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'Estw N mÐa kanonik  upoom�da miac om�dac G.MÐa upoom�da X thc G
tètoia ¸ste G = NX kai N ∩X = 1 lègetai sumpl rwma thc N sthn
G kai se aut n thn perÐptwsh h G lègetai diasp¸menh epèktash epÐ
thc N .'Ena je¸rhma di�spashc lèei ìti mia om�da G diasp�tai epÐ mÐac
kanonik c upoom�dac N .Autì èqei san sunèpeia ìti h G analÔetai san
ginìmeno dÔo upoom�dwn thc,G = NX ètsi ¸ste k�je stoiqeÐo g ∈ G
na gr�fetai me monadikì trìpo wc g = nx ìpou n ∈ N kai x ∈ X

'Ena apì ta jemeli¸dh jewr mata di�spashc sthn jewrÐa twn pepe-
rasmènwn om�dwn einai to Je¸rhma Schur to opoÐo lèei ìti an A eÐnai

mÐa kanonik  abelian  upoom�da mÐac om�dac G kai M.K.D(|A|, |G
A
|) = 1

tìte h G perièqei upoom�da X t�xhc |G
A
| kai k�je dÔo tètoiec eÐnai su-

zugeÐc sthn G.Dhlad , h G eÐnai diasp¸menh epèktash epÐ thc A kai
k�je dÔo sumplhr¸mata thc A sthn G eÐnai suzugh. H apìdeixh autoÔ
tou Jewr matoc,kai gia thn Ôparxh sumplhrwm�twn kai gia th suzugÐa
k�je dÔo sumplhrwm�twn basÐzetai se ènnoiec ,oi opoÐec kajier¸jhkan
argìtera wc basikèc sth Sunomologik  JewrÐa Om�dwn.

Se aut  thn ergasÐa tonÐzoume authn thn sqèsh kai dÐnoume dÔo apodeÐ-
xeic tou Jewr matoc Schur- Zassenhaus to opoÐo genikeÔei to Je¸rhma
Schur, h kanonik  upoom�da ed¸ den eÐnai kat an�gkh abelian .

Je¸rhma Schur-Zassenhaus:Estw G peperasmènh om�da kai N mÐa kano-

nik  upoom�da thc.Upojètoume M.K.D(|N |, |G
N
|) = 1.Tìte h G perièqei

upoom�dec t�xhc |G
N
| kai k�je dÔo tètoiec eÐnai suzugeÐc sthn G.

AxÐzei n' anaferjeÐ ìti gia thn apìdeixh thc suzugÐac twn sumplhrw-
m�twn sto Je¸rhma Schur-Zassenhaus qrhsimopoi jhke to Je¸rhma
Feit-Thompson pou lèei ìti mÐa om�da peritt c t�xhc eÐnai epilÔsimh.

'H pr¸th apìdeixh eÐnai sta plaÐsia thc JewrÐac Om�dwn kai h deÔterh
mèsw ergaleÐwn thc Sunomologik c JewrÐac Om�dwn,idiaÐtera mèsw thc
ermhneÐac thc H2(G,N) wc èna sÔnolo epekt�sewn om�dwn.

Sto kef�laio 1 dÐnoume mÐa omadojewrhtik  apìdeixh tou Jewr matoc
Schur-Zassenhaus.

Sto kef�laio 2 melet�me thn om�daH2(G,A) kai thn ermhneÐa thc wc èna
sÔnolo epekt�sewn E(G,A) thc A epÐ G.EpÐshc an φ : H → G omomor-
fismìc om�dwn kai ξ : M → N omomorfismìc ZG-protÔpwn,melet�me
tic apeikonÐseic ϕ∗ : E(G,A)→ E(H,Aϕ) kai ξ∗ : E(G,M)→ E(G,N).
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Tèloc sto kef�laio 3 ,apodeiknÔoume basik� apotelèsmata thc Sunomo-
logik c JewrÐac Om�dwn,mèsw twn opoÐwn dÐnoume mÐa deÔterh apìdeixh
tou Jewr matoc Schur.
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KEFALAIO 1

Orismoc 1.1. 'Estw G peperasmènh om�da me |G| = pλn ìpou (p, n) =
1 . Tìte mia upoom�da t�xhc pλ thc G lègetai Sylow p-upoom�da thc
G.

EÐnai gnwst� ta parak�tw gia mia om�da G me |G| = pλn ìpou
(p, n) = 1:
i) K�je p-upoom�da thc G perièqetai se mia Sylow p-upoom�da thc G.
ii) K�je duo Sylow p-upoom�dec thc G eÐnai suzugeÐc.
iii) Mia Sylow p-upoom�da thc G eÐnai h mình Sylow p-upoom�da thc
NG(P ) ìpou NG(P ) = {g ∈ G : gPg−1 = P}.

Isqurismìc Frattini: An H mia peperasmènh kanonik  upoom�da miac
om�dac G kai P mia Sylow p-upoom�da thc H, tìte G = NG(P )H.

Apodeixh. 'Estw g ∈ G. AfoÔ H E G kai P 6 H èqoume ìti
gia k�je x ∈ P ⇒ g−1xg ∈ H, �ra g−1Pg 6 H. EpÐshc g−1Pg
eÐnai mia Sylow p-upoom�da thc H. 'Ara up�rqei h ∈ H tètoio ¸ste
g−1Pg = h−1Ph dhlad  (gh−1)−1P (gh−1) = P ⇒ gh−1 ∈ NG(P ).
'Ara gh−1 = a⇒ g = ah. �

Orismoc 1.2. Mia upoom�da H miac om�dac G lègetai pl rwc anal-
loÐwth (fully invariant) an a(H) ≤ H gia k�je a ∈ EndG kai qara-
kthristik  (characteristic) sthn G an a(H) ≤ H gia k�je a ∈ AutG.
ParathroÔme ìti an H qarakthristik  sthn G tìte a(H) = H afoÔ
a(H) ≤ H kai a−1(H) ≤ H.

Protash 1.3. i) Oi pl rwc analloÐwtec upoom�dec thc G, eÐnai qa-
rakthristikèc sthn G kai oi qarakthristikèc upoom�dec eÐnai kanonikèc
sthn G.
ii) Oi sqèseic ”pl rwc analloÐwtec” kai ”qarakthristikèc” eÐnai meta-
batikèc sqèseic.
iii) An H qarakthristik  sthn K kai K E G tìte H E G.

Apodeixh. i) An jèsoume φg : G → G me φg(x) = gxg−1 tìte
φg ∈ AutG kai �ra φg(H) = H gia k�je g ∈ G⇒ H E G.
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ii) Profan c
iii) Jètoume ag : K → K me ag(x) = gxg−1. Tìte ag automorfismìc kai
afoÔ H qarakthristik  sthn K, ag(H) = H gia k�je g ∈ H, dhlad 
ghg−1 ∈ H gia k�je h ∈ H kai gia k�je g ∈ G. �

Orismoc 1.4. 'Estw G om�da. Mia kanonik  seir� thc G, {1} =
G0 E G1 E G2 E ... E Gn = G lègetai epilÔsimh seir� thc G an
Gi/Gi−1 abelian  gia k�je i.

Orismoc 1.5. Mia om�da G lègetai epilÔsimh an èqei epilÔsimh seir�.

Protash 1.6. An G epilÔsimh om�da kai H minimal kanonik  upo-
om�da thc, tìte H eÐnai stoiqei¸dhc abelian  p-upoom�da, dhlad  k�je
stoiqeÐo sthn H èqei t�xh p.

Apodeixh. AfoÔ G epilÔsimh tìte H epilÔsimh. Epomènwc H ′ < H.
'Omwc h H ′ eÐnai qarakthristik  upoom�da sthn H kai afoÔ H E G ⇒
H ′ E G. 'Omwc H eÐnai minimal, �ra H ′ = 1, dhlad  h H eÐnai abelian .
An t¸ra p/|H| kai Hp = {x ∈ H : xp = 1} tìte Hp eÐnai qarakthristik 
upoom�da thc H kai �ra ìpwc prohgoumènwc Hp E G �ra Hp = 1  
Hp = H. 'Omwc to je¸rhma Cauchy mac exasfalÐzei ìti h H perièqei
mh tetrimmeno stoiqeÐo t�xhc p. 'Ara Hp = H. �

Jewrhma 1.7 (Feit-Thompson). An G om�da me peritt  t�xh, dh-
lad  |G| = 2k + 1, k ∈ Z tìte h G eÐnai epilÔsimh.

Orismoc 1.8. 'Estw n ènac jetikìc akèraioc. 'Enac Hall-diairèthc

tou n eÐnai ènac diairèthc tou n tètoioc ¸ste (d,
n

d
) = 1.

Orismoc 1.9. 'Estw G peperasmènh om�da. Mia Hall upoom�da H

thc G eÐnai mia upoom�da thc G tètoia ¸ste (|H|, |G
H
|) = 1. Epiplèon

an Π eÐnai èna sÔnolo pr¸twn arijm¸n tìte mia Hall Π-upoom�da eÐnai
mia upoom�da tètoia ¸ste:
1. |H| gr�fetai wc ginìmeno pr¸twn arijm¸n apo to sÔnolo Π.
2. Kanènac pr¸toc arijmìc apo to sÔnolo Π den diaireÐ to |G/H|.

Parathrhsh 1.10. i) K�je Sylow upoom�da miac om�dac G eÐnai Hall
Π-upoom�da.
ii) H A5, h monadik  (se isomorfismì) apl  om�da t�xhc 60, den perièqei
Hall-{3, 5} upoom�da me t�xh 15 afoÔ tìte an jewr soume thn anapa-
r�stash p : A5 → Sym(A5/H) = S4 tìte kerp E A5 kai afoÔ A5 apl 
⇒ kerp = 1. Autì ìmwc eÐnai �topo afoÔ |A5| > |S4|.

Orismoc 1.11. An Π eÐnai èna sÔnolo pr¸twn arijm¸n tìte mia u-
poom�da H thc G lègetai kanonik  Π-upoom�da an H E G kai |H| =
pa11 ...p

ak
k ìpou pi ∈ Π, i = 1, ..., k.
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Parathrhsh 1.12. 'Estw H, K Π-upoom�dec miac om�dac G me K E
G. Tìte profan¸c H ∩ K, HK/K eÐnai Π-upoom�dec apì ta opoÐa
èpetai ìti HK eÐnai Π-upoom�da. Epomènwc h upoom�da pou par�getai
apo ìlec tic kanonikèc Π-upoom�dec miac om�dac G eÐnai Π-upoom�da
kai m�lista h mègisth kanonik  Π-upoom�da thc G h opoÐa sumbolÐzetai
me OΠ(G).

Orismoc 1.13. 'EstwG om�da kai Π èna sÔnolo pr¸twn arijm¸n.Mia
upoom�da H thc G onom�zetai Sylow Π-upoom�da an eÐnai mègisth Π-
upoom�da thc G.

Protash 1.14. 'Estw G om�da kai Π èna sÔnolo pr¸twn arim¸n.
i) An H eÐnai upokanonik  Π-upoom�da thc G, tìte H ≤ OΠ(G).
ii)OΠ(G) eÐnai h tom  ìlwn twn Sylow Π-upoom�dwn thc G.

Apodeixh. i) Qrhsimopoi¸ntac epagwg  èqoume oti up�rqei kanoni-
k  seir� H = H0 / H1 / ... / Hl = G. An l ≤ 1 tìte H E G kai �ra
apì ton orismì thc OΠ(G) èqoume ìti H ≤ OΠ(G). Upojètoume ìti to
sumpèrasma isqÔie gia ≤ l− 1 kai ja apodeÐxoume oti isqÔei gia l. Apì
thn epagwgik  upìjesh èqoume oti H ≤ OΠ(Hl−1). All� OΠ(Hl−1)
eÐnai qarakthristik  upoom�da sthn Hl−1 afoÔ gia k�je a ∈ Aut(Hl−1),
a(OΠ(Hl−1)) ≤ OΠ(Hl−1).
Apo thn prohgoÔmenh prìtash OΠ(Hl−1) E G. 'Ara OΠ(Hl−1) ≤
OΠ(G) kai �ra H ≤ OΠ(Hl−1).
ii) 'Estw R = OΠ(G) kai S mia Sylow Π-upoom�da thc G. Tìte RS eÐnai
mia Π-upoom�da thc G. 'Ara R ≤ S afoÔ S mègisth Π-upoom�da. Apì
thn �llh h tom  ìlwn twn Sylow Π-upoom�dwn eÐnai kanonik  sthn G,
�ra perièqetai sthn R.

Jewrhma 1.15 (Schur-Zassenhauss). 'Estw G peperasmèmh om�da
kai N kanonik  upoom�da thc. Upojètoume oti |N | = n kai |G : N | = m
ìpou (n,m) = 1. Tìte h G perièqei upoom�dec t�xhc m kai k�je duo
tètoiec eÐnai suzugeÐc sthn G.

Apodeixh. DiakrÐnoume peript¸seic:
PerÐptwsh 1 N abelian .

Jètoume Q = G/N . Apì k�je x ∈ Q dialègoume antiprìswpo tx sthn
G opìte to sÔnolo {tx : x ∈ Q} eÐnai èna sÔsthma antipros¸pwn thc
N sthn G. AfoÔ txtyN = txyN èqoume ìti up�rqei c(x, y) ∈ N tètoio
¸ste txty = txyc(x, y).
Apì thn prosetairistik  idiìthta tx(tytz) = (txty)tz èqoume ìti:

tx(tytz) = tx(tyzc(y, z)) = txyzc(x, yz)c(y, z)

kai

(txty)tz = (txyc(x, y))tz = txytzt
−1
z c(x, y)tz = txyzc(xy, z)z

−1c(x, y)z

Sunep¸c c(x, yz)c(y, z) = c(xy, z)z−1c(x, y)z (1) gia ìla ta x, y, z ∈ Q.
JewroÔme t¸ra to ginìmeno d(y) =

∏
x∈Q c(x, y) ∈ N . Efarmìzont�c
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to sthn (1) èqoume

d(z)z−1d(y)z = d(y · z)c(y, z)m

Epeid  N abelian  ⇒ d(y · z) = z−1d(y)zd(z)c(y, z)−m.
AfoÔ (m,n) = 1 up�rqoun x, y ∈ Z tètoioi ¸ste xm + yn = 1. 'Ara
d(y)−xm−yn = d(y)−1 ⇒ (d(y)−x)m = d(y)−1.
Jètoume d(y)−x = e(y).

Antikajist¸ntac ta parap�nw sthn sqèsh d(yz) = z−1d(y)zd(z)d(y, z)−1

èqoume e(y · z)−m = (z−1e(y)ze(z)c(y, z))−m (2). Epeid  N abelian  kai
(n,m) = 1⇒ e(y · z) = z−1e(y)ze(z)c(y, z).
Epomènwc orÐzoume f : Q → G me f(x) = txe(x). H f eÐnai omomor-
fismìc om�dwn afoÔ f(y)f(z) = tye(y)tze(z) = tytzt

−1
z e(y)tze(z) =

tytzz
−1e(y)ze(z) = tyzc(y, z)z

−1e(y)ze(z) = tyze(y · z) = f(yz) ìpou
gia thn proteleutaÐa isìthta qrhsimopoi jhke h sqèsh (2).
'Ara h apeikìnish f : G/N → G eÐnai omomorfismìc om�dwn kai m�lista
monomorfismìc afoÔ an x ∈ Q = G/N me txex = 1 ⇒ tx ∈ N . Epomè-
nwc txN = N ⇒ x = N ⇒ kerf = {N}, dhlad  G/N ∼= Imf ≤ G kai
�ra |Imf | = m.

Upojètoume t¸ra pwc H,H∗ upoom�dec thc G me |H| = |H∗| = m.
Tìte G = HN = H∗N kai H ∩ N = 1 = H∗ ∩ N . OrÐzoume touc
omomorfismoÔc om�dwn f1 : HN/N → H, f2 : H∗N/N → H∗ me
f1(uxN) = ux, ux ∈ H kai f2(u∗xN) = u∗x antÐstoiqa.
T¸ra an x ∈ Q ⇒ x = txN gia k�poion antiprìswpo tx ∈ G kai
�ra x = txN = uxN = u∗xN afoÔ G/N = HN/N = H∗N/N . E-
pomènwc u∗x = uxa(x) gia k�poio a(x) ∈ N . 'Omwc u∗xy = u∗xu

∗
y afoÔ

u∗xyN = u∗xu
∗
yN , diìti gia k�je x, y ∈ Q

x · y = u∗xyN ⇒ u∗xNu
∗
yN = u∗xu

∗
yN

u∗xy = u∗xu
∗
y = uxa(x)uya(y)

= uxuyu
−1
y a(x)uya(y) = uxyy

−1a(x)ya(y)

Apì thn �llh u∗xy = uxya(xy). 'Ara uxya(xy) = uxyy
−1a(x)ya(y) ⇒

a(xy) = y−1a(x)ya(y) (3).
Jètoume t¸ra b =

∏
x∈Q a(x) ∈ N kai qrhsimopoi¸ntac thn (3) sun�-

goume ìti b = y−1bya(y)m.
AfoÔ (m,n) = 1, up�rqoun z, ψ ∈ Z tètoioi ¸ste zm+ψn = 1. IsqÔei
b = bzm+ψn = (bz)m(bψ)n = (bz)m afoÔ (bz)n = 1 (|N | = n).
'Ara b = (c)m ìpou c ∈ N kai cm = (y−1cy)ma(y)m = (y−1cya(y))m

kai qrhsimopoi¸ntac to epiqeÐrhma ìti h N eÐnai abelian  kai (m,n) =
1 ⇒ c = y−1cya(y)   a(y) = (y−1cy)−1c = y−1c−1yc. EpÐshc u∗y =

uya(y) = uyy
−1c−1yc = c−1uyc afoÔ exìrismoÔ thc dr�shc èqoume

y−1c−1y = u−1
y c−1uy. 'Ara up�rqei c ∈ N tètoio ¸ste H∗ = c−1Hc.
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Genik  perÐptwsh (Ôparxh): Efarmìzoume epagwg  sthn t�xh
thc om�dac G. 'Estw N kanonik  upoom�da thc G me |G|, |G/N | sqetik�
pr¸touc.
'Estw p ènac pr¸toc arijmìc pou diaireÐ thn t�xh thc N kai P mia Sylow
p-upoom�da thc N. AfoÔ |G/N |, |N | sqetik� pr¸toi p 6 ||G/N | �ra h P
eÐnai mia Sylow p-upoom�da thc G.
AfoÔ P ⊂ N kai N E G ⇒ g−1pg ∈ N gia k�je g ∈ G, p ∈ P . An
NG(P ) h kanonikopoioÔsa upoom�da thc G kai kai Z(P ) to kèntro thc
P èqoume ìti NG(P ) ≤ NG(Z(P )) afoÔ Z(P ) qarakthristik  upoom�da
thc P. Apì ton isqurismì Frattini èqoume ìti G = NG(P )N kai �ra

|G/NG(P )| = |NG(P )N/NG(P )| = |N/NG(P ) ∩N |
kai

|G/N | = |NG(P )N/N | = |NG(P )/NG(P ) ∩N |

PerÐptwsh 1: P ìqi kanonik  sthn G. Tìte NG(P ) � G. EpÐshc
h om�da NG(P ) ∩ N eÐnai kanonik  sthn NG(P ) afoÔ N E G. EpÐshc
|NG(P )/NG(P ) ∩ N | = |G/N | opìte oi NG(P ) kai NG(P ) ∩ N ikano-
poioÔn to je¸rhma dhlad  (|NG(P )∩N |, |NG(P )/NG(P )∩N |) = 1 kai
apì thn epagwgik  upìjesh afoÔ |NG(P )| < |G| up�rqei upoom�da H
me t�xh |NG(P )/NG(P ) ∩N | = m.

