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Eisagwg 

Aut  h diplwmatik  ergasÐa pragmatopoi jhke sto plaÐsio tou Progr�mmatoc Metaptuqi-
ak¸n Spoud¸n (KateÔjunsh Efarmosmènwn Majhmatik¸n) tou Tm matoc Majhmatik¸n tou
EjnikoÔ kai KapodistriakoÔ PanepisthmÐou Ajhn¸n. Skopìc thc eÐnai h melèth twn majh-
matik¸n ergaleÐwn pou qrei�zetai k�poioc gia na katal�bei th jewrÐa kai touc algorÐjmouc
thc Upologistik c TomografÐac.

Me ton ìro Axonik  TomografÐa   Upologistik  TomografÐa ennooÔme ton anasqhmatismì
miac sun�rthshc apì to sÔnolo twn oloklhrwm�twn thc kat� m koc gramm¸n   epipèdwn.
Autì to majhmatikì prìblhma sunant�tai se pollèc efarmogèc stouc tomeÐc thc iatrik c,
thc epist mhc kai thc teqnologÐac, me pio shmantik  sth diagnwstik  aktinologÐa. Sto
pr¸to kef�laio aut c thc ergasÐac perigr�foume th genik  jewrÐa kai exet�zoume merikèc
fusikèc arqèc pou odhgoÔn sthn Upologistik  TomografÐa.

Sto deÔtero kef�laio eis�goume di�forouc oloklhrwtikoÔc metasqhmatismoÔc, me pio shman-
tikì to metasqhmatismì Radon. Analutikìtera, dÐnoume sqèseic kai jewr mata pou ton
sundèoun me touc upìloipouc metasqhmatismoÔc, kaj¸c kai touc orismoÔc twn duðk¸n metasqh-
matism¸n, pou eÐnai qr simoi gia touc tÔpouc antistrof c. EpÐshc, asqoloÔmaste me jèmata
monadikìthtac kai eust�jeiac, kaj¸c kai me ta pedÐa tim¸n twn metasqhmatism¸n.

Sto trÐto kef�laio jèloume na deigmatopoi soume touc metasqhmatismoÔcRadon kai Fourier
gia merikèc sunart seic, oi opoÐec eÐnai ousiastik� aprosdiìristec gia peperasmèno pl joc
kateujÔnsewn, akìma kai sthn hmi-diakrit  perÐptwsh. Qr sima apotelèsmata apodeiknÔon-
tai gia sunart seic periorismènec se z¸nh,me tic idiìthtec twn opoÐwn asqoloÔmaste sthn
pr¸th par�grafo autoÔ tou kefalaÐou. Sth deÔterh par�grafo exet�zoume thn pijan 
an�lush tou metasqhmatismoÔ Radon gia peperasmèna pollèc kateujÔnseic.

Sto tètarto kef�laio ja perigr�youme analutik� k�poiouc algorÐjmouc anasqhmatismoÔ.
Ja xekin soume me ton eurèwc gnwstì algìrijmo filtered backprojection kai ja melet -
soume thn pijan  lÔsh. Sth deÔterh enìthta ja d¸soume mÐa an�lush sf�lmatoc tou
algorÐjmou Fourier o opoÐoc odhgeÐ se èna beltiwmèno algìrijmo, sugkrÐsimo se akrÐbeia
me ton filtered backprojection.

Sto shmeÐo autì ja  jela na euqarist sw ton Kajhght  k. Strat  Iw�nnh gia thn �risth
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sunergasÐa thn opoÐa eÐqa mazÐ tou, kaj¸c epÐshc gia thn kajod ghsh kai upost rix 
tou. EpÐshc, ja  jela na euqarist sw ton Kajhght  Ajanasi�dh Qristìdoulo kai ton
Anaplhrwt  Kajhght  Mparmp�th Ger�simo gia thn upost rixh kai katanìhsh pou èdeixan
prokeimènou na oloklhrwjeÐ aut  h ergasÐa.

Tèloc, ja  jela na pw èna meg�lo euqarist¸ se ìlouc ìsouc me st rixan sthn prosp�jei�
mou aut . Idiaitèrwc, ja  jela na euqarist sw touc kaloÔc mou fÐlouc NoÔtsh BasÐleio,
Mhts�ko Nikìlao kai PapagewrgÐou Ge¸rgio gia thn polÔtimh bo jei� touc, kaj¸c kai th
mhtèra mou kai thn adelf  mou, gia thn katanìhsh kai thn upomon  pou èdeixan ìlo autì
ton kairì.
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Kef�laio 1

Upologistik  TomografÐa

1.1 To Basikì Par�deigma: Transmission Comput-

erized Tomography

Sthn klassik  aktinologÐa h trisdi�stath anjr¸pinh anatomÐa prob�lletai p�nw sto aktino-
grafikì film kai apeikonÐzetai se dÔo diast�seic. Autì ìmwc èqei wc apotèlesma na q�netai
h plhroforÐa thc trÐthc di�stashc pou afor� sto b�joc twn org�nwn tou anjr¸pinou s¸-
matoc kai epÐshc mei¸netai h euaisjhsÐa twn mejìdwn apeikìnishc se mikrèc auxomei¸seic
tou suntelest  aporrìfhshc aktÐnwn Q.

Oi di�forec mèjodoi klassik c aktinologÐac èqoun thn ikanìthta na diakrÐnoun polÔ
mikr� anatomik� antikeÐmena, pou ìmwc prèpei na èqoun shmantik� diaforetikì suntelest 
aporrìfhshc apì touc gÔrw istoÔc.

Orismìc 1.1 H Axonik  tomografÐa   Upologistik  tomografÐa (CT) eÐnai mia iatrik 
mèjodoc apeikìnishc tou anjr¸pinou s¸matoc, pou qrhsimopoieÐ thn aktinobolÐa Q. H yh-
fiak  epexergasÐa qrhsimopoieÐtai gia na par�gei mia trisdi�stath eikìna tou eswterikoÔ
enìc org�nou apì mia seir� disdi�statwn eikìnwn aktÐnwn Q, gÔrw apì ènan eniaÐo �xona
peristrof c.

H CT eÐnai mia diagnwstik  exètash pou basÐzetai ston anasqhmatismì miac eikìnac apì
th sÔnjesh poll¸n probol¸n thc perioq c tou s¸matoc pou exet�zetai. Up�rqoun duo
basikèc mèjodoi tomografik c apeikìnishc: h tomografÐa dièleushc (transmission tomog-
raphy) kai h tomografÐa ekpomp c (emission tomography) . Sthn pr¸th, h phg  kai to
aniqneutikì sÔsthma brÐskontai se antidiametrik  jèsh kai peristrèfontai gÔrw apì to upì
exètash antikeÐmeno (CT). Sth deÔterh, h phg  eÐnai h Ðdia h upì exètash perioq  kai gÔrw
apì aut n peristrèfetai to aniqneutikì sÔsthma (SPECT,PET).

To pio basikì par�deigma eÐnai h tomografÐa dièleushc sth diagnwstik  aktinologÐa.
Mia diatom  tou anjr¸pinou s¸matoc èqei sarwjeÐ apì mia lept  dèsmh aktÐnwn Q, twn
opoÐwn h ap¸leia èntashc katagr�fetai apì ènan upologist  gia na par�gei mia disdi�stath
eikìna h opoÐa me th seir� thc emfanÐzetai se mia ojình. 'Ena aplì fusikì montèlo eÐnai to
akìloujo: 'Estw f(x) o suntelest c apìsbeshc twn aktÐnwn Q sto shmeÐo x, p.q. ìtan oi
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aktÐnec Q diasqÐzoun mia mikr  apìstash Dx, h sqetik  ap¸leia èntashc eÐnai

DI/I = f(x)Dx (1.1)

'Estw I0 h arqik  èntash thc dèsmhc L, thn opoÐa fantazìmaste san eujeÐa gramm , kai
èstw I1 h èntash thc afoÔ per�sei apì to s¸ma. Apì thn (1.1) èqoume ìti

I1/Io = exp[−
∫
L

f(x) dx] (1.2)

dhlad , h diadikasÐa s�rwshc mac parèqei to olokl rwma thc sun�rthshc f kat� m koc
k�je gramm c L (line integral). Apì ìla aut� ta oloklhr¸mata prèpei na anasqhmatÐsoume
thn f .

O metasqhmatismìc pou apeikonÐzei mia sun�rthsh tou R2 sto sÔnolo twn oloklhrwm�twn
kat� m koc gramm c kaleÐtai (disdi�statoc) metasqhmatismìcRadon. Sthn pr�xh, ta oloklhr¸-
mata mporoÔn na upologistoÔn mìno gia peperasmèno pl joc gramm¸n L. Sthn ousÐa
qrhsimopoioÔntai duo teqnikèc-gewmetrÐec s�rwshc. H palaiìterh teqnik  (1963) eÐnai h
gewmetrÐa par�llhlhc s�rwshc, kat� thn opoÐa èna sÔnolo parall lwn gramm¸n Ðsou m k-
ouc qrhsimopoioÔntai proc èna pl joc Ðsa katanemhmènwn kateujÔnsewn. ApaitoÔntai mìno
mÐa phg  kai ènac dèkthc, oi opoÐoi kinoÔntai par�llhla kai peristrèfontai kat� th di�rkeia
thc s�rwshc. H neìterh, kai taqÔterh, teqnik -gewmetrÐa eÐnai h gewmetrÐa apoklÐnousac
dèsmhc (fan-beam scanning geometry) kat� thn opoÐa h phg  diatrèqei ènan kÔklo gÔrw
apì to s¸ma, ektoxeÔontac mia olìklhrh dèsmh aktÐnwn Q pou moi�zei me bent�lia, oi opoÐec
katagr�fontai apì mia grammik  sustoiqÐa (array ) dekt¸n tautìqrona se k�je jèsh tou
dèkth.

Sq ma 1.1: (part1:parallel scanning, part 2:fan-bean scanning

Epomènwc, to pragmatikì prìblhma sthn CT eÐnai na anasqhmatÐsoume thn f apì èna
peperasmèno pl joc oloklhrwm�twn kat� m koc gramm c, kai h diadikasÐa anasqhmatismoÔ
na prosarmosteÐ sthn teqnik -gewmetrÐa s�rwshc. Merikèc forèc den eÐnai dunatì   epi-
jumhtì na sarwjeÐ ìlh h diatom . An k�poioc endiafèretai gia èna mikrì komm�ti tou s¸ma-
toc, eÐnai kalÔtero na mhn ektejeÐ kai to upìloipo s¸ma sthn aktinobolÐa. Autì shmaÐnei ìti
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upologÐzontai mìno oi grammèc pou {qtupoÔn} thn perioq  tou endiafèrontoc,   pou pernoÔn
polÔ kont� apì aut n. H antÐjeth perÐptwsh emfanÐzetai an sthn perioq  up�rqei k�poio
adiafanèc emfÔteuma. Tìte prèpei na anasqhmatÐsoume thn f ektìc tou emfuteÔmatoc, me ta
oloklhr¸mata kat� m koc twn gramm¸n pou dièrqontai mèsa apì to emfÔteuma na leÐpoun.

Se ìlec autèc tic peript¸seic mil�me gia probl mata me mh epark  dedomèna. Tìso h
dunatìthta diereÔnhshc thc monadikìthtac kai thc eust�jeiac ìso kai h an�ptuxh mejìdwn
anasqhmatismoÔ gia probl mata me mh epark  dedomèna eÐnai, loipìn, aparaÐthta gia mia
sobar  melèth thc CT .

Mèqri t¸ra èqoume jewr sei mìno disdi�stata probl mata. Prokeimènou na exasfalÐ-
soume trisdi�stath eikìna prèpei na sar¸soume to s¸ma str¸ma-str¸ma (layer by layer). An
autì eÐnai polÔ qronobìro (p.q. mia exètash twn qtÔpwn thc kardi�c) prèpei na anag�goume
to prìblhma se mia seir� disdi�statwn problhm�twn. Tìte ja prèpei na asqolhjoÔme me to
pl rec trisdi�stato prìblhma, sto opoÐo ja epexergazìmaste tautìqrona ta oloklhr¸ma-
ta kat� m koc gramm¸n diamèsou twn mer¸n tou s¸matoc. Efìson eÐnai praktik� adÔnato
na sarwjeÐ ènac asjen c apì thn korf  mèqri ta nÔqia, ta ellip  probl mata dedomènwn
sthn trisdi�stath CT eÐnai o kanìnac kai ìqi h exaÐresh. Gia par�deigma anafèroume th
gewmetrÐa-teqnik  s�rwshc kwnik c dèsmhc, sthn opoÐa h phg  peristrèfetai gÔrw apì to
antikeÐmeno se kÔklo, stèlnontac ènan k¸no aktÐnwn Q, oi opoÐec katagr�fontai apì ènan
aniqneut  disdi�stathc di�taxhc. Akìma kai sthn upojetik  perÐptwsh apeÐrou pl jouc
jèsewn thc phg c, upologÐzontai me autìn ton trìpo mìno ekeÐnec oi grammèc pou sunan-
toÔn thn kampÔlh thc phg c. AfoÔ autèc oi grammèc apoteloÔn mìno èna mikrì kl�sma tou
sunìlou twn gramm¸n pou sunantoÔn to antikeÐmeno, to sÔnolo dedomènwn eÐnai exairetik�
ellipèc.

Ta probl mata pou anafèrame eÐnai sthn pragmatikìthta kajar� majhmatik� kai lÔnontai
me majhmatik� ergaleÐa. Autì ja prospaj soume na k�noume se aut  thn ergasÐa. Ja
endiaferjoÔme gia jèmata ìpwc h monadikìthta, h eust�jeia, h akrÐbeia, h an�lush kai
fusik� o anasqhmatismìc algorÐjmwn.

1.2 'Allec Efarmogèc

Apì ta parap�nw gÐnetai fanerì ìti h CT lamb�nei q¸ra stic peript¸seic ìpou h eswterik 
dom  enìc antikeimènou exet�zetai ekjètont�c to se k�poiou eÐdouc aktinobolÐa pou diadÐdetai
kat� m koc eujei¸n gramm¸n, thc opoÐac h ap¸leia èntashc kajorÐzetai apì thn (1.1). MÐa
apì tic pollèc efarmogèc autoÔ tou tÔpou eÐnai to hlektronikì mikroskìpio. Se autì,
mia dèsmh pern�ei mèsa apì èna epÐpedo deÐgma (planar specimen) upì diaforetikèc gwnÐec
prìsptwshc. AfoÔ h dèsmh èqei na diasqÐsei to deÐgma egkarsÐwc, h gwnÐa prìsptwshc
periorÐzetai se èna di�sthma ligìtero apì 180◦, sun jwc 120◦.

Se �llec efarmogèc h phg  aktinobolÐac brÐsketai mèsa sto antikeÐmeno kai zhtoÔ-
meno apoteleÐ h katanom  twn phg¸n,ìpwc gia par�deigma sthn purhnik  iatrik  (nuclear
medicine). Ed¸ k�poioc jèlei na anakalÔyei thn katanom  f miac radiofarmakeutik c
ousÐac (radiopharmaceutical ) se mia egk�rsia tom  tou s¸matoc metr¸ntac thn aktinobolÐa
gÔrw apì to s¸ma. An µ eÐnai o suntelest c exasjènishc (attenuation) tou s¸matoc (ed¸
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dhlad  to µ analamb�nei to rìlo pou eÐqe h f sthn par. 1.1), kai upojètontac ìti isqÔei o
Ðdioc nìmoc me thn (1.1), h èntash gÔrw apì to s¸ma, I, pou metriètai apì ènan aniqneut  eu-
jugrammismèno kat� trìpo ¸ste na katagr�fei mìno thn aktinobolÐa kat� m koc thc eujeÐac
gramm c L, dÐnetai apì th sqèsh

I =

∫
L

f(x)exp{−
∫
L(x)

µ(y)dy}dx (1.3)

ìpou L(x) eÐnai to tm ma thc L an�mesa sto x kai ton aniqneut .
An to µ eÐnai amelhtèo, tìte to I eÐnai ousiastik� to olokl rwma kat� m koc gramm¸n

thc f . 'Omwc sthn pr�xh to µ den eÐnai mikrì. Autì shmaÐnei ìti prèpei na anasqhmatÐsoume
thn f apì stajmismèna oloklhr¸mata kat� m koc gramm¸n, me th sun�rthsh b�rouc na
kajorÐzetai apì thn apìsbesh µ. O sqetikìc oloklhrwtikìc metasqhmatismìc eÐnai t¸ra mia
genÐkeush tou metasqhmatismoÔ Radon o opoÐoc kaleÐtai exasjenhmènoc metasqhmatismìc
Radon (par�grafoc 2.5).

Mia shmantik  eidik  perÐptwsh emfanÐzetai ìtan oi phgèc ektoxeÔoun ta swmatÐdia kat�
zeÔgh proc antÐjetec kateujÔnseic kai h aktinobolÐa stic antÐjetec kateujÔnseic metriètai
mìno ìtan ta dÔo swmatÐdia fj�noun stouc antikristoÔc aniqneutèc tautìqrona (PET). Se
aut n thn perÐptwsh, h (1.3) antikajÐstatai apì thn

I =

∫
L

f(x)exp{−
∫

L+(x)

µ(y)dy −
∫

L−(x)

µ(y)dy}dx (1.4)

ìpou L+(x), L−(x) eÐnai ta dÔo tm mata thc L pou katal goun sto x. AfoÔ to �jroisma
twn oloklhrwm�twn mèsa sthn ekjetik  sun�rthsh isodunameÐ me to olokl rwma epÐ thc L
èqoume

I = exp{−
∫
L(x)

µ(y)dy}
∫
L

f(x)dx (1.5)

h opoÐa den odhgeÐ se ènan nèo metasqhmatismì.
Sthn SPECT kaj¸c kai sthn PET endiaferìmaste gia thn f , ìqi gia to µ. Wstìso,

afoÔ to µ eisèrqetai sthn oloklhrwtik  exÐswsh gia thn f prèpei na to upologÐsoume
opwsd pote, eÐte me prìsjetec metr seic eÐte me majhmatik� ergaleÐa.

Mia �llh phg  problhm�twn tÔpou CT eÐnai h tomografÐa uper qwn sthn prosèggish
gewmetrik c akoustik c(geometrical acoustics). Ed¸ h sqetik  posìthta eÐnai o deÐkthc
diajl�sewc n tou upì exètash antikeimènou. Sthn aploÔsterh perÐptwsh upologÐzetai o
qrìnoc di�doshc-metakÐnhshc T (x, y) enìc hqhtikoÔ s matoc pou taxideÔei an�mesa se dÔo
shmeÐa x kai y, ta opoÐa brÐskontai sthn epif�neia tou antikeimènou. H troqi� tou s matoc
eÐnai h gewdaisiak  Γn wc proc th metrik  ds = n

√
d(x1)2 + d(x2)2 + d(x3)2 pou en¸nei to

x kai to y. 'Eqoume

T (x, y) =

∫
Γn(x,y)

n ds (1.6)
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Xèrontac to T (x, y) gia poll� zeug�ria pomp¸n-dekt¸n x kai y jèloume na upologÐsoume
to n. H exÐswsh (1.6) eÐnai mia mh grammik  oloklhrwtik  exÐswsh gia to n. O Schomberg
(1978) anèptuxe ènan algìrijmo gia to mh grammikì prìblhma. Grammikopoi¸ntac kai jè-
tontac(upojètontac) ìpou n = n0 + f me n0 gnwstì kai f mikrì paÐrnoume proseggistik�

T (x, y)−
∫

Γn0 (x,y)

n0 ds =

∫
Γn0 (x,y)

f ds (1.7)

kai prèpei na anasqhmatÐsoume thn f apì ta oloklhr¸mata epÐ twn kampul¸n Γn0(x, y).
Autì eÐnai to prìblhma thc oloklhrwtik c gewmetrÐac sÔmfwna me touc Gelfand et.al.
(1965). Oi tÔpoi antistrof c gia eidikèc oikogèneiec kampul¸n èqoun proèljei apì touc
Cormack (1981), Cormack kai Quinto (1980) kai Helgason (1980). Sth seismologÐa
oi kampÔlec eÐnai kÔkloi sÔmfwna me ton Anderson (1984). An to n0 eÐnai stajerì, oi
gewdaisiakèc eÐnai eujeÐec grammèc kai katal goume sto prìblhma thc CT .

EÐnai gnwstì ìti ta probl mata antistrof c gia uperbolikèc diaforikèc exis¸seic merikèc
forèc mporoÔn na anaqjoÔn se èna prìblhma thc oloklhrwtik c gewmetrÐac (Romanov
1974). San par�deigma parajètoume th jemeli¸dh exÐswsh thc tomografÐac di�jlashc kai
deÐqnoume ìti h CT eÐnai mia oriak  perÐptwsh thc tomografÐac di�jlashc. Ta akrib  s-
toiqeÐa twn anwtèrw parapomp¸n mporoÔn na brejoÔn sth bibliografÐa tou [5].

