thn Ðdia pijanìthta.

• Sthn ìgdoh perÐptwsh to kèrdoc tou epilegmènou pel�th apì thn exuph-

rèths  tou sthn pr¸th our� eÐnai arnhtikì, en¸ apì thn deÔterh mhdenikì.

Epomènwc, h bèltisth strathgik  ja eÐnai na mhn eisèljei se kamÐa apì tic

dÔo ourèc kai na apoqwr sei apì to sÔsthma.

• Sthn teleutaÐa perÐptwsh to kèrdoc tou epilegmènou pel�th apì thn e-
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xuphrèths  tou kai stic dÔo ourèc eÐnai arnhtikì. Epomènwc, h bèltisth

apìfash gia autìn ja eÐnai na mhn eisèljei se kamÐa apì tic dÔo ourèc kai

na apoqwr sei apì to sÔsthma.

Sqhmatik�:

ìpou φi = Ri − C
µi−λqi , i = 1, 2.

Apì thn parap�nw an�lush prokÔptei ìti oi strathgikèc (1, 1), (1, r2), (1, 0),

(r1, r2), (r1, 0), (r, r), (0, 0) eÐnai pijanèc strathgikèc isorropÐac.

• H (1,1) ja eÐnai monadik  strathgik  isorropÐac an kai mìno an

R1 −
C1

µ1 − λ
≥ 0 kai R2 −

C

µ2 − λ
≥ 0

 

R1 −
C

µ1 − λ
≤ 0, R2 −

C

µ2 − λ
≥ 0 kai R1 +R2 −

C1

µ1 − λ
− C

µ2 − λ
≥ 0

Sunoptik� h (1,1) ja eÐnai monadik  strathgik  isorropÐac an kai mìno an

R2 −
C

µ2 − λ
≥ 0, R1 +R2 −

C

µ1 − λ
− C

µ2 − λ
≥ 0.
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• H (1,0) ja eÐnai monadik  strathgik  isorropÐac an kai mìno an

R1 −
C

µ1 − λ
≥ 0 kai R2 −

C

µ2
≤ 0.

• H (0,0) ja eÐnai monadik  strathgik  isorropÐac an kai mìno an

R1 −
C

µ1
≤ 0 kai R2 −

C

µ2
≤ 0

 

R1 −
C

µ1
≤ 0, R2 −

C

µ2
≥ 0 kai R1 +R2 −

C

µ1
− C

µ2
≤ 0

Sunoptik� h (0,0) ja eÐnai monadik  strathgik  isorropÐac an kai mìno an

R1 −
C

µ1
≤ 0, R1 +R2 −

C

µ1
− C

µ2
≤ 0.

• H (1, r2) me 0 < r2 < 1 ja eÐnai strathgik  isorropÐac an kai mìno an

R1 −
C

µ1 − λ
≥ 0 kai R2 −

C

µ2 − λr2
= 0.

• H (r1, 0) me 0 < r1 < 1 ja eÐnai strathgik  isorropÐac an kai mìno an

R1 −
C

µ1 − λr1
= 0 kai R2 −

C

µ2
≤ 0.

• H (r1, r2) me 0 < r1, r2 < 1 ja eÐnai strathgik  isorropÐac an kai mìno an

R1 −
C

µ1 − λr1
= 0 kai R2 −

C

µ2 − λr2
= 0.

• H (r, r) me 0 < r < 1 ja eÐnai strathgik  isorropÐac an kai mìno an

R1 −
C

µ1 − λr
= 0 kai R2 −

C

µ2 − λr
= 0.
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Sqhmatik�:
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