PerÐptwsh 2: P E G. Tìte P E N kai �ra N/P E G/P kai
|N/P |/|N |. Qrhsimopoi¸ntac to 3o Je¸rhma Isomorfism¸n Om�dwn

èqoume ìti
G/P

N/P
∼= G/N �ra |G/P

N/P
| = |G/N |. EpÐshc èqoume ìti

(|N/P |, |G/P
N/P

|) = 1 kai apì thn epagwgik  upìjesh up�rqei K ≤ G/P

me |K| = |G/N | afoÔ |G/P | < |G|. 'Ara to K ja eÐnai thc morf c
A/P ≤ G/P kai |A/P | = |G/N |.
AfoÔ P 6= 1 kai P p-om�da èqoume Z(P ) 6= 1 kai Z(P ) E A afoÔ Z(P )
eÐnai qarakthristik  upoom�da thc P kai P E A.
Epomènwc P/Z(P ) / A/Z(P ) kai P/Z(P ) eÐnai p-om�da kai fusik� te-

trimmènh an h P eÐnai abelian . EpÐshc
A/Z(P )

P/Z(P )
∼= A/P �ra |A/Z(P )

P/Z(P )
| =

|G/N |.
AfoÔ |A/Z(P )| < |G| èqoume p�li apì thn epagwgik  upìjesh ìti h

A/Z(P ) perièqei upoom�da B/Z(P ) me |A/Z(P )

B/Z(P )
| = |G/N |. EpÐshc

(|Z(P )|, |B/Z(P )|) = 1. 'Ara an |B| < |G| qrhsimopoioÔme thn epagw-
gik  upìjesh apì thn opoÐa èqoume ìti up�rqei C ≤ B upoom�da me
|C| = |B/Z(P )| = |G/N |.
An |B| = |G| tìte B = G �ra A = G opìte |G/P | = |G/N |. 'Ara
N = P dhlad  h N eÐnai kanonik  Sylow p-upoom�da thc G.
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An N eÐnai kanonik  (ìqi abelian ) Sylow p-upoom�da thc G, tìte je-

wroÔme to kèntro Z(N) kai jewroÔme N/Z(N) kai
G/Z(N)

N/Z(N)
∼= G/N .

'Ara afoÔ |G/Z(N)| < |G|, up�rqei upoom�da K/Z(N) me |K/Z(N)| =
|G/N | apì thn epagwgik  upìjesh.
'Ara |K| = |Z(N)||G/N | kai |Z(N)| < |N | afoÔ h N den eÐnai abelia-
n , �ra |K| < |N ||G/N | = |G|. Qrhsimopoi¸ntac p�li thn epagwgik 
upìjesh h K perièqei upoom�da H me |K/H| = |G/N |.

T¸ra mènei na apodeÐxoume ìti k�je duo tètoiec upoom�dec me t�xh m
eÐnai suzugeÐc sthn G.

PerÐptwsh 1: G/N epilÔsimh. 'Estw Π to sÔnolo twn pr¸twn
arijm¸n pou diairoÔn to m kai R = OΠ(G) h mègisth kanonik  Π-om�da
thc G. JewroÔme epÐshc H,K upooom�dec thc G me |H| = |K| = m.
Tìte H,K eÐnai Hall Π-upoom�dec thc G me |H| = |K| = m.Epomènwc
apì thn Prìtash 1.14 èqoume ìti R ≤ H ∩K. 'Ara mporoÔme na upo-
jèsoume ìti R = 1 kai ìti m > 1 gia na èqoume H 6= G.
Efarmìzoume epagwg  sthn t�xh thc G gia na deÐxoume to zhtoÔmeno.
'Estw L/N minimal kanonik  upoom�da thc G/N . Apì th Prìtash
1.6 L/N eÐnai stoiqei¸dhc abelian  p-om�da afoÔ G/N epilÔsimh gia
k�poio p ∈ Π.
EpÐshc H ∩L eÐnai Sylow p-upoom�da thc L afoÔ H ∩L ∼= (H ∩L)N/N
kai |L/H ∩ L| = |HL/H|. 'Ara p 6 ||HL/H|.
An�loga K ∩L eÐnai Sylow p-upoom�da thc L. 'Ara qrhsimopoi¸ntac to
je¸rhma Sylow oi om�dec K ∩ L,H ∩ L eÐnai suzugeÐc sthn L, dhlad 
up�rqei g ∈ L ⊆ G tètoio ¸ste H ∩ L = g−1(K ∩ L)g = g−1Kg ∩ L.
JewroÔme tic upoom�dec S = K ∩ L kai J = H(g−1Kg). Tìte parath-
roÔme ìti S E J .
An upojèsoume ìti J = G èqoume ìti S E G kai afoÔ h S eÐnai Π-
om�da kai R = 1 ⇒ S = 1. Epomènwc p 6 ||L|. Autì ìmwc den mporeÐ
na sumbaÐnei afoÔ L/N eÐnai p-om�da kai �ra p/|L/N | ⇒ p/|L|. 'Ara
J � G. Apì upìjesh epagwg c afoÔ |J | < |G| oi upoom�dec H, g−1Kg
thc G eÐnai suzugeÐc sthn J kai �ra sthn G. 'Etsi oi upoom�dec H,K
eÐnai suzugeÐc sthn G.

PerÐptwsh 2: N epilÔsimh. Efarmìzoume xan� epagwg  sthn t�-
xh thc om�dac G. An H,K upoom�dec t�xhc m èqoume ìti N ′ E G afoÔ
N E G kai N ′ qarakthristik  upoom�da thc N .
An N ′ = 1 tìte N abelian  kai �ra anagìmaste sthn pr¸th perÐptwsh
gia na ft�soume sto zhtoÔmeno.
'Ara upojètoume ìti N ′ 6= 1. Tìte |G/N ′| < |G| kai apì thn upìje-
sh thc epagwg c èqoume ìti oi upoom�dec HN ′/N ′, KN ′/N ′ thc G/N ′

eÐnai suzugeÐc se aut n, dhlad  up�rqei stoiqeÐo gN ′ ∈ G/N ′ tètoio
¸ste g−1N ′(HN ′/N ′)gN ′ = KN ′/N ′. 'Ara g−1Hg ≤ KN ′ kai profa-
n¸c K ≤ KN ′. Qrhsimopoi¸ntac t¸ra thn epagwgik  upìjesh kai to
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gegonìc ìti N ′ < N afoÔ N epilÔsimh sumperaÐnoume ìti oi upoom�dec
g−1Hg,K eÐnai suzugeÐc sthn KN ′. 'Ara oi upoom�dec H,K eÐnai suzu-
geÐc sthn G.
Tèloc, h genik  perÐptwsh apodeiknÔetai qrhsimopoi¸ntac to je¸rhma
Feit-Thompson. Sugkekrimèna afoÔ (|N |, |G/N |) = 1 tìte toul�qiston
mia apì tic duo t�xeic ja eÐnai perittìc arijmìc. 'Ara apì to je¸rhma
Feit-Thompson h om�da me thn peritt  t�xh ja eÐnai epilÔsimh kai �ra
apì ta prohgoÔmena èqoume to zhtoÔmeno.





KEFALAIO 2

Orismoc 2.1. Mia braqeÐa akrib c akoloujÐa om�dwn eÐnai mia ako-

loujÐa thc morf c 1A → A
i−→ B

π−→ C → 1C ìpou A, B, C om�dec, i,
p omomorfismoÐ om�dwn, keri = {1A}, Imi = kerπ, Imπ = C, dhlad  i
monomorfismìc kai p epimorfismìc kai Imi = kerπ.

Orismoc 2.2. 'Estw G, N om�dec. Mia epèktash thc N epÐ G eÐnai
mia om�da E tètoia ¸ste perièqei kanonik  upoom�da E1 E E me E1

∼= N
kai E/E1

∼= G.

Parathrhsh 2.3. Oi parap�nw orismoÐ eÐnai isodÔnamoi afoÔ an

1N → N
i−→ E

π−→ G → 1 mia braqeÐa akrib c akoloujÐa om�dwn tìte
N ∼= i(N) afoÔ i monomorfismìc kai E/kerπ ∼= G apì to Pr¸to Je-
¸rhma Isomorfism¸n kai apì to ìti h p eÐnai epÐ. 'Omwc apì akrÐbeia
E/i(N) ∼= G. AntÐstrofa, an upojèsoume ìti èqoume mia ep�ktash thc
N epÐ G, dhlad  om�da E pou perièqei upoom�da E1 E E,E1

∼= N kai

E/E1
∼= G tìte h akoloujÐa 1N → N

i−→ E
π−→ G → 1G eÐnai braqeÐa

akrib c akoloujÐa om�dwn, i = i1of1 ìpou f1 : N → E ènac isomorfi-
smìc om�dwn kai i1 : E1 → E h emfuteÔsh.
An�loga, π = f2oπ1 ìpou f2 : E/E1 → G ènac isomorfismìc om�dwn
kai π1 : E → E/E1 o fusikìc epimorfismìc.

Epomènwc sta epìmena ìtan ennooÔme mia epèktash thc N epÐ G
eÐnai isodÔnamo me to na jewroÔme mia braqeÐa akrib  akoloujÐa om�dwn

1N → N
i−→ E

π−→ G→ 1G.

Orismoc 2.4. 'Estw G, N om�dec. DÔo epekt�seic thc N epÐ G (a),
(a') lègontai isodÔnamec an kai mìno an up�rqei omomorfismìc om�dwn
φ : E → E ′ pou k�nei to parak�tw di�gramma metajetikì.

(α) 1N −−−→ N
i1−−−→ E

π1−−−→ G −−−→ 1G

IdN

∥∥∥ φ

y IdG

∥∥∥
(α′) 1N −−−→ N

i2−−−→ E ′
π2−−−→ G −−−→ 1G

Dhlad  φ ◦ i1 = i2 ◦ IdN kai IdG ◦ π1 = π2 ◦ φ.
15
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Sqìlio: Ston prohgoÔmeno orismì o omomorfismìc φ : E → E ′

eÐnai anagkastik� isomorfismìc.
Pr�gmati h φ eÐnai 1− 1 afoÔ an x ∈ E me φ(x) = 1E′ , tìte π2(φ(x)) =
1G. Apì thn metajetikìthta tou diagr�mmatoc èqoume π1(x) = 1G. Qrh-
simopoi¸ntac thn akrÐbeia tou pr¸tou diagr�mmatoc kai afoÔ x ∈ kerπ1,
up�rqei a1 ∈ A tètoio ¸ste x = i1(a1) kai �ra φ(x) = φ(i1(a1)) = 1E.
Qrhsimopoi¸ntac p�li thn metajetikìthta tou diagr�mmatoc èqoume ìti
i2(a1) = 1E′ kai afoÔ i2 eÐnai monomorfismìc a1 = 1N . 'Ara h φ eÐnai
1− 1.
Me an�logo trìpo apodeiknÔetai oti h φ eÐnai epÐ, �ra telik� h φ eÐnai
isomorfismìc.

Na upenjumÐsoume ìti o akèraioc omadodaktÔlioc ZG wc abelian 
om�da eÐnai eleÔjerh epÐ twn stoiqeÐwn thc G kai efodi�zetai me dom 
daktulÐou mèsw tou pollaplasiasmoÔ thc G dhlad  an w1, w2 ∈ ZG me
w1 =

∑
g∈G ngg kai w2 =

∑
h∈Gmhh⇒ w1w2 =

∑
g,h∈G(ngmh)(gh).

Orismoc 2.5. 'Ena aristerì ZG-prìtupo eÐnai mia abelian  om�da
(A,+) efodiasmènh me ènan omomorfismì daktulÐwn ϑ : ZG→ End(A)
ìpou End(A) = {φ : A → A : φ omomorfismìc om�dwn } o daktÔlioc
twn endomorfism¸n tou A.

Parathrhsh 2.6. An A ZG-prìtupo, dhlad  up�rqei ϑ : ZG →
End(A) omomorfismìc daktulÐwn, tìte ϑ|G → Aut(A) eÐnai omomorfi-
smìc om�dwn. AntÐstrofa, an ρ : G → Aut(A) omomorfismìc om�dwn
,tìte o r epekteÐnetai se monadikì omomorfismì daktulÐwn ρ̄ : ZG →
End(A) tètoio ¸ste ρ̄|G = ρ.

'Estw N, G om�dec me N abelian . JewroÔme mia epèktash thc N

epÐ G, dhlad  (a) 0 → N
i−→ E

π−→ G → 1. EpÐshc jewroÔme thn N wc
upoom�da thc E mèsw tou monomorfismoÔ i, dhlad  tautÐzoume thn N me
thn i(N). Tìte orÐzetai mia dr�sh thc G sthn om�da N wc ex c:

JewroÔme g ∈ G kai a ∈ N . Tìte afoÔ h p eÐnai epÐ, up�rqei x ∈ E
me π(x) = g. Jètoume (g, a)→ g ∗ a = xax−1. H dr�sh aut  eÐnai kal�
orismènh.
An y ∈ E ¸ste π(y) = g tìte π(x) = π(y) �ra π(xy−1) = 1G. Autì
shmaÐnei ìti xy−1 ∈ kerπ = Imi. Epomènwc up�rqei a0 ∈ N tètoio ¸ste
xy−1 = a0 �ra x = a0y, xax−1 = a0yay

−1a−1
0 = yay−1a0a

−1
0 = yay−1

epeid  N abelian .
EpÐshc, profan¸c ikanopoioÔntai ta duo axi¸mata thc dr�shc.
T¸ra jewr¸ntac thn apeikìnish ϑ : G → Aut(N) me ϑ(g) = g ∗ a =
xax−1, ìpou π(x) = g, h ϑ eÐnai omomorfismìc om�dwn afoÔ h G dra
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sthn N. 'Ara me b�sh thn prohgoÔmenh parat rhsh èqoume ìti up�rqei
monadikìc omomorfismìc daktulÐwn ϑ̄ : ZG → End(N) me ϑ̄|G ≡ ϑ.
'Etsi to N gÐnetai èna ZG-prìtupo.

Parathrhsh 2.7. 'Estw G om�da kai N èna ZG-prìtupo. Tìte b�sei
thc parat rhshc 2.6 up�rqei omomorfismìc om�dwn ρ : G → Aut(N).

'Estw t¸ra (a) 0 → N
i−→ E

π−→ G → 1 epèktash thc N epÐ G. Tìte
up�rqei ϑ : G→ Aut(N) omomorfismìc om�dwn. Apì ed¸ kai sto ex c
ìtan jewroÔme èna ZG-prìtupo N ja jewroÔme ìti ρ ≡ ϑ.

Orismoc 2.8. Mia akrib c akoloujÐa om�dwn 1→ A
g−→ B

f−→ C → 1
lègetai diasp¸menh an up�rqei s : C → B omomorfismìc om�dwn tètoioc
¸ste fos ≡ IdC .

Protash 2.9. 'Estw G om�da kai N èna ZG-prìtupo kai (α) 0 →
N

i−→ E
π−→ G → 1 mia epèktash thc N epÐ G. Tìte ta ex c eÐnai

isodÔnama gia thn (a):

i) H (a) 0→ N
i−→ E

π−→ G→ 1 eÐnai diasp¸menh.
ii) Up�rqei upoom�da G̃ ≤ E tètoia ¸ste G̃ ∼= G kai k�je stoiqeÐo
x ∈ E gr�fetai kat� monadikì trìpo wc x = yg̃ ìpou y ∈ N kai g̃ ∈ G̃.
iii) H (a) eÐnai isodÔnamh me thn epèktash (a') 0 → N

i′−→ N oϑ G
π′−→

G → 1 ìpou N oϑ G eÐnai to hmieujÔ ginìmeno pou orÐzetai apì ton
omomorfismì om�dwn ϑ : G → Aut(N) me ϑ(g) = ϑg ìpou ϑg(y) =
g ∗ a = g̃yg̃−1, π(g̃) = g. Akribèstera, an (y, g), (z, h) ∈ N ∝ G tìte
orÐzoume (y, g)(z, h) = (y+ϑg(z), gh) = (y+g∗z, gh) = (y+ g̃zg̃−1, gh).
EÔkola kaneÐc mporeÐ na epalhjeÔsei ìti h N×G me thn parap�nw pr�xh
apoteleÐ om�da kai onom�zetai to hmieujÔ ginìmeno thc N epÐ G. Tèloc,
i′ : N → N oϑ G, i

′(y) = (y, 0) h ènjesh kai π′ : N oϑ G → G me
π′(y, g) = g h probol .