JewroÔme èna antikeÐmeno skèdashc tou R2 to opoÐo perigr�fetai apì to deÐkth di�jlashc
tou n(x) = (1 + f(x))1/2 ìpou h f mhdenÐzetai èxw apì th monadiaÐa sfaÐra tou R2, dhlad 
to antikeÐmeno perièqetai sto monadiaÐo kÔklo. Autì to antikeÐmeno ektÐjetai mia for� se
èna armonikì prospÐpton kÔma e−iκt uI(x) me suqnìthta κ. JewroÔme mìno epÐpeda kÔmata,
dhlad 

uI(x) = eiκθ·x (1.8)

to monadiaÐo di�nusma θ ∈ S1 eÐnai h kateÔjunsh thc di�doshc.
Sthn (eujeÐa) skèdash, k�poioc brÐskei gia dedomènh f èna skedasmèno kÔma e−iκt uS(x)

tètoio ¸ste to u = uI + uS ikanopoieÐ thn epagìmenh kumatik  exÐswsh

∆u+ κ2(1 + f)u = 0, (1.9)

ìpou ∆ h Laplasian , kai mia sunoriak  sunj kh sto �peiro. Prokeimènou na lÔsoume
thn (1.9) me thn prosèggish tou Rytov antikajistoÔme sthn (1.9) ìpou u = uIe

κw ìpou o
par�gontac κ èqei eisaqjeÐ gia eukolÐa. 'Eqoume

κ∆w + 2iκ2θ∇w + κ2|∇w|2 = −κ2f (1.10)

me ∇ na eÐnai h klÐsh. H prosèggish Rytov uR lamb�netai mh lamb�nontac upìyh to |∇w|2,
dhlad  uR = uIe

κwR me to wR na ikanopoieÐ thn

∇wR + 2iκθ∇wR = −κf (1.11)

  thn
∆(uIwR) + κ2(uIwR) = −κfuI . (1.12)
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Aut  h diaforik  exÐswsh mporeÐ na lujeÐ qrhsimopoi¸ntac mia kat�llhlh sun�rthsh Green
h opoÐa sthn perÐptws  mac eÐnai h H0(κ|x|) me 4iH0 th mhdenik c t�xhc sun�rthsh Hankel
pr¸tou eÐdouc. Autì pou qreiazìmaste na xèroume gia thn H0 eÐnai h anapar�stash tou
oloklhr¸matoc

H0(κ|x|) =
−i
4π

∫
R1

exp{ i(|x1|α(σ) + x2σ)} dσ
α(σ)

(1.13)

ìpou α(σ) =
√
κ2 − σ2. H lÔsh thc exÐswshc (1.12) mporeÐ t¸ra na grafteÐ san

uIwR(x) = −κ
∫
R2

H0(κ|x− y|)f(y)uI(y)dy. (1.14)

Aut  (me thn prosèggish tou Rytov) epilÔei to eujÔ prìblhma thc skèdashc.
Sthn antÐstrofh skèdash prèpei na upologÐsoume thn f apì gnwstì uS èxw apì to

skedazìmeno antikeÐmeno.An qrhsimopoi soume thn prosèggish tou Rytov, to antÐstrofo
prìblhma skèdashc mporeÐ na lujeÐ apl� lÔnontac thn exÐswsh (1.14) gia f , qrhsimopoi¸n-
tac san dedomèno g(θ, s) = wR(rθ + sθ⊥) ìpou r eÐnai ènac stajerìc arijmìc megalÔteroc
thc mon�dac, dhlad  to wR upologÐzetai èxw apì ènan kÔklo aktÐnac r. Eis�gontac to uI
apì thn (1.8) kai to H0 apì thn (1.13) sthn (1.14) odhgoÔmaste sthn

g(θ, s) = −κe−iκr
∫
R1

∫
R1

H0(κ((r − r′)2 + (s− s′)2))1/2f(r′θ + s′θ⊥)eiκr
′
dr′ds′

=
iκ

4π
e−iκr

∫
R1

∫
R1

∫
R1

ei(|r−r
′|α(σ))+(s−s′)σ) dσ

α(σ)
f(r′θ + s′θ⊥)eiκr

′
dr′ds′.

AfoÔ r > 1 kai f(r′θ + s′θ⊥) = 0 gia |r′| > 1 mporoÔme na paraleÐyoume thn apìluth tim 
apì to |r − r′|. An antistrèyoume th seir� olokl rwshc èqoume

g(θ, s) =
iκ

4π
e−iκr

∫
R1

eisσ
eirα(σ)

α(σ)

∫
R1

∫
R1

e−i(r
′(α(σ)−κ)+s′σ)f(r′θ + s′θ⊥)dr′ds′dσ.

H olokl rwsh wc proc to y = r′θ+ s′θ⊥ eÐnai ènac metasqhmatismìc Fourier sto R2, afoÔ

g(θ, s) =
iκ

2
e−iκr

∫
R1

eisσ
eirα(σ)

α(σ)
f̂((α(σ)− κ)θ + σθ⊥)dσ.

H olokl rwsh wc proc σ eÐnai ènac antÐstrofoc metasqhmatismìc Fourier sto R1. Apì to
je¸rhma antistrof c Fourier paÐrnoume ìti

f̂((α(σ)− κ)θ + σθ⊥) = −(
2

π
)1/2i

α(σ)

κ
eir(κ−α(σ))ĝ(θ, σ) (1.15)
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ìpou ĝ eÐnai o monodi�statoc metasqhmatismìc Fourier wc proc to deÔtero ìrisma. An to
σ kineÐtai sto di�sthma [−κ, κ], tìte
(α(σ)− κ)θ + σθ⊥ =

√
(κ2 − σ2)θ + σθ⊥ − κθ

diagr�fei èna hmikÔklio gÔrw apì to −κθ pou pern�ei apì thn arq  twn axìnwn. Wc ek
toÔtou, an to θ metab�lletai sto S1, h f dÐnetai apì thn (1.15) se ènan kÔklo aktÐnac
toul�qiston κ.

Sq ma 1.2: (hmikÔklio sto opoÐo h f dÐnetai apì thn (1.15))

Upojètoume ìti den endiaferìmaste gia suqnìthtec ektìc apì κ kai ìti h prosèggish tou
Rytov isqÔei, tìte h (1.15) lÔnei to antÐstrofo prìblhma thc skèdashc. Sthn pragmatikìth-
ta h (1.15) eÐnai h afethrÐa thc tomografÐac diajl�sewc. An upojèsoume ìti κ −→∞ tìte
α(σ)

κ
−→ 1, α(σ)− κ −→ 0, kai ètsi h (1.15) gÐnetai

f̂(σθ⊥) = −(
2

π
)1/2iĝ(θ, σ) (1.16)

dhlad  oi kÔkloi stouc opoÐouc orÐzetai h f gÐnontai grammèc. 'Etsi, gia meg�lec suqnìthtec
kai me thn prosèggish tou Rytov, ta oloklhr¸mata kat� m koc gramm¸n thc f dÐnontai
apì to skedazìmeno pedÐo èxw apì to skedazìmeno antikeÐmeno, dhlad  h CT eÐnai mia
periorismènh perÐptwsh thc kumatik c exÐswshc tou antÐstrofou probl matoc thc skèdashc.
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Kef�laio 2

OloklhrwtikoÐ metasqhmatismoÐ

Sto kef�laio autì eis�goume kai melet�me apì jewrhtik c pleur�c di�forouc oloklhrwtikoÔc
metasqhmatismoÔc. To ulikì autoÔ tou kefalaÐou qrhsimeÔei san b�sh gia to upìloipo aut c
thc ergasÐac.

2.1 Orismìc kai jemeli¸deic idiìthtec orismènwn
oloklhrwtik¸n telest¸n

O (n-di�statoc) metasqhmatismìc Radon apeikonÐzei mia sun�rthsh tou Rn sto sÔnolo twn
oloklhrwm�twn sto uperepÐpedo tou Rn. Eidik�,an θ ∈ Sn−1 kai s ∈ R1 tìte

Rf(θ, s) =

∫
xθ=s

f(x)dx =

∫
θ⊥

f(sθ + y)dy

eÐnai to olokl rwma thc f ∈ =(Rn) me =(Rn) o q¸roc Schwartz, sto k�jeto epÐpedo
tou θ me apìstash s apì to mhdèn. Profan¸c o Rf eÐnai mia sun�rthsh sto monadiaÐo
kÔlindro Z = Sn−1 × R1 tou Rn+1, dhlad  Rf(−θ,−s) = Rf(θ, s). EpÐshc gr�foume

Rθf(s) = Rf(θ, s).

O (n-di�statoc) metasqhmatismìc P apeikonÐzei mia sun�rthsh tou Rn sto sÔnolo twn
oloklhrwm�twn kat� m koc gramm¸n.Eidik�, an θ ∈ Sn−1 kai x ∈ Rn, tìte

Pf(θ, x) =

∫ +∞

−∞
f(x+ tθ)dt

eÐnai to olokl rwma thc f ∈ =(Rn) kat� m koc eujeÐac gramm c diamèsou tou x me kateÔjun-
sh θ. Profan¸c, o Pf(θ, x) den all�zei an to x kineÐtai kat� thn kateÔjunsh tou θ. EmeÐc
kanonik� ja periorÐsoume to x sto θ⊥ to opoÐo kajist� thn Pf mia sun�rthsh epÐ thc
efaptìmenhc dèsmhc

T = (θ, x) : θ ∈ Sn−1, x ∈ θ⊥
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sto Sn−1. EpÐshc gr�foume
Pθf(x) = Pf(θ, x).

O Pθf kaleÐtai merikèc forèc probol  thc f sto θ⊥. Gia n = 2 o P kai o R sumpÐptoun
ektìc apì to sumbolismì twn orism�twn. Fusik� eÐnai pijanì na ekfr�soume ton Rf(ω, s)
san èna olokl rwma tou Pf : gia k�je θ ∈ Sn−1 me θ ⊥ ω èqoume

Rf(ω, s) =

∫
x∈θ⊥,xω=s

Pf(θ, x)dx (2.1)

H apoklÐnousa dèsmh tou metasqhmatismoÔ orÐzetai apì th sqèsh

Df(α, θ) =

∫ ∞
0

f(α + tθ)dt.

Autì eÐnai to olokl rwma thc f kat� m koc thc hmieujeÐac me telikì shmeÐo α ∈ Rn kai
kateÔjunsh θ ∈ Sn−1. EpÐshc gr�foume

Dαf(θ) = Df(α, θ).

An f ∈ =(Rn), tìte Rθf,Pθf,Rf,Pf eÐnai se q¸rouc Schwartz stouc R1, θ⊥, Z, T an-
tÐstoiqa, oi teleutaÐoi na orÐzontai apì topikèc suntetagmènec   apl� periorÐzontac tic
sunart seic tou =(Rn+1) sto Z, ekeÐnec tou =(R2n) sto T .

Eis�gontai parak�tw pollèc shmantikèc idiìthtec twn oloklhrwtik¸n metasqhmatism¸n
akoloujoÔmenoi apì tÔpouc pou aforoÔn sunelÐxeic kai metasqhmatismoÔc Fourier. K�je
for� pou paÐrnoume sunelÐxeic   metasqhmatismoÔc Fourier twn sunart sewn sto Z   sto
T lamb�nontai wc proc th deÔterh metablht , dhlad 

h ∗ g(θ, s) =

∫
R1

h(θ, s− t)g(θ, t)dt,

ĥ(θ, σ) = (2π)−1/2

∫
R1

e−isσh(θ, s)ds

gia h, g ∈ =(Z) kai

h ∗ g(θ, x) =

∫
θ⊥

h(θ, x− y)g(θ, y)dy, x ∈ θ⊥

ĥ(θ, ξ) = (2π)(1−n)/2

∫
θ⊥

e−ixξh(θ, x)dx, ξ ∈ θ⊥

gia h, g ∈ =(T ).
Xekin�me me to legìmeno "Je¸rhma probol c�   �Fourier slice theorem ".
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Je¸rhma 2.1 Gia mÐa sun�rthsh f ∈ =(Rn) èqoume

(Rθf)̂(σ) = (2π)(n−1)/2f̂(σθ), σ ∈ R`,

(Pθf)̂(η) = (2π)1/2f̂(η), η ∈ θ⊥

Apìdeixh. 'Eqoume

(Rθf)̂(σ) = (2π)−1/2

∫
R`

e−iσsRθf(s)

= (2π)−1/2

∫
R1

e−iσs
∫
θ⊥

f(sθ + y)dyds.

Me x = sθ+ y na eÐnai h nèa metablht  thc olokl rwshc èqoume s = θx, dx = dyds, kai
epomènwc

(Rθf)̂(σ) = (2π)−1/2

∫
Rn

e−iσθxf(x)dx

= (2π)(n−1)/2f̂(σθ).

OmoÐwc,

(Pθf )̂(η) = (2π)−(n−1)/2

∫
θ⊥

e−iηyPθf(y)dy

= (2π)−(n−1)/2

∫
θ⊥

e−iηy
∫
R1

f(y + tθ)dtdy

= (2π)−(n−1)/2

∫
Rn

e−iηxf(x)dx

= (2π)1/2f̂(η)

�

San apl  efarmog , aporrèei o tÔpoc

RθD
αf = θαD|α|Rθf (2.2)

ìpou to D|α| energeÐ p�nw sth deÔterh metablht  tou Rf . Gia thn apìdeixh thc parap�nw
exÐswshc qrhsimopoioÔme to je¸rhma 2.1, th sqèsh

(D|α|f )̂ = i|α|ξ|α|f̂ , x|α|f̂ = i|α|D|α|f̂
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(apì th sqèsh 3 tou parart matoc sthn An�lush Fourier) gia f ∈ =, kai to gegonìc ìti
o metasqhmatismìc Fourier eÐnai antistrèyimoc ston =(R1) kai èqoume

(RθD
αf )̂(σ) = (2π)(n−1)/2(Dαf )̂(σθ)

= (2π)(n−1)/2i|α|σ|α|θαf̂(σθ)

= i|α|σ|α|θα(Rθf )̂(σ)

= θα(D|α|Rθf )̂(σ).

Prokeimènou na prokÔyei ènac tÔpoc gia thn par�gwgo tou Rf wc proc θ dÐnoume ènan
isodÔnamo orismì tou metasqhmatismoÔ Radon ìson afor� th d-sun�rthsh. Jètontac

δb(t) =

∫ b

−b
eitsds

èqoume ìti δb −→ δ kat� shmeÐo ston =1. Opìte, gia f ∈ =

lim
b→∞

∫
Rn

f(x)δb(s− xθ)dx = lim
b→∞

∫
R1

∫
θ⊥

f(tθ + y)dyδb(s− t)dt =

∫
θ⊥

f(sθ + y)dy.

Me aut  thn ènnoia gr�foume

Rf(θ, s) =

∫
Rn

f(x)δ(s− xθ)dx. (2.3)

H (2.3) parèqei mia fusik  epèktash tou Rf ston (Rn − 0)× R1 afoÔ, gia r > 0

Rf(rθ, rs) =

∫
Rn

f(x)δ(rs− rxθ)dx = r−1

∫
Rn

f(x)δ(s− xθ)dx

= r−1Rf(θ, s). (2.4)

Dhlad , to Rf epekteÐnetai se mÐa omogen  sun�rthsh bajmoÔ -1. Aut  th sun�rthsh
mporoÔme na thn paragwgÐsoume wc proc thn pr¸th thc metablht  kai ètsi èqoume

∂

∂θk
Rf(θ, s) =

∫
Rn

f(x)
∂

∂θk
δ(s− xθ)dx

= −
∫
Rn

f(x)xkδ
′(s− xθ)dx

= − ∂

∂s

∫
Rn

f(x)xkδ(s− xθ)dx
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= − ∂

∂s
(R(xkf))(θ, s).

Aut  h tupik  diadikasÐa kaj¸c kai h paragwg  thc (2.4) mporeÐ na dikaiologhjeÐ me th
qr sh thc prosèggishc thc d-sun�rthshc δb. Gia k ènan poludeÐkth èqoume

Dk
θRf = (−1)|k|

∂|k|

∂s|k|
R(xkf) (2.5)

ìpou Dθ dhl¸nei thn par�gwgo wc proc j.
Apì eujeÐc upologismoÔc apì thn prohgoÔmenh apìdeixh kai apì th sqèsh 4 tou parart -

matoc sthn An�lush Fourier èqoume

Je¸rhma 2.2 Gia f, g ∈ =(Rn) èqoume

Rθ(f ∗ g) = Rθf ∗Rθg
Pθ(f ∗ g) = Pθf ∗Pθg.

Parak�tw jèloume na orÐsoume touc duðkoÔc telestèc R#
θ , R#, P#

θ , P#. Xekin�me apì∫
R1

Rθf(s)g(s)ds =

∫
R1

∫
θ⊥

f(sθ + y)g(s)dyds

=

∫
Rn

f(x)g(xθ)dx.

OrÐzontac R#
θ g(x) = g(xθ) èqoume∫

R1

Rθf(s)g(s)ds =

∫
Rn

f(x)R#
θ g(x)dx. (2.6)

Oloklhr¸nontac ston Sn−1 èqoume∫
Sn−1

∫
R1

Rf(θ, s)g(θ, s)dsdθ =

∫
Rn

f(x)R#g(x)dx, (2.7)

R#g(x) =

∫
Sn−1

g(θ, xθ)dθ. (2.8)

OmoÐwc, ∫
θ⊥

Pθf(x)g(x)dx =

∫
Rn

f(x)P#
θ g(x)dx, (2.9)

∫
Sn−1

∫
θ⊥

Pf(θ, x)g(θ, x)dxdθ =

∫
Rn

f(x)P#g(x)dx (2.10)
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ìpou
P#
θ g(x) = g(θ, Eθx)

P#g(x) =

∫
Sn−1

g(θ, Eθx)dθ

me Eθ thn orjog¸nia probol  ston θ⊥.
Shmei¸noume ìti oi R kai R# sqhmatÐzoun èna duðkì zeug�ri me thn ènnoia thc oloklhrwtik c

gewmetrÐac: en¸ o R oloklhr¸nei kat� ìla ta shmeÐa se èna epÐpedo, o R# oloklhr¸nei
kat� ìla ta epÐpeda diamèsou enìc shmeÐou. Autì eÐnai h b�sh gia ektetamènec genikeÔseic
tou metasqhmatismoÔ Radon. To Ðdio efarmìzetai kai ston P, P#.

Je¸rhma 2.3 Gia f ∈ =(Rn) kai g ∈ =(Z),=(T ) antÐstoiqa èqoume

(R#g) ∗ f = R#(g ∗Rf)

(P#g) ∗ f = P#(g ∗Pf).

Je¸rhma 2.4 Gia g ∈ =(Z) èqoume

(R#g)̂(ξ) = (2π)(n−1)/2|ξ|1−n(ĝ(
ξ

|ξ|
, |ξ|) + ĝ(− ξ

|ξ|
,−|ξ|)).

Je¸rhma 2.5 Gia f ∈ =(Rn) èqoume

R#Rf = |Sn−2||x|−1 ∗ f,

P#Pf = 2|x|1−n ∗ f,

me |Sm−1| eÐnai h epif�neia thc monadiaÐac sfaÐrac Sm−1 ston Rm.

Mèqri t¸ra èqoume exet�sei touc oloklhrwtikoÔc metasqhmatismoÔc mìno ston =(Rn).
AfoÔ ∫

R1

|Rθf(s)|ds 6
∫
Rn

|f(x)|dx,

∫
θ⊥

|Pθf(x)|dx 6
∫
Rn

|f(x)|dx,

∫
Sn−1

|Dαf(θ)|dθ 6
∫
Rn

|f(x)||x− α|1−ndx,

oi telestèc Rθ, Pθ eÔkola epekteÐnontai ston =1(Rn), kai o Dα ston =1(Rn, |x− α)|1−n).
K�je for� pou efarmìzoume autoÔc touc telestèc se sunart seic ektìc tou = upojètoume
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siwphr� ìti ennooÔme touc epekteinìmenouc telestèc. Oi sqèseic duðkìthtac (2.6), (2.7),
(2.8) isqÔoun k�je for� pou mÐa apì tic sunart seic (R|f |)g, f(R#|g|) eÐnai oloklhr¸simh,
kai antistoiqoÔn stic (2.9), (2.10).

Oi q¸roi Hilbert L2(Z), L2(T ) orÐzontai fusik� apì ta eswterik� ginìmena

(g, h)L2(Z) =

∫
Sn−1

∫
R1

g(θ, s)h(θ, s)ds, dθ,

(g, h)L2(T ) =

∫
Sn−1

∫
θ⊥

g(θ, x)h(θ, x)dx, dθ.

'Eqoume to epìmeno apotèlesma sunèqeiac.

Je¸rhma 2.6 'Estw Ωn h monadiaÐa mp�la tou Rn. Tìte oi telestèc

Rθ : L2(Ωn) −→ L2([−1, 1], (1− s2)(1−n)/2),
Pθ : L2(Ωn) −→ L2(θ⊥, (1− |x|2)−1/2),
R : L2(Ωn) −→ L2(Z, (1− s2)(1−n)/2),
P : L2(Ωn) −→ L2(T, (1− |x|2)−1/2),
Dα : L2(Ωn) −→ L2(Sn−1), (|α| > 1)

eÐnai suneqeÐc.

Apì to je¸rhma (2.6) prokÔptei ìti oi telestèc Rθ, Pθ, R, P, Dα èqoun suneqeÐc
suzugeÐc.

2.2 TÔpoi antistrof c

Oi mh peplegmènoi (rhtoÐ) tÔpoi antistrof c gia touc oloklhrwtikoÔc metasqhmatismoÔc
eÐnai ìqi mìno profanoÔc shmasÐac gia thn an�ptuxh twn algorÐjmwn antistrof c, all�
paÐzoun epÐshc shmantikì rìlo sth melèth thc topik c ex�rthshc thc lÔshc apì ta dedomèna.
Parak�tw ja orÐsoume tÔpouc antistrof c gia ton R kai ton P.

Gia a < n orÐzoume to grammikì telest  Ia wc

(Iaf )̂(ξ) = |ξ|−af̂(ξ).

O Ia kaleÐtai dunamikì tou Riesz (Riesz potential). An o Ia efarmìzetai se sunart seic
tou Z   tou T energeÐ p�nw sth deÔterh metablht . Gia f ∈ =, (Iaf )̂ ∈ L1(Rn), sunep¸c o
telest c Iaf eÐnai kal¸c orismènoc kai I−aIaf = f .