Apodeixh. i) ⇒ ii) 'Estw ìti h (a) eÐnai diasp¸menh. Autì sh-
maÐnei ìti up�rqei s : G → E omomorfismìc om�dwn me π ◦ s = IdG.
Tìte h s eÐnai monomorfismìc afoÔ èqei aristerì antÐstrofo kai �ra
G ∼= s(G) = G̃ kai π : s(G) → G eÐnai isomorfismìc. EpÐshc k�je
stoiqeÐo x ∈ E gr�fetai wc x = ys(g) me y ∈ N kai s(g) ∈ s(G) afoÔ
E = Ns(G). M�lista h graf  aut  eÐnai monadik  afoÔ an x = y1s(g1)
tìte π(y1s(g1)) = π(ys(g)) = π(y1)π(s(g1)) = π(y)π(s(g)). 'Omwc
π(y1) = π(y) = 1G lìgw akrÐbeiac. 'Ara g = π(s(g)) = π(s(g1)) =
g1 ⇒ y1 = y.

ii) ⇒ i) 'Estw t¸ra ìti k�je stoiqeÐo x thc E gr�fetai kat� mona-
dikì trìpo wc x = yg̃ me y ∈ N , g̃ ∈ G̃ kai G̃ h om�da thc upìje-
shc, G̃ ∼= G kai π|G̃ : G̃ → G isomorfismìc om�dwn. Tìte jewroÔme
λ = (π|G̃)−1 : G → G̃ h opoÐa eÐnai isomorfismìc om�dwn kai m�lista
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π(λ(g)) = g gia k�je g ∈ G.

i), ii) ⇒ iii) 'Estw ìti h akoloujÐa (a) 0 → N
i−→ E

π−→ G → 1
diasp�tai. Tìte |G| = |Ns(G)| = |N oϑ G|.
'Ara up�rqei 1 − 1 kai epÐ apeikìnish f : N × G → E = Ns(G) me
f(y, g) = ys(g). EpÐshc up�rqei monadik  ”dom  om�dac” sto sÔnolo
N ×G ¸ste h f na gÐnetai isomorfismìc.
Gia na upologÐsoume thn dom  aut  arkeÐ na upologÐsoume to ginìmeno
(ys(g))(zs(h)). 'Eqoume:

(ys(g))(zs(h)) = ys(g)zs(g)−1s(g)s(h) = (y + g ∗ z)s(gh)

'Ara h pr�xh sto sÔnolo N × G pou k�nei thn f isomorfismì om�dwn
eÐnai h (y, g)(z, h) = (y + g ∗ z, gh). 'Etsi me aut  thn pr�xh to sÔnolo
N ×G gÐnetai om�da kai eÐnai to hmieujÔ ginìmeno thc N epÐ G.

Mènei na deÐxoume ìti to parak�tw di�gramma eÐnai metajetikì.

(α′) 0 −−−→ N
i′−−−→ N oϑ G

π′−−−→ G −−−→ 1∥∥∥ f

y ∥∥∥
(α) 0 −−−→ N

i−−−→ E
π−−−→ G −−−→ 1

Pr�gmati, an y ∈ N tìte

f(i′(y)) = f(y, 0) = y = i(y)

�ra f ◦ i′ ≡ i kai an (y, g) ∈ N oϑ G tìte

π′(y, g) = g = π(ys(g)) = π(f(y, g))

�ra π′ ≡ π ◦ f .
'Ara h epèktash (a) eÐnai isodÔnamh me thn epèktash (a').

iii)⇒ i), ii) AntÐstrofa, ac upojèsoume ìti h epèktash (a) 0→ N
i−→

E
π−→ G→ 1 eÐnai isodÔnamh me thn epèktash (a') 0→ N

i′−→ N oϑG
π′−→

G → 1. Autì shmaÐnei ìti up�rqei φ : E → N oϑ G omomorfismìc
om�dwn pou k�nei to parak�tw di�gramma metajetikì.

(α) 0 −−−→ N
i−−−→ E

π−−−→ G −−−→ 1∥∥∥ φ

y ∥∥∥
(α′) 0 −−−→ N

i′−−−→ N oϑ G
π′−−−→ G −−−→ 1

dhlad  φ ◦ i′ ≡ i′ kai π′ ◦ φ ≡ π.
JewroÔme thn apeikìnish φ ◦ i : G → E ìpou iG : G → N oϑ G me
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iG = (0, g). Profan¸c h φ ◦ iG eÐnai omomorfismìc om�dwn kai epiplèon
gia k�je g ∈ G isqÔei:

π(φ−1(iG(g))) = π(φ−1(0, g)) = π′(0, g) = g

dhlad  π ◦ (φ−1 ◦ iG) ≡ IdG, �ra h epèktash (a) eÐnai diasp¸menh. �

Parathrhsh 2.10. H prohgoÔmenh prìtash mac lèei ìti an (a) 0→
N

i−→ E
π−→ G → 1 epèktash thc N epÐ G , h opoÐa diasp�tai tìte aut 

eÐnai isodÔnamh me thn epèktash (a') 0 → N
i′−→ N oϑ G

π′−→ G ìpou
N ∝ G to hmieujÔ ginìmeno thc N epÐ G ìpwc orÐsthke sthn prìtash
2.9. Me �lla lìgia to sÔnolo [(a')]={(c)|(c) epèktash thc N epÐ G
isodÔnamh me th (a') } perièqei ìlec tic diasp¸menec epekt�seic thc N
epÐ G.

Parathrhsh 2.11. Skopìc mac t¸ra eÐnai na deÐxoume ìti se k�je

diasp¸menh epèktash (a) 0 → N
i−→ E

π−→ G → 1 up�rqei 1-1 kai epÐ
antistoiqÐa metaxÔ twn omomorfism¸n s : G → E me π ◦ s = IdG kai
orismènwn sunart sewn d : G → N pou kaloÔntai paragwgÐseic. Gia
autìn ton lìgo mèsw tou epìmenou orismoÔ eis�goume thn ènnoia thc
parag¸gishc.

Orismoc 2.12. 'Estw N èna ZG-prìtupo. Mia apeikìnish d : G→ N
lègetai parag¸gish (derivation) an gia k�je g, h ∈ G isqÔei d(gh) =
d(g) + gd(h).
'Amesa èqoume ìti d(1) = 0.
An sumbolÐsoume me Der(G,N) = {f : G → N : f parag¸gish} tìte
to sÔnolo autì apoteleÐ abelian  om�da me pr�xh:
An f1, f2 ∈ Der(G,N) tìte (f1 +f2)(g) = f1(g)+f2(g) gia k�je g ∈ G.

Protash 2.13. 'Estw G om�da kai N èna ZG-prìtupo. JewroÔme

thn epèktash (a') 0 → N
i′−→ N oϑ G

π′−→ G → 1 thc N epÐ G ìpou
i′(a) = (a, 0) kai π′(a, g) = g. Tìte up�rqei mia 1−1 kai epÐ antistoiqÐa
metaxÔ twn omomorfism¸n om�dwn s : G→ N oϑG me π′ ◦ s ≡ IdG kai
twn paragwgÐsewn d : G→ N .

Apodeixh. 'Estw s : G→ N oϑG omomorfismìc om�dwn me π ◦ s ≡
IdG. Tìte s(g) = (d(g), g) ìpou d : G→ N apeikìnish.
AfoÔ f omomorfismìc om�dwn èqoume ìti s(g)s(h) = s(gh) dhlad 
(d(g), g), (d(h), h)) = (d(gh), gh)⇒ (d(g) +gd(h), gh) = (d(gh), gh)⇒
d(gh) = d(g) + gd(h) gia k�je g, h ∈ G.
AntÐstrofa, an d : G → N parag¸gish tìte ektel¸ntac tic parap�nw
pr�xeic èqoume ìti s : G → N oϑ G me s(g) = (d(g), g) eÐnai omomorfi-
smìc om�dwn kai π ◦ s ≡ IdG. �

Parathrhsh 2.14. 'Estw t¸ra tuqaÐa diasp¸menh epèktash thc N

epÐ G (a) 0 → N
i−→ E

π−→ G → 1. Tìte apì thn prìtash 1.23 up�rqei
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omomorfismìc om�dwn Φ : NoϑG→ E pou k�nei to parak�tw di�gramma
metajetikì, dhlad 

(α′) 0 −−−→ N
i′−−−→ E

π′−−−→ G −−−→ 1∥∥∥ Φ

y ∥∥∥
(α) 0 −−−→ N

i−−−→ N oϑ G
π−−−→ G −−−→ 1

An s : G → E me π ◦ s = IdG tìte o Φ−1 ◦ s : G → N oϑ G eÐnai
omomorfismìc om�dwn me π′ ◦ Φ−1 ◦ s = π ◦ s = IdG. AntÐstrofa, an
s′ : G→ NoϑG omomorfimìc om�dwn me π′◦′ = IdG, tìte Φ◦s′ : G→ E
omomorfismìc om�dwn me π ◦ Φ ◦ s′ = π′ ◦ s′ = IdG.
'Ara an A = {s : G→ E : s omomorfismìc om�dwn me π ◦ s = IdG} kai
B = {s′ : G → N oϑ G : s′ omomorfismìc om�dwn me π′ ◦ s′ = IdG},
tìte up�rqei mia 1-1 kai epÐ antistoiqÐa metaxÔ twn sunìlwn A kai B.
Epomènwc apì thn prìtash 2.13 gia thn diasp¸menh epèktash thc N epÐ
G (a) 0 → N →i E →π G → 1 up�rqei 1-1 kai epÐ antistoiqÐa metaxÔ
tou sunìlou A kai tou sunìlou Der(G,N).

Orismoc 2.15. 'Estw 0 → N
i′−→ E

π−→ G → 1 diasp¸menh epèktash
thc N epÐ G. Duo s1, s2 : G → E omomorfismoÐ om�dwn me π ◦ s1 =
π ◦ s2 = IdG kaloÔntai N -suzugeÐc an up�rqei a ∈ N tètoio ¸ste
s1(g) = as2(g)a−1 gia k�je g ∈ G. An s : G→ E omomorfismìc om�dwn
me π ◦ s = IdG tìte me [s] = {τ : G → E omomorfimìc om�dwn/∃a ∈
N ¸ste τ(g) = as(g)a−1 ∀g ∈ G} sumbolÐzoume to sÔnolo twn N -
suzug¸n omomorfism¸n om�dwn proc thn s.

Paradeigma 2.16. 'Estw G om�da kai N èna ZG-prìtupo.JewroÔme
thn diasp¸menh epèktash thcN epÐG, (a') 0→ N

i′−→ NoϑG
π′−→ G→ 1.

An s1, s2 : G→ NoϑG omomorfismìc om�dwn me π′◦s1 = π′◦s2 èqoume
ìti:
s1, s2 suzug  ⇔ s1(g) = (a, 1)s2(g)(−a, 1)⇔
(d1(g), g) = (a, 1)(d2(g), g)(−a, 1)⇔ (d1(g), g) = (a+ d2(g)− ga, g)⇔
d1(g) = a+d2(g)−ga⇔ d2(g)−d1(g) = ga−a dhlad  d2(g)−d1(g) =
f(g) ìpou f : G→ N me f(g) = ga− a gia k�poio a ∈ N .

H f kaleÐtai prwtarqik  parag¸gish (inner derivation) kai an P (G,N)
to sÔnolo aut¸n tìte P (G,N) ⊆ Der(G,N) kai m�lista P (G,N) ≤
Der(G,N).

Protash 2.17. JewroÔme (a') 0 → N
i′−→ N oϑ G

π′−→ G → 1 thn
diasp¸menh epèktash thc N epÐ G tou paradeÐgmatoc 2.16 kai èstw
[s] = {τ : G → N oϑ G omomorfimìc om�dwn/∃a ∈ N ¸ste τ(g) =
as(g)a−1 ∀g ∈ G} h kl�sh twn N -suzug¸n omomorfism¸n. Tìte h
apeikìnish Φ : [s]→ Der(G,N)/P (G,N) eÐnai 1− 1 kai epÐ.
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Apodeixh. Pr�gmati an s1, s2 N -suzugeÐc kl�seic me d1+P (G,N) =
d2 + P (G,N), tìte d2 − d1 ∈ P (G,N) kai �ra up�rqei a ∈ N tètoio
¸ste (d2 − d1)(g) = ga − a. 'Ara s2(g) = as1(g)a−1 gia k�je g ∈ G,
dhlad  [s1] = [s2].
Tèloc h F eÐnai epÐ. �

'Estw G om�da kai N èna ZG-prìtupo. Ac exet�soume t¸ra thn

perÐptwsh ìpou (a) 0 → N
i−→ E

π−→ G → 1 epèktash thc N epÐ G
h opoÐa den eÐnai diasp¸menh. Tìte epilègoume apeikìnish s : G → E
tètoia ¸ste s(1) = 1 kai π ◦ s = IdG.
An s omomorfismìc om�dwn tìte h parap�nw epèktash eÐnai diasp¸menh
kai �ra apì ta prohgoÔmena eÐnai isodÔnamh me thn (a'), ìpou (a') èqei
oristeÐ sthn prìtash 2.9. 'Ara mac endiafèrei h perÐptwsh ìpou h s den
eÐnai omomorfismìc om�dwn.
Se aut  thn perÐptwsh ja kataskeu�soume sun�rthsh fs : G×G→ N
h opoÐa ja metr�ei to ”sf�lma” thc s apì to na eÐnai omomorfismìc
om�dwn.
ParathroÔme ìti an s : G → E me π ◦ s = IdG tìte gia k�je g, h ∈ G
isqÔei π(s(gh)) = π(s(g)s(h)). 'Ara π(s(g)s(h)s(gh)−1) = 1G, dhlad 
s(g)s(h)s(gh)−1) ∈ kerπ. Lìgw akrÐbeiac s(g)s(h)s(gh−1) ∈ Imi �ra
up�rqei apeikìnish fs : G × G → N me s(g)s(h) = fs(g, h)s(gh) (1).
Qrhsimopoi¸ntac akìmh ìti s(1) = 1 sun�goume ìti fs(g, 1) = fs(1, g) =
0.
EpÐshc h prosetairistik  idiìthta s(g)((s(h)s(k)) = (s(g)s(h))s(k) kai
h (1) dÐnoun ìti

gfs(h, k) + fs(g, hk) = fs(g, h) + fs(gh, k), ∀g, h, k ∈ G (2)

'Ara k�je apeikìnish s : G → E me s(1) = 1 kai π ◦ s = IdG ep�gei
sun�rthsh fs : G×G→ N h opoÐa kaleÐtai factor set kai ikanopoieÐ th
sqèsh (2).
AfoÔ |E| = |Ns(G)| = |N × G| up�rqei apeikìnish Φ : N × G →
Ns(G) h opoÐa eÐnai 1 − 1 kai epÐ. Gia na upologÐsoume thn ”dom 
om�dac” sto sÔnolo N ×G pou k�nei thn Φ isomorfismì om�dwn arkeÐ
na upologÐsoume to ginìmeno:

(as(g))(bs(h)) = as(g)bs(g)−1s(g)s(h)

= (a+ g ∗ b)fs(g, h)s(gh)

= (a+ g ∗ b+ fs(g, h))s(gh)

ra (a, g)(b, h) = (a+gb+fs(g, h), gh) kai me aut n thn pr�xh to ginìmeno
N ×G gÐnetai om�da kai sumbolÐzetai me Efs .
Tèloc, to parak�tw di�gramma eÐnai metajetikì

(c) 0 −−−→ N
i1−−−→ Efs

π1−−−→ G −−−→ 1∥∥∥ Φ

y ∥∥∥
(α) 0 −−−→ N

i−−−→ E
π−−−→ G −−−→ 1
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ìpou i1(a) = (a, 1) kai π1(a, g) = g gia k�je a ∈ N, (a, g) ∈ Efs .
Pr�gmati Φ(i1(a)) = Φ(a, 1) = as(1) = i(a) �ra Φ◦i1 ≡ i kai π(Φ(a, g)) =
π(as(g)) = g = π1(a, g) �ra π ◦ Φ ≡ π1.

Ac doÔme t¸ra pwc sthn parap�nw epèktash thc N epÐ G (a) 0 →
A

i−→ E
π−→ G → 1 pwc sqetÐzontai metaxÔ touc duo s1, s2 : G → E me

π ◦ s1 = π ◦ s1 = IdG kai s1(1) = s2(1) = 1.
'Estw f1, f2 oi antÐstoiqoi factor sets twn apeikonÐsewn s1, s2. 'Eqoume
gia k�je g ∈ G ìti π(s1(g)) = π(s2(g)) = g �ra s2(g) = f3(g)s3(g) ìpou
f3 : G→ N .
Apì thn �llh èqoume ìti

s1(g)s1(h) = f1(g, h)s1(gh)

s2(g)s2(h) = f2(g, h)s2(gh)

⇒ f3(g)s1(g)f3(h)s1(h) = f2(g, h)f3(gh)s1(gh)

⇒ f3(g)s1(g)f3(h)s1(g)−1 = s1(g)s1(h) = (f2(g, h) + f3(gh))s1(gh)

⇒ (f3(g) + g ∗ f3(h) + f1(g, h))s1(gh) = (f2(g, h) + f3(gh))s1(gh)

⇒ f2(g, h)− f1(g, h) = f3(g) + g ∗ f3(h)− f3(gh), ∀g, h ∈ G
An sumbolÐsoume me Z2(G,N) = {f : G × G → N : f factor set} tìte
Z2(G,N) apoteleÐ abelian  om�da me pr�xh (f1 + f2)(g, h) = f1(g, h) +
f2(g, h) gia k�je (g, h) ∈ G×G.
EpÐshc, an B2(G,N) = {φ : G×G→ N : ∃ φ1 : G→ N ¸ste φ(g, h) =
φ1(g)+g∗φ1(g)−φ1(gh) ∀(g, h) ∈ G×G} tìte B2(G,N) eÐnai upoom�da
thc Z2(G,N).
Ta stoiqeÐa thc B2(G,N) kaloÔntai principal factor sets.

Protash 2.18. 'Estw G om�da, N ZG-prìtupo, (b) 0 → N
i1−→

E1
π1−→ G → 1, (b') 0 → N

i2−→ E2
π2−→ G → 1 epekt�seic thc N epÐ G

kai si : G→ Ei apeikonÐseic me πi ◦ si = IdG, i = 1, 2.
Tìte èqoume ìti oi parap�nw epekt�seic eÐnai isodÔnamec an kai mìno an
oi antÐstoiqoi factor sets diafèroun kat� èna principal factor set, dhlad 
f2(g, h)− f1(g, h) = g ∗ ξ(h) + ξ(g)− ξ(gh) gia k�je g, h ∈ G.

Apodeixh. ⇐JewroÔme Φ : E1 → E2 me Φ(as1(g)) = (a−ξ(g))s2(g).
Tìte h Φ eÐnai kal� orismènh kai omomorfismìc om�dwn afoÔ an (as1(g))(bs1(h)) ∈
E1 tìte:

Φ((as1(g))(bs1(h)) = Φ[(a+ g ∗ b+ f1(g, h))(s1(gh))]

= (a+ gxb+ f1(g, h)− ξ(gh)s2(gh)

kai

(a−ξ(g)))s2(g)(b−ξ(h))s2(h) = (a−ξ(g))s2(g)(b−ξ(h))s2(g)−1s2(g)s2(h)

= (a− ξ(g) + g × (b− ξ(h)) + f2(g, h))s2(gh)

= (a− ξ(g) + g × b− g × ξ(h) + f2(g, h))s2(gh)

= (a+ g × b− ξ(g)− g × ξ(h) + f2(g, h))s2
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'Omwc f1(g, h)− ξ(g, h) = f2(g, h)− ξ(g)− g× ξ(h) gegonìc pou deÐqnei
ìti Φ((as1(g))(bs1(h)) = Φ(as1(g))Φ(bs1(h)).
Tèloc mènei na deÐxoume to parak�tw di�gramma

(β) −−−→ N
i1−−−→ E1

π1−−−→ G −−−→ 1∥∥∥ Φ

y ∥∥∥
(β′) 0 −−−→ N

i2−−−→ E2
π2−−−→ G −−−→ 1

eÐnai metajetikì all� autì eÐnai �meso miac kai π2(Φ(as1(g))) = π2((a−
ξ(g))s2(g)) = g = π1(as1(g)) gia k�je (as1(g)) ∈ E1 kai φ(i1(a)) =
φ(a) = a = i2(a) gia k�je a ∈ N .

⇒ AntÐstrofa, upojètoume ìti oi epekt�seic (β), (β′) thc N epÐ
G eÐnai isodÔnamec. Autì shmaÐnei ìti up�rqei omomorfismìc om�dwn
F : E1 → E2 pou k�nei to parak�tw di�gramma metajetikì.

(β) 0 −−−→ N
i1−−−→ E1

π1−−−→ G −−−→ 1∥∥∥ F

y ∥∥∥
(β′) 0 −−−→ N

i2−−−→ E2
π2−−−→ G −−−→ 1

dhlad  F ◦ i1 ≡ i2 kai π2 ◦ F ≡ π1.
'Estw f1 : G × G → N o factor set pou aporrèei apì thn s1. Tì-
te F (f1(g, h)) = F (i1(f1(g, h))) = i2(f1(g, h)) = f1(g, h) gia k�je
(g, h) ∈ G×G.
EpÐshc gia thn sun�rthsh F ◦s1 : G→ E2 parathroÔme ìti π2◦(F ◦s1) =
(π2 ◦ F ) ◦ s1 = π1 ◦ s1 = IdG kai F (s1(1)) = F (1) = 1.
Akìma s1(g)s1(h) = f1(g, h)s1(gh)⇒ F (s1(g))F (s1(h)) =
F (f1(g, h))F (s1(gh)) �ra f2(g, h) − F (f1(g, h)) ∈ B2(G,N) dhlad 
f2(g, h)− f1(g, h) ∈ B2(G,N) �

Porisma 2.19. 'Estw (a) 0 → N
i−→ E

π−→ G → 1 mia epèkta-
sh thc N epÐ G kai èstw [(α)] = {β : 0 → N → E1 → G →
1 epèktash thc NepÐ G/β isodÔnamh me α}. Tìte an E(G,N) = {[(α)] :
(α) epèktash thc N epÐ G} up�rqei 1− 1 kai epÐ antistoiqÐa metaxÔ tou
sunìlou E(G,N) kai tou sunìlou Z2(G,N)/B2(G,N).

Apodeixh. An (a) 0 → N
i−→ E

π−→ G → 1 tìte up�rqei s :
G → E me π ◦ s = IdG. JewroÔme thn apeikìnish Λ : E(G,N) →
Z2(G,N)/B2(G,N) wc ex c:
Λ([(α)]) = fs +B2(G,N) ìpou fs o antÐstoiqoc factor set pou aporrèei
apì thn apeikìnish E.
H L eÐnai kal� orismènh afoÔ an [(α1)] = [(α2)] tìte oi epekt�seic (α1)
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kai (α2) eÐnai isodÔnamec kai qrhsimopoi¸ntac thn prohgoÔmenh prìtash
èqoume ìti oi antÐstoiqoi factors sets f1, f2 pou aporrèoun apì tic apeiko-
nÐseic s1, s2 twn epekt�sewn (α1), (α2) diafèroun kat� èna principal fa-
ctor set, dhlad  f2−f1 ∈ B2(G,N) �ra f1+B2(G,N) = f2+B2(G,N).
EpÐshc h apeikìnish eÐnai 1− 1 kai epÐ.

epÐ: An f + B2(G,N) ∈ Z2(G,N)/B2(G,N) tìte an jewr soume thn
epèktash thc N epÐ G (c) 0 → N → Ef → G → 1 tìte Λ([(c)]) =
f +B2(G,N).

1− 1: An [(α1)], [(α2)] ∈ E(G,N) tètoiec ¸ste Λ([(α1)]) = f1+B2(G,N) =
f2 + B2(G,N) = Λ([(α2)]) tìte f2 − f1 ∈ B2(G,N) kai �ra p�li apì
thn prohgoÔmenh prìtash èqoume ìti h (α1) eÐnai isodÔnamh me thn (α2),
dhlad  [(α1)] = [(α2)].

Parathrhsh 2.20. H kl�sh twn epekt�sewn pou antistoiqeÐ sto
stoiqeÐo 0 +B2(G,N) mèsw thc L eÐnai akrib¸c oi diasp¸menec epekt�-
seic thc N epÐ G.
JewroÔme Λ−1 : Z2(G,N)/B2(G,N) → E(G,N) h opoÐa dÐnetai wc
Λ−1(f + B2(G,N)) = [(α)] ìpou (a) 0 → N → Ef → G → 1.. Tìte

Λ−1(0 + B2(G,N)) = [(α′)] ìpou (a'): 0 → N
i−→ N oϑ G

π′−→ G → 1 h
diasp¸menh epèktash thc N epÐ G.

'Estw G om�da kai N èna ZG-prìtupo. Skopìc aut c thc enìthtac
eÐnai na deÐxoume ìti up�rqei 1-1 kai epÐ antistoiqÐa metaxÔ thc abelian c
om�dac H2(G,N) kai tou sunìlou twn kl�sewn twn epekt�sewn thc N
epÐ G, E(G,N).

Parathrhsh 2.21. Gia thn melèth thc abelian c om�dacH2(G,N) =
Ext2ZG(Z, A) ja jewr soume mia sugkekrimènh probolik  epÐlush tou
terimmènou ZG-protÔpou Z thn Bar Resolution. UpenjumÐzoume ìti an
G om�da, tìte p�nta orÐzetai to tetrimmèno ZG-prìtupo Z apì ton o-
momorfismì om�dwn ϑ : G → Aut(Z) me g → ϑ(g) ìpou ϑ(g) ≡ ϑg kai
ϑg(m) = m gia k�je g ∈ G, m ∈ Z dhlad  ϑg ≡ IdZ gia k�je g ∈ G.

Gia thn kataskeu  thc Bar Resolution tou tetrimmènou ZG-protÔpou
Z qr simh eÐnai h parak�tw prìtash.

Protash 2.22. 'Estw G om�da kai X 6= ∅ sÔnolo. Tìte an h G dra
sto sÔnolo Q h abelian  om�da ZX efodi�zetai me dom  ZG-protÔpou.
UpenjumÐzoume ìti ZX = {

∑
x∈X mx · x : mX ∈ Z kai mX 6= 0 gia

peperasmèno pl joc x ∈ X}, eÐnai eleÔjerh abelian  om�da me b�sh to
Q.
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Apodeixh. ⇒ AfoÔ to Q eÐnai G-sÔnolo, h om�da ZX mporeÐ na
efodiasteÐ me dom  ZG-protÔpou wc ex c:
An g ∈ G kai m ∈ ZX (m =

∑
x∈X mX ìpou mX ∈ Z, mX 6= 0 gia

peperasmèno pl joc x ∈ X), tìte g ∗m =
∑

x∈X mx(g · x).
Profan¸c ikanopoioÔntai ta duo axi¸mata thc dr�shc kai �ra èqoume
omomorfismì om�dwn ϑ : G → Aut(ZX). Kat� thn parat rhsh 2.6
up�rqei monadikìc ϑ̄ : ZG → End(ZX) omomorfismìc daktulÐwn me
ϑ̄|G ≡ ϑ efodi�zontac me dom  ZG-protÔpou thn abelian  om�da ZX.

�

Orismoc 2.23. 'Estw G om�da kai Q G-sÔnolo. Tìte X =
⋃
i∈I Xi

ìpou Xi = [xi] = {y ∈ X : ∃g ∈ G ¸ste y = gxi} kai I èna sÔnolo an-
tipros¸pwn twn troqi¸n thc dr�shc G sto Q, dhlad  |I ∩ [xi] | = 1
gia k�je xi ∈ X. An Gi = StabG(xi) = {g ∈ G : gxi = xi} oi stajero-
poioÔsec upoom�dec thc G tìte h dr�sh thc G sto Q lègetai eleÔjerh
an kai mono an Gi = {1G} gia k�je i ∈ I.

Parathrhsh 2.24. 'Estw Q èna G sÔnolo, X 6= ∅, G om�da. Tìte
gnwrÐzoume oti to Q diamerÐzetai stic troqièc, Xi, dhlad  X =

∐
i∈I Xi

ìpou I eÐnai èna sÔnolo antipros¸pwn twn troqi¸n Xi thc dr�shc thc
G sto Q kai Xi G-uposÔnola tou G-sunìlou Q.
GnwrÐzoume ìti Xi

∼= G/Gi san G-sÔnola ìpou Gi h stajeropoioÔsa
enìc xi ∈ Xi . 'Ara oi eleÔjerec abelianèc om�dec ZXi, Z(G/Gi) me
b�seic Xi, G/Gi antÐstoiqa, eÐnai isìmorfec wc ZG prìtupa. EpÐshc
ZX = ⊕i∈IZXi, �ra ZX ∼= ⊕i∈IZ(G/Gi) wc ZG prìtupa.
Se autì to shmeÐo parathroÔme ta ex c dÔo apotelèsmata:

An h dr�sh thc G sto Q eÐnai eleÔjerh dr�sh, tìte ZX ∼= ⊕i∈IZ(G)
dhlad  h om�da ZX apoteleÐ eleÔjero ZG-prìtupo kai to pl joc twn
stoiqeÐwn thc b�shc tou ZG-protÔpou ZX eÐnai ìso to pl joc twn
troqi¸n Xi thc dr�shc thc G sto Q.

EÐmaste t¸ra se jèsh na kataskeu�soume thn Bar-Resolution tou
tetrimmènou ZG-protÔpou Z.

Parathrhsh 2.25. 'Estw G om�da jewroÔme to kartesianì ginìmeno
G×G× ...×G n+ 1-forèc to opoÐo kai sumbolÐzoume me Gn+1. EpÐshc
jewroÔme thn eleÔjerh abelian  om�da ZGn+1. H om�da Gn+1 apoteleÐ
G-sÔnolo me dr�sh pou orÐzetai mèsw tou pollaplasiasmoÔ thc G:
An g ∈ G, (gi1 , ..., gin) ∈ Gn+1, gij ∈ G, 0 ≤ j ≤ n tìte g(gi0 , ..., gin) =
(ggi0 , ..., ggin) kai �ra apì thn prìtash 2.22 h eleÔjerh abelian  om�da
ZGn+1 efodi�zetai me dom  ZG-protÔpou. H dr�sh thc G sthn om�da
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Gn+1 eÐnai eleÔjerh dr�sh afoÔ an g ∈ G kai (gi0 , gi1 , ..., gin) ∈ Gn+1

tìte

g(gi0 , ..., gin) = (gi0 , ..., gin)⇔ (ggi0 , ..., ggin) = (gi0 , ..., gin)⇔ g = 1

Autì shmaÐnei ìti sthn an�lush tou G-sunìlou Gn+1 se troqièc Xi ì-
pou i ∈ I kai I èna sÔnolo antipros¸pwn twn troqi¸nXi thc dr�shc thc
G sto Q oi stajeropoioÔsec upoom�dec Gi thc G eÐnai tetrimmènec kai
�ra to ZG-prìtupo ZGn+1 kat� thn parat rhsh 2.24 eÐnai eleÔjero me
b�sh èna sÔnolo antipros¸pwn twn troqi¸n Xk thc dr�shc thc G ìpou
Xk = [xk] = {y ∈ Gn+1 : ∃g ∈ G ¸ste y = gxk} kai Gn+1 =

∐
k∈I Xk.

M�lista, k�je troqi� Xk perièqei monadikì stoiqeÐo thc morf c
(1, gk1 , ..., gkn) afoÔ an Xk = [xk] kai dialèxoume antiprìswpo z ∈ Xk

tìte z = (zk0 , ..., zkn) ìpou zkj ∈ G, 0 ≤ j ≤ n. 'Ara to stoiqeÐo z mpo-
reÐ na grafteÐ wc zk0(1, z

−1
k0
zk1 , ..., z

−1
k0
zkn) kai (1, z−1

k0
zk1 , ..., z

−1
k0
zkn) ∈

Xk afoÔ z ∈ Xk.

'Ara se k�je troqi� thc dr�shc thc G epÐ thc Gn+1, up�rqei monadi-
kìc antiprìswpoc thc morf c (1, gk1 , ..., gkn) ∈ Xk. 'Etsi mporoÔme na
jewr soume san b�sh tou ZG-protÔpou ZGn+1 ta stoiqeÐa thc mor-
f c zk ∈ Xk ìpou zk = (1, gk1 , ..., gkn), gkj ∈ G, 1 ≤ j ≤ n dhlad 
ZGn+1 = ⊕i∈IZGzk, zk ∈ Xk to opoÐo kai sumbolÐzoume me Fn. EpÐshc
apodeiknÔetai pio bolikì na eis�goume ton Bar-sumbolismì [| ...| ].
Akribèstera, an (1, gi1 , ..., gin) stoiqeÐo thc b�shc, tìte

(1, gi1 , ..., gin) = (1, gi′1 , gi′1 · gi′2 , ..., gi′1 · gi′2 ... · gi′n)

ìpou gi′1 = gi1 , gi′2 = g−1
i1
gi2 , ..., gi′n = g−1

in−1
gin kai sumbolÐzoume me

[gi′1|gi′2|...|gi′n ] to stoiqeÐo (1, gi′1 , gi′1 · gi′2 , gi′1 · gi′2 · gi′3 , ..., gi′1 · ... · gi′n).

Sth sunèqeia jewroÔme tic apeikonÐseic dj : Fn → Fn−1 me

dj([gi1|gi2|...|gin ]) =


gi1 [gi2|...|gin ] an j = 0[

gi1 |gi2|...|gij−1
|gij+1

|...|gin
]

an 0 < j < n[
gi1|gi2|...|gin−1

]
an j = n

Tìte oi apeikonÐseic dj eÐnai omomorfismoÐ ZG-protÔpwn afoÔ an g ∈ G
tìte

dj(g[gi1|gi2 |...|gin ]) =


ggi1 [gi2 |...|gin ] an j = 0

g
[
gi1|gi2|...|gij−1

|gij+1
|...|gin

]
an 0 < j < n

g
[
gi1|gi2|...|gin−1

]
an j = n

=


gdj([gi1|gi2 |...|gin ]) an j = 0

gdj(
[
gi1|gi2 |...|gij−1

|gij+1
|...|gin

]
) an 0 < j < n

gdj(
[
gi1|gi2|...|gin−1

]
) an j = n
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= gdj([gi1 |gi2|...|gin ])

Jètoume ϑn =
∑n

i=0(−1)idi. Tìte oi ϑn eÐnai omomorfismoÐ ZG-protÔpwn
gia k�je n ∈ N.