Je¸rhma 2.7 'Estw f ∈ =(Rn). Tìte gia k�je a < n èqoume

f =
1

2
(2π)1−nI−aR#Ia−n+1g, g = Rf (2.11)

f =
1

|Sn−2|
(2π)−1I−aP#Ia−1g, g = Pf. (2.12)
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Sto shmeÐo autì ja k�noume merikèc parathr seic.
(1) Jètontac a = 0 sthn (2.11) èqoume

f =
1

2
(2π)1−nR#I1−ng

ìpou o I1−n dra se mia sun�rthsh tou R1. AfoÔ gia h ∈ =(R1) isqÔei ìti

(I1−nh)̂(σ) = |σ|n−1ĥ(σ)

= (sgn(σ))n−1σn−1ĥ(σ)

kai afoÔ o metasqhmatismìc Hilbert H orÐzetai apì

(Hh)̂(σ) = −isgn(σ)ĥ(σ),

mporoÔme na gr�youme

I1−nh = Hn−1h(n−1),

kai epomènwc

f =
1

2
(2π)1−nR#Hn−1g(n−1) (2.13)

ìpou h (n− 1)-par�gwgoc upologÐzetai wc proc to deÔtero ìrisma. Qrhsimopoi¸ntac thn

Hn−1 =

{
(−1)(n−2)/2H, n �rtioc

(−1)(n−1)/2, n perittìc

kai th mh peplegmènh morf  tou R# apì thn prohgoÔmenh par�grafo, h (2.13) gr�fetai wc

f(x) =
1

2
(2π)1−n

{
(−1)(n−2)/2

∫
Sn−1 Hg(n−1)(θ, xθ)dθ, n �rtioc

(−1)(n−1)/2
∫
Sn−1 g

(n−1)(θ, xθ)dθ, n perittìc
(2.14)

(2) To gegonìc ìti o H emfanÐzetai sthn (2.14) mìno gia n �rtio èqei mia shmantik 
praktik  sunèpeia. Jumìmaste ìti to g(θ, xθ) eÐnai to olokl rwma thc f p�nw sto k�jeto
epÐpedo tou θ pou perièqei to x. Gia n perittì, h (2.14) mporeÐ na upologisteÐ e�n to
g(θ, yθ) eÐnai gnwstì gia θ ∈ Sn−1 kai to y eÐnai sth geitoni� tou x, dhlad  e�n gnwrÐzoume
ta oloklhr¸mata thc f kat� m koc ìlwn twn epipèdwn pou sunantioÔntai se mia geitoni� tou
x. 'Etsi blèpoume ìti to prìblhma anasqhmatismoÔ miac sun�rthshc apì ta oloklhr¸mat�
thc kat� m koc epipèdwn eÐnai, gia peritt  di�stash, topikì me thn akìloujh ènnoia : h
sun�rthsh eÐnai orismènh se merik� shmeÐa apì ta oloklhr¸mata kat� m koc twn epipèdwn
diamèsou miac geitoni�c aut¸n twn shmeÐwn. Autì den isqÔei gia �rtia di�stash, afoÔ o
metasqhmatismìc Hilbert

Hh(s) =
1

π

∫
R1

h(t)

s− t
dt (2.15)
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den eÐnai topikìc. 'Etsi to prìblhma anasqhmatismoÔ miac sun�rthshc apì ta oloklhr¸mat�
thc kat� m koc epipèdwn den eÐnai, gia �rtia di�stash, topikì me thn ènnoia ìti gia na
upologÐsoume th sun�rthsh se merik� shmeÐa apaiteÐtai ta oloklhr¸mata kat� m koc twn
epipèdwn na sunantoÔn to forèa thc sun�rthshc. Ja doÔme kai argìtera ìti h topikìthta
mporeÐ na apokatastajeÐ se ènan periorismèno bajmì.

(3) Gia n �rtio, jèloume na d¸soume mÐa enallaktik  morf  thc (2.14). Antikajist¸ntac
sthn (2.14) to H ìpwc dÐnetai apì thn (2.15) èqoume

f(x) = (−1)n/2+1(2π)−n
∫

Sn−1

∫
R1

g(n−1)(θ, t)

xθ − t
dtdθ = (−1)n/2(2π)−n

∫
Sn−1

∫
R1

g(n−1)(θ, xθ + q)

q
dqdθ

(2.16)
ìpou èqoume k�nei thn antikat�stash t = q+ xθ. To eswterikì olokl rwma, to opoÐo eÐnai
èna Olokl rwma prwteÔousac tim c Cauchy (Cauchy principal value integral)(par�rthma
5.3), mporeÐ na ekfrasteÐ san èna koinì olokl rwma. 'Eqoume

f(x) = (−1)n/2(2π)−n
1

2

∫
Sn−1

∫
R1

g(n−1)(θ, xθ + q)− g(n−1)(θ, xθ − q)
q

dqdθ.

T¸ra, epitrèpetai na all�xoume th seir� thc olokl rwshc kai prokÔptei

f(x) = (−1)n/2(2π)−n
1

2

∫
R1

1

q

∫
Sn−1

(g(n−1)(θ, xθ + q)− g(n−1)(θ, xθ − q))dθdq. (2.17)

AfoÔ to g eÐnai �rtioc kai to n − 1 eÐnai perittìc, to g(n−1) eÐnai perittìc. K�nontac thn
antikat�stash ìpou θ na b�loume −θ gia to deÔtero ìro tou eswterikoÔ oloklhr¸matoc,
parathroÔme ìti ta oloklhr¸mata eÐnai ta Ðdia.

'Etsi h (2.17) aplopoieÐtai sthn

f(x) = c(n)

∫ ∞
−∞

F
(n−1)
x (q)

q
dq, c(n) = (−1)n/2(2π)−n|Sn−1|,

Fx(q) =
1

|Sn−1|

∫
Sn−1

g(θ, xθ + q)dθ.

H Fx eÐnai �rtia giatÐ kai h g eÐnai �rtia. 'Omwc h F (n−1)
x eÐnai peritt  kai telik� èqoume ton

arqikì tÔpo antistrof c tou Radon

f(x) = 2c(n)

∫ ∞
0

1

q
F (n−1)
x (q)dq

o opoÐoc gia n = 2 gr�fetai

f(x) = − 1

π

∫ ∞
0

dFx(q)

q
(2.18)
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(4) Jètontac a = n− 1 sthn (2.11) èqoume

f(x) =
1

2
(2π)1−nI1−nR#g. (2.19)

Aut  eÐnai h b�sh gia ton ρ − filtered layergram algìrijmo (kef�laio 4). Gia n perittì,
o I1−n eÐnai ènac diaforikìc telest c

I1−n = (−∆)(n−1)/2

me ∆ h Laplasian . Eidik� gia n = 3,

f(x) = − 1

8π2
∆

∫
S2

g(θ, xθ)dθ

ìpou h ∆ energeÐ p�nw sth metablht  x. Autì prokÔptei epÐshc apì ton Radon.
(5) E�n h f eÐnai mia aktinik  sun�rthsh, dhlad  f(x) = f0(|x|) me merikèc sunart seic

f0 ston R1 tìte h g(s) = Rf(θ, s) eÐnai anex�rthth tou θ kai

g(s) =

∫
Rn−1

f0((s2 + |y|2)1/2dy

= |Sn−2|
∫ ∞

0

rn−2f0((s2 + r2)1/2)dr (2.20)

= |Sn−2|
∫ ∞

0

(t2 − s2)(n−3)/2tf0(t)dt.

'Etsi h oloklhrwtik  exÐswsh tou Radon periorÐzetai gia aktinikèc sunart seic se mia
oloklhrwtik  exÐswsh tÔpouAbel , h opoÐa mporeÐ na lujeÐ me ènan metasqhmatismìMellin  
me thn parak�tw stoiqei¸dh diadikasÐa : oloklhr¸nontac thn (2.20) wc proc s(s2−r2)(n−3)/2

apì r mèqri ∞ èqoume∫ ∞
r

s(s2 − r2)(n−3)/2g(s)ds = |Sn−2|
∫ ∞

0

∫ ∞
s

s((s2 − r2)(t2 − s2))(n−3)/2tf0(t)dtds

= |Sn−2|
∫ ∞
r

∫ t

r

s((s2 − r2)(t2 − s2))(n−3)/2dstf0(t)dt.

Gia to eswterikì olokl rwma èqoume apì thn antikat�stash

s′ =
r2 + t2 − 2s2

r2 − t2

thn tim 

c(n)(t2 − r2)n−2, c(n) = 21−n
∫ 1

−1

(1− s′2)(n−3)/2ds′,

25



sunep¸c ∫ ∞
r

s(s2 − r2)(n−3)/2g(s)ds = |Sn−2|c(n)

∫ ∞
r

(t2 − r2)n−2tf0(t)dt.

'Eqoume

1

2r

d

dr

∫ ∞
r

(t2 − r2)n−2tf0(t)dt =

−(n− 2)
∫∞
r

(t2 − r2)n−3tf0(t)dt, n > 2,

−1

2
f0(r), n = 2.

Efarmìzontac ton telest  (1/2r)(d/dr)n− 2 perissìterec forèc èqoume

(
1

2r

d

dr
)n−1

∫ ∞
r

s(s2 − r2)(n−3)/2g(s)ds = |Sn−2|c(n)(−1)n−1 (n− 2)!

2
f0(r)

kai autìc eÐnai xek�jara ènac tÔpoc antistrof c gia ton metasqhmatismì Radon sthn
perÐptwsh thc aktinik c summetrÐac.

(6) O tÔpoc antistrof c gia ton P sumpÐptei me ton tÔpo antistrof c gia ton R gia
n = 2. Gia n > 3 eÐnai sqedìn �qrhstoc, afoÔ apaiteÐ na gnwrÐzoume ìla ta oloklhr¸mata
kat� m koc gramm¸n, en¸ mìno èna mikrì kl�sma aut¸n twn oloklhrwm�twn mporoÔn na
metrhjoÔn sthn pr�xh.

'Enac teleÐwc diaforetikìc tÔpoc antistrof c gia to metasqhmatismì touRadon prokÔptei
epekteÐnontac tic f kai g = Rf se sfairikèc armonikèc (Par�rthma 5.5), dhlad 

f(x) =
∞∑
`=0

N(n,`)∑
k=0

f`k(|x|)Y`k(x/|x|),

g(θ, s) =
∞∑
`=0

N(n,`)∑
k=0

g`k(s)Y`k(θ).

To parak�tw je¸rhma dÐnei mia sqèsh an�mesa sthn f`k kai sthn g`k.

Je¸rhma 2.8 'Estw f ∈ =(Rn). Tìte èqoume gia s > 0

g`k(s) = |Sn−2|
∫ ∞
s

C
(n−2)/2
` (

s

r
)(1− s2

r2
)(n−3)/2f`k(r)r

n−2dr (2.21)

ìpou C(n−2)/2
` eÐnai to (kanonikopoihmèno) polu¸numo Gegenbauer bajmoÔ `. (Par�rthma

5.4)

Apìdeixh. MporoÔme na ekfr�soume ta oloklhr¸mata p�nw sto xθ = s me oloklhr¸-
mata p�nw sto hmisfaÐrio ω ∈ Sn−1 : ωθ > 0 peristrèfontac to sÔsthma suntetagmènwn.
'Eqoume ∫

xθ=s

f(x)dx =

∫
Sn−1,ωθ>0

f(
s

θω
ω)

sn−1

(θω)n
dω.
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Efarmìzontac autì sthn sun�rthsh f(x) = f`k(|x|)Y`k(x/|x|) èqoume∫
xθ=s

f`k(|x|)Y`k(x/|x|)dx =

∫
Sn−1,θω>0

f`k(
s

θω
)Y`k(ω)

sn−1

(θω)n
dω.

Ed¸ mporoÔme na efarmìsoume to je¸rhma Funk −Hecke (Par�rthma 5.5). OrÐzontac

h(t) =

f`k(
s

t
)(
sn−1

tn
), t > 0

0, diaforetik�

èqoume ∫
xθ=s

f`k(|x|)Y`kdx = g`k(s)Y`k(θ),

g`k(s) = |Sn−2|
∫ 1

0

f`k(
s

t
)
sn−1

tn
C

(n−2)/2
` (t)(1− t2)(n−3)/2dt.

B�zontac ìpou s/t = r prokÔptei h (2.21). �

H oloklhrwtik  exÐswsh (2.21) eÐnai mÐa oloklhrwtik  exÐswsh tÔpou Abel : sthn prag-
matikìthta metatrèpetai se mia Abel exÐswsh gia n = 2 kai l = 0. MporeÐ na lujeÐ me ton
metasqhmatismì Mellin. Autì odhgeÐ sto parak�tw je¸rhma.

Je¸rhma 2.9 'Estw f ∈ =(Rn). Tìte èqoume gia r > 0

f`k(r) = c(n)r2−n
∫ ∞
r

(s2 − r2)(n−3)/2C
(n−2)/2
` (

s

r
)g

(n−1)
`k (s)ds,

c(n) =
(−1)n−1

2πn/2
Γ((n− 2)/2)

Γ(n− 2)
(2.22)

(Gia n = 2 mporoÔme na p�roume to ìrio kaj¸c to n teÐnei sto 2, dhlad  c(2) = −1/π).

H sqetikìthta thc (2.22) proèrqetai apì to gegonìc ìti dÐnei mÐa saf  lÔsh sto exw-
terikì prìblhma. Sun jwc kaleÐtai tÔpoc antistrof c tou Cormack afoÔ èqei proèljei
apì thn prwtoporiak  ergasÐa tou Cormack (1963). ParathroÔme ìti h upìjesh f ∈ = sta
jewr mata (2.8), (2.9) èqei gÐnei gia na exasfalÐsoume ìti ta oloklhr¸mata (2.21), (2.22)
ja èqoun nìhma. Gia sunart seic oi opoÐec den fjÐnoun arket� gr gora sto �peiro, to
exwterikì prìblhma den èqei monadik  lÔsh, ìpwc ja doÔme parak�tw.

Ac koit�xoume pio prosektik� th disdi�stath perÐptwsh. Oi epekt�seic se sfairikèc
armonikèc eÐnai seirèc Fourier, oi opoÐec me ènan lÐgo diaforetikì sumbolismì, gÐnontai

f(r, ω) =
∑
`

f`(r)e
i`φ,

g(ω, s) =
∑
`

g`(s)e
i`φ,
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ω =

(
cosφ
sinφ

)
.

Oi tÔpoi (2.21), (2.22) t¸ra gr�fontai wc

g`(s) = 2

∫ ∞
s

T|`|(
s

r
)(1− s2

r2
)−1/2f`(r)dr,

f`(r) = − 1

π

∫ ∞
r

(s2 − r2)−1/2T|`|(
s

r
)g
′

`(s)ds (2.23)

me T` to polu¸numo Chebyshev pr¸tou eÐdouc.

2.3 Monadikìthta

Apì touc tÔpouc antistrof c thc enìthtac 2.2 gnwrÐzoume ìti h f ∈ = eÐnai monadik� oris-
mènh gia kajemÐa apì tic sunart seic Rf,Pf . Se pollèc praktikèc katast�seic gnwrÐzoume
autèc tic sunart seic mìno se èna uposÔnolo tou pedÐou orismoÔ touc. To er¸thma pou
prokÔptei eÐnai an aut  h merik  plhroforÐa exakoloujeÐ na orÐzei monadik� thn f .

To akìloujo <<Je¸rhma trÔpac>> prokÔptei �mesa apì to je¸rhma (2.9).

Je¸rhma 2.10 'Estw f ∈ =, kai èstw K èna sumpagèc kurtì uposÔnolo tou Rn. E�n
Rf(θ, s) = 0 gia k�je epÐpedo xθ = s pou de sunant�ei to K, tìte h f = 0 èxw apì to K.

Apìdeixh. E�n to K eÐnai mia mp�la (sfaÐra) to je¸rhma prokÔptei �mesa apì to (2.9).
Sth genikìterh perÐptwsh mporoÔme na broÔme gia k�je x 6= K mÐa mp�la pou perièqei to
K all� ìqi to x. Efarmìzontac to je¸rhma se aut  th mp�la sumperaÐnoume ìti f(x) = 0,
epomènwc to je¸rhma apodeiknÔetai gia to K. �

AfoÔ ta oloklhr¸mata p�nw se epÐpeda mporoÔn na ekfrastoÔn apì oloklhr¸mata kat�
m koc gramm¸n, èqoume to antÐstoiqo je¸rhma gia ton P.

Je¸rhma 2.11 'Estw f , K ìpwc sto prohgoÔmeno je¸rhma. E�n Pf(θ, x) = 0 gia k�je
gramm  x+ tθ pou de sunant�ei to K, tìte f = 0 èxw apì to K.

Blèpoume, loipìn, ìti to prìblhma anakataskeu c miac sun�rthshc sto exwterikì k�poiac
mp�lac apì oloklhr¸mata p�nw se epÐpeda   kat� m koc gramm¸n èxw apì th mp�la, eÐnai
monadik� epilÔsimo, me thn proôpìjesh ìti h sun�rthsh fjÐnei arket� gr gora sto �peiro.
Aut  h upìjesh de mporeÐ na paralhfjeÐ, ìpwc ja doÔme sto epìmeno par�deigma ston R2.
'Estw z = x1 + ix2 kai f(x) = z−p me p ≥ 2 akèraioc. 'Eqoume deÐxei ìti Rf(θ, s) = 0 gia
θ ∈ S1 kai s > 0. Tìte èqoume

Rf(θ, s) =

∫
R1

f(sθ + tθ⊥)dt

= (−θ2 + iθ1)−1

∫
L

z−pdz, θ =

(
θ1

θ2

)
,
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ìpou L eÐnai h eujeÐa gramm  xθ = s. Jètontac w = 1/z èqoume∫
L

z−pdz = −
∫
C

wp−2dw

ìpou C h eikìna thc L k�tw apì to w = 1/z eÐnai ènac peperasmènoc kÔkloc, afoÔ h L den
pern�ei apì to 0. Apì to je¸rhma tou Cauchy, to olokl rwma p�nw sth C mhdenÐzetai gia
p ≥ 2, afoÔ Rf(θ, s) = 0 gia s > 0 kai p ≥ 2.

Poll� perissìtera mporoÔme na poÔme an gnwrÐzoume ìti h f èqei sumpag  forèa. To
epìmeno je¸rhma dÐnetai ìson afor� to metasqhmatismì thc apoklÐnousac dèsmhc D.

Je¸rhma 2.12 'Estw S èna anoiqtì sÔnolo tou Sn−1 kai èstw A mÐa suneq¸c diaforÐsimh
kampÔlh. 'Estw Ω ⊆ Rn fragmèno kai anoiqtì. Upojètoume ìti gia k�je θ ∈ S up�rqei
èna α ∈ A tètoio ¸ste h hmieujeÐa α + tθ, t ≥ 0 den tèmnei ton Ω. E�n f ∈ C∞0 (Ω) kai
Df(α, θ) = 0 gia α ∈ A kai θ ∈ S, tìte f = 0 sthn {upologizìmenh perioq } [α + tθ : α ∈
A, θ ∈ S].

Apìdeixh. OrÐzoume gia k�je akèraio k ≥ 0 kai α, x ∈ Rn

Dkf(α, x) =

∫ ∞
0

tkf(α + tx)dt.

Prèpei na apodeÐxoume, sÔmfwna me thn upìjesh tou jewr matoc, ìti

Dkf(α, θ) = 0, α ∈ A, θ ∈ S (2.24)

gia k ≥ 0. AfoÔ h f èqei sumpag  forèa, h (2.24) sunep�getai to je¸rhma. H apìdeixh
thc (2.24) gÐnetai me epagwg . Gia k = 0, h (2.24) prokÔptei apì to ìti Df(α, θ) = 0 gia
α ∈ A kai θ ∈ S. 'Estw ìti h (2.24) isqÔei gia k ≥ 0. Tìte,

Dkf(α, x) = 0, α ∈ A

gia x ston anoiqtì k¸no C = [x 6= 0 : x/|x| ∈ S]. 'Estw α = α(s) h parametrik 
anapar�stash tou A. Tìte,

d

ds
Dk+1f(α(s), x) =

d

ds

∫ ∞
0

tk+1f(α(s) + tx)dt

=

∫ ∞
0

tk+1

n∑
i=1

α
′

i(s)fi(α(s) + tx)dt

me fi th merik  par�gwgo thc f ,

=

∫ ∞
0

tk
n∑
i=1

α
′

i(s)
∂

∂xi
fi(α(s) + tx)dt
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=
n∑
i=1

α
′

i(s)
∂

∂xi
Dkf(α(s), x) = 0

gia x ∈ C afoÔ h Dkf(α(s), x) mhdenÐzetai sto anoiqtì sÔnolo C. 'Etsi, h Dk+1f(α, x)
eÐnai stajer  kat� m koc tou A gia x ∈ C. AfoÔ, apì thn upìjesh tou jewr matoc,
Dk+1f(α, x) = 0 gia toul�qiston èna α ∈ A, tìte Dk+1f(α, x) prèpei na eÐnai mhdèn sto A
gia x ∈ C. Aut  eÐnai h (2.24) me k = k + 1. �

H upìjesh ìti h hmieujeÐa den tèmnei ton Ω, mporeÐ na faÐnetai par�xeno, all� de mporeÐ
na paralhfjeÐ. Autì faÐnetai sto par�deigma tou sq matoc, ìpou o Ω eÐnai o monadiaÐoc
dÐskoc sto R2 kai h f eÐnai h omalopoihmènh èkdosh thc sun�rthshc, h opoÐa eÐnai +1 sthn
an¸terh lwrÐda, -1 sthn kat¸terh kai 0 opoud pote alloÔ. Me A na eÐnai to tìxo αb kai
S na dÐnetai apì th gwnÐa φ, h upìjesh tou jewr matoc den ikanopoieÐtai. Se aut  thn
perÐptwsh, h f de mhdenÐzetai sthn upologizìmenh perioq , parìlo pou o Df eÐnai 0 sto
A×S. 'Omwc, an to A teÐnei na gÐnei αc, tìte h upìjesh tou jewr matoc ikanopoieÐtai, all�
o Df den eÐnai plèon 0 sto A× S.