Eis�goume twra dÔo orismoÔc gia na apodeÐxoume thn akrÐbeia tou
parak�tw sumplègmatoc.

...→ Fn+1
∂n+1−−−→ Fn

∂n−→ Fn−1 → ...→ F1
∂1−→ ZG = F0

ε−→ Z→ 0

Orismoc 2.26. 'Estw (A∗, ϑ∗), (B∗, d∗) sumplègmata sthn kathgo-
rÐa R-Mod. 'Enac morfismìc f∗ : (A∗, ϑ∗) → (B∗, d∗) sumplegm�-
twn kaleÐtai ”null-homotopic” an up�rqoun omomorfismoÐ R protÔpwn
sn : An → Bn+1 tètoiec ¸ste fn = dn+1sn + sn−1ϑn gia k�je n ∈ N.

−−−→ An+1
ϑn+1−−−→ An

ϑn−−−→ An−1 −−−→ ...

fn

y
−−−→ Bn+1

dn+1−−−→ Bn
dn−−−→ Bn−1 −−−→ ...

Orismoc 2.27. Sthn kathgorÐa R-Mod èna aluswtì sÔmplegma (A∗, ϑ∗)
èqei thn idiìthta ”contracting homotopy” an o tautotikìc morfismìc
IdA∗ : (A∗, ϑ∗)→ (A∗, ϑ∗) eÐnai ”nullhomotopic”, dhlad  Idn = ϑn+1sn+
sn−1ϑn gia k�je n > 0 kai εs−1 = IdA.

An+1
ϑn+1−−−→ An

ϑn−−−→ An−1 −−−→ ... −−−→ A1
ϑ1−−−→ A0

ε−−−→ A −−−→ 0

Idn

y Idn−1

y Id1

y Id0

y IdA

y
An+1

ϑn+1−−−→ An
ϑn−−−→ An−1 −−−→ ... −−−→ A1

ϑ1−−−→ A0
ε−−−→ A −−−→ 0

Parathrhsh 2.28. An èna aluswtì sÔmplegma (A∗, ϑ∗) èqei thn
”contracting homotopy” tìte Hn(A∗) = 0 gia n > 0 afoÔ an x +
Imϑn+1 ∈ kerϑn/Imϑn+1 tìte

x+ Imϑn+1 = Idn(x)+ Imϑn+1 = ϑn+1(sn(x))+sn−1(ϑn(x))+ Imϑn+1

= ϑn+1(sn(x)) + Imϑn+1 = Imϑn+1
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�ra x ∈ Imϑn+1 dhlad  kerϑn = Imϑn+1.

Protash 2.29. To aluswtì sÔmplegma

...→ Fn+1
∂n+1−−−→ Fn

∂n−→ Fn−1 → ...→ F1
∂1−→ ZG = F0

ε−→ Z→ 0

apoteleÐ eleÔjerh epÐlush tou tetrimmènou ZG-protÔpou Z.

Apodeixh. Gia na deÐxoume ìti h parap�nw akoloujÐa apoteleÐ alu-
swtì sÔmplegma qrhsimopoioÔme epagwg  sto m koc thc akoloujÐac.
Gia n = 2 ϑ1 ◦ ϑ2 ≡ 0
ArkeÐ na deÐxoume ìti ϑ1 ◦ ϑ2 ≡ 0 sta stoiqeÐa thc b�shc tou ZG-
protÔpou F2. Akribèstera, èstw (1, g1, g1g2) = [g1|g2] ∈ F2 gi 6= 1
i = 1, 2. Tìte

ϑ1(ϑ2(1, g1, g1g2)) = ϑ1(d0(1, g1, g1g2)− d1(1, g1, g1g2) + d2(1, g1, g1g2))

= ϑ1((g1, g1g2)−(1, g1g2)+(1, g1)) = ϑ1(g1, g1g2)−ϑ1(1, g1g2)+ϑ1(1, g1)

= g1g2 − g1 − (g1g2 − 1) + g1 − 1 = 0

Upojètoume ìti sto epagwgikì b ma isqÔei ∂n−2 ◦ ∂n−1 = 0 kai ja
apodeÐxoume ìti ∂n−1 ◦ ∂n = 0⇒

∂n−1 ◦ ∂n = (
n−2∑
i=0

(−1)idi + (−1)n−1dn−1) ◦ (
n−1∑
i=0

(−1)idi + (−1)ndn)

= (∂n−2 + (−1)n−1dn−1) ◦ (∂n−1 + (−1)ndn)

= ∂n−2◦∂n−1+∂n−2◦((−1)ndn)+(−1)n−1dn−1◦(∂n−1)+(−1)2n−1dn−1◦dn

= 0+
n−2∑
i=0

(−1)idi◦((−1)ndn)+(−1)n−1dn−1◦(
n−1∑
i=0

(−1)idi)+(−1)2n−1dn−1◦dn

apì epagwgik  upìjesh

=
n−2∑
i=0

(−1)i+ndi ◦ dn +
n−1∑
i=0

(−1)i+n−1dn−1 ◦ di + (−1)2n−1dn−1 ◦ dn (∗)

Qrhsimopoi¸ntac thn parat rhsh ìti di ◦ dj = dj−1 ◦ di gia k�je i < j
èqoume:

(∗) =
n−2∑
i=0

(−1)i+ndn−1 ◦di+
n−2∑
i=0

(−1)i+n−1dn−1 ◦di+(−1)2n−2dn−1 ◦dn−1

= (−1)2n−2dn−1 ◦ dn−1 + (−1)2n−1dn−1 ◦ dn
= (−1)2n−2dn−1 ◦ dn−1 + (−1)2n−1dn−1 ◦ dn−1

= −(−1)2n−1dn−1 ◦ dn−1 + (−1)2n−1dn−1 ◦ dn−1 = 0

�
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To sÔmplegma

...→ Fn+1
∂n+1−−−→ Fn

∂n−→ Fn−1 → ...→ F1
∂1−→ ZG = F0

ε−→ Z→ 0

èqei thn contracting homotopy, ìpou ε : ZG → Z o ZG-omomorfismìc
me ε(x) =

∑
mg, x =

∑
g∈Gmgg.

Pr�gmati, orÐzoume s1 : Z→ ZG = F 0 me s−1(1Z) = 1ZG tìte s−1(m+
n) = (m+n)1ZG = m1ZG+n1ZG = s−1(m)+s−1(n) gia k�je m,n ∈ Z.
ParathroÔme ìti gia na orÐsoume sn : Fn → Fn+1 omomorfismì abelia-
n¸n om�dwn arkeÐ na ton orÐsoume sta stoiqeÐa thc b�shc thc eleÔjerhc
abelian c Fn dhlad  sthn om�da F n+1 = G×G× ...×G︸ ︷︷ ︸

n+1 forec

. 'Etsi jètou-

me sn((g0, g1, ..., gn)) = (1, g0, g0g1, ..., g0g1...gn) = [g0|g1|...|gn] ∈ Fn+1.
EÔkola parathreÐ kaneÐc ìti sn : Fn → Fn+1 apoteleÐ omomorfismì abe-
lian¸n om�dwn. EpÐshc oi apeikonÐseic sn : Fn → Fn+1 ikanopoioÔn ta
ex c:
i) εs−1(m) = m gia k�je m ∈ Z dhlad  εs−1 = IdZ.
ii) Idn = ∂n+1sn + sn−1∂n gia k�je n > 0.

... // Fn
ϑn
//

sn

��

Idn
��

Fn−1
//

sn−1
||

Idn−1

��

... // F1
ϑ1
//

s1

��

Id1
��

ZG ε
//

s0
~~

Id0
��

Z //

s−1
~~

IdZ
��

0

... // Fn
ϑn
// Fn−1

// ... // F1
ϑ1
// ZG // Z // 0

To i) eÐnai �meso. Gia to ii) arkeÐ na epalhjeuteÐ sta stoiqeÐa thc b�shc
thc eleÔjerhc abelian c om�dac Fn.
Pr�gmati

(∂n+1sn + sn−1∂n)(g0, ..., gn)

= ∂n+1(1, g0, ..., gn) + sn−1(
n∑
i=0

(−1)i(g0, ..., gi−1, gi+1, ..., gn))

= (g0, ..., gn) +
n∑
i=0

(−1)k+1(1, g0, ..., gk−1, gk+1, ..., gn)+

n∑
i=0

(−1)i(1, g0, ..., gi−1, gi+1, ..., gn) = (g0, ..., gn)

'Ara kat� thn parat rhsh 2.28 to aluswtì sÔmplegma
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F∗ : ...→ Fn
∂n−→ Fn−1 → ...→ F1

∂1−→ ZG ε−→ Z→ 0

èqei thn contracting homotopy, dhlad  Hn(F∗) = 0 gia k�je n > 0, �ra
apoteleÐ eleÔjerh epÐlush tou tetrimmènou ZG-protÔpou Z, h opoÐa
kaleÐtai unormalized bar resolution.

Parathrhsh 2.30. JewroÔme toG-sÔnoloGn+1 ìpwc orÐsthke sthn
parat rhsh 2.25 kai jewroÔme to uposÔnolo A ⊆ Gn+1 to opoÐo apote-
leÐtai apì stoiqeÐa thc {(g0, g1, ..., gn) : gi ∈ G kai ∃j ∈ {0, ...,m} ¸ste gj = gj+1}.

To uposÔnolo A ⊆ Gn+1 dèqetai dom  G-sunìlou wc ex c:
An g ∈ G kai x = (x0, x1, ..., xn) ∈ A, tìte gx = (gx0, gx1, ..., gxn) h
opoÐa eÐnai kal� orismènh afoÔ xj = xj+1 gia k�poio j ∈ {0, ..., n} kai
�ra gxj = gxj+1.
M�lista h dr�sh thc G sto sÔnolo A eÐnai eleÔjerh dr�sh �ra ka-
t� thn parat rhsh 2.24 to to Z(A) eÐnai eleÔjero ZG-upoprìtupo tou
Fn me b�sh ta stoiqeÐa thc morf c [g0|g1|...|gn] kai gj = 1 gia k�poio
j ∈ {0, ..., n} kai sumbolÐzetai me Dn.

Lhmma 2.31. An ∂n : Fn → Fn−1 oi omomorfismoÐ pou orÐsthkan
sthn parat rhsh 2.25 tìte ∂n(Dn) ⊆ Dn−1 kai �ra oi omomorfismoÐ ∂n
epekteÐnontai se omomorfismoÔc ∂̄n : Fn/Dn → Fn−1/Dn−1.

Apodeixh. ArkeÐ na deÐxoume ìti ∂n(Dn) ⊆ Dn−1 sta stoiqeÐa thc
b�shc thc eleÔjerhc abelian c Dn èstw (g0, g1, ..., gn) stoiqeÐo thc b�-
shc. Tìte gj = gj+1 gia k�poio j ∈ {0, ..., n}. Tìte

∂n(g0, g1, ..., gn) =
n∑
j=0

(−1)jdj(g0, g1, ..., gn)

= (−1)0(g1, ..., gn)+(−1)1(g0, g2, ..., gn)+...+(−1)j(g0, g1, ..., gj−1, gj+1, ..., gn)

+(−1)j+1(g0, g1, ..., gj, gj+2, ..., gn) + (−1)n(g0, g1, ..., gn−1)

= (g1−g0+g0+...+(−1)ng0, ..., gj−gj+...+(−1)j−1gj+(−1)jgj+1+(−1)j+1gj+...+

(−1)ngj, gj+1−gj+1+...+(−1)jgj+1+(−1)j+1gj+...+(−1)ngj+1, ..., gn−gn+...+(−1)ngn−1)

afoÔ gj = gj+1 tìte xj = xj+1 ìpou xj = gj − gj + ... + (−1)j−1gj +
(−1)jgj+1 + (−1)j+1gj + ... + (−1)ngj kai xj+1 = gj+1 − gj+1 + ... +
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(−1)jgj+1 + (−1)j+1gj + ...+ (−1)ngj+1 kai �ra ∂n(g0, g1, ..., gn) ∈ Dn−1

gia k�je n > 0.

EÐmaste t¸ra se jèsh na apodeÐxoume to akìloujo je¸rhma:

Jewrhma 2.32. To aluswtì sÔmplegma

...→ Fn/Dn
∂̄n−→ Fn−1/Dn−1 → ...→ F1/D1

∂̄1−→ ZG ε−→ Z→ 0

apoteleÐ eleÔjerh epÐlush tou tetrimmènou ZG-protÔpou Z kai kaleÐtai
normalized Bar resolution.

Apodeixh. Gia na apodeÐxoume ìti eÐnai sÔmplegma qrhsimopoioÔme
epagwg  sto n. Gia na p�roume thn akrÐbeia arkeÐ na parathr soume
ìti oi omomorfismoÐ abelian¸n om�dwn sn : Fn → Fn+1 pou orÐsthkan
sto l mma 2.31 epekteÐnontai se omomorfismoÔc abelian¸n om�dwn s̄n :
Fn/Dn → Fn+1/Dn+1. Pr�gmati, sn(Dn) ⊆ Dn+1 gia k�je n afoÔ
an (g0, g1, ..., gn) stoiqeÐo thc b�shc thc eleÔjerhc abelian c Dn tìte
gj = gj+1 gia k�poio j ∈ {0, ..., n}.
EpÐshc eÔkola mporeÐ na epalhjeÔsei kaneÐc ìti:
i) εs̄−1(m) = m gia k�je m ∈ Z dhlad  εs̄−1 = ĪdZ.
ii) Īdn = ∂̄n+1s̄n + s̄n−1∂̄n gia k�je n > 0.

'Ara ìpwc kai sto L mma 2.31 to parap�nw sÔmplegma abelian¸n
om�dwn èqei thn contracting homotopy kai apoteleÐ eleÔjerh epÐlush
tou tetrimmènou ZG-protÔpou Z.

Parathrhsh 2.33. 'Estw Fn, Dn ta ZG-prìtupa pou orÐsthkan
prohgoumènwc kai èstw x ∈ Fn. Tìte to x gr�fetai kat� monadikì
trìpo x =

∑
λaiai ìpou ai = [gi1|gi2|...|gin ]. H èkfrash tou x mporeÐ

isodÔnama na grafteÐ x =
∑
λbibi+

∑
λcjcj ìpou bi = [xi1|xi2|...|xin ] kai

xik = 1 gia k�poio 1 ≤ k ≤ n kai cj = [yj1|yj2|...|yjn ], yjl 6= 1 gia k�je
1 ≤ l ≤ n. 'Etsi Fn = Dn⊕Qn ìpou Qn eÐnai to eleÔjero ZG-prìtupo
me b�sh to sÔnolo Bn = {{[yj1|yj2|...|yjn ] : yjl 6= 1, 1 ≤ l ≤ n} .



32 2

'Ara up�rqoun ZG-isomorfismoÐ fn : Fn/Dn → Qn me fn(x+Dn) =
fn(
∑
λbibi +

∑
λcjcj +Dn) =

∑
λcjcj, gia k�je n > 0.

'Etsi an jewr soume tic apeikonÐseic qn = fn−1 ◦ ∂̄n ◦ f−1
n

Fn/Dn
∂̄n−−−→ Fn−1/Dn−1

fn

y fn−1

y
Qn

qn−−−→ Qn−1

tìte oi qn eÐnai omomorfismoÐ ZG-protÔpwn kai afoÔ h akoloujÐa F∗/D∗ :

...Fn/Dn
∂̄n−→ Fn−1/Dn−1 → ...→ F1/D1

∂̄1−→ ZG ε−→ Z→ 0 eÐnai akrib c
kai fn isomorfismoÐ gia k�je n tìte kai h akoloujÐa

Q∗ : ...Qn
qn−→ Qn−1 → ...

q2−→ Q1
q1−→ ZG→ Z

eÐnai akrib c.

H parap�nw diadikasÐa mac epitrèpei na jewr soume thn eleÔjerh e-
pÐlush tou tetrimmènou ZG-protÔpou Z, Q∗ ènanti thc F∗/D∗.

UpologÐzontac t¸ra tic timèc twn q1, q2, q3 èqoume

q1([x]) = (x− 1) [ ]

ìpou [ ] = (1) b�sh tou eleÔjerou ZG-protÔpou ZG.

q2([x|y]) = f1(∂̄2(f−1
2 ([x|y]))) = f1(∂̄2([x|y] +D2))

= f1((x, xy) +D1 − (1, xy) +D1 + (1, x) +D1)

= x(f1(1, y) +D1)− f1((1, xy) +D1) + f1((1, x) +D1)

= x [y]− [xy] + [x]

epeid  h f1 eÐnai ZG omomorfismìc.

q3([x|y|z]) = f2(∂̄3(f−1
3 ([x|y|z]))) = f2(∂̄3([x|y|z] +D3))

= f2((x, xy, xyz)+D2−(1, xy, xyz)+D2+(1, x, xyz)+D2)−(1, x, xy)+D2)
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= x(f2(1, y, yz)+D2)−f2((1, xy, xyz)+D2)+f2((1, x, xyz)+D2)−f2((1, x, xy)+D2)

= x [y|z]− [xy|z] + [x|yz]− [x|y]

ìpou x, y, z 6= 1.

Jewrhma 2.34. 'Estw G om�da kai N ZG-prìtupo. Tìte:

H1(G,N) =
Der(G,N)

P (G,N)

kai

H2(G,N) =
Z2(G,N)

B2(G,N)

ìpou Der(G,N) , P (G,N) ta sÔnola twn derivations kai inner deriva-
tions antÐstoiqa kai Z2(G,N) , B2(G,N) ta sÔnola twn factor sets kai
principal factor sets antÐstoiqa.

Apodeixh. JewroÔme thn eleÔjerh epÐlush

Q∗ : ...Qn
qn−→ Qn−1 → ...

q2−→ Q1
q1−→ Q0 = ZG ε−→ Z→ 0

kai efarmìzoume ton sunart th HomZG(−, N).

AfoÔ oHomZG(−, N) eÐnai prosjetikìc kai arister� akrib c èqoume
to parak�tw sunaluswtì sÔmplegma

0→ HomZG(Z, N)
ε∗−→ HomZG(Z, N)

q∗1−→ HomZG(Q1, N)
q∗2−→ HomZG(Q2, N)

q∗3−→

HomZG(Q3, N)
q∗4−→ HomZG(Q4, N)→ ...

q∗n−→ HomZG(Qn, N)
q∗n+1−−→ ...

ap�opou H1(G,N) =
kerq∗2
Imq∗1

, H2(G,N) =
kerq∗3
Imq∗2

.

Tìte d ∈ kerq∗2 ⇔ q∗2(d) = 0 ⇔ d ◦ q2 ≡ 0 ⇔ d(q2([x|y]) = 0
gia k�je [x|y] stoiqeÐo thc b�shc tou eleÔjerou ZG protÔpou Q2 ⇔
d(x [y]− [x|y] + [x]) = 0⇔ d([x|y]) = xd([y]) + d([x])⇔ d derivation.

d ∈ Im∂∗1 ⇔ up�rqei h : ZG → N me d = q∗1(h) = h ◦ q1 ⇔ q([g]) =
(g − 1)

'Ara d([g]) = h((g−1) [ ]) = (g−1)h([ ]) = (g−1)a ìpou a = h([ ]), a ∈
N dhlad  d inner derivation.
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Parìmoia

f ∈ ker∂∗3 ⇔ q∗3(f) = 0⇔ f ◦ q3 ≡ 0⇔ f(q3 [x|y|z]) = 0

gia k�je [x|y|z] stoiqeÐo thc b�shc tou eleÔjerou tou eleÔjerou ZG-
protÔpou Q3.

⇔ f(x [y|z]− [xy|z] + [x|yz]− [x|y]) = 0

⇔ xf([y|z]) + f([x|yz]) = f([x|y]) + f([xy|z])⇔ f factorset

f ∈ Imq∗2 ⇔ ∃ϕ : Q1 → ¸ste f = q∗2(ϕ) = ϕ ◦ q2

f([x|y]) = ϕ(q2 [x|y])

gia k�je [x|y] stoiqeÐo thc b�shc tou eleÔjerou tou eleÔjerou ZG-
protÔpou Q2

= ϕ(x [y]− [xy] + [x]) = xϕ([y])− ϕ([xy]) + ϕ([x])

dhlad  h f eÐnai principal factor set. �

Porisma 2.35. 'Estw G om�da kai N èna ZG-prìtupo. Tìte up�rqei
1-1 kai epÐ antistoiqÐa metaxÔ thc abelian c om�dac H2(G,N) kai tou
sunìlou twn kl�sewn twn epekt�sewn thc N epÐ G, E(G,N).

Apodeixh. 'Ameso apì to prohgoÔmeno je¸rhma kai to pìrisma 2.19.
�
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1) 'Estw G om�da, M, N ZG-prìtupa kai ξ : M → N omomorfi-
smìc ZG-protÔpwn. Tìte o x ep�gei omomorfismì abelian¸n om�dwn
ξ∗ : H2(G,N)→ H2(G,M).

2) 'Estw G, H om�dec, N ZG-prìtupo kai ϕ : H → G omomorfismìc o-
m�dwn. Tìte o f ep�gei omorfismì abelian¸n om�dwn ϕ∗ : H2(G,N)→
H2(H,Nϕ).

Se aut n thn enìthta ja melet soume touc omomorfismoÔc ϕ∗, ξ∗ sto
plaÐsio twn epekt�sewn, dhlad :

ϕ∗ : E(G,N)→ E(H,Nϕ)

ξ∗ : E(G,M)→ E(G,N)

Ac jewr soume pr¸ta thn perÐptwsh ìpou φ : H → G omomorfismìc
om�dwn.O omomorfsmìc om�dwn φ : H → G efodi�zei me dom  ZH-
protÔpou to ZG-prìtupo N wc ex c:
An h ∈ H kai a ∈ N tìte jètoume h ∗ a = φ(h) · a.
H dr�sh aut  eÐnai kal� orismènh, �ra ep�gei omomorfismì om�dwn
ρ : H → Aut(N) me ρh(a) = h ∗ a gia k�je a ∈ N .
'Ara, sth sunèqeia sumbolÐzoume me Nφ to ZH prìtupo pou orÐsthke
pio p�nw.

JewroÔme mia epèktash thc N epÐ G (a) 0→ N
i1−→ E

ρ1−→ G→ 1G kai to
sÔnolo F = E ×GH := {(e, h) ∈ E ×H/ρ1(e) = φ(h)}. Tìte h F eÐnai
upoom�da thc E ×H. OrÐzoume f : E ×G H → E, p2 : E ×G H → H
me f(e, h) = e, p2(e, h) = h antÐstoiqa.

Tìte oi f, p2 eÐnai omomorfismoÐ om�dwn wc periorismoÐ twn antÐstoi-
qwn probol¸n π1 : E×H → E, π2 : E×H → H. Jètoume i2 : Nφ → F
me i2(a) = (i1(a), 1H) , a ∈ Nφ. H apeikìnish aut  eÐnai kal� orismènh
afoÔ ρ1(i1(a)) = 1G = φ(1h) kai omomorfismìc om�dwn.
'Etsi èqoume to akìloujo di�gramma to opoÐo eÐnai metajetikì.

(α′) 0 −−−→ Nϕ
i2−−−→ F

ρ2−−−→ H −−−→ 1H∥∥∥ f

y ϕ

y
(α) 0 −−−→ N

i1−−−→ E
ρ1−−−→ G −−−→ 1G

Pr�gmati, sto pr¸to tetr�gwno èqoume gia k�je a ∈ Nϕ f(i2(a)) =
f(i1(a), 1H) = i1(a) kai sto deÔtero tetr�gwno gia k�je (e, h) ∈ F
φ(ρ2(e, h)) = φ(h) = ρ1(e) = ρ1(f(e, h)).
ParathroÔme ìti h i2 : Nφ → E ×G H me i2(a) = (i1(a), 1H) eÐnai mo-
nomorfismìc om�dwn. EpÐshc h ρ2 : F → H eÐnai epimorfismìc afoÔ
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an h ∈ H tìte jewroÔme to stoiqeÐo φ(h) kai qrhsimopoi¸ntac ìti h ρ1

eÐnai epimorfismìc up�rqei e ∈ E tètoio ¸ste ρ2(e, h) = h.

Tèloc Imi2 = kerp2 afoÔ an y ∈ Imi2 up�rqei x ∈ Nϕ tètoio ¸ste
y = i2(x) = (i1(x), 1H). 'Omwc ρ2(i2(x)) = ρ2(i1(x), 1H) = 1H �ra
Imi2 ⊆ kerρ2.

AntÐstrofa, an z ∈ kerρ2 ⊆ F tìte z = (e, h) gia k�poio (e, h) ∈ F .

'Eqoume ρ2(e, h) = 1H afoÔ z ∈ kerρ2.
'Ara h = 1H , dhlad  z = (e, 1H). EpÐshc φ(ρ2(e, 1H)) = 1H ⇒
ρ1(f(e, 1H)) = 1H ⇒ ρ1(e) = 1H ⇒ e ∈ kerρ1 = Imi1 ⇒ e = i1(a) gia
k�poio a ∈ N �ra z = (i1(a), 1H) = i2(a), z ∈ Imi2, kerρ2 ⊆ Imi2.

Dhlad  h akoloujÐa (a'): 0 → Nφ
i2−→ F

ρ2−→ H → 1H apoteleÐ bra-
qeÐa akrib  akoloujÐa om�dwn, epomènwc eÐnai mia epèktash thc Nφ epÐ
H.
'Etsi an jewr soume thn dr�sh suzugÐac pou ep�gei h H sthn N mèsw
thc epèktashc (a') tìte:

h ·a = (e, h) ·a · (e, h)−1 = (e, h) ·a · (e−1, h−1) = (e, h) · i2(a) · (e−1, h−1)

= (e, h) · (i1(a), 1H) · (e−1, h−1) = (e · i1(a) · e−1, 1H) = e · a · e−1

dhlad  h dr�sh sumpÐptei me thn dr�sh pou ep�getai apì ton omomorfi-
smì om�dwn φ, �ra [(α′)] ∈ E(H,Nϕ) ìpou
[(α′)] = {(β) : 0→ N → F1 → H : (β) epèktash thc N epÐ H, (b) isodÔnamh me thn (a')}

Epomènwc apì mia epèktash thc N epÐ G, (a): 0→ N
i1−→ E

ρ1−→ G→ 1G

kataskeu�same thn epèktash thc Nφ epÐ H (a'): 0→ Nφ
i2−→ F

ρ2−→ H →
1H ìpou F = E ×G H.

Shmei¸noume ìti to zeÔgoc (F, ρ2, f) apoteleÐ to pull-back twn omomor-
fism¸n ϕ, ρ1.

UpenjumÐzoume ed¸ thn ènnoia tou pull-back sthn kathgorÐa twn om�dwn
kai omomorfism¸n om�dwn.

Orismoc 2.36. 'Estw A, B, C om�dec kai f : B → A, g : C → A
omomorfismoÐ om�dwn.
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C

g

y
B −−−→

f
A

'Estw ìti up�rqoun om�da P kai omomorfismoÐ om�dwn α : P → C, β :
P → B tètoioi ¸ste:
1) To parak�tw di�gramma na metatÐjetai, dhlad  g ◦ α = f ◦ β.

P −−−→
α

C

β

y g

y
B −−−→

f
A

2) An D om�da kai α′ : D → C, β′ : D → B omomorfismoÐ om�dwn tè-
toioi ¸ste g ◦α′ = f ◦β′, tìte up�rqei monadikìc omomorfismìc om�dwn
ϑ : D → C tètoioc ¸ste α ◦ ϑ = α′ kai β ◦ ϑ = β′.
Tìte lème ìti to zeÔgoc (P, α, β) apoteleÐ èna pull back twn omomorfi-
sm¸n g, f .

D

β′

��

α′

''

ϑ
  

P

β
��

α
// C

g
��

B
f
// A

IsqÔei ìti up�rqei to pull back kai eÐnai monadikì wc proc fusikì isomor-
fismì. 'Etsi mèsw thc ènnoiac tou pull-back gia φ : H → G, omomorfi-
smì om�dwn mporoÔme na orÐsoume apeikìnish Z : E(G,N)→ E(H,Nϕ)

wc ex c: 'Estw (a): 0 → N
i1−→ E

ρ1−→ G → 1G h epèktash thc N epÐ
G pou orÐsthke sthn arq  thc enìthtac kai [(α)] h kl�sh twn isodÔ-
namwn epekt�sewn thc N epÐ G proc thn (a). Jètoume Z([α]) = [(α′)]

ìpou (a'): 0 → Nφ
i2−→ E ×G H

ρ2−→ H → 1H h epèktash thc Nφ epÐ H
ìpwc orÐsthke sthn arq  thc enìthtac mèsw tou omomorfismoÔ om�dwn
φ : H → G. Ja deÐxoume ìti h Z eÐnai kal� orismènh.

Pr�gmati, jewroÔme epèktash thc N epÐ G (b): 0 → N
j1−→ E1

q1−→
G→ 1G isodÔnamh me thn (a). Autì shmaÐnei ìti up�rqei isomorfismìc
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om�dwn ξ1 : E1 → E pou k�nei to parak�tw di�gramma metajetikì:

(β) 0 −−−→ N
j1−−−→ E1

q1−−−→ G −−−→ 1G

IdN

∥∥∥ ξ1

y IdG

∥∥∥
(α) 0 −−−→ N

i1−−−→ E
ρ1−−−→ G −−−→ 1G

dhlad  ρ1 ◦ ξ1 = q1, ξ1 ◦ j1 = i1.

EpÐshc èqoume ta akìlouja metajetik� diagr�mmata

(β) 0 −−−→ N
j1−−−→ E1

q1−−−→ G −−−→ 1H

IdN

∥∥∥ f1

x φ

x
(β′) 0 −−−→ Nϕ

j2−−−→ E1 ×G H
q2−−−→ H −−−→ 1H

ìpou f1(e1, h) = e1, q2(e1, h) = h, j2(a) = (j1(a), 1H) , (e1, h) ∈
E1 ×G H, a ∈ Nϕ

(α) 0 −−−→ N
i1−−−→ E

ρ1−−−→ G −−−→ 1H

IdN

∥∥∥ f2

x ϕ

x
(α′) 0 −−−→ Nϕ

i2−−−→ E ×G H
ρ2−−−→ H −−−→ 1H

ìpou f2(e, h) = e, ρ2(e, h) = h, i2(a) = (i1(a), 1H), (e, h) ∈ E ×G
H, a ∈ Nϕ

JewroÔme ta ex c diagr�mmata

E1 ×G H

ξ1◦f1

��

q2

**E ×G H
f2
��

ρ2
// H

φ
��

E
ρ1

// G

Tìte eÔkola mporeÐ na parathr sei kaneÐc ìti ta zeÔgh (E ×G H, ρ2, f2) ,
(E1 ×G H, q2, ξ1 ◦ f1) eÐnai pull-back twn omomorfism¸n ρ1, ϕ. 'Ara a-
pì thn kajolik  idiìthta tou pull-back up�rqei monadikìc isomorfismìc
om�dwn ξ2 : E1 ×G H → E ×G H.
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E1 ×G H

ξ1◦f1

��

q2

**

ξ2
&&

E ×G H
f2
��

ρ2
// H

φ
��

E
ρ1

// G

tètoioc ¸ste ρ2 ◦ ξ2 = q2 kai f2 ◦ ξ2 = ξ1 ◦ f1.
M�lista o isomorfismìc om�dwn ξ2 : E1 ×G H → E ×G H dÐnetai apì
ton tÔpo ξ2(e1, h) = (ξ1(e1), h).
Mènei na deÐxoume ìti to parak�tw di�gramma metatÐjetai

(β′) 0 −−−→ Nϕ
j2−−−→ E1 ×G H

q2−−−→ H −−−→ 1H

IdN

∥∥∥ ξ2

y IdH

∥∥∥
(α′) 0 −−−→ Nϕ

i2−−−→ E ×G H
ρ2−−−→ H −−−→ 1H

Pr�gmati, ξ2(j2(a)) = ξ2(j1(a), 1H) = (ξ1(j1(a)), 1H) = (i1(a), 1H) =
j1(a) gia k�je a ∈ Nϕ kai ρ2(ξ2(e1, h)) = q2(e1, h) = h gia k�je
(e1, h) ∈ E1 ×G H.
'Ara h epèktash thc Nϕ epÐ H, (b') eÐnai isodÔnamh me thn epèktash thc
Nϕ epÐ H ,(b). Me �lla lìgia h apeikìnish Z : E(G,N) → E(H,Nϕ)
eÐnai kal� orismènh.

Ac jewr soume t¸ra thn perÐptwsh ìpou N, M ZG-prìtupa kai
f : N → M omomorfismìc ZG-protÔpwn. 'Estw [(c)] ∈ E(G,N) dhla-

d  epèktash thc N epÐ G ,(c) : 0 → N
i1−→ E

ρ1−→ G → 1G tètoia ¸ste
to N eÐnai ZG-prìtupo me dr�sh (g, n)→ g · n = x · n · x−1, ρ1(x) = g.
To M efodi�zetai me dom  ZE-protÔpou mèsw tou ZG-omomorfismoÔ

ρ1 wc ex c:
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An e ∈ E kai m ∈M jètoume e ∗m = ρ1(e) ·m. 'Etsi èqoume ton omo-
morfismì om�dwn ϑ : E → Aut(M) me ϑ(e) = ϑe ìpou ϑe(m) = e ∗m.

Epomènwc orÐzetai to hmieujÔ ginìmeno thc M epÐ E M oϑ E me pr�xh:
(k, d)(l, e) = (k + ϑd(l), de) gia k�je (k, d), (l, e) ∈M × E.

JewroÔme epÐshc thn mikrìterh kanonik  upoom�da S thc M oϑ E pou
par�getai apì ta stoiqeÐa (−f(n), i1(n)), n ∈ N kai touc omomorfi-
smoÔc om�dwn:

φ1 : E →M oϑ E/S me φ1(e) = (0M , e)S ∀e ∈ E

φ2 : M →M oϑ E/S me φ2(m) = (m, 1E)S ∀m ∈M

dhlad  φ1 ≡ π1 ◦ j1 : E → M oϑ E/S me j1(e) = (0M , e) gia k�je
e ∈ E kai φ2 ≡ π1 ◦ j2 : M → M oϑ E/S me j2(m) = (m, 1E) gia k�je
m ∈M .
T¸ra, eÔkola parathreÐ kaneÐc ìti ta parak�tw diagr�mmata metatÐjen-
tai.

(1)

N −−−→
i1

E

f

y φ1

y
M −−−→

φ2
M oϑ E

(2)

N −−−→
i1

E

f

y ρ1

y
M −−−→

1G
G

ìpou 1G(m) = 1G gia k�je m ∈M .
'Ara an jewr soume to di�gramma

N
i1

//

f
��

E

φ1
��

ρ1

��

M
φ2
//

1G

**

M oϑ E/S

ρ

%%
G
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mporoÔme na broÔme omomorfismì om�dwn ρ : M oϑ E/S → G tètoion
¸ste ρ ◦ φ2 = 1G kai ρ ◦ φ1 = ρ1.
Pr�gmati, jètontac ρ((m, e)S) = ρ1(e) èqoume ìti h ρ eÐnai kal� ori-
smènh afoÔ an (m1, e1)S = (m2, e2)S tìte (m1, e1)(m2, e2)−1 ∈ S ìpou
(m2, e2)−1 = (−e−1

2 m2, e
−1
2 ).Ara (m1 − e1e

−1
2 ∗m2, e1e

−1
2 ) ∈ S. Epomè-

nwc (m1 − e1e
−1
2 ∗m2, e1e

−1
2 ) =

(α1, β1)(−f(n1), i1(n1))(−β−1
1 α1, β

−1
1 )(α2, β2)(−f(n2), i1(n2))(−β−1

2 α2, β
−1
2 )...