Sq ma 2.1: (Par�deigma mh monadikìthtac)

MÐa kat�stash sthn opoÐa efarmìzetai to je¸rhma (2.12) emfanÐzetai sthn trisdi�stath
tomografÐa. Autì mac lèei,sthn pragmatikìthta, ìti o trisdi�statoc anasqhmatismìc enìc
antikeimènou eÐnai pijanìc an oi phgèc twn aktÐnwn Q diagr�foun ènan kÔklo gÔrw apì to
antikeÐmeno. 'Omwc ja doÔme ìti to prìblhma tou anasqhmatismoÔ den eÐnai kal¸c orismèno,
ektìc e�n h kampÔlh ikanopoieÐ mia perioristik  sunj kh.
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Sta epìmena dÔo jewr mata ekmetalleuìmaste thn analutikìthta tou metasqhmatismoÔ
Fourier se sunart seic me sumpag  forèa.

Je¸rhma 2.13 'Estw A to sÔnolo twn kateujÔnsewn tètoio ¸ste ta mh tetrimmèna o-
mogen  polu¸numa na mhdenÐzontai sto A. E�n f ∈ C∞0 (Rn) kai Rθf = 0 gia θ ∈ A, tìte
f = 0.

Apìdeixh. Apì to je¸rhma (2.1) èqoume ìti

f̂(σθ) = (2π)(1−n)/2(Rθf )̂(σ) = 0

gia θ ∈ A. AfoÔ h f èqei sumpag  forèa, h f̂ eÐnai mia analutik  sun�rthsh, thc opoÐac h
epèktash thc dunamoseir�c mporeÐ na grafteÐ san

f̂(ξ) =
∞∑
k=0

αk(ξ)

me omogen  polu¸numa αk bajmoÔ k. Gia ξ = σθ èqoume

f̂(σθ) =
∞∑
k=0

σkαk(θ) = 0

gia k�je σ kai θ ∈ A. 'Epetai ìti αk(θ) mhdenÐzetai gia θ ∈ A epomènwc αk = 0 kai to
je¸rhma apodeÐqjhke. �

Je¸rhma 2.14 'Estw f ∈ C∞0 (Rn) kai èstw Pθf = 0 gia �peiro pl joc kateujÔnsewn.
Tìte f = 0.

Apìdeixh. Apì to je¸rhma (2.1) èqoume gia �peira θ

f̂(η) = (2π)−1/2(Pθf )̂(η) = 0

e�n ηθ = 0. AfoÔ h f̂ eÐnai mÐa analutik  sun�rthsh, h f̂(η) prèpei na perièqei ton par�gonta

ηθ gia k�je mÐa apì tic kateujÔnseic θ. Epomènwc h f̂ kai epomènwc mhdenÐzetai tautotik�.

�

Gia to metasqhmatismì thc apoklÐnousac dèsmhc èqoume to akìloujo je¸rhma monadikìth-
tac, to opoÐo metatrèpetai sto je¸rhma (2.14) kaj¸c oi phgèc teÐnoun sto �peiro.

Je¸rhma 2.15 'Estw Ωn h monadiaÐa mp�la tou Rn kai èstw A èna �peiro sÔnolo èxw
apì ton Ωn. E�n f ∈ C∞0 (Ωn) kai Dαf = 0 gia α ∈ A tìte f = 0.

Den prokaleÐ èkplhxh to gegonìc ìti ta teleutaÐa dÔo jewr mata den isqÔoun gia
peperasmèna pollèc kateujÔnseic   phgèc. 'Omwc, o bajmìc thc mh monadikìthtac sthn
peperasmènh perÐptwsh eÐnai enoqlhtikìc, enìyei twn efarmog¸n. Exet�zoume mìno thn
perÐptwsh twn peperasmènwn kateujÔnsewn tou jewr matoc (2.13).
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Je¸rhma 2.16 'Estw θ1, ...θp ∈ Sn−1, èstw K ⊆ Rn sumpagèc, kai èstw f na eÐnai mÐa
aujaÐreth sun�rthsh ston C∞0 (K). Tìte, gia k�je sumpagèc sÔnolo K0 pou brÐsketai sto
eswterikì tou K up�rqei mia sun�rthsh f0 ∈ C∞0 (K), h opoÐa sumpÐptei me thn f sto K0

kai gia thn opoÐa isqÔei Pθkf0 = 0, k = 1, 2, ...p.

Apìdeixh. 'Estw

q(ξ) =

p∏
k=1

θkξ

kai èstw Q o diaforikìc telest c pou par�getai apì to q(ξ) antikajist¸ntac to ξ` me
−i∂/∂x`. BrÐskoume mia lÔsh h thc Qh = f . Gia p = 1 h diaforik  exÐswsh gÐnetai

−iθ1∇h = f.

Jètontac x = sθ1 + y, y ∈ θ⊥1 , h lÔsh eÐnai h

h(x) = i

∫ s

0

f(tθ1 + y)dt.

Gia p > 1 epanalamb�noume aut  thn kataskeu . T¸ra èstw Ψ ∈ C∞0 (K) na eÐnai mon�da
sto K0 kai jètoume f0 = QΨh. 'Eqoume f0 ∈ C∞0 (K) kai sto K0, f0 = Qh = f . EpÐshc,
apì (7.1),

f̂0(ξ) = q(ξ)(Ψh)̂(ξ),

kai apì to je¸rhma (2.1)

(Pθf0)̂(η) = (2π)1/2f̂0(η) = (2π)1/2q(η)(Ψh)̂(η) = 0

gia η ∈ θ⊥k . 'Epetai ìti Pθkf0 = 0 kai to je¸rhma apodeÐqjhke. �

To je¸rhma (2.16) anafèrei ìti gia k�je antikeÐmeno up�rqei èna �llo, diaforetikì
apì to pr¸to mìno se mia aujaÐreta mikr  perioq  tou sunìrou tou, kai gia to opoÐo oi
probolèc stic kateujÔnseic θ1, ..., θp mhdenÐzontai. Me mia pr¸th mati� autì to k�nei na
faÐnetai adÔnato na anak�myei mia sun�rthsh apì peperasmèna pollèc kateujÔnseic. Mia
pio prosektik  mati� sthn apìdeixh tou jewr matoc apokalÔptei ìti h f0 eÐnai mÐa idiaÐterhc

tal�ntwshc sun�rthsh. AfoÔ to q eÐnai èna polu¸numo bajmoÔ p, h f̂0 proôpojètei meg�lec
timèc gia |ξ| > 1 stajerì kai p meg�lo. Autì shmaÐnei ìti gia meg�lo p to deÔtero an-
tikeÐmeno sumperifèretai me arket  ast�jeia sto leptì sunoriakì str¸ma, sto opoÐo eÐnai
diaforetikì apì to pr¸to. Prokeimènou na kalufjeÐ aut  h aprosdioristÐa sthn perÐptwsh
twn peperasmèna poll¸n kateujÔnsewn prèpei na b�loume periorismoÔc sth diakÔmansh tou
antikeimènou. Autì ja epidi¸xoume sto trÐto kef�laio.

2.4 PedÐa tim¸n

Se aut  thn par�grafo ja doÔme ìti ta pedÐa tim¸n twn telest¸n, pou eis qjhsan
sthn par�grafo 2.1, eÐnai exairetik� domhmèna. Aut  h dom  brÐskei efarmogèc sth melèth
thc lÔshc twn algorÐjmwn kai twn problhm�twn, sta opoÐa ta dedomèna den eÐnai pl rwc
kajorismèna.
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Je¸rhma 2.17 'Estw f ∈ =. Tìte gia m = 0, 1, ...∫
R1

smRθf(s)ds = pm(θ), (2.25)

∫
θ⊥

(xy)mPθf(x)dx = qm(y), y ⊥ θ

gia pm, qm omogen  polu¸numa bajmoÔ m, kai to qm eÐnai anex�rthto tou θ.

Apìdeixh. UpologÐzoume∫
R1

smRθf(s)ds =

∫
R1

sm
∫
θ⊥

f(sθ + y)dyds

=

∫
Rn

(xθ)mf(x)dx

ìpou èqoume antikatast sei x = sθ + y. Profan¸c, autì eÐnai èna omogenèc polu¸numo
bajmoÔ m tou θ. OmoÐwc,∫

θ⊥

(xy)mPθf(x)dx =

∫
θ⊥

(xy)m
∫
R1

f(x+ tθ)dtdx

=

∫
Rn

(zy)mf(z)dz

gia y ⊥ θ ìpou èqoume antikatast sei z = x + tθ. Autì eÐnai èna omogenèc polu¸numo
bajmoÔ m tou y to opoÐo eÐnai anex�rthto tou θ. �

H sunj kh (2.25) gia to metasqhmatismì Radon èqei thn akìloujh sunèpeia, thn opoÐa
ja qrhsimopoi soume se epìmena kef�laia. E�n f ∈ C∞0 (Ωn) mporoÔme na epekteÐnoume
thn Rf ìson afor� ta ginìmena Cλ

` Ykj, me C
λ
` na eÐnai polu¸numa Gegenbauer kai Ykj

sfairikèc armonikèc. Autèc oi sunart seic apoteloÔn èna pl rwc orjog¸nio sÔsthma tou
L2(Z, (1− s2)λ−1/2). H proèktash gr�fetai wc

Rf(θ, s) = (1− s2)λ−1/2

∞∑
`=0

∞∑
k=0

∑
j

c`kjC
λ
` (s)Ykj(θ)

ìpou to j diatrèqei ìlo to N(n, k) twn sfairik¸n armonik¸n bajmoÔ k. Ta Cλ
` eÐnai or-

jog¸nia sto [-1,1] wc proc th sun�rthsh b�rouc (1− s2)λ−1/2, epomènwc∫ 1

−1

Cλ
` (s)Rf(θ, s)ds =

∞∑
k=0

∑
j

c`kj

∫ 1

−1

(1− s2)λ−1/2(Cλ
` (s))2dsYkj(θ).
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SÔmfwna me thn (2.25) to aristerì mèloc eÐnai èna polu¸numo bajmoÔ ` tou θ to opoÐo,
lìgw thc omalìthtac thc Rf , eÐnai �rtio an to ` eÐnai �rtio kai perittì an to ` eÐnai perittì.
Epomènwc, c`kj 6= 0 mìno gia k = `, `− 2, ... kai h Rf paÐrnei th morf 

Rf(θ, s) = (1− s2)λ−1/2

∞∑
`=0

Cλ
` (s)h`(θ) (2.26)

ìpou h` eÐnai ènac grammikìc sunduasmìc twn sfairik¸n armonik¸n bajmoÔ `, `− 2, ....
Oi sunj kec (2.25) kaloÔntai sunj kec eust�jeiac twn Helgason − Ludwig. Autèc

qarakthrÐzoun to pedÐo orismoÔ twn R,P me thn ex c ènnoia.

Je¸rhma 2.18 'Estw g ∈ =(Z) �rtia (dhlad  g(θ, s) = g(−θ,−s)) kai upojètoume ìti
gia k�je m = 0, 1... ∫

R1

smg(θ, s)ds = pm(θ)

eÐnai èna omogenèc polu¸numo bajmoÔ m tou θ. Tìte, up�rqei f ∈ =(Rn) tètoia ¸ste
g = Rf . E�n, epiplèon, g(θ, s) = 0 gia |s| ≥ α, tìte f(x) = 0 gia |x| ≥ α.

Je¸rhma 2.19 'Estw g ∈ =(T ) kai g(θ, x) = 0 gia |x| ≥ α. Upojètoume ìti gia m =
0, 1, ... ∫

θ⊥

(xy)mg(θ, x)dx = qm(y), y ⊥ θ

eÐnai èna omogenèc polu¸numo bajmoÔ m to opoÐo den exart�tai apì to θ. Tìte, up�rqei
f ∈ =(Rn) me f(x) = 0 gia |x| ≥ α kai g = Pf .

Apìdeixh. E�n  dh gnwrÐzame ìti g = Pf ja mporoÔsame na ekfr�soume thn Rf(ω, s) se
sqèsh me thn Pf apì thn (2.1). Epomènwc jètoume gia k�poia θ ⊥ ω

hθ(ω, s) =

∫
θ⊥,xω=s

g(θ, x)dx

kai prospajoÔme na deÐxoume ìti to hθ den exart�tai apì thn epilog  tou θ kai ìti hθ = Rf
gia k�poiec f ∈ =(Rn) me forèa sto |x| ≤ α. Arqik� upologÐzoume∫

R1

smhθ(ω, s)ds =

∫
R1

sm
∫

θ⊥,xω=s

g(θ, x)dxds

=

∫
θ⊥

(xω)mg(θ, x)dx (2.27)

= qm(ω)
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me qm to polu¸numo tou jewr matoc. AfoÔ to qm den exart�tai apì to θ, to olokl rwma
tou aristeroÔ mèlouc thc (2.27) den exart�tai apì to θ kai to hθ(ω, s) mhdenÐzetai gia |s| ≥ α
exaitÐac thc g(θ, x) = 0 gia |x| ≥ α. AfoÔ ta polu¸numa eÐnai pukn� ston L2(−α, α) èpetai
ìti to hθ den exart�tai apì to θ, kai apì thn (2.27) blèpoume ìti h h = hθ ikanopoieÐ tic
upojèseic tou jewr matoc (2.18). Epomènwc h = Rf gia k�poiec f ∈ =(Rn) me forèa sto
|x| ≤ α.

Gia n > 2 prèpei na deÐxoume ìti g = Pf . Gia θ stajerì ja deÐxoume ìti ta oloklhr¸mata
thc g kai thc Pf p�nw se aujaÐreta epÐpeda tou θ⊥ sumpÐptoun. E�n [x ∈ θ⊥ : xω = s] eÐnai
tètoio epÐpedo ¸ste ω ∈ θ⊥, to olokl rwma thc g p�nw se autì to epÐpedo dÐnei thn h(ω, s)
kai to olokl rwma thc Pf eÐnai∫

θ⊥,xω=s

Pf(θ, x)dx =

∫
θ⊥,xω=s

∫ ∞
−∞

f(x+ tθ)dtdx

=

∫
θ⊥

⋂
ω⊥

∫ ∞
−∞

f(sω + y + tθ)dtdy

=

∫
ω⊥

f(sω + z)dz

= Rf(ω, s).

AfoÔ h = Rf ta oloklhr¸mata sumpÐptoun. Autì shmaÐnei ìti oi metasqhmatismoÐ Radon
twn g(θ, .),Pf(θ, .) sto θ⊥ sumpÐptoun. All� o metasqhmatismìc Radon sto =(θ⊥) eÐnai
amfimonos mantoc, epomènwc g = Pf . �

To je¸rhma (2.19) den isqÔei an paralhfjeÐ h sunj kh g(θ, x) = 0 gia |x| ≥ α (kai to
sumpèrasma ìti f(x) = 0 gia |x| ≥ α): èstw h mÐa mh tetrimmènh �rtia sun�rthsh tou =(R1)
tètoia ¸ste ∫ ∞

0

smh(s)ds = 0, m = 0, 1, ...

èstw u ∈ C∞(Sn−1) kai èstw g(θ, x) = u(θ)h(|x|). Tìte g ∈ =(T ), kai∫
θ⊥

(xy)mg(θ, x)dx = u(θ)

∫
θ⊥

(xy)mh(|x|)dx

= u(θ)

∫ ∞
0

sn−2+mh(s)ds

∫
Sn−1

⋂
θ⊥

(ωy)mdω = 0

ìpou èqoume jèsei x = sω sto θ⊥. 'Etsi h g ikanopoieÐ th sunj kh thc eust�jeiac tou
jewr matoc.

Gia n > 3, èstw ω ⊥ θ. Tìte,∫
x⊥θ,xω=s

g(θ, x)dx = u(θ)

∫
x⊥θ,xω=s

h(|x|)dx = u(θ)Rh(ω, s)

35



me h na jewreÐtai h aktinik  sun�rthsh x −→ h(|x|) kai R eÐnai o (n−1)-di�statoc metasqh-
matismìc Radon. Apì thn �llh pleur�, e�n g = Pf gia k�poiec f ∈ =(Rn), èqoume apì thn
(2.1) ∫

x⊥θ,xω=s

g(θ, x)dx = Rf(ω, s)

kai sunep�getai ìti
Rf(ω, s) = u(θ)Rh(ω, s)

gia ω ⊥ θ. Autì eÐnai mÐa antÐfash, ektìc e�n to u eÐnai stajerì, afoÔ h Rh eÐnai anex�rthth
tou ω kai Rh 6= 0 epeid  o R eÐnai amfimonos mantoc.

2.5 O asjen c metasqhmatismìc Radon

Ston R2 orÐzoume gia sunart seic me sumpag  forèa ton asjen  metasqhmatismì Radon

Rµf(θ, s) =

∫
xθ=s

e−Dµ(x,θ⊥)f(x)dx.

Ed¸, me θ⊥ ennooÔme ta k�jeta monadiaÐa dianÔsmata sto θ ∈ S1 gia ta opoÐa det(θ, θ⊥) =
+1. Gia θ = (cosφ, sinφ)ᵀ, θ⊥ = (−sinφ, cosφ)ᵀ h µ eÐnai mia pragmatik  sun�rthsh tou R2,
h opoÐa paÐzei to rìlo thc paramètrou. O Rµ eÐnai o oloklhrwtikìc metasqhmatismìc thc
tomografÐac ekpomp c (emission tomography). Se aut  thn enìthta ja epekteÐnoume ìso
eÐnai dunatì ta apotelèsmata twn prohgoÔmenwn enot twn gia ton R ston Rµ.

MÐa eidik  perÐptwsh emfanÐzetai an h sun�rthsh µ èqei mÐa stajer  tim  µ0 se èna kurtì
pedÐo orismoÔ Ω pou perièqei to forèa thc f .

E�n sθ + τ(θ, s)θ⊥ dhl¸nei ìti to shmeÐo sto opoÐo xekin�ei h aktÐna apì to sθ me
kateÔjunsh sto θ⊥ {qtup�ei} to sÔnoro tou Ω, tìte

Dµ(x, θ⊥) = (τ(θ, s)− xθ⊥)µ0 + α(θ, s), α(θ, s) =

∫ ∞
τ(θ,s)

µ(sθ + tθ⊥)dt

gia x ∈ Ω, xθ = s. Epomènwc èqoume

Rµf(θ, s) =

∫
xθ=s

e−(τ(θ,s)−xθ⊥)µ0−α(θ,s)f(x)dx

= e−τ(θ,s)µ0−α(θ,s)Tµ0f(θ, s),

Tµ0f(θ, s) =

∫
xθ=s

eµ0xθ
⊥
f(x)dx

=

∫
R1

eµ0tf(sθ + tθ⊥)dt.
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O Tµ0 eÐnai gnwstìc wc ekjetikìc metasqhmatismìc Radon.
Parak�tw ja epekteÐnoume merik� apì ta apotelèsmata gia ton R stouc Rµ, Tµ. Oi

apodeÐxeic paraleÐpontai afoÔ eÐnai tropopoi seic twn apodeÐxewn gia ton R.
To je¸rhma probol c gia ton Tµ anafèrei

(Tµf )̂(θ, σ) = (2π)1/2f̂(σθ + iµθ⊥). (2.28)

Autìc o tÔpoc den eÐnai tìso qr simoc ìso to je¸rhma (2.1) afoÔ dÐnei thn f̂ sth disdi�stath
epif�neia tou q¸rou C2 dÔo migadik¸n metablht¸n, en¸ o tÔpoc antistrof c tou Fourier
oloklhr¸nei p�nw ston R2.

Ta jewr mata (2.2) kai (2.3) isqÔoun epÐshc gia ton Tµ:

Tµ(f ∗ g) = Tµf ∗Tµg (2.29)

(T#
−µg) ∗ f = T#

−µ(g ∗Tµf). (2.30)

Ed¸ oi duðkoÐ telestèc T#
µ kai R#

µ eÐnai

T#
µ g(x) =

∫
S1

eµxθ
⊥
g(θ, xθ)dθ,

R#
µ g(x) =

∫
S1

e−Dµ(x,θ⊥)g(θ, xθ)dθ.

To je¸rhma (2.5) epekteÐnetai akìmh gia ton Rµ sth morf 

R#
µ Rµf(x) = 2

∫
R2

|x− y|−1cosh(

∫ y

x

µdt)f(y)dy. (2.31)

Gia ton Tµ autì gÐnetai

T#
µ Tµf = k ∗ f, k(x) = 2

cosh(µ|x|)
|x|

Autìc o tÔpoc antistoiqeÐ sto je¸rhma (2.4) kai eÐnai h afethrÐa gia mia mèjodo anasqhma-
tismoÔ tou r -filtered layergram type.(Par�rthma 5.6) 'Enac tÔpoc antistrof c tÔpou
Radon gia ton Tµ lamb�netai sto epìmeno je¸rhma.

Je¸rhma 2.20 'Estw f ∈ C∞0 (R2). Tìte,

f =
1

4π
T#
−µI

−1
µ g, g = Tµf

ìpou o I−1
µ eÐnai to genikeumèno dunamikì tou Riesz

(I−1
µ g)̂(σ) =

{
|σ|ĝ(σ), |σ| > |µ|,
0, diaforetik�
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To je¸rhma (2.20) eÐnai mÐa epèktash tou jewr matoc (2.1) gia ton Tµ gia a = 0. EÐnai h
b�sh gia ènan algìrijmo dihjhsmènhc opisjoprobol c (filtered back-projection) gia thn
antistrof  tou Tµ (kef�laio 4.1). H pragmatik  arijmhtik  efarmog  gia ton R xekin�ei
apì thn

T#
−µwb ∗ f = T#

−µ(wb ∗Tµf) (2.32)

h opoÐa prokÔptei apo thn (2.30) me

ŵb(θ, σ) =

{
|σ|, |µ| < |σ| < b,

0, diaforetik�.

Je¸rhma 2.21 'Estw f, µ ∈ =(Rn). Tìte, gia k > m ≥ 0 akeraÐouc, èqoume∫
R1

∫ 2π

0

sme±ikφ+1/2(I±iH)Rµ(θ,s)Rµf(θ, s)dφds = 0.

ìpou θ = (cosφ, sinφ)ᵀ.

To je¸rhma (2.21) genikeÔei to je¸rhma gia ton asjen  metasqhmatismì Radon: e�n µ = 0,
tìte to je¸rhma (2.21) anafèrei ìti∫ 2π

0

e±ikφ
∫
R1

smRµf(θ, s)dsdφ = 0

gia k > m. Autì shmaÐnei ìti to eswterikì olokl rwma eÐnai èna trigwnometrikì polu¸numo
bajmoÔ 6 m.
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Kef�laio 3

DeigmatolhyÐa kai An�lush

3.1 To je¸rhma deigmatolhyÐac

'Ena apì ta basik� probl mata sthn epexergasÐa yhfiak c eikìnac eÐnai h deigmatolhyÐa
twn eikìnwn kai o anasqhmatismìc touc apì ta deÐgmata.AfoÔ mia eikìna perigr�fetai apì
th sun�rthsh puknìthtac f , to majhmatikì prìblhma eÐnai na diakritopoi soume thn f .

To jemeli¸dec je¸rhma sth deigmatolhyÐa eÐnai to je¸rhma deigmatolhyÐac tou Shannon,to
opoÐo asqoleÐtai me periorismènec se z¸nh sunart seic.Mia sun�rthsh ston Rn kaleÐtai pe-
riorismènh se z¸nh me eÔroc z¸nhc b an o metasqhmatismìc Fourier thc sun�rthshc eÐnai
topik� oloklhr¸simoc kai mhdenÐzetai èxw apì th mp�la me aktÐna b.

To aploÔstero par�deigma miac periorismènhc se z¸nh sun�rthshc ston R eÐnai h sun�rthsh

sinc(x) = 1/2

∫ 1

−1

eixξdξ

=


sinx

x
, x 6= 0

1, x = 0.

AfoÔ o antÐstrofoc metasqhmatismìc Fourier thc sun�rthshc mhdenÐzetai èxw apì to
[-1,1], to eÔroc z¸nhc thc eÐnai 1.Ston Rn orÐzoume th sun�rthsh sinc wc sinc(x) =
sinc(x1)...sinc(xn), me x = (x1, ..., xn)ᵀ. H sun�rthsh sincb(x) = sinc(bx) eÐnai �llo è-
na par�deigma miac periorismènhc se z¸nh sun�rthshc, kai èqoume me χ th qarakthristik 
sun�rthsh sto [−1, 1]n

sinĉb = (
π

2
)n/2b−nχ1/b, χa(ξ) = χ(aξ).

Sto sq ma blèpoume to gr�fhma thc sincb. EÐnai jetik  gia |x| < π/b kai fjÐnei me ènan
talanteuìmeno trìpo èxw apì autì to di�sthma. Sthn orologÐa thc yhfiak c epexergasÐac
eikìnac, h sun�rthsh sincb antiproswpeÔei mia leptomèreia megèjouc 2π/b. Epomènwc, mia
periorismènh se z¸nh sun�rthsh den perièqei leptomèreiec mikrìterec apì 2π/b, kai gia thn
ekpros¸phsh leptomerei¸n autoÔ tou megèjouc prèpei oi sunart seic na èqoun eÔroc z¸nhc
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toul�qiston b. EpÐshc, na anafèroume ìti oi leptomèreiec megèjouc 2π/b   ligìtero se mÐa

eikìna me puknìthta f perigr�fontai apì tic timèc thc f̂(ξ) gia |ξ| > b, en¸ oi timèc thc f̂(ξ)
gia |ξ| < b eÐnai upeÔjunec gia pio adr� (coarse) qarakthristik�. Epomènwc, h metablht  ξ
kaleÐtai merikèc forèc qwrik  (spacial) suqnìthta.

Sq ma 3.1: (Gr�fhma thc sincb)

Dedomènou ìti oi eikìnec eÐnai sun jwc periorismènhc èktashc, oi sunart seic puknìth-
tac pou èqoume na exet�soume, èqoun sumpag  forèa. O metasqhmatismìc Fourier miac
tètoiac sun�rthshc eÐnai analutikìc kai de mporeÐ na mhdenisteÐ èxw apì mia mp�la ektìc kai
an eÐnai tautotik� 0. 'Omwc, oi eikìnec puknot twn den eÐnai sun jwc periorismènec se z¸nh
me thn austhr  ènnoia. Wc ek toÔtou, kaloÔme mia sun�rthsh f ousiwd¸c periorismènh se

z¸nh me eÔroc z¸nhc b an f̂(ξ) eÐnai amelhtèo gia |ξ| > b.
To je¸rhma deigmatolhyÐac tou Shannon, sthn aploÔsterh morf  tou, èqei wc ex c.

Je¸rhma 3.1 'Estw f periorismènh se z¸nh me eÔroc z¸nhc b kai èstw h ≤ π/b. Tìte h
f eÐnai monadik� orismènh apì tic timèc f(hk), k ∈ Zn kai ston L2(Rn),

f(x) =
∑
k

f(hk)sinc(
π

h
)(x− hk). (3.1)

Epiplèon èqoume

f̂(ξ) = (2π)−n/2hn
∑
k

f(hk)e−ihξk (3.2)

ston L2([−(π/h), π/h]n). An g eÐnai mia �llh periorismènh se z¸nh me eÔroc z¸nhc b
sun�rthsh, èqoume ∫

Rn

f(x)g(x)dx = hn
∑
k

f(hk)g(hk). (3.3)
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Apìdeixh. AfoÔ h f̂ mhdenÐzetai èxw apì to di�sthma [−(π/h), π/h]n, h (3.2) eÐnai

apl� h epèktash Fourier thc f̂ sto [−(π/h), π/h]n, kai h (3.3) eÐnai sqèsh Parseval. Pol-
laplasi�zontac thn (3.2) me th qarakthristik  sun�rthsh χh/π tou [−(π/h), π/h]n èqoume

f̂(ξ) = (2π)−n/2hn
∑
k

f(hk)χh/π(ξ)e−ihξk

se ìlo ton Rn. AfoÔ h seir� sugklÐnei ston L2(Rn), mporoÔme na p�roume ton antÐstrofo
metasqhmatismì Fourier ìro me ton ìro. To apotèlesma eÐnai h exÐswsh (3.1). �

Ja k�noume k�poiec parathr seic. H sunj kh h ≤ π/b lègetai sunj kh tou Nyquist.
Autì proôpojètei ìti h f ja apotelèsei antikeÐmeno deigmatolhyÐac, me deigmatolhptik 
apìstash toul�qiston to misì apì th mikrìterh leptomèreia pou perièqetai sthn f . An
autì ikanopoieÐtai, h f mporeÐ na anasqhmatisteÐ apì ta deÐgmat� thc me th bo jeia thc
seir�c sinc (3.1), kai aut  h diadikasÐa anasqhmatismoÔ eÐnai stajer , me thn ènnoia ìti

‖f‖L2(Rn) = (hn
∑
k

|f(hk)|2)1/2,

dhlad  h (3.3) gia f = g. Apì tic (3.2), (3.3) blèpoume ìti b�sei thc sunj khc tou Nyquist,
oi metasqhmatismoÐ Fourier kai ta eswterik� ginìmena mporoÔn na upologistoÔn akrib¸c
apì to nìmo tou trapezoeidoÔc.

E�n h sunj kh tou Nyquist ikanopoieÐtai gnhsÐwc, dhlad  h < π/b, tìte h f kaleÐtai
upèr-deigmatopoihmènh. To epìmeno je¸rhma èqei na k�nei me aut  thn perÐptwsh.

Je¸rhma 3.2 'Estw h f periorismènh se z¸nh me eÔroc z¸nhc b kai èstw h < π/b. 'Estw
γ ∈ C∞(Rn) na mhdenÐzetai gia |x| ≥ 1 kai∫

Rn

γ(x)dx = (2π)−n/2.

Tìte
f(x) =

∑
k

f(hk)γ[(
π

h
− b)(x− hk)]sinc

π

h
(x− hk). (3.4)

H shmasÐa tou jewr matoc (3.2) ègkeitai sto gegonìc ìti h (3.4) sugklÐnei pio gr gora
apì th seir� sinc (3.1). O lìgoc eÐnai ìti h sun�rthsh γ, ìntac mÐa sun�rthsh tou C∞0
tou antÐstrofou metasqhmatismoÔ Fourier, fjÐnei sto �peiro grhgorìtera apì opoiad pote
dÔnamh tou |x|. Autì shmaÐnei ìti gia ton upologismì thc f apì thn (3.4) prèpei na axiolog -
soume mìno lÐgouc ìrouc thc seir�c, dhlad  mÐa upèr-deigmatopoihmènh sun�rthsh mporeÐ
na axiologhjeÐ polÔ apotelesmatik�.

E�n, apì thn �llh meri�, h sunj kh tou Nyquist den ikanopoieÐtai, dhlad  e�n h > π/b,
tìte h f kaleÐtai upì-deigmatopoihmènh. Aut  eÐnai h perÐptwsh, sthn opoÐa h f den eÐnai
periorismènh se z¸nh, dhlad  an b =∞. E�n h f wstìso, upologÐzetai apì th seir� sinc

Shf(x) =
∑
k

f(hk)sinc
π

h
(x− hk)

41



tìte diapr�xame èna sf�lma, to opoÐo ja exet�soume t¸ra.

Je¸rhma 3.3 'Estw f ∈ =. Tìte, up�rqei mÐa L∞-sun�rthsh χx me |χx| ≤ 1 tètoia ¸ste

(Shf − f)(x) = 2(2π)−n/2
∫

Rn−[−(π/h),π/h]n

χx(ξ)f̂(ξ)dξ. (3.5)

EpÐshc èqoume

f̂(ξ)− (2π)−n/2hn
∑
k

f(hk)e−ihξk = −
∑
`6=0

f̂(ξ − 2π

h
`). (3.6)

E�n f, g ∈ = tìte

(f ∗h g)̂(ξ)− (f ∗ g)̂(ξ) = (2π)n/2f̂(ξ)
∑
`6=0

ĝ(ξ − 2π

h
`) (3.7)

ìpou h diakekrimènh sunèlixh orÐzetai wc

f ∗h g(x) = hn
∑
`

f(x− h`)g(h`).

Ja k�noume merikèc parathr seic.
(1) E�n h f eÐnai periorismènh se z¸nh me eÔroc z¸nhc b kai h ≤ π/b, tìte h f mhdenÐzetai
èxw apì to [−(π/h), (π/h]n kai èqoume ìti Shf = f , dhlad  th sqèsh (3.1). E�n h f eÐnai
ousiastik� periorismènh se z¸nh me eÔroc z¸nhc b me thn ènnoia ìti∫

|ξ|≥b

|f̂(ξ)|dξ ≤ ε

kai h ≤ π/b tìte
|Shf − f | ≤ 2(2π)−n/2ε

dhlad  èqoume mÐa l�joc ektÐmhsh gia ton anasqhmatismì miac ousiastik� periorismènhc se
z¸nh me eÔroc z¸nhc b sun�rthshc apì tic sinc seirèc thc.
(2) H fasmatik  sÔnjesh tou sf�lmatoc Shf − f eÐnai polÔ pio endiafèrousa apì thn
parap�nw ektÐmhsh. SÔmfwna me th sqèsh

(Shf − f )̂− f̂ = χh/π − f̂ = χh/π(f̂ + â)− f̂ = (χh/π − 1)f̂ + χh/πâ

apoteleÐtai apì dÔo sunart seic.

O metasqhmatismìc Fourier thc pr¸thc sun�rthshc eÐnai (χh/π − 1)f̂ , o opoÐoc mh-
denÐzetai èxw apì to di�sthma [−(π/h), (π/h]n, dhlad  h sun�rthsh aut  perigr�fei mìno
leptomèreiec megèjouc mikrìterec apì 2h. SÔmfwna me thn ermhneÐa mac gia to je¸rhma
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deigmatolhyÐac tou Shannon, autì to mèroc tou sf�lmatoc prèpei na anamènetai, afoÔ
gia thn kat�llhlh deigmatolhyÐa tètoiwn leptomerei¸n apaiteÐtai deigmatolhptik  apìstash
ligìtero apì h.

O metasqhmatismìc Fourier thc deÔterhc sun�rthshc eÐnai χh/πâ o opoÐoc mhdenÐzetai
èxw apì to di�sthma [−(π/h), (π/h]n, dhlad  aut  h sun�rthsh perigr�fei mìno qarak-
thristik� megèjouc 2h kai megalÔtera. 'Etsi blèpoume ìti h upì-deigmatopoihmènh ìqi mìno
par�gei yeudeÐc leptomèreiec dÔo forèc megalÔterec   mikrìterec apì th deigmatolhptik 
apìstash, all�, epÐshc, olik� antikeÐmena diat�raxhc   omalopoÐhshc thc eikìnac.

Prokeimènou na apofÔgoume thn omalopoÐhsh (aliasing), prèpei na periorÐsoume se z¸nh
th sun�rthsh prin th deigmatolhyÐa. Autì mporeÐ na gÐnei me di jhsh-filtr�risma.

'Estw F na eÐnai mÐa periorismènh se z¸nh sun�rthsh kai jètoume

fF = F ∗ f.

Tìte, h fF eÐnai epÐshc periorismènh se z¸nh me eÔroc z¸nhc b kai eÐnai efikt  h deigmatolhyÐa
me mègejoc b matoc h ≤ π/b. Se autì to plaÐsio h F kaleÐtai fÐltro qamhl c diìdou me
suqnìthta diaqwrismoÔ b. 'Ena par�deigma eÐnai to idanikì fÐltro qamhl c diìdou to opoÐo
orÐzetai wc

F̂ (ξ) =

{
1, |ξ| ≤ b,

0, |ξ| > b.

Oi seirèc sinc kajistoÔn efikt  thn epÐlush qwrÐc sf�lmata twn kat�llhlwn deigm�twn
sunart sewn. 'Omwc oi seirèc sinc, akìma kai sth genik  touc morf , ìpwc sto je¸rhma
(3.2), eÐnai polÔ dÔskolo na upologistoÔn. Wc ek toÔtou, ja prèpei peristasiak� na qrhsi-
mopoioÔme aplèc B − spline parembolèc.

'Estw q h qarakthristik  sun�rthsh tou

[
−1

2
,
1

2

]
, dhlad  h q eÐnai Ðsh me 1 se autì to

di�sthma kai Ðsh me mhdèn èxw apì autì. 'Estw

B = χ ∗ ... ∗ χ, k dianÔsmata.

H B kaleÐtai B− spline k t�xhc. Profan¸c, h B eÐnai k− 2 forèc suneq¸c paragwgÐsimh,
mhdenÐzetai èxw apì to di�sthma [−(k/2), k/2] kai metatrèpetai se èna polu¸numo bajmoÔ

k − 1 se k�je èna apì ta diast mata [`, `+ 1] gia k �rtio kai

[
`− 1

2
, `+

1

2

]
gia k perittì,

kai ` akèraioc.
'Estw g ∈ =(R1) kai h > 0. Me B1/h(s) = B(s/h) orÐzoume

Ihg(s) =
∑
`

g(h`)B1/h(s− h`) (3.8)

kai jewroÔme thn Ihg san mia prosèggish thc g. Gia k = 1(2), h Ihg eÐnai mÐa kat� tm mata
stajer  (grammik ) sun�rthsh parembol c thc g.

Sto akìloujo je¸rhma ja doÔme ìti to apotèlesma thc prosèggishc miac periorismènhc
se z¸nh me eÔroc z¸nhc b sun�rthshc g apì thn Ihg eÐnai isodÔnamo me to na efarmìsoume
èna fÐltro qamhl c diìdou kai na prosjèsoume mÐa uyhl c suqnìthtac sun�rthsh.
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Je¸rhma 3.4 'Estw g na eÐnai periorismènh se z¸nh me eÔroc z¸nhc π/h. Tìte

Ihg = Fh ∗ g + ah, F̂h(σ) =

(2π)−1/2(sinc
σh

2
)k, |σ| ≤ π

h
0, diaforetik�

ìpou âh(σ) = 0 gia |σ| ≤ π/h, kai gia α, β ≥ 0

|ah|H−β(R1) ≤ (
2

π
)k−1(

h

π
)β−α|g|H−α(R1).

H hmi-nìrma |.|H−a(R1) orÐzetai wc

|g|2Hα(R1) =

∫
|σ|2α|ĝ(σ)|2dσ.

Mèqri t¸ra to Kartesianì plègma (grid) hZn kai o kÔboc [−(π/h), π/h]n èpaixan èna
shmantikì rìlo: an h f mhdenÐzetai èxw apì autì ton kÔbo, eÐnai pijanìc o anasqhmatismìc
thc f apì thc timèc thc sto plègma. An antikatast soume ton kÔbo me èna kat�llhlo
sÔnolo èqoume to akìloujo je¸rhma.

Je¸rhma 3.5 Upojètoume ìti ta sÔnola K + 2π(W−1)ᵀk, k ∈ Zn eÐnai xèna metaxÔ touc
kai èstw g ∈ =. Tìte, up�rqei mÐa L∞ sun�rthsh χx, h opoÐa mhdenÐzetai sto K, me |χx| ≤ 1
tètoia ¸ste

(SWg − g)(x) = 2(2π)−n/2
∫
Rn

χx(ξ)ĝ(ξ)dξ.

Ja efarmìsoume to je¸rhma (3.5) se sunart seic g oi opoÐec mhdenÐzontai sto plègma
[W` : ` ∈ Zn]. Tìte,

|g(x)| ≤ 2(2π)−n/2
∫

Rn−K

|ĝ(ξ)|dξ. (3.9)

E�n h g eÐnai mÐa 2a-periodik  C∞ sun�rthsh, èqoume ìti

ĝ = (2π)n/2
∑
k

ĝkδπk/a

kai perimènoume na isqÔei, apì thn (3.9) ìti

|g(x)| ≤ 2
∑

πk/a6∈K

|ĝk|. (3.10)

Autì eÐnai sthn pragmatikìthta h upìjesh. Gia na apodeÐxoume th sqèsh (3.10) dialè-
goume mÐa pragmatik  sun�rthsh w ∈ = kai efarmìzoume to je¸rhma (3.5) sth sun�rthsh
wg ∈ =, èqontac

(wg)(x) = 2(2π)−n/2
∫
Rn

χx(ξ)(wg)̂(ξ)dξ.
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ìpou χx eÐnai mÐa L∞ sun�rthsh h opoÐa mhdenÐzetai sto K kai |χx| ≤ 1. Proqwr¸ntac
tupik� èqoume ∫

Rn

χx(ξ)(wg)̂(ξ)dξ = (2π)−n/2
∫
Rn

χx(ξ)(ŵ ∗ ĝ)(ξ)dξ (3.11)

= (2π)−n/2
∫
Rn

(w̃ ∗ χx)(ξ)ĝ)(ξ)dξ

= (2π)−n/2ĝ(w̃ ∗ χx)

ìpou ĝ eÐnai h epèktash thc ĝ apì ton = ston q¸ro twn fragmènwn C∞-sunart sewn,
dhlad 

ĝ(w̃ ∗ χx) = (2π)n/2
∑
k

ĝk((w̃ ∗ χx)(πk/a).

H sqèsh (3.11) eÔkola epalhjeÔetai me safeÐc upologismoÔc. 'Epetai ìti

|(wg)(x)| ≤ 2(2π)−n/2
∑
k

|ĝk||(w̃ ∗ χx)(πk/a)|

kai h sqèsh (3.10) èpetai jètontac w −→ 1 me ènan kat�llhlo trìpo: gia ψ ∈ C∞0 (Ωn)
mÐa aktinik  sun�rthsh me mèsh tim  1 jètoume w̃(ξ) = (2π)n/2ε−nψ(ξ/ε), dhlad  w(0) = 1.
'Eqoume ìti gia k�je ε > 0

|(wg)(x)| ≤ 2
∑
k

|ĝk| sup
|πk/a−ξ|≤ε

|χx(ξ)|

kai h sqèsh (3.10) èpetai jètontac ε −→ 0.
An h g ∈ C∞(R2) èqei perÐodo 2π mìno wc proc thn pr¸th metablht , kai eÐnai ston

=(R1) wc proc th deÔterh metablht , tìte

|g(x)| ≤ 2(2π)−1/2
∑
k

∫
(k,σ) 6∈K

|ĝk(σ)|dσ. (3.12)

3.2 An�lush

Se aut  thn enìthta ja exet�soume to metasqhmatismì Radon Rf miac sun�rthshc f , h
opoÐa èqei forèa th monadiaÐa mp�la Ωn tou Rn kai h opoÐa eÐnai apìluta periorismènh
se z¸nh me eÔroc z¸nhc b kat� mÐa ènnoia pou ja gÐnei akrib c argìtera. Jèloume na
anakalÔyoume gia poiec diakritèc kateujÔnseic θ ∈ Sn−1 h sun�rthsh Rθf prèpei na dÐnetai,
e�n h f mporeÐ na anakthjeÐ axiìpista, dhlad  oi leptomèreiec megèjouc 2π/b mporoÔn na
epilujoÔn. AfoÔ oi sunj kec deigmatolhyÐac gia to metasqhmatismì P stic treic diast�seic
mporoÔn na prokÔyoun efarmìzontac tic sunj kec deigmatolhyÐac gia ton R se epÐpeda, ja
exet�soume mìno ton R.
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'Estw H ′m to sÔnolo twn sfairik¸n armonik¸n sunart sewn bajmoÔ ≤ m oi opoÐec eÐnai
�rtiec gia m �rtio kai perittèc gia m perittì. Ja deÐxoume ìti

dimH ′m =

(
m+ n− 1
n− 1

)
(3.13)

Ja to apodeÐxoume me epagwg . Gia m = 0, 1 èqoume H ′0 = 〈1〉, H ′1 = 〈x1, ..., xn〉, epomènwc

dimH ′0 = 1 =

(
n− 1
n− 1

)
, dimH ′1 = n =

(
n

n− 1

)
,

dhlad  h sqèsh (3.13) isqÔei gia m = 0, 1. Upojètoume ìti isqÔei gia merik� m ≥ 1. Tìte

dimH ′m+2 = dimH ′m +N(n,m+ 2) =

(
m+ n− 1
n− 1

)
+

(2m+ n+ 2)(n+m− 1)!