(αk, βk)(−f(nk), i1(nk))(−β−1
k αk, β

−1
k )

= (α1−β1∗f(n1), β1i1(n1))(−β−1
1 α1, β

−1
1 )(α2, β2)(−f(n2), i1(n2))(−β−1

2 α2, β
−1
2 )...

(αk, βk)(−f(nk), i1(nk))(−β−1
k αk, β

−1
k )

= (α1−β1∗f(n1)−β1i1(n1)∗β−1
1 α1, β1i1(n1)β−1

1 )...(αk, βk)(−f(nk), i1(nk))(−αk, β−1
k )

= (α1−β1∗f(n1)−β1i1(n1)∗β−1
1 α1−..., β1i1(n1)β−1

1 β2i1(n2)β−1
2 ...βki1(nk)β

−1
k )

ìpou (αi, βi) ∈M oϑ E gia i = 1, 2, ..., k.

Sunep¸c e1e
−1
2 = β1i1(n1)β−1

1 β2i1(n2)β−1
2 ...βki1(nk)β

−1
k ⇒

ρ1(e1e
−1
2 ) = ρ1(β1i1(n1)β−1

1 β2i1(n2)β−1
2 ...βki1(nk)β

−1
k )

= ρ1(β1)ρ1(i1(n1))ρ1(β−1
1 )ρ1(β2)ρ1(i1(n2))ρ1(β−1

2 )...ρ1(βk)ρ1(i1(nk))ρ1(β−1
k )

= ρ1(β1)ρ1(β−1
1 )ρ1(β2)ρ1(β−1

2 )...ρ1(βk)ρ1(β−1
k ) = 1

'Ara ρ1(e1) = ρ1(e2) dhlad  h r eÐnai kal� orismènh.

Tèloc eÔkola parathreÐ kaneÐc ìti h ρ eÐnai epimorfismìc om�dwn.
Me autìn ton trìpo kataskeu�same mia epèktash om�dwn (c′) : 0 →
M

φ2−→M oϑ E/S
ρ−→ G→ 1G.

ParathroÔme epÐshc eÔkola ìti h apeikìnish φ2 : M → M oϑ E/S me
φ2(m) = (m, 1e)S eÐnai monomorfismìc om�dwn. Tèloc prèpei na deÐxou-
me ìti Imφ2 = kerρ gia na p�roume thn akrÐbeia thc (c′).

kerρ ⊆ Imφ2 'Estw (m, e)S ∈MoϑE/S tètoio ¸ste ρ((m, e)S) = 1G.

Tìte ρ1(e) = 1G kai apì thn akrÐbeia thc akoloujÐac (c): 0 → N
i1−→

E
ρ1−→ G→ 1G, Imi1 = kerρ1, up�rqei a ∈ N tètoio ¸ste i1(a) = e.

Epomènwc (m, e)S = (m, i1(a))S = (m, 1E)S(0M , i1(a))S =
(m, 1E)S(−f(a), 1E)S = (m − f(a), 1E)S ìpou (m − f(a), 1E)S =
φ2(m− f(a)) = φ2(z) �ra up�rqei z ∈M tètoio ¸ste φ2(z) = (m, e)S.

Imφ2 ⊆ kerρ EÐnai �meso apì to di�gramma (2).

Epomènwc h akoloujÐa (c′): 0→M
φ2−→M oϑE/S

ρ−→ G→ 1G eÐnai mia
braqeÐa akrib c akoloujÐa om�dwn, dhlad  mia epèktash thc M epÐ G.
EpÐshc h dr�sh pou ep�gei h om�da G sthn om�daM mèsw thc epèktashc
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(c′) eÐnai h g·m = (x, e)S(m, 1E)S(−x, e−1)S = ρ((x, e)S)·m = ρ1(e)·m
dhlad  h dom  tou ZG-protÔpou M pou ep�gei h G mèsw thc (c′) eÐnai h
Ðdia me aut n tou ZG-protÔpou M ìpwc orÐsthke arqik�. 'Ara an [(c′)]
h kl�sh twn isodÔnamwn epekt�sewn thc M epÐ G proc thn [(c′)] tìte
[(c′)] ∈ E(G,M).
'Ara autì pou katafèrame eÐnai to ex c:
An N,M ZG-prìtupa ìpwc orÐsthkan sthn arq  thc enìthtac kai [(c)] ∈
E(G,N) dhlad  (c): 0 → N

i1−→ E
ρ1−→ G → 1G mia epèktash thc N

epÐ G tìte kataskeu�same epèktash thc M epÐ G, (c′) 0 → M
φ2−→

M oϑ E/S
ρ−→ G → 1G me [(c′)] ∈ E(G,M) tètoia ¸ste to parak�tw

di�gramma na eÐnai metajetikì:

(c) 0 −−−→ N
i1−−−→ E

ρ1−−−→ G −−−→ 1Gyf φ1

y IdG

∥∥∥
(c′) 0 −−−→ M

φ2−−−→ M oϑ E/S
ρ−−−→ G −−−→ 1G

gegonìc pou aporrèei apì ta diagr�mmata (1) kai (2).
Shmei¸noume ìti to zeÔgoc (M oϑ E, φ2, φ1) apoteleÐ push out twn o-
momorfism¸n f, i1.

Ja deÐxoume t¸ra ìti h apeikìnish [(c)] → [(c′)] eÐnai kal� orismènh.
Gia autì ja qrhsimopoi soume thn kajolik  idiìthta tou push-out. U-
penjumÐzoume thn ènnoia tou push out sthn kathgorÐa twn om�dwn kai
twn omomorfism¸n om�dwn.

Orismoc 2.37. 'Estw A, B, C om�dec kai f : A → B g : A → C
omomorfismoÐ om�dwn.

A −−−→
f

B

g

y
C

'Estw ìti up�rqoun om�da R kai omomorfismoÐ om�dwn c : C → R, d :
B → R tètoioi ¸ste:
1) To parak�tw di�gramma metatÐjetai:

A −−−→
f

B

g

y d

y
C −−−→

c
R
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dhlad  d ◦ f = c ◦ g.

2) An E om�da kai d′ : B → E, c′ : C → E omomorfismoÐ om�dwn
tètoioi ¸ste to parak�tw di�gramma metatÐjetai

A −−−→
f

B

g

y d′

y
C −−−→

c′
E

dhlad  d′ ◦ f = c′ ◦ g
.
Tìte up�rqei monadikìc omomorfismìc om�dwn φ : R→ E tètoioc ¸ste:

A
f
//

g
��

B

d
��

d′

��

C
c
//

c′

''

R

φ

  

E

φ ◦ d = d′

φ ◦ c = c′

Tìte ìti to zeÔgoc (R, c, d) apoteleÐ èna push-out twn omomorfism¸n
g, f .

Mèsw thc ènnoiac tou push-out mporoÔme na orÐsoume apeikìnish

W : E(G,N) → E(G,M) An [(c)]:
[
0→ N

i1−→ E
ρ1−→ G→ 1G

]
èna

soiqeÐo thc E(G,N) jètoume W ([(c)]) = [(c′)] ìpou (c′): 0 → M
i2−→

M oϑ E/S
ρ2−→ G → 1G h epèktash thc M epÐ G me S na apote-

leÐ thn mikrìterh kanonik  upoom�da pou par�getai apì ta stoiqeÐa
(−f(n), i1(n)), n ∈ N dhlad  S =<< (−f(n), i1(n)) >> kai i2(m) =
(m, 1e)S, ρ2((m, e)S) = ρ1(e) gia k�je m ∈M, (m, e)S ∈M oϑ E/S.
Tìte h W eÐnai kal� orismènh.

Pr�gmati jewroÔme epèktash thc N epÐ G (d) : 0→ N
j1−→ E1

q1−→ G→
1G isodÔnamh me thn (c). Autì shmaÐnei ìti up�rqei isomorfismìc om�-
dwn ξ1 : E1 → E pou k�nei to parak�tw di�gramma metajetikì, dhlad :
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(d) : 0 −−−→ N
j1−−−→ E1

q1−−−→ G −−−→ 1G

IdN

∥∥∥ ξ1

y IdG

∥∥∥
(c) : 0 −−−→ N

i1−−−→ E
ρ1−−−→ G −−−→ 1G

dhlad  ρ1 ◦ ξ1 = q1, ξ1 ◦ j1 = i1.

EpÐshc èqoume ta akìlouja metajetik� diagr�mmata.
JewroÔme epÐshc tic epagìmenec epekt�seic twn M epÐ G:

(d′) : 0→M
j2−→M oϑ1 E1/S1

q2−→ G→ 1G

(c′) : 0→M
i2−→M oϑ E/S

ρ2−→ G→ 1G

ìpou j2(m) = (m, 1E1)S1, j1(m) = (m, 1E)S, q2((m, e1)S1) = q2(e1),
ρ2((m, e)S) = ρ1(e) gia k�jem ∈M , (m, e1)S1 ∈Moϑ1E1/S1, (m, e)S ∈
MoϑE/S kai S1, S oi mikrìterec kanonikèc upoom�dec twnMoϑ1E1 kai
MoϑE antÐstoiqa pou perièqoun ta stoiqeÐa thc morf c (−fn, j1(n)) kai
(−f(n), i1(n)) dhlad  S1 =<< (−f(n), j1(n)) >>, S =<< (−f(n), i1(n) >>.

ParathroÔme ìti ta parak�tw diagr�mmata eÐnai metajetik�

(d) : 0 −−−→ N
j1−−−→ E1

q1−−−→ G −−−→ 1Gyf φ1

y IdG

∥∥∥
(d′) : 0 −−−→ M

j2−−−→ M oϑ1 E1/S1
q2−−−→ G −−−→ 1G

ìpou φ1(e1) = (0, e1)S1 gia k�je e1 ∈M1

(c) : 0 −−−→ N
i1−−−→ E

ρ1−−−→ G −−−→ 1Gyf φ2

y IdG

∥∥∥
(c′) : 0 −−−→ M

i2−−−→ M oϑ E/S
ρ2−−−→ G −−−→ 1G

ìpou φ2(e) = (0, e)S gia k�je e ∈M

JewroÔme t¸ra to di�gramma
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N
j1

//

f

��

E1

φ1
��

φ2◦ξ1

  

M
j2
//

i2

++

M oϑ1 E1/S1

M oϑ E/S

sto opoÐo parathreÐ kaneÐc ìti ta zeÔgh (M oϑ1 E1/S1, j2, φ1), (M oϑ

E/S, i2, φ2 ◦ ξ1) eÐnai push out twn omomorfism¸n (f, j1).

'Ara qrhsimopoi¸ntac thn kajolik  idiìthta twn push out up�rqei mo-
nadikìc isomorfismìc ξ2 : M oϑ1 E1/S1 → M oϑ E/S tètoioc ¸ste
ξ2 ◦ φ1 = φ2 ◦ ξ1 kai ξ2 ◦ j2 = i2

N
j1

//

f

��

E1

φ1
��

φ2◦ξ1

  

M
j2
//

i2

++

M oϑ1 E1/S1

ξ2
((

M oϑ E/S

kai m�lista èqei tÔpo ξ2((m, e1)S1) = (m, ξ1(e1))S.

Sunep¸c to parak�tw di�gramma metatÐjetai

(d) : 0 −−−→ M
j2−−−→ M oϑ1 E1/S1

q2−−−→ G −−−→ 1G

IdM

∥∥∥ ξ2

y IdG

∥∥∥
(c′) : 0 −−−→ M

i2−−−→ M oϑ E/S
ρ2−−−→ G −−−→ 1G

afoÔ gia k�je (m,x)S1 ∈M oϑ1 E1/S1 èqoume

ρ2(ξ2((m,x)S1)) = ρ2((m, ξ1(x))S) = ρ1(ξ1(x)) = q1(x) = q2((m,x)S1)

kai profan¸c ξ2 ◦ j2 = i2 apì to prohgoÔmeno di�gramma.

Etsi h epèktash (d′) thc M epÐ G eÐnai isodÔnamh me thn epèktash
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(c′) thc M epÐ G dhlad  h apeikìnish W : E(G,N) → E(G,M) me
W ([c]) = [c′] eÐnai kal� orismènh.



KEFALAIO 3

Se aut n thn enìthta deÐqnoume orismèna basik� apotelèsmata thc
sunomologik c jewrÐac peperasmènwn om�dwn ta opoÐa qrhsimopoioÔme
gia thn apìdeixh tou jewr matoc Schur-Zassenhaus.

Orismoc 3.1. 'Estw R, S daktÔlioi. 'Enac sunomologiakìc su-
nart thc U∗ apì thn kathgorÐa twn R-protÔpwn sthn kathgorÐa twn
S-protÔpwn apoteleÐtai apì mia oikogèneia prosjetik¸n sunartht¸n
{Un : n ∈ Z}: R-Mod→ S-Mod mazÐ me fusikoÔc omomorfismoÔc δ :
Un(M ′) → Un+1(M ′′) ètsi ¸ste gia k�je braqeÐa akrib  akoloujÐa

0→M ′′ i−→M
π−→M ′ → 0 h epagìmenh akoloujÐa S-protÔpwn

...
δ−→ Un(M ′′)

i∗−→ Un(M)
π∗−→ Un(M ′)

δ−→ Un+1(M ′′)
i∗−→ Un+1(M)→ ...

na eÐnai akrib c.

Parathrhsh 3.2. Ac jewr soume duo braqeÐec akribeÐc akoloujÐec

R-protÔpwn 0 → M ′′ i−→ M
π−→ M ′ → 0, 0 → N ′′

j−→ N
ρ−→ N ′ → 0.

Ac upojèsoume ìti up�rqoun omomorfismoÐ R-protÔpwn φ′′ : M ′′ →
N ′′, φ : M → N, φ′ : M ′ → N ′ pou k�noun to parak�tw di�gramma
metajetikì.

0 −−−→ M ′′ i−−−→ M
π−−−→ M ′ −−−→ 0

φ′′

y φ

y φ′

y
0 −−−→ N ′′

j−−−→ N
ρ−−−→ N ′ −−−→ 0

AfoÔ Un sunart tec èqoume ìti to parak�tw di�gramma eÐnai metajeti-
kì gia k�je n ∈ Z.

Un(M ′′)
i∗−−−→ Un(M)

π−−−→ Un(M ′)

φ′′∗

y φ∗

y φ′∗

y
Un(N ′′)

j−−−→ Un(N)
ρ−−−→ Un(N ′)

O qarakthrismìc ”fusikìc omomorfismìc” ston prohgoÔmeno orismì
tou δ : Un(M ′) → Un+1(M ′′) shmaÐnei ìti apaitoÔme kai to parak�tw
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di�gramma na eÐnai metajetikì:

Un(M ′)
δ−−−→ Un+1(M ′′)

φ′∗

y φ′′∗

y
Un(N ′)

γ−−−→ Un+1(N ′′)

Orismoc 3.3. 'Enac sunomologiakìc sunart thc U∗ : R −Mod →
S −Mod lègetai kajolikìc an Un = 0 gia n < 0 kai Un(J) = 0 ìtan
to J eÐnai emfuteutikì R-prìtupo kai n > 0.

Orismoc 3.4. 'Estw U∗, V ∗ sunomologiakoÐ sunart tec apì thn ka-
thgorÐa R−Mod sthn kathgorÐa S−Mod. 'Enac morfismìc v∗ : U∗ →
V ∗ sunomologiak¸n sunartht¸n apoteleÐtai apì mia oikogèneia fusik¸n
metasqhmatism¸n vn : Un → V n, ètsi ¸ste na eÐnai sumbibastoÐ me touc
fusikoÔc omomorfismoÔc δ : Un(M ′)→ Un+1(M ′′).

Autì shmaÐnei ìti an 0 → M ′′ i−→ M
π−→ M ′ → 0, 0 → N ′′

j−→ N
ρ−→

N ′ → 0 braqeÐec akribeÐc akoloujÐec R-protÔpwn, tìte èqoume ìti to
di�gramma metatÐjetai

Un(M ′′)
un(i)−−−→ Un(M)

un(π)−−−→ Un(M ′)

vn
M′′

y vnM

y vn
M′

y
V n(M ′′)

vn(i)−−−→ V n(M)
vn(π)−−−→ V n(M ′)

all� kai to parak�tw di�gramma jèloume na metatÐjetai

Un(M ′)
δ−−−→ Un+1(M ′′)

vn
M′

y vn+1
M′′

y (1)

V n(M ′)
d−−−→ V n+1(M ′′)

'Otan lème ìti oi fusikoÐ metasqhmatismoÐ vn : Un → V n eÐnai sum-
bibastoÐ me tou fusikoÔc omomorfismoÔc δ : Un(M ′) → Un+1(M ′′),
d : V n(M ′)→ V n+1(M ′′) ennooÔme ìti to di�gramma 1 metatÐjetai.

IsqÔei to akìloujo jemeli¸dec je¸rhma.

Jewrhma 3.5. 'Estw U∗, V ∗ : R−Mod→ S −Mod sunomologia-
koÐ sunarthtèc ètsi ¸ste o U∗ na eÐnai kajolikìc. Tìte k�je fusikìc
metasqhmatismìc v0 : U0 → V 0 epekteÐnetai kat� monadikì trìpo se
morfismì sunomologiak¸n sunartht¸n v∗ : U∗ → V ∗.