(m+ 2)!(n− 2)!

=
(n+m− 1)!

(m+ 2)!(n− 1)!
((m+ 1)(m+ 2) + (2m+ n+ 2)(n− 1))

=
(n+m− 1)!

(m+ 2)!(n− 1)!
(m+ n)(m+ n+ 1)

(n+m− 1)!

(m+ 2)!(n− 1)!

(
m+ n+ 1
n− 1

)
.

Aut  eÐnai h sqèsh (3.13) b�zontac ìpou m to m+ 2.
T¸ra ja parajèsoume ènan orismì, o opoÐoc eÐnai krÐsimoc gia erwt seic sthn an�lush.

Orismìc 3.1 'Ena sÔnolo A ⊆ Sn−1 kaleÐtai m-epilÔsimo an kami� mh tetrimmènh h ∈ H ′m
den mhdenÐzetai sto A. An to A eÐnai m-epilÔsimo, tìte to pl joc |A| twn stoiqeÐwn tou A
ikanopoieÐ th sqèsh

|A| ≥ dimH ′m =

(
m+ n− 1
n− 1

)
. (3.14)

AntÐstrofa,an to |A| ikanopoieÐ th (3.14) sun jwc mporeÐ na eÐnai m-epilÔsimo, ektìc an to
A brÐsketai se mia orismènh algebrik  pollaplìthta bajmoÔ m ston Sn−1.

Je¸rhma 3.6 'Estw ìti to sÔnolo A m-epilÔsimo, èstw f ∈ C∞0 (Ωn), kai èstw λ >
−1/2. E�n o Rθf mhdenÐzetai gia θ ∈ A, tìte

Rθf(s) = (1− s2)λ−1/2
∑
`>m

Cλ
` (s)h`(θ) (3.15)

me Cλ
` ta polu¸numa Gegenbauer kai h` ∈ H ′`.
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To prohgoÔmeno je¸rhma mac lèei ìti h epèktash tou Rθf se polu¸numa Gegenbauer
xekin�ei apì ton m+1 ìro. Gia m meg�lo, o Rθf eÐnai, sunep¸c, mia idiaÐtera talanteuìmenh
sun�rthsh. Sthn pragmatikìthta, ja doÔme sto epìmeno je¸rhma ìti o |(Rθf )̂| eÐnai amel-
htèoc se èna di�sthma elafr¸c mikrìtero apì to [−m,m] gia m meg�lo. Prokeimènou na
diatup¸soume katast�seic san aut , eis�goume ton akìloujo sumbolismì. Gia 0 < ϑ < 1
kai b ≥ 0 sumbolÐzoume me η(ϑ, b) opoiad pote posìthta, h opoÐa eis�gei mÐa ektÐmhsh thc
morf c

0 ≤ η(ϑ, b) ≤ C(ϑ)e−λ(ϑ)b (3.16)

parèqontac ìti b ≥ B(ϑ), ìpou ta λ(ϑ), C(ϑ), B(ϑ) eÐnai jetikoÐ arijmoÐ. 'Etsi, gia ϑ < 1
stajerì, h η(ϑ, b) fjÐnei ekjetik� kaj¸c to b teÐnei sto �peiro. Ja qrhsimopoi soume to
sumbolismì η me èna genikì trìpo, dhlad  diaforetikèc posìthtec na dhl¸nontai me to
Ðdio sÔmbolo η, mìno e�n autèc ikanopoioÔn th sqèsh (3.16). Sugkekrimèna paradeÐgmata
sunart sewn η eÐnai

η1(ϑ,m) = sup
|r|≤1

∫ ϑm

−ϑm
|Jm(rσ)|dσ. (3.17)

Sthn pragmatikìthta, ènac sÔntomoc upologismìc deÐqnei ìti

η1(ϑ,m) ≤ C(ϑ)m1/2e−(1−ϑ2)3/2m/3

AfoÔ gia λ > 0, d > 0 kai λ− d/m > 0 isqÔei∑
`>m

`de−λ` ≤ 1

λ− d/m
mde−λm (3.18)

ìpwc mporoÔme na doÔme apì thn anisìthta∑
`>m

`de−λ` ≤
∫ ∞
m

xde−λxdx,

oi sunart seic

η2(ϑ, b) =
∑
m≥b

η1(ϑ,m)

η3(ϑ, b) =
∑
m≥b

η2(ϑ,m) (3.19)

η4,d(ϑ, b) =
∑
m≥b

mdη1(ϑ,m)

ikanopoioÔn epÐshc th sqèsh (3.16). Fusik�, oi sunart seic

bdη(ϑ, b), η(ϑ, (
1

ϑ
− 1)b) (3.20)

ikanopoioÔn th sqèsh (3.16), an thn ikanopoieÐ h sun�rthsh η.
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Prokeimènou na ekfr�soume ti ennooÔme me ton ìro {ousiastik�} (essentially) perior-
ismènh se z¸nh sun�rthsh, eis�goume to sumbolismì

εd(f, b) =

∫
|ξ|>b

|ξ|d|f̂(ξ)|dξ.

Gia 0 < ϑ kai b ≥ 1 èqoume ∑
k≥b/ϑ

εd(f, ϑk) ≤ 1

ϑ
εd+1(f, b). (3.21)

Autì to blèpoume wc akoloÔjwc. E�n h h eÐnai mÐa mh arnhtik  sun�rthsh, tìte∑
k≥b

∫ ∞
ϑk

h(σ)dσ ≤ 1

ϑ

∫ ∞
ϑb

σh(σ)dσ (3.22)

ìpou èqoun nìhma ta oloklhr¸mata. Gia na apodeÐxoume th sqèsh (3.22) gr�foume∑
k≥b

∫ ∞
ϑk

h(σ)dσ ≤
∫ ∞
ϑb

h(σ)dσ +

∫ ∞
ϑ(b+1)

h(σ)dσ + ...

=

∫ ϑ(b+1)

ϑb

h(σ)dσ + 2

∫ ϑ(b+2)

ϑ(b+1)

h(σ)dσ + ...

≤
∫ ϑ(b+1)

ϑb

σ

ϑ
h(σ)dσ +

∫ ϑ(b+2)

ϑ(b+1)

σ

ϑ
h(σ)dσ + ...

to opoÐo isqÔei gia b ≥ 1. Autì apodeiknÔei th sqèsh (3.22). Efarmìzontac thn (3.22) me

h(σ) = |σ|d+n−1|f̂(σθ)|

kai oloklhr¸nontac ston Sn−1 odhgoÔmaste sth sqèsh (3.21).

Je¸rhma 3.7 'Estw to sÔnolo A na eÐnai m-epilÔsimo, kai èstw f ∈ C∞0 (Ωn). E�n h
sun�rthsh Rθf mhdenÐzetai gia θ ∈ A, tìte∫

|σ|≤ϑm

|(Rθf )̂(σ)|dσ ≤ η(ϑ,m)‖Rθf‖L1(R1)

gia θ ∈ Sn−1.

Je¸rhma 3.8 'Estw to sÔnolo A na eÐnai m-epilÔsimo, kai èstw f ∈ C∞0 (Ωn). E�n h
sun�rthsh Rθf mhdenÐzetai gia θ ∈ A, tìte∫

|ξ|≤ϑm

|f̂(ξ)|dξ ≤ η(ϑ,m)‖f‖L1(Ω.
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MÐa profan c sunèpeia eÐnai to parak�tw je¸rhma.

Je¸rhma 3.9 'Estw ìti to sÔnolo A eÐnai m-epilÔsimo, kai èstw f ∈ C∞0 (Ωn). E�n h
sun�rthsh Rθf mhdenÐzetai gia θ ∈ A, tìte

‖f‖L∞(Ωn) ≤
(2π)−n/2

1− η(ϑ,m)
ε0(f, ϑm).

Ta teleutaÐa dÔo jewr mata xek�jara dÐnoun thn ap�nthsh sto er¸thma thc an�lushc.
To Je¸rhma (3.8) mac lèei ìti o metasqhmatismìc Fourier miac sun�rthshc ston Ωn, thc
opoÐac o metasqhmatismìc Radon mhdenÐzetai se èna m-epilÔsimo sÔnolo, eÐnai sqedìn
exìlokl rou sugkentrwmènoc èxw apì th mp�la aktÐnac ϑm gÔrw apì thn arq , dedomènou
ìti to m eÐnai meg�lo. Me b�sh aut� pou eÐpame sthn par�grafo (3.1), autì mporeÐ na
anadiatupwjeÐ gia ϑ kleistì sto 1.

MÐa sun�rthsh ston Ωn, thc opoÐac o metasqhmatismìc Radon mhdenÐzetai se èna m-
epilÔsimo sÔnolo, den perilamb�nei-sugkrateÐ leptomèreiec megèjouc 2π/m   megalÔterou.

OmoÐwc, to je¸rhma (3.9) eis�gei thn akìloujh ermhneÐa. E�n mia sun�rthsh f ston
Ωn eÐnai ousiastik� periorismènh se z¸nh me eÔroc z¸nhc b me thn ènnoia ìti to ε0(f, b)
eÐnai amelhtèo, tìte h f mporeÐ na anakthjeÐ axiìpista apì tic timèc tou Rf se èna m-
epilÔsimo sÔnolo, dedomènou ìti to b ≤ ϑ kai ìti to b eÐnai meg�lo. 'H diaforetik�, me
ènan ligìtero akrib  all� pio praktikì trìpo: mÐa sun�rthsh ston Ωn, h opoÐa den perièqei
leptomèreiec megèjouc 2π/b   mikrìterou, mporeÐ na anakthjeÐ axiìpista apì tic timèc tou
metasqhmatismoÔ Radon thc se èna m-epilÔsimo sÔnolo, dedomènou ìti m > b.

Gia na oloklhr¸soume aut  thn enìthta, prèpei na broÔme poia sÔnola eÐnaim-epilÔsima.
SÔmfwna me th sqèsh (3.14), èqoume ìti, ektìc apì exairetikèc peript¸seic, èna sÔnolo eÐnai
m-epilÔsimo an kai mìno e�n perièqei(

m+ n− 1
n− 1

)
=

1

(n− 1)!
mn−1(1 + o(1/m)) (3.23)

kateujÔnseic. 'Etsi, gia m meg�lo, Ðswc skeftìmaste èna m-epilÔsimo sÔnolo san mÐa
sullog  apì mn−1/(n − 1)! kateujÔnseic. Gia n = 2, autì eÐnai swstì. 'Estw A =

{θ1, ..., θp} ⊆ S1, θj =

(
cosφj
sinφj

)
, 0 ≤ φj < π. Prokeimènou na eÐnai to A m-epilÔsimo

prèpei na èqoume p ≥ dimH ′m =

(
m+ 1

1

)
= m+1 kai θ1, ..., θp den prèpei na eÐnai oi rÐzec

miac sun�rthshc hm ∈ H ′m. Apì Par�rthma 5.5, xèroume ìti mia tètoia sun�rthsh hm eÐnai
èna trigwnometrikì polu¸numo thc morf c

hm(θ) =
m∑
k=0

{akcoskφ+ bksinkφ}

ìpou θ =

(
cosφ
sinφj

)
, kai to

∑
dhl¸nei �jroisma mìno gia k + m �rtio. E�n h hm mh-

denÐzetai gia p > m xènec metaxÔ touc gwnÐec φj ∈ [0, π], tìte hm = 0. Epomènwc, gia
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n = 2, to sÔnolo A eÐnai m-epilÔsimo e�n kai mìno e�n perièqei p > m xènec metaxÔ touc
kateujÔnseic sto gwniakì di�sthma [0, π]. Autì shmaÐnei ìti mporoÔme na anasqhmatÐsoume
axiìpista sunart seic me ousi¸dec eÔroc z¸nhc b < ϑp apì p xènec metaxÔ touc kateujÔn-
seic sto di�sthma [0, π]. De qrei�zetai kamÐa upìjesh sqetik� me thn katanom  aut¸n twn
kateujÔnsewn. Gia par�deigma, oi kateujÔnseic mporoÔn na sugkentr¸nontai se èna mikrì
gwniakì di�sthma.

T¸ra, èstw n = 3. Ed¸, h sunj kh ìti to sÔnolo A eÐnai m-epilÔsimo shmaÐnei ìti

p ≥ dimH ′m =

(
m+ 2

2

)
=

1

2
(m+ 2)(m+ 1) kai ìti oi mh tetrimmènec sunart seic hm thc

morf c

hm(θ) =
m∑
`=0

{a`P`(cosψ) +
∑̀
k=1

(a`kcoskφ+ b`ksinkφ)P k
` (cosψ)}

mhdenÐzontai sto A, ìpou ψ,φ eÐnai oi sfairikèc suntetagmènec tou θ. Ja deÐxoume ìti oi
(m+ 1)2 kateujÔnseic θj` me sfairikèc suntetagmènec

0 ≤ ψ0 < ψ1 < ... < ψm < π (3.24)

0 ≤ φ0 < φ1 < ... < φm < π

dhmiourgoÔn ènam-epilÔsimo sÔnolo. H apìdeixh exart�tai apì to gegonìc ìti mia sun�rthsh
ston H ′m, ìntac èna trigwnometrikì polu¸numo bajmoÔ m se ènan kÔklo tou S2, mporeÐ
na èqei mìno 2m mhdenik� shmeÐa ston kÔklo, ektìc an eÐnai tautotik� mhdèn. Gia k�je
i = 0, ...m jewroÔme to meg�lo kÔklo Ci ston opoÐo φ = φi   φ = φi +π. E�n h sun�rthsh
hm ∈ H ′m mhdenÐzetai sto (3.24) èqei 2m+ 2 mhdenik� shmeÐa se k�je Ci, dhlad  aut� me tic
sfairikèc suntetagmènec ψj, φi, j = 0, ...m kai touc antÐpodèc touc. Epomènwc, hm = 0 se
k�je ènan apì touc meg�louc kÔklouc Ci. 'Epetai ìti h sun�rthsh hm èqei 2m+ 2 mhdenik�
shmeÐa se k�je orizìntio kÔklo tou S2, dhlad  h hm = 0 ston S2. Autì apodeiknÔei ìti to
(3.24) eÐnai m-epilÔsimo. AfoÔ, gia φj = πj/(m+ 1), j = 0, ...m h sun�rthsh

Pm+1
m+1 (cosψ)sin(m+ 1)φ

h opoÐa eÐnai ston H ′m+1, mhdenÐzetai sto (3.24), tìte to sÔnolo (3.24) den eÐnai m + 1-
epilÔsimo genik�.

Katal goume, loipìn, sto ìti h f mporeÐ na anakthjeÐ axiìpista apì tic kateujÔnseic
tou (3.24), dedomènou ìti h f eÐnai ousiastik� periorismènh se z¸nh me eÔroc z¸nhc b me
b ≤ ϑm.

Apì th sqèsh (3.23) anamènoume ìti up�rqoun m-epilÔsima sÔnola me (m+ 2)(m+ 1)/2
kateujÔnseic. 'Ena pijanì upoy fio tètoio sÔnolo, gia m �rtio, eÐnai to

0 < ψ0 < ψ1 < ... < ψm/2 < π/2 (3.25)

φi = 2πi/(m+ 1), i = 0, ...m.

Gia m = 2 mporoÔme na deÐxoume ìti to (3.25) eÐnai m-epilÔsimo. E�n h h mhdenÐzetai sto
(3.25) èqei tèsseric rÐzec se k�je meg�lo kÔklo Ci ston opoÐo φ = φi   φ = φi± π, dhlad 
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aut� me tic sfairikèc suntetagmènec ψj, φi, j = 0, 1 kai touc antÐpodèc touc. E�n h 6= 0 sto
Bìreio Pìlo aut� eÐnai oi mìnec rÐzec thc h ston Ci,i = 0, 1, 2. 'Etsi, h h èqei èxi shmeÐa
allag c kat� m koc k�je kÔklou me ψ stajerì sto (ψ0, ψ1), to opoÐo eÐnai adÔnato. E�n
h h = 0 sto Bìreio Pìlo, tìte èqei èxi rÐzec ston Ci, epomènwc h = 0 ston Ci, epomènwc
h = 0 ston S2.

Mèqri t¸ra èqoume upojèsei ìti o Rθf(s) eÐnai gnwstìc, gia θ ∈ A kai gia ìlec tic timèc
tou s. Sthn pr�xh, gnwrÐzoume ton Rθf(s) gia peperasmèna pollèc timèc tou s. Me b�sh
to je¸rhma (2.1) o Rθf eÐnai ousiastik� periorismènoc se z¸nh me eÔroc z¸nhc b e�n eÐnai
kai h f . Autì upodhl¸nei ìti mporoÔme na efarmìsoume to je¸rhma (3.3) ston Rθf , me th
sunèpeia ìti h deigmatolhyÐa eÐnai swst  e�n ikanopoieÐtai h sunj kh tou Nyquist, dhlad 
e�n Rθf(s`) eÐnai gnwstì gia

s` = `/q, ` = −q, ..., q, q ≥ b/π.

Apì th sqèsh (3.23) xèroume ìti to pl joc p twn kateujÔnsewn pou qreiazìmaste gia na
anakt soume mÐa tètoia sun�rthsh f eÐnai ousiastik� p ≥ bn−1/(n − 1)!. 'Etsi, gia touc
el�qistouc arijmoÔc p, q èqoume perÐpou

p = cqn−1, c = πn−1/(n− 1)! (3.26)

All� prèpei na eÐmaste prosektikoÐ. To ìti Rθf(s`) = 0 sunep�getai mìno ìti o Rθf eÐnai
mikrìc, all� den xèroume pìso meg�loc mporeÐ na eÐnai o Rf e�n o Rθf eÐnai mikrìc gia
θ ∈ A.

Prokeimènou na èqoume mÐa jetik  ektÐmhsh, prèpei na jèsoume mÐa apaÐthsh stajerìth-
tac sto A, h opoÐa mac eggu�tai ìti h h ∈ H,m eÐnai mikr  se ìlo to Sn−1 e�n eÐnai mikr 
sto A.
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Kef�laio 4

Algìrijmoi anasqhmatismoÔ

4.1 Algìrijmoc dihjhsmènhc opisjoprobol c (filtered
backprojection)

O algìrijmoc filtered backprojection eÐnai o pio shmantikìc algìrijmoc, toul�qiston ston
iatrikì tomèa. MporeÐ na jewrhjeÐ san mÐa upologistik  efarmog  tou tÔpou antistrof c
(2.13). 'Omwc mÐa diaforetik  prosèggish, basismènh ston tÔpo

Wb ∗ f = R#
(
wb ∗Rf), Wb = R#wb (4.1)

tou jewr matoc (2.3) mac dÐnei perissìterh plhroforÐa. JewroÔme alhjèc ìti to Wb eÐnai
èna fÐltro qamhl c diìdou me suqnìthta apokop c b to opoÐo gr�fetai wc

Ŵb(ξ) = (2π)−n/2Φ̂(|ξ|/b) (4.2)

me 0≤ Φ̂≤1 kai Φ̂(σ)=0 gia σ≥1.
To je¸rhma (2.4) mac dÐnei th sqèsh an�mesa sto Wb kai sto wb ìson afor� touc

metasqhmatismoÔc Fourier:

Ŵb(ξ) = (2π)(n−1)/2|ξ|1−n(ŵb(
ξ

|ξ|
, |ξ|) + ŵb(−

ξ

|ξ|
,−|ξ|)).

AfoÔ to Ŵb eÐnai mÐa aktinik  sun�rthsh, diagr�foume to pr¸to ìrisma sthn ŵb. Gia ŵb
�rtio paÐrnoume

ŵb(σ) =
1

2
(2π)1/2−n|σ|n−1Φ̂(|σ|/b). (4.3)

Apì tic upojèseic mac gia to Φ̂ èpetai ìti

0 ≤ ŵb(σ) ≤ 1

2
(2π)1/2−n|σ|n−1. (4.4)

H ektÐmhsh thc (4.1) kaleÐ gia parousÐash (performing) th monodi�stath sunèlixh   th
filtering leitourgÐa wb ∗ Rf gia k�je kateÔjunsh ston Sn−1, akoloujoÔmenh apì thn
efarmog  tou backprojection telest  R#. Autì exhgeÐ kai to ìnoma tou algorÐjmou.
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O algìrijmoc filtered backprojection eÐnai mia diakrit  ekdoq  thc (4.1). 'Estw f ∈
C∞0 (Ωn) kai èstw g=Rf deigmatismèna sta

(θj, s`), j=1, . . . , p, `=−q, . . . , q

ìpou θj∈Sn−1 kai s`=h`, h = 1/q.
Me autèc tic sunj kec, h sunèlixh w ∗ g antikajÐstatai apì th diakrit  sunèlixh

wb
h∗ g(θj, s) = h

q∑
`=−q

wb(s−s`)g(θj, s`). (4.5)

Gia na upologÐsoume thn opisjoprobol  (backprojection)(4.1)qreiazìmaste ènan kanìna
olokl rwshc (quadrature rule) ston Sn−1 basismèno stouc kìmbouc θ1, . . . , θp me jetik�
b�rh apj. Jewr¸ntac alhjèc ìti autìc o kanìnac ja eÐnai akrib c ston H ′2m, oi �rtiec
sfairikèc armonikèc bajmoÔ 2m gia k�poia m, dhlad ∫

Sn−1

v(θ)dθ =
n∑
j=1

apjv(θj) (4.6)

gia v∈H ′2m. H opisjoprobol  sthn (4.1) antikajÐstatai apì th diakrit  opisjoprobol 

R#
p v(x) =

p∑
j=1

apjv
(
θj, x · θj

)
. (4.7)

O pl rhc algìrijmoc filtered backprojection gÐnetai

fFB = R#
p wb

h∗g. (4.8)

Me to akìloujo je¸rhma ja melet soume thn epÐdrash thc diakritopoÐhshc.

Je¸rhma 4.1 'Estw f ∈ C∞0 (Ωn). Upojètontac ìti h (4.5) isqÔei ston H ′2m kai ìti, gia
merik� ϑ me 0 < ϑ < 1,

b ≤ ϑm, b ≤ π/h. (4.9)

Tìte, me η orismènh ìpwc sthn ... , èqoume

fFB = Wb ∗ f + e1 + e2,

|e1| ≤
1

2
(2π)n/2ε∗0(f, b), ε∗0(f, b) = |Sn−1| sup

θ∈Sn−1

∫
|σ|≥b

|σ|n−1|f̂(σθ)|dσ,

|e2| ≤ ‖f‖L∞(Ωn)η(ϑ,m).
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H ektÐmhsh thc fFB(x) apaiteÐ ton upologismì thc w
h∗ g(θj, x · θj) gia j = 1, . . . , p to

opoÐo antistoiqeÐ se O(pq) pr�xeic. An jèloume na tic mei¸soume se O(p) ja ektim soume
thn (4.6) mìno se k�poio shmeÐo s = s`, ` = −q, . . . , q kai eis�goume to b ma parembol c
(interpolation step) Ih sthn (4.9), dhlad  upologÐzoume

fFBI = R#Ih
(
wb

h∗g
)
. (4.10)

Gia thn Ih paÐrnoume thn B − spline prosèggish

Ihg(s) =
∑
I

g(s`)B1/h(s−s`)

bajmoÔ k .
Sto epìmeno je¸rhma ja melet soume thn epÐdrash thc parembol c, anex�rthta twn

sfalm�twn diakritopoÐhshc, dhlad  ja ereun soume thn èkfrash R#Ih(w ∗ g).

Je¸rhma 4.2 'Eqoume gia b ≤ π/h

R#Ih(w ∗ g) = Gh ∗Wb ∗ f + e3

ìpou to fÐltro Gh dÐnetai apì th sqèsh

Ĝh(ξ) = (2π)−n/2

{
(sinc((h/2)|ξ|))k, |ξ| ≤ π/h

0, diaforetik�

kai to sf�lma e3 ikanopoieÐ thn ê3(ξ) = 0 gia |ξ| ≤ π/h kai

‖e3‖L2(Ωn) ≤ (
2

π
)k−1ha‖f‖Ha

0
(Ωn).

Par�llhlh gewmetrÐa sto EpÐpedo

Ed¸, h posìthta g=Rf eÐnai diajèsimh gia
(
θj, s`

)
,

j = 1, . . . , p, `=−q, . . . , q, θj =

(
cosφj
sinφj

)
, φj = π(j−1)/p, s` = h`, h= 1/q. Wc kanìna

olokl rwshc ston S` paÐrnoume ton kanìna trapezÐou me p kìmbouc, oi opoÐoi eÐnai akribeÐc
ston H ′2p−2 kai qrhsimopoioÔme grammik  parembol . O algìrijmoc filtered backprojection
gia ton tÔpo (4.10) gÐnetai

B ma 1: Gia j=1, . . . , p efarmìzoume tic sunelÐxeic

vj,k = h

q∑
`=−q

wb(sk−s`)g(θj, s`), k=−q, . . . , q. (4.11)

Gia tic sunart seic wb ja doÔme stouc tÔpouc (4.13)-(4.16)
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B ma 2: Gia k�je anakataskeuasmèno shmeÐo x, upologÐzoume th diakrit  opisjoprobol 

fFBI(x) =
2π

p

p∑
j=1

(
(1−u)vj,k + uvj,k+1

)
(4.12)

ìpou gia k�je x kai j, ta k kai u orÐzontai apì s=θj·x, k≤s/h<k+1, u=s/h−k.

H sun�rthsh wb exart�tai apì thn epilog  tou fÐltrou Φ sthn exÐswsh (4.2)   thn (4.4).
Gia to fÐltro

Φ̂(σ) =

{
1−εσ, σ≤1,

0, σ>1

gia k�poia par�metro ε∈ [0, 1] paÐrnoume apì thn exÐswsh (4.4)

wb(s) =
1

8π2

b∫
−b

|σ|

(
1−ε |σ|

b

)
eisσdσ

=
1

4π2

b∫
0

σ

(
1−εσ

b

)
cos(sσ)dσ.

Me paragontik  olokl rwsh paÐrnoume

wb(s) =
b2

4π2

{
u(bs)−εv(bs)

}
,

u(s) =


cos s− 1

s2
+

sin(s)

s
, s 6=0,

1/2, s=0,
(4.13)

v(s) =


2 cos s

s2
+
(

1− 2

s2

)sin(s)

s
, s 6=0,

1/3, s=0,
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Sq ma 4.1: (Gr�fhma tou fÐltrou wb ston filtered− backprojection algìrijmo gia ε = 0(p�nw)
ε = 1(k�tw) )

E�n p�roume b=π/h (mègisth tim  gia to b) kai e�n to wb ektim�tai mìno gia s= s`,
ja èqoume ta ex c

wb(s`) =
b2

2π2


1/4− ε/6, `=0,

−ε/(π2`2), ` 6=0 �rtio

−(1−ε)/(π2`2), ` perittì

(4.14)
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Oi Shepp, Logan(1974) prìteinan to fÐltro Φ̂(σ) =

{
sinc(σπ/2), σ≤1,

0, σ>1.
Autì odhgeÐ

sto

wb(s) =
1

8π2

∫ b

−b
|σ|sinc( |σ|π

2b
)eisσdσ

=
b

2π3

∫ b

0

sin(
σπ

2b
)cos(σs)dσ

b2

2π3
u(bs) (4.15)

u(s) =

π

2
−s sin s(π
2

)2

−s2

me tic antÐstoiqec allagèc gia s=±π/2.
Kai p�li, gia b=π/h kai s=s` apl� paÐrnoume

wb(s`) =
b2

π4

1

1−4`2
. (4.16)

Apì thn an�lush twn sfalm�twn twn jewrhm�twn 1.1 kai 1.2 mporoÔme na perimènoume apì
ton algìrijmo (4.12), me tic epilogèc (4.13),(4.16) gia to wb, na anakataskeu�soume mia
axiìpisth kai ousi¸dh periorismènh se z¸nh me eÔroc z¸nhc b sun�rthsh f , parèqontac
b<p kai h≤π/b, b arket� meg�lo.
O arijmìc twn pr�xewn gia ton algìrijmo (4.12) eÐnai: Gia th sunèlixh qreiazìmaste O(pq2)
pr�xeic oi opoÐec mei¸nontai sto O(pq log q) e�n qrhsimopoioÔme TaqÔ Metasqhmatismì
Fourier (FFT )(Par�rthma 5.6). H opisjoprobol  apaiteÐ O(p) pr�xeic gia k�je x, sÔno-
lo O(pq2) pr�xeic e�n h fFBI upologÐzetai se plègma (2q+1)× (2q+1) me ta antÐstoiqa
deÐgmata thc Rθjf . Gia th bèltisth sqèsh p=πq ft�noume tic O(q3) pr�xeic, anex�rthta
apì to e�n qrhsimopoioÔme FFT   ìqi.
Gia thn ektÐmhsh se n diast�seic qreiazìmaste O(pq log q) pr�xeic gia th sunèlixh kai
O(pqn) gia thn opisjoprobol . E�n p�roume p = cqn−1 ìpwc proteÐname sto (3.2.15) h
sunolik  doulei� apaiteÐ O(q2n−1) pr�xeic.

GewmetrÐa ApoklÐnousac dèsmhc sto EpÐpedo

O aploÔsteroc trìpoc na asqolhjoÔme me ta dedomèna thc fan−beam eÐnai na upologÐsoume
ta par�llhla dedomèna apì ta dedomèna thc fan−beam me kat�llhlh parembol . Parak�tw
prosarmìzoume ton algìrijmo filtered backprojection sta dedomèna thc fan − beam. X-
ekin¸ntac, p�li, apì th sqèsh (4.1) èqoume

Wb ∗ f(x) =

∫
S`

∫ 1

−1

wb(x · θ − s)Rf(θ, s)dsdθ. (4.17)
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QrhsimopoioÔme thn Ðdia parat rhsh me trÐto kef�laio, dhlad  ìti oi par�llhlec sun-

tetagmènec s, θ =

(
cosφ
sinφ

)
sqetÐzontai me tic suntetagmènec thc fan − beam α, β me tic

sqèseic
s = rsinα, φ = β + α− π/2,

kai g(β, α) = Rf(θ, s). H iakwbian  tou metasqhmatismoÔ eÐnai

∂(s, φ)

∂(α, β)
=

∣∣∣∣ rcosα 0
1 1

∣∣∣∣ = rcosα

Jèloume na ekfr�soume to |x · θ − s| wc proc α, β. Aut  eÐnai h apìstash metaxÔ tou x
kai thc eujeÐac gramm c L(α, β), h opoÐa eÐnai h diakekommènh gramm  sto sq ma. 'Estw y
h orjog¸nia probol  tou x p�nw sthn L(α, β) kai èstw γ na eÐnai h gwnÐa metaxÔ tou x− a
kai tou −a, dhlad 

cos(±γ) =
(a− x, a)

|a− x||a|
, +gia a⊥ · x ≤ 0, −gia a⊥ · x ≥ 0.

Sq ma 4.2: (Metasqhmatismìc thc (4.17) se fan− beam suntetagmènec)

Shmei¸noume ìti h gwnÐa γ exart�tai mìno apì to x kai to β, all� ìqi apì to α.
Jewr¸ntac to trÐgwno xya brÐskoume ìti

|x− y| = |x · θ − s| = |x− a||sin(γ − a)|.

58



Ja pragmatopoi soume, loipìn, to metasqhmatismì sthn (4.17), kai èqoume

Wb ∗ f(x) = r

∫ 2π

0

∫ π/2

−π/2
wb(|x− a|sin(γ − a))g(β, α)cosαdαdβ.

Me mia pr¸th mati�, to eswterikì olokl rwma faÐnetai san na mporoÔse na pragmatopoihjeÐ
apì sunelÐxeic. Dustuq¸c, lìgw thc parousÐac tou dianÔsmatoc |x−a|, o pur nac sunèlixhc
diafèrei an�loga me to β kai to x. Autì shmaÐnei ìti to eswterikì olokl rwma prèpei na
upologisteÐ gia k�je zeÔgoc β, x, kajist¸ntac th diadikasÐa polÔ ligìtero apodotik  apì
ìti sthn perÐptwsh thc parallhlÐac. Prokeimènou na parak�myoume aut  th diadikasÐa,
parathroÔme ìti, lìgw thc (4.3), èqoume

wb(ρs) = ρ−nwρb(s)

ìpwc epalhjeÔetai eÔkola. Qrhsimopoi¸ntac aut  th sqèsh me n = 2 kai ρ = |x−a| èqoume

Wb ∗ f(x) = r

∫ 2π

0

|x− a|−2

∫ π/2

−π/2
w|x−a|b(sin(γ − α))g(β, α)cosαdαdβ. (4.18)

Se autì to shmeÐo ja k�noume mia ektÐmhsh: o arijmìc |x − a|b sthn (4.18) paÐzei to rìlo
miac suqnìthtac apokop c kai to eswterikì olokl rwma exart�tai mìno el�qista apì aut 
th diakoptìmenh suqnìthta, e�n eÐnai arket� meg�lh. Epomènwc, mporoÔme na antikatast -
soume th suqnìthta |x− a|b me mÐa epark¸c meg�lh c, h opoÐa na mhn exart�tai apì ta x, β.
'Eqoume

Wb ∗ f(x) ' r

∫ 2π

0

|x− a|−2

∫ π/2

−π/2
wc(sin(γ − α))g(β, α)cosαdαdβ (4.19)

kai anamènoume aut  na eÐnai mia kal  prosèggish gia ousiwd¸c periorismènec se z¸nh me
eÔroc b sunart seic f e�n c ≥ |x− a|b gia ìla ta x, β, gia par�deigma gia c = (1 + r)b.

H efarmog  thc (4.19) eÐnai an�logh me thn par�llhlh perÐptwsh. Upojètoume ìti h g
lamb�netai apì ta βj = 2π(j−1)/p, j = 1, . . . , p kai α` = h`, ` = −q, . . . q, h = π/2q. Tìte,
o algìrijmoc filtered backprojection gÐnetai:

B ma 1: Gia j = 1, . . . , p ulopoioÔme tic sunelÐxeic

υj,k = h

q∑
`=−q

wc(sin(αk − α`))g(βj, α`)cosα`, k = −q, . . . q. (4.20)

B ma 2: Gia k�je anasqhmatismèno shmeÐo x upologÐzoume th diakrit  opisjoprobol 

fR(x) =
2rπ

p

p∑
j=1

|x− aj|−2((1− u)υj,k + uυj,k+1) (4.21)
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ìpou k�je x, j, k, u kajorÐzontai apì tic sqèseic

γ = ±arccos(aj − x, aj)
|aj − x||aj|

, k ≤ γ/h < k + 1, u = γ/h− k.

To prìshmo eÐnai ′+′ e�n a⊥j · x ≤ 0 kai ′−′ diaforetik�.

O algìrijmoc, ìpwc perigr�fetai stic sqèseic (4.20), (4.21), qrei�zetai dedomèna apì phgèc
katanemhmènec se olìklhro ton kÔklo. Koit�zontac to prohgoÔmeno sq ma, blèpoume ìti
ja arkoÔse na eÐqame phgèc se èna gwniakì eÔroc π + 2α(r) afoÔ ìlec oi grammèc pou
{qtupoÔn} thn anasqhmatismènh perioq  Ω2 mporoÔn na lhfjoÔn apì phgèc se èna tètoio
tìxo α(r), pou eÐnai h megalÔterh gwnÐa, gia thn opoÐa oi L(β, α) sunantoÔn thn Ω2, dhlad 
α(r) = arcsin(1/r).

EÐnai polÔ eÔkolo na paraqjeÐ ènac tètoioc algìrijmoc. PhgaÐnoume pÐsw sth sqèsh
(4.17) antikajist¸ntac th me ènan isodÔnamo tÔpo

Wb ∗ f(x) = 2

∫ π

0

∫ 1

−1

wb(w · θ − s)Rf(θ, s)dsdθ.

H eikìna apì to α− β epÐpedo tou orjogwnÐou [−1, 1]× [0, π] sto s− φ epÐpedo eÐnai

π

2
− α(r) ≤ β ≤ 3π

2
+ α(r)

α−(β) ≤ α ≤ α+(β),

α−(β) = max{−α(r),
π

2
− β}, α+(β) = min{α(r),

3π

2
− β}.

Sq ma 4.3: (Eikìna tou α− β epipèdou tou orjogwnÐou [−1, 1]× [0, π] sto s− φ epÐpedo)
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Epomènwc h sqèsh (4.18) proôpojètei ton tÔpo

Wb ∗ f(x) = 2

∫ (3π/2)+α(r)

(π/2)−α(r)

|x− a|−2

∫ α+(β)

α−(β)

w|x−a|b(sin(γ − α))g(β, α)cosαdαdβ (4.22)

kai o tÔpoc prokÔptei akrib¸c me ton Ðdio trìpo ìpwc kai h (4.18), odhg¸ntac se ènan
algìrijmo me thn epijumht  idiìthta.

4.2 Anasqhmatismìc Fourier

Me autìn ton ìro ennooÔme mia ap' eujeÐac arijmhtik  efarmog  tou jewr matoc thc probol c
(2.1)

f̂(σθ) = (2π)(1−n)/2(Rf )̂ (θ, σ), (4.23)

Qrhsimopoi¸ntac ton antÐstrofo metasqhmatismì Fourier

f(x) = (2π)−n/2
∫
Rn

eix·ξf̂(ξ)dξ (4.24)

sthn exÐswsh (4.23) paÐrnoume amèswc èna tÔpo antistrof c gia ton metasqhmatismì Radon
se ìrouc tou metasqhmatismoÔ Fourier. Ta probl mata emfanÐzontai me thn diakritopoÐhsh.
'Estw, f ∈C∞0 (Ωn) kai èstw h posìthta g=Rf eÐnai diajèsimh gia

(
θj, s`

)
j=1, . . . , p, `=−q, . . . , q, θj∈Sn−1, s`=h`, h=1/q.

Mia diakritopoÐhsh twn exis¸sewn (4.23), (4.24) odhgeÐ ston tupikì algìrijmo anasqhma-
tismoÔ Fourier ston opoÐo to plègma twn polik¸n suntetagmènwn

Gp,q =
{
πrθj : r=−q, . . . , q−1, j=1, . . . , p

}
paÐzei shmantikì rìlo.

O tupikìc algìrijmoc Fourier apoteleÐtai apì trÐa b mata
B ma 1:

Gia j=1, . . . , p, upologÐsete tic proseggÐseic ĝjr twn ĝ(θj, rπ) me ton tÔpo

ĝjr = (2π)−1/2h

q−1∑
`=−q

e−iπ`r/qg(θj, s`), r=−q, . . . , q−1.

Apì thn (4.23) blèpoume ìti to pr¸to b ma mac parèqei mia prosèggish thc f̂ ston

Gp,q : f̂(rπθj)=(2π)1−n)/2ĝrj p�nw sta sf�lmata diakritopoÐhshc.
Kalì eÐnai na qrhsimopoi soume ton <<TaqÔ Metasqhmatismì<< (Fast Fourier Transform
FFT ), diaforetik� oi metasqhmatismoÐ Fourier de mporoÔn na sunagwnistoÔn �llouc al-
gìrijmouc. Epeid  de mporoÔme na qrhsimopoi soume thn FFT ston Gp,q prèpei na all�x-
oume to plègma mac se èna kat�llhlo Kartesianì me mia diadikasÐa parembol c:
B ma 2:
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Gia k�je k ∈Zn, |k|<q, breÐte èna shmeÐo ξk = πrθj ∈Gp,q kont� sto πk kai
b�lte

f̂k = (2π)(1−n)/2ĝjr.

H f̂k eÐnai h prosèggish thc f̂(πk) apì mia diadikasÐa parembol c <ággÔterou
geÐtona>> sto plègma polik¸n suntetagmènwn.

B ma 3:

UpologÐste mia prosèggish fm thc f(hm), m∈Zn me ton tÔpo

fm =
(π

2

)n/2∑
|k|<q

eiπm·k/qf̂k, |m|<q.