Ja efarmìsoume autì to Je¸rhma sthn perÐptwsh tou sunomolo-
giakoÔ sunartht  H∗(G,−) gia na p�roume tic idiìthtec pou jèloume.
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Parathrhsh 3.6. 'EstwG om�da kai A ZG-prìtupo. TìteH0(G,A) =
Ext0ZG(Z, A) = HomZG(Z, A) ≈ {a ∈ A : ga = a, g ∈ G} = AG.ParathroÔme
ìti to AG eÐnai ZG-upoprìtupo tou A kai m�lista eÐnai to megalÔtero
tetrimmèno ZG-upoprìtupo tou A.

Protash 3.7. 'Estw A ∈ ZG − Mod, m ∈ Z kai Ym : A → A
h apeikìnish me Ym(x) = mx gia k�je x ∈ A. Tìte o Ym eÐnai
ZG-omomorfismìc kai ep�gei omomorfismì abelian¸n om�dwn Hn(Ym) :
Hn(G,A)→ Hn(G,A) me Hn(Ym)(w) = mw.

Apodeixh. O sunart thc H∗(G,−) eÐnai kajolikìc afoÔ exìrismoÔ
Hn(G,−) = ExtnZG(Z,−) = 0 gia n < 0 kai ExtnZG(Z, I) = 0 ìtan to I
eÐnai emfuteutikì ZG-prìtupo.
Pr�gmati an to I eÐnai emfuteutikì ZG-prìtupo tìte jewroÔme thn e-

leÔjerh epÐlush 0 → I
Id−→ I → 0 → 0.... Efarmìzoume ton sunart th

HomZG(Z,−) kai èqoume

0→ HomZG(Z, I)
Id∗−−→ HomZG(Z, I)→ 0

ap�opou sumperaÐnoume ìti ExtnZG(Z, I) = 0 gia n > 0.
'Ara o sunomologiakìc sunart thc H∗(G,−) eÐnai kajolikìc.
'Epiplèon, sthn jèsh 0 èqoume ton fusikì metasqhmatismì

H0(Ym) : H0(G,−)→ H0(G,−)

a→ ma

Pr�gmati, anA1, A2 ZG-prìtupa kai f : A1 → A2 ZG omomorfismìc
tìte to parak�tw di�gramma metatÐjetai

AG1
H0(Ym)A1−−−−−−→ AG1

H0(f)

y H0(f)

y
AG2

H0(Ym)A2−−−−−−→ AG2

'Ara kat� to je¸rhma 3.5 èqoume ìti o fusikìc metasqhmatismìcH0(Ym) :
H0(G,−)→ H0(G,−) epekteÐnetai me monadikì trìpo se morfismì su-
nomologiak¸n sunartht¸n H0(Ym)∗ : H∗(G,−)→ H∗(G,−). Jewr¸n-
tac fm,n : Hn(G,A) → Hn(G,A) me fm,n(a) = ma tìte fm,n morfi-
smìc sunomologiak¸n sunartht¸n. Epiplèon fm,0 = H0(Ym). 'Ara apì
thn monadikìthta tou jewr matoc 3.5 èqoume fm,n = Hn(Ym) gia k�je
n. �
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Parathrhsh 3.8. 'EstwG om�da kai H upoom�da. An A ZG-prìtupo,
tìte mporoÔme na jewr soume to A wc ZH-prìtupo mèsw tou periori-
smoÔ thc dr�shc thc upoom�dac H sthn A. 'Etsi, orÐzetai sunartht c

|H : ZG−Mod→ ZH −Mod

pou stèlnei ta ZG-prìtupa A se ZH-prìtupa mèsw tou periorismoÔ thc
dr�shc, dhlad  |H(A) = A|H . Apì thn �llh èqoume touc sunarthtèc

ZG−Mod
H∗(G,−)−−−−−→ Ab

kai

ZH −Mod
H∗(H,−)−−−−−→ Ab

SumbolÐzoume me H̄(G,−) ton sunartht  H∗(H,−)◦ |H : ZG−Mod→
Ab.'Eukola blèpoume ìti o H̄(G,−) eÐnai sunomologiakìc sunartht c
epeid  o |H eÐnai akrib c sunartht c.

Protash 3.9. JewroÔme thn apeikìnish res0 : H0(G,−)→ H̄0(H,−)
me res0(a) = a gia k�je a ∈ AG, res0

A : H0(G,A) → H̄0(H,A) .Tìte
h apeikìnish res0 eÐnai fusikìc metasqhmatismìc kai ep�gei morfismì
sunomologiak¸n sunartht¸n res∗ : H∗(G,−)→ H̄∗(H,−)

Apodeixh. Apì thn prìtash 3.7 èqoume ìti o sunomologiakìc su-
nartht c H∗(G,−) eÐnai kajolikìc. EpÐshc h apeikìnish
res0 : H0(G,−)→ H̄0(H,−) apoteleÐ fusikì metasqhmatismì afoÔ an
A1, A2 ZG-prìtupa kai f : A1 → A2 ZG omomorfismìc èqoume ìti to
parak�tw di�gramma metatÐjetai

AG1
res0A1−−−→ AH1

H0(f)

y H0(f)

y
AG2

res0A2−−−→ AH2

'Ara kat� to je¸rhma 3.5 o fusikìc metasqhmatismìc res0 : H0(G,−)→
H̄0(H,−) epekteÐnetai me monadikì trìpo se morfismì sunomologia-
k¸n sunartht¸n res∗ : H∗(G,−) → H̄∗(H,−). An jewr soume hn :
Hn(G,A) → H̄(H,A) me hn(a) = a gia k�je a ∈ Hn(G,A) tìte h∗

morfismìc sunomologiak¸n sunartht¸n. Epiplèon sth jèsh 0 èqoume
ìti h0(a) = res0

A(a) gia k�je a ∈ AG. 'Ara apì thn monadikìthta tou
jewr matoc 3.5 èqoume ìti h∗ = res∗. �

Parathrhsh 3.10. 'Estw G om�da kai K ≤ G me |G : K| < +∞.
An T eÐnai èna sÔnolo antipros¸pwn tìte   G =

⋃n
i=1 tiK.JewroÔme

ton sunartht  H∗(K,−) ◦ |K : ZG−Mod
|K−→ ZK −Mod

H∗(K,−)−−−−−→ Ab.
Jètoume H̄(K,−) = H∗(K,−) ◦ |K kai blèpoume ìti o H̄(K,−) eÐnai
sunomologiakìc sunartht c.
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JewroÔme thn apeikìnish

cor0 : AK = H̄0(K,A)→ AG = H0(G,A)

me cor0(a) =
∑n

i=1 tia.

Protash 3.11. H apeikìnish

cor0 : AK = H̄0(K,A)→ AG = H0(G,A)

eÐnai fusikìc metasqhmatismìc kai ep�gei morfismì sunomologiak¸n
sunartht¸n cor∗ : H̄∗(K,−)→ H∗(G,−).

Apodeixh. H apeikìnish aut  eÐnai kal� orismènh afoÔ an a ∈ AK
(ka = a ∀k ∈ K) tìte g(

∑n
i=1 tia) =

∑n
i=1 tia.

Pr�gmati, g(
∑n

i=1 tia) =
∑n

i=1(gti)a ìpou gti ∈ G =
⋃n
j=1 tjK. 'Ara

gia k�je 1 ≤ i ≤ n up�rqei monadikì 1 ≤ j ≤ n tètoio ¸ste gti = tjkj,
k ∈ K dhlad 

g(
n∑
i=1

tia) =
n∑
i=1

(gti)a =
n∑
j=1

(tjkj)a =
n∑
j=1

tj(kja) =
n∑
j=1

tja

EpÐshc h cor0 : AK = H0(K,A) → AG = H0(G,A) eÐnai fusikìc
metasqhmatismìc afoÔ an A1, A2 ZG-prìtupa kai f : A1 → A2 ZG-
omomorfismìc tìte to parak�tw di�gramma metatÐjetai

AK1
cor0A1−−−→ AG1

H0(f)

y H0(f)

y
AK2

cor0A2−−−→ AG2

ìpouH0(f)cor0
A1

(a) = H0(f)(
∑n

i=1 tia) =
∑n

i=1 tiH
0(f)(a) = cor0

A2
(H0(f)(a))

gia k�je a ∈ AK1 .
EpÐshc o sunomologiakìc sunartht c

H̄∗(K,−) : ZG−Mod
|K−→ ZK −Mod

H∗(K,−)−−−−−→ Ab

eÐnai kajolikìc afoÔ an I eÐnai emfuteutikì ZG-prìtupo tìte to I|K
eÐnai emfuteutikì ZK-prìtupo.
Pr�gmatiHomZK(−, I|K) = HomZG(ZK⊗ZK−, I) kai afoÔ ZK⊗ZK−
akrib c sunartht c kai I emfuteutikì ZG-prìtupo tìteHomZG(ZK⊗ZK
−, I) = 0, dhlad  I|K emfuteutikì ZK-prìtupo.

'Ara kat� to je¸rhma 3.5 o fusikìc metasqhmatismìc cor0 : H0(K,A)→
H0(G,A) epekteÐnetai me monadikì trìpon se morfismì sunomologiak¸n
sunartht¸n cor∗ : H∗(K,A)→ H∗(G,A). �
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Porisma 3.12. 'Estw G om�da kai K ≤ G me |G : K| = m.Tìte
cor ◦ res : H∗(G,−)→ H∗(G,−) eÐnai pollaplasiasmìc me m.

Apodeixh. Gia k�je n èqoume

Hn(G,−)
resn−−→ Hn(K,−)

corn−−→ Hn(G,−)

ìpou sth jèsh 0 èqoume

AG
res0−−→ AK

cor0−−→ AG

cor0(res0(a)) = cor0(a) =
∑m

i=1 tia =
∑m

i=1 a = ma.
'Ara qrhsimopoi¸ntac thn prìtash 3.7 kai thn monadikìthta tou jewr -
matoc 3.5 èqoume ìti corn ◦ resn =(pollaplasiasmìc me m). �

Porisma 3.13. 'EstwG om�da me |G| = m < +∞ kai A ZG-prìtupo.
Tìte mH i(G,A) = 0, i > 0.

Apodeixh. JewroÔme epÐshc kai touc morfismoÔc sunomologiak¸n
sunartht¸n

res∗ : H∗(G,A)→ H∗({1G} , A)

cor∗ : H∗({1G} , A)→ H∗(G,A)

kai thn sÔnjesh touc cor∗ ◦ res∗

H∗(G,A)
res∗−−→ H∗({1G} , A)

cor∗−−→ H∗(G,A)

Qrhsimopoi¸ntac to pìrisma 3.12 èqoume ìti cor∗ ◦ res∗ eÐnai pollapla-
siasmìc me m. 'Omwc H∗({1G} , A) = 0 gia ∗ 6= 0 �ra mH∗(G,A) =
0. �

Qrhsimopoi¸ntac ta parap�nw ja d¸soume mia deÔterh apìdeixh
tou jewr matoc Schur-Zassenhaus pou afor� thn Ôparxh sumplhr¸-
matoc.Pr¸ta dÐnoume mia apìdeixh sthn perÐptwsh ìpou h kanonik  u-
poom�da eÐnai abelian .

Jewrhma 3.14. (Schur). 'Estw G peperasmènh om�da, A / G, A
abelian  me |G/A| = n, |A| = m kai M.K.D(|A|, |G/A|)=1. Tìte
up�rqei K ≤ G me G = A · K, A ∩ K = {1G}. Epiplèon k�je duo
tètoiec upoom�dec eÐnai suzugeÐc.

Apodeixh. H abelian  om�da A epeid  eÐnai kanonik  eÐnai efodia-
smènh me domh ZG-protÔpou mèsw suzugÐac.'Eukola blèpoume ìti mè-
sw thc dom c aut c h A efodi�zetai me dom  Z(G/A)-protÔpou wc
gA ∗ a = gag−1A.
JewroÔme t¸ra thn abelian  om�da H2(G/A,A).
O pollaplasiasmìc Ym : A → A me Ym(a) = ma ep�gei apeikìnish
Y ∗ : H2(G/A,A) → H2(G/A,A) h opoÐa eÐnai pollaplasiasmìc me m
apì thn Prìtash 3.7 dhlad  Y ∗m(w) = mw gia k�je w ∈ H2(G/A,A).
'Omwc ma = 0 gia k�je a ∈ A afoÔ |A| = m �ra mH2(G/A,A) = 0.
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EpÐshc, apì to pìrisma 3.13 èqoume nH2(G/A,A) = 0.
AfoÔ (m,n) = 1 up�rqoun κ, λ ∈ Z tètoia ¸ste κm + λn = 1,
�ra an w ∈ H2(G/A,A) tìte w = κmw + λnw = 0. Epomènwc
H2(G/A,A) = 0.

SÔmfwna me thn prìtash 2.19 h epèktash thc A epÐ G/A (a): 0→ A
i−→

G
π−→ G/A → 0 ìpou i(a) = a gia k�je a ∈ A kai π(g) = gA gia k�je

g ∈ G eÐnai diasp¸menh, dhlad  up�rqei K ≤ G tètoia ¸ste K ∼= G/A
kai G = A ·K.
Me entel¸c an�logo trìpo, ìpwc sthn perÐptwsh H2(G/A,A) = 0 deÐ-
qnoume ìti H1(G/A,A) = 0. Qrhsimopoi¸ntac thn prìtash 2.17 èqoume
ìti k�je duo upoom�dec K,Λ ≤ G tètoiec ¸ste G = A ·K = A · Λ kai
K ∩ A = Λ ∩ A = {1G} eÐnai suzugeÐc, dhlad  up�rqei g ∈ G tètoio
¸ste K = gΛg−1. �

Jewrhma 3.15 (Schur-Zassenhauss). 'Estw G peperasmènh om�da,
N / G me M.K.D(|N |, |G/N |) = 1. Tìte h N èqei sumpl rwma sthn
G. Me �lla lìgia up�rqei upoom�da K ≤ G tètoia ¸ste G = N · K,
N ∩K = {1G}.

Apodeixh. Ac upojèsoume ìti |N | = n, |G/N | = m kai (n,m) = 1.
ArkeÐ na deÐxoume ìti h G èqei upoom�da S tètoia ¸ste |S| = m.
Autì ja gÐnei me epagwg  sthn t�xh thc om�dac N.

Gia n = 1 isqÔei.

Upojètoume ìti n > 1 kai èstw p ènac pr¸toc arijmìc me p|n. Je-
wroÔme P Sylow p-upoom�da thc N.
AfoÔ oi |N |, |G/N | eÐnai sqetik� pr¸toi, h P eÐnai Sylow p-upoom�da
thc G.
JewroÔme thn upoom�da N ∩ NG(P ) thc NG(P ). ParathroÔme ìti
N ∩NG(P ) /NG(P ) afoÔ N /G. Qrhsimopoi¸ntac ton isqurismì Frat-
tini èqoume G = NG(P ) ·N .
Epomènwc, m = |G/N | = |NG(P ) · N/N | = |NG(P )/N ∩ NG(P )| ⇒
|NG(P )/N ∩NG(P )| = m.
EpÐshc parathroÔme ìti M.K.D(|N ∩NG(P )|, |NG(P )/N ∩NG(P )|) = 1
afoÔ N ∩ NG(P ) ≤ N . 'Ara èqoume thn braqeÐa akrib  akoloujÐa
om�dwn

0→ N ∩NG(P )/P
i1−→ NG(P )/P

p1−→ NG(P )/P

N ∩NG(P )/P
→ 0

ìpou i1 h ènjesh kai p1 h probol .
Apì to TrÐto Je¸rhma Isomorfism¸n Om�dwn èqoume ìti

NG(P )/P

N ∩NG(P )/P
∼=

NG(P )

N ∩NG(P )
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'Ara | NG(P )/P

N ∩NG(P )/P
| = m.

EpÐshc |N∩NG(P )/P | < n kai M.K.D(|N∩NG(P )/P |, | NG(P )/P

N ∩NG(P )/P
|) =

1.
'Ara apì upìjesh epagwg c h om�da NG(P )/P perièqei upoom�da H/P
tètoia ¸ste |H/P | = m.
JewroÔme to kèntro thc Sylow p-upoom�dac thc N ,Z(P ). GnwrÐzoume
ìti h upoom�da Z(P ) eÐnai qarakthristik  sthn P kai afoÔ P E H
qrhsimopoi¸ntac thn Prìtash 1.3(iii) èqoume ìti Z(P ) E H.
EpÐshc gnwrÐzoume ìti afoÔ h P eÐnai p-upoom�da èqoume ìti Z(P ) 6= 1
�ra |P/Z(P )| < n.
'Etsi èqoume thn braqeÐa akrib  akoloujÐa om�dwn

0→ P/Z(P )
i2−→ H/Z(P )

p2−→ H/Z(P )

P/Z(P )
→ 0

ìpou i2 h ènjesh kai p2 h probol .

Apì upìjesh epagwg c afoÔ M.K.D(| P
Z(P )
|, |H/Z(P )

P/Z(P )
|) = 1 kai | P

Z(P )
| <

n, up�rqei A
Z(P )

≤ H
Z(P )

upoom�da t�xhc m.

JewroÔme thn braqeÐa akrib  akoloujÐa om�dwn

0→ Z(P )
i3−→ A

p3−→ A

Z(P )
→ 0

ìpou i1 h ènjesh kai p1 h probol .
Apì to prohgoÔmeno pìrisma èqoume ìti H2(A/Z(P ), Z(P )) = 0 afoÔ
M.K.D(| A

Z(P )
|, |Z(P )|) = 1. 'Ara h parap�nw braqeÐa akrib c akoloujÐa

om�dwn eÐnai diasp¸menh ap�opou èqoume to zhtoÔmeno. �
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