Aut  eÐnai mia diakrit  morf  tou n-di�statou antÐstrofou metasqhmatismoÔ Fourier.
O parap�nw algìrijmoc mac efodi�zei me mia bèltisth sqèsh p=πq metaxÔ tou pl jouc twn
kateujÔnsewn p kai tou pl jouc 2q+1 twn metr sewn se k�je kateÔjunsh: ta megalÔtera
keli� polik¸n suntetagmènwn Gpq eÐnai orjog¸nia parallhlìgramma me m koc pleur¸n π
kai (π/p) · πq antÐstoiqa. Aut� gÐnontai tetr�gwna gia p=πq.
E�n qrhsimopoioÔme mìno ta b mata 1 kai 3 tou parap�nw algorÐjmou, ft�noume sthn epì-
menh ektÐmhsh gia ton algìrijmo: oi p diakritoÐ metasqhmatismoÐ Fourier m kouc 2q tou b -
matoc 1 apaitoÔn O(pq log q) pr�xeic kai o n−di�statoc diakritìc metasqhmatismìc Fourier
tou b matoc 3 qrei�zetai O(qn log q) pr�xeic. E�n isqÔei p = cqn−1 apì to III.2.15 ja
p�roume ektÐmhsh O(qn log q. Aut  h ektÐmhsh eÐnai kalÔterh apì thn O(q2n−1 pou br kame
gia ton algìrijmo filtered backprojection thc paragr�fou 4.1. Aut  h ikanìthta eÐnai o
lìgoc tou endiafèrontoc gia ton anasqhmatismì Fourier.
Dustuq¸c, o anasqhmatismìc Fourier, ìpwc ton eÐdame prin, èqei k�poia meionekt mata
kai de mporeÐ na sunagwnisteÐ me �llec teqnikèc anasqhmatismoÔ ìso anhsuqoÔme gia thn
akrÐbeia. Gia na broÔme thn phg  tou probl matoc k�noume mia austhr  an�lush sf�lmatoc.
To sf�lma tou b matoc 1 ektim�tai apì ton tÔpo∑

6̀=0

∣∣ĝ(θj, πr−2πq`)
∣∣, |r|≤q

to opoÐo eÐnai as manto e�n h f (ston tÔpo h g) eÐnai periorismènh se z¸nh me eÔroc z¸nhc
πq. ParomoÐwc, to sf�lma tou b matoc 3 eÐnai amelhtèo. 'Etsi, to prìblhma up�rqei gia
thn parembol  tou b matoc 2.
Prin analÔsoume to sf�lma parembol c to opoÐo mac odhgeÐ se kalÔterh epilog  twn
paramètrwn ξk gia to b ma 2, ja doÔme mia euretik  epiqeirhmatologÐa h opoÐa mac deÐqnei ìti
to sf�lma parembol c eÐnai uperbolik� meg�lo kai epexhgeÐ ta teqn�smata pou parathroÔme
stouc upologismoÔc.
Apì to je¸rhma (3.4), xèroume ìti mporoÔme na perigr�youme thn epirro  thc parembol c
se ìrouc sunèlixhc. Eidik�, e�n h sun�rthsh f ston Rn paremb�lletai me B − splines
bajmoÔ k kai b ma π to apotèlesma eÐnai

Iπf̂ = Fπ ∗ f̂ + aπ
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ìpou âπ(x)=0 gia |x|≤1 kai

F̂π(x) =

{
(2π)−n/2

(
sincπ

2
x
)k
, |xi|≤1, i=1, . . . , n,

0, diaforetik�

'Ara ston Ωn ja èqoume

(
Iπf̂
)
(x) =

(
sinc

π

2
x
)k
f(x),

apotèlesma to opoÐo eÐnai o antÐstrofoc metasqhmatismìc Fourier thc f . Aut  eÐnai

mia kal  prosèggish thc f gia |x| mikrì, all� ìso h posìthta
(
sinc(π/2)x

)k
f exas-

jeneÐ sta sÔnora tou Ωn, den èqoume kal  akrÐbeia. Den bohj�ei na megal¸soume ton
bajmì k thc parembol c. Antistrìfwc, parathr¸ntac to (sinc(π/2)x)k, blèpoume ìti h
alloÐwsh gÐnetai ìlo kai megalÔterh kaj¸c to k aux�netai. Fusik�, h parembol  ston
anasqhmatismì Fourier eÐnai diaforetik  apì thn apl  perÐptwsh tou tanustikoÔ ginomè-
nou thc B − spline parembol c pou jewr same ed¸, all� ta eur mata pou l�bame apì ton
anasqhmatismì Fourier eÐnai parìmoia me aut� pou problèyame me to aplì mac montèlo.
Prèpei na prosèxoume thn an�lush sf�lmatoc sto plaÐsio tou q¸rou Sobolev. Xèroume ìti
oi nìrmec

||f ||Hα
0 (Ωn) =

(∫
Rn

(
1+|ξ|2

)α∣∣f̂(ξ)
∣∣2dξ)1/2

(4.25)

||f ||H̃α
0 (Ωn) = πn/2

(∑
k

(
1+π2|k|2

)α∣∣f̂(πk)
∣∣2)1/2

(4.26)

eÐnai isodÔnamec ston q¸ro Hα
0 (Ωn). Autì alhjeÔei e�n ta ξk eÐnai kont� se πk me thn

ènnoia:
Up�rqei stajer� h tètoia ¸ste gia k∈Zn

|ξk−πk|≤h|k| (4.27)

L mma 2.1

'Estw ξk mia katanom  tètoia ¸ste na isqÔei h exÐswsh (4.27). 'Estw epÐshc
a≥0, α≥0. Tìte up�rqei stajer� c(a, α, n) tètoia ¸ste∑

|k|≤a/h

(
1+π2|k|2

)α∣∣f̂(ξk)
∣∣2 ≤ c(a, α, n)||f ||2Hα

0 (Ωn) (4.28)

gia f ∈C∞0 (Ωn).
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T¸ra ja k�noume ton anasqhmatismì Fourier me ta shmeÐa ξk mh lamb�nontac up' ìyh
th diakritopoÐhsh tou b matoc 1, dhlad  upologÐzoume ton (upojetikì) metasqhmatismì

f ∗(x) =
(π

2

)π/2 ∑
|k|≤a/h

eiπx·kf̂(ξk). (4.29)

To epìmeno je¸rhma mac dÐnei thn ektÐmhsh sf�lmatoc.

Je¸rhma 4.3 'Estw ξk ìpwc sto l mma kai 0≤α≤1. Up�rqei stajer� c(α, a, n) tètoia
¸ste gia f ∈C∞0 (Ωn) na isqÔei

||f−f ∗||L1(Ωn) ≤ c(α, a, n)hα||f ||Ha
0
(Ωn).

4.3 'Enac �lloc algìrijmoc

Mia teleÐwc diaforetik  prosèggish sth dhmiourgÐa eikìnwn tomografÐac eÐnai na upo-
jèsoume ìti h diatom  (cross section) apoteleÐtai apì èna pÐnaka agn¸stwn, kai met�
na dhmiourg soume algebrikèc exis¸seic gia touc agn¸stouc wc proc tic probolèc twn
metrhmènwn dedomènwn. Se aut  th mèjodo eÐnai basikì na gnwrÐzoume tic diadromèc twn
aktÐnwn (ray paths) oi opoÐec sundèoun k�je pompì me th jèsh tou antÐstoiqou dèkth.
'Otan h epÐdrash thc di�jlashc gÐnetai shmantik  (oi anomoiogèneiec xepern�ne to 10% thc
tim c tou mèsou upob�jrou kai to m koc susqètishc aut¸n eÐnai sugkrÐsimo me mèna m koc
kÔmatoc) eÐnai adÔnato na upologÐsoume tic diadromèc twn aktÐnwn. Se perÐptwsh pou oi
anomoiogèneiec den xepern�ne to 3% eÐnai dunatì na sundu�soume algebrikèc teqnikèc me
yhfiak  skiagr�fhsh twn diadrom¸n kai na dhmiourg soume mia epanalhptik  diadikasÐa
sthn opoÐa arqik� agnooÔme th di�jlash, met� skiagrafoÔme tic diadromèc pou en¸noun
touc pompoÔc me touc antÐstoiqouc dèktec kai telik� sqedi�zoume èna akribèstero sÔnolo
algebrik¸n exis¸sewn.

Eikìna 1
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Gia to parap�nw tetr�gwno ja èqoume Aij =
embadìn ABCD

h2
ìpou i=1, . . . , N eÐnai o

arijmìc thc aktÐnac kai j=1, . . . ,mn o seiriakìc arijmìc tou kelioÔ.
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P�nw sthn eikìna f(x, y) prosarmìzoume èna plègma di�stashc m×n mègejoc kelioÔ
h× h sto opoÐo jewroÔme ìti se k�je kelÐ h sun�rthsh èqei stajer  tim . 'Estw fj, j=
1, . . . ,mn aut  h stajer  tim  kai pi, i=1, . . . , N to �jroisma thc diadrom c k�je aktÐnac

mn∑
j=1

Aijfj = pi, i=1, . . . , N (4.30)

To prìblhma antistrof c an�getai sthn an�kthsh thc eikìnac èqontac wc dedomèna ta pi.
Mia kai èqoume dhmiourg sei ton pÐnaka A, h èntash se k�je kelÐ eÐnai lÔsh tou grammikoÔ
sust matoc

Af = p. (4.31)

O pÐnakac A èqei kak  kat�stash, gia èna plègma 10 × 10 kai 200 aktÐnec èqei deÐkth
kat�stashc perÐpou 1000 o opoÐoc aux�netai polÔ me thn aÔxhsh thc di�stashc tou plèg-
matoc, giautì qreiazìmaste mejìdouc arijmhtik c an�lushc gia thn lÔsh tou sust matoc
(4.31). Gia tic dokimèc, dhmiourg same teqnht� dedomèna pi gia thn Eikìna 1, prosjèsame
stadiak� apì 1% mèqrh 4% jìrubo, kai proqwr same sthn an�kths  thc.

H lÔsh tou sust matoc twn kanonik¸n exis¸sewn den sunÐstatai diìti h poluplokìthta
uperbaÐnei to (nm)3 to opoÐo eÐnai apagoreutikì. EpÐshc, mia sun�rthsh tou Matlab
onìmati lsqlin proseggÐzei polÔ kal� ta metrhmèna dedomèna pi, i = 1, . . . , N (ta opoÐa

perièqoun jìrubo) all� h lÔsh f̂i, i=1, . . . , nm eÐnai polÔ makri� apì thn pragmatik .
Gia arq  qrhsimopoi same kanonikopoÐhsh Tikhonov. SunÐstatai gia th lÔsh gram-

mik¸n susthm�twn ta opoÐa prokÔptoun apì fusikèc diadikasÐec stic opoÐec oi metr seic
mac (parathr seic) eÐnai <<molusmènec<< me jìrubo. Sto praktikì mèroc, prospajoÔme na
broÔme èna di�nusma fλ to opoÐo na elaqistopoieÐ to tetragwnikì sunarthsiakì

J(λ, f) = min
f

{
||Af − p||2 + λ2||Lf ||2

}
(4.32)

ìpou L eÐnai h diakrit  prosèggish k�poiac parag¸gou.
To di�nusma fλ ja eÐnai h lÔsh tou sust matoc

(C+λ2E)fλ=ATp ìpou C = ATA kai E = LTL (4.33)

LÔnontac ap' eujeÐac, h poluplokìthta uperbaÐnei kai p�li to (nm)3. Giautì jewroÔme thn
SV D paragontopoÐhsh (idi�zouswn tim¸n)

A =
n∑
i=1

uiσiv
T
i (4.34)

h opoÐa mac stoiqÐzei se poluplokìthta (nm)2. Gia L = I (kanonikopoÐhsh Tikhonov
mhdenikoÔ bajmoÔ) h lÔsh eÐnai

fλ =
n∑
i=1

σ2
i

σ2
i + λ2

i

uTi p

σi
vi (4.35)
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gia thn opoÐa h poluplokìthta eÐnai epÐshc (nm)2.
Gia thn kanonikopoÐhsh pr¸tou bajmoÔ o pÐnakac L ja èqei thn morf 

L =



1 0 · · · 0 0 0
-1 1 · · · 0 0 0
...

...
. . .

...
...

...
...

...
. . .

...
...

...
0 0 · · · -1 1 0
0 0 · · · 0 0 1


Sto Matlab up�rqei h sun�rthsh gsvd, h opoÐa mac dÐnei th dunatìthta na lÔsoume to
prìblhma idiazous¸n tim¸n twn pin�kwn A, L ¸ste na proqwr soume sth kanonikopoÐhsh
1ou bajmoÔ, thn opoÐa qrhsimopoi same stic dokimèc mac.

Gia deÔterh dokim , epeid  èqoume an�gkh apì arai  lÔsh, empneÔsthka apì thn diplw-
matik  ergasÐa tou sumfoitht  mou Gi¸rgou PapagewrgÐou, [6]. SÔmfwna me touc orismoÔc
thc ergasÐac, o pÐnakac A thc efarmog c mac den plhreÐ tic proôpojèseic, den èqei thn
kat�llhlh dom  ¸ste h lÔsh na teÐnei sthn monadik . Epeid  qreiazìmaste periorismoÔc
sth lÔsh (stic dokimèc mac oi timèc tou dianÔsmatoc f kumaÐnontai metaxÔ 0 kai 1), dhlad 
prèpei na lÔsoume to prìblhma

min
0≤fi≤1

||Af−p||, (4.36)

katafèrnoume na odhg soume th lÔsh proc th monadik . O algìrijmoc katal gei sthn
elaqistopoÐhsh tou sunarthsiakoÔ

min
0≤fi≤1

{
||Af−p||2 + λ||Wf ||1

}
, (4.37)

ìpou me W sumbolÐzoume ènan pÐnaka b�rouc, sthn perÐptws  mac eÐnai diag¸nioc pÐnakac
me tic nìrmec k�je st lhc wc stoiqeÐa.

Apì touc algorÐjmouc pou parousi�sthkan sthn ergasÐa, epilèxame ton Iteratively
Reweighted Least Square . MporoÔme na upologÐsoume thn l1 nìrma thc (4.37) mèsw thc
prosèggishc ||f ||1 ≡ fTF−1f ìpou o pÐnakac F−1 enhmer¸netai se k�je epan�lhyh: gia
k�poia epan�lhyh k o pÐnakac F = diag(|fk−1|) kai to prìblhma gr�fetai isodÔnama

min
0≤fi≤1

{
λfTWF−1f +

1

2
||Af − p||22

}
. (4.38)

LÔnontac to prìblhma (4.38), èqoume ton epanalhptikì algìrijmo(
2λWF−1 + ATA

)
fk = ATp, k=1, . . . (4.39)

sto opoÐo F−1 = diag
( 1

|fk−1|

)
kai f0 = {1, 1, . . . }T . Tic posìthtec ATA kai ATp tic

upologÐzoume mìno mia for�, ìqi se k�je epan�lhyh, gia th lÔsh tou sust matoc (4.39)
qrhsimopoioÔme ton algìrijmo BV LS, [7].
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Kef�laio 5

Par�rthma

Se autì to kef�laio perilamb�nontai epexhghmatikèc par�grafoi gia ìsa èqoun eipwjeÐ sta
prohgoÔmena kef�laia.

5.1 EujÔ-AntÐstrofo Prìblhma Skèdashc

H jewrÐa thc skèdashc exet�zei thn epÐdrash pou èqei èna mh omogenèc mèso se èna prospÐp-
ton kÔma, dhlad  thn epÐdrash asuneqei¸n. Jewr¸ntac to olikì pedÐo wc to �jroisma enìc
prospÐptontoc pedÐou ui kai tou skedazìmenou pedÐou us, to eujÔ prìblhma thc skèdashc
exet�zei thn eÔresh tou us dedomènou tou prospÐptontoc pedÐou ui, thc diaforik c exÐsw-
shc tou kÔmatoc kai thc sunoriak c sunj khc pou epib�lletai sto sÔnoro tou skedast .
Sto antÐstrofo prìblhma thc skèdashc, zhteÐtai na brejeÐ h fÔsh tou mh omogenoÔc mèsou
kai h gewmetrÐa (sq ma) tou skedast  apì th gn¸sh thc asumptwtik c sumperifor�c tou
skedazìmenou pedÐou us.

5.2 An�lush Fourier

O =(Rn) eÐnai o grammikìc q¸roc twn C∞ sunart sewn f tou Rn gia tic opoÐec h

|f |k,` = sup
x∈Rn
|xkD`f(x)|

eÐnai peperasmènh gia ìla ta k, ` ∈ Zn+. Gia f ∈ L1(Rn), o metasqhmatismìc Fourier thc f̂

kai o antÐstrofoc metasqhmatismìc Fourier thc f̂ orÐzontai wc

f̂(ξ) = (2π)−n/2
∫
Rn

e−ix·ξf(x)dx,

f̃(ξ) = (2π)−n/2
∫
Rn

eix·ξf(x)dx.
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O tÔpoc antistrof c Fourier odhgeÐ sth sqèsh˜̂
f =

̂̃
f = f, f ∈ =,

dhlad  oi metasqhmatismoÐ eÐnai antÐstrofoi o ènac tou �llou kai apeikonÐzoun ton = me

ènan èna proc èna trìpo ston eautì tou. E�n h f èqei sumpag  forèa, tìte h f̂ epekteÐnetai
se mÐa analutik  sun�rthsh ston Cn. E�n den dhl¸netai diaforetik�, oi parak�tw kanìnec
isqÔoun ston L1(Rn).

1) Gia r > 0 èstw fr(x) = f(rx). Tìte

f̂r(ξ) = r−nf̂(r−1ξ).

2) Gia y ∈ Rn èstw fy(x) = f(x+ y). Tìte

f̂y(ξ) = eiξ·yf̂(ξ).

3) Gia k ∈ Zn+ èqoume gia f ∈ =

(Dkf )̂ = i|k|ξkf̂ , (xkf )̂ = i|k|Dkf̂ .

4) 'Eqoume gia g ∈ =

(f ∗ g)̂ = (2π)n/2f̂ ĝ, (fg)̂ = (2π)−n/2f̂ ∗ ĝ
ìpou h sunèlixh f ∗ g orÐzetai apì th sqèsh

(f ∗ g)(x) =

∫
Rn

f(x− y)g(y)dy.

5) 'Eqoume th sqèsh tou Parseval ∫
Rn

fĝdx =

∫
Rn

f̂ gdx.

Gia ton antÐstrofo metasqhmatismì Fourier èqoume touc antÐstoiqouc kanìnec apì th sqèsh

f̂ = f̃ .

O =′ eÐnai o q¸roc twn grammik¸n sunarthsoeid¸n T p�nw ston =, ta opoÐa eÐnai suneq 
me thn akìloujh ènnoia: up�rqoun k, ` ∈ Zn

+ kai c <∞ tètoia ¸ste

|Tf | ≤ c
∑
k′≤k

|f |k′,`

gia f ∈ =. Ta stoiqeÐa tou =′ kaloÔntai katanomèc. Oi katanomèc eÐnai diaforÐsimec
sÔmfwna me ton tÔpo

DkTf = (−1)|k|TDkf.

E�n h sun�rthsh g ∈ C∞ kai ìloi oi par�gwgoÐ thc aux�nontai mìno poluwnumik�, tìte to
ginìmeno gT = Tg eÐnai h katanom  gT (f) = T (gf). Tèloc, e�n h g ∈ =, tìte orÐzoume th
sunèlixh (T ∗ g)(x) = Tgx ìpou gx(y) = g(x− y).
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5.3 Olokl rwma prwteÔousac tim c Cauchy

To Olokl rwma prwteÔousac tim c Cauchy orÐzetai wc

Tf =

∫
f(x)

x
dx (5.1)

gia f ∈ =, eÐte apì ta sunhjismèna oloklhr¸mata∫
f(x)

x
dx = lim

h→0

∫
|x|>h

f(x)

x
dx

∫ +∞

−∞

f(x)− f(−x)

2x
dx. (5.2)

5.4 Polu¸numa Gegenbauer

Ta polu¸numa Gegenbauer Cλ
` , λ > −1/2,bajmoÔ ` orÐzontai wc ta orjog¸nia polu¸numa

sto [-1,1] me sun�rthsh b�rouc (1−x2)λ−1/2. KanonikopoioÔme to Cλ
` apait¸ntac Cλ

` (1) = 1.
Tìte èqoume

∫ 1

−1

(1− x2)λ−1/2Cλ
` (x)Cλ

k (x)dx =


22λ−1(Γ(λ+ 1/2))2`!

(`+ λ)Γ(l + 2λ)
, ` = k

0, diaforetik�
(5.3)

me Γ th sun�rthsh G�mma.
Gia λ = 0 èqoume to polu¸numo Chebyshev pr¸tou eÐdouc

T`(x) = C0
` (x) = cos(`arccosx), |x| ≤ 1 (5.4)

kai gia λ = 1 to polu¸numo Chebyshev deÔterou eÐdouc

U`(x) = (`+ 1)C1
` (x) =

sin((`+ 1)arccosx)

sin(arccosx)
, |x| ≤ 1 (5.5)

5.5 Sfairikèc Armonikèc

MÐa sfairik  armonik  Y` bajmoÔ ` eÐnai o periorismìc sto Sn−1 enìc omogenoÔc armonikoÔ
poluwnÔmou bajmoÔ ` tou Rn. Up�rqoun

N(n, `) =
(2`+ n− 2)(n+ `− 3)!

`!(n− 2)!
, N(n, 0) = 1 (5.6)

grammik� anex�rthtec sfairikèc armonikèc bajmoÔ `, kai oi sfairikèc armonikèc diaforetikoÔ
bajmoÔ eÐnai orjog¸niec ston Sn−1.
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'Ena shmantikì apotèlesma twn sfairik¸n armonik¸n eÐnai to je¸rhma twn Funk−Hecke:
gia mia sun�rthsh h sto [−1, 1] èqoume∫

Sn−1

h(θ · ω)Y`(ω)dω = c(n, `)Y`(θ),

c(n, `) = |Sn−2|
∫ 1

−1

h(t)C
(n−2)/2
` (t)(1− t2)(n−3)/2dt. (5.7)

Gia n = 2 h exÐswsh (5.7) odhgeÐ sthn∫ 2π

0

h(cos(φ−Ψ))ei`φdφ = 2

∫ 1

−1

h(t)T|`|(t)(1− t2)−1/2dtei`Ψ. (5.8)

EpÐshc, gia n = 2 èqoume N(2, `) = 2 grammik� anex�rthtec sfairikèc armonikèc bajmoÔ `
an ` > 0, dhlad 

Y`,1(θ) = cos`φ, Y`,−1(θ) = sin`φ, θ =

(
cosφ
sinφ

)
(5.9)

kai Y0 = 1.

5.6 TaqÔc metasqhmatismìc Fourier

OTaqÔc Metasqhmatismìc Fourier eÐnai ènac algìrijmoc upologismoÔ tou diakritoÔ metasqh-
matismoÔ Fourier

Fxk =
N−1∑
n=0

xne
−2πkni/N k = 0, 1, ..., N − 1 (5.10)

miac akoloujÐac N migadik¸n arijm¸n (kai tou antistrìfou tou). O FFT upologÐzei ton
diakritì metasqhmatismì Fourier pio gr gora apì tic O(N2) arijmhtikèc pr�xeic tou <<�me-
sou>> upologismoÔ me mìno O(NlogN) pr�xeic.
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